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devant un jury composé de :
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Abstract

This thesis presents some recent results concerning galaxy evolution and cosmology,
based on the observation of galaxy clusters at optical wavelengths. We first introduce the
main properties of galaxy clusters (Sect. 1.1) and how they can be used for cosmology
within the standard cosmological model (Sect. 1.2). A large fraction of the presented
results comes from the study of the DAFT/FADA galaxy cluster survey at redshifts
0.4 < z < 0.9 (Sect. 1.3). We divide our study in two parts according to the observable
that is considered: galaxy luminosity or galaxy shape.

The distribution of galaxy luminosities is called the galaxy luminosity function (GLF),
which can be used to probe the evolution of cluster galaxies (Sect. 2.1). Computing
the GLFs for a sub sample of 25 DAFT/FADA clusters, we find that faint blue star
forming galaxies are quenched into red quiescent galaxies from high redshift until today.
Comparing to the field shows that this transformation is more efficient in high density
environments.

We also study the fraction of baryons in galaxy groups and clusters (Sect. 2.2). We
find that in groups, the stars contained in galaxies can reach masses of the same order as
those of the intra-cluster gas, while in clusters they are usually negligible relatively to the
gas. Taking both stars and gas into account we constrain the matter density parameter
ΩM .

Galaxy shapes are distorted by foreground objects that bend light in their vicinity.
This lensing signal can be exploited to measure the mass distribution of a foreground
cluster. We review the basic theory of weak lensing and shear measurement (Sect. 3.1),
and then apply it to a subsample of 16 DAFT/FADA clusters, with Subaru/SuprimeCam
or CFHT/MegaCam imaging (Sect. 3.2). We estimate the masses of these clusters, and
take advantage of the large fields of view of our images to detect filaments and struc-
tures in the cluster vicinity, observationally supporting the hierarchical scenario of cluster
growth.

Finally, we detect shear peaks in Euclid-like simulations, and use their statistics as a
cosmological probe, similarly to cluster counts (Sect. 3.3). We forecast the cosmological
constraints that this technique will achieve when applied to the Euclid space mission, and
develop a tomographic analysis that adds information from redshifts.

We conclude with a discussion of our perspectives on future studies in all the fields
investigated in the present thesis.
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Résumé

Cette thèse présente un certain nombre de résultats récents à propos de l’évolution des
galaxies et la cosmologie, à partir de l’observation d’amas de galaxies en lumière visible.
Nous introduisons d’abord les principales propriétés des amas de galaxies (Chapitre 1.1)
et la façon dont ces objets permettent de contraindre le modèle cosmologique standard
(Chapitre 1.2). Une grande partie des résultats présentés ici ont été obtenus à partir
de l’étude du relevé d’amas DAFT/FADA, qui regroupe des amas dans la gamme de
décalages spectraux 0.4 < z < 0.9 (Chapitre 1.3). Cette thèse est séparée en deux par-
ties, chacune traitant d’une observable particulière : la luminosité des galaxies, puis la
forme des galaxies.

La fonction de luminosité des galaxies, c’est-à-dire la distribution de leur luminosité,
permet d’étudier l’évolution des galaxies dans les amas (Chapitre 2.1). Nous avons calculé
les fonctions de luminosité pour un sous-échantillon de 25 amas DAFT/FADA, et avons
montré que les galaxies faibles bleues, à fort taux de formation stellaire, évoluent en des
galaxies rouges passives des hauts décalages spectraux à aujourd’hui. En comparant les
fonctions de luminosité des amas à celles du champ, on observe que cette transformation
est plus efficace dans les environnements denses.

Nous avons également étudié la fraction de baryons dans les groupes et amas de
galaxies (Chapitre 2.2). Nous avons remarqué que dans les groupes la fraction massique
d’étoiles peut atteindre des valeurs du même ordre de grandeur que celles de la fraction de
gaz intra-amas, alors que dans les amas, la fraction stellaire est généralement négligeable
devant celle du gaz. En prenant en compte à la fois les étoiles et le gaz, nous avons posé
des contraintes sur le paramètre de densité de matière ΩM .

Les galaxies apparaissent déformées par la présence d’objets d’avant-plan qui courbent
les trajectoires lumineuses à leur voisinage. Ce signal de lentille gravitationnelle peut être
exploité afin de mesurer la distribution de masse des amas d’avant-plan. Les bases du
phénomène de lentille gravitationnelle faible et de la mesure du cisaillement sont intro-
duites au Chapitre 3.1. Ces techniques sont ensuite appliquées à un sous-échantillon de
16 amas DAFT/FADA présentant des images Subaru/SuprimeCam ou CFHT/MegaCam
(Chapitre 3.2). Nous avons estimé la masse de ces amas, et profité de la large dimension
angulaire de ces images pour détecter des filaments et des structures autour de ces amas.
Cette étude valide observationnellement le scénario de croissance hiérarchique des amas.

Finalement, nous avons détecté les pics de cisaillement dans des simulations de type
Euclid, et avons utilisé leur statistique en tant que sonde cosmologique, de façon similaire
aux comptages d’amas (Chapitre 3.3). Nous avons calculé les contraintes cosmologiques
que cette technique pourra apporter avec les données de la mission spatiale Euclid, et
avons développé une approche tomographique qui ajoute l’information des décalages spec-
traux.

Une discussion sur les développements envisagés dans les différents domaines traités
conclut cette thèse.
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Chapter 1

Introduction

1.1 Galaxy clusters

Galaxy clusters are the most massive structures in our Universe. They are originally
defined as a large ensemble of galaxies gravitationally bound together and were first
observed in the mid-twentieth century (e.g. Abell 1958). However, with the evolution
of instrumentation, it became clear that galaxies are only the visible part of these giant
icebergs.

1.1.1 Cluster composition

Indeed, galaxy clusters are mainly made of a dark matter halo. DM has first been
invoked by Zwicky (Zwicky 1933) to explain the difference between the luminous mass,
obtained from adding each galaxy stellar mass, and the dynamical mass, derived from
the dispersion of galaxy velocities in the Coma cluster. Note also that several researchers
consider a modification of general relativity laws, referred as modified gravity, a pioneer
of which was the MOND theory (Milgrom 1983). This debate on DM versus modified
gravity arises from the need to modify the gravitational potential of very massive objects,
from galaxy to cosmological sizes. Modifying gravity or mass can equally solve this issue.
However, DM led to a wide range of observational successes and is now the current
framework. Throughout this thesis, we will assume general relativity with DM. We know
very little about DM properties, except that it is non luminous. Comparing the observed
number of baryons to that expected from primordial nucleosynthesis revealed that DM is
mainly non-baryonic (e.g. Dodelson et al. 1996). In addition, Clowe et al. (2006) found
an offset between the gas and the total mass positions in the merging Bullet cluster,
observationally proving that DM is very weakly interacting, and perhaps collisionless.

Another important component of the galaxy clusters is the intra cluster medium which
is probed with X-ray observations. This medium is made of ionized hydrogen that does
not lie inside galaxies. This gas is heated by gravitational energy to 107 − 108 K at
the epoch of cluster formation. Electrons are therefore not linked to nuclei and emit
photons through Bremsstrahlung process, to satisfy the conservation of energy when
they are deflected by a nucleus. This ICM is well understood and one can convert X-ray
observations into an ICM mass. Note that when the system is virialized, we can also
constrain the total mass of the cluster. The determination of ICM and total mass from
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Figure 1.1: Galaxy cluster components for Abell 1689. Superposed to the HST galaxy
observation (left) are the ICM component measured with Chandra (middle) and the DM
component measured through strong lensing (right). Adapted from the following images:
Optical: NASA/STScI; X-ray: NASA/CXC/MIT/E.-H Peng et al; Dark Matter: NASA,
ESA, E. Jullo (JPL/LAM), P. Natarajan (Yale) and J-P. Kneib (LAM).

X-ray observations is described in part 2.2 where we compute the fraction of baryons in
galaxy clusters.

The third component is the luminous galaxies. Fig. 1.1 shows the three main com-
ponents of galaxy clusters on the example of Abell 1689. We usually consider that DM
counts for about 90% of the total cluster mass, ICM for about 8-9%, and galaxies for
about 1-2%. These fractions are only indicative and we know that they vary from one
cluster to another. In particular, they are correlated with the total cluster mass as can
be seen in Fig.1.2, from Laganá et al. (2013). We see that baryons in massive clusters
are dominated by the hot X-ray gas, while the gas fraction for smaller systems is closer
to the galaxy component.

Despite their low contribution to the cluster mass budget, galaxies are a tremendous
tool to understand galaxy clusters. In this thesis, we will see that considering two of the
galaxy observables: shape and luminosity, we can infer various results on e.g. cluster
formation and evolution, cluster luminous and total masses, and cosmology.

9



Figure 1.2: Stellar (blue stars), gas (magenta squares), and total baryon (black triangles)
mass fractions as a function of total mass in r500. The solid lines correspond to the best
linear fit for each relation. The two blue dashed lines correspond to the fits for the groups
and clusters separately. On the bottom of the panel, we show the ratio between the total
baryon fraction determined by the sum of fstar and fgas and the WMAP-7 value as a
function of total mass. See part 2.2 for details.

1.1.2 Cluster formation

Cluster formation is dominated by its main component: DM. In our current understand-
ing, halos of DM form from the density fluctuations after the reionization era. Galaxies
form later from the baryonic matter, and fall into the gravitational potential of these DM
halos, that then grow through this accretion and the merging with other halos, giving
birth to galaxy clusters. This scenario, known as the hierarchical scenario, is mainly
assessed by cold DM simulations and still lacks observational support at high redshifts.
Fig. 1.3 shows the same field of the Millennium simulation (Springel et al. 2005) at differ-
ent redshifts. The small density variations in the early Universe (z = 18.3) are amplified
to create a cluster around z = 1.4. In this formation scheme, the matter spread into
filamentary structures, and clusters lie at the node of those filaments. This filamentary
structure is well observed, in particular through spectroscopic (e.g. SDSS: Tegmark et al.
2004) and weak lensing surveys (COSMOS: Massey et al. 2007b). A less obvious point is
the detection of filaments around clusters, which is mandatory to confirm that clusters
are formed following this scenario and not through a different process. The detection of
such objects are studied in detail in part 3.2 of this thesis.

In the same scenario, clusters are formed from smaller galaxy groups that merge
together at higher redshifts (Adami et al. 2013). The redshift at which clusters form is
still in debate. Most clusters seem to form around z = 1.4. The farthest clusters are
detected around z ∼ 1.5 − 2 (Fassbender et al. 2011; Gobat et al. 2011). Groups of
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Figure 1.3: Formation of a cluster in the Millennium simulation (Springel et al. 2005).
The same projected density field is shown at different redshifts for a 15 Mpc.h−1 thick
slice: upper left is z = 18.3, upper right z = 5.7, lower left z = 1.4, and lower right z = 0.

galaxies only contain a few to a few tens of galaxies and are therefore difficult to detect
at high redshift. Hence, we propose to study local groups of galaxies, and compare them
to clusters in part 2.2.

1.1.3 Cluster evolution

As seen in simulations, the formation and the evolution of galaxy clusters are dominated
by the evolution of the DM halo that grows through accretion of nearby material. How-
ever, the remaining 10 to 20% (i.e. the baryons), undergo several changes along the cluster
life. The various interactions happening within clusters will often modify the properties
of the gas and the galaxies. We can classify these interactions into two categories: (1)
those between galaxies, and (2) those between galaxies and the Intra Cluster Medium
(ICM).

The first category of interactions includes galaxy merging and galaxy harassment. In
both cases two galaxies hit one another. In the case of mergers, galaxy relative speeds
are small enough that the galaxies will collapse together, usually creating a burst of star
formation, followed by an evolution into a larger elliptical galaxy (e.g. Negroponte &
White 1983; Barnes & Hernquist 1992, 1996; Mihos & Hernquist 1996). In the second
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case, the velocity of galaxies is higher, and the galaxies will pass one through (or next
to) each other. Depending on the trajectory of galaxies, this will result in high tidal
forces, and often also in a burst of star formation (e.g. Spitzer & Baade 1951; Moore
et al. 1996, 1998). However, the galaxies will not merge and each one will continue with
its own material. Finally, once a galaxy reaches a large size compared to the others,
the merging with other galaxies does not strongly change its properties but increases its
mass, a process referred as cannibalism, and which could explain the formation of the
Brightest Cluster Galaxies (BCGs) (e.g. Ostriker & Tremaine 1975).

The second category consists of interactions between galaxies and ICM, such as ram
pressure stripping and AGN feedback (Active Galactic Nucleus). Ram pressure stripping
is the removal of the galaxy gas due to the dynamical friction with the ICM when the
galaxy moves within it. The main effect of the gas stripping is to suppress star formation,
as the galaxy gets poorer in gas, that would normally be used to form stars (e.g. Gunn
& Gott 1972; Cowie & Songaila 1977; Quilis et al. 2000). AGNs are active objects made
of a super massive black hole surrounded by an accretion disk, lying at the center of very
massive galaxies, and have the property to re-emit infalling matter into collimated jets.
When the ICM gas cools, it falls onto the massive black hole, that, when having accreted
a sufficient quantity of gas, ejects it to re-enrich the ICM. The process also referred as
AGN heating, explains why the ICM remains at a very high temperature, in particular in
the central regions of clusters (e.g. Churazov et al. 2002; Brüggen & Kaiser 2002; Sijacki
& Springel 2006).

A third category of interplays could be invoked to explain the quenching of star
formation: the interaction between the DM potential and the galaxy. Galaxies falling
into the DM halo for the first time, undergo tidal forces that allow the gas to escape from
the galaxy, a phenomenon refered as galaxy strangulation. This effect also results in a
gas depletion, and then in the suppression of star formation, but happens on time scale
that might be longer than gas stripping (e.g. Larson et al. 1980; Balogh et al. 2000).

All these interactions help to better understand galaxy evolution within clusters,
and in particular, why and how spiral star forming galaxies become elliptical quiescent
galaxies in denser environment, an effect named the morphology-density relation. While
it has been studied in detail at low redshifts (e.g. Hubble 1926; Dressler 1980), another
interesting question is the evolution of the galaxy population with redshift (e.g. Smith
et al. 2005). Peng et al. (2010) recently proposed a scenario in which star forming galaxies
are first quenched due to environment effects while falling onto the cluster DM potential,
and at lower redshifts (0 < z < 1), are quenched proportionally to their star formation
rate, until they have used all their available gas.

In part 2.1, we shed light on the evolution of galaxies within clusters in the redshift
range 0.4 < z < 0.9, studying the galaxy luminosity functions of medium-high redshift
clusters.

1.2 Galaxy clusters in cosmology

Being the most massive collapsed structures in the Universe, galaxy clusters have a par-
ticular place among observational cosmology. Their distribution with mass is linked to
the evolution of the entire Universe as shown in part 1.1.2. In addition, their inner part
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traces the fraction of baryons in the highest existing density environments.
To understand which constraints can be calculated from clusters, we first have to

define the standard cosmological model.

1.2.1 Standard cosmology

In general relativity, gravity is defined as the response of space-time to matter and is
governed by the Einstein equation (Einstein 1916):

Gµν + Λgµν =
8πG

c4
Tµν , (1.1)

where Gµν is the Einstein tensor, gµν the metric tensor, Tµν the mass-energy tensor, Λ
is the cosmological constant, G the gravitational constant, and c the speed of light. The
left-hand term of eq. 1.1 corresponds to the curvature of space-time given the metric
gµν , and the right-hand term to the matter-energy content of the space-time. Solving
this equation in the Friedmann Lemâıtre Robertson Walker (FLRW) metric leads to the
Friedmann equations that describe the evolution of the Universe (Friedmann 1922). The
FLRW metric (eq. 1.2) assumes a spatially homogeneous and isotropic Universe, a strong
hypothesis called the cosmological principal, in either expansion or contraction and is
defined as:

ds2 = dt2 − a2(t)

[

dr2

1−Kr2
+ r2(dθ2 + (sin θ)2dφ2)

]

, (1.2)

where t is the time, (r, θ, φ) the space coordinates, K the space curvature, and a(t) the
scale factor that describes the expansion with time. K equals 0 for a flat infinite Universe,
is negative for an infinite hyperbolic Universe, and positive for a spherical finite Universe.
Note that the expansion factor a(t) is the same in every direction and depends only on
time in eq. 1.2, a choice made to respect the cosmological principle. Assuming a fluid
with a pressure P , a density ρ, and a null velocity leads to a very simple matter-energy
tensor Tµν for the Universe content, allowing a simple resolution of Einstein’s equation.
It results in the Friedmann equations (eq. 1.3 & 1.4):

(

ȧ

a

)2

=
8πG

3
ρ−

K

a2
+

Λ

3
, (1.3)

ä

a
= −

4πG

3
(ρ+ 3P ) +

Λ

3
. (1.4)

These equations describe the evolution of the expansion of the Universe, represented
by the scale factor a(t). Note that this factor only depends on time and on the content
of the Universe. We define the Hubble parameter as H = ȧ/a, which represents the
expansion rate of the Universe.

An additional equation is mandatory to solve Friedmann’s equation, which is the
equation of state of the content of the Universe. We usually assume a perfect fluid
equation for the content of the Universe:

P = wρc2, (1.5)
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where w depends on the type of energy considered. For cold matter, w = 0 and the
resolution of Friedmann’s equations gives a matter density proportional to the scale factor
at the power of minus three: ρ = ρ0a

−3. For radiating energy, w = 1/3 and ρ = ρ0a
−4.

Finally, for vacuum, w = −1 and the density is constant: ρ = ρ0. We can now rewrite
Friedmann’s equation as:

H2 = H2
0

[

ΩR (1 + z)4 + ΩM (1 + z)3 + ΩK (1 + z)2 + ΩΛ

]

= H2
0E

2(z), (1.6)

where we have linked the scale factor to the redshift observable z as follows:

a(t) =
a0

1 + z
, (1.7)

and where we have introduced the density parameters for each energy source:

ΩR =
8πGρR,0

3H2
0

, ΩM =
8πGρM,0

3H2
0

, ΩK = −
K

H2
0a

2
0

, ΩΛ =
Λ

3H2
0

. (1.8)

In eq. 1.6 to 1.8, index 0 means that the quantity is evaluated at the present time.
In particular, H0 corresponds to the present expansion rate and is called the Hubble
constant. We sometimes use h which is equal to H0 divided by 100 km.s−1.Mpc−1. The
different density parameters represent the normalized contribution of one specific energy
source to the present Universe content. Hence, we have

∑

Ωi = 1. All studies conducted
so far have revealed that K = 0 and thus ΩK = 0, meaning that we are living in a flat
Universe. Under this assumption, the resolution of Friedmann’s equations shows that
radiation was dominating in the early Universe, followed by an era of matter domination.
Today, we are dominated by the vacuum energy as ΩΛ is about 0.7, and then by matter
with ΩM about 0.3. The matter density parameter can be separated under its DM content
Ωc, and baryonic content Ωb, with ΩM = Ωc + Ωb. The matter repartition in the present
Universe is often represented as the so-called cosmological pie (Fig 1.4).

Figure 1.4: Universe density parameter repartition. Image taken from the NASA website.

In this figure, we introduce the notion of Dark Energy which is the energy of the
vacuum and drives the Universe expansion. There is a strong debate about the nature
of this energy. It could either be a fundamental constant of our Universe or an invisible
fluid. In the first case, it naturally arises from the Einstein equation but in the second
case it needs an equation of state. We use the same equation of state than for normal
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matter (eq. 1.5). The case where w = −1 corresponds to the cosmological constant
case. Measuring a significant deviation from this value would confirm the DE paradigm,
explaining why great efforts are made to accurately measure the actual value of w for DE
(e.g. the Euclid mission Laureijs et al. 2011).

The density parameters, together with the Hubble constant, are sufficient to describe
the present Universe. However, to make predictions on the history of our Universe, we
need to introduce some other parameters. In part 1.1.2, we said that galaxy clusters form
from the amplification of initial density fluctuations. This deviation from homogeneity
is often described by the power spectrum of the curvature perturbation ∆2

R, which is a
power law at the power ns − 1, where ns is referred as the spectral index, and is close to
1. Finally, we need a measure of the ionization state of the Universe. This is quantified
by the re-ionization optical depth τ which is the probability of a photon to scatter once.

The actual Lambda Cold Dark Matter cosmological model assumes that DE is a
cosmological constant. This hypothesis leads to a Universe which can be fully described
with 6 parameters. These parameters are the DE density ΩΛ, the DM density Ωc, the
baryon density Ωb, the curvature fluctuation amplitude ∆2

R, the scalar spectral index
ns, and the re-ionization optical depth τ 1. All other parameters can be computed from
these ones. However, depending on the data we want to fit, some parameters are more
convenient. In particular, the density perturbation amplitude is often studied through
the more convenient σ8: the present linear mass dispersion on a scale of 8 h−1.Mpc. The
six cosmological parameters can then be rewritten as (ΩΛ,Ωc,Ωb, σ8, ns, τ).

In addition to these parameters, one can add some which are not yet necessary, but
might one day become. Among those, we just mention the DE equation of state w
which, if it is rigorously equal to −1 corresponds to a cosmological constant. We usually
decompose the DE equation of state between a constant term w0 and a term that depends
on the expansion wa(1 − a), such that w = w0 + wa(1 − a), where a is the scale factor.
The case of a cosmological constant corresponds to (w0, wa) = (−1, 0).

Many efforts have been deployed in the past few decades to estimate these parameters.
The most famous are: Cosmic Microwave Background experiments, type Ia supernovae,
galaxy clustering (including Baryon Acoustic Oscillation), shear power spectrum, cluster
counts... In this thesis, we will only review the techniques relevant to galaxy clusters.
We show the present value for the six minimum cosmological parameters, along with H0,
σ8, ΩM and the age of the Universe, as measured from CMB experiments combined with
BAO in Table 1.1. We give two different values depending on the use of the WMAP-9
(Hinshaw et al. 2013) or Planck (Planck Collaboration et al. 2014) experiments. Presently,
one should refer to the more accurate Planck values. However, as the Planck results were
issued during the completion of this thesis, we use WMAP values therein.

An important remark is that due to the expansion, the measurable distances in the
Universe depend on cosmological parameters. In the framework described above, we can
write the distance between two objects, the co-moving distance χ, as a function of the
density parameters and the Hubble constant:

1Note that the observables for the DM and baryon density parameters are in facts Ωch
2 and Ωbh

2,

such that the Hubble constant H0 = h× 100 km.s−1
.Mpc−1 can be derived from it.
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Table 1.1: Cosmological parameters from WMAP-9 and Planck (CMB and BAO com-
bined). The six first parameters are the minimum parameters for the ΛCDM model, the
following four can be calculated from the first but are sometimes more convenient, and
the last one supposes an equation of state for the DE. Uncertainties are given with a 68%
confidence level. See text for details.

Parameter Planck WMAP
ΩΛ 0.692±0.010 0.703±0.012
Ωch

2 0.1187±0.0017 0.1160±0.0025
Ωbh

2 0.02212±0.00025 0.02249±0.00044
ln(1010∆2

R) 3.090±0.025 3.093±0.030
ns 0.9629±0.0057 0.969±0.010
τ 0.091±0.013 0.086±0.014
H0 (km.s−1.Mpc−1) 67.79±0.78 68.45±0.96
σ8 0.826±0.012 0.816±0.018
ΩM 0.308±0.010 0.297±0.012
Age (Gyr) 13.800±0.038 13.807±0.090
w -1.13±0.13 -1.073±0.090

χ(z) =

∫

cdz

H(z)
=

c

H0

∫

dz
√

ΩR (1 + z)4 + ΩM (1 + z)3 + ΩK (1 + z)2 + ΩΛ

. (1.9)

In practical, the co-moving distance is not directly measurable but only the angular
and the luminous distances, which are linked to the first one in a very simple way:
Dang = aχ and Dlum = (1 + z)2aχ. Thus, a measure of these distances is sensitive to the
matter and energy content of the Universe.

1.2.2 Cluster cosmological probes

The two main cosmological probes based on clusters are cluster counts and baryon frac-
tions. Here, we briefly describe these two techniques. See Allen et al. (2011) for a full
review of cosmology with galaxy clusters. Results concerning cluster counts can be found
in parts 3.2 and 3.3, and concerning baryon fractions in part 2.2 of this thesis. We also
describe one promising future probe: Weak Lensing Tomography with Clusters (WLTC).
In part 1.3, we introduce the DAFT/FADA survey which is built to serve as a test study
for this new probe.

Cluster counts

We saw in parts 1.1.2 & 1.2.1 that the formation of clusters depends on the initial density
fluctuations, and the density parameters of the Universe. The idea here is to link the
cluster abundance to the cosmology, assuming the standard scenario for the evolution of
clusters. The expected number of clusters for a survey of area ∆Ω can be expressed as:

dN

dz
= ∆Ω

dV

dzdΩ
(z)

∫

∞

0

f(M, z)
dn(M, z)

dM
dM, (1.10)
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where dV
dzdΩ

(z) is the co-moving volume element at redshift z, f(M, z) the selection func-

tion, and dn(M,z)
dM

the halo mass function. The dependence on cosmology is contained in
the co-moving volume (see eq. 1.9 for distance cosmology dependence) and the halo mass
function. The halo mass function represents the distribution of galaxy clusters with mass
in the Universe, and thus depends on the matter density parameter and on the CDM
primordial fluctuations. The evolution of cluster abundance with redshift also allows to
probe the DE equation of state w (e.g. Wang & Steinhardt 1998; Haiman et al. 2001).
The choice of the halo mass function is a delicate question which is well debated in the
literature. The halo mass function can be calculated, either theoretically: e.g. Press &
Schechter (1974), or from simulations: e.g. Tinker et al. (2008). While most studies now
resort to simulations, we must note that the classical choice of neglecting the baryons
in these simulations can have important effects on the cosmological constraint estimates
(Bocquet et al. 2015). Once this function is chosen, one can compute the expected cluster
distribution and compare it with the observed distribution, usually in a Fisher formalism.
This formalism is described in section 3.3, where we apply it to Euclid -like simulations.

Figure 1.5: Joint 68.3% and 95.4% confidence regions for σ8, ΩM and w from cluster
abundances, compared with those from WMAP-5 data (Dunkley et al. 2009) for spatially
flat ΛCDM models. In (a), cluster abundance is measured in the MaxBCG sample
(z < 0.3) from Rozo et al. (2010). In (b) cluster abundance is measured in the ROSAT
All-Sky Survey (RASS) clusters at z < 0.5 (Mantz et al. 2010). The gold region is the
combination of both constraints. Adapted from Allen et al. (2011).

In Fig. 1.5, we present some of the latest results on cosmological constraints from
cluster abundance studies, and compare it with CMB experiments. We see that cluster
counts are less sensitive to the density parameters than CMB experiments but that they
are more sensitive to the equation of state of the DE. On a more general point of view,
cluster counts are more sensitive to the parameters that are linked to the growth of
structures, as the CMB is emitted before those structures have the time to evolve. In
any case, the constraints are oriented in a different way, allowing an important gain when
combining both probes. Furthermore, the systematics are not the same, and the fact that
constraints overlap for all methods is a good sanity check.

We showed that cluster abundance is an accurate cosmological probe, but there are
some biases in its application that need to be checked. From eq. 1.10, we identify three
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observational challenges: the measurement of accurate redshifts, of accurate masses, and
the control of the detection systematics, in other terms the selection function.

The best way to measure redshifts is spectroscopy. However, this technique requires
too much observational time, explaining why most studies rely on photometric redshifts.

The selection function quantifies the biases of the cluster detection algorithm. In
particular, we want to know how many clusters we miss (i.e. the completeness) and
how many of our identified clusters correspond to wrong detections (i.e. the purity).
Assessing the cluster detection quality is a hot topic which is being investigated for the
next generation wide surveys (e.g. the Euclid Cluster Detection Challenge).

The hardest problem is the mass measurement. Indeed, in most cases, we do not
measure the true mass of clusters but only a proxy to this quantity derived through
observation. Hence we need to calibrate the mass observable relation with a sample of
fully known cluster masses. So far, the best way to determine this relation is to use weak
lensing as it takes into account the full mass distribution of the cluster. Other observables
are the X-ray emission, the dispersion of velocities, the strong lensing, and the Sunyev
Zeldovich effect. Those techniques all enable to determine cluster masses but they rely
on some physical assumptions that cannot be verified for every cluster. In particular,
most of them require that systems are virialized, i.e. that kinetic and potential energies
equilibrate, which is true only for relaxed clusters, that do not undergo any specific effect
such as merging. The strong lensing observable does not require such a hypothesis, but
it can only probe masses in the inner part of clusters, i.e. at scales lower than the
Einstein radius. In part 3.2, we determine cluster masses through WL at the required
accuracy, extending the number of clusters that can be used to constrain the observable
mass relation.

In part 3.3, we propose to overpass the problems of the observable mass relation and of
the cluster selection function by studying not clusters but directly projected mass peaks,
using many simulations.

Fraction of baryons

The fraction of baryons can be used to probe the evolution of matter from the early
Universe. This fraction is a direct constraint of the baryon to matter parameters (e.g.
Briel et al. 1992; White et al. 1993; Evrard 1997; Mohr et al. 1999) and can be compared
to the same ratio measured in the early Universe through CMB analysis:

fgas = Γ(z)
Ωb

ΩM

, (1.11)

where Γ(z) is the gas depletion parameter and characterizes the cluster halo at redshift
z, and within the radius in which masses are computed. Using priors on Ωb and H0

from other cosmological probes then allows to estimate the matter parameter ΩM for a
sufficiently large number of clusters.

A more precise measurement of cosmological parameters can be performed by ex-
ploiting the angular distance dependence of the gas fraction measurement (e.g Allen
et al. 2004, 2008):

fgas ∝ Dang(z)
3/2. (1.12)

18



As already shown in eq. 1.9, distance depends on cosmology, and thus the fraction
of gas in clusters can constrain cosmological models. Such measurements are shown in
Fig. 1.6. We see that fgas achieves only low constraints compared to CMB experiments.
However, the degeneracy between parameters being oriented in a complete different way,
this additional information leads to much tighter constraints when combined with other
probes.

Figure 1.6: Joint 68.3% and 95.4% confidence regions in the (ΩΛ, ΩM) plane for the
Chandra fgas data at z < 1.1 (Allen et al. 2008), compared to those from WMAP-3 CMB
data (Spergel et al. 2007) and SNIa (Davis et al. 2007). The inner gold contours show
results from the combination of these data.

An important limitation of this method is the high scatter in the gas and total mass
estimates. As for cluster counts, it is preferable to estimate the total mass from lensing
analysis (e.g. Allen et al. 2013; Mantz et al. 2014), as lensing does not depend on the clus-
ter hydrodynamical equilibrium. Accurate redshifts of galaxy clusters are also required.
Finally, one needs to consider a very large number of clusters, due to the large scatter of
the gas fraction, to have a statistical estimate of it at every redshift.

Even if our study of the fraction of baryons is more oriented towards a comparison
between groups and clusters, we draw such constraints and present them in part 2.2.

Weak lensing tomography with clusters

Weak Lensing Tomography with Clusters (WLTC) has first been introduced by Jain
& Taylor (2003). The main idea is that the shear ratio of background populations at
the same angular distance from the cluster center only depends on the distances of the
different elements of the system. Refer to Sect. 3.1 for insights in the weak lensing theory.
In the case of galaxy clusters, the galaxies of which lie at the same redshift, the average

19



tangential shear induced on background galaxies, noted γ, can be written as the product
of a function of angular distance θ and a function of comoving distances (eq. 1.13):

γ(θ, z) = γ(θ,∞)g(z), (1.13)

where g(z) is the ratio of the distance of the lens to the sources (Dls) over the distance
to the sources (Ds):

g(z) =
Dls

Ds

=
χs − χl

χs

, (1.14)

where χ denotes the comoving distance, which depends on cosmology through eq. 1.9.
γ(θ,∞) vanishes for a ratio of galaxy populations at the same angular distance from the
lens position, but at different redshift. The shear ratio at the same angular distance thus
only depends on comoving distances as shown in eq. 1.15:

γ(θ, z1)

γ(θ, z2)
=

(χs1 − χl)/χs1

(χs2 − χl)/χs2

(1.15)

Weak lensing tomography with clusters thus provides a geometrical measure of dis-
tance ratios, and then of cosmology. This dependence only on a geometrical measurement
(the shear of background galaxies) makes it a very clean cosmological probe. However,
one needs to measure the shape and redshift of background galaxies with a sufficient
accuracy to be able to constrain our cosmological model. Systematic biases in these mea-
surements are discussed in Sect. 1.3.1, as the DAFT/FADA survey has been carried out
with the aim of applying WLTC to observational data.

1.3 The DAFT/FADA survey

1.3.1 Goals and data

The DAFT/FADA survey (Dark energy American French Team, in French FADA) is
a galaxy cluster survey encompassing ∼ 90 high-redshift (0.4 ≤ z ≤ 0.9) massive
(M≥ 2 × 1014 M⊙) clusters of galaxies with Hubble Space Telescope (HST) imaging
available. The project has been granted about 70 nights of telescope time since 2009,
mainly for deep optical and infrared imaging, on various 4m class telescopes, to build
a ground based follow up in BVRIZ optical and J near-infrared bands. The status of
the survey can be found at: http://cencosw.oamp.fr/DAFT/project.php, and we now
have complete data for a large number of clusters. DAFT/FADA has been built with the
main goal of applying WLTC, a technique described in Sect. 1.2.2, and to serve as a test
study for this new probe. The HST images are used for the shear analysis while photo-
metric redshifts are computed from the ground based multi-band data. We also gathered
spectroscopic measurements of at least 15 galaxies per field to train the photometric
redshift software. Finally, about half of the sample is covered by X-ray observations, in
majority XMM –Newton, but also Chandra.

However, the systematics in the shear and photometric measurements in the DAFT/FADA
survey do not allow to constrain the DE equation of state to an interesting accuracy. This
is due to the very small variation of the shear ratio with cosmology.
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Figure 1.7: Variation of the distance ratio g = (χs − χl)/χs with the DE equation of
state parameter wa. The ordinate is an estimate of the required accuracy to probe the
corresponding wa departure from ΛCDM with WLTC. The blue line corresponds to the
shear and photometric redshift accuracy of the DAFT/FADA survey and the green line
to the expected accuracy of Euclid.

We see in eq. 1.15 that one can estimate a ratio of comoving distances, which depends
on cosmology, by only measuring the shape and photometric redshift of background
galaxies. The requirement on the accuracy of both measurements is set by the variation of
the comoving distance ratio g(z) with cosmology. As the parameter we wish to constrain
with the DAFT/FADA survey is the DE equation of state, we rewrite the comoving
distance of eq. 1.9 in eq. 1.16 (Linder 2003):

χ(z) =
c

H0

∫

dz
√

ΩM (1 + z)3 + (1− ΩM) (1 + z)3(1+w0+wa) e−3waz/(1+z)

, (1.16)

where we introduced the DE equation of state w = w0 + wa(1 − a), and assumed a flat
Universe, with a negligible radiation density parameter, such that ΩR = 0, ΩK = 0,
and ΩΛ = 1 − ΩM . We can now compute the variation of the distance ratio for various
values of wa and compare it to a Universe with non dynamical DE (i.e. wa = 0). This is
what is done in Fig. 1.7, where we chose a lens redshift of zl = 0.65 and a source mean
redshift of zs = 1.5, which are representative of the DAFT/FADA survey. The variation
of the distance ratio 1 − g(wa)/g(wa = 0) gives an estimate of the required accuracy on
both shear and photometric measurements to probe the corresponding departure from
ΛCDM: wa. Our results are compatible with those from Bernstein & Jain (2004) who
investigated the required accuracy for probing wa = 0.2. After analyzing a subsample of
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the DAFT/FADA survey, we found an accuracy of ∼ 5% on both photometric redshifts
(Martinet et al. 2015) and shear (Martinet et al. 2015, A&A submitted). We also plot
the value of 0.2% expected for Euclid as a comparison. Unfortunately, we see that the
systematic errors on redshift and shear in DAFT/FADA only allow us to measure devi-
ation from ΛCDM if wa > 1. With Euclid this should be wa > 0.1, an accuracy more
compatible with the present one from Planck: ∼ 0.13.

Besides WLTC, the DAFT/FADA project forms a comprehensive database to study
clusters and their evolution at 0.4 < z < 0.9, and this second goal has driven most of the
science made with the survey.

1.3.2 Previous results

In addition to the first DAFT/FADA paper establishing the reference basis for the pho-
tometric redshift (hereafter photo−z) determination (Guennou et al. 2010), results con-
cerning several topics have been obtained by the DAFT/FADA team. Guennou et al.
(2012) showed that by stacking data for different clusters it is possible to detect intra-
cluster light (ICL) in the redshift interval 0.4 < z < 0.8, and that there appears to be
no variation in the amount of ICL between z = 0 and z = 0.8. Guennou et al. (2014a)
analyzed the XMM-Newton data available for 42 DAFT/FADA clusters to derive their
X-ray luminosities and temperatures, and search for substructures. This study was cou-
pled with dynamical analyses of the 26 clusters with at least 30 spectroscopic redshifts
close to the cluster redshift. An interesting result is that the percentage of mass in sub-
structures seems constant with redshift up to z ∼ 0.9, i.e. just after the completion of the
initial cluster building period (see e.g. Ulmer et al. 2009). Using three different methods,
Guennou et al. (2014b) determined the mass profile and dynamical status of the z∼0.8
LCDCS 0504 cluster of galaxies characterized by prominent giant gravitational arcs near
its center and found differences that may be explained when we analyze a larger sample of
DAFT/FADA clusters. Murphy et al. (2014) performed a weak lensing analysis of HST
Advanced Camera for Surveys (ACS) mosaic imaging data of ten massive, high-redshift
(z > 0.5) DAFT/FADA galaxy clusters, made two dimensional surface mass reconstruc-
tions, and explored the use of photo−zs for background galaxy discrimination.

During my PhD thesis, in addition to participating in the DAFT/FADA paper on
substructures (details of my contribution can be found in Appendix A.3), I developed
two new projects within the survey. The first one is the study of the galaxy luminosity
functions of 31 clusters, using photometric redshifts to assess cluster membership, and
separating galaxy populations based on a color criterion. This paper is presented in
Sect. 2.1, and refered to as Martinet et al. (2015). The second topic is the cluster mass
estimate, and search for filaments with a weak lensing analysis of large field of view
images for 16 clusters. This work is reviewed in Sect. 3.2: Martinet et al. (2015, A&A
submitted).
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Chapter 2

Galaxy magnitudes

This chapter encompasses studies made during the thesis, and based on the galaxy magni-
tude observable. We first review work that has been done on galaxy luminosity functions
in DAFT/FADA medium-high redshift clusters (Sect. 2.1), and then on the fraction of
baryons in nearby groups and clusters of galaxies (Sect. 2.2).

2.1 Galaxy luminosity functions

This section presents the results from Martinet et al. (2015): The evolution of the cluster
optical galaxy luminosity function between z=0.4 and 0.9 in the DAFT/FADA survey.
The first subsection briefly summarizes the paper, its context, aims, methods, results,
and conclusions. The detailed study can be read in the second subsection, where we
display the article.

2.1.1 Summary

Context

There is some disagreement about the abundance of faint galaxies in high-redshift clusters,
with contradictory results in the literature arising from studies of the optical GLF for
small cluster samples. The GLF is defined as the distribution of galaxies with magnitude
and can be studied in different environments. In clusters, some authors find a decreasing
faint end at high redshifts, while others find no evolution between z ∼ 1 and today.
Figure 2.1 shows an example of the two behaviors on GLFs represented by Rudnick et al.
(2009) for the evolutionary scenario and by De Propris et al. (2013) for the no-evolution
scheme. The importance of this debate arises from the fact that in the first case clusters
still evolve from high redshift until today, while in the second cluster galaxy populations
are frozen at z ∼ 1.

Aims

We compute GLFs for one of the largest medium-to-high-redshift (0.4 ≤ z < 0.9) cluster
samples to date in order to probe the abundance of faint galaxies in clusters. We also
study how the GLF depends on cluster redshift, mass, and substructure and compare the
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Figure 2.1: The different results for the I band GLF at high redshifts. Left: An example
where the GLF faint end shows a drop at high redshifts (Rudnick et al. 2009). Blue circles
represent SDSS clusters (z ∼ 0.1), red squares the EDisCS clusters at 0.4 < z < 0.6 and
black triangles at 0.6 < z < 0.8. Right: An example where the GLF faint end shows no
evolution at high redshifts (De Propris et al. 2013).

GLFs of clusters with those of the field. We separately investigate the GLFs of blue and
red-sequence (RS) galaxies to understand the evolution of different cluster populations.

Methods

We calculated the GLFs for 31 clusters taken from the DAFT/FADA survey in the B, V,
R, and I rest-frame bands.

We used photometric redshifts computed from BVRIZJ images to constrain galaxy
cluster membership. Photometric redshifts are estimated from interpolating the spectrum
of a galaxy from its magnitudes in several bands. Figure 2.2 shows how a typical galaxy
spectrum appears at different redshifts, and how it will be covered by the SDSS optical
filters. We compute photometric redshifts using the LePhare software (Arnouts et al.
1999; Ilbert et al. 2006) which compares the measured set of magnitudes to a library
of spectral energy distributions (SED), determining the most probable redshift. Once
galaxies at redshifts close to that of the cluster are selected, we remove background
galaxies in a statistical way, using background counts from COSMOS (Ilbert et al. 2009).

We carried out a detailed estimate of the completeness of our data. This step is
important not to consider magnitude bins where no galaxies are detected, not because
they do not exist, but because data are not deep enough. We distinguished the red-
sequence and blue galaxies using a V-I versus I color-magnitude diagram. We studied the
evolution of these two populations with redshift. We fitted Schechter functions (Schechter
1976) to our stacked GLFs to determine average cluster characteristics. We then discuss
the faint end of the GLF according to the slope α in the Schechter function. α = −1
corresponds to a flat slope, while α < −1 and α > −1 respectively correspond to an
increasing and a decreasing slope.
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Figure 2.2: Principle of photometric redshifts. The spectrum of a galaxy is interpolated
through its observation in several broad band filters. See text for details. Image taken
from the SDSS website.

Results

We find that the shapes of our GLFs are similar for the B, V, R, and I bands with a
drop at the GLF faint ends of red galaxies, that is more pronounced at high redshift:
αred ∼ −0.5 at 0.40 ≤ z < 0.65 and αred > 0.1 at 0.65 ≤ z < 0.90. The GLFs of
blue galaxies have a steeper faint end (αblue ∼ −1.6) than the red GLFs, which appears
to be independent of redshift. For the full cluster sample, blue and red GLFs meet at
MV = −20, MR = −20.5, and MI = −20.3. We also found an excess of red galaxies in
clusters compared to the field, while blue galaxies have more or less identical GLFs. A
study of how galaxy types evolve with redshift shows that a large fraction of late-type
galaxies appear to become early types between z ∼ 0.9 and today. Finally, the faint ends
of the red GLFs of more massive clusters appear to be richer than less massive clusters,
which is more typical of the lower redshift behavior.

Conclusions

Our results indicate that these clusters form at redshifts higher than z = 0.9 from galaxy
structures that already have an established red sequence. Late-type galaxies then appear
to evolve into early types, enriching the red sequence between this redshift and today.
This effect is consistent with the evolution of the faint-end slope of the red sequence
and the galaxy type evolution that we find. Finally, faint galaxies accreted from the
field environment at all redshifts might have replaced the blue late-type galaxies that
converted into early types, explaining the lack of evolution in the faint-end slopes of the
blue GLFs.
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2.1.2 Martinet et al. 2015a
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❮❷ ❹❺➂➃⑩❷➃ ❺➈❷ ❷❶➅➓➂❺⑩➅⑨ ➅➣ ❺➈❷❹❷ ❺↕➅ ➇➅➇➂➓❻❺⑩➅⑨❹ ↕⑩❺➈ ❸❷➃❹➈⑩➣❺➮ ❮❷ Ï❺❺❷➃ ❙❝➈❷❝➈❺❷❸ ➣➂⑨❝❺⑩➅⑨❹ ❺➅ ➅➂❸ ❹❺❻❝Ó❷➃ ➡➞➐❹ ❺➅ ➃❷❺❷❸➒⑩⑨❷
❻❶❷❸❻➎❷ ❝➓➂❹❺❷❸ ❝➈❻❸❻❝❺❷❸⑩❹❺⑩❝❹➮
Ú➴❒ÛÜ➘❒➬ ❮❷ Ï⑨➃ ❺➈❻❺ ❺➈❷ ❹➈❻➇❷❹ ➅➣ ➅➂❸ ➡➞➐❹ ❻❸❷ ❹⑩➒⑩➓❻❸ ➣➅❸ ❺➈❷ Ô,Õ,Ö❽ ❻⑨➃ × ➌❻⑨➃❹ ↕⑩❺➈ ❻ ➃❸➅➇ ❻❺ ❺➈❷ ❸❷➃ ➡➞➐ ➣❻⑩⑨❺ ❷⑨➃❹ ❺➈❻❺ ⑩❹ ➒➅❸❷
➇❸➅⑨➅➂⑨❝❷➃ ❻❺ ➈⑩➎➈ ❸❷➃❹➈⑩➣❺➔ αÝÞß ∼ −✂.☎ ❻❺ ✂.➏✂ ≤ ❰ < ✂.❼☎ ❻⑨➃ αÝÞß > ✂.✄ ❻❺ ✂.❼☎ ≤ ❰ < ✂.➀✂➮ ➦➈❷ ➌➓➂❷ ➡➞➐❹ ➈❻❶❷ ❻ ❹❺❷❷➇❷❸ ➣❻⑩⑨❺ ❷⑨➃
➨αàáâÞ ∼ −✄.❼➩ ❺➈❻⑨ ❺➈❷ ❸❷➃ ➡➞➐❹❽ ↕➈⑩❝➈ ❻➇➇❷❻❸❹ ❺➅ ➌❷ ⑩⑨➃❷➇❷⑨➃❷⑨❺ ➅➣ ❸❷➃❹➈⑩➣❺➮ ➐➅❸ ❺➈❷ ➣➂➓➓ ❝➓➂❹❺❷❸ ❹❻➒➇➓❷❽ ➌➓➂❷ ❻⑨➃ ❸❷➃ ➡➞➐❹ ➒❷❷❺ ❻❺
ãä = −✁✂❽ ãå = −✁✂.☎❽ ❻⑨➃ ãæ = −✁✂.➢➮ ➄ ❹❺➂➃➉ ➅➣ ➈➅↕ ➎❻➓❻➟➉ ❺➉➇❷❹ ❷❶➅➓❶❷ ↕⑩❺➈ ❸❷➃❹➈⑩➣❺ ❹➈➅↕❹ ❺➈❻❺ ➓❻❺❷➑❺➉➇❷ ➎❻➓❻➟⑩❷❹ ❻➇➇❷❻❸ ❺➅
➌❷❝➅➒❷ ❷❻❸➓➉ ❺➉➇❷❹ ➌❷❺↕❷❷⑨ ❰ ∼ ✂.➀ ❻⑨➃ ❺➅➃❻➉➮ ➐⑩⑨❻➓➓➉❽ ❺➈❷ ➣❻⑩⑨❺ ❷⑨➃❹ ➅➣ ❺➈❷ ❸❷➃ ➡➞➐❹ ➅➣ ➒➅❸❷ ➒❻❹❹⑩❶❷ ❝➓➂❹❺❷❸❹ ❻➇➇❷❻❸ ❺➅ ➌❷ ❸⑩❝➈❷❸
❺➈❻⑨ ➓❷❹❹ ➒❻❹❹⑩❶❷ ❝➓➂❹❺❷❸❹❽ ↕➈⑩❝➈ ⑩❹ ➒➅❸❷ ❺➉➇⑩❝❻➓ ➅➣ ❺➈❷ ➓➅↕❷❸ ❸❷➃❹➈⑩➣❺ ➌❷➈❻❶⑩➅➂❸➮
➪➶➹çÜÛ❒✃➶➹❒➬ �➂❸ ❸❷❹➂➓❺❹ ⑩⑨➃⑩❝❻❺❷ ❺➈❻❺ ❺➈❷❹❷ ❝➓➂❹❺❷❸❹ ➣➅❸➒ ❻❺ ❸❷➃❹➈⑩➣❺❹ ➈⑩➎➈❷❸ ❺➈❻⑨ ❰ = ✂.➀ ➣❸➅➒ ➎❻➓❻➟➉ ❹❺❸➂❝❺➂❸❷❹ ❺➈❻❺ ❻➓❸❷❻➃➉ ➈❻❶❷ ❻⑨
❷❹❺❻➌➓⑩❹➈❷➃ ❸❷➃ ❹❷➊➂❷⑨❝❷➮ ➞❻❺❷➑❺➉➇❷ ➎❻➓❻➟⑩❷❹ ❺➈❷⑨ ❻➇➇❷❻❸ ❺➅ ❷❶➅➓❶❷ ⑩⑨❺➅ ❷❻❸➓➉ ❺➉➇❷❹❽ ❷⑨❸⑩❝➈⑩⑨➎ ❺➈❷ ❸❷➃ ❹❷➊➂❷⑨❝❷ ➌❷❺↕❷❷⑨ ❺➈⑩❹ ❸❷➃❹➈⑩➣❺
❻⑨➃ ❺➅➃❻➉➮ ➦➈⑩❹ ❷ff❷❝❺ ⑩❹ ❝➅⑨❹⑩❹❺❷⑨❺ ↕⑩❺➈ ❺➈❷ ❷❶➅➓➂❺⑩➅⑨ ➅➣ ❺➈❷ ➣❻⑩⑨❺➑❷⑨➃ ❹➓➅➇❷ ➅➣ ❺➈❷ ❸❷➃ ❹❷➊➂❷⑨❝❷ ❻⑨➃ ❺➈❷ ➎❻➓❻➟➉ ❺➉➇❷ ❷❶➅➓➂❺⑩➅⑨ ❺➈❻❺
↕❷ Ï⑨➃➮ ➐⑩⑨❻➓➓➉❽ ➣❻⑩⑨❺ ➎❻➓❻➟⑩❷❹ ❻❝❝❸❷❺❷➃ ➣❸➅➒ ❺➈❷ Ï❷➓➃ ❷⑨❶⑩❸➅⑨➒❷⑨❺ ❻❺ ❻➓➓ ❸❷➃❹➈⑩➣❺❹ ➒⑩➎➈❺ ➈❻❶❷ ❸❷➇➓❻❝❷➃ ❺➈❷ ➌➓➂❷ ➓❻❺❷➑❺➉➇❷ ➎❻➓❻➟⑩❷❹ ❺➈❻❺
❝➅⑨❶❷❸❺❷➃ ⑩⑨❺➅ ❷❻❸➓➉ ❺➉➇❷❹❽ ❷➟➇➓❻⑩⑨⑩⑨➎ ❺➈❷ ➓❻❝Ó ➅➣ ❷❶➅➓➂❺⑩➅⑨ ⑩⑨ ❺➈❷ ➣❻⑩⑨❺➑❷⑨➃ ❹➓➅➇❷❹ ➅➣ ❺➈❷ ➌➓➂❷ ➡➞➐❹➮

èéê ëìíîïð ➎❻➓❻➟⑩❷❹➔ ❝➓➂❹❺❷❸❹➔ ➎❷⑨❷❸❻➓ ñ ➎❻➓❻➟⑩❷❹➔ ❷❶➅➓➂❺⑩➅⑨ ñ ➎❻➓❻➟⑩❷❹➔ ➣➅❸➒❻❺⑩➅⑨ ñ ➎❻➓❻➟⑩❷❹➔ ➓➂➒⑩⑨➅❹⑩❺➉ ➣➂⑨❝❺⑩➅⑨❽ ➒❻❹❹ ➣➂⑨❝❺⑩➅⑨

òó ôõö÷øùúûöüøõ

■ý þÿ ✇þ❞❡❧② ❛❝❝❡♣ý❡❞ ý❤❛ý ❝❧✉ÿý❡r ❡❧❧þ♣ýþ❝❛❧ ❣❛❧❛①þ❡ÿ ❛r❡ ❛ ♣❛ÿ✲
ÿþ✈❡❧② ❡✈♦❧✈þ♥❣ ♣♦♣✉❧❛ýþ♦♥ ❢♦r♠❡❞ ❛ý ❤þ❣❤ r❡❞ÿ❤þ❢ý ✭③ > ✶✮ þ♥
❛ ÿ❤♦rý ❞✉r❛ýþ♦♥ ❡✈❡♥ý ✭❡✳❣✳ ❉❡ Pr♦♣rþÿ ❡ý ❛❧✳ ✶✾✾✾✱ ✷✵✵✼✱ ✷✵✶✸❀
❉❡ ▲✉❝þ❛ ❡ý ❛❧✳ ✷✵✵✹✱ ✷✵✵✼❀ ❆♥❞r❡♦♥ ✷✵✵✻❀ ▼✉��þ♥ ❡ý ❛❧✳ ✷✵✵✽❀
▼❛♥❝♦♥❡ ❡ý ❛❧✳ ✷✵✶✵✱ ✷✵✶✷✮✳ ❚❤þÿ ÿ❝❡♥❛rþ♦ þÿ ÿýr♦♥❣❧② ÿ✉♣♣♦rý❡❞
❜② ý❤❡ ❧❛❝❦ ♦❢ ❡✈♦❧✉ýþ♦♥ þ♥ ý❤❡ ❝♦❧♦✉r−♠❛❣♥þý✉❞❡ r❡❧❛ýþ♦♥ ❢♦r

ý❤❡ ❜rþ❣❤ý ❣❛❧❛①þ❡ÿ þ♥ ❝❧✉ÿý❡rÿ ❢r♦♠ ③ = ✶ ý♦ ③ = ✵ ✭❡✳❣✳ ❉❡ ▲✉❝þ❛
❡ý ❛❧✳ ✷✵✵✹✮✳❍♦✇❡✈❡r✱ ý❤❡r❡ þÿ ÿýþ❧❧ ❛ ÿýr♦♥❣ ❞❡❜❛ý❡ ❛❜♦✉ý✇❤❡ý❤❡r
⋆ ➄➇➇❷⑨➃⑩➟ ⑩❹ ❻❶❻⑩➓❻➌➓❷ ⑩⑨ ❷➓❷❝❺❸➅⑨⑩❝ ➣➅❸➒ ❻❺
http://www.aanda.org

❝❧✉ÿý❡r ❣❛❧❛①þ❡ÿ ♠þ❣r❛ý❡❞ ❢r♦♠ ý❤❡ ✣❡❧❞ ý♦ ❝❧✉ÿý❡rÿ ❛ý ❧♦✇❡r r❡❞✲
ÿ❤þ❢ý ✭③ ∼ ✵.✽❀ ❡✳❣✳ ❉❡ ▲✉❝þ❛ ❡ý ❛❧✳ ✷✵✵✹✱ ✷✵✵✼❀ P♦❣❣þ❛♥ýþ ❡ý ❛❧✳
✷✵✵✻✮ ♦r þ❢ ý❤❡② ❥♦þ♥❡❞ ❝❧✉ÿý❡rÿ ❛ý ❤þ❣❤❡r r❡❞ÿ❤þ❢ý ♦r ÿýþ❧❧ ❡✈❡♥
♦rþ❣þ♥❛❧❧② ❢♦r♠❡❞ þ♥ ❝❧✉ÿý❡rÿ✳ ❚❤þÿ ❞❡❜❛ý❡ ❛rþÿ❡ÿ ❢r♦♠ ý❤❡ ❞þff❡r✲
❡♥ý ❜❡❤❛✈þ♦✉rÿ ♦❢ ý❤❡ ❢❛þ♥ý✲❡♥❞ ÿ❧♦♣❡ ♦❢ ❣❛❧❛①② ❧✉♠þ♥♦ÿþý② ❢✉♥❝✲
ýþ♦♥ÿ ✭●▲❋ÿ✮ ♦❜ÿ❡r✈❡❞ ❛ý ❤þ❣❤ ③✳ ❆ý ❧♦✇ ③✱ ❝❧✉ÿý❡r ●▲❋ÿ ♠❛þ♥❧②
❤❛✈❡ ✤❛ý ❢❛þ♥ý ❡♥❞ÿ ♣♦♣✉❧❛ý❡❞ ❜② ❧♦✇ ♠❛ÿÿ ❣❛❧❛①þ❡ÿ ✭❡✳❣✳ ❙❡❝❦❡r
❡ý ❛❧✳ ✶✾✾✼❀ ❘✉❞♥þ❝❦ ❡ý ❛❧✳ ✷✵✵✾✮✳ ❲❡ ♥♦ý❡ ý❤❛ý P♦♣❡ÿÿ♦ ❡ý ❛❧✳
✭✷✵✵✻✮ ✣♥❞ ❛♥ ✉♣ý✉r♥ ♦❢ ý❤❡ ✈❡r② ❢❛þ♥ý ♣♦♣✉❧❛ýþ♦♥ ♦❢ ý❤❡ ●▲❋ ❢♦r
✁
∗
✂ > −✶✽ þ♥ ♥❡❛r❜② ❝❧✉ÿý❡rÿ✱ ❜✉ý ♦✉r ❞❛ý❛ ❛r❡ ♥♦ý ❞❡❡♣ ❡♥♦✉❣❤

ý♦ þ♥✈❡ÿýþ❣❛ý❡ ý❤þÿ ♣♦♣✉❧❛ýþ♦♥ ♦❢ ❞✇❛r❢ ❣❛❧❛①þ❡ÿ ❛ý ❤þ❣❤ r❡❞ÿ❤þ❢ý✳

❆rýþ❝❧❡ ♣✉❜❧þÿ❤❡❞ ❜② ❊❉P ❙❝þ❡♥❝❡ÿ ❆✶✶✻✱ ♣❛❣❡ ✶ ♦❢ ✷✹



❆✫❆ ✺✼✺✱ ❆✶✶✻ ✭✷✵✶✺✮

❚❤❡ ❢❛✐♥t ❡♥❞ ♦❢ ●▲❋s ✐s ❢♦✉♥❞ t♦ ❡✐t❤❡r ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥✲

❝r❡❛s✐♥❣ r❡❞s❤✐❢t �❡✳❣✳ ❙♠❛✐❧ ❡t ❛❧✳ ✁✾✾✽❀ ❉❡ ▲✉❝✐❛ ❡t ❛❧✳ ✂✄✄✹☎

✂✄✄✆❀ ❚❛♥❛❦❛ ❡t ❛❧✳ ✂✄✄✝❀ ❙t♦tt ❡t ❛❧✳ ✂✄✄✆❀ ●✐❧❜❛♥❦ ❡t ❛❧✳ ✂✄✄✽❀

❘✉❞♥✐❝❦ ❡t ❛❧✳ ✂✄✄✾❀ ❱✉❧❝❛♥✐ ❡t ❛❧✳ ✂✄✁✁✞ ♦r r❡♠❛✐♥ ❝♦♥st❛♥t ✇✐t❤

r❡❞s❤✐❢t �❡✳❣✳ ❉❡ Pr♦♣r✐s ❡t ❛❧✳ ✂✄✄✸☎ ✂✄✄✆☎ ✂✄✁✸❀ ✟♥❞r❡♦♥ ✂✄✄✠✞✳

❚❤❡ ✣rst t②♣❡ ♦❢ ❜❡❤❛✈✐♦✉r ✐s t❤❡ ♠♦st ❝♦♠♠♦♥❧② ♦❜s❡r✈❡❞☎ ❜✉t

t❤❡ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r s❝❡♥❛r✐♦ ♣r❡❞✐❝ts ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ❧♦✇

♠❛ss ❣❛❧❛①✐❡s �✟♥❞r❡♦♥ ❡t ❛❧✳ ✂✄✄✠❀ ❘✉❞♥✐❝❦ ❡t ❛❧✳ ✂✄✄✾✞✳ ❚❤✉s☎

❛❞❞✐t✐♦♥❛❧ ♣r♦❝❡ss❡s ❛r❡ ♦❢t❡♥ ✐♥✈♦❦❡❞ ✇✐t❤✐♥ ❝❧✉st❡rs☎ s✉❝❤ ❛s

r❛♠ ♣r❡ss✉r❡ str✐♣♣✐♥❣ �●✉♥♥ ✡ ●♦tt ✁✾✆✂✞ ❛♥❞ ❤❛r❛ss♠❡♥t �❡✳❣✳

▼♦♦r❡ ❡t ❛❧✳ ✁✾✾✠☎ ✁✾✾✽✞✳ ❚❤❡s❡ ♣r♦❝❡ss❡s ❛r❡ ❢♦✉♥❞ t♦ ✇❡❛❦❧②

❛ff❡❝t t❤❡ r❡s✉❧ts ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ▲❛♥③♦♥✐ ❡t ❛❧✳ �✂✄✄✝✞ ❛♥❞

❛r❡ ❧✐❦❡❧② t♦ ❞❡♣❡♥❞ ♦♥ ♠❛ss �▼✉③③✐♥ ❡t ❛❧✳ ✂✄✄✽✞✳ ❚❤❡ st✉❞②

♦❢ t❤❡ ❛❜✉♥❞❛♥❝❡ ♦❢ ❢❛✐♥t ❣❛❧❛①✐❡s ❛t ❤✐❣❤ r❡❞s❤✐❢t ✐s t❤❡ ♠❛✐♥

♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r✳

❲❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ●▲❋s ❛r❡ ✉♥✐✈❡rs❛❧ ♦r ❞❡♣❡♥❞

♦♥ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤✐s ❝❛♥ ❤❡❧♣ ✉s ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡ r❡❞

❝❧✉st❡r ❣❛❧❛①② ♣♦♣✉❧❛t✐♦♥ ♦r✐❣✐♥❛t❡s ✐♥ t❤❡ ✣❡❧❞ ❛t ❤✐❣❤❡r r❡❞✲

s❤✐❢t✳ ▼❛♥② st✉❞✐❡s ✣♥❞ ❛ ✉♥✐✈❡rs❛❧ ●▲❋ t❤❛t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥

❡♥✈✐r♦♥♠❡♥t �▲✉❣❣❡r ✁✾✽✠☎ ✁✾✽✾❀ ❈♦❧❧❡ss ✁✾✽✾❀ ●❛✐❞♦s ✁✾✾✆❀

❘❛✉③② ❡t ❛❧✳ ✁✾✾✽❀ ❚r❡♥t❤❛♠ ✁✾✾✽❀ P❛♦❧✐❧❧♦ ❡t ❛❧✳ ✂✄✄✁❀ ❨❛❣✐ ❡t ❛❧✳

✂✄✄✂❀ ✟♥❞r❡♦♥ ✂✄✄✹✞☎ ✇❤✐❧❡ ♦t❤❡rs �❉r❡ss❧❡r ✁✾✆✽❀ ▲♦♣❡③✲❈r✉③

❡t ❛❧✳ ✁✾✾✆❀ ▲✉♠s❞❡♥ ❡t ❛❧✳ ✁✾✾✆❀ ❱❛❧♦tt♦ ❡t ❛❧✳ ✁✾✾✆❀ ❉r✐✈❡r ❡t ❛❧✳

✁✾✾✽❛❀ ●❛r✐❧❧✐ ❡t ❛❧✳ ✁✾✾✾❀ ●♦t♦ ❡t ❛❧✳ ✂✄✄✂❀ ❉❡ Pr♦♣r✐s ❡t ❛❧✳

✂✄✄✸❀ ❈❤r✐st❧❡✐♥ ✡ ❩❛❜❧✉❞♦ff ✂✄✄✸❀ P♦♣❡ss♦ ❡t ❛❧✳ ✂✄✄✠❀ ▼✉③③✐♥

❡t ❛❧✳ ✂✄✄✽❀ ❘✉❞♥✐❝❦ ❡t ❛❧✳ ✂✄✄✾✞ ♦❜s❡r✈❡ ❞✐ff❡r❡♥❝❡s ❜❡t✇❡❡♥

❝❧✉st❡rs ❛♥❞ ✣❡❧❞ ●▲❋s✳ ❚❤❡♠♦st ✇✐❞❡❧② ♦❜s❡r✈❡❞ tr❡♥❞ ✐s ❛ ✤❛t✲

t❡♥✐♥❣ ♦❢ t❤❡ ●▲❋ ❛s t❤❡ ❡♥✈✐r♦♥♠❡♥t ❜❡❝♦♠❡s ❧❡ss ❞❡♥s❡ �s❡❡

❡✳❣✳ ❉❡ Pr♦♣r✐s ❡t ❛❧✳ ✂✄✄✸ ❢♦r ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ▲❛♥③♦♥✐ ❡t ❛❧✳

✂✄✄✝ ❢♦r s✐♠✉❧❛t✐♦♥s✞✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ❝♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❡✐✲

t❤❡r st❛r ❢♦r♠❛t✐♦♥ ❜❡✐♥❣ ✐♥❤✐❜✐t❡❞ ✐♥ ❞❡♥s❡ ❡♥✈✐r♦♥♠❡♥ts �❚✉❧❧②

❡t ❛❧✳ ✂✄✄✂❀ ❉❡ Pr♦♣r✐s ❡t ❛❧✳ ✂✄✄✸❀ ▼✉③③✐♥ ❡t ❛❧✳ ✂✄✄✽✞ ♦r ♠❡r❣✲

✐♥❣ ♣r♦❝❡ss❡s ❜❡✐♥❣ ♠♦r❡ ❝♦♠♠♦♥ ✐♥ t❤❡ ✣❡❧❞ ✇❤❡r❡ t❤❡ r❡❧❛t✐✈❡

✈❡❧♦❝✐t✐❡s ♦❢ ❣❛❧❛①✐❡s ❛r❡ ❧♦✇❡r �▼❡♥❝✐ ❡t ❛❧✳ ✂✄✄✂✞✳ ❚❤✐s ❧❛st ❡①✲

♣❧❛♥❛t✐♦♥ ❞♦❡s ♥♦t ❛♣♣❧② t♦ s✐♥❣❧❡ ♦❜❥❡❝ts ❢❛❧❧✐♥❣ ♦♥t♦ ❣r♦✉♣s ♦❢

❣❛❧❛①✐❡s☎ ✇❤✐❝❤ ❝❛♥ tr✐❣❣❡r ❧❛r❣❡ ❛♠♦✉♥ts ♦❢ st❛r ❢♦r♠❛t✐♦♥ �❡✳❣✳

✟❞❛♠✐ ❡t ❛❧✳ ✂✄✄✾✞✳ ■♥ ❛❞❞✐t✐♦♥☎ ✇❡ ♥♦t❡ t❤❛t ■❧❜❡rt ❡t ❛❧✳ �✂✄✄✝✞

✣♥❞ ❛ st❡❡♣❡♥✐♥❣ ♦❢ t❤❡ ❢❛✐♥t ❡♥❞ ♦❢ t❤❡ ✣❡❧❞ ●▲❋ ✇✐t❤ ✐♥❝r❡❛s✲

✐♥❣ r❡❞s❤✐❢t s✉❝❤ t❤❛t t❤❡② ❞♦ ♥♦t s❡❡ t❤❡ ✉s✉❛❧ ✤❛tt❡♥✐♥❣ ♦❢ t❤❡

✣❡❧❞ ●▲❋ ❛t ❤✐❣❤ r❡❞s❤✐❢t✳

✟❞❞✐t✐♦♥❛❧ s✉♣♣♦rt ❢♦r t❤❡ ●▲❋ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❡♥✈✐r♦♥✲

♠❡♥t ✐s t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ●▲❋ ❝❛✉s❡❞ ❜② ❝❧✉st❡r ♠❡r❣✐♥❣

�❡✳❣✳ ❉✉rr❡t ❡t ❛❧✳ ✂✄✁✄✞✳ ❋✐♥❛❧❧②☎ ❉❡ Pr♦♣r✐s ❡t ❛❧✳ �✂✄✄✸✞ ❛♥❞

❇♦✉ ❡t ❛❧✳ �✂✄✄✽✞ ✣♥❞ ❞✐ff❡r❡♥t ●▲❋s ❢♦r ❝❧✉st❡r ❝♦r❡s ❛♥❞ ♦✉t✲

s❦✐rts✳ ❚❤❡ ✣rst ❛✉t❤♦rs ✣♥❞ ❛♥ ❡①❝❡ss ♦❢ ❜r✐❣❤t ❣❛❧❛①✐❡s ✐♥ ❝❧✉s✲

t❡r ❝♦r❡s ❛♥❞ t❤❡ s❡❝♦♥❞ ❛ st❡❡♣❡r ❢❛✐♥t ❡♥❞ ✐♥ t❤❡ ♦✉ts❦✐rts✳

❚❤❡ ❉❛r❦ ❡♥❡r❣② ✟♠❡r✐❝❛♥ ❋r❡♥❝❤ ❚❡❛♠ �❉✟❋❚☎ ✐♥ ❋r❡♥❝❤

❋✟❉✟✞ s✉r✈❡② ✐s ✐❞❡❛❧ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❢❛✐♥t ❡♥❞ ♦❢ t❤❡ ●▲❋

❛♥❞ ✣❡❧❞ t♦ ❝❧✉st❡r ❞✐ff❡r❡♥❝❡s ❛t r❡❧❛t✐✈❡❧② ❤✐❣❤ r❡❞s❤✐❢t✳ ❚❤❡

❉✟❋❚/❋✟❉✟ s✉r✈❡② ❡♥❝♦♠♣❛ss❡s ∼✾✄ ❤✐❣❤✲r❡❞s❤✐❢t �✄.✹ ≤ ☛ ≤

✄.✾✞ ♠❛ss✐✈❡ �☞ ≥ ✂×✁✄✌✍ ☞⊙✞ ❝❧✉st❡rs ♦❢ ❣❛❧❛①✐❡s ✇✐t❤ ❍✎✏✏✑✒

❙♣❛❝❡ ❚❡❧❡s❝♦♣❡ �✓❙❚✞ ✐♠❛❣✐♥❣ ❛✈❛✐❧❛❜❧❡☎ ❛♥❞ ♠✉❧t✐✲❜❛♥❞ ♦♣✲

t✐❝❛❧ ❛♥❞ ♥❡❛r ✐♥❢r❛r❡❞ ❣r♦✉♥❞ ❜❛s❡❞ ✐♠❛❣✐♥❣☎ ✉s✐♥❣ ✹ ♠ ❝❧❛ss

t❡❧❡s❝♦♣❡s☎ ✇❤✐❝❤ ✐s ♥♦✇ ❛❧♠♦st ❝♦♠♣❧❡t❡✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧s ♦❢

t❤❡ s✉r✈❡② ❛r❡ t♦ ❢♦r♠ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❞❛t❛❜❛s❡ t♦ st✉❞② ❝❧✉s✲

t❡rs ❛♥❞ t❤❡✐r ❡✈♦❧✉t✐♦♥☎ ❛♥❞ t♦ t❡st ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥str❛✐♥ts ❣❡✲

♦♠❡tr✐❝❛❧❧② ❜② ♠❡❛♥s ♦❢ ✇❡❛❦ ❧❡♥s✐♥❣ t♦♠♦❣r❛♣❤②✳ ■♥ ❛❞❞✐t✐♦♥

t♦ t❤❡ ✣rst ❉✟❋❚/❋✟❉✟ ♣❛♣❡r ❡st❛❜❧✐s❤✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ❜❛s✐s

❢♦r t❤❡ ♣❤♦t♦♠❡tr✐❝ r❡❞s❤✐❢t �❤❡r❡❛❢t❡r ♣❤♦t♦✲☛✞ ❞❡t❡r♠✐♥❛t✐♦♥

�●✉❡♥♥♦✉ ❡t ❛❧✳ ✂✄✁✄☎ ❤❡r❡❛❢t❡r ●✁✄✞☎ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ s❡✈✲

❡r❛❧ t♦♣✐❝s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❉✟❋❚/❋✟❉✟ t❡❛♠✌✳

✔ ✕✖✗ ✘✙✚✚✗✛✜ ✢✜✥✜✙✢ ✦✧ ✜✖✗ ✢✙✚★✗✩✱ ✪✬✜✖ ✥ ✯✬✢✜ ✦✧ ✚✗✧✗✚✗✗✰ ✴✙✿✯✬✘✥✜✬✦✛✢✱

✘✥✛ ✿✗ ✧✦✙✛✰ ✥✜ http://cesam.lam.fr/DAFT/project.php

✟♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s❀ ✇❡ ✣rst ♣r❡s❡♥t t❤❡

♣❤♦t♦✲☛ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ ✐♠♣r♦✈❡♠❡♥ts t❤❛t ✇❡ ❤❛✈❡ ♠❛❞❡

s✐♥❝❡ ●✁✄✳ ❲❡ t❤❡♥ ❞❡s❝r✐❜❡ ♦✉r ♠❡t❤♦❞ ❢♦r ❝♦♠♣✉t✐♥❣ ●▲❋s✳

❲❡ ♣r❡s❡♥t t❤❡ ♦♣t✐❝❛❧ ●▲❋s ❢♦r ✸✁ ❝❧✉st❡rs ♦❢ t❤❡ ❉✟❋❚/❋✟❉✟

s✉r✈❡② ✐♥ t❤❡ ✄.✹ ≤ ☛ < ✄.✾ r❡❞s❤✐❢t r❛♥❣❡ ❢♦r t❤❡ ❁,❂,❃☎ ❛♥❞ ❄

r❡st✲❢r❛♠❡ ❜❛♥❞s✳ ❚❤❡ ❝❧✉st❡r ♠❡♠❜❡rs❤✐♣ ♦❢ ❣❛❧❛①✐❡s ✐s ❜❛s❡❞

♦♥ ♣❤♦t♦✲☛s ❝♦♠♣✉t❡❞ ✇✐t❤ ❯ ♦r ❁,❂,❃, ❄,❅☎ ❛♥❞ ❏ ♦r ❑s ❜❛♥❞

❞❛t❛ ❛♥❞ ❛ ✣❡❧❞ s✉❜tr❛❝t✐♦♥✳ ❲❡ t❛❦❡ s♣❡❝✐❛❧ ❝❛r❡ t♦ ❡st✐♠❛t❡

t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ ♦✉r ❞❛t❛☎ ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤❡ ●▲❋s ❛r❡

str♦♥❣❧② ❝♦rr❡❧❛t❡❞ t♦ t❤❡ ✾✄❊ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t✳ ❲❡ ✐♥✈❡st✐✲

❣❛t❡ ❛✈❡r❛❣❡ ❝❧✉st❡r ❜❡❤❛✈✐♦✉rs ❜② st❛❝❦✐♥❣ t❤❡♠ ❛♥❞ ❞✐s❝✉ss

t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ●▲❋s ♦♥ ❝❧✉st❡r r❡❞s❤✐❢ts☎ ♠❛ss❡s☎ ❛♥❞ s✉❜✲

str✉❝t✉r❡s✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ●▲❋ ❜❡❤❛✈✐♦✉r ✐♥ t❤❡ ❝❧✉st❡r ❝♦r❡

❛♥❞ ♦✉ts❦✐rts✳ ❲❡ ❛❧s♦ s❡♣❛r❛t❡ ❜❧✉❡ ❛♥❞ r❡❞✲s❡q✉❡♥❝❡ ❣❛❧❛①✐❡s

t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❞✐ff❡r❡♥t ❝❧✉st❡r ❣❛❧❛①② ♣♦♣✉❧❛✲
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r❡❛❞❡r t♦ t❤❡s❡ ♣❛♣❡rs ❢♦r ❞❡t❛✐❧s ❜✉t ✇❡ ♣r♦✈✐❞❡ ❤❡r❡ t❤❡ s❛❧✐❡♥t
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❜② ❝♦♠♣❛r✐♥❣ ♣❤♦t♦♠❡tr✐❝ ❛♥❞ s♣❡❝tr♦s❝♦♣✐❝ r❡❞s❤✐❢ts �✉s❡❞ ❛s

tr❛✐♥✐♥❣ s❡ts✞☎ t❤✐s ❛❧❧♦✇s ✉s t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ✈❛r✐♦✉s ♦r✐✲

❣✐♥s ♦❢ ♦✉r ❣r♦✉♥❞✲❜❛s❡❞ ✐♠❛❣❡s✳ ❲❡ ❝♦❧❧❡❝t❡❞ s♣❡❝tr♦s❝♦♣✐❝

❝❛t❛❧♦❣✉❡s ❢♦r ❛❧❧ ❝❧✉st❡rs ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳

➁➂➃➂➃➂ ➄➅➆➇➈ ➉➋➌➅➍➈➇➎➏➐

❚❤❡ ✣rst ❞✐ff❡r❡♥❝❡ ❢r♦♠ ●✁✄ ✐s t❤❡ ♣❤♦t♦♠❡tr✐❝ ❜❛♥❞s t❤❛t ✇❡

✉s❡❞✳ ✟s ❛❧r❡❛❞② ❞❡♠♦♥str❛t❡❞☎ ❤❛✈✐♥❣ ♥❡❛r ✐♥❢r❛r❡❞ ❜❛♥❞s ✐s

♠❛♥❞❛t♦r② t♦ ♦❜t❛✐♥ ❛ r♦❜✉st ❡st✐♠❛t❡ ♦❢ ♣❤♦t♦✲☛s ❛t ☛ ≥ ✁✳ ■♥

●✁✄☎ ✇❡ ✉s❡❞ s♣❛❝❡ ❜❛s❡❞ ■❘✟❈ ❞❛t❛ ✐♥ t❤❡ ✐♥❢r❛r❡❞✳ ❲❡ ❞✐❞ ♥♦t

❞♦ s♦ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥s➑

➒ ❚❤❡s❡ ❞❛t❛ ❛r❡ ✉♥❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ❡♥t✐r❡ s❛♠♣❧❡ ♣r❡s❡♥t❡❞

❤❡r❡✳

➒ ❚❤❡ ❛♥❣✉❧❛r r❡s♦❧✉t✐♦♥ ♦❢ ■❘✟❈ ✐s ✈❡r② ♣♦♦r ❝♦♠♣❛r❡❞ t♦

r❡❣✉❧❛r ❣r♦✉♥❞ ❜❛s❡❞ ❞❛t❛ �t②♣✐❝❛❧❧② ✹ t✐♠❡s ✇♦rs❡✞ ❛♥❞ t❤✐s

❢♦r❝❡❞ ✉s ✐♥ ●✁✄ t♦ ❡st✐♠❛t❡ ❝♦rr❡❝t✐♥❣ ❢❛❝t♦rs ✐♥ ♦r❞❡r ♥♦t
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❙✄✑✠✂ ✇✂ ✠☎✑✑✁� ✍✆✂ ❙★✒�✡☎✠�✁✡ ✄✑ ❞✁✍❜✌✂ ✄✎☎✏✂ ✎✁❞✂ ✞✂✡✂✱

✇✂ ✠✞✁✁✆✂ �✁ ☎☞☞✌☛ ✄� ✄✑ ✆✄✑✏✌✂ ✄✎☎✏✂ ✎✁❞✂✱ ✠✁✎☞✍�✄✑✏ �✁�☎✌

✎☎✏✑✄�✍❞✂✆ ✭✩❆●➓❆➔❚❖✮ ✄✑ ✂☎✠✞ ✁✟ �✞✂ ✠✁✑✆✄❞✂✡✂❞ ❜☎✑❞✆✝ ❲✂

�✞✂✑ ✠✡✁✆✆✲✠✁✡✡✂✌☎�✂ �✞✂ ❞✄ff✂✡✂✑� ✠☎�☎✌✁✏✍✂✆ �✁ ✏✂✑✂✡☎�✂ ☎ ✰✑☎✌

✠☎�☎✌✁✏✍✂ ✄✑✠✌✍❞✄✑✏ ☎✌✌ ✎☎✏✑✄�✍❞✂✆ ✟✁✡ ☎✌✌ ✁❜❥✂✠�✆✱ ✇✄�✞ ☎✑ ✄❞✂✑✲

�✄✰✠☎�✄✁✑ ❞✄✆�☎✑✠✂ ✁✟ ✷ ☎✡✠✆✂✠ ☎✑❞ ☎ ✎✄✑✄✎✄✔☎�✄✁✑ ✁✟ �✞✄✆ ❞✄✆�☎✑✠✂

✇✞✂✑ ✆✂✓✂✡☎✌ ✁❜❥✂✠�✆ ☎✡✂ ✇✄�✞✄✑ �✞✂ ✆☎✎✂ ✡☎❞✄✍✆✝ ❚✞✄✆ ✄✆ ☎✌✎✁✆�

�✇✄✠✂ �✞✂ ✎☎✒✄✎✍✎ ☎✆�✡✁✎✂�✡✄✠ ❞✄ff✂✡✂✑✠✂ ✁❜✆✂✡✓✂❞ ❜✂�✇✂✂✑ �✞✂

❞✄ff✂✡✂✑� ❜☎✑❞✆✝ ❲✂ ✠✞✂✠❦✂❞ �✞☎� �✞✂ ✡✂✆✍✌�✆ ✁❜�☎✄✑✂❞ ✇✄�✞ �✞✄✆

✠✁✡✡✂✌☎�✄✁✑ ✎✂�✞✁❞ ❞✁ ✑✁� ❞✄ff✂✡ ✠✁✑✆✄❞✂✡☎❜✌☛ ✟✡✁✎ �✞✁✆✂ ✁✟ ☎

❞✁✍❜✌✂ ✄✎☎✏✂ ✎✁❞✂ ❞✂�✂✠�✄✁✑ ❜☛ ✠✁✎☞☎✡✄✑✏ �✞✂ ✡✂✆✍✌�✆ ✁✟ ❜✁�✞

✎✂�✞✁❞✆ ✟✁✡ ✠✌✍✆�✂✡✆ ✇✄�✞ ✄✎☎✏✄✑✏ ✁✟ ✏✁✁❞ ☎✆�✡✁✎✂�✡☛ ☎✠q✍✄✡✂❞

✇✄�✞ �✞✂ ✆☎✎✂ ✠☎✎✂✡☎ ✄✑ �✞✂ ✺ ✁☞�✄✠☎✌ ❜☎✑❞✆✝ ❇✁�✞ ✎✂�✞✁❞✆ ☎✏✡✂✂

✇✂✌✌ ✂✒✠✂☞� ✟✁✡ ✓✂✡☛ ✟☎✄✑� ✏☎✌☎✒✄✂✆✱ ✇✞✄✠✞ ☎✡✂ ❞✂�✂✠�✂❞ ✄✑ ✌☎✡✏✂✡

✑✍✎❜✂✡✆ ✄✑ ❞✁✍❜✌✂ ✄✎☎✏✂ ✎✁❞✂ ✁✇✄✑✏ �✁ �✞✂ ✍✆✂ ✁✟ �✞✂ ❞✂✂☞✂✆�

❜☎✑❞ ✭�✞✂ ❂ ❜☎✑❞✮ ☎✆ �✞✂ ✡✂✟✂✡✂✑✠✂ ❞✂�✂✠�✄✁✑ ✄✎☎✏✂ ✟✁✡ �✞✂ ❞✁✍❜✌✂

✄✎☎✏✂ ✎✁❞✂✝ ❍✁✇✂✓✂✡✱ �✞✄✆ ✁✑✌☛ ✠✁✑✠✂✡✑✆ ✁❜❥✂✠�✆ ✟☎✡ ❜✂✌✁✇ �✞✂

✠✁✎☞✌✂�✂✑✂✆✆ ✌✄✎✄� ✁✟ ✁✍✡ ✄✎☎✏✂✆✝ ■✑ ✆✁✎✂ ✠☎✆✂✆✱ �✞✂✡✂ ✄✆ ☎✌✆✁ ☎

✆✎☎✌✌ ❞✄ff✂✡✂✑✠✂ ☎� �✞✂ ❜✡✄✏✞� ✂✑❞ ✁✟ �✞✂ ✎☎✏✑✄�✍❞✂ ❞✄✆�✡✄❜✍�✄✁✑

❜✂✠☎✍✆✂ ✁✟ ✟✁✡✂✏✡✁✍✑❞ ✁❜❥✂✠�✆ ✌☎✡✏✂✡ �✞☎✑ ✁✍✡ ✷ ☎✡✠✆✂✠ ✠✡✄�✂✡✄✁✑✝

❲✂ ☎✌✆✁ ✓☎✡✄✂❞ �✞✂ ✩❆●➓❆➔❚❖ ✎✄✑✄✎✍✎ ☎☞✂✡�✍✡✂ ✡☎❞✄✍✆

✟✡✁✎ ✸✝✺ �✁ ✶✝✺ ☞✄✒✂✌✆ �✁ ✓✂✡✄✟☛ �✞☎� ✇✂ ✇✂✡✂ ✑✁� ✎✄✆✆✄✑✏ ✌✄✏✞�

✄✑ ✟☎✄✑� ✁❜❥✂✠�✆✱ ☎✆ ✂✒☞✌☎✄✑✂❞ ✄✑ ❘✍❞✑✄✠❦ ✂� ☎✌✝ ✭✷✵✵✾✮✝ ❲✂ ❞✄❞

✑✁� ✰✑❞ ☎✑☛ ✆✄✏✑✄✰✠☎✑� ✓☎✡✄☎�✄✁✑ ✄✑ �✞✂ ✎☎✏✑✄�✍❞✂ ❞✄✆�✡✄❜✍�✄✁✑

❜✂�✇✂✂✑ �✞✂✆✂ �✇✁ ✡☎❞✄✄✝

→➣→➣ ↔↕➙➛➜➛➝➞➙➛➟➠ ➞➠➡ ➢➤➙➛➜➞➙➢ ➟➥ ➙➦➢ ➧➢➨➦➞➩➢ ↕➢➩➥➟➩➜➞➠➫➢➤

✕✖✕✖✗✖ ➭✜✢✦➯➲✦✣✧✥ ✤◗✣➳✥✤

❲✂ ✂✑�✂✡✂❞ ✠☎�☎✌✁✏✍✂✆ ✁✟ ✏☎✌☎✒☛ ✆☞✂✠�✡✁✆✠✁☞✄✠ ✡✂❞✆✞✄✟�✆

✄✑�✁ ▲✂P✞☎✡✂ �✁ ✠✁✡✡✂✠� ✟✁✡ ✆✎☎✌✌ ✔✂✡✁✲☞✁✄✑� ✓☎✡✄☎�✄✁✑✆ ☎✑❞

⑦❺❺➵⑨ ♣❛❣❡ ❿ ♦❢ ❼➸
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❚❛❜❧❡ �✳ ❉✁t✁ ✉s✂❞ ✐♥ ♦✉r ♣r✂s✂♥t st✉❞②✄

❈☎✉st✂r ❘✆ ❉✂❝ ③ ❯/❇ ❱ ✝ ■ ❩ ❏/❑s ▲❋

❈▲❴✞✞✟✠+✟✠✞✾ ✞✞ ✟✽ ✸✸✄✸✸ +✟✠ ✡✠ ✸☛✄✽✹ ✞✄☛✹☛☛ ❲☞❨◆/▼ ✌ ✍❖✎ ❲☞❨◆/▼ ❱ ✍❖✎ ❲☞❨◆/▼ ✏
′

✍❖✎ ❲☞❨◆/▼ ✑
′

✍❖✎ ❲☞❨◆/▼ ③
′

✍❖✎ ❙✉✒✁r✉/▼ ❑s ✍✆✎ ❨

❈▲❴✓✞✟☛✡✄✔✲✟✸☛✔ ✞✟ ☛✡ ✹✞✄✾✾ ➊✟✸ ☛✔ ✹☛✄✞✞ ✞✄✽✸✟✞ ❙❖✆❘/❙ ✌ ✍❖✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❙❖✆❘/❙ ■ ✍❖✎ ❙✉✒✁r✉/❙ ③
′

✍✆✎ ❊❙❖/❍ ❑s ✍✆✎ ◆

P❉❈❙❴✞✟✽ ✞✡ ✡✔ ✡☛✄☛✞ +✞✞ ✹✞ ✞✹✄✞✞ ✞✄✹✞✞✞ ❈❋❍✕/▼ ✖ ✍✆✎ ❈❋❍✕/▼ g′ ✍✆✎ ❙❖✆❘/❙ ✏
′

✍❖✎ ❈❋❍✕/▼ ✑
′

✍✆✎ ❈❋❍✕/▼ ③
′

✍❖✎ ❈❋❍✕/❲ ❏ ✍❖✎ ❨

❳❉❈❙❴❝♠❴✓✞✸✡✾✞✸✄✟ ✞✸ ✡✾ ✞✡✄✽✟ +✞✡ ☛✠ ✡☛✄✟✽ ✞✄✹✟✡✡ ❈❋❍✕/▼ ✖ ✍✆✎ ❈❋❍✕/▼ g′ ✍✆✎ ❈❋❍✕/▼ ✏
′

✍✆✎ ❙❖✆❘/❙ ✑
′

✍❖✎ ❙❖✆❘/❙ ③
′

✍❖✎ ❈❋❍✕/❲ ❏ ✍❖✎ ❨

❋✟☛☛✔✄✟✾✕❈ ✞✹ ✟✡ ☛✹✄✠✾ ➊✠☛ ☛✞ ☛✔✄☛✽ ✞✄☛✟✞✞ ✗▲✕/❋✡ ✌ ✍✆✎ ✗▲✕/❋✡ ❱ ✍✆✎ ✗▲✕/❋✡ ✝ ✍✆✎ ✗▲✕/❋✡ ■ ✍✆✎ ❙❖✆❘/❙ ③
′

✍❖✎ ❊❙❖/❍ ❑s ✍✆✎ ◆

▼✆❈❙✲✓✞✹☛✹✄✟✲✞✸✞✞ ✞✹ ☛✹ ✟✞✄✾✡ ➊✞✸ ✞✟ ✞✔✄✟✹ ✞✄☛✸✔✔ ✗▲✕/❋✡ ✘ ✍✆✎ ✗▲✕/❋✡ ❱ ✍✆✎ ✗▲✕/❋✡ ✝ ✍✆✎ ✗▲✕/❋✡ ■ ✍✆✎ ❙✉✒✁r✉/❙ ③
′

✍✆✎ ❊❙❖/❍ ❑s ✍✆✎ ❨

▼✆❈❙❴✓✞✠✹✔✄✔+✔✞✟☛ ✞✠ ✹✔ ✹☛✄✽✾ +✔✞ ✟☛ ✞✡✄✾✽ ✞✄☛✾✞✔ ❲☞❨◆/▼ ✌ ✍❖✎ ❲☞❨◆/▼ ❱ ✍❖✎ ❲☞❨◆/▼ ✝ ✍❖✎ ❲☞❨◆/▼ ■ ✍❖✎ ❲☞❨◆/▼ ③
′

✍❖✎ ✕◆●/◆ ❏ ✍❖✎ ◆

▼✆❈❙❴✓✞✔✹✹✄✾+✸✾✡✔ ✞✔ ✹✹ ☛✟✄✔✾ +✸✾ ✡✔ ✸✸✄✞✟ ✞✄✠✽✠✞ ❲☞❨◆/▼ ✌ ✍❖✎ ❲☞❨◆/▼ ❱ ✍❖✎ ❲☞❨◆/▼ ✝ ✍❖✎ ❲☞❨◆/▼ ■ ✍❖✎ ❲☞❨◆/▼ ③
′

✍❖✎ ❙✉✒✁r✉/▼ ❏ ✍✆✎ ◆

❘❳❴✓✞✽✹✽✄✽+✹✹☛☛ ✞✽ ✹✽ ✹✾✄✸✞ +✹✹ ☛☛ ✹☛✄✾✽ ✞✄☛✹✸✞ ❙✉✒✁r✉/❙ ✌ ✍✆✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❙✉✒✁r✉/❙ ■ ✍✆✎ ❙✉✒✁r✉/❙ ③
′

✍✆✎ ▼❉▼/❘ ✙ ✍❖✎ ❨

✆❇❊▲▲❴✞✽☛✟ ✞✾ ✹✡ ☛✠✄✠✹ +✹✠ ☛✾ ✡✟✄✾✟ ✞✄✹✞✠✾ ❈❋❍✕/▼ ✖ ✍✆✎ ❈❋❍✕/▼ g′ ✍✆✎ ❈❋❍✕/▼ ✏
′

✍✆✎ ❈❋❍✕/▼ ✑
′

✍✆✎ ❈❋❍✕/▼ ③
′

✍✆✎ ❈❋❍✕/❲ ✙ ✍✆✎ ❨

▲❈❉❈❙❴✞✟✸✞ ✟✞ ✹✞ ✹✟✄☛✾ ➊✟✟ ☛☛ ☛✞✄✾✽ ✞✄✔✞✹✸ ❈✕☞❖/▼ ✌ ✍❖✎ ✗▲✕/❋✡ ❱ ✍✆✎ ✗▲✕/❋✡ ✝ ✍✆✎ ✗▲✕/❋✡ ■ ✍✆✎ ✗▲✕/❋✡ ③
′

✍✆✎ ❊❙❖/❍ ❑s ✍✆✎ ❨

❙❊❳❈▲✆❙❴✟✡ ✟✞ ☛✡ ✸✽✄✡✞ +☛✔ ✸✞ ✹✾✄✡✽ ✞✄✠✟✞✞ ❲☞❨◆/▼ ✌ ✍❖✎✯ ❲☞❨◆/▼ ❱ ✍❖✎✯ ❲☞❨◆/▼ ✝ ✍❖✎✯ ❲☞❨◆/▼ ■ ✍❖✎✯ ❈❋❍✕/▼ ③
′

✍❖✎ ▼❉▼/❘ ✙ ✍❖✎ ◆

▲❈❉❈❙❴✞✟✔✸ ✟✞ ☛✹ ✹✸✄☛✞ ➊✟✡ ✹☛ ☛✞✄✞✞ ✞✄✔✹✾✽ ❈✕☞❖/▼ ✌ ✍❖✎ ✗▲✕/❋✡ ❱ ✍✆✎ ✗▲✕/❋✡ ✝ ✍✆✎ ✗▲✕/❋✡ ■ ✍✆✎ ✗▲✕/❋✡ ③
′

✍✆✎ ❊❙❖/❍ ❑s ✍✆✎ ❨

▼❙❴✟✞☛✹✲✞✸ ✟✞ ☛✔ ✞✞✄✡✡ ➊✞✸ ✸✔ ✡✔✄✹✞ ✞✄✽✡✸✟ ✗▲✕/❋✟ ✌ ✍✆✎ ✗▲✕/❋✟ ❱ ✍✆✎ ✗▲✕/❋✡ ✝ ✍✆✎ ✗▲✕/❋✡ ■ ✍✆✎ ●✕❈/❖ ③
′
✍❖✎ ❊❙❖/❍ ❏ ✍✆✎ ❨

❘❳❈❴✓✟✡✞✠✄✡✲✞✽✹✽ ✟✡ ✞✠ ✟✟✄✾✔ ➊✞✽ ✹✽ ✞✞✄✞✸ ✞✄✹✹✞✞ ❙✉✒✁r✉/❙ ✌ ✍✆✎ ✗▲✕/❋✟ ❱ ✍✆✎ ❈❋❍✕/▼ ✏
′

✍✆✎ ❙✉✒✁r✉/❙ ■ ✍✆✎ ✗▲✕/❋✡ ③
′

✍❖✎ ✕◆●/◆ ❏ ✍❖✎ ❨

▲❈❉❈❙❴✞☛✞✹ ✟✡ ✟✠ ✹☛✄✟✞ ➊✟✡ ✞✟ ✟✔✄✞✞ ✞✄✔✾✹✸ ❈✕☞❖/▼ ✌ ✍❖✎ ✗▲✕/❋✡ ❱ ✍✆✎ ✗▲✕/❋✡ ✝ ✍✆✎ ✗▲✕/❋✡ ■ ✍✆✎ ✗▲✕/❋✡ ③
′

✍✆✎ ❊❙❖/❍ ❏ ✍✆✎ ❨

❇▼❲✲❍❘☞❴✓✟✡✡✠☛✔✄✸ ✟✡ ✡✠ ☛✽✄✞✞ +✸✸ ✸✡ ☛✹✄✞✾ ✞✄✽✾✞✞ ❙✉✒✁r✉/❙ ✌ ✍✆✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❙✉✒✁r✉/❙ ■ ✍✆✎ ❙✉✒✁r✉/❙ ③
′

✍✆✎ ❙✉✒✁r✉/▼ ❏ ✍✆✎ ❨

▲❈❉❈❙❴✞☛✸✟ ✟✡ ✡✔ ☛✸✄✽✾ ➊✟✟ ✸✽ ✡✞✄✞✞ ✞✄✠✸☛☛ ❈✕☞❖/▼ ✌ ✍❖✎ ✗▲✕/❋✡ ❱ ✍✆✎ ✗▲✕/❋✡ ✝ ✍✆✎ ✗▲✕/❋✡ ■ ✍✆✎ ✗▲✕/❋✡ ③
′

✍✆✎ ❊❙❖/❍ ❑s ✍✆✎ ❨

❍❉❋✿❈☎●❴✓✟✡✸✠+✠✡✟☛ ✟✡ ✸✔ ☛✾✄✾✾ +✠✡ ✟☛ ☛✹✄✞✞ ✞✄✽☛✞✞ ❈❋❍✕/▼ ✖ ✍✆✎ ❈❋❍✕/❈ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❈❋❍✕/❈ ■ ✍✆✎ ❙✉✒✁r✉/❙ ③
′

✍✆✎ ❈❋❍✕/❲ ❏ ✍✆✎ ❨

▼✓▼✾✽❴✞✸✹ ✟✸ ✸☛ ✟✸✄✔✽ +✸✔ ✹✽ ☛✠✄✸✞ ✞✄☛✾☛✞ ❈❋❍✕/▼ ✖ ✍✆✎ ❈❋❍✕/▼ g′ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❈❋❍✕/▼ ✑
′

✍✆✎ ❙✉✒✁r✉/❙ ③
′

✍✆✎ ❈❋❍✕/❲ ❏ ✍✆✎ ❨

▲❈❉❈❙❴✞✽✡✾ ✟✸ ✹✔ ✸✟✄✾✾ ➊✟✟ ✹☛ ✹✡✄✞✟ ✞✄✹☛✟✞ ✗▲✕/❋✟ ✌ ✍✆✎ ✗▲✕/❋✟ ❱ ✍✆✎ ✗▲✕/❋✟ ✝ ✍✆✎ ✗▲✕/❋✟ ■ ✍✆✎ ❈❋❍✕/▼ ③
′

✍✆✎ ❈❋❍✕/❲ ❏ ✍✆✎ ❨

▲❈❉❈❙❴✞✽☛✸ ✟✸ ☛✹ ✞✾✄✹✾ ➊✟✡ ✸✞ ☛✾✄✞✞ ✞✄✔✠✡✔ ❈✕☞❖/▼ ✌ ✍❖✎ ✗▲✕/❋✡ ❱ ✍✆✎ ✗▲✕/❋✡ ✝ ✍✆✎ ✗▲✕/❋✡ ■ ✍✆✎ ✗▲✕/❋✡ ③
′

✍✆✎ ❊❙❖/❍ ❏ ✍✆✎ ◆

✸❈❴✡✾☛❴❈▲❯❙✕❊❘ ✟✹ ✟✟ ✡✞✄✟☛ +☛✡ ✟✡ ✞✾✄✞✸ ✞✄✹✠✞✞ ❈❋❍✕/▼ ✖ ✍✆✎ ❈❋❍✕/▼ g′ ✍✆✎ ❈❋❍✕/▼ ✏
′

✍✆✎ ❈❋❍✕/▼ ✑
′

✍✆✎ ❈❋❍✕/▼ ③
′

✍✆✎ ❈❋❍✕/❲ ❏ ✍❖✎ ❨

▼✆❈❙❴✓✟✹✡✸✄✽+✡✹✞✹ ✟✹ ✡✸ ✹✽✄✡✾ +✡✹ ✞✹ ✹✠✄✾✾ ✞✄☛✹☛✞ ❙✉✒✁r✉/❙ ✌ ✍✆✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❙✉✒✁r✉/❙ ■ ✍✆✎ ❙✉✒✁r✉/❙ ③
′

✍✆✎ ❈❋❍✕/❲ ❑s ✍✆✎ ❨

●❍❖❴✟✠✞✟+✹✡☛✸ ✟✠ ✞✸ ✟✸✄✽✡ +✹✡ ✹☛ ✸✠✄✟✔ ✞✄☛✸✾✟ ❙✉✒✁r✉/❙ ✌ ✍✆✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❙✉✒✁r✉/❙ ■ ✍✆✎ ❈❋❍✕/▼ ③
′

✍❖✎ ❈❋❍✕/❲ ❏ ✍❖✎ ❨

●❍❖❴✟✠✞✡+✹✸✟✡ ✟✠ ✞✹ ✡☛✄✟☛ +✹✸ ✞✹ ☛✡✄✔✟ ✞✄✽✾☛✞ ❙✉✒✁r✉/❙ ✌ ✍✆✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❙✉✒✁r✉/❙ ■ ✍✆✎ ❈❋❍✕/▼ ③
′

✍❖✎ ❙✉✒✁r✉/▼ ❏ ✍✆✎ ◆

▼✆❈❙❴✓✟✠✡✟✄✹+✸✽✟✞ ✟✠ ✡✟ ✡✸✄✾✾ +✸✽ ✟✞ ✞✟✄✾✾ ✞✄✹✠☛✞ ❈❋❍✕/▼ ✖ ✍✆✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❙✉✒✁r✉/❙ ■ ✍✆✎ ❈❋❍✕/▼ ③
′

✍❖✎ ❈❋❍✕/❲ ❏ ✍❖✎ ❨

▼✆❈❙❴✓✟✠✡✟✄✠+✸✽✟✞ ✟✠ ✡✟ ✸☛✄✾✾ +✸✽ ✟✞ ✞✞✄✞✟ ✞✄✹✠✟✞ ❈❋❍✕/▼ ✖ ✍✆✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙✉✒✁r✉/❙ ✝ ✍✆✎ ❙✉✒✁r✉/❙ ■ ✍✆✎ ❈❋❍✕/▼ ③
′

✍❖✎ ❈❋❍✕/❲ ❏ ✍❖✎ ❨

▼✆❈❙❴✓✡✟✡✾✄✹✲✞✔✹✟ ✡✟ ✡✾ ✡☛✄✾✾ ➊✞✔ ✹✟ ✡✔✄✾✾ ✞✄☛✽✽✾ ❙✉✒✁r✉/❙ ✌ ✍✆✎ ❙✉✒✁r✉/❙ ❱ ✍✆✎ ❙❖✆❘/❙ ✏
′

✍❖✎ ❙❖✆❘/❙ ✑
′

✍❖✎ ❙❖✆❘/❙ ③
′

✍❖✎ ❈❋❍✕/❲ ❑s ✍✆✎ ❨

●❍❖❴✡✟✹✸+✞✹✞✽ ✡✟ ✹✠ ✞✹✄✔✾ +✞✹ ✡✸ ✟✽✄✾✾ ✞✄☛✸✟✞ ❲☞❨◆/▼ ✌ ✍❖✎ ❲☞❨◆/▼ ❱ ✍❖✎ ❲☞❨◆/▼ ✝ ✍❖✎ ❙❖✆❘/❙ ✑
′

✍❖✎ ✗▲✕/❋✡ ③
′

✍❖✎ ❈❋❍✕/❲ ❏ ✍❖✎ ❨

●❍❖❴✡✟☛☛+✞✸✸✹ ✡✟ ☛✔ ☛☛✄✸✔ +✞✸ ✹✔ ☛✟✄☛✸ ✞✄✹☛✞✞ ✗▲✕/❋✡ ✌ ✍❖✎ ✗▲✕/❋✡ ❱ ✍❖✎ ✗▲✕/❋✡ ✝ ✍❖✎ ✗▲✕/❋✡ ■ ✍❖✎ ❙❖✆❘/❙ ③
′

✍❖✎ ❈❋❍✕/❲ ❏ ✍❖✎ ◆

✚✛✜❡✢✳ ✍❖✎ r✂♣r✂s✂♥ts ♦✒s✂r✈✂❞ ❞✁t✁ ✁♥❞ ✍✆✎ ❞✁t✁ t✁❦✂♥ ❢r♦♠ ✁r❝❤✐✈✂s✄ ✆ ✯ ✐♥❞✐❝✁t✂s t❤✁t t❤✂ ❝☎✉st✂r ✇✁s ♦♥☎② ♣✁rt✐✁☎☎② ♦✒s✂r✈✂❞ ✐♥ t❤✂ ✣✂☎❞✄ ✕❤✂ ☎✁st ❝♦☎✉♠♥ st✁t✂s ✇❤✂t❤✂r ✇✂ ✇✂r✂ ✁✒☎✂

t♦ ❝✁☎❝✉☎✁t✂ ✁ ☎✉♠✐♥♦s✐t② ❢✉♥❝t✐♦♥✄ ✕❤✂ ▲❈❉❈❙ ❝☎✉st✂rs ❝♦♠✂ ❢r♦♠ ●♦♥✤✁☎✂✤ ✂t ✁☎✄ ✍✡✞✞✟✎✄ ❋♦r ❝☎✁r✐t②✥ ✇✂ ❞✐s♣☎✁② ✁♥ ✁✒✒r✂✈✐✁t✂❞ ♥✁♠✂ ♦❢ ❝✁♠✂r✁s ✉s✂❞✥ s✉❝❤ t❤✁t ❲☞❨◆/▼ ❝♦rr✂s♣♦♥❞s t♦

❲☞❨◆/▼✐♥✐▼♦✥ ❙❖✆❘/❙ t♦ ❙❖✆❘/❙❖☞✥ ❈❋❍✕/▼ t♦ ❈❋❍✕/▼✂❣✁❝✁♠✥ ❈❋❍✕/❲ t♦ ❈❋❍✕/❲☞❘❈✆▼✥ ❈❋❍✕/❈ t♦ ❈❋❍✕/❈❋❍✟✡✦✥ ✗▲✕/❋✟ ✁♥❞ ✗▲✕/❋✡ t♦ ✗▲✕/❋❖❘❙✟ ✁♥❞ ✗▲✕/❋❖❘❙✡✥ ❙✉✒✁r✉/❙

t♦ ❙✉✒✁r✉/❙✉♣r✐♠✂❈✁♠✥ ❙✉✒✁r✉/▼ t♦ ❙✉✒✁r✉/▼❖☞❘❈❙✥ ❈✕☞❖/▼ t♦ ❈✕☞❖/▼❖❙✆☞❈✥ ●✕❈/❖ t♦ ●✕❈/❖s✐r✐s✥ ❊❙❖/❍ t♦ ❊❙❖/❍✁✇❦☞ ✕◆●/◆ t♦ ✕◆●/◆☞❈❙ ✁♥❞ ▼❉▼/❘ t♦ ▼❉▼/❘✂❞✹✦✄ ☞♥ ✁❞❞✐t✐♦♥✥

❝☎✉st✂rs ❳❉❈❙❴❝♠❴✓✞✸✡✾✞✸✄✟+✞✡☛✠✹✞ ✁♥❞ ❇▼❲✲❍❘☞❴✓✟✡✡✠☛✔✄✸+✸✸✸✡☛✸ ✁r✂ r✂s♣✂❝t✐✈✂☎② ✁✒✒r✂✈✐✁t✂❞ t♦ ❳❉❈❙❴❝♠❴✓✞✸✡✾✞✸✄✟ ✁♥❞ ❇▼❲✲❍❘☞❴✓✟✡✡✠☛✔✄✸✄

❆
✶
✶
✻
✱
✧
★
✩
✪
✬
✰
✴
✷
✬



◆✳ ▼❛rt✐♥❡t ❡t ❛❧✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ❝❧✉st❡r ❣❛❧❛①② ❧✉♠✐♥♦s✐t② ❢✉♥❝t✐♦♥

❋�✁✂ ✷✂ ▼❡❛♥ ❛♥❞ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❞✐ff❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ st❛r ❛♥❞

❣❛❧❛①② s♣❡❝tr♦s❝♦♣✐❝ r❡❞s❤✐❢t✲❜❛s❡❞ s❤✐❢ts ❢♦r t❤❡ ❞✐ff❡r❡♥t ♠❛❣♥✐t✉❞❡

❜❛♥❞s ❝♦♥s✐❞❡r❡❞ ♦✈❡r ♦✉r ✸✶ ✣❡❧❞s✳

✄☎✆✝✞✟✠ ③✠✡☎☛✝☎☞✌✟ ✍✎☞✏✟✍ ✑✎✠✌ ✄☎✆✝✞✟☞✌✒ ✆✓✒✌☞✟✞✔✠✍ ☞✌ ☎✞✡

✕✖✗✗✖✘ ✙y✙✚✛✗✜ ❲✠ ☎✢✤☞☎✞✍✥✦ ✌✠✠✔ ✟☎ ✠✍✟☞✆✓✟✠ ✟✎✠ ✟✦✝☞✄✓✥ ✠✡☛

✡☎✡✍ ☞✌✔✞✄✠✔ ✢✦ ✟✎☞✍ ✝✡☎✄✠✍✍✜

❚✎✠ ③✠✡☎☛✝☎☞✌✟ ✍✎☞✏✟ ✄☎✆✝✞✟✓✟☞☎✌ ☞✌ ▲✠P✎✓✡✠ ☞✍ ✓ ✄☎✆✝✥✠✧ ☞✌☛

✟✠✡✝✥✓✦ ✢✠✟✑✠✠✌ ✟✎✠ ✍✠✥✠✄✟✠✔ ✟✠✆✝✥✓✟✠✍✱ ✟✎✠ ✄☎✌✍☞✔✠✡✠✔ ✡✠✔✍✎☞✏✟✍✱

✓✌✔ ✟✎✠ ✍✠✥✠✄✟☞☎✌ ✏✞✌✄✟☞☎✌ ☎✏ ✟✎✠ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✄✓✟✓✥☎✒✞✠✱ ✑✎☞✄✎

☞✍ ✓✥✆☎✍✟ ✓✥✑✓✦✍ ☞✆✝☎✍✍☞✢✥✠ ✟☎ ✄☎✆✝✞✟✠ ✝✡✠✄☞✍✠✥✦✱ ☎✑☞✌✒ ✟☎ ✟✎✠

✑☞✔✠ ✡✓✌✒✠ ☎✏ ☎✡☞✒☞✌✍ ☎✏ ☎✞✡ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✡✠✔✍✎☞✏✟✍✜ ❆✍ ✓ ✄☎✌✍✠☛

q✞✠✌✄✠✱ ✟✎✠ ☎✌✥✦ ✝☎✍✍☞✢✥✠ ✑✓✦ ✟☎ ✠✍✟☞✆✓✟✠ ✟✎✠ ✠✡✡☎✡✍ ☞✌✔✞✄✠✔ ✢✦

✟✎✠ ▲✠P✎✓✡✠ ③✠✡☎☛✝☎☞✌✟ ✍✎☞✏✟ ✄☎✆✝✞✟✓✟☞☎✌ ☞✍ ✟☎ ✄☎✌✍☞✔✠✡ ✍✠✤✠✡✓✥

✄✓✟✓✥☎✒✞✠✍ ☎✏ ☎✢❥✠✄✟✍ ✏☎✡ ✑✎☞✄✎ ✟✎✠ ✡✠✔✍✎☞✏✟✍ ✓✡✠ ❦✌☎✑✌✜

❲✠ ✄☎✞✥✔ ✎✓✤✠ ✔☞✤☞✔✠✔ ☎✞✡ ✒✓✥✓✧✦ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✄✓✟✓✥☎✒✞✠✍

☞✌✟☎ ✍✠✤✠✡✓✥ ✍✞✢✍✓✆✝✥✠✍ ✓✌✔ ✄✎✠✄❦✠✔ ✟✎✠ ✡☎✢✞✍✟✌✠✍✍ ☎✏ ✟✎✠ ✡✠✍✞✥✟☛

☞✌✒ ✆✓✒✌☞✟✞✔✠ ③✠✡☎☛✝☎☞✌✟ ✍✎☞✏✟✍✜ ❍☎✑✠✤✠✡✱ ✟✎☞✍ ✑☎✞✥✔ ☎✌✥✦ ✎✓✤✠

✢✠✠✌ ✝☎✍✍☞✢✥✠ ✏☎✡ ✓ ✏✠✑ ✄✥✞✍✟✠✡✍ ✏☎✡ ✑✎☞✄✎ ✑✠ ✎✓✤✠ ✓ ✍✞ffi✄☞✠✌✟

✌✞✆✢✠✡ ☎✏ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✡✠✔✍✎☞✏✟✍✜ ❲✠ ✟✎✠✡✠✏☎✡✠ ✄✎☎☎✍✠ ✓✌☎✟✎✠✡

✓✝✝✡☎✓✄✎✱ ✄☎✌✍☞✔✠✡☞✌✒ ✟✎✠ ☎✌✥✦ ☎✟✎✠✡ ☎✢❥✠✄✟ ✄✥✓✍✍ ✏☎✡ ✑✎☞✄✎ ✟✎✠

✡✠✔✍✎☞✏✟✍ ✓✡✠ ❦✌☎✑✌★ ✟✎✠ ✍✟✓✡✍ ☞✌ ☎✞✡ ✩✠✥✔✍✜

❲✠ ✍✠✥✠✄✟ ✍✟✓✡✍ ✑☞✟✎ ✢☎✟✎ ✒✡☎✞✌✔☛✢✓✍✠✔ ✓✌✔ ✍✝✓✄✠☛✢✓✍✠✔

❍❙❚ ✔✓✟✓✜ ❚✎☞✍ ☞✍ ✔☎✌✠ ✢✦ ✝✥☎✟✟☞✌✒ ✓✥✥ ✟✎✠ ✔✠✟✠✄✟✠✔ ☎✢❥✠✄✟✍ ☞✌

✔☞✓✒✡✓✆✍ ☎✏ ✄✠✌✟✡✓✥ ✍✞✡✏✓✄✠ ✢✡☞✒✎✟✌✠✍✍ ✤✠✡✍✞✍ ✟☎✟✓✥ ✆✓✒✌☞✟✞✔✠✜

❙✝✓✄✠☛✢✓✍✠✔ ✔✓✟✓ ✓✥✥☎✑ ✞✍ ✟☎ ✔✠✟✠✄✟ ✤✠✡✦ ✏✓☞✌✟ ✍✟✓✡✍ ✓✥✢✠☞✟ ☞✌

✡✓✟✎✠✡ ✥☞✆☞✟✠✔ ✍❦✦ ✓✡✠✓✍✱ ✑✎☞✥✠ ✒✡☎✞✌✔☛✢✓✍✠✔ ✔✓✟✓ ✓✥✥☎✑ ✞✍ ✟☎

✔✠✟✠✄✟ ✡✠✥✓✟☞✤✠✥✦ ✢✡☞✒✎✟ ✍✟✓✡✍ ✓✄✡☎✍✍ ✥✓✡✒✠✡ ✓✡✠✓✍ ☎✏ ✟✎✠ ✍❦✦✜ ❇✦ ✓✝☛

✝✥✦☞✌✒ ▲✠P✎✓✡✠ ✟☎ ✟✎✠✍✠ ✍✟✓✡ ✄✓✟✓✥☎✒✞✠✍ ✓✌✔ ✩✧☞✌✒ ✟✎✠ ✡✠✔✍✎☞✏✟✍

✟☎ ✵✱ ✑✠ ✄✓✌ ✄☎✆✝✞✟✠ ③✠✡☎☛✝☎☞✌✟ ✍✎☞✏✟✍ ✏☎✡ ✟✎✠✍✠ ✍✟✓✡ ✄✓✟✓✥☎✒✞✠✍✜

❚✎✠ ✍✓✆✠ ☞✍ ✔☎✌✠ ✏☎✡ ✟✎✠ ✄✓✟✓✥☎✒✞✠✍ ☎✏ ✒✓✥✓✧☞✠✍ ✑☞✟✎ ✓ ❦✌☎✑✌

✍✝✠✄✟✡☎✍✄☎✝☞✄ ✡✠✔✍✎☞✏✟✱ ✒☞✤☞✌✒ ✞✍ ✓ ✍✠✄☎✌✔ ✠✍✟☞✆✓✟✠ ☎✏ ✟✎✠ ③✠✡☎☛

✝☎☞✌✟ ✍✎☞✏✟✍✜

❇☎✟✎ ✍✎☞✏✟✍ ✎✓✤✠ ✌☎ ✡✠✓✍☎✌ ✟☎ ✢✠ ☞✔✠✌✟☞✄✓✥✱ ✓✍ ✑✠ ✄☎✌✍☞✔✠✡

☞✌ ☎✌✠ ✄✓✍✠ ☎✌✥✦ ✍✟✠✥✥✓✡ ✟✠✆✝✥✓✟✠✍ ✭✑✎☞✄✎ ✓✡✠ ✌☎✟ ✓✔✓✝✟✠✔ ✟☎ ☎✞✡

✒✓✥✓✧✦ ✄✓✟✓✥☎✒✞✠✍✮ ✓✌✔ ☞✌ ✟✎✠ ☎✟✎✠✡ ✄✓✍✠ ✒✓✥✓✧✦ ✟✠✆✝✥✓✟✠✍ ✓✟ ✤✓✡☛

☞☎✞✍ ✡✠✔✍✎☞✏✟✍✜ ❍☎✑✠✤✠✡✱ ✑✠ ✠✧✝✠✄✟ ✌☎✟ ✟☎ ☎✢✟✓☞✌ ✔✡✓✆✓✟☞✄✓✥✥✦

✔☞ff✠✡✠✌✟ ✤✓✥✞✠✍✱ ✍☞✌✄✠ ✒✓✥✓✧✦ ✟✠✆✝✥✓✟✠✍ ✓✡✠ ✟✎✠☎✡✠✟☞✄✓✥✥✦ ✌☎✟✎☞✌✒

✢✞✟ ✄☎✆✢☞✌✓✟☞☎✌✍ ☎✏ ✍✟✠✥✥✓✡ ✟✠✆✝✥✓✟✠✍✜

■✌ ✪☞✒✜ ✫✱ ✑✠ ✍✎☎✑ ✟✎✠ ✆✠✓✌ ✤✓✥✞✠ ✓✌✔ ✟✎✠ ✞✌✄✠✡✟✓☞✌✟✦ ☞✌

✟✎✠ ✔☞ff✠✡✠✌✄✠ ✢✠✟✑✠✠✌ ✟✎✠✍✠ ✟✑☎ ✍✎☞✏✟✍ ✏☎✡ ✟✎✠ ✤✓✡☞☎✞✍ ✆✓✒✌☞☛

✟✞✔✠ ✢✓✌✔✍ ✄☎✌✍☞✔✠✡✠✔✜ ❆✍ ✠✧✝✠✄✟✠✔✱ ✟✎✠ ✆✠✓✌ ✔☞ff✠✡✠✌✄✠✍ ✓✡✠

✓✥✑✓✦✍ ✍✆✓✥✥✠✡ ✟✎✓✌ ✵✜✫ ✆✓✒✜ ❙☞✆☞✥✓✡✥✦✱ ✟✦✝☞✄✓✥ ✞✌✄✠✡✟✓☞✌✟☞✠✍ ☞✌

✟✎✠ ✆✠✓✌ ✔☞ff✠✡✠✌✄✠✍ ✓✡✠ ☎✏ ✟✎✠ ☎✡✔✠✡ ☎✏ ✵✜✫ ✆✓✒✜ ❚✎✠ ✌✞✆✢✠✡✍

☎✏ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✡✠✔✍✎☞✏✟✍ ✓✌✔ ✍✟✓✡✍ ✞✍✠✔ ☞✌ ✟✎✠ ✄✓✥☞✢✡✓✟☞☎✌ ✓✡✠

✒☞✤✠✌ ☞✌ ✪☞✒✜ ✬✜ ❖✌ ✟✎✠ ☎✌✠ ✎✓✌✔✱ ✟✎☞✍ ✍✎☎✑✍ ✟✎✓✟ ✑✠ ✄✓✌✌☎✟ ✠✧☛

✄✥✞✔✠ ✟✎✠ ✎✦✝☎✟✎✠✍☞✍ ✟✎✓✟ ✟✎✠ ✟✑☎ ✍✎☞✏✟✍ ✓✡✠ ✟✎✠ ✍✓✆✠✱ ✑✎✓✟✠✤✠✡

❋�✁✂ ✯✂ ✰✴✹✿ ♠❡❛♥ ❛♥❞ ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ❞✐ff❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ st❛r

❛♥❞ ❣❛❧❛①② s♣❡❝tr♦s❝♦♣✐❝ r❡❞s❤✐❢t✲❜❛s❡❞ s❤✐❢ts ✐♥ t❤❡ ✺ ❜❛♥❞ ✈❡rs✉s t❤❡

♥✉♠❜❡r ♦❢ s♣❡❝tr♦s❝♦♣✐❝ r❡❞s❤✐❢ts ❛✈❛✐❧❛❜❧❡ ♦✈❡r ♦✉r ✸✶ ✣❡❧❞s✳ ✻✴✼✼✴✽✿

❤✐st♦❣r❛♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ st❛rs ✉s❡❞ ❢♦r t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ❡❛❝❤ ❝❧✉st❡r✳

✟✎✠ ✝✎☎✟☎✆✠✟✡☞✄ ✢✓✌✔✜ ❖✌ ✟✎✠ ☎✟✎✠✡ ✎✓✌✔✱ ✟✎☞✍ ✓✥✍☎ ✆✠✓✌✍ ✟✎✓✟

✒☞✤✠✌ ✟✎✠ ✞✌✄✠✡✟✓☞✌✟☞✠✍ ☞✌ ✟✎✠ ✔☞ff✠✡✠✌✄✠✍✱ ☞✟ ✑☎✞✥✔ ✢✠ ☞✌✄☎✡✡✠✄✟

✟☎ ✞✍✠ ☎✌✥✦ ✍✟✓✡ ✄✓✟✓✥☎✒✞✠✍ ✟☎ ✠✍✟☞✆✓✟✠ ✟✎✠ ③✠✡☎☛✝☎☞✌✟ ✍✎☞✏✟✍ ☎✏

☎✞✡ ✒✓✥✓✧✦ ✄✓✟✓✥☎✒✞✠✍✜ ❆ ✵✜✫ ✆✓✒ ✍✎☞✏✟ ☞✍ ☞✌✔✠✠✔ ✥✓✡✒✠ ✠✌☎✞✒✎ ✟☎

☞✌✔✞✄✠ ✍☞✒✌☞✩✄✓✌✟ ✠✡✡☎✡✍ ☞✌ ☎✞✡ ✝✎☎✟☎☛✾ ✠✍✟☞✆✓✟✠✍ ✭✍✠✠ ✠✜✒✜ ●❀✵✮✜

❚✎✞✍✱ ✍✟✓✡☛✢✓✍✠✔ ③✠✡☎☛✝☎☞✌✟ ✍✎☞✏✟✍ ✑✠✡✠ ☎✌✥✦ ✞✍✠✔ ✟☎ ✡☎✞✒✎✥✦ ✓✍☛

✍✠✍✍ ✟✎✠ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✡✠✔✍✎☞✏✟ ✢✓✍✠✔ ✍✎☞✏✟✍✜

❲✠ ✓✥✍☎ ✟✠✍✟ ✎☎✑ ✤✓✡✦☞✌✒ ✟✎✠ ✌✞✆✢✠✡ ☎✏ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✡✠✔☛

✍✎☞✏✟✍ ✓ff✠✄✟✍ ☎✞✡ ✝✎☎✟☎☛✾ ✠✍✟☞✆✓✟✠✍✜ ■✌ ✪☞✒✜ ✬✱ ✑✠ ✝✥☎✟ ✟✎✠ ✆✠✓✌

✓✌✔ ✞✌✄✠✡✟✓☞✌✟✦ ☞✌ ✟✎✠ ✔☞ff✠✡✠✌✄✠ ☎✏ ✟✎✠ ✟✑☎ ✍✎☞✏✟✍ ☞✌ ✟✎✠ ❁ ✢✓✌✔

✏☎✡ ✔☞ff✠✡✠✌✟ ✌✞✆✢✠✡✍ ☎✏ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✡✠✔✍✎☞✏✟✍ ✓✤✓☞✥✓✢✥✠ ☞✌ ✟✎✠

✄☎✌✍☞✔✠✡✠✔ ✄✓✟✓✥☎✒✞✠✍✜ ❂✧✄✠✝✟ ✏☎✡ ✟✎✠ ✤✠✡✦ ✍✝✓✡✍✠ ✍✝✠✄✟✡☎✍✄☎✝☞✄

✄✓✟✓✥☎✒✞✠✍ ✭≤❀✵ ✡✠✔✍✎☞✏✟✍✮ ✑☞✟✎ ✞✌✄✠✡✟✓☞✌✟☞✠✍ ☎✏ ✓✢☎✞✟ ✵✜✬ ✆✓✒✱

✓✥✥ ✍✎☞✏✟ ✔☞ff✠✡✠✌✄✠✍ ✓✡✠ ✄☎✌✍☞✍✟✠✌✟ ✑☞✟✎ ③✠✡☎ ✓✌✔ ✓✥✥ ✞✌✄✠✡✟✓☞✌✟☞✠✍

✓✡✠ ✍✆✓✥✥✠✡ ✟✎✓✌ ✵✜✫ ✆✓✒✜ ❲✠ ✟✎✠✡✠✏☎✡✠ ✄✎☎☎✍✠ ✟☎ ✄☎✌✍☞✔✠✡ ☎✌✥✦

✄✥✞✍✟✠✡✍ ✏☎✡ ✑✎☞✄✎ ✑✠ ✎✓✤✠ ✓✟ ✥✠✓✍✟ ❀✵ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✡✠✔✍✎☞✏✟✍

✓✥☎✌✒ ✟✎✠ ✥☞✌✠ ☎✏ ✍☞✒✎✟✜

❚☎ ✄☎✌✄✥✞✔✠✱ ☎✞✡ ✆✠✟✎☎✔ ☎✏ ✟✡✓✌✍✥✓✟☞✌✒ ✓✥✥ ☎✞✡ ✆✓✒✌☞✟✞✔✠✍

✟☎ ✓ ✕✖✗✗✖✘ ✙y✙✚✛✗ ☞✍ ✡☎✢✞✍✟✱ ✢✞✟ ✄✓✌✌☎✟ ✢✠ ✠ffi✄☞✠✌✟✥✦ ✓✝☛

✝✥☞✠✔ ✑☞✟✎☎✞✟ ✍✝✠✄✟✡☎✍✄☎✝☞✄ ✄✓✟✓✥☎✒✞✠✍ ☎✏ ✓✟ ✥✠✓✍✟ ❀✵ ✒✓✥✓✧☞✠✍ ✝✠✡

✄✥✞✍✟✠✡✜

❃❄❃❄❃❄ ❅❈❉❏❑◗❉❏❘❑ ❯❑❱ ❳❨❘❉❘❩❬❉❭❏◗ ❭❬❱❪❨❏❫❉❪

❖✌✠ ☎✏ ✟✎✠ ✆✓☞✌ ✡✠✍✞✥✟✍ ☎✏ ●❀✵ ✑✓✍ ✟✎✓✟ ✟✎✠ ✝✡✠✄☞✍☞☎✌ ☎✏ ☎✞✡

✝✎☎✟☎✆✠✟✡☞✄ ✡✠✔✍✎☞✏✟✍ ✑✓✍ ✍☎✆✠✟☞✆✠✍ ✔✠✒✡✓✔✠✔ ✢✦ ✓ ✏✓✄✟☎✡ ☎✏

❴✶✶❵④ ♣❛❣❡ ⑤ ♦❢ ⑥⑦



❆✫❆ ✺✼✺✱ ❆✶✶✻ ✭✷✵✶✺✮

❋✐❣✳ ✹✳ P❤♦t♦♠❡tr�❝ ✈❡rs✉s s♣❡❝tr♦s❝♦♣�❝ r❡❞s❤�❢ts ✇❤❡♥ ❛❧❧♦✇�♥✁ ❡①✲

t�♥❝t�♦♥ �♥ ❛❧❧ ✁❛❧❛①�❡s ✭✂✄☎✆✮ ♦r ♦♥❧② �♥ s♣�r❛❧ ✁❛❧❛①�❡s ✭✝✞✟✠✆✮ ❢♦r t❤❡

▼❙✶✵✺✡✲✵✸ ✣❡❧❞☛ ❚❤❡ ❢✉❧❧ ❧�♥❡s s❤♦✇ t❤❡ ❧�♥❡s ♦❢ ❡q✉❛❧�t② ♦❢ t❤❡ ♣❤♦t♦✲

♠❡tr�❝ ❛♥❞ s♣❡❝tr♦s❝♦♣�❝ r❡❞s❤�❢ts ❛♥❞ t❤❡ ❞♦tt❡❞ ❧�♥❡s s❤♦✇ t❤❡ s❝❛tt❡r

❛t ±✵.✷☛ ❙❡❡ t❡①t ❢♦r ❞❡t❛�❧s☛

☞✌✍ ✌✎✏✑ ✒✍✑✓✔✕✏✖✔✑✗ ✒✘✙✓☞✏✖ ✗✚✘✚✛✔✏✓ ✜✓✏✏ ✚✘✓✍ ✢✕✚✤✔ ✏☞ ✚✘✥

✦✧★★✩✥ ✪✎✔✓ ✔✓ ✬✖✍❜✚❜✘✯ ✕✙✏ ☞✍ ✚ ✘✚✒❦ ✍✰ ✗✚✘✚✛✯ ☞✏✤✬✘✚☞✏✓ ☞✯✬✴

✔✒✚✘ ✍✰ ✎✔✗✎ ✕✏✑✓✔☞✯ ✖✏✗✔✍✑✓✥ ❊✽✏✑ ☞✎✏ ✖✏✕✕✏✓☞ ✗✚✘✚✛✯ ☞✏✤✬✘✚☞✏✓

✚✖✏ ✓✍✤✏☞✔✤✏✓ ✑✍☞ ✖✏✕ ✏✑✍✙✗✎✥ ■✑✕✏✏✕✾ ☞✎✏ ✤✏✚✑ ☞✯✬✏ ✍✰ ✒✘✙✓☞✏✖

✗✚✘✚✛✔✏✓ ✔✓ ★✿ ✌✎✏✑ ☞✚❦✔✑✗ ✚✘✘ ✗✚✘✚✛✔✏✓ ✔✑☞✍ ✚✒✒✍✙✑☞ ✚✑✕ ✦✦ ✌✎✏✑

☞✚❦✔✑✗ ✍✑✘✯ ✗✚✘✚✛✔✏✓ ✌✔☞✎ ✬✎✍☞✍✴③✓ ✕✔ff✏✖✔✑✗ ✰✖✍✤ ✓✬✏✒☞✖✍✓✒✍✬✔✒

✖✏✕✓✎✔✰☞✓ ❜✯ ✤✍✖✏ ☞✎✚✑ ★σ✥ ✪✎✏✓✏ ✑✙✤❜✏✖✓ ✎✔✗✎✘✔✗✎☞ ☞✎✏ ✘✚✒❦ ✍✰

✖✏✕ ☞✏✤✬✘✚☞✏✓ ✜☞✏✤✬✘✚☞✏✓ ✗✏☞ ❜✘✙✏✖ ✰✖✍✤ ☞✯✬✏ ★ ☞✍ ❀★✩✾ ✚✑✕ ✰✍✖✒✏

▲✏❁✎✚✖✏ ☞✍ ✔✑✒✖✏✚✓✏ ☞✎✏ ✗✚✘✚✛✯ ✖✏✕✓✎✔✰☞✓✥

■✑ ☞✎✔✓ ✰✖✚✤✏✌✍✖❦✾ ✌✏ ✑✍☞✏ ☞✎✚☞ ✔✑ ●★✧✾ ✌✏ ✚✘✘✍✌✏✕ ▲✏❁✎✚✖✏

☞✍ ✔✑✒✘✙✕✏ ✏✛☞✔✑✒☞✔✍✑ ✍✑✘✯ ✔✑ ✓✬✔✖✚✘ ✗✚✘✚✛✔✏✓✥ ✪✎✔✓ ✌✚✓ ✔✑ ✗✍✍✕

✚✗✖✏✏✤✏✑☞ ✌✔☞✎ ☞✎✏ ✗✚✘✚✛✯ ✬✖✍✬✏✖☞✔✏✓ ✗✏✑✏✖✚✘✘✯ ✍❜✓✏✖✽✏✕✾ ✏✽✏✑

☞✎✍✙✗✎ ✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✔✏✓ ✚✖✏ ✑✍☞ ✚✘✌✚✯✓ ✙✑✍❜✓✒✙✖✏✕ ✜✏✥✗✥

❂✚✖☞✔✑✔ ✏☞ ✚✘✥ ✦✧★❀✩✥ ❍✏✖✏✾ ✌✏ ✚✘✘✍✌ ▲✏❁✎✚✖✏ ☞✍ ✚✖☞✔❃✒✔✚✘✘✯ ✔✑✴

☞✖✍✕✙✒✏ ✏✛☞✔✑✒☞✔✍✑ ✔✑ ✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✔✏✓✾ ✬✏✖✤✔☞☞✔✑✗ ✗✚✘✚✛✯ ☞✏✤✴

✬✘✚☞✏✓ ☞✍ ❜✏✒✍✤✏ ✖✏✕✕✏✖✥ ❲✏ ✚✖✏ ✚✌✚✖✏ ☞✎✚☞ ☞✎✔✓ ✚✖☞✔❃✒✔✚✘ ✏✛☞✔✑✒✴

☞✔✍✑ ✤✔✗✎☞ ✑✍☞ ❜✏ ✬✎✯✓✔✒✚✘ ❜✙☞ ✌✏ ✒✎✍✍✓✏ ☞✍ ✚✬✬✘✯ ✔☞ ✑✍✑✏☞✎✏✘✏✓✓

❜✏✒✚✙✓✏ ✔☞ ✓✔✗✑✔❃✒✚✑☞✘✯ ✔✤✬✖✍✽✏✓ ☞✎✏ ✚✒✒✙✖✚✒✯ ✍✰ ✍✙✖ ✬✎✍☞✍✴③✓✥

✪✍ ✔✘✘✙✓☞✖✚☞✏ ☞✎✏ ✏ff✏✒☞ ✍✰ ☞✎✔✓ ✚✬✬✖✍✚✒✎✾ ✌✏ ✓✎✍✌ ☞✎✏ ✏✛✚✤✴

✬✘✏ ✍✰ ❂❄ ★✧✿❅✴✧❀ ✚☞ ✖✏✕✓✎✔✰☞ ③ = ✧.❇✦❀★✥ ✪✎✏ ✏✛☞✔✑✒☞✔✍✑ ✔✑ ☞✎✏

❈ ❜✚✑✕ ✔✓ ✧.❀ ± ✧.❀ ✤✚✗ ✰✍✖ ✏✚✖✘✯ ☞✯✬✏✓ ✚✑✕ ✧.❅ ± ✧.❀ ✤✚✗ ✰✍✖

✘✚☞✏ ☞✯✬✏✓✥ ❉✔✗✙✖✏ ❅ ✓✎✍✌✓ ☞✎✏ ✬✎✍☞✍✤✏☞✖✔✒ ✽✏✖✓✙✓ ✓✬✏✒☞✖✍✓✒✍✬✔✒

✖✏✕✓✎✔✰☞✓ ✌✎✏✑ ✚✘✘✍✌✔✑✗ ✏✛☞✔✑✒☞✔✍✑ ✍✑✘✯ ✔✑ ✓✬✔✖✚✘ ✗✚✘✚✛✔✏✓ ✚✑✕

✔✑ ✚✘✘ ✗✚✘✚✛✔✏✓✥ ❲✏ ✚✒✎✔✏✽✏ ✚ ✎✔✗✎✏✖ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞ ✚✒✒✙✴

✖✚✒✯ ✌✎✏✑ ✚✘✘✍✌✔✑✗ ✏✛☞✔✑✒☞✔✍✑ ✚✘✓✍ ✔✑ ✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✔✏✓✥ ❂✍✖✏

❏✙✚✑☞✔☞✚☞✔✽✏✘✯✾ ☞✎✏ ✕✔✓✬✏✖✓✔✍✑ ✔✑ ☞✎✏ ✤✏✚✑ ✕✔ff✏✖✏✑✒✏ ❜✏☞✌✏✏✑ ☞✎✏

✬✎✍☞✍✤✏☞✖✔✒ ✚✑✕ ✓✬✏✒☞✖✍✓✒✍✬✔✒ ✖✏✕✓✎✔✰☞✓ ✍✰ ✒✘✙✓☞✏✖ ✤✏✤❜✏✖✓ ✔✓

σ|❑◆❖◗❘−❑❯◆❱❳ | = ✧.✦✧ ✌✎✏✑ ✚✘✘✍✌✔✑✗ ✏✛☞✔✑✒☞✔✍✑ ✔✑ ✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✴

✔✏✓✾ ✌✎✔✘✏ ✔☞ ✔✓ ✧✥❀✧ ✌✎✏✑ ✚✘✘✍✌✔✑✗ ✏✛☞✔✑✒☞✔✍✑ ✍✑✘✯ ✔✑ ✘✚☞✏✴☞✯✬✏

✗✚✘✚✛✔✏✓✥ ❲✏ ☞✎✏✖✏✰✍✖✏ ✔✤✬✖✍✽✏ ☞✎✏ ❏✙✚✘✔☞✯ ✍✰ ✍✙✖ ✬✎✍☞✍✤✏☞✖✔✒

✖✏✕✓✎✔✰☞ ✏✓☞✔✤✚☞✏✓ ✔✑ ☞✎✏ ✒✘✙✓☞✏✖ ❜✯ ∼✿✧❨ ✌✎✏✑ ✚✘✘✍✌✔✑✗ ✏✛✴

☞✔✑✒☞✔✍✑ ✔✑ ✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✔✏✓✥ ❩✙☞✓✔✕✏ ☞✎✏ ✒✘✙✓☞✏✖✾ ☞✎✏ ✏ff✏✒☞ ✔✓

✒✘✏✚✖✘✯ ✘✏✓✓ ✏✽✔✕✏✑☞ ❜✏✒✚✙✓✏ ☞✎✏ ✕✔✓✬✏✖✓✔✍✑ ✔✑ ☞✎✏ ✤✏✚✑ ✕✔ff✏✖✏✑✒✏

❜✏☞✌✏✏✑ ✬✎✍☞✍✤✏☞✖✔✒ ✚✑✕ ✓✬✏✒☞✖✍✓✒✍✬✔✒ ✖✏✕✓✎✔✰☞✓ ✔✓ ✧✥✦✦ ✌✎✏✑

✬✏✖✤✔☞☞✔✑✗ ✏✛☞✔✑✒☞✔✍✑ ✔✑ ✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✔✏✓ ✚✑✕ ✧✥✦★ ✌✎✏✑ ✚✘✴

✘✍✌✔✑✗ ✏✛☞✔✑✒☞✔✍✑ ✍✑✘✯ ✔✑ ✘✚☞✏✴☞✯✬✏ ✗✚✘✚✛✔✏✓✥

❁✏✖✤✔☞☞✔✑✗ ✏✛☞✔✑✒☞✔✍✑ ✔✑ ✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✔✏✓ ☞✎✏✖✏✰✍✖✏ ✕✍✏✓

✑✍☞ ✕✖✚✓☞✔✒✚✘✘✯ ✒✎✚✑✗✏ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞✓ ✍✙☞✓✔✕✏ ☞✎✏ ✒✘✙✓☞✏✖

❜✙☞ ✔✑✒✖✏✚✓✏✓ ☞✎✏✔✖ ✚✒✒✙✖✚✒✯ ❜✯ ✿✧❨ ✌✔☞✎✔✑ ☞✎✏ ✒✘✙✓☞✏✖✾ ✏✑✚❜✘✔✑✗

✙✓ ☞✍ ✖✏✚✒✎ ☞✎✏ ✓✚✤✏ ✬✖✏✒✔✓✔✍✑ ✔✑✓✔✕✏ ✚✑✕ ✍✙☞✓✔✕✏ ☞✎✏ ✒✘✙✓☞✏✖✥

❉✙✖☞✎✏✖✤✍✖✏✾ ☞✎✏ ✑✙✤❜✏✖ ✍✰ ✒✚☞✚✓☞✖✍✬✎✔✒ ✏✖✖✍✖✓ ✔✑✓✔✕✏ ☞✎✏ ✒✘✙✓✴

☞✏✖ ✔✓ ✖✏✕✙✒✏✕ ❜✯ ✤✍✖✏ ☞✎✚✑ ✦✿❨ ✌✎✏✑ ✏✛☞✔✑✒☞✔✍✑ ✔✓ ✚✘✘✍✌✏✕ ✔✑

✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✔✏✓✥

❬❭❬❭❪❭ ❫❴❵❥❵④⑤❥⑥⑦⑧ ⑥⑤⑨⑩❴⑦❶❥ ❷❸❹❺⑦❥❻

❲✏ ✑✍✌ ✕✔✓✒✙✓✓ ☞✎✏ ❏✙✚✘✔☞✯ ✍✰ ✍✙✖ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞✓ ✚✑✕

✒✍✤✬✚✖✏ ✍✙✖ ✖✏✓✙✘☞✓ ✌✔☞✎ ☞✎✍✓✏ ✍✰ ●★✧✥ ✪✎✏ ✕✍☞☞✏✕ ✘✔✑✏✓ ✔✑ ❉✔✗✥ ✿

❋✐❣✳ ❼✳ ❽❾❿➀ ♠❡❛♥ �♥❞�✈�❞✉❛❧ ♣❤♦t♦✲➁ ✉♥❝❡rt❛�♥t�❡s ❛s ❛ ❢✉♥❝t�♦♥ ♦❢

➂ ♠❛✁♥�t✉❞❡ �♥ t❤r❡❡ r❡❞s❤�❢t �♥t❡r✈❛❧s✱ ❝♦❧♦✉r ❝♦❞❡❞ ❛s➀ ➃❧✉❡➀ ➁ = ➄✵☛➅

✶☛✵✺➆✱ ✁r❡❡♥➀ ➁ = ➄✶☛✵✺➅ ✷☛✵➆✱ r❡❞➀ ➁ = ➄✷☛✵➅ ✷☛✺➆☛ ➇❾✆✆❾➈➀ ♠❡❛♥ �♥❞�✈�❞✉❛❧

♣❤♦t♦✲➁ ✉♥❝❡rt❛�♥t�❡s ❛s ❛ ❢✉♥❝t�♦♥ ♦❢ ♣❤♦t♦✲➁ ❢♦r ✈❛r�♦✉s ➂ ♠❛✁♥�t✉❞❡

�♥t❡r✈❛❧s✱ ❝♦❧♦✉r ❝♦❞❡❞ ❛s➀ ➃❧✉❡➀ ➂ = ➄✶➉☛✺➅ ✷✷☛✺➆✱ r❡❞➀ ➊➋➌➍➎ = ➄✶➉☛✺➅

✷✡☛✺➆☛ ❚❤❡ ✈❡rt�❝❛❧ ❞♦tt❡❞ ❧�♥❡ s❤♦✇s t❤❡ ➁ ≤ ✶.✺ ❧�♠�t ✇❡ s✉✁✁❡st❡❞ t♦

❛❞♦♣t �♥ ➏✶✵☛ ➐♥ ➃♦t❤ ♣❧♦ts✱ ❞♦tt❡❞ ❧�♥❡s ❝♦rr❡s♣♦♥❞ t♦ ➏✶✵ ❛♥❞ ❝♦♥✲

t�♥✉♦✉s ❧�♥❡s t♦ t❤❡ ♣r❡s❡♥t ✇♦r➑☛ ❚❤❡ ➃❧❛❝➑ ❝✉r✈❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡

➒➓➔❚→❙ ✇�t❤ ➂ < ✷✷.✺ ❛♥❞ ➁ < ✶.✵✺ ❛♥❞ s❤♦✉❧❞ ➃❡ ❝♦♠♣❛r❡❞ ✇�t❤ t❤❡

➃❧✉❡ ❝✉r✈❡s ✭s❡❡ t❡①t ❢♦r ❞❡t❛�❧s✮☛

✒✍✤✏ ✰✖✍✤ ●★✧ ✌✔☞✎ ✓✘✔✗✎☞✘✯ ✕✔ff✏✖✏✑☞ ✖✏✕✓✎✔✰☞ ✚✑✕ ✤✚✗✑✔☞✙✕✏

✔✑☞✏✖✽✚✘✓✥ ✢☞ ③ ≤ ★.✿ ✚✑✕ ❈ ≤ ✦✦.✿✾ ✍✙✖ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞✓

✎✚✽✏ ✓✘✔✗✎☞✘✯ ✓✤✚✘✘✏✖ ✙✑✒✏✖☞✚✔✑☞✔✏✓ ☞✎✚✑ ☞✎✍✓✏ ✍✰ ●★✧✥ ✪✎✏ ✔✤✴

✬✖✍✽✏✤✏✑☞ ✔✓ ✤✙✒✎ ✤✍✖✏ ✓✔✗✑✔❃✒✚✑☞ ✚☞ ❈ ≥ ✦✦.✿ ✚✑✕ ③ ≥ ★.✿✥

❲✏ ✚✘✓✍ ✒✍✤✬✚✖✏ ✍✙✖ ✬✎✍☞✍✴③✓ ☞✍ ☞✎✍✓✏ ✍✰ ☞✎✏ ➣❉❍✪▲❄

✜➣✍✙✬✍✑ ✏☞ ✚✘✥ ✦✧✧↔✩✥ ✪✍ ✕✍ ✓✍✾ ✌✏ ✓✏✘✏✒☞ ✒✘✙✓☞✏✖ ✗✚✘✚✛✔✏✓ ✔✑

☞✎✏ ↕↕❂✴▲❄❄ ✓✙✖✽✏✯ ✜✏✥✗✥ ✢✕✚✤✔ ✏☞ ✚✘✥ ✦✧★★✩ ✌✔☞✎ ✓✬✏✒☞✖✍✴

✓✒✍✬✔✒ ✖✏✕✓✎✔✰☞✓ ✚✑✕ ✒✎✏✒❦ ☞✎✏✔✖ ✒✍✖✖✏✓✬✍✑✕✔✑✗ ✬✎✍☞✍✴③✓ ✔✑ ☞✎✏

➣❉❍✪▲❄✥ ❲✏ ☞✎✏✑ ✒✚✘✒✙✘✚☞✏ ☞✎✏ ✬✎✍☞✍✴③ ✙✑✒✏✖☞✚✔✑☞✔✏✓ ✰✍✖ ☞✎✔✓

✓✚✤✬✘✏ ✜❈ < ✦✦.✿ ✚✑✕ ③ < ★.✧✿✩ ✙✓✔✑✗ ▲✏❁✎✚✖✏ ✚✑✕ ✬✘✍☞ ☞✎✏✤ ✔✑

❉✔✗✥ ✿✥ ✪✎✏ ✬✖✏✒✔✓✔✍✑ ✍✰ ✍✙✖ ✬✎✍☞✍✴③✓ ✔✓ ✒✍✤✬✚✖✚❜✘✏ ☞✍ ☞✎✚☞ ✍✰ ☞✎✏

➣❉❍✪▲❄✾ ✚✑✕ ❜✏✒✍✤✏✓ ✎✔✗✎✏✖ ✰✍✖ ✖✏✕✓✎✔✰☞✓ ✎✔✗✎✏✖ ☞✎✚✑ ③ = ✧.❇
✍✌✔✑✗ ☞✍ ☞✎✏ ✙✓✏ ✍✰ ✑✏✚✖ ✔✑✰✖✚✖✏✕ ✕✚☞✚✥

