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Résumé

Nous nous intéressons a I'équivalence asymptotique, au sens de Le Cam, entre différents
modeéles statistiques. Plus précisément, nous avons exploré le cas de modéles statistiques
associés a ’observation discréte de processus a sauts ou de diffusions unidimensionnelles,
ainsi que des modéles a densité plus classiques.

Ci-dessous, nous présentons briévement les différents chapitres de la thése.

Nous commencons par présenter tous nos résultats dans un premier chapitre introduc-
tif. Ensuite, dans le Chapitre 2 nous rappelons les points clés de la théorie de Le Cam sur
les expériences statistiques en se placant dans un contexte non paramétrique.

Les Chapitres 3 et 4 traitent de ’équivalence asymptotique pour des modéles statis-
tiques associés a 'observation discréte (haute fréquence) de processus a sauts. Dans un
premier temps nous nous focalisons sur un probléme d’équivalence en ce qui concerne ’es-
timation de la dérive, supposée appartenir a une certaine classe fonctionnelle. Il s’avére
(Chapitre 3) qu’il y a une équivalence asymptotique, en ce qui concerne I'estimation de la
dérive, entre le modéle statistique associé a l'observation discréte d’un processus additif
X et le modéle statistique gaussien associé a 'observation discréte de la partie continue
de X. Dans un deuxiéme temps, nous nous sommes intéressés au probléme de I'estimation
non paramétrique de la densité de Lévy f relative & un processus de Lévy a sauts purs,
Y. Le Chapitre 4 illustre I’équivalence asymptotique, en ce qui concerne ’estimation de
f, entre le modéle statistique associé a 'observation discréte de Y et un certain modéle
de bruit blanc gaussien ayant /f comme dérive.

Le Chapitre 5 présente une extension d’un résultat bien connu sur I’équivalence asymp-
totique entre un modéle & densité et un modéle de bruit blanc gaussien. Le Chapitre 6
étudie I'équivalence asymptotique entre un modéle de diffusion scalaire avec une dérive
inconnue et un coefficient de diffusion qui tend vers zéro et le schéma d’Euler correspon-
dant. Dans le Chapitre 7 nous présentons une majoration en distance L, entre les lois de
processus additifs.

Le Chapitre 8 est consacré aux conclusions et discute des extensions possibles des
travaux de theése.



Abstract

The subject of this Ph.D. thesis is the asymptotic equivalence, in the Le Cam sense,
between different statistical models. Specifically, we explore the case of statistical models
associated with the discrete observation of jump processes or diffusion processes as well
as more classical density models.

Below, we briefly introduce the different chapters of this dissertation.

We begin by presenting our results in a first introductory chapter. Then, in Chapter
2, we recall the key points of the Le Cam theory on statistical experiences focusing on a
nonparametric context.

Chapters 3 and 4 deal with asymptotic equivalences for statistical models associated
with discrete observation (high frequency) of jump processes. First, we focus on an
equivalence problem regarding the estimation of the drift, assumed to belong to a certain
functional class. It turns out (Chapter 3) that there is an asymptotic equivalence, for
what concerns the estimation of the drift, between the statistical model associated with
the discrete observation of an additive process X and the Gaussian statistical model
associated with the discrete observation of the continuous part of X. Then we study
the problem of nonparametric density estimation for the Lévy density f of a pure jump
Lévy process Y. Chapter 4 illustrates the asymptotic equivalence, for what concerns the
estimation of f, between the statistical model associated with the discrete observation of
Y and a certain Gaussian white noise model having /f as drift.

In Chapter 5 we present an extension of the well-known asymptotic equivalence be-
tween density estimation experiments and a Gaussian white noise model. Chapter 6 de-
scribes the asymptotic equivalence between a scalar diffusion model with unknown drift
and with diffusion coefficient tending to zero and the corresponding Euler scheme. In
Chapter 7 we present a bound for the L; distance between the laws of additive processes.

Chapter 8 is devoted to conclusions and discusses possible extensions of the results of
this thesis.






Table des matiéres

1 Introduction 1
1.1 Equivalences asymptotiques au sens de Le Cam . . . . . . ... ...... 1
1.1.1  Généralités . . . . . . . .. 1

1.1.2 Etatdelart . . . . . . . . . .. )

1.2 Résultats principaux de la thése . . . . . . . .. .. .. .. ... ... ... 7
1.2.1 Equivalence asymptotique pour des modéles & sauts . . . . . . . . . 8

1.2.2  Equivalence asymptotique pour des modéles & densité . . . . . . . . 17

1.2.3  Equivalence asymptotique dans des modéles de diffusion . . . . . . 20
1.2.4 Distance L; entre processus additifs . . . . . . .. .. ... ... .. 26

1.3 Liste des travaux de 'auteur . . . . . . . . . ... ... ... ........ 28
2 Statistical experiments and their comparison 29
2.1 Introduction . . . . . . . .. ... 29
2.2 Deficiency and Le Cam distance . . . . . . . . . .. .. ... ... .. ... 31
2.2.1 General definition . . . . . .. ... L 31

2.3 Decision theory . . . . . . .. 33
2.4  Transitions and Markov kernels . . . . . . .. ... ... L. 37
2.5 How to control the Le Cam distance . . .. ... ... ... .. ...... 38
2.5.1 Total variation distance . . . . . .. .. .. ... ... .. ..... 39
2.5.2 Hellinger distance and Hellinger process . . . . . .. ... .. ... 40
2.5.3 k-distance . . . ... 42
2.5.4 Relative entropy (or Kullback-Leibler divergence) . . . . .. .. .. 43
2.5.5 xidistance . ... ... L. 43
2.5.6 The likelihood process . . . . . . . . . . ... ... ... ... .. 44
2.5.7 Sufficiency and Le Cam distance . . . . . . . ... ... ....... 45

2.6 The current state of research . . . . . . . .. ... ... ... ... 45

xi



xii

3

TABLE DES MATIERES

Asymptotic equivalence for inhomogeneous jump diffusion processes and

white noise 51
3.1 Introduction . . . . . . . ... 52
3.2 Assumptions and main results . . . . . . . ... ... 56
3.2.1 Additive processes . . . . ... e 56
3.2.2 Le Cam theory of statistical experiments . . . . . . . .. .. .. .. o7
3.2.3 The parameter space . . . . . . . .. Lo 29
3.2.4 Main results and examples . . . . . . ..o 60
3.2.5 Discussion . . . . . ... e 61
3.3 Proofs . . . .. 62
3.3.1 Bernoulli approximation . . . . . .. . ... .. L. 62
3.3.2  Explicit construction of Markov kernels . . . . . . . ... ... ... 63
3.3.3 Asymptotic equivalence between discretely and continuously obser-
ved Gaussian processes . . . . . . ... . e e e 67
3.3.4 Proofs of Theorems 3.2.8 and 3.2.9 . . . .. . ... .. ... .... 70

Asymptotic equivalence of Lévy density estimation and Gaussian white

noise 75
4.1 Introduction . . . . . . . .. 76
4.2 Assumptions and main results . . . . ... ..o 80
4.2.1 The parameter space . . . . . . . .. ... Lo e 80
4.2.2  Definition of the experiments . . . . . . .. ... ... ... ..., 85
4.2.3 Mainresults . . . . . . .. 86
4.3 Examples . . . . . 88
4.4 Proofs of the main results . . . .. .. .. ... oo 90
4.4.1 Proof of Theorem 4.2.5 . . . . . . . . . ... .. ... . ... ..., 91
4.4.2 Proof of Theorem 4.2.6 . . . . . . . . . ... .. .. ... .. .... 97
4.5 Proofs of the examples . . . . . . . . . . ... ... o 103
4.5.1 Bounds for Ap(f), Bm(f), Lo(f, fm) when f,, is piecewise linear. . 103
4.5.2 Proofs of Examples 4.2.4 . . . . . .. ... o000 106
4.5.3 Proof of Example 4.3.1 . . . . . . .. . ... ... ... 111
4.5.4 Proof of Example 4.3.2 . . . . . . .. ..o 111
4.5.5 Proof of Example 4.3.3 . . . . . . .. .. oL 112

Asymptotic equivalence for density estimation and Gaussian white noise:
an extension 121
5.1 Introduction . . . . . . . .. 122



TABLE DES MATIERES

5.2 The parameter space . . . . . . . ...
5.3 Main results and discussion . . . . .. ..o 0oL
5.3.1 Existing literature and discussion . . . . .. .. .. .. ... ...
5.4 Proofs . . . . e
5.4.1 Proof of Theorem 5.3.1 . . . . . . . . ... ... . ... .......
5.4.2 Proof of Corollary 5.3.2. . . . . . . . . . .. ..o .

Asymptotic equivalence of discretely observed diffusion processes and

their Euler scheme: small variance case 137
6.1 Introduction . . . . . . . . . . . . 138
6.2 Existing literature . . . . . . . . .. L 141
6.3 Mainresults . . . . . ... 143
6.3.1 Discussion . . . . . . . . ... 145
6.4 Proofs . . . . . . .. 145
6.4.1 Random time substitutions for Markov processes . . .. ... ... 147
6.4.2 Proof of Theorem 6.3.1 . . . . . . .. . ... .. .. ... ...... 148
6.4.3 Proof of Theorem 6.3.2 . . . . . . .. ... ... .. ... ...... 158
L,-distance for additive processes with time-homogeneous Lévy mea-
sures 161
7.1 Introduction and mainresult . . . . . . . .. .. .. ... L. 161
7.2 Preliminary results . . . . . . . ... L 165
7.2.1 Additive processes . . . . .. ... e 165
7.2.2 Change of measure for additive processes . . . . . . . .. .. .. .. 167
7.3 Proof of Theorem 7.2.2 . . . . . . . . . . . . . . .. 170
Conclusions et perspectives 173
8.1 Conclusion générale . . . . . . . . . .o 173
8.2 Extensions possibles des travaux de thése . . . . . . .. .. ... .. ... 174
8.2.1 Estimation non paramétrique de la densité de Lévy . . . . . . . .. 174
8.2.2 Equivalence asymptotique pour des modéles de Lévy dépendant
aléatoirement du temps . . . . . . ... 175
8.2.3 Equivalence asymptotique pour des modéles de diffusion multidi-
mensionnels avec un coefficient de diffusion inconnu . . . . . . . .. 176
8.2.4 Evaluation de la distance entre les lois des accroissements des pro-
cessus de Lévy . . . .. oL 177



Xiv TABLE DES MATIERES

Bibliographie 179



Chapitre 1

Introduction

1.1 Equivalences asymptotiques au sens de Le Cam

1.1.1 Généralités

Une premiére notion en statistique mathématique est celle d’expérience (ou modéle) sta-
tistiqgue. D’un point de vue formel, une expérience statistique est définie comme un triplet
P = (X, T,(Pygeco) ou (Z,T) est un espace mesurable, (FPp)gco est une famille de
lois de probabilité sur 'espace (27, 7) indexée par un ensemble O. I’espace mesurable
(Z°,.7) est appelé espace des échantillons de 'expérience & et 1’ensemble © est appelé
espace des parameétres de .

La notion de modéle statistique a été introduite par Wald (1939, 1950) et reprise dans
Blackwell (1951, 1953). Il s’agit d’une abstraction mathématique visant & représenter une
expérience concréte. Un exemple simple pourrait étre celui d’un sondage. On choisit un
échantillon de taille n de la population et on demande & chaque individu s’il a I'intention
de voter pour le candidat d’intérét ou pas. Formellement, ceci améne a poser un modéle
de la forme & = (2,7, (Py)geco) ot Z = {0,1}" représente les expressions des votes
de n individus tirés indépendamment, 7 est la tribu des parties de 27, © = [0,1] et P
est la loi commune aux n variables de Bernoulli indépendantes.

Une expérience étant donnée, on 'utilise pour prendre une décision dont on mesure
le risque. Cependant, parfois, on peut modéliser une méme réalité a travers plusieurs
modeles statistiques différents. Une premiére proposition sur comment comparer deux
modeéles statistiques ayant le méme espace des paramétres est apparu en 1949 quand
Bohnenblust, Shapley, Sherman (1949) ont introduit la définition suivante : “22; est plus
informatif que &7 si pour toute fonction de perte bornée L et pour toute régle de décision
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po disponible dans I'expérience & il existe une régle de décision p; dans 'expérience &
telle que
R(’gzlaph[/ae) SR(@%IO%L?Q% Vo € ©.

Ici on dénote par R(Z1,p1,L,0) et R(Ps,pa, L,0) les risques statistiques relatifs aux
modéles &) et P, respectivement (pour une définition précise voir le Chapitre 2, Sous-
section 2.3).

Le probléme avec une telle définition est qu’elle ne permet pas de comparer n’importe
quel couple de modéles statistiques. Une facon d’y remédier est de changer la question
qu'on se pose : “ Combien d’information statistique sur # perd-on en utilisant &, au
lieu de &7, 7”. Ce changement de perspective a été proposé par le mathématicien francais
Lucien Le Cam en 1964 et il a amené a introduire la notion de déficience, 0( %, P5), de
P, par rapport & P,. Cette quantité doit étre interprétée comme un indicateur numérique
du cotlit nécessaire pour reconstruire 'expérience &5 a partir de 'expérience &2;. Avant
de se concentrer sur la définition mathématique de la déficience qui nous demandera un
long détour, soulignons trois aspects particuliérement intéressants :

e Cette quantité est définie pour n’importe quel couple de modéles (&, P5) parta-
geant le méme espace des paramétres O.

e Pour toute fonction de perte L telle que 0 < L < 1, pour toute régle de décision
po disponible sur © en utilisant 'expérience &5, il existe une régle de décision p;
disponible sur & telle que

R(‘@bph[/ae) S R(‘@%anLve) +5(°@1w@2>7 ve € @

En particulier, si §(Z1, &5) = 0 et §(H, P1) = 0 alors a toute régle de décision
o qui est “bonne” pour &, correspond une régle de décision m; qui est aussi bonne
pour #; et réciproquement.

e A labase de la théorie de Le Cam sur la comparaison des expériences statistiques il y
a l'idée de passer d’un probléme qu’on ne sait pas bien traiter a un autre pour lequel
la théorie est bien développée. Souvent en fait, on observe une variable aléatoire X
a valeurs dans 27 ayant pour loi P, g, la valeur du parametre 6 est inconnue, et on
voudrait estimer 6. Le probléme est alors, en utilisant la terminologie de Le Cam
lui méme, qu’ en général, la famille P, = (21, 71, (Pirg)eco) est compliquée. On
voudrait alors l'approcher par une famille plus simple Py = (22, T, (Qg,0 € O)).
Grace au point précédent, on voit bien que si §(Z;, Ps) et 0(Py, P;) sont si-
multanément petits, les problémes de I'estimation de 6 dans 'expérience &?; sont
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alors réduits (avec une perte d’informations proportionnelle & §(%;, %)) a ceux de
I'estimation de 6 dans I’expérience plus facile &5 (de méme que 'on peut appro-
cher localement une courbe par des segments de droites, ou une figure géométrique
compliquée o ’aide de triangles').

D’une facon intuitive, deux expériences &2, et 5 sont dites équivalentes s’il est pos-
sible de reproduire I'une & partir de l'autre et réciproquement via une transition, c’est-
a~dire, si on dispose d’'un mécanisme pour convertir les observations issues de la distri-
bution Py en observations issues de Py et réciproquement. Un point clé est dans le
sens a donner au mot transition (voir la Section 2.2 du Chapitre 2 pour une définition
précise). Des exemples de transition sont donnés par les noyaux markoviens et, en fait,
on peut démontrer que sous certaines hypothéses sur les espaces des échantillons, 1’en-
semble de toutes les transitions possibles coincide avec I’ensemble des noyaux markoviens
K : (21, 7) — (%3, %). En particulier, ceci est le cas lorsqu’on considére des modéles
statistiques dominés ayant des espaces polonais comme espace des échantillons. Rappelons
qu’'un noyau markovien K : (27, 71) — (23, %) est une application K : 27 x Z — [0, 1]
telle que :

e application z — K(z, A) est Zj-mesurable pour tout A € J;

e application A — K (z, A) est une mesure de probabilité¢ sur (23, %) pour tout
T € 2.

Si on dispose d’un noyau markovien K : (27, %) — (22, %) alors a partir de chaque
P, g on peut construire une probabilité P,y = K P g sur %, c’est-a-dire

Pyo(A) = / K(z, A)Pyy(dz), VA€ %

On verra dans le Chapitre 2 que, d’une fagon générale, une transition est définie comme
une application linéaire positive entre des treillis de Banach particuliers (L-spaces), ce qui
généralise la définition de noyau de Markov.

Définition 1.1.1. Soit £?; un modéle statistique dominé et &, un modéle statistique
avec un espace des échantillons polonais.
La déficience de &, par rapport a &5 est définie par

5(@1,(@2) = inf Sup||KP179—P279”TV7 (11)
KeX geo

!Gaélle Octavia, SMF-Gazette-118, Octobre 2008
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ou £ représente I'ensemble de tous les noyaux markoviens de (27, %) vers (25, %) et
| - [[7v désigne la distance en variation totale, i.e.

|K Py g — Pagllry := sup ’KPLQ(A) — PM(A)\.
AeTy

Définition 1.1.2. La distance de Le Cam ou A-écart entre 22, et P, est ainsi définie :
A1, 2) = wax (0(2, 25),0(22, 7).
Les modéles statistiques &1 et P, sont dits équivalents si A(Py, P5) = 0.

La définition de distance de Le Cam telle qu'on vient de donner n’éclaircit peut-étre
complétement pas I'importance statistique d’une telle distance. En effet, un intérét de
la théorie de Le Cam est 'interprétation possible du A-écart a 'aide de la théorie de la
décision. Pour cela, nous en rappelons ci-dessous le cadre classique.

Un probleme de décision pour le modéle & est la donnée d’un espace mesurable (D, D),
appelé espace des décisions, et d’une fonction L : D x © — [0,00), appelée fonction de
perte, telle que, pour tout 6 € ©, L(-,6) soit mesurable.

Le statisticien observe une valeur x € 2" obtenue a partir de la mesure de probabilité
Py. 1l ne connait pas la valeur de 6 et sa tache est de sélectionner une décision z € D.
Pour I"accomplir, il choisit une mesure de probabilité m(x,-) sur D et il tire un point de
D au hasard selon la loi m(z,-). S’il a choisi z quand la vraie distribution de x est Py, il
subit une perte L(6, z).

La fonction 7 : x — 7(x,-) est appelée régle de décision randomisée dans le modéle
Z. Autrement dit, m est un noyau markovien de (27, .7) vers (D, D). Notons L(D, D)
’ensemble de toutes les fonctions de perte L qui satisfont 0 < L(z,0) < 1,Vz € D, V0 € ©
et avec I1(Z?) I'ensemble des régles de décision randomisées dans le modéle &2.

On appelle risque de la régle de décision randomisée m € II(Z) en 6 associé a la
fonction de perte L € L£(D, D) la quantité donnée par

R(P,7,L,0) = /X ( /D L(z, 0)n(a, dz))Pg(dm).

Proposition 1.1.3 (Le Cam (1986)). Soit ¢ > 0 fizé. Deur modéles statistiques P, et
Py vérifient la relation §( Py, Ps) < € si et seulement si : pour tout probléme de décision
avec fonction de perte L € L(D,D) et pour toute fonction de décision m € I1(F,), il
existe une fonction de décision m* € I1() telle que

R(:@l,’ff*,L,e)SR(:@Q,TF,L,@)‘F&“, 0 e 0O.
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Soulignons que cette caractérisation concerne la déficience 6(Z,, &5) de &, par rap-
port & P,, et que d n’est pas symétrique. Par conséquent, si pour 'expression symétrisée
(le A-écart) on a A(P, Py) < ¢, alors les risques des procédures d’estimation dans &
sont les mémes que ceux dans &, a € prés, et vice-versa.

On peut maintenant donner une définition de la déficience en termes de régles de
décision. Plus précisément on a la proposition suivante :

Proposition 1.1.4 (Le Cam (1986)). La définition de déficience donnée par (1.1) est
équivalente a :

0(P1, P) =sup sup inf sup sup |R(S,m, L,0) — R(Pa, 72, L, 0)],
LeL(D,D) 1 EM(P1) nyeTi(22,) 60

ou le premier sup est pris sur tous les espaces de décision (D, D).

1.1.2 Etat de l’art

Les premiers résultats d’équivalence asymptotique dans un contexte non paramétrique,
¢’est-a-dire oi1 © est un ensemble infini-dimensionnel, datent de 1996 et sont dus & Brown,
Low (1996) et Nussbaum (1996). Dans Brown, Low (1996) les auteurs ont établi un résultat
d’équivalence asymptotique entre un modele de régression non paramétrique

Y= f(x;) +o(x)&, i=1,...,n, (&) iid. gaussiennes centrées et réduites,

et un modéle de bruit blanc gaussien

dY; = f(t)dt + it)aZI/Vt, t €10,1], (W) mouvement Brownien standard.

Vn
[’équivalence est établie en supposant que le coefficient de diffusion o(-) est connu et que
f appartient a .7, une classe fonctionnelle constituée de fonctions suffisamment lisses (i.e.
© = .7). Au cours des années, plusieurs extensions de ce résultat ont été proposées. Dans
Brown et al. (2002a), les auteurs traitent le cas ou les covariables z; sont aléatoires, tandis
que dans Rohde (2004) des améliorations dans approximation sont discutées. Le cas d’une
variance o inconnue est traité dans Carter (2007). Pour des résultats multidimensionnels,
nous pouvons citer Carter (2006a); Reifs (2008). L’article de Grama, Nussbaum (1998)
est le premier a considérer le cas de bruits non forcément gaussiens, mais appartenant
a une famille de lois exponentielles ; les auteurs ont ultérieurement développé ce résultat
dans Grama, Nussbaum (2002) pour prendre en compte des bruits avec des densités
quelconques a condition qu’elles soient suffisamment lisses. Dans Carter (2009), 'auteur
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considére les effets d’une corrélation entre les bruits : il s’avére que 'expérience limite
n’est plus un modeéle de bruit blanc gaussien, mais elle est plus proche d’'un mouvement
brownien fractionnaire. Si, par contre, on s’intéresse a des bruits dont la densité peut étre
discontinue, alors I'expérience limite est encore différente comme prouvé dans I'article de
Meister, Reifs (2013). En ce qui concerne les résultats d’équivalence pour les modéles a
densité le travail fondateur est celui de Nussbaum (1996). Dans cet article, Nussbaum a
démontré 1’'équivalence asymptotique entre ’expérience

(Xi)1<i<n variables aléatoires i.i.d. de densitéf définie sur [0, 1]

et le modéle de bruit blanc gaussien
dY, =/ f(t)dt + th, t €[0,1], (W) mouvement Brownien standard,

en ce qui concerne l'estimation de f, qu’on suppose appartenir a une certaine classe
fonctionnelle .. La preuve de ce résultat telle qu’elle a été présentée dans Nussbaum
(1996) ne permet pas d’expliciter les transitions en jeu, mais nous pouvons citer Brown et
al. (2004a) ; Carter (2002) pour des extensions du travail de Nussbaum otl, en particulier,
des noyaux de Markov sont construits explicitement. Dans J&hnisch, Nussbaum (2003)
le cas de variables aléatoires (X;); indépendantes mais pas de méme loi a été traité. Un
autre domaine riche de résultats d’équivalence au sens de Le Cam est celui des modéles
de diffusion. Dans ce contexte, le premier résultat est di a Milstein, Nussbaum (1998).
Ils ont prouvé I'équivalence asymptotique entre un modéle de diffusion unidimensionnel
en petite variance (i.e. avec un coefficient de diffusion petit) :

dy, = f(y)dt + edWy, yo=0 t€]0,1], (W;) mouvement Brownien standard

et le schéma d’Euler associé, avec un pas d’échantillonnage 1/n :

Zi
Z(]:O, Z,L:Z,L,1+f(—11)+i£“ z'zl,...,n,
n

Jn

avec les ; i.i.d. de loi gaussienne centrée et réduite et ¢ — 0. Ils ont aussi prouvé ’équi-

valence entre l'observation continue de (yt)te[o,u et celle discréte de(y . D’autres

i) i<n
résultats d’équivalence entre des processus de diffusion et les schémas dﬁEouéleSr correspon-
dants sont démontrés dans Dalalyan, Reif (2006) (voir Sous-section 4.5) et Genon-Catalot,
Laredo (2014). En restant dans le théme des modéles de diffusion nous pouvons citer I’ar-
ticle de Delattre, Hoffmann (2002), dans lequel les auteurs ont étudié le probléme de

I’équivalence pour des diffusions de la forme

t
Xt—x0+/f(Xs)ds+Wt, t>0,
0
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sous des hypothéses pour lesquelles (X;);>o est un processus de Markov récurrent nul au
sens de Harris (voir, par exemple, Revuz, Yor (1999)). Dans le méme esprit, on peut aussi
citer les résultats de Dalalyan, Reifs (2006, 2007a). Finalement, un résultat d’équivalence
pour des diffusions en petite variance et observées dans une fenétre temporelle aléatoire est
celui de Genon-Catalot, Laredo, Nussbaum (2002). Un autre résultat remarquable concer-
nant I’équivalence pour des variables aléatoires dépendantes est di a Grama, Neumann
(2006), qui ont prouvé 'équivalence asymptotique entre un modeéle d’autorégression non
paramétrique et une régression non paramétrique. Par ailleurs, des résultats d’équivalence
existent aussi pour des problémes inverses dans la régression et le modéle de bruit blanc
(Meister (2011)), pour 'estimation spectrale d’une densité, (Golubev, Nussbaum, Zhou
(2010)) et pour l'estimation du coefficient de diffusion & partir d’observations en haute
fréquence d’une martingale continue plus un bruit, (Reift (2011)).

1.2 Résultats principaux de la thése

Nous présentons maintenant les résultats principaux qui sont contenus dans cette these. Il
s’agit principalement de résultats d’équivalence asymptotique au sens de Le Cam (voir les
Sous-sections 1.2.1-1.2.3) et d’une majoration en distance L, entre les lois de processus
additifs (voir la Sous-section 1.2.4) qui a fait 'objet d'une publication (Etoré, Mariucci
(2014)).

Dans la Sous-section 1.2.1 nous présentons deux résultats pour des processus a sauts.
Le premier résultat présenté traite de I’équivalence, en ce qui concerne I’estimation de la
dérive, entre un processus additif observé a haute fréquence et un modéle de bruit blanc
gaussien ; ce résultat a donné lieu a la publication Mariucci (2015b). Dans la deuxiéme
partie de la Sous-section 1.2.1 nous introduisons un résultat d’équivalence concernant la
densité de Lévy : nous avons démontré qu’estimer la densité de Lévy issue d’un processus
de Lévy a sauts purs (observé d’'une maniére continue ou discréte) est équivalent a estimer
la dérive d’un certain modéle de bruit blanc gaussien ; ce résultat est présenté dans ’article
Mariucci (2015d). Dans la Sous-section 1.2.2 nous discutons briévement une extension du
résultat de Nussbaum (1996), sur ’équivalence pour des modéles a densité. Ce résultat
est détaillé dans le Chapitre 5 qui est basé sur Particle Mariucci (2015a). Finalement,
dans la Sous-section 1.2.3 nous discutons un résultat d’équivalence qui traite le lien entre
des processus de diffusion en petite variance et le schéma d’Euler correspondant lorsque
le coefficient de diffusion est non constant; ce résultat a fait 'objet de la publication
Mariucci (2015¢).
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1.2.1 Equivalence asymptotique pour des modéles & sauts

Les processus de Lévy sont des processus a accroissements stationnaires et indépendants,
a trajectoires presque sirement continues a droite ayant une limite & gauche (cadlag). La
classe de ces processus est extrémement riche, les représentants les plus connus étant le
processus de Poisson ou de Poisson composé, le mouvement Brownien, le processus de
Cauchy et, plus généralement, les processus stables. Ils sont utilisés pour modéliser des
situations ot des changements soudains peuvent se produire. Pour cela, ils sont largement
utilisés en finance, mais aussi dans d’autres domaines comme, par exemple, les télécom-
munications, la statistique des valeurs extrémes, la mécanique quantique et la biologie. Ils
sont les éléments de base permettant de construire des modéles stochastiques en temps
continu avec des sauts. A titre d’exemple, on pourrait citer les “exponential Lévy models”,
“hyperbolic Lévy motions”, “time changed Lévy processes” ou “Stochastic volatility mo-
dels”. Pour cette raison, 'inférence statistique pour des processus de Lévy a suscité une
attention considérable ces derniéres années, devenant un sujet de grand intérét aussi bien
pour les théoriciens que pour les praticiens.

D’un point de vue mathématique, la loi d’un processus de Lévy X = (X;)i>o est
uniquement déterminée par trois paramétres : la dérive v € R, la variance (ou coefficient
de diffusion) o > 0 et la mesure de Lévy v.

Cependant, ’hypothése de stationnarité les rend souvent peu flexibles, par conséquent
on préfére parfois modéliser plutot avec des processus additifs, c¢’est-a-dire des processus
analogues a ceux de Lévy mais ayant une fonction caractéristique de la forme

E[e™Y] = exp (w /Ot f(r)dr — u;/ot o?(r)dr — /R(l — e 4 iuyﬂ|y|§1)yt(dy)>, (1.2)

ot f(-) et o%(-) appartiennent & L;(R) et v; est une mesure positive sur R qui satisfait

1 ({0}) =0 et /R(gf A Dy (dy) < oo, YVt >0,

ainsi qu’une condition de monotonicité : si 0 < s < ¢ alors v4(A) < v (A), pour tout
A € B(R) (voir Sato (1999), Théoréme 9.8).

La représentation donnée en (1.2) en termes du triplet (f(t),0%(t), V)0 est unique
et cette derniére est appelée caractéristique locale du processus X alors que rv; comme
ci-dessous est dite mesure de Lévy, pour tout t. Dans le cas ou f(-) =~ et o(-) = o sont
des fonctions constantes et v, = v pour tout ¢, le processus X en (1.2) est un processus
de Lévy de triplet (v,02,v).

La théorie de ’estimation des composantes du triplet caractéristique pour des proces-
sus de Lévy observés d’une facon continue est assez bien développée et plusieurs estima-
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teurs ont été proposés. Cependant, pour de nombreux problémes pratiques il n’est pas
possible, ni économique, d’observer toute une trajectoire d’'un processus et on est obligé
de travailler avec des observations discrétes, c’est-a-dire avec un vecteur d’observations

(Xig, Xty X1,),

oun 0=ty <t < - <t,="T,et A, ;== maxj<;<, {|[t; — t;i_1|} est petit. Il est désor-
mais classique dans l'inférence statistique pour les processus en temps continu et observés
d’une fagon discréte, de distinguer deux points de vue. Un premier, est celui de la basse
fréquence : le pas de discrétisation A, est maintenu fixe tandis que le nombre n d’ob-
servations tend vers l'infini. On parle de haute fréquence quand le pas de discrétisation
A, tend vers 0 lorsque n tend vers I'infini. Cette derniére approche a joué un role central
dans la littérature récente sur ’estimation non paramétrique pour les processus de Lévy
ou additifs et elle sera le point de vue adopté dans cette thése.

Or, il semblerait naturel de penser que si A,, tend de facon suffisamment rapide vers
0 lorsque le nombre d’observations n tend vers l'infini, alors il n’y a pas “trop de perte
d’information” quand on passe d’un modéle associé a 'observation continue de X a un
modeéle associé aux observations discrétes de X. Ceci peut étre formalisé en utilisant la
théorie de Le Cam et c’est ce que nous faisons dans les Chapitres 3 et 4.

Plus précisément, dans un premier temps nous nous sommes intéressés au probléme
de l'estimation non paramétrique de la dérive d’'un processus additif ayant pour carac-
téristique locale (f(t),0?(t),;)i>0. Ensuite, nous nous sommes focalisés sur le probléme
de 'estimation de la densité de Lévy relative a un processus de Lévy a sauts purs. Dans
les deux cas, on a supposé ne disposer que d’observations a haute fréquence du processus
sous-jacent X. Si on dénote par § € © un paramétre (i.e. © est 'espace lié a la dérive
dans le premier cas et a la densité de Lévy dans le deuxiéme) nous nous sommes posés
essentiellement deux questions :

(1) Combien d’informations sur le paramétre € perdons-nous en observant (X, )", a la
place de (X¢)icpm,?

(2) Peut-on construire un modéle plus simple d’un point de vue mathématique, mais
équivalent du point de vue de l'information sur 6, a partir de 'observation de (X;,)! 7

Dans les deux paragraphes qui suivent nous allons donner une réponse aux questions (1)
et (2) en utilisant la théorie de Le Cam sur les expériences statistiques.
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Estimation de la dérive

En ce qui concerne notre contribution aux problémes de 1'équivalence asymptotique pour
des modeles a sauts, nous avons commencé par considérer ’expérience statistique associée
a l'observation discréte a haute fréquence d’un processus gaussien et d’un processus de
Poisson composé inhomogéne en temps. Plus précisément, nous nous sommes focalisés sur
I’étude d’un processus de la forme

Ny

Xe=n+ /Otf(s)ds + /Ot on(s)dWs + ZY}, t €[0,7,], (1.3)

i=1
ou :

e 1) est une condition initiale ;

W = (W;)>0 est un mouvement Brownien standard ;

N = (N;)i>0 est un processus de Poisson, inhomogéne en temps, avec une intensité
notée par A(-), indépendant de W ;

(Y;)i>1 est une suite de variables aléatoires réelles indépendantes et identiquement
distribuées de loi Gz, indépendante de W et .

Ici, le paramétre inconnu & estimer est la dérive f(-) qui est supposée appartenir & une
certaine classe non paramétrique .Z. Le coefficient de diffusion o,(-) est supposé connu
contrairement aux paramétres liés a la partie discontinue de X = (X;);>. Plus précisé-
ment, l'intensité A(-) et la distribution G de Yj, ne sont pas supposées connues et elles
appartiennent a certaines classes non paramétriques A et ¢, respectivement. Nous dispo-
sons de n + 1 observations Xy,, Xy,,..., Xy, avec A, — 0 lorsque n — oo. Concernant
I’horizon temporel T,,, il peut étre soit fini, 7;,, = T', soit convergent vers l'infini lorsque
n — oo. Nous nous intéressons au probléme de l'estimation de la dérive a partir des
observations discrétes (X;,). Pour garantir I'identifiabilité de f(-), si 7,, = T, nous nous
plagons en petite variance, c’est-a-dire, o, (-) = e,0(:) avec £, — 0 quand n — oo. Si
T, — o0, la classe .# sera une sous-classe de fonctions périodiques.

Tout d’abord, nous allons reformuler le probléme en termes de modéles statistiques.
La notation introduite ci-dessous restera valable tout au long de ce chapitre introductif.
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Notation 1.2.1.

e Nous notons C' = C([0,00],R) l’espace des fonctions réelles continues sur [0,00].
Soit x : C'— C' le processus canonique, c’est-a-dire, le processus tel que

Ywe O, zy(w)=w Vt>0.

Nous notons €° la plus petite tribu qui rend x, mesurable, s > 0. Ensuite, pour tout
t >0, soit €L la plus petite tribu qui rend xs mesurable, pour tout s € [0,t]. Enfin,
nous définissons €, = Ny 6L et € = o(6i;t > 0).

e Nous notons D = D([0,00],R) l’espace des fonctions w : [0,00] — R qui sont
continues a4 droite et qui admettent une limite & gauche en chaque point (cadlag).
Avec un léger abus de notation, nous notons également x le processus canonique sur
D :

YweD, x(w)=w Vt=>D0.

Nous notons 2, et 2 les tribus engendrées par {xs: 0 < s <t} et {zs:0<s < o0},
respectivement. L’espace mesurable (D, 9) est [’espace de Skorokhod.

o Soit X un processus additif défini sur l'espace probabilisé (), o7 ,P) avec une ca-
ractéristique locale (f(t),02(t),v4)i>0. Ce processus induit une mesure de probabilité
sur (D, 2) que l'on notera PGev) - Notons que le processus canonique x défini sur
(D, 2, PY")) est un processus additif de méme loi que (X,P) (i.e. la caractéris-
tique locale de © sous PU") est (f(t), 02(t), 4)is0). De plus, nous noterons Pt(f’a2’y)
la restriction de PYo") 4 la tribu Y.

e Pour toute fonction w dans D, nous noterons Aw, le saut au temps r et w® ou w?

sa partie continue ou discontinue, respectivement :
Aw, = w, — lim w, wf = ZAwr, Wy = wy — wf.
str
r<t
e Soit X un processus additif avec une caractéristique locale (f(t),0%(t), vt)i>0. Pour
S >

tout 0 =ty < t, < -+ < t,,, nous noterons Q""" la loi du vecteur (Xtos Xpys -5 X3,

sur (R™1 B(R™"1)).
Ici, 'espace des paramétres est % et les modéles statistiques que nous considérons

sont les suivants :
P, = (D, 2,{PS7 . f ¢ FY), (1.4)
2, = (R, B[R {QY7D . f e Z}), (1.5)
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ou par AG nous notons la mesure de Lévy 1v4(A) = A(t)G(A), pour tout ¢, pour tout A.
Finalement, nous introduisons le modéle gaussien qui apparaitra dans ’énoncé de nos
principaux résultats. Pour cela, de maniére cohérente avec la notation précédente, nous

)

2
écrirons P}: 70 pour désigner la loi induite sur (C, %7, ) par le processus stochastique :

Nous posons :
2
Wy, = (C,Cr,, (P70 0 f e 7). (1.7)

Nous avons déja mentionné que les équivalences asymptotiques peuvent étre utilisées
pour réduire les problémes d’estimation d'un modéle a ceux d’un autre modéle plus simple.
C’est le cas ici : le modéle associé a l'observation discréte ou continue de X comme
dans (1.3) s’est révélé étre équivalent a celui de (1.6), qui a fait 'objet de nombreuses
études (voir Ibragimov, Has'minskii 1981). Par exemple, considérons les deux situations
suivantes :

o T, est fixé et 0,(:) = €,0(+) avec &, — 0;

e T, tend vers 'infini et o,(-) est fixé; dans ce cas, nous demandons également que
les éléments de . satisfassent des hypothéses de périodicité.

Dans les deux cas, une estimation consistante de f € .% est possible. Nos résultats
d’équivalence ne s’appuient pas sur des hypothéses comme celles-ci, mais ils s’appliquent
aussi a ces cas. En effet, 'existence d’une équivalence pour une classe .# entraine la méme
équivalence pour toute sous-classe de .Z.

Nous énoncons ci-dessous notre résultat principal dans le cas ou .%# est une classe
de fonctions a-Holder, uniformément bornées sur R, i.e. il existe B < oo, M < oo et
a € (0,1] tels que

@) <B et [f(z)= fly)l<Mlz—yl*, VryeR
Pour un énoncé plus général, voir la Sous-section 3.2.4.

Théoréme 1.2.2. Soit ¥ une sous-classe de fonctions a-Hdlder, uniformément bornées
sur R. Soit 0,(+) = €,0(-) telle que 0 < m, < o(-) < M, < 0o avec une dérivée o'(-) dans
Lo (R). Supposons que l'une des deux conditions suivantes soil satisfaite :

o1, =T < 00, &, — 0 et il eriste une constante 0 < Ly < 00 telle que pour tout
A E A7 ||)\HL2([0,T}) < L2.
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o T, — 00, e, =1 et il existe deur constantes 0 < Ly, Ly < oo telles que pour tout
AeA, [Mzyw < Li, M@ < Lo

Alors les expériences P, 2, et Wy, définies par (1.4), (1.5) et (1.7), respectivement, sont
asymptotiquement équivalentes dés que l'une des deux conditions suivantes est satisfaite :

1. 9 est une sous-classe de distributions discrétes avec support sur Z : dans ce cas,
une magjoration pour la vitesse de convergence est donnée par O (A, +T, A2 2+

TnAn> .

2. 9 est une sous-classe de distributions absolument continues par rapport a la mesure
de Lebesgue sur R avec des densités uniformément bornées sur un voisinage fixé
de 0 : dans ce cas, une majoration pour la vitesse de convergence est donnée par

0 ({*/A_n T, A2 TnAn> .

La preuve du Théoréme 1.2.2, qui est & notre connaissance le premier résultat d’équi-
valence asymptotique pour des processus a sauts, est constructive. Les idées a la base de la
preuve sont les suivantes. Observer les X;, est clairement équivalent a observer les accrois-
sements X;, —X;, ,,2=1,...,n. Or, vu que X est un processus additif, les accroissements
sont indépendants. Ceci nous permet de raisonner accroissement par accroissement. De

plus, grace a la forme particuliére de X, nous savons que la loi de X;, — X;, , peut s’écrire
2

comme la convolution entre une variable aléatoire gaussienne .4 (m;,07) et la somme
aléatoire Zle Y; : avec m; = ftf_l f(s)ds, o? = fti_l 02(s)ds et P; une variable aléatoire
de Poisson de moyenne \; = ftt,l A(s)ds. Une premiére étape est d’utiliser le fait que si
A, — 0 alors on peut se ramener a un modéle ot, entre les instants t;_; et t;, il y a
au plus un saut. En termes mathématiques, cela se traduit en passant de la convolution
N (my, 02) *Zil Y; a AN (my,02)*e;Yi, oulese;, i = 1,...,n sont des variables aléatoires
indépendantes de loi Bernoulli de paramétres \;e ™, i =1,...,n. Comme nous nous inté-
ressons 4 'estimation de f et que cette quantité n’intervient que dans la partie gaussienne
de la convolution A (m;, 0?)*¢e;Y;, il est naturel de penser qu’observer les A (m;, 07) *¢&;Y;
soit asymptotiquement équivalent a observer les .4 (m;, 02) seulement. Pour le démontrer,
nous construisons d’une maniére explicite les noyaux qui réalisent I’équivalence asympto-
tique (voir la Sous-section 3.3.2). Quelle que soit la nature de G € ¢ (i.e. G a support dans
Z ou absolument continue par rapport a la mesure de Lebesgue), les noyaux construits
ne dépendent pas de A € A. De plus, si la distribution G est concentrée sur Z, le noyau
proposé est également indépendant de o. Ceci, combiné au travail de Carter (2007), nous
permet d’étendre notre résultat d’équivalence au cas ou la fonction o est un paramétre

de nuisance supposé inconnu. Une fois que I’équivalence asymptotique entre les X; et



14 CHAPITRE 1. INTRODUCTION

les variables gaussiennes .4 (m;, 0?) est prouvée, on déduit aisément 1'équivalence avec
le modéle de bruit blanc (1.7), en utilisant des techniques trés proches de celles utilisées
dans Brown, Low (1996).

L’équivalence entre &2, et #;, est obtenue par I'exhaustivité de I'application S qui &
chaque fonction cadlag associe sa partie continue et du fait que la loi image de S sous

2 2
Pj(ﬂivan)‘G) est P/](j”{»a-nvo) R

Estimation de la densité de Lévy

La dynamique des sauts d'un processus de Lévy est entiérement dictée par sa densité de
Lévy. Si on suppose continue cette derniére, sa valeur en un point xg représente la fréquence
des sauts de taille proche de xy qui se produisent par unité de temps. Concrétement, si
X est un processus de Lévy a sauts purs avec une densité de Lévy f, alors

/Af(x)dm = %E{ZHA(AXS)}

s<t

pour tout borélien A et ¢ > 0. Ici, AX, = X, — X,- désigne "amplitude du saut de X au
temps s et 14 la fonction caractéristique. Ainsi, la mesure de Lévy

v(4) = [ sy

est le nombre moyen des sauts (par unité de temps) dont I'amplitude appartient a 'en-
semble A. Comprendre le comportement des sauts nécessite donc d’estimer la mesure de
Lévy. Plusieurs travaux récents ont traité ce probléme, voir par exemple Belomestny et al.
(2015) pour une présentation détaillée.

