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Résumé

Cette these est dédiée a I'étude mathématique de quelques modeles de trafic
routier congestionné. La notion essentielle est 1’équilibre de Wardrop. Elle poursuit
des travaux de Carlier et Santambrogio avec des coauteurs. Baillon et Carlier [12]
ont étudié le cas de grilles cartésiennes dans R? de plus en plus denses, dans le cadre
de la théorie de I'-convergence. Trouver I’équilibre de Wardrop revient a résoudre
des problémes de minimisation convexe.

Dans le chapitre 2, nous regardons ce qui se passe dans le cas de réseaux généraux,
de plus en plus denses, dans R?. Des difficultés nouvelles surgissent par rapport
au cas initial de réseaux cartésiens et pour les contourner, nous introduisons la
notion de courbes généralisées. Des hypotheses structurelles sur ces suites de réseaux
discrets sont nécessaires pour s’assurer de la convergence. Cela fait alors apparaitre
des fonctions qui sont des sortes de distances de Finsler et qui rendent compte de
I’anisotropie du réseau. Nous obtenons ainsi des résultats similaires a ceux du cas
cartésien.

Dans le chapitre 3, nous étudions le modele continu et en particulier, les pro-
blémes limites. Nous trouvons alors des conditions d’optimalité a travers une formu-
lation duale qui peut étre interprétée en termes d’équilibres continus de Wardrop.
Cependant, nous travaillons avec des courbes généralisées et nous ne pouvons pas ap-
pliquer directement le théoréeme de Prokhorov, comme cela a été le cas dans [12,39).
Pour pouvoir néanmoins 1'utiliser, nous considérons une version relaxée du probléme
limite, avec des mesures d’Young.

Dans le chapitre 4, nous nous concentrons sur le cas de long terme, c’est-a-dire,
nous fixons uniquement les distributions d’offre et de demande. Comme montré
dans [31], le probleme de ’équilibre de Wardrop est équivalent a un probléme a
la Beckmann et il se réduit a résoudre une EDP elliptique, anisotropique et dégé-
nérée. Nous utilisons la méthode de résolution numérique de Lagrangien augmenté
présentée dans [21] pour proposer des exemples de simulation.

Enfin, le chapitre 5 a pour objet ’étude de problemes de Monge avec comme cotit
une distance de Finsler. Cela se reformule en des problemes de flux minimal et une
discrétisation de ces probléemes mene a un probleme de point-selle. Nous le résolvons
alors numériquement, encore grace a un algorithme de Lagrangien augmenté.

Mots-clés : probleme de Monge, trafic congestionné, équilibre de Wardrop, I'-
convergence, courbes généralisées, conditions d’optimalité, mesure d’Young, pro-
bleme de Beckmann, EDPs anisotropiques et dégénérées, Lagrangien augmenté, si-
mulations numériques, distance de Finsler.
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Abstract

This thesis is devoted to the mathematical analysis of some models of congested
road traffic. The essential notion is the Wardrop equilibrium. It continues Carlier
and Santambrogio’s works with coauthors. With Baillon [12] they studied the case
of two-dimensional cartesian networks that become very dense in the framework
of I'-convergence theory. Finding Wardrop equilibria is equivalent to solve convex
minimisation problems.

In Chapter 2 we look at what happens in the case of general networks, increa-
singly dense. New difficulties appear with respect to the original case of cartesian
networks. To deal with these difficulties we introduce the concept of generalized
curves. Structural assumptions on these sequences of discrete networks are neces-
sary to obtain convergence. Sorts of Finsler distance are used and keep track of
anisotropy of the network. We then have similar results to those in the cartesian
case.

In Chapter 3 we study the continuous model and in particular the limit pro-
blems. Then we find optimality conditions through a duale formulation that can
be interpreted in terms of continuous Wardrop equilibria. However we work with
generalized curves and we cannot directly apply Prokhorov’s theorem, as in [12,39].
To use it we consider a relaxed version of the limit problem with Young’s measures.

In Chapter 4 we focus on the long-term case, that is, we fix only the distributions
of supply and demand. As shown in [31] the problem of Wardrop equilibria can be
reformulated in a problem a la Beckmann and reduced to solve an elliptic anisotropic
and degenerated PDE. We use the augmented Lagrangian scheme presented in [21]
to show a few numerical simulation examples.

Finally Chapter 5 is devoted to studying Monge problems with as cost a Finsler
distance. It leads to minimal flow problems. Discretization of these problems is
equivalent to a saddle-point problem. We then solve it numerically again by an
augmented Lagrangian algorithm.

Keywords : Monge problem, congested traffic, Wardrop equilibrium, I'-convergence,
generalized curves, optimality conditions, Young’s measure, Beckmann problem,
anisotropic and degenerated PDEs, augmented Lagrangian, numerical simulations,
Finsler distance.
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Chapitre 1

Introduction générale

1 Reésultats antérieurs et présentation du probleme

1.1 Problemes de Monge-Kantorovich

Le premier probleme de transport optimal a été présenté par Monge en 1781
dans son célebre mémoire [81]. Le probléme consistait a trouver le meilleur moyen
de déplacer un tas de sable (déblais) vers un trou (remblais) en effectuant le moins de
travail possible. Plus précisément, en langage mathématique moderne, étant données
deux mesures de probabilité p et v définies sur R? (nous supposons que le tas et le
trou ont la méme masse, qui est égale a 1). En notant supp(u) = X et supp(v) =Y,
nous cherchons une application 7' : X — Y telle que v = Ty 1, c’est-a-dire, T" envoie
[Lsur v

J T @) du) = [ by dvy)

pour toute fonction h continue et bornée sur R?, et qui minimise la quantité

(1) = [ |T(x) = al du(a)

parmi toutes les applications admissibles.

Plus généralement, considérons la fonction de cotit ¢ : X x Y — R, telle que
c(x, y) représente le travail nécessaire pour déplacer une unité de masse de la position
x € X a une nouvelle position y € Y. Le probleme de Monge devient :

inf {](T) = /Xc(x,T(x)) du(x) v = T#,u} (1.1)

Dans le probleme initial de Monge, le travail était proportionnel a la distance parcou-
rue : ¢(z,y) = | — y| tout simplement. C’était un probleme mathématique difficile,
notamment & cause de la forme hautement non linéaire de la contrainte. Ainsi, si
1 et v admettent respectivement des fonctions de densité f et g assez régulieres et
si T' est injective, la condition v = T devient, apres un changement de variables,
une EDP de la forme suivante :

f(x) = g(T(x))| det(DT (2))].

Une question naturelle pour le probleme (1.1 est de chercher comment prouver
Iexistence d'un élément minimisant. Une idée évidente est de prendre une suite

1



2 Introduction générale

minimisante et de trouver une bonne limite. Cependant, on ne peut pas utiliser
des arguments classiques de compacité (quelle que soit la topologie utilisée) car
la non-linéarité de la condition empéche de montrer que la limite est une solution
admissible. Le probleme a été traité en partie par Appell dans son mémoire [11]
mais il a été loin de répondre a toutes les questions, notamment sur l'existence
d’une solution optimale et sa caractérisation.

Dans les années 1940, Kantorovich [70,71] a eu 'idée d’introduire une variante
relaxée du probleme et d’utiliser un principe de dualité pour la programmation
linéaire. Tout d’abord, il considéra les mesures de probabilité m sur X x Y telles que

T(AXY)=p(A) et 7(X x B) =v(B) (1.2)

pour tous sous-ensembles boréliens A de X et B de Y. Notons ’ensemble de ces
mesures de probabilité par :

M(p,v) = {7‘( € ML(X xY): (1.2) est vraie pour tous boréliens 4, B} :

ot I'ensemble des mesures de probabilité sur X x Y est ML (X x Y). La version
relaxée du probleme ((1.1]) est alors

inf {J(W) = / c(x,y)dr(x,y) : m € U(u, 1/)} : (1.3)
XxY
Par ailleurs, nous pouvons écrire la condition ([1.2)) autrement :

o (e@) +v) dn(ey) = [ o) du@)+ [ v(y) duly),

pour tout (p,1) dans une classe adaptée de fonctions tests, par exemple Cy(X) X
Cy(Y). Considérant cette réécriture, le probleme dual est :

sup { K (p,0) 1= [ (o) d(o) + [ () dvly) : o) + () < el }. (14)

Le probleme présente un point de vue assez différent. Alors que nous étions
bloqués par une contrainte forte de non-linéarité dans le probleme (|1.1]), nous avons
maintenant besoin de trouver seulement une paire optimale (¢, ¥). En effet, la struc-
ture mathématique du probléme fournit précisément ce qui manquait dans le
probléme initial : une compacité assez bonne pour construire un élément minimi-
sant comme sorte de limite d’une suite minimisante. C’est la "méthode directe en
calcul des variations", qui est simplement le théoreme classique de Weierstrass. Le
théoreme de dualité de Kantorovich dit que sous certaines hypotheses sur la struc-
ture des espaces mesurés et sur la fonction de cofit, les problemes et ((1.4) sont
équivalents et que les deux ont des solutions :

Lin J(m) = max{K (p,9) - () + ¥ (y) < ez, y)}-
L’outil principal utilisé est le théoreme de Rockafellar [54,86], classique dans les
probléemes de dualité en analyse convexe. En outre, nous pouvons caractériser ces
solutions optimales. Pour plus de détails, nous renvoyons notamment & [9,91},94]
95]. Par ailleurs, la question de l'existence et la caractérisation géométrique des



1. Résultats antérieurs et présentation du probleme 3

applications optimales T dans le probleme sont des champs de recherche qui
se sont développés durant ces dernieres vingt-cing années. Pour la fonction de cofit
quadratique c(z,y) = |z — y|*/2, nous pouvons consulter les notes de Evans [56]. Ce
cas a été résolu par Brenier [36], avec son théoréme de factorisation polaire qui dit
que toute application "non-dégénérée" a valeurs vectorielles peut se réécrire comme
la composée du gradient d'une fonction convexe et d'une application préservant la
mesure de Lebesgue. Ambrosio et Pratelli [10] ont fait une revue tres complete des
résultats dans le cas original c¢(z,y) = |z — y.

1.2 Problémes de Beckmann

En parallele des travaux de Kantorovich (dont il n’était pas au courant), dans un
article d’économie, Beckmann [16] a proposé, dans les années cinquante, le probleme
suivant de minimisation de flux, appelé modele continu de transport :

min{/g(o) d:l::divazu—y}, (1.5)

pour G une fonction convexe et u, v deux mesures de probabilité sur 2. C’est un
probléeme particulier d’optimisation convexe. Le cas G(0) = |o| est intéressant parce
qu’il permet de faire le lien avec le probleme de Monge-Kantorovich , pour
c(x,y) = |xr—y|. Ce rapprochement a été fait par Feldman-McCann [5§]. Le probleme

(1.5) devient :
min{/ |a(x)|dx:U:QI—HRd,diVJ—,u—V}, (1.6)
Q

oll 2 est un domaine borné dans R?. Ici, la contrainte doit se comprendre au sens
faible, avec les conditions de bord de Neumann, c’est-a-dire, pour toute fonction

u € C1(Q), nous avons
—/Vu'a:/ud(,u—y).
Q Q

Le probleme dual est formellement :

sup{/Qsod(u—V):\Vso\sl}.

C’est exactement le méme probleme que car les fonctions 1-lipschitziennes
sont les fonctions dont le gradient est plus petit que 1. On a ainsi une équivalence
formelle entre les problemes et ; c’est un cas particulier du théoreme
de Kantorovich-Rubinstein (pour une version générale, voir Dudley [51}/52]). Plus
rigoureusement, si nous supposons que 2 est un domaine compact et convexe dans R?
alors le probleme (1.6 admet une solution et sa valeur minimale est égale a celle du
probleme . De plus, nous pouvons construire une solution de a partir d'une
solution de ([1.3). Une preuve se trouve dans [91]. L’inégalité min < min est
assez directe et pour 'inégalité inverse, nous prenons un plan de transport optimal
~ pour . Nous construisons alors la mesure vectorielle ¢7 comme suit :

[odor= [ ['ty—2)- 60~ 1)+ ty) de dntr.),
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pour toute fonction ¢ € C(2, R?). De méme, nous définissons la mesure scalaire m?
ainsi :

/£2§di - /QQ /01 lz — y|e((1 = t)x + ty) dt dv,

pour toute fonction £ € C'(2,R). Cette mesure m” est appelée densité de transport.
Nous trouvons alors que dive? = p — v et que |07| < m?, ou |¢7| est la variation
totale de la mesure vectorielle 0”. Finalement, nous avons |07 |(£2) < min (1.3) et
I’égalité min = min est ainsi prouvée. Par abus de notations, on identifie
une mesure o avec la dérivée de Radon-Nikodym de o par rapport a la mesure
de Lebesgue. Evans-Gangbo [57] et Bouchitté-Buttazzo-Seppecher [26,27] ont eu
I'idée d’introduire les mesures m” et ¢” pour des raisons différentes. Cette notion de
densité de transport sera ensuite généralisée par Carlier-Jimenez-Santambrogio [39)
aux mesures sur des courbes. Tout d’abord, soient un compact €2 d’intérieur non vide
dans RY, une courbe absolument continue ¢ : [0,1] — € et une fonction continue
& :Q+— Ry, définissons la longueur de ¢ pondérée avec le poids & :

Lele) = [ €lo(®)le/ (1) dt (1.7

C’est bien défini car les fonctions absolument continues sont différentiables presque
partout et leur différentielle est dans L'([0, 1]). Nous notons I’ensemble des fonctions
absolument continues sur [0,1] et a valeurs dans Q par C' et nous le munissons
de la topologie uniforme. Nous considérons alors une mesure de probabilité @) sur
I'espace C telle que [ L1(p) dQ(p) < +oo. Une telle mesure sera appelée plan
de trafic d’apres la terminologie introduite par Bernot-Morel-Caselles [25]. Nous
écrivons maintenant ’analogue de m” et o7 pour les mesures (). Tout d’abord,
I'intensité du trafic, notée par iq € M (), est définie par :

[ dig=[ ([ el dr)da) = [ L) date), (9

pour tout £ € C(Q,R,). C’est une généralisation de la notion de densité de trans-
port. Pour un sous-ensemble borélien A de €2, ig(A) représente le trafic cumulé dans
la zone A et induit par ). De méme, le fluz de trafic induit par le plan de trafic Q)
est la mesure vectorielle 09 définie par :

[o-an® = [ ([ otoe)-#/0) dt) dQ(e). (1.9)

pour tout ¢ € C (2, R%). Maintenant, nous nous intéressons seulement aux plans de
trafic admissibles @), c’est-a-dire, les plans de trafic @ tels que g, Q) = pet e .Q = v,
ep et e étant les évaluations en 0 et en 1. Nous notons Q(u, /) cet ensemble des plans
de trafic admissibles. Alors nous avons facilement que divo? =y — v et [09] <iig.

Réciproquement, Smirnov [92] et, plus tard, Santambrogio [90] ont prouvé que
pour toute mesure vectorielle finie o sur 2 et toutes mesures p, v € ML (Q) telles
que divo = p — v, il existe un plan de trafic Q € Q(u, v) tel que |09| =ig < |o] et

lo = ol + o]l = llo = ol + () = |lo],

ott ||lo]] = |o|(2). En particulier, si 0% # o alors |0%] # |o].
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Une généralisation possible du probleme (1.5)) avec une distance riemannienne

k(z) est
m1n{/ﬂk(m)|a(z)| dr :dive = p — V} :

ce qui correspond, par dualité avec les functions u telles que |Vu| < k, &

min {/QXQ di(z,y) dy(z,y) : v € (1, V)} )

ou di(z,y) := inf {jol k(p(t)|¢' (t)] dt : p(0) = x, (1) = y} est la distance associée
a la métrique riemannienne k. La fonction k(x) est le coiit local en z par unité de
longueur d’un chemin passant par x. La métrique est ainsi non-homogene. Ce modele
est plus pertinent si nous voulons prendre un colit non-uniforme pour le mouvement
(di aux obstacles géographiques ou aux configurations). Cependant, il n’est pas
satisfaisant pour modéliser le trafic urbain congestionné. En effet, la métrique n’est
a priori pas connue et dépend du trafic lui-méme. Une variante possible, étudiée en
particulier dans Carlier-Santambrogio [40], est de considérer les fonctions k(z) =
g(|lo(z)]), c’est-a-dire, k est une fonction du module du champ de vecteurs o. Cela
revient alors a résoudre le probleme (1.5)) avec G(z) = G(|z]) et G(t) = g(t)t. Dans
le cas le plus simple g(t) = ¢, le probléme consiste & minimiser la norme L? sous les
contraintes de divergence :

min {/ lo(z)|?dr - 0 € L*(Q,RY), dive = p — V} :
0

Nous verrons plus tard que les problemes a la Beckmann peuvent étre reliés a des
problemes d’équilibre.

1.3 Equilibre de Wardrop discret

Un concept essentiel dans les probléemes de congestion est la notion de I’équilibre
de Wardrop introduite dans les années cinquante par Wardrop [98]. I présente de
nombreuses applications dans des domaines variés : le trafic routier (Roughgarden-
Tardos [88], Smith [93]), les jeux de congestion (Roughgarden-Tardos [87]), les ré-
seaux de communication (Altman-Wynter [6]), les files d’attente (Altman-El Azouzi-
Abramov [5]), les réseaux de transit (Cominetti-Correa [43]), etc. Nombre de ces
articles utilisent également 1’équilibre de Nash ( [83]), en théorie de jeux, qui corres-
pond au cas d’un nombre fini d’agents, qui décident d’une stratégie en sachant que
leur utilité dépend des choix de tous.

Nous considérons d’abord un réseau discret. Pour modéliser le réseau, nous nous
donnons donc un graphe fini orienté G = (N, E), ou N est 1’ensemble des noeuds
et E celui des arcs. Nous notons t(e) le temps de parcours de l'arc e et m(e) la
masse se déplacant sur 'arc e. Pour traduire les effets de la congestion, nous avons
la relation :

t(e) = g(e,m(e))
ou pour tout arc e € FE, la fonction g(e,-) est strictement positive, continue et
croissante et prend en compte les effets de la congestion (qui dépendent de 'arc e
selon ses caractéristiques : largeur, obstacles...). Nous écrivons m pour I’ensemble de
toutes les masses sur les arcs (m(e))ecg. Une autre donnée du probléme est un plan



6 Introduction générale

de transport 7 sur les paires de noeuds (z,y) € N?. L’élément (z,y) représente la
masse qui doit étre envoyée de la source x a la destination y. Un chemin générique
¢ est une suite finie de noeuds successifs et nous notons par C,, 'ensemble des
chemins allant de x a y, de sorte que

est 'ensemble de tous les chemins. Comme le temps de voyage sur chaque arc est
strictement positif, nous pouvons considérer uniquement les chemins simples (sans
boucle). Nous disons que e € ¢ si le chemin ¢ passe par 'arc e. La masse se déplagant
sur le chemin ¢ est notée w(y). La collection de toutes les masses sur les chemins
w(p) est notée w. Etant connues les masses sur les arcs m, le temps de parcours
d’un chemin ¢ € C' est donné par :

Tm(®) = Y g(e,m(e)).

ecy

En résumé, les inconnues du probleme sont les collections de nombres positifs m =
(m(e))ecr et W = (w(p))secc. Elles doivent vérifier les relations de conservation de
la masse suivantes :

Y(z,y) = > w(p), pour tout (z,y) € N x N (1.10)
peCs y
et
m(e) = > w(yp), pour tout e € E. (1.11)
peC:ecp

Nous arrivons alors au concept d’équilibre de Wardrop. Ce concept exprime qu’a
I’équilibre, seulement les chemins les plus courts (en prenant en compte la congestion
créée par les masses sur les arcs et sur les chemins) sont utilisés. Nous supposons donc
le conducteur rationnel : il prendra toujours un chemin optimal. Plus précisément,
c’est la définition suivante :

Définition 1.1. Un équilibre de Wardrop est une configuration de masses sur les
arcs positives m : e — m(e) et de masses sur les chemins positives w : ¢ — w(p)
satisfaisant les relations de conservation de la masse (1.10) et (1.11) et telle que
pour tout (x,y) € N x N et tout p € C,,,, si w(p) >0 alors nous avons :

Tm(¢) < Tm(¢"), pour tout @' € Cyyy.

Quelques années plus tard, Beckmann, McGuire et Winsten [17] réalisérent que
I’équilibre de Wardrop pouvait étre caractérisé par le principe variationnel suivant :

Théoréme 1.1. Une configuration de flur (w, m) est un équilibre de Wardrop si et
seulement si elle minimise

> G(e,m(e)) ou G(e,m) := /Om g(e,a)do (1.12)

ecE

sous les contraintes de positivité et aux relations de conservation de la masse (|1.10))-
(1.11]).
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Remarquons que le probleme est en fait un probleme de minimisation
uniquement en w car nous pouvons déduire m de w grace a la condition .
Comme les fonctions g(e, -) sont croissantes, le probleme est convexe donc nous
avons facilement des résultats d’existence et nous pouvons approcher numériquement
les solutions. Cependant, la complexité peut s’avérer tres élevée si le réseau est tres
dense (comme c’est le cas notamment pour des réseaux réalistes de congestion).
Donc nous pouvons préférer travailler avec le probleme dual qui est le suivant :

inf Y Heit(e))— > ~(z,y)Ti(z,y), (1.13)

#E
teRY ™ ccp (zy)ENXN

oi t € R™” signifie que t = (t(e))eer, Hle,:) = (G(e,-))* est la transformée de
Legendre de G(e, -), qui est

H(e,t) := sup{mt — G(e,m)}, pour tout t € R,

m>0

et T est la fonctionnelle de longueur minimale :

Tiay) = min ).
Y ecp

Ici, nous avons besoin de connaitre seulement #FE variables donc la complexité
semble meilleure. Cependant, un inconvénient majeur apparait dans le probléme
(1.13) : c’est le terme qui dépend de T. En effet, T} est non-régulier, non-local et
nous pouvons rencontrer des difficultés pour optimiser ce terme. Fukushima [60] a
montré que si (w, m) est un équilibre de Wardrop alors t := (g(e, m(e)))ccp est une
solution de . Ainsi, résoudre le probleme revient a trouver les temps
de parcours de I’équilibre et donc les masses sur les arcs m(e) correspondantes en
inversant la relation t(e) = g(e, m(e)). Une extension du modele, au cas markovien
(avec les temps qui sont inconnus), est également proposée dans ce papier.

Dans le probleme présenté ci-dessus, le plan de transport v est fixé. C’est le
probleme de court terme. Au lieu de cela, nous pourrions également considérer le
cas ou seulement ses marginales sont fixées. Plus précisément, nous nous donnons
une distribution de sources p = Y cn p(z)d, et de destinations v = >, cn ()0,
qui sont des mesures discretes avec la méme masse totale sur 'ensemble des noeuds
N (que nous pouvons supposer égale a 1) :

> pu(x) =Y v(x) =1

rEN zeEN
Les nombres p(x) et v(x) sont positifs pour tout x € N. Ceci peut étre interprété
comme un probleme de long terme. Comme précédemment, nous pouvons reprendre
presque les mémes notations et la de I'équilibre de Wardrop doit étre
légerement modifiée. Nous devons remplacer la condition de conservation de la masse

(1.10) par :
plx) = Y wlp), v(y) = Y w(yp) (1.14)

p€Cy,. peC. y

pour tout (z,y) € N x N, ou C,., respectivement C'.,, est I’ensemble des chemins
simples commencant a l'origine z, respectivement finissant au point terminal y.
En outre, le plan de transport est désormais une inconnue et nous devons ajouter
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une condition d’optimalité supplémentaire. Pour étre plus précis, il existe un plan
de transport optimal entre les marginales pour le cofit de transport induit par la
métrique congestionnée elle-méme. Nous devons d’abord définir la fonctionnelle de
longueur minimale 7T},

T (z = min e,m(e
(2,y) = n Czy;;g
Soit II(p, v) 'ensemble des plans de transport discrets entre p et v, c’est-a-dire,
'ensemble de collections d’éléments positifs (7(z,¥)) @ yenxn telle que

> (zy) = plx) et Y y(x,y) = v(y), pour tout (z,y) € N x N.
yeN reN

Alors nous pouvons donner la définition de 1’équilibre de Wardrop pour le modele
de long terme :

Définition 1.2. Un équilibre de Wardrop est une configuration de masses sur les
arcs positives m : e — m(e) et de masses sur les chemms positives w : ¢ — w(p)
satisfaisant les relations de conservation de la masse ) et (| - ) et telle que :

1. Pour tout (x,y) € N x N et tout p € Cy,, si w(gp) > 0 alors nous avons :

Tm(p) = min 7,(¢"), (1.15)

0 €Csy

2. Si nous définissons f(x,y) = X ec, , w(p) alors f est un élément minimisant
de

inf 3 (2, y)Tnl, y)- (1.16)
VEMBY) (NN N

La deuxieme condition est un probleme de transport discrétisé de . Des
arguments similaires a ceux dans le cas de court terme s’appliquent ici, 1’équilibre
est un élément minimisant de la fonctionnelle définie par (1.12) mais maintenant
sous les contraintes de positivité et les conditions (|1.14)) et (1.11]). L’analogue de la

formulation duale ((1.13)) est alors :

inf {Z H(e,t(e)) — inf S Az, y)Ti(z, y)} . (1.17)

#E
teRY eck V€ (pv) (z,y)ENXN

Le modele de long terme a été étudié en particulier dans [31,33,/66] tandis que
dans [12//67] notamment, les auteurs ont travaillé avec une variante de court terme.

1.4 Equilibre de Wardrop continu

La sous-section précédente présentait 1’équilibre de Wardrop dans un cadre dis-
cret. Nous pouvons généraliser cette notion a un équilibre continu. Pour cela, nous
allons utiliser des mesures de probabilité () sur I’ensemble des chemins pour traduire
la dépendance du modele de transport par rapport aux chemins. Ces mesures () sont
les analogues continues des flux de chemin (w(y)),. De méme, nous mesurerons 'in-
tensité du trafic généré par () en chaque point = grace a la mesure i (définie par
(1.8))), qui est I’équivalent continu des flux d’arc (m(e)).. La derniere donnée est
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une métrique, qui est croissante par rapport a l'intensité du trafic, pour modéliser
les effets de la congestion (elle est comparable a g(e,i(e))). Prenons €2 un domaine
de R et un ensemble convexe et fermé I' C TI(y, v), ol u et v sont des mesures de
probabilité sur Q. Le modele de court terme est le cas particulier I' = {~} et pour
se ramener au cas de long terme, il suffit de prendre I" = TI(p, v).

Plus précisément, nous considérons des mesures de probabilité () sur I'ensemble
C' des fonctions définies sur [0, 1], absolument continues, a valeurs dans 2 et com-
patibles avec la conservation de la masse, c’est-a-dire, telles que (eg,e1)xQ € I
L’ensemble de telles mesures est noté Q(I"). Nous supposons que i¢ est absolument
continue par rapport a £¢ et la métrique est

§o(x) == g(w,ig(x))

avec g : €2 x R,y — R, croissante par rapport a la seconde variable. Plutét que
ig < L(R?), nous pouvons également supposer ig € LI(Q) avec 1 < ¢ < +oo.
La question de l'existence d’une telle mesure () n’est pas triviale; elle dépend des
hypotheses faites sur pu, v, I, q et . Elle a été traitée notamment par Benmansour-
Carlier-Peyré-Santambrogio [23] dans le cas de court terme (avec y étant une mesure
discrete de probabilité, et ¢ € [1,2)) et par De Pascale-Evans-Pratelli [47-49] et
Santambrogio [89] dans le cas de long-terme (si € est convexe et p et v sont dans
L9(€2)). Pour des problématiques liées a la mécanique des fluides incompressibles,
Brenier [35] a construit un @) tel que ig € L™ si p et v sont dans L™, dans le cas I' =
{7}. Brasco-Petrache [34] a montré qu'une condition nécessaire et suffisante pour
avoir l'existence d’un @ tel que ig € L1(Q) (1 < g < 00) est que u —v € W=H(Q).

Afin de définir la notion d’équilibre de Wardrop dans le cas continu, définissons
d’abord

Leo(0) = [ €alell/ Ot = [ oot igle@le @l (119

et
Ceo(w,y) = inf { L, (9) 1 ¢ € Cp(0) =, 0(1) =y} . (1.19)
Les chemins dans C' tels que cg,(0(0), (1)) = Lg, (@) sont appelés géodésiques

(pour la métrique induite par les effets de la congestion générée par Q).
Alors nous pouvons écrire la définition de 1’équilibre de Wardrop continu :

Définition 1.3. Un équilibre de Wardrop est une mesure Q@ € Q(I") telle que

Q{y : Leg () = cele(0), p(1))}) = 1.

Cependant, la définition de L¢(p) n’a de sens que pour £ continue et ¢ € C.
La généralisation au cas £ mesurable et ¢ lipschitzienne n’est pas simple. Carlier-
Jimenez-Santambrogio [39] propose une contsruction de ¢ quand  est seulement L?,
a valeurs positives, avec 1 < p < +00. Cette construction est en particulier utilisée
dans Baillon-Carlier [12] et Hatchi [67]. Ainsi, I'existence d’un tel équilibre n’est pas
triviale. Néanmoins, toujours dans [39], il est montré que I’équilibre pouvait étre vu
comme une solution d’un probléeme variationnel, qui est le suivant :

mm{/QG(:c,z'Q(:c)) dv: Q€ Q(F)}, (1.20)

ou G(z,m) = [" g(x, a) da. C'est la version continue de (|1.12]). Le résultat principal
de [39] (sous certaines hypotheses techniques) est alors :
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Théoréme 1.2. Le probléeme (1.20) admet au moins un élément minimisant. De
plus, Q € Q(FLest une solution si et seulement si c’est un équilibre de Wardrop et
Vg = (€, €1)xQ est une solution du probléme d’optimisation

min{/QXQC§Q($,y) dy(z,y) 1y € F}.

En particulier, dans le cas de court terme (I' = {7}), la derniére condition devient
triviale et nous avons l'existence d’un équilibre de Wardrop correspondant a un plan
de transport v donné. Dans le cas de long terme (I' = II(u, v)), cela signifie que 7
est une solution du probleme de Monge-Kantorovich pour un cotit de distance qui
dépend de @) lui-méme et on a ainsi une nouvelle condition d’équilibre. Ce résultat
est généralisé dans [12,67].

