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Introduction

1 Classical Topics in Control Theory for Dynami-
cal Systems

What is the controllability and stabilization for a dynamical system? Let us start
with the case of Ordinary Differential Equations (ODEs). Consider the following
finite dimensional dynamical system

dz

— = f(x,u), 1.1
= flw) (11)
where t € R is the independent variable (time), z € R™ is the state variable and
u € R™ is the control (note that in many cases m < n), f is a function of class C*>
with respect to x and u. For convenience, we assume that

£(0,0) = 0. (1.2)

Let us recall some basic definitions of local exact controllability and stabilization for
the system (1.1). One can refer to [19] for an introduction and fruitful results on the
controllability and stabilization of linear and nonlinear dynamical systems.

Definition 1.1 The control system (1.1) is locally controllable at the equilibrium
(0,0) on the interval [Ty, Th] (To < T1) if, for every real number € > 0, there exists a
real number n > 0 such that, for every 2° € B, := {x € R";|z| < n} and for every
xt € B, there exists a measurable bounded function u : [Ty, Ty] — R™ such that the
solution x = x(t) to the Cauchy problem

dx
E = f($7u<t>)7 (13)
z(Ty) = 2°

verifies the final condition
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Remark 1.1 The dynamical system & = f(x,u(t)) is usually called an open-loop
system and u is called the corresponding open-loop control.

Definition 1.2 The control system (1.1) is locally asymptotically (resp. expo-
nentially) stabilizable at the equilibrium (0,0) if, there exists a feedback law, i.e. a
continuous map, u : R™ — R™, satisfying

u(0) =0, (1.5)

such that 0 € R™ is a locally asymptotically (resp. exponentially) stable point for the
system

dx

= I u(@)). (1.6)

Remark 1.2 The dynamical system & = f(x,u(z)) is usually called a closed-loop
system and u : R™ — R™ s called the corresponding closed-loop control.

It is well-known that if we focus on the linear case, i.e.
f(z,u) := Az + Bu, (1.7)

where A € M,, ,(R) and B € M,, ,,(R), one can find explicit necessary and sufficient
conditions for the aforementioned controllability and stabilization properties (see, for
example, [19, 34, 62] et. al.):

Theorem 1.1 System (1.1) with (1.7) is controllable if and only if
rank(AM — A, B) =n, VY\eC. (1.8)

Here and in what follows, rank(-) denotes the rank of the corresponding matriz.

Theorem 1.2 System (1.1) with (1.7) is asymptotically (resp. exponentially)
stabilizable if and only if

rank(A — A, B) =n, for each A\ € C with R\ > 0. (1.9)

Remark 1.3 Condition (1.8) is known as the Hautus criterion, which is equiva-
lent to the famous Kalman rank condition:

rank(B,AB,--- A" 'B) = n. (1.10)

In the finite dimensional case, from Theorem 1.1 and Theorem 1.2, one can easily
see that :
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(1) For linear control system (1.1) with (1.7) which satisfies (1.8) or equivalently
(1.10), the open-loop controllability can be realized almost immediately. In
other words, a linear control system which is controllable in large time (i.e.
Ty — Ty is large) is also controllable in small time (i.e. T; — T} is small);

(2) Every linear control system which is controllable can be asymptotically stabi-
lized by means of linear feedback laws.

However, (1)-(2) mentioned above usually do not hold for general nonlinear sys-
tem and for infinite dimensional dynamical systems, which leaves us much research
space. In fact, in what follows, we will study three related control problems, i.e.
controllability, stabilization and synchronization (a weak kind of controllability) for
the linear and nonlinear hyperbolic systems of balance laws, and we will show some
new mechanisms for such systems.

2 Hyperbolic Systems of Balance Laws and Their
Related Control Problems

The concepts in control theory for ODEs in Introduction 1 can be automatically
adapted to Partial Differential Equations (PDEs). Before this, let us briefly review
our hyperbolic systems of balance laws.

2.1 System Description

Consider the following first-order 1-D hyperbolic systems of balance laws

ou ou

where, u = (uy,...,u,)? is a vector function of (¢,z), A(u) is a given n x n matrix
with suitably smooth entries a;;(u) (4,7 =1,--- ,n), and F(u) = (fi(u), -, fu(u))"
is a given vector function of w with suitably smooth elements f;(u)(i =1,--- ,n).

Remark 2.1 In general, we call the following systems

ou  Jg(u)

— =F 2.2

5 T " an (u) (2.2)
to be hyperbolic balance laws, where the flur g = (g1, ,gn) is a vector function

of w with suitably smooth elements. Obuviously, system (2.2) can be written in the
quasilinear form as (2.1) with the Jacobian matriz

A(u) = D(g(u))- (2:3)
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Therefore, throughout this thesis, unless otherwise indicated, we consider the inho-
mogeneous quasilinear hyperbolic system (2.1) as the hyperbolic balance laws.

Remark 2.2 In the special case where there are no source terms (i.e. F(u)=0),
the homogeneous quasilinear system (2.1) reduces to

ou ou

which constitutes a so-called hyperbolic system of conservation laws.

Definition 2.1 (2.1) is a hyperbolic system, if, for any given u on the domain
under consideration, A(u) has n real eigenvalues \i(u) (i = 1,---,n) and a com-
plete set of left (resp. right) eigenvectors l;(u) = (lj(u), -+, lin(w)) (resp. ri(u) =
(rli(u)v T 7lni<u))T7 (i=1,-- 7n))

Li(u)A(u) = N (uw)l;(u). (2.5)
and

A(uw)ri(uw) = Ni(u)ri(u). (2.6)
Here, by a complete set we mean a basis for R".

In what follows, we assume that, maybe after a suitable change of variables,

Ar(u) < Ap(u) =0 < Ag(u)

(2.7)
r=1,---, 0, p=Il+1,--- m, s=m+1,--- ,n,
and
where d;; stands for the Kronecker symbol. In particular,
A1(0) 0
A(0) = . (2.9)
0 An(0)

Definition 2.2 [f, for any given u on the domain under consideration, A(u) has
n distinct real eigenvalues

A(u) < Ag(u) < -+ < Ay(u), (2.10)

then, the set of left (resp. right) eigenvectors forms a complete set. The corresponding
hyperbolic systems (2.1) satisfying (2.10) are called strictly hyperbolic systems.
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Remark 2.3 Here and in what follows, we always suppose that all the real eigen-
values \j(u)(i = 1,---.n) and all left and right eigenvectors l;(u) and r;(u)(i =
1,--+,n) have the same regularity as A(u). However, one can easily check that this
is mot an issue for strictly hyperbolic systems (see, for example, [72, Appendiz A,
Pages 195-210]).

To ensure the well-posedness of system (2.1), we consider the following general
kind of boundary conditions:

r=0:us=Gs(t,up, - ,up)+ Hs(t) (s=m-+1,--- . n), (2.11)
r=L:u =G (t, w1, ,up) +H(t) (r=1,---,1), (2.12)
where G; and H; (j=1,---,l,m+1,--- ,n) are functions of ¢ with suitably smooth

components. Here and hereafter, we suppose that

Gi(t,0,---,0)=0 (j=1,---,L,m+1,---n) (2.13)

Remark 2.4 Boundary conditions (2.11)-(2.12) are prescribed under the hypoth-
esis (2.8). We could also replace u; by v; = li(u)u in (2.11)-(2.12) in the general
situation (see also [69, Remark 1.3 on page 171], [72], [111] and [52]).

Hyperbolic balance laws (2.1), even systems modeled by PDEs, are typically infi-
nite dimensional dynamical system, which not only contains all the cases of conser-
vation laws such as the Saint—Venant equation (including subcritical, supercritical,
and critical cases), the isentropic and full Euler equation for one-dimensional gas
dynamics (including subsonic, supersonic, and sonic cases), the nonlinear vibrating
string equations et. al. (see, for example, [18, 23, 40, 41, 44, 48, 69, 102] and the refer-
ences therein), but also the fundamental dynamics of open conservative systems such
as the telegrapher equations for electrical lines, the Saint—Venant—Exner equations
et.al. (see [12, 32, 101]). It is well-known that the controllability theory of hyperbolic
systems (2.1) depends strongly on the matrix A(u) and how the controls act to the
systems (in the equations or to the boundary conditions).

In this thesis, we study the following three control problems, i.e. Problem of Exact
Boundary Controllability (EBC), Problem of Boundary Stabilization (BS) and Prob-
lem of Weak Boundary Controllability (WBC), for the system (2.1) with boundary
conditions (2.11)—(2.12):

e Problem (EBC). Let € C {1,---,n}. For any given initial data ¢ =
(01, o) € (CU0, L))" and final date § = (i, 6,)" € (CI[0, L))"
with small C! norm, can we find a time 7" > 0 and boundary controls H; €
CH0,T|(i € €) (for i & €, H;(t) is given and is assumed to be small) with small
C' norm, satisfying the C* compatibility conditions at the points (¢, z) = (0,0)
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and (0, L) (see Remark 2.5), such that the mixed initial-boundary value problem
(2.1), (2.11)-(2.12) with the initial condition

t=0:u=¢p),0<x<L (2.14)
admits a C* solution u(t,z) on the domain
R(T)={(t,x)|0<t<T,0<z <L}, (2.15)
which satisfies the final condition

t=T:u=9¢(),0<zx<L? (2.16)

Problem (BS). Suppose that H;(t) =0 (i = 1,--- ,n) and that A > 0 is an
arbitrary given constant. Suppose furthermore that C! compatibility conditions
are satisfied at the point (t,z) = (0,0) (see Remark 2.5). Does there exist a
linear feedback control B : (H%(0, L))" — R!, without loss of generality verifying
the C! compatibility conditions at the point (¢,z) = (0, 1), such that for some
e > 0, every solution u of the mixed initial-boundary value problem (2.1),
(2.11)-(2.12) and (2.14) with H(t) = B(u(t,-)) satisfies

lu(t, M2,y < Ce™ ()l m20.1), (2.17)

for some C' > 0, provided that ||¢(-)||m2(0,0) < €7

Moreover, generally speaking, if there are essentially not enough boundary con-
trols, then it is not possible to realize the exact boundary (null) controllability (see
[80]). Then, it is nature to ask what happens in the case of lack of boundary controls
to the hyperbolic systems (2.1)? Therefore, we are also concerned with

e Problem (WBC). Which kind of controllability in a weaker sense can be

realized by means of less boundary controls for the general hyperbolic balance
laws (2.1) or its special form?

Remark 2.5 The C' compatibility conditions at the point (t,z) = (0,0) are given

by

908(0) = Gs(0’901(0)7 e >90m(0)) + HS(O) (S =m+1,--- an)a

oG,

fs((0)) — Zasj(tﬁ(o))%x(o) = ¢ (091(0); -+, m(0)) + Hyt(0)

+ Z Z gfj (0,¢1(0), - ,wm(O))<fr(90(0)) - arj(go(O))gojx(OD (s=m+1,---,n).

r

1j=1
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The C' compatibility conditions at the point (t,z) = (0, L) are similar.

2.2 Concise Review of the Literature and Open Problems
Exact Boundary Controllability

There are many publications concerning the exact controllability for linear hyper-
bolic systems (see [88], [100] and the references therein). As a special form of second
order hyperbolic equations, the exact boundary controllability for linear wave equa-
tions was obtained in a complete manner by using the so-called Hilbert Uniqueness
Method (HUM) (see [88]-[89]). In fact, the essence of J.-L. Lions’s HUM is to use the
duality to get the controllability by a corresponding observability inequality. Using
HUM as well as other technical developments, Zuazua [122]-[123], Emanuilov [37]
and Lasiecka & Triggiani [66] subsequently established the exact boundary control-
lability for some semilinear wave equations. As for the general first order hyperbolic
systems, one can refer to the prior works [15, 86] and the recent monograph of Li [72]
for almost complete results on several kinds of exact boundary controllability for the
1-D quasilinear inhomogeneous hyperbolic systems (2.1) in the context of classical
solution (see also Part I). Let us mention [121] for the local boundary controllability
of quasilinear wave equations in the multidimensional space. In the framework of BV
solutions, the corresponding controllability for hyperbolic conservation laws has been
studied in [8, 9, 13, 40, 41, 51, 96].

Since the hyperbolic wave has a finite speed of propagation, the exact boundary
control time T" > 0 should be suitably large. However, from the point of view of
applications, T" should be chosen as small as possible. Thus, one may ask

(i). Is it possible to get an optimal control time estimate for the hyperbolic balance
laws (2.1), homogeneous case or inhomogeneous case?

On the other hand, it is well known that if all the characteristic speeds of the
system do not vanish, i.e., all the eigenvalues of A(u) are nonzero in the domain
under consideration, then (2.1) is exactly controllable (at least locally in C* class) by
boundary controls provided that the control time is sufficiently large. (see Li and Rao
[75, 74]; see also Wang [111] for the nonautonomous case). If A(u) has zero eigenvalue,
one can add some internal controls acting on the components corresponding to the
zero eigenvalues and boundary controls acting on the other components [82, 111,
76]. It is worth mentioning that Glass recently obtained the controllability (not
exact boundary controllability) of 1-D non-isentropic Euler equation, a hyperbolic
system of conservation laws with a vanishing characteristic speed, in both Eulerian
and Lagrangian coordinates in the context of entropy solutions [41]. Another open
question naturally arises:
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(ii). Is it possible to establish the exact controllability for a hyperbolic system of
balance laws with vanishing characteristic speeds by only boundary controls?

This situation seems to be complicated. Notice that the solution u(¢,x) of the
degenerate case of the equation (essentially an ordinary differential equation)

{ut =0, (t,x)€(0,T)x (0,2n), 218
u(0,x) = up(z), =€ (0,2n),
obeys

u(t, ) =wuy, Vte[0,T]. (2.19)

Obviously, it is impossible to change the value u by using the boundary controls acting
on the end z = 0 and/or x = 27. In this direction, Gugat and Leugering [48] proved a
global boundary controllability result which covers the critical case in which one of the
characteristic speed is zero. In spite of the degenerate model (2.18), it is still possible
to prove the controllability for some nonlinear systems. The return method of Coron
has been applied to many situations, where the linearized system is not controllable
while the nonlinearity enables the corresponding nonlinear systems to be controllable
(see, in particular, [19] and the references therein). One can apply the return method
to realize exact boundary controllability for quasilinear hyperbolic systems with a
zero characteristic speed [23], when the possible vanishing characteristic speed can
be driven to nonzero after sufficiently long time. However, this approach seems to
be no longer valid for the system with identically zero characteristic speeds (see [23,
Remark 1.3]).

Remark 2.6 Let us also mention [36, 38] for the distributed (internal) control-
lability of linear/semilinear hyperbolic systems in any space dimension and [90] for
the corresponding stochastic problem. The optimal control problems for wave equation
are considered with controls in both Dirichlet and Neumann boundary conditions and
with pointwise constraints on the control and the state (see [92, 93]).

Boundary Stabilization

In the last three decades or so, there has been a resurgence in the analysis of
the asymptotical behavior for quasilinear hyperbolic systems (2.1). During this time,
three parallel mathematical approaches have emerged. The first one is the so-called
“Characteristic method”, i.e. computing corresponding bounds by using explicit evo-
lution of the solution along the characteristic curves. With this method, Problem
(BS) has been previously investigated by Greenberg and Li (see [42]) for 2 x 2 (i.e.
A € Mjy5(R)) systems and Li and Qin (see [69, 98]) for a generalization to n x n
homogeneous systems in the framework of C'! norm. Also, this method was developed
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by Li and Rao [75] to study the exact boundary controllability for general inhomo-
geneous quasilinear hyperbolic systems.

The second method is the “Control Lyapunov Functions method”, which is a use-
ful tool to analyze the asymptotic behavior of dynamical systems. This method was
first used by Coron et.al. to enable the design of dissipative boundary conditions
for nonlinear homogeneous hyperbolic systems in the context of both C' norm and
H? norm [11, 20, 21, 22, 25]. Although both Characteristic method and Control
Lyapunov Functions method have been driven to study exponential stability for hy-
perbolic conservation laws or even some hyperbolic balance laws, however, these two
methods fail when dealing with Problem (BS) for the general inhomogeneous hyper-
bolic systems (see [10], [11, Section 5.6], [19, Pages 314 and 361-371], [32], [69], [21]
and [22]).

The third one is the “Backstepping method”, which has been proven to be effective
to stabilize inhomogeneous quasilinear hyperbolic systems (2.1) (see [26] and [31]) and
other equations (see [14, 24, 65, 103]). In [26], a full-state feedback control law, with
actuation on only one end of the domain, which achieves H? exponential stability
of the closed-loop 2 x 2 linear and quasilinear hyperbolic system is derived using
a backstepping method. Unfortunately, the method presented in [26] can not be
directly extended to n x m systems, even in linear cases, especially when several
states convecting in the same direction are controlled (see also [31]). Therefore, the
following question is of great interest and remained open:

(iii). Can we stabilize the 3 x 3 linear or quasilinear inhomogeneous hyperbolic sys-
tems (2.1) by multi-boundary feedback controls? and what about n x n cases?

Remark 2.7 One can also refer [28], [46], [68] and [97] to the results on stabi-
lization for hyperbolic systems on networks.

Weak Boundary Controllability—Exact Boundary Synchronization

As being said before, it is a significant issue from both theoretical and practical
points of view that whether we can shorten the control time or number of controls
for hyperbolic systems (2.1). For instance, consider the following coupled system of
wave equations

where U € RY and A € My ny(R). Based on the results in [55], we can see that
one needs N boundary controls to achieve controllability for N coupled wave systems
(2.20). In view of less controls, although one can not realize the exact controllability
in general (see [80] and Remark 2.8), however, the indirect controllability and asymp-
totical controllability (another kind of controllability which is not as mentioned in
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Definition 1.2), both the boundary controllability in a weaker sense, can be realized
by means of M (< N) boundary controls for some special coupled systems of N wave
equations (2.20) (cf. [2], [3], [6], [78]). An interesting open question rises:

(iv). Can we define another kind of weak boundary controllability without enough
controls for hyperbolic systems (2.20), such as the exact boundary synchroniza-
tion and its related topics? and how to construct boundary controls achieving
these synchronizations?

Synchronization is actually a widespread natural phenomenon. Thousands of
fireflies may twinkle at the same time; audiences in the theater can applaud with a
rhythmic beat; pacemaker cells of the heart function simultaneously; and field crickets
give out a unanimous cry—all these are phenomena of synchronization [104], [115].

In principle, synchronization happens when different individuals possess likeness
in nature, that is, they conform essentially to the same governing equation, and
meanwhile, the individuals should bear a certain coupled relation.

The phenomenon of synchronization was first observed by Huygens in 1665 [60].
The theoretical research on synchronization phenomena dates back to H. Fujisaka
and T. Yamada’s study of synchronization for coupled equations in 1983 [39]. The
previous studies focused on systems described by ODEs, such as

N

= f(Xi,t) + > AyX;  (i=1,---,N), (2.21)

Jj=1

dX;
dt

and considered the asymptotical synchronization behavior, i.e.,
Xi(t) — X;(t) =0, ast = +oo (Vi # j), (2.22)

where X;(i¢ = 1,---,N) are n-dimensional vectors, A;;(i,j = 1,---,N) are n X n
matrices, and f(X,t) is an n-dimensional vector function independent of 7.

Our goal is to synchronize a hyperbolic system (2.20) or its quasilinear form
through boundary controls. Different from the ODE situation, the coupling of systems
can then be fulfilled by coupling of the equations or (and) the boundary conditions,
which has richer research implications, moreover, boundary controls can be used to
realize our goal in a finite time.

Roughly speaking, we want to find a finite time 7" > 0 and few boundary controls
on [0, 7], such that from the time ¢ = T" on, the system states tend to a state having
components which are equal. That is to say, we hope to achieve the synchroniza-
tion of the system states not only at the moment ¢ = T under the action of few
boundary controls on [0, 7], but also when ¢t > T and withdrawing all the controls.
This is forever, instead of short-lived, synchronization, as is desired in many actual
applications.
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All the topics in synchronization are almost blank and uncultivated in the field
of PDEs, especially for hyperbolic systems of balance laws (2.1) or its special form
(2.20).

Remark 2.8 One can also find some results on the exact controllability of cascade
coupled multi-dimensional hyperbolic systems by a reduced number of controls in [4, 5].

3 Motivation and Outline of the Thesis

This thesis is motivated by the above four questions in Introduction 2.2 and brings
precise answers to all of them. It is composed of eight chapters and comprises three
main parts numbered I,IT and III, where Part I deals with the Questions (i) and (ii),
while Parts IT and IIT deal with the Questions (iii) and (iv), respectively. Most of
the results presented in the thesis are published or submitted for publication in our
papers [56, 52, 59, 58, 53, 54, 55, 57, 81].

3.1 Main Work in Part I

In Part I (Chapters 1-2), we are concerned with the exact boundary controllability
problem, i.e. Problem (EBC), for hyperbolic systems of balance laws (2.1).

For this, in Chapter 1, we present our results in [52], which is devoted to give
sharp time estimates for local exact boundary controllability of 1-D homogeneous
quasilinear hyperbolic systems without zero characteristic speeds. We improve the
time for the controllability found by Li [72, Theorem 3.2 and Theorem 3.3 on pages
39-41] and Zhang [120] both for the case of one-sided control and for the case of
both-sided controls when the dimension of the controls is the same as the case of
one-sided control. We prove that this control time is sharp. Our approach relies
on the utilization of constructive methods, the characteristic theory together with a
suitable iteration scheme on a suitable time interval.

As being said, despite of the fact that distributed (internal) controls are usually
used to obtain controllability for a hyperbolic system (2.1) with vanishing character-
istic speeds, Chapter 2 is, however, devoted to study the case where only boundary
controls are considered. Following our approach developed in [59], we first prove that
a weak coupled hyperbolic system of balance laws (2.1) is not (null) controllable in
finite time. Meanwhile, we give a sufficient and necessary condition for the asymp-
totic stabilization of the system under a natural feedback. This result somehow gives
a negative answer to Question (ii), that is even for the coupled hyperbolic system
(2.1) with zero characteristic speed, it is also impossible to achieve the corresponding
exact boundary controllability. However, one can stabilize these systems in infinite
time by means of boundary feedback. This extends the previous works [82, 111, 76]
and [23].
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3.2 Main Work in Part II

Part II (Chapters 3—4) is devoted to study boundary stabilization for inhomoge-
neous hyperbolic systems. Two chapters are established in order to illustrate this
topic.

In Chapter 3, we first introduce the definition of heterodirectional and homodi-
rectional hyperbolic systems, and present our results from [54] that deal with back-
stepping control design for linear first-order heterodirectional and homodirectional
hyperbolic systems featuring arbitrary large (local) coupling coefficients. A particular
choice of the target system, featuring a cascade structure similar to [26, Section 3.5],
enables the use of a classical Volterra integral transformation. Well-posedness of the
system of kernel equations, which is the main technical challenge of this chapter,
is proved by a method of successive approximations using a novel recursive bound.
Moreover, we design a stabilizing full-state feedback law for heterodirectional systems.
Along with a dual observer design, this yields an output feedback controller amenable
to implementation. Besides, we solve the problem of boundary motion planning for
homodirectional systems. Our results in Chapter 3 not only give a positive answer to
Question (iii) and the open question proposed in [26] and [31], but also open the door
for a large number of related problems to be solved, e.g. collocated observer design,
disturbance rejection, similarly to [1], parameter identification as in [30], stabilization
of quasilinear systems as in [26], which directly results in the research activities in
Chapter 4.

As an apparent generalization of Chapter 3, in Chapter 4, we present the results
of our paper [53|, which deal with the problem of boundary stabilization of first-order
n X n inhomogeneous quasilinear hyperbolic systems (2.1). Based on the results of
the linear case [54] and Chapter 3, we use the linearized feedback control to stabilize
the nonlinear system as it is mentioned in [26]. Although the target system is a little
different from the one in [26] with a linear term involved in the equations, thanks
to its special structure, we still find that the natural control Lyapunov functions do
lead to arbitrarily large exponential decay rate to the target system (2.1) with more
technical developments than that was used in [26]. The main result of this chapter
supplements the previous works on how to design multi-boundary feedback controllers
to realize (rapid) exponential stability of the original nonlinear system in the spatial
H? sense. Therefore, Part IT completely answers the Question (iii).

3.3 Main Work in Part II1

In Part IIT (Chapters 5-6-7-8), we focus on the study of a kind of weak boundary
controllability, i.e. exact boundary synchronization, for a coupled system of wave

equations (2.20) and its quasilinear form, which, to our best knowledge, is first intro-
duced to the field of PDEs.
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In Chapter 5, based on the theory of semi-global classical solutions to quasilinear
hyperbolic systems, we first recall our results in [55] that apply a unified constructive
method to establish the local exact boundary (null) controllability and the local
boundary (weak) observability for the following coupled system of 1-D quasilinear
wave equations

8211}1' (92wi -
Eroaie aZ(w) 52 + Zaij(w)wj =0, (3.1)
j=1
where w = (w1, ...,w,)" is the unknown vector function of (¢,z), a;(w) and a;(w)
(i,j =1,---,n) are all C! functions of w on the domain under consideration, satis-
fying
a;(0) >0, i=1,--- n. (3.2)

Four kinds of boundary conditions, i.e. Dirichlet type, Neumann type, Coupled third
type and Coupled dissipative type are considered. The conclusions we obtain in
Chapter 5 provide significant basis for studying the exact boundary synchronization
for a coupled system of wave equations.

In Chapter 6 and Chapter 7, inspired by the natural phenomena of synchroniza-
tion and combining the null controllability results in Chapter 5, several kinds of exact
synchronizations and the generalized exact synchronization are introduced for a cou-
pled system of 1-D wave equations (2.1) with boundary conditions of Dirichlet type,
Neumann type, Coupled third type and Coupled dissipative type, respectively. Our
results shown in Chapter 6 (see also [81]) indicate that all these synchronizations
can be realized by means of less boundary controls with the boundary conditions
of Dirichlet type, Neumann type and Coupled third type, while similar results are
proven in Chapter 7 (see also [57]) for the hyperbolic system (2.1) with boundary con-
ditions of coupled dissipative type. It should be noted that sufficient and necessary
conditions are obtained in Chapter 6 for the cases of exact boundary synchronization
and exact boundary null controllability and synchronization by groups for coupled
wave systems (2.1) with the first three boundary conditions.

In Chapter 8, we consider the following general kind of coupled system of wave
equations

o0?U 0*U
o a*(U, Uy, Uz)w + AU, U, U)U =0, (3.3)
where, U = (uy,...,uy)? is an unknown vector function of (¢,z), A(U,U;,U,) =

(a;;(U, U, U,)) is an N x N coupling matrix, whose elements are C'' functions with
respect to their arguments. a(U, Uy, U,), the common velocity for the coupled system,
is also a C'!' function with respect to its arguments, satisfying

a(0,0,0) > 0. (3.4)

As being said before, it is a significant issue from both theoretical and practical points
of view to see if we can shorten the number of controls for the coupled systems of wave
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equations (3.3). Based on the theory of semi-global classical C? solution for coupled
wave equations, using a unified constructive method for one-sided exact boundary
controllability (see [55], [74], [75], [72]), by a suitable iteration procedure as well as
certain estimates for coupled systems of wave equations with afore mentioned four
kinds of boundary conditions, we establish its local exact boundary synchronization
around U = 0. The main work in this chapter is also presented in [56].
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1.1 Introduction and Main Results

Consider the following 1-D quasilinear system

ou ou

— 4+ Alu)— = T L 1.1.1

AW I =0 (1) € 0.7] x 0.1, (11.)
where, u = (uy,...,u,)Tis a vector function of (¢,x), A(u) is an n x n matrix with

C" elements a;;(u) (i,j = 1,---,n). By the definition of hyperbolicity, A(u) has n
real eigenvalues \;(u) (i = 1,---,n) and a complete set of left eigenvectors [;(u) =

25
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(la(u), -+ Jlin(w) (i =1,--+ ,n):

Li(uw)A(u) = N(uw)li(u), (1.1.2)
and, consequently, a complete set of right eigenvectors r;(u) = (ry;(u), -+« , 7 (u))? (i =
17 oo s n):

A(w)ri(u) = ANi(u)ri(u). (1.1.3)

Without loss of generality, here we assume that

where 0;; stands for the Kronecker symbol. Moreover, for simplicity of statement, we
suppose that the set of eigenvalues A(u) = (Ay(u), -+, A\, (u)) satisfies the following
condition:

A1(0) < X(0) < -+ < An(0) <0 < A1 (0) < -+ < A, (0), (1.1.5)

and the number of positive eigenvalues is not bigger than the number of negative
eigenvalues, i.e.

mY n—m<m. (1.1.6)

The boundary conditions are given as follows:

"EZOZUS:GS(t’ul’... 7um)+Hs<t) (3:7/)1+]_7 7n)7
1

r=1"L:u. =G (t,upmyr, -+ uy) + H.(t) (r=1,--+,m),
where G; and H; (i = 1,--- ,n) are C* functions, without loss of generality, such that
Gi(t,0,---,0)=0 (i=1,---,n). (1.1.9)

Let us first recall the following well-posedness result due to Li (see [72, Chapter
2 on pages 19-36]) for the system (1.1.1) with (1.1.7)-(1.1.8):

Lemma 1.1.1 Suppose that X;, l;, 7;, G; and H;(i = 1,--- ,n) are all C* func-
tions with respect to their arqguments and (1.1.4) holds. Suppose furthermore that the
conditions of C' compatibility are satisfied at the points (t,z) = (0,0) and (0, L),
respectively. For any given Ty > 0, the mixed initial-boundary value problem (1.1.1),
(1.1.7)-(1.1.8) with

t=0:u=¢),0<z<L (1.1.10)
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admits a unique C* solution u(t, z) with sufficiently small C* norm on the domain
R(Ty) = {(t,2)|0 <t < Tp,0 <z < L}, (1.1.11)

provided that ||p||1and ||H||y are small enough (depending on Ty ).

Remark 1.1.1 Here and throughout this chapter, for simplicity, we denote || - ||o
and || - ||1 as the corresponding C° and C' norms, respectively.

Remark 1.1.2 Boundary conditions (1.1.7)-(1.1.8) are prescribed under the hy-
pothesis (1.1.4). We could also replace u; by the v; = l;(u)u in (1.1.7)-(1.1.8) in the
general situation (see also [69, Remark 1.3 on page 171]).

Remark 1.1.3 The C' compatibility conditions at the point (t,z) = (0,0) are

given by
©s(0) = G4(0,01(0), -+ ,m(0)) + Hy(0) (s=m+1,---,n), (1.1.12)
> i 0)232(0) = 3 3 G 0,100, im0y (£(0)) 320
oG

(07 901(0)7 T aQOm(O)) - Hst(o) (5 =m+1,--- ,Tl).
(1.1.13)

ot

The C* compatibility conditions at the point (t,z) = (0, L) are similar.

Based on Lemma 1.1.1, we are concerned with the corresponding exact controlla-
bility problem for the system (1.1.1) and (1.1.7)-(1.1.8):

Problem (EBC). Let € C {1,--- ,n}. For any given initial data ¢ € (C*[0, L])"
and final date ¢ € (C'[0, L])™ with small C' norm, can we find a time 7' > 0 and
boundary controls H; € C*0,T](i € €) (for i ¢ €, H;(t) is given) with small C*
norm, such that the mixed initial-boundary value problem (1.1.1), (1.1.7)-(1.1.8) and
(1.1.10) admits a C* solution u(t,x) on the domain

R(T) = {(t,2)|0 <t <T,0 <z < L}, (1.1.14)
which satisfies exactly the final condition

t=T:u=v¢(x),0<z<L? (1.1.15)

The exact boundary controllability problems for both linear and quasilinear 1-D
hyperbolic systems have attracted considerable attention over the past several decades
(see, for example, [19, 72, 100] and the numerous references therein). Eventually,
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three cases have been distinguished in the literatures, depending on the number of
boundary controls, the boundary conditions on non-control side as well as the control

time,

to study Problem (EBC)(see, for instance, [72, Chapter 3 on pages 37-62]

and [75, 120]):

(1)

Both-sided control (€ = {1,---,n}). One can choose

1
[Am(0)

T > Lmax< and H;(i=1,---,n) (1.1.16)

Sweic)

to realize the (local) exact boundary controllability for the general first order 1-
D quasilinear hyperbolic system (1.1.1), (1.1.7)-(1.1.8). Since enough boundary
controls are acting on both ends, we can drive any initial data ¢ to any desired
data 1 around equilibrium without any additional assumptions to the boundary
conditions (1.1.7)-(1.1.8).

One-sided control (€ = {1,--- ,m}). In this situation, in order to handle
the Problem (EBC), one should utilize all the boundary functions H,.(t)(r =
1,---,m) as boundary controls on # = L, meanwhile, suppose that the bound-
ary condition (1.1.7) on the non-control side 2 = 0 in a neighborhood of u =0
satisfies

us:Gs(t7u17"' 7um)+Hs(t) (S:m+1, ,’fl)

L (1.1.17)
SUr = GF(t> Um+1, "7 5 Umy Umt1, 7un) + HF(t) <F =1, ’m),

where G and H are also C'' functions with respect to their arguments, and
G#(t,0,---,00=0 (tr=1,---,m), (1.1.18)

provided that the control time satisfies

1 1
T> L<\Am(o)\ + Am+1(0))' (1.1.19)

Both-sided with less controls (¢ = {m + 1,--- ,n}). In this case, under
the same assumption (1.1.19) as in the case of “One-sided control”, one needs
all (i.e. m) boundary controls Hy(s =m + 1,--- ,n) acting on x = 0 together
with m —m boundary controls H,(=m+1,---,m) acting on x = L, provided
that in a neighborhood of u = 0 the first 2 boundary conditions (1.1.8), the
non-control components, on x = L satisfies

Uy = GF(t,UmJ,_l,"‘ 7un) +H7(t) (')_n: 1, ,m)

G + (1.1.20)
<:>Us:Gs<t7u17"' ,Um)+Hs(t> (S:’I’)’L—Fl7 ”I”L),



Chapter 1: Sharp Boundary Control Time Estimates for 1-D Homogeneous
Quasilinear Hyperbolic Systems 29

where G, and H, are also C' functions with respect to their arguments, and

Gi(t,0,---,0)=0 (s=m+1,---,n). (1.1.21)

Compared with the case “Both-sided control”, the latter two cases reduce the
number of boundary controls to m, however, at the cost of the larger control time.
It is easy to show that the control time given by (1.1.16) is sharp for the first case
(see [72, Remark 3.11 on page 47]). However, in the cases of “One-sided control”
and “Both-sided with less controls”, one verifies that the control time (1.1.19) can
be improved for linear hyperbolic systems (see Remark 1.1.4). Taking into account
this phenomenon, one may ask the following natural question: is it still valid for the
general nonlinear systems? Here, we give a positive answer.

In this chapter, based on the constructive methods, the characteristic theory
together with a suitable iteration scheme on a suitable time interval, we shorten the
control time for the quasilinear hyperbolic systems (1.1.1) with boundary controls
acting on one side or both sides with less controls that was proposed by Li [72,
Theorem 3.2 and Theorem 3.3 on pages 39-41] and Zhang [120]. Our main results,
which can be applied to control Saint-Venant-Exner system (see [32]), the full Euler
equation for 1-D gas dynamics ([23, section 4])etc., are given as follows:

Theorem 1.1.1 (One-sided control) Let us assume that the basic hypotheses
of Lemma 1.1.1 hold and (1.1.17)-(1.1.18) is valid in a neighborhood of u = 0. Let
T > 0 satisfies

1 1 1
T>Lmax<‘)\m(0>‘ —i—/\mH(O),‘)\m(O)‘). (1.1.22)

Then there exists € > 0 such that for any given initial data ¢ € (C'[0,L])", any
boundary functions Hy € CH0,T)(s =m +1,--- ,n), Hr € C}0,T] F=1,--- ,m)
and any v € (CY0, L))" satisfying the C* compatibility conditions at the point (t,z) =
(0,0) and (T,0) respectively, and

Il + 0+ max [Fols+ _max [HJi<s  (1123)
there exist boundary controls H,. € C*[0,T](r = 1,--- ,m) on & = L, such that the
mized initial-boundary value problem (1.1.1), (1.1.7)-(1.1.8) and (1.1.10) admits a

unique C* solution u = u(t,z) on the domain R(T), which satisfies the final condition
(1.1.15).

Theorem 1.1.2 (Both-sided with less controls) Let us assume that the basic
hypotheses of Lemma 1.1.1 hold and (1.1.20)-(1.1.21) is valid in a neighborhood of
u = 0. Furthermore, let T > 0 satisfies the sharp time estimate (1.1.22). Then
there exists € > 0 such that for any given initial data ¢ € (C'[0, L))", any boundary
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functions Hr € C'[0,T] (F =1,---,m), H, € C'[0,T](s = m+1,---,n) and any
Y € (CH0, L])™ satisfying the C* compatibility conditions at the point (t,z) = (0, L)
and (T, L) respectively, and

Il + 160+ max [ Helli+ _max [ <e, (1.1.24)

there exist boundary controls H, € C*[0,T|(p =m+1,--- ,n), such that the mized
initial-boundary value problem (1.1.1), (1.1.7)-(1.1.8) and (1.1.10) admits a unique
Cl solution uw = u(t,z) on the domain R(T), which satisfies the final condition
(1.1.15).

In general, when considering our controllability problem for quasilinear hyperbolic
systems, the difficulties usually come from two aspects. One is the nonlinearity from
the boundary conditions, and the other is that from the governing matrix A(u). To
overcome the first difficulty, we use the so-called constructive methods (see [72, 75,
111, 120]). It allows us to find a C* solution u to the system (1.1.1) on the domain
R(T), satisfying simultaneously any given initial condition (1.1.10) and any given
final condition (1.1.15), as well as all the boundary conditions without control (i.e.
(1.1.17) for the case“One-sided control” or (1.1.20) for the case “Both-sided with less
controls”). On the other hand, one easily checks from (1.1.17) and (1.1.20) that the
components u,(q = m+1,--- ,m) are in essence decoupled from u,(p = 1,--- ,m, m+
1,---,n) on these boundary conditions. Consequently the main difficulty of this
chapter is from the second one, i.e. how to decouple these two parts of components
from the governing matrix A(u) on the whole domain R(7"). If so, we then respectively
control the two different hyperbolic systems, the first are on u,(¢ = m+1,--- ,m)
and the second are on u,(p = 1,--- ,m,m+ 1,--- ,n). Therefore, the control time
for the original system (1.1.1) is much smaller than the one in [72, Theorem 3.2 and
Theorem 3.3 on pages 39-41] and [120]. To overcome the second difficulty, we will see
below that the method used is strongly inspired from a suitable linearized iteration
scheme on a suitable time interval. Then based on theory of the linearized hyperbolic
systems with nonlinear boundary conditions, not only can we shorten the control
time for the linearized system, but also prove the convergence by using constructive
methods as well as some appropriate estimates.

Remark 1.1.4 In this remark, we first show that the time estimates provided in
Theorem 1.1.1 and Theorem 1.1.2 improves the one in [72, Theorem 3.2 and Theorem
3.3 on pages 39-41] and [120]. In fact, noting (1.1.5), one has

1 1 1 1 1
LMMQMMM+Mm®VMNM)SLQM®N+Mm®Q' (1:1.25)

Moreover, the two sides are equal if and only if m = m. If m < m, one can use
less time given by (1.1.22) to control the nonlinear system (1.1.1). In this sense, our
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results indeed improve the one in [72, Theorem 3.2 and Theorem 3.3 on pages 39-41]
and [120]. Neat, we claim that the exact controllability time T > 0 given by (1.1.22)
18 sharp for the above two cases. Consider the following linear system

Ai— =0, 1.1.26
ot * ox ( )
with constant characteristic speeds \; (i = 1,--- ,n) satisfying

M < <A <0< A <o < A\ (1.1.27)

(I) (One-sided Control) For the boundary conditions

r=0:uUs=Upy1-5s (s=m+1,--- n), (1.1.28)
r=L:u=H. () (r=1,---,m), (1.1.29)

when (1.1.6) holds, the whole system (1.1.26) can be divided into two systems, the
one 18

ou ou o
a_tp pa—;:(] (p:17---7m,m+1’...7n)7
r=0:us=1Up1 s (S=m+1,--- n), (1.1.30)
x=L:u;=Hzt) (T=1,---,m),
and the other is
Ou, Ouy .
ot " ox g=m+1,m) (1.1.31)
Z’:Lluq:Hq(t) (q:m+1’7m>

Noting (1.1.27), it is well known that the system (1.1.30) is controllable by boundary
controls H-(T = 1,--- ,m) if and only if
L L
T>— + .
|>‘ﬁ‘ )‘m+1
While the system (1.1.31) is controllable by boundary controls Hy(g =m+1,--- ,m)
if and only if

(1.1.32)

L
T>_—. (1.1.33)
| A

Therefore, the system (1.1.26), (1.1.28)-(1.1.29) is controllable by the boundary con-
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trols H.(r = 1,--- ;m) if and only if

1 1 1
T > L max + , ) . 1.1.34
(L&A Aoy o] (1.1.34)

(II) (Both-sided with less controls) For the boundary conditions

x=0:us=Hyt) (s=m+1,---,n), (1.1.35)
F:17 7m)7

(
wg= Hyft) (q=m+1,,m) (1.1.36)

noting (1.1.6), the whole system (1.1.26) can be also divided into two systems, the
one 1s

0 0
% p%: (p:l)...7m7m+17...’n)’
X
x=0:us=Hyt) (s=m+1,---,n), (1.1.37)
.Z':L:/U/F:U,n_;'_l_F (F:]-,,m>,

and the other is (1.1.31). An argument similar to the one used in (I) shows that
the system (1.1.26), (1.1.85)-(1.1.36) is controllable by the boundary controls H,(p =
m+1,---,n) if and only if (1.1.34) holds.

Remark 1.1.5 We could also treat the case with source term (see, in particular,
Remark 1.3.2 below):

ou ou
E%—A(u)% = F(u), (1.1.38)
in which F € C' and
tim FW (1.1.39)
-0 |ul

However, if (1.1.39) is not satisfied, although one can refer [72, Chapter 3 on pages
37-62] and [120] to treat this case by larger control time (i.e. (1.1.19)), the approach
of this chapter is not valid anymore. Can we still shorten control time as in (1.1.22)
for such systems? To our best knowledge, this question remains open.

Remark 1.1.6 The condition (1.1.5) implies that (1.1.1) is a strictly hyperbolic
system around the equilibrium. For the more general case

M(0) <0< A(0) (r=1,--- ,ms=m+1,--- ,n), (1.1.40)
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Theorem 1.1.1 and Theorem 1.1.2 still hold if we replace (1.1.22) by

1 1 1
T > Lmax ( max + max , max ) . (1.1.41)
=L [Az(0)]  s=mtln A (0) g=m+1n | Ag(0)]

The rest of this chapter is organized as follows: In §1.2, we show the C°, C* and
modulus of continuity estimates for general linear hyperbolic systems with nonlinear
boundary conditions, which is proved in §1.5. In §1.3, we use a suitable iteration
scheme together with fixed point theory to prove Theorem 1.1.1 and Theorem 1.1.2.
In §1.4, we establish a technical result on controllability of the linearized system by
using constructive methods.

1.2 Some Estimates on Linear Hyperbolic Systems
with Nonlinear Boundary Conditions

In order to obtain the desired exact controllability for the nonlinear system (1.1.1),
(1.1.7)-(1.1.8), we have to investigate C°, C' norms and the modulus of continuity
for the corresponding linear problem. Here, we introduce the modulus of continuity
for f(t,z) to be the following non-negative function:

wnlf) = sup |f(t'2") = f(t",2")], n>0. (1.2.1)
[t'—t"|<n, |2'—z"|<n
(t'z), (t",a")eR(T)

Similarly, we can define the modulus of continuity of a vector function f = (f1, -, fn)
as

wnlf) = max w(n|fi), (1.2.2)
and the modulus of continuity of a matrix function A = (a;;)nxn can be

w(n|A) = maxnw(n]aij). (1.2.3)

WJ =5

Consider the linear hyperbolic system as follows (see also [85, 111]):

ou; Je(t, x) Oc(t, x)
Al bis ( At —) 1.2.4
e SO (e RV R
where u = (uy,--- ,u,)T is an unknown vector function of (¢,z), we assume that

N, big, (i = 1,-++ ,m;k =1,---  7) are all C'*! functions with respect to their argu-
ments. Moreover, without of generality, we assume also that, on the domain under
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consideration, the set of eigenvalues A := {\(t,z),- -, A, (¢, x)} satisfies the follow-
ing condition:

Mt x) < < Ap(t,z) <0< Apgar(t,z) < - < A\ (tx), (t,2) € R(T).  (1.2.5)
Suppose furthermore that
[All 4+ [[Gullo < K < +o0, (1.2.6)

where K is a positive constant and

(Ol = e, {H o

H . } (1.2.7)

For the mixed initial-boundary value problem (1.2.4) with the initial condition
(1.1.10) and the nonlinear boundary conditions (1.1.7)-(1.1.8), where G;(i = 1,--- ,n)
and H; are defined in §1.1, according to the characteristic theory for hyperbolic system
(see [56, 84]), we have the following lemma (the details of the proof can be seen in

§1.5):

Lemma 1.2.1 Suppose G; and H;(i = 1,---,n) are C' functions and (1.1.9)
together with (1.2.5) hold. Suppose furthermore that the conditions of C* compatibility
are satisfied at the points (t,x) = (0,0) and (0, L), respectively. For any given T >
0, the forward mized initial-boundary problem (1.2.4),(1.1.7)-(1.1.8) and (1.1.10)
admits a unique C* solution u = u(t,x) on the domain R(T) = {(t,2)|0 <t < T,0 <
x < L}, which depends continuously on (¢, A, B, c). Moreover, we have

[ullo < C(T, K)(llello + [ H]lo + [ Bllollcllo), 2.
[ully < C(T, K)([lelly + [1H [l + 1 Bllallefls + [[Gello), (1.2.9)

where B := (by,), ¢:= (¢1,-++ ,cn), H:= (Hy,--- , H,) and

|Gello := max {‘

0}. (1.2.10)

In addition, if

L
0<n< mln

G Lo 1.2.11
i gaer() Nt 7)) ( |

one gets

w(nlu) + w(nlu,) < Qn), (1.2.12)
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where
Qn) = G5(T, K) <W(77\30z) + 1Bl (wnle) +w(nler)) + el (w(n|Br) +w(n| Bs))
+ (L llells + I1Bllallells + 1Gello + 1 H 1) (7 + (1 + el + I Bllallells + 1Gillo + [1H Il )w(n|T))

+ (el +UBlllellh + 1Gillo + [[H][1)w(n]Az) + w(n!Ht)>,

(1.2.13)
in which T' denotes the following set of functions
oG, 0G, 0Gs 0Gs r=1,--- ,m;
= o . 1.2.14
{EMS’8t’8uT’8t’S=m+1,--~,n} ( )

_ Remark 1.2.1 w(n|I') denotes the modulus of continuity for ' on the domain
R={0<t<T,0< ullo < C:(T, K)(ll¢llo + [[Hllo + I Bllollcllo)}-

Remark 1.2.2 Different from the usual hyperbolic systems, the source term of
(1.2.4) is essentially the directional derivative with respect to t along the i-th char-
acteristic ”Cll—f = X\i(t,z). One can refer [85, 111] to the well-posedness of this kind
of (nonlinear) hyperbolic systems. In this chapter, however, we still show the detail
proof of Lemma 1.2.1 in order to (1) emphasize the explicit estimate on the matriz
B, the smallness of which will be utilized when iteration in § 1.4; (2) obtain inequality
(1.2.12) for the modulus of continuity under nonlinear boundary conditions (1.1.7)-
(1.1.8) on the whole domain R(T') (not locally), which is not involved in previous
references and will be used to prove the existence of fixed point below; (3) show the
solution u depends continuously on (v, A, B, c), which guarantees the continuity of
our iteration scheme in § 1.4.