Dans le Chapitre 4 nous présentons un résultat d’équivalence asymptotique entre les
modéles associés a l'observation continue ou discréte d’'un processus a sauts purs avec
densité de Lévy f et un modéle de bruit blanc gaussien ayant comme dérive y/f. Les
observations discrétes sont échantillonnées avec un pas constant de sorte que t; — t;_1 =
A, — 0, pour tout i« = 1,...,n. De plus, nous supposons que le temps d’observation
T,, — oo lorsque n — oo, ce qui permet I'identification de la partie a saut dans la limite.
Une telle approche a joué un role central dans la littérature récente sur I'estimation non
paramétrique pour les processus de Lévy (voir par exemple Bec, Lacour (2012) ; Comte,
Genon-Catalot (2010, 2011); Duval (2013) ; Figueroa-Lopez (2009)).

Plus en détail, nous considérons le probléme de I'estimation de la densité de Lévy
f = ;71; : I — R, a partir d’un processus de Lévy a sauts purs X de mesure de Lévy v,
observé d’une maniére continue ou discréte. Ici vy est une mesure de Lévy fixée et v peut
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étre une mesure de Lévy infinie si vy 'est; I C R désigne un intervalle éventuellement
infini. Dans le cas ol v est a variation finie on peut écrire :

X =Y AX, (1.8)

0<s<t

ou, de maniére équivalente, X a une fonction caractéristique de la forme :

E[e™*] = exp ( — t(/l(l — ei“y)l/(dy))).

Nous supposons que f appartient & un ensemble %, en général non paramétrique.
Nous noterons 22 le modéle statistique associé a 'observation continue de X jusqu’a
I'instant 7, et 2% celui associé a I'observation des données discrétes (Xy,)!" ;. Bien que
tous les résultats du Chapitre 4 soient valables dans le cas général otl v est une mesure
de Lévy infinie (& variation finie ou pas), pour des raisons de clarté, nous énongons ici
le théoréme principal dans le cas particulier ot X est un processus de Poisson composé
avec une densité de Lévy différentiable dont la dérivée est uniformément ~-Hdélder. Ce cas
est spécial pour trois raisons différentes : tout d’abord parce que le théoréme s’applique
aussi en présence de mesures de Lévy infinies avec une variation éventuellement infinie ;
en second lieu parce que la classe fonctionnelle .# peut ne pas étre contenue dans une
classe de fonctions hélderiennes continiiment dérivables et enfin, parce qu’ici I est un
intervalle compact par hypothése, mais une version du théoréme reste également vraie
pour les intervalles non compacts I C R.

Théoréme 1.2.3. Soit I C R un intervalle compact de R. Pour tous vy € (0,1] et K, k, M
constants strictement positifs, nous considérons la classe fonctionnelle

Fevkwnty = {1 € CHI) 11 < J@) < M, (@) = [ (9)] < Klo—yl", Yoy € T},

On suppose que F C Fy i xm)- Soit 2, (respectivement Py, ) le modéle statistique associé
a Dobservation discréte (respectivement continue) d’un processus de Poisson composé avec
densité de Lévy f, par rapport a la mesure de Lebesque. Finalement, soit #;, le modéle de
bruit blanc gaussien :

1
dy, =/ f(t)dt dWy, tel.
Yt f() +2\/Tn ty

Alors, les trois modéles &2, 2, et W, sont asymptotiquement équivalents :

lim A(2,,,#,) =0, lim A(Z,,#,)=0 et lim A(Z,,2,)=0. (1.9)

n—oo n—0o0 n—oo
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Les vitesses de convergence dans (1.9) sont explicites, voir le Corollaire ??7. Gréce
au théoréme de Brown, Low (1996), nous obtenons, en conséquence, une équivalence
asymptotique avec le modéle de régression

i

1
Y, = f<ﬁ>+ﬁ&’ & N(0,1), i=1,... [T

A noter que ce genre de modéle de bruit blanc gaussien s’avére étre asymptotiquement
équivalent a une expérience liée a ’estimation de densités non paramétriques, voir Nuss-
baum (1996). Pour pouvoir étendre nos résultats au cas d’'une mesure de Lévy infinie,
nous nous placons dans le cadre des modéles dominés. Pour cela, nous allons supposer
Iexistence d’une mesure de Lévy vy qui domine toutes les mesures possibles v et qui ad-
met une densité g par rapport a la mesure de Lebesgue sur I. De plus, 1 est supposée
connue et les densités (inconnues) de Lévy f = Do qui sont les paramétres, doivent étre
bornées loin de zéro et de I'infini. Les Théorémes 4.2.5 et 4.2.6 du Chapitre 4 sont énoncés
dans ce cadre général. Sous des hypothéses adéquates sur .% (voir la Sous-section 4.2.1
pour une définition compléte de .Z et la Sous-section 7?7 pour sa discussion), nous prou-
vons I'équivalence asymptotique des modeéles 220 et 270 avec un modeéle de bruit blanc
gaussien de la forme :

=\ f dt+2\/_\/_ tel

L’idée derriére la preuve de I’équivalence A(Z210, 210) — 0 est la suivante. Asymptoti-
quement 227 devrait contenir la méme quantité d’information sur f que ’expérience .Z,
qui compte le nombre de sauts dont ’amplitude appartient a des intervalles (.J;)!" , formant
une partition de I'\ [y, &m], €m — 0. Or, les variables aléatoires (Y, 7 ]IJZ.(AXS))Z2
sont indépendantes de loi de Poisson de paramétres T, fJ f(y)vo(dy). On peut donc ap-
procher %, par le modéle associé & des variables aléatoires indépendantes et gaussiennes
en utilisant le Théoréme 4 dans Brown et al. (2004b). Grace a une construction expli-
cite des noyaux, on peut alors déduire I’équivalence asymptotique avec #,°. Plusieurs
difficultés sont apparues pour démontrer 'équivalence entre 220 et .Z,,. Tout d’abord,
nous avons di prendre en compte le fait que l'intervalle I peut étre de longueur infinie :
pour cela, on a construit les J; en utilisant les quantiles de 14 sur 'intervalle [ privé d’un
voisinage de 0. Plus précisément, si x > 0, pour tout entier strictement positif m, on a
défini les intervalles J; := (v;_1,v;] ol v; = &, et v; sont les quantiles de vop\(o.,.]; 1-€.

vo((T\ [0,en]) NR,)

w(J;) = — ;

Vi=2,....m. (1.10)
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On notera p, := vy(J;), pour tout j = 2,...,m. De maniére analogue, si x < 0, nous
vo (I\[~2m.0)NR_)

m—1

avons défini p, = et J_p, ..., J o tels que vy(J_;) = p,, pour tout j.
Par un argument de statistique exhaustive, il est clair qu’il y a une équivalence entre
%, et le modéle 2% ayant comme densité de Lévy une approximation constante par

morceaux de f, que ’on notera f,, et définie de la maniére suivante : si x > 0,

_ 1 sixzelJ,
fm(x) = v(J;) . )
00(T) stz eJ;, j=2,...,m,
et symétriquement pour x < 0 en utilisant J; pour j = —m, ..., 2. Cependant, la conver-

gence de A(Z20, @f;‘)) est trop lente. Pour obtenir une bonne vitesse de convergence, nous
avons prouvé 1'équivalence de @7‘1’0 avec un modéle auxiliaire 9’7;{0 ayant comme densité
de Lévy une adéquate approximation continue de f, notée par fm Cette équivalence a
été obtenue en construisant des noyaux markoviens.

Concernant la preuve de 1'équivalence A(ZY, #"0) — 0, nous nous sommes tout
d’abord ramenés a observer les accroissements d’un processus de Poisson composé X
ayant comme densité de Lévy la fonction f,, restreinte & I'\ [—&,,, £,,]. Ensuite, nous avons
prouvé qu’observer les accroissements (X;, — X;, )™, est asymptotiquement équivalent &
observer des variables aléatoires (¢;Y;)!; ou :

e (g;)I, sont des variables aléatoires i.i.d. de loi de Bernoulli de paramétre o :=

o (Y;), sont des variables aléatoires i.i.d. concentrées sur I \ [—&,,, en] et de densité

~

fm-

L’étape suivante consiste 4 compter le nombre des réalisations de (g;Y;)_; qui tombent
dans les intervalles J;, i = —m,...,—2,2,...,m. Cette expérience est associée a une
famille de loi multinomiale de paramétres 7, (Y_p, - -, Y2, 70,72, - - Ym) OU Yo = 1 — «
et v; = « fJi fm(y)yo(dy). On peut alors conclure qu’il y a une équivalence asymptotique
entre ce modéle et #,° en utilisant le résultat de Carter (2002) conjointement & certains
passages techniques, notamment pour prendre en compte les problémes a proximité de
zéro.

1.2.2 Equivalence asymptotique pour des modéles & densité

Un des premiers résultats d’équivalence asymptotique au sens de Le Cam dans un contexte
non paramétrique est celui de Nussbaum (1996). Dans cet article Nussbaum a montré



18 CHAPITRE 1. INTRODUCTION

I’équivalence asymptotique entre une expérience associée a ’'observation de n variables
aléatoires ayant une densité f sur [0, 1] et un modéle de signal avec bruit blanc :

dyt \/ dt + th7 t e [O, 1] (111)

L’équivalence est établie en supposant que f appartienne a une classe fonctionnelle .7

définie de la maniére suivante. Considérons pour a € (0, 1), M > 0, une classe de fonctions
holderiennes

HA(M) = {f: [f(x) = f(y)] < M|z —y|"}.

Pour a, M, > 0 donnés, nous définissons

{fGHO‘ /f a:—letf()>g‘v’x€[01]}

La preuve de ce résultat repose sur une technique de poissonisation et sur le couplage. Les
noyaux de Markov réalisant 1’équivalence asymptotique ne sont pas donnés de maniére
explicite. Des travaux plus récents (Carter (2002), Brown et al. (2004a)) ont réussi a obte-
nir le méme résultat en construisant explicitement les noyaux markoviens. Le résultat de
Carter (2002) est particuliérement important dans notre travail. Carter prouve 1’équiva-
lence asymptotique entre le modéle a densité et le modéle de signal avec bruit blanc (1.11)
en majorant la distance de Le Cam entre des variables aléatoires de loi multinomiale et de
loi normale multivariée. A partir de cette majoration, Carter a pu redémontrer la plupart
des résultats de Nussbaum (1996), sous de plus fortes hypothéses de régularité sur % : il
doit supposer que .Z est une classe de densités définies sur [0, 1], différentiables et telles
qu’il existe des constantes strictement positives €, M, « telles que ¢ < f < M et

|f'() = f'(y)] < M|z —y|®,  pour tout z,y € [0,1].

Briévement, on peut utiliser une borne sur la distance de Le Cam entre les variables de
loi multinomiale et les variables normales multivariées pour en dériver des conclusions sur
I’équivalence pour des expériences a densité. L’idée est de voir I’expérience multinomiale
comme 'expérience qui compte le nombre d’observations tirées selon f qui apparaissent
dans les intervalles J; = (%, %], 1 =1,...,m. En utilisant la racine carrée comme une
transformation stabilisatrice de la variance, ces variables de loi multinomiale peuvent étre
asymptotiquement approchées par des variables normales avec des variances constantes.
Ces variables normales, a leur tour, sont des approximations des accroissements du pro-
cessus (y;) défini par (1.11) sur les ensembles J;.

Dans le Chapitre 5, nous nous proposons de généraliser les résultats de Nussbaum

(1996) et Carter (2002). Plus précisément, l'expérience que nous considérons consiste a
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observer n variables aléatoires i.i.d. (Y;)", définies sur un intervalle I C R et distri-

buées selon une loi P}’ ayant une densité (par rapport a la mesure de Lebesgue sur [)

dpP{ . . . .
L(z) = f(x)g(z). En particulier, nous ne supposons pas que l'intervalle I C R soit un

dx
sous-intervalle borné de R comme dans la littérature existante. La fonction g est censée
étre connue alors que f est une fonction inconnue qui appartient a une certaine classe fonc-

tionnelle non paramétrique .%. Formellement, le modéle statistique que nous considérons

P9 = (R”,,@(R”), (éPf L fe y)) (1.12)

Les hypotheéses sur f et g seront précisées dans la Sous-section 5.2. Pour le moment, nous

est

nous contentons de souligner le fait que f doit étre bornée loin de zéro et de l'infini, tandis
que g peut étre a la fois non bornée et discontinue. L’avantage par rapport aux travaux
antérieurs est que ce cadre nous permet de traiter des densités de la forme A = fg non
nécessairement bornées ni lisses (voir la Sous-section 5.3.1 pour une discussion sur les
hypothéses.)

Finalement, nous allons introduire le modéle de signal avec bruit blanc. A cet effet,
nous noterons par Wi’c la loi induite sur (C, %) par un processus stochastique satisfaisant
I’équation différentielle stochastique :

dY, = /F(O)g(t)dt + %, tel,

ou (Wy)ier est un mouvement Brownien sur R conditionné a W, = 0. Ensuite, nous
définissons

W7 = (C,6.{W}: feF}) (1.13)

Le résultat principal du Chapitre 5 est alors le suivant (voir le Théoréme 5.3.1 pour un
énoncé précis) :

Théoréme 1.2.4. Soit I un sous-intervalle éventuellement infini de R et soit F# une
classe de fonctions bornées loin de zéro et de Uinfini qui satisfont les hypotheses de réqu-
larité indiquées dans la Sous-section 5.2. Alors les modéles statistiques P27 et W,9 définis
par (1.12) et (1.13), respectivement, sont asymptotiquement équivalents :
lim A(Z2,#79) = 0. (1.14)
n—oo

Dans certains cas particuliers des majorations explicites pour les vitesses de conver-
gence dans (1.14) sont disponibles; voir, par exemple, le Corollaire 5.3.2. La structure
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de la preuve suit celle de Carter (2002), on reprend notamment I’idée d'une approxima-
tion multinomiale-normale multivariée, mais certains points techniques différent. Parmi
ces points, I'intervalle I peut étre infini et donc, en particulier, les sous-intervalles J; qui
forment une partition de I ne peuvent plus étre de méme longueur. Dans ce contexte,
nous choisissons des intervalles J; de longueur variable, mais également répartis selon les
quantiles de 14, la mesure ayant une densité g par rapport a la mesure de Lebesgue. Plus
précisément, I'étape clé de la preuve est 'approximation de la densité fg par une densité
de la forme fmg avec fm définie par :

”L":) sixelIN(—oo,x}],
foulz) = L (i) (g gy p YW (g )| size (at,at,,] =1 -1
m(x) el Rl (i, — six € (2], 274] J yee M ,
u(j:,) siz e In(z,00),
o J,, (d)
I zvg(do
Wy = ]/O(Jj) = VO( ) et 517; = JJ—u \V/] - ]-7 ceey M.
m fhn,

Les noyaux réalisant I'équivalence asymptotique sont explicitement construits. Remar-
quons aussi que le résultat présenté ci-dessus est une extension directe des résultats de
Nussbaum (1996) et Carter (2002) : il suffit de choisir g(x) = Ij 1j(x).

1.2.3 Equivalence asymptotique dans des modéles de diffusion

Dans le Chapitre 6, nous avons considéré un probléme d’équivalence pour des modéles de
diffusion. Plus précisément, nous nous sommes focalisés sur des diffusions unidimension-

nelles de la forme :
dyt = f(yt)dt + €O'(yt)th, t e [O, T], Yo = W (- R, (115)

ott (W;)s>0 est un (4 );>o-mouvement Brownien standard défini sur I’espace de probabilité
(Q, o, P).

Ce probléme a intéressé plusieurs travaux présents dans la littérature. Par exemple,
Delattre, Hoffmann (2002) ont établi une équivalence asymptotique entre un modéle de
diffusion récurrent nul au sens de Harris et certains modéles gaussiens. D’autres résultats
d’équivalence pour des diffusions ergodiques d’abord unidimensionnelles, puis multidi-
mensionnelles, ont été considérés dans Dalalyan, Reift (2006, 2007a). Un autre résultat
sur le modéle de diffusion a été prouvé dans Genon-Catalot, Laredo, Nussbaum (2002).
Dans cet article, les auteurs ont établi I’équivalence asymptotique entre une expérience
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mettant en jeu une diffusion transiente ayant une dérive positive et une petite variance et
des expériences gaussiennes et poissoniennes.

Notre travail a consisté a comparer trois modéles statistiques : W;f , 2, et 27. Les deux
premiers correspondent, respectivement, aux modeéles associés a 1’observation continue de
(Yt )eepo, et celle discréte des variables aléatoires (yy,, . . ., ¥, ), avec t; = T'i/n. Le troisiéme
modéle, 27, est associé a I'observation du schéma d’Euler de pas T'/n, n € N*, associé a

(?Jt)te[o,T} :

T [T
ZO =w, ZZ = Zifl + _f<Zz71) + € _O-<Zi71)£i7 1= 1, oo, (116)
n n

ou les & sont des variables aléatoires i.i.d. gaussiennes centrées et réduites.

Le résultat principal du Chapitre 6 montre I’équivalence asymptotique entre les ex-
périences statistiques @yT, 2, et 27, en ce qui concerne l'estimation de la dérive f. Le
résultat d’équivalence entre 2 et 27 est particulierement important. En effet, estimer
la dérive f & partir des observations discrétes (yy,,...,¥:, ) est un probléme difficile ma-
thématiquement, notamment car les transitions ne sont pas connues de maniére explicite.
En pratique, les procédures d’estimation basées sur le schéma d’Euler ont été appliquées
avec succes, dans un cadre paramétrique aussi bien qu’en non paramétrique. Notre dé-
monstration de I’équivalence au sens de Le Cam entre 2} et 27 permet notamment de
justifier théoriquement cette pratique.

Dans la premiére publication qui traite de 1’équivalence statistique pour des modéles
de diffusion, Milstein, Nussbaum (1998), ont prouvé 1’équivalence asymptotique entre I’'ob-
servation continue et discréte d’un modéle de diffusion défini par ’équation différentielle
stochastique :

dY, = f(Y)dt + edW,, te€]0,1], Y,=0,

et le schéma d’Euler correspondant :

J(Zia € .
Z(]:O, lele—l—%—i-%&, 221,...,n,
ou les & sont des variables aléatoires i.i.d. gaussiennes centrées et réduites. Dans ce
contexte, € est un “petit” paramétre supposé connu ne dépendant pas du temps t € [0, 1].

La dérive f est inconnue et telle que, pour une certaine constante K > 0,
feFy= {f ‘R >R t.q Vo,u€R, |f(z) - f(u)] < K|z —ul, [£(0)] < K}.

Si on note respectivement &2 et %, les modéles statistiques associés a ’observation conti-
nue de (Y;)icp,1 et au schéma d’Euler (Z;)7 relatif 4 Y et de pas 1/n, alors

AP, 2) = O(\/n*25*2 - n*1>, quand € — 0.
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De plus, si on note 2, le modéle statistique associé a I'observation discréte de (Y;)ecpo
avec un pas de discrétisation %, les auteurs ont prouvé aussi que A(Z,2,,) = 0. Comme
corollaire, ils obtiennent donc

A2, 2,) = O(\/n—25—2 + n—1>, quand £ — 0.

Le résultat de Genon-Catalot, Laredo (2014) vise toujours a établir une équivalence entre
des diffusions et un schéma d’Euler. Plus en détail, les auteurs considérent une diffusion
(&) donnée par :

d& = b(&)dt +o(&§)dW,, & =,

ou (W;) est un mouvement Brownien standard défini sur un espace de probabilité filtré
(Q, .o, ()0, P), n est une variable aléatoire réelle, @7-mesurable et b(-), o(-) sont des
fonctions définies sur R. Le coefficient de diffusion o(-) est une fonction dans C?*(R),
supposée connue, qui satisfait les conditions suivantes :

Ve eR, 0<op <o*(x) <o7, |o'(z)|+ 0" ()] < K,.

Le processus (&) est observé soit d’'une maniére continue, soit d’'une maniére discréte
tout au long de l'intervalle temporel [0,7]. Les observations discrétes ont la forme &,
t; = ih, 1 < n avec T' = nh. Le résultat principal est I’équivalence asymptotique, en ce
qui concerne la dérive b, entre 'observation discréte et continue de (& )icp,r) et le schéma
d’Euler correspondant :

Zo=mn, Zi=Zi1+hb(Z;i_1)+ \/ﬁU(Zi—l)ﬁz‘,

o, pour i > 1, t; = ih et &g = (Wi, — Wy,_,)/Vh. Les équivalences sont établies sous
I'hypothése que h = h,, et nh? = T?/n tendent vers 0 lorsque n tend vers l'infini. Cela
comprend a la fois les cas T' = nh,, borné et T — oo.

Cependant, pour pouvoir prendre en compte un intervalle de temps pouvant étre infini,
les auteurs sont obligés de mettre des hypothéses plus fortes sur I'espace de paramétre %
par rapport aux hypothéses de Milstein, Nussbaum (1998). Plus précisément, les équiva-
lences établies dans Genon-Catalot, Laredo (2014) sont valables sous I’hypothése que la
dérive b(-) appartienne a une classe fonctionnelle .Zx pour une certaine constante positive
K :

b(-) € Fi = {b() € C'(R) et pour tout = € R, |b(z)| + |V (2)| < K}.
Si on applique le résultat d’équivalence de Genon-Catalot, Laredo (2014) au cas de la

petite variance, c¢’est-a-dire, si on prend un coefficient de diffusion de la forme co(+) avec
e petit et un horizon temporel fixe T, on retrouve la condition en — oo (comme dans
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le Milstein, Nussbaum (1998)). A cela s’ajoute une condition technique qui est e'n —
0o. Plus précisément, une majoration de la vitesse de convergence entre les observations
discrétes (associées au modeéle 2,,) et le schéma d’Euler (associé au modéle Z;,) est donnée
par :

A2, Z,) = O(\/n—25—2 +n14 n—15—4).

Notons que dans le Chapitre 6 nous avons trouvé la borne
A(D,, %) = 0((n—1 L) 4 n_15_1>.

Pour obtenir le résultat présenté dans le Chapitre 6, nous nous sommes concentrés uni-
quement sur le cas de la petite variance avec un coefficient de diffusion o(-) non constant.
Nous avons obtenu un résultat d’équivalence entre un processus de diffusion et le schéma
d’Euler correspondant avec les hypothéses de Milstein, Nussbaum (1998), qui sont plus
faibles que celles de Genon-Catalot, Laredo (2014). Pour le démontrer nous nous sommes
éloignés des techniques de preuve utilisées dans ce dernier article. Nous avons utilisé le
fait que le processus (y:)ico,r] défini par (1.15) converge vers une solution déterministe
dans le cas de la petite variance. Avant de rentrer dans le détail des techniques utilisées
dans la preuve, commencons par formaliser les expériences statistiques ainsi que ’espace
des paramétres considérés.

Concernant les hypothéses sur f, nous devons supposer les conditions classiques pour
I'existence et I'unicité d’une solution forte de I’équation différentielle stochastique (1.15)
(voir Oksendal (1985), Théoréme 5.5). Nous allons donc travailler avec des espaces de
paramétres inclus dans I'ensemble %), de toutes les fonctions f définies sur R et qui
satisfont :

[fO)] < M and [f(z) = f(y)| < M[z —y|, VzyeR.

Le coefficient de diffusion €o(+), avec 0 < € < 1, est supposé connu et il doit satisfaire les
hypothéses suivantes :

(H1) o(-) est une fonction réelle K-lipschitzienne bornée loin de zéro et de infini,
c’est-a-dire, il existe des constantes strictement positives oqg, o1, K telles que :

op <o*(y) <of et |o(z) —o(y)| < K|z—yl, VzyeR.

Lorsque (y)co,r) est observé de maniére discréte, nous supposerons également que :
(H2) o(-) est une fonction différentiable sur R avec une dérivée K-lipschitzienne, c¢’est-
a~dire :
0'(2) —o'(y)| < K|z —y| Vz,yeR
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De plus, la distribution induite sur (C, ¢7) par la loi du processus (1 ).c(o,7] solution de
(1.15) sera notée ;" et la distribution définie sur (R", (R")) par la loi de (ys,, .-, ),
t; = Ti/n sera notée Q;’y. Nous appellerons @5 I’expérience associée a l'observation
continue de (y)yeo,r et 2, Texpérience associée a l'observation discréte basée sur les

variables y,,, 1 =1,...,n:
@yT = (C,%T,{Pﬁ,f € 33}),
2, = (R”,%(R”), {Q}”y, fe ﬁ})
Finalement, nous noterons Q;L’Z la distribution du vecteur (Z;,i = 1,...,n) défini par

I'équation (1.16) et 2% le modéle statistique associé a la famille de lois (Q?’Z, fez):
25 = (R*, BR"),{Q}”. f € F}).
Nos résultats principaux sont les suivants.

Théoréme 1.2.5. On note .% [espace des paramétres. Soit M > 0 tel que F C Fy; et
o(-) vérifie Uhypotheése (H1) avec K = M. Alors, si en — 0o lorsque n — oo et € — 0, les
ETPETIENCES BzyT et 27 sont asymptotiquement équivalentes. Plus précisément, une borne
supérieure pour la vitesse de convergence de la distance de Le Cam est donnée par :
A(2],2%) = O(% + (7t + 5)1/4>.

Théoréme 1.2.6. On note .% [’espace des paramétres. Soit M > 0 tel que F C Fy; et
o(-) vérifie les hypothéses (H1) et (H2) avec K = M. De plus, supposons que o(-) et F
soient telles que f/o(-) est une fonction L-lipschitzienne avec une constante L uniforme
pour toute f € F. Alors, pour tout e, éventuellement fizé, les valeurs échantillonnées
Yty - -+ Y, constituent une statistique asymptotiquement exhaustive pour l’expérience ﬁg

Corollaire 1.2.7. Sous les mémes hypothéses que dans le Théoréeme 1.2.6, le modéle
statistique associé auz valeurs échantillonnées yy,, ..., Yy, est asymptotiquement équivalent
au modele 27, lorsque n tend vers l'infini. On retrouve la méme borne supérieure pour la
vitesse de convergence de la distance de Le Cam énoncée dans le Théoréeme 1.2.5.

Comme souligné au début de cette section, le résultat qui a le plus d’intérét pratique est
celui énoncé dans le Corollaire 1.2.7. Il est obtenu comme conséquence de 1’équivalence
asymptotique entre &) et 2%, d’un coté et entre &2 et 27 de autre. Admettre un
coefficient de diffusion non constant a engendré plusieurs difficultés dans la preuve. Dans ce
qui suit, nous essayons d’expliquer d’otu elles proviennent. Pour cela, rappelons briévement

la preuve du résultat de Milstein, Nussbaum (1998) :
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e On peut montrer aisément que le modéle associé au schéma d’Euler est équivalent
a un modeéle de diffusion ayant des coefficients qui sont des “discrétisations” de f.
Notons (Yt)te[o,T] ce modéle de diffusion.

e On compare les modéles associés aux observations continues de (Y;)ieo.7) €t (Y2)iefo.1]
grace au fait que le coefficient de diffusion est constant, et une application du théo-
réeme de Girsanov. Ceci permet de controler la distance en variation totale entre les
lois induites par Y et Y sur (C,%r).

e Les deux points précédents permettent de conclure a 1'équivalence asymptotique
entre @5 et 27. Pour déduire I’équivalence entre @yT et 2y, il suffit d’observer que,
dans le cas d’un coefficient de diffusion constant, la statistique S : w — (wy,, ..., wy,)
est exhaustive pour la famille des lois (P} : f € 7).

Cependant, ce schéma de preuve ne peut pas étre généralisé au cas d’un coefficient de
diffusion non constant. En effet, avec un coefficient de diffusion non constant, nous avons
toujours I'équivalence entre le schéma d’Euler et un processus de diffusion y qui satisfait
I’équation différentielle stochastique :

dgt = fn(ta g)dt + 56n<t7g)tha gO = w, S [07 T]a

ou, pour toute fonction w dans C, et en utilisant la notation ¢; = T'i/n, nous définissons :

fult,w) = if(w(ti))l[[t“ml)(t), an(t,w) = ia(w(ti))]l[tmﬂ)(t), vt € [0,T].

Etant donné que le coefficient de diffusion du processus y est différent de celui de 7, la
distance en variation totale entre les lois de y et de § est toujours égale a 1. Donc, pour
pouvoir comparer les expériences associées aux processus y et ¥/, la construction d’un noyau
markovien s’impose. Construire directement un tel noyau s’est révélé infaisable dans la
pratique et nous avons décidé de contourner le probléme en introduisant des expériences
changées en temps, comme cela a déja été proposé par Genon-Catalot, Laredo (2014).
Cela permet alors de travailler avec des diffusions en petite variance ayant un coefficient de
diffusion identiquement égal a ¢, pour lesquelles nous sommes donc capables de comparer
la distance en variation totale. Le prix a payer est celui de devoir ainsi gérer des expériences
observées jusqu’a différents instants aléatoires : c’est exactement dans le controle de ces
différents temps d’arrét que la présence de la petite variance joue un réle fondamental.
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1.2.4 Distance L; entre processus additifs

Donner des majorations pour la distance L; entre des lois définies sur ’espace de Sko-
rokhod est un probléme classique. Par distance L; entre deux mesures o-finies py et o
définies sur un espace mesurable (E, &), nous entendons :

La(p, pr2) = 2sup |1 (A) — pa(A)],
Ak

c’est-a-dire que la distance L, est définie comme étant le double de la distance en variation
totale. Si 1 est absolument continue par rapport a us, nous avons aussi la définition :

Lu( ) = |

Le controle des distances entre deux lois apparait dans plusieurs domaines tels que la

dpn
— — 1|dpus.
diis ‘ 2

statistique bayésienne, le controle des vitesses de convergence des chaines de Markov ou
les algorithmes de Monte Carlo.

Dans le Chapitre 7, nous proposons une majoration de la distance L; entre des pro-
cessus additifs. Plus précisément, nous avons comparé deux processus additifs X; ayant
comme caractéristique locale (f;, 02, v;), i = 1,2. Nous avons supposé o, = o5 car, sinon,
la distance L; entre les lois de X et X5 vaut constamment 2 (voir, par exemple, Jacod,
Shiryaev (2003); Newman (1972)). De plus, définissons 7% et &2 tels que :

v . o [T Ulr) = () = (2 =)
g /y|§1y i(dy), € /0 dr j=1,2.

o?(r)
Le résultat principal du Chapitre 7 est alors le suivant.

Théoréme 1.2.8. Soient X;, i = 1,2, deux processus additifs ayant comme caractéris-
tiques locales (fi,02,v;), i = 1,2. Supposons que vy et vy soient deur mesures de Lévy
avec vy absolument continue par rapport 4 vy et telles que Li(v1,v2) < oo. Notons ¢ la
fonction de répartition d’une variable aléatoire normale A (0, 1) et supposons 0 < T < oo.
Sio? >0, alors :

Ly (PP, PU2) < 2sinh (TLy (14, 1)) +2 {1 - 20( - g)}

Sio?=0 et fi — fo =" —~"2, alors :

Ly (P00, PY0)) < 25inh (TLy(n, ) ).
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Remarquons que, dans le cas ol ; = vy = 0, c’est-a-dire quand il n’y a pas de sauts,
la majoration qui apparait dans I’énoncé du Théoréme 1.2.8 est plutot une égalité. En
effet, une formule pour la distance L; entre processus gaussiens observés jusqu’a I'instant
0<T < o0, est :

Ly (P plaet )y _ o (1 - 2¢>( _ %\//OT (f1(t)02—<tf)z(t))2dt>)’

quand le terme de droite est bien défini (voir, par exemple, Brown, Low (1996)).

Nous proposons une preuve basée uniquement sur des résultats classiques de processus
additifs, en s’appuyant notamment sur des transformations de type Esscher et la formule
de Cameron-Martin. Il s’avére que cette méthode permet d’obtenir un meilleur controle,
par rapport a la littérature existante (voir le début du Chapitre 7 pour une comparaison
entre le Théoréme 1.2.8 ci-dessus énoncé et le résultat de Memin, Shiryayev (1985)).
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Chapter 2

Statistical experiments and their
comparison

Résumé Le Chapitre 2 est dédié a la notion de la distance de Le Cam. Nous en
rappelons la définition ainsi que les propriétés principales. Nous passons en revue des
outils classiques pour majorer une telle distance avant de présenter des exemples.

Mot clés: Expériences statistiques, distance de Le Cam, déficience, transitions.

Abstract In Chapter 2 we recall the main concepts on the Le Cam theory of statistical
experiments, especially the notion of Le Cam distance and its properties. We also review
classical tools for bounding such a distance before presenting some examples.

Keywords Statistical experiments, Le Cam distance, deficiency, randomizations.

2.1 Introduction

The theory of Mathematical Statistics is based on the notion of statistical models, also
called statistical experiments. A statistical model, as in its original formulation due to
Blackwell (1951) is a triple

P =(Q, T, (Py)oco),

where (€,.7) is a sample space, O is a set called the parameter set and (Pp)pco is a
family of probability measures on (€2,.7). This definition is a mathematical abstraction
intended to represent a concrete experiment; consider for example the following situation
taken from the book of Le Cam, Yang (2000). A physicist decides to estimate the half life

29
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of Carbon 14, C'*. He supposes that the life of a C'* atom has an exponential distribution
with parameter 6 and, in order to develop his investigation, he takes a sample of n atoms
of C**. The physicist fixes in advance the duration of the experiment, say 2 hours, and
then he counts the number of disintegrations. Formally, this leads to the definition of
the statistical model &2, = (N,P(N), (P)pc(0,00)) Where Py represents the law of the
random variable X counting the number of disintegrations observed in 2 hours. This is
not the only way to proceed if we want to estimate the half life of Carbon 14. Indeed, the
physicist could choose to consider the first random time Y after which a fixed number of
disintegrations, say 10°, have occurred. In this case he will represent the experiment via
the statistical model &2, = (R, ZB(R.), (Q0)oc(0,00)) Where Qp is the law of the random
variable Y. A natural question is then how much “statistical information” the considered
experiments contain or, more precisely, when the experiment &?; will be more informative
than &2, and conversely.

The quest for comparison of statistical experiments was initiated by the paper of
Bohnenblust, Shapley, Sherman (1949) followed by the papers of Blackwell (1951, 1953)
where the following definition was introduced: “Z7; is more informative than &2, if for
any bounded loss function W and any decision procedure py in the experiment &5 there
exists a decision procedure p; in the experiment & such that

R(@l,pl,WQ) S R('@%p%vvae)a Vo € ©.

Here we denote by R(Z1, p1, W, 0) and R(Dy, pa, W, 0) the statistical risk for the experi-
ments &, and P, respectively.

However, this can lead to two models being non-comparable. This issue was solved
by Le Cam who introduced the notion of deficiency 0(%2;, %3). We will give a precise
definition in the forthcoming sections. Here, we only remark two interesting properties:

o (P, P,) is a well defined non-negative real number for every two given statistical
models &2, and &, sharing the same parameter space.

e For every loss function W with 0 < W < 1 and every decision procedure p, available
on O using P, there exists a decision procedure p; in &, such that for all § € ©,

R(ybplaWa 9) S R(gz%p%vvve) +5(<@17 92)

This solves the issue mentioned above: It could be that both (27, %) and 6( 2, &) are
strictly positive, in which case they will not be comparable according to the first definition;
nevertheless, we can still say “how much information” we lose when passing from one model
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to the other one. Le Cam’s theory has found applications in several problem in statistical
decision theory and it has been developed, for example, for nonparametric regression,
nonparametric density estimation problems, generalized linear models, diffusion models,
Lévy models, spectral density estimation problem. Another new research direction that
has been explored involves quantum statistical experiments (see, e.g. Buscemi (2012)). In
this survey paper, after giving equivalent definitions of the Le Cam distance and techniques
to bound it in Sections 2-5, we will review some particularly interesting equivalence results
among the recent literature in Section 6.

2.2 Deficiency and Le Cam distance

In this section we will present the definition of the Le Cam distance in its most general
form by using “transitions”, which are a generalization of the concept of Markov kernels.

2.2.1 General definition

Definition 2.2.1 (Lattice). An ordered set (F, <) is called a lattice if every finite set of
elements of E possesses both a supremum and an infimum. A lattice is called complete if
all bounded subsets possess suprema and infima.

Definition 2.2.2 (Vector lattice). E is called a vector lattice or Riesz space if (E, <) is
a real vector space with a lattice structure < compatible with its vector structure, i.e.:

o ifr<ythenVze Fx+2<y+z,
e if x <y then Az < Ay VA € RT.
Notation 2.2.3. 27 = sup(z,0), = = —inf(z,0), |z| =2t + 2.

Definition 2.2.4 (Compatible norm). A norm || - || on the vector lattice (E, <) is com-
patible with the order if |z| < |y| implies ||z|| < |ly]|-

Definition 2.2.5 (Banach lattice). A Banach lattice (E,|| - ||) is a vector lattice with a
compatible norm || - || for which E is complete.

Definition 2.2.6 (L-space). The Banach lattice (E, || - ) is called an L-space if its norm
satisfies: z,y >0 = [l +yll = [lz] + [[y].

Definition 2.2.7 (Positive elements and unity). Let M be the dual of L. We will say
that an element u € M is positive if (u,¢™) > 0 for every ¢ € L. For this order, M is a
vector lattice. It has a unit I defined by I¢ = ||[¢T|| — ||[¢~||-
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Definition 2.2.8 (Uniform lattice). Let A be a set and let I" be a set of bounded real
valued functions defined on A. Such a set will be called a uniform lattice if it satisfies the
following conditions:

(i) I' is a vector space and a vector lattice for the operations carried out point wise;
(ii) the function I, identically equal to unity on A is an element of I;
(iii) for the norm defined by ||v|| = inf{a : |v| < al} the space I" is complete.

Remark 2.2.9. For this norm the space I' has a dual I'* which is an L-space for the order
and the norm induced by I'.

Definition 2.2.10 (Transitions). Let (L', - ||z/) and (L”,|| - ||z») be two L-spaces. A
transition (or randomization) T : L' — L" is a positive linear map such that | Tu*||» =
||| for all p e L.

Definition 2.2.11. Let © be a given set. An experiment or a statistical model &2 indexed
by the set © is a map 0 — Py from O to a certain (and abstract) L-space (L, || - ||) subject
to the restriction that each Fj is positive and that || Pp|| = 1, for all § € ©.

Notation 2.2.12. To each experiment & one can associate the smallest L-space which
contains all the Py. This space is called the L-space associated with &2 and it is denoted

by L(2).

Definition 2.2.13. Let &, : § — Py, i = 1,2, be two experiments indexed by ©. The
deficiency 6( P, Ps) of P with respect to P, is the number

6(P1, Py) = infsup [|[TPy — Pyl
T pco

for an infimum taken over all transitions 7" from the L-space L(2%) to L(Z).

When 6(22, %;) = 0 (i.e. if the experiment &2, can be reconstructed from the
experiment Z2; by a randomization) it is natural to say that & is less informative than
A1, or that P2, is better than Py, or that &2, is more informative than Hs.

Definition 2.2.14. The Le Cam distance or A-distance between &2, and &, is defined
as

A(@l, @2) = max(é(@l, @2), (5(1@2, 1@1))

If A(Z, P5) = 0 we shall call that &, and &, are equivalent or of the same type.
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The A-distance is a pseudo metric on the space of all statistical models. It satis-
fies the triangular inequality A(2, Z5) < A(P, P2) + A(Py, P3), but the equality
AP, Py) = 0 does not imply that &, and P, actually coincide. For a given set O
the experiment types indexed by © form a set E(©) which can be shown to be complete
for the pseudo-metric A. The set E(O) always has a weakest element. This is the trivial
experiment where all the Py are the same. It also has a strongest element called the perfect
experiment. It can be obtained by assigning to each 6 the Dirac measure dy.

2.3 Decision theory

In Section 2.2 we have seen that, given any two statistical models sharing the same
parameter space, it is possible to compare them quantifying the cost needed to reconstruct
one model from the other, via randomizations. But, as we said in the introduction, a way
to compare statistical models that seems just as natural is to compare the respective risk
functions. The aim of this section is to show how the definition of the deficiency has a
clear interpretation in terms of statistical decision theory. To that aim, we will start by
recalling the standard framework:

o A statistical model, which is just an indexed set & = (P : § € O) of probabil-
ity measures all defined on the same measurable space (Z°,.7), for some set 2
equipped with a o-field 7. The elements of © are sometimes called the states of
Nature.

e A space Z of possible actions or decisions that the statistician can take after ob-
serving z € 2. For example, in estimation problems we can take Z = ©. To make
sense of the notion of integral on Z we need it to be equipped with a o-field Z.

e A loss function W : © X Z +— (—o00, o0, with the interpretation that action z € Z
incurs a loss W (0, z) when 6 is the true state of Nature.

Moreover, the standard interpretation of risk is as follows. The statistician observes a
value x € 2 obtained from a probability measure Fy. He does not know the value of 8
and must take a decision z € Z. He does so by choosing a probability measure p(z,-) on
Z and picking a point in Z at random according to p(z,-). If he has chosen z when the
true distribution of = is Py, he suffers a loss W (6, z). His average loss when x is observed
is then [ W(0,z)p(x,dz). His all over average loss when z is picked according to Py is the
integral [ ( [ W (0, 2)p(z,dz))Py(dx).
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In order to highlight the link between the Le Cam distance and the decision theory,
we come back to Le Cam’s formalism, as in Section 2.2.

Let I be an uniform lattice on a set Z. Consider an experiment & indexed by a set
O and two additional objects:

(i) a set Z of “possible decisions”;
(ii) a loss function W which maps © x Z into the set (—oo, o0].
It will always be assumed that for each 6 € © one has
igﬁW(Q,z) > —00.

In addition we shall consider only decision problems which are regular in the sense that
one is given a certain uniform lattice I' on the set Z.

Definition 2.3.1 (Decision procedure). A decision procedure p is a transition from L(Z?)
to the dual I'* of T.

Definition 2.3.2 (Risks). Each decision rule has a risk function, the function of  defined
by the expected losses for the (non randomized) rule:

R(6.p) = / W (0. p(x)) Pyld).

More generally, a randomized decision rule p has its associated risk function

R(Z,p,W,0) ://W(H,z)p(:v,dz)Pg(d:v).

The main idea of statistical decision theory is: Decision rules should be compared using
only their risk functions. If R(Z2,p,W,0) < R(Z,p',W,0) for all § € ©, with strict
inequality for at least one 6, then p’ is inferior to p. We can also go further and summarize
the virtues of a rule by means of its minimazx risk

Rmmax(ﬁypvvva@) = SUpR(@,p,VV,H)
o€

or its Bayes risk for some prior probability p on ©:

R, 2,p.W.0) = [ R p.W.0)n(a).
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Of course © should be equipped with its own o-field &7 and the loss function should
be &/ ® Z-measurable.

When we wrote that the deficiency is linked to the comparison of risk functions we
were deliberately evasive. From the above definitions it is clear that a Bayesian statistician
might prefer a notion of deficiency in terms of Bayes risk while another one might prefer
to compare maximum risks. One might also try to measure the difficulty of constructing
approximations to 75 on the basis of 7] (here we are supposing that one is dealing with
statistical models &, = (94, 7, (Pig)eco)). The surprising thing is that the notion of
deficiency described in Section 2.2 could have just as well been introduced from any of
these point of view. This will be mathematically formalized in Theorem 2.3.6. In order
to be able to state it we need to introduce further notations and definitions.

