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ABSTRACT

In this work we address the problems of stability analysis and controller syn-
thesis for one dimensional linear parabolic Partial Differential Equations (PDEs). To
achieve the tasks of stability analysis and controller synthesis we develop methodolo-
gies akin to the Linear Matrix Inequality (LMI) framework for Ordinary Differential
Equations (ODEs). We develop a method for parabolic PDEs wherein we test the
feasibility of certain LMIs using SDP to construct quadratic Lyapunov functions and
controllers. The core of our approach is the construction of quadratic Lyapunov
functions parametrized by positive definite operators on infinite dimensional Hilbert
spaces. Unlike positive matrices, there is no single method of parametrizing the set
of all positive operators on a Hilbert space. Of course, we can always parametrize a
subset of positive operators, using, for example, positive scalars. However, we must
ensure that the parametrization of positive operators should not be conservative. Our
contribution is constructing a parametrization which has only a small amount of con-
servatism as indicated by our numerical results. We use Sum-of-Squares (SOS) poly-
nomials to parametrize the set of positive, linear and bounded operators on Hilbert
spaces. As the name indicates, an SOS polynomial is one which can be represented as
a sum of squared polynomials. The most important property of an SOS polynomial
is that it can be represented using a positive (semi)-definite matrix. This implies
that even though the problem of polynomial (semi)-positivity is NP-hard, the prob-
lem of checking if polynomial is SOS (and hence (semi)-positive) can be solved using
SDP. Therefore, we aim to construct quadratic Lyapunov functions parametrized by
positive operators. These positive operators are in turn parametrized by SOS polyno-
mials. This parametrization using SOS allows us to cast the feasibility problem for the
existence of a quadratic Lyapunov function as the feasibility problem of LMIs. The
feasibility problem of LMIs can then be addressed using SDP. In the first part of the

thesis we consider stability analysis and boundary controller synthesis for a large class



of parabolic PDEs. The PDEs have spatially distributed coefficients. Such PDEs are
used to model processes of diffusion, convection and reaction of physical quantities
in anisotropic media. We consider boundary controller synthesis for both the state
feedback case and the output feedback case (using an observer design). In the second
part of thesis we design distributed controllers for the regulation of poloidal magnetic
flux in a tokamak (a thermonuclear fusion device). First, we design the controllers
to regulate the magnetic field line pitch (the safety factor). The regulation of the
safety factor profile is important to suppress the magnetohydrodynamic instabilities
in a tokamak. Then, we design controllers to maximize the internally generated boot-
strap current density. An increased proportion of bootstrap current would lead to a

reduction in the external energy requirements for the operation of a tokamak.

vi



CHAPTER 1
RESUME EN FRANCAIS

Dans ce travail, nous considérons l’analyse et le controleur et la synthese
d’observateur pour les Equations Différentielles Partielles (EDP) paraboliques en util-
isant polynomes Somme des carrés (SOS). Dans les Chapitres 5-7 nous considérons
une classe générale des EDP paraboliques. Considérant que, dans les Chapitres 8-9

nous considérons la PDE régissant ’évolution du flux magnétique poloidal dans un

Tokamak.
Dans le Chapitre 5 nous analysons la stabilité de
wy(z,t) = a(r)wee (z,t) + b(x)w, (2, 1) + c(x)w(z, t),
avec des conditions aux limites
nw(0,t) + rew,(0,t) =0 et prw(l,t) + pow,(1,t) = 0.
Ici a, b et ¢ sont des fonctions polynomiales de x € [0, 1]. En outre,
1]+ 2] >0 et |p1| + |pa| > 0. (1.1)

Différentes valeurs de ces scalaires peuvent étre utilisés pour représenter Dirichlet,

Neumann, Robin ou des conditions aux limites mixtes.

Nous établissons la stabilité exponentielle en construisant des fonctions de

Lyapunov de la forme V(w(-,t)) = (w(-,t), Pw(:,t)), ou

(Py) (x) = M(z)y(x) + / " K (e )y () de+ / Ko, O)y(€)de, y € Lo(0,1), (1.2)

ou les polynomes M, K; et Ky sont paramétrés par des matrices positives. Les
résultats des expériences numériques présentées prouver que la méthode présentée a

une quantité négligeable de conservatisme.



Dans le Chapitre 6 nous construisons de fagon exponentielle stabiliser controleurs

basés retour d’état pour
wi(x,t) = a(T)we(x,t) + b(z)w,(z,t) + c(x)w(z, t),
avec des conditions aux limites
nw(0,t) + Lw,(0,t) =0 et prw(l,t) + pows(1,t) = u(t).

Ici u(t) € R est l'entrée de commande. Utilisation des fonctions de Lyapunov
de la forme V(w(-,t)) = (w(-,t), P tw(-,t)), olt P est de la forme donnée dans
I’Equation (10.2), nous synthétisons controleurs F : H?(0,1) — R de telle sorte

que si la commande est donnée par
u(t) = Fw(-,1),

alors le systeme est exponentiellement stable. Des expériences numériques indiquent
que la méthode est tres efficace dans des systemes qui sont controlables dans un
certain sens approprié de stabilisation. En outre, nous étendons la méthodologie de
construction Lo controleurs de limites optimales qui minimisent 1’effet d’une entrée

décentralisée exogene sur 1’état du systeme.

Dans le Chapitre 7 nous construisons de facon exponentielle estimation obser-

vateurs d’état pour
wi(z,t) = a(r)wee (z,t) + b(x)w, (2, 1) + c(x)w(z, ),
avec des conditions aux limites
nw(0,t) + 1w, (0,t) =0 et prw(l,t) + powy(1,t) = u(t).
Nous supposons que la mesure limite (sortir) de la forme

y(t) = mw(l,t) + powy(1,1),



est disponible. L’objectif est d’estimer I'état w le systeme a 'aide de la sortie frontiere

y. Pour ce faire, nous concevons des observateurs de Luenberger de la forme
Wy(x,t) = a(x)Wep(z,t) + b(x)W, (2, 1) + c(x)W(z, t) + p(z,t),
avec des conditions aux limites
ww(0,t) + 1w, (0,8) =0 et pr(1,t) + pew,(1,t) = u(t) + q(t).
Ici p(x,t) et g(t) sont les entrées d’observateurs.

En construisant des fonctions de Lyapunov de la forme

V(@ = w)(,1) = (@ —w)(-, 1), P(w — w)(-, 1)),

nous construisons opérateur @ : R — Lo(0, 1) et scalaire O de telle sorte que si

pl,t) = (O@(t) —y(1)) (z) et q(t) = OG(E) —y(t)),

ou §(t) = puw(1,t) + pob,(1,t), puis w — w exponentiellement vite. En outre, nous
montrons que les observateurs congues peuvent étre couplés a des controleurs congus
dans le Chapitre 6 a construire de fagon exponentielle en fonction de stabilisation ob-
servateurs controleurs de limites. Les résultats numériques indiquent que la méthode

proposée est efficace dans la construction de rétroaction de sortie controleurs.

Dans les Chapitres 8-9 on considere le gradient de flux magnétique poloidal la
Z =1, dont I’évolution est régie par

%—f(:)ﬁ,t) L 0 (77|(x’t)2 (:L‘Z(l’,t))) +RO% (m\(m’t)jlh(xvt> +jbs($vt)) )

z Oz

- foa? or

avec des conditions aux limites
Z(O,t) =0 et Z(].,t) = —Roﬂglp(t)/zﬂ',
ou

n) = résistivité parallele,



Jin, = hybride basse densité de courant (LHCD),
Jbs = densité de courant d’amorcage,
I,, = courant de plasma totale, et

1o = la perméabilité de 'espace libre.

Dans le Chapitre 8 nous réglementons le terrain des lignes de champ magnétique,
également connu sous le profil de facteur de sécurité, ou la ¢-profil en utilisant 7, que
I’entrée de commande. Depuis

1
xX -,
17
nous réglementons le Z-profil. Nous accomplissons cette tache en utilisant une fonc-

tion de Lyapunov de partir
1
V(Z(-,t)) = / 2*(1 — 2)M(2) " Z(z,t)*dw,
0
ou M(z) est un polynéme strictement positif et

Jin(z,t) = Ky(x)Z (2, t) + % (Ko(2)Z(x,t)),

ou K, et Ky sont des fonctions rationnelles.

Dans le Chapitre 9 nous maximisons la norme de la densité de courant boot-

strap j5s. Depuis
1
Z’

nous minimisons la norme de la Z-profil. Nous utilisons une fonction de la forme

jbs 0.8

Lypaunov
V(Z(-,t)) = /1 2 M(x) "t Z(x,t)*dr,
0
ou M(x) est un polynome strictement positif et
Jin(z,t) = Kq(z)Z(x,t),
ou K est une fonction rationnelle. De plus, nous présentons une heuristique de telle

sorte que les contraintes de forme sur I'entrée de commande jj;, sont respectés.



CHAPTER 2
INTRODUCTION

In the year 2011, fossil fuel energy accounted for 83% of the total global con-
sumption. Despite the fact that renewable energy and nuclear fission power are the
world’s fastest growing energy sources, fossil fuels will continue to supply almost 80%
of the global demand through 2040 [1]. It is because of this dependence on fossil
fuels that the total carbon emissions are expected to rise by 29% during the same
time period [2]. Moreover, before the end of the 215 century, an energy shortfall
is expected to occur if only the present energy sources like fossil fuels, hydro and
nuclear fission are used [3]. Although renewable energy sources like solar, wind and
geothermal energy are safe and cause a minimal environmental impact (green house
gases emission and ecological damage), they do not posses the desired energy pro-
duction density (rate of energy produced divided by the area of the land required to
produce it). Thus, an energy source is required which has abundant fuel, possesses

high energy density, causes a minimal environmental impact and is safe.

A possible energy source that satisfies all the requirements highlighted in the
previous paragraph is nuclear fusion [4]. Nuclear fusion is the process in which two
nuclei fuse to form a single nucleus and possibly additional neutrons and protons.
Consider the reaction

H? + H® - He' 4 n,

where H? denotes a Deuterium nucleus (one proton and one neutron), H? is the
Tritium nucleus (one proton and two neutrons), He* is the Helium nucleus (two
protons and two neutrons) and 7 is a neutron. In order for the Deuterium and
Tritium particles to overcome the electrostatic force of repulsion and fuse, they must
possess significant energy. This energy may be provided by heating up the Deuterium-

Tritium gas to a temperature of a 100 million degrees Celsius. At a temperature of 100



million degrees Celsius, the Deuterium-Tritium gas is in a completely ionized state,
also known as a plasma. Since the Deuterium-Tritium plasma has free electrons and
ions, the plasma can be confined by a magnetic field. This is because a charged particle
moving through a magnetic field experiences a force (Lorentz force) that causes it to
gyrate about the magnetic field lines [5]. A tokamak is a toroidal vessel that uses
magnetic fields to confine plasmas. A tokamak is equipped with current carrying
coils arranged around the toroid (see Fig. 2.1). These current carrying coils create
a magnetic field By which lies in the toroidal plane. Additionally, a tokamak has a
current carrying core which is charged before the initiation of the fusion and then is
commanded to discharge. This discharge generates a varying magnetic field around
the plasma. Since the plasma is a conductor, a current I, is generated described by
Faraday’s laws of induction. The plasma current I, generates a magnetic field Bp
in a plane normal to the toroidal plane. The combination of Bp and By produces a

helical magnetic field that confines the plasma [6], [7].

Iron Transformer Core

Transformer

Winding

(Primary
circuit)

Poloidal
Magnetic
Field

Plasma”Current

(Secondary circuit)

Resultant  Toroidal

Helical Magnetic Field
Field

(Twist exaggerated)

Figure 2.1. Schematic of a tokamak.

The word ‘tokamak’ is derived from the Russian for ‘toroidal chamber’ and
‘magnetic coil’. The T-1 tokamak, built in the former USSR, for the first time since

research in fusion devices began, achieved temperature and confinement times re-



quired for the initiation of fusion [8]. It was soon realized that an improvement in the
plasma confinement time could be achieved by increasing the plasma minor radius [6].
Thus, many countries undertook the project of designing and building larger toka-
maks. The largest of these was the Joint European Torus (JET) tokamak [9]. The
JET tokamak, and others like the Tore Supra [10], have been used for a better under-
standing of tokamak plasma physics and simulating conditions for future tokamaks.
One such future tokamak is the iter tokamak [4]. Iter is a large tokamak currently
under construction in southern France and is jointly funded by China, the European
Union, India, Japan, South Korea, Russia and the United States. The goal of iter is

to demonstrate the technology for electricity generation using thermonuclear fusion.

The plasma in a tokamak suffers from various instabilities. For example, an
important instability which occurs at the plasma center is the sawtooth instability [11].
The sawtooth instability causes the temperature and pressure at the center of the
plasma to rise and crash in a periodic fashion. The crash in the temperature and
pressure results from a fast outward transport of particles and energy from the center.
This transport removes the energetic particles from the plasma center which are
required for the fusion to continue. Additionally, large sawteeth can trigger other

instabilities in the plasma [12].

Another example of a plasma instability is the Neoclassical Tearing Mode
(NTM) instability. The magnetic field confining a tokamak plasma can be thought
of as nested iso-flux toroids. The NTM instability occurs when the iso-flux surfaces
tear and rejoin to form structures known as magnetic islands [13]. The presence of
the magnetic islands adversely affects the energy confinement and reduces the plasma
pressure. For example, if the NTM instabilities were allowed to grow in the iter toka-
mak, the magnetic islands would cover a third of the total plasma volume and reduce

the fusion power production by a factor of four [14].



The suppression of such plasma instabilities and various others require feed-
back control to achieve desired plasma properties in a tokamak. Feedback control can
be used to improve the safety and efficiency of tokamaks. A few examples of feed-
back control applications in a tokamak include, plasma shape [15], [16], safety factor
[17], [18] and plasma pressure and current [19], [20]. Moreover, the iter tokamak [4]
will be operating under the Advanced Tokamak (AT) regime [21]. The AT regime
requires plasma shapes with a high degree of accuracy, high plasma pressures, in-
creased plasma confinement efficiency and a reduction in the dependence on external
energy input. Due to the importance of feedback control, large tokamaks like JET
[22] and DIII-D [23] have ongoing programs dedicated to the design and validation of

controllers for the AT regime [24], [25], [26], [27].

A tokamak plasma interacts with currents, magnetic fields and forces exerted
on and by it. In order to quantitatively predict the behavior of tokamak plasmas,
mathematical models are required. One way is to use Magneto-Hydro-Dynamics
(MHD) models. MHD is a branch of physics that studies the behavior of plasma under
the effects of electric and magnetic fields [28]. A sub-branch of MHD is ideal MHD
[29], wherein we make the assumption that the plasma has zero resistivity. However,
ideal MHD is sufficiently accurate in predicting certain plasma instabilities and its
models can be used to construct plasma evolution equations for control design [7].
Ideal MHD models of plasmas are derived using Maxwell’s equations and conservation
of mass, momentum and energy [30]. Recall, Maxwell’s equations are a set of four
equations (Gauss’ law for electricity, Gauss’ law for magnetism, Faraday’s laws of
induction and Ampere’s law) which describe how electric and magnetic fields interact,

propagate, influence and get influenced by objects.

Maxwell’s equations, and hence models of MHD, are described by Partial

Differential Equations (PDEs). To understand what a PDE is, consider n variables



Ty, T,y €QCR, je{L,--,n}, and quantity w(zy, -, z,), w: QX xQ —

R. A general one dimensional PDE model is of the form [31]:

2 (i)
F(m?...,xmaw L Ow w0 w...):o, (2.1)

0y ox,, 0r129 axgl)

where FF : QO x--- xQXxRx--- xR — R, %,je {1,--+,n}, denote the partial

Ty
derivative of w(zy,- - ,x,) with respect to z; and ¢ € N. In this work, we consider

PDEs of the form
w(z,t) = a(r)we(z,t) + b(v)wy(z, t) + c(x)w(x, t), (2.2)

where x € [0,1], ¢t > 0 and a, b and ¢ are continuous functions of the independent
variable x. Such types of PDEs are known as second order parabolic PDFEs. Parabolic
PDEs are used to model processes such as diffusion, transport and reaction. The
choice of such PDEs is partially motivated by the models employed for the evolution
of plasma parameters in a tokamak. However, such models have coefficients which are
both space and dependent. Since we are interested in the steady state operation of
tokamaks, i.e., holding the plasms stable to some equilibrium, we drop the temporal
dependencies of the coefficients and consider the simplified models. Such models may

be used to depict the evolution of plasma parameters at time scales much slower than

the MHD modes.

The first question to be asked of a parabolic PDE, or in fact any type of PDE,
is if it is well-posed. A parabolic PDE is well-posed if the PDE has a unique solution.
The definition of a solution of a PDE is non-trivial [31], [32], [33], [34]. To keep the
introduction simple, we will use the ‘classical definition of the solution’. Rigorous
definitions of solutions of PDEs and their types will be presented in subsequent chap-
ters. Consider the parabolic PDE given in Equation (2.2). Intuitively, it can be seen
that a solution w to this second order PDE is one which is atleast twice continuously

differentiable in x and continuously differentiable in ¢, such that all the derivatives are
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well-defined, and w satisfies the equation. These requirements lead to the definition

of a classical solution.

Definition 2.1. [31] For the PDE given in (2.2), a function which is at least twice
continuously differentiable in x, continuously differentiable in t and satisfies the PDE
s known as a solution. If in addition, the solution is unique, it is defined as a classical

solution.

Since the concept of classical solution is the easiest to understand, we will use

it throughout the introduction.

We now consider the problem of stability analysis. To this end, we will start

by defining a set of real valued functions known as Ls(£2), Q@ C R, given as

Lo(Q) = {f : Q> R[]0, = ( / f2<:v)dx>% < o). (2.3)

The set Ly(€2) is widely used in the analysis of PDEs and thus, we will use it in the
subsequent discussion. The functional ||-||z, : L2(2) — R is known as the norm on
the set Lo(€2). The definition and properties of norms can be found in [35]. For any
f € Ly(Q), the norm || f||., formalizes the concept of ‘the size’ of f. Similarly, for
f,g € La(Q2), the norm || f — g||z, quantifies the ‘closeness’ of f and g. With the
understanding of Ly and its norm ||-||,, we can now define the stability of solutions

of PDEs. In particular, we are interested in exponential stability defined as following.

Definition 2.2. The PDE given in Equation (2.2) is exponentially stable in the

sense of L3 () if there exist scalars M > 0 and o > 0 such that

|lw(, )|, < Me™®"  forall t>0.

As an example, consider the stability of the one dimensional heat conducting

rod whose temperature w(x,t), x € [0,1], t > 0, is governed by the parabolic PDE

wy(x,t) = Kwy(x, 1),
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where k > 0 is the thermal conductivity of the rod. Additionally, suppose that the
temperature of the rod is zero at both ends. This results in the following boundary
conditions

w(0,t) =0 and w(l,t)=0, forall t>0.

The solution to this PDE is given by [36]:
> 2,2 !
w(z,t) = 2/{2 e " tsin(ﬂnx)/ sin(mnz)w(z,0)dz.
n=1 0
It is easy to show that
|lw(-,t)|| < Me=**, forall ¢ >0,

where

2

1 1
M =2k (/ ZsinQ(an)/ sin?(mnz)w?(z, O)dzdx> and o =7’
Rt 0

Thus, using Definition 2.2 it can be seen that the heat equation is exponentially

stable.

Consider the following extension of the PDE given in Equation (2.2):
wy(x,t) =a(z)wee(x,t) + b(z)w(x, t) + c(z)w(z, t) + d(x)uy (z, ), (2.4)
with boundary conditions
w(0,t) = 0 and w,(1,t) = Bus(t),

where a, b, ¢ and d are known continuously differentiable coefficients, 5 is a known
scalar and w(-,t) € Ly(0,1). The functions u; : (0,1) x (0, 00) — R and us : (0,00) —
R, which appear in the PDE in addition to the dependent variables and the unknown
function w, are known as inputs. The distributed function of x, u;(z,t), is known as
a distributed input. The function us(t) which appears in the boundary conditions

is known as a boundary input. The case when d(z) = 0 is an example of the
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system with only boundary input. Similarly, the system only has distributed input
when g = 0.

For PDEs with input, we consider exponential stabilization and regulation

defined as follows:
Definition 2.3 (Stabilization). For the PDE 2.4, the stabilization problem is:

Find:  uy(x,t) and us(t)

such that: there exist M, > 0 with ||w(-,t)|]] < Me ™, t>0.
Definition 2.4 (Regulation). Given a function v(x), the regulation problem is:

Find:  uy(x,t) and us(t)

such that: there exist M, > 0 with |w(-,t) —v(-)]| < Me ", t>0.

Some examples of stabilization and regulation of parabolic PDEs can be found

in [37], [38], [39].

Consider the autonomous (without inputs) parabolic PDE for « € [0,1] and

t € (0,00),

wi(z,t) = a(z)we(z,t) + b(2)w,(z, t) + c(x)w(x, t),

w(0,t) =0, wy(1,t) =0, yi(z,t)=d(x)w(x,t), y(t) =~w(l,t), (2.5)

where a, b, ¢, d are known continuously differentiable functions and ~ is a known
scalar. Assume that y;(z,t) and ys(t) are known functions. These known functions
which provide a complete or partial knowledge of w are known as the outputs. When
the output provides the knowledge of w over a non-zero Lebesgue measure subset of
[0, 1], it is known as distributed output. When the output provides the knowledge
of w over the boundary of the set [0,1], it is known as boundary output. In

Equation (2.5), y1(x,t) is the distributed output and y,(t) is the boundary output.
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Since in most cases, the outputs provide only a partial knowledge of the solu-
tion, it is desirable to use the outputs to estimate the complete solution of the PDEs.
The estimates may be used for the design of stabilizing control laws, for example. To
estimate the solution, an artificial PDE is constructed that uses the output of the
actual PDE as its input. This artificial PDE whose output is the estimate of the
solution of the actual PDE is known as the observer. For the PDE given by Equa-
tion (2.5), an observer of the following type, also known as a Luenberger Observer,

can be designed

~

Wi(x,t) = a(x)Wep(x, t) + b(x) Wy (2, t) + c(x)w(x,t) + d(z) (Y1 (2, ) — 1 (2, 1)),
’lZJ(O, t) =0, wx(lv t) = ’?(Q2(t) - y2(t))> (26)
where ¢;(z,t) = d(x)w(x,t) and go(t) = ~w(1,t). The search for the unknown

coefficients d and 4 is known as the observer synthesis problem and can be stated as

follows.

Definition 2.5 (Observer synthesis). Given the linear second order PDE 2.5 with

outputs y, and yo, the observer synthesis problem is

Find: d(z) and # for the System 2.6
such that: there exist M, > 0 with

||w(,t)—UA}(,t)|| < Meiaa t>0.
A few examples of observer synthesis for parabolic PDEs can be found in [40],
[41], [42].

The stabilization problem can be restated as a question of feasibility. A general

optimization problem is of the form

Minimize,,ep : f(lﬂl, T >$n)
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subject to: |g(xy,--+,x,)| <b and

lz1] < e -0 |an] <,

where f,g: R" — R, b, ¢ > 0. The related feasibility problem would be to find z; € R,

i € {l,---,n}, which satisfy the constraints of the optimization problem.

An important type of optimization is conver optimization [43].

Definition 2.6 (Convex function). A real valued function f : R™ — R is convex if

flaz + By) < af(x) + Bf(y) (2.7)

for allz,y € R" and all o, f € R witha+ =1, >0, §>0.

This convexity condition means that a line joining any two points on the
function always lies on or above the function. For convex functions, we define the

following class of optimization problems.

Definition 2.7 (Convex optimization problem). A convex optimization problem
is of the form
Minimizezern @ fo(x)

subject to:  fi(x) <c¢, g €eR, ie{l,--- ,m},

where the functions fy and f; are all convex.

Constrained optimization problems, for most cases, cannot be solved analyt-
ically. However, convex optimization problems can be efficiently solved algorithmi-

cally [44]. An important class of convex optimization is a Semi-Definite Programming
(SDP).
Definition 2.8. An SDP problem is an optimization problem of the form

Minimizegzcrn : 'z
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subject to:  Fy+ Z@Fl <0 and

=1

Ar =0,

where c € R™, b € R*, A € R¥*" and symmetric matrices F; € S™ are given.

We use SDP to perform stability analysis, stabilization and observer synthesis
for parabolic PDEs. To explain how we accomplish these tasks, we will change the

way we represent parabolic PDEs. Consider the following equation

w(z,t) = a(z)we(z,t) + b(v)wy(z, t) + c(x)w(x, t),

w(0,8) =0, wy(1,t) =0, (2.8)

where t € (0,00), x € (0,1) and the coefficients a, b and ¢ are continuously differen-

tiable. Consider the mapping
w: (0,00) — L2(0,1)
defined by
(w(t))(z) =w(z,t) (ze€(0,1), te(0,00)).
Additionally, let
Az(2) = a(x) 20 (x) + 0(2) 2. (2) + c(x)2(x), for 2 € Dy,
where
Da={z€ Ly(0,1): z, z, are absolutely continuous , z,, € Ls(0, 1),
2(0) =0 and z,(1) = 0}.
With these definitions, Equation (2.8) can be written as
w(t) = Aw(t), w(t) € Dy4. (2.9)

With this representation, we can provide Lyapunov inequalities for linear

PDEs. We begin by providing the following definitions
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Definition 2.9. A mapping P : L2(Q) — La2(Q2), Q C R, is a bounded linear

operator if for all y,z € Ly(£2) and w € R there exists a scalar & > 0 such that
Ply+z) =Py+Pz Plwy) =wPy, [[Pylle. < &lylle.
The set of all such operators is denoted by L(Ly(2)).

Definition 2.10. An operator P € L(Ly(2)) is positive if for ally, z € La(S2), there

exists a positive scalar ¢ such that

(Py,2),, = (W, P2),. (Py.y), > Clylli,

With these definitions, we now provide the Lyapunov inequalities for the sta-

bility analysis of linear PDEs.

Theorem 2.11. [/5] A given linear PDE
w(t) = Aw(t)

is exponentially stable if and only if there exists a P € L(Lo(S2)) and a scalar o > 0

such that

(Pz,2),, >0, and

(A2, Pz),, +(Pz,Az), < —a(z,z),,, forall z € Dy

There is no single method that can search over the set of positive operators
to find a solution of the Lyapunov inequalities for PDEs given in Theorem 2.11.
We use Sum-of-Squares (SOS) polynomials to parametrize positive operators. By
definition, an SOS polynomial is non-negative. Moreover, an SOS polynomial can be
represented using a PSD matrix [46]. Thus, a positive operator parametrized by an
SOS polynomial can be represented by a PSD matrix. This implies that the search

for a solution of the Lyapunov inequalities for linear PDEs can be performed over
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the set of PSD matrices. Hence, the problem of searching for a positive operator
satisfying the Lyapunov inequalities can be cast as an SDP feasibility problem. The
parametrization of operators using SOS polynomials and the setup of the Lyapunov
inequalities as SDPs are discussed in subsequent chapters. Similarly, the search for

controllers and observers can be cast as SDP feasibility problems.

The gradient of poloidal magnetic flux is an important physical quantity for
the safe and efficient operation of tokamaks since it is related to the magnetic field line
pitch, known as the safety factor profile, and the self-generated bootstrap current in
the plasma. The dynamics of the gradient of poloidal magnetic flux are governed by
a parabolic PDE [47]. The control is exercised using distributed input. The actuators
available to administer the input use electromagnetic waves at the cyclotron frequency
of electrons and ions. Unfortunately, the control input is shape constrained and the
best estimates for the allowable control inputs are empirical. Nevertheless, we are
able to apply similar methodologies which we develop for a general class of parabolic

PDEs.
2.1 Outline

This thesis is organized as follows:

e Chapter 3 presents a brief introduction to convex optimization, Semi-Definite

Programming (SDP) and Sum-of-Squares (SOS) polynomials.

e Chapter 4 presents the model of the poloidal magnetic flux in a tokamak which

is utilized in Chapters 8 and 9.

e Chapter 5 presents a methodology to analyze the stability of a large class of one-
dimensional linear PDEs. We use positive operators on Hilbert spaces param-

terized by SOS polynomials.
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e Chapter 6 presents a methodology to synthesize exponentially stabilizing bound-
ary controllers for the class of PDEs considered in Chapter 5. We use SOS
polynomials and positive operators to construct quadratic Lyapunov function
and controller gains. An extension of this method is also provided wherein
the synthesized controllers are shown to be Ls-optimal in the presence of an

exogenous distributed input.

e Chapter 7 presents a similar methodology to the one constructed in Chapter 6
to synthesize boundary observers which utilize only the boundary measurement
of the state of the plant. It is then shown that these observers may be coupled to
the controllers designed previously to produce exponentially stabilizing output

feedback boundary controllers.

e Chapter 8 provides a control methodology of regulating the safety factor in a
profile. This is accomplished by regulating the poloidal magnetic flux using a
simplified version of the model in Chapter 4 and applying a simplified version of
the methodology developed in Chapter 6. A numerical simulation for the Tore

Supra tokamak is also provided.

e Chapter 9 provides a control methodology for the maximization of the bootstrap
current density in a tokamak. Using a simplified version of the methodology
considered in Chapter 6, we develop the control method using the poloidal
magnetic flux model with uncertain spatio-temporal coefficients. A numerical

simulation for the Tore Supra tokamak is also provided.

2.2 Notation

The following notation and definitions are used throughout the Thesis. For a

detailed discussion of the definitions used, refer to [35], [48] or the appendix of [45].

Function Spaces The following are defined for —oco < a < b < o0
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The Hilbert space Ly(a,b) is defined as
b 2
Ly(a,b) :=={f:(a,b) = R | fllz, = (/ f2($)d$) < 00}

For any Hilbert space X and scalar 0 < 7 < oo, we denote

1

Ly([0,7]; X) == {f : [0, 7] = X = [ fll ooy = (/0 Hlf(t)H%th) < 00.}.
Similarly, a function f € L¥¢([0, 00]; X) if f € Lo([0, 7]; X) for every 7 > 0.
For any f,g € Lo(a,8), {f,9);, = J* f(x)g(x)d.

Unless otherwise indicated, (-, -} denotes the inner product on Ly and ||-|| = |||,

denotes the norm induced by the inner product.

A function f : (a,b) — R is absolutely continuous if for any integer N
and any sequence ti,---,ty, we have Z,i\;l |z(ty) — x(tg+1)] — O whenever

Soec i [t — trea] = 0.

The Sobolev space H™(a,b) is defined as

m—1
H™(a,b) :=={f € La(a,b) : f,---, g absolutely continuous
x
dm
on (a,b) with dx—"{ € La(a,b)}.

For any f,g € H™(a,b),
T arf dg
(g =Y (G0 50
i HZ:O dx™’ dx™ Lo

The set of n times continuously differentiable functions is defined as

mn

d
C"(a,b) :=={f:(a,0) = R: f,--- ,% exist and are continuous}.

The set of smooth functions is defined as

C*(a,b) :=={f:(a,b) > R: f € C"(a,b) for any n € N}.
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e For a set X and scalar 0 < 7 < oo, we denote

C™([0,7]; X) :={f:[0,7] = X : f is n-times continuously

differentiable on[0, 7]}.
Similarly, a function f € C}' ([0, 00]; X) if f € C"([0,7]; X) for every 7 > 0.
e The direct sum of n Hilbert spaces X is denoted by X™.

Operators on Hilbert Spaces The following are defined for any two Hilbert

spaces X and Y with respective norms ||-||x and [|-||y and inner products (-, ) and
<'7 ">Y'
e A mapping P : X — Y is a linear operator is for all f, g € X and scalars f3,
it holds that P(f +g) = Pf + Pg and P(Bf) = BPf.

e A linear operator P : X — Y is a bounded linear operator if for all f € X,

there exists a scalar w > 0 such that |Pf|ly < wlf]x-

e Wesay that P € L(X,Y) if P: X — Y is a bounded linear operator. Similarly,
we denote by £(X) the set of all bounded linear operator mapping the elements
of X back to itself.

e For P € L(X,Y), we define

[Pllecxyy= sup = [|Pflly.
fexvllf”le

e For any P € L(X,Y), there exists a unique P* € L(Y, X) that satisfies
(Pf.g)y = (f,P*g)y forall fe X,geV.

The operator P* is called the adjoint operator of P.

e The operator P € L(X,Y) is known as self-adjoint if P = P*.
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e A self-adjoint operator P € L(X) is known as a positive operator, denoted
by P > 0, if there exists a scalar € > 0 such that (Pf, f) > e(f, f)y, for all
feX.

Similarly, a self-adjoint operator P € £L(X) is known as a positive semidefi-

nite operator, denoted by P > 0, if (Pf, f) >0, for all f € X.

e For any two self-adjoint operators P, R € L(X), by P > R we mean that P— R

is a positive operator.