1.3 Proof of Main results

1.3.1 Proof of Theorem 1.1.1

Since one can recover the boundary controls as the traces of u afterwards, in order
to get Theorem 1.1.1, it suffices to establish the following

Lemma 1.3.1 Under the assumptions of Theorem 1.1.1, let T' > 0 be defined
by (1.1.22). For any given initial data ¢ € (CY[0, L))", final data ¢ € (C*[0, L))"
and the functions Hy € C'0,T] (s = m +1,--- ,n) satisfying (1.1.23) and the C*
compatibility conditions at the points (t,x) = (0,0) and (T,0), respectively, system
(1.1.1) together with the boundary conditions (1.1.7) on x = 0 admits a C* solution
u = u(t,x) on the domain R(T), which satisfies simultaneously the initial condition
(1.1.10) and the final condition (1.1.15).
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Proof of Lemma 1.3.1 Based on the results in §2, we next utilize a suitable
iterative scheme, the constructive methods (see, in particular, [72, Proof of Theorem
3.2 on pages 47-52] and [111]) together with the fixed point theory (see, for instance,
[19, Chapter 4 on pages 159-180]) to prove Lemma 1.3.1. Firstly, multiplying the i-th
left eigenvector [;(u)(i = 1,--- ,n) on system (1.1.1) from the left and noting (1.1.2),
we get the characteristic form of hyperbolic system (1.1.1):

lz(“)(%Jr/\z(U)g—Z) =0 (t=1,---,n). (1.3.1)

On the domain R(T), we introduce some sets of function

y(0,z) = o(x), y(T, x) = (x);
y:(0,0) = —A(¢(0))p.(0);
Y= ylta) € (CHURMN™| w(0,L) = —A(e(L))e(L); o, (1.3.2)
yi(T,0) = —A(1(0))1h(0);
% = {y(t2) € B lyllo < Cie, lylh < w(e)}, (1.3.3)
33 = {y(t, z) € Lo|w(nly:) +wnly.) < N(n)}, (1.3.4)

Here and in what follows, for simplicity, when no confusion is possible, we put C;(i =
4,5, --) as positive constants which are independent of y, while x(g) and €, (n)(0 <

n < I?in | ||inf m) denote two continuous nonnegative functions with respect
i= T [jw 0§C4E ¢

to their arguments, satisfying

r(0) =0, (1.3.5)
and

2,(0) = 0. (1.3.6)

For any given y € Y5, we consider the following linear system

du; i O Y o\ .
5 TS = ;@zk(y)( o T NW) 8x) (i=1,---,n), (1.3.7)
r=0:us=Gs(t,ur, - ,upm)+ Hs(t) (s=m+1,---,n), (1.3.8)

where

) i g o
Ouly) = ) . 1.3.9
) {Q . 139)



Chapter 1: Sharp Boundary Control Time Estimates for 1-D Homogeneous

Quasilinear Hyperbolic Systems 37
It is easy to see that © := (O1)nxn is a C' matrix function of y, and
0(0) = 0. (1.3.10)
In addition, if y € ¥y, from(1.3.7), one can check that
u(0,0) = :(0,0) = —A((0))2(0),
u (0, L) = (UDf W@D%()
(1.3.11)
MﬂmzwﬁL) W@Mﬂ)

provided u(0,2) = ¢(z) and u(7T,z) = ¢(x). Therefore, the problem becomes
whether there exist a positive constant C; and two continuous nonnegative value
functions (g) and 4 (n) satisfying (1.3.5)-(1.3.6), such that

(a)We can find a continuous iterative operator § : ¥y — ¥o:

u=735), (1.3.12)

which satisfies

(b) (1.3.7)-(1.3.8) hold under the hypothesis (1.1.22).
In fact, by Ascoli’s theorem, >3 is a compact subset of ¥y(see [19, Page 170]).
Clearly 35 is convex, then (1.3.13) imply that

By the Schauder fixed-point theorem, we know § has a fixed point. Thus, when
T > 0 satisfies (1.1.22), there exists a C' function u on the domain R(T) such that

Li(u)(u + Ai(u)ue) = 0, (1,x) € R(T),

t=0: u= ),

t=T: u=1y(zx),
r=0:u,=G(t,u, - upm) + Hy(t) (s=m+1,--,n).

(1.3.15)

This concludes the proof of Lemma 1.3.1, assuming the existence of operator §. =

1.3.2 Proof of Theorem 1.1.2

Assuming the existence of operator §, it is easy to see that we can find another
continuous operator 8 : Xy — Yo, such that
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(aa)
u=B(y), (1.3.16)

which satisfy

(bb) under the hypothesis (1.1.22), we have

Bu, 8u1 Oy Oye\ .
g Zezk <—+)\( >8x> (i=1,--,n), (1.3.18)
x:L.U?fGF(t,Um_A,_l,"‘ ,Un)‘i‘H?(t) (F: 1, ,m) (1319)

An argument similar to the one used in § 1.3.1 shows that 28 has a fixed point.
When T > 0 satisfies (1.1.22), there exists a C'' function u on the domain R(T') such
that

Li(uw)(ue + Ni(u)ug) =0, (t,x) € R(T),

t=0: u= (),

t=T: u=1(x),

r=1L:ur=Ge(t, Ui, yun) + He(t) (F=1,---,m).

(1.3.20)

This concludes the proof of Theorem 1.1.2, assuming the existence of operator §. =

Remark 1.3.1 The purposes of our iteration (1.3.7)-(1.5.8) are (1) to guarantee
the boundary conditions without control (1.5.8) are always satisfied. (2) to use the
smallness of © in order to make (a)-(b) work.

Remark 1.3.2 For the system (1.1.38) with (1.1.89), the iteration scheme is

o, Z@u (ayf+A<>g{C‘)+;Zj$@<y> (1.3.21)

One can check, if (1.1.89) holds, by a similar manner, Theorem 1.1.1 and Theorem
1.1.2 are still valid. However, if (1.1.39) is not satisfied (for example, F(y) = Ay,
where A # 0 is a n X n matriz with constant elements a;;(i,7 = 1,---,n) and
Al == max |a”] is large enough), through our iteration scheme (1.5. 21) one can

not expect that u=73Fy) € Xy and (1.3.13) hold.
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1.4 The Existence of Operator §

In this section, we establish the existence of mapping § by a modified constructive
method. Inspired from the iteration scheme (1.3.7)-(1.3.8), we can divide w into the
following two systems:

ou 6u 0 0
S0 M) S Z@qk (G + MW 5E) (@=L im), (14D)

c‘% ox
and
Bup_|_)\() Z@Pk( )(%Lf—’_/\P(y)aaL;) (pzla"'7m7m+17"'7n)a
sz:us—Gs(t,ul, )+ Hy(t) (s=m+1,---,n).
(1.4.2)

Then the operator § can be established by the following three steps:

Step 1: Control of the system (1.4.1)

In this step, we will construct a C'! solution u, = u,(t,z)(¢ =m+1,--- ,m) for
the system (1.4.1), which satisfies

Before proceeding further, let us claim some uniform estimates. Noting (1.1.22),
if € is small enough, we have

T
/0 oglgiL |Am(y(t, x))|dt > L. (1.4.5)

Then from the above estimate, if € is small enough, there exist T 1(y) and T: Q(y) satisfying

T T I
| it ottt = | o od2, Pyt )t = 5. (1.4.6)

By (1.1.22), if ¢ is small enough, one can easily show that

-0 T T+9
<=

0<TY < —5 <3 <5< TV < T, (1.4.7)
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in which we denote

= <T ~ e ([ oy Mm1<o>r>> ' (1.48)

We now turn to the the construction of u,(¢ =m +1,--- ,m), which is based on
the following three steps. The proof is similar to the one in [72], however, they are
much more complicate in our situation.

(i) On the domain Ry = {(t,2)|[0 <t < T 0 < & < L} (Not R(y) = {(t,2)|0 <
t< T 0<a<L}asin [111]), we first consider a forward mixed initial-boundary
problem (1.4.1) with the initial condition ¢,(¢ =™ +1,--- ,m) and artificial bound-
ary conditions

r=L:u,= f,(t) (¢g=m+1,---,m), (1.4.9)

where f, are any given C'' functions of ¢ with

max || flh < |H[: <e, (1.4.10)
qg=m+1,--.m
_max w(nlfy) < w(nlH) (1.4.11)

and satisfying the following conditions of C' compatibility at the point (¢, z) = (0, L):

w,(L) = f,(0) (¢q=m+1,---,m), (1.4.12)

Q

\E

agi(p(L))pja(L) = = [a(0) (g=m+1,-- ,m). (1.4.13)

<.
Il

Hereafter, we denote
ﬁ = {Hm+17"' 7Hnaﬁly"' 7ﬁ7}' (1414)

We point out here that, in our iteration, f,(¢ = m + 1,--- ,m) are considered as
chosen: in particular, they do not depend on y € 5. This is crucial to guarantee the
continuity of §. By Lemma 1.2.1, there exists a unique C' solution u = uy(¢,z) on
the domain Ry with

lurllo < C5([[Ollollyllo + max [ follo + max [|og]lo)
g a (1.4.15)
< G5([[O]]oC4 + 2)e,
Juglls < Cs(1O]l1][y[lx + max [| fo]l1 + max [[q]l1)
d a (1.4.16)
< Cs(|[O]1(e) + 2¢),
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and

w(nugp) +wnlup) < CrQ(n), (1.4.17)
where

Q1) =w(1lpa) + wnltn) + W) + k(€)1 + k() (n]O,)
+ (1 +e+Gle) + ||@H1/<a(5)) (n + (1 +e+Ge) + H@Hm(a))w(?ﬂF*))
+ 51+ k() (2 + 18]1A(e) + G(e) Jw(nlA)

+ (= + 10l11A(2) + G(e) + 10111 + 18y llor(e) ) 21 (),
(1.4.18)

in which

O\ 00,
Ay = {8uj}’ O, = { By,: }’ 1©]]o := [|©(y(t, ) lcorreryy=, 1Ol := [|Oy(t, )l (crirery)

(1.4.19)
OCr s ) } (1.4.20)

ot

0G|
G<€> = _Inax sup ‘_<t7u17"' 7um>’7
=1, 0<¢<T ot
s=m+1,...n llullo<Cace

. 0G, 0G- 0G, OG-
©\ Ou, Qus’ Ot Ot

} (t=1,--- mF=1,--- mys=m+1,--- ,n).
(1.4.21)

Here, we point out that w(n|©,), w(n|A,) and w(n|I*) denote the modulus of continu-
ity for ©,, A, and I'* on the domain Ry = {0 < ||y|lo < Cuc}, Re = {0 < [Jullo < Cye}
and Ry = {0 <t < T,0 < |luljo < Cae}, respectively. One can easily check that
G(e) > 0is a C° function of £ and

G(0) = 0. (1.4.22)

Then we can dertermine the value of uy at x = 0 as

r=0: ur=ua(t), 0<t< — (1.4.23)

and
lallo < Cs(I©]loC4 + 2)e, (1.4.24)
lally < Co([1O][15(e) + 2¢), (1.4.25)

w(nla;) < C1oQa(n). (1.4.26)
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Here, we denote a(t) := (amy1(t), - ,amn(t)). Evidently, By Lemma 1.2.1, one ob-
tains that uy and a depends continuously on y € ¥ .

(i) Similarly, on the domain Ry = {(t,z)|552 < ¢ < T,0 < 2 < L}, we consider
the backward mixed initial-boundary value problem (1.4.1) with the final condition

Y(g=m+1,--- ,m) and artificial boundary conditions
x=0:u, = gyt), (1.4.27)
where g,(¢ =m+1,--- ,m) are any given functions of ¢ with
_maxlggller < [[H[) <, (1.4.28)
_max w(nlg,) < winlf), (1.4.29)

such that the conditions of C!' compatibility are satisfied at the point (¢, z) = (T',0).
Similarly, in order to have the continuity of §, g,(¢ = m+ 1,--- ,m) are considered
as chosen. By Lemma 1.2.1, there exists a unique C* solution u = u(¢,z) on the
domain Ry, which allows us to determine the value of u; at z = 0 as

T—-46
r=0: u,=>bt), — <t<T, (1.4.30)
in which
1bllo < Ca(1©]oC4 + 2)e, (1.4.31)
6]l < Cia(||©]1K(e) + 2¢), (1.4.32)
w(nlbr) < C13Q2(n). (1.4.33)
Here, we denote b(t) := (bm1(t), -+ ,byn(t)). An argument similar to the one used in

(i) shows b depends continuously on y € ¥s.
(ili) Let (o, B) € (C?[L52, ZF])? be such that

a(T;(S) = 1,a(T;5) = O,Oét(T_ 5) =0, at(T;(s) =0; (1.4.34)
s =080 =185 =0, A =0 (1.4.35)

2

Again, the scalar functions a(t) and 5(t) as the functions f, and g, (¢ = m+1,--- ,m)
are considered as chosen. Next, Set

alt), 0<t< L2
ot) = q a(t)a(t) + Bt)b(t), 75 <t < T2, (1.4.36)
bt), TR <t<T.
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Obviously, ¢ € (CY[0,T])™ ™. On the other hand, it can easily be verified from
(1.4.24)-(1.4.26) and (1.4.31)-(1.4.33) that

lello < Cra([|OloCa + 2)e, (1.4.37)

lells < Cis(I®ls(e) + [[8]loCae + 2¢), (1.4.38)

w(nle:) < Ci622(n), (1.4.39)
and that ¢ depends continuously on y € ¥5. Here, we denote c(t) := (cmp1(t), -+, em(t)).

Since there are no zero eigenvalues, changing the status of ¢t and z, system (1.4.1)
can be equivalently rewritten as

Oug 1 duy Oy, 1 Oy
or () OF > 0w (5 + 5 () ot ) (1.4.40)
q k=1 q

Now we consider the rightward mixed initial-boundary value problem for the system
(1.4.40) with the initial condition

r=0: uy,=c(t), 0<t<T (¢=m+1,---,m), (1.4.41)

and the following boundary conditions reduced from the final data 1);:
t=T: u,=1v4(x) (¢g=m+1,---,m). (1.4.42)
We easily check that the mixed initial-boundary value problem (1.4.40)-(1.4.42) sat-
isfies the condition of C' compatibility at the point (¢,z) = (T,0). Therefore, by

Lemma 1.2.1, there exists a unique C' solution u, = @,(t,z) (¢ =m+1,---,m) of
(1.4.40)-(1.4.42) with

_max |igllo < Cir([|©]0Cs + 2)e, (1.4.43)

qg=m+1,--,;m

mnax ldg]l < Cis([18lli(e) + [[©]loCae + 2¢), (1.4.44)

nax Qi) + Qn]dge) < Crofa(n), (1.4.45)
and 4, (¢ =m+1,---,m) depends continuously on y. Next, let u, = @,(t,x)(q¢ =

m-+1,---,m). By uniqueness (see also [72] and [111]), u,(¢ =m+1,--- ,m) satisfies
(1.4.3)-(1.4.4) and (1.4.43)-(1.4.45).

Step 2: Control of the system (1.4.2)

Once the system (1.4.1) is controlled, we can substitute u,(¢,0) = ¢,(t)(¢ =
m+1,---,m) to (1.3.8), which leads system (1.4.2) to a new linearized system as
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follows:

n

Oup Oup —
ot +Ap(y>% = kZl@Pka)(aaitk +>\P(y)%)v(p = 17" : 7m;m+ 1;' oo 7n)7

x:O:us:gS(t,uh... 7um>—|—£[5(t)75:7n_|_1,... M,
(1.4.46)

where
gs(taub" ' 7uﬁ) = G5<t,U1," © o U, G, - 7cm)7 (3 =m+ 17" : 7”)' (1447>

Fortunately, noting (1.3.11), one can easily check that the above system (1.4.46)
satisfies the same C'! compatibility conditions at the point (¢,z) = (0,0) and (T, 0)
as the original one (1.1.1) (see Remark 1.1.3), which guarantees the well-posedness
of the system (1.4.46).

Combining the one-side control approach in [72, Chapter 3 on pages 47-52] and a
analogous heuristic argument used in Step 1, the details of which we omit, one can
show that under the hypothesis (1.1.22), there exists a C'* solution u, = u,(t,x)(p =
-« ,mm+1,--- n) satisfying

t=0: a,=py(z) (p=1,---,m,m, - ,n), (1.4.48)
t=T: u,=vy(x) (p=1,---,m,m,---,n). (1.4.49)

Moreover, we have

max [apllo < Cao([[©l0Ca + 2)e, (1.4.50)

max ||yl < Con (1]l15() + [OloChe + 22 + G(e)), (1.4.51)

Hl;iX w(n!&pt) + W(77|fbpx) < 02292(77)7 (1452)
and G,(p =1,--- ,m,m,--- ,n) depends continuously on y € Xs.

Step 3: Proof of the existence and continuity of §

Let

023 = maX{CN, 020}, (1453)
024 = maX{Clg, 021}, (1454)
025 = maX{Clg, 022}. (1455)
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We then choose

04 - 3023, (1456)
k(e) = 5Chue + 205, G (), (1.4.57)

and

Q1 (n) =2Co5 (w(77|¢) +w(nlY) + w(nlﬁ) + 2w(77|@y))

(1.4.58)
200+ 1) (-4 (1 52 )wlall)) + 20001,
by (1.1.4), if 0 < € < 1 is small enough, one gets
0l < 5+ 1611 < 72— (1.459)
20, 2CY,
and
A(e) < 1,Ca5 (= + [O11(e) + G(e) + O] + 10y low(e) ) < % (1.4.60)
Let
u(t,z) = (U, -+, Up). (1.4.61)

Then noting (1.4.43)-(1.4.45) and(1.4.50)-(1.4.52), under the hypothesis (1.1.22), we
have

llullo < Cae, ||ullh < k(e), (1.4.62)
and
w(nlue) +wnluz) < (n). (1.4.63)
Therefore, combining (1.4.48)-(1.4.49) and (1.4.3)-(1.4.4), we show that
u € B (1.4.64)

From the construction of the operator § in Step 1-Step 2, one can easily verify it
is continuous on y. The construction of § is now completed. |
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1.5 Appendix: Proof of Lemma 1.2.1

In this section, we give a detail proof of Lemma 1.2.1. For the case of coupled
system of wave equations, one can refer to [56].

Set w = (wlv to 7wn)7p = (p17 e 7pn>7 where

W; = Uiy (i:17"'7n)7

pi=uy (i=1,---,n). (1.5.2)

Obviously, noting the equations (1.2.4), one can show that

4 Ock(t, x) Ock(t, x)
pioe Mty = 3 bt () = (153)
Hence, by straightforward computations, we have
Ipllo < Cy(8) (1lwllo + 1 Bloliel ) (1.5.4)

and

winlp) < Co() ((lwllo + 1Blllell ) + w(nlw) + | Bllo (wliler) + w(nle.)).
(1.5.5)

Here and in what follows, we assume that C,,(K)(n € ZT) are positive real numbers
depending on K.

Thus, if we want to prove that ||ul|o, ||u|/1 and w(n|u:) + w(n|u,) satisty (1.2.8)-
(1.2.9) and (1.2.12), respectively, it suffices to show (1.2.8),

leollo < Go(T, 1) (Hlells + 1L + Bl el + Gl (1.5.6)
and
winw) < Co(T, K) (w(nlies) + Bl (wlnle) +wlen) + llell @@l B) + (il B.))
+ (L4 el + IBllelly + I1Gello + 1) (0 + (1 + gl + 1Bl lelly + [1Gell
+ 1 )w@IT) + (el + 1Bl el + IGallo + I )w(nlAs) + w(nH)) - (1.5.7)
hold.

Utilizing the decomposition of waves (see [61] and [111]), one gets

d'LLZ'
d;t

= Bi(t, z, u), (1.5.8)



Chapter 1: Sharp Boundary Control Time Estimates for 1-D Homogeneous

Quasilinear Hyperbolic Systems 47
Wity 4 ) (1.5.9)
=%l T,u i \U, T )Wy, cJ.
dit Y < Yij J
where
d 0 0
— = — 4+ N(t,x)=— 1.5.10
g TN ( )

denotes the directional derivative along the i-th characteristic,

(2, ) me (t, ) dc’“ ), (1.5.11)
and
" T d ey (t, ) Obix(t, x) Oy (t, )
o) =3 | 7 (bt -
p dt( Ox ) ot Ox (1.5.12)
Ob(t, x) Oc(t, x) ONi(t, x) Dcg(t, )
* Ox ot + banlt, ) Ox Ox ’
O\
Vi (L, x) = (éx )5zj- (1.5.13)
Let
Ty = min  inf L (1.5.14)

i=1n (ta)eR(T) |\ (t, )|
Next, we will prove (1.2.8), (1.5.6)-(1.5.7) on the domain
R(T) ={(t,2)][0 <t <T,0<z < L}. (1.5.15)

then claim they still hold on the whole domain R(T).

Step A (estimate of ||ul|p): For any given point (¢t,z) € R(11), we draw down
the r-th characteristic £ = f,.(7;t,2)(r =1,--- ,m):

) — ) (1, (13, 7)), (1.5.16)
T=t: =1 h

passing through (¢,x). Noting (1.2.5) and (1.5.14), there are only two possibilities:

(a)This r-th characteristic intersects the z-axis at a point (0, ). Integrating the
r-th equation in (1.5.8) along this characteristic from (0, o) to (¢, z), noting (1.5.11),
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we get

Jur (8, )| < [[u(0, )l + 2[ Bllol¢llo, (1.5.17)

(b) This r-characteristic intersects x = L at the point (¢,, L), and all s-th charac-
teristics passing through (t,, L) intersect the z-axis at point (0, 8s)(s = m+1,--- . n)
respectively. Then similarly to (1.5.17), we have

fur(t,2)] < Jur (tr, L) + 21| Bllolelo (15.18)

Moreover, by means of the boundary conditions (1.1.8) and noting (1.1.9), it is easy
to get

lu(t,, L)| < C5(K) max  |ug(t,, L)| + || H]lo, (1.5.19)

m+1<s<n

without loss of generality, we may suppose 55([( ) > 1.

Similar to (1.5.17), integrating the s-th equation in (1.5.8) along the s-th charac-
teristic from (0, B;) to (¢, L) gives

e, ) < (0, o + 21Bllllclo. (1.5.20)
The combination (1.5.18) to (1.5.20) leads to
uy (6, 2)] < Co() (a0, o + 1l + | Blolelo). (15.21)

Thus, it follows from (1.5.17) and (1.5.21) that

uy ()] < G () (0.l + 1 Hllo + 1 Blolelo). (1522
Similar estimates can be obtained for us(¢,z)(s = m+1,--- ,n). Hence, we have
u(t) < C3(K) (J|u(0, ) o + [ Hllo + 1Bllollcllo) (1.5.23)

in which we may assume that Cg(K) > 1 and in what follows, we denote

u(r) = sup [lu(t, )], (1.5.24)
0<t<r

w(r) = sup [fw(t,-)[o. (1.5.25)
0<t<r

Taking u (77, ) as the initial data on ¢ = T7, and repeating the previous procedure,
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we obtain

u(t) <Cs(K) (|lu(T, Yo + [ Hllo + [ Bllollello)
<CZ(K) (u(0,)lo + 1 H lo + 1 Bllolicllo), Ty <t < 2Ty

Repeating this procedure at most M = [%] + 1 times, we get
o < mass u(®) < CLCR) (0, Yo+ | H o+ 1 Blllells). ¥t € 0.7

This concludes the proof of (1.2.8).

Step B (estimate of ||wl|g): As before, for any given point (t,z) € R(T}), there
are still two possibilities for the r-th characteristic (r =1,--- ,m).

In case (a), integrating the r-th equation in (1.5.9) along this r-th characteristic
from (0, a,) to (¢, x) yields
¢
wr(t7$> - ’UJT(O, ar) = / ( fr 7_ t ZL’ + Zﬁ)/r] f’r Tvtu x))w]d’r (1526)
0
then by (1.5.12)-(1.5.13) and (1.5.25), one can show that
. t
wntt, ) < (0, Yo + Col) (1B el + | w(ryar) (1.5.27)
0
In case (b), similar to (1.5.19), we have

hMMNQWWDHﬁMm@MM%+[w@w) (1.5.28)

In order to estimate |w,(t., L)|, we seek the boundary conditions satisfied by w,
on x = L. Differentiating (1.1.8) with respect to ¢, we get

6ur "L 9G, 8u8 B
r=1: - + ) T Hy (r=1,---,m). (1.5.29)

s=m+1

By (1.2.4), together with (1.5.29), we obtain
n 8ck 8ck 8G,~
wlt, L) = <Zb”€< R R

+ Zn: oC ()\ w, — stk 8tk s%ﬂ“)))(t,L).

s= m+1

(1.5.30)
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Then by noting (1.1.9), one can easily see that

|w,,(t,,,L)|§511(K)< max |ws(tr;L)’+||Ht||0+||B||0||C||1+||Gt||0>, (1.5.31)

m+1<s<n

in which we may assume that Cy;(K) > 1. Integrating the s-th equation in (1.5.9)
along the corresponding s-th characteristic from (0, 5,) to (¢, L) gives

|ws(t,, L)| < ||w(o,.)Ho+512(K)<y|B||1||c||1 +/0Tw(7)d7). (1.5.32)

Combining (1.5.28), (1.5.31)-(1.5.32) yields

. t
jwn(t, )] < 013(K)(||90||1 +lBlhllel + 12+ 1Gllo +/O w(T)dT>, (1.5.33)

Similar estimates can be obtained for wy(t,xz)(s =m +1,--- ,n). Hence we get

wlt) < Cuat) (el + 1Bl el + 11+ [Gello+ [ wr)ar). (1530

Then, using Gronwall’s inequality, for 0 <t < T3, one shows
w(t) < Cis(K)([[elly + 1 Bllallelly + 1] + 1Gello), (1.5.35)

we assume here that Cj5(K) > 1.

Repeating above procedures, for 0 <t < T, we have

lwllo < max wit) < Coo(T K) (el + I Bllallell + 12+ 1Gello),  (15.36)

which finishes the proof of (1.5.6).

Step C (estimate of w(n|w)): By (1.2.5), when i = 1,--- ,m, let us consider
the i-th characteristic from the point (0, L) which divides the domain R(7T}) into R;
and RY; Similarly, when i = m +1,--- ,n, let us consider the i-th characteristic from
(0,0) which divides R(T}) into R; and R). For any given (t,x) in R(T}), let us
consider the i-th characteristic & = f;(7;t, z) which intersects the boundary of R(77)
(i.e. =0,z =L and t = 0) on (7x(t, ), & (¢, x)), then we have

7i(t,x) =0,&(t, ) = fi(0;t,2), if (t,z) € RY, (i =1,--- ,n),
&(t,x) =L, fi(ri(t,x);t,x) =L, if (t,w) € RY,(i=1,---,m), (1.5.37)
fl(t,fl') = Oa fz(TZ(t7$)at7m) = 07 if (t,[L’) € R;v (Z =m+ 1a e 7”)'

Before claiming (1.5.7), we need the following estimates, which can be found in many
references (see, for instance, [84, Lemma 3.3 on pages 50-51]):
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Proposition 1.5.1 On the domain R(T}), for any characteristic £ = fi(7;t,x),
we have

H 3f7, 812

o l7ilos l17ia o, 1€ilos 1gialo < Cir(K) < 400 (i=1,---,n).
(1.5.38)

Integrating the r-th equation in (1.5.9) along the r-th characteristic &, = f,.(7;¢, x),
we obtain

w, (t, ) =Er(n(t,x),€r(t,x))+/(t | %+me] T, fr(Tit,2))dr,  (1.5.39)

where

w,(7-(t,2), L), V(t,z) € R},

w,(0,&:(t,2)),V(t,z) € RO (1.5.40)

ET‘(T””(t’ I)? g’/’(t7 x)) = {

Obviously, by the basic proposition of the modulus of continuity (see, for example,
[84, Pages 58-59 and 88-90]), one obtains

w(nw,(0,&:(¢,x))) < élg(K)w(n]wT(O, ). (1.5.41)
Let

w(T, njw) = sup lw(ty, z1) — w(ty, z2)]. (1.5.42)

(t1,21), (t2,z2) € R(T)
[t —t2] <m, |z — 22| <9

It is easy to see that

w(Ty,nw) = sup w(r,nlw). (1.5.43)
0<7<T

Utilizing Proposition 1.5.1, for any given 0 < 7 < T, by (1.5.30), one gets
w(r, w7+, ), L)) < Cro(K ) (7, plw, (-, L))
<Coo(K ((I|U||1 +Bllllells + 1Gello + [ 1) 7 + (1 + ull) (L + [fully + | Bllillefl)w(n|T)
+11Blo(wnler) +wrle,)) +wnlH) + _max  w(rlu(, L))
<Cu(K ((1 +llull + 1Bllallells + I1Gello + 1H 1) ( + (1 + [fully + | Bll1[lell)w(n]T))

+ 1Bllo(wrler) +wnles)) +wnlH) + _max  w(r,nhws(-,L))).
(1.5.44)
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For any given point (¢, L) on x = L, integrating the s-th equation in (1.5.9) along
the s-th characteristic & = fs(7;t, ) form (¢, L) to (0,&s), we obtain

wy(t, L) = wy(0,&(t, L)) + / vs(7, fs(T5t, ) +Z%] 7, fs(T5t, m))w;dT. (1.5.45)

7=1

Next, we will use (1.5.45) in order to estimate w(7, n|ws(-, L)), where 0 < n < Tj.
Setting

Ob(t, x) Ock(t, x) N Oby.(t, x) Ock(t, x)

1] t: ==
bt x)ﬁx\i(t, x) dex(t,x) 8)\i(t7w)5--w-(t 2 5.
A oz Ox ox Y
in which 4,7 =1,--- ,nand k= 1,--- ,n. For any given 0 < 7 < T}, by Proposition

1.5.1, one gets
('i(Tvm’Sijk(Tv fi(T;tﬂL)»
SCo(K)w(T, | Liji(7, £))
<Cas( )((HUI!1+ 1Bl llell) (7 + w®lAe)) + | Blli(w(nler) + w(nles))

+ llelly (@l By) + w(nlBa) + wir, nlw) )

(1.5.47)

Thus, noting (1.5.47), for any given 0 < ¢t < T3, we have

(o] [ 2untr s(rst. 1yim)

§524(K)<(1 +lully + 1 Bllsllell)n + (lull + Bl el )w(nlA)

+1Blh(etrle) +wlnlen) + el (alB) + w1 B2)) + [ wtralw)ir).

(1.5.48)
By (1.5.45), it is easy to show that

w<t_7 n‘ws('v L))
<C(K) (W(n!w(()’ )+ (L4 [lulls + I1Blhlelln)n + (lull + [ Bllllel)wn]As)

+ | Blli(w(nle:) +w(nle.)) + llelli(wnlBe) + w(n|B:)) + / w(T, 77|w)dT>-
’ (1.5.49)
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From (1.5.44), we find that
w(t, nlwe(7(-,), L))
<Cag(K) (w(n\w(oa ) + Bl (w(nler) + w(nlea)) + llells (wn|By) + w(n|Ba))
+ (U flulls + IBlllell + 1Gillo + 1#11) ( + (14 [lull + [Blls[ell)w (n[T)

+(||u||1+||B||1Hc||1)w(n|Ax)+w(n\Ht)+/0 W(Tvnlw)df)-

(1.5.50)
Combining (1.5.40)-(1.5.41) and (1.5.50), one has

w(ﬂmEr(Tr('? ')agr('v )))
<Cy(K) (w(n\w(o, ) + 1Bl (w(nle:) +w(nlez)) + llell(w(n|By) + w(n| Bz))
+ (1 flulls + IBllallell + 1Gillo + 17111) (0 + (14 [lull + [ Blls[el)w (n[T)

+(HuH1+HBllchIIl)w(nle)+w(n|Ht)+/0 w(T,nlw)dT)-

(1.5.51)
Next, noting (1.5.39) and (1.5.48) together with Proposition 1.5.1, one can show that

w(t, n|w,)
<Con(K) (wm\w(o, ) + 1Bl (@(nler) + wnles)) + el @@l B +wn|B.)
(Ul + 1B llell + 1Gall+ [H 1) (r-+ (34 [l + Bl o)

Jr(llUlllJr||B||1||C||1)w(77|/\m)+w(77|11’t)+/0 w(T,nlw)dT)-

(1.5.52)
Similar estimates can be obtained for wy(t,z)(s =m +1,--- ,n). Thus,

w(t, nlw)
<Cay(K) <w(77\w(07 ) + 1Bl (wnle) + w(nlea)) + el (wnl Br) + w(n|Ba))
+ (U flulls + IBllallell + 1Gillo + 1H7111) ( + (14 [lull + [Blls[ell)w (n[T)

+(||u||1+||B||1||6||1)w(77|Am)+W(77|Ht)+/O W(T,nlw)df),
(1.5.53)
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which, by Gronwall’s inequality, leads to
w(Ty, n|w)
<Ciyo(K) (W(n\w(Oy ) + Bl (wnle) +wnles)) + llelly(w(n]By) + w(n|Ba))
+ (L [ulle + [ Bllallells + 1Gello + 1 1) (1 + (1 + [Jull + [ Bll1lell)w(n|T))

+ (lully + [[Bll1llell)w(nlAz) + W(ant)>-

(1.5.54)
Let
where, i =1,..., M and
ti_ti—l STl,/L':]_,...,M (t():O,tM:T) (1556)
Obviously, one has
M
R(T) €| JR.. (1.5.57)
i=1
Before claiming (1.5.7), we denote that
wi(nlw) := sup \w(ty, 1) — w(te, x2)|. (1.5.58)
(t1,z1), (t2,22) € R;
[t1 —t2] <, |z1 —x2| <1
Clearly, w; (n|w) < w(T1,n|w) and
M
wlnlw) = (T ) < 3 ennfo). (1.5.59)

1

Then repeating the procedures in Step C at most M times, we can get similar
estimates (like (1.5.54)) for w;(n|w)(i = 2,---, M). Therefore, noting (1.5.59), one
obtains

w(nw) <Cs (T, K) (W(nlw(O, ) + 1Bl (w(nle:) +w(nles)) + el (w(nl Br) + w(n| Bz))
+ L+ llully + IBllllells + I1Gello + 11H 1) (0 + (1 + [lully + [|Bll el )w(n]T))

+ (Jull +[1Bllillell)w(n]As) + W(n!Ht))-
(1.5.60)
Applying (1.5.6) to (1.5.60) concludes the proof of (1.5.7).
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Step D (Continuity on (¢, A, B, c)): For any (oM, AN BO M) (2 A B@ 2) ¢
(CHR(T))™ < (CHR(T)])" = (CH[R(T)])™ " x (CH[R(T)])", we put u (£, 23, AW, BW, W)
and u®(t,z;0?,A? B® 2) be the C' solution for the corresponding mixed
initial-boundary problems (1.2.4),(1.1.7)-(1.1.8) and (1.1.10). Taken

w(t, ) = u (t,w AW B D) — (1250 A BD ),
p*(2) = W(x) — P (2),

A*(t, ) = AU ( ,:13) AP (¢, ),

B*(t,x) :== BO(t,2) — BA(t,z),

() = (tx) — ().

Next, we will show that

lim [u*[l = 0. (1.5.61)
llo* le+IA* l1+ I B*[[1+lc* L =0

Since u* satisfies the following mixed initial-boundary problems

() (2 + A () %)

« (2)
+Zb(2) )<3Ck+A(”( DFE A (L)) (=1, n),

vl A (8, ) 2 = (L, o) 2

sz:uz—G(t u(1)~', grll)) Gs(t,u (2) '~,u$r%)) (s=m+1---,n),
x:L:u::G(t,ugll,---, )y — Gr(, m+17"',ug)) (r=1,---,m),

(t=0:u; =¢;(x) (i=1,-,n).

By the result in [111, inequality (2.23)] for the inhomogeneous system, one directly
obtains

lim l[u*[lo = 0. (1.5.62)
I+ IA* 1+ B [+ e 10

On the other hand, on the domain R(73), noting (1.5.39) and (1.5.3), a straightfor-
ward computation yields that

lim llurllo + |lugllo =0 (on the domain R(7})). (1.5.63)
le* I+l A* [[1 41 B*[l1+]le* |1 =0

Then repeating the procedures in (1.5.63) at most M times, one can show that

lim uyllo + ||u;]lo =0 (on the domain R(T")). 1.5.64
uw\|1+||A*\|1+||B*||1+Hc*||ﬁoH o+ llzlo ( D) ( )

We have thus proved the Lemma 1.2.1. [ |
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2.1 Introduction and main results

There are many publications concerning the exact boundary controllability for lin-
ear and nonlinear hyperbolic systems, including wave equations, Saint-Venant equa-
tions, Euler equations, etc. (see [19, 72, 89, 100] and the references therein).

As for the general first order hyperbolic systems, one can refer to the recent
monograph of Li [72] for almost complete results on the exact controllability of the
following 1-D quasilinear hyperbolic system (including many conservation laws)

U, + A(U)U, = B(U) (2.1.1)

in the context of classical solution. It is well known that if all the characteristic
speeds of the system does not vanish, i.e., all the eigenvalues of A(U) are nonzero in
the domain under consideration, then (2.1.1) is exactly controllable (at least locally

57
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in C! class) by boundary controls provided that the control time is sufficiently large.
(see Li and Rao [75, 74]; see also Wang [111] for the nonautonomous case).

On the other hand, the controllability problems have been studied also in the
content of weak entropy solutions for hyperbolic conservation laws since the early
result on attainable set by Ancona and Marson [8]. In the scalar case, one can refer
to Horsin [51] for boundary controllability result of Burgers equation and to Perrollaz
[96] when an additional distributed control appears in the right hand side. In the
case of systems, the first result on controllability was due to Bressan and Coclite [13].
For general strictly hyperbolic systems of conservation laws with genuinely nonlinear
or linearly degenerate and non-vanishing characteristic fields, it is shown in [13] that
a small BV initial state can be driven to a constant state by an open-loop control
asymptotically in time (see also [9] for one-sided control). Moreover, a negative result
for a class of 2 x 2 hyperbolic systems was also proved in [13] that an initial data with a
dense distribution of shocks can not be driven to constant by using boundary control.
Different from this negative result, Glass obtained the boundary controllability of 1-D
isentropic Euler equation [40]. As a further study of [40], Glass recently obtained the
boundary controllability for 1-D non-isentropic Euler equation in both Eulerian and
Lagrangian coordinates. It is surprising because the equivalent controllability in C*
framework is false. Actually, the physical entropy can not be changed by boundary
controls since the corresponding equation of the Lagrangian system has identically
vanishing characteristic speed (See [41, Remark 1.3]).

A widely open question naturally arises that whether it is possible to establish
exact controllability for a hyperbolic system with vanishing characteristic speeds.
The situation seems different. Notice that the solution u(t, ) of the degenerate case
of the equation (essentially an ordinary differential equation)

u =0, (t,z)€ (0,T) % (0,2m),
{u(O,x) =wuo(z), x € (0,2m), (212)
obeys
u(t,-) =up, Vtel0,T]. (2.1.3)

Obviously, it is impossible to change the value u by using the boundary controls
acting on the end z = 0 and/or z = 27.

There are several directions that have been attempted to answer the above open
question.

One is to add some internal controls. For systems with identically zero character-
istic speeds, a general result on exact controllability has been obtained by combining
internal controls acted on the components corresponding to the zero eigenvalues and
boundary controls acting on the other components [82, 111]. There the internal con-
trols depend on both variables (¢, z) and are globally distributed. Later on, an exact
controllability result, with some constrains concerning the compatibility between the
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initial and final data, was established by using only the internal controls acted on
the components corresponding to nonzero eigenvalues [76]. Again the internal con-
trols are globally distributed. It is worthy of mentioning that exact controllability
for a simplified model is also realized in [76] by switching controls where the internal
control is locally distributed.

Another is to loose the requirements of exact controllability if one considers only
the boundary controls because internal controls are usually not applicable for some
physical reasons. It is possible to obtain partial exact controllability by boundary
controls, if one aims to control only the values of the components corresponding to
the nonzero eigenvalues. [113, 114].

While the most interesting problem is whether one could establish exact control-
lability for a hyperbolic system with zero characteristic speeds by only boundary
controls. In this direction, Gugat and Leugering [48] proved a global boundary con-
trollability result which covers the critical case in which one of the characteristic speed
is zero. In spite of the degenerate model (2.1.2), it is still possible to prove the con-
trollability for some nonlinear system. The return method of Coron has been applied
to the many situations in [19], where the linearized system is not controllable while
the nonlinearity enables the corresponding nonlinear system to be controllable. One
can apply the return method to realize exact boundary controllability for quasilinear
hyperbolic systems with a zero characteristic speed [23], when the possible vanishing
characteristic speed can be driven nonzero after sufficiently long time. However, this
approach seems to be no longer valid for the system with identically zero character-
istic speeds (see [23, Remark 1.3]).

In this chapter, we consider the following linear hyperbolic system with a vanishing
characteristic speed:

{“t = otz + v, (2.1.4)

U = YU,
where «, 3,7 € R are constants. Without loss of generality, we may assume that o <
0. The problems that we are interested in are (null) controllability and asymptotic
stabilization problems under only boundary controls, and how the control properties
are determined by the coefficients «;, (3, 7.

More precisely, we first study the null controllability problem for the system (2.1.4)
under the boundary control h € L*(0,T) for some T > 0:

u = au, + Pu,  (t,x) € (0,7) x (0,2m),
v ="u, (t,x)e (0,T)x (0,27), (2.1.5)
w(t,0) —u(t,2m) = h(t), te€(0,7T).

Definition 2.1.1 Let T > 0, the system (2.1.5) is (null) controllable if: for any
(ug, vo) € (L2(0,2))?, there exists a function h € L*(0,T) such that the solution of
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the mized initial-boundary problem (2.1.5) with the following initial data
(u(0,2),(0,2)) = (uo(z), vo(z)), =z € (0,27) (2.1.6)
satisfies the finial condition:
(u(T,z),v(T,z)) = (0,0), =z € (0,27). (2.1.7)

The system (2.1.5) is asymptotically (null) controllable if it is (null) controllable for
T = +o00 in the sense that

lim (u(t,-),v(t,-)) = (0,0) in L*(0,2m). (2.1.8)

We also consider the asymptotic stabilization problem for system (2.1.4) under a
feedback law
u = au, + o, (t,z) € (0,+00) x (0,27),
v ="u, (t,x)€ (0,+00) x (0,27), (2.1.9)
u(t,0) = ku(t,2m), te€ (0,+00).

Definition 2.1.2 The system (2.1.5) is asymptotically stabilizable if: there exits
k € R such that for any (ug,ve) € (L?(0,27))?, the solution of the closed-loop system
(2.1.9) with the initial data (2.1.6) is asymptotically stable, i.e., (2.1.8) holds.

The Main results that we obtain in this chapter are the following theorems.

Theorem 2.1.1 For any given 0 < T' < +o00, the system (2.1.5) is not (null)
controllable.

Theorem 2.1.2 The system (2.1.9) is asymptotically stabilizable if and only if
By < 0.

Theorem 2.1.3 If By < 0, the system (2.1.5) is asymptotically (null) control-
lable.

The rest of this chapter is organized as follows. In section 2.2, we state the well-
posedness of both the open-loop system (2.1.5) and the closed-loop system (2.1.9).
The proofs of the Theorem 2.1.1, Theorem 2.1.2 and Theorem 2.1.3 are given in Sec-
tion 2.3, Section 2.4 and Section 2.5, respectively.



Chapter 2: On boundary control of a hyperbolic system with a vanishing
characteristic speed 61

2.2 Well-posedness of the system (2.1.5) and the
system (2.1.9)

In this section, we give the definition and well-posedness of solution to the system
(2.1.5) and the system (2.1.9). The well-posedness issue is fundamental to the control
problems. Here we only present the results without proof, which can be derived by
classical methods, such as characteristic method [84] or by theory of semigroup of
linear operators [94].

Definition 2.2.1 Let 0 < T < 400, h € L*(0,T) and (ug,ve) € (L?(0,27))? be
giwen. A solution of the initial boundary problem (2.1.5)-(2.1.6) is a function (u,v) €
Co([0,T); (L*(0,2m))?), such that, for every T € [0,T] (if T = +oo,T € [0,+00)) and
for every (o1, p2) € (CH([0,7] % [0,27]))? such that v1(t,0) = ¢1(t,27), Vt € [0,7],
one has

_ /OT /OQW[(SOM — ap1)u + fopr] dxdt + o /OT h(t)p(t, 2m)dt
+ /:Tr o1(1, 2)u(T, z)dr — /027T ©1(0, x)up(z)dr =0 (2.2.1)

and

T 21 27 27
- / / (par + yuips] dedt + / o, 2)o(r, 2)do — / 20, 2)vo()dz = 0.

0 0 0 0
(2.2.2)

Lemma 2.2.1 Let T > 0, (ug,v9) € (L*(0,27))? and v € L*(0,T) be given.
Then the initial boundary problem (2.1.5) with (2.1.6) has a unique solution, which
depends continuously on (ug, vo, h).

Definition 2.2.2 Let k € R and (ug,vy) € (L*(0,27))? be given. A solution of
the initial boundary problem (2.1.9) and (2.1.6) is a function (u,v) € C°([0, +o00); (L*(0,27))?),
such that, for every T € [0,00) and for every (p1,¢2) € (C*([0,7] x [0,27]))* such
that ko1 (t,0) = p1(t,2m), Vt € [0,7], one has

T 2 2 2
—/ / (11 — qp1z)u + Bug:| dedt + / o1(7, z)u(r, x)de — / ©1(0, x)up(z)dx = 0,
o Jo 0 0

and

T 2 2 2
— / / [parv + yus| dedt + / o7, x)v(T, z)dr — / ©2(0, x)vo(z)dx = 0.
o Jo 0 0
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Lemma 2.2.2 Let k € R and (ug,vo) € (L*(0,27))* be given. Then the initial
boundary problem (2.1.9) with (2.1.6) has a unique solution, which depends continu-
ously on (ug, vo).

2.3 Proof of Theorem 2.1.1

We divide the proof of Theorem 2.1.1 into two cases: Sy = 0 and pvy # 0.

Case 1: vy = 0. In Case 1, the result is trivial in the sense that (at least) one
of the two equations in (2.1.5) is decoupled from the other one.

Case 1.1: 7 = 0. Since v = 0, the second equation in (2.1.5) becomes
v =0, (t,z)e(0,7)x(0,2m), (2.3.1)

which implies that v(¢,-) = vo(-) € L*(0,2m) for all ¢ € [0,T]. Therefore, it is
impossible to drive v from vy # 0 € L*(0,27) to zero at time T no matter what the
control h is.

Case 1.2: =0 and v # 0. Since 5 = 0, the first equation in (2.1.5) becomes
Up = Uy, (2.3.2)

which does not depend on v. Suppose that the system (2.1.5) is (null) controllable.
Let

(up(x),vo(z)) = (1,0), € (0,2m), (2.3.3)
then there exits h € L*(0,27) driving (u,v) from (ug,vo) to (0,0) at time 7. Multi-
)

plying (2.3.2) by ¢™® (n € Z) and integrating on (0,7") x (0,27), we get from ~y # 0
and (2.1.5), (2.1.7) and (2.3.3) that

0= / / — aug)e e dxdt
T ) =2 2
= / [ue ] dr — « / [ue1 dt+moz / / uel™ dadt
0 tZO 0 :13:

27 T =
= —/ up()e™ + a/ h(t) dt + ina [vem] dxdt
0 0 7 Jo t=0

21 T
_ / & 4o / ht)dt, VneZ. (2.3.4)
0 0

Therefore fOT h(t) = 0asn # 0, while fOT h(t) = =2 % 0 as n = 0. This contradiction
concludes the proof of Theorem 2.1.1 for the Case 1.2: v = 0.
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Case 2: (v # 0. In this case, we will prove Theorem 2.1.1 by contradiction
argument. The contradiction is derived by moment theory, with other applications
on controllability in [91] and [99].

Let us assume that there exists h € L?(0,2m) such that the solution (u,v) of
(2.1.5) with (2.1.6) satisfies (2.1.7). We introduce the adjoint system of the system
(2.1.5):

Pt = aps — V4,
q = —Pp, (2.3.5)
p(t,0) = p(t, 2m).

Then for the above solution (u,v) of the system (2.1.5) satisfying (2.1.7), it holds, by
duality, that for all solution (p, q) of the adjoint system (2.3.5),

/o ' uo(2)p(0, z) 4+ vo(x)q(0, z)dz

ey T
- [ §>>sz,2ﬂdt
/< L)) ()
[ fout

p(t x)} x:%dt

=0

:a/ h(t)p(t, 0)dt. (2.3.6)

Next we look for the solutions of the adjoint system (2.3.5). Clearly, the corre-
sponding eigenvalue A and the eigenvector (£,7) obey

A =g =
An = —p¢ (2.3.7)
§(0) = ¢(2m)

By canceling 7, (2.3.7) is reduced to

aX(z) = (N = By)é(z) with &(0) = ¢£(27). (2.3.8)

It is easy to see that A = 0 happens only when £(z) = n(x) = 0 since Sy # 0. Hence
(2.3.7) possesses only nonzero eigenvalues.
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Since o < 0, the solution of (2.3.8) is given by

£(x) = > 227(0), (2.3.9)
where the eigenvalue A is determined by
e (2.3.10)
le.
N =By
g —im nE Z. (2.3.11)

Therefore, we obtain the eigenvalues of the equations (2.3.7):

ina £+ /45y — n2a?
y ina Qﬁ’y n2q i 22 < 48y ny hel
= 2.3.12
" ina £ 1y/n?a? — 45y £ ﬁfy 7 ( )
2 M= e
and the corresponding eigenvectors:
lnfL‘ ﬂ

(& (@), () = €™ (1, ) ne (2.3.13)

Obviously for all n € Z, (pk(t,z),¢F (t,z)) = (&5 (x), it () = eMtHine (1, 22)
satisfies (2.3.5). Substituting (pZ(t,z),¢>(¢,z)) into (2.3.6) yields that the control
h € L*(0,T) driving (u, vo) to (0,0) satisfies that

/0 h(t)e it — a; / OFuo(z) — Buo(x))e™dz, VneZ.  (23.14)
Let
(uo(x),v(x)) = (¢1,¢2), € (0,2m), (2.3.15)

where ¢q, cs € R are two constants such that
Mcp — fey #0. (2.3.16)

Thus

T )\:I: _ 2 )
/ h(t)etdt = ”lef@ / emdy = 0, Vn e Z\{0}, (2.3.17)
0 QAL 0
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T £
/ h(t)e sty = 2T a bea) L, (2.3.18)
0 g

Let
T .
F(z):/ h(t)e #dt, zeC. (2.3.19)
0

Then it follows that F(i\T) # 0 and F(iA}) = 0 for all n € Z\{0}. On the other
hand, F' is an entire function on C due to Paley-Wiener Theorem [63]. It is easy to
get from o < 0 and (2.3.12) that

lim Af = 0. (2.3.20)

n—-+0oo
Therefore F' is an entire function vanishing on the set {z = iA\f|n € Z\{0}} which
has an accumulation point z = 0 € C. This simply implies F' = 0, however, this
contradicts with F(i\{) # 0. Consequently, there exists no function h € L?(0,7)
such that (2.3.14) holds for the initial data given by (2.3.15). This concludes the
proof of Theorem 2.1.1 for the Case 2: [y # 0. [ ]

2.4 Proof of Theorem 2.1.2

In this section, we will prove that k& € R does exist such that the closed-loop
system (2.1.9) is asymptotically stable if and only if Sy < 0. The proof relies on the
Riesz basis method and a careful analysis of the spectrum.

Proposition 2.4.1 All the the eigenvalues of the closed loop system (2.1.9) have
a strictly negative real part if and only if By <0 and 0 < |k| < 1.

