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Preface

This manuscript has been written to obtain the French Habilitation a Diriger des
Recherches. It is not intended to provide new academic results nor should it be con-
sidered as a reference textbook. Instead, this manuscript is a brief (and incomplete)
summary of my teaching and research activities. You will find in this manuscript a
compilation of some articles in which I had a significant contribution, together with
some introductory paragraphs about sequential search strategies based on kriging.

Gif-sur-Yvette, March 2015 Emmanuel Vazquez
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Introduction

I was admitted at the ENS Cachan in 1997. After my Agrégation de Physique
in 2000, I decided to undertake a Master of Research degree in applied mathematics.
This drove me toward statistics, machine learning and signal processing.

I started the preparation of my PhD under the supervision of Eric Walter who sug-
gested that I study the application of kriging for modeling computer experiments, in
the path of [4, 13]. I can safely say that the application of kriging/Gaussian processes
to modeling computer experiments was a quite confidential area when I started, at
least in France. My PhD dissertation [20] was focused on making bridges between
the literature of kriging [2, 3, 7, 8, 19, ...], the literature of reproducing kernel
methods [15, 28, 29, ...], and the literature of Support Vector methods in machine
learning [16—18, ...]. Today, I think that the textbooks [12, 14] cover much of what
I have written in my dissertation. Modeling computer experiments using Gaussian
processes has become a popular topic, as evidenced, for example, by its strong pres-
ence in the French Research Group MASCOT-NUM created in 2007.

In 2004, I was offered a position as an Assistant Researcher at Supélec, and been
asked to co-supervise the PhD thesis of Miguel Piera-Martinez who studied the
problem of computing probabilities of failure of a system [9]. At first, we concen-
trated our efforts on using the extreme value theory to obtain statistical models of
the tail distribution of the output of a computer model [10, 11]. In the second part of
his thesis, I suggested using a sequential approach for the estimation of a probability
of failure [25]. This was the first instance of a SUR (stepwise uncertain reduction)
algorithm.

In 2005, I began the supervision of Julien Villemonteix who had obtained a PhD
grant from Renault S.A. to work on the reduction of pollutants of combustion en-
gines [26]—in a context of increasingly stringent European emission standards. To
reduce emissions, the idea was to optimize, using computer simulations, the shape
of the intake ports of an engine. Since the simulation of the flow of the mixture of
air and fuel in the intake ports was time-consuming, it was important to consider
optimization algorithms which could provide a good approximation of the optimum
with a limited budget of computer simulations. My idea was to adopt a Bayesian
approach, by modeling the model output by a Gaussian process, and to devise an
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algorithm that would reduce the entropy of the distribution of the optimizer by
making new simulations sequentially. It turned out that this new idea worked very
well in practice. Our algorithm, which Julien called IAGO (Informational Approach
to Global Optimization), could be compared very favorably to the best algorithms
in the literature, and in particular to the expected improvement optimization algo-
rithm [27]. IAGO was again a SUR algorithm.

In 2009, I began a collaboration with my colleague Julien Bect who was newly
recruited at Supélec. Julien provided me invaluable help to formalize a number of
ideas I had during the supervision of my former PhD students [21-24]. We also
decided to undertake the supervision of several PhD theses: a first one on uncon-
strained single-objective Bayesian optimization (Romain Benassi, 2009-2013), a
second one on the problem of estimating probabilities of failure (Ling Li, 2009—
2012), a third on constrained multi-objective optimization (Paul Féliot, since 2014),
and a fourth on the design and analysis of computer experiments with several levels
of predictive precision (Rémi Stroh, since 2015). Supervising these theses was very
fruitful since it led us to the elaboration of several new algorithms: a fully Bayesian
optimization algorithm using an expected-improvement sampling criterion and se-
quential Monte Carlo techniques [1], a Bayesian Subset Simulation (BSS) algorithm
for the estimation of a probability of failure [6], a new Bayesian algorithm for con-
strained multi-objective optimization [5]...In this manuscript, I have chosen not to
focus on these algorithms. Instead, I will present in the foregoing paragraphs the
framework of my research activities on sequential search strategies based on krig-
ing, on the period 2007-2014.

To conclude this introduction, I would like to add that my main activity has been
devoted to teaching, so far. I also spend a significant part of my time working on
contracts with industrial partners. I try to set aside about 20% of my time for re-
search work.

The first part of this report consists of a presentation of my resume, an overview
of my teaching activities and an assessment of my research activities. In the second
part, I will focus on my research activities about sequential search strategies. In the
third and last part, I will discuss future orientations.
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91192 Gif-sur-Yvette, France
Telephone: +33(0)169851416

E-mail: emmanuel.vazquez@centralesupelec. fr
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Associate Professor at CentraleSupélec
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Age & DOB: 39, Feb. 12, 1976

Nationality: French
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2000-2001

1997-2000
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Teaching experience & industrial contracts

2.1 Teaching

The number of hours of my teaching service at Supélec is about 220-260 hours/year
on the period 2004-2014. Since Sept. 2014, I have reduced my teaching service to
about 210 hours. A large part of this service is dedicated to the supervision of student

projects.
Table 2.1: Teaching service
Volume
Title Type Period (in équivalent Place Level
TD/year)
Present teaching activities
Probability lectures + since 2009 33 Supélec 1%t year
small classes
Markov: Chains Monte lectures since 2004 13.5 Supélec 3 year
Carlo
Bayesian Optimization lectures since 2011 3 Supélec llfelqng
learning
Statistics small classes since 2004 6 Supélec 1% year
108
Iptroductlon to stochas- practical classes since 2001 (2001_.2009)’ Supélec ond year
tic processes 54 (since
2009)
lrd to 3rd
Project Supervision projects since 2004 ~ 100 Supélec year
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Past teaching activities

Hilbert Spaces and Mul-

- 4 nd
tiresolution Analysis lectures 2004-2014 27 Supélec 2"¢ year
Introductlgn to numerl- ¢ all classes 2004-2014 6 Supélec 27 year
cal analysis

. .. ATSI - Univ.
Introduction to kriging lectures 2012 9 Paris-Sud 11 MSc
Modeling extreme lectures + Summer
events from computer small classes 2011 26 School CEA-
simulations EDF-INRIA
Sequential Bayesian de- PhD week —
cision theory for design- Risk and
ing systems from ex- lectures 2012 9 Uncertainty
pensive computer simu- ECP-Polimi-
lations Supélec
Spectrgl representation lectures 2004-2007 135 ATSI — Univ. MSc
of stationary processes Paris-Sud 11
Signal Processing practical classes ~ 2008-2009 54 Supélec 1% year
Introduction to stochas- oy jacees 2004-2009 6 Supélec 2" year
tic processes
Non-stationary time se- lectures 2002 5.25 Supélec  lifelong
ries analysis learning
Linear control theory Practical classes 2000 40 IUT Cachan 2™ year

2.2 Industrial contracts

I spend a significant part of my time working on contracts with industrial partners.
This activity has three parts. The first part consists of the supervision of third-year
students during their industrial projects (which represents a volume of about 250
hours). As a supervisor, it is often necessary to participate in the project’s progress
and to assume the role of interface with the industrial partner. The second part con-
sists of taking part in collaborative projects funded by public agencies. The third
part consists of bilateral contracts.

Table 2.2: Industrial contracts

. Project/Industrial Period &
Title of the study partner Effort
Supervision of student industrial projects
Prévision de hauteur de la nappe phréatique sous un site EDF R&D STEP 2004-2005

industriel




2.2 Industrial contracts 7
Etude statistique de données de mesures de champ électro- BOUYGUES 2004-2005
magnétique effectuées par I’ANFR a Paris TELECOM
Mod.ells.atlor.l et prev:smn des jeux de c}aliage des conduites EDF R&D STEP 2005-206
du circuit primaire d’une centrale nucléaire
Etude statistique de I’émission électromagnétique d’un BOUYGUES

) . ) 2005-2006
télephone portable en environnement réel TELECOM
Estimation du gradient hydraulique a partir de mesures de
hauteur de nappe phréatique effectuées sur des piézometres EDF R&D STEP 2006-2007
non uniformément répartis spatialement
Etude et optimisation d’une stratégie d’arbitrage ABC 2006-2007

ARBITRAGE
E,tud.e stat}sthye de données de vibration d’un moteur HISPANO SUIZA 2006-2007
d’avion, détection de valeurs aberantes
Modehsatlon par krigeage d’un code de calcul aéronau- EADS 2006-2007
tique
Analysg Fies .performances d’un logiciel d’estimation de CEA LIST 2007-2008
composition isotopique
LAB. DE
Modélisation statistique des flux sur une grille de calcul RECHERCHE EN 2007-2008
INFORMATIQUE

Recupgratlor} de texFe dactylographié a partir de I’analyse THALES 2008-2009
acoustique d’un clavier
Methode d’estimation d’une composition isotopique a par- CEA LIST 20082009
tir de mesure spectrale X /7y
M.eta-modelc’ef pour .l estl’matlf)n d’une probabilité de dé- EDF R&D MRI 2009-2010
faillance et I’évaluation d’un risque de crue
Utlhsa/tlon de \code adjoint pour 1’optimisation fondée sur RENAULT 2009-2010
des méta-modeles
Etude eF comparaison de methodgs de modélisation pour la EDF R&D MRI 2010-2011
simulation de programmes de maintenance
Estimation d’incertitudes de mesures en régime transitoire LNE 2010-2011
Etudg Cf)mparatlve de, meth?des ('le modélisation de charges EDF R&D MIRE 2011-2012
non linéaires sur le réseau électrique BT
A}nal}ise. sfatlsthue spatiale de données de fissuration sur EDF R&D MRI 2011-2012
aéroréfrigérants
Ana¥yse. statlsthu§: d une procédure de calage d’un modele EDF R&D LNHE 2012-2013
de circuit de refroidissement
?t.rategles de plamﬁcat.lor/l d expériences en vue de mod- EDF R&D MIRE 2012-2013
éliser des charges non linéaires
Methodes d’analyse et de visualisation de données fonc- EDF R&D MRI 2012-2013
tionnelles
Optimisation de 1’équilibrage d’un rotor SNECMA 2013-2014
Optimisation des techniques d’équilibrage d’un rotor SNECMA 2014-2015
Calage d’un modele numérique de performance énergé- EDF R&D MRI 2014-2015

tique d’un batiment
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Collaborative projects

Etude statistique de I’inclinaison de tranches via les cap-

p . Usine Numérique 2006-2007
teurs de température des modules de cuisson dans le pro- .
S R Sytem@tic FUI 0 2 months
cessus de fabrication de circuits intégrés
Method for Forward Collision Warning based on Extreme ISI-PADAS
. 2008-2011
Value Theory European project
Evaluation d’un risque d’inondation fluviale par planifica- OPUS
tion séquentielle d’expériences — Modélisation boite noire . 2008-2011
< P ANR project
de systemes couplés
Sequential design of computer experiments for the estima- CSDL 2009-2012
tion of a probability of failure Sytem@tic FUI 7
Optimisation d’un systeme électrique en présence APOTEOSE
A . 2012-2016
d’énergies renouvelables ANR project
ROM - Outils de
Optimisation de fonctions colteuses COIlC.eptIOI'.l etde 2013-2016
simulation 2.2 mly
IRT SystemX
Bilateral projects
Estimation du gradient d’une nappe phréatique EDF R&D STEP 2006
£ ppep q 2 months
Estimation du gradient de pression d’un écoulement 2008
. . SCHLUMBERGER
biphasique 2 months
Calage du logiciel CooliSS EDF R&D LNHE 2009
g £ 0.5 months
Etude de performances d’une procédure de calage du logi- 2012

ciel CooliSS

EDF R&D LNHE

1 months




Chapter 3
Research experience

3.1 Summary of research work
3.1.1 Modeling systems using kriging

I started the preparation of my PhD thesis in 2001. The thesis was focused on
the problem of modeling a system from computer experiments, using reproducing
kernel regression and kriging techniques [20]. In computer-aided design, the term
computer experiments refers to the idea of experimenting with a computer model
[8, 18, 35]. More precisely, assume a knowledge-based model of a system in the
form of a computer program—for example, a finite-element program simulating the
physical behavior of some component in a device. For a number of reasons, the com-
puter program used for this purpose must often be seen as a black box, only known
by the numerical values that it produces (the program outputs) for given numerical
values of its input arguments.

To study the influence of these inputs on the values taken by the outputs, for in-
stance to find the combination of input arguments that leads to the most satisfactory
values of the output arguments, one has to call the same program again and again.
When the computational cost of the program is high, the number of runs is limited.
One can use a second level of modeling, often called a mefa-model, to summarize
what has been learned from the simulations and to infer the response of the original
computer model without actually running it again. The problem of constructing a
meta-model from simulation results is in fact that of function approximation from
pointwise evaluations. Kriging and kernel regression (which includes splines, ra-
dial basis functions, and support vector regression. .. ) have proven effective in this
context.

Mathematical links between kriging and kernel-based regularized regression
have been noticed very soon in the literature. My PhD dissertation presents a syn-
thesis of these links, drawn from the domains of function approximation, machine
learning, time series prediction and geostatistics. These links are essential, for in-
stance in order to understand how regularized regression via kernel-based methods
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should be formulated in the context of the approximation of vector-valued functions
for the approximation of MIMO systems [28], or to approximate the derivative of a
noisy function [30], or to take into account prior knowledge via semi-regularized re-
gression (or intrinsic kriging) [31] ... The question of how kernel-based regression
methods can be applied in engineering was addressed via the consideration of real
problems [20, 25, 29].

The specific problem of choosing the experiments, that is, which computer sim-
ulations should be carried out to obtain relevant information about the black box
model, is not addressed in the dissertation, which at that time was left for future
work.

After my thesis defense in 2005, I continued working on the specific problem of
modeling systems using kriging. In particular, from 2006 to 2009, I worked on the
problem of constructing black box approximations of continuous-time dynamical
systems [34].

3.1.2 Modeling extreme events from computer simulations

Uncertainty may appear in a system due to external perturbations or dispersion of the
design parameters. In this case, a deterministic approach to design systems, which
assumes a perfect knowledge of its environment, becomes questionable. The need of
reliable systems leads us to elaborate statistical models that are able to deal with this
randomness. In this context, I undertook the supervision of Miguel Piera-Martinez
during his PhD thesis. We focused our work on the problem of modeling the oc-
currence of extreme values in the output of a computer program, following the idea
that these extreme values may correspond to abnormal or dangerous operating con-
ditions. A simple Monte Carlo analysis of extreme values requires many simulations
of the system, which are often very expensive. It is thus desirable to analyze extreme
events with as few system simulations as possible.

