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Résumé

La notion de schémas gradients, congue pour les équations elliptiques et paraboliques, linéaires et non-linéaires a
I’avantage de fournir des résultats de convergence et d’estimations d’erreur valables pour de nombreuses familles
de méthodes numériques (éléments finis conformes et non-conformes, éléments finis mixtes, différences finies . . . ).
Vérifier un ensemble restreint de propriétés suffit pour prouver qu'une méthode numérique donnée rentre dans
le cadre de travail des schémas gradients et donc qu’elle sera convergente sur les différents problémes traités.
L’étude du probléeme de Stefan, celle du probleme de Stokes incompressible, ainsi que celle des équations de
Navier-Stokes incompressibles sont présentées dans cette these, chacune présentant un théoreme de convergence
établi a I'aide des schémas gradients. Pour Stokes et Navier-Stokes, nous donnerons une preuve de convergence
pour les cas stationnaires et transitoires en modifiant certaines hypotheéses ce qui aura comme effet de trouver
des résultats de convergence différents. Finalement, nous présentons également quatre méthodes (Taylor-Hood,
Crouzeix-Raviart, Marker-and-Cell, Hybrid Mixed Mimetic) pour ces deux problémes et nous vérifions qu’elles

rentrent bien dans le cadre des schémas gradients.

Mots clés : Schémas gradients, résultats de convergence, probleme de Stefan, Stokes et Navier-Stokes

Abstract

The notion of gradient schemes, designed for linear and nonlinear elliptic and parabolic problems has the
benefit of providing common convergence and error estimates results, which hold for a wide variety of numerical
methods (finite element methods, nonconforming and mixed finite element methods, hybrid and mixed mimetic
finite difference methods . .. ). Checking a minimal set of properties for a given numerical method suffices to prove
that it belongs to the gradient schemes framework, and therefore that it is convergent on the different problems
studied here. The study of the Stefan problem, the incompressible Stokes one and also the incompressible
Navier-Stokes equations are presented in this thesis, where each one gets a convergence theorem set up with the
gradient schemes framework. For Stokes and Navier-Stokes, we both provide the proof for the steady and the
transient case dealing with some variational hypotheses which bring different convergence results. Finally, we
also present four methods (Taylor-Hood, Crouzeix-Raviart, Marker-and-Cell, Hybrid Mixed Mimetic) for these

two problems and we check that they enter in the gradient schemes framework.

Keywords : Gradient schemes, convergence results, Stefan problem, Stokes problem, Navier-Stokes problem
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Introduction

Schémas gradients

Cette these s’inscrit dans le domaine de ’analyse numérique. Plus précisément, nous sommes
intéressés par la généralisation des méthodes d’analyse numérique. En effet, de nombreuses mé-
thodes existent pour approcher la solution de problemes elliptiques ou paraboliques modélisant
des phénomenes physiques tels que I'écoulement des fluides (équations de Stokes et Navier-
Stokes) ou encore le changement d’état thermodynamique (probléme de Stefan). Chacune de
ces méthodes possede ses propres avantages et inconvénients qu’il est important de prendre
en compte (précision, efficacité, rapidité ...). Ainsi, il est souvent nécessaire de les comparer.
Jusqu’a maintenant, il fallait faire I’étude d’'un méme probleme avec chaque méthode pour
pouvoir déceler les différences entre deux d’entre elles puisqu’aucun théoreme de convergence
commun n’existait. Le temps requis pour effectuer 'opération sur plusieurs modélisations peut
donc devenir trés important. L’idée de mettre en place un cadre de travail généralisant ces
différentes méthodes est donc légitime puisqu’il permet non seulement de pouvoir les comparer
plus rapidement mais également de ne faire qu’'une analyse du probléme ce qui ameéne un gain
de temps assez conséquent (voir Figures 1 et 2). Les schémas gradients sont un cadre général
de travail qui permet de regrouper un certain nombre de ces méthodes numériques et surtout
de donner un théoreme de convergence commun pour un probleme donné. L’un des objectifs
de cette these est donc de mettre en place un tel cadre pour différents problemes. En reprenant
I'illustration de la figure 2, nous distinguons deux étapes pour une telle mise en place. La pre-
miere étant la partie droite qui correspond a I’étude du probleme a ’aide des schémas gradients

et donc a I’établissement du théoreme de convergence commun et la deuxieme est de vérifier si
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Figure 1 — Illustration de I'intérét des schémas gradients, avant généralisation : 1 ligne = 1 analyse

METHODES MODELES
FE Equation de la chaleur
MFE Ecoulement miscible
MPFA > Ecoulement multi-phase

Schémas

MFV gradients Stefan
DDFV Traitement d’image
MFD Stokes
dG Navier-Stokes

Figure 2 — Tllustration de l'intérét des schémas gradients, apres généralisation

les méthodes numériques que nous souhaitons appliquer rentrent dans notre cadre de travail.

L’étude de la convergence du schéma pour des équations elliptiques et paraboliques se fait en
plusieurs étapes. La premiere est de mettre en place plusieurs objets discrets, regroupés sous
le nom générique de "discrétisation gradient', permettant de construire le schéma discret de
la modélisation. La seconde étape est d’introduire certaines propriétés que devra remplir la
discrétisation gradient et qui, a terme, serviront a conclure quant a la convergence de notre
schéma. La troisieme est évidemment d’introduire le schéma gradient et cela reste assez naturel
puisqu’il suffit de remplacer les espaces et opérateurs continus par leurs transcriptions discretes.
La derniere étape est d’établir un théoreme de convergence en utilisant uniquement les objets

de la discrétisation gradient et les propriétés définies a la seconde étape. Ainsi, nous pouvons
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affirmer que la solution du schéma approche la solution de notre probleme. Par la suite, pour
que les méthodes numériques que nous voulons appliquer, et donc comparer, entrent bien dans
le cadre de travail des schémas gradients, il suffit de montrer qu’elles vérifient les propriétés
de la discrétisation gradient. Bien évidemment, les équations étudiées étant différentes, elles

amenent des variations dans les définitions de la discrétisation gradient et des propriétés.

Ce cadre de travail inclut, par exemple, la plupart des méthodes d’éléments finis conformes
(voir [4], [47], [92]), mais aussi des éléments finis mixtes [56]. Les schémas gradients ont déja
été étudiés dans [63] pour les problemes elliptiques linéaires, et dans [44] pour les problemes

elliptiques non-linéaire de type Leray-Lions et les problemes paraboliques.

Le but de cette these est donc de mettre en évidence les différents avantages et inconvénients
d’une telle généralisation en 'appliquant a trois modeles mathématiques qui sont le probleme
de Stefan, les équations de Stokes incompressibles et celles de Navier-Stokes incompressibles.
Les différents chapitres de cette these on fait 'objet d’articles [51], [40] et [52].

Le probleme de Stefan

Présentation du modeéle

Le premier chapitre de cette these porte sur I’étude d'un probleme d’équation parabolique
non-linéaire modélisant ’évolution de I’énergie lors d’'un changement d’état thermodynamique
(principalement la transition solide/liquide) et reprend en grande partie les résultats publiés
dans [51]. Un autre exemple est une application en mathématiques financieres, ou des grandeurs
liées au prix des options américaines sont solutions d’un probléme de Stefan particulier [5, 12],

dont le calcul est équivalent a la résolution d’une inégalité variationnelle.

On note, pour (x,t) € Q x (0,7), O(x,t) la température et X (x,t) la masse de liquide par
unité de volume (si X (z,t) = 0, le milieu est donc solide au point (z,t) et si X(z,t) =1, il est

liquide), I’énergie interne u(x,t) peut étre écrite comme suit
u(x,t) = HO(z,t) + Ly X(x,t),

avec H, la capacité calorifique (que nous supposons constante et identique pour les états solide
et liquide) et Ly la chaleur latente de fusion a la température ©; donnée. L’équation de la

chaleur peut alors s’écrire :

Oy — div(AVO(x,t)) = f(x,t), sur Q x (0,T), (1)
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ou A est la conductivité de la chaleur (supposée constante, isotrope et identique pour les états
solide et liquide). Nous supposons également des conditions au bord de Dirichlet homogenes
pour la température O, et la donnée de u a 'instant initial. [’équilibre thermodynamique s’écrit

alors
(O(z,t) <Of et X(z,t) =0) ou

(O(z,t) =0pet 0 < X(x,t) <1) ou (2)
(O(x,t) > O et X(x,t) = 1) pour presque tout (z,t) € Q x (0,7).
Nous pouvons remarquer que, sous la condition (2), X (x,t) et ©(x,t) peuvent étre formulés

X(z,t) = &(u(x, b)) et O(x,t) = +¢(u(x, 1)), avec

— H.©
Sif’()
Ly

_ 5T Ls&(s)

7 , Vs e R.

§(s) = min(max( ):1) et ¢(s)
Considérer I'expression précédente de ©(z,t) comme fonction de u(z,t) dans (1) meéne a I’équa-
tion (3), dans laquelle la fonction ¢ est continue, Lipschitzienne, croissante, et constante sur
l'intervalle [H.Of, H.Of + Ly| (elle est en fait continue et constante par morceaux). La modé-

lisation du phénomene s’écrit alors :
Oyu — Al(u) = f, sur Q x (0,7), (3)
avec () un ouvert borné de R, de condition initiale :
u(z,0) = upi(z), for a.e. x € Q, (4)
et de condition de Dirichlet homogene au bord :
C(u(z,t)) = 0 sur 992 x (0,7). (5)

Beaucoup de résultats sont connus dans cette situation, en particulier le fait que, si f = O et si la
mesure de 'ensemble {z € Q, u(x,t) € [H.Of, H.Of + L]} (appelée “mushy region”) est nulle
a t = 0, alors elle sera nulle pour tout ¢t > 0, et une discontinuité de @ entre les valeurs H.O;
et H. O+ Ly apparaitra dans le domaine (voir [14]). De plus, le probleme (3)-(4)-(5) doit étre
considéré dans un sens faible, qui inclut une condition Rankine-Hugoniot pour la conservation

de u dans le cas de discontinuité. Une fonction @ est dite solution faible du probleme (3)-(4)-(5)
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Si:

ue L*(Qx(0,7)), ¢(u) € L*(0,T; Hy(Q)),
[ [ (e 09t 1) + VC@) 1) - Vol 1) dedt — [ () 2,0 d
— /OT/Qf(x,t)gp(x,t) dxdt Yo € CZ(Q x [0,T]), (6)

ou C(Q x [0, T]) est 'ensemble des restrictions de fonctions de C°(Qx] — o0, T]) & Q x [0, T7.

La premiere preuve d’existence d’une solution du probleme (6) a été donnée dans [3]. Cette
preuve repose sur la convergence, quand € > 0 tend vers 0, de la solution u. de la régularisation

strictement parabolique de (3) :
Optie — A(C(ue) + etie) = [f(,t), in Q> (0,7). (7)

En ce qui concerne 'unicité de la solution du probléme (6), beaucoup de résultats sont donnés
dans la littérature sous différentes hypotheses. Par exemple, un théoréme d’unicité a été prouvé
dans [62] avec une hypothese plus restrictive sur €2, et un théoréme d’unicité pour les problémes

non-linéaires de convection-diffusion se trouve dans [23].

Etude du probléme

L’objectif de ce premier chapitre est d’établir la convergence des schémas gradients pour
I’approximation du probléme de Stefan donné sous sa formulation faible (6). Nous commence-
rons par introduire les outils nécessaires a la discrétisation du probleme par la méthode générale,
tels que 'espace discret X p, espace vectoriel réel, et les opérateurs discrets Iy : Xp — L*(Q) et
Vp: Xp— L*(Q)4. La discrétisation gradient est donc basée sur ces trois outils, il reste & munir
Xp d’une norme notée || - ||p construite avec les opérateurs discrets. Cette norme dépend des
conditions au bord choisies, dans le cas de Dirichlet homogenes, ||-||p = [|[Vp || 12(q)- Puis nous
établirons les propriétés utiles a la convergence du probleme. Pour Stefan, elles sont au nombre
de cinq : la coercivité, la consistance, la conformité a la limite, la compacité et une derniere
plus spécifique a ce probleme impliquant que la fonction de reconstruction I1p soit constante
par morceaux. Les quatre premieres sont plus communes aux autres études impliquant les sché-
mas gradients. La coercivité introduit une inégalité de Poincaré discrete qui permet donc de

controler la norme L? de la fonction de reconstruction IIp par la norme || - || p. La consistance



Introduction

assure que l'espace discret "remplisse" I'espace continu tandis que la conformité a la limite per-
met, via une intégration par partie discrete, de conclure que 'opérateur Vp tendra bien vers
le gradient continu de la solution. La compacité, quand a elle, est nécessaire pour traiter un
probléme non-linéaire en assurant la convergence forte dans L?(Q2) de la reconstruction de la
solution discrete vers la solution continue. Le schéma numérique s’obtient en remplagant les
éléments continus de la formulation faible du probleme (6) par les objets de la discrétisation
gradient définis plus tot. Nous obtenons donc le schéma suivant,

soit une suite (u™), o x telle que :

U(O) € XD,(),
(nt1) _ 4(n)
n (n+3) U U
’LL( +1) c XD,O, 5D 2 U:HDw,
n+l
/Q (5%*%(1;)1113@(@ b Vol (™) () - va(x)) du =

t(n+1)

1
575(+1)/<) /f(gv,t)l_[Dv(:c)dacdt7 Vv e Xpg, Vn=20,...,N — 1.
nr3) Jtn Q

Le théoreme de convergence sera établi grace a un argument de compacité. Certaines estimations
sur la solution discrete up nécessitent une hypothese supplémentaire, non restrictive en pratique

mais nécessaire a la généralisation :
I¢(s)| > a|s| — b pour tout s € R pour a,b € (0,400) donnés.

En effet le probleme a déja été étudié par une méthode d’approximation de volume finis avec
des flux a deux points [62]. Cette méthode a pour avantage de pouvoir prendre comme fonc-
tion test dans le schéma la solution discréte up et d’obtenir une estimation sur sa norme L? en
espace-temps. Mais la généralisation ne permet pas une telle liberté et nous ne pourrons prendre
comme fonction test que ((up) dans le schéma. Ainsi ’hypothese supplémentaire permet de
controler la norme L? de Ilpup par celle de ITp¢(up). L'unicité de la solution discréte sera
trouvée en montrant 1’égalité entre deux solutions discretes distinctes; tandis que 'existence
de celle-ci viendra d’un argument de degré topologique. Ainsi nous pourrons conclure quant a
la convergence faible de la solution discréte Ilpup vers la solution @ dans L*(Q2 x (0,7)), de
I p¢(up) vers ((u) dans L?(Q x (0,T)) et de V p(up) vers une fonction y dans L3(2x (0, 7)<
L’astuce de Minty permettra de prouver que y = V((u), puis des estimations d’énergie, dans
les cas continu et discret, permettront d’établir la convergence forte de Vp((up) vers V((u),
pour enfin trouver la convergence forte de ((up) vers ((u). En suivant les idées présentes dans

[39], nous pouvons montrer la convergence uniforme en temps de ((up). Par ailleurs, il est aussi
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prouvé, via I’étude d’un cas particulier, que la multiplication par w pour trouver une estima-
tion d’énergie afin d’établir une convergence forte de up n’est pas possible. Finalement, des
exemples numériques se concentreront sur le comportement du schéma VAG [63] qui présente

des caractéristiques intéressantes pour des flux couplés en milieu poreux (voir Section 1.5).