Similarly, by P > R we mean that P — R is a positive semidefinite operator.
e The zdentity operator is denoted by Z.
e A linear operator 7 : D C X — Y is said to be closed if whenever

., €D, neN and limz,=2 lim Tz, =7z

n—o0 n—oo

Vector Spaces and Real Algebra

e The set of non-negative real numbers is denoted by RT.
e The set of real matrices of dimension m x n is denoted by R"™*".
e The set of symmetric matrices of dimension n x n is denoted by S™.

e A symmetric matrix A € S” is a posttive definite matrix, denoted by A > 0,
if there exists a scalar € > 0 such that 27 Az > ex”z, for all x € R™.
Similarly, a symmetric matrix A € S™ is a positive semidefinite matrix,
denoted by A > 0, if 27 Az > 0, for all x € R™.

e For any two symmetric matrices A, B € S", by A > B we mean that A — B is

a positive definite matrix.

Similarly, by A > B we mean that A — B is a positive semidefinite matrix.



e The identity matrix of dimension n x n is denoted by I,,.
e We denote by Z,(x) the vector of monomials up to degree d.

e We denote by Z,, 4(z) the Kronecker product I,, ® Z4(x).

22
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CHAPTER 3

CONVEX OPTIMIZATION, SEMI-DEFINITE PROGRAMMING AND
SUM-OF-SQUARES POLYNOMIALS

Given the functions f; : R* — R, i € {0,---,m} and h; : R* — R, i €

{1,---,p}, a constrained optimization problem can be stated as

Minimizezegn : fo(x)
subject to:  fi(x) <0, i€ {l,---,m}, (3.1)

hi(z) =0, i€{l,--p}.

The function fy(z) is the cost function or the objective function. The inequalities
fi(z) < 0 are called inequality constraints and the functions f;(z) are called the
inequality constraint functions. Similarly, h;(x) = 0 are the equality constraints and
hi(x) are the equality constraint functions. The optimal value p* of the Problem (3.1)

is given as
p*=inf{fo(z): fi(x) <0, i=1,---,m, hoz)=0, i=1,---,p}
and z* for which fy(x*) = p* is the optimal point.

For a point # to be an optimal point of a differentiable function f(x), the
necessary condition is that [V, f(z)],_; = 0, where V, denotes the gradient with
respect to . The Karush-Kuhn-Tucker (KKT) conditions generalize this necessary
condition for constrained optimization problems. The KKT conditions can be stated
as follows [49, 50]: for the optimization Problem (3.1), with differentiable f; and g;,
a point z* € R" is optimal (f(z*) = p*) only if there exist scalars Ar and v}, known

as Lagrange multipliers, such that

1) fi(z*) <0, ie{l,---,m}, hi(z*)=0, ie{l,---,p} (3.2)

2) A'>0, ie{l,---,m}. (3.3)
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3) ANfi(z*) =0, ie{l,--,m} (3.4)

4) | Vafolw)+ Y NVafi(x) + Y viVihi(z)| =0 (3.5)
=1 i=1

r=x*

The solution to the equations yielded by the KKT conditions are known as KKT
points. The KKT points are the candidate optimal points for the opimization Prob-
lem (3.1). Equations (3.2)-(3.5) can be solved numerically, although for a few cases,

they can be solved analytically as well.

For a few types of optimization problems, the KKT conditions are necessary
and sufficient. For example, under certain conditions, KKT conditions are neces-
sary and sufficient for convex optimization problems. We begin by defining convex

functions. A function f : R" — R is convez if

flaz + By) < af(z)+ Bf(y),

forallz,y e R"and all o, € Rwitha+8=1,a >0, 3 > 0. A convex optimization

problem can be stated as

Minimize,egn :  fo(x)
subject to: fi(z) <0, ie{l,---,m}, (3.6)

Az =0, AeRP" beRP,

where the functions f;, i € {0,---,m} are convex. Thus, a convex optimization
problem has a convex cost function, convex inequality constraint functions and affine

equality constraint functions.

Let Problem (3.6) be strictly feasible, i.e., there exists a point Z € R"™ such
that

£(7) <0, q€{l,---,m}), Ai=bh. (3.7)

Then, a point z* € R" is the optimal point if and only if there exist Lagrange

multipliers A} and v} satisfying the KKT conditions [43]. Thus, for strictly feasible
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convex optimization problems, the KKT conditions are necessary and sufficient for

optimality.

To solve convex optimization problems, descent algorithms may be used. For
the convex optimization Problem (3.6), descent algorithms produce a sequence z(*)
satisfying fo(z®) > fo(x*+V) > f(x*+2)) > ... where each element of the sequence

satisfies the constraints. Given a feasible starting point z(?), the descent sequence is

defined recursively as

2D — B 4 (0) A ()

where t*) > 0. Here Az® is defined as the search direction and the scalar t**) is the
step length. A valid search direction Az® is one such that for z*+1 = z®) 4 k) Az k)
fo(z® 1) < fo(2®). For equality constrained optimization, Newton’s method may
be used. The Newton’s method, at each iterate, calculates the valid descent direction
by minimizing the quadratic approximation of the cost function subject to the equality
constraints. Calculation of this minimizer is equivalent to solving the necessary KKT
conditions, which for equality constrained optimization problems, is a system of linear

equations. A detailed discussion on Newton’s method can be found in [43].

To solve the constrained optimization Problem (3.6), the inequality constraints
are incorporated into the cost function using a barrier function. Problem (3.6) can
be written as

Minimize, cgn : Z()m fi(z))

subject to: Ax=b, AeRP" beRP, (3.8)

where the function ¢(u) = — (3) log(—u), for some h > 0, is the logarithmic barrier
function. Note that this approximate problem is convex due to the convexity of the
logarithmic barrier functions. The Newton’s method may now be applied to obtain

the optimal point, denoted by x*(h), for this problem. The interesting property of
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x*(h) is that
* * m
fola (1) —p* <
where p* is the optimal value of the original Problem (3.6). Thus, as h — oo,

f(z*(h)) — p*. This fact is exploited by the barrier method and can be summarized

as:

Given a feasible starting point z® € R*, h > 0, 1 > 1 and tolerance € > 0
repeat

1. Formulate Problem (3.6) as Problem (3.8).

2. Apply Newton’s method for equality constrained convex optimization prob-

lems to Problem (3.8) to obtain z*(h).

3. Update: h = puh and () = 2*(h).

until The stopping criteria ||V fo(z)||2 < € is reached.
The stopping criteria chosen is the simplest one because V fo(z*) = 0.
3.1 Semi-Definite Programming

We use Lyapunov functions parametrized by sum-of-squares polynomials for
the analysis and control of parabolic PDEs. The search for such Lyapunov functions

can be represented as Semi-Definite Programming (SDP) problems.

An SDP problem is an optimization problem of the form

Minimizeyegn : ¢z
subject to:  F(x) = Fy + leFl <0 and (3.9)
i=1
Axr =0,

where ¢ € R", b € R¥, A € R¥*" and symmetric matrices F; € S™ are given. Since

the cost function is linear and the the constraints are affine, an SDP problem is a
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convex optimization problem. This allows SDP problems to be solved efficiently, for
example, using interior point methods. A survey of the theory and applications of

SDP problems can be found in [51].

Usually, SDP problems are used to solve the feasibility problem: does there
exist an x € R™ such that F(z) < 0?7 The inequality F'(x) < 0 is linear in the search
variables. Thus, the feasibility problem is known as a Linear Matriz Inequality (LMI).
Any number of given LMIs can be cast as a single LMI. For example, LMIs F'(z) <0

and G(z) < 0 can be rewritten as

= +) < 0.
0 Glx) 0 G| " o a

Another example of LMIs arise in finite-dimensional control theory. The linear

time invariant system

i(t) = Az(t), AeR™"

is stable if and only if there exists a symmetric matrix X € S™ such that [52, Corol-
lary 4.3]

X>0 and ATX 4+ XA<O0. (3.10)

The search for the positive definite X can be cast as an LMI. Let

Ty T2

To T3

Then

X = z1e11 + za(€12 + €21) + w3690,

where e;; € S? are matrices with e(i,j) = 1 and zeros everywhere else. Thus, the
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conditions in Equation (3.10) can be cast as the following LMI

10 3
F(z)=e¢ +Y 4 <0,
01 i=1
where
—€11 0 _(612 + 621) 0
Fl = ) F2 = )
0 Afe; +end 0 AT(e12 + €a1) + (e12 + €a1)A
—€929 0
Fg -
0 AT622 -+ 62214
and € > 0.

Since SDP problems are convex, they can be solved efficiently using convex
optimization algorithms. For example, interior point methods are widely used for

solving SDPs [53], [54], [44].
3.2 Sum-of-Squares Polynomials

Sum-of-Squares (SOS) is an approach to the optimization of positive polyno-
mial variables. A typical formalism for the polynomial optimization problem is given

by

max c'z, subject to lef@(y) + fo(y) >0,
i=1

for all y € R™, where the f; are real polynomial functions. The key difficulty is that the

feasibility problem of determining whether a polynomial is globally positive (f(y) > 0

for all y € R™) is NP-hard [55]. This means that there are no algorithms which can

determine the global positivity of polynomials in polynomial time. Thus, relaxations

that are tractable for such problems are required. A particularly important such

condition is that the polynomial be sum-of-squares.



29

Definition 3.1. A polynomial p : R™ — R is Sum-of-Squares (SOS) if there exist

polynomials g; : R™ — R such that

p@) = o).

We use p € ¥4 to denote that p is SOS.

The importance of the SOS condition lies in the fact that it can be readily
enforced using semidefinite programming. This fact is attributed to the following

theorem.

Theorem 3.2. A polynomial p : R™ — R of degree 2d is SOS if and only if there

exists a Positive Semi-Definite (PSD) matriz Q) such that
p(z) = Z) (2)QZy(z), (3.11)

where Zy(x) is a vector of monomials up to degree d.

Proof. If: Since (Q is PSD, there exists a matrix A such that Q = A*A, where A* is

the conjugate transpose of A. Hence, we have
p(z) = ZF (2)A*AZy(x) = (AZy(2))* AZy(z).

It can be easily seen that AZ;(z) = G(z) is a vector of polynomials. Thus

Only if: Since p € Y, there exist polynomials g; : R®™ — R satisfying
p(r) =Y g} (x).

Let GT(z) = [g1(z),- -+, gi(x)]. Then,
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Now, g;(z) = al Z4(x), where a; is the vector containing the coefficients of the poly-

nomial g;(z). Thus

Gr)= | : | Za(r) = AT Zy().

L

Hence

p(x) = G (2)G(x) = Z; (2)AAT Za(z) = Z; (x)QZa(x).

The observation that Q = AAT, and hence is a PSD matrix, completes the proof. [J

A proof similar to the one we present can be found in [46].

As a simple example consider the polynomial p(z) = a® + b*x? + 2abz, for
arbitrary scalars a and b. Then, p € X since p(z) = (a + bz)?>. Additionally, for

ZI(z) =11 x], we have

where @) is PSD for any a,b € R.

Theorem 3.2 establishes the link between SOS polynomials and PSD matrices.
In this way optimization of positive polynomials can be converted to SDP. The SDP
approach to polynomial positivity was described in the thesis work of [46] and also
in [56]. See also [57] and [58] for contemporaneous work. MATLAB toolboxes for

manipulation of SOS variables have been developed and can be found in [59] and [60].

Note that the condition that a polynomial is globally positive if it is SOS is
conservative. This is because not all globally positive polynomials are SOS. A detailed

discussion on this topic can be found in [46]. A well known example of a positive
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polynomial which is not SOS is the Motzkin polynomial z{x3 + 233 + x5 — 3232322

Proof of the Motzkin polynomial’s global positivity can be found in literature. It was
demonstrated in [46] that there exists no PSD matrix satisfying Equation (3.11) for

the Motzkin polynomial.

SOS polynomials can be used for the stability analysis of non-linear systems

of the type
@(t) = f(z(1)), (3.12)

where f: R"™ — R"™ is a polynomial satisfying f(0) = 0. The condition for the global
asymptotic stability of x = 0 is that there exist a Lyapunov function V' : R® — R,
for some e > 0, satisfying

V(z(t)) —ex(t)2(t) >0,

VV (z(t)T f(z) —ex(t)z(t) <O0.
As previously stated, showing the global positivity of polynomials is intractable. How-

ever, we can use SOS polynomials to relax the conditions to [46]:
V(z(t) —ex(t) z(t) € 2,

— VV () f(z) — ex(t)"2(t) € X,

for some € > 0. This membership can be now tested in polynomial time using, for

example, SOSTOOLS [59].

3.2.1 Postivstellensatz. A positivstellensatz is a theorem from real algebraic
geometry which provides a means to verify polynomial positivity over semialgebraic

sets.
Definition 3.3. A semzalgebraic set is a set of the form
S={zeR": g(x)>0, t€{l,---,m}, hi(x)=0, ie€{l,--- p}t},

where each g; and h; is a real valued polynomial.
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The closed unit disc in R? is a straightforward example of a semialgebraic set

defined as

S={recR?*: —a7-23+1>0}.

We are asking the following feasibility question: Given a semialgebraic set S,
is there a polynomial f(z) such that f(z) > 0, for all z € 8?7 Of course, if the
polynomials f and g; are convex, and h; are affine, then we have a convex feasibility

problem.

Theorem 3.4 (Stengle’s positivstellensatz, [61]). Given the polynomials g;(z), i €
{1,---,m}, let

S:{LL'ERTL gz(x)zoa 26{1,,m}}
Then, S = 0 if and only if there exist s;, Sij, Sijks " ** s Sijk-m € Ss Such that

—1 =sp(x) + Y si(a)gi(x) + > sij(x)gi(2)g;(x)
i i
+ ) sin()gi ()95 (0)gr () + -+ Sigheam (2)90(2) 9 () gk(2) - - g ().
i#ik

The following corollary expresses the conditions of polynomial positivity on a

semialgebraic set.

Corollary 3.5. Given the polynomials f(z) and g;(z), i € {1,--- ,m}, f(x) >0, for

allz € {xr e R": g;(x) > 0}, if and only if there exist

D0> Sis Pijs Sijs Pijks Sijks*** » Dijkem Sijhk--m € Mg

such that

f(z) (Po + sz'j(l’)gz'(x)gj@) + Z pijr(2)gi(x)g;(x) g ()

i ik

e ) 0
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=1+ so(z) + Z si(w)gi(z) + Z sij(x)gi(z)g;(x)

]

+ Y sin(@)9i()9;(@)ge(@) + -+ s ()i (2) (@) gr () - - - g ().
ik

Proof. The condition that f(x) >0, for all z € {x € R":  ¢;(x) > 0}, is equivalent

to the emptiness of the set
S:{ZEGRHZ _f(x>20, gz(‘r)zo7 @E{l,,m}}

Thus, the result is obtained by applying Theorem 3.4 to the semialgebraic set S. [

This corollary can be used to test polynomial positivity on a semialgebraic
set. However, although the search of the SOS multipliers can be cast as an LMI, the
equality constraint is no longer affine in the search variables f, s and p. In fact, it is

bilinear. Hence, this check cannot be performed using semidefinite programming.

When the semialgebraic sets are compact, the following positivstellensatz con-

ditions hold.

Theorem 3.6 (Schmudgen’s positivstellensatz, [62]). Given the polynomials f(z)

and g;(x), i € {1,--- ,m}, let
’S:{l'ERn gz(x)207 zE{l,,m}}

be compact. If f(x) > 0, for all x € S, then there exist s;, Sij, Sijks -+ Sijhm € 2s
such that
f@) =1+ s0(@) + > si(@)gilx) + Y si5(2)gi(w)g;(w)
i i#]
+ Z sije(2)gi(2)g;(2)ge () + -+ + Sijrm(2)9i(2) g5 () gr () - - - G ().
i#j#k
Now, the equality constraint is affine in f and s. Thus, Schmudgen’s posi-

tivstellensatz can be tested using semidefinite programming.
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Definition 3.7. Given the polynomials g;(x), i € {1,--- ,m}, the set

M(g:) = {po(x +sz z)gi(x),  po.pi € Ls}

is called the quadratic module generated by g;.

Theorem 3.8 (Putinar’s positivstellensatz, [63]). Given the polynomials g;(x), i €

{1,--- ,m}, suppose there exists a polynomial h € M(g;) such that
{r eR": h(z) >0} (3.13)
is a compact set. Then, if f(x) >0, for all z € S, where
S={zeR": g(x)>0, ie{l,---,m}},

there exist sg, s; € X5 such that
f - 50 + Z Sz gz

Equivalent conditions, which are also semidefinite programming verifiable, for
the one in Equation (3.13) can be found in [64]. Similar to Theorem 3.6, the con-
ditions of Theorem 3.8 can be checked using semidefinite programming. In terms of
computational complexity, it can be seen that Putinar’s positivstellensatz requires
a much smaller number of SOS multipliers compared to Schmudgen’s and Stengle’s

positivstellensatz.
A summary of positivstellensatz results can be found in [65].

We can use positivstellensatz results for the local stability analysis of the

system given by

with polynomial f, on the semialgebraic set given by

S={reR": g(z)>0, ic{l,---,m}}.
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We can now search for a polynomial Lyapunov function V(z(t)), scalar ¢ > 0 and

SOS polynomials sq, pg, s; and p; such that
V((t) — ex(t)"x(t) = so(x) + Y _ si(x)gilx),

— VV((t)" f(z) — ex(t) x(t) = po(x) + Zpi(fv)gi(x)-
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CHAPTER 4
POLOIDAL MAGNETIC FLUX MODEL

The critical physical quantity in a tokamak is the magnetic field which is a
combination of the toroidal magnetic field By and the poloidal magnetic field Bp. The
toroidal magnetic field Br is controlled by powerful external current carrying coils.
Whereas, the poloidal magnetic field is generated by the plasma current I,. Conse-
quently, the polidal magnetic field is an order of magnitude smaller than the toroidal
magnetic field [6]. The coupling with the plasma current makes the poloidal magnetic
field vulnerable to changes in the plasma. Additionally, regulating a suitable plasma
current profile by regulating the poloidal magnetic flux has been demonstrated as

an important condition for improved plasma confinement and steady state operation

[66].

Let (R, Z) denote the flux of the magnetic field passing through a disc cen-
tered on the toroidal axis at a height Z with the surface area wR? as depicted in

Figure 4.1. The simplified dynamics of the poloidal flux ¥ (p,t) are given by [67]:

1 Ca mp 0 (CCs mVpBs .
l) = = ——Jni> 4.1

where the spatial variable p := (W g’% )é (¢ being the toroidal magnetic flux and By,
the toroidal magnetic flux at the center of the vacuum vessel of the tokamak) is the
radius indexing the magnetic surfaces, 1 is the parallel resistivity of the plasma, j,;
is the non-inductively deposited current density, p is the permeability of free space,
F' is the diamagnetic function, C5 and C3 are geometric coefficients, V), is the spatial

derivative of the plasma volume and By, is the toroidal magnetic field at the geometric

center of the plasma. The various variable definitions are provided in Table 4.1.

Neglecting the diamagnetic effect applying cylindrical approximation of the

plasma geometry (p << Ry, where Ry is the major plasma radius) the coefficients in
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Figure 4.1. Coordinates (R, Z) and surface S used to define the poloidal magnetic
flux ¥(R, Z) [68].

Equation (4.1) simplify as follows:

F~ RyBy, Cy=Cj= 4W2Rﬂ, V, = dn2pRy.
0

Defining a normalized spatial variable x = p/a, where a is the radius of the last closed

magnetic surface and is assumed to be constant, the simplified model is obtained as

in [47):
n(z,t) 1 .
wt(xa t) = LOGQ (wrr + ;wm> + TIH(I; t)R()]m(x? t) (4'2)
with boundary conditions
L(t
00 =0 and s (1,0) = 0D, (4.3
s

The diffusion coefficient in Equation (4.2) is the plasma parallel resistivity
7). The plasma resistivity introduces a coupling between the poloidal magnetic flux
1, the electron temperature profile T, and the electron density profile n. as follows.
The expression for the resistivity is computed using the results in [69] by using the
expressions for the electron thermal speed a, and the electron collision time 7., given

in [6], as

Te 12 3/2 é/22 Te3/2
ae(x,t) = ‘ and T.(x,t) = T__Te %

Me €5/2\/2  mn.logA’
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where e = 1.6022 x 107°C' is the electron charge, m, = 9.1096 x 1031 kg is the electron
mass and ¢, = 8.854 x 1072Fm~! is the permittivity of free space. Additionally,
A(z,t) = 31.318+1og(7T./+/ne). Using these two expressions, the parallel conductivity

can be calculated as [47]:

t Crfi
o(z,t) = ooAg (1 — 3 —{51/) (1 1 féu) )

nee?r, 340 (1.13+ Z (.1) RyBg,a*z
= = vz, t) = —7——
267+2)° T (we)3Paetp,’
fi(z) =1 — (1 — ze)*(1 — (ze)®)"Y2(1 + 1.46/ze) L,
_ _ 056 (3—Z
Z)=0.5840.202Z, Cr(Z4)——|-——=
(2 =0ss 0207, )’ (352),
and Z is the effective value of the plasma charge. With the expression for the parallel

conductivity o, the expression for the parallel resistivity 7 and be calculated as

1
U||(9$,t)'

n(z,t) =

The plasma current I, is generated by the electromagnetic induction by the
central ohmic coil. In addition, plasma current is also generated by non-inductive
sources. The current generated by non-inductive means is known as the current
drive (jn; in Equation (4.2)). The non-inductive current has two main components:
the internally generated bootstrap current density j,s and the external non-inductive

current density je,;. We will discuss these current drive sources briefly.

The magnetic field strength in a tokamak, due to the vessel being toroidal,
is proportional to 1/R as given by Ampere’s law. Thus, the magnetic field strength
is stronger on the inside of the tokamak vessel as compared to the outside. Since
the ions and electrons follow the helical magnetic field lines around the toroid, they

transition from the weak magneic field side to the strong side and vice-versa. In the
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absence of enough particle velocity parallel to the magnetic lines, a particle undergoes
a magnetic mirror reflection [6]. Such particles remain trapped in the weak field side
of the tokamak and thus, instead of going around in the poloidal plane, are forced
to orbit the weaker magnetic side of the poloidal plane in what is known as banana
orbits. The trapping of a few particles leads to collision between the trapped and free
particles owing to their different orbits. These collisions lead to a momentum transfer
between the trapped and free particles generating a current density which is known

as the bootstrap current density [30], [70].

The model for the bootstrap current density is given in [71] as

, ~ pelo 1dp.  pi (10pi 1 0T; 1 0T,
Jos () = )y [Al {pe Ox * Pe (pi Ox aZTi Ox AQTe ox |’

where p. and p; are the electron and ion pressure profiles respectively, T, and T; are
the electron and ion temperature profiles respectively, «; is the ion thermal speed and
the A; and As are functions of the ratio of trapped to free particles. We can use the
expressions p. = en/I, and p;, = en;T; to express the bootstrap current density in

terms of temperature and density profiles as

€ R()
Ve

oT, on, oT; ony;
((Al — Ag)ne% + AlTea—x + Al(l — Oél)nla—x + Aljﬂl%) .

(4.4)

jbs(xa t) =

The fraction of the total current due to bootstrap current can also be estimated using

the empirical expression derived in [72].

The externally generated current density j.,; has two components: the Lower
Hybrid Current Density (LHCD) denoted by 7, and the Electron Cyclotron Current
Density (ECCD) denoted by je.. The actuators for these current density deposits
are Radio Frequency (RF) antennas. The ECCD actuator is tuned to the electron
cyclotron resonant frequency and the LHCD actuator is tuned to a frequency which

lies between the electron and ion cyclotron resonant frequencies [6]. We only consider
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the LHCD current density deposit jj;, although, the work presented can easily be
extended to include ECCD as well.

The LHCD input jj(z, ) is a function of the control actuator parameters N,
the hybrid wave parallel refractive index, and Py, the lower hybrid antenna power.
The development of an expression for the LHCD input is particularly difficult since
the LHCD deposit depends on the operating conditions [73]. One way of estimating
the LHCD deposit profile is to use X-ray measurements of electrons to develop an em-
pirical expression [74]. Using the X-ray measurements from the Tore Supra tokamak,
an empirical model of the LHCD current density deposition was developed in [47].
This model uses a Gaussian deposition pattern with control authority over certain
scaling parameters. The width w(t) and center p(t) of the deposit can be estimated
as [47]:

w(t) =0.53B, " 1)~ "% PPy N
p(t) =0.20B, 0 1)~ "2 PP N0

The total current deposit can be established using the empirical laws presented in [75]

as
_ nuPru
nRy ’

where 1 (t) = 118D 1043292 and D,,(t) ~ 2.03 — 0.63N}. The expression for

Ipu(t)

JrLg can now be given as
Gz, t) = v (t)e” WO 2omn ()

where
-1

' t) —w(t))?
vp(t) = I (t) (Qﬂcﬂ/o xe(ﬂ(t)m)2/20LH(t)dx) and o) = %.

The safety factor profile, or the g-profile, is the magnetic field line pitch [6]. The
g-profile is a common heuristic for setting operating conditions that avoid Magneto-

Hydro-Dynamic (MHD) instabilities [76]. The g-profile is defined as the ratio of the
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toroidal and poloidal magnetic flux gradients. The safety factor profile is defined in

terms of the gradient of the poloidal magnetic flux v, as [47]:

¢, Bgad’z

Q(x7t) - ¢LB - T; (45)

where By, is the toroidal magnetic flux at the plasma center. Thus, to control the
g-factor profile, gradient of the poloidal magnetic flux v, (z,t) may be controlled. The

model for the evolution of Z = 1, can be obtained by differentiating Equation (4.2)

in x to get
0z 1 9 (nxt)d 0 .
— — —(xZ — ; 4.
) = (MDD () + Ry (i) (10)

with boundary conditions
Z(0,t) =0 and Z(1,t) = —Ropol,(t)/2m. (4.7)

Note that the control of Z = 1, also facilitates in the control of the bootstrap current

density since, from Equation (4.4), jps < 1/1,.

In Chapters 8 and 9 we will devise methodologies to control the gradient of
the poloidal magnetic flux. We control ¢, to regulate the safety factor profile ¢ and

maximize the bootstrap current density jps.



Table 4.1. Tokamak plasma variable definitions.
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Variables Description Units
(0 Poloidal magnetic flux profile Tm?
[0) Toroidal magnetic flux profile Tm?
q Safety factor profile
Ry Location of magnetic center m

By, Toroidal magnetic field at the plasma center T
p Equivalent radius of the magnetic surfaces m
a Location of the last closed magnetic surface m
x Normalized spatial variable z=p/a
1% Plasma volume m3
F Diamagnetic function Tm
Cs, Cy Geometric coefficients
n) Parallel resistivity Qm
Lo Permeability of free space: 4w x 1077 Hm™!
Jni Non-inductive effective current density Am™2
Jin LHCD current density Am™2
Jbs Bootstrap current density Am™2
I, Total plasma current A
Py, Lower hybrid antenna power A
N Hybrid wave parallel refractive index
Me Electron mass, 9.1096 x 103! kg
Ne Electron density profile m=3
n; Electron density profile m=3
n Electron line average density m=?2
T, Electron temperature profile eV
T; Ion temperature profile eV
Te Electron collision time S
Z Effective value of plasma charge C
Qe Electron thermal speed ms1
Ion thermal speed ms™!
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CHAPTER 5
STABILITY ANALYSIS OF PARABOLIC PDES

In this chapter we analyze the stability of a particular class of parabolic PDEs.
The goal is to develop a methodology to check the stability and construct Lya-
punov functions which act as certificates of stability. We accomplish these tasks
by constructing Lyapunov functions using positive operators parametrized by sum-

of-squares-polynomials.

We consider the following type of parabolic PDEs
wy(x,t) = a(r)wee(x, t) + b(z)w,(x, t) + c(z)w(z,t), x€]0,1], t>0, (5.1)
with boundary conditions of the form
nw(0,t) + rw,(0,t) =0 and prw(l,t) + pow,(1,t) = 0. (5.2)

The functions a, b and ¢ are polynomial functions in z. Moreover, the function a
satisfies

a(x) >a >0, for ze€]l0,1]. (5.3)

The scalars v;, p; € R, 4, j € {1,2}, can be chosen so that (5.2) represents Dirichlet,

Neumann or Robin boundary conditions. Additionally, these scalars satisfy
1| + 2] >0 and |pi| + |p2| > 0. (5.4)
For PDEs in the form of Equations (5.1)-(5.2), we define the first-order differ-

ential form

w(t) = Aw(t), w € Dy (5.5)

where the operator A : H?(0,1) — Ly(0,1) is defined as

(Ay) () = a(@)yae (2) + b(2)y=(z) + c(2)y(z), (5.6)
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and

Dy ={y € H*(0,1): 11y(0) + 15y,(0) = 0 and p1y(1) + pay.(1) = 0}.  (5.7)

For later use, we present the following parametrization of all possible boundary

conditions.

Definition 5.1. Given scalars vy, vo, p1 and ps, we define

(

{_%7071} Z.fV1>I/27éO

{n17n27n3} = {O, 17 O} Zf 141 7é 07 Vy = 0

{ana]-} ifV1:O7V27£O
\

and
.

{_%7071} prlapQ#O

{na;n5,n6} = 4 {0,1,0}  if pr £0,p2=0"

{07071} prlzoapQ#O

With this definition, the boundary conditions for any w € Dy can be represented as

w,(0) = nyw(0) + now,(0), w(0) = nzw(0),

w, (1) = nqw(1) + npw, (1), w(l) = new(l).

5.1 Uniqueness and Existence of Solutions

We will use semigroup theory presented in Subsection A.1.1 in Appendix A
to show that a classical solution of the system represented by Equation (5.5) exists.
Thus, we have to show that the pair (A, Dy) generates a Cyp-semigroup. The idea is
to express the operator A as the negative of a Sturm-Liouville operator and then use

its spectral properties to show that (A, Dy) generates a Cy-semigroup.
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Definition 5.2. [77, Chapter 8] An operator S : Dy — L2(0,1) is called a Sturm-

Liouville operator if

S0 @) =75 (402 + atalyte), v e D (55)

where p, dp/dx and q are real valued and continuous functions on [0,1] and p(z) >

po > 0, for all z € [0, 1].
Additionally, for a given o(x) >0, an equation of the form
d dy(x) _
7 (0™ 4 onta) = roainto), (5.9)

where X € R, is called a Sturm-Liouville equation. If there exist scalars A\, and

functions ¢, such that

_i (p(m)d(i?;@) + q(x)pn(z) = N\po(z)pp, n €N, (5.10)

then, the scalars X\, are called the eigenvalues of S, and the functions ¢, are called

the eitgenfunctions of S.
The following lemma summarizes some of the spectral properties of a Sturm-
Liouville operator.
Lemma 5.3. [78] Let S : Dy — L2(0,1) be a Sturm-Liouville operator. Then, the
following properties hold:
1. 8 is a closed operator.
2. The eigenvalues {\,,n > 0} of S exist, are real, countable and simple.

3. The set of normalized eigenfunctions of S, {¢n,n > 0}, is an orthonormal basis

Of LQ(O, 1)

1Refer to Section 2.2 for the definition of a closed operator.
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4. The closure of the set {\,,n > 0} is totally disconnected, that is, for two points

Wo, w1 € {)‘nan Z 0}7 [w()awl] ¢ {Anan Z O}
5. The eigenvalues A, satisfy

<A< <A\, <00 and M\, — 00 asn — 0.

Lemma 5.4. For any initial condition wy € Dy there exists a classical solution
for the system represented by Equations (5.1)-(5.2). Additionally, for any initial
condition wy € L9(0,1) there exists a weak solution for the system represented by

Equations (5.1)-(5.2).

Proof. For the operator A given in (5.6), if we choose

x:ef(f,i(?d& x:—cxM ax:@
p(z) ©%,  g(x) ()a(:z:)’ (x) a2
then
_Ay_$8ya y€D07

where § is the Sturm-Liouville operator. Therefore, using Lemma 5.3(5) and [45,
Theorem 2.3.5(c)] we get that the pair (A, Dy) is the generator of a Cy-semigroup
S(t) on Ly(0,1).

From Theorem A.3 we obtain that for any wy € Dy, Equation (5.5), and

thus (5.1)-(5.2), has a classical solution given by
w(t,z) = (S(t)wo) (). (5.11)

0

From Corollary A.4, for any wy € L(0,1), (5.11) is the unique weak solution
of (5.1)-(5.2).