On constate ainsi que les équilibres de Wardrop admettent une formulation va-
riationnelle, qui est en principe plus simple a étudier que la définition elle-méme,
comme dans le cas d’un réseau discret. Cependant, le probléme implique des
mesures sur des ensembles de courbes; il peut donc étre délicat de le résoudre. En
effet, nous avons deux couches de dimensions infinies. Néanmoins, dans le cas de
long terme, nous allons voir dans la sous-section suivante que le probleme ({1.20])
peut se reformuler en un probleme a la Beckmann.

Remarquons aussi que le probleme est I'analogue de . La version

continue de (|1.13])-(1.17) est :

inf {/Q H(z,&(x))dx — inf ce(z,y) d7($,y)} : (1.21)

>0 YEI(p,v) JOXO
Dans le cas de court terme (I' = {7}), nous avons un résultat de dualité [23] :

Proposition 1.1. Si ' = {y} et Q(v) # 0, nous avons

min (T:20) = max (T21).

De plus, £ est une solution de (1.21) si et seulement si & = &g pour un Q € Q(7)
solution de (|1.20]).

A partir de ce résultat, les mémes auteurs [23,24] ont proposé une méthode
numérique consistante pour approcher la métrique g solution du probleme dual.
Elle se base sur le Fast Marching Method. Elle consiste a travailler avec une version
discrete du probleme dual et a utiliser une méthode de descente de gradient.

1.5 Equivalence avec un probléme a la Beckmann et EDPs
dans le cas de long terme

Dans cette sous-section, nous fixons I' = II(y, ), nous sommes dans le cadre de
long terme. Alors dans le probleme , comme le plan de transport n’est pas fixé,
nous avons un degré de liberté supplémentaire. Cela permettra de reformuler ([1.20))
en tant que probleme a la Beckmann avec une contrainte sur la divergence et ainsi
de réduire le probleme d’équilibre a la résolution d’'une EDP non-linéaire. Rappelant
la définition de la mesure vectorielle 0% pour Q € Q(I'), il est immédiat de
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voir que la valeur de ([1.20]) est supérieure a celle du probleme de flux minimal a la
Beckmann suivant :

min {/Qg(x,a(x)) dr :dive = p — y} : (1.22)

ot G(z,0) = G(z,|0]). En effet, nous utilisons I'inégalité |0?| < ig et le fait que
G(z,-) est croissante. Pour prouver l'inégalité inverse, une idée naturelle est de
construire, a partir d'un o admissible, un @ € Q(I') tel que ig = |o]|.

En omettant les problemes de régularité, un candidat ) est donné par

Q = /Q(SX.(x)d/’LO(x)
ou X est le flot du champ de vecteurs non-autonome v = o/ f :

{ O Xe(x) = v(t, Xo(2)),
Xo(z) =z, (t,x) € [0,1] x Q,

avec f(t,x) = (1—t)u(z)+tr(z) pour tous t € [0,1] et x € Q. En effet, f est solution
de I"équation de continuité 0, f + div(fv) = 0 avec la donnée initiale f(0,-) = p. Si
v est assez réguliere par rapport a z (lipschitzienne par exemple), le probleme de
Cauchy pour I'équation de continuité

{ o + div(pv) =0,
Q(Ov ) = M(ZL’),

a une solution unique pour chaque donnée initiale z qui est X ,p. C’est un cas
particulier de la méthode des caractéristiques (voir [8] pour la théorie). Par ailleurs,
f vérifie le méme probléme de Cauchy donc f = X.,pu. Cette construction repose
sur argument de flot de Dacorogna et Moser [44.|82], utilisé pour la premiére fois
en transport optimal par Evans-Gangbo [57]. Cet argument est repris pour des pro-
bléemes de Beckmann par Brasco, Carlier et Santambrogio |31,|33] pour montrer

I’égalité min ([1.20) = min (1.22)). Cette égalité est intéressante. En effet, si on res-
treint le probleme (1.22) & o € L9(Q,R?) (¢ € (1, +00)), le probleme dual de (1.22)

est
sup(m {/Qu df — /Qg*(a:,Vu(x)) daj}, (1.23)

ueWwhbp

ou p est 'exposant conjugué de q et G* est la transformée de Legendre de G(z, -). En
utilisant des arguments classiques de dualité en analyse convexe ( [54] par exemple),

nous avons min ((1.22)) = max (1.23)) et les conditions d’optimalité primal-dual ca-

ractérisent I’élément minimisant ¢ (qui est unique si G(x, -) est strictement convexe)

de (T2 par
o(x) = VG*(z,Vu(z)), pour presque tout x € €2, (1.24)

ot u est une solution de (|1.23)). Ceci est équivalent a la condition nécessaire que u
est une solution faible de I’équation de Euler-Lagrange :

divVG*(xz,Vu) = pp — v dans Q,
VG*(z,Vu) - vg =0 sur 05,



12 Introduction générale

au sens que
/Qvg*(a:, Vu(z)) - Vo(x) de = /ﬁgp(m) d(p — v)(x), pour tout ¢ € WHP(Q).

Comme nous le verrons par la suite, cette reformulation permettra d’utiliser une
méthode numérique pour approcher les solutions.

2 Contributions

2.1 Equilibre de Wardrop : étude rigoureuse de limites conti-
nues de modeles généraux de réseaux

Dans la premiére partie, nous avons vu les définitions de 1’équilibre de Wardrop
pour un réseau discret et également dans un cadre continu. Les questions qui se
posent alors sont : que se passe-t-il quand un réseau discret devient tres dense 7 Est-
ce que l'on a une convergence des valeurs et solutions des problémes de minimisation
discrets vers celles des problemes continus ? Baillon-Carlier [12] a étudié le cas d’une
grille cartésienne. Soient {2 un domaine borné de R? avec une frontiere réguliere et
e > 0, ils ont considéré ce réseau discret (dont la longueur caractéristique est €) :

Q. :=cZ’°NAQ.
[
[
/
/ v
/

FIGURE 1.1 — Un réseau cartésien dans R?

Ici, les directions possibles sont (vq,vq,v3,v4) := ((1,0),(0,1),(—1,0),(0,—1))
en chaque noeud z € Q. du réseau et un arc est de la forme [x,z + ev;] pour
r € Q. et i€ {1,...,4}. On identifiera ces arcs aux paires (x,v;). Nous sommes
dans un réseau discret donc nous reprenons les notations de la sous-section 1.3 en
ajoutant I’exposant e, pour traduire la dépendance en £. Dans un premier temps, on
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considere le modele de court terme avec un plan de transport ~¢ fixé. Le probléme

(1.12)) devient alors :
min { > ZGE x,ms (W, m®) > 0 et (1.10)-(1.11]) sont Vériﬁées}

(we,me) ree i=1
(1.25)

ou G5(x,m) := [" ¢; (v, a)da, tandis que 'analogue du probleme (1.13]) est

inf { > ZH6 z,t5(z) — > 7a(x,y)ng(w,y)}, (1.26)

A#Q
tEeRT | zeq. i=1 (z,y)€Q2

L’indice ¢ signifie que la direction considérée est v; : ainsi, m$(z) = m®(x, v;) repré-
sente la masse se déplagant sur I'arc (x, v;). Pour pouvoir passer a la limite quand &
tend vers 07, Baillon et Carlier [12] ont fait des hypotheses. La premieére porte sur
la famille des plans de transports (7%).s¢ : il existe une mesure finie et positive
sur 2 x € vers laquelle ¢ converge faiblement-x :

lim Z Yz, y)p(z,y) = ﬁxﬁgod’y, pour tout ¢ € C(Q x Q). (1.27)

*)
e—0t ) 692

La seconde hypothese est sur les fonctions de congestion ¢°, qui sont supposées étre
de la forme suivante :

g;(x,m) = eg; (x, m> , pour tout (x,e,4) € Q. x RY x {1,---,4}, (1.28)
5

oll g; est une fonction continue et positive sur Q x R, , qui est croissante par rapport
a la seconde variable. Cette hypothese signifie que le temps de parcours d’un arc de
longueur ¢ est d’ordre € et dépend du flux par unité de longueur m/e. Cela nous
permet de s’assurer de la stricte convexité des fonctions H® et H. En définissant la
variable métrique (ou le temps par unité de longueur) £° := t°/e, on peut réécrire

le probléme (|1.26)) ainsi :

inf J(E) = L) ~ (€ (1.29)
€E€R+ €
avec A
(&) =€ Y] > Hi(w,&(2)) (1.30)
€ i=1
et
Ii(fs) =& Z 7€(x7y>T§€5(xay> (131)
(wy)€2

La derniere hypothese est que H; est continu par rapport a la premiere variable
et qu’il existe p > 2 et deux constantes 0 < A < A telles que pour tout (z,&,i) €
Q. xRy x{1,...,4}, nous avons :

AEP —1) < Hy(x,€) < A€ +1). (1.32)

Cette condition de croissance permet de travailler dans L? a la limite et ainsi de
construire des termes d’intégrales comme limite continue.
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Compte-tenu des hypotheses faites, définissons

Lﬁ- = {g: (fl,...,&l),&ELP(Q),fi 20,2217,4}

Comme limite continue du terme I, il est naturel de penser a cette fonctionnelle
intégrale

4
Ih(§) = Z/QHZ(JU,Q(JU)) dx, pour tout £ € L. (1.33)
i=1

Pour le terme I7, il est plus délicat de trouver une limite continue, a cause de la
présence d’un terme non local et non régulier. Nous devons généraliser la définition
de ¢¢ donnée par (1.19)). Pour £ € C(Q,RY}), ¢¢ est donné par la formule suivante :

ce(z,y) = inf {;/01 Ei(o(t)(a(t) - vi)s dt} , pour tous z,y € €, (1.34)

ou l'infimum est pris sur I’ensemble des courbes absolument continues o, a valeurs
dans 2 et telles que 0(0) = z et o(1) = y. Ainsi, ¢ rend compte de I'anisotropie du
réseau. Pour étendre la définition de ¢¢ & £ € L, nous généralisons la construction
de ¢ faite dans [39]. Alors la limite continue de J¢ est :

inf J(€) = Io(€) — L(€) = Z:/QHi(x,fi(x)) dr — /ﬁxﬁég dy. (1.35)

P
¢eL”.

C’est I'analogue de ([1.21]).
Pour montrer que ([1.35) est bien la limite continue de ((1.29), nous utilisons

la théorie de I'-convergence. C’est un outil puissant pour décrire le comportement
asymptotique de familles de problemes de minimisation habituellement dépendant
de parametres (d’échelle, géométriques, etc.). Depuis son introduction par De Giorgi
(notamment [45,/46]) dans les années soixante-dix, c’est la notion de convergence la
plus flexible et naturelle pour les problemes variationnels. On a la convergence non
seulement des valeurs mais également des éléments minimisants. Ici, notre probléme
a une dépendance en ¢ (qui est I’échelle du réseau (2.) et nous voulons passer a
la limite quand ¢ tend vers 0. Par conséquent, cette théorie est particulierement
indiquée. Pour la théorie générale de I'-convergence, des références possibles sont les
livres de Braides [29] et Dal Maso [80].

Nous voulons montrer la convergence d’une famille de fonctionnelles dans un
cadre discret vers une fonctionnelle continue donc nous devons en particulier préciser
dans quel sens la convergence d’une famille discrete £° € Ri#ga vers un £ € L% se
fait. Nous renvoyons au chapitre 2 pour les définitions de la topologie de L% et de
la I'-convergence (dans un cadre plus général que le modele cartésien). Le principal
résultat de [12] est alors :

Théoreme 2.1. Sous les hypothéses (1.27), (1.28), (1.32), la famille de fonction-
nelles J¢ définies par (1.29) I'-converge (pour la topologie faible de LP) vers la fonc-

tionnelle J définie par (1.35)).

Par des arguments classiques de la théorie générale de I'-convergence, nous avons
le résultat de convergence suivant :
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Corollaire 2.1. Sous les hypothéses (1.27)), (1.28)), (1.32)), les problémes (1.29) et
(1.35) admettent une solution optimale et nous avons

JE(€°) — min J de— 07
Eséﬁgﬂs () ?elin (&) quand ¢

De plus, pour tout € > 0, si &% est l’élément minimisant de (1.29), alors & — &, ou
¢ est lélément minimisant de J sur LY.

C’est sous- entendu dans le corollaire, nous avons 'unicité de la solution &%, res-
pectivement &, de (| , respectivement de (|1.35)). Cela vient de la stricte convexité
de ces deux problemes (les termes Ij et I sont strlctement convexes tandis que les
termes I§ et I; sont concaves). Dans [67], j’ai généralisé les résultats de [12]. Au lieu
de considérer une grille cartésienne dans R? de plus en plus dense, j'ai étudié des
réseaux discrets généraux dans R? dont les directions et les longueurs d’arc ne sont
pas fixées. Soit 0 un domaine borné de R? nous analysons une suite de réseaux
discrets Q. = (N°®, E¢), ou N°® est 'ensemble des noeuds et E° celui des arcs. Un
arc dans E¢ est de la forme (x,¢e) ot z € N¢ et e € R? tels que le segment [z, x + €]
est inclus dans €2. La longueur des arcs de €). est de 'ordre de € > 0. Nous devons
faire des hypotheses structurelles sur ). pour pouvoir passer a la limite. Pour cela,
j'ai d’abord travaillé avec le cas 2 C R? discrétisé en hexagones réguliers. Ainsi,
en chaque noeud dans N¢, il y a 3 directions (constantes) possibles : (v, v3,v5) ou
(vg,v4,0g), OU Vg = exp(i (7r/6 + (k—1)r/3)),k =1,...,6. La principale différence
par rapport au modele cartésien est la perte de I'unicité de la décomposition conique
(c’est-a-dire, a coefficients positifs) de tout z € R? dans 'ensemble de ces directions.
Ensuite, j’ai construit des réseaux €. généraux dans 2 C R?, ou les directions dé-
pendent du noeud et les arcs dans E° ne sont pas tous de méme longueur. L’une des
principales hypotheses faites est la suivante :

Hypothese 2.1. Il existe N € N, D = {vg }p=1. v € CORE, SN)YN et {ep}pmr.N €
C’l(Q,Ri)N avec o > d/p tels que E° converge faiblement, au sens que

lim > e gp( |e> = /QXSd_lgo(x,v) 0(dx, dv),Vo € C(Q x S, (1.36)

+
e—0 (z,c)e E* €|

ot 6 € M, (2 x S¥1) est de la forme

N
0(dx,dv) Z vk(m

Les vy représentent les directions dans le modele continu et ne sont a priori pas
constants. Les ¢, sont les coefficients de volume. C’est une généralisation substan-
tielle du cas cartésien, dans lequel # est comme suit

0(dx,dv) = <5<1,o> +001) +0(-10 + 5<0:*1>) dz.

Deux difficultés majeures apparaissent par rapport au modele initial. Dans le
modele continu, nous avons N directions dans S~ et leur enveloppe conique est R?
entier. Mais pour tout z € R, nous avons & priori plusieurs décompositions coniques
(non triviales) possibles. Dans le cas cartésien, nous avons une unique décomposition
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conique (non triviale) z = Y% (z - v;)1v;, nous I'utilisons en particulier dans la
définition de c¢. Dans le cas général, nous devons ajouter un autre infimum sur
les décompositions coniques possibles. Plus précisément, pour £ € C'(Q x S©L R,),
ce devient :

1 _
ce(z,y) = aeirclﬁy ; Pe(o(t),o(t)) dt pour tous z,y €

avec pour tous z € Q et y € RY & (x,y) étant défini comme suit :

N N
Pe(z,y) = inf N {Z ypé (T, vp(z)) 1y = Z ykvk(m)} .
(y1,-yn)ERY 127 i1
Les (y1,...,yn) sont les décompositions de y dans (vi(z), ..., vy(z)). Comme précé-
demment, pour étendre cette définition & & € L% (0) = {p € LP(Qx S¥1,0), ¢ > 0},

nous généralisons les résultats de [39].
En outre, nous adaptons également les hypotheses ((1.27)), (1.28]), (1.32)). En par-

ticulier, (|1.28) devient
Hypothese 2.2. ¢° est de la forme

g (x,e,m) = |e|¥?g (q:, ‘;, |e|TZ/2> , Ve >0, (z,e) € E5,m >0 (1.37)

ot g : QxS xR, — R est une fonction donnée, qui est continue, positive et
croissante par rapport a la derniére variable.

Nous posons

té(z,e)

& (z,e) = PLE pour tout (z,e) € E*. (1.38)
e

Sid=2, signifie que le temps de parcours d’un arc de longueur |e| est de
l'ordre de |e| et dépend du flot par unité de longueur m/|e|. C’est naturel en termes
de scaling. Nous avons défini dans des variables métriques (c’est le temps par
unité de longueur). Pour d # 2, le terme d/2 n’est pas trés naturel mais il permet
d’avoir le méme exposant dans les définitions et . L’analogue de (|1.29))
est alors :

inf (€)= TH(€) - TH(E) (139
e=cR?
ou
BEy= 3l (o €0 (1.0
(z,e)eE®
et

[E)= Y 7y (amin > |e|d/256<z,e>>.

(z,y)EN=2

La limite continue ressemble a celle dans le cas cartésien :

inf J(&) :=1(§) — L(E = /stdi1 H(z,v,&(x,v))0(dz, dv) — /7 _Cedy. (1.41)

¢eLh (0) axQ

Dans ce chapitre, nous montrons qu’on arrive aux mémes résultats de conver-
gence que dans le cas cartésien.
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Remarque 1. (Analyse dimensionnelle) De maniére plus générale, supposons au

liew de (1.27)), (1.36)), (1.37)) et (1.38) que :

lim e Z ff(x,y)gp(;p,y) = /§X§¢ dry, pour tout ¢ € C(ﬁ X ﬁ),

e—0t
(z,y)eQ2

lim > e]*e (x, |e|> = / ) o(x,v) 0(dz, dv), pour tout ¢ € C(Q x S*1),
e Qxsd-1

+
e=0 (z,e)eE®

g (z,e,m) = le|%g ( ,|€|, | 7|n4> , pour tout € > 0, (z,e) € E5,;m > 0,
el |e|™
et -
& (z,e) = ﬁjjf) pour tout (x,e) € E*.
e «
avec auq, ..., a4 des réels qui vérifient la relation oy + oy = ag — 1. Nous obtenons

ainsi (1.39) ou I§ et IS sont donnés par :

()= > et H (x,‘;,fg(x,e)>

(z,e)EE*

L&) = > ’f(x,y)(min > Iel‘”’éa(z,e))-

oeCe
(z,y)ENE? Y (z,e)Co

Alors au moins formellement, la limite continue de J*(£%)/e%~1~1 est J(€) donné
par . Dans les chapitres 2 et 3, nous avons choisi a; = d/2 — 1,09 = d et
az = ay = d/2. Dans le chapitre 4, nous avons préféré a; = 0,0 = d,ai3 = 1 et
oy =d —1. La relation oy + oy = cvg — 1 est nécessaire pour que l'exposant dans 1§
soit cohérent avec celui de I5. La dimension d apparait dans nos choir des exposants,
en particulier, celui de ay (qui a toujours été choisi égal a d). Ainsi, l’exposant de
I5 /e~ est (formellement) égal a ap (= d), ce qui nous permet de pouvoir passer
a la limite quand € tend vers 0%,

2.2 Conditions d’optimalité et variante a long terme

Ce chapitre reprend les deux dernieres sections de [67]. Dans un premier temps,
nous continuons de travailler dans le cas de court terme (I' = {7}) et nous gardons
les mémes hypotheses que dans le chapitre précédent. Nous voulons trouver des
conditions d’optimalité pour le probléeme limite a travers une formulation
duale qui peut étre vue comme un équilibre de Wardrop continu et qui fait donc
appel a des mesures de probabilité sur ’ensemble des chemins. Cette question a été
résolue dans le cas cartésien, toujours dans |12]. C’est une variante anisotropique du
probléme étudié dans [39]. Les auteurs ont considéré 'ensemble C' := W1>°(]0, 1], Q),
vu comme sous-ensemble de C([0, 1], R?) équipé de la topologie uniforme. L’ensemble
des mesures de probabilité sur les chemins, compatibles avec le plan de transport +,
est :

Q(7) =1{Q € M{(C) : (e, e1)4Q =} (1.42)



18 Introduction générale

Pour Q € Q(7), lanalogue m@ = (m¥, ..., m¥) de 'intensité de trafic i (définition

(1.8))) est défini par

1 _
Ledn? = [ ([ @)@ v)idt) dQe) Vi=1,... 4 et p € CRR,),
0
(1.43)
ou ici, (vq,...,v4) = ((1,0),(0,1),(—1,0),(0,—1)), pour rappel. Compte-tenu de
I'hypothese ((1.32), nous nous intéressons a ce sous-ensemble

Q(7) :={Q € Qy) : m? € LU (Q,RY)},
ou ¢ est 'exposant conjugué de p. L’équivalent du probleme ((1.20)) est ainsi

sup — /G (z, m%(z)) dz. (1.44)
QeQI(y) =1

On a alors ce résultat, qui donne des conditions d’optimalité pour les problemes
(11.35) et (1.44]) et qui fait le lien avec un équilibre de Wardrop continu :

Théoreme 2.2. Nous avons :
1. Le probleme (1.44]) admet des solutions.
2. Q € Qi(v) est une solution de (1.44)) si et seulement si

> [ (| &to®)e(0)-v).at) dQlo) = [ e, (o10).0(0) a2

ol g 1= (g1 (,m?()) ,---;94( 46 ))

3. Nous avons l’égalité : inf (|1 - - De plus, si Q) est une solution de
alors &g est une solution de -

Dans le modele général, nous devons considérer non seulement les chemins o mais
aussi les décompositions coniques de ¢(t) dans la famille des directions {v(o(t))} :

L:={(o,p): 0 € W([0,1],9), p € P, N L([0, 1))},
ou
N
P, = {p tte[0,1] = p(t) € RY : a(t) = Y wvp(o(t)) pi(t) p-p. t}.
k=1
Nous appelons ces (0, p) des courbes généralisées. Les pg(t) sont les poids de ()
dans {vg(co(t))}x. Cette construction nous permet notamment de traiter de maniere
différente une ligne droite et des oscillations autour de cette méme ligne. En effet,
dans le premier cas, nous avons une seule direction alors que dans le second cas, nous

avons plusieurs directions. Par conséquent, nous utilisons des mesures de probabilité
sur ’ensemble des courbes généralisées, qui sont cohérentes avec le plan de transport

vl
Qv) :==1{Q € ML(L) : (e0,€1)4Q =},

Alors pour Q € Q(7), la mesure positive m® sur Q x S ! se définit comme suit :

[ € =3 [ ([ etot0,a(ot00) ) 0@l ¥ € CO1 x5 )
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et pour la méme raison que dans le cas cartésien, nous nous concentrons sur l'en-
semble (que nous supposons non vide)

Q) :={Q € Q(7) : m? € LI x S 1. 0)}. (1.45)

Alors la version générale du probleme ([1.44]) est

sup —/ G (z,v,m%(z,v)) 0(dz, dv). 1.46
L A (z,v)) 0(dz, dv) (1.46)

Le résultat principal de cette section est ainsi le théoreme suivant

Théoreme 2.3. Sous certaines hypothéses, nous avons :
1. (1.46) admet des solutions.
2. Q € Qi(v) est une solution de (1.46)) si et seulement si

i ([ ettt vnlo))pstt) de) d@(o. ) = [ 7 (0(0). o(1)) o

ot {5(z,v) =g (x, v, ma(L v))

3. Nous avons [’égalité : inf (1.41]) = sup (1.46)). De plus, si Q est une solution de
(1.46) alors &5 est une solution de ([1.41).

Cependant, la preuve du théoreme et en particulier de I'existence d’une solution
optimale s’avere beaucoup plus délicate. En effet, nous devons composer avec des
courbes généralisées, qui ne sont pas dans un espace polonais (c’est-a-dire, un espace
métrisable, séparable et complet), quelle que soit la topologie utilisée. Ce fait nous
empéche ainsi d’appliquer directement le théoréeme de Prokhorov, qui aurait permis
de prendre une suite maximisante {Q,},>o pour (1.46). L’idée est de contourner
cette difficulté en considérant une version relaxée du probléme . Plus précisé-
ment, partant du probleme , nous étendons la classe des objets sur laquelle le
supremum est pris, en plongeant 'espace £ dans I’espace

S = {(O‘, v, @A) o€ Wh([0,1],9), v € M. p.p. t},

ott pour t € [0,1] et 0 € W1°(]0,1], ),

M = {Vt € ML(RY) : supp v; C Lj\j Riwvg(o(t)) et a(t) :/

k=1 R

K dz/t(v)}

et A est la mesure de Lebesgue sur [0, 1]. Les mesures d’Young v, ® A sont I’équivalent
des décompositions p € P,. La théorie des mesures d’Young a été introduite par
Young dans [99-101]. Une référence est le livre de Pedregal [85]. Nous avons vu au
début de ce chapitre que le probleme de Kantorovich est une version relaxée
du probléeme de Monge . Pour une comparaison entre les idées de Kantorovich
et celles d’Young, nous pouvons consulter les articles [10462].

L’ensemble S est vu comme sous-ensemble de C' = C([0, 1], R?) x %, (R x [0, 1])
ol pour un espace polonais (E, d), nous posons

PBi(F) = {,u e ML(E): /Ed(x,x’) du(r) < +o0o pour z' € E}
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Nous munissons C([0,1],R?) de la topologie uniforme et P;(R? x [0,1]) de celle
induite par la 1-distance de Wasserstein

Wi(u,v) := min {/}32 d(z1, xg) dr(xy, 20) : € (g, I/)}

ot B =R4x[0,1], d est la distance usuelle sur E et (u,v) € B1(F)?. Nous équipons
alors C' de la topologie-produit et C' est ainsi un espace polonais. Nous pouvons
remarquer le lien entre W et le probleme de Kantorovich . Une bonne référence
sur les distances de Wasserstein est Ambrosio-Gigli-Savaré [9)].

Nous pouvons réécrire le probleme en un probleme de minimisation sur
des mesures de probabilité sur ’ensemble S. En outre, une hypothese faite au début
de [67] et jouant un role crucial dans cette preuve est :

Hypothése 2.3. Il existe une constantc C' > 0 telle que pour tout (z,z,&) € R x

St x RY, il existe Z € RY tel que |Z| < C et

N
Z-S:min{Z-g;Z:(zl,...,zN)E]Rf et szvk(x):z}.

k=1

Cette hypothese signifie que pour tout z € R?, il existe une décomposition co-
nique minimale de z dans la famille des directions qui ne soit pas trop grande par
rapport a z. Elle nous permet de réduire nos problemes de minimisation en ne consi-
dérant que des mesures de probabilité sur des ensembles plus petits que L et S, sur
lesquels nous avons une contrainte supplémentaire de contrdle. Cela nous donne de
la tension sur les mesures, ce qui nous permet d’appliquer le théoreme de Prokhorov.

Dans la derniére section, nous travaillons avec la variante de long-terme. Dans
les problemes discrets, au lieu de prendre des plans de transport {7°}.~, nous fixons
seulement les marginales {f°}.o0 et {f{}es0 qui convergent x-faiblement vers des
mesures de probabilité f_ et f, sur . Les probléemes de minimisation discrets
et continu se reformulent ainsi :

inf _F(E7) = [5(€°) = FT(E°) (1.47)

#EE
geer?

ou I5(&°) est défini par (|1.40) et

F7(&):=  inf > A (zy) (min > ]e\d/255(2,6)> .

'yEEH(fi,fj_) (z,y)ENE? 7€y (z,e)Co
et
FE) = (&) — Fy(€), ot Fy(€) ==  inf / cedy, VE € IP(0). (148
(&) == 1o(&) — F1(§) 1(6) LY £ e LE(0) (1.48)

Sous les mémes hypothéses que dans le cas de court-terme (excepté celle concernant
le plan de transport, remplacée par une autre sur les martingales), nous avons le
méme résultat de [-convergence : la famille de fonctionnelles ([1.47]) [-converge (pour

la topologie faible de L) vers la fonctionnelle (1.48]).
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De plus, au lieu de prendre Q9(~y) (définition ((1.45))), nous travaillons maintenant
avec

QU [, f1) ={Q e ML(L) : €0pQ = f-,e14Q = fr,m? € LU(0)}
et le probleme devient

sup —/ G(x,v,m®(x,v))0(dz, dv).
QEQI(f-,fy)  JOXSI

En faisant les modifications nécessaires (voir chapitre 3), le[Théoreme 2.3/ reste alors

encore vrai dans le cas de long terme.

2.3 Equilibre de Wardrop : variante a long terme, EDPs
dégénérées et anisotropiques et approximations numé-
riques

Ce chapitre est issu de 'article [66]. C’est la suite de [67] et nous reprenons
pratiquement les mémes notations et définitions. A la fin de [67], nous avions le
probléme de minimisation (dans le cadre continu de long terme)

inf / Gz, v, m2(x, v))0(dz, dv). 1.49
ot [ G m ), ) (149

Considérons le probleme a la Beckmann suivant :

inf / o —di = } . 1.
- { [ G, 0(2)) du s —divo = f (1.50)
ol f = fr—f_et G: QAxR? — R, est la fonction, convexe par rapport a la seconde
variable, définie par

G(z,0) = inf > ()G (z, vi(x), ok)

°cPE

avec

N
Po = {g € Rf; o= ka(z)gk} pour tous z € Q et o € RY.
k=1

Nous avons le théoréme suivant :

Théoréme 2.4. Nous avons l'égalité inf (1.49) = inf ((1.50)).

I1 généralise un théoreme de Brasco-Carlier-Santambrogio [33] dans le cas iso-
trope et de Brasco-Carlier [31] dans le cas cartésien. Pour prouver la premiére inéga-
lité inf > inf ([1.50), & partir de Q € Q%(f_, f4), nous construisons la mesure
vectorielle 0% € L4(Q, R?) de la méme maniére que dans la définition (1.9)) et nous
obtenons notamment que (m@(-,v1(-)), ..., me(-,vx(-))) € P°° et I'inégalité désirée
s’ensuit. Pour I'inégalité inverse, nous utilisons la méthode de flot de Moser et un
argument de régularisation classique.