Dans une derniere partie de ce chapitre, nous abordons certains compléments sur le probleme de
Stefan. En effet, il est présenté un résultat d’unicité de ce probleme sous les hypotheses utilisées
dans notre étude de convergence. Cette unicité a été prouvée en analysant un probleme adjoint
régularisé. Les principaux théoremes utilisés comme celui de compacité d’Alt-Luckhaus discret

ou encore 'astuce de Minty sont également présentés.

Le probleme de Stokes incompressible

Présentation du modele

Dans le second chapitre, nous étudions le probleme de Stokes stationnaire incompressible
(8) qui modélise I’écoulement d’un fluide a faible vitesse en mettant en équation 1’évolution
de cette vitesse mais également la pression de ce fluide. Puis le probleme de Stokes transitoire
incompressible (9) ou cette fois-ci la vitesse et la pression dépendent du temps. Ce modele est
dérivé du principe fondamental de la dynamique, appliqué a une particule de fluide ou l'on
aurait négligé le terme de convection (u - V)u devant les autres termes a cause de la faible
vitesse du fluide. En effet, en partant de la formule md@ = ? avec @ Daccélération de la
particule, m sa masse et > ? le bilan de force, nous obtenons alors la formulation forte du

probléme stationnaire de Stokes incompressible :

nu—Au+Vp = f—div(G) sur
divi =0 sur € (8)
u =0 sur 0f)

ol @ représente le champ de vitesse, P la pression, ot  est un ouvert borné de R?, de frontiere
00,d>1,neR" et f et G sont deux fonctions données définies sur Q. La condition divu = 0
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représente l'incompressibilité du fluide. Dans le cas transitoire, la formulation forte s’écrit :

ou—Au+Vp = f—div(G) sur Qx (0,7

divi. =0 sur 2 x (0,7) (©)
u =0 sur 092 x (0,7
u(+,0) = Uiy presque partout sur {2,

ou les fonctions @, p, f et G sont définies sur Q x (0,7) avec T' > 0, et avec U, une fonction

donnée définie sur 2.

Pour ce probléeme, I'existence et 1'unicité de la solution (u, p) sont connues. Beaucoup d’approxi-
mations numériques différentes de ce modele sont couramment utilisées pour des applications
industrielles et ont toutes fait ’objet d’analyses indépendantes. Nous pouvons, par exemple,
citer les résultats suivants : dans [11], on trouve la premiére estimation d’erreur pour l’ap-
proximation de Taylor-Hood pour le probleme de Stokes, améliorée quelques années apres dans
[101]. Dans [30], les auteurs ont établi une estimation d’erreur pour la méthode des éléments
finis P! non-conforme pour la vitesse, couplée aux éléments finis P* pour la pression, cette mé-
thode est aujourd’hui connue sous le nom de Crouzeix-Raviart. Plus tard, dans [90], les auteurs
fournissent la premiére preuve de convergence pour le célébre schéma Marker-And-Cell (MAC)

(80, 94, 103], qui est désormais 'un des plus utilisé en ingénierie et en mécanique des fluides.

Etude du probléme

Comme mentionné précédemment, toutes ces études ont été faites indépendamment les unes
des autres, malgré la similitude de beaucoup d’idées dans chacune d’entre elles. Le but de ce
chapitre sera donc d’établir un cadre de travail le plus général possible a ’aide des schémas
gradients. Le principe reste le méme que pour I’étude du probleme de Stefan, il faut tout d’abord
définir les outils nécessaires a la discrétisation gradient. Ici, il y a deux inconnues qui sont la
vitesse et la pression et quatre opérateurs différents dans la formulation faible du probleme
de Stokes incompressible, qu’il soit stationnaire ou transitoire. Il faudra donc deux espaces
discrets notés X p pour la vitesse et Yp pour la pression et quatre opérateurs pour composer la
discrétisation gradient : les opérateurs de reconstruction Ilp : Xp — L2(Q)%et xp : Yp — L3(Q)
respectivement pour la vitesse et la pression discrete, mais également I'opérateur de gradient
discret Vp @ Xp — L*(Q)%4 et celui de la divergence discréte divp @ Xp +— L2(2). Dans
le probleme de Stokes, aucune non-linéarité n’est présente, les propriétés ne nécessitent donc

pas de compacité, elles seront donc au nombre de trois : coercivité, consistance et conformité
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a la limite. Malgré la méme terminologie que pour le probleme de Stefan, elles comportent
des conditions complémentaires. En effet, I'idée générale de la propriété ne change pas mais
nous n’avons pas les mémes besoins d’un probleme a l'autre. Ainsi la coercivité permettra
non seulement de controler la norme L? de la vitesse mais aussi la norme L? de sa divergence
discréte. De plus elle introduira une condition discréte de Ladyzenuskaja-Babuska-Brezzi (LBB
ou aussi appelée condition inf-sup discréte) pour controler la norme L? de I'approximation de
p. La consistance joue toujours le méme role qui est d’assurer le "remplissage" des espaces
continus par les espaces discrets en tenant compte des nouveaux objets de la discrétisation. La
conformité a la limite permet désormais, non seulement de conclure que le gradient discret tend

vers le gradient continu, mais aussi que la divergence discrete tend vers la divergence continue.

Pour le cas stationnaire, les résultats de convergence seront basés sur des estimations d’erreurs.
Le premier donnera une estimation d’erreur sur la vitesse et la pression et sera établi grace
aux estimations trouvées en étudiant le schéma suivant, obtenue de la méme fagon que pour le
probleme de Stefan, c’est-a-dire en partant de la formulation faible du probleme et en y incluant

les objets discrets :

u€ Xpo, p € Ypp,
n/ HDu~HDvdsL’+/ Vpu : Vpudr
Q 0

_/ Xpp divpvdz = / (f -Mlpv+ G : Vpv)dz, Vv € Xpp,
Q Q
/ xpqdivpudzx =0, Vq € Yp.

Q

L’un des problemes de ce résultat est qu’il dépend de la constante de la condition inf-sup discrete
et que celle-ci peut devenir trés grande voir exploser pour certaines méthodes d’approximation.
Le deuxieme résultat donne une estimation d’erreur mais sur la vitesse uniquement, en revanche
elle ne dépend plus de la condition inf-sup puisque pour un tel résultat, les fonctions test choisies
sont a divergence discréte nulle et ainsi le terme introduisant la pression discrete disparait de la
preuve de convergence. Cette hypothese est malgré cela peu restrictive et beaucoup de schémas
permettent une interpolation des espaces continus a divergence nulle vers des espaces discrets
également a divergence nulle comme les éléments finis de type Crouzeix-Raviart par exemple.
Néanmoins, 'estimation d’erreur dépend toujours de la pression continue, ainsi, méme si la
vitesse continue est nulle, son approximation peut ne pas I'étre. Cette particularité peut parfois
étre évitée dans le cas de force irrotationnelle et c’est ce qui est proposé dans le troisieme

résultat de convergence.
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Pour le cas transitoire, il faut tout d’abord définir la discrétisation gradient D pour l'espace-
temps. Nous rajoutons pour cela une discrétisation de 'intervalle de temps en plusieurs pas de
temps 0t et nous introduisons un opérateur .Jp qui interpolera la condition initiale w;,;. Les pro-
priétés de compacité, coercivité et de conformité a la limite ne nécessitent pas de modifications,
seule la consistance change. En effet, le nouvel opérateur Jp doit étre plongé dans L?(Q)4 et le

pas de temps dt,, doit tendre vers 0 quand m — oco. Nous obtenons alors le schéma suivant :

©0) _

up = (ug”))n 0,. ,N, Pp = (p(g))n:l . telles que up’ = Jpuiy et, Vn = LN —1:

(”+1) € X D,0 pD ) S YD,O7
(n+1) (n+1) 1.
HD5D uD Ipvdx + | Vpup :Vpvde — | xppp  'divpvdz
Q Q

t(n+1)

1
/f-HDvdxdt+ 1/ /G-vadxdt, Vv € Xpgo.
Q ot"ta Jim Q ’

$(n+1)

/ divpu" ™ xpadz = 0, Vg € Yoy,
Q

Le schéma trouvé permettra tout d’abord de vérifier I'existence et 'unicité de la solution dis-
crete et cette fois-ci, les résultats de convergence ne seront plus sous forme d’estimation d’erreur
mais établis par argument de compacité comme pour le probleme de Stefan. Nous devrons donc
établir d’autres estimations qui permettront de conclure quant a des convergences faibles de la
vitesse et de la pression discrete. Une fois de plus, le choix des fonctions test, plus précisément
les prendre a divergence discréte nulle ou non, influera sur le résultat de convergence obtenu.
Dans le deuxieme cas, si nous ajoutons également une certaine condition sur l'interpolation de
la condition initiale et si nous appelons (up, pp) la solution discréte, les estimations conduiront

aux convergences fortes suivantes :

e Ilp, up, — udans L?(0,T, H(Q))?,
e Vp, up, — Vi dans L?(Q2 x (0,T))4,
® XD,PDy — Xp dans L2<Q X (O,T))

En prenant les fonctions test a divergence discrete nulle, nous perdrons la convergence faible
de la pression mais nous gagnerons la convergence uniforme en temps de la vitesse en suivant

de nouveau les idées introduites dans [39].
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Les équations de Navier-Stokes incompressible

Présentation du modeéle

Le probleme de Stokes désormais traité, nous nous intéressons a un écoulement de fluide plus
rapide, ainsi le terme de convection (u-V)u qui était négligé dans le probléme précédent ne peut
plus I’étre. Dans le troisieme chapitre, nous étudions le probleme de Navier-Stokes stationnaire
incompressible (10) puis transitoire (11). Ci-dessous, nous présentons la formulation forte tout

d’abord pour le cas stationnaire puis pour le transitoire.

nu—Au+ (u-V)u+Vp = f—div(G) surQ
divi =0 sur (10)
u =0 sur 0f)

ou u représente le champs de vitesse, p la pression, le domaine €2, de frontiere OS2, est un ouvert
borné de RY, d > 1, n € RY, et f et G sont deux fonctions données définies sur €. La condition

divu = 0 représente 'incompressibilité du fluide.

ou—Au+ (u-V)u+Vp = f—div(G) sur Qx (0,T)
divi. =0 sur 2 x (0,7) (11)
u = sur 092 x (0,7)
u(+,0) = Uiy presque partout sur €2,

ou les fonctions @, p, f et G sont définies sur Q x (0,7) avec T > 0, et avec Ui, une fonction

donnée définie sur 2.

Etude du probléme stationnaire

Pour Navier-Stokes, nous traitons le probleme stationnaire différemment du probléme tran-
sitoire car le fait d’intégrer le terme trilinéaire en espace ou en espace-temps change consi-
dérablement I'analyse de celui-ci; du fait de I'impossibilité de prendre comme fonction test
la solution. Une fois de plus, nous commencons par définir la discrétisation gradient. Les six
objets définis pour le probleme de Stokes seront réutilisés et il faudra en ajouter un septiéme
bp : X%yo — R, qui est le représentant discret de la formulation faible du terme de convection
qui s’écrit alors sous la forme d’un opérateur trilinéaire b(u, u, v) tel que

b: (H () — R et b(u,v,w) = /Q(a - V)ow de.

11



Introduction

Il doit étre choisi de sorte que :

e bp(u,v) est continue par rapport a u,
L bD(U, U) Z 07
e il existe une constante Bp > 0 telle que bp(u,v) < Bpllul|%||v] b,

e bp(u,v) est linéaire par rapport a v.

Ceci permettra de montrer les estimations nécessaires a la convergence du schéma. Pour les
propriétés, la coercivité, la consistance et la conformité a la limite n’ont pas besoin d’adaptation
du probleme de Stokes a celui de Navier-Stokes. Le terme bp amenant de la non-linéarité au
probléme, nous aurons besoin de la propriété de compacité, similaire a celle du probleme de
Stefan. Ce terme amene également une propriété que l'on nommera conformité a la limite
trilinéaire qui consiste a s’assurer que bp_(u,v) — b(u,u,v) quand m — oo, ceci termine les
modifications apportées a la discrétisation gradient du probléeme de Navier-Stokes stationnaire
incompressible. Une fois la discrétisation définie, nous pouvons établir le schéma numérique

suivant :

u€ Xpo, p€Ypp,
77/ HDu-HDvdx—i—l// Vpu: Vpvdz + bp(u,v)
Q Q

_/QXDP divpv dz I/Q(f~HDv+G : Vpv) dx, Yo € Xpy,
/QXDq divpudr = 0, Vq € YD70.

(12)

Pour ce probleme, le résultat de convergence sera de nouveau donné par argument de com-
pacité. Les estimations sur le gradient discret et la pression discrete seront trouvées en prenant
des fonctions test particulieres dans le schéma. Les propriétés données dans la définition de
bp seront nécessaires lors de cette étape. Nous utiliserons le méme argument que pour le pro-
bleme de Stefan pour établir I'existence de la solution du schéma (12), un argument du degré
topologique de Brouwer. Grace a nos estimations précédemment établies, nous obtiendrons les
convergences faibles de nos opérateurs discrets et une fois de plus la consistance et la confor-
mité a la limite assureront que les limites sont bien les opérateurs continus. Pour montrer que
I’on est solution du probléme faible en passant a la limite, la propriété de compacité permet-
tra d’entrer dans le cadre de la propriété de conformité a la limite trilinéaire et donc d’avoir
bp,, (Um, V) — b(w,u,v) ou b est opérateur continu trilinéaire de la formulation faible. Puis
nous pourrons établir la convergence forte de Vp, u,, en utilisant les mémes arguments que

pour le probleme de Stokes transitoire et cela permettra ensuite d’avoir la convergence forte de

12
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la pression.

Etude du probléme transitoire

Comme dit précédemment, le traitement du terme trilinéaire va poser énormément de pro-
blemes dans I’étude du cas transitoire. En effet, nous n’aurons d’autre choix que de prendre
des fonctions test a divergence discrete nulle pour pouvoir trouver les estimations nécessaires
au résultat de convergence. La définition de bp reste malgré tout la méme. Les propriétés de
coercivité, de compacité et de conformité a la limite ne changent pas et la propriété de consis-
tance subit alors la méme adaptation que pour le passage du probleme de Stokes stationnaire
a Stokes transitoire du fait de la présence d’une condition initiale a prendre en compte. Le
principal changement se trouve donc dans la propriété de conformité a la limite trilinéaire en
espace-temps puisque les hypotheses nécessaires pour pouvoir passer a la limite sont bien plus

exigeantes que pour le cas stationnaire. Le schéma numérique est le suivant :

Up = (U(Dn))nzo,...,zv, pp = (p%@))n:17,,_,N tels que ug) = JpUpi et, Vn =0,...,. N —1:

U%H) € Xpyo, p(gﬂ) €Ypo,
n+3 (n+1) . n+1 (n+1) 5.
/ Ipd, uD-HDvdx—i-l// Vpup ' Vpvdz 4+ bp(u ,U)—/XDPD divpvdzx
Q Q Q

1 t(n+1) (13)

1 t(n+1)

/ £ Tpodadt + / G- Vpudedt, Yo € Xp.
Q Q

St ts Jim Stnts Jum

/ divDugLH)Xqum =0, VgeYpy.
)

Le résultat de convergence sera de nouveau établi grace a un argument de compacité. Le but
étant de pouvoir appliquer la version du théoreme de Aubin-Simon discret 3.25 pour obtenir
les convergences faibles de la vitesse et de son gradient afin de pouvoir passer a la limite.
Pour cela nous aurons besoin prouver quelques estimations. Les premieres sont une estimation
L>(0,T; L*(2)) de la vitesse reconstruite et une estimation L*(Q2 x (0,T)) pour le gradient
discret. Nous les trouverons en prenant une nouvelle fois comme fonction test la solution discrete
up dans le schéma (13). L’existence d’au moins une solution sera prouvée de la méme maniere
que pour le probleme de Stokes transitoire, ¢’est-a-dire en remarquant que si nous remplagons
7 par % dans le schéma stationnaire nous retombons sur le transitoire. En appliquant donc
le méme argument du degré topologique, on a l’existence d’au moins une solution discrete
(up,pp). Les similitudes s’arréteront malheureusement la, puisque ’on ne pourra pas extraire
une estimation sur la pression discrete du fait que fOT b D(u(D”H), v) ne pourra pas étre controlé.