5.2 Positive Operators and Semi-Separable Kernels
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As stated earlier, we establish the stability of the systems under consideration
by constructing Lyapunov functions parametrized by positive operators. In particular,
we construct positive operators on L (0, 1) which are parametrized by Sum-of-Squares
(SOS) polynomials. Since the search for SOS polynomials can be cast as a semi-
definite programming as explained in Chapter 3, this parametrization allows us to

construct the Lyapunov functions algorithmically.

We consider operators of the form

Pa) = Mayle) + [ Kale. @it [ Kolwou@ds,  (612)

where M(z) : [0,1] — R and K;(z,€), Ko(z,§) : [0,1] x [0,1] — R are polynomials
and y € Ly(0,1). In [79], the necessary and sufficient conditions for positivity of
multiplier and integral operators of similar form using pointwise constraints on the

functions M, K and K, are given. Recently, in [80], these conditions was sharpened

- See Theorem 5.5.

Theorem 5.5. Given dy,ds € N ande € R, € > 0, let Zy(x) = Zg,(x) and Zy(z,£) =

Za,(x,€) as defined in Section 2.2. Suppose there exists a matriz U such that

Un —ely U Uss

* Usa Uss =0,

* * U33

where Iy is a matriz of zeros of appropriate dimensions except at the 1-by-1 element
which has a value of 1, and Uyj are a partition of U. Let M, Ky and Ky be polynomials
such that, for (x,§) € [0,1] x [0, 1],

M($) Z Zl<I)TU1121(ZL’),

13
Ki(z,8) =Z1(2) " UraZo(2, &) + Zo(&, ) Us1 Z1(€) + / Za(n, x)" Usa Zo(n, €)dn
0
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x 1
4 / Za(n, ) U Za(n, €)dn + / 2o, 2) Uns Zo(11, ).
3 T

and

K2(LL’,£) :Kl(gax)

Then the operator P, defined by Equation (5.12) is self-adjoint and satisfies

(Pw,w) > e||lw||?, for all w € Ly(0,1).

For completeness, we have provided the proof in Appendix C. A similar proof

can be found in [80].

For convenience, we define the set of multipliers and kernels which satisfy

Theorem 5.5.

Efdidaet = {M, K1, Ky © M, Ky, K, satisfy the conditions of

Theorem 5.5 for dy, dy, €.}

Note that in Theorem 5.5 we have established only the lower bound for the
positive operators. However, we would also require positive operators with known

upper bounds. For this purpose, we present the following corollary.

Corollary 5.6. Given dy,dy € N and €1,e3 € R such that 0 < €, < €, let Z1(x) =
Zg, () and Zy(x,§) = Zg,(x,€) as defined in Section 2.2. Suppose there exists a

matriz U such that

U11—€1]0 Uiz U13
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where Iy is a matriz of zeros of appropriate dimensions except at the 1-by-1 element

which has a value of 1, and U;; are a partition of U. Additionally,

Ull U12 U13

€2
*x Uy Uy = 91+92[’

where

0, = sup Zl(a:)TZl(w),

z€[0,1]

0y = sup
(z,£)€[0,1]x[0,1]

£ 1
/0 Za(n, )" Zy(n, €)dn + / Zo(, 2)" Z(n, €)dn)

Let M, Ky and Ky be polynomials such that, for (z,£) € [0, 1] x [0, 1],
M(ZL’) :Zl(x)TU11Z1($),
&
Ky(2,8) =21 (2) UraZa(, &) + Zo(€, ) U Z1(€) + / Zy(n, )" Uss Zo(n, €)dn
0
T 1
+/ ZQ(n,x)TUszZz(n,S)dn+/ Zs(n, )" Usy Zs(n, §)dn,
3 x

K2($, 5) :K1<€7 l’)
Then the operator P, defined by Equation (5.12) is self-adjoint and satisfies
allyll® < (Py,y) < esllyll?, for all y € Ly(0,1).

Proof. By substituting €; in place of € of Theorem 5.5, it is readily proven that

e1|ly||* < (Py,y), for all y € Ly(0,1). (5.13)
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From the corollary statement,

Un U U

€2

*x Uy Uy §91+821'

Thus, ) .
gt —Un —Usz —Uss
. 52T — Upy —Uss 2 0,
i * * 55,1 — Uss

for identity matrices of appropriate dimensions. Thus, using the definitions of M,

K; and K5 and the analysis presented in Theorem 5.5, it can be shown that for any

y € L»(0,1),

/01 y(z) < [M(:v) - M(:E)] + /0 [[gl(x,g) - Kl(a:,f)} y(§)dg

1

_|_
T~

[Kxx@>—190a®}y@ﬁ%)¢vzo,

where
~ €9 T
M) =2 - 2(0)" 2(2)
A ¢
k0.9 =525 ([ Bt 2w i+ [ 20 2t ).
kol =5 25 ([ 200 220000+ [ 2007 2000
Thus,

/Oly(:v) (M(:v)y(m) + /Ox 1(z, &)y d§+/ Ko(z, §) (f)d§> do

~

< (o) (Wrtoh(o) + [ Rt ucerae + / Rl (6)d )
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Therefore,

(v, Py) < / Meyayde + [ [ y@)ki(e Oy(e)deda

[
+/0 /:y@f)f?z(xf)y(g)dgdx
/M dx—|—/0/0

w [ [ ot Ol dsd

ly(2)|| K (2, )y (€)|déda

Since K (z,€) = Ko(&, 2), K1 and K> have the same supremum over (z,€) € [0,1] x

[0, 1]. Thus, using the previous equation, we obtain

(0. Py) /M Y +/ / y(@) 1Ko, €)y(E)|deda
/ | woliRate, )€ e

< sup Mm/o videt s |K1a:g|/ry |dx/ 1y(€)de.

€[0,1]x[0,1]

Using the definitions of 6; and 65, we obtain

€20 ! €20
P <2 [+ 2 [y [ e

Using Proposition B.8 in [81], we obtain

€201 €50
< /y( 2d+ 2 /ry |d:c/|y ¢)|d¢
=0, +06, /),

0 ! 6’ !
< 2 / y(o)2de + —22 / y(x)*dx
0 0

Thus, using Equation (5.13), we conclude that

ellyll” < (Py,y) < eyl for all y € Ly(0,1).
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For convenience, we define the set of multipliers and kernels which satisfy

Corollary 5.6.

Qdy do,er,e0r = {M, K1, Ky © M, Ky, K, satisfy the conditions of

Corollary 5.6 for dy, ds, €1, €2.}

5.3 Exponential Stability Analysis

In this section we consider the exponential stability of the system governed
by Equations (5.1)-(5.2). The main result depends primarily on the following upper

bound - the proof of which can be found in Lemma B.3 in Appendix B.

(Aw, Pu) + (w, PAw) < (w, Qu) + w,(1 / Qs(@)w(w)dz + 1w, (0 / Qu(w)w(z)dz

w(1) (Q5w( + Qew, (1 /Q7 >
w(0) (st< £ Qo (0 / Qul )

for any w € Dy, where we define the operator Q as

(Qy) (2) = Qola)y(x) + / " Qe Oy()de + / Qule, y(E)E, y € Lo(0, 1),
(5.14)

where

{Q07 Qh QQ? Q37 Q4a QE): Q67 Q77 QS) QQ? QlO} = M<M7 K17 K2>

and the linear operator M is defined as follows.

Definition 5.7. We say

{Qo, Q1, Q2, Q3, Qu, Qs, Qg, Q7, Qs, Qg, Qro} = M(M, Ky, Ky)

if the following hold

QETT

Qule) =41 (5@l (@) = ¥ M) ) + 200 0)elo) -
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+2 |G o) (3.6~ (e )]
Q(0.8) =5 ( 55 o) 12,60 = B K (0.) ) + o) 0.6)

Qs(z) =2nsa(1)K;(1, ),

Q4(z) = — 2n2a(0) K5 (0, x),
Qs =2ngnqa(1)M(1) — ng [a,(1)M(1) + a(1) M, (1) — b(1)M(1)],
Qs =2ngnsa(1)M(1),

Q7(x) =K1(1,x) [2n4a(1) 4 2neb(1)] — 2ng [a. (1) K1 (1, z) + a(1) K1 (1, 2)],

aer?

Qs = — 2n3n1a(0) M (0) 4+ n3 |a,(0)M(0) + a(0)M,(0) — b(0)M(0) + 5|

Qg = — 2n3n2a(0)M(0),

Q10($) = — KQ(O, I‘) [277,1(1(0) + 2n3b(0)] + 2713 [CLI<O)K2(O, l’) + CL(O)KZI(O, SL’)] 3
where Kl,az(lax) = [Kl,x(x7€)|x:l]§:xf K2,x(0>x) = [KQ,x(xag)’a::l)]g:x and € > 0 and
ng, 1 € {1,---,6}, are scalars.

We now present the theorem for exponential stability analysis.

Theorem 5.8. Suppose that there exist scalars €,6 > 0 and {M, K1, K2} € Z4, 4.

such that

{=Qo —20M, -0 — 20K, —Q2 — 20K5} € Z4y 4y .0,

Q3 =Qs=Q=Qr=Qy = Q10 =0,

Q5§O7 Q8§07 fOT alln]7]€{1776}7
where n; are given by Definition 5.1 and

{Q07 Ql? QZa Q?n Q47 Q57 Q67 Q?a QSa Q97 QIO} = M<M7 Kl7 KZ)
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Then, for any initial condition wy € Dy, there exists a scalar M > 0 such that

the classical solution w(x,t) of Equations (5.1)-(5.2) satisfies

Jw(- )| <e ™M, t>0.
For wy € L5(0,1), the same result holds for the weak solution.

Proof. Consider the following Lyapunov function V (w(-,t)) = (w(-,t), Pw(-,t)), where

(Py) (x) = M(z)y(x) + /jm@f)y(s)d& / Ko, ©)y(€)dé, y € Lo(0,1).

Taking the derivative along trajectories of the system, we have

d

5V (W) = (wi(, 1), (Pw(, 1)) + (w(-, £), (Pwi(-, 1))

= (Aw(-,t), Pw(-, 1)) + (w(-,t), PAw(-, 1)) .

Since the initial condition wy € Dy, from Lemma 5.4, the classical solution w(-,t) € Dy
exists for all ¢ > 0. For P as defined in (5.12) and M as defined in Definition 5.7, it

is shown in Appendix B that if

{QO? Qh QQ: Q?n Q4) Q57 Q67 Q77 Q87 Q97 QIO} - M<M7 K17 K2>7

then

iV(w(-, t)) = <Aw('v t),Pw(-,t)) + <w(" t),P.Aw(-,t))

dt
<(w(-t), Qu(-,1))
—l—wxlt/Qg xtdx—l—wat/@; w(z, t)dz
+ w(1,t) (Q5w(1 t) + Qew,(1,1) / Q7 (x)w(z t)c&)

+w(0, ) (ng(o £) + Qo (0,1) + / e mt)dx)
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where the operator Q is defined in Equation (5.14). Now, since by assumption Q3 =
Qi=Qs =07 =Qy= Q10 =0,Q; <0and Qs <0, we have

%v(w<.,t)> < (w(-, 1), Qu(-,t))

Since

{—=Qo —20M, —Q1 — 20K, —Q2 — 20K53} € 24, 4y 0,

we have that
/ Qo(eule, 1 + / o) ( | @i+ [ Qz(x,f)w(&t)d£> s
< =26 /01 M (x)w(z,t)*dx
_ 25/01w(35,t) (/0 K (, )w(E, )de + /0 Kz(x,g)w@,t)dg) da.

Using the definitions of operators P and Q
(w(-,t), Qu(-,t)) < =20 (w(-,t), Pw(-,1)).

Substituting into Equation (5.15) produces

%V(w<'v t)) < <w('v t)v Qw('>t)> < —20 <w('7t)’ Pw('7t)> :

Hence we conclude that

%V(w(«,t)) < 20V (w(-,1), t>0.

Integrating in time yields (w(-, t), (Pw)(-,t)) < e~ {wy, Pwy) and since, { M, K}, Ky} €

Zdy.dy e, We have

elw(- D < (w(, 1), (Pw)(-,1)) < e (wo, Pwo), >0
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which implies

Setting

completes the proof. O

5.3.1 Numerical Results. To illustrate the accuracy of the the stability test, we
perform the following numerical experiments. We consider the following two parabolic

PDEs:

we(x, 1) =wg,(z,t) + Aw(x,t), and (5.16)
wi(z,t) = (2° — 2% + 2) wye (2, 1) + (32 — 2z) w,(z,t)

+ (=0.52% 4+ 1.32° — 1.5z + 0.7 4+ \) w(z, t), (5.17)

where A is a scalar which may be chosen freely. We consider the following boundary

conditions for these two equations:

Dirichlet: = w(0) =0, w(1) =0, (5.18)
Neumann: = w,(0) = 0, w,(1) =0, (5.19)
Mixed: = w(0) =0, w,(1) =0, (5.20)
Robin: = w(0) =0,  w(1) 4+ w,(1) = 0. (5.21)

Table 5.1 illustrates the maximum A for which we can construct a Lyapunov
function for Equation (5.16) using the analysis presented in Theorem 5.8 as a function

of the degree of polynomial representation d; = dy = d with e = ¢ = 0.001.



Table 5.1. Maximum A as a function of polynomial degree d;

o7

dy = d for which

a Lyapunov function proving the exponential stability of w, = w,, + Aw can be

constructed using Theorem 5.8

Boundary Conditions d=3 4 5 6 7
Dirichlet
w(0) =0,w(1)=0 A=0.78 3.67 6.14 9.63 9.83
Neumann
w,(0) = 0,w,(1) =0 —0.0061 —0.002 —0.002 —0.002 —0.002
Mixed
w(0) = 0,w,(1) =0 0.7263  2.4353 24567 2.4597  2.4597
Robin
w(0)=0,w(l)+w,(1)=0 0.7843  3.9124  4.095 4.10 4.10

Table 5.2 presents a comparison of the maximum A as calculated by Theo-

rem 5.8 and the maximum A calculated using Sturm-Liouville theory presented in

Table E.1 in Appendix E.
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Table 5.2. Comparison of maximum A for which a Lyapunov function proving the
exponential stability of w; = w,, + Aw can be constructed using Theorem 5.8 and
maximum A predicted by Sturm-Liouville theory for stability.

Boundary Conditions

Maximum A

Maximum A

using Theorem 5.8 using Sturm Liouville theory

Dirichlet

Neumann
we(0) = 0,wy(1) =0
Mixed
w(0) = 0,w,(1) =0

Robin

9.83

—0.002

2.4597

4.10

7%~ 9.86

2[4 2 2.47

4.12

Table 5.3 illustrates the maximum A for which we can construct a Lyapunov

function for Equation (5.17) using the analysis presented in Theorem 5.8 as a function

of dy = dy = d with the previously chosen parameters of e = § = 0.001.
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Table 5.3. Maximum A as a function of polynomial degree d; = dy = d for which
a Lyapunov function proving the exponential stability of Equation (5.17) can be
constructed using Theorem 5.8.

Boundary Conditions d=3 4 5 6 7
Dirichlet
w(0) =0,w(1l) =0 A=999 15.615 18837  18.853 18.87
Neumann
w,(0) =0, w,(1) =0 —-99.9  —0.2625 —0.2625 —0.2625 —0.2625
Mixed
w(0) = 0,w,(1) =0 4.37 4.61 4.61 4.62 4.62
Robin
w(0) = 0,w(1) + w,(1) =0 7.89 7.89 7.89 7.89 7.91

Table 5.4 presents a comparison of the maximum A as calculated by Theo-
rem 5.8 and the maximum A calculated using finite-difference approach presented in

Table E.2 in Appendix E.
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Table 5.4. Comparison of maximum A for which a Lyapunov function proving the
exponential stability of Equation (5.17) can be constructed using Theorem 5.8 and
maximum A predicted by finite-difference approach.

Boundary Conditions Maximum A Maximum A

using Theorem 5.8 using finite-differences

Dirichlet
w(0) =0,w(1l)=0 18.87 18.95
Neumann
w,(0) =0,w,(1) =0 —0.2625 —0.255
Mixed
w(0) = 0,w,(1) =0 4.62 4.66
Robin
w(0) =0,w(1) +w,(1) =0 7.91 7.96

To illustrate the accuracy of the proposed stability analysis methodology, we
plot the error between the calculated maximum stable A using Theorem 5.8 versus
the calculated/estimated maximum stable A for Equations (5.16) and (5.17). Fig-
ures 5.1(a)-5.1(b) provide these results. As is evident, for degree d; = dy = 7 the
difference between the calculated and predicted maximum A is less that 0.1. Thus, we
conclude that the provided methodology is quite accurate in analyzing the stability

of the parabolic PDEs considered.
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-e-Dirichlet

~|-=-Neumann

-e-Robin
-e-Mixed

(a) Equation (5.16).

~|~-Dirichlet
-=-Neumann
~|-=-Robin
_|-e-Mixed

(b) Equation (5.17).

Figure 5.1. FError between calculated max. A using Theorem 5.8 and calcu-
lated /estimated max. A using Sturm-Liouville/finite-differences.
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CHAPTER 6
STATE FEEDBACK BASED BOUNDARY CONTROL OF PARABOLIC PDES

In this chapter we consider controller synthesis for parabolic PDEs. Similar to
Chapter 5, we accomplish this task by constructing Lyapunov functions parametrized
by sum-of-squares polynomials. In addition, the controllers are parametrized by poly-

nomials.

We consider Equations (5.1)- (5.2), given in Chapter 5, with inhomogeneous

boundary conditions given by
wy(x,t) = a(r)wee(x,t) + b(z)w(x, t) + c(z)w(z,t), x€]0,1], t>0, (6.1)
with boundary conditions of the form
nw(0,t) + 1w, (0,t) =0 and  prw(l,t) + paw,(1,t) = u(t). (6.2)

Here, the real valued function u(t) € R is called the control input. In addition, recall
the properties of the system, namely, the functions a, b and ¢ are polynomial functions

in . Moreover, the function a satisfies
a(z) >a >0, for zel0,1]. (6.3)
The scalars v;, p; € R, 4,5 € {1,2} satisfy

’V1‘+‘V2‘ >0 and |p1|+|,02’ > 0. (64)

We wish to design a controller F : H?(0,1) — R such that if
u(t) = Fuw(-,t), (6.5)

then the system given by Equations (6.1)-(6.2) is stable. We also assume that access
to the complete state is available for the design of controllers. Such type of controllers

are called full state feedback based controllers.
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For PDEs in the form of Equations (6.1)-(6.2), we define the following first
order form

w(t) = Aw(t), weD (6.6)

where the operator A : H?(0,1) — L(0, 1) is defined in Equation (5.6) as

(Ay) () = a(@)yae (2) + b(2)ya(z) + c(2)y(z), (6.7)

and

D={yec H*0,1): v1y(0)+ v2y.(0) = 0 and pry(1) + pay.(1) = Fy}.  (6.8)

If the operator F is of the form Fy = Ryy(1) + Roy.(1), y € H*(0,1), then,
using the analysis presented in Section 5.1 the uniqueness and existence of classical
(weak) solutions of Equation (6.6), and hence Equations (6.1)-(6.2), can be estab-
lished. However, for a more general form of operator F which we consider, it is
considerably more difficult to establish the uniqueness and existence of solutions.

Thus, we make the following assumption:

Assumption 6.1. For any operator F : H*(0,1) — R and initial condition wy € D,
there exists a classical solution to Equations (6.1)-(6.2) with u(t) given by Equa-
tion (6.5). Similarly, for any initial condition wy € Lo(0,1), there exists a weak

solution to Equations (6.1)-(6.2).

For later use, we present the following definition.

Definition 6.2. Given scalars vy, v, p1 and ps, we define

(

{_Z_;aoa]-} if”la”??'éo

{m17m27m3} - {0, 1,0} Zf 141 7& O; Vo = 0

{0, 0, 1} Zf Vv = O, 1%} 7é 0.
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With this definition, the boundary conditions given in Equation (6.2) can be repre-

sented as

w,(0,t) = myw(0,t) + mow,(0,t), w(0) =mzw(0,1).

6.1 Exponentially Stabilizing Boundary Control

In this section we consider the synthesis of controller F such that if the control
input
u(t) = Fuw(-, 1),
then, the system governed by Equations (6.1)-(6.2) is exponentially stable. The main
result depends primarily on the following upper bound - the proof of which can be

found in Lemma B.7 in Appendix B.

(APz(-,t), 2(-, 1)) + (2(-, 1), PAz(-, 1))
< <Z('7 t)? TZ(', t>>
+z@¢)(&z@ﬁ}+zgﬂ&ﬂdxjﬂ%>+zAOJXA To(2)2(z, t)da

+/’l 17w)(xwm( (mMAm+%wﬁ)dQﬂ

M(0)
1 by
M(O z(x t)dx/o aenz(z,t)dx
+ 2(1,t) (Tr2(1,t) + Tsz.(1,1)),

where 2(+,t) = P~ lw(-,t), w being a solution of Equations (6.1)-(6.2),
T 1
(Po) ) = Malyta) + [ Kol (s + [ Kol Om(€)de, v € La(0.1),
and we define the operator 7 as
T 1
(Ty) (z) = To(x)y(z) + /0 Ti(x,&)y(§)dE + / To(x,§)y(§)dE, y € L(0,1), (6.9)

where

{T07 T17 T27 T37 T47 T57 Tﬁa T77 T8} = N(M7 Kla KZ)
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and the linear operator N is defined as follows.
Definition 6.3. We say
{To, 11, T3, T3, Ty, T5, Ts, T7, T3 } = N (M, K, K3)
if the following hold

To(z) =aze(x)M(x) + a(x) My (z) — by (x) M (x) + b(x) My (x) + 2¢(x) M (x)

+2a(x) [K4(2,2) — Ko p(x, x)] —

Ti(2,8) = [a(2) Kz (2, §) + a(§) Ky ge(, )] + [b(2) K12 (2, §) 4+ b(E) K1¢(2, )]
+ [e(2) K (2, €) + c(§) Kz, €],
Ty(2,8) = [a(2) Kywa (7, §) + a(§) Kage(r, §)] + [b(2) Koo (1, §) + b(E) Ko, §)]
+ [e(2) Ka(2, §) + c(§) Ka(x, §)],
1

T3 =—ms | a(0)M,(0) — §ae7r2) + mg (a;(0) — b(0)) M(0)

— 2a(0) (m1M(0) + (ma — 1) M (0)),
Ty =(m3 — 1)(a2(0) — b(0)) K2(0,z)
—2a(0) [(mg — 1) K5,4(0, ) + mi K3(0, x)]
Ty () = — 2ms(ms — 1)a(0)Ka(0, ),
Ty(w) =2(ms — 1)K»(0, 2),
Ty = — a,(1)M(1) + a(1) M, (1) + b(1)M(1),

Ty =2a(1)M(1),

where Ki4(1,2) = [K12(2, ) |o=1]e_y K22(0,2) = [Ko2(2, &) |e=olc—, and € >0 and

m;, 1 € {1,--+,3}, are scalars.

We present the following theorem.
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Theorem 6.4. Suppose that there exist scalars €,6 > 0 and {M, K1, K>} € Z4, 4.c

such that

{—TO —20M, =T, — 20Ky, =T — 26K2} S Edl,d2,0?

T3 <0, Ti(z)=Ts5(x) = Te(x) = 0,
for allm;j, j € {1,---,3} where m; are given by Definition 6.2 and

{T07 T17 T27 T3a T47 T57 T67 T77 TS} - N<M7 K17 KZ)

Define the operator F := ZP~" where, for any y € H*(0,1),

;

Zyy(1) + fol Zy(z)y(z)dz  p1=0,p2 #0

2Y =\ Zsya(1) + [y Za(x)y(z)dz py £0,p2 =0

\25?/(1) + fol Zg(x)y(z)dz  p1#0,p2 #0

Here, Zy, Z3 and Zs are any scalars that satisfy

P2
A < — T7 — 2a(1)M,(1
1 <0 and 1 < 2@(1) ( 7 CL( ) x( ))7

1 1 Tz
Z3<0 and — < -——— T
’ Zg le(l) Tg

P2 P1
Zs <0 d Z — T — —Tg — 2a(1)M,(1) |,
5 < an 5 < 2@(1)(7 02 8 a(1) ())

and polynomials Zs(x), Zy(x) and Zg(x) are defined as

Z2(1') = P2K1,x<17 37)7

Zy(x) = p1Ki(1, @),

Z(x) = p (%Kl(l,x) + Kl,wu,x)) .

Additionally,

(Py) (2) = M(z)y(z) + /Ozm@,oy(g)dw / Ko, )y(€)de, y € La(0,1).
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Then for any solution w of (6.1) - (6.2) with u(t) = Fw(-,t) and initial condition

wo € D there exists a scalar M > 0 such that

||1U(,t)|| < 6_&M7 t>0.

Proof. Consider the following Lyapunov function V(w(-,t)) = (w(-,t), P~ w(-,t)).
Note that this Lyapunov functional is well-defined because from Assumption 6.1, the
solution (unique or weak) exists. Moreover, the bounded linear operator P is strictly

positive. Thus, its inverse P~! exists and is bounded and linear [35].

Taking the time derivative along trajectories of the system, we have

d

=V (w( 1) = (Aw(t), P~ w(h) + (P~ w(t), Aw(t)),

where we have used the fact that P = P* implies P~ = (P*)~'. Now let z = P~ lw.

Then

%V(w(',t)):<¢47777_1w( t), P w( >—|—<77 w( ),APP_lw(~,t)>

=(APz(-, 1), 2(-, 1)) + (2(-, 1), APz(-, 1)) .

From Lemma B.7,

= (APz(-,t), 2(-, 1)) + (2(-, 1), APz(-, 1))

< <Z(‘,t),7-2(',t>>
+ 2(0, ) (ng((),t) +/O T4(:E)z(x,t)dx> +Zz(0,t)/0 T5(x)z(z, t)dx
+/ Ml(O) 6(x)z(z, t)dz (—a(O)MI(O) + %aer) 2(0,t)

1 L
M(O 2(x t)dx/o aemz(x, t)dx
+ 2(1,t) (Tr2(1,t) + Tsz.(1,1)),
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where the operator 7 is defined in Equation (6.9). From the theorem statement we

have that Ty(x) = T5(x) = Ts(x) = 0 and T3 < 0, thus

d
SV (1)

= (APz(-,t), z(-, 1)) + (2(-, 1), APz(-, 1))

< A(z(-, 1), Tz(-, 1) + 2(1,8) (Tr2(1,t) + Tsz.(1,1)) . (6.10)
From Equation (6.4),

|p1| + |pa2| > 0.

Thus, there are three cases possible,

pr=0and ps #0, p1#0and p, =0, p1#0andp;#0.

For the case when p; = 0 and p, # 0,

paw,(1,t) = u(t) = Fw(-,t) = FPP lw(-,t) = Z2(-,1),

hence

1
w,(1,t) = —22(-,t).
P2

Since, w = Pz, we have

1
w,(1,t) = EZZ(-,t)

= M, (1)z(1,t) + M(1)z,(1,t) + /1 Ky (1, 2)z(x, t)dx.
Hence,

M(1)z,(1,t) = iZz(-,t) — M,(1)z(1,1) —/0 Ky, (1,2)2(z, t)dx.

Multiplying both sides by 2a(1),

2a(1)

Tz, (1,1) =
® ( ) P2

Zz2(-,t) — 2a(1)M,(1)2(1,¢)



- /01 2a(1) Ky ,(1, 2)2(z, t)dz.

Substituting in Equation (6.10),

d
Ly (u(-.1)

= (AP ), 2( 1) + (2(,£), AP=(-, 1))
< (28, T2( 1) + z(l,t)2ap(21)2z(-,t)

+ 2(1,1) ((T7 —2a(1)M,(1)) z(1,t) — /0 2a(1)K17I(1,x)z(x,t)da:) :

Using the definition of Z from the theorem statement

d
SV ()

= (APz(-,t), z(-, 1)) + (2(-, 1), APz(-, 1))

< (), T () + 2(1, 1)? (T7 — 2a(1) M, (1) + 26;(21)21) |

Since Z; is any scalar that satisfies

P2

Z1 <0 d Z1 < —F——
! WA= T

(T7 = 2a(1) M,(1))

there exists a scalar ¢; > 0 such that

2a(1)
P2

T; — 2a(1)M, (1) +

Z1 = —(i.

Thus, for the case when p; = 0 and py # 0 we get that there exists a scalar

(1 > 0 such that

_V(w('>t>) < <Z<',t),TZ(',i)> - <12<17t)2'

For the case when p; # 0 and p, = 0,

pw(l,t) =u(t) = Fw(,t) = FPP w(-,t) = Z2(-,1),

69

(6.11)
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hence

1
w(l,t) = EZz(-,t).

Using the fact that w = Pz we obtain
1 1
w(l, t) = —Zz(-,t) = M(1)z(1,t) +/ Ki(1,2)z(z, t)dz.
P1 0

Now, by definition,
1
Z2(-,t) = Z32,(1,1) +/ Zy(x)z(z, t)dx.
0

Combining the last two statements and using the definition of Z4(x),

2(1,t) = %M(l)z(l,t).

3

Note that this is well defined since Z3 < 0. Substituting in Equation (6.10)

d
SV (1)

= (APz(-,t), 2(-, 1)) + (2(-, 1), APz(-, 1))

< A{z(-, 1), T2(+, 1)) + 2(1,1)? (T7 + %M(l)Tg) .

Since, from the theorem statement,

1 1 T
Z3 <0 and— < — —,
3 Zg p1M<1) Tg

there exists a scalar (, > 0 such that

Tr+ 2L M) T = —G,
Zs

where we have used the fact that Tg = 2a(1)M (1) > 0. Hence, for the case when

p1 # 0 and py = 0, there exists a scalar (; > 0 such that

%V(w(-,t)) < {(z( 1), T2(-, 1)) — Gz(1,1)2 (6.12)

For the case when p; # 0 and p; # 0,

prw(1,t) + powe(1,t) = u(t) = Fuw(-,t) = FPP rw(-,t) = Zz(- 1),



hence using w = Pz

M(1)z(1,6) =— z< ) — mMﬂ)ﬂw M, (1)=(1,1)

/Kllx {Etdﬂt—/le1$ (x,t)dz.

Multiplying both sides by 2a(1)

ngz(l, t)

:2“”zd.>——f 2(1,1) — 2a(1) M, (1)2(1, )

— 2a(1 /Kllx (x,t)dx — 2a(1 /lelx (x,t)dx.

Substituting in Equation (6.10) we obtain

= (APz(-,t), z(-, 1)) + (z(-, 1), APz(-, 1))

< (), T )+ 20,02 W 2

P2
+2(1, 1) [T7 - %Tg - 2a(1)Mx(1)]

—2(1,1) /01 2a(1) <%Kl(1,x) + KoL, $)> (x, t)da.
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Using the definition of Z from the theorem statement for the case when p; # 0 and

p2 # 0 we obtain
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Since, by definition, Z5 is any scalar that satisfies

P2 P1
Z d Z5<— T, — —Ts — 2a(1)M,(1) ),
5<0 an 5 < 2a<1)<7 p28 a(1) ())

there exists a scalar (3 > 0 such that

2a(1
o — 21y 2a(1)as,(1) 4+ 240
P2 P2

Zs = —(3.

Thus, for the case when p; # 0 and py # 0, there exists a scalar (3 > 0 such that

%V(w(-,t)) < {(z(4 1), T2(-, 1)) — Gz(1,1)2 (6.13)

From Equations (6.11)-(6.13) we conclude that there exist scalars
(1, Ca, C3 > 0 such that

SVl 0) < (1), T2, 1) = G0, (6.14)

where ¢ = min{(y, (2, (3}

Since ¢ < 0, we conclude that

o) < (2,70,

From the theorem hypotheses,
{_TO — 25M, —T1 — 25K1, —Tg — 25KQ} - Edl,dz,O-

Thus we conclude that

SV (1) < 2V (w(.1), t>0

Integrating in time yields

V(w(-,1)) < e 2V (w(-,0) = (Pz(-,1), 2(-, 1)) < 6_25t<w0,73_1w0>'

Since {M, K1, Ka} € gy ayes €ll2(, 1) |]* < (Pz(+,t), 2(+,t)) and thus
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Since z = P~lw, w = Pz, and therefore,

<"LUO, P—1w0>

lw( )l = [(P2)( ) < IPllell=C, )l < e [[P]le

Setting

P
M = [P gy S0P w0)

completes the proof. O

6.1.1 Numerical Results. To illustrate the effectiveness of the controller synthe-
sis, we construct exponentially stabilizing boundary controllers for the following two

parabolic PDEs:

wi(x,t) =W, (z,t) + Mw(zx,t), and (6.15)
wi(z,t) = (2° — 2° + 2) e (2, 1) + (32” — 22) wy(z,t)

+ (—0.52% + 1.32° — 1.52 + 0.7 4+ \) w(z, t), (6.16)

where A is a scalar which may be chosen freely. We consider the following boundary

conditions for these two equations:

Dirichlet: = w(0) = 0, w(l) = u(t), (6.17)
Neumann: = w,(0) = 0, wo(1) = u(t), (6.18)
Mixed: = w(0) = 0, we(1) = u(t), (6.19)
Robin: = w(0) + w,(0) =0, w(1) + wy(1) = u(t). (6.20)

We apply Theorem 6.4 to these PDEs for different degrees of polynomial rep-
resentation for parameter values e = § = 0.001. Table 6.1 and Figure 6.1 illustrate the

maximum A as a function of d; = dy = d for which we can construct an exponentially
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Table 6.1. Maximum A as a function of polynomial degree d; = dy = d for which
the conditions of Theorem 6.4 are feasible, thereby implying the existence of an
exponentially stabilizing controller for Equation (6.15).