❄✔✤✔✘✚✖✘✯✾ ✌✏ ✖✏✬✖✍✕✙✒✏ ❉✔✗✓✥ ★❅ ✚✑✕ ★✿ ✍✰ ●★✧ ✔✑ ❉✔✗✥ ➙✾ ✙✓✴

✔✑✗ ✕✚☞✚ ✕✖✚✌✑ ✍✑✘✯ ✰✖✍✤ ✓✬✏✒☞✖✍✓✒✍✬✔✒ ✒✚☞✚✘✍✗✙✏✓✥ ❲✏ ❃✑✕ ☞✎✚☞

✍✙✖ ✬✖✏✓✏✑☞ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞ ✒✍✤✬✙☞✚☞✔✍✑✓ ✘✏✚✕ ☞✍ ✚ ✤✍✕✏✓☞

✔✤✬✖✍✽✏✤✏✑☞ ✔✑ ☞✎✏ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞ ❏✙✚✘✔☞✯ ✰✍✖ ❃✏✘✕ ✗✚✘✚✛✴

✔✏✓✥ ❍✍✌✏✽✏✖✾ ✒✘✙✓☞✏✖ ✗✚✘✚✛✯ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞✓ ✚✖✏ ✓✯✓☞✏✤✚☞✴

✔✒✚✘✘✯ ✔✤✬✖✍✽✏✕ ✰✍✖ ✏✚✖✘✯✴☞✯✬✏ ✗✚✘✚✛✔✏✓✾ ✚✓ ✏✛✬✏✒☞✏✕✾ ☞✎✚✑❦✓ ☞✍

☞✎✏ ✏✛☞✔✑✒☞✔✍✑ ✚✖☞✔❃✒✔✚✘✘✯ ✚✘✘✍✌✏✕ ✰✍✖ ✓✙✒✎ ☞✯✬✏✓✥

✢✓ ✚ ✒✍✑✒✘✙✓✔✍✑✾ ☞✎✏ ✬✖✏✓✏✑☞ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞ ✒✍✤✬✙✴

☞✚☞✔✍✑✓ ✚✘✘✍✌ ✙✓ ☞✍ ✚✒✎✔✏✽✏ ✚ ✒✍✑✓☞✚✑☞ ✬✎✍☞✍✤✏☞✖✔✒ ✖✏✕✓✎✔✰☞

❆✶✶✻✱ ♣❛✁❡ ✻ ♦❢ ✷✡



◆✳ ▼❛rt✐♥❡t ❡t ❛❧✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ❝❧✉st❡r ❣❛❧❛①② ❧✉♠✐♥♦s✐t② ❢✉♥❝t✐♦♥

❋�✁✂ ✻✂ ❘❡❞✉❝❡❞ σ ♦❢ ♣❤♦t♦✲③s ✈❡rs✉s ■ ❜❛♥❞ ❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡ ✭✄☎✆✮ ❛♥❞ ✈❡rs✉s ❣❛❧❛①② ♣❤♦t♦♠❡tr✐❝ t②♣❡ ❚ ✭✝☎✄✄☎✞✮✳ ▲✟✠✄✿ ✣❡❧❞ ❣❛❧❛①✐❡s✱ ❛♥❞

✡☛☞✌✄✿ ❝❧✉st❡r ❣❛❧❛①✐❡s ✐♥s✐❞❡ ❛ ✶ ▼♣❝ r❛❞✐✉s✳ ❊rr♦r ❜❛rs ❢♦r t❤❡ r❡❞✉❝❡❞ σ ❛r❡ P♦✐ss♦♥✐❛♥ ❛♥❞ t❤❡r❡❢♦r❡ ❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥✈❡rs❡ sq✉❛r❡
r♦♦t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❣❛❧❛①✐❡s ✇✐t❤✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜✐♥✳ ❊rr♦r ❜❛rs ❢♦r ❡❛❝❤ t②♣❡ ❛r❡ s✐♠♣❧② t❤❡ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥t✉♠ ♦❢ t❤❡ ❣❛❧❛①② t②♣❡

❞✐str✐❜✉t✐♦♥s ✐♥ t❤❡ s❡❧❡❝t❡❞ t②♣❡ ❜✐♥s ✭❬✶❀ ✼❪✱ ❬✽❀ ✶✷❪✱ ❬✶✸❀ ✶✾❪✱ ❬✷✵❀ ✸✶❪✮✳ ❈r♦ss❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ●✶✵ ✈❛❧✉❡s✱ ❛♥❞ ❝✐r❝❧❡s t♦ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡s✳

❙❤✐❢ts ✐♥ t②♣❡s ❛♥❞ ♠❛❣♥✐t✉❞❡s ❛r✐s❡ ❢r♦♠ ♣❧♦tt✐♥❣ ❛✈❡r❛❣❡ ✈❛❧✉❡s ❢♦r t✇♦ ❞✐ff❡r❡♥t s❛♠♣❧❡s✳ ❘❡❢❡r t♦ ❙❡❝t✳ ✷✳✶ ❢♦r ❞❡t❛✐❧s ♦❢ t❤❡ ♣❤♦t♦♠❡tr✐❝ t②♣❡s✳

✍✎✏✑✒✓✒✔✕ ✔✖ σ✗ ∼ ✘.✘✙ ✖✔✎ ✚✛✛ ✜✚✛✚✢✤ ✏✕✥✒✎✔✕✦✏✕✧✓ ★✩✏✛✪ ✔✎ ✑✛✫✓✬

✧✏✎✯✰ ✦✚✜✕✒✧✫✪✏✓✰ ✚✕✪ ✜✚✛✚✢✤ ✧✤✍✏✓✴

✹✺✹✺❁✺ ❂❃❄❅❆❇❉❃❉❍❏ ❑❖◗❯❉❇❉❱ ❲❳ ❏◗❉ ❨❩❉ ❆❭ ❃❆❅❉ ❏◗❑❍ ❆❍❉

❍❉❑❅ ❯❍❭❅❑❅❉❱ ❲❑❍❱

❫❴✒✛✏ ✧❴✏ ✒✕✧✏✎✏✓✧ ✔✖ ❴✚✥✒✕✜ ✓✏✥✏✎✚✛ ✕✏✚✎ ✒✕✖✎✚✎✏✪ ❵✚✕✪✓ ✒✓ ✏✥✒✬

✪✏✕✧ ✚✧ ❥ ≥ ❦✰ ✧❴✏ ✏ff✏✑✧ ✚✧ ❥ ≤ ❦ ★④❴✏✎✏ ✚✛✛ ✔✫✎ ✑✛✫✓✧✏✎✓ ✚✎✏✯ ✒✓ ✕✔✧

✓✔ ✑✛✏✚✎✴ ❫✏ ✧✏✓✧ ✧❴✒✓ ④✒✧❴ ⑤❵✏✛✛ ⑥⑦❦✴ ⑧❴✒✓ ✑✛✫✓✧✏✎ ❴✚✓ ✚ ✑✔✦✍✎✏✬

❴✏✕✓✒✥✏ ✎✚✕✜✏ ✔✖ ✪✚✧✚✰ ④✒✧❴ ⑨, ⑩,❶✰ ✚✕✪ ❷✓ ✕✏✚✎ ✒✕✖✎✚✎✏✪ ❵✚✕✪✓

✚✥✚✒✛✚❵✛✏✴ ❸✫✎ ✓✍✏✑✧✎✔✓✑✔✍✒✑ ✎✏✪✓❴✒✖✧ ✑✚✧✚✛✔✜✫✏ ✧✤✍✒✑✚✛✛✤ ✏✢✧✏✕✪✓

✖✎✔✦ ❥ ∼ ✘.❹ ✧✔ ❥ ∼ ✘.⑥✰ ✓✔ ✒✓ ✍✏✎✖✏✑✧✛✤ ✓✫✒✧✏✪ ✧✔ ✧✏✓✧✒✕✜ ✧❴✏ ✍❴✔✧✔✬
✦✏✧✎✒✑ ✎✏✪✓❴✒✖✧ ❺✫✚✛✒✧✤ ✔✥✏✎ ✧❴✏ ✏✕✧✒✎✏ ✎✏✪✓❴✒✖✧ ✎✚✕✜✏ ✑✔✥✏✎✏✪ ❵✤

✔✫✎ ✑✛✫✓✧✏✎ ✓✚✦✍✛✏✴ ❫✏ ✧❴✏✎✏✖✔✎✏ ✑✔✦✍✫✧✏ ✍❴✔✧✔✦✏✧✎✒✑ ✎✏✪✓❴✒✖✧✓

✖✔✎ ✧❴✒✓ ✑✛✫✓✧✏✎ ❵✤ ✑✔✕✓✒✪✏✎✒✕✜✰ ✒✕ ✚✪✪✒✧✒✔✕ ✧✔ ✧❴✏ ✔✍✧✒✑✚✛ ❵✚✕✪✓✰

✧❴✏ ❥′ ❵✚✕✪✰ ✧❴✏✕ ✧❴✏ ❥′ ✚✕✪ ⑨ ❵✚✕✪✓✰ ✧❴✏ ❥′, ⑨✰ ✚✕✪ ⑩ ❵✚✕✪✓✰ ✧❴✏

❥′, ⑨, ⑩✰ ✚✕✪ ❶ ❵✚✕✪✓✰ ✚✕✪ ✩✕✚✛✛✤ ✧❴✏ ❥′, ⑨, ⑩,❶✰ ✚✕✪ ❷✓ ❵✚✕✪✓✴

⑧❴✏ ✦✏✚✕ ✍❴✔✧✔✦✏✧✎✒✑ ✎✏✪✓❴✒✖✧ ✍✎✏✑✒✓✒✔✕ ★④✒✧❴ ✑✚✧✚✓✧✎✔✍❴✒✑

✏✎✎✔✎✓ ✎✏✦✔✥✏✪✯ ❵✏✧④✏✏✕ ❥ = ✘.❹ ✚✕✪ ✘✴⑥ ✪✔✏✓ ✕✔✧ ✪✏✍✏✕✪ ✓✒✜✕✒✖✬
✒✑✚✕✧✛✤ ✔✕ ✧❴✏ ✕✫✦❵✏✎ ✔✖ ✕✏✚✎ ✒✕✖✎✚✎✏✪ ❵✚✕✪✓ ✒✕✑✛✫✪✏✪✴ ❻✔④✏✥✏✎✰

✧❴✏ ✕✫✦❵✏✎ ✔✖ ✑✔✦✍✛✏✧✏✛✤ ④✎✔✕✜ ✍❴✔✧✔✦✏✧✎✒✑ ✎✏✪✓❴✒✖✧✓ ★✒✴✏✴ ✖✔✎

④❴✒✑❴ ✧❴✏ ✪✒ff✏✎✏✕✑✏ ❵✏✧④✏✏✕ ✧❴✏ ✓✍✏✑✧✎✔✓✑✔✍✒✑ ✚✕✪ ✍❴✔✧✔✦✏✧✎✒✑

✎✏✪✓❴✒✖✧ ✒✓ ✜✎✏✚✧✏✎ ✧❴✚✕ ✘✴❼✯ ✧✏✕✪✓ ✧✔ ✒✕✑✎✏✚✓✏ ④❴✏✕ ✧❴✏ ✕✫✦❵✏✎

✔✖ ❵✚✕✪✓ ✪✏✑✎✏✚✓✏✓✴ ❽✕ ✧❴✏ ✑✚✓✏ ✔✖ ⑤❵✏✛✛ ⑥⑦❦✰ ✧❴✒✓ ✍✏✎✑✏✕✧✚✜✏ ✒✓

✑✛✔✓✏ ✧✔ ❹⑦❾ ④❴✏✕ ✚✧ ✛✏✚✓✧ ✔✕✏ ❵✚✕✪ ✒✓ ✫✓✏✪ ✚✦✔✕✜ ⑨, ⑩,❶✰ ✔✎

❷✓✰ ✒✕ ✚✪✪✒✧✒✔✕ ✧✔ ❿,➀,➁, ➂✰ ✚✕✪ ❥′✰ ④❴✒✛✏ ✒✧ ✓✫✪✪✏✕✛✤ ➃✫✦✍✓ ✧✔

❼⑥❾ ④❴✏✕ ✔✕✛✤ ❿,➀,➁, ➂✰ ✚✕✪ ❥′ ✚✎✏ ✫✓✏✪✴

⑧❴✒✓ ✓❴✔④✓ ✧❴✚✧ ④✒✧❴✒✕ ✧❴✏ ✎✏✪✓❴✒✖✧ ✎✚✕✜✏ ✑✔✕✓✒✪✏✎✏✪ ★✧✤✍✒✬

✑✚✛✛✤ ❥ ≤ ❦✯✰ ✧❴✏ ✍❴✔✧✔✬❥ ✚✑✑✫✎✚✑✤ ✒✓ ✕✔✧ ✓✒✜✕✒✩✑✚✕✧✛✤ ✒✦✍✎✔✥✏✪

❵✤ ✑✔✛✛✏✑✧✒✕✜ ✪✚✧✚ ✖✔✎ ✦✔✎✏ ✧❴✚✕ ✔✕✏ ❵✚✕✪ ✚✦✔✕✜ ⑨, ⑩,❶✰ ✔✎ ❷✓✴

❻✔④✏✥✏✎✰ ✒✕✑✛✫✪✒✕✜ ✪✚✧✚ ✖✔✎ ✚✧ ✛✏✚✓✧ ✔✕✏ ✔✖ ✧❴✏✓✏ ❵✚✕✪✓ ④✒✛✛ ✕✔✬

✧✚❵✛✤ ✪✒✦✒✕✒✓❴ ✧❴✏ ✕✫✦❵✏✎ ✔✖ ✑✚✧✚✓✧✎✔✍❴✒✑ ✏✎✎✔✎✓✴

➄➅ ➆➇➈➇➉➊ ➈➋➌➍➎➏➐➍➑➊ ➒➋➎➓➑➍➏➎➐

❫✏ ✕✔④ ✑✔✦✍✫✧✏ ✧❴✏ ❿,➀,➁✰ ✚✕✪ ➂ ✎✏✓✧✬✖✎✚✦✏ ❵✚✕✪ ➔→➣✓ ✖✔✎

❼❦ ✑✛✫✓✧✏✎✓✰ ✫✓✒✕✜ ✍❴✔✧✔✬❥✓ ✧✔ ✏✓✧✒✦✚✧✏ ✧❴✏ ✑✛✫✓✧✏✎ ✦✏✦❵✏✎✓❴✒✍

✔✖ ✜✚✛✚✢✒✏✓✴

❫✏ ✑✔✕✓✒✪✏✎ ✧❴✚✧ ✚ ✜✚✛✚✢✤ ❵✏✛✔✕✜✓ ✧✔ ✧❴✏ ✑✛✫✓✧✏✎ ④❴✏✕ ✒✧✓

✍❴✔✧✔✬❥ ✒✓ ④✒✧❴✒✕ ✚ ±✘✴❹ ✒✕✧✏✎✥✚✛ ✑✏✕✧✎✏✪ ✔✕ ✧❴✏ ✑✛✫✓✧✏✎ ✎✏✪✓❴✒✖✧✴

❸✕✑✏ ✚ ✜✚✛✚✢✤ ✒✓ ✒✪✏✕✧✒✩✏✪ ✚✓ ✚ ✍✔✧✏✕✧✒✚✛ ✑✛✫✓✧✏✎ ✦✏✦❵✏✎✰ ④✏

✓✏✧ ✒✧✓ ✍❴✔✧✔✬❥ ✧✔ ✧❴✏ ✑✛✫✓✧✏✎ ✎✏✪✓❴✒✖✧ ✚✕✪ ✎✏✬✎✫✕ →✏↔❴✚✎✏ ✧✔ ✔❵✬

✧✚✒✕ ❵✏✧✧✏✎ ✏✓✧✒✦✚✧✏✓ ✔✖ ✎✏✪✓❴✒✖✧ ✪✏✍✏✕✪✏✕✧ ✍✚✎✚✦✏✧✏✎✓ ★✓✫✑❴ ✚✓

✚❵✓✔✛✫✧✏ ✦✚✜✕✒✧✫✪✏✰ ✑✔✛✔✫✎✰ ↕✬✑✔✎✎✏✑✧✒✔✕✰ ✏✧✑✴✯✴ ❫✏ ✧❴✏✕ ✓✫❵✧✎✚✑✧

✜✚✛✚✢✤ ✩✏✛✪ ✑✔✫✕✧✓ ✦✏✚✓✫✎✏✪ ✒✕ ✧❴✏ ✓✚✦✏ ✎✏✪✓❴✒✖✧ ✒✕✧✏✎✥✚✛ ✫✓✒✕✜

➙❸➛➜❸➛ ✪✚✧✚ ★❽✛❵✏✎✧ ✏✧ ✚✛✴ ❹✘✘➝✯ ✧✔ ✏✢✑✛✫✪✏ ✜✚✛✚✢✒✏✓ ✚✧ ±✘✴❹

✖✎✔✦ ✧❴✏ ✑✛✫✓✧✏✎ ✎✏✪✓❴✒✖✧ ✧❴✚✧ ✚✎✏ ✕✔✧ ✑✛✫✓✧✏✎ ✦✏✦❵✏✎✓✴

❫❴✏✕ ✓✒✕✜✛✏ ❵✚✕✪ ✑✚✧✚✛✔✜✫✏✓ ✚✎✏ ✦✏✎✜✏✪ ✧✔ ✏✓✧✒✦✚✧✏ ✜✚✛✚✢✤

✍❴✔✧✔✬❥✓✰ ✚✛✛ ✔❵➃✏✑✧✓ ✧❴✚✧ ✚✎✏ ✕✔✧ ✪✏✧✏✑✧✏✪ ✒✕ ✏✥✏✎✤ ❵✚✕✪ ✚✎✏

✎✏➃✏✑✧✏✪ ✖✎✔✦ ✧❴✏ ✑✚✧✚✛✔✜✫✏✴ ➔✚✛✚✢✒✏✓ ✦✒✓✓✏✪ ✒✕ ✧❴✒✓ ✚✍✍✎✔✚✑❴

➞✶✶➟✱ ♣❛❣❡ ✼ ♦❢ ✷➠



❆✫❆ ✺✼✺✱ ❆✶✶✻ ✭✷✵✶✺✮

❛r❡ ♠❛✐♥❧② ✈❡r② ❢❛✐♥t ❣❛❧❛①✐❡s� ❛♥❞ ✇❡ ♥❡❡❞ t♦ ❝♦rr❡❝t ❢♦r t❤✐s ✐♥✲

❝♦♠♣❧❡t❡♥❡ss t♦ ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❣❛❧❛①✐❡s ✐♥ ❡❛❝❤ ❜❛♥❞

t❤❛♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s✐♥❣❧❡ ❜❛♥❞ ❝❛t❛❧♦❣✉❡✳ ❙❝❤❡❝❤t❡r ❢✉♥❝t✐♦♥s

❛r❡ ✣tt❡❞ ✉♣ t♦ t❤❡ ❧✐♠✐t✐♥❣ ♠❛❣♥✐t✉❞❡ ❛t ✇❤✐❝❤ ♦✉r ❣❛❧❛①② ❝❛t✲

❛❧♦❣✉❡s ❛r❡ ✾✁✪ ❝♦♠♣❧❡t❡✳ ❲❡ ♠❡❛s✉r❡ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ✐♥❞❡✲

♣❡♥❞❡♥t❧② ✇✐t❤✐♥ ❡❛❝❤ ✐♠❛❣❡ ❜② ✐♥s❡rt✐♥❣ ❛♥❞ r❡✲❞❡t❡❝t✐♥❣ st❛rs

s✐♠✉❧❛t❡❞ ✇✐t❤ t❤❡ ✐♠❛❣❡ ♣♦✐♥t s♣r❡❛❞ ❢✉♥❝t✐♦♥ ✂P❙❋✄✳ ❲❡ ♦❜t❛✐♥

t❤❡ ✾✁✪ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t ✐♥ ❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡ ❜② ❛♣♣❧②✐♥❣

t❤❡ ❦✲❝♦rr❡❝t✐♦♥ ❛♥❞ ❞✐st❛♥❝❡ ♠♦❞✉❧✉s✳

❋✉rt❤❡r ❞❡t❛✐❧s ♦❢ ♦✉r ❛♥❛❧②s✐s ❛r❡ ❞❡s❝r✐❜❡❞ st❡♣ ❜② st❡♣ ✐♥

t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✳

✸☎✆☎ ❈✝✞✟✠✡☛✡☞✡✌✌

❋♦r ❡❛❝❤ ✐♠❛❣❡� ✇❡ ✣rst ♠❡❛s✉r❡ t❤❡ P❙❋ ❜② ✣tt✐♥❣ t❤❡ st❛rs ✇✐t❤

❛ ●❛✉ss✐❛♥ ❧✐❣❤t ❞✐str✐❜✉t✐♦♥ ✉s✐♥❣ t❤❡ P❙❋❊① s♦❢t✇❛r❡ ✂❇❡rt✐♥

✍✁✎✎✄✳ ❲✐t❤ t❤✐s P❙❋� ✇❡ ❝❛♥ ♠♦❞❡❧ ❛ s❡t ♦❢ ●❛✉ss✐❛♥ st❛rs ♦❢

✈❛r✐♦✉s ♠❛❣♥✐t✉❞❡s✳ ❋♦r ❡❛❝❤ ❜✐♥ ♦❢ ✁✳✏ ❛♣♣❛r❡♥t ♠❛❣♥✐t✉❞❡� ✇❡

s✐♠✉❧❛t❡ ❛ ❤✉♥❞r❡❞ st❛rs� ✐♥s❡rt t❤❡♠ ✐♥t♦ t❤❡ ✐♠❛❣❡� ❛♥❞ tr② t♦

r❡✲❞❡t❡❝t t❤❡♠ ✇✐t❤ ❙❊①tr❛❝t♦r✳ ❚❤❡ ✾✁✪ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t ❝♦r✲

r❡s♣♦♥❞s t♦ t❤❡ ❢❛✐♥t❡st ♠❛❣♥✐t✉❞❡ ❜✐♥ ✐♥ ✇❤✐❝❤ ✇❡ st✐❧❧ r❡✲❞❡t❡❝t

❛t ❧❡❛st ✾✁ st❛rs✳ ❚❤✐s st❛r ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞

t♦ ❛♥ ❛♣♣r♦①✐♠❛t❡ ❣❛❧❛①② ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t ❜② s✉❜tr❛❝t✐♥❣ ✁✳✏

❢r♦♠ t❤❡ ♠❛❣♥✐t✉❞❡ ✂❡✳❣✳ ✑❞❛♠✐ ❡t ❛❧✳ ✍✁✁✒✄✳

■♥ s♦♠❡ ❝❛s❡s� ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ♠❡❛s✉r❡ t❤❡ P❙❋ ❛❝❝✉r❛t❡❧②

❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ t♦♦ ❢❡✇ st❛rs ✐♥ t❤❡ ✣❡❧❞✳ ❲❡ t❤❡♥ t❛✓❡ t❤❡ ♠❛❣✲

♥✐t✉❞❡ ♦❢ t❤❡ ❜✐♥ ❥✉st ❜r✐❣❤t❡r t❤❛♥ t❤❡ ♣❡❛✓ ♦❢ t❤❡ s❡❧❡❝t❡❞ ❜❛♥❞

♠❛❣♥✐t✉❞❡ ❤✐st♦❣r❛♠ t♦ ❜❡ t❤❡ ✾✁✪ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t✳ ❲❡ ✈❡r✐✲

✣❡❞ t❤❛t ✐♥ ♠♦st ❝❛s❡s ❜♦t❤ ♠❡t❤♦❞s ❣✐✈❡ t❤❡ s❛♠❡ ❝♦♠♣❧❡t❡♥❡ss

❧✐♠✐t ❡st✐♠❛t❡ ❢♦r t❤❡ ❝❧✉st❡rs ❢♦r ✇❤✐❝❤ ✐t ✇❛s ♣♦ss✐❜❧❡ t♦ ♠❡❛✲

s✉r❡ t❤❡ P❙❋ ✐♥ t❤❡ ✔ ❜❛♥❞✳ ❚❤❡ ✔ ❜❛♥❞ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐ts ❢♦r

❜♦t❤ ♠❡t❤♦❞s ❛r❡ ❡q✉❛❧ ❢♦r ✹✁✪ ♦❢ t❤❡ ❝❧✉st❡rs ❛♥❞ ❛❧✇❛②s ❞✐ff❡r

❜② ❧❡ss t❤❛♥ ✎ ♠❛❣✳ ❚❤❡ ❛✈❡r❛❣❡ ❣❛❧❛①② ✾✁✪ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t

♦❢ ♦✉r s❛♠♣❧❡ ✐♥ t❤❡ ✔ ❜❛♥❞ ✐s ✍✕✳✍✳

❲❡ t❤❡♥ tr❛♥s❧❛t❡ t❤❡s❡ ❛♣♣❛r❡♥t ♠❛❣♥✐t✉❞❡ ❝♦♠♣❧❡t❡♥❡ss

❧✐♠✐ts t♦ ❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐ts ❜② ❛♣♣❧②✐♥❣

t❤❡ ❦✲❝♦rr❡❝t✐♦♥ ❛♥❞ ❞✐st❛♥❝❡ ♠♦❞✉❧✉s✳ ▲❡P❤❛r❡ ✉s❡s ❣❛❧❛①②

❙❊✖ ♠♦❞❡❧ ❧✐❜r❛r✐❡s t♦ ❡st✐♠❛t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❦✲❝♦rr❡❝t✐♦♥s�

✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ ❣❛❧❛①② t②♣❡s ❛♥❞ r❡❞s❤✐❢ts✳ ❋♦r ❡❛❝❤ t②♣❡� ✇❡

♠❡❛s✉r❡ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ❦✲❝♦rr❡❝t✐♦♥ ♦✈❡r

❣❛❧❛①② t❡♠♣❧❛t❡s ✐♥ ❛ r❡❞s❤✐❢t r❛♥❣❡ ♦❢ ±✁✳✎ ❛r♦✉♥❞ t❤❡ ❝❧✉s✲

t❡r r❡❞s❤✐❢t✳ ❚❤✐s r❡❞s❤✐❢t ✐♥t❡r✈❛❧ ✐s ♥❛rr♦✇❡r t❤❛♥ t❤❡ ♦♥❡ ❝❤♦✲

s❡♥ ❢♦r ❝❧✉st❡r ♠❡♠❜❡rs❤✐♣ t♦ ❛✈♦✐❞ t♦♦ ♠✉❝❤ ❝♦♥t❛♠✐♥❛t✐♦♥

❢r♦♠ ❢♦r❡❣r♦✉♥❞ ❛♥❞ ❜❛❝✓❣r♦✉♥❞ ❣❛❧❛①✐❡s✳ ❚❤❡ r❡❞s❤✐❢t r❛♥❣❡

❢♦r ❝❧✉st❡r ♠❡♠❜❡rs❤✐♣ ✐s ❧❛r❣❡r ❛s ✇❡ t❤❡♥ s✉❜tr❛❝t ✣❡❧❞ ❝♦✉♥ts✳

❲❡ t❤❡♥ ❞❡✣♥❡ ♦✉r ❝♦rr❡❝t✐♦♥s t♦ ❜❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡s ♣❧✉s ✍σ
t♦ ❜❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ✾✏✪ ♦❢ ♦✉r ❣❛❧❛①② ♣♦♣✉❧❛t✐♦♥✳ ❚♦ ✓❡❡♣

❛ ✾✁✪ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t ❢♦r ❛❧❧ t②♣❡s ♦❢ ❣❛❧❛①✐❡s� t❤❡ ✣♥❛❧ ❦✲

❝♦rr❡❝t✐♦♥s ❛r❡ s❡t t♦ t❤❡ ♠❛①✐♠❛❧ ✈❛❧✉❡s ♦✈❡r ❛❧❧ t②♣❡s✳ ❚❤✐s st❡♣

✐s ✐❧❧✉str❛t❡❞ ✐♥ ❊q✳ ✂✎✄� ✇❤❡r❡ ✗❳ ❛♥❞ ✗✘ ❛r❡ t❤❡ ❝♦♠♣❧❡t❡♥❡ss

❧✐♠✐t ✐♥ ❛❜s♦❧✉t❡ ❛♥❞ ❛♣♣❛r❡♥t ♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ ✙ ❜❛♥❞� ❉▼✂③✄

t❤❡ ❞✐st❛♥❝❡ ♠♦❞✉❧✉s� ❦✘✂③✄ t❤❡ ❦✲❝♦rr❡❝t✐♦♥ ✐♥ t❤❡ ✙ ❜❛♥❞ ❛t r❡❞✲

s❤✐❢t ③� ❛♥❞ ✚ t❤❡ ❣❛❧❛①② t②♣❡✿

✗❳ = ✗✘ − ❉▼✂③✄ −♠❛①
✛

(

〈❦✘✂③✄〉 + ✍σ✜✢✤✥✦
)

. ✂✎✄

✸☎✧☎ ❈✝✞✟★☛✩☛✬✝☞ ✝✯ ✰✩✠✩✴✽ ✠★✞✬☞✝✌✬☛✽ ✯★☞❀☛✬✝☞✌

❲❡ ✉s❡ t❤❡ ♦✉t♣✉t ❝❛t❛❧♦❣✉❡ ♦❢ ▲❡P❤❛r❡ ✇✐t❤ ♣❤♦t♦✲③s� ♣♦s✐t✐♦♥s�

♠❛❣♥✐t✉❞❡s� ❛♥❞ ❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡s ❢♦r t❤❡ ❁,❱,❘, ✔,❩� ❛♥❞ ❏

♦r ❑s ❜❛♥❞ ❞❛t❛ ❛❝q✉✐r❡❞ ❜② t❤❡ ♦r✐❣✐♥❛❧ t❡❧❡s❝♦♣❡s� ❛♥❞ t❤❡ ♠❛❣✲

♥✐t✉❞❡s ❝♦♠♣✉t❡❞ ❛s ✐❢ t❤❡② ❤❛❞ ❜❡❡♥ ♦❜s❡r✈❡❞ ✇✐t❤ t❤❡ ❂▲❚ ✣❧✲

t❡rs✳ ❲❡ r❡♠♦✈❡ ♦❜❥❡❝ts ♥❡❛r s❛t✉r❛t❡❞ st❛rs ✐❞❡♥t✐✣❡❞ ❜② ❡②❡ ✐♥

❛❧❧ ♦✉r ❝❛t❛❧♦❣✉❡s✳ ❙♦♠❡ st❛rs ❛r❡ ♥♦t ❛ss✐❣♥❡❞ ❛ ♥✉❧❧ ♣❤♦t♦✲③

❜② ▲❡P❤❛r❡✳ ❲❡ t❤❡♥ ❛❞❞ ❛♥ ✔ ❜❛♥❞ ❝❡♥tr❛❧ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss

✈❡rs✉s ♠❛❣♥✐t✉❞❡ ❝r✐t❡r✐♦♥ t♦ r❡♠♦✈❡ t❤♦s❡ st❛rs✳ ❲❡ ❝♦rr❡❝t ❢♦r

t❤❡ ❞✉st ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ ❃✐❧✓② ❲❛② ✉s✐♥❣ t❤❡ ❝✐rr✉s ♠❛♣s ♦❢

❙❝❤❧❡❣❡❧ ❡t ❛❧✳ ✂✎✾✾❄✄✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤✐s ❝♦rr❡❝t✐♦♥ ✐s ❝♦♥st❛♥t

♦✈❡r ❡❛❝❤ ✣❡❧❞ ❛♥❞ t❛✓❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ❡①t✐♥❝t✐♦♥ ♠❛♣

❛r❡❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❧✉st❡r ♣♦s✐t✐♦♥✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s

✈❛❧✐❞❛t❡❞ ❜② t❤❡ s♠❛❧❧ ❛r❡❛ ♦❢ ♦✉r ❝❧✉st❡rs ❝♦♠♣❛r❡❞ t♦ t❤❡ r❡s✲

♦❧✉t✐♦♥ ♦❢ t❤❡ ❡①t✐♥❝t✐♦♥ ♠❛♣s✳ ✑ ❝❧✉st❡r r❛r❡❧② ♦❝❝✉♣✐❡s ♠♦r❡

t❤❛♥ ✹ × ✹ ♣✐①❡❧ ❛r❡❛ ♦❢ t❤❡ ❝✐rr✉s ♠❛♣✳

❲❤❡♥ ❝♦♠❜✐♥✐♥❣ ❛❧❧ ❝❛t❛❧♦❣✉❡s ✐♥t♦ ❛ s✐♥❣❧❡ ♦♥❡� ✇❡ ❞❡❧❡t❡

♦❜❥❡❝ts t❤❛t ❛r❡ ♥♦t ❞❡t❡❝t❡❞ ✐♥ ❛❧❧ ✒ ❜❛♥❞s✳ ❲❡ ❝❛♥ ❡st✐♠❛t❡

t❤✐s ❧♦ss ♦❢ ❣❛❧❛①✐❡s ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❣❛❧❛①✐❡s ✐♥

t❤❡ ♠❡r❣❡❞ ❝❛t❛❧♦❣✉❡ t♦ t❤❡ s✐♥❣❧❡ ❜❛♥❞ ❝❛t❛❧♦❣✉❡s✳ ❲❡ ✣rst r❡✲

♠♦✈❡ st❛rs ✐♥ s✐♥❣❧❡ ❜❛♥❞ ❝❛t❛❧♦❣✉❡s ✉s✐♥❣ ❛ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss

t♦ ♠❛❣♥✐t✉❞❡ ❞✐❛❣r❛♠✳ ❚❤✐s st❡♣ ♠♦st❧② ❡❧✐♠✐♥❛t❡s s♦♠❡ ✈❡r②

❜r✐❣❤t ♦❜❥❡❝ts ✂❜r✐❣❤t ❛♥❞ s❛t✉r❛t❡❞ st❛rs✄ ❛♥❞ ❢❛✐♥t s♣✉r✐♦✉s ❞❡✲

t❡❝t✐♦♥s✳ ❲❡ t❤❡♥ ♠❡❛s✉r❡ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♥✉♠❜❡rs ♦❢ ❣❛❧❛①✐❡s

❢r♦♠ ❡❛❝❤ ♦❢ t❤❡ s✐♥❣❧❡ ❜❛♥❞ ❝❛t❛❧♦❣✉❡s t♦ t❤❡ ❝♦♠❜✐♥❡❞ ❝❛t❛✲

❧♦❣✉❡ ✐♥ ❜✐♥s ♦❢ ✁✳✏ ❛♣♣❛r❡♥t ♠❛❣♥✐t✉❞❡✳ ✑s ✇❡ ❞♦ ♥♦t ❤❛✈❡ t❤❡

r❡❞s❤✐❢ts ♦❢ t❤❡ ❣❛❧❛①✐❡s ❢♦r ✇❤✐❝❤ ✇❡ ✇✐s❤ t♦ ❛❝❝♦✉♥t ❢♦r ❜② ❛♣✲

♣❧②✐♥❣ t❤✐s ✐♥❝♦♠♣❧❡t❡♥❡ss ❝♦rr❡❝t✐♦♥� ✇❡ ❛♣♣❧② t❤❡s❡ r❛t✐♦s ❛s ❛

✇❡✐❣❤t ❝♦❡ffi❝✐❡♥t t♦ ❛❧❧ ❣❛❧❛①✐❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❛♣♣❛r❡♥t

♠❛❣♥✐t✉❞❡ ❜✐♥✳ ❖✇✐♥❣ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ❦✲❝♦rr❡❝t✐♦♥� ❣❛❧❛①✲

✐❡s ✐♥ t❤❡ s❛♠❡ ❛♣♣❛r❡♥t ♠❛❣♥✐t✉❞❡ ❜✐♥ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❧✐❡ ✐♥

t❤❡ s❛♠❡ ❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡ ❜✐♥✳ ❚❤✉s� ❛♣♣❧②✐♥❣ t❤✐s ❝♦rr❡❝t✐✈❡

❢❛❝t♦r ❞✐r❡❝t❧② t♦ t❤❡ ♠❛❣♥✐t✉❞❡ ❜✐♥s ✐♥st❡❛❞ ♦❢ ❛♣♣❧②✐♥❣ ✐t t♦

❡❛❝❤ ❣❛❧❛①② ✇♦✉❧❞ ❞✐st♦rt t❤❡ ❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡ ❞✐str✐❜✉t✐♦♥✳

✑s ✇❡ ♣❡r❢♦r♠ t❤✐s ❝♦rr❡❝t✐♦♥ ♦♥ s✐♥❣❧❡ ❜❛♥❞ ❝❛t❛❧♦❣✉❡s� ✇❡ ✉s❡

t❤❡ ❛♣♣❛r❡♥t ♠❛❣♥✐t✉❞❡s ♠❡❛s✉r❡❞ ✇✐t❤✐♥ t❤❡ ✐♠❛❣❡s✳ ✑❧❧ s✉❜s❡✲

q✉❡♥t st❡♣s ❛r❡ ❞♦♥❡ ✉s✐♥❣ t❤❡ ♠❛❣♥✐t✉❞❡s s✐♠✉❧❛t❡❞ ❜② ▲❡P❤❛r❡�

✇❤✐❝❤ ❛r❡ ❛s ✐❢ t❤❡② ❤❛❞ ❜❡❡♥ ❛❝q✉✐r❡❞ ✇✐t❤ t❤❡ ❂▲❚✳ ❚❤✐s ❛❧❧♦✇s

❛ ♠♦r❡ r❡❧✐❛❜❧❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❝❧✉st❡rs ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳

❲❡ s❡❧❡❝t ❣❛❧❛①② ❝❧✉st❡r ♠❡♠❜❡rs ❛s ❣❛❧❛①✐❡s ✇✐t❤ ♣❤♦t♦✲③s

♦❢ ±✁✳✍ ❛r♦✉♥❞ t❤❡ ❝❧✉st❡r r❡❞s❤✐❢t✳ ❲❡ ✈❡r✐❢② ✐♥ ❛ ❱ − ✔ ✈❡rs✉s

✔ ❝♦❧♦✉r−♠❛❣♥✐t✉❞❡ ❞✐❛❣r❛♠ t❤❛t t❤✐s s✉❜s❛♠♣❧❡ ❤❛s ❛ r❡❞ s❡✲

q✉❡♥❝❡ t❤❛t ❛❣r❡❡s ✇✐t❤ t❤❛t ♦❢ s✐♠✉❧❛t❡❞ ❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s ♦❢

❇r✉❅✉❛❧ ❍ ◆❤❛r❧♦t ✂✍✁✁✕✄ ❛t t❤❡ ❝❧✉st❡r r❡❞s❤✐❢t✳ ❖♥❝❡ t❤✐s ♣r❡✲

s❡❧❡❝t✐♦♥ ✐s ❞♦♥❡� ✇❡ ✣① ❣❛❧❛①② r❡❞s❤✐❢ts t♦ t❤❡ ❝❧✉st❡r r❡❞s❤✐❢t

❛♥❞ r❡✲r✉♥ ▲❡P❤❛r❡ ♦♥ t❤✐s s✉❜s❛♠♣❧❡ ✇✐t❤♦✉t ✈❛r②✐♥❣ ♣❤♦t♦✲③s✳

❚❤✐s ❛❧❧♦✇s ▲❡P❤❛r❡ t♦ ❞❡t❡r♠✐♥❡ ❜♦t❤ t❤❡ ❦✲❝♦rr❡❝t✐♦♥s ❛♥❞ t❤❡

❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡s ♦❢ t❤❡ ❝❧✉st❡r ♠❡♠❜❡rs ♠♦r❡ ❛❝❝✉r❛t❡❧② ❜❡✲

❝❛✉s❡ t❤❡② ❛r❡ r❡❞s❤✐❢t ❞❡♣❡♥❞❡♥t ♣r♦♣❡rt✐❡s✳ ❚❤❡ ❦✲❝♦rr❡❝t✐♦♥

str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ r❡❞s❤✐❢t ❛t ❤✐❣❤ r❡❞s❤✐❢t ✂◆❤✐❧✐♥❣❛r✐❛♥ ❡t ❛❧✳

✍✁✎✁✄✳ ❋♦r ❡①❛♠♣❧❡� ♠✐st❛✓✐♥❣ ❛ ❣❛❧❛①② ❛t ③ = ✁.✹ ✇✐t❤ ❛ ❣❛❧❛①②

❛t ③ = ✁.✏ ❧❡❛❞s t♦ ❛ ❞✐ff❡r❡♥❝❡ ♦❢ ✁✳✕ ♠❛❣ ✐♥ t❤❡ ◗ ❜❛♥❞ ❢♦r ❛♥

❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①② ❛♥❞ ✁✳✍ ❢♦r ❛ s♣✐r❛❧ ❣❛❧❛①②� ✇❤❡♥ ❛❞♦♣t✐♥❣ t❤❡

❣❛❧❛①② ❝♦❧♦✉rs g−◗ = ✎.✏ ❛♥❞ ✁✳✾ ❣✐✈❡♥ ✐♥ ❋✉✓✉❣✐t❛ ❡t ❛❧✳ ✂✎✾✾✏✄

❛♥❞ ✉s✐♥❣ t❤❡ ♦♥✲❧✐♥❡ ❦✲❝♦rr❡❝t✐♦♥ ❝❛❧❝✉❧❛t♦r ♦❢ ◆❤✐❧✐♥❣❛r✐❛♥
❯✳

❲❡ t❤❡♥ ♣❡r❢♦r♠ ❛ ✣❡❧❞ ❣❛❧❛①② ❜❛❝✓❣r♦✉♥❞ s✉❜tr❛❝t✐♦♥ ✉s✲

✐♥❣ ◆❖❙❃❖❙ ❞❛t❛ ✂■❧❜❡rt ❡t ❛❧✳ ✍✁✁✾✄� ✇❤✐❝❤ ❛r❡ s✉✐t❛❜❧❡ ❢♦r

t❤✐s s✉❜tr❛❝t✐♦♥ ❜❡❝❛✉s❡ t❤❡② ✐♥❝❧✉❞❡ ♦✉r r❡❞s❤✐❢t r❛♥❣❡ ❛♥❞ ❤❛✈❡

❛❝❝✉r❛t❡ ♣❤♦t♦✲③s✳ ❲❡ ✣rst ❝♦♥✈❡rt ◆❖❙❃❖❙ ♠❛❣♥✐t✉❞❡s ✐♥t♦

♦✉r ♦✇♥ s❡t ♦❢ ✣❧t❡rs ❜② ❛♣♣❧②✐♥❣ ❛ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r t❤❛t ❞❡✲

♣❡♥❞s ♦♥ ❣❛❧❛①② t②♣❡ ❛♥❞ r❡❞s❤✐❢t✳ ❃❛❣♥✐t✉❞❡s ✐♥ t❤❡ ◆❖❙❃❖❙

❝❛t❛❧♦❣✉❡ ❛r❡ ❛❧r❡❛❞② ❝♦rr❡❝t❡❞ ❢♦r ❞✉st ❡①t✐♥❝t✐♦♥✳ ❚♦ ❛✈♦✐❞

❛♥② ❦✲❝♦rr❡❝t✐♦♥ ❡ff❡❝t� ✇❡ ❞♦ t❤❡ ❜❛❝✓❣r♦✉♥❞ s✉❜tr❛❝t✐♦♥ ✐♥

❛♣♣❛r❡♥t ♠❛❣♥✐t✉❞❡✳ ■♥❞❡❡❞� ❢♦r ♦✉r ❝❧✉st❡rs� ✇❡ ❝♦♠♣✉t❡ t❤❡

❦✲❝♦rr❡❝t✐♦♥ ❜② s❡tt✐♥❣ ❛❧❧ ❣❛❧❛①✐❡s t♦ t❤❡ ❝❧✉st❡r r❡❞s❤✐❢t� ✇❤✐❧❡

✐♥ ◆❖❙❃❖❙ ✇❡ ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ ❦✲❝♦rr❡❝t✐♦♥ ♦❢ ❣❛❧❛①✐❡s ❛t

t❤❡✐r ♦✇♥ ♣❤♦t♦✲③✳ ❲❡ ❛♣♣❧② t❤❡ s❛♠❡ ♣❤♦t♦♠❡tr✐❝ r❡❞s❤✐❢t ❝✉t

❛♣♣❧✐❡❞ t♦ s❡❧❡❝t ♦✉r ❝❧✉st❡r ♠❡♠❜❡rs✳ ❲❡ t❤❡♥ ❝♦✉♥t ❝❧✉st❡r

❛♥❞ ✣❡❧❞ ❣❛❧❛①✐❡s ✐♥ ❜✐♥s ♦❢ ✁✳✏ ♠❛❣ ❛♥❞ ❛♣♣❧② ❛ ✇❡✐❣❤t t♦ ❛❧❧

❨ http://kcor.sai.msu.ru/
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❋✐❣✳ ✪✳ ❖✉r ✬✯✰s ✴♥ t❤✸ ✹,✽,✾✱ ✿♥❞ ❀ r✸st❁❢r✿♠✸ ❂✿♥❞s ✭❃❄♦❅ ❉❊❃❍ ❍♦ ❄❏❑▼❍✮ ❢◆r P✯✵✵✶✻+✶✻✵◗ ✭❍♦♣✮ ✿♥❞ ✯P❙P❚✵✺✵❯ ✭❲♦❍❍♦❅✮❳ ❨✸❞ ✿♥❞ ❂❩✉✸ ❬◆✴♥ts

❝◆rr✸s❬◆♥❞ t◆ r✸❞❁s✸q✉✸♥❝✸ ✿♥❞ ❂❩✉✸ ✬✯✰s ♥◆r♠✿❩✴③✸❞ t◆ ✶ ❞✸❭❪❳ ❫❤✸ r✸❞ ✈✸rt✴❝✿❩ ❩✴♥✸s ✴♥❞✴❝✿t✸ t❤✸ ◗✵❴ ❝◆♠❬❩✸t✸♥✸ss ❩✴♠✴t❳ ❫❤✸ r✸❞ ✿♥❞ ❂❩✉✸

❝✉r✈✸s s❤◆✇ t❤✸ ❂✸st ❚❝❤✸❝❤t✸r ❵ts t◆ r✸❞❁s✸q✉✸♥❝✸ ✿♥❞ ❂❩✉✸ ❭✿❩✿①✴✸s✱ ✿♥❞ t❤✸ ❢✿✴♥t❁✸♥❞ s❩◆❬✸ ❬✿r✿♠✸t✸r ✭α✮ ✴s ❞✴s❬❩✿②✸❞ ✴♥ t❤✸ ❝◆rr✸s❬◆♥❞✴♥❭

❝◆❩◆✉r❳ ❖♥❩② ❭✿❩✿①✴✸s ❂r✴❭❤t✸r t❤✿♥ t❤✸ ◗✵❴ ❝◆♠❬❩✸t✸♥✸ss ❩✴♠✴t ✿r✸ t✿❦✸♥ ✴♥t◆ ✿❝❝◆✉♥t ✴♥ t❤✸ ❵ts❳ ❥♥ ✿❞❞✴t✴◆♥✱ ✇✸ ❞✴s❬❩✿② ✬✯✰s ◆♥❩② ✇❤✸♥ ♠◆r✸

t❤✿♥ ✷✵ ❝❩✉st✸r ❭✿❩✿①✴✸s ✿r✸ ✇✴t❤✴♥ t❤✸ ❝◆❩◆✉r ❨❚ ◆r ❂❩✉✸ ❂✴♥s ✿♥❞ ✿❢t✸r s✉❂tr✿❝t✴♥❭ t❤✸ ❵✸❩❞❳

④⑤⑥ ⑦⑧⑤⑨⑩❶⑥⑨ ❷❶⑨❸❶⑦❹❺⑧⑧❻ ❼④⑥ ❽❾❿➀➁ ➂❺⑩❺➃➄ ⑧❶❺➂❹➅➆ ⑩④ ④➇❶⑥❶⑨⑩❹➈

➉❺⑩❶⑨ ④❼ ⑩➊❶ ⑦⑧⑤⑨⑩❶⑥ ➋➈⑥❺❻ ➉❺⑨⑨❶⑨➌ ➁➊❹⑨ ❹⑨ ⑩⑥⑤❶ ❹➅ ❸❺⑥⑩❹⑦⑤⑧❺⑥ ❼④⑥

➍➀➎❿ ➏➐➑➒➓➌➓+➓➐➔→➄ ❼④⑥ ➣➊❹⑦➊ ❺ ↔⑥❹➆➊⑩ ⑨④⑤⑥⑦❶ ❹⑨ ➇❶⑥❻ ➅❶❺⑥ ⑩➊❶

⑦⑧⑤⑨⑩❶⑥ ❹➅ ⑩➊❶ ➋➍➍ ❹➉❺➆❶➌ ➎⑧⑤⑨⑩❶⑥⑨ ➣❹⑩➊ ❺ ⑨❹➉❹⑧❺⑥⑧❻ ⑨➉❺⑧⑧ ➅⑤➉➈

↔❶⑥ ④❼ ➆❺⑧❺↕❻ ⑦④⑤➅⑩⑨ ❺⑥❶ ➙➔→→➓➌➔➛➁➎➄ ➍➀➎❿ ➏➐➑➒➓➌➓+➓➐➔→➄

➍➀➎❿ ➏➐➓➒➒➌➛+➜➛➝➓➄ ❿➞➋➎➟➀❿ ➔➝➄ ➠➡❾ ➔➑➐➝+➒➜➔➝➄ ❺➅➂

➠➡❾ ➝➔→→+➐➜➜➒➌ ➢❶ ❶⑧❹➉❹➅❺⑩❶ ⑩➊❶➉ ❼⑥④➉ ④⑤⑥ ❺➅❺⑧❻⑨❹⑨➌

➀⑨ ⑨➊④➣➅ ❹➅ ➁❺↔⑧❶ ➀➌➔➄ ⑩➊❶ ❿⑦➊❶⑦➊⑩❶⑥ ❸❺⑥❺➉❶⑩❶⑥⑨ ➂❶⑥❹➇❶➂ ❼④⑥

❹➅➂❹➇❹➂⑤❺⑧ ⑦⑧⑤⑨⑩❶⑥⑨ ⑦❺➅ ➂❹ff❶⑥➄ ❶➇❶➅ ❺❼⑩❶⑥ ⑥❶➉④➇❹➅➆ ⑩➊❶ ❸⑥④↔⑧❶➉➈

❺⑩❹⑦ ⑦⑧⑤⑨⑩❶⑥⑨➌ ➁➊❶ ⑧❺⑥➆❶ ❶⑥⑥④⑥ ↔❺⑥⑨ ❺⑥❶ ➂⑤❶ ⑩④ ⑩➊❶ ⑤⑨❶ ④❼ ➤④❹⑨⑨④➅❹❺➅

❶⑥⑥④⑥⑨ ❺➅➂ ⑩➊❶ ⑧❺⑥➆❶ ❸➊④⑩④➈➥ ❹➅⑩❶⑥➇❺⑧ ❼④⑥ ⑦⑧⑤⑨⑩❶⑥ ➉❶➉↔❶⑥⑨➊❹❸ ⑨❶➈

⑧❶⑦⑩❹④➅ ➣➊❹⑦➊ ⑦❺⑤⑨❶⑨ ➉④⑥❶ ↔❺⑦➦➆⑥④⑤➅➂ ➆❺⑧❺↕❹❶⑨ ⑩④ ↔❶ ⑨⑤↔⑩⑥❺⑦⑩❶➂➌

➧➅ ⑩➊❶ ❼④⑧⑧④➣❹➅➆ ❸❺⑥⑩⑨ ➣❶ ⑨⑩❺⑦➦ ⑩➊❶⑨❶ ⑦⑧⑤⑨⑩❶⑥⑨ ⑩④ ⑨⑩⑤➂❻ ➊④➣ ⑩➊❶

⑦⑧⑤⑨⑩❶⑥ ❸⑥④❸❶⑥⑩❹❶⑨ ➂❶❸❶➅➂ ④➅ ❺➇❶⑥❺➆❶ ④➅ ⑥❶➂⑨➊❹❼⑩➄ ➉❺⑨⑨➄ ⑨⑤↔⑨⑩⑥⑤⑦➈

⑩⑤⑥❶⑨➄ ❺➅➂ ❶➅➇❹⑥④➅➉❶➅⑩➌

➨➩➫➩ ➭➯➲➳➵➸➺ ➻➼➽➾

➢❶ ⑨⑩❺⑦➦ ④⑤⑥ ⑦⑧⑤⑨⑩❶⑥⑨ ⑤⑨❹➅➆ ⑩➊❶ ⑨⑩❺➅➂❺⑥➂ ➎④⑧⑧❶⑨⑨ ➉❶⑩➊④➂ ❷➎④⑧⑧❶⑨⑨

➔➛➚➛➃ ➂❶⑨⑦⑥❹↔❶➂ ❹➅ ➤④❸❶⑨⑨④ ❶⑩ ❺⑧➌ ❷➝➐➐➑➃➌ ➁➊❶ ❹➂❶❺ ❹⑨ ⑩④ ❺➇❶⑥❺➆❶

⑦⑧⑤⑨⑩❶⑥ ⑦④⑤➅⑩⑨ ❹➅ ❶❺⑦➊ ➉❺➆➅❹⑩⑤➂❶ ↔❹➅ ❹➅⑦⑧⑤➂❹➅➆ ❺⑧⑧ ⑦⑧⑤⑨⑩❶⑥⑨ ⑩➊❺⑩

❺⑥❶ ➛➐➪ ⑦④➉❸⑧❶⑩❶ ❹➅ ⑩➊❹⑨ ↔❹➅➌ ➎⑧⑤⑨⑩❶⑥⑨ ➶⑥⑨⑩ ➊❺➇❶ ⑩④ ↔❶ ➅④⑥➉❺⑧❹➹❶➂

⑩④ ⑩➊❶ ⑨❺➉❶ ❺⑥❶❺➄ ⑦➊④⑨❶➅ ⑩④ ↔❶ ➔ ➂❶➆
➘
➄ ❺➅➂ ⑩④ ❺ ➶↕❶➂ ⑥❹⑦➊➅❶⑨⑨➌

➁➊❹⑨ ⑥❹⑦➊➅❶⑨⑨ ❹⑨ ⑨❶⑩ ⑩④ ⑩➊❶ ➅⑤➉↔❶⑥ ④❼ ➆❺⑧❺↕❹❶⑨ ➂❶⑩❶⑦⑩❶➂ ⑩④ ⑩➊❶

⑦④➉❸⑧❶⑩❶➅❶⑨⑨ ⑧❹➉❹⑩ ⑩➊❺⑩ ❶➅⑦⑧④⑨❶⑨ ➛➐➪ ④❼ ④⑤⑥ ⑨❺➉❸⑧❶➌ ➢❶ ➂④ ➅④⑩

⑦➊④④⑨❶ ④⑤⑥ ➣④⑥⑨⑩ ⑦④➉❸⑧❶⑩❶➅❶⑨⑨ ⑧❹➉❹⑩ ↔❶⑦❺⑤⑨❶ ⑩➊❹⑨ ➣④⑤⑧➂ ⑥❶⑨⑤⑧⑩

❹➅ ⑩④④ ❼❶➣ ➆❺⑧❺↕❹❶⑨ ❼④⑥ ⑩➊❶ ➅④⑥➉❺⑧❹➹❺⑩❹④➅➌ ➀⑧⑨④➄ ➣❶ ④➅⑧❻ ❹➅⑦⑧⑤➂❶

⑦⑧⑤⑨⑩❶⑥⑨ ⑩➊❺⑩ ➊❺➇❶ ➉④⑥❶ ⑩➊❺➅ ➝➐ ➆❺⑧❺↕❹❶⑨ ❺↔④➇❶ ⑩➊❶ ↔❺⑦➦➆⑥④⑤➅➂

❼④⑥ ❺ ➆❹➇❶➅ ➆❺⑧❺↕❻ ❸④❸⑤⑧❺⑩❹④➅ ❷⑥❶➂ ④⑥ ↔⑧⑤❶➃➄ ⑩④ ❺➇④❹➂ ❺ ➂④➉❹➅❺⑩❹④➅

④❼ ⑩➊❶ ⑨⑩❺⑦➦ ↔❻ ⑩➊❶ ❸④④⑥❶⑨⑩ ⑦⑧⑤⑨⑩❶⑥⑨➌

➁➊❹⑨ ➉❶⑩➊④➂ ❺⑧⑧④➣⑨ ⑤⑨ ⑩④ ⑤⑨❶ ⑩➊❶ ➉❺↕❹➉⑤➉ ❺➉④⑤➅⑩ ④❼ ❹➅➈

❼④⑥➉❺⑩❹④➅ ❼④⑥ ❺⑧⑧ ④⑤⑥ ⑦⑧⑤⑨⑩❶⑥⑨➌ ➀ ➉④⑥❶ ⑦⑧❺⑨⑨❹⑦❺⑧ ➉❶⑩➊④➂ ➣④⑤⑧➂

⑥❶➉④➇❶ ⑩➊❶ ❹➅❼④⑥➉❺⑩❹④➅ ❼④⑥ ⑩➊❶ ➉④⑨⑩ ⑦④➉❸⑧❶⑩❶ ↔❹➅⑨ ❺⑨ ➣❶ ➣④⑤⑧➂

④➅⑧❻ ↔❶ ❺↔⑧❶ ⑩④ ⑨⑩❺⑦➦ ⑦⑧⑤⑨⑩❶⑥⑨ ⑥❶❺⑦➊❹➅➆ ⑩➊❶ ⑨❺➉❶ ⑦④➉❸⑧❶⑩❶➅❶⑨⑨

⑧❹➉❹⑩➌ ➢❶ ⑦④⑤⑧➂ ❺⑧⑨④ ⑨⑩❺⑦➦ ➂❹ff❶⑥❶➅⑩ ➅⑤➉↔❶⑥⑨ ④❼ ⑦⑧⑤⑨⑩❶⑥⑨ ❼④⑥ ➂❹❼➈

❼❶⑥❶➅⑩ ⑦④➉❸⑧❶⑩❶➅❶⑨⑨ ⑧❹➉❹⑩⑨➌ ➁➊❹⑨ ❺❸❸⑥④❺⑦➊ ➣④⑤⑧➂ ❺⑧⑧④➣ ⑩④ ↔❶⑩⑩❶⑥

⑦④➅⑩⑥④⑧ ⑩➊❶ ❶➇④⑧⑤⑩❹④➅ ➣❹⑩➊ ⑦④➉❸⑧❶⑩❶➅❶⑨⑨ ↔⑤⑩ ❹⑩ ➣④⑤⑧➂ ➆❶➅❶⑥❺⑩❶

➉❺➅❻ ⑨❶⑩⑨ ④❼ ➶➆⑤⑥❶⑨ ❸❺⑥⑩❹❺⑧⑧❻ ⑦④➅⑩❺❹➅❹➅➆ ⑩➊❶ ⑨❺➉❶ ❹➅❼④⑥➉❺⑩❹④➅➄

⑩➊⑤⑨ ❺ff❶⑦⑩❹➅➆ ⑩➊❶ ⑧❶➆❹↔❹⑧❹⑩❻ ④❼ ⑩➊❶ ⑥❶⑨⑤⑧⑩⑨➌

➙④⑥ ❺➅❻ ➉❶⑩➊④➂➄ ⑩➊❶ ➉④⑥❶ ⑦④➉❸⑧❶⑩❶ ④⑤⑥ ➂❺⑩❺➄ ⑩➊❶ ❼❺⑥⑩➊❶⑥ ➣❶

❺⑥❶ ❼⑥④➉ ❺➅ ❺➇❶⑥❺➆❶ ⑦⑧⑤⑨⑩❶⑥➌ ➧➅ ❺ ⑨⑩❺➅➂❺⑥➂ ➉❶⑩➊④➂➄ ⑩➊❹⑨ ❸⑥④↔⑧❶➉

❺ff❶⑦⑩⑨ ④➅⑧❻ ⑩➊❶ ⑨⑩❺⑦➦⑨ ➣❹⑩➊ ⑩➊❶ ❼❶➣❶⑥ ⑦⑧⑤⑨⑩❶⑥⑨➄ ➣➊❹⑧❶ ➣❹⑩➊ ⑩➊❶

➎④⑧⑧❶⑨⑨ ➉❶⑩➊④➂ ❹⑩ ❺ff❶⑦⑩⑨ ⑩➊❶ ❼❺❹➅⑩❶⑨⑩ ↔❹➅⑨ ④❼ ⑩➊❶ ➠➟➙➌ ➢❶ ❹➅➇❶⑨⑩❹➈

➆❺⑩❶ ⑩➊❹⑨ ↔❹❺⑨ ↔❻ ⑨⑩❺⑦➦❹➅➆ ➶↕❶➂ ➅⑤➉↔❶⑥⑨ ④❼ ⑦⑧⑤⑨⑩❶⑥⑨ ❹➅ ❶❺⑦➊ ⑨⑩❺⑦➦➌

➢❶ ➶➅➂ ⑩➊❺⑩ ❼④⑥ ⑩➊❶ ⑨❺➉❶ ⑦④➉❸⑧❶⑩❶➅❶⑨⑨ ⑧❹➉❹⑩ ⑩➊❶ ⑨⑩❺⑦➦❶➂ ➠➟➙⑨

➂④ ➅④⑩ ⑦➊❺➅➆❶ ➉⑤⑦➊ ④➅⑦❶ ➣❶ ➊❺➇❶ ❼④⑤⑥ ⑦⑧⑤⑨⑩❶⑥⑨ ❹➅ ⑩➊❶ ⑨⑩❺⑦➦➌

➁➊⑤⑨➄ ➣❶ ⑥❶➴⑤❹⑥❶ ⑩④ ➊❺➇❶ ❺⑩ ⑧❶❺⑨⑩ ❼④⑤⑥ ⑦⑧⑤⑨⑩❶⑥⑨ ❹➅ ❶❺⑦➊ ➉❺➆➅❹➈

⑩⑤➂❶ ↔❹➅ ⑩④ ⑩❺➦❶ ❹➅⑩④ ❺⑦⑦④⑤➅⑩ ❹➅ ⑩➊❶ ➎④⑧⑧❶⑨⑨ ⑨⑩❺⑦➦➄ ⑩④ ❺➇④❹➂ ↔❶❹➅➆

➂④➉❹➅❺⑩❶➂ ↔❻ ❹➅➂❹➇❹➂⑤❺⑧ ⑦⑧⑤⑨⑩❶⑥ ↔❶➊❺➇❹④⑤⑥⑨➌

➞⑥⑥④⑥ ↔❺⑥⑨ ❺⑥❶ ⑦❺⑧⑦⑤⑧❺⑩❶➂ ⑤⑨❹➅➆ ⑩➊❶ χ➘ ➶⑩ ⑩④ ④⑤⑥ ➆❺⑧❺↕❻ ⑦④⑤➅⑩⑨

➅④⑥➉❺⑧❹➹❶➂ ⑩④ ➔ ➂❶➆
➘➌ ➠❺⑧❺↕❻ ⑦④⑤➅⑩⑨ ❺➅➂ ⑩➊❶❹⑥ ❶⑥⑥④⑥⑨ ❺⑥❶ ⑨⑤➉➉❶➂

❼④⑧⑧④➣❹➅➆ ➞➴⑨➌ ❷➜➃ ❺➅➂ ❷➒➃ ↔❶⑧④➣➄ ➣➊❶⑥❶ ➷❷ ➬➃ ❺➅➂ σ❷ ➬➃ ❺⑥❶ ⑩➊❶

⑨⑩❺⑦➦❶➂ ➆❺⑧❺↕❻ ⑦④⑤➅⑩⑨ ❺➅➂ ➆❺⑧❺↕❻ ⑦④⑤➅⑩ ❶⑥⑥④⑥⑨ ❹➅ ➉❺➆➅❹⑩⑤➂❶ ↔❹➅⑨

➬➄ ⑩➊❶ ❹➅➂❶↕ ➮ ❹➅➂❹⑦❺⑩❶⑨ ⑨❹➅➆⑧❶ ⑦⑧⑤⑨⑩❶⑥ ➇❺⑧⑤❶⑨➄ ➱ ✃ ❹⑨ ⑩➊❶ ❺⑥❶❺ ④❼ ⑦⑧⑤⑨➈

⑩❶⑥ ➮➄ ➷❐❷ ➬➃ ⑩➊❶ ➅⑤➉↔❶⑥ ④❼ ⑦⑧⑤⑨⑩❶⑥⑨ ❹➅ ↔❹➅ ➬➄ ❺➅➂ ➷❒,✃ ❺➅➂ 〈➷❒❷ ➬➃〉

❺⑥❶ ⑩➊❶ ⑥❹⑦➊➅❶⑨⑨ ④❼ ⑩➊❶ ⑦⑧⑤⑨⑩❶⑥ ➮ ❺➅➂ ⑩➊❶ ➉❶❺➅ ⑥❹⑦➊➅❶⑨⑨ ④❼ ⑦⑧⑤⑨⑩❶⑥⑨

❹➅ ↔❹➅ ➬❮

➷❷ ➬➃ =
〈➷❒❷ ➬➃〉

➷❐❷ ➬➃

∑

✃

➷✃❷ ➬➃

➱ ✃➷❰,✃
, ❷➜➃

σ❷ ➬➃ =
〈➷❒❷ ➬➃〉

➷❐❷ ➬➃

√

√

∑

✃

(

σ✃❷ ➬➃

➱ ✃➷❰,✃

)➘

· ❷➒➃

➧➅➂❹➇❹➂⑤❺⑧ ➇❺⑥❹❺➅⑦❶⑨ ❺⑥❶ ➣❶❹➆➊⑩❶➂ ↔❻ ⑩➊❶ ⑨➴⑤❺⑥❶ ④❼ ⑩➊❶ ⑦⑧⑤⑨⑩❶⑥

❺⑥❶❺➄ ❺⑨ ❼④⑥ ⑩➊❶ ➆❺⑧❺↕❻ ⑦④⑤➅⑩⑨➄ ❺➅➂ ➅④⑩ ⑨❹➉❸⑧❻ ⑩➊❶ ❺⑥❶❺➌ ➁➊❹⑨ ❹⑨

⑩④ ⑥❶⑩❺❹➅ ⑩➊❶ ➤④❹⑨⑨④➅❹❺➅ ➂❹⑨⑩⑥❹↔⑤⑩❹④➅ ④❼ ⑩➊❶ ⑦④⑤➅⑩⑨➌ ➢❶ ❺⑧⑨④ ➶⑩

❿⑦➊❶⑦➊⑩❶⑥ ❼⑤➅⑦⑩❹④➅⑨ ⑩④ ⑩➊❶ ⑨⑩❺⑦➦❶➂ ➠➟➙⑨➌

❿⑩❺⑦➦❶➂ ➠➟➙⑨ ❺⑥❶ ⑨➊④➣➅ ❹➅ ➙❹➆➌ ➚ ❼④⑥ ⑩➊❶ ❽❿ ❺➅➂ ↔⑧⑤❶ ❸④❸➈

⑤⑧❺⑩❹④➅⑨ ④❼ ⑩➊❶ ❼⑤⑧⑧ ⑦⑧⑤⑨⑩❶⑥ ⑨❺➉❸⑧❶ ❹➅ ⑩➊❶ Ï,Ð,Ñ➄ ❺➅➂ Ò ⑥❶⑨⑩❼⑥❺➉❶

↔❺➅➂⑨➌ ❽❶⑨⑤⑧⑩⑨ ④❼ ⑩➊❶❹⑥ ↔❶⑨⑩ ❿⑦➊❶⑦➊⑩❶⑥ ➶⑩⑨ ❺⑥❶ ➆❹➇❶➅ ❹➅ ➁❺↔⑧❶ ➝➄

❺⑧④➅➆ ➣❹⑩➊ ⑩➊❶ ➛➐➪ ⑦④➉❸⑧❶⑩❶➅❶⑨⑨ ⑧❹➉❹⑩➄ ⑩➊❶ ➅⑤➉↔❶⑥⑨ ④❼ ⑦⑧⑤⑨⑩❶⑥⑨

❹➅ ⑩➊❶ ⑨⑩❺⑦➦➄ ❺➅➂ ⑩➊❶ ➉❶❺➅ ⑥❶➂⑨➊❹❼⑩⑨ ④❼ ⑩➊❶ ⑦⑧⑤⑨⑩❶⑥⑨ ❹➅ ⑩➊❶ ⑨⑩❺⑦➦➌

➢❶ ⑨❶❶ ❺ ⑦④➉➉④➅ ↔❶➊❺➇❹④⑤⑥ ❼④⑥ ⑩➊❶ Ð,Ñ➄ ❺➅➂ Ò ↔❺➅➂⑨➌ ➁➊❶

❽❿ ➠➟➙ ❹⑨ ⑦⑧④⑨❶ ⑩④ ⑩➊❺⑩ ❺⑩ ⑧④➣ ⑥❶➂⑨➊❹❼⑩ ↔⑤⑩ ➣❹⑩➊ ❺ ⑨⑧❹➆➊⑩ ➂❶⑦⑧❹➅❶

❺⑩ ⑩➊❶ ❼❺❹➅⑩ ❶➅➂➌ Ó
∗

❹⑨ ❺⑧➉④⑨⑩ ⑩➊❶ ⑨❺➉❶ ❼④⑥ ⑩➊❶ ⑩➊⑥❶❶ ↔❺➅➂⑨ ❺➅➂

α ❹⑨ ⑨⑧❹➆➊⑩⑧❻ ➊❹➆➊❶⑥ ❹➅ ⑩➊❶ Ò ↔❺➅➂ ⑩➊❺➅ ❹➅ ⑩➊❶ ④⑩➊❶⑥ ⑩➣④ ↔❺➅➂⑨➌

➁➊❶ ↔⑧⑤❶ ➠➟➙⑨ ❺⑥❶ ❺⑧⑨④ ➇❶⑥❻ ⑨❹➉❹⑧❺⑥ ❼④⑥ ⑩➊❶⑨❶ ⑩➊⑥❶❶ ↔❺➅➂⑨➄ ➣❹⑩➊

⑨⑩❶❶❸❶⑥ ❼❺❹➅⑩ ❶➅➂⑨➌ ➧➅ ⑩➊❶ Ò ↔❺➅➂➄ ➊④➣❶➇❶⑥➄ ↔⑧⑤❶ ➆❺⑧❺↕❻ ⑦④⑤➅⑩⑨

❆✶✶✻✱ ❬✿❭✸ ✶✵ ◆❢ ✷❯



◆✳ ▼❛rt✐♥❡t ❡t ❛❧✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ❝❧✉st❡r ❣❛❧❛①② ❧✉♠✐♥♦s✐t② ❢✉♥❝t✐♦♥

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❇

✍✎✏✑✒✓✔✕✖✏✑✒✗✘
✍✎✏✗✒✙✚✕✖✏✑✒✘✔

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❱

✍✎✏✑✒✚✗✕✖✏✑✒✗✑
✍✎✏✗✒✛✜✕✖✏✑✒✜✙

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❘

✍✎✏✑✒✘✢✕✖✏✑✒✗✓
✍✎✏✗✒✜✔✕✖✏✑✒✜✛

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

■

✍✎✏✑✒✜✘✕✖✏✑✒✗✚
✍✎✏✗✒✚✗✕✖✏✑✒✔✔

❋✣✤✦ ✽✦ ❖✉r ✧▲★s ✐♥ t❤❡ ✩,✪,✫ ❛♥❞ ✬ r❡st✭❢r❛♠❡ ✮❛♥❞s ✯✰✱✴✵ ✶✷✰✸ ✸✴ ✱✹✺✻✸✼ ❢♦r ❝❧✉st❡rs st❛❝❦❡❞ t♦❣❡t❤❡r✳ ✾❡❞ ❛♥❞ ✮❧✉❡ ♣♦✐♥ts r❡s♣❡❝t✐✈❡❧② ❝♦rr❡s♣♦♥❞

t♦ r❡❞✭s❡q✉❡♥❝❡ ❛♥❞ ✮❧✉❡ ✧▲★s ♥♦r♠❛❧✐③❡❞ t♦ ❀ ❞❡❣❁✳ ❚❤❡ r❡❞ ❛♥❞ ✮❧✉❡ ❝✉r✈❡s s❤♦✇ t❤❡ ✮❡st ❙❝❤❡❝❤t❡r ❂ts t♦ r❡❞✭s❡q✉❡♥❝❡ ❛♥❞ ✮❧✉❡ ❣❛❧❛①✐❡s ❛♥❞

t❤❡ r❡❞ ❛♥❞ ✮❧✉❡ ✈❡rt✐❝❛❧ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❃❄❅ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐ts✳ ❚❤❡ s❧♦♣❡ ♦❢ t❤❡ ❂t α ✐s ❣✐✈❡♥ ❢♦r ❡❛❝❤ ♣♦♣✉❧❛t✐♦♥✳ ✾❡❢❡r t♦

❚❛✮❧❡ ❆ ❢♦r ❛❧❧ ❙❝❤❡❝❤t❡r ❂t ♣❛r❛♠❡t❡rs✳

❈❉❍❏❑ P✦ ◗❛r❛♠❡t❡rs ♦❢ t❤❡ ✮❡st ❙❝❤❡❝❤t❡r ❢✉♥❝t✐♦♥ ❂ts ❢♦r st❛❝❦❡❞ ❝❧✉st❡r ✧▲★s ♥♦r♠❛❧✐③❡❞ t♦ ❀ ❞❡❣❁ ❢♦r r❡❞✭s❡q✉❡♥❝❡ ❛♥❞ ✮❧✉❡ ❣❛❧❛①✐❡s✳

❯❲❳❨❩ ❬♦♠♣ 〈❭〉 α ❪❫ φ❫ ✯❞❡❣−❁✼

❴❧❧ ❝❧✉st❡rs r❡❞✭s❡q✉❡♥❝❡ ✧▲★s

✩ ❀❵ ➊❀❥ ❄✳④❀ −❄.❵❆ ± ❄.❀⑤ −❆❄.④ ± ❄.❆ ❥❥⑥⑤ ± ❀❵⑦④

✪ ❀④ ➊❀❥✳⑦ ❄✳⑦❥ −❄.❥❀ ± ❄.❀❄ −❆❆.❄ ± ❄.❆ ⑥❵⑥❵ ± ④⑤❀

✫ ❀④ ➊❀❃ ❄✳⑦❥ −❄.❥❄ ± ❄.❀❵ −❆❆.❵ ± ❄.❆ ⑥❄⑦❃ ± ④❃❄

✬ ❀⑥ ➊❀❃✳④ ❄✳⑦❵ −❄.⑥⑤ ± ❄.❀❥ −❆❆.❄ ± ❄.❆ ④❆❄❵ ± ❃⑥❄

❴❧❧ ❝❧✉st❡rs ✮❧✉❡ ✧▲★s

✩ ⑦ ➊❆❄✳⑦ ❄✳⑤❄ −❀.⑦❥ ± ❄.⑤❆ −❆❆.❃ ± ❀.⑤ ❀❥❥❥ ± ❵⑦❀❵

✪ ④ ➊❀❃✳⑦ ❄✳④❆ −❀.④⑥ ± ❄.⑥⑦ −❆⑥.⑤ ± ❆.❀ ❆⑥❥ ± ⑦⑦⑦

✫ ④ ➊❆❄ ❄✳④❆ −❀.⑥❆ ± ❄.⑥④ −❆❆.❵ ± ❄.⑦ ❀❀④⑥ ± ❥❥❄

✬ ⑤ ➊❀❃✳⑦ ❄✳⑦⑥ −❀.❥❀ ± ❄.❆❆ −❆❵.❀ ± ❀.⑤ ❀❄❵ ± ❆❄❃

⑧⑨⑩❑❶✦ ➇❯❲❳❨❩➈ ✐s t❤❡ ♥✉♠✮❡r ♦❢ ❝❧✉st❡rs ✐♥ t❤❡ st❛❝❦❷ ➇❬♦♠♣➈ ✐s t❤❡ ❃❄❅ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t ❛♥❞ ➇〈❭〉➈ ✐s t❤❡ ♠❡❛♥ r❡❞s❤✐❢t ♦❢ t❤❡ st❛❝❦✳ ❙❡❡ ★✐❣✳ ❥

❢♦r t❤❡ ✧▲★ ♣❧♦ts✳

❸❹❺ ❻❼❸❽❽❺❹❾ ❸❻ ❺❿➀❺➁➂❺➃➄ ➅❽➆❺ ➉❸❽❸❿➋❺❻ ❸❹❺ ➌❸➋➍➂❺❹ ➋➍ ❹❺➃➃❺❹ ➀➎➏➐

➂➏❼❺➂❹➋➁ ➅❸➍➃❻➑ ➒❽➆❺ ❸➍➃ ❹❺➃ ➓➔→❻ ➁❹➏❻❻ ❸➂ ❸❹➏➆➍➃ ➣ = −↔↕➄

➙ = −↔↕.➛➄ ❸➍➃ ➜ = −↔↕.➝➑ ➞➎❺❻❺ ❹❺❻➆❽➂❻ ❹❺➀❹❺❻❺➍➂ ➁❽➆❻➂❺❹❻ ➏➌

❼❺❸➍ ❹❺➃❻➎➋➌➂ ❸➅➏➆➂ ➟ = ↕.➠➑ ➡❺❻➆❽➂❻ ❸❹❺ ➢➆➋➂❺ ➃➋ff❺❹❺➍➂ ➌➏❹ ➂➎❺

➤ ➅❸➍➃➑ ➞➎❺ ➡➥ ➓➔→ ❸❽❻➏ ➎❸❻ ❸ ❻➎❸❽❽➏➦ ➃❺➁❽➋➍❺ ❸➂ ➂➎❺ ➌❸➋➍➂ ❺➍➃

➅➆➂ ➂➎❺ ➅❽➆❺ ➁➏➆➍➂❻ ❸❹❺ ➎➋➉➎❺❹ ➂➎❸➍ ➂➎❺ ❹❺➃ ➏➍❺❻➄ ➋❼➀❽➧➋➍➉ ➂➎❸➂

➂➎❺ ➅❽➆❺ ➉❸❽❸❿➋❺❻ ❸❹❺ ➋➍➃❺❺➃ ➅❹➋➉➎➂❺❹ ➋➍ ➂➎❺ ➅❽➆❺❹ ➅❸➍➃❻➑

➞➎❺❹❺ ➋❻ ❸❽❻➏ ❸➍ ❺❿➁❺❻❻ ➏➌ ❹❺➃➐❻❺➢➆❺➍➁❺ ➉❸❽❸❿➋❺❻ ❸➂ ➂➎❺ ➅❹➋➉➎➂

❺➍➃ ➁➏❼➀❸❹❺➃ ➂➏ ➂➎❺ ➥➁➎❺➁➎➂❺❹ ➌➆➍➁➂➋➏➍➄ ❺❻➀❺➁➋❸❽❽➧ ➌➏❹ ➂➎❺ ➤

❸➍➃ ➜ ➅❸➍➃❻➑ ➞➎➋❻ ➨➋➍➃ ➏➌ ❺❿➁❺❻❻ ➋❻ ➏➌➂❺➍ ➏➅❻❺❹➩❺➃ ➋➍ ➁❽➆❻➂❺❹❻

❸➍➃ ❻➏❼❺ ❸➆➂➎➏❹❻ ➀❹❺➌❺❹ ➂➏ ➫➂ ➓➔→❻ ➦➋➂➎ ❸ ➁➏❼➅➋➍❸➂➋➏➍ ➏➌ ❸

➥➁➎❺➁➎➂❺❹ ❸➍➃ ❸ ➓❸➆❻❻➋❸➍ ➭❺➑➉➑ ➒➋➩➋❸➍➏ ❺➂ ❸❽➑ ➯➲➲➛➳➑ ➵➏➦❺➩❺❹➄

➂➎➋❻ ❺❿➁❺❻❻ ➋❻ ➀➆➸➸❽➋➍➉ ➌➏❹ ➂➎❺ ➤ ➅❸➍➃➄ ❽❺❸➃➋➍➉ ➂➏ ➩❺❹➧ ➅❹➋➉➎➂

❹❺➃➐❻❺➢➆❺➍➁❺ ➉❸❽❸❿➋❺❻ ➌➏❹ ➂➎➋❻ ➏➀➂➋➁❸❽ ➅❸➍➃➑ ➞➎➋❻ ➃➋❻➂❹➋➅➆➂➋➏➍ ➏➌

➅❹➋➉➎➂ ➉❸❽❸❿➋❺❻ ➀❹➏➅❸➅❽➧ ❹❺❻➆❽➂❻ ➌❹➏❼ ❸ ➁➏❼➀❽❺❿ ➋➍➂❺❹➀❽❸➧ ➏➌ ➋➍➐

➂❹➋➍❻➋➁ ➀❹➏➀❺❹➂➋❺❻ ❸➍➃ ❸➀➀❽➋❺➃ ➺➐➁➏❹❹❺➁➂➋➏➍➑ ➻➍ ❺❿❸❼➋➍➋➍➉ ➂➎❺ ➋❼➐

❸➉❺❻➄ ➦❺ ➋➍➃❺❺➃ ➌➏➆➍➃ ➂➎❸➂ ❻➏❼❺ ➒➼➓❻ ❸➀➀❺❸❹➋➍➉ ➩❺❹➧ ➅❹➋➉➎➂ ➋➍

➂➎❺ ➜ ➅❸➍➃ ❸❹❺ ➢➆➋➂❺ ➌❸➋➍➂ ➋➍ ➂➎❺ ➤ ➅❸➍➃ ➁➏❼➀❸❹❺➃ ➂➏ ➏➂➎❺❹ ➅❹➋➉➎➂

➉❸❽❸❿➋❺❻➑ ➞➎❺ ➅❹➋➉➎➂ ❺➍➃ ➏➌ ➂➎❺ ❹❺➃➐❻❺➢➆❺➍➁❺ ➤ ➅❸➍➃ ➓➔→ ➋❻ ➂➎❺➍

➃➏❼➋➍❸➂❺➃ ➅➧ ➂➎❺ ➺➐➁➏❹❹❺➁➂➋➏➍ ➌❸➁➂➏❹➄ ➦➎➋➁➎ ➁❸➍ ➅❺ ❸❻ ➎➋➉➎ ❸❻

➝ ❼❸➉ ❸➂ ➂➎❺❻❺ ❹❺➃❻➎➋➌➂❻➑ ➽➂ ➦➏➆❽➃ ➅❺ ➩❺❹➧ ➆❻❺➌➆❽ ➂➏ ➁➏❼➀❸❹❺

➅❹➋➉➎➂ ➁❽➆❻➂❺❹ ➉❸❽❸❿➋❺❻ ➋➍ ➂➎❺ ➤ ❸➍➃ ➜ ➅❸➍➃❻ ➅➆➂ ➂➎➋❻ ➋❻ ➅❺➧➏➍➃

➂➎❺ ❻➁➏➀❺ ➏➌ ➂➎➋❻ ➀❸➀❺❹➑ ➽➍ ➂➎❺ ➀❹❺❻❺➍➂ ❻➂➆➃➧➄ ➦❺ ❼❺❹❺❽➧ ➁➏➍➁❽➆➃❺

➂➎❸➂ ❸ ➥➁➎❺➁➎➂❺❹ ➌➆➍➁➂➋➏➍ ➁❸➍➍➏➂ ❻➋❼➆❽➂❸➍❺➏➆❻❽➧ ➫➂ ➂➎❺ ➅❹➋➉➎➂ ❸➍➃

➌❸➋➍➂ ❺➍➃❻ ➏➌ ➂➎❺ ➤ ➅❸➍➃ ➡➥ ➓➔→❻➑ ➽➍ ➂➎❺ ❹❺❻➂ ➏➌ ➂➎❺ ➀❸➀❺❹➄ ➦❺

➁➏➍➁❺➍➂❹❸➂❺ ❼❸➋➍❽➧ ➏➍ ➂➎❺ ➌❸➋➍➂ ❺➍➃ ➏➌ ➂➎❺ ➓➔→❻➄ ➦➎➋➁➎ ➋❻ ➦❺❽❽

➁➏➍❻➂❹❸➋➍❺➃➑

➾❺ ➦➋❻➎ ➂➏ ➎➋➉➎❽➋➉➎➂ ❻❺➩❺❹❸❽ ➁❸➩❺❸➂❻ ➏➌ ➏➆❹ ❼❺➂➎➏➃➑ ➞➎❺

➍➆❼➅❺❹ ➏➌ ➁❽➆❻➂❺❹❻ ➦➋➂➎ ❸ ❻➆ffi➁➋❺➍➂ ➍➆❼➅❺❹ ➏➌ ➅❽➆❺ ➉❸❽❸❿➋❺❻ ➂➏ ➅❺

❻➂❸➁➨❺➃ ➋❻ ➂➦➏ ➂➏ ➂➎❹❺❺ ➂➋❼❺❻ ❽➏➦❺❹ ➂➎❸➍ ➂➎❺ ➍➆❼➅❺❹ ➌➏❹ ➡➥ ➉❸❽❸❿➐

➋❺❻➑ ➞➎➆❻➄ ➂➎❺ ➅❽➆❺ ➓➔→❻ ❸❹❺ ➌❸❹ ❼➏❹❺ ➀➏➏❹❽➧ ➁➏➍❻➂❹❸➋➍❺➃➄ ❸❻ ➁❸➍

➅❺ ❻❺❺➍ ➌❹➏❼ ➂➎❺➋❹ ❽❸❹➉❺❹ ❺❹❹➏❹ ➅❸❹❻ ➌➏❹ ➂➎❺➋❹ ➅❺❻➂ ➫➂ ➥➁➎❺➁➎➂❺❹

➌➆➍➁➂➋➏➍ ➀❸❹❸❼❺➂❺❹❻➑ ➽➍ ❸➃➃➋➂➋➏➍➄ ❸❻ ➦❺ ➆❻❺➃ ➏➍❽➧ ➁❽➆❻➂❺❹❻ ➦➋➂➎

❸ ❻➆ffi➁➋❺➍➂ ➍➆❼➅❺❹ ➏➌ ➉❸❽❸❿➋❺❻ ➌➏❹ ❺❸➁➎ ➀➏➀➆❽❸➂➋➏➍➄ ➂➎❺ ➡➥ ➓➔→

➋❻ ➅➋❸❻❺➃ ➂➏➦❸❹➃ ❹❺➃➐➉❸❽❸❿➧ ❹➋➁➎ ➁❽➆❻➂❺❹❻ ❸➍➃ ➂➎❺ ➅❽➆❺ ➓➔→ ➂➏➐

➦❸❹➃ ➅❽➆❺➐➉❸❽❸❿➧ ❹➋➁➎ ➁❽➆❻➂❺❹❻➑ ➽➂ ➦➏➆❽➃ ➅❺ ❼➏❹❺ ❹➋➉➏❹➏➆❻ ➂➏

➁➏➍❻➋➃❺❹ ➂➎❺ ❻❸❼❺ ➁❽➆❻➂❺❹❻ ➋➍ ➅➏➂➎ ❻➆➅❻❸❼➀❽❺❻➄ ➅➆➂ ➂➎➋❻ ➦➏➆❽➃ ❹❺➐

➢➆➋❹❺ ➃❺❺➀❺❹ ➋❼❸➉❺❻➑ ➚❻ ❸ ❻❸➍➋➂➧ ➁➎❺➁➨➄ ➦❺ ➁➏❼➀❸❹❺➃ ➏➆❹ ➓➔→❻

➦➋➂➎ ➂➎➏❻❺ ➏➅➂❸➋➍❺➃ ➅➧ ➁➏➍❻➋➃❺❹➋➍➉ ➏➍❽➧ ➂➎❺ ➌❺➦ ➁❽➆❻➂❺❹❻ ➀❹❺➐

❻❺➍➂➋➍➉ ➅➏➂➎ ❽❸❹➉❺ ❹❺➃ ❸➍➃ ➅❽➆❺ ➀➏➀➆❽❸➂➋➏➍❻➑ ➡❺❻➆❽➂❻ ❸❹❺ ➋➍ ➉➏➏➃

❸➉❹❺❺❼❺➍➂➄ ➅➆➂ ❺❹❹➏❹ ➅❸❹❻ ➏➍ ➂➎❺ ❽❸➂❺❻➂ ➓➔→❻ ❸❹❺ ❼➆➁➎ ❽❸❹➉❺❹ ➃➆❺

➂➏ ➂➎❺ ➩❺❹➧ ❽➏➦ ➍➆❼➅❺❹ ➏➌ ➁❽➆❻➂❺❹❻ ➋➍ ➂➎❺ ❻➂❸➁➨➑ ➾➎❺➍ ❸➀➀❽➧➋➍➉

➂➎❺ ➼➏❽❽❺❻❻ ❼❺➂➎➏➃ ➌➏❹ ❻➂❸➁➨➋➍➉➄ ➃❸➂❸ ➌➏❹ ➃➋ff❺❹❺➍➂ ➁❽➆❻➂❺❹❻ ❸❹❺

❻➂❸➁➨❺➃ ➋➍ ➃➋ff❺❹❺➍➂ ❼❸➉➍➋➂➆➃❺ ➅➋➍❻➑ ➚❻ ➏➆❹ ❻➆❹➩❺➧ ❻➀❸➍❻ ❸ ❽❸❹➉❺

❹❺➃❻➎➋➌➂ ❹❸➍➉❺ ➭↕.➪ ≤ ➟ < ↕.➲➳➄ ❺❸➁➎ ❼❸➉➍➋➂➆➃❺ ➅➋➍ ➎❸❻ ❸ ➃➋ff❺❹❺➍➂

❼❺❸➍ ❹❺➃❻➎➋➌➂➑ ➥➋➍➁❺ ➂➎❺ ➁➏❼➀❽❺➂❺➍❺❻❻ ❽➋❼➋➂ ➋❻ ➅❹➋➉➎➂❺❹ ➌➏❹ ➎➋➉➎➐

❹❺➃❻➎➋➌➂ ➁❽➆❻➂❺❹❻➄ ➂➎❺ ➌❸➋➍➂ ❺➍➃ ➏➌ ❸➍➧ ❻➂❸➁➨❺➃ ➓➔→ ➦➋❽❽ ➅❺ ➃➏❼➋➐

➍❸➂❺➃ ➅➧ ❽➏➦❺❹ ❹❺➃❻➎➋➌➂ ➁❽➆❻➂❺❹❻➑ ➽➍ ➂➎❺ ➍❺❿➂ ❻➆➅❻❺➁➂➋➏➍➄ ➦❺ ❻➂➆➃➧

➓➔→❻ ➋➍ ❻❺➀❸❹❸➂❺ ➍❸❹❹➏➦❺❹ ❹❺➃❻➎➋➌➂ ❹❸➍➉❺❻ ➂➏ ❸➩➏➋➃ ➂➎➋❻ ➀❹➏➅❽❺❼➑

➾❺ ➁➏❼➀❸❹❺ ➏➆❹ ❻➂❸➁➨❺➃ ➓➔→❻ ➦➋➂➎ ➫❺❽➃ ➓➔→❻ ➋➍ ➥❺➁➂➑ ➛➑↔➑

➶➹➘➹ ➴➷➬➮➱✃❐➬❒ ➬❮ ❰ÏÐÑ Ò❐✃Ó ÔÕÖÑÓ❐❮✃

➞➏ ➋➍➩❺❻➂➋➉❸➂❺ ➂➎❺ ❺➩➏❽➆➂➋➏➍ ➏➌ ➂➎❺ ➓➔→ ➦➋➂➎ ❹❺➃❻➎➋➌➂➄ ➦❺ ❸➀➐

➀❽➧ ➂➎❺ ❻❸❼❺ ❸➍❸❽➧❻➋❻ ❸❻ ➀❹❺➩➋➏➆❻❽➧➄ ➅➆➂ ❻❺➀❸❹❸➂❺ ➏➆❹ ➁❽➆❻➂❺❹❻ ➅❺➐

➂➦❺❺➍ ❽➏➦ ➭↕.➪ ≤ ➟ < ↕.➠➛➳ ❸➍➃ ➎➋➉➎ ➭↕.➠➛ ≤ ➟ < ↕.➲➳ ❹❺➃❻➎➋➌➂❻➑

➾❺ ➏➅➂❸➋➍ ❸➅➏➆➂ ➯➝ ❽➏➦ ❸➍➃ ➪ ➎➋➉➎➐❹❺➃❻➎➋➌➂ ➁❽➆❻➂❺❹❻➄ ➦➎➋➁➎ ❺❸➁➎

➎❸➩❺ ❼➏❹❺ ➂➎❸➍ ↔↕ ❹❺➃➐❻❺➢➆❺➍➁❺ ➉❸❽❸❿➋❺❻ ➃❺➀❺➍➃➋➍➉ ➏➍ ➂➎❺ ➀➎➏➐

➂➏❼❺➂❹➋➁ ➅❸➍➃➑ ×➍➌➏❹➂➆➍❸➂❽➧➄ ➂➎❺❹❺ ❸❹❺ ❸➍ ➆➍❻➆ffi➁➋❺➍➂ ➍➆❼➅❺❹ ➏➌

➅❽➆❺ ➁❽➆❻➂❺❹ ➉❸❽❸❿➋❺❻ ➂➏ ➫➂ ➅❽➆❺ ➓➔→❻ ➌➏❹ ➂➎❺❻❺ ➂➦➏ ❹❺➃❻➎➋➌➂ ➋➍➐

➂❺❹➩❸❽❻➑ ➻➆❹ ❹❺❻➆❽➂❻ ➌➏❹ ❹❺➃➐❻❺➢➆❺➍➁❺ ➉❸❽❸❿➋❺❻ ❸❹❺ ➃➋❻➀❽❸➧❺➃ ➋➍

→➋➉➑ ➲ ❸➍➃ ➞❸➅❽❺ ➝➑

→➏❹ ➂➎❺ ❽➏➦➐❹❺➃❻➎➋➌➂ ❻❸❼➀❽❺➄ ➂➎❺ ➌❸➋➍➂ ❺➍➃ ➏➌ ➂➎❺ ➓➔→❻ ➋❻

❻➋❼➋❽❸❹ ➂➏ ➂➎❸➂ ➏➌ ➂➎❺ ❻➂❸➁➨❺➃ ➓➔→ ➌➏❹ ❸❽❽ ➁❽➆❻➂❺❹❻➑ ➞➎➋❻ ➋❻ ❺➩➋➐

➃❺➍➂ ➌❹➏❼ ➂➎❺ ❻➋❼➋❽❸❹➋➂➧ ➏➌ ➂➎❺ α ➀❸❹❸❼❺➂❺❹❻ ➌➏❹ ➅➏➂➎ ❻❸❼➀❽❺❻

➭➞❸➅❽❺❻ ↔ ❸➍➃ ➝➳➑ ➞➎➋❻ ❼❺❸➍❻ ➂➎❸➂ ➂➎❺ ➌❸➋➍➂ ❺➍➃ ➏➌ ➏➆❹ ❻➂❸➁➨❺➃

❴❀❀④❷ ♣❛❣❡ ❀❀ ♦❢ ❆❵



❆✫❆ ✺✼✺✱ ❆✶✶✻ ✭✷✵✶✺✮

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❇

✥✥ ☛☞✌✍✎✏✑✍✒ ✓✔✕✖�✗✘✁
✙✚✛✜✢✣✤✦✧✛✜✢★✤

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❱

✙✚✛✜✢✩✪✦✧✛✜✢★★
✥✬ ☛☞✌✍✎✏✑✍✒ ✓✔✕✖�✗✘�

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❘

✙✚✛✜✢✯✯✦✧✛✜✢★✣
✥✬ ☛☞✌✍✎✏✑✍✒ ✓✔✕✖�✗✘�

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

■

✙✚✛✜✢★✯✦✧✛✜✢★✰
✥✥ ☛☞✌✍✎✏✑✍✒ ✓✔✕✖�✗✄✳

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❇

✄ ☛☞✌✍✎✏✑✍✒ ✓✔✕✖�✗☎✄
✙✚ ★✢✩★✦✧✛✜✢✩✴

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❱

✙✚ ✜✢✯✪✦✧✛✜✢✪✤
✄ ☛☞✌✍✎✏✑✍✒ ✓✔✕✖�✗☎✄

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❘

✙✚ ✜✢★✣✦✧✛★✢✜✴
✄ ☛☞✌✍✎✏✑✍✒ ✓✔✕✖�✗☎✄

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

■

✙✚ ✜✢✴✸✦✧✛★✢✴✪
✬ ☛☞✌✍✎✏✑✍✒ ✓✔✕✖�✗☎✄

❋✐❣✹ ✾✹ ❊✈♦✽✉t✿♦♥ ♦❢ r❀❞❁s❀q✉❀♥❝❀ ❂▲❃s ✇✿t❤ r❀❞s❤✿❢t ✿♥ t❤❀ ❄,❅,❈ ❉♥❞ ❍ r❀st❁❢r❉♠❀ ❏❉♥❞s ✭❑▼◆❖ P◗❑❙ ❙◆ ▼❚❯❲❙✮ ❢♦r ❝✽✉st❀rs st❉❝❦❀❞ t♦❳❀t❤❀r❨ ❩❤❀ ❬rst

✽✿♥❀ ♦❢ ❬❳✉r❀s ✿s ❢♦r ❝✽✉st❀rs ✇✿t❤ r❀❞s❤✿❢ts ✵.❭✵ ≤ ③ < ✵.✻✺ ❉♥❞ t❤❀ ✽❉st ✽✿♥❀ ♦❢ ❬❳✉r❀s ✿s ❢♦r ❝✽✉st❀rs ✇✿t❤ r❀❞s❤✿❢ts ✵.✻✺ ≤ ③ < ✵.❪✵❨ ❫❀❞ ❝r♦ss❀s

❉r❀ r❀❞❁s❀q✉❀♥❝❀ ❂▲❃s ♥♦r♠❉✽✿❴❀❞ t♦ ✶ ❞❀❳❵❨ ❩❤❀ ✈❀rt✿❝❉✽ r❀❞ ✽✿♥❀s ✿♥❞✿❝❉t❀ t❤❀ ❪✵❥ ❝♦♠♣✽❀t❀♥❀ss ✽✿♠✿t❨ ❫❀❞ ❝✉r✈❀s ❉r❀ t❤❀ ❏❀st ①❝❤❀❝❤t❀r ❬ts

t♦ r❀❞❁s❀q✉❀♥❝❀ ❳❉✽❉②✿❀s❨ ❩❤❀ s✽♦♣❀ ♦❢ t❤❀ ❬t α ✿s ❳✿✈❀♥ ✇✿t❤ t❤❀ ♥✉♠❏❀r ♦❢ ❝✽✉st❀rs ❉♥❞ t❤❀ ♠❀❉♥ r❀❞s❤✿❢t ♦❢ t❤❀ st❉❝❦❨ ❫❀❢❀r t♦ ❩❉❏✽❀ ④ ❢♦r ❉✽✽

①❝❤❀❝❤t❀r ❬t ♣❉r❉♠❀t❀rs❨

⑤⑥⑦⑧⑨ ⑩✹ ❶❉r❉♠❀t❀rs ♦❢ t❤❀ ❏❀st ①❝❤❀❝❤t❀r ❢✉♥❝t✿♦♥ ❬ts ❢♦r st❉❝❦❀❞ ❝✽✉st❀r ❂▲❃s ♥♦r♠❉✽✿❴❀❞ t♦ ✶ ❞❀❳❵ ❢♦r r❀❞ s❀q✉❀♥❝❀❨

❷❸❹❺❻ ❼♦♠♣ 〈③〉 α ❽❾ φ❾ ✭❞❀❳−❵✮

❼✽✉st❀rs ❉t r❀❞❁s❀q✉❀♥❝❀ ❂▲❃s

✵.❭✵ ≤ ③ < ✵.✻✺

❄ ✶✶ ➊✶❿ ✵❨✺✷ −✵.✺❪ ± ✵.✶❪ −✷✵.✺ ± ✵.④ ✻✷✼❿ ± ✶④✻✻

❅ ✶④ ➊✶❿❨✺ ✵❨✺✵ −✵.✼❭ ± ✵.✶✶ −✷✶.✻ ± ✵.✷ ❭✵✻✷ ± ✼✷❭

❈ ✶④ ➊✶❪ ✵❨✺✵ −✵.✻✻ ± ✵.✶✺ −✷✶.❪ ± ✵.✷ ④❿❪❿ ± ✼④❭

❍ ✶✶ ➊✶❪❨✺ ✵❨❭❪ −✵.✶✻ ± ✵.✶❿ −✷✶.✻ ± ✵.✷ ✼✶✵✶ ± ✼❭✼

❼✽✉st❀rs ❉t r❀❞❁s❀q✉❀♥❝❀ ❂▲❃s

✵.✻✺ ≤ ③ < ✵.❪✵

❄ ❭ ➊✶❪❨✺ ✵❨❿❭ ✶.✼✶ ± ✵.✼✷ −✷✵.✻ ± ✵.✺ ④❭✼✻ ± ✷✷❿✺

❅ ❭ ➊✷✵ ✵❨❿❭ ✵.✻❭ ± ✵.❭❪ −✷✷.✵ ± ✵.❭ ✺❪④✻ ± ✶✶④✵

❈ ❭ ➊✷✶❨✺ ✵❨❿❭ ✵.✶✺ ± ✶.✵✶ −✷✷.❭ ± ✶.✵ ❭✼❪✺ ± ❪✼✷

❍ ④ ➊✷✷❨✺ ✵❨❿❭ ✵.✷④ ± ✶.✷❭ −✷✷.❪ ± ✵.✻ ❭✷✶✷ ± ✶✻✵✺

➀➁➂⑨➃✹ ❩❤❀ ❙◆➄ ♣❉rt ✿s ❢♦r ❝✽✉st❀rs ✇✿t❤ r❀❞s❤✿❢ts ✵.❭✵ ≤ ③ < ✵.✻✺ ❉♥❞ t❤❀ ➅◆❙❙◆❖ ✿s ❢♦r ❝✽✉st❀rs ✇✿t❤ r❀❞s❤✿❢ts ✵.✻✺ ≤ ③ < ✵.❪✵❨ ➇❷❸❹❺❻➈ ✿s t❤❀ ♥✉♠❏❀r

♦❢ ❝✽✉st❀rs ✿♥ t❤❀ st❉❝❦✱ ➇❝♦♠♣➈ ✿s t❤❀ ❪✵❥ ❝♦♠♣✽❀t❀♥❀ss ✽✿♠✿t ❉♥❞ ➇〈③〉➈ ✿s t❤❀ ♠❀❉♥ r❀❞s❤✿❢t ♦❢ t❤❀ st❉❝❦❨ ①❀❀ ❃✿❳❨ ❪ ❢♦r t❤❀ ♣✽♦ts ♦❢ t❤❀ ❂▲❃s❨

➆➉➋ ➌➍➎ ➏➐➐ ➑➐➒➓➔→➎➓ ➣➓ ↔➍↕➣➙➏➔→↔ ➛➜ ➔➝→ ➐➍➞➟➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓➠

➡➝➣➓ ➣➓ ➙➍➔ ➓➒➎➢➎➣➓➣➙➤ ➏➓ ➔➝→➎→ ➏➎→ ➌→➞→➎ ➝➣➤➝ ➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓

➔➝➏➙ ➐➍➞➟➎→↔➓➝➣➌➔ ➍➙→➓➠ ➥➙ ➏↔↔➣➔➣➍➙➦ ➐➍➞➟➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓ ➔→➙↔

➔➍ ➝➏➧→ ➌➏➣➙➔→➎ ➑➍↕➢➐→➔→➙→➓➓ ➐➣↕➣➔➓➦ ➝→➙➑→ ➏➎→ ↕➍➎→ ➐➣➨→➐➜ ➔➍

➑➍➙➔➎➣➛➒➔→ ➔➍ ➔➝→ ➌➏➣➙➔→➓➔ ➛➣➙➓ ➍➌ ➔➝→ ➆➉➋ ➔➝➏➙ ➔➝→ ➝➣➤➝➟➎→↔➓➝➣➌➔

➑➐➒➓➔→➎➓➠

➡➝→ ➎→↔ ➆➉➋➓ ➍➌ ➝➣➤➝➟➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓ ↔→➑➐➣➙→ ➌➏➎ ↕➍➎→

➓➝➏➎➢➐➜ ➏➔ ➔➝→➣➎ ➌➏➣➙➔ →➙↔ ➔➝➏➙ ➔➝→ ➐➍➞➟➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓➠ ➡➝→ α ➢➏➟

➎➏↕→➔→➎ ➣➓ ➓➣➤➙➣➩➑➏➙➔➐➜ ➝➣➤➝→➎ →➧→➙ ➞➣➔➝ ➔➝➍➓→ ➐➏➎➤→ →➎➎➍➎ ➛➏➎➓➠

➫➙ ➔➝→ ➍➔➝→➎ ➝➏➙↔➦ ➭
∗

➣➓ ➓➐➣➤➝➔➐➜ ➛➎➣➤➝➔→➎ ➔➝➏➙ ➏➔ ➐➍➞ ➎→↔➓➝➣➌➔

➏➙↔ →➯➒➏➐ ➔➍ ➔➝➏➔ ➌➍➎ ➔➝→ ➩➔ ➍➌ ➏➐➐ ➑➐➒➓➔→➎➓ ➔➏➨→➙ ➔➍➤→➔➝→➎➦ ↕→➏➙➟

➣➙➤ ➔➝➏➔ ➔➝→ ➛➎➣➤➝➔ →➙↔ ➣➓ ↔➍↕➣➙➏➔→↔ ➛➜ ➔➝→ ➝➣➤➝➟➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓➠

➡➝→➎→ ↕➏➜ ➛→ ↕➍➎→ ➛➎➣➤➝➔ ➤➏➐➏➲➣→➓ ➣➙ ➝➣➤➝ ➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓ ➛➒➔

➔➝➣➓ ➎→➓➒➐➔ ➑➏➙ ➏➐➓➍ ➛→ ↔➒→ ➔➍ ➔➝→ ➳➟➑➍➎➎→➑➔➣➍➙ ➞➝➣➑➝ ➣➓ ➝➣➤➝→➎

➌➍➎ ➝➣➤➝➟➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓ ➏➙↔ ➔→➙↔➓ ➔➍ ↔➣➓➔➍➎➔ ➔➝→ ➛➎➣➤➝➔ →➙↔ ➍➌

➔➝→ ➆➉➋ ➓➒➑➝ ➔➝➏➔ ➔➝→ ➵➑➝→➑➝➔→➎ ➌➒➙➑➔➣➍➙ ➣➓ ➙➍➔ ➏➢➢➎➍➢➎➣➏➔→ ➏➙➜

↕➍➎→➠ ➡➝➣➓ ➑➏➙ ➛→ ➑➐→➏➎➐➜ ➓→→➙ ➣➙ ➔➝→ ➸ ➛➏➙↔ ➞➝→➎→ ➔➝→➎→ ➣➓ ➏

➓➣➤➙➣➩➑➏➙➔➐➜ ➐➏➎➤→➎ ➙➒↕➛→➎ ➍➌ ➎→↔ ➛➎➣➤➝➔ ➤➏➐➏➲➣→➓ ➔➝➏➙ ➢➎→↔➣➑➔→↔

➛➜ ➔➝→ ➵➑➝→➑➝➔→➎ ➩➔➠ ➡➝→ ➛→➓➔➟➩➔ ➵➑➝→➑➝➔→➎ ➢➏➎➏↕→➔→➎➓ ➌➍➎ ➔➝→

➸ ➛➏➙↔ ➏➎→ ➔➝→➎→➌➍➎→ ➒➙➎→➐➣➏➛➐→ ➌➍➎ ➍➒➎ ➝➣➤➝➟➎→↔➓➝➣➌➔ ➓➏↕➢➐→➠ ➺→

➏➐➓➍ ➙➍➔→ ➔➝➏➔ ➔➝→➎→ ➏➎→ ➧→➎➜ ➌→➞ ➑➐➒➓➔→➎➓ ➏➔ ➝➣➤➝ ➎→↔➓➝➣➌➔➦ ➓➍ ➔➝➏➔

➞→ ➙→→↔ ➔➍ ➔➏➎➤→➔ ↕➍➎→ ➝➣➤➝➟➎→↔➓➝➣➌➔ ➑➐➒➓➔→➎➓ ➔➍ ↔→➑➎→➏➓→ ➔➝→ →➎➟

➎➍➎ ➛➏➎➓ ➣➙ ➛➍➔➝ ➔➝→ ➤➏➐➏➲➜ ➑➍➒➙➔➓ ➏➙↔ ➵➑➝→➑➝➔→➎ ➢➏➎➏↕→➔→➎➓➠ ➥➙

➔➝➣➓ ➢➏➎➔➣➑➒➐➏➎ ➑➏➓→ ➞→ ➔➍➍➨ ➣➙➔➍ ➏➑➑➍➒➙➔ →➧→➎➜ ↕➏➤➙➣➔➒↔→ ➛➣➙

➞➣➔➝ ➏➔ ➐→➏➓➔ ➔➞➍ ➑➐➒➓➔→➎➓➦ ➏ ➙➒↕➛→➎ ➔➝➏➔ ➑➍➒➐↔ ➛→ ➣➙➑➎→➏➓→↔ ➣➌ ➞→

➍➛➓→➎➧→↔ ↕➍➎→ ➑➐➒➓➔→➎➓➠

➡➝→➓→ ↔→➢→➙↔→➙➑→➓ ➍➌ ➔➝→ ➆➉➋ ➢➎➍➢→➎➔➣→➓ ➍➙ ➎→↔➓➝➣➌➔ ➏➎→ ➣➙➟

➔→➎➢➎→➔→↔ ➣➙ ➔→➎↕➓ ➍➌ ➢➝➜➓➣➑➏➐ ➢➎➍➑→➓➓→➓ ➣➙ ➍➒➎ ↔➣➓➑➒➓➓➣➍➙➠

➺→ ➏➐➓➍ ➙➍➔→ ➔➝➏➔ ➍➧→➎→➓➔➣↕➏➔➣➙➤ ➔➝→ ➑➍↕➢➐→➔→➙→➓➓ ➐➣↕➣➔ ➣➙

➏➢➢➏➎→➙➔ ↕➏➤➙➣➔➒↔→ ➞➍➒➐↔ ➏➐➓➍ ➐→➏↔ ➔➍ ➏ ➓➝➏➎➢ ↔→➑➐➣➙→ ➣➙ ➔➝→

➌➏➣➙➔ →➙↔ ➍➌ ➆➉➋➓➠ ➡➝➣➓ ↔➎➍➢ ➞➍➒➐↔ ➏➐➓➍ ➣➙➑➎→➏➓→ ➞➣➔➝ ➎→↔➓➝➣➌➔➦

➛→➑➏➒➓→ ➔➝→ ➑➍↕➢➐→➔→➙→➓➓ ➐➣↕➣➔ ➣➙ ➏➛➓➍➐➒➔→ ↕➏➤➙➣➔➒↔→ ➞➍➒➐↔ ➛→

➛➎➣➤➝➔→➎ ➏➔ ➝➣➤➝ ➎→↔➓➝➣➌➔➠ ➵➣➙➑→ ➞→ ➑➍↕➢➒➔→ ➏➑➑➒➎➏➔→ ➻➼➽ ➑➍↕➟

➢➐→➔→➙→➓➓ ➐➣↕➣➔➓ ➌➍➎ →➧→➎➜ ➣↕➏➤→➦ ➞→ ➓➝➍➒➐↔ ➙➍➔ ➛→ ➏ff→➑➔→↔ ➛➜

➔➝➣➓ →ff→➑➔➠

➾➚➾➚ ➪➶➹➶➘➴➶➘➷➶ ➬➮ ➱✃❐❒ ➬➘ ➷❮❰❒Ï➶Ð ÑÒÐÓÔ ❮❰ÕÖ➘➬❒ÖÏÔ

➺→ ➑➏➙ ➓➣↕➣➐➏➎➐➜ ➣➙➧→➓➔➣➤➏➔→ ➔➝→ ↔→➢→➙↔→➙➑→ ➍➌ ➔➝→ ➆➉➋ ➍➙

➏ ↕➏➓➓ ➢➎➍➲➜➠ ➡➍ ➏➑➝➣→➧→ ➔➝➣➓➦ ➞→ ➓→➢➏➎➏➔→ ➑➐➒➓➔→➎➓ ➏➑➑➍➎↔➟

➣➙➤ ➔➍ ➔➝→➣➎ ×➟➎➏➜ ➐➒↕➣➙➍➓➣➔➜➦ ➏➓ ↕→➏➓➒➎→↔ ➣➙ ➆➒→➙➙➍➒ →➔ ➏➐➠

ØÙ➼ÚÛÜ ➞➝➍ ➏➙➏➐➜➓→↔ ➔➝→ Ý➭➭Þßàáâãä ↔➏➔➏ ➏➧➏➣➐➏➛➐→ ➌➍➎

❆✶✶✻✱ ♣❉❳❀ ✶✷ ♦❢ ✷❭
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✠✡
☛
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❱
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✠✡
☛
❜☞
✌

❘

✢✣ ✦✧✭✭✪✫✤✦✧★✭
✄ ✍✎✏✑✒✓✔✑✕ ✖✗✘✙�✚✛✜

✥

✥�

✥��

✥���
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✟
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✟
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✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❱
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✛ ✍✎✏✑✒✓✔✑✕ ✖✗✘✙�✚✛✂

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❘

✢✣✤✭✧✦✮✪✫✤✦✧✭★
✛ ✍✎✏✑✒✓✔✑✕ ✖✗✘✙�✚✛✵

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

■

✢✣✤✭✧✩✬✪✫✤✦✧✮✯
✛ ✍✎✏✑✒✓✔✑✕ ✖✗✘✙�✚✛✂

❋✶✷✸ ✹✺✸ ❉❡♣❡♥❞❡♥❝❡ ♦❢ r❡❞✻s❡q✉❡♥❝❡ ✼▲✽s ♦♥ ❝❧✉st❡r ❳✻r❛② ❧✉♠✐♥♦s✐t② ✐♥ t❤❡ ✾,❀,❁❂ ❛♥❞ ❃ r❡st✻❢r❛♠❡ ❄❛♥❞s ❅❆❈❍❏ ❑❖❆P P❍ ❈◗❙❚P❯ ❢♦r ❝❧✉st❡rs st❛❝❦❡❞

t♦❣❡t❤❡r✳ ❲❤❡ P❍❨ ❑◗❩❖ ✐s ❢♦r ❝❧✉st❡rs ✇✐t❤ ❳✻r❛② ❧✉♠✐♥♦s✐t✐❡s ❬×❭❪❫❴ < ❵❥ < ❭❪❫③ ❡r❣ s−④ ❛♥❞ t❤❡ ⑤❍PP❍❏ ❑◗❩❖ ✐s ❢♦r ❝❧✉st❡rs ✇✐t❤ ❳✻r❛② ❧✉♠✐♥♦s✐t✐❡s

❵❥ > ❭❪❫③ ❡r❣ s−④✳ ⑥❡❞ ❝r♦ss❡s ❛r❡ r❡❞✻s❡q✉❡♥❝❡ ✼▲✽s ♥♦r♠❛❧✐⑦❡❞ t♦ ❭ ❞❡❣⑧✳ ❲❤❡ ✈❡rt✐❝❛❧ r❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❡ ⑨❪⑩ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐t✳ ⑥❡❞

❝✉r✈❡s ❛r❡ t❤❡ ❄❡st ❶❝❤❡❝❤t❡r ❷ts t♦ r❡❞✻s❡q✉❡♥❝❡ ❣❛❧❛①✐❡s✳ ❲❤❡ s❧♦♣❡ ♦❢ t❤❡ ❷t α ✐s ❣✐✈❡♥ ✇✐t❤ t❤❡ ♥✉♠❄❡r ♦❢ ❝❧✉st❡rs ❛♥❞ t❤❡ ♠❡❛♥ r❡❞s❤✐❢t ♦❢ t❤❡

st❛❝❦✳

❸❹ ❺❻❼❽/❼❻❺❻ ❾❿➀➁➂➃➄➁ ➂➅ ➆➃➄➇➈➃ ➂➉➃➇➄ ➊➋➄➌➍ ❿➀➎➇➏➅➁➇➂➇➃➁

➌➏➆ ➂➃➎➐➃➄➌➂➀➄➃➁➑ ➌➏➆ ➁➃➌➄❾➉ ➒➅➄ ➁➀➓➁➂➄➀❾➂➀➄➃➁➔ →➃ ➉➌➈➃ ➌➓➅➀➂

➣ ❾❿➀➁➂➃➄➁ ↔➇➂➉ ➌ ❿➀➎➇➏➅➁➇➂➍ ↕➄➃➌➂➃➄ ➂➉➌➏ ➙➛
➜➝

➃➄↕ ➁
−➞

➌➏➆ ❸ ↔➇➂➉

➌ ❿➅↔➃➄ ❿➀➎➇➏➅➁➇➂➍ ➆➃➐➃➏➆➇➏↕ ➅➏ ➂➉➃ ❾➅➏➁➇➆➃➄➃➆ ➅➐➂➇❾➌❿ ➓➌➏➆➔

❽➉➃➁➃ ➏➀➎➓➃➄➁ ➌➄➃ ➒➅➄ ➟➠ ↕➌❿➌➡➇➃➁➢ ↔➃ ➆➅ ➏➅➂ ➉➌➈➃ ➃➏➅➀↕➉ ❾❿➀➁➋

➂➃➄➁ ↔➇➂➉ ➎➅➄➃ ➂➉➌➏ ❹➛ ➓❿➀➃ ↕➌❿➌➡➍ ➎➃➎➓➃➄➁ ➂➅ ❾➅➎➐➇❿➃ ➓❿➀➃

➤➥❼➁ ➇➏ ➂➉➇➁ ❾➌➁➃➔ →➃ ➆➅ ➏➅➂ ➉➌➈➃ ➌❾❾➀➄➌➂➃ ➊➋➄➌➍ ❿➀➎➇➏➅➁➇➂➇➃➁

➒➅➄ ➂➉➃ ➄➃➎➌➇➏➇➏↕ ❾❿➀➁➂➃➄➁➔

→➃ ➦➏➆ ➌ ➁➂➃➃➐➃➄ ➒➌➇➏➂ ➃➏➆ ➒➅➄ ➉➇↕➉➋➎➌➁➁ ❾❿➀➁➂➃➄➁ ➂➉➌➏ ❿➅↔➋

➎➌➁➁ ➅➏➃➁ ➇➏ ➃➈➃➄➍ ➐➉➅➂➅➎➃➂➄➇❾ ➓➌➏➆ ➧❼➇↕➔ ➙➛➨➔ ❽➉➇➁ ❾➅➀❿➆ ➎➃➌➏

➂➉➌➂ ➂➉➃ ➆➄➅➐ ➌➂ ➂➉➃ ➒➌➇➏➂ ➃➏➆ ➅➒ ➟➠ ➤➥❼➁ ➇➁ ➃➁➁➃➏➂➇➌❿❿➍ ➆➀➃ ➂➅

❿➅↔ ➎➌➁➁ ❾❿➀➁➂➃➄➁➔ ➩➏ ➌➆➆➇➂➇➅➏➑ ➂➉➃ ➏➀➎➓➃➄ ➅➒ ➎➃➎➓➃➄ ↕➌❿➌➡➇➃➁

➇➁ ➎➀❾➉ ❿➌➄↕➃➄ ➒➅➄ ➉➇↕➉ ➊➋➄➌➍ ❿➀➎➇➏➅➁➇➂➍ ❾❿➀➁➂➃➄➁➑ ↔➉➇❾➉ ➁➃➃➎➁

❿➅↕➇❾➌❿➔ ➫➅↔➃➈➃➄➑ ↔➃ ➏➅➂➃ ➂➉➌➂ ➂➉➃ ➏➀➎➓➃➄ ➅➒ ❾❿➀➁➂➃➄➁➑ ➃➁➐➃❾➇➌❿❿➍

➒➅➄ ❿➅↔➋➎➌➁➁ ❾❿➀➁➂➃➄➁➑ ➇➁ ➁➎➌❿❿➔ ➩➏ ➂➉➇➁ ➐➌➄➂➇❾➀❿➌➄ ❾➌➁➃ ↔➃ ➄➃❾➌❿❿

➂➉➌➂ ↔➃ ❾➅➏➁➇➆➃➄ ➃➈➃➄➍ ➎➌↕➏➇➂➀➆➃ ➓➇➏ ↔➇➂➉ ➌➂ ❿➃➌➁➂ ➂↔➅ ❾❿➀➁➂➃➄➁➔

➭➅➄➃ ➆➌➂➌ ➌➄➃ ➏➃➃➆➃➆ ➂➅ ➐➄➅➆➀❾➃ ❿➌➄↕➃➄ ➁➌➎➐❿➃➁ ➂➉➌➂ ❾➅➈➃➄ ➌

↔➇➆➃ ➄➌➏↕➃ ➅➒ ➎➌➁➁ ➓➀➂ ➁➇➎➇❿➌➄ ➇➏ ➄➃➆➁➉➇➒➂➁➑ ➌➏➆ ➌❿➁➅ ➂➅ ➁➂➀➆➍

➂➉➃ ➈➌➄➇➌➂➇➅➏➁ ➇➏ ➂➉➃ ➓❿➀➃ ➌➏➆ ➄➃➆ ➤➥❼➁ ↔➇➂➉ ➎➌➁➁➔ →➉➃➏ ➅➀➄

❺❻❼❽/❼❻❺❻ ➁➌➎➐❿➃ ➅➒ ➌➓➅➀➂ ➯➛ ❾❿➀➁➂➃➄➁ ➇➁ ❾➅➎➐❿➃➂➃➑ ↔➃ ➁➉➅➀❿➆

➓➃ ➌➓❿➃ ➂➅ ➆➄➌↔ ❾➅➏❾❿➀➁➇➅➏➁ ➌➓➅➀➂ ➂➉➃ ➤➥❼ ➆➃➐➃➏➆➃➏❾➃ ➅➏ ➎➌➁➁

➌➏➆ ➄➃➆➁➉➇➒➂➑ ➐➄➅➈➇➆➃➆ ➂➉➌➂ ↔➃ ➉➌➈➃ ➂➉➃ ➁➌➎➃ ➐➄➅➐➅➄➂➇➅➏ ➅➒ ❾❿➀➁➋

➂➃➄➁ ↔➇➂➉ ↕➅➅➆ ❾➅➎➐❿➃➂➃➏➃➁➁ ➌➁ ➇➏ ➂➉➃ ➐➄➃➁➃➏➂ ➁➀➓➁➌➎➐❿➃➔ →➃

➌❿➁➅ ➏➅➂➃ ➂➉➌➂ ➅➀➄ ❾❿➀➁➂➃➄➁ ➌❿❿ ➉➌➈➃ ➲➀➇➂➃ ➉➇↕➉ ➊➋➄➌➍ ❿➀➎➇➏➅➁➇➂➇➃➁➔

➳➀➄ ➄➃➁➀❿➂➁ ➂➉➃➄➃➒➅➄➃ ➅➏❿➍ ❾➅➏❾➃➄➏ ❾❿➀➁➂➃➄➁ ↔➇➂➉ ➊➋➄➌➍ ❿➀➎➇➏➅➁➇➋

➂➇➃➁ ➵➸ > ➺ × ➙➛
➜➻

➃➄↕ ➁
−➞

➔

➼➽➾➽ ➚➪➶➪➹➘➪➹➴➪ ➷➬ ➮➱✃❐ ➷➹ ❐❒❮❐❰Ï❒➴❰❒Ï➪❐

→➃ ➌❿➁➅ ➁➃➌➄❾➉ ➒➅➄ ➆➇ff➃➄➃➏❾➃➁ ➓➃➂↔➃➃➏ ❾❿➀➁➂➃➄➁ ↔➇➂➉ ➌➏➆ ↔➇➂➉➅➀➂

➁➀➓➁➂➄➀❾➂➀➄➃➁➔ →➃ ❾➅➏➁➇➆➃➄ ❾❿➀➁➂➃➄➁ ↔➇➂➉ ➁➀➓➁➂➄➀❾➂➀➄➃➁ ➆➃➂➃❾➂➃➆

➓➅➂➉ ↔➇➂➉ ➅➐➂➇❾➌❿ ➁➐➃❾➂➄➅➁❾➅➐➍ ➌➏➆ ➊➋➄➌➍ ➆➌➂➌ ➓➍ ➤➀➃➏➏➅➀ ➃➂ ➌❿➔

➧❹➛➙❸➨➔ →➃ ➉➌➈➃ Ð ❾❿➀➁➂➃➄➁ ↔➇➂➉ ➁➀➓➁➂➄➀❾➂➀➄➃➁ ➌➏➆ ❹ ➂➉➌➂ ➌➄➃

➄➃❿➌➡➃➆ ➌➏➆ ➁➀ffi❾➇➃➏➂❿➍ ➄➇❾➉ ➇➏ ➄➃➆ ↕➌❿➌➡➇➃➁➔ ❼➅➄ ➂➉➃ ➄➃➎➌➇➏➋

➇➏↕ ❾❿➀➁➂➃➄➁➑ ↔➃ ➉➌➈➃ ➓➃➃➏ ➀➏➌➓❿➃ ➂➅ ➄➅➓➀➁➂❿➍ ❾➅➏➦➄➎ ➃➇➂➉➃➄ ➂➉➃

➐➄➃➁➃➏❾➃ ➅➄ ➌➓➁➃➏❾➃ ➅➒ ➁➀➓➁➂➄➀❾➂➀➄➃➁ ➌➏➆ ➂➉➃➄➃➒➅➄➃ ➆➇➁❾➌➄➆ ➂➉➃➁➃

❾❿➀➁➂➃➄➁ ➇➏ ➂➉➇➁ ➁➀➓➁➃❾➂➇➅➏➔

➩➂ ➇➁ ➆➇ffi❾➀❿➂ ➂➅ ➆➄➌↔ ➌➏➍ ❾➅➏❾❿➀➁➇➅➏➁ ➌➓➅➀➂ ➄➃❿➌➡➃➆ ❾❿➀➁➂➃➄➁

➌➁ ➂➉➃➍ ➌➄➃ ➂➅➅ ➒➃↔ ➇➏ ➏➀➎➓➃➄ ➉➃➄➃ ➌➏➆ ➂➉➃➇➄ ❾➅➎➐❿➃➂➃➏➃➁➁ ❿➇➎➇➂

➇➁ ➂➅➅ ➓➄➇↕➉➂➔ ➫➃➏❾➃➑ ↔➃ ➅➏❿➍ ➁➂➀➆➍ ➁➂➌❾Ñ➃➆ ❾❿➀➁➂➃➄➁ ↔➇➂➉ ➁➀➓➋

➁➂➄➀❾➂➀➄➃➁ ➧❼➇↕➔ ➙➙➨➔ ➩➏ ➂➉➇➁ ➐➌➄➂➇❾➀❿➌➄ ❾➌➁➃ ↔➃ ➌❿❿➅↔ ➁➅➎➃ ➓➇➏➁ ➂➅

❾➅➏➂➌➇➏ ➌➁ ➒➃↔ ➌➁ ➂↔➅ ❾❿➀➁➂➃➄➁ ➂➅ ➓➃ ➌➓❿➃ ➂➅ ➆➄➌↔ ➂➉➃ ➄➃➆➋➁➃➲➀➃➏❾➃

➤➥❼➁➔ ❽➉➃➄➃ ➇➁ ➏➅ ❾❿➃➌➄ ➆➇ff➃➄➃➏❾➃ ➇➏ ➃➇➂➉➃➄ ➂➉➃ ➁❿➅➐➃ ➅➄ Ò
∗

➅➒ ➂➉➃

➠❾➉➃❾➉➂➃➄ ➒➀➏❾➂➇➅➏ ➒➄➅➎ ➂➉➅➁➃ ➐➌➄➌➎➃➂➃➄➁ ➒➅➄ ➁➂➌❾Ñ➁ ❾➅➏➂➌➇➏➇➏↕

➌❿❿ ❾❿➀➁➂➃➄➁➑ ↕➇➈➃➏ ➂➉➃ ❿➌➄↕➃ ➃➄➄➅➄ ➓➌➄➁ ❾➌➀➁➃➆ ➓➍ ➂➉➃ ❿➅↔ ➏➀➎➓➃➄

➅➒ ❾❿➀➁➂➃➄➁➔ ➩➏ ➂➉➃ Ó ➓➌➏➆➑ ➂➉➃ ➈➃➄➍ ➓➄➇↕➉➂ ❾➅➎➐❿➃➂➃➏➃➁➁ ❿➇➎➇➂ ➆➅➃➁

➏➅➂ ➌❿❿➅↔ ➀➁ ➂➅ ➁➂➀➆➍ ➂➉➃ ➒➌➇➏➂ ➐➌➄➂ ➅➒ ➂➉➃ ➤➥❼➔

❼➅➄ ➁➂➌❾Ñ➁ ➅➒ ❾❿➀➁➂➃➄➁ ↔➇➂➉ ➁➀➓➁➂➄➀❾➂➀➄➃➁➑ ↔➃ ➌❿➁➅ ➉➌➈➃ ➉➇↕➉➃➄

❾➅➀➏➂➁ ➒➅➄ Ô ➓➌➏➆ ➆➌➂➌ ➂➉➌➏ ➒➅➄ ➅➂➉➃➄ ➓➌➏➆➁➔ ❽➉➇➁ ➇➁ ❾➅➏➁➇➁➂➃➏➂

↔➇➂➉ ➌ ➓➀➄➁➂ ➅➒ ➁➂➌➄ ➒➅➄➎➌➂➇➅➏ ➓➃➇➏↕ ➐➄➅➆➀❾➃➆ ➌➁ ➂➉➃ ❾❿➀➁➂➃➄➁

➎➃➄↕➃➔ ❽➉➃➁➃ ➒➌➇➏➂ ➓❿➀➃ ↕➌❿➌➡➇➃➁ ➎➇↕➉➂ ➌❿➁➅ ➓➃ ➂➉➃ ➆➃➓➄➇➁ ➅➒ ➌➏➍

➎➃➄↕➇➏↕ ➐➄➅❾➃➁➁➃➁➔ ➫➅↔➃➈➃➄➑ ↔➃ ➏➃➃➆ ➆➌➂➌ ↔➇➂➉ ➌ ➒➌➇➏➂➃➄ ❾➅➎➋

➐❿➃➂➃➏➃➁➁ ❿➇➎➇➂ ➂➅ ➇➏➈➃➁➂➇↕➌➂➃ ↔➉➃➂➉➃➄ ➂➉➃➁➃ ➆➃➓➄➇➁ ➆↔➌➄➒ ↕➌❿➌➡➇➃➁

➃➡➇➁➂➔

➤➇➈➃➏ ➂➉➃ ➃➄➄➅➄ ➓➌➄➁ ➇➏ ➅➀➄ ➠❾➉➃❾➉➂➃➄ ➐➌➄➌➎➃➂➃➄➁➑ ➅➀➄ ➇➏➂➃➄➋

➐➄➃➂➌➂➇➅➏➁ ➅➒ ➂➉➃ ➌➏➌❿➍➁➇➁ ➅➒ ➅➀➄ ➁➀➓➁➂➄➀❾➂➀➄➃➆ ❾❿➀➁➂➃➄➁ ➌➄➃ ➏➅➂

➁➂➌➂➇➁➂➇❾➌❿❿➍ ➁➇↕➏➇➦❾➌➏➂➔ →➃ ❾➅➀❿➆ ➄➃➆➀❾➃ ➅➀➄ ➃➄➄➅➄ ➓➌➄➁ ➓➍ ➃➇➂➉➃➄

➄➃➆➀❾➇➏↕ ➂➉➃ ➏➀➎➓➃➄ ➅➒ ➓➌❾Ñ↕➄➅➀➏➆ ↕➌❿➌➡➇➃➁➑ ➇➔➃➔ ➌➆➆➇➏↕ ➎➅➄➃

❾❿➀➁➂➃➄➁ ➂➅ ➂➉➃ ➁➂➌❾Ñ➁➑ ➅➄ ❾➅➎➐➀➂➇➏↕ ➎➅➄➃ ➌❾❾➀➄➌➂➃ ➐➉➅➂➅➎➃➂➄➇❾

➄➃➆➁➉➇➒➂➁ ➒➅➄ ➦➃❿➆ ➌➏➆ ❾❿➀➁➂➃➄ ↕➌❿➌➡➇➃➁➔

➼➽Õ➽ Ö×❒❐❰➪Ï ➴➷Ï➪❐ Ø➹➘ ➷❒❰❐ÙÚÏ❰❐

➩➏ ➁➅➎➃ ❾➌➁➃➁➑ ➁➂➃❿❿➌➄ ➒➅➄➎➌➂➇➅➏ ❾➌➏ ➓➃ ➂➄➇↕↕➃➄➃➆ ➓➍ ➇➏➋➒➌❿❿ ➇➏

➂➉➃ ➅➀➂➁Ñ➇➄➂➁ ➅➒ ❾❿➀➁➂➃➄➁ ➧➃➔↕➔ Û➇➈➇➌➏➅ ➃➂ ➌❿➔ ❹➛➙➙➨➔ ❽➅ ➇➏➈➃➁➂➇↕➌➂➃

↔➉➃➂➉➃➄ ➂➉➇➁ ➇➁ ➂➄➀➃ ➒➅➄ ❾❿➀➁➂➃➄➁ ➇➏ ↕➃➏➃➄➌❿➑ ↔➃ ❾➅➎➐➀➂➃ ➤➥❼➁ ➒➅➄

➂➉➃ ❾➅➄➃ ➧Ü ≤ ➣➛➛ Ñ➐❾➨ ➌➏➆ ➅➀➂➁Ñ➇➄➂➁ ➧➣➛➛ < Ü ≤ ➙➛➛➛ Ñ➐❾➨ ➅➒

❾❿➀➁➂➃➄➁➔ →➃ ➐➄➃➁➃➏➂ ➂➉➃ ➁➂➌❾Ñ➃➆ ➤➥❼➁ ➒➅➄ ➓❿➀➃ ➌➏➆ ➄➃➆➋➁➃➲➀➃➏❾➃

↕➌❿➌➡➇➃➁ ➇➏ ➆➇ff➃➄➃➏➂ ➃➏➈➇➄➅➏➎➃➏➂➁ ➇➏ ❼➇↕➔ ➙❹➔ ❽➉➇➁ ➦↕➀➄➃ ➇➁ ➂➅ ➓➃

❾➅➎➐➌➄➃➆ ↔➇➂➉ ❼➇↕➔ ➺ ↔➉➇❾➉ ➆➇➁➐❿➌➍➁ ❾❿➀➁➂➃➄ ➤➥❼➁ ➒➅➄ ➂➉➃ ➁➌➎➃

❾❿➀➁➂➃➄ ↕➌❿➌➡➇➃➁ ➓➀➂ ➇➏ ➓➅➂➉ ➂➉➃ ❾➅➄➃ ➌➏➆ ➅➀➂➁Ñ➇➄➂ ➄➃↕➇➅➏➁➔

→➃ ➅➏❿➍ ❾➅➏➁➇➆➃➄ ❾❿➀➁➂➃➄➁ ↔➉➇❾➉ ➌➄➃ ➄➇❾➉➃➄ ➂➉➌➏ ❹➛ ↕➌❿➌➡➇➃➁

➅➏❾➃ ➓➌❾Ñ↕➄➅➀➏➆ ↕➌❿➌➡➇➃➁ ➉➌➈➃ ➓➃➃➏ ➁➀➓➂➄➌❾➂➃➆➑ ➇➏ ➂➉➃ ➐➌➄➂➇❾➀➋

❿➌➄ ❾❿➀➁➂➃➄ ➌➄➃➌ ➌➏➆ ➒➅➄ ➂➉➃ ➁➃❿➃❾➂➃➆ ❾➅❿➅➀➄ ➐➅➐➀❿➌➂➇➅➏➔ ❼➅➄ ➄➃➆➋

➁➃➲➀➃➏❾➃ ➤➥❼➁➑ ↔➃ ➁➃➃ ➏➅ ➆➇ff➃➄➃➏❾➃ ➓➃➂↔➃➃➏ ➂➉➃ ➒➌➇➏➂ ➃➏➆➁ ➒➅➄

➃➌❾➉ ❾❿➀➁➂➃➄ ➄➃↕➇➅➏➔ ❽➉➃ α ➐➌➄➌➎➃➂➃➄➁ ➌➄➃ ➂➉➃ ➁➌➎➃ ↔➇➂➉➇➏ ➂➉➃

➃➄➄➅➄ ➓➌➄➁ ➒➅➄ ➂➉➃ ❾❿➀➁➂➃➄ ❾➅➄➃➁➑ ➅➀➂➁Ñ➇➄➂➁➑ ➌➏➆ ➓➅➂➉ ➄➃↕➇➅➏➁ ❾➅➎➋

➓➇➏➃➆➔ ➫➅↔➃➈➃➄➑ ➂➉➃ ➓➄➇↕➉➃➁➂ ↕➌❿➌➡➇➃➁ ➂➃➏➆ ➂➅ ❿➇➃ ➇➏ ❾❿➀➁➂➃➄ ❾➅➄➃➁➑

Ý❭❭Þ❂ ♣❛❣❡ ❭ß ♦❢ àá
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☛ ☞✌✍✎✏✑✒✎✓ ✔✕✖✗�✘✚✳

❋✐❣✸ ✹✹✸ ❉✽♣✽♥❞✽♥❝✽ ♦❢ r✽❞✾s✽q✉✽♥❝✽ ✿▲❀s ♦♥ ❝❁✉st✽r s✉❂str✉❝t✉r✽s ❃♥ t❤✽ ❄,❅,❈✱ ❊♥❞ ❍ r✽st✾❢r❊♠✽ ❂❊♥❞s ✭❏❑▼◆ ❖P❏◗ ◗▼ ❑❙❚❯◗✮ ❢♦r ❝❁✉st✽rs st❊❝❦✽❞

t♦❲✽t❤✽r❳ ❨♥❁② ❝❁✉st✽rs ✇❃t❤ ❞✽t✽❝t✽❞ s✉❂str✉❝t✉r✽s ❊r✽ ❝♦♥s❃❞✽r✽❞ ❤✽r✽ ✭❝❢❳ ✿✉✽♥♥♦✉ ✽t ❊❁❳ ✷✵✶❩✮❳ ❬✽❞ ❝r♦ss✽s ❊r✽ r✽❞✾s✽q✉✽♥❝✽ ✿▲❀s ♥♦r♠❊❁❃③✽❞

t♦ ✶ ❞✽❲❭❳ ❪❤✽ ✈✽rt❃❝❊❁ r✽❞ ❁❃♥✽s ❃♥❞❃❝❊t✽ t❤✽ ❫✵❴ ❝♦♠♣❁✽t✽♥✽ss ❁❃♠❃t❳ ❬✽❞ ❝✉r✈✽s ❊r✽ t❤✽ ❂✽st ❵❝❤✽❝❤t✽r ❥ts t♦ r✽❞✾s✽q✉✽♥❝✽ ❲❊❁❊①❃✽s❳ ❪❤✽ s❁♦♣✽ ♦❢

t❤✽ ❥t α ❃s ❲❃✈✽♥ ✇❃t❤ t❤✽ ♥✉♠❂✽r ♦❢ ❝❁✉st✽rs ❊♥❞ t❤✽ ♠✽❊♥ r✽❞s❤❃❢t ♦❢ t❤✽ st❊❝❦❳
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✛✜✩✪✣④✤✧★✩✢✣✤✤

❋✐❣✸ ✹⑥✸ ✿❊❁❊①② ❁✉♠❃♥♦s❃t② ❢✉♥❝t❃♦♥s ❃♥ t❤✽ ❄,❅,❈✱ ❊♥❞ ❍ r✽st✾❢r❊♠✽ ❂❊♥❞s ✭❏❑▼◆ ❖P❏◗ ◗▼ ❑❙❚❯◗✮ ❢♦r st❊❝❦✽❞ ❝❁✉st✽rs ❃♥ ❝♦r✽s ❊♥❞ ♦✉ts❦❃rts❳ ❪❤✽ Þ❑⑦◗

❖❙⑧P ♦❢ ❥❲✉r✽s ❃s ❢♦r ❝❁✉st✽r ❝♦r✽s ✭❑ ≤ ✺✵✵ ❦♣❝✮ ❊♥❞ t❤✽ ⑦P⑨▼⑧⑩ ❖❙⑧P ♦❢ ❥❲✉r✽s ❢♦r ❝❁✉st✽r ♦✉ts❦❃rts ✭✺✵✵ < ❑ ≤ ✶✵✵✵ ❦♣❝✮❳ ❬✽❞ ❊♥❞ ❂❁✉✽ ♣♦❃♥ts✱

r✽s♣✽❝t❃✈✽❁②✱ ❝♦rr✽s♣♦♥❞ t♦ r✽❞✾s✽q✉✽♥❝✽ ❊♥❞ ❂❁✉✽ ✿▲❀s ♥♦r♠❊❁❃③✽❞ t♦ ✶ ❞✽❲❭❳ ❪❤✽ r✽❞ ❊♥❞ ❂❁✉✽ ❝✉r✈✽s s❤♦✇ t❤✽ ❂✽st ❵❝❤✽❝❤t✽r ❥ts t♦ r✽❞✾s✽q✉✽♥❝✽

❊♥❞ ❂❁✉✽ ❲❊❁❊①❃✽s ❊♥❞ t❤✽ r✽❞ ❊♥❞ ❂❁✉✽ ✈✽rt❃❝❊❁ ❁❃♥✽s ❃♥❞❃❝❊t✽ t❤✽ ❝♦rr✽s♣♦♥❞❃♥❲ ❫✵❴ ❝♦♠♣❁✽t✽♥✽ss ❁❃♠❃ts❳ ❪❤✽ s❁♦♣✽ ♦❢ t❤✽ ❥t α ❃s ❲❃✈✽♥ ❢♦r ✽❊❝❤