Definition 2.3.3 (Restriction of an experiment). If S C © and & = (Fy : 6 € O) the
map 0 — Py restricted to # € S defines an experiment indexed by S. It will be denoted
by Zs. For two such experiments &, and &, the deficiency 0(Z; g, P2 5) will also be
called the deficiency of &?; with respect to & on S.

It is also convenient to introduce a particular class % of decision spaces as follows.
The class € consists of those decision spaces (A,I", W) where

(i) A is a finite set;
(ii) T is the space of continuous functions on A;
(iii) the loss function W is such that 0 < W (0,z) <1 for all § € © and z € A.
Finally, let us denote by IV the the topological dual of T,
[ ={T:T — R such that 7T is linear and continuous}
and by o(M, L) the weakest topology on M that makes all the element of L continuous.

Definition 2.3.4 (Characteristic envelope). Let Z be the space of all functions f: © —
(—o00, 00| such that f > g for some g : © — R(Z,p,W,0). Let K(O) be the cone of all
positive measures that have finite support on ©. For each p € K(©) let

(i, 2, W) = int { /fdu; fe 55}.

Definition 2.3.5. Let L be an L-space with dual M and let I' be an uniform lattice.
Let H be a linear subspace of M which is a sublattice in the sense that u € H implies
|u| € H. Assume also that H is a uniform lattice on a set A. A transition 7" from L to I'*
will be called (T, H)-continuous if for every v € " the image 7T : L — R belongs to H.



36 CHAPTER 2. COMPARAISON OF EXPERIMENTS

Theorem 2.3.6. [Le Cam (1986)] Let 21 = (Py : 0 € ©) and P53 = (Qp : 0 € O) be two
experiments indezed by the set ©. Let ¢ € [0,1] be a fized number. Then the following
statements are all equivalent.

(i) There is a transition T from L(Z) to L(Z%,) such that

sup [ TFy — Q| <.
66

(Z’I,) (5(91, 92) S g.
(111) For every finite set S C © one has §(P15, Pas) < €.

(iv) Let x(u, P21, W) and x(p, Po, W) be the characteristic envelope as defined in 2.3.4.
Then, for each probability measure p with finite support on ©, each space (A, T, W) €
€ one has

X(p, P21, W) < x(p1, P2, W) + e

(v) Let H be a sublattice of the dual M(y) of L(Z;). Assume that I € H and that
the unit ball of H is o(M(P,), L())-dense in the unit ball of M (). For each
probability measure p with finite support on O, each space (A, I\ W) € €, each
(', H)-continuous transition o from L(Zy) to 1", each & > ¢, there is a transition
p from L(Z?) to I such that

R(p, Pr,p,W,0) < R(p, Pa,0,W,0) + €.

Thus A(Z;, P5) < € means that for every procedure 7; in the problem i there is a
procedure 7; in the problem j, {7, j} = {1, 2}, with risks differing by at most ¢, uniformly
over all bounded loss functions W and 6 € ©.

For an experiment &; and a regular decision space (A, W,T") there is a certain space
PB;(I', W) of available decision procedures. This is the set of all transitions from L(%7)
to I'*, or equivalently the set of all positive normalized bilinear forms on I' x L(%%;).

Corollary 2.3.7 (Le Cam (1986)).

5(‘@1a<@2) = Ssup Ssup inf sup ‘R(‘@bﬂ—lyme) _R(ng)/]T?aW?Q)
(A,WI) 00 TMEBLITW) nyc 5, (D, W)

Y

where the first supremum is taken over all reqular decision spaces (A, W,T).
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The introduction of the A-distance also makes it possible to look at the convergence
of a sequence (2 ,) of experiments to a limit %; more generally, it considers pairs
(P ny Pay) and ask whether A(P ,,, P5,) — 0, as n — oo. Here the parameter space
O needs not to be fixed: It can be ©,,, depending on n. More precisely, for what concerns
the terminology we have:

Definition 2.3.8. Two sequences of statistical models (£ ), and (Ps,,), are called
asymptotically equivalent if A(S ,,, P2,,) tends to zero as n goes to infinity.

2.4 Transitions and Markov kernels

From now on we specialize to the following more concrete setting. We consider a measur-
able space (Z,.7) called the sample space. Let (Py : 6 € ©) be a family of probability
measures on (2,7 ). We consider the L-space, endowed with the total variation norm,
given by:

L= {,u : pu is a finite measure on (£, 7)) s.t. p is absolutely continuous

with respect to Z 27" P,, for a sequence (6,) C @}

n=1

See Torgersen (1972) for more details.

Definition 2.4.1. Let p and v be two probability measures defined on a measurable
space (). The total variation distance between p and v is defined as the quantity:

| = vizv = sup [u(A) —v(A)].
ACQ
For a countable space €2, the definition above becomes

b= vlrv = 5 3 o) — ()]
we
In this case it is easy to see that Markov kernels are in particular transitions.

However, the more general definition of transition has been given to insure that the
decision procedures form a compact set on which the risk functions are lower semicontin-
uous. If, instead of the general definition of randomization given in Definition 2.2.10, we
dealt only with Markov kernels, we would have lost this property. In other words, what
we gain with this general setting is that the space of equivalence classes of experiments is
a complete metric space.
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However, there are many cases in which the set of all possible transitions 7" : L(Z;) —
L(Z,) coincides with the set of Markov kernels K : (27, .71) — (%5, %2). We list below
some of these cases.

A first characterization in this sense can be found in Strasser (1985), Section 55, but
this is not very relevant to our purposes since it assumes 25 locally compact. This would
exclude, for example, the basic case 23 = C7, the space of continuous functions on [0, T7.
A more useful characterization concerns dominated statistical models with Polish sample
spaces. We recall the following definitions:

Definition 2.4.2. A statistical model & = (27,7, (FPy)geco) is called Polish if its sample
space (27, .7) is a separable completely metrizable topological space.

Example 2.4.3. Typical examples of Polish spaces in probability theory are the spaces
R, R™, R>, the space Cr of continuous functions on [0, 7] equipped with the supremum
norm d(x,y) = supgc;cp |7: — Y|, the space D of cadlag functions equipped with the
Skorohod metric (see Billingsley (1999)).

Definition 2.4.4. A statistical model & = (27, 7, (Py)oco) is dominated if there exists
a o-finite measure p on (27, .7 ) such that, for all § € ©, Py is absolutely continuous with
respect to p. The measure p is said dominating measure.

Proposition 2.4.5. If &, is a dominated statistical model and P5 is a Polish one, then
every transition from L(2,) to L(Ps) is given by a Markov kernel.

See Nussbaum (1996), page 2426 for the proof.

2.5 How to control the Le Cam distance

Even if the definition of deficiency has a perfectly reasonable statistical meaning, it is not
easy to compute: Explicit computations have appeared but they are rare (see Hansen,
Torgersen (1974); Torgersen (1972, 1974) and Section 1.9 in Shiryaev, Spokoiny (2000a)).
One of these rare examples is the following (Torgersen (1974)). Let 7 be the experiment
that observes n + r ii.d. variables, each distributed as a Gaussian random variable
N (0,1), where I is the k x k identity matrix. Let &2, be the experiments that observes
only the values of the first n variables. Then, according to Torgersen,

1+a<x_21+a
a ~ k «

APy, D) = P(ln In(1 +oz))7

where a = 7/n and x? has the central x? distribution with k degrees of freedom.
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More generally, one may hope to find more easily some upper bounds for the A-
distance. We collect below some useful techniques for this purpose.

Property 2.5.1. Let &; = (2,7 ,{P;p;0 € ©}), j = 1,2, be two statistical models
having the same sample space and define Ao(P1, Pa) 1= supgee ||Pro — Pogllrv. Then,
A(Py, P) < No(P1, D).

In particular, Property 2.5.1 allows us to bound the A-distance between statistical
models sharing the same sample space by means of classical bounds for the total variation
distance. To that aim, we collect below some useful (and classical) results.

In what follows, let © and v be two probability measures defined on a measurable
space €. Let f and g denote their corresponding density functions with respect to a
o-finite dominating measure A (for example, A can be taken to be “TJ“”) If Q =R, let
F, G denote their corresponding distribution functions. When needed, X,Y will denote
random variables on 2 such that .Z(X) = p and Z(Y) = v. If Q is a metric space, it

will be understood to be a measurable space endowed with its Borel o-algebra.

2.5.1 Total variation distance

Property 2.5.2. Denoting by Ly(u,v) the Ly norm between p and v, i.e. [,|f(x) —
g(x)|A\(dz), we have:

= vl = 5Eaiev) = 1= [ min(F(e),gla)uldo).

Proof. See, e.g., Tsybakov (2009), Lemma 2.1, page 84. ]

/hdu—/hdl/

where h : Q — R satisfies |h(z)| < 1, Vo € (.
The total variation distance also has a coupling characterization (see Gibbs, Su (2002),
p.19):

Also recall that

Ly(p,v) = max

)
|h|<1

Property 2.5.3.

| —vllry =inf {P(X #Y) : rv. X,V sit. L(X)=p, LY)=v}.
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2.5.2 Hellinger distance and Hellinger process

Definition 2.5.4. The square of the Hellinger distance between p and v is defined as the
quantity:

(v = [ (£ = gla)'?) Nda).

This definition is independent of the choice of the dominating measure A. For a
countable space €,

1 (uv) = 3 (Vi) — Vol@) )

weN

(See, e.g. Diaconis, Zabell (1982)). An important property is the following:

Property 2.5.5. If u and v are product measures defined on the same measurable space,
M= ®Tz1 pj and v = ®;n:1 v;, then

H2(u,y):2[1—ﬁ {1—%”

j=1

(See, e.g., Zolotarev (1983), p. 279). Thus one can express the distance between
distributions of vectors with independent components in terms of the component-wise
distances. A consequence of Property 2.5.5 is:

Property 2.5.6. If u and v are product measures defined on the same measurable space,
p= Qi 1y and v = Q7 vy, then

H?(p,v) < 221{2(#@, vi).

i=1
(See, e.g., Strasser (1985), Lemma 2.19).

Property 2.5.7. The Hellinger distance between two normal distributions pn ~ N (my, %)
and v ~ N(ma, 03) is:

H2 (1, v) = 2[1 - { 201“22}1/2 exp {_ M”

o2+ o3 4(0? + 03)

Finally, two properties of the Hellinger distance often used to bound A, are:

Property 2.5.8. For all measures ju and v

Ll(:“? V) < 2H<:uv V)'
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Property 2.5.9. For all measures ju and v

H?(v, H2(v,
v <|lv—pllrv < H(v,u)y/1 - ( M)'
2 4
Proof. See, e.g., Tsybakov (2009), Lemma 2.3, page 86. ]

Let us now focus on the Hellinger process, that allows us to derive a useful formula
for looking for equivalence results for continuous processes.

Let (€2, .27) be a measurable space with a right-continuous filtration A = (2% );>¢, & =
V>0 @, and probability measures P, P and Q := P%ﬁ. For convenience of formulations
we assume that the space (2,27, Q) is complete and <% contains all @-null sets from <.
T is the set of all stopping times with respect to A. We denote by Pr the restriction of
P to the o-algebra 7.

Let z = (z)1>0 be the density process of the measure P with respect to @, that is to

say z; = ;%, for all £ > 0. Note that z, for any T' € T and w € D, satisfies:

_ dPr
dQr

Similarly, consider the density process Z of the probability measure P with respect to Q.

(w).

zr(w)

Definition 2.5.10. Let 0 < a < 1. Define Y;(a) = 20Z7*. The a-Hellinger process is the
only cadlag predictable increasing process h(®) such that h(()a) =0 and

t
Y 4 / Y dn(e)
0

is a (Q-martingale.
Let R be an arbitrary probability measure dominating P as well as P. The Hellinger
integral of order « is defined by

- dP\“ (dP\'™®
- a(5) ()
The value H(a, P, ]5) does not depend on the choice of R.

Lemma 2.5.11. For any a € (0,1)

21— H(a, P,P)) < ||P = Pllyv < /Cal1l — H(a, P, P)),

1

where Cy, 18 a constant; for a = 5 it is possible to choose C% = 8.
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Besides,
H(a, P,P) =E, (z%é%_a), vIeT.

Put dy = ||Py — Py|l7v. Two useful bounds for the total variation distance between
Pr and Pr based only on the value of the Hellinger process h(1/2 at time T € T are the
following;:

Theorem 2.5.12. Let T € T, e > 0. Then:
|Pr — Pp|lrv < do+ 44/ ]Ephgpl/z),
~ 3
|Pr — Pr|lrv < =do + 3v2¢ 4 2P h? > e,
2 T

A proof of Lemma 2.5.11 and Theorem 2.5.12 can be found in Jacod, Shiryaev (1987).

2.5.3 k- distance

Definition 2.5.13. Denote by h the density h(z) = W(m). The k-distance between

/{2(M,V):%/(f(x)_g(x)) /\(dac)

w1 and v is defined as:

Property 2.5.14. We have:
Lo 2 2
QH (,u,v) <K (,LL,I/) <H (/1“7V)7
hence, by means of Property 2.5.2,
K2, v) < 20lu = vy,

Proof. In order to prove that 1 H?(pu,v) < k*(p, v) write:

2 = 3 [ (VG - V) VT

and observe that
h(z) < (V@) + Vo))" < 2h().

The inequality x?(u,v) < H?(u,v) follows by Property 2.5.2. H
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2.5.4 Relative entropy (or Kullback-Leibler divergence)

Definition 2.5.15. The relative entropy between p and v is defined as the quantity:

K(u,v) { Jo £ log( )))\(dx) if p<u,

400 otherwise,
where 1 < v stands for “u is absolutely continuous with respect to .
The definition is independent of the choice of the dominating measure A. For ) a

-grom ()

we

countable space,

Relative entropy is not a metric, since it is not symmetric and does not satisfy the triangle
inequality. However, it has many useful properties, including additivity over marginals of
product measures (see Reiss (1989)):

Property 2.5.16. If u and v are product measures defined on the same measurable space,
f= @ py and v = Qv then

m

K(/L, V) = ZK(/@,M).

i=1
A useful property for our purposes is the following:

Proposition 2.5.17.
H*(p,v) < K(p,v).

Remark 2.5.18. Relative entropy was first defined by Kullback, Leibler (1951) as a gener-
alization of the entropy notion of Shannon (1948). A standard reference for its properties
is Cover, Thomas (2012).

2.5.5 x> -distance

Definition 2.5.19. Denote by S(u), S(v) the supports on Q of the measures p, v. The
x2-distance between p and v is defined as the quantity:

20, ) — (9(x) = f(@)*
X (s v) = /S s A(dax).
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The definition is independent of the choice of the dominating measure \. For Q2 a
countable space, the definition of the y?-distance reduces to:

Cu Y @ -rw)

weS(n)US(v) V<w)

The y2-distance is not symmetric and therefore it is not a metric. However, like the
Hellinger distance and the relative entropy, the y?-distance between product measures
can be bounded in terms of the distances between their marginals. See Reiss (1989), p.
100. A useful property is the following
Proposition 2.5.20.

X2 (1, v) < 26%(p,v).

2.5.6 The likelihood process

Another way to control the Le Cam distance lies in the deep relation linking the equiva-
lence between experiments to the proximity of the distributions of the related likelihood

ratios.
Let &; = (%5, 7, (Pjp)oco) be a statistical model dominated by Pjg,, fy € ©, and
let A;(0) = jlij];,;) be the density of P;y with respect to Pjg,. In particular, one can

see A;(0) as a real random variable defined on the probability space (%}, 7;), i.e. one
can see (A;(0))pco as a stochastic process. For that reason we introduce the notation
Az, = (A;(0),0 € ©) and we call Ay, the likelihood process.

A key result of the theory of Le Cam is the following.

Property 2.5.21. Let &; = (%, 7;,(Pjp)oco), j = 1,2 be two experiments. If the
family (Pjg) is dominated by (Pjg,)eco, then &1 and Py are equivalent if and only if
their likelihood processes under the dominating measures Py g, and P, g, coincide.

Proof. see Strasser (1985), Corollary 25.9. O

Let us now suppose that there are two processes (A;’*(Q))ge@, j = 1,2 defined on a
same probability space (£, 7, 11*) and such that the law of (A}(0))sco under Pjg, is
equal to the law of (A}"(0))sce under II*, j = 1,2. Then, the following holds (see Le

Cam, Yang (2000), Lemma 6).

Property 2.5.22. If Ay, and A, are the likelihood processes associated with the exper-
iments X1 and Py, then

AN(PT, 27) < zug En« [AT7(0) — A7 (0)].
S
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2.5.7 Sufficiency and Le Cam distance

A very useful tool, when comparing statistical models having different sample spaces,
is to look for a sufficient statistics. The introduction of the term sufficient statistics is
usually attributed to R.A. Fisher who gave several definitions of the concept. We cite
here Le Cam’s presentation of the subject from Le Cam (1964). Fisher’s most relevant
statement seems to be the requirement “...that the statistic chosen should summarize the
whole of the relevant information supplied by the sample.” Such a requirement may be
made precise in various ways, the following three interpretations are the most common.

(i) The classical, or operational definition of sufficiency claims that a statistics S is suf-
ficient if, given the value of S, one can proceed to a post-experimental randomization
reproducing variables which have the same distributions as the originally observable
variables.

(ii) The Bayesian interpretation. A statistics S is sufficient if for every a priori distribu-
tion of the parameter the a posteriori distributions of the parameter given S is the
same as if the entire result of the experiment was given.

(iii) The economic interpretation. A statistics S is sufficient if for every decision problem
and every decision procedure made available by the experiment there is a decision
procedure, depending on S only, which has the same performance characteristics.

Formally, let &, = (21, 71,{P19,0 € O}) be a statistical model dominated by the
measure u. Let S: (27, 7) — (%5, %) be a random variable.

Definition 2.5.23. S is said a sufficient statistics is for any bounded random variable Y
on 2 there exists a version of the conditional expectation E’[Y|S] not depending on 6
and defined p-a.e.

An important result linking the Le Cam distance with the existence of a sufficient
statistic is the following (see e.g. Fact 1.7 in Mariucci (2015b)):

Property 2.5.24. Let & = (%2i,4;,{P;y,0 € ©}), i = 1,2, be two statistical models.
Let S : 21 — 25 be a sufficient statistics such that the distribution of S under P g is
equal to Pog. Then A(Py, Ps) = 0.

2.6 The current state of research

Several results appeared in the literature concerning nonparametric asymptotic equiva-
lences for statistical models. In the following, we decided to describe the main results of a
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selection of those. This detailed description is followed by a more inclusive bibliographical
list of results on the subject.

Brown, Low (1996): They consider the problem of estimating the function f from
a continuously observed Gaussian process y(t), ¢t € [0, 1], which satisfies the SDE

where dW, is a Gaussian white noise. They find that the statistical model associated with
the continuous observation of (y;) is asymptotically equivalent to the statistical model
associated with its discrete counterpart, i.e. the nonparametric regression:

The time grid is uniform, ¢; = %, and the &;’s are standard normal variables; they
assume that f varies in a nonparametric subset .# of L,[0, 1] defined by some smoothness
conditions and n tends to infinity not too slowly. More precisely, the drift function f(-)

is unknown and such that, for B a positive constant, one has:
sup {|f(t)|:t €[0,1], f € F} = B < oc.

Moreover, defining

one asks:

. 1 1) — f. (1)
o s (( >02({)< oo

The diffusion coefficient o%(+) > 0 is supposed to be a known absolutely continuous
function on [0, 1] such that

‘ilna(t)‘ <C, telo1],
dt
for some positive constant C.

Nussbaum (1996): In this paper Nussbaum establishes a global asymptotic equiv-
alence between the problem of density estimation from an i.i.d. sample and a Gaussian
white noise model. More precisely, let (Y;)", be i.i.d. random variables with density f
on [0,1] with respect to the Lebesgue measure. The densities f are the unknown pa-
rameters and they are supposed to belong to a certain nonparametric class .% subject to
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a Holder restriction: |f(z) — f(y)| < Clz — y|* with @ > 1 and a positivity restriction:
f(x) > e > 0. Let us denote by & ,, the statistical model associated with the observation
of the Y;’s. Furthermore, let &, ,, be the experiment in which one observes a stochastic
process (Y;)icp,1) such that

1
dn:vqmﬁ+zﬁmm,temm

where (W;)icp,1) is a standard Brownian motion. Then the main result in Nussbaum
(1996) is that A(Py,, Papn) — 0 as n — oo.

Milstein, Nussbaum (1998): The authors consider the problem of estimating the
function f from a continuously or discretely observed diffusion process y(t), t € [0, 1],
which satisfies the SDE:

dyt = f(yt)dt + 5dVVta le [07 1}7 Yo = 07

where (17}) is a standard Brownian motion and ¢ is a known small parameter.
The drift function f(-) is unknown and such that, for K a positive constant,

feﬁk:{f®mwhmRmvaueR|ﬂ@—f@ﬂ§Ku—uLV®ﬂ§K}

The constant K has to exist but may be unknown. For what concerns the discrete
observation of (y;) the authors place themselves in a high-frequency framework: ¢; = %, 1 <
n. Their main result is that, if ne — oo as € — 0, then there is an asymptotic equivalence
between the continuous observation of (y;) and the corresponding Euler scheme:

f(Zi1)

Z(]:O, Zi:Zifl"i_ +i€“ 7;:1,...,71,
n

\/_

where (;) are i.i.d. standard normal variables. Denoting by & and %, the statistical
models associated with the continuous observation of (y;) and the Euler scheme, respec-
tively, an upper bound for the rate of convergence of A(Z?, Z,) is given by:

AP, 2) = O(\/n_2€_2 + n‘1>, as ¢ — 0.

The authors also prove that the discrete observations (yy,, . . ., v, ) form an asymptotically
sufficient statistics.

Carter (2002): In this paper Carter establishes a global asymptotic equivalence be-
tween a density estimation model and a Gaussian white noise model by bounding the
Le Cam distance between multinomial and multivariate normal random variables. More
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precisely, let us denote by M(n, @) the multinomial distribution, where 6 := (0y,...,60,,).
Denote the covariance matrix nVp: Its (7, j)th element equals to n8;(1 — 6;)0; ; — nb;6,.

The main result is an upper bound for the Le Cam distance A(M,N) between the
models M := {M(n,0): 0 € ©} and N := {4 (nh,nVy) : € ©}, under some regularity
assumptions on O. In particular, Carter proves that

mlnm . max; 0;
provided sup ——-

vn pco min; 0;

A(M,N)ch SC@<007

for a constant Cg that depends only on Cg. From this inequality Carter can recover the
same results as Nussbaum (1996) under stronger regularity assumptions on .#: Here %
is a class of smooth, differentiable densities f on the interval [0, 1] such that there exist
strictly positive constants ¢, M, ~ such that ¢ < f < M and

|f'(x) = f'(y)| < M|z —y[", forall z,y € [0,1].

Carter (2007): In this paper Carter shows that a nonparametric regression experi-
ment with drift problem where the variance is unknown is asymptotically equivalent to a
continuous Gaussian process. In particular, he proves that there is no significant penalty
to pay in treating the variance as part of the parameter space because the equivalence
holds for essentially the same space as in Brown, Low (1996). The considered regression
model is associated with the observations of the Y;’s random variables:

Yz:f(%)‘i‘afw izl?"'una

with standard normal variables &;. The parameter space is of the form .%#, x R" in order
to include both the smooth function f and the variance o?. We will not give the exact
definition of the parameter set for the sake of brevity and because it would lead us to a
detour in the subject of wavelet decompositions. We only mention that the parameter
space %, includes all functions in a Holder space with a > % as in Brown, Low (1996).
The main result is the following: Observing (Y;)?, is asymptotically equivalent to the
statistical model that observes the continuous process

t
7
Y;Ivz/f(a:)d:c+\/—;Wt, 0<t<1,
0

f
where (W) is a standard Brownian motion and V' is a Gamma random variable I'(%, %)
Genon-Catalot, Laredo (2014): The authors consider the diffusion process (&)

given by
d&e = b(&)dt + o (&)dWe, & =, (2.1)
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where (W,) is a standard Brownian motion defined on a filtered probability space

(Q, o, ()0, P), n is a real valued of-measurable random variable, b(-), o(-) are real-
valued functions defined on R. The diffusion coefficient o(-) is a known nonconstant
function that belongs to C*(R) and satisfies the conditions:

Ve eR, 0<of <o*(x) <oi, |o'(z)|+ 0" ()] < K,.
The drift function b(-) is unknown and such that, for K a positive constant,
b(-) € Fic = {b() € C'(R) and for all w € R, [b(x)| + V'(x)] < K }.

The constant K has to exist but may be unknown. The sample path of (&) is continuously
and discretely observed on a time interval [0,7]. The discrete observations of (&;) occur
at the times t; = ih, « < n with T' = nh. The authors prove the asymptotic equivalence
between the continuous or discrete observation of (&;) and the corresponding Euler scheme:

Zo=mn, Z;j=2Zi1+hb(Z;,_1)+ \/EU(Zi—l)%

where, fori > 1, t; = th and ¢; = % The equivalences hold under the assumptions

that n tends to infinity with h = h,, and nh? = %2 tends to zero. This includes both the
case T' = nh,, bounded and the one 7" — oco. Let us stress the rate of convergence in the
small variance case, that is obtained by replacing o by €0 in (2.1). Let us also denote by
P and 2, the statistical models associated with the continuous observation of (&) and
the Euler scheme, respectively. The computations in Genon-Catalot, Laredo (2014) give
the following upper bound for the rate of convergence:

AP, Z) = O<\/n*2€*2 +nl+ n*1€*4).

We conclude this section with a broader collection of other equivalence results for non-
parametric experiments. Here, we will limit ourselves to citing the relevant contributions,
the reader is referred to the original papers for more details. Asymptotic equivalence
theory has been developed for nonparametric regression in Brown, Low (1996); Brown et
al. (2002b); Carter (2006b, 2007, 2009); Grama, Nussbaum (2002); Meister, Reif (2013);
Reifs (2008); Rohde (2004), nonparametric density estimation models in Brown et al.
(2004a); Carter (2002); Jihnisch, Nussbaum (2003); Nussbaum (1996), generalized linear
models in Grama, Nussbaum (1998), time series in Grama, Neumann (2006); Milstein,
Nussbaum (1998), diffusion models in Dalalyan, Reift (2006, 2007b); Delattre, Hoffmann
(2002); Genon-Catalot, Laredo (2014); Genon-Catalot, Laredo, Nussbaum (2002); Mari-
ucci (2015¢); Reifs (2011), functional linear regression in Meister (2011), spectral density
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estimation in Golubev, Nussbaum, Zhou (2010) and processes with jumps in Mariucci
(2015b). It is generally harder to prove negative results, that is, that two given models
are not equivalent; the most notable results in this direction are Brown, Zhang (1998);
Efromovich, Samarov (1996); Wang (2002a).



Chapter 3

Asymptotic equivalence for
inhomogeneous jump diffusion
processes and white noise

Résumé Dans le Chapitre 3 nous présentons un résultat d’équivalence asymptotique
entre les expériences associées a ’observation discréte (haute fréquence) ou continue d’un
processus additif (avec mesure de Lévy finie) et un modeéle de bruit blanc gaussien. Ici,
le paramétre d’'intérét est la fonction de dérive et le temps d’observation peut étre fini
ou infini. Ces équivalences asymptotiques sont établies en construisant des noyaux de
Markov explicites qui peuvent étre utilisés pour reproduire une expérience a partir de
lautre. Ce chapitre est basé sur un article publié dans ESAIM: Probability and Statistics,
Mariucci 2015b.

Mot clés: Expériences statistiques non paramétriques, distance de Le Cam, processus
de Lévy, processus additifs, modéle de bruit blanc gaussien.

Abstract We prove the global asymptotic equivalence between the experiments gen-
erated by the discrete (high frequency) or continuous observation of a path of a time
inhomogeneous jump-diffusion process and a Gaussian white noise experiment. Here, the
parameter of interest is the drift function and the observation time 7" can be both bounded
or diverging. The approximation is given in the sense of the Le Cam distance, under some
smoothness conditions on the unknown drift function. These asymptotic equivalences are
established by constructing explicit Markov kernels that can be used to reproduce one ex-
periment from the other. Chapter 3 is based on a paper published in ESAIM: Probability
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and Statistics.

Keywords: Nonparametric experiments, Le Cam distance, Lévy processes, additive
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3.1 Introduction

Consider a sequence of one-dimensional time inhomogeneous jump-diffusion processes

{X:}i>0 defined by

t t Ny
Xt:n+/ f(s)ds—i—/ oa()AW, + Y Yi, t e[0T, (3.1)
0 0 i=1

where:
e 7 is some random initial value;
o W = {W;}i>0 is a standard Brownian motion;

e N = {N;}+>0 is an inhomogeneous Poisson process independent of W and with
intensity function A(-);

o (Y;);>1 is a sequence of i.i.d. real random variables with distribution G, independent
of W and N;

e 02(-) is supposed to be known. Either T}, — oo and o,(-) = o(-) does not depend

n

onnorT,=T and 0,(-) =¢,0(-) with g, = 0 as n — oc.

e f(-) belongs to some non-parametric class % making its estimation consistent (e.g.
if T,, — oo one may require .% to consist of a subclass of periodic functions).

e )\(-) and G(-) are unknown and belong to non-parametric classes A and ¥, respec-
tively.

We observe {X;}i>o at discrete times 0 = to < t; < .-+ < t, = T, such that A, =
maxi<j<n {|1§Z — ti_ll} 1 0 as n goes to infinity. We are interested in estimating the drift
function f(-) from the discrete data (Xy,)" . At least two natural questions arise:

1. How much information about the parameter f(-) do we lose by observing (X)),
instead of {X;}iecpm,?
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2. Can we construct an easier (read: mathematically more tractable), but equivalent,
model from (X;,)P 7

The aim of this paper is to give an answer to questions (1) and (2) by means of the Le
Cam theory of statistical experiments. For the basic concepts and a detailed description
of the notion of asymptotic equivalence that we shall adopt, we refer to Le Cam (1986);
Le Cam, Yang (2000). We recall the relevant definitions and properties in Section 3.2.2.

One of the main applications of proving an asymptotic equivalence between two se-
quences of experiments is that it allows to transfer asymptotic risk bounds for any infer-
ence problem from one model to the other, at least for bounded loss functions. In par-
ticular, if there is an estimator 7y in the statistical model &2, = (21, %, {Piy : 0 € ©})
with risk [ L(0, 7(z))P; g(dx), then, for bounded loss functions L, there is an estimator
T In Y5 such that

sup
0

/L(@,Tl(x))PLg(dx) - /L(@,TQ(I))ngg(dlL‘) — 0, asn — oo.

More generally, asymptotic equivalence allows to transfer minimax rates of convergence,
up to some constants.

The first asymptotic equivalence results for non-parametric experiments date to 1996
and are due to Brown, Low (1996) and Nussbaum (1996). This is the first instance of
an abundance of works devoted to establishing asymptotic equivalence results for non-
parametric experiments. In particular, asymptotic equivalence theory has been devel-
oped for non-parametric regression Brown, Low (1996); Brown et al. (2002b); Carter
(2006b, 2007, 2009); Grama, Nussbaum (2002); Meister, Reif (2013); Reift (2008); Rohde
(2004), non-parametric density estimation models Brown et al. (2004a); Carter (2002);
Jahnisch, Nussbaum (2003); Nussbaum (1996), generalized linear models Grama, Nuss-
baum (1998), time series Grama, Neumann (2006); Milstein, Nussbaum (1998), diffusion
models Dalalyan, Reift (2006, 2007b); Delattre, Hoffmann (2002); Genon-Catalot, Laredo
(2014); Genon-Catalot, Laredo, Nussbaum (2002); Mariucci (2015¢); Reifs (2011), GARCH
model Buchmann, Miiller (2012), functional linear regression Meister (2011) and spec-
tral density estimation Golubev, Nussbaum, Zhou (2010). Negative results are somewhat
harder to come by: the most notable among them are Brown, Zhang (1998); Efromovich,
Samarov (1996); Wang (2002a).

There is however a lack of equivalence results concerning processes with jumps. To
our knowledge, this is the first one for what concerns the estimation of a drift function
issued from a discretely (high frequency) observed Lévy process. We actually allow it
to be inhomogeneous in time, i.e. an additive process. In this setting one should also
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cite the works Duval, Hoffmann (2011); Etoré, Louhichi, Mariucci (2013) as they are the
only ones we know about treating (pure jumps) Lévy processes. However, they both give
asymptotic results for the estimation of the Lévy measure.

The interest in Lévy processes is due to them being a building block for stochastic
continuous time models with jumps. Because of that, they are widely used in finance,
queueing, telecommunications, extreme value theory, quantum theory or biology. Their
stationarity property, however, makes them rather inflexible; as a consequence, in recent
years additive processes have been preferred in financial modelling (see Cont, Tankov
(2004), Chapter 14). Tt is therefore in this more general setting that we present our
results.

In order to mathematically reformulate questions (1) and (2), let us denote by (D, )
the Skorokhod space; define P}Z’J’QL”\G) as the law of {X;}ie0.1,) on (D, Z) and Q% T AG)
as the law of the vector (Xy,, X,,..., Xy, ) on (R*T1 B(R"1)).

Consider the parameter set © = .%. We allow two more degrees of freedom by con-
sidering A € A and G € ¢, although these will not be parameters of interest. Let us then
consider the following statistical models:

P> — (D, 9 {Pg,ai,m) . fe ng})’
Dy = (R, BR QLD - f € 7}).

Finally, let us introduce the Gaussian model that will appear in the statement of our main
results. For that, let us denote by (C, %) the space of continuous mappings from [0, co)
into R endowed with its standard filtration and, coherently with the previous notation,
by Pg,ag,,o) the law induced on (C, %) by the stochastic process:

We set:
#, = (C,€,(PY70) . f e 7).

We have already mentioned that asymptotic equivalences can be used to reduce esti-
mation problems from one model to a simpler ones. This is what happens here, the model
associated with the discrete or continuous observation of {X;} as in (3.1) has been proved
to be equivalent to that in (3.2), which is much better studied. For example, consider the
two following situations:

e T, is fixed and o,(-) = g,0(+) with €, — 0,

e T, goes to infinity and o, (-) is fixed; in this case, also ask that elements of .# have
some periodicity assumption.
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In both these cases, a consistent estimation of f € .% is possible. Our equivalence result
does not rely on assumptions such as these, but it applies to these cases, as well: Indeed,
proving equivalence for a class .# automatically implies that the same equivalence holds
true for any subclass of ..

We state here our main result in the case in which % is a functional class consisting
of a-Hélder, uniformly bounded functions on R, i.e. there exist B < co, M < oo and
a € (0,1] such that

|f(z)] < Band |f(x) — f(y)| < M|z —y|*, Vz,yeR.
For the general statements see Section 3.2.4.

Theorem 3.1.1. Suppose that F is a subclass of a-Hélder, uniformly bounded functions
on R. Let o,(-) = e,0(-) be such that 0 < m, < o(-) < M, < oo with derivative o'(-) in
Lo (R). Suppose either:

o1, =T < o0, ¢, — 0 and there exists an Ly < oo such that for all X € A,
A2 o,2y) < Lo

o OrT, = o0, ¢, =1 and there exist Ly < 0o, Ly < 0o such that for all A € A,
[AllLy@) < Ly, [[AlLo@) < Lo

Then
A2, H,) —0 and A(Pn, 2,) — 0 asn — oo,

as soon as one of the following two conditions holds

1. 9 is a subclass of discrete distributions with support on Z: In this case an upper
bound for the rate of convergence is O(vAn + T, A% 2 TnAn>.

2. 9 is a subclass of absolutely continuous distributions with respect to the Lebesque
measure on R with uniformly bounded densities on a fixed neighborhood of 0: In this
case an upper bound for the rate of convergence is O({‘/An + T, A% -2 TnAn).

The paper is organized as follows. Sections 3.2.1 to 3.2.3 fix assumptions and notation.
The main results, as well as examples, are given in Section 3.2.4. A discussion of the results
can be found in Section 3.2.5. The proofs are postponed to Section 3.3. They are obtained
as a sequence of results proving different (asymptotic) equivalences. Loosely speaking, we
first reduce to having in each interval of the discretization at most one jump (Bernoulli
approximation, Section 3.3.1). Secondly, we filter it out via an explicit Markov kernel,
reducing ourselves to treating independent Gaussian variables (Section 3.3.2). Finally, we
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apply an argument similar to that in Brown, Low (1996) (Section 3.3.3) and collect all
the pieces to conclude the proofs in Section 3.3.4. An appendix collects some proofs of
general facts about the Le Cam distance that we use in the rest of the paper.

3.2 Assumptions and main results

3.2.1 Additive processes

Time inhomogeneous jump-diffusion processes are a special case of additive processes.
Here we briefly recall definitions and properties of this class of processes.

Definition 3.2.1. A stochastic process {X;};>o on R defined on a probability space
(Q, o7, P) is an additive process if the following conditions are satisfied.

1. XO = (0 P-a.s.

2. Independent increments: for any choice of n > 1and 0 <ty <t; < ... <t,, random
variables X, Xy, — Xy,,...,X;, — X, , are independent.

3. There is Qy € & with P({) = 1 such that, for every w € €y, X;(w) is right-
continuous in t > 0 and has left limits in ¢ > 0.

4. Stochastic continuity: Ve > 0, P(| X1 — X¢| > ) = 0as h — 0.

Thanks to the Lévy-Khintchine formula (see Cont, Tankov (2004), Theorem 14.1), the
characteristic function of any additive process X = {X;},cp7] can be expressed, for all u
in R, as:

E[e™¥] = exp <zu /Ot f(r)dr — u;/ot o?(r)dr — /R(l — ™Y 4 iuyﬂ|y|gl)ut(dy)>, (3.3)

where f(-) and o2(-) belongs to L;(R) and v; is a positive measure on R satisfying

2 ({0}) = 0 and /(y2 A(dy) < oo, ¥t € [0,T].

R
and a monotonicity condition: if 0 < s < ¢ then v4(A) < 1, (A), for all A € B(R) (see
Sato 1999, Theorem 9.8). In the sequel we shall refer to (f(t),02(t), v4)tepo,r] as the local
characteristics of the process X and a v; as above will be called a Lévy measure, for all t.
This data characterizes uniquely the law of the process X. In the case where f(-) and o(+)
are constant functions and v, = v for all ¢, the process X satisfying (3.3) is stationary,
and is called a Lévy process of characteristic triplet (f, o2, v).
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Let D = D([0,00),R) be the space of mappings w from [0, 00) into R that are right-
continuous with left limits. Define the canonical process x : D — D by

YVwe D, z(w)=uw, Yt>D0.

Let 2, and 2 be the o-algebras generated by {z,:0 < s <t} and {z;:0 < s < o0},
respectively. Let X be an additive process defined on (2, o7, P) having local characteristics
(f(t),02(t), vt)tepo.r)- It is well known that it induces a probability measure PUo*v) on
(D, 2) such that {z;} defined on (D, 2, P(f’c’z’”)) is an additive process identical in law
with ({X;},P) (that is the local characteristics of {z;} under PU-7"") is (f(t), 02(t), 14 )1>0)-

In the sequel we will denote by ({xt}, P(f"’Q’”)) such an additive process, stressing the
probability measure and by P/ %) for the restriction of PU7*¥) to 9.

Further, for every function w in D, we will denote by Aw, its jump at the time r and
by w€, w? its continuous and discontinuous part, respectively:

Aw, = w, — hmws, wt ZAwr, Wy =Wy — wd
r<t
Note that, if v, = 0 for all ¢ > 0, then ({xt}, pfe” ’0)) is a Gaussian process that can be
represented on (2, &7, P) as

Xt:/otf(s)der/Ota(s)dWS, t>0, (3.4)

for some standard Brownian motion W on (2, .o, P).

A time inhomogeneous jump-diffusion process as in (3.1), observed until the time 7,, is
an additive process (apart from the possibly non-zero initial condition) with local charac-
teristics (f(t), 02(t), ¥)ieo1,], Where 14(-) = A(t)G(-). We will write ({z}, P}f’GQ”\G)) for
such a process. Also observe that ({zf}, P}ﬁ’gz’m)) has the same law as ({z}, P}:"’Q’O)).
Moreover, thanks to the independence of the increments, the law of the i-th increment of
(3.1) is the convolution product between the Gaussian law .4 ( ftti s)ds ftti 2( ds)

and the law of the variable Z 2, Y, where P is Poisson of 1nten51ty i = ft s)ds.

3.2.2 Le Cam theory of statistical experiments

A statistical model is a triplet &2; = (Z;,9;,{P;9;0 € O}) where {P;4;0 € O} is a
family of probability distributions all defined on the same o-field 7, over the sample
space Z; and © is the parameter space. The deficiency 6( 1, Ps) of & with respect to
P, quantifies “how much information we lose” by using &7, instead of &5 and is defined



58 CHAPTER 3. EQUIVALENCES FOR ADDITIVE PROCESSES

as (L1, Py) = inf g supgeg || K Pr g — Pagl|rv, where TV stands for “total variation” and
the infimum is taken over all “transitions” K (see Le Cam (1986), page 18). The general
definition of transition is quite involved but, for our purposes, it is enough to know that
Markov kernels are special cases of transitions.

The Le Cam A-distance is defined as the symetrization of § and it defines a pseudo-
metric. When A(27, &2;) = 0 the two statistical models are said to be equivalent. Two
sequences of statistical models (2]")nen and (225),en are called asymptotically equivalent
it A7, 25) tends to zero as n goes to infinity. There are various techniques to bound
the A-distance. We report below only the properties that are useful for our purposes. For
the proofs see, e.g., Le Cam (1986); Strasser (1985) and the Appendix.

Property 3.2.2. Let &, = (2, ,{Pjp;0 € ©}), j = 1,2, be two statistical models
having the same sample space and define Ao( Py, Pa) 1= supyeg ||Pro — Popllrv. Then,
A(P1, Py) < Ao(P1, Pa).

In particular, Property 3.2.2 allows us to bound the A-distance between statistical
models sharing the same sample space by means of classical bounds for the total variation
distance. Classical bounds on the latter will thus prove useful:

Fact 3.2.3 (see Le Cam (1969), p. 35). Let P, and P be two probability measures on 2,

dominated by a common measure &, with densities g; = ‘il—lzi, 1t =1,2. Define

Li(P, Py) = /y 191(2) — galo)]€ (do),
H(P,P) = (/f (\/ 91(37) RV 92(35))25(0[37)) 1/2-

Then,

——— <[P = Blrv = S Li(P, ) < H(P, B). (3.5)
2

Fact 3.2.4. [see Strasser (1985), Lemma 2.19] Let P and Q be two product measures
defined on the same sample space: P = Q! | P;, Q = Q" ,Q;. Then

H?*(P,Q) 1
2

HA(P,Q) < ) H*(P, Q). (3.6)

Using (3.5), it follows that

1P = Qllrv < | D212 — Qillzv-
=1
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Below, we collect some well-known facts that can be used to establish asymptotic
equivalences. For the convenience of the reader, their proofs can be found in the Appendix.

Fact 3.2.5. Let Q1 ~ AN (u1,0%) and Qy ~ A (p2,03). Then

2 2\ 2 2
01 (p1 — p2)? gy (p1 — pi2)
Q1 —Q < 11— = AL B b A 1——= AUAL BN o 2
|| 1 2||TV = \/( 02) + 20% < \/( U% + 205

Fact 3.2.6. Let m;(-) and o(-) be real functions such that [, TZ((SS)); ds < 0o, i = 1,2, with

o(-) > 0. Then, with the same notation as in Section 3.2.1:
2 2 D
Ly (Pt(ml’g 70)7 Pt(mZ’U 70)) - 2<1 N 2¢< B %))’ vi >0,

where ¢ denotes the cumulative distribution function of a Gaussian random wvariable

A(0,1) and t
pp - [ o,

o2(s)

In particular, Ly (Pt(ml’UQ’O), Pt(mz’UZ’O)) = O(Dy).

