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Chapter 1

Introduction

1.1 Cadre général

Le sujet de cette these est la dérivation de la limite de champ moyen par une méthode des caractéris-
tiques en dimension infinie. L’approximation de champ moyen est un concept bien connu en physique,
effectif dans de nombreux modeles. Considérons pour commencer un nombre N de particules quan-
tiques identiques, dans 1’espace de configuration RY, interagissant deux-a-deux 2 travers un potentiel
scalaire I/. La mécanique quantique est le cadre adéquat pour décrire un tel systeme par le biais des
fonctions d’onde UV € LQ(RdN ) de norme un, ou plus généralement des états a trace, et des ob-
servables. Dans la suite on adoptera la notation ’bra-ket’, utilisée par les physiciens (i.e. |[T™V)) ou
(UM]). Ainsi la mesure d’une grandeur physique correspond a I’évaluation d’un observable A dans
Iétat oy = [T W TW)| (projecteur orthogonal engendré par UV)), ie.,

(Aygny = U AT 5 pavy = Tr [Aon]. (1.1.1)
Le systeme de N particules est décrit par le Hamiltonien adimensionné suivant:
u 1
HN:ZAZ»—FE Z W (1.1.2)
i=1 1<i<j<N

Ainsi, I’'Hamiltonien Hy se décompose en une partie énergie cinétique HY :

N N
Hy =Y A=Y@ ® A ® ®Id, (1.1.3)
=1 =1 .eme ..
1 position

et un potentiel W donné par la somme des interactions entre les particules 7 et j :

1
Wy=5 2 Wi (1.14)

1<i<j<N

La constante de couplage % correspond a 1’échelle propre au champ moyen. En effet, dans ce cas,
I’interaction est proportionnelle a la partie énergie cinétique quand le nombre de particules N grandit.

4



1.1. CADRE GENERAL 5

L opérateur autoadjoint A agit sur un domaine D < L*(R?), alors que le potentiel W; ; agit sur un
espace D, = L*(RY) ® L?(R?) ~ L2(IR*¥). En pratique, dans le cadre des particules non relativistes,
I’opérateur A est de la forme A = —A + U avec U une fonction mesurable. Les particules libres,
confinées dans un piege ou sous influence d’un champ magnétique couplé avec un champ électrique
feront également I’objet d’une étude dans cette theése. D’un autre coté, le potentiel W ; est de la forme
W (z; — ;) ol x;, z; € R? jouent le rdle des positions des particules i et j avec TV un potentiel singulier
remplissant les conditions suffisantes d’existence et d’unicité globale pour une équation classique de

type (Hartree).

1.1.1 Dynamique de champ moyen

Le systéme est décrit a I’instant ¢ par une fonction d’onde W) (¢) € L?*(R*Y) selon I’équation de
Schrodinger

(Schrodinger a N corps)

i, UM (1) = Hy oW (1)
\p(N)(Q) = g

Ainsi cette équation linéaire admettra une solution sous la condition d’une réalisation autoadjointe
de I'opérateur Hy (I.1.2). Un des premiers résultats dans ce sens se trouve dans le travail de Kato
dans les années 1950 ou il considera une perturbation de type multiplication W, ; = W(z; — x;)
avec W satisfaisant les hypotheses du théoreme de Kato-Reillich [100, Théoreme X.12] et I’opérateur
A = —A. Linteraction Wy étant une perturbation d’un hamiltonien libre, 1’approche par le [100,
Théoreme X.17] a permis d’étendre 1’existence de solutions a I’équation (Schrodinger a N corps)) pour
des formes quadratiques relativement bornées par rapport a I’hamiltonien libre HY, (T.1.3). Ainsi la
réalisation autoadjointe de Hy permet de définir la solution W) (¢) = e~*AN W) En poursuivant
I’analogie avec les opérateurs a trace, I’évolution d’états quantiques oy (t) est donnée par I’équation de
Von Neumann

{ ron(t) = [Hy, on] NON — ONHIN (Von Neumann)

o (0) = [WEW ],

Dans cette these nous nous intéresserons aux particules de spin entier qui obéissent a la statistique de
Bose-Einstein: les bosons. L’étude des particules bosoniques est motivée par de nombreux phénomenes
quantiques tels les transitions de phase dans le cadre de la superfluidité, les condensats de Bose-Einstein
pour des atomes ultra-froids ou encore 1’étude de vortex en supraconductivité. Dans la nature, le photon,
les gluons ou encore les particules responsables de I’interaction faible (Z°, W, W) sont des bosons.
Mathématiquement, la statistique de Bose-Einstein se traduit pour les bosons par une symétrie dans
leur fonction d’onde. En effet pour 2, ..., zy € R? la fonction d’onde ¥(*¥) (21, ..., xN) est inchangée
apres permutation des variables, i.e:

UM (g, ay) = O (2, . 2., ), Yo € Ty, (1.1.5)

ou X désigne le groupe symétrique a N éléments. Par la suite on s’intéressera au sous espace des
fonctions symétriques L?(R™¥) := Sy (L*(R™)) ou Sy désigne la projection orthogonale

1
SyUM (ay, - ay) = i DT UMz gy).

gEX N
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Revenons a présent a notre systeme de /N bosons. L”approximation de champ moyen consiste a consid-
érer qu’une particule évolue dans un champ moyen généré par I’ensemble des autres particules. Pour un
systeme de bosons dont I’évolution est gouvernée par 1’équation (Schrodinger a N corps), 1’essentiel
des corrélations entre les particules se trouve dans 1’état initial. En effet, en considérant des états quan-
tiques décorellés (états factorisés) de la forme V) = WON avec ¥ e L?(R?) 1’approximation de
champ moyen se traduit par

e~ HINGWN) ~ YN N grand, (1.1.6)

avec U, € L?(R?) une fonction qui satisfait I’équation de champ moyen classique, aussi appelée équa-
tion de Hartree,
i@tz = 0sh(z Z_t L,
1= O:hlz, 2) (Hartree Générale)
Z|t=0 = \Du
avec

1
h(Z, Z) = <Z, AZ>L2(Rd) + §<Z®27 WLQ Z®2>L2 (Re) s (Energie de Hartree)
qui est appelée énergie de champ moyen (ou énergie de Hartree). Dans le cadre du Hamiltonien libre a

une particule A = —A et d’une interaction W, ; = W (x;—x;), I’équation de Hartree s’écrit simplement

i@tzt = AZt + W = ’ZtIQZt

(Hartree)
Z\t:O =V,

La non-linéarité dans ces équations (Hartree Générale)-(Hartree) traduit I’idée d’interaction moyenne
quand le nombre de particules est grand. Expérimentalement, 1’approximation de champ moyen devient
souvent effective dés que le nombre de particules N dépasse quelques dizaines. L’ approximation (1.1.6)
traduit I’idée que les corrélations entre les particules existent mais qu’elles sont négligeables quand le
nombre de particules est grand. Mais quel sens mathématique donné a I’expression (I.1.6)? En mé-
canique quantique les quantités introduites en (I.1.1]) vont permettre de donner un sens a la dynamique
de champ moyen.

Historique des résultats sur la dynamique de champ moyen

Dans cette partie, on abordera les différents résultats obtenus depuis les années 1970. La validation
mathématique de cette approximation a commencé par 1’étude d’états quantiques bien précis (états
décorellés, états cohérents). La plupart des résultats concerne le cas de 1’opérateur a une particule
A = —A + U et une interaction W; ; = W (x; — ;) ou W est une fonction dont la régularité sera
discutée et U un potentiel soit confinant soit une perturbation du Laplacien. Le cadre de bosons non-
relativistes sous influence d’un champ magnétique couplé avec un champ électrique a fait I’objet d’une
étude plus récente que I’on commentera. La vraie question qui a motivé les travaux d’un point de vue
mathématique est la validation de la limite de champ moyen pour des potentiels coulombiens. Cela fut
effectuée plus récemment dans les années 2000.

La dynamique de champ moyen a commencé par une €tude de Hepp dans [63], par la méthode sus-
nommée. Les états quantiques considérés sont dits cohérents (on donnera une définition précise de
cette notion par la suite) et I’approximation de champ moyen est effective pour des potentiels U et
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W tres réguliers. Ensuite, le travail de Ginibre et Vélo [52] a permis d’étendre de facon significative
I’approximation pour des potentiels singuliers 11" ayant une singularité locale et une décroissance con-
trolée a I'infini pour de grandes dimensions (n > 5) et de type LP(R?) n L*(R%) avec p > g. Une
condition supplémentaire est requise sur W~ = max{—W, 0} pour assurer la conservation de 1’énergie
et le caractere globalement bien posé de I’équation (Hartree]). Cependant cette extension proposée par
Ginibre et Vélo pour des potentiels de ce type ne couvre que des états dits cohérents et utilise fortement
la structure de I’espace de Fock et la seconde quantification. Ainsi, cela n’inclut pas les états initiaux
avec un nombre fixé de particules W&V,

En 1980, une autre approche introduite par Spohn dans [[110] a permis de prouver un théoréeme de
convergence pour des états quantiques décorellés sous la condition que A et W ; soient des opéra-
teurs bornés autoadjoints. Introduisons la notation Tr [, 1 qui définit les traces partielles indexées par
n,n+1,..., N et Tr ,, qui désigne la trace sur le n-ieme espace de Hilbert L?(R").

Theorem 1.1.1. Soit o5 = ¢®" un état quantique normalisé avec o € L(L*(R?)) et Tr [o] = 1. Alors

Nl—ig-loo Tr [n+1,N] [67itHN QNeitHN] = Q(t)®n’

en norme trace sur les applications bornées de L*(RN). L’opérateur o(t) satisfait I’équation de
Hartree au sens de Von Neumann, i.e

i0io(t) = [A, o(t)] + Tr o[Wia + Waq, o(t) ® o(t)]. (1.1.7)

La méthode utilisée par Spohn consiste a écrire une série perturbative pour la quantité

—itH
Non

)

Tr [n+1,N](€ 6itHN>
car celle-ci vérifie une équation différentielle. Ainsi, de fortes conditions du théoréeme m sur le
potentiel W sont requises pour faire converger la série.

Bardos, Golse et Mauser dans [[18] ont ensuite prolongé 1’idée de Spohn en utilisant les matrices a
densité réduite et les hiérarchies (Bogoliubov, Born, Green, Kirkwood, Yvon). Introduisons
brievement ce vocabulaire. Considérons un opérateur A borné n’agissant que sur un nombre fixé £k de
variables, i.e A € L(L*(R%)), ou £(L*(R%)) désigne les opérateurs bornés de L?(R%) dans L2 (R%).
En considérant un état quantique normalisé oy = |[¥ M) Y W)| on définit les matrices a densité réduite
grice a leurs noyaux

r)/k,N(:Ula cy Ty Y, >yk> = Jd( 0 qj(N)<$l> ooy Ty Z)\IJ(N)(yla 7yk7z) dz. (118)
RA(N—

Ainsi défini le noyau est symétrique par rapport aux permutations des variables (z1, ..., zx) ou (y1, ..., Yx)-
Cela induit ainsi un opérateur sur le sous espace des fonctions symétriques L?(R%) de trace égale a
un, positif que 1’on note 73 . Ainsi, I’évolution d’états quantiques du type |e N YOV (—itHn yON|
permet de définir une famille de matrices a densité réduite (7,2 ~)ter- Dans [19]50] I’approximation de
champ moyen est présentée sous la forme du théoreme suivant.

Theorem 1.1.2. Soir U € H*(R?) et U(t) € C(R, H*(R?)), une solution globale continue de I’équation
de (Hartree) de régularité H*(R?) avec pour donnée initiale V. Soit W™N) une solution de I’équation
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(Schrodinger a N corps)) vérifiant au temps initial V) (0) = WON . Alors pour tout k > 1, pour tout
réel t € R et pour tout opérateur compact B € L(L*(R3")),

i T [B ] = (0, B ) s - (1.1.9)

La convergence (I.1.9) correspond a la convergence faible étoile dans I’espace des opérateurs a

trace. La démonstration de ce théoréme s’effectue en plusieurs étapes. La premiere consiste a établir

une équation différentielle sur les noyaux 7, (X, Y) avec X € R*, Y e R en utilisant I'équation de
(Von Neumann)) et on obtient

iat727N<Xa Y) = —(Ax - AY)’YIZ,N(Xa Y) + %Z1<j<l<k[w(xj — ) — Wiy — yl)]’Y}Z,N(Xa Y)

+ % le_jSk S]RJ[W<:U] o Z) - W(yk - Z)]’yltc+1,N(X> Zs Y7 Z) dZ, I<k<N-1
(BBGKY)
La seconde étape est le passage a la limite dans (BBGKY). Pour se faire, la compacité est nécessaire
pour obtenir au moins 1’existence d’une hiérarchie limite. Dans [19] I’existence d’une hiérarchie limite
est obtenue par un potentiel W € L?(R3) + L*(R?) borné inférieurement. Ainsi, une limite possible
(%) k=1 satisfait I’équation différentielle pour k& > 1

ALK, Y) = —(Ax — Ay, Y) + Y f Wy - 2) = Wige — ) (X, 2, Y, 2) de.
1<j<k

! (Limite BBGKY)
Cependant, I’existence est prouvée dans [19] mais I'unicité nécessite une hypothese plus forte sur le
potentiel W (I borné). Cela généralise néanmoins le travail de Spohn puisque cela inclut le poten-
tiel de Coulomb répulsif pour la convergence mais pas pour ’unicité. En 2001, Erdds et Yau ont
démontré 1'unicité pour cette hiérarchie limite (Limite BBGKY) pour un potentiel coulombien en
supposant plus de régularité sur les états initiaux (typiquement un état initial W dans un espace de
Sobolev adapté). Ainsi, la méthode basée sur les hiérarchies (BBGKY)) permet d’obtenir des poten-
tiels singuliers (Coulombiens) mais ne donne pas d’information sur un éventuel taux de convergence.
Cependant, en utilisant la formulation de Duhamel dans 1’expression et en écrivant une
série perturbative dans I’intégrande, on peut comparer la limite 7}, avec les projecteurs orthogonaux
|W(¢))(W(t)|®* et obtenir localement en temps, ’existence de constantes C' > 0 et ¢y > 0 telle que

Clc
Tr [l = [W@OXEO] < 5 VIE < to.

Rodnianski et Schlein ont amélioré ce résultat dans [[103] en utilisant la méthode de Hepp et les outils
. . . . . 1

de la seconde quantification pour des potentiels 1 satisfaisant W (1 — A)~2 € £L(L?*(R?)). Le taux de

convergence étant donné par 1’inégalité pour tout k£ > 1

C(k
3C(k), K(k) > 0, Tr [|7hn — ()T (#)|®F]] < Lef“’f)t, Vt e R.
’ VN
Les mémes auteurs ont également obtenu un taux de convergence pour les états cohérents dans [[103]].
Une autre méthode a été développée par Frohlich, Graffi et Knowles dans [47] (voir aussi [48]). Elle
est basée sur un théoreme d’Egorov. Ce théoreme en dimension finie permet de suivre 1’évolution
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d’observables et I'utilisation de la quantification comme le caractere "réciproque” de la limite semi-
classique i — 0. L’idée ainsi est de voir la "réciproque” de la limite de champ moyen comme étant la
seconde quantification introduite par Dirac. Le parametre semiclassique n’est plus 4 mais I’inverse du
nombre des particules % Ainsi obtenir un théoreme similaire a celui d’Egorov pour la limite de champ
moyen nécessite la prise en compte d’états particuliers, les états factorisés, et d” exploiter les symétries
des fonctions d’onde. Le théoreme suivant résume cette approche et ne nécessite aucune régularité pour
les états initiaux.

Theorem 1.1.3. Considérons le probléeme a N corps pour un opérateur A = —/A et une interaction

W;; = W(x; — z;) avec W € L*(R?). Notons AY; 'opérateur donné par la formule suivante pour

UM (g, zn) € LR et aP un opérateur borné de L*(RP) dans L*(R%)

N(N—=1)---(N—p+1)
NP

On note Y, la solution de I’équation de (Hartree). Soit UN)(0) = UON = W(x,)---U(zy) un état

quantique normalisé alors on a I’égalité suivante pour tout t € R,

lim TM(0), N AR =M NG (0))y = (U, a? U, =: aP(T,), (1.1.10)
—00

(AP UMY (2, ) = (Spa” ® 1d ®(N_p)Sp\IJ(N))(x1, C L TN).

avec U, (1, ,xn) = Wi(z1) - - V().

Pour obtenir cette convergence (1.1.10), I’idée est d’étudier 1’évolution des observables dans 1’espace
de Fock (espace permettant de traiter un nombre arbitraire de particules (voir Section [2)) et d’obtenir
une égalité au sens faible

e TN AP oitHN — P (F,)) + Ry (t), Vp = 1, YN € N*. (1.1.11)

Le reste Ry(t) se controle avec les extensions de Schwinger-Dyson et un controle uniforme en N
(comptage de boucles des graphes de Feynman ol chaque boucle contient une contribution d’ordre %).
La régularité se situe essentiellement dans le caractere borné de I’opérateur a”. Dans [48]] les auteurs
étendent la convergence (I.1.10) au cas de potentiels W € L3 (R3) + L (R?).

En 2009, dans [93]], Pickl propose une nouvelle méthode permettant de traiter la limite de champ moyen
sans utiliser les hiérarchies mais plutét des estimations de type Gronwall sur les quantités
1 — |¥(t)){¥(t)| avec ¥ solution de I’équation (5.2.10). Cette idée a permis en 2012 d’obtenir un
résultat d’approximation de champ moyen dans le cadre non relativiste A = —A pour des potentiels
critiques en dimension 3 (W = #) et sous-critique (W = ﬁ, a < 2). Cela a également fourni un
taux de convergence pour les matrices a densité réduite dans [69]. La méthode adaptée a I’étude des
états factorisés permet aussi de traiter le cadre semi-relativiste A = 4/—A + m? avec une interaction
critique W = %I Ce dernier cadre a fait I’objet d’un travail d’Elgart et Schlein [39]] utilisant les équa-
tions et de la régularité pour les états quantiques initiaux. La combinaison des méthodes
introduites par Pickl, Knowles, et des hiérarchies (BBGKY)) utilisées par Spohn a permis & Luhrmann
dans [88]] d’obtenir un résultat d’approximation de champ moyen et un taux de convergence dans le
sens développé par le théoreme pour des bosons non-relativistes sous influence d’'un champ mag-
nétique A : R? — R? couplé avec un champ électrique V. Le Hamiltonien a N corps dans ce cadre est
donné par

Hy = Z [(Va, —iA(5))* + V()] + % D, Wizi—w)).

1<i<j<N
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Les hypotheses permettant cette convergence sont faibles au niveau de I’interaction W (z; — ;) ou W
est une fonction paire mesurable de type W = ﬁ ou W e L*(R3). Cependant le champ magnétique
A et le champ électrique V' ont la régularité suffisante afin d’utiliser des estimations de Strichartz mag-
nétiques.

L’évolution des états cohérents a également été étudiée dans le cadre d’interactions plus singulieres
dans [6]. Ammari et Breteaux ont prouvé 1’approximation de champ moyen, appelée dans ce cadre
"propagation du chaos", en utilisant les travaux de Ginibre, Vélo [52] et Schlein et Rodnianski dans
[103] pour un potentiel W' = 4, en dimension un. Approfondissons a présent le cadre de travail de la
seconde quantification pour traiter le probleme de la limite de champ moyen. La stratégie développée
dans les travaux récents d’ Ammari et Nier [9, [10} 11} 12]] puis Ammari et Falconi dans [[13] est de con-
server ’esprit d’un probleme semiclassique, c’est-a-dire de ne plus regarder 1’évolution d’observables
(voir la discussion sur le théoreme d’Egorov), mais plutdt de considérer la dynamique des états quan-
tiques. Cette remarque se résume par 1’égalité suivante. Soit oy = [WV)WWM)| un état quantique
normalisé et A un observable quantique. Alors

—_— —_—
Evolution des états Evolution des observables

Ainsi, la régularité nécessaire dans le passage a la limite va reposer sur des hypotheses sur les états
quantiques initiaux (états avec masse et énergie finies). La représentation de Fock va permettre de
traiter le probleme dynamique et aussi variationnel. Soient a et a*, respectivement les opérateurs
d’annihilation et de création (voir définition précise dans la Section [2)), I’énergie du systeme est décrite
par le Hamiltonien H.

H.=¢| Va*(x)Va(z)dr + i a*(z)a*(y)W(x — y)a(z)a(y) dedy (1.1.13)

R4 R2d

1
- | Ver@Vaoyde 5 | a@at Wi - ya.le)a.ty) de dy
R4 R2d

" "

HY:partie énergie cinétique We interaction

ol € va jouer le role du parametre semiclassique tendant vers 0 quand le nombre de particules est grand.
Ainsi a* et a. seront d’ordre 4/c et vérifient les relations de commutation canonique

lac(x), aZ(y)] = e0(x —y), [aZ(x), aZ(y)] = [ac(2), a:(y)] = 0. (CCR)
Le changement d’échelle (qui conserve le nombre de particules) se traduit par

_ 1

[8 1H€]‘L§(RdN) = HN, avece = N,
ou Hy est le Hamiltonien a N corps introduit précédemment dans le cadre W; ; = W (x; — x;). Ainsi
sous la forme (I.1.13)) on peut "quantifier" au moins formellement cette énergie grace a ce que 1’on
appellera la quantification de Wick ou ordre de Wick que I’on définira dans la Section

h(Z, 2)W7Lck _ Haa



1.1. CADRE GENERAL 11

avec h(z, z) I’énergie classique introduite en (Energie de Hartree)). En dimension infinie la difficulté
réside dans le bon choix des classes de symboles associées a des observables opérant dans I’espace
de Fock. Deux types de résultats vont ainsi émerger du travail [9, [10} 11, [12]. La perte de compacité
due a la dimension infinie sera compensée par la régularité des symboles de Wick (symboles a noyaux
compacts) ou par des symboles ne dépendant que d’un nombre fini de variables dans le cas de la
quantification de Weyl. Une hypothese de régularité quantique sur les états, appellée condition (PI)) et
rappelée dans la Section[2.2.3|permet également de contourner la perte de compacité. Dans ce contexte,
la méthode développée dans [[12] repose sur un outil d’analyse semiclassique, les mesures de Wigner.
Elles joueront un role dans la dérivation de la limite de champ moyen en permettant d’établir un lien
direct entre les quantités classiques et quantiques (estimations a priori, localisation des états). Nous
aborderons en détails la stratégie développée par Ammari et Nier et cette these permettra de compléter
les résultats obtenus dans [11}[12]]. La prochaine définition introduit les mesures de Wigner associées a
des états quantiques normalisés.

Definition 1.1.4. Soit une famille d’états normaux {oy = [N WU WN|} yoy. L’espace M(on, N €
N*) des mesures de Wigner associées a la famille (on)nen est Iespace des mesures de probabilité
borélienne pi sur L*(R?) tel qu’il existe une sous-suite (Ny,)ren vérifiant:

vE e LARY), lim (W) W(V2mg)w ™) = o TR C2 du(z),

o W(\/2r€) désigne le groupe unitaire de Weyl généré par I’opérateur de champ

B() = (a6 +al(e) avec =3

Cette définition s’étend a des états quantiques normalisés (0:)-c(o,z) dans I’espace de Fock, i.e pour
toute suite (£,),>0 Vérifiant lim,,_, ., £, = 0, il existe une sous-suite (&, )x=o telle que limy_, ., €,, =
0et

vée L2(RY), lim Tr [W(H2r)e., | = f 2R &2 ().
k—+00 k 12 (Rd)

Un résultat montré dans [9] affirme que ’ensemble M (on, N € N*) est toujours non-vide (voir plus

de détails dans la Section [2.2)). Donc, quitte 4 extraire une sous-suite, on peut toujours supposer que la

famille d’états (| W)Y WM)|) yen admet une unique mesure de Wigner . Les états quantiques évolués

par la dynamique A '
(QN(t) _ |e—thN\Ij(N)><e—thN\IJ(N) DNEN

admettent une famille de mesures de Wigner M (o (t), N € N*) pour chaque instant ¢ € R.

L’approximation de champ moyen est effective si M(oy(t), N € N*) = {1} ot i, est
la mesure image de ;. par le flot de I’équation (Hartree Générale) classique.

Ainsi, la mesure de Wigner est transportée dans 1’espace des phases par un flot non-linéaire. De plus,
des estimations a priori au niveau quantique donne des informations sur la localisation de la mesure
dans I’espace de phase. La méthode proposée dans [12] consiste a résoudre une équation de transport
satisfaite par la famille (1 )r, dans un sens faible (précisée dans (I.1.13))

Oepie + VT (0e(2) ) = 0, (Transport de mesures)
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avec vy(z) un champ de vitesse correspondant a I’équation (Hartree) dans sa représentation d’interaction:

{ Oz = vy(z) = —ie™ AW = [e 22 (e "2)] (1.1.14)

Zt=0 = 20-

Détaillons a présent la méthode permettant d’obtenir 1I’équation (Transport de mesures). Commencons
par la dérivation par rapport au temps ¢ de la quantité

IN<t) _ <€7itHO thN\I] (\fﬂ'f) ltH?\’eitHN\I/(N)>.

Remarquons que I’on ne s’intéresse pas directement a la solution de I’équation (Schrodinger a N corpsj)
mais plutdt a celle dans sa représentation d’interaction, i.e.

@EN) - o itHY yitHy py (N) ’
avec (|UN) N UM)|) ey la famille d’états normaux initiaux. La régularité de la fonction ¢ +— Zy (1)
s’obtient pour & € D ou D désigne un domaine dense dans L?(IR%). Ainsi on peut établir une équation
intégrale sous la forme suivante pour tout s, € R

4

In(t) = J (U O0;(&u)"V* UMy du,  (Equation Intégrale)

]:1

ot O;(&, u) désigne des polyndmes de Wick. Sous une hypothese de compacité (concernant les états
normalisés WV) dans [[11] sous la condition (PI) ou en considérant une perturbation W relativement
compacte du Laplacien au sens des formes dans [12]), le passage a la limite aboutit a 1’équation de
Liouville suivante

t
fir(e7TReE2) = fi (TR E7) 4 f fu({qu(2), T EY ) du, s < t, (Liouville)

s

avec q,(z) = 5(e ™42®% W) 5 e ™42%%) qui désigne la partie interaction de (Energie de Hartree).
La convergence de (Equation Intégrale) n’est valable qu’apres I’extraction d’une sous-suite pour as-
surer I’existence de la famille de mesures de Wigner (fi;)«r associées a la famille (|\iJ§N)><\I/£N)|)
Notons p une projection orthogonale de rang fini et £(pL?(R?)) la mesure de Lebesgue associée
au sous espace de dimension finie pL?(R%). On conclut par intégrer I’expression (LCiouville) par
Flgl(€)L(pL?(R%)) ou F[g](€) désigne la transformée de Fourier d’une fonction g réguliere éval-
uée en £ € D. On obtient par densité I’expression suivante qui est I’équation de transport au sens faible,
i.e

f Of(t,2) +i{q(2), f(t,2)} dii, dt = 0, (1.1.15)
RxD

avec f une fonction lisse a support compact sur R x D qui ne dépend que d’un nombre fini de variables.
On peut a présent énoncer le résultat principal de [12] sous les hypotheses:

1. A=—-A,W,; = W(x; — z;), W est une fonction paire mesurable,
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1

2. W(1 — A)~2 est un opérateur borné de L*(R?) dans L?(R?),
3. (1—A)"2W(1 — A)~2 est un opérateur compact.

Theorem 1.1.5. Soit (gs)ge(o,g) une famille d’états quantiques normalisés dans l’espace de Fock, ad-
mettant une unique mesure de Wigner g telle que

Tr [(N + H?)’0.] < Cs < 0, (1.1.16)

umformement par rapport a € € (0,&) et pour un 6 > 0. Alors, pour tout temps t € R, la famille
(e7'= Hsg e's )56(075) admet une unique mesure de Wigner ;. C’est également une mesure de proba-
bilité sur Iespace d’énergie H*(R?) et on a I'égalité ji; = ¢(t,0) * po. Ainsi la mesure yu; est la mesure
image de g par le flot de I’équation (Hartre€), globalement bien définie sur H'(R?).

En notant ’espace LP(R?) + L¥(R?) des fonctions f mesurables telles qu’il existe une suite (f;,)nen €
LP(R?) avec p > 2 vérifiant lim, ;o || f — fu| o ®a) = 0. Ainsi, I'approximation de champ moyen est
effective pour des potentiels de type L*(R) + LP(R), LP(R?) + L®(R?) pourp > 2 et W = "\|, AeR
en dimension 3 ou plus généralement en dimension d > 3, les potentiels W € L4 (R?) + L*(R%) dans
un cadre non confinant A = —A. Cette approche permet ainsi d’obtenir une grande diversité d’états
quantiques sous la seule hypothese (I.1.16)). Cette hypothese est naturelle dans le sens ol elle prévient
la perte de masse et d’énergie a I’infini. Cette méthode implique également la convergence des matrices
a densité réduite (I.1.9). On retrouve aussi la convergence des états cohérents

0(0) = W2 )0, e LR 0= (10, ) e LPRY),  (LL17)

via I’équation suivante pour des observables de Wick (définis dans la Section

o 2 , - 2
hr% <€—zt5 lHEW(igO)Q, bchke—zta 1HEW(£@)Q> — b(@t), (1118)
€ (29 (29

¢ étant solution d’ (Hartree)) avec pour donnée initiale f.

Je terminerai cet historique par un phénomene qui a connu un grand intérét depuis une vingtaine
d’années, I’apparition de "condensats", dits de Bose-Einstein. Ces derniers apparaissent expérimentale-
ment pour des atomes ultra-froids en 1995 et ont été€ prévus par Einstein dans les années 20. Ces con-
densats sont formés par des particules bosoniques qui occupent dans une proportion "macroscopique”
le méme état quantique. Mathématiquement, Gross dans [60, 59] et Pitaevskii dans [96] ont décrit
I’évolution d’un condensat de Bose-Einstein par I’équation susnommée

10,2 = — Az + 8malz 2, (Gross-Pitaevskii)

avec a désignant la longueur de diffusion (voir par exemple [115] pour une définition précise). Le
modele de gaz de bosons dilués approche quand le nombre de particules /V est grand 1’équation non
linéaire (Gross-Pitaevskii). Le hamiltonien microscopique décrivant ce systeme de bosons est donné
par

HN—ZA +— > Wla — =), (1.1.19)

1<7,<]<N
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avec Wy (z) = NPIW(NPz),8 € [0,1] et W est une fonction mesurable réguliere, a symétrie
sphérique, décroissant assez vite a I’infini. Ce changement d’échelle dans I’interaction fut introduit par
Lieb, Yngvason et Seiringer dans [84]. Ainsi, différents régimes apparaissent dans la limite N — +oo0.
Le cas 8 = 0 correspond a la limite champ moyen alors que 5 = 1 donne la convergence suivante

Jim T [7hve = [Pap(t) X Wep(t)|®*]] = 0, (1.1.20)
avec W p satisfaisant I'équation (Gross-Pitaevskii) et v}, , désignant I’évolution des matrices a densité
réduite a k particules. Donc, dans le cas 3 = 1, I’équation limite est celle de (Gross-Pitaevskii) et cela
a été prouvé dans des nombreux travaux (voir par exemple [42, 43| 20]]). Dans le cas 0 < 8 < 1,
la constante de couplage dans I’équation limite n’est plus 87a mais plutdt by = SRd W (zx)dx, et une
convergence analogue a (I.1.20) est prouvée dans plusieurs travaux ([1] en dimension un, [40] en
dimension 3). Les méthodes utilisées pour traiter cette convergence avec une interaction "moins forte"
sont souvent basées sur les hiérarchies pour traiter des états initiaux factorisés ou cohérents.
Dans la plupart des cas étudiés dans la littérature citée, 1’opérateur A est de la forme —A + U pour
décrire des particules non-relativistes en I’absence de champ magnétique. Le modele de gaz de bosons
dilués a également fait 1I’objet de travaux d’un point de vue variationnel, et en particulier dans le cadre
"champ moyen": # = 0, comme on le verra dans la suite.