Boundary Conditions

d=6

Dirichlet
w(0) = 0,w(1) = u(t)
Neumann
wz(0) = 0, wy(1) = u(t)
Mixed
w(0) = 0, wy(1) = u(t)

Robin

w(0) + wz(0) = 0,w(1) + wy (1) = u(t)

A =10.3767 14.3982 17.9626 22.8645 23.3093 27.1179

10.5743

10.3767

9.3170

13.1227 16.6992 17.1814 21.8781 21.8781

14.3982 17.9626 22.8645 23.3093 27.1179

12.0911 14.9445 16.6565 18.7748 18.7748
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Figure 6.1. Maximum A as a function of polynomial degree d; = dy = d for which
the conditions of Theorem 6.4 are feasible, thereby implying the existence of an
exponentially stabilizing controller for Equation (6.15).

stabilizing controller for Equation (6.15) using the analysis presented in Theorem 6.4.

Similarly Table 6.2 and Figure 6.2 illustrate the maximum A for which we can
construct an exponentially stabilizing controller for Equation (5.17) using the analysis

presented in Theorem 6.4.

From Tables 6.1-6.2 we conjecture that if the system is controllable for some
suitable definition of controllability, then the conditions of Theorem. 6.4 will be fea-
sible for sufficiently high d; and dy. We emphasize, however, that this is only a
conjecture and additional work must be done in order to make this statement rigor-
ous and determine its veracity. A further caveat to these results is the observation
that the maximum degree d; and ds for which the conditions can be tested is a func-

tion of the memory and processing speed of the computational platform on which
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Table 6.2. Maximum A as a function of polynomial degree di = dy = d for which
the conditions of Theorem 6.4 are feasible, thereby implying the existence of an
exponentially stabilizing controller for Equation (6.16).

Boundary Conditions

d=14

Dirichlet

Robin

w(0) + wz(0) = 0,w(1) + wx (1) = u(t)

A =19.0216 36.1359 39.7247 43.5974 44.5219

16.8152

19.0216

12.7869

31.3484 32.8186 32.8186 37.5130

36.1359 39.7247 43.5974 44.5219

26.7517 28.0090 28.0090 32.6233
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Figure 6.2. Maximum A as a function of polynomial degree d; = dy = d for which
the conditions of Theorem 6.4 are feasible, thereby implying the existence of an
exponentially stabilizing controller for Equation (6.16).

the experiments are performed. Specifically, the number of optimization variables
in the underlying SDP problem is determined by the number of polynomial coeffi-
cients which scales as O(d?). To illustrate, all numerical experiments presented in
this work were performed on a machine with 8 gigabytes of random access memory,
which limited our analysis to a maximum degree of d; = dy = 11 for PDE (6.15) and
d; = dy = 8 for PDE (6.16).

Recall that in Theorem 6.4 we use a Lyapunov function of the form V(w) =

(w(-,t), Pw(-,t)), where, for any z € Ly(0,1), we define

(P2) () = M(2)2(z) + / K (0, €)2(€)de + / K\ (1, €)2(€)de.

This form is atypical for the study of PDEs and thus, one may question the necessity
of the kernels K7 and K. Especially since their inclusion significantly complicates the

analysis. Therefore, to justify the inclusion of the kernels, we test the conditions of
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Theorem 6.4 on Equations (6.15)-(6.16) with the constraint K; = Ky = 0. Tables 6.3-
6.4 present these results.
Table 6.3. Maximum A as a function of polynomial degree d; = dy = d for which the

conditions of Theorem 6.4 are feasible with K; = Ky = 0, thereby implying the
existence of an exponentially stabilizing controller for Equation (6.15).

Boundary Conditions d=1 2 3 4---10
Dirichlet
w(0) = 0,w(1) = u(t) A=390 4.78 488 4.88
Neumann
w,(0) = 0, w,(1) = u(t) 3.22 3.51 3,51 3.51
Mixed
w(0) =0, w,(1) = u(t) 3.90 4.78 488  4.88
Robin

w(0) + wy(0) = 0,w(1) + wy(1) = w(t) 232 234 234 234
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Table 6.4. Maximum A as a function of polynomial degree d; = dy = d for which the
conditions of Theorem 6.4 are feasible with K; = Ky = 0, thereby implying the
existence of an exponentially stabilizing controller for Equation (6.16).

Boundary Conditions d=1 2 3 4---10
Dirichlet
w(0) = 0,w(1) = u(t) A=351 7.03 859 859
Neumann
W, (0) = 0, wy(1) = u(t) 351 546 6.64 6.64
Mixed
w(0) = 0,w, (1) = u(t) 3.51 7.03 859  8.59
Robin

w(0) + w,(0) = 0,w(1) + wy(1) = u(t) 351 546 546 5.46

Comparing Tables 6.1-6.2 with Tables 6.3-6.4 we observe that inclusion of
K7 and K5 allow us to synthesize controllers for significantly larger values of the
parameter A > 0. Additionally, it is clear from Tables 6.3-6.4 that with the constraint
K, = Ky = 0, the maximum value of feasible A seems to converge. Therefore, we
conclude that the kernels K; and K, play a crucial role in the synthesis of state-

feedback controllers.

Finally, we provide a numerical simulation of Equation (6.16) for A = 20 and
mixed boundary conditions while being acted upon by controllers designed using

Theorem 6.4. Figure 6.3 shows the response of the autonomous system (u(t) = 0)
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with and initial condition

—(2—0.3)2 —(z—0.7)2

e 20072 _ o 20072

2
—3- 0.2
0
0.5 og
T 1 0 1ime

Figure 6.3. Autonomous state evolution of Equation (6.16) for A = 20 and mixed
boundary conditions .

Figures 6.4-6.5 show the closed loop response of the same PDE and the control
effort respectively.
6.2 L, Optimal Control

In this section, we consider the inhomogeneous version of Equations (6.1)-(6.2)

given by

wi(z,t) = a()wey(z,t) + b(2)w,(z,t) + c(x)w(x, t) + f(z,t), z€]0,1], ¢>0,
(6.21)

with boundary conditions of the form

nw(0,t) + 1w, (0,t) =0 and pyw(1,t) + pow,(1,t) = u(t). (6.22)
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0.5

Figure 6.4. Closed loop state evolution of Equation (6.16) for A\ = 20 and mixed
boundary conditions .

2 ‘

[ T |

‘100 0.05 0.1 0.15 0.2

Figure 6.5. Control effort evolution of Equation (6.16) for A = 20 and mixed boundary
conditions .
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Here, the function f € CL ([0, 00]; Ly(0,1)) or f € L¥([0, 00]; L2(0,1))? is the ex-
ogenous input. For this system, we wish to synthesize a controller F : H?(0,1) — R

such that if the control input is given by
u(t) = Fw(-,1),
then there exists a positive scalar v such that

ol 24 T 2dt.
/0 (-, )] tﬁv/o 1FCo0)]2de

The following assumption, akin to Assumption 6.1, establishes uniqueness and

existence of the solutions for the inhomogeneous system.

Assumption 6.5. For any operator F : H?*(0,1) — R, initial condition wy € D
and f € CL.([0,00]; L5(0,1)), there exists a classical solution to Equations (6.21)-
(6.22) with u(t) = Fw(-,t). Similarly, for any initial condition wy € Lo(0,1) and
f € L¥<(]0, 00]; Lo(0,1)), there exists a weak solution to Equations (6.21)-(6.22).

We present the following theorem for L, stability analysis.

Theorem 6.6. Suppose that there exist scalars 0 < €, < €3, v > 0 and {M, K1, K1} €

Q4, dy.en.es SUch that

{=T6 —26M, =T, — 20K, —T5 — 26 K>} € 24, ay.0,

T4($) = T5(Z') = T6(.l’) = O, Tg < 0,
or all m;, j € {1,---,3} where
J
€2

€17

m; are giwven by Definition 6.2 and

{T07 T17 T27 T37 T47 T57 T67 T77 TS} — N<M7 K17 KQ)

2Refer to the section on notation for definitions of the function spaces.
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Define the operator F := ZP~1 where, for any y € H?(0,1),

(

Zyy(1) + fy Zo(w)y(z)dz  py=0,p2 #0

Zy = Z3y.(1) + fol Zy(x)y(x)dxr p1 #0,p2=0"

| Zsy(1) + Jy Zo(x)y(x)dz  py#0,p2 #0

Here, Z1, Z3 and Z5 are any scalars that satisfy

Z, <0 and Zl<—2(f(21) (Ty — 2a(1) M, (1)),

1 1 T
Zs3 <0 and — <-——--——,
’ Z3 le(l) Ty

P2 P1
Z 0 d Z — T — —Tg — 2a(1)M,(1) ),
5 < an 5 < 2@(1)(7 2 8 a(l) ())

and polynomials Zs(x), Zy(x) and Zg(x) are defined as
ZQ(:E) = pZKl,x(lax)’
Z4(£L’> = lel(lv'r)a
2ie) = po (K1 (1,0) + Kia(L) ).
2

Additionally,

(Py) (x) = M(z)y(x) + /Oxmx,g)y(g)du / Ko, )y(€)de, y € Lo(0,1).

Then any solution w of (6.21) - (6.22) with u(t) = (Fw)(t) and wy = 0 satisfies

| It <y [Clseolpa
0 0
Proof. Consider the following Lyapunov function

V(w(-, 1) = (w(- ), P w(-, 1))

Taking the time derivative along trajectories of the system, we have

%V(w(-, t)) = <wt(~,t), P w(., t)> + <w(~,t), P_lwt(-,t)>
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=(Aw(t), P w(t)) + (P w(t), Aw(t))
+2(f(-,t), P w(-, 1)),
where we have used the fact that P = P* implies P~} (73*)

Now let 2z = P~1w. Then

d

dtv( = (APP w(-,t), P~ w(-, ) + (P w(-,t), APP w(-,t))

—|—2<f ), P rw(-, )>
=(APz(-, 1), 2(-, 1)) + (2(-, 1), APz(-, 1)) + 2 (f(-, 1), z(-, 1)) .

From the analysis presented in Theorem 6.4, we have

SV 0) < (200, To( 1) +2(f(.0),2(,1).

av( ('7t>> +9 <Z('7t)=,PZ('7t>> - <f('7t)77)_1f('7t)>
1

< (0 (T +0P)2(,0) +2(f (1), 2(50) = < {0, P (1))

T z(+, 1)
>. (6.23)
f('?t) z _%7)71 f('vt)

From Schur complement, the operator

S| =

< 20| | T+oP

T+ 6P 7z
<0
7 P!
if and only if
T +20P <0.

Since {—Tp — 20M, =T, — 20K, =Ty — 20K} € Z4, 4,0, we have that

T +26P <0,



and consequently, from Equation (6.23),

d

gV (WG ) +0(2(, 1), P 1)) < 5 Qf ), PG 1).

Integrating in time from ¢ =0 to t =T < oo , we obtain

xqw@T»—V@mm»+5A (( 1), P, ) dt
s%é (f(t), PLF( 1)) .

Since wy(z) = w(z,0) =0, V(w(-,0)) = 0. Additionally, V(w(-,T")) > 0, thus

AZ%J t<—/<f (-,t))dt.

Since, (z(+,t), Pz(+,t)) = (w(-, 1), P w(-, 1)),

1 T

/0 < () )7) w( >dt<52 <f('7t)7lpilf<',t)>dt

Since {M, K1, Ka} € Qa,.dy.c1.¢5, We have from Lemma C.1 that

Ol < (w0, P (D) and

<f('=t>77)_1f('7t)> < a”f(?t)HZ

Therefore,
I I
— SH)|Pdt < — - 1)|]dt.
= [ o< = el
Consequently;,
g 2 €2 g 2
SH)fde < — - t)||“dt.
[ ttoipa < 2 [Cireol
Since
5 = 6_2’
€17
we obtain

T T
/Im@ﬂWﬁgv/ﬂu@ﬂwﬁ
0 0

Taking the limit 7" — oo completes the proof.

85
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6.2.1 Numerical Results. We now test the conditions of Theorem 6.6 on the

perturbed versions of Equations (6.15)-(6.16), namely
wi(z,t) =wee(z,t) + Aw(x,t) + f(z,t), and (6.24)
wi(z,t) = (2° — 2° + 2) wae (2, 1) + (32® — 22) wy(z, 1)
+ (—0.52" + 1.32° — 1.5z + 0.7+ A) w(z, t) + f(z,t), (6.25)

where f € L(0,00; L2(0,1)) is the exogenous distributed input. We consider the

following boundary conditions for these two equations:

Dirichlet: = w(0) = 0, w(1) = u(t), (6.26)
Neumann: = w,(0) = 0, we(1) = u(t), (6.27)
Mixed: = w(0) = 0, wo(1) = ult), (6.28)
Robin: = w(0) + w,(0) = 0, w(1)+ w,(1) = u(t). (6.29)

Additionally, we choose the values for the parameter \ so that the autonomous un-
perturbed PDEs are unstable. The chosen values of A for each case are presented in

Table 6.5.

Table 6.5. Values of parameter A\ chosen for Equations (6.24)-(6.25) with boundary
conditions (6.26)-(6.29).

Dirichlet Neumann Mixed Robin

PDE (6.24) A=72+004 0033 = +0.034 —0.967

PDE (6.25) A = 19.006 —0.195 4.72 —2.37

We apply Theorem 6.6 to these PDEs for different degrees of polynomial rep-
resentation for parameter values ¢; = 0.001 and e; = 1, and find the smallest upper

bound of the state v > 0. Table 6.6 and Figure 6.6 illustrate the minimum v as a



87

function of d; = dy = d for which we can construct an optimal controller for Equa-

tion (6.24) using the analysis presented in Theorem 6.6.

Table 6.6. Minimum 7 as a function of polynomial degree dy = dy = d for which
the conditions of Theorem 6.6 are feasible, thereby implying the existence of an
optimal controller for Equation (6.24).

Boundary Conditions d=3 4 5 6 7
Dirichlet
w(0) = 0,w(1) = u(t) v=99.90 99.90 99.90 91.79 27.73
Neumann
w,(0) = 0,w,(1) = u(t) 220.58 45.89 17.08 10.74 10.74
Mixed
w(0) = 0, w,(1) = u(t) 999.93  176.65 32.71 7.515 5.615
Robin

w(0) 4w,y (0) = 0, w(1) + wy(1) = u(t) 125 39.06 19.04 13.18 13.18

Table 6.7 and Figure 6.7 illustrate the minimum ~ as a function of d; = dy = d
for which we can construct an optimal controller for Equation (6.25) using the analysis

presented in Theorem 6.6.
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Figure 6.6. Minimum ~ as a function of polynomial degree d; = dy = d for which
the conditions of Theorem 6.6 are feasible, thereby implying the existence of an

optimal controller for Equation (6.24).

Table 6.7. Minimum v as a function of polynomial degree dy = dy = d for which
the conditions of Theorem 6.6 are feasible, thereby implying the existence of an

optimal controller for Equation (6.25).

Boundary Conditions d=3 4 5 6 7
Dirichlet
w(0) = 0,w(1) = u(t) v=99.90 99.90 7.76 7.03 7.03
Neumann
w,(0) = 0, w,(1) = u(t) 343.73 3.78 292 229 229
Mixed
w(0) = 0,w, (1) = u(t) 999.93 4.88 1.71 1.46 1.46
Robin
w(0) + w,(0) = 0, w(1) + w,(1) = u(t) 134.70 3.84 3.66 341 341
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Figure 6.7. Minimum ~ as a function of polynomial degree d; = dy = d for which
the conditions of Theorem 6.6 are feasible, thereby implying the existence of an
optimal controller for Equation (6.25).

As for the case of exponentially stabilizing control, these results suggest that
increasing the degree of polynomial representation leads to the construction of an
controller for a lower value of v > 0. However, for optimal control synthesis this effect
is not as pronounced as for the case of exponentially stabilizing control. Moreover,
for Equation (6.25) the values of v seem to converge. We would require to test the
conditions of Theorem 6.6 for higher degrees of polynomial representation. However,
as discussed previously, that would incur a penalty on the memory requirements of

the machine on which these tests are performed.

Since the conditions of Theorems 6.4 and 6.6 are similar, we infer that setting

K, = K5 = 0 would worsen the performance of the controllers synthesized.

Finally, we present a numerical simulation for the optimal controller. We
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simulate Equation (6.25) with exogenous input chosen as

t
f(z,t) = e " cos % (14 sin(0.17x)) .

Figure 6.8 shows the state evolution, from a zero initial condition, without any control

input.
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Figure 6.8. Autonomous state evolution of Equation (6.25) with mixed boundary
conditions .

Figures 6.9-6.10 show the closed loop response of the same PDE and the control

effort respectively.
6.3 Inverses of Positive Operators

In Theorems 6.4 and 6.6 we construct operators Z and P satisfying the con-
ditions of the respective theorems. If such operators exist, then the controller is
given by F = ZP~'. Thus, given a positive operator P, we require a method
of constructing P~!. Therefore, in this section, given scalar valued polynomials

{M, K1, Ky} € Efq, dy.6}, or indeed {M, K1, Ko} € Qa; doe,e0) for any 0 < €1 < €3, we
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Figure 6.9. Closed loop state evolution of Equation (6.25) with mixed boundary
conditions .
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Figure 6.10. Control effort evolution of Equation (6.25) with mixed boundary condi-
tions .
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will provide a method to construct P~ where

(Py) (x) = M(z)y(z) + / "R (e, €)y(€)de + / Ko, €)y(€)de.

For operators without joint positivity, this procedure has been presented in [82] and
expanded in [83]. In this section, we further expand these results by proposing a

method for constructing inverses for the class of operators considered in Section 5.2.

Since all positive bounded linear operators are invertible [35], the operators
constructed in Theorem 5.5 are invertible. Of course, to construct the inverses of such
operators, one could enforce the supremum of the integral kernels K;(z,¢), i € {1,2}
to be less than the infimum of M (z) so that the power series expansion of the inverse
operator converges. However, such conditions are very conservative. Our approach
uses the results presented in [84] where it has been shown that operators belonging
to the set Z4, 4, are the input-output maps of well-posed Linear Time Varying
(LTV) systems. Thus, by switching the input and the output, such operators can be

inverted. We prove this fact explicitly.

Let {M, Ky, Ko} € Za; do e}, then Ky (x,€) and Ky(z, &) are of degree dy + 1 in
variables z and €. We can always find a matrix R € R%22X%+2 gych that Ki(z,¢) =
Zayi1(£)TRZ4,,1(€). Recall that we denote the vector of monomials up to degree dy+1
by Zg,+1(+). Since, Ky(z,€&) = Ki(z,§), we get Ko(x,€) = Zgyi1(2)TRT Z4,,1(€). Let
R = R1 R, be a factorization, for e.g. QR factorization, then

Ki(2,8) = Zay1 ()" RiRoZay 11 (6),

Ky (z,8) = Zd2+1(x)TR§Rde2+1(§).
With this, we provide the following definition.

Definition 6.7. Consider the operator

(Py) (2) = M(2)y(z) + / " K (o, €y (€)de + / Ko, €)y(€) e,
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where

{M7 Kly KQ} € E{d1,d2,6}7 Kl(xvg) = Zd2+1<x)TR1R2Zd2+1(§)7

Ky(2,8) = Zay1(x)"RY R Zay11(§), R = RiRy.

We define
Op = {M, Fy, F5,G1,Gs},

where
Fi(z) = Zgy1(2)" Ry € RM2HL
Fy(2) = = Zagya () Ry € RPEHL
G1(&) = RaZgy11(€) € R2HIXL

G2(€) = R{ Zg,11(§) € R

With this definition, if

(WM@ZMwM@ﬁ[Km%M@%+/KW%M@%

then ©p = {M, Fy, F», G1, Gy} implies that

@M@=M@M@ﬁfﬂwﬁﬂw@%ﬁ/B@Wﬁw@%

We provide the following Lemma which we will use to construct inverse oper-

ators.

Lemma 6.8. Let A(z) be a matriz in R¥* k € N, whose entries are Lebesgue

integrable and continuous on x € [0,1]. Then, the matrixz differential equation

dU(x)
dx

U(0) =1,

=A(x)U(x),
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has a unique absolutely continuous solution which is given by the uniform limit on

0 <z <1 of the sequence Uy(x), Us(x),- - -, which are defined recursively as
Uneala) =1+ [ AU Vi) =1
Additionally, U(x) is non-singular.
The matriz U(x) is known as the fundamental matrix of A(x).

A proof is provided in Appendix C. Additionally, refer to [84] and [85] and

references therein for a similar proof.

Theorem 6.9. For {M, Ky, Ky} € 24, ay.c, let

(Pw) (@) = Ma)ula) + [ Koo ule)de + [ Kalo ule)de, we La(0.1).

Additionally, let ©p = (M, Fy, F5,G1,G5). Define the operator P as

(mm@;mww@—/%xg €)de /wxé

0

where
Vi, &) =M (2) ' C(2)U (x) (Isarry — PYU(E) ' B(E)M (&)™,
Yo(,8) = — M(2)~'C(2)U(x) PU(E) ™' B(E)M (€)™,

B(z) = o OO =) B

Y

P = (N, + N,U(1))"' N,U(1),

Iyayy O 0 0
le 3 N2: ) NlaN2€S4(d+1)7

0 0 0 Iyas

U(x) = fundamental matriz of — B(z)M(z)~'C(x), and
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d=dy+ 1.
Then, P is the inverse of P, i.e. PP = PP =1I, where T is the identity operator.

The same result holds for { M, K1, Ko} € Qu, dy.e1.e0 for any 0 < €5 < €.

Refer to Appendix C for the proof.

To construct the inverse in practice, the fundamental matrix U(z) has to be

replaced by

Ug(x) =1+ /0 w(—B<£>M<£>*10<£))U;H(g)ds, Ui (2) = Lyar),

for some finite K where K is chosen sufficiently large so that the inverse is ap-
proximated adequately. In practice, we have found that only a few terms are re-
quired for convergence. To illustrate, in Figures 6.11(a) and 6.11(b) we find some
(M, Ky, My) € Q111,. Then we plot ||w — PPx w]|| and ||w — Pg'Pw||, where Py’
denotes P! with U(x) replaced by Uk (x), as a function of K for the arbitrarily
chosen function w(z) = z(x — 0.4)(z — 1). In this case, K = 5 yields norm error of

order ~ 107°.

Finally, Figures 6.12(a) and 6.12(b) illustrate w(t), (PPx'w) () and (P Pw) (¢).



AW -

(a) [lw = PP tuw]

A -

(b) flw =P Pu

Figure 6.11. ||w — PPx w]|| and [|w — Pr'Puw|| as a function of K.
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Figure 6.12. w(t), (PPx w) (t) and (Pr'Pw) (t) as a function of K.
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CHAPTER 7

OBSERVER BASED BOUNDARY CONTROL OF PARABOLIC PDES USING
POINT OBSERVATION

In this chapter we consider boundary stabilization of parabolic PDEs when
only a partial knowledge of the state is available. In Chapter 6 we considered controller
design using the complete knowledge of the state. However, due to the infinite-
dimensional nature of PDEs, real-time measurement of the complete state is not
possible. Thus, a realistic approach would entail the design of controllers using only

the partial knowledge of the state.
We consider Equations (6.1)-(6.2) given by
wy(x,t) = a(r)we,(x, t) + b(z)w,(x, t) + c(z)w(z,t), x€]0,1], t>0, (7.1)
with boundary conditions
w(0,t) + vew,(0,t) =0, prw(l,t) 4+ pow,(1,t) = u(t), (7.2)

and measurement
y(t) = mw(l, ) + pow,(1,1). (7.3)

As in Chapter 6, the function u(t) € R is the control input. The measurement
y(t) € R is also called an output. As in previous chapters, the functions a, b and ¢

are polynomials in 2 and
a(x) >a >0, for ze€]l0,1]. (7.4)
The scalars v;, p; € R, 4,5 € {1,2}, satisty
lvi|+ o] >0, and |p1| + |pe| > 0. (7.5)
Additionally, the scalars ug, k € {1,2} satisty

py #0and up =0 if p; =0
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pr=0and us 0 if py =10 (7.6)
1 Z0and up =0 if p; # 0 and py # 0.

(7.7)

The method we use is to design an observer with measurement y(¢) as inputs
such that the state of the observer estimates the state of the system represented by
Equations (7.1)-(7.2). Additionally, the output of the observer is constructed such
that if it is set as the input u(t), then the System (7.1)-(7.2) is stabilized. The
simplest class of observers for which it is possible to verify closed loop stability is
Luenberger observers. In our version of the Luenberger observer, the dynamics of the

state estimate w are defined as
Wi(z,t) = a(2)Wey (2, t) + b(2)Wy (2, t) + c(x)w(x, t) + p(z,t), (7.8)
with boundary conditions
nw(0,t) + 1w, (0,t) =0,  prw(l,t) 4+ pa,(1,t) = q(t) + u(t), (7.9)
where p(x,t) and ¢(t) are the inputs to the observer.

We wish to design a controller F : H?(0,1) — R, observer operator
O : R — Ly(0,1), and scalars O such that if the observer is given by Equations (7.8)-

(7.9) with the observer inputs given by

then the system represented by Equations (7.1)-(7.2) is stable. Here,
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With the control input u(t) = Fw(-,t), the coupled dynamics of the system

state w and the observer state w can be written as

wi(z,t) =a(x)wye(z, t) + b(z)w,(z,t) + c(z)w(z, t)

Wi(, 1) =a(2)es(z, 1) + b2 )iy (2, 1) + c(x)w(z, 1) + (O (§(t) — y(t))) (x), (7.10)
with boundary conditions

l/ﬂU(O, t) + V2wa?(07 t) = O) le(la t) + pwa(lu t) = ]:w(a t)7

n(0,t) + 1ow,(0,1) =0, pr(1,1) + pary(1,8) = O (4(t) — y(t)) + Fw (-, 1),
(7.11)

where

y(t) =pw(l,t) + pow,(1,t),  §(t) = pw(1,t) + pot,(1,1),

A block-diagram of the coupled dynamics can be found in Figure 7.1.
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System

wi(x,t) = a(z)we(x,t) + b(z)w,(x,t) + c(z)w(z, t),

rw(0,t) + vew,(0,t) = 0,

prw(l,t) + pow,(1,t) = u(t),

y(t) = wiw(l,t) + waw,(1,1).

Wi(x,t) = a(T)Wee(x,t) + b()wWy (2, t) + c(x)w(z, 1),
+(O(4(t) —y(1))) (),
VluA)(O, t)+ Vglbm(o,t) = 0,

pro (L, )+ pata (1,8) = O (5(t) = y(t)) + u(t),

y(t) = wlﬁ)(l, t) + WQQI)$(1,t).

Observer Based Controller
Figure 7.1. Diagram representing the coupled dynamics (7.10)-(7.11)

For the coupled PDEs in the form of Equations (7.10)-(7.11), we define the

following first order form

wi(t) ~0C A+0C| |w(t) W
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where the operator A : H?(0,1) — Ly(0,1) is defined as
(Az) () = a(2) zge (z) + b(x) 2, (2) + c(x)2(2), (7.12)
the operator C : H?(0,1) — R is defined as
Cz = mz(1) + pazs(1),

and the space D is defined as

D= { € H*(0,1)® H*(0,1): 1 + 1 = and

Q>
Q>
—
(@)
N—
N>
8
S
@)
N—
@)

p1 + p2 =

z(1) 2. (1) 0 F 2
}. (7.13)
2(1) Z:(1) -0C F+0C| |z

Similar to Chapter 6, we make the following assumption for the uniqueness

and existence of solutions for the coupled closed loop system.

Assumption 7.1. For any controller F : H*(0,1) — R, observer operator O :

Wo R
Ly(0,1) = Ly(0,1), scalar O, and initial condition € D, there exists a classical

wo

solution to Equations (7.10)-(7.11) with control input u(t) = Fw(-,t) and

Wo
Similarly, for any initial condition € Ly(0,1) @ Ly(0,1), there exists a weak

solution to Equations (7.10)-(7.11).



103

For later use, let e = w — w denote the state estimation error. Then, from

Equation (7.11), the boundary conditions for the error variable e can be obtained as
v16(0,t) + 12e,(0,8) =0 and pre(l,t) + paes(1,t) = q(t). (7.14)

For these boundary conditions, we provide the following definition analogous to Def-

mition 6.2.

Definition 7.2. Given scalars vy, vs, py and ps, we define

(

{_5_;7071} Z.fV1>I/27é0

{lilols} = §{0,1,0)  ifn 20,09 =0

{07071} if]/1:07y27£0

With this definition, the boundary condition at x = 0 given in Equation (7.11)

can be represented as

e.(0,t) = 11e(0,t) + l2e,(0,t), €(0) = l3e(0,1).

7.1 Observer Design

In this section we wish to design observers such that its state estimates the
state of the plant to be controlled with an exponentially vanishing error. Then, in the
following section, we show that this observer can be coupled to the controllers designed
in Theorem 6.4 to produce an exponentially stabilizing observer based boundary

controller.

We begin by defining the state estimation error e(x,t) = w(x,t) = w(z,t), the

dynamics of which can be obtained from Equations (7.10)-(7.11) as

ez, t) = a(x)eg(x,t) + b(x)es(x, t) + c(x)e(x, t) + p(zx, t), (7.15)
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with boundary conditions

v1e(0,t) + 19e,(0,t) =0 and  pre(l,t) + pae(1,t) = q(t). (7.16)

The main result depends primarily on the following upper bound - the proof

of which can be found in Corollary B.5 in Appendix B.

(Ae(-,t), Pe(-,t)) + (e(-,t), PAe(-, 1))
< (e( ), Re(-. 1)) + a0, t)/ Ra(x)e(w, £)da

/ORG )
+e(1, )(R7e(1 t) + Rge,(1,t) +/O Ry(z )

—l—ex(l,t)/o Ryo(x)e(x, t)dx,

+€(O,t) (R46(0 t) +R5€x 0 t +

where e(-,t) is any solution of Equations (7.15)-(7.16),

(Py) (x) = N(x)y(z) + / "L (e, )y(E)de + / Lo, ©)y(€)d€, 1y € La(0, 1),

0

and we define the operator R as

(Ry) () = Ro(a)y(z) + / "Ry y(€)de + / Ro(a, €)y()dE, 1y € La(0,1),

where

{R[)) R17R27 R37 R47R57R67 R77 R87 RQ; RIO} - j(N7 L17L2>

and the linear operator J is defined as follows.

Definition 7.3. We say
{R07 R17 RQ; R37 R47 R57 R67 R77 R87 R97 RIO} = j(N7 L17 LQ)

if the following hold

Oé€7T2

2

Roa) = (a%m(xww» - b<x>N<x>) N (e)ela) -
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0
2 | —la(x) (L1(x, &) — Lo(x
#2| g olo) (1 06) ~ a0
Ri(06) =51 (52 100,80 = M La(0,) ) + ) a6
o (0
# o (L O - HOL(0.9)) + O Li(2,6),
Ba(o, &) =5 (50 1000 et 0] = W) La(0,) ) + ) Lol

(ﬁ [a(€)La(z, )] — b(E) La(z, §)> + c(§) La(2, §),

+

Rg([E) = — 2[2@(0)[/2(0, I),

R4 = — 2[3[1&(0)]\7(0)

aer]

2

+ 12 {ax(O)N(O) + a(0)N,(0) — b(0)N(0) +

Rs = — 2l3n2a(0)N(0),
Re(x) = — Ly(0,x) [2a(0) + 215b(0)] + 2ls [a2(0) La(0, ) + a(0) La.(0, )] ,
Rr = — a,(1)N(1) — a(1)N,(1) + b(1)N(1),
Rs =2a(1)N(1),
Ro(@) = — 2a,(1) Ly (1, 2) — 2a(1) Lyo(1, ) + 2b(1) Ly (1, z),

Ryo(z) =2a(1)L; (1, ),

where Ly ,(1,2) = [lex(x,f)h:l]é:x, Ly (0,2) = [Loy(, §)|$:0]£:m and € > 0 and [;,

ie{l,---,3}, are scalars.

We present the following theorem.