En effet, un v qui permettrait de majorer ce terme ne permettra pas forcément de rentrer dans
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le cadre du résultat de Necas et ainsi contrdler la norme de la pression discréte et inversement.
D’ou le fait que nos résultats seront exclusivement établis avec des fonctions test a divergence
discrete nulle, ce qui élimine le terme de pression. Pour finir d’entrer dans le cadre de travail
du lemme de Aubin-Simon, il faut une estimation sur la dérivée discrete en temps, pour cela

nous introduisons la semi-norme suivante, w € Xp

|w|*,D:SUP{/ pw - Hpvdx 3U€ED7HU||D=1},
Q

avec Ep = {v,v € Xpy,divpv = 0}.

Nous remarquons une fois de plus que l'espace discret prend en compte uniquement les
fonctions a divergence discrete nulle ce qui est primordial pour pouvoir établir notre résultat
de convergence. Nous établissons une estimation sur fOT |0pupl. pdt qui nous permet d’utiliser
notre lemme et d’obtenir les convergences faibles de la vitesse et de son gradient. La compacité
nous donne la convergence forte de Ilpu vers u ce qui permettra le passage a la limite en
utilisant la conformité a la limite trilinéaire espace-temps pour le terme contenant bp. C’est
tout ce que 'on pourra trouver avec nos hypotheses. En effet, pour avoir la convergence forte
du gradient, en utilisant la méme méthode que pour Stefan ou Stokes, il faudrait obtenir une
équation d’énergie en remplagant la fonction test de la formulation faible par la solution @ mais

les deux ne vivent pas dans le méme espace et un tel remplacement est donc impossible.

Quelques exemples de discrétisations gradients

Le quatrieme chapitre sera consacré a la partie gauche de notre Figure 2, ¢’est-a-dire com-
ment montrer qu'une méthode numérique est une discrétisation gradient. Ceci sera fait pour les
problemes de Stokes et de Navier-Stokes, nous regroupons les deux puisque leurs discrétisations
respectives restent proches I'une de I'autre. Ainsi nous montrerons que les éléments finis mixtes
de Taylor-Hood et de Crouzeix-Raviart, la méthode Hybrid-Mixed-Mimetic (HMM) que nous
voyons comme une extension de Crouzeix-Raviart mais sur un maillage polygonal ou encore
la méthode Marker-And-Cell (MAC), sont bien des discrétisations gradients pour nos deux

problemes.

De plus, en prenant garde a ne pas majorer trop brutalement, au moment des démonstrations de
conformité a la limite et de consistance, nous pourrons trouver I’ordre de convergence de chaque
méthode pour I'estimation d’erreur du probléme de Stokes stationnaire. Le schéma gradient une

fois ré-écrit avec les opérateurs discrets de chaque méthode permet, dans la plupart des cas, de
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@) Degré de liberté de u

O Degré de liberté de p

Figure 3 — Représentation des éléments finis de Taylor-Hood en 2D.

retrouver le schéma d’origine de la méthode.

Revenons a la premiére méthode proposée : les éléments finis mixtes de Taylor-Hood (voir
Figure 3), qui sont donc une approximation P, conforme pour la vitesse et P; conforme pour
la pression. Cette méthode sera la plus facile a faire entrer dans le cadre général des schémas
gradients de par sa conformité. En effet, pour des méthodes numériques conformes, la propriété
de conformité a la limite vaut 0 naturellement puisque dans ce cas Vp = V oIl et de méme
la divergence discrete divp = div o [Ip. Les autres propriétés ne sont pas difficiles a prouver
car la plupart des preuves peuvent aujourd’hui étre trouvées dans la littérature pour ce type

de méthodes.

Les éléments finis mixtes de Crouzeix-Raviart (voir Figure 4), P, non-conforme pour la vitesse
et Py pour la pression, amenent la premiere difficulté puisqu’ici le gradient discret est le "broken
gradient" classique et donc discontinu sur les arétes du maillage. Cette particularité est la cause
de quelques problemes a gérer pour démontrer les différentes propriétés de la discrétisation.
Heureusement, avec une hypothese encore une fois non-restrictive sur le maillage, nous pouvons
controler le saut de cette discontinuité et ainsi faire en sorte qu’il n’explose pas, amenant
alors une majoration de ce saut et rendant des intégrations par partie possibles pour prouver
les différentes propriétés. Une autre difficulté réside dans la propriété de coercivité, ou nous
demandons une borne pour la condition inf-sup discrete, nous utiliserons alors fortement un
des résultats de Necas qui permet d’identifier la pression comme divergence d’une fonction
particuliere tout en contrélant sa norme. Encore une fois, les éléments finis de Crouzeix-Raviart
ont été et sont encore tres utilisés et de nombreux résultats existant dans la littérature aident

grandement a les faire rentrer dans le cadre des schémas gradients.

Comme dit précédemment, la méthode HMM peut-étre considérée comme 'extension des élé-
ments finis de Crouzeix-Raviart sur un maillage polyédrique (voir Figure 5) sur lequel nous
faisons tout de méme certaines hypotheses pour qu’il soit "acceptable" comme par exemple le

fait que la cellule ne doit pas étre trop écrasée ou trop petite par rapport aux autres. Les pro-
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O Degré de liberté pour u

<~ O Degré de liberté de p

N
< (/)
O

Figure 4 — Représentation des éléments finis de Crouzeix-Raviart en 2D.

(O Degré de liberté de u

Q Degré de liberté de p

Figure 5 — Représentation du schéma HMM dans une cellule K d’un maillage 2D.

priétés prendront donc en compte la particularité du maillage mais utiliseront principalement
les mémes outils et résultats que pour les éléments finis de Crouzeix-Raviart dont notamment le
contréle du saut du "broken gradient" et le résultat de Necas pour celui de la condition inf-sup.
La particularité d’avoir choisi une méthode HMM est qu’elle avait déja été utilisée pour Stokes
mais avec des résultats de convergence moins complets que ceux donnés par le cadre général de

travail.

L’une des méthodes les plus utilisées en ingénierie et en mécanique des fluides aujourd’hui
est sans aucun doute le schéma Marker-And-Cell dit schéma MAC. Il peut facilement étre
mis en place sur un domaine dont les bords sont des parties paralleles aux axes du repere.
Les difficultés dans le schéma MAC sont de faire attention non seulement a la définition de
notre gradient discret mais aussi aux mailles décalées lorsque nous intégrons par partie pour
prouver la conformité a la limite par exemple. Une fois ces difficultés passées, les propriétés
se démontrent en s’aidant une fois de plus des résultats de la littérature déja existants. Pour
le probleme de Stokes, le schéma gradient appliqué avec la discrétisation MAC du chapitre 4

permet de retrouver les schémas MAC de la littérature; tandis que pour Navier-Stokes, cela
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n’a pas été prouvé en raison du terme bp particulier qui semble poser quelques problémes.

Dans ce chapitre 4, nous donnerons également un exemple de construction pour bp remplissant
les conditions nécessaires pour étre bien défini dans la discrétisation gradient de Navier-Stokes
et respectant la propriété de conformité a la limite trilinéaire. Cette application sera en réalité
fortement inspirée de celle utilisée dans les éléments finis et aura pour base les opérateurs

discrets IIp et Vp.
(l;;(u7 u, U) - 6;(“7 v, u)) :

|

bp(u,v) =

Avec bp : X3+ R tel que

bo(u, v, w) Z / 9wty da.
1,j=1
D’ailleurs, la généralisation de ce terme n’est venue qu’apres avoir réussi les résultats de conver-
gence avec le bp particulier des méthodes éléments finis. Il nous a permis de mettre en avant
les propriétés nécessaires a la convergence du schéma. En effet la propriété de conformité a
la limite trilinéaire est née de la volonté de trouver une généralisation de ce bp particulier. Il
amenera également la définition de la propriété de p-coercivité qui suit la méme idée que la
coercivité mais qui vérifie une inégalité de Sobolev discrete plutét qu’une inégalité de Poincaré.
Elle sera particulierement nécessaire pour le probleme de Navier-Stokes et les méthodes pré-
sentées devront étre compatibles avec cette p-coercivité pour pouvoir rentrer dans le cadre du

théoreme de convergence avec le bp particulier.
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Chapitre 1

The Stefan problem

1.1 Introduction

The aim of this chapter is to extend this framework to the Stefan problem

interested in the approximation of u, solution of the following equations :

i — AC(a) = f, in Q x (0,T)

with the following initial condition :
u(x,0) = Upi(x), for a.e. x € Q,

together with the homogeneous Dirichlet boundary condition :

C(u(z,t)) =0o0n 002 x (0,7,

and so we are

(1.1)

(1.2)

(1.3)
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under the following assumptions :

) is an open bounded connected polyhedral subset of R, d € N* and T > 0, (1.4a)

s € L*(Q) (1.4b)

feL*Qx(0,7T)), (1.4c)

¢ € C°(R) is non-decreasing, Lipschitz continuous with Lipschitz constant

L¢, and such that ¢(0) =0, (1.4d)
and

IC(s)| > als| — b for all s € R for some given values a,b € (0, 4+00). (1.4e)

Definition 1.1. A function u is said to be a weak solution of Problem (1.1)-(1.2)-(1.3) if the
following holds :

u€ L*(Qx (0,1)), ¢(u) € L*(0,T; Hy()),
/ / u(x,t)opp(z,t) + V{(u)(x,t) - Vo(z,t)) dedt — /Quini(x)<p(x,0) dx
—/ / flz, t)p(t) dedt, Yo € C°(2 x [0,T]), (1.5)

where we denote by C°(Q x [0,T]) the set of the restrictions of functions of C°(2x] — oo, T'[)
to 2 x [0, 7.

1.2 Gradient Discretisation

Definition 1.2 (Gradient Discretisation.). A gradient discretisation D for a space-dependent
second order elliptic problem, with homogeneous Dirichlet boundary conditions, is defined by
D = (Xpy,l1p,Vp), where :

1. the set of discrete unknowns Xpyg is a finite dimensional vector space on R,

2. the linear mapping Up : Xpo — L*(Q) is the reconstruction of the approximate function,

3. the linear mapping Vp : Xpo — L*(Q)? is the discrete gradient operator. It must be

chosen such that || - ||p := [V - || 2y is @ norm on Xpy.
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Remark 1.3 (Boundary conditions.). The definition of || - ||p depends on the considered boun-
dary conditions. Here for simplicity we only consider homogeneous Dirichlet boundary condi-
tions, but other conditions can easily be addressed. For example, in the case of homogeneous
Neumann boundary conditions, we will use the notation Xp instead of Xpg for the discrete
space, and define
I+ 1lp = (M - 2@y + VD - [72(0)a) />
Definition 1.4 (Coercivity). Let D be a gradient discretisation in the sense of Definition 1.2,
and let C'p be the norm of the linear mapping Ilp, defined by

Cp= max M. (1.6)

vEX D o\{0} lv] o

A sequence (Dp,)men of gradient discretisations is said to be coercive if there ezists Cp € R
such that Cp < Cp for all m € N.

Remark 1.5 (Discrete Poincaré inequality. ).

Equation (1.6) yields ||ILpv|| 12y < Cp||Vpvl| 2.

The consistency is ensured by a proper choice of the interpolation operator and discrete

gradient.

Definition 1.6 (Consistency.). Let D be a gradient discretisation in the sense of Definition
1.2, and let Sp : HY(Q) — [0, +00) be defined by

Vo € Hy(Q), Sply) = in. (IMpv = llz2@) + IVov = Vel 2y ) (1.7)
A sequence (Dp)men of gradient discretisations is said to be consistent if, for all p € H} (),

Sp,, (@) tends to 0 as m — .

Since we are dealing with nonconforming methods, we need that the dual of the discrete

gradient be “close to” a discrete divergence.

Definition 1.7 (Limit-conformity.). Let D be a gradient discretisation in the sense of Definition
1.2. We let Hyio(Q) = {p € L*(Q)4,divp € L2(Q)} and Wp : Haiy(Q) — [0, +00) be defined by

VQO c Hdiv(Q)

Wh(p) = !

max _—
u€Xp,0\{0} ||U||D

(1.8)

/Q (Vpu(z) - p(x) + Hpu(z)dive(r)) dz|.

A sequence (Dp)men of gradient discretisations is said to be limit-conforming if, for all
v € Hyiy(Q2), Wp, () tends to 0 as m — oco.
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Dealing with generic non-linearity often requires compactness properties on the scheme.

Definition 1.8 (Compactness.). A sequence (Dp,)men of gradient discretisations is said to
be compact if, for all sequence u,, € Xp, o such that ||uml|p, is bounded, the sequence

(I p,, Um)men is relatively compact in L*().
Let us state an important relation between compactness and coercivity.

Lemma 1.9 (Compactness implies coercivity.).
Let (Dyy)men be a compact sequence of gradient discretisations in the sense of Definition

1.8. Then it is coercive in the sense of Definition 1.4.

Proof. Let us assume that the sequence is not coercive. Then there exists a subsequence of
(D) men (identically denoted) such that, for all m € N, there exists u,, € Xp,, 0\ {0} with

m=e || b,

= +00.

This means that, denoting by vy, = /||t D,y > iMoo ([T, Vil £2(0) = +00.
But we have ||v,||p,, = 1, and the compactness of the sequence of discretisations implies

that the sequence (Ilp,, v, )men is relatively compact in L?(€). This gives a contradiction.

Thanks to [63, Lemma 2.4], we may check the consistency and limit-conformity properties
of given gradient schemes, only using dense subsets of the test functions spaces. The follo-
wing lemma, useful in Section 1.5, is an immediate consequence of [63, Lemma 2.4] and of

Kolmogorov’s theorem.

Lemma 1.10 (Sufficient conditions.).

Let Q) be polyhedral and thus locally star-shaped and let F be a family of gradient discretisa-
tions in the sense of Definition 1.2. Assume that there ezist C,v € (0,00) and, for all D € F,
a real value hp € (0,+00) such that :

Sp(p) < Chpllellwaeeq), for all o € CF(£2), (1.9a)

WD((p) < ChDHQOH(WLw(Rd))da fOT all p e C?(Rd)d, (19b)
[TIpv(- + &) — Hpvl| oy

< C|€JY, for all € € RY, 1.9¢

veXpo\{0} ||'U||D —= |§| f 5 ( )

where Sp, Wp are defined above.
Then, any sequence (Dy)men C F such that hp, — 0 as m — oo is consistent, limit-

conforming and compact (and therefore coercive).
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1.2 Gradient Discretisation

Remark 1.11. In several cases, hp stands for the mesh size : this is the case for the numerical

schemes used in Section 1.5.

Definition 1.12 (Piecewise constant function reconstruction.).

Let D = (Xpo,p,Vp) be a gradient discretisation in the sense of Definition 1.2, and I
be the finite set of the degrees of freedom, such that Xpo =R, We say that lp is a piecewise
constant function reconstruction if there exists a family of open subsets of ), denoted by (€;)ier,
such that Uie; % = Q, QN Q; =0 for alli # j, and Upu = Yicruixa, for all u = (u;)ier €

Xp,o, where xq, s the characteristic function of ;.