♣♦♣✉❁❊t❃♦♥❳

❶❷ ❸❹❺ ❺❻❼❺❶❶ ❶❺❺❽ ❾❸ ❸❹❺ ❿➀➁➂❹❸ ❺❽➃ ❷➄ ➅➆➇❶ ➃➁➈➁❽➁❶❹❺❶ ➁❽ ❸❹❺

❼➉➊❶❸❺➀ ❷➊❸❶➋➁➀❸❶➌

➍❺ ➎❽➃ ❸❹❾❸ ❸❹❺➀❺ ❾➀❺ ➈❷➀❺ ❿➉➊❺ ➂❾➉❾❻➁❺❶ ➁❽ ❸❹❺ ❷➊❸❶➋➁➀❸❶ ❸❹❾❽

➁❽ ❸❹❺ ❼❷➀❺❶➏ ❶❷ ❿➉➊❺ ➅➆➇❶ ➁❽ ❼➉➊❶❸❺➀ ❼❷➀❺❶ ❼❾❽ ❷❽➉➐ ❿❺ ➑➉❷❸❸❺➃

➄❷➀ ❸❹❺ ➒ ❿❾❽➃ ➄❷➀ ❷➊➀ ➃❾❸❾➌ ➓❽ ❸❹❺ ➒ ❿❾❽➃➏ ❸❹❺ ❿➉➊❺ ❼❷➀❺ ❶❸❾❼➋❺➃

➅➆➇ ➁❶ ➈➊❼❹ ❼➉❷❶❺➀ ❸❷ ❸❹❺ ➀❺➃➔❶❺→➊❺❽❼❺ ➅➆➇ ❸❹❾❽ ➣❹❺❽ ❸❾➋➁❽➂

➂❾➉❾❻➁❺❶ ➄➀❷➈ ❾➉➉ ❸❹❺ ➀❺➂➁❷❽❶ ❸❷➂❺❸❹❺➀➌ ➓❽ ❸❹❺ ❷➊❸❶➋➁➀❸❶➏ ❿➉➊❺ ❾❽➃

➀❺➃➔❶❺→➊❺❽❼❺ ➂❾➉❾❻➁❺❶ ❶❺❺➈ ❸❷ ❺→➊❾➉➉➐ ❼❷❽❸➀➁❿➊❸❺ ❸❷ ❸❹❺ ❼➉➊❶❸❺➀

➑❷➑➊➉❾❸➁❷❽ ❾❸ ❾❽➐ ➈❾➂❽➁❸➊➃❺ ❸❷ ❷➊➀ ❼❷➈➑➉❺❸❺❽❺❶❶ ➉➁➈➁❸❶ ➄❷➀ ↔,↕➏

❾❽➃ ➙ ❿❾❽➃❶➌ ➛❷➣❺➜❺➀➏ ❸❹❺ ➄❾➁❽❸ ❺❽➃ ❷➄ ❸❹❺ ➅➆➇ ➁❶ ❶❸❺❺➑❺➀ ➄❷➀ ❿➉➊❺

➂❾➉❾❻➁❺❶➏ ➁➈➑➉➐➁❽➂ ❸❹❾❸ ❾❸ ➄❾➁❽❸❺➀ ➈❾➂❽➁❸➊➃❺❶➏ ❿➉➊❺ ➂❾➉❾❻➁❺❶ ❾➀❺

➈❷➀❺ ❽➊➈❺➀❷➊❶ ❸❹❾❽ ➀❺➃ ❷❽❺❶ ➁❽ ❼➉➊❶❸❺➀ ❷➊❸❶➋➁➀❸❶➌ ➓❽ ❸❹❺ ➒ ❿❾❽➃➏

➣❺ ➃❺❸❺❼❸ ➄❾➀ ➈❷➀❺ ❿➀➁➂❹❸ ❿➉➊❺ ➂❾➉❾❻➁❺❶ ❸❹❾❽ ➀❺➃➔❶❺→➊❺❽❼❺ ➂❾➉❾❻➔

➁❺❶➏ ➣❹➁❼❹ ➁❽➃➁❼❾❸❺❶ ❸❹❾❸ ❸❹❺ ❿➀➁➂❹❸ ❺❽➃ ❷➄ ❸❹❺ ❿➉➊❺ ➒ ❿❾❽➃ ➅➆➇

❶❺❺❽ ➁❽ ➇➁➂➌ ➝ ➁❶ ➃❷➈➁❽❾❸❺➃ ❿➐ ❸❹❺ ❷➊❸❶➋➁➀❸❶ ❷➄ ❼➉➊❶❸❺➀❶➌

➞❷ ❼❷❽❼➉➊➃❺➏ ➣❺ ➎❽➃ ❾❽ ❺❻❼❺❶❶ ❷➄ ❿➉➊❺ ➂❾➉❾❻➁❺❶ ➁❽ ❸❹❺ ❷➊❸➔

❶➋➁➀❸❶ ❼❷➈➑❾➀❺➃ ❸❷ ❸❹❺ ❼❷➀❺ ❷➄ ❼➉➊❶❸❺➀❶ ❿➊❸ ➁❽ ❸❹❺ ❼➉➊❶❸❺➀ ❷➊❸❶➋➁➀❸❶

❸❹❺ ➅➆➇❶ ❷➄ ❿➉➊❺ ❾❽➃ ➀❺➃ ➂❾➉❾❻➁❺❶ ❾➀❺ ➜❺➀➐ ❶➁➈➁➉❾➀➌ ➞❹➁❶ ❼❾❽ ❿❺

➁❽❸❺➀➑➀❺❸❺➃ ❾❶ ❾❽ ➁❽➄❾➉➉ ❷➄ ❿➉➊❺ ➂❾➉❾❻➁❺❶ ❷❽ ❼➉➊❶❸❺➀ ❷➊❸❶➋➁➀❸❶ ➄➀❷➈

❸❹❺ ➎❺➉➃ ➑❷➑➊➉❾❸➁❷❽❶ ❷➀ ❿➐ ❾ ❿➊➀❶❸ ❷➄ ❶❸❺➉➉❾➀ ➄❷➀➈❾❸➁❷❽➌

➟➠ ➡➢➤➥➦➤➤➢➧➨

➩➫➭➫ ➯➲➳ ➵➸➺➻➼ ➳➻➽ ➾➵ ➼➲➳ ➚➪➶

➞❹❺ ➅➆➇ ➄❾➁❽❸ ❺❽➃ ➃❺➑❺❽➃❶ ❷❽ ❿❷❸❹ ❼❷➉❷➊➀ ❾❽➃ ➀❺➃❶❹➁➄❸➌ ➍❺ ❹❾➜❺

➁❽➜❺❶❸➁➂❾❸❺➃ ❸❹➁❶ ❺➜❷➉➊❸➁❷❽ ❿➐ ❶❸❾❼➋➁❽➂ ❼➉➊❶❸❺➀ ❼❷➊❽❸❶ ➄❷➀ ❿➉➊❺

❾❽➃ ➹➘ ➂❾➉❾❻➁❺❶ ❶❺➑❾➀❾❸❺➃ ➣➁❸❹➁❽ ❼❷➉❷➊➀➔➈❾➂❽➁❸➊➃❺ ➃➁❾➂➀❾➈❶➏

❾❽➃ ❾❸ ❺➁❸❹❺➀ ➉❷➣ ➀❺➃❶❹➁➄❸ ➴➷.➬➷ ≤ ➮ < ➷.➱✃❐ ❷➀ ❹➁➂❹ ➀❺➃❶❹➁➄❸

➴➷.➱✃ ≤ ➮ < ➷.❒➷❐➌ ➍❺ ❽❷➣ ➁❽❸❺➀➑➀❺❸ ➇➁➂➌ ➝ ❾❽➃ ➞❾❿➉❺ ❮ ➁❽ ❸❺➀➈❶

❷➄ ❼❷➉❷➊➀ ❺➜❷➉➊❸➁❷❽➏ ❾❽➃ ➇➁➂➌ ❒ ❾❽➃ ➞❾❿➉❺ ❰ ➁❽ ❸❺➀➈❶ ❷➄ ➀❺➃❶❹➁➄❸

❺➜❷➉➊❸➁❷❽➌

➞❾➋➁❽➂ ❷➊➀ ➄➊➉➉ ➀❺➃❶❹➁➄❸ ❼➉➊❶❸❺➀ ❶❾➈➑➉❺➏ ➣❺ ➎❽➃ ❶❸❺❺➑ ❿➉➊❺

➅➆➇❶ ➣➁❸❹ αÏÐÑÒ ∼ −Ó.➱ ➄❷➀ ❾➉➉ ❿❾❽➃❶➏ ❷➣➁❽➂ ❸❷ ❸❹❺ ➉❾➀➂❺ ❺➀➔

➀❷➀ ❿❾➀❶ ❼❾➊❶❺➃ ❿➐ ❸❹❺ ❶➈❾➉➉ ❾➈❷➊❽❸ ❷➄ ❼➉➊❶❸❺➀❶ ➣➁❸❹ ❾ ❶➊ffi➔

❼➁❺❽❸ ❽➊➈❿❺➀ ❷➄ ❿➉➊❺ ➂❾➉❾❻➁❺❶➌ ➞❹➁❶ ➁❶ ➈❷➀❺ ❷➀ ➉❺❶❶ ❼❷❽❶➁❶❸❺❽❸

➣➁❸❹ ❶➁➈➁➉❾➀ ❾❽❾➉➐❶❺❶ ➄❷➀ ❼➉➊❶❸❺➀❶ ❾❸ ➉❷➣❺➀ ➀❺➃❶❹➁➄❸❶➌ ➇❷➀ ➀❺➃➔

❶❺→➊❺❽❼❺ ➂❾➉❾❻➁❺❶➏ ➣❺ ❶❺❺ ❾ ❶➈❾➉➉ ➃➀❷➑ ❾❸ ❸❹❺ ➄❾➁❽❸ ❺❽➃ ➣➁❸❹ ❾

❶➉❷➑❺ αÔÒÕ ∼ −➷.➬ ➄❷➀ ➒ ❾❽➃ ➙ ❿❾❽➃❶ ❾❽➃ αÔÒÕ ∼ −➷.➝ ➄❷➀ ↔ ❾❽➃ ↕➏

➣❹➁➉❺ ➉❷➣❺➀➔➀❺➃❶❹➁➄❸ ❼➉➊❶❸❺➀❶ ➊❶➊❾➉➉➐ ➑➀❺❶❺❽❸ ❾ Ö❾❸ ➄❾➁❽❸ ❺❽➃ ➄❷➀

❸❹❺ ➀❺➃➔❶❺→➊❺❽❼❺ ➑❷➑➊➉❾❸➁❷❽➌ ➓❽ ❷➊➀ ➀❺➃❶❹➁➄❸ ➀❾❽➂❺➏ ➀❺➃ ➂❾➉❾❻➔

➁❺❶ ➃❷➈➁❽❾❸❺ ❸❹❺ ❿➉➊❺ ➑❷➑➊➉❾❸➁❷❽ ➄❷➀ ➈❾➂❽➁❸➊➃❺❶ ❿➀➁➂❹❸❺➀ ❸❹❾❽

↔ = −❮➷➏ ↕ = −❮➷.✃➏ ❾❽➃ ➙ = −❮➷.❰➌ ×❿❷➜❺ ❸❹❺❶❺ ➈❾➂❽➁❸➊➃❺❶➏

❿➉➊❺ ➄❾➁❽❸ ❼❷➊❽❸❶ ❿❺❼❷➈❺ ❹➁➂❹❺➀ ❸❹❾❽ ➀❺➃ ❷❽❺❶➌ ➓❽ ❸❹❺ ➒ ❿❾❽➃➏

❸❹❺ ❿➉➊❺ ➂❾➉❾❻➁❺❶ ➃❷➈➁❽❾❸❺ ❷➜❺➀ ➀❺➃ ❷❽❺❶ ❾❸ ❾➉➉ ➈❾➂❽➁❸➊➃❺❶➏ ➑❷❶➔

❶➁❿➉➐ ❿❺❼❾➊❶❺ ❿➉➊❺ ➂❾➉❾❻➁❺❶ ❾➀❺ ❿➀➁➂❹❸❺➀ ➁❽ ❸❹❺ ❿➉➊❺ ❿❾❽➃➌ ➍❺

❽❷❸❺ ❹❷➣❺➜❺➀ ❸❹❾❸ ➣❺ ➃➀❾➣ ❸❹➁❶ ❼❷❽❼➉➊❶➁❷❽ ➄❷➀ ❷❽➉➐ ➎➜❺ ❼➉➊❶❸❺➀❶

➣➁❸❹ ❶➊ffi❼➁❺❽❸ ❿➉➊❺ ➂❾➉❾❻➁❺❶ ➁❽ ❸❹❺ ➒ ❿❾❽➃➌

➓➄ ➣❺ ❽❷➣ ❶❺➑❾➀❾❸❺ ❷➊➀ ❼➉➊❶❸❺➀❶ ❿❺❸➣❺❺❽ ❹➁➂❹ ❾❽➃ ➉❷➣ ➀❺➃➔

❶❹➁➄❸➏ ➣❺ ➎❽➃ ❸❹❾❸ ❸❹❺ ➀❺➃➔❶❺→➊❺❽❼❺ ➄❾➁❽❸➔❺❽➃ ➃➀❷➑ ➁❶ ➈❷➀❺ ➁➈➔

➑❷➀❸❾❽❸ ❾❸ ❹➁➂❹ ➀❺➃❶❹➁➄❸➌ ×❸ ➉❷➣ ➀❺➃❶❹➁➄❸➏ ❸❹❺ ❶➉❷➑❺ ➁❶ ❼❷➈➑❾➀❾❿➉❺

❸❷ ❸❹❾❸ ➄❷➀ ❾➉➉ ❼➉➊❶❸❺➀❶ ❼❷➈❿➁❽❺➃➌ ➞❹➁❶ ➁❶ ❿❺❼❾➊❶❺ ➣❺ ➑❺➀➄❷➀➈

❷➊➀ ❶❸❾❼➋➁❽➂ ➊❶➁❽➂ ❸❹❺ Ø❷➉➉❺❶❶ ➈❺❸❹❷➃➏ ➁❽ ➣❹➁❼❹ ❸❹❺ ➄❾➁❽❸ ❺❽➃ ❷➄

❆✶✶✻✱ ♣❊❲✽ ✶❩ ♦❢ ✷❩



◆✳ ▼❛rt✐♥❡t ❡t ❛❧✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ❝❧✉st❡r ❣❛❧❛①② ❧✉♠✐♥♦s✐t② ❢✉♥❝t✐♦♥

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
☞✌
✍

❇

✎✏✑✒✓✔✕✖✗✑✒✓✘✙
✎✏✑✘✓✚✛✖✗✑✒✓✙✕

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
☞✌
✍

❱

✎✏✑✒✓✛✘✖✗✑✒✓✘✒
✎✏✑✘✓✜✢✖✗✑✒✓✢✚

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
☞✌
✍

❘

✎✏✑✒✓✙✣✖✗✑✒✓✘✔
✎✏✑✘✓✢✕✖✗✑✒✓✢✜

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
☞✌
✍

■

✎✏✑✒✓✢✙✖✗✑✒✓✘✛
✎✏✑✘✓✛✘✖✗✑✒✓✕✕

❋✤✦✧ ✶✸✧ ❈❧✉st❡r ❛♥❞ ★❡❧❞ ✩▲✪s ✐♥ t❤❡ ✫,✬,✭✱ ❛♥❞ ✮ r❡st✯❢r❛♠❡ ❜❛♥❞s ✰✴✵✷✹ ✺✻✴✼ ✼✷ ✵✽✾❀✼❁✳ ❂❡❞ ❛♥❞ ❜❧✉❡ ♣♦✐♥ts r❡s♣❡❝t✐✈❡❧② ❝♦rr❡s♣♦♥❞ t♦ r❡❞✯

s❡q✉❡♥❝❡ ❛♥❞ ❜❧✉❡ st❛❝❦❡❞ ❝❧✉st❡r ✩▲✪s ♥♦r♠❛❧✐③❡❞ t♦ ❃ ❞❡❣❄✳ ❚❤❡ r❡❞ ❛♥❞ ❜❧✉❡ ♣❧❛✐♥ ❝✉r✈❡s s❤♦✇ t❤❡ ❜❡st ❙❝❤❡❝❤t❡r ★ts t♦ r❡❞✯s❡q✉❡♥❝❡ ❛♥❞ ❜❧✉❡

❣❛❧❛①✐❡s ❛♥❞ t❤❡ r❡❞ ❛♥❞ ❜❧✉❡ ✈❡rt✐❝❛❧ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❅❆❉ ❝♦♠♣❧❡t❡♥❡ss ❧✐♠✐ts✳ ❚❤❡ s❧♦♣❡ ♦❢ t❤❡ ★t α ✐s ❣✐✈❡♥ ❢♦r ❡❛❝❤ ♣♦♣✉❧❛t✐♦♥✳

❂❡❢❡r t♦ ❚❛❜❧❡ ❍ ❢♦r ❝❧✉st❡r ❜❡st ❙❝❤❡❝❤t❡r ★t ♣❛r❛♠❡t❡rs✳ ❚❤❡ t❤✐♥ ❞♦tt❡❞ ❛♥❞ ❞❛s❤❡❞ ❝✉r✈❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❈❖❙▼❖❙ ★❡❧❞ ✩▲✪s ❝❡♥t❡r❡❞ ❛t

r❡❞s❤✐❢ts ❏ = ❆.❑ ❛♥❞ ❏ = ❆.P ♥♦r♠❛❧✐③❡❞ t♦ ❃ ❞❡❣❄✳ ❚❤❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ r❡❞ ❛♥❞ ❜❧✉❡ ★❡❧❞ ❣❛❧❛①✐❡s ✐s ❞♦♥❡ t❤❡ s❛♠❡ ✇❛② t❤❛♥ ❢♦r ❝❧✉st❡rs ❛t

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❞s❤✐❢t ✰s❡❡ t❡①t ❢♦r ❞❡t❛✐❧s❁✳

◗❯❲ ❳❨❩ ❬❭ ❪❫❴❬❵❥◗❲❪ ④⑤ ◗❯❲ ⑥❫⑦⑧⑨❲❪❭❯❬⑩◗ ❶⑥❷❭◗❲⑨❭ ❬❵ ◗❯❲ ❭◗❥❶❸❹

❺◗ ❯❬❻❯❲⑨ ⑨❲❪❭❯❬⑩◗❭❼ ⑦❲ ❽❵❪ ❭⑥❫❾❲❭ ❫⑩ ④❲◗⑦❲❲❵ α❿➀➁ ∼ ➂.➃ ❥❵❪

α❿➀➁ ∼ ➂.➄❹ ➅❲ ❯❥➆❲ ❫❵⑥⑤ ❥ ⑩❲⑦ ❶⑥❷❭◗❲⑨❭ ❥◗ ❯❬❻❯ ⑨❲❪❭❯❬⑩◗❼ ◗❯❫❷❻❯

◗❯❲ ❲⑨⑨❫⑨ ④❥⑨❭ ❬❵ ◗❯❲ ❭⑥❫❾❲ ❥⑨❲ ❬❵ ◗❯❲ ⑨❥❵❻❲ ➂❹➇ ◗❫ ➃❹ ➈❥◗❥ ⑩❫⑨

❴❫⑨❲ ❯❬❻❯⑧⑨❲❪❭❯❬⑩◗ ❶⑥❷❭◗❲⑨❭ ❥⑨❲ ❵❲❲❪❲❪ ◗❫ ⑩❷⑥⑥⑤ ❬❵➆❲❭◗❬❻❥◗❲ ◗❯❬❭

④❲❯❥➆❬❫❷⑨❹ ➅❲ ❥⑥❭❫ ❯❥➆❲ ❬❵❭❷ffi❶❬❲❵◗ ❶⑥❷❭◗❲⑨❭ ⑦❬◗❯ ❲❵❫❷❻❯ ④⑥❷❲

❻❥⑥❥➉❬❲❭ ◗❫ ❾⑨❫❪❷❶❲ ④⑥❷❲ ❳❨❩❭ ❥◗ ◗❯❲❭❲ ⑨❲❪❭❯❬⑩◗❭❹

➅❯❲❵ ❬❵◗❲⑨❾⑨❲◗❬❵❻ ◗❯❲❭❲ ⑨❲❭❷⑥◗❭ ❬❵ ◗❲⑨❴❭ ❫⑩ ❻❥⑥❥➉⑤ ❲➆❫⑥❷◗❬❫❵❼

⑦❲ ❶❥❵ ❶❫❵❶⑥❷❪❲ ◗❯❥◗ ④⑥❷❲ ❭◗❥⑨ ⑩❫⑨❴❬❵❻ ❻❥⑥❥➉❬❲❭ ❥⑨❲ ➊❷❲❵❶❯❲❪ ❬❵

❪❲❵❭❲ ❶⑥❷❭◗❲⑨ ❲❵➆❬⑨❫❵❴❲❵◗❭ ◗❫ ❲❵⑨❬❶❯ ◗❯❲ ⑨❲❪⑧❭❲➊❷❲❵❶❲ ❾❫❾❷⑥❥⑧

◗❬❫❵ ④❲◗⑦❲❲❵ ❯❬❻❯ ⑨❲❪❭❯❬⑩◗❭ ❥❵❪ ◗❫❪❥⑤❹ ➋❫⑦❲➆❲⑨❼ ◗❯❥◗ ◗❯❲ ❾⑨❫❾⑧

❲⑨◗❬❲❭ ❫⑩ ④⑥❷❲ ❻❥⑥❥➉❬❲❭ ❬❵ ❶⑥❷❭◗❲⑨❭ ❥⑨❲ ❭❬❴❬⑥❥⑨ ❥◗ ➌ ∼ ➂ ❥❵❪ ❫❷⑨

⑨❲❪❭❯❬⑩◗ ⑨❥❵❻❲ ➍➂.➎ ≤ ➌ < ➂.➏➐ ❬❴❾⑥❬❲❭ ◗❯❥◗ ❶⑥❷❭◗❲⑨❭ ❶❫❵◗❬❵❷❲ ◗❫

❥❶❶⑨❲◗❲ ❻❥⑥❥➉❬❲❭ ⑩⑨❫❴ ◗❯❲ ❽❲⑥❪ ❥❶⑨❫❭❭ ❥ ⑦❬❪❲ ⑨❥❵❻❲ ❫⑩ ⑨❲❪❭❯❬⑩◗❹

➑❯❬❭ ❪❲❽❶❬◗ ❫⑩ ⑩❥❬❵◗ ⑨❲❪ ❻❥⑥❥➉❬❲❭ ❥◗ ➌ ∼ ➂.➄ ❯❥❭ ❥⑥⑨❲❥❪⑤ ④❲❲❵

❫④❭❲⑨➆❲❪ ④⑤ ❴❥❵⑤ ❥❷◗❯❫⑨❭ ➍❲❹❻❹ ➑❥❵❥❸❥ ❲◗ ❥⑥❹ ➒➂➂➇➓ ➈❲ ❨❷❶❬❥

❲◗ ❥⑥❹ ➒➂➂➄➓ ➔❷❪❵❬❶❸ ❲◗ ❥⑥❹ ➒➂➂➏➓ →◗❫◗◗ ❲◗ ❥⑥❹ ➒➂➂➄➓ ❳❬⑥④❥❵❸ ❲◗ ❥⑥❹

➒➂➂➣➓ ↔❷⑥❶❥❵❬ ❲◗ ❥⑥❹ ➒➂➃➃➐❹ ↕❵ ❾❥⑨◗❬❶❷⑥❥⑨❼ ❫❷⑨ ❭◗⑨❫❵❻ ❶❯❥❵❻❲ ❬❵

◗❯❲ ➔→ ⑩❥❬❵◗⑧❲❵❪ ❭⑥❫❾❲ ❬❭ ❬❵ ❻❫❫❪ ❥❻⑨❲❲❴❲❵◗ ⑦❬◗❯ ◗❯❥◗ ⑩❫❷❵❪

⑩❫⑨ ➙➈❬❭➛❭ ❶⑥❷❭◗❲⑨❭ ➍❭❲❲ ❩❬❻❹ ➇ ❫⑩ ➔❷❪❵❬❶❸ ❲◗ ❥⑥❹ ➒➂➂➏❼ ❥❵❪ ❫❷⑨

❩❬❻❹ ➏➐❹ ➜❫❪❥❴❥ ❲◗ ❥⑥❹ ➍➒➂➂➎➐ ❥⑥❭❫ ❫④❭❲⑨➆❲❪ ❥ ❶❫❴❾❲❵❭❥◗❬❫❵ ⑩❫⑨

◗❯❲ ❪❲❶⑨❲❥❭❲ ❬❵ ◗❯❲ ⑩❥❬❵◗ ⑨❲❪ ❻❥⑥❥➉⑤ ❶❫❷❵◗❭ ④⑤ ◗❯❫❭❲ ❫⑩ ④⑥❷❲⑨

❻❥⑥❥➉❬❲❭❹ ❩❷⑨◗❯❲⑨❴❫⑨❲❼ ◗❯❬❭ ❲➆❫⑥❷◗❬❫❵ ❥❻⑨❲❲❭ ⑦❬◗❯ ◗❯❲ ❲❴❾❬⑨❬❶❥⑥

❴❫❪❲⑥ ❫⑩ ➝❲❵❻ ❲◗ ❥⑥❹ ➍➒➂➃➂➐ ⑦❯❬❶❯ ❾⑨❲❪❬❶◗❭ ❥ ❪❬ff❲⑨❲❵❶❲ ④❲◗⑦❲❲❵

◗❯❲ ④⑥❷❲ ❥❵❪ ⑨❲❪ ⑩❥❬❵◗⑧❲❵❪ ❭⑥❫❾❲❭ ❫⑩ ◗❯❲ ❫⑨❪❲⑨ ❫⑩ ❷❵❬◗⑤ ❫⑦❬❵❻

◗❫ ❴❥❭❭ ➊❷❲❵❶❯❬❵❻ ④❲❬❵❻ ❾⑨❫❾❫⑨◗❬❫❵❥⑥ ◗❫ ◗❯❲ ❭◗❥⑨ ⑩❫⑨❴❥◗❬❫❵ ⑨❥◗❲

➍→❩➔➐ ❫⑩ ❻❥⑥❥➉❬❲❭ ❬❵ ❫❷⑨ ⑨❲❪❭❯❬⑩◗ ⑨❥❵❻❲❹

➞❵ ◗❯❲ ❫◗❯❲⑨ ❯❥❵❪❼ ❭❫❴❲ ❥❷◗❯❫⑨❭ ❽❵❪ ❵❫ ❲➆❫⑥❷◗❬❫❵ ❬❵ ◗❯❲

➔→ ❳❨❩❭ ⑦❬◗❯ ⑨❲❪❭❯❬⑩◗ ➍❲❹❻❹ ❺❵❪⑨❲❫❵ ➒➂➂➟➓ ➈❲ ➝⑨❫❾⑨❬❭ ❲◗ ❥⑥❹

➒➂➂➄❼ ➒➂➃➠➐❹ ➈❲ ➝⑨❫❾⑨❬❭ ❲◗ ❥⑥❹ ➍➒➂➃➠➐ ⑦⑨❫◗❲ ◗❯❥◗ ❭❷⑨⑩❥❶❲ ④⑨❬❻❯◗⑧

❵❲❭❭ ❭❲⑥❲❶◗❬❫❵ ❲ff❲❶◗❭ ❶❫❷⑥❪ ❥❶❶❫❷❵◗ ⑩❫⑨ ❶⑥❥❬❴❭ ❫⑩ ❲➆❫⑥❷◗❬❫❵ ❥◗ ◗❯❲

⑩❥❬❵◗ ❲❵❪❹ ➞④❭❲⑨➆❥◗❬❫❵❭ ⑦❬◗❯ ➆❥⑨❬❫❷❭ ❭❷⑨⑩❥❶❲ ④⑨❬❻❯◗❵❲❭❭ ⑥❬❴❬◗❭ ❥⑨❲

⑨❲➊❷❬⑨❲❪ ◗❫ ❶❫❵❽⑨❴ ◗❯❬❭ ❯⑤❾❫◗❯❲❭❬❭❹

➅❲ ❶❥❵ ❫❵⑥⑤ ❶❫❴❾❥⑨❲ ❫❷⑨ ⑨❲❭❷⑥◗❭ ⑦❬◗❯ ❳❨❩❭ ◗❯❥◗ ❯❥➆❲ ④❲❲❵

❽◗◗❲❪ ④⑤ ❥ ❭❬❵❻⑥❲ →❶❯❲❶❯◗❲⑨ ⑩❷❵❶◗❬❫❵❹ ↕◗ ❬❭ ❭❫❴❲◗❬❴❲❭ ❷❭❲⑩❷⑥ ◗❫ ❽◗

❳❨❩❭ ⑦❬◗❯ ④❫◗❯ ❥ ❳❥❷❭❭❬❥❵ ❥❵❪ ❥ →❶❯❲❶❯◗❲⑨ ⑩❷❵❶◗❬❫❵ ➍➡❬➆❬❥❵❫

❲◗ ❥⑥❹ ➃➏➏➇➐ ❫⑨ ⑦❬◗❯ ◗⑦❫ →❶❯❲❶❯◗❲⑨ ⑩❷❵❶◗❬❫❵❭ ➍➝❫❾❲❭❭❫ ❲◗ ❥⑥❹

➒➂➂➟➐❹ ➑❯❲ ❽⑨❭◗ ❶❥❭❲ ❥⑥⑥❫⑦❭ ◗❫ ④❲◗◗❲⑨ ❥❶❶❫❷❵◗ ⑩❫⑨ ◗❯❲ ❲➉❶❲❭❭ ❫⑩

➆❲⑨⑤ ④⑨❬❻❯◗ ❻❥⑥❥➉❬❲❭ ❫④❭❲⑨➆❲❪ ❬❵ ❶❲⑨◗❥❬❵ ❶⑥❷❭◗❲⑨❭❼ ⑦❯❬⑥❲ ◗❯❲ ❭❲❶⑧

❫❵❪ ❽◗❭ ⑦❲⑥⑥ ◗❯❲ ❷❾◗❷⑨❵ ❫⑩ ➆❲⑨⑤ ⑩❥❬❵◗ ❶❫❷❵◗❭ ◗❯❥◗ ❶❥❵ ❲➉❬❭◗ ⑩❫⑨

❪⑦❥⑨⑩ ❻❥⑥❥➉❬❲❭ ❥◗ ⑩❥❬❵◗❲⑨ ❴❥❻❵❬◗❷❪❲❭ ◗❯❥❵ ◗❯❲ ❷❭❷❥⑥ ❳❨❩ ➢❥◗ ⑩❥❬❵◗

❲❵❪❹ ↕❵ ◗❯❲ ❾⑨❲❭❲❵◗ ❭◗❷❪⑤❼ ⑦❲ ❶❯❫❭❲ ◗❫ ❷❭❲ ❥ ❭❬❵❻⑥❲ →❶❯❲❶❯◗❲⑨ ❽◗❼

❥❭ ❫❷⑨ ❪❥◗❥ ❥⑨❲ ❬❵❭❷ffi❶❬❲❵◗⑥⑤ ❶❫❴❾⑥❲◗❲ ◗❫ ❬❵➆❲❭◗❬❻❥◗❲ ◗❯❲ ❷❾◗❷⑨❵

❫⑩ ➆❲⑨⑤ ⑩❥❬❵◗ ❻❥⑥❥➉❬❲❭ ⑩❫❷❵❪ ❬❵ ➝❫❾❲❭❭❫ ❲◗ ❥⑥❹ ➍➒➂➂➟➐❹ ➤❫⑨❲ ❭❫⑧

❾❯❬❭◗❬❶❥◗❲❪ ❽◗◗❬❵❻ ⑦❬◗❯ ❥ ❯❬❻❯❲⑨ ❵❷❴④❲⑨ ❫⑩ ❪❲❻⑨❲❲❭ ❫⑩ ⑩⑨❲❲❪❫❴

⑩❫⑨ ◗❯❲ ❽◗ ⑦❫❷⑥❪ ⑨❲➊❷❬⑨❲ ❥ ⑥❥⑨❻❲⑨ ❵❷❴④❲⑨ ❫⑩ ❪❥◗❥ ❾❫❬❵◗❭ ❥❵❪ ❥

⑩❥❬❵◗❲⑨ ❶❫❴❾⑥❲◗❲❵❲❭❭ ⑥❬❴❬◗❹ ➅❲ ❶❥❵❵❫◗ ❶❫❴❾❥⑨❲ ❫❷⑨ ⑨❲❭❷⑥◗❭ ⑦❬◗❯

◗❯❫❭❲ ❫⑩ ◗❯❲ ⑩❫⑥⑥❫⑦❬❵❻ ❥❷◗❯❫⑨❭ ④❲❶❥❷❭❲ ◗❯❲❬⑨ ❥❾❾⑨❫❥❶❯❲❭ ❪❬ff❲⑨

⑩⑨❫❴ ❫❷⑨❭➥

➦ ➤❥❵❶❫❵❲ ❲◗ ❥⑥❹ ➍➒➂➃➒➐ ❭◗❷❪❬❲❪ ❳❨❩❭ ❫❵⑥⑤ ❬❵ ❥❾❾❥⑨❲❵◗ ❴❥❻❵❬⑧

◗❷❪❲❹ ➑❯❷❭❼ ◗❯❲ ➧⑧❶❫⑨⑨❲❶◗❬❫❵ ❬❭ ❵❫◗ ◗❥❸❲❵ ❬❵◗❫ ❥❶❶❫❷❵◗ ❥❵❪ ❬◗ ❬❭

❪❬ffi❶❷⑥◗ ◗❫ ❸❵❫⑦ ❲➉❥❶◗⑥⑤ ⑦❯❬❶❯ ❾❫❾❷⑥❥◗❬❫❵ ❬❭ ❭◗❷❪❬❲❪ ❥❵❪ ◗❯❲

❾⑨❲❶❬❭❲ ❶❫❴❾⑥❲◗❲❵❲❭❭ ⑥❬❴❬◗❼ ❾❥⑨◗❬❶❷⑥❥⑨⑥⑤ ❭❬❵❶❲ ◗❯❲⑤ ❶❫❵❭❬❪❲⑨

❯❬❻❯⑧⑨❲❪❭❯❬⑩◗ ❶⑥❷❭◗❲⑨❭ ➍➃ < ➌ < ➃.➇➐➓

➦ ➤❷➨➨❬❵ ❲◗ ❥⑥❹ ➍➒➂➂➣➐ ❽➉❲❪ ◗❯❲ ❭⑥❫❾❲ ❫⑩ ◗❯❲ ⑩❥❬❵◗ ❲❵❪ α = −➂.➣
❥❵❪ ❽◗ ◗❯❲ ◗⑦❫ ❫◗❯❲⑨ ❾❥⑨❥❴❲◗❲⑨❭ ➍φ∗ ❥❵❪ ➩

∗
➐❹

➫➭➯➭ ➲➳➵➳➸➺➳➸➻➳ ➼➸ ➳➸➽➾➚➼➸➪➳➸➶

❺❵❫◗❯❲⑨ ❬❴❾❫⑨◗❥❵◗ ❪❲④❥◗❲ ❶❫❵❶❲⑨❵❭ ◗❯❲ ❬❵◗❲⑨❥❶◗❬❫❵ ④❲◗⑦❲❲❵ ❶⑥❷❭⑧

◗❲⑨❭ ❥❵❪ ◗❯❲❬⑨ ❲❵➆❬⑨❫❵❴❲❵◗❹ ➑❫ ❾⑨❫❾❲⑨⑥⑤ ❥❪❪⑨❲❭❭ ◗❯❬❭ ❾⑨❫④⑥❲❴❼ ❬◗

❬❭ ❵❲❶❲❭❭❥⑨⑤ ◗❫ ❬❵➆❲❭◗❬❻❥◗❲ ❬◗ ❫❵ ◗❯⑨❲❲ ❪❬ff❲⑨❲❵◗ ❭❶❥⑥❲❭❹ ❩❬⑨❭◗❼ ⑦❲

❶❫❴❾❥⑨❲ ❶⑥❷❭◗❲⑨ ❳❨❩❭ ◗❫ ❽❲⑥❪ ❳❨❩❭❼ ◗❯❲❵ ❭◗❷❪⑤ ◗❯❲ ❪❲❾❲❵❪❲❵❶❲

❫⑩ ❳❨❩❭ ❫❵ ➆❥⑨❬❫❷❭ ❶⑥❷❭◗❲⑨ ❾⑨❫❾❲⑨◗❬❲❭ ④❲⑩❫⑨❲ ❽❵❥⑥⑥⑤ ❭◗❷❪⑤❬❵❻ ◗❯❲

➆❥⑨❬❥◗❬❫❵❭ ❬❵❭❬❪❲ ❶⑥❷❭◗❲⑨❭❹

➅❲ ❽⑨❭◗ ❶❫❴❾❥⑨❲ ❫❷⑨ ❶⑥❷❭◗❲⑨ ❳❨❩❭ ❶❥⑥❶❷⑥❥◗❲❪ ❬❵ →❲❶◗❹ ➎❹➒

⑦❬◗❯ ❽❲⑥❪ ❳❨❩❭ ❪❲⑨❬➆❲❪ ⑩⑨❫❴ ➛➞→➤➞→ ❪❥◗❥ ➍↕⑥④❲⑨◗ ❲◗ ❥⑥❹ ➒➂➂➏➐❹

➅❲ ❶❫❴❾❷◗❲ ◗⑦❫ ❽❲⑥❪ ❳❨❩❭ ⑩❫⑨ ⑨❲❪❭❯❬⑩◗❭ ❫⑩ ➂❹➇ ❥❵❪ ➂❹➄ ⑦❬◗❯ ❥

⑦❬❪◗❯ ❫⑩ ±➂.➒ ❥⑨❫❷❵❪ ◗❯❲❭❲ ⑨❲❪❭❯❬⑩◗❭ ◗❫ ④❲ ❶❫❵❭❬❭◗❲❵◗ ⑦❬◗❯ ◗❯❲

⑦❥⑤ ⑦❲ ❴❥❪❲ ❫❷⑨ ❶⑥❷❭◗❲⑨ ❳❨❩❭❹ ➅❲ ❭❲❾❥⑨❥◗❲ ④⑥❷❲ ⑩⑨❫❴ ⑨❲❪ ❽❲⑥❪

❻❥⑥❥➉❬❲❭ ④⑤ ❥❾❾⑥⑤❬❵❻ ❥ ❶❫⑥❫❷⑨⑧❴❥❻❵❬◗❷❪❲ ⑨❲⑥❥◗❬❫❵ ❭❬❴❬⑥❥⑨ ◗❫ ◗❯❲

❫❵❲ ❷❭❲❪ ⑩❫⑨ ❫❷⑨ ❶⑥❷❭◗❲⑨❭❹ ➑❯❲ ❫⑨❪❬❵❥◗❲ ❫⑩ ◗❯❬❭ ⑨❲❪ ❭❲➊❷❲❵❶❲ ❬❭

❲➊❷❥⑥ ◗❫ ◗❯❲ ❶❫⑥❫❷⑨ ❫⑩ ❲⑥⑥❬❾◗❬❶❥⑥ ❻❥⑥❥➉❬❲❭ ❥◗ ◗❯❲ ❶❲❵◗⑨❥⑥ ⑨❲❪❭❯❬⑩◗

◗❥❸❲❵ ⑩⑨❫❴ ❩❷❸❷❻❬◗❥ ❲◗ ❥⑥❹ ➍➃➏➏➇➐ ❥❵❪ ◗❯❲ ⑦❬❪◗❯ ❫⑩ ◗❯❲ ➔→ ❬❭

±➂.➠ ❬❵ ❶❫⑥❫❷⑨❹ ➑❯❬❭ ❥⑥⑥❫⑦❭ ❷❭ ◗❫ ❶❫❴❾❥⑨❲ ❶⑥❷❭◗❲⑨ ❥❵❪ ❽❲⑥❪ ❳❨❩❭

❶❫❴❾❷◗❲❪ ❬❵ ◗❯❲ ❭❥❴❲ ⑦❥⑤ ⑦❬◗❯ ◗❯❲ ❭❥❴❲ ❭❲❾❥⑨❥◗❬❫❵ ④❲◗⑦❲❲❵ ⑨❲❪

❥❵❪ ④⑥❷❲ ❻❥⑥❥➉❬❲❭❹ ➔❲❭❷⑥◗❭ ❥⑨❲ ❭❯❫⑦❵ ❬❵ ❩❬❻❹ ➃➠❹

➑❯❲ ❳❨❩❭ ❫⑩ ④⑥❷❲ ❻❥⑥❥➉❬❲❭ ❥⑨❲ ❭❬❴❬⑥❥⑨ ⑩❫⑨ ◗❯❲ ❽❲⑥❪ ❥❵❪ ❶⑥❷❭⑧

◗❲⑨❭ ❬❵ ◗❯❲ ➹,➘❼ ❥❵❪ ➴ ④❥❵❪❭❼ ⑦❯❬⑥❲ ⑦❲ ❽❵❪ ❴❫⑨❲ ④⑥❷❲ ❻❥⑥❥➉❬❲❭ ❬❵

❫❷⑨ ❶⑥❷❭◗❲⑨❭ ◗❯❥❵ ◗❯❲ ❽❲⑥❪ ⑩❫⑨ ◗❯❲ ➷ ④❥❵❪ ④❷◗ ⑦❬◗❯ ❥ ❭❬❴❬⑥❥⑨ ❭❯❥❾❲❹

➑❯❲ ❭❯❥❾❲ ❫⑩ ◗❯❲ ⑨❲❪⑧❭❲➊❷❲❵❶❲ ❳❨❩❭ ❥⑨❲ ❥⑥❭❫ ❥⑥❴❫❭◗ ❬❪❲❵◗❬❶❥⑥❹

➋❫⑦❲➆❲⑨❼ ◗❯❲⑨❲ ❥⑨❲ ❥④❫❷◗ ◗❲❵ ◗❬❴❲❭ ❴❫⑨❲ ⑨❲❪ ❻❥⑥❥➉❬❲❭ ❬❵ ❶⑥❷❭◗❲⑨❭

◗❯❥❵ ◗❯❲ ❽❲⑥❪❹ ❺❵❫◗❯❲⑨ ❪❬ff❲⑨❲❵❶❲ ❬❭ ◗❯❲ ❳❨❩ ❫⑩ ❶⑥❷❭◗❲⑨ ➔→ ❻❥⑥❥➉⑧

❬❲❭ ❯❥❭ ❥ ❭❯❥⑨❾❲⑨ ❪⑨❫❾ ❥◗ ◗❯❲ ⑩❥❬❵◗ ❲❵❪ ❥◗ ❯❬❻❯ ⑨❲❪❭❯❬⑩◗❼ ⑦❯❬⑥❲ ◗❯❲

❽❲⑥❪ ⑨❲❪ ❳❨❩❭ ⑨❲❴❥❬❵ ❷❵❶❯❥❵❻❲❪ ❥❶⑨❫❭❭ ❫❷⑨ ⑨❲❪❭❯❬⑩◗ ⑨❥❵❻❲❹ ➑❯❬❭

❥❾❾❥⑨❲❵◗ ⑥❥❶❸ ❫⑩ ❲➆❫⑥❷◗❬❫❵ ❬❵ ❲❥⑨⑥⑤⑧◗⑤❾❲ ❽❲⑥❪ ❻❥⑥❥➉❬❲❭ ⑦❥❭ ❥❭⑧

❭❲❭❭❲❪ ❬❵ ➬❷❶❶❥ ❲◗ ❥⑥❹ ➍➒➂➂➟➐❼ ⑦❯❫ ❾⑨❫❾❫❭❲❪ ◗❯❥◗ ❬◗ ❯❬❻❯⑥❬❻❯◗❭

❥❵ ❲ffi❶❬❲❵◗ ◗⑨❥❵❭⑩❫⑨❴❥◗❬❫❵ ❫⑩ ④⑥❷❲ ◗❫ ⑨❲❪ ❻❥⑥❥➉❬❲❭ ❬❵ ❯❬❻❯❲⑨ ❪❲❵⑧

❭❬◗⑤ ❲❵➆❬⑨❫❵❴❲❵◗❭❹ ↕❵❭❬❪❲ ❶⑥❷❭◗❲⑨❭❼ ❬❵◗❲⑨❥❶◗❬❫❵❭ ④❲◗⑦❲❲❵ ❻❥⑥❥➉❬❲❭

❥⑨❲ ❴❫⑨❲ ⑥❬❸❲⑥⑤ ◗❫ ❯❥❾❾❲❵❼ ④❫❫❭◗❬❵❻ ◗❯❬❭ ❲➆❫⑥❷◗❬❫❵❼ ⑦❯❬⑥❲ ❬❵ ◗❯❲

❽❲⑥❪ ❻❥⑥❥➉⑤ ❬❵◗❲⑨❥❶◗❬❫❵❭ ❥⑨❲ ⑥❲❭❭ ⑩⑨❲➊❷❲❵◗ ❥❵❪ ◗❯❲ ⑨❲❪ ❾❫❾❷⑥❥◗❬❫❵

❬❵❶⑨❲❥❭❲❭ ❥◗ ❥ ⑩❥⑨ ⑥❫⑦❲⑨ ⑨❥◗❲❹

➅❲ ⑦⑨❫◗❲ ❥④❫➆❲ ◗❯❥◗ ◗❯❲ ❥➆❲⑨❥❻❲ ❶⑥❷❭◗❲⑨ ❳❨❩ ❫⑩ ➔→ ❻❥⑥❥➉⑧

❬❲❭ ❪❲❾❲❵❪❭ ❫❵ ❴❥❭❭❹ ❳❨❩❭ ❫⑩ ❴❫⑨❲ ❴❥❭❭❬➆❲ ❶⑥❷❭◗❲⑨❭ ⑨❲❭❭❲❴④⑥❲

➮❃❃➱✱ ♣❛❣❡ ❃❑ ♦❢ ❍✃



❆✫❆ ✺✼✺✱ ❆✶✶✻ ✭✷✵✶✺✮

♠♦r❡ t❤❡ ●▲❋s ♦❢ ♥❡❛r❜② ❝❧✉st❡rs ✇✐t❤ ❛ ✤❛t ❢❛✐♥t ❡♥❞✳ ❚❤✐s ✐♠✲

♣❧✐❡s t❤❛t t❤❡s❡ ❤✐❣❤✲r❡❞s❤✐❢t ♠❛ss✐✈❡ ❝❧✉st❡rs ❛r❡ ♠♦r❡ ❡✈♦❧✈❡❞

t❤❛♥ t❤❡✐r ❝♦♠♣❛♥✐♦♥s ❛t t❤❡ s❛♠❡ r❡❞s❤✐❢t ❡✐t❤❡r ❜❡❝❛✉s❡ t❤❡②

❢♦r♠❡❞ ❡❛r❧✐❡r ♦r ✐♥ ❛ ❞❡♥s❡r ❡♥✈✐r♦♥♠❡♥t✳

❲❡ ✣♥❞ ♥♦ r❡♠❛r❦❛❜❧❡ ❞✐ff❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢

❣❡♥❡r❛❧ ●▲❋ ❛♥❞ t❤♦s❡ ♦❢ t❤❡ ●▲❋ ♦❢ ♦♥❧② s✉❜str✉❝t✉r❡❞ ❝❧✉s✲

t❡rs✳ ❍♦✇❡✈❡r� ✇❡ ❤❛✈❡ ♦♥❧② t❤r❡❡ ❝❧✉st❡rs t❤❛t ❝❛♥ ❜❡ st✉❞✐❡❞ ✐♥

t❤✐s ✇❛②� ❧❡❛❞✐♥❣ t♦ ❧❛r❣❡ ❡rr♦r ❜❛rs✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡ ♠❡r❣✐♥❣

♦❢ ❣❛❧❛①② ❝❧✉st❡rs ❝❛♥ str♦♥❣❧② ❛ff❡❝t t❤❡ s❧♦♣❡ ♦❢ t❤❡ ●▲❋� ❛s ✐❧✲

❧✉str❛t❡❞ ❜② st✉❞✐❡s ♦❢ ❝❧✉st❡r ♣❛✐rs ♦r ✈✐♦❧❡♥t❧② ♠❡r❣✐♥❣ ❝❧✉st❡rs

✁❡✳❣✳ ❉✉rr❡t ❡t ❛❧✳ ✂✄☎✄� ✂✄☎☎� ✂✄☎✸✆✳❍❡♥❝❡ ✇❡✇♦✉❧❞ ❡①♣❡❝t t❤❛t

s✉❜str✉❝t✉r❡❞ ❝❧✉st❡rs ♣r❡s❡♥t ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡✐r ❢❛✐♥t✲❡♥❞ s❧♦♣❡

❝♦♠♣❛r❡❞ t♦ ♦t❤❡rs✳ ▼♦r❡ ❞❛t❛ ❛t ❞✐ff❡r❡♥t st❛❣❡s ♦❢ t❤❡ ♠❡r❣✐♥❣

♣r♦❝❡ss ❛r❡ ♥❡❡❞❡❞ ❜❡❢♦r❡ ✇❡ ❝❛♥ ❞r❛✇ str♦♥❣❡r ❝♦♥❝❧✉s✐♦♥s✳

❋✐♥❛❧❧②� ✇❡ ✣♥❞ ❞✐ff❡r❡♥❝❡s ✐♥ ●▲❋ ❜❡❤❛✈✐♦✉rs ❜❡t✇❡❡♥ ❝❧✉s✲

t❡r ❝♦r❡s ❛♥❞ ♦✉ts❦✐rts✳ ❲❡ ✣♥❞ ♠♦r❡ ❜r✐❣❤t ❣❛❧❛①✐❡s ✐♥ t❤❡ ❝♦r❡

❝♦♠♣❛r❡❞ t♦ t❤❡ ♦✉ts❦✐rts� ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❈❉▼ ♠♦❞❡❧s t❤❛t

♣r❡❞✐❝t t❤❡ ♠♦st ♠❛ss✐✈❡ ❣❛❧❛①✐❡s t♦ ❧✐❡ ❛t t❤❡ ❝❧✉st❡r ❝♦r❡s✳ ❲❡

❛❧s♦ ✣♥❞ ♠♦r❡ ❜❧✉❡ ❣❛❧❛①✐❡s ✐♥ t❤❡ ♦✉ts❦✐rts t❤❛♥ ✐♥ t❤❡ ❝♦r❡✳

❚❤✐s ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ❜❧✉❡ ❣❛❧❛①✐❡s ✐♥ t❤❡ ♦✉ts❦✐rts ❝♦✉❧❞ ❜❡ ❡①✲

♣❧❛✐♥❡❞ ❜② ✐♥❢❛❧❧s ❢r♦♠ t❤❡ ✣❡❧❞✳ ❍♦✇❡✈❡r� t❤❡ r❡❞ ●▲❋ ❢❛✐♥t

❡♥❞ r❡♠❛✐♥s t❤❡ s❛♠❡ ✐♥ ❛♥② ♣❛rt ♦❢ t❤❡ ❝❧✉st❡r✳ ❙♦♠❡ ❛✉t❤♦rs

❢♦✉♥❞ st❡❡♣❡r ❢❛✐♥t✲❡♥❞ s❧♦♣❡s ✐♥ ❝❧✉st❡r ♦✉ts❦✐rts ✁❡✳❣✳ ✝❞❛♠✐

❡t ❛❧✳ ✂✄✄✽❀ ❇♦✉ ❡t ❛❧✳ ✂✄✄✽✆✳ ■♥ ♣❛rt✐❝✉❧❛r� str♦♥❣ ✈❛r✐❛t✐♦♥s

✐♥ α ❤❛✈❡ ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❤✐❣❤❧② str✉❝t✉r❡❞ ❈♦♠❛ ❝❧✉st❡r�

✇❤✐❝❤ ❝❛♥ ❜❡ ♣r♦❜❡❞ ✇✐t❤ ❤✐❣❤ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ q✉❛❧✐t② ❞✉❡ t♦

✐ts ♣r♦①✐♠✐t② ✁✝❞❛♠✐ ❡t ❛❧✳ ✂✄✄✞❛�❜✆✳

✟✠✡✠ ❊☛☞✌✍✎✏☞✑ ☞✒ ✓✌✍✔✎✕✖ ✗✘✌✘✙✚ ✎✚✛✕✔ ✜✏✎✢ ✖✕✥✔✢✏✒✎

❲✐t❤ ❝♦❧♦✉r✲s❡❧❡❝t❡❞ ♣♦♣✉❧❛t✐♦♥s� ✇❡ ❛♥❛❧②s❡ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢

t❤❡ ❣❛❧❛①② t②♣❡s ✇✐t❤✐♥ ❝❧✉st❡rs✳ ❲❡ ❝♦♥s✐❞❡r ❜❧✉❡ ❛♥❞ r❡❞ ❣❛❧❛①✲

✐❡s s❡❧❡❝t❡❞ ✐♥ ❛ ❝♦❧♦✉r−♠❛❣♥✐t✉❞❡ ❞✐❛❣r❛♠ ❛♥❞ ❢♦r ✇❤✐❝❤ ✣❡❧❞

❣❛❧❛①✐❡s ❤❛✈❡ ❜❡❡♥ s✉❜tr❛❝t❡❞✳ ❲❡ ❛❧s♦ r❡♠♦✈❡ ❣❛❧❛①✐❡s t❤❛t ❛r❡

♦✉ts✐❞❡ ❞✐s❦s ♦❢ ☎ ▼♣❝ r❛❞✐✉s ❝❡♥t❡r❡❞ ♦♥ ❝❧✉st❡r ♦♣t✐❝❛❧ ❝❡♥✲

tr❡s✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ♣❡r❝❡♥t❛❣❡s ♦❢ ❡❛❝❤ t②♣❡ ❢♦r ❡✈❡r② ❝❧✉st❡r

❛♥❞ t❤❡♥ ❛✈❡r❛❣❡ t❤❡♠ ♦✈❡r ❝❧✉st❡rs ❜② st❛❝❦s ♦❢ ❢♦✉r ❝❧✉st❡rs✳

✦rr♦r ❜❛rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❞✐s♣❡rs✐♦♥ ✐♥ ✈❛❧✉❡s ♦✈❡r ❛❧❧ ❝❧✉s✲

t❡rs ✇✐t❤✐♥ ❛ st❛❝❦✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❝❧✉s✲

t❡r ❣❛❧❛①② t②♣❡s ✇✐t❤ r❡❞s❤✐❢t ❢r♦♠ ③ = ✄.✹ t♦ ③ = ✄.✾✳ ❲❡ ❧✐♠✐t

♦✉r s❛♠♣❧❡ t♦ ❣❛❧❛①✐❡s ❜r✐❣❤t❡r t❤❛♥ ✧ = −✂☎ ❛♥❞ ♦♥❧② ❝♦♥s✐❞❡r

❝❧✉st❡rs t❤❛t ❛r❡ ❛t ❧❡❛st ✾✄✪ ❝♦♠♣❧❡t❡ ❛t t❤✐s ♠❛❣♥✐t✉❞❡✳

▲♦♦❦✐♥❣ ❛t ❋✐❣✳ ☎✹� ✇❡ ♥♦t❡ ❛ ❝❧❡❛r ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❢r❛❝✲

t✐♦♥ ♦❢ ❡❛r❧②✲t②♣❡ ❣❛❧❛①✐❡s ❢r♦♠ ❧♦✇ t♦ ❤✐❣❤ r❡❞s❤✐❢t� ✇❤✐❧❡ t❤❡

❢r❛❝t✐♦♥ ♦❢ ❧❛t❡✲t②♣❡ ❣❛❧❛①✐❡s ✐♥❝r❡❛s❡s ✇✐t❤ r❡❞s❤✐❢t✳ ❚❤✐s s❝❡✲

♥❛r✐♦ ❛❣r❡❡s ✇✐t❤ ❣❛❧❛①②✲❡✈♦❧✉t✐♦♥ s❝❡♥❛r✐♦s ✇❤❡r❡ s♣✐r❛❧ ❣❛❧❛①✲

✐❡s ❡✈♦❧✈❡ ✐♥t♦ ❡❧❧✐♣t✐❝❛❧s✳ ❋✉rt❤❡r♠♦r❡� ✐t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ ❡❛r❧②✲t②♣❡ ❛♥❞ ❧❛t❡✲t②♣❡ ●▲❋ ❢❛✐♥t ❡♥❞s t❤❛t ✇❡ ❞✐s✲

❝✉ss❡❞ ✐♥ ❙❡❝t✳ ★✳☎✳

❖✉r ❡❛r❧②✲t②♣❡ ❢r❛❝t✐♦♥ ❞❡❝r❡❛s❡s ❢r♦♠ ✩✬✯✰ = ✄.✽☎ ± ✄.☎✞ ❛t
③ = ✄.✹✂ t♦ ✩✬✯✰ = ✄.★✄ ± ✄.✂✞ ❛t ③ = ✄.✴✴✳ ❲❡ ❝♦♠♣❛r❡ t❤❡s❡ r❡✲

s✉❧ts t♦ s♣❡❝tr❛❧ ❝❧❛ss✐✣❝❛t✐♦♥s ❢r♦♠ ✦❧❧✐♥❣s♦♥ ❡t ❛❧✳ ✁✂✄✄☎✆� ❛♥❞

❛❧s♦ t♦ t❤❡ ♠♦r♣❤♦❧♦❣②✲❞❡♥s✐t② r❡❧❛t✐♦♥ ❢♦✉♥❞ ❜② ❙♠✐t❤ ❡t ❛❧✳

✁✂✄✄★✆ ❛♥❞ P♦st♠❛♥ ❡t ❛❧✳ ✁✂✄✄★✆✳ ■♥ t❤❡ ✣rst ❝❛s❡� ✇❡ ♦✈❡r♣❧♦t

♦♥ ❋✐❣✳ ☎✹ t❤❡✐r ❜❡st ✣t t♦ t❤❡ ❜❧✉❡ ❢r❛❝t✐♦♥ ♦❢ ❝❧✉st❡rs ❜❡t✇❡❡♥

✄.☎✽ < ③ < ✄.★★✳ ❚❤❡ ❜❧✉❡ ❣❛❧❛①✐❡s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤✐s

st✉❞② ❛r❡ s♣❡❝tr♦s❝♦♣✐❝ ❝❧✉st❡r ♠❡♠❜❡rs ❛♥❞ ❛r❡ s❡♣❛r❛t❡❞ ✐♥ ❛

❝♦❧♦✉r➊♠❛❣♥✐t✉❞❡❞✐❛❣r❛♠✳ ❚❤❡② ❛r❡ ❛❧s♦ ❜r✐❣❤t❡r t❤❛♥ ❘ = −✂✄�

s✉❝❤ t❤❛t ✐t ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❧♦✇✲r❡❞s❤✐❢t s❛♠♣❧❡ ♦❢ ❣❛❧❛①✐❡s

✇❡ ✉s❡✳ ❲❡ ✣♥❞ ❛ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ♦✉r ❜❧✉❡ ❢r❛❝✲

t✐♦♥ ❛♥❞ t❤❡ ♦♥❡ ❢r♦♠ ✦❧❧✐♥❣s♦♥ ❡t ❛❧✳ ✁✂✄✄☎✆ ❛t ❛❧❧ r❡❞s❤✐❢ts✳ ❲❡

❞♦ ♥♦t ❛tt❡♠♣t t♦ s❡♣❛r❛t❡ ♦✉r s❛♠♣❧❡ ✐♥t♦ ❤✐❣❤✲❞❡♥s✐t② ✁❝❧✉st❡r

❝♦r❡s✆ ❛♥❞ ♠❡❞✐✉♠✲❞❡♥s✐t② r❡❣✐♦♥s� s♦ ♦✉r r❡s✉❧ts s❤♦✉❧❞ ❝♦♠✲

♣❛r❡ ✇✐t❤ t❤❡ Σ = ☎✄✄ ▼♣❝
−✿

❛♥❞ Σ = ☎✄✄✄ ▼♣❝
−✿

❝✉r✈❡s

❁

❂❁

❃❁

❄❁

❅❁

❏❁❁

❁❑❃ ❁❑❃◆ ❁❑◆ ❁❑◆◆ ❁❑❄ ❁❑❄◆ ❁❑◗

❯
❱❳
❱❨
❩
❬❩
❭❪
❭❪
❫❴
❪
❵
❬❱
❯
❪

❥④⑤⑥ ⑦⑧⑨⑩❶④❷ ❷④❸⑩❹❺❻❶

❼❽❾❿➀ ➁➀➂❼
❿❽➁❼ ➁➀➂❼

➃❿❿➄➅➆➇➈➅ ❼➁ ❽❿❑ ➉❂❁❁❏➋

➌➍➎➏ ➐➑➏ ➒➓➔→➣↔↕➔➙ ➔➛ ➜→➣➝↔➞➟ ➠➡→➡➢➤ ↔➤➥➞ ➥➞➟➜➞➙↔➡➠➞➝ ➦↕↔➧ ➟➞➨➝➧↕➛↔➩ ➒➡➜➧

➥➔↕➙↔ ➟➞➥➟➞➝➞➙↔➝ ↔➧➞ ➫➞➡➙ ➓➡→➣➞ ➔➛ ➡ ➥➞➟➜➞➙↔➡➠➞ ➔➓➞➟ ➛➔➣➟ ➜→➣➝↔➞➟➝➩ ➭➞➨

➨➔↔➝ ➡➟➞ ➟➞➨ ✭➞➡➟→➤ ↔➤➥➞✮ ➠➡→➡➢↕➞➝ ➡➙➨ ➯→➣➞ ↔➟↕➡➙➠→➞➝ ➜➔➟➟➞➝➥➔➙➨ ↔➔ ➯→➣➞

✭→➡↔➞ ↔➤➥➞✮ ➠➡→➡➢↕➞➝➩ ➲➧➞ ➯→➣➞ ➨➡➝➧➞➨ →↕➙➞ ➜➔➟➟➞➝➥➔➙➨➝ ↔➔ ↔➧➞ ➯→➣➞ ➛➟➡➜➳

↔↕➔➙ ➛➟➔➫ ➒→→↕➙➠➝➔➙ ➞↔ ➡→➩ ✭✷✵✵✶✮➩

✐♥ ❋✐❣✳ ✸ ♦❢ ❙♠✐t❤ ❡t ❛❧✳ ✁✂✄✄★✆ ❛♥❞ ❋✐❣✳ ☎✸ ♦❢ P♦st♠❛♥ ❡t ❛❧✳

✁✂✄✄★✆✳❲❡ ✣♥❞ ❛♥ ♦✈❡r❛❧❧ ❣♦♦❞ ❛❣r❡❡♠❡♥t✳ ✝t ✐♥t❡r♠❡❞✐❛t❡ r❡❞✲

s❤✐❢t ✁③ = ✄.✹✆� ♦✉r ❡❛r❧②✲t②♣❡ ❢r❛❝t✐♦♥ ❧✐❡s ✇✐t❤✐♥ t❤❡ ❢r❛❝t✐♦♥s

♦❢ ♠❡❞✐✉♠ ❛♥❞ ❤✐❣❤ ❞❡♥s✐t② ♦❢ t❤❡ ❝✐t❡❞ ❛✉t❤♦rs ✁ ✩➵+➸ ➺ = ✄.✴
❛♥❞ ✩➵+➸ ➺ = ✄.✽★✆✳ ✝t ❤✐❣❤❡r r❡❞s❤✐❢ts ✁③ = ✄.✞✆� ♦✉r ✈❛❧✉❡s ❛r❡
❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t❡r✈❛❧ ✄.★★ < ✩➵+➸ ➺ < ✄.✽ ❢♦✉♥❞ ❜②

t❤❡ ♣r❡✈✐♦✉s ❛✉t❤♦rs� ❜✉t ♦♥❧② ✇❤❡♥ t❛❦✐♥❣ ♦✉r ❡rr♦r ❜❛rs ✐♥t♦

❛❝❝♦✉♥t✳ ❍♦✇❡✈❡r� ♦♥❡ ♠✉st ♥♦t❡ t❤❛t ♣r❡✈✐♦✉s ❛✉t❤♦rs ✉s❡❞ ❛

❝❧❛ss✐✣❝❛t✐♦♥ ❜❛s❡❞ ♦♥ ❣❛❧❛①② s❤❛♣❡s ✇❤✐❧❡ ♦✉r ✇♦r❦ r❡❧✐❡s ♦♥

t❤❡ ❣❛❧❛①② ❝♦❧♦✉rs✳ ❚❤❡ tr❡♥❞ ♦❢ ❛ ❞❡❝r❡❛s✐♥❣ ❡❛r❧②✲t②♣❡ ❢r❛❝✲

t✐♦♥ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ r❡❞s❤✐❢t ✐s ❝❧❡❛r❧② s❡❡♥ ✇❤✐❝❤❡✈❡r ♠❡t❤♦❞ ✐s

✉s❡❞✳ ✝ ❝♦♠♣❛r✐s♦♥ ♦❢ ❜♦t❤ s♣❡❝tr❛❧ ❛♥❞ ♠♦r♣❤♦❧♦❣✐❝❛❧ ♠❡t❤✲

♦❞s ❢♦r t❤❡ s❛♠❡ ❣❛❧❛①② s❛♠♣❧❡ ✇♦✉❧❞ ❤❡❧♣ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡

❞✐ff❡r❡♥t ❜✐❛s❡s ♦❢ ❡❛❝❤ ♠❡t❤♦❞✳ ✝♣❛rt ❢r♦♠ ♣♦ss✐❜❧❡ ❜✐❛s❡s� t❤❡

♠♦r♣❤♦❧♦❣✐❝❛❧ ❛♥❞ s♣❡❝tr❛❧ ❡✈♦❧✉t✐♦♥s ♠✐❣❤t ❛❧s♦ ❜❡ ❞✐ff❡r❡♥t✳

✟✠➻✠ ➼ ✔✓✕✑✘✖✏☞ ✒☞✖ ✎✢✕ ✕☛☞✌✍✎✏☞✑ ☞✒ ✓✌✍✔✎✕✖✔

P❡♥❣ ❡t ❛❧✳ ✁✂✄☎✄✆ ❡♠♣✐r✐❝❛❧❧② s❤♦✇❡❞ t❤❛t t❤❡ r❡❞ s❡q✉❡♥❝❡ ✐s

❢❡❞ ❜② t✇♦ ❞✐ff❡r❡♥t t②♣❡s ♦❢ q✉❡♥❝❤✐♥❣ t❤❛t ❤❛♣♣❡♥ ❛t ❞✐ff❡r✲

❡♥t r❡❞s❤✐❢ts✳ ✝t ❤✐❣❤ r❡❞s❤✐❢t ✁③ > ✂✆� ❡♥✈✐r♦♥♠❡♥t❛❧ ❡ff❡❝ts

❞♦♠✐♥❛t❡ ❛♥❞ t❤❡ r❡❞ s❡q✉❡♥❝❡ ❣r♦✇s t❤r♦✉❣❤ t❤❡ q✉❡♥❝❤✐♥❣ ♦❢

❜❧✉❡ st❛r ❢♦r♠✐♥❣ ❣❛❧❛①✐❡s t❤❛t ❢❛❧❧ ✐♥t♦ t❤❡ ❞❛r❦ ♠❛tt❡r ❤❛❧♦ ♦❢

t❤❡ ❢♦r♠✐♥❣ ❣r♦✉♣ ✁➽❡♥✈✐r♦♥♠❡♥t q✉❡♥❝❤✐♥❣➾✆✳ ✝t ❧♦✇❡r r❡❞s❤✐❢t

✁✄ < ③ < ☎✆� ❣❛❧❛①✐❡s ❛r❡ q✉❡♥❝❤❡❞ ♣r♦♣♦rt✐♦♥❛❧❧② t♦ t❤❡✐r st❛r

❢♦r♠✐♥❣ r❛t❡ ❛♥❞ ♣r♦❣r❡ss✐✈❡❧② ❡♥r✐❝❤ t❤❡ r❡❞ s❡q✉❡♥❝❡ ✁➽♠❛ss

q✉❡♥❝❤✐♥❣➾✆✳

❈♦s♠♦❧♦❣✐❝❛❧ ♠♦❞❡❧s ♦❢ ❝❧✉st❡r ♠❛ss ❛ss❡♠❜❧② ♣r❡❞✐❝t t❤❡

♠♦st ✐♥t❡♥s❡ ♠❛ss ❣r♦✇t❤ ♦❢ ❝❧✉st❡rs ❛t r❡❞s❤✐❢ts ❡❛r❧✐❡r t❤❛♥

③ ∼ ✄.✽ t♦ ☎ ✁❡✳❣✳ ✝❞❛♠✐ ❡t ❛❧✳ ✁✂✄☎✸✆ ❢r♦♠ t❤❡ ▼✐❧❧❡♥♥✐✉♠ s✐♠✲

✉❧❛t✐♦♥✆✳ ■♥ t❤✐s r❡❞s❤✐❢t ✐♥t❡r✈❛❧� ❝❧✉st❡rs ❣r♦✇ t❤r♦✉❣❤ ❛❝❝r❡✲

t✐♦♥ ♦❢ ♠❛➚♦r ❣r♦✉♣s� ❛♥❞ t❤✐s ❛❧r❡❛❞② ♣r♦✈✐❞❡s ❛ ♣r❡✲♣r♦❝❡ss❡❞

❣❛❧❛①② ♣♦♣✉❧❛t✐♦♥ ❢♦r♠❡❞ ❜② t❤❡ ❝✐t❡❞ ➽❡♥✈✐r♦♥♠❡♥t q✉❡♥❝❤✲

✐♥❣➾✳ ❚❤✐s ❡①♣❧❛✐♥s t❤❡ ❢❛❝t t❤❛t ❝❧✉st❡rs ❛t ③ > ☎ ❛❧r❡❛❞② ❡①❤✐❜✐t

❛ r❡❞ s❡q✉❡♥❝❡ ✁●♦❜❛t ❡t ❛❧✳ ✂✄☎☎❀ ❋❛ss❜❡♥❞❡r ❡t ❛❧✳ ✂✄☎☎✆✳

✝t ❧♦✇❡r r❡❞s❤✐❢ts ✁③ < ✄.✽✆� ❣r♦✉♣ ❛❝❝r❡t✐♦♥ ♦♥❧② ❝♦♥❝❡r♥s

♠♦r❡ ♠♦❞❡st ❣r♦✉♣s ✐♥ t❡r♠s ♦❢ r❡❧❛t✐✈❡ ♠❛ss ❛♥❞ ●✉❡♥♥♦✉ ❡t ❛❧✳

✁✂✄☎✹✆ ❤❛✈❡ s❤♦✇♥ ✐♥ ♦✉r s✉r✈❡② t❤❛t t❤✐s ❛❝❝r❡t✐♦♥ ♦♥❧② ✐♥✈♦❧✈❡s

❧❡ss t❤❛♥ ☎✄✪ t♦ ☎★✪ ♦❢ t❤❡ ❝❧✉st❡r ♠❛ss✳ ■♥ t❤❡ ✄ < ③ < ✄.✽ r❡❞✲
s❤✐❢t ✐♥t❡r✈❛❧� t❤❡ ❣❛❧❛①✐❡s ❛❝❝r❡t❡❞ ❜② ❝❧✉st❡rs ❛r❡ t❤❡r❡❢♦r❡ ♥♦t

♦♥❧② ❝♦♠✐♥❣ ❢r♦♠ r❡❞ ♣♦♣✉❧❛t✐♦♥s ♣r❡♣r♦❝❡ss❡❞ ✐♥ ❣r♦✉♣s ❜✉t

❛❧s♦ ❢r♦♠ r❡❣✉❧❛r ❜❧✉❡ ✣❡❧❞ ❣❛❧❛①② ♣♦♣✉❧❛t✐♦♥s✳ ■♥ t❤❡ ♠❡❛♥t✐♠❡�

❆✶✶✻✱ ➥➡➠➞ ✶✻ ➔➛ ✷➪
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☎ ✡✠✡✲✡✂✄�✝✄✝❜�✂ ✝✡✌☎�� ✠✌ ✌☎✝✡☛ ✄☎�☎✆✝✂✞ ✌☞✠✎ ☛✍✂ ✣✂�❞ ✭✓✠✝✡☛ ✺✮

✏✠✁�❞ ✂✆✓�☎✝✡ ✍✠✇ ☛✍✂ ❜�✁✂ ●▲❋ ✌☎✝✡☛ ✂✡❞ ☞✂✎☎✝✡✞ ☛✍✂ ✞☎✎✂ ✌☞✠✎

③ ∼ ✵.✾ ☛✠ ✵ ✭✓✠✝✡☛ ✷✮✑ ❖✁☞ ❞✝✞✏✠✟✂☞✒ ☛✍☎☛ ✟✂☞✒ ✎☎✞✞✝✟✂ ✏�✁✞✲

☛✂☞✞ ✍☎✟✂ ☛✍✂ ✞☎✎✂ ☞✂❞ ●▲❋ ✌☎✝✡☛ ✂✡❞ ☎✞ ✏�✁✞☛✂☞✞ ✝✡ ☛✍✂ ✡✂☎☞❜✒

❯✡✝✟✂☞✞✂ ✭✓✠✝✡☛ ✻✮ ✝✡❞✝✏☎☛✂✞ ☛✍☎☛ ✏�✁✞☛✂☞ ✂✟✠�✁☛✝✠✡ ✏☎✡ ❜✂ ✌☎✞☛✂☞

✝✡ ❞✂✡✞✂☞ ✂✡✟✝☞✠✡✎✂✡☛✞ ✠☞ ☛✍☎☛ ✞✠✎✂ ✏�✁✞☛✂☞✞ ✌✠☞✎✂❞ ✂☎☞�✝✂☞ ☛✍☎✡

✠☛✍✂☞✞✑

✕✖ ❈✗✘✙✚✛✜✢✗✘

❲✂ ✍☎✟✂ ✏✠✎✓✁☛✂❞ ●▲❋✞ ✝✡ ☛✍✂ ✥,❱,✦✱ ☎✡❞ ■ ☞✂✞☛✲✌☞☎✎✂ ❜☎✡❞✞
✌✠☞ ✸✶ ✏�✁✞☛✂☞✞ ✠✌ ☛✍✂ ❉❆❋❚/❋❆❉❆ ✞✁☞✟✂✒ ✁✞✝✡✄ ✓✍✠☛✠✲③✞✱ ☛✍✂

�☎☞✄✂✞☛ ✎✂❞✝✁✎✲☛✠✲✍✝✄✍ ☞✂❞✞✍✝✌☛ ✭✵.✹ ≤ ③ < ✵.✾✮ ✏�✁✞☛✂☞ ✞☎✎✓�✂
☛✠ ❞☎☛✂✑

❚✠ ✠✟✂☞✏✠✎✂ ☛✍✂ ✓☞✠❜�✂✎ ✠✌ �✠✇✂☞ ✓✍✠☛✠✎✂☛☞✝✏ ☞✂❞✞✍✝✌☛ ✓☞✂✲

✏✝✞✝✠✡ ✝✡ ✏�✁✞☛✂☞✞ ✎☎✝✡�✒ ❞✁✂ ☛✠ ☎ �☎✏❦ ✠✌ ☞✂❞ ✂✡✠✁✄✍ ✞✓✂✏☛☞☎�

☛✂✎✓�☎☛✂✞✱ ✇✂ ✍☎✟✂ ☎☞☛✝✣✏✝☎��✒ ☎��✠✇✂❞ ☛✍✂ ✝✡✏�✁✞✝✠✡ ✠✌ ✂✆☛✝✡✏✲

☛✝✠✡ ✝✡ ✂☎☞�✒✲☛✒✓✂ ✄☎�☎✆✝✂✞✑ ❚✍✝✞ ✓☞✠✏✂✞✞ ❞✠✂✞ ✡✠☛ ☎ff✂✏☛ ❞☞☎✞☛✝✲

✏☎��✒ ✓✍✠☛✠✎✂☛☞✝✏ ☞✂❞✞✍✝✌☛✞ ✠✁☛✞✝❞✂ ✏�✁✞☛✂☞✞ ❜✁☛ ✝✡✏☞✂☎✞✂✞ ☛✍✂✝☞

q✁☎�✝☛✒ ❜✒ ∼✺✵✪ ✝✡✞✝❞✂ ✏�✁✞☛✂☞✞✱ ☎��✠✇✝✡✄ ✁✞ ☛✠ ☞✂☎✏✍ ☛✍✂ ✞☎✎✂

✓☞✂✏✝✞✝✠✡ ✝✡✞✝❞✂ ☎✡❞ ✠✁☛✞✝❞✂ ☛✍✂ ✏�✁✞☛✂☞✑

❆✡✠☛✍✂☞ ☞✂✞✁�☛ ✠✌ ☛✍✝✞ ✓☎✓✂☞ ✝✞ ☛✍☎☛ ●▲❋✞ ☎☞✂ ✞☛☞✠✡✄�✒ ✏✠☞✲

☞✂�☎☛✂❞ ☛✠ ☛✍✂ ✏✠✎✓�✂☛✂✡✂✞✞ ✠✌ ☛✍✂ ❞☎☛☎✑ ❚✍✝✞ ✞✍✠✁�❞ ❜✂ ❦✂✓☛ ✝✡

✎✝✡❞ ✇✍✂✡ ✏✠✎✓☎☞✝✡✄ ●▲❋✞ ✌☞✠✎ ❞✝ff✂☞✂✡☛ ✞☛✁❞✝✂✞✑

❲✂ ✍☎✟✂ ✞✍✠✇✡ ☛✍☎☛ ●▲❋✞ ✍☎✟✂ ✞✝✎✝�☎☞ ✓☞✠✓✂☞☛✝✂✞ ✌✠☞ ☛✍✂

✥,❱,✦✱ ☎✡❞ ■ ☞✂✞☛✲✌☞☎✎✂ ❜☎✡❞✞ ✇✝☛✍ ✞✎☎�� ❞✝ff✂☞✂✡✏✂✞ ✌✠☞ ☛✍✂

✥ ❜☎✡❞ ❜�✁✂ ●▲❋✞✑ ❲✂ ✌✠✁✡❞ ☎ ✞✍☎☞✓ ❞✂✏�✝✡✂ ✝✡ ☛✍✂ ☞✂❞ ✌☎✝✡☛

✂✡❞ ☛✍☎☛ ✝✡✏☞✂☎✞✂✞ ✇✝☛✍ ☞✂❞✞✍✝✌☛✔ α✧★✩ ∼ −✵.✺ ☎☛ ✵.✹✵ ≤ ③ < ✵.✻✺
☎✡❞ α✧★✩ > ✵.✶ ☎☛ ✵.✻✺ ≤ ③ < ✵.✾✵✑ ❍✝✄✍ ✎☎✞✞ ✏�✁✞☛✂☞✞ ☎✓✓✂☎☞
☛✠ ✍☎✟✂ ☎ ✤☎☛ ✌☎✝✡☛ ✂✡❞ ✇✍✝✏✍ ✎☎✒ ✝✡❞✝✏☎☛✂ ☛✍☎☛ ✄☎�☎✆✒ ✂✟✠�✁✲

☛✝✠✡ ✝✞ ✎✠☞✂ ☞☎✓✝❞ ✝✡ ❞✂✡✞✂☞ ✂✡✟✝☞✠✡✎✂✡☛✞ ✠☞ ❞✝ff✂☞✂✡☛ ✌✠☞✎☎☛✝✠✡

✂✓✠✏✍✞ ✌✠☞ ✏�✁✞☛✂☞✞ ✠✌ ❞✝ff✂☞✂✡☛ ✎☎✞✞✂✞✑ ❇�✁✂ ●▲❋✞ ☎☞✂ ✞☛✂✂✓✂☞

✇✝☛✍ α✫✬✯★ ∼ −✶.✻ ☎✡❞ ❞✠ ✡✠☛ ✞✂✂✎ ☛✠ ✂✟✠�✟✂ ✇✝☛✍ ☞✂❞✞✍✝✌☛✑

❖✁☞ ✞☛✁❞✒ ✠✌ ✄☎�☎✆✒ ☛✒✓✂✞ ✇✝☛✍ ☞✂❞✞✍✝✌☛ ✞✍✠✇✞ ☎✡ ✂✟✠�✁☛✝✠✡

✠✌ �☎☛✂✲☛✒✓✂ ✄☎�☎✆✝✂✞ ☛✠ ✂☎☞�✒ ☛✒✓✂✞ ✌☞✠✎ ✍✝✄✍ ③ ✁✡☛✝� ☛✠❞☎✒ ☛✍☎☛

✏✠✁�❞ ☎✏✏✠✁✡☛ ✌✠☞ ☛✍✂ ❞☞✠✓ ✌✠✁✡❞ ☎☛ ☛✍✂ ☞✂❞ ✌☎✝✡☛ ✂✡❞✑

❲✂ ☎�✞✠ ✌✠✁✡❞ ☎✡ ✂✆✏✂✞✞ ✠✌ ☞✂❞ ✄☎�☎✆✝✂✞ ✝✡ ✏�✁✞☛✂☞✞ ✏✠✎✓☎☞✂❞

☛✠ ☛✍✂ ✣✂�❞✱ ✇✍✝�✂ ❜�✁✂ ✄☎�☎✆✝✂✞ ✍☎✟✂✎✠☞✂ ✠☞ �✂✞✞ ✝❞✂✡☛✝✏☎� ●▲❋✞✑

❖✁☞ ☞✂✞✁�☛✞ ✝✎✓�✒ ☛✍☎☛ ✏�✁✞☛✂☞✞ ✍☎✟✂ ✌✠☞✎✂❞ ☎☛ ✍✝✄✍ ☞✂❞✞✍✝✌☛

✭③ > ✵.✾✮ ☎✡❞ ☛✍☎☛ ❜�✁✂ ✏�✁✞☛✂☞ ✄☎�☎✆✝✂✞ ☎☞✂ ✂ffi✏✝✂✡☛�✒ q✁✂✡✏✍✂❞
✝✡☛✠ ☞✂❞ ✠✡✂✞ ❜✂☛✇✂✂✡ ③ ∼ ✵.✾ ☎✡❞ ☛✠❞☎✒✑ ❉✁☞✝✡✄ ☛✍✝✞ ☛✝✎✂ ✝✡✲

☛✂☞✟☎�✱ ✄☎�☎✆✒ ✏�✁✞☛✂☞✞ ✏✠✡☛✝✡✁✂ ☛✠ ☎✏✏☞✂☛✂ ✌☎✝✡☛ ✄☎�☎✆✝✂✞ ✌☞✠✎ ☛✍✂

✣✂�❞ ✂✡✟✝☞✠✡✎✂✡☛✑

❋✝✡☎��✒✱ ✇✂ ✡✠☛✂ ☎✡ ✝✡✟✂☞✞✝✠✡ ✠✌ ☛✍✂ ☞✂❞ ☛✠ ❜�✁✂ ✓✠✓✁�☎☛✝✠✡

❞✠✎✝✡☎✡✏✂ ☎☛ ✎☎✄✡✝☛✁❞✂✞ ❱ = −✷✵✱ ✦ = −✷✵.✺✱ ☎✡❞ ■ = −✷✵.✸ ☎☛
☞✂❞✞✍✝✌☛ ✵.✹✵ ≤ ③ < ✵.✾✵✑ ❲✂ ✓�☎✡ ☛✠ ✏✠✎✓✁☛✂ ✞☛✂��☎☞ ✎☎✞✞ ✌✁✡✏✲
☛✝✠✡✞ ✭❙✰❋✞✮ ✝✡ ☎ ✌✁☛✁☞✂ ✓☎✓✂☞✱ ☛✠ ✞✂✂ ✇✍✂☛✍✂☞ ☛✍✂ ❜�✁✂ ☎✡❞ ☞✂❞

✓✠✓✁�☎☛✝✠✡✞ ✍☎✟✂ ✏✠✎✓☎☞☎❜�✂ ❜✂✍☎✟✝✠✁☞✞ ✝✡ ✎☎✞✞ ☎✡❞ �✁✎✝✡✠✞✲

✝☛✒✑ ❚✍✝✞ ✇✠✁�❞ ☎��✠✇ ✁✞ ☛✠ ✏✠✎✓☎☞✂ ✠✁☞ ☞✂✞✁�☛✞ ✇✝☛✍ ✞✝✎✁�☎☛✝✠✡✞

✠✌ ✄☎�☎✆✒ ✏�✁✞☛✂☞ ✌✠☞✎☎☛✝✠✡✑

✴✼✽❀❁❂❃❄❅❏❄❑❄❀◗❳❨ ❩❬ ❭❪❫❴❵ ❥④❬⑤ ⑥⑦⑧❴⑨⑩❵ ❶❷④ ⑦❸❬❶⑦❹ ⑧⑨❸⑩⑦❸❸⑨❷❴❸❺ ❩❬ ❫❹❸❷
❭❪❫❴❵ ❻④⑨⑩ ❼⑦❹❹❷❽ ❾❫④⑩❬❫⑦ ❿⑨➀❷⑦❸⑨❴❽ ➁❬❴❴⑨❸ ➂❫④⑨❭❸❵➃ ❶❷④ ⑩❷➀➀❬❴❭❸ ❷❴ ❬❫④➄
❹⑨❬④ ➅❬④❸⑨❷❴❸ ❷❶ ❭❪⑨❸ ➆❫➆❬④❺ ❩❬ ❫④❬ ⑤④❫❭❬❶⑦❹ ❭❷ ❭❪❬ ④❬❶❬④❬❬ ❶❷④ ⑨❴❭❬④❬❸❭⑨❴⑤ ⑩❷➀➄
➀❬❴❭❸❺ ➉❺➁❺ ❫⑩❵❴❷➊❹❬⑧⑤❬❸ ❹❷❴⑤➄❭❬④➀ ➋❴❫❴⑩⑨❫❹ ❸⑦➆➆❷④❭ ❶④❷➀ ➌➍❻➎❺ ➏❺❾❺ ❫⑩➄
❵❴❷➊❹❬⑧⑤❬❸ ➋❴❫❴⑩⑨❫❹ ❸⑦➆➆❷④❭ ❶④❷➀ ❭❪❬ ➎➆❫❴⑨❸❪ ⑤④❫❴❭ ➐➑➐➒➓➔➓➄➔→➔➣↔ ❫❴⑧ ❶④❷➀
❭❪❬ ❼⑦❴❭❫ ⑧❬ ➐❴⑧❫❹⑦⑩⑨❫ ❭❪④❷⑦⑤❪ ↕➏➌➄➔➔➙ ❫❴⑧ ❭❪❬ ❻➛⑩❬❹❹❬❴⑩❬ ➜④❷➝❬⑩❭ ➜➓➞➄↕➏➌➄
➓➟→➟➔❺ ➠❫❸❬⑧ ❷❴ ❷➡❸❬④➅❫❭⑨❷❴❸ ➀❫⑧❬ ➊⑨❭❪ ❭❪❬ ➉➢⑥➎➒ ➀⑦❹❭⑨➄❷➡➝❬⑩❭ ❸➆❬⑩❭④❷➄
⑤④❫➆❪ ➀❷⑦❴❭❬⑧ ❷❴ ❭❪❬ ➐❴❭⑦ ➤❿↕ ❭❬❹❬❸⑩❷➆❬ ❫❭ ❻➎➢➄➜❫④❫❴❫❹ ➢➡❸❬④➅❫❭❷④➃ ➥➆④❷➄
⑤④❫➀➀❬ ➓➞→❺➐➄➓➓➔➣❽ ➓➞↔➐➄➓➣➣➣❽ ➔↔➔❺➐➄➓➒➣➞➦ ➜➏➧ ➌❺ ➐⑧❫➀⑨➨❺ ➐❹❸❷ ➡❫❸❬⑧ ❷❴
❷➡❸❬④➅❫❭⑨❷❴❸ ➀❫⑧❬ ➊⑨❭❪ ❭❪❬ ➏❭❫❹⑨❫❴ ↕❬❹❬❸⑩❷➆⑨❷ ➍❫➩⑨❷❴❫❹❬ ➫➭❃➯❃❄❁ ➥↕➍❥➨ ❷➆❬④➄
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✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

■

▲✦✪✦☛�☞✸✥✌ ✍✎�✏✂✄

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❇

✴✪❍✌ ✍✎�✏☎☞
✑✒ ✩✔✢✣✗✘✙✓✔✜✕
✑✒✙✚✔✩✚✗✘✙✚✔✛✕

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❱

✴✪❍✌ ✍✎�✏☎☞
✑✒✙✩✔✩★✗✘✙✓✔✩✩

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❘

✴✪❍✌ ✍✎�✏☎☞
✑✒✙✚✔✓✓✗✘✙✓✔✩✩

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

■

✴✪❍✌ ✍✎�✏☎☞

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❇

▼✧▼✌ ✍✎�✏✂�

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❱

▼✧▼✌ ✍✎�✏✂�

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

❘

▼✧▼✌ ✍✎�✏✂�

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
❛❧
❛✆
✝
✞✟
✠
❜❡
✡

■

▼✧▼✌ ✍✎�✏✂�

✑✒✙✓✔✚✣✗✘✙✚✔✖★

❋✐❣✹ ✽✹✾✹ ❝♦♥t✿♥✉❀❞❁

❆✶✶✻✱ ♣❂❃❀ ✷✵ ♦❢ ✷❄



◆✳ ▼❛rt✐♥❡t ❡t ❛❧✳✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐❝❛❧ ❝❧✉st❡r ❣❛❧❛①② ❧✉♠✐♥♦s✐t② ❢✉♥❝t✐♦♥

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❇

▲✍✎✍✏�☎✁✑✒ ✓✔�✕✄✖
✗✘ ✙✚✛✜✢✣✤✙✚✛✜

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❱

▲✍✎✍✏�☎✁✑✒ ✓✔�✕✄✖
✗✘✤✙✚✜✦✢✣✤✙✚✧✧

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❘

▲✍✎✍✏�☎✁✑✒ ✓✔�✕✄✖
✗✘✤✙✚★✩✢✣✤✙✚✜✪

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

■

▲✍✎✍✏�☎✁✑✒ ✓✔�✕✄✖
✗✘✤✙✚✦✙✢✣✤✙✚✜✛

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❇

✫✬✍✏✥✄✁✭✒ ✓✔�✕✖✖
✗✘ ✜✚✛✙✢✣✤✮✚✧✦

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❱

✫✬✍✏✥✄✁✭✒ ✓✔�✕✖✖
✗✘ ✯✚✧✩✢✣✤✙✚✮★

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❘

✫✬✍✏✥✄✁✭✒ ✓✔�✕✖✖
✗✘ ✯✚✧✦✢✣✤✙✚★★

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

■

✫✬✍✏✥✄✁✭✒ ✓✔�✕✖✖
✗✘ ✙✚★✮✢✣✤✙✚✮✙

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❇

✰✱✴✥✂�✭✒ ✓✔�✕✖✄
✗✘ ✙✚✩✧✢✣✤✙✚✮✙

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❱

✰✱✴✥✂�✭✒ ✓✔�✕✖✄
✗✘ ✙✚✙✛✢✣✤✙✚✧✦

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❘

✰✱✴✥✂�✭✒ ✓✔�✕✖✄
✗✘✤✙✚✪✪✢✣✤✙✚✧✙

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

■

✰✱✴✥✂�✭✒ ✓✔�✕✖✄
✗✘✤✙✚✦✙✢✣✤✯✚✙✦

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❇

✫✬✍✏✵✥✂✁✥✕✄✒ ✓✔�✕✄✶
✗✘ ✯✚✯✙✢✣✤✙✚✪★

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❱

✫✬✍✏✵✥✂✁✥✕✄✒ ✓✔�✕✄✶
✗✘ ✙✚✜✜✢✣✤✙✚✪✦

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❘

✫✬✍✏✵✥✂✁✥✕✄✒ ✓✔�✕✄✶
✗✘ ✙✚✜✧✢✣✤✙✚★✪

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

■

✫✬✍✏✵✥✂✁✥✕✄✒ ✓✔�✕✄✶
✗✘ ✯✚✙✩✢✣✤✙✚✛★

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❇

✫✬✍✏✵✥✂✁✥✕✂✒ ✓✔�✕✄✂
✗✘ ✯✚✯✛✢✣✤✙✚✪✯

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❱

✫✬✍✏✵✥✂✁✥✕✂✒ ✓✔�✕✄✂
✗✘ ✯✚✜✜✢✣✤✙✚★✛

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❘

✫✬✍✏✵✥✂✁✥✕✂✒ ✓✔�✕✄✂
✗✘ ✯✚✦✪✢✣✤✙✚✩✧
✗✘✤✙✚✩✪✢✣✤✯✚✛✛

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

■

✫✬✍✏✵✥✂✁✥✕✂✒ ✓✔�✕✄✂
✗✘ ✯✚✯✪✢✣✤✙✚★★
✗✘ ✧✚✯✧✢✣✤✯✚✪✦

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❇

✫✬✍✏✵✁✥✁✑✒ ✓✔�✕✖✑
✗✘ ✦✚✜✛✢✣✤✦✚✮✮
✗✘✤✦✚✯✧✢✣✤✦✚✙✪

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❱

✫✬✍✏✵✁✥✁✑✒ ✓✔�✕✖✑
✗✘✤✙✚✙✩✢✣✤✯✚✦✜

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

❘

✫✬✍✏✵✁✥✁✑✒ ✓✔�✕✖✑
✗✘ ✙✚✩✪✢✣✤✙✚✪★
✗✘✤✙✚✙✩✢✣✤✯✚✜✧

✥

✥�

✥��

✥���

✥����

✲✁✂ ✲✁✄ ✲✁✁ ✲✁� ✲✥☎ ✲✥✂

●
✆✝
✆✞
✟
✠✡
☛
❜☞
✌

■

✫✬✍✏✵✁✥✁✑✒ ✓✔�✕✖✑
✗✘ ✙✚✜✦✢✣✤✦✚✧✙

❋✷✸✹ ❆✹✺✹ ❝♦♥t✐♥✉❡❞✳
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❆
✫
❆

✺
✼
✺
✱
❆
✶
✶
✻
✭
✷
✵
✶
✺
✮

❚❛❜❧❡ �✳✁✳ P✂r✂♠✄t✄rs ♦❢ t❤✄ ☎✄st ❙❝❤✄❝❤t✄r ❢✉♥❝t✐♦♥ ✣t ❢♦r ✄✈✄r② ❝✆✉st✄r ♥♦r♠✂✆✐③✄❞ t♦ ✝ ❞✄❣
✞
✟

❘✄❞✲s✄q✉✄♥❝✄ ●▲❋s ❇✆✉✄ ●▲❋s

✠ ❝♦♠♣ α ▼✯ φ✯ ✡❞✄❣−✞☛ α ▼✯ φ✯ ✡❞✄❣−✞☛

❈▲☞☞✝✌ ☞✟✍✍

✎ ➊✝✽✟✸ −☞.✾✏ ± ☞.✌✑ −✑☞.✹ ± ☞.✽ ✌☞✍✑ ± ✍✹✏✏ ➊ ➊ ➊

❱ ➊✝✽✟✍ −☞.✹✾ ± ☞.✸✹ −✑☞.✾ ± ☞.✹ ✽✝✍✹ ± ✑✽✾✸ ➊ ➊ ➊

✒ ➊✝✽✟✍ −☞.✍✹ ± ☞.✑✏ −✑✝.✸ ± ☞.✹ ✽✽✾☞ ± ✸☞✝✑ ➊ ➊ ➊

■ ➊✝✾✟✾ −☞.✍✑ ± ☞.✍✏ −✑✝.✽ ± ☞.✍ ✾✽☞✝ ± ✹✸✌✾ ➊ ➊ ➊

P❉❈❙✝✽ ☞✟✹☞

✎ ➊✝✏✟✍ ➊ ➊ ➊ ➊ ➊ ➊

❱ ➊✝✏✟✹ −☞.✾✹ ± ☞.✍✏ −✑✸.✝ ± ✸.✸ ✽✹✽ ± ✝✹☞✝ −☞.✍✝ ± ☞.✸✍ −✑✑.✽ ± ✑.✏ ✑✏☞✽ ± ✾✏✌

✒ ➊✝✽✟✹ ✝.✹✹ ± ✝.✍✽ −✑☞.✸ ± ☞.✌ ✝✑✌✹ ± ✝✹✏✽ −☞.✑✹ ± ✝.✸✑ −✝✾.✽ ± ✝.✑ ✑✹✽✏ ± ✝✍✝✽

■ ➊✝✽✟✸ ✑.✹✾ ± ✝.✾✑ −✑☞.✑ ± ☞.✌ ✹✏✹ ± ✝☞✑☞ −☞.✹✌ ± ☞.✽✸ −✑☞.✾ ± ✝.☞ ✑✹✍✝ ± ✑✸☞✹

❳❉❈❙ ☞✟✹✝

✎ ➊✝✽✟✌ ✝.✏☞ ± ✑.✸✽ −✝✾.✍ ± ✝.✝ ✝☞✏✹ ± ✑✑✝✽ ➊ ➊ ➊

❱ ➊✝✽✟✍ −☞.✽✽ ± ☞.✍✾ −✑✸.✝ ± ✑.☞ ✝✝✽✹ ± ✝✌✝✝ −☞.✽✏ ± ✝.✝✸ −✑✑.☞ ± ✑.✌ ✝✹✝✑ ± ✸✸✸✏

✒ ➊✝✾✟✍ ☞.☞✍ ± ✑.✍✽ −✑✝.✍ ± ✑.✍ ✑✝✌✍ ± ✝✝☞✌ ➊ ➊ ➊

■ ➊✝✽✟✾ ☞.✌✹ ± ✝.✑✌ −✑✝.✝ ± ☞.✽ ✝✹✝✌ ± ✌✹✸ ➊ ➊ ➊

✓✔❈❙☞✹✍✹ ☞✟✍✹

✎ ➊✝✏✟✽ ➊ ➊ ➊ ➊ ➊ ➊

❱ ➊✝✾✟✹ −☞.✍✑ ± ☞.✏✏ −✑✝.✾ ± ✝.✸ ✑✝✝✹ ± ✝✽✹✝ ✝.✽☞ ± ✸.✍✸ −✝✾.☞ ± ✝.☞ ✝✸✌✹ ± ✹✏✸✹

✒ ➊✝✾✟✹ ✝.✏✸ ± ✑.✑✏ −✑☞.✌ ± ☞.✽ ✝✹☞✑ ± ✑✌✍✍ −✝.✹☞ ± ✑.✝✑ −✑✑.☞ ± ✏.☞ ✾✑✍ ± ✌✹✌✑

■ ➊✑☞✟✸ −☞.☞✽ ± ✝.✍✌ −✑✝.✾ ± ✝.✹ ✸✌✽✏ ± ✝✾✽✽ −☞.✝✍ ± ✝.✾✸ −✑✝.✝ ± ✝.✸ ✸✏☞☞ ± ✝✌☞✹

❘❳❏☞✽✹✽ ☞✟✍✹

✎ ➊✝✾✟✸ −✑.✝✽ ± ☞.✾☞ −✑✑.✾ ± ✌.✍ ✝✏✸ ± ✝✌☞✏ ➊ ➊ ➊

❱ ➊✝✾✟☞ ➊ ➊ ➊ ➊ ➊ ➊

✒ ➊✑☞✟✾ ➊ ➊ ➊ ➊ ➊ ➊

■ ➊✑✝✟✹ ➊ ➊ ➊ ➊ ➊ ➊

✔✽✍✝ ☞✟✹✝

✎ ➊✝✾✟✝ ➊ ➊ ➊ ➊ ➊ ➊

❱ ➊✝✾✟✍ ➊ ➊ ➊ ➊ ➊ ➊

✒ ➊✝✽✟✾ ➊ ➊ ➊ ➊ ➊ ➊

■ ➊✝✽✟✾ −☞.✾✽ ± ☞.✏☞ −✑✸.✹ ± ✌.✑ ✌✾✝ ± ✝✌✑✍ ✝.✽✽ ± ✝.✍✽ −✝✾.✑ ± ☞.✍ ✑☞✹✏ ± ✸☞✸✹

▲❈❉❈❙☞✝✸☞ ☞✟✏☞

✎ ➊✝✽✟✍ ➊ ➊ ➊ ➊ ➊ ➊

❱ ➊✝✽✟☞ ➊ ➊ ➊ ➊ ➊ ➊

✒ ➊✝✾✟✍ ➊ ➊ ➊ ➊ ➊ ➊

■ ➊✝✾✟✍ ➊ ➊ ➊ ➊ ➊ ➊

✓❙✝☞✍✹ ☞✟✽✑

✎ ➊✝✾✟✸ ✝.✾✏ ± ☞.✍✸ −✑☞.☞ ± ☞.✑ ✝✑ ✑✝✾ ± ✌✑✝☞ ➊ ➊ ➊

❱ ➊✑☞✟✹ −☞.✝✸ ± ☞.✏✹ −✑✑.✸ ± ☞.✾ ✽✏✸✌ ± ✸✸✝✏ ➊ ➊ ➊

✒ ➊✑☞✟✾ ✝.☞✏ ± ☞.✾✽ −✑✝.✏ ± ☞.✍ ✏✽✾☞ ± ✹✍☞✍ ➊ ➊ ➊

■ ➊✑✑✟✽ ➊ ➊ ➊ ➊ ➊ ➊

◆✕✖❡✗✳ ❋✐ts ✂r✄ ❞♦♥✄ t♦ t❤✄ ❝✆✉st✄r ✾☞✪ ❝♦♠♣✆✄t✄♥✄ss ✆✐♠✐t ✐♥ t❤✄ s✄✆✄❝t✄❞ ☎✂♥❞✟ ✔ ➇−➈ ♠✄✂♥s t❤✄ ✣t ❤✂s ♥♦t ❝♦♥✈✄r❣✄❞ ❞✉✄ t♦ ✂ t♦♦ ☎r✐❣❤t ❝♦♠♣✆✄t✄♥✄ss ✆✐♠✐t ♦r ☎✄❝✂✉s✄ t❤✄ s✄✆✄❝t✄❞ ❝✆✉st✄r

♣♦♣✉✆✂t✐♦♥ ✐s ♣♦♦r✄r t❤✂♥ ✑☞✟ ❈✆✉st✄rs ✇✐t❤ t♦♦ ❢✄✇ ❣✂✆✂①② ❝♦✉♥ts ✐♥ ✄✈✄r② ☎✂♥❞ ✡s✄✄ ❙✄❝t✟ ✹✟✝ ❢♦r ❞✄t✂✐✆s☛ ✂r✄ ♥♦t ❞✐s♣✆✂②✄❞✟ ✔s ♥♦t✄❞ ✂☎♦✈✄✘ ❝✆✉st✄rs ❢♦r ✇❤✐❝❤ t❤✄ ✣t ✇✐t❤ ✂ ❙❝❤✄❝❤t✄r ❢✉♥❝t✐♦♥ ❞♦✄s

♥♦t ❝♦♥✈✄r❣✄ ✂r✄ ❦✄♣t ✐♥ t❤✄ t✂☎✆✄ ✇❤✄♥ t❤✄② ✂r✄ t✂❦✄♥ ✐♥t♦ ✂❝❝♦✉♥t ✐♥ t❤✄ st✂❝❦✄❞ ●▲❋s✟ ✙❤✄r✄ ❝✂♥ ☎✄ ✆✂r❣✄ ❞✐ff✄r✄♥❝✄s ☎✄t✇✄✄♥ ♦✉r ♣✂r✂♠✄t✄rs ✂♥❞ t❤✄ ✆✐t✄r✂t✉r✄ ❢♦r s♦♠✄ ❝✆✉st✄rs✘ ✂s ✇✄ ❞♦ ♥♦t

✂❞✂♣t t❤✄ ❝♦♠♣✆✄t✄♥✄ss ✆✐♠✐t ♥♦r ✂♥② st✄♣ ♦❢ ♦✉r ♠✄t❤♦❞ t♦ ✐♥❞✐✈✐❞✉✂✆ ❝✆✉st✄rs✟ ✙❤✐s ❝❤♦✐❝✄ ✐s ♠✂❞✄ ♥♦t t♦ ☎✐✂s t❤✄ st✉❞② ♦❢ st✂❝❦✄❞ ●▲❋s✟

❆
✶
✶
✻
✱
✚
✛
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✷
✤
✥
✷
✦
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✳
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❊
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♥
♦
❢
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❡
♦
♣
t✐❝
❛
❧
❝
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❣
❛
❧❛
①
②
❧✉
♠
✐♥
♦
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♥
❝
t✐♦
♥

❚�❜✁✂ ❆✄✶✄ ☎✆✝✞✟✝✠✡❞☛

❘✡❞✲☞✡q✠✡✝☎✡ ●▲❋☞ ❇✌✠✡ ●▲❋☞

③ ☎✆✍✎ α ✏✯ φ✯ ✭❞✡✑−✷✮ α ✏✯ φ✯ ✭❞✡✑−✷✮

❘❳❈❏✒✓✵✻ ✵☛✹✹

✔ ➊✒✽☛✽ ➊✒☛✺✸ ± ✵☛✸✻ ➊✓✓☛✻ ± ✒☛✾ ✒✒✵✽ ± ✓✓✹✹ ➊ ➊ ➊

❱ ➊✒✽☛✽ ➊✵☛✻✽ ± ✵☛✓✵ ➊✓✓☛✵ ± ✵☛✺ ✹✼✒✾ ± ✒✻✾✓ ➊ ➊ ➊

✕ ➊✒✾☛✼ ➊✵☛✻✸ ± ✵☛✓✼ ➊✓✓☛✸ ± ✵☛✹ ✹✽✸✵ ± ✒✼✾✽ ➊ ➊ ➊

■ ➊✓✵☛✒ ➊✒☛✸✺ ± ✵☛✸✓ ➊✓✸☛✸ ± ✵☛✾ ✒✸✺✺ ± ✒✹✻✸ ➊ ➊ ➊

▲❈❉❈❙✵✺✵✹ ✵☛✼✾

✔ ➊✒✾☛✵ ➊ ➊ ➊ ➊✵☛✓✾ ± ✵☛✹✹ ➊✓✒☛✼ ± ✵☛✻ ✒✸ ✽✺✻ ± ✹✺✹✵

❱ ➊✒✾☛✼ ✵☛✓✻ ± ✵☛✽✾ ➊✓✓☛✒ ± ✵☛✽ ✓✾✹✺ ± ✾✓✽ ➊✵☛✻✻ ± ✵☛✹✵ ➊✓✒☛✾ ± ✵☛✻ ✻✼✻✽ ± ✸✸✾✓

✕ ➊✓✵☛✼ ✓☛✾✵ ± ✸☛✓✓ ➊✓✒☛✵ ± ✒☛✵ ✹✓✼ ± ✒✼✒✵ ➊✵☛✻✹ ± ✵☛✺✺ ➊✓✓☛✹ ± ✵☛✼ ✻✾✓✾ ± ✸✾✒✾

■ ➊✓✵☛✻ ✵☛✾✻ ± ✒☛✹✼ ➊✓✓☛✸ ± ✵☛✼ ✸✓✒✻ ± ✓✺✓✸ ➊✵☛✽✻ ± ✵☛✻✹ ➊✓✓☛✾ ± ✒☛✓ ✺✒✹✽ ± ✺✺✓✓

❇✖❲ ❍❘✗ ✓✓✻✺ ✵☛✽✾

✔ ➊✒✾☛✸ ➊ ➊ ➊ ➊✓☛✹✾ ± ✵☛✺✒ ➊✓✒☛✹ ± ✵☛✹ ✼✻✵ ± ✓✽✵

❱ ➊✓✵☛✹ ➊ ➊ ➊ ➊ ➊ ➊

✕ ➊✓✵☛✾ ➊ ➊ ➊ ➊ ➊ ➊

■ ➊✓✓☛✸ ➊ ➊ ➊ ➊ ➊ ➊

▲❈❉❈❙✵✺✸✒ ✵☛✻✹

✔ ➊✒✾☛✓ ✸☛✵✓ ± ✻☛✾✼ ➊✒✽☛✻ ± ✒☛✼ ✓✾✽ ± ✓✻✾✹ ➊ ➊ ➊

❱ ➊✒✽☛✻ ✵☛✾✼ ± ✒☛✒✓ ➊✒✾☛✼ ± ✵☛✾ ✹✸✒✻ ± ✓✸✺✻ ➊ ➊ ➊

✕ ➊✒✾☛✻ ➊✒☛✒✺ ± ✵☛✼✾ ➊✓✓☛✒ ± ✒☛✻ ✒✻✻✒ ± ✓✾✹✺ ➊ ➊ ➊

■ ➊✓✒☛✺ ➊ ➊ ➊ ➊ ➊ ➊

❍❉❋ ✵☛✽✺

✔ ➊✒✾☛✺ ✓☛✹✽ ± ✒☛✸✾ ➊✓✵☛✸ ± ✵☛✺ ✓✺✸ ± ✸✾✼ ➊✵☛✓✵ ± ✵☛✺✾ ➊✓✵☛✺ ± ✵☛✺ ✻✼✵✵ ± ✒✸✓✻

❱ ➊✓✒☛✒ ➊✓☛✓✻ ± ✒☛✓✓ ➊✓✸☛✸ ± ✸☛✸ ✒✵✒ ± ✼✵✺ ➊ ➊ ➊

✕ ➊✓✒☛✻ ➊✵☛✒✒ ± ✒☛✓✓ ➊✓✓☛✺ ± ✵☛✾ ✽✾✽ ± ✓✾✽ ➊ ➊ ➊

■ ➊✓✸☛✵ ➊ ➊ ➊ ➊ ➊ ➊

✖❏✖ ✵☛✻✵

✔ ➊✒✾☛✵ ➊ ➊ ➊ ➊ ➊ ➊

❱ ➊✒✾☛✸ ➊ ➊ ➊ ➊ ➊ ➊

✕ ➊✓✵☛✸ ➊ ➊ ➊ ➊ ➊ ➊

■ ➊✓✵☛✽ ➊ ➊ ➊ ➊✒☛✵✽ ± ✵☛✼✻ ➊✓✸☛✓ ± ✒☛✼ ✒✓✸✼ ± ✓✒✸✺

▲❈❉❈❙✵✽✓✾ ✵☛✹✺

✔ ➊✒✺☛✾ ✵☛✺✸ ± ✵☛✺✸ ➊✒✽☛✺ ± ✵☛✹ ✒✵ ✻✵✼ ± ✒✻✓✽ ➊ ➊ ➊

❱ ➊✒✼☛✸ ➊✵☛✸✓ ± ✵☛✹✹ ➊✒✾☛✾ ± ✵☛✺ ✾✒✸✹ ± ✓✽✓✓ ➊✒☛✓✽ ± ✵☛✻✾ ➊✓✺☛✒ ± ✺☛✸ ✒✻✾ ± ✒✸✾✺

✕ ➊✒✼☛✽ ➊✵☛✼✾ ± ✵☛✸✽ ➊✓✵☛✽ ± ✵☛✼ ✹✺✺✼ ± ✓✽✵✸ ➊ ➊ ➊

■ ➊✒✽☛✓ ➊✵☛✓✵ ± ✵☛✸✺ ➊✓✵☛✸ ± ✵☛✹ ✼✾✺✹ ± ✒✾✒✺ ➊ ➊ ➊

✖✘❈❙✒✹✓✸ ✵☛✺✺

✔ ➊✓✵☛✸ ✸☛✺✵ ± ✻☛✹✓ ➊✒✾☛✓ ± ✒☛✒ ✓✽✾ ± ✓✼✼✾ ➊ ➊ ➊

❱ ➊✒✾☛✵ ✒☛✹✾ ± ✵☛✻✼ ➊✓✵☛✸ ± ✵☛✸ ✹✽✾✻ ± ✓✹✼✓ ➊ ➊ ➊

✕ ➊✒✾☛✵ ✒☛✹✓ ± ✵☛✼✼ ➊✓✵☛✽ ± ✵☛✹ ✺✵✼✺ ± ✓✼✼✸ ➊ ➊ ➊

■ ➊✒✾☛✾ ✵☛✼✻ ± ✵☛✻✵ ➊✓✒☛✸ ± ✵☛✹ ✼✽✺✺ ± ✓✵✒✼ ➊ ➊ ➊

●❍❖✒✻✵✸ ✵☛✺✹

✔ ➊✒✼☛✽ ✵☛✾✹ ± ✵☛✻✵ ➊✒✾☛✺ ± ✵☛✹ ✺✽✻✼ ± ✒✽✵✻ ➊ ➊ ➊

❱ ➊✒✼☛✾ ✵☛✵✺ ± ✵☛✹✓ ➊✓✒☛✺ ± ✵☛✻ ✹✒✼✻ ± ✒✵✹✻ ➊ ➊ ➊
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2.2 Fraction of baryons

This section presents the results from Laganá et al. (2013): A comprehensive picture of
baryons in groups and clusters of galaxies. The first subsection briefly summarizes the
paper, its context, aims, methods, results, and conclusions. The detailed study can be
read in the second subsection, where we display the article.

2.2.1 Summary

Context

While cluster formation processes imply that they form by hierarchical merging of small
groups (see Sect. 1.1.2), the observations of groups of galaxies show that they are not
the scaled-down version of galaxy clusters (e.g. Mulchaey 2000; Ponman et al. 2003; Voit
2005). Since galaxy groups are cooler with shallower potential wells, non-gravitational
effects defined in Sect. 1.1.3 play a more significant role in less massive systems, altering
the gas to galaxy mass ratio. In clusters, the gas is the baryon-dominant component
(about 6 times more massive than the stellar mass). While in groups, the gas mass is
significantly lower: it is of the same order as the stellar mass and in some cases, even
lower than the stellar component (e.g. Giodini et al. 2009).

The analysis of both components is critical for observational cosmology when using
groups and clusters to constrain the ΩM parameter from the observed baryon mass frac-
tion (see Sect. 1.2.2), defined as fb = (Mgas +Mstar)/Mtot.

Aims

Based on XMM-Newton, Chandra, and SDSS data, we investigate the baryon distribution
in groups and clusters and its use as a cosmological constraint. For this, we considered a
sample of 123 systems with temperatures kT500 = 1.0− 9.0 keV, total masses in the mass
range M500 = (∼ 1013 − 4 × 1015)h−1

70M⊙ , and redshifts 0.02 < z < 1.3. Among these
systems, 9 are groups of galaxies with masses lower than 8× 1013M⊙.

Methods

The gas masses and total masses are derived from X-ray data under the assumption
of spherical symmetry. The surface brightness profile is fitted by a β-model and the
temperature profile by an empirical relation (see Fig. 2.3). The gas mass is then obtained
by integration of the gas mass density expressed as a function of the β parameter, and
assuming it is isothermal. The total mass is computed from the derivative of the density
and temperature profiles with respect to the distance to the cluster center, and assuming
hydrostatic equilibrium.

The stellar masses are based on SDSS-DR8 optical photometric data, and computed
from the sum of the luminosity of every galaxy in the cluster redshift area, using photo-
metric redshifts from the SDSS. A background correction is then performed by subtracting
the mass of every galaxy in the same redshift range, but in an annulus centered on the
cluster, with a large inner radius, and normalized to the cluster area.
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Figure 2.3: X-ray gas surface brightness (Left) and temperature profiles (Right) for my
favorite group: NGC4325. The red curve in the left panel corresponds to the fit by a
β-model.

For the 37 systems out of 123 that had both optical and X-ray data available, we
investigated the gas, stellar, and total baryon mass fractions inside r2500 and r500 and the
differential gas mass fraction within the spherical annulus between r2500 and r500 , as a
function of total mass. For the other objects, we investigated the gas mass fraction only.

Results

We find that the gas mass fraction inside r2500 and r500 depends on the total mass.
However, the differential gas mass fraction does not show any dependence on total mass
for systems withM500 > 1014M⊙ . The stellar mass fraction inside r2500 and r500 increases
towards low-mass systems more steeply than the fgas decreases with total mass. Adding
the gas and stellar mass fractions to obtain the total baryonic content, we find it to
increase with cluster mass, reaching the WMAP-7 value for clusters withM500 ∼ 1014M⊙.

Conclusions

The gas mass fraction dependence on total mass observed for groups and clusters could be
due to the difficulty for low-mass systems to retain gas inside the inner region (r < r2500).
Because of their shallower potential well, non-thermal processes are more effective in
expelling the gas from their central regions outwards. Since the differential gas mass
fraction is nearly constant, it provides better constraints for cosmology. Moreover, we
find that the gas mass fraction does not depend on redshift at a 2σ level. Using our
total fb estimates together with WMAP-7 priors on Ωb from Jarosik et al. (2011), we put
constraints on the matter density parameter ΩM as described in eq. 1.11 of Sect. 1.2.2.
Our results imply ΩM < 0.55, and taking the highest significant estimates for fb , ΩM >
0.22.

2.2.2 Laganá et al. 2013
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❅❂❅❄❲ ⑨❄❬⑦❂✇❭❝ ❝❂✇❅❪✇❅✾ ➞❪ ➾✇❁ ❭❅ ❅❂ ❭✇❝❬❪❄④❪ ➞❭❅⑥ ❝❲❱④❅❪❬ ❫❄④④✾ ❬❪❄❝⑥❭✇⑩ ❅⑥❪ ❺❃✼P❑q ❼❄❲❱❪ ❽❂❬ ❝❲❱④❅❪❬④ ➞❭❅⑥ ➏➡➢➢ ∼ ✄✂✰➀ ➏⊙❀ ❾⑥❭④
❲❪❁ ❱④ ❅❂ ❭✇❼❪④❅❭⑩❄❅❪ ❅⑥❪ ❝❂✇❅❬❭⑨❱❅❭❂✇ ❂❽ ❅⑥❪ ❭✇❅❬❄❝❲❱④❅❪❬ ❲❭⑩⑥❅ ❅❂ ❅⑥❪ ❅❂❅❄❲ ⑨❄❬⑦❂✇ ⑨❱❁⑩❪❅ ❽❂❬ ❲❂➞❪❬ ❫❄④④ ④⑦④❅❪❫④✾ ⑨❱❅ ➞❪ ➾✇❁ ❅⑥❄❅ ❭❅
❝❄✇✇❂❅ ❄❝❝❂❱✇❅ ❽❂❬ ❅⑥❪ ❁❭ff❪❬❪✇❝❪ ❂⑨④❪❬❼❪❁❀
➘➳➴➷➽➼➌➉➳➴➌➍ ❾⑥❪ ⑩❄④ ❫❄④④ ❽❬❄❝❅❭❂✇ ❁❪⑤❪✇❁❪✇❝❪ ❂✇ ❅❂❅❄❲ ❫❄④④ ❂⑨④❪❬❼❪❁ ❽❂❬ ⑩❬❂❱⑤④ ❄✇❁ ❝❲❱④❅❪❬④ ❝❂❱❲❁ ⑨❪ ❁❱❪ ❅❂ ❅⑥❪ ❁❭ffi❝❱❲❅⑦ ❂❽
❲❂➞❑❫❄④④ ④⑦④❅❪❫④ ❅❂ ❬❪❅❄❭✇ ⑩❄④ ❭✇④❭❁❪ ❅⑥❪ ❭✇✇❪❬ ❬❪⑩❭❂✇ ➦➜ < ➜❵➡➢➢➧❀ ❳❪❝❄❱④❪ ❂❽ ❅⑥❪❭❬ ④⑥❄❲❲❂➞❪❬ ⑤❂❅❪✇❅❭❄❲ ➞❪❲❲✾ ✇❂✇❑❅⑥❪❬❫❄❲ ⑤❬❂❝❪④④❪④
❄❬❪ ❫❂❬❪ ❪ff❪❝❅❭❼❪ ❭✇ ❪➬⑤❪❲❲❭✇⑩ ❅⑥❪ ⑩❄④ ❽❬❂❫ ❅⑥❪❭❬ ❝❪✇❅❬❄❲ ❬❪⑩❭❂✇④ ❂❱❅➞❄❬❁④❀ ❙❭✇❝❪ ❅⑥❪ ❁❭ff❪❬❪✇❅❭❄❲ ⑩❄④ ❫❄④④ ❽❬❄❝❅❭❂✇ ❭④ ✇❪❄❬❲⑦ ❝❂✇④❅❄✇❅✾
❭❅ ⑤❬❂❼❭❁❪④ ⑨❪❅❅❪❬ ❝❂✇④❅❬❄❭✇❅④ ❽❂❬ ❝❂④❫❂❲❂⑩⑦❀ ❃❂❬❪❂❼❪❬✾ ➞❪ ➾✇❁ ❅⑥❄❅ ❅⑥❪ ⑩❄④ ❫❄④④ ❽❬❄❝❅❭❂✇ ❁❂❪④ ✇❂❅ ❁❪⑤❪✇❁ ❂✇ ❬❪❁④⑥❭❽❅ ❄❅ ❄ ✁σ ❲❪❼❪❲❀
❯④❭✇⑩ ❂❱❬ ❅❂❅❄❲ ➚➮ ❪④❅❭❫❄❅❪④✾ ❂❱❬ ❬❪④❱❲❅④ ❭❫⑤❲⑦ Ω➱ < ✂.❍❍✾ ❄✇❁ ❅❄➤❭✇⑩ ❅⑥❪ ⑥❭⑩⑥❪④❅ ④❭⑩✇❭➾❝❄✇❅ ❪④❅❭❫❄❅❪④ ❽❂❬ ➚➮✾ Ω➱ > ✂.✁✁❀

✃❐❒ ❮❰ÏÐÑÒ ⑩❄❲❄➬❭❪④❴ ❝❲❱④❅❪❬④❴ ⑩❪✇❪❬❄❲ ➊ ❝❂④❫❂❲❂⑩❭❝❄❲ ⑤❄❬❄❫❪❅❪❬④ ➊ ⑩❄❲❄➬❭❪④❴ ❝❲❱④❅❪❬④❴ ❭✇❅❬❄❝❲❱④❅❪❬ ❫❪❁❭❱❫

ÓÔ ÕÖ×ØÙÚÛÜ×ÝÙÖ

Þßàáâãäåâàæ çèä èâäåéåêèâêéë áêäàéåâß ßì áçåíêçíåä ìßåîéçâßà✱ çèä
æåßíïáðä ßñáäåòä çßãéó éåä çèä ñíâëãâàæ ñëßêôá ßì ìíçíåä æéëéõó
êëíáçäåá✳ ❆ëçèßíæè çèäó êßëëéïáä éàã îäåæä çß ìßåî ïåßæåäá✲
áâòäëó ëéåæäå áóáçäîá✱ çèä ßñáäåòéçâßàá ßì æåßíïá ßì æéëéõâäá
áèßð çèéç çèäó éåä àßç çèä áêéëäã✲ãßðà òäåáâßà ßì æéëéõó êëíáçäåá
✭ä✳æ✳✱ öíëêèéäó ✷✵✵✵÷ øßàîéà äç éë✳ ✷✵✵✸÷ ùßâç ✷✵✵✺✮✳ Þëíáçäå
áêéëâàæ åäëéçâßàá ✭ä✳æ✳ çèä ú−û åäëéçâßà✮ áèßð ãäòâéçâßàá ìåßî
áäëì✲áâîâëéå åäëéçâßàá éç çèä ëßð✲îéáá äàã ✭ä✳æ✳✱ ùßâç ✷✵✵✺✱ ñíç
áää éëáß üêôîâëëäå äç éë✳ ✷✵✶✶✮✱ ïåßòâãâàæ äòâãäàêä ßì çèä âîïßå✲
çéàêä ßì ñéåóßà ïèóáâêá✳

ýâàêä æéëéõó æåßíïá éåä êßßëäå ðâçè áèéëëßðäå ïßçäàçâéë
ðäëëá✱ àßà✲æåéòâçéçâßàéë ïåßêäááäá ✭ä✳æ✳✱ æéëéêçâê ðâàãá✱ êßßëâàæ✱
éêçâòä æéëéêçâê àíêëäíá✱ ❆þÿ✱ ìääãñéêô✱ äçê✳✮ ïëéó é îßåä áâæàâì✲
âêéàç åßëä âà ëäáá îéááâòä áóáçäîá✳ ❆ëáß✱ çèä îéççäå êßîïßáâçâßà
âà æåßíïá âá ãâffäåäàç ìåßî çèéç âà êëíáçäåá✳ ❇éåóßàá âà æéëéõó
æåßíïá éàã êëíáçäåá êéà ñä ãâòâãäã âàçß çðß îé❥ßå êßîïßàäàçá✱
çèä èßç æéá ñäçðääà æéëéõâäá éàã çèä áçéåá âà æéëéõâäá✳ ❆ îâàßå

⋆ ❾❄⑨❲❪ ✄ ❄✇❁ ✼⑤⑤❪✇❁❭❝❪④ ❄❬❪ ❄❼❄❭❲❄⑨❲❪ ❭✇ ❪❲❪❝❅❬❂✇❭❝ ❽❂❬❫ ❄❅
http://www.aanda.org

êßîïßàäàç âá çèä âàçåé✲êëíáçäå ëâæèç✳ ■à êëíáçäåá✱ çèä æéá âá çèä
ñéåóßà✲ãßîâàéàç êßîïßàäàç ✭éñßíç ✻ çâîäá îßåä îéááâòä çèéà
çèä áçäëëéå îéáá✮✳ ❲èâëä âà æåßíïá✱ çèä æéá îéáá âá áâæàâ✣êéàçëó
ëßðäå✿ âç âá ßì çèä áéîä ßåãäå éá çèä áçäëëéå îéáá ✭ä✳æ✳✱ ▲éæéà
äç éë✳ ✷✵✶✶✮ éàã âà áßîä êéáäá✱ äòäà ëßðäå çèéà çèä áçäëëéå êßîïß✲
àäàç ✭ä✳æ✳✱ þâßãâàâ äç éë✳ ✷✵✵✾✮✳ ❚èä éàéëóáâá ßì ñßçè êßîïßàäàçá
âá êåâçâêéë ìßå ßñáäåòéçâßàéë êßáîßëßæó ðèäà íáâàæ æåßíïá éàã
êëíáçäåá çß êßàáçåéâà çèä Ω♠ ïéåéîäçäå ìåßî çèä ßñáäåòäã ñéåóßà
îéáá ìåéêçâßà ✭ä✳æ✳✱ ❆ëëäà äç éë✳ ✷✵✵✷÷ ùâôèëâàâà äç éë✳ ✷✵✵✾✮✳

❚èä çßçéë ñéåóßàîéáá ìåéêçâßà âá ãä✣àäã éá çèä åéçâß ñäçðääà
çèä æéá+áçéåá éàã çèä çßçéë îéáá✿ ❢❜ = ✭▼❣❛s+▼st❛r✮/▼t♦t ✳ ■à òäåó
îéááâòä æéëéõó êëíáçäåá ✭▼✺✵✵ ∼ ✶✵✶✺ ▼⊙✮✱ çèä ñéåóßà êßàçäàç âá
áíïïßáäã çß êëßáäëó îéçêè çèä ýäòäà✲óäéå�✐❧❦✐♥✁✂♥öâêåßðéòä
❆àâáßçåßïó øåßñä ✭❲ö❆ø✲✼✮ òéëíä ✭ ❢ ✄☎❆P−✆

❜
= ✵.✶✻✾ ± ✵.✵✵✾✱

❏éåßáâô äç éë✳ ✷✵✶✶✮✳ ❍ßðäòäå✱ âç âá ìßíàã çèéç çèä çßçéë ñéåóßà
îéáá ìåéêçâßà ✭éàã çèä æéá îéáá ìåéêçâßà✮ ãäêåäéáäá çßðéåãá ëßð✲
îéáá áóáçäîá ðèäà éàéëó③âàæ é ðâãä åéàæä ßì îéááäá ✭ä✳æ✳✱
▲âà äç éë✳ ✷✵✵✸÷ þßà③éëä③ äç éë✳ ✷✵✵✼÷ þâßãâàâ äç éë✳ ✷✵✵✾÷
ýíà äç éë✳ ✷✵✵✾÷ ▲éæéà äç éë✳ ✷✵✶✶÷ ❩èéàæ äç éë✳ ✷✵✶✶÷ ýíà
✷✵✶✷✮✳ ❖à çèä ßçèäå èéàã✱ çèä áçäëëéå îéáá ìåéêçâßà áääîá çß
âàêåäéáä ìåßî êëíáçäåá çß æåßíïá ßì æéëéõâäá✳ ❆ áçåéâæèçìßåðéåã

❆åçâêëä ïíñëâáèäã ñó ü❉ø ýêâäàêäá ❆✻✻✱ ïéæä ✶ ßì ✶✻



❆✫❆ ✺✺✺✱ ❆✻✻ ✭✷✵✶✸✮

✐♥t❡r♣r❡t❛t✐♦♥ ❝❛♥ ❜❡ t❤❛t t❤❡ ❣❛s ♠❛ss ❢r❛❝t✐♦♥ ✐s ❞✐r❡❝t❧② r❡❧❛t❡❞

t♦ ❝♦♦❧✐♥❣ ❛♥❞ t♦ t❤❡ st❛r ❢♦r♠❛t✐♦♥ r❛t❡� ❛♥❞ t❤✉s� ❛ s♠❛❧❧❡r ❣❛s

♠❛ss ❢r❛❝t✐♦♥ ✐♥ ❣r♦✉♣s ♠❛② ❜❡ r❡❧❛t❡❞ t♦ ❛♥ ❡ffi❝✐❡♥t ❝♦♦❧✐♥❣✳

❍♦✇❡✈❡r� t❤❡ ❣❛s ♠❛ss ❢r❛❝t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ❛ff❡❝t❡❞ ❜② ✁●◆

❢❡❡❞❜❛❝❦� ✇❤✐❝❤� ❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡� ✐s ♠♦r❡ s✐❣♥✐✣❝❛♥t ✐♥

❣r♦✉♣s t❤❛♥ ✐♥ ❝❧✉st❡rs✳ ✁s s❤♦✇♥ ✐♥ r❡❝❡♥t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛✲

t✐♦♥s ♣❡r❢♦r♠❡❞ ❜② P✉❝❤✇❡✐♥ ❡t ❛❧✳ ✂✄☎✆☎✝� t❤❡ ❛♠♦✉♥t ♦❢ ❣❛s

r❡♠♦✈❡❞ ❜② ✁●◆ ❤❡❛t✐♥❣ ❢r♦♠ t❤❡ ❝❡♥tr❛❧ r❡❣✐♦♥s ♦❢ ❝❧✉st❡rs

❛♥❞ ❛r❡ ❞r✐✈❡♥ ♦✉t✇❛r❞s ✂✞ > ✞✟✠✠✝ ❞❡♣❡♥❞s ♦♥ ❝❧✉st❡r ♠❛ss ❛♥❞
✐s ❤✐❣❤❡r ✐♥ ❧♦✇✲♠❛ss s②st❡♠s✳

❚❤❡ ❜❛r②♦♥ ❢r❛❝t✐♦♥ ✐♥ ❝❧✉st❡rs ❛♥❞ ❣r♦✉♣s ✐s ❛♥ ✐♠♣♦rt❛♥t

❝♦s♠♦❧♦❣✐❝❛❧ ♣r♦❜❡ ✂❡✳❣✳� ✁❧❧❡♥ ❡t ❛❧✳ ✄☎☎✹✝� ❛♥❞ t❤❡r❡❢♦r❡ s❝❛❧✲

✐♥❣ r❡❧❛t✐♦♥s� s✉❝❤ ❛s ✡☛☞✌−✍✎ ♦r ✡☛☞✌−▼✟✠✠� ♥❡❡❞ t♦ ❜❡ ✇❡❧❧ ✉♥✲
❞❡rst♦♦❞ ✐❢ ✇❡ ✇❛♥t t♦ ✉s❡ t❤❡♠ ❛s ❛ ❝♦s♠♦❧♦❣✐❝❛❧ t♦♦❧✳ ❲❡

✇✐❧❧ ❡①♣❧♦r❡ ❤❡r❡ t❤❡ ❜❛r②♦♥ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❣❛s

❛♥❞ st❡❧❧❛r ♠❛ss ❢r❛❝t✐♦♥s ✐♥ ❣r♦✉♣s ❛♥❞ ❝♦♠♣❛r❡ t❤❡♠ ✇✐t❤ t❤❡

♦❜s❡r✈❡❞ ❜❛r②♦♥ ❢r❛❝t✐♦♥s ♦❜s❡r✈❡❞ ✐♥ ❝❧✉st❡rs✳ ❲❡ ✇✐❧❧ ❝♦♥✲

s✐❞❡r ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❜❛r②♦♥ ❢r❛❝t✐♦♥s ✐♥s✐❞❡ t❤❡ ❝❤❛r❛❝t❡r✐s✲

t✐❝ r❛❞✐✐ ✞✏✟✠✠ ❛♥❞ ✞✟✠✠� ✇❤✐❝❤ ❛r❡ ❝♦♠♠♦♥❧② ♦❜s❡r✈❡❞ ✇✐t❤ t❤❡

♣r❡s❡♥t ❣❡♥❡r❛t✐♦♥ ♦❢ ❳✲r❛② t❡❧❡s❝♦♣❡s✳

Pr❡✈✐♦✉s ✇♦r❦s ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❣❛s ❢r❛❝✲

t✐♦♥ ✐♥ ❣r♦✉♣s� ❜✉t ❢❡✇ ❤❛✈❡ ♠❡❛s✉r❡❞ t❤❡ ❣❛s ♣r♦♣❡rt✐❡s ✉♣

t♦ ✞✟✠✠✿ ❱✐❦❤❧✐♥✐♥ ❡t ❛❧✳ ✂✄☎☎✑✝ ❛♥❞ ●♦♥③❛❧❡③ ❡t ❛❧✳ ✂✄☎☎✼✝ ❞❡✲

r✐✈❡❞ t❤❡ ❣❛s ♠❛ss ❢r❛❝t✐♦♥ ✇✐t❤✐♥ ✞✟✠✠ ❢♦r ❢♦✉r ❧♦✇✲t❡♠♣❡r❛t✉r❡

s②st❡♠s✳ ❙✉♥ ❡t ❛❧✳ ✂✄☎☎✾✝ ❞❡t❡r♠✐♥❡❞ ❣❛s ♣r♦♣❡rt✐❡s ✉♣ t♦ ✞✟✠✠

❢♦r ✆✆ ♦✉t ♦❢ ✹✒ ❣r♦✉♣s✳ ■♥ ❣r♦✉♣s ♦❢ ❣❛❧❛①✐❡s� t❤❡ st❡❧❧❛r ♠❛ss

✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❣❛s ♠❛ss✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢

t❤❡ t♦t❛❧ ❜❛r②♦♥ ❢r❛❝t✐♦♥ ♦♥ t♦t❛❧ ♠❛ss� ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❝♦♠✲

♣✉t❡ ❜♦t❤ ❝♦♠♣♦♥❡♥ts� t❤❡ st❡❧❧❛r ❛♥❞ ❣❛s ♠❛ss ❢r❛❝t✐♦♥s� ✐♥ ❛

❤♦♠♦❣❡♥❡♦✉s ✇❛②✳ ❲❡ t❤✉s ♣r❡s❡♥t ❤❡r❡ t❤❡ ❛♥❛❧②s✐s ♦❢ ♥✐♥❡

❣❛❧❛①② ❣r♦✉♣s ❜❛s❡❞ ♦♥ ✓▼▼✔✕✖✗✘✙✚ ❛♥❞ ❙❧♦❛♥ ❉✐❣✐t❛❧ ❙❦②

❙✉r✈❡② ✂❙❉❙❙ ❉❘✽✝ ❞❛t❛� ❢♦r ✇❤✐❝❤ ✇❡ ❝♦✉❧❞ r❡❧✐❛❜❧② ♠❡❛s✉r❡

❣❛s ♣r♦♣❡rt✐❡s ✉♣ t♦ ✞✟✠✠✳ ❲❡ ❛❧s♦ ✐♥❝❧✉❞❡❞ ✆✆✹ ❣❛❧❛①② ❝❧✉st❡rs

❢r♦♠ ✛❛✉❣❤❛♥ ❡t ❛❧✳ ✂✄☎✆✄� ❤❡r❡❛❢t❡r ✛✆✄✝ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡

❣❛s ♠❛ss ❝♦♠♣♦♥❡♥t ✐♥s✐❞❡ ✞✏✟✠✠ ❛♥❞ ✞✟✠✠� ❛♥❞ ❢♦r ✄✽ ♦❢ t❤❡s❡

✆✆✹ ❝❧✉st❡rs� ✇❡ ❝♦✉❧❞ ❛❧s♦ ❡st✐♠❛t❡ t❤❡ st❡❧❧❛r ♠❛ss ❢r❛❝t✐♦♥✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ s❛♠♣❧❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥

❙❡❝t✳ ✄✳ ❚❤❡ ❞❛t❛ r❡❞✉❝t✐♦♥ ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ s❡❝t✐♦♥s✿ ❙❡❝t✳ ✒ ❞❡✲

s❝r✐❜❡s t❤❡ ❙❉❙❙✲❉❘✽ ❞❛t❛ r❡❞✉❝t✐♦♥� t❤❡ ❝♦❧♦✉r➊♠❛❣♥✐t✉❞❡ ❞✐✲

❛❣r❛♠s ✂❈✛❉✝ ❝♦♥str✉❝t❡❞ t♦ s❡❧❡❝t ❣r♦✉♣ ❣❛❧❛①✐❡s� ❛♥❞ t❤❡ ♣r♦✲

❝❡❞✉r❡ t♦ ❝♦♠♣✉t❡ t❤❡ st❡❧❧❛r ♠❛ss❡s❀ ❙❡❝t✳ ✹ ❞❡s❝r✐❜❡s t❤❡ ❳✲r❛②

❛♥❛❧②s✐s� ❣❛s ❡st✐♠❛t❡s� ❛♥❞ t♦t❛❧ ♠❛ss ❡st✐♠❛t❡s✳ ■♥ ❙❡❝t✳ ✜� ✇❡

♣r❡s❡♥t ♦✉r r❡s✉❧ts ❛♥❞ ❝♦♠♣❛r❡ t❤❡♠ t♦ ♣r❡✈✐♦✉s r❡s✉❧ts� ✇❤✐❝❤

❛r❡ ✣♥❛❧❧② s✉♠♠❛r✐③❡❞ ✐♥ ❙❡❝t✳ ✼✳ ✁ Λ❈❉✛ ❝♦s♠♦❧♦❣② ✇✐t❤

✢✠ = ✼☎ ❦♠ s−✤ ✛♣❝−✤ ❛♥❞ Ω✥ = ☎.✒ ✐s ❛❞♦♣t❡❞ t❤r♦✉❣❤♦✉t�
❛♥❞ ❛❧❧ ❡rr♦rs ❛r❡ q✉♦t❡❞ ❛t t❤❡ ✑✽✪ ❝♦♥✣❞❡♥❝❡ ❧❡✈❡❧✳

✦✧ ★✩✬ ✯✰✴❁❂✬

❚♦ ❛♥❛❧②s❡ t❤❡ ❜❛r②♦♥ ♠❛ss ❢r❛❝t✐♦♥ ❞❡♣❡♥❞❡♥❝❡ ✂❣❛s ❛♥❞ st❡❧❧❛r

♠❛ss✝ ♦♥ t♦t❛❧ ❝❧✉st❡r ♠❛ss� ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❝♦♥s✐❞❡r ❛ s❛♠✲

♣❧❡ t❤❛t ❝♦✈❡rs ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♠❛ss� ❛♥❞ t❤❡ ♦❜❥❡❝ts ♠✉st ❤❛✈❡

♦♣t✐❝❛❧ ❛♥❞ ❳✲r❛② ♠❛ss❡s ❛✈❛✐❧❛❜❧❡✳

■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦� ✇❡ ❛♥❛❧②s❡ t❤❡ s❛♠♣❧❡ ♦❢ ✆✆✹ ❝❧✉st❡rs

❢r♦♠ ✛❛✉❣❤❛♥ ❡t ❛❧✳ ✂✄☎☎✽✝� ✇❤✐❝❤ ✇❡r❡ ✉♣❞❛t❡❞ ✐♥ ✛✆✄� ✐♥ t❤❡

r❡❞s❤✐❢t r❛♥❣❡ ☎.✆✆ < ❃ < ✆.✒ ❛♥❞ ✇✐t❤ t❡♠♣❡r❛t✉r❡s r❛♥❣✐♥❣
❢r♦♠ ✄✳☎ ❦❡❱ ✉♣ t♦ ✽✳✾ ❦❡❱✳ ✄✽ ♦✉t ♦❢ ✆✆✹ ❤❛✈❡ ♦♣t✐❝❛❧ ❞❛t❛

❛✈❛✐❧❛❜❧❡✳

❚♦ ❝♦♠♣❧❡t❡ ♦✉r ❛♥❛❧②s✐s� ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡❞ ♥✐♥❡ ❧♦✇✲♠❛ss

s②st❡♠s� ✇❤✐❝❤ ✇❡r❡ s❡❧❡❝t❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ✣rst s❡❧❡❝t❡❞ ❛❧❧

❣r♦✉♣s ✇✐t❤ ❛✈❛✐❧❛❜❧❡ ✓▼▼✔✕✖✗✘✙✚ ❛♥❞ ❙❉❙❙✲❉❘✽ ❞❛t❛� ✐♠✲

♣♦s✐♥❣ ❛♥ ❳✲r❛② ❄✉① ❧✐♠✐t ♦❢ ▲❅ = ✆.✾× ✆☎❇❊ ❡r❣/s� ✇❤✐❝❤ ❝♦rr❡✲
s♣♦♥❞s t♦ ✍✎ ∼ ✄ ❦❡❱ ✂❋❝❦♠✐❧❧❡r ❡t ❛❧✳ ✄☎✆✆✝✳ ❲❡ ❤❛❞ ✆✾ ❣r♦✉♣s

✂✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❍✐❝❦s♦♥ ❣r♦✉♣s� ✇❤✐❝❤ ❛r❡ ✈❡r② ♣❛r✲

t✐❝✉❧❛r✝ ❢✉❧✣❧❧✐♥❣ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳ ❍♦✇❡✈❡r� ♥✐♥❡ ♦✉t ♦❢ ✆✾ ❤❛❞

✈❡r② s❤❛❧❧♦✇ ❳✲r❛② ♦❜s❡r✈❛t✐♦♥s ✂❧♦✇ ❡①♣♦s✉r❡ t✐♠❡s✝ t❤❛t ❞✐❞

♥♦t ❛❧❧♦✇ ✉s t♦ ❝♦♥str❛✐♥ t❤❡ ❣❛s ♠❛ss✳ ❏♦r t❤✐s r❡❛s♦♥� ✇❡ ❤❛❞

t♦ ❡①❝❧✉❞❡ t❤♦s❡ ❣r♦✉♣s✳ ✁♥♦t❤❡r ❣r♦✉♣ ✇❛s ♦♥ t❤❡ ❜♦r❞❡r ♦❢ t❤❡

❳✲r❛② ❞❡t❡❝t♦r� s♦ ✐t ✇❛s ❡①❝❧✉❞❡❞ t♦♦✳

❲❡ ❡♥❞❡❞ ✇✐t❤ ❛ ❧❛r❣❡ s❛♠♣❧❡ ♦❢ ✆✄✒ s②st❡♠s ✂☎.☎✄ < ❃ <
✆.✒✝ ✇✐t❤ t♦t❛❧ ♠❛ss❡s ❜❡t✇❡❡♥ ✆☎✤❊ ▼⊙ ❛♥❞ ✹ × ✆☎✤✟ ▼⊙✳ ❚❤❡s❡
❣r♦✉♣s ❛♥❞ ❝❧✉st❡rs ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✆✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ✇❡

❛♥❛❧②s❡❞ ❛ s❛♠♣❧❡ ♦❢ ♥✐♥❡ ❣r♦✉♣s ❛♥❞ ✄✽ ❝❧✉st❡rs ❢♦r t❤❡ t♦t❛❧

❜❛r②♦♥ ❜✉❞❣❡t✳ ❏♦r t❤❡ ❣❛s ♠❛ss ❢r❛❝t✐♦♥ ❛♥❛❧②s✐s� ✇❡ ✇♦r❦❡❞

✇✐t❤ ✾ ❣r♦✉♣s ❛♥❞ ✆✆✹ ❝❧✉st❡rs ❢r♦♠ ✛✆✄✳ ❚❤✉s� t❤❡ s❛♠♣❧❡ ✐s

♠❛✐♥❧② ❝♦♠♣♦s❡❞ ❜② ❝❧✉st❡rs ✐♥ t❤❡ ❧❛tt❡r ♣❛rt✳

❑✧ ❖❁◗❯❨✰❂ ❩✰◗✰ ✰❬✰❂❭✯❯✯ ✰❬❩ ✯◗✬❂❂✰❪ ✴✰✯✯

❩✬◗✬❪✴❯❬✰◗❯❫❬

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♠❡t❤♦❞ ❛❞♦♣t❡❞ t♦ ❝♦♠♣✉t❡ t❤❡

t♦t❛❧ st❡❧❧❛r ♠❛ss ✂✐♥ ❣❛❧❛①✐❡s✝ ❢♦r ♦✉r ♥✐♥❡ ❣r♦✉♣s ♦❢ ❣❛❧❛①✐❡s

❛♥❞ ✄✽ ❣❛❧❛①② ❝❧✉st❡rs ❢r♦♠ ✛✆✄✳ ❚♦ ❜❡ ❤♦♠♦❣❡♥❡♦✉s� t❤❡ ♣r♦✲

❝❡❞✉r❡ ❛❞♦♣t❡❞ ✐♥ t❤✐s ✇♦r❦ ✇❛s t❤❡ s❛♠❡ ❢♦r ❣r♦✉♣s ❛♥❞ ❝❧✉s✲

t❡rs� ❛♥❞ ✇❡ ❢♦❧❧♦✇❡❞ t❤❡ st❡♣s ❞❡s❝r✐❜❡❞ ✐♥ ●✐♦❞✐♥✐ ❡t ❛❧✳ ✂✄☎☎✾✝

❛♥❞ ❴♦❧③♦♥❡❧❧❛ ❡t ❛❧✳ ✂✄☎✆☎✝ t❤❛t ❝♦♥s✐❞❡r st❛t✐st✐❝❛❧ ♠❡♠❜❡rs❤✐♣�

❜❛❝❦❣r♦✉♥❞ ❝♦rr❡❝t✐♦♥� ❛♥❞ ♠❛ss ❝♦♠♣❧❡t❡♥❡ss ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

r❡❞s❤✐❢t� ❛♥❞ ❛ ❣❡♦♠❡tr✐❝❛❧ ❝♦rr❡❝t✐♦♥✳

❲❡ ✉s❡❞ ❙❉❙❙✲❉❘✽ ❞❛t❛� ❢r♦♠ ❉❋❘❋❉ ♠❛❣♥✐t✉❞❡ t❛❜❧❡s

✂❛❧r❡❛❞② ❝♦rr❡❝t❡❞ ❢♦r ✐♥t❡r♥❛❧ ❣❛❧❛①② ❡①t✐♥❝t✐♦♥✝ ❢♦r ❛❧❧ s♦✉r❝❡s

✐♥ t❤❡ ●✁❵✁❳④ ❝❛t❛❧♦❣✳ ❚❤❡ ●✁❵✁❳④ ❝❛t❛❧♦❣✉❡ ✐s ❡ss❡♥t✐❛❧❧②

❝♦♠♣❧❡t❡ ❞♦✇♥ t♦ ✄✆✳✒ ⑤✲♠❛❣♥✐t✉❞❡ ✂❙❉❙❙✲❉❘✽ s✉♠♠❛r②✤✝✳

❚♦ ♦❜t❛✐♥ st❡❧❧❛r ♠❛ss❡s� ✇❡ ✣rst tr❛♥s❢♦r♠❡❞ ❛♣♣❛r❡♥t

♠❛❣♥✐t✉❞❡s t♦ ❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡s ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ ♠♦❞✲

✉❧✉s� ❛ss✉♠✐♥❣ ⑥✲❝♦rr❡❝t✐♦♥ ✈❛❧✉❡s� ⑦✂③✝� ❛❝❝♦r❞✐♥❣ t♦ t❤❡

♠♦r♣❤♦❧♦❣✐❝❛❧ t②♣❡ ✂t❛❜❧❡s ❢r♦♠ P♦❣❣✐❛♥t✐ ✆✾✾✼✝✿

▼ = ⑧ − ✄✜ − ✜ ❧♦❣✂⑨⑩/✆ ✛♣❝✝ − ⑥✂❃✝, ✂✆✝

✇❤❡r❡� ⑨⑩ ✐s t❤❡ ❧✉♠✐♥♦s✐t② ❞✐st❛♥❝❡✳

✁❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡s ❛r❡ ❝♦♥✈❡rt❡❞ t♦ ❧✉♠✐♥♦s✐t✐❡s� ❛ss✉♠✲

✐♥❣ ❛♥ ❛❜s♦❧✉t❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✹✳✜✽ ❢♦r t❤❡ ❙✉♥ ✐♥ t❤❡ ⑤✲❜❛♥❞

✂❴❧❛♥t♦♥ ❡t ❛❧✳ ✄☎☎✒✝✳ ❵✉♠✐♥♦s✐t✐❡s ❛r❡ t❤❡♥ ❝♦♥✈❡rt❡❞ t♦ ♠❛ss❡s

❛ss✉♠✐♥❣ t✇♦ ❞✐ff❡r❡♥t ♠❛ss✲t♦✲❧✐❣❤t r❛t✐♦s ✂❢r♦♠ ⑦❛✉ff♠❛♥♥

❡t ❛❧✳ ✄☎☎✒✝✿ ✂▼/▲❶✝⋆ = ☎.✼✹ ▼⊙/▲⊙ ❢♦r ❧❛t❡✲t②♣❡ ❛♥❞ ✂▼/▲❶✝⋆ =
✆.✼☎ ▼⊙/▲⊙ ❢♦r ❡❛r❧②✲t②♣❡ ❣❛❧❛①✐❡s� ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❵❛❣❛♥ ❡t ❛❧✳

✂✄☎☎✽✝✳ ✁❧❧ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❝❧❛ss✐✣❝❛t✐♦♥ ✉s❡❞ ❤❡r❡ ✐s ❜❛s❡❞ ♦♥

t❤❡ ❣❛❧❛①② ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ❈✛❉� ❛s ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✳ ❚❤✉s�

♠♦r♣❤♦❧♦❣✐❝❛❧ t②♣❡ s✐♠♣❧② ♠❡❛♥s ➇❡❛r❧②➈ ✂r❡❞✝ ♦r ➇❧❛t❡➈ ✂❜❧✉❡✝

t②♣❡ ❣❛❧❛①✐❡s✳

❷❸❹❸ ❺❻❼❽❾❿➀❿➁❿➂➂

❚♦ ❝♦♠♣❛r❡ t❤❡ st❡❧❧❛r ♠❛ss❡s ♦❢ ❣r♦✉♣s ❛♥❞ ❝❧✉st❡rs� ✇❡ ❞❡✲

✣♥❡❞ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ✐♥ st❡❧❧❛r ♠❛ss ✂M✌➃☞➄
➅➆➉ ✝� ♦r ❣❛❧❛①② ❛❜s♦✲