1.1.2 Approximation de champ moyen vers I’état fondamental

Dans cette sous-section, on considere que I’Hamiltonien Hy est semi-borné inférieurement. L’état
fondamental du systeme de NV particules bosoniques F est donné par I’infimum de la fonctionnelle

EQ(UM)) = (UM HN TN o gany
sous la condition de masse [0 p2gavy = 1, i.e

Ey = inf Eo(UM), (1.1.21)

1
Y MNeQ(Hy), [¥M) =1

ol Q(Hy) désigne le domaine forme de I’opérateur H . Ainsi I’état fondamental correspond au min-
imum du spectre de ’opérateur Hy. Notons W un minimiseur (approché) de I’énergie classique de

I’équation (Hartree Générale)) sous la contrainte || V|| = 1. Dans ce cadre variationnel, I’approximation
de champ moyen se traduit quand le nombre de particules /V est grand par
En —
— ~ h(V, V). 1.1.22
N (W, W) ( )

Quel sens mathématique donné a cette approximation? Comme on I’a vu précédemment, 1’énergie
E(UM) est de I'ordre de N. Ainsi le champ moyen nécessite un changement d’échelle en % et en
supposant que 1’énergie classique de (Energie de Hartree)) est bornée inférieurement, on obtient la
formulation mathématique équivalente a (1.1.22):

Theorem 1.1.6.

EWN) _ i 2 Eo(TWM)) = inf h(z,7) > —co. (1.1.23)

= im — inf
N—o+wo N N—+o N |[wi)|=1, *(MeQ(Hy) z€Q(N(2,2)),] 2| z,=1
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Historique des résultats sur ’approche variationnelle de la limite de champ moyen.

Le théoreme a donné lieu a de nombreux travaux pour de nombreux modeles différents: des
bosons avec ou sans influence de champ magnétique, ou encore des considérations plus générales pour
des modeles de gaz de bosons dilués (voir discussion dans le précédent historique), en prenant en
compte soit des particules non-relativistes, soit des particules semi-relativistes. Les premiers résultats
établissaient une borne supérieure pour la quantité EN) ce qui fut effectué par Dyson pour un potentiel
d’interaction de type "sphere dure" en 1957 dans [37]. La borne inférieure a été obtenue par Lieb et
Yngvason dans [85) |84] pour un potentiel d’interaction plus général (décroissant relativement vite a
I'infini) avec A = —A et un gaz de bosons dans une boite de taille L. La convergence (I.1.6) a été
prouvée dans le cadre d’atomes satisfaisant la statistique de Bose-Einstein dans les travaux [21, [108,

151156, (77, 167]. Le Hamiltonien considéré dans ce cadre est le suivant

N

1 1 1
HN=Z[fAM—M]+N > (1.1.24)

)
i 1<i<j<N i — )]

avec ¢t une donnée inhérente au systeme. Le modele de Lieb-Liniger a également fait 1’objet d’une
étude dans les travaux [83} 180, [105]. Il correspond a 1’étude de gaz de bosons en dimension un par
I’intermédiaire du Hamiltonien H

Hy=-)] (i — x;), (1.1.25)
j=1

_6 +
2
T 1<i<j<N

ou J est la distribution de Dirac. La plupart des résultats concernant I’approximation du Théoreme
(I.1.6) sont liés a la théorie perturbative de Bogoliubov introduite en 1947 dans [24].

Limite thermodynamique:

Dans I’étude de gaz de bosons dilués dans une boite A de taille L en dimension 3, I"'Hamiltonien
est donné par I’expression (I.1.19) avec 5 = 0 et un potentiel W tres régulier, positif décroissant plus
vite que T% a I'infini. L’état fondamental £ (N, L) dans ce cadre dans la limite, dite thermodynamique
quand N et L tendent vers 1’infini avec une densité de particules fixée donnée par o = ‘—]X' L’énergie
par particules est dénotée
. E(eL’ L)
e = lim ————=.
O(Q) L—+400 QL3
La limite pour une densité faible est donnée par 1’égalité

lim 0 (Q>

=1,
0a3—0 47 pa

avec a la longueur de diffusion associée au potentiel W (voir [115] pour une définition détaillée). Pour
des gaz de bosons dilués, 1’idée est de considérer I’énergie associée a chaque paire de particules comme
étant "asymptotiquement” indépendante dans 1’esprit de 1’approximation suivante

1

1 1
E(N,L)~ =N(N —1)E(2,L) ~ §N287raﬁ = Ndrayp.

[\
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La convergence dans ce cadre a été étudiée, en dimension 3, par Lieb, Seiringer, Solovej et Yngvason
dans [87, 185 182] et dans [84] pour des bosons piégés en dimension 2 (voir aussi [86]]). Les ordres
supérieurs pour cette convergence ont fait 1’objet des travaux [81} (71,155, 41]] ou [S7] pour des bosons
confinés, et sont toujours basés sur la méthode développée par Bogoliubov. Dans [76]] les auteurs
ont étendus les résultats de [S7]] pour des gaz de bosons dilués confinés en dimension 2,3 dans un
cadre trés général incluant également le cadre d’atomes bosoniques (voir 1’hamiltonien (I.1.24))) par
I’intermédiaire d’arguments de localisation dans 1’espace de Fock et I’existence du Hamiltonien de
Bogoliubov H via I’approximation suivante quand N — +c0

Hy ~ N inf h(z,Z) + H + o(1).
2€Q(R) 2]z, =1

L’approximation de champ moyen (de Hartree) donne le premier ordre et la théorie perturbative de
Bogoliubov prévoit le premier et les termes suivants en étudiant H.

Limite de Gross-Pitaevskii:

L’approximation vers I’état fondamental a également été motivée par 1’étude des condensats de Bose-
Einstein, et en particulier par un autre type de limite précédemment évoqué, la limite de Gross-Pitaevskii.
Le modele de N bosons correspondant a été introduit dans (I.1.19). Par simplicité, exposons le cadre
de la dimension 3, ou le Hamiltonien est

N
1
Hy =) —Ag + V(x;) + ~ Y NW(N(zi — xy)),
i=1 1<i<j<N
avec IV un potentiel régulier. La limite de Gross-Pitaevskii est un cas particulier du cadre des gaz de

bosons dilués. En effet, cela revient a considérer la limite N — +0c0 avec les rapport constants % et

g = % A :—3 avec a désignant la longueur de diffusion et L la taille de la boite L = |A|% et ey

désignant le trou spectral de I’opérateur —A + V. Nous renvoyons a [115] ou [82] pour des présenta-
tions détaillées sur les différents résultats de convergence des différentes limites évoquées. Le théoréeme
est ainsi vrai avec h(z, z) désignant 1’énergie classique associée 1’équation de (Gross-Pitaevskii)
et fut démontré en particulier par Lieb, Yngvason, Solovej et Seiringer dans [[87].

Approche géométrique:

L’approche récente de Lewin, Phan et Rougerie est basée sur une méthode géométrique introduite
dans [74] pour démontrer la convergence du Théoreme (1.1.6). ’'Hamiltonien a N corps est donné par
I’expression

N
1
i= 1<i<y<

Ainsi, I’idée est d’utiliser le théoreme pour décrire le lien entre le spectre essentiel de I’Hamiltonien
HY}; pour N particules et 1’état fondamental du Hamiltonien 2 N — k particules EV (N — k) et celui a k
particules £°(k). Moralement, on peut atteindre le bas du spectre essentiel en envoyant & particules du
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systeéme a I’infini. Ainsi, I’énergie totale du systeme est la somme de 1’énergie £V (N — k) et I’énergie
des particules placées a U'infini E°(k) :

inf oos(HY (N)) = inf{EV(N — k) + E°(k), k=1,--- ,N}. (HVZ)

La convergence du Théoreme (I.1.6) peut-étre traitée dans le cadre abstrait donné par 1’Hamiltonien
Hy (I.1.2) en utilisant un argument de localisation dans I’espace de Fock combiné avec les théoréemes
de de Finetti quantiques. Pour des bosons confinés, 1’approximation de champ moyen peut étre traitée
sans utiliser le théoreme (HVZ)). Décrivons bri¢vement cette approche.

Rappelons la définition des matrices a densité réduite 7y v :

Ve = Tr e[ TONTM| 0 < k< N (1.1.27)
L’énergie par particules peut ainsi s’écrire en termes des matrices a densité réduite a un et deux corps,

W, Hy )
N

1 1
= Tr [A’yl,N] + 5 Tr ®2Z [WI,Q’YQ,N] = 5 Tr ®2Z, [HQ’}/ZN]. (1128)

Ainsi, on peut reformuler I’approximation vers 1I’état fondamental du systeme par

E(N) 1,
% = 5 inf{ Tr goz,[Hapa]. non € Py (1.1.29)

ot PP = {1, € LYR2Zy), UM € @VZ,, [UW)| = 1, 75 = yo.x}. Ainsi, il suffit de décrire
I’espace PJ(\I,C) dans la limite N — +oo et en particulier I’espace P(?) défini par I’égalité suivante
PR =N N>1 73](\? ). Le théoréme de de Finetti quantique permet de répondre a cette question, i.e.

Theorem 1.1.7. Soit Zy un espace de Hilbert séparable et (vi)pen : \/k Zy — \/k Zy une suite
d’opérateurs autoadjoints positifs. On suppose que pour tout k,n € N

T (k1 fotn] [Vesn] = Vo

On suppose de plus que vy = 1. Alors il existe une unique mesure de probabilité . sur la sphere unité
Sz,, telle que

Vo = J 220 (® du(z), Yk = 0. (1.1.30)
Sz,
De plus si Tr [Ay1] < 40 pour un opérateur autoadjoint A = 0 sur Z, alors p vérifie I’égalité

1(S2,\Q(A)) = 0. (1.131)

Ce théoreme est en lien avec un résultat de Stormer et Hudson-Moody dans [38} 165] qui généralise
un théoreme classique de de Finetti (aussi appelé Hewitt-Sauvage). Il existe une version faible de ce
résultat présentée dans [77]. Ce dernier est un cas particulier des convergences pour les mesures de
Wigner introduit par Ammari et Nier dans [11}[12] et qui feront 1’objet d’un rappel dans la Section [2.2]
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L égalité (T.1.30) permet d’écrire les éléments ~y;, de P*) au moyen d’une mesure de probabilité 1 sur
la sphere Sz,. Ainsi la convergence (I.1.6) se prouve en remarquant (formellement) que

1 1 . ]
5 Traez [Hovon] — 5 | (%% H22®)dp(z) = J h(z,z)du(z) = inf  h(z%),
2 2 )s., Sz, 2€Q(h), 2] 24 =1
(1.1.32)

car 4 est une mesure de probabilité sur la sphere Sz,. Dans un cadre tres abstrait, avec ou sans champ
magnétique, sous 1’hypothese que I’Hamiltonien libre a une particule ait une résolvante compacte,
I’approximation (I.1.6) est vérifiée pour des potentiels satisfaisant des conditions de décroissance "na-
turelles" (potentiel a deux corps relativement borné par rapport au Hamiltonien libre a une particule).
Pour un systéme non confiné, la version faible du théoréme de de Finetti ne suffit pas. Ainsi, dans le cas
invariant par translation (A = —A et W, ; = W(x; — z;)), le manque de compacité se gére au moyen
d’inégalité de liaison "binding inequalities" (conséquence du théoreme (HVZ)), i.e. EY (N) une valeur
propre isolée si et seulement si

EV(N) < BV(N — k) + E°(k), Yk =1,--- . N.

Au lieu de considérer une inégalité de liaison au niveau quantique, Lewin, Nam et Rougerie supposent
uniquement cette inégalité vraie pour I’état fondamental de 1’énergie classique (Energie de Hartree)
et ainsi le résultat [7/7, Théoréme 4.5] valide I’approximation de champ moyen sous des hypotheses
de décroissance des potentiels V, 1¥/. Nous terminerons cette section par mentionner que les mémes
auteurs ont adapté cette méthode également pour un systeme de bosons confinés dans le cadre de la
limite de Gross-Pitaevskii (voir [75]).

1.2 Problématique et résultats

Nous souhaitons établir une méthode générale qui inclut les résultats précédents et qui les complete.
L’idée est de rendre effectif I’approximation dynamique de champ moyen via I’approche des mesures de
Wigner pour un Hamiltonien H y abstrait introduit dans (I.1.2)). Le résultat d’ Ammari et Nier[I.1.5|peut
également €tre complété dans un cadre d’interaction avec un nombre fini de corps sous une condition
de compacité pour une famille générale d’états normaux dans I’espace de Fock. Dans le cadre d’une
interaction a deux corps, en travaillant "localement’ dans I’espace de Fock, 1’approximation de champ
moyen sera validée pour des états quantiques d’énergies finies, i.e

3C > 0, (UM HL UMY < ON, (1.2.1)

pour des potentiels plus singuliers. L’idée est de valider le théoréme [I.1.5| pour des potentiels 1V sin-
guliers, sous critiques, i.e pour lesquels 1’équation d’(Hartree)) est globalement bien posée. L existence
et I’unicité de 1’équation de Hartree a été traitée dans le cas non relativiste sans champ magnétique par
Ginibre et Vélo dans [54] pour des potentiels tres singuliers (décroissance a I’infini et singularité en
0), ou dans un cadre avec champ magnétique par [91], ou encore abstrait pour un hamiltonien libre
A borné inférieurement par [28]]. Cependant certains potentiels ne garantissent pas 1’existence d’une
dynamique quantique, ni méme le caractere autoadjoint de H . Il apparait ainsi que 1’on souhaiterait
valider I’approximation de champ moyen dans le cadre d’un espace de Hilbert séparable Z, pour des
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interactions relativement bornées par rapport a I’hamiltonien libre A (en utilisant les théorémes de Kato-
Reillich ou KLMN [100]]). Nous verrons par la suite que le caractere infinitesimal fournit une condition
suffisante (au moins dans le cadre de particules confinées) de validation du champ moyen. Atteindre
des potentiels peu réguliers ou coulombiens de type W = ﬁ, 1 < a < 2 pour des états quantiques
normaux tres généraux satisfaisant n’a pas été traité¢ dans la littérature. La compréhension de
la méthode basée sur I’étude d’une équation de transport sur les mesures de Wigner permet de valider

I’approximation de champ moyen dans un cadre abstrait, pour des bosons piégés (cadre confinant), i.e
(A+i)te £L7(Z), (1.2.2)

avec ou sans influence de champ magnétique.
Cependant les hypotheses des théoremes de 1’appendice C dans [[12]] ne permettent pas d’atteindre des
potentiels singuliers, et cela s’explique en particulier par le contrdle fort imposé sur le champ de vitesse

Ut(Z) _ _Z-eitA[<W " ‘e_itAZ|2)6_itAZ],
donné par

T
VT >0, f 10e(2) [ £2(Q(A), dius (2)) A < 0.
0

Ainsi la résolution du (Transport de mesures) en dimension infinie pour des potentiels plus singuliers
nécessite I’ affaiblissement des hypotheses de contrdle du champ de vitesse v;(z) en utilisant les travaux
[S, 189, 12]. L’hypothese la plus naturelle dans ce sens que 1’on retrouve également dans le travail de
[[69] est I’estimation suivante

3C > 0, Yz € Q(A), [ve(2)lz, < Cllzlgyalz] zo- (1.2.3)

Combinée cette estimation avec les informations a priori obtenues via la définition des mesures de
Wigner permet le contrdle du champ de vitesse suivant

T
VT > 0, J Hvt(z)”Ll(Zo,dut(z)) dt < oo. (124)
0

Cette derniere équation constituera la condition suffisante d’existence de solutions ’faibles’ a I’équation
(Transport de mesures)), en ajoutant une hypothese de continuité faible sur les mesures de Wigner. Ce
type de résolution d’une équation de transport sur des mesures a été étudié dans un cadre plus général
en dimension finie pour le contréle (I.2.4)) dans [89] mais n’a jamais été traité en dimension infinie.
Comme dans le cadre des hiérarchies le probléme de la perte de compacité liée a la dimension
infinie constitue 1’obstacle majeur pour 1’obtention de la limite de champ moyen. Dans le cadre de la
stratégie basée sur les mesures de Wigner, la difficulté vient lors de 1’établissement de

(Transport de mesures)). La perte de compacité peut étre compensée d’au moins deux facons dif-
férentes.

La premiere consiste a considérer des états quantiques normaux dans 1’espace de Fock satisfaisant la
condition (PI), introduite dans [11]] donnée par 1’égalité suivante

lim Tr [0.N¥] = f |2 % dp(z), VkeN, (1.2.5)
Zy

e—0
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ou g désigne la mesure de Wigner associée a la famille d’états normaux (ge)ge(o,l). Pour des états
normaux ’localisés’ dans ’espace de Fock, i.e | W) l\y~ z, = 1 I'égalité se traduit par

| et dute) =
2o

Cette condition est vérifiée dans un cadre abstrait pour un hamiltonien libre généré par un opérateur
autoadjoint positif A a résolvante compacte et pour des états satisfaisant (1.2.1)). Ainsi, nous montrerons
que la limite de champ moyen est validée dans le cadre abstrait du hamiltonien pour un opérateur
A a résolvante compacte en supposant le caracteére infinitesimallement borné du potentiel W 5 a deux
corps par rapport a I’opérateur A; + A := A® Id + Id ® A. Il est possible de relaxer cette dernicre
hypothése en supposant que le noyau de I'interaction ¢(z®2, 2®?) := 2(z®2 W, ,2®%) soit relativement
borné par rapport a A; + A, mais il faut néanmoins supposer le caractere infinitésimal du noyau de la
dérivée de q(2®2, 2®2) (voir (DT)) Section [5| pour une présentation détaillée).

La deuxiéme consiste a considérer I’approximation de champ moyen dans le cadre non relativiste A =
—A, Zy = L*(R?) et pour des potentiels a deux corps générés par un potentiel W qui lui-méme sera
une perturbation relativement compacte par rapport a —A au sens des formes, i.e

(1= A)2W(1—A)2 e L%(Z). (1.2.6)

Cette derniere condition est vérifiée pour des potentiels singuliers (elle est vraie également pour W =
%a, 0 < a < 2,d = 3) et nous montrerons que 1’approximation de champ moyen devient effective
sous cette condition (qui induit I’existence de la dynamique quantique par le théoreme KLMN) et sous
la condition (I.2.1)). Cela complétera le théoréme [I.1.5] mais on perdra le caractére abstrait du cadre
confinant. Une condition plus forte sera également présentée dans la Section [5 hypothese (D2)) (le

noyau de la dérivée de I’interaction g est une perturbation relativement compacte).

1.3 Plan de la theése

Ce manuscrit s’organise de la fagon suivante. Nous commengerons dans le Chapitre [2] par introduire le
vocabulaire de la seconde quantification et les principaux outils et définitions (espace de Fock, opéra-
teurs de création-annihilation, nombre, opérateur de champ, opérateur de Weyl). La quantification de
Wick ou ordre de Wick pour des symboles polynomiaux bornés (classe P, ,) fera I’objet d’une in-
troduction approfondie en dimension finie et infinie. Les principales caractéristiques associées a des
observables de Wick (formules de commutations, produit, conjugaison) seront également étudiées dans
la Section[2.1.3] On rappellera également les quantifications de Weyl et Anti-Wick dans la sous-section
2.1.1] ainsi que les correspondances entre les opérateurs principaux de I’espace de Fock et les opéra-
teurs de Toeplitz. La quantification de 1’énergie du champ moyen (Energie de Hartree)) nécessite la
construction d’une classe de symboles plus large, notée 9, ,(A) dépendant de 1’opérateur positif A.
Dans la sous-section [2.1.4] on abordera les propriétés inhérentes a cette classe de symboles polynomi-
aux a noyau non borné. Dans la Section [2.2] on rappellera la définition des mesures semiclassiques en
dimension finie puis en dimension infinie. Le défaut de compacité sera également 1’objet d’une discus-
sion au niveau des états quantiques et des observables, via la condition (PI)). On finira la Section [2] par
I’étude des relations entre les classes de symboles de Wick P, , et Q, ,(A) et les mesures de Wigner au
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travers de plusieurs estimations a priori.

Dans le Chapitre 3] on commencera par une bréve introduction sur les équations de Liouville en dimen-
sion finie. Ensuite, on abordera la question des équations de transport satisfaites par des mesures de
probabilité. Dans la Section [3.1] nous proposerons un résultat d’unicité sur les mesures de probabilité
boréliennes d’une équation de Liouville (ou continuité ou transport) via la méthode des caractéristiques
en combinant les arguments présents dans les travaux [5} 12, [89]. Dans la section on donnera
plusieurs exemples d’EDP non-linéaires pour lesquelles on peut appliquer notre résultat d’unicité.

Le Chapitre A apporte le premier résultat de champ moyen prouvé dans ce manuscrit. Ce résultat a été
obtenu en collaboration avec Boris Pawilowski. Il concerne un systeme de /N bosons identiques décrit
par I’Hamiltonien suivant

r

n! ~
H™ = g 1) gfmsn(cgg ®Idyjn-t £)S,, n=2r, (1.3.1)
=2 '

. ~ [ o 4 ¢
avec ¢ — 0, ne — 1. Ici les Q;’s sont des opérateurs symétriques bornés sur \/~ Z et

HS’(”)zeZIdG@-"@Id@ A QU®---®Id, (1.3.2)

i=1 ;

avec A un opérateur autoadjoint. Le modele proposé ici fut étudié par Ammari et Nier dans [12]]. Le
cas d’une interaction bornée a plusieurs corps a aussi été traité dans [10] sous la condition (PI)) vérifiée
par les états normaux initiaux. Notre travail dans ce modele permet la considération d’une classe plus
grande d’états quantiques dans I’espace de Fock ne satisfaisant pas nécessairement cette condition (PI).
Cependant, la méthode développée dans [[12] nécessite une condition de compacité dans I’interaction,
donnée ci-dessous. Ainsi, I’approximation de champ moyen est effective dans 1’espace de Fock sous
les conditions de non perte de masse a I’infini

30>0,3C5 >0,Vee &, Tr[o.N°]<C5< o,
etpour ¢ € {2,...,r}, ’opérateur Q, est compact et autoadjoint dans \/2 Z.

On finira par le Chapitre [5 oul 1’on présentera en détails la preuve du principal résultat concernant
la limite de champ dans un cadre abstrait d’un espace séparable d’Hilbert Z, dans le cas de particules

pigées sous les hypotheses (AT)-(A2)-(CI))-(C2)-(DI). Dans le cas non confiné, I’approximation de
champ moyen sera validée sous les hypotheses (AT)-(A2)-(CI)-(C2)-(D2).

Les conditions (AT)-(A2) et (CT)) correspondent respectivement a des conditions suffisantes d’existence
de la dynamique quantique et au caractére globalement bien posé de I’équation (Hartree). Les hy-
potheses (DI)-(D2) ont été évoquées précédemment. Elles portent sur le noyau de la dérivée de
I’interaction ¢ et assurent la convergence vers 1I’équation (Transport de mesures). L’estimation (C2))
correspond au contrdle de v;(z) permettant de résoudre I’équation (Transport de mesures) et d’établir
I’unicité. On abordera dans la fin de ce Chapitre un résultat de convergence variationnel pour des
particules confinées.




Chapter 2

Second Quantization and Wigner measures

The aim of this chapter is to introduce the second quantization formalism used throughout this the-
sis. So Fock spaces, creation, annihilation and Weyl operators will be recalled in finite and infinite
dimensional Hilbert spaces. Many of this tools have been introduced by Berezin in [22] and a modern
presentation of this subject can be found for instance in [26) [34} 16, 109, [114]. However, we will fol-
low the point of view in [9, 10, [11} 12, 13} 6] which is suitable for the study of the mean-field problem
since it provides a quantization map and an efficient symbolic calculus. In the first subsection [2.1.1

we introduce the Weyl, Wick and Anti-Wick quantization in finite dimension with some pros and cons
of each quantization. The Bargmann transformation and Toeplitz correspondence are also discussed
(see [IL1} 2, 102} 46l for example). The comparison of these quantizations uses the pseudo-differential
calculus, see [64, 190, 25]]. In subsection the general definitions of Fock spaces and e —dependant
creation and annihilation operators are introduced while Wick quantization is discussed in subsection
with the class of symbol P, ,. In the last subsection we define a wider class of symbols,
denoted Q, ,(A), and gather some of its main properties. The Wick quantization and the two classes
Pp.g» Qpq(A) are essential ingredients in proving the effectiveness of the mean-field approximation.

2.1 Creation, annihilation operators

2.1.1 Finite dimensional calculus

In this subsection we work in finite dimensional spaces. The creation and annihilation operators will be
defined below. At first we introduce them in the space C? and we will explain the construction of the
Harmonic oscillator and the Number operator in this framework. In quantum mechanics, quantization
of symbols is a fundamental question. We will define three quantizations (Weyl, Wick, Anti-Wick) in
finite dimension and later in infinite dimensional Hilbert spaces. All of these quantizations have pros
and cons and are equivalent in finite dimensional spaces.

We also consider coherent states in R?? and emphasise their properties. After they will be generalized,
in a Hilbert space in Section [2.1.3] At the end we briefly recall the so-called Bargmann representation
and its correspondence with some quantized observables. We shall use the bracket notation of physi-
cist: |v) will be the vector v while (u| is the form v — (u, v). For a normalized vector u, |u){u| is the
orthogonal projection on Cu. We shall work with a small parameter ~ > 0 or € > 0. The rule of the

22
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semi-classical scaling will be summarized as follows

i) multiply any derivation by h, for any a € N¢, (hd,)® = hl*l9% is a 0(1) operator;

.o . -p(x)

ii) put a % factor in any phase, ek oreh.

iii) For integrations use the unit Lebesgue volume dz in the position variable and use =%~ in the mo-

> (2mh)d
mentum variable.

Denote also the normalized Fourier transform on R?

.6 d¢

e*i%u(x)dx, [ v](z) = JRd e nv(€) Grhy

Fale) = |

Rd

The Schwartz space will be denoted S(IR?) and its dual, the space of tempered distributions by S’(R9).
In the phase space, variables are denoted by capital letters: X, Y will be used for the variables X =
(z,€), Y = (y,n) in R?%. The symplectic form on R?? will be denoted

d
o(X,Y) =&y —an =Y &y — xm;

j=1
. g0-(—) . .
Definition 2.1.1. For X, = (x¢,&) € R*, T)}éou = e’ u(. — x0) is called the phase translation
:c2 .
of vector Xy. The function px, := ( ;)4 T)’}O o, With po(x) = ( ;)g e 2k, is the coherent state centered
T 4 e 4

at Xo.
Proposition 2.1.2. 1. Forany X, € R*, 7% _ is a unitary operator on L*(R?).

2. For X, X, € R*, the Weyl relation holds

h h 12X, X2) 4

Tx, ©Tx, = € oh TX14Xo

3. Forany Xy € R¥ X, = (x9,&)

.£g.x—zq.(hDg) .0(Xq,(z,hDg)) .
T)’}O = ¢ h =¢' B , with D, = —0,.

Remarks 2.1.3. The Schwartz kernel of T)h(o is given by

z+y

£ (z—y) €p-( 5 )—20-§ dg
T)}?o(%y) = fmd e e " (2hm)d

Weyl quantization

We recall now the Weyl quantization for symbols in S’(R??). We collect some basic properties for these
operators and we shall prove similar properties in infinite dimensional symplectic spaces.
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Definition 2.1.4. For any b € §'(R%), the Weyl quantized operator bV (x, hD,) : S(R?) — §'(R)
is given by its kernel

d§
(2hm)d-

£ (z—y)
R

P D)) = [

b(2

9

Proposition 2.1.5. 1. Any B € L(S(R?),S'(R?)) has a Weyl symbol

§-(z—y) S S

BWeyl(Taf) :f ei R B(T—F—,T—-) ds.
R4 2 2

2. The formal adjoint of bV (x, hD,) is bW (x, hD,).

3. If by, by € L2(R2Y), the operators by “*'(x, hD,), by ““"(x, hD,) are Hilbert-Schmidt operators

and
_ d
T [0V (2, hD, )bV (2, hD,)] f b (@, Oba(x,€) dx(%i)d-

4. The conjugation with respect to phase translation centered in X, € R?? yields
T)@Obweyl(x, th)TfXO = [b(. — Xo)V¥ (x, hD,)],

for any b e S'(R??).

Anti-Wick quantization

Take X, € R, and set the operator IT% = |¢x,){¢x,|, where @y, is the coherent state centered at
Xo. The following Proposition defines the Anti-Wick quantization for symbols in S’(R??). One of the
pros of this quantization is its positivity. The link with the Weyl quantization is specified in Proposition

below.
Proposition 2.1.6. For any b € S'(R??) the operator

. dX,
bAWick(x hD,) = J b(X )T —=9 2.1.1
(xJ ) RQd ( 0) XO (Qﬂ_h)d? ( )

is well-defined and continuous from S(R?) to S'(RY). Moreover the following equivalence holds

6_‘33'2

ok

bA—WiCk(l,’ hDI) — CWGyl($’ th) = = b * ( (2.1.2)

Remarks 2.1.7. The Anti-Wick quantization is positive, i.e.,

b= 0= b"Wik(z hD,) = 0.
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Proposition 2.1.8. For any continuous operator B : S(R?) — S'(R?) the symbol
O-WiCk(B)(XO) = <§0X07 B QOX0>7
is well-defined. For B = bW (z, hD,), one has

6_H2

O'WiCk<bW6yl(£L', hDI)) — b= (

and the following positivity property holds
(B > 0) — (aV(B)) > 0.

We use the notation L(Y) for the space of bounded operators on  and LP(), 1 < p < +0o0, for the
Schatten classes, L () being the space of compact operators for p = +0.

Remarks 2.1.9. i) If B € L}(L*(RY)), then "V*(B) € L'(R*?) and

, dX
Tr [B] = Wick B)Y(X)—
(B - | BN g
ii) We cannot define the Wick quantization for any symbol in S'(R*?) but it works for polynomials, and
it is the subject of the next paragraph. When it makes sense, the correspondence between the Wick and
Anti-Wick symbol is given by

Tr b4~V O] = fb(X)aW“’“(C)(X) 2rh)i

Creation, Annihilation operators and Wick quantization

Let introduce the creation, annihilation operators in the finite dimensional space C%. Denote (ey, ..., €q)
its canonical orthonormal basis and set

a(ej) = aj = (hoy; + ;) 5 a*(e;) = af = (—hdy; + x;) (2.1.3)
d d

Vg = (g1, 94) € C%, alg) = D gja; , a*(g) = ), gai. (2.1.4)
j=1 =1

The operators a(g), a*(g) satisfy the canonical commutation relations (CCR). For any f, g € C¢
[a(9), a(f)] = alg)a(f) — a(f)alg) = [a*(g),a™(f)] = O, (CCR)
la(g), a*(f)] = (g, f) 1d , € = 2h.