Remark 1.13. Let us notice that ||Ilp - ||12(q) is not requested to be a norm on Xp,. Indeed,
in several examples that can be considered, some degrees of freedom are involved in the recons-
truction of the gradient of the function, but not in that of the function itself. Hence it can occur

that some of the €; are empty.

Remark 1.14. An important example of gradient discretisation D = (Xpo,Ilp, Vp) in the
sense of Definition 1.2, such that Ilp is a piecewise constant function reconstruction in the
sense of Definition 1.12, is the case of the mass-lumping of conforming finite elements. Indeed,
assuming that (&)ier is the basis of some finite—dimensional space Vi, C H}(SY), we consider a

family (Q;)icr, chosen such that

1> wixa, = > wiill2) < hll Y- uiVE] 2y, Yu € Xpg.

icl el el

We then define Ilp as in Definition 1.12, and Vpu = > ;c;u;VE. This is easily performed,
considering P! conforming finite element, splitting each simplex in subsets defined by the highest
barycentric coordinate, and defining €; by the union of the subsets of the simplices connected

to the vertex indexed by i.

Remark 1.15. Note that we have the two important following properties, in the case of a

piecewise constant function reconstruction in the sense of Definition 1.12 :
g(IIpu(x)) = Hpg(u)(z), for a.e. x € Q, Yu € Xpo, Vg € C(R), (1.10)

where for any continuous function g € C(R) and v = (u;)ier € Xpy, we classically denote by

g(u) = (9(wi))ier € Xpo and

Hpu(z)lpv(z) = Hp(uwv)(z), for a.e. x € Q, Yu,v € Xpy, (1.11)
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Chapitre 1. The Stefan problem

where, for u= (u;)icr and v = (v;)icr € Xpo, we denote by uv = (u;v;)ier € Xpyo-

Definition 1.16 (Space-time gradient discretisation). Under Hypothesis (1.4a), we say that

— (Xpo,11p,Vp) is a gradient discretisation of €1, in the sense of Definition 1.2,
— 1O =0<tW. . <t™M =T,

-----

define the dual semi-norm |w|,p of w € Xpyo by

], p = sup {/ﬂ Mpw(z)pz(e) dz : = € Xno, ||2]p = 1} . (1.12)

Definition 1.17 (Space-time consistency). A sequence (D,,)men of space-time gradient discre-
tisations of 2 x (0,T), in the sense of Definition 1.16, is said to be consistent if it is consistent

in the sense of Definition 1.6 and if dtp, tends to 0 as m — oo.

1.3 Approximation of the Stefan problem by the Gra-

dient Discretisation

-----

1.16 such that IIp is a piecewise constant function reconstruction in the sense of Definition 1.12.

We define the following (implicit) scheme for the discretisation of Problem (1.5). We consider

77777

U(O) c XD70,
ntl (n+1) _ , (n)
u(”“) € XD70, 5;+2)U = HDU 5t(n+1§l )
il ’ 1.13
/Q (52*%(;5)111)@(9;) + V¢ (™) () vDU(x)) da = (1.13)

t(n+1)

1
w/() /Qf(a:,t)HDv(x) dxdt, Yv e Xpgy, Vn=20,...,N —1.
nra) Jin
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1.3 Approximation of the Stefan problem by the Gradient Discretisation

We again use the notations [1p and Vp for the definition of space-time dependent functions
(note that we define these functions for all ¢ € [0,7]) :

(z,0) = IIpu®(z)for a.e. v € Q,
Mpu(x,t) = Hpu™+ ()
Mp¢(u) (2, t) = TMp¢ (u™+V)(z) (1.14)
Vo¢(u)(z, t) = Vp((ul™V)(z),
for a.e. x € Q, Vt € (t™ t+D] vn =0,..., N — 1.

We also denote
dpu(x,t) = 5%‘%%(1’), for a.e. (x,t) € Q x (t™ ") ¥p=0,... N — 1. (1.15)
We finally introduce the primitive function
Z(s) = /OSC(x) dz, Vs € R. (1.16)

which is used several times in the convergence proofs. We then have

2

2(5) = [ @) do = [(¢l@) =) do < L [ wdu =L, s e R (1.17)
and, from Hypotheses (1.4d) and (1.4e),

s ((z) . ((s)* _ a’s>—2b°
Z(s)z/o Cla)*p o de =2 - 2 S, Vs € R (1.18)

(where we have used the fact that (? is locally Lipschitz continuous, and therefore locally

absolutely continuous).

Lemma 1.18 (A priori estimates and existence of a discrete solution). Under Hypotheses

.....

of Definition 1.16 such that Ilp is a piecewise constant function reconstruction in the sense of
Definition 1.12. Then there ezists at least one solution to Scheme (1.13), which satisfies

/OT/Q IV p¢(u) (2, t)|* dadt

T (1.19)
+ /Q (Z(Mpu™ (2)) — Z(pu(x))) do < /0 /Q Fla, D¢ () (, t) dadt.

Moreover, let Cp > 0 such that Cp < Cp, where Cp is the coercivity constant of the discreti-
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Chapitre 1. The Stefan problem

zation (see Definition 1.4) and let Ci; > 0 be such that Ciyi > ||ting — HDu(O)HLz(Q) : then there
exists C1 > 0, only depending on L¢, a, b, Cp, Cini and f such that, for any solution u to this

scheme,
I pC(w) || 0.1:02(0)) < Chy and ||Ipul|pe(o.1r20)) < Ch, (1.20)

and
IV p¢(u)l| 2(@x 0, < Ch. (1.21)

Proof. Before showing the existence of at least one discrete solution to Scheme (1.13), let us first
prove if there exists a solution then it satisfies (1.19), (1.20) and (1.21). From the properties of
function Z defined by (1.16), and using [° ¢(z) dz = Z(b)—Z(a) = ((b)(b—a)— [> ('(z)(z—a) dz,
we get, from Hypothesis (1.4d), that

SRS T (u ) > MpZ (u™ ) = TpZ (u™). (1.22)

We then let v = 6t+2)¢(u(D) in (1.13), we sum the obtained equation for n =0,...,m — 1
for a given m = 1,..., N, and using (1.22), we get (1.19) replacing 7' by ¢t and «¥) by u(™).
Thanks to the Cauchy-Schwarz inequality, we get that

t(m)
I Z (™)) + [ IV G, 1) [y

< £l 22 0 a0my DG (@] 20 0.20my) + D Z (u ) 10

which in turn yields, thanks to the Young inequality, and to (1.17) and (1.18),

1 . $(m)
TLCHHDC(U( N2 +/O IV D¢ () (- 1) [ F2qya dt
2 | L
< 7DHfH%2(Q><(O,t(m))) + ﬁHHDC(u)”%Q(QX(O,t(M))) + 7|\HDU(O)H%2(Q)'

Using the definition (1.6) of C'p, we prove the first estimate of (1.20) and the estimate (1.21).
We get the second estimate of (1.20) by using the second part of (1.18).

The existence of a solution follows from these estimates by a now classical topological degree
argument. Indeed, let 6 € [0, 1], we introduce (p(s) = 0¢(s)+ (1 —0)as, for any s € R. Replacing
¢ by (p in the scheme, we get the same a priori estimates (1.20) and (1.21) independently of
6. We conclude thanks to the Brouwer topological degree, since setting § = 0, we obtain the

discretization of the heat equation, for which the existence of the solution is well-known.
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1.3 Approximation of the Stefan problem by the Gradient Discretisation

Lemma 1.19 (Uniqueness results on the discrete solution). Under Hypotheses (1.4), let D =
(Xpo,p, Vp, (t™),—o.. n) be a space-time gradient discretisation in the sense of Definition
1.16 such that Ilp is a piecewise constant function reconstruction in the sense of Definition
1.12. Let u®) € Xpg be given, and, forn =0,...,N — 1, let u™*Y € Xp, be such that (1.13)
holds. Then, for alln =0,...,N — 1, Hpu™Y € L2(Q) and ((u™*Y) € Xpg are unique.

Proof. Let us consider two solutions, denoted w1, g+ ¢ Xpy, for somen =0,...,N —1,
such that (1.13) holds with ITpu™(z) = Ipa™(z), for a.e. x € Q. We then subtract the

corresponding equation with @+ to that with u*Y. We get

HD’U(.Z')+

1

/ <HD(u(n+1) _ ﬂ("'ﬂ))(aj)
Q St(nt+3)

V(™) = (@) (z) - va(x)) dr = 0,0 € Xpo. (1.23)
We let v = C(u™+D) — ¢(a™*V) in (1.23). Using Hypothesis (1.4d), we may write that

(Hp(u™ ™ — @) (@) p(¢(u" V) = ¢(@™*))(x)
= (pu™* () = Mpa"™ (@) (C(Mpu'™(2)) = ((Hpa'"*V(2))) > 0,

which implies that

L 190(¢@™0) = (@) (@) do = 0,

and therefore that ¢(u™*Y) = ¢(u™*V)). We then get, from (1.23), that

I (n+1) _ ~(n+1)
/ p(u u )@)HDU@) dx =0, Yve Xpy.
Q

5t(nta)

It now suffices to let v = w1 — 4"V in the preceding equation, to get that ITpu™+)(x) =
Mpu™*V(z) for a.e. x € Q.

Lemma 1.20 (Estimate on the dual semi-norm of the discrete time derivative).
Under Hypotheses (1.4), let D = (Xp,p, Vp, (™),

cretisation in the sense of Definition 1.16 such that I1p is a piecewise constant function recons-

~) be a space-time gradient dis-

77777

truction in the sense of Definition 1.12. Then there exists C' > 0, only depending on L¢, a, b,
Cp > Cp, Cii > ||tini — HDu(O)HLz(Q), f and T such that, for any solution u to Scheme (1.13),

T
/0 dpu(t); pdt < C (1.24)
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Chapitre 1. The Stefan problem

Proof. Let us take a generic v € Xpg as test function in Scheme 1.13. Using the definition
nal

of | - |«.p gives an estimate on |5(D+2)u\*7D depending on ||V p¢(u"V)|| 2. Squarring this

estimates, multiplying by 5t+3) and summing over n gives the desired estimate thanks to

(1.21).

Lemma 1.21 (Estimate on the time translates).
Under Hypotheses (1.4), let D = (Xpo,1lp, Vp, (t™),—o

cretisation in the sense of Definition 1.16 such that Ilp is a piecewise constant function recons-

~) be a space-time gradient dis-

,,,,,

truction in the sense of Definition 1.12. Then there exists Co > 0, only depending on L¢, a, b,
Cp > Cp, Cii > ||timi — HDu(O)HLz(Q), f such that, for any solution u to Scheme (1.13),

MoC(w)(:, -+ 7) = HpC(w) (s L2 x 01—y < Calr +68),¥7 € (0,T). (1.25)

Proof. In order to make the proof clear, let us give its principle, assuming that a solution u of
the continuous equation (1.1) is regular enough. We write the time translate of this solution in
L*(2 x (0,7 — 7)), for a step 7 € (0,T). We first note that

(C(a(z,t + 7)) = C(ulz,1)))* < Le(C(ule, t + 7)) = C(a(z, 1)) (ale, t + 7) — a(z, 1)),
which gives, using (1.1),
(Cu(z,t+ 7)) = ((u(,1)))?

< Le(C(a(a,t+7)) — ¢( x,t)))/OTatﬂ(x,t+s) ds
< Le(Clu(z, t+7)) — dﬂ%ﬂﬂ/(Adﬂmt+$%+ﬂ%t+$)$-

0

Therefore we have

/TT/ u(z,t+ 7)) — C(u(x,t)))? dedt

<L<// / a(w,t+ 1)) — C(az, b))

(AC(u(z,t + 5)) + f(x,t + s)) dedtds
<<Q/1/_n/—VC7@t+T»+VQML®»-VQM%t+QMMﬁ%
+L</ / _T/ (et + 7)) — C(a(z, ) f (.t + s) dedtds.

Each product ab of the above right hand side is then bounded by (a + b%), which allows to
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1.3 Approximation of the Stefan problem by the Gradient Discretisation

conclude, thanks to the continuous estimates similar to (1.20), that

/T T/ u(z,t+ 7)) — ¢(u(x,t)))? dedtds < 7C.

Let us now use the same ideas for the proof of (1.25). Let 7 € (0,7"). Similarly using that

L is a Lipschitz constant of ¢ and ¢ is nondecreasing, and using (1.10), the following inequality
holds :

Lovors (Mo¢(u) (et + 7) = Mol (w) t)>2 drdt < L [ TTAwd, (1.26)

where, for almost every ¢t € (0,7 — 1),

At) = /Q<HD§(U)(x, t+71)—IpC(u)(z, t)) (HDu(x, t+71)—Ipu(z, t)) dx.

Let ¢ € (0,7 — 7). Denoting ng(t), ny(t) = 0,..., N — 1 such that t(®) <t < ¢+ and
tm®) < ¢ 47 < ¢+ we may write

AW = [ (LoC@™ 40 (@) — pg () )
n1(t)

><< > 5t("+§)5gl+é)u(x)) dz,

n=ng(t)+1

which also reads

_ oC(um®+D pC(umO+DY (4
A = | (HN<<1 )(&) ~ oGO )(@)) .
(Z Xn(t,t + 7)otz )5n+ 2) u(x )) du,

n=1
with x,(t,t + 7) = 1if t™ € (t,t + 7] and x,(¢t,t + 7) = 0 if t™) ¢ (t,t + 7]. Letting
v = C(uMm®OFD) — ¢(y®+D) in Scheme (1.13), we get from (1.27)

Alt) =
N-1
Xn(tst +T)
= t(n+1)
//(n) f(z,t) dt(l‘[ C(u (n1(t) +1))( ) — IIp¢(u (no(t H))(x)) dr
N-1

-3 xaltt+ 7)ot +2)

% [ Vol )@) - (Voc™ ) (@) = Vo¢(u™ D)) ) do.
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Chapitre 1. The Stefan problem

Using the inequality ab < %(a2 + ), this yields :

A1) < 5 A0(t) + S AVD) + Aslt) + Ay(1), (1.25)
with
_ = (n+1) \V/ (no(t)+1 2 d

Ao(t) = 3 xaltst+7)00 [1V5¢ )@)? da

N-1
A(t) = 3 xaltst+ )0t [ [9p¢ (O @)]? da

o
Ax(t) = X xaltst 710t [ 1950 @) do

n=1 Q2
and N— <n+1>
A= X vt t+ ) [ [ ) de(oCu ) ) — o)) ) da

n=1
Applying [71, Proposition 9.3] yields

T—1
| Aoty dt < (7 + 8)IVpC W) 220
JRA (1.29)

and ; Ay(t) dt < (14 )|V ¢ (W) 17205 0.7

as well as
T—1

As(t) dt < 7[[VoC(u)llZ20x0.1y); (1.30)

and, with again the application of [71, Proposition 9.3|, and using the Young inequality as well
as (1.20), we obtain

T—1

As(t) dt < (14 0)TCT + 711 122 0x 0.1))- (1.31)

Using inequalities (1.26), (1.28), (1.29), (1.30) and (1.31), we conclude the proof of (1.25).

1.4 Convergence results

Definition 1.22 (Uniform-in-time L?*(Q2)-weak convergence.). A sequence of function u,, :
0, T] — L*(Q) converges weakly in L*(Q) uniformly on [0,T)] to a function u : [0,T] — L*(Q)
if, for all ¢ € L*(Q), the sequence of functions t € [0, T] — (un(t); ) 12(0) converges uniformly
on [0,T] tot € [0,T] = (u(t); @) r2() as m — oo, with (-;-) 12 is the inner product in L*($).