❧✉t❡ ♠❛❣♥✐t✉❞❡� ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❡❞s❤✐❢t ✂❛s ❛❞♦♣t❡❞ ✐♥ ●✐♦❞✐♥✐

❡t ❛❧✳ ✄☎☎✾❀ ❴♦❧③♦♥❡❧❧❛ ❡t ❛❧✳ ✄☎✆☎❀ P♦③③❡tt✐ ❡t ❛❧✳ ✄☎✆☎✝✳ ❚❤✐s ✐s

t❤❡ ❧♦✇❡st ♠❛ss ❛t ✇❤✐❝❤ t❤❡ ❣❛❧❛①② st❡❧❧❛r ♠❛ss ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡

❝♦♥s✐❞❡r❡❞ ❛s r❡❧✐❛❜❧❡ ❛♥❞ ✉♥❛ff❡❝t❡❞ ❜② ✐♥❝♦♠♣❧❡t❡♥❡ss✳

❏♦r ❡❛❝❤ ❣❛❧❛①②� ✇❡ ❝♦♠♣✉t❡❞ t❤❡ ➇❧✐♠✐t✐♥❣ ♠❛ss➈� ✇❤✐❝❤ ✐s

t❤❡ st❡❧❧❛r ♠❛ss t❤❛t t❤✐s ❣❛❧❛①② ✇♦✉❧❞ ❤❛✈❡ ✐❢ ✐ts ❛♣♣❛r❡♥t ♠❛❣✲

♥✐t✉❞❡ ✇❛s ❡q✉❛❧ t♦ t❤❡ s❛♠♣❧❡ ❧✐♠✐t ♠❛❣♥✐t✉❞❡ ✂✐✳❡✳� ⑤ = ✄✆.✒✝✿
❧♦❣M✌➃☞➄

➅➆➉ = ❧♦❣M + ☎.✹ × ✂⑤ − ✄✆.✒✝� ✇❤❡r❡ M ✐s t❤❡ st❡❧❧❛r

♠❛ss ♦❢ t❤❡ ❣❛❧❛①②✇✐t❤ ❛♣♣❛r❡♥t♠❛❣♥✐t✉❞❡ ⑤✳ ❲❡ t❤❡♥ ❝♦♠♣✉t❡❞

➋ http://www.sdss3.org/dr9/scope.php

❆✻✻✱ ➌➍➎➏ ✷ ➐➑ ✶✻



❚✳ ❋✳ ▲❛❣❛♥ ❡t ❛❧✳✿ ❚❤❡ ❜❛r②♦♥ ❢r❛❝t✐♦♥ ✐♥ ❣r♦✉♣s ❛♥❞ ❝❧✉st❡rs

�✁✂✄ ✶✄ ❙t❡❧❧❛r ♠❛ss ❝♦♠♣❧❡t❡♥❡ss ❢♦r ♦✉r s②st❡♠✱ ✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞

❢r♦♠ t❤❡ ✣t ✭r❡❞ ❧✐♥❡✮ t♦ t❤❡ ✾✺✪ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❧✐♠✲

✐t✐♥❣ ♠❛ss✱ ❢♦r ❣❛❧❛①✐❡s ✐♥ t❤❡ ✷✵✪ ❧♦✇❡r ♣❡r❝❡♥t✐❧❡ ✐♥ ♠❛❣♥✐t✉❞❡ ✭❣r❡②

♣♦✐♥ts✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❡❞s❤✐❢t✳ ❚❤❡ ❜❧❛❝❦ ♣♦✐♥ts r❡♣r❡s❡♥t ❛❧❧ ❣❛❧❛①✐❡s

✐♥s✐❞❡ ☎✆✝✝ ✐♥ t❤❡ ♣❤♦t♦♠❡tr✐❝ r❡❞s❤✐❢t r❛♥❣❡ ✇✐t❤ ✞ < ✷✟.✸✳ ❚❤❡ ❜❧✉❡✲
❞❛s❤❡❞ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ t❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡✱ ❛ss✉♠✐♥❣ ♥♦ ❑✲❝♦rr❡❝t✐♦♥

❛♥❞ ❛ ❝♦♥st❛♥t ✈❛❧✉❡ ❢♦r t❤❡ ♠❛ss✲t♦✲❧✐❣❤t r❛t✐♦✱ ❛s st❛t❡❞ ✐♥ t❤❡ t❡①t✳

✠✡☛☞ ✌✍✎✏✑ ☛✒ ☞✓✍✎✎ ✔✑✕☞✡☛✖✠ ✗☛✒☞ ✗✘ ✙✚✒☞☛✕✑✔☛✒✛ ✠✡✑ ✜✢✤ ✖✍☛✒✠✑☞✠

✛✍✎✍✥☛✑☞ ✦✠✡✑ ✛✔✑✘ ✧✚☛✒✠☞ ☛✒ ★☛✛✩ ✫✬✯ ✠✡✍✠ ☛☞✯ ✠✡✚☞✑ ✙✚✒✠✔☛✗✏✠☛✒✛ ✠✚

✠✡✑ ✖✍☛✒✠✰✓✍☞☞ ✑✒✕ ✚✖ ✠✡✑ ✛✍✎✍✥✘ ☞✠✑✎✎✍✔ ✓✍☞☞ ✖✏✒✙✠☛✚✒✩ ★✚✔ ✑✍✙✡

✔✑✕☞✡☛✖✠ ✗☛✒✯ ✴✑ ✕✑✹✒✑ ✠✡✑ ✌✍✎✏✑ ✙✚✔✔✑☞✧✚✒✕☛✒✛ ✠✚ ✻✼✤ ✚✖ ✠✡✑

✕☛☞✠✔☛✗✏✠☛✚✒ ✚✖ ✎☛✓☛✠☛✒✛ ✓✍☞☞✑☞ ✍☞ ✍ ✓☛✒☛✓✏✓✓✍☞☞✩ ✽✡✑ ☞✘☞✠✑✓☞

✴✑✔✑ ✕☛✌☛✕✑✕ ☛✒✠✚ ✖✚✏✔ ✗☛✒☞ ✚✖ ✔✑✕☞✡☛✖✠✯ ✍✒✕ ✴✑ ✹✠ ✠✡✑ ✎☛✓☛✠☛✒✛

✓✍☞☞ ✌✍✎✏✑☞ ✍☞ ✍ ✖✏✒✙✠☛✚✒ ✚✖ ✔✑✕☞✡☛✖✠❀ ✎✚✛M❁❂❃❄
❅❆❇ ✦③✬ = ✫✫.❈❉× ③❊.●❍

✦✠✡✑ ✔✑✕ ✎☛✒✑ ☛✒ ★☛✛✩ ✫✬✩ ❲✑ ✠✡✏☞ ✍✕✚✧✠✑✕ M❁❂❃❄
❅❆❇ ✍☞ ✠✡✑ ✎✚✴✑☞✠

✛✍✎✍✥✘ ☞✠✑✎✎✍✔ ✓✍☞☞ ✠✡✍✠ ✴☛✎✎ ✗✑ ✙✚✒☞☛✕✑✔✑✕ ☛✒ ✚✏✔ ✍✒✍✎✘☞☛☞ ✠✚

✙✚✓✧✏✠✑ ✠✡✑ ☞✠✑✎✎✍✔ ✓✍☞☞✑☞ ✖✚✔ ✠✡✑ ✛✔✚✏✧☞ ✍✒✕ ✙✎✏☞✠✑✔☞✩ ■☞ ✍

✙✡✑✙❏✯ ✴✑ ✍✎☞✚ ✙✚✓✧✏✠✑✕ ✠✡✑ ✠✡✑✚✔✑✠☛✙✍✎ ✌✍✎✏✑☞ ✖✚✔ ✠✡✑ ✎☛✓☛✠✰

☛✒✛ ✓✍☞☞✯ ✍☞☞✏✓☛✒✛ ✒✚ ▼✰✙✚✔✔✑✙✠☛✚✒ ✍✒✕ ✍ ✙✚✒☞✠✍✒✠ ✌✍✎✏✑ ✖✚✔ ✠✡✑

✓✍☞☞✰✠✚✰✎☛✛✡✠ ✔✍✠☛✚ ✦◆/❖✬ ✍☞ ✎✚✛M❁❂❃❄
❅❆❇ ∝ P◗✦③✬/✜.✼✯ ✴✡✑✔✑ ❘◆

☛☞ ✠✡✑ ✕☛☞✠✍✒✙✑ ✓✚✕✏✎✏☞✩ ❲✑ ☞✑✑ ✠✡✍✠ ✠✡✑ ✍✕✚✧✠✑✕ ✖✏✒✙✠☛✚✒ ✖✚✔

✠✡✑ ✎☛✓☛✠☛✒✛ ✓✍☞☞ ✦✔✑✕ ✎☛✒✑ ☛✒ ★☛✛✩ ✫✬ ☛☞ ✙✎✚☞✑ ✠✚ ✠✡✑ ✠✡✑✚✔✑✠☛✙✍✎

✧✔✑✕☛✙✠✑✕ ✌✍✎✏✑ ✖✚✔M❁❂❃❄
❅❆❇ ✦✗✎✏✑✰✕✍☞✡✑✕ ✎☛✒✑ ☛✒ ★☛✛✩ ✫✬✩

❲✑ ✑☞✠☛✓✍✠✑✕ ✠✡✑ ✙✚✒✠✔☛✗✏✠☛✚✒ ✖✔✚✓ ✛✍✎✍✥☛✑☞ ✠✡✍✠ ✍✔✑ ✎✑☞☞

✓✍☞☞☛✌✑ ✠✡✍✒ M❅❆❇ ☛✒ ✑✍✙✡ ✔✑✕☞✡☛✖✠ ✗☛✒✩ ❲✑ ✍☞☞✏✓✑✕ ✠✡✍✠ ✠✡✑

✖✔✍✙✠☛✚✒ ✚✖ ✛✍✎✍✥☛✑☞ ✠✡✍✠ ✍✔✑ ✒✚✠ ✙✚✒☞☛✕✑✔✑✕ ☛☞ ❯ = ✫−❬M❁❂❃❄✦M >
M❅❆❇✬/M❁❂❃❄❱❳❱❪ ✍✒✕ ✙✍✒ ✗✑ ✑☞✠☛✓✍✠✑✕ ✏☞☛✒✛ ✍ ☞✠✑✎✎✍✔ ✓✍☞☞ ✖✏✒✙✰

✠☛✚✒✩ ✽✡✏☞✯

❯ = ✫ −

∫ M❨❩❭
M❫❴❨

M ❯ ✦M✬✕M
∫ M❨❩❭
M❨❴❵

M ❯ ✦M✬✕M
, ✦✜✬

✴✡✑✔✑M❅❆❇ ☛☞ ✠✡✑ ✎☛✓☛✠☛✒✛ ✓✍☞☞ ✌✍✎✏✑☞ ✖✚✔ ✑✍✙✡ ✔✑✕☞✡☛✖✠ ✗☛✒ ✕✑✰

✹✒✑✕ ✗✘ ✠✡✑ ✔✑✕ ✧✚☛✒✠☞ ☛✒ ★☛✛✩ ✫✯ ✍✒✕ M❇❆❥ ✍✒✕ M❇❃q ✍✔✑ ✠✡✑

✓☛✒☛✓✏✓ ✍✒✕ ✓✍✥☛✓✏✓✓✍☞☞ ✌✍✎✏✑☞ ✖✚✔ ✠✡✑ ☞✠✑✎✎✍✔ ✓✍☞☞ ☛✒ ✙✎✏☞✰

✠✑✔ ✛✍✎✍✥☛✑☞✯ ✔✑☞✧✑✙✠☛✌✑✎✘✩ ❲✑ ✍☞☞✏✓✑✕ ✠✡✍✠M❇❆❥ = ✫✢
④
◗⊙ ✍✒✕

M❇❃q = ✫✢
●❍

◗⊙✩ ⑤✚✒☞☛✕✑✔☛✒✛ ✠✡✍✠ ✠✡✑ ☞✠✑✎✎✍✔ ✓✍☞☞ ✖✏✒✙✠☛✚✒ ☛☞

✕✑☞✙✔☛✗✑✕ ✗✘ ✍ ☞☛✒✛✎✑ ⑥✙✡✑✙✡✠✑✔ ✖✏✒✙✠☛✚✒✯ ✴✑ ✏☞✑✕ ✠✘✧☛✙✍✎ ✌✍✎✰

✏✑☞ ✖✔✚✓ ⑦✑✎✎ ✑✠ ✍✎✩ ✦✜✢✢⑧✬ ✦◗
∗ = ✫✢

⑨/⑩❶✯ α = −✢.❈✬ ✠✚ ✑☞✠☛✰

✓✍✠✑ ✠✡✑ ✖✔✍✙✠☛✚✒ ✚✖ ☞✠✑✎✎✍✔ ✓✍☞☞ ✠✡✍✠ ☛☞ ✓☛☞☞☛✒✛ ☛✒ ✑✍✙✡ ✔✑✕☞✡☛✖✠

✗☛✒ ✗✑✙✍✏☞✑ ✚✖ ✙✚✓✧✎✑✠✑✒✑☞☞ ✙✚✔✔✑✙✠☛✚✒✩ ❲✑ ✖✚✏✒✕ ✠✡✍✠ ✠✡✑ ✖✔✍✙✰

✠☛✚✒✍✎ ✙✚✒✠✔☛✗✏✠☛✚✒ ✠✚ ✠✡✑ ✠✚✠✍✎ ☞✠✑✎✎✍✔ ✓✍☞☞ ✗✏✕✛✑✠ ✚✖ ✛✍✎✍✥☛✑☞

✴☛✠✡ ✫✢
④
◗⊙ <M <M❅❆❇✦③✬ ✌✍✔☛✑☞ ✖✔✚✓ ✎✑☞☞ ✠✡✍✒ ✫✤ ✏✧ ✠✚ ❷✤

✦✖✚✔ ✙✎✏☞✠✑✔☞ ✴☛✠✡ ③ > ✢.⑧✬✩ ✽✡✑☞✑ ☞✓✍✎✎ ✖✔✍✙✠☛✚✒☞ ✦✍✎☞✚ ☛✒ ✍✛✔✑✑✰

✓✑✒✠ ✴☛✠✡ ❖☛✒ ✑✠ ✍✎✩ ✜✢✢⑧❸ ❹☛✚✕☛✒☛ ✑✠ ✍✎✩ ✜✢✢✻✬ ☞✡✚✴ ✠✡✍✠ ✠✡✑

☞✠✑✎✎✍✔ ✓✍☞☞✑☞ ✙✚✓✧✏✠✑✕ ☛✒ ✠✡☛☞ ✴✚✔❏ ✍✔✑ ✔✑✎☛✍✗✎✑✩

❺❻❼❻ ❽❾❿❾➀➁❾➀➂❿➃ ➄➅➄➆➅➇➁➈➀➉➊ ➆❿➂➋➌➇➍➎➏➐ ➂➍➇➇➅➂❾➀➍➏➊

❿➏➐ ➌➅➍➄➅❾➇➀➂❿➃ ➂➍➇➇➅➂❾➀➍➏

■☞ ✍ ✹✔☞✠ ☞✠✑✧ ✠✚ ✑☞✠☛✓✍✠✑ ✠✡✑ ✧✔✚➑✑✙✠✑✕ ✠✚✠✍✎ ☞✠✑✎✎✍✔ ✓✍☞☞✯ ✴✡☛✙✡

☛☞ ✠✡✑ ☞✏✓ ✚✖ ✍✎✎ ✧✚✠✑✒✠☛✍✎ ✓✑✓✗✑✔ ✛✍✎✍✥☛✑☞ ✦✴☛✠✡ ✓✍☞☞✑☞ ✛✔✑✍✠✑✔

✠✡✍✒ ✠✡✑ ✎☛✓☛✠☛✒✛ ✓✍☞☞✬✯ ✴✑ ✹✔☞✠ ✡✍✌✑ ✠✚ ✕✑✹✒✑ ✙✍✒✕☛✕✍✠✑ ✓✑✓✰

✗✑✔☞ ☛✒☞☛✕✑ ➒❶➓❊❊ ✍✒✕ ➒➓❊❊✩ ✽✡✚☞✑ ✓✑✓✗✑✔☞ ✍✔✑ ✕✑✹✒✑✕ ✍☞ ✍✎✎ ✠✡✑

✛✍✎✍✥☛✑☞ ☛✒☞☛✕✑ ✍ ✧✔✚➑✑✙✠✑✕ ✕☛☞✠✍✒✙✑ ✑➔✏✍✎ ✠✚ ➒❶➓❊❊ ✚✔ ➒➓❊❊✯ ✴✡☛✙✡

☛☞ ✕✑✹✒✑✕ ✖✔✚✓ ✠✡✑ →✰✔✍✘ ✙✑✒✠✔✚☛✕ ✚✖ ✍ ✛✔✚✏✧/✙✎✏☞✠✑✔ ✍✒✕ ✴☛✠✡

✧✡✚✠✚✓✑✠✔☛✙ ✔✑✕☞✡☛✖✠ ☛✒ ✠✡✑ ✔✍✒✛✑ ③ = ③➣ ± ✢.✫ × ✦✫ + ③
↔↕↔↔
➙➛➜❂➜ ✬

✦✴✡✑✔✑ ③➣ ☛☞ ✠✡✑ ✙✑✒✠✔✍✎ ✔✑✕☞✡☛✖✠ ✠✍❏✑✒ ✖✔✚✓ ➝➞❘✯ ✍✒✕ ③
↔↕↔↔
➙➛➜❂➜ ☛☞

✠✡✑ ✧✡✚✠✚✓✑✠✔☛✙ ✔✑✕☞✡☛✖✠ ✠✍❏✑✒ ✖✔✚✓ ⑥❘⑥⑥✰❘➟➠✬✩ ❲✑ ✒✚✠✑ ✠✡✍✠

✴✑ ✏☞✑✕ ✍ ✔✍✒✛✑ ✚✖ ✢✩✫✯ ✴✡☛✙✡ ☛☞ ✚✖ ✠✡✑ ✚✔✕✑✔ ✚✖ ✠✡✑ ✑✔✔✚✔ ✚✒

✧✡✚✠✚✓✑✠✔☛✙ ✔✑✕☞✡☛✖✠☞ ☛✒ ✠✡✑ ⑥❘⑥⑥ ✙✍✠✍✎✚✛✏✑✩

❲✑ ✙✚✒☞✠✔✏✙✠✑✕ ⑤◆❘ ✖✚✔ ✑✍✙✡ ✛✔✚✏✧/✙✎✏☞✠✑✔ ✠✚ ☛✕✑✒✠☛✖✘ ✠✡✑

✔✑✕✰☞✑➔✏✑✒✙✑ ✦➟⑥✬✩ ★✚✔ ✑✍✙✡ ☞✘☞✠✑✓✯ ✴✑ ✎☛✒✑✍✔✎✘ ✹✠ ✠✡✑ ✔✑✕✰

☞✑➔✏✑✒✙✑ ✍✒✕ ✙✚✒☞☛✕✑✔✑✕ ✍✎✎ ✛✍✎✍✥☛✑☞ ✴☛✠✡☛✒ ✠✡✑ ➟⑥ ✗✑☞✠✰✹✠

±✢.⑧ ✓✍✛ ✍☞ ✑✍✔✎✘✰✠✘✧✑ ✚✗➑✑✙✠☞✩ ❖✍✠✑✰✠✘✧✑ ✛✍✎✍✥☛✑☞ ✴✑✔✑ ✙✎✍☞✰

☞☛✹✑✕ ✍☞ ✠✡✑ ✚✗➑✑✙✠☞ ✠✡✍✠ ✍✔✑ ✗✎✏✑✔ ✠✡✍✒ ✠✡✑ ✎✚✴✑✔ ✎☛✓☛✠ ✚✖ ✠✡✑

➟⑥✩ ❲✑ ☞✏✓✓✑✕ ✠✡✑ ✓✍☞☞✑☞ ✚✖ ✍✎✎ ✠✡✑ ✑✍✔✎✘✰✠✘✧✑ ✍✒✕ ✎✍✠✑✰✠✘✧✑

✛✍✎✍✥☛✑☞ ✠✡✍✠ ✚✗✑✘✑✕ ✚✏✔ ✙✔☛✠✑✔☛✍✩

❲✑ ✙✚✔✔✑✙✠✑✕ ✖✚✔ ✗✍✙❏✛✔✚✏✒✕/✖✚✔✑✛✔✚✏✒✕ ✙✚✒✠✍✓☛✒✍✠☛✚✒ ✗✘

✓✑✍☞✏✔☛✒✛ ✠✡✑ ✠✚✠✍✎ ☞✠✑✎✎✍✔ ✓✍☞☞ ✚✖ ✑✍✔✎✘✰✠✘✧✑ ✍✒✕ ✎✍✠✑✰✠✘✧✑

✛✍✎✍✥☛✑☞✯ ✍☞☞✏✓☛✒✛ ✠✡✑ ☞✍✓✑ ✧✡✚✠✚✓✑✠✔☛✙ ✔✑✕☞✡☛✖✠ ✙✔☛✠✑✔☛✏✓✯ ☛✒

✍✒ ✍✒✒✏✎✏☞ ✚✖ ☛✒✒✑✔ ✍✒✕ ✚✏✠✑✔ ✔✍✕☛☛ ✚✖ ➠ × ➒➓❊❊ ✍✒✕ ✻ × ➒➓❊❊✯ ✔✑✰

☞✧✑✙✠☛✌✑✎✘ ✦✍☞ ✍✎✔✑✍✕✘ ✕✑☞✙✔☛✗✑✕ ☛✒ ❖☛✒ ✑✠ ✍✎✩ ✜✢✢⑧❸ ❖✍✛✍✒ ✑✠ ✍✎✩

✜✢✢➠✬✩ ✽✡✑ ✗✍✙❏✛✔✚✏✒✕ ✔✑✛☛✚✒☞ ✕✚ ✒✚✠ ✚✌✑✔✎✍✧ ✚✠✡✑✔ ☞✠✔✏✙✠✏✔✑☞

✍✒✕ ✴✑✔✑ ✙✡✚☞✑✒ ✠✚ ✔✑✧✔✑☞✑✒✠ ✍ ✹✑✎✕ ✑✒✌☛✔✚✒✓✑✒✠✩ ❲✑ ✍✧✧✎☛✑✕

✑✍✔✎✘✰ ✍✒✕ ✎✍✠✑✰✠✘✧✑ ✕✑✹✒☛✠☛✚✒☞ ✚✖ ✠✡✑ ✙✎✏☞✠✑✔ ✠✚ ✠✡✑ ✗✍✙❏✛✔✚✏✒✕

✔✑✛☛✚✒✩ ✽✡✏☞✯ ✹✑✎✕ ✛✍✎✍✥☛✑☞ ✍✔✑ ☞✑✎✑✙✠✑✕ ✗✘ ✖✚✎✎✚✴☛✒✛ ✠✡✑ ☞✍✓✑

✙✔☛✠✑✔☛✍ ✍☞ ✛✔✚✏✧/✙✎✏☞✠✑✔ ✧✚✠✑✒✠☛✍✎ ✓✑✓✗✑✔☞✩ ❲✑ ✠✡✑✒ ☞✏✓✓✑✕

✠✡✑ ✓✍☞☞✑☞ ✚✖ ✍✎✎ ✎✍✠✑✰ ✍✒✕ ✑✍✔✎✘✰✠✘✧✑ ✛✍✎✍✥☛✑☞ ☛✒ ✠✡✑ ✗✍✙❏✛✔✚✏✒✕

✍✔✑✍✩

★☛✒✍✎✎✘✯ ✴✑ ✍✕✕✑✕ ✏✧ ✠✡✑ ☞✠✑✎✎✍✔ ✓✍☞☞✑☞ ✚✖ ✍✎✎ ✑✍✔✎✘✰✠✘✧✑

✛✍✎✍✥☛✑☞ ✖✔✚✓ ✚✏✔ ☞✘☞✠✑✓☞ ✍✒✕ ☞✏✗✠✔✍✙✠✑✕ ✠✡✑ ☞✠✑✎✎✍✔ ✓✍☞☞✑☞ ✚✖

✗✍✙❏✛✔✚✏✒✕ ✑✍✔✎✘✰✠✘✧✑ ✛✍✎✍✥☛✑☞ ✒✚✔✓✍✎☛☞✑✕ ✠✚ ✠✡✑ ✙✎✏☞✠✑✔ ✍✔✑✍✩

✽✡✑ ☞✍✓✑ ✴✍☞ ✕✚✒✑ ✖✚✔ ✎✍✠✑✰✠✘✧✑ ✛✍✎✍✥☛✑☞✩ ✽✡✑✒✯ ✽✚ ✙✚✓✧✏✠✑ ✠✡✑

✠✚✠✍✎ ☞✠✑✎✎✍✔ ✓✍☞☞ ✚✖ ✠✡✑ ☞✘☞✠✑✓✯ ✴✑ ☞✏✓✓✑✕ ✠✡✑ ✠✚✠✍✎ ✙✚✔✔✑✙✠✑✕

✌✍✎✏✑☞ ✖✚✔ ✑✍✔✎✘✰ ✍✒✕ ✎✍✠✑✰✠✘✧✑ ☞✠✑✎✎✍✔ ✓✍☞☞✑☞✯ ✙✚✒☞☛✕✑✔☛✒✛ ✚✏✔

✎☛✓☛✠☛✒✛ ✓✍☞☞ ✖✚✔ ✠✡✑ ✙✎✏☞✠✑✔/✛✔✚✏✧☞ ✔✑✕☞✡☛✖✠✩

✽✡✑✔✑ ☛☞ ✚✒✑ ✎✍☞✠ ✙✚✔✔✑✙✠☛✚✒ ✠✚ ✗✑ ✍✧✧✎☛✑✕✩ ✽✡✑ ✌✍✎✏✑☞ ✕✑✔☛✌✑✕

✖✚✔ ✠✡✑ ☞✠✑✎✎✍✔ ✓✍☞☞✑☞ ✔✑✖✑✔ ✠✚ ✍ ✙✘✎☛✒✕✑✔ ☞✑✙✠☛✚✒ ✧✔✚➑✑✙✠✑✕ ✧✑✔✧✑✒✰

✕☛✙✏✎✍✔✎✘ ✠✚ ✠✡✑ ✎☛✒✑ ✚✖ ☞☛✛✡✠✩ ➡✒ ✠✡✑ ✚✠✡✑✔ ✡✍✒✕✯ ✠✡✑ ✛✍☞ ✍✒✕ ✠✚✠✍✎

✓✍☞☞✑☞ ✍✔✑ ✓✑✍☞✏✔✑✕ ☛✒☞☛✕✑ ☞✧✡✑✔✑☞ ✚✖ ✔✍✕☛☛✯ ➒❶➓❊❊ ✍✒✕ ➒➓❊❊✩ ✽✚

✙✚✓✧✍✔✑ ☞✠✑✎✎✍✔ ✓✍☞☞✑☞ ✠✚ ✠✚✠✍✎ ✍✒✕ ✛✍☞ ✓✍☞☞✑☞✯ ✴✑ ✒✑✑✕ ✠✚ ✍✧✰

✧✎✘ ✍ ✛✑✚✓✑✠✔☛✙✍✎ ✙✚✔✔✑✙✠☛✚✒ ✠✚ ✙✚✔✔✑✙✠ ✠✡✑ ✙✘✎☛✒✕✔☛✙✍✎ ✌✚✎✏✓✑ ✠✚

✍ ☞✧✡✑✔☛✙✍✎ ✌✚✎✏✓✑ ✦☞✑✑ ■✧✧✑✒✕☛✥ ⑦ ✖✚✔ ✓✚✔✑ ✕✑✠✍☛✎☞✬✩ ✽✡✑ ✙✚✒✰

✙✑✒✠✔✍✠☛✚✒ ✧✍✔✍✓✑✠✑✔☞ ✍✔✑ ✠✍❏✑✒ ✠✚ ✗✑ ✜ ± ✫ ✍✒✕ ⑧ ± ✫ ✖✚✔ ✙✎✏☞✠✑✔☞

✍✒✕ ✛✔✚✏✧☞✯ ✔✑☞✧✑✙✠☛✌✑✎✘✩ ✽✡✑☞✑ ✌✍✎✏✑☞ ✎✑✍✕ ✠✚ ✍ ✓✏✎✠☛✧✎☛✙✍✠☛✌✑

✖✍✙✠✚✔ ✚✒ ✠✡✑ ☞✠✑✎✎✍✔ ✓✍☞☞ ✚✖ ✢✩❈➠ ✖✚✔ ✙✎✏☞✠✑✔☞ ✍✒✕ ✢✩❉❷ ✖✚✔ ✛✔✚✏✧☞

✴☛✠✡☛✒ ➒➓❊❊ ✍✒✕ ✢✩✼⑧ ✖✚✔ ✙✎✏☞✠✑✔☞ ✍✒✕ ✢✩❈✫ ✖✚✔ ✛✔✚✏✧☞ ✴☛✠✡☛✒ ➒❶➓❊❊✩

➡✒✑ ✙✍✒ ✒✚✠✑ ✠✡✍✠ ✠✡✑ ✙✚✒✙✑✒✠✔✍✠☛✚✒ ✧✍✔✍✓✑✠✑✔ ✚✖ ✙✎✏☞✠✑✔☞ ☛☞ ✙✡✚✰

☞✑✒ ✠✚ ✗✑ ✎✚✴✑✔ ✠✡✍✒ ✠✡✑ ✧✍✔✍✓✑✠✑✔ ✚✖ ✛✔✚✏✧☞✯ ✍✙✙✚✔✕☛✒✛ ✠✚ ✔✑☞✏✎✠☞

✖✔✚✓ ➢✍✒☞✑✒ ✑✠ ✍✎✩ ✦✜✢✢✼✬✩

❺❻❺❻ ➤➏➂➅➇❾❿➀➏❾➀➅➁

❲✑ ✡✍✌✑ ✠✡✔✑✑ ✓✍➑✚✔ ✏✒✙✑✔✠✍☛✒✠☛✑☞❀ ✠✡✑ ✧✡✚✠✚✓✑✠✔☛✙ ✓✍✛✒☛✠✏✕✑

✏✒✙✑✔✠✍☛✒✠✘ ✦✍✗✚✏✠ ✫❷✤ ✚✖ ✠✡✑ ☞✠✑✎✎✍✔ ✓✍☞☞✬✯ ✠✡✑ ✏✒✙✑✔✠✍☛✒✠✘

✍✔☛☞☛✒✛ ✖✔✚✓ ✠✡✑ ✛✑✚✓✑✠✔☛✙✍✎ ✙✚✔✔✑✙✠☛✚✒ ✦✍✗✚✏✠ ❈✤ ✴☛✠✡☛✒ ➒➓❊❊

✍✒✕ ✻✤ ✴☛✠✡☛✒ ➒❶➓❊❊✬✯ ✍✒✕ ✠✡✑ ✏✒✙✑✔✠✍☛✒✠✘ ✚✒ ✠✡✑ ✓✍☞☞ ✠✚ ✎☛✛✡✠

✔✍✠☛✚ ✦✍✗✚✏✠ ✜❈✤✬✩ ✽✡✑ ✑✔✔✚✔ ✗✍✔☞ ✍✔✑ ✍✧✧✔✚✥☛✓✍✠✑✕ ✠✚ ✗✑ ✠✡✑

➔✏✍✕✔✍✠✏✔✑ ☞✏✓ ✚✖ ✠✡✑ ✠✡✔✑✑ ✏✒✙✑✔✠✍☛✒✠☛✑☞✯ ☛✩✑✩✯ ✍✗✚✏✠ ⑧✢✤✩ ✽✡✑

➥➦➦✱ ♣❛❣❡ ✸ ♦❢ ✟➦



❆✫❆ ✺✺✺✱ ❆✻✻ ✭✷✵✶✸✮

✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝♦rr❡❝t✐♦♥ ❤❛s ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞�

❛ss✉♠✐♥❣ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♣❛r❛♠❡t❡r ✐s ❦♥♦✇♥ ❛t ±✁✳ ■♥ ♠♦st

❝❛s❡s� ♦✉r ❡rr♦r ❜❛rs ❛r❡ ♠❛✐♥❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ✉♥❝❡rt❛✐♥t② ♦♥

t❤❡ ♠❛ss✲t♦✲❧✐❣❤t r❛t✐♦✳ ❚❤✉s� ✐t ❝♦✉❧❞ ✐♠♣r♦✈❡ ✇✐t❤ ❜❡tt❡r ❝♦♥✲

str❛✐♥ts ♦♥ ♠❛ss✲t♦✲❧✐❣❤t r❛t✐♦s✳ ■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t

❡rr♦rs ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ✇✐t❤✐♥ ✂✄☎✆✆ ❛♥❞ ✂☎✆✆� ✇❤✐❝❤ s❤♦✇s

t❤❡r❡ ❛r❡ ❡♥♦✉❣❤ ❣❛❧❛①✐❡s ✇✐t❤✐♥ ✂✄☎✆✆ t♦ ❝❛❧❝✉❧❛t❡ st❛t✐st✐❝❛❧ ✉♥✲

❝❡rt❛✐♥t✐❡s✳ ❙t❡❧❧❛r ♠❛ss❡s ✇✐t❤ ❡rr♦r ❜❛rs ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✁✳

✹✝ ❳✞✟✠✡ ☛✠☞✠ ✠✌✠✍✡✎✏✎✑ ✒✠✎ ✠✌☛ ☞✓☞✠✍ ✔✠✎✎

☛✕☞✕✟✔✏✌✠☞✏✓✌✎

❋♦r t❤❡ ♥✐♥❡ ❣r♦✉♣s ♦❢ ♦✉r s❛♠♣❧❡� ✇❡ r❡❞✉❝❡❞ t❤❡ ✖✲r❛② ❞❛t❛

✇✐t❤ t❤❡ ✗▼▼✘◆✙✚✛✜✢ ❙❝✐❡♥❝❡ ✣♥❛❧②s✐s ❙②st❡♠ ✤❙✣❙✥ ✈✁✁✳✦

❛♥❞ ❝❛❧✐❜r❛t✐♦♥ ❞❛t❛❜❛s❡ ✉s✐♥❣ ❛❧❧ t❤❡ ✉♣❞❛t❡s ❛✈❛✐❧❛❜❧❡ ♣r✐♦r t♦

❋❡❜r✉❛r② ✧✦✁✧✳ ❚❤❡ ✐♥✐t✐❛❧ ❞❛t❛ s❝r❡❡♥✐♥❣ ✇❛s ❛♣♣❧✐❡❞ ✉s✐♥❣ r❡❝✲

♦♠♠❡♥❞❡❞ s❡ts ♦❢ ❡✈❡♥t ♣❛tt❡r♥s ➊ ✐✳❡✳� ✦➊✁✧ ❛♥❞ ✦➊★ ❢♦r t❤❡

✩❖❙ ❛♥❞ P✪ ❝❛♠❡r❛s� r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❧✐❣❤t ❝✉r✈❡s ✐♥ t❤❡ ❡♥✲

❡r❣② r❛♥❣❡ ♦❢ ❬✁➊✁✦❪ ❦❡❱ ✇❡r❡ ✬❧t❡r❡❞ t♦ r❡❥❡❝t ♣❡r✐♦❞s ♦❢ ❤✐❣❤

❜❛❝❦❣r♦✉♥❞✳ ❲❡ ✉s❡❞ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❛♣s ❢♦r t❤❡ ✯ ❊P■❈ ✐♥✲

str✉♠❡♥ts ❢r♦♠ ❘❡❛❞ ✰ P♦♥♠❛♥ ✤✧✦✦✯✥✳ ❚❤❡ ❜❛❝❦❣r♦✉♥❞ ✇❛s

♥♦r♠❛❧✐s❡❞ ✇✐t❤ ❛ s♣❡❝tr✉♠ ♦❜t❛✐♥❡❞ ✐♥ ❛♥ ❛♥♥✉❧✉s ✤❜❡t✇❡❡♥

✾➊✁✁ ❛r❝♠✐♥✥� ✇❤❡r❡ t❤❡ ❝❧✉st❡r ❡♠✐ss✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ❞❡t❡❝t❡❞✳

✣ ♥♦r♠❛❧✐s❡❞ s♣❡❝tr✉♠ ✇❛s t❤❡♥ s✉❜tr❛❝t❡❞� ②✐❡❧❞✐♥❣ ❛ r❡s✐❞✲

✉❛❧ s♣❡❝tr✉♠✳ ❚❤✐s ♥♦r♠❛❧✐s❛t✐♦♥ ♣❛r❛♠❡t❡r ✇❛s t❤❡♥ ✉s❡❞ ✐♥ t❤❡

s♣❡❝tr❛❧ ✬t✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✇❛s ❛❧r❡❛❞② ❛❞♦♣t❡❞ ✐♥ ▲❛❣❛♥ ❡t ❛❧✳

✤✧✦✦✽✥ ❛♥❞ ❉✉rr❡t ❡t ❛❧✳ ✤✧✦✁✦� ✧✦✁✁✥✳

❲❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ t❤❡ ✁✁★ ❝❧✉st❡rs ❢r♦♠ ✩❛✉❣❤❛♥ ❡t ❛❧✳

✤✧✦✁✧✥ ✐♥ t❤❡ r❡❞s❤✐❢t r❛♥❣❡ ♦❢ ✦.✁ < ③ < ✁.✯� ❛♥❞ ♦❜s❡r✈❡❞ ✇✐t❤

✴✼✿✢❀✂✿✳ ❚❤❡✐r t❡♠♣❡r❛t✉r❡s r❛♥❣❡❞ ❢r♦♠ ✧✳✦ ❦❡❱ t♦ ✁❁ ❦❡❱✳

❚❤✐s s❛♠♣❧❡ ✇❛s ✬rst ♣r❡s❡♥t❡❞ ✐♥ ✩❛✉❣❤❛♥ ❡t ❛❧✳ ✤✧✦✦✽✥� ✇❤❡r❡

t❤❡ ❢✉❧❧ ❛♥❛❧②s✐s ♣r♦❝❡❞✉r❡ ✐s ❞❡s❝r✐❜❡❞✳ ■♥ ✩✁✧ t❤❡ s❛♠♣❧❡

✇❛s r❡❛♥❛❧②s❡❞ ✇✐t❤ ✉♣❞❛t❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ❈■✣❖ s♦❢t✇❛r❡

♣❛❝❦❛❣❡ ✤✈❡rs✐♦♥ ★✳✧✥ ❛♥❞ t❤❡ ✴✼✿✢❀✂✿ ❈❛❧✐❜r❛t✐♦♥ ❉❛t❛❜❛s❡

✤✈❡rs✐♦♥ ★✳✯✳✦✥✳

❂❃❄❃ ●❅❇ ❅❍❏ ❑◗❑❅❯ ❨❅❇❇ ❏❩❑❩❭❨❫❍❅❑❫◗❍❇ ❴◗❭ ❑❵❩ q❭◗④⑤❇

❚♦ ❝♦♠♣✉t❡ t❤❡ ❣❛s ♠❛ss� ✇❡ ✬rst ❝♦♥✈❡rt❡❞ t❤❡ s✉r❢❛❝❡ ❜r✐❣❤t✲

♥❡ss ❞✐str✐❜✉t✐♦♥ ✐♥t♦ ❛ ♣r♦❥❡❝t❡❞ ❡♠✐ss✐✈✐t② ♣r♦✬❧❡ t❤❛t ✇❛s

♠♦❞❡❧❧❡❞ ❜② ❛ β✲♠♦❞❡❧ ✤❈❛✈❛❧✐❡r❡ ✰ ❋✉s❝♦✲❋❡♠✐❛♥♦ ✁✾⑥✽✥✳ ❚❤❡

❣❛s ♠❛ss ✐s ❣✐✈❡♥ ❜②⑦

▼⑧⑨⑩✤✂✥ = ★ π ❶❷ µ❸

∫ ❹∆

✆
✢❸✤✂✥✂

✄
❞✂, ✤✯✥

❛♥❞ ❢♦r t❤❡ β✲♠♦❞❡❧� ✇❡ ❝❛♥ ✇r✐t❡

✢❸ =
✢✆

[

✁ +
(

❹
❹❺

)✄
]
❻β
❼
, ✤★✥

✇❤❡r❡ ✂❽ ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ r❛❞✐✉s� β ✐s t❤❡ s❧♦♣❡ ♦❢ t❤❡ s✉r✲

❢❛❝❡ ❜r✐❣❤t♥❡ss ♣r♦✬❧❡� µ❸ = ✦.✽✁� ❛♥❞ ✢✆ ✐s t❤❡ ❝❡♥tr❛❧ ❞❡♥s✐t②

♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♥♦r♠❛❧✐❾❛t✐♦♥ ♣❛r❛♠❡t❡r ❢r♦♠ t❤❡ s♣❡❝tr❛✳

❚♦ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ♠❛ss ❜❛s❡❞ ♦♥ ✖✲r❛② ❞❛t❛� ✇❡ r❡❧②

♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❤②❞r♦st❛t✐❝ ❡❿✉✐❧✐❜r✐✉♠ ✤➀❊✥ ❛♥❞ s♣❤❡r✲

✐❝❛❧ s②♠♠❡tr②✳ ❚❤❡ t♦t❛❧ ♠❛ss ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❞❡✲

♣r♦❥❡❝t❡❞ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ❛♥❞ t❡♠♣❡r❛t✉r❡ ♣r♦✬❧❡s✳ ❚❤❡ t♦t❛❧

♠❛ss ✐s ❣✐✈❡♥ ❜②⑦

▼➁➂➁✤< ✂∆✥ = −
➃➄➅✂

➆µ♠❷

(

❞❧♥ ρ

❞❧♥ ✂
+

❞❧♥ ➅

❞❧♥ ✂

)

, ✤➇✥

✇❤❡r❡ ✂∆ ✐s t❤❡ r❛❞✐✉s ✐♥s✐❞❡ ✇❤✐❝❤ t❤❡ ♠❡❛♥ ❞❡♥s✐t② ✐s ❤✐❣❤❡r

t❤❛♥ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ❜② ❛ ❢❛❝t♦r ♦❢ ∆ ✤✐♥ ♦✉r ❝❛s❡� ∆ = ✧➇✦✦�

♦r ∆ = ➇✦✦✥➈ ➃➄ ✐s t❤❡ ➉♦❧t❾♠❛♥ ❝♦♥st❛♥t➈ ➅ ✐s t❤❡ ♠❡❛♥ ❣❛s

t❡♠♣❡r❛t✉r❡➈ ❶❷ ✐s t❤❡ ♣r♦t♦♥ ♠❛ss➈ µ ✐s t❤❡ ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t➈

❛♥❞ ρ ✐s t❤❡ ❣❛s ❞❡♥s✐t②✳ ➀❡r❡� ✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡ s②st❡♠s

❛r❡ ✐s♦t❤❡r♠❛❧� ❛♥❞ ✇❡ ✉s❡❞ ❛ ❣❧♦❜❛❧ t❡♠♣❡r❛t✉r❡ ✤♠❡❛s✉r❡❞

✇✐t❤✐♥ ✯✦✦ ✼
−➋
➌✆ ❦♣❝✥ t♦ ❝♦♠♣✉t❡ t❤❡ ❞②♥❛♠✐❝ ♠❛ss✳ ❚♦ ❞❡t❡r✲

♠✐♥❡ t❤❡ t❡♠♣❡r❛t✉r❡� t❤❡ ✩❖❙ ❛♥❞ P✪ ❞❛t❛ ✇❡r❡ ❥♦✐♥t❧② ✬t

✇✐t❤ ❛ ✩❊➍✣▲ ♣❧❛s♠❛ ♠♦❞❡❧ ✤❜r❡♠sstr❛❤❧✉♥❣ ♣❧✉s ❧✐♥❡ ❡♠✐s✲

s✐♦♥✥✳ ❲❡ ✬①❡❞ t❤❡ ❤②❞r♦❣❡♥ ❝♦❧✉♠♥ ❞❡♥s✐t② ❛t t❤❡ ❧♦❝❛❧ ➎❛❧❛❝t✐❝

✈❛❧✉❡� ✉s✐♥❣ t❤❡ t❛s❦ ✢➏ ❢r♦♠ ❋❚❖❖▲❙ ✤❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❢r♦♠

t❤❡ ▲✣➉ ✢➏ t❛❜❧❡� ➍❛❧❜❡r❧❛ ❡t ❛❧✳ ✧✦✦➇✥ t♦ ❡st✐♠❛t❡ ✐t✳ ❚❤❡ ❣❛s

❛♥❞ t♦t❛❧ ♠❛ss❡s ✤❞❡r✐✈❡❞ ✐♥s✐❞❡ ✂✄☎✆✆ ❛♥❞ ✂☎✆✆✥ ❛♥❞ t❤❡ ♦t❤❡r

❿✉❛♥t✐t✐❡s ❞❡r✐✈❡❞ ❢r♦♠ ✖✲r❛② ♦❜s❡r✈❛t✐♦♥s ❛r❡ ✐♥ ❚❛❜❧❡ ✁✳

✣ss✉♠✐♥❣ t❤❛t t❤❡ ❣❛s t❡♠♣❡r❛t✉r❡ ❢♦r ❣r♦✉♣s ✐s r♦✉❣❤❧②

✐s♦t❤❡r♠❛❧� ✂☎✆✆ ✐s ❣✐✈❡♥ ❜② ▲✐♠❛ ✪❡t♦ ❡t ❛❧✳ ✤✧✦✦✯✥⑦

✂∆ = ✂❽













✧.✯ × ✁✦➐ β〈➃➅ 〉
∆ ✼✄

➌✆➑
✄✤③➈Ω➒,Ωλ✥ µ ✂✄❽













➋/✄

, ✤❁✥

✇❤❡r❡ ✂❽ ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ r❛❞✐✉s ✤❣✐✈❡♥ ✐♥ ❦♣❝✥➈ β ✐s t❤❡ s❧♦♣❡

❣✐✈❡♥ ❜② t❤❡ β✲♠♦❞❡❧ ✬t ❢♦r t❤❡ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ♣r♦✬❧❡➈ 〈➃➅ 〉 ✐s
t❤❡ ♠❡❛♥ t❡♠♣❡r❛t✉r❡ ✤❣✐✈❡♥ ✐♥ ❦❡❱✥➈ ❛♥❞ ➑✄✤③➈Ω➒,ΩΛ✥ =

✤Ω➒✤✁+ ③✥➓ + ✤✁−Ω➒ −ΩΛ✥✤✁+ ③✥✄ +ΩΛ✥ ❞❡s❝r✐❜❡s t❤❡ r❡❞s❤✐❢t

❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ➀✉❜❜❧❡ ♣❛r❛♠❡t❡r✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♠❡♥t✐♦♥

t❤❛t t❤❡ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ❛♥❞ t❡♠♣❡r❛t✉r❡ ♣r♦✬❧❡s r❡❛❝❤ ✂☎✆✆
✇✐t❤♦✉t ❡①tr❛♣♦❧❛t✐♦♥ ❢♦r ❛❧❧ s②st❡♠s✳

❂❃➔❃ ●❅❇ ❅❍❏ ❑◗❑❅❯ ❨❅❇❇ ❏❩❑❩❭❨❫❍❅❑❫◗❍❇ ❴◗❭ ❑❵❩ →❅④q❵❅❍

❩❑ ❅❯❃ ➣➔↔❄➔↕ ❇❅❨⑤❯❩

❚❤❡ ❣❛s ❞❡♥s✐t② ♣r♦✬❧❡ ♦❢ ❡❛❝❤ ❝❧✉st❡r ✇❛s ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♥✲

✈❡rt✐♥❣ t❤❡ ♦❜s❡r✈❡❞ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ♣r♦✬❧❡ ✤♠❡❛s✉r❡❞ ✐♥

t❤❡ ✦✳⑥➊✧ ❦❡❱ ❜❛♥❞✥ ✐♥t♦ ❛ ♣r♦❥❡❝t❡❞ ❡♠✐ss✐✈✐t② ♣r♦✬❧❡� ✇❤✐❝❤

✇❛s t❤❡♥ ♠♦❞❡❧❧❡❞ ✐♥ ✩✁✧ ❜② ♠♦❞✐❢②✐♥❣ t❤❡ β✲♠♦❞❡❧ ✤s❡❡ ❡✳❣✳�

P♦✐♥t❡❝♦✉t❡❛✉ ❡t ❛❧✳ ✧✦✦★➈ ❱✐❦❤❧✐♥✐♥ ❡t ❛❧✳ ✧✦✦❁➈ ✩❛✉❣❤❛♥ ❡t ❛❧✳

✧✦✦✽✥ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦✇❡r✲❧❛✇✲t②♣❡ ❝✉s♣ ✐♥st❡❛❞ ♦❢ ❛

➙❛t ❝♦r❡ ✐♥ t❤❡ ❝❡♥tr❡ ♦❢ r❡❧❛①❡❞ ❝❧✉st❡rs✳ ✣❧s♦� t❤❡ ❝❧✉st❡r ❣❛s

t❡♠♣❡r❛t✉r❡� ❣❛s ♠❛ss ❛♥❞ ✂☎✆✆ ✇❡r❡ t❤❡♥ ❞❡t❡r♠✐♥❡❞ ✐t❡r❛t✐✈❡❧②

✐♥ ✩✁✧✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✇❛s ❛s ❢♦❧❧♦✇s⑦ t♦ ❡①tr❛❝t ❛ s♣❡❝tr✉♠

✇✐t❤✐♥ ❛♥ ❡st✐♠❛t❡❞ ✂☎✆✆ ✤✇✐t❤ t❤❡ ❝❡♥tr❛❧ ✁➇ ♣❡r❝❡♥t ♦❢ t❤❛t r❛✲

❞✐✉s ❡①❝❧✉❞❡❞✥� ✐♥t❡❣r❛t❡ t❤❡ ❣❛s ❞❡♥s✐t② ♣r♦✬❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡

❣❛s ♠❛ss ✇✐t❤✐♥ t❤❡ ❡st✐♠❛t❡❞ ✂☎✆✆ ❛♥❞ t❤✉s ❝❛❧❝✉❧❛t❡ ➛➜� ✇❤✐❝❤

✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❣❛s ♠❛ss� ❛ ❧♦✇ s❝❛tt❡r

♣r♦①② ❢♦r t❤❡ t♦t❛❧ ♠❛ss ✤➍r❛✈ts♦✈ ❡t ❛❧✳ ✧✦✦❁✥✳ ✣ ♥❡✇ ✈❛❧✉❡

♦❢ ✂☎✆✆ ✇❛s t❤❡♥ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ➛➜−▼➁➂➁ s❝❛❧✐♥❣ r❡❧❛t✐♦♥ ♦❢

❱✐❦❤❧✐♥✐♥ ❡t ❛❧✳ ✤✧✦✦✾✥✳ ❚❤❡ ♣r♦❝❡ss ✇❛s r❡♣❡❛t❡❞ ✉♥t✐❧ ✂☎✆✆ ❝♦♥✲

✈❡r❣❡❞✳ ✣❧❧ t❤❡ ❞❡t❛✐❧s ❛r❡ ✐♥ ❙❡❝t✳ ✧ ♦❢ ✩✁✧✳

❋♦r t❤❡ ❣❛s ♠❛ss� ✇❡ ✉s❡❞ ❊❿✳ ✤✯✥� ❜✉t ✇❡ ❛ss✉♠❡❞ t❤❡

♠♦❞✐✬❡❞ β✲♠♦❞❡❧ ✤❛s ✐♥ ✩✁✧✥ ❣✐✈❡♥ ❜②

✢
✄
❸ = ✢

✄
✆

✤✂/✂❽✥
−α

✤✁ + ✂✄/✂✄❽ ✥
➓β−α/✄ × ✤✁ + ✤✂/✂⑩✥

γ
✥
−ǫ/γ, ✤⑥✥

✇❤❡r❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ t❡r♠ ❞❡s❝r✐❜❡s ❛ ❝❤❛♥❣❡ ♦❢ s❧♦♣❡ ❜② ǫ ♥❡❛r

t❤❡ r❛❞✐✉s ✂⑩� ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r γ ❝♦♥tr♦❧s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ tr❛♥s✐✲

t✐♦♥ r❡❣✐♦♥✳ ➎❛s ♠❛ss❡s ✇❡r❡ t❤❡♥ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ✩♦♥t❡ ❈❛r❧♦

r❡❛❧✐s❛t✐♦♥s ♦❢ t❤❡ ♣r♦❥❡❝t❡❞ ❡♠✐ss✐✈✐t② ♣r♦✬❧❡ ❜❛s❡❞ ♦♥ t❤❡ ❜❡st✲

✬tt✐♥❣ ♣r♦❥❡❝t❡❞ ♠♦❞❡❧ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❚❤❡ ❡rr♦rs ✐♥ t❤❡ ❣❛s

♠❛ss ❞❡t❡r♠✐♥❛t✐♦♥ ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛ ➎❛✉ss✐❛♥ ❞✐str✐❜✉✲

t✐♦♥ ❢♦r ❛❧❧ ❣❛s ♠❛ss ✈❛❧✉❡s� ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✇❛s ❛s✲

s✉♠❡❞ t♦ ❜❡ t❤❡ ❢✉❧❧ ✇✐❞t❤ ❛t ❤❛❧❢ ♠❛①✐♠✉♠ ♦❢ t❤✐s ❞✐str✐❜✉t✐♦♥✳

❚♦ t❡st t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✐s♦t❤❡r♠❛❧✐t②� ✇❡ ❝♦♠♣✉t❡❞ ❤❡r❡

t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ r❛❞✐✉s ✂☎✆✆ ❛♥❞ ✂✄☎✆✆� ❜② ✐ts ❞❡✬♥✐t✐♦♥�

〈ρ✤✂δ✥〉 ≡
▼➁➂➁✤< ✂δ✥

★π✂➓
δ
/✯
, ✤✽✥

❆✻✻✱ ➝➞➟➠ ➡ ➢➤ ✶✻



❚✳ ❋✳ ▲❛❣❛♥ ❡t ❛❧✳✿ ❚❤❡ ❜❛r②♦♥ ❢r❛❝t✐♦♥ ✐♥ ❣r♦✉♣s ❛♥❞ ❝❧✉st❡rs

�✁✂✄ ✷✄ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ☎✺✵✵ ✈❛❧✉❡s ❞❡t❡r♠✐♥❡❞ ❜② ▼❛✉❣❤❛♥ ❡t ❛❧✳

✭✆✝✶✆✮ ❛♥❞ t❤♦s❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❊q✳ ✭✻✮ t♦ ❞❡t❡r♠✐♥❡ ☎✞✺✵✵ ❛♥❞ ☎✺✵✵ ✐♥ ❛

❤♦♠♦❣❡♥❡♦✉s ✇❛② ❢♦r ♦✉r s❛♠♣❧❡✳

✟✠✡☛✡ δ ☞✌ ✍✠✡ ✎✡✏✌☞✍✑ ✒✓✏✍☛✔✌✍✱ ρ✕✖✗③✘ ☞✌ ✍✠✡ ✒☛☞✍☞✒✔✙ ✎✡✏✌☞✍✑ ✔✍ ✍✠✡
✒✙✚✌✍✡☛ ☛✡✎✌✠☞✛✍✱ ✔✏✎ 〈ρ✗✜δ✘〉 ☞✌ ✍✠✡ ✢✡✔✏ ✍✓✍✔✙ ✎✡✏✌☞✍✑ ☞✏✌☞✎✡ ✜δ✣

✤✠✡ ☛✔✎☞✚✌ ✜δ ☞✌ ✍✠✡✏ ✛✓✚✏✎ ✥✑ ✏✚✢✡☛☞✒✔✙✙✑ ✌✓✙✦☞✏✧ ✍✠✡ ✛✓✙✙✓✟☞✏✧

✡★✚✔✍☞✓✏✩

✜
✸
δ = −

✪

✹πδ
ρ−✫✕✖ ✗③✘

✜δ ❦✬

µ✯❍●

✎✙✓✧ρ

✎✙✓✧ ✜

∣

∣

∣

∣

∣

∣

✰=✰δ

· ✗✾✘
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✟☞✍✠☞✏ ✜❑◆◆ ✔✏✎ ρ = −◗.❘✹ ✟☞✍✠ ❶ = ❃◗−✫✫ ✛✓☛ ✍✠✡ ✒✓☛☛✡✙✔✍☞✓✏✌

✟☞✍✠☞✏ ✜❏❑◆◆✣ ■✏ ✥✓✍✠ ✒✔✌✡✌✱ ✟✡ ✠✔✎ ✔ ✌✍☛✓✏✧ ✒✓☛☛✡✙✔✍☞✓✏ ✥✡✍✟✡✡✏

✍✠✡ ✒✓✙✎ ✥✔☛✑✓✏ ✛☛✔✒✍☞✓✏/✌✍✔☛ ✛✓☛✢✔✍☞✓✏ ✡ffi✒☞✡✏✒✑ ✔✏✎ ✍✠✡ ✍✓✍✔✙

✢✔✌✌✣

✤✠✡ ✌✍✔☛ ✛✓☛✢✔✍☞✓✏ ✡ffi✒☞✡✏✒✑ ✎✡✒☛✡✔✌✡✌ ✥✑ ✔✏ ✓☛✎✡☛ ✓✛ ✢✔✧❄

✏☞✍✚✎✡ ✛✓☛ ✥✓✍✠ ✜❏❑◆◆ ✔✏✎ ✜❑◆◆ ✛☛✓✢ ✧☛✓✚✲✌ ✍✓ ✢✔✌✌☞✦✡ ✒✙✚✌✍✡☛✌✣

❀☛✓✢ ✍✠✡ ✔✏✔✙✑✌☞✌ ✓✛ ✍✟✡✙✦✡ ✧☛✓✚✲✌ ✔✏✎ ✒✙✚✌✍✡☛✌✱ ➌✔✦☞✎ ✡✍ ✔✙✣

✗❃✾✾◗✘ ✔✙✌✓ ✛✓✚✏✎ ✔ ✌✍☛✓✏✧ ✒✓☛☛✡✙✔✍☞✓✏ ✛✓☛ ➐❪➑❭✖/➐❬❭❪ × ➐➑➒➑✱

✌✠✓✟☞✏✧ ✍✠✔✍ ✍✠✡ ➐❪➑❭✖/➐❬❭❪ ☛✔✍☞✓ ✦✔☛☞✡✌ ✥✑ ✢✓☛✡ ✍✠✔✏ ✔ ✛✔✒✍✓☛

✓✛ ✴✦✡ ✛☛✓✢ ✙✓✟ ✍✓ ✠☞✧✠❄✢✔✌✌ ✌✑✌✍✡✢✌✣

❷❸➓❸ ➔➆➃➃➉➀➉➂➄➉ ❾➉➅→➉➉➂ ➅➣➉ ❻❾➇➉➀↔➉❽ ❿➂❽ ↕➙➛➜➝➞ ❾❿➀➁❻➂

➃➀❿➄➅➆❻➂➇

■✏ ❀☞✧✣ ✹✱ ✟✡ ✌✠✓✟ ✍✠✡ ✌✍✡✙✙✔☛✱ ✧✔✌✱ ✔✏✎ ✍✓✍✔✙ ✥✔☛✑✓✏ ✥✚✎✧✡✍✌ ✔✌

✔ ✛✚✏✒✍☞✓✏ ✓✛ ✍✓✍✔✙ ✢✔✌✌ ✓✛ ✍✠✡ ✌✑✌✍✡✢✣ ❲✡ ✔✙✌✓ ✌✠✓✟ ✍✠✡ ☛✔✍☞✓

✥✡✍✟✡✡✏ ✍✠✡ ✍✓✍✔✙ ✥✔☛✑✓✏ ✛☛✔✒✍☞✓✏ ✎✡✍✡☛✢☞✏✡✎ ✥✑ ✍✠✡ ✌✚✢ ✓✛ ❩❪➑❭✖

✔✏✎ ❩❬❭❪ ✔✏✎ ✍✠✡ ❲❂❆P❄✽ ✦✔✙✚✡ ✔✌ ✔ ✛✚✏✒✍☞✓✏ ✓✛ ✍✓✍✔✙ ✢✔✌✌ ☞✏

✍✠✡ ✥✓✍✍✓✢ ✲✔✏✡✙✣ ✤✠✡ ✌✓✙☞✎ ✙☞✏✡✌ ☛✡✲☛✡✌✡✏✍ ✍✠✡ ✥✡✌✍ ✙☞✏✡✔☛ ✴✍✌

✛✓☛ ✍✠✡ ✍✓✍✔✙✱ ✧✔✌ ✔✏✎ ✌✍✡✙✙✔☛ ✢✔✌✌ ✛☛✔✒✍☞✓✏✌ ✔✌ ✔ ✛✚✏✒✍☞✓✏ ✓✛ ✍✓❄

✍✔✙ ✢✔✌✌✣ ❲✡ ✔✙✌✓ ☛✡✲☛✡✌✡✏✍ ✍✠✡ ✴✍✌ ✛✓☛ ✍✠✡ ✌✍✡✙✙✔☛ ✢✔✌✌ ✛☛✔✒✍☞✓✏

✛✓☛ ✧☛✓✚✲✌ ✔✏✎ ✒✙✚✌✍✡☛✌ ✌✡✲✔☛✔✍✡✙✑✣ ❆✌ ✟✡ ✌✡✡✱ ✍✠✡ ✥✡✌✍ ✴✍✌ ✛✓☛

✍✠✡ ✌✍✡✙✙✔☛ ✢✔✌✌ ✛☛✔✒✍☞✓✏✌ ✎☞ff✡☛ ✥✑ ✢✓☛✡ ✍✠✔✏ ✪σ ☞✛ ✟✡ ✌✡✲✔☛✔✍✡

✍✠✡ ❁❘ ✒✙✚✌✍✡☛✌ ✛☛✓✢ ✍✠✡ ✾ ✧☛✓✚✲✌✣ ✤✠☞✌ ✌✚✧✧✡✌✍✌ ✍✠✔✍ ✧☛✓✚✲✌ ✔✏✎

✒✙✚✌✍✡☛✌ ✛✓☛✢ ✍✟✓ ✎☞✌✍☞✏✒✍ ✲✓✲✚✙✔✍☞✓✏✌ ☞✏ ✍✡☛✢✌ ✓✛ ✌✍✡✙✙✔☛ ✒✓✏✍✡✏✍✣

✤✠✡ ✍✓✍✔✙ ✥✔☛✑✓✏ ✢✔✌✌ ✛☛✔✒✍☞✓✏✱ ✔✌ ✌✠✓✟✏ ☞✏ ❀☞✧✣ ✹✱ ✛✓☛ ✍✠✡

✢✔✌✌ ☛✔✏✧✡ ✔✏✔✙✑✌✡✎ ✠✡☛✡ ☞✏✎☞✒✔✍✡✌ ✔ ✎✡✒☛✡✔✌✡ ✍✓✟✔☛✎✌ ✧☛✓✚✲✌

✔✏✎ ✲✓✓☛❄✒✙✚✌✍✡☛✌ ✗✔✌ ✢✡✏✍☞✓✏✡✎ ✲☛✡✦☞✓✚✌✙✑✘✣ ✤✠✡ ✎☞✌✒☛✡✲✔✏✒✑

✥✡✍✟✡✡✏ ✍✠✡ ✍✓✍✔✙ ✥✔☛✑✓✏ ✢✔✌✌ ✛☛✔✒✍☞✓✏ ✔✏✎ ✍✠✡ ❲❂❆P❄✽ ✦✔✙✚✡

✥✡✒✓✢✡✌ ✙✔☛✧✡☛ ✟☞✍✠ ✎✡✒☛✡✔✌☞✏✧ ✢✔✌✌ ✗✔✌ ✔✙☛✡✔✎✑ ✲✓☞✏✍✡✎ ✓✚✍ ✥✑

✌✓✢✡ ✲☛✡✦☞✓✚✌ ✟✓☛❉✌✱ ✌✚✒✠ ✔✌ ☞✏ ⑨✓✏⑩✔✙✡⑩ ✡✍ ✔✙✣ ❁◗◗✽➍ ⑨☞✓✎☞✏☞

✡✍ ✔✙✣ ❁◗◗✾➍ ❆✏✎☛✡✓✏ ❁◗❃◗✘✣ ✤✓ ✚✌✡ ✍✠✡ ✍✓✍✔✙ ✥✔☛✑✓✏ ✛☛✔✒✍☞✓✏

✓✛ ✧✔✙✔①✑ ✒✙✚✌✍✡☛✌ ✔✌ ✔ ✒✓✌✢✓✙✓✧☞✒✔✙ ✍✓✓✙✱ ✓✏✡ ✍✠✚✌ ✌✠✓✚✙✎ ✒✓✏❄

✌☞✎✡☛ ✒✔☛✡✛✚✙✙✑ ✍✠✡ ✌✔✢✲✙✡✣ ✤✠✡✌✡ ✌✍☛✚✒✍✚☛✡✌ ☛✔✏✧✡ ☞✏ ✢✔✌✌ ✛☛✓✢

➐❑◆◆ ∼ ❃◗✫✸ ➐⊙ ✍✓ ❃◗✫❑ ➐⊙✱ ✔✏✎ ❩➟❭✖➠➒➡ ☞✌ ✏✓✍ ✒✓✏✌✍✔✏✍ ✛✓☛ ✍✠✡

✡✏✍☞☛✡ ☛✔✏✧✡ ✓✛ ✢✔✌✌✣ ❲✡ ✎☞✌✒✚✌✌ ✍✠☞✌ ✛✚☛✍✠✡☛ ☞✏ ❙✡✒✍✣ ❨✣

➢✻✻➤ ♣❛❣❡ ➥ ♦❢ ✶✻



❆✫❆ ✺✺✺✱ ❆✻✻ ✭✷✵✶✸✮

❋✐❣✳ �✳ ❈♦❧❞ ❜❛r②♦♥ ❢r❛❝t✁♦♥✱ ▼s✂✄☎/✭▼✆✄s +▼s✂✄☎✮ ❛♥❞ ✝t❛r ❢♦r♠❛t✁♦♥ ❡ffi❝✁❡♥❝②✱ ▼s✂✄☎/▼✆✄s✱ ❛✝ ❛ ❢✉♥❝t✁♦♥ ♦❢ t♦t❛❧ ♠❛✝✝✱ ❝♦♠♣✉t❡❞ ✁♥✝✁❞❡ ✞✟✠✡✡ ✭☛☞☞✌✞
☞✍✎✌✏✑✮ ❛♥❞ ✞✠✡✡ ✭✏✒✇✌✞ ☞✍✎✌✏✑✮✓

✔✕✖✕ ●✗✘ ✙✗✘✘ ✚✛✗✜✢✣✤✥ ✦✣✢❤✣✥ r500 ✧ ✗✥★ r2500 ✧

✗✥★ ✢❤✩ ★✣✚✚✩✛✩✥✢✣✗✪ ✬✗✘ ✙✗✘✘ ✚✛✗✜✢✣✤✥ ✯fgas ,diff ✰

❚✲✴ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅ ❄✿ ❁❇❉✽❂✴❀✽ ❄✿ ✹✼❇✼①❃✴✽ ❁✼❅ ❊✴ ❉✽✴❍ ✼✽ ✼

❁❄✽✾❄❇❄✹❃❁✼❇ ❂❄❄❇■ ✼✽ ❏❀✽❂ ❍❄❅✴ ❊❑ ▲❇❇✴❅ ✴❂ ✼❇◆ ❖P◗◗P❘ ✼❅❍ ❀✴❙

❏❅✴❍ ❇✼❂✴❀ ❊❑ ❖▲❇❇✴❅ ✴❂ ✼❇◆ P◗◗❯■ P◗◗❱❘◆ ❚✲✴✽✴ ✽❂❉❍❃✴✽ ✽✲❄❲ ✼❅

✼✹❀✴✴✾✴❅❂ ❊✴❂❲✴✴❅ ❂✲✴ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅ ✼❅❍ ❂✲✴ Λ❳❨❩ ❁❄✽❙

✾❄❇❄✹❑◆ ❬✴❁✴❅❂❇❑■ ✾❄❀✴ ✽❄❭✲❃✽❂❃❁✼❂✴❍ ❪❙❀✼❑ ✼❅✼❇❑✽✴✽ ❲✴❀✴ ❍❄❅✴

❊❑ ❫❂❂❄❀❃ ✴❂ ✼❇◆ ❖P◗◗❴❘ ✼❅❍ ❩✼❅❂③ ✴❂ ✼❇◆ ❖P◗❵◗❘◆ ▲❇❇ ❂✲✴✽✴ ✽❂❉❍❃✴✽

❀✴❇❑ ❉❭❄❅ ❂✲✴ ✼✽✽❉✾❭❂❃❄❅ ❂✲✼❂ ❂✲✴ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅ ❄✿ ❂✲✴ ❁❇❉✽❂✴❀

✽✼✾❭❇✴ ❁❄❅✽❃❍✴❀✴❍ ❃✽ ❁❄❅✽❂✼❅❂ ❲❃❂✲ ❂❄❂✼❇ ✾✼✽✽ ✼❅❍ ❀✴❍✽✲❃✿❂◆

❥❅ ❂✲❃✽ ✽✴❁❂❃❄❅■ ❲✴ ❭❀✴✽✴❅❂ ❄❉❀ ❀✴✽❉❇❂✽ ❁❄❅❁✴❀❅❃❅✹ ❂✲✴ ✹✼✽

✾✼✽✽ ✿❀✼❁❂❃❄❅ ❍✴❭✴❅❍✴❅❁✴ ❄❅ ❂✲✴ ❂❄❂✼❇ ✾✼✽✽■ ✾✼❦❃❅✹ ❉✽✴ ❄✿ ❄❉❀

✴❅❂❃❀✴ ✽✼✾❭❇✴ ❄✿ ❵Pq ❄❊✈✴❁❂✽◆ ④✴ ❭❀✴✽✴❅❂ ❄❉❀ ❀✴✽❉❇❂✽ ❃❅ ⑤❃✹◆ ⑥◆

④✴ ✽✲❄❲ ❂✲✴ ✽❂❀❄❅✹ ❁❄❄❇❙❁❄❀✴ ❁❇❉✽❂✴❀✽ ❃❅ ❊❇❉✴ ❖❬❳❳ ❃✽ ❍✴❏❅✴❍

❃❅ ❩✼❉✹✲✼❅ ✴❂ ✼❇◆ P◗❵P■ ❂✲✴✽✴ ✼❀✴ ❂✲✴ ✾❄✽❂ ❀✴❇✼①✴❍ ❁❇❉✽❂✴❀✽ ❃❅

❂✲✴ ✽✼✾❭❇✴❘◆ ❳❄❄❇❙❁❄❀✴ ❁❇❉✽❂✴❀✽ ✼❀✴ ✹✴❅✴❀✼❇❇❑ ❍✴❏❅✴❍ ❊❑ ✼ ❍❀❄❭

❄✿ ❂✴✾❭✴❀✼❂❉❀✴ ❃❅ ❂✲✴ ❁✴❅❂❀✴ ❲✲❃❁✲ ❃✽ ✼✽✽❄❁❃✼❂✴❍ ❲❃❂✲ ❍✴❅✽✴❀

❁❄❀✴✽ ❂✲✼❂ ✼❀✴ ❁❄❄❇❃❅✹ ✲❑❍❀❄✽❂✼❂❃❁✼❇❇❑ ⑦❃✼ ❊❀✴✾✽✽❂❀✼✲❇❉❅✹◆ ❚✲✴❑

✼❀✴ ✼✽✽❄❁❃✼❂✴❍ ❲❃❂✲ ❍❑❅✼✾❃❁✼❇❇❑ ❀✴❇✼①✴❍ ❁❇❉✽❂✴❀✽■ ❲✲✴❀✴ ❂✲✴ ✲❑❙

❍❀❄✽❂✼❂❃❁ ✴⑧❉❃❇❃❊❀❃❉✾ ✴⑧❉✼❂❃❄❅ ❃✽ ⑦✼❇❃❍◆ ⑨❄❲✴⑦✴❀■ ❃❂ ✽✴✴✾✽ ❂❄ ❊✴ ✼

✹✴❅✴❀✼❇ ✼✹❀✴✴✾✴❅❂ ❊✴❂❲✴✴❅ ❂✲✴ ➇❂❀❉✴➈ ✾✼✽✽✴✽ ❖✾✴✼✽❉❀✴❍ ❂✲❀❄❉✹✲

❲✴✼❦❙❇✴❅✽❃❅✹❘ ✼❅❍ ❂✲✴ ❪❙❀✼❑ ❍✴❀❃⑦✴❍ ⑦✼❇❉✴✽ ❃❅✽❃❍✴ ⑩❶❷❷■ ❃❅❍✴❭✴❅❙

❍✴❅❂ ❄✿ ❂✲✴ ❍❑❅✼✾❃❁✼❇ ✽❂✼❂✴ ❄✿ ❂✲✴ ✽❑✽❂✴✾ ❖❸✲✼❅✹ ✴❂ ✼❇◆ P◗❵◗❘◆

❥❅ ⑤❃✹◆ ⑥■ ❲✴ ✽✲❄❲ ❂✲✴ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅ ❃❅✽❃❍✴ ⑩❹❶❷❷■ ✼❅❍ ⑩❶❷❷

✼❅❍ ❂✲✴ ❍❃ff✴❀✴❅❂❃✼❇ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅ ✼✽ ✼ ✿❉❅❁❂❃❄❅ ❄✿ ❂❄❂✼❇ ✾✼✽✽◆

❚✲✴ ❍❃ff✴❀✴❅❂❃✼❇ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅■ ❺❻❼❽,❾❿ff■ ❃✽ ❍✴❏❅✴❍ ✼✽ ❂✲✴ ✾✼✽✽

✿❀✼❁❂❃❄❅ ❲❃❂✲❃❅ ❂✲✴ ✽❭✲✴❀❃❁✼❇ ✽✲✴❇❇ ❄✿ ❀✼❍❃❃ ⑩❹❶❷❷ ✼❅❍ ⑩❶❷❷➀ ❂✲✼❂ ❃✽■

➁➂❻❼❽,❶❷❷ − ➂❻❼❽,❹❶❷❷➃/➁➂➄➅➄,❶❷❷ − ➂➄➅➄,❹❶❷❷➃◆ ④✴ ✽✴✴ ❂✲✼❂ ❂✲✴❀✴ ❃✽

✼ ❺❻❼❽ ❍✴❭✴❅❍✴❅❁✴ ❄❅ ❂❄❂✼❇ ✾✼✽✽ ✿❄❀ ❂❄❂✼❇ ✾✼✽✽✴✽ ✴❅❁❇❄✽✴❍ ❃❅

❊❄❂✲ ❀✼❍❃❃◆ ❥✿ ❲✴ ✼✽✽❉✾✴ ✼ ❇❃❅✴✼❀ ❍✴❭✴❅❍✴❅❁✴ ❖➆❳❫➉ ❊❃✽✴❁❂❄❀❘

✿❄❀ ❺❻❼❽,❹❶❷❷ − ➂➄➅➄,❹❶❷❷ ❺❻❼❽,❹❶❷❷ ∝ ➂
❷.➊➋±❷.❷❹
❹❶❷❷ ❖❲❃❂✲ ✼ ρ = ◗.❯➌

✼❅❍ ➍ = P.❱ × ❵◗
−➎
❘ ❃✽ ❁❄✾❭✼❂❃❊❇✴ ❲❃❂✲ ❂✲✴ ❀✴❇✼❂❃❄❅ ❁❄✾❙

❭❉❂✴❍ ✿❄❀ ⑩❶❷❷ ❲❃❂✲❃❅ ❂✲✴ ✾✴✼✽❉❀✴✾✴❅❂ ✴❀❀❄❀✽ ❺❻❼❽,❶❷❷ ∝ ➂❷.➊➏±❷.❷❹
❶❷❷

❖❲❃❂✲ ✼ ρ = ◗.❵➐ ✼❅❍ ➍ = ◗.◗◗➐❘◆ ➆❄❂✲ ❀✴❇✼❂❃❄❅✽ ✼❀✴ ✽❂✴✴❭✴❀

❂✲✼❅ ❂✲✴ ❀✴❇✼❂❃❄❅ ✿❄❉❅❍ ✿❄❀ ❂✲✴ ❍❃ff✴❀✴❅❂❃✼❇ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅■

❺❻❼❽,❾❿ff ∝ ➂❷.❷❹±❷.❷❹
➄➅➄,❶❷❷

■ ❂✲✼❂ ❃✽ ❁❄✾❭✼❂❃❊❇✴ ❲❃❂✲ ✼ ➑✼❂ ❍❃✽❂❀❃❊❉❂❃❄❅◆

④✴ ✾❉✽❂ ✽❂❀✴✽✽ ❂✲✼❂ ❂✲✴ ❂❀✴❅❍ ✿❄❉❅❍ ✲✴❀✴ ✿❄❀ ❺❻❼❽,❶❷❷ − ➂➄➅➄,❶❷❷

❃✽ ❅❄❂ ✼✽ ✽❂✴✴❭ ✼✽ ❂✲✴ ❄❅✴ ❭❀✴✽✴❅❂✴❍ ❃❅ ➒✼✹✼❅ ✴❂ ✼❇◆ ❖P◗❵❵❘

❲❃❂✲❃❅ ❵σ■ ❲✲❃❁✲ ✾✼❑ ❊✴ ❊✴❁✼❉✽✴ ❄✿ ❂❲❄ ✾✼✈❄❀ ✿✼❁❂❄❀✽➓ ❏❀✽❂■

❲✴ ❁❄✾❭❉❂✴❍ ❂✲✴ ❂❄❂✼❇ ✾✼✽✽ ✿❀❄✾ ✼ ✽❁✼❇❃❅✹ ❀✴❇✼❂❃❄❅ ❉✽❃❅✹ ❂✲✴ ✹✼✽

✾✼✽✽ ✼✽ ✼ ❭❀❄①❑ ❃❅ ❂✲✴ ❭❀✴⑦❃❄❉✽ ❲❄❀❦■ ❃✾❭❄✽❃❅✹ ✼ ❺❻❼❽ ❍✴❭✴❅❙

❍✴❅❁✴ ❄❅ ➂➄➅➄ ✼❅❍ ❍❃✾❃❅❃✽✲❃❅✹ ❂✲✴ ✽❁✼❂❂✴❀ ❃❅ ❂✲✴ ❀✴❇✼❂❃❄❅➀ ✽✴❁❄❅❍■

❲✴ ✲✼⑦✴ ✼✽✽❉✾✴❍ ✼❅ ❃✽❄❂✲✴❀✾✼❇ ✹✼✽ ❂❄ ❁❄✾❭❉❂✴ ❂✲✴ ❂❄❂✼❇ ✾✼✽✽ ❃❅

❂✲✴ ❭❀✴✽✴❅❂ ❲❄❀❦■ ❃❅✽❂✴✼❍ ❄✿ ❁❄❅✽❃❍✴❀❃❅✹ ❂✲✴ ❂✴✾❭✴❀✼❂❉❀✴ ❭❀❄❏❇✴◆

⑨❄❲✴⑦✴❀■ ❂✲✴ ✽❇❄❭✴✽ ✼✹❀✴✴ ❲❃❂✲❃❅ Pσ◆

❚✲✴ ❍❃ff✴❀✴❅❂❃✼❇ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅ ✽✲❄❲❅ ❃❅ ⑤❃✹◆ ⑥ ❃✽ ✲❃✹✲✴❀

❂✲✼❅ ❂✲✴ ❁❉✾❉❇✼❂❃⑦✴ ✾✴✼✽❉❀✴✽■ ❀✴✼❁✲❃❅✹ ❂✲✴ ❉❅❃⑦✴❀✽✼❇ ❊✼❀❑❄❅

✿❀✼❁❂❃❄❅ ✿❄❀ ✽❑✽❂✴✾✽ ❲❃❂✲ ✾✼✽✽ ➂❶❷❷ ∼ ❵◗➊➏ ➂⊙◆ ❳❇✴✼❀❇❑■ ❂✲✴
❍❃ff✴❀✴❅❂❃✼❇ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅ ❃✽ ❁❄❅✽❂✼❅❂ ✼❂ ❂✲✴ ❵σ ❇✴⑦✴❇ ✼❅❍ ❭❀❄❙
⑦❃❍✴✽ ✼ ❊✴❂❂✴❀ ❁❄❅✽❂❀✼❃❅❂ ✿❄❀ ❁❄✽✾❄❇❄✹❑■ ✼❇❂✲❄❉✹✲ ❂✲✴ ✽❂✼❂❃✽❂❃❁✼❇

✽❁✼❂❂✴❀ ❃✽ ⑦✴❀❑ ❇✼❀✹✴◆ ⑤❄❀ ✹❀❄❉❭✽ ❖❃◆✴◆■ ❂✲✴ ✽❑✽❂✴✾✽ ❃❅ ❄❉❀ ✽✼✾❭❇✴

❲❃❂✲ ➂❶❷❷ < ❵◗
➊➏ ➂⊙❘■ ❲✴ ✽❂❃❇❇ ❄❊✽✴❀⑦✴ ❇❄❲✴❀ ⑦✼❇❉✴✽ ✿❄❀ ❂✲✴ ❍❃✿❙

✿✴❀✴❅❂❃✼❇ ✹✼✽ ✾✼✽✽ ✿❀✼❁❂❃❄❅ ❲✲✴❅ ❁❄✾❭✼❀✴❍ ❂❄ ❂✲✴ ④❩▲➔❙➌ ❀✴❙

✽❉❇❂◆ ➉❃❅❁✴ ❄❉❀ ✽✼✾❭❇✴ ❃❅❁❇❉❍✴✽ ✿✴❲ ✽❑✽❂✴✾✽ ❃❅ ❂✲❃✽ ✾✼✽✽ ❀✴✹❃✾✴■

❲✴ ❁✼❅❅❄❂ ❍✴❀❃⑦✴ ❏❀✾ ❁❄❅❁❇❉✽❃❄❅✽◆

❆✻✻✱ ♣❛→❡ ✻ ♦❢ ✶✻



❚✳ ❋✳ ▲❛❣❛♥ ❡t ❛❧✳✿ ❚❤❡ ❜❛r②♦♥ ❢r❛❝t✐♦♥ ✐♥ ❣r♦✉♣s ❛♥❞ ❝❧✉st❡rs

�✁✂✄ ✹✄ ❙t❡❧❧❛r ✭❜❧✉❡ st❛rs✮✱ ❣❛s ✭♠❛❣❡♥t❛ sq✉❛r❡s✮✱ ❛♥❞ t♦t❛❧ ❜❛r②♦♥

✭❜❧❛❝❦ tr✐❛♥❣❧❡s✮ ♠❛ss ❢r❛❝t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t♦t❛❧ ♠❛ss ❢♦r ☎✷✺✵✵ ✭✆✝✞

✞✟✠✡☛✮ ❛♥❞ ☎✺✵✵ ✭☛✝✇✡☎ ✞✟✠✡☛✮✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❜❡st ❧✐♥✲

❡❛r ✣t ❢♦r ❡❛❝❤ r❡❧❛t✐♦♥✳ ❚❤❡ t☞♦ ❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✣ts

❢♦r t❤❡ ❣r♦✉♣s ❛♥❞ ❝❧✉st❡rs s❡♣❛r❛t❡❧②✳ ❖♥ t❤❡ ❜♦tt♦♠ ♦❢ ❡❛❝❤ ♣❛♥❡❧✱ ☞❡

s❤♦☞ t❤❡ r❛t✐♦ ❜❡t☞❡❡♥ t❤❡ t♦t❛❧ ❜❛r②♦♥ ❢r❛❝t✐♦♥ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s✉♠

♦❢ ✌✍✎✏✑ ❛♥❞ ✌✒✏✍ ❛♥❞ t❤❡ ❲▼❆P✲✼ ✈❛❧✉❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t♦t❛❧ ♠❛ss✳

❈✓✔✕✖✗✘✙✚ ✛✜✢ ✛✜✗✢✢ ✕✤✓✛✥ ✘✙ ✦✘✚✧ ★✩ ✪✢ ✫✓✙✫✤✬✯✢ ✛✜✖✛ ✛✜✢

✓✰✥✢✗✴✢✯ ✶✸✻✽−✾❀❁❀ ✛✗✢✙✯ ❂✓✬✙✯ ❂✓✗ ✚✗✓✬✕✥ ✖✙✯ ✫✤✬✥✛✢✗✥ ✘✥ ✯✬✢

✛✓ ✛✜✢ ✤✖✫❃ ✓❂ ✚✖✥ ✢✙✫✤✓✥✢✯ ✘✙✥✘✯✢ ❄❅❇❉❉ ❂✓✗ ✚✗✓✬✕✥ ✖✙✯ ✕✓✓✗

✫✤✬✥✛✢✗✥✩ ✖✥ ✕✗✓✕✓✥✢✯ ✰❊ ●✬✙ ❍■❏❑■◆✩ ✓✪✘✙✚ ✛✓ ✙✓✙◗✛✜✢✗✔✖✤ ✕✗✓◗

✫✢✥✥✢✥✩ ✥✬✫✜ ✖✥ ✥✬✕✢✗✙✓✴✖ ❂✢✢✯✰✖✫❃✩ ✛✜✖✛ ✖✗✢ ✔✓✗✢ ✢ffi✫✘✢✙✛ ✘✙

✤✓✪ ✔✖✥✥ ✥❊✥✛✢✔✥ ✰✢✫✖✬✥✢ ✓❂ ✛✜✢ ✥✜✖✤✤✓✪✢✗ ✕✓✛✢✙✛✘✖✤ ✪✢✤✤✧ ✦✗✓✔

✛✜✢✘✗ ✜❊✯✗✓✯❊✙✖✔✘✫✖✤ ✥✘✔✬✤✖✛✘✓✙✥✩ ❨✓✬✙✚ ✢✛ ✖✤✧ ❍■❏❑❑◆ ✗✢✕✓✗✛✢✯

✛✜✖✛ ✛✜✢ ✘✙❥✢✫✛✘✓✙ ✓❂ ✢✙✛✗✓✕❊ ✜✖✥ ✗✢✔✓✴✢✯ ✚✖✥ ❂✗✓✔ ✛✜✢ ✫✓✗✢✥

✓❂ ✛✜✢ ✤✓✪◗✔✖✥✥ ✥❊✥✛✢✔✥ ✖✙✯ ✕✬✥✜✢✯ ✛✜✢ ✚✖✥ ✓✬✛ ✛✓ ✤✖✗✚✢✗ ✗✖✯✘✘

✰✢✛✪✢✢✙ ❄❇❉❉ ✖✙✯ ❄❅❉❉✧

❘❯❱❯ ❳❩❬❭❩❪❩❫❴❵①❪ ❵❩③❬④⑤①❴③④❬ ⑥⑤❩❭ ④⑦⑧ ④❩④①❪ ⑨①⑤⑩❩③ ⑨❶❷❫⑧④

①③❷ ⑥⑤❩❭ ④⑦⑧ fgas ❸❬❯ ⑤⑧❷❬⑦❴⑥④ ⑤⑧❪①④❴❩③

❹✥ ✔✢✙✛✘✓✙✢✯ ✰✢❂✓✗✢✩ ✛✜✢ ❺◗✗✖❊ ✯✖✛✖ ✖✙✖✤❊✥✘✥ ✓❂ ✚✖✤✖❻❊ ✫✤✬✥◗

✛✢✗✥ ✫✖✙ ✕✗✓✴✘✯✢ ✗✢✤✘✖✰✤✢ ✫✓✙✥✛✗✖✘✙✛✥ ✓✙ ✫✓✥✔✓✤✓✚❊ ❂✗✓✔ ✛✜✢ ✛✓◗

✛✖✤ ✰✖✗❊✓✙ ✰✬✯✚✢✛ ✖✙✯ ✛✜✢ ✚✖✥ ✔✖✥✥ ❂✗✖✫✛✘✓✙ ✯✢✕✢✙✯✢✙✫✢ ✓✙ ✛✜✢

✗✢✯✥✜✘❂✛✧ ❼✙✢ ✓❂ ✛✜✢ ✫✤✖✥✥✘✫✖✤ ✔✢✛✜✓✯✥ ✛✓ ✘✙❂✢✗ Ω❽ ✖✥✥✬✔✢✥ ✛✜✖✛

✛✜✢ ✰✖✗❊✓✙◗✛✓◗✛✓✛✖✤ ✔✖✥✥ ✗✖✛✘✓ ✥✜✓✬✤✯ ✫✤✓✥✢✤❊ ✔✖✛✫✜ ✛✜✢ ✫✓✥✔✓◗

✤✓✚✘✫✖✤ ✴✖✤✬✢✥✩ ✖✙✯ ✛✜✬✥ Ω❾/Ω❽ ∼ ✾❾/✾❀❁❀ ❍❿✜✘✛✢ ✢✛ ✖✤✧ ❑➀➀➁➂

➃✴✗✖✗✯ ❑➀➀➄◆✧ ❈✓✔✰✘✙✘✙✚ Ω❾ = ❏.❏➅★➆ ❍➇✖✗✓✥✘❃ ✢✛ ✖✤✧ ■❏❑❑◆

✪✘✛✜ ✓✬✗ ✴✖✤✬✢✥ ❂✓✗ ✛✜✢ ✰✖✗❊✓✙ ❂✗✖✫✛✘✓✙ ✓✰✛✖✘✙✢✯ ✘✙ ●✢✫✛✧ ★✧❑✩

✓✬✗ ✗✢✥✬✤✛✥ ✘✔✕✤❊ Ω❽ < ❏.★★ ❍✖✥✥✬✔✘✙✚ ✛✜✢ ✤✓✪✢✥✛ ✶❾ ✴✖✤✬✢ ✖✙✯

✖✚✗✢✢✘✙✚ ✪✘✛✜ ➃✛✛✓✗✘ ➈ ✦✖✰✘✖✙ ❑➀➀➀◆✩ ✖✙✯ ✘❂ ✪✢ ✛✖❃✢ ✛✜✢ ✜✘✚✜✢✥✛

✥✘✚✙✘➉✫✖✙✛ ✢✥✛✘✔✖✛✢✥ ❂✓✗ ✶❾✩ Ω❽ > ❏.■■✧

�✁✂✄ ➊✄ ➋❛s ♠❛ss ❢r❛❝t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t♦t❛❧ ♠❛ss ❝♦♠♣✉t❡❞

☞✐t❤✐♥ ☎✷✺✵✵ ✭➌✞✞✡☎ ✞✟✠✡☛✮✱ ❛♥❞ ☞✐t❤✐♥ ☎✺✵✵ ✭➍➎➏➏☛✡ ✞✟✠✡☛✮➐ t❤❡ ❞✐ff❡r✲

❡♥t✐❛❧ ❣❛s ♠❛ss ❢r❛❝t✐♦♥✱ ➑➒✒✏✍,✺✵✵ − ➒✒✏✍,✷✺✵✵➓/➑➒✎➔✎,✺✵✵ − ➒✎➔✎,✷✺✵✵➓✱ ❛s

❛ ❢✉♥❝t✐♦♥ ♦❢ ➒✎➔✎,✺✵✵ ✭☛✝✇✡☎ ✞✟✠✡☛✮✳ ❚❤❡ tr✐❛♥❣❧❡s r❡♣r❡s❡♥t t❤❡ ♥✐♥❡

❣r♦✉♣s✱ ☞❤✐❧❡ t❤❡ ❝✐r❝❧❡s r❡♣r❡s❡♥t t❤❡ →→➣ ❝❧✉st❡rs ❢r♦♠ ▼→↔ ✭☞❡ s❤♦☞

✐♥ ❜❧✉❡ t❤❡ str♦♥❣ ❝♦♦❧✲❝♦r❡ ❝❧✉st❡rs✮✳ ❚❤❡ r❡❞ ❧✐♥❡s s❤♦☞ t❤❡ ❜❡st ✣ts

❢♦r t❤❡ ❡♥t✐r❡ s❛♠♣❧❡✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡ ✐♥ t❤❡ ♠✐❞❞❧❡ ♣❛♥❡❧ ❝♦rr❡s♣♦♥❞s

t♦ t❤❡ ❜❡st ✣t ❢♦✉♥❞ ❜② ▲❛❣❛♥ ❡t ❛❧✳ ✭↔↕→→✮✳

➙✙ ✖✯✯✘✛✘✓✙ ✛✓ ✛✜✢ ✫✖✤✫✬✤✖✛✘✓✙ ✓❂Ω❽ ✰✖✥✢✯ ✓✙ ✛✜✢ ✛✓✛✖✤ ✰✖✗❊✓✙

✰✬✯✚✢✛✩ ✛✜✢ ✚✖✥ ✔✖✥✥ ❂✗✖✫✛✘✓✙ ✜✖✥ ✰✢✢✙ ✬✥✢✯ ✛✓ ✓✰✛✖✘✙ ✔✓✗✢

✗✘✚✓✗✓✬✥ ✫✓✙✥✛✗✖✘✙✛✥ ✓✙ ✫✓✥✔✓✤✓✚❊ ✛✜✖✛ ✕✗✓✰✢✥ ✛✜✢ ✖✫✫✢✤✢✗✖✛✘✓✙

✓❂ ✛✜✢ ✬✙✘✴✢✗✥✢✧ ➛✜✢ ✖✕✕✖✗✢✙✛ ✰✢✜✖✴✘✓✬✗ ✓❂ ✶✸✻✽ ✪✘✛✜ ✗✢✯✥✜✘❂✛

✫✖✙ ✫✓✙✥✛✗✖✘✙ ✛✜✢ ✫✓✥✔✘✫ ✖✫✫✢✤✢✗✖✛✘✓✙✩ ✖✥ ✥✛✬✯✘✢✯ ✘✙ ➃✛✛✓✗✘ ➈

✦✖✰✘✖✙ ❍❑➀➀➀◆ ✖✙✯ ❹✤✤✢✙ ✢✛ ✖✤✧ ❍■❏❏➅✩ ■❏❏➜◆✧ ➛✜✘✥ ✫✓✙✥✛✗✖✘✙✛

❆➝➝✱ ♣❛❣❡ ✼ ♦❢ →➝



❆✫❆ ✺✺✺✱ ❆✻✻ ✭✷✵✶✸✮

❋✐❣✳ �✳ ●❛s ❢r❛❝t✁♦♥ ❛s ❛ ❢✉♥❝t✁♦♥ ♦❢ r❡❞s❤✁❢t ❢♦r ✂✄☎✆✆ ✭✝♣♣✞✂ ♣✟✠✞❧✮

❛♥❞ ✂☎✆✆ ✭❧✡✇✞✂ ♣✟✠✞❧✮☛ ❚❤❡ ❜☞❛❝❦ ☞✁♥❡s r❡✌r❡s❡♥t t❤❡ ❜❡st ☞✁♥❡❛r ✣t ❢♦r

t❤❡ ❞❛t❛☛

✍✎✏✑✏✒✓✔✕✖ ✗✕✘✓✙✖✕ ✚✛✜✢ ♠✕✓✖✙✎✕♠✕✒✔✖ ✤✕✥✕✒✤ ✍✒ ✔✦✕ ✤✏✖✔✓✒✘✕ ✔✍

✔✦✕ ✘✧✙✖✔✕✎ ★ ✚✛✜✢ ∝ ✩✪.✬✯✰

✲✦✕ ✑✓✖ ♠✓✖✖ ✴✎✓✘✔✏✍✒ ✴✍✎ ✔✦✕ ✥✎✕✖✕✒✔ ✖✓♠✥✧✕ ✹✓✖ ✘✍♠✥✙✔✕✤✼

✓✖✖✙♠✏✒✑ ✔✦✕ ✤✕✴✓✙✧✔ Λ❈❉▼ ✘✍✖♠✍✧✍✑②✼ ✓✒✤ ✹✕ ✖✦✍✹ ✔✦✕ ✑✓✖

♠✓✖✖ ✴✎✓✘✔✏✍✒ ✤✕✔✕✎♠✏✒✕✤ ✏✒✖✏✤✕ ✽✾✬✿✿ ★ ✚✛✜✢,✾✬✿✿✯ ✓✒✤ ✽✬✿✿ ★ ✚✛✜✢,✬✿✿✯

✓✖ ✓ ✴✙✒✘✔✏✍✒ ✍✴ ✎✕✤✖✦✏✴✔ ✏✒ ❀✏✑✰ ❁✰ ❖✒ ✔✦✕ ✗✍✔✔✍♠ ✍✴ ✕✓✘✦ ✥✓✒✕✧✼

✹✕ ✖✦✍✹ ✹✏✔✦ ✎✕✤ ✥✍✏✒✔✖ ✔✦✕ ♠✕✓✒ ✑✓✖ ♠✓✖✖ ✴✎✓✘✔✏✍✒ ✈✓✧✙✕ ✘✍♠❂

✥✙✔✕✤ ✴✍✎ ✗✏✒✖ ✍✴ ❃✰❄ ✏✒ ✎✕✤✖✦✏✴✔ ✓✖ ✓ ✴✙✒✘✔✏✍✒ ✍✴ ✔✦✕ ♠✕✓✒ ✎✕✤❂

✖✦✏✴✔✼ ✓✒✤ ✔✦✕ ✕✎✎✍✎✖ ✓✎✕ ✔✦✕ ✖✔✓✒✤✓✎✤ ✕✎✎✍✎✖ ✍✒ ✔✦✕ ♠✕✓✒✰

❀✎✍♠ ✔✦✏✖ ❅✑✙✎✕✼ ✹✕ ✘✓✒ ✖✕✕ ✔✦✓✔ ✔✦✕ ✑✓✖ ♠✓✖✖ ✴✎✓✘✔✏✍✒ ✈✓✧✙✕✖

✤✕✔✕✎♠✏✒✕✤ ✴✍✎ ✽✾✬✿✿ ✓✒✤ ✽✬✿✿ ✖✦✍✹ ✧✏✔✔✧✕ ✈✓✎✏✓✔✏✍✒ ✹✏✔✦ ✎✕✤✖✦✏✴✔✰

❇✖✖✙♠✏✒✑ ✚✛✜✢❊③❍ = ■+❏× ❑✼ ✹✕ ✍✗✔✓✏✒✕✤ ■ = ❃.▲◆❃±❃.❃❃P ✓✒✤
❏ = ❃.❃▲❃ ± ❃.❃▲◗ ✴✍✎ ✽✬✿✿✼ ✓✒✤ ✤✕✔✕✎♠✏✒✕✤ ■ = ❃.▲▲❃ ± ❃.❃❃❘
✓✒✤ ❏ = −❃.❃▲P±❃.❃▲◆ ✴✍✎ ✽✾✬✿✿✰ ❀✎✍♠ ✔✦✕✖✕ ✎✕✖✙✧✔✖✼ ✹✕ ✈✕✎✏❅✕✤

✔✦✓✔ ✔✦✕ ✕✒✘✧✍✖✕✤ ✑✓✖ ♠✓✖✖ ✴✎✓✘✔✏✍✒ ✤✍✕✖ ✒✍✔ ✤✕✥✕✒✤ ✍✒ ✎✕✤✖✦✏✴✔

✓✔ ✓ ❄σ ✧✕✈✕✧ ✏✒ ✗✍✔✦ ✘✓✖✕✖✰

❀✎✍♠ ✍✙✎ ✓✒✓✧②✖✏✖✼ ✹✕ ✘✓✒✒✍✔ ✓✔✔✎✏✗✙✔✕ ✔✦✕ ✖✧✏✑✦✔ ✤✕✘✎✕✓✖✕ ✍✴

✚✛✜✢,✾✬✿✿ ✹✏✔✦ ✎✕✤✖✦✏✴✔ ✔✍ ✕✈✍✧✙✔✏✍✒ ✍✴ ✚✛✜✢✰ ❙✕✧✕✘✔✏✍✒ ✗✏✓✖✕✖ ♠✓②

✦✓✈✕ ✧✕✤ ✔✍ ✔✦✕ ✕✒✦✓✒✘✕✤ ♠✕✓✒ ✑✓✖ ♠✓✖✖ ✴✎✓✘✔✏✍✒ ✓✔ ✓✎✍✙✒✤ ❑ =

❃.◆ ✓✒✤ ♠✓② ✦✓✈✕ ✤✎✏✈✕✒ ✔✦✕ ✍✗✖✕✎✈✕✤ ✔✎✕✒✤✼ ✓✖ ✎✕✘✕✒✔✧② ✎✕✥✍✎✔✕✤

✗② ❯✓✒✤✎② ✕✔ ✓✧✰ ★❄❃▲◆✯✰

❱❲ ❳❨❩❬❭❩❩❨❪❫

❴✒ ✔✦✏✖ ✖✕✘✔✏✍✒✼ ✹✕ ✴✙✎✔✦✕✎ ✤✏✖✘✙✖✖ ✔✦✕ ✎✕✖✙✧✔✖ ✍✗✔✓✏✒✕✤ ✏✒

✔✦✏✖ ✹✍✎❵ ✓✒✤ ✘✍♠✥✓✎✕ ✔✦✕♠ ✔✍ ✥✎✕✈✏✍✙✖ ✍✗✖✕✎✈✓✔✏✍✒✓✧ ✓✒✤

✔✦✕✍✎✕✔✏✘✓✧ ✍✒✕✖✰

❥q①q ④⑤⑥⑦⑦⑧⑨ ⑧⑩❶ ❷⑧❸ ❹⑧❸❸ ❶⑥❺⑥⑩❶⑥⑩❻⑥ ❼⑩ ⑤❼⑤⑧⑦ ❹⑧❸❸

✲✦✕ ✔✎✕✒✤✖ ✖✦✍✹✒ ✏✒ ❀✏✑✰ ◆ ✘✓✒ ✗✕ ✕❽✥✧✓✏✒✕✤ ✗② ✓ ✤✕✘✎✕✓✖✕ ✏✒ ✔✦✕

✖✔✕✧✧✓✎ ♠✓✖✖ ✹✏✔✦ ✓✒ ✏✒✘✎✕✓✖✕ ✏✒ ✘✧✙✖✔✕✎ ♠✓✖✖✰ ❇✧✔✕✎✒✓✔✏✈✕✧②✼ ✔✦✕

✑✓✖ ♠✓✖✖ ✘✓✒ ✏✒✘✎✕✓✖✕ ✴✍✎ ♠✍✎✕ ♠✓✖✖✏✈✕ ✖②✖✔✕♠✖✰ ❀✎✍♠ ✥✎✕✈✏✍✙✖

✎✕✖✙✧✔✖ ✏✒ ✔✦✕ ✧✏✔✕✎✓✔✙✎✕ ★❉✓✈✏✤ ✕✔ ✓✧✰ ▲PP❃❾ ❯✏✒ ✕✔ ✓✧✰ ❄❃❃◆❾ ❯✓✑✓✒

✕✔ ✓✧✰ ❄❃❃❘❾ ❿✏✍✤✏✒✏ ✕✔ ✓✧✰ ❄❃❃P❾ ❯✓✑✓✒ ✕✔ ✓✧✰ ❄❃▲▲❾ ➀✦✓✒✑ ✕✔ ✓✧✰

❄❃▲▲✯✼ ✹✕ ✍✗✖✕✎✈✕ ✗✍✔✦ ✗✕✦✓✈✏✍✙✎✖✼ ✗✙✔ ✔✦✕ ✤✕✘✎✕✓✖✕ ✏✒ ✖✔✕✧✧✓✎

♠✓✖✖ ✴✎✓✘✔✏✍✒ ✓✖ ✓ ✴✙✒✘✔✏✍✒ ✍✴ ✔✍✔✓✧ ♠✓✖✖ ✏✖ ♠✍✎✕ ✖✏✑✒✏❅✘✓✒✔ ✔✦✓✒

✔✦✕ ✑✓✖ ♠✓✖✖ ✏✒✘✎✕✓✖✕ ✏✒ ✔✦✕ ✖✓♠✕ ✎✓✒✑✕✰ ✲✦✏✖ ✥✎✍✈✏✤✕✖ ✕✈✏✤✕✒✘✕

✔✦✓✔ ✔✦✕✎✕ ✏✖ ✒✍ ✹✕✧✧❂✔✙✒✕✤ ✗✓✧✓✒✘✕ ✗✕✔✹✕✕✒ ✔✦✕ ✑✓✖ ✓✒✤ ✖✔✕✧✧✓✎

♠✓✖✖ ✴✎✓✘✔✏✍✒✖✰ ✲✦✏✖ ✕✈✏✤✕✒✘✕ ✖✙✑✑✕✖✔✖ ✔✦✓✔ ✔✦✕ ✈✓✎✏✓✔✏✍✒ ✏✒ ✖✔✓✎

✴✍✎♠✓✔✏✍✒ ✕ffi✘✏✕✒✘② ✏✖ ✗✕✘✓✙✖✕ ✍✴ ✔✦✕ ✈✓✎✏✓✔✏✍✒ ✏✒ ✖✔✕✧✧✓✎ ♠✓✖✖✼

✹✦✏✘✦ ✓✎✏✖✕✖ ✴✎✍♠ ✔✦✕ ✤✕✘✎✕✓✖✕ ✏✒ ✕ffi✘✏✕✒✘② ✍✴ ✔✏✤✓✧ ✏✒✔✕✎✓✘✔✏✍✒✖

✓♠✍✒✑ ✑✓✧✓❽✏✕✖✼ ✔✦✕ ✎✕♠✍✈✓✧ ✍✴ ✔✦✕ ✑✓✖ ✎✕✖✕✎✈✍✏✎ ✍✴ ✑✓✧✓❽✏✕✖ ✤✙✕

✔✍ ✔✦✕ ♠✍✔✏✍✒ ✍✴ ✑✓✧✓❽✏✕✖ ✔✦✎✍✙✑✦ ✔✦✕ ❴❈▼✼ ✍✎ ✴✕✕✤✗✓✘❵ ✥✎✍❂

✘✕✖✖✕✖ ✔✦✓✔ ♠✓② ➁✙✕✒✘✦ ✖✔✓✎❂✴✍✎♠✓✔✏✍✒✰ ➂✕✘✕✒✔ ✒✙♠✕✎✏✘✓✧ ✖✏♠❂

✙✧✓✔✏✍✒ ✎✕✖✙✧✔✖ ✴✎✍♠ ❉✙✗✍✏✖ ✕✔ ✓✧✰ ★❄❃▲◆✯ ✖✙✥✥✍✎✔✕✤ ✔✦✏✖ ✖✘✕✒✓✎✏✍✰

❇✘✘✍✎✤✏✒✑ ✔✍ ✔✦✕✏✎ ✎✕✖✙✧✔✖✼ ❇❿➃ ✴✕✕✤✗✓✘❵ ✓✧✍✒✕ ✏✖ ✓✗✧✕ ✔✍ ✖✏✑✒✏❅❂

✘✓✒✔✧② ✓✧✔✕✎ ✔✦✕ ✖✔✕✧✧✓✎ ♠✓✖✖ ✘✍✒✔✕✒✔ ✗② ➁✙✕✒✘✦✏✒✑ ✖✔✓✎ ✴✍✎♠✓✔✏✍✒✰

❉✙✎✏✒✑ ♠✕✎✑✕✎✖ ✔✍ ✴✍✎♠ ✎✏✘✦ ✘✧✙✖✔✕✎✖✼ ✔✦✕ ✑✓✖ ✹✏✔✦✏✒ ✔✦✕ ✖②✖❂

✔✕♠ ✹✏✧✧ ✗✕ ✖✦✍✘❵✕✤ ✓✒✤ ✦✕✓✔✕✤ ✔✍ ✔✦✕ ✈✏✎✏✓✧ ✔✕♠✥✕✎✓✔✙✎✕✰ ❇✖

♠✕✎✑✕✎✖ ✥✎✍✑✎✕✖✖✼ ♠✍✎✕ ♠✓✖✖✏✈✕ ✖②✖✔✕♠✖ ✓✎✕ ✴✍✎♠✕✤✼ ✓✒✤ ✔✦✕

✑✓✖ ✏✖ ✥✎✍✑✎✕✖✖✏✈✕✧② ✦✕✓✔✕✤ ✔✍ ✦✏✑✦✕✎ ✔✕♠✥✕✎✓✔✙✎✕✖✰ ✲✦✙✖✼ ✘✍✍✧❂

✏✒✑ ✓✒✤ ✑✓✧✓❽② ✴✍✎♠✓✔✏✍✒ ✓✎✕ ✏✒✦✏✗✏✔✕✤✰ ❙✏✒✘✕ ✎✏✘✦ ✘✧✙✖✔✕✎✖ ✓✎✕

✴✍✎♠✕✤ ✴✎✍♠ ♠✓✒② ♠✕✎✑✕✎✖✼ ✔✦✏✖ ✕❽✥✧✓✏✒✖ ✹✦② ✔✦✏✖ ✧✓✎✑✕ ✑✓✖

✴✎✓✘✔✏✍✒ ✍✴ ✔✦✕ ✑✓✖ ✏✖ ✒✍✔ ✘✍✒✖✙♠✕✤ ✔✍ ✴✍✎♠ ✖✔✓✎✖✰ ❴✒ ✘✍✒✔✎✓✖✔✼

✧✕✖✖ ♠✓✖✖✏✈✕ ✖②✖✔✕♠✖✼ ✖✙✘✦ ✓✖ ✑✎✍✙✥✖✼ ✦✓✈✕ ✕❽✥✕✎✏✕✒✘✕✤ ✴✕✹✕✎

♠✕✎✑✕✎✖✰ ✲✦✕✎✕✴✍✎✕ ✔✦✕✏✎ ✑✓✖ ✏✖ ✘✍✍✧✕✎ ✓✒✤ ♠✍✎✕ ✖✔✓✎✖ ✓✎✕ ✴✍✎♠✕✤

✹✏✔✦✏✒ ✔✦✕ ✑✓✧✓❽✏✕✖✰ ❇✖ ✓ ✘✍✒✖✕➁✙✕✒✘✕✼ ✔✦✕ ✖✔✓✎ ✴✍✎♠✓✔✏✍✒ ✕ffi❂

✘✏✕✒✘② ✏✖ ✦✏✑✦✕✎ ✏✒ ✑✎✍✙✥✖✼ ✹✦✏✘✦ ✏✒✤✏✘✓✔✕✖ ✔✦✓✔ ✥✦②✖✏✘✓✧ ♠✕✘✦✓❂

✒✏✖♠✖ ✔✦✓✔ ✤✕✥✕✒✤ ✍✒ ✔✦✕ ✈✏✎✏✓✧ ♠✓✖✖✼ ✖✙✘✦ ✓✖ ✎✓♠❂✥✎✕✖✖✙✎✕ ✖✔✎✏✥❂

✥✏✒✑✼ ✓✎✕ ✤✎✏✈✏✒✑ ✑✓✧✓❽② ✕✈✍✧✙✔✏✍✒ ✹✏✔✦✏✒ ✘✧✙✖✔✕✎✖ ✓✒✤ ✑✎✍✙✥✖✰

✲✦✏✖ ✎✕✖✙✧✔ ✏✖ ✏♠✥✍✎✔✓✒✔ ✔✍ ✥✎✍✈✏✤✕ ✘✍✒✖✔✎✓✏✒✔✖ ✍✒ ✔✦✕ ✎✍✧✕ ✍✴ ✔✦✕✎❂

♠✍✤②✒✓♠✏✘✓✧ ✥✎✍✘✕✖✖✕✖ ✴✍✎ ✑✎✍✙✥✖ ✓✒✤ ✘✧✙✖✔✕✎✖ ✓✒✤ ✖✕✕♠✖ ✔✍

✓✑✎✕✕ ✹✏✔✦ ✔✦✕✍✎✕✔✏✘✓✧ ✕❽✥✕✘✔✓✔✏✍✒✖ ✴✎✍♠ ✦②✤✎✍✤②✒✓♠✏✘✓✧ ✖✏♠❂

✙✧✓✔✏✍✒✖ ✗② ❙✥✎✏✒✑✕✧ ➄ ➅✕✎✒➁✙✏✖✔ ★❄❃❃◆✯✰ ❴✒ ✔✦✕✏✎ ♠✍✤✕✧✖✼ ✔✦✕

✏✒✔✕✑✎✓✔✕✤ ✖✔✓✎ ✴✍✎♠✓✔✏✍✒ ✕ffi✘✏✕✒✘② ✓✖ ✓ ✴✙✒✘✔✏✍✒ ✍✴ ✦✓✧✍ ♠✓✖✖✼

✹✦✏✘✦ ✈✓✎✏✕✖ ✴✎✍♠ ▲❃➆ ✔✍ ▲❃✪✬ ➇⊙✼ ✴✓✧✧✖ ✗② ✓ ✴✓✘✔✍✎ ✍✴ ❅✈✕ ✔✍ ✔✕✒

✍✈✕✎ ✔✦✕ ✘✧✙✖✔✕✎ ♠✓✖✖ ✖✘✓✧✕✼ ✤✙✕ ✔✍ ✔✦✕ ✧✕✖✖ ✕ffi✘✏✕✒✔ ✴✍✎♠✓✔✏✍✒ ✍✴

✘✍✍✧✏✒✑ ➈✍✹✖ ✴✍✎ ♠✍✎✕ ♠✓✖✖✏✈✕ ✦✓✧✍✕✖ ★✏✒ ✔✦✕✏✎ ✘✓✖✕✼ ✹✏✔✦ ✔✕♠❂

✥✕✎✓✔✙✎✕ ✓✗✍✈✕ ▲❃➉ ➊✼ ✹✦✓✔ ✘✍♠✥✎✏✖✕✖ ✔✦✕ ✕✒✔✏✎✕ ✎✓✒✑✕ ✍✴ ♠✓✖✖

✓✒✓✧②✖✕✤ ✏✒ ✔✦✏✖ ✹✍✎❵✯✰

➂✕✘✕✒✔✧②✼ ➋✧✓✒✕✧✧✕✖ ✕✔ ✓✧✰ ★❄❃▲◆✯ ✘✓✎✎✏✕✤ ✍✙✔ ✔✹✍ ✖✕✔✖ ✍✴ ✖✏♠✙❂

✧✓✔✏✍✒✖ ✏✒✘✧✙✤✏✒✑ ✎✓✤✏✓✔✏✈✕ ✘✍✍✧✏✒✑✼ ✖✔✓✎ ✴✍✎♠✓✔✏✍✒ ✓✒✤ ✴✕✕✤✗✓✘❵

✴✎✍♠ ✖✙✥✕✎✒✍✈✓✕ ✓✒✤ ✏✒ ✍✒✕ ✍✴ ✹✦✏✘✦ ✔✦✕② ✓✧✖✍ ✓✘✘✍✙✒✔✕✤ ✴✍✎

✔✦✕ ✕ff✕✘✔ ✍✴ ✴✕✕✤✗✓✘❵ ✴✎✍♠ ❇❿➃✰ ✲✦✕✖✕ ✓✙✔✦✍✎✖ ✴✍✙✒✤ ✔✦✓✔ ✗✍✔✦

✎✓✤✏✓✔✏✈✕ ✖✏♠✙✧✓✔✏✍✒ ✖✕✔✖ ✥✎✕✤✏✘✔ ✓ ✔✎✕✒✤ ✍✴ ✖✔✕✧✧✓✎ ♠✓✖✖ ✴✎✓✘✔✏✍✒

✹✏✔✦ ✘✧✙✖✔✕✎ ♠✓✖✖ ✔✦✓✔ ✔✕✒✤✖ ✔✍ ✗✕ ✹✕✓❵✕✎ ✔✦✓✒ ✔✦✕ ✍✗✖✕✎✈✕✤ ✍✒✕✰

➅✍✹✕✈✕✎ ✔✦✏✖ ✔✕✒✖✏✍✒ ✤✕✥✕✒✤✖ ✍✒ ✔✦✕ ✥✓✎✔✏✘✙✧✓✎ ✖✕✔ ✍✴ ✍✗✖✕✎✈✓❂

✔✏✍✒✓✧ ✤✓✔✓ ✘✍✒✖✏✤✕✎✕✤✰ ❴✒✘✧✙✤✏✒✑ ✔✦✕ ✕ff✕✘✔ ✍✴ ❇❿➃ ✴✕✕✤✗✓✘❵ ✓✧❂

✧✕✈✏✓✔✕✖ ✔✦✏✖ ✔✕✒✖✏✍✒ ✍✒ ✔✦✕ ✖✔✕✧✧✓✎ ♠✓✖✖ ✓✒✤ ✥✎✕✤✏✘✔✖ ✈✓✧✙✕✖ ✍✴

✔✦✕ ✦✍✔ ✑✓✖ ♠✓✖✖ ✴✎✓✘✔✏✍✒ ✓✒✤ ✔✍✔✓✧ ✗✓✎②✍✒ ✴✎✓✘✔✏✍✒ ✔✍ ✗✕ ✏✒ ✘✧✍✖✕✎

✓✑✎✕✕♠✕✒✔ ✹✏✔✦ ✍✗✖✕✎✈✓✔✏✍✒✓✧ ✎✕✖✙✧✔✖✰ ❇✧✖✍✼ ➀✕✦✓✈✏ ✕✔ ✓✧✰ ★❄❃▲❄✯

✖✔✙✤✏✕✤ ✔✦✕ ✕✈✍✧✙✔✏✍✒ ✍✴ ✖✔✕✧✧✓✎ ♠✓✖✖ ✏✒ ✑✓✧✓❽✏✕✖ ✓✖ ✓ ✴✙✒✘✔✏✍✒

✍✴ ✦✍✖✔ ✦✓✧✍ ♠✓✖✖ ✙✖✏✒✑ ✖✕♠✏❂✓✒✓✧②✔✏✘ ♠✍✤✕✧✖✼ ✓✒✤ ✔✦✕✏✎ ✎✕✖✙✧✔✖

✓✑✎✕✕ ✹✏✔✦ ✍✙✎ ❅✒✤✏✒✑✖ ✍✴ ✓ ✈✓✎②✏✒✑ ✖✔✓✎ ✴✍✎♠✓✔✏✍✒ ✕ffi✘✏✕✒✘②✰

✲✦✕✖✕ ✧✓✔✔✕✎ ✓✙✔✦✍✎✖ ✴✍✙✒✤ ✔✦✓✔ ✗✓✎②✍✒ ✘✍✒✈✕✎✖✏✍✒ ✕ffi✘✏✕✒✘② ✏✒✔✍

✖✔✓✎✖ ✦✓✖ ✓ ✥✕✓❵✕✤ ✤✏✖✔✎✏✗✙✔✏✍✒ ✹✏✔✦ ✦✓✧✍ ♠✓✖✖ ✓✒✤ ✔✦✓✔ ✔✦✕ ✥✕✓❵

✧✍✘✓✔✏✍✒ ✖✦✏✴✔✖ ✔✍✹✓✎✤ ✧✍✹✕✎ ♠✓✖✖ ✴✎✍♠ ❑ ∼ ▲ ✔✍ ❑ ∼ ❃✰ ❇✒✍✔✦✕✎

✤✏ff✕✎✕✒✘✕ ✗✕✔✹✕✕✒ ✧✍✹❂ ✓✒✤ ✦✏✑✦❂♠✓✖✖ ✦✓✧✍✕✖ ✏✖ ✔✦✓✔ ✔✦✕ ✖✔✕✧❂

✧✓✎ ♠✓✖✖ ✏✒ ✧✍✹❂♠✓✖✖ ✦✓✧✍✕✖ ✑✎✍✹✖ ♠✍✖✔✧② ✗② ✖✔✓✎ ✴✍✎♠✓✔✏✍✒

✖✏✒✘✕ ❑ ∼ ▲✰ ❴✒ ✘✍✒✔✎✓✖✔✼ ♠✍✖✔ ✍✴ ✔✦✕ ✖✔✕✧✧✓✎ ♠✓✖✖ ✏✖ ✓✖✖✕♠✗✧✕✤

✗② ♠✕✎✑✕✎✖ ✏✒ ✦✏✑✦❂♠✓✖✖ ✦✓✧✍✕✖✰

❆✻✻✱ ✌❛➌❡ ➍ ♦❢ ✶✻



❚✳ ❋✳ ▲❛❣❛♥ ❡t ❛❧✳✿ ❚❤❡ ❜❛r②♦♥ ❢r❛❝t✐♦♥ ✐♥ ❣r♦✉♣s ❛♥❞ ❝❧✉st❡rs

✻�✷� ✁✂✄ ■❈☎ ✆✝✞✟✠✡☛☞✟✡✝✞ ✟✝ ✟✂✄ ✟✝✟✌✍ ☛✌✠✎✝✞ ☛☞✏✑✄✟

✒✓ ✔✕✕✓✖✗✘ ✙✓✚ ✘✛✜ ✢✣ff✜✚✜✗✕✜ ✣✗ ✤✔✚✥✓✗✦ ✔✘ ✘✛✜ ✧✓✇✲♠✔✦✦ ✜✗✢ ✭✦✜✜

★✣✩✪ ✹✮✱ ✇✛✜✚✜ ✘✛✜ ✘✓✘✔✧ ✤✔✚✥✓✗ ✤✖✢✩✜✘ ✣✦ ✦✘✣✧✧ ✦✣✩✗✣✫✕✔✗✘✧✥ ✤✜✧✓✇

✘✛✜ ✈✔✧✖✜ ✓✙ ❲▼❆P✲✼✱ ✘✛✜✚✜ ✔✚✜ ✘✇✓ ✬✓✦✦✣✤✣✧✣✘✣✜✦✪ ✒✛✜ ✫✚✦✘ ✬✓✦✲

✦✣✤✣✧✣✘✥ ✣✦ ✘✛✔✘ ✘✛✜ ✢✣✦✕✚✜✬✔✗✕✥ ✣✗ ✤✔✚✥✓✗♠✔✦✦ ✙✚✔✕✘✣✓✗ ✣✦ ✤✜✕✔✖✦✜

✓✙ ✙✜✜✢✤✔✕❦ ♠✜✕✛✔✗✣✦♠✦✱ ✔✦ ✜①✬✜✕✘✜✢ ✤✥ ♠✔✗✥ ✦✘✖✢✣✜✦ ✭✣✗✕✧✖✢✲

✣✗✩ ❇✚✜✩♠✔✗ ✯✵✵✼❀ ●✣✓✢✣✗✣ ✜✘ ✔✧✪ ✯✵✵✾✮✪ ❘✜✕✜✗✘ ✗✖♠✜✚✣✕✔✧ ✦✣♠✲

✖✧✔✘✣✓✗✦ ✬✜✚✙✓✚♠✜✢ ✤✥ ❉✔✣ ✜✘ ✔✧✪ ✭✯✵✶✵✮ ✬✚✓✬✓✦✜✢ ✘✛✔✘ ✘✛✜ ✤✔✚✥✓✗

✧✓✦✦ ♠✜✕✛✔✗✣✦♠ ✣✦ ✬✚✣♠✔✚✣✧✥ ✕✓✗✘✚✓✧✧✜✢ ✤✥ ✘✛✜ ✢✜✬✘✛ ✓✙ ✘✛✜ ✬✓✲

✘✜✗✘✣✔✧ ✇✜✧✧✰ ✘✛✜ ✤✔✚✥✓✗ ✧✓✦✦ ✣✦ ✗✓✘ ✦✣✩✗✣✫✕✔✗✘ ✙✓✚ ✢✜✜✬ ✬✓✘✜✗✘✣✔✧

✇✜✧✧✦ ✭✚✣✕✛ ✕✧✖✦✘✜✚✦✮✱ ✇✛✣✧✜ ✙✓✚ ✧✓✇✜✚✲♠✔✦✦ ✕✧✖✦✘✜✚✦ ✔✗✢ ✩✚✓✖✬✦

✘✛✜ ✤✔✚✥✓✗ ✧✓✦✦ ✤✜✕✓♠✜✦ ✣✗✕✚✜✔✦✣✗✩✧✥ ✣♠✬✓✚✘✔✗✘✪ ❇✔✚✥✓✗✦ ✕✔✗ ✤✜

✜①✬✜✧✧✜✢ ✙✚✓♠ ✘✛✜ ✕✜✗✘✚✔✧ ✚✜✩✣✓✗✦ ✤✜✥✓✗✢ ✴✺✸✸✪ ✒✛✜ ✦✜✕✓✗✢ ✬✓✦✦✣✲

✤✣✧✣✘✥ ✣✦ ✘✓ ✔✕✕✓✖✗✘ ✙✓✚ ✤✔✚✥✓✗✦ ✣✗ ✓✘✛✜✚ ✙✓✚♠✦✰ ✙✓✚ ✜①✔♠✬✧✜✱ ✘✛✜

✣✗✕✚✜✔✦✜ ✣✗ ✘✛✜ ✦✘✜✧✧✔✚ ✧✣✩✛✘ ✈✣✔ ✣✗✘✚✔✲✕✧✖✦✘✜✚ ✧✣✩✛✘ ✭✽❁❂✮✱ ✇✛✣✕✛

✣✗✕✚✜✔✦✜✦ ✘✛✜ ✦✘✜✧✧✔✚ ♠✔✦✦✪

✽❁❂ ✣✦ ✓✗✜ ✓✙ ✘✛✜ ♠✓✦✘ ✣♠✬✓✚✘✔✗✘ ✦✓✖✚✕✜✦ ✓✙ ✖✗✔✕✕✓✖✗✘✜✢

✤✔✚✥✓✗✦✱ ✔✗✢ ✓✤✦✜✚✈✔✘✣✓✗✔✧ ✚✜✦✖✧✘✦ ✛✔✈✜ ✦✛✓✇✗ ✘✛✔✘ ✣✘ ♠✔✥ ✚✜✬✚✜✲

✦✜✗✘ ✙✚✓♠ ✶✵❃ ✘✓ ✹✵❃ ✓✙ ✘✛✜ ✘✓✘✔✧ ✕✧✖✦✘✜✚ ✧✣✩✛✘ ✭✜✪✩✪✱ ★✜✧✢♠✜✣✜✚

✜✘ ✔✧✪ ✯✵✵✯❀ ❩✣✤✜✘✘✣ ✜✘ ✔✧✪ ✯✵✵❄❀ ❑✚✣✕❦ ❅ ❇✜✚✗✦✘✜✣✗ ✯✵✵✼❀

●✓✗③✔✧✜③ ✜✘ ✔✧✪ ✯✵✵✼✮✪ ❍✓✇✜✈✜✚✱ ✚✜✕✜✗✘✧✥✱ ❇✖✚❦✜ ✜✘ ✔✧✪ ✭✯✵✶✯✮

✙✓✖✗✢ ✘✛✔✘ ✘✛✜ ✽❁❂ ✕✓✗✦✘✣✘✖✘✜✦ ✓✗✧✥ ✶➊✹❃✓✙ ✘✛✜ ✘✓✘✔✧ ✕✧✖✦✘✜✚ ✧✣✩✛✘

✇✣✘✛✣✗ ✴✺✸✸ ✣✗ ✛✣✩✛✲❊ ✕✧✖✦✘✜✚✦✪

✒✓ ✣✗✈✜✦✘✣✩✔✘✜ ✘✛✜ ✽❁❂ ✕✓✗✘✚✣✤✖✘✣✓✗ ✔✦ ✔ ✙✖✗✕✘✣✓✗ ✓✙ ✦✥✦✘✜♠

✘✓✘✔✧ ♠✔✦✦✱ ✇✜ ✕✓♠✬✖✘✜✢ ✘✛✜ ✢✣ff✜✚✜✗✕✜ ✤✜✘✇✜✜✗ ✘✛✜ ✓✤✦✜✚✈✜✢

✘✓✘✔✧ ✤✔✚✥✓✗ ✤✖✢✩✜✘ ✔✗✢ ✘✛✜ ❲▼❆P✲✼ ✈✔✧✖✜✱ ✇✛✣✕✛ ✣✦ ✘✔❦✜✗

✘✓ ✤✜✰ ❏◆❖ff = ✭ ◗❙❯❱❳−❨❬ − ◗ ❭❪❫❬ ✮ × ❏✺✸✸✱ ✇✛✜✚✜ ◗❙❯❱❳−❨❬ ✣✦

✘✛✜ ❲▼❆P✲✼ ✈✔✧✖✜❀ ◗ ❭❪❫❬ ✣✦ ✘✛✜ ✓✤✦✜✚✈✜✢ ✤✔✚✥✓✗ ♠✔✦✦ ✙✚✔✕✘✣✓✗

✘✛✔✘ ✇✜ ✕✓♠✬✖✘✜✢ ✙✓✚ ✓✖✚ ✦✥✦✘✜♠✦❀ ✔✗✢ ❏✺✸✸ ✣✦ ✘✛✜ ✘✓✘✔✧ ♠✔✦✦

✕✓♠✬✖✘✜✢ ✣✗ ✘✛✜ ✴✺✸✸ ✚✔✢✣✖✦✪ ❲✜ ✘✛✜✗ ✔✦✦✖♠✜✢ ✘✛✔✘ ✘✛✣✦ ✢✣ff✜✚✲

✜✗✕✜ ✣✗ ♠✔✦✦ ✣✦ ✖✗✢✜✚ ✘✛✜ ✙✓✚♠ ✓✙ ✧✖♠✣✗✓✖✦ ♠✔✘✘✜✚✪ ✒✓ ✕✓♠✬✖✘✜

✘✛✜ ✕✓✚✚✜✦✬✓✗✢✣✗✩ ➇♠✣✦✦✣✗✩ ✦✘✜✧✧✔✚ ✦✖✚✙✔✕✜ ✤✚✣✩✛✘✗✜✦✦➈✱ ✇✜ ✔✦✲

✦✖♠✜✢ ✔ ♠✔✦✦✲✘✓✲✧✣✩✛✘ ✚✔✘✣✓ ✙✓✚ ✜✧✧✣✬✘✣✕✔✧✦ ✓✙ ❏/❴ = ✶.✼ ❏⊙/❴⊙
✭❑✔✖ff♠✔✗✗ ✜✘ ✔✧✪ ✯✵✵❵✮ ✘✓ ✕✓✗✈✜✚✘ ✘✛✜ ✢✣ff✜✚✜✗✕✜ ✣✗ ♠✔✦✦ ✣✗✘✓

✔ ✢✣ff✜✚✜✗✕✜ ✣✗ ✧✖♠✣✗✓✦✣✘✥✪ ❲✜ ✘✛✜✗ ✕✓✗✈✜✚✘ ✘✛✜ ✧✖♠✣✗✓✦✣✘✥ ✣✗

✦✖✚✙✔✕✜ ✤✚✣✩✛✘✗✜✦✦ ✤✥ ✢✣✈✣✢✣✗✩ ✘✛✜ ✔✚✜✔ ✣✗✦✣✢✜ ✴✺✸✸✪

✽✗ ★✣✩✪ ✼✱ ✇✜ ✦✛✓✇ ✘✛✜ ♠✣✦✦✣✗✩ ✦✘✜✧✧✔✚ ♠✔✦✦ ✢✣✈✣✢✜✢ ✤✥ ✘✛✜

✘✓✘✔✧ ✦✘✜✧✧✔✚ ♠✔✦✦ ✔✦ ✔ ✙✖✗✕✘✣✓✗ ✓✙ ✘✓✘✔✧ ♠✔✦✦ ✭✖✬✬✜✚ ✬✔✗✜✧✮✱ ✘✛✜

♠✣✦✦✣✗✩ ✦✘✜✧✧✔✚ ✦✖✚✙✔✕✜ ✤✚✣✩✛✘✗✜✦✦ ✔✦ ✔ ✙✖✗✕✘✣✓✗ ✓✙ ✘✓✘✔✧ ♠✔✦✦

✭♠✣✢✢✧✜ ✬✔✗✜✧✮✱ ✔✗✢ ✘✛✜ ✚✔✘✣✓ ✤✜✘✇✜✜✗ ✘✛✜ ✦✘✜✧✧✔✚ ✦✖✚✙✔✕✜ ✤✚✣✩✛✘✲

✗✜✦✦ ✔✗✢ ✘✛✜ ❇❁● ♠✔✩✗✣✘✖✢✜ ✔✦ ✔ ✙✖✗✕✘✣✓✗ ✓✙ ✘✓✘✔✧ ♠✔✦✦✪ ❥✣✗✕✜

✘✛✜ ✦✘✜✧✧✔✚ ♠✔✦✦ ✙✚✔✕✘✣✓✗ ✢✜✕✚✜✔✦✜✦ ✙✓✚ ♠✔✦✦✣✈✜ ✕✧✖✦✘✜✚✦ ✭★✣✩✪ ✹✮

✓✗✜ ✕✓✖✧✢ ✕✓✗✕✧✖✢✜ ✘✛✔✘ ✘✛✜ ✽❁❂ ✕✓✖✧✢ ✤✜♠✓✚✜ ✣♠✬✓✚✘✔✗✘ ✣✗ ✕✧✖✦✲

✘✜✚✦ ✓✙ ✩✔✧✔①✣✜✦ ✤✜✕✔✖✦✜ ✘✛✜ ♠✜✔✦✖✚✜✢ ✦✘✜✧✧✔✚ ✧✣✩✛✘ ✙✚✔✕✘✣✓✗ ✓✙ ✘✛✜

✽❁❂ ✛✔✦ ✗✓✘ ✤✜✜✗ ✕✓✗✦✣✢✜✚✜✢✪ ❆✦ ✔ ✢✣✚✜✕✘ ✕✓✗✦✜q✖✜✗✕✜ ✓✙ ✘✛✜

✦✘✜✧✧✔✚ ♠✔✦✦ ✢✜✬✜✗✢✜✗✕✜ ✓✗ ✘✓✘✔✧ ♠✔✦✦✱ ✇✜ ✓✤✦✜✚✈✜ ✔✗ ✣✗✕✚✜✔✦✜

✓✙ ✘✛✜ ♠✣✦✦✣✗✩✲✘✓✲✘✓✘✔✧ ✦✘✜✧✧✔✚ ♠✔✦✦ ✚✔✘✣✓ ✔✦ ✔ ✙✖✗✕✘✣✓✗ ✓✙ ✘✛✜ ✘✓✘✔✧

♠✔✦✦ ✓✙ ✘✛✜ ✦✥✦✘✜♠✱ ✔✦ ✦✛✓✇✗ ✣✗ ✘✛✜ ✖✬✬✜✚ ✬✔✗✜✧ ✓✙ ★✣✩✪ ✼✪ ✽✗ ✘✛✣✦

✬✔✗✜✧✱ ✩✚✓✖✬✦ ✔✗✢ ✕✧✖✦✘✜✚✦ ✦✜✜♠ ✘✓ ✤✜ ✘✇✓ ✢✣✦✘✣✗✩✖✣✦✛✜✢ ✬✓✬✖✧✔✲

✘✣✓✗✦✱ ✇✛✣✕✛ ✔✚✜ ✕✓♠✬✔✚✔✤✧✜ ✘✓ ✘✛✜ ✤✜✛✔✈✣✓✖✚ ✓✤✦✜✚✈✜✢ ✣✗ ★✣✩✪ ✹✪

✒✛✜✗✱ ✣✙ ✇✜ ✘✛✣✗❦ ✣✗ ✘✜✚♠✦ ✓✙ ♠✣✦✦✣✗✩ ✦✖✚✙✔✕✜ ✤✚✣✩✛✘✗✜✦✦✱ ✩✚✓✖✬✦

✦✜✜♠✦ ✘✓ ✬✚✜✦✜✗✘ ✙✔✣✗✘✜✚ ✈✔✧✖✜✦ ✘✛✔✗ ✕✧✖✦✘✜✚✦✪ ✒✛✣✦ ♠✜✔✗✦ ✘✛✔✘ ✣✘

✇✓✖✧✢ ✤✜ ✜✔✦✣✜✚ ✘✓ ✢✜✘✜✕✘ ✘✛✜ ✽❁❂ ✕✓✗✘✚✣✤✖✘✣✓✗ ✣✦ ✕✧✖✦✘✜✚✦ ✘✛✔✗ ✣✗

✩✚✓✖✬✦✪

❍✓✇✜✈✜✚✱ ✙✚✓♠ ✘✛✜ ✈✔✧✖✜✦ ✓✤✘✔✣✗✜✢ ✛✜✚✜✱ ✘✛✜ ✦✘✜✧✧✔✚ ✕✓♠✬✓✲

✗✜✗✘ ✇✓✖✧✢ ✛✔✈✜ ✘✓ ✣✗✕✚✜✔✦✜ ✤✥ ✔ ✙✔✕✘✓✚ ✓✙ ✘✛✚✜✜ ✘✓ ✤✜ ✔✤✧✜ ✘✓

✜①✬✧✔✣✗ ✘✛✜ ✤✔✚✥✓✗ ✢✜✫✕✣✘ ✇✣✘✛ ✣✗✘✚✔✲✕✧✖✦✘✜✚ ✧✣✩✛✘ ✙✓✚ ✧✓✇✲♠✔✦✦

✦✥✦✘✜♠✦✪ ▼✓✚✜✓✈✜✚✱ ✦✖✕✛ ✔ ✛✣✩✛ ✔♠✓✖✗✘ ✓✙ ✽❁❂ ✇✓✖✧✢ ✤✜ ✈✣✦✣✲

✤✧✜ ✣✗ ✕✖✚✚✜✗✘ ✓✤✦✜✚✈✔✘✣✓✗✦✪ ❆✧✘✛✓✖✩✛ ✔ ✧✔✚✩✜ ✦✔♠✬✧✜ ✓✙ ✕✧✖✦✘✜✚✦

✔✗✢ ✩✚✓✖✬✦ ✣✦ ✗✜✜✢✜✢ ✙✓✚ ✙✖✚✘✛✜✚ ✕✓✗✦✘✚✔✣✗✘✦ ✓✗ ✘✛✜ ✬✛✓✘✓♠✜✘✚✣✲

✕✔✧ ✬✚✓✬✜✚✘✣✜✦ ✔✗✢ ✙✓✚ ✘✛✜ ✽❁❂ ✙✓✚♠✔✘✣✓✗ ♠✜✕✛✔✗✣✦♠✱ ✣✘ ✣✦ ✈✜✚✥

✖✗✧✣❦✜✧✥ ✘✛✔✘ ✘✛✜ ✽❁❂ ✇✣✧✧ ✤✜ ✔✤✧✜ ✘✓ ✔✗✦✇✜✚ ✘✛✜ ✤✔✚✥✓✗ ✢✜✫✕✣✘

✬✚✓✤✧✜♠✪

④✈✜✗ ✤✥ ✕✓✗✦✣✢✜✚✣✗✩ ✘✛✜ ✖✗✕✜✚✘✔✣✗✘✣✜✦ ✔✦✦✓✕✣✔✘✜✢ ✇✣✘✛ ✓✖✚

✘✓✘✔✧ ✤✔✚✥✓✗ ✙✚✔✕✘✣✓✗ ✔✗✢ ✘✛✜ ❲▼❆P✲✼ ♠✜✔✦✖✚✜♠✜✗✘✱ ✘✛✜ ✘✇✓

✈✔✧✖✜✦ ✔✚✜ ✢✣✦✕✚✜✬✔✗✘ ✔✘ ✘✛✜ ❄σ ✧✜✈✜✧ ✙✓✚ ✦✥✦✘✜♠✦ ✇✣✘✛ ♠✔✦✦

❏✺✸✸ < ✶✵⑤⑥ ❏⊙✪ ✽✘ ✣✦ ✘✛✜✚✜✙✓✚✜ ✬✚✓✤✔✤✧✜ ✘✛✔✘ ✜✣✘✛✜✚ ✘✛✜ ✤✔✚✥✓✗
♠✔✦✦ ✙✚✔✕✘✣✓✗ ✇✣✘✛✣✗ ✴✺✸✸ ✣✗ ✩✚✓✖✬✦ ✣✦ ✢✣ff✜✚✜✗✘ ✙✚✓♠ ✘✛✜ ✖✗✣✲