Our first idea was to use the statistical theory of extreme values to model the
tail distribution of the output of a computer model. We could obtain satisfactory
results by applying Extreme Value Theory (EVT) to various problems in the domain
of electronic design and electromagnetic compatibility engineering [15, 17]. We
were also interested in using EVT to estimate multivariate quantiles. In this context,
we proposed a method combining EVT and one-class SVM, using the following
principle [16]: one-class SVM constructs a function, which when thresholded, yields
an empirical multivariate quantile, that is, a set (in the space of the observations) that
contains a given proportion of the observations; by using EVT, we could adjust the
threshold in such a way that the quantile remains accurate even when the quantile
probability is close to one.

In the second part of Miguel’s thesis, I suggested using a sequential approach for
the estimation of a probability of failure [26] using a kriging approach. This was
the first instance of a SUR (stepwise uncertain reduction) algorithm. This work was
improved and published during the period 2009-2013 [3, 7, 21].
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In 2007, I was presented the opportunity to co-supervise the PhD thesis of Aimad
El Habachi, which was about the safety evaluation of electromagnetic emissions
from wireless communications devices on human health. More precisely, the ob-
jective was to assess using computer models the probability that the SAR (Specific
Absorption Rate) in human body exceeds a given level given the variability of hu-
man anatomy [10]. Aimad and his co-supervisors from Orange Labs were able to
obtain interesting practical results using the sequential techniques that I had devel-
oped with Miguel.

3.1.3 Informational approach to global optimization and
Bayesian optimization

Julien Villemonteix’s PhD thesis (2005-2009) was driven by a question central to
many industrial optimization problems: how to optimize a function when its evalu-
ation is time-consuming?

I suggested that we could construct a new optimization algorithm using the
Bayesian viewpoint of kriging and by focusing on the posterior probability distribu-
tion of the optimizer points. More precisely, the Informational Approach to Global
Optimization (IAGO) [33] consists in sequentially choosing new evaluation points
of the function to be optimized in order to decrease the entropy of the optimizer
points.

This idea yields a global optimization algorithm, which combines local search,
near promising evaluation results, and global search, in unexplored areas. This in-
stance of Bayesian optimization algorithms has proven effective in comparison to
other algorithms in this class, and in particular the classical EGO (Efficient Global
Optimization) algorithm [12].

The work of Julien was above all guided by industrial concerns. Julien focused on
the use of IAGO for solving actual industrial problems. In his dissertation [32], he
also discusses a couple of important practical problems: constrained optimization,
noisy evaluation results, multi-objective problems, robust optimization in presence
of manufacturing uncertainties. . .

By 2008, I also had the opportunity to help Sandor Bilicz whose PhD thesis was
on using Bayesian optimization for dealing with inverse problems in Eddy-current
testing [5].

More recently, I participated in the writing of an article with Héloise Dutrieux,
PhD student (co-)supervised by my colleague Julien Bect, on the application of
TIAGO to optimize very noisy functions [9], where we proposed a new sampling
criterion where to circumvent the problem of the estimation of the entropy when
evaluation noise becomes large.
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3.1.4 Study of kriging-based sequential strategies

By 2006, I was interested in the asymptotic performance of the SUR procedure to
estimate a probability of failure and wanted to know if using approximations could
yield better estimators than the simple Monte Carlo estimator [26, 27].

Later, Julien Bect and I worked on the problem of the consistency of kriging-
based sequential strategies [22—24]; more precisely, the problem was to understand
whether kriging-based sequential strategies could provide consistent estimators of
a given quantity of interest (for instance, when seeking the global maximum of
a function using the Expected Improvement [14, 19] criterion). This topic has been
left out since 2011 by lack of time and dedication, but is among my favorite research
activities.

3.1.5 Efficient algorithms for optimization and estimation of probabilities of
failure

Since September 2009, Julien Bect and I began the supervision of PhD students on
the problem of the implementation of kriging-based sequential strategies.

1. Implementation of SUR strategies to estimate a probability of failure

The objective was to work on the limitation of the SUR strategies to estimate
a probability of failure that we had developed before 2009. More precisely, the
strategies we were using until that time consisted in constructing a (Bayesian)
estimator of the (simple) Monte Carlo estimator of the volume of excursion of
a function of interest above a given threshold. The applicability of this idea,
that we called meta-estimation [1, 3], is limited by the cost of computing the
Bayesian posterior distribution of the function of interest. Julien and I suggested
the idea of a new algorithm, called Bayesian Subset Simulation, that combines
a SUR strategy and the classical Subset Simulation algorithm [2, 6]. By using
this new algorithm, we were able to obtain very good results for the problem of
estimating very small probabilities of failure [13].

2. Fully Bayesian optimization

The objective was to work on an efficient implementation of Bayesian opti-
mization based on the EI criterion. When working with El-based algorithms,
two difficulties can be identified. The first problem is the choice of a Gaussian
process prior, and more precisely, the classical use of a maximum likelihood
approach to estimate the parameters of the covariance function of the Gaus-
sian process model of the El-based approach. Using maximum likelihood turns
out to lack robustness and to yield poor optimizations in some configurations.
The second problem is the maximization of the multi-modal EI criterion after
each new evaluation. We suggested combining a fully Bayesian approach and a
Sequential Monte Carlo approach to deal with both problems [4]: at each step
of the optimization algorithm, we deal with a set of so-called particles, where
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each particle corresponds to a pair of a likely position for the maximizer of the
EI criterion and a parameter value of the covariance function. We could obtain
very interesting numerical results that showed that our algorithm compares very
favorably to other methods of the literature.

. Constrained multi-objective optimization

Since January 2014, we work on the problem of dealing efficiently with expensive-
to-evaluate constraints in multi-objective optimization problems. By combining
several principles from our previous work, we were able to obtain promising
results [11]
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Chapter 1
General framework

1.1 Introduction

The basic framework which underlines most kriging-related studies is that of de-
cision theory. In its simplest form, the problem is as follows. Consider a set .% of
real-valued functions defined on a set X C R? and possessing some regularity prop-
erty, and let ¢ : . — ¢ be a given mapping. Our objective is to make inference
about ¢ (f), with f € % unknown, from a finite set of (possibly noisy) evaluations
of f.

Under the framework of decision theory, the act of evaluating f at a given point
is an experiment. The experiments can be prescribed in advance or chosen adap-
tively, in which case the experimenter takes observations in sequence and decides
at each stage which new experiment should be performed on the basis of the in-
formation thus far collected. The usual mathematical structure to describe such ex-
periments consists of a sequence of random variables Z;, Z;, ... € R that model
the outcomes of the evaluations of f at points Xi, Xp, ... € X, which are also
random variables, such that for all n = 1, 2, ..., X,,+| depends on the information
L, ={(X1,Z1),...,(Xu,Zy)} collected after n experiments. The initial point X; may
be chosen arbitrarily. We simply have Z, = (X, ) when evaluations are exact (noise-
less). Note that we use random models for the X;;s and Z,s because the X,,;s may be
chosen using a stochastic procedure, or because we may assume a random model
for f. The sequence of decision rules X = (X, X5, ...) is commonly referred to as
the sampling strategy.

To describe an estimation problem, one needs two additional objects: an es-
timator ¢, € ¢4 of ¢(f) that depends measurably on I,, and a positive function
L:9 x% — Ry such that L(¢(f), (En) quantifies the loss incurred by choosing
the estimator @, instead of ¢ (f).

In our work, we consider the following four classes of problems, which originate
from problems of system design in the industry.

a) Approximation: find a function q;n such that it is close to f in some sense.
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b) Optimization: find (5,, = (x%, M) € X x R such that M, is close to the maximum
value of f over X and x}; is close to (one of) the corresponding global maximizer.

c) Estimation of the probability of failure of a system: given a probability distribu-
tion Px on (X, %(X)), which models the fact that the input factors of a system
are uncertain, and a threshold u € R which corresponds to a critical value, find
an estimate ¢, of the probability a of f being above u, that is,

o=Px{xeX: f(x)>u}.

d) Estimation of a quantile: given a probability distribution Px on (X, %#(X)) and
areal number 0 < a < 1, find an estimate ¢, of

go =inf{lu € R: Px{f <u}>a}.

Note however that a given real industrial problem can seldom be simply ex-
pressed under the form of one of the four classes stated above. In practice, several
objectives may be sought at the same time. For instance, when doing simulation-
based car-crash testing, one not only seeks to minimize the probability of injury of
the passengers, but also, to minimize the mass of the vehicle, the cost of fabrication,
etc.

The performance of the estimation procedure after n experiments depends on the
terminal decision, that is, the choice of ¢,, and of the quantity of information col-
lected by the sampling strategy. The choice of a sampling strategy for the problems
mentioned above is discussed further in the next section.

1.2 SUR sampling strategies

In our work, we focus on stepwise uncertainty reduction (SUR) sampling strate-
gies [7, 66, 68, 69, ...]. Let & be a real-valued random process defined on some
probability space (2,%,Py) with parameter in X, and assume that f is a sam-
ple path of £. From a Bayesian decision-theoretic point of view, & represents prior
knowledge about f and makes it possible to infer a quantity of interest ¢ (&) by con-
sidering its posterior distribution after the results of the evaluations of £ at X, Xs, ...
This point of view, which has been introduced in the 60s in different domains [33—
35, 39, 40, 54], has been widely explored in the domain of optimization and com-
puter experiments (see, e.g., [17, 48, 61, 62, 71]). Then, X is a random sequence
in X, with the property that X+ is measurable with respect to the o-algebra .%,
generated by the random variables X1, Z; = &(X)), ..., Xn, Z, = E(X,). (We ex-
clude here strategies where the X,,s would be chosen using a stochastic mechanism.
Moreover, for the sake of clarity, we assume here that there is no noise.)

Under this setting, the performance of a given strategy X at step n can be assessed
using the risk

Un(X) = Eo L($(£),0a(8)),
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where E denotes expectation with respect to P.
When the total number of experiments, say N, is known in advance, it is well-
known (see, e.g., [12, 13]) that there exists a strategy X* such that

oy (X°) = jinf oy (X),

where <7 denotes the class of all sampling strategies, which can be formally ob-
tained by dynamic programming. Let ry = Ey (L(¢(§), (j;N(é))), where E,, n =
1,2, ... denotes the conditional expectation with respect to .%,. The quantity ry is

the terminal risk, or in other words, the actual loss incurred at the end of the estima-
tion procedure. Define by backward induction

rn:En(rn+1|Xn+1), n=N-—1,...,0. (1.1)

Notice that r, = E, (rn+1 | X,,+1) is an .%,-measurable random variable, since X,
is measurable with respect to .%,. Moreover, we have ro = Uy(X). The optimal
strategy X* is obtained by choosing, at each iteration n, the next evaluation point

Xy =argmink, (ry | X1 =x), n=1,...,.N—1. (1.2)
xeX

Unfortunately, solving (1.1)—(1.2) numerically is intractable when the horizon N is
greater than a few steps.

A very general approach to construct a sub-optimal strategy consists in replacing
the risk r, with 7, = E, (L(¢(&),9,(£))) in (1.2), and to choose the next evaluation
point using the following one-step look-ahead decision rule:

Xn+1 = argmin En(FnJrl |Xn+l :x) )
xeX

= argmin En{En+l (L(¢(é)7 (/p\nJrl(g))) ’ Xt :x}

xeX

= argmin E, (L(9(5), 9n1(8)) | Xu1 =x). (1.3)

The .%,-measurable random variable 7, can often be viewed as a measure of the
residual uncertainty about ¢ (£). Then, we say that the strategy (1.3) is a stepwise
uncertainty reduction strategy. In (1.3), the function

Yo En(LO(E), Bur1(E)) | Xur1 =x) (1.4)

is viewed as a sampling criterion—the minimum of which indicates the next evalu-
ation to be performed.

A fundamental example —Let f : X — R be a real-valued continuous function de-
fined on a compact subset X of R, d > 1 and consider the problem of finding an
approximation of the maximum of f,
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M = max .

max f(x)
The unknown function f is considered as a sample path of a random process &
defined on some probability space (Q,%,Py), with parameter x € X. For a given f,
the efficiency of an optimization strategy X can be measured using the loss function

L(M,M,) =M—M,, (1.5)

with M, = f(X1)V---V f(X,). Notice that M € [M,,, M, +m] with (.%,-conditional)
probability at least 1 — E,(M — M,)/m by Markov’s inequality. Thus, E,(M — M,,)
can be viewed as a measure of residual uncertainty about M. At iteration n, a SUR
strategy for choosing X}, | consists in minimizing the risk of X after n+ 1 evaluation
results:

Xy = argminkE, (M — M, | X401 =x)

xeX

= argmax E, (M, 41 | Xu11 = x)
xeX

= argr;axm(x) = Ea((§(x) = M)+, (1.6)
xe

where, for z € R, z4 := z VvV 0. This Bayesian decision-theoretic point of view for
optimization has been explored between 1970 and 1990 by J. Mockus, A. Zilinskas
and their coauthors (see [41, 42, 64, 79] and references therein). The sampling cri-
terion p,, introduced by [42] and popularized through the EGO algorithm [31], is
known as the expected improvement (EI). O

To derive a numerical approximation of the conditional expectation E, that ap-
pear in (1.3), we restrict & to be a Gaussian process. When & is Gaussian, it is
often possible (see, for instance, [7, 14]) to derive a closed-form expression of fﬁ,
or sometimes of an upper-bound of 7,, that depends only on the posterior mean &,
and the posterior standard deviation s, of & given & (X)), ..., £(X,). The functions
g,, and s, can be computed with a moderate computational effort using the frame-
work of kriging (see next section). Then, the conditional expectation E,, in (1.3) is a
one-dimensional integral with respect to the Gaussian posterior distribution of Z, 1.
Example—When & is a Gaussian process, the case of optimization mentioned
above is a particular case of a SUR strategy where the sampliilg criterion itself can

be obtained as a closed-form expression that depends on M,,, &, and s,

sn(x) @' <€"(S);)(;)M”> + (En(x) —M,) (W’) if s,(x) > 0,

(gn (x) —Mn) X if 5,(x) = 0,
1.7)
with @ standing for the Gaussian cumulative distribution function. (]
In the next section, we recall the framework of kriging that is used to obtain the
posterior distribution of a Gaussian process.