Comme déja mentionné auparavant, par des arguments standards de dualité

convexe (le théoreme de Fenchel-Rockafellar, [54]), le probleme dual de (1.50)) est
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(1.23) et nous avons min = min . De plus, nous pouvons caractéri-
ser 1’élément minimisant o par . Ainsi, résoudre revient a résoudre
I’équation d’Euler-Lagrange de et a utiliser ensuite les conditions d’optima-
lité primal-dual. Cependant, ici, dans nos modeles de congestion, méme en 'ab-
sence totale de trafic, nous ne pouvons pas aller a une vitesse infinie donc la dé-
rivée de la fonction G(z,v,-), qui est g(x,v,0), est strictement positive en zéro.
Cela rend l’équation de Euler-Lagrange tres dégénérée. Un exemple typique est
g(z,vp(x),m) = gp(x,m) = m9™! + & avec &, > 0. Dans le cas cartésien, cette
équation devient

2
-3 o ( O] — 5,1 Ok )
EX]

Dans le cas général, elle est encore plus compliquée :
d 1
-> 0 lz (Vu - vg(x) — oper () v,i(a:)] = f.
=1 Llk=1

ot vp(z) = (vi(z),...,vi(x)) pour k = 1,...,N et z € Q. Cette EDP est tres
dégénérée. En effet, tout u, dont, pour tout z, le gradient Vu(x) est a valeurs dans
un polyedre (non trivial et qui dépend de x), est une solution de I’équation précédente
avec f = 0. Par conséquent, nous ne pouvons pas espérer récupérer des estimations
sur les dérivées secondes de u ou méme des estimations d’oscillations sur Vu a partir
de cette EDP. Méme en considérant le cas cartésien avec les 9, tous nuls, ’équation
(qui est alors 1’équation du pseudo p-laplacien, voir par exemple [18}|77]96,97])
demeure délicate a étudier.

Dans le cas particulier ou les directions vy et les coefficients de volume ¢, sont
constants, le probleme s’écrit plus simplement

inf {/Q inf ch ( of + (5kg_)k> c—div o = f}, (1.51)

ceLi() 0€PZ e

et nous avons le résultat suivant de régularité sur o :

Corollaire 2.2. La solution o de (£.25) est dans lespace de Sobolev W' (Q), ot

2 st p =2,
_ ) toute valeur <2, sip>2etd=2,
dp
, sip>2etd>2.
dp—(d+p)+2 P

Le méme résultat a été prouvé pour le cas cartésien dans [31]. Les preuves sont
tres semblables et sont basées sur la méthode des translations de Nirenberg (voir par
exemple Brézis [37], Gilbarg-Trudinger [63], Lindqvist [76]) et des inégalités pour le
p-laplacien [76].

Dans la derniere section, nous approchons numériquement par la méthode des
éléments finis les solutions du probléme de minimisation . Pour cela, nous utili-
sons 'algorithme ALG2 comme dans Benamou-Carlier [21], qui est un cas particulier
de la méthode de splitting de Douglas-Rachford pour la somme de deux opérateurs
non-linéaires (voir Lions-Mercier [78] ou encore Papadakis-Peyré-Oudet [84]). Cet
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algorithme a été introduit par Fortin-Glowinski [59]. Malgré la relative lenteur de
sa convergence, cette méthode itérative fonctionne bien numériquement. Il existe a
présent une énorme littérature concernant les applications de ALG2. Pour le trans-
port, citons notamment Benamou-Brenier [20], Benamou [19], Buttazzo-Jimenez-
Oudet [38], Glowinski [64], Glowinski-Marocco [65], Huilgol-You [69]. Le probleme
discrétisé par éléments finis de est :

inf J(u) :=F(u) + G*(Au) (1.52)

uER™

ou F:R" - RU{+00},G : R™ — RU {400} sont des fonctions convexes, semi-
continues inférieurement et propres, A est une m x n matrice réelle, représentant
I'analogue discrete de V. Par ailleurs, nous pouvons réécrire ((1.23)) :

mf{/g 7, q(z d:v—/ (@) f(2) das}. (1.53)

par rapport a la contrainte Vu = ¢. Alors nous pouvons reformuler les problemes

(1.53)-(|1.50]) en un probleme de point-selle :

infsup L, (u, ¢, 0)
pour r > 0, ou le Lagrangien augmenté L, est défini par
(1,0,0) i= [ G(x,q(@) dz = (u, f) + (0, Vu — q) + 5|V — g
La version discrete de ce Lagrangien augmenté est :

L, (u,q,0) :=F(u)+G*(q) +0-(Au—q)+ £|Au —q|?, Y(u,q,0) € R" x R™ x R™.
(1.54)

L’algorithme de Lagrangien augmenté ALG2 consiste a construire (u®, ¢, o%) €
R x R? x R? & partir d’'une donnée initiale (u°, ¢°, 0°) comme suit :

1. Probléme de minimisation par rapport a w :
u = argmin, . {F(u) +oF - Au+ g|Au - qk|2)}
C’est, équivalent a résoudre une équation de Laplace :
—r(AuFtt — div(¢")) = f + div(c*) dans Q

avec la condition de bord de Neumann

8uk+1
3 =r¢" v —o" v sur 0.
v

r

2. Probleme de minimisation par rapport a ¢ :

qk+1 i= argmin,cga {G (q) — ok . q+ ilAUk—H _ q|2)}

3. Utilisation de la formule de remontée de o

O,k—l—l — Uk +r(Auk+1 _ qk—l-l)'
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La convergence d’une telle suite (u*, ¢*, o*) vers un point-selle du Lagrangien est
assurée par le théoreme de Eckstein-Bertsekas [53].

Le logiciel utilisé pour I'implémentation de cet algorithme est FreeFem ++ [68].
Je lai testé dans deux cas particuliers dans R? : le cartésien et le hexagonal. La
seule chose qui change entre ces deux cas est ’étape 2, les deux autres étapes étant
identiques. Dans le premier cas, cela revient a trouver la solution ¢ = (q1,¢2) du
probleme ponctuel

in 1(|ql| —c(x))h + f|qi —GF|* pouri=1,2

% p 2
ou g¢ = Aukﬂ—i—‘;—k. Une simple dichotomie suffit. En revanche, c¢’est plus délicat dans
le second cas, comme nous ne pouvons pas séparer les variables dans G*(q). Nous
cherchons I’élément minimisant avec la méthode de Newton, en utilisant 'inverse
de la matrice hessienne (qui est définie positive). Des tests ont été effectués avec
plusieurs données différentes : f, p, présence d’un obstacle, etc. La convergence
de cette discrétisation a été vérifiée dans tous les tests grace a trois criteres de
convergence.

2.4 Une solution numérique au probleme de Monge avec
comme coiit une distance de Finsler

Dans ce chapitre écrit en collaboration avec Benamou et Carlier [22], nous nous
intéressons au probleme de Monge

inf {J(?T) = /XXY c(x,y)dn(z,y) : m € (u, 1/)} : (1.55)

ou 2 est un domaine borné de R?, f~ et f* sont des mesures de probabilité sur Q
et dy est une distance de Finsler. Plus précisément, d; est donnée par

1 _
dulo,y) =it { [ LG0,50) dt = 9 € WH([,1].8), 1(0) =z, 2(1) =y}

B (1.56)
ou le Lagrangien L : 2 X R? — R, est une fonction continue de type Finsler, ¢’est-
a~dire, pour tout x € 0, v — L(x,v) est une norme et il existe une constante C' > 0
telle que la condition suivante de non-dégénérescence est satisfaite :

|UC| < L(z,v) < Clvl|, ¥(x,v) € Q x R
Une référence générale sur les distances de Finsler est le livre de Bao-Chern-Shen [14].
Nous pouvons également consulter Braides-Buttazzo-Fragala [30] pour une approxi-
mation riemannienne des métriques de Finsler. Nous pouvons reformuler le probléme

(1.56) en un probléme & la Kantorovich :

sup{(u,f> = /7u(x)d(j”r — [7)(x) : u est 1-Lipschitzienne pour dL}. (1.57)
Q
et le probleme dual de flot a la Beckmann est alors :

inf {/QL(:L‘,U(x))d:E : —div(o) = f} (1.58)

oceL1(Q,R%)
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Par dualité, nous montrons que

min - max - min .

Comme dans le chapitre précédent, nous réécrivons ([1.57)) en

igf{—(waG(q) : q=Vu p-p-}
= | Gl q(x))da

gwﬂw:{aﬁL“%Wﬁl

ou

400, sinon.
Ici, L*(z,-) est la norme duale de L(z,-) :
L*(z,p) :=sup{p-v : L(z,v) <1}.

Comme précédemment, nous considérons le Lagrangien augmenté (pour r > 0)
L.(u,q,0) :=—(u, f) +/ G(z,q(z

+/ (Vu(z) — g(z))dz + = /|vu—q|2

De la méme maniére, nous faisons des approximations discrétes de ces problemes
en utilisant les éléments finis pour pouvoir appliquer I'algorithme ALG2 et faire des
simulations numériques. A notre connaissance, il n’existait pas de littérature sur
I'utilisation des méthodes de Lagrangien augmenté pour une métrique de Finsler
générale. Nous justifions rigoureusement la pertinence d’'une telle approche. Nous
testons I'algorithme sur deux exemples particuliers : le cas riemannien

L(z,v) = (A(z)v - v)%,

avec A(x) matrice symétrique définie positive pour tout x et le cas ou L(z,-) est
défini par un nombre fini de directions

L(z,v) := inf {Z:fj(x)aj : Z:ajvj(x) = v} :

ot {v;(x)} sont des vecteurs unité et {{(z)}; sont des réels strictement positifs tels
que vjpi(x) = —vj(x) et {1 = & pour j € {1,--- , k}.

En résumé, les chapitres 2 et 3 reprennent Hatchi [67]. Dans le chapitre 2, nous
regardons comment se passe la transition d’une suite de réseaux congestionnés dis-
crets de plus en plus denses a un modele continu dans le cas de court terme. Dans
le chapitre 3, nous donnons des conditions d’optimalité dans le modele continu. Le
chapitre 4 est issu de Hatchi [66] et poursuit I’étude du modele continu dans le cas
de long terme. Nous arrivons ainsi a une EDP anisotropique, elliptique et dégénérée
et nous la résolvons grace a I'algorithme ALG2. Le chapitre 5, écrit par Benamou-
Carlier-Hatchi [22], porte sur les problémes de Monge avec comme cofit une distance
de Finsler et nous utilisons a nouveau ’algorithme ALG2 pour avoir une solution
numérique. Le dernier chapitre présente des perspectives possibles pour la poursuite
des travaux exposés dans cette these.
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Chapter 2

Wardrop equilibria : rigorous
derivation of continuous limits
from general networks models

This chapter is the first part of the paper [67].

Abstract : The concept of Wardrop equilibrium plays an important role in
congested traffic problems since its introduction in the early 50’s. As shown in [12],
when we work in two-dimensional cartesian and increasingly dense networks, passing
to the limit by I'-convergence, we obtain continuous minimization problems posed
on measures on curves. Here we study the case of general networks in R? which
become very dense. We use the notion of generalized curves and extend the results
of the cartesian model.

Keywords: traffic congestion, Wardrop equilibrium, I'-convergence, generalized
curves.
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1 Introduction

Modeling congested traffic is a field of research that has developed especially
since the early 50’s and the introduction of Wardrop equilibrium [98]. Its popularity
is due to many applications to road traffic and more recently to communication net-
works. In our finite networks model, we represent the congestion effects by the fact
that the traveling time of each arc is a nondecreasing function of the flow on this
arc. The concept of Wardrop equilibrium simply says that all used roads between
two given points have the same cost and this cost is minimal. So we assume a ratio-
nal behavior by users. A Wardrop equilibrium is a flow configuration that satisfies
mass conservation conditions and positivity constraints. A few years after Wardrop
defined his equilibrium notion, Beckmann, McGuire and Winsten [17] observed that
Wardrop equilibrium can be formulated in terms of solutions of a convex optimiza-
tion problem. However this variational characterization uses the whole path flow
configuration. It becomes very costly when working in increasingly dense networks.
We may often prefer to study the dual problem which is less untractable. But finding
an optimal solution remains a hard problem because of the presence of a nonsmooth
and nonlocal term. As we study a sequence of discrete networks increasingly dense,
it is natural to ask under what conditions we can pass to a continuous limit which
would simplify the problem.

The purpose of this paper is to rigorously justify passing to the limit thanks to
the theory of I'-convergence and then to find a continuous analogue of Wardrop equi-
librium. We will strongly rely on two articles [39] and [12]. The first establishes some
first results on traffic congestion. The second studies the case of a two-dimensional
cartesian grid with small arc length ¢. Here we will consider general networks in R?
with small arc length of order e. It is a substantial improvement. We will show the
[-convergence of the functionals in the dual problem as € goes to 0. We will obtain
an optimization problem over metrics variables. The proof of the I'-convergence is
constructed in the same manner as in [12]. But two major difficulties here appear.
Indeed in the case of the grid in R?, there are only four possible constant directions
(that are ((1,0),(0,1),(—1,0),(0,—1))) so that for all speed z € R?, there exists
an unique decomposition of z in the family of these directions, with positive coeffi-
cients. In the general case, directions are not necessarily constant and we have no
uniqueness of the decomposition. To understand how to overcome these obstacles,
we can first look at the case of regular hexagonal networks. There are six constant
directions (that are exp(i(w/6+kn/3)),k = 0,...,5) but we lose uniqueness. Then,
we can study the case of a two-dimensional general network in which directions can
vary and arcs lengths are not constant. The generalization from R? to R? (where
d is any integer > 2) is simpler. Of course, it is necessary to make some structural
assumptions on the networks to have the I'-convergence. These hypotheses are sat-
isfied for instance in the cases of the isotropic model in [39] and the cartesian one
in [12].

The limit problem (in the general case) is the dual of a continuous problem posed
on a set of probability measures over generalized curves of the form (o, p) where o
is a path and p is a positive decomposition of ¢ in the family of the directions.
This takes the anisotropy of the network into account. We will then remark that we
can define a continuous Wardrop equilibrium through the optimality conditions for
the continuous model. To establish that the limit problem has solutions, we work
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with a relaxation of this problem through the Young’s measures and we extend
results in [39]. Indeed we cannot directly apply Prokhorov’s theorem to the set of
generalized curves since weak-L! is not contained in a Polish space. First we are
interested in the short-term problem, that is, we have a transport plan that gives the
amount of mass sent from each source to each destination. We may then generalize
these results to the long-term variant in which only the marginals (that are the
distributions of supply and demand) are known. This case is interesting since as
developed in [31,33,/66], it amounts to solve a degenerate elliptic PDE. But it will
not be developed here.

The plan of the paper is as follows: Section 2 is devoted to a preliminary descrip-
tion of the discrete model with its notations, definition of Wardrop equilibrium and
its variational characterization. In Section 3, we explain the assumptions made and
we identify the limit functional. We then state the I'-convergence result. The proof
is given in Section 4. Then, in Section 5, we formulate the optimality conditions
for the limit problem that lead to a continuous Wardrop equilibrium. Finally, in
Section 6, we adapt the previous results to the long-term problem.

2 The discrete model

2.1 Notations and definition of Wardrop equilibria

Let d € N,d > 2 and ©Q a bounded domain of R? with a smooth boundary
and ¢ > 0. We consider a sequence of discrete networks 2. = (N¢, E¢) whose
characteristic length is £, where N¢ is the set of nodes in €. and E° the (finite) set
of pairs (z,e) with z € N and e € R? such that the segment [z, + €] is included
in Q and x + e still belongs to N°. We will simply identify arcs to pairs (z,e). We
impose |E¢| = max{|e|, there exists x such that (z,e) € E°} = . We may assume
that two arcs can not cross. The orientation is important since the arcs (z,e) and
(x + e, —e) really represent two distinct arcs. Moreover if (z,e) € E° then also is
(x + e, —e). Now let us give some definitions and notations.

Traveling times and congestion: We denote the mass commuting on arc
(z,e) by m®(x,e) and the traveling time of arc (z,e) by t°(x,e). We represent
congestion by the following relation between traveling time and mass for every arc
(z,e):

t°(z,e) = g°(z,e,m*(z,€)) (2.1)

where for every e, ¢° is a given positive function that depends on the arc itself
but also on the mass m®(x,e) that commutes on the arc (z,e) in a nondecreasing
way: this is congestion. We will denote the set of all arc-masses m*(z,e) by m*®.
Orientation of networks here is essential: considering two neighboring nodes x and
x’ with (z,2' — x) and (2/,x — 2’) € E*°, the time to go from z to 2z’ only depends
on the mass m*(z, 2’ — z) that uses the arc (z,2" — x) whereas the time to go from
2’ to x only depends on the mass m*(z',x — 2’).

Transport plan: A transport plan is a given function 7° : N® x N — R,.
That is a collection of nonnegative masses where for each pair (z,y) € N® x N¢
(viewed as a source/destination pair), v¢(x,y) is the mass that has to be sent from
the source x to the target y.
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Paths: A path is a finite collection of successive nodes. We therefore represent
a path o by writing o = (930, . ,:BN(U)) with o(k) =z € N¢ and (o(k),0(k+1) —
o(k)) € E for k=0,...,N(0) — 1. The node ¢(0) is the origin of o and o(N (o))
is the terminal point of . The length of o is

N(o)—1

Z |Trr1 — Tl

k=0
We say that (x,e) C o if there exists k € {1,..., N(o) — 1} such that o(k) = = and
e=o0(k+1)—o(k). Since the time to travel on each arc is positive, we can impose
o has no loop. We will denote the (finite) set of loop-free paths by C¢, that may be
partitioned as

o= U Cor
(z,y)ENEXN*

where C7 | is the set of loop-free paths starting from the origin z and stopping at the
terminal point y. The mass commuting on the path o € C¢ will be denoted w* (o).
The collection of all path-masses w*(o) will be denoted w®. Given arc-masses m°,
the travel time of a path o € C¢ is given by:

To-(0) = Z g (z,e,m(x,e)).

(z,e)Co

Equilibria: In short, in this model, the data are the masses 7°(z,y) and the
congestion functions ¢°. The unknowns are the arc-masses m®(z, e) and path-masses
w®(0). We wish to define some equilibrium requirements on these unknowns. First,
they should be nonnegative. Moreover, we have the following conditions that relate
arc-masses, path-masses and the data 7° :

¥ (z,y) = Z w (o), Y(z,y) € N° x N° (2.2)

oeCs

and
mt(z,e) = > w(o),V(z,e) € E". (2.3)
oceCe:(z,e)Co
Both express mass conservation. We finally require that only the shortest paths
(taking into account the congestion created by arc and path-masses) should actually
be used. This is the concept of Wardrop equilibrium that is defined precisely as
follows:

Definition 2.1. A Wardrop equilibrium is a configuration of nonnegative arc-masses
me : (z,e) — (m°(x,e)) and of nonnegative path-masses we : o — we(0), satisfying
the mass conservation conditions (2.2) and (2.3) and such that for every (z,y) €
N¢ x N¢ and every o € C; , if w*(0) > 0 then

Tone (0) < Tope(0'), V0" € C5 .

me

2.2 Variational characterizations of equilibria

Soon after the work of Wardrop, Beckmann, McGuire and Winsten [17] discov-
ered that Wardrop equilibria can be obtained as minimizers of a convex optimization
problem:
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Theorem 2.1. A flow configuration (W, m?) is a Wardrop equilibrium if and only

if it minimizes

> G (x,e,m(z,e)) where G*(z,e,m) ::/ g (z,e,a)da (2.4)
(z,e)EEE 0

subject to nonnegativity constraints and the mass conservation conditions (2.2])-(2.3)).

Proof. Problem (2.4) in fact is a minimization problem only on w® since we can
deduce m® from w° due to (2.3)). Assume that w® (with associated arc-masses
m°) is optimal for (2.4) then for every admissible v = (v(0)),ec- With associated

arc-masses n = (n(x,€))(ze)ecpe (through (2.3))), we have

0< > G'(z,e,m(z,e))(n(x, e) —m°(z,¢€))

(z,e)€E"

= > F(remi(ze) D (v(o)—w(0))
(z,e)€ B* ceCe:(z,e)€0

= X (0lo) ~wi(0) X gl e mi(z,e)).
oeCe (z,e)Co

where G¥'(z,e,+) = ¢°(z, e, ) is the derivative of G°(z,e,-). Then

S w(0)Tee(0) < D7 v(0) 75 (0).

oceCe oceCe

By minimizing the right-hand side, we obtain

Yoo > W) melo) = > (w,y) min 7o.(0)

/ CE
(z,y)ENEXNe 0€Ct (z,y)ENEXNE o'€lzy

which exactly is the definition of Wardrop equilibrium. To prove the converse, it is
sufficient to notice this is a convex problem (since the functions g° are nondecreasing
with respect to the last variable) so that the inequality above is enough for a global
minimum. [

As mentioned in the proof, the problem ([2.4]) is convex so we can easily obtain ex-
istence results and numerical schemes. Unfortunately, this problem becomes quickly
costly whenever the network is very dense, since it requires to enumerate all paths
flows w® (o). For this reason, we can not use this characterization to study realistic
congested networks. An alternative consists in working with the dual formulation
which is

inf > H(z,e,t(z,e)— > A (z,y)T(z,y), (2.5)

#E€
HERTT (z,e)eE" (z,y)EN<?

where t° € R¥” should be understood as t© = (t°(x, e))(@ecrs, He(z,e,.) =
(G*(z,e,.))" is the Legendre transform of G¢(z,e,.) that is

H¢(z,e,t) := sup{mt — G*(z,e,m)}, Vt € R, (2.6)

m>0

and 7§ is the minimal length functional:
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Figure 2.1 — An example of domain in 2d-hexagonal model

The complexity of seems better since we only have #E° = O(e~%) nodes
variables. However an important disadvantage appears in the dual formulation.
The term T§. is nonsmooth, nonlocal and we might have difficulties to optimize
that. Nevertheless we will see that we may pass to a continuous limit which will
simplify the structure since we can then use the Hamilton-Jacobi theory.

3 The I'-convergence result

3.1 Assumptions

We obviously have to make some structural assumptions on the e-dependence of
the networks and the data to be able to pass to a continuous limit in the Wardrop
equilibrium problem. To understand all these assumptions, we will illustrate with
some examples. Here we will consider the cases of regular decomposition (cartesian,
triangular and hexagonal, see for d = 2. In these models, all the arcs in
Q. have the same length that is €. We will introduce some notations and to refer to
a specific example, we will simply add the letters ¢ (for the cartesian case), t (for
the triangular one) and h (for the hexagonal one).

The first assumption concerns the length of the arcs in the networks.

Assumption 2.1. There ezists a constant C' > 0 such that for every e > 0, (z,e) €
E*, we have Ce < |e| < e.

More generally we denote by C' a generic constant that does not depend on the
scale parameter ¢.

The following assumption is on the discrete network 2., ¢ > 0. Roughly speak-
ing, the arcs of €). define a bounded polyhedron (still denoted by 2. by abuse of
notations) that is an approximation of . The set Q. is the union of cells - or
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polytopes - (V7). Each V{ is itself the union of subcells - or facets - (F},). More
precisely, we have:

Assumption 2.2. Up to a subsequence, Q. C Qo fore >e >0 and Q = U.-(Q
For e > 0, we have

= U Ve, I° is finite.

iele

There exists S € N and s; < S such that for every e > 0 and v € I°, VF =
Conuv(xs,, ..., x5 ,.) where for j =1,. ,— 1, x5 ; is a neighbor of x5, and x5, is
a neighbor ofxi’1 in Q.. Its interior Vf contains no arc € E°. Fori # j,VFNV: = 0
or exactly a facet (of dimension < d—1). Let us denote X{ the isobarycenter of all
nodes x5, contained in V. For i € I, we have

= |J F;; with I} finite.
jels
For j € If, Ff; = Conu(X§, x5, ..., 25 ;,) with these (d+ 1) points that are affinely
independent. For every k # 1, F, N F7, is a facet of dimension < d — 1, containing
X:. There exists a constant C' > 0 independent of € such that for every i € I¢ and
I7, the volume of V7 and F7; satisfies

1
Set < P < v < ot
The estimate on the volumes implies another estimate: for every ¢ € I¢ and
k=1,...,s;, we have
1
o€ < dist (X7, 27,) < Ce (2.7)
(the constant C' is not necessarily the same). This hypothesis will in particular
allow us to make possible a discretization of Morrey’s theorem and then to prove
Lemma 2.6 It is a non trivial extension of what is happening in dimension 2.
shows an illustration of [Assumption 2.2)in the cartesian case.
We must also impose some technical assumptions on N° and E*.

Assumption 2.3. There exists N € N, D = {vz}p=1..ny € CORY SN and
{ertemt, v € CHLRL)YN with a > d/p such that E° weakly converges in the sense
that

. (& _ _
lim > el (56, ) = /stdfl o(x,v) 0(dx, dv), VY € (2 x ST,

e—0 (z,e)CE° |€’

where € M (Q x S¥71) is of the form

0(dzx, dv)

vk(x

||M2

The v,’s are the possible directions in the continuous model. We have to keep
in mind that for every x € R?, the vy (z) are not necessarily pairwise distinct. The
requirement v;, € C%*(R?Y) with o > d/p is technical and will in particular be useful
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Figure 2.2 — An illustration of [Assumption 2.2|in the cartesian case for d = 2.

to prove [Lemma 2.7 In our examples, the sets of directions are constant and we
have

D, = {Ucl - (170)7U62 - (07 1)7UC3 - <_170)7UC4 - (07 _1)}7

Dt _ Dh _ {Utk _ ei7r/6 . 6i7r(k—l)/3}k:1"“76.

The ¢;’s are the volume coefficients. In our examples, they are constant and do
not depend on k:

c.=1 ct:iandch:i.
V3B 3v/3
We notice that the ¢;’s are different. Indeed, a square whose side length is € does
not have the same area as a hexagon whose side length is €. The next assumption
imposes another condition on the directions vy’s.

Assumption 2.4. There exists a constant C' > 0 such that for every (z,z,§) €
R? x ST1 x RY | there exists Z € RY such that |Z| < C' and

Z-&=min{Z-&7 = (z1,...,2v) €RY and izkvk(m‘) =z} (2.8)
k=1

This means that the family {v,} is positively generating and that for every
(r,2) € R? x RY, a conical decomposition of z, not too large compared to z, is
always possible in the family D(z). In the cartesian case, for all 2 € R?, we have an
unique (interesting) conical decomposition of z in D, while in the other examples,
we always have the existence but not the uniqueness. The existence of a controlled
minimizer allows us to keep some control over "the" decomposition of z € R? in the
family of directions. We now see a counterexample that looks like the cartesian case.
We take N =4,d =2,v; = (1,0),v3 = (—1,0) and vy = (0, 1) (these directions are
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constant). We assume that there exists zo in 2 such that ve(z) - —v, = (0,1) as
r — g and vy (x) > 0 for & # xy where vo(z) = (v21(x), v22(z)). Then for every
z = (21, 22) € R? such that z; > 0, we can write z = \y(x)ve(z) + Ay(7)vy(z) for =
close enough to xy with

V922 (l’)
V21 (.CE)

Ao(z) = U;(lx) and A\y(x) = 2

— Z9.

Then \y(z) and \y(x) — 400 asz — xp. For & = (1,0,1,0), the value of always
is zero but the only decomposition that solves the problem is not controlled. This
example shows that the existence of a controlled decomposition does not imply that
the minimal decomposition is controlled. However this assumption is still natural
since we want to control the flow on each arc in order to minimize the transport
cost.

Assumption 2.5. Up to a subsequence, E° may be partitioned as E° = ||| E
such that for every k =1,..., N, one has

lim Y e|% <x e) = /Qck(x)go(m,vk(x)) dx, Vo € C(Q x ST1LR). (2.9)

e—0+ (w,e)EEZ ’ |€’

and for every (x,e) € Ef,
= 0O(1). (2.10)

le]

This hypothesis is natural. Indeed, for every z € Q the condition cx(z) > 0
implies that for € > 0 small enough, there exists an arc (y,e) in E° such that y is

near = and e/|e| close to vg(z). We will use it particularly to prove |[Lemma 2.8} The
next assumption is more technical and will specifically serve to apply [Lemma 2.7

Assumption 2.6. For e > 0, there exist d (finite) sets of paths C%,...,C5 and d
linearly independent functions eq,...,eq : Q — R such that for every x € Q,i =
1,....d, ej(x) = 3 abep(z)vp(x) where for k =1,..., N, ol is constant and equal
to 0 or 1 so that fori1=1,...,d, we have

U {(z.e) Co} ={(z,e) € E°/3k € {1,...,N},a}, =1 and (z,€) € E}.

oeC?
For every (o,0") € C¢ x C¢, if 0 # o' then o Mo’ = 0. We assume

max (dist(yo, 00), dist(yn (o), O2)) = 0 as e — 0.
U:(yov"'ayN(o'))ECiE

and
yrsr — vl " = |y — yea| T = O(e%)
foro = (yo,...,ynw@)) €C; and k =2,...,N(o) — 1.
Formally speaking, it means that we partition points into a set of disjoint

paths whose extremities tend to the boundary of €2 and such that we may do a
change of variables for the derivates. For ¢ a regular function, V¢ then becomes
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€
011,---,015 € Cl

€
0'21,...,0'2’5602

Figure 2.3 — An illustration of [Assumption 2.6/ in the hexagonal case for d = 2

(Oeyp, - ., 0e,p). Note that the condition on the modules is a sort of volume ele-
ments in spherical coordinates, dV being approximately 7¢~'dr. In our examples,
this requirement is trivial since arcs length is always equal to ¢ in Q.. It will al-
low us to prove some statements on functions. More specifically, we will need to
show that some functions have (Sobolev) regularity properties. We can then apply
[Lemma 2.7 For this purpose, it will be simpler to use these e;. In the cartesian
case (d = 2), we can simply take e., = v, and e., = v, and in the triangular one,
we can write e;, = c;vy, and ey, = ¢v,. In the hexagonal case, we can for instance
define ey, = cp(vp, + vp,) and ep, = cp(vp, + vpy). This last example is illustrated
by (with € being a circle). We can notice that some arcs are in paths
o€ (5 and o' € C5.

In particular, thanks to |[Assumption 2.6 for all £k = 1,..., N, there exists d
continuous functions A¥, ... A : Qs R such that for all € Q, we have

N

cr(x)vg () = ; Ai (@)ei(w) = ; wi (@) en(@)vp(2).

where the functions pf are given by the relation pf = SN, aiAF. The following

assumption is on these functions uf and will be crucial to prove |[Lemma 2.8

Assumption 2.7. For all k =1,..., N, there exist integers ng, m%, ..., m% (n, >
0) such that for every x € Q we have

ncg(z)vg(z) = mecl(m)vl(x).

We denote Ny = S, mF. For e > 0, for every (z,e) € E§, there exists a path
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O(ze) € C%,0(e) = (T0,...,2N,) such that

|zo — z = O(1),
71 = O(eY),
(e forl=2,...,Ny—1

l|zn, — zo|T — nile 0]
Tip1 — 2| — T — X1 | =
| a— =0

and

d
Owe) = | J{marcs in Ef}.
=1

It means that in the discrete network for every arc (z,e) € Ef, there is a path
around z whose arcs have almost the same length and such that the distance between
the origin and the destination is equal to ngle|. It will allow us to rewrite an union
of districting paths in a simpler sum.