The vector (, introduced earlier is also denoted €2 and called the vacuum. The harmonic oscillator is
denoted N, and given by the formula

d
Ny := (=h*A + 2? — hd) = Z ala;. (Number operator)
j=1
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We can construct an orthonormal basis of eigenfunctions called normalized o™ Hermite functions ¥,
for any multi-index o € N¢ given by

1

v, = \/M(a*)am) (Hermite functions)
The notation (a*)* := H?Zl(a*(ej))"‘f for a multi-index a = (ay, @, ...,aq) € N? is correct since

a¥ = a(e;)* commute.

Introduce now the field operator on C¢ given for any g € C¢, by ¢(g) = \/Li(a*(g) + a(g)). Then
the unitary group generated by the field operator ¢(g) defines the so-called Weyl operator

W(f) = eV, (Weyl operators)

Moreover the Weyl operator W(f) is equal to 7" 5 with Xo = (20, &) and f = F(zo + i&). So, the
Weyl relations follow

Vfi, foe CL W(R) o W(fa) = e = E W + ),

W (alg)W(f) = alg) + (9. 1)
The function E(z) := W(¥22)|Q) satisfies the equality for any z € C*

V2 o*(2)—a(z)
£

W(Ez)KD =e

’Q> = Tzh@o, z = (ZPmZI)'

Now we introduce the Wick quantization for polynomials on R2% identified with C*.

Definition 2.1.10. For any polynomial P(z,Z) = >}/, 5/<n CapZ®2” on Ri‘fg identified with C% via
z = x + 1€, its Wick quantization is given by

PYVick(z 2) = Z ca,g(a*)aaﬁ. (2.1.5)

lo|+|Bl<n
Remarks 2.1.11. The Wick rule consists by replacing z (resp z) by a (resp a*) and keeping all the
annihilation operators on the right-hand side.
Bargmann representation and Toeplitz correspondance

The aim of this paragraph is to introduce the Bargmann transformation. Actually this transformation is
useful to deal with the so-called Lowest Landau Level (LLL) model used in Chapter 5, Example[5.2.11]
We will give correspondence between some Wick symbols and Toeplitz operators.

Definition 2.1.12. For a function u € S'(R?), the Bargmann transform is given by

]_ 22 2z—y 2 9
[Brul(z) = . e%fde(f% : u(y)dy, z = v i e C%, (2.1.6)
mh) R

where h > 0 is a small parameter.
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There are a lot of similar definitions for the Bargmann-Fock-Segal transformation. For example in
[46] the Bargmann B transformation is given by the formula

2_m, 2

f u(x)e%ra:z—mt —2% (.
Rd

.

[Bu](z) =2

The Bargmann space F}, is given by

_ 12 L(dz)
Fn = {f € Lz((cd76 2h (27Th)d)’ aéf = O}a
and is equipped with the norm,
2 o 2 ‘;|2 L(dZ)
915, = | ke s S0,
212
and it is a closed subspace of L?(C¢, e~ égf))d) with a related orthogonal projection II;, given explic-
itly by
M, : 3(CY e L) ) = Fi
(2mh)?
o L(dr) (2.1.7)
g W) = [ 5 gn) 550
cd (2mh)?

Proposition 2.1.13. The Bargmann transform By, is a unitary map from L*(R¢, dx) into JF, satisfying
BBy = Id and B, B} = 11,,.

Remarks 2.1.14. Instead of considering holomorphic functions ( replace z by Z in the definition of By,),
one could consider anti-holomorphic functions. The Anti-Wick quantization of a polynomial P(z,z) =
ZIaHIBISn Ca,pZ*2" is obtained by replacing z(resp Z) by a (resp by a*) while keeping a in the left-hand
side.

Examples 2.1.15. We enumerate some examples in relation with the creation and annihilation opera-
tors where £ = 2h.

1. The image of Hermite functions V,, by the Bargmann transformation is given by polynomials
1 |Z ‘ a

exal

. . L [N
2. The image of coherent functions p,, by the Bargmann transformation is given by e~ e

3. The annihilation operator a; = (hd,, + x;) satisfies | By(a;) B ]

4. The creation operator ai = (—h0,; + x;) satisfies [Bh(a;)B;;]lfh—»fh =z X.

5. When P(2,%) = X4 51<n Cap2*Z is a polynomial on R identified on C? via z = x + i&, the
Anti-Wick quantization is given by PA~Wi*(x hD,) = B} (Px)By,. Thus

B}LF)AiVVZ'CkB];k = Hh(PX>Hh

is a Toeplitz operator.
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2.1.2 The Fock space

First definitions

Let Z be a separable Hilbert space with the inner product (. ,.) antilinear on the left-hand side asso-
ciated with a norm |z| = 4/{z, z). The purpose of this section is to generalize some tools introduced
above to a more general framework. The semi-classical parameter will be denoted <. If not specified
tensor products and orthogonal direct sums are considered in their Hilbert completed version.

Definition 2.1.16. The bosonic Fock space on Z is given by:
o n
I,(2)=@ \/ Z, (Fock space)
n=0

where \/" Z denotes the n-fold symmetric tensor product. For all n € N the orthogonal projection
of X" Z on the subspace \/" Z is denoted by S,. Moreover S, have the explicit writing, for all

§17 ufn €Z:

1
EivEy .. vE=8(6R06R..08) = o Z §o(1) ®&o2) @ . @ &o(n)s

" oeX,

where Y., is the n-th fold symmetric group.

A useful dense subspace of I'y(Z) is the algebraic direct sum T'/"(Z) := @ \/" Z.

n=0

.....

\/" Z. The same property holds for (2®") .c z nen.

Proof. S, is an orthogonal projection since \/" Z is a closed subspace, then the family (§; v & v
oV E)eez spans \/™ ™ Z and is a total family of \/™ Z. The last result is straightforward from the

polarization identity
n
Z 61---671( 2 8]‘5]')@”.
j=1

gi==+1

1
SivEv.. v, = ol

For k = 1,2 and any operators A;, : \/1’“ Z — \/j’“ Z we can define the symmetric tensor product
of operators A; v Aj by

11+12 J1+J2

Al 4 A2 = Sj1+j2 © (Al ®A2) O Oy +is € 'C(\/ Z? \/ Z)

For all z € Z, recall that |z) is the operator: A € C — Az € Z and (z| is the linear functional:
¢ — (2, € C. Now let introduce the annihilation and creation operators in a infinite dimensional
Hilbert space and generalize the Definition [2.1.3]
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Definition 2.1.18. For z € Z, n € Nand € > 0 a parameter. The c-dependent annihilation and creation
operators are defined by the following equalities

2)pyrttiz = Ve + D)@ Id |yn z,
Z |vng = \/6 n—i— 1 Sn+1 o Z>® Id |\/"Z) = x/{-f(n—f- 1) |Z> v Id V" 2
The families (a(z2)).ez and (a*(z)).cz satisfy the canonical commutation relations for all 2, z5 €
Z:
[a(z1),a*(29)] = e{z1,20) Id,  [a(z1),a(2z2)] =0, [a*(z1),a"(22)] = 0.

We also consider another important operator, namely the field operator

o(z) = \—@(a*(z) + a(z)), (Field operators)

generator of the unitary group W(z) = €***) which satisfies the Weyl commutation relations for all
21, 29 € Z,
W(z1)W(25) = e~ 7 MW (2 4 2,)

When Z = C? the definition coincides with the one introduced earlier in (Weyl operators). The
generating functional associated with this representation is given by

(QW(2)Q) = e i,

where (2 is the vacuum vector (1,0,...) € I';(Z). The total family of coherent vectors F(z) =
W(%)Q, has the explicit form

- e"é‘j i la i Z®n (Coherent states)
0 & n=0
The number operator N, parametrized by ¢ > 0, is defined according to
Nynz =enld ynz. (Number operator)
The second quantized operator can be defined by the formula
dT(A)| natspay = € i Id®*F Y@ A® Id®"H, (Second quantized operator)

k=1
In particular, N = dI'( Id ). We can also define the operator I'. Let Z;, ¢ = 1, 2 be two Hilbert spaces.
Denote ¢ : Z; — Z, a bounded linear operator. Then the Gamma operator is given by

['(g) : T'(21) = I'(22)

Ka)yrz =4® ... ®q
One of the first properties of this functor I is its link with the second quantized operator dI' given by

the formula for A € L(2),
e — T (e). (free Hamiltonian)
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Tensor product of Fock spaces

Consider Z;, © = 1,2 two Hilbert spaces. Let i1, 75 the injections of Z;, Z, into Z; @ Z,. We define
U: T(Z2)®(2;) - T'(Z @ Z,) as follows

| p q
Uu®uv =4 <pqu!q’)F(i1)u\/F(z'2)v, ue\/ 2, ve\/ 2. (2.1.8)

The operator U is unitary. The following Proposition will be very useful in bosonic QFT.

Proposition 2.1.19. Assume that the Hilbert space Z can be decomposed into a direct sum of Hilbert
1
spaces Z;, © = 1,2 such that Z = Z, ® Z,. Then we have, though U, the canonical identification

I'y(2) = T(21) @ Ts(2).
Remarks 2.1.20. With this decomposition we have
112 = 120 ® [,
2. Forz1 € 2y, 29 € 25,
a(z1) = a1(z1) ® Id r,(z,) , a*(21) ® Id r (z,)
N =N; ® Id r,z,) + Id r,(z,) ® Na.

3. Take U, € Z, and Uy € Zy with |U;|z, = 1, Ny, Ny € N, and set g, = |UE" WP forl = 1,2.
The tensor states 01 Q 09 is the twin states

|\I/(18N1 ® \I/(2@N2><\1,(19N1 ® \1/<29N2| (Twin states)

in Ty(21) ® T'y(2,). Within the tensor decomposition we can identify the vector W N1:N2) ¢
['s(Z) associated with \Il?Nl & \I/<28N2. More precisely the following writing holds

\I/®Nl _ 1
: vV €NZNZ!
(N7 + Ny)!

\I]V(NLNQ) - €N1+N2N1!N2!SN1+N2<‘IJ?N1 & \Ij2®N2)

a*(\Pl)...a*(\IJl)\Ql>, [ = 1,2

1 * * * * .

Ny times No times

1
Example 2.1.21.  [. Ch+% = Ch @ C®, then L> (R +% dz) = L*(R%, dv) ® L*(R%, dz).
2. Denote p a finite rank orthogonal projection on a Hilbert space Z, then

[(2)=T.p2)@T((1-p)2).

1
3. When Z = Z, @ Z,, then for any z = z1 + 22, W(z) = Wz, (2) ® Wxz,(22).
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2.1.3 Wick quantization

In this subsection, we introduce the Wick symbolic calculus for polynomials with bounded kernels. It
is related to the normal ordering of products of creation-annihilation operators which is a well treated
subject in standard textbooks (see for instance [22} [35]]). Here we follow the presentation in [9] which
stresses the symbol-operator correspondence and which is more convenient for our purpose, especially
in Section[d] We will extend the Wick quantization to some classes of polynomials with unbounded ker-
nels in Subsection For all p,q € N, we denote P, ,(Z) the space of complex-valued polynomials
on Z, defined by the following continuity condition

be P, (2) < dbe L( \/Z \/z = (287 8P, (2.1.9)
These spaces are equipped with norms |.|p, :

b7, = [blcor zyvez).

The subspace of P, ,(Z) polynomials b such that bisa compact operator is denoted by P (Z). Later
we will see that this subspace plays a important role in the convergence towards Wigner measures.

Definition 2.1.22. For each symbol b(z) € P, ,(Z), is associated an operator: TI™(Z) — TI™"(2),

given by
A/nl(n+q—p) pta ~ _
((n —;?I)' 2 e n—p+q(b® Id By |
The Wick quantization map depends in the parameter € > 0, however for simplicity we omit this

dependence in the notation of b"*, By linearity one can extend this quantization to any finite sum

in Pyy(2) := @Zlg>077p 4(Z). Many examples of Wick observables have been introduced in previous

subsection. In fact we have the following correspondance on I'/""(Z) foré € Zand A€ L(Z) :

(2, QM =a*(€), &M = a(€)
(|2]H)Vi*k = N | (2, A2)ViF = 4T (A).

b|m\//i’clkz = Lp+o0)(n)

Remarks 2.1.23. Sometimes we consider the Wick quantization of a symbol b, or equivalenily the
Wick quantization of its kernel b. Moreover owing to the condition b € L(\/* Z2,\/! Z) for a symbol
be P,,(Z), the definition implies that any Gateaux-differential 0L0%b(2) at z € Z equals

, | [ . . k J
pLokb(z) = o f‘k)! v f‘j)! (B 1d 1y 2) b (122 1d o) € £0\/ 2,/ 2). 2.1.10)

Additionally the vector space spanned by all these Wick polynomials will be denote P.

Proposition 2.1.24. The following identities hold true on U™ (Z) for every b € P, ,(Z)

Wick

L (bchk)* _ @ :
2. (C(2)b(2)A(z))Wick = CWickpWick \Wick - if A e P, o(Z), C € Pog(Z).
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Proposition 2.1.25. . The Wick operator associated with b(z) = [ [}_,{z,m:) [ [72,<&j, 20, mi, &5 €
Z equals

BYik = % ()0 () (1) --a(Sy).
2. Forbe P, ,(2) and z € Z the following equality holds true

. . k'j' pt+q ;
®. Wick ,Qk\ __ k— _
R >_5’“+"”j‘q\/<k_p>!<j—q>ﬁ2 [ b(),

holds for any k, 7 € N. The symbol 5;;5 denotes 0o 110,40y () where 64 5 is the standard Kro-
necker symbol.

A consequence of 1. is that when b € P, ,(Z) and b > 0, then b"V** > 0 on I'/"(Z). However, it

is not true in general. When the Hilbert space Z equals L?(IR¢, dx), the general formula for 6"* with
bePpq(2)is

bWiCk N J (p+a) E(yla o Ygq> T1,s '-'7xp)a*(yl)‘“a*(yQ)a(xl)"'a(Ip) dflfl...dl’pdyl---dy%
Rd(p+aq

where b(y, ) is the Schwartz kernel of b and where a(z) = a(J,,). The following Proposition is
the so-called Number estimates. It plays a fundamental role to control the unboundeness of some
Wick observables in the Fock space with the help of the Number operator N introduced in Definition
(Number operatory.

Proposition 2.1.26. 1. Forbe P, ,(Z), and for any k,j € N

% .\ p\7
|bW Ck|c(\/k Z\2) S 5/:—p,j—q(j€) 2(ke)2|blzoyr 20 2)-
This implies the Number estimate
2. Forbe P, ,(2), the estimate
H<N>’%bW“’“<N>’§HE(FS(Z)) < |blp,.,, (Number estimate)

holds with (N) = (1 + NQ)%. Moreover, if b € P, ,(2), then <N>*pT+quick and bWz‘ck<N>fL‘§q
can be extended to bounded operators on I's(Z) with norms smaller than C,, 4|b|p, ., for some
constants Cy, 4.

An important operation with the Wick symbols is the composition: b}Vi* o bV with by,by €
Py (Z) turns to be a Wick symbol in P, (Z). Now we introduce the useful notations for the formula
about the composition.

Letb e P, ,(Z), the k-th differential of b is well defined and

k k
*(z)e (\/ 2)*, and dfb(z)e\/ Z.
We use the following notations about the Poisson brackets:

with the C—bilinear duality product 0%b; (2).0%by(2) = (0%b1(2), 0Fba(2))
which defines a function of z € Z simply denoted by 0%b;.0%b,.

(V*2)*V*2)
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Proposition 2.1.27. Let by € P, 4, (Z) et by € Py, 4,(Z). Forall k € {0,...,min (p1, g2)}, %by.0%by
belongs 10 Py, +py—k.q1+q2—k(Z), we have the estimate

p1! !

k k
|azb1-62b2|7’p1+p2;q1+q2 < (pl - k?)' (QZ - k?)' ‘bl‘PPLfn |b2|PP2ﬂq2’

and the following formulas hold true on T/ (Z):

1.
min(p1,92) Wick
ic ic P ”
bilxv kob;/v k _ [ 2 Ealjbl.@i—ch]
k=0
2. (min(p1,g2),min (p2,q1))
max(min(pi,q2),min (p2,q1 k Wick
ic ic <
[BYF, by 7] = kZ H[{bl’bﬂ(k)]
—1

Let us finish this subsection by some regularity properties on Wick observables with respect to
(Number operator), (Weyl operators), or the (free Hamiltonian)) on the Fock space.

Proposition 2.1.28. a) The subspace D, := Span{W(£)) ; £ € Z} is dense in the Fock space T's(Z).
b) For any b € Py,(Z) the operator bV is closable and the domain of his closure contains

Ho = Span{W(¢)i, 1 e TI"(2), ¢ € Z}.

¢) For any b € P the subspace D, is a core for b
d) For any b(2) € @)_, P} ;(Z) satisfies the following properties:

e+ ime0) = 3 LD e € < 2
j=0
where D7 [b(2)][£] the j-th differential of b with respect to (z, Z) evaluated at &, i.e:
D[] = D, (€, a2alb(2)e).

alf!
|a]+[8]=j B

Moreover there exists a c-independent constant C,. > 0 such that

0 3 L DI 4N ez < e
=0 7
e) For all £ € Z, the equality
W 2rE)* BVIEW (V2r) = {b(z + ime€)}Vick, (2.1.11)

holds on H,.
f) Let A be a self-adjoint operator on Z then for all t € R,

eing(A)bWickefiﬁdF(A) _ (b(efitAZ»Wick' (2.1.12)
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2.1.4 Extension to Wick sesquilinear forms

The Wick quantization as we introduced in the previous section is a map that corresponds to a monomial
z € Z — b(z) an operator on the Fock space (the function b(z) is called a symbol in connection with
the pseudo-differential calculus). We extend below the class of symbols P, ,(Z) to a wider one denoted
Q,.q(A), where A is a given non-negative self-adjoint operator on Z. Consider for instance the mean
field Hartree energy (see Section 5], Definition (5.2.7)),

h(z) ={z,Az) + %q(z@, 2%?).

Then one observes that the symbol £ is not in P,,(Z) unless A and ¢ are bounded. So, in order to
extend the above quantization procedure to more interesting symbols, we introduce below the class

vaq (A> *
Let A be a given non-negative self-adjoint operator on Z. Let H? denotes, for each n € N, the operator
on\/"Z

For simplicity we denote
Qi=QH)<c\/Z and Q,:=Q,A)c®"Z,
i=1
with @),, is a subspace possessing non symmetric vectors satisfying ,, < Q,,, S,Q, = Q, and Q,,, Q,,

are respectively dense in ®"Z,\/" Z. Remember that ),, and 9Q,, are Hilbert spaces when they are
equipped with the graph norm

lul, = lula, = \/<u,ZA@- +1luy, Yue Q. (2.1.13)
=1

We denote by @, and 9/, respectively the dual spaces of (),, and £,, with respect to the scalar product
of " Z,.

For all p, ¢ € N, we define the class of symbols O, ,(A) as the space of complex-valued monomials on
Q(A) verifying

be Qu(A) = Ibe L£(Q,,9Q)), Vze Q(A), b(2) = (221, b2)guz . (2.1.14)

Letbe Q,,(A) and b as in (2.1.14), then the map defined for any ¢, - - - , ¢, € Q(A) by

b1 S,@1 Mg @ @ = (bS,(¢1® %)) ®pper- ®pn,  (2115)
extends by linearity and continuity to a bounded operator from @, into @;, ., since for any o) ¢
®alg,nc)(14)7

B n—p+q L _ p L p L
@1 S, @1 P Mg = (Y] A+ 1)7285S,() A+ 1) 2 () A+ 120" gnpiaz
i=1 i=1 i=1

VAN

6] 2,00 12, »
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and the subspace ®"9"()(A) is a form core for >, | A;. As a consequence, we see that
Snoprgb@1 P S, =8, b1 S, @1 S, € £(9,,9,_,.,)-

Definition 2.1.29. For each symbol b € Q, ,(A), with b as in (Z.1.14), we associate an operator b"*:
Dy 2 — Dy Q. given by

n'(n—l—q—p)' ptaq 7 — Q Ql

bchk: (n — p)‘ g 2 Sn—p-i—q(b@ 1®(n p)) S E( n— p+q) .

e = 140y (1)

(2.1.16)

Actually brgffk can also be understood as a bounded sesquilinear form on Q,, x Q,,_,.,. Remark
that we have always the inclusion P, ,(Z) < Q, ,(A). Furthermore, the class Q,, ,(A) depends on the
operator A and if A is bounded on Z then Q, ,(A) coincides with P, ,(Z).

Examples: Let q be a quadratic form on ()5 that is a relatively form bounded with respect to A; + A, with
relative bound a < 2 (see Section 5] Assumption (A2))). As a consequence of the above assumption, ¢
can be identified with a bounded operator g satisfying the relation:

q(u,v) = (u,Gvygez, Yu,ve QA+ As), (2.1.17)

and ¢ acts from the Hilbert space Q(A; + As) equipped with the graph norm into its dual Q' (A; + As)
with respect to the inner product of ®*Z. The main examples of interest here are

bo(2) = (2, Az) € Q11(A) with by = A,
b(2) = q(2®2,2%%) € Qy4(A) with b= 84S, ,
and q
h(z) ={z,Az) + §q(2®2, 2®%) € Q11(A) + Q92(A). (2.1.18)

So using the Wick quantization given in Definition [2.1.29] one obtains the following equality in the
sense of quadratic forms for any W™, &) ¢ O,

UM ey = (P IpWickg(N)y - when e = % :
where Hy is the N-body Hamiltonian defined in (1.1.2)). This identity shows the relationship between
the Hamiltonian of many-boson systems in the mean-field scaling and the Wick quantization of symbols
in @, ,(A) with the semiclassical parameter €. In fact most of the information we need in the analysis of
the mean field approximation comes from general properties of the classes Q,, ,(A) stated in Proposition
below.

The linear space Q,, ,(A) is a subset of the space of continuous functions on ()(A) and can be equipped
with a convenient convergence topology. We say that a sequence (¢, )men in Q, ,(A) is b-convergent
to a function c(z) iff :

Cn > ¢ = V2 € Q(A), em(2) — c(z) and (|[Gm||z(a,.0;))men is bounded .

The following Proposition extends the previous Proposition 2.1.28|for symbols in Q,, ,(A).
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Proposition 2.1.30. For any b e Q,, ((A) and (¢y)men a sequence in Q) 4(A), we have:
a)be Q,,(A) and ' o
(b‘Vgick> _ bchk

1Qn—ptq
b) Foranyt € R, by(2) := b(e""2) € Q, ,(A) with
(i AN (A) Wik —itdD(4) _ pWWick

¢) There exists a constant C,, , > 0 such that for any ™ e Q,, ®™ e Q,, withm = n — p + q and

1
525,

@, ik g < € 1) (41 + DEae] |4, +1)3wt
’< ) >’ P,q £ ) ( 1 )2 ( 1 )2
d) If e, > cthen c e Q,q(A) and ¢} converges weakly to ¢V in L(Q,,,Q),_,,,)-
e) For any & € Q(A) the symbol b(- + &) belongs to @;g’eN Q,.4(A) and the identity
(e = w( ez + " @119

holds in the sense of sesquilinear forms on ., x Q,,, for any ny,ns € N.

Proof. a) According to (2.1.14)), we have

b(z) = b(z) = <l~) 281 8Py = (¥4 b* 8Py

where b* € £(Q,,£)) is the adjoint of b € £(Q,, ). Let ™ e v@9mQ(A), T(™ e valomQ(A)
withm =n —p + ¢, n = p, then we have

(n—p)!
n!m!  piq =
e pF g 1®(n—p)(m)
(n—p)° e /

Since v @9 Q(A) is dense in the Hilbert space (Q,, |.||a, ), the above identity extends to any &™) € Q,,
and U e Q...
b) For any t € R and n € N the operator (e~%#4)®" : Q, — €, is bounded and extends by duality to a
bounded operator on /.. Hence for any z € Q(A),

bi(2) v= (7" 42) B0, b (7" 2) B = (B4, (e7HA) D1 b (e A)BP L5P),

and by, = (e7*4)®1 b (e~4)®P belongs to £(9Q,, Q). Let &™) € 9, T™ € Q,, withm =n —p +
q, n = p, then we have

<\I,(m)7eigdr(A)bWicke—igdr(A)q)(n)> _ vnlm! pte <\Ij(m), (e—itA)@)m h® (e—itA)®n(I)(n)>

nlm!  pig = ) (n
= o e 1e el
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¢) A simple estimate gives

‘<(I>(m)7 bWick \I,(n)>‘ < 6

<( HO 4 1)} @ 180m0gm),
<(H0 1) %B<H£ + 1)—%) ® 180-p) <H18 + 1)% ® 1®(n—p)\p(n)>'

H(Hg + 1)% ® 1®(qu)q)(m)H H(Hg + 1)% ® 180=2) (1)

i
L(Qn,90,)

Using the symmetry of the vectors (™) (resp. ¥(™)), we remark
2
H(Hfj +1):® 1®<m—q)c1><m)H — (p(m) (Z A+ 1) MY = (@0 (gA, +1) D)

d) Thanks to a polarization formula the monomial c,,, determines uniquely the operator ¢, € £(Q,, Q}).
In fact for any ®@ e v499Q(A) and P e v99Q)( A) the quantity (®@ &, W)} can be written as
a linear combination of (c¢,,(2;));e; where I is a finite set and z; are given points in ()(A). Therefore,
for any @ e v499Q(A) and U e v*9PQ(A) the sequence ((PD, ¢, WP, is convergent.
Since (||€n]|(q,.9,))men is bounded, one can prove by an 7)/3-argument that ¢,, converges weakly to
an operator ¢ € £(2,,Q}), i.e

(@D ¢, vPy — (@@ cyl)y  ve@ e, vIP e, (2.1.20)

m—0Q0

Hence, c¢(z) = (2®7 ¢z®) and belongs to Qp 4(A). As a consequence of (2.1.20)), the operator &, ®
1"=P) converges also weakly to & ® 1P in £(Q,,,Q’, »+4) and the convergence of cWick towards
ik follows.

e) The relation (2.1.19) is already proved in [9] Proposition 2.10] for symbols b € P, ,(Z). In order
to extend it to the class Q, ,(A) it is enough to use the approximation argument provided by (iv). Let
X € CP(R) such that x(x) = 1if |z| < 1, x() = 0if [z| = 2 and 0 < x < 1. We denote for m € N,
Xm(z) = x(%). Let b e Q) ,(A) and consider the sequence of symbols

Cm(2) = 29 X (HY) b Xn (H})) 27) € Py g(20) © Qpg(A).
The use of [9] Proposition 2.10] yields for any &™) € £,, and (™2 € Q,,,,

. 2 2 .
(@), c,V,Zka(%g)\If(“% = (™), W(%f) ez + €)W P2y (2.1.21)
) )
Now, it is easy to check that
Cm b, inQp,(A).

Moreover ¢, (- + £) € @Z{lgzopk,z(zo),

en(z4+8) = (Z+%,n(z+ )
= Y CICIRU Q€D S, 6, S, 220 @ £20)

0<i<q
0<j<p

= Z CiClc

0<z<q
o<j<p
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So, it is clear that each monomial cﬁf{j ) in the above sum b-converges to
plid) — <Z®(q—i) ® 5@@" Sq BSp »®(P—7) ® 5®j>7

since ¢,, converges weakly to bin L(Q,, ;). Remark also that Proposition[2.1.31|shows for any r € N
that the r** components of the following coherent vectors satisfy

2 r 2 r
[W(%g)\lﬂm)]( 'en, and [W(%g)*@m)]( e q,.
Therefore using (iv) and taking the limit m — o0 in (2.1.21)) proves the claimed identity. 1

A regularity property of Weyl operators: It is convenient to recall the following regularity property for
the Weyl operators. Remember that the operator dI'(A) + N is non-negative and self-adjoint on the
symmetric Fock space satisfying

HY 1
dF(A)—FNWNZO:T-Fl, whenaS:N.

Moreover, dI'(A) + N has an invariant form domain with respect to the Weyl operator WW(£) when
¢ € Q(A). This propriety can be proved using the Faris-Lavine argument [45] and it is proved for
instance in [6]].

Proposition 2.1.31. For any £ € Q(A) the form domain Q(dI'(A) + N) is invariant with respect to the
Weyl operator W(). Moreover, there exists uniformly in € € (0,€) a constant C' := C(§) > 0 such that

[(dT(A) + N)EW(E)(dT(A) + N + 1) 72| g(r, (2 < C, (2.1.22)

and in particular for any Y™ € Q(HY), ¢ = +,

Y

HY_ 12 (N)Y(N=1)
H(m + 1) V(U]

0
< CH(% +1)2g®)

where [W(&)UMN=Y denotes the (N — 1) component of W(£)¥UWN) e T'y(Zy).

2.2  Wigner measures

Semi-classical (or Wigner) measures are well-known tools in non-linear analysis in finite dimension.
We refer the reader to the work [9, 27, 152, 51} 162, [113]] for examples. The Wigner measures provide
a powerful tool to get the leading term in the semiclassical limit. Its strong link with the phase-space
analysis allows the derivation of some a priori estimates that are useful in the study of the mean field
limit as we will see later. In particular, these measures make the link between the pseudodifferential
calculus and the phase-space geometry. In the first subsection we will also introduce the well-known
notion of normal states in the Fock space. In the second [2.2.2] we will extend the notion of Wigner



2.2. WIGNER MEASURES 39

measures in a infinite dimensional Hilbert space by a projective approach according to the work [9].
The tensor decomposition is a useful property of Fock spaces and several information on Wigner mea-
sures can be deduced from this fact. Several equivalent definitions for the Wigner measures under some
uniform trace conditions exist, but we should be very careful with the choice of the quantized observ-
ables. Indeed there is a lack of compactness owing to the infinite dimensional Hilbert space considered
and then the Wigner convergence is harder to get in this framework. Subsequently, we shall consider
Wick observables with compact kernels to prevent this problem. This is explained in subsection [2.2.3|
where we will introduce the reduced density matrices which are also useful to understand the mean
field limit (see [42, 43, 11,18, [110, 47, 49]]). We mentioned earlier that Wigner measures can be used
to derive some a priori estimates. In [[12, 78, [7]] these estimates have been used to make a link between
the quantum dynamics and the mean field dynamics. In the last subsection [2.2.4) we will emphasize the
link between Wick symbols and the Wigner measures throughout some a priori estimates.

2.2.1 Semi-classical measures in finite dimension

Consider a finite dimensional space . In the following & denotes an infinite subset of (0, +o0) such
that 0 € £. Recall that the space £'(#) denotes the space of trace-class operators on H.

Definition 2.2.1. The family (op)nee € LY(H) is a family of normal states if and only if

i)on=0
ii) Tr [on] = 1.

Consider (gp)nee a family of normal states on R??. Let M, (IR??) be the set of bounded Radon
measures on R??. Notice that M, (R??) is the dual of the separable space of continuous functions with
limit 0 at infinity, namely Co(R??). Hence for R > 0, the ball

Bp = {u € My(R*), |1 a0y < RY,

with

B | Sgea f(2)dp())|
It py (m2ay = sup 5
feCo(R24) H f HCU (R24)

is metrizable. Therefore bounded subsets are relatively sequentially compact for the weak-* topology.

Definition 2.2.2. For the family of normal states (op)nee, the semi-classical measure (or Wigner mea-
sure) are the weak-* limit points ofmawwk(gh) in My(R9).

The set of semi-classical measures associated with (op)nee is denoted by M(op, h € E). Moreover the
family (op)nee is said pure if M(on, h € E) is reduced to a single element.