Pa(x) =
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1.3 Kriging

As mentioned above, we use the framework of kriging to obtain the posterior dis-
tribution of a Gaussian process from observations. Hereafter, the notation & ~
GP (m, k) means that & is a Gaussian process with mean function m : x € X —
E(&(x)) and covariance function k : (x,y) € X2+ cov(&(x),&(y)), with respect to
a probability space (2, %, Py).

Consider the model & defined by

& ~ GP(m, k),
m(-) = XL, Bipi(-), (1.8)
ﬁ17...7ﬁq€R,

where the ;s are unknown parameters, the p;s form a basis of d-variate polynomi-
als, and k is a continuous, strictly positive-definite function.

Notations. Let A be the vector space of all finite-support measures on X C R¢.
In other words, A is the space of linear combinations Y, ¢;8,:, where for all i,
¢; € R, and 0,; stands for the Dirac measure at x' € X. (In what follows, we shall
use the notation (A,¢) := [@dA, where ¢ is a measurable function and A is a
signed measure.)

The linear map

E: A — A =span{&(x); x € X} C L2(Q, %8, P)

| A=Y" ¢8i— EA) =YL, cé(x), (1.9)

extends & on A. We can also define the linear maps
m:A €A EER)) = (A,m)

and

k(o) € A% o covlE (). E ) = [ [ k) R0,

The bilinear form (4, i) 5 :=k(A, 1) + YL (A, pi) (1, p;) defines an inner prod-
uct on A (since k is strictly positive-definite). Denote by A the completion of A
under this inner product. Since & and m are bounded under (-,-) ,, they can be ex-
tended on A by continuity. Similarly, k can be extended by continuity on AZ.

Let & be the g-dimensional vector space spanned by the functions p; and denote
by A the subset of elements of A that vanish on &7:

AeAy = Voe P, (A,0)=0.

Notice that for all A € A1, £(A) is a zero-mean random variable.

We recall now the notion of kriging prediction.
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Definition 1.1 (Kriging predictor). Suppose we observe random variables &0 =
Eiveli=1,...,n,where E!, ... E" € 2, and where the £'s are zero-mean Gaus-
sian random variables independent of .. Denote by A’ the (unique) element of A
such that £/ = E(A7). For a given A € A, the kriging predictor of E(L) € H# based
on the observations is the linear projection

E(A) =Y d & = E(A)+ Y dyel (with T = Zapu) (1.10)

of £(A) onto span{E"°® i =1,...,n}, such that the variance of the prediction error
E(A) —&,(A) is minimized under the constraint

A=dp=A=Y dyA €Ay (1.11)
i=1
Proposition 1.1. The kriging coefficients aﬁ, i=1,...,n, are solutions of a system

of linear equations, which can be written in matrix form as

K+Ke PTY (2, [k
(e 0 (@)-()

where K is the n x n matrix with entries k(A', A7), i, j=1,...,n, K¢ is the covariance
matrix of the €'s, P is a q x n matrix with entries (AJ,p;) for j=1,....n and i =
1,...,q, by is a vector of Lagrange multipliers, k; is a vector of size n with entries
k(A1) and py, is a vector of size q with entries (A, p;), i=1,...,q.

Proposition 1.2. The kriging predictor is unbiased.

Definition 1.2 (Kriging covariance). The covariance function k, of the prediction
error is called the kriging covariance function. For all A, € A,

k() 1= cov () = E,(2), (k) —&i(w))
= k(A,u)—ajky — aﬁTLk;L +a; (K+Ke)ay,
= k(A, 1) —aky —bip; . (1.13)

Also define the kriging standard deviation s, as

sn(A) = k(A 1), AEA. (1.14)

When A = 6, for some x € X, we shall use the simplified notations E,, (x) :=&,(6y)
and s, (x) := 5, (0y).
One fundamental property of a Gaussian process is the following proposition.

Proposition 1.3. Let
q
m=Y Bipi€Z,
i=1
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. iid. . L . . .
with B; s (0, s%), s > 0, and k be a strictly positive-definite covariance function.
Let &* be a Gaussian random process such that, for all A € A,

S'(A)=nA)+mA), (1.15)
where 11 ~ GP (0, k) and, for all A and all i, E(m(A)B;) = 0.
Given L', ..., A" € A, denote by E° | F3 the random process &° conditioned

on the 6-algebra F; generated by £ = E5(AY), i =1, ..., n. Then, as s becomes
large,

&7 5GP (&k)

where g,f A=y, ail &S and k, are respectively the kriging predictor and the
kriging covariance function using the coefficients a; from (1.12)—obtained under
the model (1.8).

Under the model (1.8), wEere the parameters f3; in m are deterministic but un-
known, the kriging predictor £, does not correspond to the posterior mean E, (§ (1))
of & in general (because E,(£(1)) depends explicitly on m whereas &, does not).
Similarly, &, does not correspond to the posterior covariance of . This is not desir-
able under a Bayesian framework. However, Proposition 1.3 shows that &, and k, do
correspond to the posterior mean and the posterior covariance of the model (1.15)
when s — oo. Note that (1.15) can be rewritten under the form of a hierarchical
Bayesian model:

55|Bl;~-~aﬁq’”GP(§BiPiak>;

ES (1.16)

Bi,--, By ~N(0,s%).

As s — oo, the prior (1.16) becomes improper. Thus, we can say that the kriging
predictor and the kriging covariance receive a Bayesian interpretation as conditional
mean and covariance functions under an improper prior, which we shall denote again
by & [34, 47].

1.4 Consistency of the kriging predictor

The properties of the kriging estimator are partially understood. Most results come
from the literature of approximation in reproducing kernel Hilbert spaces (RKHS).
Throughout this section, assume that the distribution of £ is given by (1.16)
with s = oo, and that there is no evaluation noise.
Denote by # the topological dual space of (A, ||||4), which can be identified
(see [65], p. 65) to the RKHS of functions generated by the kernel
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q

Ko (x,y) = k(x,y)+ Y pi(x)pi(y).
i=1

Note that &’ is the reproducing kernel of the linear space of functions f = fy+ f1 +
-+~ + fy» where fj is in the RKHS (%, ||-||0o) generated by the kernel k, and the f;s,
i=1,...,q,areinthe RKHSs (%, ||-||;) generated by the kernels x,y — p;(x)pi(y),
endowed with a norm ||| 5 defined by

1£11% = min [|[£1I5+ IF1IF+ -+ 1£115] . (1.17)

the minimum taken for all the decompositions of f = fy + fi +--- f; with f; € %;
(see [4], p. 353).

Proposition 1.4. Let 1 € A, (A"),>1 € AN, and consider the sequence @n)nzl of
kriging predictors of A from the A's defined by (1.10).
Then, R
lims,(A)=0 = VfeZ, limA,, [)=(7,f).
n—soo n—eo
If we take A = §,, for some x € X, and 1! = i, i =1,2,..., for some se-
quence of evaluation points {x';i > 1} such that x is a point of adherence of
this sequence, then s,(8,) converges to zero (since k is continuous and for all i,
su(8:)? < var(&(x) — & (x'))). Thus, pointwise consistency of the kriging predictor
holds for all sample paths f € %. However, it is well-known that Po{& € Z} =0
(see for instance Driscoll’s theorem in [37]), which means that, under the prior &,
observations are not generated from a function coming from %Z. Fortunately, % is in
fact smaller than the space of all sample paths for which consistency holds, which
is of probability one, as shown in the following proposition.

Proposition 1.5. Let A € A and (A"),>1 € AN such that

lim s,(1) = 0.

n—yeo

Define N
G = {fERX:,}ijgo(l;1>f> =(1,))}

Then {& & 4} is Po-negligible.

Determining interesting classes of functions included in ¢ is related to the under-
lying properties of regularized approximation in reproducing kernel Hilbert spaces
and the notion of Lebesgue constant. More precisely, recall that the total varia-
tion of any A = Y,;¢;8; € A is the positive measure |A| := ¥;|c;|8,. For given
A, A, A" € A, the Lebesgue constant is defined as the operator norm |1n|(X)
of the linear form f € (C(X), || ||e) — <1,1, f), that maps continuous functions to
their kriging interpolation at A. This constant provides a measure of stability of the
interpolation process. The following proposition specifies the role of the Lebesgue
constant.



1.5 Choice of a covariance function 41

Proposition 1.6. Assume there exists ® € L>(R?) such that k(x,y) = ®(x — ).
Denote by @ : u v [pa ®(x)e”" ) du the Fourier transform of ®, and assume
that @~ has at most polynomial growth.

Let (xXp)n>1 € XN be a bounded sequence and denote by X its compact closure.
Set A' = 8, for all i > 1. Then, for x € Xo,

sup|2,|(X) < e = Vf € C(RY),  lim (A, f) = ().

n>1

Conversely, if the Lebesgue constant |1,,|(X) is not bounded, there exists a dense
subset V of (C(R?), ||- ||..) such that, for all f €V, sup,~|(An, f)| = ~+oo

Note that Proposition 1.6 is a correction of a false claim in [76] (see [67]). Results
about the Lebesgue constant for RKHS interpolation were obtained only recently
by [28]. In the case P satisfies

11+ [ul) ™ < B() < x(1+|ul}) ™ (we R (118)

with s > d/2 and constants 0 < ¢; < ¢, [28] proves that the Lebesgue constant is
bounded for quasi-uniform designs; that is, when there exists ¢ > 0 such that for all
n>1,
qn < hy < cqn,
where
1

=73 lgrin<i?§n‘Xi il

is the separation distance of (x,) and

h, = sup min |x — x;|
xeXx I<isn

is the fill distance of (x,).

1.5 Choice of a covariance function
1.5.1 Matérn Gaussian processes

As mentioned above, the rationale for restricting & to be a Gaussian process, or
in other words, for choosing a Gaussian prior for f, is that the posterior distribu-
tion of £ given observational data can be computed with a moderate computational
effort. However, experience suggests that a Gaussian process prior carries a high
amount of information about f, and it is often difficult in practice to elicit such a
prior before any evaluation is made.

For numerical studies, we most often use a Gaussian process with a low-degree
unknown polynomial mean and a Matérn covariance function whose parameters are
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also assumed to be unknown. The Matérn covariance is a general purpose positive-
definite function on RY, for every d. Recall that the Matérn correlation structure
may be written as

Kk () (2v‘/2h)v;fv (2v'2h)  (hery) (1.19)

T2 (v)

where I is the Gamma function and %, is the modified Bessel function of the third
kind [26, 27, 63]. A corresponding anisotropic covariance function may be written
as

k{e:(c,v7p1,...Apd)}(xay) = O'ZKV (x,y€ Rd) . (120

The parameter v > 0 controls regularity of the covariance, since for scale parameters
p1 == pg = 1, the Fourier transform g of g : h € R? + kg (0, ) may be written
up to a multiplicative constant as (Theorem 6.13 in [72])

glu) o< (4v+u) 72 (weR).

Of course, there are other interesting choices for correlations structures: the in-
verse multiquadrics x € R? + (¢ +||x||3)~# (with ¢ > 0, B > 0), Wendland’s com-
pactly supported kernels [72]... We recommend against considering the Gaussian
covariance function in the context of sequential search algorithms because it may
yield inconsistent estimators; see [67, 77].

To deal with the unknown parameters of the covariance function, we generally
choose a prior distribution for those parameters (see, e.g., [26, 32, 47, 56]) and we
follow one of the two approaches described below.

1.5.2 Standard fully Bayesian approach

To deal with the parameters of the covariance function, we consider the model

q
é |ﬁ17 ~~~>ﬁq79 NGP(Zﬁipika)v
=1
5: ﬁlv"'vﬁqNN(O»w)» (1.21)

GNTL'().

In geostatistics and spatial statistics, the introduction of a prior for the parameters
of the covariance function is frequently called Bayesian kriging [26, 49, 58]. The
predictive distribution of & is generally obtained using conjugate priors (see, €.g.,
[11, 26,36, 56]) or Monte Carlo sampling techniques (see, e.g., [18, 30, 45, 46, 74]).
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Methods for approximating the posterior distribution of & have also been pro-
posed [32, 44].
Under the model (1.21), the SUR sampling criterion (1.4) may be written as

Yu(x) = En(L(d)(g)vanM(é)) |Xn+l :x)
= E{Ea[L(0(8).6:11(8) | 0, X1 =] | X1 = x]

— [ s 8)dm (6) (122)

where %, (x; ) = E, (L(9 (&), @ns1(E)) | 6, X1 =x) and 7, stands for the posterior
distribution of 6. Sampling techniques (Monte Carlo Markov Chains, Sequential
Monte Carlo...) are generally used to approximate the integral with respect to 7,
in (1.22) (see, e.g., [10, 25, 50-52] and references therein). The corresponding com-
putational is often significant. It may be useful to obtain a closed-form expression of
the integral with respect to components of 8 when possible, using conjugate priors,
as illustrated in the following example.

Example — Let r be a correlation function and assume that m and ¢ are indepen-
dent, with m ~ N(0, o) and o following an inverse-gamma distribution 1G(ay, by)
with shape parameter ap and scale parameter by. Consider the case of a process &
with conditional distribution & | m, 62 ~ GP(m,c?r). The prior for 62 is conju-
gate [8, 9, 21, 36, 58, 73]: the conditional distribution of o2 given #, is IG(ay,, by),
with

an = ap+ "5,
T
bn = bO‘f’% (én_ﬁn]ln) R;l (én_fﬁn]ln) P

where § = (§(X1), ..., EX, )T, 1, =(1,...,1)T € R", R, is the correlation ma-

Tr-1
1, R, Sn

trix of and m, = -2
én’ TR M,

is the weighted least squares estimate of m. Let

by

dn

—r xT -1 2
gnZ(x): (1 Vl( ) Rn ]ln) >7

lfrnxTR,:lr,,er
(10 R 500 e

where 1, (x) is the correlation vector between & (x) and § .
Then, for all x € X, the posterior distribution of £ (x) may be written as

E(x) — &)
Gn (x)

with #;; the Student distribution with i > 0 degrees of freedom and 7, = 2a,. In
other words, the predictive distribution at x is a location-scale Student distribution

|y” Ntnrﬂ

with 1, degrees of freedom, location parameter En (x) and scale parameter g, (x).
Using & as a model for a function f to be optimized, the EI criterion (1.6) has a
closed-form expression, which is a generalization of (1.7) [9]:
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2
’;t“l F} (u) + uky, (u)) , (1.23)

En((E0)— Ma)2) = ) (

withu = (E,, (x) —M,) /x(x) and Fy, being the cumulative distribution function of #;.
]

1.5.3 Empirical Bayes approach

Very often however, we use the popular empirical Bayes approach, in which the
prior is estimated from the data inside a family of prior processes {&g; 0 € @} of the
type (1.16) with s = oo, in contrast to the standard fully Bayesian approach where
the prior is fixed before any data are observed. Regarding SUR-based sequential
search strategies, this means that we are considering a family of Bayesian procedures
indexed by 6, corresponding to sampling criteria ¥ ,, : x — E,, (L(¢(Eg), #nr1(Ep)) |
Xor1 = x). Then, we choose at each iteration of the sequential strategy a sampling
criterion Yo,n corresponding to a member 8 in the family of priors that we think
models observed data well. This is often called a plug-in approach.