Theorem 7.4. Suppose that there exist scalars €,6 > 0 and {N, Ly, Lo} € Zg, 4y

such that

{—RO — 25N, —Rl — 25L1, _R2 — 25L2} € Ed17d270,

Rg(x) = R5 = Rﬁ(l’) = 0, R4 S 0,,
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for alll;, j € {1,---,3} wherel; are given by Definition 7.2 and

{R07 Rl; R27R37 R47 R57R67 R77 R87 R97 RlO} = j(N7 L17 LQ)

Define the operator O := P~V where, for any k € R,

(

‘/1(1,’):“& = —i <R9(JI> + %Rw(l’)) K, P1r = O,pg 7é 0
(Vﬁ)(l‘) = Vé(l’)li = —ﬁ <%Rg(l‘) + Rw(l’)) K, P1 7£ 0,p2 =0

Va(e)e = =55 (Rolw) + (222) Riolw)) k. pr # 0,2 # 0

and O 1is any scalar that satisfies O < 0 and

O < —poR7/pRs  when p1=0,p #0,
1
0= —paRy/p1 Ry when p1# 0,p2 =0,

O < p1/p — p2Rr /i Rg  when  py # 0, py # 0.

Additionally,

(Py) (x) = N(2)y(x) + /O "Ly, E)y(E)de + / Lo(2, O)y(€)dé, y € Lo(0,1).

Then for any solution w of (7.8)- (7.9) with p(-,t) = O(y(t) — y(t)) and q(t) =
O(y(t) — y(t)) and any solution w of (7.1)- (7.2), there exists a scalar M > 0 such
that

le(- )l < e™M, t>0,

where e = w — w and eg = Wy — wy and the initial conditions satisfy

for any F : H*(0,1) — R, and the space D is defined in Equation (7.13).
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Proof. Consider the Lyapunov function V'(e(+,t)) = (e(-,t), Pe(-,t)), where e(z,t) =
w(z,t) —w(x,t) is the state estimation error whose dynamics are governed by Equa-
tions (7.15)-(7.16). Taking the derivative along the trajectories of the system, we

have

%V<€(7t)) - <et('7t)77)€('7 t>> + <6('7t)7 7)615(', t)>

= <A€('7 t)? Pe('? t)) + <6(-, t)a PA@(‘, t)> +2 <P€<'7 t)7p('7 t>> )
where we have used the fact that P is self-adjoint. Using Corollary B.5,

)

< (e 1), Re(-1)) + ea(0,1) /01 Ry()e(a, t)da

T e(0,0) (346(0, )+ Roea(0,1) + /O ' Re(a)e(s, t)dm)
Te(L,t) (R7e(1,t) T Ryea(L1) + /01 Rg(x)e(x,t)dx)
ea(Lt) /01 Ruo(a)el, t)da + 2 (Pe(-, 1), pl- )

Since from the theorem statement R3(x) = Rs = Rg(z) = 0 and R, < 0, thus

SV, 6) < (el 1), Re(-, 1)
+e(1,t) <R7e(1, t) + Rge.(1,t) + /1 Rg(x)e(x,t)dx)
+ ex(l,t)/o Rio(2)e(z, t)dz + 2 (Pe(-, 1), p(1)) . (7.17)

Now,

Thus,



108

where we have utilized the fact that P is self-adjoint. Since © = P~V, we have that

PO = V. Thus,

(Pe(-,1),p( 1)) = (e(-,1), PO (§(t) — y(1))) = (e, 1),V (4(t) — y(1))) -

Substituting into Equation (7.17) produces

d

5 Vole( 1)) < (e, 1), Re( 1)) + 2 (e, £), V (4(8) — y(t))

+e(1,1) <R7e(1,t) + Ryen(1,1) + /01 Rg(x)e(x,t)dx)

+e.(1,1) /01 Ryo(z)e(z, t)dz. (7.18)

From the condition in Equation (7.5) we have that
|p1] + [p2| > 0.
Thus, there are three possible cases:

CASE 1: L1 = 0, P2 7é 07
CASE 2: P1 7é 0, P2 = 0,

CASE 3: P1 7& 0, P2 7é 0.

For the case when p; = 0 and p; # 0, we have that

p2€:v(17 t) = Q(t)

or

ea(1,1) = ioc&(t) ().

From Equation (7.6), when p; = 0, we have that uy # 0 and gy = 0. Thus

9(t) = y(t) = me(l,1).

Thus

e (1,t) = %e(l,t). (7.19)

P2
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Moreover,
V(@) —y(®)) () = m (Ve(1,1)) (). (7.20)
Substituting Equations (7.19)-(7.20) into Equation (7.18) and collecting terms pro-

duces

d

SV(e(0)

< <6<'7 t), Re('? t)> + 2;“1 <6(-, t)v V€(17 t))

+e2(1, 1) <R7 + %Rg) +e(1) /01 (Rg(x) + %Rm(;ﬂ)> e(z,t)dz.  (7.21)

From the theorem statement, when p; = 0 and py # 0

p2 7

O<0 and O< — ,
i Rs

which is well defined as Rg = 2a(1)N (1) > 0. Thus there exists a scalar w; > 0 such

that
Rot DRy — — . (7.22)
P2
Additionally
1 @)
(Vi) (2) = V(@) = =5 - (Rg@:) + ﬂﬁ%(@) K,
H1 P2
for any k € R. Thus
! O
2u1 (e(+,t), Ve(l,t)) = —e(1,t) Ry(x) + p—Rm(x) e(x,t)dz. (7.23)
0 2
Substituting Equations (7.22)-(7.23) into Equation (7.21) produces
%Vo(e(-,t)) < le(-,t), Re(-, 1)) — wie(1,1)?, (7.24)

when p; = 0 and py # 0 for some w; > 0.

For the case when p; # 0 and p, = 0, we have that

pre(1,t) = q(t),



or

e(1,1) = %ow) ().

From Equation (7.6), when p; # 0 and py = 0, 1 = 0 and po # 0. Thus,

g(t) - y(t) = M2ex(1>t)‘

Thus,

e(l,t) = %ex(l,t),

and

ea(1,1) = Op—;eu,t),

which is well defined since for this case O # 0. Moreover

V() —y®))) (z) = p2 (Ves(1,1)) ().
Substituting Equations (7.25)-(7.27) into Equation (7.18) produces

d
SVl 1)

< <€('7 t)a Re('v t>> + 2”2 <6(-7 t)a V€x(1a t)>

+deZOa+—ﬂ4%)+34Lwllcﬂ2&@o+3mgoe@¢mx

Opo P1

From the theorem statement, when p; # 0 and py =0

1 o Ry
O<0 and —<-—"—"F—
0O p1 R

Thus, there exists a scalar w, > 0 such that

&+éi&:—%

since Rg = 2a(1)N(1) > 0. Substituting (7.29) in (7.28) produces,

d
ZV(e(-1)

< {e(, 1), Re(-, 1)) + 2u2 (e(+, 1), Ve (1,1))
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(7.25)

(7.26)

(7.27)

(7.28)

(7.29)



—wre(1, )2 + en(1,1) /01 (%Rg(x) + Rlo(x)) e(z, ).

Moreover, from the theorem statement,

(VR) (&) = Vi) = —— (0“2

—— | —Ry(z) + Rio(x) | K,
o (22 R 0) + Pl

for any x € R. Thus,

O

241z (e(-, 1), Veu(1,1)) :—ex(l,t)/o <—R9(x)+R10(x)> e(x, t)dz.

P1

Substituting Equation (7.31) into Equation (7.30) produces

SV (el 1)) < {elt, 1) Rel, 1) — wne(1, 1),

when p; # 0 and py = 0 for some wy > 0.

For the case when p; # 0 and p, # 0, we have that

pre(1,t) + paer(1,t) = q(2),
or

a1, 1) = ioc@(t) - y(t) — Ze(.o)

From Equation (7.6), when p; # 0 and py # 0, 1 # 0 and ps = 0. Thus,

9(t) = y(t) = me(l,t).

Thus,

Moreover

—
<
—
Ny
—~
~
S—
|

N
—

t)) (z) = m (Ve(1,1)) ().
Substituting Equations (7.33)-(7.34) into Equation (7.18) produces

d

SV(e(1)
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(7.30)

(7.31)

(7.32)

(7.33)

(7.34)
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< (el 1), Re(-, 1)) + 2 {e(-, 1), Ve(1, 1)) + e2(1,1) <R7 + (%) R8>

+e(1,8) /0 1 (Rg(x) + (M> Rw(a:)) (. t)da. (7.35)

P2

From the theorem statement, when p; # 0 and ps # 0,

O<0 and O<ﬂ—'02R7

o pRs’

which is well defined as Rg = 2a(1)N(1) > 0. Thus, there exists a scalar ws > 0 such

that

O _
R: + (%) Ry = —ws. (7.36)
2

Additionally,

V) (0) = Vol =~ (ule) + (PL=2) o)) .

2/

for any x € R. Thus,

201 {e(- 1), Ve(1,)) = —e(1,1) /01 (Rg(x) + (w) Rlo(x)) e(x,t)dz. (7.37)

Substituting Equations (7.36)-(7.37) into Equation (7.35) produces

%V(e(-,t}) < {e(-,t), Re(-, 1)) — wse(1,1)?, (7.38)

when p; # 0 and ps # 0 for some w3 > 0.

From Equations (7.24), (7.32) and (7.38) we conclude that for any p;, ps € R

which satisfy
|p1] + |p2| >0,
there exists scalars wq, wy, w3 > 0 such that

%V(e(~,t)) < {e(-,t),Re(-, 1)) — we(1,t)?, (7.39)

where w = min{w;, ws, w3 }.
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Since w > 0, we conclude that

%V(e(-,t)) < (e, 1), Re(-,1)). (7.40)

From the theorem statement we have that
{_RO — 2(5]\], —R; — 25[/1, —Ry — 2(5[/2} < Edl,d2,07

and hence, from Equation (7.40), we conclude that

SV (e(1)) < el 1), Relt, 1)) < 26 (e(-1), Pe(- 1),

Therefore,

SV (el 1)) < 2V (el 1), 120

Integrating in time yields
V(e(-,1)) = (e(,t), (Pe) (-, 1)) < e7*"{eq, Peo),
and since, {N, Ly, Lo} € Zg4; a4,.c, we have
elle( t)I* < (e(-, 1), (Pe)(-, 1)) < e e, Peo), t20

which implies

Setting

completes the proof. O

7.2 Exponentially Stabilizing Observer Based Boundary Control

We now prove that the observer designed in Theorem 7.4 can be coupled to the
controlled designed in Theorem 6.4 to produce an exponentially stabilizing observer

based feedback controller. This is known as the separation principle [36].
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Theorem 7.5. Suppose that there exist scalars €,0.,0, > 0, {M, K1, Ko} € Z4, d.c
and {N, Ly, Ly} € E4, 4y, such that

{—Tg — 250M, =17 — 2(5CK1, -5 — 250K2} S Edl,dz,(b
{—Ro — 250N, —R; — 250L1, —Ry — 250L2} S Edl,d2,07
T3 <0, Ti(z)=Ts(z) = Te(x) =0,

R4 S 0, Rg(l’) = R5 = RG(I) = 0,

for all l;, 7 € {1,---,3} where l; are given by Definition 7.2 and for all m;, j €
{1,---,3} where m; are given by Definition 6.2. Here,
{TO)T17T27T37T47T57T67T77T8} :N(M7 K17K2>7

{R07 R17 R27 R37 R47 R57 R67 R77 R87 R97 RIO} :j(N7 L17 L2>

Define the operator F := ZP. where, for any y € H?(0,1),

(

Zyy(1) + [y Zo(@)y(z)dz  p1=0,ps #0

Zy - Zdy:r:(l) + f()1 Z4($)y($)d.’13 P1 7é 07 P2 = 0-

\Z5y(1) + fol Zg(x)y(x)dz  pr #0,p2 # 0

Here, Z,, Z3 and Zs are any scalars that satisfy

P2
Z 1 < — T7 — 2a(1)M,(1
1<0 and Z; < 2@(1)( 7 a(1)M,(1)),

1 1 1Tz
Z5 <0 and — < ——rrrrt—,
s Z3 le(l) Tg

P2 P1
Zs5 <0 d Z — T — —Tg — 2a(1)M,(1) ),
5 < an 5 < 2@(1)(7 2 8 a(l) ())

and polynomials Zs(x), Zy(x) and Zg(x) are defined as

Z2($> = p2K1,x(17 x)a

Zy(x) = p1 K1 (1, 2),
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Z(x) = p (%Kl(l,x) + Kl,w(Lx)) .

Additionally, define the operator O := P,V where, for any k € R,

(

Vi(z)k = —ﬁ (Rg(x) + %Rm(x)) R, p1=0,p2#0
(Vr)(x) = Vo(z)k = —i <%Rg($) + Rw(x)) R, p1#0,p2=0>
Va(z)k = —5- <R9(x) + (%) Rlo(:zc)> K, p1#0,p2#0

\

and O s any scalar that satisfies O < 0 and

O < —p2R7/puRs  when p1="0,p2 #0,
1
o < —poR7/p1Rs  when p1#0,p =0,

O < p1/p — p2Rr/pnRs  when  py # 0, py # 0.

Moreover, for any y € L1(0,1),
(Py) () =M ()y(z) + / Ky Oy(€)de + / Ky, €)y(€) e,
(Poy) (2) =N(2)y(x) + / "L, E)y(€)de + / Lo, €)y(€)de.

Then, for any solution w of (7.1)- (7.2) with u(t) = Fw(-,t), where W is a
solution of (7.8)- (7.9) with p(-,t) = O(y(t) — y(t)) and q(t) = O(y(t) — y(t)), there

exists a scalar M > 0 such that

lw(- 8] < e M, >0,
for any 0 < § < min{d,, d,}.
Proof. Consider the Lyapunov function V,(e(+,t)) = (e(-,t), P,e(+, t)), where e(z,t) =

w(zx,t) —w(z,t) is the state estimation error whose dynamics are governed by Equa-

tions (7.15)-(7.16). Taking the derivative along the trajectories of the system, we
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have

d

%‘/;((2(',&) = <et('7t)>,POe('>t)> + <€(~,t>,P0€t(~,t)>

= <A6(-, t)v Poe('> t)) + <6(', t)’ 730./46(', t)> +2 <P06('7 t),p(-, t)> )
where we have used the fact that P, is self-adjoint. Using Corollary B.5,

ZVale(-1)

< el0) Rele )+ ea(0,0) [ Role)elr
+e(0, 1) (R4e(0, £) + Reen(0,1) + /0 Re(@el, t)dx)
+e(1,1) (376(1,t) + Ryes(1,1) + /01 Rg(:c)e(a:,t)dx)
el [ Ruo(w)el, Bz + 2 (Poe(-,1),p(-. 1)

From the theorem statement we have that Rs(x) = Rs = Rg(z) = 0 and Ry < 0,

therefore

d
SVilel )

< (e(-, 1), Re(-, 1)) + 2 (Poe(-, 1), p(-, 1))

+e(1,t) (R7e(1, t) + Rge.(1,t) + | Ro(z)e(z, t)dx)

0

—1—6;,;(1,25)/0 Ryo(z)e(z, t)dx.

With the operator O and scalar O as defined in the theorem statement, using the
analysis presented in Theorem 7.4 and from Equation (7.39), we conclude that there
exists a scalar w > 0 such that

d

aVo(e(-,t)) < le(-,t), Re(-, 1)) —we(1,t)*. (7.41)

Now recall the dynamics of the observer given by

Wi(z,t) = a(2)Wey (2, t) + b(2)We(z, t) + c(x)w(x, t) + p(z,t), (7.42)
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nw(0,t) + 1w, (0,t) =0, prw(l,t) + paws(1,t) = q(t) + u(t). (7.43)

For the observer, consider the following Lyapunov function

‘/;(w(>t)) = <’LZJ(',t),7DC_1’LZ)(',t)>-

Taking the time derivative along trajectories of the system, we have

SV, 1)) = (AD0), P 0, 0) + (P, 0, il 1)
+2(P (-, 1), p(-, 1)),
where we have used the fact that P, = P* implies P! = (P?) ™"
Now let 2 = P 110. Then

SV(18)) = (APP 0 0), P, 0) + (P 1), AP (1)
+2(P (-, t),p(-,t))

= (APE(, 1), 2(, 1)) + (20, 1), APE( 1)) + 2 (2(-, £), p(+, 1)) -

From Corollary B.7,

a
dt

< G0, T2 1) + 20, 1),p(5 1))
+ 2(0,1) (Tgé(O,t)—i-/O T4(x)2(x,t)dx) —i—éx(O,t)/O T5(x)2(z, t)dx

V;(t@(,t))

/ Ml(o 2 x t)d$ <—G/(O)Mx<0) + %&671'2) £(O7t)
( t) (Tr2(1,t) + Tsza(1,1)) .

From the theorem statement we have that Ty(x) = T5(z) = Tg(x) = 0 and T3 < 0,

therefore

d

?fc(z@(., 1) < G, T2(H0) + 2060, p( 1) + 2(1,t) (Tr2(1, ) + T2.(1,1)) .

(7.44)
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Now, from the theorem statement u(t) = Fa(-,t) and F = ZP, !, which

C I

implies FP. = Z. Therefore
u(t) = Fu(-,t) = FP.P (-, t) = Z2(-,1).
Thus, using (7.43), the boundary condition at x = 1 can be written as
prw(1,t) 4+ pa,(1,t) = u(t) 4+ q(t) = Z2(-,t) + q(t).

Using the definition of the operator Z from the theorem statement and applying the
analysis presented in Theorem 6.4 and Equation (6.14), there exists a scalar ¢ > 0
such that Equation (7.44) reduces to

d. ..
SVl )

< (2(4,1), T2( 1) — C2(1, )% + 2 (2(+, 1), p(-, 1)) + 22(1, t)hq(t), (7.45)

where )

2a(1)/p2,  pr=10,p2 # 0,

h= —T3/2Z3, p1#0,p2 =0, (7.46)

\2a(1)/027 p1# 0, p2 # 0.
By definition p(z,t) = (O(4(t) — y(t))) (z) and O = P, V. Therefore,

pla,t) = (P7V (5(t) — (1)) ().

Thus, using the analysis presented in Theorem 7.4 it can be established that

G, p( 1) = e(1,1) /01 W (2)5(z, t)de, (7.47)
where ,
1 (P 1VA) (2), pr=0,p2 #0,
W) =\ (01/0) (P, V) (@), 1 # 0,02 =0, (748)
p (P 1Vs) (@), pr#0,p2 #0

\
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where polynomials Vj(x), Va(x) and V3(z) are defined in the theorem statement.

Similarly, by definition ¢(t) = O (y(t) — y(t)). Thus, using the analysis pre-

sented in Theorem 7.4 it can be established that

5(1,)hq(t) = 2(1, B)ge(1, 1), (7.49)

where )

hOpy, p1=0,p2 #0,

9= hp17 P1 # 07 P2 = Oa ! (75())

\hO/,Ll, P1 # OapQ 7é Oa

and h is defined in (7.46).

Substituting Equations (7.47) and (7.49) into (7.45) produces

IA

(1), T2( 1)) — C2(1, 1) +261t/W 5z, t)de + 25(1,t)ge(1, 1), (7.51)

From Equations (7.41) and (7.51) we conclude that for any scalar A > 0,

ASVi(el,0) + divcm(-,t))
< Ale(-,1), Re(, 1)) — Awe(1,8)* + (2(-,1), T(, 1)) — C&(1,1)°
+ 2e(1,1) / W(x)z(z,t)dx 4+ 22(1,t)ge(1,1), (7.52)

where (,w > 0.

Let us define the operator W : Ly(0,1) — Ly(0,1) as (Wy) () = W(z)y(z),

for any y € L5(0,1). Thus, we get

e(l,t)/o W ()3, )z = (e(1, 1), Wi~ 1)
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Substituting into Equation (7.52) and rearranging

d

d Vo(e(-, t)) + %

A—
dt

Ve(w(-,1))

0 17 0 w6

§A<€<-7t)7726(-7t>>+< 2(1’15) 10 _CI gz' 2‘(1,t) >, (7.53)

e(1,t) W g —AuZ| |e(1,t)

where 7 is the identity operator and the inner product is defined on Ly (0, 1)® L2 (0, 1)

Ls(0,1).

Now, for any 0 < 6 < 4., consider the following operator on Ly (0, 1)® Lo (0, 1)®
L2(07 1)

T+206.—-60)P. 0 W

0 T g | (7.54)

W 9L —Awl

We can choose the scalar A > 0 large enough so that the operator

—(Z g7
<0

gL —AwT
on Ly(0,1) @ Lo(0,1). Therefore, we may apply Schur complements to conclude that

the operator in Equation (7.54) is negative definite if and only if
(W

T+2(6.—0)P. +
on Ly(0,1), where W = SUP,co.1] W (x)?. From the theorem statement
{—T() — 250M, —T1 — 250K1, —T2 — 250K2} < Edl,d2,0'

Therefore, T + 26.P. < 0 and

A A

W

_ < _ >
T 4200 = O)Pe+ 22— 5T < 20+
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Moreover, from the theorem statement we have that {M, Ky, Ky} € Z4, a4, Thus,

P. > €L. Hence

QU QU
— < — - - @
T +2(.—0)P. + 921 20P. + 921
W
<| —-20e+ ——=—— |71
( be Aw—g? |7

which, for a large enough A > 0 is negative definite on Ly(0,1). Therefore, the

operator defined in Equation (7.54) is negative definite, and thus

T 0 W —2(0.—6)P. 0 0
0 —¢I gT |= * 00
W g7 —AwT * * 0

Substituting into Equation (7.53)

d

A%%M¢»+%%w&m

<A <e(~,t),Re(-,t)> - 2(50 - 9) <7Dcé(7 t)7 2(7 t)> :

Since
{—Ro — 250N, —R1 — 2601/1, —RQ — 25OL2} c Edl,d2,07

we have that R < —26,P,. Thus

A%%Mﬂ”+%%@hm

< =246, (Poe(-,t),e(-, 1)) — 2(0. — 0) (P.2(-, 1), 2(-, 1))

< =20 (AVo(e(- 1) + Ve(w(-,1))) (7.55)

where § = min{J,,d. — 0}. Note that since 0 < 6§ < 6., 6 > 0. Moreover, since the

presented arguments are for any arbitrary 0 < 6 < ¢., we conclude that (7.55) holds

for any 0 < 0 < min{d., d,}.
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Integrating Equation (7.55) in time yields
AV(e(-,1)) + Vel (-, 1) < 7" (AV(eo) + Ve(do))
where ¢y = e(z,0) and wy = w(z,0).

Using the analysis presented in Theorems 5.8 and 6.4, we have that

IPellZ

€

leCDII* < =Vo(e( ), (- 1)]* < Ve(w(-,1))-

A | =

Thus,
Aelle( )17 + el Pell 2w )| < e (AVo(eo) + Velado)) ,

which in turn implies

le(- o)l s%A_ee—WAw%) V(o).

e Rz A AT (7.56)

Since e = w — w,
Jw(-, )| = [[@(-, 1) — e, )| < [l D) + [[e- D).

Substituting Equation (7.56) produces,

ol < e (< + 218} v +vian,
Setting
M= (241_6 ¥ ”7}!‘) VAV, (o) + Vilibo)
completes the proof. O

7.2.1 Numerical Results. To illustrate the effectiveness of the output feedback
controller synthesis, we construct exponentially stabilizing boundary controllers for

the PDEs considered in Chapter 6. We consider the following two parabolic PDEs:

wi(x,t) =Wy, (z,t) + Aw(zx,t), and (7.57)
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wi(z,t) = (2° — 2% + 2) wye (2, 1) + (32° — 22) w,(z,t)
+ (—0.52% + 1.32° — 1.5x + 0.7 4+ \) w(z, t), (7.58)

where A is a scalar which may be chosen freely. We consider the following boundary

conditions and outputs (y(t)) for these two equations:

Dirichlet: = w(0) = 0, w(l) = u(t), y(t) = we(1),  (7.59)
Neumann: = 1,(0) = 0, w,(1) = ult), y(t) =w(1),  (7.60)
Mixed: = w(0) = 0, wa(1) = u(t), y(t) =w(1),  (7.61)
Robin: = w(0) + w,(0) =0, w(l)+w,(1) =u(t), y(t)=w(1).  (7.62)

We apply Theorem 7.5 to these PDEs for different degrees of polynomial rep-
resentation for parameter values € = § = . = 9§, = 0.001. Table 7.1 and Figure 7.2
illustrate the maximum A as a function of d; = dy = d for which we can construct
an exponentially stabilizing output feedback controller for Equation (7.57) using the

analysis presented in Theorem 7.5.

Similarly Table 7.2 and Figure 7.3 illustrate the maximum A for which we can
construct an exponentially stabilizing output feedback controller for Equation (7.58)

using the analysis presented in Theorem 7.5.

Similar to state feedback controller synthesis, from these results it is obvious
that the conjecture that the proposed methodology can synthesize output feedback
controllers for any controllable and observable class of PDE that we consider still
holds. Additionally, the conditions of Theorem 7.5 are quite similar to the conditions
of Theorem 6.4. Therefore, we infer that the inclusion of the integral kernels K, Ko,

L, and Lo (in Thm. 7.5) is vital.

Finally, we provide a numerical simulation of Equation (7.58) for A = 35 and

mixed boundary conditions while being acted upon the output feedback controller
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Table 7.1. Maximum A as a function of polynomial degree d; = dy = d for which
the conditions of Theorem 7.5 are feasible, thereby implying the existence of an
exponentially stabilizing output feedback controller for Equation (7.57).

Boundary Conditions

d=6

7 8 9 10 11

Dirichlet
w(0) = 0,w(1) = u(t)
Neumann
wz(0) = 0, wy(1) = u(t)
Mixed
w(0) = 0, wy(1) = u(t)

Robin

w(0) + wz(0) = 0,w(1) + wy (1) = u(t)

A =10.3767 14.3982 17.7643 22.8645 23.3093 27.1179

10.0739

10.3767

9.1171

13.1227 14.8163 17.1814 21.8781 21.8781

14.3982 17.7643 22.8645 23.3093 27.1179

12.0911 14.9445 16.6565 18.7748 18.7748
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Table 7.2. Maximum A as a function of polynomial degree di = dy = d for which
the conditions of Theorem 7.5 are feasible, thereby implying the existence of an
exponentially stabilizing output feedback controller for Equation (7.58).

Boundary Conditions

d=14

Dirichlet

Robin

w(0) + wz(0) = 0,w(1) + wx (1) = u(t)

A = 18.3090 36.0199 38.0478 40.5930 44.5219

15.8531

18.3090

12.7869

29.8492 32.4059 32.4059 34.1584

36.0199 38.0478 40.5930 44.5219

24.7589 27.5421 27.9083 29.4762
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<
—+Dirichlet
107 -e-Neumann
¢ Mixed
-e-Robin
6 7 8 9 10 11
d1=d2=d

Figure 7.2. Maximum A as a function of polynomial degree d; = dy = d for which
the conditions of Theorem 7.5 are feasible, thereby implying the existence of an
exponentially stabilizing output feedback controller for Equation (7.57).

designed using Theorem 7.5. Figure 7.4 shows the response of the closed loop system

with an initial condition

_ —(x—0.3)2 —(x—0.7

e 200072 _ o 2(0.07)

N

o

Figure 7.5 shows the control input evolution.

Figure 7.6 shows the evolution of the observer state initialized by a zero initial

condition.
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Figure 7.5. Control effort evolution of Equation (7.58) for A = 35 and mixed boundary
conditions .
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CHAPTER 8
CONTROL AND VERIFICATION OF THE SAFETY FACTOR PROFILE IN
TOKAMAKS
The instabilities in a tokamak plasma described by the Magneto- Hydrodynamic-
Dynamic (MHD) models are known as MHD instabilities. MHD instabilities arise due
to current gradients and pressure gradients interacting with the magnetic field line

curvature [6].

A common heuristic for setting operating conditions that avoid MHD insta-
bilities is the safety factor profile, or the g-profile [76]. Additionally, in [86], it has
been shown that the safety factor profile is important in triggering Internal Trans-
port Barriers (ITBs) which significantly improve energy confinement. The g-profile
the the magnetic filed line pitch, that is, the number of revolutions a magnetic field
line makes in the poloidal field while traversing a complete revolution in the toroidal

plane. Recall the definition of the g-profile, presented in Equation (4.5),

_ By,atz
Z(x,t)’

q(z,t) = (8.1)

where?

By, = toroidal magnetic field at the plasma center,
a = loation of the last close magnetic surface,
x = normalized spatial variable,
t = temporal varable,
Z(x,t) = 1, (z,t) = gradient of the poloidal magnetic flux, and
¥ (x,t) = poloidal magnetic flux.

From Equation (8.1), it is evident that to control the g-profile, we may control the

gradient of the poloidal magnetic flux Z.

3Refer to Table 4.1 for tokamak variable definitions.
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8.1 Simplified Model of the Gradient of Poloidal Flux

Recall the evolution equation of Z presented in Chapter 4 obtained by neglect-

ing the diamagnetic effect and applying cylindrical approximation as

E@’ )= a2 Oz

or

x  Ox

07 1 9 (m(:{:,t) 9 (xZ(aj,t))) —1—Ro2 (nll(xat)jni<xvt))’ (8:2)

with boundary conditions
Z(0,t) =0 and Z(1,t) = —Ropol,(t)/2m, (8.3)
where

7 = parallel resistivity,

Jni = non-inductive effective current density,
I,, = total plasma current,

Ry = location of magnetic center, and

(o = permeability of free space.

For this model, we consider the plasma resistivity n(z,t) to be static, thus
ny(x,t) = n(r). Additionally, the averaged value of the bootsrap current density
Jvs(x,t) = jus(z) is considered. For the external non-inductive current density source
Jeni, we consider only the Lower Hybrid Current Density (LHCD) source jj;. Finally,
the plasma current I, is considered to be constant. Thus, since, jni(x,t) = jps(x, 1) +
Jeni(, 1), we obtain

Jni(2,1) = Jos () + Jin (2, 1)

Substituting into Equation (8.2) and using the steady plasma resistivity n(z) and a

constant [,, we obtain

) = s (M 0200 ) + Rag (o) o) + (o0« (50

r Oz ox
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with boundary conditions

Z(0,t) =0 and Z(1,t) = —Ropol,/2m. (8.5)

Suppose we want to regulate ¢(x,t) to a desired steady state g.f(x). Let
Z,ef(x) be the associated gradient of the poloidal magnetic flux obtained using Equa-

tion (8.1). Then, since Z,.s(z) satisfies Equations (8.4)-(8.5), we obtain

ag::f (z)=0= M)la?% (77“(37) g (eref(l'))) + Ro% (U\\(ﬂﬁ)ibs(w)) ; (8.6)

with boundary conditions

Zyes(0) =0 and Z,.(1) = —Ropol,/2m. (8.7)

Subtracting Equations (8.6)-(8.7) from Equations (8.4)-(8.5) produces

%—f(x,t) L0 (”"(x)a%(ﬂ(x,t)))+RO%(U||<x)j,h<x,t)), (8.8)

- L1002 O x

with boundary conditions
Z(0,t) = 0 and Z(1,t) = 0, (8.9)

where

Z(x,t) = Z(x,t) — Zyes() (8.10)

is the error variable which must be regulated to zero.

8.1.1 Uniqueness and Existence of Solutions. To regulate the error variable

Z to zero, we will be constructing state feedback controllers of the form
. - 0 .
jinl,t) = K (2) 2 (1) + 5 (Kg(x)Z(:v, t)) , (8.11)

where K, and K5 are rational functions.
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To establish the uniqueness and existence of solutions for Equations (8.8)-(8.9)
with jy, given in Equation (8.11), we will follow the procedure presented in Section 5.1.

We begin by placing the following assumption.

Assumption 8.1. The functions

)2 (x) — ny(z)

and
)

n () ()

— e
x
are continuous for x € [0,1].

Lemma 8.2. Suppose there exists a rational function Ko such that

() (,uola2 + ROKQ(JJ)) >0, zel01].

Then, for any initial condition Zo € D, where
Dr={y e H*(0,1): y(0)=y(1)=0,} (8.12)

there exists a classical solution Z(-,t) € Dy, t > 0, for Equations (8.8)-(8.9) with

control given in Equation (8.11) with any rational function K.

Similarly, for any initial condition Zo € Ly(0,1), there exists a weak solution

Z(-,t) € Ly(0,1), t > 0.