Property 3.2.7. Let &; = (%2, 0, {P,9,0 € O}), i = 1,2, be two statistical models. Let
S 1 — X5 be a sufficient statistics such that the distribution of S under P g is equal
to Pyy. Then APy, P,) = 0.

3.2.3 The parameter space

We now state the different kinds of assumptions on the non-parametric classes .%, A and
¢ that will show up in the statements of the theorems:

(F1) Every f € .% is continuous and sup,.g{|f(¢)| : f € .} < B, for some constant B.

(F2) Defining:

o) ft) if i <t <t i=1,...,m
e e T (f(t) = fu(1))?
iy [ S <o 38)

(L1) Denoting by ||-||; the L; norm on R, we require sup,c, ||All1 < Ly, for some constant
L.
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(L2) Denoting by || - ||2 the Ly norm on R, we ask sup,c, ||A||3 < Lo, for some constant
Lo.

(G1) ¢ is a subset of discrete distributions concentrated on Z.

(G2) ¢ is a subset of the set of absolutely continuous distributions with respect to the

Lebesgue measure, h = difb. We ask that there are absolute constants Ny, No > 0

such that h < Ny Leb-a.e. on [, 3.

3.2.4 Main results and examples

Recall that models (3.1) and (3.2) depend on diffusion coefficients o,,(-) = £,0(-), where g,
is either 1 (if 7,, — o0) or e, — 0 (if T;, = T finite). We will assume that o(-) is absolutely
continuous, strictly positive, and its logarithmic derivative is uniformly bounded: There
exists a constant C; such that:

d
‘Elna(t)‘ <C,, teR. (3.9)
Our main results are then:

Theorem 3.2.8. Suppose that the parameter space F fulfills the assumptions (F1) and
(F2) and let o(-) satisfy (3.9) as above. If, in addition, A and & satisfy Assumptions
(L2) and (G1), respectively, then, for n big enough, we have

— [a(t))?
10 dt + T, A, + \/A_n).

Here, the O depends only on the constants Cy and Ls.

A2, 2,) = A2, W,) < O(Sup /Tn )

fez

Theorem 3.2.9. Suppose that the parameter space F fulfills the assumptions (F1) and
(F2) and let o(-) satisfy (3.9) as above. Suppose also there exist m,, M, such that
0<my, <o(:) <M, <oo. Moreover suppose that A fulfills Assumptions (L1), (L2) and
G fulfills Assumption (G2). Then, for n big enough, we have
() — fu(1)?

AP, 2,) =AW, 2,) <O su /
( ) ( ) (feg 0 o2(t)

Here the leading terms in the O depend on Ly, Ny and M, only.

dt+T.A, + Aé).

As a corollary, when .# consists of uniformly bounded a-Ho6lder functions, one retrieves
the rates of convergence stated in Theorem 3.1.1. We now give some examples of situations
where our results can be applied.
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Example 3.2.10. The sum of a diffusion process and an inhomogeneous Poisson process:
This corresponds to setting Y7 = 1, so that ¢ consists of the only Dirac mass in 1. Let
on() = e,0(+) satisfy (3.9) as above, and A satisfy Assumption (1.2). If .% is a class
of a-Holder, uniformly bounded functions on R with a € (0, 1], for n big enough, an
application of Theorem 3.2.8 yields:

APy, D) = N2, W) = O(\/An FTA, + T,LAff“s;Q>.

Example 3.2.11. The time inhomogeneous Merton model: This corresponds to ¢4 being
a parametric class of Gaussian random distributions .4 (m,'?), T' > 0. Suppose that o(-)
is as in Example 3.2.10 and A satisfies Assumptions (L1) and (L2). Let .# be a class of
a-Hoélder, uniformly bounded functions on R with e € (0, 1]. Then, for n big enough, an
application of Theorem 3.2.9 yields:

AP, D)) = N2, W) = O({*/An LA, + TnAffgf).

3.2.5 Discussion

Remark 3.2.12. Hypotheses (F1), (F2) are modeled on those in Brown, Low (1996). They
are satisfied, for example, by any class .# of uniformly bounded a-Hélder functions, with
« depending on the asymptotics of the data A,,, T},, €,, as well as by uniformly bounded
Sobolev W*? functions. Hypothesis (3.9) on ¢?(-) also appears in Brown, Low (1996).
The non-parametric classes A and ¢ were introduced to stress that the precise parameters
A, G chosen do not play any role in the proofs.

Remark 3.2.13. In the case where ¢ satisfies Assumption (G1) (i.e. the Y;’s are discrete),
the Markov kernel K in Lemma 3.3.2 does not depend on o(-). Hence, combining our
Theorem 3.2.8 with the one by Carter (2007) one can obtain the same equivalence result
when o(-) is an unknown nuisance parameter.

Remark 3.2.14. An important advantage of showing the asymptotic equivalence between
statistical models is that it allows to transfer statistical inference procedures from one
model to the other. This is done in such a way that the asymptotic risk remains the
same, at least for bounded loss functions. When the proof of such an equivalence is
constructive, one can provide a precise recipe for producing, from a sequence of procedures
in one problem, an asymptotically equivalent sequence in the other one. Formally, let us
consider two sequences of statistical models 27 = (2, Zjn, {Pjne;0 € O}) and a

J
decision or action space (A, o). Furthermore, for every n, let us denote by p;,, a possibly

i.e. a Markov kernel p;,, : (Zjn, @jn) — (A, o)

randomized decision procedure in &7,
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and by R(Zn, Pjn, Ln,0) the risk in the model &2;, with respect to the decision rule
p;jn and the loss function L,. One says that the sequences of procedures p;, and ps,
are asymptotically equivalent if for any sequence of bounded loss function L, one has
limy, o0 SUPgee | R(P1ns P1s L, 0) — R(Pan, pan, Ln, 0)| = 0.

In this paper there are essentially four statistical models that we prove to be mutually
asymptotically equivalent: &2, #;,, 2,, and 2,,. The latter is associated with the obser-
vation of the increments (y:, —y,_, )i, of (y:) defined as in (3.2). The proofs of Theorems
3.2.8 and 3.2.9 allow us to use the knowledge of a sequence of procedures in &2, #,, or
£2~n for producing one in 2,,.

For example, suppose that ¢ satisfies Assumption (G1) and let (d,,) be a sequence of
procedures in 2,,. Define a sequence of procedures in 2, as:

(205 -y 2n) 1= 5n(zl — 20— [21—20],- -+ %n — Zn-1 — [2n —zn_l]), 205,20 €R,

where [z] denotes the the closest integer to z. Then (,) is asymptotically equivalent to
(0n)-

Remark that, up to this point, we did not use the knowledge of ¢2(+). In particular, if
one disposes of a sequence of estimators of f(-) in 2, an equivalent one can be deduced
in 2, also when o?(-) is unknown.

3.3 Proofs

3.3.1 Bernoulli approximation

Lemma 3.3.1. Let (N;)P,, (P)ry, ()™, and (;)I, be samples of, respectively, Gaus-
sian random wvariables N (m;, o?

?), Poisson random variables P (\;), random variables
with common distribution and Bernoulli random variables of parameters o; = \je ™.
Suppose that (N;)_y, (P, (Yo, and (&)}, are all defined on the same probability
space (§2, o7, IP) and that they are all independent. Let us denote by Qn, (resp. Qv p),

Q(v1.0)) the law of N; (resp. Zle Y;, e.Y1). Then

| %y Qn, * Qb — O1yQn, * Qe llry <2, () N2 (3.10)
=1

where the symbol x denotes the product convolution between measures.
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Proof. Observe that:

k
L AE
1Qn; * Qevi,p) — QN * Qi e lTv = sup ZP(M’ +) Ve A)e Aly
Aez®) | 130 = !
k N
= sup (P(Ni +» Y€ A) —P(N; € A)>e)‘i—Z
AcA(R) é ]Z:; ! k!
WA 2
<2) e S22
k>2
We get (3.10) thanks to Fact 3.2.4. O

3.3.2 Explicit construction of Markov kernels

Lemma 3.3.2. Let (N;), and (&;), be samples of, respectively, Gaussian random vari-
ables N (m;, o?) with |m;| < % and Bernoulli random variables of parameters a; := \je™,
Ai > 0. Moreover, let Y1 be a discrete random variable taking values in Z and denote by
Qn, (resp. Qviz,)) the law of N; (resp. ;Y1). For all x in R denote by [x] the nearest

integer to x and define the Markov kernel
K(z,A) =Ix(z — [2]), VA€ ABR).

Then

” ®ZT‘L=1 K(QM‘ * Q(Yl,ei)> - ®?:1QNZ-

) +4¢(6_01i)> (3.11)

where x stands for the convolution product, ¢ denotes the cumulative distribution of a

1
60'2'

" /6
v S 22 (;i(p(
=1

Gaussian random variable A (0,1) and ¢ the derivative of ¢.

Proof. Denote by g¢;(-) the density of N;, by h(:) the density of Y7 with respect to the
counting measure and define G;(z, k) := (1 — ;) g:(z) + augi(x — k), Vo € R, Vk € Z. We
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have, for all i:

HK(QNz * Q(Ylﬁi)) -

sup
AEB(R)

/HA(;E—[])[Q—%% )+ i > hk)gi(x — k)| do
- / Ly(w)gi(e)d
< sup ‘/ (x — [z])Gi(z, k) —]IA(:B)gi(x))dx.

Ae AR ke

Writing [ Ia(z—[2])Gi(x, k)dr as Y, ., f_fl I4(2)Gi(x+1, k)dz, one can bound ‘ [ (La(z—
[2])Gi(x, k) — La(x)gi(2) dx‘ by the sum of the following three terms:

1_‘/ Gz, k) + Gyl + k. k) — ()}da:

Nl= m\»—A
SIS

‘/ [cigi(z — k) + (1 — as)gi(w + k)] do

< [ (ale = 1)+ e+ 0)ds
Z/ J(x+1,k)|de < Z / (gi(x +1) + gi(x + 1 — k))da

lez*—{k}” "2 lez —{k}”’ "2

I = / gi(z)dz.
[_

]c

w\»—a
[SIE

[N
N|=

Since ‘f (La(z — [#])Gi(z,0) — La(x)gi(z) dx‘ < f[_; L gi(x)dz and h(0) < 1, we obtain

y < Zh / g9i(x — k) + gi(x + k))da

1
keZ* 2

”K<QN1 * Q(Yl,&‘

+ Z h(k) /_2 (gi(x + 1)+ gi(z +1—k))dx

1
kez* leZ*—{k} 3

+ 2/ gi(z)dz.
54

Using the mean value theorem one can write

/_é (gi(x_k)+gi(x+k))dx—¢(m) _¢<—1/2—k—mi>

0; 0;

N|=

+¢<M> _¢<—1/2+k—mi)

i 0;

_ %(gp(gl,k) + @(Ear))

(2
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—1/2—k—m; 1/2—k—m; —1/2+k—m; 1/2+k—m;
17 5. 7,i| and 52’](: E |: 7 ]

o o; ’ o;

for some & € [ ] In particular,

since |m;| <  one has that ¢(&; ) < go(é), j =1,2, hence

Z h(k / gi(z — k) + gi(x + k))dx < Z %@@(%) < 0%90(6(17)-

kGZ* kGZ*

IO‘H

In the same way one can write

[ e+ 0+ g+ 1= 1) o = (o) + plma)

_1 i

M

o ) o; o ) o;

for some 7, € |:71/2+l7mi 1/2+lfmii| and 72,y € |:71/2+l7k7m¢ 1/2+lfkfmii|' Then:

> h(k)/_ (gie+ 1) +gi(w+1=k)de < Y h@ (w(m1) + (1))

1
keZx lez*—{k} 2 kez* lez —{k} "

S hf)so(m,z)Jr > "W

kez*lez —{k} " kawezs  °

Szhc(f)z Z Z ©(M2.w)

kezx ' lez* kezZ* O weZ*
< —Z () + ¢(m21))-
i lez»

Now, |n:] > @, i=1,2,s0

_Z e(n1,1) +¢ﬁ2z))§%@<%ﬁ>+iz¢<w>

o; o;
v ez >
4 1 o
< —
< @(6%) +2/61. p(v)dx

Finally, f[_; 1e gi(z)dx < f 1 ]C o(x)dx = 2@5( s ) Using Fact 3.2.4, these com-
272 o; 160, i
putations imply (3.11). O

Remark 3.3.3. In the case where Y; = 1 (see Example 3.2.10) one can also consider a,
maybe, more natural Markov kernel, that is:

ifr<i
K(z, A) = Ly(¥(2)), with U(x)=4{ = =2
r —1 otherwise.
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However, the rate of convergence in (3.11) turns out to be asymptotically the same re-
gardless of the chosen kernel.

Lemma 3.3.4. Let (N;), and (g;)1, be samples of, respectively, Gaussian random vari-
ables N (m;,0?) with |m;| < L for some constant L and Bernoulli random variables of
parameters «; == \e . Moreover, let Yy be a random variable with density h(-) with
respect to the Lebesgue measure and denote by Qn, (resp. Qv e,)) the law of N; (resp.
g;Y1). Fiz a 0 < e <1 and define, for all i, the Markov kernel

La(z) ifv€Bi=[-(L+0;), L+,
Ki(z, 4) = o
\/;r—Jnge *idy, if x € By

Then

H ®?=1Ki(QNi *Q(Yl,ei)) _®?:1QN¢

< .2 En (8¢( ey Qilmil /2& h(y)d )
—0; — + 2
TV — — 7 \/50’1‘ B y)ay

2Bi

where ¢ denotes the cumulative distribution of a Gaussian random variable A (0,1) and
Bi = L + O'ilie.

Proof. The total variation distance between the measures K;(Qn, * Q(v,,)) and Qu;, is
bounded by the sum of the following two terms:

I'= sup |[Ki(Qn, * Qien)(ANBi) — Qn,(AN By,
A€ A(R)

IT'= sup |Ki(Qn, * Qi) (AN BY) = Qn, (AN B
AcB(R)
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Denote by Q. the distribution of the Gaussian random variable N; ~ A (0,02), then

[= sup ai<IP(Ni LY, € ANB) +P(N € ANB)P(N, +Y; € B;))

A€ B(R)

+ (1 —a)P(N; € AN B)P(N; € BY) — a;P(N; € AN B;)

< sup ai(IP’(NH—Yl € ANB) + ‘P(Ni c AﬂBi)[IP’(NH—Yl € BY) — 1”
AcB(R)

+ )[P’(Ni +Yi € BY) [P(N € ANB) —P(N € AN Bi)] D +P(N; € BY)

< a;(2P(N; + Y1 € Bi) + [|Qg, — Qn,

rv) + P(N; € By)
and

II= sup |P(N; € ANBHP(N; +¢eYs € Bf) —P(N; € AN BY))|
A€ B(R)

< P(N; € BY) + P(N; € BY).
Now observe that

e P(NV; + Y1 € By) < P(IVa| > 25,)P(IN;| > i) + P(IV1] < 28;) < P(N; € Bf) +
s, h(y)dy,

o P(N; € BY) = o — H) 1 () < (—070) 41 - 6(07) =
20(~07°)

o P(N, € B) = gb( - L*;’ffs) T1- ¢<L++) < 26(—0; %)

Combining these bounds with Fact 3.2.5 we get:

[+17<8¢(0:°) + /2& hy)dy + o)
= o; 8% Yy)ay -+ Q="
—28; \/§Ui

An application of Fact 3.2.4 allows us to conclude the proof.
m

3.3.3 Asymptotic equivalence between discretely and continuously

observed Gaussian processes

Recall that ,@n is the statistical model associated with the observation of the increments
(Y, — Yo, )y of (y¢) defined as in (3.2). Then we have:
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Proposition 3.3.5. Suppose that the parameter space F fulfills Assumption (F2) and
let o(-) > 0 be a given absolutely continuous functions on R satisfying (3.9). Then, the
statistical models #,, and 2,, are asymptotically equivalent as n goes to infinity. An upper
bound for the rate of convergence is given by O( sup;c 5 fo EOE 0y P T,A,

o2 (s)

Proof. The proof is based on the same ideas as in Brown, Low (1996). However, since
some modifications are needed, we include a complete proof for the convenience of the
reader.

STEP 1: We start by considering the statistical model, &2, associated with a Gaussian
process on [0, T,,] with local characteristic (f,,(t),02(t), 0)icpo,r,] (see (3.7) for the definition
of f,(-)). Fact 3.2.6 guarantees that

INC A O(Sup /OT” (f(s) — fn(S))QdS)

feF 0721(5)

STEP 2: By means of the Fisher factorization theorem, one can easily prove that the

statistic defined by
t dwt Tn dwt
S(w) = / e / )
W= ([

is a sufficient statistic for the family of probabilities {Pg”’g’g“o) : f € Z}. Moreover, the
law of S under P}i"’ai’o) is the law on R" of a vector composed by n independent Gaussian
random variable p; JV(f( . j; s 02 - >, i =1,...,n. Let us denote by P, ;

t 10’2

the law on R of y1; and by ., the statlstlcal model associated with the statistic S, that is
= {R", BR"), (@}, Pis: [ € F)}.

Then, by using Property 3.2.7, we get A(Z,,,.%,) = 0. An application of the mean value
theorem yields

t.

K d tz - ti_ . .

/ . 5 _ ( 5 1), for a certain & in [t;_q, ;]
ti—1 Un(s) O-Tl(gl)

This allows us to pass from the model .7, to the equivalent one
jn = {Rﬂ’%(Rn)’ (®?:1.ﬁi’f . f € f)}j

with P, ; denoting the distribution of a Gaussian random variable A (f(t;)(t;—t;_1), 02 (&) (ti—

tic1)).

STEP 3: The last step consists in bounding the A-distance between 5’1 and Qn
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Property 3.2.2 and Facts 3.2.4-3.2.5 yield:
2
t.
o n 20EN(t — £ ) 2 S Sf) = f(s))ds
A(yn’gn) S Supz <1 _ O‘n(fl)(tz tz—l)) + <ﬁ1—1 ( - ) ) .
ft;1 o2(s)ds 2 j;;l o2(s)ds

For all i =1,...,n, let n; and ~; be elements in [¢;_1,t;| such that:

/t:a?(sms:a(m bt /if )

By means of a Taylor expansion of 0,,(&;)/0,(n;) we obtain

an (&) _ a;,(n:)
ouln) T oulm)

(& —m) +O(& —m)*;
hence, thanks to assumption (3.9), we have

on(&i)
on(ni)

<1401t —tima) + O((ti — ti1)?).

This means that

5 ~ (f(t:i) = f())? o,
A(Yn, Qn) < ]scgg; 207 (1) (t; —ti1) + O(T,A).

Here, the constant C is hidden in the O. Observe that > , (f(t);—f(ﬂ)z(tl —t;—1) is less

Un(nz)
than fo " zg—f("s(sds Indeed, on the one hand one can write:
2
t;
() — sy (i, U6 — () ds)
on (i) (ti —ti-1) fttlil on(s)ds

on the other hand, by means of the Holder inequality, one has

([ ser=sna)’= [ oo [ O,

2
ti—1 ti—1 On

Combining these expressions one finds

i tl— 1'2 " 1 ti S) — tiQ
Z(f() f(n)) <y /1<f() ft))”

i=1 207 (1:) St —tia 202(s)

S,

as claimed. O
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f

o

Proposition 3.3.6. Suppose that for every f € F, [
models &2, and W, are equivalent.

28 ds < 0o. Then, the statistical

2
n

0,02,\G

Proof. The Girsanov theorem assures that the measure P( ) dominates the measure

P2 and the density is given by

dP(:o3AG) of(s) . 1 [T F(s)
dp(o,o%,,m(x):e}{p( ; a%(s)de_E 0 ai(S)ds)'

We conclude the proof using Fact 3.2.7 applied to the statistic S : w — w©. O

3.3.4 Proofs of Theorems 3.2.8 and 3.2.9

In order to prove our results we need to introduce the following notations:

t; t; t
m; =/ f(s)ds, o? =/ ol(s)ds, M\ :/ Ms)ds, ai=Ne ™, i=1,....n
fia tiz1 ti—1

As a preliminary remark observe that the model 2, is equivalent to the statistical model
that observes the n increments X;, — X,._, of (3.1). Let us denote by 2, this latter and
recall that the law of X;, — X, | is the convolution product between the Gaussian law
N (mi,a?) and the law of the variable Zf;l Y;, where P, is Poisson with intensity A;.
Regardless of the continuous or discrete nature of Y7, the previous remark and Proposition
3.3.6 allow us to state that A(2,, 2,) = A(P,. 2,) = AW, 2,) = A2, #,). Now,
to control A(Z2,, Qn) suppose first that ¢ satisfies Assumption (G1). On the one hand,
for n big enough, |m;| < B(t; — t;-1) < 3, hence we can apply Lemmas 3.3.1-3.3.2
obtaining the bound:

AN2,,2,) <2 En:Ag + 227? (0290(%) + 4¢(6_01))
=1 1=

Here we have implicitly used the following fact:
Let P; be a probability measure on (E;,&;) and K; a Markov kernel on (G;,G;). One
can then define a Markov kernel K on ([[—, Ei, ®7_,G;) such that K(®7_,P;) = Q! K; P;:

K(ZEI, R ,[L‘n;Al X oo X An) = HKZ(.T“AZ), Vl’, € EZ‘, \V/AZ S gz
=1

Also, observe that

n

2 [\ [23 (2elr) +40(5) ) - 0(VE),

1=
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where, in the leading term of the O, a constant L, is hidden. On the other hand, thanks
to Proposition 3.3.5 we have:

NG W) < O(?Sii / ' <f<t>0—2({;<t>>

We then obtain the inequality stated in Theorem 3.2.8 by means of the triangular in-

2
dt + TnAn)

equality.

In the same way, using Lemmas 3.3.1, 3.3.4 (taking ¢ = %) and Proposition 3.3.5

one can show the inequality in Theorem 3.2.9. Remark that one can actually choose

any 0 < ¢ < % Smaller values of € give better bounds for the term involving §; in
Theorem 3.2.9, but, if ¢ < %, under the hypotheses of Theorem 3.1.1, the leading term is

> % = O(v/A,) (here we hide the constants Ly, B and m,,).

Appendix

Proofs of certain properties of the Le Cam A-distance

Proof of Fact 3.2.5. By symmetry, we can suppose 01 > do. Denoting by g; the density
of Q; with respect to Lebesgue, we have:

Thus the Kullback-Leibler divergence is
T o r—p2)? (r—py)?
R R

go(7) o1 203 2072
1 2 _ 2
S e
o1 2\oj 207

Let r = Z—; > 1 and observe that

1
—Inr+ 5(7“2 —1) < (r - 1)

It is well known (see, e.g. Lemma 2.4 in Tsybakov (2009)) that the total variation distance
is bounded by the square root of the Kullback-Leibler divergence, in this way we obtain:

a1\ (1 — p12)?
Q1 — Q2lrv < <1 — —) TR
02 205
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Lemma 3.3.7. Let g;, i = 1,2 be the density of a Gaussian random variable A (u;, 0?).
Then,

L1(91, 92) =K

eXp(X—(MQ_—W>—1’22[1—2(}5(”2_”1)} (3.12)

202 20

20
random variable N'(0,1).

where X ~ N(O, M) and ¢ s the cumulative distribution function of a Gaussian

Proof. Without loss of generality let us suppose that u; < ps. Then we can write:

o0

Do) = [ ln@) ~ge@ite = [ 7 @) - @)+ [ (0alo) = gia)ds

—00 5

H1tpo
2

Observe that

Similarly one has

[ 1n0) = e = o P21 ) - o 1522

thus,

Lig1, g0) = 2{1 - 2¢<“22_U“1>}.
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On the other hand we can also express the Li-norm between ¢; and gy as

b= o [ o~ E280) oy (Y,

_ 1 / exp ( (@ pe)® =20 — o) (@ — ) + (g — uz)2>
oo Jr

202
_ 1 2(p1 — p2) (@ — po) = (1 — p2)*\
= Ll )~

202

dx

)2
exp ( — %)dx

_E|exp 2p = p2) (Y = i) = (1 = p2)”\
202

_ _ 2
_E| exp (i —p2)Z  (—p2)™\

o 207

(1 — p12)”
) exp(x—T _1,
where Y ~ N (g, 02) et Z ~ N(0,1). O

Proof of Fact 3.2.6. Thanks to the Girsanov theorem one has that, Vw € C' and Vt > 0

2
AP ‘) 1 [md)
100 <“)_6Xp< o 20 T2 ), 20

dt) PO ()

(ma2,02,0)

2
(m1,6%,0) 4¢ absolutely continuous with respect to P,

In particular, P,
dPt(ml,Uz,O)

= dpt(m2 ,02 ,0)

9(w) =exp /m1 02(m2 /ml e m2 >dt>
:exp /Omla+(t)>(dwt—m2(t)dt)—%/ot (ml(t)ag(g‘2<t))2dt). (3.13)

and the density

is given by:

Let us denote by (Z;):>o the stochastic process satisfying the following EDS:

dZt = m2(t)dt + U(t)th, t Z 0,
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with (W});>0 a standard Brownian motion. Then we have:,

Ly, plmarto) / o) —11 Pf; 7 PO
— Ep|exp ( / malt) = malt) o ) — % / (ml(t)(j;(g”(t))zdt> - 1’

i ;2(;;2@» ;- [ 00 ) |

Observe that the random variable fot %dﬂf has a centered Gaussian distribution

with variance fo S)Q—(V(Sds thus, by means of Lemma 3.3.7, we can conclude that

L (Hme ) pirot {1 . ¢<% \/ / <m1<s>a - :)w(s))?ds)}

]

Proof of Fact 3.2.7. In order to prove that §(Z;, &) = 0 it is enough to consider the
Markov kernel M : (21, 94) — (25, 9%) defined as M(x, B) := [5(S(x)) Vx € 27 and
VB € . Conversely, to show that §(Z, &) = 0 one can consider the Markov kernel
K : (23, 9,) — (21,%) defined as K(y,A) = Ep, ,(I4|S = y), VA € 4. Since S is a
sufficient statistics, the Markov kernel K does not depend on 6. Denoting by Syu P ¢ the
distribution of S under P g, one has:

K Pyp(A) = / K (y, A)Pyg(dy) = / Er,, (11]S = 4)Sy Pro(dy) = Pro(A).



Chapter 4

Asymptotic equivalence of Lévy density
estimation and Gaussian white noise

Résumé Au cours du Chapitre 4 nous présentons un résultat d’équivalence asympto-
tique entre les expériences associées a ’observation discréte (haute fréquence) ou continue
d’un processus de Lévy a sauts purs et un modéle de bruit blanc gaussien observé jusqu’a
un temps 1" qui tend vers l'infini. Ici, le paramétre d’intérét est la densité de Lévy. Toutes
les équivalences asymptotiques sont établies en construisant des noyaux de Markov ex-
plicites qui peuvent étre utilisés pour reproduire une expérience a partir de 'autre. Ce
chapitre est basé sur le preprint Mariucci (2015d).

Mot clés: Expériences statistiques non paramétriques, distance de Le Cam, processus
de Lévy, densité de Lévy, modéle de bruit blanc gaussien.

Abstract The aim of Chapter 4 is to establish a global asymptotic equivalence between
the experiments generated by the discrete (high frequency) or continuous observation of
a path of a Lévy process and a Gaussian white noise experiment observed up to a time
T, with T tending to infinity. These approximations are given in the sense of the Le
Cam distance, under some smoothness conditions on the unknown Lévy density. All the
asymptotic equivalences are established by constructing explicit Markov kernels that can
be used to reproduce one experiment from the other. This chapter is based on a submitted

paper.

Keywords: Nonparametric experiments, Le Cam distance, Lévy processes, Lévy den-
sity, Gaussian white noise.

I6)
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4.1 Introduction

Lévy processes are a fundamental tool in modelling situations, like the dynamics of asset
prices and weather measurements, where sudden changes in values may happen. For that
reason they are widely employed, among many other fields, in mathematical finance. To
name a simple example, the price of a commodity at time ¢ is commonly given as an
exponential function of a Lévy process. In general, exponential Lévy models are proposed
for their ability to take into account several empirical features observed in the returns of
assets such as heavy tails, high-kurtosis and asymmetry (see Cont, Tankov (2004) for an
introduction to financial applications).

From a mathematical point of view, Lévy processes are a natural extension of the
Brownian motion which preserves the tractable statistical properties of its increments,
while relaxing the continuity of paths. The jump dynamics of a Lévy process is dictated
by its Lévy density, say f. If f is continuous, its value at a point xy determines how
frequent jumps of size close to xg are to occur per unit time. Concretely, if X is a pure
jump Lévy process with Lévy density f, then the function f is such that

/Af(x)dx = %E[ZHA(AXS)],

s<t

for any Borel set A and t > 0. Here, AX, = X, — X,- denotes the magnitude of the jump
of X at time s and 4 is the characteristic function. Thus, the Lévy measure

y(A) = / f(@)de,

is the average number of jumps (per unit time) whose magnitudes fall in the set A. Un-
derstanding the jumps behavior, therefore requires to estimate the Lévy measure. Several
recent works have treated this problem, see e.g. Belomestny et al. (2015) for an overview.

When the available data consists of the whole trajectory of the process during a time
interval [0, 7], the problem of estimating f may be reduced to estimating the intensity
function of an inhomogeneous Poisson process (see, e.g. Figueroa-Lopez, Houdré (2006);
Reynaud-Bouret (2003)). However, a continuous-time sampling is never available in prac-
tice and thus the relevant problem is that of estimating f based on discrete sample data
Xy, - - -, Xy, during a time interval [0, 7,]. In that case, the jumps are latent (unobserv-
able) variables and that clearly adds to the difficulty of the problem. From now on we will
place ourselves in a high-frequency setting, that is we assume that the sampling interval
A, =t; —t;_1 tends to zero as n goes to infinity. Such a high-frequency based statistical
approach has played a central role in the recent literature on nonparametric estimation
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for Lévy processes (see e.g. Bec, Lacour (2012); Comte, Genon-Catalot (2010, 2011);
Duval (2013); Figueroa-Lopez (2009)). Moreover, in order to make consistent estimation
possible, we will also ask the observation time 7, to tend to infinity in order to allow the
identification of the jump part in the limit.

Our aim is to prove that, under suitable hypotheses, estimating the Lévy density f is
equivalent to estimating the drift of an adequate Gaussian white noise model. In general,
asymptotic equivalence results for statistical experiments provide a deeper understanding
of statistical problems and allow to single out their main features. The idea is to pass via
asymptotic equivalence to another experiment which is easier to analyze. By definition,
two sequences of experiments & ,, and &, ,,, defined on possibly different sample spaces,
but with the same parameter set, are asymptotically equivalent if the Le Cam distance
A(P 1, Pa) tends to zero. For P = (2, A, (Piﬁ 10 ¢ @)), i =1,2, A(P, P) is
the symmetrization of the deficiency 0(%%, &%) where

5(91, (@2) = HI??EIQ) ||KP179 — PQ’QHTV.

Here the infimum is taken over all randomizations from (27, 44 ) to (£, %) and || - ||7v
denotes the total variation distance. Roughly speaking, the Le Cam distance quantifies
how much one fails to reconstruct (with the help of a randomization) a model from the
other one and vice versa. Therefore, we say that A(Z%, %) = 0 can be interpreted as
“the models &, and &, contain the same amount of information about the parameter
0.” The general definition of randomization is quite involved but, in the most frequent
examples (namely when the sample spaces are Polish and the experiments dominated),
it reduces to that of a Markov kernel. One of the most important features of the Le
Cam distance is that it can be also interpreted in terms of statistical decision theory (see
Le Cam (1986); Le Cam, Yang (2000); a short review is presented in the Appendix). As a
consequence, saying that two statistical models are equivalent means that any statistical
inference procedure can be transferred from one model to the other in such a way that
the asymptotic risk remains the same, at least for bounded loss functions. Also, as soon
as two models, & ,, and &, ,, that share the same parameter space © are proved to be
asymptotically equivalent, the same result automatically holds for the restrictions of both
P1n and Py, to a smaller subclass of ©.

Historically, the first results of asymptotic equivalence in a nonparametric context date
from 1996 and are due to Brown, Low (1996) and Nussbaum (1996). The first two authors
have shown the asymptotic equivalence of nonparametric regression and a Gaussian white
noise model while the third one those of density estimation and white noise. Over the
years many generalizations of these results have been proposed such as Brown et al.
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(2002b); Carter (2006b, 2007, 2009); Grama, Nussbaum (2002); Meister, Reift (2013); Reifs
(2008); Rohde (2004); Schmidt-Hieber (2014) for nonparametric regression or Brown et al.
(2004a); Carter (2002); Jahnisch, Nussbaum (2003) for nonparametric density estimation
models. Another very active field of study is that of diffusion experiments. The first
result of equivalence between diffusion models and Euler scheme was established in 1998,
see Milstein, Nussbaum (1998). In later papers generalizations of this result have been
considered (see Genon-Catalot, Laredo (2014); Mariucci (2015¢)). Among others we can
also cite equivalence results for generalized linear models Grama, Nussbaum (1998), time
series Grama, Neumann (2006); Milstein, Nussbaum (1998), diffusion models Dalalyan,
Reif (2006, 2007b); Delattre, Hoffmann (2002); Genon-Catalot, Laredo, Nussbaum (2002),
GARCH model Buchmann, Miiller (2012), functional linear regression Meister (2011),
spectral density estimation Golubev, Nussbaum, Zhou (2010) and volatility estimation
Reifs (2011). Negative results are somewhat harder to come by; the most notable among
them are Brown, Zhang (1998); Efromovich, Samarov (1996); Wang (2002a). There is
however a lack of equivalence results concerning processes with jumps. A first result
in this sense is Mariucci (2015b) in which global asymptotic equivalences between the
experiments generated by the discrete or continuous observation of a path of a Lévy
process and a Gaussian white noise experiment are established. More precisely, in that
paper, we have shown that estimating the drift function A from a continuously or discretely
(high frequency) time inhomogeneous jump-diffusion process:

X = /t h(s)ds + /ta(s)dWs + iYQ, t € [0,7,], (4.1)

=1

is asymptotically equivalent to estimate h in the Gaussian model:
dy, = h(t)dt + o(t)dW,, t€0,T,].

Here we try to push the analysis further and we focus on the case in which the consid-
ered parameter is the Lévy density and X = (X;) is a pure jump Lévy process (see Carr
et al. (2002) for the interest of such a class of processes when modelling asset returns).
More in detail, we consider the problem of estimating the Lévy density (with respect to
a fixed, possibly infinite, Lévy measure vy concentrated on I C R) f := j—y”o : I — R from
a continuously or discretely observed pure jump Lévy process X with possibly infinite
Lévy measure. Here I C R denotes a possibly infinite interval and 14 is supposed to be

absolutely continuous with respect to Lebesgue with a strictly positive density g := ddL”:b.

In the case where v is of finite variation one may write:

X =) AX, (4.2)

0<s<t
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or, equivalently, X has a characteristic function given by:

R[] :exp<—t(/l(1_ ")y (dy)))

We suppose that the function f belongs to some a priori set .%, nonparametric in
general. The discrete observations are of the form X, , where t; = Tn%, 1 =20,...,n
with 7, = nA,, — oo and A,, — 0 as n goes to infinity. We will denote by &2 the
statistical model associated with the continuous observation of a trajectory of X until
time T,, (which is supposed to go to infinity as n goes to infinity) and by 2% the one
associated with the observation of the discrete data (X,)",. The aim of this paper is
to prove that, under adequate hypotheses on .# (for example, f must be bounded away
from zero and infinity; see Section 4.2.1 for a complete definition), the models &2 and
2 are both asymptotically equivalent to a sequence of Gaussian white noise models of

the form:
dW,

2\/—¢—

As a corollary, we then get the asymptotic equivalence between &2 and 2. The

tel.

main results are precisely stated as Theorems 4.2.5 and 4.2.6. A particular case of special
interest arises when X is a compound Poisson process, vy = Leb([0,1]) and . C ﬁé Ko M)
where, for fixed v € (0, 1] and K, k, M strictly positive constants, ﬁ(QKmM) is a class of
continuously differentiable functions on I defined as follows:

Flwmny = {f R < F@) <M |f@) = F)l < Klo =yl Yoy el (43

In this case, the statistical models &2}° and 2;° are both equivalent to the Gaussian white

dy, =/ f(t)dt \/_

See Example 4.3.1 for more details. By a theorem of Brown and Low in Brown, Low

noise model:

€ [0,1].

(1996), we obtain, a posteriori, an asymptotic equivalence with the regression model

i 1
Y, = (—>+— &~ N(0,1), i=1,... [T
Note that a similar form of a Gaussian shift was found to be asymptotically equivalent to a
nonparametric density estimation experiment, see Nussbaum (1996). Let us mention that
we also treat some explicit examples where vq is neither finite nor compactly-supported
(see Examples 4.3.2 and 4.3.3).
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Without entering into any detail, we remark here that the methods are very different
from those in Mariucci (2015b). In particular, since f belongs to the discontinuous part
of a Lévy process, rather than its continuous part, the Girsanov-type changes of measure
are irrelevant here. We thus need new instruments, like the Esscher changes of measure.

Our proof is based on the construction, for any given Lévy measure v, of two adequate
approximations 7, and 7, of v: the idea of discretizing the Lévy density already appeared
in an earlier work, see Etoré, Louhichi, Mariucci (2013). The present work is also inspired
by the papers Carter (2002) (for a multinomial approximation), Brown et al. (2004a) (for
passing from independent Poisson variables to independent normal random variables) and
Mariucci (2015b) (for a Bernoulli approximation). This method allows us to construct
explicit Markov kernels that lead from one model to the other; these may be applied in
practice to transfer minimax estimators.

The paper is organized as follows: Sections 4.2.1 and 4.2.2 are devoted to make the
parameter space and the considered statistical experiments precise. The main results are
given in Section 4.2.3, followed by Section 4.3 in which some examples can be found.
The proofs are postponed to Section 4.4. The paper includes an Appendix recalling the
definition and some useful properties of the Le Cam distance as well as of Lévy processes.

4.2 Assumptions and main results

4.2.1 The parameter space

Consider a (possibly infinite) Lévy measure 1 concentrated on a possibly infinite interval
I C R, admitting a density g > 0 with respect to Lebesgue. The parameter space of the
experiments we are concerned with is a class of functions .# = .Z"o! defined on I that
form a class of Lévy densities with respect to vy: For each f € Z, let v (resp. 1) be
the Lévy measure having f (resp. fm) as a density with respect to 1y where, for every
f € .Z, fm(z) is defined as follows.

Suppose first x > 0. Given a positive integer depending on n, m = m,, let J; :=
(vj_1,v;] where v; =&, > 0 and v; are chosen in such a way that

yo((I \ [0,e,]) N R+)
m—1

o, = (Jj) = , Vi=2,...,m. (4.4)

In the sequel, for the sake of brevity, we will only write m without making explicit
[ zvo(dzx) . i
the dependence on n. Define z% = Y777 and introduce a sequence of functions

J Hm
0<V; <=, j=2...,msupported on [z} ,,z},,]if j =3,...,m—1, on [g,,z3] if

1
Hm
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j=2andon (I\[0,z} _,])NRy if j = m. The V,’s are defined recursively in the following

way.

e 1} is equal to ;% on the interval (e,,, 23] and on the interval (z3, 23] it is chosen so

that it is continuous (in particular, V3(z3) = =), f;?’ Va(y)vo(dy) = M and
m 2 m
Va(x3) = 0.
e For j =3,...,m — 1 define V; as the function 1 — Vj_1 on the interval [z}, z7].

On [z}, 27,,] choose V; continuous and such that fg“ Vi(y)vo(dy) = W and
‘/}'(95;-1-1) =0.

e Finally, let V},, be the function supported on (I \ [0,z,_;]) "R, such that

1
Vin(@) = — = Vina(x),  for @ € [ay,_y, 27,],
Hm
1
Vin(x) = = forx € (I'\[0,2],]) NR,.

(It is immediate to check that such a choice is always possible). Observe that, by con-

struction,
S Vel =1 Vo€ (I\.e) Ry and [ Vi(wwoldy) = 1
j=2 (I\[O,em])ﬂR+

Analogously, define p = o ((\[=em o)k and J_,, ..., J_p such that vo(J_;) = pu,,

m—1
for all j. Then, for z < 0, z*;
tm and the V_;’s are defined with the same procedure as the V}’s, starting from V_, and

is defined as x} by using J_; and p,, instead of J; and

proceeding by induction.
Define

~

o) =)+ 2 (Vi) [ fln) +Vs60) [ satan). @)

J—j

The definitions of the V;’s above are modeled on the following example:

Example 4.2.1. Let 1 be the Lebesgue measure on [0,1] and ¢, = 0. Then v; = L=
and z} = %, Jj =2,...,m. The standard choice for V; (based on the construction by

Carter (2002)) is given by the piecewise linear functions interpolating the values in the
points x} specified above:
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Vin

* * * * *
0 x5 a3 1 0z, a; iy 1 0

Remark 4.2.2. The function fm has been defined in such a way that the rate of convergence
of the Ly norm between the restriction of f and f,, on I\ [—&, &,] is compatible with the
rate of convergence of the other quantities appearing in the statements of Theorems 4.2.5
and 4.2.6. For that reason, as in Carter (2002), we have not chosen a piecewise constant
approximation of f but an approximation that is, at least in the simplest cases, a piecewise
linear approximation of f. Such a choice allows us to gain an order of magnitude on the
convergence rate of ||f—fm||L2(,,Ou\[,5m7gm]) at least when .# is a class of sufficiently smooth
functions.

We now explain the assumptions we will need to make on the parameter f € % =
Zvo!l  The superscripts 1 and I will be suppressed whenever this can lead to no confusion.
We require that:

(H1) There exist constants x, M > 0 such that x < f(y) < M, for ally € [ and f € Z.

For every integer m = m,,, we can consider \/f, , the approximation of \/f constructed

—

as fn above, i.e. \/J, (z) = I (@) + Z Vj(x)/ Vv f(W)ro(dy), and introduce

Jj

=—m...,m

LA1on
the quantities:

4= [ o (VIl0) = VW) o).
Bn= ¥ (f %wm ).

j£—1,0,1.
A T (VD — 1) wld).

The conditions defining the parameter space .# are expressed by asking that the quantities
introduced above converge quickly enough to zero. To state the assumptions of Theorem
4.2.5 precisely, we will assume the existence of sequences of discretizations m = m,, — oo,
of positive numbers €, = €,,,, — 0 and of functions Vj}, j = £2,...,£m, such that:
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(C1) lim nA, sup /I\(_gm . (f(a:) - fm(x)>2yo(d3:) =0.

n—o0 fe&oz

(C2) lim nA, sup (A%(f) + B2(f) + CA(f)) = 0.

n—oo fez

Remark in particular that Condition (C2) implies the following:

12) sup [(/Fly) - V() < L,
feFZz JrI

where L = sup;cz [ (v/f(x) = 1)*vo(dz) + (VM + 1) (I \ (—€m, €m)), for any choice

of m such that the quantity in the limit appearing in Condition (C2) is finite.

Theorem 4.2.6 has slightly stronger hypotheses, defining possibly smaller parameter
spaces: We will assume the existence of sequences m,, €, and V;, j = £2,...,£m
(possibly different from the ones above) such that Condition (Cl) is verified and the
following stronger version of Condition (C2) holds:

(C2) lim nA, sup (42,(f) + B%(f) +nC2(f)) = 0.
n—o0 fez

Finally, some of our results have a more explicit statement under the hypothesis of

finite variation which we state as:

(FV) [,(|z] A L)pp(dz) < .