Note that we can also think of the plug-in approach as an approximate fully
Bayesian method for dealing with covariance parameters: when the posterior distri-
bution 7, of 6 is concentrated enough around a point estimate 6, of 0,

~

1) = [ 7(06:0)dm(6) = 7ux:8,) =5 ,(5).

Most often in practice, we use restricted maximum likelihood (REML) for esti-
mating 0 [15, 29, 55, 63]. We prefer using REML estimation over maximum like-
lihood estimation because REML estimation does not require to integrate out the
mean of &y to carry out the estimation of 6. Recall that estimating the parameters
of the covariance by REML involves writing the likelihood of some zero-mean dif-
ferences of the observed data § = (Eg(A1),...,E9(A™))T, also called contrasts.

=n,
Contrasts are obtained by constructing a n X (n — g) matrix W of rank n — ¢ such
that
PW =0,

with P as in (1.12). (The columns of W are in the null space of P.) Then, for all
ie{l,...,n} Y, W[mlj € A, . The contrast vector Z = WTée,n e R lis
a zero-mean Gaussian random vector with covgriance matrix WTKgW, where Kg is
the covariance matrix of § om with entries kg (A?,A7). The log-likelihood of contrasts
can be written as

— 1 1
1(:0) = =" L10027 — ~logdet(WTKoW) — 2T (WTKoW) 'z, (1.24)
y 0BT o8 2
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To the best of our knowledge, determining the properties of the REML estimator
of the parameters of a covariance is still an open problem—in the setting of infill
asymptotics. We refer the reader to [5] for a comprehensive review of current re-
sults. One important result is that only microergodic parameters ([63], p. 162) of
the covariance function may be estimated consistently [2, 78]. In particular, param-
eters v, o and py, ..., pg of the Matérn covariance interplay, and literature suggests
that one should not expect to be able to identify all parameters from data. To deal
with this issue, we suggest using a penalized version of REML:

. _ 1 1
l(z;0)= " > L 1og2m — 5 logdet(WTKgW) — 52 (WTKgW) 'z —1(6),

where v(8) = (6 — 8*)TV~1(8 — 6*) is a quadratic penalization that constrains 6
in a neighborhood of a parameter 6* that is deemed plausible by the user.

Eventually, note that using a stationary Matérn Gaussian process as above has the
merit of simplicity although some theoretical questions remain open. This frame-
work has been extended in several directions in the literature: non-Gaussian random
processes [18, 24, ... ], non-stationary and local models [3, 6, 16, 20, 22, 53, 57, 59,
... ], modeling based on ANOVA decompositions and sensitivity analysis [19, 23,
38,43,70,...].

1.6 Proofs
1.6.1 Proof of Proposition 1.1

The kriging coefficients ai, i=1,...,n, are solutions of a quadratic problem with
linear constraints, which can be written under matrix form as:

ming, egr k(A,4) —2ajk; +a; (K+Ke)ay ,
Pa,l =pa-

It is well-known that such a problem can be rewritten under the form (1.12) using
the method of Lagrange multipliers which express collinearity of the gradients of
the linear form Pa, and the quadratic form k(A,A) —2ajky +a] (K+K¢)a,. 0O

1.6.2 Proof of Proposition 1.2

Since A — Ay € A1 O
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1.6.3 Proof of Proposition 1.3
The solution (ay, b, ) of (1.12) under the model & ~ GP(m, k), where m is assumed
deterministic, can be written as

a; = K 'k —K~'PT(PK~'PT)"1(PK~'k;, — p3),
by = (PK'PT)"'(PK 'k —p3).
For f; id (0,5), m is a Gaussian process with distribution GP (0,’) where,
forall A and u in A,
K1) = piZpu,

with X = szlq standing for the covariance matrix of the random vector (B, ..., ;).
Since the mean of &° is zero, &° | %, is a Gaussian process with distribution

GP(A,f7 ky), where & and k;, stand for the kriging predictor and the kriging covari-
ance function from observations %' = £E5(A!), i =1, ..., n, such that

M) =EE'(A)  (AeA)

and

k) =cov (E(A) = E(A). & W) -&(w)  (Auea)

Note that E,f(l) is also the orthogonal projection of £(A) onto span{&%i i =
1,...,n}. Thus,

~ n . .
S =Y e
i=1
where the a%is satisfy
a =(ay' ... a)") T =(K+PTZP) ' (k; +PTZpy).

Using the Sherman-Morrison-Woodburry formula applied to the term (K-+PTXP)~!,
rewrite a3 as

aj =K 'ky —K'PT
: [(2—1 +PK'PT)IPK 1y — (Iq —(z! +PK—1PT)—1PK—1PT) zm} .
Then, for s large enough,
(I,— (' +PK'PT)'PK 'PT)Zp,
—1
_ (Iq— (1+ K PT)'2) )Ep;L

— (PK'PT) " py — (PK'PT) ' (PKPT) (s ),
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since
(1, + (PK'PT)"'z !
=1,— (PK'PT) Izt (PKIPT) Iz N PK TP T2 4 o(s7?)

(Neumann series).
Therefore, a; = (a},...,a})T = limy,aj, and ES(A) 25 E3(A) = ¥ ah &P,
Moreover, it can be easily shown that

25 TPT = pl + ((PK k) = p] ) (PKTPT) 15 (s ).
Thus, as s — oo, the kriging covariance function k;, can be written as

k(2 pt) = k(A 1) — "k + (p} — a3 TPT)Epy
= k(A1) —a] ky — ] py +o(1)
— ka(As 1) +o(1).

1.6.4 Proof of Proposition 1.4

Since A — A, € Ay,

1A =T} = k((xl;jn,x D) = EQ) —EM)IR = [ER) - &M%

Therefore, the convergence /}:,1 — A holds strongly in A if and only if the
kriging predictor is L?(£,.a7,P)-consistent at A; that is, if the kriging variance

sn(A)? converges to zero. Since strong convergence implies weak convergence, if
lim,, e 5,(A)? = 0, then for all functions in the dual % of A

1im (Ao, f) = (A, £).

1.6.5 Proof of Proposition 1.5

Since £* defined by (1.16) is a zero-mean process, Eg(l) = E(&(A) | Fn) as.
Thus, (E(£5(A) | #)), is an L?-bounded martingale sequence, and we know that
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(r‘,‘n (l)) converges a.s. and in L>-norm to the same limit (see, e.g., [75]). Therefore,

BLA) =0 = (A3,&5) 25 (1, 89). O

1.6.6 Proof of Proposition 1.6

Recall that the Sobolev space H*(IR¢) can be defined as the class of elements f €
L>(RY) such that u +— u® f(u) € L*(RY) for all multi-indices o satisfying |a| < s,
where f stands for the Fourier transform of f. H*(R?) is endowed with the inner
product

(.8)s = [ (1-+lB)*FlaFla) du.

Recall also that the space C8°(IRd ) of C-functions with compact support on R¢
is dense in H® for every s (see, e.g., [1], Theorem 3.18). C(’f(IRd) is also dense in
the class C(R?) of continuous functions for the topology of uniform convergence
on compact sets (see, e.g., [1], Lemma 2.18).

We have the following properties:

(i) Forall f € %y, we have (see, e.g., [65])
1 N2
110, = g7 o PO B0

(i) Since @~! has at most polynomial growth, there exists so such that for all
| € %o,

%:ﬁ/m’f(u)'z&)( ) ldu< (22) / 7)) (14 ul3)™ du < +oo.

Thus, H*(RY) — .
(iii) %, is continuously embedded in £, due to (1.17).

Using (ii)-(iii) gives 5 (R?) C #. Thus,
xeXo = VfeCTRY), lim (A, f) = f(x). (1.25)

Let f € C(R?), and let (¢x) be a sequence of C3(R¢)-functions that converges
to f uniformly on Xy. Then,

| Gs £) = F )] < R f = 00|+ | M 6x,¢k|+l¢kx>—f(x)\
< (1 +M|X0)Sup|f O] + |(An— 8, 0] -

If we assume that the Lebesgue constant is upper-bounded by K > 0, then
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of

n—yoo

1imsup’@n,f>_f(x)| < (1+K) S;{1p|f_¢k| Py 0.

Conversely, if the Lebesgue constant is not bounded, there exists a dense subset V
(C(RY), |- |l..) such that, for all f € V, sup,~|(A4, )| = +o° (Banach-Steinhaus

theorem; see, e.g., Section 5.8 of [60]).
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Chapter 2
Sequential search strategies

2.1 Overview

This chapter presents a selection of articles dealing with SUR/one-step look-ahead
strategies that I consider important and for which I had a significant contribution.
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1 Introduction

Let F be a set of real-valued functions on a set X and let S : 7 — G be an arbitrary mapping. We
consider the problem of making inference about S(f), with f € F unknown, from a finite set of point-
wise evaluations of f. We are mainly interested in the problems of approximation and optimization.
Formally, a deterministic algorithm to infer a quantity of interest S(f) from a set of n evaluations of
f is a pair (L(n, §n) consisting of a deterministic search strategy

X, [ X () = (X (), Xa(f), - Xa(f) € X7,

and a mapping S, F— G, such that:

a) Xi(f) = 1, for some arbitrary z; € X

b) For all 1 <i <n, X;+1(f) depends measurably on Z;(f), where Z; = ((X1,Z1),...,(Xi, Z;)), and
Zi(f) = f(Xi(f)), 1 <i<n.

¢) There exists a measurable function ¢,, such that §n = ¢poL,.

The algorithm (L(n, §n> describes a sequence of decisions, made from an increasing amount of infor-
mation: for each i =1,...,n — 1, the algorithm uses information Z;(f) to choose the next evaluation
point X;,1(f). The estimator S,,(f) of S(f) is the terminal decision. We shall denote by A,, the class
of all strategies X,, that query sequentially n evaluations of f and also define the subclass AY C A,
of non-adaptive strategies, that is, the class of all strategies such that the X;s do not depend on f.

A classical approach to study the performance of a sequential strategy is to consider the worst
error of estimation on some class of functions F

€W0rstcase(Xn) ‘= sup L(S(f)a S\n(f)) )
feF

where L is a loss function. There are many results dealing with the problems of function approximation
and optimization in the worst case setting. Two noticeable results concern convex and symmetric
classes of bounded functions. For such classes, from a worst-case point of view, any strategy will
behave similarly for the problem of global optimization and that of function approximation. Moreover
the use of adaptive methods can not be justified by a worst case analysis (see, e.g., Novak, 1988,
Propositions 1.3.2 and 1.3.3). These results, combined with the fact that most optimization algorithms
are adaptive, lead to think that the worst-case setting may not be the most appropriate framework
to assess the performance of a search algorithm in practice. Indeed, it would be also important, in
practice, to know whether the loss L(S(f), §n( f)) is close to, or on the contrary much smaller than
Eworstease, Tor “typical” functions f € F not corresponding to worst cases. To address this question, a
classical approach is to adopt a Bayesian point of view.

In this paper, we consider methods where f is seen as a sample path of a real-valued random
process ¢ defined on some probability space (2, B, Pg) with parameter in X. Then, X, (§) is a random
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sequence in X, with the property that X,,11(¢) is measurable with respect to the o-algebra generated
by £(X1(§)), ..., £(X,(§)). From a Bayesian decision-theoretic point of view, the random process
represents prior knowledge about f and makes it possible to infer a quantity of interest before eval-
uating the function. This point of view has been widely explored in the domain of optimization and
computer experiments. Under this setting, the performance of a given strategy X,, can be assessed by
studying the average loss

€average(Xn) = EL(S(g)v S\n(f)) .

How much does adaption help on the average, and is it possible to derive rates of decay for errors in
average? In this article, we shall make a brief review of results concerning average error bounds of
Bayesian search methods based on a random process prior.

This article has three parts. The precise assumptions about £ are given in Section 2. Section 3 deals
with the problem of function approximation, while Section 4 deals with the problem of optimization.

2 Framework

Let & be a random process defined on a probability space (€, B, Py), with parameter = € R?. Assume
moreover that £ has a zero mean and a continuous covariance function. The kriging predictor of &(z),
based on the observations £(X;(€)), ¢ = 1,...,n, is the orthogonal projection

W Eul) = 3 Ni(: X, () €0, (0))
=1

of £(x) onto span{&(X;(€)),i = 1,...,n} in L?(Q, B, Py). At step n > 1, given evaluation points X,, (£),
the kriging coefficients \!(z; X, (€)) can be obtained by solving a system of linear equations (see, e.g.,
Chiles and Delfiner, 1999). Note that for any sample path f = £(w, +), w € Q, the value gn(w, x)isa
function of Z,(f) only.

The mean-square error (MSE) of estimation at a fixed point 2 € R? will be denoted by

on(@) = E{(&(x) — (2 X, (€))%} -
It is generally not possible to compute 02 (x) when X, is an adaptive strategy.
Regularity assumptions. Assume that there exists ® : R? — R such that k(z,y) = ®(x —y), which
is in L2(RY) and has a Fourier transform

P(u) = (27r)_d/2/d B (x)e' ™ dy

R

that satisfies
(2) L+ [[ul3) ™ < @(u) < co(L+ Jlul3) ™, ueR?,

with s > d/2 and constants 0 < ¢; < co. Note that the Matérn covariance with regularity parameter v
(see, e.g., Stein, 1999) satisfies such a regularity assumption, with s = v + d/2. Tensor-product
covariance functions, however, never satisfy such a condition (see Ritter, 2000, chapter 7, for some
results in this case).