✈✜✚✦✔✧ ✈✔✧✖✜✱ ✓✚ ✘✛✔✘ ✘✛✜✚✜ ✔✚✜ ✦✘✣✧✧ ✖✗✔✕✕✓✖✗✘✜✢ ✤✔✚✥✓✗✦ ✭✓✘✛✜✚

✘✛✔✗ ✽❁❂✮ ✣✗ ✘✛✜ ✧✓✇✲♠✔✦✦ ✚✜✩✣♠✜✪

⑦⑧ ⑨⑩❶❷❸❹❺❻⑩❶❺

❲✜ ✛✔✈✜ ✣✗✈✜✦✘✣✩✔✘✜✢ ✘✛✜ ✤✔✚✥✓✗ ✕✓✗✘✜✗✘ ✓✙ ✔ ✦✔♠✬✧✜ ✓✙

✶✯❵ ✩✔✧✔①✥ ✕✧✖✦✘✜✚✦ ✔✗✢ ✩✚✓✖✬✦✱ ✇✛✓✦✜ ♠✔✦✦ ✦✬✔✗✦ ✔ ✤✚✓✔✢ ✚✔✗✩✜

✭✙✚✓♠ ✩✚✓✖✬✦ ✓✙ ❏✺✸✸ ∼ ✶✵⑤❼ ❏⊙ ✖✬ ✘✓ ✕✧✖✦✘✜✚✦ ✓✙ ❏✺✸✸ =

✹ × ✶✵⑤✺ ❏⊙✮✪ ❲✜ ♠✜✔✦✖✚✜✢ ✘✛✜ ✕✧✖✦✘✜✚ ✩✔✦ ✔✗✢ ✘✓✘✔✧ ♠✔✦✦✜✦

✙✚✓♠ ❽✲✚✔✥ ✢✔✘✔ ✔✗✔✧✥✦✣✦✱ ✔✗✢ ✇✜ ✕✓♠✬✖✘✜✢ ✘✛✜ ✦✘✜✧✧✔✚ ♠✔✦✦✜✦

✙✓✚ ❵✼ ✓✖✘ ✓✙ ✶✯❵ ✩✔✧✔①✥ ✕✧✖✦✘✜✚✦ ✔✗✢ ✩✚✓✖✬✦ ✖✦✣✗✩ ❉❘❾✲❥❉❥❥

✢✔✘✔✪ ❲✜ ✦✖♠♠✔✚✣✦✜ ✓✖✚ ✚✜✦✖✧✘✦ ✔✗✢ ✢✣✦✕✖✦✦✣✓✗✦ ✣✗ ✘✛✜ ✙✓✧✧✓✇✣✗✩

✬✓✣✗✘✦✰

❿ ★✓✚ ✔ ✦✖✤✦✔♠✬✧✜ ✓✙ ❵✼ ✦✥✦✘✜♠✦ ✙✓✚ ✇✛✣✕✛ ✇✜ ✛✔✢ ✤✓✘✛ ✓✬✲

✘✣✕✔✧ ✔✗✢ ❽✲✚✔✥ ✢✔✘✔✱ ✇✜ ✢✜✚✣✈✜✢ q✖✔✗✘✣✘✣✜✦ ✣✗✦✣✢✜ ✴➀✺✸✸ ✔✗✢

✴✺✸✸ ✘✓ ✣✗✈✜✦✘✣✩✔✘✜ ✘✛✜ ✦✘✜✧✧✔✚✱ ✩✔✦ ✔✗✢ ✘✓✘✔✧ ♠✔✦✦ ✙✚✔✕✘✣✓✗✦

✢✜✬✜✗✢✜✗✕✜ ✓✗ ✘✓✘✔✧ ♠✔✦✦✪ ❲✜ ✕✓✗✫✚♠✜✢ ✘✛✜ ✬✚✜✈✣✓✖✦ ✘✚✜✗✢

✙✓✖✗✢ ✣✗ ✘✛✜ ✧✣✘✜✚✔✘✖✚✜✰ ✘✛✜ ✦✘✔✚ ✙✓✚♠✔✘✣✓✗ ✜ffi✕✣✜✗✕✥ ✣✦ ✧✓✇✜✚

✙✓✚ ♠✓✚✜ ♠✔✦✦✣✈✜ ✕✧✖✦✘✜✚✦✪ ✽✘ ✢✜✕✚✜✔✦✜✦ ✤✥ ✔✗ ✓✚✢✜✚ ✓✙ ♠✔✩✲

✗✣✘✖✢✜ ✙✚✓♠ ✩✚✓✖✬✦ ✘✓ ✕✧✖✦✘✜✚✦ ✣✗✦✣✢✜ ✤✓✘✛ ✴➀✺✸✸ ✔✗✢ ✴✺✸✸✪ ❲✜

✓✤✦✜✚✈✜ ✔ ✢✜✕✚✜✔✦✜ ✓✙ ✘✛✜ ✕✓✧✢ ✤✔✚✥✓✗ ✙✚✔✕✘✣✓✗ ✔✗✢ ✓✙ ✘✛✜ ✦✘✔✚

✙✓✚♠✔✘✣✓✗ ✜ffi✕✣✜✗✕✥ ✙✚✓♠ ✴➀✺✸✸ ✘✓ ✴✺✸✸✪

❿ ❥✘✔✚✲✙✓✚♠✔✘✣✓✗ ✜ffi✕✣✜✗✕✥ ✣✦ ✧✓✇✜✚ ✣✗ ✩✔✧✔①✥ ✕✧✖✦✘✜✚✦ ✘✛✔✗ ✣✗

✩✚✓✖✬✦✱ ✇✛✣✕✛ ✦✖✩✩✜✦✘✦ ✘✛✔✘ ✘✛✜ ✩✔✦ ✚✜✦✜✚✈✓✣✚ ✓✙ ✘✛✜ ✩✔✧✔①✣✜✦

✢✖✚✣✗✩ ✕✧✖✦✘✜✚ ✙✓✚♠✔✘✣✓✗ ✣✗ ♠✓✚✜ ♠✔✦✦✣✈✜ ✕✧✖✦✘✜✚✦ ✔✚✜ ♠✓✚✜

✔ff✜✕✘✜✢ ✤✥ ♠✜✕✛✔✗✣✦♠✦✱ ✦✖✕✛ ✔✦ ✚✔♠✲✬✚✜✦✦✖✚✜✱ ✘✛✔✘ q✖✜✗✕✛

✘✛✜ ✦✘✔✚ ✙✓✚♠✔✘✣✓✗✪ P✛✥✦✣✕✔✧ ♠✜✕✛✔✗✣✦♠✦ ✢✜✬✜✗✢✣✗✩ ✓✗ ✘✛✜

✘✓✘✔✧ ♠✔✦✦ ✓✙ ✘✛✜ ✦✥✦✘✜♠ ♠✔✥ ✤✜ ✢✚✣✈✣✗✩ ✩✔✧✔①✥ ✜✈✓✧✖✘✣✓✗

✣✗ ✩✚✓✖✬✦ ✔✗✢ ✕✧✖✦✘✜✚✦✪ ✒✛✣✦ ✓✤✦✜✚✈✔✘✣✓✗✔✧ ✚✜✦✖✧✘ ✔✩✚✜✜✦ ✇✣✘✛

✛✥✢✚✓✢✥✗✔♠✣✕✔✧ ✦✣♠✖✧✔✘✣✓✗✦✪

❿ ★✓✚ ✘✛✜ ✜✗✘✣✚✜ ✦✔♠✬✧✜ ✓✙ ✶✯❵ ✦✥✦✘✜♠✦✱ ✇✜ ✔✗✔✧✥✦✜✢ ✘✛✜ ✩✔✦

♠✔✦✦ ✙✚✔✕✘✣✓✗ ✣✗✦✣✢✜ ✴➀✺✸✸✱ ✔✗✢ ✴✺✸✸ ✔✗✢ ✔✧✦✓ ✘✛✜ ✢✣ff✜✚✜✗✘✣✔✧

✩✔✦ ♠✔✦✦ ✙✚✔✕✘✣✓✗ ✭ ◗➁➂❫,➀✺✸✸ − ◗➁➂❫,✺✸✸✮ ✢✜✬✜✗✢✜✗✕✜ ✓✗ ✘✓✘✔✧

♠✔✦✦✪ ❲✜ ✙✓✖✗✢ ✘✛✔✘ ✘✛✜ ✩✔✦ ✙✚✔✕✘✣✓✗ ✢✜✬✜✗✢✦ ✓✗ ✘✛✜ ✘✓✘✔✧

♠✔✦✦ ✣✗✦✣✢✜ ✤✓✘✛ ✚✔✢✣✣✱ ✇✣✘✛ ✘✛✜ ✢✜✬✜✗✢✜✗✕✜ ✤✜✣✗✩ ✦✘✜✜✬✜✚ ✙✓✚

✘✛✜ ✣✗✗✜✚ ✚✔✢✣✖✦✪ ❍✓✇✜✈✜✚✱ ✇✜ ✙✓✖✗✢ ✘✛✔✘ ✙✓✚ ✦✥✦✘✜♠✦ ♠✓✚✜

♠✔✦✦✣✈✜ ✘✛✔✗ ❏➃❭➃ > ✶✵⑤⑥ ❏⊙✱ ✘✛✜ ✢✣ff✜✚✜✗✘✣✔✧ ✩✔✦ ♠✔✦✦ ✙✚✔✕✲

✘✣✓✗ ✦✛✓✇✦ ✗✓ ✢✜✬✜✗✢✜✗✕✜ ✓✗ ✘✓✘✔✧ ♠✔✦✦✱ ✇✛✣✕✛ ✬✚✓✈✣✢✜✦ ✜✈✲

✣✢✜✗✕✜ ✘✛✔✘ ✩✚✓✖✬✦ ✕✔✗✗✓✘ ✚✜✘✔✣✗ ✩✔✦ ✣✗ ✘✛✜ ✣✗✗✜✚ ✬✔✚✘✦ ✣✗ ✘✛✜

✦✔♠✜ ✇✔✥ ✕✧✖✦✘✜✚✦ ✢✓✪ ❥✣✗✕✜ ✩✚✓✖✬✦ ✛✔✈✜ ✦✛✔✧✧✓✇✜✚ ✬✓✘✜✗✲

✘✣✔✧ ✇✜✧✧✦✱ ✗✓✗✲✘✛✜✚♠✔✧ ✬✚✓✕✜✦✦✜✦ ✔✚✜ ♠✓✚✜ ✣♠✬✓✚✘✔✗✘ ✘✛✔✗ ✣✗

✕✧✖✦✘✜✚✦✱ ✔✗✢ ❆●➄ ✙✜✜✢✤✔✕❦✱ ✙✓✚ ✣✗✦✘✔✗✕✜✱ ✕✓✖✧✢ ✜①✬✜✧ ✘✛✜

✩✔✦ ✘✓✇✔✚✢✦ ✘✛✜ ✓✖✘✜✚ ✚✔✢✣✣ ✓✙ ✩✚✓✖✬✦✪ ✒✛✣✦ ✚✜✦✖✧✘ ✣✦ ✔✗ ✣✗✢✣✲

✕✔✘✣✓✗ ✘✛✔✘ ✦✖✕✛ ✬✚✓✕✜✦✦✜✦ ♠✖✦✘ ✬✧✔✥ ✔ ♠✓✚✜ ✣♠✬✓✚✘✔✗✘ ✚✓✧✜

✣✗ ✘✛✜ ✕✜✗✘✚✜✦ ✓✙ ✧✓✇✲♠✔✦✦ ✦✥✦✘✜♠✦ ✘✛✔✗ ✣✗ ♠✔✦✦✣✈✜ ✕✧✖✦✘✜✚✦✪

❿ ✒✛✜ ✢✣ff✜✚✜✗✘✣✔✧ ✩✔✦ ♠✔✦✦ ✙✚✔✕✘✣✓✗ ✣✦ ✛✣✩✛✜✚ ✘✛✔✗ ✘✛✜ ✕✖♠✖✧✔✲

✘✣✈✜ ♠✜✔✦✖✚✜✦ ✔✗✢ ✕✧✜✔✚✧✥ ♠✓✚✜ ✕✓✗✦✘✔✗✘ ✔✦ ✔ ✙✖✗✕✘✣✓✗ ✓✙ ✘✓✘✔✧

♠✔✦✦✱ ✇✛✣✕✛ ✬✚✓✈✣✢✜✦ ✤✜✘✘✜✚ ✕✓✗✦✘✚✔✣✗✘✦ ✙✓✚ ✕✓✦♠✓✧✓✩✥✪

❿ ❁✓♠✤✣✗✣✗✩ ✘✛✜ ✤✔✚✥✓✗✲✘✓✲✘✓✘✔✧ ♠✔✦✦ ✙✚✔✕✘✣✓✗ ✇✣✘✛ ✬✚✣♠✓✚✲

✢✣✔✧ ✗✖✕✧✜✓✦✥✗✘✛✜✦✣✦ ♠✜✔✦✖✚✜♠✜✗✘✦✱ ✓✖✚ ✚✜✦✖✧✘✦ ✣✗✢✣✕✔✘✜ ✘✛✔✘

✵.✶✼ < Ω➅ < ✵.❄❄✪ ❲✜ ✔✧✦✓ ✓✤✦✜✚✈✜✢ ✘✛✔✘ ✘✛✜ ✩✔✦ ♠✔✦✦ ✙✚✔✕✲

✘✣✓✗ ✘✛✔✘ ✣✦ ✜✗✕✧✓✦✜✢ ✇✣✘✛✣✗ ✴➀✺✸✸ ✔✗✢ ✴✺✸✸ ✢✓✜✦ ✗✓✘ ✢✜✬✜✗✢ ✓✗

✚✜✢✦✛✣✙✘ ✔✘ ✘✛✜ ✯✲✦✣✩♠✔ ✧✜✈✜✧✱ ✇✛✣✕✛ ✣✦ ✈✜✚✥ ✣♠✬✓✚✘✔✗✘ ✣✗ ✘✛✜

✖✦✜ ✓✙ ✕✧✖✦✘✜✚✦ ✓✙ ✩✔✧✔①✣✜✦ ✔✦ ✔ ✕✓✦♠✓✧✓✩✣✕✔✧ ✘✓✓✧ ✘✓ ✕✓✗✦✘✚✔✣✗

✘✛✜ ✕✓✦♠✣✕ ✔✕✕✜✧✜✚✔✘✣✓✗✪

❿ ➆✖✚ ✚✜✦✖✧✘✦ ✦✛✓✇ ✘✛✔✘ ✗✓✗✲✘✛✜✚♠✔✧ ✬✚✓✕✜✦✦✜✦ ✬✧✔✥ ✢✣ff✜✚✜✗✘

✤✖✘ ✣♠✬✓✚✘✔✗✘ ✚✓✧✜✦ ✓✗ ✩✔✧✔①✥ ✜✈✓✧✖✘✣✓✗ ✣✗ ✩✚✓✖✬✦ ✔✗✢ ✕✧✖✦✲

✘✜✚✦✪ ❲✛✣✧✜ ✣✗ ✩✚✓✖✬✦✱ ✘✛✜ ✩✔✦ ✣✦ ♠✓✚✜ ✔ff✜✕✘✜✢ ✤✜✕✔✖✦✜ ✓✙

➉➋➋➌ ♣❛❣❡ ➍ ♦❢ ➎➋



❆✫❆ ✺✺✺✱ ❆✻✻ ✭✷✵✶✸✮

❋✐❣✳ ✼✳ ❚♦♣✿ ➇♠�ss�♥✁ st❡❧❧❛r ♠❛ss➈ t✂ t✂t❛❧ st❡❧❧❛r ♠❛ss r❛t�✂ ❛s ❛ ❢✉♥❝t�✂♥ ✂❢ ▼✄☎✆✆ ✭✝✞✟✠ ♣✡☛✞✝✮ ❛♥❞ ▼☎✆✆ ✭☞✌✍❤✠ ♣✡☛✞✝✮❀ ▼✌✎✎✝✞✿ ➇♠�ss�♥✁ st❡❧✲

❧❛r s✉r❢❛❝❡ ❜r�✁✏t♥❡ss➈ ❛s ❛ ❢✉♥❝t�✂♥ ✂❢ t✂t❛❧ ♠❛ss ❢✂r ☞✄☎✆✆ ✭✝✞✟✠ ♣✡☛✞✝✮ ❛♥❞ ☞☎✆✆ ✭☞✌✍❤✠ ♣✡☛✞✝✮❀ ❇♦✠✠♦✑✿ ➇♠�ss�♥✁ st❡❧❧❛r s✉r❢❛❝❡ ❜r�✁✏t♥❡ss➈ t✂

✒❈● ♠❛✁♥�t✉❞❡ r❛t�✂ ❛s ❛ ❢✉♥❝t�✂♥ ✂❢ ▼✄☎✆✆ ✭✝✞✟✠ ♣✡☛✞✝✮ ❛♥❞ ▼☎✆✆ ✭☞✌✍❤✠ ♣✡☛✞✝✮✓

✔✕✖ ✗✘✇✖✙ ✚✘✔✖✛✔✜✢✗ ✇✖✗✗✣ ✜✛ ✤✢✗✢①② ✥✗✦✧✔✖✙✧✣ ✔✕✖ ✥✘✗★ ✩✢✙②✘✛✧

✪✧✔✢✙✧ ✜✛ ✤✢✗✢①✜✖✧✬ ✢✙✖ ✯✘✙✖ ✢ff✖✥✔✖★ ★✦✖ ✔✘ ✙✢✯✰✚✙✖✧✧✦✙✖

✧✔✙✜✚✚✜✛✤✴ ✹✕✖✧✖ ✯✖✥✕✢✛✜✧✯✧ ✯✢❦✖ ✔✕✖ ✩✢✙②✘✛ ★✜✧✔✙✜✩✦✔✜✘✛

✜✛ ✔✕✖✧✖ ✔✇✘ ✧✔✙✦✥✔✦✙✖✧ ★✜ff✖✙✖✛✔✴ ✽✢✛② ✧✔✦★✜✖✧ ✕✢✈✖ ✜✛✰

★✖✖★ ✙✖✚✘✙✔✖★ ✧②✧✔✖✯✢✔✜✥ ★✜ff✖✙✖✛✥✖✧ ✩✖✔✇✖✖✛ ✔✕✖ ✚✕②✧✜✥✢✗

✚✙✘✚✖✙✔✜✖✧ ✘✾ ✤✙✘✦✚✧ ✢✛★ ✔✕✖ ✥✗✦✧✔✖✙✧✴

➊ ✹✘ ✜✛✈✖✧✔✜✤✢✔✖ ✔✕✖ ✥✘✛✔✙✜✩✦✔✜✘✛ ✘✾ ✔✕✖ ■❁▲ ✔✘ ✔✕✖ ✩✢✙②✘✛

✩✦★✤✖✔✣ ✇✖ ✥✘✯✚✦✔✖★ ✔✕✖ ★✜ff✖✙✖✛✥✖ ✜✛ ✯✢✧✧ ✩✖✔✇✖✖✛ ✔✕✖

❲✽❂P✰❃ ✈✢✗✦✖ ✢✛★ ✔✕✖ ✘✩✧✖✙✈✖★ ✩✢✙②✘✛ ✾✙✢✥✔✜✘✛ ✜✛ ✔✖✙✯✧ ✘✾

✧✦✙✾✢✥✖ ✩✙✜✤✕✔✛✖✧✧✴ ✹✕✖ ✈✢✗✦✖✧ ✾✘✦✛★ ✕✖✙✖ ✾✘✙ ✔✕✖ ✖①✚✖✥✔✖★

✯✜✧✧✜✛✤ ✧✦✙✾✢✥✖ ✩✙✜✤✕✔✛✖✧✧ ✾✘✙ ✥✗✦✧✔✖✙✧ ✘✾ ✤✢✗✢①✜✖✧ ✢✙✖ ✧✜✯✰

✜✗✢✙ ✔✘ ✔✕✖ ■❁▲ ✧✦✙✾✢✥✖ ✩✙✜✤✕✔✛✖✧✧ ★✖✔✖✥✔✖★ ✜✛ ✔✕✖ ✗✜✔✖✙✢✔✦✙✖✣

✇✕✜✥✕ ✧✚✢✛ ✔✕✖ ✙✢✛✤✖ ✘✾ ∼❄❅ < µ❉ < ❄❊✴ ■✾ ✔✕✖ ★✜ff✖✙✖✛✥✖ ✩✖✰

✔✇✖✖✛ ✔✕✖ ✘✩✧✖✙✈✖★ ✩✢✙②✘✛ ✾✙✢✥✔✜✘✛ ✢✛★ ✔✕✖ ❲✽❂P✰❃ ✈✢✗✦✖

✜✧ ✩✖✥✢✦✧✖ ✘✾ ✗✦✯✜✛✘✦✧ ✯✢✔✔✖✙ ✔✕✢✔ ✜✧ ✧✚✙✖✢★ ✔✕✙✘✦✤✕✘✦✔ ✔✕✖

✈✘✗✦✯✖ ✘✾ ✔✕✖ ✧②✧✔✖✯✣ ✢✧ ✢ ★✜✙✖✥✔ ✥✘✛✧✖q✦✖✛✥✖ ✘✾ ❍❏❑◆❉ ★✖✰

✚✖✛★✖✛✥✖ ✘✛ ❍❑❖❑✣ ✇✖ ✘✩✧✖✙✈✖ ✢ ✧✯✢✗✗ ✜✛✥✙✖✢✧✖ ✜✛ ✽✜✧✧✜✛✤

✽✢✧✧/❍❏❑◆❉ ✇✜✔✕ ✔✘✔✢✗ ✯✢✧✧✣ ✢✛★ ✤✙✘✦✚✧ ✢✛★ ✥✗✦✧✔✖✙✧ ✧✖✖✯ ✔✘

✩✖ ✧✖✚✢✙✢✔✖★ ✜✛✔✘ ✔✇✘ ★✜✧✔✜✛✥✔ ✚✘✚✦✗✢✔✜✘✛✧✴ ◗✘✇✖✈✖✙✣ ✇✖ ✕✢✈✖

✢ ✕✜✤✕ ✧✥✢✔✔✖✙ ✜✛✧✜★✖ ✩✘✔✕ ❘❙❯❱❱ ✢✛★ ❘❯❱❱✴ ■✛ ✔✖✙✯✧ ✘✾ ✯✜✧✧✜✛✤

✧✦✙✾✢✥✖ ✩✙✜✤✕✔✛✖✧✧✣ ✇✖ ✘✩✧✖✙✈✖ ✢ ✧✯✢✗✗ ★✖✥✙✖✢✧✖ ✢✧ ✢ ✾✦✛✥✔✜✘✛

✘✾ ✔✘✔✢✗ ✯✢✧✧ ✢✗✧✘ ✾✘✙ ✔✕✖ ✙✢✔✜✘ ✩✖✔✇✖✖✛ ✔✕✖ ✯✜✧✧✜✛✤ ✧✦✙✾✢✥✖

✩✙✜✤✕✔✛✖✧✧ ✢✛★ ✔✕✖ ❳❁❨ ✯✢✤✛✜✔✦★✖ ✜✛✧✜★✖ ❘❯❱❱✣ ✩✦✔ ✜✔ ✜✧ ★✜ffi✰

✥✦✗✔ ✔✘ ✧✚✘✔ ✢ ✥✗✖✢✙ ✔✙✖✛★ ✾✙✘✯ ✔✕✖✧✖ ✚✢✛✖✗✧✴

❩❬❭❪❫❴❵❥③④❥⑤❥❪⑥⑦⑧ ⑨⑩ ❶❷⑩ ❸⑩❷❹ ❺❷❶❻⑩❼❽❾ ❻❿ ➀➁❷➂➃❻❿➄➁⑩ ➅➆❶➉➂ ❶➋➆ ➌➉➉❶➋❽⑩❾
➍⑩❷❻➂➋ ❼❿❷ ❻➁⑩➂❷ ❶➆❸➂➎⑩ ➆❽❷➂➋❺ ❻➁⑩ ⑩❶❷❾❹ ➃❻❶❺⑩➃ ❿❼ ❻➁➂➃ ➏❿❷➐➑ ⑨⑩ ❶❷⑩ ❶❾➃❿ ❺❷❶❻⑩❼❽❾ ❻❿
❻➁⑩ ❶➋❿➋❹➉❿❽➃ ❷⑩❼⑩❷⑩⑩ ➏➁❿ ➎❶❷⑩❼❽❾❾❹ ❷⑩❶➆ ❻➁➂➃ ➄❶➄⑩❷ ❶➋➆ ❺❶❸⑩ ➂➉➄❿❷❻❶➋❻ ➃❽❺❺⑩➃➒
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✎✰✽ ✥✩★✰ ✥✥✪✧✴✌✥✰✩✥✽✾☛ +✥✾✯✥✾✌✧✧✩✥✹☛ ✬✬✾✩✰ ✤✧✬★✩✴ ✴✩✽ ± ✤✩✥ ★✩✾✽ ± ✥✩✧★ ✽✩✽ ± ✥✩✾ ✧✩★★ ± ✥✩✹✤ ✾✩✤✥ ± ✤✩✤✴ ➊ ➊

✎✤✤✬ ✥✩★✥ ✥✥✪✬✬✌✬✥✩✰✽✽☛ +★✰✯★✹✌✧✴✩✽✥☛ ✹★✾✩✹ ✤✥✧✬✩✴ ✰✩✴ ± ✤✩✥ ✤✩✹✬ ± ✥✩✤✽ ✰✩✬ ± ✥✩✽ ✤✩✧✴ ± ✥✩★✥ ✧✩✽✹ ± ✥✩✬✴ ✥✩✤✹ ± ✥✩✥✹ ✥✩✽✤ ± ✥✩★✹

✎★✥✾ ✥✩★✤ ✥✤✪✧✤✌✬✧✩✬★✥☛ ➊✤✧✯✧✰✌✹✰✩✹✹☛ ✹✴✾✩✾ ✤★✤✧✩✤ ✴✩✹ ± ✥✩✬ ★✩★✧ ± ✥✩✤✧ ✾✩✴ ± ✥✩✬ ✤✩✾✧ ± ✥✩✤✧ ✰✩★★ ± ✥✩✹★ ➊ ➊

❈▲❏✥✤✬★✩✴❃✤✧✬✴❙ ✥✩✽✧ ✥✤✪✬★✌✧✾✩✽✽✽☛ ➊✤✧✯✬✽✌★✰✩✴✰☛ ★✧✾✩✴ ✰★✬✩✧ ✹✩✾ ± ✤✩✤ ✥✩✬✥ ± ✥✩✥✾ ✧✩✥ ± ✥✩✰ ✥✩✬✥ ± ✥✩✤✤ ✤✩✴✴ ± ✥✩✹✥ ➊ ➊

✎★✰✴ ✥✩★✧ ✥✤✪✬★✌✹★✩✤✹✹☛ +✥✤✯✥✥✌✹✤✩★✾☛ ✹✥✹✩✧ ✾✬✧✩✧ ✹✩✹ ± ✥✩✬ ✤✩✰✤ ± ✥✩✤✬ ✬✩★ ± ✥✩✬ ✤✩✤✽ ± ✥✩✤✧ ✧✩✤✥ ± ✥✩✧✬ ✥✩★✬ ± ✥✩✥✴ ✥✩✬✬ ± ✥✩✤✰
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❈▲❏✥★✤✰❃✤✴✹✴ ✥✩✬✽ ✥★✪✤✰✌✧★✩✽✬✰☛ ➊✤✴✯✹✴✌✧★✩★✽☛ ✧✤✽✩✾ ✽✹✾✩✾ ✬✩✰ ± ✧✩✽ ✥✩✹✴ ± ✥✩★✴ ★✩✹ ± ✤✩✹ ✥✩✽✴ ± ✥✩✬✾ ✧✩★✽ ± ★✩★★ ➊ ➊

❘❂❏✥★✧★✩★❃✹✹★✥ ✥✩★✽ ✥★✪✧★✌✤✽✩★✤✰☛ ➊✹✹✯★✥✌✹✾✩✬✰☛ ✬✧✾✩✥ ✤✧✤✴✩✬ ✽✩✥ ± ✤✩✹ ✧✩✬✽ ± ✥✩✬★ ✤✤✩★ ± ✤✩✰ ★✩✾✴ ± ✥✩✬★ ✽✩✰✽ ± ✤✩✬★ ➊ ➊
❁✎❈❙❏✥★✹★✩✬❃★✤✧★ ✥✩✧✤ ✥★✪✹★✌✧✬✩✽✬✰☛ ➊★✤✯✧★✌★✰✩✤✰☛ ✹✧✾✩✾ ✾✽✬✩✬ ✬✩✬ ± ✥✩✴ ★✩✤✹ ± ✥✩★✧ ✬✩✴ ± ✥✩✰ ✤✩✰✴ ± ✥✩★✤ ✧✩✴✰ ± ✥✩✹✽ ➊ ➊

✎✧✽✧ ✥✩✤✾ ✥★✪✹✽✌✥✧✩✹✧★☛ ➊✥✧✯✧✤✌✹✬✩✽✴☛ ✹★✬✩✤ ✾✴✤✩★ ✹✩✬ ± ✥✩✧ ✤✩✹✥ ± ✥✩✥✽ ✹✩✥ ± ✥✩★ ✤✩✧✤ ± ✥✩✥✾ ✧✩✤✧ ± ✥✩★✤ ✥✩★★ ± ✥✩✥✴ ✥✩✹✾ ± ✥✩✤✬
❁✎❈❙❏✥★✬✴✩✰❃★★✥✾ ✥✩✧★ ✥★✪✬✴✌✹✤✩✧★✽☛ ➊★★✯✥✾✌✤✹✩✹✥☛ ✹✬✬✩✬ ✤✤✾✾✩✹ ✰✩✴ ± ✥✩✾ ✤✩✾✾ ± ✥✩★★ ✴✩✰ ± ✥✩✾ ✤✩✽✴ ± ✥✩★✬ ✰✩✽✧ ± ✥✩✾★ ➊ ➊

❁❙✥✧✥★✩✴+✤✰✬✽ ✥✩✹★ ✥✧✪✥✬✌✧✤✩✰✬✰☛ +✤✴✯✤✥✌✤✥✩✬✰☛ ✧✥✽✩✾ ✰✾✴✩✽ ✧✩✧ ± ✥✩✽ ✥✩✽★ ± ✥✩✤✴ ★✩✬ ± ✥✩✬ ✥✩✰✰ ± ✥✩✤✰ ✤✩✬✤ ± ✥✩✧✴ ➊ ➊

❈▲❏✥✧✤✽❃✥✧✥★ ✥✩✧✴ ✥✧✪✤✽✌✧✧✩✹✬✰☛ ➊✥✧✯✥★✌✬✴✩✧✥☛ ✹✧✬✩✹ ✤✥✧✥✩✽ ✬✩✹ ± ✤✩✴ ✤✩✧✤ ± ✥✩✧✹ ✧✩✽ ± ✤✩✥ ✤✩✴✧ ± ✥✩✬✹ ✹✩✬✽ ± ✤✩✹✹ ➊ ➊

❁✎❈❙❏✥✧★✾✩✰❃✥★✤✤ ✥✩✹✬ ✥✧✪★✾✌✹✤✩✬★✥☛ ➊✥★✯✤✤✌✹✬✩✾✾☛ ✧✹✾✩✾ ✽✧✾✩✰ ✹✩✬ ± ✥✩✬ ✤✩✴✹ ± ✥✩✤✰ ✬✩✴ ± ✥✩✬ ✥✩✾✽ ± ✥✩✤✤ ★✩✴★ ± ✥✩✧✥ ➊ ➊
❁✎❈❙❏✥✹✥✹✩✰+✤✤✥✾ ✥✩✧✰ ✥✹✪✥✹✌✧★✩✰✰✹☛ +✤✤✯✥✽✌✤✰✩✽✥☛ ✧✹✧✩✤ ✽✧✹✩✬ ✬✩✬ ± ✥✩✴ ✥✩✽✹ ± ✥✩✥✾ ✹✩✬ ± ✥✩✬ ✥✩✽✧ ± ✥✩✤✤ ★✩✧✾ ± ✥✩✧✥ ➊ ➊
❁✎❈❙❏✥✹★✾✩✰❃✥★✬✧ ✥✩✹✥ ✥✹✪★✾✌✧✬✩✾✬★☛ ➊✥★✯✬✧✌✥✰✩★✤☛ ✹✬✰✩✤ ✤✥✰✬✩✽ ✰✩✬ ± ✥✩✴ ★✩★✴ ± ✥✩★✥ ✰✩✬ ± ✥✩✰ ★✩✥✬ ± ✥✩★★ ✬✩★✹ ± ✥✩✬✰ ➊ ➊

❘❂❏✥✹✧✾✩✥+✥✴✤✬ ✥✩★✧ ✥✹✪✧✾✌✥✥✩✰✴★☛ +✥✴✯✤✰✌✥✧✩✴✬☛ ✹✹✥✩✤ ✤✤✰✾✩✰ ✬✩✧ ± ✥✩✹ ★✩✥✬ ± ✥✩✤✧ ✴✩✧ ± ✥✩✬ ✤✩✬★ ± ✥✩✤★ ✬✩✴★ ± ✥✩✹✧ ➊ ➊

❘❂❏✥✹✧✾+✥✬★✥ ✥✩★✤ ✥✹✪✧✾✌✥★✩✧✥✹☛ +✥✬✯★✥✌✹✧✩★✰☛ ✧✽✴✩✴ ✽✹✽✩✽ ✧✩✾ ± ✥✩✹ ✤✩✤✬ ± ✥✩✤✥ ✧✩✤ ± ✥✩✧ ✤✩✥★ ± ✥✩✤✥ ★✩✤✹ ± ✥✩★★ ➊ ➊
❁✎❈❙❏✥✹✬✤✩✾+✥✥✥✰ ✥✩✹✧ ✥✹✪✬✤✌✬✹✩✹✥✽☛ +✥✥✯✥✰✌✤✾✩✤✧☛ ✧✰✧✩✥ ✽✾★✩✴ ✬✩✥ ± ✤✩✤ ✤✩✬✥ ± ✥✩★✴ ✬✩✾ ± ✤✩✤ ✤✩✥✴ ± ✥✩★✹ ✧✩✤✾ ± ✥✩✴✥ ➊ ➊

✎✬★✤ ✥✩✬✬ ✥✹✪✬✹✌✤✤✩✤✽✹☛ ➊✥✧✯✥✥✌✬✧✩✽✬☛ ★✾★✩✹ ✾✥✰✩★ ✹✩✽ ± ✥✩★ ✥✩✰✴ ± ✥✩✥★ ✰✩✽ ± ✥✩★ ✥✩✹✰ ± ✥✩✥★ ★✩✴✧ ± ✥✩✤✤ ➊ ➊

✎✬★✥ ✥✩★✬ ✥✹✪✬✹✌✥✰✩✬✴✰☛ ➊✤✥✯✤✧✌✤✬✩★✹☛ ✹✹✴✩✤ ✤★✬✤✩★ ✰✩✬ ± ✥✩✧ ★✩✥★ ± ✥✩✥✽ ✤✥✩✧ ± ✥✩✹ ✤✩✬✬ ± ✥✩✥✴ ✰✩✴✽ ± ✥✩✧✤ ➊ ➊
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❆✤✫✤★ ✥✧✤✫ ✤✤✪✩✩♠✤✽✧✥✥✥✯ +✬★✰✬✫♠✤✦✧✬✽✯ ✩✩✻✧✫ ✤★★✥✧✦ ✦✧✤ ± ✥✧★ ✬✧✽✫ ± ✥✧✤✥ ✽✧✫ ± ✥✧★ ✬✧✽✤ ± ✥✧✤✬ ✦✧✻✾ ± ✥✧★✬ ✥✧✫✬ ± ✥✧✤★ ✥✧✦✫ ± ✥✧✬✬
❈✲❏✤✬✤★+✥✬✩★ ✥✧✫✤ ✤✬✪✤★♠★✫✧✽✥✥✯ +✥✬✰✩★♠✫✻✧★✾✯ ★✤✻✧✥ ✽✥✾✧✦ ★✧✾ ± ✥✧✾ ✥✧✫✾ ± ✥✧✥✾ ✬✧✤ ± ✥✧✫ ✥✧✻✾ ± ✥✧✤✻ ✬✧★✬ ± ✥✧✩✫ ➊ ➊

❘❳❏✤✬✬✤+✫✾✤✽ ✥✧✦✥ ✤✬✪✬✤♠✬✻✧✫✥✥✯ +✫✾✰✤✽♠★✥✧✬✫✯ ★✥✬✧✬ ✦✽✾✧★ ✩✧✾ ± ✥✧✦ ✥✧✽✩ ± ✥✧✥✽ ✫✧✻ ± ✥✧✩ ✥✧✽✩ ± ✥✧✤✥ ★✧✥✫ ± ✥✧★✻ ➊ ➊

❈✲❏✤✬✬✻✧✾+★★★✬ ✥✧✽✾ ✤✬✪✬✻♠✩✦✧✽✫✥✯ +★★✰★✬♠✫✦✧✦✻✯ ✫★✻✧✽ ✤✥✬✾✧✻ ✤✥✧✥ ± ✤✧✾ ★✧✥✽ ± ✥✧✫✾ ✽✧✦ ± ✤✧✫ ★✧✬★ ± ✥✧✻✤ ✽✧✫✻ ± ✤✧✻✤ ➊ ➊

❘❳❏✤✬★✫✧✬+✥✾✫✦ ✥✧✬★ ✤✬✪★✫♠✤✦✧✩✥✯ +✥✾✰✫✩♠✩✽✧✫✽✯ ★✽✬✧✥ ✤✫✦✦✧✾ ✦✧✻ ± ✬✧✫ ✥✧✦★ ± ✥✧✤✾ ✽✧★ ± ✬✧✬ ✤✧✥✥ ± ✥✧★✤ ✤✤✧✩★ ± ★✧✻✫ ✥✧✬★ ± ✥✧✥✽ ✥✧✫✦ ± ✥✧✤✫

❘❉❈❙✤✬✩✬✴✬✾ ✤✧✬✫ ✤✬✪✩✬♠✩✫✧✾✻✥✯ ➊✬✾✰✬✦♠✬✥✧✽✽✯ ✤✾✩✧✬ ✩✥★✧★ ✫✧✻ ± ✥✧✾ ✥✧★★ ± ✥✧✥✩ ✤✧✦ ± ✥✧★ ✥✧✫★ ± ✥✧✥✽ ✤✧✫✦ ± ✥✧✬✾ ➊ ➊

❆✤✻✽✬ ✥✧✬★ ✤★✪✥✻♠✩✥✧✽✽✥✯ +✫✻✰★★♠★✥✧✬✫✯ ★✽✽✧✥ ✾★✾✧✬ ✩✧✽ ± ✬✧✥ ✤✧✤✩ ± ✥✧★★ ✩✧✻ ± ✤✧✻ ✤✧✥✩ ± ✥✧★✻ ✬✧✾✽ ± ✤✧✥★ ✥✧✬✥ ± ✥✧✥✻ ✥✧✩✬ ± ✥✧✤✻

✱❆❈❙❏✤★✤✤✧✥✴✥★✤✥ ✥✧✫✾ ✤★✪✤✤♠✥✤✧✻✽✥✯ ➊✥★✰✤✥♠★✻✧✽✦✯ ✫✩✥✧✻ ✤✥★✥✧✫ ✻✧✩ ± ✥✧✽ ✬✧✥✤ ± ✥✧✬✤ ✩✧✤ ± ✥✧✩ ✬✧✬✤ ± ✥✧✬✦ ✩✧✬✾ ± ✥✧✻✩ ➊ ➊

❆✤✻✽✾ ✥✧✤✽ ✤★✪✤✤♠✬✾✧✩✬✥✯ ➊✥✤✰✬✥♠✬✾✧✻✽✯ ✻✤✾✧✻ ✤✫✽✦✧✩ ✽✧✫ ± ✥✧✫ ✫✧✩✻ ± ✥✧✤✽ ✤✬✧✥ ± ✥✧✩ ✫✧✥✩ ± ✥✧✤✾ ✤✤✧✬✥ ± ✥✧✩★ ✥✧✩✽ ± ✥✧✤✦ ✤✧✤✦ ± ✥✧★✩

❘❳❏✤★✤✦✧✫+✬✾✤✤ ✥✧✽✤ ✤★✪✤✦♠✬✥✧✽✽✥✯ +✬✾✰✤✤♠✤✩✧✥✥✯ ✤✻✤✧✬ ✫✤✽✧✾ ✬✧✬ ± ✥✧✽ ✥✧✤✤ ± ✥✧✥★ ✥✧✦ ± ✥✧✬ ✥✧✤✩ ± ✥✧✥✩ ✥✧✩✤ ± ✥✧✤✾ ➊ ➊

❈✲❏✤★★✫+✩✥★✤ ✥✧✻✬ ✤★✪★✫♠✤✾✧✬✥✥✯ +✩✥✰★✤♠✥✩✧✩✬✯ ★✬✫✧✫ ✦✫✬✧✬ ✩✧✬ ± ✬✧✤ ✥✧✽✾ ± ✥✧★✥ ★✧★ ± ✤✧✤ ✥✧✾✻ ± ✥✧★✾ ✬✧★✥ ± ✥✧✾★ ➊ ➊

❆✤✦✻★ ✥✧✬✬ ✤★✪★✩♠✤✽✧✬✫✥✯ +✫✥✰✩✾♠✩✾✧✬✽✯ ✫✾✻✧✫ ✤★✬✽✧★ ✽✧✤ ± ✥✧✩ ✬✧✫✩ ± ✥✧✤★ ✤✤✧✩ ± ✥✧✻ ✬✧✤✦ ± ✥✧✤★ ✽✧★✬ ± ✥✧✩✤ ✥✧✬✩ ± ✥✧✥✦ ✥✧✦✾ ± ✥✧✬✫

❘❳❏✤★✫✦✧✩✴✤✤✫✩ ✥✧✫✩ ✤★✪✫✦♠★✥✧✦✬✥✯ ➊✤✤✰✫✩♠✤✥✧✫✫✯ ✻✦✬✧✥ ✤✩✬✫✧✻ ✤✫✧✬ ± ✤✧✫ ✦✧✾✩ ± ✥✧✻✩ ✬✥✧✬ ± ✤✧✦ ✻✧✾✦ ± ✥✧✻✾ ✤✻✧✬✽ ± ✤✧✻✤ ➊ ➊

❘❳❏✤★✩✥✧✥+✻✥✥✦ ✥✧✽✥ ✤★✪✩✥♠✫✽✧✫✽✥✯ +✻✥✰✥✦♠✩✧✩✬✥✯ ✬✫✥✧✻ ✻✥✬✧✻ ✫✧✩ ± ✤✧✥ ✥✧✫✤ ± ✥✧✥✽ ✬✧✬ ± ✥✧✫ ✥✧✫✾ ± ✥✧✤✤ ✤✧✩★ ± ✥✧★✫ ➊ ➊

❈✲❏✤★✩✫✴✥✬✬✤ ✥✧✩✩ ✤★✪✩✫♠✤✦✧✬✽✥✯ ➊✥✬✰✬✤♠✩✥✧✾✦✯ ✬✬✽✧✦ ✩✽✩✧★ ★✧✤ ± ✥✧✾ ✥✧★✥ ± ✥✧✥✦ ✤✧✦ ± ✥✧✫ ✥✧★✤ ± ✥✧✥✾ ✤✧✥★ ± ✥✧★✥ ➊ ➊

❈✲❏✤✫✤✩✧✤+★✻✤✬ ✤✧✥★ ✤✫✪✤✩♠✤✤✧✥✫✥✯ +★✻✰✤✬♠✥★✧✻✥✯ ✬✬✾✧✦ ✩✦✫✧✤ ✫✧★ ± ✥✧✻ ✥✧✻✫ ± ✥✧✥✦ ✬✧✦ ± ✥✧★ ✥✧✩✩ ± ✥✧✥✽ ✤✧✦★ ± ✥✧✬✫ ➊ ➊

❘❳❏✤✫✤✻+✫✫✫✻ ✥✧✫✥ ✤✫✪✤✻♠✬✽✧✥✽✥✯ +✫✫✰✫✻♠✫★✧★✬✯ ★✬✤✧✾ ✦✾★✧✦ ★✧✾ ± ✥✧✩ ✥✧✦✽ ± ✥✧✥✽ ★✧✥ ± ✥✧★ ✥✧✦✬ ± ✥✧✥✾ ✬✧✤✦ ± ✥✧✬✽ ➊ ➊

✱❆❈❙❏✤✫✬★✧✽+✬✫✥✫ ✥✧✩✫ ✤✫✪✬★♠✫✦✧✦✻✥✯ +✬✫✰✥✫♠✫✤✧✽✽✯ ★✽✥✧✤ ✾✫★✧✫ ✻ ± ✤✧✥ ✤✧✾✥ ± ✥✧✬✻ ✻✧✫ ± ✥✧✾ ✤✧✫✤ ± ✥✧✬★ ✫✧★✥ ± ✥✧✦✬ ➊ ➊

❆✤✾✤✫ ✥✧✤✦ ✤✫✪✬✻♠✥✥✧✾✻✥✯ +★✦✰✫✾♠★★✧✾✻✯ ✻✬★✧✾ ✤✩✥★✧✩ ✽✧✩ ± ✥✧✻ ✫✧★✻ ± ✥✧✬✻ ✤✤✧✦ ± ✥✧✦ ✫✧✥✽ ± ✥✧✬✾ ✤✤✧✫✬ ± ✥✧✽✤ ✥✧★✽ ± ✥✧✤✬ ✥✧✽✤ ± ✥✧✬✫

❆✤✾✫✬ ✥✧✬✬ ✤✫✪★✽♠✬✬✧✥✽✥✯ +✥★✰✫✥♠✥✻✧★✽✯ ★★✦✧✻ ✽✤✽✧✻ ✫✧✬ ± ✥✧★ ✥✧✩✾ ± ✥✧✥✫ ✬✧✽ ± ✥✧✬ ✥✧✻✽ ± ✥✧✥✩ ✤✧✾✩ ± ✥✧✤✫ ✥✧✤✦ ± ✥✧✥✩ ✥✧✩✤ ± ✥✧✤✻

✱❙✤✫✩✩✧✥+✬✬★✬ ✥✧✬✻ ✤✫✪✩✦♠✤✩✧✤✬✥✯ +✬✬✰✬✥♠★✩✧✩✬✯ ✫✤✫✧✦ ✾★✥✧★ ✫✧✦ ± ✥✧✬ ✤✧✽★ ± ✥✧✥✻ ✩✧✥ ± ✥✧✬ ✤✧★✤ ± ✥✧✥✻ ✬✧✾✦ ± ✥✧✤★ ✥✧✬✤ ± ✥✧✥✻ ✥✧★★ ± ✥✧✤✥

❘❳❏✤✩✥✫✴✥✬✫✽ ✥✧✬✬ ✤✩✪✥✫♠✥✦✧✫✫✥✯ ➊✥✬✰✫✽♠✤✽✧✩✥✯ ✻✬✤✧✻ ✤★✽✽✧✻ ✾✧✫ ± ✤✧✤ ✫✧✫✥ ± ✥✧✫★ ✤✥✧✦ ± ✤✧✥ ✫✧✬★ ± ✥✧✫✾ ✾✧✫★ ± ✤✧✤✥ ✥✧✬✤ ± ✥✧✥✽ ✥✧★✽ ± ✥✧✤✬

❆✬✥★✫ ✥✧✤✤ ✤✩✪✤✥♠✤✬✧✫✽✥✯ +★★✰★✥♠✬✽✧✥✽✯ ✫✾✾✧✬ ✤★✤✩✧✩ ✻✧★ ± ✥✧✬ ✤✧✽✩ ± ✥✧✥✩ ✦✧★ ± ✥✧✬ ✤✧✾✦ ± ✥✧✥✻ ✦✧✬✤ ± ✥✧✬★ ✥✧✥✦ ± ✥✧✥✬ ✤✧✦✤ ± ✥✧✩✥

❆✬✥✻✾ ✥✧✤✬ ✤✩✪✬✫♠★✾✧✽✫✥✯ +✬✾✰✩★♠✬✻✧★★✯ ★★✫✧✤ ✤✤✦★✧✬ ✩✧✾ ± ✥✧★ ✥✧✩✤ ± ✥✧✥✬ ✻✧★ ± ✥✧★ ✥✧✩✾ ± ✥✧✥★ ✩✧✤★ ± ✥✧✬✻ ✥✧✬✦ ± ✥✧✥✾ ✥✧✬✬ ± ✥✧✥✻

❘❳❏✤✩✬✩+✥✾✩✽ ✥✧✤✬ ✤✩✪✬✫♠✥✾✧✻✥✥✯ +✬✾✰✩★♠✥✦✧✽✥✯ ✬✤✽✧✥ ✻✽✦✧✻ ★✧✩ ± ✥✧✫ ✥✧★✬ ± ✥✧✥★ ★✧✥ ± ✥✧★ ✥✧✬✻ ± ✥✧✥★ ✤✧✻✤ ± ✥✧✤✽ ➊ ➊

❘❳❏✤✩★✬✧✾+★✥✬✤ ✥✧★✩ ✤✩✪★✬♠✩★✧✦✻✥✯ +★✥✰✬✥♠✩✾✧✬✽✯ ✫✦✻✧✬ ✤✥✻✽✧✫ ✻✧★ ± ✤✧✥ ✬✧✽✾ ± ✥✧★✽ ✦✧✬ ± ✤✧✥ ✬✧✬✥ ± ✥✧★✩ ✫✧✾✻ ± ✥✧✦✾ ➊ ➊

❆✬✤✤✤ ✥✧✬★ ✤✩✪★✾♠✫✤✧✬✽✥✯ +★✫✰✬✩♠✤✥✧✾✬✯ ✫✫✤✧✥ ✤✥★✩✧✦ ✻✧✫ ± ✥✧✦ ✤✧✩✩ ± ✥✧✤✫ ✻✧★ ± ✥✧✻ ✤✧✩★ ± ✥✧✤✦ ★✧✾✦ ± ✥✧✫★ ✥✧✬✽ ± ✥✧✥✾ ✥✧✻✩ ± ✥✧✤✾

❆✬✤✬✩ ✥✧✬✩ ✤✩✪✫✤♠✥✽✧✽✽✥✯ +✻✻✰✤✩♠✩★✧✬✽✯ ✤✻✻✧✤ ✻✤✻✧✬ ✬✧✫ ± ✥✧✬ ✥✧✥✽ ± ✥✧✥✤ ✤✧✩ ± ✥✧✤ ✥✧✥✽ ± ✥✧✥✤ ✥✧✽✩ ± ✥✧✥✦ ➊ ➊

❆✬✤✻★ ✥✧✬✥ ✤✻✪✤✩♠✫✩✧✽✫✥✯ ➊✥✻✰✥✽♠✩✫✧✩✬✯ ✦✬✬✧✥ ✬✬✥★✧★ ✤✩✧✬ ± ✤✧✬ ✽✧✫✩ ± ✥✧✩✻ ★✽✧✦ ± ✬✧✩ ✻✧✩✫ ± ✥✧✩✬ ★✦✧✤✻ ± ✬✧✾★ ➊ ➊

✱❆❈❙❏✤✻✬✤✧★+★✽✤✥ ✥✧✫✻ ✤✻✪✬✤♠✬✫✧✦✬✥✯ +★✽✰✤✥♠✥✾✧✫✽✯ ✫✬✬✧✤ ✾✦✤✧✾ ✻✧✬ ± ✥✧✩ ✤✧✽✦ ± ✥✧✤★ ✩✧✻ ± ✥✧✫ ✤✧✦✩ ± ✥✧✤✫ ✫✧✬✽ ± ✥✧★✩ ➊ ➊

✱❙✤✻✬✤✧✩+✬✻✫✥ ✥✧✫★ ✤✻✪✬★♠★✩✧✩✬✥✯ +✬✻✰★✫♠✬✥✧✻✫✯ ★✩✦✧✦ ✤✥✥✥✧✦ ✩✧✽ ± ✥✧✦ ✤✧✥✩ ± ✥✧✤✤ ✻✧✥ ± ✥✧✻ ✤✧✥✬ ± ✥✧✤✬ ✫✧✫✦ ± ✥✧✩✫ ➊ ➊

❆✬✬✥✫ ✥✧✤✩ ✤✻✪★✬♠✫✦✧✥✫✥✯ +✥✩✰★✫♠★✬✧✩✬✯ ✩✽✻✧✫ ✤★✬★✧✽ ✽✧✫ ± ✥✧✽ ★✧✦✽ ± ✥✧★✥ ✤✥✧✻ ± ✥✧✽ ★✧★✬ ± ✥✧★✬ ✦✧✻✫ ± ✥✧✦★ ➊ ➊

❆✬✬✤✽ ✥✧✤✽ ✤✻✪★✩♠✩✬✧★✬✥✯ +✻✻✰✤✬♠★✻✧✥✥✯ ✫✦✾✧✬ ✤✤★✥✧✥ ✻✧✥ ± ✥✧★ ✬✧✥✽ ± ✥✧✥✾ ✦✧✥ ± ✥✧★ ✤✧✽✻ ± ✥✧✥✾ ✫✧✽✦ ± ✥✧✬✫ ➊ ➊

❈✲❏✤✻✫✤+✫✥✥✤ ✥✧✫✻ ✤✻✪✫✤♠✩★✧✥✫✥✯ +✫✥✰✥✤♠✬✦✧✫✽✯ ✬✾✤✧✩ ✦✫✬✧✾ ★✧✩ ± ✥✧✻ ✥✧✩✥ ± ✥✧✥✦ ✬✧✬ ± ✥✧★ ✥✧✩✽ ± ✥✧✤✥ ✤✧✾✤ ± ✥✧★★ ➊ ➊

❘❳❏✤✦✥✤+✻✫✤✫ ✥✧✫✩ ✤✦✪✥✤♠✬✬✧✽✥✥✯ +✻✫✰✤✫♠✤✤✧✫✥✯ ★✤✤✧✩ ✦✬★✧✫ ✫✧✤ ± ✥✧✩ ✥✧✦✦ ± ✥✧✥✽ ★✧✥ ± ✥✧★ ✥✧✦✥ ± ✥✧✥✽ ✤✧✦✫ ± ✥✧✬✤ ➊ ➊

❘❳❏✤✦✤✻✧✾+✻✦✥✽ ✥✧✽✤ ✤✦✪✤✻♠✫✾✧✫✫✥✯ +✻✦✰✥✽♠✬✩✧✽✥✯ ★✤✥✧✫ ✦★✤✧✩ ✩✧✦ ± ✤✧✤ ✤✧✥✩ ± ✥✧✤✦ ★✧✾ ± ✥✧✻ ✤✧✥✻ ± ✥✧✬✥ ✬✧✦✦ ± ✥✧✩★ ➊ ➊

❆✬✬✩✾ ✥✧✤✻ ✤✦✪✬✥♠✤✥✧✥✽✥✯ +✬✦✰★✾♠✥★✧✬✽✯ ✫✻✤✧✻ ✤✤✤✦✧✤ ✩✧✬ ± ✥✧✫ ✤✧✦✥ ± ✥✧✤✤ ✩✧✩ ± ✥✧✫ ✤✧✻✫ ± ✥✧✤★ ✫✧✻✩ ± ✥✧★✻ ✥✧✬✫ ± ✥✧✥✦ ✤✧✩✥ ± ✥✧✫✩

❘❳❏✤✦✬✥✧✤+✬✻★✽ ✥✧★✾ ✤✦✪✬✥♠✤✻✧✽✥✥✯ +✬✻✰★✽♠✥✻✧✻✥✯ ✩✬✬✧✥ ✤✤✦✽✧✫ ✻✧✽ ± ✥✧✩ ✬✧✩✦ ± ✥✧✤✻ ✦✧★ ± ✥✧✫ ✬✧★✦ ± ✥✧✤✦ ✩✧✫✻ ± ✥✧✫✥ ✥✧★✥ ± ✥✧✥✾ ✥✧✩✻ ± ✥✧✤✦
✱❆❈❙❏✤✦✬✥✧✬+★✩★✻ ✥✧✤✻ ✤✦✪✬✥♠✥✽✧✫✥✥✯ +✬✦✰✫✥♠✤✥✧✬✥✯ ✫✦✾✧✦ ✤✤✦✻✧✻ ✦✧✬ ± ✥✧✾ ✬✧✻✬ ± ✥✧✬✦ ✽✧✥ ± ✥✧✽ ✬✧★✩ ± ✥✧✬✾ ✻✧✾✩ ± ✥✧✽✦ ➊ ➊

❆✬✬✻✤ ✥✧✬✬ ✤✦✪✬✬♠✬✦✧✤✬✥✯ +★✬✰✥✦♠✩✻✧✬✽✯ ✩✥✤✧✦ ✤✤✦✻✧✽ ✦✧★ ± ✥✧✫ ✬✧✾✥ ± ✥✧✤★ ✾✧✦ ± ✥✧✫ ✬✧✬✫ ± ✥✧✤✬ ✩✧✦✾ ± ✥✧★✬ ✥✧✬✥ ± ✥✧✥✻ ✥✧✾✬ ± ✥✧✬✽

❆✬✬✾✫ ✥✧✤✽ ✤✦✪✬✫♠✥✾✧✤✬✥✯ +✽✩✰✩★♠✥✾✧✾✻✯ ✩✩✥✧✦ ✤✩✽✽✧✾ ✽✧✫ ± ✤✧✤ ✬✧✩✽ ± ✥✧✬✽ ✤✥✧✫ ± ✤✧✤ ✬✧✽★ ± ✥✧★✦ ✤★✧✩✦ ± ✤✧✦✽ ➊ ➊

✱❆❈❙❏✤✽✬✫✧★+✫★✥✾ ✥✧✫✾ ✤✽✪✬✫♠✤✽✧✾✻✥✯ +✫★✰✥✾♠✫✽✧✾✻✯ ✬✻✦✧✥ ✦✫✬✧✫ ✫✧✽ ± ✤✧✫ ✥✧★✾ ± ✥✧✥✾ ✬✧✾ ± ✥✧✦ ✥✧✫✻ ± ✥✧✤★ ✤✧✾✻ ± ✥✧✩✦ ➊ ➊

✱❆❈❙❏✤✾★✤✧✽✴✬✻★✫ ✥✧★✩ ✤✾✪★✤♠✫✾✧✻✽✥✯ ➊✬✻✰★✫♠★✬✧✽✽✯ ✫✦✬✧✬ ✤✥✻✻✧✫ ✻✧✦ ± ✤✧✤ ★✧✤★ ± ✥✧✫★ ✽✧✻ ± ✤✧✬ ✬✧✤✻ ± ✥✧★✩ ✫✧✾✦ ± ✥✧✽✬ ➊ ➊

❘❳❏✬✥✤✤✧★✴✩✦✬✩ ✥✧✬✽ ✬✥✪✤✤♠✬✦✧★✻✥✯ ➊✩✦✰✬✩♠✥✾✧✽✫✯ ★✻✫✧✽ ✽✬✾✧★ ★✧✻ ± ✥✧✫ ✤✧✥✬ ± ✥✧✥✾ ✬✧✾ ± ✥✧★ ✥✧✾✬ ± ✥✧✤✥ ✬✧✤✩ ± ✥✧✬✫ ➊ ➊
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✺
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✺
✱
❆
✻
✻
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✵
✶
✸
✮

❚❛❜❧❡ �✳ ❝♦♥t✐♥✉✁❞✂

◆✄♠✁ ③ ❘☎ ❉✁❝ r✆✝✞✞ r✝✞✞ 〈❦✟ 〉 ▼❣✠s,✆✝✞✞ ▼❣✠s,✝✞✞ ▼✡☛✡,✆✝✞✞ ▼✡☛✡,✝✞✞ ▼s✡✠☞,✆✝✞✞ ▼s✡✠☞,✝✞✞

✌❤
−✍
✼✞ ✎ ✏♣❝ ✌❤

−✍
✼✞ ✎ ✏♣❝ ✌✏✁❱✎ ✌✑✒

✍✓
▼⊙✎ ✌✑✒

✍✓
▼⊙✎ ✌✑✒

✍✹
▼⊙✎ ✌✑✒

✍✹
▼⊙✎ ✌✑✒

✍✓
▼⊙✎ ✌✑✒

✍✓
▼⊙✎

✔❙✕✒✖✗✂✘✲✒✙✙✾ ✒✂✖✽ ✕✒✚✖✛♠✕✑✂✑✕✒✜ ➊✒✙❞✗✘♠✙✘✂✒✕✜ ✕✾✑✂✗ ✛✛✾✂✒ ✗✂✾ ± ✒✂✛ ✒✂✛✕ ± ✒✂✒✽ ✕✂✕ ± ✒✂✗ ✒✂✛✛ ± ✒✂✑✒ ✑✂✛✑ ± ✒✂✕✖ ➊ ➊

✔☎❈❙❏✕✑✕✾✂✙✲✒✘✙✑ ✒✂✖✾ ✕✑✚✕✾♠✕✖✂✾✕✒✜ ➊✒✘❞✙✑♠✗✒✂✕✛✜ ✙✙✖✂✛ ✑✒✗✛✂✗ ✽✂✗ ± ✑✂✑ ✕✂✽✗ ± ✒✂✗✑ ✾✂✕ ± ✑✂✒ ✕✂✙✑ ± ✒✂✗✕ ✛✂✒✛ ± ✒✂✽✒ ➊ ➊

❘❳❏✕✑✕✾✂✛+✒✒✒✖ ✒✂✕✙ ✕✑✚✕✾♠✙✒✂✒✽✒✜ +✒✒❞✒✖♠✕✒✂✗✑✜ ✙✛✖✂✖ ✑✕✛✙✂✑ ✛✂✕ ± ✒✂✛ ✕✂✗✕ ± ✒✂✑✾ ✽✂✛ ± ✒✂✘ ✑✂✽✑ ± ✒✂✑✽ ✘✂✕✛ ± ✒✂✘✒ ✒✂✕✛ ± ✒✂✒✽ ✒✂✛✒ ± ✒✂✑✾

☎✕✙✒✾ ✒✂✑✖ ✕✕✚✒✒♠✖✕✂✽✒✒✜ +✕✒❞✖✽♠✕✘✂✽✙✜ ✙✾✘✂✖ ✑✑✘✘✂✑ ✖✂✘ ± ✒✂✙ ✕✂✑✕ ± ✒✂✑✕ ✛✂✙ ± ✒✂✙ ✕✂✒✕ ± ✒✂✑✙ ✖✂✗✖ ± ✒✂✗✽ ✒✂✕✗ ± ✒✂✒✘ ✒✂✙✘ ± ✒✂✑✙

✔☎❈❙❏✕✕✕✽✂✖+✕✒✗✛ ✒✂✙✑ ✕✕✚✕✽♠✗✕✂✽✽✒✜ +✕✒❞✗✘♠✑✑✂✛✙✜ ✙✛✗✂✙ ✑✕✛✖✂✒ ✽✂✛ ± ✑✂✙ ✕✂✘✖ ± ✒✂✗✘ ✑✕✂✾ ± ✑✂✘ ✕✂✑✽ ± ✒✂✗✛ ✽✂✽✾ ± ✑✂✙✖ ➊ ➊

✔☎❈❙❏✕✕✕✾✂✘✲✕✘✖✖ ✒✂✗✕ ✕✕✚✕✾♠✙✖✂✗✛✒✜ ➊✕✘❞✖✖♠✗✛✂✙✽✜ ✙✒✕✂✙ ✑✒✾✽✂✙ ✖✂✒ ± ✒✂✾ ✑✂✛✾ ± ✒✂✕✖ ✖✂✾ ± ✒✂✾ ✑✂✕✾ ± ✒✂✕✗ ✖✂✕✛ ± ✒✂✾✖ ➊ ➊

✔☎❈❙❏✕✕✙✖✂✒+✕✛✗✘ ✒✂✗✒ ✕✕✚✙✖♠✒✙✂✽✒✒✜ +✕✛❞✗✽♠✒✗✂✙✽✜ ✙✕✖✂✑ ✾✽✗✂✛ ✙✂✾ ± ✒✂✖ ✑✂✽✛ ± ✒✂✑✛ ✖✂✕ ± ✒✂✙ ✑✂✙✾ ± ✒✂✑✖ ✗✂✛✽ ± ✒✂✗✽ ➊ ➊

❘❳❏✕✕✙✘+✒✗✗✘ ✒✂✕✒ ✕✕✚✙✘♠✕✽✂✒✽✒✜ +✒✗❞✗✛♠✖✘✂✘✽✜ ✗✕✒✂✕ ✘✛✾✂✾ ✕✂✾ ± ✒✂✾ ✒✂✕✕ ± ✒✂✒✛ ✒✂✽ ± ✒✂✕ ✒✂✖✘ ± ✒✂✑✽ ✑✂✖✽ ± ✒✂✙✾ ➊ ➊

☎❙✑✒✛✗ ✒✂✗✖ ✕✕✚✙✽♠✙✙✂✽✽✒✜ ➊✙✙❞✗✑♠✙✙✂✙✒✜ ✛✗✙✂✘ ✑✙✖✗✂✕ ✑✑✂✕ ± ✑✂✑ ✘✂✑✛ ± ✒✂✖✾ ✑✾✂✙ ± ✑✂✛ ✖✂✕✑ ± ✒✂✖✑ ✑✕✂✖✕ ± ✑✂✕✗ ➊ ➊

❈▲❏✕✗✒✕✂✽+✒✽✙✙ ✒✂✘✕ ✕✗✚✒✕♠✙✽✂✒✒✒✜ +✒✽❞✙✗♠✖✑✂✖✛✜ ✗✒✒✂✾ ✘✑✛✂✖ ✖✂✖ ± ✕✂✙ ✒✂✛✑ ± ✒✂✕✕ ✕✂✖ ± ✒✂✾ ✒✂✽✛ ± ✒✂✗✽ ✕✂✗✗ ± ✑✂✒✕ ➊ ➊

☎✕✛✗✑ ✒✂✕✘ ✕✗✚✗✘♠✗✽✂✑✛✒✜ +✒✒❞✑✛♠✒✾✂✒✒✜ ✙✛✽✂✾ ✑✕✗✙✂✛ ✛✂✾ ± ✒✂✽ ✕✂✗✛ ± ✒✂✕✗ ✾✂✾ ± ✑✂✒ ✑✂✾✗ ± ✒✂✕✕ ✘✂✒✖ ± ✒✂✽✕ ✒✂✕✽ ± ✒✂✒✽ ✒✂✛✕ ± ✒✂✑✾
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❛ ❢✉♥❝t✐♦♥ ♦❢ ✛✤✥✥ ❝♦✦♣✉t❡❞✱ ❛ss✉✦✐♥❣ t❤❡ t❡✦♣❡r❛t✉r❡ ♣r♦✧❧❡ ❣✐✈❡♥ ✐♥
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✐s♦t❤❡r✦❛❧ ❣❛s✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✩✬✯✬,✤✥✥ ❝♦✦♣✉t❡❞✱ ❛ss✉✦✐♥❣ t❤❡ t❡✦✲
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❏✾❉❊❈❀❁◆ ❃● ❘✾❀❅ ❑❇P❂ ❃● ❺❃❙❨ ❼❨❽❨
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❊❇❍❁◆ ❀✾ ❇ ❂❊❅❁❍❁ ❃❂➑

Υ = ④➒➓➔/④⑨→➣, ❩↔❨❽❫

❑❅❁❍❁

④⑨→➣ = ➏π

∫ ↕➙➛➜

③
ρ❩❥❫❥➁◆❥ ❇●◆ ❩↔❨❬❫

④➒➓➔ = ➏π

∫ ➝➙➛➜

③

∫ ↕➙➛➜

③
ρ❩➞, ➟❫➞◆➞ ◆➟. ❩↔❨➠❫

➈❁❍❁◗ ➞❹⑧➡ ❃❂ ❀❅❁ ❂❊❅❁❍❁ ❍❇◆❃❈❂ ✾❄ ❁❃❀❅❁❍ ❥q③③ ✾❍ ❥➁q③③◗ ❇●◆ ➟❹⑧➡ ❃❂

❅❇■❄ ❀❅❁ ■❁●❙❀❅ ✾❄ ❀❅❁ ❏P■❃●◆❁❍ ❩❃❨❁❨◗ ❑❁ ❇❍❁ ❉❁❇❂❈❍❃●❙ ❀❅❁ ❉❇❂❂

❘❁❀❑❁❁● ±➟❹⑧➡❫❨ ❼■❀❅✾❈❙❅ ❏❈❉❘❁❍❂✾❉❁◗ Υ ❏❇● ❘❁ ◆❁❀❁❍❉❃●❁◆

❇●❇■P❀❃❏❇■■P◗ ❃❄ ❑❁ ❇❂❂❈❉❁ ❇ ➊❺❵ ❊❍✾❷■❁❨ ❻● ❀❁❍❉❂ ✾❄ ❀❅❁ ❏✾●❖

❏❁●❀❍❇❀❃✾● ❊❇❍❇❉❁❀❁❍◗ ➍ ≡ ❥➁③③/❥⑨◗ ❑❁ ❅❇❴❁➑

Υ =
√

➢➁➍➁ − ❽ × ➤❩❽ + ➢➍❫ ■●❩❽ + ➢➍❫ − ➢➍➥ × ❩❽ + ➢➍❫
−➦

×
[

❇❍❏❀❇●

(

➧➍
√

➢➁➍➁ − ❽

)

−❇❍❏❀❇●















➧
√

❩➢➁ + ➧➁❫❩➢➁➍➁ − ❽❫
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Chapter 3

Galaxy shapes

In general relativity, massive objects locally distort space-time. An interesting conse-
quence is that light is deflected in the object vicinity. This effect is called gravitational
lensing. Every beam of light from a background object, referred to as the source, is de-
flected in a different way depending on its angular position with respect to the massive
object, called the lens. As a result, the image of the source in the lens plane appears
distorted.

In the next subsection (Sect. 3.1), we review how one can infer the mass distribution
of the lens, by studying the deformation of background sources. We then concentrate on
results based on the galaxy shape observable, that we achieved during this thesis. We
first present a weak lensing study of DAFT/FADA cluster masses and of the structures in
their vicinity using large field of view ground based images (Sect. 3.2). We then introduce
the shear peak statistics as a cosmological tool and forecast constraints achievable with
a Euclid-like survey (Sect. 3.3).

3.1 Weak lensing overview

We only give the salient points of weak lensing necessary for the understanding of this
thesis. We refer the reader to the reviews from e.g. Schneider et al. (1992) for general
lensing, and Bartelmann & Schneider (2001) for a more detailed description of the weak
lensing theory and its applications.

3.1.1 Theory

The effect of gravitational lensing is illustrated in Fig. 3.1, where O, L, S, and I re-
spectively represent, the Observer, the Lens, the Source and the Image of the source in
the lens plane. We define the following distances: Ds the distance of the source to the
observer, Dl the distance of the lens to the observer, and Dls the distance between the
source and the lens. We also define the angular coordinates θS for the source position
and θI for the image position. Finally, we introduce the deflection angle α̂ due to the
presence of the lens. A geometrical analysis gives:

θI = θS + α, (3.1)
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Figure 3.1: Illustration of the lensing geometry. A light beam (in red) is emitted by
the source S, is deflected by the lens L, leading to an image I in the lens plane, that is
observed by an observer in O. See text for details.

where we defined the scaled deflection angle α = Dls

Ds
α̂. Eq. 3.1 is called the lens equation

and defines the image position of the source in the lens plane, knowing the deflection
angle. The different solutions of this equation are studied in e.g. Blandford & Narayan
(1986). In the particular case of the strong lensing regime, the lens equation has more
than one solution, leading to multiple images, called arclets. In the present thesis we are
not studying the strong lensing regime and limit ourselves to the weak lensing in which
eq. 3.1 has a unique solution for each source. In the following paragraphs, we calculate
the deflection angle α as a function of the gravitational potential of the lens.

The metric around a single gravitational potential is the Schwarzschild metric, which
in the case of small potentials can be written:

ds2 = −

(

1 + 2
φ

c2

)

c2dt2 +

(

1− 2
φ

c2

)

dz2 + z2dΩ2, (3.2)

where c is the light velocity, φ the gravitational potential of the lens, z the coordinate
along the line of sight and Ω the solid angle for the two other spatial coordinates. For a
light beam, ds = 0. We also assume that radial components of the metric are null, i.e.
dΩ = 0. We can now write the time delay of the beam of light due to the lens, in the
weak field approximation (i.e. far enough from the lens to have φ small compared to c2):

t =

∫ O

S

1

c

(

1− 2
φ

c2

)

dz. (3.3)

It is interesting to note that the first term in the integral of eq. 3.3 corresponds to the
geometrical time delay while the second one corresponds to the gravitational delay. It is
useful here to introduce the surface mass density of the lens Σ(~θ), which is the integrated
density of the lens over the line of sight. We can then replace the potential of the lens
and integrate eq. 3.3 to obtain:

t =
DlDs

2Dlsc
(~θI − ~θS)

2 −
4G

c3
D2

l

∫∫

d2~θ′Σ(~θ′) ln |~θI − ~θ′|. (3.4)
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This equation can be simplified by defining the dimensionless time delay τ (eq. 3.5) and
the 2D lensing potential (eq. 3.6):

τ =
Dls

DlDs

ct, (3.5)

ψ(~θI) =
4G

c2
DlDls

Ds

∫∫

d2~θ′Σ(~θ′) ln |~θI − ~θ′| =
1

π

∫∫

d2~θ′κ(~θ′) ln |~θI − ~θ′|, (3.6)

where we introduced the dimensionless surface mass density, the so called convergence κ,
which is the ratio of the surface mass density to the critical surface mass density Σcr:

κ(~θ) =
Σ(~θ)

Σcr

and Σcr =
c2

4πG

Ds

DlDls

. (3.7)

Eq. 3.4 can now be very simply rewritten as:

τ(~θI , ~θS) =
1

2
(~θI − ~θS)

2 − ψ(~θI). (3.8)

Fermat’s principle states that light propagates through the paths that minimize its
travel time. In other words, for a given source at position θS, the images are located at
the stationary points of the total time delay τ . Hence, ∂τ/∂θI = 0. This principle allows
to recover the lens equation through deriving eq. 3.8 with respect to θI :

~θI = ~θS + ~∇ψ. (3.9)

A comparison of eq. 3.9 with its geometrical analog, eq. 3.1, gives the simple relation
between the deflection angle and the lens gravitational potential:

~α = ~∇ψ. (3.10)

Note that in absence of any mass on the light path, or equivalently far enough from a
given mass, the lens equation gives ~θI = ~θS: the light is not deflected.

The lens equation is the fundamental equation of lensing and describes the resulting
images of a point source as a function of the lens potential and the various distances
of the problem. For an extended source, each light beam is deflected according to its
angular distance to the lens, following the lens equation. It results in a distortion of
the source image and an amplification of the light in some regions. This transformation
can be written by locally linearising the lens equation (eq. 3.9) with respect to ~θI , and

corresponds to the Jacobian matrix of the transformation of ~θI to ~θS, that we call the
amplification matrix A:

A =
∂~θS

∂~θI
=

(

δij −
∂2ψ

∂θIi∂θIj

)

=

(

1− κ− γ1 −γ2
−γ2 1− κ+ γ1

)

, (3.11)

where δij is equal to 1 when i = j and 0 otherwise. We also defined the convergence and
the two shear components as a function of the second derivatives of the lens potential:
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κ =
1

2

(

∂2ψ

∂θI1∂θI1
+

∂2ψ

∂θI2∂θI2

)

, (3.12)

γ1 =
1

2

(

∂2ψ

∂θI1∂θI1
−

∂2ψ

∂θI2∂θI2

)

, γ2 =
∂2ψ

∂θI1∂θI2
. (3.13)

The convergence defined in eq. 3.12 is the same quantity than the scaled surface mass
density described in eq. 3.7. The shear is defined by its two components as a complex
quantity: γ = γ1 + iγ2 = |γ|e2iΦ. Note that the shear is a spinner of spin 2 and not a
vector as it transforms as e2iΦ under rotation.

Liouville’s theorem states that a function of distribution is constant along any trajec-
tory in the phase space. Hence, lensing conserves the surface brightness distribution of
the source. If we note I(~θS) and I(~θI) the surface brightness of the source and the image,

and if ~θI0 is the image corresponding to the source point ~θS0, we can use the linearised
lens equation (eq. 3.11) to compute the surface brightness distribution of the image:

I(~θI) = I(~θS) = I(~θS0 + A(~θI0).(~θI − ~θI0)) (3.14)

Since A is symmetric it can be diagonalized. Eq. 3.14 shows that the image is stretched
compared to the source, of an amount quantified by the inverses of the eigenvalues of
A, which are 1− κ± |γ|. In the particular case of a circular source, the resulting image
is an ellipse, and the ratio of the source radius to the image semi-axis are equal to the
eigenvalues of A. The same equation shows that the solid angle of the source is not
conserved by lensing and the ratio of the image to the source areas is equal to the inverse
of the determinant of A, i.e. the inverse of the Jacobian of the transformation of ~θI to ~θS.
As the surface brightness is conserved, this surface ratio corresponds to a magnification
ratio between the source and the image, noted µ:

µ =
1

detA
=

1

(1− κ)2 − |γ|2
. (3.15)

Thus, the size distortion of the image is due to both the convergence and the shear, while
the distortion of the shape is only due to the shear, as the convergence acts identically
on both space directions, as stated by the eigenvalues of A.

In some cases, detA = 0. The ensemble of points in the lens plane on which this
property is verified is called the critical line, and the corresponding points in the source
plane form the caustic line. On the critical line, the magnification should be infinite, but
remains finite due to the spatial extension on sources. In the WL regime, (κ, |γ|) ≪ (1, 1)
and the magnification depends only on the convergence at the first order.

One can factorize the (1−κ) term in A, leading to the following writing of the matrix:

A = (1− κ)

(

1− g1 −g2
−g2 1 + g1

)

, (3.16)

where we have defined the reduced shear g:

g =
γ

1− κ
. (3.17)
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Eq. 3.16 shows that the reduced shear g is the only quantity affecting the shape of
the image, the factor (1−κ) only affecting the size, and therefore g is the true observable
in the lensing theory. Note that in the WL regime, g ≃ γ. The surface mass density κ
can only be computed from an integration of the shear, and is thus known to within an
integration constant for a finite space. This is the so-called mass-sheet degeneracy.

In the following section we review the different methods that have been developed to
measure the shear of weakly lensed galaxies.

3.1.2 Shear measurement

Weak lensing can provide tight constraints on cosmology when large data sets are ex-
plored, but this requires highly unbiased measurements of galaxy shapes. Unfortunately,
the shape distortion due to lensing (i.e. the shear) is of the order of a percent, and
therefore small compared to both the noise from the intrinsic ellipticity of galaxies, and
systematic distortions caused by the light traveling through the atmosphere and the tele-
scope optics. The problem of the intrinsic shape of galaxies is solved by averaging over
many sources, assuming that galaxies are randomly oriented. For a sufficient number of
galaxies, the intrinsic ellipticity thus averages to zero. The hypothesis that galaxies are
randomly oriented seems reasonable as only background galaxies are retained for lensing,
thus they should not be gravitationally bound together. Note however, that intrinsic
alignment can become an issue when studying the correlation of galaxy shapes within
structures, such as in cosmic shear surveys (e.g. Hirata et al. 2007). The second problem is
more challenging, and requires a very accurate understanding of every observational bias.
A major source of bias is the image point spread function, and must be measured at the
percent level accuracy. This work is eased if the atmosphere bias, called the seeing, is low,
and even more for space telescopes. The common idea is to measure the PSF on stars, as
they are quasi-point like sources, and then to correct galaxies for the measured bias. The
precision required for next generation large WL surveys (STAGE IV DE surveys), such
as Euclid (Laureijs et al. 2011), WFIRST (Spergel et al. 2013), or LSST (LSST Science
Collaboration et al. 2009), makes shear measurements a very active field. Several meth-
ods have been developed, and we will review here the different approaches to this problem.

The first step is to define the shape of a galaxy. For this purpose, we assume galaxies
are ellipticals and introduce their ellipticity ǫ defined as a complex quantity, with norm
the geometrical ellipticity |ǫ| = (1 − b/a)(1 + b/a), where a and b are the major and
minor semi-axis of the ellipse, and with an orientation angle defined by the direction of
the major axis. In the case where |g| ≤ 1, the ellipticity of the image ǫI is linked to the
ellipticity of the source ǫS through:

ǫI =
ǫS + g

1 + g∗ǫS
, (3.18)

where a star denotes the conjugate quantity. In the WL regime, |g| ≪ 1 and ǫI ≃ ǫS + g.
Finally, averaging over many galaxies, and assuming galaxies are randomly oriented,
〈ǫI〉 ≃ g.

Another parameterization, called the distortion χ, is through the second moments Qij

of the surface brightness distribution of an image I(~θ):
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χ =
Q11 −Q22 + 2iQ12

Q11 +Q22

, with Qij =

∫

d2θI(~θ)W (~θ)θiθj
∫

d2θI(~θ)W (~θ)
, (3.19)

W being a weighting function. The two definitions of complex ellipticity are related
through eq. 3.20:

χ =
2ǫ

1 + |ǫ|2
. (3.20)

In the regime of WL and assuming galaxies are randomly oriented, we have 〈χI〉 ≃ 2g.
The choice of one definition over another depends on the measurement method.

The first technique to have been developed is based on the measurement of the mo-
ments of the distribution of the surface brightness of objects, and was proposed by Kaiser
et al. (1995) (then referred as the KSB method, for Kaiser, Squires, and Broadhurst).
Defining the ellipticity as in eq. 3.19, the authors introduce two operators that describe
an object response to the PSF (the smear polarizability tensor P sm) and to the shear (the
shear polarizability tensor P sh), that are computed from the different order moments of
an object light distribution. Note however that P sm and P sh are not the objects general
response to smearing and shearing but are calculated from linear perturbations, so higher
order terms have been neglected. This is the reason why it is unlikely to ever reach an
accuracy better than 1% with the KSB method. One can then measure the PSF and
shear response on stars and correct for it on galaxies to evaluate their ellipticity. This
technique led to many developments, which are still widely used, especially in the case of
only moderately weak lensing regime, i.e. around galaxy clusters (e.g. Okabe et al. 2010;
von der Linden et al. 2014; Hoekstra et al. 2015; Martinet et al. 2015, A&A submitted).
An example of an application of a KSB-like technique is presented in part 3.2 of this
work.

Apart from KSB, several methods have been developed to accurately measure the
shapes of galaxies, and to link it to the shear signal. We can regroup them in three main
categories: 1) the moments of light distribution; 2) the galaxy modeling ; 3) machine
learning. Method 1) gathers all methods based on the measurement of the moments of
the surface brightness distribution, i.e. the KSB-like techniques. The 2nd method is based
on the direct measurement of the profile of the overall light distribution. Several different
techniques have been developed in that sense. Some authors assume a galaxy profile
with about 10 degrees of freedom, and fit it to the objects, based on maximum likelihood
statistics (e.g. sFIT: Jee et al. 2013, or Amalgam at IAP). An example of this method is
shown in the next paragraph. Others decompose the object image in an orthonormal ba-
sis, requiring hundreds of parameters but better taking into account irregularities in the
shape (e.g. shapelets: Massey & Refregier 2005). Another major branch is the stacking of
objects before fitting a galaxy profile (e.g. Lewis 2009). However, this technique is hardly
applicable to non-constant shear fields. The last method is to fit the galaxy profile in a
Bayesian framework rather than a maximum likelihood estimator (e.g. LENSFIT: Miller
et al. 2007, Bernstein & Armstrong 2014). Method 3), also refered to as neural network,
infers the galaxy shear through comparison with a known sample of input and output
galaxy shapes (e.g. Gruen et al. 2010, MegaLUT: Tewes et al. 2012). This method is
very fast, but needs to be trained on a known sample, which can be challenging for real
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data.

The variety of methods used to measure the shear led to challenges organized by the
community, aiming at evaluating the different systematics of each method, and selecting
the most reliable ones, based on simulations. There have been five such challenges so
far, with different specific points being tested: STEP1 (Heymans et al. 2006), STEP2
(Massey et al. 2007a), GREAT08 (Bridle et al. 2010), GREAT10 (Kitching et al. 2012),
and GREAT3 (Mandelbaum et al. 2014). All these challenges consist in blindly measuring
the galaxy shears in simulated images to compare them afterwards to the input values.
The winning method has evolved from one test to another, given new developments in
both shear measurement techniques, and challenges’ maturity. The last challenge to date
includes true galaxy morphology taken from HST imaging, multiple exposure stacking
as done in real observing data, and a PSF estimation from stars rather than a given
PSF. This last challenge showed the advent of maximum likelihood galaxy modeling,
which is the method used by the three best teams. However, the Bayesian likelihood
and the supervised machine learning techniques obtained promising results, considering
they are more recent techniques, still in development. Another important result is that
the best techniques now achieve the STAGE IV dark energy survey requirements for the
shear accuracy (∼ 10−3 in the case of Euclid), but under some simplifications in the
simulations, and providing that the sample is limited to high signal to noise galaxies
(S/N > 20). Among these simplifications are the choices of neglecting the wavelength-
dependent effects and of placing galaxies on grids which avoids blending objects.

The observation of galaxies in broad-band filters leads to a bias in the shape mea-
surement due to the PSF being chromatic. One can correct for this effect using a color-
weighted PSF that depends on the spectral energy distribution (SED) of the galaxy
(Cypriano et al. 2010). However, the problem gets more complicated if the SED of the
galaxy varies spatially, what is called the color gradient. A typical example of this effect
appears for a galaxy presenting a red bulge and a blue star-forming disc. The wavelength-
dependence of the PSF biases the shape measurement of such objects, if the variation
of the SED across the galaxy is not accounted for. Semboloni et al. (2013) found that
color gradient biases the shape measurements at a level of a few 10−3, using simulated
galaxies. The effect of color gradient is then of the same order as the required accuracy
of Euclid, and must therefore be taken into consideration. A way to correct for this bias
is to measure the spatial dependence of the SED, which can be interpolated from at
least two magnitude bands. In the same study, they demonstrated that a correction to
the required precision is in principle possible, using some 10,000 galaxies observed in the
F606W and F814W filters of the Hubble Space Telescope (HST).

The blending issue has not been studied in detail so far, and we usually resort to
discarding galaxies that are too close to each other when performing shape measurements,
because they are hard to disentangle in the fitting process. Further work is needed to
quantify the effect of blending along with the proportion of blended objects. While
identified blended galaxies can be discarded, it is important to know the fraction of
galaxies that are blended but that we cannot detect and what effect they have on shear
measurement. The problem is more difficult at high redshift (z ∼ 1.5), because optical
data correspond to the UV restframe band at these redshift. Thus, near-infrared is needed
to check whether an identified high redshift galaxy is blended or if we are observing two
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star-forming regions of the same galaxy. A technique to accurately measure the shape of
blended objects would increase the number of galaxies usable for the cosmological probe,
boosting their efficiency. Several tracks can be followed, such as the fit of joint galaxy
profiles.

The next challenges are then to calibrate color gradients, to reach the low end of the
S/N distribution (i.e. S/N < 20), and to properly fit the light profiles of overlapping
galaxies. The first issue needs to be addressed if one wants to reach the required accuracy
of coming STAGE IV DE surveys while solving the other two will result in a huge gain
in the global shear signal, probably more than doubling the number of available galaxies
for shear based cosmological probes.

The afore-mentioned challenges were performed in the very weak lensing regime, with
DE surveys in mind. Hence, even if the moment methods seem ruled out in this regime,
they are still used for the intermediate weak regime, in the vicinity of clusters, and this
is why we decided to use them in part 3.2. The lack of simulation tests in the cluster
regime is being investigated in the context e.g. of LSST. The ARCLETS (http://www.
het.brown.edu/people/ian/ClustersChallenge/index.html) challenge is designed in
this sense, providing simulations with shear typical of that produced by a galaxy cluster.
Even if these simulations are not as accurate as the previous challenges yet, they imply
some new features appearing at moderately weak lensing, such as the flexion, which is the
deformation of an object due to the shear not being constant over its area. I participated
in this challenge within the Amalgam team at IAP, applying one of the most advanced
galaxy maximum likelihood model fittings.

The Amalgam@IAP method follows the simple steps of modeling the PSF, fitting a
galaxy modeled convolved with the PSF to the galaxies, and weighting each shear mea-
surement. The PSF measurement is done using the PSFEx software (Bertin 2011). The
different detected PSFs are re-centered, and fitted with polynomials in a χ2 minimization.
A set of PSFs is computed, to take the PSF variation across the field into account. The
local PSF model is then convolved with a Sérsic model (Sérsic 1963, and eq. 3.21) and
fitted to each galaxy in a χ2 minimization using SExtractor (Bertin & Arnouts 1996).
The Sérsic model gives the intensity I at a distance R from the center along the major
semi-axis:

I(R) = Ie exp

(

−bn

[

(

R

Re

)1/n

− 1

])

, (3.21)

with Ie the amplitude at the effective radius Re, n the Sérsic index, and bn a term fixed by
n and defined through the formula Γ(2n) = 2γ(2n, bn) where Γ and γ here represent the
complete and incomplete gamma functions. The Sérsic index describes the shape of the
profile: n = 1 usually fits well spiral galaxies, while n = 4 is well adapted for ellipticals
and corresponds to the de Vaucouleurs profile (de Vaucouleurs 1948).

Note that other models can be used, such as a combination of two Sérsics applied
to the bulge and to the disk of the galaxy, but the single Sérsic was found to perform
very well. There are seven degrees of freedom in the fitted model which are the center
coordinates, the amplitude, the effective radius, the aspect ratio, the position angle, and
the Sérsic index. The detections are then weighted by the inverse variance, where the
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Figure 3.2: Example of an ARCLETS LSST-like simulation (left) and the image recon-
structed with the fitted galaxy models applying the Amalgam@IAP method (right). We
note a good overall agreement except in the case of faint blended galaxies that are not
recovered (e.g. in the two red circles).

variance is a combination of measurement errors for both ellipticity coordinates and shape
noise. The technique seems to work also very well in the cluster regime, except for some
blending and flexion issues, as seen in Fig. 3.2. Indeed, some faint blended galaxies are
not modeled, and the flexion is smoothed in the reconstructed map. The challenge is not
closed yet, and we are working on the improvement of the method. Note that only large
signal-to-noise objects are provided in these simulations, such that the noise bias issue
cannot be tested in this case.

3.2 WL in clusters

This section presents the results from Martinet et al. (2015, A&A submitted): Weak lens-
ing study of 16 DAFT/FADA clusters: substructures and filaments. The first subsection
briefly summarizes the paper, its context, aims, methods, results, and conclusions. The
detailed study can be read in the second subsection, where we display the article.

3.2.1 Summary

Context

While our current cosmological model places galaxy clusters at the nodes of a filament
network (see Sect. 1.1.2), we still struggle to detect these filaments at high redshifts.

In addition, accurate estimates of cluster masses are required to calibrate the observable-
mass relation used in cluster abundance cosmological probes (cf. Sect. 1.2.2).
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Aims

We perform a weak lensing study for a sample of 16 massive, medium-high redshift
(0.4 < z < 0.9) galaxy clusters from the DAFT/FADA survey, that are imaged in at least
three optical bands with Subaru/SuprimeCam or CFHT/MegaCam. Taking advantage
of the large field of view of our data, we study cluster environments, adding information
from galaxy density maps at the cluster redshift and from X-ray images when available.

Methods

We estimate the shear of each galaxy through a KSB-like method. Background galaxies
are then selected in a color-color diagram. We estimate the cluster masses using an NFW
fit to the shear profile. We also compute convergence maps and select structures within,
securing their detection with bootstrap re-sampling techniques. We compare convergence
contour levels, with X-ray contours from XMM–Newton and Chandra observations, and
galaxy light density contours for galaxies selected in a color-magnitude diagram to be
approximately at the same redshift as the cluster.

Results

Using this new sample of cluster masses, we contribute to the calibration of the observable-
mass relation required for cluster abundance cosmological studies.

Studying cluster environments, we find that they show a large variety of weak lensing
maps at large scales and that most of them may be embedded in filamentary structures
at megaparsec scale.

We classify clusters in three categories according to the smoothness of their weak
lensing contours and to the amount of substructures: relaxed (∼ 7%), past mergers
(∼ 21.5%), recent or present mergers (∼ 71.5%).

Finally, we report the detection of particularly intense filaments in six cluster fields.

Conclusions

We note that spherical NFW profiles might be insufficient to accurately fit every cluster
mass profile on scales larger than their inner core region.

The fraction of clusters undergoing merging events observationally supports the hier-
archical scenario of cluster growth, and implies that massive clusters are strongly evolving
at the studied redshifts.

The intense filaments detected will constitute a first test sample to study the properties
of galaxies inside filaments at these redshifts.

3.2.2 Martinet et al. 2015c
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6 Dept of Physics and Astronomy & Center for Interdisciplinary Exploration and Research in Astrophysics (CIERA), Evanston, IL

60208-2900, USA

Preprint online version: September 30, 2015

ABSTRACT

While our current cosmological model places galaxy clusters at the nodes of a filament network (the cosmic web), we still struggle
to detect these filaments at high redshifts. We perform a weak lensing study for a sample of 16 massive, medium-high redshift
(0.4 < z < 0.9) galaxy clusters from the DAFT/FADA survey, that are imaged in at least three optical bands with Subaru/Suprime-
Cam or CFHT/MegaCam. We estimate the cluster masses using an NFW fit to the shear profile measured in a KSB-like method,
adding our contribution to the calibration of the observable-mass relation required for cluster abundance cosmological studies. We
compute convergence maps and select structures within, securing their detection with noise re-sampling techniques. Taking advantage
of the large field of view of our data, we study cluster environment, adding information from galaxy density maps at the cluster redshift
and from X-ray images when available. We find that clusters show a large variety of weak lensing maps at large scales and that they
may all be embedded in filamentary structures at megaparsec scale. We classify them in three categories according to the smoothness
of their weak lensing contours and to the amount of substructures: relaxed (∼ 7%), past mergers (∼ 21.5%), recent or present mergers
(∼ 71.5%). The fraction of clusters undergoing merging events observationally supports the hierarchical scenario of cluster growth,
and implies that massive clusters are strongly evolving at the studied redshifts. Finally, we report the detection of particularly intense
filaments in CLJ0152, MACSJ0454, MACSJ0717, A851, BMW1226, MACSJ1621, and MS1621.

Key words. Galaxies: cluster: general - Gravitational lensing: weak - Cosmology: large-scale structure of Universe

1. Introduction

In Cold Dark Matter (CDM) theories, our Universe can be repre-
sented as an ensemble of Large Scale Structures (LSS) made of
voids and galaxy clusters that are connected through filamentary
structures (Bond et al. 1996). In this scenario, matter collapses
into halos that then grow through accretion and merging with
other halos. Galaxy clusters are the highest density structures
resulting from this hierarchical formation. N-body simulations
(e.g. Millennium: Springel et al. 2005) and low redshift obser-
vations (e.g. SDSS: Tegmark et al. 2004) have confirmed this
evolutionary scheme.

Send offprint requests to: Nicolas Martinet, e-mail: martinet@iap.fr
⋆ Based on observations obtained with MegaCam, a joint project

of CFHT and CEA/IRFU, at the Canada-France-Hawaii Telescope
(CFHT) which is operated by the National Research Council (NRC) of
Canada, the Institut National des Sciences de l’Univers of the Centre
National de la Recherche Scientifique (CNRS) of France, and the
University of Hawaii. Also based on archive data collected at the Subaru
Telescope, which is operated by the National Astronomical Observatory
of Japan. This research made use of data obtained from the Chandra
Data Archive provided by the Chandra X-ray Center (CXC), and data
obtained from the XMM–Newton Data Archive provided by the XMM–
Newton Science Archive (XSA).

In this framework, galaxy clusters can be used to constrain
cosmological models. Indeed, the distribution of clusters with
mass and redshift contains information on the mentioned hierar-
chical formation scenario (e.g. Allen et al. 2011). The main chal-
lenge is to calibrate the so-called observable-mass relation, that
links true cluster masses to the mass proxy used in the survey.
With its ability of being insensitive to the matter dynamical state,
Weak Lensing (WL) appears as a major tool in determining the
masses of galaxy clusters with sufficient precision to derive cos-
mological constraints. However, this technique requires a large
amount of clusters, and therefore more and more WL surveys
with increasing numbers of clusters are conducted (e.g. Dahle
et al. 2002; Cypriano et al. 2004; Clowe et al. 2006; Gavazzi &
Soucail 2007; Hoekstra 2007; Okabe et al. 2010; von der Linden
et al. 2014; Hoekstra et al. 2015). In a similar idea, Martinet et al.
(2015a) recently showed that counting shear peaks can constrain
cosmological parameters almost as well as counting galaxy clus-
ters, without requiring any knowledge of the observable-mass re-
lation, but needing a large number of cosmological simulations.

As it directly traces the matter density, WL also allows to
study the LSSs of our Universe. However, the low density of
filaments compared to clusters makes their detection difficult.
Several studies pioneered in using WL to detect such structures
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in the vicinity of clusters either by reporting low significance de-
tection or questioning previous claims of detection (e.g. Clowe
et al. 1998; Kaiser et al. 1998; Gray et al. 2002; Gavazzi et al.
2004; Dietrich et al. 2005; Heymans et al. 2008; Dietrich et al.
2012). Note that Massey et al. (2007b) found evidence for a cos-
mic network of filaments in the COSMOS field galaxy survey.
Mead et al. (2010) used the Millennium Simulation (Springel
et al. 2005) to test the ability of various WL techniques to de-
tect nearby cluster filaments, and concluded that background
galaxy density is key to filament detection. Future space-based
missions are likely to detect many filaments, but today, the nar-
row field of view of the Advanced Camera for Surveys (ACS) on
the Hubble Space Telescope (HST) does not allow such detec-
tion in a simple way. In this context, deep ground-based imaging
can be very efficient as it often has a much wider field of view,
and offers the possibility to cover clusters and their vicinity in
a single image with Subaru/Suprime-Cam or CFHT/Megacam.
Recently, Jauzac et al. (2012) reported the first WL detection of
a z = 0.54 cluster with a filament, MACSJ0717.5+3745 based
on a mosaic of HST/ACS images. This detection was latter con-
firmed by Medezinski et al. (2013) from a Subaru/Suprime-Cam
WL analysis.

In this paper, we present the WL analysis of 16 clusters
from the Dark energy American French Team (DAFT, in French
FADA) survey. All are medium-high redshift (0.4 ≤ z ≤ 0.9)
massive (M≥ 2 × 1014 M⊙) clusters of galaxies selected through
their X-ray luminosities. This sample is comparable to other X-
ray selected cluster studies such as LOCUSS at 0.15 ≤ z ≤ 0.3
(Okabe et al. 2010), Weighting the Giants at 0.15 ≤ z ≤ 0.7 (von
der Linden et al. 2014), and CCCP at 0.15 ≤ z ≤ 0.55 (Hoekstra
2007; Hoekstra et al. 2015), with a slightly higher redshift, but
with fewer clusters than the mentioned surveys which respec-
tively contain 30, 51, and 50 galaxy clusters. Apart from estimat-
ing cluster masses, we take advantage of the large field of view
of our images (8 CFHT/Megacam images with 1 deg2 f.o.v. and
7 Subaru/Suprime-Cam images with 34×27 arcmin2 f.o.v. - one
of the Subaru images contains two clusters) to investigate galaxy
cluster environments. In particular, we report the WL detection
of several filaments.

This paper is structured as follows. Sect. 2 describes our
data set, Sect. 3 presents in detail the shear measurement we
apply, and Sect. 4 the mass reconstruction process. In Sect.5,
we estimate the cluster masses and in Sect. 6 we focus on the
environment of clusters: substructures, mergers, and filaments.
We conclude in Sect. 7. Throughout the paper, we use a fidu-
cial flat ΛCDM cosmology with ΩM = 0.3, ΩΛ = 0.7, and
H0 = 70 km Mpc−1 s−1.

2. Data

2.1. DAFT/FADA

DAFT/FADA is a survey of ∼ 90 high-redshift (0.4 ≤ z ≤ 0.9)
massive (M≥ 2 × 1014 M⊙) clusters of galaxies selected through
their X-ray luminosities. All of the clusters have Hubble Space
Telescope (HST) imaging available with either WFPC2 or ACS
cameras. We also gathered multi-band optical and near infrared
ground based imaging, using 4m class telescopes for most of the
sample. This data set allows to accurately measure the ellipticity
of galaxies from space and their photometric redshifts (hereafter
photo-z) from the ground. The main goals of the survey are to
form a comprehensive database to study galaxy clusters and their
evolution, and to test cosmological constraints geometrically by
means of weak lensing tomography. Several steps have been

made towards the achievement of these two goals, and the cur-
rent status of the survey, with a list of refereed publications, can
be found at http://cencosw.oamp.fr/DAFT/index.php.

Among other papers, Murphy et al. (2015, A&A submitted)
performed a WL analysis of HST/ACS mosaic imaging data of
ten massive, high-redshift (z > 0.5) DAFT/FADA galaxy clus-
ters. Using the photo-zs calculated by Guennou et al. (2010),
they explored their use for background galaxy discrimination.
Our team is currently increasing this small sample of HST/ACS
shear measurements to a larger number of clusters and also aims
at combining ground-based and space-based shear catalogs to
build a shear analysis which is both deep in the cluster cen-
tral region and extended on larger scales. This will serve as the
reference catalog to perform Weak Lensing Tomography with
Clusters (WLTC) as described in Jain & Taylor (2003).

2.2. This study

In this study, we focus on 16 galaxy clusters for which we have
Subaru/Suprime-Cam or CFHT/Megacam wide field images for
at least three optical bands among the v, r, i, and z bands. Having
three bands is mandatory to be able to perform a color-color
cut to remove foreground galaxies that dilute the lensing signal.
The shear measurements are performed in the r or i bands de-
pending on the image seeing. This choice is made to maximize
the number of source galaxies as these bands are the deepest
optical bands. The use of Suprime-Cam (34×27 arcmin2 field)
and Megacam (1×1 deg2 field) imaging allows to study clusters
within their virial radius and also to see how they interplay with
the surrounding LSS at the selected redshifts (0.4 ≤ z ≤ 0.9).
These fields of view are much wider than what can be achieved
from current space telescopes, as the HST/ACS field of view is
only 3.4×3.4 arcmin2. Besides, the Megacam and Suprime-Cam
cameras present rather stable Point Spread Functions (PSFs) and
contain a large number of stars within each pointing allowing to
accurately estimate the PSF distortion due to the instrument and
atmospheric biases. A list of the data for each cluster can be
found in Table 1.

Some of the clusters from the present study have been an-
alyzed in previous DAFT/FADA papers. Guennou et al. (2014)
derived X-ray luminosities and temperatures for 12 out of these
16 clusters. A comparison of WL and X-ray total masses will
be performed in Sect. 5.2. Guennou et al. (2014) also searched
for substructures using both X-ray data and optical galaxy spec-
troscopy. Martinet et al. (2015b) studied the optical emission of
galaxy clusters and measured the Galaxy Luminosity Functions
(GLFs) for 7 out of these 16 clusters. We indicate in Table 1 for
each cluster in which study it was included.

With the present DM study, we will have a full understanding
of the matter content of a sample of galaxy clusters: the DM halo,
the X-ray Intra Cluster Medium (ICM), and the stars contained
in galaxies. Even if we do not include all the clusters in each
analysis, we will have a general knowledge of cluster behaviors
as observed through WL, X-rays, and optical.

2.3. Image reduction

The Subaru and CFHT data presented here are archive data,
either from previous studies, or from the early phases of
DAFT/FADA.

The CFHT/Megacam data have been reduced by the
TERAPIX team at the Institut d’Astrophysique de Paris, using
the astromatic softwares (http://www.astromatic.net/).
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Table 1. Data used in this study. The different columns correspond to #1: cluster ID, #2: right ascension, #3: declination, #4:
redshift, #5: telescope/camera, #6: filters; we give first the band on which we perform shape measurements and in parenthesis the
two other bands used for the color-color cut, #7: seeing for the band on which we perform shape measurements. Column #8 (G14)
and #9 (M15) show if the cluster has been studied in Guennou et al. (2014) or Martinet et al. (2015b). In the first case, we know
if it presents substructures based on X-ray images, and in most cases, also on optical galaxy spectroscopy. For RX J1716.4+6708,
we have spectroscopy but no XMM image. In the second, we have photo-zs in the inner part, and in most cases, an optical galaxy
luminosity function for the cluster. Hereafter, we will use abridged names.

Cluster RA DEC z Instrument Filters Seeing G14 M15
XDCScmJ032903 03 29 02.81 +02 56 25.18 0.4122 CFHT/Megacam r+(v,i) 0.73” Y Y
MACSJ0454.1-0300 04 54 10.92 -03 01 07.14 0.5377 CFHT/Megacam r+(v,z) 0.76” Y Y
ABELL0851 09 42 56.64 +46 59 21.91 0.4069 CFHT/Megacam i+(v,z) 0.80” Y Y
LCDCS0829 13 47 31.99 -11 45 42.01 0.4510 CFHT/Megacam r+(v,i) 0.83” Y Y
MS1621.5+2640 16 23 35.50 +26 34 13.00 0.4260 CFHT/Megacam r+(v,i) 0.65” Y N
OC02J1701+6412 17 01 22.60 +64 14 09.00 0.4530 CFHT/Megacam r+(i,v) 0.73” N N
NEP0200 17 57 19.39 +66 31 31.00 0.6909 CFHT/Megacam i+(v,r) 0.97” N N
RXJ2328.8+1453 23 28 49.90 +14 53 12.01 0.4970 CFHT/Megacam r+(v,i) 0.70” Y N
CLJ0152.7-1357 01 52 40.99 -13 57 45.00 0.8310 Subaru/Suprime-Cam r+(v,z) 0.70” Y Y
MACSJ0717.5+3745 07 17 33.79 +37 45 20.01 0.5458 Subaru/Suprime-Cam r+(v,z) 0.69” N N
BMW-HRIJ122657 12 26 58.00 +33 32 54.09 0.8900 Subaru/Suprime-Cam r+(i,z) 0.80” Y Y
MACSJ1423.8+2404 14 23 48.29 +24 04 46.99 0.5450 Subaru/Suprime-Cam i+(v,r) 0.88” Y Y
MACSJ1621.4+3810 16 21 23.99 +38 10 01.99 0.4650 Subaru/Suprime-Cam i+(v,r) 0.62” N Y
RXJ1716.4+6708 17 16 49.60 +67 08 30.01 0.8130 Subaru/Suprime-Cam r+(v,z) 0.63” Y/N N
CXOSEXSIJ205617* 20 56 17.16 -04 41 55.10 0.6002 Subaru/Suprime-Cam r+(v,i) 0.61” Y N
MS2053.7-0449* 20 56 22.37 -04 37 43.42 0.5830 Subaru/Suprime-Cam r+(v,i) 0.61” Y N

*CXOSEXSI J205617 and MS 2053.7-0449 are on the same image.

Sources are detected with SExtractor (Bertin & Arnouts 1996)
and an astrometric solution is found using SCAMP (Bertin 2006).
The stacking of the dithered exposures is then performed using
SWarp (Bertin et al. 2002). We measure the seeing by fitting a
Gaussian surface brightness profile to the bright stars of the im-
age with PSFEx (Bertin 2011).

The images obtained with the Subaru telescope and Suprime-
Cam were retrieved in raw form from the SMOKA archive
(http://smoka.nao.ac.jp/), together with calibration files
(bias and sky flat field exposures), except the images of
MACSJ0717, that were taken from Medezinski et al. (2013).
They were reduced in the usual way, by subtracting an average
bias and dividing by the normalized flat field in each filter ex-
actly in the same way as the images we observed ourselves. The
reduced images were then calibrated astrometrically using the
SCAMP and SWarp tools, and combined for each filter. The pho-
tometric calibration was made in priority with SDSS catalogs
when available in the field and in the corresponding band. If not
available, we used the observed standard stars.

3. Shear measurement

The main idea of lensing is to reconstruct the mass distribution of
a foreground object, designated as the lens, through the deflec-
tion it induces on the background object light, namely galaxy
sources. In the WL regime, the deflection is smaller than the
typical intrinsic ellipticity of a galaxy (of the order of the per-
cent), so that we must take the mean of many shear measure-
ments from individual galaxies to reach a high signal-to-noise
(S/N) detection of the shear. For a complete description of this
phenomenon, check e.g., the review by Bartelmann & Schneider
(2001). The main difficulty of the method is to take into account
all the galaxy shape distortions that are not due to the shear sig-
nal, such as atmospheric variations and instrumental biases. To
correct for these biases, we apply a KSB+ method, initially pro-
posed by Kaiser et al. (1995) and later refined by Luppino &
Kaiser (1997); Hoekstra et al. (1998). The KSB method suits

well shear measurements in cluster fields as assessed by the var-
ious large surveys choosing this technique (Okabe et al. 2010;
von der Linden et al. 2014; Hoekstra et al. 2015). In addition, it
has been accurately tested on simulated images such as, e.g. the
STEP2 simulations by Massey et al. (2007a). Most of the WL
reduction presented here is similar to the technique applied in
Clowe et al. (2012).

We first detect objects using SExtractor and clean
the catalog from spurious detections (Sect. 3.1). We
separate stars from galaxies and measure the instru-
ment Point Spread Function (PSF) variation on stars
(Sect. 3.2) using the IMCAT software (Kaiser (2011):
http://www.ifa.hawaii.edu/˜kaiser/imcat/) with
some additional developments. We correct galaxy shapes for the
PSF anisotropies to obtain an individual object shear catalog
(Sect. 3.3). We then smooth the shear measurement noise
(Sect. 3.4) and correct for the methodology biases by testing our
reduction on the STEP2 (Massey et al. 2007a) shear simulations
(Sect. 3.5).

3.1. Source detection

We use SExtractor to detect objects and measure their photometry
in our images. In most cases, the precise alignments of the three
bands are sufficient to allow a detection in double image mode.
We then perform the initial detection in the band used for shape
measurements and detect objects in the same apertures and posi-
tions in the two other images. For some Subaru images, we did
not manage to align precisely the images from all three bands.
The detection is then performed separately in each band and
measurements are associated to those in the band on which the
ellipticity measurement is done. This cross correlation is done
through a minimization of matched object distances with a 2 arc-
sec limit. We detect all objects which lie on at least three pixels
above 1.5 times the sky background after convolving the sur-
face brightness profile with a Gaussian kernel of 7 × 7 pixel size
and 3 pixel FWHM. We use 32 deblending sub-thresholds with
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a deblending contrast close to zero in order to remove most of
the possible blended objects that would have a modified shape.
Object magnitudes are measured with the MAG AUTO keyword.

We then compute the signal-to-noise ratio of each object us-
ing the getsig IMCAT tool. This command convolves the object
surface brightness profile with a Gaussian filter of increasing
smoothing radius rg and selects the value of rg that maximizes
the signal-to-noise. We obtain at the same time the best signal-
to-noise ratio for the object and an estimate of its size with the rg

parameter. The local background is computed by fitting a mean
sky level and a 2-d linear slope of the sky brightness in an an-
nulus centered on the object, ignoring all the pixels within 3rg

of any object to avoid contamination. Once this accurate signal-
to-noise is computed, we remove all objects with signal-to-noise
lower than 10.

We measure the 1st to 4th order of the surface brightness
profile of each object in a circular aperture of size 3rg using a
Gaussian weighting with σ = rg, through the getshapes IMCAT
command. We reject objects for which the first moment of the
surface brightness profile does not coincide within one pixel,
with the object peak position as detected by SExtractor. We ad-
just the position of the remaining objects to the first moment of
the surface brightness profile which represents a sub-pixel esti-
mate of the object peak position and re-measure the object shape
centered on this new position.

We then apply a series of cuts to remove likely spurious de-
tections. We first remove all objects that have a smaller size than
the instrument PSF, i.e. having a radius rg smaller than the min-
imum radius of stars, selected in a magnitude versus rg diagram.
We also remove all objects located at less than 20 pixels from
the image edges to avoid measuring truncated objects. Finally,
we remove bad pixel detection and only keep objects that do not
have any neighbor within 10 pixels of their center.

This catalog is then separated between stars and galaxies in
a half light radius rh versus magnitude plot, as shown in Fig. 1.
Stars are selected as objects lying on the constant radius se-
quence and with appropriate magnitudes. This magnitude range
is set by hand to avoid saturated stars and too faint objects.
Galaxies are selected as all objects larger than the star sequence
at the same magnitude excluding the saturated objects that can
be seen in the bright part of the diagram.

3.2. PSF measurement

The PSF of a given image represents the response of the in-
strument to a point like source in the conditions of observation.
Its variations across the image are due to the instrument char-
acteristics and to the weather conditions. CFHT/Megacam and
Subaru/Suprime-Cam have rather stable PSFs suitable for WL.
Having a good seeing also diminishes the PSF correction that we
need to apply. As stars are point like sources, they are suitable
for measuring the PSF of an image. The large field of view of
our images enables us to have enough stars in a single frame to
correct for the PSF anisotropies, on the contrary of smaller field
of view cameras that often require to use stars across several im-
ages.

A general image distortion can be expressed by the two fol-
lowing quantities: the smear polarizability tensor Psm that de-
scribes the object response to the PSF anisotropy, and the shear
polarizability tensor Psh that describes its response to the shear.
These two tensors are measured from the 0th, 2nd and 4th order
moments of an object surface brightness distribution. We refer
the reader to Kaiser et al. (1995) and Hoekstra et al. (1998) for
the expression of these tensors. The ellipticity e, is estimated
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Fig. 1. Half light radius rh (in pixels) versus i-band magnitude
diagram for MACSJ1621. Red dots are catalog objects. The star
selection is represented by the black polygon. The sequence of
saturated stars on the left part is removed and all remaining ob-
jects above the star sequence are considered as galaxies.

from the 2nd order moments of this distribution. In the next
subsection we will use the following quantities, as measured on
stars, to infer the true shape of galaxies: Psm

star, Psh
star, and estar.

Before measuring those quantities, we refine the star cata-
log to the cleanest objects. We first remove all objects that are
closer than 40 pixels to any other object. We then fit the star el-
lipticities with a two dimension polynomial of the 6th order and
generate modeled ellipticities at each object position using this
polynomial. Objects that have a measured ellipticity differing by
more than 0.05 from their modeled ellipticity are rejected. This
step is repeated three times, and permits to remove galaxies that
might have been considered as stars. We chose an ellipticity cut
at 0.05 as we found that it removes objects that are mainly out
of the whole sample ellipticity distribution. Finally, a visual in-
spection is carried out to remove all remaining objects that could
still suffer from blending issues or being close to saturated stars.
The final catalogs contain ∼ 1000 and ∼ 3000 stars in average
for Subaru and Megacam images respectively, leading to an av-
erage star density of 1.0 arcmin−2 and 0.8 arcmin−2 respectively
for Subaru and Megacam.

Star shapes are measured using the getshapes IMCAT tool.
As Psm and Psh depend on object sizes, we have to measure
them for various sets of weighting radii. Hence, we compute
a series of tensors for each rg between 1 and 10 pixels with a
step of 0.5 pixels, so that we can use the tensors corresponding
to the galaxy radius when correcting for the PSF. Final quan-
tities are fitted by 6th-order 2D polynomials as a function of
position in order to have continuous functions defined at ev-
ery point of the image. Here we chose to measure the PSF over
the entire image, using a high order polynomial fit. However,
in the case of large field-of-view images, one could also di-
vide the frame into several small patches, and fit the PSF in
each tile with a lower order polynomial. While the second ap-
proach is used in various studies (Okabe et al. 2010; Umetsu
et al. 2011), von der Linden et al. (2014) applied and vali-
dated the first approach in the case of Subaru/Suprime-Cam im-
ages. For the CFHT/Megacam data, while fitting the PSF on
each chip, Hoekstra (2007) found negligible discontinuities in
the PSF anisotropy between chips. Following e.g. Massey et al.
(2005), we compute the auto-correlation function of star ellip-
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ticities before and after the PSF correction and the cross cor-
relation function between galaxy shear and star ellipticities in
Appendix A, validating our PSF correction.

3.3. PSF correction

In the absence of noise the shear of a background galaxy (ggal)
can be computed from the following equation:

ggal =
(

P
g
gal

)−1
δegal, (1)

where P
g
gal is the shear susceptibility tensor defined in eq. 2,

and δegal the apparent change in ellipticity, described in eq. 3.
Note that in this equation we neglect the intrinsic ellipticity that
should be subtracted to the apparent ellipticity change (δegal).
This is true if a sufficient number of galaxies is taken into ac-
count: the galaxies being randomly oriented, the intrinsic ellip-
ticity is null in average.

The shear susceptibility tensor represents the PSF corrected
distortion, i.e. only due to the shear. We define it as in Luppino
& Kaiser (1997):

P
g
gal = Psh

gal − Psh
star

(

Psm
star

)−1
Psm

gal, (2)

where the gal index is for tensors measured on galaxies, and star
for tensors measured on stars. The apparent change in ellipticity
is:

δegal = egal − Psm
gal

(

Psm
star

)−1
estar, (3)

where e represents the object ellipticity. In order to compute a
galaxy shear, we then need to measure its ellipticity vector, and
its smear polarizability and shear polarizability tensors. This is
again done with the getshapes tool. We also generate the star
quantities corresponding to each galaxy radius rg using the poly-
nomials computed in the last section.

Prior to measuring the shape of galaxies, we reject QSOs and
cosmic rays by removing objects that lie away from the princi-
pal sequence in a maximum flux versus magnitude diagram. We
also remove objects in regions where the sky level is too bright
to avoid star diffraction halos. We restrict our catalogs to ob-
jects larger than 1.5 times the PSF size, defined as the minimum
star radius rg, deleting objects on which the PSF deconvolution
could be too noisy. Finally, we visually inspect the images to
remove any object close to saturated stars or reduction artifacts
that could have survived our previous cleaning.

3.4. Noise smoothing and co-addition

The individual shear values are noisy due to the sky noise in the
measurements of the higher order moments of the light distri-
bution of objects. As these moments are subtracted one to each
other when computing the shear polarizibility tensor, the final
signal value is reduced while the noise increases. We then have
to smooth the noise in the shear polarizibility tensor measure-
ment to avoid it dominating the shear measurement, using its
distribution across the image. We fit each component of the shear
polarizability tensor P

g
gal as a function of one component of the

ellipticity and of the object size rg by a 4th order two dimension
polynomial. We chose a 4th order polynomial after testing sev-
eral orders, as we found that it was minimizing the noise. Also,
we find that the shear polarizability tensor weakly depends on
the ellipticity but is more sensitive to the object size. We then
use this modeled tensor to re-generate the shear values of each

Table 2. Multiplicative (m) and additive (c) shear biases derived
from applying our WL reduction pipeline to the STEP2 simula-
tions with a Subaru PSF and a seeing of 0.8” (PSF C). See eq. 4
and text for details.

m c
γ1 -0.053 ± 0.021 0.004 ± 0.001
γ2 -0.021 ± 0.030 0.001 ± 0.001

object following eq. 1. We note that this step removes the noise
that would cause negative values of the shear polarizability ten-
sor. We verify that after this fitting procedure, we do not have
P

g
gal values lower than 0.1.

Finally, we weight the individual shear values according to
their significance compared to their neighbors in the (rg,S/N)
plane. In practice, this weight factor is set to the inverse of the
root mean square of the shear of the 50 nearest neighbors for a
region around each galaxy size and significance. Generally, the
small, faint galaxies are given a low weight and larger, bright
galaxies are given a high weight, due to the larger galaxies be-
ing affected only by the intrinsic shape noise while the smaller,
fainter galaxies also have a significant noise component coming
from sky noise in their shear measurements. In addition, sub-
areas presenting a large shear dispersion will contribute less than
sub-areas with a low shear dispersion.

3.5. Bias calibration

We measure the bias of our method on the STEP2 simulations
(Massey et al. 2007a) that provide images computed with various
PSFs, and with an added constant shear across each image. We
use the sets of images characterized by a Subaru PSF with a
seeing of 0.8 arcsec (PSF C). This PSF suits well our data as
about half of our images are from Subaru and our image seeing
lies between 0.6 < ǫ < 1.0 arcsec. However, note that the STEP2
images are 7 × 7 arcmin2 size, while our images are of the order
of 34 × 27 arcmin2 for Suprime-Cam and 60 × 60 arcmin2 for
MegaCam. Hence, the PSF should be better sampled in the true
images.

Applying our reduction pipeline, we calculate the average
shear of each of the 64 simulated galaxy fields and fit the differ-
ence between our shear estimate and the true shear as a function
of the true shear, according to the notation of eq. 4 from Massey
et al. (2007a):

γi − γtrue
i = mi × γtrue

i + ci, (4)

where i is the index for both shear components. The values we
have found for the multiplicative biases m1 and m2 and the addi-
tive biases c1 and c2 are shown in Table 2.

Our results compare well with the ones from other methods
as described in the STEP2 challenge (Massey et al. 2007a). As
expected, the additive bias is rather negligible and the shear is
slightly underestimated with the KSB method. The multiplica-
tive bias can be seen as an evaluation of the quality of the shear
measurement. Our results hence show that we can measure the
galaxy shear with an accuracy better than ∼ 5%. We correct each
component of the shear for the multiplicative bias, and thus ob-
tain our final shear catalog. Note that we do not correct for the
additive bias which is strongly PSF dependent, and rather prefer
to leave it as a potential systematic bias, small compared to the
other sources of errors.
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4. Mass reconstruction

We then translate the measured shear signal to a mass estimate.
We first apply the standard Seitz & Schneider (1995) inversion
technique based on the Kaiser & Squires (1993) algorithm to
calculate a convergence density map (Sect. 4.2). This technique
allows to draw significance contour levels on the cluster image
to search for structures but does not allow to recover the true
masses of objects. Indeed, the integration of the shear over a fi-
nite space introduces a constant called the mass sheet degeneracy
that cannot be properly taken into account without a magnifica-
tion study. To avoid this problem, we fit NFW shear profiles on
clusters to infer their 3D mass distribution in Sect. 4.3. In any
case, we first have to select galaxies that lie behind the struc-
tures we aim to detect, to avoid diluting the shear signal. This is
done in Sect. 4.1, where we also estimate the mean background
galaxy redshift, as this quantity is required to convert the shear
and the convergence into mass.

4.1. Background galaxies

Foreground and cluster galaxies are not lensed by the cluster.
Hence, they will appear as noise in the co-adding of individual
shear measurements, and have to be deleted. The most accurate
way to select background galaxies is to use spectroscopic red-
shifts, but it requires too much observational time. Photometric
redshifts are more promising, as less time-consuming, and are
starting to give accurate redshift estimations. However, we do
not have spectroscopic or photometric redshifts for all galaxies
and therefore we must consider galaxy colors. Galaxy colors are
linked to the galaxy formation history and can be used as a crude
approximation of the galaxy redshift.

We select background galaxies in a color-color diagram,
comparing our galaxy colors to those from galaxy templates
computed at various redshifts. We generate templates for early
and late type galaxies using EzGal (Mancone & Gonzalez 2012)
with Bruzual & Charlot (2003) models, assuming a Chabrier
(2003) Initial Mass Function (IMF), a formation redshift of
zform = 4, and a solar metallicity. The red early type galaxies
are modeled with a single starburst model and the blue late type
galaxies by an exponentially decaying star formation model.
We remove all galaxies that correspond to the color-color area
covered by template galaxies at redshift z < zclus + 0.2. For
example, we show the color-color diagram of MACSJ1621 with
the removed area in Fig. 2. Note that the colors we use vary
from one cluster to another according to the available optical
bands (see Table 1). We also cut all the remaining galaxies with
magnitudes brighter than i = 22 or r = 22.5 (depending on the
image on which the shear measurement is performed), as they
are very likely foreground galaxies given the high redshift of
our clusters. In the same manner, galaxies fainter than i = 25 or
r = 25.5 are removed as they are fainter than the depth of our
images, and therefore not reliable.

Another issue is to measure the distances of the lens and
of the background galaxies. These observables are required to
estimate the mass of the lens, which depends on the ratio of
the source to observer distance over the source to lens dis-
tance: Ds/Dls. We estimate the lens distance through the spec-
troscopic redshift of the cluster. The classical way of estimating
the mean background galaxy distance is to average the distance
ratio Ds/Dls over all source galaxies. See also Applegate et al.
(2014) for a method that uses all galaxy background photometric
redshifts in a Bayesian formalism.
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Fig. 2. (v-r) versus (r-i) color-color diagram for MACSJ1621.
Black dots represent galaxies from our catalog. Circles are late
type galaxy templates and squares early types. Magenta is for
templates at ±0.2 around the cluster redshift, blue for lower-
redshift galaxy templates and red for higher-redshift galaxy tem-
plates. The black polygon circling magenta and blue points cor-
respond to the color area we remove from our catalog. See text
for details on used galaxy templates.

As we do not have photometric redshifts for background
galaxies, we consider an external redshift distribution. We use
the COSMOS data (Ilbert et al. 2009) as our redshift distribution.
These data are well suitable as they cover a large area of about
1.7 deg2 after masking, down to a magnitude of i = 25, and are
adapted to our redshift range. Furthermore, the photometric red-
shifts of COSMOS are computed with a high precision, using 30
bands from near-UV to mid-IR. We first apply the same magni-
tude and color cuts than those applied to our shear catalog. We
then remove all galaxies that have a photometric redshift smaller
than that of the cluster and calculate the mean of the ratio of
the source to lens versus source distances Dls/Ds, applying an
appropriate weight. The weighting function is generated on the
COSMOS galaxy sub-sample from a 2D polynomial fitted on
the shear weighting function in our data in a half-light radius
versus magnitude plane. We use the magnitude instead of the
S/N ratio as the second coordinate because the S/N in COSMOS
and in our data can vary significantly. Finally, the weights gen-
erated on COSMOS are re-normalized to 1. The mean redshift
of background galaxies is then set to the one that allows to find
the measured mean distance ratio Dls/Ds. These redshifts can be
found in Table 3.

4.2. 2D mass map

We reconstruct the projected convergence field by inverting the
shear in Fourier-space, following Seitz & Schneider (1995). This
technique is an iterative application of the Kaiser & Squires
(1993) algorithm to correct for the fact that we measure the re-
duced shear, which is equal to the shear γ divided by 1 − κ, and
not the shear. We reconstruct the first convergence map assuming
κ = 0 in the shear, and then generate a map from the shear where
the convergence is set to the previous map in the loop until the
process converges. We find that the convergence map remains
constant within 0.01% after three realizations. This technique
allows to better estimate the mass map around high masses and
is therefore particularly suitable for our cluster mass reconstruc-
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tion. The convergence field is smoothed with a Gaussian filter of
width θs = 1 arcmin at each step of the algorithm, before read-
ing off which convergence to use to correct for a given galaxy.
The noise level in the final convergence map can be estimated as
eq. 5 (van Waerbeke 2000):

σκ =
σǫ

√

4πnbgθ2s

, (5)

where nbg is the density of background galaxies and σǫ the dis-
persion of the ellipticities of the background galaxies. nbg and
σǫ are estimated independently for each image, taking into ac-
count the weight function of the shear. σǫ ranges from 0.27 to
0.32 across our data, while nbg can be found in Table 3 for each
cluster.

One can then convert the convergence map into a surface
mass density map using the definition of the convergence (eq. 6):

κ =
Σ

Σcrit
, (6)

where Σ is the surface mass density and Σcrit the critical surface
mass density defined in eq. 7:

Σcrit =
c2

4πG
Ds

DlDls
. (7)

c is the speed of light, G the gravitational constant, and Ds, Dl,
and Dls are respectively the distance to the source, the distance to
the lens, and the distance between the source and the lens. This
conversion hence only requires the knowledge of the lens and
source redshifts, calculated in Sect. 4.1. As we cannot properly
account for the mass sheet degeneracy in our reconstruction, we
did not try to estimate the mass of clusters through the conver-
gence map. These mass maps are thus only used to detect clus-
ters and their surrounding structures, while the cluster masses
are estimated in the next section fitting an NFW profile to the
shear.

The significance of the detection is computed from a noise
re-sampling technique, adding a random ellipticity to every
galaxy for each realization. To preserve the shape noise proper-
ties of the sample, we draw the added ellipticities from the image
galaxy catalog. Doing so, we neglect the additional shear signal
as it is very unlikely that it correlates with the detected structures
given the large number of galaxies in our catalogs. The shape
noise used in eq. 5 is increased by a factor of

√
2 as the ellip-

ticity of galaxies now corresponds to the sum of two Gaussian
distributions with a null mean and a width σǫ . We perform a
hundred realizations for each catalog, computing the detection
level of every structure at each step. The mean and dispersion of
these detection levels give a strong estimate of the significance
of the detection. We also measure the number of realizations in
which the structure is detected at more than 3σ above the map
noise. For example we can be very confident in a structure de-
tected at more than 3σ in 95% of the realizations. In addition,
this noise re-sampling allows to refine the measure of the po-
sition of each structure, computing the mean and dispersion of
the local maximum position over all noise realizations. These
quantities respectively correspond to an estimate of the structure
center and to the error on its position.

For example, we show in Fig. 3 the 3-band-color image with
the convergence contours overlaid for MACSJ1621. The con-
tours are spaced in units of the map noise computed from eq. 5,
starting at 3σ. We display the same figure for every cluster with

X-ray emissivity and galaxy light density contours when avail-
able in Sect. 6. As a sanity check, we computed the mass map
with shear rotated by 45 degrees (white contours) and found that
the signal due to the cluster presence disappears in this map,
validating our convergence map reconstruction method. The po-
sition of the WL peaks are noted by white crosses with a 1 for
the cluster and a 2 for the main secondary structure. The cluster
is detected at (6.8± 1.4)σκ in the center region and an elongated
structure aligned with the cluster major axis can be seen at a
(5.9± 1.7)σκ confidence level computed from the mean and dis-
persion of a hundred realizations of the noise. These two struc-
tures are detected in respectively 97 and 96 % of the realizations.
The nature of the secondary peak is discussed in Sect. 6 compar-
ing the WL with other probes (X-ray and optics). The center po-
sitions are estimated with a precision of about 200 kpc. Also, we
note a slight offset between the Brightest Cluster Galaxy (BCG)
marked by a yellow cross and the WL peak.

In spite of all our care to build accurate mass maps, some
peaks will arise from the noise. One must evaluate the number of
these fake peaks in order to discuss the detection of structures in
the mass maps. As the number of fake peaks depends both on the
density of background galaxies and on the redshifts of the lens
and sources, we compute a fake peak probability for each cluster
field. To do so, we assign a random position to each galaxy in the
frame, to make sure that no structure from the original position
would be left in the simulation. We then use this new ellipticity
catalog as an input to our mass map pipeline. The resulting con-
vergence map should be representative of the noise. However,
the presence of the cluster also modifies the distribution of fake
peaks. To take this into account, we add to the ellipticity of each
galaxy, shear values based on the fitted NFW profile of the cor-
responding cluster (see Sect. 4.3). We find slightly fewer peaks
when adding the cluster. This is due to the fact that some noise
peaks can be aligned with the cluster, and also because the pres-
ence of the cluster is compensated by negative convergence val-
ues in the mass map as the mean convergence in the reconstruc-
tion is set to zero. We do a hundred realizations to capture the
statistical properties of the fake peaks. For MACSJ0717, we also
performed 10,000 realizations to check that our 100 realizations
are sufficient. We find little difference between the two cases.
Quantitatively, we find 11.1 peaks above 3σκ and 1.3 above 4σκ
in the entire Suprime-Cam field for 100 realizations, and 10.9
and 1.2 above 3σκ and 4σκ for 10,000 realizations. In any case
we find less than 0.1 fake peaks above 5σκ. When discussing the
detection of structures in Sect. 6, we give the expected number of
fake peaks in the displayed area for each cluster. We note that in
Fig. 3, the white contours corresponding to the reconstruction of
the orthonormal shear component, are in good agreement with
the expected number of fake peaks for the displayed field (2.9
above 3σκ and 0.4 above 4σκ in the left-hand field).

4.3. Cluster mass fit

To infer the cluster mass distribution, we choose to fit the shear
profile centered on the cluster. This avoids having to measure the
shear in the cluster core, and partially breaks the mass sheet de-
generacy by imposing a given mass profile on the data. We note
that using this radial technique on N-body simulated clusters,
Becker & Kravtsov (2011); Bahé et al. (2012) found a system-
atic underestimate of cluster masses of roughly 5%, which we
do not correct for as the exact correction factor is likely to be
a function of the chosen cosmologcial paramaters (and is small
compared to the uncertainties for all of our clusters). The NFW
density profile (Navarro et al. 1996) defined in eq. 8 is among
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Fig. 3. Convergence density map for MACSJ1621 overlaid on 3-color image. Contour levels (cyan) are in signal-to-noise from 3σκ
and by step of 1σκ. The white contours show the convergence density map computed from the rotated shear with the same signal-
to-noise levels. We note that the signal corresponding to the cluster disappears in this reconstruction. Weak lensing peaks are noted
by a white cross starting with the highest detection. The yellow cross indicates the position of the BCG. Left shows the full image
and right a zoom on the cluster region.

the best available profiles to fit observed galaxy clusters (e.g.
Umetsu et al. 2011).

ρNFW(r) =
ρs

r
rs

(1 + r
rs

)2
(8)

where rs is the scale radius and ρs a density expressed as ρcritδc.
ρcrit = 3H2/8πG is the critical density of the Universe at the
cluster redshift, and δc is a dimensionless density that depends
on the DM halo, and that can be expressed as a function of the
concentration parameter:

δc =
∆

3

c3
∆

ln(1 + c∆) − c∆
1+c∆

, (9)

where ∆ is the overdensity compared to the critical density,
c∆ = r∆/rs is the concentration parameter. By integration of the
density under spherical symmetry, the mass MNFW,∆ in a given
radius r∆, can be estimated as a function of r∆ and c∆ only:

MNFW,∆ =
4πρsr

3
∆

c3
∆

[ln(1 + c∆) − c∆

1 + c∆
]. (10)

The radial shear profile has an analytic formula derived in
e.g. Wright & Brainerd (2000), that we fit to the measured shear
to obtain r∆ and c∆ which are converted into a cluster mass ac-
cording to eq. 10. To break the degeneracy between r∆ and c∆,
we fix the concentration parameter to c200 = 3.5, since Gao et al.
(2008) demonstrated that very massive clusters have concentra-
tion parameters between 3 and 4 at the studied redshifts. This
choice of a fixed concentration parameter imposes a system-
atic error on each individual cluster mass although the average
should be correct. We quantify the error on the mass measure-
ment due to the intrinsic scatter of 1.34 on the concentration
parameter estimate in Gao et al. (2008) by fixing the concen-
tration parameter to 2.16 and 4.84, which represent the scatter
around our chosen value of c200 = 3.5. We find a variation of the

mass of about ±25%. This error is not added to the error budget
of Table 3. The fit is done in an annulus where the inner radius
is iteratively set to a value larger than the Einstein radius, to re-
move the area affected by strong lensing. We also require to have
a minimum number of objects in every bin, which can push the
inner radius to large physical values in the case of high redshift
clusters. The outer radius is set to the value at which the output
r∆ does not significantly change (less than 1%) if we probe a
larger area. We also ensure that the outer radius is at least larger
than the output r∆. The fit is performed on the tangential shear
computed to the cluster center, which is defined as the closest
peak to the cluster position in the convergence map reconstruc-
tion. An estimate of the significance of the fit is obtained by
computing the ∆χ2 between the best fit NFW model and a zero
mass model. The tangential shear profiles for every cluster can
be found in Appendix B, where the error bars correspond to the
orthonormal shear that should be equal to zero in the absence
of noise. We measure r200 from the best NFW fit and then com-
pute M200, and M500. We note that for clusters where the NFW
fit has a low significance value (σ < 3), the tangential shear pro-
file presents error bars consistent with no signal. We then do not
compute a mass for these clusters, as their shear profile is not
reliable.

The errors are computed using the same noise re-sampling
method than for the mass maps (see Sect. 4.2). A random ellip-
ticity is drawn from our catalog and added to each galaxy. Then,
the best NFW fit gives a new value for r200 and M200. The mean
and the dispersion over a hundred noise realizations are used as
the true value and its error. The r200 and various mass values are
given in Table 3 of Sect. 5.

5. Galaxy clusters

In this section we present the results concerning the 16 galaxy
clusters that we have studied. The discussion is based on the
masses obtained from the NFW fits presented in Sect. 4.3 and
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given in Table 3. After discussing the WL masses (Sect. 5.1),
we compare them to the X-ray values from the literature
(Sect. 5.2).The comparison of individual cluster masses with
other studies is done jointly with the environment discussion in
the next section (Sect. 6).

5.1. WL Masses

The results of the best NFW fit are given only when its signifi-
cance is higher than 3σ, because otherwise such masses would
not be reliable. This means that we were not able to constrain
the masses of all clusters (see Table 3 and shear profiles in
Appendix B). The fact that some of our fits do not converge can
have several explanations depending on each case. One obvi-
ous limitation is the background galaxy density: as the noise is
proportional to the inverse square root of the background den-
sity, the deeper the observations, the higher the signal-to-noise
of the shear. The data obtained with Subaru, which is an 8m
class telescope, are less affected than those obtained with the
CFHT, which is only a 4m class telescope. The masses of the
clusters and the noise in the images are also important factors.
A high mass cluster will tend to be detected even with a low
background galaxy density. Finally, we note that the redshift of
the cluster also plays a role. For example, BMW-HRI J122657
is a rather massive cluster, but at a redshift of z = 0.89. As the
lensing effect is measured on the galaxies behind the cluster, the
higher the redshift, the more difficult it is to detect the cluster. A
redshift of z ∼ 0.9 is close to the accessible limit, as lensing is
most sensitive to structures at redshifts around z ∼ 0.3 − 0.4.

For the clusters for which we were able to compute masses,
we find error bars typical of WL studies. We note however, that
using the noise re-sampling method to determine the mass in-
creases our errors over using only the significance of the best
NFW fit. We choose to show the former errors because they are
more robust and more conservative. We do not statistically com-
pare our masses with other WL studies because we have only
few clusters in common. Three of our clusters are studied in
the Mahdavi et al. (2013) sample, three in the CCCP sample
(Hoekstra et al. 2015), three in the Weighting the Giants sam-
ple (Applegate et al. 2014), two in the Foëx et al. (2012) sam-
ple, one is studied in Jauzac et al. (2012) and Medezinski et al.
(2013), and one in Israel et al. (2014). Nonetheless, a compari-
son of the WL masses, and also with the X-ray and strong lens-
ing estimates, is done for each cluster in Sect. 6.1. In the next
subsection, we compare our WL masses with those derived from
X-rays to evaluate potential biases in both measurements.

5.2. X-ray and WL masses

The X-ray masses come from two different samples. Most of
them have XMM–Newton data and are taken from Guennou et al.
(2014). We add four clusters that have Chandra data and belong
to the Maughan et al. (2012) sample. MACSJ1423 has Chandra
data but is also part of Guennou et al. (2014). The masses from
Guennou et al. (2014) are obtained by applying the Kravtsov
et al. (2006) scaling relation to the X-ray derived temperature
of the clusters. The error bars have been recomputed taking the
scatter of this scaling relation into account, since they were too
optimistic in Guennou et al. (2014). The masses from Chandra
observations have been computed in Laganá et al. (2013) using
both the temperatures and surface brightness profiles (see eq. 5
of the mentioned paper).
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Fig. 4. X-ray versus WL masses. The red dashed line is the first
bisector and represents the sequence on which X-ray and WL
masses would be equal. All values can be found in Table 3.

We compare in Fig. 4 the cluster masses inferred from X-
ray data and from WL, all computed in r500, for the ten clusters
that have both data. We see that the points are fairly distributed
around the line of equality. Computing the mean ratio of the WL
to X-ray masses, we find that WL masses are 22% higher than
the X-ray masses in the mean. Finding an offset is quite nor-
mal, as the X-ray masses rely on the assumption that clusters are
relaxed, which is generally not the case. Weak lensing, on the
other part, does not need such an assumption, and WL masses
are usually more reliable. This underestimate of about 20% in
the X-ray derived total cluster masses is the commonly observed
value (Rasia et al. 2006; Nagai et al. 2007; Battaglia et al. 2013).
We also note a departure from this relation for LCDCS0829,
for which we cannot reproduce the high X-ray mass, and for
RXJ1716 which has a very low mass in X-rays compared to its
WL mass. In the first case we note that LCDCS0829 is highly
asymmetrical as seen from its mass map in Fig. 8 (Sect. 6).
Hence, the hypothesis of spherical symmetry that we made for
our NFW fit might explain why we find a low mass for this clus-
ter. In general one cannot expect individual WL masses to be
very reliable, but in the mean, WL masses tend to be very accu-
rate.

6. Environment

In this section, we use the 2D mass maps computed in Sect. 4.2
to discuss the structures detected in the vicinity of clusters. To
have a full understanding of the different mass components we
overplot on the images the WL contours at a 3σ significance as
well as the X-ray contours and the galaxy light distribution con-
tours. To secure the WL detection of each structure we compute
its significance level with respect to the map noise for a hundred
realizations of the noise. We also count the percentage of simu-
lations in which the structure is detected at more than 3σ above
the background. The last two quantities contain similar informa-
tion, and are given in Table 4. The significance levels in this table
are computed from the hundred realizations of the noise and can
slightly differ from the contour levels shown in Figs. 5 to 19
which correspond to the original mass maps. We also compute
the number and significance of peaks expected to be due to the
noise in the map reconstruction. This enables us to discuss the
presence of WL peaks which do not show any optical or X-ray
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Table 3. Results on galaxy clusters. The first eight clusters are observed with CFHT/Megacam and the last eight with
Subaru/Suprime-cam. The different columns correspond to #1: cluster ID, #2: cluster redshift, #3: mean redshift of background
galaxies, #4: mean galaxy density of the background galaxies, #5: r200 from the best NFW fit, #6: significance of the NFW
fit/significance of the WL peak in the 2D mass map, #7: MNFW

200 from the best NFW fit centered on the WL peak, #8: MNFW
500

computed from MNFW
200 assuming an NFW profile, #9: XMM X-ray masses from Guennou et al. (2014) or Chandra X-ray masses

computed in Laganá et al. (2013) from the Maughan et al. (2012) sample denoted by the symbol M12.

Cluster z z̄bg nbg rNFW
200 σNFW /σ2D MNFW

200 MNFW
500 MX

500
(arcmin−2) (kpc) (1014 M⊙) (1014 M⊙) (1014 M⊙)

XDCS0329 0.4122 0.90 10.20 - 1.2/2.8 - - 2.9 ± 0.6
MACSJ0454 0.5377 0.99 9.96 - 2.0/5.1 - - 13.9 ± 3.0
ABELL0851 0.4069 0.92 8.30 1442 ± 178 4.0/7.6 5.5 ± 1.9 3.7 ± 1.2 5.5 ± 1.2
LCDCS0829 0.4510 0.93 8.79 1592 ± 199 4.0/5.5 7.8 ± 2.8 5.2 ± 1.9 16.9 ± 3.6
MS1621 0.4260 0.93 14.13 1704 ± 133 6.4/8.3 9.0 ± 2.0 6.1 ± 1.4 4.5±0.5M12

OC02 0.4530 0.96 13.15 1221 ± 194 3.1/4.7 3.6 ± 1.6 2.4 ± 1.1 -
NEP200 0.6909 1.02 5.80 1783 ± 272 3.1/5.1 14.8 ± 6.1 10.0 ± 4.1 -
RXJ2328 0.4970 0.95 11.46 1400 ± 233 3.2/5.5 5.8 ± 2.5 3.9 ± 1.7 2.2 ± 0.5
CLJ0152 0.8310 1.19 14.94 1673 ± 187 3.8/8.3 14.1 ± 4.4 9.4 ± 2.9 8.8 ± 1.9
MACSJ0717 0.5458 0.98 13.16 2023 ± 172 5.4/10.9 17.4 ± 4.3 11.7 ± 2.9 17.8±1.7M12

BMW1226 0.8900 1.43 10.12 - 1.3/- - - 12.1 ± 0.4
MACSJ1423 0.5450 0.93 8.98 1480 ± 265 3.4/5.0 7.3 ± 3.7 4.9 ± 2.5 5.7 ± 1.2
MACSJ1621 0.4650 0.94 16.39 1456 ± 282 4.1/6.8 6.4 ± 3.1 4.3 ± 2.1 4.3±0.4M12

RXJ1716 0.8130 1.17 7.49 1660 ± 217 3.9/7.3 13.6 ± 5.0 9.1 ± 3.4 2.8±0.5M12

MS2053* 0.5830 0.98 14.44 1614 ± 175 4.6/8.7 9.3 ± 2.8 6.3 ± 1.9 4.9 ± 1.1
CXOSEXSI2056* 0.6002 0.98 14.44 - 0.7/4.4 - - 3.6 ± 0.8

* CXOSEXSI J205617 and MS 2053.7-0449 are on the same image.

counterpart. We also note that in the case of the optical contours,
we tried to select only cluster member galaxies, while the WL is
sensitive to any line-of-sight structure, with a higher efficiency
for structures at redshift around z ∼ 0.3 − 0.4. As a result, it is
not surprising to find some peaks in the convergence map with
no optical counterpart.

The X-ray contours are plotted from XMM–Newton EPIC
MOS1 or MOS2 images. The XMM images suit well our study,
as XMM has a larger field of view than Chandra. However, when
no XMM data are available, we show contours from Chandra
images. Even with XMM, the field of view is limited to about
30 arcmin in diameter, and in some cases, several structures de-
tected through weak lensing have no X-ray counterparts because
only the cluster vicinity is in the X-ray field. The X-ray images
have been binned in squares of 64 pixels and then smoothed with
a Gaussian filter of 20 pixel width. The significance of the X-ray
maps are computed from the dispersion of the values of the re-
spective map avoiding the cluster region, and start at 2σ. We
chose a 2σ value to show better how our WL detections are em-
bedded in the baryonic components, and because the X-ray maps
are only used for qualitative description.

The light density maps are built with the galaxies selected to
have a high probability of being at the same redshift as the clus-
ter. For this, we first extract all the objects from the images in
two bands. We separate stars from galaxies as described above
and draw color-magnitude diagrams. For each cluster, we su-
perimpose on the color-magnitude diagram the positions of the
galaxies with spectroscopic redshifts coinciding with the clus-
ter redshift range. This allows to define the red sequence drawn
by the early type galaxies belonging to the cluster and to fit it
with a linear function of fixed slope −0.0436, as in Durret et al.
(2011). We then select all the galaxies within ±0.3 magnitude of
this sequence as probable cluster members and compute the den-
sity map of this galaxy catalog, using the same Gaussian kernel
than that of the WL analysis. The pixel size chosen to compute
these maps is 0.001 deg, and the number of bootstraps is 100.
To derive the significance level of our detections, it is necessary

to estimate the mean background of each image and its disper-
sion. For this, we draw for each density map the histogram of the
pixel intensities. We apply a 2.5σ clipping to eliminate the pix-
els of the image that have high values and correspond to objects
in the image. We then redraw the histogram of the pixel inten-
sities after clipping and fit this distribution with a Gaussian. For
each cluster, the mean value and the width of the Gaussian will
respectively give the mean background level and the dispersion,
that we will call σ. We then compute the values of the contours
corresponding to 3σ detections as the background plus 3σ. In all
the figures of the following subsection, we show contours start-
ing at 3σ and increasing by 1σ.

We first discuss individually the mass map of every cluster
in Sect. 6.1, and then make general considerations in Sect. 6.2.

6.1. Individual clusters

In addition to discussing the reconstructed convergence maps, in
this subsection, we also compare the WL masses computed from
the NFW best fit (see Sect. 4.3) to other masses from the litera-
ture. However we would like to warn the reader that WL masses
from different studies can significantly vary. The reason for that
lies in the estimate of the redshift distribution of the background
galaxies. In the ideal case where every study selects the same
background galaxies and agrees on their redshift distribution,
they should get the same masses within errors coming just from
the shear measurement. However, in most cases the selection of
galaxies and the estimate of their redshift distribution signifi-
cantly vary from one study to another, introducing large differ-
ences on cluster masses. In addition, cluster masses can present
a bias, for example introduced by the choice of a given value
or range of value for the concentration parameter, in order to
break the mass-concentration degeneracy. For large WL cluster
surveys, masses thus differ systematically by 20-30% in com-
paring the masses of each cluster across the survey. However the
different teams generally agree with each other regarding which
cluster are more massive.
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Fig. 5. Convergence density map for XDCS0329 overlaid on the
3-color CFHT/MegaCam image. Contour levels (cyan) are in
signal-to-noise from 3σκ with steps of 1σκ. Each weak lens-
ing peak is noted as a white cross. The yellow cross indicates
the position of the BCG. The X-ray contours starting at 2σX are
in magenta and the light density contours starting at 3σ are in
green. We expect 1.3 fake peaks above 3σκ and 0.2 above 4σκ in
the displayed field (see Sect. 4.2 for details).

XDCS0329, Fig. 5: XDCS0329 is barely detected, with a
significance of only 2.8σκ. It possesses a weak X-ray and optical
counterpart. A larger structure is detected at the south with WL
(3: 3.9σκ) and could correspond to a structure at a different
redshift from that of the cluster or to a fake peak but with a weak
probability given its signal-to-noise. The most massive structure
in this field lies north west of the cluster (2: 5.6σκ), and does
not present any X-ray or optical detection. In addition there are
no known structure referenced at this position in NED, and its
high significance detection cannot be reproduced by noise in the
mass map reconstruction. A spectroscopic survey of the area
would help determine the nature and redshift of this massive
object. Finally, we note that XDCS0329 is a small cluster given
its hydrodynamical mass of MX

500 = (2.9 ± 0.6) × 1014M⊙
found in Guennou et al. (2014). It is even sometimes consid-
ered as a group rather than a cluster (e.g., Mulchaey et al. 2006).

MACSJ0454, Fig. 6: MACSJ0454 has two substruc-
tures detected in WL: a first peak at 5.1σκ, and a second at
4.2σκ defining a filamentary structure, as already reported in
Kartaltepe et al. (2008). The X-ray and optical contours are
centered between these two substructures, and elongated in
their direction. The fact that this cluster is highly substructured
can explain why the NFW fit fails. In addition, this cluster is
probably of low mass as Zitrin et al. (2011) found a central
mass of MS L

500 = (0.41 ± 0.03) × 1014M⊙ in their strong lensing
analysis. We also detect several faint peaks. They are detected
at levels of 4.4, 3.8, 4.2, and 4.0σκ for structures 4, 5, 6, and
7 respectively. While structures 5 and 6 might have an optical
counterparts, structure 4 and 7 very likely correspond to fake
peaks, or to a small group at a different redshift for structure
4. A larger structure is found at the south west (8 at 5.5σκ),
which is not at the cluster redshift, given that it is not detected
through the galaxy density contours, but could also be due to a

Fig. 6. Same as Fig 5 for MACSJ0454 on the 3-color
CFHT/MegaCam image. We expect 3.0 fake peaks above 3σκ
and 0.6 above 4σκ in the displayed field (see Sect. 4.2 for de-
tails).

contamination from stars in its vicinity.

ABELL 851, Fig. 7: A851 is a massive cluster, detected at
a high significance level (7.6σκ). It is highly sub-structured as
already found in Guennou et al. (2014), and confirmed here by
the presence of three spatially separated components: the dark
matter, the X-ray gas, and the galaxies. The most important
substructures are those noted 2 and 3, the first to the south with
a 5σκ significance and the second to the north-east with a 4.3σκ
significance. These structures are also detected on the galaxy
density map and perhaps also in X-rays, the contours of which
are extended towards the substructure directions. Finally, we
note a fourth and a fifth structures, north-east and south-west
of the cluster. These are quite far from the cluster, and while
5 has an optical counterpart, 4 does not, and could either be a
fake peak or a group at a different redshift. The 5th structure
should lie at the same redshift as the cluster. We note that
other studies reported a higher mass than the one we derived
for this cluster. We find MNFW

500 = (3.7 ± 1.2) × 1014M⊙ while
Mahdavi et al. (2013) found M500 = (10.5 ± 2.5) × 1014M⊙ and
Hoekstra et al. (2015) found MNFW

500 = (12.5 ± 3.0) × 1014M⊙.
Finally, we note that the hydrodynamical masses from X-ray
studies are lower: MX

500 = (7.4 ± 2.3) × 1014M⊙ from Mahdavi
et al. (2013) and MX

500 = (5.5±1.2)×1014M⊙ in the present study.

LCDCS0829, Fig. 8: LCDCS0829 is at first view an
isolated cluster, with an elongation to the north-west. It is
detected with our three probes. However, at a larger scale there
is another structure (3: 4.7σκ) about 1.5-2 Mpc south-west
from the cluster, that could be in interaction, and is detected
both with WL and galaxy density. Farther away but still at
the same redshift according to our galaxy density map lies a
4.5σκ structure (2) that could be a group connecting to the
main cluster through a filamentary structure passing by 3,
that remains to be detected. For this cluster we find a mass
of MNFW

500 = (5.2 ± 1.9) × 1014M⊙, which is low compared to
other WL analysis: M500 = (9.3 ± 2.9) × 1014M⊙ in Mahdavi
et al. (2013), and MNFW

500 = (17.7 ± 2.2) × 1014M⊙ in Foëx et al.
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Fig. 7. Same as Fig 5 for A851 on the 3-color CFHT/MegaCam
image. We expect 3.8 fake peaks above 3σκ and 0.6 above 4σκ
in the displayed field (see Sect. 4.2 for details).