Proof of Proposition 2.4.1. Clearly, the corresponding eigenvalue A and the eigen-
vector (¢, 1)) satisfy

Ao, )" = A(g,¥) (2.4.1)
$(0) = ko(2n)
where
e < a;am g ) (2.4.2)

is the infinitesimal generator of the semigroup corresponding to the system (2.1.9).
By canceling v, (2.4.1) is reduced to

arg (z) = (\? — By)p(z) with ¢(0) = ke(2n). (2.4.3)
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It is easy to see that A = 0 happens only when ¢(x) = ¢(z) = 0 since Sy # 0. Hence
(2.4.1) has no zero eigenvalues.

Since o < 0, the solution of (2.4.3) is given by

A2 gy

o(x) =e > “¢(0), (2.4.4)

where the eigenvalue A is determined by

2
Xoprg, 1

e = k # 0. (2.4.5)
For every n € 7Z, let
if £>0
A= ’ (2.4.6)
n+ 3, if k<0,
then
A2 —
P o — i7ir — In ], (2.4.7)
a
or equivalently,
A2 - Qﬁ(mfm —In|k|)A — By = 0. (2.4.8)
0

Therefore, for any n € Z and k # 0, (2.4.8) has two roots )‘ik € C such that

062

o7 (i2fm — In |k|)? (2.4.9)
™

+ Q- 2
Ne — = (i2m —Infk])] = By +

Direct computations give us the real and imaginary part of /\ik:

ROE,) — —aln |k| n Cnk + \/C%,k+4di,k
k) = T

2.4.10
4 2 ’ ( )
~ —Cnp o/ Ch A,
S(AE,) = % + sgn(iln k) 5 , (2.4.11)
where
ok = By + o’ (In? |k| — 4n°7?) (2.4.12)
n,k 167T2 y N
2 ~
dyy = o’ Infkln (2.4.13)

8w
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Since o < 0, it is obvious to see that if [k| > 1, R(A} ;) > 0. On the other hand,
if 0 < |k| < 1, we have

R(A,,) <0, VnelZ

o2In?|k|  Cnk T Coe T 47,
— >

1672 2

a?(In? |k| + 4n2m?
— — By + ( ‘1éﬂ2 ) >\/Cq21,k+4di,k

By’ In’ [k
- >0
472
v <0. (2.4.14)

—
This ends the proof of Proposition 2.4.1. [ ]

In addition to Proposition 2.4.1, we can obtain, after careful computations to
(2.4.10)-(2.4.11), the asymptotic behavior of the eigenvalues )\ik as n — oo:

lim AY, =0 and lim |\ | = +oo. (2.4.15)
’ n—oo ’

n—oo

In view of (2.4.4) and(2.4.7), the corresponding eigenvectors can be chosen as

E:er = (Gﬁ:{k(x), ?ﬂ:{,k(x))tr = e(_g:flklﬁﬁ)x()\:’k,v)”, n €7, (2.4.16)
By = (654(0), b (2)” = 5 m0e 1, Ty e, (2.4.17)

) ) An,k

In order to prove Theorem 2.1.2, we first prove that if gy > 0 and k € R,
the system (2.1.9) is not asymptotically stable. According to Proposition 2.4.1, if
B~ > 0, then for any k € R, there exists n € Z, such that %(A:{k) > 0. Let the initial
data be the corresponding eigenvector : (ug,vo)” = E;, € (L?*(0,27))?, then the

A;kt(

corresponding solution of the system (2.1.9) is given by (u(¢,),v(t,-)) =e Ug, Vo),

which is obviously not stable.

Now it remains to prove that if Sy < 0, there exists suitable £ € R such that
the system (2.1.9) is asymptotically stable. More precisely, we apply the Riesz basis
approach to prove that the solution of the system (2.1.9) satisfies (2.1.8) if 5y < 0
and 0 < |k| < 1.

Let us emphasize that it is possible that some eigenvalues may coincide. Actually,

the occurrence of an eigenvalue with multiplicity greater than one happens if and only
if
a?ln®*k
By = —W <0 and 0<k<1. (2418)
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Consequently, the only multiple eigenvalue is given by

alnk
47

Ao = Ao = Ao = — <0. (2.4.19)

In this case, the dimension of the eigenspace of Ay is one and the corresponding
eigenvector can be chosen as

1

Ef, =e7 (A, )" (2.4.20)
Let E;, be the root vector corresponding to Ag:
AES, = MEy, + Ej, (2.4.21)

where the operator A is given by (2.4.2). Then by (2.4.18), (2.4.19) , it is easy to
find a typical root vector

—Ink

ok = S+ 1,7)7 (2.4.22)

which satisfies (2.4.21) and is linearly independent of Eaf -

Now we claim the following proposition:

Proposition 2.4.2 For any fized By < 0 and 0 < |k| < 1, {(E;k,E;k), n €7}
forms a Riesz basis of the complex Hilbert space (L*(0,2m))?.

Proof of Proposition 2.4.2. We introduce the classical orthogonal basis {(e;k, nr) M E
Z} of (L*(0,27))?, where

efy =" (1,0)7, e, =e™(0,1)", nel (2.4.23)

Clearly, we have
< o Cmp >20mp="0, Vn,m€Z, (2.4.24)
< e:;/m 6:1,k >(L2(0,7r))2:< 67:,k7 6;7]6 >(L2(0,7r))2: 27‘(’($nm7 Vn, m < Z, (2425)

where 9, stands for the Kronecker’s delta. The proof will be divided into two cases
due to the possibility of the occurrence of multiple eigenvalues.

Case 1. (2.4.18) is not true. In this case, all the eigenvalues are distinct. Since

A1
AP # N, for all n € Z, the matrix ( f;k v ) is invertible. Then it is easy to
) } )\;k

get from

n _ “lkl L )\:;k 1
(Ei E) = €77 €€ v ol . (2.4.26)

An,k
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that {(E, ,, E, ), n € Z} forms a basis of the complex Hilbert space (L*(0,27))?.

For any (f,g) € (L*(0,27))?, there is a series of complex pairs {(o;, a;;) € C?},cz
such that

(f.9)" = (B + oy E) = (B B )a), o) (2.4.27)
neZ nez
By (2.4.26), it follows that
(fr9)" = (Blet, + Bren)e = 7, (2.4.28)
nez
where .
ﬁ—’_) ()‘n,k 1><Oé+)
L) = - "o (2.4.29)
( ﬁn v /\;,k a,

1n|k\x

Notting that 0 < |k| < 1 and e™* < e ® < 1, Vo € [0,27]. Then we get, from
(2.4.23) and (2.4.28) that

2 ) (18P + 18, 17) < I ) frz0amye < €72 H2m Y (18717 + 18, 1).

ne’ nez

(2.4.30)

Moreover, it is easy to see from (2.4.29) and (2.4.15) that there exists a constant
Cy > 0 such that

B + 18 F < Cillag® + e, ), Vn € Z. (2.4.31)
On the other hand, we can also derive from (2.4.29) that
n -1
()-(5 1) (1)
a, T By
+ ot +
= ™ o " 2.4.32
( an,k bn,k Bn ( )
where
1 _)\_k
S L L 2.4.33
b Mk = Ak Sk Mk = Mk ( )
A\ Akt
by = = (2.4.34)

=———" b, =
7()\:,1{ - )‘;,k) o V(A:,k - )\n,k)
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Thanks to (2.4.15), we get additionally that

1
. + . . — o . Jr _ . — —
O =0 e =1 i e =20 i b =0 (2435)

Therefore we can see that there exists a constant Cy > 0 such that
o P+ lag P < CoIB7P + 18, ), VneZ (2.4.36)

Obviously, (2.4.30)-(2.4.31) and (2.4.36) show that {(E,,, E, ), n € Z} forms a
Riesz basis of (L*(0,2))? in Case 1.

Case 2. (2.4.18) is true. In this case, we still have A}, # A, and (2.4.26) for
all n € Z\{0}. While for n = 0, we get from (2.4.20), (2.4.22) and (2.4.23) that

- ik, S X X1
(Eg s Egp) = €72 (e({k,eo,k)(,yo 07 ) (2.4.37)

Obviously, the matrix ( 20 )\O;— 1

prove that {(E, ,, E, ), n € Z} still forms a Riesz basis of (L*(0,27))* as in Case
1. This ends the proof of Proposition 2.4.2. [ |

) is reversible since 7 # 0. Then it is similar to

Thanks to Proposition 2.4.2; the solution (u,v) of the initial-boundary problem
(2.1.9) can be decomposed with respect to the Riesz basis {(E,,, E, ), n € Z}.
Actually, for any given initial data (ug,v)" € (L*(0,27))?, there exists a series
{(c} 4 cun) € C*}pez such that

(ug, vo)"" = Z(c;kE;k + By, (2.4.38)
nez

In order to decompose the solution in terms of the Riesz basis {(E:lr pEnp) n€
Z}, we have to discuss the various cases whether the eigenvalues are distinct or not.

Case 1. (2.4.18) is not true. In this case, all the eigenvalues are distinct. Since
{Eff .} 1s the eigenvector corresponding to the eigenvalue )\ik, it follows from (2.4.38)
that

(u(t, ), v(t, )" =3 (Cike’\iktE:{,k + c;keA;,ktE;k) (2.4.39)

neZ

Then by Proposition 2.4.1, we get that in the case of Sy < 0,

st <1, VneZ (2.4.40)
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and .
lim |e*sf| =0, Vn€Z. (2.4.41)
t—-+00
Therefore, there exists C3 > 0 independent of (ug, vy) such that
[ (u(t,-), v(t, '))H%L?(O,Qr))z
2
+ ot - -
S Z Cn,kEn,k + Cn,kEn,k (L2(0,27))2
nez
<Cs]|(uo, o) H%LQ(O,ZW))Q? (2.4.42)

which implies that the series on the right hand side of (2.4.39) converges uniformly
and strongly in (L?(0,27))?. Then taking the (L*(0, 27))? norm of (2.4.39) and letting
t — 400, we easily conclude by (2.4.41) that

tl}frnoo(u(t, S, 0(t, ) = tEeroo (cj;ke’\:’k’tE:;k + CTZ,keA;vktE;k) =0. (2.4.43)
nez

This ends the proof that if 8y < 0, then the system (2.1.9) can be stabilized by taking
the tuning parameter k such that 0 < |k| < 1.

Case 2. (2.4.18) is true. In this case, the only eigenvalue, whose multiplicity is
more than one, is Ay given by (2.4.19). We get from (2.4.20), (2.4.22), (2.4.23) and
(2.4.38) that

(u(t, ), v(t, ‘))tr = eAOt[(C&kt + C(J]r,k)E(T,k + C(IkE(Ik]
+ 3 (B B, (2.4.44)
nez\{0}

Again by Proposition 2.4.1, we have (2.4.41) and

lim |eM'| — 0. (2.4.45)

t—-+o0

Then we easily conclude the asymptotic stability of the closed-loop system (2.1.9),
similarly as in Case 1. This completes the proof of Theorem 2.1.2. |

2.5 Proof of Theorem 2.1.3

Thanks to Theorem 2.1.2, one has that if Sy < 0, there exists £ € R such that
the system (2.1.9) is asymptotically stable, i.e., (2.1.8) is true for all initial data
(ug,vg) € (L?(0,2m))2. Let (u(t,z),v(t,z)) be the solution of the closed-loop system
(2.1.9) with (2.1.6). Then according to the uniqueness of solution, it is clear that the
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system (2.1.5) is asymptotically (null) controllable by taking the control as:
h(t) = u(t,0) — u(t,2m). (2.5.1)

This concludes the proof of Theorem 2.1.3. ]
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3.1 Introduction

a) Background: Coupled first-order linear hyperbolic systems, typically for-
mulated on a 1-D spatial domain normalized to the interval (0,1), are common in
modeling of traffic flow [7], heat exchangers [116], open channel flow [16, 28] or mul-
tiphase flow [29, 33, 35].

Research on stabilization of such PDEs has been dominated by the focus on pairs
of counter-convecting transport PDEs with distributed local coupling. In [26] a first
solution allowing actuation on only one boundary and permitting coupling coefficients
of arbitrary size was presented. A recent extension [31] allows stabilization using only
one control for a system containing an arbitrary number of coupled transport PDEs
that convect at different speeds against the direction of the PDE whose boundary is
actuated.

In this paper we present a solution to the fully general case of coupled hyperbolic
PDEs. We divide such PDE systems into two categories:

e homodirectional systems of m transport PDEs, for which all the m transport
velocities have the same signs, i.e., all of the PDEs convect in the same direction.
Because of the finite length of the spatial domain, these are inherently stable
but the coupling between states can cause undesirable transient behaviors and
the trajectory planning problem is non-trivial.

e heterodirectional systems of n + m transport PDEs, for which there exist at
least two transport velocities with opposite signs, i.e., where m PDEs convect
in one direction and n PDEs convect in the opposite direction. The coupling
between states traveling in opposite directions may cause instability.

In this chapter, we present control designs for the fully general case of coupled
heterodirectional hyperbolic PDEs, allowing the numbers m and n of PDEs in either
direction to be arbitrary, and with actuation applied on only one boundary (to all the
m PDEs that convect downstream from that boundary). To solve this general prob-
lem, we solve, as a special case, the heretofore unsolved problem of control of coupled
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homodirectional hyperbolic linear PDEs, where multiple transport PDEs convect in
the same direction, have possibly distinct speeds, and arbitrary local coupling.

Our approach is based on PDE backstepping and yields solutions to stabiliza-
tion, by both full-state and observer-based output feedback, trajectory planning, and
trajectory tracking problems.

b) Literature: Controllability of hyperbolic systems has first been investigated
using explicit computation of the solution along the characteristic curves in the frame-
work of C' norm [42, 69, 98]. Later, so-called Control Lyapunov Functions methods
emerged, enabling the design of dissipative boundary conditions for nonlinear hyper-
bolic systems in the context of both C!' norm and H? norm [19, 21, 20]. Further,
using Lyapunov functions method, sufficient boundary conditions for the exponen-
tial stability of linear [32] or nonlinear [46, 47] hyperbolic systems of balance laws
have been derived. All of these results impose restrictions on the magnitude of the
coupling coefficients, which are responsible for potential instabilities.

In [26], a full-state feedback control law, with actuation only on one end of the do-
main, which achieves H? exponential stability of closed-loop 2-state heterodirectional
linear and quasilinear hyperbolic systems is derived using a backstepping method.
With a similar backstepping transformation, an output-feedback controller is de-
signed in [31] for heterodirectional systems with m = 1 (controlled) negative velocity
and n (arbitrary) positive ones. These results hold regardless of the (bounded) mag-
nitude of the coupling coefficients. Unfortunately, the method presented in [26, 31]
can not be extended to the case m > 1.

c) Contribution: The first step towards this chapter’s general solution for m > 1
was presented (but not published as a paper) in [26] for m = 2 and n = 0. In
conference paper [53], an extension to m = 2 and n = 1 is achieved.

The contribution of this chapter is two-fold. For (n + m)-state heterodirectional
systems, we derive a stabilizing boundary feedback law that ensures finite-time con-
vergence of all the states to zero. For homodirectional systems (for which stability is
not an issue), we design a boundary control law ensuring tracking of a given reference
trajectory at the uncontrolled boundary.

Both designs rely on the backstepping approach. A particular choice of the target
system, featuring a cascade structure similar to [26, Section 3.5], enables the use of
a classical Volterra integral transformation. Well-posedness of the system of kernel
equations, which is the main technical challenge of this chapter, is proved by a method
of successive approximations using a novel recursive bound.

In the case of heterodirectional systems, the approach yields a full-state feedback
law that would necessitate full distributed measurements to be implemented, which
is not realistic in practice. For this reason, we derive an observer relying on mea-
surements of the states at a single boundary (the anti-controlled one). Along with
the full-state feedback law, this yields an output feedback controller amenable to
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implementation.

d) Organization: In Section 3.2 we introduce the model equations. In Sec-
tion 3.3 we present the stabilization result for heterodirectional systems: the target
system is presented in Section 3.3.1 while the backstepping transformation is derived
in Section 3.3.2. The design is summarized in Section 3.3.3. In Section 3.4 we present
the boundary observer design. In Section 3.5 we present the motion planning result
for homodirectional systems. Section 3.6 contains the main technical difficulty of
the paper, i.e. the proof of well-posedness of the backstepping transformation. We
conclude in Section 3.7 by discussing open problems.

3.2 System description

We consider the following general linear hyperbolic system

u(t, 2) + Aug(t,z) = X u(t, x) + ST o(t, x) (3.2.1)
v(t, ) — A v (t,x) = X Tu(t,z) + B v(t, 2)

with the following boundary conditions

u(t,0) = Qov(t,0), v(t, 1) = Ryu(t, 1) + U(t) (3.2.3)
where
U= (u1 un)T, v = (vl vm)T (3.2.4)
A1 0 e 0
AT = , AT = (3.2.5)
0 An 0 o
with
—p < < =y, <O <A < <A, (3.2.6)
and ++ 4+ +— +—
1= {Uij 1<i<n,1<j<n’ X = {Oij’ 1<i<n,1<j<m’ (3.2.7)
o= {UZTF 1<i<m,1<j<n’ X= {Ui;i}gigm,lgjgm
T
Qo = {ql'j}lgignJgjgmv Ry = {pij}lgigm,1§jgna U<t) = (Ul(t) Um(t>)
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Remark 3.2.1 We consider here constant coupling coefficients and transport ve-
locities for the sake of readability. The method straightforwardly extends to spatially
varying coefficients, with more involved technical developments.

Besides, we also make the following assumption without loss of generality

Vi=1,...,m o5 =0, (3.2.9)
i.e. there are no (internal) diagonal coupling terms for v-system. Such coupling terms
can be removed using a change of coordinates as presented in, e.g., [26] and [53].
This yields spatially-varying coupling terms, which is not an issue in the light of
Remark 3.2.1.

Remark 3.2.2 If two or more states have the same transport speeds (i.e. p; = fi;
for some i # j) we refer to those states as isotachic. This case was intentionally
avoided in (3.2.6). To deal with isotachic states, we consider the change of coordinates
o(t,x) = A(x)v(t,z). The matriz A(x) is a block-diagonal matriz, with A; = 1 if
pi # pj for j # i. If there is a set of n; isotachic states (i.e. there is i such that
pj = i forj =i+1,...,i+n; — 1, then there is in A(zx) a corresponding block
B(x) of dimension n; X n; in A(x). Each of these B(x) is computed independently
for each isotachic set of states. If we call X5, the matriz of coupling coefficients
among these isotachic states (i.e. with coefficients ik for 3.k =40+ 1,...i+
n; — 1), then B(z) is computed from the initial value problem B(x) = 1/p;B(x)Ys0,
B(0) = In,xn;- It is easy to see that this transformation is invertible, since one can
define a matriz C(x) from C(z) = 1/11;3:50B(x), C(0) = L, xn;- One has that C(x)
is the inverse of B(x) as B(0)C(0) = Lxn, and LB(z)C(z) = 0. Applying this
wmvertible transformation eliminates the coupling coefficients between isotachic states,
but results in some spatially-varying coupling terms, which is not an issue as explained
in Remark 3.2.1.

3.3 Finite-time stabilization of heterodirectional
systems

In this section, we derive a stabilizing feedback law for the general (n + m)—
state system. Notice that this is interesting only in the case n # 0, since instability
arises from coupling between states traveling in opposite directions. Following the
backstepping approach, we seek to map system (3.2.1)—(3.2.3) to a target system with
desirable stability properties using an invertible Volterra transformation.
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3.3.1 Target system
Target system design

The strategy we used here is so-called backstepping method, which transforms
the original system into a “good” (for example, exponentially stable) target system
by using invertible backstepping transformation (see, for example, [19, Chapter 12.5]
and [65]). Here, we want to map system (3.2.1)—(3.2.3) to the following target system

ai(t,r) + ATag(t,z) = ST ra(t,x) + ST 8(t, x)
n /0 C* (2, €)a(€)dE + /0 O (. €)B(€)de
Bult,z) — A Bult, 2) = G(x)B(0) (3.3.2)

(3.3.1)

with the following boundary conditions
a(t,0) = Qub(t,0), B(t,1) =0 (3.3.3)
where C and C'~ are L*™ matrix functions on the domain
T={0<¢<wz<1}, (3.3.4)

while G € L>(0,1) is a lower triangular matrix with the following structures

0 0
Gay= | 9@® (3.3.5)
Gmi(2)  Guma(z) O

The coefficients of C*, C~ and G will be determined in section 3.3.2.

Stability of the target system
The following lemma asseses the finite-time stability of the target system.

Lemma 3.3.1 Consider system (3.3.1),(3.3.2) with boundary conditions (3.3.3).
Its zero equilibrium is reached in finite time t = tr, where

tpi=— Yy —. (3.3.6)

Noting (3.3.2)-(3.3.3) and (3.3.5), we find that the S-system is in fact a cascade
system, which allows us to explicitely solve it by recursion as follows. The explicit
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solution of 3 is given by

: 1
Bu(t, ) = {5l(o’x+’“t> i< S (3.3.7)

0 if t > 1=z,
M1

Notice in particular that f; is identically zero for ¢ > puy*. From the time ¢ > pu;*
on, we have that [Sy(t, x) satisfies the following equation

ﬁgt(t, I) - Mgﬂgx(t, l’) = 0. (338)
Similarly, by expressing the solution along the characteristic lines, one obtains that
Bolt,2) =0 Yt > it 4 pyt (3.3.9)

Thus, by mathematical induction, one can easily get that 8;(j = 1,---,m) vanishes
after

t = ZJ: L (3.3.10)

1 Mk
This yields that
1
Bt,z) =0, t> —. (3.3.11)
2,
When ¢ > 37 .-, the a-system becomes
g=1""
ai(t,z) + A a(t,x) = X a(t, z) —i—/ C*(z,&)a()dE (3.3.12)
0
with the boundary conditions
a(t,0) = 0. (3.3.13)

Since there are no zero eigenvalues for the a—system (see (3.2.6)), we may change the
status of ¢ and x, and Equations (3.3.12) can be rewritten as

o (t, ) + (AT ey (t,z) = (M) 'S a(t, z) + /OZ(A+)_1C+(x,§)a(f)df (3.3.14)

with the initial condition (3.3.13). Then by the uniqueness of the system (3.3.13),(3.3.14),
and noting the order of the transport speeds of the a—system (see (3.2.6)), this yields
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(see [64]) that « identically vanishes for

1
t>—+) — (3.3.15)

This concludes the proof.

3.3.2 Backstepping transformation

To map system (3.2.1)-(3.2.3) to the target system (3.3.1)—(3.3.3), we consider
the following backstepping (Volterra) transformation

a(t,z) = u(t, ) (3.3.16)
8(t.) = vlta) — [ [K(e.u(©) + Lol de (3:3.17)
0
where the kernels to be determined K and L are defined on the triangular domain 7.

Deriving (3.3.17) with respect to space and time yields, respectively (omitting the
time argument)

By(x) = A va(@) + S u(z) + £ o(z) + K (2, 2)A u(z) — K (z,0)A u(0)
- [ K907 + K92 ute - [ [ 95 ol
Lz, 2)Ao(x) + L(z, 0)A~(0)
+ [ Lele. 08 ~ Lm0 T - [ L O )i
and
Bull) = vala) = K(a,2)uta) = Lieaola) = [ 1Kol ul) + Lale. Ou(E))

Plugging into the target system equations and noting 5(0) = v(0) yields the following
system of kernel equations

0=K(z,2)A"+ A" K(z,2) + X~ (3.3.18)
0=AL(z,x) — L(z,z) A\~ + X7~ (3.3.19)
L(z,0)A~ = K(x,0)AT Qo + G(z) (3.3.20)
0=A K,(2,8) — Ke(z, )A" — K(2, )2 — L(z, )2 " (3.3.21)
0=ALy(x,6) + Le(w, A~ — L(2, €)™~ — K(2, €)% (3.3.22)
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and yields the following equations for C~(z, ) and C*(z, &)
C(,6) = £ L) + [ O (. 5)L(s, ) (3.3.23)
3

CH(z,8) =37 K(z,¢) —|—/€ C™ (z,s)K(s,&)dE (3.3.24)

Remark 3.3.1 For each x € [0,1], Equation (3.3.23) is a Volterra equation of
the second kind on [0,x] with C~(x,-) as the unknown. Besides, Equation (3.3.24)
explicitly gives C*(x,€) as a function of C~(x,€) and K(x,§). Therefore, provided
the kernels K and L are well-defined and bounded, so are Ct and C~.

Developing equations (3.3.18)—(3.3.22) leads to the following set of kernel PDEs

for1<i<m,1<j<n

10 Ky (1, €) = N0 Ky (0, €) = Za:jmk 2.6)+ Y o Lip(w.€)  (3.3.25)
p=1
for1<i:<m,1<j<m

pi0 Lij(1,€) + 110 Lij(,§) = >0 Lip(1,) + > o3 Ki(w,€)  (3.3.26)
p=1 k=1

along with the following set of boundary conditions

—+
05 A . .
K;; =Y = for1<i<m, 1<j< 3.3.27
j(z, ) Py i orl <i<m <j<n ( )
N . .
Lij(z,x) = ——2L— =1, for1<i,j<m, i#j (3.3.28)
M—Mj
wiLij(x,0) E MK (2, 0) gy 4 for1 <i<j<m. (3.3.29)

To ensure well-posedness of the kernel equations, we add the following artificial
boundary conditions for L;;(i > j)

Lij(1,§) =1y, for 1<j<i<m (3.3.30)

While the g;;, for 1 < j < i <n, are given by

gij( ) :uj ij l’ O ZApr] ip I 0 (3331)
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provided the K and L kernels are properly defined by (3.3.25)—(3.3.30), which we
prove in the next section.

Remark 3.3.2 The choice of imposing (3.3.30) as the boundary condition for
Lij(1 <j <i<m), on the boundary v = 1 is arbitrary and was designed to ensure
continuity of some of the kernels. This degree of freedom in the control design had
never appeared in previous backstepping designs for hyperbolic system [26, 31]. The
impact of the boundary values of L;j, 1 < j < i < m on the transient behavior of the
closed-loop system remains an open question, out of the scope of this chapter.

Remark 3.3.3 If there are isotachic states, and the transformation explained in
Remark 3.2.2 is applied, then the L;; kernels for i, j corresponding to isotachic states
(i = pj) have all boundary conditions of the type (3.3.29) instead of (3.5.28)—which
would become singular—or (3.3.30). The results that follow do not change, but we
have omitted the case for the sake of brevity.

The well-posedness of the target system equations is assessed in the following Theo-
rem.

Theorem 3.3.1 Consider system (3.3.25)~(3.3.30). There exists a unique solu-
tion K and L in L>*(T). Moreover, all the boundary traces for the K-kernel and
L-kernel are functions of L*°(0,1).

The proof of this Theorem is the main technical difficulty of the chapter and is
presented in Section 3.6.

3.3.3 Control law and main stabilization result

We are now ready to state the main stabilization result as follows.

Theorem 3.3.2 Consider system (3.2.1)-(3.2.2) with boundary conditions (3.2.3)
and the following feedback control law (3.3.32)

Ut) = /01 (K (1,&)u(€) + L(1,v(€)] d¢ — Ryu(t, 1), (3.3.32)

where K and L are the solutions of system (3.3.25)—(3.3.30), the existence of which are
guaranteed by the Theorem 3.5.1. For any initial condition (ug,vo) € (L>(0,1))n+m)xndm)
the zero equilibrium is reached in finite time t = tp, where tg is given by (3.3.6).

First, notice that evaluating transformation (3.3.17) at x = 1 yields (3.3.32).
Besides, rewriting transformation (3.3.17) as follows

< ggi 3 ) - < ZEZ 3 ) - / ( Kot Liz.f) ) ( ngjg )df. (3.3.33)
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one notices that it is a classical Volterra equation of the second kind. One can
check from, e.g., [50] and [108] that there exists a unique matrix function R €
(Loo(T))(mtm)x(n+m) guch that

u(t, z) a(t,z) ) /I ( a(t,§) )
- — | R(z, de. 3.3.34
(o ) =(5n) ) - [ reo (568 ) (3334
Applying Lemma 3.3.1 implies that (a, 8) go to zero in finite time ¢t = ¢ , therefore,
by (3.3.34), (u,v) also converge to zero in finite time.

3.4 Uncollocated observer design and output feed-
back controller

In this section, we derive an observer that relies on the measurement of the v
states at the left boundary, i.e.

y(t) = v(t,0) (3.4.1)

Then, using the estimates from the observer along with the control law (3.3.32), we
derive an output feedback controller.

3.4.1 Observer design

The observer equations read as follows

Gu(t,2) + ATt (8, 2) = ST a(t, ) + SV o(t, ) — PH(x)(0(t,0) — v(t, 0))
u(t, ) — A0, (t, ) = S a(t, ) + S0 (t, @) — P~ (2)(0(t,0) — v(t,0))

with the following boundary conditions
u(t,0) = Qov(t,0), 0(t,1) = Rya(t, 1) + u(t) (3.4.4)
where P*(-) and P~(-) have yet to be designed. This yields the following error system

U(t, ) + At (t,r) = Xt a(t, z) + 0t 2) — P (2)o(t,
O (t,z) — N0, (t, x) = X7 a(t,z) + X7 0(t,z) — P~ (x)0(t,0

R N
~~

with the following boundary conditions

a(t,0) = 0, G(t, 1) = Rya(t, 1) (3.4.7)
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Remark 3.4.1 One should notice that the output is directly injected at the left
boundary, which means potential sensor noise is only filtered throughout the spatial
domain. Combining the approach of [31] and the cascade structure of (3.3.1)—(3.3.3),
we now derive a target system and backstepping transformation to design observer
gains P*(:) and P~(-) that yield finite-time stability of the error system (3.4.5)—
(3.4.7).

3.4.2 Target system and backstepping tranformation

We map system (3.4.5)—(3.4.7) to the following target system

Gult, ) + AT a(t, ) = SHTa(t, z) + /0 " D*(, €)6(6)de (3.4.8)

Bi(t, ) — A Bult, @) = St z) + / D (r©)ale)de (3.4.9)

with the following boundary conditions

a(t,0) =0, B(t,1) = Rya(t, 1) —/0 H(6)B(&)de (3.4.10)

where DT and D~ are L™ matrix functions on the domain 7 and H € L*(0,1) is
an upper triangular matrix with the following structure

0 hia(z) -+ him(2)
H(z) = , : . (3.4.11)
o ..

all of which have yet to be determined.

Proposition 3.4.1 (Stability of the observer target system) The solutions
of system (3.4.8)—(3.3.3) converge to zero in finite time. More precisely, one has

thtF, &Eﬁ

0 (3.4.12)

where tg is defined by (3.3.6).

The system consists in a cascade of the a—system (that has zero input at the left
boundary) into the B—system. Further, the B is a cascade of its slow states into its
fast states. The rigorous proof follows the same steps that the proof of Lemma 3.3.1
and is therefore omitted here.
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To map system (3.4.5)—(3.4.7) to the target system (3.4.8)—(3.4.10), we consider
the following backstepping (Volterra) transformation

it.a) =a(t.) + | M. F(E)dg (3.4.13)
0
o(t,z) = Blta) + | N ©)B(e)dg (3.4.14)
0
where the kernels to be determined M and N are defined on the triangular domain 7.

Deriving (3.4.13),(3.4.14) with respect to space and time yields (omitting the time
argument)

0 =ty(r) + ATty () — X7 a(x) — X7 0(x) + P (2)9(0)
=[P (x) = M(z,0)A"] 5(0) + [/VM(OC z) + M(z,2)A” = $77] B(x)

+/05'f {DJr(x )+ Mz, )% / M (x,s)D(s,&)ds| a(€)dE
- /0 [ATM, (2, €) = Me(w, A" = E5 N(,€) — T M(x,€)] B(€)d¢
and

0 =0y(z) + A0, (z) — Z_ﬂlgx) — X" 0(z) + P (2)0(0) )
=[-P () + N(x,O)A_] B(0) + [A"N(z,z) — N(Lx)/\_] B(t, x)
£)

X+ / N(x,s)D™(s,&)ds| a(£)dE

which yields

for1<i<n,1<j<m

XiOu Mij(2,§) — 10 Mij(x,§) = Z% My (2,€) + Y oy Nps(@,6)  (3.4.15)
p=1
for1<i:<m,1<j53<m

11:0: Nij (2, €) + p1;0eNij (2, €) = Zazk My (x,€) +Zaw (T, €)  (3.4.16)

along with the following set of boundary conditions

+7

i3 A . .
M;i(z, 1) = —2— = m;; for1<i<m, 1<j<n 3.4.17
o) = T 2 <i<m o 1<j<n (3417
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Nij(z,z) =0 for1<i,j<m, i#j (3.4.18)

besides, evaluating (3.4.13),(3.4.14) at = = 1 yields
Ni;(1,2) ZMM,W (1,) for 1 <j<i<m. (3.4.19)

To ensure well-posedness of the kernel equations, we add the following artificial
boundary conditions for N;;(i < j)

N;j(z,0) =0, for 1<i<ji<m (3.4.20)

while the d:;, d;; and h;; are given by

dfi(z,€) = ZMM (, &)y, +/ ZMik(m,s)d,;j(s,é)ds (3.4.22)
k=1 § k=1
k=1 k=1

provided the M and N kernels are properly defined. Interestingly, the well-posedness
of the system of kernel equations of the observer (3.4.15)—(3.4.20) is equivalent to that
of the controller kernels (3.3.25)—(3.3.30). Indeed, considering the following alternate
variables

Mi(x,y) = Mi;(1 —y,1 = x) = M;(2,€), Nij(x,y) = Nij(1 —y,1 — x) = Ny(z,€)
(3.4.24)

yields

for1<i<n,1<j<m

110 Mii (X, y) — N0y Mi; (X, y) ZU FM(x,y) = Do Ny(y)  (3.4.25)
p=1
for1<i<m,1<j57<m

Ms

1,05 Nij (X, y) + 10y Nij (X, ) Z% Mii(x,y) —
k=1

o Npi(x,y)  (3.4.26)

1

=3
Il
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along with the following set of boundary conditions

+_

— 0,5 A . .
M, =2 _=m,; for1<i<m, 1<j< 3.4.27
J(X>X> Ni+>\j My orl=1=m =J=nNn ( )
Ni(x,x) =0 for 1 <i,j<m, i#] (3.4.28)
Nii(x.0) = pirMii(x, 0) for1<j<i<m. (3.4.29)
k=1
N;(1,y) =0, for 1<i<j<m (3.4.30)

which has the exact same structure as the controller kernel system, the well-posedness
of which is assessed in Theorem 3.3.1.

3.4.3 Output feedback controller

The estimates can be used in an observer-controller scheme to derive an output
feedback law yielding finite-time stability of the zero equilibrium. More precisely, we
have the following Lemma.

Lemma 3.4.1 Consider the system composed of the original (3.2.1)~(3.2.3) and
target systems (3.4.2)—(3.4.4) with the following control law

1
U) = [ KL + LLONE - Ruie1) (343D
0
where K and L are defined by (3.3.25)-(3.3.30). Its solutions (u,v, 0, ) converge in
finite time to zero.

Proposition 3.4.1 along with the existence of the observer backstepping transfor-
mation (3.4.13),(3.4.14) yields convergence of the observer error states @, v defined
by (3.4.5)—(3.4.7) to zero for t > tr*. Therefore, for ¢t > tp, one has v(¢,0) = 0(t,0)
and Theorem 3.3.2 applies to the observer system (3.4.2)—(3.4.4). Therefore, for ¢ >
2tp, one has (4,0, u,0) = 0 which also yields (u,v) = 0.

3.5 Motion planning for homodirectional systems

3.5.1 Definition of the motion planning problem

Consider now the case n = 0. Then system (3.2.1)—(3.2.3) reduces to

v(t,x) — Ao, (t,x) = X7 v(t, x), (3.5.1)

*the proof of this claim follows the exact same steps as in the controller case, see Section 3.3.3
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where coefficients A~ and X7~ defined as in (3.2.5) and (3.2.7), with boundary con-
ditions

u(t,1) = U(t). (3.5.2)

For simplicity in this section we drop the super-indices in the coefficients.

Equation (3.5.1) represents a system of m states moving in the same direction (in
this case, from right to left). We call such a system homodirectional (in oposition with
heterodirectional systems, whose states move in different directions, such as (3.2.1)-
(3.2.3) with n,m # 0). Homodirectional systems are inherently finite-time stable.
Physically, this is due to the fact that they are transport equations with information
flowing only in one direction; thus, setting U(t) to zero in (3.5.2) and solving the
equations with the method of characteristics, we obtain u(t,z) = 0 for ¢ > = (the
slowest transport time in (3.5.1)).

For (3.5.1)-(3.5.2) we consider the following motion planning problem. Given
®(t), a known function defined as

O(t) = (D1(t) -+ DPult)) (3.5.3)

find the value of U(t) so that v(t,0) = ®(t) for t > ty, for some tp; > 0.

Remark 3.5.1 Even though the plant (3.5.1) is finite-time stable, and a formula
for the states can be written by using the method of characteristics, the motion plan-
ning problem is not trivial to solve. The entanglement of different states moving with
different speeds severely complicates finding a solution. This design difficulty will be
explicitly shown with an example in Section 3.5.5.

3.5.2 Tracking control design

The following result solves the motion planning problem.

Theorem 3.5.1 Consider system (3.5.1) with boundary conditions (3.5.2), ini-
tial condition vy € (L*(0,1))™, and feedback control law

Uit) = @ ( ) i/ WL 00, ( 5)d5+§/01m1,§>vj<5>d5.

(3.5.4)
Then, v(t,0) = ®(t) if t > tar, forty = >0, ~.

J=1 pjy
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Remark 3.5.2 The motion planning problem has been solved for the homodirec-
tional case for the sake of clarity. However, it can be formulated for the full het-
erodirectional system (3.2.1)~(3.2.3) with only minor modifications. Noting u(t,0) =
Qov(t,0), the values of some w;’s could be chosen as part of the output instead of
some of the v;’s, for a total of m states. The only condition would be that all the rows
of the output vector (written in terms of the v;’s) are linearly independent.

We start by using the backstepping transformation (3.3.17)—where the kernels
K are zero due to n being zero—to map (3.5.1)-(3.5.2) into the target system

ﬁt(tax) - Aﬁr(t’ QT) = G(%)B(O), (355>

where G(z) was defined in Section 3.3.2 as a function of the kernels, with the following
boundary conditions

B(t,1) = B(t), (3.5.6)

where B(t) in (3.5.6) is a function defined as
B(t)= (Bi(t) -+~ Bau)", (3.5.7)

with components to be determined. B represents an extra degree of freedom that
did not appear in the target system for the homodirectional control problem (Equa-
tion 3.3.3). It will be used to solve the motion planning problem. The presence of
B(t) in the boundary conditions does not change the backstepping transformation;
however it modifies the feedback control law to

U(t) = B(t) + /O L(1,€)v(€)d. (3.5.8)

Now, noticing that if one sets z = 0 in the transformation (3.3.17) one obtains
v;(t,0) = Bi(t,0), it is clear that we only need to solve the motion planning problem
for the target 8 system by using B(t). The next steps of the proof are devoted to
finding the value of B(t).

Using the method of characteristics, the explicit solution for each state (;(¢, ) of
(3.5.5) with boundary condition (3.5.6) at time ¢ > 1;—”3 is

-1 1 [t r—£
— Gij ' s d, .0,
' )+;u/ ©)8 <t+ m o) ¢ (3.5.9)

i v

Using (3.3.5) and (3.3.31) in (3.5.9), we obtain

i—1 1
0 37 LI TY (RS PR
j=17%

223

-1
Hi
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To solve now the motion planning problem, consider first (3.5.10) for ¢ = 1 and
x =0, fort > i Imposing S (t,0) = ®4(t), we obtain:

() = B, <t - i) , (3.5.11)

thus, setting Bl( ) = & ( i) for t > 0, we obtain the desired behavior for

Bi(t,0) for ¢ > --. Now consider (3.5.10) for i = 2 and z = 0, for ¢ > --. Imposing
Ba(t,0) = Dot ) We obtain:

1
Oy(t) = By (t - i) +/O %Lm(é,o)ﬁl (t - Mio) de. (3.5.12)

H2 2

Solving for By as before

By (t) = @y (t+ i) —/0 %Lgl(g,oml <t+ 1;5,0) de. (3.5.13)

To be able to substitute (1(¢,0) for ®1(¢) in the whole domain of the integral in
(3.5.13) we need to wait until ¢t = /%1 Thus choosing

B 1N [m 1-¢
B, (1) = @, (t+u2) /0 L (6,0), (t+ - ,0) de, (3.5.14)

we get that Bo(£,0) = Po(t) for ¢ > Hll + t (as we have to wait an extra t time
for (3.5.14) to propagate). It is clear that this procedure can be continued for i =
3,...,m. Thus we obtain that

P O A NI e W T 1—5>
B; (t) = ®; (t+m) ]Zl/o MLU(&O)QDJ (t+ m d¢ (3.5.15)

)

solves the motion problem for f3; for ¢ > ZZ l Applying (3.5.15) fori =1,...,m

and substituting in (3.5.8) produces the feedback law (3.5.4), thus solving the motion
planning problem in time ¢, = > i1 Mlj

Remark 3.5.3 Theorem 3.5.1 gives in fact tracking (in finite-time) of the desired
output signal, a result stronger than pure motion planning. To obtain a pure motion
planning result, one should take (3.5.10)—the explicit solutions of the target system
obtained in the proof of the theorem—and substitute the values of B; found in (3.5.15),
so that the B;’s are explicit functions of the ®;’s. Then, using the inverse backstepping
transformation (3.3.34), find the v;’s as explicit functions of the ®;’s and substitute
them in the control law (3.5.4), which would then be an exclusive function of the
outputs. We omit this result for the sake of brevity purposes.
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3.5.3 An explicit motion planning example

Next we present an specific example of a motion planning problem for m = 2.
Consider the plant

v1(t, ) — 1z (t, ) = o1209(t, ), (3.5.16)
Voi(t, ) — povag(t, T) = o901 (t, ), (3.5.17)

with boundary conditions
Ul(t, 1) = Ul(t), Ug(t, 1) = Ug(t) (3518)

The objective is to design Uy (t) and Us(t) so that vy (t,0) = ®1(¢) and vy(t,0) = Po(t)
for some functions @y, ®, for ¢t > t),. Notice that since (3.5.16)—(3.5.18) is explicitly
solvable, one might think that the inputs can be directly designed. Using the method

of characteristics to explicitly write a solution of the system, one gets, after time

t=-2L,
2

1
’Ul(t,O) = U1 (t — i) + i/o 01202 (t - %,f) dé-, (3519)
B 1 I 3
Ug(t,O) = UQ (t — E) + E/O 02101 (t — E,g) df (3520)

However, if one tries to proceed as in the proof of Theorem 3.5.1, by plugging in ®(¢)
in (3.5.19) and ®4(¢) in (3.5.20), and then solve for U;(t) and Us(t), one ends up with
a feedback law that requires knowing future values of v; and v,, i.e., a non-causal
(and therefore not implementable) feedback law. Thus, a direct approach does not
work even for the m = 2 case. To solve the motion planning problem, we resort to
Theorem 3.5.1; in this particular case, the motion planning problem is solved by the
inputs

Uﬁﬁﬂﬁc+i)+llm@®m@%+élmﬂﬂw@%7 (3.5.21)

Us(t) = By (t + i) - /01 Mg (£,0)8, (t+ L g) de

2 H2 H2

. / (3.5.22)
4 [ a1 u@ds + [ Ln(1,Ou(€)de,
0 0
where the kernels Lq1, L1a, Lo and Loy verify
110y L1 (2, &) + 0L (z,§) = oalia(z, ) (3.5.23)

M1azL12($,€)+M285L12($7§) = 012L11(1’a§>a (3'524)
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p20y Loy (2, &) + 110¢Loar (2, §) = o21Laa(,€) (3.5.25)
11205 L2 (2, §) + p20cLoo(2,§) = o12Lan(2, ), (3.5.26)

with boundary conditions

Li1(z,0) = Liz(x,0) = Las(z,0) = 0,

Lis(z,7) = —22 Loi(z,2) = —2 (3.5.27)
H2 =M p1 — ph

plus the artificial boundary condition Lgi(1,€) = [31(£), where the function ls; is
arbitrary. These kernel PDEs can be explicitly solved using techniques akin to those
used in [107]. The resulting kernels (whose validity can be verified by substitution in
the kernel equations) are

V012021 \/le — M?:L‘Il ( 2 \/012021(1’ - f)(ﬂlf - M233)> L E> g
pi(z —§) i — f2 "

Ly(x,§) = M2 — M Ha
0, £< /‘j—fx
. B 021 I, ( 2 \/012021(37 - le a2 ) £> Z_?x
12(z,§) = o — 1 \ fi1 — fi2
0, E< B2y

M1

021 2 012021\ — 1T — 2
Lnfe.8) = p1x _ingO <M1 - “2\/ | . - >
Oorfo(T — &) 2 012021 (2 — &) (1@ — p§)
+'ul\/fflz(,ulﬂﬁ - M2§)3J1 (Ml - M2\/ H2 ) ’

. 012021 2 012021(33 - §)(,u1:1: - ,U2£>
a0 = §\/M2(x “ (e — )" (Nl - M2\/ o >

where Iy and I; are the modified Bessel functions of order 0 and 1, and Jg and J; are
the (regular) Bessel functions of order 0 and 1, respectively.

The kernels appearing in (3.5.19)—(3.5.20) are depicted in Fig 1 for the case u; = 1,
pe = 0.2 and 015 = 2, 091 = 5. It can be seen that Lq;(1,£) and Li5(1,£) have a
monotone behaviour (they are always negative or zero), whereas Loi(1,£), L9 (€,0),
and Lo (1, &) are oscillatory. Fig. 2 shows L1; and L in the whole domain 7 notice
that Lis(z,§) is discontinuous along the line & = Z—f (which is the lower domain on
Figure 4c), whereas Ly (x,€) is not discontinuous. On the other hand, it is evident
that l51(£) = Lot (1, ) is rather non-trivial. In fact, the procedure that was followed to
find these explicit solutions was not setting a value of ly; a priori, but rather extending
the domain shown in Figure 4a up to x = m“_lm, so that boundary condition (3.5.27)
can be used to actually find the value of ls;.
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La1(§,0)~,\ Li(1,& =
Hol0NC N 3
] N @
- —-20 -—-qr-—..—;n—h::--- :-‘ -: :
:: =30 N I,' ‘
Lix(1,4) =

~% 02 04 06 08 ~10.3

3

Figure 1: Motion planning kernels (n = 0, m = 2). Solid: L11(1,€) and Lo (&, 0).
Dash-dotted: Li(1,&). Dotted: Loi(1,€). Dashed: Loo(1, ).

Ly(x,€&) Lip(x, &)

1010

Figure 2: Motion planning kernels Ly (z, &) and Lis(z,£) (n =0, m = 2).

3.6 Proof of Theorem 3.3.1: well-posedness of the
kernel equations

To prove well-posedness of the kernel equations, we classically transform them
into integral equations and use the method of successive approximations.