Remarks 2.2.3. The same definitions can be used for general bounded family (op)nee in L(L?(R?)).
The extension of this definition to a separable Hilbert space will be discuss later in Section[2.2.2]

Proposition 2.2.4. i) When (o) nes is a family of normal states, any pn € M(op, h € &) satisfies

Oéu,f dp < 1.
R4
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(ii) The Wigner measure 1. € Moy, h € E) is characterized by the assertion:
There exists a sequence (hy,)nen such that lim,,_, , o h,, = 0 such that for any b € C° (R*)

lim T (2, b D2)en, ] = | 6C0)du(),
n—+0o0 R2d

where # stands for Weyl or Anti-Wick quantization.

iii) If there is no loss of mass at infinity, i.e: Tr [0, N"] < C,, < oo uniformly w.r.t h € £, and for some
v > 0 with N the harmonic oscillator introduced in (Number operator]), then any ;1 € Mgy, h € E)
is a probability measure. With this assumption, the Wigner measure | is also characterized by the
equality

1 .
lim Tr [W(—=X, = (X0 X) (X)),
Jimy T V(= Xo)ond = | 00 au(x)

with o denotes the symplectic form on R??.

Examples 2.2.5. 1. Consider the family (on, = |¢x,){®@x,|)he(0,h0): With hg > 0. Then the Wigner
measure associated with oy, is the Dirac measure centered in X, i.e:

M(on, h € (0,ho)) = {0x,}-

2. Any probability measure on R?*? is a semi-classical measure of a given family of normal states.

3. Whend =1, and g5, = |V XV, | with o = [], then

1
h
1 (?r .
M(on e (0.ho)) = {5 | duw B} = (651,
0

2.2.2 Wigner measures in a infinite dimensional Hilbert space
First definitions

The extension proposed here follows the one in [[12]] and purposes a projective approach. In order to
use the Bochner’s Theorem [2.2.8] we consider real Hilbert spaces. In practice the real structure of a
complex Hilbert spaces is considered. We begin by introducing the space PP of all orthogonal projections
of finite ranks on Z. Define the usual Schwarz space in a finite dimensional space F by S(E).

Definition 2.2.6. A function f : Z — C is said Schwartz cylindrical if there exists p € P, and a
function g € S(pZ2), such that for any z € Z, f(z) = g(pz). In this case we said that f is based on
pZ. We denote S, (Z) the cylindrical Schwarz space

feSu(Z2)=IpeP geS(h2), f(2) =g(p2).

Definition 2.2.7. The algebra of cylindrical sets B.,,(Z) = {X(p,E) = p ' (E), pe E,E € B(pZ2)}
where B(pZ) denotes for any p € P the set of Borel subsets of pZ. A cylindrical measure p is a mapping
defined on B, (Z) such that

i) u(2) =1
i) VpeP, py(A) = u(p ' (A)) for A€ B.,(Z) defines a probability measure ji, on B(pZ).
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In this context, the family of measures (1, )pep is called weak distribution. The space Z equipped
with its real scalar product is a real Hilbert space and the function z — 7R 9z with £ € Zis a
cylindrical measurable function. Hence we can define the Fourier transform of a cylindrical mesure p

FIu©) = | 70 du(s),

Below we recall the Bochner’s theorem
Theorem 2.2.8. A function G is a Fourier transform of a weak distribution if and only if

i) GO =1.

N
ii) G is of positive type, i.e., Z MNiNG(& = &) =0, forany N € N, (\)i—1.n € C,

i7j

(2.2.1)
(fi)i:l,..,N € Z.

iii) Foranyp € P, G,z is continuous.

Before introducing the notion of Wigner measures, we recall a tightness property which can be
found for instance in [[107]].

Lemma 2.2.9. A cylindrical measure 1 on Z extends to a probability measure on Z if and only if for
any 1 > 0, there exists IR,, > 0 such that

VpeP, ul{ze 2, [pz| < Rp}) =17

Definition 2.2.10. Let € be an infinite subset of (0, +0) such that 0 € E. Let (0.).ce be a family of
normal states on I's(Z) (0. = 0 and Tr [o.] = 1) such that:

30>0,3C5 >0,Vee &, Tr[o.N°]<Cs5 <.

The set M(o.,¢ € &) of Wigner measures associated with (0:)ece is the set of Borel probability mea-
sures on Z, |i, such that there exists an infinite subset &' < £ with 0 € £ and

Vé€e Z, lim Tr [QEW(\@WQ] = J MR & (7).
E'2e—0 Z

Moreover the measure is satisfying

fM@m@<@<w
Z

Remarks 2.2.11. The expression M(o.,e € £) = {u} means that the family (o.).cc is pure in the
sense:

lir% Tr [o. VW] = f b(z) du(z),
e Z

for all cylindrical symbols b € S, (Z) without extracting a subsequence.
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By some diagonal extraction of subsequences, it was proved in [9] that M(p.,c¢ € &) is never
empty. Additionnally we can assume without loss of generality that M(o.,c € £) = {u}. In practice
the Wigner measures are identified though their characteristic functions with the relation:

M(o-,2 € €) = {pu} = lim Tr [0 W(v2r6)] = F[1](€).

Remarks 2.2.12. The definition of Wigner measures extends to every family (o.)ece such that
Tr [(1 + N)°0.(1 + N)°] < Gy,
for a fixed 6 > 0 and according to the decomposition
0 = AR A g — il
where (o / %Y e are normal states.
Examples 2.2.13. 1. Consider the state o. = |Q2){(Q| for all € € (0, €), then

M(Qaa €€ (Ové) = {50}

2. When o. = 0.1 ® 0: in the tensor decomposition I's(Z,) @ I';(2,) with the uniform estimates
Tr [QE,]N?] < 057
M(Q€J7 €€ (075)) = {/JJ]'}7 fOl"j = 172
Then M(p., € € (0,8) = {11 ® pa}-

3. For the family of coherent states o. := |E(z) ) E(z)|, the Wigner measure associated is 9.,.

4. As in finite dimension, any Borel probability measure on Z is a Wigner measure.

Weyl and Anti-Wick Observables

Weyl operators: Denote L,(dz) the Lebesgue measure on the finite space pZ, where p € P. We can
define for a function f € S, (Z) its Fourier transform

FIAE) = | f@e R0 [(dg).

pZ

Take any symbol b € S.,;(Z), a Weyl observable can be associated according to

el = | Flb](2)W(V2rz) Ly (dz). (2.2.2)
pZ
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By using the tensor decomposition I'y(Z) = T's(p2) @ T's((1 — p)Z) owing to
1
Z=pZ@(1—p)Z, VzepZ,
W(V21z) = Wz(V212) ® 1d r,a-p)2),
where W, z(+/272) denotes the reduced representation in I'y(pZ). Then this projective aspect allows
more general classes of symbols. Hence for p € P, the symbol classes defined for 0 < v < 1onpZ,

alg 2

S;J/Z @S <Z>pZ7< > )

neZ

where (2)7> = 1 + |27 is the japonese bracket. Polynomial functions on pZ are included in Sy .
The associated class of Weyl quantized operators after tenzorisation with Id p (1_p)z) is denoted by
Op Syz. Take a cylindrical symbol b € Pay(Z) based on pZ, the equivalence of the Weyl and Wick
quantization in finite dimension gives the following equality in Op S ; for any v € [0, 1]

bWiclc _ bWeyl + Ob<€) )
However, these polynomials have finite range and make a dense setin Py} (£ ) but not in P, (Z) owing
to a phenomen called infinite dimensional compactness defect. We talk about this issue in Section[2.2.3]

Anti-Wick operators:

We can define Anti-Wick operators by a separation of variables. Given p € P. Set p* = 1 — p,

and use the tensor decomposition (2.1.8). Then for & é &, W(& é &) = Wy(&) @ W,L(&). In

finite dimension the coherent states E,(§) = Wp(%)Qp z. Introduce the projector P; on I';(Z) after
tenzorisation with Id (12 :

pZ 38§ P = ([E(§)XE(§)) ® 1d r,(pe2).
For a symbol b € S..;(Z) based on pZ, the Anti-Wick operator is defined by

, d.
pA-Wick — LZ b(5>P€ (W@(dljgz

The coherent states |E,(£)){(E,(£)| can be see as Weyl observables in finite dimension. The next
table explains the correspondence

pZ ~ C? z=x+iy , T*RY

LL(pZ) ~ Ty(pZ2) e=2h , L*(RY)

EpZ(ZO) Zf =& — 17 , T(zo 50)(% _%)
213z

[PINDE| =AW, () =2t 2 e T = VU (Ve VRDS), g(2,€) =

Hence by using the conjugation formula for aweyl (Vha,VhD,) wrtT Tz we get the correspon-

£
\F

F

dence
l=—¢l2 2

B (OXEp(©)] = 7 ™, 7e(2) = 2% 3
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Proposition 2.2.14. 1. As in finite dimension, the positivity property of A — Wick operators holds
for symbols in Syz(1,|dz|?), for p € P.

2. Letpe P and be Syz(1,|dz|?), then
B L2y < [blreez)-

3. The comparaison with the Weyl quantization for symbols in Syz(1,|dz|?), for p € P gives the
estimate
[oA R — DV £ z)) < Capiy (D),

where the constant Cyq > 0 and the semi norm py,, depend on the dimension d = dimpZ.

2.2.3 Lack of compactness

Recall that £ denotes an infinite subset of (0, +o0) such that 0 € £. In the subsection we always consider
a family of states (. ).ce such that

VkeN, 3C, > 0, Ve e &, Tr [N*p.] < C,
and
M(o., = € €) = {pi}.
Within these assumptions, the convergence

lim Tr [p.b"'] = L b(2) du(z), (2.2.3)

e—0

holds for any cylindrical b(z) = g(pz), with g € S({(2)pz, %) In particular the convergence (2.2.3)
pZ

holds for a polynomial g on pZ, p € P. In finite dimension, the Wick quantization and the Weyl
quantization are equivalent, therefore b can be replaced by b"V*. Moreover, a symbol b(z) =
(24, b2%P) is cylindrical when b € £(\/* Z;\/? Z) has a finite rank. The convergence (2.2.3) holds
forany b e £*(\/* Z,\/? Z), see for example [[10, Corollary 6.14].

Lemma 2.2.15. Let (0. ).ce be a family of normal states on I's(Z) depending on € such that
Vae N 3C, > 0,¥Vee &, Tr [N <C,, and M(g.,c € &) = {u}.

Then, there exists a infinite subset £’ < € with 0 € E' such that

lim Tr [0.b""] = f b(2) du(z), (2.2.4)
z

E'3e—0

al
foranybe Py (Z) = @, JnPr,(2).

alg P,geN

It is not possible to extend the convergence (2.2.4) for bounded polynomials b € P. The phenomena
corresponds to the infinite dimensional defect of compactness (see [9, (78] for more details). There are
several examples where the convergence (2.2.4)) does not hold:
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Examples 2.2.16. 1. Consider Coherent states E(f.) where the vector f is ¢ dependant. Assume
that the family (f.)e=o is weakly convergent to fy but not strongly, with | f.|z = 1. Then the
family o. = |E(f.))}XE(f.)| admit a single Wigner measure §;,. However, take b(z) = |z||% and
compute

T [oN] = [z = 1# [ =12 dbo (2)

1 1
2. Consider Hermite states p. = | fa[a]><fe[ 4 , where the family of normal states (f.). is weakly
convergent to fy but not strongly. A simple computation yields

hm Tr [0.NF] =1 ;AJ |22 dsy,.

BBGKY Hierarchy:

In this subsection we assume that Z = L?(R¢). States will be considered in \/" Z = L?(R%"). Thus
take 0. € L(\/" Z), withn = []. Forany p e N, p < n, ¥ e L(\/" Z) is defined as the partially
traced operator with the kernel

%(P)(xl, ey T YLy ey Yp) 1= fd( | 0c (1, oo, Tp, X, Y1,y oy Ypy X ) Lgatn—p (dX).
Rd(n—p

Proposition 2.2.17. Assume that o. € L(T'y(Z)) satisfies 0. > 0 and Tr [N2o.N2] < oo forall k € N.
Then for any p € N the writing

Tr [ 0- bchk]

R AR

forany b e P,,(2), defines a unique element ’yép) =>0in L(\/" Z).

Proof. Owing to the assumptions the application b— Tr [0:b"*] defines a continuous linear form

on L(\/" 2). ]

Hence the definition of reduced density matrix follows by this duality argument.

Definition 2.2.18. Assume that the family (o.).cs satisfy 0. = 0 and Tr [NgggNg] < C) < o, for

all k € N. Then the reduced density matrix ”yg(p ), p € N, associated with o. is the element of L' (\/" Z)
defined by ’
Tr [QEbW'Lck]

Tr [fy( )5] Tr [ ] Tr [95(|Z|2p>WiCk]7

£

(2.2.5)

with /) = 0/if Tr [o-(]2])" "] = 0.

As we mentioned before, there is a *dimensional defect of compactness’, then we cannot expect
the convergence of Wigner measures for symbols in P(Z). However, we want to understand when this
convergence holds for these polynomials. The answer uses the convergence of the reduced density
matrices and it is specified in the next Proposition.
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Proposition 2.2.19. Assume that the family of normal states (0¢)-cs satisfy

(i) M(eee€&) = {u},

(i) Lim Tr [o.h"* :f b(2) du().
€ z
Define for p € N,
(P ._ ®p\/ ,®p
W = T J, P )

Then for all p € N, the reduced density matrix 2 converges to vép in the L' —norm.

Hence, there is a strong link between the convergence of reduced density matrices and Wigner
measures. Actually the Assumption

lim Tr [o.b" ] = J b(z) du(z), Vb & Puy(2),
E—> z
can be replaced by a condition easier to handle, called condition (PI))
Va e N, lir% Tr [0.N“] = J |22 dp(z) < +oo. (PY)
e—> z

This is specified in the following Proposition proved in [[11].

Proposition 2.2.20. For a family of normal states (0. )ecer such that M(o., € € €) = {u}, the following
equivalence holds true

Vo N, i Tr [0:N°) = |12 du(z) o= Ly Tr [06"] = [ 0(:) du(2). b € Pu(2).
E— =z E— =z
(2.2.6)

Notice that for a family of normal states (| &™) ™)) yox on \/™ Z, the condition is equiv-

alent to the equality
[ 1elis dute) -
z

Since the Wigner measure 1 is automatically carried on the unit ball of Z (since the family (| ™) (W NV)|) y oy
is normal), the previous equality gives a more precise information: the Wigner measure is carried on
the unit sphere Sz, i.e u(Sz) = 1.

2.2.4 Relationship between Wick observables and Wigner measures

Wigner measures are defined through Weyl operators nevertheless it is important for the mean-field
problem to draw the link with Wick quantization. Their relationship is clarified by the following Propo-
sition proved in [9, Theorem 6.13] and [9, Corollary 6.14].
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Proposition 2.2.21. Lez {|{UN) WU WMN)|} vy be a sequence of normal states on \/" Z satisfying:
3C > 0,¥YN e N, (¥W™M HL UMY < ON |

and
M([TENT N e N) = {u}.
Then, for any b € @9 0Py (2),

9=

lim (W) pWickg(N)y — J b(z) du(z
giaty z

lim (U™ W (v27€) BV ik gy — f 2R GO b2 dul(z).
Kb :

The following a priori estimate is a consequence of [[12, Proposition 3.11], [12, Lemma 3.13], [[11}
Lemma 2.14] and [12, Lemma 3.12].

Proposition 2.2.22. Let {|{ UMW UWMN)|} vy a sequence of normal states on \/™ Z satisfying:
3C > 0,YN e N, (U™ HO9W)y < ON |

and

M(TN TN N e N) = {u}.

Then the Wigner measure y is carried by Q(A) (i.e.: (Q(A)) = 1) and its restriction to Q(A) is a
Borel probability measure on (Q(A), || - | qca)) fulfilling

f Han e

and =1,
where B(Z) is the unit ball of Z.
Some kind of a Fatou’s lemma for Wigner measures holds true.
Proposition 2.2.23. Let {| UMW)} v be a sequence of normal states on \/" Z satisfying:
3C' > 0,¥YN e N, (W™ HL UMY < ON |

and
M(IT TN N e N) = {u}.
Then for any b € Q,,(A) such that b > 0,

lim inf (I pWick V) > J b(z) du(z) .
NREe z
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Proof. Since be Q,,(A), b(z) = (28,1 28P) with b € L(Q,,2)),b > 0, then the quadratic form
(U, D) € Q(H,) x Q(H,)) — (¥,b),

is closed and non-negative. Hence by [99, Theorem VIII] there exists a unique self-adjoint operator on
vPZ, denoted by B, such that (¥, b ®) = (¥, B ®) forany ¥, ® € D(B) and D(B) is dense in Q(H))).
Moreover, the inequality 0 < B < ¢ H,) holds in the sense of quadratic forms on Q(H,) < Q(B). So,
when e = +

N b

, N!
<\I/(N), bka\I/(N)> _ m<\p(]\07 B®1(N—p)\1;(N)> >

N!

W) (N=p) (V)

where Y, is a suitable cutoff function such that 0 < y,, < 1 and x,, — 1 when m — oco0. For any
compact operator C' on v?Z satisfying 0 < C' < x,,,(B)B, one get
N!

<\p(N)’ bWickq;(N)> > m@p@’)’ C® 1(N—p)\p(N)>_

So using Proposition [2.2.21| one obtains

lim inf(@N)| pWickg (V) > f (%P C 2% dp,
Ney z

for any non-negative compact operator C' such that C' < y,,(B)B. Remark that there exists a sequence
of such operators C), which converges strongly to x,,(B)B. Therefore using Proposition [2.2.22| and
dominated convergence one obtains

lim inf( W) pWickg(N)y > J (2% B 2%\ dy = f b(z)du.
vy z Q(4)

eN=1



Chapter 3

Measure valued solutions to Liouville’s
equation

Liouville’s equation is a fundamental equation of statistical mechanics which describes the time evo-
lution of phase-space distribution functions. Consider for instance a Hamiltonian system H (p,q) =
H(pi, ** yPn,q1,"* ,qn) of finite degrees of freedom where (q1,- - ,¢n,p1- -, pn) are the position-
momentum canonical coordinates. Then the time evolution of a probability density function o(p, ¢, t)
describing the system at time ¢ is governed by the Liouville equation,

00
-= H} =
o Tle H} =0,

with the Poisson bracket defined as follows,

“\[0H o 0H 0p
H} = |
e H} ; {01% oq'  0g' 01%]

By formally differentiating o(py, q;, t) with respect to time, where (p;, ¢;) are solutions of the Hamil-
tonian equations, we recover the Liouville’s theorem as stated by Gibbs "The distribution function is
constant along any trajectory in phase space", i.e.,

L pe g t) = 0
dtQ DPt, 4z, - .

In fact the characteristics method says that if the Hamiltonian is sufficiently smooth and generates a
unique Hamiltonian flow ®; on the phase-space, then the density function o(p, ¢, t) is uniquely deter-
mined by its initial value o(p, ¢, 0) and it is given as the propagation along the characteristics, i.e.,

o(p,q.t) = o(®; ' (p,q),0).

It is known that Liouville’s theorem holds in more general framework than the Hamiltonian systems.
Consider a differential equation,

%X =F(X), X(t=0) =X, (3.0.1)

49



50 CHAPTER 3. MEASURE VALUED SOLUTIONS TO LIOUVILLE’S EQUATION

with X = (Xy,---,X,,) e R"and F' = (Fy,--- , F,) : R" — R" is a given smooth vector field such
that a unique flow map ®; : R” — R” exists and solves the ODE (3.0.1). If the system (3.0.1) is at an
initial statistical state described by a probability density function (X, 0) at ¢ = 0, then under the flow
map P, the evolution of this state is described by a density o(.X, ¢), which is the pull-back of the initial
one,

o(X,t) = o(®;1(X),0). (3.0.2)

If the vector field F’ satisfies the Liouville’s property, which is the following divergence-free condition,

mwm:ZS{:m
j=1""

>

then the flow map ®; is volume preserving (or measure preserving) on the phase space and for all times
the density o(X, t) verifies the Liouville equation,

@—FF‘V)(Q:O. (3.0.3)

ot
Again when the vector field is smooth the characteristics theory says that (3.0.2) is the unique solution
of the Liouville equation (3.0.3)) with the initial value o(.X, 0). This enlightens the relationship between
individual solutions of the ODE (3.0.1)) and statistical (probability measure) solutions of the Liouville
equation (3.0.3)) and suggests that this is a general principle that could extend to non-smooth vector
fields or to dynamical systems with infinite degrees of freedom. Actually the non-smooth framework
has been carefully studied and uniqueness of probability measure solutions of Liouville’s equation is
established via a general superposition principle, see [5, 13 23 33, [89, 97] and also [17, 32]. The
extension to dynamical systems with infinite degrees of freedom is less studied and the investigations
are not oriented toward the study of classical PDEs, see [4} 70, [111], at the exception of the work [12,
Appendix C] where the ideas of [S] was adapted to a rigged Hilbert space and applied to the nonlinear
Hartree equation with singular potential.

Our aim in this article is to consider the above uniqueness property for Hamiltonian systems with
infinite degrees of freedom related to some interesting nonlinear PDEs like the wave or Schrédinger
equations. Beyond the fact that Liouville’s equation is a natural ground for a statistical theory of Hamil-
tonian PDEs, we do have another motivation when addressing the previous uniqueness problem. In fact,
when we study the relationship between quantum field theories and classical PDEs we encounter the
above uniqueness problem, see [7, 12} [13]]. Roughly speaking, the quantum counterpart of Liouville’s
equation is the Von Neumann equation which describes the time evolution of quantum states of Hamil-
tonian (linear) systems. If we attempt to carry on the classical limit, i.e. 7 — 0 where A is an effective
Planck constant which depends on the scaling of the system at hand, then quantum states transform in
the limit into probability measures satisfying a Liouville equation related to a nonlinear Hamiltonian
PDE, see [9,110,11]. Therefore the uniqueness property for probability measure solutions of Liouville’s
equation will be a crucial step towards a rigourous justification of the classical limit or the so-called
Bohr’s correspondence principle.

It is not so obvious how to generalize the above considerations to Hamiltonian systems with infi-
nite degrees of freedom [[111]. One of the difficulties for instance is the lack of translation-invariant
measures on infinite dimensional normed spaces. Nevertheless, the approach elaborated in [J5] is well
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suited to a generalization for systems with infinite degrees of freedom. This was accomplished in [12]
with the following Liouville’s equation considered in a weak sense,

Oupie + VI (Fouy) =0, (3.0.4)

where ¢ — p,; are probability measure solutions and F' is a non-autonomous vector field defined on
a rigged Hilbert space Z, < Z, < Z{. The result on uniqueness of probability measure solutions of
Liouville’s (3.0.4) proved in [12, Appendix C] uses a slightly strong assumption on the vector field F/,
T

VT >0,3C > 0, J

=T

([ IF 2 dn) < c. 305
Z

This result was applied in [[7, 8} [12, [78] to the mean-field theory and to the classical limit of quantum
field theories. In this article we relax the above condition so that we require only the uniform estimate,

T
VT > 0,3C >0, J J 1Pt 2)| | odpu(2)dt < C, (3.0.6)
T JZ

which fits better the energy method communally used to solve PDEs. To illustrate the difference be-
tween (3.0.3) and (3.0.6), we consider the following example. Let Z, = L*(R), Z; = H'(R) and
consider the nonlinear Schrodinger (NLS) equation,

102 = —Az + |2]22
o vl (3.0.7)
Z|t:0 = Z20-
In the interaction representation the NLS equation is equivalent to the PDE,
0% = F(t, %) = —ie "2z, ("2
2t (t, Z) | 1|7 t) (3.0.8)
Zt=0 = Z0-

So, F : HY(R) — L*(R) is interpreted as non-autonomous vector field defined on the energy space
H'(R). Sobolev’s embedding gives the existence of a constant C' > 0 such that

[1F(t, 2)||2) < CHZHEP(R)HZHL?(]R)-

So, suppose that we have the following a priori information on the measures (/).
| lelBo etz di < € 309
H(R)

for some time-independent constant (', then the assumption (3.0.6) is satisfied. The requirement (3.0.9)
says in some sense that j; has a finite energy and actually this can proved a priori, see [12]. However,
if we examine (3.0.5)) in this case, we see that || F'(t, 2)|| y1(r) is bounded by

1 (t, )l @) < Cllzllin g

and hence we need a stronger a priori estimate

g o1 e <

which in contrast is difficult to prove a priori. In conclusion, the improvement provided in this article
allows to show general and stronger results in the mean-field theory of quantum many-body dynamics,
see [8]]. The proof of our main Theorem is based on the work of S. Magnilia [89]], Z. Ammari and
F. Nier [12] and L. Ambrosio, N. Gigli and G. Savaré [3].
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3.1 Result

In this section we define the Liouville equation in a separable infinite dimensional Hilbert space Z. We
denote P (Z) the set of Borel probability measures on Z. Actually, we consider the equation in
a weak sense that we explain below. The extension of the characteristics theory to systems with infinite
degrees of freedom is based on the integration of the equation (3.0.4) after testing by cylindrical test
functions. Recall that a function f : Z — C is said cylindrical if there exists a orthogonal projection
p with finite rank and a function g on pZ such that f(z) = g(pz) for all z € Z. The set of Cj’-
cylindrical functions on Z is denoted Cg?cyl(Z ). So, we can define properly a weak Liouville equation
by integrating against test functions on the space Cg.,, (R x Z). In this context, the velocity fields are
singular and the characteristics theory cannot be applied directly. Moreover, the lack of compactness
on balls of Z induces the choice of a topology on Z which is weaker than the strong one. Introduce
(en)nen+ a Hilbert basis on Z and define the topology (Z, d,, z) induced by the following distance

_ 2
dw z(21 — 29) = \/Z K21 — 22, €n)z] , 21,29 € Z.

= 14 n?

We will consider Borel probability measures, solution of the PDE (3.1.1)), that are narrowly continu-
ous for this weak topology. In the sequel, we talk about *weak narrowly continuous’ solution on Z of
(3.1.1) (refering to the narrow convergence for continuous bounded test functions on (Z, d,, z)).

We also denote for 7' > 0, I'r(Z) the space of continuous maps from [0, 7] into Z equipped with
the ’sup’ norm. Denote also AC([0,T], Z) the space of absolutely continuous curves on Z with
LY([0,T]; Z) derivative.

Theorem 3.1.1. Let Z, be a separable Hilbert space. Denote Z, a dense subset such that we have a
rigged Hilbert space Z, < Zy < Z. Let 1, : R — P(2y) be a weakly narrowly continuous on Zy,
solution of the equation:

Oppty + VT(UtMt) =0,

in the weak sense
f f 20(L,2) + Re (un(2), Vot 2)) 2, dpe(2)dt = 0,96 € CEop (R x Zo), G.1.1)
R JZo

for a suitable Borel velocity field v(t, z) = vy(z) such that

T
J J 0(2) |20 dia(2) < o0, YT > 0, (3.12)
0 2

and such that the time-dependant measure |1, is carried on Z, and is a Borel probability measure on
Z,. Assume additionally that the Cauchy problem

ary(t) = ve(7(1)),7(0) = =, (3.1.3)

admits a global continuous solution t — v, := ®(t,0)z € CO(R, Z1) nC (R, Z{) where ®(t,0) : Z; —
Z, is a Borel flow. Then the measure [, is the push-forward of the initial measure (i by the flow ®(t,0),
i.eforallt e R

pe = B(t,0) 0. (3.1.4)
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For the sake of simplicity, we introduce the vocabulary of triple solutions of the equation (3.0.4) in
a general infinite dimensional separable Hilbert space Z.

Definition 3.1.2. We say that a triple (1, vy, Z) is a solution of the weak Liouville equation if the
equation (3.1.1) holds true, where v,(z) : Z — Z is a velocity vector field associated to (3.1.3)) and
satisfying the estimate (3.1.2]).

Remarks 3.1.3. Let (4, vy, Z9) be a triple solution of the weak liouville equation. Assume that the
measure [i; is carried on the dense subset Z, — Zy. Without a loss of generality we can always assume
that v, © Zg — Zy. In fact for a Borel velocity field v, : 2, — Z we set Uy := vy on Zy and vy := 0
on Zo\Z,. Therefore since Vt € R, u,(21) = 1, the triple (u, vy, Zo) is also solution of the weak
Liouville equation.

Definition 3.1.4. We introduce a new condition, called (CP) if a triple (n,v;, Z x U'r(2)) satisfies
(CP): the measure n) € B(Z x I'r(Z2)) is concentrated on the set of (x,~y) withy € AC([0,T]; Z) that
are solutions of

2ry(t) = v (7(1)),7(0) = =, (3.1.5)
with a Borel velocity vector field v, : Z — Z.

Additionally denote the time dependent Borel probability measure ) € 3(Z) defined by

o= e dnw), v e (), te 0.7) (3.16)
z ZxD7(2)

where Cg’cyl(Z ) is the space of cylindrical bounded continuous functions on Z. The measure i/ is the

push-forward of 7 by the evaluation map
er: (z,7)e ZxTp(2)—n~(t)e Z, fort e [0,T].
Recall we set a rigged Hilbert space Z, — Z, — Z{ where Z; is a dense subset of Z.

Proof. The plan is to project the equation (3.1.1)) on a finite dimensional space to get the existence of a
measure, which we denote in the sequel by u¢ belonging to B (R?), and a velocity field v : RY — R?
such that for ¢ € [0, T] the triple (1, v, R?) is a solution of the weak Liouville equation.

e Projection to the finite dimension:
Consider the Hilbert basis (e,,)nen+ of Zj and the following diagram

2 LRCI

4,7
nds
Al

Zo

d7

with 7é(z) = ({e1,x),...,{eq, ), 7T (y1, Y2, ..., ya) = Z;l:l y;e; and 74 = 74T o 7. Hence
d .

we define the measure ;. as the push-forward of the measure ji; by the projection ¢, i.e

p,f = 7wy, (3.1.7)
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Therefore by the disintegration theorem (see Appendix [3.3.1] or for a more general presentation
Chapter V in [3]) there exists a family of measures {4,y € R?} such that we can define two
velocity fields v¢ and ©,* :

) = [ wtue)dy ), ye B (3.18)
() =1(y)
@f(y) = f ﬁdvt(x>dut,ﬂdy<x)7 ) € ZO' (319)
(7d) =1 (7dy)
Similarly we also define the measure
[l = 7. (3.1.10)
Since 7¢, 7 are projections with finite rank, the two maps

te[0,7]— pf e PRY) s te [0.T] — jif € P(Z)
are weakly narrowly continuous. By using Lemma the triples (ud, v?, RY) and (¢, 9¢, Z)

are solutions of the weak Liouville equations .