Fig. 8. Same as Fig 5 for LCDCS0829 on a 3-color
CFHT/MegaCam image. We expect 4.6 fake peaks above 3σκ
and 0.8 above 4σκ in the displayed field (see Sect. 4.2 for de-
tails).

(2012). We note that none of these three values agrees one with
another, highlighting the fact that WL masses can significantly
differ from one study to another.

MS1621, Fig. 9: This cluster is massive, and highly sub-
structured at large scales. The main cluster is detected at 8.3σκ,
and is also seen on the X-ray and galaxy density maps. It is elon-
gated towards structures 2 and 3 detected at 4.3 and 3.5σκ, with
also an elongation in the X-ray and galaxy density contours.
Finally, the galaxy density contours show a structure south-east
of substructure 3 that could be a close group. We note that Foëx
et al. (2012) found a mass of MWL

500 = (8.5 ± 1.5) × 1014M⊙,
slightly higher than our value of MNFW

500 = (6.1 ± 1.4) × 1014M⊙,
but in worse agreement with the hydrodynamical mass inferred

Fig. 9. Same as Fig 5 for MS1621 on the 3-color
CFHT/MegaCam image. We expect 2.0 fake peaks above
3σκ and 0.4 above 4σκ in the displayed field (see Sect. 4.2 for
details).

from X-rays: MX
500 = (4.5 ± 0.5) × 1014M⊙.

OC02, Fig. 10: OCO2 is detected with the three probes,
with a 4.7σκ from WL. It seems to be merging with a smaller
group on the south, detected at 4.2σκ (3). Finally, we note a
massive structure detected at 5.8σκ, with an X-ray counterpart
and only a faint optical counterpart. This means it is a group
or cluster, at a different redshift from OC02. By checking on
NED, we find that structure 2 corresponds in fact to Abell 2246,
a foreground cluster at z = 0.225. Finally, OC02, also known
as CL1701+6414 is a low mass cluster. We find a mass of
MNFW

500 = (2.4 ± 1.1) × 1014M⊙, slightly higher than Israel et al.
(2014), who found a WL mass of MWL

500 = 0.32 × 1014M⊙ or
MWL

500 = 1.37 × 1014M⊙ depending on the chosen concentration
parameter. We also investigate the bias in the mass estimate
from OC02’s shear profile due to the presence of the foreground
cluster A2246. To do this, we first compute the expected shear
profile for the foreground cluster, using an X-ray derived total
mass from Wang & Walker (2014): MX

200 = (3.3±0.6)×1014M⊙,
and assuming a concentration parameter of c200 = 3.5. We note
that X-ray derived masses should not be biased by the proximity
of both clusters as they are derived in a much smaller region
than the WL. We then subtract this expected shear contribution
to every galaxy in the field and compute again the mass of
OC02 by fitting an NFW profile to its new shear profile. We
find a new mass which is 7% lower than the value from Table 3.
We conclude that the presence of the foreground cluster only
weakly affects the cluster mass estimate in this case, and do not
correct for it as it is low compared to the other sources of error,
and to avoid biasing our sample in applying a different method
to one of our cluster.

NEP200, Fig. 11: NEP200 is detected both in X-rays and
WL, with a detection significance of 5.1σκ. It seems to be
merging with a companion on the west (2: 4.6σκ), but this might
also be a projection effect. Spectroscopic redshifts would be
needed to confirm this hypothesis. We also note several peaks at
∼ 3σκ which could correspond to fake peaks or faint structures
at different redshifts. As this cluster has not been widely studied
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Fig. 10. Same as Fig 5 for OC02 on the 3-color CFHT/MegaCam
image. We expect 1.0 fake peaks above 3σκ and 0.2 above 4σκ
in the displayed field (see Sect. 4.2 for details).

Fig. 11. Same as Fig 5 for NEP200 on the 3-color
CFHT/MegaCam image. We expect 1.6 fake peaks above 3σκ
and 0.3 above 4σκ in the displayed field (see Sect. 4.2 for de-
tails).

yet, we derive a first WL mass of MNFW
500 = (10.0±4.1)×1014M⊙

for NEP200.

RXJ2328, Fig. 12: This cluster is detected at 5.5σκ from
WL, and also has X-ray and optical counterparts. From the WL
contours, it seems to be merging with an infalling group detected
at 3.9σκ in the south. However, this structure is not detected in
X-rays or in the galaxy density map, suggesting that it is at a
different redshift, and therefore not in interaction with RXJ2328.
Note the presence of the Pegasus dwarf galaxy in the south that
has been masked in our analysis, but could still bias our mea-
surements. We find a WL mass of MNFW

500 = (3.9±1.7)×1014M⊙.

CLJ0152, Fig. 13: This cluster is highly sub-structured and
has several neighboring groups nearby, implying a complex
recent merging history (e.g., Massardi et al. 2010). The cluster

Fig. 12. Same as Fig 5 for RXJ2328 on the 3-color
CFHT/MegaCam image. We expect 1.8 fake peaks above 3σκ
and 0.3 above 4σκ in the displayed field (see Sect. 4.2 for de-
tails).

is massive (MNFW
500 = (9.4± 2.9)× 1014M⊙) and rather elongated

in a north-south direction (see structure 2 detected at 6.4σκ) and
in a lesser extent in the east-west direction. Several structures
are also detected in the south, and are aligned horizontally: 3
(4.8σκ), 4 (6.6σκ), 5 (4.7σκ), and 6. Structures 3 and 4, and also
maybe 5, are detected in X-rays, while 4 and 6 have optical
counterparts. Structures detected in WL and X-rays have a
high probability to be groups, while those detected through
the galaxy density maps should be around the same redshift
as CLJ0152. Given the extension of the galaxy density map
compared to that of the main cluster, structure 3 is probably a
foreground group. One possible explanation is that the cluster
recently underwent a merging event with the group 4 that
passed through CLJ0152 from the north-west to the south-east.
Structure 2 would be a remnant of this merging, while 3 should
not have taken part in that scenario. Also structure 6 could have
been created in the same event or being now interacting with
structure 4. An X-ray temperature map would be valuable to
check the direction of the past merger events.

MACSJ0717, Fig. 14: MACSJ0717 is famous for be-
ing one of the most massive clusters, as can be seen from
its WL contours, which reach a significance of 10.9σκ. We
note also that it is strongly elongated towards a south east
structure noted 2 with a 8.2σκ significance, and also detected
in Kartaltepe et al. (2008). Both structures are also detected
from the optical density map, suggesting that they are at the
same redshift, but only the main cluster is strongly emitting
in X-rays. Structure 2 is thus poor in hot gas, which makes
us think that it corresponds to a filament rather than a group
which would have produced more hot gas in its formation.
The absence of a BCG agrees with this idea. Structure 3 could
also be a continuation of this filament. Note that this filament
has first been studied by Jauzac et al. (2012) from composite
HST data, and later by Medezinski et al. (2013). We compared
our WL contours with those from Jauzac et al. (2012), and
found good agreement. Concerning the mass of the cluster,
Zitrin et al. (2011) and Limousin et al. (2012) found strong
lensing masses of respectively MS L

r<350kpc
= (7.4± 0.5)× 1014M⊙
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Fig. 13. Same as Fig 5 for CLJ0152 on the r band
Subaru/Suprime-Cam image. We expect 4.4 fake peaks above
3σκ and 1.1 above 4σκ in the displayed field (see Sect. 4.2 for
details).

and MS L
r<960kpc

= (21.1 ± 2.3) × 1014M⊙. From WL, various
masses have been calculated in different radii. In r500, we
have a mass of MWL

500 = (11.7 ± 2.9) × 1014M⊙ to be com-
pared to Mahdavi et al. (2013) and Hoekstra et al. (2015)
who respectively found MWL

500 = (16.6 ± 3.4) × 1014M⊙ and
MWL

500 = (22.3 ± 5.2) × 1014M⊙. The first estimate agrees with
ours within the error bars, but the second is much larger. In a
radius of 0.5 Mpc, we have MWL

r<0.5Mpc
= (3.7 ± 0.9) × 1014M⊙,

somewhat lower than Jauzac et al. (2012) who found a
mass of MWL

r<0.5Mpc
= (10.4 ± 0.8) × 1014M⊙. However

we find a good agreement with masses from the
CLASH collaboration WL follow up (Medezinski et al.
2013) who found MWL

r<0.5Mpc
= (5.4 ± 1.2) × 1014M⊙.

Applegate et al. (2014) also found higher masses within
1.5 Mpc, with MWL

r<1.5Mpc
= (25.3 ± 4.2) × 1014M⊙ or

MWL
r<1.5Mpc

= (23.1 ± 3.8) × 1014M⊙, in the first case using the
full distribution of photometric redshifts of the background
galaxies and in the second the standard color-color cut, while
we have MWL

r<1.5Mpc
= (13.1 ± 3.3) × 1014M⊙. We see that the

mass estimates vary strongly for this cluster; we tend to find
a lower value, but in any study (including ours) MACSJ0717
appears to be one of the most massive cluster.

BMW1226, Fig. 15: This cluster is not detected through
WL, probably due to its high redshift: z = 0.89 which decreases
the number of background galaxies usable for the WL recon-
struction. However a large elongated structure (1) is detected,
and could be a filament linked to BMW1226. It is detected at
5.6σκ and has an optical counterpart, such that is should not be
too far from the cluster redshift. The small structure (2) west of
the cluster is not very significant (2.9σκ) and is probably due to
the noise in the convergence map reconstruction. This cluster
has been studied by Jee & Tyson (2009) under its other name:
CLJ1226+3332. Using deep HST data, they manage to have
a sufficient number of background galaxies to reconstruct the
WL map around the cluster. However, the small field of view of
the ACS camera does not allow them to study the filamentary

Fig. 14. Same as Fig 5 for MACSJ0717 on the 3-color
Subaru/Suprime-Cam image. We expect 1.6 fake peaks above
3σκ and 0.3 above 4σκ in the displayed field (see Sect. 4.2 for
details).

Fig. 15. Same as Fig 5 for BMW1226 on the r-band
Subaru/Suprime-Cam image. We expect 1.0 fake peaks above
3σκ and 0.1 above 4σκ in the displayed field (see Sect. 4.2 for
details).

structure that we see east of the cluster.

MACSJ1423, Fig. 16: MACSJ1423 looks rather isolated on
small scales, with a good alignment between the WL, X-ray,
and optical centers. Kartaltepe et al. (2008) also classified it as a
relaxed cluster according to its WL contours. A small structure
is detected north-east from WL but not from the optical data and
should correspond to a group at a different redshift. The X-ray
data come from Chandra in this case, so structure 2 has no X-ray
imaging. This cluster has been studied in strong lensing by
Zitrin et al. (2011) and also by Limousin et al. (2010) who found
a single central mass component, which agrees with our smooth
contours. Applegate et al. (2014) also computed WL masses for
this cluster finding values of MWL

r<1.5Mpc
= (3.7±2.8)×1014M⊙ or
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Fig. 16. Same as Fig 5 for MACSJ1423 on the i band
Subaru/Suprime-Cam image. We expect 2.1 fake peaks above
3σκ and 0.3 above 4σκ in the displayed field (see Sect. 4.2 for
details).

MWL
r<1.5Mpc

= (8.8 ± 3.6) × 1014M⊙, in the first case using the full
distribution of photometric redshifts of the background galaxies
and in the second the standard color-color cut. We note that our
value of MNFW

r<1.5Mpc
= (6.7 ± 2.7) × 1014M⊙ is in good agreement

with the one obtained with the color-color cut method (the one
which we used).

MACSJ1621, Fig. 17: MACSJ1621 presents a large sub-
structure (2: 5.9σκ significance) that could be an infalling group.
Another structure (3) is detected south-east at more than 5σκ,
and could be embedded in a filament linking it to the cluster, as
suggested by the galaxy light density map. Note that structure 3
is also detected by von der Linden et al. (2014). An X-ray coun-
terpart is detected only for the cluster and not for structure 2, that
has then good chance of being part of the filament rather than
being an infalling group. The WL mass that we measure for this
cluster agrees with the value of Applegate et al. (2014) within
the error bars: we find MNFW

r<1.5Mpc
= (5.8 ± 1.9) × 1014M⊙

and they have MWL
r<1.5Mpc

= (8.5 ± 2.3) × 1014M⊙ or

MWL
r<1.5Mpc

= (8.8 ± 2.2) × 1014M⊙ in the first case using
the full distribution of photometric redshifts of the back-
ground galaxies and in the second the standard color-color cut.
However, we do not reproduce the high mass found in Hoekstra
et al. (2015): MNFW

500 = (11.2 ± 2.5) × 1014M⊙.

RXJ1716, Fig. 18: RXJ1716 (1: 7.3σκ) shows a very
elongated profile pointing towards two groups: 2 and 3 detected
at respectively 4.9 and 5.4σκ. However those structures are
not detected in the galaxy density map and must then lie at a
different redshift. The main cluster is also detected with the
X-ray and galaxy density contours. The filamentary structure
elongated to the north east of the cluster is also seen in the WL
reconstruction of Clowe et al. (1998). This is a massive cluster
with MNFW

500 = (9.1 ± 3.4) × 1014M⊙.

MS2053/CXOSEXSI2056, Fig. 19: MS2053 is detected
with a high level of significance: 8.7σκ and with a mass of
MNFW

500 = (6.3 ± 1.9) × 1014M⊙. It is also detected in the X-ray

Fig. 17. Same as Fig 5 for MACSJ1621 on the 3-color
Subaru/Suprime-Cam image. We expect 1.2 fake peaks above
3σκ and 0.2 above 4σκ in the displayed field (see Sect. 4.2 for
details).

Fig. 18. Same as Fig 5 for RXJ1716 on the r-band
Subaru/Suprime-Cam image. We expect 2.1 fake peaks above
3σκ and 0.5 above 4σκ in the displayed field (see Sect. 4.2 for
details).

and galaxy density contours. CXOSEXSI2056 is a smaller
cluster detected at a 4.4σκ significance, and also presents an
X-ray counterpart. It seems to be merging with a wide structure
(3: 4.5σκ) on the east and might also be linked to the small
structure 4 but the significance of the latter structure remains
low (3.2σκ) and it is more likely a fake peak due to noise. For
this field we did not try to estimate the masses of each cluster by
removing the contribution from the other, as we did for OC02,
because the significance of their detections are too different.
CXOSEXSI has little chance to significantly affect the shear
profile of MS2053, and on the contrary, removing such a big
cluster as MS2053 would introduce an other large bias in the
mass estimate of CXOSEXSI. In addition we did not compute
any mass for this latter cluster.

15



Martinet et al.: Weak lensing study around high redshift clusters

Fig. 19. Same as Fig 5 for MS2053 and CXOSEXSI2056 on the
r-band Subaru/Suprime-Cam image. We expect 1.3 fake peaks
above 3σκ and 0.2 above 4σκ in the displayed field (see Sect. 4.2
for details).

6.2. General discussion

We summarize the structure detection in Table 4, where we show
the average significance of the WL detection obtained from 100
realizations of the noise along with the percentage of realizations
in which the structures are detected at more than 3σ above the
map noise defined in eq. 5. We also indicate for each structure if
it has X-ray and optical counterparts, and conclude on the cur-
rent status of the cluster and the possible presence of filaments.

The first conclusion from the study of this sample is that all
the clusters appear very different, especially when considering
their close environment. Several hypotheses made for the mass
calculation are then questionable. Most of these clusters are not
spherical, and present either a preferential direction, or several
substructures. The NFW profile used in Sect. 4.3 seems sim-
plistic compared to these results, and it appears very difficult to
find a mass profile that fits every cluster, when extending to radii
higher than the cluster core.

Despite these very different behaviors, we try to classify our
sample according to the smoothness of their WL contours and
the presence of substructures or infalling groups:

(1) The only relaxed cluster of our sample is MACSJ1423.
On small scales we see smooth symmetrical contours and no
substructures. However, even for this cluster, we find that it
might be embedded in at least one filamentary structure at larger
scales.

(2) The second category gathers clusters which are highly
asymmetrical but do not present any clear substructure or in-
falling group: LCDCS0829, RXJ1716, and MS2053. These clus-
ters are probably recovering from old merger events, the direc-
tion of interaction of which only remains visible.

(3) The last category encompasses clusters with high levels
of substructuring or apparent merging events. These clusters are
recovering from a recent merging event or even are presently
merging. Such behaviors are observed for MACSJ0454, A851,
MS1621, OC02, NEP200, RXJ2328, CLJ0152, MACSJ0717,
MACSJ1621, and CXOSEXSIJ2056.

Six clusters among this last list seem to be part of par-
ticularly intense extended filamentary structures: MACSJ0454,

A851, MS1621, CLJ0152, MACSJ0717, and MACSJ1621. In
addition, BMW1226 shows a large filament despite the fact that
the cluster is not detected itself. However, fainter filamentary
structures linking the different mass peaks can be seen in many
cases, suggesting that every cluster lies in a large scale struc-
ture. These LSSs are often not clearly detected, as they are too
diffuse compared to the mass peaks corresponding to either in-
falling groups, or small merger events. Finally, we note that most
of our clusters are either past mergers (∼ 21.5%) or recent or
present mergers (∼ 71.5%). This supports the standard hierar-
chical scenario in which clusters grow through the merging of
smaller structures. In addition, it means that most massive clus-
ters at 0.4 < z < 0.9 are still evolving through this merging pro-
cess. XDCS0329 is not discussed as it is only weakly detected.
This classification is summarized in Table 4.

7. Conclusion

We accurately measured galaxy shears for eight
CFHT/MegaCam and seven Subaru/Suprime-Cam images.
We successfully estimated the mass of twelve clusters out of
sixteen, by fitting their shear profiles with an NFW profile.
Comparing with masses from X-ray data (XMM–Newton and
Chandra observations), we found that our masses are generally
higher than those from X-rays by about 22%, an expected
result given that the X-ray masses rely on the hypothesis of
hydrostatical equilibrium. However, our sample is small and we
need higher statistics to compare both masses, and also to better
compare to the WL literature.

We inverted the shear to obtain convergence maps, and over-
laid the WL contours on images. We estimated the significance
of each detected structure with a hundred realizations with a ran-
dom ellipticity added to each galaxy. Comparing with X-ray con-
tours and galaxy light density contours, we studied the environ-
ment of every cluster. We found that clusters are very different
on large scales and doubt they can all be fitted with a simple
NFW profile. We separated our sample between isolated relaxed
clusters, asymmetrical clusters with no substructures and clus-
ters which have a more complex environment. The second cate-
gory corresponds to past mergers and the third one to recent or
present mergers. Most of the sampled clusters are in the last two
categories, providing strong observational support to the hierar-
chical growth scenario, and implying that clusters are still evolv-
ing through this process at 0.4 < z < 0.9. Temperature maps
from deep X-ray imaging could help characterize the different
merging phases that we observe (see e.g. Durret et al. 2011, and
references therein). Even in the isolated case, we found that clus-
ters are embedded in complex large scale structures, often con-
necting to another group on megaparsec scales. We report possi-
ble filament detections in CLJ0152, MACSJ0454, MACSJ0717,
A851, BMW1226, MS1621, and MACSJ1621, the first one also
experiencing recent complex merger events. Finally, it is im-
portant to note that the distinction between a filament and an
infalling group or small cluster is almost a semantic problem.
However, groups and small clusters should contain more X-ray
gas than filaments, and are more likely to possess a BCG, at least
in the case of clusters. A more detailed study of each cluster with
separate simulations is required to help distinguish between the
two possibilities. We intend to study the galaxy populations of
the proposed filaments in the framework of the DAFT/FADA
survey, a work that will also help discriminating the nature of
these structures.

Acknowledgements. We thank Raphael Gavazzi and Hugo Capelato for useful
discussion, and Mathilde Jauzac for sharing her WL contours of MACSJ0717

16



Martinet et al.: Weak lensing study around high redshift clusters

Table 4. Results on environment. The first eight clusters are observed with CFHT/MegaCam and the last eight with Subaru/Suprime-
Cam. The different columns correspond to #1: cluster ID, #2: cluster redshift, #3: structure ID, #4: significance of the WL peak in
the 2D mass map in unit of σκ (see text for details), #5: percentage of re-detection above 3σκ over the hundred noise realizations,
#6: detection of the structure in X-rays (Y for yes, N for no, ∼ when the detection is ambiguous, - for no data), #7: detection of the
structure in galaxy density map (Y for yes, N for no, ∼ when the detection is ambiguous, - for no data), #8: derived status of the
cluster from our analysis and possible presence of a large filament; numbers refer to the classification in the text.

Cluster z structure σ2D detection percentage X-ray galaxies Cluster status
XDCS0329 0.4122 1 2.8 44% Y Y -

2 5.6 96% N N
3 3.9 74% N ∼

MACSJ0454 0.5377 1 5.1 91% Y Y recent or present merger (3) / filament
2 4.2 76% ∼ ∼
3 3.7 67% N ∼
4 4.4 88% N Y
5 3.8 70% N N
6 4.2 82% N ∼
7 4.0 78% N N
8 5.5 95% N N

ABELL851 0.4069 1 7.6 100% Y Y recent or present merger (3) / filament
2 5.0 89% ∼ Y
3 4.3 81% ∼ ∼
4 4.4 86% N N

LCDCS0829 0.4510 1 5.5 98% Y Y past merger (2)
2 4.5 86% - Y
3 4.7 92% - Y

MS1621 0.4260 1 8.3 100% Y Y recent or present merger (3) / filament
2 4.3 77% ∼ Y
3 3.5 67% N N
4 3.1 53% N N

OC02 0.4530 1 4.7 88% Y Y recent or present merger (3)
2 5.8 98% Y N foreground cluster (A2246)
3 4.2 78% N ∼

NEP200 0.6909 1 5.1 93% Y ∼ recent or present merger (3)
2 4.6 84% N N

RXJ2328 0.4970 1 5.5 93% Y Y recent or present merger (3)
2 3.9 73% N N

CLJ0152 0.8310 1 8.3 100% Y Y recent or present merger (3) / filament
2 6.4 98% Y N
3 4.8 85% Y N
4 6.6 98% Y Y
5 4.7 89% ∼ N

MACSJ0717 0.5458 1 10.9 100% Y Y recent or present merger (3) / filament
2 8.2 100% ∼ Y
3 5.7 98% N Y

BMW1226 0.8900 0 - - Y Y - / filament
1 5.6 97% N Y
2 2.9 46% N N

MACSJ1423 0.5450 1 5.0 91% Y Y Relaxed (1)
MACSJ1621 0.4650 1 6.8 97% Y Y recent or present merger (3) / filament

2 5.9 96% N Y
RXJ1716 0.8130 1 7.3 98% Y Y past merger (2)

2 4.9 85% N N
3 5.4 86% N N

MS2053* 0.5830 1 8.7 100% Y Y past merger (2)
CXOSEXSI2056* 0.6002 2 4.4 84% Y N recent or present merger (3)

3 4.5 84% N N
4 3.2 55% N N

*CXOSEXSI J205617 and MS 2053.7-0449 are on the same image.
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3.3 Shear peaks

This section presents the results from Martinet et al. (2015, A&A in press): Constraining
cosmology with shear peak statistics: tomographic analysis. The first subsection briefly
summarizes the paper, its context, aims, methods, results, and conclusions. The detailed
study can be read in the second subsection, where we display the article.

3.3.1 Summary

Context

Accurate shear measurements can be used to constrain the cosmological model of our
Universe. Cosmic shear, i.e. the shear 2-point correlation function, is the standard
cosmological probe for WL surveys. However, other statistical measures of shear maps
incorporating higher order moments are possible, and they become increasingly attractive
in light of the significant gain in signal-to-noise expected from the planned large WL
surveys, such as Euclid. In particular the statistics of shear peaks, which trace the
projected mass concentrations, is a promising cosmological probe. Dietrich & Hartlap
(2010) showed that shear peaks contain complementary information than the standard
cosmic shear.

The Euclid ESA space mission (Laureijs et al. 2011) is a weak lensing survey primarily
designed to constrain the dark energy equation of state w. It will also reveal some impor-
tant results about modified gravity, dark matter, and the initial density perturbations.
The satellite will be launched in 2020, and will cover 15,000 square degrees of the sky
in one visible and three infrared bands, with an expected average galaxy density of 30
galaxies per square arcmin.

Aims

We quantify the cosmological constraints attainable with shear peak statistics by a large-
area survey similar to that expected from the Euclid mission, focusing on the density
parameter, ΩM , and on the power spectrum normalization, σ8, for illustration.

Methods

We study peaks detected directly in shear maps, rather than convergence maps, an ap-
proach that has the advantage of working directly with the observable quantity, the
galaxy ellipticity catalog. Using large numbers of numerical simulations to accurately
predict the abundance of peaks and their covariance, we forecast the constraints attain-
able by the Euclid mission, on ΩM and σ8. This is done via a Fisher formalism where
the observable is the distribution of peaks with respect to their detected signal-to-noise.
Weak lensing maps are simulated with the SUNGLASS pipeline (Kiessling et al. 2011) for
both the fiducial cosmology that allows to compute the covariance matrix, and the mod-
ified cosmologies used to calculate the derivative of the peak distribution with respect to
cosmological parameters.

We also quantified the gain of a tomographic study over a simple 2D analysis, by
slicing our galaxy sample in five redshift bins.
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Results

We forecast conditional constraints of (δΩM
, δσ8

) = (0.0012, 0.0018) without tomography,
and (0.0010, 0.0014) with tomography. This is in very good agreement with conditional
constraints from other authors (Maturi et al. 2011; Hilbert et al. 2012; Marian et al. 2012,
2013).

In addition, our tomographic peak counting method improves the conditional (marginal)
constraints by a factor 1.2 (2) over those from a two-dimensional (i.e., non-tomographic)
peak-count analysis.

Finally, we find that peak statistics provide constraints comparable to those from
cluster counts.

Conclusions

The peak counts, have the great advantage of not relying on any scaling relation that
may prove difficult to establish to high accuracy. Together with the very good constraints
found in the case of a Euclid-like survey, this makes shear peak statistics one of the best
future cosmological probes. Even if the gain from a tomographic approach is weak for
ΩM and σ8, it is worth investigating its effect on the measurement of the DE equation of
state w.

3.3.2 Martinet et al. 2015b
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❩❳❞⑥ ❱❤❳⑥❬⑦❲➎❬❩❲❤❱❪ ➢➤❪ ➄❤❳ ❲⑦⑦❞❨❩❳❬❩❲❤❱↔ ↕❡ ❥❳❡❨❡❱❩ ❬ ❩❤⑥❤①❳❬❥❦❲❝ ❥❡❬➋ ❝❤❞❱❩❲❱① ⑥❡❩❦❤❢ ❩❦❬❩ ❲⑥❥❳❤✈❡❨ ❩❦❡ ❝❤❱❢❲❩❲❤❱❬⑦ ➥⑥❬❳①❲❱❬⑦➦
❝❤❱❨❩❳❬❲❱❩❨ t❧ ❬ ➄❬❝❩❤❳ ❤➄ ✍↔✷ ➥✷➦ ❤✈❡❳ ❩❦❤❨❡ ➄❳❤⑥ ❬ ❩➣❤⑤❢❲⑥❡❱❨❲❤❱❬⑦ ➥❲↔❡↔❪ ❱❤❱⑤❩❤⑥❤①❳❬❥❦❲❝➦ ❥❡❬➋⑤❝❤❞❱❩ ❬❱❬⑦❧❨❲❨↔ ↕❡ ➧❱❢ ❩❦❬❩ ❥❡❬➋
❨❩❬❩❲❨❩❲❝❨ ❥❳❤✈❲❢❡ ❝❤❱❨❩❳❬❲❱❩❨ ❬❱ ❤❳❢❡❳ ❤➄ ⑥❬①❱❲❩❞❢❡ ⑦❡❨❨ ❬❝❝❞❳❬❩❡ ❩❦❬❱ ❩❦❤❨❡ ➄❳❤⑥ ❩❦❡ ❝⑦❞❨❩❡❳ ❨❬⑥❥⑦❡ ❲❱ ❩❦❡ ❲❢❡❬⑦ ❨❲❩❞❬❩❲❤❱ ❤➄ ❬ ❥❡❳➄❡❝❩⑦❧
➋❱❤➣❱ ❤t❨❡❳✈❬t⑦❡⑤⑥❬❨❨ ❳❡⑦❬❩❲❤❱➨ ❦❤➣❡✈❡❳❪ ➣❦❡❱ ❩❦❡ ❨❝❬⑦❲❱① ❳❡⑦❬❩❲❤❱ ❲❨ ❱❤❩ ➋❱❤➣❱ ❬ ❥❳❲❤❳❲❪ ❩❦❡ ❨❦❡❬❳⑤❥❡❬➋ ❝❤❱❨❩❳❬❲❱❩❨ ❬❳❡ ❩➣❲❝❡ ❬❨
❨❩❳❤❱① ❬❱❢ ❤❳❩❦❤①❤❱❬⑦ ❩❤ ❩❦❡ ❝⑦❞❨❩❡❳ ❝❤❱❨❩❳❬❲❱❩❨❪ ❦❲①❦⑦❲①❦❩❲❱① ❩❦❡ ✈❬⑦❞❡ ❤➄ ❞❨❲❱① t❤❩❦ ❝⑦❞❨❩❡❳❨ ❬❱❢ ❨❦❡❬❳⑤❥❡❬➋ ❨❩❬❩❲❨❩❲❝❨↔

➩➫➭ ➯➲➳➵➸➺ ①❳❬✈❲❩❬❩❲❤❱❬⑦ ⑦❡❱❨❲❱①⑧ ➣❡❬➋ ➻ ❝❤❨⑥❤⑦❤①❲❝❬⑦ ❥❬❳❬⑥❡❩❡❳❨

➼➽ ➾➚➪➶➹➘➴➷➪➬➹➚

➮➱✃❐ ❒❮✃❰ÏÐ✃ÐÏÑÒ✃Ó Ó➱ÒÔÏÒ❒ ✭➮Õ☎ ÏÔ ✃ ÖÑ×➱❮ØÙÓ Ö❮ÑÚ➱ ÑØ Ó✃❮❒➱✠
ÔÛ✃Ó➱ ÔÐ❮ÙÛÐÙ❮➱✂ Ü✃❮❐ Ý✃ÐÐ➱❮✂ ✃ÒÜ Ü✃❮❐ ➱Ò➱❮❒Þ ✭➱✟❒✟✂ ß✃❮Ð➱ÓÝ✃ÒÒ
✫ àÛáÒ➱ÏÜ➱❮ ✄✶✶✁☎✟ ✝Ò Ö✃❮ÐÏÛÙÓ✃❮✂ ÛÑÔÝÏÛ Ôá➱✃❮ ÔÙ❮❰➱ÞÔ á✃❰➱
Ü➱ÝÑÒÔÐ❮✃Ð➱Ü Ðá➱Ï❮ ✃ÚÏÓÏÐÞ ÐÑ ÛÑÒÔÐ❮✃ÏÒ ÛÑÔÝÑÓÑ❒ÏÛ✃Ó Ö✃❮✃Ý➱Ð➱❮Ô
✭➱✟❒✟✂ â✃ÔÔ➱Þ ➱Ð ✃Ó✟ ✄✶✶ãä å➱ÞÝ✃ÒÔ ➱Ð ✃Ó✟ ✄✶✁✄☎✂ ✃ÒÜ Ðá➱ ÖÑÐ➱ÒÐÏ✃Ó
ÑØ Ó✃❮❒➱✠✃❮➱✃ Ôá➱✃❮ ÔÙ❮❰➱ÞÔ ÛÑ❰➱❮ÏÒ❒ ÐáÑÙÔ✃ÒÜÔ ÑØ ÔæÙ✃❮➱ Ü➱❒❮➱➱Ô
ÐÑ ÏÝÖ❮Ñ❰➱ ÛÑÔÝÑÓÑ❒ÏÛ✃Ó ÛÑÒÔÐ❮✃ÏÒÐÔ ÐÑ Ö➱❮Û➱ÒÐ Ó➱❰➱Ó ✃ÛÛÙ❮✃ÛÏ➱Ô
ÏÔ Ðá➱ Ö❮ÏÝ➱ ÝÑÐÏ❰✃ÐÏÑÒ ØÑ❮ ✃ÝÚÏÐÏÑÙÔ Ö❮Ñ❒❮✃ÝÔ ÓÏ❐➱ Ðá➱ ÑÒ✠
❒ÑÏÒ❒ ❉✃❮❐ çÒ➱❮❒Þ àÙ❮❰➱Þ ✭❉çà☎è✂ ✃ÒÜ àÐ✃❒➱ ✝é ➱êÖ➱❮ÏÝ➱ÒÐÔ
✭❆ÓÚ❮➱ÛáÐ ➱Ð ✃Ó✟ ✄✶✶✡✂ ✄✶✶ë☎ ÓÏ❐➱ Ðá➱ Õ✃❮❒➱ àÞÒÑÖÐÏÛ àÙ❮❰➱Þ
ì➱Ó➱ÔÛÑÖ➱í ✭Õààì✂ Õààì àÛÏ➱ÒÛ➱ îÑÓÓ✃ÚÑ❮✃ÐÏÑÒ ➱Ð ✃Ó✟ ✄✶✶ë☎✂ Ðá➱
➮ÏÜ➱ ïÏ➱ÓÜ ✝ÒØ❮✃❮➱Ü àÙ❮❰➱Þ ì➱Ó➱ÔÛÑÖ➱ ✭➮ï✝ðàì☎ñ ✭àÖ➱❮❒➱Ó ➱Ð ✃Ó✟
✄✶✁☛☎✂ ✃ÒÜ Ðá➱ òóôõö÷ø ✭Õ✃Ù❮➱ÏùÔ ➱Ð ✃Ó✟ ✄✶✁✁☎ ÝÏÔÔÏÑÒÔ✟
ìá➱ Ôá➱✃❮ ÛÑ❮❮➱Ó✃ÐÏÑÒ ØÙÒÛÐÏÑÒ ✭➱æÙÏ❰✃Ó➱ÒÐÓÞ✂ ÖÑ×➱❮ ÔÖ➱Û✠

Ð❮ÙÝ☎✂ ✃ Ý➱✃ÔÙ❮➱ ÑØ Ðá➱ Ô➱ÛÑÒÜ ÝÑÝ➱ÒÐ ÑØ Ðá➱ Ý✃ÔÔ ÜÏÔÐ❮ÏÚÙÐÏÑÒ✂
ÏÔ Ðá➱ ÔÐ✃ÒÜ✃❮Ü ÐÑÑÓ ØÑ❮ ✃Ò✃ÓÞúÏÒ❒ ➮Õ ÔÙ❮❰➱ÞÔ✟ ✆Ðá➱❮ ÔÐ✃ÐÏÔÐÏ✠
Û✃Ó Ý➱✃ÔÙ❮➱Ô ÑØ Ôá➱✃❮ Ý✃ÖÔ ÏÒÛÑ❮ÖÑ❮✃ÐÏÒ❒ áÏ❒á➱❮ Ñ❮Ü➱❮ ÝÑÝ➱ÒÐÔ
✃❮➱ ÖÑÔÔÏÚÓ➱✂ ✃ÒÜ Ðá➱Þ Ú➱ÛÑÝ➱ ÏÒÛ❮➱✃ÔÏÒ❒ÓÞ ✃ÐÐ❮✃ÛÐÏ❰➱ ÏÒ ÓÏ❒áÐ ÑØ
Ðá➱ ÔÏ❒ÒÏûÛ✃ÒÐ ❒✃ÏÒ ÏÒ ÔÏ❒Ò✃Ó✠ÐÑ✠ÒÑÏÔ➱ ➱êÖ➱ÛÐ➱Ü Ø❮ÑÝ Ðá➱ ÖÓ✃ÒÒ➱Ü
Ó✃❮❒➱ ➮Õ ÔÙ❮❰➱ÞÔ✟

P ü❷❷❼ýþþÿÿÿ❽❤⑩❶�❺❹❺❶✁✂✄☎❶✆❺✂❽✝❶✁
❿ ü❷❷❼ýþþÿÿÿ❽✞✄✄❷❽✝❶✁
➈ ü❷❷❼ýþþÿ❾❸❶✄❷❽✁✄❾✟❽❹⑩✄⑩❽✁✝✆
➍ ü❷❷❼ýþþÿÿÿ❽✟✝✄⑨✝✄❽❺✄⑩❽❸❹❷þÿ❺✠þ❺☎✟✞❸❤

✝Ò ÐáÏÔ Ö✃Ö➱❮✂ ×➱ ÛÑÒÔÏÜ➱❮ Ðá➱ ÔÐ✃ÐÏÔÐÏÛÔ ÑØ Ö➱✃❐Ô ÏÒ ✃ Ôá➱✃❮
Ý✃Ö ✭Ñ❮ Ôá➱✃❮ Û✃Ð✃ÓÑ❒☎ ✃Ô ✃ ÛÑÔÝÑÓÑ❒ÏÛ✃Ó Ö❮ÑÚ➱✟ ➮➱ Ü➱ûÒ➱ Ôá➱✃❮
Ö➱✃❐Ô ÚÞ ûÓÐ➱❮ÏÒ❒ Ðá➱ Ý✃Ö ×ÏÐá ✃Ò ✃Ö➱❮ÐÙ❮➱ Ü➱ÔÏ❒Ò➱Ü ÐÑ Ü➱Ð➱ÛÐ ÓÑ✠
Û✃ÓÏú➱Ü Ö❮Ñù➱ÛÐ➱Ü Ý✃ÔÔ ÛÑÒÛ➱ÒÐ❮✃ÐÏÑÒÔ✂ ÔÙÛá ✃Ô ❒✃Ó✃êÞ ÛÓÙÔÐ➱❮Ô✟
✝ÒÜ➱➱Ü✂ ➮Õ ÔÙ❮❰➱ÞÔ Û✃Ò Ú➱ ÙÔ➱Ü ÐÑ Ü➱Ð➱ÛÐ ❒✃Ó✃êÞ ÛÓÙÔÐ➱❮Ô✂ ✃ÒÜ
Ðá➱ ÛÓÙÔÐ➱❮ ÛÑÙÒÐÔ Ðá➱Ò ÙÔ➱Ü ✃Ô ✃ ÛÑÔÝÑÓÑ❒ÏÛ✃Ó Ö❮ÑÚ➱ ✭❑❮ÙÔ➱ ✫
àÛáÒ➱ÏÜ➱❮ ✁ëëëä â✃❮Ï✃Ò ✫ ß➱❮ÒÔÐ➱ÏÒ ✄✶✶✡☎✟ P❮Ñù➱ÛÐÏÑÒ ➱✡➱ÛÐÔ✂
áÑ×➱❰➱❮✂ Ô➱❰➱❮➱ÓÞ ÓÏÝÏÐ Ðá➱ ÖÙ❮ÏÐÞ ÑØ ÛÓÙÔÐ➱❮ Ô✃ÝÖÓ➱Ô Ü➱ûÒ➱Ü
Ðá❮ÑÙ❒á➮Õ✂ Ü➱ÔÖÏÐ➱ ✃ÐÐ➱ÝÖÐÔ ✃Ð ÛÑÒÔÐ❮ÙÛÐÏÒ❒ ÑÖÐÏÝ✃Ó ûÓÐ➱❮Ô✂ Ú➱✠
Û✃ÙÔ➱ Ý✃ÒÞ Ö➱✃❐Ô ❮➱ÔÙÓÐ Ø❮ÑÝ Ðá➱ ✃ÓÏ❒ÒÝ➱ÒÐ ÑØ ÔÝ✃ÓÓ ÔÞÔÐ➱ÝÔ
✃ÓÑÒ❒ Ðá➱ ÓÏÒ➱ ÑØ ÔÏ❒áÐ ✭➮áÏÐ➱ ➱Ð ✃Ó✟ ✄✶✶✄ä å✃Ý✃Ò✃ ➱Ð ✃Ó✟ ✄✶✶✵ä
å➱ÒÒ✃×Ï ✫ àÖ➱❮❒➱Ó ✄✶✶✺☎✟
❆Ò ✃ÓÐ➱❮Ò✃ÐÏ❰➱ ÏÔ ÐÑ ✃Ú✃ÒÜÑÒ Ðá➱ ÛÑ❮❮➱ÔÖÑÒÜ➱ÒÛ➱ Ú➱Ð×➱➱Ò

Ôá➱✃❮ Ö➱✃❐Ô ✃ÒÜ ÛÓÙÔÐ➱❮Ô ✃ÒÜ ÔÏÝÖÓÞ ÙÔ➱ Ðá➱ ÔÐ✃ÐÏÔÐÏÛÔ ÑØ Ö➱✃❐Ô
ÐÑ Ûá✃❮✃ÛÐ➱❮Ïú➱ Ðá➱ Ö❮Ñù➱ÛÐ➱Ü Ý✃ÔÔ ÜÏÔÐ❮ÏÚÙÐÏÑÒ ✭ð➱ÚÓÏÒÔ❐Þ ➱Ð ✃Ó✟
✁ëëë☎✟ ìáÏÔ ÏÔ Ðá➱ ✃ÖÖ❮Ñ✃Ûá ×➱ ✃ÜÑÖÐ ÏÒ Ðá➱ Ö❮➱Ô➱ÒÐ ×Ñ❮❐✟ ìá➱Ô➱
❒➱Ò➱❮✃Ó Ôá➱✃❮ Ö➱✃❐Ô ÜÑ ÒÑÐ Ò➱Û➱ÔÔ✃❮ÏÓÞ á✃❰➱ ✃ÒÞ Ý➱✃ÒÏÒ❒ ✃Ô
ÖáÞÔÏÛ✃Ó ÑÚù➱ÛÐÔ✂ Ú➱ÏÒ❒ ✃ ÛÑÝÚÏÒ✃ÐÏÑÒ ÑØ ❮➱✃Ó ÛÓÙÔÐ➱❮Ô ✃ÒÜ Ûá✃ÒÛ➱
✃ÓÏ❒ÒÝ➱ÒÐÔ✟ ìá➱Ï❮ ✃ÚÙÒÜ✃ÒÛ➱✂ áÑ×➱❰➱❮✂ ÓÏ❐➱ ÛÓÙÔÐ➱❮Ô✂ ÏÔ Ô➱ÒÔÏÐÏ❰➱
ÐÑ Ðá➱ ÙÒÜ➱❮ÓÞÏÒ❒ ÛÑÔÝÑÓÑ❒Þ ✭❏✃ÏÒ ✫ é✃Ò ➮✃➱❮Ú➱❐➱ ✄✶✶✶ä ➮✃Ò❒
➱Ð ✃Ó✟ ✄✶✶ëä ❉Ï➱Ð❮ÏÛá ✫ å✃❮ÐÓ✃Ö ✄✶✁✶ä ❑❮✃ÐÑÛá❰ÏÓ ➱Ð ✃Ó✟ ✄✶✁✶☎✟
✆Ò➱ ÜÏÔ✃Ü❰✃ÒÐ✃❒➱ ÑØ ÐáÏÔ ✃ÖÖ❮Ñ✃Ûá ÏÔ Ðá✃Ð ×➱ ÜÑ ÒÑÐ ÖÑÔÔ➱Ô

✃ ÔÏÝÖÓ➱ ✃Ò✃ÓÞÐÏÛ ØÑ❮Ý ØÑ❮ Ðá➱ ✃ÚÙÒÜ✃ÒÛ➱ ÑØ Ö➱✃❐Ô ✃Ô ✃ ØÙÒÛ✠
ÐÏÑÒ ÑØ ÛÑÔÝÑÓÑ❒ÏÛ✃Ó Ö✃❮✃Ý➱Ð➱❮Ô✟ ìáÏÔ ÏÔ ÏÒ ÛÑÒÐ❮✃ÔÐ ÐÑ Ðá➱ ÔÏÐ✠
Ù✃ÐÏÑÒ ×ÏÐá ÛÓÙÔÐ➱❮Ô✂ ×á➱❮➱ Ö❮✃ÛÐÏÛ✃Ó ➱êÖ❮➱ÔÔÏÑÒÔ ÜÑ ➱êÏÔÐ ØÑ❮
Ðá➱ Ý✃ÔÔ ØÙÒÛÐÏÑÒ Ðá✃Ð ❒❮➱✃ÐÓÞ Ø✃ÛÏÓÏÐ✃Ð➱ Ðá➱ Ðá➱Ñ❮➱ÐÏÛ✃Ó Ö❮➱ÜÏÛ✠
ÐÏÑÒ ÑØ ÛÓÙÔÐ➱❮ ✃ÚÙÒÜ✃ÒÛ➱ ✃ÒÜ ➱êÖÓÑ❮✃ÐÏÑÒ ÑØ Ö✃❮✃Ý➱Ð➱❮ ÔÖ✃Û➱

❆❮ÐÏÛÓ➱ ÖÙÚÓÏÔá➱Ü ÚÞ ç❉P àÛÏ➱ÒÛ➱Ô ❆✁✶✁✂ Ö✃❒➱ ✁ ÑØ ✁✶



❆✫❆ ✺�✁✂ ❆✁✶✁ ✭✷✶✁✺✄

☎Pr❡✆✆ ✝ ❙❝❤❡❝❤✞❡r ✟✠✡☛❀ ❏❡♥☞✌♥✆ ❡✞ ❛✍✳ ✎✏✏✟❀ ❚✌♥☞❡r ❡✞ ❛✍✳

✎✏✏✑✮✳ ❲❡ ♠✉✆✞ ✌♥✆✞❡❛❞ r❡✆sr✞ ✞s ◆✲✒s❞✓ ✆✌♠✉✍❛✞✌s♥✆ ✞s ♣r❡❞✌❝✞

❲▲ ♣❡❛☞ ❛✒✉♥❞❛♥❝❡✔ ❛♥❞ ✇❡ r❡✕✉✌r❡ ✍❛r❣❡ ✆✉✌✞❡✆ s❢ ✆✌♠✉✍❛✞✌s♥✆

✞s ❡①♣✍sr❡ ✞❤❡ ♣❛r❛♠❡✞❡r ✆♣❛❝❡✳

❙✉❝❤ ✆✞✉❞✌❡✆ ❤❛✈❡ ✒❡❡♥ ✉♥❞❡r✞❛☞❡♥ ✒✓ ✆❡✈❡r❛✍ ❛✉✞❤sr✆ ✌♥ r❡✲

❝❡♥✞ ✓❡❛r✆ ☎❉✌❡✞r✌❝❤ ✝ ❍❛r✞✍❛♣ ✎✏✟✏❀ ❑r❛✞s❝❤✈✌✍ ❡✞ ❛✍✳ ✎✏✟✏❀

❨❛♥❣ ❡✞ ❛✍✳ ✎✏✟✟❀ ❍✌✍✒❡r✞ ❡✞ ❛✍✳ ✎✏✟✎❀ ▼❛r✌❛♥ ❡✞ ❛✍✳ ✎✏✟✎✔ ✎✏✟✖✮✳

■♥ ✞❤✌✆ ♣❛♣❡r✔ ✇❡ ♣❡r❢sr♠ ❛ ❋✌✆❤❡r ❛♥❛✍✓✆✌✆ s❢ ✞❤❡ ❝s♥✆✞r❛✌♥✞✆

❢rs♠ ♣❡❛☞ ❝s✉♥✞✆ ✌♥ ✞❤❡ ❝s♥✞❡①✞ s❢ ✉♣❝s♠✌♥❣ ❙✞❛❣❡ ■✗ ❞❛r☞ ❡♥✲

❡r❣✓ ✆✉r✈❡✓✆✔ ❝s♠♣❛r✌♥❣ s✉r r❡✆✉✍✞✆ ✞s ❝s♥✆✞r❛✌♥✞✆ ❡①♣❡❝✞❡❞ ❢rs♠

❝✍✉✆✞❡r ❝s✉♥✞✆✳ ❲❡ ❡♠♣✍s✓ ✍❛r❣❡ ✆✉✌✞❡✆ s❢ ✌♥❞❡♣❡♥❞❡♥✞ ◆✲✒s❞✓

✆✌♠✉✍❛✞✌s♥✆ ✞s ♠✌✞✌❣❛✞❡ ✇❤❛✞ ❤❛✆ ✒❡❡♥ ❛♥ ✌♠♣sr✞❛♥✞ ✍✌♠✌✞❛✞✌s♥ s❢

♣r❡✈✌s✉✆ ✆✞✉❞✌❡✆✔ ❛♥❞ ✇❡ ✇sr☞ ❞✌r❡❝✞✍✓ ✇✌✞❤ ✆❤❡❛r ♠❡❛✆✉r❡♠❡♥✞✆✔

r❛✞❤❡r ✞❤❛♥ r❡❝s♥✆✞r✉❝✞❡❞ ❝s♥✈❡r❣❡♥❝❡ ♠❛♣✆✳

❚❤❡ ✘❯✙✚✛❆✘✘ ❝s❞❡ ☎❑✌❡✆✆✍✌♥❣ ❡✞ ❛✍✳ ✎✏✟✟✮ ✌✆ ❛ r❛♣✌❞ ✆✌♠✲

✉✍❛✞✌s♥ ✞ss✍ ✒❛✆❡❞ s♥ ✍✌♥❡✲s❢✲✆✌❣❤✞ ✌♥✞❡❣r❛✞✌s♥ ✞❤rs✉❣❤ ◆✲✒s❞✓

✒s①❡✆ ✞s ❝❛✍❝✉✍❛✞❡ ✞❤❡ ❲▲ ✣❡✍❞✳ ■✞✆ ✆♣❡❡❞ ❛✍✍s✇✆ ✉✆ ✞s ❣❡♥❡r✲

❛✞❡ ✍❛r❣❡ ♥✉♠✒❡r✆ s❢ ✆✌♠✉✍❛✞❡❞ ✆❤❡❛r ♠❛♣✆✔ ❛♥❞ ❤❡♥❝❡ ❞❡✞❡r♠✌♥❡

♣❡❛☞ ❛✒✉♥❞❛♥❝❡ ❛✆ ❛ ❢✉♥❝✞✌s♥ s❢ ❝s✆♠s✍s❣✌❝❛✍ ♣❛r❛♠❡✞❡r✆ ❛♥❞

✌✞✆ ✈❛r✌❛♥❝❡✳ ■♥ ♣❛r✞✌❝✉✍❛r✔ ✇❡ ❛r❡ ❛✒✍❡ ✞s ❛❝❝✉r❛✞❡✍✓ ❝❛✍❝✉✍❛✞❡

✞❤❡ ❞❡r✌✈❛✞✌✈❡ s❢ ♣❡❛☞ ❛✒✉♥❞❛♥❝❡ ✇✌✞❤ r❡✆♣❡❝✞ ✞s ✞❤❡ ♣❛r❛♠❡✲

✞❡r✆ ♥❡❡❞❡❞ ❢sr ✞❤❡ ❋✌✆❤❡r ♠❛✞r✌①✳ ■✞ ✌✆ ✌♠♣sr✞❛♥✞ ✞s ♥s✞❡ ✞❤❛✞

✇❤✌✍❡ ♠❛♥✓ ♣r❡✈✌s✉✆ ✇sr☞✆ ❤❛✈❡ ❡♠♣✍s✓❡❞ ◆✲✒s❞✓ ✆✌♠✉✍❛✞✌s♥✆

❢sr ✆✌♠✌✍❛r ❛♥❛✍✓✆❡✆✔ ✞❤❡✓ ❤❛✈❡ r❡✍✌❡❞ s♥ ✆✞❛✞✌✆✞✌❝❛✍✍✓ ✆❤✌❢✞❡❞ ♠❛♣✆

❣❡♥❡r❛✞❡❞ ❢rs♠ ❛ ✍✌♠✌✞❡❞ ♥✉♠✒❡r s❢ ✆✌♠✉✍❛✞✌s♥✆ ☎❡✳❣✳✔ ❉✌❡✞r✌❝❤ ✝

❍❛r✞✍❛♣ ✎✏✟✏❀ ❑r❛✞s❝❤✈✌✍ ❡✞ ❛✍✳ ✎✏✟✏❀ ❨❛♥❣ ❡✞ ❛✍✳ ✎✏✟✟❀ ❍✌✍✒❡r✞

❡✞ ❛✍✳ ✎✏✟✎❀ ▼❛r✌❛♥ ❡✞ ❛✍✳ ✎✏✟✎✔ ✎✏✟✖✮✳ ❇✓ ❝s♥✞r❛✆✞✔ ✞❤❡ ♠❛♣✆ ✌♥

✞❤✌✆ ✇sr☞ ❛r❡ ✞r✉✍✓ ✌♥❞❡♣❡♥❞❡♥✞✔ ✇✌✞❤ ❡❛❝❤ ♠❛♣ ❣❡♥❡r❛✞❡❞ ❢rs♠

❛ ✆❡♣❛r❛✞❡ ◆✲✒s❞✓ r❡❛✍✌③❛✞✌s♥✳

❲❡ ✇sr☞ ❞✌r❡❝✞✍✓ ✇✌✞❤ ❡✍✍✌♣✞✌❝✌✞✓ ♠❡❛✆✉r❡♠❡♥✞✆✔ ❛♥ ✉♥✒✌❛✆❡❞

❡✆✞✌♠❛✞sr s❢ ✞❤❡ ✆❤❡❛r ✌♥ ✞❤❡ ❲▲ r❡❣✌♠❡ ☎❡✳❣✳✔ ❉✌❡✞r✌❝❤ ✝ ❍❛r✞✍❛♣

✎✏✟✏❀ ▼❛✞✉r✌ ❡✞ ❛✍✳ ✎✏✟✟❀ ❍❛♠❛♥❛ ❡✞ ❛✍✳ ✎✏✟✎❀ ❍✌✍✒❡r✞ ❡✞ ❛✍✳

✎✏✟✎✮✔ r❛✞❤❡r ✞❤❛♥ ❝s♥✈❡r❣❡♥❝❡ ♠❛♣✆ ✞❤❛✞ ❤❛✈❡ ✒❡❡♥ ✉✆❡❞ ✌♥ ✆❡✈✲

❡r❛✍ ♣r❡✈✌s✉✆ ✆✞✉❞✌❡✆ ☎❡✳❣✳✔ ❑r❛✞s❝❤✈✌✍ ❡✞ ❛✍✳ ✎✏✟✏❀ ❨❛♥❣ ❡✞ ❛✍✳

✎✏✟✟❀ ▼❛r✌❛♥ ❡✞ ❛✍✳ ✎✏✟✎✔ ✎✏✟✖✮✳ ❈s♥✈❡r❣❡♥❝❡ ✌✆ ♥s✞ ✞❤❡ ❞✌r❡❝✞

s✒✆❡r✈❛✒✍❡✔ ✒✉✞ ♠✉✆✞ ✒❡ r❡❝s♥✆✞r✉❝✞❡❞ ❢rs♠ ✆❤❡❛r ♠❡❛✆✉r❡♠❡♥✞✆✳

❖✉r ❛♣♣rs❛❝❤ ❛✈s✌❞✆ ✞❤❡ ❝s♠♣✍❡①✌✞✓ ❛❞❞❡❞ ✒✓ ✞❤✌✆ ✌♥✈❡r✆✌s♥✳ ■♥

❛❞❞✌✞✌s♥✔ ✞❤❡ ✉✆❡ s❢ ✆❤❡❛r ❣r❡❛✞✍✓ ✆✌♠♣✍✌✣❡✆ ✞❤❡ ♥❛✞✉r❡ s❢ ♠❛♣

♥s✌✆❡✔ ✇❤✌❝❤ ✌✆ ♥s♥✲✞r✌✈✌❛✍ ✞s ❡✆✞✌♠❛✞❡ ✌♥ ✞❤❡ ❝❛✆❡ s❢ ✞❤❡ r❡❝s♥✲

✆✞r✉❝✞❡❞ ❝s♥✈❡r❣❡♥❝❡✳

❋✌♥❛✍✍✓✔ ✇❡ ❛♣♣✍✓ ✞s♠s❣r❛♣❤✓ ✞s ✞❤❡ ♣❡❛☞ ✆✞❛✞✌✆✞✌❝✆ ✒✓ ❞✌✲

✈✌❞✌♥❣ ✞❤❡ ✍❡♥✆❡❞ ✒❛❝☞❣rs✉♥❞ ❣❛✍❛①✌❡✆ ✌♥✞s r❡❞✆❤✌❢✞ ✒✌♥✆✳ ❚❤✌✆

s✜❡r✆ ❛ ✞✇s✲❢s✍❞ ❛❞✈❛♥✞❛❣❡❀ ✣r✆✞ ✌✞ ❛✍✍s✇✆ ✉✆ ✞s r❡♠s✈❡ ❢sr❡✲

❣rs✉♥❞ ❣❛✍❛①✌❡✆ ☎✢ ✤ ✏✥✦✮ ✞❤❛✞ ✞❡♥❞ ✞s ❞✌✍✉✞❡ ✞❤❡ ✆❤❡❛r ✆✌❣♥❛✍✔ ❛✍✲

✞❤s✉❣❤ ✞❤❡ ♠❛✆✆ ❞✌✆✞r✌✒✉✞✌s♥ ✒❡✍s✇ ✞❤✌✆ r❡❞✆❤✌❢✞ ✆✞✌✍✍ ❝s♥✞r✌✒✉✞❡✆

✞s ✞❤❡ ✆✞❛✞✌✆✞✌❝✆ ♠❡❛✆✉r❡❞ ✉✆✌♥❣ s♥✍✓ ✞❤❡ ❤✌❣❤❡r r❡❞✆❤✌❢✞ ❣❛✍❛①✌❡✆✳

❙❡❝s♥❞✔ ✇❡ ❝❛♥ ❞❡✞❡❝✞ ✆❤❡❛r ♣❡❛☞✆ ✌♥ ❞✌✜❡r❡♥✞ r❡❞✆❤✌❢✞ ♣✍❛♥❡✆

❛♥❞ ❡①❛♠✌♥❡ ✞❤❡ ✆✞❛✞✌✆✞✌❝✆ ✒s✞❤ ✇✌✞❤✌♥ ❛♥❞ ✒❡✞✇❡❡♥ ♣✍❛♥❡✆✳ ✧✆

✇✌✞❤ ✞❤❡ ✆❤❡❛r ❝srr❡✍❛✞✌s♥ ❢✉♥❝✞✌s♥✔ ✞❤❡ ❛❞❞✌✞✌s♥❛✍ r❛❞✌❛✍ ✌♥❢sr✲

♠❛✞✌s♥ ✆✌❣♥✌✣❝❛♥✞✍✓ ✌♥❝r❡❛✆❡✆ ♣r❡❝✌✆✌s♥ s♥ ❝s✆♠s✍s❣✌❝❛✍ ❝s♥✲

✆✞r❛✌♥✞✆✳ ❇✉✌✍❞✌♥❣ s♥ ✞❤❡ ✇sr☞ s❢ ❍❡♥♥❛✇✌ ✝ ❙♣❡r❣❡✍ ☎✎✏✏✦✮ ❛♥❞

❉✌❡✞r✌❝❤ ✝ ❍❛r✞✍❛♣ ☎✎✏✟✏✮✔ ✇❡ ✕✉❛♥✞✌❢✓ ✞❤❡ ❝s♥✆✞r❛✌♥✌♥❣ ♣s✇❡r

s❢ ✞s♠s❣r❛♣❤✌❝ ✆❤❡❛r ♣❡❛☞ ✆✞❛✞✌✆✞✌❝✆ ❢sr ❙✞❛❣❡ ■✗ ❞❛r☞ ❡♥❡r❣✓

♠✌✆✆✌s♥✆✔ ✆✉❝❤ ❛✆ ❊★✩✪✬✯✳

❲❡ ✒❡❣✌♥ ✒✓ ❞❡✆❝r✌✒✌♥❣ s✉r ❲▲ ✆✌♠✉✍❛✞✌s♥✆ ✌♥ ❙❡❝✞✳ ✎✳ ❚❤❡

♣❡❛☞ ❞❡✞❡❝✞✌s♥ ♣rs❝❡❞✉r❡ ❛♥❞ ✌✞✆ ❛♣♣✍✌❝❛✞✌s♥ ✞s ✞❤❡ ✆✌♠✉✍❛✞✌s♥✆

❛r❡ ❞❡✞❛✌✍❡❞ ✌♥ ❙❡❝✞✳ ✖✳ ■♥ ❙❡❝✞✳ ☛ ✇❡ ❡①❛♠✌♥❡ ♣❡❛☞ ✆✞❛✞✌✆✞✌❝✆

❛♥❞ ✞❤❡✌r ✉✆❡ ❛✆ ❛ ❝s✆♠s✍s❣✌❝❛✍ ♣rs✒❡✳ ❙❡❝✞✌s♥ ✦ ❡①✞❡♥❞✆ ✞❤❡

❛♣♣rs❛❝❤ ✞s ✞s♠s❣r❛♣❤✓✳ ❲❡ ❝s♥❝✍✉❞❡ ✇✌✞❤ ❛ ✣♥❛✍ ❞✌✆❝✉✆✆✌s♥

❛♥❞ ❝s♠♠❡♥✞ s♥ ❢✉✞✉r❡ ❞✌r❡❝✞✌s♥✆ ✌♥ ❙❡❝✞✳ ✻✳ ❚❤rs✉❣❤s✉✞ ✞❤❡ ♣❛✲

♣❡r✔ ❢sr ❝s♥❝r❡✞❡♥❡✆✆✔ ✇❡ ❝s♥✆✌❞❡r ✞❤❡ ✆♣❡❝✌✣❝ ❝❛✆❡ s❢ ❛ ✆✉r✈❡✓

✆✌♠✌✍❛r ✞s ✞❤❛✞ s❢ ✞❤❡ ❊★✩✪✬✯ ♠✌✆✆✌s♥ ✇✌✞❤ ❛ ✣❞✉❝✌❛✍ ✰❛✞ ✱❈❉▼

❝s✆♠s✍s❣✓ ✆♣❡❝✌✣❡❞ ✒✓ ☎✴✵✔ ✴✸✔ ✴❜✔ ✹✔ ✼✽✔ ✾✿✮ ❂ ☎✏✳✎✡✎✔ ✏✳✡✎✑✔
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❲❡ ❡♠♣✍s✓ ✞❤❡ ❋✌✆❤❡r ❢sr♠❛✍✌✆♠ ✞s ❛✆✆❡✆ ✞❤❡ ❝s✆♠s✍s❣✌❝❛✍

❝s♥✆✞r❛✌♥✞✆ ❡①♣❡❝✞❡❞ ❢rs♠ ♣❡❛☞ ❝s✉♥✞✆ ✌♥ ❙✞❛❣❡ ■✗ ❞❛r☞ ❡♥✲

❡r❣✓ ❡①♣❡r✌♠❡♥✞✆✔ ✞❛☞✌♥❣ ❛✆ ✞✓♣✌❝❛✍ ❝❤❛r❛❝✞❡r✌✆✞✌❝✆ ✞❤s✆❡ s❢

✞❤❡ ❊★✩✪✬✯ ☎▲❛✉r❡✌❥✆ ❡✞ ❛✍✳ ✎✏✟✟✮ ♠✌✆✆✌s♥✳ ❊★✩✪✬✯ ✇✌✍✍ ✆✉r✈❡✓

✟✦ ✏✏✏ ❞❡❣❫ ✌♥ ✞❤r❡❡ ✌♥❢r❛r❡❞ ✒❛♥❞✆ ☎❨✔ ❏✔ ❛♥❞ ❍✮ ❛♥❞ ❛ ✆✌♥❣✍❡✔

✇✌❞❡ s♣✞✌❝❛✍ ✣✍✞❡r ☎❝s♠✒✌♥❡❞ r✌③ ✒❛♥❞✆✮✔ ✞❤❡ ✍❛✞✞❡r ✇✌✞❤ ❛ ♣s✌♥✞

✆♣r❡❛❞ ❢✉♥❝✞✌s♥ ☎P❙❋✮ s❢ ✏✳✟ ❛r❝✆❡❝✳ ❚❤❡ ✆✉r✈❡✓ r❡❛❝❤❡✆ ❛ ♠❡❛♥

✆s✉r❝❡ ❣❛✍❛①✓ ❞❡♥✆✌✞✓ ✉✆❛✒✍❡ ❢sr ✍❡♥✆✌♥❣ s❢ ✖✏ ❣❛✍✆✳ ❛r❝♠✌♥❾❫
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❈❛✍❝✉✍❛✞✌s♥ s❢ ✞❤❡ ❋✌✆❤❡r ♠❛✞r✌① r❡✕✉✌r❡✆ ✞❤❡ ❞❡r✌✈❛✞✌✈❡ s❢

✞❤❡ ♠❡❛♥ ♣❡❛☞ ❝s✉♥✞✆ ✇✌✞❤ r❡✆♣❡❝✞ ✞s ❝s✆♠s✍s❣✌❝❛✍ ♣❛r❛♠❡✞❡r✆✔

❡✈❛✍✉❛✞❡❞ ❛✞ ✞❤❡ ✣❞✉❝✌❛✍ ♠s❞❡✍✳ ❲❡ ❛✍✆s ♥❡❡❞ ✞❤❡ ❝s✈❛r✌❛♥❝❡

s❢ ✞❤❡ ♣❡❛☞ ❝s✉♥✞✆ ❛✒s✉✞ ✞❤❡✌r ♠❡❛♥ ✌♥ ✞❤✌✆ ♠s❞❡✍✳ ❙✌♥❝❡ ✇❡

❞s ♥s✞ ♣s✆✆❡✆ ❛♥ ❛♥❛✍✓✞✌❝❛✍ ❡①♣r❡✆✆✌s♥ ❢sr ✞❤❡ ❲▲ ♣❡❛☞ ❛✒✉♥✲

❞❛♥❝❡✔ ✇❡ ♠✉✆✞ ✉✆❡ ✆✌♠✉✍❛✞✌s♥✆ ✞s ❝❛✍❝✉✍❛✞❡ ✞❤❡ ❡①♣❡❝✞❡❞ ♣❡❛☞

❝s✉♥✞✆✳ ❲❡ ♥❡❡❞ ❡♥s✉❣❤ ✆✌♠✉✍❛✞✌s♥✆ ✞s ❛❝❝✉r❛✞❡✍✓ ❞❡✞❡r♠✌♥❡ ✞❤❡

♠❡❛♥ ♣❡❛☞ ❝s✉♥✞✆ ❢sr ❡❛❝❤ ♣❛r❛♠❡✞❡r ✈❛r✌❛✞✌s♥ ❛♥❞ ✞s ❞❡✞❡r✲

♠✌♥❡ ✞❤❡✌r ❝s✈❛r✌❛♥❝❡ ✌♥ ✞❤❡ ✣❞✉❝✌❛✍ ♠s❞❡✍✳ ❚❤✌✆ ✌✆ ♥s♥✲✞r✌✈✌❛✍

❛✆ ♠✉❝❤ s❢ ✞❤❡ ✆✌❣♥❛✍ ❝s♠❡✆ ❢rs♠ ♥s♥✲✍✌♥❡❛r ✆❝❛✍❡✆ ✌♥ ✞❤❡ ♠❛✆✆

❞✌✆✞r✌✒✉✞✌s♥✔ ✇❤✌❝❤ ❝❛♥ s♥✍✓ ✒❡ ♣rs♣❡r✍✓ ♠s❞❡✍❡❞ ✒✓ ◆✲✒s❞✓

✆✌♠✉✍❛✞✌s♥✆✳

❙✌♠✉✍❛✞✌s♥ ✆♣❡❡❞ ✌✆ ✞❤❡r❡❢sr❡ ❡✆✆❡♥✞✌❛✍✳ ■♥ s✉r ✆✞✉❞✓ ✇❡ ✉✆❡

✞❤❡ ✘❯✙✚✛❆✘✘ ♣✌♣❡✍✌♥❡ ❞❡✈❡✍s♣❡❞ ✒✓ ❑✌❡✆✆✍✌♥❣ ❡✞ ❛✍✳ ☎✎✏✟✟✮✳

❲❡ ❣✌✈❡ ❛ ✒r✌❡❢ ❞❡✆❝r✌♣✞✌s♥ s❢ ✞❤❡ ✘❯✙✚✛❆✘✘ ♣✌♣❡✍✌♥❡ ❤❡r❡ ✒✉✞

❢sr ❛ ❢✉✍✍ ♣r❡✆❝r✌♣✞✌s♥ s❢ ❤s✇ ✞❤❡ ✘❯✙✚✛❆✘✘ ❲▲ ✆❤❡❛r ❛♥❞ ❝s♥✲

✈❡r❣❡♥❝❡ ❝❛✞❛✍s❣✆ ❛r❡ ❣❡♥❡r❛✞❡❞✔ ✆❡❡ ❑✌❡✆✆✍✌♥❣ ❡✞ ❛✍✳ ☎✎✏✟✟✮✳ ❋sr

❛ ❣✌✈❡♥ ✆❡✞ s❢ ♣❛r❛♠❡✞❡r✆✔ ✘❯✙✚✛❆✘✘ ✣r✆✞ ❣❡♥❡r❛✞❡✆ ❛♥ ◆✲✒s❞✓

r❡❛✍✌③❛✞✌s♥ ✇✌✞❤ ✞❤❡ ✚❆⑧✚⑨⑩❶✷ ❝s❞❡ ❙♣r✌♥❣❡✍ ☎✎✏✏✦✮✳ ❚❤❡✆❡ ✆✌♠✲

✉✍❛✞✌s♥✆ ❛r❡ ♣❡r❢sr♠❡❞ ✇✌✞❤ ✦✟✎❦ ♣❛✞✌❝✍❡✆ ✌♥ ❛ ✦✟✎ ✹❾❷ ▼♣❝ ✒s①

❛♥❞ ✞❤❡ ✍✌❣❤✞ ❝s♥❡ ✌✆ ✟✏✏ ✆✕✉❛r❡ ❞❡❣r❡❡✆ ❛♥❞ ❣s❡✆ s✉✞ ✞s ❛ r❡❞✆❤✌❢✞

s❢ ✢ ❂ ✎✥✏✳ ❚❤❡ ❝s♥✈❡r❣❡♥❝❡ ❛♥❞ ✆❤❡❛r s❢ ❡❛❝❤ ♠❛✆✆ ♣s✌♥✞ ❛r❡ ❝❛✍✲

❝✉✍❛✞❡❞ ❛✍s♥❣ ✞❤❡ ✍✌♥❡ s❢ ✆✌❣❤✞ ❛✞ ♠✉✍✞✌♣✍❡ ✍❡♥✆✌♥❣ ✆s✉r❝❡ ♣✍❛♥❡✆✳

❚❤✌✆ r❡✍✌❡✆ s♥ ✞❤❡ ❛♣♣✍✌❝❛✒✌✍✌✞✓ s❢ ✞❤❡ ❇sr♥ ❛♣♣rs①✌♠❛✞✌s♥ ✌♥ ✞❤❡

❲▲ r❡❣✌♠❡✔ ✌✳❡✳✔ ✞❤❛✞ ✞❤❡ ♠❡❛♥ ♣❛✞❤ s❢ ✞❤❡ ✍✌❣❤✞ ✒✉♥❞✍❡ ❢rs♠

❛ ❞✌✆✞❛♥✞ s✒❥❡❝✞ r❡♠❛✌♥✆ ❛❞❡✕✉❛✞❡✍✓ ✆✞r❛✌❣❤✞ ✌♥ ✞❤❡ ♣r❡✆❡♥❝❡ s❢

✍❡♥✆✌♥❣✳ ❚❤❡ ✌♥✞❡❣r❛✞✌s♥ ✌✆ ♠✉❝❤ ✕✉✌❝☞❡r ✞❤❛♥ r❛✓ ✞r❛❝✌♥❣ ✞❤rs✉❣❤

✞❤❡ ✆✌♠✉✍❛✞✌s♥ ✒s①✔ ❛♥❞ ❛✍✍s✇✆ ✞❤❡ ♣rs❞✉❝✞✌s♥ s❢ ✍❛r❣❡ ✆✉✌✞❡✆ s❢

✆✌♠✉✍❛✞❡❞ ❲▲ s✒✆❡r✈❛✞✌s♥✆✳ ❚❤❡ ✆❤❡❛r ❛♥❞ ❝s♥✈❡r❣❡♥❝❡ ✌✆ ✞❤❡♥

✌♥✞❡r♣s✍❛✞❡❞ s♥ ✞s ✞❤❡ ✌♥❞✌✈✌❞✉❛✍ ♣❛r✞✌❝✍❡✆ ✌♥ ✞❤❡ ✍✌❣❤✞ ❝s♥❡✔ ♣rs✲

✈✌❞✌♥❣ ❛ ❤✌❣❤✍✓ ✆❛♠♣✍❡❞ ❝❛✞❛✍s❣ s❢ ✆❤❡❛r ❛♥❞ ❝s♥✈❡r❣❡♥❝❡ ❛✍s♥❣

✞❤❡ ✍✌♥❡ s❢ ✆✌❣❤✞✳

❚❤❡ ✆♣❡❡❞ s❢ ✘❯✙✚✛❆✘✘ ❡♥❛✒✍❡✆ ✉✆ ✞s ♣rs❞✉❝❡ ♠❛♥✓ ✌♥✲

❞❡♣❡♥❞❡♥✞ r❡❛✍✌③❛✞✌s♥✆✔ ❛♥ ✌♠♣rs✈❡♠❡♥✞ s✈❡r ♣r❡✈✌s✉✆ ✆✞✉❞✌❡✆

✞❤❛✞ ❤❛❞ ✞s r❡✆sr✞ ✞s ✆❤✉❸✌♥❣ ✞❤❡ r❡✆✉✍✞✆ ❢rs♠ ✆✌♥❣✍❡ r❡❛✍✌③❛✲

✞✌s♥✆✳ ❚❤❡ ✣♥❛✍ ❲▲ ❝❛✞❛✍s❣✆ ❛r❡ ❝s♥✆✞r✉❝✞❡❞ ✒✓ ❞s✇♥✲✆❛♠♣✍✌♥❣

✞❤❡ ❤✌❣❤✍✓ ✆❛♠♣✍❡❞ ✘❯✙✚✛❆✘✘ ✆❤❡❛r ❛♥❞ ❝s♥✈❡r❣❡♥❝❡ ❝❛✞❛✍s❣✆

✞s ✖✏ ❣❛✍❛①✌❡✆ ♣❡r ✆✕✉❛r❡ ❛r❝ ♠✌♥✉✞❡ ✉✆✌♥❣ ✞❤❡ ✆s✉r❝❡ ❣❛✍❛①✓

r❡❞✆❤✌❢✞ ❞✌✆✞r✌✒✉✞✌s♥ s❢ ❹✕✳ ☎✟✮✔ ❛♥❞ ❛✆✆✉♠✌♥❣ ✞❤❛✞ ✞❤❡ ❣❛✍❛①✌❡✆

✞r❛❝❡ ✞❤❡ ❞❛r☞ ♠❛✞✞❡r ❡①❛❝✞✍✓✳ ❚s ♠s❞❡✍ ✞❤❡ ✆❤❛♣❡ ♥s✌✆❡ ❛r✌✆✲

✌♥❣ ❢rs♠ ✌♥✞r✌♥✆✌❝ ❣❛✍❛①✓ ❡✍✍✌♣✞✌❝✌✞✓✔ ✇❡ ❛❞❞ ❛ r❛♥❞s♠ ❡✍✍✌♣✞✌❝✌✞✓

✞s ❡❛❝❤ ✆s✉r❝❡ ❣❛✍❛①✓ ✌♥ ✞❤❡ ✆✌♠✉✍❛✞❡❞ ✆❤❡❛r ❝❛✞❛✍s❣✆ ❛❝❝sr❞✲

✌♥❣ ✞s ❛ ❺❛✉✆✆✌❛♥ ❞✌✆✞r✌✒✉✞✌s♥ ✇✌✞❤ ③❡rs ♠❡❛♥ ❛♥❞ ✆✞❛♥❞❛r❞ ❞❡✲

✈✌❛✞✌s♥ ✼❻✳ ■♥ ♣r❛❝✞✌❝❡✔ ✇❡ ✉✆❡ ❛ ❇s①✲▼✉✍✍❡r ❺❛✉✆✆✌❛♥ r❛♥❞s♠

♥✉♠✒❡r ❣❡♥❡r❛✞sr✔ ❞r❛✇✌♥❣ ✞✇s ✉♥✌❢sr♠ ♥✉♠✒❡r✆ ☎❼⑦ ❽✮ s✈❡r ✞❤❡

✌♥✞❡r✈❛✍ ☎✏⑦ ✟✮ ✞s s✒✞❛✌♥ ✞✇s ❺❛✉✆✆✌❛♥ r❛♥❞s♠ ♥✉♠✒❡r✆ ☎❿❷⑦ ❿❫✮
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❲☞ ★✎☞ t✠☞ ❢✔✓✓✔☛✒✖✫ ☛☞✒✫✠t ❢★✖✑t✒✔✖✎✍ ♠ ❢✔r ✑✔✖✈☞r❧

✫☞✖✑☞ ✡✖✌ ❽ ❢✔r ✎✠☞✡r✍ ✡✏✏r✔✏r✒✡t☞ ❢✔r ✡ ✑✒r✑★✓✡r ✡✏☞rt★r☞ ✭✎☞☞

◗✡rt☞✓✕✡✖✖ ❘ ❙✑✠✖☞✒✌☞r ✢✵✵■✮✘

♠✭❦✮ ❂

➆
➇➇➇➇➈
➇➇➇➇➉

✶
➊❿➋➌

✒❢ ✵ ➍ ❦ ➍ ❦✶

✶
➊➎❿➋➋➏❿

➋
➌➐

✒❢ ❦✶ ➍ ❦ ➍ ❦✷

✵ ☞✓✎☞☛✠☞r☞

✭❏✮

❽✭❦✮ ❂

➆
➇➇➈
➇➇➉

❿➋➋
➊➎❿➋➋➏❿

➋
➌➐❿
➋ ✒❢ ❦✶ ➍ ❦ ➍ ❦✷

✵ ☞✓✎☞☛✠☞r☞✪
✭■✵✮

❭✖ ✏r✡✑t✒✑☞✍ t✠☞ ✒✖t☞✫r✡✓ ✔✈☞r t✠☞ ✡✏☞rt★r☞ ☛☞✒✫✠t ❢★✖✑t✒✔✖

❜☞✑✔✕☞✎ ✡ ✎★✕ ☛☞✒✫✠t☞✌ ❜② t✠☞ ✖★✕❜☞r ✌☞✖✎✒t② ✔❢ ✫✡✓✡✱②

✒✕✡✫☞✎✍ ➑✍

❴❵❣✭❪❫✮ ❂
■

➑

➒

➓

♠✭⑤❪➓ ❾ ❪❫⑤✮❬✭❪➓✮ ✭■■✮

❴❵❣✭❪❫✮ ❂
■

➑

➒

➓

❽✭⑤❪➓ ❾ ❪❫⑤✮✗❷✭❪➓s ❪❫✮s ✭■✢✮

☛✠☞r☞ ✗❷✭❪➓s ❪❫✮ ✡✖✌ ❬✭❪➓✮ ✡r☞ t✠☞ t✡✖✫☞✖t✒✡✓ ✎✠☞✡r ✡✖✌ t✠☞ ✑✔✖✈☞r❧

✫☞✖✑☞ ✔❢ t✠☞ ✒✕✡✫☞ ✡t ❪➓ r☞✓✡t✒✈☞ t✔ t✠☞ ✏✔✒✖t ❦❫✪

◗② ☞✱✏r☞✎✎✒✖✫ t✠☞ ☞q★✡t✒✔✖✎ ✒✖ t☞r✕✎ ✔❢ ✌✒✎✑r☞t☞ ✎★✕✎✍ ☛☞

☞✱✏✓✒✑✒t✓② ✡✑✑✔★✖t ❢✔r t✠☞ ✎✡✕✏✓✒✖✫ ✒✖✠☞r☞✖t ✒✖ t✠☞ ✔❜✎☞r✈✡t✒✔✖✎✍

✒✪☞✪✍ ☛☞ ✔✖✓② ✕☞✡✎★r☞ t✠☞ ✎✠☞✡r ☛✠☞r☞ t✠☞r☞ ✒✎ ✡ ✎✔★r✑☞ ✫✡✓✡✱②✪

❳✔r☞✔✈☞r✍ ☛☞ ★✎☞ t✠☞ ✡✑t★✡✓ ✖★✕❜☞r ✌☞✖✎✒t② ✔❢ ✫✡✓✡✱✒☞✎ ✒✖ t✠☞

✡✏☞rt★r☞✍ r✡t✠☞r t✠✡✖ ✡ ✩✱☞✌✍ ✡✈☞r✡✫☞ ✈✡✓★☞✪ ❚✠☞ ✓✒✖✬ ❢r✔✕ ✎✒✕★❧

✓✡t✒✔✖✎ t✔ ✔❜✎☞r✈✡t✒✔✖✎ ✒✎ tr✒✈✒✡✓✍ ✡✎ ✒t ✒✎ ✎★➔✑✒☞✖t t✔ r☞✏✓✡✑☞ t✠☞

t✡✖✫☞✖t✒✡✓ ✎✠☞✡r✍ ✗❷✍ ✒✖ t✠☞ ✓✡✎t ☞q★✡t✒✔✖ ❜② t✠☞ t✡✖✫☞✖t✒✡✓ ✑✔✕❧

✏✔✖☞✖t ✔❢ t✠☞ ☞✓✓✒✏t✒✑✒t②✍ ✙❷✪ ❚✠✒✎ ✒✎ t✠☞ ✏r✒✖✑✒✏✡✓ ✒✖t☞r☞✎t ✔❢ ★✎✒✖✫

✎✠☞✡r ✒✖✎t☞✡✌ ✔❢ ✑✔✖✈☞r✫☞✖✑☞✪

❚✠☞ ✡✏☞rt★r☞ ✕✡✎✎ ✒✎ ✑✔✖✈☞✖✒☞✖t ❜☞✑✡★✎☞ ✒✖ t✠☞ ✑✡✎☞ ✔❢ t✠☞

✎✠☞✡r✍ ✒t ✏☞r✕✒t✎ ✎✒✕✏✓☞ ✑✡✓✑★✓✡t✒✔✖ ✔❢ ✒t✎ ✈✡r✒✡✖✑☞ ✌★☞ t✔ t✠☞ ✒✖❧

tr✒✖✎✒✑ ☞✓✓✒✏t✒✑✒t② ✔❢ t✠☞ ✎✔★r✑☞ ✫✡✓✡✱✒☞✎✍ ✚✛ ✘

✚✭❴❵❣✮ ❂
✚✛
✜
✢➑

→
➣➣➣➣➣↔

➒

➓

❽
✷
✭⑤❪➓ ❾ ❪❫⑤✮

↕
➙➙➙➙➙➛

✶➜✷

✳ ✭■✦✮

❚✠✒✎ ✡✓✓✔☛✎ ★✎ t✔ ✌☞✩✖☞ ✡ ✓✔✑✡✓ ✖✔✒✎☞ ✓☞✈☞✓ ✡✖✌ ✏☞✡✬ ✌☞t☞✑t✒✔✖

t✠r☞✎✠✔✓✌✍ ☛✠✒✑✠ ✒✎ ✡✖✔t✠☞r ✎tr✔✖✫ ✡r✫★✕☞✖t ✒✖ ❢✡✈✔r ✔❢ ★✎✒✖✫

✎✠☞✡r ✏☞✡✬✎ r✡t✠☞r t✠✡✖ ✑✔✖✈☞r✫☞✖✑☞✪ ❲☞ t✠☞✖ ✌☞✩✖☞ ✏☞✡✬ ✡✕❧

✏✓✒t★✌☞ ✡✎

➝✭❪❫✮ ❂
❴❵❣

✚✭❴❵❣✮
❂

➞
➓ ❽✭⑤❪➓ ❾ ❪❫⑤✮✗❶✭❪➓s ❪❫✮

➟➠➡
✷
✭
➞
➓ ❽

✷✭⑤❪➓ ❾ ❪❫⑤✮✮
✶➜✷

➲ ✭■✉✮

➢➤➥➤➦ ♣✁✝❡ ➧ ☎➨ ➤➥



❆✫❆ ✺�✁✂ ❆✁✶✁ ✭✷✶✁✺✄

❚☎✆ ❛♠✝✞✐t✉✟✆ ♦✠ ❛ ✝✆❛❡ ✐s ✐♥✟✆✝✆♥✟✆♥t ♦✠ t☎✆ ♥♦✡♠❛✞✐③❛t✐♦♥ ♦✠

t☎✆ ✇✆✐❣☎t ✠✉♥❢t✐♦♥☛ ❜✉t ✟♦✆s ✟✆✝✆♥✟ ♦♥ t☎✆ ♥✉♠❜✆✡ ♦✠ ❣❛✞❛☞✐✆s

✐♥ t☎✆ ❛✝✆✡t✉✡✆ t☎✡♦✉❣☎ ❜♦t☎ t☎✆ s✉♠s ✐♥ ♥✉♠✆✡❛t♦✡ ❛♥✟ ✟✆♥♦♠✐✲

♥❛t♦✡✳ P✆❛❡ ❛♠✝✞✐t✉✟✆ t☎✉s ✈❛✡✐✆s ❛s t☎✆ sq✉❛✡✆ ✡♦♦t ♦✠ t☎✆ ♥✉♠✲

❜✆✡ ♦✠ ❣❛✞❛☞✐✆s ✐♥ t☎✆ ❛✝✆✡t✉✡✆✳ ■♥t✡✐♥s✐❢ ❣❛✞❛☞② ✆✞✞✐✝t✐❢✐t② ❛✞s♦

❛✌✆❢ts t☎✆ s✐❣♥❛✞✲t♦✲♥♦✐s✆ ✈❛✞✉✆☛ ❛✞t☎♦✉❣☎ ✐t ✟♦✆s ♥♦t ❢☎❛♥❣✆ t☎✆

✡✆✞❛t✐✈✆ ✐♥t✆♥s✐t② ♦✠ t☎✆ ✝✆❛❡s✳ ✍s ♠✆♥t✐♦♥✆✟☛ ✇✆ t❛❡✆ ✎✏ ❂ ✵✑✸

✒▲✆❛✉t☎❛✉✟ ✆t ❛✞✳ ✓✵✵✔✮✳

✍ ❢✡✐t✐❢❛✞ ✝♦✐♥t ✐s t☎✆ s✐③✆ ❛♥✟ s☎❛✝✆ ♦✠ t☎✆ ❛✝✆✡t✉✡✆✳ ❚☎✆

❢☎♦s✆♥ s☎❛✝✆ ✇✐✞✞ ✝✡✆✠✆✡✆♥t✐❛✞✞② s✆✞✆❢t ❛ s✝✆❢✐♣❢ ✠♦✡♠ ♦✠ st✡✉❢✲

t✉✡✆☛ s✉❢☎ ❛s ❢✞✉st✆✡s ♦✡ ♣✞❛♠✆♥ts☛ ✇☎✐✞✆ t☎✆ s✐③✆ ✇✐✞✞ ✠❛✈♦✡ ♦♥✆

❢✞✉st✆✡ s✐③✆ ♦✈✆✡ ♦t☎✆✡s✳ ❲✆ ♠✉st ❛✞s♦ ❛✟❛✝t t☎✆ ❛✝✆✡t✉✡✆ t♦ ✐♥✲

❢✞✉✟✆ ✆♥♦✉❣☎ ❣❛✞❛☞✐✆s t♦ ♦✝t✐♠✐③✆ t☎✆ s✐❣♥❛✞✲t♦✲♥♦✐s✆ ♦✈✆✡ t☎✆

✡❛♥✟♦♠ s☎❛✝✆ ♥♦✐s✆ ✒t☎✐s ✝♦✐♥t ✇✐✞✞ ❜✆ ✟✐s❢✉ss✆✟ ✐♥ t☎✆ s✆❢t✐♦♥

♦♥ t♦♠♦❣✡❛✝☎②✮✳

❋♦✡ s✐♠✝✞✐❢✐t②☛ ✇✆ ❛✟♦✝t ❛ ✡❛✟✐❛✞✞② s②♠♠✆t✡✐❢ ❛✝✆✡t✉✡✆ ♦✠

♣☞✆✟ ❛♥❣✉✞❛✡ ✡❛✟✐✉s✳ ❚☎✆ ✐♥♥✆✡ ✡❛✟✐✉s ✐s s✆t t♦ ✕✖ ❂ ✸✑✗
✘
☛ ❢♦✡✡✆✲

s✝♦♥✟✐♥❣ t♦ t☎✆ t②✝✐❢❛✞ s✐③✆ ♦✠ ❛ ❢✞✉st✆✡ ❛t ✡✆✟s☎✐✠t ✙ ❂ ✵✑✸☛ ✇☎✆✡✆

t☎✆ ❢♦♥t✡✐❜✉t✐♦♥ t♦ s☎✆❛✡ ✝✆❛❡s ✐s t☎✆ ♠♦st ✐♠✝♦✡t❛♥t ✒❉✐✆t✡✐❢☎ ✚

❍❛✡t✞❛✝ ✓✵✛✵✮☛ t♦ ✆☞❢✞✉✟✆ ❛♥② ❢♦♥t❛♠✐♥❛t✐♦♥ ❜② ❢✞✉st✆✡ ❣❛✞❛☞✐✆s

❛♥✟ t☎✆ st✡♦♥❣ ✞✆♥s✐♥❣ ✡✆❣✐♠✆☛ ✇☎✐✞✆ t☎✆ ♦✉t✆✡ ✡❛✟✐✉s ✐s s✆t t♦

✕✜ ❂ ✛✵✘☛ ✇☎✐❢☎ ✐s ✡♦✉❣☎✞② t☎✆ ✞✐♠✐t ♦✠ t☎✆ ✞✆♥s✐♥❣ ✆✌✆❢t ❛t t☎✐s

✡✆✟s☎✐✠t ✒s✆✆ ❍❛♠❛♥❛ ✆t ❛✞✳ ✓✵✛✓✮✳ ■♥ ✝✡❛❢t✐❢✆☛ ✇✆ ☎❛✈✆ ✠♦✉♥✟ t☎❛t

t☎✆ ♠❛ss ✐♥s✐✟✆ ❛ ❣✐✈✆♥ ❛✝✆✡t✉✡✆ st✡♦♥❣✞② ✟✆✝✆♥✟s ♦♥ t☎✆ ✐♥♥✆✡

✡❛✟✐✉s✳ ■♥ ❛ ✠✉t✉✡✆ ✇♦✡❡☛ ✇✆ ✝✞❛♥ t♦ ✉s✆ ❛ s✆t ♦✠ ❛✝✆✡t✉✡✆ s✐③✆s

t♦ ✆☞t✡❛❢t ✐♥✠♦✡♠❛t✐♦♥ ✠✡♦♠ ✟✐✌✆✡✆♥t s❢❛✞✆s✳ ❖♥✆ ❢♦✉✞✟ ❛✞s♦ ✉s✆

❛♥ ❛✟❛✝t✐✈✆ ♠❛t❢☎✆✟ ♣✞t✆✡ t♦ ✝✡✆✠✆✡✆♥t✐❛✞✞② s✆✞✆❢t ❣❛✞❛☞② ❢✞✉s✲

t✆✡s ✒✆✳❣✳☛ ▼❛✡✐❛♥ ✆t ❛✞✳ ✓✵✛✓✮✳ ❚☎✐s ✐s ♥♦t ♦✉✡ ❣♦❛✞ ✐♥ t☎✐s ♣✡st

st✉✟②☛ ❛♥✟ ✇✆ ✞✆❛✈✆ t☎✆ ✐✟✆♥t✐♣❢❛t✐♦♥ ♦✠ ❛♥ ♦✝t✐♠❛✞ ♣✞t✆✡ t♦ ❛ ✠✉✲

t✉✡✆ ✇♦✡❡✳ ❋✐♥❛✞✞②☛ ✝✆❛❡s ❛✡✆ s✆✞✆❢t✆✟ t♦ ❜✆ ✞❛✡❣✆✡ t☎❛♥ ❛✞✞ t☎✆✐✡

♥✆✐❣☎❜♦✡s ✐♥ ❛ ✡❛✟✐✉s ✆q✉❛✞ t♦ t☎❛t ♦✠ t☎✆ ❛✝✆✡t✉✡✆✳ P✆❛❡s s✐t✉❛t✆✟

❛t ✞✆ss t☎❛♥ ✕✜ ✠✡♦♠ t☎✆ ♠❛✝ ✆✟❣✆s ❛✡✆ ✟✐s❢❛✡✟✆✟ ❛s t☎✆② ❛✡✆ ♥♦t

❢♦♠✝✉t✆✟ ✐♥ t☎✆ ✝✡♦✝✆✡ ❛✝✆✡t✉✡✆✳

✹✢ ✣✤✥✦ ✧★✥★✩✧★✩✪✧

❲✆ ♣✡st ✝✡✆s✆♥t ♦✉✡ st❛t✐st✐❢❛✞ ♠✆t☎♦✟♦✞♦❣② ❛♥✟ ✡✆s✉✞ts ✠✡♦♠ ❛

♥♦♥✲t♦♠♦❣✡❛✝☎✐❢ ❛♥❛✞②s✐s ♦✠ t☎✆ ✝✆❛❡ ❢♦✉♥ts✳ ❙✆❢t✐♦♥ ✗ t☎✆♥ ✆☞✲
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s✐③✆ ✐s t☎✆♥ ♠❛✐♥t❛✐♥✆✟ ✠♦✡ t☎✆ ♦t☎✆✡ ❢♦s♠♦✞♦❣✐✆s✳ ❇✐♥ ✇✐✟t☎s

❛✡✆ ❣✐✈✆♥ ✐♥ ❚❛❜✞✆ ✛☛ ❛✞♦♥❣ ✇✐t☎ t☎✆ ♥✉♠❜✆✡ ♦✠ ✝✆❛❡s ✠♦✡ ♦♥✆

♣✟✉❢✐❛✞ ✡✆❛✞✐③❛t✐♦♥✳

▲✆t ◆❁❃r ❜✆ t☎✆ ♥✉♠❜✆✡ ♦✠ ✝✆❛❡s ✐♥ ❜✐♥ ❄ ♦✠ ✡✆❛✞✐③❛t✐♦♥ ❅ ✠♦✡

❛ ❣✐✈✆♥ ❢♦s♠♦✞♦❣②☛ ❛♥✟ ❘ ❜✆ t☎✆ t♦t❛✞ ♥✉♠❜✆✡ ♦✠ ✡✆❛✞✐③❛t✐♦♥s ♦✠

t☎✐s ❢♦s♠♦✞♦❣②✳ ❉✆♣♥✐♥❣ ❈◆❊❁ ❛s t☎✆ ♠✆❛♥ ♥✉♠❜✆✡ ♦✠ ✝✆❛❡s ✐♥

❜✐♥ ❄☛ ❛✈✆✡❛❣✆✟ ♦✈✆✡ ❛✞✞ ❘ ✡✆❛✞✐③❛t✐♦♥s☛ ✇✆ ❢❛✞❢✉✞❛t✆ t☎✆ ❢♦✈❛✡✐✲

❛♥❢✆ ♠❛t✡✐☞ ♦✠ t☎✆ ❜✐♥♥✆✟ ✝✆❛❡ ❢♦✉♥ts ❛s

●❁❃ ❥ ❂

❏
✖
❑❾✜

◗❑
r ✒◆❁❃r ❯ ❈◆❊❁✮✒◆❥❃r ❯ ❈◆❊ ❥✮ ✐✠ ❄ ❱ ❳

✖
❑❾✖

◗❑
r ✒◆❁❃r ❯ ❈◆❊❁✮✒◆❥❃r ❯ ❈◆❊ ❥✮ ✐✠ ❄ ❂ ❳❨

✒✛✗✮

✉s✐♥❣ ❘ ❂ ✛✗✵ ✐♥✟✆✝✆♥✟✆♥t ✡✆❛✞✐③❛t✐♦♥s ♦✠ t☎✆ ♣✟✉❢✐❛✞ ❢♦s♠♦✞✲

♦❣②✳ ❩❛❢☎ ♦✠ t☎✆s✆ ✡✆❛✞✐③❛t✐♦♥s ❢♦✡✡✆s✝♦♥✟s t♦ ❛ ✞✐❣☎t❢♦♥✆ ♦✠

✛✵✵ ✟✆❣
✜
☛ ❛♥✟ ✇✆ s✉❜s✆q✉✆♥t✞② ♥♦✡♠❛✞✐③✆ t☎✆ ❢♦✈❛✡✐❛♥❢✆ ♠❛✲

t✡✐☞ t♦ ❛♥ ❛✡✆❛ ♦✠ ✛✗ ✵✵✵ ✟✆❣✜ ✒✆✳❣✳☛ t☎✆ ✉s✆❛❜✞✆ ✆☞t✡❛❣❛✞❛❢t✐❢

s❡② ❛♥✟ ❬❭❝❪❄❫ t❛✡❣✆t✮✳ ❋✐❣✉✡✆ ✛ s☎♦✇s t☎✆ ❢♦✡✡✆✞❛t✐♦♥ ♠❛t✡✐☞☛

❴❵❞❧❤ ❦① ④⑤⑥ ⑦⑤⑧⑨⑩❶ ❷⑥⑧ ❸❹❷❺ ❻❼❽⑥⑨❶ ❿❼➀ ❼⑥❹ ➁⑧❽❻⑤❷➂ ➀❹❷➂⑤➃❷⑨⑤❼⑥➄

④⑤⑥ ⑥❽➅➆❹➀ ④⑤⑥ ❶⑤➃❹ ➇

✁ ➈➄✶ ➉✶

✷ ➈➄✷ ➉✷

➈ ➈➄➊ ➋✺

➊ ➈➄✺ ➋➉

✺ ➈➄➉ ➉✷

➋ ➈➄➌ ➉➊

➉ ➊➄✷ ➋➌

� ➊➄✺ ➉➉

➌ ✺➄✶ ➋➋

✁✶ ✺➄➉ ➌✶

➍➎➏❤➐① ➑⑩❹ ❶❹❻❼⑥⑧ ❻❼➂❽➅⑥ ➒⑤➓❹❶ ⑨⑩❹ ➂❼⑦❹➀ ➆❼❽⑥⑧ ❼⑥ ⑨⑩❹ ❸❹❷❺ ❶⑤➒⑥❷➂➔⑨❼➔

⑥❼⑤❶❹ ❿❼➀ ❹❷❻⑩ ➆⑤⑥ ❷⑥⑧ ⑨⑩❹ ⑨⑩⑤➀⑧ ⑨⑩❹ ⑨❼⑨❷➂ ⑥❽➅➆❹➀ ❼❿ ❸❹❷❺❶ ⑤⑥ ⑨⑩❹ ➆⑤⑥→ ❿❼➀

❹➣❷➅❸➂❹✂ ⑨⑩❹ ➁➀❶⑨ ➂⑤⑥❹ ➀❹❷⑧❶↔ ⑤⑥ ➆⑤⑥ ✁ ⑨⑩❹➀❹ ❷➀❹ ➉✶ ❸❹❷❺❶ ⑦⑤⑨⑩ ❶⑤➒⑥❷➂➔⑨❼➔

⑥❼⑤❶❹ ➆❹⑨⑦❹❹⑥ ➈➄✶ ❷⑥⑧ ➈➄✷➄

↕ ➙ ➛ ➜ ➝ ➞ ➟ ➠ ➡ ↕➢

↕

➙

➛

➜

➝

➞

➟

➠

➡

↕➢

➤➢➥➜

➤➢➥➙

➢

➢➥➙

➢➥➜

➢➥➞

➢➥➠

↕

➦➧➨① ❦① ➩❼➀➀❹➂❷⑨⑤❼⑥ ➅❷⑨➀⑤➣ ❼❿ ⑨⑩❹ ❶⑩❹❷➀ ❸❹❷❺ ⑧⑤❶⑨➀⑤➆❽⑨⑤❼⑥ ❿❼➀ ❷ ✁✶✶

❶➫❽❷➀❹➔⑧❹➒➀❹❹ ➁❹➂⑧✂ ❻❷➂❻❽➂❷⑨❹⑧ ➆➭ ❷➓❹➀❷➒⑤⑥➒ ❼➓❹➀ ✁✺✶ ➀❹❷➂⑤➃❷⑨⑤❼⑥❶ ❼❿ ⑨⑩❹

➁⑧❽❻⑤❷➂ ❻❼❶➅❼➂❼➒➭ ✭❶❹❹ ➯➫➄ ✭✁✺✄✄➄ ➑⑩⑤❶ ⑤❶ ⑨⑩❹ ❻❼➓❷➀⑤❷⑥❻❹ ➅❷⑨➀⑤➣ ⑥❼➀➅❷➂➔

⑤➃❹⑧ ⑨❼ ❽⑥⑤⑨ ⑧⑤❷➒❼⑥❷➂➄ ➑⑩❹ ➲ ❷⑥⑧ ➳➔❷➣⑤❶ ➓❷➂❽❹❶ ❷➀❹ ⑨⑩❹ ❸❹❷❺ ⑩❹⑤➒⑩⑨ ➆⑤⑥

⑥❽➅➆❹➀❶✂ ⑧❹➁⑥❹⑧ ⑤⑥ ➑❷➆➂❹ ✁➄

✐✳✆✳☛ t☎✆ ❢♦✈❛✡✐❛♥❢✆ ♠❛t✡✐☞ ♥♦✡♠❛✞✐③✆✟ t♦ ✉♥✐t② ❛✞♦♥❣ t☎✆ ✟✐❛❣♦✲
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❜✆ ♠♦✡✆ ❢♦✡✡✆✞❛t✆✟ ❜✆t✇✆✆♥ ❜✐♥s☛ ✇✐t☎ s✐❣♥❛✞ ❜✆✐♥❣ ✟♦♠✐♥❛t✆✟

❛♥✟ s✆✆♥ ❜② s✉❢❢✆ss✐✈✆ s♦✉✡❢✆ ✝✞❛♥✆s☛ ✇☎✐✞✆ t☎✆ ✞♦✇✆✡ s✐❣♥❛✞✲
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●✠✉✡✡☛✠☞ ❞☛✡tr☛❜✉t✌❞ ❜☛☞ ✍✎✉☞t✡✱ ☛✳✌✳✱ ✠✡ t✏✌ ☞✉✑❜✌r ✎❢ ✒✌✠✓✡ ❜✌✔

✍✎✑✌✡ ❧✠r❣✌✳ ✕✎✡✑✎❧✎❣☛✍✠❧ ✒✠r✠✑✌t✌r ✍✎☞✡tr✠☛☞t✡ ✠r✌ t✏✌☞ ✎❜✔

t✠☛☞✌❞ ❜② ☛☞✈✌rt☛☞❣ t✏✌ ❋☛✡✏✌r ✑✠tr☛✖✱

✗✘✙✚✘✛ ❂ ✭✜✮
❾✶
✘✙✚✘✛ ✢ ✭✣✤✮

❋✎❧❧✎✥☛☞❣ ❍✠rt❧✠✒ ✌t ✠❧✳ ✭✷✦✦✧✮✱ ✥✌ ✉✡✌ t✏✌ ✉☞❜☛✠✡✌❞ ✌✡t☛✑✠t✎r✱

★✗❾✶✱ ❢✎r t✏✌ ☛☞✈✌r✡✌ ✍✎✈✠r☛✠☞✍✌ ✑✠tr☛✖✳ ❯☞❞✌r t✏✌ ✠✡✡✉✑✒t☛✎☞ ✎❢

●✠✉✡✡☛✠☞ ✌rr✎r✡ ✠☞❞ ☛☞❞✌✒✌☞❞✌☞t ❞✠t✠ ✈✌✍t✎r✡✱ ☛t ☛✡ r✌❧✠t✌❞ t✎ t✏✌

☛☞✈✌r✡✌ ✎❢ t✏✌ ✌✡t☛✑✠t✌❞ ✍✎✈✠r☛✠☞✍✌ ✑✠tr☛✖ ✭✩✪✳ ✭✣✫✮✮ t✏r✎✉❣✏

t✏✌ ☞✉✑❜✌r ✎❢ r✌✠❧☛③✠t☛✎☞✡✱ ❘✱ ✠☞❞ t✏✌ ☞✉✑❜✌r ✎❢ ❞✌❣r✌✌✡✔✎❢✔

❢r✌✌❞✎✑✱ ❉✱ ✠✡

★✗❾✶ ❂
❘ ✬ ❉ ✬ ✷

❘ ✬ ✣
✗
❾✶
✯ ✭✣✰✮

✥✏✌r✌ ☛☞ ✎✉r ✍✠✡✌ ❉ ☛✡ t✏✌ ☞✉✑❜✌r ✎❢ ✒✌✠✓✔✏✌☛❣✏t ❜☛☞✡✳ ❚✏☛✡ ✍✎r✔

r✌✍t☛✎☞ ✥☛❧❧ t✏✉✡ ❜✌ ✑✎r✌ ☛✑✒✎rt✠☞t ☛☞ ✎✉r t✎✑✎❣r✠✒✏☛✍ ✠☞✠❧②✔

✡☛✡ ✥✏✌r✌ ✥✌ ❜✉☛❧❞ t✏✌ ✍✎✈✠r☛✠☞✍✌ ✑✠tr☛✖ t✏r✎✉❣✏ t✏✌ ✠✡✡✌✑❜❧✌❞

✒✌✠✓ ❞☛✡tr☛❜✉t☛✎☞✡ ✎❢ ✡✌✈✌r✠❧ r✌❞✡✏☛❢t ✡❧☛✍✌✡✳

❚✏✌ ❞✌r☛✈✠t☛✈✌ ✎❢ t✏✌ ✒✌✠✓ ✍✎✉☞t✡ ✥☛t✏ r✌✡✒✌✍t t✎ ✍✎✡✑✎❧✎❣✔

☛✍✠❧ ✒✠r✠✑✌t✌r✡ ✠✈✌r✠❣✌❞ ✎✈✌r ✠❧❧ t✏✌ r✌✠❧☛③✠t☛✎☞✡ ✲ ☛✡ ❣☛✈✌☞ ❜②

✴✵✸✹✺

✴✻✼
❂
✣

❘

✽✾

❀❁✶

✸✺❃❀✭✻✼ ❄ ❅✻✼✮ ✬ ✸✺❃❀✭✻✼ ✬ ❅✻✼✮

✷❅✻✼
✯ ✭✷✦✮

✥✏✌r✌ ❅✻✼ ☛✡ t✏✌ ✈✠r☛✠t☛✎☞ ✎❢ t✏✌ ✍✎✡✑✎❧✎❣☛✍✠❧ ✒✠r✠✑✌t✌r ✻✼✳

❚✏☛✡ ✍✠❧✍✉❧✠t☛✎☞ r✌✪✉☛r✌✡ ✠ ✡✉❆✍☛✌☞t ☞✉✑❜✌r✱ ❘✱ ✎❢ ☞✉✑✌r☛✔

✍✠❧ ✡☛✑✉❧✠t☛✎☞✡ ✎❢ ✌✠✍✏ ✍✎✡✑✎❧✎❣② t✎ ✠✍✍✉r✠t✌❧② ❞✌t✌r✑☛☞✌ t✏✌

❞✌r☛✈✠t☛✈✌✡✳ ❋✎r ✠ ✡☛☞❣❧✌ ✒✠r✠✑✌t✌r ✈✠r☛✠t☛✎☞✱ ✥✌ ✉✡✌❞ ✷✫✦ ✍✎✡✔

✑✎❧✎❣☛✍✠❧ ✡☛✑✉❧✠t☛✎☞✡ ✭✣✫✦ ❢✎r t✏✌ ❇❞✉✍☛✠❧ ✍✎✡✑✎❧✎❣② ✠☞❞ ✫✦

❢✎r ✠ ✈✠r☛✠t☛✎☞ ✎❢ ❄❅✻✼ ✠☞❞ ✫✦ ❢✎r ✠ ✈✠r☛✠t☛✎☞ ✎❢ ✬❅✻✼✮✳

❚✎ ❞✌t✌r✑☛☞✌ ☛❢ t✏☛✡ ☛✡ ✡✉❆✍☛✌☞t✱ ✥✌ ✒✌r❢✎r✑ ✠ ✍✎☞✈✌r❣✌☞✍✌

t✌✡t ✎☞ ☞✉✑❜✌r✡ ✎❢ r✌✠❧☛③✠t☛✎☞✡ ❜② ✍✎✑✒✠r☛☞❣ t✏✌ ❞✌r☛✈✠t☛✈✌✡ ✎❢

t✏✌ ✒✌✠✓ ✍✎✉☞t✡ ❢✎r ☛☞✍r✌✠✡☛☞❣ ☞✉✑❜✌r✡ ✎❢ r✌✠❧☛③✠t☛✎☞✡ ✎❢ t✏✌

✑✎❞☛❇✌❞ ✍✎✡✑✎❧✎❣☛✌✡✳ ■☞ ❋☛❣✳ ✷ ✥✌ ✡✏✎✥ t✏✌ ❞✌r☛✈✠t☛✈✌✡ ✥☛t✏

r✌✡✒✌✍t t✎ ❊♠ ✠☞❞ ❏❑ ✥✏✌☞ ✈✠r②☛☞❣ t✏✌ ☞✉✑❜✌r ✎❢ r✌✠❧☛③✠t☛✎☞✡

❢r✎✑ ✣✦ t✎ ✫✦ ☛☞ ☛☞✍r✌✑✌☞t✡ ✎❢ ✣✦ r✌✠❧☛③✠t☛✎☞✡✳ ❲✌ ☞✎t✌ t✏✠t t✏✌

❞✌r☛✈✠t☛✈✌✡ ❞✎ ☞✎t ✡☛❣☞☛❇✍✠☞t❧② ✌✈✎❧✈✌ ❜✌②✎☞❞ ▲✦ r✌✠❧☛③✠t☛✎☞✡✱

❥✉✡t☛❢②☛☞❣ ✎✉r ✍✏✎☛✍✌ ✎❢ ❘ ❂ ✫✦ ❢✎r t✏✌ ✑✎❞☛❇✌❞ ✍✎✡✑✎❧✎❣☛✌✡✳

❲✌ ✉✡✌ ✠ ❧✠r❣✌r ☞✉✑❜✌r ✎❢ r✌✠❧☛③✠t☛✎☞✡ ✎❢ t✏✌ ❇❞✉✍☛✠❧ ✍✎✡✑✎❧✔

✎❣② ❜✌✍✠✉✡✌ t✏✌ ✍✎✈✠r☛✠☞✍✌ ✑✠tr☛✖ ☛✡ ✍✎✑✒✉t✌❞ ❢✎r t✏✠t ✑✎❞✌❧✱

✥✏☛❧✌ ✎☞❧② t✏✌ ✑✌✠☞ ✒✌✠✓ ✍✎✉☞t✡ ✠r✌ r✌✪✉☛r✌❞ ❢✎r t✏✌ ✎t✏✌r ✍✎✡✔

✑✎❧✎❣☛✌✡✳ ❚✠②❧✎r ❖ P✎✠✍✏☛✑☛ ✭✷✦✣◗✮ ✍✠❧✍✉❧✠t✌❞ t✏✌ ✠✍✍✉r✠✍② ✎❢

t✏✌ ✍✎✈✠r☛✠☞✍✌ ✑✠tr☛✖ ❣☛✈✌☞ t✏✌ ☞✉✑❜✌r ✎❢ r✌✠❧☛③✠t☛✎☞✡ ✠☞❞ ✎❢

❞✌❣r✌✌✡ ✎❢ ❢r✌✌❞✎✑ ✎❢ t✏✌ ❞✠t✠ ✈✌✍t✎r✡✳ ❋✎❧❧✎✥☛☞❣ t✏✌☛r ✩✪✳ ✭✣▲✮✱

✥✌ ✌✡t☛✑✠t✌ t✏✌ ✒r✌✍☛✡☛✎☞ ✎❢ ✎✉r ✍✎✈✠r☛✠☞✍✌ ✑✠tr☛✖ t✎ ❜✌ ❜✌tt✌r

t✏✠☞ ❙✣▲❱✥☛t✏ ✎✉r ✣✫✦ r✌✠❧☛③✠t☛✎☞✡✳ ❚✏✌ ✠❞❞☛t☛✈✌ ❢✠✍t✎r ✎❢ ✷❳
❾❨✱

✥✏✌r✌ ❳ ☛✡ t✏✌ ❞✌✡☛r✌❞ ✠✍✍✉r✠✍②✱ ☛☞ t✏✌ r✌✪✉☛r✌❞ ☞✉✑❜✌r ✎❢ r✌✠❧✔

☛③✠t☛✎☞✡ ❧☛✑☛t✡ ☛☞ ✒r✠✍t☛✍✌ t✏✌ ✠✍✏☛✌✈✠❜❧✌ ✠✍✍✉r✠✍② ✎☞ t✏✌ ✍✎✈✠r☛✔

✠☞✍✌ ✑✠tr☛✖❩ ✡✉❜✔✒✌r✍✌☞t ✠✍✍✉r✠✍②✱ ❢✎r ☛☞✡t✠☞✍✌✱ ✥✎✉❧❞ ❞✌✑✠☞❞

✠t ❧✌✠✡t ◗✦ ✦✦✦ r✌✠❧☛③✠t☛✎☞✡✳ ❬✉r ✍✏✎☛✍✌ ✎❢ ✣✫✦ ✡✌✌✑✡ r✌✠✡✎☞✠❜❧✌

❢✎r t✏✌ ✒r✌✡✌☞t t✌✡t✔✡t✉❞②✱ ❜✉t t✏☛✡ ☛✡✡✉✌ ✍✠❧❧✡ ❢✎r ❢✉rt✏✌r ✠tt✌☞t☛✎☞

✠☞❞ ✒r✌✡✌☞t✡ ✠ ✍r✉✍☛✠❧ ❞☛❆✍✉❧t② ❢✎r ✑✠☞② ❞✠r✓ ✌☞✌r❣② ✒r✎❜✌✡

❜✠✡✌❞ ✎☞ ❧✠r❣✌✔✡✍✠❧✌ ✡tr✉✍t✉r✌✱ ✡✉✍✏ ✠✡ ✍✎✡✑☛✍ ✡✏✌✠r✳

❭❪❫❪ ❴❵❦qs①❦

④✡ ✠☞ ☛❧❧✉✡tr✠t☛✎☞ ✎❢ ✒✌✠✓ ✍✎✉☞t ✡t✠t☛✡t☛✍✡✱ ✥✌ ✡t✉❞② ✠✍✏☛✌✈✔

✠❜❧✌ ✍✎☞✡tr✠☛☞t✡ ✎☞ t✥✎ ✍✎✡✑✎❧✎❣☛✍✠❧ ✒✠r✠✑✌t✌r✡⑤ t✏✌ t✎t✠❧ ✑✠t✔

t✌r ❞✌☞✡☛t②✱ ❊♠✱ ✠☞❞ t✏✌ ✒r✌✡✌☞t✔❞✠② ❧☛☞✌✠r ✑✠tt✌r ✒✎✥✌r ✡✒✌✍✔

tr✉✑ ☞✎r✑✠❧☛③✠t☛✎☞✱ ❏❑✳ ■☞ t✏✌ ✡t✠☞❞✠r❞ ⑥✕⑦⑧ ✑✎❞✌❧✱ t✏✌✡✌

✠r✌ ✥✌❧❧ ✍✎☞✡tr✠☛☞✌❞ ❜② ✍✎✡✑☛✍ ✑☛✍r✎✥✠✈✌ ❜✠✍✓❣r✎✉☞❞ ✭✕⑧⑨✮

⑩❶❷❷

⑩❸❷❷

⑩❹❷❷

❷

❹❷❷

❸❷❷

❶❷❷

❺❷❷

❻❷❷

❼❷❷

❹ ❸ ❶ ❺ ❻ ❼ ❽ ❿ ➀ ❹❷

➁➂
➃
➄ ➅
➆➁
➇
➈

➉➊➋➌ ➍➎ ➏➐➑

➒➓➔→
➒➓➣→
➒➓↔→
➒➓↕→
➒➓➙→

⑩❸❷❷

⑩❹❷❷

❷

❹❷❷

❸❷❷

❶❷❷

❺❷❷

❻❷❷

❹ ❸ ❶ ❺ ❻ ❼ ❽ ❿ ➀ ❹❷

➁➂
➃
➄ ➅
➆➁
➛
➜

➉➊➋➌ ➍➎ ➏➐➑

➒➓➔→
➒➓➣→
➒➓↔→
➒➓↕→
➒➓➙→

➝➞➟➠ ➡➠ ➢❡✂✐➤✁✄✐➤❡✆ ☎➥ ✄❤❡ ♣❡✁✟ ❝☎➦♥✄✆ ✇✐✄❤ ✂❡✆♣❡❝✄ ✄☎ ➧➨ ➩➫➭➯➲ ✁♥➳ ➵➸
➩➺➭➫➫➭➻➲ ✁✆ ➳❡➼♥❡➳ ✐♥ ➽➾� ➩➚➪➲ ✁✆ ✁ ➥➦♥❝✄✐☎♥ ☎➥ ✄❤❡ ♥➦✞➶❡✂ ☎➥ ✂❡✁❛✐➹✁➘

✄✐☎♥✆ ☎➥ ✄❤❡ ✞☎➳✐➼❡➳ ❝☎✆✞☎❛☎✝✐❡✆� ➴❡✆➦❛✄✆ ➥☎✂ ➷ ➬ ➩➮➪➱ ➚➪➱ ✃➪➱ ❐➪➱ ❒➪➲

❝☎✂✂❡✆♣☎♥➳❮ ✂❡✆♣❡❝✄✐➤❡❛♦❮ ✄☎ ✄❤❡ ✂❡➳❮ ✝✂❡❡♥❮ ➶❛➦❡❮ ♣➦✂♣❛❡ ✁♥➳ ❝♦✁♥ ❝➦✂➤❡✆�
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✎❜✡✌r✈✠t☛✎☞✡ ✭❍☛☞✡✏✠✥ ✌t ✠❧✳ ✷✦✣▲❩ Ï❧✠☞✍✓ ✕✎❧❧✠❜✎r✠t☛✎☞ÐÑ■

✷✦✣◗✮✳ ⑧✌t✏✎❞✡ ✑✌✠✡✉r☛☞❣ t✏✌☛r ✈✠❧✉✌✡ ✠t ❧✎✥ r✌❞✡✏☛❢t✡✱ ✡✉✍✏

✠✡ ✒✌✠✓ ✍✎✉☞t✡ ✎r ✎t✏✌r ❣r✠✈☛t✠t☛✎☞✠❧ ❧✌☞✡☛☞❣ ✎❜✡✌r✈✠t☛✎☞✡✱ ✠r✌

✉✡✌❢✉❧ t✎ ✡✌✠r✍✏ ❢✎r ✌✖t✌☞✡☛✎☞✡ ✎❢ t✏☛✡ ✡☛✑✒❧✌ ✑✎❞✌❧✳ ❚✏✌ ✒✎✥✌r

✡✒✌✍tr✉✑ ☞✎r✑✠❧☛③✠t☛✎☞✱ ❏❑✱ ☛✡ ✠ ❣✎✎❞ ✌✖✠✑✒❧✌⑤ ❞☛Ò✌r✌☞✍✌✡ ❜✌✔

t✥✌✌☞ ✈✠❧✉✌✡ ✎❜t✠☛☞✌❞ ❢r✎✑ t✏✌ ✕⑧⑨ ✠☞❞ ❧✎✥ r✌❞✡✏☛❢t ✑✌t✏✎❞✡
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❣☛✈✌☞ ☛☞ ❚✠❜❧✌ ✷ t✎ ❞✌❇☞✌ ✠ r✌❢✌r✌☞✍✌ ✍✎✡✑✎❧✎❣②✳ ❲✌ ❣✌☞✌r✠t✌❞

✣✫✦ r✌✠❧☛③✠t☛✎☞✡ ✎❢ t✏✌ ❇❞✉✍☛✠❧ ✍✎✡✑✎❧✎❣② ✠☞❞ ✫✦ r✌✠❧☛③✠t☛✎☞✡

✎❢ ✌✠✍✏ r✌❢✌r✌☞✍✌ ✍✎✡✑✎❧✎❣②✳ ❲✏✌☞ ✈✠r②☛☞❣ ✎☞✌ ✒✠r✠✑✌t✌r✱ t✏✌

✎t✏✌r r✌✑✠☛☞✡ ✠t ☛t✡ ❇❞✉✍☛✠❧ ✈✠❧✉✌✳ ❍✎✥✌✈✌r✱ ✥✏✌☞ ✈✠r②☛☞❣ t✏✌

✑✠tt✌r ❞✌☞✡☛t② ✒✠r✠✑✌t✌r✱ ❊Ô✱ t✏✌ ❞✠r✓ ✌☞✌r❣② ❞✌☞✡☛t② ✒✠r✠✑✌✔
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❲✌ ❇r✡t ✌✖✠✑☛☞✌ t✏✌ ❞☛✡tr☛❜✉t☛✎☞ ✎❢ ê❨ ✈✠❧✉✌✡ ✭✩✪✳ ✭✣ë✮✮ ☛☞ t✏✌

❇❞✉✍☛✠❧ ✍✎✡✑✎❧✎❣②✱ ✉✡☛☞❣ t✏✌ ✍✎✈✠r☛✠☞✍✌ ✑✠tr☛✖ ✍✠❧✍✉❧✠t✌❞ ✎✈✌r
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➇➄➁➃ ➂➁❻➆❼❻ ➊➁❻➈➁➋➏❼➐
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❿➁➃❻➈➔ ❾❺ ➃➄❼ ➓❽➅➏➈➁➂ ➏❾➉❿❾➂❾➆➍➀ ➇❼ ➉❼❼ ➃➄➁➃ ➃➄❼ →➣ ❽➈➉➃❻➈➌➅➎
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❴❵❛✳ Ñ✳ ❋✠s❤♠☛ Ò♦✠♥☞ ❝♦♥❞✠☞✠♦♥✡✞ ❝♦♥s☞☛✡✠♥☞s ♦♥ ✍❸ ✡♥❞ ✎✽ ✇✠☞❤ ♥♦♥✲

☞♦✝♦✟☛✡♣❤✠❝ ♣♠✡r ❝♦✉♥☞ s☞✡☞✠s☞✠❝s ❢♦☛ ✡ ÓÔÕ⑩Ö×✲✞✠r♠ s✉☛✈♠✖Ø ☞❤♠ ☛♠❞ ✡♥❞

✗✞✡❝r ❝♦♥☞♦✉☛s ❞♠✞✠♥♠✡☞♠ ✁ ✡♥❞ ✷✎ s✠✟♥✠✣❝✡♥❝♠ ✞✠✝✠☞s✌

➜➇❾➎❽➈❿❼➋➉➈❾➋➁➂ ➏❾➋➉➃❻➁➈➋➃➉ ➁❻❼ ➒➂❾➃➃❼❽ ➈➋ ↕➈➆➐ Ù ➇➈➃➄ ➾Ú ➁➋❽
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✥☎✥✠