Theorem 1.23.
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1.4 Convergence results

Let Hypotheses (1.4) be fulfilled. Let (D,,)men be a consistent sequence of space-time gradient
discretisations in the sense of Definition 1.17, such that the associated sequence of approximate
gradient approximations is limit-conforming (Definition 1.7) and compact (Definition 1.8, it is
then coercive in the sense of Definition 1.4), and such that, for allm € N, Ilp,  is a piecewise
constant function reconstruction in the sense of Definition 1.12. For any m € N, let u,, be a
solution to Scheme (1.13), such that |[uw; — Ip, ul?| 120) — 0 as m — oo.

Then there exists u € L*(2 x (0,T)) such that

1. Mp, uy, converges weakly in L*(2) uniformly on [0,T] (see Definition 1.22) to u as m —

m?
2. Mp, C(uy) converges in L>°(0, T, L*(2)) to ((u) as m — oo,
3. C(u) € L*(0,T; H X (Q)) and Vp, ¢ (um) converges in L*(Q x (0,T)) to V{(a) as m — oo,

and w is the unique weak solution of Problem (1.5).

Proof. This proof follow the work made in [39] putting § = Id, v = ¢ and a(x,v(u), V((u)) =
V{(u). step 1 : A weak limit of the discrete solution.
We consider, for all m € N, the spaces B,, =IIp, Xp, o C L*(Q2), embedded with the norm

|lwlls,, = nf{[|u|[p,., b, u=w}, Yw € By, Ym € N.

The compactness hypothesis of (D,,)men allows to enter into the framework of discrete Alt-
Luckhaus’ theorem 1.33.

Thanks to Lemma 1.18, we get that Hypothesis (h1l) of Theorem 1.33 is satisfied. We
classically identify L2(0,7T; L*(Q2)) and L*(Q2 x (0,T)), and we define, for 7 € (0,7, gn(7) =
T (u) (s + 7) — IpC(w) (-, )| r2ax07—r)) and g(7,t) = (Co(r + 6t))"/%. Thanks to Lemma
1.21 and to the continuity in means theorem (which implies that g,, is continuous in 0), we may
apply Lemma 1.32 and deduce that hypothesis (h2) of Theorem 1.33 also holds. Therefore, there
exists y € L?(Q2 x (0,T)) such that IIp, ((u,,) converges, up to the extraction of a subsequence,
to x in L*(Q x (0,7)). Again applying Lemma 1.18 and Lemma 1.20 allow us to enter into
the framework of [39, Therorem 3.1] , up again to the extraction of a subsequence, we get that
there exists u € L*(Q x (0,7)) such that ITp,, u,, converges weakly in L*(€2) uniformly on [0, 7]
to u. Thanks to Lemma 1.31, we conclude that x(z,t) = ((u(z,t)) for a.e. (z,t) € Q x (0,T).
Moreover, for any Ty € [0, T, since Ip, up (-, Tp) — u(-, Tp) weakly in L?(2), we get that :

m—r00

/ u(z, Tp) dx < lim inf/ p,, U (x, Ty) dz. (1.32)
Q Q
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Chapitre 1. The Stefan problem

step 2 :u is the solution to Problem (1.5).

Let m € N, and let us denote D = D,, (belonging to the above subsequence) and drop some
indices m for the simplicity of the notation. Let ¢ € C°(]0,7)) and w € C*(R2) , and let

v € Xpo be such that

v = argmin Sp(w).

ZEXD,O

We take as test function v in (1.13) the function §¢"+2)p(¢t™)v, and we sum the resulting

equation on n =0,..., N — 1. we get

Y

with
N-1 4
™ = > 5t(”+ ¢ / op o ) pv(x) de,
n=0
™ = Z st o(t™) /Q V¢ (u™V)(z) - Vpo(z) dr,
and
N $(n41)
™ = /( ) / f(x, ) pv(z) dedt.
Writing
™ = / /HDu z, )l pv(z) dedt — /HDu )l pv(x) de,
we get that
m _ [T
lim T™ = / 0 / (e, )w(z) dedt — (0) / i (2)0(x) di.
m— 00 0 O o)

We also immediately get that

T
Jim 77 = [o(t) [ Vet e
and

Jm 7 = [ oto) [ e

32

t) - Vw(z) dxdt,

) dxdt.

(1.33)



1.4 Convergence results

Since the set T = {XL, ¢i(t)wi(x) : ¢ € Nyp; € CX[0,T),w; € C*(Q)} is dense in
C>*(Q x [0,T)), we conclude that @ is the solution to Problem (1.5) thanks to the unique-
ness of the limit solution proved in Theorem 1.27 below.

step 3 : Strong convergence of Vp, ((uy,)

In fact, the result (1.32) can be improved to the following one : let Ty € [0, 7] and (7},,)men be a
sequence in [0, T'] which converges to Ty. By [39, Lemma 5.1], the uniform-in-time weak conver-
gence of Ip, u,, to & and the weak continuity of @ : [0,T] — L*(Q), we have IIp_u,,(T,,) —
u(Ty) weakly in L?(Q2) as m — oo. This implies, using [39, Lemma 3.2] and the fact that Z is
convex, that :

/Q Z(i(x, 1) dr < liminf | Z(Ip, up(z, Tr)) dr. (1.34)

m—o0

We now put 7' =T, in (1.19). We use the convergence of I1p,_ ((u,) to ¢(u) previously proved

and quadratic growth of Z to be able to pass to the superior limit in (1.19), it comes :

ligljolip (/QZ(HDmum(m,Tm)) d:zc—l—/on/Q|VDm§(um)(m,t)|2 dxdt)
< /Q Z (i (2)) da + /0 b /Q Fla, )¢ (un) (0, 1) dedt.

Combining it with (1.37) of Lemma 1.25 below, we finally get that :

hnr?—éolip (/QZ(HDmum(x,Tm)) dac—i—/OTm/Q|VDm<(um)(x,t)|2 dmdt)
< /Q Z(u(z, Ty)) do + /0T° /Q V¢ () (2, )2 dadt. (1.35)

Let us notice that the right-hand side is finite. We then apply this with 7,,, = Ty = T (for any m)
and use the property lim sup a,, < limsup(a,,+b,,)— hmrrg iO%f b, valid whenever lim inf,,,_,~c @, +

m—0o0 m—0o0

by,) is finite. Thanks to 1.34, we get :

limsup/OT/Q IV p,,¢ (um) (2, )|* dodt < /OTO/Q|V§(um)(x,t)|2 dxdt.

m— 00

Hence the strong convergence of Vp, ((u,,) to V¢(a) in L*(Q x [0, T]).
step 4 : Uniform-in-time convergence of IIp, ().
We come back to a general (7),)men converges to 7' and thanks to the strong convergence of

Vp,,¢(uy,) just been proved, we get :

/OTM/leDmC<Um)(CL',t)‘2 dxdt%/OTO/QWC(a)(‘T’t)'Q dudi.
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Chapitre 1. The Stefan problem

Invoking (1.35), this implies that :

limsup [ Z(Ilp, um(z,Ty)) do < / Z(u(z,Tp)) du.
Q

m—00 Q

Combined with (1.34), it gives :

lim [ Z(Np, (e, T)) dz = / Z(a(x, Ty)) dx. (1.36)

m—0o0 O Q

Remarking that, thanks to the monotony of (, there holds :

(€0) ~ ¢la))? < 22 [ (6(s) ~ Cla)) ds
=2L(Z(b) — Z(a) — ¢(a)(b —a)), pour tout a,b € R

Applying it with a = u(x, Ty) and b = T p, uy, (2, T,,), we get :

| (€T, (. T3)) = (il To))?
< 2L / (Z(p, (i, To)) — Z (i, Ty)) d
0
2L | ¢, 1)) (Wp, iz, T) — iz, To))) do
Thanks to (1.36) and to the uniform-in-time L?(2)-weak convergence of I1p, u,, to u, the right-
hand side of the previous expression tends to 0. This shows that ((Ilp, un (-, T5,)) tends to

C(u(-,Tp)) strongly in L*(€2). The continuity of ¢(u) : [0,T] — L*(2) and [39, Lemma 5.1] allow
us to conclude the proof of the strong convergence of IIp, ((u,,) in L°(0,T, L*(R)).

Remark 1.24. In the case where a two-point flux approximation is used instead of a gradient
scheme, one can get with the same arguments that the approzimation of u is strongly convergent

at all times to the weak solution.

Lemma 1.25.
Under Hypotheses (1.4), let u be a solution of (1.5). Then the following property holds :

/OT/QQ V(@) (, 1) d:pdt+/ﬂ(Z(ﬂ(x,T)) — Z(imi(2))) da

(1.37)
:/0 /Qf(x,t)g(ﬁ(a:,t)) dedt.

Proof. We first notice that (1.5) implies that d,u € L*(0,T; H '(Q)) (and therefore u €
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C([0,T], H'(Q)) with @(0) = u;,;) and that we can write

/ (ratu +/ V{(u) - Vw dx) (1.38)

_/ /fw dwdt, Yw € L2(o T Hy (),

denoting by () the duality product (H'(Q), H}(2)). We prolong @ by u(t) = sy, for all
t <0, and by u(t) = u(T) for all t > T.

Let h € (0,T). We consider oy, € L*(R; H~'(Q)) defined by
h 7 h/ 8tu
- / (i(z,t) = iz, t = h)w(a) do, fort € R, Vo € H(9).
Q
Then «y, tends to dyu in L*(R; H*(2)) as h — 0, which implies that

}1%// a(z,t — h))w(z,t) dedt
+/ /vg - Vw dodt = //fwd:cdt Vw € L*(R; Ho(Q)).

Let us take w = ((u) in the above equation. We get

}Sﬁé// t) — a(a,t — h))C(ale, b)) dedt
+/ /|vg |2da;dt / /fc dxdt.

Again observing that [”((z) dz = Z(b) — Z(a) = ¢(b)(b—a) — [* ¢'(z)(z — a) dz, which implies
Z(b) — Z(a) < (b)(b—a), we get that
// (e, t — h))C(a(e, b)) dedt
/ / = (@(z,t — h))) dudt.

Since
) — Z(u(x, t — h))) dxdt

ﬂ ZE
T+h
/ / u(x,T)) dedt — — / / (Uini()) dxdt
T Q

1
h
:/Q<z< u(w, T)) = Z(limi(x))) da.
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We may then pass to the limit A — 0. We then obtain
/Q(Z(ﬂ(x,T)) (i () dae +/ / VC(@)[? dwdt < / / f C(a) dwdt, (1.39)
We then follow the same reasoning, defining w = ((u) and 8, € L*(R; H~'(2)) by
1 t+h
(Bn(t)w) = 7 / (Bh(s), w)ds, for t € R, Y € HI(Q).
¢

Remarking that [°((x) do = Z(b) — Z(a) = C(a)(b — a) + [0 ¢'(z)(b — z) dx, which implies
Z(b) — Z(a) > ((a)(b—a), we get that

// (et + h) — a(z, 1))C(@(z, 1)) drdt
< / / Az, t+ b)) — Z(a(z, 1)) dadt.

Since

~

:‘\r—l\

R

A (Z(u(z,t+ h)) — Z(u(z,t))) dedt
Q

/TT_h Z(u(x,T)) dxdt——/ / (Uini(z)) dxdt
(Z(u(z,T)) = Z(tni(2))) do

we may then pass to the limit h — 0. We thus get

I
S~

/Q(Z(ﬂ(x,T))—Zulm d:c+/ /|V§ |2dxdt>/ /fg ) ddt,

which, in addition to (1.39), concludes the proof of (1.37).

1.5 Numerical results

1.5.1 The Vertex Approximate Gradient scheme

In the numerical tests proposed in this section, we use the Vertex Approximate Gradient
scheme [63]. In this scheme, a primary mesh M in polyhedra is given. We assume that each
element K € M is strictly star-shaped with respect to some point xx. We denote by € i the set
of all interfaces K N L, for all neighbours of K denoted by L € M and, for a boundary control
volume, € also contains the element K N 0. Each o € €k is assumed to be the reunion of
d — 1 simplices (segments if d = 2, triangles if d = 3) denoted 7 € §,. We denote by V, the
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set of all the vertices of o, located at the boundary of o, and by VY the set of all the internal

vertices of 0. We assume that, for all v € V2, there exists coefficients (a?),ev,, such that

v= Y afz, with Y of =1

wEVJ JBEVG'

Therefore, the d vertices of any 7 € 8, are elements of V2 UV,. We denote by

V=1V,
oee
and by Vg the set of all elements of V which are vertices of K. Forany K € M, 0 € £k, T € 8,
we denote by Sk . the d-simplex (triangle if d = 2, tetrahedron if d = 3) with vertex xx and
basis 7.

— We then define Xp as the set of all families u = ((urx)ken, (Uy)vev) and Xp the set of
all families u € Xp such that u, = 0 for all v € VN ).

— Disjoint arbitrary domains Vi, C U,ex Sk, are defined for all v € Vg. Then the map-
ping I is defined, for any u € Xp, by lpu(x) = uk, for a.e. x € K\ Uyey,. Vi, and
Ipu(z) = u, for a.e. x € Vi, It is important to notice that it is not in general necessary
to provide a more precise geometric description of Vi, than its measure.

— The mapping Vp is defined, for any v € Xp, by Vpu = VﬁDu, where IIpu is the
continuous reconstruction which is affine in all Sk -, forall K € M, 0 € Ex and 7 € 8,
with the values ug at zg, u, at any vertex v of 7 which belongs to V., and > ey, aju,
at any vertex v of 7 which belongs to VY.

The advantage of this scheme is that it allows to eliminate all values (ug)gen with respect to
the values (uy)yev, leading to linear systems which are well suited to domain decomposition

and parallel computing.

We then have the following result.

Lemma 1.26 (Gradient scheme properties of the VAG scheme).

We assume that, for all m € N, a gradient discretisation D,, = (Xp,,,I1p,,,Vp, ) is defined
as specified in this section, respecting a uniform bound on the mazimum value of the ratio
between the diameter of all K € M and that of the greatest ball with centre xy inscribed in K,
and the ratio between the diameter of all Sk . and that of the greatest ball inscribed in Sk -, for
KeM, o€k and 1 €8,. We also assume that hp, , the maximum diameter of all K € M,
tends to 0 as m — o0o. Then the sequence (Dy,)men 1S consistent, limit-conforming and compact

(and therefore coercive).
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Proof. For all u € Xp, the following property
HﬁDu—HDuHLz(Q) § hDHVDuHL2(Q)d, (140)

is resulting from T pu(z) — Mpu(z) = (z — y(z)) - Vpu(z), for all € Sk, where y(z) € Sk,
is the point of the mesh M defined by y(z) = zx if v € Sk \ Upev, Vi, and by y(z) = v if
x € SKJ— N VK,U'

Let us check that the hypotheses of Lemma 1.10 are satisfied, for some C' only depending on
Mp,,Vp,). Then
(1.9a) results from the interpolation results on the P! finite element under the regularity factor
of the mesh, (1.9b) results from

regularity factors specified in the statement of the lemma, for Dy, = (Xp

m 7

/Q (VDu(x) cp(z) + ﬁm@(x)dim&(x)) dx =0,
and (1.9¢) results from
T pu(- + &) = Tpul|2@e) < €[V pull 2. (1.41)

Therefore we obtain that the sequence (Z)m)meN is consistent, limit-conforming and compact.
From this result and thanks to (1.40), it is immediate to check that the sequence (D, )men is

consistent and limit-conforming. We then remark that

Mpu(- + &) — Mpul|p2@ey < | Tpu(- + &) — Hpu(- + &)l r2(me
+||HDU( + f) - HDUHL?(]Rd) + ||HDU — HDUHLQ(Rd)v

which leads, using (1.40) and (1.41), to
[TTpu(: + &) — pul| 2rey < (2hp + [EN]IV pull L2(0)e-

The application of (1.69) proved in Lemma 1.32 leads to the relative compactness in B of any
sequence (Ilp, wp)men, if um € Xp,, o is such that ||u,,||p, remains bounded. This completes

the proof that the sequence (D,,)men is compact.
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1.5.2 A 2D test case on a variety of meshes

In this 2D test case, we approximate Stefan’s problem (1.1) by using the VAG scheme
previously described in the domain 2 = (0,1)? with the following definition of ((u),

U if u <0,
Cuy=9 u—1 ifu>1,
0 otherwise.