Remark 4.2.3. The Condition (C1) and those involving the quantities A,,(f) and B,,(f)
all concern similar but slightly different approximations of f. In concrete examples,
they may all be expected to have the same rate of convergence but to keep the greatest
generality we preferred to state them separately. On the other hand, conditions on the
quantity C,,(f) are purely local around zero, requiring, for each f € #, that f(x) tends
to 1 quickly enough as z tends to 0.

Examples 4.2.4. To get a grasp on Conditions (C1), (C2) we analyze here three different
examples according to the different behavior of 1y near 0 € I. In all of these cases the
parameter space .# " will be a subclass of Z( ., defined as in (4.3). Recall that the
conditions (C1), (C2) and (C2’) depend on the choice of sequences m,,, £, and functions
V;. For the first two of the three examples, where I = [0, 1], we will make the standard
choice for V; of triangular and trapezoidal functions, similarly to those in Example 4.2.1.
Namely, for j =3,...,m — 1 we have

* *
e TS R - B
* % (:pj,xj+1]
LTj = Tj1Hm

](x) ( Jfl’ ]](m) x;_,’_l _ x; /}[/m ( )
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the two extremal functions V5 and V,,, are chosen so that V5, = # on (g, x5 and V,,, = l%m

*,1]. In the second example, where 1y is infinite, one is forced to take €, > 0 and

on (x
to keep in mind that the 7 are not uniformly distributed on [e,,, 1]. Proofs of all the
statements here can be found in Section 4.5.2.

1. The finite case: 1y = Leb([0, 1]).

Leb,[0,1] _ g7[0,1]
ﬁ e [ ] - ﬁ(’\/7K7h"7M).

is no need to single out the first interval J; = [0,&,,], so that C,,(f) does not enter

In this case we are free to choose Indeed, as v is finite, there
in the proofs and the definitions of A,,(f) and B,,(f) involve integrals on the whole of
0,1]. Also, the choice of the V}’s as in (4.6) guarantees that fol Vi(z)dz = 1. Then, the
quantities Hf—meLQ([o,l]y A (f) and B,,(f) all have the same rate of convergence, which
is given by:

\//01 (f(il?) - fm(ﬂf)>2yo(dx) + Ap(f) + Bn(f) = O<m—v—1 n m_%>,

uniformly on f. See Section 4.5.2 for a proof.

2. The finite variation case: £ (z) =z 'Tjpy)(z).

In this case, the parameter space .Z*>[01 is a proper subset of E(B’EKM). Indeed, as
we are obliged to choose g,, > 0, we also need to impose that C,,(f) = o(m/lf), with

uniform constants with respect to f, that is, that all f € .%# converge to 1 quickly enough

In(e) =
m—1

—1l—«

as r — 0. Choosing ¢,, = m and

Vj—UVj_—
xf::(a j—1)
J Hm

one can prove that the standard choice of V; described above leads to f;m V}(aj)dz—m = 1

, @ > 0 we have that u,, = , Vj = Em

: _ _fhm ih
. In particular, max; [vj_1 — vj| = |V — V1| = O( - ) Also in this case

Again, the quantities ||f — meLz(uo\I\[O,sm])» An(f) and B,,(f) have the same rate of
convergence given by:

! A 2 Inm\"™
(£0) = fuke)) tas) + 40 (1) + Butr) =0 () VD). 41
uniformly on f. The condition on C,,(f) depends on the behavior of f near 0. For
example, it is ensured if one considers a parametric family of the form f(z) = e™** with
a bounded A > 0. See Section 4.5.2 for a proof.
3. The infinite variation, non-compactly supported case: ddL”eOb (z) = 27 %Ig, (2).
This example involves significantly more computations than the preceding ones, since

the classical triangular choice for the functions V; would not have integral equal to 1 (with

respect to 1), and the support is not compact. The parameter space .#[0®) can still

[0,00)

be chosen as a proper subclass of 193(%K’H7M), again by imposing that C,,(f) converges to
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zero quickly enough (more details about this condition are discussed in Example 4.3.3).
We divide the interval [0, 00) in m intervals .J; = [v;_1, v;) with:

em(m —1) 1
vo = 0; w1 = ém; V=TT Um0 M= Ty

To deal with the non-compactness problem, we choose some “horizon” H(m) that goes to
infinity slowly enough as m goes to infinity and we bound the L, distance between f and

fm for x> H(m) by 2 sup % We have:
x>H(m)

) H(m)3+4 f(x)?
1 = FllZaoinoem)) T Am(f) + Bu(f) = O(@%M T H@))'

In the general case where the best estimate for sup f(z)? is simply given by M2, an
x> H(m)
optimal choice for H(m) is \/g,,m, that gives a rate of convergence:

A 1
I = Fullsintoans + 420+ B = 0( 2= ).

independently of 7. See Section 4.5.2 for a proof.

4.2.2 Definition of the experiments

Let ()0 be the canonical process on the Skorokhod space (D, Z) and denote by P®:%)

the law induced on (D, Z) by a Lévy process with characteristic triplet (b, 0, ). We will
write Pt(b’o’”) for the restriction of P9 to the o-algebra 7, generated by {z, : 0 < s < t}
(see 4.5.5 for the precise definitions). Let ng’o’”) be the marginal law at time ¢ of a Lévy
process with characteristic triplet (b,0,7). In the case where f‘y|§1 lylv(dy) < oo we
introduce the notation 4 := |, | yv(dy); then, Condition (H2) guarantees the finiteness
of v¥7"0 (see Remark 33.3 in Sato (1999) for more details).

Recall that we introduced the discretization t; = Tn% of [0, T,,] and denote by Qg]yﬂo’o’”)
the laws of the n + 1 marginals of (x;);>0 at times ¢;, i = 0,...,n. We will consider the
following statistical models, depending on a fixed, possibly infinite, Lévy measure vy con-
centrated on I (clearly, the models with the subscript F'V are meaningful only under the
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assumption (FV)):

Vo d
‘@Z?FV = D>-@Tna{P7(Z o) : f = _V S yl/o,f})7

dVO

dVO

v d
QZ(,JFV = (Rn+17‘@(Rn+1)a {ng o) : f = _V € 91’071})7

v—u v d
P =D, YDy, {Pq(ﬂz 00w, f= ﬁ € 9”0’1}),
0

V*VO d
v = (R”H,%’(R"“), S 9”“}).

dl/g

Finally, let us introduce the Gaussian white noise model that will appear in the statement
of our main results. For that, let us denote by (C(I), %) the space of continuous mappings
from I into R endowed with its standard filtration, by ¢ the density of 1 with respect to
the Lebesgue measure. We will require g > 0 and let W/ be the law induced on (C(I), %)
by the stochastic process satisfying:

dy, = /Tt + #th(t), el (4.8)

where (W;);cr denotes a Brownian motion on R with Wy = 0. Then we set:
v = (C). AW, f e 777}).

Observe that when 1y is a finite Lévy measure, then #,° is equivalent to the statistical
model associated with the continuous observation of a process (7;)c; defined by:

o aw,
dy, = f(t)g(t)dt + ﬁ, tel.

4.2.3 Main results

Using the notation introduced in Section 4.2.1, we now state our main results. For brevity
of notation, we will denote by H(f, f,) (resp. La(f, fm)) the Hellinger distance (resp. the
L, distance) between the Lévy measures v and 7, restricted to I\ [—&,,, &), L.e.:

B = [ (VI =V ) i)
Lo(f, f)? = / (F) — Fulw)) ().

IN\[—&m.em]
Observe that Condition (H1) implies (see Lemma 4.5.1)

1 ) 2 £ 1 F )2
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Theorem 4.2.5. Let vy be a known Lévy measure concentrated on a (possibly infinite)
interval I C R and having strictly positive density with respect to the Lebesgue measure.
Let us choose a parameter space F*! such that there exist a sequence m = m,, of integers,
functions V;, j = £2,...,£m and a sequence €,, — 0 as m — oo such that Conditions
(H1), (C1), (C2) are satisfied for F = F1. Then, for n big enough we have:

A %) = O(Visup (Anh) + Bulf) + Cul)

fesz
; m 1 1
+O<\/nAn;é1§L2(f,fm)+\/nAn <M_m+ﬁ%)>' (4.9)

Theorem 4.2.6. Let vy be a known Lévy measure concentrated on a (possibly infinite)
interval I C R and having strictly positive density with respect to the Lebesque measure.
Let us choose a parameter space Fv! such that there exist a sequence m = m,, of integers,
functions V;, j = £2,...,£m and a sequence €,, — 0 as m — oo such that Conditions
(H1), (C1), (C2’) are satisfied for F = F*1. Then, for n big enough we have:

A2, 1) =0 ({1 \ e eal JWABE + 0 4 fu/B sup ()
Vv fez

+ O (Vi sup (Anl) + B+ H(F£) ) (410

fez

Corollary 4.2.7. Let vy be as above and let us choose a parameter space F'! so that
there exist sequences my,, €., Vj and m, e, V" such that:

m?’ /
Hom, Ko

e Conditions (H1), (C1) and (C2) hold for m;,, ,,, VJ, and %(L + %) tends to
zero.
e Conditions (H1), (C1) and (C2’) hold formy,, ey, V', and vy <I\[—5m//7 €m//]> /nA2+

1" 1
% tends to zero.

Then the statistical models 221° and 2° are asymptotically equivalent:

lim A(Z)°, 2:°) =0,
n—oo
If, in addition, the Lévy measures have finite variation, i.e. if we assume (FV), then
the same results hold replacing &7;° and 20 by £, and 2,°n,, respectively (see
Lemma 4.5.19).
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4.3 Examples

We will now analyze three different examples, underlining the different behaviors of the

Lévy measure v (respectively, finite, infinite with finite variation and infinite with infinite

dz

= In

variation). The three chosen Lévy measures are Ijgj(z)dz, Ipq(z)% and Ig, (2)
all three cases we assume the parameter f to be uniformly bounded and with uniformly
v-Holder derivatives: We will describe adequate subclasses .ZV0! C 9’(1% K xr) defined as
in (4.3). It seems very likely that the same results that are highlighted in these examples
hold true for more general Lévy measures; however, we limit ourselves to these examples
in order to be able to explicitly compute the quantities involved (v;, x7}, etc.) and hence
estimate the distance between f and f,, as in Examples 4.2.4.

In the first of the three examples, where v is the Lebesgue measure on I = [0, 1], we are
considering the statistical models associated with the discrete and continuous observation
of a compound Poisson process with Lévy density f. Observe that #/ reduces to the

statistical model associated with the continuous observation of a trajectory from:

1
dy; =/ f(t)dt + 2\/Tnth’ t e 0,1].

In this case we have:

Example 4.3.1. (Finite Lévy measure). Let 1y be the Lebesgue measure on I = [0, 1]
[0,1]

and let .F = FLleb01] 1 any subclass of .7 (v, Kk, M
K, k, M and ~ € (0,1]. Then:
lim A(PER, #FP) =0 and  lim A(QLR,, #,) = 0.

n
n—oo n—oo

) for some strictly positive constants

More precisely,

O((na) w5 ) if v e (0,1],

L

A yLeb ’%Leb —
(P ) O (nAn)*lo) if ve(3,1].

1

In the case where A, = n=?, 5 < B < 1, an upper bound for the rate of convergence of

A(*’@%?I?V’%Leb) is

'O n_%hﬂo if 76(0,%) and%§ﬁ<1a
0] n%_ﬁlnn> if ve (0,%) and%<ﬁ<%,
O(n=*%" lnn) if yel3,1]and2<p<1,

O n%’ﬁlnn) if yel[i1]and<p<3.

A2y W) =

\

See Section 4.5.3 for a proof.
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Example 4.3.2. (Infinite Lévy measure with finite variation). Let X be a truncated
Gamma process with (infinite) Lévy measure of the form:

V(A) :/Ae_ dr, A B(0,1]).

X

Here .#"! is a 1-dimensional parametric family in )\, assuming that there exists a known

constant \g such that 0 < A < \g < o0, f(t) = e and dyy(r) = %dw. In particular, f
is Lipschitz, i.e. Z#v 01 ¢ /([3_1]1 KoM
time T},) of X are asymptotically equivalent to #,°, the statistical model associated with

)- The discrete or continuous observations (up to

the observation of a trajectory of the process (y;):

tdw,
dy, = /f(t)dt + \[\/T_t, te[0,1].

More precisely, in the case where A, = n=", % < B < 1, an upper bound for the rate of
convergence of A(Z ", #,°) is

O(n%_ﬁlnn) ifl<ﬂ<2
O(n = lnn) 1f 5 <B<1l

AL W) = {

Concerning the continuous setting we have:

ot

APy, W) = O(nﬁﬁ (Inn)

) =0(T (7)),
See Section 4.5.4 for a proof.

Example 4.3.3. (Infinite Lévy measure, infinite variation). Let X be a pure jump Lévy
process with infinite Lévy measure of the form:

2 — e’
v(A) = / —5—dz, AE€ B(RT).
A T
Again, we are considering a parametric family in A > 0, assuming that the parameter
stays bounded below a known constant \,. Here, f( ) =2—e ™ hence 1 < f(t) <2,
for all t > 0, and f is Lipschitz, i.e. F"0R+ C 9(7—11(,{1\/1)
observations (up to time 7T,,) of X are asymptotically equivalent to the statistical model

The discrete or continuous

associated with the observation of a trajectory of the process (y;):

tdW,
dy; =/ f(t)dt + —=, t>0.
Yt f() +2\/T_n7 -
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More precisely, in the case where A, = n™?, 0 < 8 < 1, an upper bound for the rate of
convergence of A(2r0, #,°) is

O(nz=38 if§<ﬁ<2
AL W) = ( 14 ﬁ) 7 12
O(n~s*is(lnn)s) if 2 <A <1

In the continuous setting, we have
3
A0 #0) = O(n"s (Inn)s) = O(T, *(InT,)s).

See Section 4.5.5 for a proof.

4.4 Proofs of the main results

In order to simplify notations, the proofs will be presented in the case I C R*. Neverthe-
less, this allows us to present all the main difficulties, since they can only appear near 0.
To prove Theorems 4.2.5 and 4.2.6 we need to introduce several intermediate statistical
models. In that regard, let us denote by Qf the law of a Poisson random variable with
mean T,,v(J;) (see (4.4) for the definition of J;). We will denote by .7, the statistical
model associated with the family of probabilities { Qs Qf feF}

L (lemel {@Qf fesz }) (4.11)

By Nf we mean the law of a Gaussian random variable .47 (2,/T,v(J;),1) and by .4,
the statlstlcal model associated with the family of probabilities { (X)]:2 N]f feF }

Ny = (legﬁ’le {@Nf feZ }) (4.12)

For each f € .Z, let 1, be the measure having f,, as a density with respect to 1
where, for every f € Z, f,, is defined as follows.

1 if x € Jy,
) (4.13)

fm(x) ::{V A )
VO((jj) iteeld;, j=2,...,m

Furthermore, define

ES Um —v i d_m
P = (D,@Tn, { gy Sn ¢ y}) (4.14)

dVO
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4.4.1 Proof of Theorem 4.2.5

We begin by a series of lemmas that will be needed in the proof. Before doing so, let us
underline the scheme of the proof. We recall that the goal is to prove that estimating
f= j—;’o from the continuous observation of a Lévy process (X;)icpo,r,] without Gaussian
part and having Lévy measure v is asymptotically equivalent to estimating f from the
Gaussian white noise model:

1 dVo
dy; =/ f(t)dt + ——=dW;, g = , tel
=V /I +35 T 97 dLeb
Also, recall the definition of 7, given in (4.5) and read 22, EN Py as P, is asymp-
totically equivalent to &,. Then, we can outline the proof in the following way.

o Step 1: P70 B po 0,

)

e Step 2: P}Zme’O’ﬁm) JEN &L, P(Tnr(J;)) (Poisson approximation).

Here @’~, &(T,v(J;)) represents a statistical model associated with the observa-
tion of m — 1 independent Poisson r.v. of parameters T,,v(J;);

e Step 3: Q-, Z(Twr(J))) EN QL N (2y/Tov(J;),1) (Gaussian approximation);
o Step 4 @, N (2y/ T (7)), 1) <= ()eer.
Lemmas 4.4.1-4.4.3 are the key ingredients of Step 2.

Lemma 4.4.1. Let 2% and £, be the statistical models defined in (4.14) and (4.11),
respectively. Under the Assumption (H2) we have:

A2, Z,) =0, for all m.
Proof. Denote by N = NU{oco} and consider the statistics S : (D, 2y, ) — (N™~1, P(N™~1))
defined by
S(z) = (N%f,...,Nﬂm) with N7 =) "1, (Ax,). (4.15)

r<T,

An application of Theorem 4.5.17 to P}Zﬂm_yo’o’f””) and P;g’o’y(’), yields

U i VDY w )
:zp;g’w () = exp (; (m (Vo : Jj>)>NT; -, /I (Fon) — 1)1/0(dy)).
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Hence, by means of the Fisher factorization theorem, we conclude that S is a sufficient
statistics for 2%, Furthermore, under Pj(,zym *0,07m)
Poisson distributions Qf with means T,,v(J;). Then, by means of Property 4.5.12, we get

AP, %) =0, for all m. O

, the random variables N7 have

Let us denote by QA; the law of a Poisson random variable with mean T, ij F () o (dy)
and let %, be the statistical model associated with the family of probabilities (X, Q; ;
feZF}

Lemma 4.4.2.

fez

A(Zm,,,% <sup\/ /0 ] Am(y))QVo(dy)-

Proof. By means of Facts 4.5.7-4.5.9, we get:

AL, L) < supH<®Q ®Qf)

fesz

< sup Z2H2 Q Qf)

fez

_ ;g\/ﬁ i (1 —exp < - % [\//J fn()ro(dy) — \//J f(y)Vo(dy)] 2))

By making use of the fact that 1—e™* < z for all x > 0 and the equality /a— Vb = f+\/
combined with the lower bound f > & (that also implies fin > k) and finally the Cauchy-

Schwarz inequality, we obtain:

1—exp(—7"{\//fm Yo(dy) — \//f Yo (dy) )
sg[\//fm Jaldy) \//f )|

(1,0 ))Vo(dy)>

< In
-2 ko (J;)
< QT_Z/, (f(y) = () vo(dy).

J
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Hence,

H((;%)Q @@f \/ /\[Ogm 1) = Fnw)) vo(dy)

]

Lemma 4.4.3. Let ﬁm and Uy, the Lévy measures defined as in (4.5) and (4.13), respec-
tively. For every f € F, there exists a Markov kernel K such that

KP('YD/’YL_UO 70717777.) JR— P('yy/’n_’/0707ﬁm)
Tn - Ty :

Proof. By construction, 7, and 7, coincide on [0,e,,]. Let us denote by 7' and o'
the restriction on [ \ [0 em] of Uy, and 7, respectively, then it is enough to prove:

KP}Z 0.0.75) P}Z W00 Birst of all, let us observe that the kernel M:

M(z, A) = ZHJj(m)A%(y)Vo(dy), rel\[0,en], AeBIN\0en])

Jj=2

is defined in such a way that Mu/ = 0. Indeed, for all A € B(I\ [0,en)),

M (A Z M(x, Ay (de) Z /J ( / uo(dy)) 77 (dx)
_ i? < / Vi(y)voldy ) / Fu@(dy) = 715(A).  (4.16)

res

Observe that (~"m
compound Poisson processes since 7/

S0 0, 77%%) and (y7m 70,0, 05%) are Lévy triplets associated with

S S

and 7, are finite Lévy measures. The Markov
kernel K interchanging the laws of the Lévy processes is constructed explicitly in the case
of compound Poisson processes. Indeed if X is the compound Poisson process having
Lévy measure 7%, then X; = vatl Y;, where N is a Poisson process of intensity ¢, :=

7re(I1\[0, €,,]) and the Y; are i.i.d. random variables with probability law 2%, Moreover,
given a trajectory of X, both the trajectory (ny)cio7,) of the Poisson process (Nt)eeo,)
and the realizations ¢; of Y;, i = 1,...,np, are uniquely determined. This allows us to
construct np, i.i.d. random variables Y; as follows: For every realization ¢; of Y;, we define
the realization ; of Y; by throwing it according to the probability law M(y;, ). Hence,
thanks to (4.16), (Y;); are i.i.d. random variables with probability law Llﬁ;?f The desired

Markov kernel K (defined on the Skorokhod space) is then given by:

Ny
K (Xt)tG[O,Tn] — (Xt = ZE) .
te[0,T75]

i=1
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Finally, observe that, since

" m()voldy) = dy) = (000 (dy),
L /I\[O’Em]f (y)w(dy) /I\[Oﬁsm]f(y)uo( ) /I\[O’Em} i (woldy)

(Xt)te[()’Tn} is a compound Poisson process with Lévy measure 5%, O
Let us now state two lemmas needed to understand Step 4.

Lemma 4.4.4. Denote by W,# the statistical model associated with the continuous obser-
vation of a trajectory from the Gaussian white noise:

1
dy, = +/ f(t)dt + m

Then, according with the notation introduced in Section 4.2.1 and at the beginning of

AW, teT\[0,cm.

Section 4.4, we have

A( N, W) < 23/ Ty sup (An(f) + Bu(f)).

fez

Proof. As a preliminary remark observe that #,7 is equivalent to the model that observes
a trajectory from:

2‘5%36[1%, t eI\ [0,en]

Let us denote by Y; the increments of the process (7;) over the intervals J;, j = 2,...,m,

V) = Gy = Gy s ~ JV(/Jj V@I (dy), %)

and denote by .4,, the statistical model associated with the distributions of these incre-

dgt —

l.e.

ments. As an intermediate result, we will prove that

A( My Ni) < 24/ T, sup B, (f), for all m. (4.17)

fez

To that aim, remark that the experiment .4/, is equivalent to observing m —1 independent
Gaussian random variables of means Qm fJ. Vf@Wro(dy), 7 =2,...,m and variances

identically 1, name this last experlment JV #. Hence, using also Property 4.5.6, Facts
4.5.7 and 4.5.10 we get:

ANy M) < A( Mg, NF) < i(\/yo_/ VW) ve(dy) —2,/TV(J)>2.

j=2
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Since it is clear that 6(#7,.4;,) = 0, in order to bound A(.A;,, #,¥) it is enough to
bound §(.A;,, #,7#). Using similar ideas as in Carter (2002) Section 8.2, we define a new
stochastic process as:

=2y [ vitatan + Qjﬁ;\/uoujwt), te I\ el

where the (B;(t)) are independent centered Gaussian processes independent of (W;) and
with variances

Var(s5(0)) = [ Vi - ( [ m Vj<y>uo<dy>)2.

These processes can be constructed from a standard Brownian bridge {B(s),s € [0, 1]},

s =s( [ Vitwlds) ).

By construction, (Y;*) is a Gaussian process with mean and variance given by, respectively:

E[Y;] = ZE[YJ-]/ Vi(y)vo(dy) = Z (

independent of (W), via

Var[Y;"] = ZVar[Yj] (/ Vj(y)Vo(dy)) + ﬁ Z vo(J;)Var (B, (t))
_ % : S (Vi (y)woldy) = 4L /Em oldy) = VO(EE 1)

j=2
One can compute in the same way the covariance of (Y,*) finding that

Cov(Y?,Y) = %, Vs <t.

We can then deduce that

2V1,

where (IW}") is a standard Brownian motion and

y; = / VT @woldy) + / ) e, e 1\ [0,20),

—

VTne) = i (/ V() ) V(o)
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Applying Fact 4.5.11, we get that the total variation distance between the process
(Y7 )ten\[0,e,) constructed from the random variables Yj, 7 = 2,...,m and the Gaussian
process (¢)ier\[0,e,,] is bounded by

\/4Tn o (/\/\?m — VW) vo(dy),

which gives the term in A,,(f). O

Lemma 4.4.5. In accordance with the notation of Lemma 4.4.4, we have:

AHFE W) = bup\/ / V) —1) yo(dt)). (4.18)

fe/

Proof. Clearly 6(#,°, #.#) = 0. To show that 0(#,#, #,"°) — 0, let us consider a Markov
kernel K# from C(I\ [0,&,,]) to C(I) defined as follows: Introduce a Gaussian process,
(B")ie(o.e,,) With mean equal to ¢ and covariance

Em 1
Cov(B!", B") = / —— T, z)dz.
( t ) 0 4Tng<3) [07 ]ﬂ[(),t}( )

t
1
Var(B}" :/ ——ds
(B) o 4T,g(s)

Consider it as a process on the whole of I by defining Bi* = B" Vt > ¢,,. Let w; be a

In particular,

trajectory in C'(I'\ [0, &,,]), which again we constantly extend to a trajectory on the whole
of I. Then, we define K# by sending the trajectory w; to the trajectory w; + B. If we
define W, as the law induced on C(I) by

AW, = ! relen)
m7 el h(lf)—{\/m tel\[0,en),

then K#W/|no.,.) = W, where W/ is defined as in (4.8). By means of Fact 4.5.11 we
deduce (4.18). O

dij, = h(t)dt +

Proof of Theorem 4.2.5. The proof of the theorem follows by combining the previous lem-
mas together:

e Step 1: Let us denote by @;{‘Jm the statistical model associated with the family of

probabilities (P00 . 4 ¢ F). Thanks to Property 4.5.6, Fact 4.5.7 and

Theorem 4.5.18 we have that

A, i) <\ sw (. F).

feF
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e Step 2: On the one hand, thanks to Lemma 4.4.1, one has that the statistical model
associated with the family of probability (P(7 0, 0m) : dVo € F) is equivalent to
%, By means of Lemma 4.4.2 we can bound A(.%,, Z,). On the other hand it is

easy to see that 5(@;{0,”, fm) = 0. Indeed, it is enough to consider the statistics

S:x»—)(Z]IJQ (Az,), Z]Ijm Axr)

r<Ty r<Ty

(y¥m™¥0,0,0m)

since the law of the random variable »_ .. 1, (Axr) under PTnA is Poisson

of parameter T, fJ fm (y)vo(dy) for all j = 2,...,m. Finally, Lemmas 4.4.1 and
4.4.3 allow us to conclude that §(%, 3”” ) = 0. Collectlng all the pieces together,
we get

feF

INEA <SUP\/ /0 — f ) vo(dy).

e Step 3: Applying Theorem 4.5.14 and Fact 4.5.8 we can pass from the Poisson
approximation given by .%,, to a Gaussian one obtaining

e Step 4: Finally, Lemmas 4.4.4 and 4.4.5 allow us to conclude that:

A(PV W) =0 (\/T_nsup (Am(f) + Bm(f) + Cm))

feF

L0 \/ sup\// ) wolily) + )
fez [0,em] n,um

4.4.2 Proof of Theorem 4.2.6

Again, before stating some technical lemmas, let us highlight the main ideas of the proof.
We recall that the goal is to prove that estimating f = C‘li—lj; from the discrete observations
(X)), of a Lévy process without Gaussian component and having Lévy measure v is
asymptotically equivalent to estimating f from the Gaussian white noise model

1 dl/o
dy, =/ f(t)dt + ———=dW,, =——, tel.
Yt f() 5 Tng(t) t, 9 dLeb
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Reading &, PEN Py as Y is asymptotically equivalent to &5, we have:

e Step 1. Clearly (X)), JENR (Xy, — X4, )y. Moreover, (X;, — Xy, ) =

—tmAp

(€;Y;) where (¢;) are i.i.d Bernoulli r.v. with parameter o = ¢,,A,e R

fI\[O,sm] f(y)wo(dy) and (Y;); are i.i.d. r.v. independent of (¢;)7_, and of density L

lm

with respect to V0l o.em)
Em

o Step 2. (¢;Y5); EN M(n; (v;)7%,), where M(n; (7;)j2,) is a multinomial distribution
with vy =1 —«aand v, :=av(J;) i =2,...,m;

e Step 3. Gaussian approximation: M(n; (v1,...%m)) VEN Qisy N 2/ Tov(J5), 1);
o Step 4. @7, N (2y/Tw(J;),1) €= (o)er.

Lemma 4.4.6. Let v;, © = 1,2, be Lévy measures such that v; < vy and by — by =
f‘qu y(vy — o) (dy) < oco. Then, for all 0 < t < oo, we have:

t
= \/;Hm, ).

Proof. For all given t, let K, be the Markov kernel defined as K;(w, A) :=T4(w,;), V A €
B(R), ¥ w e D. Then we have:

HQ(bhO,m)_ (b2,0,p2)
t t

||Q(b1:071’1) _ (b2,0,2
t

t )HTV _ HKtPt(bl,o,m) _ Ktpt(bg,o,,,2

S HPt(bl,O,Vl) _ Pt(bQ,O,VQ)HTV

Ny

t
S §H<V17V2)7

where we have used that Markov kernels reduce the total variation distance and Theorem
4.5.18. O

Lemma 4.4.7. Let (P)",, (Y;)", and (&), be samples of, respectively, Poisson ran-
dom wvariables 2 (\;), random variables with common distribution and Bernoulli random
variables of parameters \;e ™, which are all independent. Let us denote by Q,,p,) (resp.

Qvi,er)) the law of Zle Y; (resp., €;Y;). Then:

(4.19)

The proof of this Lemma can be found in Mariucci (2015b), Section 2.1.
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Lemma 4.4.8. Let f% be the truncated function defined as follows:

Fr () = {1 if x €10, e

f(x)  otherwise

and let v (resp. vi®) be the Lévy measure having fir (resp. flnjoen)) as a density
with respect to vy. Denote by Qtr’”o the statistical model associated with the family of

probabilities <® 1 Qt ZZ 1”0 Ovm) . dvig o > and by 25 the model associated with the

family of probabilities <®Z 1 Qtz_yz luo D) d”’" € J). Then:
A(ngoy Q;es,uo> =0.

Proof. Let us start by proving that §(2t0, @res0) = (). For that, let us consider two
independent Lévy processes, X™ and X, of Lévy triplets given by (*y”m v 0,8 — 1/0)
and (0,0, Y010,6m] ), respectively. Then it is clear (using the Lévy-Khintchine formula)
that the random variable X" — X? is a randomization of X" (since the law of X? does

(yvhes=v0 0 yres

not depend on v) having law @), m ), for all ¢ > 0. Similarly, one can prove that
5( 2y, Qi) = 0. H

Proof of Theorem 4.2.6. As a preliminary remark, observe that the model 2% is equiva-

lent to the one that observes the increments of ((zy), PT(,ZWVO’O’V)), that is, the model 2%

associated with the family of probabilities <®?:1 gj;_ol’o’y) : 57’; S )

e Step 1: Facts 4.5.7-4.5.8 and Lemma 4.4.6 allow us to write
Y=v0 0,v) (v =0 0,088
H tr
|Gas - @a | < /S
JANS em 2
Mo (Vf(y) = 1) mo(dy).
0

Using this bound together with Lemma 4.4.8 and the notation therein, we get
A(Qro Dresvo) < \/n, /8n supsez H(f, fir). Observe that ;% is a finite Lévy mea-

sure, hence ((xt), P}Z 0w )> is a compound Poisson process with intensity equal

t0 Ly = fl\[o o] F()ro(dy) and jumps size density 2295 for all z € I\ [0,e,,]

(recall that we are assuming that vy has a density g Wlth respect to Lebesgue). In

W’"OV *)

particular, this means that )\ can be seen as the law of the random variable
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Zf;l Y; where P; is a Poisson variable of mean ¢,,4,, independent from (Y;);>o, a
sequence of i.i.d. random variables with density %]II\[Q%] with respect to Lebesgue.
Remark also that ¢, is confined between rvo(1'\ [0,e,,]) and My (1 \ [0,,)).

Let (€;)i>0 be a sequence of i.i.d. Bernoulli variables, independent of (Y;);>0, with
mean t,A,e""?n. For i = 1,...,n, denote by Qf’f the law of the variable ¢;Y;
and by £ the statistical model associated with the observations of the vector
(e1Y1,...,€,Yy), ie.

¢ = (]ﬂ,@(m, { é)@;f fe ff})
=1

Furthermore, denote by Qf the law of Zf;l Y;. Then an application of Lemma 4.4.7
yields:

|®a-Qa’
=1 =1

Hence, we get:

‘TV < 2um/nAZ < 2Mug (I [0, 6]) /A2

A(Z27,20) =0 (VO (I1\[0,em])/ nA%) : (4.20)
Here the O depends only on M.

Step 2: Let us introduce the following random variables:
2122]1{0}(63}/])7 ZZ:ZI[JZ(GJYJ), 222,,777/
j=1 j=1

Observe that the law of the vector (Zy,...,Z,) is multinomial M(n;vy,...,%m)
where

=1 —1pApe B = Ape (), i=2,...,m.

Let us denote by M, the statistical model associated with the observation of
(Z1,...,Zm). Clearly 6(2¢, M,) = 0. Indeed, M, is the image experiment by
the random variable S : I"™ — {1,...,n}™ defined as

S(x1,...,Tp) = <#{j:xj=()};#{j:xj € Jg};...;#{j:xj € Jm}>,

where # A denotes the cardinal of the set A.
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We shall now prove that §(M,,, Z5,) < sup;c s \/nAnHQ(f, fm). We start by defin-
ing a discrete random variable X* concentrated at the points 0, =7, ¢ = 2,...,m:

. vi Hy=z;, 1=1,...,m,
P(X :y):{

0  otherwise,

with the convention x] = 0. It is easy to see that M,, is equivalent to the statistical
model associated with n independent copies of X*. Let us introduce the Markov
kernel

I4(0) ifi=1,

K(xj,A) = {IA Vi(x)vo(dz) otherwise.

Denote by P* the law of the random variable X* and by Qf’f the law of a random
variable ¢;Y; where ¢; is Bernoulli independent of Y;, with mean ¢,,,A,e”*"*" and

Y; has a density 241\ .,; With respect to Lebesgue. The same computations

as in Lemma 4.4.3 prove that KP* = fo Hence, thanks to Remark 4.5.13,
we get the equivalence between M, and the statistical model associated with the
In order to bound §(M,, 25) it is
enough to bound the total variation distance between the probabilities @7, Qf’f

~

observations of n independent copies of ¢;Y;.

and @, Qj’f . Alternatively, we can bound the Hellinger distance between each of
the Qj-’f and Qj’f, thanks to Facts 4.5.7 and 4.5.8, which is:

n n R
R -
i=1 i=1

< |3 m2(Q Q)
=1

TV

= IS ) < R ER (S ).

\=
i=1

(M, 2;) < /nA, sup H(f, fm)

fez

It follows that

Step 3: Let us denote by N the statistical model associated with the observa-
tion of m independent Gaussian variables A4 (nvy;,nvy;), i = 1,...,m. Very similar
computations to those in Carter (2002) yield

mlnm>.

A(M,, N2 = o( =
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In order to prove the asymptotic equivalence between M, and N, defined as in
(4.12) we need to introduce some auxiliary statistical models. Let us denote by A,
the experiment obtained from A% by disregarding the first component. Further-
more, let us denote by N the experiment associated with the observation of m — 1
independent Gaussian variables A" (/n7;, i), 1 =2,...,m. First of all, let us prove
that NV} and A,, are asymptotically equivalent. One direction is trivial. In the
other direction, the Markov kernel is given by

K(xa,...,xp, A) =E[[4(X, 2s,...,2,)], ACR™,

where X is a Gaussian random variable with mean and variance both equal to n.
The image experiment of A,, through K is the statistical model associated with
the observation of m independent Gaussian random variables of the form N(n,n)®
X", N (ny;, nv;). The total variation distance can then be computed explicitly: It
equals the distance between the first components, for which the general formula of
Fact 4.5.10 can be used. We get the bound:

AN A,) < sup \/(2 + g) (1—m)?= O(VO(I\ [0,5m])An\/ﬁ).

feF

Moreover, using a result contained in Carter (2002), Section 7.2, one has that

A(Ap, N#) = 0(%).

Finally, using Facts 4.5.7 and 4.5.10 we can write

ANENa) < \[2) (VI () - \/Tnl/(Ji)eXp(—LmAn)>2

IN

VA2, <A/ 20 88 M3 (v (1 [0, 2,]))"

To sum up,

mlnm
Vn

with the O depending only on x and M.

AM,, M) =0 T /na3 (s (1 [0,20)))* + (1 [0, el A/,

e Step 4: An application of Lemmas 4.4.4 and 4.4.5 yields

AN, ) < 2VT, sup (A (f) + Bn(f) + Cu(f)).
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4.5 Proofs of the examples

The purpose of this section is to give detailed proofs of Examples 4.2.4 and Examples
4.3.1-4.3.3. As in Section 4.4 we suppose I C R,. We start by giving some bounds for
the quantities A, (f), Bwm(f) and Ly(f, fm), the Ly-distance between the restriction of f
and f,, on I\ [0,ep,].

4.5.1 Bounds for A,,(f), Bu(f), La(f, fm) when f,, is piecewise lin-

ear.

In this section we suppose f to be in ﬁz{%KﬁM) defined as in (4.3). We are going to assume
that the V; are given by triangular/trapezoidal functions as in (4.6). In particular, in this

case f,, is piecewise linear.

Lemma 4.5.1. Let 0 < k < M be two constants and let f;, i = 1,2 be functions defined
on an interval J and such that k < f; < M, i =1,2. Then, for any measure vy, we have:

ﬁ/](fl(l‘)_]%(iﬁ) vo(dz) _/(\/f1 — V(@) vo(dx)

<3 | (@) = o) *wfan).

Proof. This simply comes from the following inequalities:

!fl(x)—fz(x)\é\/'ﬁ()lm — Vi@ - VED)

1
< m\fl(l") — fa()].

1
2vM

]

Recall that z} is chosen so that [, (x — 2})vy(dz) = 0. Consider the following Taylor
expansions for z € J;:

~

@) = f@) + f'a]) (@ =) + Ri(x); fule) = fuula]) + fru(a]) (@ —a7),

where f,,(z7) = 4 i 7 and f! (x¥) is the left or right derivative in 2* depending whether

1/0 Z

x<zxforx>uxf (as fm is piecewise linear, no rest is involved in its Taylor expansion).
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Lemma 4.5.2. The following estimates hold:

|Bi(2)] < K& — a7["x — a7];

F(@]) = Fn(@D)] S IRl 1w fori =2, ,m = 1;
2| Rill oo o +K|$f—77i|7|33—$f| fred;,i=3,....m-1
7@) = fn@)] < - . .
Clx — 7 if v € J;y, i € {2,m}.

for some constant C' and points & € J;, n; € Ji_1 U J; U Jipq, 70 € JoU J3 and 7, €
Jm—1 U I

Proof. By definition of R;, we have

< K& — [ — a7,

o)l = |(1(&) = @) @ - a)

for some point &; € J;. For the second inequality,

* o (x9)] = 1 ) — f(x))vy(dx
) = Fulad)] = 75 /Ji(f( )~ F())vo(de)]
1
- /Jinxm(dm) <1 Rillie -

where in the first inequality we have used the defining property of z}. For the third
inequality, let us start by proving that for all 2 < i < m — 1, f (z7) = f'(x;) for
some x; € J;UJ;;1 (here, we are considering right derivatives; for left ones, this would be
Ji—1UJ;). To see that, take x € J;N[x}, x}, ;] and introduce the function h(z) := f(z)—I(x)
where

r— )

U(2) = ———= (i) = fnla])) + fu(27).

H—l i
Then, using the fact that [, (z — x})w(dr) = 0 together with me(x — ) (dz) =
(@741 — @], we get

/J hxon(de) = 0= / h(z)vo(d).

Jit1

In particular, by means of the mean theorem, one can conclude that there exist two points
p; € J; and p;y1 € Jiyq such that

fJZ- h(x)vo(dz) fJ+1 z)vo(dz)

e = == i)

= h(pis1)-
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As a consequence, we can deduce that there exists x; € [p;, piv1] C J; U Ji1 such that
h'(xi) = 0, hence f'(x;) = U'(xs) = fl(xf). When 2 < ¢ < m — 1, the two Taylor
expansions together with the fact that f/ (z) = f/'(x;) for some x; € J; U Ji4q, give

(@) = f(@)] < [f (@) = fonl])] + [Ril@)| + K2} = x| — ]
< 2| Bill ooy + K7 = xal | — 7]

whenever x € J; and x > z (the case x < x} is handled similarly using the left derivative
of fm and §; € J;_1UJ;). For the remaining cases, consider for example i = 2. Then fm(x)
is bounded by the minimum and the maximum of f on J,U.J3, hence fm(x) = f(7) for some
T € JyUJs. Since fis bounded by C' = 2M + K, one has |f(2) — f(z)| < Clz —7|. O

Lemma 4.5.3. With the same notations as in Lemma 4.5.2, the estimates for A% (f),
B2 (f) and Ly(f, fin)? are as follows:

Lo fa) < (Z/ 20 Rl + Kl — 7 — 1) ()
|z — 72y (d) +/ |z —Tm|21/0(dl‘)>.

J2 Im

= (VI V) —0<sz,fm))
(Z J)QVAT + >2HR1-||%M(,,O>).

Proof. The Lo-bound is now a straightforward application of Lemmas 4.5.1 and 4.5.2.
The one on A,,(f) follows, since if f € Q(QKKM) then /f € F#! In order to

(v, G VEVM)
bound B2 (f) write it as:

- ij f(y)Vo(dy) v Jj 2 m ,

By the triangular inequality, let us bound E; by F; + G; where:

RN N e R R (A L

Using the same trick as in the proof of Lemma 4.5.1, we can bound:

fJ ( (2 ))Vo(dx)
Vo(Jj)

+02<

F; <2vM

' < AR, 1y
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On the other hand,

G, = Vo(ljj) /Jj (/£ - \/@)Vddy)'
S / (%( ~ )+ R0 )l < 1R et

which has the same magnitude as L[| R;| 1. o)
O

Remark 4.5.4. Observe that when v is finite, there is no need for a special definition of
fm near 0, and all the estimates in Lemma 4.5.2 hold true replacing every occurrence of
1=2byi=1.

Remark 4.5.5. The same computations as in Lemmas 4.5.2 and 4.5.3 can be adapted to
the general case where the V)’s (and hence fm) are not piecewise linear. In the general
case, the Taylor expansion of fm in x7 involves a rest as well, say Ri, and one needs to
bound this, as well.

4.5.2 Proofs of Examples 4.2.4

In the following, we collect the details of the proofs of Examples 4.2.4.

1. The finite case: vy = Leb([0, 1]).

Remark that in the case where vy if finite there are no convergence problems near zero
and so we can consider the easier approximation of f:

mb, if v € [0, xﬂ,
fn(@) = S m? (0501 (x — a3) + 0;(a5y, — )] ifwe (@har,] j=1,....,m—1,
mo,, if v € (27, 1]
where 21 i1 - o
= Jj*(T’E}’ 0; = ij(x)dx, j=1,...,m.

In this case we take ¢,, = 0 and Conditions (C2) and (C2') coincide:

lim nA,, sup <A%l(f) + B,i(f)) =0.

n—0o0 fe?z

Applying Lemma 4.5.3, we get

3

up (Lalf f) + An£) + Bul() = Ofm~ 4 m™');
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(actually, each of the three terms on the left hand side has the same rate of convergence).