Let ‘H be the RKHS of functions generated by k. Denote by (-, - )y the inner product of H, and
by |- ||% the corresponding norm. It is well known (see, e.g. Wendland, 2005) that H is the Sobolev
space

WiRY = {1 € 2®Y: F()(1+ 1|13 € L&)

due to the following result.
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Proposition 1. H C L?(R?) and Vf € H,
1718, = [ | Fw) @) du.
R4

| f1I3, is equivalent to the Sobolev norm

~ s/2
A s ety = ILFC) (14 1+ 1) ™ Ml 2rey

3 Approximation

We first consider the problem of approximation, with the point of view exposed in Section 2. Using
the notations introduced above, the problem of approximation corresponds to considering operators
S and S, defined by S(§) = {x and §n(§) = fAn i, with X C R? a compact domain with non-
empty interior. For the design of computer experiments, classical criteria for assessing the quality of
a strategy X,, € A, for the approximation problem are the maximum mean-square error (MMSE)

QM'ISE(AXn) = sup E ((f(x) - gn(x))Z) = sup 0721(96)
zeX zeX

and the integrated mean-square error (IMSE)

ense(X,,) = E(Hé_gnH%?(X,#)) = /Xon(x)zﬂ(dx)

(see, e.g., Sacks et al., 1989; Currin et al., 1991; Welch et al., 1992; Santner et al., 2003). These criteria
correspond to G-optimality and I-optimality in the theory of (parametric) optimal design.

As mentioned earlier, computing ¢2(x) is usually not possible in the case of adaptive sampling
strategies, even for a Gaussian process. From a theoretical point of view, however, it is important to
know if adaptive strategies can improve upon non-adaptive strategies for the approximation problem.

Proposition 2. Assume that £ is a Gaussian process. Then adaptivity does not help for the approxi-
mation problem, with respect to either the MMSE or the IMSE criterion.

Proof. For any adaptive strategy X,,, it can be proved by induction (using the fact that X,;;; only

Any

depends on Z;) that, for each z € X

(3) onl@) = E(0? @ X1(€), . X))

where 02(10; TiyeeoyTn), T1,-..,Tn € X, denotes the MSE at x of the non-adaptive strategy that selects
the points x1, ..., x,. Therefore, for each = € X,

o2(x) >  min _ o*(xz;x1, ..., Tn),
T1,...,Tpn €

which proves the claim in the case of the MMSE criterion. Similarly, integrating (3) yields

[ otin = €] [ 02 X, utan)}
> min /XO'2(.7J; X1, .en, Tn) p(de),

1, Tn €X

which proves the claim in the case of the IMSE criterion. O
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In the case of the IMSE criterion, Proposition 2 can be seen as a special case of a general result
about linear problems (see, e.g., Ritter, 2000, Chapter 7). The following proposition establishes a
connection between the MMSE criterion and the worst-case L*°-error of approximation in the unit
ball of H, which will be useful to establish the optimal rate for IMSE- and MMSE-optimal designs.

Proposition 3. Let H1 denote the unit ball of H. For any non-adaptive strategy X,, € A%, the MMSE
criterion equals the squared worst-case L°°-error of approximation in Hy using Sy :

2
enuse (X)) = (fseu”s 1S(f) — §n(f)HL°°(X) ) :

Proof. Let X,, € AY be a non-adaptive strategy such that X;(¢) = x;, i = 1,...,n, for some arbi-
trary x;s in X. Denote by A;(z) = \i(x; X, (§)) the corresponding kriging coefficients (which do not
depend on £). Using the fact that the mapping &(z) — k(z, -) extends linearly to an isometry from
span{£(y), y € R?} to H, we have for all 2 € X

Un(x) Hg(l‘) - gn(x)HLQ(Q7B7p0)

(e, ) = 32X (@) ki, lly,
— sup (f7 ZEREDY) N(z) k(s .))H

feHL

sup (f — gnf)(x) :

feH

Thus,

supon(z) = sup sup (f = Suf)(2) = sup [|f = Suf | oy
zeX feH1 zeX feH

O

The following proposition summarizes known results concerning the optimal rate of decay in the
class of non-adaptive strategies for both the IMSE criterion and the MMSE criterion. Note that, by
Proposition 2, this rate is also the optimal rate of decay in the class of all adaptive strategies if £ is a
Gaussian process.

Proposition 4. Assume that £ has a continuous covariance function satisfying the reqularity assump-
tions of Section 2, and let v = s — d/2 > 0. Then there exists C1 > 0 such that, for any X, € A%,

(4) C1 n72y/d < €se (Kn> < N(X) EMMSE (Kn)

Moreover, if X has a Lipschitz boundary and satisfies an interior cone condition, then there exists
Cy > 0 such that

(5) Xinf‘w EIMSE(XH) < H(X) Xinito GMMSE(Kn) < O n72y/d~

—=n n “n n

—2v/d

The optimal rate of decay is therefore n for both criteria.

Proof. Tt is proved in (Ritter, 2000, Chapter 7, Proposition 8) that there exists C7 > 0 such that
enase(X,) > Ch n~2"/d in the case where X = [0;1]9. This readily proves the lower bound (4) since
any X with non-empty interior contains an hypercube on which Ritter’s result holds.

If X is a bounded Lipschitz domain satisfying an interior cone condition, then (Narcowich et al.,
2005, Proposition 3.2) there exists ¢; > 0 such that ||S(f) — §n(f)||Loo(x) < erhly Y2 1S (H)llws ) for
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all f € H, where hy, = sup,ex min;egi . nyl|o— Xi(f)|2 is the fill distance of the non-adaptive strategy
X, in X. Therefore

n

||S(f)_§n(f)||L°°(X) < ahy[ISHllwsx) < ahy ||fHW;(Rd) < cahy || fllu

for some ¢y > 0, using the equivalence of the Sobolev Wi (R?) norm with the RKHS norm (see
Section 2). Considering any non-adaptive space-filling strategy X,, with a fill distance h,, = O(n‘l/d)

yields
inf -5 < cgnv/d
for some ¢z > 0 and the upper-bound (5) then follows from Proposition 3. ]

Finding a non-adaptive MMSE-optimal design is a difficult non-convex optimization problem in
nd dimensions. Instead of addressing directly such a high-dimensional global optimization problem,

we can use the classical sequential non-adaptive greedy strategy X, (+) = (z1,...,2,) € X" defined
by
(6) Tip1 = argmax UZ(x;xl,...,a:i), 1<i<n.

reX

Of course, the strategy is suboptimal but it only involves simpler optimization problems in d dimensions
and has the advantage that it can be stopped at any time. Following Binev et al. (2010), it can be
established that this greedy strategy is rate optimal.

Proposition 5. Assume that £ has a continuous covariance function satisfying the regularity as-
sumptions of Section 2, and let v = s — d/2 > 0. Let X,, be the sequential strategy defined by (6).
Then,

€MMSE(Xn) = O(n2y/d) .

Proof. Theorem 3.1 in Binev et al. (2010), applied to the compact subset {£(z), z € X} in L2(Q, B, Py),
states that the greedy algorithm (6) preserves polynomial rates of decay. The result follows from
Proposition 4. O

4 Optimization

In this section, we consider the problem of global optimization on a compact domain X C R
which corresponds formally to operators S and S, defined by S(¢) = sup,ex &(z) and S, (8) =
max;e1, .. n &(Xi(€)).

In a Bayesian setting, a classical criterion to assess the performance of an optimization procedure
is the average error

eor (X,,) = E(S(€) = 8a(€)) -

Although it may be not possible in the context of this article to make a comprehensive review of
known results concerning the average case in the Gaussian case, it can be safely said however that
such results are scarce and specific.

In fact, most available results about the average-case error concern the one-dimensional Wiener
process £ on the interval [0,1]. Under this setting, Ritter (1990) shows that the average error of
the best non-adaptive optimization procedure decreases at rate n~/2 (extensions of this result for
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non-adaptive algorithms and the r-fold Wiener measure can be found in Wasilkowski, 1992). Under
the same assumptions for &, Calvin (1997) derives the exact limiting distribution of the error of a
particular adaptive algorithm, which suggests that adaptivity does yield a better average error for the
optimization problem-—the result is that, for any 0 < ¢ < 1, it is possible to find an adaptive strategy
such that n(1=9(S(¢) — 8,(€)) converges in distribution.

A theoretical result concerning the optimal average-error criterion for less restrictive Gaussian pri-
ors is also available. If the covariance of a Gaussian process £ is a-Hoélder continuous, then Griinewélder
et al. (2010) show that a space filling strategy X,, achieves

(7) com(X,,) = O(n~ /D (logn)'/?).

=n

Thus, under the assumptions of Section 2, for a Matérn covariance with regularity parameter v, the
rate of the optimal average error of estimation of the optimum is less than n~*/%(logn)'/? (since a
Matérn covariance is a-Holder continuous with o = 2v). Note that this bound is not sharp in general
since the optimal non-adaptive rate is n~'/2 for the Brownian motion on [0; 1], the covariance function
of which is a-Hélder continuous with o = 1.

In view of these results, we can safely say that characterizing the average behavior of adaptive
sequential optimization algorithms is still an open (and apparently difficult) problem. At present, the
only way to draw useful conclusions about the interest of a particular optimization algorithm is to
resort to numerical simulations.

In the following paragraphs, we shall illustrate the kind of results that can be expected from such
empirical studies. Benassi et al. (2011) provide an empirical comparison between four optimization
algorithms. The first algorithm is a non-adaptive space-filling strategy. The second algorithm as-
sumes a Gaussian prior about the objective function and use the expected improvement (EI) sampling
criterion (Mockus et al., 1978) for choosing the evaluation points. In practice however, it is often
difficult to choose a Gaussian prior before any evaluation is made. As a result, the covariance func-
tion of £ is usually chosen in some parametric class of positive definite functions, the value of the
parameters assumed to be unknown. The third algorithm compared in Benassi et al. (2011) is a fully
Bayesian algorithm (FBA), which is used to deal with uncertain parameters of the covariance of &.
The fourth strategy is the popular efficient global optimization (EGO) algorithm introduced by Jones
et al. (1998), which assumes a Gaussian process prior and takes a plug-in approach to deal with the
uncertain parameters of the covariance.

In order to compare the four optimization strategies, Benassi et al. (2011) build several testbeds
Tr, k=1,2,..., of functions fi;, [ =1,..., L, corresponding to sample paths of a Gaussian process,
with zero-mean and a Matérn covariance function, simulated on a set of ¢ = 600 points in [0, 1]¢
generated using a Latin hypercube sampling (LHS), with different values for d and for the parameters
of the covariance. Here, we present the results obtained for two testbeds in dimension 1 and 4 (the

actual parameters are provided in Table 1).

Figures 1 and 2 show the average errors and also the distributions of the error of estimation of the
global optimum. These empirical results show that the EI strategy performs much better in average
than the space-filling strategy. Large errors are also less frequent with the EI strategy. Moreover,
we can also assess the cost of estimating the parameters of the covariance. EGO and FBA have very
similar average performances. In fact, both of them perform almost as well, in this experiments,
as the EI strategy, where the true parameters are assumed to be known. Comparing the tails of
complementary cumulative distribution function of the error Sf — S, f shows, however, that using a
fully Bayesian approach brings a reduction of the occurrence of large errors with respect to the EGO
algorithm. In other words, the fully Bayesian approach appears to be statistically more robust than
the plug-in approach, while retaining the same average performance. Empirical studies such as the
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Parameter \ Testbed T T

Dimension d 1 4

Number of sample paths L 20000 20000

Variance o2 1.0 1.0

Regularity v 2.5 2.5

Scale 8 = (B1,...,84) 0.1 (0.7, 0.7, 0.7, 0.7)

Table 1: Parameters used for building the testbeds of Gaussian-process sample-paths. The Gaussian process has a
zero-mean and a isotropic Matérn covariance function ki, ;2 , @ (7,y) € R? x R = o2k, (||l — yl|/p) with s, (h) =

ﬁr@) (21/1/2h)y Ky (21/1/2/1), h € R, where T is the Gamma function, K, is the modified Bessel function of the second

kind, and v, o2 p are strictly positive scalar parameters (see Stein, 1999).

one presented here are therefore very useful from a practical point of view, since they make it possible
to obtain fine and sound performance assessments of any strategy with a reasonable computational
cost.
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Figure 1: Average results and error distributions for testbed 71, for FBA (solid black line), EGO (dashed black line),
the EI with the parameters used to generate sample paths (solid gray line), the space-filling strategy (dashed gray line).
More precisely, (a) represents the average approximation error as a function of the number of evaluation points. In (b)
and (c), F(z) stands for the cumulative distribution function of the approximation error. We plot 1 — F(z) in logarithmic
scale in order to analyze the behavior of the tail of the distribution (big errors with small probabilities of occurrence).

Small values for 1 — F'(z) mean better results.
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Abstract This paper deals with the problem of estimating
the volume of the excursion set of a function f : R? — R
above a given threshold, under a probability measure on R¢
that is assumed to be known. In the industrial world, this cor-
responds to the problem of estimating a probability of failure
of a system. When only an expensive-to-simulate model of
the system is available, the budget for simulations is usually
severely limited and therefore classical Monte Carlo meth-
ods ought to be avoided. One of the main contributions of
this article is to derive SUR (stepwise uncertainty reduction)
strategies from a Bayesian formulation of the problem of es-
timating a probability of failure. These sequential strategies
use a Gaussian process model of f and aim at performing
evaluations of f as efficiently as possible to infer the value
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other strategies also based on a Gaussian process model for
estimating a probability of failure.
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1 Introduction

The design of a system or a technological product has to take
into account the fact that some design parameters are subject
to unknown variations that may affect the reliability of the
system. In particular, it is important to estimate the proba-
bility of the system to work under abnormal or dangerous
operating conditions due to random dispersions of its char-
acteristic parameters. The probability of failure of a system
is usually expressed as the probability of the excursion set of
a function above a fixed threshold. More precisely, let f be
a measurable real function defined over a probability space
X, B(X), Px), with X C R4, and let u € R be a threshold.
The problem to be considered in this paper is the estimation
of the volume, under Px, of the excursion set
M={xeX: f(x)>u} (1)
of the function f above the level u. In the context of ro-
bust design, the volume « := Px(I") can be viewed as the
probability of failure of a system: the probability Px models
the uncertainty on the input vector x € X of the system—
the components of which are sometimes called design vari-
ables or factors—and f is some deterministic performance
function derived from the outputs of a deterministic model
of the system.! The evaluation of the outputs of the model

IStochastic simulators are also of considerable practical interest, but
raise specific modeling and computational issues that will not be con-
sidered in this paper.
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for a given set of input factors may involve complex and
time-consuming computer simulations, which turns f into
an expensive-to-evaluate function. Therefore, the estimation
of @ must be carried out with a restricted number of evalua-
tions of f, generally excluding the estimation of the proba-
bility of excursion by a Monte Carlo approach. Indeed, con-
sider the empirical estimator

1 m
U = Z Lirxn>uys (@)
i=

where the X;s are independent random variables with dis-
tribution Px. According to the strong law of large num-
bers, the estimator o, converges to o almost surely when
m increases. Moreover, it is an unbiased estimator of «, i.e.
E(a,;) = «. Its mean square error is

E((am - a)z) = %(x(l —a).