Remark 3.6.1 Similar proofs have been derived for less general systems, e.g.
in [26] or [31]. The proof is more involved here due to the existence of homodirec-
tional controlled states, which lead to the homodirectional kernel PDEs (3.3.26).
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3.6.1 Method of characteristics
Characteristics of the K kernels

Foreach 1 <i<m,1<j<mn,and (z,£) € T, we define the following character-
istic lines (z;;(x,&; ), &j(2, &; ) corresponding to Equations (3.3.25)

Wi(r,65) = —pi, s € [0,5E(x,)]
P& 0) = 2, w0, $5(2,)) = 22,6

Th(n,&s) =N, s [0sh(@ )]
§ij(r,6;0)  =¢, fij(fU,f;SZ(%f)) :%5(9575)

(3.6.1)

These lines, depicted on Figure 3, originate at the point (z,£) and terminate on
the hypothenuse at the point (xf;(x,f),xf;(x,g)) The expressions of z;;(x,&; ),
&ij(x,&55) sii(x,€) and xf;(z,€) are given in Appendix 3.8.1. Integrating (3.3.25)

A
g Boundary

conditions

Characteristic
1 lines

0 1 T

Figure 3: Characteristic lines of the K kernels

along these characteristic lines and plugging in the boundary condition (3.3.27) yields

n

515 (@:€)
Kij(x, &) = ki +/o [Z 01:}+Kik($ij(xa£§ s), &ij(w,&58))
k=1

+ZO-Z7_]+LZP(IZJ<'I’€ﬂ 5),&;(1’,5, S)) ds (362)
p=1
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Characteristics of the L kernels

For each 1 < i < m, 1 < j < m, and (z,§) € T, we define the following
G (

characteristic lines (x;;(z,&; ), Gj(2,&;-)) corresponding to Equations (3.3.26)

dX”( ;& ) = &, [Oa%( f)]
ij(x>£70) =, Xij(x7€; ZJ($,€)> :XZ($75)7

(3.6.3)
dﬁ;’ (z,&v) =eypy, ve 0,5
Cl](x7§70) = 67 Clj(xvéa U(xué)) = z](m7€)
where €;; is defined by
1 ifi>7
£ii(2,€) = {—1 otherwise (3.6.4)

These lines all originate at (z, £) and terminate on 7 at the point (Xw (2,€), ¢ (2,€)).
They are depicted on Figure 4 in the three distinct cases ¢ < 7, 1 = ] and ¢ > j. The
detailed expressions of x;;(z,&;s), Gij(x, & s) v (2, €), x§j(2, &) and ¢} (z, €) are given
in Appendix 3.8.2. Integrating (3.3.26) along these characteristics and plugging in
the boundary conditions (3.3.28),(3.3.29) and (3.3.30) yields

Lij (2,€) = 6ij(z,§)lij + (1 — 6i5(z, §)) Z)\r% ir(X55(2,€),0)

Fag) [m
—8ij/0 [2 0 Lip (i (7, &5 v), Gij (2, &5 7)) + ;UZ}KM (i (2, &), G, & v))
p= =1

(3.6.5)

where the coefficient 0;;(x, ), defined by

0 ifi=j
0i5(2,6) = Q0 ifi<jand pg — pjz <0, (3.6.6)
1 otherwise
reflects the fact that some characteristics terminate on the ¢ = 0 boundary of T,

while others terminate on the hypotenuse or on the z = 1 boundary of 7. Plugging
in (3.6.2) evaluated at (x/;(z,&),0) yields
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‘ §
1 T = 7 1
P= |
(xij (@0, &) ¢ (20, o)) /l (N (@1.6). ¢ (21,60)
i/ (z,€)
N
"y -
(20, &o) /:[1 ‘ r=1
;’}'I/ 1,61
’ Lz 0 (xE(2,8), ¢k (2,9)) é‘ — 0! z
(a) Characteristic lines of the ker- (b) Characteristic lines of the ker-
nels L;; for ¢ > j N
£

1

00 6) Chana)) € =01

(c) Characteristic lines of the ker-
nels L;; for i < j

Figure 4: Characteristic lines of the L kernels

Lij (xaé-) = 6@](1',&)[1] + (]- - z_] .’I} 5 Z )\qu ir

1—6ii(x, n £ (0cf (2,6),0)
+ #Z)\rqﬁ\/{) [Z Ok: Klk Lir Xz]('r 5) 0 8) gZT(XU(‘T 5) O 8))
J r=1

m

+ Z Up_r—i_Lip(xir (le; (1’, 5)7 07 5)7 é.zr(Xz}; (17, 5)7 Oa 5))] ds

p=1

vE(wg) [m
_Eij/o [ZUW-Lip (g (w, & v), G, 5 v))

p=1
+ Z on; Kir (i (2,6 v), Gi(, & V))] dv
k=1

(3.6.7)
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3.6.2 Method of successive approximations

We now use the method of successive approximations to solve equations (3.6.2),(3.6.7).
Define first

@ij(7, &) = kij, 1<i<m,1<j<n
(3.6.8)

bij(2,€) = 6i5(x, liy + (1 — 6i(,€)) ZMJM w 1<i<m,1<j<m.
(3.6.9)

Besides, we define H as the vector containing all the kernels, reordered line by line
and stacked up as follows

H,y Ky, b1 P11

Hn Kln ¢n Pin

Hn+1 K21 (bn—}—l P21

H= : = : ,  and similarly ¢ = : = :

Hnm Kmn ¢nm Pmn

Hnm+1 Lll ¢nm+1 wll
Hnm+m2 me ¢nm+m2 wmm

(3.6.10)

we consider the following linear operators acting on H, for 1 <i<m,1<j<n

SE(.8)
[ ]<$ g / lzakj ik 27” x 57 ) fij($,§;8))

m

+ZO.;j+Lip(xij(x7€;s)7£ij($7€;3)) ds (3611)

p=1

and for 1 <i<m,1<j57<m

W [H|(2,€) =
F(xF(2.,6),0)
(1—6;(x ZN% / [Zo:fmk(xzrm(x £),0;5), & (x15(,€), 05 5))
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m

p=1

vE(2,6)
—ei]/ [Za Lip (xij(x,&v), Gi(x, & v)) +

ZUI?KM (xij (@, & v), Gy, & V))] dv
k=1

Define then the following sequence

H’(2,£) =0
¢(z,&) + ®H(z,£)

SOM(

Vnim (T

po1(x

Ormn (T
wn(x

+ Z 01;"+Lip(xiT(X5(x’ 5)7 0; 8), gir(XZ(xv §)7 0; S))] ds

P11 (l’, 5) + O [qul] (ZL‘, 5)

£,€) + @1, [H (2, €)
) f) + @21[Hq—1]<x’ é)

€) + Dy [HI (2, €)
,€) +‘I’11[Hq_l]($af)

)+ ‘lfmm[Hq (=, ¢)

(3.6.12)

(3.6.13)
(3.6.14)

(3.6.15)

One should notice that if the limit exists, then H = hI—P HY(z,£) is a solution of the
q—+o0

integral equations, and thus solves the original hyperbolic system. Besides, define
H ! with AHY = ¢ by definition. Since

for ¢ > 1 the increment AH? = HY? —
the functional @ is linear, the following equation AH?(x, &)

= ®[H ] (x, ) holds.

+o00
Using the definition of AHY, it follows that if the sum > AH?(z,§) is finite, then

q=0

+o0
r,§) =Y AHY(z,¢)
q=0

In the next section, we prove convergence of the series in L*°.

(3.6.16)
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3.6.3 Convergence of the successive approximation series

To prove convergence of the series, we look for a recursive upper bound, similarly
to, e.g. [64]. More precisely, let € be such that

0<e<l— max {“—} (3.6.17)

1<<i<m | 4
Then, the following result holds

Proposition 3.6.1 For ¢ > 1, assume that

Iz — (1 —e)f)"

-M
W& €T, Vi=1,nm+m?  |AHw,€)| <6 ;

(3.6.18)

where AH}(z,&) denotes thei-th (i = 1,--- ,mn+m?) component of AH(x, ), then
it follows that

V(xz,§) e T, Vi=1,..mVj=1,...n
M7 (g — (1 —g)¢)ett (3.6.19)
(g +1)!

@4 [AH(2,8)| <

and
V(z, ) e T, Vi=1,..,mVji=1,...m
Mo (g — (1 — £)g)at! (3.6.20)
(g + 1)

Wy [AH (2, €)] < ¢
The proof of this proposition relies on the following Lemma, which is crucial and
different with previous works.

Lemma 3.6.1 Forqe N, (z,&) € T, and sf;(m,f), 1/5(95,5), Xij (2, €, ), mij(x, €, )
defined as in (3.8.2),(3.8.4),(3.6.1),(3.6.3), respectively, the following inequalities holds

(z— (1-e)&)"™

, 1<i<m,1<5<n

55 (@)
/ (@ij(, &5 8) — (1 — €)&j(x, &5 8))  ds < M,
0

qg+1
(3.6.21)
V] (@) (1= )t
7 Gategn - 0 -G enyra < E=E 00T o
0 q
(3.6.22)
where
M { ! ! } (3.6.23)
A= max ) .0.
is=1,...mj=1,..n | t; + (1 — E))\j —Eij (,ul — (1 — E),LLS>
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Consider the following change of variables, noting (3.6.1),

dl‘i' 7,
T:Z'U(l',g,S)—(1_5)513(517,5,8), dr = dS](z’g’ ) (1_ ) §j<x éﬂ )
(3.6.24)
= (—pi — (L —¢)Nj)ds (3.6.25)
The left-hand-side of (3.6.21) becomes
55 (,6)
|7 s - (1= gy (a o) ds
0
oh(@.6)~ (1) (2.6) .
= / ———d7
z—(1—¢)¢ i + (1 - €>>\j
(3.6.26)
(@ (1=99)"" = (2,9 — (1—e)ehi(x, )"
(i + (1 =e)Aj)(g+1)
o - q+1
g, = (1=5)9)
q+1
where we have used the fact that for all 1 <i <m, 1 <7 <n, one has
v (x,8) — (L —e)ef(2,6) >0 (3.6.27)

which is trivially satisfied since (z];(z,€), &/ (x,€)) € OT and € > 0. Consider now
the following change of variables

r = Xl €5) — (1= )G, &55), dr = | D g5) — (1-) D00, 6;5) | d
(3.6.28)
=i (i — (1 —e)p ) ds (3.6.29)

Thus, left-hand-side of (3.6.22) becomes

F(2.6)
ij
/ (xij (2, & v) — (1= e)Gj(w, & v))  dv
0
X (@,8)—(1=e)¢E (@) q

= dr 3.6.30
/I_(H)g == (3.6:30)

(= (1 =)&) — (xE(x,6) — (1 — )¢, €)™
—&ij (M ( (1 - 5)#]) ( )
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Given the definition of ¢;; given by (3.6.4), one has

e N 3.6.31
€J(N ( €>luﬂ) {(1—6)#]'_“%' ife>7 ( )

Therefore, given the definition of ¢ (Equation (3.6.17)) in the case ¢ > j and the
ordering of the y; in the case ¢ < j, one has

—eii (i — (L —¢e)pj) >0 (3.6.32)

Besides, since (xjj(2,¢), Gj(,€)) € T, one has (xfj(x,£) — (1 —€)¢fj(x,¢)) > 0
and (3.6.30) becomes

(x— (1-e)&)"™
q+1

VEw8)
|7 e = (=) g an < (3.6.33)

which concludes the proof.

Remark 3.6.2 Notice that (3.6.32) also implies that, for any (x,&) € T and 1 <
1 <m, 1< 7 <n the function

€ [0,v55(2,8)] = x5, & v) — (1= )Gij(, & v) (3.6.34)

18 strictly decreasing, in particular the following inequality holds

0 < xi3(2,8) — (1 —e)¢fi (2, 6) <w—(1—e)¢ (3.6.35)

which will be useful in the proof of Proposition 3.6.1.

Proof of Proposition 3.6.1 Define

_ 1 1
A =max{\,, 1}, A = max {—, —} : (3.6.36)
)\1 Hn,
g=max{o" 0 "0t 077}, g=max{g;} (3.6.37)
1,7 2y}
M= (nAg+1) (n+m)ohdy, ¢ =max max {lgi;(,€)l, i ()}
(3.6.38)

Let now ¢ € N and assume that

Mz — (1 -¢))

V(z,8) €T, Vi=1,...,nm+m*> |[AH!(z,&)|<¢ 4

(3.6.39)
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Then, for 1 <i<m,1<j<n, (z,§) €T one has

855 (x,8)
1B, [AHT (2, €)] </ Z% (233 (2, € 8), €5 (2,6 )

(3.6.40)
T Z U;fLip(Iij(-Ta £5),&j(x,&8)) ‘ds

p=1

using (3.6.21) and (3.6.39), this yields

SE@E)  Na (- (g £ 6) — (1 — A\E (7 £ <))]
|®1][AHQ]($7§)| < (n+m)a/0 ¢M (372]($7€; S) (]. 8)62](,%75’ 3)) s

q
MY (= (1=
q qg+1
_ Mtz — (1 — g)£)at!
<@ (¢+ 1)

< (n+m)

(3.6.41)

Similarly, for 1 < 4,5 < m, one gets that

Wy [AH (2, €)] <
(1 —d;5(z,8)) Z)‘rqm/

+ Z 01;“+Lip(xiT(X5<wv 5)7 0; S), gir(Xf;(xv g): 0; 8))
p=1

5 (G (2.),0)

Zak Klk x“" X?,](‘r 5) O S) ng(XZ]<.I' 6) 0 8))

ds

/5(935)

Using (3.6.39) yields

ZU Lip (xi(z, & v), Gij(2, & V))+ZULZ-_KM (xij(z, & v), Gy, & v)| dv
k=1
(3.6.42)

|V [AH (2, &)| <

n o psh(x(8)0) (F CQ) (1 — e (VF RNY
E\Aq(n + m)a_ / ¢M¢1 (xﬂ“ (Xz] (‘T’ 5)7 07 S) <'1 5)5“”()(@] (.’E, é—)’ Oa S)) dS
r=1 70 ¢
vii(@8) . ) — (1 — &) .
_|_ (n + m)@,/ ¢Mq (XZ] (I, 5; V) q(ll g)CZJ (l‘, gﬂ V))qdy (3643)
0 .

Then, using (3.6.21) at (z,§) = (Xf;(x,f),O) and (3.6.22) yields
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(XZ(x,ﬁ) —(1—¢) 5(z,§))‘1+1

|03 [AH) (2, €)| < AAG(n + m)aneMyM?

(¢ + 1)
+(n+ m)&dSMqMA(QEq_ +<11)T )" (3.6.44)
Inequality (3.6.35) yields
Uy [AH (2, )] < (nAAg + 1) (n 4+ m)ogd, zq(i ;)f)@q“ (3.6.45)
< @Mqﬂ@ — (=29 (3.6.46)

(¢ +1)!

which concludes the proof.

Proposition 3.6.1 directly leads to Theorem 3.3.1, since by the same procedures
presented in [26] and [31], one has that (3.6.16) converges and

+oo

> AHY(z,¢)

q=0

[H(z, )| = < M= (1=e)0) (3.6.47)

3.7 Concluding remarks

We have presented boundary control designs for a general class of linear first-order
hyperbolic systems: an output-feedback law for stabilization of heterodirectional sys-
tems and a tracking controller for motion planning for homodirectional systems.

These results bridge the gap with the results of, e.g. [77], where the null (or weak)
controllability of (n+m)-state heterodirectional states is proved but no explicit design
is given.

Our results open the door for a large number of related problems to be solved,
e.g. collocated observer design, disturbance rejection, similarly to [1], parameter
identification as in [30], stabilization of quasilinear systems as in [26].

Another important question concerns the degree of freedom given by Equation (3.3.30)
in the control design. The effect of the boundary value of the kernels on the transient
performances of the closed-loop system is non-trivial, yet crucial for applications.
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3.8 Appendix: Explicit definition of the charac-
teristic lines

In this appendix, we give the detailed expressions of the characteristic lines of the
kernel equations (3.3.25),(3.3.26).

3.8.1 Characteristics of the K kernels

The characteristic lines corresponding to Equations (3.3.25), for 1 < i < m,
1 <7 < n are given by

2i5(7, & 8) = T — s, &ij(x,&8) =€+ Ajs, s € [0,s5(x,€)] (3.8.1)

These lines, depicted on Figure 3 originate at (x,&) and arrive on the hypotenuse
at (zf;,x};), with

F
S . x’ g s mi'
58) 1 + A ’ Aj + pi

(3.8.2)

3.8.2 Characteristics of the L kernels

The characteristic lines corresponding to Equations (3.3.26), for 1 < i < m,
1 <7 < m are given by

Xij(@, & v) = v+ ey, Gi(@,&v) =E+eguy, ve [0, (x, )] (38.3)

where €;;(z,§) are given by (3.6.4) and

£ ifi=j
14
i if 1 < j and p;§ — pjr <0
v &) =",
if (i <jand p§ — pjz > 0) or (i > j and pu:§ — pjr > p; — fij)
Hi — [
1—=x o )
P if i > jand w§ — iz < py — py.
\ 0

(3.8.4)
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Therefore the terminating points (x/(z,€), ¢/ (2,€)) € OT of the characteristics are
given by

(v — ¢ ifi=j
Hi e
xr——£ it 7 < j and p;§ — pjr <0
Hj
iS — ML L. .
Xiy(2,€) = it~ g if i <jand € — pz >0 (3.8.5)
Hi — Hj
T —= s ... .
Ha® — if o> g and w§ — i > pi —
Hi — M
L1 it 7 > j and ;& — e < i —
and
0 ifi=y
0 it i < j and p;§ — pjz <0
Mif_,ujx

——  ifi<jand pu§ —pjz >0
Gij(w,6) = ¢ Hi = M (3.8.6)

T — [
Ha® — b ifi>jand w§ — i > i —
Hi — [
l—az
£+ 1y if @ > j and p;§ — pyw < pi — py.
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4.1 Introduction and Main Result

Consider the following 1-D n x n inhomogeneous quasilinear hyperbolic system

0 0

a—?—l—A(x,u)a—Z = F(z,u), z €10,1], t € [0, +00), (4.1.1)
where, u = (uy, ..., u,) is an unknown vector function of (¢,z), A(z,u) is an n X n
matrix with C? entries a;;(x,u)(i,j = 1,---,n), F : [0,1] x R* — R" is a vector
valued function with C? components f;(x,u)(i = 1,--- ,n) with respect to v and

F(z,0) = 0. (4.1.2)
Denote
oF

we assume that f;; € C*([0,1])

By the definition of hyperbolicity, we assume that A(z,0) is a diagonal matrix
with distinct and nonzero eigenvalues A(z,0) = diag(Aq(x),- -, A,(z)), which are,
without loss of generality, ordered as follows:

A(z) < Ag(z) <+ < Ap(x) <0< A () < -+ < Ap(x),Vz € [0,1].  (4.1.4)
Here and in what follows, diag(A;(z), -, A,(z)) denotes the diagonal matrix whose

i-th element on the diagonal is A;(x).

Under the assumption (4.1.4), a general kind of boundary conditions which guar-
antee the well- posedness of the forward problem on the domain {(¢,z)|t > 0,0 <
z < 1} can be written as (see [69]):

r=0:us=Gs(uy, - ,up), s=m+1--- n,

r=1:u.=h(t), r=1,--- m,
where G are C? functions, and we assume that they vanish at the origin, i.e.
Gs(0,---,0)=0,s=m+1,--- ,n. (4.1.7)

while, H = (hy, -+ ,h,,)T are boundary controls. Our concern, in this paper, is to
design a feedback control law for H(t) in order to ensure that the closed-loop system
is locally exponentially stable in the H? norm.

In other words, we are interested in the following stabilization problem for the
system (4.1.1) and (4.1.5)-(4.1.6):

Problem (ES). For any given A > 0. Suppose that C' compatibility conditions
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are satisfied at the point (¢,x) = (0,0). Does there exist a linear feedback control
B: (H?*(0,1))" — R™, verifying the C' compatibility conditions at the point (¢, z) =
(0,1), such that for some € > 0, the mixed initial-boundary value problem (4.1.1),
(4.1.5)-(4.1.6) and the initial conditions

t=0:u(0,z) = ¢(x) = (¢1(x), -, dn(x)), (4.1.8)

with H(t) = B(u(t,-)) admits a unique C°([0,00); (H?(0,1))") solution u = u(t, ),
which satisfies

lu(t, M2,y < Ce™16() | m20,0), (4.1.9)

for some C' > 0, provided that ||¢(-)||m2(0,r) < €7

The boundary stabilization problem for linear and nonlinear hyperbolic system
has been widely studied in the last three decades or so. During this time, three parallel
mathematical approaches have emerged. The first one is the so-called “Characteristic
method”, i.e. computing corresponding bounds by using explicit evolution of the
solution along the characteristic curves. With this method, Problem (ES) has been
previously investigated by Greenberg and Li (see [42]) for 2 x 2 systems and Li and
Qin (see [69, 98]) for a generalization to n x n homogeneous systems in the framework
of C* norm. Also, this method was developed by Li and Rao [75] to study the exact
boundary controllability for general inhomogeneous quasilinear hyperbolic systems.

The second method is the “Control Lyapunov Functions method”, which is a
useful tool to analyze the asymptotic behavior of dynamical systems. This method
was first used by Coron et.al. to design dissipative boundary conditions for nonlinear
homogeneous hyperbolic systems in the context of both C' and H? norm [20, 21,
22]. More recently, it has been shown in [25] that the exponential stability strongly
depends on the considered norm, i.e. a previously known sufficient condition for
exponential stability with respect to the H? norm is not sufficient in the framework of
C! norm. Although the Control Lyapunov Functions method has been introduced to
study exponential stability for hyperbolic systems of balance laws, however, finding
a “good” Lyapunov Function is the main difficulty, especially when the “natural”
control Lyapunov functions do not lead to arbitrarily large exponential decay rate to
the original system (see [10], [19, Pages 314 and 361-371]). This phenomenon indeed
happens when we deal with Problem (ES) for the inhomogeneous hyperbolic systems
(see [21] and [22]).

The third one is the “Backstepping method”, which is now a popular mathematical
tool to stabilize the finite dimensional and infinite dimensional dynamic systems (see
[64, 65, 103, 105, 106]). In [26], a full-state feedback control law, with actuation on
only one end of the domain, which achieves H? exponential stability of the closed-loop
2 x 2 linear and quasilinear hyperbolic system is derived using a backstepping method.
Moreover, this method ensures that the linear hyperbolic system vanishes in finite
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time. Unfortunately, the method presented in [26] can not be directly extended to n x
n cases, especially when several states convecting in the same direction are controlled
(see also [31]). In [53], a first step towards generalization to 3 x 3 linear hyperbolic
systems is addressed, in the case where two controlled states are considered. With a
similar Volterra transformation, designing an appropriate form of the target system,
Hu et.al.[54] adopt a classical backstepping controller to handle the Problem (ES)
for general n x n linear hyperbolic systems. Well-posedness of the system of kernel
equations, which is the main technical challenge, is shown there by an improved
successive approximation method.

In this paper, based on the results for the linear case [54], we will use the linearized
feedback control to stabilize the nonlinear system as it is mentioned in [26]. Although
the target system is a little different from the one in [26] with a linear term involved
in the equations, thanks to its special structure, we show that all the procedures to
handle nonlinearities in [26] can be also adapted in this paper with more technical
developments. Let us recall some definitions and statements [26]. Define the norms

lult, = lJult, )l + lue (@, )l 2,
lult, ez = lult e + ([t )l

Our main result is given by

Theorem 4.1.1 Under the assumptions in §4.1, suppose furthermore that C!
compatibility conditions are satisfied at the point (t,x) = (0,0), there exists a contin-
uous linear feedback control laws B : (H?*(0,1))" — R™, satisfying the C* compatibility
conditions at the points (t,xz) = (0,1), then for every \ > 0, there exist 6 > 0 and
¢ > 0, such that the mized initial-boundary value problem (4.1.1), (4.1.5), (4.1.6)
and (4.1.8) with H(t) = B(u(t,-)) admits a unique C°([0,00), (H?(0,1))") solution
u = u(t,z), which verifies

[ult, e < e ¢l a2, (4.1.10)

provided that ||¢|| gz < 9.

Remark 4.1.1 The C' compatibility conditions at the point (t,z) = (0,0) are
given by

¢5(0) = Gs(61(0), -+ ,¢m(0)) s=m +1,--- ,m, (4.1.11)

£4(0,6(0)) — Za5j<o, $(0))¢(0) =

> gif (61(0), -, 6, (0)) - (ﬂ(o, $(0)) — Zarj(o, ¢(0))¢;(o>) s—m+1-.n.

(4.1.12)
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The C* compatibility conditions at the point (t,z) = (0,1) are similar.

Remark 4.1.2 For convenience, we always assume that the feedback controls
H(t) = B(u(t,-)) satisfy the C' compatibility conditions at the point (t,x) = (0,1).
However, if this property fails, one can add some dynamic terms to the controllers
(see also Remark 4.53.1 and [26, Section 4]).

The rest of this paper is organized as follows. In §4.2, we review a former result
on the boundary backstepping controls for n x n linear hyperbolic system. Besides,
we design a Lyapunov function to stabilize the linear system in the L? norm. In §4.3,
we input the corresponding linearized closed-loop control to the original nonlinear
system and give the feedback control design. In §4.4, we prove exponential stability
of zero equilibrium for the quasilinear system by using the Control Lyapunov Function
method. We finally include two appendices with some technical details.

4.2 Preliminaries—Linear Case

In this section, we review the results on stabilization of n x n hyperbolic linear
system by using the backstepping method. Similar to the situation in [26], this
procedure can be applied to locally stabilize the original nonlinear system. Consider
the following n x n hyperbolic systems

wi(t, ) + Az)w,(t, x) = E(x)w(t, x) (4.2.1)

where, w = (wy, -+ ,w,)T is a vector function of (t,x), A: [0,1] — M, ,(R) is an
n x n C? diagonal matrix, i.e.

in which A_(z) := diag(Ai(z), -+, An(x)) and Ay (z) = diag(Ama1(x), -+, An(x))
are diagonal submatrices, without loss of generality, satisfying

AM(x) < < Ap(z) <0< Apga(z) < -+ < A\y(2), Vo € [0, 1]. (4.2.3)

On the other hand, ¥ : [0,1] — M,, ,(R) is a n x n matrix with

S(z) = ( g:gg g:gg ) (4.2.4)

in which 77 € M, n(R), 277 € Myom(R), E77 € M,y m(R) and X7 €
Mo—mn—m(R) are all C? submatrices with respect to . Moreover, for any i =
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1,---,n, we assume that
Yu(r) =0, Vo e[0,1]. (4.2.5)
The boundary conditions for the linear hyperbolic system (4.2.1) are given by
x=0: wy(t,0) = Qw_(t,0), (4.2.6)
and
r=1:w_(t,1) =U(t). (4.2.7)

where w_ € R™ w, € R"™ are defined by requiring that w := (w_,w ), U =
(Uy, -+ ,Upy)T are boundary feedback controls, Q € M, m 1 a constant matrix.
Our purpose in this section is to find a full-state feedback control law for U(t) to
ensure that the closed-loop system (4.2.1), (4.2.6)-(4.2.7) is globally asymptotically

stable in the L? norm, which is defined by |[w(¢, )|z = /> fol w(t, x)dx.
i=1

4.2.1 Target System

In Section 4.2.2, it will be shown that we can transform the system (4.2.1), (4.2.6)-
(4.2.7) into the following cascade system

Ye(t, ) + A(x)v,.(t, ) = G(x)y(¢t,0) (4.2.8)
with the boundary conditions
r=0: ~4(¢,0) =Qv-(t,0) (4.2.9)
and
x=1:7_(t,1) =0, (4.2.10)

where v_ € R™ ~, € R*™ are defined by requiring that v := (y_,v.)T, G is a
lower triangular matrix with following structure

G(z) = ( g;g; 8 ) (4.2.11)
in which G; € My (R) is a lower triangular matrix, i.e.
0 . o 0
Gila)= | 22 ] (12.12)

gm,l(m) gm,mfl(x) 0
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and Ga(z) € My,_mm(R). The coefficients of both G; and G, are to be determined
in §2.2. Next, we prove that the cascade system (4.2.8)-(4.2.10) verifies the following
proposition.

Proposition 4.2.1 For any given matriz function G(-) € C*(0,1), the mized
initial-boundary value problem (4.2.8)-(4.2.10) with initial condition

t=0:79(0,2) = y(x), (4.2.13)
where vy € (L*(0,1))" admits a C°([0,00); (L*(0,1))™) solution v = ~(t,z), which is

globally exponentially stable in the L?* norm, i.e. for every X\ > 0, there exists ¢ > 0
such that

v (t, e < ce 7ol 2 (4.2.14)

In fact, this solution vanishes in finite time t > tg, where tg is given by

| 1
tp = ds. 4.2.1
S S el 219

m+1(5)

Proof. Equations (4.2.8) can be rewritten as

at’y* (tv Z’) + A (@@ﬂf(ta JT) = Ql(x)y,(t, O),
D+ (t,z) + Ay (2)0pv4 (8, ) = Ga(x)7-(1,0),

then consider the following Lyapunov functional

(4.2.16)

) = [ e ta)” (Aala) ™ guta)de = [ (0B (A (@) -t a)de
(4.2.17)

where 0 > 0 is a parameter, B = diag(by,--- ,b,,) (with b, > 0,7 =1,--- ;m) whose
coefficients are to be determined. Obviously, v/} is a norm equlvalent to ||v(t, ) 2
Differentiating Vy with respect to ¢t and integrating by parts yields

Vo) =T+ 11 +1I1+1V

with

ox

e (toa) Ty (8 2) + ey (t,2)T By (t,2)],

(56 Ty (t, ) %r(t,x)dx—/ 6e%~_(t,2)T By_(t, z)dx
0

HI=2 [ ey (t,2)" (Ap(2)7 Galw)y-(t,0)de

C\Hc\“ﬁ
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IV = =2 /01 ey _(t,2)' B (A_(x)) " Gi(x)y_(t,0)dz
Noting the boundary conditions (4.2.9)-(4.2.10), we have that
1= =, (8 1) 4 (11) = - (4,0)" (B = QTQ)7-(£,0) (4.2.18)
11 < / s () (1 2)d (1, 0) / G () (A () o)y (1,0)

< / ey (b 1)t 2)da + 7 (1, 0) / G7 () (A4 ()2 Gal)dr- (£, 0)

(4.2.19)
W=z [0S a0
m>i>j2>1
bi
S—M/ Z i(g_%tmdm—M/ Z A ,0)dx
m>1>52>1 m>1>52>1
b;
ox 2 1) T
S —-M € Z Az i <t7$)d$ + M,ue ’Y—<t> 0) C’)/_(t, 0)

m2i>j21 1< )

b,
oz v 2 0 T
< —mM/O e ;—2 Ai($)7i (t,z)dx + Mpe’y_(t,0)" Cy-(t,0)

< —mM/O Oy (t,2)TB (A_(z)) " y_(t, z)dx + Mpue’y_(t,0)7Cy_(t,0)

(4.2.20)
in which
= |Gllr=, C:=diag(Ci, - ,Cn) (4.2.21)
with
C, = {g%ﬂbj’ bsrsm-1 (4.2.22)
0, r=m
and

1
= . 4.2.23
: m?"{nmnco} (4.2.23)
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Let
1
P—0TO+ / T (2) (A_ ()2 Gs () d. (4.2.24)
0
There exists a diagonal matrix S = diag(sy, - ,8$y,) with s, > 0(r = 1,--- ,m)

being large enough, such that
P=<S. (4.2.25)

where P < S denotes that S — P is a positive-definite matrix. This yields
1

Valt) <~ 1 (607 (B = 5 = Mue'C)y-(6,0) = (= 1) | e (t,0) 0, 0)da
0

1
— (6 — mMu)/ ey _(t,2)" By_(t,z)d.
0

Thus, for any given A > 0, picking

d > max {\u +mMpu, \p+ 1} (4.2.26)
Mpue® 3 b:i+s, 1<r<m-1
>4 j:rzﬂ ’ (4.2.27)
Sm, r=m.
we have
Vo < -V (4.2.28)

where A can be chosen as large as desired. It is easy to see that Parameter matrix B
does exist, since one can easily check (4.2.27) by induction. This shows exponential
stability of v system.

To show finite-time convergence to the origin, one can find the explicit solution
of (4.2.8)-(4.2.10) as follows. Define

() —/O e 1<isn (4.2.29)

Notice that every ¢;(1 < i < n) is monotonically increasing C? functions of z, and
thus invertible. With the same statement in [26] and noting (4.2.8)-(4.2.12), one can
express the explicit solution of v, by

%@@:{wmﬁf@m®+ﬂ)ﬂt<%ﬂ%¢ﬂ@7 (42,30

0 if t > ¢1(1) — du(w)
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Notice in particular that 7, is identically zero for ¢ > ¢;(1). From (4.2.8) and (4.2.12),
we obtain that ~o(t, z) satisfies the following equation for ¢t > ¢;(1)

Oy2(t, o) + Ao(2)0pya(t, ) = 0, (4.2.31)
with
(t, 1) = 0, (4.2.32)

which ensures the explicit expression of v2(¢, ) to be

(t7) = 12(61(1), d3 " (d2(2) +1))  if d1(1) <t < du(1) + da(1) — ¢a(x),
o0 if £2 61(1) + 62(1) — ().

(4.2.33)

Therefore, by induction, one has that 7,.(t,z)(2 < r < m) satisfies the following

r—1
equations, for t > > ¢x(1),
k=1

Oy, (t, ) + A\ (2) 0,y (t, ) = 0, (4.2.34)
with the boundary condition

%"(tv 1) = 0. (4235)

r—1
Thus, when ¢ > > ¢x(1), we have
k

=1

wz on(1), 67160 (@) + 1) if gqsk(l) <1< S ) - anlo),

Y (t, ) = T
0 ift > ’;%(U — ¢r().

(4.2.36)

m

This yields that y_(t,2) =0 (t > > #%(1)). From the time ¢ = Y ¢;(1) on, we find
k=1 k=1
v, becomes the solution of the following system

with

x=0:7(t,0)=0. (4.2.38)
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Since (4.2.37)-(4.2.38) is a completely decoupled system, by the characteristic method,
after t = tp, where

tr = Gmaa(1) + 3 on(1) = |5+ Z W (4.2.39)

one can see that vy, (t,z) = 0(t > tr), which concludes the Proof of Proposition
4.2.1. ]

4.2.2 Backstepping transformation and Kernel Equations

To map the original system (4.2.1) into the target system (4.2.8), we use the
following Volterra transformation of the second kind, which is similar to the one in
[26] and [31]:

y(t,x) = w(t,x) — /OZ K(x,&w(t,&)dE. (4.2.40)

We point out here that this transformation yields that w(t,0) = ~(¢,0) (V& > 0),
which is crucial to design our feedback law.

Utilizing (4.2.1) and straightforward computations, one can show that

Y+ M)y = - /OI (Ke(x, OA(E) + AM@) Ka(w, €) + K (2,6)2(8) + K (@, §)Ae(€))w(t, §)dE

+ (B(z) + K(z,2)A(z) — AMz)K (2, z))w(t, z) — K(z,0)A(0) ( é 8 ) w(t,0)

(4.2.41)

The original system (4.2.1) is mapped into the target system (4.2.8) if one has the
following kernel equations:

A(z) Ko (2, §) + Ke(2, AE) + K(z, ) 2(E) + K (2, E)Ae(§) =0 (4.2.42)

Y(z) + K(z,2)A(z) — A(z)K (z,2) =0 (4.2.43)

G(x) = —K (2, 0)A(0) ( é ) (4.2.44)
Developing equations (4.2.42)—(4.2.44) leads to the following set of kernel PDEs

Xi(2)0p Kij (2, €) 4 A (§)0: Kij (2, ) = — Z (035 () + N5 (€)) Kir (2, €)  (4.2.45)

k=1
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along with the following set of boundary conditions

0i(¥) A

1 n—m
Kij(.’L', O) = _/\(O) >\m+k<0)Ki,m+k(x70>q1€,j for 1 S 1 S ] S m. (4247)
IV k=1

To ensure well-posedness of the kernel equations, we add the following artificial
boundary conditions for K;j(m >i¢>j>1n>j>i>m+ I)onz=1:

Kij(1,6) =kJ)(€), for 1<j<i<mUm+1<i<j<n (4.2.48)
and the boundary conditions for K;j(n >i>j>m+1) on = 0:
Kij(2,0) = kP (x), for m+1<j<i<n. (4.2.49)

where kfjl ) and kz(f ) are chosen as functions of C*° 0, 1] satisfying the C'' compatibility
conditions at the point (z,£) = (1,1) (see Remark 4.2.1). The equations evolve
in the triangular domain 7 = {(z,§) : 0 < ¢ < z < 1}. By Theorem 4.5.1, one
finds that there exists a unique piecewise C*(7T) solution K (x,€) to (4.2.45)-(4.2.49)
with K (x,z), K(z,0) € C'(0,1), provided that o;;(x) are C?[0, 1], A\;(x) are C?[0, 1].
While G(x) € C' (with bounded C! norm) is given by (4.2.44) under the well-
posedness of K (z,0), which is proved in Theorem 4.5.1.

Remark 4.2.1 The C' compatibility conditions at the point (z,£) = (1,1) are
given by
k(1) = kP(1), for 1<j<i<m Um+1<i<j<n, (4.2.50)
X()E (L) + 32 (ows(1) 4 0k Xj(1)) ki (1)
k=1

Ai(1) = A;(1) ’
fori<j<i<mUm+1<i<j<n.

Y1) =

)

(4.2.51)

4.2.3 The inverse transformation and stabilization for linear
system

Transformation (4.2.40) is a classical Volterra equation of the second kind, one

can check from Theorem 4.5.2 that there exists a unique piecewise C*(7) matrix
function L(z,§) such that

w(t,z) =~(t,x) + /Om L(z, &)~(t,&)dE. (4.2.52)
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From the transformation (4.2.40) evaluated at = = 1, one gets the following feedback
control laws

Ui(t):/o ZKij(l,f)wj(t,f)df, (i=1,---,m), (4.2.53)

which immediately leads to our feedback stabilization result for the linear system as
follows:

Theorem 4.2.1 The mized initial-boundary value problem (4.2.1) with the bound-
ary conditions (4.2.6), the feedback control law (4.2.53) and initial condition

t=0:w(0,2) =w(x), (4.2.54)

in which wo € (L*(0,1))", admits a (L*(0,1))" solution w = w(t,z). Moreover, for
every 1 > 0, there exists ¢ > 0 such that

Jw(- )|z < ce™™ |lwoll 2 (4.2.55)

In fact, w vanishes in finite time t > tg, where tg is given by (4.2.15).

Remark 4.2.2 If we focus on the linear problem, A and ¥ can be assumed to be
C1([0,1]) and C°([0,1]) functions. The corresponding kernels K and L are then both
functions of L=(T).

4.3 Backstepping boundary control design for non-
linear system

As mentioned in [26], we wish the linear controller (4.2.53) designed by backstep-
ping method to work locally for the corresponding nonlinear system. Let us show
that this is indeed the case. Introduce

pi(x) = exp(—/oz iézgds) i=1,---,n. (4.3.1)

One can make the following coordinates transformation

p1(z)
w(t,z) = u(t,r) = ®(z)u(t, x). (4.3.2)

©n(T)
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Then the original control system u is transformed into the following system expressed
in the new coordinates:

wy(t, ) + Az, w)w,(t, r) = F(z,w), (4.3.3)
in which
Az, w) = ®(z)A(z, @ H2)w)d ! (), (4.3.4)
fu(z)
- B A1 (z)
F(x,w) = ®(z)F(x,® ' (z)w) — Az, w) w. (4.3.5)
Jon (2)
An(z)

Moreover, define

OF (z,w)
) = 4.3.8
@ =522 (138)
we have that
pi(T) £ : .
ij(x) = {S”j(.”) f”.(x>’ 7 (4.3.9)
0,7=17.

Therefore, we may rewrite (4.3.3) as a linear system with the same structure as (4.2.1)
plus nonlinear terms:

wi(t, ) + A(z)w,(t, x) = E(x)w(t, z) + Avp(z, w)w, (8, x) + fyo(z,w), (4.3.10)
where
A(z) = A(z,0), (4.3.11)
and
Awi e, w) = Ax) — A, w), fro(r,w) = Fow) - S@u(to).  (43.12)
For the boundary conditions of the system (4.3.10), defining

0G,
ou, >(n—m)><m

and Gyr(w_(t,0)) = G(w_(t,0)) — Quw_(t,0), (4.3.13)

u=0

o~
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one obtains that

r=0:wy(t,0) =Quw_(t,0) + Gnr(w_(t,0)) (4.3.14)
and
r=1:w_(t,1)=U(t). (4.3.15)
where
e1(1) N
U(t) = H(t) = ®(1)H(t). (4.3.16)
Som(l)

It is easily verified that

Az,0) =0, fyp(z,0)= 8£ZL (2,0) =0 (4.3.17)
and
Gy (0) = ag;“ (0) = 0. (4.3.18)

Thus, the feedback control law can be chosen as

elt) = SOV = 8220) [ 30 KL OB (e, 7= 1w m
" (4.3.19)

where the kernels are computed from (4.2.45)—(4.2.49) with the coefficients (z)
and A(x) obtained from (4.3.9) and (4.3.11). One easily verifies that under the
assumptions of §4.1, both ¥ and A are functions of C?.

Remark 4.3.1 The C' compatibility conditions at the point (t,x) = (0,1) for
system (4.1.1) with boundary conditions (4.5.15) should be

6= /0 Fo (O (EdE r=1,--.m, (4.3.20)

n

fr(1,0(1)) = Zarj(1,¢(1))¢§(1) =

=1

<

S [ Ea@ (01,000 = X oo M) r=1m @32)
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where k1, (€) are the elements of the matriz K (€) with
K(§) = 27 (1)K (L,)P(&). (4.3.22)

Notice that (4.3.20)-(4.5.21) depend on the feedback control design, however, there
are no physical reasons that the initial data should satisfy them. In order to guarantee
the initial conditions independent of these artificial conditions, we, following [26],
modify the boundary controls on x =1 as

r=1: u,=h(t)+a.(t)+b:(t) r=1,---,m, (4.3.23)

where a, and b, are the state of the following dynamic systems

a(t) = —dya,(t), bo(t) = —d,b(t) r=1,---,m (4.3.24)

with d, > 0,d, > 0 and d, # d,,r = 1,--- ,m. By the modified control designs
(4.8.23), the compatibility conditions on x =1 are rewritten by

-y / i (€)6,(6)dE + a,p(0) +0,(0) 7 =1,--- ,m, (4.3.25)

(4.3.26)

Forany1 <r <m, call
_Z/ s ()95 (€)d (4.3.27)

M, (¢) = Zam ¢5(1)
(4.3.28)
- Z/ o fk Z ar;(1 1))
Picking

w0) ML LEPG) | APO) + Mi(9) 1529)

dr—dr dr_dr
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the compatibility conditions are automatically verified. Similar stabilization results as
Theorem 4.1.1 are still valid for the closed—loop system (4.1.1), (4.1.5) and (4.3.23)
(see [26, Theorem 4.1]). In fact, this dynamic extension is designed to avoid restric-
tion for artificial boundary conditions due to the compatibility conditions at the points
(t,z) = (0,1), and it has been introduced in [17] to deal with the stabilization of the
Euler equations of incompressible fluids (see also [108]).

4.4 Proof of Theorem 4.1.1

In this section, we will prove the exponential stability for the system (4.1.1),
(4.1.5) and (4.1.6) under the boundary feedback controls (4.3.19) by Control Lya-
punov Function method. The whole proof is divided into the following steps.

4.4.1 Definitions

We first define some notations (omitting the time argument):

1 1
il i=esssiph(@, Il = ([ HOPE)" 1<p<+oo. (@)

z€[0,1]
For a n X n matrix, denote
|M| := max{||M~| =~ : v €R" |y| =1} (4.4.2)

For a piecewise kernel matrix K (z, ), which is a continuous function on each domain
D;(i=1,---,8), respectively, with

T = CJ Di, (4.4.3)
i=1
D;ND; =0,(i#j). (4.4.4)
Let
| K||oo := max sup |K(z,§)|. (4.4.5)
v (z,8)eD;

As before, we recall the following symbols of [26] for simplicity:

Kt ) = (¢, x) — / " K (e, (1,6 e, (4.4.6)
£h)(ta) = lto)+ [ " L(x, )y (t, )i, (4.4.7)

0
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Kibl(ta) = ~K (e (to) + [ Kefo €l (148)
Kabl(ta) = ~K(w,an (o)~ [ Kulo,eh(e.0)de (1.4.9)
£iblie) = Lizon(to) + [ L@t (4.4.10)

Define Fi[y] and Fy[v| as

Py = Avc(@, LD]), B[] = fyo(z, LD]). (4.4.11)

To prove our result, we notice that if we apply the (inverse) backstepping transfor-
mation (4.2.40) to the nonlinear system (4.3.10), we obtain the following transformed
system

Ye(t, 2) + A@)v.(t, 2) — G(x)y(t,0)
]

=K[Anr(z, w)w,] + K[ fnr(z, w)
Kl (. w)7] + Kl (. 0) L1 1] + Klfr 0] 412
where
By = K[F1[v]7],
Fy = K[y L.[y] + Fa[v]]
The boundary conditions are
r=0: 7+(t7 0) = QV—(tv 0) + GNL(’V— (tv O)) (4'4'13>
and
r=1:v_(t1)=0. (4.4.14)

Notice that here we may lose the regularity on the point (0,0) for the kernels K
and L, which leads both of them to be discontinuous (see [54]). However, by the
assumptions on the coefficients and applying Theorem 4.5.1 and Theorem 4.5.2, the
direct and inverse transformations (4.2.40) and (4.2.52) have C? piecewise kernels
functions. Fortunately, differentiating twice with respect to z in these transforma-
tions, by the similar argument in [26] and [108, Proposition 3.1] as well as the additive
property of the integral, it can be shown that the H? norm of v is equivalent to the
H? norm of w. Thus, if we show H? local stability of the origin for (4.4.12)-(4.4.14),
the same holds for w i.e. u.

In order to get the desired H? estimation for v, the things left are just estimating
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the growth of ||v||zz, ||vellzz and ||7ve||zz2, respectively.

4.4.2 Analyzing the growth of ||v|| 2

Let

FS[fyafY:E] = (F3_[77717]’F;_[777$])Ta F4[fy] = (F4_[7]7F4+[7])T

where F; and F; € R™, Fy and F;” € R"™™.
Define

(4.4.15)

W) = [ et Au@) it ade = [ () B (A (@) 9t a)da

(4.4.16)
Differentiating V; with respect to time and integrating by parts yields
Vit) =V +VI+VII+VIII+IX 4+ X
with
V = [~ (8,2) 7 (£, 2) + €3 (1, 2) By (1)
/56 Ty (t,x) 7+txdx—/566m 2)' By_(t,z)dx
= / o (t,2) (A (2)7 Galw)y (¢, 0)da
0
1
VIIT =2 / ey (t,2)" B (A_(2))"} G ()7 (t, 0)da
0
1
IX =2 / ey ()" (Mg (2)) 7 (B3 Iy ] + Fi ] de
0
' 1
X =2 [ ) B (@) (F5 o) + By bl)do
0
By the same argument in [26] and noting Lemma 4.6.2, we have
1
IX+X§K/ Esly,ve]| + | Faly]|)dx
L Y(Es [y, vl + 1D (4.4.17)

3
< KZ(H%:HOOVI + V12)
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Moreover, for ||Vl <9, |Gnr(v-(t,0))| < Ks|y-(t,0)|, then

Vo= =y (6, 1) (8, 1) + €= (8, 1) By (8, 1) + 74 (t,0) (£, 0) — 7-(t,0)" By (2, 0)

<=1 (.0 (B - Q"Q — K3Lu)1-(t,0)
(4.4.18)

By (4.2.19) and (4.2.20), one immediately obtains
1
‘/1<t> < - - (tu O)T (B —-S5— M,U,666> - (tv 0) o (5 o 1) / eilhfy-i-(tu x>T’7+<ta :L')dl'
0
! 3
~ 6= mMp) [ ey (t) By (t,2)do + Ka(V + V)
0

where M, C,u are given by (4.2.21) and (4.2.23), S := S + K2I,, with S stated in
(4.2.25). Thus, for any given A\; > 0, picking

d > max { A\ pu+mMpu, \jpu+ 1} (4.4.19)
M pe? 3 b;+35., 1<r<m-—1

b, = j:zr;i-l ! (4.4.20)
Sm, r=m.

we have the following

Proposition 4.4.1 For any given Ay > 0, there exists 0 > 0 and Ky > 0, such
that

. 3
Vi < =MVi+ Ko (V2 + [alleVA), (4.4.21)

provided ||v]|oo < 1.

4.4.3 Analyzing the growth of |2

Let ¢ = ;. Taking the partial derivative with ¢ in (4.4.12) yields:

Ct<t> .7}) + (A(l‘) - Fl[ry])gx(tv 37) - G(l’){(t, 0) = F5[’Yv Ve d + FGh/v d? (4422>
where
F5 = ICl [Fl [V]C] + /(i K(I, £)F12[7a ’Y:B]C(£>d£ + K(zv O)ANL(Ov 7(0))C(0) + K[Fllh/a Ch/x]y

(4.4.23)
Fg = K[Fuly, (L] + K[F Y] L[] + K[ Fa [, (]l (4.4.24)
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with
OA
b= Lh)LL,
5 A;YVL . (4.4.25)
Fip = 0 (2, L[V (v + La[7]) + pn (z, L[7]),
and
0
Fa = 5% (o L) (1.4.26)

The boundary conditions are given by

e B OGN
x=0:¢(t,0) = QC(t,0) + N

(7_ (t, o))g_ (t,0) (4.4.27)

and
r=1:((t1)=0, (4.4.28)

in which (_ € R™ (, € R"™ are defined by requiring that ¢ := (¢_, )7,

Similarly as in [26], we need the following lemma in order to find a Lyapunov
function for ((¢t, z):

Lemma 4.4.1 There exists § > 0 such that, for any ||7]|« < 0, there exists a
symmetric matriz R[y| satisfying the identity

R(Y|(A(z) = Fa[y]) = (Ale) = Fi[y]))" Rly] = 0. (4.4.29)
Moreover, we have that
|R[Y](@)] < e1 + e2f|7]l, (4.4.30)

)((RM — D())A@)),| < 27l + [17zllo0) (4.4.31)
(R[]l < es(IC] + [I¢]]zr), (4.4.32)

where c1, ¢ and cg are positive constants, and

—e”B(A_(z))7 ! 0
D(z) = ( (O (2)) ¢35 (A (2))! ) ) (4.4.33)

Proof: Denote D, () as the set of n x n diagonal matrices with C' elements. Let
A(z) = diag(A1(z), -+ ,An(z)) € Dy(x) be such that Aj(x) # Aj(z)(i # jVx €
[0,1]) holds. Notice that D € D,(x). Based on the proof in [21, Lemma 4.1],
one can easily see that there exist a positive real number n and a map N : {M €
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Moyn(R;x); |M (2) — A(z)||er < n} — S, of class C* such that
N(A(z)) = D(x), (4.4.34)
and
N(MM — MTN(M) =0 YM € M, ,(R;z), [|M(z)—A(z)||er <n. (4.4.35)
It then suffices to define R[] by
Rlr] = N'(A(z) - Fi). (4.4.36)
Moreover, by the regularity of AV and Lemma 4.6.2-4.6.3, one can show that

[RI| < [D(z)| + |R[Y] — D(x)|
< ¢y + o5l Fily]| (4.4.37)
< e+ eVl

< [(B[y] = D(2))A(z)| + [(R[y] — D(z))Ax(2))|
< c7|Fua| + cs| Fi| (4.4.38)
< co([[7llse + [[7llo0)

(R = D(@)A@)),

and
OF
|R[y]:| < 010‘ 82[7} ‘ (4.4.39)
< C1o’F11[’Y, CH (4.4.40)
< en (¢ + [ICl ). (4.4.41)
This concludes the proof of Lemma 4.1. [ ]
Define

1

V) = [ ¢t o) RDIC e, ) (14.42)
0

Using (4.4.29) and straightforward computations, one can show that
Va(t) = XT+ XII+ XIIT+XIV + XV

with

X1 = / CT(t, ) (R (A(x) — Fuly]))aC(t, 2)da
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XIT =—[¢"(t, )R (A(z) — F[y))C(t, 2))55
Xttt = [ o) RaD e
X1v =2 [l RbIRb ¢ Glds +2 [ ) Rl e
XV:?A%WL@RMG@K@ﬂMw
For XII and XV, by the boundary conditions (4.4.27)(4.4.28), we have
XIT+ XV = —[¢"(t,2)(D(x) + O[y])(A(x) — Fi[y])¢(t, 2)]555
+2/ ¢T(t,2)(D(x) + O G()((t, 0)da
@tQW(MU+@HM) D(z)Fi[y] = Oy Fi[y])¢(t, )52,
+g/thx (xummx+;/fﬂu@@maux@ﬁux
(60" (B =8 = Mpue'C = Koyl ) - (2,0)
+1fa“@@wfg@wmx+mMule@g@JFBg@wmx
+ K7l V2

As stated in [26], we obtain

XTI < =2Va+ Ki|| ¢l 72(1V]loo + 172 loo), (4.4.43)
XIIT < Ks5|/¢]122]€|oes (4.4.44)
X1V < Ko (1K (1l + 1eloe) + 1€ 221C (1 0) (2,0 ). (4.4.45)

Following Lemma 4.6.5, we are in the position to conclude that

Proposition 4.4.2 For any given Ay > 0, there exists 05 > 0 and K; > 0, such
that

Va < =XoVa + K7 (|[¢lloo + 17llo0) Vas (4.4.46)

provided that ||7]|e < 0.
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4.4.4 Analyzing the growth of || .2

We next deal with ||y ||z2. Define § = ;;. Taking a partial derivative with respect
to t for (4.4.22), one obtains an equation of 6:

0, + [A(z) — Fily]]0. = G(2)0(t,0) + Fz[7, 72, C, G, 0] + Fs[, ¢, 0], (4.4.47)

where

Fr = Ka[Fuly, (] + /Ox K (2, €) Fia[v, 72]0()d€ + Ka[F1[7]6]

(4.4.48)

[ K@ OF 6 IO + K (0) 20,4000

+ K(2,0)AnL(0,7(0))0(0) + K[Fu1[7, ¢]¢] + K[F13[7, ¢, 0]7a],
Fy = 2K[Fu v, ¢IL1[C]] + K[F [y £4[0]] + K[Fis[v, ¢, 01L1[7]] + K[F2a[v, ¢, 0]

(4.4.49)
with
Fis = 208 0, LI + 25 £ 1), (1.4.50
Fut = 8 0, LI + ) + 2 LB G+ 410D
. (4.4.51)
S LR
Fp = %u,ﬁ[ DEQIEL) + 252 o, LOLIEL (14.52)
The boundary conditions of § are given by
2 =0:0,4(0) = QO_(t,0) + aaG NE (7_@, 0))9_ (£,0)
. - (4.4.53)
+55 2 (-0 061, 0)
and
z=1:0_(t1) =0, (4.4.54)

where _ € R™ 0, € R"™ are defined by requiring that 6 := (6_,0,).