✥☎✥✵

✥ ✝✥ ✟✥ ✵✥ ✡✥ ✆✥✥ ✆✝✥ ✆✟✥ ✆✵✥

◆
☛☞
✌
✍✎
✏✑
✒✓
✔✕
✌
✖✒
☞
☛✗
☞✒
✍✎
✏✑
✍✘
✏☛
✔✙

✚✛

❁✚✛❃✜✢✣✤✦

❱✧★✩✚✛✮✜✦✢✤✣

✚✛ ✪✬✯✰★✬✱✲✰✬✳✴
✰★✲t ✚✛

✥

✥☎✥✆

✥☎✥✝

✥☎✥✞

✥☎✥✟

✥☎✥✠

✥☎✥✵

✥ ✝✥ ✟✥ ✵✥ ✡✥ ✆✥✥ ✆✝✥ ✆✟✥ ✆✵✥

◆
☛☞
✌
✍✎
✏✑
✒✓
✔✕
✌
✖✒
☞
☛✗
☞✒
✍✎
✏✑
✍
✘✏☛
✔✙

✚✛

❁✚✛❃✜✸✢✤✹

❱✧★✩✚✛✮✜✢✹✣✤✻

✚✛ ✪✬✯✰★✬✱✲✰✬✳✴
✰★✲t ✚✛

❋✼✽✾ ✿✾ ❀❂❄❅❇❈✐③❉❊ ●❍ ❊✐s■❄✐❏✉■✐❂♥s ✇✐■❑ ❄❉s▲❉❝■ ■❂ ■❑❉ ❝❂✈❇❄✐❇♥❝❉ ❅❇■❄✐r

❢❂❄ ✁✺✶ ❄❉❇❈✐③❇■✐❂♥s ❂❢ ■❑❉ ▼❊✉❝✐❇❈ ❝❂s❅❂❈❂♦❖ ✇✐■❑ ▼✈❉ s❂✉❄❝❉ ❄❉❊s❑✐❢■

▲❈❇♥❉s❛ P❇❝❑ ❂❢ ■❑❉ ▼✈❉ s❂✉❄❝❉ ▲❈❇♥❉s ✐s ❇ss❂❝✐❇■❉❊ ✇✐■❑ ✁✶ s✐♦♥❇❈◗■❂◗

♥❂✐s❉ ❏✐♥s ❝❂♥■❇✐♥✐♥♦ ❉❡✉❇❈ ♥✉❅❏❉❄s ❂❢ ▲❉❇♣s❛ ❘❈❇❝♣ ❑✐s■❂♦❄❇❅s ■❄❇❝❉

■❑❉ ❊✐s■❄✐❏✉■✐❂♥ ❂❏s❉❄✈❉❊ ✐♥ ■❑❉ s✐❅✉❈❇■✐❂♥s ❇♥❊ ■❑❉ ❄❉❊ ❝✉❄✈❉ ❄❉▲❄❉s❉♥■s

❇ ■❑❉❂❄❉■✐❝❇❈ ●❍ ❊✐s■❄✐❏✉■✐❂♥ ✇✐■❑ ✺✶ ❊❉♦❄❉❉s◗❂❢◗❢❄❉❉❊❂❅❛ ❚❑❉ ❙❯❲ ❲❳❨❩❬

♦✐✈❉s ■❑❉ ❊✐s■❄✐❏✉■✐❂♥ ❢❂❄ ■❑❉ ✁✺✶ ❄❉❇❈✐③❇■✐❂♥s ❂❢ ■❑❉ ▼❊✉❝✐❇❈ ❅❂❊❉❈❛ ❚❑❉

❬❯❭❩❪ ❲❳❨❩❬ ♦✐✈❉s ■❑❉ ❊✐s■❄✐❏✉■✐❂♥ ❢❂❄ ■❑❉ ✺✶ ❄❉❇❈✐③❇■✐❂♥s ❂❢ ■❑❉ ❇❈■❉❄♥❇■❉

❝❂s❅❂❈❂♦❖ ✇✐■❑ ❫♠ ✐♥❝❄❉❇s❉❊ ❏❖ ✁✶❴ ❢❄❂❅ ✐■s ▼❊✉❝✐❇❈ ✈❇❈✉❉❛

❵❜❞❧❣ ❤✾ ❥❄❉❊✐❝■❉❊ ❝❂s❅❂❈❂♦✐❝❇❈ ▲❇❄❇❅❉■❉❄ ❝❂♥s■❄❇✐♥■s ❢❂❄ ❇ ❦q①❬②④◗❈✐♣❉

s✉❄✈❉❖❛

⑤⑥⑦ ⑤⑧⑨

⑩♥❅❇❄♦✐♥❇❈✐③❉❊

❆❈❈ ♦❇❈❇r✐❉s ✶❛✶✶✁✷ ✭✶❛❶❷❴✄ ✶❛✶✶✁� ✭✶❛✷✷❴✄

❚❂❅❂♦❄❇▲❑❖ ✶❛✶✶✁✶ ✭✶❛❷✺❴✄ ✶❛✶✶✁❶ ✭✶❛✁❸❴✄

❹❇❄♦✐♥❇❈✐③❉❊

❆❈❈ ♦❇❈❇r✐❉s ✶❛✶✶❷❸ ✭✁❛❷❶❴✄ ✶❛✶✶✺❺ ✭✶❛❺❻❴✄

❚❂❅❂♦❄❇▲❑❖ ✶❛✶✶✁� ✭✶❛❺❺❴✄ ✶❛✶✶✷❺ ✭✶❛❷✷❴✄

❼❽❾❣❿✾ ❚❑❉ ♥✉❅❏❉❄s ♦✐✈❉ ✁➀ ✉♥❝❉❄■❇✐♥■✐❉s ❇♥❊ ■❑❉ ❝❂❄❄❉s▲❂♥❊✐♥♦ ❄❉❈◗

❇■✐✈❉ ▲❉❄❝❉♥■❇♦❉s ❂❢ ■❑❉ ▼❊✉❝✐❇❈ ▲❇❄❇❅❉■❉❄ ✈❇❈✉❉s ❫♠ ➁ ✶➂✷❸✷ ❇♥❊

➀➃ ➁ ✶➂�✶❻❛

➄➅➆➇➈➉➊ ➋➌➍ ➄➅➊➎➈➏➈➆➐➑ ➒ ➏➓➒➔➔ →➒➈➐ ➎➆➓➄➒➅➊➉ ➣➆ ➣↔➊ ➎➆➓➄↕➣➒➙

➣➈➆➐➒➔ ➣➈➓➊ ➅➊➛↕➈➅➊➉ ➣➆ →➊➐➊➅➒➣➊ ➣➜➈➎➊ ➒➏ ➓➒➐➝ ➅➊➒➔➈➞➒➣➈➆➐➏➟ ➠➊

➒➔➏➆ ➇➊➅➈➡➝ ➣↔➒➣ ➢ ➤ ➥➌ ➅➊➒➔➈➞➒➣➈➆➐➏ ➆➡ ➣↔➊ ➓➆➉➈➦➊➉ ➎➆➏➓➆➔➆→➈➊➏

➈➏ ➏↕➧➎➈➊➐➣ ➡➆➅ ➎➒➔➎↕➔➒➣➈➆➐ ➆➡ ➣↔➊ ➉➊➅➈➇➒➣➈➇➊➏ ➆➡ ➣↔➊ ➓➊➒➐ ➎➆↕➐➣➏➨

➒➏ ➩➊➡➆➅➊➑ ➣↔➊➝ ➒➅➊ ➏➣➒➩➔➊ ➩➊➝➆➐➉ ➫➌ ➅➊➒➔➈➞➒➣➈➆➐➏➟ ➭↔➊ ➎➆➐➏➣➅➒➈➐➣➏

➡➅➆➓ ➆↕➅ ➣➆➓➆→➅➒➄↔➈➎ ➒➐➒➔➝➏➈➏ ➒➅➊ →➈➇➊➐ ➈➐ ➯➈→➟ ➲ ➒➐➉ ➔➈➏➣➊➉ ➈➐

➭➒➩➔➊ ➳➑ ➒➐➉ ➣↔➊➝ ➒➅➊ ➎➆➓➄➒➅➊➉ ➣➆ ➣↔➊ ➣➜➆➙➉➈➓➊➐➏➈➆➐➒➔ ➎➒➏➊ ➈➐

➯➈→➟ ➵➟

➸➺➻

➸➺➻➸➼

➸➺➻➽

➸➺➻➽➼

➸➺➾➚➼ ➸➺➾➪ ➸➺➾➪➼ ➸➺➾➻

➶
➹

➘➴

➷

➬➮
➱➮

❋✼✽✾ ✃✾ ❥❄❉❊✐❝■❉❊ ❐❂✐♥■ ❝❂♥❊✐■✐❂♥❇❈ ❝❂♥s■❄❇✐♥■s ❂♥ ❫♠ ❇♥❊ ➀➃ ❢❂❄ ❇

❦q①❬②④◗❈✐♣❉ s✉❄✈❉❖ ✉s✐♥♦ ■❂❅❂♦❄❇▲❑✐❝ ▲❉❇♣ ❝❂✉♥■ s■❇■✐s■✐❝s❛ ❒❂❈✐❊ ❄❉❊

❇♥❊ ❊❇s❑❉❊ ❏❈❇❝♣ ❝❂♥■❂✉❄s ❝❂❄❄❉s▲❂♥❊ ■❂ ✁➀ ❇♥❊ ✷➀ ❝❂♥▼❊❉♥❝❉ ❄❉♦✐❂♥s✂

❄❉s▲❉❝■✐✈❉❈❖❛

➸➺➻

➸➺➻➸➼

➸➺➻➽

➸➺➻➽➼

➸➺➾➚➼ ➸➺➾➪ ➸➺➾➪➼ ➸➺➾➻

➶
➹

➘➴

➷

❮❰ÏÐÑÒÏ ÏÑÓÑÔÕÖ×ÐØ
❮❰ÏÐ ÏÑÓÑÔÕÖ×ÐØ

❋✼✽✾ Ù✾ Ú✐s❑❉❄ ❉❈❈✐▲s❉s ✭❇■ ✁➀✄ ❢❂❄ ❫♠ ❇♥❊ ➀➃ ❢❂❄ ❇ ❦q①❬②④◗❈✐♣❉ s✉❄✈❉❖❛

❚❑❉ ❏❈✉❉ ❊❇s❑❉❊ ❝✉❄✈❉ s❑❂✇s ■❑❉ ❐❂✐♥■ ❝❂♥❊✐■✐❂♥❇❈ ❝❂♥s■❄❇✐♥■s ✇✐■❑❂✉■

■❂❅❂♦❄❇▲❑❖✂ ✇❑✐❈❉ ■❑❉ s❂❈✐❊ ❄❉❊ ❝❂♥■❂✉❄ ♦✐✈❉s ■❑❂s❉ ✇❑❉♥ ✉s✐♥♦ ■❂❅❂♦◗

❄❇▲❑❖ ✇✐■❑ ▼✈❉ ❄❉❊s❑✐❢■ ❏✐♥s✂ ❊❉❅❂♥s■❄❇■✐♥♦ ■❑❉ ✐❅▲❂❄■❇♥■ ♦❇✐♥❛

ÛÜ ÝÞßàáßßÞâã

ä ➐↕➓➩➊➅ ➆➡ ➒↕➣↔➆➅➏ ↔➒➇➊ ➈➐➇➊➏➣➈→➒➣➊➉ ➣↔➊ ➄➆➣➊➐➣➈➒➔ ➆➡ ➔➊➐➏➈➐→

➄➊➒å ➎➆↕➐➣➏ ➒➏ ➒ ➎➆➏➓➆➔➆→➈➎➒➔ ➄➅➆➩➊➑ ➒➔➣↔➆↕→↔ ➡➊➜ ↔➒➇➊ ➎➆➐➏➈➉➙

➊➅➊➉ ➔➒➅→➊ æ➣➒→➊ çè ➄➅➆é➊➎➣➏ ➏↕➎↔ ➒➏ êëìíîï ðñ➒➐→ ➊➣ ➒➔➟ ò➌➋➋ó

ô➒➣↕➅➈ ➊➣ ➒➔➟ ò➌➋➋ó õ➈➔➩➊➅➣ ➊➣ ➒➔➟ ò➌➋òó ô➒➅➈➒➐ ➊➣ ➒➔➟ ò➌➋ò➑ ò➌➋➫ö➟

÷➅➒➣➆➎↔➇➈➔ ➊➣ ➒➔➟ ðò➌➋➌ö➑ ➡➆➅ ➊ø➒➓➄➔➊➑ ➊ø➒➓➈➐➊➉ ➣↔➊ ➉➈ù➊➅➊➐➎➊ ➈➐

➣↔➊ úû ➉➈➏➣➅➈➩↕➣➈➆➐➏ ➡➅➆➓ ➉➈ù➊➅➊➐➣ ➎➆➏➓➆➔➆→➈➎➒➔ ➓➆➉➊➔➏ó ↔➆➜➙

➊➇➊➅➑ ➈➣ ➈➏ ➉➈➧➎↕➔➣ ➣➆ ➓➒å➊ ➒ ➉➈➅➊➎➣ ➎➆➓➄➒➅➈➏➆➐ ➜➈➣↔ ➆↕➅ ➅➊➙

➏↕➔➣➏ ➏➈➐➎➊ ➣↔➊➝ ➇➒➅➈➊➉ ➒ ➉➈ù➊➅➊➐➣ ➏➊➣ ➆➡ ➎➆➏➓➆➔➆→➈➎➒➔ ➄➒➅➒➓➊➣➊➅➏➟

ç➐ ➣↔➊➈➅ ➄➈➆➐➊➊➅➈➐→ ➏➣↕➉➝ ➆➡ ➣➆➓➆→➅➒➄↔➈➎ ➄➊➒å ➎➆↕➐➣➏➑ ü➈➊➣➅➈➎↔

ý õ➒➅➣➔➒➄ ðò➌➋➌ö ➎➆➐➏➈➉➊➅➊➉ ➒ þ➯õ➭ÿæ➙➔➈å➊ ➏↕➅➇➊➝ ➆➡ ➒➩➆↕➣

➋➲➌ ➉➊→û➟

ç➐ ➣↔➈➏ ➜➆➅å ➜➊ ➡➆➎↕➏ ➆➐ ➒ ➣➝➄➈➎➒➔ æ➣➒→➊ çè ➏↕➅➇➊➝ ➎↔➒➅➒➎➙

➣➊➅➈➞➊➉ ➩➝ ➣↔➊ ➅➊➉➏↔➈➡➣ ➉➈➏➣➅➈➩↕➣➈➆➐ ➆➡ ➒ êëìíîï➙➔➈å➊ ➏↕➅➇➊➝➑ ↕➏➈➐→

➒ ➏↕➈➣➊ ➆➡ ➈➐➉➊➄➊➐➉➊➐➣ ➐↕➓➊➅➈➎➒➔ ➏➈➓↕➔➒➣➈➆➐➏ ➣➆ ➊ø➒➓➈➐➊ ➄➆➏➙

➏➈➩➔➊ ➎➆➏➓➆➔➆→➈➎➒➔ ➎➆➐➏➣➅➒➈➐➣➏➟ ➯➈→↕➅➊ ➵ ➒➐➉ ➭➒➩➔➊ ➳ ➛↕➒➐➣➈➡➝

→➒➈➐➏ ➈➐ ➎➆➐➏➣➅➒➈➐➈➐→ ➄➆➜➊➅ ➩➝ ↕➏➈➐→ ➣➆➓➆→➅➒➄↔➝➟ ➠➊ ➈➓➄➅➆➇➊

➣↔➊ ➓➒➅→➈➐➒➔ ➎➆➐➏➣➅➒➈➐➣➏ ➆➐ ✂♠ ➒➐➉ �✽ ➩➝ ➓➆➅➊ ➣↔➒➐ ➒ ➡➒➎➣➆➅ ➆➡

➣➜➆ ➆➇➊➅ ➣↔➊ ➣➜➆➙➉➈➓➊➐➏➈➆➐➒➔ ð➐➆➐➙➣➆➓➆→➅➒➄↔➈➎ö ➒➐➒➔➝➏➈➏➟ ä➏ ➣➆

➩➊ ➊ø➄➊➎➣➊➉➑ ➣↔➊ ➎➆➐➉➈➣➈➆➐➒➔ ➎➆➐➏➣➅➒➈➐➣➏ ➒➅➊ ➈➓➄➅➆➇➊➉ ➩➝ ➏➓➒➔➔➊➅

➡➒➎➣➆➅➏➨ ➒➩➆↕➣ ➋➟ò ➡➆➅ ✂♠ ➒➐➉ ➋➟➫ ➡➆➅ �✽➟

ä➓➆➐→ ➄➅➊➇➈➆↕➏ ➏➣↕➉➈➊➏ ➆➡ ➄➊➒å➙➏➣➒➣➈➏➣➈➎➏➑ ➆➐➔➝ ü➈➊➣➅➈➎↔ ý

õ➒➅➣➔➒➄ ðò➌➋➌ö ➒➐➉ ñ➒➐→ ➊➣ ➒➔➟ ðò➌➋➋ö ↔➒➇➊ ➒➄➄➔➈➊➉ ➣➆➓➆→➅➒➄↔➝➑

❆✁✶✁✂ ▲❇♦❉ � ❂❢ ✁✶



◆� ▼✁✂✄✐♥❡✄ ❡✄ ✁❛�✿ ❈☎♥✆✄✂✁✐♥✐♥✝ ❝☎✆✞☎❛☎✝♦ ✇✐✄❤ ✆❤❡✁✂ ♣❡✁✟ ✆✄✁✄✐✆✄✐❝✆

t✠✡ ❢☛☞✌✡☞ ✌✍✎✏✌✏③✏✑❣ t✠✡ ✒✡✍✓ s✏❣✑✍✔✲t☛✲✑☛✏s✡ ❣✏✈✡✑ t✠✡ ☞✡r✲

s✠✏❢t r✏st☞✏✕✉t✏☛✑ ☛❢ ❣✍✔✍✎✏✡s✖ ✍✑r t✠✡ ✔✍tt✡☞ ✒✔✍❧✏✑❣ s☛✉☞❧✡ ❣✍✔✍✎✲

✏✡s ✍t ✡✏t✠✡☞ ✗✘ ❂ ✶ ☛☞ ✗✘ ❂ ✷ ✍✑r ☞✍✙✲t☞✍❧✏✑❣ t✠☞☛✉❣✠ s✏✌✉✔✍t✏☛✑s✳

❉✏✡t☞✏❧✠ ✫ ❍✍☞t✔✍✒ ✭✷✚✶✚✮ r✡✌☛✑st☞✍t✡r t✠✡ ❣✍✏✑ ❢☞☛✌ t☛✌☛✲

❣☞✍✒✠✏❧ ✒✡✍✓ ❧☛✉✑ts ❢☛☞ ✍ s✉☞✈✡✙ ☛❢ ✶✛✚ r✡❣✜✳ ■✑ t✠✡✏☞ ▲✢✢✣✲✔✏✓✡

s✉☞✈✡✙ ☛❢ ✷✚ ✚✚✚ r✡❣✜✖ ❨✍✑❣ ✡t ✍✔✳ ✭✷✚✶✶✮ ✑☛t✡r ✍✑ ✏✌✒☞☛✈✡✌✡✑t

☛❢ t✠✡ ✌✍☞❣✏✑✍✔ ❧☛✑st☞✍✏✑ts ✕✙ ❢✍❧t☛☞s ☛❢ t✤☛ t☛ t✠☞✡✡ ✤✠✡✑ ✉s✏✑❣

t☛✌☛❣☞✍✒✠✙✖ ✏✑ q✉✍✔✏t✍t✏✈✡ ✍❣☞✡✡✌✡✑t ✤✏t✠ ☛✉☞ ☞✡s✉✔ts✳

❲✡ ✍✔s☛ ✑☛t✡ t✠✍t t✠✡ ✏✌✒✍❧t ☛❢ s✠✍✒✡ ✑☛✏s✡ ✏s ✡✥✡❧t✏✈✡✔✙ ☞✡✲

r✉❧✡r ✤✏t✠ t☛✌☛❣☞✍✒✠✙✖ ✏✑ ✒✍☞t✏❧✉✔✍☞ ❢☛☞ t✠✡ ✒✡✍✓s ❣✡✑✡☞✍t✡r ✕✙

st☞✉❧t✉☞✡s ✍t t✠✡ ✠✏❣✠✡☞ ☞✡rs✠✏❢ts✳ ❇✏✑✑✏✑❣ t✠✡ s☛✉☞❧✡s ✏✑t☛ ☞✡r✲

s✠✏❢t ✒✔✍✑✡s ☞✡✌☛✈✡s t✠✡ s✠✍✒✡ ✑☛✏s✡ ❧☛✑t☞✏✕✉t✡r ✕✙ ❢☛☞✡❣☞☛✉✑r

❣✍✔✍✎✏✡s t✠✍t r☛ ✑☛t ❧✍☞☞✙ ✍✑✙ s✏❣✑✍✔ ☛✑ t✠✡ ✠✏❣✠✡☞ ☞✡rs✠✏❢t ✒✡✍✓s✳

❲✡ ❧☛✌✒✍☞✡ ☛✉☞ ❧☛✑r✏t✏☛✑✍✔ ❧☛✑st☞✍✏✑ts t☛ t✠☛s✡ ☛✕t✍✏✑✡r ✕✙

☛t✠✡☞ ✍✉t✠☛☞s✳ ✣✠✡s✡ ✈✍☞✙ ☛✈✡☞ t✠✡ ☞✍✑❣✡ ✚✦✚✚✚✵ ❁ ✧★♠ ❁ ✚✦✚✚✚✩✖

✍❧❧☛☞r✏✑❣ t☛ ❍✏✔✕✡☞t ✡t ✍✔✳ ✭✷✚✶✷✮ ✍✑r✪✍☞✏✍✑ ✡t ✍✔✳ ✭✷✚✶✷✖ ✷✚✶✬✮✖

✍✑r ✚✦✚✚✶✬ ❁ ✧✯✽ ❁ ✚✦✚✚✶✵✖ ✍❧❧☛☞r✏✑❣ t☛ t✠✡ s✍✌✡ ✍✉t✠☛☞s

✍✑r ✪✍t✉☞✏ ✡t ✍✔✳ ✭✷✚✶✶✮✳ ❲✠✏✔✡ t✠✡s✡ st✉r✏✡s r✏✥✡☞ ✏✑ ✍ ✑✉✌✲

✕✡☞ ☛❢ ☞✡s✒✡❧ts✖ t✠✡ ✍❣☞✡✡✌✡✑t ☛✑ t✠✡ ❧☛✑r✏t✏☛✑✍✔ ❧☛✑st☞✍✏✑ts

✍✌☛✑❣ t✠✡s✡ ✍✉t✠☛☞s ✍✑r ☛✉☞ ☞✡s✉✔ts ✏s ✈✡☞✙ ❣☛☛r✳ ■✑r✡✡r✖ ✤✡

☞✡✍❧✠ ✭✧★♠✱ ✧✯✽✮ ❂ ✭✚✦✚✚✶✷✱ ✚✦✚✚✶✛✮ ✤✏t✠☛✉t t☛✌☛❣☞✍✒✠✙✖ ✍✑r

✭✚✦✚✚✶✚✱ ✚✦✚✚✶✰✮ ✤✏t✠ t☛✌☛❣☞✍✒✠✙✳ ✣✠✡ ✈✡☞✙ s✌✍✔✔ r✏✥✡☞✡✑❧✡

❢☞☛✌ t✠✡ ✔✏t✡☞✍t✉☞✡ ❧✍✑ ✕✡ ✍tt☞✏✕✉t✡r t☛ ☛✉☞ ✉s✡ ☛❢ ✍ s✔✏❣✠t✔✙ ✔☛✤✡☞

s✉☞✈✡✙ ✍☞✡✍✴ ✶✸ ✚✚✚ r✡❣✜ ❧☛✌✒✍☞✡r t☛ ✶✛ ✚✚✚ t☛ ✷✚✚✚✚ r✡❣✜ ✏✑

t✠✡s✡ ☛t✠✡☞ st✉r✏✡s✳

❋✏✑✍✔✔✙✖ ✤✡ ✑☛t✡ t✠✍t s☛✌✡ ✍✉t✠☛☞s ✠✍✈✡ ✡✎✍✌✏✑✡r ❧☛✑✲

st☞✍✏✑ts ☛✑ ☛t✠✡☞ ❧☛s✌☛✔☛❣✏❧✍✔ ✒✍☞✍✌✡t✡☞s✳ ■✑ ✒✍☞t✏❧✉✔✍☞✖ ✏t ✠✍s

✕✡✡✑ ❢☛✉✑r t✠✍t s✠✡✍☞ ✒✡✍✓s ✠✍✈✡ ✍ ❣☛☛r ✍✕✏✔✏t✙ t☛ ❧☛✑st☞✍✏✑ t✠✡

r✍☞✓ ✡✑✡☞❣✙ ✡q✉✍t✏☛✑✲☛❢✲st✍t✡ ✹ ✭✡✳❣✳✖ ❨✍✑❣ ✡t ✍✔✳ ✷✚✶✶❀ ❍✏✔✕✡☞t

✡t ✍✔✳ ✷✚✶✷❀ ✪✍☞✏✍✑ ✡t ✍✔✳ ✷✚✶✷✖ ✷✚✶✬✮ ✍✑r ✒☞✏✌☛☞r✏✍✔ ✑☛✑✲

●✍✉ss✏✍✑✏t✙ ✺✻✼ ✭✡✳❣✳✖ ✪✍t✉☞✏ ✡t ✍✔✳ ✷✚✶✶❀ ❍✏✔✕✡☞t ✡t ✍✔✳ ✷✚✶✷✮✳

❲✡ ✍✔s☛ ❧☛✌✒✍☞✡ ☛✉☞ ❢☛☞✡❧✍st✡r ❧☛✑st☞✍✏✑ts ✤✏t✠ t✠☛s✡ ❢☞☛✌

☛t✠✡☞ ❧☛s✌☛✔☛❣✏❧✍✔ ✒☞☛✕✡s✖ ✏✑ ✒✍☞t✏❧✉✔✍☞ ❢☞☛✌ ❧✔✉st✡☞ ✍✕✉✑r✍✑❧✡

st✉r✏✡s✳ ❲✠✏✔✡ s☛✌✡ ✔✡✑s✏✑❣ ✒✡✍✓s r☛ ✍☞✏s✡ ❢☞☛✌ ✏✑r✏✈✏r✉✍✔

❧✔✉st✡☞s✖ ✒✡✍✓ st✍t✏st✏❧s ☞✡✒☞✡s✡✑t ✍ ✌☛☞✡ ❣✡✑✡☞✍✔ r✡s❧☞✏✒t✏☛✑ ☛❢

t✠✡ ✌✍tt✡☞ r✏st☞✏✕✉t✏☛✑ ✕✡❧✍✉s✡ ✌✍✑✙ ☛☞✏❣✏✑✍t✡ ❢☞☛✌ ✒☞☛✾✡❧t✏☛✑s

✍✔☛✑❣ t✠✡ ✔✏✑✡ ☛❢ s✏❣✠t✳ ❋✏❣✉☞✡ ✶✚ ❧☛✌✒✍☞✡s ☛✉☞ ✒☞✡r✏❧t✡r ❧☛✑✲

st☞✍✏✑ts ❢☞☛✌ t☛✌☛❣☞✍✒✠✏❧ ✒✡✍✓ st✍t✏st✏❧s ✤✏t✠ t✠☛s✡ ❢☞☛✌ ❧✉☞☞✡✑t

❣✍✔✍✎✙ ❧✔✉st✡☞ ❧☛✑st☞✍✏✑ts ✍s s✉✌✌✍☞✏③✡r ✕✙ ❆✔✔✡✑ ✡t ✍✔✳ ✭✷✚✶✶✮✳

✣✠✡ ✒✡✍✓ ❧☛✉✑ts ✙✏✡✔r ✌✉❧✠ t✏❣✠t✡☞ ❧☛✑st☞✍✏✑ts t✠✍✑ t✠☛s✡ ❢☞☛✌

t✠✡ ❧✉☞☞✡✑t ❧✔✉st✡☞ ✍✑✍✔✙s✡s✖ ✤✠✏❧✠ ✏s ✑☛t s✉☞✒☞✏s✏✑❣ ✕✡❧✍✉s✡ ✤✡

✍☞✡ ❧☛✌✒✍☞✏✑❣ ✒☞✡s✡✑t r✍✙ ❧✔✉st✡☞ ❧☛✑st☞✍✏✑ts t☛ ❢✉t✉☞✡ ✔✡✑s✏✑❣

❧☛✉✑ts✳

❆ ✌☛☞✡ ✒✡☞t✏✑✡✑t ❧☛✌✒✍☞✏s☛✑ ✏s ✕✡t✤✡✡✑ ❧☛✑st☞✍✏✑ts ✒☞✡✲

r✏❧t✡r ❢☞☛✌ ❧✔✉st✡☞ ✒✠☛t☛✌✡t☞✏❧ s✍✌✒✔✡ ❢☛☞ t✠✡ ❊❃❄❅❏❑ s✉☞✈✡✙

✍✑r t✠✡ ✒✡✍✓ ❧☛✉✑t ❧☛✑st☞✍✏✑ts✳ ✣✠✏s ✏s s✠☛✤✑ ✏✑ ❋✏❣✳ ✶✶✳ ✣✠✡

❧✔✉st✡☞ ❧☛✑st☞✍✏✑ts ✠✍✈✡ ✕✡✡✑ ✡✈✍✔✉✍t✡r ✕✙ ✢✍☞t☛☞✏s ✡t ✍✔✳ ✭✷✚✶✸✮

❢☛☞ ✍ ❊❃❄❅❏❑ ❧✔✉st✡☞ ❧✍t✍✔☛❣ ❧☛✑s✏r✡☞✏✑❣ t✠✡ ✏✑❢☛☞✌✍t✏☛✑ ✒☞☛✈✏r✡r

✕✙ ❧✔✉st✡☞ ✑✉✌✕✡☞ ❧☛✉✑ts✳ ❲✡ ✑☛t✡ t✠✍t✖ ✉✑✔✏✓✡ ✤✠✍t ✠✍s ✕✡✡✑

r☛✑✡ ✏✑ ✢✍☞t☛☞✏s ✡t ✍✔✳ ✭✷✚✶✸✮✖ ❧☛✑st☞✍✏✑ts ❢☞☛✌ ❧✔✉st✡☞s ✠✍✈✡

✕✡✡✑ ✒✡☞❢☛☞✌✡r ✕✙ ✈✍☞✙✏✑❣ ☛✑✔✙ t✠✡ ❖P ✍✑r ◗❘ ❧☛s✌☛✔☛❣✏❧✍✔

✒✍☞✍✌✡t✡☞s ✍✑r t✠✡ ✰ ✒✍☞✍✌✡t✡☞s t✠✍t r✡s❧☞✏✕✡ t✠✡ ✕✏✍s✖ t✠✡ s❧✍t✲

t✡☞ ☛❢ t✠✡ ☛✕s✡☞✈✍✕✔✡ ✌✍ss ☞✡✔✍t✏☛✑✖ ✍✑r t✠✡✏☞ ☞✡rs✠✏❢t ✡✈☛✔✉t✏☛✑✳

✣✠✏s ✠✍s ✕✡✡✑ r☛✑✡ t☛ ❧☛✌✒✍☞✡ ✏✑ ✍ ✌☛☞✡ ✍✒✒☞☛✒☞✏✍t✡ ✤✍✙ t✠✡

❧☛✑st☞✍✏✑ts ☛✕t✍✏✑✡r ❢☞☛✌ t✠✡ ❧✔✉st✡☞s ✍✑r t✠☛s✡ ❢☞☛✌ t✠✡ s✠✡✍☞

✒✡✍✓s✳ ✣✠✡ ☞✡r✉❧t✏☛✑ ✏✑ t✠✡ ✑✉✌✕✡☞ ☛❢ ❢☞✡✡ ❧☛s✌☛✔☛❣✏❧✍✔ ✒✍☞✍✌✲

✡t✡☞s ✡✎✒✔✍✏✑s ✤✠✙ t✠✡ ❧✔✉st✡☞ ❧☛✑st☞✍✏✑ts s✠☛✤✑ ✏✑ ❋✏❣✳ ✶✶ ✍☞✡

s✌✍✔✔✡☞ t✠✍✑ t✠☛s✡ s✠☛✤✑ ✏✑ ✢✍☞t☛☞✏s ✡t ✍✔✳ ✭✷✚✶✸✮✳ ❲✡ s✡✡ t✠✍t

t✠✡ ❧☛✑st☞✍✏✑ts ❢☞☛✌ t☛✌☛❣☞✍✒✠✏❧ ✒✡✍✓ ❧☛✉✑ts ✍☞✡ ✤✡✍✓✡☞ t✠✍✑

❧✔✉st✡☞ ❧☛✉✑ts ✕✙ ✍✑ ☛☞r✡☞ ☛❢ ✌✍❣✑✏t✉r✡ ✤✠✡✑ s✉✒✒☛s✏✑❣ t✠✍t

t✠✡ ☛✕s✡☞✈✍✕✔✡✲✌✍ss ☞✡✔✍t✏☛✑ ✏s ❢✉✔✔✙ ✓✑☛✤✑ ✍ ✒☞✏☛☞✏ ✭✕✔✉✡ r☛tt✡r

✡✔✔✏✒s✡✮✳ ❍☛✤✡✈✡☞✖ t✠✡ s✠✡✍☞✲✒✡✍✓ ❧☛✑st☞✍✏✑ts ✍☞✡ ✍✔✌☛st t✤✏❧✡

✍s st☞☛✑❣ ✤✠✡✑ ✑☛t ✌✍✓✏✑❣ ✍✑✙ ✍ss✉✌✒t✏☛✑ ☛✑ t✠✡ s❧✍✔✏✑❣ ☞✡✔✍✲

t✏☛✑ ✒✍☞✍✌✡t✡☞s ✍✑r t✠✡✏☞ ✡✈☛✔✉t✏☛✑ ✭❣☞✡✡✑ r✍s✠ r☛tt✡r ✡✔✔✏✒s✡✮✳

❙❚❯❱ ❳❩❱ ❈☎♥✆✄✂✁✐♥✄✆ ❬✂☎✞ ✄☎✞☎✝✂✁♣❤✐❝ ♣❡✁✟ ❝☎❭♥✄✆ ❝☎✞♣✁✂❡❞ ✄☎ ❝❭✂✂❡♥✄

✝✁❛✁①♦ ❝❛❭✆✄❡✂ ❝☎♥✆✄✂✁✐♥✄✆❪ ✇✐✄❤ ❝☎♥✄☎❭✂✆ ✝✐❫✐♥✝ ✄❤❡ ❴ ✁♥❞ ❵❜ ❝☎♥❥❞❡♥❝❡

❛✐✞✐✄✆� ❦❤❡ ❫✐☎❛❡✄ ✆❤✁❞✐♥✝ ✂❡♣✂❡✆❡♥✄✆ ❝☎♥✆✄✂✁✐♥✄✆ ❬✂☎✞ ✄❤❡ ✞✁①②❈④

❝❛❭✆✄❡✂ ❝✁✄✁❛☎✝❪ ⑤❛❭❡ ✄❤☎✆❡ ❬✂☎✞ ⑥▼⑦⑧⑨⑩❪ ✁♥❞ ✄❤❡ ♦❡❛❛☎✇ ✄❤❡✐✂ ❝☎✞⑨

⑤✐♥✁✄✐☎♥❶ ✄❤❡♦ ❤✁❫❡ ⑤❡❡♥ ✁❞✁♣✄❡❞ ❬✂☎✞ ⑦❛❛❡♥ ❡✄ ✁❛� ❷❵❸❴❴❹� ❦❤❡ ✝✂❡❡♥

❝☎♥✄☎❭✂✆ ✝✐❫❡ ✄❤❡ ✄☎✞☎✝✂✁♣❤✐❝ ♣❡✁✟⑨❝☎❭♥✄ ❝☎♥✆✄✂✁✐♥✄✆ ❬☎✂ ✁ ❺❻❼❽❾❿⑨❛✐✟❡

✆❭✂❫❡♦ ❝☎❫❡✂✐♥✝ ❴⑩ ❸❸❸ ✆➀❭✁✂❡ ❞❡✝✂❡❡✆�

■✑ ✍rr✏t✏☛✑✖ ✏t ✏s ✤☛☞t✠ ✑☛t✏✑❣ t✠✍t t✠✡ s✠✡✍☞✲✒✡✍✓ ❧☛✑t☛✉☞s ✍☞✡ ☛☞✲

t✠☛❣☛✑✍✔ t☛ t✠✡ ❧✔✉st✡☞s ✤✠✡✑ t✠✡ ☛✕s✡☞✈✍✕✔✡✲✌✍ss ☞✡✔✍t✏☛✑ ✏s ✑☛t

✓✑☛✤✑ ✍ ✒☞✏☛☞✏✳ ✣✠✏s ✡ss✡✑t✏✍✔✔✙ s✠☛✤s t✠✡ ✈✍✔✉✡ ☛❢ ✉s✏✑❣ ✕☛t✠

❧✔✉st✡☞s ✍✑r s✠✡✍☞✲✒✡✍✓ st✍t✏st✏❧s✳ ❆s ✏t ✏s r✏➁❧✉✔t t☛ ✒☞✡r✏❧t ✠☛✤

✤✡✔✔ ✤✡ ✤✏✔✔ ✕✡ ✍✕✔✡ t☛ ❧☛✑st☞✍✏✑ t✠✡ s❧✍✔✏✑❣ ☞✡✔✍t✏☛✑✖ ✤✡ s✠☛✤

✠✡☞✡ t✤☛ ✡✎t☞✡✌✡ ❧✍s✡s ❢☛☞ t✠✡ ❧✔✉st✡☞ ❧☛✑st☞✍✏✑ts✖ ✤✏t✠ t✠✡ ✏r✡✍

t✠✍t t✠✡ ☛✕s✡☞✈✍t✏☛✑✍✔ ❧☛✑st☞✍✏✑ts s✠☛✉✔r ✔✏✡ s☛✌✡✤✠✡☞✡ ✕✡t✤✡✡✑

t✠✡ ✕✔✉✡ ✍✑r ❣☞✡✡✑ ✡✔✔✏✒s✡s✳ ■✑ ✒✍☞t✏❧✉✔✍☞✖ t✠✡ ❣☞✡✡✑ ❧☛✑t☛✉☞s ✍☞✡

✈✡☞✙ ❧☛✑s✡☞✈✍t✏✈✡✖ ✍s ✤✡ ❧☛✉✔r ✏✑ ✒☞✏✑❧✏✒✔✡ ✍✔☞✡✍r✙ ❧☛✑st☞✍✏✑ t✠✡

s❧✍✔✏✑❣ ☞✡✔✍t✏☛✑ ✍t ☞✡rs✠✏❢t ✗ ❂ ✚✖ ✤✠✏❧✠ ✤☛✉✔r ☞✡r✉❧✡ t✠✡ ✡☞☞☛☞s

☛✑ t✠✡ ❧☛s✌☛✔☛❣✏❧✍✔ ✒✍☞✍✌✡t✡☞s✳

❲✡ ✡✎✒✡❧t ✒✡✍✓ st✍t✏st✏❧s t☛ ❧☛✌✒✔✡✌✡✑t ✌☛☞✡ st✍✑r✍☞r t✤☛✲

✒☛✏✑t ✔✡✑s✏✑❣ st✍t✏st✏❧s✳ ■✑ ❢✍❧t✖ t✠✡ st✉r✙ ✕✙ ❉✏✡t☞✏❧✠ ✫ ❍✍☞t✔✍✒

✭✷✚✶✚✮ s✉❣❣✡sts t✠✍t ✒✡✍✓ st✍t✏st✏❧s ❧☛✉✔r ✙✏✡✔r t✏❣✠t✡☞ ❧☛✑st☞✍✏✑ts

t✠✍✑ t✠✡ ❧✔✍ss✏❧✍✔ ✷✲✒☛✏✑t ❧☛☞☞✡✔✍t✏☛✑ ❢✉✑❧t✏☛✑✖ ✍ ☞✡s✉✔t ✡✎✒✡❧t✡r

❣✏✈✡✑ t✠✍t t✠✡ ✒✡✍✓ st✍t✏st✏❧s ❧☛✑t✍✏✑ ✠✏❣✠✡☞ ☛☞r✡☞ ❧☛☞☞✡✔✍t✏☛✑s✖

✍✑r ✔✍t✡☞ ❧☛✑➂☞✌✡r ✕✙✖ ✡✳❣✳✖ ✪✍☞✏✍✑ ✡t ✍✔✳ ✭✷✚✶✷✖ ✷✚✶✬✮✳ ➃✡✍✓

❧☛✉✑ts ✤☛✉✔r ✍✔s☛ ✍✒✒✡✍☞ t☛ ✕✡ ✔✡ss ✍✥✡❧t✡r ✕✙ s✠✍✒✡ ✌✡✍s✉☞✡✲

✌✡✑t s✙st✡✌✍t✏❧s t✠✍✑ t✠✡ s✠✡✍☞ ✒☛✤✡☞ s✒✡❧t☞✉✌ ✏✑ t✠✡ s✡✑s✡ t✠✍t

✏t ✏s ✌☛☞✡ r✏➁❧✉✔t t☛ ☞✡✒☞☛r✉❧✡ t✠✡ ✒✍tt✡☞✑ ✑✡❧✡ss✍☞✙ ❢☛☞ ✒✡✍✓

✏r✡✑t✏➂❧✍t✏☛✑ t✠✍✑ t☛ ✍✥✡❧t t✠✡ ✍✌✒✔✏t✉r✡ ☛❢ t✤☛✲✒☛✏✑t ❧☛☞☞✡✔✍✲

t✏☛✑s✳ ■✑ s✏✌✏✔✍☞ ✈✡✏✑✖ ✤✡ ✡✎✒✡❧t t✠✍t t✠✡✏☞ ☞✡s✒✡❧t✏✈✡ s✡✑s✏t✏✈✏✲

t✏✡s t☛ ✒✠☛t☛✌✡t☞✏❧ ☞✡rs✠✏❢t ✉✑❧✡☞t✍✏✑t✏✡s ✤✏✔✔ ✑☛t ✕✡ t✠✡ s✍✌✡✳

➄✈✡☞✍✔✔✖ t✠✡ t✤☛ ✌✡t✠☛rs ✤✏✔✔ ✑☛t s✠✍☞✡ t✠✡ s✍✌✡ s✙st✡✌✍t✏❧s

✍✑r t✠✡☞✡❢☛☞✡ ☛✥✡☞ ✏✌✒☛☞t✍✑t ❧☛✌✒✔✡✌✡✑t✍☞✏t✙✳

➅➆ ➇➈➉➊➋➌➍➎➈➉

❲✡ ✠✍✈✡ ❢☛✉✑r t✠✍t s✠✡✍☞ ✒✡✍✓ st✍t✏st✏❧s ☛✥✡☞ ✍ ✒☛t✡✑t✏✍✔✔✙ ✒☛✤✲

✡☞❢✉✔ ❧☛s✌☛✔☛❣✏❧✍✔ ✒☞☛✕✡✖ ✏✑ ✍❣☞✡✡✌✡✑t ✤✏t✠ ✒☞✡✈✏☛✉s st✉r✏✡s✳

❆s ✍✑ ✍r✈✍✑❧✡ ✍✔☛✑❣ t✠✡s✡ ✔✏✑✡s✖ ☛✉☞ ☞✡s✉✔ts ❧✔✡✍☞✔✙ ✏✔✔✉st☞✍t✡ t✠✡

❣✍✏✑ ☛❢ ✉s✏✑❣ t☛✌☛❣☞✍✒✠✙ ✏✑ t✠✡ ❢☞✍✌✡✤☛☞✓ ☛❢ ✢t✍❣✡ ■➏ r✍☞✓

✡✑✡☞❣✙ s✉☞✈✡✙s✖ ✏✳✡✳✖ s✡✒✍☞✍t✏✑❣ t✠✡ s☛✉☞❧✡ ❣✍✔✍✎✏✡s ✏✑t☛ ☞✡rs✠✏❢t

✒✔✍✑✡s ✍✑r ❧☛✉✑t✏✑❣ ✒✡✍✓s t☛ ✡✍❧✠ ✒✔✍✑✡✳ ❲✏t✠ t☛✌☛❣☞✍✒✠✙✖ ✤✡

✏✌✒☞☛✈✡ t✠✡ ❧☛✑r✏t✏☛✑✍✔ ✭☞✡s✒✡❧t✏✈✡✔✙✖ ✌✍☞❣✏✑✍✔✮ ❧☛✑st☞✍✏✑ts ✕✙ ✍

❢✍❧t☛☞ ☛❢ ✶✳✷ ✭☞✡s✒✳ ✷✮ ☛✑ ◗❘ ✍✑r ❖P✳

❋☛☞ ✍ ✔✍☞❣✡✲✍☞✡✍ s✉☞✈✡✙✖ t✙✒✏➂✡r ✠✡☞✡ ✍s t✠✍t ❢☞☛✌ ✍ ❊❃❄❅❏❑✲

✔✏✓✡ ✌✏ss✏☛✑✖ ✤✡ ✡st✏✌✍t✡ t✠✍t t✠✡ ✒✡✍✓✲❧☛✉✑t ❧☛✑st☞✍✏✑ts ✍☞✡ ✍✑

☛☞r✡☞ ☛❢ ✌✍❣✑✏t✉r✡ ✔✡ss ✒☛✤✡☞❢✉✔ t✠✍✑ t✠☛s✡ ✒☞✡r✏❧✍t✡r ❢☞☛✌

⑦❴❸❴❪ ♣✁✝❡ ➐ ☎❬ ❴❸



❆✫❆ ✺�✁✂ ❆✁✶✁ ✭✷✶✁✺✄

❋✐❣✳ ☎☎✳ ❈♦♠✆✝✞✟s♦✠ ♦✡ ✆✞❡☛✟❝t❡☛ ❝♦✠st✞✝✟✠ts ✡✞♦♠ ❊☞✌❧✍✎ ❝✏✉st❡✞s ✝✠☛

✆❡✝♣ ❝♦✉✠ts ✡♦✞ ✝ ❊☞✌❧✍✎✲✏✟♣❡ s✉✞✈❡② ✭✁✑ ❝♦✠✒☛❡✠❝❡ ✏✟♠✟ts✄✓ ❚❤❡ ♦✞✝✠♥❡

❡✏✏✟✆s❡ t✞✝❝❡s t❤❡ t♦♠♦♥✞✝✆❤✟❝ ✆❡✝♣✲❝♦✉✠t ✞❡s✉✏ts✓ ❚❤❡ ❜✏✉❡ ☛♦tt❡☛ ❡✏✲

✏✟✆s❡ ✞❡✆♦✞ts t❤❡ ❝♦✠st✞✝✟✠ts ♦❜t✝✟✠❡☛ ✡✞♦♠ ❝✏✉st❡✞ ✠✉♠❜❡✞ ❝♦✉✠ts ✇✟t❤

✝ ❛✑ s❡✏❡❝t✟♦✠ ✡✉✠❝t✟♦✠ ✝ss✉♠✟✠♥ ✝ ✆❡✞✡❡❝t✏② ♣✠♦✇✠ ♦❜s❡✞✈✝❜✏❡✲♠✝ss
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✸✢ ★✖✣✢ ✤✦✗✘ ✢①✮✗✤r✢✴ ✜★✢ ✜✧✤ ✮✖r✖✬✢✜✢r✛ ✻✼ ✖✦✴ ✽✾ ✥✦
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✙✗✚✴✥✦✕ ✜★✢ ✴✖r❦ ✢✦✢r✕✘ ✢q✚✖✜✥✤✦✪✤❢✪✛✜✖✜✢ ✖✦✴ ✮r✥✬✤r✴✥✖✗ ✦✤✦✪

●✖✚✛✛✥✖✦✥✜✘ ✥✦ ❢✚✜✚r✢ ✧✤r❦✯ ✿✚r✜★✢r ✜✤✮✥✙✛ ✧✖rr✖✦✜✥✦✕ ✢①✮✗✤✪
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❳❪❥❞ ❿❭❯❷⑨ ➀⑨❸⑨ ❘④❷❫❭❿❬◗⑥❱◗❞ ❾❫❘❫④❥❘❬ ❞❩⑦⑦❭❯❳ ❨❯❭❵ ❶➁➂➃ ❽➃➁⑩➄➅➆➅⑤➄➅➆➆
➇➈➉➆➈➆➄➅➅➅➊➋➅➅➅➆➌➍ ❨❯❭❵ ❳❪◗ ❽➃➁⑩⑤❶➁➂➃ ➄➅➆➄➎➏➐➊➑❺ ❱❯❘❫❳➍ ❨❯❭❵ ❘ ❽➃➁⑩⑤
➁⑩❼➑③➄➅➆➄ ➒❯❘❫❳➍ ❨❯❭❵ ❳❪◗ ❥❫➓❘❯❷ ➁⑩➑⑩ ➒❯❘❫❳ ❘❫⑥ ❨❯❭❵ ❳❪◗ ❹❭❫❞❭❯➔❥❭ ⑦◗❯ ❬❘
➑❥❞❥④❘ ⑥❥ →❯❥◗❞❳◗⑨ ❼ ⑦❭❯❳❥❭❫ ❭❨ ❳❪◗ ❯◗❞◗❘❯④❪ ⑥◗❞④❯❥❻◗⑥ ❥❫ ❳❪❥❞ ⑦❘⑦◗❯ ❿❘❞ ④❘❯❯❥◗⑥
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Chapter 4

Conclusions and Perspectives

In this 3-year thesis, I studied galaxy clusters and cosmology, based on two observables:
galaxy magnitudes and galaxy shapes.

With galaxy magnitudes, we were able to compute photometric redshifts, and then
galaxy luminosity functions. Investigating the behavior of GLFs for two galaxy popu-
lations within one of the largest cluster samples to date, we confirm in particular that
the GLF faint end for blue galaxies does not evolve with redshift, while the faint end for
red galaxies shows a drop at high redshift, which is more pronounced at higher redshifts.
This result means that clusters still evolve between z ∼ 0.9 and today, and that the faint
blue galaxies are quenched into red passive ones.

Still using magnitudes, we computed the mass of the star component in groups and
clusters of galaxies. We showed that in the case of groups, the star component cannot be
neglected compared to the gas component, while it is often the case in clusters. Taking
both the galaxy and gas fractions into account, we constrain the matter density param-
eter ΩM .

Galaxy shapes enable us to calculate a weak lensing signal around massive objects.
We computed cluster masses in the redshift range of the DAFT/FADA survey (0.4 <
z < 0.9) from NFW fits to the shear profile of the background galaxies. Focusing on
large field of view images, we estimate the fraction of recent merging events, and detect
several filaments, observationally validating the hierarchical growth scenario for cluster
formation, and determining that this process is still at work in this redshift range.

Finally, we dropped the classical approach of using cluster counts for cosmological
studies, to focus on shear peaks, which correspond both to clusters and to chance align-
ments of multiple structures along the line of sight. Focusing on the case of the Euclid
survey, we showed that this technique will provide cosmological constraints with similar
sensitivity to the cluster counting experiments, but without necessitating any knowledge
of the observable-mass relation. In addition, we quantified the gain of tomographic peak
counts over a 2-dimensional method.

All these results naturally raised some new questions. In the next paragraphs, I review
further developments that we either started, or plan to do in a near future.
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Galaxy luminosity functions

In our study of cluster GLFs, we find that the faint end of the early type galaxies is
decreasing when redshift increases. We interpret this result as the evolution of late type
to early type galaxies, that enrich the red sequence from late to low redshifts.

However, we were not able to rule out the possible surface brightness selection effect
observed in De Propris et al. (2013). The authors claim that the drop at the faint end
of the high redshift early-type GLF could be due to the non detection of faint galaxies
above the sky noise, in ground based images. Indeed, they use HST data in their study
and therefore have a cleaner sky background and deeper observations. Artificially de-
grading the exposure time of their images resulted in the central surface brightness of
galaxies being fainter, and then in a decrease of the number of galaxies observed at faint
magnitudes. Note that galaxies are lost in the process, even when they are brighter than
the completeness limit, because their central surface brightness is no longer above the
detection threshold.

With the DAFT/FADA survey, we have the ability to verify this hypothesis. Indeed,
we have both HST and ground based data for the same clusters. A comparison of the
GLF of early type galaxies computed from the two different data sources will shed light on
this issue. Having only two filters with HST, we won’t be able to work with photometric
redshifts and will rely on color magnitude diagrams to select cluster members. Finding a
decreasing slope for the ground based GLF and a flat one for the space based GLF would
confirm that surface brightness selection effects are responsible for the observed drop. On
the other hand, finding a decreasing slope in both cases would rule out these effects.

Another subject worth investigating is the stellar mass function (SMF) of galaxy clus-
ters. The SMF is similar to the GLF but represents the galaxy mass distribution instead
of the galaxy luminosity distribution. Galaxy cluster and field SMFs have been exten-
sively studied recently (e.g. Bell et al. 2003; Ilbert et al. 2010; Vulcani et al. 2013) because
they compare better with theory and simulations than GLFs. However, one must suppose
a proxy to the mass, either a conversion ratio from luminosity as tabulated in Kauffmann
et al. (2003), or a value corresponding to the SED template if using photometric redshifts.
This assumption usually makes SMFs less robust than GLFs.

We would like to study the SMFs for the same sample as in Martinet et al. (2015),
and compare their behaviors with those of the GLFs. The masses of galaxies will be
obtained in the template fitting with LePhare when estimating the galaxy photometric
redshift. Finding the same trend for both functions would assess the robustness of both
methods, while differences would highlight some problems in the conversion of luminosity
to mass. A comparison with simulations will also be possible for the SMFs.

Fraction of baryons

In our study of the fraction of baryons, we found that low mass systems have a lower
baryon fraction than high mass clusters. We first thought that it could be explained by a
higher amount of intra cluster light (ICL) in groups. The ICL, also named diffuse light,
corresponds to the stars that have been expelled from galaxies into the ICM, and are
therefore not taken into account when measuring the magnitude of galaxies. As the ICL
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is mainly due to baryon astrophysical processes, its amount is likely to be higher in groups
than in clusters, as the gravitational potential well of groups is shallower. Evaluating the
necessary contribution of ICL, we found that it cannot explain this difference. However,
finding more ICL in groups could explain why the star fraction does not follow the same
trend in groups than in clusters. Indeed, if groups were only low mass clusters, their
stellar mass fraction should even be higher as seen in Fig. 1.2. The missing amount is
compatible with the ICL amount found in compact groups, that can reach up to ∼50% of
the stellar mass when considering the BCG envelope (e.g. Da Rocha et al. 2008; Arnaboldi
et al. 2012).

Figure 4.1: Effect of star halos on ICL detection, as seen on the r-band MegaCam image
of NGC 1132, reduced with the Elixir-LSB pipeline.

To investigate the ICL in the studied groups we applied for telescope time at CFHT,
and were granted imaging for our 9 groups. As the surface brightness of the expected
ICL is very faint (µ > 26 mag.arcsec−2), we used the Elixir-LSB pipeline on MegaCam
images. Elixir-LSB is a dithering pattern method that aims at properly estimating the
sky background, allowing to reach surface brightness as low as 28 mag.arcsec−2. This
observational technique is described in Duc et al. (2011). Unfortunately, the ICL low
surface brightness contribution is very close to the contribution of star halos due to the
reflections on the secondary mirror. This is illustrated in Fig. 4.1, where a prominent
star halo is found close to the group. Even when masking bright stars, fainter stars also
have halos which will wrongly contribute to the ICL estimate. Careful modeling of the
star halos would be needed in order to remove them from images. Another approach is
the building of a new telescope optimized to detect ICL, which would have an off-axis
design to avoid reflections on the secondary mirror. This is in particular the case of the
MESSIER project. Finally we can note that the problem of stars is not very relevant at
higher redshifts, where objects appear smaller and can be chosen far enough from dense
star regions (Guennou et al. 2012; Burke et al. 2012).

110



Figure 4.2: Fit to the BCG of AWM4, observed with MegaCam Elixir-LSB. Left cor-
responds to the observed image, Right to the modeled BCG with the second brightest
galaxy using IRAF/ellipse, and Middle to the image with the model subtracted. Colors
are chosen to better see the different levels of surface brightness.

In the case of our groups, we can thus only measure the ICL component found in the
BCG envelope, which can be modeled, even with the presence of stars, as shown by our
early results in Fig. 4.2. We use IRAF/ellipse to measure the surface brightness profile
of the BCG and estimate the fraction of light which is lost when measuring the galaxy
magnitude in a regular aperture. A detailed study of the BCGs in groups is currently in
preparation.

Weak lensing

Having detected filaments in several fields, at redshifts between 0.4 < z < 0.9, and having
developed an algorithm to study galaxy luminosity functions, it would be interesting to
combine these works, and compute the galaxy luminosity function inside filaments, to
compare it with those of clusters and of the field. This will require deep imaging of the
detected filaments, and also a study of closer filaments to measure their evolution with
redshift. Finally, recent simulations found that galaxies embedded within filaments have
their spin preferentialy aligned with the filaments for the low-mass galaxies and perpen-
dicular for high masses (Dubois et al. 2014). Observationally verifying this hypothesis
is important to evaluate the effect of this possible intrinsic alignment on cosmic shear
studies as shown in e.g. Codis et al. (2015).

In addition, I started new collaborations to work more specifically on shear measure-
ments, in the context of a post-doctoral position at the Argelander Institut für Astronomie
with Peter Schneider and Tim Schrabback. In particular we intend to study the effects
of color gradients and blending, two issues that have been neglected in previous shear
measurement challenges.

As already mentioned in Sect. 3.1.2, Semboloni et al. (2013) showed that in principle
it is possible to correct for color gradients to the Euclid required accuracy, using about
40,000 galaxies observed with HST in two filters. However, the analysis of Semboloni et al.
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(2013) was simplistic in multiple aspects. Most importantly, it ignored the influence
of noise in the HST data. Also, it is currently unknown, how accurate instrumental
distortions in the HST data (e.g. the PSF and the impact of charge-transfer inefficiency)
need to be removed in order not to bias the color gradient calibration. It will be the
goal of this project to provide a more realistic color gradient analysis that accounts for
the noise, and to derive requirements on the HST data analysis that ensure a sufficiently
accurate color gradient calibration for Euclid. In addition to helping evaluate the required
number of galaxies, this calibration will estimate potential problems not seen in the
simulations. In particular, color gradients depend both on the galaxy sizes and redshifts,
two parameters that can only be probed with deep observations.

The blending issue requires a different approach. Indeed, this phenomenon has not
been studied in detail so far, and we usually resort to discarding galaxies that are too close
to each other when performing shape measurements. Using the same HST archive images,
one can quantify the effect of blending along with the proportion of blended objects.
Simulations might be necessary to reproduce the HST data with realistic substructures. A
technique to accurately measure the shape of blended objects would increase the number
of galaxies usable for the cosmological probe, boosting their efficiency. Several methods
can be tested, such as the fit of joint galaxy profiles.

Shear peak statistics

Our work on shear peaks can have several continuations, among which are the study of
additional cosmological parameters, and the adaptation to observational data.

We have only explored the two parameters ΩM and σ8 in the present study, but plan
to extend our analysis to other parameters. In particular, it has been found that shear
peaks have a good ability to constrain the dark energy equation-of-state w (e.g., Yang
et al. 2011; Hilbert et al. 2012; Marian et al. 2012, 2013) and primordial non-Gaussianity
fNL (e.g, Maturi et al. 2011; Hilbert et al. 2012). This adaptation mostly requires extra
simulations, and a modification of the current SUNGLASS pipeline to include these pa-
rameters.

So far, shear peak statistics have only been investigated on simulations. Applying
it to real data is a challenge that has to be taken before using it on larger data sets,
such as Euclid. In the Fisher formalism, the cosmological constraints are computed
from a comparison between the covariance matrix of the peak distribution calculated at
the fiducial cosmology and the derivatives of the peak signal-to-noise distribution with
respect to each cosmological parameter. Several strategies can be considered to apply
the method we developed to observations. In this first attempt, we plan to measure
the covariance matrix from the data, and to simulate the modified cosmologies, varying
one cosmological parameter at a time. We showed that 30 independent realizations of
each cosmology are required to have a reliable peak count derivative with respect to
each cosmological parameter. Hence, a large number of simulations will be needed to
explore the parameter space. To reduce this number, we plan to explore the cosmological
parameter space with an adaptive mesh, focusing on areas where we have priors from
e.g. Planck cosmological parameter values (Planck Collaboration et al. 2014), and then
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interpolate the final cosmological constraints.

Figure 4.3: Constraints from 2-dimensional peak counts compared to current galaxy clus-
ter constraints, with contours giving the 1- and 2-σ confidence limits. The violet shading
represents constraints from the maxBCG cluster catalog, the blue those from WMAP-5,
and the yellow their combination; they have been adapted from Allen et al. (2011). The
green contours give the 2-dimensional peak-count constraints for the proposed combined
set of data covering 2,000 square degrees.

I will use data coming from three different WL surveys: the Kilo Degree Survey
(KiDS, http://kids.strw.leidenuniv.nl/), the Canada-France-Hawaii Lensing Sur-
vey (CFHTLenS, http://www.cfhtlens.org/public/canada-france-hawaii-lensing-survey),
and the Red Cluster Sequence Lensing Survey (RCSLenS, http://www.rcslens.org/).
This will allow to probe an area of about 2,000 square degrees. Reduced imaging and
shear catalogs that I can use to detect the shear peaks are already available for these
surveys. However, since the data are taken from three different analyses, work is needed
to homogenize them. Indeed, the combination of data will require a normalization to the
same magnitude depth, and an investigation of observational biases, that could demand
accurate simulations of each data set. Note that masking should not be a tough problem
as long as we apply the same observational masks to the simulations.

To show the relevance of this study, I already computed the expected constraints
achievable with a 2-dimensional peak statistics survey of 2,000 deg2. Note however, that
this simulation is not optimal, as it is adapted from the Martinet et al. (2015, A&A
in press) Euclid study, and re-scaled to the 2,000 deg2 area. In particular, the galaxy
density will be lower with ground based images, and this is why we prefer to show
non-tomographic constraints. The constraints should not be too far from the forecasts
presented in Fig. 4.3, which are compared with some of the best present observational
constraints using cluster abundances. This figure exhibits the tremendous increase in
precision that this work should achieve.

113



Bibliography1

Abell, G. O. 1958, ApJS, 3, 211

Adami, C., Cypriano, E. S., Durret, F., et al. 2015, A&A, 575, A69

Adami, C., Durret, F., Benoist, C., et al. 2010, A&A, 509, A81

Adami, C., Durret, F., Guennou, L., & Da Rocha, C. 2013, A&A, 551, A20

Adami, C. & Mazure, A. 1999, A&AS, 134, 393

Allen, S. W., Evrard, A. E., & Mantz, A. B. 2011, ARA&A, 49, 409

Allen, S. W., Mantz, A. B., Morris, R. G., et al. 2013, ArXiv: 1307.8152

Allen, S. W., Rapetti, D. A., Schmidt, R. W., et al. 2008, MNRAS, 383, 879

Allen, S. W., Schmidt, R. W., Ebeling, H., Fabian, A. C., & van Speybroeck, L. 2004,
MNRAS, 353, 457

Arnaboldi, M., Ventimiglia, G., Iodice, E., Gerhard, O., & Coccato, L. 2012, A&A, 545,
A37

Arnouts, S., Cristiani, S., Moscardini, L., et al. 1999, MNRAS, 310, 540

Balogh, M. L., Navarro, J. F., & Morris, S. L. 2000, ApJ, 540, 113

Barnes, J. E. & Hernquist, L. 1992, ARA&A, 30, 705

Barnes, J. E. & Hernquist, L. 1996, ApJ, 471, 115

Bartelmann, M. & Schneider, P. 2001, Phys. Rep., 340, 291

Bell, E. F., McIntosh, D. H., Katz, N., & Weinberg, M. D. 2003, ApJS, 149, 289

Bernstein, G. & Jain, B. 2004, ApJ, 600, 17

Bernstein, G. M. & Armstrong, R. 2014, MNRAS, 438, 1880

Bertin, E. 2011, in Astronomical Society of the Pacific Conference Series, Vol. 442, As-
tronomical Data Analysis Software and Systems XX, ed. I. N. Evans, A. Accomazzi,
D. J. Mink, & A. H. Rots, 435

1References enclosed in published articles are listed in the corresponding paper, and are not necessarily

listed in the thesis bibliography.

114



Bertin, E. & Arnouts, S. 1996, A&AS, 117, 393

Blandford, R. & Narayan, R. 1986, ApJ, 310, 568

Bocquet, S., Saro, A., Dolag, K., & Mohr, J. J. 2015, ArXiv: 1502.07357

Bridle, S., Balan, S. T., Bethge, M., et al. 2010, MNRAS, 405, 2044

Briel, U. G., Henry, J. P., & Boehringer, H. 1992, A&A, 259, L31
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Spergel, D. N., Bean, R., Doré, O., et al. 2007, ApJS, 170, 377

Spitzer, Jr., L. & Baade, W. 1951, ApJ, 113, 413

Springel, V., White, S. D. M., Jenkins, A., et al. 2005, Nature, 435, 629

Tegmark, M., Blanton, M. R., Strauss, M. A., et al. 2004, ApJ, 606, 702

Tewes, M., Cantale, N., Courbin, F., Kitching, T., & Meylan, G. 2012, A&A, 544, A8

Tinker, J., Kravtsov, A. V., Klypin, A., et al. 2008, ApJ, 688, 709

Ulmer, M. P., Adami, C., Lima Neto, G. B., et al. 2009, A&A, 503, 399

van Waerbeke, L. 2000, MNRAS, 313, 524

Voit, G. M. 2005, Reviews of Modern Physics, 77, 207

von der Linden, A., Allen, M. T., Applegate, D. E., et al. 2014, MNRAS, 439, 2

Vulcani, B., Poggianti, B. M., Oemler, A., et al. 2013, A&A, 550, A58

Wang, L. & Steinhardt, P. J. 1998, ApJ, 508, 483

118



White, S. D. M., Navarro, J. F., Evrard, A. E., & Frenk, C. S. 1993, Nature, 366, 429

Yang, X., Kratochvil, J. M., Wang, S., et al. 2011, Phys. Rev. D, 84, 043529

Zucca, E., Ilbert, O., Bardelli, S., et al. 2006, A&A, 455, 879

Zwicky, F. 1933, Helvetica Physica Acta, 6, 110

119



List of Figures2

1.1 Galaxy cluster components . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2 Baryon fractions in galaxy clusters . . . . . . . . . . . . . . . . . . . . . 10
1.3 Cluster formation in simulations . . . . . . . . . . . . . . . . . . . . . . . 11
1.4 Universe density parameter repartition . . . . . . . . . . . . . . . . . . . 14
1.5 Cosmological constraints from cluster counts . . . . . . . . . . . . . . . . 17
1.6 Cosmological constraints from fractions of baryons . . . . . . . . . . . . . 19
1.7 Accuracy requirement on WLTC . . . . . . . . . . . . . . . . . . . . . . 21

2.1 The different results for the GLF at high redshifts . . . . . . . . . . . . . 24
2.2 Principle of photometric redshifts . . . . . . . . . . . . . . . . . . . . . . 25
2.3 X-ray gas surface brightness and temperature profiles . . . . . . . . . . . 52

3.1 Illustration of the lensing geometry . . . . . . . . . . . . . . . . . . . . . 70
3.2 Application of a WL model fitting method . . . . . . . . . . . . . . . . . 77

4.1 Effect of star halos on ICL detection . . . . . . . . . . . . . . . . . . . . 110
4.2 Fit to the BCG of galaxy groups . . . . . . . . . . . . . . . . . . . . . . 111
4.3 Shear peak cosmological constraints . . . . . . . . . . . . . . . . . . . . . 113

List of Tables3

1.1 Cosmological parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2Figures enclosed in published articles are not listed in the thesis list of figures.
3Tables enclosed in published articles are not listed in the thesis list of tables.

120



Appendix A

Contribution to other papers

In this appendix, I review my contribution to the following papers:

1) Durret et al. (2015): Galaxy clusters in the SDSS Stripe 82 based on pho-
tometric redshifts (Sect. A.1),

2) Adami et al. (2015): Two spectroscopically confirmed galaxy structures at
z = 0.61 and 0.74 in the CFHTLS Deep 3 field (Sect. A.2),

3) Guennou et al. (2014a): Structure and substructure analysis of DAFT/FADA
galaxy clusters in the [0.4-0.9] redshift range (Sect. A.3).

These contributions allowed me to work with different researchers, to apply and test
some of the algorithms I developped to other data sets, and to obtain a better under-
standing of the galaxy cluster field.

A.1 Article 1: Durret et al. 2015

In this section, I review my contribution to the Durret et al. (2015) paper: Galaxy
clusters in the SDSS Stripe 82 based on photometric redshifts.

In this study, we detect galaxy clusters in the Stripe 82 region of the SDSS, and analyze
optical properties of these clusters. The detection is based on isolating over-densities in
photometric redshift slices, using the Adami & Mazure Cluster Finder (Adami & Mazure
1999), and then separating structures through a minimal spanning tree. Stacking the
detected galaxy clusters, we compute composite galaxy luminosity functions, and estimate
the disk-to-spheroid flux ratio, both in different redshift slices from z = 0.15 to 0.70.
Applying the same detection algorithm to the Millennium simulation, we find that these
clusters are of masses between ∼ 1013 and a few 1014M⊙. The GLFs are typical of
those of clusters at these redshifts, but with a possible contamination from field galaxies,
that could be due to false detections. The morphological study shows an increase of the
early-type fraction from high redshift until today.

My main contribution to this paper is the computation of the GLFs, following the
method described in Martinet et al. (2015). Cluster members are selected according
to their photometric redshifts. Field galaxies measured in regions where no cluster is
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detected are subtracted. The completeness limit is estimated using the SDSS appar-
ent magnitude limit converted into an absolute magnitude limit, correcting from the k-
correction at each studied redshift. Stacked GLFs are fitted with Schechter functions, the
parameters of which are discussed. The Stripe 82 being less deep than the DAFT/FADA
images, the high redshift faint end is difficult to discuss, while in the lower redshift bins
the faint end shows a decrease. This drop of faint early-type galaxies is a bit too strong at
these redshifts compared to the GLFs from Martinet et al. (2015), and a contamination
from field galaxies, which show a more decreasing faint end slope (Zucca et al. 2006), is
probable.
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ABSTRACT

Context. The discovery of new galaxy clusters is important for two reasons. First, clusters are interesting per se, since their detailed
analysis allows us to understand how galaxies form and evolve in various environments and second, they play an important part in
cosmology because their number as a function of redshift gives constraints on cosmological parameters.
Aims. We have searched for galaxy clusters in the Stripe 82 region of the Sloan Digital Sky Survey, and analysed various properties
of the cluster galaxies.
Methods. Based on a recent photometric redshift (hereafter photo−z) galaxy catalogue, we built a cluster catalogue by applying the
Adami & MAzure Cluster FInder (AMACFI). Extensive tests were made to fine-tune the AMACFI parameters and make the cluster
detection as reliable as possible. The same method was applied to the Millennium simulation to estimate our detection efficiency and
the approximate masses of the detected clusters. Considering all the cluster galaxies (i.e. within a 1 Mpc radius of the cluster to which
they belong and with a photo−z differing by less than ±0.05 from that of the cluster), we stacked clusters in various redshift bins to
derive colour–magnitude diagrams and galaxy luminosity functions (GLFs). For each galaxy brighter than Mr < −19.0, we computed
the disk and spheroid components by applying SExtractor, and by stacking clusters we determined how the disk-to-spheroid flux ratio
varies with cluster redshift and mass.
Results. We detected 3663 clusters in the redshift range 0.15 ≤ z ≤ 0.70, with estimated mean masses between ∼ 1013 and a few
1014 M⊙. We cross-matched our catalogue of candidate clusters with various catalogues extracted from optical and/or X-ray data.
The percentages of redetected clusters are at most 40% because in all cases we detect relatively massive clusters, while other authors
detect less massive structures. By stacking the cluster galaxies in various redshift bins, we find a clear red sequence in the (g′ − r′)
versus r′ colour-magnitude diagrams, and the GLFs are typical of clusters, though with a possible contamination from field galaxies.
The morphological analysis of the cluster galaxies shows that the fraction of late-type to early-type galaxies shows an increase with
redshift (particularly in 9σ clusters) and a decrease with detection level, i.e. cluster mass.
Conclusions. From the properties of the cluster galaxies, the majority of the candidate clusters detected here seem to be real clusters
with typical cluster properties.

Key words. Surveys ; Galaxies: clusters: general; Cosmology: large-scale structure of Universe.

1. Introduction

The cluster count technique (e.g. Gioia et al. 1990, Allen et al.
2011) is used to constrain cosmological parameters, and requires
catalogues with large numbers of clusters at various redshifts,
including high redshifts (z≥1), and in extended fields of view
(several tens of square degrees). This is why, with the advent of
large cameras on 4m class telescopes, cluster searches at optical
wavelengths have increased in number and redshift depth over
these last ten years (see e.g. Durret et al. 2011b and references
therein).

Several techniques have been applied to search for clus-
ters, among which we particularly want to mention the ORCA

Send offprint requests to: F. Durret e-mail: durret@iap.fr

(Overdense Red-sequence Cluster Algorithm) method, devel-
oped for the Panoramic Survey Telescope and Rapid Response
System (Pan-STARRS) described in detail by Murphy et al.
(2012) and applied by Geach et al. (2011, hereafter GMB; see
below) to the same Stripe 82 region used in the present paper.

Other cluster searches were based on the red sequence in the
colour magnitude diagram (Erben et al. 2009, Thanjavur et al.
2009). Among other techniques used to search for clusters in
large imaging surveys, a matched filter detection algorithm was
applied to the Canada France Hawaii Telescope Legacy Survey
(CFHTLS) Deep fields (Olsen et al. 2007, 2008, Grove et al.
2009, Milkeraitis et al. 2010). The combination of optical and
infrared imaging surveys has recently led to the discovery of
many high redshift (z > 1.1) groups and clusters (Bielby et
al. 2010). Lensing techniques were employed to detect massive
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Durret et al.: Galaxy clusters in the SDSS Stripe 82

Fig. 2. Spectroscopic redshifts in the S82 region taken from
SDSS DR12 versus photometric redshifts from Reis et al. (2012)
for 105,613 galaxies. The blue line shows the diagonal of the
square.

logue of 4,999,968 galaxies that was fed into the Le Phare soft-
ware (Arnouts et al. 1999, Ilbert et al. 2006) to compute the ab-
solute magnitudes that we will exploit further in the paper.

We first considered the curves shown in Fig. 8 of Annis et
al. (2014) to estimate the 90% completeness limit of our mag-
nitude catalogue. These give the following approximate val-
ues: u′

lim
=23.1, g′

lim
=22.8, r′

lim
=22.4, i′

lim
=22.1, and z′

lim
=20.4.

However, when drawing the magnitude histograms in the five
photometric bands (see Fig. A.1) and superimposing these limits
(marked as dotted vertical lines), we found that although in the
u′ and g′ bands the Annis limits seemed acceptable (i.e. brighter
than the magnitude when incompleteness becomes obvious), in
the r′ and i′ bands these limits were obviously too faint while in
the z′ band the limit was too bright. We therefore take the follow-
ing (rather conservative) 90% completeness limits: u′

lim
=23.0,

g′
lim
=22.8, r′

lim
=22.1, i′

lim
=21.5, and z′

lim
=21.2 (marked as full

vertical lines in Fig.A.1).

2.2. Method for cluster detection

2.2.1. Overall description of the method

We applied to this photo−z catalogue the same treatment as in
M07, A10, and D11, where a full description is given. This
method has also been applied by A10 to the Millennium sim-
ulation (Springel et al. 2005) to assess the quality of the detec-
tions and to obtain a rough estimate of the relation between the
cluster masses and the significance level at which clusters were
detected. We have done the same for the S82 data, as described
below.

We first divided the photo−z catalogue in slices of 0.1 in red-
shift, each slice overlapping the previous one by 0.05 (i.e. the
first slice covers redshifts 0.1 to 0.2, the second 0.15 to 0.25,
etc. and the last slice is 0.65–0.75). As discussed by A10, the
0.1 redshift width of the studied slices is the best compromise
between the redshift resolution and the possible dilution of the
density signal due to typical photometric redshift uncertainties.
Then, to make the data manageable (in ram-active CPU mem-
ory), each subcatalogue was then divided into slices of 1.1 deg

in right ascension, with an overlap of 0.1 deg between slices. No
cut was made in declination.

We built galaxy density maps for each redshift slice, based
on the adaptative kernel technique described in M07, with a pixel
size (originally taken to be 1 arcmin) that will be discussed be-
low and 100 bootstrap resamplings of the maps to estimate the
background level correctly.

We then detected structures in these density maps with the
SExtractor software (Bertin & Arnouts 1996) in the different red-
shift bins at various significance levels: 3σ, 4σ, 5σ, 6σ, and 9σ
(as defined by SExtractor).

The structures were then assembled in larger structures
(called detections in the following) using a minimal spanning
tree friends-of-friends algorithm (see Adami & Mazure 1999).
Two detections with centres distant by less than 2 arcmin (twice
the pixel size defined originally) were merged into a single one
which was assigned the redshift of the detection having the high-
est S/N. We did not merge detections within 2 arcmin into a
single one if their photometric redshifts differed by more than
0.09 to avoid losing clusters that could be almost aligned along
the line of sight but located at very different redshifts. With this
separation limit (hereafter called the separation parameter), the
typical uncertainty on cluster positions is therefore about 2 ar-
cmin. This respectively corresponds to 310 kpc and 860 kpc at
z = 0.15, the lowest redshift, and z = 0.7, the highest redshift in
our cluster sample. We also briefly discuss below the influence of
the choice of this separation limit on the final cluster catalogue.

2.2.2. Choice of pixel size for the density maps and of the
separation parameter

We initially built galaxy density maps for each redshift slice,
with a pixel size of 1.002×1.002 arcmin2. With this pixel size we
obtained a cluster catalogue containing 956 clusters in the red-
shift range of 0.15–0.7. Since S82 covers an area of 270 deg2, the
spatial density of this catalogue is 956/270 = 3.54 clusters deg−2,
while if we consider the clusters detected in the CFHTLS–
Wide 1, Wide 2, Wide 3, and Wide 4 (D11) in the same redshift
range (0.15 ≤ z ≤ 0.70), we find respective densities of 17.0,
15.9, 14.8, and 16.6 clusters deg−2, using a pixel size of 0.54 ar-
cmin and a separation parameter of 3 arcmin. When the search
for clusters in the CFHTLS was made, the separation parame-
ter was still an angle, while in the minimal spanning tree code
we now implement a separation in Mpc, which is more physi-
cal. So our detection level in S82 was smaller than that of the
CFHTLS–Wide by a factor between 4.2 and 4.8. A first expla-
nation could be that the S82 catalogue is shallower than that of
the CFHTLS, and does not reach similar redshifts and/or magni-
tudes. However, if we compare the galaxy photo−z histogram of
the S82 to that of the CFHTLS Wide survey (Fig. 2 in D11, black
line), we can see that the S82 histogram starts decreasing for
z>0.85, while the CFHTLS–Wide starts decreasing for z>0.90,
so the photo−z completeness limit of S82 is lower than that of
the CFHTLS–Wide only by ∼ 0.05. If we compare the magni-
tude completeness limits of the two surveys, the S82 90% com-
pleteness limit is reached for r∼ 22.1 according to Annis et al.
(2014). In the CFHTLS–Wide, incompleteness begins to show
for i′ ∼ 23.5, which corresponds to r′ between 22.5 and 23 (for
an elliptical galaxy at redshift 0.2 or 0.5, respectively), showing
that the S82 catalogue is shallower that the CFHTLS–Wide only
by approximately half a magnitude. So the discrepancy by a fac-
tor of 4 between the density of clusters detected with AMACFI
in the two surveys seems too large to be explained only by their
difference in depth. This led us to question our method and to
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make several tests, first on the pixel size chosen to compute the
density maps on which our cluster detection is based, and second
on the separation parameter.

Since the CPU time necessary to compute density maps in-
creases dramatically as the pixel size decreases (and hence the
number of pixels increases), we made the following tests on
a subregion of S82 covering 1 <RA< 10 deg, with the full
declination range |δ| ≤ 1.25◦. We considered pixel sizes of
30 × 30 arcsec2, 15 × 15 arcsec2, and 10 × 10 arcsec2. As the
pixel size decreases, the number of structures detected increases,
so the completeness of the cluster catalogue increases. However,
we must be careful not to start detecting very small structures
that cannot be clusters, because in this case the purity of the
cluster catalogue will decrease.

As mentioned above, we took a separation parameter of
2 Mpc. Since the separation parameter could have an influence
on the number of candidate clusters detected, we made tests with
separation parameters of 1 Mpc, 2 Mpc, and 3 Mpc, and the re-
sults are given below.

We also tested how the quality of the photo−zs could in-
fluence the numbers of candidate clusters detected by applying
two different selections. First, we considered only the galaxies
with an error δzp ≤ 0.1 on their photo−z. Such a cut reduces
the number of galaxies with photo−z ≤ 0.75 from 6,110,921
to 2,458,235, and therefore excludes 59.8% of the galaxies.
Second, we considered only the galaxies with a relative error
smaller than 50%: δzp/zp ≤ 0.5. In this case, the total number
of galaxies drops from 6,110,921 to 4,469,271, and thus we ex-
clude 26.9% of the galaxies.

In order to have an objective criterium for the choice of the
cluster detection parameters, we considered the plots showing
the cumulative number of clusters hotter than 2 keV expected
in a region of 800 deg2 for different cosmologies as a function
of redshift, taken from Romer et al. (2001), Fig. 5b. The mass-
temperature relation of Xu et al. (2001) implies that kT>2 keV
corresponds to clusters of masses Mr200 > (1.2−1.6)×1014 M⊙.
As a first test, we overplotted on these curves the densities of
clusters detected by D11 in the four CFHTLS Wide fields. We
found a very good agreement between our cluster densities and
the Romer curves for Ω0 = 0.3 when considering the clusters
detected at 4σ and above, as illustrated in Fig. 3 (top). We then
overplotted on the same curves the densities of clusters detected
at a 4σ level in a subregion of S82 defined by 1 <RA< 10 deg
and |δ| ≤ 1.25◦ for the nine cases summarized in Table 1.

In Table 1, for each case we give the pixel size chosen to
compute the density maps and the “separation”, that is the min-
imum value above which two detected structures are considered
to be different if they differ by more than 0.09 in redshift. In
some cases we have also applied a cut based on the error on the
photo−z.

We now compare the numbers of clusters detected at a 4σ
level and higher in Stripe 82 to the Romer et al. (2001) curves,
as shown in Fig. 3 (bottom). First, we can see that our original
choice of parameters (case 1) leads to a number of clusters that
is much too small. Pixel sizes of 30 × 30 arcsec2 (case 2) and
15×15 arcsec2 (case 5) also lead to too few clusters. If we take a
separation equal to 1 Mpc or 3 Mpc (cases 4 and 7, respectively),
the numbers of clusters fall clearly above and below the Romer
curve, so we decided to keep a separation of 2 Mpc. The number
of clusters detected in case 8 is also much too small. The best
match with the Romer et al. curves is obtained for cases 3, 6,
and 9. In order to keep our sample as similar as possible to the
cluster sample extracted in the CFHTLS-W, we chose to make
the cluster detection on the full catalogue (limited to zp ≤ 0.75,

Fig. 3. Cumulative number of clusters hotter than 2 keV expected
in a region of 800 deg2 for different cosmologies as a function
of redshift, taken from Romer et al. (2001), Fig. 5. The numbers
of clusters in the four CFHTLS–Wide fields are shown in the
top figure, and the numbers detected in Stripe 82 for the various
cases described in Table 1 (see text) are plotted in the bottom
figure. Only clusters detected at a 4σ level and above are taken
into account.

but with no condition on the photo−z error) with a pixel size of
10 × 10 arcsec2 and a separation of 2 Mpc (case 3).

In this way we obtained a final catalogue of 3663 candi-
date clusters detected at a significance level from 3σ to 9σ. This
catalogue– including for each cluster the coordinates, photo−z,
detection level and number of cluster galaxies– will be available
at the VizieR interface of the Simbad database1.

3. Cluster catalogue

3.1. Significance level and spatial distribution of the
candidate clusters

In the catalogue of 3663 cluster candidates, the numbers of clus-
ters detected at the various significance levels of 3σ, 4σ, 5σ,
6σ, and 9σ are: 1133, 792, 623, 820, and 295, respectively. In
Sections 5 and 6 we concentrate on the properties of the 2530
clusters detected at 4σ and above to limit our analysis to the
objects that are the most likely to be real clusters.

1 http://vizier.u-strasbg.fr/viz-bin/VizieR
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Table 1. Cases considered in the various tests on cluster detec-
tion parameters. The columns are: (1) running number of test;
(2) pixel size chosen to compute the density maps; (3) separa-
tion, that is the minimum value above which two detected struc-
tures are considered to be different if they differ by more than
0.09 in redshift; (4) cut depending on the photometric redshift
uncertainty when applicable.

Case pixel size separation cut on zp

(arcsec× arcsec) (Mpc)
1 60×60 2 −
2 30×30 2 −
3 10×10 2 −
4 10×10 1 −
5 15×15 2 −
6 10×10 2 ∆zp/zp ≤ 0.5
7 10×10 3 ∆zp/zp ≤ 0.5
8 10×10 3 ∆zp ≤ 0.1
9 10×10 3 −

Fig. 4. Projected spatial distribution of the 3663 candidate clus-
ters, colour coded as follows: red squares: S/N=9σ, magenta
filled triangles:S/N= 6σ, green filled circles: S/N= 5σ, cyan
empty triangles: S/N= 4σ, black crosses: S/N= 3σ.

The projected spatial distribution of all the detected clusters
is shown in Fig. 4 with different symbols for the various signif-
icance levels. We can see concentrations of candidate clusters
at the edges in declination, for |δ| ∼ 1.1 − 1.2, which are most
probably spurious detections. We keep these objects in our final
catalogue for the sake of completeness, but we note this short-
coming.

3.2. Redshift distribution of the candidate clusters

The photometric redshift distribution of the 3663 candidate clus-
ters detected in S82 in the redshift range 0.15–0.7 (divided by
270 deg2 to obtain a surface density directly comparable to those
found in the literature) is shown in Fig. 5. This photo−z distri-

Fig. 5. Histogram of the surface density of cluster candidates in
S82 as a function of photometric redshift.

Fig. 6. Photometric redshift histograms of the 3663 candidate
clusters detected in S82 for various detection significance levels
(indicated in each plot, together with the corresponding number
of clusters in parentheses). For clarity, the scale of the y-axis is
not the same for each plot.

bution has a mean value of 0.51 and a median of 0.53, with dis-
persions of 0.15 around these values. The median redshift of our
clusters is notably higher than the median redshift z=0.32 found
by Geach et al. (2011) for their sample of 4098 clusters, and the
comparison between both samples will be made in Section 4.

The photo−z histograms for clusters detected at different sig-
nificance levels are shown in Fig. 6.
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Table 2. Percentages of Millennium haloes detected with our
method as a function of lower mass cutoff. The columns are:
(1) halo mass in units of 1012 M⊙; (2)–(7) percentages of rede-
tected haloes in the following redshift intervals: z1 : z ≤ 0.2,
z2 : 0.2 < z ≤ 0.3, z3 : 0.3 < z ≤ 0.4, z4 : 0.4 < z ≤ 0.5,
z5 : 0.5 < z ≤ 0.6, and z6 : 0.6 < z ≤ 0.8.

Mhalo z1 z2 z3 z4 z5 z6
250 - 100 66 33 20 0
65 66 68 54 10 5 0
20 75 68 59 2 1 0
7.5 76 63 67 2 1 0
3.0 67 64 59 1 1 0

3.3. Cluster masses

By applying the same detection method to the Millennium sim-
ulation, we have shown (see A10, Table 2) that there is a rough
correspondence between the cluster detection level and its mass.
We have redone the same exercise, selecting data from the
Millennium simulation and adapting them to the conditions of
the S82 data analysed here, in terms of photometric redshift pre-
cision and photometric catalogue depth.

We ran AMACFI on this catalogue, exactly in the same way
as for the S82 galaxy catalogue, and detected 30 structures.
The percentages of detected haloes are given in Table 2 for five
classes with masses ranging from 3.0×1012 M⊙ to 2.5×1014 M⊙
in six redshift bins: z ≤ 0.2, 0.2 < z ≤ 0.3, 0.3 < z ≤ 0.4,
0.4 < z ≤ 0.5, 0.5 < z ≤ 0.6, and 0.6 < z ≤ 0.8.

We can see that for all the haloes the percentage of detec-
tions is larger than about 60% up to z ∼ 0.4. In the next redshift
bin, this percentage drops to 33% and 10% for the two most
massive haloes and becomes extremely low for the three least
massive haloes. The corresponding orders of magnitude for the
masses are that clusters detected at 3σ and 4σ have masses in
the approximate range [1013 − 1014 M⊙], while clusters detected
at 6σ have masses larger than 1014 M⊙. As in A10, because
the Millennium simulation only covers an area corresponding to
1 deg2, it includes no cluster corresponding to a 9σ detection in
our study, so we cannot estimate the typical mass of the clusters
detected at a 9σ level; all we can say is that these clusters must
have masses larger than 1014 M⊙.

By varying the detection parameters used in SExtractor, we
estimate that the errors on these halo masses are of the order of
5%.

3.4. Cluster spatial density

We found 3663 clusters in a region of about 270 deg2 in the red-
shift range 0.15–0.70, which gives a detection rate of about 13.6
clusters per square degree. Geach et al. (2011) detected 3896
clusters in the same redshift range, corresponding to about 14.4
clusters per square degree, a detection rate 1.06 times higher than
ours. This small difference is most probably due to the fact that
they call “a cluster” any structure with five galaxies or more. The
application of our cluster detection method to the Millennium
simulation shows that the minimum mass of a 3σ detected clus-
ter is ∼ 1013 M⊙, and we therefore do not detect less massive
structures.

We can also compare the cluster density that we find in S82
with that found in the four CFHTLS Wide fields. In these fields,
we have detected 4061 candidate clusters at 3σ and above, cor-
responding to between 21 and 28 clusters per square degree
(depending on the field considered), reaching redshift 1.15 (see

Table 3. Common systems in our cluster catalogue and in other
optically and X-ray selected cluster catalogues within a search
radius of 2 Mpc. The percentages of recovered systems in the
published catalogues are given in parentheses.

Catalogue zphot range NClG NClG,match NClG,match

∆z < 0.05 ∆z < 0.1
GMB 0.15 ≤ zp ≤ 0.70 3896 472 (12%) 838 (22%)
WHL12 0.15 ≤ zp ≤ 0.70 2901 538 (19%) 838 (29%)
RedMaPPer 0.15 ≤ zp ≤ 0.55 665 188 (28%) 268 (40%)
XCS-DR1 0.15 ≤ zp ≤ 0.70 28 5 (18%) 7 (25%)
XMM/SDSS 0.15 ≤ zp ≤ 0.68 30 5 (17%) 6 (20%)

D11). The corresponding cluster densities for 0.15 ≤ z ≤ 0.7 are
between 14.8 and 17.0 clusters per square degree. The cluster
density detected in S82 is therefore of the same order of magni-
tude as in the CFHTLS, as seen from the comparison of Fig. 5
in the present paper with Fig. 7 (bottom) in D11.

3.5. Number and magnitude distributions of the cluster
galaxies

Fig. 7. Magnitude histogram of the cluster galaxies in the r band.

We define cluster galaxies as the galaxies located within a
circle of 1 Mpc radius around each cluster and within ±0.05 of
the redshift of the cluster to which they belong. The magnitude
histogram of the 113,411 cluster galaxies in the r band is shown
in Fig. 7.

4. Comparison with optically and X-ray detected

clusters in S82

We have cross-correlated our catalogue of candidate clusters
with several catalogues extracted from optical and/or X-ray
data: GMB, WHL12 (Wen et al. 2012), RedMaPPer (Rykoff et
al. 2014), XCS-DR1 (Mehrtens et al. 2012), and XMM/SDSS
(Takey et al. 2013, 2014). The matching criteria were a linear
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separation smaller than 2 Mpc and a redshift difference smaller
than 0.05 or 0.1 (see e.g. Hao et al. 2010). The numbers of clus-
ters in common are given in Table 3.

Geach et al. (2011) detected 4098 clusters in the S82 region,
but with a different definition, since they consider that a cluster
begins with five galaxies. The number of recovered clusters from
the GMB catalogue is 22%, a rather low number. This can be ex-
plained by the fact that 73% of the GMB clusters have less than
ten members, while the clusters in our sample with the lowest
richness have several tens of galaxies.

The rather low number of recovered clusters from the
WHL12 catalogue (29%) can be explained in the same way: 30%
of the clusters in WHL12 have 10 members or fewer (in the r′200
radius), and 86% have 20 members or fewer, so WHL12 detect
clusters that are mostly less massive than ours.

In the RedMaPPer catalogue, Ryckoff et al. (2014) give two
parameters (Λ and S) that can be used to determine the number
of cluster galaxies N = Λ/S , where N is in the range 20–203.
About 64% of their clusters have N < 30 and their cluster masses
are Mr200 ≥ 1014 M⊙. We recover 40% of their clusters.

Since the detection of our candidate clusters as diffuse X-ray
sources would be an obvious way to confirm that they are real
clusters, we also correlate our detections with the XCS-DR1 cat-
alogue (Mehrtens et al. 2012). This X-ray catalogue has 41 clus-
ters in the S82 region (as defined in Section 1), among which 28
are in the same redshift range as ours. Our matching percentage
is 25%.

A similar survey to the XCS is the 2XMMi/SDSS galaxy
cluster survey (Takey et al. 2011, 2013, 2014) that provided 35
clusters in the S82 region. Of these, 30 clusters are almost in
the same redshift range [0.15–0.68] as our S82 cluster candi-
dates. About 70% of these clusters have masses M500 < 1014 M⊙.
With our cross-matching criteria, we have recovered 20% of the
2XMMi/SDSS clusters that are in the S82 region and in the red-
shift range 0.15–0.68.

Other observational biases can, however, be present. X-ray
serendipitous surveys such as the XCS and 2XMMi/SDSS make
use of existing XMM observations for which the main targets are
most of the time not the detected clusters. For example, bright
stars or large nearby galaxies can have been targeted, and this
would obviously result in a large masking percentage of the S82
optical data, potentially preventing us from detecting the X-ray
extended structure as a galaxy concentration. In addition, these
serendipitous surveys of clusters avoided the clusters (usually
the massive ones) that were targets of pointed XMM-Newton
observations. All these observational biases reduce the recov-
ered fraction of the X-ray selected clusters. It is worth perform-
ing a detailed comparison of X-ray clusters and our S82 clusters
similar to the X-CLASS-redMaPPer galaxy cluster comparison
(Sadibekova et al. 2014). We therefore plan in the near future to
make this detailed comparison.

5. Properties of stacked clusters

In this section we will limit our analysis to the 1738 clusters de-
tected at 5σ and above, and to galaxies within a radius of 1 Mpc
of a cluster and with a photo−z within ±0.05 of that of the corre-
sponding cluster for two reasons: first, to avoid having too much
contamination by galaxies that do not belong to the clusters, and
second to derive galaxy luminosity functions (GLFs) in redshift
bins of width 0.1 that do not overlap.

5.1. Colour-magnitude diagrams

We first derive colour-magnitude diagrams by stacking galax-
ies in photometric redshift bins. The red sequence is apparent in
all colour-magnitude diagrams, but the (g − r) versus r′ colour-
magnitude diagram is the one that shows the smallest dispersion,
and so we use it to select cluster galaxies and build GLFs. We
show these diagrams in five redshift bins in Figs. 8 and 9, respec-
tively, before and after background correction (see Section 5.2.2
for explanations on the method used to subtract the background
contribution).

The fact that we detect a red sequence shows that we have se-
lected galaxies with similar star formation histories that belong
to well-assembled structures, and therefore that our candidate
clusters are mostly old galaxy structures. As seen in these fig-
ures, the red sequence defined by the cluster galaxies is in good
agreement with the predictions of the Bruzual & Charlot (2003)
model.

5.2. Galaxy luminosity functions

5.2.1. Computing absolute magnitudes and 90%
completeness limits

In order to be able to stack the cluster GLFs it was necessary to
compute absolute magnitudes for all the galaxies. For this, we
applied the Le Phare software as described in Section 2.1, with
photo−zs fixed to the SDSS values.

Since the GLF parameters can strongly vary with the mag-
nitude interval in which they are computed (as discussed e.g. by
Martinet et al. 2015 and references therein), it is necessary to
estimate the absolute magnitudes for which the completeness is
better than 90%. For this, our starting point is the 90% complete-
ness limits given in Section 2.1: u′ ∼ 23.0, g′ ∼ 22.8, r′ ∼ 22.1,
i′ ∼ 21.5, and z′ ∼ 21.2. We computed the corresponding 90%
completeness limits in absolute magnitudes with two indepen-
dent methods.

First, we translated these apparent magnitude completeness
limits to absolute magnitude completeness limits by applying
in each redshift bin the k-correction and distance modulus.
Le Phare uses galaxy SED model libraries to estimate the the-
oretical k-corrections that depend on galaxy types and redshifts.
For early-type galaxies, we measure the mean and the dispersion
of the k-correction over galaxy templates in a redshift range of
±0.05 around the cluster redshift. We set our corrective factors
to the mean values plus 2σ to be representative of 95% of our
galaxy population. This step is illustrated in Eq. 1 where CX and
Cx are the completeness limits in absolute and apparent magni-
tude in the x band, DM(z) is the distance modulus, and kx(z) the
k-correction in the x band at redshift z:

CX = Cx − DM(z) − (< kx(z) > +2σkx(z)). (1)

With this method we obtained the 90% completeness limits in
absolute magnitude for each filter and each redshift bin. These
values are given in the last column of Table 4.

As a check, we also performed simulations for 112 clus-
ters. For this, we first selected in each cluster the galaxies with
a photo−z within ±0.05 of that of the cluster (i.e. galaxies for
which the distance modulus and k-corrections are known) and
with no nearby neighbour (i.e. no galaxy within 3 times their
size) to avoid crowding effects. We extracted the image of each
of these galaxies, subtracted the background computed around
each galaxy at a distance larger than 3 times the galaxy size
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Fig. 8. Colour-magnitude diagrams ((g − r) versus r′) stacked in the five redshift bins (from left to right: 0.15 < z < 0.25, 0.25 <
z < 0.35, 0.35 < z < 0.45, 0.45 < z < 0.55, 0.55 < z < 0.65) before background subtraction (see text). The black points show all
the galaxies within a radius of 1 Mpc of a cluster, and the red points correspond to the galaxies with a photometric redshift within
±0.05 of that of the cluster to which they belong. The solid blue line shows the best fit.

Fig. 9. Same as Fig. 8 after background subtraction.

(as measured by SExtractor), and added this background sub-
tracted image 100 times at uniformly distributed random loca-
tions within a square of 2000 × 2000 pixels2 centred on the
cluster centre. We then redetected the galaxy on the image with

SExtractor and noted how many times it was redetected. This
allowed us to estimate the number of times we could redetect a
galaxy with the absolute magnitude of the considered galaxy. By
applying this treatment to all the cluster galaxies, we thus recon-
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Fig. 10. GLFs in the u, g, r, i and z bands (from left to right). Black crosses are the stacked GLFs with no surface normalization.
The red curves are the best Schechter fits corresponding to the black crosses. The vertical red lines indicate the 90% completeness
limits. Only galaxies brighter than the 90% completeness limit are taken into account for the fits. The plots for which no Schechter
parameters are given in Table 4 are only shown for completeness, but will not be taken into account in the discussion.

structed a completeness curve as a function of absolute magni-
tude. Since such a computation is only valid for a small magni-
tude range, we repeated it for galaxies 10 times brighter (with
magnitudes smaller by 2.5) and 10 times fainter (with magni-
tudes larger by 2.5), and obtained curves such as those shown in
Fig. B.1 for the i′ band. This method has obvious limitations, but
it gives 90% completeness limits very close to those estimated
with our first method, in most cases within one 0.5 magnitude
bin, thus giving us confidence in our completeness level esti-
mates. Hereafter, we will limit our GLF fits to the 90% complete-
ness absolute magnitude limits derived with the first method.

5.2.2. Background subtraction

As stated above, we extracted a catalogue containing all the
galaxies located within a 1 Mpc radius around each cluster and
with a photo−z within ±0.05 of that of the corresponding cluster.
The composite (g′−r′) versus r′ colour magnitude diagrams have
been corrected for contamination from background/foreground
galaxies in a statistical way. For this purpose, the field colour-
magnitude diagram has been estimated from the whole S82 dis-
tribution, excluding galaxies in a given physical radius (in our
case 1 h−1 Mpc) around the position of detected clusters. The sta-
tistical correction has been performed following the method de-
scribed in Pimbblet et al. (2002). Counts in the “cluster + field”
and “field” populations are estimated in a grid in the colour-
magnitude diagram, and the probability of a galaxy in a colour-
magnitude bin of being a field galaxy is derived and used to sta-

tistically subtract the field population. This method has been ap-
plied to the composite clusters stacked in photo−z bins. In the
case of subsamples of the stacks where galaxies are selected in a
photometric redshift window around the cluster mean redshift, a
grid in the colour-magnitude-photometric redshift space is used.
More details will be provided in Maurogordato et al. (in prepa-
ration).

After this statistical background subtraction was applied, for
each redshift bin we extracted the galaxies located in the red
sequence of the (g′−r′) versus r′ colour magnitude diagrams and
thus obtained the GLFs that we fit with a Schechter function:

N(M) = 0.4 log10φ
∗[100.4(M∗−M)] α+1exp (−100.4(M∗−M)). (2)

5.2.3. Results

We stacked the 1738 clusters detected at 5σ and above, lim-
iting our analysis to the galaxies within a radius of 1 Mpc of
a cluster and with a photo−z within ±0.05 of that of the cor-
responding cluster and subtracting the background as explained
above. This allowed us to obtain stacked GLFs in the same five
redshift bins as for the colour-magnitude diagrams.

The GLFs in the u′, g′, r′, i′, and z′ bands are shown in
Fig. 10 and the parameters of the best fit Schechter functions
are given in Table 4. No values were given in Table 4 when the
fits did not converge. This happened mostly when the number
of points brighter than the 90% completeness limit became too
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Table 4. Parameters of the best fit Schechter functions for the
galaxy luminosity functions in the five bands and in the five red-
shift bins.

redshift/ α M* φ* 90%
filter completeness
z=0.20
u′ −0.56 ± 0.29 −19.2 ± 0.2 368± 50 −18.4
g′ −0.20 ± 0.11 −20.5 ± 0.1 352± 23 −18.4
r′ −0.30 ± 0.08 −21.3 ± 0.1 306± 21 −18.3
i′ −0.34 ± 0.07 −21.7 ± 0.1 285± 22 −18.7
z′ −0.20 ± 0.08 −21.8 ± 0.1 304± 19 −19.0
z=0.30
u′ − − − −20.2
g′ −0.04± 0.36 −20.4± 0.2 353± 24 −19.9
r′ −0.22± 0.12 −21.2± 0.1 314± 22 −19.6
i′ −0.17± 0.16 −21.6± 0.1 307± 23 −19.8
z′ −0.08± 0.12 −21.7± 0.1 314± 18 −20.1
z=0.40
u′ − − − −21.6
g′ − − − −21.0
r′ −0.17± 0.26 −21.2± 0.2 315± 21 −20.7
i′ −0.46± 0.34 −21.7± 0.2 302± 41 −20.8
z′ 0.08± 0.25 −21.7± 0.1 315± 19 −21.0
z=0.50
u′ − − − −22.9
g′ − − − −22.0
r′ − − − −21.8
i′ −0.42± 0.71 −21.7± 0.4 303± 39 −21.5
z′ 0.49± 0.42 −21.5± 0.2 267± 54 −21.6

small for a three-parameter fit. In some cases, the fits converged,
but gave values with large error bars. We chose to show these
values in Table 4 to keep the information as complete as possi-
ble, but they should be considered with caution.

In Fig. 10 it can be seen that in some cases there is an excess
of very bright galaxies over the Schechter function, mostly in
the z′ band. This feature is rather common, particularly in merg-
ing clusters (see e.g. Durret et al. 2011a and references therein).
We checked the possibility that this excess could be due to bright
stars misclassified as galaxies in one cluster. For this we detected
all the objects with SExtractor in the i′ band image and plot-
ted the maximum surface brightness as a function of magnitude
(µmax,i − i diagram). The bright objects from our initial galaxy
catalogue that could account for the excess of bright galaxies
in the GLF are all very clearly located in the galaxy zone in the
µmax,i− i diagram, so it seems likely that the excess of very bright
galaxies detected in some cases is real, and not due to bright stars
misclassified as galaxies.

If we now consider the faint end slope of the GLF, we can
see that α is above −1, traducing a decrease in the faint galaxy
population, and this drop becomes more significant with increas-
ing redshift, at least in the bands where the fit converges in the
highest redshift bins. As expected from the relative shallowness
of the images in the u′ band, the GLFs can only be computed in
the first redshift bin.

At low redshifts there are fewer faint galaxies than expected
(α is notably larger than the expected value of ∼ −1), probably
in part due to background contamination. The α parameter of
early-type field GLFs is about −0.16 in U and −0.31 in the V, R
and I bands in the redshift range 0.4 < z < 0.9, and is found to
depend only weakly on redshift (Zucca et al. 2006).

6. Morphological properties of cluster galaxies

6.1. Early- to late-type galaxy fraction

Based on the catalogue of clusters that we have detected in a ho-
mogeneous way, we now analyse statistically the morphological
properties of the galaxies belonging to these clusters (or at least
having a high probability of being in these clusters, since this
study is based on photometric redshifts). With the large num-
ber of cluster galaxies available, this allows us to estimate the
variations of the late- to early-type number ratio as a function of
redshift and of detection level. Because the positions of the clus-
ter centres are not well defined, we will not attempt to search for
variations of the elliptical-to-spiral number ratio as a function of
clustercentric radius. We consider here the cluster galaxies, with
the definition given in Section 5.

To estimate the morphological properties of the galaxies,
we extracted images around each cluster, covering an area
of 1 × 1 Mpc2 at the cluster redshift, with a pixel scale of
0.396 arcsec/pixel, in the r′ band. We applied a tool devel-
oped in SExtractor that calculates the respective fluxes in the
bulge (spheroid) and disk for each galaxy. This new experimen-
tal SExtractor feature fits to each galaxy a two-dimensional
model comprised of a de Vaucouleurs spheroid (the bulge) and
an exponential disk. Briefly, the fitting process is very similar
to that of the GalFit package (Peng et al. 2002) and is based on
a modified Levenberg-Marquardt minimization algorithm. The
model is convolved with a supersampled model of the local point
spread function (PSF), and downsampled to the final image reso-
lution. The PSF model used in the fit was derived with the PSFEx
software (Bertin 2011) from a selection of point source images.
The PSF variations were fit using a six–degree polynomial of x
and y image coordinates. The model fitting was carried out in the
r′ band.

We used this tool to look for differences in galaxy morpholo-
gies as a function of redshift and of significance level (which is
related to cluster mass) by computing the flux in the disk fdisk

and that in the spheroid fspheroid for each galaxy. We classified
a galaxy as early-type if fspheroid/( fdisk + fspheroid) ≥ 0.35 and
as late-type if fspheroid/( fdisk + fspheroid) < 0.35, as in Simard
et al. (2009). SExtractor also computes the 1σ uncertainties on
these fluxes and on the fspheroid/( fdisk + fspheroid) flux ratio. We
must note that the distribution of the estimated uncertainties can
be highly asymmetric and that the limiting value of 0.35 for the
fspheroid/( fdisk + fspheroid) ratio to distinguish early and late types
is somewhat arbitrary (see e.g. Simard et al. 2009 and references
therein).

Before stacking clusters and searching for variations of
galaxy morphologies with redshift, it is necessary to make a cut
in absolute magnitude in order to have comparable samples in
all the redshift bins. We make the choice of the limiting magni-
tude by considering the redshift range that imposes the strongest
constraints on the relative uncertainty on the spheroid-to-total
ratio: 0.4 ≤ z < 0.75. A plot of this uncertainty as a function
of absolute magnitude for all the cluster galaxies in the redshift
range 0.4 ≤ z < 0.75 is shown in Fig. 11. We choose to limit the
relative uncertainty on the spheroid to total flux ratio to 20% and
to cut the sample at Mr ≤ −19.0 (which roughly corresponds to
M∗+3). Out of the initial sample of 1,574,505 galaxies, there are
1,128,389 galaxies with Mr ≤ −19.0, of which 522,605 have an
uncertainty err f luxratio on the spheroid-to-total flux ratio smaller
than or equal to 20%. So for Mr ≤ −19.0 we can consider that
about 50% of the galaxies have err f luxratio ≤20%. Hereafter we
will take into account only the galaxies with an absolute magni-
tude brighter than Mr < −19.0.
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Fig. 11. Relative error on the spheroid to total flux ratio as a func-
tion of magnitude for all the galaxies in a 1 Mpc radius within
clusters at redshift 0.4 ≤ z < 0.75.

In the following analysis, we will limit our analysis to the
2530 clusters detected at a 4σ level and above to have a sample
of clusters that is as reliable as possible. We stacked clusters in
six redshift bins: z ≤ 0.15, 0.15 < z ≤ 0.25, 0.25 < z ≤ 0.35,
0.35 < z ≤ 0.45, 0.45 < z ≤ 0.55, and z > 0.55 and computed the
percentages of late-type galaxies. If we assume that there is no
observational bias due to the loss of spatial resolution for galax-
ies when redshift increases, we find that the percentage of late-
type galaxies tends to decrease with redshift, opposite to what is
expected. We also stacked clusters in four bins of detection level:
4σ, 5σ, 6σ, and 9σ, which roughly correspond to cluster mass
bins. Here too, we tend to find that the percentage of late-type
galaxies somewhat increases with significance level, the oppo-
site of what is expected (more massive clusters are expected to
host more early-type galaxies). We therefore performed simula-
tions to test the hypothesis that these unexpected results could
be due to an observational bias.

6.2. Influence of the redshift on the morphological
classification

Fig. 12. Percentage of early-type galaxies (filled black circles)
and late-type galaxies (empty black circles) as a function of red-
shift obtained by stacking 103 clusters artificially degraded to
mimic the influence of increasing redshift (see Section 6.2).

Table 5. Percentage of late-type galaxies as a function of red-
shift obtained by degrading the images to mimic the effect of
increasing redshift, as explained in the text.

Redshift % of late types number of galaxies
0.1 52.7 4005

0.155 51.3 17824
0.2 50.2 3893
0.3 47.9 17543
0.4 44.9 27283
0.5 39.5 26191
0.6 39.3 25895
0.7 40.5 25652
0.8 41.6 25003

In order to test how the image degradation due to increasing
redshift could influence the value of the fspheroid/( fdisk+ fspheroid)
flux ratio on which our late- and early-type galaxy percentages
are based, we selected 103 clusters with redshift z ≤ 0.20 and de-
tected at least at the 4σ level. Starting from the original images,
we artificially degraded the images by rebinning them to larger
pixel sizes to mimic the effect of increasing redshift. In this way
images were computed to simulate the clusters as if they were
located at redshifts between 0.2 and 0.8, in bins of 0.1 in red-
shift. The rebinned images were then treated with SExtractor as
above to compute the fspheroid/( fdisk + fspheroid) flux ratios of all
the cluster galaxies.

The percentages of late- and early-type galaxies were then
stacked in redshift bins, and the results are shown in Fig. 12. This
figure clearly shows that, as a bias due to redshift, the percentage
of late-type galaxies tends to decrease with redshift and that of
early types to increase. Therefore, when estimating the early-to-
late-type ratio, a correcting factor must be applied to correct for
this bias. The number of late-type galaxies for various redshifts
is given in Table 5. We note that we only consider here cluster
galaxies, for which the computed absolute magnitudes take into
account the k-corrections and luminosity distance corrections.

6.3. Results

Fig. 13. Percentage of late-type galaxies as a function of redshift,
based on the bulge to disk decomposition in the r′ band. The data
points are colour–coded as a function of detection level: black
circles for 4σ, red triangles for 5σ, green circles for 6σ, and
blue squares for 9σ. The correction factors explained in the text
have been applied.
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at a 3σ level and above, in the redshift range 0.1 ≤ z ≤ 0.7, with
estimated mean masses between ∼ 1013 and a few 1014 M⊙. We
cross-correlated our catalogue of candidate clusters with various
catalogues extracted from optical and/or X-ray data. The per-
centages of redetected clusters are at most 40%, but in all cases
this can be explained by the fact that we detect relatively massive
clusters, while other authors detect less massive structures.

The colour-magnitude diagrams and galaxy luminosity func-
tions of the clusters detected at 5σ and above and stacked in
redshift bins of width 0.1 are typically those of bona fide clus-
ters. This confirms that the clusters we have detected have a high
probability of being real clusters.

The morphological analysis of the cluster galaxies shows
that the fraction of late-type to early-type galaxies shows an in-
crease with redshift and a decrease with significance level, i.e.
cluster mass. This result is obtained after correcting for a bias
due to the effect of increasing redshift that we quantified through
simulations.

Although the 3663 candidate clusters detected here seem
mostly to be real clusters, spectroscopic confirmation would of
course be necessary. We are in the process of improving the po-
sitions and redshifts of our clusters by searching for the bright-
est cluster galaxies, and retrieving spectroscopic redshifts in the
SDSS data base. As yet another confirmation to the reality of the
clusters detected in S82, we are also identifying our candidate
clusters with diffuse X-ray sources detected by XMM-Newton
when available. These results will be published in a forthcoming
paper.

Counting the number of clusters per unit volume and the
growth of clusters with redshift are methods for delimiting
cosmological model parameters such as w, dw/dz, and σ8
(Allen et al. 2011). This motivated the present search for
clusters in the Stripe 82 region of the SDSS, as well as
our previous searches for clusters in the CFHTLS. In the
near future, the Dark Energy Survey expects to find ap-
proximately 170,000 clusters with masses ≥ 5 × 1013 M⊙
(http://en.wikipedia.org/wiki/The Dark Energy Survey), and
LSST more than 100,000 clusters with masses ≥ 2 × 1014 M⊙
(Tyson et al. 2003).

Based on our experience here, we conclude that is it very
important not to depend on using just one cluster detection algo-
rithm. Therefore, for future surveys we suggest the following ap-
proach to derive cosmological parameters from optical/near IR
cluster surveys: 1) take a ∼ 6σ cut and a ∼ 4σ cut; and 2) esti-
mate the completeness of the survey by comparing two or more
different cluster finding techniques. The derived cosmological
parameters based on two (or more) different σ cuts and tech-
niques can then be used to determine the underlying systematic
limits to the values of these cosmological parameters.
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Appendix A: Magnitude histograms

The magnitude histograms in the five bands of the 4,999,968
galaxies of the initial magnitude catalogue used to compute ab-
solute magnitudes are shown in Fig. A.1.

13



Durret et al.: Galaxy clusters in the SDSS Stripe 82

Fig. A.1. Magnitude histograms in the five bands of the 4,999,968 galaxies of the initial magnitude catalogue used to compute ab-
solute magnitudes. The full vertical lines show the 90% completeness limits beyond which the galaxy counts will not be considered
as fitting the GLFs. These limits are: u′

lim
=23.0, g′

lim
=22.8, r′

lim
=22.1, i′

lim
=21.5, and z′

lim
=21.2. The dotted vertical lines show the

90% completeness limits derived from Fig. 8 in Annis et al. (2014) for comparison.

Appendix B: Completeness simulations

Fig. B.1. Percentage of redetected galaxies as a function of abso-
lute magnitude in the i′ band derived from our simulations in five
magnitude bins: z=0.2 in black, z=0.3 in blue, z=0.4 in green,
z=0.5 in red, and z=0.6 in magenta (see Section 5.2.1).

We show in Fig. B.1 the percentages of redetected galaxies
as a function of absolute magnitude in the i′ band derived from
our simulations in five magnitude bins: z=0.2 in black, z=0.3 in
blue, z=0.4 in green, z=0.5 in red, and z=0.6 in magenta (see
Section 5.2.1). Simulations in the other bands give comparable
curves and are not shown here to save space.

14



A.2 Article 2: Adami et al. 2015

In this section, I review my contribution to the Adami et al. (2015) paper: Two spec-
troscopically confirmed galaxy structures at z = 0.61 and 0.74 in the CFHTLS
Deep 3 field.

This paper is a study of two galaxy cluster candidates at redshift z > 0.5 detected by
applying the Adami & Mazure Cluster Finder (Adami & Mazure 1999) to the CFHTLS in
Adami et al. (2010). Using new spectroscopy from Gemini, we measure the cluster galaxy
redshifts, and perform a dynamical study. We also compute their GLFs, and measure
a weak lensing signal, based on the CFHT/MegaCam images. Finally, we compare the
lensing detection to the X-ray detection from Chandra. We found that the two candidates
correspond to real clusters at redshifts z = 0.607 and z = 0.739. The first one of low mass
is probably a small group, not detected in WL, while the second seems to be a merging
of two groups, which is weakly detected through WL (∼ 3 σ), but not in X-rays. These
detections validate the potential of the cluster finder that was used.

I took care of the WL reduction for these two clusters on sub-images of MegaCam
fields. The shear measurement is similar to that of Martinet et al. (2015, A&A submit-
ted). The background galaxies are selected according to their photometric redshifts. The
convergence map is produced by applying the Kaiser & Squires (1993) method but not
refining it in the cluster region through the iterative Seitz & Schneider (1995) procedure
as in the mentioned paper. This should not cause a too large bias, as the clusters studied
here are probably of very low masses. The detection level is estimated from the noise
threshold corresponding to the shape noise with a Gaussian smoothing (see van Waerbeke
2000). One cluster is not detected at all and the other one is weakly detected (∼ 3 σ).
From the lensing, at least the second candidate is a true small cluster. Note however,
that these clusters are at high redshifts, and that the number of background galaxies
usable for lensing is therefore low.
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✜✢ ✣✤✥✦✧★✩ ✪✢ ✬✢ ✜✯✰✴✧✥✽❀❁✩ ❃✢ ❄❅✴✴❇●❏✩ ❱✢ ❑❇ ▼✴❅✽★✩ ◆✢ ▼✢ ❑✧✦✥ P❇●❀❁✩ P✢ ◗✥✴●✧✽❇●❏✩ ❃✢ ❘❇✴❇❯★✩
▼✢ ❲❀❅❯❇★✩ ✥✽✤ ❑✢ ✬❀✤✴ ❳✴✢❁

❨ ❩❬❭❪❫❴❵❜❢❬❥❥❢ ❦q❬✈❢❵❜❬④ ⑤ ⑥⑦⑧❙⑤ ⑨❩❫ ⑩⑨❴❶❷❵❴④❷❬❵❢ ❸➆❩❜④❵❷❹❺❻❜❬❼❽❢ ❸❢ ❫❴❵❜❢❬❥❥❢❾ ❦❫⑧ ❿➀✁➁⑤ ✄➀➀➂➂ ❫❴❵❜❢❬❥❥❢⑤ ➃❵❴q❝❢
❢❪➄❴❬❥➅ christophe.adami@lam.fr

➇ ➈❩➉⑤ ❦❙➊⑤ ⑧➋ ❸❷ ❫❴④ ❷ ✄✁✁➁⑤ ✂☎☎✂➂❪✂➌✂ ❙ ❷ ➊❴❽❥❷⑤ ❙➊⑤ ➍❵❴➎❬❥
➏ ❦➊❫⑥❪⑥⑦⑧❙⑤ ❦❫⑧ ❿✂➌☎⑤ ➈q❜④❬④❽④ ❸➆❩❜④❵❷❹❺❻❜❬❼❽❢ ❸❢ ➊❴❵❬❜⑤ ❿☎✂✄➐ ➊❴❵❬❜⑤ ➃❵❴q❝❢

⑧❢❝❢❬✈❢❸ ✄☎ �❝④❷❶❢❵ ✁✂✄➐ / ❩❝❝❢❹④❢❸ ✄➁ ➑❢❝❢➄❶❢❵ ✁✂✄➐
➒➓➔→➣➒↔→

↕➙➛➜➝➞➜➟ ➉❴❥❴❭❻ ❢✈❷❥❽④❬❷q ❬❜ ➠q❷➡q ④❷ ❸❢❹❢q❸ ❷q ❢q✈❬❵❷q➄❢q④ ❜❬q❝❢ ❬④ ❸❬ff❢❵❜ ❬q ❝❥❽❜④❢❵❜ ❴q❸ ❬q ④❺❢ ➢❢❥❸⑤ ❶❽④ ❜④❽❸❬❢❜ ❴❵❢ ❜❷➄❢④❬➄❢❜
❥❬➄❬④❢❸ ④❷ ④❺❢ ❵❢❥❴④❬✈❢❥❻ q❢❴❵❶❻ ❦q❬✈❢❵❜❢ ⑩➤ < ✂.☎❾➋ ➈④ ❬❜ ❜④❬❥❥ q❢❝❢❜❜❴❵❻ ④❷ ❬q❝❵❢❴❜❢ ❷❽❵ ➠q❷➡❥❢❸➥❢ ❷➦ ❝❥❽❜④❢❵ ➥❴❥❴❭❻ ❹❵❷❹❢❵④❬❢❜ ❴❶❷✈❢
➤ = ✂.☎➋
➧➨➩➫➟ ➈q ❴ ❹❵❢✈❬❷❽❜ ❹❴❹❢❵ ➡❢ ❺❴✈❢ ❸❢④❢❝④❢❸ ❜❢✈❢❵❴❥ ❝❥❽❜④❢❵ ❝❴q❸❬❸❴④❢❜ ❴④ ➤ > ✂.☎ ❴❜ ❹❴❵④ ❷➦ ❴ ❜❻❜④❢➄❴④❬❝ ❜❢❴❵❝❺ ➦❷❵ ❝❥❽❜④❢❵❜ ❬q ④❺❢
⑥❴q❴❸❴ ➃❵❴q❝❢ ➭❴➡❴❬❬ ➯❢❥❢❜❝❷❹❢ ⑨❢➥❴❝❻ ❙❽❵✈❢❻ ❶❻ ❴❹❹❥❻❬q➥ ④❺❢ ❩❸❴➄❬ ➲❫❩➎❽❵❢ ⑥❥❽❜④❢❵ ➃➈q❸❢❵ ⑩❩❫❩⑥➃➈❾⑤ ❶❴❜❢❸ ❷q ❹❺❷④❷➄❢④❵❬❝
❵❢❸❜❺❬➦④❜➋ ➳❢ ➦❷❝❽❜ ❺❢❵❢ ❷q ④➡❷ ❷➦ ④❺❢➄⑤ ❥❷❝❴④❢❸ ❬q ④❺❢ ➑❢❢❹ ➀ ⑩❺❢❵❢❴➦④❢❵ ➑➀❾ ➢❢❥❸➅ ➑➀❪➁ ❴q❸ ➑➀❪➐➀➋
➵➝➜➸➙➺➫➟ ➳❢ ❺❴✈❢ ❷❶④❴❬q❢❸ ❜❹❢❝④❵❷❜❝❷❹❻ ➡❬④❺ ➉❢➄❬q❬/➉❫�❙ ❬q❜④❵❽➄❢q④ ❴q❸ ➄❢❴❜❽❵❢❸ ❵❢❸❜❺❬➦④❜ ➦❷❵ ✁➀ ❴q❸ ✄➐ ➥❴❥❴❭❬❢❜ ❬q ④❺❢ ④➡❷
❜④❵❽❝④❽❵❢❜➋ ➯❺❢❜❢ ❵❢❸❜❺❬➦④❜ ➡❢❵❢ ❝❷➄❶❬q❢❸ ➡❬④❺ ④❺❷❜❢ ❴✈❴❬❥❴❶❥❢ ❬q ④❺❢ ❥❬④❢❵❴④❽❵❢➋ ❩ ❸❻q❴➄❬❝❴❥ ❴q❸ ❴ ➡❢❴➠ ❥❢q❜❬q➥ ❴q❴❥❻❜❬❜ ➡❢❵❢ ❴❥❜❷
❹❢❵➦❷❵➄❢❸⑤ ④❷➥❢④❺❢❵ ➡❬④❺ ④❺❢ ❜④❽❸❻ ❷➦ ➻❪❵❴❻ ➼➽➾➚➪➶➾ ❴❵❝❺❬✈❢ ❸❴④❴➋
➹➝➫➘➴➜➫➟ ⑥❥❽❜④❢❵ ➑➀❪➁ ❬❜ ➦❷❽q❸ ④❷ ❶❢ ❴ ❜❬q➥❥❢ ❜④❵❽❝④❽❵❢ ❷➦ ❢❬➥❺④ ❜❹❢❝④❵❷❜❝❷❹❬❝❴❥❥❻ ❝❷q➢❵➄❢❸ ➄❢➄❶❢❵❜ ❴④ ❴q ❴✈❢❵❴➥❢ ❵❢❸❜❺❬➦④ ➤ = ✂.➁✂❿⑤
➡❬④❺ ❴ ✈❢❥❷❝❬④❻ ❸❬❜❹❢❵❜❬❷q ❷➦ ➐✁➀ ➠➄ ❜−❨➋ ➈④ ❴❹❹❢❴❵❜ ④❷ ❶❢ ❴ ❵❢❥❴④❬✈❢❥❻ ❥❷➡❪➄❴❜❜ ❝❥❽❜④❢❵➋ ➑➀❪➐➀❪❙➀ ❺❴❜ ➐➁ ❜❹❢❝④❵❷❜❝❷❹❬❝❴❥❥❻ ❝❷q➢❵➄❢❸
➄❢➄❶❢❵❜ ❴④ ❴q ❴✈❢❵❴➥❢ ❵❢❸❜❺❬➦④ ➤ = ✂.❿➀➌➋ ➯❺❢ ❝❥❽❜④❢❵ ❝❴q ❶❢ ❸❢❝❷➄❹❷❜❢❸ ❬q④❷ ④➡❷ ➄❴❬q ❜❽❶❜④❵❽❝④❽❵❢❜⑤ ❺❴✈❬q➥ ❴ ✈❢❥❷❝❬④❻ ❸❬❜❹❢❵❜❬❷q
❷➦ ❴❶❷❽④ ➁✂✂ ❴q❸ ➀☎✂ ➠➄ ❜−❨➋ ❩q ❢❭❹❥❴q❴④❬❷q ❷➦ ④❺❢ ➦❴❝④ ④❺❴④ ➑➀❪➐➀❪❙➀ ❬❜ ❸❢④❢❝④❢❸ ④❺❵❷❽➥❺ ➡❢❴➠ ❥❢q❜❬q➥ ⑩❷q❥❻ ➄❴❵➥❬q❴❥❥❻⑤ ❴④ ④❺❢
∼➀σ ❥❢✈❢❥❾ ❶❽④ q❷④ ❬q ➻❪❵❴❻❜ ❝❷❽❥❸ ❶❢ ④❺❴④ ④❺❢ ④➡❷ ❜❽❶❜④❵❽❝④❽❵❢❜ ❴❵❢ ➷❽❜④ ❶❢➥❬qq❬q➥ ④❷ ➄❢❵➥❢ ➄❷❵❢ ❷❵ ❥❢❜❜ ❴❥❷q➥ ④❺❢ ❥❬q❢ ❷➦ ❜❬➥❺④➋ ➳❢
❴❥❜❷ ❜❺❷➡ ④❺❴④ ➑➀❪➁ ❴q❸ ➑➀❪➐➀❪❙➀ ❺❴✈❢ ❜❬➄❬❥❴❵ ➥❥❷❶❴❥ ➥❴❥❴❭❻ ❥❽➄❬q❷❜❬④❻ ➦❽q❝④❬❷q❜⑤ ❜④❢❥❥❴❵ ➄❴❜❜ ➦❽q❝④❬❷q❜⑤ ❴q❸ ❜④❴❵ ➦❷❵➄❴④❬❷q ❵❴④❢
⑩❙➃⑧❾ ❸❬❜④❵❬❶❽④❬❷q❜➋ ➯❺❢ ❷q❥❻ ❸❬ff❢❵❢q❝❢❜ ❴❵❢ ④❺❴④ ➑➀❪➁ ❢❭❺❬❶❬④❜ ❴ ❥❴❝➠ ❷➦ ➦❴❬q④ ❢❴❵❥❻❪④❻❹❢ ➥❴❥❴❭❬❢❜⑤ ❴ ❸❢➢❝❬④ ❷➦ ❢❭④❵❢➄❢❥❻ ❺❬➥❺ ❜④❢❥❥❴❵
➄❴❜❜ ➥❴❥❴❭❬❢❜ ❝❷➄❹❴❵❢❸ ④❷ ➑➀❪➐➀❪❙➀⑤ ❴q❸ ❴q ❢❭❝❢❜❜ ❷➦ ✈❢❵❻ ❺❬➥❺ ❙➃⑧ ➥❴❥❴❭❬❢❜➋
↕➙➛➬➴➘➫➨➙➛➫➟ ➯❺❬❜ ❜④❽❸❻ ❜❺❷➡❜ ④❺❢ ❹❷➡❢❵ ❷➦ ④❢❝❺q❬❼❽❢❜ ❶❴❜❢❸ ❷q ❹❺❷④❷➄❢④❵❬❝ ❵❢❸❜❺❬➦④❜ ④❷ ❸❢④❢❝④ ❥❷➡ ④❷ ➄❷❸❢❵❴④❢❥❻ ➄❴❜❜❬✈❢ ❜④❵❽❝④❽❵❢❜⑤
❢✈❢q ❴④ ➤ ∼ ✂.❿☎➋ ⑥❷➄❶❬q❢❸❪❴❹❹❵❷❴❝❺ ❝❥❽❜④❢❵ ❜❽❵✈❢❻❜ ❜❽❝❺ ❴❜ ❊❦⑥⑨➈➑ ❴❵❢ ❝❵❽❝❬❴❥ ④❷ ➢q❸ ❴q❸ ❜④❽❸❻ ④❺❢❜❢ ❝❥❽❜④❢❵❜ ❴④ ④❺❢❜❢ ❵❢❥❴④❬✈❢❥❻
❺❬➥❺ ❵❢❸❜❺❬➦④❜➋ ➃❬q❴❥❥❻⑤ ➡❢ ❜❺❷➡ ④❺❴④ ❹❺❷④❷➄❢④❵❬❝ ❵❢❸❜❺❬➦④ ④❢❝❺q❬❼❽❢❜ ❴❵❢ ❴❥❜❷ ➡❢❥❥ ❜❽❬④❢❸ ④❷ ❜④❽❸❻ ④❺❢ ➥❴❥❴❭❻ ❝❷q④❢q④ ❴q❸ ❹❵❷❹❢❵④❬❢❜ ❷➦
④❺❢ ❝❥❽❜④❢❵❜ ⑩➥❴❥❴❭❻ ④❻❹❢❜⑤ ❙➃⑧❜⑤ ❢④❝➋❾➋

➮➱✃ ❐❒❮❰ÏÐ ➥❴❥❴❭❬❢❜➅ ❝❥❽❜④❢❵❜➅ ➥❢q❢❵❴❥

ÑÒ ÓÔÕÖ×ØÙÚÕÛ×Ô

ÜÝßÝàá âãäßåæçäè çé éæçßß Ý êÝëäì æäíçî çè îäéêäßäïá ðâîÝåéâ äñ
æòâ îäêíßâàçæá äñ æòâ íìäîâééâé çèãäßãâó✳ ôòâ îåììâèæ æòâäìâæç✲
îÝß ñìÝêâõäìö ✭â✳ï✳ ÷òçæâ ✫ øìâèö ✶✾✾✶✮ Ýééåêâé æòÝæ ïÝßÝà✲
çâé Ýìâ ñäìêâó ðá Ýîîìâæçäè äñ ðÝìáäèçî êÝææâì äèæä óÝìö êÝææâì
òÝßäâé Ýèó âãäßãâ æòìäåïò êâìïâìé Ýèó äæòâì çèæâìÝîæçäèé õçæò
äæòâì ïÝßÝàçâé Ýèó æòâ çèæâìïÝßÝîæçî êâóçåê ✭■Üù✮✳ ôòâ éæåóá
äñ âãäßåæçäè çè îßåéæâìé çé íÝìæçîåßÝìßá çèæâìâéæçèï ðâîÝåéâ éäêâ
âàæìâêâ îäèóçæçäèé ✭â✳ï✳ òçïò ïÝßÝàá óâèéçæá✱ ßÝìïâ Ýêäåèæé äñ
òäæ ïÝé çè æòâ ■Üù✮ Ýìâ ñäåèó çè æòâéâ éæìåîæåìâé Ýèó✱ îäèéâ✲
úåâèæßá✱ ïÝßÝàá âãäßåæçäè çé Ýffâîæâó ðá êÝèá âèãçìäèêâèæÝßßá✲
óìçãâè íìäîâééâé✱ Ýé âãçóâèîâó ðá æòâ âãäßåæçäè äñ æòâ êäìíòä✲
ßäïçîÝß êçà äñ æòâçì ïÝßÝàçâé ✭â✳ï✳ ûäéâßßç âæ Ýß✳ ✷✵✶✹✮✳ üÝæåìÝßßá✱
çè æòçé éîâèÝìçä æòâ âãäßåæçäè äñ ïÝßÝàçâé çé èäæ çèóâíâèóâèæ ñìäê
æòâ âãäßåæçäè äñ îßåéæâì éæìåîæåìâé✳ ❆îîäìóçèï â✳ï✳ æä ùÝæâåé âæ Ýß✳
✭✷✵✵✼✮✱ ïÝßÝàá âãäßåæçäè çé ÝîîâßâìÝæâó çè óâèéâì âèãçìäèêâèæé✳
❆ßß æòçé êÝöâé îßåéæâìé çóâÝß ßÝðäìÝæäìçâé æä çèãâéæçïÝæâ ïÝßÝàá
âãäßåæçäè✳

⋆ ❩❹❹❢q❸❬❝❢❜ ❴❵❢ ❴✈❴❬❥❴❶❥❢ ❬q ❢❥❢❝④❵❷q❬❝ ➦❷❵➄ ❴④
http://www.aanda.org

ùäéæ äñ äåì îåììâèæ öèäõßâóïâ Ýðäåæ íìäîâééâé Ýffâîæçèï
ïÝßÝàçâé çè îßåéæâìé îäêâé íìçêÝìçßá ñìäê éæåóçâé çè æòâ èâÝìðá
✭ý < ✵.✺✮ þèçãâìéâ✳ ❆æ òçïòâì ìâóéòçñæé✱ éâãâìÝß éæåóçâé òÝãâ ñä✲
îåééâó äè æòâ âãäßåæçäè äñ êäìíòäßäïçîÝß æáíâ ñìÝîæçäèé ✭â✳ï✳
ÿäßóâè âæ Ýß✳ ✷✵✵✼❀ ãÝè óâì ÷âß âæ Ýß✳ ✷✵✵✼❀ ❙çêÝìó âæ Ýß✳ ✷✵✵✾✮✱
äè æòâçì îßåéæâìçèï íìäíâìæçâé ✭â✳ï✳ PäïïçÝèæç âæ Ýß✳ ✷✵✶✵❀ ❘äéé
âæ Ýß✳ ✷✵✶✵✮✱ äì äè æòâ âãäßåæçäè äñ éíâîç✣î ïÝßÝàá æáíâé ✭éåîò Ýé
ìâó ïÝßÝàçâé✿ ❙ èîòâ③✲ûß ③úåâ③ âæ Ýß✳ ✷✵✵✾✮✳

ôòâ úåâéæçäè õâ õÝèæ æä Ýèéõâì çé òäõ óä îßåéæâì ïÝßÝà✲
çâé âãäßãâ çè æòâ ìâóéòçñæ çèæâìãÝß ✵.✺ < ý < ✶✳ ÷â íìäíäéâ
Ýóóçèï äåì îäèæìçðåæçäè æä æòçé íìäðßâê æòìäåïò éíâîæìäéîäíá
Ýèó íòäæäêâæìá äñ îÝèóçóÝæâ îßåéæâì ïÝßÝàçâé äðéâìãâó õçæò
Ü❊ù■ü■/Üù❖❙ Ýèó íìçêÝìçßá óâæâîæâó ñìäê ❈øÿô▲❙ éåìãâá
íòäæäêâæìçî ìâóéòçñæ îÝæÝßäïåâé✳ ■è æòçé ñìÝêâõäìö✱ ❆óÝêç âæ Ýß✳
✭✷✵✶✵✮ òÝãâ íåðßçéòâó Ý îÝæÝßäïåâ äñ ∼✶✷✵✵ îßåéæâì îÝèóçóÝæâé
ñìäê íåðßçî íòäæäêâæìçî ìâóéòçñæé ✭äðæÝçèâó ñäßßäõçèï ■ßðâìæ
âæ Ýß✳ ✷✵✵✻❀ Ýßéä éââ ❈äåíäè âæ Ýß✳ ✷✵✵✾✮ äñ æòâ ❈øÿô▲❙ óÝæÝ ìâ✲
ßâÝéâ ô✵✵✵✹ çè æòâ ❉✷✱ ❉✸✱ ❉✹✱ ÷✶✱ ÷✸✱ Ýèó ÷✹ ìâïçäèé✳ ôòçé
îÝæÝßäïåâ îäèæÝçèé éâãâìÝß îßåéæâì îÝèóçóÝæâé Ýæ ìâóéòçñæ ßÝìïâì
æòÝè ✵✳✺✱ óâæâîæâó õçæò òçïò îäè✣óâèîâ ✭éçïèÝß✲æä✲èäçéâ ìÝæçä
âúåÝß æä äì ßÝìïâì æòÝè ✹✮ Ýèó Ýßéä óâæâîæâó ðá äæòâì êâæòäóé

❆ìæçîßâ íåðßçéòâó ðá ❊❉P ❙îçâèîâé ❆✻✾✱ íÝïâ ✶ äñ ✶✵
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�❖❧s❡♥ ❡t ❛❧✳ ✁✂✂✄❀ ❚❤❛♥❥❛✈✉r ❡t ❛❧✳ ✁✂✂☎✆✳ ❲❡ ❝❤♦♦s❡ t♦ ❢♦❝✉s

♦♥ t✇♦ ♦❢ t❤❡♠✳

❲❡ ❞❡s❝r✐❜❡ t❤❡ ♦♣t✐❝❛❧ ✐❞❡♥t✐✣❝❛t✐♦♥ ♦❢ ♦✉r ❝❛♥❞✐❞❛t❡ ❝❧✉s✲

t❡rs ✐♥ ❙❡❝t✳ ✁✳ ❚❤❡ ♠❛ss ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ t✇♦ str✉❝t✉r❡s ✐s

❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✳ ✸✳ ■♥ ❙❡❝t✳ ✹ ✇❡ ♣r❡s❡♥t s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

❣❛❧❛①② ♣♦♣✉❧❛t✐♦♥s ✐♥ t❤❡ ❝❧✉st❡rs✝ ❛♥❞ ✐♥ ❙❡❝t✳ ✞ ✇❡ s✉♠♠❛r✐s❡

♦✉r r❡s✉❧ts✳

❲❡ ❛❞♦♣t❡❞✝ ✇❤❡r❡ ♥❡❝❡ss❛r②✝ t❤❡ ❉✉♥❦❧❡② ❡t ❛❧✳

�✁✂✂☎✆ Λ❈❉▼ ❝♦♥❝♦r❞❛♥❝❡ ❝♦s♠♦❧♦❣✐❝❛❧ ♠♦❞❡❧ �❍✟ =

✄✠✳☎ ❦♠ s−✡ ▼♣❝−✡✝ ΩΛ = ✂.✄✹✁✝ Ω☛ = ✂.✁✞✽✆✳

☞✌ ✍✎✏✑✒✓✔ ✑✕✖✗✏✑Þ✒✓✏✑✘✗ ✘✙ ✘✚✛ ✒✓✗✕✑✕✓✏✖ ✒✔✚✜✏✖✛✜

✢✤✥✤ ✦❋✧★▲✩ ✪✬✯✰✪✴✰

❚❤❡ t✇♦ ❝❧✉st❡rs st✉❞✐❡❞ ❤❡r❡ ✇❡r❡ ❞✐s❝♦✈❡r❡❞ ❛s ♣❛rt ♦❢ ❛

s②st❡♠❛t✐❝ s❡❛r❝❤ ❢♦r ❝❧✉st❡rs ✐♥ t❤❡ ❈❛♥❛❞❛ ✿r❛♥❝❡ ❁❛✇❛✐✐

❚❡❧❡s❝♦♣❡ ❂❡❣❛❝② ❙✉r✈❡② �❃❞❛♠✐ ❡t ❛❧✳ ✁✂✠✂✆✳ ❚❤❡② ✇❡r❡ ❢♦✉♥❞

✐♥ t❤❡ ❉❡❡♣ ✸ ✣❡❧❞✝ ✇❤✐❝❤ ❝♦✈❡rs ✠ ❞❡❣❄ ❛♥❞ ✐s ❝❡♥tr❡❞ ❛t ❝♦♦r❞✐✲

♥❛t❡s ✠✹❅✠☎❅✁✄✳✂✂✝ +✞✁❅✹✂❅✞❇ �❏✁✂✂✂✳✂✆✳ ❚❤✐s ✣❡❧❞ ✐s ❛♠♦♥❣ t❤❡

❞❡❡♣❡st ♦♣t✐❝❛❧ ✐♠❛❣❡s ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ❣r♦✉♥❞✝ ❝♦rr❡s♣♦♥❞✐♥❣

t♦ ❛ t♦t❛❧ ❡①♣♦s✉r❡ t✐♠❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ☎✂ ❤✳

❚♦ ✐❞❡♥t✐❢② ❝❧✉st❡rs ✐♥ t❤✐s ✣❡❧❞ ✇❡ ❛♣♣❧✐❡❞ t❤❡ ❃❞❛♠✐ ❊

▼❃③✉r❡ ❝❧✉st❡r ✿■♥❞❡r �❃▼❃❈✿■✝ ▼❛③✉r❡ ❡t ❛❧✳ ✁✂✂✄✆✝ ❜❛s❡❞

♦♥ ♣❤♦t♦♠❡tr✐❝ r❡❞s❤✐❢ts �❤❡r❡❛❢t❡r ♣❤♦t♦✲●s✆✳ ❃❢t❡r t❤❡ ♣❤♦t♦✲

● ❝❛t❛❧♦❣✉❡ ✐s ❝✉t ✐♥ ♣❤♦t♦♠❡tr✐❝ r❡❞s❤✐❢t s❧✐❝❡s✝ ❣❛❧❛①② ❞❡♥s✐t②

♠❛♣s ❛r❡ ❞r❛✇♥ ✇✐t❤ ❛♥ ❛❞❛♣t✐✈❡ ❦❡r♥❡❧ t❡❝❤♥✐q✉❡✝ ❛♥❞ ♦✈❡r❞❡♥✲

s✐t✐❡s ❛r❡ ❞❡t❡❝t❡❞ ❛t ❛ ❝❤♦s❡♥ s✐❣♥✐✣❝❛♥❝❡ ❧❡✈❡❧ ✇✐t❤ ❙❑①tr❛❝t♦r✳

❉❡t❡❝t✐♦♥s ❛r❡ t❤❡♥ s♦rt❡❞ ✇✐t❤ ❛ ♠✐♥✐♠❛❧ s♣❛♥♥✐♥❣ tr❡❡ ♠❡t❤♦❞✝

❧❡❛❞✐♥❣ t♦ ❛ ❝❛t❛❧♦❣✉❡ ♦❢ ❝❛♥❞✐❞❛t❡ ❝❧✉st❡rs✳

❚❤❡ t✇♦ ❝❛♥❞✐❞❛t❡ ❝❧✉st❡rs st✉❞✐❡❞ ❤❡r❡ ✇❡r❡ ❞❡t❡❝t❡❞ ❛t ❛

✹σ s✐❣♥✐✣❝❛♥❝❡ ❧❡✈❡❧✳ ❚❤❡✐r ✐❞❡♥t✐✣❝❛t✐♦♥s ✐♥ t❤❡ ❃❞❛♠✐ ❡t ❛❧✳

�✁✂✠✂✆ ❝❛t❛❧♦❣✉❡ ❛r❡ ❉✸✲❇ ❛♥❞ ❉✸✲✹✸✳

✢✤✢✤ ◆P✬✪✴✪ ◆◗❘✩ ❯❱P❳❨❩❬❯❳❬❱❭

❲❡ ✇❡r❡ ❛✇❛r❞❡❞ ✽✳✞ ❤ ♦❢ ❪❑▼■❫■/❪▼❖❙ t✐♠❡ �♣r♦❣r❛♠

❪❫✲✁✂✠✠❃✲❴✹❇✝ ❵■❅ ❂✳ ❙♦❞r ✆ t♦ ♦❜s❡r✈❡ t❤❡s❡ t✇♦ ❝❧✉st❡r

❝❛♥❞✐❞❛t❡s s♣❡❝tr♦s❝♦♣✐❝❛❧❧②✳ ❲❡ ✐♥✐t✐❛❧❧② ✉s❡❞ t❤❡ ④✹✂✂ ❣r✐s♠

❛♥❞ ♦♥❡ ❛r❝s❡❝ s❧✐ts✳ ✿✐♥❛❧ ✠❉ s♣❡❝tr❛ ✇❡r❡ r❡❜✐♥♥❡❞ t♦ ❤❛✈❡

∼✄ ♣❡r ♣✐①❡❧✳

❲❡ ✇❡r❡ ❛❜❧❡ t♦ ✣t ✁✄ ❛♥❞ ✠❇ s❧✐ts ✐♥ t❤❡ ❉✸✲❇ ❛♥❞

❉✸✲✹✸ ✣❡❧❞s r❡s♣❡❝t✐✈❡❧②✳ ④❡❞✉❝t✐♦♥ ✇❛s ♠❛❞❡ ✐♥ t❤❡ ■④❃✿

❡♥✈✐r♦♥♠❡♥t ✇✐t❤ t❤❡ ❪▼❖❙ ❞❡❞✐❝❛t❡❞ t♦♦❧s✳ ❲❡ ❛♣♣❧✐❡❞ t❤❡

❑⑤ r❡❞s❤✐❢t ♠❡❛s✉r❡♠❡♥t ❝♦❞❡ �❪❛r✐❧❧✐ ❡t ❛❧✳ ✁✂✠✂✆ ♦♥ t❤❡ ✣♥❛❧

✠❉ s♣❡❝tr❛✝ ❛❧❧♦✇✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ s♠♦♦t❤✐♥❣ ❢r♦♠ ✸ t♦ ☎ ♣✐①✲

❡❧s t♦ ✣♥❞ t❤❡ r❡❞s❤✐❢t ✈❛❧✉❡ ♠♦r❡ ❡❛s✐❧②✳ ❚❤❡ r❡❞s❤✐❢t ♠❡❛s✉r❡✲

♠❡♥ts ✇❡r❡ ❞♦♥❡ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❢♦r t❤❡ ⑥■❵❑④❙ s✉r✈❡②

�❡✳❣✳ ❪✉③③♦ ❡t ❛❧✳ ✁✂✠✹✆✳ ■♥❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡rs ♣r♦✈✐❞❡❞ t✇♦

✣rst ❡st✐♠❛t❡s ♦❢ t❤❡ r❡❞s❤✐❢ts �❂❡ ⑦r✉♥ ❊ ❃❞❛♠✐✆✳ ❚❤❡ t✇♦ ✈❛❧✲

✉❡s ✇❡r❡ t❤❡♥ r❡❝♦♥❝✐❧❡❞ ❛♥❞ ❛ q✉❛❧✐t② ⑧❛❣ ✇❛s ❛ss✐❣♥❡❞ ❜❡t✇❡❡♥

✠ ❛♥❞ ✹✳ ✿❧❛❣ ✠ ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ ❛ ✞✂⑨ ❝❤❛♥❝❡ t♦ ❤❛✈❡ t❤❡ ❝♦r✲

r❡❝t r❡❞s❤✐❢t ❡st✐♠❛t❡✝ ⑧❛❣ ✁ ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ ❛ ✄✞⑨ ❝❤❛♥❝❡✝

⑧❛❣ ✸ ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ ❛ ☎✞⑨ ❝❤❛♥❝❡✝ ❛♥❞ ⑧❛❣ ✹ ♠❡❛♥s t❤❛t

✇❡ ❤❛✈❡ ♠♦r❡ t❤❛♥ ☎☎⑨ ❝❤❛♥❝❡✳ ❲❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞ t❤❡ ♦❜❥❡❝ts

✇✐t❤ ⑧❛❣s ✁✝ ✸✝ ❛♥❞ ✹ t♦ ❜❡ s✉❝❝❡ss❢✉❧ ♠❡❛s✉r❡♠❡♥ts✳ ❲❡ ♦❜✲

t❛✐♥❡❞ ❛♥ ❡①❝❡❧❧❡♥t s✉❝❝❡ss r❛t❡❅ ✠✞ ♦❢ t❤❡ ✠❇ ❉✸✲✹✸ s♣❡❝tr❛ ❛♥❞

✁❇ ♦❢ t❤❡ ✁✄ ❉✸✲❇ s♣❡❝tr❛ ♣r♦✈✐❞❡❞ s✉❝❝❡ss❢✉❧ r❡❞s❤✐❢t ♠❡❛s✉r❡✲

♠❡♥ts✳ ❖♥❧② ❢♦✉r s♣❡❝tr❛ t✉r♥❡❞ ♦✉t t♦ ❜❡ ♦❢ st❡❧❧❛r ♦r✐❣✐♥✝ ✇❤✐❧❡

✇❡ ♦❜t❛✐♥❡❞ ❣❛❧❛①② r❡❞s❤✐❢ts ❢♦r ✁✸ ❛♥❞ ✠✹ ❣❛❧❛①✐❡s ✐♥ t❤❡ ✣❡❧❞s

♦❢ ❉✸✲❇ ❛♥❞ ❉✸✲✹✸✝ r❡s♣❡❝t✐✈❡❧②✳

❈♦♦r❞✐♥❛t❡s ❛♥❞ s✉❝❝❡ss❢✉❧❧② ♠❡❛s✉r❡❞ r❡❞s❤✐❢ts ❢♦r t❤✐s

s❛♠♣❧❡ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡s ✠ ❛♥❞ ✁✳ ❲❡ s❤♦✇ ❢♦✉r ❡①❛♠♣❧❡s ♦❢

s♣❡❝tr❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ⑧❛❣s ✹✝ ✸✝ ❛♥❞ ✁ ✐♥ ✿✐❣s✳ ⑦✳✠ ❛♥❞ ⑦✳✁✳

⑩❶❷❸❹ ❺❻ ❼❽❾❾❿❾➀ ❾❽➁➂➃➄✱ ➅➆➆➄➇❿❾➈➉➃➊ ✭➋✷✵✵✵✮✱ ➄➃➇➊➌❿➍➉➊✱ ➈❾➇ ➊➎➃➅➉➄➈➏

➐➈➀➊ ➍➆➄ ➉➌➃ ➆➂➑➃➅➉➊ ➆➂➊➃➄➒➃➇ ➓❿➉➌ ➔→➣↔↕↔/➔➣➙➛ ❿❾ ➉➌➃ ➜➝➞➟➝ ➠➃➏➇

➆➍ ➒❿➃➓➡

➢ ❼❆ ➜➃➅ ❼➃➇➊➌❿➍➉ ➤➏➈➀

✶ ✶➟➥✷✵➥✺✶➡✵✼✾ ✺➝➥✵➝➥➝➦➡✼✻ ✵➡➦✷✻➟ ➝

✷ ✶➟➥✷✵➥✺✻➡✷✶➟ ✺➝➥✵✷➥✷✶➡✷➦ ✵➡➦✾✺✵ ➝

➝ ✶➟➥✷✵➥✺✻➡➟✼✷ ✺➝➥✵✷➥➝✺➡✶➝ ✵➡✼✶✶✶ ➟

➟ ✶➟➥✷✵➥✺➦➡➦✷➟ ✺➝➥✵✶➥✶✶➡✻➝ ✵➡✼➟✾✼ ➟

✺ ✶➟➥✷✵➥✺✾➡✶✻✶ ✺➝➥✵✶➥➝✻➡➟✶ ✵➡✼➟✵➟ ➟

✻ ✶➟➥✷✶➥✵✵➡✷✼✻ ✺➝➥✵➟➥✷✾➡✼✷ ✵➡✼✼➝✼ ➟

✼ ✶➟➥✷✶➥✵✷➡➝➟➟ ✺➝➥✵✺➥✵➝➡✷✻ ✵➡✻✼✷➝ ➟

➦ ✶➟➥✷✶➥✵✷➡✺✼✷ ✺➝➥✵✶➥✷✷➡✼➟ ✵➡➝➝➟✼ ➟

✾ ✶➟➥✷✶➥✵✺➡✵✼➝ ✺➝➥✵✷➥✵✻➡✾✷ ✵➡✼➝✾➝ ➟

✶✵ ✶➟➥✷✶➥✶✵➡✼✻✷ ✺➝➥✵✷➥➟✾➡✾➝ ✵➡✼➝✺✵ ➟

✶✶ ✶➟➥✷✶➥✶✶➡✻✻✺ ✺➝➥✵➟➥➟➟➡✷✵ ✵➡➦✷✶✼ ➝

✶✷ ✶➟➥✷✶➥✶✺➡✵✶➝ ✺➝➥✵✵➥✺✼➡✼✶ ✵➡ ➟

✶➝ ✶➟➥✷✶➥✶➦➡➝✾➟ ✺➝➥✵➝➥✷➦➡➟✶ ✵➡✾✼➟➦ ➟

✶➟ ✶➟➥✷✶➥✶➦➡➦➟✷ ✺➝➥✵✵➥➝✷➡✵✺ ✵➡✼➝✾✺ ➟

✶✺ ✶➟➥✷✶➥✷✶➡➦✶➦ ✺➝➥✵✶➥✺✺➡✶✷ ✵➡✼➝✷✶ ➟

⑩❶❷❸❹ ➧❻ ❼❽❾❾❿❾➀ ❾❽➁➂➃➄✱ ➅➆➆➄➇❿❾➈➉➃➊ ✭➋✷✵✵✵✮✱ ➄➃➇➊➌❿➍➉➊✱ ➈❾➇ ➊➎➃➅➉➄➈➏

➐➈➀➊ ➍➆➄ ➉➌➃ ➆➂➑➃➅➉➊ ➆➂➊➃➄➒➃➇ ➓❿➉➌ ➔→➣↔↕↔/➔➣➙➛ ❿❾ ➉➌➃ ➜➝➞✻ ➠➃➏➇ ➆➍

➒❿➃➓➡

➢ ❼❆ ➜➃➅ ❼➃➇➊➌❿➍➉ ➤➏➈➀

✶ ✶➟➥✶✻➥➝✻➡✵✵➟ ✺➝➥✵➟➥➝✶➡✼➝ ✵➡✼✶✻➝ ➝

✷ ✶➟➥✶✻➥➝✼➡✶✺✷ ✺➝➥✵➟➥➝✷➡➝✷ ✵➡✺✷✻➦ ➝

➝ ✶➟➥✶✻➥➝➦➡✵✻➟ ✺➝➥✵➝➥➟➟➡✻✻ ✵➡✼➟➟✶ ✷

➟ ✶➟➥✶✻➥➝✾➡✵➦➟ ✺➝➥✵✺➥➟➟➡✷➝ ✵➡✻✵➦➝ ➟

✺ ✶➟➥✶✻➥➟✵➡✶✼➝ ✺➝➥✵✺➥✵✶➡➝✼ ✵➡ ➟

✻ ✶➟➥✶✻➥➟✶➡➝➝✾ ✺➝➥✵➟➥✺➟➡✺➝ ✵➡✻➟✼➟ ➝

✼ ✶➟➥✶✻➥➟✻➡✵✼✼ ✺➝➥✵✶➥➟✼➡✻✼ ✵➡✺✼✺➦ ➟

➦ ✶➟➥✶✻➥➟✻➡➦✷➟ ✺➝➥✵➟➥➝➦➡✺✺ ✵➡✻✵✾✵ ➟

✾ ✶➟➥✶✻➥➟✼➡➦➝➝ ✺➝➥✵➝➥✵➟➡✾✺ ✵➡✻✵➟✻ ➟

✶✵ ✶➟➥✶✻➥➟✾➡✶✵✵ ✺➝➥✵✺➥✺✺➡✾➦ ✵➡✻✵✻✼ ➝

✶✶ ✶➟➥✶✻➥✺✵➡✶✷✷ ✺➝➥✵✺➥✶✵➡✵✻ ✵➡✻✵✼✼ ➝

✶✷ ✶➟➥✶✻➥✺✶➡✵✻➦ ✺➝➥✵✷➥✶✼➡✶✺ ✵➡✻✵✵✼ ✷

✶➝ ✶➟➥✶✻➥✺➝➡➝✼➝ ✺➝➥✵✺➥✺✶➡✼✼ ✵➡ ➟

✶➟ ✶➟➥✶✻➥✺✺➡✺➟✷ ✺➝➥✵✺➥✶✻➡✺✵ ✵➡✻✵✻➟ ➟

✶✺ ✶➟➥✶✻➥✺✻➡✾➦➝ ✺➝➥✵✷➥➟➝➡✷✼ ✵➡✾✵✵✻ ➝

✶✻ ✶➟➥✶✻➥✺✼➡✻➟✺ ✺➝➥✵➟➥✷✾➡✶✷ ✵➡✻✵✼➟ ✷

✶✼ ✶➟➥✶✻➥✺➦➡➟➝➦ ✺➝➥✵➝➥➟✼➡✶➝ ✵➡✺➦➦➦ ✷

✶➦ ✶➟➥✶✻➥✺✾➡✻✻✻ ✺➝➥✵✷➥✷✻➡✺✶ ✵➡✻✵✻➟ ➟

✶✾ ✶➟➥✶✼➥✵✵➡✼✵➝ ✺➝➥✵✺➥✶✺➡➟✾ ✵➡✾✻✼✵ ➟

✷✵ ✶➟➥✶✼➥✵✶➡✼➝✻ ✺➝➥✵➝➥✶✾➡✷✾ ✵➡✻➟➟✶ ➝

✷✶ ✶➟➥✶✼➥✵➝➡➟✾➝ ✺➝➥✵✵➥✺✵➡✼✷ ✵➡✺✷✺✺ ✷

✷✷ ✶➟➥✶✼➥✵➟➡✼✼✺ ✺➝➥✵➝➥✶✺➡✻➟ ✵➡✼✼➟➦ ➟

✷➝ ✶➟➥✶✼➥✵✺➡✾✶✺ ✺➝➥✵✺➥✺➦➡✻➟ ✵➡✺✷✺✺ ➝

✷➟ ✶➟➥✶✼➥✵✻➡✼✺✼ ✺➝➥✵✺➥✺✺➡➦✼ ✵➡✺✷✼✵ ➟

✷✺ ✶➟➥✶✼➥✵➦➡✷✷✺ ✺➝➥✵✵➥➟✼➡✾➟ ✵➡✻➟✼➦ ➟

✷✻ ✶➟➥✶✼➥✵✾➡✺✼➦ ✺➝➥✵➝➥➝➟➡✶➟ ✵➡ ➟

✢✤➨✤ ➩➫➭➯✪❳➯❭ ✯➲✯✪➯✯➭➯P ❯❱P❳❨❩❬❯❳❬❱❭

❖♥❡ ♦❢ t❤❡ t✇♦ st✉❞✐❡❞ ❝❛♥❞✐❞❛t❡ ❝❧✉st❡rs �❉✸✲✹✸✆ ✇❛s ❛❧s♦

❝♦✈❡r❡❞ ❜② t❤❡ ➳❑❈➳/❉❑■▼❖❙ ❉❑❑❵✁ s♣❡❝tr♦s❝♦♣✐❝ s✉r✈❡②

�❫❡✇♠❛♥ ❡t ❛❧✳ ✁✂✠✸✆✳ ❚❤✐s ♣r♦✈✐❞❡❞ ✸✸❇ r❡❞s❤✐❢ts ✐♥ ❛ ✞ ❛r✲

❝♠✐♥ r❛❞✐✉s ❝✐r❝❧❡ ❛r♦✉♥❞ t❤❡ ❝❧✉st❡r ❝❡♥tr❡✝ ✐♥ ❛❞❞✐t✐♦♥ t♦

t❤❡ ❪❑▼■❫■/❪▼❖❙ r❡❞s❤✐❢ts✳ ❚❡♥ ♦❢ t❤❡s❡ ❪❑▼■❫■/❪▼❖❙

r❡❞s❤✐❢ts ✇❡r❡ ❛❧s♦ ♠❡❛s✉r❡❞ ❜② t❤❡ ➳❑❈➳/❉❑■▼❖❙ ❉❑❑❵✁

s✉r✈❡②✝ ❛♥❞ t❤✐s ❛❧❧♦✇❡❞ ✉s t♦ ❛ss❡ss ♦✉r ♦✇♥ r❡❞s❤✐❢t

♠❡❛s✉r❡♠❡♥ts✝ ❛s s❤♦✇♥ ✐♥ ✿✐❣✳ ❃✳✠✳ ❲❡ ❞♦ ♥♦t ❞❡t❡❝t ❛♥② ♥♦✲

t✐❝❡❛❜❧❡ ❞✐ff❡r❡♥❝❡✳ ❑✈❡♥ t❤❡ t✇♦ ❣❛❧❛①✐❡s ✇✐t❤ t❤❡ ♠♦st ❞✐❢✲

❢❡r❡♥t r❡❞s❤✐❢t ✈❛❧✉❡s ✐♥ t❤❡ t✇♦ s✉r✈❡②s ❞♦ ♥♦t ❡①❤✐❜✐t ❛ r❡❞✲

s❤✐❢t ❞✐ff❡r❡♥❝❡ ❧❛r❣❡r t❤❛♥ ✂✳✂✠✞✳ ❚❤✐s t②♣✐❝❛❧❧② ❝♦rr❡s♣♦♥❞s t♦

t❤❡ ✸σ ✉♥❝❡rt❛✐♥t② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♠♦♦t❤✐♥❣ ✇❡ ❛♣♣❧✐❡❞ t♦

❆✻✾✱ ➎➈➀➃ ✷ ➆➍ ✶✵



❈✳ ❆❞❛♠✐ ❡t ❛❧✳✿ ❚✇♦ s♣❡❝tr♦s❝♦♣✐❝❛❧❧② ❝♦♥✣r♠❡❞ ❝❧✉st❡rs ✐♥ t❤❡ ❈❋❍❚▲❙ ❉✸ ✣❡❧❞

�✁❜✂✄ ☎✆ ❙tr✉❝t✉r❡s ❞❡t❡❝t❡❞ ❛❧♦♥❣ t❤❡ ❧✐♥❡ ♦❢ s✐❣❤t t♦ t❤❡ t✇♦ ❝❛♥❞✐❞❛t❡

❝❧✉st❡rs✳

◆❛♠❡ ★ ✝✞✟✠ ③ ❱❡❧✳ ❞✐s♣✳ ✭❦♠ s−✶✮ ❙● s✉✡str✉❝t✉r❡s

❉✸✲✻ ☛ ✽ ✵✳✻✵✼ ✹✷✸ ☛

❉✸✲✹✸ ❙☛ ☛✼ ✵✳✷✵☛ ✹✽✾ /

❙✷ ☛☛ ✵✳✸✼✽ ✷✺✵ /

❙✸ ✹✻ ✵✳✼✸✾ ☛☛✺✷ ✷

❙✹ ☛✽ ✵✳✾✼✺ ✺✼✺ /

☞✌✍✄✎✆ ❚❤❡ ❝♦❧✉♠♥s ❛r❡✿ ✭☛✮ ❝❧✉st❡r ♥❛♠❡❀ ✭✷✮ ♥✉♠✡❡r ♦❢ t❤❡ str✉❝t✉r❡❀

✭✸✮ ♥✉♠✡❡r ♦❢ ❣❛❧❛①✐❡s ✐♥ t❤❡ str✉❝t✉r❡❀ ✭✹✮ ♠❡❛♥ r❡❞s❤✐❢t ♦❢ t❤❡ str✉❝✲

t✉r❡❀ ✭✺✮ ❘♦st❛t ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥❀ ✭✻✮ ♥✉♠✡❡r ♦❢ s✉✡str✉❝t✉r❡s ✇❤❡♥