All these structural hypothesis on )¢ are satisfied in our three classical examples.
The cartesian one is the most obvious and the hexagonal one is a subcase of the
triangular one. The following assumption is on the transport plan.

Assumption 2.8. The family of discrete functions (6%_1’}/6)5>0 weakly star con-

verges to a finite nonnegative measure y on €2 X € in the sense that the family of
discrete measures

d
g271 Y (wyeNexne Vo (T, Y)0(zy) weakly star converges to y:

lim e57' Y (@ y)e(ay) = /ﬁ Lpdr Ve O(Qx Q). (2.11)

T wgene
The next assumption focuses on the congestion functions ¢°.
Assumption 2.9. The function g° is of the form

g (x,e,m) = |e|¥?g (x, |Z|, ’6|T:ll/2> , Ve >0,(xz,e) € E5m >0 (2.12)

where g : Q x S x Ry +— R is a given continuous, nonnegative function that is
increasing in its last variable.

Recalling (2.4) and (2.6) we then have with [Assumption 2.9|that

G(x,e,m) = le|’G (3:, ‘;, |eT|Z/2> where G(x,v, m) ::/0 g(x, v, a)da
and
€ € t *
He(z,e,t) = |e|"H (x, el |e|d/2> where H(z,v,-) = (G(x,v,"))

i.e. for every £ € R, :

H (a;, 6,5) ‘= sup {m§ -G (:U, e,m)} .
€] meR,, €]
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For every (x,v) € Q x S¥1 H(z,v,-) is actually strictly convex since G(z,v,-) is
C! (thanks to [Assumption 2.9)). Note that in the case d = 2, we have

g (z,e,m) = le|g <x,e, |7:|> for all e > 0, (x,e) € E°,m > 0.

It is natural. It means that the traveling time on an arc of length |e| is of order
le] and depends on the flow per unit of length i.e. m/|e|. For the general case,
we have extended this assumption. The exponent d/2 is not very natural, it does
not represent a physical phenomenon but it allows us to obtain the same relation
between G and H, that means, H(z,e,-) is the Legendre transform of G(x,e,-).
Moreover, we may approach some integrals by sums. We can also note that there is
actually no e-dependence on the g°.

We also add assumptions on H:

Assumption 2.10. H is continuous with respect to the first two arguments and there
exists p > d and two constants 0 < X < A such that for every (z,v,£) € OxSIxR,
one has

AMEP —1) < H(z,v,8) < AEP+1). (2.13)

The p-growth is natural since we want to work in L” in the continuous limit. The
condition p > d has a technical reason, that will allow us to use Morrey’s inequality.
That will be crucial to pass to the limit in the nonlocal term that contains 7§ .

3.2 The limit functional

In view of the previous paragraph and in particular [Assumption 2.9} it is natural
to rescale the arc-times t* by defining new variables

t&
£ (z,e) = |$;/§) for all (z,e) € E°, (2.14)

i.e. for every (z,e) € E*,

o, - Lt (n) (o e

|e]4/2 e’ le|*?

Remark 2.1. In fact, we could choose another exponent. The term d/2 allows to
have the same exponent in (2.12) and (2.14). More generally, instead of mainly
(Assumption 2.8)), (Assumption 2.9) and (2.14) we could write with 5 € R:

1. The sequence (eP714%) s weakly star converges to a finite nonnegative measure
v on § X Q) in the sense that the family of discrete measures
PN eenexve Y (2, Y)0(ay) weakly star converges to 7y:

lim 71 Y (2, y)p(e,y) = /ﬁmwd% Vo e C(2x Q). (215

e—0t (.9)EN2
2. The function g° is of the form

€ m

g (z,e,m) = |e|’g (x, o] |e|d—f3> , Ve >0, (z,e) € E5;m >0 (2.16)

with the same requirements on g.
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t°(x, e)
le]?

Here we prefer to take a special 8 for the sake of clarity but the reasoning is the
same in the next sections with another exponent.

£ (z,e) = for all (z,e) € E°. (2.17)

Then rewrite the formula (2.5) in terms of £° as:

inf_J5(6%) 1= I5(6°) - IH(€9) (2.13)
g=eR?
where
EE) = Y |e'H ( ,;,E‘f(m,e)> (2.19)
(z,e)€E"
and

LE) = > vg(x,y)(min > |€|d/2§€(z,6)>- (2.20)

oceCe
(z,y)ENE2 “Y (z,e)Co

In view of [Assumption 2.10}, let us denote

1%(0) == {€ € IP(Q x §*7,0),€ > 0},
It is natural to introduce

Io(€) == /Q o Hl@ v g ) (da, dv), V€ € LL(0), (2.21)

as the continuous limit of Ij. It is more involved to find the term that plays the

same role as I{ since we must define some integrals on paths. First rearrange the
second term as an integral. Let & € R*™ (z,y) € N* x N° and 0 € sy
o = (%o, ...,N(s))- Let us extend o on [0, N(0)] in a piecewise affine function by
defining o(t) = o(k) + (t — k)(o(k + 1) — o(k)) and &° in a piecewise constant
function : & (o(t),0(t)) = & (o(k),0(k + 1) — o(k)) for t € [k, k + 1]. For every
(x,e) € E° we call U¢(x,e) the "canonical" decomposition of e on D(z). More
precisely, recalling [Assumption 2.5| for (z,e) € E*, there exists ki) € {1,..., N}

such that (z,e) € Ef  and then we set

Ue(z,e) = (0,..., le] ,...,0) e RY.

k(z,e)th coordinate

For o € C° and t € [k, k + 1], we write V¢(o(t),5(t)) = Ve(o(k),0(k + 1) — a(k)).
Let us also define a function &° as follows:

&)= ) . e) Ue(x,e) for z € N°.

e/(x,e)EE® |€|

Let us extend £° in a piecewise constant function on the arcs of E°: let y € €2 such
that there exists (z,e) € E° with y € (x,e), then we define

gw= > 09

(z,e)€E” Jye(x,e) |6|
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This definition is consistent since the arcs that appear in the sum are in some
different £}. By abuse of notations, we continue to write ¢, £ and &£° for these new
functions. Thus we have

N(o)—-1

( >, el (@,e) = kZ o(k+1) — o (k)| (a(k),o(k + 1) —o(k))
z,e)Co =0
N(o)—1

= Y W(o(k),o(k+1) —a(k)) - &(o(k))

k=0

- /ON(J) U (o (t),6(t)) - € (a(t))dt.

We then get
. . B . f N(G') \I]E t . t € t dt
min S el = it [T (o (0).6(0) - €o(0)

= inf 1‘1!5(6(75),5(15))-55(5(t))dt

JEC;y 0

where & : [0, 1] — € is the reparameterization G(t) = o(N(o)t),t € [0, 1]. For every
z € Q,z € R? let us define

N
AZ = {Z eERY,Z = (z1,...,2n)/) Y zvr(x) :z}.
k=1

Then for every £ € C(Q2 x ST1 R,), define

ce(w,y) = aé%ﬁ,y {/01 . infEA&(t) (kN1 xkﬁ(ﬂ(ﬂ;%((f@)))) dt}

7777 'IN) o(t) =

O'ECm,yPGPO' 0 k=1
= inf inf L¢(o,p),

0€Cy,y pEPs

=t it [ (S elo). o) m)

where

Py = {p 1t €[0,1] = p(t) € RY/a(t) =D vp(o(t)) p(t) ace. t} ,

mewa[(gadew@»%w>ﬁ

and C,, is the set of absolutely continuous curves o with values in Q and such
that 0(0) = z and (1) = y. For every z € Q and z € R?, there is no a priori
uniqueness of the decomposition of z in the family {vy(x)}x so that we have to take
the infimum over all possible decompositions. The definition of P, takes in account
this constraint. For every p € P, and ¢ € [0,1] the terms p,(t) are the weights of
o(t) in the family {vi(o(t)}. (o, p) is a sort of generalized curve. It will allow us to
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distinguish between different limiting behaviors. A simple example is the following
approximations, € > 0 :

z Y

In both cases It is the same curve o: the straight line from x to y. But the p
are different. Indeed, in the left case, we have only one direction that is (1,0), it is
a line. In the right one, we have two directions that tend to (0,1) and (0, —1) as ¢
tends to 0, these are oscillations.

Now, our aim is to extend the definition of ¢ to the case where £ is only L% (6).
We will strongly generalize the method used in [39] to the case of generalized curves.
First, let us notice that we may write c¢ in another form:

ce(r,y) = inf Le(o) for € € C(Q x ST R,),

O'GCZ,y

where

Le(o) = /01 (o (1), 5(t)) dt (2.22)

with for all x € Q and y € R, &¢(z,y) being defined as follows:

Q¢ (x,y) := inf {kz_: u(z,vp(x)) Y = (y1,...,yn) € Ag}

N
YeRY

= inf Y - &(2),

YcAY

where £(z) = ({(z,v1()), . ... &{(x, vn(2))).

The next lemma shows that ®, defines a sort of Finsler metric. It is an anisotropic
model but @, is not even and so c¢ is not symmetric. Moreover ¢, is not necessarily
strictly positive between two different points so that ¢, is not a distance. However
®¢(z,-) looks like a norm that depends on the point z € Q. Its unit ball is a
polyhedron in R? that changes with z. Formally speaking, the minimizing element
Y = (y1,...,yn) represents the coefficients for the "Finsler distance" c¢.

Lemma 2.1. Let £ € C(Q x ST™Y R,). Then one has:
1. The infimum in the function ®¢ is attained and Pg¢ is continuous.

2. For all x € Q, ®¢(x,-) is homogeneous of degree 1 and convez.

8. If {&}n is a sequence in C(Q x S Ry) and z € Q such that {€,(x)}n
converges to €(x) then {®¢, (z,y)}n converges to ®¢(z,y) for all y € RY.

Proof. Let £ € C(Q x S¥1 R,).

1.) First notice that ®, actually is a minimum thanks to [Assumption 2.4l Let
(z,y) € Q x R? and sequences {z",y"},>0 € (Q x RN converging to (z,y). Still
thanks to|Assumption 2.4, there exists Y, € A%, and Y’ € AY such that |Y,| < C|y"|,
Qe (2", y") = Y, - €(a™) and P¢(z,y) = Y’ - &(x). For n large enough, we have
|Y,| < 2C|y| so that up to a subsequence, there exists Y € AY such that Y,, converges
to Y. Then we have

Qe (2", y") =Y, - £(2") — Y -&(x) > Pe(x,y).

n—-+o00
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Now we build a sequence Z, € A%, converging to Y’. Set 2" = y™ — SN yevk(am),
where Y/ = (y},...,vy). Let e® € Az, such that |¢"| < C|z"|. Then define Z, =
Y’ +em e AY.. Since 2" — 0 as n — 400, Z, converges to Y’. Passing to the limit
in the inequality Z, - £(z") > ®¢(2™,y"), we obtain Y- £(z) > Y - &(x). That is, we
have Y - £(z) = ®¢(z, y) and so @ is continuous.

2.) The statement of homogeneity is obvious. Let (,91,12) €A X RIXRI ¢t €
[0,1],Y; € A% and Y, € AY such that O¢(z,y;) =Y, - &(z). Then tY; + (1 —t)Ys €
AF(=92 and (1Y) + (1 — 1)Ya) - &€(x) > Pe(x, tyl + (1 — t)y2), which proves the
convexity of ®¢(z, -).

3.) Let & € C(Q x SR, )N and = € Q such that &,(x) — &(z) as n — +oo.
Still thanks to [Assumption 2.4} there exists Y;, € AY such that |Y,| < C|y| and
Y, - &n(z) = ®&,(x,y). Then up to a subsequence, there exists Y € AY such that Y,
converges to Y. By definition, we have that Y €(x) > O¢(z,y). Let Y' € AY such
that Y’ - &(x) = ®¢(x,y). Then we have Y’ - £, (x) > Y, - §,(x) and passing to the
limit, Y’ - &(x) > Y - &(x). Solim®¢, () =Y - {(x) = Pe(x). O

Due to [Lemma 2.1 we may reformulate (2.22)) :

Le(o) :/01 ¢§(a(t),d(t))dt=/01|d(t)|‘1)§ (0(1?), é&)dt'

The following lemma gives a Holder estimate for c.

Lemma 2.2. There exists a nonnegative constant C' such that for every & € C(Q x
S R,) and every (x1, w2, y1,y2) € O, one has

|C£($1,y1) - C£($2,?/2)| < C'||f||LP(6?)(|$1 - I2|5 + |y — ?/2|B)> (2.23)

where =1 —d/p. So if (§u)n € C(Q xS RN is bounded in LP(6), then (ce,)n
admits a subsequence that converges in C'(£2 x Q,R,).

Proof. Thanks to Morrey’s inequality, it is sufficient to show
|Vyce(x, )] < [€()|1 for all z € Q
and
[Vace(-,y)| < [€()]1 forall z € Q,

where |£(7)]|; = S0, &(z, vp(z)) forall 2 € Q. Let € € C(Qx ST R,), (x,y) € Q2.
For every k > 0, let us define o}, € C,, such that

~ 1
Le(ow) < celw,y) + 1

For all € > 0 and let z such that y 4+ ez € 2 and any t, € (0,1), define

t
og? (t ) for ¢ € [0, 2],
Okt (1) = Ot —to
y+< )62 for ¢ € [to, 1].
1— 1,

Then for all £ > 0,
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ce(x,y+ez) </ kt (Z k& (Op 1, (1), vk(ak,to(t)))> dt
xeakto!

%to(t) k=0
to N t t
= inf i€ (Uk ( ) Vg ( ))) dt
0 XeAl/t(O‘/’k(;/to) (l;) to to
1 N t—to t—to
-+ inf x ( + EZ,V ( + 52)) dt
to xeas/(1—to) <];) kY 11—+t F\Y 1—1

y+ez(t—tg)/(1—tg)

0 X€AD ;.

:Eg(ak)+5/1 inf (Zxkg + tez, v (y +tez))> dt

by making a change of variables for each term. Finally we have

1 1
e,y +e2) < celoyy) + 7+ Cela] [ [y +tez,0)] at

k

since for every y € Q,z € R?, there exists X € A} such that [X| < C|z| due to
[Assumption 2.4, Hence by passing to the limit, we obtain

IV, ce(w, )| < CIEC)| € LP(O) for all z € Q.

The argument is the same for the other variable. So c¢(x,-) and c¢(-,y) € WHP(Q).
Since p > d, we deduce from Morrey’s theorem and [Assumption 2.3 that there is a
constant C' > 0 such that

lce(w, 1) — ce(@,y2)| < CllEl|Loo)lyr — y2l” Vo, y1, 52 in Q,
|ce(1,y) — ce(@2,y)| < Cllél| ooy 21 — 22|” Var, 22,y in Q.

This proves ([2.23]). We have the second statement in the lemma due to (2.23), the
identity c¢, (z,2) = 0 and Ascoli’s theorem. O

For every £ € L% (0), let us define

ce(z,y) :==sup{c(z,y) : c € A(§)}, Y(z,y) € 2 x Q (2.24)
where

A(€) = {hm ce, n C(Ax Q) : (&)n € CQA X STLRON &, — &in LP(0)}.

We will justify in the next section that for every £ € L% (), the continuous limit
functional is

J(€) = 1o(&) = () = [

H(z, v, &(z,0)0(dx, d / d 2.25
[ Hv o)~ [y (225)
The following lemma is a generalization of Lemma 3.5 in [39]:

Lemma 2.3. If £ € L1 (0) then there exists a sequence (&), in C(Q x S Ry)
such that cg, converges to ¢e in C(§2 x Q) as n — 0.
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The proof is the same as in [39]. We build a sequence (&,) € C(2 x S R,)
such that

1
1€n = EllLre) < — and [e(n, yr) — ce, (Tn, ya)| < - for all & <n,

1
n

where (21, yr)ren is a dense sequence of points in Q x Q. Then we conclude with
Lemma 2.2l and Ascoli’s theorem.

When ¢ is continuous, one has the following result that extends Lemma 3.4
in [39).

Lemma 2.4. If £ € C(Q x ST Ry) then ¢ = ;.

Proof. The inequality ¢ > ¢, is immediate since it is sufficient to take the constant
sequence &, = ¢ in the definition of ¢.. Conversely, let 2,y € 2, ¢ > 0 and 0 € C,,
such that L¢(0) < ce(z,y) + 1/k. We can choose o piecewise linear by density of
this kind of curves and using . Let (S;)i=o...m—1 be the segments which
compose o with S; = [z;, 41, xo = z and x,, = y. Let a sequence &, — & such
that ce, — c¢. We want to show ¢ < ¢¢. Take a small § > 0. For every a € [0, ]
and any vector ¢ unitary and perpendicular to Tot} , let us define a curve o, 4 in the
following way. For every ¢ = 0,...,m — 1, let us consider the tube of radius §

T,(0) = {x + 02 € [25, 3411), < 0,77, Tip1 >= 0 and [7] < 6}
= U Di(=,d) ={z+ < 0,x;,z41 >=0and |7] <}

Z‘E[xi,z‘prl]

Here < -, - > is the dot product and |-| the Euclidean norm in R?. The disk D;(x, §) is
a submanifold of dimension d—1. The intersection H; () = D;(z;, )N D;1(i41,9)
is in an affine space of dimension d — 2. Let us also define V; the set of vectors that
are unitary and perpendicular to Z;z;.1. First, let us define zy(a, @) = xo + au and
zg(a, i) = x1 + at. Then 0,z links z((«, @) to x((a, @) by the segment Sp(a, @) =
[z( (e, @), 2 (e, @)]. Let Py(e, @) denote the plane perpendicular to H;(J) and passing
through z{(c,@). Then Pi(«, @) N Hy(d) is a singleton denoted by z(a,@). We
have that zl(a,ﬂ’),mg(a,ﬂ’5 is perpendicular to H;(0). The set Pi(a,u) N Ty(6),
respectively Pj(«, 1) NT1(9), is a segment passing through z;(«, @) and contained
in the line denoted by Dj(«, @), respectively D («, ). There exists an unique point
denoted by z/(a,@) in T1(0) such that |z (o, @)xj(a, @) = |z1(a, @) (o, @)| and
zg(a, i) and (o, @)| are on the same side of Dy («, @) in Pi(a, @). Then o,z links
xy(a, @) to x (e, @) by the arc A;(«, @) with center 21 («, @) in this side of Py (a, @).
Let Ry denote the isometry that maps x{ (o, @) to 2} («, @) and that lets invariant
H,(9). The vector Ry() is in V;. We iterate the process on each of the segments
Siyi=1,...,m—1. In this way we obtain o,z € C*@Y%7 where z, 7z = x( (e, @) and
Yoz = T (a, ). We define t!(«, @) and t], (o, @) to be the increasing sequences in
(0,1) such that oq g ([t} (v, @), t;, (v, U)]) = Aijy1(, @). We can take these sequences
such that t}(«, @) — ¢; and t/(a,u) =t/ =t;,, as o — 0% for every @ € S, where
the t; are such that o(t}) = x;.
Then we compute
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Figure 2.4 — An example for d = 2.

/6< L, (005)d) mf/ ® ( xi“_x")dcd
Ou,i)0U | Ak = e,
o My T i=0 /Ti(3) ¢ |41 — 4
m—1 .5 t; 1 (@) ® ) ]
o, t 5 'aﬁ t t U .
/0 </Vo </t§'(a,ﬂ) & (Ta(t), Gaalt)) > U> o}

Since ¢g, (Ta,it; Ya,a) < Le, (00.z) We obtain

P P
/ (/ e, (Toa ya,g)dﬁ) da < / ( Lgn(aa@)dﬂj do.
0 Vo 0 Vo

Moreover, up to a subsequence, we have that &, converges to £ in LP(6) and that &,
converges to & almost everywhere. Then due to the uniform convergence of c¢, to
¢, and the dominated convergence theorem, we have

/6(/ c(z )dﬁ>da<mz_:1/ P ( W)dgd
= [ 1, ()

+ Z / (/ (/ (b£<0—a,a(t),d—a’ﬂ'(t))dt> dﬁ) dev.
i=1 70 \NVo \Vt](a,t

Then we divide by § and pass to the limit as § — 0T. Since ¢ is continuous, we get

+

i=1

1 )
lim — / ( / C(ara,mya,ﬁ)dﬁ) da = / (o, Yo,ua)di = Ag—1c(z,y)
(5 0 Vo Vo

6—0t

where A4 is the hypervolume of a (d — 2)-dimensional unit sphere. On the other
hand, in the second term, we integrate over a compact whose volum is O(6%) so that
due to [Assumption 2.4} @, is bounded. Therefore we have for 6 — 0T

1 m—1

J t;—‘—l(avﬁ)
® i 3 ) .aﬁ t)dt | du | d
0 ;/0 </Vo </t§/(a,ﬁ) ¢(@aalt), Gaalt)) > U> a

< mO|€]| 0" = 0.
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For the first term in the right side, we have
1 9 m 1 ;
lim ~ / D < il — ) dce
50+ & |Tip1 — x4
= lim Z / / / K 60,2(1)| P | 0a,a(t), Ll T ) diz | da
§—0+ Vo \/t(a@) ’ |Tiv1 — 2]

B t//(() ﬁ) $Z+1 _
Z A (/ |00 u( )’q)ﬁ <00,u(t) M) dt) du
S /S P (“1) ALY = Ay Le(o).
i=0 7S

|$z‘+1 l’z|

Finally we obtain

1

C(I7y) < Lg(O’) < Cg(ZL’,y) + E

Since k is chosen arbitrarily, we get ¢ < ¢ and the desired result.

3.3 The I'-convergence result

We will prove that the problem is the continuous limit of the discrete
problems in the I'-convergence sense. The I'-convergence theory is a powerful
tool to study the convergence of variational problems (convergence of values but
also of minimizers) depending on a parameter. Here we want to study problems
depending on a scale parameter (which is €), it is particularly well suited. References
for the general theory of I'-convergence and many applications are the books of Dal
Maso [80] and Braides [29).

First let us define weak LP convergence of a discrete family £° € RfEE.
Definition 2.2. Fore > 0, let £&° € ]RfEE and & € LE(0), then & is said to weakly
converge to & in LP (§5 — &) if :

1. There exists a constant M > 0 such that for all ¢ > 0, one has

1/p
HgHE,p = ( Z ’e‘dge(x>€)p) < M.

(z,e)EE®

2. For every p € C(Q x S¥1 R), one has

lim > lel% (x, |;> & (z,e) = /Q><S<1*1 o(z,v)é(z,v)0(dz, dv).

+
&0 (z,e)EE®

Definition 2.3. Fore > 0, let F° : R*"" — RU{+00} and F : L-.(§) — RU{+00},
then the family of functionals (F®). is said to T'-converge (for the weak LP topology)
to F if and only if the following two conditions are satisfied:
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1. (T-liminf inequality) For every & € LX(0) and &° € RfEs such that & — &,
one has
liminf F*(£%) > F(£),

e—07t
2. (T-limsup inequality) For every & € LX(0), there exists £&& € RfEE such that
& — & and
lim sup F=(£°) < F'(§),

e—0t
Now, we can state our main result, whose complete proof will be performed in
the next section:

Theorem 2.2. Under all previous assumptions, the family of functionals (J¢). T'-
converges (for the weak LP topology) to the functional J defined by (2.25).

Classical arguments from general I'-convergence theory allow us to have the
following convergence result:

Corollary 2.1. Under all previous assumptions, the problems (2.18)) for all e > 0
and (2.25)) admit solutions and one has:

min _J°(¢°) — min J(§).

€ Vg
£=eRHP ¢eL? (6)

Moreover, if for any € > 0, £ is the solution of the minimization problem ([2.18))
then £ — & where & is the minimizer of J over L% (0).

Proof. First, due to (2.13]) we have
GE) =0 Y0 el (€ (x,e)P = 1)

(z,e)eE®
= Az, =AD" Jel?
> A2, —

since from [Assumption 2.5| it follows that

> el =

(z,e)EE®

N

[, Ode,dv) = ;; /Q e:(z) de = C.

To estimate the other term I5(£%), let us write

(z,y) == min > |e|¢°(z ).
7€CEy (z,e)Co

Vxg € N°, Vo, y € N° two neighboring nodes, we have
(xg,x) — (o, < max |elf(z,e
() = oo, y)| < max [elé”(a.e)
< € .
<e max &(ze)

Then thanks to [Lemma 2.6, we have for every =,y € N¢,

| (w0, #) — (0, y)| < C|| max  £°(-,e)

e/(-,e)EE®

Y
&,p




48 Rigorous derivation of continuous limits from general networks models

hence with xy = x, thanks to [Assumption 2.1 we obtain

¢(z,y) <C| max &(-e)

e/(-,e)eE®

&p

< Ol Nl
so that recalling (2.20)), we have

IHEN < ClENep Do e (2,y) < ClIE e,

z,yeEN®

because it follows from [Assumption 2.8| that

S P (z,y) — dyase— 0.
z,yeNe QxQ

In particular, we get the equi-coercivity estimate
JE) Z CIENZ, = 1€ e — 1)-

Since J¢ is continuous on RfEE, this proves that the infimum of J¢ over RfEE is
attained at some £° and also that ||£°]|.,, is bounded. Moreover, H is strictly convex
thanks to [Assumption 2.9 and [ is concave since it is defined through minimiza-
tions of concave functions. So J¢ is strictly convex and therefore {NE is unique. In
particular, we can define for € > 0 the following Radon measure M. :

Mog)= Y el ( ) E(n,¢), Vg € C(@ x S R).

(z,e)eE" |€’
Due to Hélder inequality we have for every e > 0 and ¢ € C(2 x ST R),
[(Me, 0)] < Cllglleq (2.26)

where ¢ = p/(p — 1) is the conjugate exponent of p and the semi-norm ||.||., is

defined by:
( . > q\ 4
olxr,— :
€]

Because of [Assumption 2.3 there is a nonnegative constant C' such that ||¢|., <
C||¢||oo for every ¢ € C(Q x ST 1, R). We deduce from and Banach-Alaoglu’s
theorem that there exists a subsequence (still denoted by M.) and a Radon measure
M over Q x S%! with values in R to which M, weakly star converges. Moreover, for
every o € C(Q2 x S¥1 R), due to (2.26) and [Assumption 2.3[ (with |¢|?), we have

1ell<.q 1=( > el
(

z,e)eE*

(M, )| < C lim |l¢]lcq = Cllo|lzao)
e—0t

which proves that M in fact admits an ¥.”p(f)-representative denoted by E . Besides
¢ € L% (0) (componentwise nonnegativity is stable under weak convergence) and
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€ — £ in the sense of [definition 2.2] We still have to prove that € minimizes J over
L¥(0). First from the I-liminf inequality we find that

J(§) <liminf J°(£°) = liminf min _J°(&°).

o0+ S0+ # B
& 55 gs ER+

Let ¢ € L% (), we know from the I'-limsup inequality that there exists a sequence
(¢%). € R%® such that ¢¢ — ¢ in the sense of |definition 2.2 and that

lim sup J*(¢%) < J(Q).

e—0t

Since & minimizes J° we have that

J(§) < liminf J°(&°) < limsup J°(&°) < limsup J*(¢%) < J(C).

e—0F e—0+ e—0+

We can then deduce that ¢ minimizes .J over L% (#) and we have also proved the
existence of a minimizer to the limit problem. We also have that

min J < liminf min _J°() < limsup min _J*(£°) < J((), V¢ € LA (6)

LY(9) e=0F geer#F* e—0+ geeR*F"

which provides the convergence of the values of the discrete minimization problems
to the value of the continuous one. Furthermore we have convergence of the whole
family £° and not only of a subsequence by the uniqueness of the minimizer & of J
over L% () since J is strictly convex (by the same reasoning as for J¢). O

4 Proof of the theorem

4.1 The I'-liminf inequality

For ¢ > 0, let & € RfEs and & € LY (0) such that £&¢ — £ (in the sense of

definition 2.2)). In this subsection, we want to prove that
lim inf J°(£%) > J(&). (2.27)

e—07+
We need some lemmas to establish this inequality. The first one concerns the
terms I and Ip.

Lemma 2.5. One has
lim inf I5(¢7) > Io(€).

e—0t

Proof. Let § > 0, then there exists ¢ continuous on Q x S*! such that

O <5+ [ (pla 0w v) = Glo, v, p(w,0))0(dr, do),
where G(x,v,-) is the Legendre transform of H(z,v,-). Indeed, we have the ex-
istence of such a function (not necessarily continuous) by a convex duality argu-
ment and we have the continuity thanks to the continuity for the L?-topology of
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© = Joxsi-1 G(z,v,¢o(x,v))0(dz, dv) (it follows from Krasnoselskii’s theorem [72])
and the density of continuous functions in L9.
Now from Young’s inequality we obtain for every ¢ > 0 and (z,¢e) € E*®

S R R o )|

We deduce that
liminf I5(£°) > In(&) — 0.

e—0t

Since 0 > 0 is chosen arbitrarily, we obtain the desired result. O

Now we need the following discrete version of Morrey’s inequality to have infor-
mation about the nonlocal term.

Lemma 2.6. Let 6° € RTY" and o° € REY such that
|o°(x) — ©°(y)| < eb°(x), for every x € N and every y neighbor of x,  (2.28)

then there ezists a constant C' such that for every (x,y) € E° X E, one has

°(z) — o (Y)| < CN|6F||cplz — y)?

where f =1—d/p and

1/p
6] = ( S ef(x)p) .