The Dirichlet boundary condition is given by « = —1 on 92 and the initial condition (1.2) is
given by u(x,0) = 2. Four grids are used for the computations, a Cartesian grid with 322 = 1024
cells, the same grid randomly perturbed, a triangular grids with 896 cells and a “Kershaw mesh”
with 1089 cells as illustrated for example on the Figure 1.3 (such meshes are standard in the
framework of underground engineering). The time simulation is 0.1 for a constant given time
step of 0.001.

Figures 1.3,1.4, 1.5 and 1.6 represent the discrete solution wu(-,¢) on all grids for ¢ =
.025,0.05,0.075 and 0.1. For a better comparison we have also plotted the interpolation of
u along two lines of the mesh, the first line is horizontal and joins the two points (0,0.5) and
(1,0.5), the second one is diagonal and joins points (0,0) and (1,1). The results thus obtained

are shown in Figures 1.1 and 1.2.

We can see that the obtained results are weakly dependent on the grid, and that the interface
between the regions u < 0 and u > 1 are located at the same place for all grids. It is worth
to notice that this remains true for the very irregular Kershaw mesh, although it presents high

ratios between the radii of inscribed balls and the diameter of some internal grid blocks.

1.5.3 A particular solution

In this section, we consider the Stefan’s Problem 1.1 in 1D with Q =] —2,2[ and T' = log(2).

Let us define © as it follows :

o2t _ o2

u(z,t) = 2
0 for |z| > €

+1 for |z| < €,

(1.42)
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And we defined ¢ and f such that :

uif u <0,
((u)=4q u—1ifu>1, and f(x,t):{
0Dif0<u<1

e? +1 for |z| < €,

1.43
0 for |z| > € (1.43)

To get that u is a weak solution in the sense of Definition 1.5, we need to explain with more
precision in what sense it will be true. Indeed, we get that u is a solution to strong Problem 1.1
on domain of {2 where u is continue but we need a compensation to deal with the discontinuity.

That is why we introduce the following Rankine-Hugoniot condition (see Lemma 1.35) on .

Vaise () [u] = —(C'(1))rigne.-

Where Vs (1) represents the velocity of the discontinuity of u, [u] represents the value of the
jump of the discontinuity and ({'())rignt is the value of the right derivative of (. Figure 1.7
shows that the Rankine-Hugoniot condition makes move the discontinuity of w by following
|z| = e'. We remark that u ensure the Rankine-Hugoniot condition and so @ is a solution of
Stefan’s problem 1.5. Now we are interested in the convergence of the discrete solution Ilpu to
@ strongly in L*(Q x [0,T]). To get it we want to apply the same idea as step 3 of the proof of
Theorem 1.23. The real issue is to have an energy equality as in Lemma 1.25 but this time by

choosing w = w in the equation (1.37), this gives :

/ (@a(t), alt)) dt + / / V(@) - Vi dedt = /OT /Q i dudt.

First, we can remark that @ is in L*(Q x [0,7]) and not in L?(0,7T, H3(€2)) and so Vu does not
make sense on ) but restricting at | — ef, e[ because u = 0 in [—2, —e'[U]e’, 2]. But even if we
find an inequation of energy in the discrete sense taking v = Ilpu, unfortunately, the equality
of energy in the continuous sense is in fact a strict inequality and so passing to the supremum
limit and to the infimum limit, as in step 3, does not give us a result of strong convergence.

The calculation behind shows the strict inequality :

12, . 441
Z TY — 72 - =
2/ u(z,T) — u(z,0) dx TR

//VC )z, t) - Vu(x,t) dedt = 5
/0 /Jf(x,t)ﬂ(x,t) drdt = 545;

40



1.6 Auxilliary results

But it is still true for ¢ (see the followed calculation) and so the strong convergence of I1p((u)

to ((u) could be proved in the same way than in Theroem 1.23 :

186

// dyia(w, T)C (@) (x, 1) dadt = 45

[ [ 9@ w0 dnat -

256
t t) doe = —.
// (@ t)¢(a)(w, 1) 15

But with a particular scheme as finite difference in 1D, we get the strong convergence (see Figure
1.8a). The Figure 1.8b shows that we don’t have the convergence to u in L>=(0, T, L*(Q2)) (only

uniform-in-time weakly in L?(2) from the theory).

1.6 Auxilliary results

1.6.1 Proof of uniqueness by a regularised adjoint problem

Let us state and prove the uniqueness theorem, admitting some existence theorem proven
below. The method is similar to that of [62], where the existence result for the adjoint problem

is given under some regularity hypotheses on 2 which are not done here.
Theorem 1.27. Under Hypotheses (1.4), there exists at most one solution to (1.5).

Proof. Let 1y and uy be two solutions of Problem (1.5). We set w1y = 4 — uy. Let us also define,

forall (z,t) € OxR%, q(x,t) = C(a;f?;tii - u(q(z(at:) .t)) if uy(z,t) # us(x,t), else g(x,t) = 0. For

all T € R and for all ¢y € L*(0,T; Hy(Q)) with 9y € L*(Qx (0,7)) and Ay € L*(Q x (0,T)),
we deduce from (1.5), approximating 1) by regular functions ¢ € C2°(2 x [0,7")), that

T
[ [t (atw(x,t) —i—q(:r;,t)Aw(x,t)) dudt = 0. (1.44)
o Jo
Let w € C(Q2 x (0,7)). Let us denote, for € > 0, g = ¢ + . We have
€ <q.(x,t) < L¢+e, forall (z,t) € Q x (0,7),

and

(Ck(xv t) — q(x, t))2
) <e. (1.45)
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Let 1. be given by lemma 1.28 below, with ¢ = ¢.. Substituting ¢ by . in (1.44) and using
(1.49) give

|/0T/Q“d($7t>w(f”vt> dzdt| < |/()T/Qucz(m,t)(qe(ar,t) — q(2,1))Mpe(w,t) dudt].  (1.46)

The Cauchy-Schwarz inequality, (1.50) and (1.45) imply

2

/OT /Qad(x>t>(qe($>t) = q(z, 1)) At (, 1)] d:z:dt]
< T o (q(x,t) — go(x,1))? o /OT/qu(x,t) (A%(Lt})z o e

ud(xat)
T T
< 5/ /ﬁd(x,t)Q dxdt 4T/ / |Vw(z,t)|* drdt.
o Ja o Ja

0 Jo q-(x,t)

We deduce that the right hand side of (1.47) tends to zero as e — 0. Hence the left hand
side of (1.46) also tends to zero as ¢ — 0, which gives

\/OT/Qud(x,t)w(x,t) dedt| = 0. (1.48)

Since (1.48) holds for any function w € C°(2 x (0,7)), we get that u4(x,t) = 0 for a.e.
(x,t) € 2 x (0,T), which concludes the proof of Theorem 1.27.

Let us now prove the properties of the function ¢, used in the course of the proof of Theorem
1.27.

Lemma 1.28.

Under Hypothesis (1.4a), let w € L*(0,T; HJ () and g € L>®(Q x (0,T)) with g(x,t) €
[Gmins Gmax] With given gmax = Gmin > 0 for a.e. (xz,t) € Q x (0,T). Then there exists at least one
function 1 such that,

1. ¢ € L®(0,T; HA(Q)), 046 € LX(Qx(0,T)), Av € L2(Qx(0,T)) (hencep € C(0,T; LA())),

2. 77/}(7 T) = 07
3. the following holds

Ob(x,t) + glx, ) A(x,t) = w(x,t),  forae (x,t) € Qx(0,T), (1.49)

4. and
/()T/Qg(x,t) <A1/J(x,t)>2 drdt < 4T/OT/Q Vw(z, 8)[? dedt. (1.50)
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Proof. We first apply Lemma 1.30, which states the convergence of a gradient scheme to ¢ €
L>=(0,T; H (Q)) with 9p € L*(Q x (0,T)) and Ay € L*(Q x (0,T)) such that (1.49) holds,
setting v = 1/g, f = w/g, j(s) = s, Pin; = 0 and changing ¢ in —¢ (this ensures that Hypotheses
(1.58) are fulfilled). Therefore the existence of ¢ satisfying (1.49) follows. Let us prove that it
satisfies (1.50). Approximating v by a sequence of regular functions and passing to the limit,
we get that [|Vi(-)| 12 € C°([0,T]) and that

T 1 1
/S /Qﬁtw(x,t)Aw(x,t) dxdt = 5 /Q |V (z, 7)|* do + 3 /Q (Ve (z, 5)|? de,

for all s < 7 € [0,7] and

/ST/Qw(x,t)A@D(x,t) drdt = — /ST/va(x’t) - Vi(z, 1) dadt.

We thus obtain, multiplying (1.49) by At (x,t) and integrating on Q x (0, 7) for any 7 € [0, 77,

;/QJW(:C,O)E dz — ;/Qyw(m)y? dz + /OT/Qg(x,t)<Aw(a:,t))2 drdt =

(1.51)
—/ / Vaw(z, t) - Vi (z, t) dudt.
0 Q
Since Vi (-, T) = 0, letting 7 = T in (1.51) leads to
1 ) T 2
5 /Q IV (, 0)|? da +/0 /Qg(a:,t) (Aw(x,t)) dudt — .

_/OT/va(x’t)'vw(x’t) dudt.

Integrating (1.51) with respect to 7 € (0,7") leads to

17 T
5/0 /Q|v¢(a;,7)|2 drdr < 2/%|V1/J(x,0)|2dx 2 +
T /OT /Q g(m,t)(Aw(x,t)) dedt  + (1.53)
T /0 /Q Vw(z,t) - Vip(x, )| dedt.
Using (1.52) and (1.53), we get

1 /T T
5/0 /Q]VQ/J(HS,T)]Q dxdr < 2T/0 /Q|Vw(x,t) V()| dudt. (1.54)

Thanks to the Cauchy-Schwarz inequality, the right hand side of (1.54) may be estimated

as follows :
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T 2
[/ /Q|Vw($,t)~vw(x,t)| dmdt}
0
T T
< 2 2
_/0 /Q|W)(a:,t)| dmdt/o /Q|Vw(x,t)| dadt.
With (1.54), this implies

2

[/OT/Q [Vw(a,t) - Vi(z,t)] dedt
=4r /OT/Q \Vw(z,t) - Vip(z,t)| dedt /OT/Q Vw(z, t)|? dedt.

Therefore,

T T 9
- <
/O /Q\Vw(a;,t) w(x,t)ydxdt_ﬂ/o /Q]Vw(x,t)| dudt,

which, together with (1.52), yields (1.50).

In Lemma 1.28, we have used a result of existence of u € L*(0,T; Hy(Q2)) N H(0,T; L*(Q)),
such that Au € L*(Q x (0,T)), solution to the following problem :

vz, t)ou(x,t) — Au(z,t) = f(x,t), for ae. (z,t) € Q x (0,T) (1.55)

with the following initial condition :
u(x,0) = Upi(z), for a.e. x € ), (1.56)

together with the homogeneous Dirichlet boundary condition :

u(x,t) =0 for a.e. (z,t) € 92 x (0,7T), (1.57)

under the following assumptions (which are not exactly the standard ones done in the

literature) :

Q is an open bounded connected polyhedral subset of R, d € N* and T > 0, (1.58a)
Ui € Hy(Q) (1.58b)
feL*(Qx(0,1)), (1.58¢)
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and

ve L*(Qx(0,T)) and v(z,t) € [Vmin, Vmax] With given vyay > vpin > 0
for a.e. (z,t) € Q x (0,7). (1.58d)

This problem, issued from (1.44), is called the regularised adjoint problem to Problem (1.1).
In order to prove the existence of a solution to Problem (1.55)-(1.56)-(1.57) under hypo-

theses (1.58), we consider an approximation of this solution, using a gradient scheme. Let

.....

.....

U(O) < XD70,
(n+1) _ o, ()
(n+1) (n—Q—%) — u u
U € XD70, 5D u I1p 5t(n+%) )
t(n+1) (n+1)
: /V(l‘,t)5D Yu(x)pu(z) dedt (1.59)
tn Q

t(n+1)

+5t(”+%)/ Vpu™ () - Vpu(z) do = /
Q ¢

o / f(z, ) pv(z) dxdt,
n Q
V'UEXDQ, VHIO,,N—l

We then use the notations IIp and Vp for the definition of space-time dependent functions,

defining
[pu(z,0) = Ipu®(z) and Vpu(z,0) = Vpul®(z),
Mpu(z,t) = Mpu™(z) and Vpu(z,t) = Vpu(z), (1.60)
for a.e. (z,t) € Q x (t™,t"*V] ¥n=0,...,N — 1.
and
1
dpu(x,t) = 6g+§)u(x), for a.e. (z,t) € Q x (™, t"FV) ¥n=0,...,N — 1. (1.61)

Let us state some estimates and the existence and uniqueness of the solution to the scheme.

Lemma 1.29 (Space-time estimates on dpu and w.). Under Hypotheses (1.58), let D be a

space-time gradient discretisation in the sense of Definition 1.16. Then, for any solution u to
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Scheme (1.59), we have :

t(m)
vain [ [ Gpule,0)? dadt + [V o0 [0y

1
< IVouia@p + —— 1/ Z20x0mys ¥m=1,..,N. (1.62)

min
As a result, there exists one and only one solution u to Scheme (1.59).

Proof. We set v = u™™) — (™ in (1.59) and we sum on n =0,..., N — 1. We can then write
1 1
VoD@ — LV (@) € Vo (w) - (Vou D () — Vout @)

Thanks to the Young inequality applied to the right hand side, we conclude (1.62), which
ensures the existence and uniqueness of the solution to the linear Scheme (1.59), which leads

to square linear systems.

We then have the following convergence lemma.

Lemma 1.30 (Convergence of the fully implicit scheme).

Let Hypotheses (1.58) be fulfilled. Let (Dy,)men be a consistent sequence of space-time gra-
dient discretisations in the sense of Definition 1.17, such that the associated sequence of ap-
proximate gradient approximations is consistent (Definition 1.6), limit—conforming (Definition
1.7) and compact (Definition 1.8, it is then coercive in the sense of Definition 1.4). For
any m € N, let u,, be the solution to Scheme (1.59) for a given ul® € Xp o, such that
|Vt — Vp,, ul)| 2()e — 0 as m — oo.

Then there exist a sub-sequence of (Dy,)men, again denoted (Dy)men, and a function u €
L*(0,T; HY(Q)) N HY0,T; L*(Q)) such that

1. for all t € [0,T), Tp, um(t) converges in L*(QY) to u(t) with u € L>(0,T;L*(Q)) as
m — 00,

2. 8p,, U weakly converges in L2(2 x (0,T)) to Oy as m — oo,

3. Vp, tUn weakly converges in L>(0,T; L*(2)?) to Vi as m — .

4. Au e L*(2 x (0,7)),

5. (1.55)-(1.56)~(1.57) hold.