Proof. By substituting Equation (8.11) into Equation (8.8), we obtain

%—f(m, 1) = a(2) Zyo (2, 1) 4 b(x) Zo (2, 1) + c(2) Z (2, 1), (8.13)

with boundary conditions

A

Z(0,t) =0and Z(1,t) =0, (8.14)

where

1
foa?

a(x) =ny(x) < + R0K2(x)) :
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ba) = (Mw”,x(m)wo (11 () (K1 () + 2K50(2)) + 10 (0) K ()

G x
() = 1 (9677||,x(9€) — 1) (x)

foa? 72

+ Ronjo(2) (K1 (2) + Ka.0()) -

) + Rory () (Ky,2(2) + Ko,20(2))

For Equations (8.13)-(8.14), we define the following first order differential form
7(t) = ArZ(1), (8.15)

where the operator A : H*(0,1) — Ly(0,1) is defined as
(Ary) (2) = a(2)yee (@) + b(2)y. () + c(2)y(2), y € H*(0,1). (8.16)

From the theorem statement, a(x) > 0 for all z € [0,1]. Moreover, from

Assumption 8.1, the functions b(x) and ¢(x) are continuous. Thus, if we define

p(e) = el 8%, (o) = —e@2D, o(a) = 1O
a(x) a(x)
it follows that, for any y € Dy,
1
—Ary = —=38y,
o(x)

where S is the Sturm-Liouville operator defined as

S0 (0) =~ (W0 Y2 +atehyto) v e

Therefore, similar to the analysis presented in Lemma 5.4, it can be established
that the pair (A, Dr) generates a Cy-semigroup S(t) on Ly(0,1). Thus, from The-
orem A.3, for any initial condition Z, € Dy, Equations (8.13)-(8.14) have a classical

solution given by

~

Z(x,t) = (S(t)Zo) (2). (8.17)
From Corollary A.4, for any Zy € Ly(0,1), (8.17) is the unique weak solution of (8.13)-
(8.14). O
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8.2 Control Design

As explained before, we wish to design control j;; of the form presented in
Equation (8.11) such that Z — Z,.s. As in previous chapters, we will use sum-of-
squares polynomials.

We present the following theorem.
Theorem 8.3. Suppose there exist polynomials M(z), Zi(x) and Zy(x) and scalars

€, such that, for all x € [0,1],
M(x) >e,

1 (BiM) () + (B221) () + (Bs Z2) (x) + aof () M () <0,

foa?
1
Hoa
where B;, i € {1,2,3}, and C are defined as

B @) = (L@ 1 L@ s fam )] ) o
d dy(z)

+ 3 (o) + 70 4 2 [ o)) 2

T

L @m @ Ty e mo.),

(Bay) (2) =3 fu()yla) — 570Dy e Y 0,1),
(Byy) () =5 (o) (a)y(2)
+ % (—fx(ﬂf)ﬁu(l’) + % (f (:U)nn(:ﬂ))) dgilf)

o f@m@ Ty e ),

(Cy) (x) = —ny(2)y(z), y e La(0,1),

f(z) =2*(1 — z).

Let

K(z) = Raln”(m)_l]\/[(x)_lZl(x), Ky(z) = Ry M (x) ™' Zy(x).
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Then, with
: ;5 0 ;
jinw,t) = Ka(@)Z(w,) + 5 (Ka(0) Z(,1))
for any initial condition Zy € Dr(L2(0,1)) and a desired reference profile Z,ep €

Dr(Ly(0,1)), there exists a scalar k > 0 such that
HZ(vt) - Zref(')”Lg(od) < /‘fe_at, t > 0,

where, for any y € Ls(0,1),

il g0 = ( / 1 f(x)y(x)2dx>% |

Proof. We begin by recalling the evolution equation for Z=207- Zres presented in
Equation (8.8)-(8.9) as

%—f(x,t) = MolGQ% (@% (mZ(:c,t))) + RO% (nH(a:)jlh(x,t)) , (8.18)

with boundary conditions
Z(0,t) =0 and Z(1,t) = 0. (8.19)
From the theorem statement, for all x € [0, 1],

(c (M)la2M + ZQ)> (z) < 0.

Using the definition of C and Ky(z), we obtain that

— M(z)n(z) ( + ROK2<x)> <0.

foa?

Since M(zx) > 0, we conclude that, for all z € [0, 1],

() (uola2 + Rng(x)) > 0.

A

Therefore, from Lemma 8.2, if Z,, Z,.; € Dr(L2(0,1)), and consequently, Z €
Dr(Ly(0,1)), Equations (8.18)-(8.19) have a classical (weak) solution.
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With the uniqueness and existence of solutions to Equations (8.18)-(8.19) es-

tablished, let us define the following Lyapunov function
/ f(z 1Z (z,t)*dx.

Taking the derivative along the trajectories of (8.18)-(8.19),

/ f(z VY Z(x,t) Zy (0, t)da
u0a2/ )M ()" Z(x, t )8(1 <n;x)% <$Z(x,t)>) dax
+2/ fle )" 2w, 1) { 83 (77||(3€)j1h(33,t))] dx

Substituting in

Jnl,t) = Ky(2) 2 (1) + % (Ko@) 2(,1))

produces
V(Z2(- 1) _ﬁ /01 (x)M(a:)lZ(:c,t)% (”"f) ;;( 2( t))) dz
+2 /0 1 f(x)M(x)‘lZ(x,t)% (Ron”(x)Kl(x)Z(x t)) dx
+9 /0 1 F@)M(2) " 2(z t)(% {n@)a— <R0K2(x)Z(x t))} dx
Since,

We can write

V(Z(-t)
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T a2 / f % (@% (a:M(x)M(x)—le(%t))) dz

+2/0 F(x)M ()" Z(x,t)

(zl () M(z)"' 2 (x, t)) dx

e e

+2 /0 F@)M (@)~ 2 (1)

If we define

we get

where

V(2(.0) = 5200 + 2520 0) +206(200), (520)
260 = [ v o ("L @y ) d

V2,1 = [ )Y (@) (Za(a)Y (o,1) do

(260) = [ F@Y 05 ) 5 (Al (.0)] do

Before simplifying these terms using integration by parts, we would like to comment

that since Y (z,t) = M(z)~'Z(x,t), from (8.19), we obtain that

Y (0,¢) =0 and Y (1,¢) = 0. (8.21)

Applying integration by parts twice and using (8.21) produces

Vi(Z(1)) = /0 Y, 1) (BLM) (x)dx + /O V(e 2f () CM) ()dz.  (8.22)
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Applying integration by parts once,

Vo(Z(-, 1) = /0 Y (2,t)% (BoZy) (x)dex. (8.23)

Finally, applying integration by parts twice produces

Vi(Z(-,t)) = /0 Y (z,t)? (BsZs) (v)dx +/0 Y, (z,t)%f(z) (CZy) (x)dx.. (8.24)

Substituting Equations (8.22)-(8.24) into (8.20) produces

V(Z(.1) =2 / m 1y ( L B @)+ (B:2) () (82 <x>) dx

o (s (4 2) )

/f ) Z(x,) dx—/ f(@)M(2)Y (z,t)%dz.

Now

Thus
V(Z(-, 1) + 20V (Z(-,1))

- 2/0 Y (x,t)? (uola2 (BiM) (z) + (B2Z1) (x) (BsZ2) (x) + ozf(x)M(x)) dx

4 2/01 Yi(z,t)? (f(x)C (M%M + 22) (2 )) de. (8.25)

Since, from the theorem statement, for all = € [0, 1],

1

foa?

(BLM) () + (B2Z1) () (BsZ2) (x) + af (w) M(z) <0,
1
C (mM—i—Zz) (x) <0,
and f(x) > 0, from Equation (8.25)
V(Z(-,t) < =2aV(Z(-1)).

Thus, integrating in time

V(Z(-1)) < e 2V (Zy) = e 2V (Zy — Zyey). (8.26)
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Using the fact that M(x) > € > 0, thus

1

— e Zy— Zyep).
infe01) M () (o )

1Z(8) = Zres (Mg 0y <

Taking the square root and setting

V= Zy)
inf:ce[o,l} M(a:) ’

completes the proof. O

8.3 Numerical Simulation

We test the conditions of Theorem 8.3 using SOSTOOLS. Once we obtain
polynomials M (z), Zi(xz) and Zy(x), and designed a controller, we would like to
simulate the dynamics under realistic operating conditions. For this we discretize the
error dynamics given by Equations (8.8)-(8.9) with control given by Equation (8.11).
However, unlike Chapters 5-7, a simple finite-difference scheme cannot be applied to
disctretize the system dynamics. This is due to the fact that the coefficients of the
PDE in question have a singularity at x = 0. This problem may be overcome by

modifying the finite difference scheme as explained in [87].

For the purpose of simulation, the following values are taken from the data
of the Tore Supra tokamak: I, = 0.6M A and By, = 1.97', where [, is the plasma

current and By, is the toroidal magnetic field at the plasma center.

Given a gs-profile, the corresponding Z,.¢-profile can be computed using
(8.1), where a = 0.38 m for Tore Supra. The boundary values for Z are calculated

using the magnetic center location, which is Ry = 2.38 m and (8.5) to get

Z(0,¢) =0 and Z(1,¢) = —0.2851. (8.27)
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Control effort

Figure 8.1. Control effort, ji,(z,t).

Even though we used steady-state 7 for controller synthesis, in order for a
realistic controller simulation we use time-varying 7, data for shot T'S 35109. Time

evolution of the pertinent variables is presented in Figs. 8.1-8.2.
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Figure 8.2. Time evolution of safety-factor and Z profiles and their corresponding

error profiles
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CHAPTER 9
MAXIMIZATION OF BOOTSTRAP CURRENT DENSITY IN TOKAMAKS

In order to contain plasma, a tokamak uses a helical magnetic field which
is generated due to the superposition of toroidal and poloidal magnetic fields. The
toroidal magnetic field is generated using powerful external electromagnets, whereas,
the poloidal magnetic field is generated by the plasma current I,. A major fraction of
I,, comes from the current induced by the central ohmic coil using transformer effect.
Other sources of I, are the external non-inductive sources of Lower Hybrid Current
Density (LHCD) and Electron Cyclotron Current Density (ECCD). The total current
provided provided by these sources accounts for a considerable portion of energy
required for tokamak operation. Moreover, due to the current induced by the ohmic
coil accounting for a large portion of I,, a tokamak can only operate as a pulsed

device.

An additional source of current is internally generated by particles trapped be-
tween isoflux surfaces (surfaces with constant magnetic flux). This current is referred
to as the bootstrap current [6]. Thus, bootstrap current is an automatically generated
source contributing to I,. A brief explanation of the mechanism which leads to the
generation of the bootstrap current is provided in Chapter 4. An increase in the boot-
strap current would lead to a reduced dependence on the current generated by the
ohmic coil induction and the LHCD and ECCD inputs. This reduced dependence on
external current sources would also increase the pulse lengths for which the tokamak
can operate. For example, the ultimate goal of the ITER project [88] is to demon-
strate the steady state operation of tokamaks. A high value of bootstrap current has

been identified as a crucial factor for steady state operation of tokamaks [89], [90].

From Equation (4.4), we have that the bootstrap current density can be ex-

pressed as a function of the electron and ion temperature and density profiles and the
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gradient of the poloidal magnetic flux Z = 1, as

: C(z,t)
= 1
]bs('r7 t) Z({L’, t)? (9 )
where?
T one aT; on;
Clx,t) =eRy ((Al - A2)nea—x + AlTea% + Ai(1 - ai)nia—x + Alﬂ%) 5

n;(n.) = ion (electron) density profile,
T;(T.) = ion (electron) temperature profile,
«; = ion thermal speed,
e = electron charge,
Ry = location of magnetic center, and

A;, Ay = functions of ratio of trapped to free particles.

It is evident from Equation (9.1) that in order to maximize jps, the gradient of the
poloidal magnetic flux Z may be minimized. In this chapter, we construct controllers

which allow us to minimize the upper bound on the norm of Z.
9.1 Model of the Gradient of the Poloidal Flux

Recall the evolution equation of Z = 1., 1 being the poloidal magnetic flux,
presented in Chapter 4 obtained by neglecting the diamagnetic effect and applying

cylindrical approximation as

- [1oa? Oz x  Ox

aa—f(m, t) L 9 (M2 (l‘Z(ZL‘,t))) + RO% (77||(9Ua t)jm(xvt)) ) (92)

with boundary conditions

Z(0,¢) = 0 and Z(1,t) = —RopoL,(t) /2, (9.3)

4Refer to Table 4.1 for tokamak variable definitions



144

where

n) = parallel resistivity,
jni = non-inductive effective current density,
I,, = total plasma current, and

1o = permeability of free space.

The non-inductive current density j,; is a sum of the bootstrap current density jps
and the external non-inductive current density j.,;. Moreover, as in Chapter 8, we

will consider only the Lower Hybrid Current Density (LHCD) as je,;. Thus
Jni = Jos + Jin-

Hence, the model can be written as

%—f@i) :uolaQ% (nll(z,t)%(xZ(x,t))) +R0% () (z,t)jbs (2, 1))
+ RO% (77”(1‘, t)jin(x, t)) . (9.4)

In our analysis, we will assume that
Z:(1,t) = —=Z(1,1). (9.5)

This assumption is based on the observation that the total current density jr(x,t),

defined in [67] as
xZ,(1,t) + Z(x,t)
[L()R()(IQZL‘

jT(xa t) - -

Y

is weak at the plasma edge, however, we assume it to be zero.

Recall from Equation (9.1) that jys(z,t) = C(z,t)/Z(z,t). As a result Equa-
tion (9.4) is implicitly nonlinear in Z. We address this problem by linearizing jps

about a static operating point Z(z) to get

jbs(xa t) =
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where C(z) corresponds to the static operating point Z(x) and

u(x,t) = GEZC‘Z:Z (Z(z,t) — Z(2)) .

For our analysis, we take C'(z)/Z(x) = 0. Numerical simulation results presented at
the end of the chapter verify that this assumption does not have a significant effect

on the controller performance. Thus
Jos(x,t) = u(z,t).

Substituting into Equation (9.4) produces the evolution equation Z used for the

controller synthesis and is given by

) = (MDD (o)) + Ra (e thin(s. )
+ RO% (n(z, t)u(z, t)) . (9.6)

with boundary conditions

Z(0,¢) = 0 and Z(1,t) = —RopoL,(t) /2. (9.7)

We will take the disturbance u(x,t) to be the external input to the system and
assume that u € L¥<([0, 00], C2(0,1)) C LY([0, 00], L5(0,1)). This also implies that
forall 0 < T' < 00, u € Ly([0,T],C*(0,1)) C Lo([0,T], L2(0,1)). Unlike Chapters 5-8,
where the coefficient of the PDEs involved were only spatially varying, the coefficients
in Equation (9.6) are time-varying due to the presence of n(x,t). Thus, we can
no longer apply the semigroup approach to prove the uniqueness and existence of
solutions. Instead, we assume that for all initial conditions Z, € C?[0,1] and all
sufficiently smooth 7, there exists a unique solution Z € C*([0,T], C*(0,1)) satisfying

Equations (9.6)-(9.7). Refer to [33, Section 7.6] for the existence and uniqueness of

SRefer to Section 2.2 for the definitions of the function spaces
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solutions to parabolic PDEs with time-varying coefficients. Improved regularity for

zero boundary conditions has been proved in [91].

9.1.1 Control Input. The control input j;, is shape constrained. The shape
constraints are dependent on the operating conditions. Using the X-ray measurement
from Tore Supra and empirical model of ji, was developed in [47] and is presented
in Chapter 4. This model uses a Gaussian deposition pattern with control authority

over certain scaling parameters. In particular, we may use
Jin(z,t) = Ulh(t)e_(ﬂlh(t)_m)2/20lh(t)’ (9.8)

where we may control the amplitude v;,, mean p;, and the variance oy, with the
constraints that vy, (t) € [0,1.22 MA], wu(t) € [0.14,0.33], and oy, (¢) € [0.016,0.073],

for all t > 0.

We will design control laws for these three input parameters using full-state
feedback. Note that we choose the Gaussian parameters as the control input param-
eters and not the engineering parameters, namely the hybrid wave parallel refractive
index V| and the lower hybrid antenna power ;. In a tokamak, these parameters
determine the Gaussian parameters. Hence, unlike the approach we have chosen, the

mean, amplitude and variance of the control cannot vary independently.
9.2 A Boundedness Condition on the System Solution

We wish to synthesize control j;;, such that the norm of Z is minimized in the
presence of the input u. We now present a result which shows that, for a bounded u,

Z 1s bounded.

Lemma 9.1. Consider the function
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where f(x) = x?, M(x) > 0, for allx € [0,1], and Z s the solution of Equations (9.6)-
(9.7) with v € L¥(]0,00],C?(0,1)). Suppose that there exists a scalar v > 0 such

that
AV (Z(-,t))
dt

forallt > 0. Then

= V(Z(.) < O =2 D1y

1 1
||Z”Lloc ([0,00], LM 2(0 1)) S fy_HuHLlOC ],L34_2(0,1)) + ?V(ZOL
where Zy € C?[0,1] is the initial condition.
Here,
3
LY 70,1) :={g:(0,1) > R: ||g||LéWQ = (/ M (x dx) < 00}

Proof. Since u € L¥¢([0,00],C?(0,1)), for any 0 < T < oo, we have that u €
Ly([0,T],C?*(0,1)). Thus, from our assumption, for any initial condition Z, € C?[0, 1],
there exists a unique Z € C'([0,T],C?(0,1)) satisfying Equations (9.6)-(9.7). Addi-

tionally

V(26 0) = [ 20 @M@ G @,

Note that this is well defined as 0Z(x,t)/0t is given by (9.6) and f(x) cancels out

the singularity at = = 0 due to 1/x.

Assume that the hypothesis of the Lemma holds. Integrating

. 1
VI(Z(-,1) < ;HU(-J)II2 =20 5204
in time from 0 to an arbitrary 0 < T < o0,

1 1
H HL2 (0,77, LM 2 (0,1)) S ’Y_H ||L2 (0,77, LM 2(0 1)) + ;V<Z0>7

where we have used the fact that Z(z,0) = Zy(x).



148

Taking the limit 7" — oo gives us

||Z|| Lloc ([0,00], LJM 2(0 1)) v

< —|ul?

1
Le([0,00], L 2 (0,1)) 2

This expression is well defined since |l < oo and V(Zy)/v is a

LEe([0,00),L37 2 (0,1))

constant.

9.3 Control Design

We now apply integration by parts to the condition in Lemma 9.1 to formulate
our optimization problem which will allow us to synthesize controllers which minimize
the upper bound % on Z. We assume that the plasma resistivity can be approximates,
as given in [91]:

n(z,t) = a(t)erVz,

where, forallt > 0,0 <a<a(t) <a<ooand 0 <A< A\(t) <A< o0

We present the following theorem.

Theorem 9.2. Suppose that for a given scalar v > 0 there exist polynomials M (x)
and R(x) such that

M(x) >0, for all x €0, 1],

Q(x, \) + 06 <0, for all (x,\) €]0,1] x [A, Al

2A4 + 2By + Ay(1) <0,
where
2A,(x) 0 —Ropoa® f(x) 0 0 0
* Ag(z,N)  —Ropoa® fo(z) ] - O= s may o |,

2
* * 0 * ok —bkT
aety




Ag(, N) =244(x) — Ma(x) — Asu(a) + 2Bi(2, V), Aiw) = —f(0) M(a),
Ao(e) = = f@)M(x) - f(2)My(x) — fola) M),
Ag(z) = — 2M(2) — fule)Ma(a), Ay = M(D),
Bu(r) =g (—~Lu(n)R() + f(0) Rule) + M(0)R()), By = sR(1),
f(x) =2 and f(x) =

Then if

K(x)
Rojiod? —=7(x,t),

where K(x) = M(x) ' R(z), then Z is bounded as follows:

Jin(z,t) =

1
2
“Zm$%MML¥”®®)_;ﬂw“ ¢((0,00], L3 % (0,1)

1
+ =V (Z).
SV (%)

149

Proof. Suppose there exists a v > 0 for which the hypotheses of the theorem hold

true. Taking the time derivative of V(Z(-,t)) defined in Lemma 9.1 produces

V(2000 = [ 2 0M @) @) (w00

=Vi(Z(-, 1)) + Val(Z(-, 1)) + V5(Z(-, 1)),

where

ValZ(,) =Ro [ Z(e.0M (@)™ )57 (i, 0)
If we define
Y(x,t) = M(z) ' Z(x,t)
we obtain




ValZ(.0) =Ro [ V(@0 @) 5 (e ute, ) de,

ValZ(.0) =Ro [ ¥ (000005 (o Ointz.0)

Applying integration by parts twice, we obtain

Vi(Z(-,1)) :/1 (2, 1)

2
0o Ho@

Ay (2)Y, (2, t)*dx

N /01 ny(x,1) (Ag(x) — %AAQ(Q;) - %Am(:v)) Y (z,t)%dx

foa?
ny(1,7) 1 2 md,t)
+ o A4+2A2(1) Y(1,t)* + od? Z(1, )Y (1,1).

Here we have used the fact that
Z{w,t) = M(2)Y (,1),
= Z(x,t) = My (2)Y (2, t) + M (2)Y,(z, 1),

= Z,(1,t) = M,(1)Y (L,#) + M(1)Y,(1,1).
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(9.9)

Due to the assumption on the total current density on the boundary jr(1,t)

and due to the linearization of j,s, we obtain the boundary condition u(1,t) = 0.

Thus, upon applying integration by parts once, we obtain

Va(Z(-,1) = —/0 Romy(, 0) (Y (2, 8) fo () + Y (2, 0) f (2)) u(z, t)d.

Using the feedback law ji,(x,t) = K (2)Z(x,t)/Ropoa?, we get

a2, =z [ V(05005 (e 0K (@0)2(2.)) do
0

Q

1

Q

 poa?
:ﬁ R F(2)2 (s O R(@)Y (2, 8)) de

o5
8

Applying integration by parts twice

Va(Z(-,t)) :/1 (@, t)

0 HoG?

n(1,7)

Bi(2)Y (z,t)%d
1(‘7;) (.T,) T+ Hﬂaz

ByY (1,1)2.

= /0 Y(:C,t)f(a:)—:c (ny(z, ) K (z) M (2)M(z)" " Z(2, 1)) dx

(9.10)

(9.11)
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Since V(Z(-,t)) = 2V41(Z (-, 1)) +2Va( Z(-, 1))+2V5(Z (-, 1)), using Equations (9.9)-

(9.11), we obtain

- - T - -
Y. (x,t) Y. (x,t)
( ('7 ))_/0 ,uo(l2 Y(Qj)t) (I’, ) Y(gj’t) &z
u(z,t) u(z, t)
ny(1,7) 2 m(1,t)
+ 10a? (2A4 + As(1) +2B,) Y (1,1)" + e Z(1,0)Y (1,¢t).
Consequently
’ 1 2 2
V(Z<7t)) - ;Hu(.?t)”Lg(O,l) —I— /Y||Z(‘7t)||L£/I*2(O71)
. 1
=V(Z(.,1)) - ;HU(‘J)H%Q(OJ) Y )10
~ - T - -
Y. (x,t) Y. (x,t)
1
()
= /0 o2 | Yty | Q@A y (g |
u(z,t) u(z,t)
1 . 9 2 2
77(1’775)( poa” u(x,?) Hoa 2>
+/ — + Y(z,t)" ) dx
o Hoad® mx,t) 77||(l‘7t)7< )
m(1,t) 2, mL 1)
2A As(1 2B,) Y (1 ———=7Z (1L tYY(1.,1). 12
LD s 2B YL+ LD 2 v ). (@2

Since 7 (2, t) = a(t)e’D?, a < ae for all (z,t) € [0,1] x [0, T]. Thus
_ - T _ -
Y. (x,t) Y. (x,t)

? U(Zlf,t)Q [L()CL2

oG )
Yz t) | &N | y(e, O ml(x’t)yy(%t)

u(z,t) u(z,t)
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_Yx(:v,t)- T -Ym(x, t)-
< lveol 203 | yen —’éoe‘f“(i’t)g+“0;27Y(937t)2
(1) | u(e, 1)
_Ym(x, t)_ T _Yx(x, t)-
= | Y(a,t)| Q@0 +0]y iy
| ule,t). | ule,t)

Since Q(x, \) + © <0, for all (x,\) € [0,1] x [A, ], we conclude that
_ -T _ -

Yoz, 1) Y (x, 1)

/0 ulkad Yz, t)| Q@A |y, | de

foa?

u(x,t) u(zx,t)

lﬁu(fv_at)  pod® u(x, )’ poa® i )
+/o pioa” ( n(z,t) v +77||(:v t)'VY( t))cl <0, (9.13)

for all ¢ > 0. Similarly, since from the theorem statement we have 2A4,+ A5(1)+2B, <

0 and hence

my(1,t)
foa?

(244 + Ax(1) +2B,) Y(1,1)* < 0. (9.14)

Using Equation (9.5) and the fact that Y (z,t) = M(z)"'Z(x,t), we get that

(1, 1) (L)
foa? foa?

ny(1,1)
foa?

Z,(1, )Y (1,t) =

Z(L, Y (1,t) = —

MY (1,t)%  (9.15)

Combining Equations (9.12)-(9.15) we get

: 1
V(Z(1)) < ;HU(-J)HZ(O,U —MZC D204y

Lemma 9.1 then completes the proof. O
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By using sum-of-squares to maximize v in the conditions of Theorem 9.2, we
can minimize the upper bound on the state Z. Because bootstrap current density is
inversely proportional to Z and is non-zero on non-zero measure subsets on [0, 1], for
all £ > 0, this implies that our controller will maximize the norm of the bootstrap

current density.

9.3.1 Constraints on the Control Input. The controller given by Theorem 9.2
will have a spatial distribution which is a function of the state Z(x,t). Unfortunately,
this distribution may not correspond to the Gaussian distribution described in our
discussion of Subsection 9.1.1. In order to constrain the input profile to have the

required Gaussian shape, we propose the following simple heuristic.

To ensure that j;, resembles a Gaussian defined by suitable choice pf the
time-varying parameters vy, ty, and oy, we add an additional constraint to our
optimization problem. This constraint has the form

K(x)

Ropoa?

g1(x) < Jin(x,t) = Z(x,1) < ga(2),

where g1(x) < go(x), for all x € [0, 1], are polynomial approximations of two selected
feasible Gaussians. Since both K(z) and Z(x,t) are continuous, the control is a
continuous function bounded by the shape of the constraint envelope defined by g; ()

and go(x). Additionally, we assume that
Z(x,t) = a(t)Zi(z) + (1 — a(t)) Za(x), for all t > 0,

where a € [0, 1] and Z;(z) is the polynomial approximation of the open loop steady
state. Similarly, Z5(x) is the polynomial approximation of the closed loop steady
state under maximum actuation of j;,. Hence, Z;(x) and Zy(x) define the expected
envelope on the state Z(x,t) established for a given set of operating conditions. The

parameter « reflects the actuation capabilities. Since K (x) = R(z)/M (x), the shape
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constraint becomes
Ropoa*M(z)g1(x) < R() (aZi(z) + (1 — @) Za(x)) < Ropoa® M (x)g2(2),

for all (z,a) € [0,1] x [0,1]. Although this approach is only a heuristic, we may
improve our results by trying different constraint envelopes, as represented by g;(x)

and go(x).

9.3.2 Computation. Finally, we implement the conditions of Theorem 9.2 and
the heuristic discussed previously using sum-of-squares polynomials. We formulate
the optimization problem as follows. We are given polynomials Z(x), Z2(z), g1(z)

and go(x) and solve the following.

Maximize v > 0 such that there exist polynomials M (x) and R(x) satisfying

M(z) > 0, for all x € [0,1],

Q(z,\) + 6O <0, forall (z,\) € [0,1] x [\ A,

2A4+ 2B, + Ay(1) <0, and

Ropoa*M(2)g1(z) < R(z) (aZi(2) + (1 — @) Zy(x)) < Ropoa*M(x)ga(2),

for all (z,a) € [0,1] x [0,1],
where Q(z, \), ©, Ay, As(x) and By are defined in Theorem 9.2.

We solve the optimization problem using SOSTOOLS. The search for the
maximum -y is performed using the bisection method. We solve this problem for
the Tore Supra tokamak for which Ry = 2.38m and a = 0.38m. Moreover, the
plasma resistivity is defined as n(z,t) = a(t)e*®, where a(t) € [0.0093,0.0121] and
A(t) € [4,7.3] for all t > 0. These values were obtained from the data for shot TS

35109.

9.4 Numerical Simulation
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2
K(x)/ (R, 1, a”)Xx

(0 2 (x) +(1-0) 2, (x))

Figure 9.1. Constraint envelope and IO(IEI) (aZy(z) + (1 — @) Zy(x)) for a € [0,1].

Ropopa?

We obtain a maximum value of v = 10* as the solution for the optimization
problem for Tore Supra. The feasible polynomials M (z) and R(z) obtained for this
value of v are of degree 12 in . We simulate the closed loop system on the simulator
developed in [47]. This simulator considers rge nonlinear evolution model of Z. The
following figures provide the simulation results and show that although our controller
was developed using a linearized model, it is effective in controlling the nonlinear

PDE.

Figure 9.1 shows the constraint envelope as well as %(aZl(a:) + (1 -

«)Zs(x)) for several values of a € [0, 1], where K(z) = R(z)/M(x).

Figure 9.2 shows the comparison between the time evolution of the spatial
L5(0,1) norm of Z(x,t) using both open-loop and closed-loop with closed loop control
starting at ¢ = 12. Figure 9.3 shows the evolution of the spatial Ly-norm of jys(x,t)
using both open-loop and closed-loop with closed loop control starting at ¢ = 12. As
a consequence of the decrease in Z(x,t), we are able to obtain a percentage increase

of = 90% in | ps(-,1)||.
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Evolution of jbS (x,t)

Figure 9.4. Evolution of level sets of bootstrap current density jys(z,t) in closed loop
(t >12)

Figure 9.4 illustrates the time evolution of the jys(x,t) using level sets (shad-

ing).

Finally, to analyze the control input shapes, we fit a feasible Gaussian to
control input at a time instance as shown in Figure 9.5. We observe that the control
input approximates the shape of feasible Gaussians satisfactorily for roughly 70% of
the spatial domain. However, the control input departs from the Gaussian shapes as
x — 0. This is due to the controller having the form j;,(z,t) = K(z)Z(z,t)/Ropoa
and the boundary condition Z(0,t) = 0. Note that the Gaussian approximation of
the LHCD current deposit is obtained from hard X-ray measurements and, as stated
in [47], a large uncertainty remains concerning the actual deposit close to the plasma
center (x = 0). If a true zero boundary condition for the input is desired, then RF-
antennas (ECCD) can be used to generate a sharper deposit profile near the plasma

center.
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4 sx 105 ‘Tlme=17s‘ |
A ) —3J,, x5t |
535l , Closest |
: ----feasible
5 Gaussian fit

Figure 9.5. Shape comparison between constructed jj,(x,t) and a feasible Gaussian
with parameters vy, = 4.35 x 10°, j, = 0.33 and o0y, = 0.072 at a time instance of
17s.
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CHAPTER 10
CONCLUSION

In this work we considered the analysis and controller and observer synthesis
for parabolic PDEs using Sum-of-Squares (SOS) polynomials. In Chapters 5-7 we
considered a general class of Parabolic PDEs. Whereas, in Chapters 8-9 we considered

the PDE governing the evolution of the poloidal magnetic flux in a Tokamak.

In Chapter 5 we analyze the stability of
w(z,t) = a(z)we(z,t) + b(v)wy(z, t) + c(x)w(x, t),
with boundary conditions
nw(0,t) + 1w, (0,t) =0 and pyw(l,t) + pow,(1,t) = 0.
Here a, b and ¢ are polynomial functions of z € [0, 1]. Additionally,
||+ |ve] >0 and|pi| + |p2| > 0. (10.1)
Different values of these scalars may be used to represent Dirichlet, Neumann, Robin

or mixed boundary conditions.

We establish the exponential stability by constructing Lyapunov functions of

the form V(w(-,t)) = (w(-,t), Pw(-,t)), where

1
(o) ) = M@y + [ Kilo e+ [ Kl (€, v € La(0.1),

' (10.2)

and {M, K1, Ky} € 24, 4, for some € > 0. The results of the numerical experiments

presented prove that the presented methodology has an inconsequential amount of

conservatism.

In Chapter 6 we construct exponentially stabilizing state feedback based con-
trollers for

w(z,t) = a(z)we(z,t) + b(v)wy(z, t) + c(x)w(x, t),
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with boundary conditions
nw(0,t) + 1w, (0,t) =0 and prw(l,t) + pow.(1,t) = u(t).