TENE

Proof. The idea is to linearly interpolate ¢ in order to have a function in W1?(Q)
and then to apply Morrey’s inequality. By recalling [Assumption 2.2] let V& =
Conv(xg, ...,z3) a polytope in the discrete network €. where for k =1,..., L, x5 is
an neighbor of x7_ , in V¢, the indices being taken modulo L. Let us denote X* the
isobarycenter of all these nodes (it is in the interior of V¢ by assumption) and let
us define

SOE(XE) — Z Soa(xk)

k=1

Let {F}} denote the subpolytopes given by [Assumption 2.2/ for V¢ with F} =

Conv(X®, X5 ,..., X5 ) and these (d+1) points that are linearly independent. Then
for every z in V¢, there exists j such that x € F;. x is a conical combination of
X X5, ..., X5, There exists some unique nonnegative coefficients A, Ay, ..., Ag > 0

such that x = AX® + 37 | AiX5 . We set

d
P (1) = Ap(X7) + 3 i (X5,) - (2.29)
i=1
We still denote this interpolation by ¢°. We then have ¢* € WHP(Q) with |[|[Ve©||, <
Cl|67]|cp (computing V¢© is technical and we detail it below). We conclude thanks
to Morrey’s inequality.
Computing V©:
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We take the notations used in the above proof but we remove the e-dependence
for the sake of simplicity. Taking into account the construction of ¢°, we will com-
pute V¢* on a subpolytope F' = Conv(X, X7, ..., X;) of V where X is the isobarycen-
ter of all nodes x in V¢ and X, X, ..., Xy are linearly independent. We rearrange
the xp’s such that zj is a neighbor of x;,1. Let H be the affine hyperplane

n= (o ) (e =2 )

The set H is the affine subspace generated by the graph of ¢° on the subpolytope
F. It is a hyperplane since the points X, Xy, ..., X are linearly independent. Then

there exists some constants ag, . . ., agy1 such that H = {(z1, ..., 2441) € R a2, +
o+ gi12a41 + ao = 0} with agp1 # 0 (otherwise X, Xi,..., Xy would not be
independent). The normal vector to the hyperplane is 7 = (ay, ..., a4+1) and
—a1/ad+1
Ve© = :
—Qq/ag11

Without loss of generality we assume X = 0, X; = (y1,0), Xo = (y2,42,0),..., Xg =
(e, ... ¥4 1, ya), with y1,...,yqa # 0. Then we have for k =1,....d

X —X =S o ok a a € _ A€
<@€(Xkl;_¢s(X)>'n_O_Zalyi + aryr + ag1 (9" (Xy) — 07 (X)),

i<k
ie. .
P (Xg) — (X
Ad+1  ;op Ad+1 Yk Yk
We must now find an estimate on each of these terms. First for k = 1,...,d, there
exists i € {1,..., L} such that X = z;, and it follows from ({2.28) that we have
L L—-1+1

|07 (Xx) — ¢"(X)] =

> T(ws(ﬂm—l)) — ¢ (114,))

=1
L
S 9 Z QE(LL'Z)
=1

with the indices taken modulo L. Moreover, due to (2.7)), for k =1,... d and i < k,
we have |y¥| < |X — Xi| < Ce. Taking into account the fact that the Xj’s are
linearly independent, we get |yx| > Ce. Then from ([2.30)) it follows for k =1,...,d

Qg a;

+c§Ljef<xl). (2.31)

=1

<0y

1<k

Ad+1 Ad+1
We finally obtain by an induction on k that

ag

S CZ 98(5Bl)

=1

so that due to ([2.29), |V (2)| < C X, 6°(x;) for every x in the subpolytope F.
We finally conclude with [Assumption 2.2| that

IVeellp < ClE|e.p,
which completes the proof. O

Ad+1
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The discretization of the Morrey inequality is crucial since we may now extend
¢ on  x Q. For every (z,y) € N° x N¢, we define

o) = min Y lele(ze) = inf [ VE(E(),5()) - €G(0)d  (2.32)

o€eCs (ze)Co o€Cs , Jo
By definition, if zy € €. and x and y neighbors in €., we have

(g, x) < (xg,y) + ¢ max £ (y,e).
(w0, ) < (20, Y) e/(y’e)eEES(y )

Since ||€°||.,p is bounded, we deduce from that there exists a constant C
such that for every ¢ > 0 we have

(2, y) = ¢ (20, 50)] < Cllz = zol” + [y — w0l ), V (2,9, 20, 50) € (N7)™.
We can then extend ¢ to the whole Q0 x Q (we still denote by ¢® this extension) by

c(z,y) = sup {Ce(%,yo) —C(|$—Io|ﬂﬂL |y—y0|'8)}, v (z,y) eQxq.
(%0,90)€Qe X Qe

By construction, ¢ still satisfy the uniform Hélder estimate on the whole Q x € and
since ¢¢ vanishes on the diagonal of Q x Q, it follows from Arzela-Ascoli theorem
that the family (¢f). is relatively compact in C'(Q2 x Q). Up to a subsequence, we
may therefore assume that there is some ¢ € C(Q x Q) such that

¢ —cin C(Q x Q) and c(x,z) = 0 for every z € (. (2.33)

From [Assumption 2.8 it may be concluded that

KE)< Y e (my(ny) — [ _edy.
(z,y)ENEx N< %0

In consequence, with [Lemma 2.5 it remains to prove ¢ < @ on Q x Q. We will
show that c¢ is a sort of subsolution in a highly weak sense of an Hamilton-Jacobi

equation and we will then conclude by some comparison principle. The end of this
paragraph provides a proof of this inequality.

Lemma 2.7. Let xg € Q, £ € LE(0) and ¢ € W'P(Q) such that p(xg) = 0 (which
makes sense since p > d so that ¢ is continuous). If for a.e. x € Q one has

Vo(x) - u < Pe(x,u) = inf (ICZ ukf(x,vk(x))> for allu € RY  (2.34)

U:(uh...,uN)EAg
then ¢ < Ee(xg,-) on Q.
Remark 2.2. The above assumption (2.34) is equivalent to :

Vo(z) vp(x) < &(x) = &(x, (), Vo a.e., Yk =1,...,N.
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Proof. The result is immediate if ¢ € C*(Q2) and £ is continuous on Q. Indeed, in
this case, assumption (2.34)) is true pointwise and if z € € and o is an absolutely
continuous curve with values in {2 connecting xq and x then by the chain rule we

obtain
1
- / Vo(o(t)) - o(t)dt < / (1)) dt
0

and taking the infimum in o we get ¢ < ce(z,-) on Q so that ¢ < ¢ (zo,-) due
to Lemma 2.4l For the general case, if ¢ is only W'P(Q) and ¢ only L% (), we
first extend ¢ to a function in W'P(RY) and we extend ¢ outside 2 by writing
E(x,v) = |Vo|(z) for every z € RY v € ST so that if z € R\Q and u € ST we
have
Veo(z) - u < V()
< [Vo(@)[|U]ly = ®e(z,u),

where U = (@, ..., Gy) € AY is a minimizer of ®¢(z,u) The fact U € A* implies
that |u| = 1 < ||U||y. By homogeneity of (2.34]) in u, (2.34) thus continues to hold
outside €2 with the previous extensions. We then regularize ¢ and £. Let us take

a mollifying sequence p,(r) = nip(nzr), v € R? where p is a smooth nonnegative
function supported on the unit ball and such that [pap = 1. Set " := p, x £ and

On 1= pn*p — (pnx©)(x0). Let z € RY. Recalling [Remark 2.2/ and the fact that the

vy’s are a-Holder continuous (Assumption 2.3), we have

Veu(@) - ule) = [ o)Vl —y) - vilx) dy

< | pa(y)e(r —y) dy

Rd
+ [ o) V(e =) - (vnl) = vila = y)) dy
<g@+nlolle [ IVele =)l dy
B(0,1/n)
< & (@) + Cn" " pllo | Vo]l
=& (@) + en,
where & (z) = &(x, vg(z)) and &, > 0 such that €, — 0 as n — oo (since a > d/p).

So by using the above remark and the previous case where ¢ and £ were regular, we
have ¢,, < ¢enie, (20, .) and from the convergence of ¢, to ¢ it follows that

¢ = limsup ¢,, < lmsup cenye, (20, ) < Ce(o, ),
where the last inequality is given by the definition of ¢ as a supremum (2.24) and
the relative compactness of cenie, in C(Q x Q). O

We want to apply to c(zg, ) so that we need c(zg,-) € W(Q) for
every g € Q. Let (ey,...,eq) given by [Assumption 2.6, ¢ € C}(Q) and z§ € €.
such that |zg — 2§| < e. Using the uniform convergence of ¢¢(x, ) to ¢(xg,-) and
|Assumption 2.5, for ¢ € C1(Q) and i = 1,...,d we have

Tip = /Qc(xo,x)Vgo(x) e;(x) dx

N(o)—1

(yk+1) - go(yk)
= lim Y1 — yk:| “(xg ,yk)
e—0t ; kzo + 0 |yk+1 - yk’
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where 0 = (yo,...,Yn(s)). Then we can rearrange the sums as follows
Tip =

N(o)-1
lim - ( > o) (19 — vl (@, mi1) = e — w7 (25, )
=1

+
=0 pecs \ k

|d—1

+¢ (yzv(a)> YN 0) = YNy 117 (25, Ynio)-1) — (yo) [y — yo| T e (x5, yo))

N(o)-1
= lim Y owe) (Jye = v |7 (@, ve1) = lywer — w25, ) )

+
0T pecs k=1

since for € small enough, yo and yn () are not in the support of ¢ thanks to
tion 2.6, For o € C}, we thus have

N(o)—-1
o) (Jye = g |7 @, 1) — lywer — w25, )
k=1
N(o)—-1
= > () lye = v @5, 1) — (25, m0))
k=1

+ (@ ) (s — v " =l — wl*Y))

In the first term, we use the fact that if x and y are neighbors in €2, then

(x5, ) < (5,y) + v —yl§ (y,  — y)

and we make an approximation on ¢. Therefore this term is less than

N(o)—-1
S 1+ Clys — ye—1D)lye — i1 |0 Wr—1)1€ (Wk-1, Yo — Y1)
k=1

Due to [Assumption 2.6{and the fact that the functions ¢ converge in C(Q x Q) we
obtain the following upper bound on the second term:

N(o)—1

M) Y2 gk — vl lo(yn)]
k=1

where M (e) > 0 and — 0 as ¢ — 0. Hence by using Hélder, the fact that ||£%|., is
bounded and [Assumption 2.3 we obtain

[ w0, )V 1| < Clipluy, Vo € CHO).

Since the functions ey, ..., eq’s are continuous and linearly independent in R? (see
IAssumption 2.6, this proves that c(zg,-) € W'P(Q). By a similar argument we
obtain that c(-,yo) € WP(Q) for every y, € Q.
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Remark 2.3. Recalling |[Assumption 2.6| let the measures 0; € M (2 x ST71), i
1,...,m, be given by

i(dx, dv) = Zakck zdz. (2.35)

We can observe that for p € CH(Q) and i =1,...,d we have

/ngdfl p(x)Ve(xo, x) - v 0i(dr, dv) = lim - Z [y — U1 1“7 o (yr1) (¢ (25, yr) — € (25, i1

EHO-FO'GCE k=1
Slm Y Y el ee)( e n + ) — ().

k:ai=1(ze)EE}

In particular, recalling [Assumption 2.7, for ¢ € C}(Q) and k = 1,..., N, we
have

/Qck(x)%0<$)vc($o7$) vg(z) dv = — hrn Z Z |€l|d7190($l)(08(3787$1 + 1) — (x5, 1)

(z,0)EE; (21,61)CO (5 e)

—lim Y el (@) (¢ (e, + €) — (a5, 2)).

The last equality comes from [Assumption 2.7] and approximations on ¢ and c*.

Lemma 2.8. Let xg € Q and ¢ be defined by ([2.33)), one has
1. For every w € C2(Q,R%), the following inequality holds

/Qvacc(ato, z) - w(z)dr < /Qi)f(x, w(x)) de. (2.36)

2. ¢ < ¢ and so one has the I'-liminf inequality.

Proof. 1. Westill take the notation & (x) = &(x, vk (z)). Let a(z) = (a1(), ..., an(z))
be a minimizing decomposition of w(z) i.e. for all z € Q

=z

inf Z rpép(x Z «

XeAy™ 15 k=1

with of course w(z) = S0, ap(@)vp(w) and ag(z) > 0. Then we have

/QV’“"C(%’ x) - w(z) de = g:l/gak(w) Ve(xg, ) - v () de.

However the a;’s are not necessarily smooth so we must regularize the a;’s
to pass to the limit. As usual, we consider a mollifying sequence (p°) (with
0 > 0), write
N
ol = p’ x oy and w’ = > aduy,
k=1
for k=1,...,N. Hence we have

/ch(xo, cw = lim [ V.c(zo,) - w’.
Q

6—0t JQ
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Let zf € N°¢ such that |zg — zf| < € so that we have the uniform convergence

of ¢#(z§,-) to c(zg,-). Due to|Remark 2.3|for every ¢ € C}(2), we know that
fork=1,...,N,

/Qck(a:)go(m)vxc(xo, z) - vg(x) dex

— lim Z |e|dca(x6,x+e)—ca(x67x)

e—0t (z.e)€ |€‘

p(z).

So we may write for a fixed ¢

N 3 19 A€ 5 F)
/ V.c(zo, ) - w® = lim Z Z ‘€|dc (x5, x +e) — (25, z) ak(;p)
° k=1

0" (3 (wee le] ()

Since ¢ (xf,x +¢e) — (x5, x) < |e|¢°(z, e), we obtain

/QV;EC(SCO,')'U)(S < lim > le]%¢(xe)

e—0t (.e)eBx Ck(ﬁ)

= /Qozifk.

Passing to the limit in § — 07, we finally get
N
[ Vaelao, ) w< 3 [ s
Q /e

= [ it (lizvk{(x,vk(:r))) dz.

Q xeap®

. First, using (2.36) with w = 6v for v € C>°(Q,R?) and an arbitrary scalar

function 8 € C°(€2,R), 8 > 0, we deduce from the homogeneity of z — P¢(x, 2)
that
Vac(zg, x) - v(z) < O¢(z,v(z)), a.e. on (L (2.37)

Now let x be a Lebesgue point of both & and V,c(zo,-), u € S¥! and take
v € C*(Q,R?) such that v = u in some neighbourhood of x. By integrating
inequality over B,.(z), dividing by its measure and letting r — 0% we
obtain

Vac(zg,x) - u < O¢(z,u), ae. on €.

From [Lemma 2.7 the desired result follows.

4.2 The I'-limsup inequality

Given ¢ € L% (0), we now prove the I'-limsup inequality that is there exists a

family &° € RfEE such that

& — ¢ and limsup J°(£°) < J(§). (2.38)

e—0t
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We first show for € continuous and then a density argument will allow us to
treat the general case.

Step 1 : The case where £ is continuous.
For every € > 0, (x,e) € E*, write

E(e) =¢ (m ||> .

1€°]ep = NEll, and I5(E7) — Io(§) as e — 07

We have

In particular, for € > 0 small enough, ||£°||, < 2||€||, and £&° — £ in the weak sense
of . We can proceed analogously to the construction of ¢ for the
I-liminf. We define ¢© on the whole of Q x € in a similar way and we also have
the uniform convergence of ¢¢ to some ¢ in C'(Q x Q) (passing up to a subsequence)
and lim inf. o+ I5(£°) = [q.q cdy so that to prove it is sufficient to show that
¢ > c¢ = C. To justify this inequality it is enough to see that by construction for
(x,y) € N° x N¢ one has

Clay) = inf [ U (6(1),6(1) - €@t > cel,y)

oeCs , Jo

using the uniform convergence of ¢ to ¢ we indeed obtain ¢ > c¢ = .
Step 2 : the general case where § is only L' (9).
Let &, € C(Q x S471 R,) such that

1€ = &nllp + [lce, — Celloo + [1o(§n) = To(§)] <

S|

and
1€l < 2[1€]1,

(existence is given by |[Lemma 2.3)). For every n > 0 and € > 0, thanks to Step
1, there exists £ € R7™ such that £ — &,. Then there exists a nonincreasing
sequence €, > 0 converging to 0 such that for every 0 < £ < g,, we have

() ~ (6] <~ TH(E) > (&) — — and €]y < 2l

For € > 0, let n. := sup{n;e, > €} and & := & then we get £&& — £ (||, <
2[|&nllp < 4[I€llp) as well as

|I5(6°) — 1o(&)] < j —0ase— 0"

€

and
1 1

) 2 hi&) — = [ cdv——

Since cg,_ converges to ¢¢, we then have
lim inf Il(fe) > Il<€>

which completes the proof.
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Chapter 3

Optimality conditions and
long-term variant

This chapter is the second part of the paper [67]. It takes the notations, defini-
tions and assumptions in the first part.

1 Optimality conditions and continuous Wardrop
equilibria
Now we are interested in finding optimality conditions for the limit problem:

it J6) = /Q o H@ v 6 v) B(de, dv) - /ﬁ _tedy, (3.1)

through some dual formulation that can be seen in terms of continuous Wardrop
equilibria. More precisely, it is in some sense the continuous version of the discrete
minimization problem subject to the mass conservation conditions (2.2))-(2.3). Write

L:={(o,p): 0 € W->([0,1],Q),p € P, 0 L*([0, 1)},

where

N
P, = {p e [0,1] = p(t) e RY 6(t) =D vi(a(t)) pr(t) ace. t} :

k=1
We consider £ as a subset of C'([0, 1], R?) x L*([0, 1])" i.e. equipped with the product
topology, that on C([0, 1], R?) being the uniform topology and that on L'([0, 1])¥
the weak topology. Slightly abusing notations, let us denote MY (L) the set of
Borel probability measures Q on C([0,1], R%) x L'([0, 1])"¥ such that Q(£) = 1. For
o € Wh=([0,1],9), let us denote by & the constant speed reparameterization of o
belonging to W1°°([0,1],9Q) i.e. for t € [0,1],5(t) := o(s7(t)), where

s(t) = zé;)/ot 16(w)| du with 1(0) = /01 16(w)]| du.

Likewise for p € P, N LY([0,1])V, let p be the reparameterization of p i.e.

ﬁk<t) = ’ l<0)

ka(s*(t)),w c[0,1,k=1,...,N.

99
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We have p € P> N LY([0,1])" with |||z, = ||pl|z:. Define
L :=1{(0,p) € L:|6] is constant} = {(5, p), (o, p) € L}.

Let @ € ML(L), we define Qe M}r(f) as the push forward of () through the map
(o,p) — (7,p). Then let us define the set of probability measures on generalized
curves that are consistent with the transport plan ~ :

Q) ={Q € ML(L) : (en,€1)4Q =7}, (3.2)

where ey and e; are evaluations at time 0 and 1 and (eg, e1)x( is the image measure
of Q by (eg,e1). Thus @ € Q(v) means that

#0001 dQe) = | _ple,9)dy(z,y), Vo€ CR' x RLR).

This is the continuous analogue of the mass conservation condition since ()
plays the same role as the paths-flows in the discrete model. Let us now write the
analogue of the arc flows induced by Q € Q(v); for k = 1,..., N let us define the
nonnegative measures on  x S9!, mg by

L ety dnlao) = [ ([ elow. o)) do.p),

for every ¢ € C(Q x S¥1 R). Then the nonnegative measure on Q x S¥1 m@ =
Z{qu mg may be defined by

/gxsd_l §dm = /EL:(U, p) dQ(o, p),Vé € C(Q x S R,) (3.3)

where for every (o, p) € L,

Le0.0) = Y. [ €lote) oot dt = [ &00) - p) . (3.4

with
£(o(t)) = (E(a(t),vi(a(t))), ..., E(a(t), vn(a(1))))-
Notice that Le¢(o, p) = Le(G, p) for every (o,p) € L and so m@ = m® for every
Q € MYL(L). The p growth asumption on H(xz,v,-) can be reformulated
by a ¢ = p/(p — 1) growth on G(z,v,-). To be more precise, we will assume that
g(x,v,-) is continuous, positive and increasing in its last argument (so that G(z, v, -)
is strictly convex) such that there exists a and b such that 0 < a < b and

am® < g(z,v,m) <bmT + 1)V (z,v,m) € A x S x Ry, (3.5)
with ¢ € (1,d/(d — 1)). Then let us define
Q(y):={Q € Q(y) : m? € LY QxS 0)} (3.6)

and assume

Q) # 0. (3.7)



1. Optimality conditions and continuous Wardrop equilibria 61

This assumption is satisfied for instance when 7 is a discrete probability measure on
Q x Qand g < d/(d—1). Indeed, first for @ € M} (W">([0,1],9)), let us define
ig € M. () as follows

A@dmr—ﬂ%mmﬂm(AaMawﬂﬂﬂquQ@)br@ECGLR)

It follows from [23] that there exists Q € ML (W>°([0,1],9)) such that (eq, 1) 2 Q =
v and ig € L7 For each curve o, let p? € P, such that ¥, p7(t) < Clo(t)] (we
have the existence thanks to |Assumpt10n 2. 4[) Then we write Q := (id, p’) Q. We

obtain @ € Q%(v) so that we have proved the existence of such kind of measures.
Let Q € Q4(v) and € and € be in C(Q x S¥1 R,), we have

[ |2e(0,0) = Lelo, )| dQUsp) = [ | [ (€to(0)) = & (0) - ot0) | aQe, )
€ — f‘ m® 0(dx, dv)

<
QxSd-1

< 1€ = Ell e @) 1Ml o)

So if £ € LF(0) and (&,), is a sequence in C(2 x ST"1 R, ) that converges in LP(f)
to & then Lg, is a Cauchy sequence in L'(L£, Q) and its limit (that we continue to
denote by L¢) does not depend on the approximating sequence (,),. This suggests
us to define L¢ in an L*(L, Q) sense for every £ € LA (6) and Q € Q%(v). For every
¢ e L (0) and Q € Q%(y), by proceeding as for Lemma 3.6 in [39], we have

/stdf1 €-m@ 0(dz,dv) = /LLg(O', p) dQ(o, p), (3.8)

and
¢e(0(0),0(1)) < Le(o, p) for Q —a.e. (o,p) € L. (3.9)
Hence using the fact that @ € Q%(~y) and . . we obtain

Lt = [ oo < [ em? (30)

Sdl

Let £ € L1 (0) and Q € Q1(v), it follows from Young’s inequality that

/ngdﬂ H(x’ v, f(xa U)) O(dx, dv)

> - m® 0(dz, d —/ G (z,v,mP(z,v)) 0(de, dv) (3.11
> std—lf m® 0(dx, dv) it (x v, m%(z U)) (dz,dv) (3.11)
so that we have

£ —/ G (z,v,m2(x, v)) O(de, dv). 3.12
nf, I 2 sup o G (omO(a) O(de,dv). (3.12)

The dual formulation of (3.1]) then is
sup —/ G (z,v,m%(z,v)) 0(dz,dv). 3.13
T A () 0(dz, dv) (3.13)

We can note the analogy between and the discrete problem that consists in
minimizing (2.4) subject to the mass conservation conditions . Then we
establish the followmg theorem, that specifies relations between 3) and (3 . and
that gives the connection with Wardrop equilibria:
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Theorem 3.1. Under assumptions (3.5) and (3.7), we have:
1. The problem (3.13)) admits solutions.

2. Q € Qi(v) solves if and only if
[ Leylo.p) dQ(0,p) = [ 2 (0(0), (1)) dQ(o.p) (3.14)

where &5(x,v) =g (x,v,ma(:c,v)).

3. Equality holds : inf (3.1) = sup (3.13). Moreover if Q solves (3.13)) then 139
solves (3.1)).

It is the main result of this section. To prove it, we need some lemmas. First,
let us start with a preliminary lemma on the v;’s that is a consequence of
ftion 2.4l

Lemma 3.1. For all subset I C {1,...,N}, we are in one of the two following
cases :

1. 0 € Conv({vi(x)}ier) for every x € Q,

2. 0 ¢ Conv({vi(z)}ier) for every x € Q.

Moreover, there exists a constant 0 < § < 1 such that for all subset I C;{l, .., N}
that is in the second case, there exists u, € Conv({v;(z)}ier for all x € Q such that

Uy

vi(zx) - >0 foralliel.

| |
Proof. We will use the fact that € is connected. The first property is obviously closed
since the v,’s are continuous. Let us now show that the second one is closed. Let
I C{l,...,N}, assume by contradiction that there exists a sequence {, },>0 C O
converging to z € € such that 0 ¢ C,, = Conv({v;(x,)}ics) for every n > 0 and
0 € C = Conv({v;(z) }ier). So there exists {\; };er such that >,c; \jvi(z) =0,A, >0
and > ;er A = 1. Without loss of generality, we can assume that the \;’s are positive.
Then we have that v = > ;c; \ivi(x,) # 0 and converges to 0 as n — +o00. Let
frn > 0 such that |3,0v"| = 1 then , converges to +0c0. Thanks to [Assumption 2.4]
with € = (&1,...,6n),& = 0if i € 1,1 otherwise, there exists {27'}ic; € R¥' such
that |2'| < C and Y ;s 2l'vi(z,) = Byv™ for all ¢ € I and n > 0. Then we obtain
that 7 (Bui — 21 vi(z,) = 0. But for n large enough, we have that g,\; — 2I* > 0
for every ¢ € I, which is a contradiction.

For a subset I C {1,...,N} that is in the second case, Conv({v;(z)}icsr) is
contained in a salient (pointed) cone for all z € Q. Let us recall that a set A is a
salient cone if and only if AN(—A) C {0}, that is, if z is in A\{0} then —z is not in
A. For all x € Q, we can think of u, as being in the medial axis of this cone. Since
the vy,’s are continuous and 2 is compact, we have the desired result. O

Now let us define the following sets
N
£ = {(a, p) € LY pu(t) < Clo(t)] ae. t €0, 1]}
k=1

for some constants C' > 0. Now let us notice that we can simplify the problem ({3.13])
with the following lemma:
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Lemma 3.2. For a well-chosen constant C' > 1, one has

Qeiél;(w) it G (a:,v,mQ(:v,U)> 0(dx,dv)
= Qeigqf(v) {/ngdl G (x, v, m@(x, v)) O(dx,dv) : Q (Ecl) = 1} :

Proof. We set C" = 1/6 where ¢ is given by [Lemma 3.1 Let (0, p) € £. We will prove
that there exists p € P, such that for all ¢ € [0, 1], p,.(t) < pi(t) forall k. =1,...,N

and Y0, 7 (t) < C"6(t)]. Let t € [0,1] such that S0, pi(t) > C'|6(t)|. Let us
denote I the subset of {1,..., N} such that for every k € I, pi(t) > 0. First, if 0 €
Conv({vk(o(t)) }rer), there exists a conical combination of 0

Z /\kvk(a(t)) =0

kel

with the A\x’s > 0. Then we write p,(t) = pr(t) — Ay (we take A\, = 0 for k ¢ I)

where
A= min {pk(t) } .
keI, #0 Ak

We set I the subset of I such that for every k € I,p,(t) > 0. We restart with p and
we continue until 0 ¢ Conv({vi(o(t))}rer)- Let u be as in for I = I and
x = o(t) with |u| =1 (take u/|u| if necessarily). Then we have:

o(B)] = o(t) - u= kz_jﬁk(t)vk(a(t)) u > 5};&@)

so that Y0, (1) < C'[6(t)]. For Q € ML(L), we denote by @ € ML(LY) the
push forward of Q through the map (o, p) — (o,p). Then we have m@ < m®. Since
G(m,v,-) is nondecreasing, we have:

/ngd_l G (:v,v,ma(x,v)) 0(dz, dv) g/

G @ 0(dz, dv).
st (x,v,m (as,v)) (dz, dv)

]

To prove that the problem has solutions, a natural idea would be to
take a maximizing sequence {Q},>o for and to show that it converges to
Q € Q%(v) that solves . For this, we would like to use Prokhorov’s theorem
which would allow us to obtain the tightness of {@n} and x-weak convergence of
{Q,} to a measure in M! (£). Unfortunately, the space C([0,1],R%) x L([0,1])"
is not a Polish space for the considered topology (because of the weak topology of
L'([0,1])). So we will work with Young’s measures in order to apply Prokhorov’s
theorem. Let us define the set

U= C([0,1],RY) x PB1(R? x [0, 1]) (3.15)

where for a Polish space (E,d), we set

Pi(E) = {,u e ML(E): /Ed(x,x') du(r) < +oo for some 2’ € E}
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We equip U with the product topology, that on C([0,1],R?) being the uniform
topology and B;(R?¢ x [0,1]) being endowed with the 1-Wasserstein distance

Wi(u,v) := min {/}32 d(z1, xg) dr(xy, 20) : € (g, 1/)}

where £ = R4 x [0,1], d is the usual distance on E, (u,v) € P1(E)? and H(p,v) is
the set of transport plans between p and v, that is, the set of probability measures
7 on E?, having u and v as marginals:

L. e@dr(ey) = [ e@)dpt@) and [ oly)dn(z.y) = [ p)dv(), (3.16)

ExXE

for every ¢ € C(E,R). The set U is a Polish space (see [9]). Let us denote by A the
Lebesgue measure on [0, 1] and let us consider the subset S of U :

S = {(0, VRN o€ I/VLOO([O7 1,9), v, @ A € B1(E), v € M, ace. t},

where for t € [0,1] and o € W>([0,1],9),

m! = {ut € ML(RY) : supp v, C L_J Ry vk (o(t)) and o(t) = /Rd v dut(v)} :

Here the set R, vy (o(t)) is the half-line {avg(c(t)) : @ € R, }. The Young measures
vy ® A are the analogue of the decompositions p € P,. For the general theory of the
Young measures, see for instance [85].

Let us define the set of probability measures on curves (o, ® \) that are con-
sistent with the transport plan v :

X(y) = {X € ML(S): (eo,e1)4 X =7} (3.17)

This is the analogue of ([3.2)). Let us now write the analogue of m® (given by (4.9))

as follows:

/gxgd,l §di™ = /ng(a, k) dX (0, k), € C(Q x S*1 R) (3.18)

where for every (o, =1, ® \) € L,

Le(o, k) := /01 </Rd§ (g(t), |Z|> | dyt(v)> dt. (3.19)

Then let us define
Xi(y) ={X € X(v) : i* € LYQ x S*1,0)} (3.20)

Let X € X%(y). By the same reasoning as for QQ € QI(v), if & € L1 (), we
denote by L¢ the limit of the Cauchy sequence Lg¢, in L'(S, X) for any sequence
(&n)n converging in LP(#) to £&. We may write the analogue of the problem ((3.13)) :

sup —/ngdil G(x,v,z‘X(x,v)) 0(dx, dv). (3.21)

Xexi(y)
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Lemma 3.3. One has sup (3.13] - = sup (3.21] -

Proof. Let Q € Q4(v) and 0 € W1°°([0,1],9Q). For p = (p1, ..., pn) € Py, we define
the Young’s measure vf @ A as follows :

N

Blivr(o(t)}>

where |p(t)]1 = S0, pr(t) for every ¢ € [0,1]. We consider the measure X? € X9(v)
defined by

/ ©dX9 = / olo,vf @ X)) dQ(o, p), for all ¢ € C(S,R).
S c
Since we have m®@ = iX? we immediately get sup (3.13) < sup (3.21)).
For the converse inequality, let X € X(v), we build Q¥ € Q4(y). Let (0,14 ®

\) € S, recalling that one has supp v, C Up_, Ryv(o(t)) for ¢t € [0,1], we define
p’ € P, as follows

Pr(t) ::/ lv| dvy(v), forall k=1,...,N
Ryvg(o(t))

and p¥ = (pY,...,p%) if the vg(o(t))’s are pairwise distinct. Otherwise, let us
decompose {1,..., N} = Uj_; I; where the I;’s are pairwise disjoint and such that
forall j =1,...,s and k € I;,vx(0(t)) = v; where the v;’s are pairwise distinct.