If the probability of failure « is small, then the standard de-
viation of «,, is approximately /a/m. To achieve a given
standard deviation S« thus requires approximately 1/(8%«)
evaluations, which can be prohibitively high if « is small.
By way of illustration, if @ =2 x 1073 and § = 0.1, we
obtain m = 50000. If one evaluation of f takes, say, one
minute, then the entire estimation procedure will take about
35 days to complete. Of course, a host of refined random
sampling methods have been proposed to improve over the
basic Monte Carlo convergence rate; for instance, meth-
ods based on importance sampling with cross-entropy (Ru-
binstein and Kroese 2004), subset sampling (Au and Beck
2001) or line sampling (Pradlwarter et al. 2007). They will
not be considered here for the sake of brevity and because
the required number of function evaluations is still very
high.

Until recently, all the methods that do not require a
large number of evaluations of f were based on the use
of parametric approximations for either the function f it-
self or the boundary dT" of I'. The so-called response sur-
face method falls in the first category (see, e.g., Bucher
and Bourgund 1990; Rajashekhar and Ellingwood 1993, and
references therein). The most popular approaches in the
second category are the first- and second-order reliability
method (FORM and SORM), which are based on a linear
or quadratic approximation of 9I" around the most probable
failure point (see, e.g., Bjerager 1990). In all these methods,
the accuracy of the estimator depends on the actual shape
of either f or dI" and its resemblance to the approximant:
they do not provide statistically consistent estimators of the
probability of failure.

This paper focuses on sequential sampling strategies
based on Gaussian processes and kriging, which can be seen
as a nonparametric approximation method. Several strate-
gies of this kind have been proposed recently by Ranjan
et al. (2008), Bichon et al. (2008), Picheny et al. (2010) and
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Echard et al. (2010a, 2010b). The idea is that the Gaussian
process model, which captures prior knowledge about the
unknown function f, makes it possible to assess the un-
certainty about the position of I' given a set of evaluation
results. This line of research has its roots in the field of de-
sign and analysis of computer experiments (see, e.g., Sacks
et al. 1989; Currin et al. 1991; Welch et al. 1992; Oakley and
O’Hagan, 2001, 2004; Oakley 2004; Bayarri et al. 2007).
More specifically, kriging-based sequential strategies for the
estimation of a probability of failure are closely related to
the field of Bayesian global optimization (Mockus et al.
1978; Mockus 1989; Jones et al. 1998; Villemonteix 2008;
Villemonteix et al. 2009; Ginsbourger 2009).

The contribution of this paper is twofold. First, we intro-
duce a Bayesian decision-theoretic framework from which
the theoretical form of an optimal strategy for the estima-
tion of a probability of failure can be derived. One-step
lookahead sub-optimal strategies are then proposed,” which
are suitable for numerical evaluation and implementation on
computers. These strategies will be called SUR (stepwise
uncertainty reduction) strategies in reference to the work of
D. Geman and its collaborators (see, e.g. Fleuret and Geman
1999). Second, we provide a review in a unified framework
of all the kriging-based strategies and compare them numer-
ically with the SUR strategies proposed in this paper.

The outline of the paper is as follows. Section 2 intro-
duces the Bayesian framework and recalls the basics of dy-
namic programming and Gaussian processes. Section 3 in-
troduces SUR strategies, from the decision-theoretic under-
pinnings, down to the implementation level. Section 4 pro-
vides a review of other kriging-based strategies proposed in
the literature. Section 5 provides some illustrations and re-
ports an empirical comparison of these sampling criteria. Fi-
nally, Section 6 presents conclusions and offers perspectives
for future work.

2 Bayesian decision-theoretic framework
2.1 Bayes risk and sequential strategies

Let f be a continuous function. We shall assume that f
corresponds to a computer program whose output is not
a closed-form expression of the inputs. Our objective is to
obtain a numerical approximation of the probability of fail-
ure

a(f)=Px{x eX: f(x)>u}
Z/lf>udPx,
X

2Preliminary accounts of this work have been presented in Vazquez
and Piera-Martinez (2007) and Vazquez and Bect (2009).

3




Stat Comput (2012) 22:773-793

775

where 17, stands for the indicator function of the ex-
cursion set I', such that for any x € X, 1,.,(x) equals
one if x € I' and zero otherwise. The approximation of
a(f) has to be built from a set of computer experiments,
where an experiment simply consists in choosing an x €
X and computing the value of f at x. The result of a
pointwise evaluation of f carries information about f and
quantities depending on f and, in particular, about 17,
and a(f). In the context of expensive computer experi-
ments, we shall also suppose that the number of evalu-
ations is limited. Thus, the estimation of «(f) must be
carried out using a fixed number, say N, of evaluations
of f.

A sequential non-randomized algorithm to estimate o« ( f)
with a budget of N evaluations is a pair (X, ay),

Xy f 0 Xy () =X, Xa(f), ..., Xn(f) e XV,

ay: fan(f) eRy,
with the following properties:

(a) There exists x; € X such that X{(f) = x1, i.e. X1 does
not depend on f.

() Let Z,(f) = f(X,(f)),1<n<N.Foralll <n <N,
X,+1(f) depends measurably3 on Z,(f), where 7,, =
(X1, Z1)s -, (X, Zn)).

(¢) &y (f) depends measurably on Zy (f).

The mapping X, will be referred to as a strategy, or pol-
icy, or design of experiments, and &y will be called an
estimator. The algorithm (X N,&N) describes a sequence
of decisions, made from an increasing amount of informa-
tion: X1 (f) = x is chosen prior to any evaluation; for each
n=1,...,N — 1, the algorithm uses information Z,(f) to
choose the next evaluation point X,4+1(f); the estimation
an(f) of a(f) is the terminal decision. In some applica-
tions, the class of sequential algorithms must be further re-
stricted: for instance, when K computer simulations can be
run in parallel, algorithms that query batches of K evalua-
tions at a time may be preferred (see, e.g. Ginsbourger et al.
2010). In this paper no such restriction is imposed.

The choice of the estimator oy will be addressed in
Sect. 2.4: for now, we simply assume that an estimator
has been chosen, and focus on the problem of finding a
good strategy X, ; that is, one that will produce a good
final approximation @y (f) of a(f). Let Ay be the class
of all strategies X, that query sequentially N evaluations
of f. Given a loss function L : R x R — R, we define
the error of approximation of a strategy X, € Ay on f
as €(Xy, f) = L@n(f),a(f)). In this paper, we shall

3Le., there is a measurable map ¢, : (X x R)" — X such that X, =
@n0Z,.
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consider the quadratic loss function, so that (X, , f) =
@n(f) —a(f)*

We adopt a Bayesian approach to this decision problem:
the unknown function f is considered as a sample path of
a real-valued random process £ defined on some probability
space (€2, B3, Pg) with parameter in x € X, and a good strat-
egy is a strategy that achieves, or gets close to, the Bayes
risk

rg:= _inf Eo(e(Xy,$§)),
N

XyeA

where Eq denotes the expectation with respect to Pg. From a
subjective Bayesian point of view, the stochastic model £ is
a representation of our uncertain initial knowledge about f.
From a more pragmatic perspective, the prior distribution
can be seen as a tool to define a notion of a good strat-
egy in an average sense. Another interesting route, not fol-
lowed in this paper, would have been to consider the mini-
max risk inf X, eAy Maxy €(Xy, f) over some class of func-
tions.

Notation From now on, we shall consider the stochastic
model £ instead of the deterministic function f and, for
abbreviation, the explicit dependence on & will be dropped
when there is no risk of confusion; e.g., @y will denote the
random variable oy (¢), X, will denote the random vari-
able X, (£), etc. We will use the notations F,, P,, and E,, to
denote respectively the o -algebra generated by Z,,, the con-
ditional distribution Po(- | F,,) and the conditional expec-
tation Eqg( - | F,). Note that the dependence of X, on Z,
can be rephrased by saying that X, is J,-measurable.
Recall that E,,(Z) is F,-measurable, and thus can be seen
as a measurable function of Z,, for any random vari-
able Z.

2.2 Optimal and k-step lookahead strategies

It is well-known (see, e.g., Berry and Fristedt 1985; Mockus
1989; Bertsekas 1995) that an optimal strategy for such a
finite horizon problem®, i.e. a strategy X\ € Ay such that
Eo(e(X),&)) = rg, can be formally obtained by dynamic
programming: let Ry = En(e(Xy, ) = Ex(@v — @)?)
denote the terminal risk and define by backward induc-
tion
R, =minE, (R Xn+1 =x),
n I;IEISIQI n( n+1 | Xn+1 x)
n=N-1,...,0. “)

To get an insight into (4), notice that R,;+1, n =0,...,
N — 1, depends measurably on Z,,+1 = (Z,, Xn+1, Zn+1),

“In other words, a sequential decision problem where the total number
of steps to be performed is known from the start.
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so that E, (R,+1 | Xn+1 = x) is in fact an expectation with
respect to Z, 41, and R, is an F,-measurable random vari-
able. Then, we have Ro =rg, and the strategy X}, defined
by

X;Jrl = argminEn(Rn+1 | Xn+1 :x)1
xeX

aN_la (5)

n=1,...

is optimal.® It is crucial to observe here that, for this dy-
namic programming problem, both the space of possible
actions and the space of possible outcomes at each step
are continuous, and the state space (X x R)" at step n
is of dimension n(d + 1). Any direct attempt at solv-
ing (4)—(5) numerically, over an horizon N of more than
a few steps, will suffer from the curse of dimensional-
ity.
Using (4), the optimal strategy can be expanded as

X, = argmin E,,(min Eptp---min Ey_jRy ’ Xn+1 :x).
xeX Xnt2 XN
A very general approach to construct sub-optimal—but
hopefully good—strategies is to truncate this expansion af-
ter k terms, replacing the exact risk R, y; by any available
surrogate §n+k. Examples of such surrogates will be given
in Sects. 3 and 4. The resulting strategy,

X,41 = argminE, (min Epqr1---minE, 1 x—1 Rytk
xeX Xnt2 Xntk

Xy41 =x) ©6)
is called a k-step lookahead strategy (see, e.g., Bertsekas
1995, Sect. 6.3). Note that both the optimal strategy (5) and
the k-step lookahead strategy implicitly define a sampling
criterion J,(x), J,-measurable, the minimum of which in-
dicates the next evaluation to be performed. For instance, in
the case of the k-step lookahead strategy, the sampling cri-
terion is

Ju(x) =E, (min Evit -+ min Eniot Rusk | Xots =x> .
Xnt2 Xtk
In the rest of the paper, we restrict our attention to the class
of one-step lookahead strategies, which is, as we shall see in
Sect. 3, large enough to provide very efficient algorithms.
We leave aside the interesting question of whether more

SProving rigorously that, for a given Py and @y, (4) and (5) actually
define a (measurable!) strategy X}, € Ay is a technical problem that
is not of primary interest in this paper. This can be done for instance,
in the case of a Gaussian process with continuous covariance function
(as considered later), by proving that x — E,(Ru+1 | Xu+1(8) =x)
is a continuous function on X and then using a measurable selection
theorem.
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Eix,) =Y Ailxix,)E()

complex k-step lookahead strategies (with k > 2) could pro-
vide a significant improvement over the strategies examined
in this paper.

Remark 1 In practice, the analysis of a computer code usu-
ally begins with an exploratory phase, during which the out-
put of the code is computed on a space-filling design of size
ng < N (see, e.g., Santner et al. 2003). Such an exploratory
phase will be colloquially referred to as the initial design.
Sequential strategies such as (5) and (6) are meant to be used
after this initial design, at steps no+1, ..., N. An important
(and largely open) question is the choice of the size ng of
the initial design, for a given global budget N. As a rule of
thumb, some authors recommend to start with a sample size
proportional to the dimension d of the input space X, for
instance ng = 10d; see Loeppky et al. (2009) and the refer-
ences therein.

2.3 Gaussian process priors

Restricting £ to be a Gaussian process makes it possible
to deal with the conditional distributions P, and condi-
tional expectations E, that appear in the strategies above.
The idea of modeling an unknown function f by a Gaus-
sian process has originally been introduced approximately
in 1960 in time series analysis (Parzen 1962), optimization
theory (Kushner 1964) and geostatistics (see, e.g., Chiles
and Delfiner 1999, and the references therein). Today, the
Gaussian process model plays a central role in the de-
sign and analysis of computer experiments (see, e.g., Sacks
et al. 1989; Currin et al. 1991; Welch et al. 1992; Sant-
ner et al. 2003). Recall that the distribution of a Gaus-
sian process & is uniquely determined by its mean func-
tion m(x) := Eg(£(x)), x € X, and its covariance function
k(x,y) :=Eo((§(x) —m(x))(§(y) —m(y))), x, y € X. Here-
after, we shall use the notation & ~ GP(m, k) to say that &
is a Gaussian process with mean function m and covariance
function k.

Let £ ~ GP(0, k) be a zero-mean Gaussian process. The
best linear unbiased predictor (BLUP) of £(x) from obser-
vations £(x;), i =1,...,n, also called the kriging predictor
of £(x), is the orthogonal projection

(N
i=1

of &£(x) onto span{&(x;),i =1, ..., n}. Here, the notation x,,

stands for the set of points x, = {x1, ..., x,}. The weights

Ai(x; x,,) are the solutions of a system of linear equations

k(x,, x,)M(x; x,) =k(x, x,) ®)

where k(x,,, x,,) stands for the n X n covariance matrix of the
observation vector, A(x; x,) = (A1(x;X,), ..., An(X; gn))T,
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and k(x, x,) is a vector with entries k(x, x;). The function
X E(X;Lq) conditioned on £(x1) = f(x1),...,&(xp) =
f(x,), is deterministic, and provides a cheap surrogate
model for the true function f (see, e.g., Santner et al. 2003).
The covariance function of the error of prediction, also
called kriging covariance is given by

k(x, y;x,) = cov (6(x) —&(x; x,), E(¥) — E(¥3 x,))
= k(r, y) = D hiCrs x,) k(y, x). ©)

The variance of the prediction error, also called the kriging
variance, is defined as az(x; x,) =k(x,x;x,). One funda-
mental property of a zero-mean Gaussian process is the fol-
lowing (see, e.g., Chiles and Delfiner 1999, Chap. 3):

Proposition 1 If £ ~ GP(0, k), then the random pro-
cess & conditioned on the o-algebra F, generated by
E(x1), ..., E(xy), whichwe shall denote by & | F,, is a Gaus-
sian process with mean E(-; x,) given by (1)—~(8) and co-
variance k( -, +; x,,) given by (9). In particular, /S\(x; X,) =
Eo(E(x) | Fu) is the best F,-measurable predictor of &(x),
Sforall x € X.