Proof. This proof has a few common points with that of [67, Lemma 4.4]. Thanks to (1.62),
VD, U, remains bounded in L°°(0,T; L*(Q)?) and Ilp,, u,, remains bounded in L*(Q x (0,7)).
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Since (1.62) also provides an L*(Q2 x (0,T)) estimate on dp, u,,, this immediately provides an
L>=(0,T; L*(2)) estimate on (IIp,, ty)men, thanks to

n—1
1y (k+1
IMpu®™ — Hpu®(Bag, = | 3 8¢+ D55 2 a2,
k=p

< (t(") — t(pfl))||5Dmum||%2(QX(O,T))'

Moreover, the above inequality, and the compactness hypothesis, allow to apply a variant of
Ascoli’s theorem similar to [67, Theorem 6.1], and whose proof is close to that of Theorem 1.34.
We deduce that there exists a function u € CY(0,T; L*(Q)) such that, up to the extraction of
a subsequence, (IIp, U, (t))men converges to u(t) in L*(Q) for all ¢ € [0,7T]. Using the limit-

conformity of the discretisation, we then get that u is such that

a € L®(0,T: HX(Q) N H'(0,T; L*(Q)),

- § (1.63)
u(z,0) = Uii(z) for a.e. x € Q,

and using the consistency of the discretisation in a similar way to the proof of Theorem 1.23,

we get that
T T
/ / (v 8t v+ Vi - Vo) dedt = / / f o dedt, Yo € L20,T; HX(Q)). (1.64)
0 Q 0 Q

Then (1.64) shows that Au € L*(2 x (0,T)) and that (1.55)-(1.56)-(1.57) hold.

1.6.2 Technical results

The next result, which is known in the literature as the Minty trick, is used in the proof of

the convergence theorem.

Lemma 1.31 (Minty trick).

Let ¢ € C°(R) be a nondecreasing function. Let 2 be an open bounded subset of RN, N > 1.
Let (up)nen C L2(Q2) such that

(i) there exists u € L*(Q2) such that (up)nen weakly converges to u in L*(2) ;

(ii) (C(un))nen C L*(Q2) and there exists w € L*(Q) such that ({(uy))nen weakly converges
tow in L*(Q) ;

(iii) there holds :

liminf [ wn(2)C(un(@)); do < / w(@)w(z) dr. (1.65)
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Then w(z) = ((u(x)), for a.e. x € Q.

Proof. We first consider, for any v € L*(2) such that ((v) € L*(Q),

Ap = /Q(C(un(fﬂ)) = C(v(@))) (un(2) — v(2)) dr.

Since ( is a nondecreasing, we have A, > 0. By weak/strong convergence and using (1.65), we
get that

0 <liminf A, < Q(uw—ug(v) —vw 4+ v((v)) de = /Q(w—C(v))(u—v) dx.

n—oo

Hence we get that, for all v € L?(2) such that ((v) € L*(Q),

0= [(w=CoNw=v)dr< [ (w=c(0) +u— () = CO) +v)(u—v)de.  (166)

Since the mapping v : s — ((s) — ((0) + s is continuous from R to R, strictly increasing and
tends to infinity at infinity (J¢2(s)| > |s| holds for all s € R), it is invertible. Let us denote by

X the reciprocal function to 1, which therefore satisfies

IX(s)] < [s] and C(x(s)) = s+ ¢(0) = x(s), Vs € R. (1.67)

We then get that, for all z € L*(Q), the function v = x(2) is such that v € L*(Q) and
((v) € L*(€). We then obtain from (1.66) that, denoting by 29 = w — ¢(0) +u € L*(Q),

0< /Q(ZO —2)(u — x(2)) dz, ¥z € L*(Q). (1.68)

We then may take z = zg — ty, with ¢ > 0 and ¢ € C°(€2) in (1.68). Dividing by ¢ > 0, we
obtain

| (@) = x(zolw) = tp(@)ie(a) do > 0.
Letting ¢ — 0 in the above equation, we get, by dominated convergence thanks to (1.67), that

| () = xCzo(a))ple) da 2 0.

Since the same inequality holds for —¢ instead of ¢, we get

[ (ul) = x(ola))p(a) dr =0,
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Since the above inequality holds for all ¢ € C2°(2), we conclude that u(z) = x(z0(x)) for a.e.
x € Q. This means that ¥ (u(x)) = zy(z) for a.e. z € Q, which gives

C(u(z)) — ¢(0) + u(x) = w(z) — ¢(0) + u(x), for a.e. z € €,

and the conclusion of the lemma follows.

The following result is used in the convergence proof, for proving the compactness of a

particular scheme.

Lemma 1.32 (Uniform limit.).

Let N € N* and (gm)men be a sequence of functions from RY to R* such that g,,(0) = 0
and g, is continuous in 0. We assume that there exists a function g : RN x RT — R*, with
g(0,0) =0, continuous in (0,0), and for allm € N, there exists ji,,, € R verifying lim iy, =0,
such that

9m(&) < g(&, pm), Ym €N, V€ € RY.

Then
lim sup ¢,,(§) = 0. (1.69)

|€1—0 meN

Proof. Let € > 0. Let n > 0 be such that, for all (£,t) € B(0,n) x [0,7], g(§,t) < e. Let mg € N
such that, for all m > mg, p,, <n. For all m =0, ..., mg, thanks to the continuity of g,,, there
exists 7, > 0 such that, for all £ verifying |£| < n,,, we have g,,(§) < e.

m = 0,...,mp, the inequality g¢,,(§) < e holds, and for all m € N such that m > mg, then
9(&, pm) < . Gathering the previous results gives (1.69).

We finally state a discrete version of Alt-Luckhaus theorem [3], whose proof is immediate
following [75].

Theorem 1.33 (Discrete Alt-Luckhaus theorem). Let T' > 0, let B be a Banach space, and let
p € [1,400). Let (By)men be a sequence of normed subspaces of B such that, for any sequence
(W) men such that w,, € By, and (|[wyl B, )mnay @5 bounded, then the set {w,,,m € N} is
relatively compact in B. Let (Uy,)mey such that vy, € LP(0,T; B,,) for all m € N. We assume
that

h1) the sequence (||Up|lLr0.7:B.))men 1S bounded,
( ’ ’ m)

(h2) ||vm(- + h) — V|| o0, 7—n:B) tends to 0 as h € (0,T') tends to 0, uniformly with respect to
m € N.
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Then the set {v,,, m € N} is relatively compact in L*(0,T; B).

Proof. Our aim is to apply Theorem 2.1 of [75]. We then prolong v,, by 0 on (—o00, 0)U(T, +00),
for all m;nN. Let us prove that |[v,(- + h) — v/ Lrr;p) tends to 0 as h € (0,7") tends to 0,
uniformly with respect to m;nN. Let us first remark that there exists Cy > 0 such that,

meN, Yv € Bm, ||U||B < ONHU“Bm-

Indeed, otherwise one could, up to a subsequence of (B,,)m,nn, construct a sequence such that
llvm||,, = 1 and ||v,,]| B tends to infinity, which is in contradiction with the relative compactness

in B of {v,,,m;nN}. Hence we can define

Cp = SUP ||Um||Lp(0TB)

m;nN

We have, for all h € (0,T),

[ (- + h) — UmHLp (R;B) — = |[vm(- + h) — UmHLP 0,7—h;B) T ”UmHLp omsB) T HUmHI[J/P(T—h,T;B)'

Let us prove that
: P _
}111_>1101 Su% vaHLI’(O,h;B) =0. (1.70)

Let € > 0. We first choose hg € (0,7) ::;h that, for all h € (0, ho),
[vm (- +h) = vl Toor—npy < & YminN. (1.71)
Let 7 € (0,7 — hg), h € (0, ho) and m;nN be given. We have
[ om0 dt <2 ([ ot + ) = o)1 dt+ [ om(t+ 1) at)
Thanks to (1.71), the above inequality gives
e de < 27 (4 [ lfom(e + )1 dt). (1.72)

We then remark that

//vatJthp dtdh = // v (£ + B dhdt
<// lvm (R, dhdt < Cpr.
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This proves that

ho inf / lom(t+ h)||% dt < CprT.
he(0,ho)

Taking the infimum on A in (1.72), we get, for all 7 € (0,7 — hy) and m;nN,

[ len (o) e < 27 (=4 <27
0 h()

It now suffices to take 7 € (0, min(7T" — hy, @)) for getting
/ (D) || dt < 2%¢, ¥mnN.
0
This concludes the proof of (1.70). A similar proof can be done for proving that

}gr(l)nsiunp lomlZe(r—n,r;) = 0-

We thus conclude that
lim sup [|vp,(- 4+ h) — o7, reB) =0,

—0 m;nN

which enables to apply Theorem 2.1 of [75], hence providing the conclusion of the proof.

Theorem 1.34 (Weak Ascoli theorem). Let Q be an open bounded subset of R?, a < b € R

and (Um,)men be a sequence of functions from [a,b] to L*(Q), such that there exists Cy > 0 with

[t (8) |2y < C1, ¥m € N, Vi € [a, b]. (1.73)

We also assume that there exists a dense subset R of L*(Q) such that, for all ¢ € R, there
exists a function g, : Rt x RT with g(0,0) = 0, continuous in (0,0) and a sequence (hf))men
with hy, > 0 and lim,, o h¥, = 0 and such that

‘<um<t2) — Uy (t1), 90>L2(Q),L2(Q)’ < gp(ta —t1,hi), Vm e N, Va <t <ty <. (1.74)

Then there exists u € L>(a,b; L*(Q)) withu € Cy([a,b], L*()) (where we denote by Cy([a,b], L*(2))
the set of functions from [a,b] to L*(Q), continuous for the weak topology of L*(2)) and a sub-
sequence of (Um)men, again denoted (U, )men, such that, for all t € [a,b], u,(t) converges to
u(t) for the weak topology of L?(Q).

Proof. The proof follows that of Ascoli’s theorem. Let (¢,),en be a sequence of real numbers,

dense in [a, b]. Due to (1.73), for each p € N, we may extract from (u,,(t,))men a subsequence
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which is convergent to some element of L?(Q) for the weak topology of L?*(€2). Using a diagonal
method, we can choose a sub-sequence, again denoted (,)men, such that (u,(t,))men is weakly
convergent for all p € N. For any ¢ € [a,b] and v € L*(2), we then prove that the sequence
((um (1), v) 2(0),2(2) )men is a Cauchy sequence. Indeed, let € > 0 be given. We first choose ¢ € R
such that [[¢ — v|[z2@0) < e. Let n > 0 such that, for all (s,t) € [0,7]?, we have g,(s,t) < e.
Then, we choose p € N such that |t —¢,| < n. Since ({(un(tp), ¥)r2(0),22(Q))men is a Cauchy

sequence, we choose ny € N such that, for k,l > ny,

(unlty) = w(ty), ) @)@ < &

and such that ki, hf <n. We then get, using (1.74),

‘<uk(t> —w(t), S0>LZ(Q)7LZ(Q)‘ < g (|t — Bl hi) + 9o ([t — 1], hi) +e,
which gives
’<Uk(t) — (), 90>L2(Q),L2(Q)‘ < 3e.

This proves that the sequence ((um(t),v)r2(q),2(Q))men converges. Since

[(um (1), v) 200), 200 | < Cil|v]2(02),

we get the existence of u(t) € L*(Q) such that (u,(t))men converges to u(t) for the weak
topology of L?(Q). Then u € Cy([a,b], L*(2)) is obtained by passing to the limit m — oo in
(1.74), and by using the density of R in L?(2).

Lemma 1.35 (Rankine-Hugoniot condition). Let Q) be an open bounded subset of R, let D be an
open domain of Q x [0,T] and let x : [0, T] — R? be a continuous function. We introduce D+ =
{(z,t);x > x(t), (z,t) € D} and D~ = {(x,t);x < x(t), (z,t) € D}. Let u be piecewise C*(D)
and F be piecewise C*(D)? such that w € (CY(DY)NCYD™)) and F € (CH{DT)NCY{(D))<
Let g € L*(D) and p € C>°(D) then the two following propositions are equivalent :

1. w is solution to the weak problem :

—/ uOyp dxdt —/ Uini(0) dz —/ F -V dxdt :/ g dxdt.
D Q D D

2. u 1s solution to :
Owu+divF = g on DT and on D—,

u(z,0) = Uni(2)
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and
X () (t) —u(t)) = F(t) = F(t).

Where u*(t) (respectively F*(t)) is the value of u (F) as x — x(t),z > x(t) and u=(t)
(F~(t)) is the value of u (F') as v — x(t),z < x(t)

Proof. Let ¢ € C2°(D™"), we get from 1) and using an integration by part that :

/D+ Oyup dxdt + /Qu(ac, 0)e(0) — /Quinigo(O) dx + /D+ divFy dxdt = /D+ g dxdt.

Choosing a t # 0, we immediately have that 0,u+divF = g almost everywhere but associated to
the regularity of v and I’ we get the same result everywhere. Knowing that and choosing ¢ = 0,
we also get that u(z,0) = ui,i(z). Now it remains to prove the Rankine-Hugoniot condition at
the boundary between Dt and D~ calling I'. Let ¢ € C2°(D) such that it’s support is on T
Using Stokes formula, we get that :

/ uOyp dxdt = —/ Oyup dxdt + / wpn; ds.
D+ D+ r

Where n; = 7 - e/ with 7 is the normal vector of T going out of DT, here W= 1+1(X/)2
1+(x')?
dt
and ds = ——. So we find :
1+ (X')

/

_ X
/D+ uOpp drdt = /D+ Opup dxdt—{—/ru v ) dt.

Using the same idea, we get that :

. P
/D+F(9m<pdacdt:—/D+d1Vng dxdt+/r1_|_(></)2g0 dt

’

The same result is available on D~ taking W=V 17§X/)2 , this gives :

1+(x)?

<

/

- X
/Di udpp dxdt = —/Di Oyup d:cdt—i—/Fu @W dt
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Chapitre 1. The Stefan problem

and

_F*
dedt:—/ divFo dedt /7 dt.
/Di O, dx _divFp dz +F1+(X')290

Since wu is solution to the weak problem, by mixing the last 4 equations, it only stands terms

on I' and this gives for all ¢ :

L — VW o - _
/FHW((U —ut) + FF - F) dt=0.

This implies the Rankine-Hugoniot condition expected.
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black dashed.
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Figure 1.2 — Interpolation of u along a diagonal axe of the mesh for each grids : the Cartesian in blue,
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Figure 1.3 — Discrete solution u on all grids at ¢t = 0.025.
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Figure 1.4 — Discrete solution u on all grids at ¢ = 0.050.
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Figure 1.5 — Discrete solution u on all grids at ¢t = 0.075.
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Figure 1.6 — Discrete solution u on all grids at ¢t = 0.1.
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(a) Convergence rate of Ilpu — @ in L?(Q x (0,T"))
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dx

(b) Convergence rate of Ilpu — @ in L>(0, T, L?(12))

Figure 1.8 — We use a log / log scale to find the rate for the strong convergence of Il pu to @ in L?(Q2x[0, T1)
(see (1.8a)) but not in L>°(0,T, L*()) (see (1.8b)).
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Chapitre 2

The Stokes problem

2.1 Introduction

The aim of this chapter is to extend this framework to the steady and transient Stokes

problems :
nu—Au+Vp = f—div(G) inQ
divi =0 in Q (2.1)
u =0 on 0f)
and
ou—Au+Vp =f—div(G) inQx(0,7)
divi = in Qx(0,7) (2.9)
u = on 09 x (0,7
u(+,0) = Uiy a.e on €,

where @ represents the velocity field, p is the pressure and the domain 2 is a bounded open set
in RY, d>1.