Then for all j =1,...,s and k € [}, we set

1
#[] R+vj

The element p” is in P,. Similarly, we set

pr(t) = [0] i (v).

/Ego QX = /Sgo(a, p") dQ(o,v; @ A) for all ¢ € C(L,R).

From the fact that m@" = i¥ it follows that sup (3.13]) > sup - O]

Let us notice that with the previous proof for (0,1, ® A) € S, we may build 7 as
a sum of Dirac measures :

V

5{|p (®)or(o(£)}

where p” is given in the previous proof. Therefore it follows from the same rea-
soning as in the proof of that we may take p” € P, such that for
t € 10,1, 8, pr(t) < C'6(t)|. Moreover, We can choose (o, p) only in £ with

|6| constant. Then the new measure S5, |p ‘16{|p(t)|wk( (#))} that we continue to
denote by 7; by abuse of notations is in I’ . Let us define

S :={(o,1 ®\) € S : supp vy NR v (0 (1)) = {p(t)vi(o(t))}
with p(t) < C'|o(t)] for k=1,...,N and ¢ € [0, 1]}
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and
S:={(o,1;®\) €S : |5] is constant}.

For X € M}F(S), we denote by X ¢ M}r(Scl N g) the push forward of X through
the map (0,1, ® A\) — (6,7 ® A). Then we have ¥ < i*. Since G(m,v,-) is
nondecreasing, we may consider only the measures Xe ML(S NS ) for the problem
(13.21)).

We now adapt the proof in [12]. In particular we have to generalize Lemmas 2.7
and 2.8 in [39], this becomes

Lemma 3.4. For every p € C(Q x S™' Ry), L, is L.s.c. on'S for the topology
defined above.

Proof. Let (o,1,@\) € S and (™, v;*®@\) be a sequence converging to (o, ,QM) € S.
Then by definition, we have

L(o" v @ \) = /O1 (/R o (J”(t), ‘5’) 0] duf(v)> dt.

We have ¢ — o in C([0, 1]) so that ¢(c™(-), 1%) converges strongly in L*. Since v}"

ol
narrowly converges to 4 for almost ¢ € [0, 1] and the function (¢,v) — ¢(o(t), ﬁ)|v|

is the upper limit of (¢,v) — (o (1), m) min(|v|,n), that is continuous and bounded,
as n — +00, we obtain the desired result. O

Lemma 3.5. Let (X,,), € MLU)Y be such that X,,(S") =1 for every n and there
exists a constant M > 0 such that

sup/ l(0)dX, (0,1, @ \) < M.
n JS

Then the sequence ()A(/n)n is tight and admits a subsequence that weakly-* converges
to a probability measure X such that X(S) = 1.

Proof. For every K > 0, let us define the following subset of S¢’

Si 1= {(a, BN E S: |o| < K and supp vy < BC/K}

where C’ is the constant given by . Let us show that Sk is relatively
compact in S. First, the set {o € W1>([0,1],Q) : o K-Lipschitz continuous} is
compact in C([0,1],9Q) thanks to Ascoli’s theorem. The set of probability measures
with support in Berg is compact due to the Banach-Alaoglu-Bourbaki theorem.
Let a sequence (0”1} ® ) € (Sk)N converging to (0,1, ® A) € S, prove that
(o, ® \) € Sk.

1.) supp v C Uil Ryvg(o(t)).

First let us show that the function ¢ : (z,v) > dist(v, Up_, Ryvi(z)) is continu-
ous on R% x Q. Let (x,v) € Q x R? and some sequences 2™ in ), respectively v™ in
R? converging to z, respectively v. Then there exists some constants 0 < A, < |v|
and 0 < A} < |v"| such that Agvi(z), respectively A\jwvg(z™), is the projection of v,
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respectively v", on R v(x), respectively R vg(z") for k = 1,...,N and n € N.
Then we have

M=

oz, v) = @@, 0")] < 3 |dist(v, Ryoy(2)) — dist(v”, Ryvg(2"))]

e
Il
—_

I
hE

v = Ave ()] = v = Agor(z")]

i
I

M=

< (v ="+ [ Aevi(x) = Agor(z")])

B
Il
—

—0asn— +

since the v;’s are continuous and so the sequence A} converges to Ay fork=1,..., N.
We then have :

/01 </Rd o(v,o(t)) th(U>> dt = /01 (/BC,K o(v,o(t)) dl/t(v)> dt

= [N s are)a
= 0.

So ¢(z,v) = 0 dv; ® dt-a.e. and the support of v; is in Ui_, R, v (o (t)) for ¢ € [0,1].

2.) U<t) = f]Rd (% dl/t(/U).
By definition, for n > 0 and (s,t) € [0, 1], we have :

t
o"(t) —o"(s) = / /B vdr(v) @ A = (vlp,,, @ L v @ A).
s C'K

Obviously, the sequence {0"(t) — 0" (s) }n>0 converges to o(t) — o(s) (since o™ uni-
formly converges to o). For the term in the right-hand side, it is sufficient to take
a sequence {®.}.~o in Cy(R* x [0,1])N converging to (v,t) — vlp,, ® 1y in
LY(R? x [0,1]) as € — 07, B
Now let us justify the tightness of (X,),:
X, ((SK)C) Xo ({(on@)) eSNSY 5] > K})
({(a v ®A\) € SNSY :supp(ny) ¢ BC/KD
<2X, ({(oom@X) e SNSY 1 |6 > K})
X, {(o,ry@X) € S:l(o) > K})

l(o) dX, (0,1 @ N)
s

<

N\w

<2— — 0as K — +oo.

==

Due to Prokhorov’s theorem we can then assume that passing up to a sub-
sequence, (X,), weakly-x converges to X € ML (U). It remains to show that
X(S)=1. For K >0, let us define the closed set

Sk :={(o,yy,®\) €S :1(0) < K and supp v; C Borg}.
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It follows from the previous computation, the fact that the measures X, are con-
centrated on & and Portmanteau’s theorem that

1 = limsup X,,(S) < limsup X, (Sx) + lim sup X,,(S\Sx)

M
SX(SK)JFK.

Letting K tend to oo, we then obtain X (S) = supy X (Sk) = 1. O

Lemma 3.6. Let (X,,), be a sequence in MY (S) that weakly star converges to some
X € ML(S). If there exists i € M (2 x S*7") such that i*" weakly-+ converges to
i in M4 (2 x ST1Y) then we have i <.

Proof. Let ¢ € C(2 x S}, R, ). First we obtain
ﬁ¢mzhmﬁ@ﬁ&:nm/fmxw
0 n g nJs

Moreover thanks to [Lemma 3.4, X +— [s L,dX is ls.c. for the weak star topology
of M!(S). We then obtain

%@MZ/ZﬂXzﬁyﬂx
Q S Q

]

Proof. (of [Theorem 3.1))

1. Thanks to[Lemma 3.3 we consider the problem ([3.21]). Due to the value
of problem (3.21) is finite. Let (X,), be a maximizing sequence of (3.21). Since
iX > X we can assume X,, = X,, for all n. Still from it follows that (i*»),
is bounded in L4(#). So, passing up to a subsequence, we can assume that (%),

weakly converges in L4(6) to some i. Moreover, since (%), is bounded in L9(6) so
in L'(6), we have

sup/ )dX (o, @A) < sup/ (/ (/Rd ]v[dw(v)) dt) dX (o, v, @ )

= sup di’*" < +oo0.
n JOxSd-1

Since X,, = X,,, we can deduce from that, up to a subsequence, (X,),

weakly-+ converges to some X € M (S). Using the fact that X () is weakly closed,
we see that X € X(v) and m then imply that i < i so that X € X9(v).

Since G(z, v, -) is convex and nondecreasing, we then have

G X (dx, dv) < G ; O(dx. d
/ngdfl (x,v,i" (z,v) O(dx, dv) < it (x,v,i(z,v)) 0(dx, dv)
< lim inf G(z,v,7"(x,v)) 0(dx, dv),
n Qxsd-1

which proves that X solves (3.21). Thus as mentioned in the proof of [Lemma 3.3
there exists Q € Q7(y) such that m@ =X and so @ is a solution of (3.13)).
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2. First assume that Q € Q4(y) satisfies ([3.14]). Let Q € Q4(~y) then by convexity
of G(z,v,-), (3.8) and (3.14)), we have

N - Q
Jyugeos Gl m o)) o do) = [ Glavsm®(a,0) O(da, o
> . (mQ — @
— Jaxsd- 1£Q (m m )

—/Lg 0,p) dQ(a,p) — /LgQ(U,p dQ(o, p)
> | 2 (0(0),0(1)) dQ(o, p) — | Ce;(0(0),0(1)) dQ(a, p)

L ° C

— [ & —/ e dy =0,
axQ EQV axQ EQ’Y

Therefore @ solves ([3.13). Now assume that @ € Q7(~) solves (B.13)), let Q € Q7(v)
and ¢ € (0, 1), dividing the inequality

/ngdﬂ G(l’, v, (1 — €)m§(x7 U) + &TmQ(x, U)) Q(dI, dv)
B /ngd-l G(x,v,m(z,v)) O(dx,dv) > 0

by ¢ and letting ¢ — 0™ we obtain

/std—l Ggmt = /[,Lfad@ SR /[;Lfaan vQ € QU(y).

Adapting the proof of Proposition 3.9 of [39] to our case, we see that the infimum of
the right-hand side of the previous inequality is in fact [5, g QadV so that we have

[ Leyd@ = [ e (0(0),0(1)) dQ(op)

3. Let Q solve (3.13)). Then considering £ = &5 and m = m@, inequality (3.11)
becomes an equality and (3.10) as well due to (3.14)). Thus (3.12) is in fact an

equality and & solves (3.1). ]
A natural question is to investigate the discrete problems corresponding to ([2.4))

ie.
‘ e m(z,e)
inf le |dG< ) (3.22)
et (wg;Eg e Je|d
subject to the mass conservation conditions (2.2))-(2.3) and convergence of problems
(3.22)) in some sense to the continuous problem

; Q
Qé%fév) ngdflG(x’U’m (x,v)) 8(dz, dv). (3.23)
Let m* = (m°(z,€))(ze)epe and w* = (w*(0))sece solve the discrete problem
(3-22). Let 0 = (wo,...,21() € C° (identified with the piecewise affine curve
defined on [0, L(¢)]). For every k =0,...,L(c) — 1, let us denote by i the integer
such that (zx,Tp41 — 2x) € Ei,. Then let us define p” € L*([0,1])" where for all
t ek k+1]

0 otherwise.

) {\a(k+1)—a(k)| if i = iy,
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We will define a discrete measure ()° over £° where
L :=A{(0,p%):0 € C°}.

Write )¢ as follows

5: d/2 1 Z O’®p

oeCe

as well as

8 _8d/2 1 Z 0'®p

oceCe

where 6 € W1°°([0,1],Q) is the constant speed reparameterization of the path o.
Notice that for every £ € C(Q x S 1, R,), we have L¢(o,p%) = Le(6,p7) so that
m% = m& . Let us also observe that the measure m®" contains all the information
n (m, we).
Especially for the following theorem, we make a stronger assumption.

Assumption 3.1. There exists a function C : Ry — RY such that C(e) — 1 as
e — 07 and for every e > 0, (z,e) € E*,C(e)e < |e| < e.

In particular, this hypothesis is satisfied in our three classical examples since arc
length is constant for € > 0 fixed.

Theorem 3.2. Under the previous assumptions, defining Q° as above up to a sub-
sequence, (Q )eso weakly converges to some solution Q@ € Q4(v) of (3.23) in the
sense that

20, 0)AQ(.0) = [, @(0.p)dQ(c p),

/C([O,l],Rd)xLl([O,l]) [0,1],R4)x L1([0,1]) N

as e = 0T for every ® € Cy(C([0, 1], R?) x L*([0, 1))V, R).

Proof. By duality, from [['heorem 3.1} and [Corollary 2.1], it follows that the value of
@D converges to that of (3.23) and in particular, due to the ¢ growth condition
3.5) on G(z,v,-), m® is bounded for the discrete L? norm. In the same manner
that in the proof of [Corollary 2.1 and Section 4.1 in Chapter 2 we can see that there
is some m € L% such that (z,e) — B l(f/,f ) weakly converges to m in L? in the sense

of |definition 2.2| (up to replacing p by ¢) and

/Q s G(z,v,m(z,v)) 0(dz,dv) <liminf > e |dG< € m(x,e)) (3.24)

e07 (z,e)EE® ‘6’ 7 ‘eld/Q

Let £ € C(Q x ST R,), recalling (2.3 , and ., rearranging terms, we
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have

Jo s a0y dm® (w.0) = [ Le(o.p) dQ(0.p)

L(")*l k+1
=t/ ZC: Z / §(a(t), v (o())|o(k +1) — o(k)|dt
cd/2-1 o(k+1)—o(k)
) /o§s /; ng’wk+> S + 0o

(
(( ) > W)

=e/* Z le|/2*1e <$7 |Z|>m| |d/2 + O(we(e))

(z,e)eE®

Lt

where we is a modulus of continuity of {. From |[Assumption 3.1] and the fact that
(x,e) = ”T;(f/f ) weakly converges in L? to m in the sense of [definition 2.2] it follows

that m? weakly star converges to ‘m. Arguing as previously, we find @) € M (L)
such that, up to a subsequence, (Q¢). weakly converges to Q and m® < m. We
easily have ) € Q%(y) : indeed, for every ¢ € C (Rd x R4, R), we have

[ ¢(0(0),0(1) dQ(,p) = lim [ (o d@()
—yﬁﬁﬂlz e(o(0). (1)
€ oceCe
= lim =270 37 p(a,y) ( > wa((,))
(z,y)eN=? o€Cs y
= lim =270 37 p(z,9)7"(2,y)
= (2,y)EN=2
= | _pdy.
QxQ

Using (§3.24) and the fact that G(x,v,-) is nondecreasing, we get
/ G(z,v,m®(x,v)) §(dz, dv) <
QxSd-1

e mé(z,e)
< lim inf le|‘G |z, — :
im 1 (“)ZEEE el (“T e’ " Je|#2 )

G(z,v,m(z,v)) 0(dz, dv)

QxSd—1

Since the right-hand side is the value of the infimum in (3.23)), we obtain the desired
result. ]

2 The long-term variant

Instead of taking the transport plan 4¢ as given in the discrete problem, we now
consider the case where only its marginals are fixed. More precisely, there is a dis-
tribution of sources f¢ = ety f2(2)d, and sinks £ = ¥ 71 v f2(2)0,



72 Optimality conditions and long-term variant

which are discrete measures with same total mass on the set of nodes N¢ (that we
can assume to be 1 as a normalization)

Y F) = X i) =
reNE yeNE
The numbers f2(z) and f£ () are nonnegative for every x € N°.
With the same notations as in the short-term problem, we have almost the

same definition of an equilibrium as in [definition 4.1 we must change the mass
conservation condition (2.2)) as follows

filz) = Y wi(o), [L(y):= > wi(o) (3.25)

oeCy . oeCs,
for every (z,y) € N°x N=, where C} _ (respectively C*,) is the set of loop-free paths
starting at the origin x (respectively stopping at the terminal point y). Moreover,
the transport plan now is an unknown. Similar arguments apply to this case, the

equilibrium is a minimizer of the functional defined by (2.4) but now subject to
(3.25) and ({2.3]). We shall then state the analogue of the dual formulation (2.5))

inf He(z,e,t°(x,e)) — inf Y (x,y) T (x,y) ¢, (3.26
i {<IE§EE5 et ) B X T 520
where II(f, f$) is the set of discrete transport plans between f¢ and f3, that is,

the set of nonnegative numbers (v*(z,)) ;. y)en=2 such that

> A (z,y) ), > (z,y) = fi(y), V(z,y) € N° x N°,

yeEN<E TEN*®

We assume that the hypotheses made in Subsection 3.1 in Chapter 2 are still satis-
fied, except that we replace [Assumption 2.8 by

Assumption 3.2. f£ and f5 weakly star converge to some probability measures f-
and fy on §:

lim 270 3 (o) f2 () + w(@) 1) = [odf-+ [ wdfi. V(o) € CO)2
e reEN¢E
Writing £° as in , we can now reformulate (3.26])
. inf F(E) = [5(€67) = FT(E) (3.27)

where [§5(£°) is defined by ([2.19) and

Fy (&)=  inf > A (zy) (min > ]e|d/2£5(z,6)) : (3.28)

yeell(fe,f9) (z,y)EN=2 o€CT y (z,e)Co

It is an optimal transport problem. The limit functional then reads as the following

variant of ([2.25))

F(§) = 1o(€) = Fi(¢). where Fi(¢):=__inf /Q Ty, VEELL(0),  (3.29)

As previously, I is defined by (2.21)) and ¢ by (2.24] - II(f_, fy) is the set of
transport plans between f_ and f+ (See (3.16)). We then have the following I'-

convergence result :
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Theorem 3.3. Under the same assumptions except [Assumption 2.8 replaced by
|Assumption 3.9, the family of functionals F*= defined by (3.27)) I'-converges (for the
weak LP-topology) to the functional F defined by (3.29).

Proof. We can do the same reasoning as for except for the proof of the
inequality
F1(§) > limsup Fy(£°)
€

when £ — £. In order to show it, we use the following lemma whose proof is in [12].

Lemma 3.7. Let i and v be probability measures on Q, (jin)n, (Vn)n be sequences
of probability measures on ) that weakly-x converge to pu and v and let v € T(u, )
a transport plan between p and v. Then there exists a sequence of transport plans
Yn € W(pin, vy) that weakly star converges to .

In much the same way as in [Subsection 4.1| in Chapter 2, ¢ given by ([2.32))
has a subsequence that converges uniformly to some ¢ < €. Then let us take
v e TI(f_, fi) such that

A= [ _dr.

Q

It follows from that there exists a sequence (v°) € II(f2, f) such that

~¢ weakly-x converges to v as ¢ — 0. We then have

limsup F (%) <limsup Y °(z,y)c(2,y)
€ € (z,y)ENE X N

= [ 7cd’y§/7 _Cedy = F1(§).
Qx0 QxQ
Il

In the same manner as in of Chapter 2, we can see that the problem
(3-29)) has a dual formulation that is

sup —/ G(x,v,m?(x,v))0(dz, dv), (3.30)
QEQI(f-,fy)  JOxSI

where

QU(f-, f+) = {Q € MY(L) : eoyQ = f-,e14Q = f1,m? € LU(0)}
= U Q).

’YEH(ffﬂf+)

If we assume that QI(f_, f+) # 0 and that (3.5)) is still true, one can reformulate
for the long-term models as follows :

Theorem 3.4. We have :
1. Problem (3.30)) admits solutions,

2. Qe QIf_, fy) solves if and only if

| Ley(0.0) dQlo. p) = [ e (o(0),0(1)) dQlo )
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where E5(x,v) = g(z, v, m®(z,v)) and moreover, 7 := (eq, e1)4Q is a solution
of the optimal transport problem:

inf / Ce(z,y)dy(x,y).
Vet fe) Jaxa (@ y)dy(@,y)

3. There is no duality gap : the infimum of (3.29) equals the supremum of (3.30))
and moreover, if Q solves (3.30) then g solves (3.29).

Problem ({3.30)) is studied in [66]. It is showed that problem ({3.30)) is equivalent
to another problem that is the variational formulation of an anisotropic, degenerate
and elliptic PDE :

{— div (VG*(z, Vu(z))) = f in Q,
VG*(x,Vu(z)) -vg =0 on 09,

with G* being a C! function. In particular, if the function g in (2.12)) is of the form
g(z,vp(x), m) = a(x)m? ' 4 & for every x € Q. k =1,..., N and m > 0 where the
constants d are positive and the weights a; are regular and positive, then we have

N
G (z,2) =) () (2 - vp(z) — Spep ()L for every v € Q, 2z € R?
k=1 P

where b, = (agcg) 7. This case is interesting since numerical simulations can be
performed as shown in [66].



Chapter 4

Wardrop equilibria : long-term
variant, degenerate anisotropic
PDEs and numerical
approximations

This chapter is from the paper [66].

Abstract : As shown in [67], under some structural assumptions, working on
congested traffic problems in general and increasingly dense networks leads, at the
limit by I'-convergence, to continuous minimization problems posed on measures
on generalized curves. Here we show the equivalence with another problem that
is the variational formulation of an anisotropic, degenerate and elliptic PDE. For
particular cases, we prove a Sobolev regularity result for the minimizers of the
minimization problem despite the strong degeneracy and anisotropy of the Euler-
Lagrange equation of the dual. We extend the analysis of [31] to the general case.
Finally, we use the method presented in [21] to make numerical simulations.

Keywords: traffic congestion, Wardrop equilibrium, generalized curves, anisotropic
and degenerate PDEs, augmented Lagrangian.
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1 Introduction

Researchers in the field of modeling traffic have developed the concept of conges-
tion in networks since the early 50’s and the introduction of the notion of Wardrop
equilibrium (see [98]). Its wide popularity is due to some applications to road traf-
fic and communication networks. We will describe the general congested network
model built in [67] in the following subsection.

1.1 Presentation of the general discrete model

Givend € N,d > 2 and 2 a bounded domain of R? with a Lipschitz boundary and
e > 0, we take a sequence of finite oriented networks Q. = (N¢, E¢). The set of nodes
in ). is N¢ and E* is the set of pairs (z,e) with x € N¢ and e € R? such that |e] is
of order € and the segment [z, x +¢] is included in Q. We will simply identify arcs to
pairs (z,e). We assume |E¢| := max{|e|, there exists x such that (z,e) € E} = e.

Masses and congestion: Let us denote the traffic flow on the arc (z,e) by
m&(z,e). There is a function ¢° : £ x R, — R such that for each (z,e) € E° and
m >0, g°(x, e, m) represents the traveling time of arc (z, e) when the mass on (z, e)
is m. The function ¢° is positive and increasing in its last variable. This describes
the congestion effect. We will denote the collection of all arc-masses m*(z, e) by m*®.

Marginals: There is a distribution of sources fo = > cn- fo (2)d, and sinks
[ =Y ene 5 (2)0, which are discrete measures with same total mass on the set
of nodes N¢ (that we can assume to be 1 as a normalization)

> @)= Ly =1

TEN*® yeNe

The numbers f=(x) and fI(x) are nonnegative for every = € N°.
Paths and equilibria: A path is a finite set of successive arcs (z,e) € E° on
the network. C¢ is the finite set of loop-free paths on €2, and may be partitioned as

o= U o,=Ua=Uc,

(z,y)ENEXN® rEN® yeNe

where CF = (respectively C7)) is the set of loop-free paths starting at the origin x
(respectively stopping at the terminal point y) and Cf , is the intersection of Cf
and C7,. Then the travel time of a path v € C* is given by:

Tfnf(’}/) = Z gg(x,e,ms(a:,e)).

(z,e)Cy

The mass commuting on the path v € C¢ will be denoted w*(7). The collection
of all path-masses w®(y) will be denoted w®. We may define an equilibrium that sat-
isfies optimality requirements compatible with the distribution of sources and sinks
and such that all paths used minimize the traveling time between their extremities,
taking into account the congestion effects. In other words, we have to impose mass
conservation conditions that relate arc-masses, path-masses and the data f- and
I

fo@)= > w(), fF(y) = Y w(v), Y(r,y) € N° x N° (4.1)

veCs.. veCe,
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and
me(z,e) = we(),¥(x,e) € E°. (4.2)
veCe:(xz,e)Cy
We define T} . to be the minimal length functional, that is:
T§15<l’7y) = ml? Z ga(xvevma(xue)‘

cC
TEREY (ge)Cy

Let II(f=, fF) be the set of discrete transport plans between fo and fI, that is, the
set of collection of nonnegative elements (¢°(z,y)) ;. )en=2 such that

Yo ¢ (ry) = f(x) and Y ¢ (z,y) = fF(y), for every (2,y) € N° x N°.

yENE zENE

This results in the concept of Wardrop equilibrium that is defined precisely as fol-
lows:

Definition 4.1. A Wardrop equilibrium is a configuration of nonnegative arc-masses
me : (z,e) — (m°(x,e)) and of nonnegative path-masses we : v — w®(7y), that satisfy
the mass conservation conditions (4.1)) and (4.2) and such that:

1. For every (z,y) € N° x N° and every v € C5 ,, if w*(y) > 0 then

Tme(7) = 100D 7oy (), (4.3)

2. If we define II*(z,y) = 3 yec; , w(y) then II° is a minimizer of

inf > (1Y) T (z,y). (4.4)

@Een(fgvf;r) (z,y)ENf X N€

Condition (4.3]) means that users behave rationally and always use shortest paths,
taking in consideration congestion, that is, travel times increase with the flow. In
[12,67], the main discrete model studied is short-term, that is, the transport plan is
prescribed. Here we work with a long-term variant as in [31},/33]. It means that we
have fixed only the marginals (that are f= and f). So the transport plan now is
an unknown and must be determined by some additional optimality condition that
is . Condition (4.4)) requires that there is an optimal transport plan between
the fixed marginals for the transport cost induced by the congested metric. So we
also have an optimal transportation problem.

1.2 Assumptions and preliminary results

A few years after the work of Wardrop, Beckmann, McGuire and Winsten [17]
observed that Wardrop equilibria coincide with the minimizers of a convex optimiza-
tion problem:

Theorem 4.1. A flow configuration (W€, m®) is a Wardrop equilibrium if and only
if it minimizes

> G (x,e,m(z,e)) where G*(z,e,m) ::/ g (z, e, a)do (4.5)
(z,e)EE" 0

subject to nonnegativity constraints and the mass conservation conditions (4.1))-(4.2)).
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The problem is interesting since it easily implies existence results and nu-
merical schemes. However, it requires knowing the whole path flow configuration w*®
so that it may quickly be untractable for dense networks. However a similar issue
was recently studied in [67]. Under structural assumptions, it is shown that we may
pass to a continuous limit which will simplify the structure. Here, we will not see
all these hypothesis, only the main ones. So we refer to [67] for more details. The
only noticeable difference is that we take here § = 1 in Remark 1 of [67] for physical
reasons.

Assumption 4.1. The discrete measures (fZ )eso and (f)eso weakly star converge
to some probability measures f~ and f+ on Q :

lim Y (e(@)f @)+ 0(@) S @) = [ed™+ [vdrt, We,0) € C@P

+
e—0 2ENE

Assumption 4.2. There exists N € N, {vy}r=1,..n € CHQ, SN and {cx}r=1. N €
CHQRL)N such that E° weakly converges in the sense that

lim Y e|% ( |6 ) = /Qde—l o(x,v) 0(dr, dv), Y € C(Q x ST,

+
S0 L el

where § € M (Q x S¥1) and 0 is of the form

0(dx, dv)

vk(x

HMZ

Moreover, there exists a constant C' > 0 such that for every (v, z,§) € Q xSt fo,
there exists Z € Rﬂf such that |Z] < C and

Z &= min{Z-f;Z = (21,...,2v) € RY and izkvk(x) = z} (4.6)

k=1

The ¢;,’s are the volume coefficients and the v;,’s are the directions in the network.
The measure ¢ depends on the discretization of 2, i.e. the sequence {Q.}.. The
last sub-assumption allows us to keep some control on an optimal conical
decomposition of all z € Rd in the family of directions {v;(z)}s for every z € Q.
There always exists a conical decomposition of z in {v.(x)}, not too large with
respect to z. The next assumption focuses on the congestion functions ¢°.

Assumption 4.3. ¢° is of the form
15 € m 15
g (x,e,m) = |elg x,g,‘elﬁ , Ve >0, (z,e) € E5,m >0 (4.7)

where g : Q x ST x Ry + R is a given continuous, nonnegative function that is
increasing in its last variable.

In R?, it is very natural : the traveling time on an arc of length |e| is of order
le| and depends on the flow per unit of length m/|e|. In RY, it is a bit less natural.
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The traveling time always is of order |e| but now depends on m/|e|]¢"t. We have
also removed the e-dependence on the g°. We then have
e m

) where G(x,v,m) := /mg(x,v,a)da.
0

] [e]41

Ge(z,e,m) = |e|’G <x,

We also add assumptions on G:

Assumption 4.4. There exists a closed neighborhood U of Q such that for k =
1,...,N, v, may be extended on U in a function C (still denoted vy,). Moreover,
each function (z,m) € U x Ry — G(z,vi(x),m) is Carathéodory, conver nonde-
creasing in its second argument with G(z,vx(z),0) = 0 a.e. © € U and there exists
1 <g<d/(d—1) and two constants 0 < A < A such that for every (z,m) € U xR,

one has
A(m? —1) < G(z,v,m) < A(m? +1). (4.8)

The g-growth is natural since we want to work in L in the continuous limit. The
condition on ¢ has a technical reason. It means that the conjugate exponent p of ¢
is > d, which allows us to use Morrey’s inequality in the proof of the convergence
(see |67]). The extension on U will serve to use regularization by convolution and
Moser’s flow argument. Examples of models that satisfy these assumptions are
regular decompositions. In two-dimensional networks, there exists three different
regular decompositions: cartesian, triangular and hexagonal. In these models, the
length of an arc in £° is €. The ¢;’s and wvi’s are constant. In the cartesian case,
N =4, (v,v9,v3,v4) := ((1,0),(0,1),(—1,0),(0,—1)) and ¢, = 1 for k = 1,... 4.
For more details, see [67].

Now, before presenting the continuous limit problem, let us set some notations.

Let us write the set of generalized curves

L:={(v,p):veW"(0,1],9),p € P, N L¥([0, 1))},

where

P, = {p :t€[0,1] — p(t) € RY and 4(t) = z_:vk(”y(t)) Pk (t) a.e.} :

We can notice that P, is never empty thanks to |[Assumption 4.2l Let us denote
Q € Q(f,fT) the set of Borel probability measures @ on L such that the mass
conservation constraints are satisfied

QUf . fM) ={Q ¢ Mi(ﬁ) teoy@ = [T, e14Q = [T}

where e(7, p) = y(t),t € [0,1],(v,p) € L. For k =1,..., N let us then define the
nonnegative measures on 0 x S~ my by

Lo et odnfien) = [ ([ ot@.a60)n0n)dat.e,  @9)

for every ¢ € C(Q x S R). Then write simply m@ = YN  m¥, nonnegative
measure on ) x S¥~!. Finally assume that

QS 1) = {Q € QU f*) : m? € LI(0)} #0.
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It is true when for instance, f* and f~ are in L9(Q2) and ) is convex. Indeed,

first for @ € ML (W>([0,1],9)), let us define ig € M (Q) as follows

fedia=[ ([ etntil) do) for g € C@R).