In order to control ||0||zz, we introduce

Vs(t) = /01 07 (t, 2)R[Y]0(t, x)dz, (4.4.55)
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then it is easy to see that
Va(t) = XVI+XVII+XVIIT+ XIX + XX (4.4.56)
with
XVI = [0t )(RE)A) ~ FE))O(t)ds
XVII == [07(t, 2)R[y](x)(A(x) — Fi[y](2))0(t, ©)]5=

XVIII =+ /0 1 07 (t, x)(R[Y]):0(t, x)dx

1 1
XIX =42 / 07 (¢, 2) RO F [, Yo €, Go Ol + 2 / 0" (t,2) R Fsly. . Olda
0 0

XX =42 /O 071, 2 R G (2)0(t, 0)d.

Let us first look at the second and the last term of (4.4.56)(i.e. XVII and XX), by
some straight computations, one gets

XVII+ XX <—6_(t, O)T(B ~ 5~ Mue’c - K8||7\|001m)9_<t, 0)

1 1
+ / e 0, (t, ) 0, (t, x)dx +mMp / ¢**0_(t,x)" BO_(t, x)dx
0 0

+ Ko7l Va
(4.4.57)

Then by the same procedures in [26], we have the following

Proposition 4.4.3 For any given A3 > 0, there exists 63 > 0 and positive con-
stants Kqg, K11, K19, K13 and Ky4, such that

. 1 1 3
Vs < —AsVa + Kol 7llee Vs + K11 VaVi2 4+ K12VaVi? + K15Vi? + Ki4lC||5,,  (4.4.58)

provided that ||7]|c + [|€]|co < 03.

4.4.5 Proof of the H? stability for v

Denote W = V; + V5, + V3, by Proposition 4.4.1, 4.4.2 and 4.4.3 as well as Lemma
4.6.7, one can show that for any given A > 0, there exists § > 0 and K35 > 0, such
that

W < =AW + Ki5W2, (4.4.59)
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provided that ||7]|c + ||¢]|ec < 0. This concludes the whole proof of Theorem 4.1.1.m

4.5 Appendix A

In this section, we will show the well-posedness and piecewise smoothness of the
Kernel K and L which are given by the following Theorems.

Theorem 4.5.1 Let N € N*. Under the assumption that o;; € CN[0,1], \; €
CN[0,1](i,7 = 1,--- ,n), there exists a unique piecewise CN(T) solution K to the
hyperbolic system (4.2.45)—(4.2,49). Moreover, if the CN=1 compatibility conditions at
the point (x,€) = (1,1) are satisfied, then K(-,-) € CN=1(0,1), K(-,0) € C¥~1(0,1)
with bounded CN~' norm.

Proof. We divided the proof into two parts. For the first part, we prove the regularity
of the kernels. For this, we only prove the case N = 1. For N > 1, the results can
be obtained by induction. In the case N = 1, one can, in fact, refer [54] and Remark
4.5.1 to find there exists a piecewise C? kernel K for the boundary problem (4.2.45)-
(4.2.49), where though only constant coupling coefficients and transport velocities
are considered. However, the method in [54] straightforwardly extends to spatially
varying coefficients with more involved technical developments. Next, we will improve
the regulality of K. Let H;; = 0,K;;(z,€) and Vi; = 0¢K;j(x,€). By differentiating
with respect to x in (4.2.45), one can show that

n

i) 0 Hij (,€) + M () DeHij (2, €) = = (00 (&) + 0N (€)) Hin(, €) — No() Hig (w, €).

k=1
(4.5.1)
Differentiating the boundary conditions in (4.2.46) and (4.2.47), we have
Hij(x, x) + yw(x,m) = kj;(x) for 1 <i,7<n(i#j), (4.5.2)
Hij(x,0) )\;0 2 Ak (0)Hi (2, 0) g for1<i<j<m. (4.5.3)
Next, differentiating the boundary conditions in (?7)-(3.3.30), we have
Vis(1,6) =k(€), for 1<j<i<mUm+1<i<j<n (4.5.4)

and the boundary conditions for H;;(n >i>j>m+1) on { = 0:

Hij(2,0) = k) (2), for m+1<j<i<n. (4.5.5)
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In view of the equations (4.2.45), it is easy to see that

n

Ni(@)Hij(z, ) + Nj(2) Vij (2, 2) = — Z (O'kj () + 5kj)\;»(x))Kik(x, x) (4.5.6)

M(DHi5(1,€) + X (Vi (1,6) = = D (0 () + 05X (6)) Kin(1,€) (4.5.7)

k=1

Combining (4.5.2) and (4.5.6), we have

M ()L () + i“””( ) + G N, (2)) Ko (2, 3)
A

Myl w) = )

for 1 <i,j <n(i#j).
(4.5.8)

Similarly, plugging (4.5.7) into (4.5.4), one immediately obtains, for 1 < j < i <
m U m+1<i<j<n, we have

Hij(1,6) = — Ail) (Z (5 (6) + 615 N(€)) K (1, §>+A<s>k<”<5>>, (4.5.9)

k=1

which are piecewise C°(0, 1) function. By the theory in [54], we can prove that there
exists a unique piecewise H € C°(T) for the boundary value problem (4.5.1), (4.5.3),
(4.5.5) and (4.5.8)—(4.5.9). Noting the equations (4.2.45), we know that ) shares the
same regularity as H.

Next, we prove the regularity of K(-,0). Obviously, for N = 1, by the theory
in [54] and Remark 4.5.1, one can prove that both K(-,-) and K(-,0) € C°(0,1)
with bounded C° norm, provided that the C° compatibility conditions (4.2.50) are
satisfied at the the point (x,&) = (1,1). Next, we prove the case N = 2. Taking an
&-derivative in (4.2.45) yields

n

Xi(2)0:Y,5(, ) + X (€)Y (1, €) = = > (0%5(€) + 0 A5 () Vi, €) — Nj(&) Vs (x, €)

k=1

= > (04;(8) + 0N (6)) Kir (2, €) (4.5.10)

=1

3

x>

Combining (4.5.2) and (4.5.6), we have

n

Ai(@)ki; () + 30 (o (%) + 0N () Kiw (@, )

Vij(z,x) = —1A< o we for 1 <i,j< n(z':;)l.l)
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Since

Ai(@)Hij(2,0) + X (0) Vi (2,0) = = > (0%;(0) + 6k N;(0)) K (, 0) (4.5.12)

k=1

Plugging (4.5.3) and (4.5.5), respectively, one obtains

1 2,
Vij(z,0) = — < /i‘( )+ 01;(0) + 0 K; :1:,()),
0 =30 Z 15(0) +31525(0)) Kin(a, 0) (4.5.13)
for m+1<j57<i<n
and
1 . / 1 — 2
Yij(@,0) = = 15 > (0%5(0) + 6 N5(0)) K, 0) + 200 Ak (0) @k Vimrk(, 0)
J( ) k=1 .7( ) k=1
1 n—m n
)\2<0 m+k Qk] O m+k( )+5S,m+k)‘;n+k<0))Kis<an)
J k=1 s=1

for1 <i<j<m.
(4.5.14)

Noting (4.5.4), (4.5.11), (4.5.13) and K (-,0) € C°, we know that Y;;(-,-) € C°(0,1)(z #
7). Vij(1,5) € C°(0,1)(forl < j<i<m U m+1<i<j<n)and Y;(-,0) €
C%0,1)(for m +1 < j <i<mn). By the C' compatibility conditions (4.2.51) at the
point (z,¢) = (1,1) and using the theory in [54] and Remark 4.5.1, we can prove that
there exists a unique piecewise C° function ) = Y(x, £) for the boundary value prob-
lem (4.5.10), (4.5.11), (4.5.13), (4.5.4) and (4.5.14), which satisfies Y(-,-), V(-,0) €
C°(0,1). Noting (4.5.12) and (4.5.6), we know that H(-,-), H(-,0) € C°(0,1). This
finishes the proof. [ ]

Remark 4.5.1 [t is worthy of mentioning that in [54], we only prove K € L*>(T)
and do not clarify the reqularity of the kernel because of brevity purposes. How-
ever, with the same procedure in [26, Section A.3] and [31], one can prove that
K is a piecewise C° function with K(-,-), K(-,0) € C°0,1) and K(1,-) being a
function of piecewise C°(0,1) for the boundary problem (4.2.45)-(4.2.49), provided
oi; € C°0,1], N, € CY0,1](i,5 = 1,---,n) and the C° compatibility conditions
(4.2.50) are satisfied at the the point (x,&) = (1,1).

Theorem 4.5.2 Under the assumptions of Theorem 4.5.1, For any N € N, there

exists a unique piecewise CN(T) kernel L to the inverse transformation (4.2.52).
Moreover, L(x,z), L(x,0) € CN~1(0,1).
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Proof. Substituting (4.2.40) for (4.2.52), it is easy to see that L is the solution of
the following Volterra equations

L(z,&) = K(x,8) + / K(z,s)L(s,&)ds (4.5.15)

which yields that
L(z,7) = K(x,2) € CY74(0,1). (4.5.16)
Noting (4.2.43), we have
Y(z) + L(z,z)A(z) — A(z)L(z,x) = 0. (4.5.17)

Next, Taking a partial derivative in x and £ in (4.5.15), respectively, one obtains
Lo(2,€) = Ko(w, ) + K (x, 2) / Ko(z,€)L(s, €)ds, (4.5.18)
Le(x,€) = Ke(2,§) — K(x,8)L(E,§) —|—/€ K(z,s)Le(s, &)ds. (4.5.19)

Substituting (4.5.18) and (4.5.19) for (4.2.42) and using integration by parts, one has

A(@)La(2,€) + Le(x, )A(E) = (B(2) — Ae(€)) L(,€) (4.5.20)
Again by (4.5.15), we have

L(z,0) = K(x,0) / K(x,s)L(s,0)ds (4.5.21)

since both K (z,0) and K(z,z) are CV~! continuous functions, by a suitable itera-
tion procedure (see [87, Theorem 3.2, Pages 32-34]), it easy to see that there exists
L(x,0) = I(x) € CV1(0,1) for the Volterra equation of the second kind (4.5.21).

On the other hand, substituting (4.2.52) for (4.2.40), one gets
L(z,§) = K(z,¢) +/ L(z, s)K(s,&)ds (4.5.22)
3
then

L(1,§):K(1,g)+/€ L(1,8)K (s, €)ds (4.5.23)

With the same argument above, we can see that L;;(1,§) = j(f) (m>i>j3>1,n>
j>i>m+1)onz =1 are functions of piecewise C" (0, 1). Then, For the boundary
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problem (4.5.20) with the boundary conditions (4.5.17), and

Lij(x,0) =l;j(x), for 1<i<j<m U m+1<j<i<n. (4.5.25)
by Theorem 4.5.1, one immediately gets Theorem 4.5.2. [ |

4.6 Appendix B

In this appendix, we first sketch out four useful lemmas (the details can be found
in [26)).

Lemma 4.6.1 There exists a positive real number ci, such that

I+ LD+ ]+ 1K+ L] < eyl + llyvlen)- (4.6.1)

Lemma 4.6.2 Suppose ||7||« is suitable small, one can see that

11| < o[y [+ vl (4.6.2)
|Fo| < es(Iy)? + I170), (4.6.3)
B3] < ca(ly] + IVl (1vllzz + 1), (4.6.4)
|Ea| < es(Wy1P + [Iv170). (4.6.5)

Lemma 4.6.3

[Fua| < oS+ NIClz), (4.6.6)
|Fia| < (el + Y[+ [17]l20), (4.6.7)
[Fon| < es(fy] =+ Iyl (S + ISz, (

|1 F5] < co(IC] 4 [ICHz2) (] + lIvllz2) + eroIC + ISl 2) (el + [[72llz2)) + ey (0)[IC(0)],

(4.6.9)

| F6| < eaa|y] + [[7Ilz2) (IC] + (€] 22)- (4.6.10)
Lemma 4.6.4

| Fis| <cis(IC1” 4 [[CN172) + caa(16] + 10]]1), (4.6.11)

| Fra| <cna(IC] + [[CNz) (X + [yl + 7]+ Ivllze) + eas (€] + Gl + (€] zr),  (4.6.12)

| Fao| <cas(1y] + I711) (0] + 11611 21) + e (IC1* + 1ICII72), (4.6.13)

| Fr| <ess(IC° + ICHZ2) (1 + 7] + [y 1)
+ o ([C] + (1€l z2) (1] + [I¢1z2) (4.6.14)
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+ ooy + I7llz2 + [ 10] + 1160]] 2)
+ean(C(0)* + [(0)][6(0)1),
| Fs| <eam (I + ICHZ2) (1 + [lloo) + cas(ly] + [171l22) (161 + 116]] 2)- (4.6.15)

Next, we show the following proposition which is also mentioned in [26], however
here more technical developments are involved.

Proposition 4.6.1 There exists 6 > 0 such that for any |y| + || < 6, one has

10]lsc < CrllVazlloo + 172l + lI7llo0), (4.6.16)
101122 < CollVeall2 + 17ell2 + lIv]22), (4.6.17)
Naalloo < Ca(l10]loc + lIClloo + lI7Vllo0), (4.6.18)
Vaellzz < CalllOllz + ISz + [17]l22), (4.6.19)

where C, Cy, C3 and Cy are positive constants.
Proof. We prove the next three lemmas to get Proposition 4.6.1.

Lemma 4.6.5 There exists 6 such that, if |y| <, then the following inequalities

hold:
I€lloe < 17z lloe + [171lo0) (4.6.20)
1Cllze < callvellzz + 17llz2), (4.6.21)
[Yzlloo < ea(l[Clloo + 7Nl (4.6.22)
Illz2 < ealliClize +[17]l2) (4.6.23)
Proof. Noting (4.4.12), one can easily see that
((t2) + At ) — G()1(t,0) = Fify, ] + Filo] (46.24)

The difference between our proof and the proof in [26, Lemma B.6] is the appearance
of the term G(x)vy(t,0) in (4.6.24). Noting (4.2.44) and Theorem 4.5.1, we have
G(-) € C'(0,1) with bounded C' norm. Then since one can show that

[GE(E0)l[r2 < es[|G)V(E 0)lloo < sllVlloo < erlllVallze + [17]lz2),  (4.6.25)

which yields, by the same argument in [26, Lemma B.6], (4.6.20)-(4.6.22).
On the other hand, by the special structure of G(z), we have

10emillz2 < es(lIClz2 + 1vallz2llVlloo + I E2 17l 0), (4.6.26)
19272ll2 < co(llCllzz + Malloo + [l 2 1V lloo + Il 2217 1lo0) (4.6.27)
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m—1
10 vmllzz < emir(lIChzz + X lvelloo + Izllz2llVlloo + 17z I7llee),  (4:6.28)
r=1
10275l 22 < coqr (€] 22 + Zm: [Yelloe + (172 llz2l17lloo + lIvIlz2 {17110 (4.6.29)
r=1

in which s =m 4+ 1,--- ,n. Noting the classical Sobolev’s inequality

Il < E(Ilae + Illsz ) < Cllyl, (4:6.30)
one gets that

10722 < CrlIClzz + vl 2 lvllse + 17l E2IV]ls0), (4.6.31)

10272l z2 < Co(lICllzz + Ivl[e2 + [10emllze + 12l 2 1 ]loo + [Vl 22 17 ]lee),  (46.32)

m—1

10:mllz2 < Con(lICllze + Il + Y Ivellze + Ivallez 17 lloo + 72l lloc), (4.6.33)

r=1

10:7sll22 < Culi€llze + Iz + D Ivellze + Iz lzlivllze + il llee)  (4.6.34)

r=1
where s =m + 1,--- ,n. Then, we can easily obtain by induction that
I2llze < @lichiee + [ell2vlloo + Ivllzz 1y lloo + l1vll22), (4.6.35)
which concludes (4.6.23), under the assumption that ||7v|/s is small enough. n

Combining the same technical approach as in [26, Lemma B.7 and Lemma B.§]
and an analogous argument used in the proof of Lemma 4.6.5 and noting G € C*,
the details of which we omit, one can show the next two lemmas.

Lemma 4.6.6 There exists § such that, if ||7|c < 0, then the following inequal-
ities hold:

[Yazlloo < e1(([Calloo + lI¢Hloo + 17]l0) (4.6.36)
Vaellz2 < ca(llGellz2 + Sl + lIvllc2) (4.6.37)
1 lloo < es([[Vazlloo + IS Hloo + 17110 (4.6.38)
16l < calllvaelle2 + (IS + [[7]]22), (4.6.39)

where c1, ¢a, c3 and ¢4 are positive constants.

and
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Lemma 4.6.7 There exists 0 such that, if ||Y]|eo + ||C||ec < 6, then the following
inequalities hold:

10lloc < er(lICalloc + lICHoo + [17lo0) (4.6.40)
101> < e2(llCallze + NSz + [17]lz2) (4.6.41)
1alloe < €s([10lloc + lICHoo + [17lo0) (4.6.42)
1Callzz < calllOll 2 + NSz + [17]]22), (4.6.43)

where c1, ¢, c3 and c4 are positive constants.

The above three Lemma 4.6.5-4.6.7 immediately yield Proposition 4.6.1. |
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Chapter 5

Exact Boundary Controllability
and Observability for a Coupled
System of Quasilinear Wave
Equations
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5.1 Introduction

There are many publications concerning the exact controllability for linear hy-
perbolic systems (see [88]-[100] and the references therein). As a special form of
second order hyperbolic equations, the exact boundary controllability for linear wave
equation was obtained in a complete manner (see [88]-[89]). Using the Hilbert Unique-
ness Method (HUM) suggested in [88]-[89], Zuazua [122]-[123], Emanuilov [37] and
Lasiecka &Triggiani [66] subsequently established the exact boundary controlla-
bility for some semilinear wave equations. In the quasilinear case, based on the
result on the semi-global C? solution, by a direct constructive method, Li and Yu
established the local exact boundary controllability for single 1-D quasilinear wave
equation with boundary conditions of various types (see [70]-[83]). Later, this result
has been applied to get the exact boundary controllability of nodal profile and on a

145
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tree-like network for quasilinear wave equations respectively (see [43], [110]). For the
following second order quasilinear hyperbolic system

U + A(u, Uy Ug ) Uty + B(Uy Uy Ug) Uy = C, Uy, 1) (5.1.1)

under some different hypothesis on matrices A, B and C', the corresponding local
exact boundary controllability was obtained by Yu [118] and Wang [109] respectively.

On the other hand, as a dual problem of controllability, the exact boundary
observability for wave equations has been widely studied (see [27], [67], [88]-[89]). In
fact, The essence of J.-L. Lions’s HUM is to use the duality to get the controllability by
a corresponding observability inequality. Based on the result on semi-global classical
solutions for quasilinear hyperbolic systems, by a constructive method, the exact
boundary observability for single quasilinear wave equation was established by Li (see
[72],[71]) and Guo(see [49]) respectively, and some implicit dualities have been shown
between the exact boundary controllability and the exact boundary observability in
the quasilinear case. As for the second order quasilinear hyperbolic system (5.1.1),
the corresponding local exact boundary observability was obtained by Yu [119] under
some hypothesis on matrices A, B and C.

In this chapter, we consider a kind of coupled system of 1-D quasilinear wave
equations, which can be rewritten in the form of second order quasilinear hyperbolic
systems discussed in [109] and [119], but the systems in [109] and [119] were too gen-
eral, which is not convenient to get the results we want. Therefore, for the coupled
system of quasilinear wave equations under consideration, we restudy its controllabil-
ity and observability and get brief results. In addition, the corresponding discussion
of exact boundary null controllability and weak observability are added. Based on
the existence and uniqueness of semi-global C! solution and the local exact boundary
controllability and observability for first order quasilinear hyperbolic systems, by a
constructive method developed by Li (see [74] and [71] et.al.), we can obtain the local
exact boundary (null) controllability and (weak) observability for a coupled system
of quasilinear wave equations with boundary conditions of different types. The con-
clusions we get provide basis for studying the exact boundary synchronization for the
coupled system of wave equations (see [81]).

Consider the following the coupled system of 1-D quasilinear wave equations

82wi 2 8 wz

Wi Gaemse o
where w = (wy, . .., w,)"is the unknown vector function of (¢, z), a;(w) and a;;(w) (i, j
=1,---,n) are all C"! functions of w on the domain under consideration, satisfying

a;(0) >0,i=1,--- n. (5.1.3)
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On one end z = 0, we prescribe any one of the following Dirichlet type, Neumann
type, Coupled third type and Coupled dissipative type boundary conditions:

r=0:w,=h(t) (i=1---,n), (5.1.4a)
ow; . .

r=0: o hi(t) (i =1,---,n), (5.1.4b)
Gwi - .

r=0: e —;bij(w)wj:hi(t) (1=1,---,n), (5.1.4c)

r=0:o2 - ;c”(w) o = hilt) (i=1,---,n), (5.1.4d)

where b;; = b;;(w) and ¢;; = ¢;j(w) are C* functions of w, h;(t) are C? functions (in
case(5.1.4a)) or C! functions (in case(5.1.4b)-(5.1.4d)).

Similarly, on another end x = L, the boundary conditions are

v=L:w =h(t) (i=1--,n), (5.1.5a)
v=1L: 85? = hi(t) (i=1,--- ,n), (5.1.5b)
r=1L: %7“;1 + 3 bij(w)yw; = hi(t) (i=1,--+ ,n), (5.1.5¢)
j=1
. . 8w1 - _ 6w]» T .
v=L:—- —|—j§:lc”(w) o =hilt) (=1, n), (5.1.5d)

where b;; = b;;(w) and ¢; = ¢;;(w) are C* functions of w, h,(t) are C? functions (in
case(5.1.5a)) or C! functions (in case(5.1.5b)-(5.1.5d)).

The initial conditions are given by
t=0:(w,w) = (p(x),¥(z)), 0<z <L, (5.1.6)

where ¢ = (1, ,¢,)7 is a C? vector function on [0, L], ¢ = (¢, ,1,)T is a
C* vector function on [0, L], they are all with small C? norm or C' norm, such that
the conditions of C? compatibility at the points (¢,2) = (0,0) and (0, L) are satisfied
respectively.

Obviously, w = 0 is an equilibrium of system (5.1.2). Based on the theory of semi-
global C? solution, by a constructive method (see [74] and [71]), we will establish local
exact boundary controllability and observability around w = 0.

This chapter is organized as follows. The existence and uniqueness of semi-global
C? solution to the coupled system of quasilinear wave equations (5.1.2) with boundary
conditions (5.1.4) and (5.1.5) of different types will be presented in § 5.2. Based on
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this, in § 5.3, we obtain the corresponding local exact boundary (null) controllability
with boundary controls on one end or on two ends and in § 5.4, we obtain the
corresponding local exact boundary (weak) observability with observed values on one
end or on two ends.

5.2 Existence and Uniqueness of Semi-global C?
Solution

For the purpose of getting the local exact boundary controllability and observabil-
ity for system (5.1.2) with boundary conditions (5.1.4)-(5.1.5), we should first prove
the existence and uniqueness of semi-global C? solution for mixed initial-boundary
value problem (5.1.2) and (5.1.4)-(5.1.6). In order to get it in a unified way, the best
way is to reduce the equations to a first order quasilinear hyperbolic system and use
the corresponding results of semi-global C! solution.

Setting
dw; ow; .
u = ('LLl, e 7un)T7 vV = (/017 tet ,UTL)T7 (522)

equations (5.1.2) can be reduced to the following first order quasilinear system

o,
ou v
5 — M(w)g = —Alw)w,
where A(w) = diag{a;(w), - ,a,(w)} and A(w) = (a;j(w))nxn. lts equivalent ma-
trix form can be written as
w 0 0 0 w v
% w |+ 0 0 -1, 82 u | = 0 : (5.2.4)
0 —A*(w) O v —A(w)w
The characteristic equation of (5.2.3) or (5.2.4) is
M, 0 0
det | 0 N, I, | =\"\L,—A*(w)| =0, (5.2.5)
0 A2w) A,

whose solutions, the real eigenvalues of system (5.2.3) or (5.2.4), are

A= —ai(w), N =0, \ =aw) (i=1,--,n), (5.2.6)

(2
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the corresponding left eigenvectors, which constitute a complete set, can be chosen
as

I7 =(0,a;(w)e;, €), 1) = (e;,0,0), I = (0, —a;(w)e, ), (i=1,---,n), (5.2.7)
(@)
in which 0 = (0,---,0) is the n — D zero vector, ¢; = (0,---,1,---,0)isan—D

row vector. Thus, (5.2.3) or (5.2.4) reduced from the system (5.1.2) is a first order
quasilinear hyperbolic system.

Let
U= (w,u,v)’. (5.2.8)
Setting diagonal variables as

V.o =17 U = ai(w)u; + v,
Vi+ = l;rU = —a;(w)u; + v,

namely,
V- =Aw)u+w,
VO =, (5.2.10)
V= —-Aw)u+v,
we have
w="V0,
u=iA"HVO) (V- —VT), (5.2.11)

2
v=3(V-+VT).

When equations (5.1.2) are reduced to system (5.2.3) or (5.2.4), the boundary
conditions (5.1.4) will be correspondingly replaced by

=0:v=H(), (5.2.12a)

0:u=H(t), (5.2.12Db)
=0:u— Bw)w=H(t), (5.2.12¢)
=0:u—C(w)v=H(t), (5.2.12d)

in which H(t) = (hi(t),- -, ha(t))T, B(w) = (bi;(w))nxn, C(w) = (¢i;(w))nxn-
Noting (5.2.11), if

det(A71(0) + C(0)) # 0, (5.2.13)

it is easy to see that, at least in a neighborhood of U = 0, the boundary conditions
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(5.2.12) (namely, (5.1.4)) on = 0 can be rewritten as

r=0: V=V~ 2H(t), (5.2.14a)
=0: Vt=V" —20VOH(t), (5.2.14b)
r=0: VE=V" - 20(VOB(VO)V® —2A(VO)H (1), (5.2.14c)

-1

=0 vt = <A’1(V0) + C(VU)) (A*l(vo) - C(V0)>V’

-1

- 2(A—1(v0) + C(V°)> H(t), (5.2.14d)
which can be uniformly presented as

r=0: VF =Gt V",V +H(), (5.2.15)

where G and H are C! functions with respect to their arguments, and without loss
of generality, we may assume that

G(t,0,0) = 0. (5.2.16)

Similarly, if
det(A~1(0) + C(0)) # 0, (5.2.17)

then at least in a neighborhood of U = 0, the boundary conditions (5.1.5) on x = L
are all of the form

c=L: V- =Ct VO, V) + H(), (5.2.18)

in which G and H are C* functions with respect to their arguments, and without loss
of generality, we may assume that

G(t,0,0) = 0. (5.2.19)

Meanwhile, the corresponding initial condition (5.1.6) can be reduced as

t=0:U=(p(z),¢'(x),9(x)", 0 <z <L (5.2.20)

Together with the conditions of C? compatibility at the point (t,z) = (0,0) and
(0, L) for the coupled system of wave equations (5.1.2) with the boundary conditions
(5.1.4)-(5.1.5) on & = 0 and = = L respectively and the initial condition(5.1.6), it
is easy to see that the conditions of C'' compatibility at these two points for the
mixed initial-boundary value problem (5.2.3), (5.2.15), (5.2.18) and (5.2.20) are also
satisfied.
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For the convenience of statement, we denote in the whole chapter that

g 2 for(h.1.4a), (5.2.21)
1 for(5.1.4b) — (5.1.4d)
and
. 2 f 1.
d= or(5.L.5a), (5.2.22)
1 for(5.1.5b) — (5.1.5d),

Based on the theory of semi-global C* solution for first order quasilinear hyper-
bolic system with zero eigenvalues (see [71], [73], [70] and [117]), it is easy to get the
following

Lemma 5.2.1 Under the hypotheses given in §5.1, suppose that the conditions
of C* compatibility are satisfied at the points (t,x) = (0,0) and (0, L), respectively.
Suppose furthermore that (5.2.13) and (5.2.17) hold. For any given and possibly
quite large T > 0, if [|(ws, ¥i)llc20,01xcr 0,0 | Pill cap.ryand ||ill cap (@ = 1+ ,n)
are suitably small, then the forward mized initial-boundary value problem (5.1.2) and
(5.1.4)-(5.1.6) admits a unique semi-global C* solution w = w(t,x) on the domain
R(T)={(t,z)[0<t<T,0<xz <L}, and

lwllc2(riry < C(Z | (wis ¥i)lle2po,Lyx o, + Z (b, Bi)||cd[07L}Xcd[07L}>, (5.2.23)

=1 i=1

where C'is a positive constant possibly depending on T.

Corollary 5.2.1 Under the hypotheses given in §5.1, if || (w4, ¥s)||c2(0,)xc1jo,2) (F =
1,---,n) are suitably small, then Cauchy problem (5.1.2) and (5.1.6) admits a unique
global C* solution w = w(t,z) on the whole mazimum determinate domain (see, for
example, [84, Remark 4.2 on Chapter 1 pages 72-73])and

[wlle2 < C Y 11pi ¥i)llc2o.xcrions (5.2.24)
i=1

where C'is a positive constant.

As for the backward mixed initial-boundary value problem (5.1.2), (5.1.4)-(5.1.5)
with final condition

t=T:(w,w) = (P(z),¥(x)), 0 <z < L. (5.2.25)
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in which ® = (®4,--- ,®,)7 is a C? vector function on [0, L], ¥ = (¥, --- , ¥, )T is a
C* vector function on [0, L], they are all with small C? norm or C! norm, such that
the conditions of C? compatibility at the points (¢, ) = (T,0) and (7T, L) are satisfied
respectively, similar results can be obtained as follows

Lemma 5.2.2 Under the hypotheses given in §5.1, suppose that the conditions
of C* compatibility are satisfied at the points (t,x) = (T,0) and (T, L), respectively.
Suppose furthermore that

det(A71(0) — C(0)) # 0, (5.2.26)
and
det(A71(0) — C(0)) # 0, (5.2.27)

hold. For any given and possibly quite large T' > 0, if |[(Ps, V3) || o210, 21x 10,2, il o,y
and Hﬁiﬂcg[of](i = 1,---,n) are suitably small, then the backward mized initial-
boundary value problem(5.1.2),(5.2.25) and (5.1.4)-(5.1.5) admits a unique semi-
global C* solution w = w(t,z) on the domain R(T) = {(t,z)|0 <t <T,0 <z < L}
and

[wllezrery < C(Z (@1, U3)lc2po.pixeron + > I (B, Bi)HCd[O,L]xCUl[O,L])7

i=1 i=1

(5.2.28)

where C'is a positive constant possibly depending on T.

Remark 5.2.1 If a;, a;, bij,gij, Cij, Cij are all independent of w, then the problem
is linear and it is not necessary to assume the small date for initial (resp. finial)
value as well as boundary functions in Lemma 5.2.1 (resp. Lemma 5.2.2). Moreover,
the C? solution obtained is global.

Remark 5.2.2 Suppose a;(w) =a > 0(i = 1,--- ,n) are the same constant, the
conditions (5.2.13) and (5.2.17) in Lemma 5.2.1 mean —a is not the eigenvalue of
both matrices C(0) and C(0), while the conditions (5.2.26) and (5.2.27) in Lemma
5.2.2 mean a is not the eigenvalue of both matrices C(0) and C(0).

Remark 5.2.3 By Lemma 5.2.1, conditions (5.2.18) and (5.2.17) for matrices
C and C in the coupled dissipative type boundary conditions (5.1.4d) and (5.1.5d) are
imposed for guaranteing the well-posedness of the corresponding forward mized initial-
boundary value problem, however, by Lemma 5.2.2, conditions (5.2.26) and (5.2.27)
for matrices C and C in the coupled dissipative type boundary conditions (5.1.4d) and
(5.1.5d) are imposed for guaranteing the well-posedness of the corresponding backward
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mized initial-boundary value problem. Other coupled matrices A, B and B, however,
can be completely arbitrary.

Remark 5.2.4 Lemma 5.2.1, Corollary 5.2.1 and Lemma 5.2.2 are still valid for
the following equations

0*w; 67w
T 8x2 Zam 1 =, (5.2.29)

or
82'11}1'

oz~ G\

2
ww; +Zaw w] —0, (5.2.30)

in which a;(w) and a;;(w), a;;(w) are all C* functwns with respect to their arguments
on the domain under consideration, satisfying (5.1.3).

5.3 Local Exact Boundary Controllability

Theorem 5.3.1 (Two-sided control) Under the hypotheses given in §5.1, sup-
pose furthermore that (5.2.13) and (5.2.17) hold. Let

1
T>L max <m> (5.3.1)
For any given initial data (o, 2/)) and final data (®, V) with small norms || (s, 1s)||c2(0,L1x 10,1
(s, Wi)llc2p, )<, (2 =1,--- ,n), there exist boundary controls H = (hy,--- , hy)
and H = (hy,--- ,hy,) with small norms ||hi|lcaor and |[h; lcapm( = 1,--+,n),

such that the mized initial-boundary value problem (5.1.2) and (5.1.4)-(5.1.6) ad-
mits a unique semi-global C* solution w = w(t, z) with small C* norm on the domain
R(T) = {(t,x)|0 <t < T,0 < x < L}, which exactly satisfies the final condition
(5.2.25).

In order to prove Theorem 5.3.1, it suffices to use the constructive method sug-
gested in [74] and [83] to prove the following lemma, the details of whose proofs are
skipped here.

Lemma 5.3.1 Under the assumptions of Theorem 5.53.1, for any given initial
data (p,) and final data (P, V) with small norms| (i, i)l c2j0,L)xc1[0,) and
(s, Wi)lle2p0,0)xcrpo,r) (2= 1,---,n), the coupled system of quasilinear wave equa-
tions (5.1.2) admits a C* solution w = w(t,z) with small C* norm on the domain
R(T) = {(t,z)|0 <t < T,0 < a < L}, which satisfies simultaneously the initial
condition (5.1.6) and the final condition (5.2.25).
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Remark 5.3.1 If a;, a;, bij,l_)ij, cij, Cij are all independent of w, then the problem
15 linear, Theorem 5.3.1 implies the corresponding global exact boundary controllabil-
1ty.

Remark 5.3.2 The exact controllability time (5.3.1) given in Theorem 5.8.1 is
sharp.

Theorem 5.3.2 (One-sided control) Under the hypotheses given in §5.1, sup-
pose furthermore that (5.2.13),(5.2.17) and (5.2.26) hold. Let

1
T>2L max (W> (5.3.2)
For any given initial data (p,v) and final data (®, V) with small norms
(23, i)l c2j0,x 10,20 [[( @iy Wi) | e2o,xc1j0,) (8 = 1, -+, n) and for any given bound-
ary functions H = (hy,--+ , hy) on x = 0 with small norms || hil|cap (i = 1,--- ,n),

such that the conditions of C* compatibility are satisfied at the points (t,x) = (0,0)
and (T, 0) respectively, there exist boundary controls H = (hy,--- ,hy) on x = L with
small norms Hﬁz‘HcJ[O,T] (i =1,---,n), such that the mized initial-boundary value prob-
lem (5.1.2) and (5.1.4)-(5.1.6) admits a unique semi-global C* solution w = w(t,x)
with small C* norm on the domain R(T) = {(t,z)|0 <t < T,0 < z < L}, which
exactly satisfies the final condition (5.2.25).

In order to get Theorem 5.3.2, similarly, it suffices to prove the following

Lemma 5.3.2 Under the assumptions of Theorem 5.53.2, for any given initial
data (@,1) and final data (®, V) with small norms ||(vi, Vi) |lc20,xc10,0) and
1(®s, Us) || c2p0,0)xcro,n) (¢ = 1, -+, ), for any given boundary functions H = (hy, - -+, hy)
on x = 0 with small norm ||h;||cap (i = 1,--- ,n), such that the conditions of C*
compatibility are satisfied at the points (t,x) = (0,0) and (T, 0) respectively, the cou-
pled system of quasilinear wave equations (5.1.2) with the boundary condition (5.1.4)
on x = 0 admits a C? solution w = w(t,x) with small C* norm on the domain
R(T) = {(t,z)|0 <t < T,0 < x < L}, which satisfies simultaneously the initial
condition (5.1.6) and the final condition (5.2.25).

Remark 5.3.3 Similar results hold if we take the boundary controls H(t) (0 <
t <T) at x =0 and hypothesis (5.2.26) is replaced by (5.2.27).

Remark 5.3.4 If a;, a;, bij,gij, cij, Cij are all independent of w, then the problem
15 linear, Theorem 5.3.2 implies the corresponding global exact boundary controllabil-
1ty.
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Remark 5.3.5 The exact controllability time (5.3.2) given in Theorem 5.8.2 is
sharp.

If we only consider the corresponding null controllability (see [77]), for which the
final data (5.2.25) are specially taken as

t=T:w=0w=0, 0<z <L, (5.3.3)

then for the coupled dissipative type boundary conditions (5.1.4d) (resp. (5.1.5d)),
the condition (5.2.26) (resp. (5.2.27)) is not necessary. In fact, in this situation,
similar to [77], we have

Theorem 5.3.3 (One-sided null control) Let T > 0 satisfies (5.3.2). Sup-
pose that (5.2.13) and (5.2.17) hold. Suppose furthermore that

H(t)=0. (5.3.4)

at x = 0. For any given initial data (@, 1)), where ||(;, V5| c2p0,01x o, (8 = 1,- -+ ,n)
are small enough, such that the conditions of C? compatibility are satisfied at the point
(t,x) = (0,0), there exists boundary controls H = (hy,--- ,hy) on x = L with small
norms HBiHCfi[QT} (it =1,---,n), such that the mized initial-boundary value problem
(5.1.2) and (5.1.4)-(5.1.6) admits a unique semi-global C* solution w = w(t, z) with
small C? norm on the domain R(T) = {(t,z)|0 <t < T,0 < x < L}, which exactly
satisfies the final condition (5.3.3).

Remark 5.3.6 Similar results hold if we take the boundary controls H(t)(0 <
t <T) onx =0, and hypothesis (5.3.4) is replaced by

H(t)=0. (5.3.5)

Remark 5.3.7 Theorem 5.53.1, Theorem 5.5.2 and Theorem 5.8.3 are still valid
for the coupled system (5.2.29) or (5.2.30), which satisfies (5.1.3).

5.4 Local Exact Boundary Observability

We now consider the exact boundary observability for the mixed initial-boundary
value problem (5.1.2) and (5.1.4)-(5.1.6), in which the boundary functions h;(t) and
hi(t)(i =1,--- ,n) are given.

The principle of choosing the observed values on the boundary is that the ob-
served values together with the boundary condition can uniquely determine the values
(w,w,) on the boundary.
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Hence, the observed values at = 0 can be taken as

1. wi, = ki(t)(t =1,--- ,n), for the Dirichlet type boundary conditions (5.1.4a),
then

r=0: (w;,wy)=(hi(t),ki(t)); (5.4.1a)

2. w; =ki(t)(i =1,--- ,n), for the Neumann type boundary conditions (5.1.4b),
then

r=0: (wy,wy) = (kit), hi(t)); (5.4.1b)

3. w; = ki(t)(i = 1,--+,n), for the Coupled third type boundary conditions
(5.1.4c), then

r=0: (w;,wy)=(kt), Z bijk;(t) + hi(t)); (5.4.1c)

4. w; = ki(t)(i =1,--- ,n), for the Coupled dissipative type boundary conditions
(5.1.4d), then

r=0: (w,wy)= (k) Z ciik(t) + hi(t)). (5.4.1d)

where k;(t)(i = 1,---,n) € C* for (5.1.4a) or € C? for (5.1.4b)-(5.1.4d). Thus, by
means of the observed values at x = 0, we have

r=0:(w,w,) = (a(t),b(t)), (5.4.2)
and for any given T > 0,
(@, b)llc2io,r1xcrpom) < C( > lkillcor + Y Hhi”Cd[O,T]>a (5.4.3)
i=1 i=1

where C' is a positive constant, d is given by (5.2.21) and

1 f 1.4
[ = or(5.14a), (5.4.4)
2 for(5.1.4b) — (5.1.44d),
The corresponding observed values k;(t)(i = 1,--- ,n) at x = L can be similarly

taken, then we have

z=0:(w,w,) = (at),b(t)), (5.4.5)
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and for any given T > 0,

1@, )2z crpor < C( D Wkilleror + HBiHCJ[O,T])a (5.4.6)

i=1 =1

where C is a positive constant, d is given by (5.2.22) and

r_ {1 for(5.1.5a),

2 for(5.1.5b) — (5.1.5d). (5.4.7)

By the constructive method suggested in [49],[77],[72] and [71], we can prove
following theorems.

Theorem 5.4.1 (Two-sided observation) Under the hypotheses given in §5.1,
suppose furthermore that (5.2.13) and (5.2.17) hold. Let T > 0 satisfies (5.3.1), for
any given initial condition (¢,), such that ||(;, ;)| c2p0,01xcrjo,) are suitably small
and the conditions of C* compatibility are satisfied at the points (t,x) = (0,0) and
(0, L) respectively. If we have the observed values k;(t)(i = 1,--- ,n) at x = 0 and

ki(t)(i=1,---,n) at x = L on the interval [0,T], then the initial data (¢,v) can be
uniquely determined and the following observability inequality holds:

(e, V)20, 1xcro.) < C( Z (s ko)l crpo myxcifo ) + Z {es Bz’)||cd[o,T]ch[o,T])a
i=1 i=1
(5.4.8)

where C'is a positive constant.

Remark 5.4.1 If a;, a;;, bl-j,l_)l-j, cij, Cij are all independent of w, then the problem
18 linear, Theorem 5.4.1 implies the corresponding global exact boundary observability.

Remark 5.4.2 The exact observability time (5.3.1) given in Theorem 5.4.1 is
sharp.

Theorem 5.4.2 (One-sided observability) Under the hypotheses given in §5.1,
suppose furthermore that (5.2.13),(5.2.17) and (5.2.27) hold. Let T > 0 satisfies
(5.8.2), for any given initial condition (p,1), such that ||(¢i, ¥i)|lc20,xc1p0,0) are
suitably small and the conditions of C* compatibility are satisfied at the points (t,x) =
(0,0) and (0,L) respectively. If we have the observed values k;(t)(i = 1,--- ,n) at
x = 0 on the interval [0,T], then the initial data (¢,1)) can be uniquely determined
and the following observability inequality holds:

(e, ¥)lezpo.yxcr0.2) < C(Z Fillcrpo,ry + > 11 (ha, ﬁi)”cd[o,T]xC’E[O,T])v (5.4.9)
=1 i=1
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where C'is a positive constant.

Remark 5.4.3 Similar results hold if we take observed values k;(t)(i = 1,--- ,n)
at x = L and hypothesis (5.2.27) is replaced by (5.2.26).

Remark 5.4.4 If a;, a;;, bz-j,l_)z-j, cij, Cij are all independent of w, then the problem
15 linear, Theorem 5.4.2 implies the corresponding global exact boundary observability.

Remark 5.4.5 The exact observability time (5.3.2) given in Theorem 5.4.2 is
sharp.

If we only consider the corresponding weak observability (see [77]), for which the
final condition (5.2.25) can be uniquely determined by the observed values k;(t)(i =
1,--+,n)at z = 0, then for the coupled dissipative type boundary conditions (5.1.4d)
(resp.(5.1.5d)), the condition (5.2.26) (resp.(5.2.27)) is not necessary. In fact, in this
situation, we have

Theorem 5.4.3 (One-sided weak observability) Under the hypotheses given
in §5.1, suppose furthermore that (5.2.13),(5.2.17)hold. Let T > 0 satisfies (5.3.2),
for any given initial condition (p,v), such that ||(@;,V:)|lc2p,01xcrjo,n) are suitably
small and the conditions of C* compatibility are satisfied at the points (t,x) = (0,0)
and (0, L) respectively. If we have the observed values k;(t)(i = 1,---,n) at x = 0
on the interval [0,T], then the final data (®,V) can be uniquely determined by the
observed values k;(t)(i = 1,--- ,n) at x = 0 and the boundary conditions h;(t) and
hi(t) on the interval [0,T], in addition, the following weak observability inequality
holds:

1@, ) lerpaxernn < O3 Whllenpr + 30 Mhis h)loa i ) (5:410)
i=1 i=1
where C'is a positive constant.

Remark 5.4.6 Similar results hold if we take observed values k;(t)(i = 1,--- ,n)
at x = 0.

Remark 5.4.7 Theorem 5.4.1, Theorem 5.4.2 and Theorem 5.4.3 are still valid
for the coupled system (5.2.29) or (5.2.30), which satisfies (5.1.3).
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6.1 Introduction

Synchronization is a widespread natural phenomenon. Thousands of fireflies may
twinkle at the same time; audiences in the theater can applaud with a rhythmic
beat; pacemaker cells of the heart function simultaneously; and field crickets give out

a unanimous cry—all these are phenomena of synchronization [104], [115].

In principle, synchronization happens when different individuals possess likeness
in nature, that is, they conform essentially to the same governing equation, and

meanwhile, the individuals should bear a certain coupled relation.

The phenomenon of synchronization was first observed by Huygens in 1665 [60].
The theoretical research on synchronization phenomena dates back to H. Fujisaka

159



160 6.1. Introduction

and T. Yamada’s study of synchronization for coupled equations in 1983 [39]. The
previous studies focused on systems described by ODEs, such as

dX; al
=X+ D AX; (i=1 N), (6.1.1)

j=1
where X;(i = 1,---,N) are n-dimensional vectors, A;;(i,j = 1,---,N) are n X n

matrices, and f(X,¢) is an n-dimensional vector function independent of 7. The
right-hand side of (6.1.1) shows that every X;(i = 1,---,N) possesses two basic
features: satisfying a fundamental governing equation and bearing a coupled relation
among one another.

Our goal is to synchronize a hyperbolic system through boundary controls. Differ-
ent from the ODE situation, the coupling of systems can then be fulfilled by coupling
of the equations or (and) the boundary conditions, which has richer research im-
plications, moreover, boundary controls can be used to realize our goal in a finite
time.

Roughly speaking, we want to find a 7' > 0 and some boundary controls on [0, 77,
such that from the time t = T on, the system states tend to the same. That is to say,
we hope to achieve the synchronization of the system states not only at the moment
t = T under the action of boundary controls on [0,7], but also when ¢ > T and
withdrawing all the controls. This is forever, instead of short-lived, synchronization,
as is desired in many actual applications.

Obviously, if the system has the exact boundary null controllability ([77], [88], [89],
[100]), it must have the exact boundary synchronization, but this is a trivial situation
that should be excluded beforehand. The exact boundary null controllability here
also means that the system states remain null not only at the moment ¢ = T" under
the action of boundary controls on [0, 7], but also when ¢ > T" and withdrawing all
the controls.

In this chapter, we consider the exact boundary synchronization for a coupled
system of 1-D wave equations with various boundary condition in the framework of
classical solutions. The same problem for a coupled system of n-dimensional wave
equations with Dirichlet boundary controls in the framework of weak solutions can
be found in [79]. We point out that in 1-D case, thanks to the theory on semi-global
classical solutions(see [72] and [73]), there is a unified theory on the exact boundary
(null) controllability for a coupled system of wave equations with various kinds of
coupled boundary conditions (see [55], [72], [77], [109]), which enables us to get a
complete result on the exact boundary synchronization. However, in the framework
of weak solutions in n-dimensional case, for getting the corresponding exact bound-
ary synchronization, we have to study the exact boundary (null) controllability for
a coupled system of wave equations with every prescribed kind of boundary con-
ditions separately, and, up to now, only the Dirichlet type of boundary conditions
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was discussed in [79]. In addition, the generalized exact boundary synchronization is
introduced and discussed in this chapter.