❛♥❛❧②s❡❞ ✡② t❤❡ ❙❡r♥❛ ✫ ●❡r✡❛❧ ✭☛✾✾✻✮ ♠❡t❤♦❞✳

✏❊▼■✑■/✏▼❖✒ ✓✔✕✖✗✘✙ ✚✕✛✜✘✕ ✘✕✢✓✤✥✛✗ ✦✕✙✓✧✘✕✦✕✩✗✓ ✪✢✙✓✤✕✢

✬✥✩✕✓ ✥✩ ✯✥✰✱ ✴✱❁❂✱ ■✛ ❃✕ ✖✜✩✓✥✢✕✘ ✜✩✬❄ ✘✕✢✓✤✥✛✗✓ ✬✜❃✕✘ ✗✤✙✩ ❅✱❇❏

✗✤✕ ✗❄✔✥✖✙✬ ✧✩✖✕✘✗✙✥✩✗❄ ✚✕✗❃✕✕✩ ✗✤✕ ✗❃✜ ✘✕✢✓✤✥✛✗ ✦✕✙✓✧✘✕✦✕✩✗✓

✥✓ ❅✱❅❅❅❑✱

P✤✕ ✜✗✤✕✘ ✖✙✩✢✥✢✙✗✕ ✖✬✧✓✗✕✘ ✪◗❯❲❳❂ ✤✙✓ ✜✩✬❄ ✗✤✘✕✕ ✙✢✢✥✗✥✜✩✙✬

✜✚❥✕✖✗✓ ❃✥✗✤ ❨✩✜❃✩ ✓✔✕✖✗✘✜✓✖✜✔✥✖ ✘✕✢✓✤✥✛✗✓ ✙❩✙✥✬✙✚✬✕ ✗✤✘✜✧✰✤

✗✤✕ ✑❊◗ ✙✩✢ ✒✥✦✚✙✢ ✢✙✗✙✚✙✓✕✓ ✪❬✜❃✕✬✬ ✕✗ ✙✬✱ ❭❅❅❑❪ ❬✓✥✕✤

✕✗ ✙✬✱ ❭❅❅❑❪ ❫✙✬❨✕✘ ✕✗ ✙✬✱ ❭❅❁❁❂✱ ✑✜✩✕ ✙✘✕ ✥✩ ✖✜✦✦✜✩ ❃✥✗✤ ✜✧✘

✏❊▼■✑■/✏▼❖✒ ✖✙✗✙✬✜✰✧✕✱

❴❵q❵ ④⑤⑥ ⑦⑧⑨⑩ ❶❷❸❹❺❷❹❸⑥❶ ⑧❻❼⑩❽ ❷⑤⑥ ❷❾❼ ❻⑨⑩⑥❶ ❼❿ ❶⑨❽⑤❷

❫✕ ➀✘✓✗ ✦✕✘✰✕✢ ✜✧✘ ✜❃✩ ✘✕✢✓✤✥✛✗ ✖✙✗✙✬✜✰✧✕ ❃✥✗✤ ✗✤✜✓✕ ✜✛ ✗✤✕

✬✥✗✕✘✙✗✧✘✕ ✙✩✢ ✕✬✥✦✥✩✙✗✕✢ ✗✤✕ ✰✙✬✙➁✥✕✓ ✜✚✓✕✘❩✕✢ ✗❃✥✖✕❏ ✙✓ ❃✕✬✬ ✙✓

✗✤✕ ✓✗✙✘✓✱ ❫✕ ✗✤✕✩ ✖✜✦✔✧✗✕✢ ✘✕✢✓✤✥✛✗ ✤✥✓✗✜✰✘✙✦✓ ✙✬✜✩✰ ✗✤✕ ✗❃✜

✬✥✩✕✓ ✜✛ ✓✥✰✤✗❏ ✙✩✢ ✓✕✙✘✖✤✕✢ ✛✜✘ ✕✦✔✗❄ ✰✙✔✓ ❃✥✢✕✘ ✗✤✙✩ ❅✱❅❅❁

✥✩ ✗✤✕ ✘✕✢✓✤✥✛✗ ✢✥✓✗✘✥✚✧✗✥✜✩✱ P✤✥✓ ✥✓ ✙ ✖✬✙✓✓✥✖✙✬ ✦✕✗✤✜✢ ✗✜ ✢✕✗✕✖✗

✰✙✬✙➁❄ ✓✗✘✧✖✗✧✘✕ ✖✙✩✢✥✢✙✗✕✓ ✪✕✱✰✱ ➂✙✗✰✕✘✗ ✕✗ ✙✬✱ ❁➃➃❳❂✱ ❫✕ ✜✩✬❄

✘✕✗✙✥✩✕✢ ✰✙✬✙➁❄ ✖✜✩✖✕✩✗✘✙✗✥✜✩✓ ✚✕✗❃✕✕✩ ✗❃✜ ✓✧✖✤ ✰✙✔✓ ✜✛ ✦✜✘✕

✗✤✙✩ ➀❩✕ ✜✚❥✕✖✗✓✱ P✤✥✓ ✔✘✜❩✥✢✕✢ ✛✜✧✘ ✔✜✗✕✩✗✥✙✬ ✓✗✘✧✖✗✧✘✕✓ ✙✬✜✩✰

✗✤✕ ◗❯❲➄❯ ✬✥✩✕ ✜✛ ✓✥✰✤✗ ✙✩✢ ✜✩✬❄ ✜✩✕ ✙✬✜✩✰ ✗✤✕ ◗❯❲❳ ✬✥✩✕ ✜✛ ✓✥✰✤✗

✪✓✕✕ P✙✚✬✕ ❯ ✙✩✢ ✯✥✰✱ ❁❂✱

P✤✕ ◗❯❲❳ ✬✥✩✕ ✜✛ ✓✥✰✤✗ ✜✩✬❄ ✓✤✜❃✓ ✜✩✕ ✓✗✘✧✖✗✧✘✕ ✙✗ ➅ = ❅.❳❅➆

✪✓✕✕ ✯✥✰✱ ❭❂ ✓✙✦✔✬✕✢ ❃✥✗✤ ✕✥✰✤✗ ✰✙✬✙➁✥✕✓ ❃✥✗✤ ✓✔✕✖✗✘✜✓✖✜✔✥✖ ✘✕✢❲

✓✤✥✛✗✓✱ P✤✕ ✪➇
′ − ➅

′
❂ ❩✙✬✧✕✓ ✜✛ ✗✤✕✓✕ ✰✙✬✙➁✥✕✓ ✙✘✕ ✘✕✬✙✗✥❩✕✬❄ ✓✥✦✥✬✙✘

✙✩✢ ✜✛ ✗✤✕ ✜✘✢✕✘ ✜✛ ❁✱➄ ✙✩✢ ❁❏ ✙✬✓✜ ✥✩ ✰✜✜✢ ✙✰✘✕✕✦✕✩✗ ❃✥✗✤ ✗✤✕

✖✜✬✜✧✘✓ ✜✛ ➅ = ❅.❑ ✕✙✘✬❄❲✗❄✔✕ ✙✩✢ ✓✔✥✘✙✬ ✰✙✬✙➁✥✕✓ ✘✕✓✔✕✖✗✥❩✕✬❄

✪✕✱✰✱ ✯✧❨✧✰✥✗✙ ✕✗ ✙✬✱ ❁➃➃❑❂✱ P✤✕ ✦✕✙✩ ✘✕✢✓✤✥✛✗ ✜✛ ✗✤✕ ✜✩✬❄ ✢✕❲

✗✕✖✗✕✢ ✓✗✘✧✖✗✧✘✕ ✙✬✜✩✰ ✗✤✕ ◗❯❲❳ ✬✥✩✕ ✜✛ ✓✥✰✤✗ ✪➅ = ❅.❳❅➆❂ ✙✬✓✜

✚✕✥✩✰ ✖✬✜✓✕ ✗✜ ✗✤✕ ✖✙✩✢✥✢✙✗✕ ✖✬✧✓✗✕✘ ✔✤✜✗✜✦✕✗✘✥✖ ✘✕✢✓✤✥✛✗ ❩✙✬✧✕

✪➅ = ❅.❳❂❏ ❃✕ ✢✕✖✥✢✕✢ ✗✜ ✙✓✓✜✖✥✙✗✕ ✥✗ ❃✥✗✤ ✗✤✕ ◗❯❲❳ ✖✙✩✢✥✢✙✗✕

✖✬✧✓✗✕✘ ✜✛ ✴✢✙✦✥ ✕✗ ✙✬✱ ✪❭❅❁❅❂✱

✯✥✰✧✘✕ ❯ ✢✥✓✔✬✙❄✓ ✗✤✕ ✖✜✬✜✧✘➊✦✙✰✩✥✗✧✢✕ ✘✕✬✙✗✥✜✩✓ ✜✛ ✗✤✕ ✔✜❲

✗✕✩✗✥✙✬ ✓✗✘✧✖✗✧✘✕✓ ✙✬✜✩✰ ✗✤✕ ◗❯❲➄❯ ✬✥✩✕ ✜✛ ✓✥✰✤✗ ✥✩ ✗✤✕ ✪➇
′ − ➅

′
❂

❩✕✘✓✧✓ ➇
′

✓✔✙✖✕✱ ❫✕ ✖✬✕✙✘✬❄ ✓✕✕ ✙ ✘✕✢ ✓✕➈✧✕✩✖✕ ✪✓✤✜❃✥✩✰ ✙✩ ✜✬✢

✰✙✬✙➁❄ ✔✜✔✧✬✙✗✥✜✩❂ ✙✘✜✧✩✢ ✪➇
′ − ➅

′
❂ ∼ ❁.❇ ✙✩✢ ✙ ✚✬✧✕✘ ✖✬✜✧✢

✙✘✜✧✩✢ ✪➇
′ − ➅

′
❂ ∼ ❁ ✛✜✘ ✓✗✘✧✖✗✧✘✕ ✒❯✱ P✤✕✓✕ ✖✜✬✜✧✘✓ ✙✘✕ ✖✜✩✓✥✓❲

✗✕✩✗ ❃✥✗✤ ➅ = ❅.❇ ✕✙✘✬❄ ✙✩✢ ✬✙✗✕❲✗❄✔✕ ✰✙✬✙➁✥✕✓ ✪✕✱✰✱ ✯✧❨✧✰✥✗✙ ✕✗ ✙✬✱

❁➃➃❑❂✱ ❖✗✤✕✘ ✓✗✘✧✖✗✧✘✕✓ ✜✛ ✗✤✕ ◗❯❲➄❯ ✬✥✩✕ ✜✛ ✓✥✰✤✗ ✙✘✕ ✬✕✓✓ ✔✘✜✦✥❲

✩✕✩✗ ✙✩✢ ✢✜ ✩✜✗ ✓✤✜❃ ✗✤✕ ✓✙✦✕ ✢✥✖✤✜✗✜✦❄ ✚✕✗❃✕✕✩ ✙✩ ✕✙✘✬❄❲✗❄✔✕

✙✩✢ ✙ ✬✙✗✕❲✗❄✔✕ ✰✙✬✙➁❄ ✔✜✔✧✬✙✗✥✜✩✱ P✤✕ ✓✗✘✧✖✗✧✘✕ ✒❯ ✥✓ ✙✬✓✜ ✚❄ ✛✙✘

✗✤✕ ✦✜✓✗ ✔✜✔✧✬✙✗✕✢➉ ✥✗ ✤✙✓ ✦✜✘✕ ✖✜✩➀✘✦✕✢ ✰✙✬✙➁✥✕✓ ✗✤✙✩ ✗✤✕ ✗✤✘✕✕

✜✗✤✕✘✓ ✗✙❨✕✩ ✗✜✰✕✗✤✕✘✱ P✤✕ ✓✗✘✧✖✗✧✘✕ ✒❯ ✥✓ ✖✬✕✙✘✬❄ ✗✤✕ ✖✬✜✓✕✓✗ ✗✜

✗✤✕ ❯σ ✔✕✙❨ ✜✛ ✗✤✕ ❃✕✙❨ ✬✕✩✓✥✩✰ ✢✕✗✕✖✗✥✜✩ ✪✓✕✕ ✚✕✬✜❃ ✙✩✢ ✯✥✰✱ ❳❂✱

P✤✕ ✚✘✥✰✤✗✕✓✗ ✰✙✬✙➁❄ ✜✛ ✒❯ ✥✓ ✙✗ ∼❳❅❅ ❨✔✖ ✜✛ ✗✤✕ ✔✕✙❨❏ ❃✤✥✬✕ ✗✤✕

✚✘✥✰✤✗✕✓✗ ✰✙✬✙➁✥✕✓ ✜✛ ✒❁❏ ✒❭❏ ✙✩✢ ✒➄ ✙✘✕ ✬✜✖✙✗✕✢ ✙✗ ∼❇❑❅ ❨✔✖❏

∼❭❯❅❅ ❨✔✖❏ ✙✩✢ ∼❁❯❅❅ ❨✔✖ ✪✙✗ ✗✤✕ ✓✗✘✧✖✗✧✘✕ ✘✕✢✓✤✥✛✗❂✱ P✤✕ ✓✗✘✧✖❲

✗✧✘✕ ✒❯ ✥✓ ✗✤✕ ✜✩✬❄ ✓✗✘✧✖✗✧✘✕ ✛✜✘ ❃✤✥✖✤ ✗✤✕ ✰✙✬✙➁❄ ✢✥✓✔✕✘✓✥✜✩ ✜✩

✗✤✕ ✓❨❄ ✥✓ ✬✙✘✰✕✘ ✗✤✙✩ ✗✤✕ ✢✥✓✗✙✩✖✕ ✚✕✗❃✕✕✩ ✗✤✕ ✓✗✘✧✖✗✧✘✕ ✖✕✩✗✘✕

➋➌➍✆ ➎✆ ❉✐str✐✡✉t✐♦♥ ♦❢ t❤❡ ●❡♠✐♥✐/●➏➐❙ ❛♥❞ ❉➑➑➒✷ ❣❛❧❛①✐❡s ✇✐t❤

❦♥♦✇♥ s♣❡❝tr♦s❝♦♣✐❝ r❡❞s❤✐❢ts ❛❧♦♥❣ t❤❡ ❉✸✲✻ ✭➓➔→✮➣ ❛♥❞ ❉✸✲✹✸ ✭↔➔➓↕

➓➔➙✮ ❧✐♥❡s ♦❢ s✐❣❤t✳ ❉❡t❡❝t❡❞ str✉❝t✉r❡s ❢r♦♠ ❚❛✡❧❡ ✸ ❛r❡ s❤♦✇♥ ❛s r❡❞

✈❡rt✐❝❛❧ ❧✐♥❡s✳

✙✩✢ ✗✤✕ ❯σ ✔✕✙❨ ✜✛ ✗✤✕ ❃✕✙❨ ✬✕✩✓✥✩✰ ✢✕✗✕✖✗✥✜✩ ✪❁.❭× ✬✙✘✰✕✘❂✱ P✤✕

✘✙✗✥✜ ✥✓ ❅✱➄ ✛✜✘ ✒❁❏ ❅✱❯ ✛✜✘ ✒❭❏ ✙✩✢ ❅✱➃ ✛✜✘ ✒➄✱ ✯✥✩✙✬✬❄❏ ✗✤✕ ✓✔✕✖❲

✗✘✜✓✖✜✔✥✖ ✘✕✢✓✤✥✛✗ ✜✛ ✒❯ ✥✓ ✘✕✦✙✘❨✙✚✬❄ ✖✬✜✓✕ ✗✜ ✗✤✕ ✔✤✜✗✜✦✕✗✘✥✖

✘✕✢✓✤✥✛✗ ✜✛ ◗❯❲➄❯ ✥✩ ✴✢✙✦✥ ✕✗ ✙✬✱ ✪❭❅❁❅❂➉ ❅✱➆❑✱ ❫✕ ✗✤✕✘✕✛✜✘✕ ✢✕❲

✖✥✢✕✢ ✗✜ ✖✤✜✜✓✕ ✒❯ ✙✓ ✗✤✕ ✦✙✥✩ ✓✗✘✧✖✗✧✘✕ ✙✬✜✩✰ ✗✤✕ ◗❯❲➄❯ ✬✥✩✕ ✜✛

✓✥✰✤✗❏ ✗✜ ✙✓✓✜✖✥✙✗✕ ✥✗ ❃✥✗✤ ✗✤✕ ❃✕✙❨ ✬✕✩✓✥✩✰ ✢✕✗✕✖✗✥✜✩ ✪✓✕✕ ✚✕✬✜❃❂❏

✙✩✢ ❃✥✗✤ ✗✤✕ ◗❯❲➄❯ ✖✙✩✢✥✢✙✗✕ ✖✬✧✓✗✕✘ ✜✛ ✴✢✙✦✥ ✕✗ ✙✬✱ ✪❭❅❁❅❂✱

P✤✥✓ ✬✕✙✢✓ ✧✓ ✗✜ ✖✜✩✖✬✧✢✕ ✗✤✙✗ ❃✕ ✔✘✜✚✙✚✬❄ ✤✙❩✕ ✢✕✗✕✖✗✕✢ ✙✗

✬✕✙✓✗ ✗❃✜ ✘✕✙✬ ✓✗✘✧✖✗✧✘✕✓ ✙✬✜✩✰ ✗✤✕ ◗❯❲❳ ✙✩✢ ◗❯❲➄❯ ✬✥✩✕✓ ✜✛ ✓✥✰✤✗

✙✗ ➅ = ❅.❳❅➆ ✪◗❯❲❳ ✥✩ ✗✤✕ ✛✜✬✬✜❃✥✩✰❂ ✙✩✢ ➅ = ❅.➆❯➃ ✪◗❯❲➄❯❲✒❯

✥✩ ✗✤✕ ✛✜✬✬✜❃✥✩✰❂ ✘✕✓✔✕✖✗✥❩✕✬❄✱ P✤✕ ✘✕✢✓✤✥✛✗ ✢✥✓✗✘✥✚✧✗✥✜✩✓ ✜✛ ✗✤✕

✰✙✬✙➁✥✕✓ ❃✥✗✤ ❨✩✜❃✩ ✓✔✕✖✗✘✜✓✖✜✔✥✖ ✘✕✢✓✤✥✛✗✓ ✥✩✓✥✢✕ ✗✤✕✓✕ ✓✗✘✧✖❲

✗✧✘✕✓ ✙✘✕ ✢✥✓✔✬✙❄✕✢ ✥✩ ✯✥✰✱ ➄✱

❴❵➛❵ ➜⑩❷⑥❸⑩⑧❻ ❶❷❸❹❺❷❹❸⑥ ❼❿ ➝➞➟➠ ⑧⑩➡ ➝➞➟q➞➟➢➞

❫✕ ✥✩❩✕✓✗✥✰✙✗✕✢ ✗✤✕ ✥✩✗✕✘✩✙✬ ✓✗✘✧✖✗✧✘✕✓ ✜✛ ◗❯❲❳ ✙✩✢ ◗❯❲➄❯❲✒❯

✚❄ ✙✔✔✬❄✥✩✰ ✗✤✕ ✒✕✘✩✙❲✏✕✘✚✙✬ ✗✕✖✤✩✥➈✧✕ ✪✤✕✘✕✙✛✗✕✘ ✒✏❏ ❁➃➃❳ ✘✕❲

✬✕✙✓✕❏ ✒✕✘✩✙ ➤ ✏✕✘✚✙✬ ❁➃➃❳❂✱ P✤✥✓ ✤✥✕✘✙✘✖✤✥✖✙✬ ✖✜✢✕ ✚✙✓✕✢ ✜✩

✓✔✕✖✗✘✜✓✖✜✔✥✖ ✘✕✢✓✤✥✛✗✓ ✙✩✢ ✜✔✗✥✖✙✬ ✦✙✰✩✥✗✧✢✕✓❏ ✥✓ ✢✕✓✥✰✩✕✢ ✗✜

✢✕✗✕✖✗ ✓✧✚✓✗✘✧✖✗✧✘✕✓ ✥✩ ✗✤✕ ✜✔✗✥✖✙✬✱ ✴ ✩✧✦✚✕✘ ✜✛ ✜✗✤✕✘ ✦✕✗✤❲

✜✢✓ ✙✘✕ ✙❩✙✥✬✙✚✬✕ ✗✜ ✓✕✙✘✖✤ ✛✜✘ ✓✧✚✓✗✘✧✖✗✧✘✕✓ ✙✗ ✜✔✗✥✖✙✬ ❃✙❩✕❲

✬✕✩✰✗✤✓❏ ✓✧✖✤ ✙✓ ✗✤✕ ∆❲✗✕✓✗ ✪◗✘✕✓✓✬✕✘ ➤ ✒✖✤✕✖✤✗✦✙✩ ❁➃❇❇❂✱

❬✜❃✕❩✕✘❏ ✗✤✕ ✒✏ ✦✕✗✤✜✢ ✤✙✓ ✔✘✜❩✕✩ ✗✜ ✚✕ ➈✧✥✗✕ ✔✜❃✕✘✛✧✬ ✢✕❲

✗✕✖✗✥✩✰ ✕❩✥✢✕✩✖✕ ✛✜✘ ✓✧✚✓✗✘✧✖✗✧✘✥✩✰ ✥✩ ✩✕✙✘✚❄ ✪✓✕✕ ✴✚✕✬✬ ➄➃❳➉

◗✧✘✘✕✗ ✕✗ ✙✬✱ ❭❅❅❅❪ ➥✜✦✙➉ ✴✢✙✦✥ ✕✗ ✙✬✱ ❭❅❅❑❏ ❭❅❅➃❪ ✴✚✕✬✬ ➆❇❅➉

◗✧✘✘✕✗ ✕✗ ✙✬✱ ❭❅❅➃❪ ✴✚✕✬✬ ❇❑➉ ➦✜✧ ✕✗ ✙✬✱ ❭❅❅❇❂❏ ✦✜✢✕✘✙✗✕ ✘✕✢✓✤✥✛✗
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❆✫❆ ✺✼✺✱ ❆✻✾ ✭✷✵✶✺✮

❚❛❜❧❡ ✹✳ ▼�✐♥ ❝❤�r�❝t✁r✐st✐❝s ♦❢ t❤✁ t✇♦ ❝♦♥✣r♠✁❞ str✉❝t✉r✁s✂

◆�♠✁ ❘❆✭❉✸✮ ❉✁❝✭❉✸✮ ③✭❉✸✮ ❘❆✭s♣✁❝✮ ❉✁❝✭s♣✁❝✮ ③✭s♣✁❝✮ ❱✁✄✂ ❞✐s♣✂ ❙● ♠�ss ❳✲r�② ♠�ss

❞✁❣ ❞✁❣ ❞✁❣ ❞✁❣ ❦♠ s−☎ ✆⊙ ✆⊙

❉✸✲✻ ✷✶✝✂✷✷✵✼ ✺✸✂✵✺✻✽ ✵✂✻✵ ✷✶✝✂✷✸✶✝ ✺✸✂✵✽✼✾ ✵✂✻✵✼ ✝✷✸ ✷.✷ × ✶✵☎✞ ✷.✺ × ✶✵☎✞
❉✸✲✝✸✲❙✸ ✷✶✺✂✷✼✶ ✺✸✂✵✸✺✸ ✵✂✼✺ ✷✶✺✂✷✼✶✵ ✺✸✂✵✸✺✸ ✵✂✼✸✾ ✶✶✺✷ ✭✻✶✶ + ✸✺✼✮ ✸.✻ × ✶✵☎✞ + ✽.✽ × ✶✵☎✟ ≤✽ × ✶✵☎✟

✠✡☛❡☞✳ ✌❤✁ ❝♦✄✉♠♥s �r✁✿ ✭✶✮ ♥�♠✁❀ ✭✷✮ + ✭✸✮ ❝♦♦r❞✐♥�t✁s ✐♥ t❤✁ ❉✸ ❈❋❍✌▲❙ ❝✄✉st✁r ❝�t�✄♦❣✉✁❀ ✭✝✮ ♣❤♦t♦♠✁tr✐❝ r✁❞s❤✐❢t ✐♥ t❤✁ ❉✸ ❈❋❍✌▲❙ ❝✄✉st✁r

❝�t�✄♦❣✉✁❀ ✭✺✮ �♥❞ ✭✻✮ ❝✁♥tr�✄ ❝♦♦r❞✐♥�t✁s ♦❢ t❤✁ s♣✁❝tr♦s❝♦♣✐❝ ❝�t�✄♦❣✉✁ ❞✁✣♥✁❞ �s t❤✁ ❝♦♦r❞✐♥�t✁s ♦❢ t❤✁ ✍r✐❣❤t✁st ❣�✄�①② ♠✁♠✍✁r❀ ✭✼✮ ♠✁�♥

s♣✁❝tr♦s❝♦♣✐❝ r✁❞s❤✐❢t❀ ✭✽✮ ✈✁✄♦❝✐t② ❞✐s♣✁rs✐♦♥ ❢r♦♠ ❘♦st�t ✁st✐♠�t✁s ✭❇✁✁rs ✁t �✄✂ ✶✾✾✶❀ ✈�✄✉✁s �r✁ �✄s♦ ❣✐✈✁♥ ❢♦r t❤✁ t✇♦ s✉✍str✉❝t✉r✁s ♦❢ ❉✸✲✝✸✲❙✸✮❀

✭✾✮ ♠�ss ✁st✐♠�t✁ ❢r♦♠ t❤✁ ❙✁r♥�✲●✁r✍�✄ �♥�✄②s✐s ✭✈�✄✉✁s �r✁ �✄s♦ ❣✐✈✁♥ ❢♦r t❤✁ t✇♦ s✉✍str✉❝t✉r✁s ♦❢ ❉✸✲✝✸✲❙✸✮❀ ✭✶✵✮ ♠�ss ✁st✐♠�t✁ ❢r♦♠ t❤✁ ❳✲r�②

�♥�✄②s✐s ✭✇✐t❤✐♥ ✎✏✑✑✮✂

✒✓✔✳ ✕✳ ❈♦✄♦✉r➊♠�❣♥✐t✉❞✁ r✁✄�t✐♦♥ �✄♦♥❣ t❤✁ ❉✸✲✻ ❝✄✉st✁r ✄✐♥✁ ♦❢ s✐❣❤t✂

❙♠�✄✄ ✍✄�❝❦ ❞♦ts �r✁ t❤✁ ❈❋❍✌▲❙ ❣�✄�①✐✁s✱ r✁❞ ❞✐s❦s �r✁ t❤✁ s♣✁❝tr♦✲
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✘❭ ⑤✥✙✴✴❫✥ ✖✛✪✬✛✯✰ ❃✴ ❴★✦✧❃■✥✚★✦ ■❫✴■✙✦✴❃✴❄ ✧❂✙ ✙ff✙■✧ ❫❊ ✥✴❵

❁✙✦❅★❩❴✚❃✴❄ ❫✴ ❩★❅❅ ❁✙✧✙✦❩❃✴★✧❃❫✴❅✩ ❸✙ ❅✧✦✙❅❅ ✧❂★✧ ✧❂❃❅ ❩✙✧❂❫❁

✦✙❹✥❃✦✙❅ ★ ⑥✙✦❭ ❄❫❫❁ ❴✦✙■❃❅❃❫✴ ❃✴ ✧❂✙ ❄★✚★❷❭ ❁❃❅✧★✴■✙ ❁✙✧✙✦❩❃✴★❵

✧❃❫✴❅✰ ★✴❁ ✧❂✙✦✙❊❫✦✙ ❅❴✙■✧✦❫❅■❫❴❃■ ✦✙❁❅❂❃❊✧❅ ★✦✙ ✙❅❅✙✴✧❃★✚✰ ❪❂❃✚✙

❴❂❫✧❫❩✙✧✦❃■ ✦✙❁❅❂❃❊✧❅ ★✦✙ ❃✴★❴❴✦❫❴✦❃★✧✙✩

q❂✙ ✚✙⑥✙✚ ❫❊ ✦✙❺✴✙❩✙✴✧ ❃✴ ✧❂✙ ❅✥✘❅✧✦✥■✧✥✦✙ ❁✙✧✙■✧❃❫✴ ❫✘❵

⑥❃❫✥❅✚❭ ❁✙❴✙✴❁❅ ❫✴ ✧❂✙ ❅❴✙■✧✦❫❅■❫❴❃■ ❅★❩❴✚❃✴❄✰ ★❅ ★✚✦✙★❁❭

❅❂❫❪✴ ✘❭ ✧❂✙ ❴✦✙⑥❃❫✥❅✚❭ ❹✥❫✧✙❁ ★✦✧❃■✚✙❅✩ ❸✙ ❺✦❅✧ ❴✦❫■✙❅❅✙❁ ✧❂✙

✤✜❵❻ ❅✧✦✥■✧✥✦✙✩ ④❃✴■✙ ❃✧ ❃❅ ❫✴✚❭ ❅★❩❴✚✙❁ ✘❭ ✙❃❄❂✧ ❄★✚★❷❃✙❅ ❪❃✧❂

⑦✴❫❪✴ ❅❴✙■✧✦❫❅■❫❴❃■ ✦✙❁❅❂❃❊✧❅✰ ✧❂✙ ④⑤ ■❫❁✙ ❪❫✥✚❁ ❫✴✚❭ ✘✙ ★✘✚✙

✧❫ ❁✙✧✙■✧ ✚★✦❄✙ ❅✥✘❅✧✦✥■✧✥✦✙❅ ✧❂★✧ ❪❫✥✚❁ ✘✙ ❴✦✙❅✙✴✧ ❃✴ ■✚✥❅✧✙✦❵

■✚✥❅✧✙✦ ❩✙✦❄❃✴❄✰ ★✴❁ ✧❂❃❅ ❃❅ ✴❫✧ ✧❂✙ ■★❅✙✰ ❅❂❫❪❃✴❄ ✧❂★✧ ✤✜❵❻ ❃❅

❴✦❫✘★✘✚❭ ✴❫✧ ✥✴❁✙✦❄❫❃✴❄ ★ ❩★❼❫✦ ❩✙✦❄✙✦✩

q❂✙ ✤✜❵❯✜❵④✜ ❅✧✦✥■✧✥✦✙ ❃❅ ❩✥■❂ ✘✙✧✧✙✦ ❅★❩❴✚✙❁ ❅❴✙■✧✦❫❅■❫❴❵

❃■★✚✚❭✩ q❂✙ ④⑤ ❩✙✧❂❫❁ ❁✙✧✙■✧❅ ✧❪❫ ✦✙✚★✧❃⑥✙✚❭ ❩★❅❅❃⑥✙ ❅✥✘❅✧✦✥■❵

✧✥✦✙❅ ✖❅✙✙ q★✘✚✙ ❯✯ ★✴❁ ❅✙⑥✙✦★✚ ❫✧❂✙✦ ❩❫✦✙ ❁❭✴★❩❃■★✚✚❭ ❃❅❫❵

✚★✧✙❁ ❄★✚★❷❃✙❅✩ ④✥✘❅✧✦✥■✧✥✦✙ ❽✬ ❃✴■✚✥❁✙❅ ✧❂✙ ❁❫❩❃✴★✴✧ ❄★✚★❷❭ ❫❊

✒✓✔✳ ❾✳ ❈♦✄♦✉r➊♠�❣♥✐t✉❞✁ r✁✄�t✐♦♥s �✄♦♥❣ t❤✁ ❉✸✲✝✸ ❝�♥❞✐❞�t✁ ❝✄✉st✁r

✄✐♥✁ ♦❢ s✐❣❤t✂ ❙♠�✄✄ ✍✄�❝❦ ❞♦ts �r✁ t❤✁ ❈❋❍✌▲❙ ❣�✄�①✐✁s✂ ❿➀➀➁✎ Þ➂➃

➄✎➁✿ r✁❞ ❞✐s❦s �r✁ t❤✁ s♣✁❝tr♦s❝♦♣✐❝�✄✄② ❝♦♥✣r♠✁❞ ♠✁♠✍✁rs ♦❢ ❙✸✱ ✍✄✉✁

❝✐r❝✄✁s �r✁ t❤✁ ❙✶ ♠✁♠✍✁rs✱ ❣r✁✁♥ s➅✉�r✁s �r✁ t❤✁ ❙✷ ♠✁♠✍✁rs✱ ♣✐♥❦

tr✐�♥❣✄✁s �r✁ t❤✁ ❙✝ ♠✁♠✍✁rs✂ ✌❤✁ ✐♥❝✄✐♥✁❞ r✁❞ ✄✐♥✁ ✐s t❤✁ t✁♥t�t✐✈✁ r✁❞

s✁➅✉✁♥❝✁ ❢♦r str✉❝t✉r✁ ❙✸ ✁�r✄②✲t②♣✁ ❣�✄�①✐✁s✂ ➆➇➈➁✎ Þ➂➄✎➁✿ r✁❞ ❝✐r❝✄✁s

�r✁ t❤✁ ❙✸ s✉✍str✉❝t✉r✁ ➉✶ ♠✁♠✍✁rs✱ ✍✄✉✁ ❞✐s❦s �r✁ t❤✁ ❙✸ s✉✍str✉❝t✉r✁

➉✷ ♠✁♠✍✁rs ✭s✁✁ t✁①t ❢♦r ❞✁t�✐✄s✮✂ ✌❤✁ ✐♥❝✄✐♥✁❞ r✁❞ ✄✐♥✁ ✐s t❤✁ t✁♥t�t✐✈✁

r✁❞ s✁➅✉✁♥❝✁ ❢♦r ❙✸ ✁�r✄②✲t②♣✁ ❣�✄�①✐✁s✂

✤✜❵❯✜❵④✜ ★✴❁ ❂★❅ ★✴ ✙❅✧❃❩★✧✙❁ ❁❭✴★❩❃■★✚ ❩★❅❅ ❫❊ ✜.❻×✬✪⑨⑩ ❶⊙✩
q❂✙ ✙❅✧❃❩★✧✙❁ ❩★❅❅ ❫❊ ❅✥✘❅✧✦✥■✧✥✦✙ ❽✛ ❃❅ ✚❫❪✙✦✰ ❫❊ ✧❂✙ ❫✦❁✙✦ ❫❊

❲.❲× ✬✪⑨➋ ❶⊙✩ ✤✜❵❯✜❵④✜ ❃❅ ✧❂✙✦✙❊❫✦✙ ❴✦❫✘★✘✚❭ ★✘❫✥✧ ✧❫ ✥✴❁✙✦❄❫

★✴ ❃❩❴❫✦✧★✴✧ ❩✙✦❄✙✦ ✘✙✧❪✙✙✴ ★✧ ✚✙★❅✧ ✧❪❫ ■❫❩❴★✦★✘✚✙ ❄★✚★❷❭

❅✧✦✥■✧✥✦✙❅ ✖❅✙✙ ★✚❅❫ ④✙■✧✩ P✯✩ q❫ ■❫✴❺✦❩ ✧❂❃❅ ❅✧★✧✙❩✙✴✧✰ ❪✙ ★✚❅❫

❅❂❫❪ ❃✴ ❥❃❄✩ ✜ ✖✘❫✧✧❫❩ ❴★✦✧✯ ✧❂✙ ■❫✚❫✥✦❵❩★❄✴❃✧✥❁✙ ✦✙✚★✧❃❫✴ ❫❊

✧❂✙ ✧❪❫ ❅✥✘❅✧✦✥■✧✥✦✙❅ ❃✴ ✧❂✙ ✤✜❵❯✜❵④✜ ✦✙❄❃❫✴✩ q❂❃❅ ❅❂❫❪❅ ✧❂★✧

✧❂✙ ✧❪❫ ❅✥✘❅✧✦✥■✧✥✦✙❅ ❂★⑥✙ ✘❫✧❂ ✦✙❁ ★✴❁ ✘✚✥✙ ❄★✚★❷❃✙❅✩ ❸✙ ★✦✙

❆✻✾✱ ♣�❣✁ ✝ ♦❢ ✶✵



❈✳ ❆❞❛♠✐ ❡t ❛❧✳✿ ❚✇♦ s♣❡❝tr♦s❝♦♣✐❝❛❧❧② ❝♦♥✣r♠❡❞ ❝❧✉st❡rs ✐♥ t❤❡ ❈❋❍❚▲❙ ❉✸ ✣❡❧❞

�✁❣✂ ✹✂ ❘❡❞s❤✐❢t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ●❡♠✐♥✐/●▼❖❙ ✄❛❧❛①✐❡s ✇✐t❤ ❦♥♦✇♥

s♣❡❝tr♦s❝♦♣✐❝ r❡❞s❤✐❢ts ✐♥ t❤❡ ❉✸✲✻ ✭☎✆✝✮✱ ❛♥❞ ❉✸✲✞✸✲❙✸ ✭✟✆☎☎✆✠✮

str✉❝t✉r❡s✳

✡☛☞✌☞✍✎✌☞ ✏✎✡ ✑☞✒✓✔✏✕ ✖✔✡☛ ✒ ✗✡✌✘✙✡✘✌☞ ✚✎✚✘✓✒✡☞✑ ✛✜ ✜✎✘✏✕ ✕✒✓✒✢✤

✔☞✗ ✥☞✌✕✔✏✕ ✖✔✡☛ ✒✏ ✎✓✑☞✌ ✕✒✓✒✢✜ ✗✡✌✘✙✡✘✌☞✦ ✧☛☞ ✒✚✚✒✌☞✏✡✓✜ ☛✔✕☛

✈☞✓✎✙✔✡✜ ✑✔✗✚☞✌✗✔✎✏ ✎✍ ★✩✤✪✩✤✫✩ ✬✖☛☞✏ ✏✎✡ ✙✎✏✗✔✑☞✌✔✏✕ ✡☛☞ ✑☞✤

✡☞✙✡☞✑ ✗✘✛✗✡✌✘✙✡✘✌☞✗✯ ✔✗ ✒✓✗✎ ✙✎✏✗✔✗✡☞✏✡ ✖✔✡☛ ✡☛✔✗ ✗✙☞✏✒✌✔✎✦

✰✴ ✵✶✷✷ ✺✼✶✽✶✺✾❀✽❁✷✶✾❁❂❃ ❂❄ ✾✼❀ ❅✰❇❊

✶❃■ ❅✰❇❏✰❇❑✰ ✷✾✽◆✺✾◆✽❀✷

P✡ ✡☛✔✗ ✗✡✒✕☞◗ ✖☞ ☛✒✈☞ ✗☞✙✘✌☞✑ ✡☛☞ ✑☞✡☞✙✡✔✎✏ ✎✍ ✡☛☞ ★✩✤❯ ✒✏✑

★✩✤✪✩✤✫✩ ✗✡✌✘✙✡✘✌☞✗◗ ✙✎✏❱✌✥☞✑ ✡☛✒✡ ✡☛☞✜ ✒✌☞ ✚✎✚✘✓✒✡☞✑ ✛✜ ✛✎✡☛

✌☞✑ ✒✏✑ ✛✓✘☞ ✕✒✓✒✢✔☞✗◗ ✗☛✎✖✏ ✡☛✒✡ ★✩✤❯ ✔✗ ✏✎✡ ✘✏✑☞✌✕✎✔✏✕ ✒ ✥✒❥✎✌

✥☞✌✕☞✌◗ ✒✏✑ ✡☛✒✡ ★✩✤✪✩✤✫✩ ✔✗ ✚✌✎✛✒✛✓✜ ✒✛✎✘✡ ✡✎ ✘✏✑☞✌✕✎ ✗✘✙☛ ✒

✥☞✌✕☞✌✦ ❲✎✖☞✈☞✌◗ ✖☞ ✑✎ ✏✎✡ ✜☞✡ ☛✒✈☞ ✌✎✛✘✗✡ ☞✗✡✔✥✒✡☞✗ ✎✍ ✡☛☞

✥✒✗✗☞✗ ✎✍ ✡☛☞✗☞ ✡✖✎ ✗✡✌✘✙✡✘✌☞✗ ✬✡☛☞ ✫❳ ✡☞✗✡ ✑✎☞✗ ✏✎✡ ✕✔✈☞ ✌☞✓✔✒✛✓☞

✒✛✗✎✓✘✡☞ ✥✒✗✗ ✈✒✓✘☞✗◗ ✒✗ ✒✓✌☞✒✑✜ ✗✡✒✡☞✑✯✦

❨❩❬❩ ❭❪❫❴❵q❴③ ④⑤④❵❴④❫❴⑥ ⑦⑧⑨④③ ⑩④❶④

❷✎✡☛ ❱☞✓✑✗ ★✩✤❯ ✒✏✑ ★✩✤✪✩✤✫✩ ✖☞✌☞ ✎✛✗☞✌✈☞✑ ✛✜ ✡☛☞ ❸❹❺❻❼❽❺

❾✤✌✒✜ ✡☞✓☞✗✙✎✚☞✦ ❿✈☞✏ ✔✍ ✡☛☞ ✙✎✓✓☞✙✡✔✏✕ ✒✌☞✒ ✎✍ ❸❹❺❻❼❽❺ ✔✗ ✏✎✡

✍✒✈✎✘✌✒✛✓☞ ✡✎ ✡☛☞ ✙☛✒✌✒✙✡☞✌✔✗✒✡✔✎✏ ✎✍ ✗✘✙☛ ✑✔✗✡✒✏✡ ✗✡✌✘✙✡✘✌☞✗◗ ✡☛☞

☞✢✚✎✗✘✌☞ ✡✔✥☞✗ ✖☞✌☞ ✓✎✏✕ ☞✏✎✘✕☛ ✡✎ ✒✡ ✓☞✒✗✡ ✕✔✈☞ ✒✏ ☞✗✡✔✥✒✡☞ ✎✍

✡☛☞ ❾✤✌✒✜ ✓✘✥✔✏✎✗✔✡✔☞✗ ✎✍ ✡☛☞✗☞ ✗✡✌✘✙✡✘✌☞✗✦

✧☛☞✌☞ ✒✌☞ ✍✎✘✌ ✚✎✔✏✡✔✏✕✗ ✒✡ ✡☛☞ ★✩✤✪✩ ✌☞✕✔✎✏ ✖✔✡☛ ✡☛☞ P➀➁✫✤➁

✑☞✡☞✙✡✎✌ ✬✎✛✗➂✔✑ ➃➄✪➃◗ ➃➄✪❯◗ ➃❯➅➆✪◗ ❯➅➆➃◗ ➇➁ ➈✦ ➉✒✏✑✌✒◗ ✡✒➊☞✏

✔✏ ➅➋➋➃✯✦ ➌✎✓✓✎✖✔✏✕ ✡☛☞ ➍✫✙✔☞✏✙☞ ✧☛✌☞✒✑✗➎ ✍✌✎✥ ✡☛☞ ❸❹❺❻❼❽❺

❾✤✌✒✜ ➀☞✏✡☞✌ ✬➀❾➀✯◗ ✘✗✔✏✕ ✪✦❯➏◗ ✖☞ ☛✒✈☞ ✌☞✚✌✎✙☞✗✗☞✑

✡☛☞✗☞ ✎✛✗☞✌✈✒✡✔✎✏✗ ✒✏✑ ✥☞✌✕☞✑ ✡☛☞✥ ✡✎✕☞✡☛☞✌ ✚✌✎✑✘✙✔✏✕ ✒ ✗✔✏✤

✕✓☞ ✛✌✎✒✑✤✛✒✏✑ ✬➋✦➃➐➑✦➋ ➊☞➒✯ ☞✢✚✎✗✘✌☞✤✥✒✚ ✙✎✌✌☞✙✡☞✑ ✗✘✌✍✒✙☞

✛✌✔✕☛✡✏☞✗✗ ✔✥✒✕☞ ✖✔✡☛ ✒ ✚✔✢☞✓ ✗✙✒✓☞ ✎✍ ➆.➓❯➄ ✒✌✙✗☞✙ ✬➆✪/❹➔→ ➊✚✙

✒✗✗✘✥✔✏✕ ➣ = ➋.➑✩➓✯✦ ✧☛☞ ✡✎✡✒✓ ☞ff☞✙✡✔✈☞ ☞✢✚✎✗✘✌☞ ✡✔✥☞ ✍✎✌ ✡☛✔✗
✔✥✒✕☞ ✔✗ ➆➓✩✦❯ ➊✗✦ ✧☛☞✌☞ ✔✗ ✒✚✚✒✌☞✏✡✓✜ ✏✎ ✈✔✗✔✛✓☞ ✓✒✌✕☞ ✗✙✒✓☞ ☞✢✤

✡☞✏✑☞✑ ❾✤✌✒✜ ☞✥✔✗✗✔✎✏ ✙✎✔✏✙✔✑✔✏✕ ✖✔✡☛ ✡☛☞ ✚✎✗✔✡✔✎✏ ✎✍ ★✩✤✪✩✤✫✩

✬☞✦✕✦ ✏✎✡ ✑☞✡☞✙✡☞✑ ✔✏ ❿✌✍✒✏✔✒✏✍✒✌ ☞✡ ✒✓✦ ➅➋➆✩✯✦ ↔☞ ✎✏✓✜ ✗☞☞ ✒ ✙✎✓✤

✓☞✙✡✔✎✏ ✎✍ ✡☛✌☞☞ ✙✎✥✚✒✙✡ ✗✎✘✌✙☞✗✦ ➁✏ ✒ ✙✔✌✙✘✓✒✌ ✌☞✕✔✎✏ ✎✍ ✌✒✑✔✘✗

↕ = ➅ ✒✌✙✥✔✏◗ ✖☞ ☞✗✡✔✥✒✡☞ ✡☛✒✡ ✒✏ ☞✢✡☞✏✑☞✑ ✗✎✘✌✙☞ ✖✔✡☛ ✙✎✘✏✡

✌✒✡☞ ✒✛✎✈☞ ✪.➅ × ➆➋−➙ ✙✏✡/✗ ✬✒✛✎✘✡ ➄➃ ✙✎✘✏✡✗✯ ✖✎✘✓✑ ✛☞ ✑☞✡☞✙✡☞✑✦
✧☛✘✗◗ ✒✗✗✘✥✔✏✕ ✒ ✚✓✒✗✥✒ ✡☛☞✌✥✒✓ ☞✥✔✗✗✔✎✏◗ ✖☞ ✙✒✏ ✚✘✡ ✒✏ ✘✚✚☞✌

✓✔✥✔✡ ✎✍ ➛➜ < ✪.✩ × ➆➋
−➏➝ ☞✌✕ ✗−➏ ✙✥−➞✦ ✧☛✔✗ ✙✎✌✌☞✗✚✎✏✑✗ ✡✎ ✒✏

✘✚✚☞✌ ✓✔✥✔✡ ✍✎✌ ✡☛☞ ❾✤✌✒✜ ✓✘✥✔✏✎✗✔✡✜ ➟➜ < ➆.➃ × ➆➋
➙➠ ☞✌✕ ✗−➏ ✔✍

✡☛☞ ✗✎✘✌✙☞ ✔✗ ✒✡ ➣ = ➋.➑✩➓✦ ✧☛✔✗ ✙✎✘✓✑ ✛☞ ✡✜✚✔✙✒✓ ✎✍ ✒ ✥✒✗✗✔✈☞
✗✡✌✘✙✡✘✌☞ ✎✍ ✕✒✓✒✢✔☞✗◗ ✛✘✡ ✒✡ ✡☛✔✗ ✗✡✒✕☞ ✡☛✔✗ ✔✗ ✏✎✡ ☞✏✎✘✕☛ ✡✎ ✌☞✒✙☛

✒ ✙✎✏✙✓✘✗✔✎✏ ✒✛✎✘✡ ✡☛☞ ✥✒✗✗✔✈☞ ✏✒✡✘✌☞ ✎✍ ★✩✤✪✩✤✫✩✦

✧☛☞ ★✩✤❯ ✌☞✕✔✎✏ ✖✒✗ ✎✛✗☞✌✈☞✑ ✔✏ P✚✌✔✓ ➅➋➋➅ ✖✔✡☛ P➀➁✫✤➁

✬✎✛✗➂✔✑ ✩➅✩➓◗ ➇✦➁✦ ❿✦ ❿✓✓✔✏✕✗✎✏✯ ✖✔✡☛ ✒✏ ☞✢✚✎✗✘✌☞ ✡✔✥☞ ✎✍

❯➅✦➄➅ ➊✗✦ ↔☞ ✍✎✓✓✎✖☞✑ ✡☛☞ ✗✒✥☞ ✌☞✑✘✙✡✔✎✏ ✚✌✎✙☞✑✘✌☞◗ ✚✌✎✤

✑✘✙✔✏✕ ✒ ➡✒✡ ✬☞✢✚✎✗✘✌☞✤✙✎✌✌☞✙✡☞✑✯ ✔✥✒✕☞ ✔✏ ✡☛☞ ➋✦➃➐➑✦➋ ➊☞➒

✛✒✏✑ ✖✔✡☛ ✒ ✚✔✢☞✓ ✗✙✒✓☞ ✎✍ ➆.➓❯➄ ✒✌✙✗☞✙ ✬➆✩/❹➔→ ➊✚✙ ✒✗✗✘✥✔✏✕
➣ = ➋.❯➋➑✯✦ P ✍✒✔✏✡◗ ☞✢✡☞✏✑☞✑ ✗✎✘✌✙☞ ✔✗ ✈✔✗✔✛✓☞ ✒✡ ➆✪➢➆➑➢➋➆✦➑◗
+➃✩➢➋➃➢➆✩ ✬➤➅➋➋➋✯✦ ✧✎ ✚✌✎✑✘✙☞ ✒✏ ✔✥✒✕☞ ✗☛✎✖✔✏✕ ✎✏✓✜ ✡☛☞ ✑✔✍✤

✍✘✗☞ ✙✎✥✚✎✏☞✏✡◗ ✖☞ ☛✒✈☞ ✑☞✡☞✙✡☞✑ ✒✓✓ ✚✎✔✏✡ ✗✎✘✌✙☞✗ ✖✔✡☛ ✡☛☞

✡✒✗➊ ◗ ✍✎✓✓✎✖✔✏✕ ✫✙✔☞✏✙☞ ✧☛✌☞✒✑✗➞◗ ✖☛✔✙☛ ✔✗

✛✒✗☞✑ ✎✏ ✡☛☞ ✖✒✈☞✓☞✡ ✔✥✒✕☞ ✑☞✙✎✥✚✎✗✔✡✔✎✏ ✡☞✙☛✏✔➥✘☞✦ ✧☛☞✏◗

✡☛☞ ✌☞✕✔✎✏✗ ✙✎✏✡✒✔✏✔✏✕ ✡☛☞ ✑☞✡☞✙✡☞✑ ✚✎✔✏✡ ✗✎✘✌✙☞✗ ✖☞✌☞ ✌☞✚✓✒✙☞✑

✖✔✡☛ ✒ ➇✎✔✗✗✎✏✔✒✏ ✏✎✔✗☞◗ ✘✗✔✏✕ ✡☛☞ ✡✒✗➊◗ ✖✔✡☛ ✡☛☞

✗✒✥☞ ✥☞✒✏ ✈✒✓✘☞ ✗✒✥✚✓☞✑ ✍✌✎✥ ✒✏ ☞✓✓✔✚✡✔✙✒✓ ✒✏✏✘✓✘✗ ✒✌✎✘✏✑

✡☛☞ ✗✎✘✌✙☞✦ ➌✔✏✒✓✓✜◗ ✍✎✌ ✑✔✗✚✓✒✜ ✚✘✌✚✎✗☞✗◗ ✖☞ ☛✒✈☞ ✗✥✎✎✡☛☞✑

✡☛☞ ✑✔ff✘✗☞ ☞✥✔✗✗✔✎✏ ✔✥✒✕☞ ✖✔✡☛ ✒ ❳✒✘✗✗✔✒✏ ➊☞✌✏☞✓ ✎✍ ➆➅ ✚✔✢☞✓✗

✬➅✩✦❯′′✯✦ ↔✔✡☛✔✏ ➅ ✒✌✙✥✔✏◗ ✖☞ ☞✗✡✔✥✒✡☞ ✒ ✏☞✡ ✙✎✘✏✡ ✌✒✡☞ ✬✛✒✙➊✤

✕✌✎✘✏✑ ✗✘✛✡✌✒✙✡☞✑✯ ✎✍ ✬➃.➃❯ ± ➋.➓➑✯ × ➆➋−➠ ✙✏✡/✗✦ ✧☛✔✗ ✙✎✌✌☞✤
✗✚✎✏✑✗ ✡✎ ✒ ➡✘✢ ➛➜ = ✬➃.✪✪ ± ➋.➓➅✯ × ➆➋−➏➙ ☞✌✕ ✗−➏ ✙✥−➞

✒✏✑◗ ✒✗✗✘✥✔✏✕ ✒ ✌☞✑✗☛✔✍✡ ➣ = ➋.❯➋➑◗ ✒ ✛✎✓✎✥☞✡✌✔✙ ✓✘✥✔✏✎✗✔✡✜
➟➜ = ✬➆.➆➅ ± ➋.➆➓✯ × ➆➋

➙➙ ☞✌✕ ✗−➏◗ ✡✜✚✔✙✒✓ ✎✍ ✒ ✓✎✖✤✥✒✗✗ ✙✓✘✗✤

✡☞✌ ✎✍ ✕✒✓✒✢✔☞✗✦ ✧☛☞ ✑☞✌✔✈☞✑ ❾✤✌✒✜ ✓✘✥✔✏✎✗✔✡✜ ✙✎✌✌☞✗✚✎✏✑✗ ✡✎ ✒

✈☞✓✎✙✔✡✜ ✑✔✗✚☞✌✗✔✎✏ σv ≈ ➃➋➋ ➊✥ ✗
−➏◗ ✘✗✔✏✕ ✡☛☞ ✗✙✒✓✔✏✕ ✌☞✓✒✡✔✎✏

✛✜ ➦✎✚☞✗ ☞✡ ✒✓✦ ✬➅➋➋➓✯✦ ✧☛✔✗ ☞✗✡✔✥✒✡☞ ✔✗ ✈☞✌✜ ✙✓✎✗☞ ✡✎ ✎✘✌ ✫☞✌✏✒✤

❳☞✌✛✒✓ ✈✒✓✘☞ ✬✗☞☞ ✧✒✛✓☞ ✪✯✦ ↔☞ ✗☛✎✖ ✔✏ ➌✔✕✦ ➃ ✡☛☞ ❸❹❺❻❼❽❺ ✙✎✏✤

✡✎✘✌✗ ✒✏✑ ✡☛☞ ✕✒✓✒✢✔☞✗ ✖✔✡☛ ➊✏✎✖✏ ✗✚☞✙✡✌✎✗✙✎✚✔✙ ✌☞✑✗☛✔✍✡✗ ✔✏ ✡☛☞

★✩✤❯ ✙✓✘✗✡☞✌ ✎✈☞✌✓✒✔✑ ✎✏✡✎ ✡☛☞ ➀➌❲✧➦✫ ➧′ ✛✒✏✑ ✔✥✒✕☞✦ ➌✔✈☞ ✎✍

✡☛☞ ✕✒✓✒✢✔☞✗ ✖✔✡☛ ➊✏✎✖✏ ✗✚☞✙✡✌✎✗✙✎✚✔✙ ✌☞✑✗☛✔✍✡✗ ✒✌☞ ✒✡ ✓☞✗✗ ✡☛✒✏

➆ ➨✚✙ ✍✌✎✥ ✡☛☞ ✙✓✘✗✡☞✌ ❾✤✌✒✜ ✙☞✏✡✌☞◗ ✒✏✑ ✡☛✔✗ ✔✗ ✚✌✎✛✒✛✓✜ ☞✏✎✘✕☛

✡✎ ✗☞✙✘✌☞ ✡☛☞ ✒✗✗✎✙✔✒✡✔✎✏ ✛☞✡✖☞☞✏ ✡☛☞ ❾✤✌✒✜ ☞✥✔✗✗✔✎✏ ✒✏✑ ✡☛☞

✕✒✓✒✢✜ ✌☞✑✗☛✔✍✡ ✙✎✏✙☞✏✡✌✒✡✔✎✏ ✬✗☞☞ ☞✦✕✦ P✑✒✥✔ ☞✡ ✒✓✦ ➅➋➆➆◗ ✍✎✌ ✡☛☞

❾➨➨✤➦✫✫ ✗✘✌✈☞✜✯✦ ✧☛✔✗ ✒✗✗✎✙✔✒✡✔✎✏ ✖✎✘✓✑ ✏☞☞✑ ✡✎ ✛☞ ✑☞❱✏✔✤

✡✔✈☞✓✜ ✙✎✏❱✌✥☞✑ ✛✜ ✥☞✒✗✘✌✔✏✕ ✡☛☞ ✌☞✑✗☛✔✍✡ ✎✍ ✡☛☞ ❾✤✌✒✜ ✙☞✏✡✌✒✓

✕✒✓✒✢✜◗ ☛✎✖☞✈☞✌✦

➁✍ ✖☞ ✙✎✏✈☞✌✡ ✡☛☞ ❾✤✌✒✜ ✓✘✥✔✏✎✗✔✡✔☞✗ ✡✎ ✥✒✗✗☞✗ ✛✜ ✒✚✚✓✜✔✏✕

✡☛☞ ✗✙✒✓✔✏✕ ✌☞✓✒✡✔✎✏ ✎✍ ➦✎✚☞✗ ☞✡ ✒✓✦ ✬➅➋➋➓✯◗ ✖☞ ❱✏✑ ✒ ✥✒✗✗ ✎✍

➅.➃ × ➆➋➏➙ ➩⊙ ✍✎✌ ★✩✤❯◗ ✒✏✑ ✒✏ ✘✚✚☞✌ ✓✔✥✔✡ ✎✍ ➄ × ➆➋
➏➠ ➩⊙ ✍✎✌

★✩✤✪✩ ✬✙✒✓✙✘✓✒✡☞✑ ✖✔✡☛✔✏ ❽➝→→✯✦

❨❩➫❩ ➭⑥④➯ ❴⑥➲➳❵➲➵ q➸④⑨④q❶⑥⑨❵➳④❶❵➺➲ ➺➻ ➼❨⑧➽❨⑧➾❨

✧✎ ✙☛☞✙➊ ✔✍ ✖☞ ✙✒✏ ✔✏✈☞✗✡✔✕✒✡☞ ✡☛☞ ✥✒✗✗ ✑✔✗✡✌✔✛✘✡✔✎✏ ✒✌✎✘✏✑

★✩✤✪✩✤✫✩ ✔✏ ✒✏ ✔✏✑☞✚☞✏✑☞✏✡ ✖✒✜◗ ✖☞ ✡✎✎➊ ✒✑✈✒✏✡✒✕☞ ✎✍ ✡☛☞

➀➌❲✧➦✫ ★✩ ✔✥✒✕☞✗ ✔✏ ✡☛☞ ➧′ ✛✒✏✑ ✍✎✌ ✖☛✔✙☛ ✒ ✗✚☞✙✔✒✓ ✌☞✓☞✒✗☞

✔✗ ✒✈✒✔✓✒✛✓☞ ✖✔✡☛ ✒ ✗☞☞✔✏✕ ✎✍ ➋✦❯✪ ✒✌✙✗☞✙✦ ❿✈☞✏ ✖✔✡☛ ✗✘✙☛ ✒ ✕✎✎✑

➚ asc.harvard.edu/ciao/
➪ http://cxc.harvard.edu/ciao/threads/

❆✻➶✱ ♣❛✄❡ ➹ ♦❢ ➘➴



❆✫❆ ✺✼✺✱ ❆✻✾ ✭✷✵✶✺✮

❋✐❣✳ �✳ ❈✁❍❚▲❙ ✂′ ❜❛♥❞ ✄♠❛☎❡ ♦❢ ❉✸✲✻ ♦✈❡r❧❛✄❞ ✇✄t❤ ✆✝✞✟✠✡✞ ❝♦♥t♦✉rs

✄♥ ✇❤✄t❡ ✭s❡❡ t❡①t✮☛ ❙♠❛❧❧ r❡❞ ❝✄r❝❧❡s s❤♦✇ t❤❡ ☎❛❧❛①✄❡s ✇✄t❤ ❦♥♦✇♥ s♣❡❝✲

tr♦s❝♦♣✄❝ r❡❞s❤✄❢ts ✄♥s✄❞❡ t❤❡ ③ = ✵.✻✵✼ ❉✸✲✻ str✉❝t✉r❡☛ ❚❤❡ ❧❛r☎❡ r❡❞

❝✄r❝❧❡ r❡♣r❡s❡♥ts ❛ ✶ ▼♣❝ r❛❞✄✉s ❛r❡❛☛

☞✌✍✎✏✑✒✓✔✕✖✑ ✕✖✖✗✏☞✘ ✗✙ ✗✕ ✕✙✗✚✚ ✔ ✑✗ffi✛✎✚✙ ✙✔✕✜ ✙✍ ✙✌② ✙✍ ✑✖✙✖✛✙

✢✍✑✖✕✙ ✢✔✕✕ ✛✍✏✛✖✏✙✌✔✙✗✍✏✕ ✔✙ ✣ ∼ ✤.✥✹✘ ✓✎✙ ✦✖ ✧✔★✖ ✏✍ ✍✙✧✖✌

✩✍✕✕✗✓✗✚✗✙② ✦✗✙✧ ✙✧✖ ✑✔✙✔ ✔★✔✗✚✔✓✚✖ ✙✍ ✙✖✚✚ ✗✪ ✬✯✒✹✯✒✰✯ ✧✔✕ ✔ ✕✗☞✒

✏✗✴✛✔✏✙ ✢✔✕✕ ✍✌ ✏✍✙✽

❲✖ ✛✎✙ ✔ ✕✎✓✗✢✔☞✖ ✛✖✏✙✌✖✑ ✍✏ ✍✎✌ ✕✙✌✎✛✙✎✌✖ ✦✗✙✧ ✔ ✴✖✚✑ ✍✪

★✗✖✦ ✍✪ ✿.✯′ × ✿.✯′ ❀✛✍✌✌✖✕✩✍✏✑✗✏☞ ✙✍ ❁.✥✹ × ❁.✥✹ ❂✩✛❃❄✽ ❅✧✗✕ ✗✕

✌✍✎☞✧✚② ✙✧✖ ✕✗❇✖ ✍✪ ❱❊❅/●❖❘✰❁ ✗✢✔☞✖✕✘ ✦✧✗✛✧ ✔✌✖ ✦✖✚✚ ✕✎✗✙✖✑

✪✍✌ ✛✚✎✕✙✖✌ ✦✖✔✜ ✚✖✏✕✗✏☞ ✕✙✎✑✗✖✕ ✔✙ ✙✧✗✕ ✌✖✑✕✧✗✪✙ ❀✖✽☞✽ ■✚✍✦✖ ✖✙ ✔✚✽

❁✤✤✿❄✽ ❲✖ ✢✖✔✕✎✌✖ ✍✓❥✖✛✙ ✩✍✕✗✙✗✍✏✕ ✎✕✗✏☞ ✰❏❑✙✌✔✛✙✍✌ ❀◆✖✌✙✗✏ P

◗✌✏✍✎✙✕ ❯❳❳✿❄ ✔✏✑ ✕✧✔✩✖✕ ✎✕✗✏☞ ✙✧✖ ✚✔✙✖✕✙ ❨❩❬❭❪ ✕✍✪✙✦✔✌✖ ✙✍✍✚✕

❀❫✔✗✕✖✌ ❁✤❯❯❄✽ ❲✖ ✙✧✖✏ ✔✩✩✚② ✙✧✖ ✕✙✔✏✑✔✌✑ ❫✰◆+ ✢✖✙✧✍✑✍✚✍☞②

✪✍✌ ❴✰● ✛✍✌✌✖✛✙✗✍✏ ❀❫✔✗✕✖✌ ✖✙ ✔✚✽ ❯❳❳❵q ❊✎✩✩✗✏✍ P ❫✔✗✕✖✌ ❯❳❳✥❄✽

❅✧✖ ✪✎✚✚ ✑✖✙✔✗✚ ✍✪ ✙✧✖ ✢✖✙✧✍✑ ✔✩✩✚✗✖✑ ✦✗✚✚ ✓✖ ✪✍✎✏✑ ✗✏ ❂✔✌✙✗✏✖✙

✖✙ ✔✚✽ ❀✗✏ ✩✌✖✩✽❄✽ ❅✧✖ ☞✖✏✖✌✔✚ ✗✑✖✔ ✗✕ ✙✍ ✢✖✔✕✎✌✖ ✙✧✖ ❴✰● ✑✗✕✙✍✌✙✗✍✏

✍✏ ✙✧✖ ✕✙✔✌✕ ✗✏ ✙✧✖ ✗✢✔☞✖ ✙✍ ✕✎✓✙✌✔✛✙ ✗✙ ✪✌✍✢ ✙✧✖ ☞✔✚✔❑② ✕✧✔✩✖ ✢✖✔✒

✕✎✌✖✢✖✏✙✕✽ ④✏ ✩✌✔✛✙✗✛✖✘ ✙✧✗✕ ✗✏✪✍✌✢✔✙✗✍✏ ✗✕ ✌✖✙✔✗✏✖✑ ✗✏ ✙✧✖ ✪✍✎✌✙✧

✢✍✢✖✏✙ ✍✪ ✍✓❥✖✛✙ ✕✎✌✪✔✛✖ ✓✌✗☞✧✙✏✖✕✕ ✑✗✕✙✌✗✓✎✙✗✍✏✕✽ ✰✙✔✌✕ ✔✌✖ ✑✗✕✒

✛✌✗✢✗✏✔✙✖✑ ✪✌✍✢ ☞✔✚✔❑✗✖✕ ✗✏ ✔ ✧✔✚✪✒✚✗☞✧✙ ✌✔✑✗✎✕ ★✖✌✕✎✕ ✢✔☞✏✗✙✎✑✖

✩✚✍✙✽ ◗ ★✗✕✎✔✚ ✗✏✕✩✖✛✙✗✍✏ ✍✪ ✓✍✙✧ ✕✙✔✌✕ ✔✏✑ ☞✔✚✔❑✗✖✕ ✗✏ ✙✧✖ ✴✖✚✑ ✗✕

✢✔✏✑✔✙✍✌② ✙✍ ✖✚✗✢✗✏✔✙✖ ✪✔✚✕✖ ✑✖✙✖✛✙✗✍✏✕✘ ✍✓❥✖✛✙✕ ✙✧✔✙ ✔✌✖ ✓✚✖✏✑✖✑

✍✌ ✏✖✔✌ ✕✔✙✎✌✔✙✖✑ ✕✙✔✌✕ ✔✏✑ ✔✌✙✖✪✔✛✙✕✽ ❲✖ ✔✚✕✍ ✔✩✩✚② ✔ ✛✍✌✌✖✛✙✗✍✏

✪✔✛✙✍✌ ✙✧✔✙ ✌✖✩✌✖✕✖✏✙✕ ✙✧✖ ✓✗✔✕ ✍✪ ✍✎✌ ✢✖✙✧✍✑ ✔✏✑ ✦✔✕ ✛✔✚✗✓✌✔✙✖✑

✍✏ ✰❅❏❴❁ ✕✗✢✎✚✔✙✗✍✏✕ ❀❂✔✕✕✖② ✖✙ ✔✚✽ ❁✤✤✥❄✽❲✖ ✖✚✗✢✗✏✔✙✖ ✛✚✎✕✙✖✌

✔✏✑ ✪✍✌✖☞✌✍✎✏✑ ☞✔✚✔❑✗✖✕ ✙✍ ✔★✍✗✑ ✑✗✚✎✙✗✏☞ ✙✧✖ ✕✗☞✏✔✚✘ ✓② ✛✍✏✕✗✑✒

✖✌✗✏☞ ✩✧✍✙✍✢✖✙✌✗✛ ✌✖✑✕✧✗✪✙✕ ✛✍✢✩✎✙✖✑ ✍✏ ✙✧✖ ✓✔✕✗✕ ✍✪ ⑤∗✘ g′✘ ⑥′✘

❨′✘ ✣′✘ ⑦,⑧,⑨✕ ❀■●⑩❅❊✰ ✔✏✑ ❲④❘✬✰ ✌✖✚✖✔✕✖✘ ✕✖✖ ◆✗✖✚✓② ✖✙ ✔✚✽

❁✤❯❁❄ ✢✔☞✏✗✙✎✑✖✕✽ ❶✗★✖✏ ✙✧✖ ✩✌✖✛✗✕✗✍✏ ✍✪ ✙✧✖✕✖ ✩✧✍✙✍✢✖✙✌✗✛ ✌✖✑✒

✕✧✗✪✙✕✘ ✦✖ ✌✖✢✍★✖ ✔✚✚ ✍✓❥✖✛✙✕ ✔✙ ✌✖✑✕✧✗✪✙✕ ✚✍✦✖✌ ✙✧✔✏ ✙✧✖ ✕✙✌✎✛✒

✙✎✌✖ ✌✖✑✕✧✗✪✙ ✩✚✎✕ ✤✽❯✘ ✜✖✖✩✗✏☞ ✍✏✚② ✑✗✕✙✔✏✙ ☞✔✚✔❑✗✖✕✘ ✙✧✖ ✍✏✚②

✍✏✖✕ ✩✍✙✖✏✙✗✔✚✚② ✕✖✏✕✗✙✗★✖ ✙✍ ✙✧✖ ✬✯✒✹✯✒✰✯ ✢✔✕✕ ✛✍✏✛✖✏✙✌✔✙✗✍✏✽

●✗✏✔✚✚②✘ ✙✧✖ ✕✧✖✔✌ ✛✔✙✔✚✍☞✎✖ ✗✕ ✛✍✏★✖✌✙✖✑ ✗✏✙✍ ✔ ✓✗✏✏✖✑ ✕✧✖✔✌ ✢✔✩✘

✦✧✗✛✧ ✗✕ ✙✧✖✏ ✗✏★✖✌✙✖✑ ✗✏✙✍ ✔ ✛✍✏★✖✌☞✖✏✛✖ ✢✔✩ ✪✍✚✚✍✦✗✏☞ ❫✔✗✕✖✌

P ✰❷✎✗✌✖✕ ❀❯❳❳✯❄✽ ❲✖ ✙✧✖✏ ✔✩✩✚② ✔ ❶✔✎✕✕✗✔✏ ✕✢✍✍✙✧✗✏☞ ✙✧✔✙ ✔✚✒

✚✍✦✕ ✎✕ ✙✍ ✖✕✙✗✢✔✙✖ ✙✧✖ ✏✍✗✕✖ ✚✖★✖✚ ✗✏ ✙✧✖ ✢✔✩ ❀★✔✏ ❲✔✖✌✓✖✜✖

❁✤✤✤❄✽ ❅✧✖ ✑✖✏✕✗✙② ✍✪ ✓✔✛✜☞✌✍✎✏✑ ☞✔✚✔❑✗✖✕ ✗✕ ∼❯❸ ☞✔✚✔❑✗✖✕ ✩✖✌

✕❷✎✔✌✖ ✔✌✛✢✗✏✽ ❅✧✖ ✛✍✏✙✍✎✌✕ ✔✌✖ ☞✗★✖✏ ✗✏ ✏✎✢✓✖✌✕ ✍✪ ✕✗☞✢✔ ✛✍✌✒

✌✖✕✩✍✏✑✗✏☞ ✙✍ ✙✧✖ ✏✍✗✕✖ ✗✏ ✙✧✖ ✛✍✏★✖✌☞✖✏✛✖ ✢✔✩ ✌✖✛✍✏✕✙✌✎✛✙✗✍✏✽

❋✐❣✳ ❹✳ ❈✁❍❚▲❙ ✂′ ❜❛♥❞ ✄♠❛☎❡ ♦❢ ❉✸✲❺✸ ♦✈❡r❧❛✄❞ ✇✄t❤ ✇❡❛❦ ❧❡♥s✄♥☎

❝♦♥t♦✉rs ✭s❡❡ t❡①t✮☛ ❻❡❞ s❼✉❛r❡s ❛♥❞ ❜❧✉❡ ❝✄r❝❧❡s ❛r❡ t❤❡ ☎❛❧❛①✄❡s ✇✄t❤

❦♥♦✇♥ s♣❡❝tr♦s❝♦♣✄❝ r❡❞s❤✄❢ts ✄♥s✄❞❡ t❤❡ ③ = ✵.✼✸✾ ❉✸✲❺✸✲❙✸ s✉❜str✉❝✲

t✉r❡s ❽✶ ❛♥❞ ❽✷✱ r❡s♣❡❝t✄✈❡❧❾☛ ❚❤❡ ☎r❡❡♥ ❝✄r❝❧❡ ❤❛s ❛ r❛❞✄✉s ♦❢ ✶ ▼♣❝☛ ❿❡

s❤♦✇ t❤❡ ♣♦s✄t✄✈❡ s♦✉r❝❡s ❛s t❤✄❝❦ r❡❞ ❝♦♥t♦✉rs ❛♥❞ t❤❡ ♥❡☎❛t✄✈❡ s♦✉r❝❡s

❛s t❤✄♥ ❝❾❛♥ ❝♦♥t♦✉rs☛ ❚❤❡ ❝♦♥t♦✉rs ❛r❡ ☎✄✈❡♥ ✄♥ ♥✉♠❜❡rs ♦❢ s✄☎♠❛ ❝♦r✲

r❡s♣♦♥❞✄♥☎ t♦ t❤❡ ♥♦✄s❡ ✄♥ t❤❡ ❝♦♥✈❡r☎❡♥❝❡ ♠❛♣ r❡❝♦♥str✉❝t✄♦♥✱ st❛rt✄♥☎

✇✄t❤ ✶σ☛

❅✧✖ ✌✖✕✎✚✙ ✗✕ ✙✧✔✙ ✬✯✒✹✯✒✰✯ ✗✕ ✓✔✌✖✚② ✑✖✙✖✛✙✖✑ ✔✙ ✔ ✯σ ✚✖★✖✚ ❀✕✖✖

●✗☞✽ ✿❄✽ ❲✖ ✏✍✙✖ ✙✧✔✙ ☞✗★✖✏ ✙✧✖ ❷✎✗✙✖ ✚✍✦ ✑✖✙✖✛✙✗✍✏ ✚✖★✖✚✘ ✦✖ ✑✗✑

✏✍✙ ✙✌② ✙✍ ✛✔✚✗✓✌✔✙✖ ✙✧✖ ✦✖✔✜ ✚✖✏✕✗✏☞ ✛✍✎✏✙✍✎✌✕ ✗✏ ✙✖✌✢✕ ✍✪ ✢✔✕✕✽
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A.3 Article 3: Guennou et al. 2014a

In this section, I review my contribution to the Guennou et al. (2014a) paper: Structure
and substructure analysis of DAFT/FADA galaxy clusters in the [0.4-0.9]
redshift range.

We study the structures of galaxy clusters for a subsample of 32 DAFT/FADA clus-
ters, using X-ray and spectroscopic data, with the aim of detecting substructures and
mergers. We model the X-ray emission of clusters and subtract it to XMM–Newton
images to identify residuals. Point sources are removed using Chandra observations or
AGN catalogs, to avoid considering them as residuals. For clusters with at least 15 spec-
troscopic redshifts, we apply a Serna & Gerbal (Serna & Gerbal 1996) analysis, which
hierarchically classifies galaxies according to their redshift and position. We estimate the
masses of detected substructures using a scaling relation to the galaxy luminosities. We
find that the percentage of mass included in substructures is about 5-15% and is roughly
constant with redshift, in agreement both with the general CDM framework and with
the results of numerical simulations.

My contribution to the paper is the computation of the masses of the substructures. In
the Serna & Gerbal method, a rough estimate of the mass of the substructure is computed
using a total mass-to-light ratio of 100. I refined this estimation, using a stellar mass-to-
light ratio for each galaxy from Kauffmann et al. (2003), and then a scaling relation of
the stellar mass with respect to the total mass. This scaling relation is calculated from
groups of galaxies studied in Giodini et al. (2009), as substructures have masses closer
to those of groups than of clusters. Both mass estimates agree for small substructures
(< 10% in mass) but they differ for some larger structures.

Due to their length, Annexes are not displayed but can be consulted on the online ver-
sion of the paper. They present the X-ray and/or spectroscopic study of each individual
cluster.
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ABSTRACT

Context. The DAFT/FADA survey is based on the study of ∼90 rich (masses found in the literature >2 × 1014 M⊙) and moderately distant clusters
(redshifts 0.4 < z < 0.9), all with HST imaging data available. This survey has two main objectives: to constrain dark energy (DE) using weak
lensing tomography on galaxy clusters and to build a database (deep multi-band imaging allowing photometric redshift estimates, spectroscopic
data, X-ray data) of rich distant clusters to study their properties.
Aims. We analyse the structures of all the clusters in the DAFT/FADA survey for which XMM-Newton and/or a sufficient number of galaxy
redshifts in the cluster range are available, with the aim of detecting substructures and evidence for merging events. These properties are discussed
in the framework of standard cold dark matter (ΛCDM) cosmology.
Methods. In X-rays, we analysed the XMM-Newton data available, fit a β-model, and subtracted it to identify residuals. We used Chandra data,
when available, to identify point sources. In the optical, we applied a Serna & Gerbal (SG) analysis to clusters with at least 15 spectroscopic galaxy
redshifts available in the cluster range. We discuss the substructure detection efficiencies of both methods.
Results. XMM-Newton data were available for 32 clusters, for which we derive the X-ray luminosity and a global X-ray temperature for 25 of
them. For 23 clusters we were able to fit the X-ray emissivity with a β-model and subtract it to detect substructures in the X-ray gas. A dynamical
analysis based on the SG method was applied to the clusters having at least 15 spectroscopic galaxy redshifts in the cluster range: 18 X-ray clusters
and 11 clusters with no X-ray data. The choice of a minimum number of 15 redshifts implies that only major substructures will be detected. Ten
substructures were detected both in X-rays and by the SG method. Most of the substructures detected both in X-rays and with the SG method are
probably at their first cluster pericentre approach and are relatively recent infalls. We also find hints of a decreasing X-ray gas density profile core
radius with redshift.
Conclusions. The percentage of mass included in substructures was found to be roughly constant with redshift values of 5–15%, in agreement
both with the general CDM framework and with the results of numerical simulations. Galaxies in substructures show the same general behaviour
as regular cluster galaxies; however, in substructures, there is a deficiency of both late type and old stellar population galaxies. Late type galaxies
with recent bursts of star formation seem to be missing in the substructures close to the bottom of the host cluster potential well. However, our
sample would need to be increased to allow a more robust analysis.

Key words. galaxies: clusters: general

1. Introduction

The DAFT/FADA survey1 is based on the study of ∼90 rich
(masses found in the literature >2 × 1014 M⊙) and moderately
distant (0.4 < z < 0.9) galaxy clusters, all with HST imaging
data available. This survey has two main objectives. The first
one is to constrain dark energy (DE) using weak lensing tomog-
raphy on galaxy clusters. The second one is to build a database
of rich distant clusters to study their properties. The requirement
of obtaining photometric redshifts for the DAFT/FADA survey
fields has indeed allowed us to build a rich multi-band imaging
database for these clusters. For a number of them, we have also
obtained spectroscopic data for several tens of galaxies in the

⋆ Tables 1, 2, 4 and Appendices A–C are available in electronic form
at http://www.aanda.org
1 PIs: M. Ulmer, C. Adami, and D. Clowe, see Guennou et al. (2010)
and http://cencos.oamp.fr/DAFT/ for a full description of the
project.

cluster redshift range, either from our own observations, or from
public databases.

DAFT/FADA is a nice complement to other cluster sur-
veys such as for example the Local Cluster Substructure Survey
(LoCuSS, X-ray selected, around z ∼ 0.2, Smith et al. 2010),
the MAssive Cluster Survey (MACS, X-ray selected, z > 0.3,
but with only 12 clusters above z = 0.5, Ebeling et al. 2001a,
2007, 2010), or the Cluster Lensing And Supernova survey with
Hubble (CLASH, Postman et al. 2012) which analyses the high
mass end of the cluster population, with only 14 clusters in the
redshift range of our survey.

The redshift range chosen for the DAFT/FADA survey is
an important one in terms of studying cluster evolution. First,
because clusters have achieved nearly full growth in terms of
mass by redshift of about 1 (see review by Kravtsov & Borgani
2012, hereafter KB12, and references therein) and the DE den-
sity becomes the dominant form of energy density just be-
low redshift 0.4 (under the standard cold dark matter, hereafter
ΛCDM, cosmology). Second, clusters have acquired a hot and

Article published by EDP Sciences A112, page 1 of 60
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dense enough intracluster medium (ICM) to become detectable
at z < 2, and yet, clusters continue to evolve, with infalling
substructures present to current day, such as the Coma cluster
and the NGC 4839 subgroup (Neumann et al. 2003). The [0.4,
0.9] redshift range is also interesting because it spans a time
frame of about 3 Gyr, giving substructures time to infall, and
thus allowing comparison of the younger systems with the older
ones on a meaningful time scale. With a typical infall speed of
1000 km s−1, substructures have enough time to cross the cluster
about three times between z of 0.9 (age of universe 6.3 Gyr) and
0.4 (9.4 Gyr). Understanding how the three major components
(the ICM, the galaxies, and the dark matter concentrations that
are the seeds of clusters) form to grow into massive clusters is
still a work in progress though (KB12).

The cluster formation simulations all involve an assumption
about initial density perturbations and must include interplay be-
tween (at least) non-interacting cold dark matter (CDM) and the
evolution of the baryon content in the cluster, including the ICM
and galaxies.

While on the galactic scale there is a possible disagree-
ment between the number of subhaloes found and predicted (e.g.
Strigari et al. 2010), there have not been enough observations yet
at the cluster and substructure scales to require any adjustments
or re-examination of the ΛCDM paradigm.

Tonnesen & Bryan (2008) offer a useful review of clus-
ter substructure observations. Among the numerous papers
dealing with the observations of cluster substructures, we
can also quote for X-rays Böhringer et al. (1994), Dupke &
Bregman (2001), Furusho et al. (2001), Shibata et al. (2001),
Churazov et al. (2003), Böhringer et al. (2010), and Weissmann
et al. (2013). And in the optical: Adami et al. (2005), Ulmer et al.
(2009), Einasto et al. (2012), and Wen & Han (2013). However,
there has been little coupling of X-ray and optical data, espe-
cially in the redshift range [0.4, 0.9] of the DAFT/FADA sam-
ple. Over this time frame of about 3 Gyr, some galaxy groups
are infalling for the first or second time (e.g. Poole et al. 2007
and the present paper). As noted above, clusters have already ac-
creted enough material to become detectable by z ∼ 1, and the
time scale from z = 0.9 to 0.4 is just sufficient for a substructure
to move in and out of a cluster.

Thus, we can compare our work with the predictions of sim-
ulations such as those by Poole et al. (2007) and the observations
of subgroups that are in the field. Further work done by Tonnesen
& Bryan (2008) also shows that the existence and properties
of subclusters affect the evolution of ram pressure stripping of
galaxies due to the local relative velocities between the substruc-
tures and the cluster galaxies. In related work on the ICM in
subgroups, Takizawa (2005), for example, has shown that sub-
clusters do not lose all their mass via ram pressure stripping, say,
in the first passage, which agrees with the simulations of Poole
et al. (2007). Thus, one would expect to see (as is observed) sub-
structure in some of the cluster X-ray emission images over all
redshift ranges below about 1. In complementary work by Gao
et al. (2012: the Phoenix project), they and others (e.g. Springel
et al. 2008a,b; Navarro et al. 2010, the Aquarius Project) predict
the fraction of mass clusters made up of subclusters (at z = 0,
however), and we can compare our results (albeit at higher red-
shift) with those simulations as a first step in linking these cluster
formation codes with our observations.

Our data could therefore lead to improvements in the sim-
ulations to describe the substructure mass fraction growth and
evolution over the z = 1–0 time frame in a more quantitative
way than results obtained, for example, by simulation movies

(e.g. Diemand2 and Hydro-ski3) or images (e.g. Borgani &
Kravtsov (2009). Perhaps the present paper and future observa-
tional papers will encourage more quantitative simulations and
their analysis.

From an observational point of view, the substructure form-
ing groups that clusters continue to accrete at later epochs than
z ≃ 1 have smaller scales than do the clusters themselves or
those of larger groups accreted above about z ≃ 2 (e.g. Adami
et al. 2012; Connelly et al. 2012). The existence of such groups
of galaxies has been confirmed up to z ∼ 1.3 (e.g. Gerke et al.
2007 or Lilly et al. 2009) and groups are very common at lower
redshifts (e.g. Carlberg et al. 2001). This also implies differ-
ent mechanisms in the group accretion (e.g. simulated in Poole
et al. 2007, see also KB12) than during the initial cluster forma-
tion and should have direct consequences on the cluster dynam-
ical state, which can be probed by detecting substructures. The
search for substructures in the [0.4, 0.9] redshift range thus al-
lows us to search for traces of this accretion mechanism inside
galaxy clusters. This search can be made either in the galaxy
distribution or in the ICM through X-ray data.

We primarily used data from the XMM-Newton archive to
detect substructures in all the clusters of the DAFT/FADA sur-
vey for which such data were available (about half of the sam-
ple) and then we carried out follow-up Chandra analysis. A re-
view of methods available to search for substructures in X-rays
can be found in Andrade-Santos et al. (2012). In the optical,
we used the Serna & Gerbal (1996, hereafter SG) hierarchical
code (based on spectroscopic redshifts and optical magnitudes)
to detect optical substructures. A number of better-known meth-
ods are available to search for substructures in the optical, such
as the ∆-test (Dressler & Schechtman 1988), which searches
for deviations in the local mean velocity and velocity disper-
sion from the overall values. However, the SG method is quite
powerful for showing evidence of substructuring, as illustrated
by the results for a number of different clusters, at low redshift
(Abell 496: Durret et al. 2000; Coma: Adami et al. 2005, 2009;
Abell 780: Durret et al. 2009; Abell 85: Boué et al. 2008), mod-
erate redshift (Abell 222/223: Durret et al. 2010), and high red-
shift (RX J1257.2+4738: Ulmer et al. 2009). The SG method
has also been extensively tested on simulations by Guennou
(2012), in particular on the effect of undersampling on mass
determinations.

Our aim in this paper is to investigate the structure of the
DAFT/FADA clusters for which X-ray and/or optical spectro-
scopic+imaging data are available. This will improve our knowl-
edge of clusters (analysed in a homogeneous way) in the [0.4,
0.9] redshift range.

As we show below, at least in a general way, there is agree-
ment between theory (simulations) and our observations of sub-
structure in rich clusters, but further work is needed on both
fronts to determine if the standardΛCDM model of the Universe
needs any modification with regards to the effects of the CDM
on the growth of large scale-structures in the Universe.

The paper is presented in the following way. In Sect. 2, we
present the X-ray data, analyses, and results. Section 3 is dedi-
cated to optical data and SG analyses. Our results are presented
in Sect. 4 and summarized in Sect. 5. The majority of the fig-
ures (X-ray images and X-ray residuals over an azimuthally av-
eraged β-model, spectroscopic redshift histograms), except for a
few illustrative ones, are grouped in the Appendices (available
in electronic form).

2 http://krone.physik.unizh.ch/~diemand/clusters/
3 http://astro-staff.uibk.ac.at/~hydroskiteam/
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We adopted the Dunkley et al. (2009) concordance cos-
mological model (H0 = 71.9 km s−1 Mpc−1, ΩΛ = 0.742,
ΩM = 0.258).

2. X-ray data and data analysis

We retrieved XMM-Newton data from the public archive and
only kept the clusters with data of sufficient quality and depth
(typically those for which the relative error on the MOS1
count rate, hence the X-ray luminosity, is less than 20%).
The XMM-Newton data obtained with the EPIC-MOS (Metal
Oxide Semi-conductor) instruments were reduced using the SAS
(Science Analysis System developed by the XMM-Newton team)
tool from the Heasarc package. After this we applied the code
created by Andy Read to remove flares, using a 3σ clipping tech-
nique, and we calibrated the images.

2.1. Basic parameters

We analysed the XMM-Newton data available for 42 clusters to
derive their X-ray temperatures and luminosities and search for
substructures. A spatial analysis was possible for 32 of these
clusters, but only 23 had deep enough X-ray data for a really
robust spatial analysis (i.e. the β-model ftting process converged
for those 23 clusters).

The information on the 32 clusters in our sample that have
usable XMM-Newton data is given in Table 1. X-ray luminosities
in the [0.5, 8.0] keV interval were computed for all of them, but
in seven cases the X-ray emission was not sufficient to estimate
the temperature of the X-ray gas. For 17 clusters that we have
in common with Baldi et al. (2012), we compared our X-ray
gas temperatures and find good agreement (mean difference of
−0.27 keV with a dispersion of 1.34 keV).

Though the main aim of this paper is to study the substruc-
tures in the DAFT/FADA survey, we computed the gas masses
and total masses for the 25 clusters with measurable X-ray tem-
peratures, and these masses can give interesting information on
cluster properties. We estimated the X-ray gas masses and total
masses in the r500 radius for the clusters with reliable X-ray tem-
peratures using the proxy calculated by Kravtsov et al. (2006),
based on simulations with cosmological parameters close to
ours. The parameters of the proxy determined by Kravtsov et al.
(2006) are given for relaxed and unrelaxed clusters, and for z = 0
and z = 0.6, with small differences from one category to an-
other. Because our X-ray clusters cover a redshift range between
0.4 and 0.9, and some are relaxed and some are not (and in a
number of cases we cannot classify our clusters as relaxed or
unrelaxed), we took average values in the Kravtsov et al. (2006)
Table 2 (log10C = 14.4 and α = 1.500) to obtain the following
formulae (which give the gas and total masses in solar masses as
a function of the X-ray gas temperature kT in keV):

Mgas,500 =
2.5 × 1014

11.2

(

kTkeV

3

)1.5

M⊙. (1)

To compute the total mass, we decided to take one of the best
determinants, also given by Kravtsov et al. (2006):

Yx = kT × Mgas,500. (2)

Using the average values of the parameters (for all redshifts and
all clusters: log10C = 14.27 and α = 0.581), we computed the
total mass with the relation:

Mtot,500 = 1014.27 ×

(

Yx

4.0 × 1013

)0.581

M⊙. (3)

Total masses may be slightly underestimated here, since the stel-
lar contribution (stars in galaxies and intracluster light) has not
been taken into account (though it has been shown not to be neg-
ligible, see e.g. Gonzalez et al. 2007). The corresponding masses
are given in Table 1. In the case of unrelaxed clusters, we may
expect the total masses derived from X-rays to be overestimated
(e.g. Mamon 2000; Chon et al. 2012, and references therein).

2.2. Model subtraction to search for substructures

The X-ray images, with a pixel size of 3.2 × 3.2 arcsec2, were
then fit with an azimuthally symmetric elliptical β-model (as
given by Sherpa4):

Σ(r) = Σ0
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−3β+0.5

+ b

where Σ(r) is the surface brightness as a function of radius r, Σ0
is the central surface brightness, rc the core radius, β the shape
parameter, and b accounts for the background, which is assumed
to be constant throughout the image.

To analyse the best quality data possible to search for sub-
structures, we had to make a compromise between having a high
number of photons to improve our detections and avoiding ar-
tifacts due in particular to the superposition of images obtained
with different detectors (and thus summing up their defects). In
this context, to limit the number of artefacts, we ignored the
observations that were contaminated by bad pixels and/or had
CCD gaps passing through the cluster image, mainly the PN and
sometimes the MOS-2 data.

We opted to model our clusters with a simple beta-model
rather than with more complex ones, such as the “modified
β-model” (e.g. Vikhlinin et al. 2006) or double β-model (e.g.
Eckmiller et al. 2011). The reason is that many of our clusters
are very faint and have a small angular size, and their cores are
hardly resolved by XMM. This makes it very difficult to give
meaningful constraints for models with 12 or more free parame-
ters (remembering that we are also fitting the ellipticity, position
angle, and coordinates of the centre). Therefore, to compare all
clusters uniformly we used the standard 2D β-model described
above.

This model represents a relaxed cluster with a homogeneous
gravitational potential, simulated with the Sherpa tool5 from
CIAO6. The residuals were computed as the difference between
the image and the fit, allowing us to bring out any perturbation
from a homogeneous gravitational potential due to the substruc-
tures that are not completely merged with the cluster yet. This
is a classical technique used, for example, to study the Coma
cluster with XMM-Newton (Neumann et al. 2003).

Results for each cluster are shown in the Appendix and a
summary of the properties of the X-ray detected substructures
is given in Table 2, together with other quantities described in
Sect. 4.3. We only give the SG-estimated velocity dispersions
for substructures also detected in X-rays.

2.3. Assessing substructure detections with simulations

To test our method of identifying substructures in X-rays, we
have generated a series of synthetic X-ray images. These images

4 http://cxc.cfa.harvard.edu/sherpa4.4/ahelp/beta2d.

html
5 http://cxc.harvard.edu/sherpa4.4/index.html
6 Chandra Interactive Analysis of Observations, see http://asc.
harvard.edu/ciao
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Fig. 1. A few examples of simulated images showing the situation
where the subcluster can be easily detected (low redshift, well sepa-
rated) and the case where the subcluster is hardly seen (high redshift,
small separation). See text for more details.

consist of a primary luminous cluster and a fainter subcluster,
both represented by a projected β-model, with β = 0.6 (a typ-
ical value, see e.g. Jones & Forman 1984). The surface bright-
ness per pixel is converted in counts/s taking the MOS response,
the cluster temperature, and the K-correction, which is impor-
tant given the redshift range we are covering (0.4 ≤ z ≤ 1.0)
into account. The simulated cluster temperature is fixed using
an LX − TX scaling relation (Xue & Wu 2000). The cluster im-
ages are then generated assuming a Poisson distribution for each
pixel.

We assumed the equivalent of 50 ks, 25 ks, and 10 ks
exposures. This optimally covers our range of exposure du-
rations (see Table 1). The synthetic images have a scale of
3.2 arcsec/pixel, corresponding to the binning we used. We
added a flat Poissonian background with a count rate of 6.6 ×
10−7 counts s−1 arcsec−2, corresponding to the typical on-axis
MOS background in the [0.3–8.0] keV band observed in our
(real) images.

We generated synthetic images in a coarse grid (see Fig. 1)
where the cluster and subcluster were separated by either 6 or
12 pixels (19.2 arcsec and 38.4 arcsec, or ∼140 and 280 kpc
at z = 0.7). For both separations, we fixed the luminosity ratio
at 1/5 and 1/2, with the luminosity of the primary cluster fixed
to be either LX = 5 × 1044 or 2 × 1044 erg s−1. Images were
generated between redshifts 0.4 and 1.0 in steps of 0.1. In this
way, we generated 42 simulated images per exposure time (126
in total), to which we can apply our X-ray substructure detection
procedure. The analysis of these simulations is given in Fig. 2
for 50 ks exposures (small bumps in the curves are due to hot
pixels coinciding with a substructure, which artificially increase
the S/N).

We also show in Fig. 3 the detection limits of the 50 ks,
25 ks, and 10 ks runs overlaid on our cluster distributions in
a plot of useful XMM-Newton exposure time as a function of
redshift. The results can be summarized as follows. There are
indeed no clusters without detected substructures in Fig. 3 lo-
cated inside the area where we theoretically cannot detect sub-
structures. The detection of a substructure strongly depends on

Fig. 2. Detection level (in σ units) of the X-ray simulated substructures
(50 ks exposures) versus redshift. Lower panel: 2.0×1044 erg/s cluster+
0.4× 1044 erg/s subcluster (close 2.0_0.4) and 2.0× 1044 erg/s cluster+
1.0 × 1044 erg/s subcluster (close 2.0_1.0). Separated by 6 px in both
cases. Middle panel: 5.0 × 1044 erg/s cluster+ 1.0 × 1044 erg/s subclus-
ter (close 5.0_1.0) and 5.0 × 1044 erg/s cluster+ 2.5 × 1044 erg/s sub-
cluster (close 5.0_2.5). Separated by 6 px in both cases. Upper panel:
5.0×1044 erg/s cluster+ 1.0×1044 erg/s subcluster (distant 5.0_1.0) and
5.0 × 1044 erg/s cluster + 2.5 × 1044 erg/s subcluster (distant 5.0_2.5).
Separated by 12 px in both cases. When the line stops, it means that the
subcluster is no longer detected. The close 2.0_0.4 configuration, for
example, provides detections of the subcluster only up to z = 0.5 at the
2.5σ level.

its X-ray luminosity (more than on the ratio of the luminosity of
the substructure to that of the main structure). The more lumi-
nous the substructure, the better it is detected at high redshift.
The distance between the substructure and the cluster centre
does not change the maximum redshift of the detection, but has
an influence on the significance level of the detection. It is easier
to detect a substructure far from the cluster centre.

To be more quantitative, simulations predict the detection of
substructures brighter than 1.0 × 1044 erg/s in our redshift in-
terval, while fainter substructures should be detected only for
z < 0.5. This is consistent with our results: all the substruc-
tures that we detect are brighter than 1044 erg/s except three
(Abell 851, RXC J1206, and LCDCS 0504), out of which the
first two clusters are at z < 0.45. In three quarters of the
cases, we also detect residuals of the cluster itself at a 2.5σ
level. Therefore, potential substructures detected very close to
the cluster centre are probably only residuals from the cluster
itself, and not real substructures.

The results of these simulations allow us to indicate in
Table 1 whether a substructure was detected or not. If it was
not detected, these simulations allow confirming that there is in-
deed no substructure above the solid lines in Fig. 3, or if sub-
structures, if any, are below our detection limit (the solid lines in
Fig. 3). Open symbols touching the solid lines were flagged 0/–1
in Table 1.

2.4. Contamination by point sources

In some of the residual images it was difficult to distinguish sub-
structures from point sources owing to the limited spatial res-
olution of XMM-Newton. To check this point, we considered
Chandra images when available. Thanks to their very good an-
gular resolution, these data allowed us to locate bright point
sources, which were usually bright enough not to be plagued
by the relatively poor Chandra collecting power.
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Fig. 3. Clusters in our sample in diagrams of useful XMM-Newton expo-
sure time versus redshift. Filled symbols are clusters with one or more
detected substructures, and open symbols clusters without any detected
substructures. Solid lines are susbstructure detection limits below which
it is not possible to detect a substructure. Upper panel: red symbols
are clusters brighter than 5.0 × 1044 erg/s with detected substructures
fainter than 2.5 × 1044 erg/s and more distant than 7 pixels from the
cluster centre (or no detected substructures). Blue symbols are clusters
brighter than 5.0 × 1044 erg/s with detected substructures brighter than
2.5 × 1044 erg/s and more distant than 7 pixels from the cluster centre.
Middle panel: red symbols are clusters brighter than 5.0×1044 erg/s with
detected substructures fainter than 2.5×1044 erg/s and less distant than 7
pixels from the cluster centre (or no detected substructures). Blue sym-
bols are clusters brighter than 5.0 × 1044 erg/s with detected substruc-
tures brighter than 2.5 × 1044 erg/s and less distant than 7 pixels from
the cluster centre. Lower panel: red symbols are clusters fainter than
5.0× 1044 erg/s with detected substructures fainter than 0.4× 1044 erg/s
and less distant than 7 pixels from the cluster centre (or no detected
substructures).

Second, we also searched for all X-ray point sources known
as AGN and QSOs in the fields covered by XMM-Newton but not
by Chandra. This was done via the NED and Vizier databases,
as well as with our own spectroscopic observations (see below).
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Fig. 4. X-ray luminosity as a function of X-ray temperature for our clus-
ters on a logarithmic scale. The blue crosses and red circles represent
clusters with redshifts respectively lower and higher than 0.6. The cen-
tral green dashed line represents the LX–TX relation found by Takey
et al. (2011), and the blue and pink dashed lines indicate the uncertainty
on this relation.

Most of the time, public databases referred to the work by
Gilmour et al. (2009).

2.5. Validation of X-ray luminosities and temperatures

Even though this was not one of the primary goals of the present
study, it was important to validate our X-ray measurements. We
plot the X-ray luminosities as a function of the X-ray tempera-
tures in Fig. 4, with different symbols for the clusters at redshifts
lower and higher than 0.6 (the redshift limit of Takey et al. 2011),
and we plot on the same figure the Takey et al. (2011) relation.
We can see that our X-ray data agree reasonably well with the
Takey et al. (2011) LX–TX relation. If we try to separate clusters
with and without substructures, we find no obvious dependence
in the relation between LX and TX and the level of substructur-
ing, perhaps because of the relatively small size of our sample.

3. Optical data and Serna & Gerbal analysis

3.1. Optical imaging and spectroscopic data

Our survey was initiated for clusters with HST images available,
generally at least in the F814W band. We obtained deep optical
imaging for most of the clusters in several bands, with various
telescopes (Blanco, Calar Alto, CFHT, Gemini, GTC, SOAR,
TNG, VLT, WIYN, WHT). Part of the images were also taken
from observatory archives (e.g. CFHT, Subaru, ESO). We are
also presently in the process of acquiring infrared J band images
to have better constraints on the photometric redshifts of distant
galaxies (for weak lensing tomography)7.

The galaxy magnitudes used here were measured in the
V photometric band images, calibrated and extinction-corrected
in the usual way (see Guennou et al. 2010). Some archive im-
ages were observed in other bands, and in this case they were
converted into the V band following Fukugita et al. (1995).

We retrieved all the galaxy spectroscopic redshifts avail-
able in NED, VizieR, and in the literature in a region of radius

7 http://cencos.oamp.fr/DAFT/
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Table 3. Clusters with no usable X-ray data but with more than
15 galaxy redshifts in the cluster range.

Name RA Dec z Nz

Cl J0023+0423B 5.96587 4.37797 0.8453 23
CXOMP J 6.70917 17.32658 0.4907 29
002650.2+171935
CXOMP J 137.86083 5.83681 0.7682 18
091126.6+055012
LCDCS 0110 159.46917 –12.72889 0.5789 18
LCDCS 0130 160.17333 –11.93083 0.7043 30
LCDCS 0172 163.60083 –11.77167 0.6972 48
LCDCS 0173 163.68125 –12.76389 0.7498 37
CL J1103.7-1245a 165.89542 –12.77944 0.6300 19
CXOMP J 169.35875 7.72639 0.4770 36
111726.1+074335
LCDCS 0340 174.54292 –11.56639 0.4798 51
LCDCS 0531 186.97458 –11.63889 0.6355 24
LCDCS 0541 188.12708 –12.84250 0.5414 80
ClG J1236+6215 189.16500 62.26500 0.8500 40
XDCS mf J 197.50792 32.35278 0.4370 19
131001.9+322110
NSCS J 200.91500 30.37600 0.461 19
132336+302223
MJM98 034 203.80742 37.81564 0.383 16
3C 295 Cluster 212.83396 52.20251 0.4600 66
GHO 1601+4253 240.80762 42.76005 0.5391 50
RX J1716.4+6708 259.20667 67.14167 0.809 37

Notes. (1) Name (as in NED), (2) right ascension in degrees (J2000.0),
(3) declination in degrees (J2000.0), (4) redshift, (5) number of galaxies
with redshifts in the cluster range.

5 arcmin around each cluster centre. Such a zone corresponds to
a radius of 1.59 Mpc at z = 0.4 and 2.24 Mpc at z = 0.8, and
therefore covers the entire cluster. We also added redshifts that
we obtained during several observing runs with 8 m telescopes
(42 redshifts obtained with GMOS on the Gemini telescope and
60 obtained with FORS2 on the VLT). Typical errors on the ve-
locities measured with FORS2 are ±180 km s−1 (see Guennou
et al., in prep.). For redshifts taken from NED, the uncertainties
are not given, so we assume them to be comparable to those of
our FORS2 data.

Gemini/GMOS spectroscopy has a resolution of 7 Å/px (see
Guennou et al. 2013 for details). The targeted objects were
brighter than IAB ∼ 24, and the reduction was made with the
IRAF package and the Gemini/Gmos environment.

VLT/FORS2 spectroscopy was obtained during ESO period
85 (programme: 085.A-0016) with a resolution of 3 Å/px. The
targeted objects were brighter than IAB ∼ 23. We applied the
standard ESO reduction since it proved to be good enough to
measure redshifts for most of our targets.

In order not to eliminate a priori galaxies that could be close
to the clusters on the line of sight, we applied the SG method
(see below) to all the galaxies with measured redshifts. For each
cluster, the number of galaxies in the cluster redshift range is
given in Tables 1 and 3. The cluster redshift range is defined
as the range within ±0.025 of the mean cluster redshift (which
corresponds to ±3 times the maximum velocity dispersion ob-
served in clusters: ∼1500 km s−1).

Galaxy spectroscopic redshift histograms are given in the
Appendix. In most cases we only show a zoom around the mean
cluster redshift. When necessary, a full redshift histogram is also
given (e.g. when several structures are detected along the line

Fig. 5. Effects of the undersampling of the input spectroscopic cata-
logue on the results of the SG method. The figure shows the percent-
ages of substructures in the total reference cluster sample (versus the
spectroscopic catalogue completeness percentage) for which the mass
estimates are plagued by an error of less than X% (compared with the
100% complete spectroscopic catalogue). Blue lines are for X = 20%,
green lines for X = 50%, and red lines for X = 100%. Continuous
and dashed lines respectively correspond to substructures that merged
and that did not merge with other substructures during the spectroscopic
catalogue resampling process.

of sight and/or when the cluster redshift given in NED could be
wrong).

3.2. Searching for substructures by applying
a Serna & Gerbal analysis: the method

For each cluster, the catalogue of galaxies for which positions,
spectroscopic redshifts and magnitudes were available was anal-
ysed with the SG method, in a region comparable to the X-ray
image (when available). We limited our sample to the clusters
having at least 15 spectroscopic galaxy redshifts in the cluster
range. Assuming a mean number of three SG detected substruc-
tures per cluster, this allows us to have statistically about 5 galax-
ies per substructure, close to the number required to avoid being
too affected by incompleteness (see below).

The SG hierarchical method calculates the potential bind-
ing energy between pairs of galaxies and detects substructures
taking positions and redshifts into account. The output is a file
containing lists of galaxies distributed in a hierarchical way. For
example, structure 1 will be the cluster and structure 2 will be
galaxies outside the cluster. Structure 1 will then be divided into
11 and 12, etc.

Assuming a value of 100 (in solar units) for the total mass-
to-stellar luminosity ratio (but results do not strongly depend
on this quantity, e.g. Adami et al. 2005), galaxy magnitudes
can be transformed into masses, and approximate values can be
estimated for the total masses of the various substructures de-
tected by the SG method. The comparison with other mass es-
timates (see Sects. 3.4 and 4.2) strongly suggests that the abso-
lute values of the optical masses estimated by the SG method
cannot be considered as fully reliable. However, mass ratios
(i.e. when trying to determine if a substructure is more mas-
sive than another one) can be considered as robust, keeping in
mind, however, that assuming a constant M/L for all galaxies
is probably an oversimplification. Figure 5 allows us to esti-
mate the typical uncertainties on these mass ratios. Considering
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only completeness levels lower than 80% (we never reach higher
completeness levels in spectroscopy), the typical dispersion in
mass estimates is of the order of 18%. The mass ratios of two
such masses therefore must have uncertainties of the order of
25% (the quadratic sum of the relative uncertainties on cluster
and substructure masses, both taken to be 18%). By 25%, we
mean that if a mass ratio is 40%, the uncertainty on this value
will be 0.25 × 40% = 10%. Typical uncertainties on the mass
ratios computed with the scaling law method (see below) are es-
timated to be of the same order, however we neglect here the un-
certainty on the M/L ratio assumed for the galaxies. This, by the
way, makes any comparison between the stellar and total masses
of the substructures difficult, in particular because by assuming
the same M/L ratio for all galaxies, mass ratios are in fact just op-
tical luminosity ratios. Given the typical uncertainties estimated
above, we chose not to give the actual values of the mass ratios
in Tables 2 and 4, but rather to give estimates of these values in
10% wide intervals.

3.3. Results of the Serna & Gerbal analysis

A summary of the substructures (if any) found by the SG method
for each cluster is given in Table 2.

3.4. Influence of the undersampling of redshift catalogues

An important question concerning the application of the
SG method is that of estimating how the undersampling in the
optical spectroscopy of galaxies can affect our results. To es-
timate the importance of this effect, we considered six refer-
ence clusters from the literature that have more than one hun-
dred spectroscopic redshifts in the cluster redshift range and in
various dynamical states (relaxed, with minor, or with major on-
going mergers). We observed the changes in the results depend-
ing on the completeness of the input catalogue. The clusters that
were considered (and total numbers of galaxy redshifts in paren-
theses) were Abell 85 (815), Abell 168 (695), Abell 496 (499),
Abell 851 (211), Abell 2744 (131), and Coma (595).

To estimate the effects of undersampling, we considered be-
tween 100% and 10% of the complete catalogue for each of
the six clusters. At each step we randomly took out 10% of the
galaxies, reapplied the SG, and checked the results to detect dif-
ferences with growing incompleteness. This is what we call in
the following the resampling process of the spectroscopic cat-
alogue. In this way, we can observe the impact of the under-
sampling on substructure detection and its effects on the results
(numbers of substructures found and corresponding masses) de-
pending on the richness of the substructures.

As expected, substructures with many members tend to be
detected down to lower completeness levels, while substructures
with few members disappear faster when the undersampling in-
creases. Typically, substructures detected with more than six
members in the original spectroscopic catalogues will remain
detected by the SG analysis down to completenesses of ∼50%
to 30%.

The precision on the mass of the substructures detected by
the SG analysis varies with completeness level, as seen in Fig. 5.
We distinguished two cases: (1) a given substructure is artifi-
cially merging with another one during the spectroscopic cat-
alogue resampling process (this process will naturally tend to
overestimate the substructure masses) and (2) a given substruc-
ture is not polluted by other substructures during the spectro-
scopic catalogue resampling process. Figure 5 shows that the

SG precision on the mass remains better than 50% for about half
of the sample down to incompletenesses of about 60%, while the
SG analysis is not able to estimate the mass of most of the sub-
structures precisely for completeness levels lower than ∼50%.

As a further test of the influence of undersampling on our
results, we also applied the SG method to a halo from the
Millennium simulation (halo #51 037 100 000 000). This halo
has a theoretical mass of 4.4 × 1014 M⊙ and is at a redshift
z = 0.37. It has 23 subhaloes with more than three galaxies.

Considering the mass resolution of the Millennium simula-
tion, if we use the same semi-analytical models as those applied
to the CFHTLS clusters (Adami et al. 2010) we estimate that the
completeness limit in this halo corresponds to an absolute mag-
nitude MI ∼ −17.5, which roughly corresponds to the complete-
ness limit of the DAFT/FADA survey. In this simulated cluster, if
we consider 100% of the galaxies, the SG method detects the five
most massive substructures (numbered from #1 to #5), the mass
of the least massive one (#5) being 3.5 × 1012 M⊙. Two smaller
structures are also detected with masses of 7.9 × 1011 M⊙ and
5.2 × 1011 M⊙.

If we now randomly remove 10% of the galaxies from the
initial simulated galaxy catalogue, then 20%, etc., we start to
lose some of the initially detected substructures. The percentage
of undersampling inducing the loss of a given substructure is the
result of a complex interplay between the intrinsic richness of the
substructure (a poor substructure will obviously be easier to lose
when undersampling the catalogue) and the galaxy mass distri-
bution in the substructure (a cD-dominated substructure will be
easier to lose if the cD is removed). For example, because sub-
structure #1 is both very rich (451 galaxies) and not strongly
cD-dominated (only 19% of the total mass of the substructure
is associated with the cD), we are able to detect it down to a
sampling rate of only 10%. The other substructures disappear
between sampling rates 90% and 10%, but as a general state-
ment we can say that we are able to detect some of the most
massive substructures down to about 30% of the original sam-
pling. The mass estimate remains within a factor of 2 down to
40% sampling.

We also see below that in most cases massive substructures
are detected both in X-rays and with the SG analysis, when both
types of data are available. However, since the SG mass estimate
is sometimes inaccurate, we describe in the next section an al-
ternative way to estimate the mass of a substructure based on
optical data.

3.5. Alternative determination of the masses
of the substructures detected by the Serna & Gerbal
method

As mentioned above, the SG algorithm allows the total structure
masses to be estimated in a rather crude way, since the mass-to-
luminosity ratio (set to M/L = 100) is assumed to be the same
for all the galaxies. However, the exact value of M/L does not
strongly affect the substructure content since it mainly relies on
the spectroscopic redshifts of galaxies, as shown for example by
Adami et al. (2005). We have then developed a new method to
estimate masses of the substructures detected with the SG algo-
rithm based on more physical arguments. It is well known that
the stellar-to-luminosity ratio of a galaxy depends on its spec-
trum, hence on its magnitude (e.g. Bell et al. 2003; Tremonti
et al. 2004; Cappellari et al. 2006). Following this, we propose
to apply a different stellar mass-to-light ratio to each galaxy, de-
pending on its luminosity, and then to convert the stellar mass
of the substructure to its total mass (i.e. including X-ray gas and
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dark matter) using the cluster scaling relation between those two
quantities.

We first compute absolute magnitudes by calculating the dis-
tance modulus for each galaxy. This is made possible by our
only using galaxies with an accurate spectroscopic redshift. We
then convert our V-band magnitudes to the g-band, applying a
colour correction of g − V = 0.28, as found in Fukugita et al.
(1995). This allows the stellar mass-to-light ratio to be esti-
mated, as measured for SDSS data for an “average type” galaxy
by Kauffmann et al. (2003, see their Fig. 14). Each galaxy is
assigned its own stellar mass-to-light ratio and luminosity, tak-
ing an absolute magnitude of 5.11 for the Sun in the g-band.
Summing the stellar masses of the galaxies belonging to the
substructure provides us with the estimated stellar mass of the
substructure.

The last step is to convert stellar masses to total masses using
the following scaling relation defined by Giodini et al. (2009) for
clusters within r500:

Mstar

Mtot
= (5.0 ± 0.1) × 10−2

(

Mtot

5 × 1013 M⊙

)−0.37±0.04

· (4)

One must note that the ±0.04 uncertainty on the exponent in the
previous equation results in large error bars on the total substruc-
ture mass (about 85%).

We calculated substructure masses following this method
and compared them to those calculated with the SG method for
the 18 clusters with optical substructures and X-ray data (e.g.
Table 2) and we have a rough overall agreement. We are aware
that none of these methods gives the exact mass of substructures,
so we present both to cross check our mass ratios. When the re-
sults obtained with both methods agree, we have a good chance
of having a reasonable estimate.

We also calculated substructure masses for the clusters to
which we applied the SG method but for which no X-ray analysis
was possible, and give results in Table 4.

4. X-ray gas distribution

The results for the invidual clusters with X-rays and/or a
SG analysis are described in the Appendix. In Appendix A, we
give a full X-ray (and optical when enough galaxy redshifts are
available) analysis for the clusters with usable XMM-Newton
data. In Appendix B, we present the SG analysis for the clusters
with no usable X-ray data but with at least 15 galaxy redshifts
in the cluster range. In Appendix C we give brief notes on the
clusters for which we have little spatial information, but which
are worth mentioning in particular because several of them seem
to have redshifts differing from those given by NED.

4.1. Cluster core radius versus redshift

We first investigate the possible variations in the cluster X-ray
gas distribution (modelled by a β-model) versus redshift. There
is no significant correlation between the redshift and the β-model
slope. We may, however, detect a tendency between the β-model
core radius and the redshift (see Fig. 6). To produce this fig-
ure, we first only selected clusters for which the β-model fit-
ting provides a converging solution (true for ∼80% of the clus-
ters). Then, we eliminated double clusters as CL J0152.7-1357.
Figure 6 shows that clusters at redshifts lower than 0.65 tend to
have larger core radii.

If we now eliminate the clusters with X-ray-detected sub-
structures for which the core radius may be biased the tendency

Fig. 6. β-model core radius as a function of redshift for the considered
clusters (see text). The circled disks are the clusters with detected X-ray
substructures. The two lines symbolize the z = 0.65 limit and the max-
imal value of the core radii for z ≥ 0.65 not significantly substructured
clusters (from an X-ray point of view).

is even more pronounced. The respective mean core radii are
76 ± 42 kpc, 93 ± 45 kpc, and 34 ± 13 kpc for the clusters in the
redshift bins [0.4; 0.5], [0.5; 0.65], and [0.65; 0.9]. Even though
our sample is limited (only 16 clusters in total after all the selec-
tions), it suggests that the highest redshift clusters are younger
structures that have not yet accreted large amounts of matter and
therefore have smaller core radii. However, this could be due to
several selection effects, since our cluster sample is not homoge-
neous in terms of numbers of detected clusters versus redshift:
it is a collection of clusters known in the literature to which we
applied simple criteria on mass and available data (see Sect. 1).

The first question is to know if the XMM-Newton data we
have in hand are able to measure large core radii at z ≥ 0.65.
The collected XMM-Newton data are of two types: (1) pointed
observations for which the cluster was the main target or (2)
observations made for other purposes and where clusters were
observed by chance.

We can hope that type (1) XMM-Newton pointings will not
be too affected by the inability to measure core radii, because
exposure times have been selected by the original PIs to specifi-
cally study the clusters and modelling a gas distribution is one of
the most basic tasks. To test this point, we computed that ∼80%
of core radius measurements in the type (1) pointings were suc-
cessful. The calculation of the core radius with Sherpa converged
for 80% of the clusters. Among the ∼20% unsuccessful measure-
ments, half were at z ≥ 0.65 and half at z ≤ 0.65. Type (1) obser-
vations therefore do not seem to be affected by a variable (with
redshift) ability to measure core radii. Similarly, we also checked
that z ≥ 0.65 and z ≤ 0.65 did not provide X-ray photon count
rates that are too different (the basic parameter for modelling the
gas distribution). Clusters at z ≤ 0.65 are sometimes very bright,
but if these bright objects are excluded, we have somewhat lower
count rates at low redshifts than at high reshifts. Almost 40%
of the z ≤ 0.65 clusters have count rates that are higher than
0.04 counts/s, while 50% of the z ≥ 0.65 clusters have count
rates higher than 0.04 counts/s. We therefore do not find a strong
variation in the cluster count rates with redshift in our sample.

Type (2) observations could present a variable core ra-
dius measurement efficiency because their exposure times were
not specifically selected to study the clusters. However, these
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Fig. 7. Cluster total X-ray luminosity as a function of redshift. Filled
disks are clusters for which substructures were detected with the X-ray
method. Crosses indicate clusters with no X-ray detected substructures.
The blue and red circles correspond to clusters for which substruc-
tures representing less and more respectively than 15% of the total
cluster mass (estimated with the SG method) were detected with the
SG method.

observations represent only 17% of the sample, and only one
third of them corresponds to z ≥ 0.65 clusters. The effect is
therefore limited.

A second bias could be due to the fact that X-ray clusters
of galaxies often exhibit relations between size, luminosity, and
temperature (the well known fundamental plane of galaxy clus-
ters, e.g. Adami et al. 1998). Since distant clusters in the litera-
ture are more easily detected when they are luminous (and there-
fore have high luminosity or temperature), we may imagine a
tendency to select clusters with small core radii due to the selec-
tion of high-luminosity or high-temperature clusters. To test this
point, we checked that relations between the core radius and the
luminosity or temperature were visible in our sample. We did
not detect any clear correlations, so even a luminosity or tem-
perature selection effect in our sample would not induce a core
radius effect, such as the one seen in Fig. 6.

However, that the high redshift clusters could systematically
have smaller core radii will have to be confirmed on larger sam-
ples in the coming years. We detect no correlation between the
core radius and the X-ray temperature (and therefore the X-ray
mass), and we detect no clear relation between the velocity dis-
persion and the X-ray luminosity either.

4.2. X-ray versus SG substructures

Figure 7 shows that substructures were detected with the X-ray
method at all redshifts. However, it is mainly the most X-ray
luminous clusters (≥4 × 1044 erg/s) that provided such detec-
tions. To check that these are instrumental effects (only lumi-
nous clusters could provide substructure detections due to their
higher S/N), we put the substructure information coming from
the SG analysis on the same figure. We see that we detected sub-
structures with the SG method even for clusters with undetected
X-ray substructures, and even for clusters with low X-ray lu-
minosities. Therefore, X-ray selection effects must indeed be at
work. However, nearly all the substructures undetected in X-rays
but detected by the SG method seem to be minor (less than 15%
of the total cluster mass). It is therefore tempting to conclude

Fig. 8. Substructure to cluster luminosity ratios from the X-ray analysis
(in %) versus redshift.

that all the major substructures (or at least a large percentage of
these) were effectively detected with the X-ray data in hand.

We can now examine the variations in the X-ray luminosity
ratio (substructure versus cluster) as a function of redshift. We
find that this percentage remains more or less constant with red-
shift in a 5–15% interval (see Fig. 8). Even if such percentages
are probably an underestimate of the mass fraction of clusters
that is in the form of substructures (because we do not detect
them all, see Sect. 2.3), they are in good agreement with the
Millennium simulation (see Appendix of Adami et al. 2013 or
Gao et al. 2012) predicting that clusters below z ∼ 1 primarily
undergo minor mergers.

4.3. X-ray substructure merging stages

We concentrate in this part on substructures detected both in
X-rays and with the SG method. We consider the X-ray sub-
structures that we detected as relics of more or less recently in-
falling groups of galaxies. We were able to measure physical pa-
rameters for these groups based on their X-ray gas phase and on
their galaxy phase. Gas and galaxies have different time-scales in
galaxy structures in response to gravitational perturbations such
as mergers. We are therefore theoretically in the position of de-
ducing the merging stage of the considered infalling groups with
the corresponding clusters.

More precisely, we know the position of isolated groups in
LX versus galaxy velocity dispersion diagrams (e.g. Connelly
et al. 2012). We compared the substructures that we have de-
tected in the present paper to these isolated groups. This was
done after applying a 1.73 correction factor to translate the
Connelly et al. (2012) X-ray luminosities (measured in the
0.1−2.4 keV energy range (see their Sect. 3.1 for details) to our
0.5−8 keV energy range.

Four of our substructures exhibit velocity dispersions over
500 km s−1. This may appear large for dynamically relaxed
groups. For SG1 in CL J0152.7-1357, it is not surprising be-
cause this cluster is undergoing a major merger, so SG1 is al-
ready a pretty massive structure. It is more difficult to explain
the high values for Abell 851 (SG3), MS 1054-03 (SG1), and
RXC J1206.2-0848 (SG4) if they are relaxed. We may then deal
with highly unrelaxed groups in an already quite advanced fu-
sion stage.

We clearly see in Fig. 9 that most of our substructures have
higher X-ray luminosities than the isolated groups of Connelly
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Fig. 9. X-ray luminosity as a function of galaxy velocity dispersion.
Open circles are from Connelly et al. (2012), red: X-ray selected groups,
blue: optically selected groups. The two black curves show the 3σ en-
velope of the Connelly et al. (2012) X-ray selected sample. The black
filled circles correspond to our detected substructures. The lower ex-
tremities of the vertical lines show the places of the infalling structures
prior to their dynamical capture assuming the epoch written next to the
lines. Other epochs written in parentheses are also possible to place the
infalling structures inside the Connelly et al. (2012) envelope.

et al. (2012). This shows that, as expected, our substructures are
not classical isolated groups but have already undergone some
transformations when falling into the clusters.

Merging simulations (e.g. Poole et al. 2007) show that these
transformations include, among others, several increases in the
main cluster X-ray luminosity during the merging process at
well-defined epochs. More precisely, there is a first increase of
the X-ray luminosity at the epoch that we will call t0 in the
present paper (first virial encounter of the infalling structure with
the impacted cluster), then a more significant one at t1 (first
pericentre approach of the infalling structure), and a third and
a fourth smaller increases at epochs t2 (second pericentre ap-
proach) and t3 (relaxation of the impacted structure).

That we still detect X-ray substructures in our clusters natu-
rally excludes the t3 epoch. Given the depth of our X-ray data,
we never detect the cluster X-ray contributions up to the virial
radius, and this prevents us from detecting substructures at the
t0 stage. Our clusters are therefore somewhere between the t1
and t2 epochs.

The simulations of Poole et al. (2007) quantified the increase
in the X-ray luminosity with time. By applying their predicted
increasing factors for major mergers (which the infalling groups
experience when merging with a larger cluster) and consider-
ing the t1 and t2 epochs, we were able to estimate the original
X-ray luminosities of our infalling groups prior to their gravita-
tional capture. We then selected the possible epochs (t1 and/or
t2), allowing the infalling groups to have been optimally located
in the LX versus velocity dispersion diagram for isolated groups
(from Connelly et al. 2012) before gravitational capture. These
epochs are listed in Table 2. The increasing factors that we ap-
plied are applicable to clusters merging with another cluster of
comparable mass. This is not the case here, but it is the best esti-
mation at our disposal of the increase in X-ray luminosity caused
by a merger. Poole et al. (2007) did not simulate what happens
for merging ratios greater than 1. The X-ray luminosity shifts in
Fig. 9 could therefore be greater. We see that most of the X-ray

detected substructures are probably at the t1 epoch (first pericen-
tre approach) and therefore are relatively recent in the clusters.

5. Galaxy content in substructures

As already mentioned, we collected ground-based imaging and
spectroscopy at visible and near-infrared wavelengths. Our ul-
timate goal is to gather at least five bands in the visible domain
(typically B, V , R, I, z′) and one in the near-infrared domain (J or
Ks) to compute photometric redshifts with the LePhare tool (see
Guennou et al. 2010). We are in the process of completing this
data collection for our ∼90 lines of sight, but for now all clusters
of Table 2 with detected substructures (except MS 1621.5+2640)
have the full dataset available. This allowed us to compute pho-
tometric redshifts for these clusters, and we are therefore now
ready to investigate the galaxy content of these structures and of
their detected substructures.

The LePhare tool, as for other photometric redshift tools,
can be used to compute photometric redshifts, as well as to
characterize the considered galaxies in terms of type or stel-
lar population age (e.g. Adami et al. 2009). If we can fix the
redshift at its true value (considering only spectroscopic cata-
logues), then we limit the number of free parameters and we have
even better constraints on the type and stellar population ages.
This is the approach we have presently chosen, with the spec-
troscopic catalogues at our disposal. We selected galaxies with
a known spectroscopic redshift and chose Bruzual & Charlot
(2003) spectral templates in LePhare, fixed the redshift to its
value, and estimated the stellar population ages and photomet-
ric types. These photometric types are arbitrarily coded between
10 (early galaxies) and 31 (late starbursts). We then investigated
the galaxy distribution in an age versus type space. We assume
that the age can be considered as driven by the epoch of the last
burst of star formation.

5.1. Cluster versus field galaxies

The first thing to check is the general behaviour of cluster versus
field galaxies. In order to limit the contamination of the clus-
ter sample by field galaxies as much as possible, we defined
the cluster sample as all galaxies with a redshift differing by
less than 0.01 from the lower redshift and higher redshift sub-
structures in Table 2. This corresponds to three times the typ-
ical velocity dispersion of a massive cluster. The field sample
was defined as all galaxies with a redshift differing by more than
0.02 from the lower redshift and higher redshift subtructures in
Table 2. This corresponds to six times the typical velocity dis-
persion of a massive cluster. We are aware that this eliminates
galaxies between three and six times the typical cluster velocity
dispersion, but these galaxies are potentially in an intermediate
state, and they would have made our results noisier.

Figure 10 shows the expected behaviour in both the field and
cluster samples, with a population of earlier type galaxies more
prominent in the cluster sample. We see a clear dichotomy be-
tween early and late types happening around type 17 for both the
cluster and the field samples, the gap being less populated in the
cluster sample.

Performing a two-dimensional Kolmogorov-Smirnov test
gives a probability greater than 99.9% to have populations (clus-
ter and field galaxies) coming from different parent samples.
This behaviour has been reported before, but it confirms that our
approach to compute age and type is valid.
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Fig. 10. Cluster (large red circles) and field (small blue squares) galaxies
in an age versus type plot.

Fig. 11. Galaxies in SG detected (small green disks) and SG+X-rays
detected (large black disks) substructures in a plot of galaxy type versus
age.

5.2. General position of galaxies in substructures

We first note that galaxies members of substructures are very
different from field galaxies. A Kolmogorov-Smirnov test gives
a probability over 99.9% to have populations (galaxies in sub-
structures and field galaxies) coming from different parent sam-
ples. Figure 11 shows that there is perhaps a lack of both
late-type and old stellar population galaxies in substructures
detectable in X-rays. This could be explained if galaxies in
X-ray detected substructures had undergone recent bursts of star
formation induced by shocks in the hot medium. However, this
has to be confirmed on larger samples.

5.3. Galaxies in substructures as a function of substructure
characteristics

Given the modest size of the galaxy samples in substructures
detected both by the SG and X-ray methods, we concentrate here
on the substructures detected at least by the SG method in order
to maximize our sample.

We chose to characterize the substructures by their veloc-
ity difference with the mean cluster velocity. This gives an idea
of the importance of the cluster influence on the substructure.

Fig. 12. Galaxies in SG detected substructures at less than 900 km s−1

(small green disks) and at less than 300 km s−1 (large black disks) from
the mean cluster velocity in a plot of galaxy type versus age.

For example, the difference between the substructure members
closer than 300 km s−1 and 900 km s−1 from the cluster mean ve-
locity appears in Fig. 12 to be due to the lack of late type galaxies
with recent bursts of star formation in the substructures closest
to the cluster mean velocity. This may indicate that substructures
close to the bottom of the cluster potential well have consumed
a large part of their gas and are therefore less able to form new
generations of stars.

5.4. Summary

In conclusion to this section, we can say that galaxy populations
in substructures have the same general behaviour as regular clus-
ter galaxies, but with several noticeable differences:

– a possible lack of both late type and old stellar population
galaxies in substructures detectable in X-rays and in SG sub-
structures contributing the most to the cluster mass,

– a possible lack of late type galaxies with recent bursts of
star formation in the closest substructures to the cluster mean
velocity.

These tendencies can be explained by classical expected be-
haviours in clusters where galaxies close to the bottom of the
cluster potential have probably consumed a large part of their gas
and are therefore less able to form new generations of stars, and
where galaxies in important substructures would have undergone
recent bursts of star formation initiated by shocks induced in the
hot medium and energy transfer from the surrounding cluster.

6. Discussion

We studied a sample of 32 clusters of galaxies with usable X-ray
data and of 19 clusters of galaxies without X-ray data but with
more than 15 available spectroscopic redshifts in the cluster
range. Ten substructures were detected both in X-rays and by
the SG method at optical wavelengths.

We eliminated point source contamination by using Chandra
data when available and with public catalogues of active galac-
tic nuclei or radio sources. We detected substructures based
on X-ray analysis via the statistically significant detection of
residuals based on a surface-brightness β-model subtraction, or
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optically via an application of the SG dynamical method to our
spectroscopic redshift catalogues.

From this work we derived a new set of substructures in rich
clusters of galaxies in the redshift range [0.4, 0.9]. We have veri-
fied that these are dynamically bound systems by combining the
detection in X-rays with a dynamical analysis based on spectro-
scopic redshifts. We now discuss these results in the context of
cluster evolution, as well as in comparison with previous work,
where appropriate. A major goal in understanding cluster forma-
tion is to be able to use clusters as a tool for studying cosmology,
we begin with a brief summary of the relationship between clus-
ters and cosmology.

Because astrophysicists have come to realize there is a direct
link between (1) clusters, (2) how large scale structure formed,
(3) dark matter, and (4) dark energy, clusters of galaxies are be-
ing used more and more as cosmological tools (see for example
Allen et al. 2011 and Kravtsov & Borgani 2012). Those works
(and references therein) show how cluster counts and cluster-
cluster correlations may shed light on the Gaussianity or non-
Gaussianity of the initial primordial fluctuations in the early
Universe. Furthermore, these papers and others have shown that
studies of clusters can also be used to delimit the value of w,
if w is variable with redshift, or if there are deviations from
General Relativity that are causing the apparent acceleration
of the Universe (e.g. Vikhlinin et al. 2009; Allen et al. 2011;
Kravtsov & Borgani 2012). On the finest cosmological scale of
galaxies, work is going on to determine if there is indeed a miss-
ing sub-halo problem or not, but so far there is no consensus (see
for example Strigari et al. 2010).

On the in-between scales of groups of galaxies that are con-
tinually falling into galaxy clusters, the hierarchical build up
of clusters with groups has been described both in published
works, such as Poole et al. (2007), Gao et et al. (2012, and ref-
erences therein, too many to list them all), and the Millennium
project (Springel et al. 2005), but also in simulations posted on
the web.

The Poole et al. (2007) results are in partial agreement with
our data, as are those of Gao et al. (2012), in that (a) we find that
the X-ray detected groups are in the luminous stage as if they
were “lit up” by infall to the cluster as predicted by Poole et al.
(2007); (b) Gao et al. (2012) found that at redshift z = 0, the to-
tal masses in substructures relative to the total cluster masses in
their simulations were about 5–15%. This 5–15% value is about
the same as the one we found for clusters in our sample, but
what is uncertain is how this percentage should change (if at
all) with redshift between 0.4 and 0.9. For example, a cluster
initially without substructure could grow in such a way that at
higher redshifts its initial mass is relatively low, so that added
sub-clumps are a relatively high percentage of the total cluster
mass. Conversely, it could be that as clusters grow, many of the
substructures are not dissipated enough to disappear, and the to-
tal mass in substructures actually grows over time. That our mass
percentage in substructures at z = 0.4–0.9 is about equal to what
is predicted by Poole et al. (2007) at z = 0 argues that most likely
events conspire to keep the detectable mass in substructures in
clusters approximately constant from z = 0.9 to the current day.
This would also be in good agreement with the quite constant
level of diffuse light present in clusters between z = 0.4 and 0.9
(see Guennou et al. 2012).

The work of Mann & Ebeling (2012) states that the fraction
of “disturbed” clusters increases with increasing redshift, imply-
ing a higher substructure mass with higher redshift, in apparent
contradiction to our work. To be consistent with their work, we
would expect the mass in substructures to be higher at higher

redshift, if we could add more clusters to our sample and divide
them into several bins within the z = 0.4–0.9 range.

In comparison, Baldi et al. (2012) find no change in the tem-
perature profile, over the redshift range that they broke their
sample into (above and below 0.4), implying that there is lit-
tle change in shape over this redshift range, in apparent con-
tradiction (in terms of a trend) to what we found. However,
Baldi et al. (2012) did not have enough data points to subdi-
vide their z = 0.4–0.9 cluster results into smaller redshift bins
for a direct comparison to our observations. Also, as by-product
of fitting the X-ray data with a simple beta model, we found
an increase in the physical extent (i.e. a larger core radius) of
the X-ray surface brightness with decreasing redshift. We judge
that this effect is not due to an inability to detect more extended
emission at higher redshift, based on the analysis presented in
Sect. 4.1.

Our findings are consistent in a general way with the hier-
archical cluster growth scenario in that the extent of clusters
apparently grows with decreasing redshift. However, if cluster
temperature is a valid measure of the cluster mass (independent
of redshift), then the fact that we found no relationship between
cluster extent and temperature would argue for the mass not hav-
ing grown significantly over the redshift range from 0.9 to 0.4,
as also indicated by our finding no correlation between the to-
tal mass estimated from the X-ray temperature (given in the last
column of Table 1) and the redshift. This is plausible if (a) the
number of groups infalling over this time period of about 3.6 Gyr
is relatively small, and (b) at the same time, the infalling sub-
groups have caused the ICM to become more extended but not
hotter or significantly more massive.

7. Summary and conclusions

By the means of a comparison with Takey et al. (2011), we
showed that our X-ray luminosities and temperatures were con-
sistant with literature studies. We estimated the substructure de-
tection efficiency with simulations for the X-ray and SG meth-
ods. The X-ray detections proved to be efficient up to z ∼ 0.9 for
substructures brighter than 1.0 × 1044 erg/s and up to z ∼ 0.5 for
substructures only brighter than 0.4 × 1044 erg/s.

The SG detection efficiency was tested by considering six
reference clusters outside of our sample, all very well sampled
spectroscopically. Substructures with more than six members in
the original spectroscopic catalogues remained detected by the
SG analysis down to completenesses of 50% to 30%. We showed
that the SG precision on the mass estimate remained better than
50% for about half of the sample down to incompletenesses of
about 60%, while the SG analysis was not able to precisely es-
timate the mass of most of the substructures for completeness
levels lower than 50%. SG masses were also compared to an
optically based cluster mass determination, and we found qual-
itative agreement. We emphasize, however, that only relative
SG masses should be considered as reliable.

We found that the core radius of the X-ray gas density pro-
file may decrease with redshift, but this needs to be confirmed
with a larger sample of clusters. Ten substructures were detected
by both methods (X-rays and SG). These were systematically
the SG most massive substructures in each cluster. For a given
cluster, the percentage of mass included in substructures was
roughly constant with redshift at values of ∼5–15%. We also
showed that most of our substructures detected both in X-rays
and with the SG method were probably at their first cluster peri-
centre approach and therefore corresponded to relatively recent
infalls.

A112, page 12 of 60



L. Guennou et al.: Substructures in 0.4 < z < 0.9 clusters

Finally, compared to regular cluster galaxies, galaxy popula-
tions in substructures exhibit a possible lack of both late type and
old stellar population galaxies, and a possible lack of late type
galaxies with recent bursts of star formation in the substructures
closest to the mean cluster velocity. In general, our results are
consistent with the picture of CDM hierarchical structure for-
mation in that substructure exists. The approximate X-ray prop-
erties and masses of the substructures relative to the entire clus-
ters are in the range predicted by theory: 5–15%, see Gao et al.
(2012) for the fraction found at z = 0, and by the Millennium
simulation, which predicts that clusters below z ∼ 1 only un-
dergo minor mergers. On the simulation front, the percentage
of the substructure mass relative to the total mass of the cluster
would be interesting to compare with the data we have presented
here, as well as with future increased samples produced by our
DAFT/FADA collaboration and others.
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Table 1. Data for the clusters with usable XMM-Newton data.

Name RA Dec z Nz ∆t (s) kT (keV) LX (erg s−1) Mgas,r500 (M⊙) Mtot,r500 (M⊙) Substructure

CL 0016+1609 4.63888 16.44329 0.5455 173 30320 8.97 ± 0.40 2.23 ± 0.06e+45 1.17 ± 0.03e+14 1.24 ± 0.04e+15 1
CL J0152.7-1357 28.17083 –13.96250 0.8310 115 51150 7.55 ± 0.65 7.91 ± 0.74e+44 7.72 ± 0.28e+13 8.83 ± 0.38e+14 1
MS 0302.5+1717 46.32911 17.47729 0.4250 1 12440 6.23 ± 1.13 1.41 ± 0.35e+44 6.02 ± 0.72e+13 6.84 ± 0.67e+14 0/–1
XDCS cm J032903.1+025640 52.26175 2.94033 0.4122 13 47520 3.26 ± 0.38 1.40 ± 0.89e+43 2.60 ± 0.30e+13 2.88 ± 0.40e+14 –1
RX J0337.6-2522 54.43812 –25.37669 0.5850 5 11820 2.40 ± 0.78 5.73 ± 4.98e+43 1.65 ± 0.25e+13 1.85 ± 0.36e+14 0
MACS J0454.1-0300 73.54552 –3.01865 0.5377 194 25420 9.97 ± 0.59 2.04 ± 0.06e+45 1.29 ± 0.04e+14 1.39 ± 0.04e+15 1
BMW-HRI J052215.8-362452 80.55917 –36.41778 0.4720 1 17920 5.64 ± 0.66 1.70 ± 0.27e+44 4.99 ± 0.32e+13 5.78 ± 0.41e+14 0/–1
MACS J0647.7+7015 101.94125 70.25083 0.5907 1 32030 7.74 ± 0.35 1.61 ± 0.07e+45 9.76 ± 0.32e+13 1.02 ± 0.04e+15 1
MACS J0744.9+3927 116.21583 39.45917 0.6860 2 71260 7.87 ± 0.28 1.87 ± 0.06e+45 8.96 ± 0.19e+13 9.86 ± 0.30e+14 1
RX J0847.1+3449 131.79708 34.82111 0.5600 1 6908 7.11 ± 0.49e+44 0
MACS J0913.7+4056 138.40277 40.94315 0.4420 2 12430 5.39 ± 0.19 1.58 ± 0.06e+45 5.29 ± 0.09e+13 5.83 ± 0.20e+14 0
Abell 851 145.73601 46.98942 0.4069 213 40970 5.17 ± 0.16 6.13 ± 0.20e+44 5.04 ± 0.10e+13 5.53 ± 0.21e+14 1
MS 1054-03 164.25093 –3.62428 0.8231 326 25680 8.64 ± 0.66 1.49 ± 0.13e+45 1
UM 425 Cluster 170.83542 1.62944 0.7685 8 26090 14.5 ± 4.2 4.90 ± 0.34e+44 1.17 ± 0.06e+14 1.64 ± 0.06e+15 0
MS 1137.5+6624 175.09696 66.14485 0.7820 17 15560 7.43 ± 0.90 7.41 ± 1.05e+44 8.49 ± 0.58e+13 9.25 ± 0.59e+14 0
CLG J1205+4429 181.46410 44.48600 0.5915 10 25520 6.77 ± 3.32e+43 0
RXC J1206.2-0848 181.54991 –8.80001 0.4400 53 10200 9.36 ± 0.59 2.32 ± 0.08e+45 1.23 ± 0.05e+14 1.31 ± 0.05e+15 1
LCDCS 0504a 184.18845 –12.02147 0.7943 65 23460 5.49 ± 0.64 3.91 ± 0.50e+44 9.00 ± 0.93e+13 8.02 ± 0.77e+14 1

(184.18792) (–12.02139)
BMW-HRI J122657.3+333253 186.74167 33.54836 0.8900 35 65350 8.74 ± 0.42 2.02 ± 0.10e+45 1.16 ± 0.03e+14 1.21 ± 0.04e+15 –1
GHO 1322+3027 201.20091 30.19276 0.7550 38 36390 5.98 ± 1.33 8.91 ± 3.64e+43 5.17 ± 0.63e+13 6.11 ± 0.62e+14 0
ZwCl 1332.8+5043 203.58333 50.51506 0.6200 1 27860 5.08 ± 0.59 2.40 ± 0.51e+44 4.39 ± 0.33e+13 5.05 ± 0.42e+14 0
LCDCS 0829 206.88333 –11.76167 0.4510 50 32370 11.31 ± 0.24 7.75 ± 0.06e+45 1.58 ± 0.02e+14 1.69 ± 0.03e+15 1
LCDCS 0853 208.53958 –12.51639 0.7627 18 27420 3.65 ± 0.38e+44 0
RX J1354.2-0221 208.57042 –2.36306 0.5460 2 18390 2.18 ± 0.98 2.04 ± 0.62e+44 1.38 ± 0.29e+13 1.58 ± 0.29e+14 0
MACS J1423.8+2404b 215.95125 24.07972 0.5450 9 113400 5.3 ± 0.1 1.71 ± 0.05e+45 5.24 ± 0.10e+13 5.74 ± 0.10e+14 1 (Chandra)
GHO 1602+4312 241.10483 43.08131 0.8950 26 12000 8.96 ± 8.39e+43 0
MS 1621.5+2640 245.89863 26.56378 0.4260 104 2210 9.13 ± 3.46e+43 0
CXOU J205617.1-044155 314.07150 –4.69864 0.6002 1 16240 2.46 ± 1.02 1.98 ± 0.42e+44 5.02 ± 0.71e+13 3.59 ± 0.66e+14 0
MS 2053.7-0449 314.09321 –4.62873 0.5830 30 16240 4.81 ± 1.17 2.13 ± 0.56e+44 4.42 ± 0.63e+13 4.91 ± 0.62e+14 0
GHO 2143+0408 326.52000 4.38861 0.5310 1 20170 4.39 ± 0.43 1.51 ± 0.30e+44 4.60 ± 0.29e+13 4.77 ± 0.39e+14 0
RX J2202.7-1902 330.68708 –19.03611 0.4380 8 26060 4.97 ± 1.34 4.56 ± 2.07e+43 4.41 ± 0.57e+13 5.00 ± 0.58e+14 –1
RX J2328.8+1453 352.20792 14.88667 0.4970 1 25510 2.63 ± 0.53 4.28 ± 1.78e+43 2.03 ± 0.26e+13 2.20 ± 0.37e+14 0/–1

Notes. (1) Name given by NED (LCDCS clusters come from Gonzalez et al. 2001), (2) right ascension in degrees (J2000.0), (3) declination in degrees (J2000.0), (4) redshift, (5) number of galaxies
with redshifts in the cluster range, (6) useful XMM-Newton exposure time (in seconds), (7) temperature of the X-ray gas, (8) X-ray luminosity in the [0.5, 8.0] keV band, (9) X-ray gas mass in the
r500 radius, (10) total mass in the r500 radius, (11) subtructure inside the cluster (1 means yes, –1 means no, 0 means not detectable with data in hand). (a) The position given for LCDCS 504 comes
from Guennou et al. (2013) where we determined the centre as the position of the cD, whereas the position given in parentheses was obtained from NED. (b) Cluster MACS J1423.8+2404 did not
have any XMM-Newton public data, but we collected Chandra data with enough depth to be able to subtract a β-model and search for substructures.
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Table 2. Detected substructures.

Name # Ngal z (MSS/Mtot)SG (MSS/Mtot)sc Vel. disp. LX Merging
(%) (%) (km s−1) (erg/s) stage

CL 0016+1609 1 64 0.5418 [10;20] [10;20]
2 17 0.5505 [0;10] [0;10]
3 13 0.5530 [0;10] [0;10]
4 24 0.5597 [0;10] [0;10] 200 1.56 × 1044 t1

CL J0152.7-1357 1 49 0.8382 [20;30] [40;50] 680 3.28 × 1044 t1
2 17 0.8323 [0;10] [0;10]
3 29 0.8279 [0;10] [0;10]
4 34 0.8458 [20;30] [0;10] 320 2.27 × 1044 t1

XDCS cm J032903.1+025640 1 7 0.4115 [0;10] [50;60]
2 4 0.4095 [0;10] [0;10]

MACS J0454.1-0300 1 31 0.5365 [10;20] [0;10]
2 5 0.5407 [0;10] [0;10]
3 18 0.5434 [0;10] [0;10] 320 3.24 × 1044 t1
4 6 0.5376 [0;10] [0;10]
5 3 0.5320 [0;10] [0;10]
6 12 0.5309 [0;10] [0;10]
7 3 0.5390 [0;10] [0;10]
8 4 0.5457 [0;10] [0;10]
9 4 0.5287 [0;10] [0;10]

Abell 851 1 6 0.4070 [0;10] [0;10]
2 3 0.4100 [0;10] [0;10]
3 4 0.4036 [0;10] [0;10] 1300 5.63 × 1043 t0 (t1 or t2)
4 3 0.4059 [0;10] [0;10]
5 4 0.4100 [0;10] [0;10]
6 8 0.4142 [0;10] [0;10]
7 3 0.4100 [0;10] [0;10]
8 3 0.4163 [0;10] [0;10]

MS 1054-03 1 7 0.8218 [0;10] [0;10] 1250 1.94 × 1044 t1 (t0 or t2)
2 26 0.8261 [0;10] [0;10]
3 5 0.8267 [0;10] [0;10]
4 5 0.8270 [0;10] [0;10]

CLG J1205+4429 1 11 0.5948 [90;100]* [90;100]
BMW-HRI J122657.3+333253 1 10 0.8816 [20;30] [0;10]

2 4 0.8910 [0;10] [0;10]
3 5 0.8920 [0;10] [0;10]
4 5 0.8930 [0;10] [0;10]
5 4 0.8960 [0;10] [0;10]
6 4 0.8970 [0;10] [0;10]

RXC J1206.2-0848 1 5 0.4255 [0;10] [0;10]
2 3 0.4336 [0;10] [0;10]
3 6 0.4409 [0;10] [0;10]
4 4 0.4373 [0;10] [0;10] 690 5.10 × 1043 t1 (t0 or t2)

LCDCS 0504 1 7 0.8036 [0;10] [0;10] 110 3.10 × 1043 t1 (t0 or t2)
2 10 0.7996 [0;10] [0;10]
3 17 0.7858 [0;10] [0;10]
4 5 0.7913 [0;10] [0;10]
5 6 0.7966 [0;10] [0;10]
6 7 0.7953 [0;10] [0;10]
7 6 0.7940 [0;10] [0;10]

GHO 1322+3027 1 44 0.7562 [90;100]* [90;100]
LCDCS 0829 1 22 0.4503 [0;10] [40;50] 230 5.79 × 1044 t1

2 14 0.4529 [0;10] [20;30]
3 15 0.4465 [0;10] [0;10]
4 12 0.4553 [0;10] [0;10] 180 1.82 × 1045 t1

LCDCS 0853 1 3 0.7648 [90;100]* [20;30]
MACS J1423.8+2404 1 3 0.5445 [90;100]* [30;40]
GHO 1602+4312 1 29 0.8941 [90;100]* [90;100]
MS 1621.5+2640 1 24 0.4245 [0;10] [10;20]

2 19 0.4264 [0;10] [0;10]
3 43 0.4307 [10;20] [20;30]
4 20 0.4211 [0;10] [0;10]

MS 2053.7-0449 1 28 0.5837 [90;100]* [90;100]
GHO 2143+0408 1 4 0.5205 [90;100]* [80;90]

Notes. (1) Cluster name, (2) substructure number, (3) substructure number of galaxies, (4) substructure mean redshift, (5) substructure to total
cluster mass ratio estimated with the SG method and given in 10% wide intervals (the asterisk means that we only detected the main structure),
(6) substructure to total cluster mass ratio estimated with the method based on a scaling relation described in Sect. 3.5 and given in 10% wide
intervals, (7) substructure velocity dispersion estimated with SG for the substructures also detected in X-rays, (8) substructure X-ray luminosity,
(9) merging stage (see text).
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Table 4. Optical structures found in the clusters with no X-ray data.

Name # Ngal z (MSS/Mtot)SG (MSS/Mtot)sc

(%) (%)

CXOMP J091126.6+055012 1 11 0.7687 [20;30] [30;40]
2 7 0.7623 [0;10] [10;20]
3 6 0.7748 [0;10] [0;10]

LCDCS 0110 1 4 0.5807 [0;10] [10;20]
2 9 0.5777 [0;10] [40;50]

LCDCS 0130 1 7 0.7041 [0;10] [0;10]
2 5 0.7028 [0;10] [0;10]
3 8 0.7059 [0;10] [0;10]

LCDCS 0172 1 24 0.6977 [0;10] [30;40]
2 6 0.6979 [0;10] [0;10]
3 7 0.6944 [0;10] [0;10]

LCDCS 0173 1 12 0.7498 [0;10] [10;20]
2 11 0.7477 [0;10] [10;20]
3 8 0.7523 [0;10] [0;10]
4 5 0.7573 [10;20] [0;10]

CXOMP J111726.1+074335 1 22 0.4833 [0;10] [30;40]
2 16 0.4790 [0;10] [10;20]

LCDCS 340 1 9 0.4852 [0;10] [0;10]
2 5 0.4765 [0;10] [0;10]
3 5 0.4818 [0;10] [0;10]
4 4 0.4801 [0;10] [0;10]
5 4 0.4787 [0;10] [0;10]
6 5 0.4796 [0;10] [0;10]

LCDCS 0541 1 9 0.5420 [0;10] [0;10]
2 11 0.5447 [0;10] [0;10]
3 10 0.5395 [0;10] [0;10]
4 13 0.5347 [20;30] [0;10]
5 7 0.5432 [0;10] [0;10]
6 9 0.5408 [0;10] [0;10]
7 4 0.5379 [0;10] [0;10]
8 12 0.5492 [0;10] [0;10]

ClG J1236+6215 1 23 0.8521 [0;10] [30;40]
2 17 0.8494 [0;10] [0;10]
3 13 0.8495 [0;10] [0;10]
4 16 0.8462 [10;20] [10;20]

3C 295 Cluster 1 10 0.4560 [0;10] [10;20]
2 17 0.4618 [0;10] [20;30]

GHO 1601+4253 1 37 0.5392 [0;10] [50;60]
2 14 0.5439 [0;10] [0;10]

Notes. (1) Cluster name, (2) number of the substructure, (3) number of galaxies with redshift in the substructure, (4) mean redshift of the substruc-
ture, (5) substructure to total cluster mass ratio estimated with the SG method and given in 10% wide intervals, (6) substructure to total cluster
mass ratio estimated with the method based on a scaling relation described in Sect. 3.5 and given in 10% wide intervals.
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