Thanks to the regularity results of [47,89] there exists @ € MY (W'>([0,1],Q))
such that ep,Q = f~, e14Q = [T and ig € L9. For each curve v, let p” € P,
such that >, pl(t) < C|5(t)| (we have the existence due to [Assumption 4.2)). Then
we set Q = (id, p)4Q. We have Q € Qi(f,fT) so that we have proved the
existence of such kind of measures. A necessary and sufficient condition to ensure
QU f~, fT) #0is that fT— f~ € Wh4(Q) (see [34]).

Then Wardrop equilibria at scale € converge as ¢ — 01 to solutions of the
following problem

inf / G(z, v, m2(z, v))0(dz, d 4.10
ot [ Gl m o), o) (4.10)

(see [67]). Nevertheless this problem (4.10)) is posed over probability measures on
generalized curves and it is not obvious at all that it is simpler to solve than the
discrete problem (4.5). So in the present paper, we want to show that problem
is equivalent to another problem that will roughly amount to solve an elliptic
PDE. This problem is

inf  inf {/Q s G(z,v, 0(z,v)) 0(dz, dv); —div o = f} : (4.11)

o€L1(Q,R%) 0EP?

where
N
P = {Q QxS SR Ve e, o(z) =) vk(x)g(:c,vk(x))} ,
k=1
f = f"— f and the equation —div(c) = f is defined by duality:
/ Vu-o= / udf, for all u € C'(9),
Q Q

so the homogeneous Neumann boundary condition o - v = 0 is satisfied on 92 in
the weak sense. For the sake of clarity, let us define

N
g(l’, U) = Qler,lpfg kz::l Ck(.’L')G($, Uk(l'>, Qk) = Qler,lpfg G(l’, Q)

where
N L N
P - {@ ERY; o= zvm)@k} and G(, 0) = 3" cnl(2)G(w, vn(2), 08),
k=1 k=1

for x € Q,0 € R?. We recall that the ¢;’s are the volume coefficients in 0. G is
convex in the second variable (since G is convex in its last variable).The minimization
problem (4.11]) can then be rewritten as

inf {/Q G(z,0(x)) dr; —div o = f} : (4.12)

oeLi1(Q,R%)
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This problem looks like the ones introduced by Beckmann [16] for the
design of an efficient commodity transport program. The dual problem of
takes the form

sup {/ u df —/ G*(z,Vu(x)) dx}, (4.13)

ueWbhr(Q) Q Q

where p is the conjugate exponent of ¢ and G* is the Legendre transform of G(z,-).
In order to solve , we can first solve the Euler-Lagrange equation of its dual
formulation and then use the primal-dual optimality conditions. Nevertheless, in
our typical congestion models, the functions G(z,v, ) have a positive derivative at
zero (that is g(z,v,0)). Indeed, going at infinite speed - or teleportation - is not
possible even when there is no congestion. So we have a singularity in the inte-
grand in (4.12). Then G* and the Euler-Lagrange equation of are extremely
degenerate. Moreover, the prototypical equation of [33] is the following

LV
—div <(|Vu| 1) 1|VZ|> ~f

Here, for well chosen g, we obtain anisotropic equation of the form

- f@ [%(Vu - () — 5k0k($))ﬁlvi(fﬂ)] = f.

=1 k=1

where v (z) = (vi(),...,vi(x)) for k = 1,...,N and z € Q. In the cartesian
case (in R?), we can separate the variables in the sum (since here G(x, 01, 0,) =
Gi(z,01) + Ga(x,09)). But in the hexagonal one (d = 2), it is impossible. The
previous equation degenerates in an unbounded set of values of the gradient and its
study is delicate, even if all the d;’s are zero. It is more complicated than the one
in [31]. Indeed, the studied model in [31] is the cartesian one and the prototypical
equation is

—ia (<|aur—6>“ ‘9’““)—f
=TT )

The plan of the paper is as follows. In Section 2, we formulate some relationship
between and . Section 3 is devoted to optimality conditions for (4.12))
in terms of solutions of . We also present the kind of PDEs that represent
realistic anisotropic models of congestion. In Section 4, we give some regularity
results in the particular case where the ¢;’s and the v;’s are constant. Finally, in

Section 5, we describe numerical schemes that allow us to approximate the solutions
of the PDEs.

2 Equivalence with Beckmann problem

Let us study the relationship between problems and . We still assume
that all specified hypothesis in are satisfied. Let us notice that thanks to
IAssumption 4.2| for every o € LI(Q,R?), there exists 9 € P? such that g € LI(0)
and ¢ minimizes the following problem :

inf {/Qde—l G(z,v, o(x,v)) O(dx, dv)} .

oEP
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For o € P7, define g : Q@ — RY where gy(z) = o(z, vg(x)), for every z € Q, k =
1,...,N. Now, we only consider g that we simply write o (by abuse of notations).

Theorem 4.2. Under all previous assumptions, we have
inf (.10) = inf (E.12).

Proof. We adapt the proof in [31]. We will show the two inequalities.

Step 1: inf (4.10) > inf (4.12).
Let Q € QI(f~,f"). We build 09 € L(Q,R?) that will allow us to obtain the
desired inequality, we define it as follows :

[odor = [ [ otr) 30t dQ(r ). Vo € COED.  (a.14)

In particular, we have that —div 0% = f since Q € Q(f~, f*). We now justify that
N —
09 (x) = /d . vm®(z,v) dv =Y vp(z)m(z, vi(z)) ae. € Q.
S k=1

Recall that for every & € C(Q x S41 R),

fro = [ [ (Ze0060000) at 0.,

By taking ¢ of the form &(z,v) = ¢(z) - v with p € C(Q,R?), we get
/ﬁxgdf1 p(x) - v dm®(z,v) = /5/01 (;l pre()p(y(t)) - vk(v(t))> dt dQ(v, p)

= / 0 do®.
Q

Moreover, since m® > 0, we obtain that m® & Ppo (and so that o? e L7) and the
desired inequality follows.

Step 2: inf (4.10) < inf (4.12]).

Now prove the other inequality. We will use Moser’s flow method (see |33,/44}82])
and a classical regularization argument. Fix § > 0. Let o € LY(Q,R%) and o €
PN LYQ,RY) such that

/ ., G@,v, 0(z,v)) O(dx, dv) < inf +0
Qxsd-1

with —div e = f. We extend them outside Q by 0. Let then n € C*(R?) be
a positive function, supported in the unit ball By and such that [pan = 1. For
e < 1so that Q. := Q +¢eB; € U, we define n°(x) := e (e x), 0° == %o
and of(z) := n° x ox(z) for k = 1,...,N. By construction, we thus have that

o° € C*(£,) and

—div (6%) = ff — f- in Q. and 0 =0 on 99,
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where f§ =7 x (f+1g) + . But the problem is that we do not have ¢° € P7". We
shall build a sequence (P¢) in P’ that converges to p in L4(U, RY). Notice that

=Y [ ez — iz —y) dy
k=1

=Y i) + 3 [ ol — ) — ) — uiz)) dy
k=1 k=1

There exists p5, € L9(€).) such that for every k = 1,..., N, p7 > 0,p7 — 0 and for
x € ., we have

Z/n Jox(w = y)(vile — y) — uile dy—zpk

Such a family exists since ¢ € L? and I — 0 (by using the fact that the v;’s are
in C*(U)) and we can estimate p; with I° due to [Assumption 4.2 Then if we set
P? = ¢° +p°, we have P € P°" and P° — o in LY.

Define ¢°(t,z) := (1 — t)f7(z) + tfF(x) V¢ € [0,1], z € Q, let then X© be the
flow of the vector field v° := 0¢/¢°, that is,

X () = o°(t, X{ ()
X5(z) ==z, (t,z) €[0,1] x Q..

We have 0;¢g°+div (¢gv°) = 0. Since v* is smooth and the initial data is ¢°(0,-) = f,
we have X7, f= = ¢°(t,-). Let us define the set of generalized curves

L= {(v,p) v € WH([0,1],90),p € P, N L=([0,1])"}.

Let us consider the following measure ()° on L.
Q= /ﬁ O(x% (@), P (x5 () o (. Xe @) e (T):

We then have et#Q = X7, fo = g°(t,-) for t € [0,1]. We define 09" and m as in
(4.14) and (4.9) respectively, by using test-functions defined on {2.. We then have
0¥ = o°. Indeed for ¢ € C(Q.,R%), we have

Lo = [ [ o5 @) 7 XE@) S () e d

= /01 /S o(z) - v°(t,x)g°(t, z) dx dt
= /Qs p do®

which gives the equality. We used the definition of ¢, the fact that X7, f- = ¢°(t, )
and that v°¢° = ¢° and Fubini’s theorem. In the same way, we have m® € P". To
prove it, we take the same arguments as in the end of Step 1 and in the previous
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calculation. For ¢ € C'(Q,R?), we have

/QS p(x) - vm? (dx, dv)
=/ </Qg,;w 37 L )

:/ ( )dm) dt

= p do®.
Qe
Moreover, more precisely, we have m® (dz, dv) = 4, (@) Pf (x)dx. Then we conclude
as in [31]. First for any Lipschitz curve ¢, let us denote by ¢ its constant speed
reparameterization, that is, for ¢ € [0,1],¢(¢) = p(s71(t)), where

s(t) = /\gp )|du with I(p /|g0 )|du.

For (p,p) € L, let p be the reparameterization of p i.e.

Bilt) = m%(s_l(t)),‘v’t cl0,1,k=1,...,N.

Let us denote by Q the push forward of Q through the map (¢, p) — ($,p). We
have mg = mg and 0@ = o9, Then arguing as in [67], the L? bound on m®" yields
the tightness of the family of Borel measures Q° on C([0,1],R%) x L>([0,1))". So
@Q° x-weakly converges to some measure () (up to a subsequence). Let us remark
that Q° has its total mass equal to that of =, that is, 14 ¢|Q.|. Thus one can show
that Q(L£) = 1) (due to the fact that Q(L) = lim._o+ Q(L.) = 1). Moreover, we
have Q € Q(f~, f*) thanks to the x-weak convergence of Q¢ to Q. Recalling the
fact that Pf = m% (-, vx(-)) strongly converges in L to g, (0 € P’) and due to the
same semicontinuity argument as in [39,67], we have m@ (-, vx(+)) < g} in the sense
of measures. Then m@(-,vx(-)) € L7 so that Q € QI(f~, f+). It follows from the

monotonicity of G(z,v, ) that :

G 9 0(dzx,dv) < G 0(de. d
[ Glwm® ) bz de) < [ Glrv,ofev) b, o)
< inf (4.12)) 4 0.
Letting § — 0%, we have the desired result. 0

In fact, we showed in the previous proof a stronger result. We proved the fol-

lowing equivalence
Q solves ([#.10) <= ¥ solves (&.11))
and moreover,

-----

is optimal for (4.10)). We also built a minimizing sequence for (4.10)) from a regular-
ization of a solution ¢ of (4.11)) by using Moser’s flow argument.
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3  Characterization of minimizers via anisotropic
elliptic PDEs

Here, we study the primal problem and its dual problem (4.13). Recalling
that f = f*— f~ has zero mean, we can reduce the problem only to zero-mean
WhP(Q) functions. Besides for (z,v) € Q x S¥t and k = 1,..., N, the functions
gr(x,v,-) are continuous positive and increasing on R, since it is the time per unit
of length to leave from the point x in the direction v when the intensity of traffic
in this direction is m. Since G(z,v,-) has a positive derivative (that is gx(z,v, ")),
G is strictly convex in its last variable then so is G(x,-) for z € Q. Thus G* is
C'. However G is not differentiable so that G*(z,-) is degenerate. By standard

convex duality (Fenchel-Rockafellar’s theorem, see [54] for instance), we have that
min (4.12)) = max (4.13) and we can characterize the optimal solution o of (4.12))

(unique by strict convexity) as follows
o(x) = VG*(z, Vu(x)),

where u is a solution of (4.13). In other terms, u is a weak solution of the Euler-
Lagrange equation

{— div (VG*(z,Vu(zx))) = f in
VG*(z,Vu(z)) -vg=0 on 99,

in the sense that
/Q VG (x, Vu(z)) - Vo(z) dz = /Q o(x) df (z), Yo € WH(Q).

Let us remark that if v is not unique, o is.

A typical example is g(z, vx(x), m) = gp(x,m) = agp(x)mi=1 4 6, with 6 > 0 and
the weights a, are regular and positive. We can explicitly compute G*(z, z). Let us
notice that for every x € Q, z € R?, we have :

G*(z,2) = sup(z-0 —G(x,0)) = sup (2 -0 — inf G(x,0))

oERd oERd 0cPg

— sup(z - 0 — T(z, @) = sup {Z<z wela))ex — T, m} .

o0 0€RY k=1
A direct calculus then gives

bi(z)
p

G (,2) = X_: (2 - o() = Oex(2))5,

where by, = (akck)_qfll. The PDE then becomes

=330 (@)l (@) (Vu - vi(x) = der(@)5 ] = . (4.15)

>
I
—_
—
Il
—

where vg(z) = (v (), ..., vi(x)).
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For k = 1,...,N, Gi(x,z) = b’“TE“T)(z - vp(x) — 0g)8 vanishes if z - vp(z) €] —
00, 0xc(x)] so that any u whose the gradient satisfies Vu(z) - vg(x) €] — 00, dpcx ()],
for all z € Q,k = 1,..., N is a solution of the previous PDE with f = 0. In
consequence, we cannot hope to obtain estimates on the second derivatives of u or
even oscillation estimates on Vu from . Nevertheless we will see that we have
some regularity results on the vector field o = (07,...,04) that solves in the

case where the directions and the volume coefficients are constant, that is,
al 1
o(z)=> {bk(x)(Vu(x) g — Opcr) } U,

k=1

for every x € Q.

4 Regularity when the v,’s and c¢;’s are constant

Our aim here is to get some regularity results in the case where the v;’s and the
cx’s are constant. We will strongly base on [31] to prove this regularity result. Let
us consider the model equation

— > div ((Vu(a:) U — 5kck)ﬁ_1vk> =1, (4.16)

k=1

where v, € S, ¢, >0and b, =1 for k =1,...,N. Define for z € R?

F(z) =) Fi(z), with Fj(2) = (2 - v — Orcr )t g (4.17)
and v
H(z) = kz_j Hy(2), with Hy(2) = (2 - vp — i) 20p. (4.18)

Here we assume only p > 2. We have the following lemma that establishes some
connections between F' and H.

Lemma 4.1. Let F' and G be defined as above with p > 2, then for every (z,w) €
R x R?, the following inequalities are true fork =1,..., N

|Fi(z)] < |27, (4.19)

Fi(2) = Fu(w)] < (= 1) ()7 + [H()| 7 ) [Hi(z) = Halw)l, (4:20)

and
(Falz) — Fe(w)) - (2 — w) > ;;|Hk<z> ~ Hy(w)P. (4.21)

Proof. The first one is trivial. For the second one, from [76] one has the general
result: for all (a,b) € R? x R?, the following inequality holds

lal"=2a — b2 < (p— 1) (|al "= + [T ) ||a] "= a — || "= 0] (4.22)
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Choosing a = (2 - vp — 0xCr )+ vk and b = (w - vy — dgcx) 1 vk in (4.22), we then obtain
(14.20)).

Let us now prove the third inequality. It is trivial if both z - v; and w - v, are
less than dycp. If z - v, > e and w - v, < i, we have

(Fp(2)— Fp(w)) (z—w) = (z-vk—ékck)ﬁ_l(z-vk—w-vk) > (z-vp—Oper)l = | He(2)]2
For the case z-vg > dcx and w-vg > dxcr, we use the following inequality (again [76])

2

4 p—2 p—2
_9 _9 p_2 p_2
(lab~2a— =20 - (a =) > 5 (|al"%"a ~ pl"Z'D)
Again taking a = (z - vy, — dpcr) 1 vx and b = (w - vy — Ock) Vg, We have that

G = Hiw)

< ([Fe(2)] = [Fe(w)[Jve - ((z - vk = Oper) 4 — (W - vp — Opcr) 4 ) vk
(1Fk(2)] = [Fr(w)])(z — w) - v,
which gives . O]

Let us fix f € WL9(Q) where g is the conjugate exponent of p and let us consider
the equation

— divF(Vu) = f. (4.23)

Thanks to Nirenberg’s method of incremental ratios, we then have the following
result that is strongly inspired of Theorem 4.1 in [31]:
Theorem 4.3. Let u € WLP(Q) be a local weak solution of [@#23). Then H :=
H(Vu) € W2AQ). More precisely, for every k = 1,... N, H, = Hy(Vu) €
Wige (2).

Proof. For the sake of clarity, write F := F(Vu) and similarly, F, Hy (note that
Fr € L () and Hy € LE(Q) due to (4.19)-(4.20). Let us define the translate of
the function ¢ by the vector h by 7,0 := (- + h). Let o € Wh4(Q) be compactly
supported in © and h € R?\{0} be such that |h| < dist(supp(¢), R4\{0}), we then

have F_F Foy
Thd — Th] —
e = Yed :/ - pds. 4.24
A m pdo = | e (4.24)

Let w € wg € N and € € C°(Q) such that supp(§) C wp,0 < E<land £ =1on
w and h € R\ {0} such that |h| < rg < idist(wo, RN\Q). In what follows, we denote
by C' a nonnegative constant that does not depend on h but may change from one
line to another. We then introduce the test function

p = Eh| " (mhu — ),

in ([#.24). Let us fix W' := wy + B(0,70). It follows from u € WLP(Q), f € WL9(Q)
and the Holder inequality that

]2 /me — F) - (€(mVu = Vu) + 26VE(mu — 1) < [V £l o | Vel oe)-
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The left-hand side of the previous inequality is the sum of 2N terms I11 + 1o+ ...+
In1 + Ino where for every k=1,..., N,

L = |B| 2 /Q E2(Fy( V) — F3u(Var) - (mhVa — V),

and
Lo = |h]? /Q E2(Fy(r V) — Fio(Vr) - VEE(Thu — u).

Let k=1,..., N fixed. We will find estimations on Ij; and Iy5. Due to (4.20)), I
satisfies:

4
Iy > ﬁ”ﬂh!_l(ﬂz?‘lk — Hy)|72-

For Iyo, if p > 2, it follows from (4.21)) and the Holder inequality with exponents
2,p and 2p/(p — 2) that

ol < 172 [ 16Velimu —ullmtts — #al (Il 7" + (9] 7 )

P

< C1A1 (= )l €11 e = Ml ([l + [ af?)
< CllgIh ™ (mHe — Ha)ll 2,
and if p = 2, we simply use Cauchy-Schwarz inequality and we get :
| Ta| < ClEIRIT (0 Hye — Ha)ll 2.

Bringing together all estimates, we then obtain

N

>

k=1

ThHr — Hi

Sh

B 2 N
gm <c(1+%
h L2 k=1

.

and we finally get
2

i ThHy — Hy,
k=1 h
for some constant C' that depends on p, || f||w.a, ||u|lwr» and the distance between

w and 99, but not on h. We have the desired result, that is, H;, € WL*(Q), for
k=1,...,N, and so H also. n

<C,

L2(w)

If we consider the variational problem of Beckmann type
Yoo
i /'f ~Oh oo | s —divo =y, 4.25
Jellr}l(ﬂ) { 0 0ePs kz::l Ck (q@k ka) ivo f} (4.25)

we then have the following Sobolev regularity result for the unique minimizer that
generalizes Corollary 4.3 in [31].

Corollary 4.1. The solution o of (&.25)) is in the Sobolev space W (), where

2 ifp=2,

any value < 2, ifp>2andd=2,
dp

dp— (d+p) +2

r =
ifp>2andd > 2.
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Proof. By duality, we know the relation between ¢ and any solution of the dual

problem u
N

o= Z(VU SV — 5kck)ﬁ_1vk.
k=1

Since u € WH(9) is a weak solution of the Euler-Lagrange equation (4.16]), using
|Theorem 4.3 and [Lemma 4.1] we have that the vector fields

Hi(x) = (Vu(z) - v — 5kck)§vk, k=1,...,N,

are in W,L?(Q). We then notice that ¢ = N, o}, with

O = |7'lk|p’%27'[k, k=1,...,N.

The first case is trivial: we simply have o, = H;, € W,52(). For the other cases,
we use the Sobolev theorem. If p > 2 and d > 2 then H;, € L (Q) with

loc
1 1 1

2 2 N
Applying (4.20)) with z = 7, Vu and w = Vu, we have

ThOk — O
Id

ThHE — Hi

< (= 1) (Il 4 1l ) [P

- 2"p
Since |Hk]% € L} ?(Q), we have that the right-hand side term is in L] (2) with r
given by

1 -2 1
r 2*p 2
We can then control this integral
Thoy — x|
—| dx.
/ 1]

For the case p > 2 and d = 2, it follows from the same theorem that H; € Li .(Q)
for every s < 400 and the same reasoning allows us to conclude. O

This Sobolev regularity result can be extended to equations with weights such
as

— > div (bk(x)(Vu(x) U — 5kck)ﬁ_lvk> = f. (4.26)

An open problem is to investigate if one can generalize this Sobolev regularity
result to the case where the v’s and ¢;,’s are in C*(Q).

5 Numerical simulations

5.1 Description of the algorithm

We numerically approximate by finite elements solutions of the following mini-
mization problem:

uevgfrllg’(ﬂ) J(u) = G*(Vu) = (f,u) (4.27)
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with G*(®) = [,G*(z,®(z)) dz for ® € LP(Q)? and (f,w) = [pu df for w €
LP(Q). Let us recall that € is a bounded domain of R? with Lipschitz boundary
and f = ft — f~ is in the dual of W'?(Q) with zero mean [, f = 0. We will
use the augmented Lagrangian method described in [21] (that we will recall later).
ALG2 is a particular case of the Douglas-Rachford splitting method for the sum
of two nonlinear operators (see [7§] or more recently [84]). ALG2 was used for
transport problems for the first time in [20]. Let a regular triangulation of € with
typical meshsize h, let E;, C W?(Q2) be the corresponding finite-dimensional space
of P, finite elements of order 2 whose generic elements are denoted u;,. Moreover, if
necessary, we approximate the terms f by f, € E}, (again with (f,1) = 0) and G
by a convex function Gy € Ej. Let us consider the approximating problem

inf Jh(uh) = GZ(VU}Z) — <fh, Uh>. (428)
uhEEh
and its dual
sup {—Gy(on) : —=divp(on) = fn} (4.29)
O’hEF;Li

where F}, is the space of P; finite elements of order 1 and —div,(cy,) may be under-
stood as

(on, Vun) o = =(diva(on), un) p,

Theorem 4.4. If uy, solves (4.28) then up to a subsequence, uy, converges as h — 0
to a u weakly in WIP(Q) such that u solves (4.27)).

It is a direct application of a general theorem (see [21] and [61] for similar results
and more details). Using the discretization by finite elements, (4.27) becomes

inf J(u) = F(u) + G*(Au) (4.30)

ueR™

where F : R” - RU {400}, G : R"™ — R U {+00} are two convex l.s.c. and proper
functions and A is an m X n matrix with real entries. A is the discrete analogue of

V. The dual of (4.30]) then reads as

sup —F*(=ATo) — G(0) (4.31)

o€eR™
We say that a pair (u, ) € R" xR™ satisfies the primal-dual extremality relations
if:
— A € OF (u), 5 € 0G*(Aw). (4.32)
It means that @ solves (4.30) and that & solves (4.31)) and moreover, (4.30) and

(4.31)) have the same value (no duality gap). It is equivalent to find a saddle-point
of the augmented Lagrangian function for r > 0 (see [59,61] for example)

L(u,q,0) = F(u) + G*(q) + o - (Au— q) + g]Au — g%, Y(u,q,0) € R" x R™ x R™.

(4.33)
It is the discrete formulation of the corresponding augmented Lagrangian function

(u,q,0 / G*(x,q(x)) de — (u, f) + (0, Vu — ¢) + g|Vu —q/? (4.34)
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and the variational problem of (4.30)) is

mf{/é}a:q dx—:/ cmf@gdx}. (4.35)

subject to the constraint that Vu = q.
The augmented Lagrangian algorithm ALG2 involves building a sequence
(uf, g%, o%) € R" x R™ x R™ from initial data (u°,q°, o) as follows:

1. Minimization problem with respect to w:
u = argmin,  gn {F(u) +oF - Au+ g\Au — qk\2)}

That is equivalent to solve the variational formulation of Laplace equation
—r(Au*T — div(¢")) = f + div(c¥) in ©
with the Neumann boundary condition

8uk+1
r 5 =r¢"-v—o" v on 0.
v

This is where we use the Galerkin discretization by finite elements.

2. Minimization problem with respect to ¢:
¢"* = argmingcgm {G*(Q) —o" g+ glAuk“ — (J\2)}
3. Using the gradient ascent formula for o
oL = oF o (AuRT — R,

Theorem 4.5. Given r > 0. If there exists a solution to the primal-dual extremality
relations and A has full column-rank then there exists an (u,0) € R™ x R™
satisfying such that the sequence (u®, q*, %) generated by the ALG2-scheme
above satisfies

ut =, ¢ = Aa, 0% — G as k — +o0. (4.36)

We directly apply a general theorem whose proof can be found in [53| (Theorem
8), following contributions of [59}61},78] to the analysis of splitting methods.

5.2 Numerical schemes and convergence study

We use the software FreeFem++ (see [6§]) to implement the numerical scheme.
We take the Lagrangian finite elements and notations used in [Subsection 5.1 P, FE
for u, and P, FE for (qn, 04). Auy, is the projection on P; of the operator A, that is,
Vuy,. The first step and the third one are always the same and only the second one
varies with our different test cases. We indicate the numerical convergence of ALG2
iterations by the -* superscript and the convergence of finite elements discretization
by the -, subscript. For our numerical simulations, we work with the space dimension
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d = 2 and we choose for Q a 2D square (z = (z1,73) € [0,1]?). We make tests with
different f :

f1_ — 6—40*((m1—0‘75)2—}-(902—0.25)2 and f1+ — 6—40*((901—0.25)2+(m2—0‘65)2)7

f{ = 6740*((:1:1—0.5)2+(:p2—0.15)2) and f2+ — 6740*((1170.5)2+(1270.75)2)

Y

In the third case, we take f; a constant density and f; is the sum of three concen-
trated Gaussians
f;(xl,xg) _ 6—400*((;U—0.25)2+(y—0.75)2) + 6—400*(($—0.35)2+(y—0.15)2)
+ 6—400*((z—0.85)2+(y—0.7)2)

We also make tests with non-constant ¢y, :

h(z1,22) =3 — 2% o 10%((21-0.5)>+(y2—-0.5))

As specified above, we use a triangulation of the unit square with n = 1/h
element on each side. We use the following convergence criteria:

. 12 : :
1. DIV.Error = ( Jo, (divey + f)2> is the L? error on the divergence constraint.

1/2
2. BND.Error = (faﬂh(a,lj : V)2> / is the L?(9€,) error on the Neumann bound-
ary condition.
3. DUAL.Error = max,, |G(z;, of(2;))+G* (x;, Vuf(2;))—Vui (z;)-0f (x;)] where
the maximum is with respect to the vertices x;.

The first two criteria represent the optimality conditions for the minimization of the
Lagrangian with respect to u and the third one is for maximization with respect to
0.

We make tests for two models. In the first one, the directions are the same as in
the cartesian model and the volume coefficients are not necessarily constant. In the
second one, the directions are the same than in the hexagonal one and the volume
coefficients are equal to 1 (it is simpler to compute G(z, 0)). That is, vy, = exp(ikn/3)
and dgcp, = 1 for £ = 1,...,6. We call these models still the cartesian one, the
hexagonal one respectively. The cartesian one is much easier since we can separate
variables. G = Gy + G, with G;(z,¢q) = %( ¢i| — 0;ci(x))". so that the second step
of ALG2 is equivalent to solve the pointwise problem

1 r
inf = _ p Ny Ak|2
inf (gl = e(@))i + 3la = 7'

k+1 — \g* and to solve this equation

where ¢* = Auft! + "Tk This amounts to set ¢
in A
(NG| = c(@))i " + Al = rlg" =0
with A > 0. We can use the dichotomy algorithm.
For the hexagonal one, we use Newton’s method. Since the function of which we
seek the minimizer has its Hessian matrix that is definite positive, we can use the
inverse of this Hessian matrix.
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Test case | DIV.Error | BND.Error | DUAL.Error | Time execution (seconds)
1 8.4745e-05 0 3.6126e-06 436
2 2.2536e-05 | 8.8705e-04 | 3.0663e-05 4764
3 5.2141e-05 | 1.4736e-04 | 1.1556e-02 792
4 1.1823e-05 | 7.6776e-04 | 8.7412e-06 170
b} 1.1629¢-05 0 9.7498e-04 285
6 3.5553e-04 1.2406 2.1083e-06 431
7 4.1373e-04 1.1710 4.8113e-04 4657

Table 4.1 — Convergence of the finite element discretization for all test cases.

We show the results of numerical simulations after 200 iterations for both models.
All figures represent o except the bottom image in Figure 4.1 and Figure 4.2 that

shows gq.

We notice that length of arrows are proportional to transport density. Level
curves correspond to the density term of the source/sink data to be transported.
In the case p = 1.01 means that there is much congestion. The case
p = 2 is reasonable congestion and in the last one p = 100, there is little congestion.
When there are obstacles, the criteria BND.Error is not very good. Indeed, the flow
comes right on the obstacle and it turns fast. In the other side of the obstacle, the
flow is tangent to the border. Many other cases may of course be examined (other
boundary conditions, obstacles, coefficients depending on z, different exponents p
for the different components of the flow...).



94 Long-term variant, degenerate anisotropic PDEs and numerical approximations

Fec Walue
w

W 266556
5603
40033
W 467051
W0 553773
W0 00454
W .G67i16
[ ikE=re]
W G00659
W s673E1
W0 oz4102
WL.000EE
106755
W 1547
W 20099
W67

Voo Valug
w

W 554004
[ IEEIEES
[ I
W.0E35E
WL 16051
WL31603
W 46276
W1 60340
W1.75471
WL o000
04716
W 19330
W 35067
[
[
W TTEE

Figure 4.1 — Test case 1 : cartesian case (d = 2) with f = f3, ¢, constant and p = 10.
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Figure 4.2 — Test case 2 : hexagonal case (d = 2) with f = f3, ¢, constant and
p = 3.
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Figure 4.3 — Test cases 3, 4 and 5: cartesian case (d = 2) with f = f,, ¢x constant
and p = 1.01,2,100.
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Figure 4.4 — Test case 6 : cartesian case (d = 2) with f = fi, ¢y = h and ¢y = 1,
p = 3 and two obstacles.
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Figure 4.5 — Test case 7 : hexagonal case (d = 2) with f = fi, ¢ constant, p = 3
and an obstacle.
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Chapter 5

A numerical solution to Monge’s
problem with Finsler distance as
cost

This chapter is from the paper [22] written with Benamou and Carlier.