Precisely speaking, we will consider the following coupled system of wave equa-
tions

0*U  0*U

— = —— + AU = 1.2

Bl a$2+ U=0, (6.1.2)
where

U= (uy, - ,uyn)" (6.1.3)

is an unknown vector function of (¢,z), A = (a;;) is a N x N coupling matrix with
constant elements. (6.1.2) can be written as

Pu;  O*u

N
o2 ale + Zaijuj =0 (Z =1,-- 7N)- (6.1.4)
j=1

At the end x = 0, we prescribe anyone of the following boundary conditions:

x=0: U= H(t) (Dirichlet type), (6.1.5a)
r=0: U, =H(t) (Neumann type), (6.1.5b)
r=0: U,— BU = H(t) (Coupled third type), (6.1.5¢)

where B = (b;;) is an N x N coupling matrix with constant elements, and
H(t) = ((t),---  ha ()T, (6.1.6)

the components of which will be totally or partially taken as boundary controls.

Similarly, at the end z = L, since no boundary controls are concerned for one-
sided control, we prescribe anyone of the following homogeneous boundary conditions:

r=L:U=0, (6.1.7a)
r=L: U,=0, (6.1.7b)
v=1L: U,+BU=0, (6.1.7¢)

where B = (b;;) is an N x N coupling matrix with constant elements.

The initial condition is given by
t=0: U=9(x), U =Y(x), (6.1.8)

where @(x) = (¢1(2), -, pw(2))” and V() = (1 (), -~ b (2))T.
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For the forward mixed initial-boundary value problem (6.1.2), (6.1.5), (6.1.7) and
(6.1.8) of the coupled system of wave equations, by means of its reduction to the mixed
initial-boundary value problem of a corresponding first order hyperbolic system and

using the theory of global C! solutions to first order linear hyperbolic systems, we
have (see [55], [72])

Lemma 6.1.1 For any given T > 0, assume that ® € (C?[0, L)), ¥ € (C*[0, L))V
and H € (C?[0, T))N (case (6.1.5a)) or (C[0, T])N (cases (6.1.5b)-(6.1.5¢)) satisfy
the conditions of C* compatibility at the points (t,x) = (0,0) and (0, L), respectively
(see Remark 6.1.2). For any given coupling matrices A, B and B, the forward mized
initial-boundary value problem (6.1.2), (6.1.5), (6.1.7) and (6.1.8) admits a unique
C? solution U = U(t,x) on the domain R(T) = {(t,z)|0<t<T, 0 <x < L}.

Remark 6.1.1 In what follows, (6.1.5) always means anyone of (6.1.5a), (6.1.5b)
and (6.1.5¢), and it is similar for (6.1.7).

Remark 6.1.2 The conditions of C? compatibility at the point (t,z) = (0, L) can
be precisely written as

O(L) =0,
U(L)=0, for (6.1.7a); (6.1.9a)
(L) =0,
(L) =0, .
{W%L)o, for (6.1.70); (6.1.9D)
(L) + B®(L) =0,
{\D’(L) L BU(IL) =0, for (6.1.7c). (6.1.9¢)

The conditions of C* compatibility at the point (t,z) = (0,0) can be similarly obtained.

Remark 6.1.3 By Lemma 6.1.1, in order to guarantee the well-posedness of the
forward mized problem (6.1.2), (6.1.5), (6.1.7) and (6.1.8), no assumptions on the
coupling matrices A, B and B are needed.

Remark 6.1.4 For the backward mized initial-boundary value problem (6.1.2),
(6.1.5), (6.1.7) with the final condition

t=T: U=®(x), U =Y(z). (6.1.10)
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where ®(x) = (@, (x), -, oy (@) and ¥(z) = (Jl(x), . ,EN(:L"))T, the conclusion
of Lemma 6.1.1 1s still valid.

By Lemma 6.1.1 and using a constructive method, we have the following result
on the exact boundary null controllability (also see [55], [109], [118]).

Lemma 6.1.2 Let
T > 2L. (6.1.11)

For any given initial state (®, V) € (C?0, L)) x (C[0, L))V, satisfying the conditions
of C* compatibility at the point (t,z) = (0,L), there exist boundary controls H €
(C?0, TN (case (6.1.5a)) or (CH0,T))N (cases (6.1.5b)-(6.1.5¢)) with support on
[0,T] at the end x = 0, such that the corresponding mixed initial-boundary value
problem (6.1.2), (6.1.5), (6.1.7) and (6.1.8) admits a unique C* solution U = U(t, x)
ont>0, and ast > T we have

Ult,z)=0, 0<z<L. (6.1.12)

In what follows, we will use Lemma 6.1.1 and Lemma 6.1.2 to consider the exact
boundary synchronization, the exact boundary synchronization by groups, and the
exact boundary null controllability and synchronization by groups in §6.2, §6.3 and
§6.4, respectively, and the generalized exact boundary synchronization in §6.5, for
the coupled system of wave equations (6.1.2), (6.1.5) and (6.1.7). Moreover, several
remarks are given in §6.6.

6.2 Exact boundary synchronization

Definition 6.2.1 If there exists T > 0 such that for any given initial state
(®(x), ¥U(x)), we can find some boundary controls with support on [0,T] in H(t), such
that the corresponding mixed initial-boundary value problem (6.1.2), (6.1.5), (6.1.7)
and (6.1.8) admits a unique C* solution U = U(t,x) = (ui(t,x), - ,un(t,z))" on
t>0, and ast > T we have

ui(t,z) = - = un(t,x) =3 i(t,a}), 0<xz<L, (6.2.1)

then the coupled system (6.1.2), (6.1.5) and (6.1.7) is said to possess the exact

boundary synchronization or is said to be exactly synchronizable, and U=
u(t,x) is called the corresponding synchronizable state.

Obviously, if the system possesses the exact boundary null controllability, then it
must be exactly synchronizable. However, this trivial situation should be excluded
in the discussion.
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Lemma 6.2.1 If the coupled system of wave equations (6.1.2), (6.1.5) and (6.1.7)
15 exactly synchronizable, but not exactly null controllable, then the coupling matrices

A, B and B should satisfy the following necessary conditions: The values of the
N N N _

sum of every row of these matrices, > a;j, Y. by and Y b;; are independent of
j=1 j=1 j=1

1=1,---, N, namely,

N
Sy A (i=1,--,N), (6.2.2)
j=1
N =
STy Eh (i=1,--,N), (6.2.3)
j=1
N ~
ST E b (i=1,--,N), (6.2.4)
j=1

where @, b and b are constants independent of i =1,--- , N.

_ Proof. By synchronization, there exists ' > 0 and a synchronizable state U=
u(t,x) such that (6.2.1) holds. Then, it follows from (6.1.4) that for ¢ > T" we have

U U en \x ,
O (Ta)i=0, 0<a<Li=1-N.  (625)

7=1
In particular, for ¢t > T we get

N _ N
(Zaij)ﬂ: (Zakj>ﬂ, 0<z<L, ik=1,--- N.

Jj=1 Jj=1

By the non exact null controllability, there exists at least an initial data (®, ¥) for

which the corresponding solution U, or equivalently 5, does not identically vanish
for ¢ > T whatever boundary controls H are chosen. This leads to (6.2.2). In the

meantime, noting (6.2.5), the synchronizable state U= 5(75, x) satisfies the following
wave equation

- - _ = = 2.
— tau 0, (6.2.6)

where @ is given by (6.2.2).
We now prove (6.2.3). (6.2.4) can be similarly obtained.
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Similarly to (6.2.5), it follows from (6.1.5¢) that for ¢ > T" we have

ou al ~ .
xr=0: é_(;bij)uo’ i=1,---,N, (6.2.7)

then for ¢t > T we get

N N
sz:(X}ﬂiz(Zﬁ%ﬁ,@k:L~wN

]:1 ]:1

Since the system is not exactly null controllable, we claim that at least for an initial
data (®,¥), u does not identically vanish at = 0 for ¢ > T, then (6.2.3) holds.
Otherwise, noting (6.2.7) we have

-~ ou

=0: —

v "= e

then, by the exact boundary observability ([71], [72]) for the wave equation (6.2.6),

u should identically vanish for ¢t > T and 0 < x < L, which gives a contradiction to
the non exact null controllability.

0, t>T,

This completes the proof of Lemma 6.2.1. [J

~ Remark 6.2.1 Conditions (6.2.2)-(6.2.4) mean that all the matrices A, B and
B have a common right eigenvector (1,1,--- , 1) with the corresponding eigenvalues

5, b and b, respectively.

Theorem 6.2.1 Suppose that (6.2.2)—(6.2.4) hold and
T > 2L. (6.2.8)
For any given initial state (®, W) € (C?[0, L)) x (C[0, L])V, satisfying the conditions
of C? compatibility at the point (t,z) = (0, L), there exist (N — 1) C?(case(6.1.5a))
or Ct (cases (6.1.5b)-(6.1.5¢)) boundary controls with support on [0,T] in H(t) (for

example, take hy(t),- -+, hy(t) with hi(t) = 0), such that the coupled system (6.1.2),
(6.1.5) and (6.1.7) possesses the exact boundary synchronization.

Proof Let

It is easily shown (see [79]) that by (6.2.2), the original system (6.1.2) for the variable
U can be reduced to a self-closing system of the same kind for the variable W =



166 6.2. Exact boundary synchronization

(wy,-+ ,wy_1)T as follows:

2 W~
882/ - aax + AW =0, (6.2.10)

where A = (a;;) is an (N — 1) x (N — 1) matrix with the entries

N J
ajj = — Z (aip — iv1p) = — Z(Gm,p —ap), 4,j=1,--- ,N—1. (6.2.11)
p=j+1 p=1

Similarly, by (6.2.3)—(6.2.4), the original boundary conditions (6.1.5) and (6.1.7)
for the variable U can be reduced, respectively, to self-closing boundary conditions
of the same kind for the variable W as follows:

r=0: W =H(t), (6.2.12a)
x=0: W,=H(), (6.2.12b)
z=0: W,—BW = H(t) (6.2.12¢)
and
r=L: W =0, (6.2.13a)
c=L: W,=0, (6.2.13b)
x=L: W, +BW =0, (6.2.13¢)
where B = (b; nd B = (a-]-) are (N — 1) x (N — 1) coupling matrices reduced by

;) and
B = (b;;) an F (b;j) in the following way:

N
bij=— Y (bip—biy1p) = = Y (big1p—byp), ij=1--,N=1 (6.2.14)
p=j+1

etc. Moreover,
H(t) = (ha(t),- - hy-a(1)” (6.2.15)

with

The initial condition of W is given by

t=0: W==a(), W,=1U(z) (6.2.17)
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with

(6.2.18)

O(x) = (p1(7) = @a(2), pa(x) — p3(x), -+ on-1(z) — on(2))",
U(z) = (¢1(2) = ¢a(2), ¥a(z) — Ps3(z), - ¥n-a(z) = Yn(@))"

Thus, according to Lemma 6.1.2, by means of (N — 1) C? (case(6.2.12a)) or C*
(cases (6.2.12b)-(6.2.12¢)) boundary controls H (t) (for instance, take hy(t), - - -, by (t)
with hi(t) = 0) at the end x = 0, the variable W is exactly null controllable, then
the variable U is exactly synchronizable. This finished the proof.

Remark 6.2.2 Noting Remark 6.1.3, by Lemma 6.1.1 and Lemma 6.1.2, the
reduced mized initial-boundary value problem (6.2.10), (6.2.12)-(6.2.13) and (6.2.17)
for the variable W is always well-posed and exactly null controllable.

Remark 6.2.3 Ast > T, the synchronizable state U= 5(15,1‘) defined by (6.2.1)
satisfies the wave equation (6.2.6) with the following boundary conditions:

r=0: u=0, (6.2.19a)

x=0: U, =0, (6.2.19Db)

2=0: ty—bu=0 (6.2.19¢)
and

z=L: u=0, (6.2.20a)

v=1L: =0, (6.2.20b)

wv=1L: Uy +bi=0, (6.2.20¢)

where @, b and b are given by (6.2.2)-(6.2.4), respectively.

Noting Remark 6.1.3, the forward mized initial-boundary value problem for (6.2.6)
and (6.2.19)-(6.2.20) is always well-posed. Hence, if we know the initial state of
u=u(t,x) at the moment t =T

t=T: u=p(z), i =), 0<zx<L, (6.2.21)

we can completely determine the evolution ofi = 5(25, x) with respect to t.

Remark 6.2.4 Under assumptions (6.2.2)-(6.2.4), in order to realize the exact
boundary synchronization, the (N — 1) boundary controls in H(t) can be chosen in
infinitely many ways, therefore, the initial state (p, ) in (6.2.21) will be not unique.
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Moreover, it can be shown that the attainable set of all possible initial data of synchro-
nizable state is the whole space C?[0, L] x C0, L] associated with the conditions of
C? compatibility at (t,x) = (T,0) and (T, L), respectively, with boundary conditions
(6.2.19) and (6.2.20).

To illustrate this, for any given (p,v) € C?[0, L] x [C*[0, L] satisfying the condi-
tions of C* compatibility with the boundary conditions (6.2.19)-(6.2.20) at (t,x) =
(T,0) and (T, L) respectively, we can solve the backward mized initial-boundary value
problem (6.2.6) and (6.2.19)—(6.2.21) to get a unique C* solution u = u(t,z) and its
wnatial value att =0 R

t=0: u=px), u =Y(x). (6.2.22)

Then, by assumptions (6.2.2)—(6.2.4), it is easy to see that
Ut,z) = (u,u,---,u)"(t,x) (6.2.23)

is the C? solution to the original problem (6.1.2), (6.1.5) and (6.1.7) with the null
control H = 0 and the initial condition

t=0:U= Eli(x) = (§(x), &(x), - -- ’@Qx))T’
U, = U(z) = (d(z), 0(x), )T (6.2.24)

Then, by solving the mized problem (6.1.2), (6.1.5), (6.1.7) and (6.2.24) with null
boundary controls, we can reach any given synchronizable state (p,1)) at the moment
t="T.

6.3 Exact boundary synchronization by groups

The concept of exact boundary synchronization can be generalized to the exact
boundary synchronization by groups. Without loss of generality, we consider here
the exact boundary synchronization by 2-groups. For this purpose, setting U = (ZE;)
with UMD = (ug, -+, u,)" and UP = (upyy, -+ ,un)?, we look for some boundary
controls in H (t), such that U" and U® are independently synchronizable.

Definition 6.3.1 If there exists T' > 0 such that for any given initial state
(®(z), VY (x)), we can find some boundary controls with support on [0,T] in H(t), such
that the corresponding mized initial-boundary value problem (6.1.2), (6.1.5), (6.1.7)
and (6.1.8) admits a unique C* solution U = U(t,z) = (uy(t,x), -+ ,un(t,z))’ on
t >0, and fort > T we have

uy(t, x)

Il
11—
< <
=
= =
2 &
e, |l
< <
) =
- =
GG

(e}
IN
S S
= o
w w
> =

Uerl(t,.T) ==
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then the coupled system (6.1.2), (6.1.5) and (6.1.7) is said to possess the exact
boundary synchronization by 2-groups or is said to be exactly synchroniz-
able by 2-groups, and U = U(t,z) = (%;Eig) is called the corresponding synchro-
nizable state by 2-groups.

Obviously, if the coupled system possesses the exact boundary synchronization,
then it must be exactly synchronizable by 2-groups. However, this trivial situation
should be excluded in advance. For this purpose we need to impose suitable assump-
tions on the synchronizable states by 2-groups u;(¢, z) and us(t, z). We have

Lemma 6.3.1 Suppose that the coupled system (6.1.2), (6.1.5) and (6.1.7) is
ezactly synchronizable by 2-groups. Suppose furthermore that at least for an initial
state (®(x), V(x)) the synchronizable states by 2-groups uy(t,x) and uz(t x) are lin-
early independent. Then the coupling matriv A = (a;;) in system (6.1.2) of wave
equations should satisfy the following necessary conditions:

m . = L 1’ o :
Zaz’j = {gu (Z. ™ (6.3.3)
= ag; (i=m+1,--- N),
. =1, ,m),
Z a;; {f” ( m) (6.3.4)
j=m+1 a2 (i=m+1,--- N),

where 511 and 512 are independent of 1 = 1,--- ,m, while, 521 and 522 are independent
ofi=m+1,---,N.

Proof. By Definition 6.3.1, for t > T we have

8251 3251 - ~ al ~ << .
2 2 —i—(Za,'p)ul—i—( Z aip)UQ:O, 0<z<L,i=1,---,m,

p=1 p=m+1

%y O - ~ ~ << .
e 2 —l—(Za,'p)ul—i—( Z aip>u2—0, 0<z<L, t=m+1,---,N.

Hence we get

t>1T: (iaip—iakp)ul—i—( Z Qip — Z akp>52:0, 0<zx<L
p=1

p=1 p=m+1 p=m+1

for i,k = 1,--- ,m and i,k = m + 1,--- | N, respectively. Slnce at least for an
initial data (®(x), ¥(z)), the synchronlzable states by 2-groups, u; and us are linearly
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independent, we get (6.3.3)—(6.3.4) immediately.

For the coupling matrices B and B, we can not get the corresponding necessary
conditions under the assumptions of Lemma 6.3.1 (unless we assume that at least for
an initial data (®(z), ¥(z)), o (t,z) and ig(t,x) are linearly independent at x = 0
and at © = L, respectively). However, based on Lemma 6.3.1, in what follows we
impose the following similar assumptions:

m o [ty ) =1,
Zbij(resp. bij) B :11(1"681) ;11) (i 7 ™), (6.3.7)
j=1 le(TeSD 521) (izm—i—l,--- ,N),
al Z(res %) (t=1,---,m)
Z bij(resp. BU) d;f' :12 p- ;12 ’ ’ ’ (638)
j=m+1 bQQ(reSp. bgg) (Z =m—+ 17 e 7N)>
where EH (resp. :l;n) and;l;m (resp. :1;12) are independent of ¢ = 1,--- ,m, while, 521

(resp. 521) and 322 (resp. 522) are independent of i =m + 1,---, V.

Theorem 6.3.1 Suppose that (6.3.3)-(6.3.4) and (6.3.7)—(6.5.8) hold and T > 0
satisfies (6.2.8). For any given initial state (®(x),¥(x)), there exist (N — 2) C?
(case(6.1.5a)) or C* (cases (6.1.5b)-(6.1.5¢)) boundary controls with support on [0, T]
in H(t) (for instance, ha(t), -+, by (t), hymya(t), - -+, hn(t) with hi(t) = hypea(t) =0),
such that the coupled system (6.1.2), (6.1.5) and (6.1.7) possesses the exact boundary
synchronization by 2-groups.

Proof Let

(6.3.9)

wi=u; — Uy (i=1,---,m—1),

Wi = Uiy — Ujrg (1=m,-+- N —2).
Similarly to the proof of Theorem 6.2.1 (cf. [79]), under assumptions (6.3.3)—(6.3.4),
the original system (6.1.2) for the variable U can be reduced to a self-closing system
(6.2.10) of the same kind for the variable W = (wy,--- ,wy_s)7, where A = (a;;) is
an (N — 2) x (N — 2) matrix with the entries

m J
— Z (aip—aiﬂ,p):—Z(aiﬂ’p—aip), z:l,,N—Q,]:L,m—l,
p=1

~ p=j+1
Gij = N j+1 ’ .
- Z(aip_ai-i-l,p):_ Z (ai-i-l,p_aip)v ZzlaaN_Zaj:mvyN_Q
p=j+2 p=m+1

(6.3.10)

Similarly, under assumptions (6.3.7)—(6.3.8), the original boundary conditions
(6.1.5) and (6.1.7) for the variable U can be reduced to self-closing boundary condi-
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tions (6.2.12) and (6.2.13) of the same kind for the variable W, in which the coupling
matrices E_: (Eij) and B = (b;;) are (N —2) x (N —2) matrices reduced by B = (b;;)
and B = (b;;) in the following way:

m J
- Z (bip_biJrl,p) = - Z(biJrl,p_bip)a i = 17 7N_2a ]: 17 , T — 17
B=i g o
K J
— 20 (bip—bir1p) =— >0 (biyip—bip), i=1- N=2 j=m,-- ,N—2
p=j+2 p=m+1
(6.3.11)
etc. Moreover, N B B
H(t) = (ha(t), - hn-a(t)) (6.3.12)
with
~ hi(t) — hipq(t), 1=1,--- ,m—1,
Rat) = & 1) —hina(D), i = " (6.3.13)
hiv1(t) = hisa(t), i=m, -+ N —2.
The initial condition (6.2.17) of W is given by
B(z) = (Pu(e), - Pv—o@)s V(a) = (W), dyoa(2)”  (6.3.14)
with
7 I ) = 17 ; - 17
(;51(1‘> _ 2 (:E 1% +1(I t m
Qir1(T) — pire(x), i=m, N —2,
(6.3.15)

Thus, according to Lemma 6.1.2, by means of (N — 2) C? (case(6.2.12a)) or C*
(cases (6.2.12b)-(6.2.12¢)) boundary controls H (¢) (for instance, take ha(t), - -+ , hpm(t),
hmia(t), - -+ hy(t) with hi(t) = hyei(t) = 0) at the end z = 0, the variable W is
exactly null controllable, then the variable U is exactly synchronizable by 2-groups.
This completes the proof.

Remark 6.3.1 Lemma 6.1.1 and Lemma 6.1.2 are always available for the re-
duced mized initial-boundary value problem (6.2.10), (6.2.12)-(6.2.13) and (6.3.14)
for the variable W

Remark 6.3.2 Ast > T, the synchronizable state by 2-groups U = Ult,z) =

(il(t’”)) satisfies the following coupled system of wave equations

a2 (t, x)

20 U ==
- S+ AU =0, (6.3.16)
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where

A= ( i % ) (6.3.17)

Q21 A22

and 511, 512, 521 and 521 are given by (6.8.3)-(6.3.4). Moreover, U= ﬁ(t,x) satisfies
the following boundary conditions:

x=0: 5 =0, (6.3.18a)
=0 U, =0, (6.3.18b)
z=0: 59:—5[?: (6.3.18c¢)
and
r=0: 5 =0, (6.3.19a)
r=0: U, =0, (6.3.19b)
r=0: 535—1—%5:0, (6.3.19¢)
where
B (D b)) 632
bar bao bay  boo

the elements of which are provided by (6.3.7)-(6.5.8).

Hence, by Lemma 6.1.1, if we know the initial state 0f[7 = [7(15, x) at the moment
t="T:

t=T: U= (oW(x), o@D @), U, = @D (z),vP@)’, 0<z<L, (6.321)

then the evolution ofﬁ = ﬁ(t,x) with respect to t can be completely determined.

Remark 6.3.3 Under assumptions (6.3.3)-(6.5.4) and (6.3.7)—(6.5.8), in order
to realize the exact boundary synchronization by 2-groups, one has infinitively many
ways to choose (N — 2) boundary controls at the end x = 0. Moreover, as in Re-
mark 6.2.4, any given state (o, oPNT and (™, T in (C2[0, L])? x (C[0, L])?,
satisfying the conditions of C? compatibility at the points (t,x) = (T,0) and (T, L),
respectively, with boundary conditions (6.3.18) and (6.3.19), belongs to the attainable
set of the initial data of synchronizable state by 2-groups.

Thus, at least for some initial states (P(x),W(x)), the synchronizable states by



Chapter 6: Exact Boundary Synchronization for a Coupled System of Linear Wave
Equations 173

2-groups 51(t, x) and 5’2(t,x) are linearly independent on t = T then fort > T. It
shows that the corresponding requirement on u; and Uz, given in Lemma 6.5.1, is
reasonable.

Remark 6.3.4 In the special case that m = N — 1, U®(t, x) is composed of only
one component uy(t,x), then assumptions (6.3.4) and (6.5.8) reduce to

any=ap (i=1,---,N-1), (6.3.22)

and

biN (resp. sz) = blg (resp. 512) (Z = 1, tee ,N - ].), (6323)

where 512 and 512 (resp. 512) are independent of i = 1,--- , N — 1, namely, the ﬁﬁst
(N — 1) components of the last column of the coupling matrices A and B (resp. B)
are the same, respectively.

Remark 6.3.5 The exact boundary synchronization by k-groups can be treated in
a stmilar way.

In order to realize the exact boundary synchronization by 2-groups, the number of
boundary controls is equal to (N — 2), while, in order to realize the exact boundary
synchronization by k-groups, the number of boundary controls is equal to (N — k).

6.4 Exact boundary null controllability and syn-
chronization by groups

For the coupled system of wave equations (6.1.2), (6.1.5) and (6.1.7), by Lemma
6.1.2, we can use N boundary controls to realize the exact boundary null controlla-
bility. When the number of boundary controls is less than N, however, generically
speaking, it is impossible to realize the same requirement. A natural question is
whether we can get the exact boundary null controllability for a part of state vari-
ables when the number of boundary controls is less than N. For instance, is it
possible or not to realize the exact boundary null controllability for (N — 1) state
variables by means of only (N — 1) boundary controls? Since all the state variables
are coupled each other, generally speaking, this requirement is impossible to be re-
alized. However, following the idea given in §6.3, under certain assumptions on the
coupled system, if we divide the state variables into two groups U = (U, )T
and U® = (upi1,- -+ ,un)? such that UM is exactly null controllable, while U® is
exactly synchronizable, then we can realize the previous requirement in some sense.
It leads to the following
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Deﬁnition 6.4.1  If there exists T > 0 such that for any given initial state
(®(z), V(x)), we can find some boundary controls with support on [0,T] in H(t), such
that the corresponding mized initial-boundary value problem (6.1.2), (6.1.5), (6.1.7)
and (6.1.8) admits a unique C* solution U = U(t,x) = (ui(t,x), - ,un(t,z))" on
t>0, and ast > T we have

uy (t, x)

Il
Il
<
3
~
=
Il
o
S
IN
8
A\
=~
=)
B
N

Il
Il
<
=
=
&
(o9

Um+1 <t7 I’)

then the coupled system (6.1.2), (6.1.5) and (6.1.7) is said to possess the exact
boundary null controllability and synchronization by 2-groups or is said to
be exactly null controllable and synchronizable by 2-groups, and u = u(t, )
1s called to be the partially synchronizable state.

Obviously, if the coupled system (6.1.2), (6.1.5) and (6.1.7) possesses the exact
null controllability, then it must satisfy the requirement of Definition 6.4.1. This
situation should be excluded in advance.

Lemma 6.4.1 Suppose that the coupled system (6.1.2), (6.1.5) and (6.1.7) is
exactly null controllable and synchronizable by 2-groups, but not exactly null control-
lable, then the coupling matriz A = (a;;) in system (6.1.2) must satisfy the following
necessary conditions:

> ay=0 (i=1--,m), (6.4.3)
def. = .
Z a; =a (t=m+1,---,N), (6.4.4)

where @ is a constant independent of t =m+1,--- | N.

For the coupling matrices B = (by;) and B = (b;;) in the boundary conditions
(6.1.5) and (6.1.7), similar necessary conditions hold, namely,

j=m+1
Z bij(resp. bij) o b(resp b) (i=m+1,--- | N), (6.4.6)
j=m+1

where b and b are constants independent of t =m+1,--- | N.
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Proof By Definition 6.4.1, it follows from (6.1.4) that for ¢ > 7" we have

N
(Y ay)i=0, 0<e<Li=1-.m, (6.4.7)
Jj=m+1
o%u  0%u N - ,
W‘@*(Zam)ho, 0<z<L,i=m+1,--- N (6.4.8)
j=m+1

In particular, for t > T we get from (6.4.8) that

N N
( Z a,;j>€[:< Z akj)ﬂ, 0<xz<L,i,k=m+1,---,N. (6.4.9)

j=m+1 j=m+1

Then, (6.4.3)—(6.4.4) follows directly from the non exact null controllability.
Similarly to the proof of Lemma 6.2.1, we get (6.4.5)—(6.4.6).

Theorem 6.4.1 Suppose that (6.4.3)-(6.4.6) hold and T > 0 satisfies (6.2.8).
For any given initial state (®(z), ¥(z)), we can find (N —1) C? (case (6.1.5a)) or C*
(cases(6.1.5b)-(6.1.5¢)) boundary controls with support on [0,T) in H(t) (for instance,
take hi(t), - hp(t), hinsa(t), -+, hn(t) with hyyi(t) = 0), such that the coupled
system (6.1.2), (6.1.5) and (6.1.7) possesses the exact boundary null controllability
and synchronization by 2-groups.

Proof Let

{ wi=u; (i=1-,m), (6.4.10)

W; = Uiy — Ui41 (Z:erl,,N—l)

Similarly to the proof of Theorem 6.2.1 (cf.[79]), under assumptions (6.4.3)—
(6.4.4), the original system (6.1.2) for the variable U can be reduced to a self-
closing system (6.2.10) of the same kind for the variable W = (wy, - ,wn_1)7,
where A = (@;j) is an (N — 1) x (N — 1) matrix with

(

g, .]:L U
;i = N fori=1,---,m, 6.4.11
Y - Z Qip, ]:m+17aN_17 ( )
\ Pp=itl
p
Qi5 — Q4 j ) ':17"'7m7 .
T = Z?V R j fori=m+1,---,N—1.
Y - Z (aip - ai—i—l,p) = - Z (ai-i-l,p _aip)v ]: m + 17" ! 7N_ 17
\ Pp=itl p=m-+1

(6.4.12)
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Similarly, by (6.4.5)—(6.4.6), the original boundary conditions (6.1.5) and (6.1.7)
for the variable U can be reduced, respectively, to a self-closing boundary conditions
(6.2.12) and (6.2.13) of the same kind for the variable W, in which the coupling

matrices é_: (51]) and B = (b;;) are (N —1) x (N — 1) matrices reduced by B = (b;;)
and B = (b;;) in the following way:

;

- bij, Jj=1,---,m,
’ - > by, j=m+1,--- N-1, ore m ( )
\  p=j+l
bii —bivys, j=1,---.m, '
’bV,A: ]N +1,50  J ! fori=m+1,---,N—1
1] L— Z (bip_bi-‘rl,]?) = — Z(bi-‘rl,p_bip)) ]: m-|—]_’ ’N_ 1’
p=j+1 p=1
(6.4.14)

ete. Moreover, H(t) is given by (6.2.15) with

FD) = {hi(t), ;'z 1,---,m, | (6.4.15)

@(Z‘) _ 902(17)7 =1, , T,
' QO,‘(.Z')—(lerl(l'), i:m+1v 7N_17
(6.4.16)
~ o Ji(x), i=1,--- m,
pile) = {wxa:) — (), i=m+1-- N—1

Thus, according to Lemma 6.1.2, by means of (N — 1) C? (case (6.2.12a)) or C*
(cases(6.2.12b)-(6.2.12¢)) boundary controls H(t) (for instance, take Ay (t), - - , hm(t),
hmi1(t), -+ hy(t) with hyyq(t) = 0) at the end = = 0, the variable W is exactly
null controllable, then the variable U is exactly null controllable and synchronizable
by 2-groups. This proves Theorem 6.4.1.

Remark 6.4.1 Lemma 6.1.1 and Lemma 6.1.2 are always available for the re-
duced initial-boundary value problem for the variable W'.

Remark 6.4.2 Ast > T, the partially synchronizable state U= i(t,w) saiz'sﬁes
wave equation (6.2.6) and boundary conditions (6.2.19) and (6.2.20), where a, b and

b are given by (6.4.4) and (6.4.6). Lemma 6.1.1 is always available for this system
(6.2.6) and (6.2.19)-(6.2.20).
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Hence, if we know this initial condition (6.2.21) ofﬁ = 5(t,x) at the moment
t =T, then the evolution of the partially synchronizable state u = u(t, x) with respect
to t can be completely determined.

Moreover, any given state (p,) in C?0, L] x C*0, L], satisfying the conditions of
C? compatibility at the points (t,x) = (T,0) and (T, L), respectively, with boundary
conditions (6.2.19) and (6.2.20), belongs to the attainable set of the initial data of
partially synchronizable state.

Remark 6.4.3 In the special case thatm = N —1, U® (t,x) is composed of only
one component uy(t,x), then assumptions (6.4.3) and (6.4.5) become

an=0 (i=1,---,N—1), (6.4.17)
bin (resp. biy) =0 (i=1,---,N —1), (6.4.18)

namely, the first (N —1) components of the last column of the coupling matrices A and
B (resp. B) are all zero. In this case, by Theorem 6.4.1, (N — 1) boundary controls
can be used to realize the exact boundary null controllability for the first (N — 1)
state variables of U, however, since the first (N — 1) wave equations and boundary
conditions constitute a self-closing system, this result is obvious.

Now, takingm = N —2 in Theorem 6.4.1, assumptions (6.4.3) and (6.4.6) become

N
> ay=0 (i=1,--,N-2), (6.4.19)
j=N-1
N ~
Y ay=a (i=N-1,N) (6.4.20)
j=N-1
and
N
Z b (resp. bj;) =0, (i=1,---,N—2), (6.4.21)
j=N—-1
N ~ =
S by (vesp. byy) = b (resp. b) (i =N —1,N). (6.4.22)
j=N-1

Thus, we can use (N — 1) (instead of (N —2)!) boundary controls to realize the exact
boundary null controllability for (N — 2) state variables in U.
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6.5 Generalized exact boundary synchronization

We now consider the problem of synchronization from a more general mathemat-
ical point of view.

For the coupled system of wave equations (6.1.2), (6.1.5) and (6.1.7), based on
the previous discussions, we can define the corresponding generalized exact boundary
synchronization.

Let

N
wizzeijuj (i=1,---,M) (6.5.1)
j=1
or

w = (U, (6.5.2)

where W = (wy, -+ ,wy)T, 0 < M < N and @ = (0;j) mxn is of full row-rank.

Suppose that for any given initial state (®(z), ¥(x)), the mixed initial-boundary
value problem (6.1.2), (6.1.5), (6.1.7) and (6.1.8) for the variable U can be reduced to
a self-closing mixed initial-boundary values problem of the same kind for the variable
W, and we can use Lemma 6.1.2 to find M C? (case (6.1.5a)) or C'' (cases(6.1.5b)-
(6.1.5¢)) boundary controls in H(t) with support on [0,7] with 7" > 2L, such that as
t > T we have

W(taz)=0, 0<z<]L, (6.5.3)
ie.,
WU(t,z)=0, 0<z<L. (6.5.4)

Thus, the coupled system (6.1.2), (6.1.5) and (6.1.7) is said to have the generalized
exact boundary synchronization associated with @ and U = U(t,x) is the
corresponding generalized synchronizable state.

It is easily seen that this definition covers all the cases discussed in the previous
sections.

(1) If M = N — 1 and we take

W; = Uj — Ui4+1 (Z:L ,N—l), (655)
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ie.,

() = , (6.5.6)
1 (N-1)xN

then the generalized exact synchronization leads to the exact synchronization given
in §6.2.

(2) If M = N — 1 and we take

i — U | = ]-7 Ty )
wi =i (i o) (6.5.7)
W; = Uy — Uj41 (Z:m+17”'aN_1>7
ie.,
L
1 -1
(W) = I , (6.5.8)

1 -1
(N=m—-1)x(N-m) / (N-1)xN

where I,,, is the unit matrix of order m, then the generalized exact synchronization

leads to the exact null controllability and synchronization by 2-groups discussed in
§6.4.

(3) If M = N — 2 and we take

{ Wi = Ui — Uj41 (Z:177m_1)’ (659)

Wi = Ujp1 — Ujy2 (i:m,--- ,N—2),

ie.,

(N=m—-1)x(N-m) / (N_2)xN

(6.5.10)

then the generalized exact synchronization leads to the exact synchronization by
2-groups discussed in §6.3.
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A natural question is under what conditions the original coupled system for the

variable U can be reduced to a self-closing coupled system of the same type for the
variable W.

Multiplying the matrix @ to the system (6.1.2), (6.1.5) and (6.1.7) from the left,
it is easy to get

Theorem 6.5.1 For any given coupling N x N matrices A, B and B, zi there

exist a full row-rank matrix @ = (0ij)mxn, and M x M matrices ,ZL B and B such
that

@A _ g@, (6.5.11)
(B = B(w), (6.5.12)
B =B, (6.5.13)

then we can get a self-closing coupled system (6.2.10) and (6.2.12)-(6.2.13) with

H(t) = @ H(t) for the variable W, so that the generalized exact boundary syn-
chronization associated with @ for the variable U can be realized by means of M
boundary control functions.

Remark 6.5.1 Lemma 6.1.1 and Lemma 6.1.2 are always available for the re-
duced coupled system for the variable W.

The next question is for any given coupling N x N matrices A, B and E, how to
guarantee the existence of such M x N matrix @ and M x M matrices A, B and

B in Theorem 6.5.1.
We first consider the case M = N — 1.

Theorem 6.5.2 Suppose that M = N — 1. For the coupled system_of wave
equations (6.1.2), (6.1.5) and (6.1.7), if the coupling matrices A, B and B possess
a common real right eigenvector X € RN\{0}:

AX =aX, (6.5.14)
BX = bX, (6.5.15)
BX = bX, (6.5.16)

where 5, b andb are corresponding eigenvalues, respectively, then there exist an (N —
1) x N full row-rank matriz @ = (0;;) and (N —1) x (N — 1) matrices A, B and B
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such that (6.5.11)-(6.5.13) hold. Moreover, X constitutes a system of basic solutions
to the linear algebraic system

WY =o. (6.5.17)

Proof There exist (N — 1) linearly independent column vectors Yj, -+, Yy_1
perpendicular to X;
(X,Y;)=0, j=1,---,N—1. (6.5.18)

Thus, noting (6.5.14) we have

(X, ATY;) = (AX,Y;) =0, j=1,--- ,N—1. (6.5.19)
Then,
N-1
ATYJ = Zajkykr j=1-- N—-1, (6.5.20)
k—1

where @), are constants. Let

A= (@p)" = (@) (v-1)x(n-1)- (6.5.21)
It follows from (6.5.20) that
ATV, Yvon) = (Yo Yao)AT, (6.5.22)

then, taking
@ = (5/17 7YN—1)Ta (6523)

we get (6.5.11). Moreover, it is easy to see that X constitutes a system of basic
solutions to the linear algebraic system (6.5.17).

The proof of (6.5.12)-(6.5.13) is completely similar.

Remark 6.5.2 In case (1), M = N — 1, noting (6.5.6), X = (1,--- , )T is a
system of basic solutions to (6.5.17). The requirement that the coupling matrices
A, B and B possess a common right eigenvector X implies (6.2.2)-(6.2.4). Thus,
Theorem 6.5.2 leads to the conclusion given in §6.2.

m N—m
Remark 6.5.3 In case (2), M = N—1, noting (6.5.8), X = (0,---,0,1,--- , 1)T
is a system of basic solutions to (6.5.17). The requirement that the coupled matrices
A, B and B possess a common right eigenvector X implies (6.4.3)-(6.4.6). Thus,
the conclusion given in §6.4 follows from Theorem 6.5.2.

On the other hand, we have
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Theorem 6.5.3 Suppose that M = N — 1. If the coupled system (6.1.2), (6.1.5)
and (6.1.7) possesses the generalized exact boundary synchronization associated with

, but 1s not exactly boundary null controllable, then the coupling matrices A, B
and B must have a common real Tight eigenvector X, and X constitutes a system of
basic solutions to the linear algebraic system (6.5.17).

Proof Since the rank of @ is (N — 1), the linear algebraic system (6.5.17) pos-
sesses a basic solution X = (ay,---,ay)? € RM\{0}. Thus, when t > T, it follows
from (6.5.4) that the generalized synchronizable state U(t, z) = (ui(t, z),- - ,un(t,2))T"
can be written as B

wi(t,x) = aouu(t,z), 0<x<L, (6.5.24)

where @ = u(t, z) is a C? function.

Substituting (6.5.24) into (6.1.4), when ¢ > T" we have

0% 0% al ~ .
()éi(W—@)—i-(jZlaij&j)U:O, Z:L"' ,N. (6525)
Let
N={i|a#0,i=1,--- N} (6.5.26)

When the number of X is bigger than or equal to 2, it is easy to see form (6.5.25)
that for any given i, k € N,

1w o ~
Ei < Z al-jozj)u = a—k < Z aijzj>’U,,
j=1 j=1

then by the non exact null controllability, we get

1= 1
def. = .
;i( E aijaj) = a—k( E ak]-aj> =a, VikeR,
J=1 J=1
namely, for ¢ € R we have

N ~
Zaijaj = Ziai, (6527)
j=1

where @ is a constant independent of ¢ € N. On the other hand, for i ¢ N, since
a; =0, by (6.5.25) and the non exact null controllability, (6.5.27) is still valid.

When the number of XN is equal to 1, without loss of generality, we may suppose
that X = {1}, namely, oy # 0 and ag = ---ay = 0. Taking a = a1, we still have
(6.5.27) for ¢ = 1. Moreover, as in the previous situation, (6.5.27) is still valid for

iR,
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Thus, for ¢ = 1--- N we always have (6.5.27), where a is independent of 1.

This proves (6.5.14). Moreover, it follows from (6.5.25) and (6.5.14) that © = u(t, z)
satisfies the wave equation (6.2.6) for ¢t > T.

We next prove (6.5.15). The proof of (6.5.16) is similar.
Substituting (6.5.24) into the boundary condition (6.1.5¢), for t > T we have

ou al ~ .
x=0: aia—;b—<;bijaj>u:0, i=1,---,N. (6.5.28)

As in the proof of Lemma 6.2.1, we may suppose that ﬁ(t, 0) #0 for t > T, then
similarly we can get

N =
Zbijaj:bai, ’izl,"',N,
j=1

where b is a constant independent of i. This proves (6.5.15).

Remark 6.5.4 As t > T, for the generalized synchronizable state U(t,x) =
Z(t,:c)X, where X = (aq, -+ ,an)? is a basic solution of (6.5.17), U= ﬁ(t,x) sat-
isfies the wave equation (6.2.6) and the boundary conditions (6.2.19) and (6.2.20).
Then, if we know the initial state (6.2.21) of U = 5(75, x) at the moment t = T, we
can completely determine the evolution of%L = 5(1&, x) with respect to t.

Moreover, as in Remark 6.2.4, the set of all possible initial data (p,v) of:tvf =
5(t,x) is the whole space C?[0,L] x C*0, L] associated with the conditions of C*
compatibility at the points (t,x) = (T,0) and (T, L), respectively, with boundary con-
ditions (6.2.19) and (6.2.20).

For the case M = N — 2, we only consider the special situation that

() = ( ®, ®, )(N;Q)XN, (6.5.29)

where @1 is a full row-rank (N7 — 1) x N; matrix, while @2 is a full row-rank
(Ny — 1) x Ny matrix with Ny + Ny = N.

Let

All A12 e ;{11 gl?
A= A= 2 te., 6.5.30
( A21 A22 ) ( Agl A22 ) e ( )

where Ay (resp. Avll) is an Ny x Ny (resp. (N1—1)x (N;—1)) matrix, Ay (resp. g21>
is an Ny X Ny (resp. (Ny —1) x (N7 — 1)) matrix, Az (resp. Aj2) is an Ny X Ny (resp.
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(N1 — 1) X (N2 — 1)) matrix, A22 (resp. 12{22) is an N2 X N2 (resp. (N2 — 1) X (N2 — 1))
matrix etc. Thus, (6.5.11)-(6.5.13) in Theorem 6.5.1 can be equivalently written as
W,4; = A;W),, ij=12 (6.5.31)
(w,B; = B,;W,, i.j=12 (6.5.32)
W,B; = B,;(W),, ij=1.2 (6.5.33)

Theorem 6.5.4 Suppose that M = N — 2. For the coupled system of wave
equations (6.1.2), (6.1.5) and (6.1.7), if there exist real vectors X; € R™\{0} and

X, € RN\{0} and real numbers a-j, Eij and b;; such that

AyX; =Ty Xs, 0,5 =12, (6.5.34)
B X; =byX;, i,j=12 (6.5.35)
ByX, =b,X,, ij=12 (6.5.36)

then we can find a (N —2) x N full row-rank matrix @ = <®1 @) and (N —

2) X (N — 2) matrices A, B and B such that (6.5.31)~(6.5.33) hold, moreover, X,
(resp. Xs) constitutes a system of basic solutions to the linear algebraic system

(@),Y: = 0 (resp. (),Y5 = 0). (6.5.37)

Proof Specially taking ¢ = j in (6.5.34)—(6.5.36), we get

By Xi = biX;, i=12, (6.5.39)

Then, by the proof of Theorem 6.5.2, there exist Ny — 1 (resp. Ny — 1) linearly inde-
pendent column vectors Yi,---, Yy, 1 € RM\{0} (resp. Yn,, -+, Yn_o € RM\{0})
perpendicular to X (resp. X») such that (6.5.31)-(6.5.33) hold for ¢ = j with some

matrices f~1“~, B;; and B;; and
@1 = (Y, 7YN1—1>T> @2 =Yy, 7YN—2)T' (6.5.41)

We now prove that there exist matrices ij, Eij and ﬁij for i # j such that
(6.5.31)-(6.5.33) are still valid for i # j, in which (1), and (i), are given by (6.5.41).
For fixing the data, in what follows we only prove (6.5.31) for i = 1 and j = 2.
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Noting (6.5.34), we have

(X, ATY;) = (A19 X, Y;) = (@12X1,Y;) =0, j=1,---, Ny — 1. (6.5.42)
Then
N-2
ALY, = apYs, j=1-,N—1L (6.5.43)
k=N,

where ajk are constants. Let
A = @n)" = @) (6.5.44)
By (6.5.43), we have
AL (Ye, -+ Yaon) = (Y1, Y1) Ay, (6.5.45)

which together with (6.5.41) leads to (6.5.31) for i = 1 and j = 2.

——
Remark 6.5.5 In case (3), M = N—2, noting (6.5.10), we have X, = (1,--- , 1)T

N—m
—
and Xo = (1,--- ,1)T. The requirements (6.5.34)-(6.5.36) imply (6.3.3)-(6.5.4) and
(6.3.7)-(6.3.8), then Theorem 6.5.4 leads to the conclusion given in §6.3.

By (6.5.29) and noting that the rank of both @1 and @2 is (N — 1), linear
algebraic system (6.5.37) possesses a basic solution X; = (ay,---,an, )T € R¥\{0}
(resp. Xy = (an,11,- - ,an)T € RM\{0}). Thus, noting (6.5.4), as t > T the
generalized synchronizable state U(t,z) = (ui(t,z), -+ ,un(t,r))T can be written as

up(t,x) = apun(t,z), p=1,---,Ny, 0<ax<L, (6.5.46)

ug(t,x) = agua(t,z), ¢=N+1,--- N, 0<xz<L. (6.5.47)

Similarly to Theorem 6.5.3, we have

Theorem 6.5.5 Suppose that M = N — 2. If the coupled system (6.1.2), (6.1.5)
and (6.1.7) possesses the generalized exact boundary synchronization associated with
(6.5.29), and at least for an initial state (P(z), U(x)), il(t,x) and ig(t,l') given by
(6.5.46)-(6.5.47) for the generalized synchronizable state are linearly independent.
Then there exist real vectors X, € RM\{0} and Xy € RN2\{0} and real numbers

a;j (1,7 =1,2) such that (6.5.34) holds.
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Proof Substituting (6.5.46)—(6.5.47) into (6.1.4), we have

o= )+ (L)t (2 o= o=

qg=N1+1

(6.5.48)
Pu, 0% al ~ al =~ .
Ozi< 8t22 i 8x22) + (Zaipap>u1 + ( Z aiqaq>u2 =0, ¢i=N+1,---,N.

p=1 qg=N1+1

(6.5.49)
Let

Ny ={p|lap#0, p=1,--- Ni}. (6.5.50)

When the number X is bigger than or equal to 2, it is easy to see from (6.5.48)
that for any given ¢, k € Ny

[ Zalpap> Uy + ( Z azqaq)ag}
q=N1+1
1 N1 " N
= a— [( Z aprép) ﬂl + ( Z CquOéq> U2:|
k p=1 g=N1+1

then, since we may assume that 51 and 52 are linearly independent, we get

L 1 [

def. = .
f(Zaipap> = —(Zakpap) = an, Vi k€N,
Q; =1 (07> =1

1 N 1 N
def. = i
(Y wa) = (Y wue) Lan, viken,

q=N1+1 q=N1+1

namely, for i € Ny, we have

1
Z QipQlp = Zinozi, (6551)
Z QigQq = 5120@, (6552)
g=N1+1

where @ an and a a12 are constants in dependent of 1 € N1 On the other hand, for
i & Wy, since o; = 0, by (6.5.48) and noting that u; and uy are linearly independent,
(6.5.51)—(6.5.52) are still valid.
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When the number of N, is equal to 1, without loss of generality, we may suppose
that 8; = {1}, namely, oy # 0 and ay = -+ = ay, = 0. Taking a;; = a1 and
N

1y = L (> aigoy), we still have (6.5.51)—(6.5.52) for i = 1. Moreover, as in the

aql
q=N1+1

previous situation, (6.5.51)—(6.5.52) are still valid for i & ;.

Thus, for ¢ = 1,--- , N, we always have (6.5.51)—(6.5.52), where @ and ap are
independent of i. This proves (6.5.34) fori =j=1landi=1, j=2.

Similarly, by (6.5.49), we get (6.5.34) fori =2, j=1andi=j=2. 0O

Remark 6.5.6 Ast > T, for the generalized sychronizable state U(t,x) = ( %232
given by (6.5.46)-(6.5.47), where X1 = (a1, - -~ can )T (resp. Xo = (an, 41, ,an)T)
is a basic solution to (6.5.37), U(t,z) = ( G(t2) ) satisfies the coupled system

us(t, x)
(6.3.16) of wave equations with (6.3.17), in which aj (1,7 = 1,2) are given by
(6.5.34), and the boundary conditions (6.5.18) and (6.5.19) with (6.5.20), in which
Ej and by (i, ] = 1,2) are given by (6.5.35)-(6.5.56). Hence, if we know the initial

state (6.3.21) of U = U(t,z) at the moment t = T, then the evolution of U = U(t, z)
with respect to t can be completely determined.