Result in finite dimension:

By using [89, Theorem 4.1] to the triple (u, v, R%),e[077 there exists a triple (n?, vf, R? x
['7(R9)) satisfying the condition (CP) where the measure 7¢ belongs to PB(R? x I'r(R?)). More-
over we can define a measure ¢ € (2, x I'r(Z)) by the following equality 7¢ := (7%7 x
ad).nd, ie

f o(z,v) dif (z,7) = f f(@® Tz, 7%) dn(z,v), (3.1.11)
ZoxTr(Z0) Rdx D' (RY)

for every function ¢ € Cp ,,(Zo x I'r(Zy)). As a consequence of [89, Theorem 4.1], we have the
equality for any o € CP(R?), t € [0,T],

| emtyaii= | edni= |  etydrt= |  periaw) dit G112
Zo R4 Rd XFT (Rd) Zo XFT(Z())
Weak tightness:

Let us show the weak tightness of the family (/) on will use two criterions recalled in Appendix
3.3.2] Choose the maps ! and r* defined on Z x I'r(Z;) as

o (z,y) -z e 2

and
r? e (x,y) — v — z e Tp(2y),

hence notice that the map 7 = r* x 72 : Zy x ['p(Z,) is proper. The family (717?) 4y is given
by the first marginal (fi?)scy. Besides the measure jid is weakly tight since g — fip weakly
narrowly. For the family (r2%%)cy, since the functional

T
ng §(0)lde,
0
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defined on {g € I'1(2y), g(0) = 0} and set to +x0 if g # AC([0,T], Zy), has compact sublevel
sets in I'7(Zy) but is not coercive in I'r(Z)), the proof of the weak tightness differs from [12,
Proposition C.2].

Assume that there exists a convex superlinear function ¥ : Rt — R such that the functional

M f (5 (1))t

is coercive in {g € ['r(Z;), g(0) = 0}. Then by using Lemma [89] 3.10] we get the existence of
a regularized triple (1, vy, R%).> that is a solution of the weak Liouville equation such that
fort e [0,T]

1.

5.

there exists a unique maximal solution X.(t, s, 7%z) of £ X_(¢,s,.) = vl (X.(t,s,.)) with

X.(s,s, ) = mlx,

. MZE = X(t707 ')*p“g,av

. there exist two families of measures (1?).>0, (7¢).>0 given by the following equalities

= (Id (I) X Xs(tvoax»*:ug,e

7t = (7T x 1) ,nd; (3.1.13)
forany 7" > 0
J f (lvfo(2)]) dp (= J f (|vd(2)|) dud(z) dt. (3.1.14)
R4 R4
For d € N the family (7¢).>¢ is weakly tight.

Therefore we compute the quantity

[ [ wtsenaa.ann - [ [ w0xeon) aag.o
< [ [ wtona. e
< [ [ sttt ata
<[], vnte ueya < =,

the last step coming from the estimate in Lemma|[3.3.2] Since the family (7¢).5 is weakly
tight, take the limit in the 1.h.s when ¢ — 0 to get

L ) f WAt d((ra)ei ) (7) < +o0. (3.1.15)
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Now, it remains to prove the existence of the function W. By using the Dunford-Pettis theorem,
the uniform control (3.1.2)) leads to the existence of superlinear convex function ¥ : R* — R*
such that

LT Lo Y (llve(z) ] 2) dpe(w)dt < +o0.

Indeed set

T T

pim | wdtohence | [ oz di(o)it = | oz di
0 0 20 29

since the family {v} is a compact set. Then the family ((73).7?)4en is weakly tight.

Let us sketch the rest of the proof by using diagrams for triples introduced in the previous steps.

By Lemma [3.3.2 we deduce the following diagram

(Mt; (%) ZU) - (Mchla Utda Rd)

S

(IELtd7 ﬁtdu ZO)

where each triple is a solution of the weak Liouville equation. By using the weak tightness step
to the sequence (1) e, it gives rise to a probability measure 1 € (2, x I'r(Z;)). Similarly as
in the two previous diagrams we shall complete the following diagram for triples satisfying the
(CP) condition:

(n,ve, Z0 x Tr(20)) =<— (0%, vf!, R x Tr(R7))

T

(ﬁd7 ﬁtda Zy x PT(ZO))

Therefore in the following step we shall prove the existence of the triple (n, vy, Z5 x I'r(2)))
satisfying the (CP) condition.

Existence the measure concentrated on the solutions of the ODE:
We have constructed two triples of probability measures (1%, v, R? x T'p(R%)) and (7%, 4,4, Z x
I'7(Zy)) such that the sequence (7¢)qey defined in (B.I.11)) is weakly tight. Therefore set 7
as a narrow limit point of 7%. Assume that the test function ¢ in (3.1.12) depends only on d’
coordinates with d’ < d. Hence taking the limit when d — +o0 gives

[Leonam= [ (oor)ow) dnte.n).

ZoxT'r(20)

for all ¢ € C)(R?) and t € [0, 7], where ¢ o 7 can be replaced by any cylindrical function or
Borel bounded function on Z.

The concentration condition, (CP):
We shall prove the following equality for ¢ € [0, T']

t
[ - [ a6z ) o 3.116)
ZoxTr(20) 0
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In the finite dimensional case, by a regularization process like in Step 5 of Theorem [89, 4.1],
there exists a sequence (vf,,)nen of uniformly continuous fonction in CJ([0,T] x Zo; Z,) such
that H'Uzi — /Uil,‘i,nHLl(Rd,d,u?) — (0 and

0

¢ T
[ hw-—a- [ eaeasiafen) < [ | - ddds G

R x 'y (Re) ’ 0 Jrd ’
The equality (3.1.16) can be deduced from the finite dimensional case. Indeed set the function

w, belonging to CY([0,T] x RY;RY) with d’ < d fixed and, by setting @, = 77 o w; o 7% €
CY[0,T] x Zo; Z0), we get

f In(t) -z - f 0s(4(3)) ds |z d(r,7) <
ZoxTr(20)

f n(t) - o - )) ds||z dn(z, )
Zoer(Zo 0

J/

v~

A(w)

" f s(1(5)) — va(y(5)) 2z ds din(z, )
ZoxTr(Zo

J/

v

B(w)

The first term on the r.h.s, A(w) can be estimated owing to finite dimensional estimate (3.1.17).
Indeed it follows by the same regularization process presented in (3)), the next estimate holds true

T
A() < lim supf J — W 2, d,us ds < j |vs — s L1(20,dus) A5,
A 0

d—+00

by using the estimate ((3.3.4) in Lemma to the function ¢ — w,. We conclude the proof by
noticing that there exists a sequence of cylindrical, uniformly bounded continuous bounded func-
tion (W} )nen such that for any ¢ € [0, 7] ||vy — W} 11(zy,du,) — 0. Therefore A(w"), B(w") —
0 and the equality (3.1.16)) is proved.

e End of the proof: The relation y; = pu; defined according to (3.1.12) extends to any bounded
Borel function ¢ on Z,

J @ dpy = f @ dpy = f (v(t)) dn(z,7),
2o Z Z1xTp(21)

since the measure fi; is carried on Z;. In particular this relation is true when ¢ = 0, with a function
v € CP(Z2) such that supp(p) < Zp\ 2,

f o dpy =0= f ©(7(0)) dn(x, 7).
Zl leI‘T(Zl)

Hence
n({(z,7) /teR, dy(t) = v(v(?),7(0) =z, x ¢ Z1}) =0,
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and by using the Cauchy problem uniqueness

n({(z,7) /teRxeZ, y(t)(z) = (t,0)z}) = 1,
where ®(¢,0) : Z; — Z; is a Borel flow associated to the ODE (3.1.3), we deduce for any ¢ € R

L o dps = L e @ 016(0) dn(a,) = L [ 0 B(t,0)] dyo.

which ends the proof.

3.2 Examples

We illustrate our main Theorem |3.1.1| with few examples. Consider a semi-linear Hamiltonian PDEs
with a (real-valued) energy functional having the form,

h(z,2) ={z,Az)z, + hi(z, 2),

where Z; is a complex Hilbert space, A is a non-negative self-adjoint operator, h;(z, Z) is a nonlinear
functional and (z, Z) are the complex classical fields of the Hamiltonian theory. So that the related PDE
(or equation of motion) is,

i0u = Au + dzhy(u,u) . (3.2.1)

By differentiating @ := v with respect to time, we equivalently express the above equation in the
interaction representation, i.e.,

A

Oyt = —ie™ 0 hy (e ", e~ tAR) .

Hence the original PDE (3.2.1)) can be reformulated as an ODE,

—u =v(t,u),
U =v(tu)
with a non-autonomous vector field v(¢, -) given by
v(t, 2) i= —ieA0shy(e Mz, e=itAy) |

The natural energy space is Q(A) := D(A%), the form domain of A equipped with the graph norm,

1211 = (2. (A+1) 2)z,

In all the examples considered below we have that v(-,-) : R x Q(A) — Z; is a continuous map
satisfying the following estimate (or a similar one),

lo(t, 2)llz, < Cllzllga ll2ll 2 »

for some time-independent constant C' > 0. Moreover, we have that the energy h(z, Z) makes sense
on the space QQ(A) and the Cauchy-problem is globally well-posed on Q(A) in the sense of
existence and uniqueness of a global strong solution ¢ — 2(t) € C°(R, Q(A)) n C}(R, Q'(A)) for each
20 € Q(A) and continuous dependence on initial data.
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Example 3.2.1 (The nonlinear Schrédinger equation). The energy functional of the NLS equation in
dimension d = 1 is,

h(z,2) = (z, = A + V() 2) r2Ra) J |2(z)|* d (3.2.2)

where V' is a real-valued potential which splits into a positive and negative part V.=V, + V_ such
that V, € L}, (R) and V_ is —A-form bounded with a relative bound less than one. So the quadratic

loc
form A = —A + V defines a self-adjoint operator semi-bounded from below and its natural domain

Q(A) is a Hilbert space when equipped with the graph norm,
[ullgay = Cuy (A+ Vi + 1) u).

The vector field in this case is v(t, z) = 2\|e” 22 e 42 . Q(A) — L?(R) and satisfies the following
inequalities for all z € Q(A),

lo(t, 2) 2@y < Clzlinmylzl 2@ < Clzlhwlzl @), (3.2.3)

since the inclusion Q(A) ¢ HY(R) = L®(R) holds by Sobolev’s embedding and the fact that Q(A) =
{ue L*(R),v € L*(R), V2u € L*(R)}. Moreover; it is known that the NLS equation

(NLS)

Zlt=0 = <0,

{ iz = —Az + Vz + \z|*2

is globally well-posed on Q(A) with energy and charge conservation. The derivation of such equation
from quantum many-body dynamics is established for instance in [\, 6]].

Example 3.2.2 (Non-relativistic Hartree equation). The energy functional of the Hartree equation is
h(z19) = =Bt V@) Dz + [ @)W =) dedy, (24
R4 x R4

where W : R? — R is an even measurable function and V is a real-valued potential both satisfying
the following assumptions for some p and q,

VelP(R)+L*RY, p=>1, p> g
WeL{(RY) +L7(RY), ¢g=1, ¢= g (and g > 1ifd = 2).
The vector field v(t, z) :== W = |z|?2 : Q(A) — L*(R?) verifies the estimate,

W =22l 2@y < [(=A+ DWW A+ D72 2ling ol @ G25)

The global well-posedness on QQ(A), conservation of energy and charge of the Hartree equation

{ iz = —Az+Vz+ W= |22

Zt=0 = 20,
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are proved in [28)] Corollary 4.3.3 and Corollary 6.1.2.
We remark that the assumption on W are satisfied by the Coulomb type potentials B |a when a < 2,

A € Rand d = 3. The derivation of such equation from quantum many-body dynamics is extensively
investigated, see for instance [12, 119,144, 47,152, 53,163} 169, 110].

Example 3.2.3 (Semi-relativistic Hartree equation). The semi-relativistic Hartree equation has the
energy functional

dxdy ,

2, =Dy +m? +V(2) 2)r2ms) + A H

R3 xRR3

—y|

with O < A\, m = 0 and V is real-valued measurable function which splits into a positive and negative
part V.=V, + V_ satisfying,

V+ € Llloc(R3) )
V_is /—A — form bounded with a relative bound less than 1 .

The quadratic form
Alu, u] = (u, V—A+m?uy + (u, Vu)y,
QA) = {ue LX), (~A +m?)iue L2(R®), Viue 2(RY),

is semi-bounded from below and closed. So it defines a unique self-adjoint operator denoted by A.
Thanks to a Hardy type inequality (see for instance [12, Proposition D.3]), we have the bound,

1
|7 |Z‘2 ZHLQ(R3) < CHZH%W R3 HZHLQ(W) :
]x] (R3)

The global well-posedness in Q)(A), conservation of energy and charge of the semi-relativistic Hartree
equation

A
10z =V—A+m?z+V(z)z + Tl x 2|2

Z|t:0 = 20-
are proved in [73, Theorem 4] for all \ = 0.

Example 3.2.4 (The Klein-Gordon equation). The classical energy functional formally associated with
the quantum field theory P (), is given by

h(z, %) = (2, Az)2@m) + G(2) ,

where A is a multiplication operator by the function w(k) = v/m3 + k2, mg > 0, and G is a polynomial
interaction defined as follows, see [104, 106)]. Consider a bounded from below real polynomial

2n '
= Z a;z?, (ag, > 0).
=0
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Let p(x) be the scalar-field of mass mg > 0, i.e.:

dk
w(k)

plo)i= | e [alh) + 2(-h)]
R

where (z,%) are scalar complex fields. Let g a non-negative function in L'(R) n L*(R) such that

g(x) = g(—x). The nonlinear term G is defined as the following real-valued polynomial

—ikx

60 = [ ot P(2Re S ) o

So that we have at hand the nonlinear Klein-Gordon equation with a non-local nonlinearity,
i0p = wp + 0:G(p). (3.2.6)

The local Cauchy problem is studied for instance in [98, Theorem 1] and [100, Theorem X.72]. Actu-
ally, one can prove the energy conservation and hence global well-posedness holds true in this specific
case. Moreover, the vector field v(t,z) = —ie®0;G(e”"42) . L*(R) — L*(R) is continuous and
satisfies,

[[0(t, 2)l 22y < C(L+[12][73a)) -

The derivation of such PDE from P()s quantum field theory is established in [13, 36} 63].

Example 3.2.5 (The Schrodinger-Klein-Gordon system). The Schrodinger-Klein-Gordon system with
Yukawa interaction is defined by:

, A
Z@tu = —mu + Au

(O+m*)A = —[ul”

; (5-KG)

where (u, A) are the unknowns and M, m > 0 are real parameters. If we introduce the complex field
a, defined by

_ ! a(k)e™™ 7 4 a(k)e*® w(k) = VEk? +m?
A(x)_(2ﬁ)§£&3\/m( (k) +a(k)e™ ™) dk ,  w(k) = VK2 +m?, (3.2.7)

we can rewrite (S-KG)) as the equivalent system:

. A
101 = —mu + Au

1
i0ior = wor + ——F (|ul?
where F denotes the Fourier transform. It is known that the Cauchy problem for the Schrodinger-
Klein-Gordon system is globally well posed on the energy space, see for instance [31,194] and
references therein. In particular, there is a unique Hamiltonian flow ®, for (S-KG,)) on the energy
1
space H'(R3) ® FH2(R3) where F H*(R?) denotes the Fourier Sobolev space,

: (5-KGa)

FH(RY) = {f, Flfe HS(Rd)} .
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Moreover, the vector field v(t,.) : H'(R®) @ FHz(R3) — L2(R3) @ L2(R3) satisfies by Gagliardo-
Nirenberg’s inequality,

)-

Jo(t, u® o) r2enerzes < C(|ullfn &)+ lla ||fH2(R3)

The derivation of such equation from quantum field theory is studied in [|7].

3.3 Appendix

Let us begin this section by recalling the disintegration theorem.

3.3.1 The disintegration theorem

Let F, F' be separable metric spaces and let z € E +— 1, € P(F') be a measure-valued map. We say
that ) is a Borel map if x € E — 0, (B) is a Borel map for any Borel set B — F'. Then we get by the
monotone class theorem

v | gn ) CEXY
F
is Borel for every bounded function f : £ x F' — R. Hence by using (3.3.1) the formula

ﬁ=LLﬂmMMWw

defines for any v € 3(E) a unique measure ) € B(E x F), that will be denoted §,, n,dv(x). Actually
the disintegration theorem below implies for any € B(E x F') whose first marginal is v can be
represented in this way.

Proposition 3.3.1. Let E, F' be complete separable metric spaces, n € B(E x F),letm : E x F' > FE
be a borel map and let 11! = m,n € P(FE). Then there exists a i — a.e. uniquely determined Borel
family of probability measures {n~}.cp < P(F) such that

n= L nedpt(z), (3.3.2)
L @ y)dn(e,y) J f (@, y)dn (y))dps (), (3.3.3)

for every Borelmap f : E x F — [0, +o].

3.3.2 Tightness

Denote Z; a infinite dimensional separable Hilbert space. Recall that we introduce the space (2o, d., z,)
induced by the following distance

— 2
deO 2 _22 _ \/Z |<Zl 22767L>20’ , 21,29 € ZO-

= 1+ n?




3.3. APPENDIX 63

One of the main arguments in the proof of Theorem [3.1.1]is the weak tightness of a family of measures
(see the weak tightness step in the proof). Therefore we recall below the definition and the criterions
used in this proof. We say that a set K < P(2y) is tight if,

VYA > 0,3K, compact in (Zy, |.||z,) such that |u(Z,\Ky)| < A, (Tightness)
and weakly tight if,
VA > 0,3K), compact in (2, dy, z,) such that |(Zo\Ky)| < A (Weak tightness)

A useful characterisation is given here (for more details see Chapter V in [3]]). The tightness (resp.
weak tightness) condition for a subspace K is equivalent to an integral condition, i.e there exists a
function ¢ : Z5 — [0, +o0], whose sublevels {x € Z,/ ¢(x) < ¢} are compact in (Z, |.|z,) (resp.
(20, dw,z,)), such that

sup j o(@)dlul (z) < +o.
wek J 2y

We also use the following tightness criterion:
Let X, X;, X, be separable metric spaces and let * : X — X, be continuous maps such that the
product map

ro=rtxr? i X - X x X,

is proper. Let K < (X)) be such that K; := 7% (K) is tight in B(X) for i = 1,2. Then also K is tight
in P(X).

3.3.3 Projection in finite dimension

Theorem [3.1.1|is obtained in a infinite dimensional separable Hilbert space Z,. The proof is based on
the projection 7¢, #¢, 7% introduced in the diagram (3.1)) and definitions (3.1.8)-(3.1.9) of the projected
velocity vector fields v¢ and ©,%. Then the following Lemma is fundamental in our approach.

Lemma 3.3.2. Let t — py : [0, T] — P(2y) be a weakly narrowly continuous map on Z, such that the
triple (pu, vy, Z0) is solution of the weak Liouville equation . Then the following assertions hold true.
i) The triples (ud,v¢, Zy) and (i, 08, Zo) are solutions of the weak Liouville equations.

ii) The velocity field v and ©¢ satisfy the following inequality

HUfHLI(Rd,dug) = HﬁthLl(zo,dﬁg) < el pr(zouu < +oo. (3.3.4)

iii) For every non-decreasing convex function ¥ : R — R™ the following estimate holds true

LT JRd\p(\vf(:c)l)du?(x) dt < LT LO\I,(\%(Z);ZO)CZM(Z). (3.3.5)
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Proof. In order to prove the estimates (3.3.4) we introduce a new norm on R? given by |uljgs =
|74 Tu| z, and we compute

P
ol gy = | 7 f w0 (2)dptey ()t dpi(y)
Rd () =1 (y)

(&

= |ﬁdf () dptyy () [ra dpif (y) = [0 11 (2o
Jra - J)i)

:
< f #h0n () e dptey (@) ()
R J(md)=1(y)

(&

< | 7@z dpe() < Jvill s (zo.au) < +o0-
JZy

The estimate (3.3.5) is a generalization of [89, Lemma 3.9] in the infinite dimensional case by using
the disintegration theorem and the Jensen inequality. Consider a regular test function ¢ = v o ¢ in

(B-1.0), with Vo = (74)* o Vap o 7? gives

d r
— | edula) = &(w), Vo) du(z)
dt 20 JZy

r

_ f (), Vb o ™ dpug (7) dpt(y)
(1)1 (y)

Rd

[

4 f b du(z) = ;d@f(y), V() dd(y).

J

Therefore for ¢ € [0, 7], the triple (uf, v, R?) is a solution of the weak Liouville equation. It follows
similarly that the triple (/i;, ﬁtd, Z,) is also a solution of the weak Liouville equation. ]



Chapter 4

Mean field theory: The multiparticle
interaction

4.1 Introduction

In the present Chapter, we consider the mean field problem for a system of many quantum particles
described by a N-body Schrodinger Hamiltonian which is typically a sum of a kinetic energy and a
multi-particle interaction. As we mentionned in the introduction, there are several approaches to the
derivation of the mean field limit. However, most of these approaches are concerned by the propagation
of some particular states, namely coherent or factorized states. Moreover, a superposition of coherent
(or factorized) vectors can not be handled as a consequence of the previous mentioned results. This
limitation motivated the extension of the mean field approximation to a fairly general class of quantum
states. The mean field approximation relies on the Wigner measures. One result in [[11] deals with
a bounded multi-particle interaction and assumes a certain compactness property on quantum states,
called the condition (PIl). This assumption guaranties that all reduced density matrices converge in
the trace-norm towards the expected limit (see Subsection 2.2.3). In some sense, the condition
avoids any possible defect of compactness in the prepared states. It is therefore significant to extend
the mean field approximation to a general class of prepared states which may present this defect of
compactness phenomena (i.e. the condition (PI) is not required). The second result [[12] has been
discussed in the introduction (see Theorem [I.1.5]). Although the strategy of the latter work is different
and seems more powerful than the one employed in [[11]], the result of [12] does not completely surpass
the one obtained in [11] because of the type of assumption on the potential. For example, the main
result [[12, Theorem 1.1] or Theorem apply only for bounded potentials which have some decay
at infinity. Moreover, the assumption (A3) in [12] (W is a form compact perturbation of the Laplacian)
is not even stable by constant perturbation which is otherwise a harmless translation with no effect on
the evolution of states. Furthermore, the proof of the main result in [12] relies heavily in the particular
structure of the many-body Schrodinger operator. In the present article, we complement the picture
in the case of many-body bounded interaction and extend the mean field propagation result in [11]]
to a more general class of quantum states which may present a defect of compactness phenomena.
However, we know from the work [12] that this is not possible unless we strength the assumption on
the interaction. Therefore we assume that the many-particle interaction is given by compact operators

65
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(see and (2)) then a general propagation result holds true (see Theorem [4.1.2). Besides the
fact that our assumption (2)) is mathematically rather natural, it is also motivated by the numerical
simulations developed by the Pawilowski B. in [93] where he used discrete models of many-body
Hamiltonians with an interaction which is in fact compact. To prove our main result, namely Theorem
we follow the same strategy as [[12]]. While following the same strategy as [[12]], we emphasize the
key points, simplify the presentation and improve the technical arguments by working with an abstract
many-body operator (4.1.T)) and no more relying on the particular structure of the Schrodinger operator.
In our case the free Hamiltonian is generated by a non negative operator A and the interaction by some
compact multi-particle ), operators @.1.1). And actually, our main result does not overlap with the
one in [12] since in the latter work the two-body interaction is a multiplication operator and hence can
not be compact even when it is bounded.

We work in the bosonic Fock space
o0 n o0
-P\ z-=-Ps.z%,
n=0 n=0

modelled on a one particle separable complex Hilbert space Z, where S, is the symmetrization pro-
jection defined on Z®" by

8(901® ®30n = ' Z@Ul)@ ®900(n7

toeXn,

with the sum running over all permutations of n elements. If not specified tensor products and orthog-
onal direct sums are considered in their Hilbert completed version. We are interested in the mean field
dynamics of the many-body Hamiltonian with multi-particle interaction

H" ) + Zg Su(Qe®1d\yn-t £)Sn, n=2r, 4.1.1)

in the asymptotic regime ¢ — 0, ne — 1. Here the Q’s are bounded symmetric operators on \/e zZ
and

H® —eZId@ RIAE A RAd® - -®1d, (4.1.2)

=1 i
where A is a given self-adjoint operator. Within the second quantization (see Section[2.1.3)), the operator

Ha(") (resp. H! ’(")) can be written as a restriction to the subspace \/" Z of the operator H. (resp. H?)
defined on the Fock space and given by:

He = H?+ QY Q(z) = Y (2%, Qu2®), (4.1.3)

H? = dI'(A) = (z, Az)Viek (4.1.4)
The mean field energy functional is

hz,z) ={z,Az) + Q(z), (4.1.5)
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so that the mean field dynamics are given by the non linear equation

i@tzt = agh(zt, Zt) = AZt + 52Q(zt) (416)

In our framework, the annihilation and creation operators, a(z;) and a*(z3) , with 21, 2o in Z, satisfy
the e-dependent Canonical Commutation Relations (CCR):

[a(z1),a*(29)] = e{z1, 2z2) Id .
Recall that the Weyl operator, for £ € Z, is defined by

ja@+a*©
W) =e V&,
and the number operator N is
N=dI'(Id).

We refer the reader to Section [2.1.2] for a brief review of the second quantization and these related
operators.

Our approach in the derivation of the mean field dynamics uses Wigner measures. For reader
convenience, we recall the definition below.

Definition 4.1.1. Let £ be an infinite subset of (0, +0) such that 0 € £. Let (0.).ce be a family of
normal states on I's(Z) (0. = 0 and Tr [o.] = 1) such that:

30>0,3C5 >0,Vee &, Tr[o.N°]<Cs5 <.

The set M(o.,¢ € &) of Wigner measures associated with (0:)ce is the set of Borel probability mea-
sures on Z, |i, such that there exists an infinite subset &' < £ with 0 € £ and

V€e Z, lim Tr [QEW(\/iﬂf)] = f MR & (7).
E'3e—0 Z

Our main result will be proved under the following assumptions:

Al. The operator A with the domain D(A) is self-adjoint in Z .
A2. Foralll € {2,...,r}, the operator Q. is compact and self-adjoint in \/e Z.

The notations A1-A2 introduced above are the only assumptions used in this Chapter. We will prove
the following result.

Theorem 4.1.2. Let (0.).c(0,5) be a family of normal states on I';(Z) such that
30 >0,3C5 > 0,Ve € (0,8), Tr[o.N°]<C5< o0, 4.1.7)

and which admits a unique Wigner measure iy. Under the Assumptions (A1)-(A2), the family
(eicHe gaeiﬁHf)ae(of) admits for every t € R a unique Wigner measure 11;, which is the push-forward
O (t,0)4 110 Of the initial measure po by the flow associated with
10z = Azy + 0:Q(2),
{ = Azt 0:Q(=) (4.1.8)

Zt=0 = 20-
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As we have mentioned previously, many authors used the BBGKY hierarchy method to justify the
mean field limit for particular states which are coherent or factorized (see e.g. [47, 110]). Actually,
the coherent and factorized states verify the condition (PI)). Thus, our result on propagation of Wigner
measures is more general and indeed when the initial state verifies the condition (PI), even without
being particular, the convergence of reduced density matrices holds true. This was already proved in
[12, Theorem 4.1] and we avoid the repetition of this result since our main contribution concerns the
propagation of states with a defect of compactness (i.e. The condition (PI)) is not satisfied).

The proof of Theorem@.1.2]requires few steps. The operator H. with a suitable domain is proved to
be self-adjoint in Proposition [4.2.1] Proposition 4.2.3|ensures that the Cauchy problem ({.1.8) defines
a global flow on Z.

Beside this, the proof consists in several steps that we briefly sketch here. For the first four points of
this proof below we consider more regular states g..

1. By setting

0-(t) = et He g ezt (4.1.9)
and  5.(t) = <o (t)eTE MY (4.1.10)

we write
Tr [Q}(t)W(\/é?Tf)] = Tr [Qaw(ﬂﬂf)]
+ zf Tr [0-(s)W(V/2r€) Z e710;(s,€)]ds, (4.1.11)

0

where the O, (s, £)’s are Wick quantized observables which satisfy some uniform estimates.

2. The number estimates given in Proposition (Number estimate) provide equicontinuity proper-
ties of the quantity Tr [4-(t)W(v27€)] wrt (§,¢) € R x Z. So that a subsequence (£j)en
converging to 0 can be extracted such that for all times ¢t € R,

M(e:(t),e € €) = {ju}

with & = {e;,, k € N}.

3. With the number estimates, we get rid of the terms for j > 2 as ¢ — 0 in ({.1.T1). The com-
pactness Assumption (A2) is used in Proposition 4.3.1|when we take the limit in all the remaining
terms of for general initial data g. . Subsequently, the measure /i, is a weak solution of
the Liouville equation

i0rfiy +{Q¢(2), fu} = 0, (4.1.12)
with Q;(2) = Q(e”"42).
4. Finally, we follow the same lines as in [[12] and refer to measure transportation tools developed in
[5] in order to prove (e~#4), iy = ®(¢,0).u0 , and hence we get

M(Qs(t)vg € (0,6_)) = {,ut}'

5. The last point of this proof is a truncation scheme used in [[12]] for more general states.
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4.2 Quantum and mean-field dynamics

In this section we show that the quantum and the classical dynamics are both well defined for all times.

4.2.1 Self-adjoint realization

Proposition 4.2.1.

(i) For any n € N, the operator 258 given by @1.1) with domain D(AT'(A)) n \/" Z is a self-adjoint
operatorin \/" Z.