In the domain of computer experiments, the mean of a
Gaussian process is generally written as a linear parametric
function

m(+) =B h(), (10)

where $ is an [-dimensional vector of unknown parameters,
and h = (hy,...,h)" is an I-dimensional vector of func-
tions (in practice, polynomials). The simplest case is when
the mean function is assumed to be an unknown constant m,
in which case we can take § =m and i : x € X+ 1. The
covariance function is generally chosen to be a translation-
invariant function:

ki(x,y) e X > 02 pg(x — ),

where o2 is the variance of the (stationary) Gaussian pro-
cess and py is the correlation function, which generally de-
pends on a parameter vector . When the mean is written
under the form (10), the kriging predictor is again a linear
combination of the observations, as in (7), and the weights
Ai(x; x,,) are again solutions of a system of linear equations
(see, e.g., Chiles and Delfiner 1999), which can be written
under a matrix form as

k(x,x,) h@)T\ (A0sx,)\  [kGxx,) an
h(x,) 0 @ )\ ke )7
where h(x,) is an [ x n matrix with entries h;(x;), i =

1,...,1, j=1,...,n, nis an [-dimensional vector of La-
grange coefficients (k(x,,, x,), A(x; x,), k(x, x,)) as above).
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The kriging covariance function is given in this case by

k(x, y; x,) == cov (E(x) — E(x; x,), E(») — E(¥; x,))
= k(x,y) — 2(x;x,) k(y, x,) — () Th(y).
(12)

The following result holds (Kimeldorf and Wahba 1970;
O’Hagan 1978):

Proposition 2 Let k be a covariance function.

{g|m~GP(m, k)
If
m:x > ﬂTh(x),/S~Z/IR1

then &|Fn~GP(E(+;x,), k(+, 3 x,)),

where U stands for the (improper) uniform distribution
over R!, and where &(;x,) and k(-, «; x,,) are given
by (7), (11) and (12).

Proposition 2 justifies the use of kriging in a Bayesian
framework provided that the covariance function of & is
known. However, the covariance function is rarely assumed
to be known in applications. Instead, the covariance func-
tion is generally taken in some parametric class (in this
paper, we use the so-called Matérn covariance function,
see Appendix A). A fully Bayesian approach also requires
to choose a prior distribution for the unknown parame-
ters of the covariance (see, e.g., Handcock and Stein 1993;
Kennedy and O’Hagan 2001; Paulo 2005). Sampling tech-
niques (Monte Carlo Markov Chains, Sequential Monte
Carlo...) are then generally used to approximate the pos-
terior distribution of the unknown covariance parameters.
Very often, the popular empirical Bayes approach is used
instead, which consists in plugging-in the maximum likeli-
hood (ML) estimate to approximate the posterior distribu-
tion of &. This approach has been used in previous papers
about contour estimation or probability of failure estimation
(Picheny et al. 2010; Ranjan et al. 2008; Bichon et al. 2008).
In Sect. 5.2 we will adopt a plug-in approach as well.

Simplified notation In the rest of the paper, we shall use
the following simplified notations when there is no risk of
confusion: &, (x) := & (x; Xn), 02 (x) := 02(x; Xp).

2.4 Estimators of the probability of failure

Given a random process & and a strategy Xy, the opti-

mal estimator that minimizes Eq((« — @)?) among all F,-
measurable estimators o;,, 1 <n < N, is

a, =E, (0) =E, </ 1E>u dPX) :/ pndPx, (13)
X X
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where

pn:x €Xt> P, {E(x) >u}. (14)
When £ is a Gaussian process, the probability p,(x) of ex-
ceeding u at x € X given Z, has a simple closed-form ex-
pression:

=1 -0 (M) o (B0

on(x) o (x)

(15)

where @ is the cumulative distribution function of the nor-
mal distribution. Thus, in the Gaussian case, the estima-
tor (13) is amenable to a numerical approximation, by inte-
grating the excess probability p, over X (for instance using
Monte Carlo sampling, see Sect. 3.3).

Another natural way to obtain an estimator of « given
1, is to approximate the excess indicator 1¢-, by a hard
classifier n, : X — {0, 1}, where “hard” refers to the fact
that n, takes its values in {0, 1}. If 1, is close in some sense
to 1g~,, the estimator

67n = / nndPX (16)
X
should be close to «. More precisely,
2
= ((an - Ol)z) =E, |:</(nn - l§'>u)dPX> :|
< [E(n-L?)ePe A7)

Let 7, (x) =P {nn (x) # 15(x)>u} =E((my(x) — 1E(x)>u)2)
be the probability of misclassification; that is, the probability
to predict a point above (resp. under) the threshold when the
true value is under (resp. above) the threshold. Thus, (17)
shows that it is desirable to use a classifier 1, such that 7, is
small for all x € X. For instance, the method called SMART
(Deheeger and Lemaire 2007) uses a support vector machine
to build 7,,. Note that

Tu(X) = pn(x) + (1 = 2py(x)) nn(x).
Therefore, the right-hand side of (17) is minimized if we set

() =1p,m>12=1g (x)>u> (18)

where &, (x) denotes the posterior median of £(x). Then, we
have

Ty (x) = min(p, (x), 1 — pp(x)).

In the case of a Gaussian process, the posterior median
and the posterior mean are equal. Then, the classifier that
minimizes t,(x) for each x € X is n, = 1§n ~u» in which

@ Springer

70

case

T (x) = Py ((E(x) — ) G (x) — u) < 0)

., _(D(@l(x) —u|>.
on(x)
Notice that for n, = lg”>u, we have Q;,, = a@,). Therefore,

this approach to obtain an estimator of « can be seen as a
type of plug-in estimation.

19)

Standing assumption It will assumed in the rest of the pa-
per that £ is a Gaussian process, or more generally that
E|Fy~ GP(g,, k(+, +; x,)) for all n > 1 as in Proposi-
tion 2.

3 Stepwise uncertainty reduction
3.1 Principle

A very natural and straightforward way of building a one-
step lookahead strategy is to select greedily each evalua-
tion as if it were the last one. This kind of strategy, some-
times called myopic, has been successfully applied in the
field of Bayesian global optimization (Mockus et al. 1978;
Mockus 1989), yielding the famous expected improvement
criterion later popularized in the Efficient Global Optimiza-
tion (EGO) algorithm of Jones et al. (1998).

When the Bayesian risk provides a measure of the esti-
mation error or uncertainty (as in the present case), we call
such a strategy a stepwise uncertainty reduction (SUR) strat-
egy. In the field of global optimization, the Informational
Approach to Global Optimization (IAGO) of Villemonteix
et al. (2009) is an example of a SUR strategy, where the
Shannon entropy of the minimizer is used instead of the
quadratic cost. When considered in terms of utility rather
than cost, such strategies have also been called knowledge
gradient policies by Frazier et al. (2008).

Given a sequence of estimators (&,),>1, a direct applica-
tion of the above principle using the quadratic loss function
yields the sampling criterion (to be minimized)
) =By (@ = @) | X1 =3). (20)
Having found no closed-form expression for this criterion,
and no efficient numerical procedure for its approximation,
we will proceed by upper-bounding and discretizing (20) in
order to get an expression that will lend itself to a numer-
ically tractable approximation. By doing so, several SUR
strategies will be derived, depending on the choice of esti-
mator (the posterior mean (13) or the plug-in estimator (16)
with (18)) and bounding technique.
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3.2 Upper bounds of the SUR sampling criterion

Recall that 7,(x) = min(p,(x),1 — p,(x)) is the proba-
bility of misclassification at x using the optimal classi-
fier 1§n(x)>u~ Let us further denote by v, (x) := p,(x)(1 —
pn(x)) the variance of the excess indicator lg(y)>y.

Proposition 3 Assume that either @, = E,(a) or @, =
[ 1;-,dPx. Define G, = [x/ya(y)dPx for all n €

{0,..., N — 1}, with
V= pp(1 = pp) =t (1 — 1),
if&\n =E; (a),
Tp =min(pp, 1 — pa),

if ay Zfl’gnZ”dpx.

Then, forall x e Xand alln € {0, ..., N — 1},

Yn =

) = T @) = (Gl | Xnir =),

Note that y,(x) is a function of p,(x) that vanishes at 0
and 1, and reaches its maximum at 1/2; that is, when the

uncertainty on lgn (x)>y 18 maximal (see Fig. 1).

Proof First, observe that, for all n > 0, « — @, = [ U, dPx,
with
1$(x)>u — Pn (x)
lf an =E; (o),

1$(X)>M - lgz(x)>u
if ay =flngudpx.

U, xeX—>U,(x)= 21

Moreover, note that y,, = | U, IIﬁ in both cases, where || - ||,; :
L3*(Q,B,P) — L%(Q, Fn,P), W > E,(W%)!/2_ Then, us-
ing the generalized Minkowski inequality (see, e.g., Vestrup
2003, Sect. 10.7) we get that

H/ U, dPx

s/nUnundPx
n
- / SVndPx = G,. 22)

Finally, it follows from the tower property of conditional ex-
pectations and (22) that, for all n > 0,

D) = En (It =@t 1241 | X1 = x)

2
= En(”/ Un+1dPx ’ Xn+1 :x>
n+1

<E, (Gﬁ+1 | Xnt1 =x) . O

Note that two other upper-bounding sampling criteria
readily follow from those of Proposition 3, by using the
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Fig. 1 y, as a function of p, (see Proposition 3). In both cases, y;, is
maximum at p, = 1/2

Cauchy-Schwarz inequality in L2(X, B(X), Px):

Ji) <Es ( [ 1P| X =x> . 23)
As a result, we can write four SUR criteria, whose expres-
sions are summarized in Table 1. Criterion JEI,{R has been
proposed in the PhD thesis of Piera-Martinez (2008) and
in conference papers (Vazquez and Piera-Martinez 2007;
Vazquez and Bect 2009); the other ones, to the best of
our knowledge, are new. Each criterion is expressed as the
conditional expectation of some (possibly squared) JF41-
measurable integral criterion, with an integrand that can be
expressed as a function of the probability of misclassifica-
tion 7,41. It is interesting to note that the integral in J, 45UR
is the integrated mean square error (IMSE)® for the pro-
cess 1esy.

Remark 2 The conclusions of Proposition 3 still hold in the
general case when £ is not assumed to be a Gaussian pro-
cess, provided that the posterior median 5,1 is substituted to
posterior the mean 51

3.3 Discretizations

In this section, we proceed with the necessary integral dis-
cretizations of the SUR criteria to make them suitable for
numerical evaluation and implementation on computers. As-
sume that n steps of the algorithm have already been per-
formed and consider, for instance, the criterion

() =E, ( [ w1 rPaan) | Ko = x). 24)

%The IMSE criterion is usually applied to the response surface £ itself
(see, e.g., Box and Draper 1987; Sacks et al. 1989). The originality
here is to consider the IMSE of the process 1, instead. Another way
of adapting the IMSE criterion for the estimation of a probability of
failure, proposed by Picheny et al. (2010), is recalled in Sect. 4.2.
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Table 1 Expressions of four

SUR-type criteria SUR-type sampling criterion

How it is obtained

TR () =B ((f /Tar1dPx)? | Xpy1 =)
st,gk(x) =Eu((f /onr1dPx)? | Xug1 =)
T3WR(x) = Ep(f Tut1 dPx | Xpp1 =)

TPR () =Ep(f vns1 | Xpg1 =x)

Proposition 3 with @, = [ 1z ., dPx
Proposition 3 with @, = E, (@)
Equation (23) with @, = [ 1z ., dPx

Equation (23) with &, = E,, (@)

Remember that, for each y € X, the probability of misclas-
sification 7,41(y) is F,+i-measurable and, therefore, is a
function of Z,,+1 = (Zyy, Xn+1, Zn+1)- Since Z,, is known at
this point, we introduce the notation v, +1(¥; Xn+1, Zn+1) =
T,+1(y) to emphasize the fact that, when a new evaluation
point must be chosen at step (n + 1), t,4+1(y) depends on
the choice of X1 and the random outcome Z, ;1. Let us
further denote by Q,, , the probability distribution of &(x)
under P,,. Then, (24) can be rewritten as

R () = f f U1 (75 X, 2000 1 (d2) P ().
RxX

and the corresponding strategy is:

Xpt1 = argmin// Un+1(¥; X, 2)
xeX RxX

X Qpx(dz) Px(dy). (25)

Given Z, and a triple (x, v, z), v,+1(y; x, z) can be com-
puted efficiently using the equations provided in Sects. 2.3
and 2.4.

At this point, we need to address: (1) the computation of
the integral on X with respect to Px; (2) the computation of
the integral on R with respect to Q; x; (3) the minimization
of the resulting criterion with respect to x € X.

To solve the first problem, we draw an i.i.d. sequence
Y1, ..., Y, ~ Px and use the Monte Carlo approximation:

1 m
/vn+1(y;x,z)F’x(dy)% —Zvn+1(Yj;x,z).
X mi

An increasing sample size n — m, should be used to build
a convergent algorithm for the estimation of « (possibly
with a different sequence Y, 1,..., Y, m, at each step). In
this paper we adopt a different approach instead, which
is to take a fixed sample size m > 0 and keep the same
sample Y1, ..., Y, throughout the iterations. Equivalently,
it means that we choose to work from the start on a dis-
cretized version of the problem: we replace Px by the em-
pirical distribution ’P\X’,, = % Z;": 10y T and our goal is now
to estimate the Monte Carlo estimator o, = f 1g>udﬁx,n =
% Z'}‘:l lg(yj)>u, using either the posterior mean E,, (o) =

%Zj pn(Y;) or the plug-in estimate %Zl 1§(Yj;§,,)>u~
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This kind of approach has be coined meta-estimation by Ar-
naud et al. (2010): the objective is to estimate the value of
a precise Monte Carlo estimator of a(f) (m being large),
using prior information on f to alleviate the computational
burden of running m times the computer code f. This point
of view also underlies the work in structural reliability of
Hurtado (2004, 2007), Deheeger and Lemaire (2007), De-
heeger (2008), and more recently Echard et al. (2010a,
2010b).