Moreover, any given state (o) (z), o@ (2))T and (v (z), v@ (2))T in (C?0, L])?x
(C0, L])?, satisfying the conditions of C* compatibility at the points (t,z) = (T.,0)
and (T, L), respectively, with boundary conditions (6.5.18) and (6.5.19), can be the

initial data of U = U(t,z).

Thus, at least for some initial states (P(z), ¥(z)), o (t,z) and ig(t, x) are linearly
independent on t =T then fort > T. This shows that the corresponding requirement
given in Theorem 6.5.5 is reasonable.

Remark 6.5.7 The situation M = N — k (k > 2) can be similarly discussed.

6.6 Remarks

Remark 6.6.1 The whole previous discussion is still valid for the case of two-
sided controls, provided that (6.2.8) is replaced by

T>L (6.6.1)

and there is an inhomogeneous term H(t) on the right-hand side of (6.1.7).

Remark 6.6.2 [t is possible that, different from Lemma 6.1.2, in the case of
one-sided controls, the exact boundary (null) controllability may be realized (perhaps
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in a weaker sense) by means of M(< N) boundary controls for some special coupled
systems of N wave equations (cf.[2],[3], [6],[78]). Thus, the exact boundary synchro-
nization (perhaps in a weaker sense) could be realized by only P(< M) boundary
controls.

Remark 6.6.3 The problem of synchronization might be also considered as an
optimal control problem, where an objective function of the type

N-1
Z [ = wiga|?
i=1

18 minimized. This kind of optimal control is similar to the optimal control of partial
differential equations on networks (cf.[45] for an application in flood management)
and should be studied in the framework of weak solutions.



Chapter 7

Exact Boundary Synchronization
for a Coupled System of Linear
Wave Equations with Coupled
Boundary Conditions of
Dissipative Type

Contents
7.1 Introduction . ... ........ ... .00 iee... 189
7.2 Exact boundary synchronization .. ... ... ...... 192
7.3 Exact boundary synchronization by groups . . . . .. .. 197
7.4 Exact boundary null controllability and synchronization
DYy Sroups . . v v v v vt e e e e e e e e e e e e e e e e e 203
7.5 Generalized exact boundary synchronization . . . . . . . 208

7.1 Introduction

Several kinds of exact synchronizations for a coupled system of 1-D wave equations
with boundary conditions of Dirichlet type, Neumann type and coupled third type
are discussed in [81] in the framework of classical solutions. A similar result for a
coupled system of n-dimensional wave equations with Dirichlet boundary controls in
the framework of weak solutions can be found in [79]. In this chapter, we will consider
the corresponding exact synchronizations for the coupled boundary conditions of

dissipative type.

189



190 7.1. Introduction

More precisely, we consider the following coupled system of 1-D wave equations
with coupled boundary conditions of dissipative type:

0*U  0*U

W—w+AU—O, (711)

r=0:U,—CU, = H(t), (7.1.2)

zr=1L:U,+CU, =0, (7.1.3)
where U = (uq,--- ,uy)” is the unknown vector function of (¢t,z), A = (a;), C =

(cij) and C = (¢;;) are N x N coupling matrices with constant elements, H(t) =
(hi(t), -+, hn(t))T is a C! vector function, the components of which will be totally
or partially taken as boundary controls. Our goal is to find a control time 7" > 0
and some boundary controls in H(t) supported on [0,7], such that from the time
t =T on, the system states tend to the same. That is to say, we hope to achieve the
synchronization of system states not only at the moment ¢ = T" under the action of
boundary controls on [0, 7], but also when ¢ > T" and withdrawing all the controls(see
also [79]-[81]).

Obviously, if the system has the exact boundary null controllability ([55], [77],
[88], [89] and [100]), it must have the exact boundary synchronization, but this is
a trivial situation that should be excluded beforehand. The exact boundary null
controllability here also means that the system states remain null not only at the
moment ¢ = 7" under the action of boundary controls on [0, 7], but also when ¢ > T
and withdrawing all the controls.

For the forward mixed initial-boundary value problem (7.1.1)-(7.1.3) with the
following initial condition

t=0:U=®(x),U = ¥Y(z), (7.1.4)
we have(see [55])

Lemma 7.1.1 For any given T > 0, assume that ® € (C?[0,L])"Y and ¥ €
(CH0, L))V satisfy the conditions of C* compatibility at the points (t,x) = (0,0) and
(0, L), respectively (see Remark 7.1.1). For any given coupling matrices A, C and
C, if

det(C+Iy)#0 (7.1.5)
and

det(C + Iy) # 0, (7.1.6)

where Iy denotes the unit matriz of order N, namely, —1 is not an eigenvalue of
both C' and C', then the forward mized initial-boundary value problem (7.1.1)-(7.1.4)
admits a unique C* solution U = U(t,x) on the domain R(T) = {(t,xz)]0 < ¢ <
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T, 0<xz<L}.

Remark 7.1.1 The conditions of C* compatibility at the point (t,z) = (0, L) can

be written as
(L)+ C¥(L) =
{W'(L) C(o” (L) AD(L)) = 0. (7.1.7)

The conditions of C? compatibility at the point (t,x) = (0,0) can be similarly obtained.
Remark 7.1.2 For the backward mized initial-boundary value problem (7.1.1)-
(7.1.8) with the final condition
t=T: U=®(x), U =Y(2), (7.1.8)
where ® € (C2[0, L)), W € (C*0, L])™ and the conditions of C* compatibility are
satisfied at the points (t,x) = (T,0) and (T, L), respectively. The conclusion of
Lemma 7.1.1 is still valid, provided that assumptions (7.1.5)-(7.1.6) are replaced by
det(C' —In) #0 (7.1.9)
and
det(C' — Iy) #0, (7.1.10)
namely, 1 is not an eigenvalue of both C and C.
By Lemma 7.1.1 and using a constructive method, we have the following result
on the exact boundary null controllability(see [55], [72], [83], [109], [118]).
Lemma 7.1.2 Let
T > 2L. (7.1.11)
Under assumptions (7.1.5)-(7.1.6), for any given initial data (®,¥) € (C?[0, L))™
(C[0, L)Y, satisfying the conditions of C* compatibility at the point (t,x) = (0, L),
there exist N C' boundary controls H(t) = (hy(t),--- , hn(t))T with support on [0, T
at the end x = 0, such that the corresponding mixed initial-boundary value problem

(7.1.1)-(7.1.4) admits a unique C* solution U = U(t,x) ont >0, and ast > T we
have

Ut,z) =0, 0<x<L. (7.1.12)
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Remark 7.1.3 Different from the situation discussed in [81], in the case of cou-
pled boundary conditions of dissipative type, in order to guarantee the well-posedness
and the exact boundary null controllability for the forward mized initial-boundary
value problem, we should impose assumptions (7.1.5)-(7.1.6) for matrices C' and C.

In what follows, we will use Lemma 7.1.1 and Lemma 7.1.2 to consider the exact
boundary synchronization, the exact boundary synchronization by groups, and the
exact boundary null controllability and synchronization by groups for the coupled
system of wave equations (7.1.1)-(7.1.3) in §7.2, §7.3 and §7.4, respectively, and then
the generalized exact boundary synchronization in §7.5. The whole forthcoming dis-
cussion is based on the situation of one-sided controls, similar results are still valid
for the case of two-sided controls (see [81]).

7.2 Exact boundary synchronization

Definition 7.2.1 If there exists T > 0 such that for any given initial state (9, V),
we can find some boundary controls with support on [0,T] in H(t), such that the
corresponding mized initial-boundary value problem (7.1.1)-(7.1.4) admits a unique
C? solution U = U(t,z) = (ui(t,x), - ,un(t,z))T ont >0, and as t > T we have

ur(t,x) = -+ =un(t, ) o 5’(t,x), 0<z<L, (7.2.1)

then the coupled system (7.1.1)-(7.1.3) is said to possess the exact boundary syn-

chronization or is said to be exactly synchronizable, and t = u(t,x) is called
the corresponding synchronizable state.

Obviously, if the system possesses the exact boundary null controllability, then it
must be exactly synchronizable. However, this trivial situation should be excluded
in the discussion. Similarly to [81], we have

Lemma 7.2.1 Under assumptions (7.1.5) and (7.1.6), if the coupled system of
wave equations (7.1.1)-(7.1.3) is exactly synchronizable, but not exactly null control-
lable, then the coupling matriz A should satisfy the following necessary conditions:

The values of the sum of every row of A are independent of i = 1,--- | N, namely,
N
def. = .
da;=a (i=1,--,N), (7.2.2)
j=1
where @ is a constant independent of 1 =1,--- | N.

Different from the situation discussed in [81], Lemma 7.2.1 is no longer valid
in general for the coupling matrices C' and C' in the coupled dissipative boundary
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conditions (7.1.2)-(7.1.3). However, based on Lemma 7.2.1, for matrices C' and C we
impose the following similar assumptions:

N
Zcij d;f"é’ (Z:]-’ 7N)7 (723)
j=1
N ~
_  def. ~ .
ey e (i=1,---,N), (7.2.4)
j=1
where ¢ and % are constants independent of ¢ =1,--- , N.

Remark 7.2.1 Suppose furthermore that the constant a given by (7.2.2) is pos-
itive, it is easy to get the necessity of (7.2.3)-(7.2.4). In fact, for a coupled system
of n-dimensional wave equations with Neumann boundary conditions, in order to
guarantee the uniqueness of solution, one often assumes that A is a positive definite
matriz, then the hypothesis a > 0 is reasonable since a is an eigenvalue of matriz A.
However, in more general cases, we do not know the necessity of (7.2.3)-(7.2.4). It
is a very interesting problem if we can realize the boundary synchronization for the
coupled system (7.1.1)-(7.1.3) without additional assumptions (7.2.3)-(7.2.4).

_ Remark 7.2.2 Conditions (7.2.2)-(7.2.4) mean that all the matrices A, C and
C have a common right eigenvector (1,1,--- 1)1 with the corresponding eigenvalues

g, ¢ and ¢, respectively.
Theorem 7.2.1 Under assumptions (7.1.5)-(7.1.6), suppose furthermore that (7.2.2)
— (7.2.4) hold. Let
T>2L. (7.2.5)
For any given initial state (®,¥) € (C?[0, L)) x (C*0, L)), satisfying the condi-
tions of C* compatibility at the point (t,z) = (0, L), there exist (N — 1) C' bound-
ary controls with support on [0,T] in H(t) (for example, take ho(t), -, hy(t) with

hi(t) =0), such that the coupled system (7.1.1)-(7.1.3) possesses the exact boundary
synchronization.

Proof Let

It is easily shown (see [79]-[81]) that by (7.2.2), the original system (7.1.1) for the
variable U can be reduced to a self-closing system of the same kind for the variable
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W = (wy,-+ ,wy_1)" as follows:
oW W~
=+ AW =0, (72.7)

where A = (a;;) is an (N — 1) x (N — 1) matrix with the entries

N J
Eiij - Z (aiJer - aip) = Z(aip - al‘Jer)v 27] = 17 e 7N - L (728>
p=j+1 p=1

Similarly, by (7.2.3)-(7.2.4), the original boundary conditions (7.1.2)-(7.1.3) for
the variable U can be reduced, respectively, to self-closing boundary conditions of
the same kind for the variable W as follows:

r=0: W,—CW,=H(t), (7.2.9)
z=L: W, +COW, =0, (7.2.10)

where C' = (¢ij) and C= (@) are (N —1) x (N — 1) coupling matrices reduced from
C = (¢i;) and C' = (¢;;) in the following way:

N J
Gi= > (g =)= (cp—Cinnp), Lj=1-,N—1, (7211
p=j+1 p=1
Gi= Y (g —Cp) =Y (Cp—Ciurp) Gj=1- N-1  (7.212)
p=j+1 p=1
Moreover,
H(t) = (h(t), -+ hyvoa ()" (7.2.13)
with
hi(t) = hia(t) — h(t), i=1,--- N —1. (7.2.14)

Meanwhile, the initial condition of W is given by

t=0: W=2o(z), W,=U(z) (7.2.15)

{@x) = (ip2(2) = p1(2), 3(x) — Pa(), -+ o (@) = on-a ()T, (7.2.16)
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Different from the discussion in [79]-[81], in the case of coupled dissipative bound-
ary conditions, we should verify the corresponding conditions (7.1.5)-(7.1.6) in Lemma
7.1.1 and Lemma 7.1.2 for the reduced system (7.2.7) and (7.2.9)-(7.2.10) in order
to guarantee the well-posedness and the exact boundary null controllability of the
reduced mixed initial-boundary value problem. For this purpose, under assumption
(7.2.3) we will prove

det(C + Iy) = (64 1)det(C + In_y). (7.2.17)
() J
In fact, let e; = (0,---, 1,---,0)7, E; = > ¢, (i,j=1,---,N). Noting (7.2.11), it
i=1
is easy to see that

Gy =(ei—e)'CE;, 1<4,j<N-1. (7.2.18)

Moreover, by (7.2.3), we have

(e; —€is1)'CEN =0, 1<i<N-—1 (7.2.19)
and
d def
eNCE;=> Cni S5, 1<j<N (7.2.20)
=1

with zy = i Therefore, by elementary transformation we have

T C
where
(61 — 62)T 1 -1
(62 - 63)T 1 ..
Xy = : = , (7.2.22)
(GN—1 - BN)T 1 -1
T
€N L) vun
1 1 .o 1
1 . 1
YN:(E1,~-~ ,EN): e , (7.2.23)

NXxXN



196 7.2. Exact boundary synchronization

x = (x1,--+ ,xN_1) is a row vector of order N — 1, and 0 is the zero vector of order
N — 1. Obviously, both Xy and Yy are invertible matrices, and

XyYy = Iy. (7.2.24)

Then

Xn(C+ In)Yn = XnCYN + Iy = ( Ot Ina :21 )7 (7.2.25)
T c

from which we get immediately (7.2.17).
Thus, assumption (7.1.5) implies that

det(C + Iy_1) # 0 (7.2.26)
and

T4 -1 (7.2.27)

Similarly, by (7.2.4) and (7.1.6) we have

det(C + Iy_1) #0 (7.2.28)
and
41 (7.2.29)

Therefore, under assumptions (7.1.5)-(7.1.6), by Lemma 7.1.1, the reduced mixed
initial-boundary value problem (7.2.7),(7.2.9)-(7.2.10) and (7.2.15) for the variable
W is always well-posed, moreover, according to Lemma 7.1.2, by means of (N — 1)
C' boundary controls H(t) (for instance, take ho(t), - - - , ha(t) with Ay (£) = 0) at the
end x = 0, the variable W is exactly null controllable, then the variable U is exactly

synchronizable. This finishes the proof.

Remark 7.2.3 Ast > T, the synchronizable state . = u(t,z) defined by (7.2.1)
satisfies the following wave equation and boundary conditions:

*u  Pu -

@ - @ —|—~(ibu = O, (7230)
x=0:1U, — ctuy =0, (7.2.31)
v =1L, +ciy =0, (7.2.32)

where a, ¢ and ¢ are given by (7.2.2)-(7.2.4), respectively. Noting (7.2.27) and
(7.2.29), by Lemma 7.1.1, this forward mized system (7.2.30)-(7.2.32) is also well-
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posed. Hence, if we know the initial state of:ivi = 5(75, x) at the moment t =T

t=T: u=¢p), =), 0<xr<L, (7.2.33)

we can completely determine the evolution ofi = i(t, x) with respect to t.

Remark 7.2.4 Under assumptions (7.2.2)-(7.2.4), in order to realize the exact
boundary synchronization, the (N —1) C' boundary controls in H(t) can be chosen in
infinitely many ways, therefore, the initial state (p, ) in (7.2.33) will be not unique.
Moreover, it can be shown that under additional assumptions ¢ # 1 and ¢ # 1, the
attainable set of all possible initial data of synchronizable state is the whole space
C?0, L] x C[0, L] associated with the conditions of C* compatibility at (t,x) = (T, 0)
and (T, L), respectively, with boundary conditions (7.2.81)-(7.2.52).

To illustrate this, for any gwen (p,v) € C?0,L] x [C[0, L] satisfying the con-
ditions of C? compatibility with the boundary conditions (7.2.31)-(7.2.32) at (t,z) =
(T,0) and (T, L), respectively, noting ¢ # 1 and ¢ # 1, by Remark 1.2, we can solve
the backward mized initial-boundary value problem (7.2.30)-(7.2.33) to get a unique
C? solution u = u(t,z) and then its initial value at t = 0:

~

t=0: u=px), u =Y(x). (7.2.34)
Then, by assumptions (7.2.2)-(7.2.4), it is easy to see that
Ut,z) = (u,u,- - ,u)’(t,z) (7.2.35)

is the C* solution on the domain R(T) = {(t,z)|0 < ¢t < T, 0 < x < L} to the
original system (7.1.1)-(7.1.3) with the null control H = 0 and the initial condition
t=0:U= (/ISA(@ = (@x)a @/ﬁx)a T ,@ix))TT, (7.2.36)

Then, by solving the mized problem (7.1.1)-(7.1.3) and (7.2.36) with null boundary
controls, we can reach any given synchronizable state (p,v) at the moment t = T

(see also [79], [81]).

7.3 Exact boundary synchronization by groups

Similarly to [81], the concept of exact boundary synchronization can be general-
ized to the exact boundary synchronization by groups. Without loss of generality,
we consider here the exact boundary synchronization by 2-groups. For this pur-
pose, setting U = (gﬁii) with UM = (ug, -, um)” and U® = (uppq, -+, un)?, we
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look for some boundary controls in H(t), such that U™ and U® are independently
synchronizable.

Definition 7.3.1 If there exists T > 0 such that for any given initial state (®, V),
we can find some C' boundary controls with support on [0,T] in H(t), such that the

corresponding mized initial-boundary value problem (7.1.1)-(7.1.4) admits a unique
C? solution U = U(t,z) = (us(t,x), - ,un(t,z))" ont >0, and as t > T we have

uy(t, ) (7.3.1)

(7.3.2)

Il
Il
g
3
=
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Il
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=
8

Il
Il
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um-i—l(ta [L’)

then the coupled system (7.1.1)-(7.1.3) is said to possess the exact boundary syn-
chronization by 2-groups or is said to be exactly synchronizable by 2-groups,

and U = U(t,z) = (gggjg) is called the corresponding synchronizable state by 2-
groups.

Obviously, if the coupled system possesses the exact boundary synchronization,
then it must be exactly synchronizable by 2-groups. However, this trivial situation
should be excluded in advance. For this purpose we need to impose suitable assump-
tions on the synchronizable states by 2-groups uy(t, ) and (¢, z) (see also [79]-[81]).
We have

Lemma 7.3.1 Suppose that the coupled system (7.1.1)-(7.1.8) is exactly synchro-
nizable by 2-groups. Suppose furthermore that at least for an initial state (P, W) the

synchronizable states by 2-groups ul(t x) and u2(t x) are linearly independent. Then
the coupling matriz A = (a;j) in system (7.1.1) of wave equations should satisfy the
following necessary conditions:

Za def. “” (G=1,---,m), (7.3.3)
i = (i=m+1,---,N), e

a21

Al G (i=1,---,m)
Z g e v (7.3.4)
i=m+1,---,N),

j=mt1 a2
where ay, and a1y are constants independent of i = 1,--- ,m, while, as; and asy are
constants independent of i =m +1,--- | N.

For the coupling matrices C' and C in boundary conditions (7.1.2)-(7.1.3), we
can not get the corresponding necessary conditions under the assumptions of Lemma
7.3.1 (unless we assume that at least for an initial state (®, W), uy(¢, ) and ux(t, )
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are linearly independent at = 0 and at z = L, respectively). However, based on
Lemma 7.3.1, similarly to [81], we impose the following assumptions:

o [ C =1, ,m),
E cij(resp. ¢;;) & ill(resp ?1) ( ™) (7.3.5)
Cor(resp. Co1) (i=m+1,---,N),

7j=1
al g(res %) (i=1,---,m)

Z c;j(resp. G;;) = :12 b :12 _ ’ T (7.3.6)
j=m+1 CQQ(TGSp. 622) (Z =m + 17 e 7N)’

where %11 (resp. %11) and 7512 (resp. %12) are constants independent of 1 = 1,--- ,m,

while, %21 (resp. %21) and %22 (resp. %22) are constants independent of i = m+1, - - -

Theorem 7.3.1 Under assumptions (7.1.5)-(7.1.6), suppose furthermore that (7.3.3)
-(7.3.6) hold and T > 0 satisfies (7.2.5). For any given initial state (®, V), there ex-
ist (N —2) C' boundary controls with support on [0,T] in H(t) (for instance, take
ho(t), «+, hn(t), hnaa(t), -+, hn(t) with hi(t) = hyya(t) = 0), such that the coupled
system (7.1.1)-(7.1.3) possesses the exact boundary synchronization by 2-groups.

Proof Let

{ Wi =Uipy —u; (i=1---,m—1) (7.3.7)

Wi = Uipo — Uip1  (E=m, -+, N —2).

Similarly to the proof of Theorem 7.2.1 (see also [79],[81]), under assumptions (7.3.3)—
(7.3.4), the original system (7.1.1) for the variable U can be reduced to a self-closing
system (7.2.7) of the same kind for the variable W = (wy,--- ,wy_2)T, where A=
(a;j) is an (N — 2) x (N — 2) matrix with the entries

m J
Z (ai+1,p—aip): Z(az’p—ai+1,p), t=1,--- N=2;5=1,--- ,m—1,

Uoe = p=j+1 p=1
ij N j+1 . »
z (ai+1,p_aip): Z (aip_ai+1,p)’ Z:177N_27j:m>’N_2
p=j+2 p=m+1

(7.3.8)

Similarly, under assumptions (7.3.5)—(7.3.6), the original boundary conditions
(7.1.2)-(7.1.3) for the variable U can be reduced to self-closing boundary conditions
(7.2.9)-(7.2.10) of the same kind for the variable W, in which the coupling matrices

C = (&,) and C = (&) are (N —2) x (N — 2) matrices reduced from C' = (¢;;) and
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C = (¢;) in the following way:

m J
Z (Ci+1,p_cip) = (Cip_CH»l,p)a i=1--- N=2,57=1,--- ,m—1,
~  _ ) p=j+1 p=1
Cij = N j+1
Z (Ci+1,p_cip) = Z (Cip_ci-‘rl,p)v t=1,--- N=2;j=m, - N =2,
\p=j+2 p=m+1
(7.3.9)
m J
Yo (Civ1p—Cip) = > (Cip — Ciy1p), =1, N—=2; j=1,--- ,m—1,
=~ p=j+1 p=1
Cij = N j+1
Z (éHl,p_éip) = Z (Eip_éiJer)a i=1,--- ,N=2,j=m, - N -2
\ p=7+2 p=m-+1
(7.3.10)
Moreover,
H(t) = (ha(t),- -+ hy-a(t)) (7.3.11)
with
~ hl t—hlt, ':1,"', —1,
hi(t) = § et = all), i = " (7.3.12)
hivo(t) — hiva(t), i=m,--- /N —2.

The initial condition (7.2.15) of W is given by

O(x) = (Zr(@), -, Pr—a(2)T, V() = (dr(2), -, Pn-a(z))T (7.3.13)

with
~ _ Soi—‘rl(x) - 9074(37>7 L= 17 , T — 17
SDZ(x) {%’H(m) —@ir1(x), i=m, N —2,
(7.3.14)
= L =0, =1,
' Viro(x) — Yipi(x), i=m, - N —2.

In this situation, in order to guarantee the well-posedness and the exact boundary
null controllability for the reduced system of W, we should also verify the correspond-
ing conditions (7.1.5)—(7.1.6) in Lemma 7.1.1 and Lemma 7.1.2. Similarly to § 7.2,
under assumptions (7.3.5)-(7.3.6) we will prove

det(C + Iy) = det(C + L)det(C + In_s), (7.3.15)

where C = (&;) given by (7.3.5)-(7.3.6) is a 2 x 2 matrix.



Chapter 7: Exact Boundary Synchronization for a Coupled System of Linear Wave
Equations with Coupled Boundary Conditions of Dissipative Type 201

In order to get (7.3.15), let

Cut | Co
o , 7.3.16
(021 022) (7.3.16)

where, by(7.3.5)-(7.3.6), the values of the sum of every row of partitioned matrices
Ci;(1 <i,j <2)are ¢;(1 <14, <2), respectively.

By elementary transformation, similarly to (7.2.21), it is easy to get

Xm C Ym o XmCIIYm XmCIQYme
XN—m YN—m XN—m021Ym XN—mCQQYN—m

CH 0 012 0 } m
11 C11 | T12 C12

= Ca 0 [Cy O )
To1 C21 | Taz €2 N —m

m N—m
(7.3.17)
where x1; and x5, are some row vectors of order (m — 1), z12 and xgy are some row
vectors of order (N —m — 1). Deleting the m-th and N-th rows and the m-th and
N-th columns of the matrix on the right-hand side of (7.3.17), we get

~ 5’11 612
= % 22, 7.3.18
( C’21 022 ) ( )

Noting (7.2.24), we have

Xm Ym

[ oo (™)
Xm Yo,
() )on

~ ~ (7.3.19)
011 + Im,1 0 012 0 } m
1 ¢+ 1 Z12 C12
= Can 0 Coo + In—pm— 0
To1 Ca1 To2 Cao+ 1 } N—-m
‘ng Ntm

Taking the determinants of both sides of (7.3.19), by Laplace expansion theorem, we
immediately get (7.3.15).
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Thus, under assumption (7.1.5) we have
det(C + In_s) #£0 (7.3.20)
and
det(C + I) # 0. (7.3.21)

Similarly, it follows from (7.3.5)-(7.3.6) and (7.1.6) that

det(C + In_s) # 0 (7.3.22)

and

det(C + Ib) £ 0. (7.3.23)

where O = (g”) given by (7.3.5)-(7.3.6) is a 2 X 2 matrix.

Therefore, under assumptions (7.1.5)-(7.1.6), according to Lemma 7.1.1, the re-
duced mixed initial-boundary problem (7.2.7),(7.2.9)-(7.2.10) and (7.2.15) for the
variable W is always well-posed, then using Lemma 7.1.2, by means of (N — 2) C!
boundary controls H(t) (for instance, take ha(t), -« , Am(t), Amsa(t), -+ , hy(t) with
hi(t) = hyyi(t) = 0) on [0, 7] at the end « = 0, the variable W is exactly null con-
trollable, then the variable U is exactly synchronizable by 2-groups. This completes
the proof.

~ Remark 7.3.1 Ast > T, the synchronizable state by 2-groups U = Ult,z) =
(&2 satisfies the following coupled system of wave equations

a2 (t, x)

U U ==
ﬁ — W + AU = 0, (7324)
t=0: U, —CU, =0, (7.3.25)
v=1L: U, +CU, =0, (7.3.26)
where
A= ( - % ) (7.3.27)
21 A22

and 11, dia, dz and Gay are given by (7.3.3)-(7.3.4). Noting (7.3.21) and (7.3.23),
by Lemma 1.1 the forward mized system (7.58.24)-(7.3.26) is well-posed. Hence, if we
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know the initial state of U = U(t,z) at the moment t = T':

t=T: U= ("), p? @), U= @), 6@@)", 0<z<L, (1328)

then the evolution of U= ﬁ(t, x) with respect to t can be completely determined.

Remark 7.3.2 Under assumptions (7.3.3)-(7.5.6), in order to realize the exact
boundary synchronization by 2-groups, one has infinitively many ways to choose (N —
2) C' boundary controls at the end v = 0, then the initial synchronizable state in
(7.3.28) is not unique. Moreover, similarly to Remark 2.2, suppose furthermore that

det(C — ) £ 0 (7.3.29)

and

det(% — 1) #£0, (7.3.30)

namely, 1 is not an eigenvalue of both C and C, any given state (o, N1 and
(W YN in (C?[0, L])?x (C1[0, L])?, satisfying the conditions of C* compatibility at
the points (t,x) = (T,0) and (T, L), respectively, with boundary conditions (7.5.25)-
(7.3.26), belongs to the attainable set of the initial data of synchronizable state by
2-groups.

Thus, at least for some initial states (9, V), the synchronizable states by 2-groups
uy(t, z) and us(t, x) are linearly independent on t =T then for t > T. It shows that
the corresponding requirement in Lemma 3.1 is reasonable.

Remark 7.3.3 The exact boundary synchronization by k(k > 2)-groups can be
treated in a similar way.

In order to realize the exact boundary synchronization by 2-groups, the number of
boundary controls is equal to (N — 2), while, in order to realize the exact boundary
synchronization by k-groups, the number of boundary controls is equal to (N — k).

7.4 Exact boundary null controllability and syn-
chronization by groups

Similarly to [79],[81], under some hypotheses on the coupled system, we can divide
the state variables into two groups UM = (uy, -+, uy,)" and UP = (uppq, -+ un)”
such that U™ is exactly null controllable, while U is exactly synchronizable.
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Definition 7.4.1 If there exists T > 0 such that for any given initial state (®, V),
we can find some boundary controls with support on [0,T] in H(t), such that the

corresponding mized initial-boundary value problem (7.1.1)-(7.1.4) admits a unique
C? solution U = U(t,x) = (ui(t,z), -+ ,un(t,z))T ont >0, and ast > T we have

uy (t, )

up(t,x) =0, 0<x<IL, (7.4.1)

un(t, ) Lt x), 0<az<lL, (7.4.2)

U1 (1, )

then the coupled system (7.1.1)-(7.1.3) is said to possess the exact boundary null
controllability and synchronization by 2-groups or is said to be exactly null
controllable and synchronizable by 2- groups, and u = u(t,z) is called to be
the partially synchronizable state.

Obviously, when the coupled system (7.1.1)-(7.1.3) possesses the exact null control-
lability, it must satisfy the requirement of Definition 7.4.1. This situation should be
excluded in advance. Similarly to [81], we have

Lemma 7.4.1 Under assumptions (7.1.5)-(7.1.6), suppose furthermore that the
coupled system (7.1.1)-(7.1.3) is exactly null controllable and synchronizable by 2-
groups, but not exactly null controllable, then the coupling matriz A must satisfy the
following necessary conditions:

> ay=0 (i=1---,m), (7.4.3)
def. = .
Z a; =a (t=m+1,---,N), (7.4.4)

where @ is a constant independent of t =m+1,--- | N.

Different from the situation in [81], the conclusion of Lemma 7.4.1 is no longer valid
in general for the coupling matrices C' and C in the coupled dissipative boundary
conditions (7.1.2)-(7.1.3). However, based on Lemma 7.4.1, we impose the following
similar assumptions:

N

Z Cij(resp‘ El]) =0 (Z = ]-7 T >m)7 (745)
Jj=m-+1

N —~ ~

Z ¢ij(vesp. &)  Elresp. @) (i=m+1,---  N), (7.4.6)
Jj=m-+1

where ¢ and ¢ are constants independent of i =m +1,--- | N.
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Remark 7.4.1 Similarly to Remark 7.2.1, if we suppose furthermore that the
constant a given by (7.4.4) is positive, it is easy to get the necessity of (7.4.5)-(7.4.6)
for the exact boundary null controllability and synchronization by 2-groups.

Theorem 7.4.1 Under assumptions (7.1.5)-(7.1.6), suppose furthermore that (7.4.3)-
(7.4.6) hold and T > 0 satisfies (7.2.5). For any given initial state (P, V), we can
find (N — 1) C* boundary controls with support on [0,T] in H(t) (for instance, take
ha(t), -+ hn(t), hmaa(t), <+ hn(t) with hy,1(t) = 0), such that the coupled system
(7.1.1)-(7.1.3) possesses the exact boundary null controllability and synchronization
by 2-groups.

Proof Let

{ wi=ui (P=1,,m), (7.4.7)
w; =Uip1 —u; (=m+1--- N—=1).

Similarly to the proof of Theorem 7.2.1 and Theorem 7.3.1 (see [79]-[81]), under as-
sumptions (7.4.3)—(7.4.4), the original system (7.1.1) for the variable U can be reduced
to a self-closing system (7.2.7) of the same kind for the variable W = (wy, - -+ ,wy_1)7,
where A = (a;;) is an (N — 1) x (N — 1) matrix with

Qjj, jzlv"'7m7
Wi N J ‘ fori=1,---,m,
’ Z Qijp = — Z Qip, ]:m+177N_17
\ p=i+1 p=m-+1
(7.4.8)
.
Q; i — Q44, ':17"'7m7 .
o NH’J g J j foreo=m+1,--- N —1.
Y Z (az’+1,p—aip) = Z (aip_ai-‘rl,p)v j=m+1,--- N —1,
p=j+1 p=m+1

(7.4.9)

Similarly, by (7.4.5)—(7.4.6), the original boundary conditions (7.1.2)-(7.1.3) for
the variable U can be reduced, respectively, to a self-closing boundary conditions
(7.2.9)-(7.2.10) of the same kind for the variable W, in which the (N —1) x (N —1)
coupling matrices C' = (¢;;) and C = (¢;;) are reduced from C' = (¢;;) and C = (&)
in the following way:

Cij, jzlu"'7m7
Cij , ori=1,---,m,
Z Cip = — Z Cip, j:m+177N_17
p=j+1 p=m+1

(7.4.10)
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G i — Cij, ‘:17"'7m7 .
o NHLJ i J j fore=m+1,--- ,N —1,
Y z (CH-LP - blp) = E (Cz'p - Ci-‘rl,p): .] =m+ ]-a s aN - 1a

p=j+1 p=m-+1

(7.4.11)
(7.2.13) with

and similar expressions for ¢; (i,j = 1,---,N — 1). Moreover, H(t) is given by

Ew{M@,i:L~wm,

_ (7.4.12)
hivi(t) — hi(t), i=m+1,--- N -1

The initial condition (7.2.15) of W is given by
~ _ QD,L(SE), Z:17 , T,
Aile) {%(m ~ pila),
i _ 1/%( )7 L= 17 o
%(x) {M’H(I) - wi(l’)a

By (7.4.5)-(7.4.6), we can prove

i=m+1,--- ,N—1

8

(7.4.13)
s, m,
i=m+41,-- N—1.

det(C + Iy) = (64 1)det(C + Iy_).

C’11 C\(12
O = , 7415
( Cor [ Co ) (7.4.15)

in which the sums of every row of partitioned matrices Cjo and Cyy are 0 and é,
respectively.

(7.4.14)
In fact, let

By elementary transformation, using (7.2.21) and noting (7.4.10)-(7.4.11), we have

(e )

_ Ci —CYn_m _ C
_XmeCQI XmeCQQYme X

on o

(7.4.16)
)
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:( . )C( W)
0
_|_

Taking the determinants of both sides of (7.4.17), we immediately get (7.4.14).
Thus, by (7.1.5) we have

det(C + Iy_1) £ 0 (7.4.18)
and
c#—1. (7.4.19)
Similarly, by (7.1.6) we can get

det(C + Iy_1) #0 (7.4.20)

and

Qe

4 1. (7.4.21)

Therefore, under assumptions (7.1.5)-(7.1.6), by Lemma 7.1.1 the mixed initial-
boundary problem (7.2.7),(7.2.9)-(7.2.10) and (7.2.15) for the variable W is always
well-posed, then using Lemma 7.1.2, by means of (N — 1) C"' boundary controls H (t)
(for instance, take hy(t), -+, Ay (t), hpma1(t), -+, hn(t) with hy,,41(t) = 0) at the end
x = 0, the variable W is exactly null controllable, then the variable U is exactly null
controllable and synchronizable by 2-groups. This proves Theorem 7.4.1.

Remark 7.4.2 Ast > T, the partially synchrgmzable state U = ﬁ(t,x) satisfies
the wave system (7.2.30)-(7.2.32), where @, ¢ and ¢ are given by (7.4.4) and (7.4.6).
Noting (7.4.19) and (7.4.21), this forward mized system is also well-posed. Hence,
if we know the initial condition (7.2.33) of U = ﬁ(t,x) at the moment t = T, then
the evolution of the partially synchronizable state U= i(t7 x) with respect to t can be
completely determined.

Moreover, suppose furthermore that ¢ # 1 and & # 1, any given state (p,1) in
C?[0, L] x C*0, L], satisfying the conditions of C* compatibility at the points (t,x) =
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(T,0) and (T, L), respectively, with boundary conditions (7.2.81)-(7.2.32), belongs to
the attainable set of the initial data of partially synchronizable state.

7.5 Generalized exact boundary synchronization

We now consider the problem of synchronization from a more general mathemat-
ical point of view.

Let

or

w = (U, (7.5.2)
where W = (wy, -+ ,wy)", M < N —1, and (1) = (6;)arxn is full-rank.

Suppose that for any given initial state (®, V), the mixed initial-boundary value
problem (7.1.1)-(7.1.4) for the variable U can be reduced to a self-closing mixed initial-
boundary values problem of the same kind for the variable W, then, if T" > 2L, we
can use Lemma 7.1.2 to find M C* boundary controls in H(¢) with support on [0, 77,
such that as ¢t > T we have

Wit,z)=0, 0<z<L, (7.5.3)
i.e.,
WU(t,2)=0, 0<z<L. (7.5.4)

Thus, the coupled system (7.1.1)-(7.1.3) is said to have the generalized exact
boundary synchronization associated with and U = U(t,z) is the cor-
responding generalized synchronizable state.

As in [81], under hypotheses (7.1.5)-(7.1.6), this definition covers all the cases
discussed in the previous sections.

A natural question is under what conditions the original coupled system for the
variable U can be reduced to a self-closing coupled system of the same type for the
variable W by means of (7.5.2).

Theorem 7.5.1 For any given coupling N x N matrices A, C and C, if there
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exist a full-rank matrix @ ;i) mxn and M x M matrices A C and C such that

(A=A, (7.5.5)
(e =cw, (7.5.6)
7T =), (7.5.7)

then, by (7.5.2) we can get a self-closing coupled system (7.2.7) and (7.2.9)-(7.2.10)
(in which the numbers of both wave equatzons and the boundary conditions on two

sides are all equal to M) with H @ H(t) for the variable W. Thus, we can
realize the generalized exact boundary synchmmzatz’on associated with @ for the
variable U by M C' boundary controls on x = 0. Moreover,

Spectrum(C) C Spectrum(C), (7.5.8)

Spectrum(C) C Spectrum(C), (7.5.9)
where Spectrum(C') denotes the set of all the eigenvalues of matriz C, etc.

Proof Similarly to [81], here, we need only to prove (7.5.8), and (7.5.9) can be
obtained in a similar way. In fact, for the full-rank matrix , by Gram-Schmidt
process on its column vectors, there exists a nonsingular matrix P € RV*Y such that

()P = (In,0). (7.5.10)

Let

pricp (g; . ) (7.5.11)

where 611 and 622 are matrices of order M and order (N-M), respectively. It is easy
to see that

(ep = @ PLCP) = (Chy, Cho), (7.5.12)
c(P = (C,0). (7.5.13)

Hence, by(7.5.6) we have

611 - C, 612 - 0, (7514)

then, noting (7.5.11), we get (7.5.8). This ends the proof.

The next question is for any given coupling N x N matrices A, C and C how to
guarantee the existence of such M x N matrix @ and M x M matrices A C and

C' in Theorem 7.5.1.
We first consider the case M = N — 1. Similarly to [81], we have
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Theorem 7.5.2 Suppose that M = N —1. For the coupled system (7.1.1)-(7.1.3)
of wave equations, if the coupling matrices A, C and C possess a common real right
eigenvector X € RNV\{0}:

AX =aX, (7.5.15)
CX =cX, (7.5.16)
CX =X, (7.5.17)

where 5 C and ¢ are correspondmg eigenvalues, respectively, then there exist a (N —

1) X N full-rank matriz @ 0,5) and (N —1) x (N —1) matrices A, C and C such
that (7.5.5)—(7.5.7) hold. Moreover X constitutes a system of basic solutions to the
linear algebraic system

(WY =0, (7.5.18)

and
Spectrum(C) = {é} + Spectrum(C), (7.5.19)
Spectrum(C) = {%} + Spectrum(%). (7.5.20)
Proof Similarly, we need only to prove (7.5.19). In fact, for the full-rank matrix
@ € RIV=DxN "1y Gram-Schmidt process on its row vectors, it is easy to see that

there exists a matrix D = (dy, -+ ,dy_1), in which dx(1 < k < N — 1) are column
vectors of order IV, such that

(DD = Iy_y. (7.5.21)
Noting @X =0, we can take Z € RV*! such that
7 € (Span{dy,--- ,dy_1})* (7.5.22)
and
7' X =1. (7.5.23)

Then, for any given A € C, noting (7.5.6),(7.5.16) and (7.5.18), we have

(@)(O_M (D, X) = (@CD @cx) MN:(C*—MM 0 )

zr z'CD Z'CX Z'CD  &— )\
(7.5.24)
Taking the determinants of both sides of (7.5.24), we immediately get (7.5.19). The
proof of (7.5.20) is completely similar. This finishes the proof.
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Remark 7.5.1 Under assumptions (7.1.5)-(7.1.6), it follows from (7.5.19)-(7.5.20)
that the reduced coupled system (7.2.7) and (7.2.9)-(7.2.10) for the variable W is al-
ways well-posed.

Remark 7.5.2 Ast > T, by (7.5.4) and (7.5.18), the generalized synchronizable
state can be written as U(t,z) = u(t,z)X, in which X = (ay,--- ,an)’ is a system of
basic solutions to (7.5.18), and U = 5(75, ) satisfies the wave system (7.2.30)-(7.2.52).
Under assumptions (7.1.5)-(7.1.6), noting that by (7.5.19)-(7.5.20) we have ¢ # —1
and ¢ # —1, according to Lemma 7.1.1, if we know the initial condition (7.2.33) of
u = u(t x) at the moment t = T, then the evolution of U = u(t x) with respect to t
can be completely determined.

Moreover, suppose furthermore that ¢ # 1 and ¢ # 1, then any given state (p, 1) in
C?0, L] x C*0, L], satisfying the conditions of C* compatibility at the points (t,z) =
(T,0) and (T, L), respectively, with boundary conditions (7.2.31)-(7.2.32), can be the
wmitial data of a generalized synchronizable state.

Remark 7.5.3 In the case of exact boundary synchronization, M = N — 1 and
X = (1,---,1)T is a system of basic solutions to (7.5.18). The requirement that
the coupling matrices A, C and C possess a common right eigenvector X implies
(7.2.2)—(7.2.4). Thus, Theorem 7.5.2 leads to the conclusion given in §7.2.

Remark 7.5.4 In the case of exact boundary null controllability and synchro-

m N—m

nization by 2-groups, M = N —1 and X = (0,--- ,0,1,---,1)T is a system of basic
solutions to (7.5.18). The requirement that the coupling matrices A, C' and C possess
a common right eigenvector X implies (7.4.3)—(7.4.6). Thus, the conclusion given in
§7.4 follows from Theorem 7.5.2.

On the other hand, similarly to [81], we have

Theorem 7.5.3 Suppose that M = N — 1, if the coupled system (7.1.1)-(7.1.3)
possesses the generalized exact boundary synchronization associated with @S, but is
not ezactly boundary null controllable, then there exist a real right eigenvector X €
RM\{0} and a real number a such that (7.5.15) holds.

For the case M = N — 2, we only consider the special situation that

@ - < (), ®, )(N_2)XN7 (7.5.25)

where @1 is a full-rank (N; —1) x Ny matrix, while @2 is a full-rank (Ny —1) x Ny
matrix with N7 + Ny = N.
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Let

A11 Alg e Avll AIlZ
A= A= ~ ~ tc. 7.5.26
( Axn A )’ ( Ay Ago > e ( )

where Aj; (resp. gu) isan Ny x Ny (resp. (N;—1)x (N7 —1)) matrix, Ay (resp. f~121)

is an Ng X Ny (resp. (Ny —1) x (N7 — 1)) matrix, Ajp (resp. Aj) is an N3 x Ny (resp.

(N7 —1) x (N3 — 1)) matrix, Ags (resp. Agg) is an Ny x Ny (resp. (No—1) x (Ny—1))

matrix etc. Thus, (7.5.5)—(7.5.7) in Theorem 7.5.1 can be equivalently written as
W,4; = A;(®,, i.j=12 (7.5.27)
®,0; = @, ij=12 (7.5.28)
@0y = 0@, ij=1.2 (7.5.29)

Similarly to [81], we have

Theorem 7.5.4 Suppose that M = N — 2. For the coupled system of wave
equations (7.1.1)-(7.1.3), if there ewist real vectors X; € RM\{0} and X, € R™*\{0}

and real numbers a;;, ¢;; and ¢;(i, j = 1,2) such that

AyX; =X, i,j=1.2, (7.5.30)
CuX; =cyXi, i,j=12, (7.5.31)
CiyX; Z%inz-, i, =12, (7.5.32)

then we can find an (N —2) x N full rank matric @ = (®1 @ ) and (N —2) x

(N —2) matrices A, C and C such that (7.5.27)-(7.5.29) hold, moreover, X; (resp.
Xy ) constitutes a system of basic solutions to the linear algebraic system

(®@),Y: = 0 (resp. (),Y5 = 0). (7.5.33)

In addition, let

C = ( G > ,%: (E“ E” ) . (7.5.34)
Co1 C22

We have

Spectrum(C) = Spectrum(C) + Spectrum(C), (7.5.35)

Spectrum(C) = Spectrum(g) + Spectrum(%). (7.5.36)
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Proof We need only to prove (7.5.35). Similarly to the proof of Theorem 7.5.2, by

Gram-Schmidt process on the row vectors of matrices (1), and @2, respectively, it is

easy to see that there exist matrices Dy = (dy, -+ ,dn,—1) and Dy = (dn,, -+ ,dn—_2),
in which di(1 < k < N — 2) are column vectors, such that
(0, Dy = In, 1, (7.5.37)
(0),Dy = Iy, 1. (7.5.38)

Take Z; € RM and Z, € R"2 such that

Zy € (Span{dy,--- ,dn,_1})*", Zo € (Span{dy,,--- ,dn_2})", (7.5.39)
71 X1=1, Z] - Xy =1. (7.5.40)

For any given A € C, noting (7.5.28) and (7.5.31) we have

(),
( Zf ) Ci1 — Ay, Ci2 (D1, X1)
( @2 ) 021 C'22 - )\[Ng (D27X2)
ZT
2
( ?Tl >C11(D1,X1) ( CZ}DTl )012(D27X2)
— @ @ — My
( ZT2 >021(D1,X1) ( ZT2 )CQQ(DQ,XQ)
2 2
611 ~0 612 ~0
_ * 611 * 612 . /\I
Co 0[Cn O "
* 621 % 622
Ciu—=AMpoy 0 Ciz 0
B * 11 — A * C12
N Con 0 | Co—Myma 0 |
* Co1 * Cog — A

(7.5.41)
where ” %7 denotes some unmarked values. Taking the determinants of both sides
of (7.5.41), by Laplace expansion theorem, we immediately get (7.5.35). (7.5.36) can
be obtained in a similar way. This ends the proof.

Remark 7.5.5 Under assumptions (7.1.5)-(7.1.6), by (7.5.35)-(7.5.36) we can
guarantee the well-posedness of the reduced system (7.2.7) and (7.2.9)-(7.2.10) for
the variable W .

By (7.5.25) and noting that the rank of @1 (resp. @2) is Ny —1 (resp. Ny —1),
the linear algebraic system (7.5.33) possesses a system of basic solutions X; =
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(a1, an)T € RM\{0} (resp. Xo = (an,41, -+ ,ay)? € R¥™\{0}). Thus, noting
(7.5.4), as t > T the generalized synchronizable state U (¢, x) = (uy(t,z), - ,un(t, x))T
can be written as

up(t,x) = apil(t, x), p=1,--- N, 0<z<L, (7.5.42)

ug(t,x) = agua(t,x), ¢=Ni+1,--- N, 0<x<L. (7.5.43)
Completely similarly to [81], we have

Theorem 7.5.5 Suppose that M = N — 2. If the coupled system (7.1.1)-(7.1.3)
possesses the generalized exact boundary synchronization associated with (7.5.25),
and at least for an initial state (®, V), Uy (t, ) and us(t, x) given by (7.5.42)-(7.5.43)
for the generalized synchronizable state are linearly independent, then there exist real
vectors X1 € RM\{0} and Xy € R™\{0} and real numbers a;; (i,j = 1,2) such that
(7.5.30) hold.

Remark 7.5.6 Ast > T, for the generalized sychronizable state U(t, z) = ( Lt 9X )

ug(t, )Xo
given by (7.5.42)-(7.5.43), in which X1 = (v, - - - can, )T (resp. Xo = (an, 41, ,an)T)
is a system of basic solutions to (7.5.33), [7(75,:6) = ( (o) ) satisfies the coupled

uz(t, x)

system (7.3.24)-(7.3.26) of wave equations, in which Eij, éj are %ij (i,7 =1,2) given
by (7.5.30)-(7.5.32) respectively. By (7.1.5)-(7.1.6), and noting (7.5.35)-(7.5.36),

according to Lemma 7.1.1, if we know the initial state (7.3.28) of U=U(t,z) at the

moment t =T, then the evolution 0f(7 = ﬁ(t,x) with respect to t can be completely
determined.

Moreover, under the additional assumption that 1 is not an eigenvalue of both

C and 5, any given state (@1, 0N and (v, YT in C2[0, L] x C*(0, L], satisfying
the conditions of C* compatibility at the points (t,x) = (T,0) and (T, L), respectively,
with boundary conditions (7.5.25)-(7.5.26), can be the initial data of a generalized

synchronizable state U = U(t,z). Thus, at least for some initial states (®, V), the
generalized synchronizable states uy(t,x) and us(t, x) are linearly independent on t >
T, which means the corresponding requirement in Theorem 7.5.5 is reasonable.

Remark 7.5.7 In the case of exact boundary synchronization by 2-groups, M =

m N—m
—— —N—
N—-2and X; = (1,---, )T, Xo = (1,--- ,1)T. The requirements (7.5.30)—(7.5.52)
imply (7.3.3)-(7.3.6), then, Theorem 7.5.4 leads to the conclusion given in §7.5.