(ii) The operator H., given by (4.1.3), is self-adjoint in T's( Z) with the domain defined by

Vel (2),
(Ve D(H.)) < | vneN, ¥™ e D(H™M),
S [HVUO < oo

Proof. (i) For n € N and according to (4.1.3)-(#.1.4) the operator H™ equals
H™ = oM 4y (4.2.1)

with V2" = 357 {Qu(2)} ik with Qu(2) = (=®, Qu2®").
For ¢ € D(dI'(A)) n \/" Z, a simple computation gives

[V ™| < Zs

< ZE HQeH [ Iz,

IS Q@ T yoee )0

< r,e,nH(b H\/”Z-

So V™ is a bounded self-adjoint perturbation of H’ 0,(n) and therefore H™ is self-adjoint on D(HS ’(")).
(i) Proposition [12, A1] is applied here, with A,, = ) 4+ VE yields the self-adjointness of . . 1

Once we have defined the quantum dynamics, we can then write an integral formula giving the propa-
gation of normal states. However, instead of considering

Q¢ (t) = eil%HE QseigHE ;

we will rather work with . .
6.(t) = €=M g (t)e =1
With the convention of Section D7b denotes the j-th differential of b with respect to (z, z):

Db()[El = )]

lal+|B|=j

: ﬁ,<£®ﬂ 02 07b(2)€5).
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Proposition 4.2.2. Let (0.).c(0.s) be a family of normal states on T';(Z). Assume that
VkeN, 3C, > 0,Ve € (0,8), Tr [0-N*] < C;. (4.2.2)

Then forall ¢ € Z, the function t — Tr [g.(t)W(+/27€)] belongs to C'(R) and the following formula
holds:
Tr [6- ()W (V2rE)] = Tr [0 W(V2mE)] + (4.2.3)

i [ ooy ol g s

Proof. We denote (N) = (1 + NQ)%
The quantity Tr [(g-(t) — d-(s))W(v/27€)] is actually equal to

T [Ny (e 1Y — ci2te )N W (Varg)e e (424)

+ Tr [0(N) e/ TN T W (V2mE (N (¢ e e M — 2T (N T (4.2.5)

By differentiating first for u € D(H?) n\/" Z and then extending the result by continuity, we get for
ue\/" Z:

S
, 0 0 , a0
gitHe o—itHL, _ (itHe —itH? ' f e He QWick ,—iZH2y 1r
€t

The number estimate in Proposition (Number estimate]) combined with

pitHe p—i2HY _ @ez H<n —is g (n)’
implies for all u € T'y(Z):
S
<N>—r€i§H5 nggu _ <N>—7‘ez%Hg Zang + - f GH5<N> rQW@ck GHSU do .
t

The integrand is continuous in [';(Z) w.r.t ¢ for any u € I';(Z). Taking the limit as s — ¢ leads to

€

_T<@Z£H5@_ZéHO . engge—zng> _ —<N>_T€Z£HEQWZCIC6_Z£H‘S. (4.2.6)
£

s—1

Similarly (by exchanging H? and H.) we get:

( iz HO -EH5 - 61 ng z?HE) _ _3<N>7r€i£HgQWick€fi£Hg. (427)
€

st t

Notice that
Nyt Re Y € (1, (2)), T [0AN)] < € < 420,

and

WK 2rE)ele T ez ¢ £(T(Z)).
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Thus the trace (4.2.4) divided by ¢ — s is well defined and converges as s — ¢ thanks to (4.2.6). In
equation (4.2.7), remark that

(N)y Tt QWicke=ite ¢ £(T(Z)),

and

VEe Z, (N W(V2mE)(N) € L(T4(Z)),
owing to the Lemma 6.2 in [6]]. Since for all u € T'y(Z)
s> eIy € C(R, T4 (2)),
the trace (4.2.5)) divided by ¢ — s is well defined and converges as s — t thanks to (4.2.7). Therefore
the following integral formula holds true, with the help of (2.1.12),

Tr [G(OW(V2rE)] = Tr [ W(v2rE)]+
LT[ GQ W R - W) Q s, (328)

€ Jo

with Q4(z) = Q(e**4%). We conclude by using Lemma[2.1.28 |

4.2.2 The nonlinear (Hartree) equation

In this section we shall prove the global well posedness of the mean field dynamics. So we consider
the Cauchy problem in Z:

{i@@::A%+%%Q@07 (4.2.9)

Zt=0 = 20-

Proposition 4.2.3. Under the assumptions (A1) and (A2), for all z, € Z, the previous Cauchy problem
admits a unique mild solution z in C°(R, Z) n C1(R, D(A)").
Furthermore the Cauchy problem:

?tgt = (t, %) = —ie"4[0:Q](e7"2), (4.2.10)
Zt=0 — <0-
is equivalent with the initial problem and admits a unique solution Z; € C*(R, 2).
Furthermore this equation implies:
o VieR, 2]z = |2lz =
o The velocity field v(t, z) = —ze”A[(?gQ](e_”Az), satisfies
VteR, |u(t,2)|z <r M( 2 |12|Z7h), (4.2.11)

with M = max;_o _, HQJH
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Proof. Tt is enough to consider only positive times ¢ > 0. We will prove that z — wv(t,z) =
—ie"[0,Q](e~"4%) is locally Lipschitz in Z which will give the local existence and uniqueness on a
time interval [0, 7*[ for the equation (4.2.10). Then we can recover solutions of the original equation
@2.9) by setting 2, = e~#47,.

Let z,y be in Z,

[u(t,2) = v(t, )|z < [[0:Q)(e™"2) — [2:Q1 (e y)]
Z P v Id 2)Q (=) — P v 1d 2)Q5(u7) |-

Thus, by setting M = max;_,__, |Q,], for all z,y € B(0, R), there exists a non negative constant

Cpr > 0 such that:

.....

lo(t,2) —v(t,y)|z <7 Cr M|z -y z.

Thus the Cauchy-Lipschitz theorem gives a unique solution z; in C*([0, T*[, Z). The previous calculus
with y = 0 gives, for t € [0, T*[, the estimate:

T

[o(t, 2)|z < M) =137

j=2
It remains to prove | z;|| = |zo| for all £ € [0, T*[ which ensures that 7% = +co. In fact

0| Z|* = 2Re (3, 0,2) = —2Re (%, ie”A[ﬁ—Q]( “H4Z))
= —2Re (e ™%, [0:Q](e "))

= —22 Re i(e "z, [0:Q¢) (e " %))

=2 Z Re [il Qi(e”""%,)] = 0.
=2 —_—
eR
So this shows that | %]z = | z]|z = | 20| z and the mass conservation is proved. By setting z; = e~ %4z,
and using the fact that the solution z; satisfies

z = 20 _ZJO zsA[a Q]( 7zsA~ )dS,

we obtain

¢
z = ety — zf e 579410.Q](z,)ds

0

Hence the function ¢ — z; belongs to C°(R, Z) n C'(R, D(A)") and it is a mild solution of (#.2.9).
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4.3 Propagation of Wigner measures

4.3.1 The main convergence arguments

The following proposition will be useful in the derivation of the transport equation. It is mainly due to
the compactness of the @);’s.

Proposition 4.3.1. Let (o:).c(0,5) be a family of normal states on I';(Z). Assume the Assumptions (A1)
and (A2) are satisfied and

VkeN, 3C, > 0, Ve e (0,2), Tr [0-NF] < Cy.

Assume furthermore that:
M(Qe75 € (075_)) = {M}
Then forall € € Z and all t € R:

lim Tr [o-WV(v/2€){D[Q(e™ " 2)][€]}" ] = L AR CID[Q(e ML) [Eldulz),  43.0)

E—>

where D[Q(e~"2)][€] = {[0:Q] (e "12), e ALY + (e ML, [0:Q] (e~ 2)).
Proof. Forj e {2,...r} and £ € Z, let B;(£) denote the operator

B;(€) = Q;(1d \ys1 ; ®6)), (432)
and i
Bi(§) = (Id -1 z ®E))Q;

Both operators are compact respectively from \/’ ' Z to \// Z and from \/? Z to \/’~' Z owing to
the assumption (A2). Now, let us check that D[Q(e~"2)][£] is the sum of symbols with compact
kernels. Actually, Q(e™"42) = 377 (2%, (")®IQ;(e™")®7287) with QF = Q. In particular with

W = Q(z), we obtain
D[Q(e "42)][€] = {[0:Q) (e "2), e "4E) + (e ¢, [0:Q) (e "2)),

[(z®7 ~- —itde P D <C§j(e’im£ v 28171 %05,

S

i
[, By ™)) + (B, By (e746):99)],

5

and all the terms involve compact operators. We refer to Lemma [2.2.15]in order to compute the limit
of Tr [o.W(V27mE){D[Q(e~42)][£]}"***] and obtain @31).
|

In order to understand the asymptotic behaviour of Tr [o.(t)W(+/27€)], when ¢ goes to 0, we shall
prove the following proposition.
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Proposition 4.3.2. Let ( 0c)ee(0,5) be a family of normal states on I'(Z ). Assume the assumptions (A1)
and (A2) are satisfied and

YkeN, 3C;, > 0, Ve € (0,8), Tr [0.N*] < C;.

Assume furthermore that
M(ge,e € (0,8)) = {u}.
Then forall § € Z and all t € R,

lim ) Tr [Q€W(\/§7Tf){2 51—1@%?DJ[Q(6—15A2)][g]}wwk]ds _0

E—>

7j=2

Proof. By using Proposition (Number estimate)), a simple estimate of the integrand yields for all s €
[0, ]

| Tr [QeW(\/Eﬂf){Z €j_1(i;r+!)JDj [Q(e—iSAZ)][é-]}Wick“
<G Z e~ 1—||<N> DIQe AN £ 2y
< Z ej‘l%d«w,

with (u) = (1 + |u|?)2. We conclude therefore by the dominated convergence theorem. ]

4.3.2 Existence of Wigner measures for all times

Remember the definition of ’ .
0:(t) = e~ "= gete e
and . .
0-(t) = el o (t)e 1212,
Proposition 4.3.3. Let (0.).c(0,z) be a family of normal states on I's(Z). Assume the assumptions
(A1)-(A2) are satisfied and
VkeN,3C, >0, Ve e (0,8), Tr [0.N*] < Cy. (4.3.3)

For all sequences (,,)nen in (0,€) such that lim,,_, o €,, = 0, there exists a subsequence (&, )ken With
limy_, o €5, = 0 and a family of Borel probability measures {fi;,t € R} such that:

Vie R, M(3.,(t), ke N) = {ji,}. (4.3.4)

Furthermore,

J |2% dfe(z) < Ck, Vk €N, (4.3.5)
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and [i; solves the integral equation, for all € € Z,
t

ﬂt<€2ine <£,.>> _ ﬂo(e%wRe <£,.>) o ﬂ_J /Zs(€2i7TRe <£">D[Q(6715A.)][£])d8,

0

t
= fip(e ™R &) +zf fis({Qs , €™ (2)})ds, (4.3.6)
0
by setting for by,by € P, ,(Z)
{bl, bg}(Z) = 8zb1(z)85b2(z) - 8zb2(z)55b1(z)

Proof. The extraction of such subsequence (&, )reny and the existence of a family of Borel probability
measures /i; have been proved in [12] by a diagonal extraction process relying on some Ascoli type
argument. We skip the proof of this step since the result in [12] applies to our case without modification.
Let p,, be the projection on Ce; @ . .. @ Ce,, with (e;);eny an ONB of Z. Since dI'(p,,) < N, it follows
that

| el i) = sup [ pocl i) = supllimint Tr (2T ()]
ne e~
< lim iglf Tr [0.N*] < C}. .
This proves (4.3.5)). For the derivation of the integral equation (4.3.6), we have according to (4.2.3)),

Tr [6- ()W (V27E)] = Tr [oW(V2mE)]+

[ 1 w3 e e g s

0

The estimate of Proposition [4.3.2] implies that all the terms j = 2, ..., of the sum in the right side go
to 0 as £ — 0. For the last term, we use Proposition for ¢.(s) thanks to the fact that

Tr [6.(t)N*] = Tr [0.N*] < C;, .

Thus taking the limit as € — 0 yields

t

ﬂt(esze <§,.>> _ ﬂo(e%wRe <£,.>) o ﬂ_J /ZS<e2i7rRe <§,.>D[Q(67i5A.)][£])d8.
0

We conclude with

Z{Qs ’ e21'7r Re <§,.>}(Z) _ Z(<[8EQ] (e—isAz) ’ 62621% Re <§,z>> . <6262m Re (§,2) ’ [aZQ] (€_i8A2)>),
= in(([R:Q) (e 2) i) — i€, [2:Q) (e 42))) emRe €
— —1D [Q(efisAz)] [5] 621'71* Re (¢,2) .
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4.3.3 The Liouville equation fulfilled by the Wigner measures.

The previous integral equation (4 can be interpreted as a continuity equation, in the infinite dimen-
sional Hilbert space Z, fulfilled by the Wigner measures (fi; )R-
We introduce some classes of cylindrical functions on Z. Denote P the space of the finite rank or-
thogonal projections on Z. A function is in the cylindrical Schwarz space S.,i(Z) (resp. C¢-,,(Z))
if

el 3geSpzZ)(resp. Copu(p2)), Vz € Z, f(2) = g(p2).
The space C°,, (R x Z) which enforces the compact support in the first variable, will be useful too.
Denote L, (dz) the Lebesgue measure associated with the finite dimensional subspace pZ. The Fourier
transform is given on S.;(Z) by :

FIAE) = | fle)e ez L, (dz),

pZ

f2) = FIFUEe* ™02 L, (de).

pZ
Then call Prob,(Z) the set of Borel probability measures 4 finite second moment, i.e. { ||z|% du(z) <
c0. On this space the Wasserstein distance is given by the formula:

Walpy, p2) = \/ inf J |21 = 2] %du(z1, 22), 4.3.7)
pel (p1,p2)

with I'(1, p2) the set of probability measures ;o on Z x Z such that the marginals (I1;),u = p; and

(Ilg)spt = po. Let B(Z) be the family of all Borel probability measures on a Hilbert space Z. Here

I1;, 7 = 1,2, are the canonical projections on the first and the second component respectively.

From now, after introducing a Hilbert basis (e, ),en+, the space Z can be equipped with the distance

T1 — T, ep|?
dy (11 = 2) = \/Z ‘ 11+2m A :

neN

It induces a topology globally weaker than the weak topology. However these topology coincide on
bounded sets of Z.

The norm and d,, topology give rise two distinct notions of narrow convergence of probability measures.
On the one hand, a sequence (i, ),en is narrowly convergent to p € 5(2) if

lim J f(2)dp,(z J f(z)du(z (4.3.8)
n—+00

for every function f € CY(Z,|.|z), the space of continuous and bounded real functions defined on Z
with the norm topology. On the other hand, a sequence (i, )nen is weakly narrowly convergent if the
limit (5.6.1)) holds for all f € CY(Z,d,,). Our sequences of probability measures are assumed to have a
uniformly bounded moment §_ |z % du, (z) < Cy for some & > 1. Within this framework, the narrow
convergence is equivalent to the convergence with respect to the Wasserstein distance Wy in Probs(2)
according to Proposition 7.1.5 in [S]]. With the same moment condition, the weak narrow convergence
is equivalent to the convergence forall f € S, (Z) or for all f e Cf.,,(Z), acccording to
Lemma 5.1.12 f) in [5]]

0,cyl
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Proposition 4.3.4. Assume that the family ( Qa)ge(oﬁ—) satisfies:
VaeN,3C, >0,Vee (0,8), Tr [0.N] < C,. (4.3.9)
Consider a subsequence (e} )ken such that limy_, , o, 5, = 0,
M(5., (1), k e N) = {i). (4.3.10)

Then the probability measure [i; defined on Z satisfies

1. When (e,)nen+ a Hilbert basis of Z and Z is endowed with the distance

w(21, 22) \/ D N |<Zlnz—§e">|, the measure [1; is weakly narrowly continuous with respect to

2. This is a weak solution to the (continuity) Liouville equation

Qe + 14 Qs fis} = 0, (4.3.11)

in the sense that for all f € C¢°,,(R x Z)

JRL(@J +i{Qy, f}) djis(2)dt = 0, (4.3.12)

with Qy(2) = Q(e™"2).
Proof. a) The characteristic function GG of the measure /i, is given by
G(11,1) = fule™ 27 Re @),

The following inequality holds:

G(n,t) = G, )| < 2l — 17| 2 L |2l zdfie(2). (4.3.13)

Since the uniform estimate {_ 1 + | z|%dfu(z) < C; is true for all times, we get for all n,7’ in Z and
fort e R,

G(n,t) = G, )] < 7lln — 1| Ca. (4.3.14)
b) According to Proposition 4.3.3|and (4.3.6)),

t/
[]Jtl(e%wRe <§,.>) . [Lt(BQiWRe <§,.>) _ _WJ [ZS(B%FRe <§">D[Q(€_i8‘4.)][€])d8.
t

We use the estimate (4.2.11]) and get

ID[Q(e™**2)][E]l < 2[e™¢]|z [[0:Q](e2)] < 2H€HM7“Z EEhe

j=2
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Thus for £ € Z

Glé.#) = Glé.0)] < |r | (& s)DlQ(e ™2 el

< 2mft — ¢||€|2Mr sup 2 j 215 djiy(2)

se[t,t]

< Clt = 1]l¢lz,

since Hz|\2j < %(1 + |z HZQJ b ) e L'(Z, ji;) and

ZJ HZH2J 1dﬂs <Cp,

with a time independent constant C,.. Hence for all £ in Z and for all ¢, " in R:
|G(E, ) — G(E, )] < 2nC.Mr|t —]|€] z. (4.3.15)

1. Take now g € S.,,(Z) based on pZ and the equality holds:

1,(1) = Lg<z>dm<z> = | Flsdnci nazy (4.3.16)

We shall establish the continuity of /, on R. Indeed

o t —> Flg](n)G(n,t) is continue owing to (4.3.13)

e n — Flgl(n)G(n,t) is bounded by a L, (dn)-integrable function thanks to (4.3.13) and
Flgle S(p2).

Thus we have the continuity of /, for all g € S,;(Z). Furthermore the uniform estimate condition
Va e N, J 2| dfir(2) < Cla,

with C, time independent allow us to apply lemma 5.1.12-f) in [5] and to assert that the map
t — [i; 1s weakly narrowly continuous.

2. We integrate the expression (4.3.6) with respect to F[g](n)L,(dz):

VieR, Vg e Scyl(Z),J
z

o) = [ o)+ [ [ (@uopin s

Z

Hence I, belongs to C*(R) and satisfies:

) = ZL{Qt,g}@)dﬁt@).
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Multiplying this expression by a function ¢ € C{°(R) and integrating by parts lead to

fR 0.1, (D)6(t)dt = i f {Quad (ot

Integrating by parts gives

fR o(En(0 ()t + j (Qu g}olt) diu(2)dt = 0,

RxZ

orJR @uf(02) + Qe D ()it = 0.

with f(t,2) = g(2)o(1).

We conclude by using the density of Ci°(R) @ Cf,,,

(Z)in Cf°

0,cyl

(R x Z).

4.3.4 Convergence toward the mean field dynamics

Proposition 4.3.5. Assume that the family of normal states (0:)zc(0,5) on I's(Z) fulfills the assumptions
(A1)-(A2), with the uniform control

VaeN, 3C, > 0,Ve e (0,8), Tr [0.N*] < C,,

and
M(ge, € €(0,8)) = {uo}-

Then for any time t € R the family (o.(t) = e~ieHe Qgei§H5)5€(07g) admits a unique Wigner measure [i;
equal to O(t,0).po, where O is the flow associated with the well defined Hartree equation owing to
Proposition Moreover, the map t — i, € Proby(2) is continuous with respect to the Wasserstein
distance Ws.

Proof. Take ¢.(t) as in (4.1.10) and consider the Hartree equation (4.1.6)) with the flow ®(¢, s) corre-

sponding to:
i&’tzt = agh(Z, 2) = AZt + &5@(20, (4317)

on Z and the flow @(t, s) associated with
Oz =v(t, z) with o(t,z) = —i€itA[§gQ] (e—itAZ) .

Proposition provides the following estimate

lo(, 2)] = < M?‘Z 2027
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with M = max;_y__, |Q,]. Recall that (fi,) are the Wigner measures defined for all times and associ-
ated with a subsequence (@Enk )ken, hence we obtain

lo(t 2) 2z ) = \/L [o(t, 2)|% dfie(2)

<My j 12257 djiy(z) € L([-T. TY).

This holds since
VjeN, f||z| dfin(z) < C;

with C; time independent.
Now, using Proposition [5.6.2] the measure fi, satisfies

Oufty + H{Qy, fu} = Opfly + VT(U(t7 2)fir) =0,

in the weak sense and the map t — fi; € Proby(Z) is weakly narrowly continuous. Moreover, the
velocity field v(t, .) satisfies the condition |[v(¢, z)| 12(z,,,) belongs to L' ([T, T1).

Thus, fi; verifies the conditions of [12, Proposition C1] with I = [—T,T] and then /i, is continuous
with respect to the Wasserstein distance 5. So now the measures fi; satisfy all the hypotheses of [12,
Proposition C4], i.e.:

e {+— [iy € Proby(Z2) is Ws-continuous.
e Forall T > 0, |v(t, 2)|r2(z ) belongs to L ([T, T1).

e /i; is the weak solution to:
Oufie + V' (v(t, 2)ir) = 0,

subsequently fi; = ¢(t,0), 0 and
M(0:(t),e € (0,2)) = {fu},
for any time ¢ € R. By noticing that
Qa(t) I, ztEHgQ eztEHO

we get
M(Q€<t>7 €€ (07 E)) = {Mt};
which finish the proof of Theorem [4.1.2]for regular data.



4.4. EXAMPLES 81

4.3.5 Evolution of the Wigner measure for general data

In this subsection, we shall prove Theorem for general data. We used the same truncation scheme
used in [12]. Hence consider a family (95)56(075—) satisfying the assumption of Theorem , 1.e.:

30>0,3C5 >0,Vee &, Tr[o.N°]<Cs5 <.
There exists another family (0™ ),en such that Tr [o™] = 1,
VEkeN,3C), > 0,Ve € (0,2), Tr[ol™NF] < Cp <0

and
lim sup |- — o™z = 0. (4.3.18)

M=+ c¢(0,¢)

Indeed by setting

(m) _ 1
Oc Tr [Xm(N)QaXm(N)]Xm(N)QEXWL(N),

with X, (n) = x(#) and 0 < x < 1, x € CF(R) and x = 1 in a neighborhood of 0, the result (4.3.18)
holds.

The family (gém))meN is satisfying the assumption of Proposition and then by extracting a
subsequence (&, )ken such that for all t € R

M(el(t),k € N) = {(t,0),16™},

with ¢(t, 0) the flow of the Hartree equation (4.1.6)), and ,u(() ™ the Wigner measure associated with ge ™,

Hence by setting 1, € M(o.(t),c € (0,£)), there exists a subsequence (&;);en such that

M(Qsz<t>7l € N) = {Nt}'

Then a computation of the total variation by the triangle inequality gives

J |1t — (1, 0)spio] SJ 1t — B(t, 0)upsl” \+J |6(t,0)1g™ — (1, 0)p10]
Z

flm B(t,0)uptf” |+f|u — fiol-

By taking the limit when m — 40 we get { |1, — ¢(t,0).p10] = 0, hence

M(Q&?(t)?s € (075_» = {¢(t’0>*ﬂ0}'

4.4 Examples

In this Section we will give some examples of states which do not satisfy the condition (PI). So that
the results in [[10,11] can not be applied on these examples however they satisfy the assumptions of our

Theorem 4.1.2] We recall the assertion (PI)) below.
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Definition 4.4.1. Let (0.).c(0,z) be a family of normal states such that
VaeN, 30, > 0,Ve e (0,8), Tr[0.N] < Ca, 4.4.1)
and
M(Qe75 € (O’é)) = {N}
Then we say that (0c)-c(0,z) satisfies the condition (PI) if:

lim Tr [.N"] = f 2|2 dpu(z), Yk e N. (4.42)
e z

Let us consider two kinds of normal states on the Fock space I's(Z), namely the coherent and
Hermite states.

e The coherent states are given by

V2 \Z/—ﬁf)m , (4.4.3)

0=(f) = [E(HXE()] = W= £ V(-

where f € Z and (2 is the vacuum vector of the Fock space.

e The Hermite states are given by

o) = 11X, k=12) fez. (44

For some coherent states or Hermite states the property was proved in [10] by a simple computation
lim Tr [0-N*] = |[f|Z" = 6;(l2]%). (4.4.5)

Thus there is no loss of compactness for those states when f does not depend on €. However, for our
examples we will consider coherent and Hermite states where the vector f is e-dependent. More pre-
cisely, let (f.)cc(0,z) be a family of vectors in Z such that :

A3. | f:|lz = 1 and f. weakly convergent to fy but not strongly, (i.e. | follz < 1).

Then we shall prove that the family of normal states o.(f.) given by (4.4.3) or (@.4.4) provides a
good example of states which does not satisfy the property (PI)) but only the uniform condition (4.4.1).
The assumption (3)) is motivated by the situation where each particle of the system is not in a pure state
but in a superposition, for example f. = eN\/Eel where N = [é] and {e,, },en is an O.N.B with e; and ey
representing the ground and the excited states respectively of a single quantum particle.

We recall two useful Propositions from [9]]. Consider two families of vectors (u.)ze(0,z) and (Ve )ce(0,5)

in I'(Z). With the family of trace class operators,

qus,vs) = |ue )(ve ],

complex-valued Wigner measures can be defined by a simple linear decomposition, specified in [9]]-
.. . . 1
Proposition 6.4. Recall that for a family of Hermite states u. = u®l=],

L 1 2m
M) = (53} = {5 [ Sunuit)
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Proposition 4.4.2. Assume that the family (ue)ge(o,g) and (va)ge(o,g) of vectors in the Fock space satisfy
the uniform estimates

[ [
[(1+N)2ue| + (1 +N)2v:| < O, Jue| = o] =1,

for some 6 > 0 and C' > 0. If additionally any | € M(gé“g’“f)) and any v € M(ngs’%)) are mutually
orthogonal, then

M(ol"="), e € (0,2)) = {0}.
This is equivalent to
lirr(l)<u€, pWerly,y = 0,

foranybe S, (Z).

Proposition 4.4.3. Assume the same assumpttons as in the Proposition above with the additional
condition M(o"")) = {u} and M) = {v}. Then the family of trace class operators
(qus+v£7us+v5))ge(0’§) Satlsﬁes

M(glreteeetve)) = {u + v}

Corollary 4.4.4. Let o.(f.) be either the family of coherent states @.4.3) or Hermite states (4.4.4)
with f. satisfying (A3). Then the condition (PY) fails for o.(f.). However, we get for all t > 0,
M(o:(f:)(t),e € (0,8)) = {u} with py = da,0)f, in the case of coherent states and ji; = 5gzt,0)fo in
the case of Hermite states, where ®(t,0) is the flow associated with

Z.atzt = AZt + agQ(Zt)
Furthermore, set u, = u®[5, ue Z, then forallt e R

M(Q(UE+E(fE)’uE+E(f€))’ ce (O7 é)) = {(55; + 6ft} ,

with u; = ©(t,0)u and f; = ©(¢,0) fo.

Proof. The proof splits on several steps.

e Identification of the Wigner measure:
For coherent states:

In order to identify the Wigner measure associated with o.( f.), at time ¢ = 0, use the well known
formula

¢ lv/2re)?
Tr (0= (fOW(V2mE)) = e¥mhe S5
here the right hand side converges to e*7Re<&fo) = F=1(§.) when ¢ goes to 0. Therefore

M(e-(f2),e € (0,8)) = {95, }-

For Hermite states:
A simple computation yields for any b € P.° (2),

lim Tr [o:b"**] = Lim(f&", bR fE) = (7, bf57) = f b(z)do3)
Z

e—0
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Then by applying Proposition 6.15 in [9], one proves that M (o.(f.),c € (0,)) = {5?01 3
For the superposition of orthogonal states:

Recall that o PV EUD) 1y 4 B(£.))u + E(f.)| and according to Proposition and
4.4.2

M(Q£US+E(fE)7u8+E(fE))7€ c (0’5)) — M(Q&(:Ue,ue)) + M( (E(fe),E ) + {0}
= {651 + 5f0}'
Uniform estimates:

Let k € N, the following uniform estimate holds
For the coherent states:

v V2

Tr (0-(f-)N*) = <Q,W*(Efe)N’“W(E Q) < Ck|(N + 1D*2Q|? < Gy

For Hermite states:
In this case o.(f.) = | fENV)(fEN| with N = [1] is the number of particles.
Notice that for all k e N

Tr [0-N*] = (en)*| f-|% = (en)". (4.4.6)
For the superposition of orthogonal states:
In this case o< TEVMH B 1y 4 B(£)Yue + E(£)],

Yk e N, Tr[(|u. + E(f:))Xu + E(f.)|)N] < Cy.

The condition fails (PI):
For coherent states:
A simple computation of Tr (o.(f.)N*) when k = 1 gives the following equality

Tr (0:(fo)N) = CE(fo), (I2[2)" " E(f.)) = If:Z = 1,

and

L 2 dbp (=) = 1ol -

But | f.||% does not converge to | fo|% because f. does not converge strongly to fo. Hence the
quantity Tr (o.(f.)N) does not converge to § . [z|% ddy,(z). Then the condition (PI) is not satis-
fied.

For the Hermite states:
It is easy to see that the condition (PI) fails. Indeed on the one hand lim,_,q Tr [0.N*] = 1 but
on the other hand { |2[% dé;, = | fo|¥ < 1

For the superposition of orthogonal states:
( (ue+E(fe), US""E(fe)))

Assume that the family cc(0,5) satisfies the condition (PI). Fix £ = 1 and
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compute

Tr [ole P et BUDINF] = (ue, Nugy + (E(f), NE(f.)) + {us, NE(f.))
+(E(f.), Nu.)

The two last terms converge to 0 when € — 0 since

lim [(E(f.),Nug)[ = lim |Cu., NE(f.))]

e—0,en—1 e—0,en—1

e~ 2@ 2
= lim enl{ue, -

e—0,en—1 \/7 f8>|

according to formula

o0}
S
Besides, the family of Hermite states (g§ ))56(0 5 satisfies the condition (PI) for £ = 1, hence

( (B(fe), (fs)))

the family ec(0,¢) satisfies the condition (PI) for k£ = 1 which is wrong.

Propagation:
All the examples (coherent, Hermite and orthogonal states) satisfy the assumptions of Theorem
M.1.2] Hence, forallt > 0

M(Qa(fa)(t)vg € (075)) = {H’t}a

with p; = ®(t,0).u0 and where 1 is the initial Wigner measure of coherent, Hermite and or-
thogonal states previously computed.



Chapter 5

The general case with a two-body singular
potential

5.1 Introduction

The mean field theory for many-body quantum systems is an extensively studied mathematical subject
(see for instance [1, (18, [19) 29| [39, 42, 43| 147, 58| |68, [69] and [52, 63}, [110] for more old results).
The main addressed question in this field is the accuracy of the mean field approximation. While
this problem is now well-understood for the most significant examples of quantum mechanics, it has
no satisfactory general answer. The raison is that all the known results are concerned either with a
specific model or a specific choice of quantum states. Our aim here is to show that the mean field
approximation for bosonic systems is rather a general principle that depends very little on these above-
mentioned specifications.

The Hamiltonian of many-boson systems have formally the following form

N
1
HNZZAHFN > ) = HY +aqv .
=1

1<i<j<N

where A is a one particle kinetic energy and qg) is a pair interaction potential between the i and ;"
particles. It could be significant to include multi-particles interactions but to keep the presentation as
simple as possible we don’t do so (see [11, [78, [112]). Assume that H is a self-adjoint operator on
some symmetric tensor product space \/N Zy. Then according to the Heisenberg equation the quantum
dynamics yield the time-evolved states,

QN(t) = |€—itHN\Ij(N)><€—itHN\Ij(N)| )

The mean-field approximation provides the first asymptotics of physical measurements in the state
on(t) when the number of particles N is large. Precisely the approximation deals with the following
quantities,

lim Tr [on(t) B 12WV-H],

N—o

86
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where B is a given observable on the £ first particles. Actually one can prove that, up to extracting a
subsequence, there exists a Borel probability measure 1y on Z; such that

Allim Tr [on(0) B 1®WR] = | (8% B2® oo dug(z), (5.1.1)
—>00 ZO

for any compact operator B € E(\/lC Zy), 1 < k < N (k is kept fixed while N — o0). Such a result
is proved in [11] and in some sense it is related to a De Finetti quantum theorem [30, [77]. So this
allows to understand the structure of the above limit at time ¢ = 0 and there is indeed no loss
of generality if we suppose that holds true for the sequence of states (on(0))nen. Once this is
observed then the mean-field approximation precisely says that for all times ¢ € R,

Al/im Tr [on(t) BR1PWR] = | (8% B2O% o duy(2), (5.1.2)
—00 ZO

where 1, = ®(¢,0).p0 is a push-forward measure, 1 is given by (5.1.1)) and ®(¢,0) is the nonlinear
flow which solves the mean-field classical equation on Z,

10z = Az + F(z). (5.1.3)

Here the nonlinear term F'(z) is related to the interaction g, and the equation (5.1.3)) provides the mean-
field dynamics (for instance Hartree or NLS type equations). In this article we prove the statement
within an abstract framework and under general assumptions. It is common to express the
mean-field limit with the language of reduced density matrices. So, we remark that (5.1.2)) implies the
convergence of reduced density matrices in the trace-class norm (see [11] for a proof of this fact). There
are essentially two requirements for the accuracy of the mean field approximation. The first concerns
the regularity of the states o (0) and the second deals with the criticality of the interaction ¢y. So, we
assume that the quantum states have asymptotically finite kinetic energy at time ¢ = 0, i.e.:

Tr [on(0) A® 18D < O, (5.1.4)

uniformly in N (A is the one particle Kinetic energy). This is a reasonable requirement and in some
sense a minimal one if we use energy type methods to deal with the quantum and classical dynamics.
We give here only some informal insight on the assumption on ¢y. Our main result is presented in
detail in the next section and it is based on the abstract conditions (DI)-(D2)). Suppose that A is the
fractional Laplacian (—A)®, s > 0, in L?(R¢) and the interaction ¢y is given by

1
gnN = N Z W(l‘z - xj) ) T, Tj € Rd,

1<i<j<N
where W : R? — R is a measurable function. Roughly speaking, our result says that the mean-field
approximation holds true in general for states satisfying (5.1.4) if:

e The system is confined and the interaction W is subcritical.

e The interaction W is subcritical with some decay at infinity.

e The system is confined and the interaction I is critical.
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If the system is not confined and the interaction W is critical then we do not expect the mean-field
approximation to be true for any states with the regularity (5.1.4). However, if we are able to prove
higher regularity on the quantum states oy (¢) for all times then it is possible to justify the mean-field
limit as in the other cases. Here subcritical/critical means that the interaction W belongs to LP(R%) +
L*(R?) with subcritical/critical exponent with respect to the kinetic energy A = (—A)* according to
the Sobolev embedding H 2 (R?) — LP(R?). This emphasizes in particular the fact that the accuracy of
the mean-field approximation depends very much on the criticality of the interaction and the regularity
of initial states rather than the structure of the initial states or the exact model considered.