2. The finite variation case: 22 (z) =z o 1j(2).

To prove that the standard choice of V; described at the beginning of Examples 4.2.4

1
d
leads to / V](:U)—I = 1, it is enough to prove that this integral is independent of 7, since

in general / = m — 1. To that aim observe that, for j = 3,. -1,
Em ,] =2

1 ox— ot dx ot —x dr
B R ) e
. v T T z1 iy -
Let us show that the first addendum does not depend on 5. We have

x* * x* * *
j dx oy i dx T €Xi_
_ j—1 . j—1 j—1
/ Tt —alk =1 and _x—x / Tz ot —a 1n<x’f )
Ti_y -1 -1 J j—1

J J Jj—1

m—j

Vi—vi_

Since z} do not depend on

J. The secondw;;ddendum and the trapezoidal functlons V2 and V are handled similarly.
Thus, fm can be chosen of the form

1 if x € [0,€m},

A V;(Lf) ifx e (sm,wﬂ,

e i [ - ) + e - 0| e e @l G= 2,
k% if z e (xf,,1].

A straightforward application of Lemmas 4.5.2 and 4.5.3 gives

\/ [ (76 o)) st + )+ B = 0 () Vi)

as announced.

3. The infinite variation, non-compactly supported case: ddL%(x) = 27 %Ig, (2).

Recall that we want to prove that

+ sup

H(m)>* f(z)? )
<5mm)2 x>H(m) H( ) 7

Lo(f, fm)* + A2.(f) + BA(f) = O(

for any given sequence H(m) going to infinity as m — oo.
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Let us start by addressing the problem that the triangular/trapezoidal choice for V;
JAN
is not doable. Introduce the following notation: V; =V, + A;, j = 2,...,m, where the
AN
V,’s are triangular/trapezoidal function similar to those in (4.6). The difference is that
A

here, since z;, is not defined, V,,_; is a trapezoid, linear between z; _, and z} _; and

AN
constantly equal to # on [z¥ |, vm,_1] and V,, is supported on [v,,_1,00), where it is

constantly equal to ---. Each A; is chosen so that:
Hm

L. It is supported on [z} ;, 2%, ,] (unless j = 2, j =m — 1 or j = m; in the first case

the support is [z3, 23], in the second one it is [z}, o, 2% 4], and A,, = 0);

2. Aj coincides with —A; 1 on [z} ,,25], j = 3,...,m — 1 (so that )] V; = ;ﬁ) and

its first derivative is bounded (in absolute value) by ﬁ (so that V; is non-

3
negative and bounded by ;%m)’

*

3. A; vanishes, along with its first derivatives, on 7 _,

* *
x; and z7 4.

We claim that these conditions are sufficient to assure that fm converges to f quickly
enough. First of all, by Remark 4.5.5, we observe that, to have a good bound on Ly( f, fm),
the crucial property of fm is that its first right (resp. left) derivative has to be equal to
m (resp. m) and its second derivative has to be small enough (for

example, so that the rest J%j is as small as the rest R; of f already appearing in Lemma
4.5.2).
The (say) left derivatives in 7 of f,, are given by

~

Fraa) = (Vi) + A5(a) () = v(Tim)): Fle) = AL (o) — ().

Then, in order to bound |f;’,ﬁb(x;‘)| it is enough to bound [Af(z})| because:

[f ()

d d
<@ [ 105 - [ @S] < 1 sl @I + 6,

Jj_l
where /; is the Lebesgue measure of J;.

We are thus left to show that we can choose the A;’s satisfying points 1-3, with a small

dz

enough second derivative, and such that [, V;(z)%

= 1. To make computations easier,
we will make the following explicit choice:

Aj(@) = bj(z — 25) (@ — 25)" Vo €[] 4, 7)),

for some b; depending only on j and m (the definitions on [z}, 2},,) are uniquely deter-
mined by the condition A; + A;,; = 0 there).
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Define juay as the index such that H(m) € J, . ; it is straightforward to check that

Jmax?

Em(m —1)

: . 1
Jmax ~ M — Him) xm_k:é‘m(m—l)log<1+g), k=1,...,m—2.

One may compute the following Taylor expansions:

Th kA 1 1 5 1
/m Vaa(@)wo(de) = 5 = = + 25+ 0(5):

T k41 A 1 1 1 1
/:B:nk Vm_k(fﬂ)yo(dl’) = 5 + @ + 24/€2 + O(ﬁ)

In particular, for m > 0 and m — k < jupay, so that also & > 0, all the integrals
yAN

* JAN
f;?_*ll Vi(z)vo(dz) are bigger than 1 (it is immediate to see that the same is true for V5,

EmMm

H(m)
Summing together the conditions [, Vj(x)vo(dz) = 1 Vi > j and noticing that the

as well). From now on we will fix a k > and let j =m — k.

function ) 37" V; is constantly equal to ;%m on [z}, 00) we have:

. Lo TG
[ Amtdn) =m i+ 1= (g0 - [ Gomdn)
. 1 1 1 » 1 1 1
T gl ) 2+6k+0(k;2> 4k+0(k;2>

Our choice of A; allows us to compute this integral explicitly:

[ wte =i - 0525 =ty (entin = 1) (3 +0(i5) ).

. 2

In particular one gets that asymptotically

; 1 3,41 E\°
7 (em(m—=1))32" 4k Emm )
This immediately allows us to bound the first order derivative of A; as asked in point

2: Indeed, it is bounded above by 2bj€?71 where ¢;_; is again the length of J;_;, namely

l; = 57;((]:}:1)1) ~ e Tt follows that for m big enough:

1 1 ko\?
sup |A(z)] < < ~ < ) :

xel ,um(x;k - xj_l) EmM

The second order derivative of A;(z) can be easily computed to be bounded by 4b;/7.
Also remark that the conditions that |f| is bounded by M and that f’ is Holder, say
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|f'(x) — f'(y)| < K|z — y|?, together give a uniform L. bound of |f'| by 2M + K.

Summing up, we obtain:
1

~ s
k3e,,m

@] S bl pim

(here and in the following we use the symbol < to stress that we work up to constants
and to higher order terms). The leading term of the rest }?ij of the Taylor expansion of

Jm near a7 is

~ EmMm
(@le = 25” o~ [ @I ~ =7

Using Lemmas 4.5.2 and 4.5.3 (taking into consideration Remark 4.5.5) we obtain

[ 1) = o) <Z / £0) = F@)Profdo) + [ 1) = fu(o)Praldo)

H(m)

m m 242y " 2 1
S Z ,Mm<<5 l{Z‘L*)‘W + (5]{;1) )+H(m) sup f(z)?

k= Emm z>H(m)

(4.21)

H(m)3+47 H(m)13
: ((emmvwv ! <smm>m) )

It is easy to see that, since 0 < v < 1, as soon as the first term converges, it does so more
slowly than the second one. Thus, an optimal choice for H(m) is given by ,/z,,m, that

gives a rate of convergence:
1

Emill

Lo(f, fm)® S

This directly gives a bound on H(f, f,,). Also, the bound on the term A,,(f), which is

Lo(Vfo A/ f,,)?%, follows as well, since f € QQZWKHM) implies \/f € .F ( KR Finally,
the term B2 (f) contributes with the same rates as those in (4.21): Usmg Lemma 4.5.3,

em(m—1)

’Vm_ H(m) ]

B,(f) < vo(J)IR; 1L, + vo([H(m), 00))

=2

m

. Z (6"];;;71) 242y n ﬁ

_em(m—1)
k="t m)

H(m)3* 1
(emm)?+27 — H(m)

N

S




4.5. PROOFS OF THE EXAMPLES 111

4.5.3 Proof of Example 4.3.1

In this case, since €, = 0, the proofs of Theorems 4.2.5 and 4.2.6 simplify and give better
estimates near zero, namely:

AI ) < O (Vs (An() + ) + Ll ) + ) - )
feF i

n

M@y #%) < Co VABT + P T (Anf) 4 B0+ H (1. F2)) ).

vn

(4.22)
where C, C5 depend only on x, M and
Aulf) = \/ [ (Vi) - VI@) to Bt =3 (v [ VG- w‘)

As a consequence we get:

AR, ) < o(\/mm% L) + m%l).

_1
To get the bounds in the statement of Example 4.3.1 the optimal choices are m,, = T,; ™"

2
when v < % and m,, = T;7 otherwise. Concerning the discrete model, we have:

1
A(Zypyv W) < 0( nAZ + m}m b, (e mu))_
’ n

There are four possible scenarios: If v > L and A, = n™? with 1 < § < 3 (resp. > 3)
then the optimal choice is m, = n'=? (resp. m, = n’5").

If v > %;md A, =n"? with ; < 8 < % (resp. B > %) then the optimal choice
2—

is m, = nt2 (resp. m, = n'=?).

4.5.4 Proof of Example 4.3.2

As in Examples 4.2.4, we let €, = m~1~ and consider the standard triangular/trapezoidal
Vy’s. In particular, fm will be piecewise linear. Condition (C2’) is satisfied and we have
Cw(f) = O(ey). This bound, combined with the one obtained in (4.7), allows us to
conclude that an upper bound for the rate of convergence of A(Z2, ., #,°) is given by:

In(e-1)\2  mlnm _
) 1Y) < 2 m 2 1
A(2) ey, W) < C(\/ Vn2Anen + nAn( - ) + NG + v/nAZn(e,, )),




112 CHAPTER 4. EQUIVALENCES FOR LEVY DENSITIES

where C' is a constant only depending on the bound on A > 0.

The sequences ¢, and m can be chosen arbitrarily to optimize the rate of convergence.
It is clear from the expression above that, if we take ¢, = m™1~% with o > 0, bigger values
of a reduce the first term \/v/n2A,&,,, while changing the other terms only by constants.
It can be seen that taking o > 15 is enough to make the first term negligible with respect

to the others. In that case, and under the assumption A, = n=?, the optimal choice for
5-48

m is m = n® with § = ;- In that case, the global rate of convergence is

O(n%’ﬁlnn) if%<ﬁ§%
1428

O(n 7 lnn) if%<ﬁ<1.

A(2)py, W) = {

In the same way one can find

Inm 2

2
Ay %) = O Vi, () Vi) +

_m
nA, In(e,,)

+ \/nAnam).
As above, we can freely choose ¢, and m (in a possibly different way from above). Again,
as soon as €, = m_'~® with & > 1 the third term plays no role, so that we can choose

em = m~2. Letting A, = n %, 0 < 8 < 1, and m = n%, an optimal choice is § = =2,

).

giving

ot
ot

APy #) = O(n5 (nn)?) = O(Ti* ()

4.5.5 Proof of Example 4.3.3

Using the computations in (4.21), combined with (f(y) — fm(y))2 < dexp(—2\gy?) <
4exp(—2XoH (m)3) for all y > H(m), we obtain:

> ; 2 H(m)T > 5 2
[ 1) = i) 5 2 [ 1) = ) Prnta)
H(m)7 6—2)\0H(m)3

Ewm)t + H(m)

S
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As in Example 4.2.4, this bounds directly H2(f, f,n) and A2 (f). Again, the first part of
the integral appearing in B2 (f) is asymptotically smaller than the one appearing above:

B2(f) = f (ﬁ [ Vi - \/ / | f(fC)Vo(d:U)>2

S (G [ Ve[ reven)

7 Y Hm)3
o Hm)T e

~ ()t H (m)

As above, for the last inequality we have bounded f in each J,,_, k < ;*%, with

exp(—AoH (m)?). Thus the global rate of convergence of Ly(f, fm)? + A2 (f) + B2(f) is
H(m)T | e=oH(m)®
(emm)* H(m)

Concerning C,(f), we have CZ(f) = [;™ (—de < 2. To write the global

rate of convergence of the e Cam distance in the discrete setting we make the choice
H(m) = {/stInm, for some constant 7, and obtain:

z
6

(SIS

Vnd,  mlnm (Inm) m~
A2 W) =0 VA, V/n2Aued .
(2. ") ( - + NG +/n <(€mm)2+ 3_lnm>+ n2A,eb

Letting A, = n™?, ¢,, = n=® and m = n°, optimal choices give a = § and 6 = % + %
We can also take n = 2 to get a final rate of convergence:
12 3 12
A(QVO Wuo) — O(?’L2 36) lf 1< B < E
) n 7
O(n—%-i'%(]nn)é) if 2 12 <pB<l.
In the continuous setting, we have
AP0 W) = O M(Onm)g LI L)+ Sl
M) — nap Em .
" (emm)?  VInm ni,
Using T, = nA,, ¢m = T;% and m = T?, optimal choices are given by o = 1%, 0 = 1%;

choosing any n > 3 we get the rate of convergence

A(P, #0) = O(T, % (InT,)4).
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Background

Le Cam theory of statistical experiments

A statistical model or experiment is a triplet &; = (25, ;,{Pj9;0 € ©}) where {P,9;0 €
©} is a family of probability distributions all defined on the same o-field 7; over the
sample space Z; and © is the parameter space. The deficiency (1, Ps) of &, with
respect to &5 quantifies “how much information we lose” by using &; instead of &2, and
it is defined as §(P, Ps) = infx supgeg ||KPrg — Pagl|lrv, where TV stands for “total
variation” and the infimum is taken over all “transitions” K (see Le Cam (1986), page 18).
The general definition of transition is quite involved but, for our purposes, it is enough to
know that Markov kernels are special cases of transitions. By K P,y we mean the image
measure of P; g via the Markov kernel K, that is

KPLg(A) = K(;E,A)Plﬁ(dl’), VA € %
21

The experiment K., = (23, .94,{KP1y;0 € O}) is called a randomization of & by
the Markov kernel K. When the kernel K is deterministic, that is K(xz, A) = 145(x)
for some random variable S : (27, 94) — (%23, .9%), the experiment K.27; is called the
image experiment by the random wvariable S. The Le Cam distance is defined as the
symmetrization of § and it defines a pseudometric. When A(Z;, &%5) = 0 the two statis-
tical models are said to be equivalent. Two sequences of statistical models (Z]),en and
(P8 )nen are called asymptotically equivalent if A(P}), 25) tends to zero as n goes to
infinity. A very interesting feature of the Le Cam distance is that it can be also trans-
lated in terms of statistical decision theory. Let & be any (measurable) decision space
and let L : © X Z [0, 00) denote a loss function. Let ||L|| = sup \coxs L(0, 2). Let
denote a (randomized) decision procedure in the i-th experiment. Denote by R;(m;, L, 0)
the risk from using procedure m; when L is the loss function and 6 is the true value of the
parameter. Then, an equivalent definition of the deficiency is:
(P, P5) = infsupsup sup |R1(7T1,L,9) — R2(7T2,L,9)‘.
T 1 0€O L L|=1

Thus A(Z;, &) < € means that for every procedure 7; in problem i there is a procedure
m; in problem j, {i,7} = {1,2}, with risks differing by at most ¢, uniformly over all
bounded L and € € ©. In particular, when minimax rates of convergence in a nonpara-
metric estimation problem are obtained in one experiment, the same rates automatically
hold in any asymptotically equivalent experiment. There is more: When explicit trans-
formations from one experiment to another are obtained, statistical procedures can be
carried over from one experiment to the other one.
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There are various techniques to bound the Le Cam distance. We report below only
the properties that are useful for our purposes. For the proofs see, e.g., Le Cam (1986);
Strasser (1985).

Property 4.5.6. Let &2, = (X', ,{P;p;0 € ©}), j = 1,2, be two statistical models
having the same sample space and define Ao(P1, Ps) :
A(Py, Pa) < Aog(P1, P2).

= Supgee ||Pro — Pogllrv. Then,

In particular, Property 4.5.6 allows us to bound the Le Cam distance between sta-
tistical models sharing the same sample space by means of classical bounds for the total
variation distance. To that aim, we collect below some useful results.

Fact 4.5.7. Let P, and P, be two probability measures on 2, dominated by a common
— ap;

measure &, with densities g; = i 1 =1,2. Define

Li(P\, Py) = /y 102(2) — ga() € (d),

5 1/2
ey = ([ (Vo - Vo) )
Then,
|21 = Paflrv = %L1(P1, P) < H(Py, Py). (4.23)

Fact 4.5.8. Let P and @ be two product measures defined on the same sample space:
P =P, Q="Qi. Then

H*(P,Q) <) H*(P, Q). (4.24)

=1

Fact 4.5.9. Let P;, i = 1,2, be the law of a Poisson random variable with mean X\;. Then
1 2
H*(P,Py) =1 —exp ( - §<\/>\1 - \/)\2> )

Fact 4.5.10. Let Q1 ~ A (u1,03) and Qo ~ N (ua,03). Then

2\ 2 . 9
HQl—QQHTVS\/Q( —%) +M_

2
2 203
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Fact 4.5.11. Fori= 1,2, let Q;, i = 1,2, be the law on (C,€) of two Gaussian processes
of the form

t t
X/ :/ hi(s)ds+/ o(s)dWs, t € 10,7
0 0

where h; € Ly(R) and o0 € Ryg. Then:

L1<Q1,Q2) < \//0 <h1(y272_(5)2(y)) ds.

Property 4.5.12. Let &, = (Zi, o, {P,p,0 € ©}), i = 1,2, be two statistical models.
Let S : 27 — Z5 be a sufficient statistics such that the distribution of S under P g is
equal to Pyg. Then A(Py, Ps) = 0.

Remark 4.5.13. Let P, be a probability measure on (E;, ;) and K; a Markov kernel on
(G;,G;). One can then define a Markov kernel K on ([[_, E;, ®,G;) in the following

way:

n

K(l’l, B i Al X+ X An) = H KI(ZEZ, Az), VIZ S EZ‘7 \V/AZ S gl
i=1
Clearly K ® |, P, = @ K, P;.
Finally, we recall the following result that allows us to bound the Le Cam distance
between Poisson and Gaussian variables.

Theorem 4.5.14. (See Brown et al. (2004a), Theorem 4) Let Py be the law of a Poisson
random variable Xy with mean \. Furthermore, let P; be the law of a random variable
Z5 with Gaussian distribution JV(Q\/X, 1), and let U be a uniform variable on [— %, %)
independent of X,. Define

Zy = 2sgu (X + U)y/| X\ + U|. (4.25)

Then, denoting by Py the law of Zy,

H?*(Py, P5) =0(\).
Remark 4.5.15. Thanks to Theorem 4.5.14, denoting by A a subset of R.(, by P (resp.
2*) the statistical model associated with the family of probabilities {Py : A € A} (resp.
{P5 : X € A}), we have

~ C
A(QZ, ,@*) < sup —,
AEA

for some constant C'. Indeed, the correspondence associating 7, to X, defines a Markov

kernel; conversely, associating to 7, the closest integer to its square, defines a Markov
kernel going in the other direction.
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Lévy processes

Definition 4.5.16. A stochastic process {X; : t > 0} on R defined on a probability space
(Q, o7, IP) is called a Lévy process if the following conditions are satisfied.

1. Xy =0 P-a.s.

2. For any choice of n > 1 and 0 < ¢ty < t; < ... < t,, random variables X,
Xy, — Xy, -, Xy, — Xy, ,are independent.

3. The distribution of X, ; — X, does not depend on s.

4. There is Qy € o with P(Qy) = 1 such that, for every w € Qp, X;(w) is right-
continuous in t > 0 and has left limits in ¢ > 0.

5. It is stochastically continuous.

Thanks to the Lévy-Khintchine formula, the characteristic function of any Lévy process
{X;} can be expressed, for all u in R, as:

2.2

E[e™¥] = exp <— t(z’ub _re /R(1 — e 4 z'uy]lwgl)y(dy)));

where b,0 € R and v is a measure on R satisfying

V({0}) = 0 and /R(W A )(dy) < oo.

In the sequel we shall refer to (b,0?%,v) as the characteristic triplet of the process {X;}
and v will be called the Lévy measure. This data characterizes uniquely the law of the
process {X;}.

Let D = D([0,00),R) be the space of mappings w from [0, 00) into R that are right-
continuous with left limits. Define the canonical process x : D — D by

YVwe D, z(w)=uw, Yt>D0.

Let 2, and 2 be the o-algebras generated by {z;:0 < s <t} and {z;:0 < s < 0},
respectively (here, we use the same notations as in Sato (1999)).

By the condition (4) above, any Lévy process on R induces a probability measure P on
(D, 2). Thus {X;} on the probability space (D, Z, P) is identical in law with the original
Lévy process. By saying that ({z:}, P) is a Lévy process, we mean that {z; : ¢ > 0}
is a Lévy process under the probability measure P on (D,2). For all t > 0 we will
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denote P, for the restriction of P to Z;. In the case where f|y‘<1 lylv(dy) < oo, we set

o= fly\<1 yv(dy). Note that, if v is a finite Lévy measure, then the process having
characteristic triplet (7”,0, ) is a compound Poisson process.

Here and in the sequel we will denote by Az, the jump of process {z;} at the time 7r:

Az, =z, — limx,.
str

For the proof of Theorems 4.2.5, 4.2.6 we also need some results on the equivalence of
measures for Lévy processes. By the notation < we will mean “is absolutely continuous
with respect to”.

Theorem 4.5.17 (See Sato (1999), Theorems 33.1-33.2 and Sato (2000) Corollary 3.18,
Remark 3.19). Let P! (resp. P?) be the law induced on (D,2) by a Lévy process of
characteristic triplet (n,0,v1) (resp. (0,0,14)), where

n= /| v =) (4.26)

is supposed to be finite. Then P} < P? for allt > 0 if and only if vy < vy and the density

/ < Z—:(y) - 1)2y2(dy) < 0. (4.27)

G satisfies
Remark that the finiteness in (4.27) implies that in (4.26). When P! < P?, the density
18

P}

d_PE(”T) = exp(Uy(x)),

= lim E In _Vl AQ: ]I A / t A ( ) 1|v (d ) P(O’O’VQ)—a S (4 28)
e—0 7' |Azr|>e e dV2 Yy 2\ay ’ e .

The convergence in (4.28) is uniform in t on any bounded interval, P°0"?)_q.s. Besides,
{U,(x)} defined by (4.28) is a Lévy process satisfying Epo.o.wy [eVt@] =1, V¢ > 0.

Finally, let us consider the following result giving an explicit bound for the L; and
the Hellinger distances between two Lévy processes of characteristic triplets of the form
(bi,O, Vi)7 1= 1, 2 with b1 - b2 = f|y|§1 y(l/l - VQ)(dy)

Theorem 4.5.18 (See Jacod, Shiryaev (2003)). For any 0 < T < oo, let Pk be the
probability measure induced on (D, Pr) by a Lévy process of characteristic triplet (b;, 0, 1),
1t = 1,2 and suppose that 11 < vy,
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If H* (1, 1) = [ ({/ 2 (y) — 1)21/2(dy) < oo, then

dvs
2 1 2 T 2
H(P}, P}) < S H (01, ).

We conclude the Appendix with a technical statement about the Le Cam distance for
finite variation models.

Lemma 4.5.19.
A2, Ppy) = 0.

Proof. Consider the Markov kernels w1, o defined as follows
7T1(£7A) :]IA(xd)a ﬂ?(xaA):HA(z_'7V0)7 V$€D7A€9,

where we have denoted by z? the discontinuous part of the trajectory z, i.e. Az, =
z, —limgy, x5, ¢ = > ., Az, and by x — 7" the trajectory z; — t4"°, ¢ € [0,T,]. On the
one hand we have:

WIP(VV_UO’O’V)(A) _ /

D
— p(y"0v) (A),

i, AP0 ) = [ ()P0 )
D

where in the last equality we have used the fact that, under PO 0" g9} is a Lévy

process with characteristic triplet (v¥,0,v) (see Sato (1999), Theorem 19.3). On the other
hand:

7 PO O (A) = / oz, A)YPO0) () = / Ly( — ) PO 0% (d)
D D

— p(y"m0,0p) (A)

)

since, by definition, v — 7" is equal to v*7"°. The conclusion follows by the definition of
the Le Cam distance. O
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Chapter 5

Asymptotic equivalence for density
estimation and Gaussian white noise:

an extension

Résumé Nous présentons au sein du Chapitre 5 une extension du résultat bien connu
sur ’équivalence asymptotique entre un modéle a densité et un modéle de bruit blanc
gaussien. Notre extension consiste a élargir la classe non paramétrique des densités possi-
bles. Plus précisément, nous pouvons considérer des densités définies sur n’importe quel
sous-intervalle de R aussi bien que des densités discontinues ou non bornées. Les résultats
sont constructifs: toutes les équivalences asymptotiques sont établies en construisant des
noyaux de Markov. Le Chapitre 5 est basé sur le preprint Mariucci 2015a.

Mot clés: Expériences statistiques non paramétriques, distance de Le Cam, estimation
non paramétrique d’une densité, modéle de bruit blanc gaussien.

Abstract The aim of this chapter is to present an extension of the well-known asymp-
totic equivalence between density estimation experiments and a Gaussian white noise
model. Our extension consists in enlarging the nonparametric class of the admissible
densities. More precisely, we propose a way to allow densities defined on any subinter-
val of R, and also some discontinuous or unbounded deunsities are considered (so long as
the discontinuity and unboundedness patterns are somehow known a priori). The results
are constructive: all the asymptotic equivalences are established by constructing explicit
Markov kernels. This chapter is based on a submitted paper.

121
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Keywords: Nonparametric experiments, Le Cam distance, nonparametric density esti-
mation, Gaussian white noise.

5.1 Introduction

When looking for asymptotic results for some statistical model it is often useful to profit
from a global asymptotic equivalence, in the Le Cam sense, in order to be allowed to
work in a simpler but equivalent model. Indeed, proving an asymptotic equivalence result
means that one can transfer asymptotic risk bounds for any inference problem from one
model to the other, at least for bounded loss functions. Roughly speaking, saying that
two models, &?; and &5, are equivalent means that they contain the same amount of
information about the parameter that we are interested in. For the basic concepts and a
detailed description of the notion of asymptotic equivalence, we refer to Le Cam (1986);
Le Cam, Yang (2000). A short review of this topic will be given in the Appendix.

In recent years, numerous papers have been published on the subject of nonparamet-
ric asymptotic equivalence. For a non exhaustive list of the main ones among them,
see, for example, the introduction in Mariucci (2015d). In this paper, we will focus on
nonparametric density estimation experiments.

The seminal paper in this subject is due to Nussbaum (1996). There, the asymptotic
equivalence between an experiment given by n observations of a density f on [0, 1] and a
Gaussian white noise model:

dyt = \/ f(t)dt + ﬁdwt, te [O, 1],

was established. Over the years several generalizations of this result have been proposed
such as Brown et al. (2004a); Carter (2002); Jihnisch, Nussbaum (2003). In Brown et al.
(2004a), the authors obtained the global asymptotic equivalence between a Poisson pro-
cess with variable intensity and a Gaussian white noise experiment with drift problem.
Via Poissonization, this result was also extended to density estimation models. In Jah-
nisch, Nussbaum (2003) the authors proved the global asymptotic equivalence between a
nonparametric model associated with the observation of independent but not identically
distributed random variables on the unit interval and a bivariate Gaussian white noise
model. More closely related to our work is the result in Carter (2002). In that paper,
he proposed a new approach to establish the same normal approximations to density
estimations experiments as in Nussbaum (1996). While the result in Nussbaum (1996)
is obtained by means of Poissonization, in Carter (2002) the key step is to connect the
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density estimation problem to a multinomial experiment and to simplify the latter with
a multivariate normal experiment.

The purpose of the present work is to generalize Nussbaum (1996) and Carter (2002).
More precisely, the density estimation experiments that we consider consist of n indepen-
dent observations (Y;)"_; defined on a interval / C R from some unknown distribution

P{ having density (with respect to the Lebesgue measure on I) dﬁ(m) = f(z)g(z). In

particular, we do not require I C R to be bounded as is generall;ldone in the existing
literature. The function g is supposed to be known whereas f is unknown and belongs to
a certain nonparametric functional class .%. Formally, the statistical model we consider
is
73 = (R", BR") (€I, PL: | € F}). (5.1)
The exact assumptions on f and g will be specified in Section 5.2. Here, let us only stress
the fact that f has to be bounded away from zero and infinity and sufficiently regular,
whereas ¢ can be both unbounded and discontinuous. The advantage with respect to the
earlier works is that this framework allows us to treat densities of the form h = fg not
necessarily bounded nor smooth. See Section 5.3.1 for a discussion about the hypotheses.
Finally, let us introduce the Gaussian white noise model. For that, let us denote
by (C,%) the space of continuous mappings from I into R endowed with its standard
filtration and by W% the law induced on (C, %) by a stochastic process satisfying:

dw,
dY, = /f(t)g(t)dt + —=, tel, (5.2)
2y/n
where (W;);cr is a Brownian motion on R conditional on Wy = 0. Then we set
W= (C,€,{W}: fe.F7}). (5.3)

Let A be the Le Cam pseudo-distance between statistical models having the same param-
eter space. For the convenience of the reader a formal definition is given in Section 5.4.2.
Our main result is then as follows (see Theorem 5.3.1 for the precise statement):

Main result 5.1.1. Let I be a possibly infinite subinterval of R and let F consist of
functions bounded away from 0 and oo, satisfying the regqularity assumptions stated in
Section 5.2. Then, we have

lim A(Z2,%7) = 0. (5.4)

n’
n—0o0

In some special cases an explicit upper bound for the rate of convergence in (5.4)
is available; see, e.g. Corollary 5.3.2. The structure of the proof follows Carter’s in
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Carter (2002), but we detach from it on several aspects. The basic idea is to use his
multinomial-multivariate normal approximation, but some technical points have to be
taken into account. One of these is that [ may be infinite, so that, in particular, the
subintervals J; in which it is partitioned cannot be of equal length. We choose intervals
J; of varying length, according to the quantiles of 14, the measure having density g with
respect to Lebesgue. This kind of partitions was already considered in Mariucci (2015d).

The paper is organized as follows. Section 5.2 fixes the assumptions on the param-
eter space .#. Section 5.3 contains the statement of the main results and a discussion
while Section 5.4 is devoted to the proofs. The paper includes an Appendix recalling the
definition and some useful properties of the Le Cam distance.

5.2 The parameter space

Fix a finite measure 1y concentrated on a possibly infinite interval I C R, admitting a
density g > 0 with respect to Lebesgue. The class of functions .# will be considered
as a class of probability densities with respect to vy, i.e. [, f(z)g(x)dz = 1. For each
fe.Z, let v (resp. D) be the measure having f (resp. f,) as a density with respect to
vy where, for every f € %, fm(x) is defined as follows. Given a positive integer m, let
J1 =10 (—o0,v], Jj := (vj_1,v;] for j =2,...,m —1 and J,, = I N (vy,, 00) where the
v;’s are the quantiles for vy, i.e.

vo(1
fin = 1o(J;) = of ), Vi=1,...,m. (5.5)
m
. s wrolda) . . .
Define 27 := JM—n, j = 1,...,m and introduce a sequence of continuous functions

0<V; < Mln, j=1,...,m, defined in the following way.

e V] is supported on I N (—oo, 3] and:

1 %3 vo((x],v .
‘/1|Iﬁ(foo,x’l‘] = —3 / %(CL’)VQ(d{L‘) = M, ‘/i($2) =0.

M T Hn
e Forj=2,...,m—1,Vjis supported in [z} ,,27,,] and:
i v ((x], v;]) .
Vilws a1 =1 = Vil a0 / Vi(z)vo(de) = +; Vi(zj1) = 0.

e For j =m, V,, is supported on I \ (—oo,x ;) and:

»Ym—1

1
Vm|[$;§1_1,x;‘n] =1- Vm—l’[x:fn_l,x:;@] and V|Iﬂ(—oo7x,’§1) = Hf_
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We now explain the assumptions we will need to make on the parameter f. We require

that:

(H1) There exist constants r, M > 0 such that x < f(y) < M, for ally € [ and f € Z.

The m introduced above will be considered as a function of n, m = m,. We can
thus consider v/f, , the approximation of \/f constructed as f,, above and introduce the

quantities:
)= [ (Vi@ = h(@) ),
A= [ (V) = VIW) i)

B(f) = i (/ | %wy) - uun)z.

We will assume the existence of a sequence of discretizations m = m,, and functions V/,
j=1,...,m, such that:
(C1) lim nsup (H(f) + A% (f) + B},(f)) =0

n—oo fe?

5.3 Main results and discussion

Using the notation introduced in Section 5.2, we now state our main result in terms of
the models &9 and #,9 defined in (5.1) and (5.3), respectively.

Theorem 5.3.1. Let vy be a finite measure concentrated on an (possibly infinite) interval
I C R having density g > 0 with respect to Lebesgue. Suppose that there exist a sequence
m =m, and functions V;, j =1,...,m, such that every f € F satisfies conditions (H1)
and (C1). Then, for n big enough we have:

N R o(ﬁ;gg (AnlD)+ Bulh) + (D) + mj“ﬁm).

Corollary 5.3.2. Let I be a compact subset of R and let vy be the Lebesque measure on I.
For fized v € (0,1] and K, k, M strictly positive constants, consider the functional class

T K t) = {f €O r < fla) < M, |f(2) = f(y)l < K|z —yI", Yo,y € I}-
Suppose F C F(y xxm)- Then

A(P9, W9 = o(n—# 1ogn>.



126  CHAPTER 5. EQUIVALENCE FOR DENSITY ESTIMATION EXPERIMENTS

5.3.1 Existing literature and discussion

As it has already been highlighted in the introduction, our result is a generalization of
those in Nussbaum (1996) and Carter (2002). In order to discuss the link between our
work and the previous ones, we recall the results contained in these papers.

o Asymptotic equivalence of density estimation and Gaussian white noise, Nussbaum

(1996).

In this paper Nussbaum establishes a global asymptotic equivalence between the
problem of density estimation from an i.i.d. sample and a Gaussian white noise
model. More precisely, let (Y;)!, be i.i.d. random variables with density f on [0, 1]
with respect to the Lebesgue measure. The densities f are the unknown parameters
and they are supposed to belong to a certain nonparametric class .% subject to a
Holder restriction: |f(z)— f(y)| < Clz—y|* with o > 1 and a positivity restriction:
f(x) > e > 0. Let us denote by #;, the statistical model associated with the
observation of the Y;’s. Furthermore, let %, be the experiment in which one
observes a stochastic process (Y7).c(0,1) such that

1
dY, = \/f(t)dt + W 1)

where (W})scp0,1) is a standard Brownian motion. Then the main result in Nussbaum
(1996) is that A(P) , Pan) — 0 as n — oo.

This is done by first showing that the result holds for certain subsets .%,(fo) of the
class .# described above. Then it is shown that one can estimate the fy rapidly
enough to fit the various pieces together. Without entering into any detail, let us
just mention that the key steps are a Poissonization technique and the use of a
functional KMT inequality.

e Deficiency distance between multinomial and multivariate normal experiments, Carter
(2002).

In this paper Carter establishes a global asymptotic equivalence between a den-
sity estimation model and a Gaussian white noise model by bounding the LLe Cam
distance between multinomial and multivariate normal random variables. More pre-
cisely, let us denote by M (n, 8) the multinomial distribution, where 0 := (61, ...,0,,).
Denote the covariance matrix nVp: Its (7, j)th element equals to nd,;(1—6;)d; ;—nb;0;.

The main result is an upper bound for the Le Cam distance A(M,N') between the
models M := {M(n,0) : § € O} and N := {4 (nf,nVy) : 6 € O}, under some
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regularity assumptions on ©. In particular, Carter proves that

mlnm . max; 0,
< Cg——— provided sup ———
Vn peo min; 0;

A(M,N)

< (g < 00,

for a constant Cf, that depends only on Cg. From this inequality Carter can recover
mostly the same results as Nussbaum (1996) under stronger regularity assumptions
on .Z: Z is a class of smooth, differentiable densities f on the interval [0, 1] such
that there exist strictly positive constants ¢, M, such that ¢ < f < M and

[f'(x) = ')l < M|z —y[", forall z,y € [0,1].

Let us briefly explain how one can use a bound on the distance between multinomial
and multivariate normal variables to make assertions about density estimation ex-
periments. The idea is to see the multinomial experiment as the result of grouping
independent observations from a continuous density into subsets. Using the square
root as a variance-stabilizing transformation, these multinomial variables can be
asymptotically approximated by normal variables with constant variances. These
normal variables, in turn, are approximations to the increments of the Brownian
motion processes over the sets in the partition.

Our work can be seen as a generalization of the previously cited works: To see that it is

enough to take g(x) = I y(x) as in Corollary 5.3.2. However, it differs from Nussbaum

and Carter’s results in several aspects. First of all, we do not need to ask the random

variables to be defined on [0, 1], allowing the observations to be defined on a possibly

infinite interval I of R. Secondly, in our setting the positivity restriction on the densities

can be removed. Indeed, as a parametric example, we can consider truncated Gamma

distributions on [0, L], that is distributions having a density h with respect to the Lebesgue

measure:

exp(—0x)f"x™ !
h(l’) = I ) ]I[O,L] (.I)
Jo exp(=0y)ony"—tdy

We can apply Theorem 5.3.1, taking . = {fp : § € R.o} and

n—1

POy (@), g@) ==

f@(l') = fOL eXp(_ey)enynfldy [

More generally, density functions h that can be written in form of a product are

commonly used in statistics. Again, one could cite as a simple case the problem of

a parametric estimation for a Weibull density, see, e.g. Diebolt et al. (2008); Gardes,

Girard (2006). Generally speaking, the present work can be useful whenever the random
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variables Y;’s do not admit a smooth density i with respect to Lebesgue, but nevertheless
one has some informations on the discontinuity structure, namely one knows ¢ in the
decomposition h(x) = f(z)g(x).

5.4 Proofs

5.4.1 Proof of Theorem 5.3.1

We will proceed in four steps.
Step 1. By means of Facts 5.4.4 and 5.4.5, we get

@Pﬁ_@P}%n <H(®P9,® fm> _\/TLHQ(PQ Pﬁm)

Hence, denoting by 337% the statistical model associated with the family of probabilities
{Pq feF }:

A3, 29) <sup\// V(@) - \/fT) (5:6)

fez

Step 2. Following the same approach as in Carter (2002), we introduce an auxiliary
multinomial experiment to get closer to a normal one representing the increments of (Y;):er
defined as in (5.2). The multinomial experiment is linked with the density estimation
model in the following way: Let (Y;)".; be a sequence of i.i.d. random variables with
density fg with respect to Lebesgue and define the multinomial experiment by grouping
their observations into subsets. More precisely, let us introduce the random variables:

Zi=>Y 1,(Y;), i=1,...,m.
j=1

Observe that the law of the vector (Z1,. .., Z,,) is multinomial M(n;v1,...,vn,) where

:/f(ac)g(x)da:, i=1,...,m.
Ji

Let us denote by M,, the statistical model associated with the observation of (71, ..., Z,,).
Clearly 0(229, M,;,) = 0. Indeed, M,, is the image experiment by the random variable
S:I"— {1,...,n}" defined as

S(xl,...,acn) = (#{jl’j S Jl},,#{].T] € Jm}>7
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where # A denotes the cardinal of the set A. To conclude the second step we now prove
that the multinomial experiment is as informative as 9.

Lemma 5.4.1.
§( My, 29) =

Proof. We need to produce an explicit Markov kernel that allows to approximate the
density f,,g given an observation from the multinomial model which is given by

K((kiy. .. km), A) :/E[VX<k1 ””” o (@) [ 10(dz), (ki . kn) €N, ki=n, ACR,
A i

where X, k. € {1,...,m} is a randomly chosen integer obtained assigning to j the

weight %2 O

Step 3. Let us denote by N,, the statistical model associated with the observation of

max y; < M
miny; —

m independent Gaussian variables A4 (,/n7;, %), i=1,...,m. Since , one can

apply Theorem 5.4.9 obtaining

A(Mon, Nyy) = o(m\l/r%m)

Here the O depends only on M and k.
Step 4. Finally, we conclude the proof of Theorem 5.3.1, by showing that

A( N, W7 < 2\/5?32 (An(f) + Bu(f))- (5.7)

As a preliminary remark note that #,9 is equivalent to the model that observes a

= Vgl dt+Qth, tel

In order to prove (5.7) we proceed in the following way: First of all, we prove that .4;, is

trajectory from:

equivalent to the model that observes the increments on the intervals J; of (¢;)icr. Sec-
ondly, we show that the increments of (;)c; are more informative than another Gaussian
process, say (Y;*)ics, that turns out to be very close to () in the total variation dis-
tance. We then conclude the asymptotic equivalence between .47, and #,9 observing that
the increments of (4;);c; are obviously less informative than #,9.

Let us denote by Y the increments of the process (7;) over the intervals J;, j =

i o= Gy = Guy g ™~ (/\/_ T{)>

1,....,m, 1e.
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and denote by .4, the statistical model associated with the distributions of these incre-
ments. As announced we start by bounding the Le Cam distance between .4;, and N

showing that
A( Ny N ) < 2¢/nsup By, (f), for all m. (5.8)

fez

In this regard, remark that the experiment .4, is equivalent to another experiment,
say N7, that observes m independent Gaussian random variables of means equal to

\/I/O_f‘] VIWro(dy), 5 = 1,...,m and variances identically 1. Hence, using also
Property 5.4.3, Facts 5.4.4 and 5.4.6 we get:

A( s N ) < DA AF) < i<¢*/ V() —2%}2.

Using similar ideas as in Section 8.2 of Carter (2002) and Lemma 3.2 of Mariucci

(2015d), we introduce a new stochastic process constructed from the random variables
Y;’s. To that end define

:i:}_/j/m Vi(y)vo(dy) + Z\/ ) Bj( tel, (5.9)

(_Oovt}

where the (B;(t)), are independent centered Gaussian processes conditional on B;(0) =0

with variances

vtz = [ o[ voma)-

By construction, (Y;*) is a Gaussian process with mean and variance given by, respectively:

s =Y EW [ v =3 ([ Vi) [ v,
Valy) = S Varl)( [ i) )+ g Sl Vas(B,(0)
1 = 1 vo(I N (—o0,t])
= B g M) = [ et =P

Therefore,

W g(t)
Y*:/ o)V dy—l—/ Wy, tel,
' IN(—o0,t] \/_ ( ) 0( ) IN(—o0,t] 2\/5 '
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where

V() = zmj (/ | V(i) ) V).

Applying Fact 5.4.7, we get that the total variation distance between the process (Y;")icr
constructed from the random variables }7]-, j=1,...,m and the Gaussian process (¥;)cr
is bounded by

\/4n/](\//\?m(y) ~VI®)) woldy),

as wanted.

5.4.2 Proof of Corollary 5.3.2

We start by proving a Lemma needed for the proof of Corollary 5.3.2. Since we are
supposing that g(z) = I;(x), we may take for the V; the standard choice of triangular-
trapezoidal functions (see Example 4.2.1 for a picture). Furthermore, y1, = vo(J;) = =|I].
For the easiness of notations, in the proof we will also assume I = [0, 1].

Lemma 5.4.2. If f € F(, i ..m) then

1 = Fullf sy < O(m™ 4 m2720),
with the O depending on K, M and k.

Proof. Let us consider the Taylor expansion of f at points z7, where x denotes a point in

* *

(x5 23], 7=2,...,m
f(2) = f@) + £ @)@ — ) + R). (5.10)
The smoothness condition on f allows us to bound the error R as follows:

[R(2)] = | f(2) = f(}) = £ (@})(@ — o)
= |f'(&) = ['(x)||&; — =] < Km™'7,

where §; is a certain point in (27_,, 7}].

~

By the linear character of f,,, we can write:

(@) = fon(5) + fo(25) (2 — @)
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where f{n denotes the left or right derivative of fm in 27 depending whether z < 27 or
x > x7; this equals to f'(t) for some t € J; U Jj4q, which allows us to exploit the Holder
condition. Indeed, if z € J;, 7 = 1,...,m, then there exists ¢ € J; U J;4; such that:

f(@) = fanl@)] < |F(25) = funla)l + 1 f'(25) = ()]t — 25| + | R(2)]
< [f(@) = fm(@)| + K[t = 25" 4 Km ™77 < | f(25) = fu(a]) +3Km ™',

Using (5.10) and the fact that ij(x — x})vo(dx) = 0, one gets:

* ¢ * 1 * —1—
15) = Fule) = o | | (765~ S| < K
Moreover, observe that, for all x € J;, i = 1,...,m, ‘f(x) — :)(({;j))L is bounded by
3Km™1=7 +m~1M, indeed:
J. . R R R
10) = 2 = 170) = e S 150) = )] + o) = o)
vo(J;)

<3Km ™Y 4| (2 (z — )| < 3Km TV + Mm T
Collecting all the pieces together we find

/ (f(2) = fnl)) wo(dz) < 2m‘1n<3Km—1—7 + Mm_1>2 + 18K %m 2,
1

L]
Proof of Corollary 5.3.2. By means of the fact that f(x) > « for all x € I one can write:
2 r 2
(VI = i) ) o = [ (L) g,
/f /[ V(@) + 1) fm(2)
<2 [ (F@) =~ ful@)do.