Remark 7.5.8 The situation M = N — k (k > 2) can be similarly discussed.
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8.1 Introduction and Main Result

Synchronization is a widespread natural phenomenon. How to describe the phe-
nomenon of synchronization for a coupled system has been widely studied by biol-
ogists, engineers and sociologists (see [60], [104]). The previous research activities,
however, only focused on the systems gouverned by ordinary differential equations or
complex networks (see [39], [95] and [115]). Recently, several kinds of exact synchro-
nizations are introduced by Li et.al. (see [57], [81]) for a coupled system of 1-D wave

215
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equations with boundary conditions of Dirichlet type, Neumann type, coupled third
type and coupled dissipative type in the framework of C? solutions, and it is shown
that these synchronizations can be realized by means of less boundary controls. For
the multi-dimensional case, by indirectly using the HUM method (see [88]-[89]), a
similar result for a coupled system of wave equations with Dirichlet boundary controls
can be also established in the framework of weak solutions (see [79]). In this chap-
ter, based on the theory of semi-global classical solutions for quasilinear hyperbolic
systems, under suitable hypotheses, we will present an iteration procedure given by a
unified constructive method to establish the local exact boundary synchronization for
a coupled system of 1-D quasilinear wave equations with afore mentioned boundary
conditions.

Precisely speaking, we consider the following coupled system of quasilinear wave
equations:

0*U 0*U
o a*(U, Uy, Uz)ﬁ + AU, U, U)U =0, (8.1.1)
where U = (uy,...,uy)? is an unknown vector function of (¢,z), A(U,U;,U,) =

(a;j(U, U, U,)) is an N x N coupling matrix, whose elements are C'' functions with
respect to their arguments, a(U, Uy, U, ), the common velocity of propagation for the
coupled system, is also a C'! function with respect to its arguments, and

a(0,0,0) > 0. (8.1.2)
(8.1.1) can be written as

821,61‘

ot?

82ui

e

N
— (U, U, Us) 5 + Y _ (U, U, Ugu; =0 (i=1,--- N). (8.1.3)
j=1

For fixing the idea, we study only the case of one-sided controls, the case of two-
sided controls can be similarly treated. At the end z = 0, we prescribe any one of
the following boundary conditions:

x=0:U = H(t) (Dirichlet type), (8.1.4a)
x=0:U, = H(t) (Neumann type), (8.1.4b)
x=0:U,— B(U)U = H(t) (Coupled third type), (8.1.4¢)

where B(U) = (b;;(U)) is an N x N boundary coupling matrix with C* elements,
and
H(t) = (In(t),--  hn(t)" (8.1.5)

are C? (case (8.1.4a)) or C' (cases (8.1.4b)—(8.1.4c)) functions of ¢, the components
of which will be totally or partially taken as boundary controls.

At the end = = L, since no boundary controls are concerned, we prescribe any
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one of the following homogeneous boundary conditions:

x =L :U =0 (Dirichlet type), (8.1.6a)
z =L :U, =0 (Neumann type), (8.1.6b)
x=L:U,+ B(U)U = 0 (Coupled third type), (8.1.6¢)

where B(U) = (b;;(U)) is an N x N boundary coupling matrix with C! elements.

The initial condition is given by
t=0:(UU) = (P(x),¥(x)), 0<z<L, (8.1.7)

in which both ® = (¢, -+ ,on)T and ¥ = (¢1,--- ,9y)? are C? and C! vector
functions of = on [0, L], respectively, such that the conditions of C? compatibility at
the points (¢,2) = (0,0) and (0, L) are satisfied, respectively. Moreover, we assume
that

(D, ¥) |l (20,7~ x (1o, < €. (8.1.8)

where ¢ > 0 is suitably small.

Definition 8.1.1 The coupled system (8.1.1), (8.1.4) and (8.1.6) is said to pos-
sess the exact boundary synchronization if there exist two positive constants Ty and
T with T > Ty, such that for any given initial state (P(x), V(x)) with small norm
(@, W) ||(c2p0,2))~ x(cro,r)~ and satisfying the conditions of C* compatibility at the
point (t,x) = (0,L), we can find some boundary controls with support on [0,Tp] in
H(t), such that the corresponding mized initial-boundary value problem (8.1.1),(8.1.4)
and (8.1.6)-(8.1.7) admits a unique C* solution U(z,t) = (ui(t,x), - ,un(t,z))"
on the domain

R(T) = {(t,z)[0 <t <T,0 <z <L}, (8.1.9)

and as Ty <t < T we have

ur(t,x) = -+ = un(t,x) =3 i(t,x), 0<z<L. (8.1.10)

U= 5(15, x), being a priori unknown, is called the corresponding synchronizable state.m

For the exact boundary synchronization for a coupled system of 1-D linear wave
equations, it is shown (cf. [81]) that there is a necessary condition that the sum of
the elements in every row of the coupling matrices A = (a;;), B = (b;;) and B =

(b;;) should be independent of ¢ = 1,---, N. In this chapter, for the corresponding
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quasilinear case, we impose the similar assumption that

Zaij(U7 UhUﬂc) déf 5((]7 UtyUx)7 (8.1.11)
j=1

- def. 7
> bi(U) = b(U), (8.1.12)
j=1

— def. T
> by (U) = b(U), (8.1.13)
j=1

where g, b and 3 are all independent of t =1,--- , N.

Obviously, U = 0 is an equilibrium of system (8.1.1) with boundary conditions
(8.1.4) (in which H = 0) and (8.1.6). Based on the theory of semi-global C* solutions,
using a unified constructive method for one-sided exact boundary controllability (see
[55], [74], [75], [72]), by a suitable iteration procedure as well as certain estimates
for coupled system of wave equations, we will establish the local exact boundary
synchronization around U = 0. The main result in this chapter is

Theorem 8.1.1 Suppose that a, a;, bij and b;; are all C* functions with respect
to their arguments on the domain under consideration. suppose furthermore that
(8.1.2) and (8.1.11)-(8.1.13) hold. Let

T>1T,>2 (8.1.14)

a(0,0,0)

For any given initial state (®(x), ¥(x)) € (C?[0, L)) x (CH0, L))V, satisfying si-
multaneously (8.1.8), the conditions of C* compatibility at the point (t,z) = (0, L),
as well as the conditions of C* compatibility at the point (t,z) = (0,0) for the
boundary conditions without control in (8.1.4), there exist (N — 1) boundary controls
with support on [0,To] in H(t) (for example, we take ho(t),--- ,hn(t) as controls
with hy(t) = 0) with small (C%[0,T])N norm (case (8.1.4a)) or (C*0,T])N norm
(cases (8.1.4b)—(8.1.4c)), such that the mized initial-boundary value problem (8.1.1),
(8.1.4) and (8.1.6)-(8.1.7) admits a unique C? solution U = U(t,z) on the domain
RT)={(t,x)|0<t<T,0<x<L}, and as Ty <t <T, U =Ul(t,z) possesses the
exact boundary synchronization shown by (8.1.10). ]

The chapter is organized as follows: In § 8.2 we present the existence and unique-
ness of semi-global C? solution to the coupled system of quasilinear wave equations
with boundary conditions of various types, meanwhile, for the sake in what follows,
we establish the estimates on the C', C? and continuity modulus of the second order
partial derivatives of the C? solutions for a coupled system of nonautonomous linear
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wave equations. In § 8.3, we use a suitable iteration scheme to establish local exact
boundary synchronization for a coupled system of quasilinear wave equations. Some
remarks are given in § 8.4. Moreover, an appendix (see §8.5) is attached at the end
for the precise proof of a technical lemma in the main text.

Remark 8.1.1 Similar results are still vaild for the coupled boundary conditions
of dissipative type, see Remark 8.4.2.

Remark 8.1.2 Precisely speaking, the conditions of C? compatibility at the point
(t,x) = (0, L) are given respectively for the boundary conditions (8.1.6a)-(8.1.6¢c) as
follows:

®(L) = 0,

U(L) =0, (8.1.15a)
®"(L) = 0;

®'(L) =0,
{\If’(L) o (8.1.15b)

wheret=1,--- ,N.

Similarly, for any given H(t), the conditions of C* compatibility at the point
(t,z) = (0,0) are given by

©(0) = H(0),
v(0) = H'(0), (8.1.16a)
a*(®(0), ¥(0), ¢'(0))2"(0) — A(®(0), ¥(0), ¥'(0))®(0) = H"(0);

{@’(0) = H(0), (8.1.16b)
| | 1.



220 8.2. Preliminaries

®'(0) — B(®(0))®(0) = H(0),
N op.. N 8.1.16
WO - 2 2@0)0p0 - 3 @00 -1,
= j=
where i = 1,--- | N, respectively. We point out that if some components in H(t) are

known in advance, then the conditions of C? compatibility at the point (t,z) = (0,0)
involves only those formulas in (8.1.16) where the corresponding components of H(t)
are given. For example, suppose that hi(t) = 0, and the other components of H(t)
are taken as boundary controls, the conditions of C* compatibility at the point (t,z) =
(0,0) are just given by the first formulas of (8.1.16), the right-hand side of which is
Z€T0.

Remark 8.1.3 For the boundary conditions of Neumann type (8.1.4b) and (8.1.6b),
by noting (8.1.15b) and (8.1.16b), the conditions of C* compatibility at the point
(t,z) = (0,0) and (0, L) are only related to the initial data and do not depend on the
coupled system of wave equations. This fact will play an important role in establishing
a unified constructive method independent of iteration below.

8.2 Preliminaries

8.2.1 Semi-global classical solutions for a coupled system of
quasilinear wave equations

In order to get the well-posedness of the mixed initial-boundary value problem
(8.1.1), (8.1.4), (8.1.6) and (8.1.7) in the framework of C? solutions, we first reduce
the system to a first order quasilinear hyperbolic system, then use the corresponding
results of semi-global C'! solutions.

Let
ou ou
V:<U1,"','Z)N)T:a_xyW:<wl»"'awN)T:W' (82]‘>
System (8.1.1) can be reduced to the following first order quasilinear system:
s
v _ oW
S —a*(U,W, V)92 = —A(U,W,V)U.

Let Iy be the identity matrix of order N. (8.2.2) can be written in the following
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matrix form:

9 U 0 0 0 9 U 44
w 0 —a(UW,V)Iy 0 T\ w —A(U,W, VU
(8.2.3)
The characteristic equation of (8.2.2) is
My 0 0
det [ 0O My In | = MMy — d?Iy| =0, (8.2.4)
0 dAUW,V)Iy My
whose solutions, the eigenvalues of system (8.2.2), are all real:

A o=—a, =0, M =a (i=1,---,N), (8.2.5)

and the corresponding left eigenvectors, which constitute a complete set, can be
chosen as

7 =(0,a(U,W,V)e;, &), = (€;,0,0),l7 = (0, —a(U,W,V)e;, e;) (i=1,---,N),
(8.2.6)

()
where 0 = (0,---,0) is the zero vector of order N, and ¢; = (0,---,1,---,0) is

a unit row vector of order N. Thus, (8.2.2) is a first order quasilinear hyperbolic
system.

Let
N U
U=1| V (8.2.7)
w
and ~
Vi =1 U = av;, + w;,
VO =100 = v, (i=1,---,N). (8.2.8)
V=10 = —av; + w;
We have
Vo=aV 4+ W,
Vo=, (8.2.9)

Vt=—aV+W,
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where V'™ = (‘/1—7 T 7VJ\7)T7 V0= (‘/107 T 7V]8)T and V7 = (Vv1+7' o aV]df_)T‘ Then
U=V"
V=gV -V, (8.2.10)
W=23V-+V"

Under the above transformation, the boundary condition (8.1.4) can be corre-
spondingly replaced by

r=0:W=H(t), (8.2.11a)
x=0:V=H(t), (8.2.11b)
xr=0:V—-BU)U = H(t). (8.2.11¢)
~ ~ V_
Notice (8.2.10), in a neighborhood of U = 0, ie., V ot Vo = 0, the
v+
boundary conditions (8.2.11) on = = 0 can be rewritten as
r=0: V' =-V"42H(), (8.2.12a)
|
r=0: VF=V"—2a(V°, + H(t)H(t), (8.2.12b)
+ - oV + VT 0y1,0 0y1,0
r=0: VI =V"—=2aV ,T,B(V WO+ H@)(BV)V+ H(t)),
(8.2.12¢)
which can be uniformly expressed as
r=0: PtV , VOVt =0, (8.2.13)
where
Pt, V-, VO VN =Vt 4V~ —2H(t) for (8.2.12a), (8.2.14a)
- 0 1+ + - o VAV
Pt,V-,VO, V) =VT -V~ 4 2a(V ,T,H(t))H(t) for (8.2.12b),
(8.2.14b)
_ 0 + + — 0 Vo + v 0\y/0 0\1/0
P, V-,V VT)=VT =V~ +2a(V ’T’B(V WO+ H(t)(BV)VO+ H(t))

for (8.2.12¢).
(8.2.14c)

For the boundary conditions (8.2.13) on x = 0, regarding (¢,V =, V% V*) as vari-
ables, noting (8.2.9), under the hypothesis that ||H||cz2(case (8.1.4a)) or || H || (cases
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(8.1.4b)—(8.1.4¢)) and ||U||co are suitably small (the validity of this hypothesis will
be shown by Lemma 8.2.1), it is easy to see that

OP;
({)Vj+

da( >#Qaj:L~wN (8.2.15)

Therefore, using the implicit function theorem, for any given 7" > 0, on_the intervel
[0, 7] the boundary condition on x = 0 can be locally rewritten around U = 0 to the
following unified form:

r=0: VF=Gt V",V +H(), (8.2.16)

where G and H are C! functions with respect to their arguments, and without loss
of generality, we assume that

G(t,0,0) = 0. (8.2.17)

Obviously, the C* norm of H(t) is small enough.

Similarly, the boundary conditions (8.1.6a)(8.1.6¢) on x = L can be also locally
rewritten around U = 0 to the following unified form:

r=L: V =GV VT, (8.2.18)

in which G is a C' function with respect to its arguments and

G(0,0) = 0. (8.2.19)

Meanwhile, the initial condition (8.1.7) can be correspondingly written as

_ o) \
t=0:U(0,2)=| @) | = Uy(), 0<z < L. (8.2.20)

V()

By the conditions of C* compatibility at the points (¢, 2) = (0,0) and (0, L) for the
mixed initial-boundary value problem (8.1.1), (8.1.4) and (8.1.6)—(8.1.7), it is easy to
see that the conditions of C! compatibility at these two points are also satisfied for the
mixed initial-boundary value problem (8.2.2), (8.2.20), (8.2.16) and (8.2.18). Based
on the theory of semi-global C! solutions to the first order quasilinear hyperbolic
system with zero eigenvalues (see [73], [70], [81], [111]-[112]), we get immediately the
following lemma:

~ Lemma 8.2.1 Suppose that on the domain under consideration, a, a;;, bi; and
bi; are C functions with respect to their arguments. Suppose furthermore that the
conditions of C* compatibility are satisfied at the points (t, x) = (0, 0) and (0, L),
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respectively. For any given and possibly quite large T > 0, the forward mized initial-
boundary value problem (8.1.1), (8.1.4) and (8.1.6)-(8.1.7) admits a unique C* so-
lution U = U(t,z) with small C* norm on the domain

R(T)={(t,x)0<t<T, 0<z <L} (8.2.21)

pTO’UZd@d that H(CI), \Ij)H(CQ[O,LDNX(Cl[O,LDN and ”H||(C'2[O,T])N7 (CCLSB (814&)) or ||HH(Cl[O,TDN
(cases (8.1.4b)—(8.1.4¢c)) are suitably small (possibly depending on T'). [ ]

8.2.2 Estimates on the C'!, C? norms of solutions and the con-
tinuity modulus of the second order partial derivatives
of solutions for a coupled system of nonautonomous
linear wave equations

In order to obtain the exact boundary synchronization for the quasilinear system
(8.1.1), (8.1.4) and (8.1.6), we have to investigate the C*, C? norms of solutions
and the continuity modulus of the second order partial derivatives of solutions for
a coupled system of nonautonomous linear wave equations. Here, the continuity
modulus of a function f(¢,x) on R(T) is the following non-negative function:

w(n) = wn|f) = sup F(¢, 2y = f(t",2")], n>0. (8.2.22)
|t/ —t"|<n, |2'—a"|<n
(t' '), (t",a")eR(T)

Similarly, the continuity modulus of a vector function f can be defined by

winlf) = max w(n|fi), (8.2.23)

PR

and the continuity modulus of a matrix function A = (a;;)nxn can be defined by

def.
w(nlA) = ijr:nla_?_cnw(nmij). (8.2.24)

In this subsection, we still denote U = U(t, ) as the unknown vector function, a =
a(t, ) as the common velocity of propagation and A = A(t,z), B = B(t) and B =
B(t) as coupling matrices. Consider the following coupled system of nonautonomous
wave equations:

0*U 0*U
where U = (uq, ..., uy)" is the unknown vector function of (¢,z), A(t,z) = (a;(t, z))

is an N x N matrix with C! elements, a(¢, ) > 0, the common velocity of propagation
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for the coupled system, is a C! function of (¢, z), while F(t,x) = (fi(t,x), -+ , fn(t,2))T
is also a C'! vector function of (¢, ).

At the end x = 0, corresponding to (8.1.4a)—(8.1.4c), we prescribe any one of the
following boundary conditions:

x=0:U = H(t) (Dirichlet type), (8.2.26a)
x=0:U,=H(t) (Neumann type), (8.2.26b)
x=0:U, — B(t)U = H(t) (Coupled third type), (8.2.26¢)

in which B(t) = (b;;(t)) is an N x N matrix with C* elements, and H (¢) = (hy(t),--- , hn(t))"
are C? (case (8.2.26a)) or C! (cases (8.2.26b)—(8.2.26¢)) functions of .

At the end « = L, corresponding to (8.1.6a)—(8.1.6¢), we prescribe any one of the
following boundary conditions:

v =L:U = H(t) (Dirichlet type), (8.2.27a)
v =1L:U, = H(t) (Neumann type), (8.2.27b)
v=L:U,+ B(t)U = H(t) (Coupled third type), (8.2.27¢c)

in which B(t) = (b;;(t)) is an N x N matrix with C* elements, and H (t) = (hy(t), -+ , hy(t))"
are C? (case (8.2.27a)) or C! (cases (8.2.27b)(8.2.27¢)) functions of ¢.

Denote

)

[ — 1 case (8.2.26a), T 1 case (8.2.27a),
~ 10 cases (8.2.26b) — (8.2.26c) |0 cases (8.2.27b) — (8.2.27¢)

(8.2.28)

s=1+1, s=1+1. (8.2.29)
Suppose that on the domain under consideration, we have

lalls + 1Al + [ Blls + [Blly < D < +o0, (8.2.30)

where D is a positive constant. Here and hereafter, for simplicity we denote || - ||o,

|- |]1 and || - ||2 as as the corresponding C°, C' and C? norms, respectively.

For the mixed initial-boundary value problem (8.2.25), (8.2.26)—(8.2.27) and (8.1.7),
by the estimates established in [73] and [72] for the C' and C? norms of solutions,
as well as the continuity modulus of the second order partial derivatives of solutions,
obtained by a similar manner, we have

Lemma 8.2.2 For any given T' > 0, suppose that a, a;j, b;;, bi; and f; (i,j =
1,--+,N) are all C* functions on the domain R(T) = {(t,2)|0 <t <T,0<x <L},
suppose furthermore that the conditions of C* compatibility are satisfied at the points
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(t,z) = (0,0) and (0, L), respectively. Then the forward mized initial-boundary value
problem (8.2.25)-(8.2.27) and (8.1.7) admits a unique C? solution U = U(t,z) on
the domain R(T'), and we have

Ul crimerpy <Cr(I(@, ) || crjo,.2)m x (o0, ~
+ I1(H, H) | oy~ xctpryn + I1Fllcorrenv) (8.2.31)

and
Ul c2rerypy <Ca(1(®,9) |20,y x (1 0,0))~
+ [|(H, H)||(CS[O,T])NX(05[0,T})N + HFH(CI[R(T)DN)a (8.2.32)

where Cy = C1(T, D) and Cy = Cy5(T, D) are positive constants depending only on T
and D. Moreover, if

F(t,z) =0, (8.2.33)
then for any given n with
0<n< i L (8.2.34)
= (t,xI)IéllI%l(T) a(t,z)’ o
we have
0*U 0*U 0*U
(1l ) + (0l 5) + (il 55) = 2 (8.2.35)
where
d°H d°H —
) =Cs (0] 2c) + 0 (alW2) +w(n] S0) + (| S2) + (1l + 1l + I1HL + | F)

(0 + w(rlag) + wnlas) + w (il Az) + w0 B) + w(n[B) )

(8.2.36)
is a non-negative function of n, and Q(n) — 0, when n — 0, C3 = C3(T, D) being a
positive constant depending on T and D. ]

Remark 8.2.1 For the backward mized initial-boundary value problem (8.2.25)-
(8.2.27) with final condition

t="T:(UU) = (®(x), ¥(z)), 0<z <L, (8.2.37)

satisfying the conditions of C? compatibility at the points (t,x) = (T,0) and (T, L),
respectively, similar results can be obtained.
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8.3 Proof of Theorem 8.1.1

Arbitrarily choose H(t)(where O = 0) to be a C? (case (8.1.4a)) or C*
(cases (8.1.4b)—(8.1.4c)) functions of ¢, satisfying

”H(O)”(Cs[QT])N S 046, (831)

where Cj is a positive constant,

2 8.1.4
s:{ , case (8.1.4a), (8.3.2)

1, cases (8.1.4b) — (8.1.4c),

and ¢ > 0, given by (8.1.8), is a suitably small positive constant, such that the
conditions of C? compatibility are satisfied at the point (¢, z) = (0,0), and

HOYt) =0, Ty<t<T. (8.3.3)
Remark 8.3.1 Since we have assumed hgo) (t) = 0, by the the conditions of C*
compatibility at the point (t,z) = (0,0), the initial condition (8.1.7) can not be arbi-

trarily given near x = 0. Although this is a special case in Theorem 8.1.1, it is not
an issue for the generality of the whole proof.

By Lemma 8.2.1, the initial-boundary value problem (8.1.1), (8.1.4) (in which
H(t) = HO(t)) and (8.1.6)(8.1.7) admits a unique C? solution U = U (¢,z) on
the domain R(T), satisfying

1T c2rerp~ < G(e), (8.3.4)
where G(g) is a C° function of € > 0, satisfying
G(0) = 0, (8.3.5)
and, without loss of generality, we may assume that

1> G(e) > Cse, (8.3.6)

where C5 is a positive constant. Since U®) € 2, there exists a non negative function
Qo(n) of n (with Qy(n) — 0, as n — 0), such that

o) (1) + <l ) <. s

Here we point out that, being the first step of the iteration, U©® is not asked to be
synchronized on Ty <t < T.
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Let

Ut z) L U0, z). (8.3.8)

For any given m > 0, we use an iteration procedure to get U™ (¢, ) from U™V (¢, z)
on R(T):

orum _ o*U ™) _
_ (m=1) g7(m=1) rr(m-1) (m=1) r7(m=1) rr(m=1)yg7(m) _
—z ° (U Uy LU 92 + AU Uy U, Yt =0,
(8.3.9)
the boundary condition on x = 0 is given by any one of :
r=0:U™ = HM(¢), (8.3.10a)
z=0:U™ = HM™(t), (8.3.10b)
z=0:U"™ - BU™um = gtm(t), (8.3.10¢)
the boundary condition on x = L is given by any one of
v=1L:U™ =0, (8.3.11a)
v=1L:U™ =0, (8.3.11b)
v=L:U™ —BU™ U™ =, (8.3.11c)
and the initial condition is
t=0: (U™ U™) = (d(z),V(z)), 0<z<L. (8.3.12)

In this iteration scheme, for m = 0, since H® (¢) has been chosen, the corresponding
solution is just U (¢, x); while, for each m > 1, H™(t) is a C? (case (8.3.10a))
or C' (cases (8.3.10b)-(8.3.10¢)) functions of ¢ to be determined. Our goal is to
find a suitable H™(t) (where h\™(t) = 0), for each m > 1, such that the corre-
sponding mixed initial-boundary value problem (8.3.9)—(8.3.12) admits a C? solution
U™ = U™ (¢, x) on the domain R(T'), satisfying the exact boundary synchronization
(8.1.10). Notice that in the whole iteration procedure, the form of the conditions of C*
compatibility (8.1.15)—(8.1.16) at the points (¢,z) = (0,0) and (0, L) never changes
(just replacing H (t) by H™(t)).

If the synchronization sequences {U™)(t, x)}(m > 1) are obtained by means of
suitable boundary controls H™)(t) (in which hgm) (1) =0, 0<t<T), and if one can
prove that

U™t ) = Ut,z) in (C*[R(T))N as m — 400, (8.3.13)
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then U(t, ) should satisfy (8.1.1) and (8.1.6)—(8.1.7) and possesses the synchroniza-
tion (8.1.10), and the boundary controls correspondingly to (8.1.4) are given by
— (m)
H(t) mlig»looH (1), (8.3.14)

with hy(t) =0 (0 <t < T). Therefore, in order to get Theorem 8.1.1, it suffices to
establish the following

Lemma 8.3.1 Under the assumptions of Theorem 8.1.1, for any given integer
m > 0, there exist a boundary control H™(t) (in which B{™(t) =0 (0 < t < T))
and positive constants Cg = Cg(Ty,T), C7 = C7(To, T) and Cs = Cs(Ty,T), such
that the mized initial-boundary value problem (8.3.9)-(8.3.12) admits a unique C?
solution U™ = U™ (t, ) on the domain R(T), which satisfies

1T | c2reryyy < CoGle), (8.3.15)
[T = UVl ergeyyy < CFG™(e), (8.3.16)
o2U (™) g2U (™) o2U ™
<
(=) + (11 + 1l g,) <t (8.3.17)
where
G (@) + w(n W) + Qo) + G(2) (1 + w(nlT™))
) = (8.3.18)
= 1— CsG(e)

is a non-negetive function of n with Q1(n) — 0 as n — 0, while G(g) and Qy(n) are
given by (8.8.4) and (8.3.7),

da  da Oa Oa;; Oa;; Oa;; Oby; Ob;
T* = 4 Y 4 Y Yegik=1-.-.N}\. 8.3.19
{8uk’ 8ukt’8ukx’ 8uk ’ Bukt’ 8uk$’ 8uk’ 8uk b ’ ’ } ( )

Moreover, for any given m > 1, U™(t, z) possesses the synchronization (8.1.10) for
T, <t<T. n

Proof: For m = 0, since H(t) has been determined, taking Cs > 1, (8.3.4) im-
mediately yields (8.3.15). Moreover, we have (8.3.16) because of (8.3.8). Combining
(8.3.7) and (8.3.18), one gets (8.3.17), provided that ¢ > 0 is suitably small and
Cs > 1.

By induction, suppose that for m > 1 we have

||U(m_1)”(02[R(T)DN S CﬁG(E), (8320)
m— m— m— m—1
| — U2 capperypn < CFHG(e)™ (8.3.21)
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w(n‘%) +w(ﬂ‘%) +w(n{%) < i(n). (8.3.22)

Then for any given m > 1, let

frin it

B = )

i=1,---,N—1. (8.3.23)

Under assumption (8.1.11), it is easy to see that from the original system (8.3.9) for
the variable U™ = (ugm), e ,ug\T]n)), we can get the following self-closing system for
the variable W (™) = (w%m), e ,wml) (see also [81]):

2 m 2 m
a W( ) B a2<U(m71)’ Ut(mfl)’ Ux(mfl))a W; )

o S AU O U ) =

(8.3.24)

where A = (a;;) is an (N — 1) x (N — 1) reduced matrix with
ay (U, U Uy

N
= Z (aiJrl,p(U(mfl), Ut(mfl)7 Uygmfl)) _ aip(U(mfl)j Ut(mfl)’ Uagmfl)))

p=j+1
J
=" (aip @D, 0D U)o (U0, U0 U) )i =1 N L
p=1

(8.3.25)

Similarly, by assumptions (8.1.12)—(8.1.13), from the original boundary condi-
tions (8.3.10)(8.3.11) for the variable U™ we can get, respectively, the self-closing
boundary conditions for the variable TW(™):

z=0: W = H™ (), (8.3.26a)
z=0: W™ = H™ (1), (8.3.26h)
z=0:Wrm - BU™ MW = g0 () (8.3.26¢)
and
r=1L:Wm =0, (8.3.27a)
x=1L:Wm =0, (8.3.27h)

r=L: W™ 4 BUm-Dywm = g (8.3.27¢)
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in which H(t) = (A (#), -, 5, (#))T, and B = (b;) and B = (b;) are (N —
1) x (N — 1) matrices reduced by B = (b;;) and B = (b;;) in the following way:

LU = 30 (Bis1p(U D) = by (UE1))

o (8.3.28)
- Z (bi,p(U(m_l)) _ bi+1,p(U(m_1)))v ij=1,---,N—1
p=1
etc.
The initial condition of W™ is given by
t=0: W W™ = (d(x),¥(z), 0<z <L, (8.3.29)
where
%(az) = (po(z) = w1(2),- -, on(x) — on-a(2)", (8.3.30)
U(z) = (o) = (), -+ Pw(z) — v (@)

Moreover, it easily follows from the condition of C? compatibility at the point (¢,z) =
(0, L) for U™ that the condition of C? compatibility at the point (¢,z) = (0, L) for
W™ is still satisfied.

Noting (8.3.23), once we achieve the exact null controllability for W™, we cer-
tainly have the exact synchronization for U™ . Similarly to the method in [55] and
[77], our next step is to construct a C2 solution W™ = W™ (¢ x) on R(T) for each
m > 1, satisfying simultaneously the system (8.3.24), the initial condition (8.3.29),
the null final condition

WMt a)=0, Ty<t<T (8.3.31)

and the boundary condition (8.3.27) on = L. To this end, we need a suitable treat-
ment on the constructive method for realizing the exact boundary null controllability
of W In order that, regarding the conditions of C? compatibility at the point
(t,z) = (0,0), the artificial boundary conditions on z = 0 do not depend on the
iteration (8.3.24), we take Neumann type artificial boundary conditions on = = 0,
which is independent of m, instead of the commonly used Dirichlet type boundary
conditions (see Remark 8.1.2-8.1.3). Thus, for the sequence {W (™} we can prove
the following Lemma 8.3.2 (for the details of its proof, see Appendix 8.5):

Lemma 8.3.2 For any gwen m > 1, under the assumptions of Theorem 1.1,
there exist a boundary control H™(t) on x = 0, composed of C? (case (8.3.26a)) or
Cl (cases (8.3.26b)—(8.3.26¢)) functions of t with support on [0, Tp], and the positive
constants Co(Ty,T), C1o(To,T) and Cy1(To,T), such that the mized initial-boundary
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value problem (8.8.24), (8.3.26)-(8.5.27) and (8.3.29) admits a unique C? solution
W =W (¢ ) on the domain R(T), satisfying (8.3.31) and

W || coprerpy < CoGle), (8.3.32)
(W — W=D gy < CroCl = (G(e)) ™, (8.3.33)
and
0*W (m) 92 (m) 92T (™)
< . .
w(”' ot )“"("‘ 972 )“’(77\ 5t0m ) < Qu(n), (8.3.34)
where

(1) = Co (w(11022) + w(019.) + Qo) + G (1 + o) + 901 ),
(8.3.35)

and G(g), Qo(n) and Q1(n) are given by (8.3.4), (8.3.7) and (8.3.18), respectively. m

Noting (8.3.32)—(8.3.34), by the way to obtain the corresponding boundary con-
trols in the constructive method (see [77]), we have

||ﬁ(m)”(06[o,T])N < Cua|W™|| oy < Ci3G(e), (8.3.36)
1™ — H™ ey < Cual[W™ = WD rppayn < Crs07 (G ()™
(8.3.37)
and
deH™
W(U} g > < Ci6(n), (8.3.38)
where

€=

{2, case (8.3.26a),
e =

1, case (8.3.26a),
1, cases (8.3.26b) — (8.3.26¢),

0, cases (8.3.26b) — (8.3.26¢),
(8.3.39)

and Co, C13, C14, C15 and C4g are all positive constants depending only on T and
T.

Thus, by (8.3.23) and noting hgm) =0, we get

||H(m)||(cr[R<T)])N < C17G(e) (8.3.40)
|HT — H D oy < CrsCF (G(e))™ (8.3.41)
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dr H(m™)
W(U‘ e ) < C19€2a(n), (8.3.42)

where

2, case (8.3.10a), _ 1, case (8.3.10a),

r= T =
1, cases (8.3.100) — (8.3.10¢), 0, cases (8.3.10b) — (8.3.10¢),

(8.3.43)

and C47, Cig, Cg are positive constants depending only on 7j and 7.

Obviously, for m > 1, the previously obtained boundary control H™ satisfies the
conditions of C? compatibility at the points (¢,2) = (0,0) and (0, L) for the mixed
initial-boundary problem (8.3.9)—(8.3.12), respectively. Notice (8.3.22), (8.3.40) and
(8.3.42), it is easy to see from Lemma 8.2.2 that

U™ ey < Ca0Gle) (8.3.44)
and
o*utm) o*um o*utm
w@‘m2>+w@kafd+w@‘ww>

(8.3.45)
< Cun (010.0) + w(019) + 01) + 6(0) 1+ () + 200I0)) ),

where Cyy and Cy; are positive constants depending only on 7" and Ty. Therefore,
taking Cg > Cy, Cg > Cyy, we get (8.3.15) and (8.3.17).

On the other hand, let
vm = ym _ ym=1, (8.3.46)

V(™) satisfies the following miexd initial-boundary value problem:

21/ (m) 21/ (m)

G — U U U ) T A e g v
. . aZU(m—l)

+ (@D U U ) = AU, U U ) S

+ (A, U, o) - AU, Ui, ule ) U — o

(8.3.47)
with the initial condition

t=0: (V™ V™) =(0,0), 0<z <L, (8.3.48)
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and the boundary conditions

x=0:Vm =pgm _ gm=-b (8.3.49a)
x=0:Vm=pgm _ gm-1b, (8.3.49b)
z=0:Vm _ BUm-Dyym - (B(Um—l)) _ B(U(m—m))U(m—l) L Hm _ fpm=D)
(8.3.49¢)

and
r=L:Vm™ =0, (8.3.50a)
x=1L:Vm™ =0, (8.3.50b)

r=1L: V0 L BUm-yym - (E(UW”) - E(UW*U).) U™ (8.3.50c)

Noting (8.3.20)-(8.3.21), we have

(AU =D, gD =Dy — AU™=2 g D) U D oy

<CpCy ' (G(e)™, (8.3.51)
_ _ o*Um=1)
| @D, U0, U 0) = a2, U, U ) = lleommarn
<CpC7 ' (G(e)™, (8.3.52)
I(BU™) = BU™ ) U™ || coppyv < CosCF~ (G(e)) "™, (8.3.53)
(B ) = BU™ U™ V| copyy < CosCq ' (G(e)™, (8.3.54)

where Cys, Css, Cyy and Cyy are positive constants depending only on 7" and Ty.

Noting (8.3.41), by Lemma 8.2.2 there exists a positive constant Cys = Caoq(T', 1)
such that

IV llermery = 107 = U™Vl ermey < CasCr = (G(2))™. (8.3.55)

Therefore, choosing C7; > Cy, we get (8.3.16). The proof of Theorem 8.1.1 is
complete. -

8.4 Remarks

Remark 8.4.1 Theorem 8.1.1 is still valid in the case of two-sided controls, pro-
vided that (8.1.14) is replaced by

T>T, > (8.4.1)

a(0,0,0)’
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and there is an inhomogeneous control H(t) on the right-hand side of (8.1.6).

Remark 8.4.2 Similar results hold for the following boundary conditions of cou-
pled dissipative type:

r=0:U, —CU)U, = H(t),
z=L:U,+CU)U; = 0.

where C(U) = (c;j(U))nxn and C(U) = (€;(U))nxn are Ct matriz functions with
respect to their arguments. However, different from boundary conditions (8.1.4) and
(8.1.6), in the case of boundary conditions (8.4.2)—(8.4.3), in order to guarantee
the well-posedness and the exact boundary null controllability for the forward mixed
wnitial-boundary value problem, we should impose the following assumptions:

det (C(0) + mm) 40 (8.4.4)
and
det (6(0) + mm) £ 0. (8.4.5)

for the boundary coupling matrices C(U) and C(U). Then, combining the proof of
Theorem 8.1.1 and the method presented in [57], one can realize the corresponding
local exact boundary synchronization for the coupled system of wave equations (8.1.1)
and (8.4.2)-(8.4.8) by (N — 1) boundary controls on x =0, provided that

Z e (U) L E(U) (8.4.6)

and

Z &, (U) L), (8.4.7)

where g(U) and ¢(U) are independent of i = 1,--- , N.

Remark 8.4.3 Theorem 8.1.1 and Remark 8.4.2 are also wvalid for the corre-
sponding nonautonomous quasilinear system, in which

a=a(t,z,U,U,U,), A= A(t,z,U, U, U,) (8.48)
B = B(t,U), B=DB(t,U) (or C =C(t,U), C =C(t,U)), -

with suitable regularity with respect to t and x.
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Remark 8.4.4 For the following more general coupled system of quasilinear wave
equations:
0*U

I

2
a_U - GQ(U7 Ut7 Ua:)

atQ + F(U7 Ut7 Ua:) = 07 (849)

where F is a C* vector function with respect to its arguments and
F(0,0,0) =0. (8.4.10)
Thus, one can find C' matrices A(U, Uy, U,), A(U, U, Uy) and A(U, U, U,) such that
F(U, U, U,) = AU, U, U)U + AU, Uy, U U, + AU, Uy, U, U,, (8.4.11)

and the corresponding local exact boundary synchronization can be realized, provided
that A, A and A satisfy similar assumptions as in (8.1.11), respectively.

8.5 Appendix: Proof of Lemma 8.3.2

In order to get Lemma 8.3.2, it suffices to prove that for any given integer m > 1,
there exists a unique C? solution W™ = W™ (¢ x) to the coupled system (8.3.24)
of wave equations, which satisfies simultaneously the initial condition (8.3.29), the
finial condition (8.3.31) and the boundary condition (8.3.27) on x = L as well as the
estimates (8.3.32)(8.3.34).

Let

To
Tm) — / inf a(UV(t,2), UM (1, ), U, 2))dt. (8.5.1)
0

0<z<L

Due to (8.1.14) and (8.3.20), for suitably small £ > 0 we have

7™ > 2L, (8.5.2)
Choose T; l(m) and TQ(m) such that
n (m-1) (m-1) (m-1)
: m—1 m— m—1
i oglgiLa(U (t,z), U, (t,x), U (t,x))dt

To 8.5.3
_ / inf a(U™V(t,2), U™Vt 2), U D(t, 2))dt (8:5.3)

7§ 0<e<L

=L.
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By (8.1.14) and (8.3.20), for € > 0 small enough, we have

m  To—06 Ty To+6 m
O<T1( )<0—<—0<L<T2~( )< Ty, (8.5.4)
2 2 2
in which
1 L
0=—- Ty —2—— ). 8.5.5
2(" a<0,0,0>) (539

(1) We first consider the forward mixed initial-boundary value problem for system
(8.3.24) with the initial condition (8.3.29), the boundary condition (8.3.27) on x = L
and the following artificial Neumann boundary condition

To
z=0:Wm =5§@), ogt§7

(8.5.6)

where §(+) is an arbitrarily given C! function of ¢, satisfying the following conditions
of C? compatibility at the point (¢,z) = (0,0):

(0) = @(0),
{S’( 0 = (0) (8.5.7)

(see Remark 8.1.2) and verifying

HSHCI[Q%Q} <e, (858)
Qn[F) < Qo(n). (8.5.9)

Due to (8.5.7)-(8.5.9), this artificial boundary condition (8.5.6) can be chosen to be
independent of the iteration (i.e., independent of m), namely, we can take the same
artificial boundary condition (8.5.6) in every iteration step. Meanwhile, in order
that the constants, obtained from all the estimates of the solutions in the iteration
procedure, to be also independent of m, each iteration should be discussed on the
same domain, i.e., on

T,
RfZ{(t,x)‘OﬁKé’ 0<x<L} (8.5.10)
or
1o
Rb:{(t,$)’?§t§T,0§$§L}. (8.5.11)

All these are different from the previous works on the constructive method.
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Let . R
f* _ { Ja Oa Oa GEZ] 8513 35@] ab” 861]}
Ouy,” Ougy Ougy’ Oug’ Ougy’ Ougy Ouy’ Oug )’ (8.5.12)
Z’7‘7.71{:: 1)"' ,N.
Obviously, there exists a positive constant 51 such that
w(nl*) < Crwo(y[T). (8.5.13)

Here and hereafter, C;(i = 1,2 - --) denote positive constants, C;(Tp) denote positive
constants depending only on Tp, and C;(7,Ty) denote positive constants depending
only on T" and Tj.

By Lemma 8.2.2, there exists a unique C? solution W™ = W;m) (t,z) on the
domain Ry (see (8.5.10)). In particular, noting (8.3.20), (8.3.22) and the properties
of continuity modulus (see [84]), we have

W™ (¢, 2)[l2 < Ca(Ty)e < C5(Ty)G(e), V(t,z) € Ry, (8.5.14)

(m) (m) (m)
B G A O O it B O s

<Gl (OB + (o) + ) + 1+ ) + (14 G )

<l (02s) + 1192 + Dol + GCE) 1+ 1 (0) + 2011 )

8.5.15
Thus we can uniquely determine the value of (W}m), W;;n)) onx=0L: ( )
x:L4WVUW?p4WWmaM@%ogtS%, (8.5.16)

and we have
(@ (1.3 O gy 0,2y < ColToGE). (85.17)

w(nla™) + w(nla™)

<Cr(Ty) (w(n@m) +w(n|P,) + Qo(n) + G(e) (n + Qi (n) + Q(n|r*))> . (85.18)

On the other hand, denoting

Zj(cm) _ WJEm) . W}m—l)’ m=20,1,2,... (8.5.19)
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it is easy to see that Z}m) satisfies the following mixed initial-boundary value problem:

822(’”) _— aQZ(m) . _—
8;; . a2<U(m71)7 Ut( ), Uém—l))a—xj; + A(U(mfl), Ut( )7 Uémfl))Z(m)
+ (AU, uf Uy — A2, Ui i) win Y
a2w(m—1)
m— m—2 m— m— m—1 m—
— (@O U U ) = AU U U)ot =
(8.5.20)
with the initial condition
t=0:(2", 2" =(0,0), 0<a < L, (8.5.21)
the boundary condition on x = 0
z=0:2" =0, (8.5.22)
and the boundary condition on z = L:
z=1L:2Z" =0, (8.5.23a)
z=1L:2Z" =0, (8.5.23b)

v=L: 20 £ B D)z = (BU™2) - BU™- )W, (35.23)
Noting (8.3.20)—(8.3.21), (8.3.25) and (8.5.14), we get

. 82w(m*1)
I, < A S

—_ m—2 m— m— m—1 m—
(GQ(U( 2)aUt( )’U'a(C 2)) — QQ(U( U,Ut( )>U£ 1))) o2 ‘(CO[Rf])N

<Cs(To)Cy(G()™, ( |
8.5.24

def. x m— m— m— e m— m— m— m—
L S| |(AUmD, U, Uiy — AU, 082 U)W | o
<Co(Tp)C7 1 (G(e)™,
(8.5.25)
(BU™) = BU™ )W) | oy < Cro(To)CEH(G(e))™.
(8.5.26)

def.
L=

Therefore, by Lemma 8.2.2, there exists a positive constant 6’11(To) independent
of m, such that

W WO e < Cul(T)OF (GE)" (8527)
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In particular, we have

@ (£) = ™ (6). @™ (1) = T (1) 2w gy < Cra(To)OF ()™
(8.5.28)

(ii) On the domain R, (see (8.5.11)), let W™ (t,2) = 0. Obviously, W =
Wb(m) (t,x) verifies system (8.3.24), finial condition (8.3.31) and boundary conditions
(8.3.27) .

(iii) Thus, we can find the vector function (c™(t), &™) (¢)) € (C?[0, T))N x (C*[0, T])N
(for example, by polynomial interpolation), such that

(al™(t),al™(t), 0<t< T2,

8.5.29
(0,0), &2 <t<T ( )

(1), (1) = {

and (c™(t),&™(t)) verifies the boundary condition (8.3.27) at # = L on the whole
intervel 0 <t < T, moreover, we have

1™ (1), 2™ ()l 2oz 0.y < Cus(T, To)G ), (8.5.30)
||(C(m) (t) - C(mfl)(t)aé(m) (t> - E(n%l)(t))HC2[07T]x01[0,T] < 014(T, TO)Cénfl(G(&"))m;
(8.5.31)

w(n]é™) + w(nle™)

<Cin(1: 0) (02s) + (a10) + Q) + G0 1+ ) + 92011 ). (8532

We now change the status of ¢ and x, and consider the following leftward mixed
initial-boundary value problem on the domain R(T) for system (8.3.24) with the
initial condition

z=L: W™ =M@, wim =em), 0<t<T (8.5.33)
and the boundary conditions

t=0: W™ =U(z), 0<z<L, (8.5.34)
t=T:W™ =0, 0<z<L (8.5.35)

where W(z) is given by (8.3.30).

Obviously, the corresponding conditions of C? compatibility are satisfied at the
points (¢,z) = (0, L) and (T, L), respectively. Hence, by Lemma 8.2.2, there exists a
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unique C2 solution W™ = W™ (t, z) on the domain R(T), such that

IW™ (8, 2) || o2y < Cro(T, To)G(e), V(¢ ) € R(T), (8.5.36)
62m(m) 821/[/[(7”) 82m(m)
""(”‘ 012 )*‘“’("' 022 )“"(”‘ am)
<Cor, o) (wla0) +(a19.) + o) + GCE) 1+ ) +201T)) ).
(8.5.37)

Thus, Zl(m) = I/Vl(m) — I/Vl(mfl) satisfies the mixed initial-boundary value problem
of system (8.5.20) with the homogeneous boundary condition

t=0:2m™ =0, (8.5.38)
t=T:2™ =0 (8.5.39)

and the initial condition
z=1L: (2™, Z2Mm) = (™ (t) — V(1) 2™ (t) — ™D (1). (8.5.40)

Combining (8.5.31), (8.5.36) and Lemma 8.2.2, we get

W™ (8, 2) = WD, )| coperpy < Crs(T, To)CPH(Gle))™. (8.5.41)

(iv) By the uniqueness of the C? solution for one-sided mixed initial-boundary
value problem (sce [72], [84], [111] and [112]), the C? function W™ = W™ (¢, z) on
R(T) satisfies the system (8.3.24), the initial condition (8.3.30), the finial condition
(8.3.31) and the boundary condition (8.3.27) on x = L. Moreover, noting (8.5.36)—
(8.5.37) and (8.5.41), we get (8.3.32)—(8.3.34). This concludes the proof of Lemma
8.3.2. ]
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Boundary controllability, stabilization and

synchronization for 1-D hyperbolic balance laws

Abstract :

This thesis is devoted to three topics in the control field, namely, exact boundary controllability, boundary stabilization
and exact boundary synchronization, for hyperbolic systems of balance laws. For the exact boundary controllability part,
we first improve the boundary control time for hyperbolic systems of conservation laws with general boundary conditions
and show that this control time is sharp. Then for a coupled hyperbolic system with zero characteristic speed, we prove
that it is impossible to achieve the corresponding exact boundary controllability even with inner couplings in the equation.
However, one can stabilize the system in infinite time by means of boundary feedback laws. For the boundary stabilization
part, we show how to stabilize both the n x n linear and quasilinear hyperbolic systems by means of one-sided closed-loop
boundary controls. For that a backstepping method is developed. For the exact boundary synchronization part, we first
recall both the exact boundary controllability and observability results for coupled systems of quasilinear wave equations.
Then several kinds of exact synchronizations are introduced for a coupled system of 1-D linear and quasilinear wave
equations with boundary conditions of Dirichlet type, Neumann type, coupled third type and coupled dissipative type
in the framework of C? solutions. We show that all these synchronizations can be realized by means of few boundary
controls.

Keywords : Exact boundary controllability, boundary stabilization, boundary synchronization, 1-D hyperbolic balance

laws, coupled wave systems

Controle frontiere, stabilisation et synchronisation pour

des systemes de lois de bilan en dimension un d’espace

Résumé :

Cette these est consacrée a trois sujets dans le domaine du controle, qui sont la controlabilité exacte frontiere, la stabili-
sation frontiere et la synchronisation exacte frontiere, des systemes hyperboliques de lois de bilan. Pour la partie sur la
controlabilité exacte frontiere, on améliore le temps de controlabilité exacte pour les systeémes hyperboliques de lois de
conservation pour des conditions aux limites générales. On montre aussi que ce temps est optimal. En ce qui concerne
les systemes hyperboliques couplés avec une vitesse caractéristique nulle, nous prouvons que I’on n’a pas la controlabilité
exacte, méme avec des couplages internes dans les équations. Cependant, on montre que ’on peut stabiliser les systemes
par les lois de rétroaction a la frontiere du domaine. Dans la deuxiéme partie, nous nous intéressons a la stabilisation
frontiere des systemes hyperboliques de lois de bilan. En utilisant une approche“backstepping”, on montre comment
stabiliser des systéemes d’abord dans les cas linéaires puis dans les cas quasi-linéaires. La troisieme partie concerne la
synchronisation exacte frontiere. Nous rappelons d’abord les résultats de controlabilité et d’observabilité exacte frontiere
pour les systemes couplés d’équations des ondes quasi-linéaires. Puis nous introduisons plusieurs types de synchronisations
pour un systéme d’équations des ondes linéaires, puis quasi-linéaires, couplées avec des conditions aux limites de type
Dirichlet, de type Neumann, de type Robin et de type dissipatif dans le cadre de solutions de classe C?. Nous montrons
que toutes ces synchronisations peuvent étre réalisées en imposant peu de controles aux frontieres.

Mot clés : Controlabilité exacte frontiere, stabilisation frontiere, synchronisation frontiere, systémes hyperboliques de

lois de bilan 1-D, systémes d’équations des ondes couplées