The method we use follows the one introduced in [[12] which is based on general properties of
Wick quantization in infinite dimensional spaces, Wigner measures and measure transportation tech-
niques. We improve and simplify this method at several steps. For instance we consider only states
on(0) in the symmetric tensor product \/N Zy and avoid to work with states in the symmetric Fock
space. This simplifies and strengthes the intermediate results. Moreover, a key argument related to
convergence is clarified (see Section [5.5)). The adaptation of measure transportation techniques in [5]
to non-homogenous PDE was done in [[12]] with a somewhat strong condition on a related velocity field
(see the assumption (C2)) compared to the one used in [12]). This restricted the type of nonlinearity
F(z) that can be handled with this method. An improvement to a wider setting, briefly presented in
Appendix B, is achieved in detail in [79].

As an illustration of the Wigenr measures techniques used in this article, we also recover a result proved
in [[77] concerning the limit of the ground state energy of Hy when the system of bosons is trapped.

Overview: In the following section our main result is presented in detail and illustrated with several
examples. Self-adjointness and existence of the quantum dynamics is discussed in Section [5.3] The
proof of our main Theorem [5.2.2] goes through three steps: A Duhamel’s formula in Section [5.4] a
convergence argument in Section [5.5] and a uniqueness result for a Liouville equation in Section [5.6]
The technical tools used along the article are explained in Sections [2.1.4] [2.2.4] and [3.1] and concern
respectively the Wick quantization, Wigner measures and transport along characteristic curves.

5.2 Preliminaries and results

In this section we introduce a general abstract setting suitable for the study of Hamiltonians of many-
boson systems. Then we briefly recall the notion of Wigner measures and state the main results of the
present article. We will often use conventional notations. In particular, the Banach space of bounded
(resp. compact) operators from one Hilbert space h; into another one b, is denoted by L(hi, b2)
(resp. L% (b1, b2)). If C (resp. q) is an operator (resp. a quadratic form) on a Hilbert space then D(C')
(resp. Q(q)) denotes its domain. In particular, if C' is a self-adjoint operator then Q(C') denotes its form
domain (i.e. the subspace D(|C|2)).

General framework: Let Z, be a separable Hilbert space. The n-fold tensor product of Z is denoted by
X" Zy. There is a canonical action o € X, — II, of the n—th symmetric group X, on ®"Z, verifying

Hence each II, extends to an unitary operator on ®"Z, with the relation 11,11, = II,., satisfied for
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any o, 0’ € X,,. Furthermore, the average of all these operators (Il,),ex, , i.e.

1
Sn=— > L, (5.2.2)

toeXn,

defines an orthogonal projection on ®" Z,. By definition the symmetric n-fold tensor product of Z; is
the Hilbert subspace

\/ 2o = 8a(28") .

Consider now an operator A on Z, and assume that:
Assumption (AT):

A is a non-negative and self-adjoint operator on Z. (A1)

Fori=1,---,n,let
A; =190 @ 41800,

where the operator A in the right hand side acts on the i** component. The free Hamiltonian of a

many-boson system is
N

HYy =) A, (5.2.3)

=1

which is a self-adjoint non-negative operator on \/N Zy. In order to introduce a two particles interaction
in an abstract setting we consider a symmetric quadratic form g on Q(A; + A;) € ®*Z,. Here A; + A,
is considered as an operator on ®*Z, and the subspace Q(A; + Az) contains non-symmetric vectors.
Throughout this paper we assume:

Assumption (A2):

q is a symmetric sesquilinear form on Q(A; + As) satisfying :

A2
30<a<1,b>0, Yue Q(A + Ay), |q(u,u)| < alu, (A + Az)u) + bHuHéQZO ) (A2)

As a consequence of the above assumption, g can be identified with a bounded operator ¢ satisfying the
relation:
q(u,v) = (u,Gv)g2z,, Yu,ve QA+ Ag), (5.2.4)

and ¢ acts from the Hilbert space QQ(A; + As) equipped with the graph norm into its dual Q'(A; + As)
with respect to the inner product of ®?*Z,.
Now, we define a collection of quadratic forms (qi(z-))lgi<j<n by

G (P ® e ® @, 1 @U@ ®Un) = (i ® 0, i ® ;) [ [lomthy, (529

k#1,j
for any @1, -+, @u, Y1, - ¥, in Q(A). By linearity all the g} extend to well defined quadratic
forms on the algebraic tensor product ®9"Q(A). Using the assumptions (AT)-(A2)), we prove in

Lemma [5.3.1] that each ¢

,L?] ’

1 <7 < j < n, extends uniquely to a symmetric quadratic form on
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Q(Hy) = V" Zo.
We now consider the many-boson Hamiltonian to be the quadratic form on Q(HY) given by
N 1 ()
N 0
Hy = ZAZ- + 5 Z ¢ = HY + qv. (5.2.6)
i=1 1<i<j<N

Actually the assumptions (AT)-(A2) imply the existence of the many-boson dynamics, since there ex-
ists a unique self-adjoint operator, denote again by Hy, associated to the quadratic form (5.2.6) (see

Proposition [5.3.4).

The classical dynamics: Let (Q(A),|| - |oca)) be the domain form of the non-negative self-adjoint
operator A equipped with the graph norm,

[ulGyay = (u, (A+ 1wy, ue Q(A),

and @Q'(A) its dual with respect to the inner product of Z,. The quadratic form ¢ defines a quartic
monomial,

z€Q(A) — qo(z) := %q(z@, 2%?)

which is Giteaux differentiable on ()(A). Hence one can define the Gateaux derivative of ¢y with
respect to z according to the formula:

uan()] = 505a((= + M), (2 + X)),

where 0y, is the Wirtinger derivative in the complex field C. For each z € Q(A), the map u — 05qo(z)[u]
is a anti-linear continuous form on )(A) and hence dz¢q(z) can be identified with a vector dzqo(2) €
(' (A) by the Riesz representation theorem. We shall assume the following assumptions on the classical
mean field equation.

Assumption (CI): The classical field equation

{ 10z = Az + 0:qo(2)

C1
2o = 20 € Q(A), b

is globally well-posed on the form domain (Q(A). Moreover, the energy and the charge conservation
hold true for initial data in Q(A).

Global well-posedness here means existence and uniqueness of a global strong solution ¢ — z(t) €
Co(R,Q(A)) n CH(R, Q'(A)) for each zy € Q(A) and continuous dependence on initial data (i.e.: The
map 29 — 2(-) € C°(I,Q(A)) is continuous for any compact interval I containing 0). We have two
formally conserved quantities, namely the charge ||z||z, and the classical energy:

h(z) = (z,Az) + qo(2) = (2, Az) + %q(z ®z,2®2). (5.2.7)

Remark that the main examples of the above field equation are the nonlinear Schrodinger and Hartree

equations. We need also a second assumption.
Assumption (C2): The vector field 0zqy : Q(A) — Q'(A) satisfies:

3C >0, Vz € Q(A), [0:00(2) ]z < Clz[ga)l2] 20 - (€2)
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The Wigner measures: The mean-field problem is tackled here through the Wigner measures method
elaborated in [9, [12]]. The idea of these measures has its roots in the finite dimensional semi-classical
analysis. It allows to generalize the notion of mean-field convergence to states that are not coherent
nor factorized. For ease of reading, we briefly recall their definition here while their main features are
discussed in Section

Definition 5.2.1. Let {oy := |V WUM|} Ny be a sequence of normal states on vN Zg, i.e [V || vz, =
1. The set M(on, N € N) of Wigner measures of (on)nen is the set of Borel probability measures on
2y, ., such that there exists a subsequence (Ny,)gen satisfying:

VE e 2y, kETw<W(Nk),W(ﬁW§)W(Nk)>= XM R &2 (7)), (5.2.8)

2o

where W(+/27€) is the Weyl operator in the symmetric Fock space defined in (Weyl operators) with
1

€:N_k'

The right hand side of (5.2.8)) is the inverse Fourier transform of the measure z. So Wigner measures
are identified through their characteristic functions. Moreover, it was proved in [9, Theorem 6.2] that
the set M(oxn, N € N) is nonempty and according to [10, 11 [12] it is a convenient tool for the study
the mean-field limit. In particular, it allows to understood the convergence of reduced density matrices
(5.1.2)), which are the main analyzed quantities in other approaches ([110]).

5.2.1 Results

Dynamical result: Our first result concerns the effectiveness of the mean field approximation for general
N-particle states and under general assumptions (DT)-(D2). We prove that the time-dependant Wigner
measures of evolved states oy (t) := |e NN (e~ HNy(N)| are the push-forward of the initial
measures (associated with the initial states oy (0)) by the global flow of the field equation in (CI).
Eventually, if o (0) has only one Wigner measure then g (¢) will have also one single Wigner measure
described as above. The result is applicable to either trapped or untrapped systems of bosons.

Assumption (DI): A has a compact resolvent and there exists a subspace D dense in Q(A) such that

forany &€ D,
. 1 - 1
/\l—lgloo [KE1 @ (A +1)72 S2g(Ar+ Ap + A)7 H5(\/2 z0.20) = 0 (D1)
/\Lilfoo [l ® (A+A)72 82 G(Ar + Az + 1>_§||L(\/220,20) =0.
Our second main assumption is given below and it implies the two limits in (D1)).
Assumption (D2)): There exists a subspace D dense in QQ(A) such that for any & € D,
2
€@ (A+1)72Sq(Ar + Ay + )72 e £2(\/ 20, Z0). (D2)

Consider the abstract setting explained above with a separable Hilbert space Z, a one-particle self-
adjoint operator A and a two-body interaction q. Then our main result on the dynamical mean-field
problem is stated below.
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Theorem 5.2.2. Assume (A1)-(A2) and (CI1)-(C2) and suppose that either (DI) or (D2) holds true.

Let {on = WU |} yoy a sequence of normal states on \/™ 2 with a unique Wigner measure ju
and satisfying:
3C > 0,YNeN, (M mLu™y < ON . (5.2.9)

Then for any time t € R the family {on(t) = |e N UWN) e~ #HINGWN) Y o has a unique Wigner
measure ji; which is a Borel probability measure on Q(A). In addition ji; = ®(t,0).p0, the push-
forward of the initial measure [y by the globally well-defined flow ®(t,0) on QQ(A) associated to the
field equation:

{ 10z = Az + 0:qo(2) (5.2.10)

Z|t=0 = 20-

Remarks 5.2.3. 1) The above theorem remains true if we assume that A is semi-bounded from below.
2) It is not necessary to assume that oy admits a unique Wigner measure 1. In general the result says:

M(on(t),N € N) = {®(t,0).p0, o € M(on, N e N)}.

3) Without essential changes in the proof of Theorem we can suppose that oy is an arbitrary
sequence of normal states in \/N Zy satisfying:

3C > 0,YNeN, Tr[onHY] <CN.

Variational result: Our second result concerns the ground state energy of trapped many-boson systems
in the mean-field limit. Consider the Hamiltonian Hy given by (5.2.6) and suppose that (AT)-(A2)
are satisfied. The confinement of the system is equivalent to the requirement that the operator A has a
compact resolvent. By definition the quantum ground state energy is

E(N):= inf (W HywWy,
TNeQ(HY,
1eMy Ny 5 =1

On the other hand the classical energy functional is
1
hz) = (A2 + Sq(=22,2), V€ Q(A).

Using (A2)), one observes that Q(Ai)lﬁf H h(z) is finite. In fact for any z € Q(A) such that ||z z, = 1,
z€e zlzg=1

h(z) = (1 — a)(e®, (A1 + A2)2%%) — C1 = —C1.
Theorem 5.2.4. Assume (AT))-(A2)) and suppose that A has a compact resolvent. Then

E(N)

li VYY) . nf o™ gor™N = inf h .

N—lg-loo N N—+oo N ‘1’<N)1€%(H?v)< y LIN > ZEIS(A) (2) > —0
e (N) =1 POt
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5.2.2 Examples

In this section we provide several examples to which the general result of Theorem [5.2.2]is applicable.
But first we observe that the two limits in (DI)) are satisfied whenever ¢ is infinitesimally A; + A-
form bounded. This indeed allows to handle the situation when the interaction is subcritical. But when
the interaction is comparable to the kinetic energy we rely directly on (DI) which seems to be the
appropriate assumption in this case.

Lemma 5.2.5. Assume (AT)-(A2) and suppose that the quadratic form q is infinitesimally A, + Aa-form
bounded. Then for any £ € Q(A),

: 1o o~ _1
Al_lgloo €I @ (A+1)72 S q(Ar + Ao + A) 72| 2 2,20 = 0
/\LHEOO [EI® (A+A)"282G(Ar + Ay + 1)7§HL(\/2 20,20) = U~
Proof. Let® € Zyand ¥ € \/2 Z, then by Cauchy-Schwarz inequality,

(D, (| @ (A+1)72 S q(Ar + A+ N2 W) = [g(Sf® (A +1)"
1¢(S26 @ (A+ 1)

= N

D, (A1 + Ay + N) 2 D)
D)2 |g((Ay + Ay + \) 2 D)7,

N
ol

with ¢(u) = ¢(u, ). Remark that |¢(S:¢ ® (A + 1)~2®)| is bounded thanks to (A2) and the fact that
€ € Q(A). Since ¢ is infinitesimally A; + Ay-form bounded, then for any o > 0 there exists C'(a)) > 0
such that

o0+ A+ ) < o (A s e T

< max(o, S ).

This proves the first limit in (D1)) when A — oo. The second one follows by a similar argument. 1

All the examples listed below are covered by Theorem [5.2.2]

Example 5.2.6 (The two-body delta interaction). Non-relativistic systems of trapped bosons with a
two-body point interaction,

N
Hy =) =N, + V(x) +

i=1 1<i<j<N

oz, —xj), z,z;€R, KeR, (5.2.11)

==

where ¢ is the Dirac distribution and V' is a real-valued potential which splits into two parts V = Vi + V5
such that

Vie L. (R), V1>0,‘ |1im Vi(z) = +o0,
x|—+00

loc

Vo is — A-form bounded with a relative bound less than one.
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This model has been studied for instance in [} |6]. The operator A = —A + V is self-adjoint semi-

bounded from below and A has a compact resolvent according to [100, Theorem X19]. The two-

body interaction q is given by q(2®?, 2%%) = k(2®%,6(x1 — 12)2®%) = k|z| L4 and satisfies for any
u e Q(Al + AQ),

ak K

Va >0, |q(u,u)] < —=(u, A1 + As u) + ——— | ul?2/pay.

|Q( )| 2\/§< 1 2 > 40(\/§H HL (R2)

For a detailed proof of the latter inequality see [I6, Lemma A.1]. Hence (A1)-(A2) are verified and by
Lemma the assumption (D1)) holds true. The vector field is given by 05qo(z) = k|z[*z : Q(A) —
Q(A) and satisfies the inequalities,

o,y € Q(A), 3C = C(lzlow, lylawy) > 05 1zl = lyl*ylow) < Clz = ylaw
and
¥z € QUA), l2Pellae < Clelng )=l < ClelB Il (52.12)
since the inclusion Q(A) = HY(R) < L*(R) holds by Sobolev embedding and the fact that Q(A) =

{ue L?*(R),u € L*(R),V?u € L*(R)}. Therefore the vector field 0-qq(2) is locally Lipschitz on Q(A)
and the NLS equation

{ iz = —Az + Vz + k|2|*2 (NLS)

Zlt=0 = 20,

is locally well-posed on Q(A). Furthermore, using the energy and charge conservation one shows the
global well-posedness of the[NLS| equation.

Example 5.2.7 (Trapped bosons). Non relativistic trapped many-boson systems with singular two-body
potential:

Hy = 2 A, + V(x) 2 Wz —x;), x;,x; € R% (5.2.13)

=1 1<z<]<N

where V' is a real-valued potential which splits into two parts V. = Vi + V5 such that:
Vie C*(RYLR), Vi =0, D*Vy e L*(RY), Yae N |a| = 2
Vi(z) — oo, when |z| — w0,

Ve DP(RY) + L°(RY, p= 1, p> 5,

and W : R? — R is an even measurable function verifying:

d
We LY (RY + LP(RY), ¢g=1, g = 5 (andq>1ifd =2). (5.2.14)

By Gagliardo-Nirenberg inequality we know that (5.2.14) implies that W is infinitesimally —A-form
bounded. So, the assumptions (A1)-(A2)) and (D1) are satisfied. Moreover, the vector field [0zqo](z) =
W= 222 0 Q(A) — Q'(A) satisfies for any z € Q(A),

_1 _1
[W s |22l 2y < [(=A + )72 W (=A+ 1) 72| 230 @ay 2] 22@e) - (5.2.15)
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The global well-posedness on Q(A), conservation of energy and charge of the Hartree equation

{ 10z = —Az+Vz+ W2z (Hartree)

Zt=0 = 20,

are proved in [28] Theorem 9.2.6 and Remark 9.2.8. Observe that the assumption on W are satisfied
by the Coulomb type potentials ﬁ when o <2, \e Randd = 3.

Example 5.2.8 (Untrapped bosons). Non-relativistic untrapped many-boson systems,

HN—Z Ay, + V() + Z W(x; — x;), xi,xje]Rd.

i=1 1<7,< I<N
where the potentials V' and W satisfy the following assumptions for some p and q,

d

Ve PR+ L*(RY),p=1, p> 3
d

WeL'(RY +LPERY, ¢g=1, ¢= = 5o (andq>1ifd =2)

(5.2.16)

Here LT (R?) denotes the space of bounded measurable functions going to 0 at infinity. For instance
Coulomb potentials ﬁ fora < 2, A\ € Rand d = 3 satisfy (5.2.16). As in the previous example
(&1)-(A2) are satisfied and (D) is verified if we check that (1 — A,)"2W (z)(1 — A,) "2 is compact
(see the proof of [12) Lemma 3.10]). In fact W decomposes as W = W, + Wy with Wy € L1(R?) and
Wy € LE(R?). We know that Wy(1 — A)"z € LP(L2(RY)) (see for instance [66] Proposition 3.21]).
Therefore we only need to check that (1 — A,)~2 Wy (z)(1 — A,) "2 is compact. Let x € CP(RY) such
that 0 < x < 1 and x = 1 in a neighborhood of 0. We denote x,,(x) := x(£), for x € R* and m € N*,
For a given measurable function g let (¢°);s-o denotes

g, if lgl <6
g =106 ifg=6 (5.2.17)
Writing the decomposition
Wl = (XmWI)d + Wl - (mel)éa
L¥(RY) La(R%)
we observe that . .
(1= 2)72(xuW1)*(1 = A)72 € L7(L*(RY)),

and for § — +00 and m — +0,

1

(1= A)7 2 (W) (1= A)72 — (1— A)ZW (1 - A)72 (5.2.18)

in the norm topology. Hence (D2)) holds true. The convergence (5.2.18)) is justified by the Gagliardo-
Nirenberg’s inequality,

d
[ [0 = WD) < Cl00Wi) = Walsaguey [Vl [l o= 5
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As in Example the vector field 0:qo(z) satisfies the inequality (5.2.15) and the global well-
posedness on H*(R?), conservation of energy and charge of the Hartree equation,

10z = —Az+Vz+ W |22
Zlt=0 = 20,
holds according to [28] Corollary 4.3.3 and Corollary 6.1.2.

Example 5.2.9 (Non-relativistic Bosons with magnetic field). Non-relativistic many-boson systems
with an external magnetic field A : R — R? and an external electric field V : R? — R are described
by the Hamiltonian,

(—iVa, + A(z)))? + V()] Z W (z (5.2.19)

1<’L<]<N

||M2

where W (x) is an even measurable function satisfying with A and V' the assumptions:

d >3,

Ae L, (R, RY),

Ve L, (RYR), Vi(z) — o0, when |z — 0,

V_is — A-form bounded with relative bound less than 1,

d d
We LY(R%LR) + L*RYR), VIV e LF(R?Y) + L*(R?) for some q > 3P>3

Here V. denotes the positive and negative part of the potential V. Let V 4 := V +iA then the quadratic
form

HAAf )= [ Taf @ Vagloydo + [ V) Fagte) de.

Rd

defined on the form domain
1
Hay(RY) = {p e L*R7), Vap, V?pe L*(RY)},

is closed and bounded from below and hence it defines a unique semi-bounded from below self-adjoint
operator denoted Hy (A) (see [I4],[72]). Moreover, C°(R?) is a form core for Hy (A). Hence (A1)
is true and since W satisfies the condition (5.2.14)) of Example we know that W (xy — x3) is
infinitesimally — A, — A,,-form bounded. Applying [I4, Theorem 2.5] one concludes that W (x; — x3)
is infinitesimally Ho(A) ® 1+ 1® Hy(A)-form bounded and subsequently it is infinitesimally Hy (A) ®
1+ 1® Hy(A)-form bounded. Hence (A2) is also true. Moreover, according to [14, Theorem 2.7]
Hy (A) has a compact resolvent and so assumption (DI)) is satisfied.

The global well-posedness in H}L‘,V(Rd) of the Hartree equation with magnetic field

10z = (—iV + A2+ V2 + W« |z|*2
(5.2.20)

Zlt=0 = <0,
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is proved in [91|] together with energy and charge conservation. Furthermore, the assumption (C2))
holds since

[[Wh * 22) 2] 2ay < Wil paay | 1212 |, 2 (R [2] L2 ray < Wil paga) HZHH1 L@l Zlz@e. (5.2.21)
Here W = W, + Wy with Wy € LY(R?Y) and Wy € L*(R?). The mean field problem for this type of
model was studied in [|88)].

Example 5.2.10 (Semi-relativistic bosons with critical interaction). Semi-relativistic systems of bosons
have the many-body Hamiltonian

N
s A 1 ,
HN:ZI —ij—i—mQ—FV(xj)—FN Z m, ZL’Z',ZL']‘ER s

1<i<j<N

with) < XA < Ay, A =2 lim || — (A—Fa)_%

a—o |z
V = Vi + V; satisfying
‘/1 € Llloc(RB)7 ‘/1 = 07 %(x) — o0 when ’LIZ‘| — 0,

Vs is vV —A — form bounded with a relative bound less than 1 .

,m = 0andV is real-valued measurable function

The quadratic form
Alu,u] = (uy V—A +m2uy + (u, Vuy,
Q) = fue L*RY), (-4 +m*)iue LARY), Viue RV},

is semi-bounded from below and closed. So it defines a unique self-adjoint operator denoted by A. In
particular assumption (A1) is verified and (A2) is satisfied thanks to a Hardy type inequality (see for
instance [12, Proposition D.3]). Hence the critical value )., is finite and we have the inequality,

1
Hm « |z|? 2||r2s) < C||Z||§{1/2(R3) |2l | 22 ws) -

Furthermore, Rellich’s criterion shows that A has a compact resolvent. To prove the two limits in (DI),
we use the following argument. For any &, ® € C{(R?) and ¥ € C°(R?),

(@, | ® 18, W < |®]|zswsy 1TV | a2 sy < @[ gremsy 1TV ps2@sy,  (5.2.22)

1
|z — y|

where T' is the operator given by

Tww:L;wEéa

Using Holder’s inequality twice with the pairs (p,q), 2 < q <3, 2 <p < 2and (4, %),
3
2q

3x(&wuywm)ﬂw

3/2p %
P (f H\I’('7y)|’%q(R3) d@}) .
| L6/P(R3) R3

U(z,y)d.

€17 =

1%, < |

|!p

'wm
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By the fractlonal Gagliardo-Nirenberg’s inequality in [61, Corollary 2.4], we see for 0 < a < 1 and
q =

3/2p

19 () (=), )] s

1

3/2

WMN%W%\HHP——
‘ LG/p(RB)

Therefore, using the inequality a®b'=® < ea + €7ﬁbf0r any ,a,b > 0, we get

32 3/2p
ITe(y)) Ww

1
L3/2(R3) |_

<€ (U, /=D T) 2z + g&||\1/||§2(R6))(5.2.23)

LG/p(RS)

Remark that Hardy-Littlewood-Sobolev’s inequality yields

Hmm

<Ol o < 0. (5.2.24)
L6/p(R3) L®-p

So the inequalities (5.2.22)),(5.2.23)),(5.2.24), provide

o

1 g 1-a
(A+ N @10 < Cle+ Il o0 1Bllzages) |0l
L6—p

1
[z —y|

This proves the first limit when A\ — oo, the second one is similar and it is left for the reader.
The global well-posedness in Q)(A), conservation of energy and charge of the semi-relativistic Hartree
equation

(D, (6| @ (A +1)72S;

A
10z =V—A+m?z+V(z)z + ] * |22

Z|t:0 = 20-
are proved in [[73, Theorem 4] for all A\ = 0. The arguments used here extend also to non-relativistic

systems of bosons with a critical interaction W (x — y) = ﬁ The condition N\ < .. can also be
removed with few modifications on the method employed in this article.

Example 5.2.11 (The LLL-model). The LLL-model is related to the modeling of rapidly rotating Bose-
Einstein condensates in the Lowest Landau Level (LLL). We briefly recall it here and refer the reader
to [2|] for more details. Here the scaling is different from the one developped in Subsection[2.1.1] The
one particle state is the Bargmann space given by

l¢|?

2y = {f € L2(C£7 T L ( f))? aéf = 0},

where h > 0 is a small parameter and L(d§) is the Lebesgue measure on C. The space 2y is equipped

with the norm,
- ) -l L(dE)
71, = | 1roF e =5
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2
and it is a closed subspace of L*(C, e_%L(dﬁ )) with a related orthogonal projection given explicitly
by

l¢|2

L(d€)) — Zo

I, : L*(C, e~

g M) = [ 7 gr) 20T,

The many-body Hamiltonian describing the LLL-model in the mean field regime is

N
1
HN = Z 2(h§2852 + h) + N Z ql(f]\[)

i=1 1<i,j<N
where q is the quadratic form defined on ®*Z, by

q(u,u) = 2 f@ mu(& -QF & & ; Ez) - lalel L((df;ll;i?) |

Using hypercontractivity inequalities (see [2, |92)]), one can prove that q is a bounded quadratic form
on \/2 Zy. Hence the assumption is satisfied and since the operator £ 0¢ is unitary equivalent to
the harmonic oscillator the assumptions (A1) and (D1) are also true.

The classical field equation is determined by the following energy functional

_26e?
() = (£, 2[R0 + 11+ a | 7@ Liag), (5.2.25)
C
and the mean field dynamics associated with the LLL-model is given by
, _le?
{zatf = 2(h€0c + h)f + 2010, (e |f) f (5.2.26)
fii=0 = Jo.

Denote F; the space of entire functions such that
212
f (1 + |21 (2)PeF L(dz) < +on.
C

The global well-posedness of (5.2.20) on the space F; has been obtained in [92] for s = 2 together
with energy and charge conservation (see [L1|] for s = 0). Actually, the quantity {f, h&0,f) is also
preserved for initial data in fo € F} hence one can show that (5.2.26)) is well-posed in F} with energy
and charge conservation.

5.3 Properties of the Quantum Dynamics

In this section we show that under the assumptions (AT)-(A2)) the quadratic form defines a
unique self-adjoint operator H . Thereafter, a useful regularity property of the related quantum dy-
namics is stated in Proposition [5.3.5]
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5.3.1 Selfadjointness

Remember that the quadratic form ¢ satisfies (A2)) and qu), gy are defined respectively by (5.2.5) and
(5.2.6).

Lemma 5.3.1. Assume (A1)-(A2). Then, forany 1 <i < j < q( ") extends to a symmetric quadratic
formon Q(A; + A;) € ®" 2. Moreover, for any ® € Q(A; + A i)

g (@™, M) < al®™ A+ A; 0y £ bd™]2, (5.3.1)

Proof. Once the estimate (5.3.1) is proved for any (™ e @9"(Q(A), the extension of qg}) to the do-

main Q(A; + A;) is straightforward since 9" Q(A) is a form core for A; + A;. A simple computation
yields for any ™, U™ e @97Q)(A),

g!) (@, W) — ") (15 ;&™) T1(; 5y @™, (5.3.2)
where I1; ;) is the interchange operator defined in (5.2.1) with o = (z, j) is the particular permutation

12 ««« 4 o+ § o m
O (A S B
Moreover, one remarks that
(M @™, Ay + Ag Tl jy Ty = (@M A; + A; 0™y

Hence, it is enough to prove (5.3.1) for i = 1 and j = 2 and ®™ e @9"Q(A). Let {ex}ren be an
O.N.B of Zj such that e, € Q(A) forall k € N. For r € N*, r = (rq,- -+ ,7,), we denote

e(r)i=e,® Qe €R'Zy.

Remark that {e(r)},enn is an O.N.B of ®" 2, and for any & € ®@9"Q(A) one can write d™ =
D venn A(1)e(r) (we may assume without loss of generality that the sum is finite). Hence

"3 (@™, M) = | T X(r)A(s) ¢i's (e(r), e(s))]

r,seN”
Z Z )‘ 7’1,7“2,7’3, Tﬂ>er1®er2; Z )\(81,82,7“3,-" 77071)651 ®€82
73 71,72 81,52
Z < Z )\ Tl,’l"g,’f‘g, Tn)e’rl@erz;Al +"42 Z >\(31752ar37"' 7Tn)651®682>
' T1,T2 51,52

+b Z |>\ r1,T2,T3, - 7Tn)|2

71,72

<al@™ Ay + Ay 0™y + b [0™ |2, .

The second inequality follows using (A2]). ]
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Remark 5.3.2. A consequence of the last proof is that for any Y) dWN) e a9NQ(A) = Sy @ 9N
Q(A),

¢ (™ oMy = ¢ B (g™ ™).

Y

Lemma 5.3.3. Assume (A1)-(A2). Then qy extends to a symmetric quadratic form on Q(HY) = vV Z.
Moreover, for any ¥\N) e Q(HY,),

lgv (U, UMY < @ (BN HR TN + N[ T2 (5.3.3)

Proof. As in the previous lemma, it is enough to prove the inequality (5.3.3) for any ¥ € vV Q(A).
Lemma 5.3.1] with Remark [5.3.2] yield the estimate:

N(N—=1) (v
a (U W) = Y ()
N

5 L™ A+ A0 o U™ ]

\I/(N))|

Y

Using the fact that (U), A; + A, 0N = 20 HS UN)S we obtain the claimed inequality. &

The lemma above allows to use the KLMN Theorem [101, Theorem X.17] since gy is a small
perturbation in the sense of quadratic forms of HY and therefore one obtains the selfadjointness of Hy.