— 4k T

A straightforward application of Lemma 5.4.2 gives
H2(7) = Om= ).

The same bound holds for A2 (f) since if f € F(, knm) then /f € ﬂ(%%ﬂ/@m).
Moreover, one can see that B,, converges with the same rate as A,,. This may be done
by explicit computations, see Mariucci (2015d), Lemma 3.10 for more details. O
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Background

Le Cam theory of statistical experiments

A statistical model or experiment is a triplet &; = (25, ;,{Pj9;0 € ©}) where {P,9;0 €
©} is a family of probability distributions all defined on the same o-field 7; over the
sample space Z; and © is the parameter space. The deficiency (1, Ps) of &, with
respect to &5 quantifies “how much information we lose” by using &; instead of &2, and
it is defined as §(P, Ps) = infx supgeg ||KPrg — Pagl|lrv, where TV stands for “total
variation” and the infimum is taken over all “transitions” K (see Le Cam (1986), page 18).
The general definition of transition is quite involved but, for our purposes, it is enough
to know that (possibly randomized) Markov kernels are special cases of transitions. By
K P, y we mean the image measure of P, g via the Markov kernel K, that is

KPLg(A) = K(;E,A)Plﬁ(dl’), VA € %
21

The experiment K., = (23, .94,{KP1y;0 € O}) is called a randomization of & by
the Markov kernel K. When the kernel K is deterministic, that is K(z, A) = [,5(z) for
some random variable S : (27, %) — (23, ), the experiment K & is called the image
experiment by the random variable S. The Le Cam distance is defined as the symetrization
of § and it defines a pseudometric. When A(Z2, &) = 0 the two statistical models are
said to be equivalent. Two sequences of statistical models (2] ),eny and (225),en are
called asymptotically equivalent if A(Z}7, P3) tends to zero as n goes to infinity. A very
interesting feature of the A-distance is that it can be also translated in terms of statistical
decision theory. Let 2 be any (measurable) decision space and let L : © X & +— [0, 00)
denote a loss function. Let [[L|| = sup.jcoxs L(0,2). Let m denote a (randomized)
decision procedure in the i-th experiment. Denote by R;(m;, L,0) the risk from using
procedure m; when L is the loss function and 6 is the true value of the parameter. Then,
an equivalent definition of the deficiency is:
(P, P5) = infsupsup sup |R1(7T1, L,0) — Ry(ms, L, 9)‘
T 1 0€O L L|=1

Thus A(Z;, P5) < € means that for every procedure 7; in problem i there is a procedure
m; in problem j, {i,7} = {1,2}, with risks differing by at most ¢, uniformly over all
bounded L and 6 € ©. In particular, when minimax rates of convergence in a nonpara-
metric estimation problem are obtained in one experiment, the same rates automatically
hold in any asymptotically equivalent experiment. There is more: When explicit trans-
formations from one experiment to another are obtained, statistical procedures can be
carried over from one experiment to the other one.
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There are various techniques to bound the Le Cam distance. We report below only
the properties that are useful for our purposes. For the proofs see, e.g., Le Cam (1986);
Strasser (1985).

Property 5.4.3. Let &; = (2, ,{P;p;0 € O}), j = 1,2, be two statistical models
having the same sample space and define Ao( P, Pa) = supgee ||Pro — Pogllrv. Then,
A(Py, Do) < DNo(P1, Pa).

In particular, Property 5.4.3 allows us to bound the Le Cam distance between sta-
tistical models sharing the same sample space by means of classical bounds for the total
variation distance. To that aim, we collect below some useful results.

Fact 5.4.4. Let P, and P, be two probability measures on 2, dominated by a common

measure &, with densities g; = dd?, 1 =1,2. Define

L(PuP) = [ o) - sla)lélo)

) 1/2
Hnr) = ([ (Voo - V) ela) )
Then, ,
Ei%iééwﬂ—%hv:?dﬂiwﬁﬂﬁh%y

Fact 5.4.5. Let P and Q) be two product measures defined on the same sample space:
P =" P, Q=®",Q;. Then

H*(P,Q) <) H*(P, Q).

=1

Fact 5.4.6. Lel Q) ~ A (uy,0?) and Qo ~ N (ua,03). Then

2\ 2 _
M&—Qﬂmm§¢4ﬁ—gg L =)

2
2 209

Fact 5.4.7. Fori=1,2, let Q;, i = 1,2, be the law on (C,€) of two Gaussian processes
of the form

t ¢
X = / hi(s)ds —l—/ o(s)dWs, tel
0 0

where h; € Ly(R) and 0 € Ryy. Then:

L1(QhQ2) < \//1 (hl(s)gz_(s};z(s)) ds.
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Property 5.4.8. Let #;, = (Z;, 4, {Piy,0 € ©}), i = 1,2, be two statistical models. Let
S 21— Z5 be a sufficient statistics such that the distribution of S under P g is equal
to P279. Then A(:@l, :@2) = 0.

Finally, we recall the following result that allows us to bound the Le Cam distance be-
tween multinomial and Gaussian variables. According with the notation used throughout
the paper, .# (n,0) stands for a multinomial distribution of parameters (n, 0).

Theorem 5.4.9. (See Carter (2002), Theorem 1 and Sections 7.1, 7.2) Let &2 = { Py :
0 € Or}, where Py = M (n,0) and Or C R™ consists of all vectors of probabilities such
that

max 6; <R

minf; —
Let 2 = {Qq : 6 € Or} where Qg is the multivariate normal distribution with vector
mean (v/nly,...,v/nb,) and diagonal covariance matriz ilm. Then

mlnm

A2, 2) < Crm

for a constant Cr that depends only on R.
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Chapter 6

Asymptotic equivalence of discretely
observed diffusion processes and their
Euler scheme: small variance case

Résumé L’objet du Chapitre 6 est un résultat d’équivalence asymptotique entre un
modéle de diffusion scalaire avec une dérive inconnue et un coefficient de diffusion qui
tend vers zéro et le schéma d’Euler associé. L’horizon temporel T < oo est fixé et les
deux cas d’observations discrétes ou continues sont étudiés. Le coefficient de diffusion
peut étre non constant. Toutes les équivalences asymptotiques proposées sont établies via
une construction explicite des noyaux de Markov. Le Chapitre 6 est basé sur un article
publié dans Statistical Inference for Stochastic Processes.

Mot clés: Expériences statistiques non paramétriques, distance de Le Cam, processus
de diffusions, schéma d’Euler.

Abstract In Chapter 6 we establish the global asymptotic equivalence, in the sense of
the Le Cam A-distance, between scalar diffusion models with unknown drift function and
small variance on the one side, and nonparametric autoregressive models on the other side.
The time horizon 7' is kept fixed and both the cases of discrete and continuous observation
of the path are treated. We allow non constant diffusion coefficient, bounded but possibly
tending to zero. The asymptotic equivalences are established by constructing explicit
equivalence mappings. Chapter 6 is based on a paper published in Statistical Inference
for Stochastic Processes.
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Keywords: Nonparametric experiments, Le Cam distance, diffusion processes, Euler

scheme.

6.1 Introduction

Diffusion processes obtained as small random perturbations of deterministic dynamical
systems have been widely studied and have proved fruitful in applied problems (see e.g.
Freidlin, Wentzell (2012)). Among other subjects, they have been applied to contingent
claim pricing, see Uchida, Yoshida (2004) and the references therein, to filtering problems,
see e.g. Picard (1986, 1991) and more recently to epidemic data, see Guy (2013). From a
statistical point of view, these models have first been considered by Kutoyants (1984b) in
the framework of continuous observation on a fixed time interval [0, T']. However, statisti-
cal inference for discretely observed diffusion processes has first been treated several years
after, see Genon-Catalot (1990). In a nonparametric framework we may quote Kutoyants
(1984a), among many others.

In this paper we consider the problem of estimating the drift function f associated
with a scalar diffusion process (y;) continuously or discretely observed on a time interval
[0, 7], with T" < 0o kept fixed. More precisely, we consider the one-dimensional diffusion
process (y;) given by

dys = f(yr)dt + eo(y)dWy, t€[0,T], yo=w€R, (6.1)

where (W;)i>o is a standard (% );>o-Brownian motion defined on a probability space
(Q, o7, IP). The diffusion coefficient eo(+), with 0 < ¢ < 1, is supposed to be known and
to satisfy the following conditions:

(H1) o(-) is a K-Lipschitz function on R bounded away from infinity and zero, i.e.
there exist strictly positive constants oy, o1, K with

(7(2] < JQ(y) < a% and |o(2) —o(y)| < K|z —vy|, Vz,yeR. (6.2)

When (y;) is discretely observed we will also require the following assumption:
(H2) o(-) is a differentiable function on R with K-Lipschitz derivative, i.e.

0'(2) =o' (Y| < K|z —y| Vz,yeR

More in details, we consider two experiments, the continuous one associated with (y;)
and the discrete one given by the observations (v, ..., y,), where t; = £T. Our aim is
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to prove that these nonparametric experiments are both equivalent to an autoregressive
model given by Euler type discretization of y with sampling interval T'/n,n € N*:

T /T
ZO = w, Zz = Zi—l + Ef(Zl_l) +é EO’(Z,L'_1>&, 1= 1, o, (63)

with independent standard normal variables &;.

The concept of asymptotic equivalence that we shall adopt is based on the Le Cam
A-distance between statistical experiments. Roughly speaking, saying that two statistical
models, or experiments, are equivalent in the L.e Cam sense means that any statistical
inference procedure can be transferred from one model to the other in such a way that
the asymptotic risk remains the same, at least for bounded loss functions. One can use
this property in order to obtain asymptotic results working in a simpler but equivalent
setting. For the basic concepts and a detailed description of the notion of asymptotic
equivalence, we refer to Le Cam (1986); Le Cam, Yang (2000). A short review of this
topic will be given in the Appendix.

In recent years, the Le Cam theory on the asymptotic equivalence between statistical
models has aroused great interest and a large number of works has been published on this
subject. In parametric statistics, Le Cam’s theory has successfully been applied to a huge
variety of experiments. Proving an asymptotic equivalence for nonparametric experiments
is more demanding but, nowadays, several works in this subject have appeared. The
first results of global asymptotic equivalence for nonparametric experiments date from
1996 and are due to Brown, Low (1996) and Nussbaum (1996). A non-exhausting list
of subsequent works in this domain includes Brown et al. (2002b); Carter (2006b, 2007,
2009); Grama, Nussbaum (2002); Meister, Reift (2013); Reif (2008); Rohde (2004) for
nonparametric regression, Brown et al. (2004a); Carter (2002); Jahnisch, Nussbaum (2003)
for nonparametric density estimation models, Grama, Nussbaum (1998) for generalized
linear models, Grama, Neumann (2006) for time series, Buchmann, Miiller (2012) for
GARCH model, Meister (2011) for functional linear regression, Golubev, Nussbaum, Zhou
(2010) for spectral density estimation and Mariucci (2015b) for inhomogeneous jumps
diffusion models. Negative results are somewhat harder to come by; the most notable
ones among them are Brown, Zhang (1998); Efromovich, Samarov (1996); Wang (2002a).

Asymptotic equivalence results have also been obtained for diffusion models. Refer-
ences concern nonparametric drift estimation with known diffusion coefficient. Among
these one can quote Dalalyan, Reiff (2006, 2007b); Delattre, Hoffmann (2002); Genon-
Catalot, Laredo, Nussbaum (2002); Reifs (2011). However, the most relevant results to our
purposes are due to Milstein, Nussbaum (1998) and to Genon-Catalot, Laredo (2014). The
former authors have shown the asymptotic equivalence of a diffusion process continuously
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observed until time 7" = 1 having unknown drift function and constant small known dif-
fusion coefficient, with the corresponding Euler scheme. They also proved the asymptotic
sufficiency of the discretized observation of the diffusion with small sampling interval.
Hence, our work is a generalization of Milstein, Nussbaum (1998). It can also be seen as
a complement to Genon-Catalot, Laredo (2014), the difference being that in our case the
time horizon is kept fixed and the diffusion coefficient goes to zero. This setting allows
for weaker hypotheses than those assumed by Genon-Catalot and Larédo (for example,
we do not need the drift function f to be uniformly bounded).

The interest in proving the asymptotic equivalence between the statistical model asso-
ciated with the discretization of (6.1) and (6.3) lies in the difficulty of making inferences
in the discretely observed diffusion model. On the other hand, inference for model (6.3)
is well understood and in practice one often reduces to working with the latter (see
e.g. Comte, Genon-Catalot, Rozenholc (2007); Genon-Catalot (1990); Hoffmann (1999);
Laredo (1990)). The result in the present paper can thus be seen as a theoretical justifi-
cation for such a practice.

The scheme of the proof is to prove both an asymptotic equivalence between the
continuous and the discrete observation of (6.1) and one between the continuous model
(6.1) and the Euler scheme (6.3). By the triangular inequality, the result will follow.
The main difficulty lies in the model (6.3) being equivalent to a diffusion process with a
diffusion coefficient & different from o. In particular, this means that the total variation
distance between (6.3) and (6.1) is always 1. Thus, to prove the equivalence between these
models it is necessary to construct an appropriate randomization. This is made possible
by using random time changed experiments. Indeed, one can use random time changes
in order to reduce to new diffusion models with diffusion coefficient equal to €. However,
these randomizations do not allow to apply the result of Milstein and Nussbaum directly
since the changes of clock oblige to observe the new diffusion processes until different
random times. Some care is then needed to overcome this technical obstacle (see Lemma,
6.4.10).

The paper is organized as follows: In Section 2 we give a brief presentation of the
most relevant references connected with our work. Section 3 contains the statement of
the main results and a discussion while Section 4 is devoted to the proofs. The Appendix
is devoted to background material.
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6.2 Existing literature

As it has already been highlighted in the introduction, our result is not the first contri-
bution in the context of asymptotic equivalences for diffusion processes. The aim of this
section is to present the most relevant references linked with our work, that is Milstein,
Nussbaum (1998), Genon-Catalot, Laredo (2014) and Dalalyan, Reif (2006). We recall
below the results contained in these papers.

e Diffusion approximation for nonparametric autoregression, Milstein, Nussbaum (1998):
The authors consider the problem of estimating the function f from a continuously
or discretely observed diffusion process y(t), ¢t € [0, 1], which satisfies the SDE

dyt = f(yt)dt + Etha te [07 1]7 Yo = 07

where (W,) is a standard Brownian motion and ¢ is a known small parameter.

The drift function f(-) is unknown and such that, for K a positive constant,
feFy= {f defined on R and Vo, u € R, |f(z) — f(u)| < K|z —ul, |f(0)] < K}.

The constant K has to exist but may be unknown. For what concerns the discrete
observation of (y;) the authors place themselves in a high-frequency framework:
t, = %, 1 < n. Their main result is that, if ne — oo as ¢ — 0, then there
is an asymptotic equivalence between the continuous observation of (y,) and the
corresponding Euler scheme:

Zo=0, Zi=2Zi 1+

Zi .

I 1)—|—i§i, 1=1,...,n,
n NZD

where (&;) are i.i.d. standard normal variables. Denoting by &2 and %, the statisti-

cal models associated with the continuous observation of (y;) and the Euler scheme,

respectively, an upper bound for the rate of convergence of A(Z?, %) is given by:
AP, Z,) < O(\/n_2€_2 + n—1>, as e — 0.

The authors also prove that the discrete observations (y;,, ..., %, ) form an asymp-
totically sufficient statistics.

o Asymptotic equivalence of nonparametric diffusion and Euler scheme experiments,
Genon-Catalot, Laredo (2014):
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The authors consider the diffusion process (&) given by

& = b(&)dt + o (&)dWr, & =, (6.4)

where (W) is a standard Brownian motion defined on a filtered probability space
(Q, o, (H,)i>0,P), n is a real valued random variable, f-measurable, b(-), o(-)
are real-valued functions defined on R. The diffusion coefficient o(-) is a known
nonconstant function that belongs to C*(R) and satisfies the conditions:

Vr €R, 0<op <o(z) <oi, |o'(2)|+ 0" (x)] < K,.
The drift function b(+) is unknown and such that, for K a positive constant,
b(-) € Fic = {b() € C'(R) and for all w € R, [b(x)| + '(2)] < K }.

The constant K has to exist but may be unknown. The sample path of (&) is
continuously and discretely observed on a time interval [0, T]. The discrete obser-
vations of (§;) occur at the times t; = ih, i < n with T = nh. The authors prove
the asymptotic equivalence between the continuous or discrete observation of (&)
and the corresponding Euler scheme:

Zo=m, Zi=2Zi1+hb(Z, 1)+ \/50(21‘71)&,

where, for ¢+ > 1, t; = ih and ¢; = % The equivalences hold under the

assumptions that n tends to infinity with h = h, and nh? = %2 tending to zero.
This includes both the case T' = nh,, bounded and the one T" — oo. Let us stress
the rate of convergence in the small variance case, that is obtained by replacing o
by €0 in (6.4). Let us also denote by & and 2, the statistical models associated
with the continuous observation of (&) and the Euler scheme, respectively. The
computations in Genon-Catalot, Laredo (2014) give the following upper bound for
the rate of convergence:

AP, %) < O(\/n*25*2 +n-t+ n*15*4>.

Asymptotic statistical equivalence for scalar ergodic diffusions, Dalalyan, Reif (2006):
The authors focus on diffusions processes of the form
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For some fixed constants C, A,y > 0 the authors consider the non-parametric drift
class

bex = {b € Lipy(R) : |b(z)] < C(1 + |2]),V]z| > A b(z)— < —7},

2]
where Lip,.(R) denotes the set of locally Lipschitz continuous functions. The class

> has been chosen in order to ensure the existence of a stationary solution, unique
in law, with invariant marginal density

() = Cpexp (2 /0 ) b(y)dy), r €R,

where (, > 0 is a normalizing constant. The main result of the paper is the asymp-
totic equivalence between the model associated with the continuous observation of
(X:) and a certain Gaussian shift model, which can be interpreted as a regression
model with random design.

However, in Section 4.5 the authors also consider discrete (high frequency) ob-
servations (X)), where 0 = tp < t; < -+- < t, = T, d; = t; — t;_1 and
dr = max;—g . ,-1d; goes to zero as 1" goes to infinity. It is shown the asymp-
totic sufficiency of (Xy,,...,X;,) for (Xi)icpo,r) and the equivalence between the
continuous observation of X and its discrete counterpart, that is the autoregression
model defined by observing (y1, ..., y,) from

Yi+1 :yz+dzb(yz)+ \/d_zfla [ :O,...,TL— 1a Yo ~ b,

where the &’s are i.i.d. standard normal variables and independent of yq.

6.3 Main results

To formulate our results we need to assume the standard conditions for existence and
uniqueness of a strong solution y for the SDE (6.1) (Oksendal (1985), Theorem 5.5, page
45). We shall thus work with parameter spaces included in %), the set of all functions f
defined on R and satisfying

1f(0)| < M and |f(2) — f(y)| < M|z —y|, Vz,yeR (6.5)

In particular, observe that every element of %), satisfies a condition of linear growth:
1f(2)] < M(1+|z]), Vz € R. Let C' = C(R*,R) be the space of continuous mappings w
from R* into R. Define the canonical process x : C' — C by

Ywe O, x(w)=uw, Yt>0.
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Let ¢° be the smallest o-algebra of parts of C' that makes z, s > 0, measurable. Further,
for any ¢t > 0, let 4 be the smallest o-algebra that makes z,, s in [0,¢], measurable.
Finally, set ¢, :=(),., € and € := o (6,;t > 0). Let us denote by P;¥ the distribution
induced on (C,ér) by the law of y, solution to (6.1) and by Q;ﬁ’y the distribution defined on
(R™, Z(R™)) by the law of (v, ...,y ), ti = T%. We call BZyT the experiment associated
with the continuous observation of y until the time 7" and 2} the discrete one, based on
the grid values of y:

2 = (C.6r.{P! [ e F}), (6.6)
2 = (R*, BR"),{Q}", f € F}). (6.7)

Finally, let us consider the experiment associated with the Euler scheme corresponding
to (6.1). We denote by Q?’Z the distribution of (Z;,i =1,...,n) defined by (6.3). Then:

25 = (R*, BR"),{Q}”. f € F}). (6.8)
Let us now state our main results.

Theorem 6.3.1. Suppose that for some M > 0 the parameter space F fulfills F C Fy
and that o(-) satisfies Assumption (H1) with K = M. Then, if en — 00 as n — 0o and
e — 0, the experiments @yT and 27 are asymptotically equivalent. More precisely we

have
1

A(PT, 23) = 0(€—n 4 (n7t 5)1/4>.
Theorem 6.3.2. Suppose that for some M > 0 the parameter space F fulfills F C Fy
and that o(-) satisfies assumptions (H1) and (H2), with K = M. Furthermore, require
that o(-) and F are such that g() is L-Lipschitz with a uniform L for f € F#. Then,
for any (possibly fized) €, the sampled values yy,, ..., y,, are an asymptotically sufficient

statistic for the experiment 335

Remark 6.3.3. If # C %), for some M > 0 and o(-) satisfies assumptions (H1) and (H2)
then the Lipschitz condition on g() is satisfied in both the following two cases: Either

|f(z)] < M for all z, or |zo’(z)| < M for all .

Corollary 6.3.4. Under the same hypotheses as in Theorem 6.3.2, the statistical model
associated with the sampled values yy,, . .., y, is asymptotically equivalent to 2%, asn goes
to infinity. The same upper bound for the rate of convergence that appears in Theorem

6.3.1 holds.



6.4. PROOFS 145

6.3.1 Discussion

Our results are intended to be a generalization of Milstein, Nussbaum (1998) allowing to
have a small but non-constant diffusion coefficient.

The fact of being in a small variance case is crucial for the proof of our results. Indeed,
as in Genon-Catalot, Laredo (2014), we use auxiliary random time changed models to
prove Theorem 6.3.1 and a key step in the proof is the comparison between diffusion
models having small (and constant) diffusion coefficient £ observed until different stopping
times. In particular, this leads to compare the L;-norm between two stopping times (see
Lemma 6.4.10 as opposed to Lemma 3.2 in Genon-Catalot, Laredo (2014)) and we take
care of that by using the fact that any diffusion process with small variance converges to
some deterministic solution. As a consequence, we find the same conditions as in Milstein,
Nussbaum (1998) on € and n, i.e. ne — oo, instead of conditions of the type ne? — oo as
in Genon-Catalot, Laredo (2014). Another important feature of the small variance case
is that it allows for weaker hypotheses than those assumed in Genon-Catalot, Laredo
(2014); more precisely, we only need to ask the same conditions about .% as in Milstein,
Nussbaum (1998).

Also remark that the most important novelty in the paper is Theorem 6.3.1 since
Theorem 6.3.2 is a small generalization of the results already obtained in Genon-Catalot,
Laredo (2014), Dalalyan, Reift (2006).

6.4 Proofs

In this section we collect the proofs of Theorems 6.3.1 and 6.3.2. Since a lot of auxiliary
statistical models are used to obtain our main results, we believe that starting by outlining
the strategy of the proofs can be helpful to the reader. More precisely, seven models come
into play in the proof of Theorem 6.3.1:

(A1) dye = f(yo)dt +eo(y)dWe,  yo=w, t€][0,T];
(M) dijy = fo(t,y)dt + o, (t, y)dWs, G0 =w, t€[0,T);
(M) &y = L (&)dt +edWy, & =w, te [0, Ar(E)];
(M) dEe = Gu(t,€)dt +cdWy, & =w, t€[0,AL(S)];
(M) &y = L(&)dt +edW,, & =w, €0, SE(E)];

(M) d& = L(&)dt +edWy,, & =w, te[0,Ar(d)];
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(///7) Zo=w, Zi=Zi1+ %f(Zi—l) + e\/ga(ZH)&, 1=1,...,m

where Ar(z), A%(x) and Si(x) are certain %-stopping times; f,, 7,, g, are piecewise
constant approximations of f and o, and the &’s are independent standard normal vari-
ables.

The scheme of the proof is as follows:

o A(My, M3), N My, My) and A( Mo, M7) are equal to zero: see, respectively, Propo-
sitions 6.4.3, 6.4.5 and 6.4.12.

o A(Ms, M3) and A( M5, #s) are bounded by v/n~—! + ¢ up to some constants: see
Proposition 6.4.11

o A(Ms, My) = O(\/n—l + 8_271_2)1 see Proposition 6.4.9.

We thus deduce that the Le Cam A-distance between our models of interest is bounded
by:
Ay, A7) < O(V4 nl4e+ 6_1n_1>.

On the other hand, six the models are used in the Proof of Theorem 6.3.2:
(M) dye = f(yo)dt +eo(y)dWy, yo=w, te€[0,T];
(‘/1/2) (yt17 s 7ytn);

() o = (HGeitly = =52 ) Wiy o= Flw), ¢ € 0.7

(</I{1) (Mtlw'wutn);
(A5) diiy = b, (t, p)dt + dWy, jig = F(w), t€[0,T];
(‘/VG) (ﬂt17"'7ﬂtn);

where F(z) = fox T%u)d“ and b, is a piecewise constant approximation of a certain function

b depending on f,e,0 and F.
The strategy of the proof is:

o A(M, N5), A(A3, A7) and A( A5, A5) are equal to zero: see Propositions 6.4.13
and 6.4.15;

o A(Ms, A5) and A(Ag, A;) are bounded by n~! up to some constants: see Proposi-
tions 6.4.14 and 6.4.15, respectively.

It follows that:
A( M, N) = O(n_l).
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6.4.1 Random time substitutions for Markov processes

A key tool in establishing the asymptotic equivalence between the diffusion model con-
tinuously observed and its Euler scheme is given by random time changes for Markov
processes. More in details we will need the following results.

Theorem 6.4.1. (see Volkonskii (1958)) Let (Y,P,) be a (cadlag) strong (<7)-Markov
process on (Q, o/, P) with state space (R, B(R?)) and let v : RY — (0,00) be a positive
continuous function. Define the additive functional

b ds
F, = t>0
t /0 ’U(}/;)’ -

and assume that

* ds
— P, —a.s. ,Vy € R?
/0 U(}/S) 007 Yy a.s Y Z/ Y

so that the right continuous inverse
T,=inf{s >0: F;>t}, t>0
of the functional F is well defined on [0,00). Then the process
Jo=Yr, t >0,

is a cadlag strong (f7,)-Markov process on the probability space (Q, o/ | P).

Assume moreover that (Y,IP,) is a Feller process with infinitesimal generator LY and
domain D. Then J 1s also a Feller process whose infinitesimal generator, with domain D,
15 given by

L7h(z) =v(2)LYh(z), heD, 2R
Property 6.4.2. For all w € C, s,t > 0 define:
ps(w) = / o*(wy)dr; m(w) =inf {s >0, ps(w) > t},
0
|
0s(w) :/0 mdr; Ay(w) =inf {s >0, O,(w) > t}.
Then, the following hold:

1. pr(z) = AT(xn»(w))7
2. Ai(x) = [} 0*(wa,m))ds, Ve [0,T].
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Proof. 1. Tt is enough to show that 07 (x, (»)) = () since t — Ay(z) and t — py(z) are,
respectively, the inverses of the applications ¢ +— 6;(x) and t — n(x). To prove the last
assertion compute:

T 1 nr(z) 0'2(I )
Or(x, () = ——dr = *2ds = np(z);
o) = [ = [ G =m

where in the second equality we have performed the change of variable s = n,(z) < r =
ps(z) that yields dr = o2(x,)ds.

2. Again, we use that ¢ — 6;(x) is the inverse of the function t — A;(z) combined
with the following elementary fact:

Let h and g be two differentiable functions on R such that h(0) = 0 = g(0) and their
derivatives never vanish. Then, h'(z) = m for all z in R if and only if A is the inverse

of g.
To show the assertion in 2. it is enough to apply this fact to h(t) = A;(x) and
g(t) = 0,(x). O

6.4.2 Proof of Theorem 6.3.1

We will proceed in four steps. More precisely, in Step 1 we consider a random time change
on the diffusion (6.1) in order to obtain an experiment equivalent to &) but associated
with a diffusion having diffusion coefficient equal to €. In Step 2 we construct a continuous
time discretization of the process (y;) and, applying a second random time change, we
prove an equivalence result between a second experiment associated again with a diffusion
having diffusion coefficient equal to €. In Step 3 we compare, in term of the Le Cam A-
distance, the two experiments with the diffusion coefficient equal to € constructed in Steps
1-2. Finally, in Step 4, we prove the equivalence between the experiment associated with
the continuous time discretization of (y;) and the one with the Euler scheme. By means
of the triangular inequality we are able to bound the Le Cam A-distance between 93
and 27.

Step 1. We start by proving the Le Cam equivalence between 95 and a corresponding
diffusion model with coefficient diffusion equal to . Recall that P} is the law on (C, %7)
of a diffusion process with infinitesimal generator £; given by

2
Ly=fV+ 82%A, (6.9)
Define Pf as the law on (C, %€) of a diffusion process with infinitesimal generator £ given

by
R +e2ia (6.10)

2= 5
o2 2

L
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and initial condition & = w. Moreover, for all A > 0 a %;-stopping time, define the
experiment

DL = (C,6a, (Pfly,, f € 7).

Proposition 6.4.3. Suppose that for some M > 0 the parameter space F fulfills % C
Fu and that o(-) satisfies assumption (H1), with K = M. Then, the statistical models
P and @?T(I) are equivalent.

Proof. Let us prove that 6(27], @?T(m)) = 0. Note that (z;) under P{ is a (%;)-Markov
process with infinitesimal generator as in (6.9). Define a new process £ as a change of time
of () with stochastic clock (n:(z))s: §o = w, & = Xy, (z), Vt > 0. Theorem 6.4.1 ensures
that the process (&;):>0 is a diffusion process with infinitesimal generator given by (6.10).
Also, remark that, as (x;) is defined on [0, 7, then the trajectories of (&) are defined until
the time p7(x). In order to produce a randomization transforming the family of measures
{P{, fe F}in {Pf]%AT(I), f € .7}, let us consider the following application:

D {w: t€0,T]} = {wpw) : t €0, pr(w)]}.

Observe that the process ®(z) is defined until the time pr(z) that is equal to Ar(P(z))
(see Property 6.4.2), so that any set of paths of ®(x) belongs to €, (). Introduce the
Markov kernel K defined by K(w,I") = Ip(®(w)), Vw € C, VI' € €4, (x), then:

KP;() = /]Ip(cb(w))P}’(dw) = P{(®(z) €T) = PJ§|%AT@)<F)'

Therefore 0(2; QZEAT@)) = 0.
The same type of computations imply that 6(@?“”, Z7J) = 0 through use of the
application U : (w; : t € [0, Ap(w)]) = (wa,w) : t €[0,T]). O

Step 2. We now introduce a statistical model that approximates the model 325 .
Given a path w in C and a time grid t; = T%, we define

fn<t7w> = i f(w(ti))]l[ti,ti+1)(t)7 6n(t7w) - 2U(w(ti))]l[tiyti+l)(t)7 Vt € [O’ T]

Then, we denote by P}l’y the law on (C,%7r) of a diffusion process with infinitesimal
generator L given by

LHw)h(z) = fult,w)Vh(z) + 82MA]I<2), VweC, he C*(R), ze R (6.11)
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and initial condition ¢y = w. Consider the experiment
2yt = (C 61, (P} ey, | € F))

Again, we want to introduce the diffusion model with diffusion coefficient equal to ¢
associated to c_@g’T. To that aim, for all w € C, define

Aj(w) =0, Af(w)=Ay (W) +0*(wg, (W)t —timr), tE€(tint  (6.12)
n(t,w) = 3 ;(wgz(w))ﬂ(%(wm%(w)} (t), t>0, i=0,....,n—1. (6.13)

Lemma 6.4.4. fl?(m) is a G;-stopping time for alli=1,... n.

Proof. By (6.12), A? (x) = 0®(x(0))t, so the set {A7 (x) < t} = {@ if o*(@(0))tr > ¢
C  otherwise.
belongs to ¢;, for all . By induction, assume that A7 (x) is a (6})-stopping time and
remark that (6.12) implies {A} (z) < t} = {A}(z) < t} N {A}_ (x) < t}. Since (z;) is
(¢;)-adapted and continuous, in particular it is progressively measurable with respect to
(¢;). By the induction hypothesis it follows that x A (@) is %Atiil(aj)— measurable, hence,
using (6.12), {A7 (z) <t} € ngzil(:p), as A} (z) is already ngzil(w)—measurable, again
by the induction hypothesis. By the definition of the o-algebra € A () and the induction

hypothesis, we then conclude that {A7 (z) <t} € %;. Hence the result. O
Denote by P?’g the law on (C,%) of a diffusion process with infinitesimal generator
L" given by
B 2
Lr(w)h(2) = gu(t,w)VA(2) + %Ah(z), Vw e C, h e C*(R), z € R (6.14)

and initial condition & = w. Thanks to Lemma 6.4.4 we can define the statistical model
associated with the observation of £ until the stopping time A%(x):

n A (z) B n,&
P = (C, Cap(o)> { P} |<5A%<z>,f € 7F}).

As in Step 1, one can prove the following proposition. There are, however, some technical
points that need to be taken care of; for more details, we refer to GGenon-Catalot, Laredo
(2014), Proposition 5.4.

Proposition 6.4.5. Under the same hypotheses as in Proposition 6.4.3, the statistical
models ,@5’T and ,@g’AT(x) are equivalent.
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Step 3. We shall prove that A(@?T(I), ng’ATTL(@) — 0asn — oo. To that aim we will

prove that, setting S7(z) := Ap(z)AA%(z), A(BZEAT(:D), 3255%(1)) — 0, A(ng%(x), 3”?%(1)) —

0 and A(@??(I), 3”;"4%(:6)) — 0 as n — oo. We shall start by showing the asymptotic

equivance between 9&4 ) and gzg ’A%(m); we need the following lemmas:

Lemma 6.4.6. The law of (xa,)) under Pf is the same as the law of (v;) under P}.
Moreover, let Pf be the distribution induced on (C,€) by the law of a diffusion process
(G) satisfying .
= f(&) oy, - =
dCt = 2——O'n(t, ()dt -+ €th, <0 =w.
o?(Gr)
Then, the law of (2 jp(y)) under Pf is the same as the law of (x;) under PE.

Proof. We shall only prove the first assertion, the proof of the second one being very
similar. We have £, = w = y, and, for all ¢ > 0:

Ar(@) f(x) .
TAy(z) =W + A 0’2<Is)d8 + EWA?(I),

where the process (WW,) is a standard Brownian motion under Pf. The change of variable
s = A,(z) implies that ds = 0*(2 4, (z))du, hence one can write

" (@A)

TA(z) =W+
1@ 0 0(TA,@)

¢
UQ(xAu(I))du+£/0 0 (2 Ay (2)) Bus

where the process (B;) is defined by

L AW (s
B, = / ——Aela)
0 0(Ta,())

Classical results (see e.g. Karatzas, Shreve (2000), 5.5) ensure that (5;) is a €, () stan-
dard Brownian motion under P}J. It follows that the law of x4,(,) under Pf is the same
as the law of z under P;i’ ) O

Lemma 6.4.7. Let p be an even positive integer and (t,) a sequence of times bounded by
CT for some constant C independent of f; then E ¢|x,,|P = O(1), uniformly on F.
7

Proof. In order to bound E ¢z, |[? we will use the following facts:
f

o (zi+ -+ 2P <mP Y+ 2P V2, 2 €ER



152 CHAPTER 6. EQUIVALENCES FOR DIFFUSION EXPERIMENTS

o IEPC\ Jo bz )dr|p < or=t 7 IEPCh (x,)dr, for any integrable function h;

e If X is a centered Gaussian random variable with variance o2 then E[X?] = o?(p —
i

e (Gronwall lemma) Let I = [0, a] be an interval of the real line, & a constant and let
£ and u continuous real valued functions defined on I. If 8 is non-negative and if u
satisfies the integral inequality:

ut)§a+/t6(s)u(s)ds, vVt e,
0

ut)gaexp(/otﬁ(s)ds) tel

As one can always construct a Brownian motion (B;) under Pf such that

o J@)

B 02(@)

then

(t l’)dt + gdBt,

applying the first three facts combined with the linear growth of f one can write:

t P
_ _ n f($s> B 3 _
EP]§|3?tn|p < 3P lwP + 3P 1IEP]§< i 02(x5)0’2‘(8’$)d5 + 37 1€pEP§Bfn
a2P tn )
< 3tur + 3012 (CTy / PG lds + 371 (CT) R p — 1)
00 0

tn
< C’(l +/ EPg|x5]pds>,
0 f
for some constant C’ independent of f. Applying the Gronwall lemma, we obtain
E}detn’p < C/eC/tn < C/eC’CT _ O(l)
f
O

Lemma 6.4.8. Under the same hypotheses as in Proposition 6.4.3 and with the same
notation as in Steps 1 and 2, we have

f

E e /OA%(I) <UJ;((ZSS)) — Gnl(s, x)>2ds =0(n?+en),

uniformly on F.



6.4. PROOFS 153

Proof. For the sake of brevity, in this proof we will omit the superscript n in each occur-
rence of A?. We start by observing that, for all y, 2 € R

) IW) | L ) - W)
2(2) a?<y>‘§'f( N a?<y>‘+ =
2M201
< ZEP L4 el = ol + S5l -l

2
hence there exists some constant C' such that <G];((zz)) - J;((y;)> < C(z—y)*(1+22).
Applying this inequality we can write:

where in the last step we have performed the change of variables r = A, ,(r). Thanks
to the Cauchy-Schwarz inequality and Lemma 6.4.7 we obtain

EP; /OAT(JE) (f(gjs) —gn(s,;p)>2d5 <

o?(xs)

n—1 2
= Co?} Z \ /EP;(I + 27) \/ xr+t — ay )er>
T (E
< Cal Z JE 2 + 2:Ut \/]Epfg (E/O (Tpgt, — xti)4d7")
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Using the same arguments as in the proof of Lemma 6.4.7, we can write
ti+r f(xs>0-2(xt-) B B

——d (B, 1 — By,

/ti o2(z,) s +eo(xy,)( B+ )

/t¢+7" M ds

o%(x)

4
, 4 _ _
EP; (:Crthi xti) = ]EP;

4
< SEPE + 8540'11]EP§|BQ+7" - Bti }4

8 T
< 8%7"3/ EPE [[*(zsie,)] ds + 8% o176
0

09
=0 (7‘4 + 7‘3/ Epfg[:cirti]ds + &t r2>
0
1 4
=O0(r* +&'r?) = O(F + %)

Putting all the pieces together we get:

/OAT(a:) ((;fQ((fExss)) _ gn(s,x)>2d8 _ O(il\/

Proposition 6.4.9. Under the same hypotheses as in Proposition 6.4.3, we have

A(@??(x), 22 2 O(Ve 2 4 ),

3

Proof. We use an inequality involving the Hellinger process in order to bound H PJ§|‘€A%($) —

P}“ﬂ%g%(x) and hence A(szg(m), c@g’g%(z)). More precisely, let hy be the Hellinger

TV _
process of order 1/2 between the measures P;|<€A%($) and P?’ﬂ%gg(x), that is, (see Jacod

and Shiryaev, Jacod, Shiryaev (1987), page 239)
1 ! f(xs) ?
h t = = - _n ) d .
f( )<x> 852 /0 <O-2(=Ts) g <S x) ’

o S 4 Ephs (A3 () (@),

as in Jacod, Shiryaev (1987), 4b, Theorem 4.21, page 279. Hence we conclude thanks to
Lemma 6.4.8. O

Then:

¢
|

n?g
Cipe ~ LF 1 ap
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We now prove that A(c@?%(x), 3”5%(1)) — 0 and A(f@g%(m), @5%(3:)) — 0 as n — oo.

Again, we start with a lemma:

Lemma 6.4.10. Under the hypotheses of Proposition 6.4.3 and with the same notation
as in Steps 1 and 2, we have

= 1
Epe|Ar(x) — Aj()]| = o(— n 5), (6.15)
uniformly over 7.

Proof. The crucial point in proving (6.15) is to use the convergence of diffusion processes
with small variance to some deterministic solution. To that aim, let us introduce the
following ODEs:

dZt d,?t f(gt) _9 _ _
== f(z), = UQ(Zt)an(t,z), 20=wW = 2.

By means of Property 6.4.2, the Lipschitz character of 02(-) and the linear growth of f,
we get,

T

Byl Ar(e) = Ap(@)] = Epe| [ (0@ ) = 020 2ar))

i+1
< QUlMEpg Z/ |$At(x ﬂfAn x)|dt
tit1
< 201 ME Z/ (240 = 2 + 20 = 20| + 120 — 210 ()] dt

For all ¢t € [t;,t;41], we shall analyze the terms [ = EPJ§|.CEAt(x) —z|, II = |z — Z,| and

II1 = EP; |z, — Tap ()|> separately.

e Term I: By means of Lemma 6.4.6 and some standard calculations one can write

/Ot (f(2s) = f(2s))ds + e /Ot o(zs)

t
§M]EP}J/ |2y — z|ds + eVt
0

]EP;|xAt(I) — Zt| = EP;/|ZEt — Ztl = ]EP}I

hence, an application of the Gronwall lemma yields Epf T 4,(x) — 2| < eVtexp(MT).
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e Term II: By the triangular inequality it is enough to bound |z; — 2| and |z, — Z,

7

?
separately. It is easy to see that |z, — 2| is a O(n™") as well as |z, — %, | for all

s € [tj,tit1), J = 0,...,n — 1. Moreover, observe that there exists a constant C,
independent of f, such that ’f(x) — fg(—(yy))az(z) <C(le—yl+ A+ |y |y — z]). We

get:
[} (60~ Fyotes.a)as

_ 3 /tjtﬁl (f(zs) B j2(<255))02(2t])>d8
< czl/ (17 = 2l + (1 + 2 ]) 12 — 2,[)ds

for some constant C’, independent of f. Therefore, applying the Gronwall lemma

one obtains o
ti o,
i ,Cti

|2,
that allows us to conclude |z — z;,| = O(n™1).

e Term III: By means of Lemma 6.4.6 we know that Epf\zti - xgg(x)\ = EP?:\Zti — x|

EP;|Zti o xti‘ -

Zl / - [<a2 zs)) ‘72(5@) N %02(%))% * &?a(xtj)dWs]

7=0

< By

it 200 M
<EPCZ/ ( 1‘— — x| + 01 (1+]zs\)(\§tj—Es]—i—]xs—xtj\))ds—l—éal\/t_i

0

+eo1Vt;

Mo?
<IEP</ 2 L1z, — 2lds + Cn~ 'ty + o/,

for some constant C' independent of f. An application of the Gronwall lemma gives

2

Moy
: t)
09

Epgléti —ay,| < (Cn’lti + 60’1\/25_1-) exp <
f
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Putting all the pieces together we obtain EP;;c]AT(x) — Al(z)| = O<% + 8). O

Proposition 6.4.11. Under the same hypotheses of Proposition 6.4.3, we have thal

A(@?T(x), 3”5%(1)) — 0 and A(@g%(z), @?%(I)) — 0 asn — 0.