Here u(t) € R is the control input. Using Lyapunov functions of the form V(w(-,t)) =
(w(-,t), P~ w(-,t)), where P is of the form given in Equation (10.2), we synthesize

controllers F : H?(0,1) — R such that if the control is given by
u(t) = Fw(-,1),

then the system is exponentially stable. Numerical experiments indicate that the
method is very effective in stabilizing systems which are controllable in some appro-
priate sense. Moreover, we extend the methodology to construct Ly optimal boundary
controllers which minimize the effect of an exogenous distributed input on the state

of the system.
In Chapter 7 we construct exponentially estimating state observers for
wi(x,t) = a(T)we(x,t) + b(z)w,(z,t) + c(x)w(z, t),
with boundary conditions
nw(0,t) + Lw,(0,t) =0 and prw(l,t) + pow,(1,t) = u(t).
We assume that a boundary measurement (output) of the form
y(t) = pw(1,t) + paws(1,1),

is available. The goal is to estimate the state w of the system using the boundary

output y. For this purpose we design Luenberger observers of the form
Wy(x,t) = a(z)W(x, t) + b(2)0,(x, ) + c(x)w(z, t) + p(z,t),
with boundary conditions

1w (0, 1) + vatde(0,1) =0 and  p1 (L, 1) + parie(1,1) = ult) + q(t).
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Here p(x,t) and ¢(t) are the observer inputs.

By constructing Lyapunov functions of the form

V(0 —w)(-, 1)) = (0 — w)(-, 1), P(w — w) (-, 1)),

we construct operator O : R — Ly(0,1) and scalar O such that if

plx,t) = (O@(t) —y(1)) (x) and  q(t) = O(H(t) — y(t)),

where §(t) = pw(1,t) + psw,(1,t), then W — w exponentially fast. Additionally,
we show that the observers designed can be coupled to the controllers designed in
Chapter 6 to construct exponentially stabilizing observer based boundary controllers.
The numerical results indicate that the proposed method is effective in constructing

output feedback controllers.

In Chapters 8-9 we consider the gradient of the poloidal magnetic flux Z = 1,

whose evolution is governed by

0z 1 0 (n|($,t) 0

%2 (w1) = 3 (6 2Z(2,0)) + Ry (e, i, 0) + s(.).

L1002 Oz x Or

with boundary conditions
Z(0,t) =0 and Z(1,t) = —Ropol,(t)/2m,
where

n) = parallel resistivity,

Jin = Lower Hybrid Current Density (LHCD),
Jbs = bootstrap current density,

I,, = total plasma current, and

1o = permeability of free space.
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In Chapter 8 we regulate the magnetic field line pitch, also known as the safety

factor profile, or the g-profile using j;;, as the control input. Since

1

X =,
157

we regulate the Z-profile. We accomplish this task by using a Lyapunov function of

the from

V(Z(-1) :/0 22(1 — 2)M(2)" Z(z, 1)%dz,

where M(x) is a strictly positive polynomial and

Jin(z,t) = Kq(x)Z(x,t) + % (Ky(x)Z(x,t)),

where K| and K, are rational functions.

In Chapter 9 we maximize the norm of the bootstrap current density js. Since

1

jbs X Ea

we minimize the norm of the Z-profile. We use a Lypaunov function of the form
1
V(Z(- 1)) = / M (2)"" Z(x, ¢)2dx,
0
where M (x) is a strictly positive polynomial and
Jin(x,t) = Ky(x)Z(z,t),

where K is a rational function. Moreover, we present a heuristic such that shape

constraints on the control input j;, are respected.
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APPENDIX A
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS
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Consider n variables xy,---,z,, z; € @ C R, j € {1,---,n}, and quantity
w(wy, -, Tp), w: QX x Q — R. A general one dimensional Partial Differential

Equation (PDE) model is of the form [31]:

2 (@)
F(ajh... ow ~~Oow Jw 0 w...):(), (A1)

Y O] 8:17]_’ ?axn7 ax1x27 Y a‘rgl)’

where F/ : O X - X QxR x--- xR — R, 887“;, j €{1,---,n}, denote the partial
derivative of w(zxy,- -, x,) with respect to x; and i € N. PDEs are classified in three
ways: order, (non)linearity and type. The order of a PDE is defined by the highest
order partial derivative appearing in F'. For example, Equation (A.1) illustrates an
i" order PDE. PDEs can be further classified as linear or nonlinear [32]. To explain

this classification, consider a first order PDE in two independent variables x and ¢

and a dependent variable w(x,t) given by

F(z,t,w,w,,w;) =0, (A.2)

ow

where w, and w; denote 3 and w

5¢ respectively. If F'is linear, it can be written as

F(z,t,w,w,,w;) = a(z, t)w(x,t) +b(z, t)w(z, t) +c(x, )w(x, t)+d(z, t) = 0. (A.3)

Hence, PDE (A.2) is linear if it is linear in the dependent variable and its partial
derivatives but not necessarily in the independent variables. If F' is not linear in the
dependent variable or in its partial derivatives, PDE (A.2) is nonlinear. Nonlinear
PDEs can be further classified as semi-linear or quasi-linear [31], [32]. A PDE of the

form
F(z,t,w,w,,w) = a(z, t)w(z, t) + bz, H)w,(z, t) + c(x, t,w) =0, (A.4)

where ¢ is non-linear in w, is known as a semi-linear PDE. The function F' is linear

in w; and w, but non-linear in w. An equation of the form

F(z,t,w,w,, w;) = a(z, t,w)w(z, t) + bz, t,w)w,(z,t) + c(x, t,w) =0, (A.5)



166

is called quasi-linear. Thus, a quasi-linear PDE has coefficients which are functions

of both the independent and dependent variables.

To explain the classification of PDEs by type, consider the following general

second order PDE in two independent variables

F(.Z‘7 ta W, Wyy Wty Wyt y Wag, wtt) = Wy + bwmt + CWyy + dwt + ew, + fw + g = 07
(A.6)
where the coefficients are functions of the independent variables x and ¢ only. The

type of a second order PDE depends on the discriminant defined as
A = b* — 4ac. (A.7)

Under the assumption that the discriminant does not change sign in some region 2,

the PDE (A.6) is one of the following types in €:

A>0: hyperbolic, (A.8)
A=0: parabolic, (A.9)
A<O0: elliptic. (A.10)

If the discriminant A changes sign in the region €2, the PDE is said to be of a mized

type in €.

For the Equation (A.6), let us assume that x € 2 C R", Q open. Additionally,
assume that the variable ¢ represents time, thus, ¢ > 0. Then, the PDE given by
Equation (A.6) is often known as an evolution equation because the quantity w(z,t)
evolves in time from a given initial configuration w(x,0) = we(x). The function wy(x)
is known as the initial condition. If the quantity w is scalar valued for each z and t,

that is, w : 2 X [0,00) — R, then the PDE is known as a scalar valued PDE.

Let 09 denote the boundary® of Q. Then, for an operator G, a constraint of

69Q) = O\Q, where Q is the closure of Q.
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the form

(Gw) (z,t) = f(x,t), for z€dQ, te]0,00), (A.11)

is known as a boundary condition. Boundary conditions can be classified based on the
operator G. If (Gw) (z,t) = w(x,t), x € 0R, then the boundary condition is known
as a Dirichlet boundary condition. A condition of the form (Gw) (z,t) = V,w(z,t)-n,
x € 082, where V, denotes the gradient with respect to x and n is the unit outward
normal vector, is called a Neumann boundary condition. Of course, this requires that
the boundary be such that the outward normal vector can be specified. A linear
combination of Dirichlet and Neumann boundary conditions is known as a Robin
boundary condition. A PDE can can have different boundary conditions on different

sections of the boundary 0f).
A.1 Well-Posedness of Parabolic PDEs

The research work presented in the thesis deals with evolution equations given
by scalar valued parabolic PDEs. Parabolic PDEs are used to model processes such as
diffusion, transport and reaction. An example of a fairly well known parabolic PDE
is the heat equation. For a uniform one dimensional rod of length L, the temperature
of the rod w(z,t) at any point = € [0, L] and at time ¢ > 0 is governed by the heat
equation given by

wy(x,t) = Kwye(x, 1), (A.12)

where x is the thermal conductivity of the material of the rod. It is clear from
Equation (A.9) that the PDE (A.12) is of the parabolic type. Further examples of
parabolic PDEs are the equations modeling the evolution of the poloidal magnetic flux

in a tokamak v and its gradient 1, given by Equations (4.2) and (4.6) in Chapter 4.

The first question to be asked of a parabolic PDE, or in fact any type of PDE,

is if it is well-posed. A parabolic PDE is well-posed if:
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1. the PDE has a unique solution;

2. the solution depends continuously on the data given in the problem.

A.1.1 Semigroup theory. The definition of a solution of a PDE is non-trivial
(31], [32], [33], [34]. One way of establishing the definitions of solutions and their

uniqueness and existence is by using semigroup theory.
Consider the following second order inhomogeneous parabolic PDE
wi(x,t) = a(r)wee(x,t) + b(z)w,(x,t) + c(z)w(z, t) + f(x, 1) (A.13)
with Dirichlet boundary conditions,
w(0,t) =0 and w(l,t)=0, (A.14)

where the functions a, b and ¢ are C! functions, f is a known function, x € [0, 1] and

t > 0. We can write this PDE as a differential equation as follows. Let

w(t) =w(-,t) and f(t) = f(-,1).

Additionally, define the following differential operator

A= a(x)% + b(x)% + c(x). (A.15)
Then, the PDE (A.13) can be written as
w(t) = (Aw) (t) + f(2). (A.16)

Let us denote by D4 the space of functions over which the operator A is well defined

and also incorporates the boundary conditions (A.14). Thus

Dy={we H*(0,1):w(0) =0 and w(1)=0}. (A.17)

Under certain conditions, the pair (A, D 4) is associated with an operator val-

ued function S(t) called the strongly continuous semigroup generated by (A, Dy).
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Definition A.1. A strongly continuous semigroup, or a Co-semigroup is an

operator valued function S(t), S :[0,00) — L(L4(0,1)), that satisfies

S(t+s)=S(t)S(s), fort,s>0;

1Sy —yll =0 ast— 0" forall y € Ly(0,1).

Of course, the question arises whether the pair (A, D 4) generates a Cy-semigroup.

This question can be answered using the Hille-Yoisida Theorem [45, Theorem 2.1.12].

Using the semigroup theory, we can discuss the uniqueness and existence of

solutions. We begin with the following notion of a solution.

Definition A.2. A function w(t) is a classical solution of (A.16) on [0,T] if
z € CY[0,7]; Ly(0,1)), 2(t) € Dy for all t € [0,7] and z(t) satisfies (A.16) for all

tel0,7].

The function z(t) is a classical solution of (A.16) on [0,00] if it is a

classical solution on [0, 7] for every 7 > 0.

A classical solution captures all the properties that one might expect a ‘solu-
tion’ of the PDE (A.13) to possess. That is, the solution is continuously differentiable
in time, its spatial derivatives up to order 2 are continuous, satisfies the equation and
the boundary conditions. The following theorem establishes the existence of a unique

classical solution of PDE (A.13) using the semigroup theory.

Theorem A.3. [45, Theorem 3.1.3] If the operator A generates a Cy-semigroup S(t)
on Ly(0,1), f € CY([0,7]; L2(0,1)) and w(0) = wy € D4. Then there exists a unique
classical solution of PDE (A.13) given by

w(t) = S(t)wy + /Ot S(t—s)f(s)ds. (A.18)
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The condition that f € C'(]0, 7]; L2(0, 1)) is very conservative. In fact, it can
be weakened to f € Ly([0,7]; L2(0,1)) with wy € L2(0,1), in which case, w(t) in

Equation (A.18) is known as the mild solution or the weak solution.

Corollary A.4. If the operator A generates a Cy-semigroup S(t) on Ls(0,1), f €
Lo ([0, 7]; L2(0,1)) and w(0) = wg € Lo(0,1). Then there ezists a unique weak solution

of PDE (A.13) given by

w(t) = S(t)wy + /Ot S(t—s)f(s)ds. (A.19)

Simply put, the idea is that the weak solution satisfies the PDE (A.13) almost
everywhere in ¢ and x, that is, under the integral. Thus, instead of searching for
solutions which are continuously differentiable in x and ¢, we can search over the larger
space of functions whose generalized derivatives or weak derivatives exist. Refer to

Chapters 5 and 7 in [31] for weak derivatives and weak solutions of parabolic PDEs.

For the homogeneous case (f = 0), the classical solution of PDE (A.13) is
given by

w(t) = S(t)wy, wo € Dy.
Compare this to the solution of the ODE #(t) = Axz(t), A € R™*", which is given by
x(t) = eMry, 1o € R™

This comparison immediately illustrates that a Cy-semigroup can be thought of as an

infinite dimensional generalization of the matrix exponential.

Note that although we chose Dirichlet boundary conditions in Equation (A.14)
to illustrate the uniqueness and existence of solutions, the same theory applies to

Neumann and Robin boundary conditions.

Remark A.5. FEstablishing the well-posedness of parabolic PDEs using semigroup

theory requires that the coefficients a, b, ¢ in Equation (A.13) be independent of t. If



171

this is not the case, the Galerkin method [31, Section 7.1] may be used to establish

the existence and uniqueness of weak solutions.

A.2 Stability of systems governed by Parabolic PDEs

Once we have established that the PDE (A.13) has a classical (weak) solution,
we would like to know if the PDE is stable. We begin by defining the following notion

of stability.

Definition A.6. Suppose that w(t) is a classical (weak) solution of (A.13) with
wnitial condition wg. Then, the PDE is exponentially stable if for any wy, there

exist scalars M,w > 0 such that

|lwt)] < Me™*, t>0. (A.20)

Exponential stability can be established using semigroup theory.

Definition A.7. A Cy-semigroup S(t) on L9(0,1) is exponentially stable if there

exist scalars N, > 0 such that

IS(8)lcraony < Ne™™, >0, (A.21)

The following theorem may be used to verify the exponential stability of Cy-

semigroups.

Theorem A.8. [/5, Theorem 5.1.3] Suppose that the pair (A, Dy4) generates a Cy-
semigroup S(t) on Lo(0,1). Then S(t) is exponentially stable if and only if there
exists P € L(L2(0,1)) such that

(y,Py) >0, forallye Dy, y#0 (A.22)

(Ay, Py) + (PAy,y) = —|yll>,  for ally € Da. (A.23)
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Note that for the PDE (A.13) with f = 0, the PDE is exponentially stable if

the Cy-semigroup S(t) generated by (A, D4) is exponentially stable because
lw®)] = IS @E)woll < ISl e(raoyllwoll < Nem*|lwo].

Then, by setting w = a and M = N||wp|| and using Definition A.6 shows that the

PDE is exponentially stable.

Exponential stability can also be established by using Lyapunov functions.
Suppose there exists a classical (weak) solution of PDE (A.13) and a Lyapunov func-

tion V' (w(t)) such that for some €, > 0

V(w(t)) > elw(t)| (A.24)

V(w(t)) < —aV(w(t)). (A.25)

Then, by integrating the second inequality in time and using the first inequality, we
can show that the PDE is exponentially stable. Note that if we choose V(w(t)) =
(w(t), Pw(t)), for some positive operator P € L (Ly(0,1)), it becomes evident that

Inequalities (A.24)-(A.25) are similar to Inequalities (A.22)-(A.23).
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APPENDIX B
UPPER BOUNDS FOR OPERATOR INEQUALITIES



First, recall the variation of Wirtinger’s inequality

Lemma B.1. [92, 36] For any w € H'(0,1)

Now recall the definition of M from Chapter 5.

Definition B.2. We say

{Q07 Ql? Q27 Q37 Q4a QE): Q67 Q77 QS) Q97 QlO} = M<M7 K17 K2>

iof the following hold

2

Qule) =5 (5@l (0) = )M () ) + 200 0)elo) - °F

2
0
#2510 (U3 0,) ~ Kol |
0
Qu(.€) = (— a(@) K (2,€)] — b<x>Kl<x,£>) o) K (2,)

Qs =2ngnaa(1)M (1) — ng las(1)M(1) + a(1) My (1) = b(1)M(1)],

QG :2n6n5a(1)M(1),

Q7(x) =K1(1, z) [2n4a(1) 4 2n6b(1)] — 2n6 [a. (1) K1 (1, 2) + a(1) K7 (1, z)],

Qs = — 2n3n,a(0)M(0)

402 | ay(0)M(0) + a(0)M, (0) — b(0)M(0) + O‘ZTQ

Qg = — 2n3n2a(0)M(0),
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Qro(z) = — K5(0, x) [2n1a(0) + 2n3b(0)] + 2n3 [a,(0)K2(0, x) + a(0) K2 (0, z)],

where Ki4(1, ) = [K12(2, ) |o=1]ee, Ko0(0,2) = [Ko2(2, §)|o=ole, and € > 0 and

ng, 1 € {1,---,6}, are scalars.

Lemma B.3. Suppose we are given {M, K1, Ko} € Z4y ay.c

{QO? Ql? QZa Q?n Q47 Q57 Q67 Q?a QSa Q97 Qlﬂ} = M<M7 K17 K2)7

and scalars n;, i € {1,---,6}, as defined in Definition 5.1. Then, for any solution
w(x,t) of Equations (5.1)-(5.2), A as defined in Equation (5.6) and P defined in

Equation (5.12), we have that
(Aw(-, 1), Pw(-, 1)) + (w(-, 1), PAw(-, t))
< (w(-,1), Qu(-, )>+wx1t/Q3 w(z, t)dz + w, (0, 1) / Qu(w)w(z, t)dz
(L) (sta ) + Qewa(L,1) / Qs (2)w(z t)daz)
+w(0, ) (ng(o 1) + Qo (0, ) + / e g;t)dx>

where Q is defined as

(Qy) (2) = Qolz /leg d§+/@2x§ y(E)dE, y € Ly(0,1).

Proof. We begin by considering the following decomposition

(Aw(-,t), Pw(-,t)) + (w(-,t), PAw(-,1))
= 2/0 (a(x)wye(z,t) + b(2)wy(x, t) + c(x)w(z, t)) (Pw) (z,t)dz

:2(F1+F2+F3+P4—|—P5), (Bl)

where

ry = /O Wan (2, () M (2)w(z, £)dz,



/ we(, )b(x) M (2)w(z, t)dz,

CJ

0

/ da:+// (2, )el(2) K (0, E)w(€, £)de
// (2, (@) Koz, €)w (&, 1)dE.

Applying integration by parts twice

ry=-— /0 w?(z, t)a(x) M (z)dx +/0 w(x, t)ﬁ% (a(z)M(x)) dz,

+ (L) <a(1>M(1)wx(1,t) - (%ax(l)M(l) + %au)qu)) w(l,t))

+w(0,1) <—a(O)M(O)w$(0,t) + (%

/Dwx (/ (e, f)wé“tdé‘Jr/ Ka(a, €€, t)d&)dx,

0. (0)M(0) + %a(O)Mx(O)> w(O,t)) |

(B.2)
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Since a(x) M (z) > ae, applying a variation of Wirtinger’s inequality given in Lemma B.1

produces

—/0 wy (2, t)*a(x) M (z)dx
lwx(x,t)2dx

IN

— Qe

S~

2

1 2 1
< _aer / w(z,t)*dr + aer / w(0,t)*dx.
4 Jo 4 Jo

Substituting into Equation (B.2),

r g/ole(a:,t) (%aa—; (a(z) M(z)) — 0‘64”2> dz

+w(l,t) (a(l)M(l)wx(l,t) - (%aw(l)M(l) + %au)Mmu)) w(l,t))

+w(0,1) (—a(O)M(O)wz(O, t) + (%ax(O)M(O) + %a(O)Mm(O) + af) w(O,t)) .
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Using the representation of w(0, ), w,(0,t), w(1,t) and w,(1,t) given in Definition 5.1,
we obtain

I, < /0 w?(z,t) (%aa—; (a(z)M(z)) — O‘”z) dx
+ (n6n4a(1)M(l) — %%az(l)M(l) - %ga(l)Mx(l)> w(l,t)?
+ (nensa(1)M (1)) w(l, t)w.(1,t) + (—n3n2a(0)M(0)) w(0, t)w,(0,t)

%§a$(O)M(O) £ 54(0) 0, (0) + BT

5 0 > w(0,1)%

(B.3)

+ (—ngnla(O)M(O) +

Applying integration by parts once

Py == [ w55 0 M (@) do + w10 EHOM () = 0.0 FH0) M)

(B.4)

Applying integration by parts twice and using the fact that K (x, z) = Ks(x, z),

r= [ 0o [ (o) (U0 6) = (e ] o

+ /0 1 /0 Iw(a:,t)aa—; (a(w)Kl($,§)> w(é. t)dédz
+ /0 1 / 1w(x,t)aa—; (a(x)Kg(x,f)) w(é, t)déda

+wn(1,0) /Olng,a(l)Kl(l,x)w(x,t)dx—wz(O,t) /01 15 (0) Ko (0, 2)w(z, £)dx
+w(l, 1) /01 (DKL (1, ) — ngan (1)K (1, 2) — nga(1)Kra(1, 2)] iz, t)da
+w(0,) /0 e ma(0)Kal0, 2) + s (0)Fa(0, 2) + nsa(0) Ko (0, 2)] w(, £)d.

Applying a change of order of integration in the double integrals, switching between

x and ¢ and using the fact that Ki(z,&) = K»(&, z) produces

o= [ 0|5 o) (K0 ~ Kot o

E=x
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+3 /0 /Oxw@’“ (387 (a@)Kl( 5)) + a% ( (€) 1(:6,5))) w(é, 1)déde
+3 : et (37 (a<fv>K2<x,f>) ; ( <§>K2<x,f>))w<g,t>dgdx

da?
+w,(1,t) [ nsa(l)Ki (1, x)w(z,t)dx —wx(O,t)/O n2a(0) K5 (0, x)w(z, t)dx

~ o

+ w(l,t)/o [nya(1) K4 (1, 2) — nea, (1)K (1, 2) — nea(1) Ky (1, z)] w(x, t)dz

)
+w(0,) /0 —120(0) K (0, ) + nan (0) K (0, ) + n5a(0) Koo (0, )] w(z, £)da.

(B.5)

Finally, changing the order of integration produces

I / ez d:zc+// xt( (m,f))w(&,t)df
/ / wt( Kali,€) ) wl6. 00 (B.7)

Substituting Equations (B.3)-(B.7) into (B.1) produces
(Aw(-, 1), Pw(-, 1)) + (w(-, 1), PAw(- 1))

< (w( )+ w, 1t/Q3 w(x, t)dz + wy( Ot/Q x,t)dx
+ w(1,t) (Q5w(1 t) + Qew,(1,1) / Q7 (x)w(z t)dx)

+w(0,4) (Q8w<o 1) + Qo (0, 1) /Qm :rt)dx)



For the following corollary, recall the definition of 7 from Chapter 7.

Definition B.4. We say

{R07R17 R27 R37R47 R57 R67R77R8a R97R10} - j(M7 K17K2)

if the following hold
Rofo) =31 (G (M) - B () + 20 (@)ele) - °F

=7\
+a% (g &K1 (z, )] — b(&) Ky (x, §)> c(§) K1 (x,€),
&@4y7§(§J<ﬂ@@5n b Kali,6)) + ela) (e €
+ 3¢ (g BOK. Ol UOKA(2.) ) + Koo, ),

Rg(ﬂ?) = — 2[2(1( )KQ(O,ZE),

R4 = — 2[3[1G(O>M(0)

2

+@PJ®M®HWWM&®%W®MNW+QW}7

2
R5 = — 2[3712@(0)]\4(0),

R6(ZL') = — KQ(O, ZL’) [2l1a(0) + 2l3b(0)] + 2l3 [CLJ;(O)KQ((), CL’) + a<O>K27$(0, I)] s

Rr = — a,()M(1) — a(1)M, (1) + b(1)M(L),

Rs =2a(1)M(1),
Ro(2) = — 2a,(1) K1 (1, ) — 2a(1) Ky14(1, z) + 2b(1) K, (1, z),
Ruo(x) =2a(1)Ky(1, z),
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where K ,(1,2) = [K1,x($,§)|m:1]§:x; K5 .(0,2) = [KQ’m<$,£)’x:0]€:x and € > 0 and

li,i€{1,---,3}, are scalars.
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Corollary B.5. Suppose we are given {M, K1, K2} € 24, dy.c,
{R07 R17 R27 R37 R47 R57 R67 R77 R87 R97 RIO} - j(M7 K17 K2)7

and scalars l;, i € {1,---,3}, as defined in Definition 7.2. Then, for any solution
e(x,t) of Equations (7.15)-(7.16), A as defined in Equation (7.12) and P defined in
FEquation (5.12), we have that

(Ae(-, 1), Pe(-, 1)) + (e(-, 1), PAe(-, 1))

< (e(-+1), Re(- 1)) + e(0,1) / Ry(2)e(z, 1)

dz
+¢(0, 1) <R4e(0, t) + Rse.(0,t) + /01 Rg(x)e(x,t)dx>
+e(1,t) (R7e(1, t) + Rge,(1,t) + /01 Rg(x)e(x,t)d:c>

1
+en(11) / Rio(@)e(e, t)da,
0
where R s defined as

(Ry) (x) = Rola)y(x) + /le(%ﬁ)y(f)der / Ro(a, E)y(€)de, g € Ly(0,1),

0

The proof of Corollary B.5 can be established by using Definition 7.2 instead

of Definition 5.1 in the proof of Lemma B.3.
Now recall the definition of N from Chapter 6.
Definition B.6. We say
{To, 11, T2, T3, Ty, T, T, T, T} = N (M, K1, K>)
if the following hold

To(x) =gz ()M () + a(x) My (x) — by () M () + b(x) M, () + 2¢(x) M (2)

+2a(z) [K1 (2, x) — Kooz, 2)] — 5



181

Ti(2,8) = [a(2) K1 z2(7, §) + a(§) Ky ge(r, §)] + [b(2) Ky (7, §) 4+ b(E) Ky g(, §)]
+ [e(2) K (2, §) + e(§) K, €],

To(x,€) = [a(x) Ko pa (7, §) + a(§) Kage(, §)] + [b(2) Koo (2, §) + b(E) Ko(2, )]
+ [e(@) Ky (2, &) + c(§) Ka(x, )],

2

Ty=—my (a(O)Mx(O) - 0‘62” ) + s (a.(0) — b(0)) M(0)

= 2a(0) (m1 M (0) + (mg — 1)M(0))
Ty =(m3 — 1)(az(0) — b(0)) K2(0, z)
—2a(0) [(m2 — 1) K5,4(0, z) + m1 K>(0, z)],
Ty(z) = — 2ma(ms — 1)a(0)K»(0, 2),
Te(x) =2(ms — 1)K5(0, z),
Tr = = az(1)M(1) 4+ a(1)Me(1) + b(1) M (1),
Ty =2a(1)M (1),
where Ki4(1,2) = [K12(2,)|o=1]e_, Ko2(0,2) = [Ko (2, &) |e=olc—, and € >0 and

m;, 1 € {1,--+,3}, are scalars.
Lemma B.7. Suppose we are given {M, K1, Ko} € Zqy ay.c
{T07 T17 T27 T3a T4a T57 T67 T77 TS} = N<M7 K17 KZ)?

and scalars m;, i € {1,---,3}, as defined in Definition 6.2. Then, for the solution
w(z,t) of Equations (6.1)-(6.2) or Equations (6.21)-(6.22), A as defined in Equa-
tion (6.7) and P defined in Equation (5.12), we have that

<APZ('7t)7 Z(7t)> + <Z('7 t),PAZ(,t))

< <Z<7t)7TZ(7t)>

+2(0,1) (ng(o,tw /O 1T4(x)z(x,t)da:) +2,(0,1) /0 1 Ty(2)2(z, t)dx

+/0 Ml(O)Tﬁ(x)Z(x’ t)dz (—G(O)Mm(O) + %om?) 2(0,1)
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1
/ M) 2(x,t) dx/ aer?z(z, t)d
+ 2(1,¢) (T7z(1, t) + Tsz:(1,1)),
where z(-,t) = P~ w(-,t), and T is defined as

(Ty) (2) = To(x)y(z) + /0 T, y()de + / To(e, y(€)de, y € La(0,1).

Proof. We begin by considering the following decomposition

(APz(- ), 2(-, 1)) + (2(-, 1), APz(-, 1))
— 2/0 ( (z )aa ; (Pz)(z,t) + b(:v)((%(Pz)(x,t) + c(m)(Pz)(x,t)) 2(x,t)dx

=21+ T+ T3+1y), (B.8)

where

Iy :/0 /0 2(x,t) [a(x) K1 go(x, &) + b(2) K (2, €) + c(z) K1 (x,§)] 2(€, t)dédx

T /0 / 2, 8) [0() K (1, €) + D) Koy (1, €) + () Ko, €)] (€, 1) déd.

Applying integration by parts twice

+2(1,1) (_% (a, (1)M(1) + a(1) M, (1)] 2(1, ) + a(1)M(1) 2 (1, t))

+2(0,1) (% [a2(0) M (0) + a(0) M, (0)] 2(0, ) — a(0)M(0)z, (0, t)) .
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Applying a variation of Wirtinger’s inequality

I, g/ol z2(m,t)% (aa—; (a(z)M(z)) — 0‘62”2) dx

+2(1,1) (—% (s (1)M(1) + a(1) M, (1)] 2(1, ) + a(1)M(1) 2 (1, t)>

0567'('2

1 5 } 2(0,t) — a(O)M(O)%(Qﬂ) :

+ 2(0,¢t) <2 [QI(O)M(O) + a(0)M,(0) +

Applying integration by parts

Adding Equations (B.9) and (B.10)

I' + T

< /0 2(z,1) (%am(m)M(a:) _ %a(as)Mm(x) _ %bx(a:)M(:v) _ —b(:v)Mx(x)> da

1 2 1 1
- / %z%,t)dm +2(1,1) (§T7z(1,t) + 5Tzl t))
0

+ (—%am)Mz(O) + iae#) 2(0,1)*
1

+2(0,4) (%ax(O) - 5b(())) M(0)2(0,4) — 2(0,£)a(0)M(0)2, (0, ¢)

—a(0)M,(0)z(0,1)>. (B.11)
Since z(+, t) = P~ w(-, t), w(-,t) = Pz(-,t). Thus

2w(x,t) =M (z)z(z,t) + /09«“ Ky(x,8)z(&,t)d¢ +/ Ky(x,8)z(&,t)d¢ and
wy(z,t) =My (v)z(x,t) + M(x)2, (2, t) + /Ox Ky . (z,8)z(€,t)d¢

1
+/ Ko (x,8)z(&,t)dE.
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The boundary condition for z = 0 can hence be written as
1
w(0,t) =M (0)z(0, ) +/ K5(0,z)z(x, t)dz,
0
1
w,(0,t) =M, (0)2(0,t) + M(0)2z,(0, 1) —{—/ K5 .(0,2)z(x, t)dz.
0
Using Definition 6.2,
w,(0,t) = myw(0,t) + mow,(0,t), w(0,t) = mzw(0,t),

the boundary conditions in variable z can be written as

0. =m0, + [

M(0)z(0,t) =m3M(0)z(0,t) + /l(mg — 1)K5(0, z)2(z, t)dz, (B.13)

K5(0,2)2(z, t)dx, (B.12)

M(0)2(0, 1) = [maM(0) + (1 — 1)Ma(0)] 2(0, 1) + msM(0), (0, )
+AWMQ—DKMWJQ+mJQ®wﬂ4LUML (B.14)
Substituting Equations (B.12)-(B.14) in Equation (B.11) produces
I\ 4Ty
< [ 200 (Jutonre -
/-—%zuwmx+aow;(naao+zfn@p@¢ma

a@m@A@—E@@mﬂ@—%m@MA@)w

N | —

+ %/O Ml(O)T (2)z(z, t)dx (—a(O)Mx(O) + %06671'2) 2(0,¢)
]\/[1( 2(x t)da:/o e’ z(z, t)da

— maa(0)z,(0,t)M(0)z(0,t) + 2(1,1) (%T7Z(1, t) + %ngx(l,t)> :

Substituting the boundary condition in Equation (B.13) in the second to last term of

the previous equation we obtain

' + T



< [ (Gaaletto) - b () M) — M) ) da

() Mea(e) — 5

1
2
L2 1
_ —aez(xt)dx+20t—(ngOt +/T4 xtdm)
o 4 2 0

+ 2.0, t)%/o Ty(2)2(x, t)da

-|-%/01 Ml(O d;v( )+ ae7r )z((),t)
+%/01M1( dx/ozeﬂzxt
+(1,8) <;T7z(1 0+ 2T8zx(1 t)) (0, )mams M(0) 2, (0, 1).