Proposition 5.3.4 (Self-adjoint realization of Hy). Assume (A1)-(A2)), then there exists a unique self-
adjoint operator Hy with Q(Hy) = Q(HY,) satisfying for any ¥N) W) e Q(HY,)

W), Hy ™y = (W) HL00) 4 g (W), 90,

5.3.2 Invariance property

A straightforward consequence of Proposition is that the form domain Q(HY) is invariant with
respect to the dynamics of Hy. However, we would like to have a quantitative uniform bound on
W™ HOUMNY for every t € R. Here

PN = et g ()

Proposition 5.3.5 (Propagation of states on Q(HY)). Let WW) e Q(HY,) such that [¥™) |~z =1
and satisfying:
3C > 0, YN e N, (U™ HO WMy < CON.

Then there exists a constant Cyp, > 0 independent of N such that for anyt € Rand N € N,

WM OO < €, ,N.
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Proof. Since 0 < a < 1 the inequality +qy < aHY + bN implies that HYy < = Hy + 72N in the
form sense. Let UWY) e Q(HY,) then for any t € R,

1 b
@ HRwM) < E<W§N),HN‘I’§N)>+EN

1+a 2b
< Py oY) N

1_a< Y N >+1_a
< (1+a)0+2bN

1—a

The second inequality follows using the fact that (U™, Hy 0™y = (&™) Hy U™y and Lemma
I

5.4 Duhamel’s formula

The main result provided by Theorem|5.2.2)is the identification of the Wigner measures of time-evolved
states oy (t). According to the Definition of Wigner measures one needs simply to compute the
limit when N — oo of

In(t) := Tr [on(H) W(V2r€)] = (B W(V2me) Ty

This task may seems quite simple but since the quantum dynamics are non trivial it is unlikely that
one can compute explicitly the above limits. Therefore it seems reasonable to rely on the dynamical
properties of Zx(t) as for non-homogenous PDE and write a Duhamel’s formula satisfied by Zy(¢).
The point here is that all the possible limits of Zy (¢) have to satisfy a limiting integral equation. And
if one can solve the latter equation then it is possible to identify the Wigner measures of oy (¢). This
strategy was introduced in [12] for Schrodinger dynamics with singular potential. Here we improve it
and extend it to a more general setting.

5.4.1 Commutator computation

In order to derive the aforementioned Duhamel’s formula, we differentiate the quantity Zx(¢) with
respect to time. This roughly leads to the analysis of the commutator \V(y/27€), Hy — HY]. Since
the Weyl operator do not conserve the number of particles the latter quantity has to be expanded in the
symmetric Fock space. To handle this computation efficiently we use the Wick quantization procedure
explained in Section and rely particularly in the properties of the class of symbols Q, ,(A). We
suggest the reading of Section [2.1.4] before going through this subsection.

Recall that Q,, = Q(HY) is a Hilbert space equipped with the inner product (2.1.13). The class of
monomials Q, ,(A) is defined by and the energy functional satisfies:

h(z) ={z,Az) + %q(z@, %) e Q11(A) + (Q22(A),
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with the following relation holding for all U™ &™) e Q(HY,),

. 1
O HydWNy = (P ~1pWickg(N)y - when e = ¥
The above identity stresses the relationship between the many-body Hamiltonian A and the Wick
quantization of the energy functional h(z). It allows to exploit the general properties of Wick calculus
while we deal with the dynamics of Hy.

We define the following monomial g, for any z € Q(A), s € R,

B(2) = gal(e42)%, (e7*42)%?) =

and check that under the assumption (A2),

R T CRS O W CY R

' 1, ‘ o p /
gs € Q22(A) with g, = 5 e ® €18, (S, e @ e e L(99,9,).

with the monomials (g;(&, s)[2]);=1,2,34 defined by:

2
@& s)z] = —mIm (222, 86 @2), @& s)[z] = — % Re q(28%,£2%) + 2m°q(S26s @ 25, $26s @ 24)

4
B =T g . 86©2),  wlE )] =T a6,
(5.4.2)
and the notation:
£ = e g, zg = e "y,

Lemma 5.4.1. Assume (A1)-(A2)), then one checks that

q1(€,5)[z] € Qa1(A) + Q12(A), 3@(&,8)[2] €Q20(A) + Qo2(A) + Q11(A),
33(§,8)[2] € Qio(A) + Qo1(A), q1(&, 5)[2] €Qo0(A).

Proof. This result is a straightforward consequence of Proposition [2.1.30] (iv). However for reader
convenience we provide a direct proof. Remark that ¢; (¢, s)[z] is a linear combination of two conjugate
monomials. So it is enough to check that ¢(2%* £ ® 2) € Q) 2(A). In fact, we have

b(2) = (%%, E®2) = (%,5G6®2)
(®,84(15H®1)2).

This implies that there exists a unique operator b = S, ¢ |€) ® 1 such that for any z € Q(A),

b(z) = (z%%b2).
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Moreover b € £(91,£)) (here ,, = Q(HY)) since £ € Q(A) and
((A1 + A+ 1)72(A+1) 2R (A+ 1)5> (A+1)2)®1 € L(Z,8%Z).

Hence b € Q) 5(A) and b € Qy;(A) according to Proposition (2.1.30) (i). ]

Proposition 5.4.2. For § € Q(A) and e =
forms on Q(HY,),

%, we have the following equality in the sense of quadratic

%{qw’“ W(\@TE)] = W(V2mE[ ), & ai(69)" ], (5.4.3)

where q;(€,s), j = 1,2, 3,4, are the monomials defined in (5.4.2) and q; is given by (5.4.1).

Proof. This follows by applying Proposition [2.1.30] (v). ]

5.4.2 Integral equation

Let (U)) yey be a sequence of normalized vectors in Q(HY) < \/N Z satisfying the hypothesis of
Theorem[5.2.2] The time evolved state is

on(t) = UM where  UY) = eitHN (V)
Actually, it is convenient to work within the interaction representation
on(t) = [T where UV = R it g (V) (5.4.4)
Our aim in this subsection is to write an integral equation (or Duhamel’s formula) satisfied by the map
tes T () = Tr [an () W(V2rE)] = (B W(V2re) T (5.4.5)

and to put it in a convenient form in order to carry on the limit N — co.

Proposition 5.4.3. Assume (A1)-(A2) and consider a sequence (V') yen of normalized vectors in
Q(HY,). Then for any ¢ € D(A) the map t € R — Jy(t) defined in (5.4.5) is C' and satisfies for
e=+andallteR,

) = 750 1 [ GO e (wien) [ 549

J=1

where q;(€,s), j = 1,--- .4, are the monomials given in (5.4.2).
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Proof. By Stone’s theorem one can see that 7y (#) is continuously differentiable since W) € Q(Hy) =
Q(HY). So one obtains

d ~ . .
iEJN(t) — <\1/£N),W(\/§7T§)6”H?V(HN—HR,)G_”HN\I/ > <eth0 (H HN) —itHy (N (\fwg)\I/(N >
Using the fact that 8_1q|W}VC§ Hy — HY = qu in the sense of quadratic forms on Q(HY,) and

Proposition [2.1.30 we see that
&jN@) _ < :: th quck —thN\I/ (\/>7Tf) (N)>+<\I/ (\/>7T§) th chk —itHN\I/(N)>
_ §<\I[§N)’ l Wick W(\fﬂf)] N)>

where ¢;(z) = Qq(zt 22 e Q, 2(A). The commutator and the duality bracket in the last equations
make sense s1nce W(\f Wf)\I/(N Q(dF(A) + N) by Proposition 2.1.31} So, the N component
[W(v2rg ) ] M belongs to Q(HY,). Now, we conclude by applying Proposition [5.4.2, ]

5.5 Convergence arguments

We have established in the previous section an integral equation (5.4.6)) satisfied by the quantity Jx ().
Here we consider its limit when N — oo. The main steps are the analysis of ;7 (¢) and the extraction
of subsequences (Vi )ren that would lead to a convergent integral equation for all times. This is achieved
under the assumptions (D1)) and (D2).

5.5.1 Convergence of 0,7 (t)

The following property is crucial for the proof of convergence.

Proposition 5.5.1. Let {on = |V UWN) |} vons be a sequence of normal states on v Zy such that
M(on, N € N) = {u} and

3C' > 0,VN € N, <x11<N>, HY UMy < ON . (5.5.1)

Assume (A1)-(A2)) and suppose that either (D)) or (D2)) is true, then for any & € Q(A) and for every
selR,

Jim O WH2mE) [qu (€, 8)]ViF 0Ny = [ 2T Re &2y (€ 5)[2] du(z) (5.5.2)
Neoi” Zo
where z, = e 42 £, = ez and q1(€,5)[2] = —7 Im (282,85, &, ® z,).

Proof. For simplicity we assume s = ( since the proof goes exactly the same when s # 0. The
following writing holds for any &, z € Q(A),

2¢1(£,0)[2] = —27 Im q(2®?, 5, € ® 2) = iwB1(2) — inBa(2),
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with

Bi(2) = ®2,8 %%, Ba(z) = (7S (£®2)).
By the assumption (A2), the two symbols B; and B, belong to Qs 1(A) and Q; »(A) respectively with

Bi={{|®18 78 € L(9:,9]), B=8iS[H®1eL(Q,9)),

and for any z € Q(A), B1(z) = (z, B,2®%) and B,(z) = (2®2, B,z) with the property B, (z) = Bs(z).
We will use an approximation argument. Let y € C°(R) such that x(z) = 1if |z] < 1, x(z) = 0if
|z| = 2and 0 < x < 1. We denote for m e N*, x,,,(x) = x(£) and HY = A, H) = A; + A, and set

Bl,m = Xm(H?) Bl Xm<H§> S ,C(\/zZ(), Zo) , BZ,m = Xm(Hg) BQ Xm(H?) S ;C(Zo, VZZO) s
and
By im(z) = {z, Bl7mz®2>, Bom(z) = <z®2, By mz).

Since (DI)) says that A has a compact resolvent and both operators (H{ + 1)*5351(}[3 + 1)*% and
(HY + 1)_%B2(H O+ 1)_% are either compact or bounded, we see that B ,,, are compact operators once
we assume (DT)) or (D2). We now write the following inequalities for j = 1,2,

(I, W(V2rg) B W) — (e e €2 By (2))] < AT + B + €™ (5.5.3)
where
A = [, WVRRE)[B; — By W),
B =[O W(v2rg) BRGNP R gy ()],
and

O = (R By () — (TR B ()]

To prove the limit (5.5.2)), we show that all the terms Ag.m), B](-m), C](-m) can be made arbitrary small for
all N larger enough by choosing a convenient m € N.

The term Cj(-m): By dominated convergence theorem the quantity C](-m) tends to 0 when m — oo for
j = 1,2. In fact B () converges to B;(z) for all z € Q(A) since s — lim x,,,(Hj) = Id . Moreover,
we have for some C’ > 0 and any z € Q(A),

|Bim(2)] < C'Elloeay 121604y 12126 - (5.5.4)

since B, ,, are in Q; »(A) or Qs 1(A) and by Proposition [2.2.22| we get the a priori estimate:

| Fllntelz dutz) < 0 559
0

The term B](-m): Since ij are compact operators for j = 1,2 and any m € N*, the quantity Bj(.m) —0
when N — oo owing to result proved in [9, Theorem 6.13] and [9, Corollary 6.14].
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The term .Ag.m): We consider only j = 1 since the case j = 2 is quite similar. We write for any

zeQ(A),
By(2) = Bim(2) = (2, (1 = X (HY)) B1 2%%) + (2, Xon (HY) B1 (1 = X (H3)) 22%) =: Un(2) + Ua(2)

and check that Uy, Uy € Qy1(A). Let ®VY = [W(y/271&) UM WV-1 pe the (N — 1) component
of the vector W(v/27&)¥™™) in the symmetric Fock space I',(Z,). By Proposition [2.1.31| we see that
dN=1 e Q(HY_,). So, one obtains

Agm) _ <(I)(N—1)7U1VVick \IJ(N)> + <@(N—1)’u21/l/ick \I/(N)>.

(1) 2)

Now estimate each term. Let denote ,,, = 1 — x,, thenfor A > O and ¢ = %,

'(1)’ = ‘<¢<N—1>,g3/2 N(N —1)28y-1 Xp(H)) By @ 12 90y

< ‘%(H?) ® 1821, By @102 v

Y

< a(A)H(H? £ 02, (D) @ L2

H(Hg +1)2 @12y

where

— 0, when \ — .

a(\) = H(H? AV (HD + 1)
L(\V? 20,20)

Remark that the spectral theorem yields,

* = -1 1
¥m e N*, [X,,(4) (A+1)72[ 7z, < —

So using the assumption (5.5.1)), the symmetry of ®¥=1) and Proposition [2.1.31} one obtains

)
<COnj1+ 2,
m

form some C; > 0 independent of N. Hence |(1)| < a(\)4/1 + 2 and if we choose A = m we see

that |(1)| — 0 when m — 0.
Similar computation yields for A large enough

— 0, when A\ - .
L(v2Z0,20)

H(H? )2, (H) @ 12D

~—

Xon (H3)(H3 + X)) @ 1729

?

‘(2)‘ <7 (A)H(H?H)”?@lw?)q)uvl

where

BA) = H(HiJ + 1) 2By (HY + )2
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So by the same argument above we conclude that [(2)| < 3())4/1 + 2 and if we choose again A = m

we get |(2)| — 0 when m — .

This proves the claimed limit (5.5.2) for any £ € D < Z,. So we extend this result to any £ € Q(A)
by an approximation argument. In fact take for any £ € QQ(A) a sequence (&, )men such that &,, — £ in
Q(A). Write

W W(V2mE) [q1 (6, 0)]V ) — | 2R, (€,0)[2] dp(z)] < A+ B 4

)

with

Am — ‘<q,(N)7 (W(\@wf) _ W(\@me)>q1(f,0)WiCk\Il(N)> :

B = [(U), W(Vargn) aa(€,0)V BN — (e e g ,0)][2])|,

and
Cm — (e mRe €2y (€, 0)[2]) — (R €2, (¢, 0)[2])]

So using Number-Weyl estimates in [0, Lemma 3.1], one shows that A™) < ||¢ — &,.|| z, and hence
A™) — 0. Now, B{™ — 0 by the result proved above and C™ — 0 by (5.5.4)-(5.5.5) and the domi-
nated convergence theorem. ]

5.5.2 Existence of Wigner measures for all times

Wigner measures and their properties were studied in infinite dimensional spaces in [9]. A result
proved in [9, Theorem 6.2] says that for any sequence of normal states {on(t)}yen as in (5.4.4) we
can extract a subsequence (Vi)ren such that gy, (¢) has a unique Wigner measure fi; according to
Definition However, the subsequence may depend in the time ¢ € R. So, in order to carry on the
limit on the integral equation (5.4.6) we need to extract a subsequence (Vi )xen for all £ € R that gives

M(0n, (1), k € N) = {fu}.

Proposition 5.5.2. Let {oy = |V N WU |} vy be a sequence of normal states on v Zy such that
3C > 0,VN e N, (U™ HO9W)y < ON

and M(on, N € N) = {uo}. Then for any £ € Q(A) and for any subsequence (Ny)ren there exist a
family of probability measures (ji;)iecr on 2o and a subsequence (Ny,)ien such that for all t € R,

TeN) - ()

(3R €Y Z 0 (£2TReED) 4 4 f s (2R 6D (¢ 8)[2]) ds
0 (5.5.6)

t
:'ao(eQiﬂRe(f,Z}) f ﬂ ({QS 217rRe<§ Z>})

HO HO
it H it H
(‘6 Nkl e'L Nkl\I/ Nkl ><e Nkl 61 Nkl\I] Nkl

and the following Liouville equation is satisfied for any £ € Q(A),
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with Zs = eiiSAz’ gs = eiiSAg’ q1<£78) = —7m Im Q<z§2782 fs X ZS)’ QS<Z) = Qq(z§272§2) and the
bracket {b1(2);b2(2)} equals to 0:b1(2) - 0,ba(2) — 0sba(2) - 0,b1(2).

Proof. The extraction of such subsequence (/Ny, )y for all times follows by an Ascoli type argument
proved in [[11, Proposition 3.3]. Here we briefly check the main points. Wigner measures are identified
through (5.2.8)). Hence we consider the quantities:

Gr(t,€) = WY W(v2re) V),

We wish to prove the existence of a subsequence (N, )y such that G N, (t,€) converges for all t € R
and £ € Z,. For this, we exploit the regularity of the functions G'x(t, ) with respect to ¢ and £. In
some sense we have to prove that the family (G y)ney is equi-continuous on bounded sets of R x Zj.
By using Lemma 3.1 in [9] we get for {,n € Q(A),

I[W(V218) = W(V2mn) [(N + 1)72 | e, 20y S 1€ = nllz, \/Hé“H?zo +nlz, +1.

Therefore, the following estimate holds

G (t,€) = G (t, )] < IE =l A/IE1Z, + Inl%, +1. (5.5.7)

On the other hand by using Proposition [5.4.3] Proposition [2.1.30] (iii) and Proposition [2.1.31] we get
forany s,t e R,{ € Q(A) and e = =,

|Gn(s,6) — Gn(t, )]

\/>7T§ 25]1] kalll >d7“

;
<1+ HﬁHQ(A)) s — ¢ sup (A1 + 120N (14 [€]Ge) |s — 1

s<r<t

Hence combining (5.5.7) with the latter inequality one gets for any 7, € Q(A) and s,t € R,

G (t,€) — Gn(s.m)| < [s — (1 + €l gea) + € = nllz, \/Ilfll?g0 +[nlz, +1.

Furthermore the uniform estimate |Gy (t,£)| < 1 holds true. By an Ascoli type argument as in [11}
Proposition 3.3] and [12} Proposition 3.9], we see that for any sequence (Nj)xen, there exists a subse-
quence ( Ny, )ien and a family of Borel probability measures (fi;):«cr on 2 satisfying for any ¢ € R,

1

Now to prove the integral equation (5.5.6), we use Proposition |5.4.3|with £ = 5—,
l

t 4
To, (1) = T, (0) +1 [ W WO N 060 M T ds. 6559
0 j=1
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with the monomials (¢; (&, 5));=1,2,34 given by (5.4.2). The estimates provided by Proposition [2.1.30

(ii1) and Proposition [2.1.31| give the convergence towards 0 of the terms involving q] (&, 5)Vick 4§ =
(Ni,)

2,3,4 when [ — co. Applying the Proposition|5.5.1|to the subsequence ]\If Niw) ><\Il
claimed equation (5.5.6). Remark that in order to check the hypothesis (5.5.1]) of Proposnion 5.5.1we
have used Proposition[5.3.5] 1

5.6 The Liouville equation

Once Proposition is proved we are led to the problem of solving a Liouville (continuity or trans-
port) equation in infinite dimension which already admits measure-valued solutions. So the point is
to prove uniqueness. The method we use for uniqueness here is introduced in [12] and uses some
techniques from optimal transport theory initiated in the book [3]].

5.6.1 Properties of measure-valued solutions to Liouville equation

We need some preliminaries. The sets of all Borel probability measures on Z, and ()(A) are denoted
by B(Zy) and P(Q(A)) respectively. We introduce some classes of cylindrical functions on Q(A).
Denote P the space of finite rank orthogonal projections on QQ(A). We say that a function f is in the
cylindrical Schwartz space S.,i(Q(A)) (resp. Cg”,,,(Q(A))) if:

I eP, Ige SpQA)) (resp. Ciry(pQ(A))), ¥z € Q(A), f(2) = g(pz).

The space Cy".,,(R x Q(A)) of smooth cylindrical functions with compact support on R x Q(A) will
be useful too and it is defined in the same way. Denote L,(dz) the Lebesgue measure on the finite

dimensional subspace p()(A). The Fourier transform of functions in S, (Q)(A)) are given by

FLAE) = JQ(A) f(2)e 2 Re GO L (d2),
P

After fixing a Hilbert basis (e, ),en+, the space Q(A) can be equipped with a distance,

ﬂfl—fBQ

Z {1 — $27€n>QA)|2
neN*

It induces a topology globally weaker than the weak topology. However these two topologies coincide
on bounded sets of Q(A).

The norm and d,, topology lead to two distinct notions of narrow convergence of probability measures.
On the one hand, a sequence ( /i, ) ey is narrowly convergent to p € P(Q(A)) if

lim f(2)du,(z J f(z)du(z (5.6.1)
n—+00 Q(A)

for every function f € Cy(Q(A), || gca)). the space of continuous and bounded real functions defined

on Q(A) with the norm topology. On the other hand, a sequence (4, ) nen is weakly narrowly convergent
if the limit (3.6.1)) holds for all f € CP(Q(A), d,,).
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moments SQ ) |2|Z dfiu(z) < 1forall k € N thanks to Proposition [2.2.2 } With this property, the
weak narrow continuity of the map ¢ — fi; can be checked according to the convergence (5.6.1) for all
f € Seu(Q(A)) or for all f e Cf,,,(Q(A)) (this is proved in [5, Lemma 5.1.12 f)]).

Remarks 5.6.1. The notion of weakly narrowly convergence on 3(Z2,) can be defined similarly by
replacing QQ(A) by 2, in the previous preliminary and replacing the distance d., by d,, z, defined as

follows:
d 2 («771 _ x2 \/2 |<1’1 x27fn>20|
w,Zg

neN*

The family of probability measures (fi;);cr provided by Proposition [5.5.2/ have uniformly bounded
2

where (fn)nen= is a Hilbert basis of Z,.

Proposition 5.6.2. Let {|{ U™ UN)|} vy a sequence of normal states in \/N Z, satisfying the uniform
estimate:
3C > 0,¥YN e N, (v™ HOwWy < ON .

Consider an extracted subsequence (Ny)ren according to Proposition such that for any t € R,

MTPNT| ke NY = {i,}

where \TIEN’“)

is given by (5.4.4). Then the Borel probability measures [i; on Zq satisfy:
(i) fi; are Borel probability measures on Q(A).
(ii) The map t — [i; is weakly narrowly continuous on Q(A) and Z,.

(iii) The measure [i; is a weak solution to the Liouville equation
Ofiy + 1{qi(2); fie} = 0,

i.e: forall f e Ocyl(RXQ( )

f f (@uf(t,2) + i{an(=), £(t, 2)}) djin(=) dt = 0.
R JQ(A)

itA ®2 . ®2 )

where z = ¢4z and q,(z) = $q(2%, 2

Proof. The statement (i) is proved in [12}, Proposition 3.11] when A = —A but the proof works without
any change for a general operator A satisfying (AI)). The proof of the statements (ii)-(iii) are also
essentially the same as in [12, Proposition 3.14]. We briefly sketch here the main arguments.

(i1) Weakly narrowly continuity:

The characteristic function of /i; as a probability measure on Q)(A) is given by

(t g) ( 2im Re (€, (A+1)z>zo)

The following inequality holds as in [12, Proposition 3.11] for any &, £’ € Q(A),

6(0,6) - G(t.€) < 7l — oy [ ol di). 562
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Since by Lemma there exists a time independent constant C’ > 0 such that <\II,EN), H]({,\Ing)> <
C'N, one obtains using Proposition [2.2.22|the uniform estimate,

| Wl dz) < € (5.63)
0

Subsequently for any £, &' € Q(A),

G(t,€) = G, &) < 1§ = &l (5.6.4)

On the other hand for any £ € Q(A) and ¢, ¢’ € R, the following estimate holds true

t
|G(t',€) — G(t,8)] < \J fis (e Re & 2g, (¢ 8)[2]) ds| < (C"+ 1) [t —¥'] |€|geay,  (5.6.5)
Y

owing to Assumption (C2)) and Proposition [2.2.22| Now let g € S.,;(Q(A)) based on pQ)(A) and

1,(t) = f 9(=) diin(=) = f FI9I(E) G(€.1) Ly(de).
pQ(A) pQ(A)

Then we easily check:

o t — Flg](&) G(t,€) is continuous owing to (5.6.5).
o { — Flgl(€) G(t,€) is bounded by a L, (d&)-integrable function.

Thus I,(-) is continuous for all g € S.,;/(Q)(A)) and the bound (5.6.3)) holds true. Hence we can apply
Lemma 5.12-f) in [5] and then conclude that the map ¢ — /i, is weakly narrowly continuous in Q(A).
The weakly narrowly continuity on Z; follows by a similar argument.

The Liouville equation:
Integrate the expression (5.5.6) with F[g](£)L(dz), hence Vt € R, Vg € S, (Q(A)),

O, (t) =i f

{q:; 9} (2)dju(2),
Q(A)

with ¢;(z) = 1¢(2%*, 2F%). Multiplying this expression by ¢ € Ci°(R) and integrating by parts yields

f f (@uf(t,2) + itan(2), £(t,2)}) dfi(=)dt = 0,
R JQ(A)

with f(t,z) = g(2)é(t). To conclude, we use the density of C¢°(R) @ Cf,,,(Q(A)) in CF,,,(R x
Q(A)). "
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5.6.2 End of the Proof of Theorem 5.2.2]

Proof. Assume the hypotheses of Theorem and consider for a given time ¢ € R the family of
normal states,
~ ~ . 0 0
éN(t) _ |\II£N)><\II§N)| _ |eth —itHy N)><6th ZtHN\If(N)| ‘

Suppose that v is any Wigner measure of gy(¢) then there exists a subsequence (Vi )ren such that
{v} = M(on,(t), k € N) according to Definition By Proposition|5.5.2|and [5.6.2] we can extract
a subsequence (N, )en such that for all s € R,

M(on,, (s), 1€ N) = {5} within particular i, = v.
We know by Proposition[5.6.2]that s € R — fi, solves the Liouville (transport) equation
Osfis + 1{as (), fis} = Osfis + V' (vs(2)1s) = 0,

in a weak sense, i.e.: Forall f € (R x Zy),

0 = || @) i) 200 di)as
Q(A)
- f J (5,2) + Re (us(2), V. (5,2))z, dfis()ds
where v,(2) = —ie"4[d:q0(e7%42), ¢5(2) = $q(28?%, 2%2), 2z, = e7**42. Here v, have the interpreta-

tion of a Velocr[y vector field and V is the real derivative in Z,. By Proposition[5.3.5] we see that for
any s € R, N N
WY, Hy oY) < C'N

for some time independent constant C’ > 0. Thus Proposition [2.2.22| gives for any s € R,
| et 1e12, daat) <
Q(A)

So using assumption (C2)), for every T' > 0,

T

J J [va(2) |12, dfia(2) ds < +o0. (5.6.6)

0 Jz,
Now the abstract field equation
10z = Az + [0:q0](2),

can be written in the interaction representation as follows:

Oz = _ _iitA (’/32 —itA

{ iz = v(2) ie"[0zq0](e7 " 2), (5.6.7)

Z‘tzo = 20-

So the above equation (5.6.7) is globally well-posed on )(A) thanks to the assumption (CI)). Remem-
ber that Proposition[5.6.2]says that the map s — /i is weakly narrowly continuous on Z,. Subsequently
the measures (i) scr is satisfying all the assumptions of Theorem Then we get

Vs eR, ji, = ©(s,0) * o,
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where ®(s,0) denotes the well defined flow of the equation (5.6.7). In particular one gets the equality

v = ®(t,0) = pp. Since v is any Wigner measure of (9 (t))nen, One obtains
M(an (), N € N) = {O(t,0) = 110} .
Back to the family of normal states,
on(t) = e N Gy (t) N
We notice that e X (€)e X — W(eiA¢) hence a simple computation yields for any ¢ € R,
M(e R G (8) e N e N) = {(e7™) v, v € M(on(t), N € N)} = {(e7"),(D(¢,0).110)}.

Finally, remark that ®(¢,0) = e~4 o ®(t, 0). So the main Theorem is now proved. ]

5.7 Ground State Energy

In this section we give a proof of the mean field approximation of the ground state energy of trapped
many-boson systems (Theorem [5.2.4)). Such a result is already proved in a general framework in [77]
using a quantum De Finetti theorem. Here the proof comes as a byproduct of general properties of
Wigner measures and we presented here as an illustration to our phase-space approach [9, 10, [11} [12].
The proof is based on the key Lemma below.

Lemma 5.7.1. Assume (A1)-(A2) and suppose that A has a compact resolvent. Let {|{ U)WV} v
a sequence of normal states on v~ 2, satisfying:

3C > 0, YN e N, (U™ HOwMy < CON. (5.7.1)
Then any Wigner measure p of {|UN) WM} vy satisfies the equality
ILL(S%()) = 17
where S}O is the unit sphere of the Hilbert space Z.

Proof. Without loss of generality we can assume that M ([T UM| N e N) = {u}. Remark that
the Wigner measure y is supported on the unit ball B(Z,) owing to Proposition [2.2.22] We shall prove

J |2]1%, du(z) = 1. (5.7.2)
)
Indeed if (5.7.2) holds then

| 1=t dne =0 = [ 1- Jel, duts), and p(sh,) = 1.
2o B(2y) ~Y—~—"

=0
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Since A has a compact resolvent then A = 3.7 \;|e;){e;|, with (e;);=0 is a O.N.B of Z,, \; > 0 and
lim \; = +oo. Hence if C(R) := jn}% A; then
>

i——+00

lim C(R) = +o0.

R—+0

Therefore the following estimate holds true

R 0 0
by
@M 3 e W) = 1= U, fepde W) = 1= (U0 3T —Tecfe; e ™)
i=1 i=R+1 i=R+1 C(R)
C

1

~lTom

TN ATy > -
< s 411 > C(R)’

since (UM A, V) < O by (5.7.1)). Taking the limit N — oo, we get by Proposition[2.2.21

R
. C
lim (U pWick (V) :J 2, ) eiNei| 2> du(z) =1 — ——, (5.7.3)
( ) ZO< ;_ll Xeil 2y du(z) o)

N—o0

where b(z) = (2,327 e ei] 2) € Pra(Z0) and b = S |eXei| € L2(Zy). So, we finish the proof
by the dominated convergence theorem. 1

5.7.1 Upper bound
For any ¢ € Q(A), |¢|z, = 1, take Y) = x®N e Q(HY,). Compute

N(N —1
O,y 5y = (0N, ey NV D cen ey

oN
N(N —1
= N{p, Ap) + %CI(@@Z, ©®?).
Hence
E(N 1
g\, ) < {p, Ap) + 5(1(@@2,90@2) = h(p).
Then E(N
lim inf W) < inf h(yp).
Now N eQ(A)]plz=1

5.7.2 Lower bound
Let {U™} vy be a minimizing sequence such that W) e Q(HY,), [$W) |, nz, = 1 and

1 B(N) 1
— (U Wy < o
AR ARy
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Owing to Assumption (A2)), there exists C; > 0 such that

1

S Hy v 4 0y >0,
and equivalently

1 .
N@IJUV), Hy UMy 4 0y = (W) p()Vick gy > 0

|€:N

where b is a non-negative monomial on ()(A) given by

b(z) = %<z®2, AR1+1® A% + %q(z@, 2®2) + C1 (2%, 2%y € Qy5(A) .

Wick quantization and the classes of symbols Q,, ,(A) are introduced in Section Now Proposition

P223 yields

E(N
lim inf (V) +C = f b(z) du(z) + Cy = f h(z) du(z) + Cy,
N Q) Q)

N—oo

where 1 is any Wigner measure of {|{ W)WM}y . So using Lemma we obtain the desired
lower bound.
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