Proof. We shall prove only the first statement, the proof of the second one being identical.
Since s (z) C Car(a), it is clear that 5(3”?“1’), @fT(x)) = 0. To control 5(@?(“%), Q?T(x))

we will introduce the following Markov kernel K™:
K" (w,A) = EP§ (]IA’%S%(I))((U), VA € CgAT(x),w eC,

where PS is defined as Pf with f = 0. Remark that the Markov kernel K™ thus constructed
coincides with the Markov kernel N defined in Genon-Catalot, Laredo (2014), Proposition
6.2, when ¢ = 1. Making the same computations as in the cited proposition, we obtain

that
1 Ar(z) 2(z,)
n pé 3 r
(1 Py Csp@) Plape llrv < §\/EP§|‘€AT(I>/ 04@.)‘#
S4(z) T
M _ |Ar (z)— Al ()| )
< _ An
< oo\ Ersin, o (140) — A0 + | s3ar )
_ AN 1/4
- O((Epf\%AT(I)MT(x) AT@)’) >
We then conclude that A(@?T(x), 3355%(36)) — 0 by means of Lemma 6.4.10. O

Step 4. Using Steps 1-3 and the triangular inequality, one can find that

1
AL 2" =0(=+ (7 + o)),

En
Hence, to conclude the proof of Theorem 6.3.1, we only need to show the following propo-
sition:
Proposition 6.4.12. Under the same hypotheses of Proposition 6.4.3, A(QZ;’T, 2%) =0,

for all n.

Proof. Note that, by using the Girsanov theorem, we can show that the measure P}l’g\%T
is absolutely continuous with respect to P;"Y and the density is given by

dP;7y|%T(w) = exp (nzi (M(WUH —wi;) — M>>

dPY — \e20%(wy,) 2ne20?(wy,)
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Hence, by means of the Fisher’s factorization theorem, we can deduce that the appli-
cation S : w — (wy,, ... ,wy, ) is a sufficient statistic for the family of probability measures
{P}l’g|<gT; f € Z#}. We complete the proof remarking that the distribution of (zy,,...,zy,)
under P;*" is the same as the one of (71, ..., Z,) under P and finally invoking the following
property of the Le Cam distance (see Le Cam (1986)):

Let ; = (£, ,{P,p,0 € O}), i = 1,2, be two statistical models and let (21, )
be a Polish space. Let S : 1 — 25 be a sufficient statistics such that the distribution of
S under Py g is equal to Pyy. Then A(Py, Ps) = 0. O

6.4.3 Proof of Theorem 6.3.2

We will proceed in three Steps.
Step 1. Let us consider the application F' : R — R defined as F(x 0 o (@)
Remark that F' is well defined and one to one. Using the It6 formula, we have that

Fly) = F(w) + /Ot ( ys) wé‘%))ds + W

ea(ys)

Thus, if we set u; := F(y;), the new process (p;) satisfies the following SDE:

1o = F(w);  dug = ( f((Fl((“t)))) 50/(F21(“t)>>dt+dwt, tel0,7).  (6.16)

Observe that, thanks to hypotheses (H1), (H2) and the Lipschitz condition on g(), the
drift function b(z) := L&) EU/(F @) is such that [b(0)] < 2L+ <l and it is also

2o (F=1(2))
Lipschitz:
JE() e (F@)y  fE) o ()
b) = bly)l = <50(F1(x))_ 5 >_<50(F1(y))_ 2 )‘
<1fﬂFW@)_f@“%M‘+gdU”¥@>_dU*Www
= Co(F @) o(Fi(y)) 2 2
< ZIF () - F*UHJEW*M—F*@I

L Me L Me
e 2 € 2

| e

In particular the existence and the uniqueness of a strong solution p for the SDE (6.16)
are guaranteed. Let us denote by Py (resp. Q") the law of p (vesp. (us, ..., pr,)) and
introduce the statistical models

Py = (C.6r, (P}, f € F)), 2p=R"BR"),(Q}" [eT)).
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By construction, &2 (resp. 2J) is the image experiment of &) (resp. 2;!) by F. Thus

we have:

Proposition 6.4.13. Under the hypotheses of Theorem 6.3.2, the statistical models ﬁyT
(resp. 2y) and P (resp. 2)) are equivalent.

Step 2. Using the same notations as above, define a new drift function b,
n—1
Zb We, ]I(t tiv1] t) Yw € C, te [O,T]
=0

and consider the diffusion process (ji;) on (C,%r) having drift function given by b, and
diffusion coefficient equal to 1, i.e.
fio = F(w); djiy = b,(t, i)dt +dW;, t€0,T). (6.17)

Denote by P}L # the law of the solution of (6.17) and introduce the corresponding statistical
model:

2yt = (C,%r. (PP f € F)).

Proposition 6.4.14. Under the hypotheses of Theorem 6.3.2, the statistical models QS’T
and QS’T are asymptotically equivalent as n goes to infinity and T' is fized.

Proof. One can use the same arguments as in the proof of Proposition 6.4.9 obtaining a
first bound given by

n n, Lt ;
INE AN R ?gg |P} — Ppt|py < 4sup \/Epfg/o (b(zs) — bn(s,))%ds.

fez

Now, thanks to the L-Lipschitz character of b, one can write fOT(b(xS) — bu(s,2))3%ds <
LY, t“’l( — x4,)%ds so that the usual computations yield A(2I, Z57) = O(n™}).
[

Step 3. Consider now the statistical model associated with the discrete observations
(fotys - -5 [le,): )
2; = (R, BR"),(Q}", f € 7)),
where Q" denotes the law of the vector (fiy,, ..., fir,)-
Proposition 6.4.15. Under the hypotheses of Theorem 6.3.2, we have
APy, 20) =0, A(2p,20)=0(n"), Vn.

Proof. The first equivalence can be proved by means of a sufficient statistic as in the proof
of Proposition 6.4.12; the second one follows directly from Step 2 since [|Q’" — Q;ﬁ’ﬂHTV <
| P — P;’ﬂ!\Tv as we are only restricting to a smaller o-algebra. O
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Background on Le Cam’s theory

Asymptotic equivalence in the sense of Le Cam

A statistical model is a triplet &2, = (Z;,9;,{Pjs;0 € O}) where {P,9;60 € O} is a
family of probability distributions all defined on the same o-field .o7; over the sample
space Z; and © is the parameter space. The deficiency §( 1, P5) of &1 with respect to
Y5 quantifies “how much information we lose” by using &7; instead of &, and is defined
as 0(P1, Py) = inf i supgeg || K Pr g — Pagl|rv, where TV stands for “total variation” and
the infimum is taken over all “transitions” K (see Le Cam (1986), page 18). In our setting,
however, the general notion of “transitions” can be replaced with the notion of Markov
kernels. Indeed, when the model &; is dominated and the sample space (23, .2%) of the
experiment &, is a Polish space, the infimum appearing on the definition of the deficiency
d can be taken over all Markov kernels K on 27 x % (see Nussbaum (1996), Proposition
10.2), i.e.

(P, Ps) = inf sup sup

K 9co Acah

K, A)Pr(de) = PagfA)). (6.18)

The experiment KPy g = (21, 9, {KPig}oco) is called a randomization of &) by the
kernel K. If the kernel is deterministic, i.e. for T : (27,4) — (Z3,9) a random
variable, T'(z, A) := [4(T(x)), the experiment 7', is called the image experiment by

the random variable T. Closely associated with the notion of deficiency is the so called
A-distance, i.e. the pseudo metric defined by:

APy, Py) = max(8( Py, Po), 6( Py, P1)).

The sufficiency of a statistic can be expressed in terms of the A-distance. More precisely,
the following holds (see Genon-Catalot, Laredo (2014), Proposition 8.1, page 23). Let
T: (21, 9) — (2, 9) be a random variable. The statistic T is sufficient for 21 if and
only if A(P,, TP) = 0.

Also, remark that thanks to (6.18), if the statistical models &2, = (2, &4, {Py; 0 € ©})
and Py = (X, 9, {Fp;0 € O}) with o C 4, then §(F, F5) = 0.

Two sequences of statistical models (])nen and (25 ),en are called asymptotically
equivalent if A(2], 2F) tends to zero as n goes to infinity. Similarly, the statistic 7" is
asymptotically sufficient for 27 it A(P], TP} tends to zero as n goes to infinity.



Chapter 7

L1i-distance for additive processes with
time-homogeneous Lévy measures

Résumé Au cours du Chapitre 7 nous proposons une majoration de la distance L
entre deux processus additifs avec une caractéristique locale (f;(-),02(-),v;), j = 1,2.
Les cas 0 = 0 et o(-) > 0 sont traités. Les mesures de Lévy vy et vy peuvent étre
éventuellement & variation infinie. Le Chapitre 7 est basé sur un article publi¢ dans
Electronic Communications in Probability. 11 s’agit d’un travail commun avec Pierre
Etoré.

Mot clés: distance Lq, processus additifs, processus de Lévy.

Abstract We give an explicit bound for the L;-distance between two additive processes
of local characteristics (f;(-),0%(+),v;), 7 = 1,2. The cases 0 = 0 and o(-) > 0 are
both treated. We allow 1y and 15 to be time-homogeneous Lévy measures, possibly with
infinite variation. Chapter 7 is based on a paper published in Electronic Communications
in Probability. Tt is a joint work with Pierre Etoré.

Keywords: L;-distance, additive processes, Lévy processes.

7.1 Introduction and main result

In this note we give an upper bound for the L;-distance between the laws induced on the
Skorokhod space by two additive processes observed until time 7" > 0. By the L;-distance

161



162 CHAPTER 7. DISTANCES FOR ADDITIVE PROCESSES

between two o-finite measures p1 and ps on (E, &) such that p is absolutely continuous

with respect to gy we mean
d
L 1

Lalns ) = 250 i (4) = o) = [ 15
Ae& E | Q2

Note that, with our definitions, the Li-distance is twice the so called total variation

distance.

Giving bounds for the L,-distance is a classical problem, which, in the last decades, has
been reinterpreted in more modern terms via Stein’s method (see, e.g., Nourdin, Peccati
(2009); Peccati (2011); Ross (2011)). This kind of problems arises in several fields such
us Bayesian statistics, convergence rates of Markov chains or Monte Carlo algorithms
(see Gibbs, Su (2002), Section 4 and the references therein). However, to the best of our
knowledge, results bounding the L;-distance between laws on the Skorokhod space are
much less abundant. In this setting other kinds of distances have been privileged such as
the Wasserstein-Kantorovich-Rubinstein metric (see Gairing et al. (2013)). More relevant
to our purposes is a result due to Memin, Shiryayev (1985) computing the Hellinger
distance between the laws of any two processes with independent increments. In particular
this gives a bound for the L-distance between additive processes. In order to state their
result let us fix some notation.

Let {x;} be the canonical process on the Skorokhod space (D, Z) and denote by
PUo*#) the law induced on (D, 2) by an additive process having local characteristics
(f(-),0(-),v). We will denote such a process by ({z;}, PY""**)) and we will write P}f’UQ’V)
for the restriction of PU7**) to the o-algebra generated by {z,: 0 < s < T} (see Section
7.2 for the precise definitions). Our purpose is to bound L, (Pi(pfl’af’ul), P}fQ’U%’VQ). From
now on we will assume that o2(-) = 03(-) = 0?(-), otherwise this distance is 2 (see, e.g.,
Jacod, Shiryaev (2003); Newman (1972)). We also need to define the following quantities:

v y 19 e [ (RO)=AEM) -G =)
T /|y|s1y i), =138 /0 a*(r) i

Theorem 7.1.1 (Memin and Shiryayev). Let ({xt},P(fl"’Q’”l)) and ({:pt},P(f?"’Q’”?)) be
two additive processes with vy and vy Lévy measures such that vy is absolutely continuous

with respect to vy and satisfying:

H2(0y, 1) ::/R( j—:(y)—1>2ug(dy)<oo. (7.1)

The following upper bounds hold, for any 0 < T < oo: If 0% > 0 then

2T
(), 1) 55 1o (= § = S )
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If 02 =0 and fi — fo = y"* — "2, then

v v T
L (P;f1,0, 1)7 P}anO, 2)) < \/8 (1 — exp ( _ EHQ(Vla V2)>) )

Observe that (7.1) implies v/ < oo, j = 1,2. When o2 = 0 it follows from Theorem
7.1.2 that, for example, L, (P 770m) P(7 2 0”2>) < 2 /TLi(n, va).
The proof of Theorem 7.1.1, however, makes heavy use of general theory of semimartin-

gales. This note originated from the research for a proof based only on classical results
for Lévy processes, Esscher-type transformations and the Cameron-Martin formula. It
turned out that this method, when applicable, gives sharper bound on the L;-distance.
More precisely, our main result is as follows.

Theorem 7.1.2. Let ({:L’t},P(fl"’Q’”l)) and ({:Ut},P(fMZ”’?)) be two additive processes
with v and vy Lévy measures such that 11 is absolutely continuous with respect to vy and
satisfying:

Ly(v1,112) < 0.

Then, the following upper bounds hold, for any 0 < T < oo.
If 0% > 0 then

Ly (P, PR ) < sinh (TLy (1, 1)) + 2 {1 - 20( - g)}

If 02 =0 and fi — fo = "t — "2, then

Ll (P,I(jfho’Vl), P,1(1f2,07V2)> S 2 Slnh (TLI (V17 VQ)) .

Remark that, in the case ;1 = 1, = 0, i.e. where there are no jumps, the upper bound
in Theorem 7.1.2 is achieved. Indeed, an explicit formula for the L;-distance between
Gaussian processes is well known. Denoting by ¢ the cumulative distribution function of
a normal random variable .47(0, 1), we have, for any 0 < T' < oc:

Ly(PYo 0 Pty = 1—2¢ \// &ilU - f2 2l dt))
1

whenever the right-hand side term makes sense (see, e.g., Brown, Low (1996)).

The reason for our interest in the L;-distance lies in the fact that it is a fundamental
tool in the Le Cam theory of comparison of statistical models (Le Cam (1986); Le Cam,
Yang (2000)). More precisely, the presented result will be needed in a forthcoming paper
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by the second author, establishing an equivalence result, in the Le Cam sense, for additive
processes. Similar estimations appear in many other results concerning the Le Cam
distance. See for example Brown, Low (1996); Carter (2002); Nussbaum (1996), where
the L,-distance between Gaussian processes is computed or Dalalyan, Reifs (2006); Genon-
Catalot, Laredo (2014); Milstein, Nussbaum (1998) concerning diffusion processes without
jumps. In recent years, however, there is a growing interest in models with jumps due
to their numerous applications in econometrics, insurance theory or financial modelling.
Because of that, it is useful to dispose of simple formulas for estimating distances between
such processes.

Theorem 7.1.2 is proved in Section 7.3. In Section 7.2 we collect some preliminary
results about additive processes that will play a role in the proof. Before that, we give
some examples of situations where our result can be applied. The choice of these examples
are inspired by the models exhibited in Cont, Tankov (2004).

Example 7.1.3. (L;-distance between compound Poisson processes)

Let {X}} and {X?} be two compound Poisson processes on [0,7] with intensities
Aj >0, 7 = 1,2 and jump size distributions G;; i.e. {X,f} is a Lévy process of characteristic
triplet ()\j f\y|§1 yG;(dy), 0, /\jGj). Furthermore, let A be a subset of R and suppose that

G is equivalent to the Lebesgue measure restricted to A. Denote by g; the density

dG; |
dLeb‘A ’
then, an application of Theorem 7.1.2 yields:

L (X', X?) < 2sinh (T/ [Ag1(y) — /\292(y)|dy>-
A

Example 7.1.4. (L;-distance between additive processes of jump-diffusion type)
An additive process of jump-diffusion type on [0, 7] has the following form:

t t Ny
Xt:/ f(r)d'r’Jr/ o(r)dW, +> Y, te[0,T],

0 0 i=1
where {IW,} is a standard Brownian motion, {N;} is the Poisson process counting the
jumps of {X,;}, and Y; are jumps sizes (i.i.d. random variables). Consider now the addi-
tive processes of jump-diffusion type {X]} having local characteristics given by (f;(-) +
A f‘y|§1 yG;(dy),o*(-),\;G;), 7 = 1,2 and suppose again that G; is equivalent to the
Lebesgue measure restricted to some A C R. Letting g; denote the density of G; as

above, we have:

Ly(X', X?) < 2sinh <T/A|/\191(y)—)\292(y)|dy>+2<1—2¢<_\//OT (fl(ti(;(g(t)bdt))
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Example 7.1.5. (L;-distance between tempered stable processes)
Let {X!} and {X?} be two tempered stable processes, i.e. Lévy processes on R with
no gaussian component and such that their Lévy measures v; have densities of the form

dl/ C, A\ C+ N .
dLejb( v) = ’y|1+a€ 7‘y|]1y<0+ y1+a6 Py, J =12,

for some parameters Cy > 0, X, > 0 and a < 2. Then the hypothesis (7.1) is satisfied
and Theorem 7.1.2 bounds the L;-distance by:
dy] ) :

2sinh (T[CJF/ —|dy+ C_ /
0

7.2 Preliminary results

6 +y — e + 7’\17‘y| _ 6*)\2,‘?/|

|y[ e

7.2.1 Additive processes

Definition 7.2.1. A stochastic process {X;} = {X; : t > 0} on R defined on a probability
space (€, 27, P) is an additive process if the following conditions are satisfied.

1. Xy =0 P-a.s.

2. For any choice of n > 1 and 0 < ¢, < t; < ... < t,, random variables Xj,,
Xy — X4y, o, Xy, — Xy, _,are independent.

3. There is Qy € o/ with P(Qy) = 1 such that, for every w € Qp, X;(w) is right-
continuous in t > 0 and has left limits in ¢ > 0.

4. It is stochastically continuous.

Thanks to the Lévy-Khintchine formula, the characteristic function of any additive
process {X,;} can be expressed, for all u in R, as:

E[e™*] = exp zu/ f(r)dr — —/ r)dr —t/(l — ™ +iuy]1|y‘§1)y(dy)>, (7.2)
R
where f(-), 02(-) are functions on L;[0, 7] and v is a measure on R satisfying
V({0}) = 0 and /(|yy2 A )(dy) < oo.
R

In the sequel we shall refer to (f(-),02(:),v) as the local characteristics of the process
{X;} and v will be called Lévy measure. This data characterises uniquely the law of the
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process {X;}. In the case in which f(-) and o(-) are constant functions, a process {X;}
satisfying (7.2) is said a Lévy process of characteristic triplet (f,o?,v).

Let D = D([0,00),R) be the space of mappings w from [0, 00) into R that are right-
continuous with left limits. Define the canonical process x : D — D by

Yw € D, xt(w) = Wk, Vit > 0.

Let Z; and 2 be the o-algebras generated by {zs: 0 <s <t} and {z;:0<s < o0},
respectively (here, we use the same notations as in Sato (1999)).

Let {X;} be an additive process defined on (2, .o/,]P) having local characteristics
(f(-),0%(-),v). It is well known that it induces a probability measure PU-"**) on (D,2)
such that ({xt}7P(f"’2”’)) is an additive process identical in law with ({X;},P) (that is
the local characteristics of {z;} under PUo*") is (f(-),0%(:),v)). For all t > 0 we will
denote Pt(f’UQ’V) for the restriction of PU7*¥) to Z,. In the case where f‘qu
we set 7Y = Wl<1 yv(dy). Note that, if v is a finite Lévy measure, then the process

lylv(dy) < oo,

({z}, PO"0") is a compound Poisson process.
Here and in the sequel we will denote by Az, the jump of process {z;} at the time r:

Az, =z, — limx,.
str

Definition 7.2.2. Consider ({z:}, P(-f"’zv”)) and define the jump part of {z;} as

dyv __ q:
Ty = lg% (Z A$TH|AxT\>E - t\/s

r<t <lyl<1

yy(dy)> a.s. (7.3)

and its continuous part as
d,v

ry =z —ay” as. (7.4)
We now recall the Lévy-1t6 decomposition, i.e. the decomposition in continuous and
discontinuous parts of an additive process.

Theorem 7.2.3 (See Sato (1999), Theorem 19.3). Consider ({xt},P(f7"2’”)) and define
{28} and {25} as in 7.8 and 7.4, respectively. Then the following hold.

(i) There is Dy € 9 with PY"")(Dy) = 1 such that, for any w € Dy, z"(w) is defined
for all t € [0,T] and the convergence is uniform in t on any bounded interval,
PUe*) g5 The process {xf’”} 15 a Lévy process on R with characteristic triplet

(0,0,v).
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(ii) There is Dy € 9 with PYo")(Dy) = 1 such that, for any w € Dy, 5% (w) is contin-
uous in t. The process {xy"} is an additive process on R with local characteristics

(f(),0%(-), 0).

(iii) The two processes {x"} and {x5"} are independent.

7.2.2 Change of measure for additive processes

For the proof of Theorem 7.1.2 we also need some results on the equivalence of measures

for additive processes. By the notation < we will mean “is absolutely continuous with
respect to”.

Case 02 =0

Theorem 7.2.4 (See Sato (1999), Theorems 33.1-33.2 and Sato (2000) Corollary 3.18,
Remark 3.19). Let ({z;}, P®%")) and ({z;}, PM%")) be two Lévy processes on R, where

g = / =)@ (7.5)

s supposed to be finite. Then Pt(n’o’y) < Pt(o,w) for all t > 0 if and only if v K U and the

)
[ (Ym- 1)Qﬂ<dy> <o (76)

density 92 satisfies
Remark that the finiteness in (7.6) implies that in (7.5). When P < P%%) the
density is
dPt(nvovl/)
— o7 (@) = exp(Ui(x)),
dPt(O,O,l/)

with
i/ (CL’) = hm E 111 —V (AZ’ )H Az — / t —V (y) — ]. ];(dy) P(0,0,ﬁ)_a S (f f)
t =0 r<t dﬁ /o e ly|>e dV 7 o '

The convergence in (7.7) is uniform in t on any bounded interval, POOP) g 5. Besides,
{Uy(2)} defined by (7.7) is a Lévy process satisfying Epoo.n[eV*@] = 1, ¥Vt € [0, T].
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Case 02 >0

Lemma 7.2.5. Let v; < vy be Lévy measures such that
dv 2
[ (V5w =1) i) < o (73)
R Vv
Define
0=yl ve)(a), (7.9
lyl<1

which is finite thanks to (7.8), and consider real functions f1, fo and o > 0 such that

/OT (fl(r) _O{j)(r) - 77)2dr <00, T>0. (7.10)

Then, under PW2:"v2)
M;(z) = exp (C’t(x) + Dt(x)) (7.11)

is a (Z)-martingale for all t in [0,T], where

") = falr) = e L (" fulr) = falr) = m\2
= / e = pan) 5 [ (P

d
= lim ( g lnﬂ (Az,)jag, > — t/l (v — V2)<dy)). (7.12)
y|>e

e—0

The convergence in (7.12) is uniform in t on any bounded interval, PUze) g g

Proof. The existence of the limit in (7.12) is guaranteed by (7.8) (see Theorem 7.2.4).

Since fo - r)

that ft%fz()”(al:c;i’”2 — fo(r)dr) has normal law JV(O IN (%) d?“) hence

Epy.02.0[exp((Cy — Cs)(x))] = 1. Theorem 7.2.3 entails that {z{"*} and {z#} are
independent under PU27°%2) Moreover, the law of {Cy(z)} (resp. {D,(z)}) is the same
under PU27%»2) op PU2:0%0) (pegp. PU20w2) op PO012))  Fyrther, using Theorem 7.2.4, we
know that {D;(x)} is a Lévy process such that Epo,0..) [exp(Di—s(z))] = 1 for all s < t.
These facts together with the independence of the increments of ({z,}, P¢29**2)) and the

(dzc¥> — fo(r)dr) is a standard Brownian motion under PU27°9) we have
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stationarity of {D;(z)} imply:

pirzton V()| D) = Bty g [ M) e ((C = o)) + (De = D)(@))| 2]
= My(@)E gy 20 [exp((Cy = C) () + (D = D,) (@)
My(2)E pis, 20 [ex0((C: — Cy) (@)E pioom[exp((Dy = Dy) ()]
— My (@)E pio0.n [exp(Dio(2))]
(x)

E

s\

= M(x).

O

Lemma 7.2.6. Suppose that the hypothesis (7.8) and (7.10) of Lemma 7.2.5 are satisfied.
2 2
Then, using the same notations as above, Pt(fl’a ") Pt(fQ’U v2) for all t and the density
15 given by:
2

dPt(th' V1)

W(ﬁ) = Mt(x) (713)
Proof. For s < t, we prove that

: M :
E pisa o2 [ €xD(it1(2y — 2)) 37 (@)| 2] = Bpiry 2.y lexplina — )]

To that aim remark that, thanks again to Theorem 7.2.3:

du(xe— Mt(z) iu(zSr2 &2 g dv2 _ diva Mt(:E)
Ep(fz»(f%fz) {6 (Te—ms) v = Ep(f2,02,u2) e (x4 x5 24w, xs %) i (x) ‘@S
= Epiao2o) [ei“(“_“)e(c’f_cs)(”)}Ep(@,o,u2> [ei“(wt‘xs)e(Dt‘Ds)(”")]. (7.14)

Let us now compute the first factor of (7.14):

EP(vaUZ,O> |:eiu(27t—$e) (Ct Cs)(l’)] Ep(fl " 2 o [eiu(xt—ws)}

— exp (zu/ (fl(r)—n)dr—u—2/t02(r)dr .

In the first equality we used the Girsanov theorem, thanks to the fact that fo dxr

fo(r)dr) is a Brownian motion under PU2°9) while the second one follows from (7.2). We
compute the second factor of (7.14) by means of Theorem 7.2.4 and another application
of (7.2):

[ iu(zi—zs) e(Dt—Da(x)]

E p.0.) |€ [ s Di-s (@ )}

- EP(Oy(J’Vz)

- EP(n,O,ul) |:61uxt75:|

= exp ((t —5) [iun — /R(l — e 4 iuyH|y|§1)V1(dy)] )
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Consequently:

iu(z—x Mt(x)
EP(fQ,O'Q,UQ) [e ( t S) (

M x) ’@S‘| - Ep(flvo‘Qﬂul)I:eiU(xtiIS)] VO S S S t' (7'15)

Fix t and define a probability measure P, on Z; by P,(B) = Ep, 02, [Mp] for B € Z,.
As a consequence of Lemma 7.2.5 and the Bayes rule, the two processes given by ({ms ;
0<s< t},Pt(fl’Ug’Vl)) and ({z, : 0 < s < t}, B) are identical. Indeed, by (7.15), both
have independent increments and the prescribed characteristic function. Consequently,
(7.13) holds. O

7.3 Proof of Theorem 7.2.2

For the proof we will need the following three calculus lemmas.

Lemma 7.3.1. Let X be a random variable with normal law A (m,o?). Then

o=t |=2fo(~2)~o(~ 7).

where ¢(x) = \/LQ? i e_%dy.

Proof. By definition we have

1 o0 (:c—'m)2
E’l—eX‘: / |1 —ele” 207 dx

2710 J o

1 0 (wf'm)z o0 (w77rL)2
= (/ (1 —¢€")e 202 dx+ / (e —1)e” 202 da:).
210\ J-o 0

To conclude, just split the sums inside the integrals and use the change of variables
(y==5% =), vesp. (y = 22). O

Lemma 7.3.2. For all x,y in R we have:

1+e” 1+eY

|1—ew+y|§ 5 1 —e’| +

|1 —e”|. (7.16)
Proof. By symmetry we restrict to x > 0.

e z,y > 0: In this case we have that |1 — e”™¥| is exactly equal to £=|1 — e¥| +
L] —e7|
> :
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e >0,y <0,z +y > 0: Then the member on the right hand side of (7.16) is equal
toe? —e¥ >et —1 > eV — 1.

e x>0,y <0,x+y <0: In this case the member on the right of (7.16) is equal to
¥ —e¥>1—e¥>1—e"t.

]

Lemma 7.3.3. With the same notations as in Theorem 7.1.2 and Lemma 7.2.5, we have:

IEP:(FO,O,V2> “1 — exp(DT(:U))” = IEP;WVM,VQ) Dl — exp(DT(x))}] < 2sinh (T/ Ly (v, y2)>.
: (7.17)

Proof. Thanks to Theorem 7.2.3 it is clear that E ,0.0.) [|[1—exp(Dr(z))|] = E 67200 11—
T T

exp(Dr(z))|]. In order to simplify the notations, let us introduce the quantities h™ =

Taw Lay
<M> 2! and b~ = <ﬂ> any <! (i.e. h*, resp. h™, is identically 1 where ¥4 < 1, resp.

dvo dvo dvo

where Z—Z; > 1). Let us define

e—0

At (z) = lim (Zln P Az ) A@)|>e — T/

r<T ly|>e

(h(y) - 1>u2<dy>),

A (x) = lim (Zlnh_(ﬁwr)ﬂmm)x -7 / )~ 1>u2<dy>).

r<T

Remark that A*(z) and A~(z) have the same law under P "% and P"%"?) (see

Theorem 7.2.3), and that they are constructed in such a way that
Dr(z) = A" (z) + A (2).
Using Lemma 7.3.2 and the fact that A*(z) > 0 and A~ (z) < 0 we get:

EP;WVQ,(),VQ) “1 - DT(JJ)H = EP;WVQ,O,VQ)

1 —exp(AT(x) + A_(f))‘

1+t @
2

A* (@) _ e#(z)} _

1+t @

1 — A (@)
‘ 2

1— et @

_|_

|

< EP;“/VQ,OJ/Q) [
=K (v¥2,0,v9) |:€
Py 2

In order to compute the last quantity let us consider two more Lévy measures:

y+ = VQ]IdVl 1 + VlI[dul >17 I/_ = I/Q]Idul >1 + I/l]Idul 1°
vy < @n 2 @y 2 vy <
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Notice that v*, v~ are absolutely continuous with respect to vy, with densities given by
h*, h™, respectively. Applying Theorem 7.2.4 to the pairs of measure (v*,15) and (v, 1)
we get

B pppoen (47 =exp (7 [ (07) = 1)t ),
R e B o R )

Then, recalling that both A* () and A~ (z) have the same law under P"*%*? and p{"%**)
we obtain:

x (x : dV
]Epguz,o,@) [eA+( ) _ A )] = 2sinh <T/]R )1 - d—y;(y)

V2(dy)>-
O

Proof of Theorem 7.1.2. Case 0® > 0: With the same notations as in Lemma 7.2.5 and
by means of Lemma 7.2.6 one can write

Ly (PP, pigeseo)

1 —exp(Cr(x) + DT(x))}

Pj(ﬂf2’0271'2)

Now, using Lemma 7.3.2 and the independence between Cr(z) and Dp(xz) (Theorem
7.2.3), we obtain
DT($)|

E (fo2um|l —e

"2 o2 1 + ecT(fB)
L (P}f% ) 2),P}fl’ ; 1)) S]EP(f2v"2v”2> <— e
gt T

2

1+ ePr(@) o
+ EPJ(_‘f210'2’V2) (T ]EP/I(J‘Q,O’Q,Z/Q)‘:[ —e T( )|

We conclude the proof using Lemmas 7.3.3 and 7.3.1 together with the fact that

Cr(z x
E e T( ) - 1 - EP(fQ,JQ,VQ)eDT( )

(f2,02,v2)
PT 2 2 oS

Case 0* = 0: If fi—fo = v —~"2, notice that, as the drift component of ({l’t}, P}flyoyl))
and ({z}, P}fQ’O’VQ)) is deterministic, we have

dP%fI,O:Vl) dP}fl—f2,0,V1)

dP}fQ’O’VQ)

(z) = () = Dr(x)

dP,1(10707V2)

with Dr(x) asin (7.12). Theorem 7.2.4 allows us to write the L;-distance between P}fl’o’yl)

and P}h’o’”z) as E s00m) |1 — DT(:c)|. We then obtain the bound 2sinh(7'L; (14, 1)) by
T
means of Lemma 7.3.3. ]




Chapitre 8

Conclusions et perspectives

8.1 Conclusion générale

Cette thése se situe a la frontiére entre la statistique mathématique et I'inférence pour
des processus stochastiques. Dans notre travail, la théorie de Le Cam sur la comparaison
d’expériences statistiques a été appliquée a plusieurs modéles liés a 1’observation discréte
a haute fréquence d’une trajectoire d’'un processus stochastique. Nous avons étudié le
cas d’une diffusion, d’un processus additif et plus particuliérement d’un processus de
Lévy. L’objectif était d’utiliser la distance de Le Cam pour avoir une compréhension plus
profonde des différents problémes statistiques liés a ces processus.

Tout d’abord, nous nous sommes concentrés sur des modéles dirigés par des processus
a accroissements indépendants et & trajectoires cadlag. A notre connaissance, il s’agit des
premiers résultats d’équivalence asymptotique pour les processus a sauts. Notre premier
résultat dans ce contexte est 1’équivalence asymptotique globale entre ’expérience engen-
drée par I'observation discréte ou continue d’'un processus additif et d’un bruit blanc gaus-
sien. Ici, le paramétre d’intérét est la fonction de dérive. Ensuite, nous avons considéré le
probléme de 'estimation de la densité de Lévy lorsque ’on ne dispose que d’observations
discrétes d’un processus de Lévy a sauts purs. Ce probléme s’avére asymptotiquement
équivalent a ’estimation de la dérive d’un certain modéle de bruit blanc gaussien. Toutes
les équivalences asymptotiques ont été établies en construisant des noyaux de Markov
explicites qui peuvent étre utilisés pour reproduire une expérience a partir de autre. Ces
travaux sur les processus a accroissements indépendants ont donné lieu & deux articles
Mariucci 2015b,d.
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Les outils que nous avons développés dans cette premiére partie nous ont permis d’affai-
blir de maniére considérable les hypothéses utilisées pour prouver le résultat d’équivalence
asymptotique entre I'estimation de la densité f issue de n variables aléatoires i.i.d. et celle
de la dérive v/f d’un bruit blanc gaussien de variance 1/4n. Ce résultat a fait I'objet d’un
article (voir Mariucci 2015a).

Aprés avoir traité le cas des processus a accroissements indépendants nous avons consi-
déré des modéles liés a des processus de diffusion, en utilisant pour ce cas des techniques
trés différentes. Plus précisément, nous avons prouvé 1’équivalence asymptotique globale
entre les modéles de diffusion unidimensionnels de dérive inconnue et en présence de pe-
tite variance et les modéles autorégressifs non paramétriques. Nous avons traité a la fois
les cas des observations discrétes et continues. Ces résultats sont publiés dans Mariucci
2015¢.

Travailler avec la distance de Le Cam impose de bien controler la distance en variation
totale entre les lois associées aux modéles d’intérét. Ceci nous a amené a nous intéresser a
la distance L, entre les lois des processus additifs. Nous en avons proposé une majoration
qui ne dépend que de la connaissance de la caractéristique locale des processus. Ce travail
est détaillée dans une publication Etoré, Mariucci 2014.

8.2 Extensions possibles des travaux de theése

Différentes perspectives de recherche s’ouvrent a l'issue de cette thése. Nous en discutons
ici quatre d’entre elles que nous nous proposons de développer dans de futurs travaux.

8.2.1 Estimation non paramétrique de la densité de Lévy

La dynamique des sauts d’un processus de Lévy X est entiérement dictée par sa densité
de Lévy. Comprendre le comportement des sauts nécessite donc d’estimer la densité de
Lévy. Plusieurs travaux récents ont traité ce probléme, voir Belomestny et al. 2015 pour
une présentation détaillée. Cependant, ce probléme est difficile mathématiquement, car,
dans la pratique, nous n’avons accés qu’a des observations discretes Xy, ..., X;, pour
lesquelles, en général, nous ne sommes pas capables de caractériser la loi de maniére
satisfaisante.

Une possible direction de recherche consisterait alors a utiliser le résultat d’équiva-
lence prouvé dans Mariucci 2015d pour construire un estimateur de la densité de Lévy.
Jusqu’a présent, les résultats dans Mariucci 2015d sont non-constructifs au sens ou ils ne
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fournissent pas une procédure explicite pour construire un estimateur de la densité de
Lévy f dans l'expérience liée aux observations discrétes de X a partir de la connaissance
d’'un estimateur de la dérive v/f du modéle, plus simple, du bruit blanc gaussien. Cepen-
dant, les équivalences présentées dans Mariucci 2015d ont été obtenues en construisant
des noyaux markoviens explicites : un travail de ré-écriture de la preuve nous garantirait
la construction d'un estimateur minimax de la densité¢ de Lévy. Remarquons ici qu'une
approche similaire pour la construction de procédures statistiques en utilisant la théorie
de Le Cam a déja été exploitée avec succés, par exemple, dans Brown, Low 1996 (voir le
Corollaire 4.1) pour construire un estimateur de la fonction de régression et dans Dala-
lyan, Reif 2006 (voir la Section 4.1) pour un estimateur de la dérive d’un processus de
diffusion.

Concrétement, une perspective directe découlant du travail présenté dans le Chapitre
4 est la suivante. Nous considérons un processus a sauts X, sans partie gaussienne et avec
une mesure de Lévy v. Notons par f sa densité de Lévy par rapport a une certaine mesure
de référence 1y (supposée connue) et supposons que f appartienne a une certaine classe
fonctionnelle .. Le but est alors d’estimer f a partir des observations de la forme X;a_,
i=20,1,...,T,/A,, avec T,, — oo et A, — 0 lorsque n — oo. Remarquons aussi que
dans le résultat d’équivalence Mariucci 2015d nous avons traité le cas de mesures de Lévy
éventuellement infinie et pas nécessairement a variation finie. De plus, le résultat était
valable dans une fenétre d’observation de f qui pouvait étre infinie et contenir le point
critique 0. Nous pensons donc qu’il est possible de construire un estimateur minimax de
f sous les mémes conditions.

8.2.2 Equivalence asymptotique pour des modéles de Lévy dé-
pendant aléatoirement du temps

Les processus de Lévy recoivent beaucoup d’attention depuis de nombreuses années en
raison de leur simplicité mathématique d’une part et de leur capacité a reproduire de
nombreuses propriétés spécifiques des données économiques d’autre part. Récemment,
des modéles basés sur les processus de Lévy ont été proposés pour mieux tenir compte des
caractéristiques du prix des options. Les modéles principaux sont les processus de Lévy
dépendant aléatoirement du temps (time-changed Lévy processes). Un processus de Lévy
dépendant aléatoirement du temps, Y, peut étre représenté sous la forme

}/;:XTS,

ou X est un processus de Lévy et 7 est un processus stochastique positive et croissant
(voir, par exemple, Carr, Wu 2004 pour 'application des processus en finance).
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Comme déja souligné, les résultats d’équivalence au sens de Le Cam fournissent une
compréhension plus profonde des problémes statistiques et permettent de mettre en lu-
miére leurs principales caractéristiques. Cependant, il y a peu de résultats d’équivalence
concernant les processus a sauts et une ligne de recherche intéressante pourrait étre celle
d’étendre le résultat d’équivalence dans Mariucci 2015d & des situations plus générales,
comprenant des modéles de Lévy dépendant aléatoirement du temps.

8.2.3 Equivalence asymptotique pour des modéles de diffusion

multidimensionnels avec un coefficient de diffusion inconnu

Dans l'article Mariucci 2015¢ nous avons démontré, a travers des techniques de change-
ment de temps pour des processus en temps continu, 1’équivalence asymptotique entre
un processus de diffusion observé en haute fréquence et le schéma d’Euler correspondant.
Dans ce contexte, le paramétre inconnu est la fonction de dérive alors que le coefficient
de diffusion o (-) est supposé connu (mais pas constant).

Au moins deux directions d’extension se proposent : tout d’abord, il serait trés intéres-
sant de comprendre si, en supprimant ’hypothése eo(-) connu, le résultat d’équivalence
reste valable. Dans la pratique, en effet, généralement on ne connait pas eo(-) qui est
habituellement considéré comme un paramétre de nuisance secondaire. Deuxiémement,
des résultats d’équivalence pour des modéles de diffusion en dimension supérieure ayant
des coefficients de diffusion non constants ne sont pas encore disponibles. En fait, des
résultats d’équivalence asymptotique dans le cas multidimensionnel sont trés rares en
général, méme si les modéles multidimensionnels sont couramment utilisés dans les appli-
cations (voir par exemple Ait-Sahalia 2008 pour une discussion sur les applications des
processus de diffusion multidimensionnels en économétrie). Une perspective de recherche
serait alors de développer de nouvelles méthodes et outils afin de gérer un résultat d’équi-
valence concernant l'inférence statistique de la dérive dans une expérience de diffusion
multidimensionnelle.

Plus concrétement, un résultat clé pour prouver I’équivalence asymptotique entre un
processus de diffusion observé d’une maniére discréte et son schéma d’Euler sans assumer
la connaissance du coefficient de diffusion pourrait étre 'article de Carter 2007. Dans ce
travail, lauteur a généralisé ’équivalence bien connue entre un modéle de régression non
paramétrique et un modeéle de bruit blanc gaussien au cas ou la variance est inconnue.
En ce qui concerne une possible extension en dimension supérieure, on peut constater
qu’il y a encore équivalence asymptotique dans certains cas particuliers et en dimension 2
(Brownian oscillator), mais, afin d’obtenir une généralisation d-dimensionnelle, une ana-
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lyse plus profonde est nécessaire. Par exemple, un point de vue intéressant sur le sujet
pourrait étre celui de Strauch 2015.

8.2.4 Evaluation de la distance entre les lois des accroissements
des processus de Lévy

Donner des majorations pour la distance de la variation totale (mais aussi pour la distance
de Hellinger et la divergence de Kullback-Leibler) est un probléme classique, qui, dans les
derniéres décennies, a été réinterprété en termes plus modernes via la méthode de Stein.

En particulier, lorsqu’il s’agit de processus de Lévy observés de maniére discréte, le
probléme de la comparaison de leurs incréments apparait souvent. Plus précisément, soient
X' i =1,2, deux processus de Lévy de triplet (b;, 07, ;). D’un point de vue technique, il
serait utile de controler les quantités suivantes :

I£(X3) = LX) lrv,  HL(Xy) — L(XF)),  D(L(X])IL(XT)),

ou L signifie “la loi de”, || - ||TV, H(-, ) et D(- | ) dénotent “distance en variation totale”,
“distance d’Hellinger” et “divergence de Kullback-Leibler”, respectivement.

Certains résultats concernant la distance en variation totale ou la distance d’Hellinger
entre les trajectoires des processus de Lévy existent déja (voir par exemple Jacod, Shiryaev
1987, Liese 1987 et Etoré, Mariucci 2014) et ils peuvent étre utilisés pour dériver des
bornes de la distance entre les incréments des processus. Par exemple, un résultat classique
présenté dans Jacod, Shiryaev 1987 est que si X, i = 1,2 sont des processus de Lévy
A sauts purs, alors la distance d’Hellinger entre la loi des processus X' et X? observés

jusqu’a l'instant 7" est majorée par :

12 (L((XDreom) £((Xeeom) ) < 5 H20,).

Sachant que les noyaux markoviens réduisent la distance en variation totale, on peut
utiliser le résultat ci-dessus pour déduire que :

H2(L(X}), L(X7))
2

<|NL(X)) = LX) |lrv < \/éH(VlaVﬂ

Cependant, on devrait étre en mesure d’obtenir des limites plus fines, puisque I'ordre
de grandeur de la derniére équation semble étre sous optimal. Obtenir de tels résultats
permettrait de développer des outils importants pour majorer la distance de Le Cam entre
des modeles associés a I'observation discréte d'un processus de Lévy.
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