Recall from Definition 6.2 that for all possible cases, moms = 0. Thus,

I +1,

< /0 22(z,1) (%am(x)M(x) a(x) My (x) — =by(z)M(z) — %b(:p)Mx(x)> dx

1 1

2 27"

L2 1

— —aez(xt)dx+20t—(ngOt+/T4 a:tdx)
o 4 2 0

—I—zx(O,t)%/O Ty(2)2(x, t)da

+1/1 ! t)d )+ (0,1)
2/, M(O X ae7r z(U,
. / . £)d / f)d
5 . MO X 05671'21‘
1
+ 2(1,t) <2T7z(1 t) + 2ngx(1 t)). (B.15)

Adding Equation (B.15) and I's produces
I+ Ty +T
! 1
< [ 2wyt

+ 2(0,1)

l\:)l}—l

(ng (0.4) T4(x (x,t)dx) + zz(O,t)% /0 T ()5, 1)
1

L,
+ = /0 M(O t)dz | —a(0)M,(0) + ST ) z(0,)

IR oy
+§/0 M(O dx/o aenz(x, t)dx
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+2(1,1) (%Tﬂ(u) + %ngx(l,t)) . (B.16)

Switching the order of integration and interchanging = and £ produces

1 x 1 1 1 1
Iy= /0 /0 2(w )5 Tl €)=(€, 1)dé + /0 / 22, 0)5Ts(@, £)=(6,1)de. (B.1T)

Finally, substituting Equations (B.16)-(B.17) into Equation (B.8) produces

(APz(- 1), 2(-, 1)) + (2(-, 1), PAz(-, 1))
< (2(1), T=(1))
+2(0,1) (ng(o,w +/01T4(x)z(a:,t)dx) + 2,(0,%) /Ong,(x)z(x,t)dx
+/0 ]\/[1(() 2(x t)da:( a(0)M,(0) + %om?) 2(0,1)
+/0 Ml(()) z(x t)dx/ol aer?z(x, t)dx
(

+Z(1 t) T7Z(1 t) +T82x(1,t)).
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APPENDIX C
POSITIVE OPERATORS AND THEIR INVERSES
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Proof of Theorem 5.5. By non-negativity, there exists a U such that U = UTU. Par-

titioning U as

U=|Dp H, m]
gives us i i i i
DTD DTHl DTH2 Ull—EIO U12 U13
U= | u'D H'H, H'H, | = % U Us (C.1)
HI'D HIH, HIH, * x  Us
Let, for y € Ly(0,1),
(Ay)(n) = DZi(n / H, Zo(n, 2)y(x)d + / Hy % (n, 2)y(x)de.
Similarly,
(Ay)(n) = DZi(1 / H, Z(n, €)y(€)de + / H 2o (n, €)y () de.
Thus,
(Ay, Ay)

_ /0 1 (y( VT 2T DT + / L (@) Zo(n, )T HT d + /n 1y(x)TZg(n,x)TH;[dx)
(D2t + [ iz uceras + / HZ(0. (€ ) d
= Ay + Ay + A, (C.2)
where
A= [y )" W - et ZuCwia)in
+ [ ooz ([ vaatn uierae + / UnZaln Ou(E)de ) dr.
AQZAl([E@f?ﬂm@ﬁkﬂx+[fﬂ@f%@mfﬁﬁ@)Zﬂmmmmy
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and

/ / @) Zal )" (Vs [ 2t (el + i /anz(n,S)y(é)%)dxdn
// @) Zatn )" (U [ 2l w(e)de + Ui /nlzzm,@y(g)dg)dxdn.

Note that here we have used the definitions of U;;.

Switching between n and = in A;

A= /y( )TZl() (Ull_d)Z1(:C)y(x)d;c
/ / (@) 21 ()" U2 Zs(x, §)y (&) déd
/ / ()" Z1(2) Uss Zo(, €)y(€)déder. (C.3)

Switching between n and ¢ and switching the order of integration in A,

Ay = /01 y(x)" (/Ox Zy(&,x)" Us1 Z1(€)y(€)dE + /xl Zz(&fff)TUlel(é)y(é)d&) dx
(C.4)

Switching the order of integration, first between x and 1 and then between £ and n

in As, we get

Az = / / (/ Zy(n, x U3322(777§)d77+/: Zo(n,2)" UsaZs(n, €)dn

/ Zo(n,2) UnZs(n, é)dn) y(€)deds

Za(n, 2)" Uss Za(n, €)dn + gzz(ﬂviv)TUz?)Zz(??,f)dn
o foer (] /

" /5 2. 2)" U Zal, ) el (€5)
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Substituting Equations (C.3)-(C.5) into (C.2) and using the definitions of K; and K,

gives

(Ay, Ay)

= / y<x>([zl<x>TUnzl<x>—ezl< AT / K (, )y (€)de

From the theorem statement, M (z) > Z;(x)TUy1 Z1(z). Therefore,

(Ay, Ay)

= (y,Py) —¢ /0 y(x) 2, (2)" Iy Zy (2)y () d.

Since (Ay, Ay) > 0, using the previous expression we get that

(v, Py) — ¢ / y(2) 24 ()" Iy Zu (@)y(2)dz > 0.

Finally, since Z,(x)T Iy Z,(x) = 1, we obtain

(4, Py) — ¢ / y(2) 21 (1) I Za (2)y(x)de = {y, Py) — eyl > 0.

Therefore

(y, Py) > elly||?, forall ye€ Ly(0,1).

Self-adjointedness of P can be established using the fact that by construction
K1($7§) :K2<€727) O
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Lemma C.1. Let {M, K, K2} = Quy dyer.er for any 0 < € < €o. Then for the

following operator

T 1
(Py) (z) ZM(w)y(fﬁ)Jr/O Kl(x,s‘)y(é)dH/ Ko(z,8)y(§)dE, y € Ly(0,1),
the following holds
Syl < (5. P < Syl
2 €1

Proof. Since {M, K1, K3} = Q4; dy.e1.c,, from Corollary 5.6 we have that

eyl < (y, Py) < eolyl*.

Now,
(v, Py) < es|ly|> = &2 (y,y) -

Thus,

(y, (P —eI)y) <0,

where Z is the identity operator. From Theorem 6.9, we know that the inverse of

theis operator P! exists. Thus,

<y, P (I — 6273_1) y> <0.

By definition P is a positive operator. Thus, by [35, 9.4-2], P has a unique

positive self-adjoint square root, that is,
P = PrPs.

Thus, we get
<y,79%77% (Z-eP™) y> <0.

Since Pz is self-adjoint

<77%y, P2 (I — 6273_1) y> <0.
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Using [35, 9.4-2] we get that since P commutes with P~!, P2 commutes with P!,

Therefore
<P%y,77% (Z—eP ) y> = <73%y, (Z-eP) P%y> <0.

Thus, we conclude that

T —eP 1 <0, on Ly(0,1).
Therefore, for any y € Ly(0, 1), we have that
<y, (I — 627371) y> <0.

This implies that, for any y € L(0, 1),
Lo —1
ol < (5. P).

The assertion that

1
(y, P ly) < e—llyllg,
1

is similarly proved.

Proof of Lemma 6.8. Let ||-||gsxx be any induced norm on R¥**. Then, for any matrix

valued function Q : [0, 1] — R¥** define

1Qloc = sup [|Q(z)||rrxr.
z€[0,1]
It can be easily verified that the space
@ ={Q:[0.1] » B¥*:  [|Q]l < oo}

where ||-|| is the norm, is a complete normed space. In other words, the space ®

with norm || - || is a Banach space.
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For any V € ®, we define the following mapping
TV =1+ [ AV
Then for any V, W € ®,
(TV)a) = W) = [ AWV - W)t
Thus,

1TV (@) = (TW) (@) [ = ’

/0 " A©) V(E) - W(e)] de

REXE

< [ IA@wnl VO - W@ awnds.  (C0)
0
Since the elements of A(z) are continuous on [0, 1], A € ®. Let o = || Al|o, then
| AE)||rrexr < @, forall &€ ]0,1].

Moreover,

V(&) = W(E)llmexr < IV = Wlls, forall &e[0,1].

Thus, substituting these in Equation (C.6) produces
TV)@) = (TW)@lsss < allV =Wl [
=a||V - W|wz, forall ze]0,1]. (C.7)

We will now prove that for any m € N, the following holds

a™x

[TV (@) = (T"W)(@) e < o |V = W (C.8)

m/!

Clearly, from Equation (C.7), this claim is true for m = 1. Assume that Equa-
tion (C.8) holds for any m € N. Then
(T V) (@) = (T W) (@) e

/0 " A©) [(TV)(E) — (TW)(E)] de

REXE
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< /0x||A(€)||kak|| [(T™V)(&) — (T"W)(E) ] dE
< Oé/ox [T V)(&) = (T W)(E) [Tascr dS-
Substituting in Equation (C.8) produces

amgm

V) ) = (W)@l oer <allV =W [ St

a™mz™

Thus, we have proven by induction that

m

ar

1(T™V) () — (TW) (@) o <O |V = W

m)!

<E |V = Wlle, forall zel0,1].

m
m!
Since

T = T" W oo = st [(T"V)(0) = (T"W) (@)

z€[0,1

we conclude

|77V = T"Wloe < [V = W |

Since V, W € ® were chosen arbitrarily, and for a large enough m € N

am
=<,
m!

we conclude that T™, for a large enough m € N, is a contraction on ® [35, 5.1-1].
Therefore, from Banach fixed point theorem [35, 5.1-2], there exists a unique fixed
point U € & which satisfies

U=T"U,
and U can be obtained by the uniform limit of

U0:I7 UlszUO7 U2:T2mU17”' JUn:TnmUn—17”' .

Moreover, from [35, Lemma 5.4-3], U € ® is also the unique solution to

U=TU
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and hence is given by the uniform limit of the sequence
U0:I7 UIZTU()a U2:T2U17“'7U7L:TnUn*17”"

Since the unique fixed point U satisfies U = TU, using the definition of the mapping
T,
Ula) =1+ [ AQUIE)E
0

Thus, by differentiating in x, we see that the fixed point U satisfies

dU(x)
dx

= A(z)U(x)

and

U(0) = 1.

To prove that U(z) is non-singular for every x € [0,1], one may apply the
small-gain theorem [52, 3.7] and use the fact that U(x) is the uniform limit of the

sequence U, (z) provided previously.

Proof of Theorem 6.9. We begin by noting that U(x), the fundamental matrix of
—B(z)M(z)"*C(z), exists and is non-singular for all z € [0,1]. This is due to the
fact that the elements of the matrix —B(x)M (z)"*C(x) are rational functions, and

hence, Lebesgue integrable. Thus, by Lemma 6.8, the result follows.

The integral kernels v, and 5 are well defined if the matrix P is well-defined.
Let

Un Ui
u1) =

U21 U22
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Then
Iygry O 0 0 Un U Iygry 0
N1+ NU(1) = + =
0 0 0 Iyayry| |Unn U U Up
Thus
. Iyat1) 0
~Usp Uy Uyt

Since U(z) is invertible, so is U (1). Hence U, exists and consequently, (N7 + NoU (1))~
is well defined. Thus, the matrix P = (N; 4+ NoU(1))~" NoU(1) and the integral ker-

nels v and 7, are well defined.
Since Op = (M, Fy, Fy, G1, G3), we have that
1
(Pw)(x / Ki(x,&)w d£+/ Ks(x, &)w(&)dE
—M(z)w (>+/ )t /Fz )Ga(E)w(€)dei.

0

It can be easily established that

Ki(z,8) =F1(2)G1(§) = C(x)N1B(E), Ka(z,§) = —Fa(x)Ga(§) = —C(x)NoB(E).
(C.9)

Now, from the theorem hypothesis, we have that

(75w> (z) = M(x) " w(x) —/ Y1z, Hw(&)dE — / (2, w

0

Then,
(Pﬁw) (z)
_ o+ [ Ko ( d£+/1K2I€ ) (Pw) (&)de

:M<x>(M<x> w<x>—/0w5 £)de /wg ic)
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Thus,

+ [ (M@, )+ ot M(E)™) wie)dg

//leg%xg 0)dods — //lemgge (0)dod¢
//Kggyf%{Q 0)dod¢ — //Kﬂ;gwge (0)dode.

Changing the order of integration in the last four integrals

— w(z) + D, €) + ) (2, )M(E) ™) wi(e)de
( M(2)a(z,€) + Koz, €)M(€)™) wi(€)de
" K (e, ) (€, 6)dEw(9)d6 — //leﬁw(é@)d&v()

" Ko(, €&, 0)dew(6)dd — //mel(f 0)déw(0)df

*H
q\c\q\

L

Switching between 6 and £ in the last six integrals produces

Ky(x,&)y1(&,0)dsw(0)d / / Ky (z,8)72(8, 0)dEw(0)do

(PPw) (@)
— (o) + [ (M9 + Kale, OME) wle)i
[ M0 + K OMEO wieas

[ xKl(x,H)%(H,g)de(g)dﬁ— i gKl(%@)w(@?f)de(é)dé
[ I
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-/ /0 " K, 0726, €)d0w(€)de — /0 [ Ko 06,0000
11 1 1 25
- [ [ Koo gau@ac - [ [ Kt 000,006
T 13 T T
Finally, collecting terms, we obtain
(777510) () =w(x) +/0$ ¢1(x,§)w(§)d§+/ bz, )w(§)dE, where (C.10)
£
b1(,€) = — M)y (2, €) + Ko (v, ) M(€) ™ — / K (2, 0)7(0, €)d9
_ / " K (2, 0 (6,€)d6 — / Ky, 6 (6, €6,
3 z
0o, €) = — M(x)nl, €) + Kalw, )M(€) ™ — / K (2, 0)2(0, €)d6
3 1
_/ KZ(x>6)72<97§)d9_/g KQ(x79)71<97€)d9
From Equation (C.9)
Ky (2,6) = C@)N,B(E) and  FKs(x,€) = —C(2)NaB(E),

and from the theorem hypothesis

n(a, &) =M ()" C()U(2)(Luarr — P)UE) T BE)M(E)™,

Y2(7,€) = = M(2) "' C(2)U(x) PU(§) " B(§)M(8)

Substituting these values in ¢;(x, &), we obtain

¢1(33', f)
= Oa) [~ Ula) (TIiasry — P)U©)™" + Ny BOM(E)™
+C(a) [Nl / E B(O)M(0)~ C(0)U(0)doP
- N / ’ B(O)M(0)"'C(0)U(0)df (Iyazr) — P)
13
Ny [ BO)ME) COUO)B (I - P) [V BOME) ™

(C.11)
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Since U(#) is the fundamental matrix of —B(0)M(6)~'C(6), from Lemma 6.8

B(G)M(G)lC(e)U(Q):—dlflée) and  U(0) = Iy, (C.12)

Substituting Equation (C.12) into (C.11),

¢1(x, &) =C() [_ U(x) (]4(d+1) — P) U+ N1]B(§)M(§)_l

SdU (e T AU (6
0 13

-0 [ 0 (1) - ) |1 Bl ()

—C(2)[= Ue) (Iuasny — P) U™ + M| BE)M(E)™
+c@4—wqmo—mﬁmp+wum@—U@Mmﬁn—m
- N (U() = U@ (T~ P) | U0 BOME)
where we have used the fact that U(0) = Ijas1). Simplifying
612, €) =C(2) [ - Ue) (Lugarny — P) U(E) ™ + N BEM(E)™
+ C(2) |NU(x) (Iygs1) — P) + NoU(x) (Iygas1y — P) — NU(E)

+ NP — NU(1) + NU(D)P|U(€) BE)M(E)™! (C.13)

By definition P = (Nl + NQU(l))_l NQU(l), thus NQU(l) = (Nl + NQU(l)) p.

Hence

Ny P — NyU(1) + NyU(1)P =Ny P — (Ny + NoU(1)) P + NoU(1) P
=N,P — N;P — NyU(1)P + N,U(1)P

=0, (C.14)

Moreover, by definition Ny 4+ Ny = Iy@q41). Using this fact and substituting (C.14)
into (C.13) produces

¢1(z, &) =C(z)[ — U(z) (Lygsry — P) UE) ™ + N1 B(E)M (€)™
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o) |U@) (g — P) NIU@)} V) Ble)M(E)"!

—C(2)[ = U(x) (Tasn) — P) UE) ™ + N | B(O)M(&) ™"

+ C(x) _U(ﬁ) (Iysry — P) U™ — N1:| B(&)M(&)™".

Thus

¢1(, &) =C(x) { —U(x) (Iyarry — P) U + Nl} B(M(E)™
) [ —U) (g + P) U() — Nl] B(e)M(E)"!

—0. (C.15)

Substituting the definitions of K; and K, from Equation (C.9) and ~; and 7,

from the theorem hypothesis produces

¢2($af)
= C(x)[ U@)PUE)™ = N BEM(E)™
+C(2) [Nl / " BO)M(O)"C(O)U(0)doP
N, / * BO)M(8) C(O)U(6)doP
+ N, /é B(O)YM(0)"'C(0)U(0)db (Izasry — P) |UE) ' BE)M(E) ™.
(C.16)

From Equation (C.12), we have that

BOYM(0)*C(O)U(H) = — and  U(0) = Iygs1).-

Thus

¢o(x,&) =C(z)| U(x)PUE)™" — No| B()M (&)™

13
+C(a;)[—N1/ WO jop - N/ UO) 1o p
0
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- o [ ()~ P) |00 BEOME)

—C@)]  U@PUE)™ - N BEM(E)™
+ C(x) { - N (U(z) — [2(d+1)) P+ Ny (U —U(x)) P
- o (U(D) = U(©) (B — P) | U0 BOMIO)
where we have used the fact that U(0) = Iy . Simplifying
Ba(,€) =C(a) [U(x) PU(E)™ — Na] BIEOM(E)
+O(2)| = MiU(2)P — NoU(2) P + NoU(€)
L NP — NoU(1) + NoU(L)P|U€) " B(e)M (€)™

From Equation (C.14), N1 P — NoU(1) + NoU(1)P = 0. Additionally —N; — Ny =

_14(d+1) . Thus
o, €) =C(a) [U @) PU(E) ™" — No] B(E)M()""
+0@>—U@W+Nw@ﬂwa*maM@rl

=C()[U(2)PU(&)™" = N B(E)M (€)™

+O@Y—U@WU@*+N4MQM@r¥
Finally,

P2(2,§) = C(x) [U(ﬂﬂ)PU(f)_l — N = U(2)PU(§) ™" + Nz} B(§)M(&)™ = 0. (C.17)

Substituting Equations (C.15) and (C.17) into (C.10) produces

<7375w> (x) = w(x).

Thus, PP = Z. The proof for PP = T is similar.
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APPENDIX D
SOLUTIONS TO PARABOLIC PDES USING SEPARATION OF VARIABLES
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For a few types of parabolic PDEs, the solution may be explicitly calculated
using a technique known as separation of variables [36]. The idea is to represent the
solution of the PDE as the product of solutions of two Ordinary Differential Equations
(ODEs). We specifically consider the class of PDEs considered in Chapter 5 and use

Sturm-Liouville theory [77] to formulate solutions.

Consider the following PDE
wi(z,t) = a(z)we(z,t) + b(2)w,(z,t) + c(x)w(x, t), (D.1)
with boundary conditions of the form
nw(0,t) + row,(0,t) =0 and pyw(l,t) + pow,(1,t) = 0. (D.2)
The scalars v; and p; satisfy
[vi| + ol >0 and  [p1| + |p2| > 0.
Here, a, b and ¢ are polynomials and a(z) > a > 0 for all x € [0, 1].

The uniqueness and existence of solutions to such problems has been estab-
lished in Lemma 5.4. However, using separation of variables, we can establish the
structure of solutions and then establish the stability properties. We present the

following theorem.

Lemma D.1. For any initial condition wy € Dy(L2(0,1)), there exist scalars w,, and
an orthonormal basis ¢, of L2(0,1), n € N such that the classical (weak) solution of

FEquations (D.1)-(D.2) is given by

w(z,t) = Z et (wo, Bn) Pn(T). (D.3)

Moreover,

W > Wy > >Wwy > and w, = —00 asn — o0.



Here, the set Dy is defined as

Dy ={y € H*(0,1):  11y(0) + v29.(0) = 0 and pry(1) + paya(1) = 0}.

Proof. We begin by using the ansatz that the solution can be written as

w(z,t) = X(x)T(t).

Substituting this ansatz into Equation (D.1) produces

X(2)Ty(t) = a(2) Xoa(2) T (8) + 0(2) X (2)T(1) + c(2) X (2)T' (1),

with boundary conditions

T(t) (1 X (0) + 1:X,(0) =0 and  T(t) (01X (1) + po X (1)) = 0.

Separating spatial and temporal terms

Ti(t)  a(x)Xpe(x) + b(2) X, (2) + c(x) X (x)
T(t) X(z)
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(D.4)

Since the left hand side is a function of time ¢ only and the right hand side is a

function of space x only, in order for (D.4) to be true, the following must hold for

some A € R,

Ty(t) _ a(2)Xes(2) +b(@) Xo(2) + (@)X (x) _
T(t) X(x) |

Thus, we obtain the following ODEs
—a(2) Xz () — b(2) X (2) — c(2) X (2) = AX (),
with boundary conditions
nX(0)4+1,X,(0)=0 and pX(1)+ p2X,(1) =0,

and

T(t) = —A\T(1).

(D.7)

(D.8)
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If we define

p(a) = el 8%, g(a) = —em)2D oa) = 1) 0.9)

~—

~—
IS

—
8

~—

then Equations (D.6)-(D.7) can be written as

(SX)(x) = —% (p(.r)d)flix)) +q(2)X(z) = Ao(2)X(z), X €D,  (D.10)

For Definition 5.2, the operator S is the Sturm-Liouville operator and Equation (D.10)
is the Sturm-Liouville equation. Then, form Lemma 5.3, there exist scalars A, satis-
fying

A< AN <<\, <---and N\, = 00 asn — oo,

and functions X,, = ¢,, € Dy such that

i ()

)+ (010 0) = o (o) o), D.11)
For each A,, the solution of Equation (D.8) can be easily calculated as
T, (t) = Ape ™, (D.12)
for some scalar A,, € R. Since from the Ansatz we have that
w(z,t) = X(z)T(t),
for any n € N, the solution to Equations (D.1)-(D.2) is given by
wy(2,t) = X, (2)T(t) = Ape g, (2).

By superposition, the solution of Equations (D.1)-(D.2) is a linear combination of all

possible solutions. Thus, there exist scalars B,, € R such that

Wl t) = 3 Coe 6, (0), D.13)
n=0
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where C,, = A, B,. This solution obviously satisfies the boundary conditions (D.2)
since ¢,, € Dy. However, the solution must satisfy w(z,0) = wy(z). From Lemma 5.3

we have that ¢, is an orthonormal basis for Ly(0, 1), thus, from [35, Theorem 3.5-2]

Z wOaCbn ¢n )
n=0

Therefore, If we set
Cn == <’LU0, ¢n> 5
then

Z w07¢n ¢n )—wo(x)
n=0

Hence, the solution is given by

= Z ei)mt <w07 ¢n> eiAnthn(x)'

Finally, setting w,, = —\,, produces

[e.9]

=" e (wy, bn) dn(2).

n=0

From Lemma D.1 we have that
Wo > Wy > o> Wy > e

Thus, the system represented by Equations (D.1)-(D.2) is exponentially stable if
wg < 0. If we can calculate the eigenvalues, we can infer the system’s stability
properties. Unfortunately, for a system with spatially distributed coefficients, there
is no general way of calculating the eigenvalues. However, we can estimate them. For
the stability analysis, this will serve as a benchmark against which we can compare the
provided methodology. Additionally, this will help us to synthesize static controllers
which will serve as a benchmark against which we can compare the performance of

the controllers we synthesize. We present the following Lemma.
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Lemma D.2. Given coefficients a(z), b(x) and c(x) of Equation (D.1), define

.T_—C.CL’@ o\x) = ——
Q( )_ (>CLZE’ () CL(ZL’)

@ b(E)
p(r) = elo a @)%

~—

Additionally, let

p(x) >po >0, qlz)>q, o) <o

Then, if rive <0 and p1ps > 0, we have that
Wo S _)\(c)c’

where the scalars w, define the solution given in Equation (D.3) and X{¢ is the first

eigenvalue of the following constant coefficient Sturm-Liouville equation

d*z(x)

da?

—Do + qz(x) = Ao1z(z), =z € Dy.

Proof. We begin by commenting that since a(x) > « > 0, there exists a scalar pg

such that

z b(€)
p(w) = /o % > py > 0.

Additionally, since ¢(z) and o(z) are continuous, there exist scalars ¢; and o7 such
that

q(x) > q, o(x) <o

Recall from the proof of Lemma D.1 that w, = —\,,, where A, are the eigen-

values of the following Sturm-Liouville equation

(102 ) 4 a@)st0) = o(a)ste), 2D

Using the Rayleigh quotient [93, Chapter 5|, the first eigenvalue is given by

\ i POBO(0) = Py (V1) + i (@) + ala)y(@)?) o

2€Dy fol o(z)y(z)2dx (D-14)




If z € Dy, then z € 250, where

={y e H'(0,1): 4,(0,t) = koy(0,1),

w(0,t) =0 if ko = 0 and w(1,t) = 0 if k; = 0},

where
4 if £ 0 -
kO = ) kl =
0 if Vy = 0 0

Thus, Equation (D.14) may be written as

kop(0)y(0)2 + k
A — min op(0)y(0)2 + kip(1)y(1)? + [ (p(x)

y:c(17 t) = kly(L t)

if p2 #0

’

P+ a@)y(@)?) de

z€Do fol a(x)y(x)de

We assumed that 14115 < 0 and pips > 0, thus
]f() > 0 and ]{71 > 0.

Consequently

kop(0)y(0)* + kip(1 2+ fo

)? + q(z)y(x)?) do

fol o(x)y(z )2d$

- kopoy(0)® + kipoy(1)% + [ (poye(2) + quy(z)?) dz

fol o1y(x)%dx

Since the right hand side is also a Rayleigh quotient, it follows that

Ao = A,
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(D.15)

where \{° is the first eigenvalue of the following constant coefficient Sturm-Liouville

equation

d?*z(x
T 4 () = donta),

Since wy = —Ag, we obtain

< —a

ZGDQ.
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The advantage of Lemma D.2 is that the eigenvalues of the constant coefficient

Sturm-Liouville equation

d*z(x)

_pOW + qiz(x) = Aoyz(z), =z € Dy,

for most boundary conditions, can be calculated analytically. Thus, we can easily
obtain an upper bound on w; and thus, wean information on the system stability.
Table D.1 summarizes the eigenvalues A\’ and eigenfunctions ¢¢° for Dirichlet, Neu-

mann, mixed and Robin boundary conditions.

Table D.1. Eigenvalues and normalized eigenfunctions of —py dz @) 4+ qr2(x) = Aoy 2(x)

with Dirichlet, Neumann, mixed and Robin boundary conditions.

Boundary Conditions Eigenvalues \(f Eigenfunctions ¢¢°
Dirichlet
w(0) =0,w(1)=0 (pon*m* + q1) /o1 % sin nwx
Neumann
we(0) = 0,w,(1) =0 (pon*m + q1) /o % COSNTL
Mixed
w(0) = 0,w,(1) =0 (po(2n — 1)*12 + 4q1) /40, % cos((2n — 1)m/2)x
Robin
w(0) =0, w(l) +w,(1) =0 X< e (A, \2) (see (D.16)) % sin A&z
In Table D.1,

An = (po(2n — 1)*7% +4q1) /401 and A = (pon’m* + q1) /o1 (D.16)
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APPENDIX E
STABILITY ANALYSIS USING FINITE-DIFFERENCES AND
STURM-LIOUVILLE THEORY
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In Chapters 5-7 we consider the following two parabolic PDEs:

w(x, 1) =wg,(z,t) + Aw(zx,t), and (E.1)
wi(z,t) = (2° — 2% + 2) wye (2, ) + (32° — 22) w,(z,t)

+ (—0.52% + 1.32° — 1.5x + 0.7 4+ \) w(z, t), (E.2)

where A is a scalar which may be chosen freely. We consider the following boundary

conditions for these two equations:

Dirichlet: = w(0) =0, w(1) =0, (E.3)
Neumann: = w,(0) = 0, w,(1) =0, (E4)
Mixed: = w(0) = 0, w,(1) =0, (E.5)
Robin: = w(0) =0,  w(1) 4+ w,(1) = 0. (E.6)

Using Lemma D.1 we may analytically compute the interval in which the
scalar A must lie such that Equation (E.1) is exponentially stable. However, for
Equation (E.2), the eigenvalues can not be computed analytically, in which case,
we may approximate the interval in which A must lie for exponential stability using

Lemma D.2 or finite-differences.

We begin first by considering Equation (E.1) with boundary conditions (E.3)-

(E.6). This equation corresponds to
wi(z,t) = a(x)wee(z, t) + b(x)w,(z, t) + c(x)w(z, t)
with

If we let

ple) = el % g(a) = —c(a)
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then, we get
pe)=p =1 q@)=q=-A oz)=0=1 (E.7)

Then, by Lemma D.1, the solution of Equation (E.1) is given by

[o¢]
=D e (w0, dn) n(@),
n=0
where wy is an appropriately chosen initial condition and w, = —AZ, where \¢¢ and

¢, are the eigenvalues and normalized eigenfunctions, respectively, of the following

constant coefficient Sturm-Liouville equation

d*z(x)

Ir2 + qr2(x) = X0y 2(x).

—Po———5

Using the values in (E.7) and Table D.1, the solution of Equation (E.1) with

Dirichlet boundary conditions (E.3) is given by

=3 ) g, 6,) 6 (), (E.8)
n=0
where ¢, (z) = %sinmrx. Therefore, for Dirichlet boundary conditions, Equa-

tion (E.1) is stable for A € [0,7%). Similarly, the solution of Equation (E.1) for

Neumann and mixed boundary conditions, respectively, is

wiat) =3 M) (g, 6,) (), (E.9)
n=0
where ¢, (z) = % cosnmzx, and
_ ZG(A—(Qn—1)27r2/4)t <w07¢n> ¢n(x)7 (ElO)
n=1

where ¢, () = %2 sinnrz. From Equation (E.9), for Neumann boundary condition,
the system governed by Equation (E.1) is stable for A € [0, 7?). Similarly, from Equa-
tion (E.10), for mixed boundary condition, the system governed by Equation (E.1) is

stable for \ € [0,72/4).
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Finally, for the Robin boundary conditions, using (E.7) and Table D.1, we

have that
(2n — 1)272

A—n27r2§—)\ff:wn§)\— 1

Thus, the solution of Equation (E.1) with Robin boundary conditions satisfies
w(z,t) = e (wo, ¢n) du(), (E.11)
n=1
where ¢, (x) = % sin AS°z. Since

A\ —n’r? gwng/\—w,

4
the solution of Equation (E.1) with Robin boundary conditions is exponentially stable
for A € [0,7%/4). However, this bound on X is conservative. Thus, we can compliment
it by calculating the approximate solution using finite-differences. The state norm

||w(-,t)]| is presented in Figure E.1. It is evident from the figure that Equation (E.1)

with Robin boundary conditions is stable for A < 4.12.

The stability margins for A in Equation (E.1) with various boundary conditions

is presented in Table E.1.

As stated earlier, analytical solutions for Equation (E.2) can not be calculated.
Thus, we rely solely on finite-differences to approximate the upper bounds for the
parameter A so that the system is stable. Figures E.2-E.5 illustrate the state norm

||lw(-,t)]| of Equation (E.2) with various boundary conditions.

The stability margins for A in Equation (E.2) with various boundary conditions

is presented in Table E.2.
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Figure E.1. State norm ||w(-.t)|| of Equation (E.1) with Robin boundary conditions
for different A.
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Table E.1. Stability margins for A > 0 for w; = w,, + Aw with Dirichlet, Neumann,

mixed and Robin boundary conditions.

Boundary Conditions

Stability margin for A > 0

Dirichlet

Neumann
w,(0) = 0,w,(1) =0
Mixed
w(0) = 0,w,(1) =0

Robin

\ < 72

A<0

A< m?/4

A <412
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Figure E.2. State norm ||w(-.t)|| of Equation (E.2) with Dirichlet boundary conditions
w(0,t) = w(1,t) = 0 for different \.
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Figure E.3. State norm ||w(-.t)|| of Equation (E.2) with Neumann boundary condi-
tions w,(0,t) = w,(1,t) = 0 for different A.
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Figure E.4. State norm |[w(-.t)|| of Equation (E.2) with mixed boundary conditions
w(0,t) = w,(1,t) = 0 for different A.
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Figure E.5. State norm ||w(-.t)|| of Equation (E.2) with Robin boundary conditions

w(0,t) = w(1,t) + w,(1,t) = 0 for different A.



220

Table E.2. Stability margins for Equation (E.2) with Dirichlet, Neumann, mixed and
Robin boundary conditions.

Boundary Conditions Stability margin for A > 0

Dirichlet

w(0) =0,w(1)=0 A < 18.95

w,(0) = 0,w,(1) =0 A < —0.255

w(0) = 0, w,(1) =0 \ < 4.66

w(0) = 0,w(l) + w,(1) =0 A < 7.96
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