This new point of view suggests a natural solution for
the third problem, which is to replace the continuous search
for a minimizer x € X by a discrete search over the set
Xm :={Y1,..., Yy} This is obviously sub-optimal, even
in the meta-estimation framework introduced above, since
picking x € X'\ X, can sometimes bring more informa-
tion about £(Y1),...,&(Y,,) than the best possible choice
in X,,. Global optimization algorithms may of course be
used to tackle directly the continuous search problem: for
instance, (Ranjan et al. 2008) use a combination of a genetic
algorithm and local search technique, (Bichon et al. 2008)
use the DIRECT algorithm and (Picheny et al. 2010) use a
covariance-matrix-adaptation evolution strategy. In this pa-
per we will stick to the discrete search approach, since it is
much simpler to implement (we shall present in Sect. 3.4 a
method to handle the case of large m) and provides satisfac-
tory results (see Sect. 5).

Finally, remark that the second problem boils down to the
computation of a one-dimensional integral with respect to
Lebesgue’s measure. Indeed, since £ is a Gaussian process,
Qu, is a Gaussian probability distribution with mean En (x)
and variance o2(x) as explained in Sect. 2.3. The integral
can be computed using a standard Gauss-Hermite quadra-
ture with Q points (see, e.g., Press et al. 1992, Chap. 4):

/ V1 (ys x, Z)Qn,x (dz)

o
1 —~
v D wg vapr (v X, & () + 0n()ug V2),
q=1
where u1,...,up denote the quadrature points and wy,

..., wq the corresponding weights. Note that this is equiv-
alent to replacing under P, the random variable £(x) by
a quantized random variable with probability distribution




Stat Comput (2012) 22:773-793

781

Zqul Wbz, 41 40> Where wi = wy//m and zy41,4(x) =
En(x) + O'n(x)uq\/i

Taking all three discretizations into account, the proposed
strategy is:

m 0
Xyt =argmin y > S wjvnrr (Vi Yo 2ngrg (Vo) . (26)
1<k<m j=1g¢=1

3.4 Implementation

This section gives implementation guidelines for the SUR
strategies described in Sect. 3. As said in Sect. 3.3, the strat-
egy (26) can, in principle, be translated directly into a com-
puter program. In practice however, we feel that there is still
room for different implementations. In particular, it is im-
portant to keep the computational complexity of the strate-
gies at a reasonable level. We shall explain in this section
some simplifications we have made to achieve this goal.

A straight implementation of (26) for the choice of an
additional evaluation point is described in Table 2. This pro-

cedure is meant to be called iteratively in a sequential algo-
rithm, such as that described for instance in Table 3. Note
that the only parameter to be specified in the SUR strat-
egy (26) is Q, which tunes the precision of the approxima-
tion of the integral on R with respect to Q, x. In our nu-
merical experiments, it was observed that taking Q = 12
achieves a good compromise between precision and numer-
ical complexity.

To assess the complexity of a SUR sampling strategy,
recall that kriging takes O(mn?) operations to predict the
value of f at m locations from n evaluation results of f (we
suppose that m > n and no approximation is carried out). In
the procedure to select an evaluation, a first kriging predic-
tion is performed at Step 1 and then, m different predictions
have to performed at Step 2.1. This cost becomes rapidly
burdensome for large values of n and m, and we must fur-
ther simplify (26) to be able to work on applications where
m must be large. A natural idea to alleviate the computa-
tional cost of the strategy is to avoid dealing with candidate
points that have a very low probability of misclassification,
since they are probably far from the frontier of the domain

Table 2 Procedure to select a
new evaluation point X, € X
using a SUR strategy

Require computer representations of

(@) AsetZ, ={(X1, f(X1)),...,(Xu, f(Xpn))} of evaluation results;

(b) A Gaussian process prior & with a (possibly unknown linear parametric) mean function
and a covariance function kg, with parameter 0;

(c) A (pseudo-)random sample X, = {Y7, ..

., Y, } of size m drawn from the distribution P

(d) Quadrature points u1, ..., u o and corresponding weights w’l, el w’Q;

(e) A threshold u.

1. Compute the kriging approximation ﬁl and kriging variance 6,12 on X,, from Z,
2. For each candidate point Y;, j € {1, ..., m},
2.1 For each point Yy, k € {1,...,m}, compute the kriging weights A; (Yi; {X,, Y;}),
ie{l,...,(n+ 1)}, and the kriging variances o2(Yi: {(Xn. Y}
2.2 Compute zut1,4(Y;) = fa(Y)) + 0n(Yugv/2, forg=1,...,Q
2.3 Foreach z,11,4(Y;),q €{1,..., O},
2.3.1 Compute the kriging approximation f,,_,_l,j,q on X, from Z, U (Y,
S (X¥j) =2n41,4(Y})), using the weights A; (Yi; { X0, ¥}, i=1,....(n + 1),
k=1,...,m, obtained at Step 2.1.
2.3.2 Foreach k € {1, ..., m}, compute v,+1(Yk: Y, Zu+1,4(Y;)), using u, fnﬂ.m
obtained in 2.3.1, and 2 (¥); {X,,, ¥;}) obtained in 2.1
2.4 Compute J, (Y)) = Y4m; Y01 w) vas1 (Yes ¥ 2ug1,4(¥))).
3. Find j* = argminj Ju(Y;) and set X, 11 =Y«

Table 3 Sequential estimation

of a probability of failure 1. Construct an initial design of size ng < N and evaluate f at the points of the initial design.
2. Choose a Gaussian process & (in practice, this amounts to choosing a parametric form for
the mean of £ and a parametric covariance function ky)

(98]

. Generate a Monte Carlo sample X,, = {Y7, ..

., Y} of size m from Px

4. While the evaluation budget N is not exhausted,
4.1 Optional step: estimate the parameters of the covariance function (case of a plug-in

approach);

4.2 Select a new evaluation point, using past evaluation results, the prior £ and X,,;
4.3 Perform the new evaluation.

5. Estimate the probability of failure obtained from the N evaluations of f (for instance, by
using Ey () = 3 3 ; PN (Y))).
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of failure. It is also likely that those points with a low proba-
bility of misclassification will have a very small contribution
in the variance of the error of estimation o, — oy,.

Therefore, the idea is to rewrite the sampling strategy de-
scribed by (26), in such a way that the first summation (over
m) and the search set for the minimizer is restricted to a sub-
set of points Y; corresponding to the mg largest values of
7,(Y;). The corresponding algorithm is not described here
for the sake of brevity but can easily be adapted from that
of Table 2. Sections 5.2 and 5.3 will show that this pruning
scheme has almost no consequence on the performances of
the SUR strategies, even when one considers small values
for my.

4 Other strategies

4.1 Estimation of a probability of failure and closely
related objectives

Given a real function f defined over X C RY, and a thresh-
old u € R, consider the following possible goals:

1. estimate a region I' C X of the form I' = {x € X |
fx) >u};

2. estimate the level set dI"' = {x € X | f(x) = u};

. estimate f precisely in a neighborhood of 9T";

4. estimate the probability of failure @ = Px(I") for a given
probability measure Px.

w

These different goals are, in fact, closely related: indeed,
they all require, more or less explicitly, to select sampling
points in order to get a fine knowledge of the function f in
a neighborhood of the level set " (the location of which is
unknown before the first evaluation). Any strategy proposed
for one of the first three objectives is therefore expected to
perform reasonably well on the fourth one, which is the topic
of this paper.

Several strategies recently introduced are presented in
Sects. 4.2 and 4.3, and will be compared numerically to
the SUR strategy in Sect. 5. Each of these strategies has
been initially proposed by its authors to address one or sev-
eral of the above objectives, but they will only be discussed
from the point of view of their performance on the fourth
one. Of course, a comparison focused on any other objective
would probably be based on different performance metrics,
and thus could yield a different performance ranking of the
strategies.

4.2 The targeted IMSE criterion
The targeted IMSE proposed in Picheny et al. (2010) is a
modification of the IMSE (Integrated Mean Square Error)

sampling criterion (Sacks et al. 1989). While the IMSE sam-
pling criterion computes the average of the kriging variance
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(over a compact domain X) in order to achieve a space-
filling design, the targeted IMSE computes a weighted av-
erage of the kriging variance for a better exploration of the
regions near the frontier of the domain of failure, as in Oak-
ley (2004). The idea is to put a large weight in regions
where the kriging prediction is close to the threshold «, and
a small one otherwise. Given Z,,, the targeted IMSE sam-
pling criterion, hereafter abbreviated as tIMSE, can be writ-
ten as

JIMSE() _ g, (/5;(5 —:‘E\n+1)2 W, dPx ‘ Xnt1 =x> (27)

=/Xaz(y;x1,...,xn,x> Wa () P(dy), (28)

where W, is a weight function based on Z,,. The weight
function suggested by Picheny et al. (2010) is

W) = —ex _1<§’1—(’C)_“>2
= ovae P\ 2T ’

where s,% x) = ‘752 + a,% (x). Note that W, (x) is large when
g,(x) ~ u and 0”2 (x) =~ 0, i.e., when the function is known
to be close to u.

The tIMSE criterion operates a trade-off between global
uncertainty reduction (high kriging variance 0,12) and ex-
ploration of target regions (high weight function W,,). The
weight function depends on a parameter o, > 0, which al-
lows to tune the width of the “window of interest” around
the threshold. For large values of oy, J™SE behaves ap-
proximately like the IMSE sampling criterion. The choice
of an appropriate value for o,, when the goal is to estimate
a probability of failure, will be discussed on the basis of nu-
merical experiments in Sect. 5.3.

The tIMSE strategy requires a computation of the expec-
tation with respect to £(x) in (27), which can be done ana-
lytically, yielding (28). The computation of the integral with
respect to Px on X can be carried out with a Monte Carlo
approach, as explained in Sect. 3.3. Finally, the optimiza-
tion of the criterion is replaced by a discrete search in our
implementation.

(29)

4.3 Criteria based on the marginal distributions

Other sampling criteria proposed by Ranjan et al. (2008),
Bichon et al. (2008) and Echard et al. (2010a, 2010b) are
briefly reviewed in this section.” A common feature of these
three criteria is that, unlike the SUR and tIMSE criteria

"Note that the paper of Ranjan et al. (2008) is the only one in this
category that does not address the problem of estimating a probability
of failure (i.e., Objective 4 of Sect. 4.1).
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discussed so far, they only depend on the marginal poste-
rior distribution at the considered candidate point x € X,
which is a Gaussian N(E,, (x), O’,% (x)) distribution. As a con-
sequence, they are of course much cheaper to compute than
integral criteria like SUR and tIMSE.

A natural idea, in order to sequentially improve the esti-
mation of the probability of failure, is to visit the point x € X
where the event {£(x) > u} is the most uncertain. This idea,
which has been explored by Echard et al. (2010a, 2010b),
corresponds formally to the sampling criterion

(30)

JE () =70 =1 — @ (@) |

o (x)

As in the case of the tIMSE criterion and also, less explic-
itly, in SUR criteria, a trade-off is realized between global
uncertainty reduction (choosing points with a high cr,% (x))
and exploration of the neighborhood of the estimated con-
tour (where |u — g,,(x)| is small).

The same leading principle motivates the criteria pro-
posed by Ranjan et al. (2008) and Bichon et al. (2008),
which can be seen as special cases of the following sam-
pling criterion:

JRB(x) :=E, (max (0, e(x)® — |u — £(x)|°)), (31)
where €(x) = k 0,(x), k,§ > 0. The following proposition
provides some insights into this sampling criterion:

Proposition 4 Define G, 5 :10, 1[ - Ry by

Ges(p):=E (max(O, K — |¢_1(P) + U|)) ,

where U is a Gaussian N'(0, 1) random variable. Let ¢
and ® denote respectively the probability density function
and the cumulative distribution function of U.

(@) Ge5(p) = Gr5(1 — p) forall p €10, 11.
(b) Gy s is strictly increasing on 10, 1/2] and vanishes at 0.
Therefore, G s is also strictly decreasing on [1/2, 1],
vanishes at 1, and has a unique maximum at p = 1/2.
(c) Criterion (31) can be rewritten as

TR (x) = 0, (x)° G 5(pa (X)) (32)
(d) Gy.1 has the following closed-form expression:
Gi1(p) =1 (®(T) —@(7))
—1(20() — o(F) — ©(17))
— (20() — ™) = 0(t7)), (33)

wheret =&~ '(1—p),tT=t+Kkandt~ =1t —«.
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(e) Gy.2 has the following closed-form expression:
Gea(p) = (kK> = 1=12)(@(T) — (1))
—21(p(t™) — (7))
+1hp(™) =17 e7), (34)

with the same notations.

It follows from (a) and (b) that J,lfB (x) can also be seen as a
function of the kriging variance anz (x) and the probability of
misclassification 7, (x) = min(p,(x), 1 — p,(x)). Note that,
in the computation of G s(p,(x)), the quantity denoted by ¢
in (33) and (34) is equal to (u —/S\n(x))/on (x), i.e., equal to
the normalized distance between the predicted value and the
threshold.

Bichon et al.’s expected feasibility function corresponds
to (32) with § = 1, and can be computed efficiently us-
ing (33). Similarly, Ranjan et al.’s expected improvement®
function corresponds to (32) with § = 2, and can be com-
puted efficiently using (34). The proof of Proposition 4 is
provided in Appendix B.

Remark 3 In the case § = 1, our result coincides with the
expression given by Bichon et al. (2008, (17)). In the case
8 =2, we have found and corrected a mistake in the compu-
tations of Ranjan et al. (2008, (8) and Appendix B).

5 Numerical experiments
5.1 A one-dimensional illustration of a SUR strategy

The objective of this section is to illustrate a SUR strategy
in a simple one-dimensional case. We wish to estimate o =
Px{f > 1}, where f : X =R — R is such that Vx € R,

F(x) = (0.4x — 0.3)* + exp(—11.534|x|"%)
+exp(—5(x — 0.8)%),

and where X is