Abstract : Monge’s problem with a Finsler cost is intimately related to an op-
timal flow problem. Discretization of this problem and its dual leads to a well-posed
finite-dimensional saddle-point problem which can be solved numerically relatively
easily by an augmented Lagrangian approach in the same spirit as the Benamou-
Brenier method for the optimal transport problem with quadratic cost. Numerical
results validate the method. We also emphasize that the algorithm only requires
elementary operations and in particular never involves evaluation of the Finsler dis-
tance or of geodesics.

Keywords: Monge’s problem, Finsler distance, augmented Lagrangian.

MS Classification: 65K10, 90C25, 90C46.
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1 Introduction

_ Given a bounded domain €2 of R?, and two probability measures f* and f~ on
(2, we are interested in solving Monge’s problem

inf / dy(z,y)dn(z, 5.1
L r(z,y)dr(z,y) (5.1)

where TI(f~, f) is the set of transport plans between f~ and f* i.e. the set of
probability measures having f~ and f* as marginals and dj, is a Finsler distance.
More precisely, dj, is given by

1
dufwg) =t { [ LG0,50) dt 5 e WH([0,11,8), 9(0) = 2, 7(1) =y}
(5.2)
where the Lagrangian L:  x R? — R, is a continuous function of Finsler type i.e.
for every x € Q, v+ L(z,v) is a norm and there is a constant C' > 0 such that the
following nondegeneracy condition holds:

’g < L(z,v) < Clvl|, ¥(z,v) € Q x R% (5.3)

Of course, one difficulty is the evaluation of the cost, and we shall see how to avoid
computing it. This will be done by considering suitable dual, minimal flow and
saddle-point formulations for which one can easily use an augmented Lagrangian
method. The use of augmented Lagrangian methods in optimal transport was pio-
neered in the seminal work of Benamou and Brenier [20] on the dynamic formula-
tion of the quadratic optimal transport case. For a distance cost (Monge case), in
fact there is no need to introduce an additional time-variable and the analogue of
the Benamou-Brenier dynamic problem is the minimal flow problem introduced by
Beckmann [16]. We refer to the recent work [21] of the first two authors for appli-
cations of these augmented Lagrangian methods to Mean-Field-Games and optimal
transport and to the work of the third author [66] for applications to anisotropic
congested optimal transport. To the best of our knowledge, the relevance of aug-
mented Lagrangian methods for a general Finsler metric has remained unnoticed
in the literature. For other methods to solve optimal problems with the euclidean
distance as transport cost, we refer for instance to |15] where a certain regularization
is considered. Our goal is to show that Monge’s problem with a Finsler metric is
in fact quite easy to solve directly numerically by using an augmented Lagrangian
approach.

The paper is organized as follows. In[Section 2] we recall several reformulations of
the Monge problem with Finsler cost : the Kantorovich dual, the minimal flow
reformulation and finally a (formal) saddle-point problem for finding at the same
time the Kantorovich potential and the optimal flow field. describes the
discretization saddle-point problem (which is well-posed), discusses the convergence
and details the steps of the augmented algorithm ALG2 of Glowinski and Fortin.
gives numerical results.
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2 Reformulations

2.1 Dual and minimal flow formulations

The standard Kantorovich duality formula (see [95]) says that the infimum in
Monge’s problem (j5.1]) coincides with the value of the dual:

sup{(u,f> = /7u(a:)d(f+ — f7)(z) : wis 1-Lipschitz for dL}. (5.4)

Q

Thanks to (5.3), it is easy to see that if u is 1-Lipschitz for dy, it is actually Lipschitz
hence differentiable a.e., moreover the constraint u(x) — u(y) < dp(x,y) can be
expessed in differential form as follows. Defining the dual norm L*(z,.) of L(z,.):

L*(z,p) :=sup{p-v : L(z,v) <1},

one can express the fact that w is 1-Lipschitz for dj by the following pointwise
constraint on Vu B
L*(z,Vu(x)) <1 for a.e. z € (5.5)

ie.
o -Vu(r) < L(z,0), Vo € R
Thus (5.4]) can be rewritten in sup-inf form as
sup 1m)mn+4u%¢mm—évmmﬁmm. (5.6)

uer,oo UGLl(Q,Rd

Switching the infimum and the supremum above, we obtain another dual formulation

of (5.4):

inf /QL(x,a(:c))da:—i— sup (u, f) —/QVu(a:)-a(x)dx

o€LY(Q,R9) ueWwh oo

observing that the supremum with respect to u is 0 if —div(c) = f = f* — f~ and
o-v =0 on 0f in the weak sense i.e.

éwm»d@msz%wEC%D

and 400 otherwise, we obtain the following minimal flow problem dual formulation

of (5.4):
inf {/QL(x,J(x))dx . —div(o) :f} (5.7)

oL (Q,R?)
Minimal flow formulations for transport problems were first introduced in the 1950’s
by Beckmann in an economic context [16], the connection with Monge’s problem was
realized much later by Robert McCann (see in particular [58]). It is obvious that
possesses solutions. Standard convex duality also implies that there is no

duality gap and that
sup(5d) = inf(51) = inf(57). (5.8)

It is however not clear in general that (5.7)) possesses L' solutions. In the spatially
homogeneous case where L(z,v) is the euclidean norm (or more generally some
smooth and uniformly convex norm), |o| is called the transport density and there
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are important and involved L' regularity results for the transport density under
suitable assumptions on f* due to Feldman and McCann [58], De Pascale, Evans
and Pratelli |47], De Pascale and Pratelli [49] and Santambrogio [89]. We are not
aware of extensions to the Finsler case yet. Since the cost in (5.7)) is convex and
homogeneous of degree one, can be relaxed to vector-valued measures which

amounts to replace (5.7 by:

inf {/QL(QJ,(jZl(:v)>d|a|($) - —div(o) = f}. (5.9)

ogeM(Q,R?)

where |o] is the total variation measure of the vector-valued measure o and % is
e

the density of o with respect to |o|. It is then obvious by (/5.3 and Banach-Alaoglu
Theorem that the relaxed problem (5.9)) admits solutions. To sum up, we have the
following duality and attainment relations

MK(L, f) := min(5.1)) = max(5.4) = inf(5.7) = min(5.9) (5.10)
where we have denoted MK(L, f) the common value of (5.1)), (5.4)) and (5.7)).

2.2 Relations between the three problems

We now discuss in a slightly formal way, relationships between the three prob-
lems. For further use, let us denote by B(x) and B*(x) respectively the unit ball
for L(x,.) and L*(x,.):

B(z) :={o € RY, L(z,0) <1}, B*(z) :={qg € R?, : L*(z,q) <1}
and recall

L(z,0)L*(z,q) > 0-q, L(x,0) = sup q-o, L*(x,q) = sup q-o. (5.11)
q€B*(x) oceB(x)

Recalling that if C'is a closed convex subset of R? and z € C the normal cone of C
at z, No(z) is by definition:

Ne(z):={6€R? : €.2>¢-y, VyeCl.

So if non zero vectors o and ¢ satisfy L(x,0)L*(z,q) = q - o this exactly means

o
q € Np) (L(x O)) (5.12)
or equivalently
q
o€ NB*<$)<L*(33 q)> (513)

In the case where B(x) or B*(x) is smooth the normal cones at a point of 0B(z)
or 0B*(x) are simply the half line generated by the normal vectors (Gauss maps)
and thus the previous relations give an unambiguous information on the relation
between the direction of ¢ and o.
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Any optimal plan 7 for (5.1)) is related to any optimal potential u for (5.4) by
the complementary slackness condition:

uw(y) —u(z) =dp(z,y), Y(z,y) € spt(n). (5.14)

Let then (z,y) € spt(m) and let t € [0, 1] — ~v,,(t) be a geodesic between x and v,
it is easy to deduce from ([5.14) and the fact that w is 1-d;, Lipschitz that one also
has for every (s,t) such that 0 < s <t < 1:

U(Yay (1) — u(Vay(5)) = dr(Vay (), Yy (8)) = (t — s)dr(z,y). (5.15)

In other words, u somehow grows at maximal speed allowed by the Lipschitz con-
straint on the geodesic 7,,. If u was smooth we could further write:

u(y) = u(e) = [ Fuly(5)) Any()ds

and then

[ Vutrea($)) g ()05 = du.) = [ L01ay(5), G ().

but since L*(7;4(s), Vu(vzy(s))) < 1 we pointwise have Vu(v,,(s)) - Yay(s) <
L(ay(5). sy (5)) 50 that

Vu(Yzy(5) - Yoy (s) = L(Yay(s), Yoy(s)), Vs € 10,1], (5.16)

which also gives

L* (Y y(8), Vu(va,(s))) = 1, Vs € [0, 1]. (5.17)

This expresses in a local way the fact that the Lipschitz constraint on u is binding
on geodesics (this is again formal). Note that gives a precise relation between
Vu(z) and the direction of geodesics passing through x: they are tangent to a vector
in the normal cone Np- () (Vu(z)).

Now if o solves (5.7) and w is a solution of (5.4]), then complementary slackness
takes the form
L(z,0(x)) = o(z) - Vu(z) ae. (5.18)

hence

o(z) # 0= L*(z,Vu(x)) =1, (5.19)

which again expresses that the Lipschitz constraint is binding on the support of
the transport density. The direction of optimal flows and gradients of Kantorovich
potentials are therefore related by the duality relations

0(z) # 0= 0(z) € Np(oy(Vu(@)), Vu(z) € N (%) (5.20)

It remains to investigate the relations between optimal plans and optimal flow
fields. The following (heuristic) construction is well-known (see for instance [7]) in
the euclidean setting: let 7 be an optimal plan i.e. a solution for (5.1)). For every
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(x,y) € spt(m) let t € [0,1] = ~,,(t) be a geodesic between = and y and define the
vector-valued measure o, by

[ Fao, = [ Q( | 1 F(%,y(s»-%,y(s)ds)dw(a;,y) (5.21)

for every F € C(Q,R?). Let ¢ € CH(Q), using the fact that = € II(f~, fT) then
gives

Lvedo, = [ _(6() - d(a)dn(z.y) = (6. )

i.e. —div(o;) = f so that o, is admissible for the minimal flow problem (5.7). To
see that o, is actually optimal, we consider a Kantorovich potential i.e. a solution

u of . Thanks to , it is enough to show that
| L@,ox(@)da < (u. f).
On the one hand, observing that:
/QL(x, o (2))de = sup { /Q F(2) - on(e)dz : L*(z, F(z)) < 1}

and that if L*(z, F'(x)) < 1 then

Fa)-on@)dz= [ ([ Fuy(s) - Auy(s)ds )dn(z,y)
/, [y )

< [ (] Ena() e (s )dn(a )
we get

[ ontenar < [ ( / 1 L(%,y(s),ﬁz7y(s))ds>dw(x,y).

On the other hand, thanks to the complementary slackness condition ([5.16]) and
—div(o,) = f, we have

w )= [ Vuroe= [ ([ Vu(uy(s) Au(s)ds)dnte. )
= [ [ 209 3eals))ds )t ),

This proves the optimality of o.

2.3 Lagrangian and saddle-point
Rewrite as

1un§{ —(u, fY+G(q) : ¢=Vu a.e.}

where

Gla) = [ Gr,q(@)d
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and

400, otherwise

if L* 1
Ga.q) im {o, if L*(x,q) <

and then rewrite (5.4)-(5.7)) as the saddle point problem

infsup £(u, ¢,0)
where the Lagrangian £ is defined by

L(u,q,0) = —(u, f) +/ G(z,q(x))dz
+ [ o@) - (Vu(x) - g(a)dz.

For r > 0, let us also introduce the augmented Lagrangian

L (u,q,0):=—(u,f —i—/gaj,qx

+/ (Vu(z) — g(z))dz + - /yvu—q|2

Recall that £ and £, have the same saddle-points (see [59,61]). Note that in both
L and L, we multiply the L* vector field Vu by o, which a priori only makes sense
only if o is L. Existence of saddle-points is therefore not guaranteed unless there
is an L' solution to . However at the level of the discretized problems (see
next section), there is no such regularity issue, there exists saddle-points for the
discretized Lagrangian and finding such saddle-points is equivalent to solving
and simultaneously.

3 Discretization and algorithm

3.1 Discretization

We now consider suitable approximations of our problems by finite-dimensional
(convex) ones using finite elements. In these finite dimensional-approximations ex-
istence of saddle-points is not an issue anymore. More precisely, consider a fam-
ily of regular triangulations 7, of the domain (which we now assume to be two-
dimensional) indexed by the typical meshsize h (i.e. the diameter of each T € T,
is less than Ch for some positive constant C), let E;, C W1>(Q) be the corre-
sponding finite-dimensional space of Lagrange P, (piecewise linear) finite elements
of order 1 (a similar analysis can be done for higher order finite-elements) whose
generic elements are denoted wy. Slightly abusing notations, we shall consider uy,
both as a finite-dimensional vector and a Lipschitz, piecewise linear function defined
on the whole domain, the gradient of u; has piecewise constant components, it is
still denoted Vuy,. We further assume that the mesh is regular in the sense that the
Lagrange interpolate map I, : Wh>(Q) — E}, satisfies

lim [[Vo = V(1,(0)) [l — 0, Vv € cl(Q). (5.22)
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We also approximate the linear form f by f, € (Ey)* ~ E}, (again with (fy,, 1) =
0) in such a way that f;, weakly converges to f in the sense of measures as h — 0.
We then consider the approximation of ([5.4)):

sup (fn, un) (5.23)

up€Kp

where K, is the convex subset of E}, consisting of all uy,’s in E), such that for every
T € T, one has
L*(;CT, V’U,h|T) < 1, (524)

where x7 is a given point in T (for instance its center of mass or one of its vertices).
To prove that this is a consistent approximation of Kantorovich problem (5.4), it
is useful to observe first that smooth functions are dense in the admissible set for

)
Lemma 5.1. Let u be a 1-dy, function, then there exists a sequence u, of C>(RY),
1-dy,-functions converging uniformly on  to w. In particular this implies that

max(|5.4) = sup {(u, f) = wis 1-Lipschitz for dy, and COO(Rd)}. (5.25)

Proof. First extend v on the whole of R? by setting

u(x) = inf{u(y) +dp(z,y)}.
yeQ
Consider a standard mollifying kernel p.(z) := e~ p(e*x) with p € C=(R?), p > 0,
p(x) =0 for |z| > 1 and [ga p = 1. Then for e > 0 and § > 0, define then the smooth
function w5 := l%répg % u. We then have for every z € Q, using the convexity of
L*(x,.), Jensen’s inequality and the fact that L*(y, Vu(y)) <1 a.e.

(2, Vies(z) < —— [, pele = )L, Fu(y))dy

1+6

_ li /Rd p=(z — y)L*(y, Vu(y))dy

+ 1_15 ) pe(z —y)(L*(x, Vu(y)) — L*(y, Vu(y)))dy
14 w(e)

— 1496

where
w(‘€> ‘= sup ’{L*(x7Q) - L*<y7q>’7 T c ﬁv |.’13 - y| S g, ’q| S ||quL°°}

Thus u. s is 1-d, Lipschitz as soon as w(e) < ¢, this clearly proves the desired result
since L* is continuous.

O
One easily deduces the following convergence result:

Proposition 5.1. Let uy, be a solution of normalized so as to have zero mean,
then for some vanishing sequence of meshsizes h, — 0 as n — 00, uy, converges
uniformly to some Kantorovich potential u i.e. some solution of .
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Proof. Thanks to , uy, is uniformly Lipschitz, since it has nonzero mean, thanks
to Ascoli’s theorem, for some vanishing sequence of meshsizes, it converges in C(€2)
to some Lipschitz function u. Thanks to Banach-Alaoglu’s Theorem, we may also
assume that Vuy, converges weakly * in L>° to Vu. To check that u is 1-d, Lipschitz,

it is enough to show that for every o € C(Q, R?) one has

/Qa-Vug/QL(w,a(x))dx. (5.26)

Since uy, € K, we have for every T' € Ty, Vuy|r - o(zr) < L(xr,o(z7)), multiplying
by the measure of T', summing over all triangles of 7, and letting h — 0 gives ([5.26)).

It remains to prove that u solves ([5.4]), which thanks to Lemma amounts
to show that (f,u) > (f,v) for every smooth and 1-dj-Lipschitz function v. Let

then v be such a smooth and 1-d-Lipschitz function, for every T' € T, we have

L*(xr,VIy(v)(xr)) = L* (27, Vu(zr)) + L (27, VIL(0)(27)) — L* (27, VU(27))
<1+wp

where

wn = sup |L*(z7, VIL(0)(z7)) — L* (27, Vo(zr))| < C||Vo — V(I,(0))]| 1

tends to 0 as h — 0 thanks to (5.22). Then defining v, = (1 + wy,) ' I1(v), we
have v, € K} and v, converges uniformly to v as h — 0, passing to the limit in
{(fn,un) > (fn,vn), we can conclude that u is a Kantorovich potential.

O

3.2 Augmented Lagrangian algorithm

From now on, we drop the dependence in h in the approximation parameter
and slightly abusing notation, we keep the same notations as in the continuous
framework, eventhough in what follows we actually consider the discretization of the
augmented Lagrangian £,. Existence of a saddle-point is not an issue at the level of
the finite-dimensional approximation and convergence of the augmented Lagrangian
algorithm recalled below is well-known (see Eckstein and Bertsekas [53]).

The augmented Lagrangian algorithm ALG2 splitting scheme, consists, starting
from (u’, ¢°, 0%) € R® x R™ x R™ to generate inductively a sequence (u*, ¢*, o%) as
follows (abusing notations we still denote by V the discretization of the gradient):

— Step 1: minimization with respect to wu:
,
u" = argmin, . { —{u, f) + 0" Vu + §|Vu — qk\2}, (5.27)
— Step 2: minimization with respect to ¢:

, r
¢t = argmin cgm {G(q) —ot g+ §|Vuk+1 — q|2}7 (5.28)
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— Step 3: update the multiplier by the gradient ascent formula
ot = oF (VU — gF ). (5.29)
Step 1 consists in solving a Laplace equation :
— r(AuFT — div(¢")) = f + div(e") in Q, (5.30)
together with the Neumann boundary condition

OuFtt
r l(; =r¢" v —o"-vondQ. (5.31)
v

Step 2 is a pointwise projection problem

k41 o1, O
¢" (%) = pB-(a) (VU Tt T>7
where pp-(y) is the projection onto B*(z) := {q € R? : L*(z,q) < 1} the unit ball
for L*(z,.).

3.3 Examples

We now give some details on how to perform the projection step 2 in practice.
For the sake of simplicity we shall here drop the dependence of L and L* in x.

The Riemannian case

In the Riemannian case L(v) = (Av - v)z for some symmetric positive definite
matrix A. Up to diagonalizing A, there is no loss of generality in assuming that
L(v) = (X%, Aw?)2 with \; > 0 the eigenvalues of A. The dual norm L* is then
given by L*(q) = (X%, \;'¢2)2. The projection pg- onto B* := {g € R? : L*(q) <
1} is almost explicit:

g, if g € B,
pp(@) = A7 Aad : . . .
(/\;j; R jii ) with « the unique positive root of ([5.32)) otherwise.

where the nonlinear equation to be solved by a reads
d
qu
5.32
; Ai +a)? (532)

This single equation is monotone in « and can be efficiently solved by Newton’s
method.

The case where L(z,.) is defined by finitely directions

The second case we have in mind is the polyhedral case where L is defined by
finitely many directions. More precisely (and again this is for a fixed x), we are given
a collection of unit vectors vy, ..., v, which we complete by vg 1 = —vy, ..., 09, =
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—vg, and such that 0 belongs to the interior of the (symmetric) convex polytope
co({vj, j =1,...,2k}). We are also given positive reals (£;);=1,. o With &1 = &
for j € {1,...,k} and then consider the crystalline norm

2% 2%
L(v) := inf { > &ay Zl&jvj = v}.
J:

j=1

It is immediate to see that L is the gauge of the symmetric convex polytope B :=
co({& vy, j = 1,...,2k}) which is then its unit ball. The dual norm L* is then
explicitly given by

L*(q) := max &g - vyl, (5.33)

its dual unit ball B* is then defined by the inequalities |g - v;| <& for j =1,... k.
In dimension two, the projection onto B* can be easily performed as follows. First,
compute the vertices and sides of B* (note that the latter have one of the vectors
v; as normal, so these computations can be done in an automatic way) so as to be
able to represent B* = co({S;, i =1,...,2l}) where Sy,...,5; are the successive
vertices of B* and denote by v; the unit exterior normal to the side [S;, S;11]. Now
if g is a generic vector of the plane belonging to the complement of B* (otherwise
its projection is q), then g belongs either to one half strip [S;, S;+1] + R, v; and in
this case its projection on B* coincides with its projection on the line S; + v;- or it
belongs to one of the sectors S; + R, v; 1 + R, 1; and in this case the projection of
q is the vertex S;.
We illustrate with the following example : k = 4,

v; = <cos <(‘7_k1)7r> ,sin (WT)) & =256 =2,6=1.5and & = 3.

In fact the vector v, is useless since &, is very large with respect to the other ones.
So the ball B* is only defined by the inequalities |q - v;| <¢; for j =1,...,3.

The point @, is in the half strip [Se, S1] + Riv; so that its projection is on the
segment [Sg, S1]. The point g, belongs to the sector Sg + R, vs + Ryv; so that its
projection is Sg.

4 Results

We use the software FreeFem++ (see [6§]) to implement the numerical ALG2
scheme described above. The Lagrangian finite elements and notations used in
are taken here. We use P, FE for u;, and P; for (g, 05) (approximation
is better and convergence is faster than with Py and P;). As emphasized in the
previous subsection the first step and the third one are always the same. Only the
projection step 2 changes according to the geometry of the Finsler metric. For our
numerical simulations € is a 2D square (z = (z1,79) € [0,1]*) and we test with
different f :

f1_ — 6—40*((501—0.75)2+(z2—0.25)2 and f1+ — 6—40*((1’1—0.25)2+(:c2—0.65)2)

9

£y = 6—40*((501—0.5)2+(a:2—0.15)2) and f2+ — 6—40*((101—0.5)2+(1’2—0.75)2)'
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Figure 5.1 — An illustration of projection on a polyhedron.

In the third case, we take f; a constant density and f; is the sum of three concen-
trated Gaussians

f;—(l‘l,l'g) _ 6—400*((a:—o.25)2+(y—0.75)2) + 6—400*((m—0.35)2+(y—0.15)2)

+ 6—400*((w—0.85)2+(y—0.7)2)‘

In the following two subsections, in each figure, there are two images. The top
one represents o and the bottom one corresponds to the level lines of w.

4.1 Riemannian case

Here L(z,v) = (A ()02 + Ao(2)v2)2, we take one \; constant and the other one
non constant, that is equal to the inverse of

g(x1,75) = 1.5 — exp(—100 * ((z; — 0.5)%* + (22 — 0.5)%)).
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Figure 5.2 — Test case 1 : Ay = 0.1 and Ay = 1/g with f = fs.
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Figure 5.3 — Test case 2 : Ay = 1/g and Ay = 0.1 with f = fs.

4.2 Polyhedral case

We tested the following polyhedral examples. In we take k = 2 and v,
perpendicular to vy, the dual unit ball B* then is a rectangle. In all other examples,
k = 15 and the angle between two consecutive directions is 7/k. The form of B*
then depends on the chosen &;’s. If the &;’s are (almost) equal, B* is a polyhedron
with thirty edges. It is in particular the case for [Figure 5.5| [Figure 5.8 [Figure 5.9|
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and In the last examples, we have

2(j — D
k

§j = cos

The ball B* then has only 12 edges.

Wec Value
| 1

W0 435751
W0 507297
W0 728672
W 250147
[t
WL 09301
WL 21445
WL =359
WL 45734
WL 5PETD
WL 70028
WL 22168
WL 54313
W 06457
W 18602
W 20746

- 0615547
- 0512932
- 0405316
- 02997
- 0.195085
- 00864591
0201465
W0 126762
[ IEEER
D 230903
D 446609
[
[
WD 766456
W0 572072
[

Figure 5.4 — Test case 3 : k = 15, v; = (cos (%) ,sin (@)) and §; =
COS(@) for j=1,....k with f = f;.
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Figure 5.5 — Test case 4 : k = 15, v; = (cos (gj_kﬂ) , sin (@)) and §; = 1.5 for
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Figure 5.6 — Test case 5 : k = 2, v; = (COS (%ﬁ + %) , sin (O%M + %)) and
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Figure 5.7 — Test case 6 : k = 15, v; = (cos (@) ,sin (0—_;M>) and §; =
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Figure 5.8 — Test case 7 : k = 15, v; = (cos (@) ,sin (g%ﬁ)) and §; =
%cos(@) for j=1,....k with f = fs.
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Figure 5.10 — Test case 9 : k = 15, v; = (cos (@) , sin (@)) and §; = 1 for
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4.3 Error Criteria

To analyze convergence in our simulations, we have considered three criteria
corresponding to the optimality conditions:

—div(o) =f, in Q o-v =0 on 99, (5.34)
as well as duality relation
L(z,0)=0-Vu (5.35)
which can be equivalently rewritten in a dual way as
o(z) # 0= L*(z,Vu(z)) = 1. (5.36)

We use a triangulation of the unit square with n = 1/h element on each side.
We use the following convergence criteria:

. 12 : :
1. DIV.Error = ( Jo, (divey + f )2) is the L? error on the divergence constraint.

1/2
2. BND.Error = (faﬂh(aﬁ : y)2> is the L?(9€,) error on the Neumann bound-
ary condition.

3. DUAL.Error = (th |L(-,0%(-)) — Vuf - J’,ﬂ) for the Riemannian case.

DUAL.Error = (th |L*(-, Vul(-) — 1|X{|02‘>€}) for the polyhedral case with
e=10"2.

The first two criteria represent the optimality conditions for the minimization of the
Lagrangian with respect to u and the third one is for maximization with respect
to 0. We do not take exactly the same criteria for both examples. Indeed, in the
Riemannian case, L(-, o) is simple to compute whereas in the polyhedral case, it is
tedious in general. On the other hand, L*(-, Vu(-)) has an explicit form given by
(15.33)).

We show the results of numerical simulations after 400 iterations for both cases.

Test case | DIV.Error | BND.Error | DUAL.Error | Time execution (seconds)
1 3.0940e-05 | 4.9502e-04 | 1.6274e-06 287
2 3.2576e-05 | 4.0942e-04 | 2.1978e-06 285
3 9.3806e-05 | 7.9803e-04 | 8.1512e-04 435
4 6.1646¢-06 | 2.5572e-04 | 2.7813e-03 658
5 1.9829¢-05 | 2.2784e-03 | 4.8522¢-04 310
6 1.1407e-04 | 8.5331e-04 | 1.8588e-03 446
7 1.0402¢-04 | 8.5816e-04 | 1.2846e-03 660
8 9.9358e-05 | 4.9236e-04 | 1.2181e-03 654
9 8.3469e-05 | 5.0099e-04 | 1.1265e-03 656

Table 5.1 — Convergence of the finite element discretization for all test cases.




Chapitre 6

Quelques perspectives

Nous donnons ici, de facon non exhaustive, quelques perspectives de problémes
assez directement liés aux travaux présentés dans cette these.

1 Modeles encore plus généraux

Dans le premier chapitre, nous avons fait des hypotheses structurelles pour ob-
tenir le théoreme 2.2. Nous sommes partis des cas cartésien puis hexagonal dans
R? pour construire ces modeles généraux. Une question naturelle est de déterminer
s’il est possible d’obtenir le méme résultat avec des hypotheses plus faibles, notam-
ment sur les directions et les longueurs des arcs dans §2.. Nous avons supposé que
les longueurs des arcs étaient de 'ordre de £ et qu’en tout point x € €2, pour une
direction admissible v en z, il existait une suite (y., e. ). qui converge vers (z,v) avec
(ye,e:) € E°. Nous pouvons également considérer d’autres modeles discrets. Mar-
cotte [79] s’est intéressé a la question de la programmation a deux niveaux dans les
problémes de congestion. L’équilibre de Wardrop discret dans un cadre markovien
(avec les temps qui sont inconnus) a été étudié par Baillon-Cominetti [13]. Dans
le modele continu, nous pouvons également considérer des probléemes de transport
optimal dépendant du temps, comme dans les systemes de jeux a champs moyens
(de la théorie de Lasry et Lions [73-75], Mean Field Games en anglais)

2 Reégularité des solutions des EDPs

Dans le chapitre 4, nous avons établi un résultat de régularité de Sobolev dans
le cas ou les directions v et les coefficients de volume ¢ sont constants. Une ques-
tion évidente est de savoir si le résultat est encore vrai avec des vy et/ou des ¢y
non constants (avec une bonne régularité). Les résultats des simulations numériques
réalisées dans ce méme chapitre peuvent nous aider a deviner les hypotheses op-
timales pour avoir le méme résultat de régularité pour les solutions de ces EDPs.
Il existe de nombreux travaux de Brasco avec des coauteurs sur ces questions de
régularité pour ces EDPs dégénérées et elliptiques (qu’elles soient anisotropiques ou
non) [28,31-33]. Nous pouvons également regarder les travaux de DiBenedetto [50],
Colombo-Figalli [42], Esposito-Mingione-Trombetti [55] notamment.
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3 D’autres applications de ’algorithme ALG2

Comme expliqué dans Benamou-Carlier [21], les méthodes de Lagrangien aug-
menté conviennent pour traiter des problémes de MFG. Dans cet article, ils ont
utilisé un Hamiltonien quadratique et des cofits de fonctionnement et terminal spé-
cifiques. Dans Buttazzo-Jimenez-Oudet [38], au lieu d'un cotit terminal, ils ont consi-
déré une densité terminale. Un modele plus général de MFG avec diffusion est le
systeme suivant :

0o+ vAp+ H(t,x, Vo) = alt,x,0),
0o —vAp+div(eVH(t,z,V¢)) =0,
0ly—g = 00, Pl,—p = —(z, 01)

pour un parametre positif de diffusion . Pour des méthodes de résolution numérique
basées sur les différences finies appliquées a ce systeme de MFG avec diffusion, nous
pouvons regarder des articles de Achdou avec des coauteurs [1-3]. Une stratégie de
Lagrangien augmenté peut également étre utilisée mais ’algorithme fait apparaitre
un opérateur bilaplacien, ce qui engendre des difficultés numériques, comme expliqué
dans Achdou-Perez [4].
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