The proofs of the results stated in Section 2.3 are then detailed in Section 2.4. One shall
notice that these proofs are not straightforward, in particular in the case of the transient
problem. Appropriate compactness tools have to be provided, demanding to define suitable

discrete norms.

Notations In the following, if F is a vector space we denote by F' the space F¢. Thus,
L*(Q) = L2(Q)? and H(Q) = H} (Q)?. The space E(Q) is the space of fields v € H () such
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that div(v) = 0. L(Q) is the space of functions in L?(Q) with a zero mean value over Q. Finally,

H 4;,(9) is the space of fields v € L*(Q) such that div(v) € L*(Q).

2.2 Gradient discretisations

Gradient discretisations provide the foundations, in terms of discrete spaces, operators and

properties, upon which the gradient scheme framework is designed.

2.2.1 Space

Definition 2.1 (Gradient discretisation for the steady Stokes problem). A gradient discreti-
sation D for the incompressible steady Stokes problem, with homogeneous Dirichlet’s boundary
conditions, is defined by D = (Xpo,lp, Vp,Yp, xp,divp), where :

1. Xpy is a finite-dimensional vector space on R, we denote X}, = Xpyo \ {0}.

2. Yp is a finite-dimensional vector space on R, we denote Y}, =Yp \ {0}.

3. The linear mapping Illp : Xpo — LZ(Q) is the reconstruction of the approximate velocity
field.

4. The linear mapping Vp : Xpo — L*(0)? is the discrete gradient operator. It must be

chosen such that || - [|p := ||[Vp - [[g2()e is @ norm on Xpy.
5. The linear mapping divp : Xpo — L*(Q) is the discrete divergence operator.

6. The linear mapping xp : Yp — L*(Q) is the reconstruction of the approzimate pressure,
and must be chosen such that ||xp - ||r2() 9 @ norm on Yp. We then set Ypo = {q €

YD, fo xpgdx = 0}. We assume that the nonnegative quantity fp, defined by

‘ Jo xpgq divpvdz
Bp = min max .
1€Y5,0v€X D0 ([0l Dl X D420

(2.3)
s such that Bp > 0.

The coercivity of a sequence of gradient discretisations ensure that a discrete Poincaré
inequality, a control of the discrete divergence and a discrete Ladyzenskaja-Babuska-Brezzi

(LBB) conditions can be establish, all uniform along the sequence of discretisations.
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Definition 2.2 (Coercivity). Let D be a discretisation in the sense of Definition 3.6. Let ¢ € N
and let Cp be defined by
IMpvl|z2() [divpol|z2(o

Cp= max ——— + max ——————. (2.4)

veXp0  lvllp veXpo  ollp

A sequence (Dy,)men of gradient discretisation is said to be coercive if there exist C, > 0 and
B >0 such that Cp,, < Cp and Bp,, > B, for all m € N.

The consistency of a sequence of gradient discretisations states that the discrete space and

operators “fill in” the continuous space as the discretisation is refined.

Definition 2.3 (Consistency). Let D be a gradient discretisation in the sense of Definition 2.1,
and let Sp : H(Q) — [0, +00), and Sp : L2() — [0, +00) be defined by

Vo € Hy(Q), Sp(p)= min (HHDU = ¢llr2@) + IVor = Vol g2y + ||divpe — diVSOHLQ(Q))

UGXD’O

and
Vi € L(Q)(Q) ) gD(@/J) = min |[|xpz — ¢||L2(Q)-
ZGYD}O

A sequence (Dy,)men of gradient discretisation is said to be consistent if, for all p € H}(Q),
Sp,. () tends to 0 as m — oo and, for all 1 € L3(Q), Sp, (¥) tends to 0 as m — oo.

Definition 2.4 (Limit-conformity). Let D be a gradient discretisation in the sense of Definition
2.1 and let Wp : Z() + [0, 400), with Z(Q) = {(p, ) € L*(Q)?x L*(Q),divp—Vy € L*(Q)},
be defined by

V(p, ) € Z(Q), Wholp,v) = max Ja (VD” tp+1lpv - (dive — Vo)) — I/Jdiva)dx.

veXbo [0l p

A sequence (Dp)men of gradient discretisation is said to be limit-conforming if, for all
(o, ) € Z(Q2), Wp,,(@,) tends to 0 as m — oo.

The next lemma states the equivalence with an other definition of limit-conformity used in

chapter 4.

Lemma 2.5 (Equivalent formulation for the limit-conformity). Let D be a gradient discretisa-
tion in the sense of Definition 2.1 and let Wp : H 4;y(2) + [0, 4+00) be defined by

: 11 . di d
V€ Hun(Q), Wp(p) = max 22Yp0 i@+ 1pv-divp)d

veXh ]l o ’
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and let Wp : L2() — [0, +00) be defined by

_ L, Vi — divpy) d
Y€ Q). Wolw) = mpx S ZE VO divon) de

veXhg [0l

Then a sequence (Dp,)men of gradient discretisation is said to be limit-conforming in the
sense of Definition 2.4 if and only if, for all ¢ € H g, (Q), Wp, (@) tends to 0 and for all
W e LA(Q), Wp, (¥) tends to 0 as m — oc.

Proof. Noticing that, for (¢, ) € Z(Q), we have ¢ := ¢ — ¥l € H 4;,(2), and writing
d ..
Vv o+ pv- (divg — Vi) — ¢divpy = Vv : & + po - divg + (Z vy — diva> ,
i=1

we get Wp(p, 1) < Wp(@) + Wp(t). Reciprocally, for any ¢ € Haio(Q), (¢,0) € Z(Q) and
Wo(p) = Wp(e,0), and for any ¢ € L2(Q), (14, ¢) € Z(Q) and Wp(¢) = W p(14, ). So the

above definition of limit-conformity is equivalent to Definition 2.4.

Remark 2.6. As in [/1, 64], the consistency of a coercive sequence of gradient discretisation
only needs to be checked on dense subspaces of Hy(Q2) and L(Q). This is also true for limit-

conformity.

2.2.2 Space-time

The notion of gradient discretisation for transient problems requires the addition of time

steps and an interpolation (not necessarily linear) of the initial condition.

Definition 2.7 (Space-time gradient discretisation). A space-time gradient discretisation D
for the transient Stokes problem, with homogenous Dirichlet boundary conditions, is defined by
— D* = (Xpo,l1p,Vp,Yp, xp,divp) a gradient discretisation of Q in the sense of Defini-
tion 2.1,
— Jp: L*(Q) = Xpg an interpolation operator ;
— tO=0<t®W < <t =T,
We define 6¢"2 =t — ™ for qlln =0,...,N —1 and 6tp = max 1(5t"+%).

A sequence of space-time gradient discretisation (D, )men is coercive (resp. limit-conforming)

if its spatial component (D7 ),en is coercive (resp. limit-conforming).
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Definition 2.8 (Space-time consistency). A sequence (Dp,)men of space-time gradient discre-

tisations in the sense of Definition 2.7 is said consistent if

1. (Dg))men is consistent in the sense of Definition 2.3,
2. for all p € L*(Q), Up, Jp, o — ¢ in L*(),

3. otp, — 0 as m — oo.

2.3 Gradient schemes and main results

2.3.1 Steady Stokes problem

Our assumptions for the steady Stokes problem (2.1) are the following :

Q is an open bounded Lipschitz domain of R? (d > 1),

(2.5)
feL*Q),Ge L*(N)% and n € [0, +00).

Definition 2.9 (Weak solution to the steady Stokes problem). Under Hypotheses (2.5), (u,p)

is a weak solution to (2.1) if
u e Hy(Q), p e L),
n/ﬂ-@der/ vﬂ:v@dx—/pdivvdx:/ (f-T+G:Vo)de, vo € H)Q), (26)
Q Q Q Q
/Q gdividz = 0, ¥q € L2(Q),

where “ 7 is the dot product on R, and if € = (& ;)i j=1
Ex = szzl & iXi; is the doubly contracted product on R4,

77777777

Remark 2.10. Under Hypotheses (2.5), the existence and uniqueness of a weak solution (u, D)
to Problem (2.1) in the sense of Definition 2.9 follows from [100, Ch.I, Theorem 2.1].

The gradient scheme for the steady Stokes problem is based on a discretisation of the weak
formulation (2.6), in which the continuous spaces and operators are replaced with discrete ones
(in (2.6), we wrote the property “diviz = 0” using test functions to make clearer this parallel

between the weak formulation and the gradient scheme). If D is a gradient discretisation in the
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sense of Definition 2.1, the scheme is given by :

u€ Xpo, pE€ Yo,
77/QHDU - pvdx —l—/QVDu : Vpudx

—/QXDP divpvdr = /Q (f - Tlpv+ G : Vpv)dz, Vv € Xpy,
/QXquivDudx =0, Vg€ Ypp.

(2.7)

Our main result on the gradient schemes for steady Stokes problem is the following theorem.

Theorem 2.11 (Error estimates for the steady Stokes problem). Under Hypotheses (2.5), let
(w,p) be the unique solution of the incompressible steady Stokes problem (2.1) in the sense of
Definition 2.9. Let D be a gradient discretisation in the sense of Definition 2.1 such that fp > 0
(see Definition 2.2). Then there exists a unique (up,pp) € Xpo X Ypo solution of the gradient
scheme (2.7), and there exists C, > 0, non-decreasing w.r.t. n, Cp and i, such that
@ — Mpupl| 2 + [IVE = Vpup| g2y + 12 — X022 (0)
< C. (Wo(Va— G.p) + Sp(@) + Sp(p)) . (2:8)

Remark 2.12. As a consequence, if (Dy,)men @S a coercive, consistent and limit-conforming
sequence of gradient discretisations (see Definitions 2.2, 2.3 and 2.4) and if (U, pm) are the
solutions to the corresponding gradient schemes, then, as m — oo, Ilp u, — @ in L*(Q),

Vb, tm — VT in L*(Q)? and xp,, pm — D in L*(Q).

The constant C, in the preceding estimate tends to infinity as fp tends to zero. For some
gradient schemes, we can obtain an estimate on the velocity which is independent on the
constant in the inf-sup condition. For a gradient discretisation D, we define the space of discrete

divergence-free functions (in the dual sense), discrete version of the space E({2), by
Ep— {v € Xpo : Vg € Yoo, / Yo divpudz = o} . (2.9)
Q

Theorem 2.13 (Error estimates on the velocity without inf-sup constant). Under the assump-

tions of Theorem 2.11, we suppose that

Vv e Xpo, if / xpqdivpvdx = 0 for all ¢ € Yp, then divpv =0 a.e. in Q
Q (2.10)

(that is to say, Ep = {v € Xpp : divpv =0 a.e.}).
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Then

HVﬂ — VDUDHLQ(Q)GZ < (770[) + 2)SD,ED(E) —|—WD(VE — G,P) (2.11)
17— T pup| 2y < (Co(nCp + 1) +1)Sp g, (@) + CoW p(VE — G, ), (2.12)

where
Sp,ep (W) = minyesp, (||HDU — Tl g2 + Voo — VﬂHL?(md)
Remark 2.14. Most classical schemes for Stokes problem satisfy (2.10) and have interpolants

E(Q) — Ep which ensure that Sp g, (@) — 0 as the mesh size tend to 0. This is for example

the case of all schemes presented in Section 4.2.

Estimates (2.11) and (2.12) on the discrete velocity still depend on the continuous pressure
p. This means that even in the case of purely irrotational forces, with the solution to the
Stokes equation (@,p) = (0,D), the pressure terms can lead to errors on the velocity [82]. This

dependency on the pressure can sometimes be removed.

Theorem 2.15 (Pressure-independent error-estimates on the velocity). Under the assumptions

of Theorem 2.11, we suppose that
Yo € Bp, Vi € HY(Q), / Mpv - Vibdz = 0. (2.13)
Q

Then, if Vi — G € H 4, () (which amounts to asking that p € H'(Q)), we have the following

pressure-independent estimates on the velocity :

||Vﬂ — VDUDHL?(Q)d < (UOD + Q)SD’ED(H) + WD(Vﬂ — G) (214)
17— Tpup| g2y < (CoCp + 1) +1)Sp g, (@) + CoWp(VE — G), (2.15)

where Wp is given in Definition 1.7.

Remark 2.16. In case of purely irrotational forces (f,G) = (VV,0), then the solution to the
Stokes problem is (u,p) = (0,V) and Estimates (2.14) and (2.15) show that the velocity is
exactly approximated. In other words, for such irrotational forces, the discrete velocity provided

by the scheme is zero.

Remark 2.17. Assumption (2.13) is obviously satisfied by conforming methods, such as the
Taylor-Hood scheme (cf. Section 4.3). It is not satisfied in general by non-conforming methods

such as the Crouzeiz-Raviart scheme, when Ilp is the “classical” reconstruction of function (see
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Section 4./). As suggested in [82], a way to solve these schemes’ poor mass conservation (arising
from the action at the discrete level of purely irrotational forces on the wvelocity) is to replace
[Ip with a non-standard reconstruction which satisfies (2.13). The reconstruction proposed in
[82] consists in defining TIp as an interpolation in the lowest order Raviart-Thomas space of
functions in the Crouzeir-Raviart space : if v is a function in the non-conforming P4 space and
(V)oece (€ being the set of all faces) are its values at the centers of gravity of the faces (z,)qece,
then Ipv = BT ds the function in the lowest order Raviart-Thomas space which satisfies, for

any simplicial cell T and any edge o of T,
(pv)(zs) - 0o = v(20) - D10,

where Ny, is the outer unit normal to T on o. Then (2.13) is satisfied. Indeed, H%TU is Hgaiy
conforming and satisfies div(II¥Tv) = divpv, where divpv is the broken piecewise constant
divergence of v. Hence, if v € Ep we have div(IT¥Tv) = 0 in Q and (2.13) holds.

2.3.2 Transient Stokes problem
Weak formulation

We consider the transient Stokes problem (2.2) under the assumptions

) is an open bounded Lipschitz domain of R? (d > 1), T > 0,

B ) ) 9 (2.16)
s € L2(Q), f € LX(Q x (0,7)) and G € L*(Q x (0,T))"

The solution to (2.2) is initially understood in the following weak sense, in which the pressure
is eliminated by the choice of divergence-free test functions. Existence and uniqueness of this
solution is proved in [100, Ch.ITI, Theorem 1.1].

Definition 2.18. Under Hypothesis (2.16), u is a weak solution to (2.2) if

u e L*(0,T, B(Q)),
T T T
/0 /Q—uT Oppdxdt + /Quini ~(+,0)dx +/0 /QVu : Vipdadt = /0 /Qf cpdzdt (2.17)
+/ / G : Vpdadt, Yo = 0w with 0 € C°([0,T)) and w € E(Q).
0o Ja

It can however be seen (see Section 2.3.2), that if uy,; € E(Q2) and @ is the solution to (2.17),

then there exists a pressure p such that (@, p) is a solution to (2.2) in the following sense.
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Proposition 2.19. Assume Hypotheses (2.16) and uini € E(SY) and let w be the solution to
(2.17). Then there exists p such that (u,p) satisfies :

e L*0,T, E(Q)NC([0,T); L*(Q)), du € L*(0,T,H (Q)),
p e L0,T, L§(9Q)),
T T T
/0 /Q(atz;, @)dxdt—i-/o /QTVU : V(pdxdt—/o /Qp(x,t)dlvgodxdt (2.18)
:/ /f-goda:dt+/ /G:Vgpdazdt, Ve € L20,T; HY(Q))
0 Q 0 Q

U(+,0) = Uiy a.e on <

where (-,-) denotes the duality pairing between H ' (Q) and H ().

An equivalent weak formulation

The theoretical study of the transient Stokes problem, and in particular of the notion of
pressure in this model, is significantly more complex than for the steady problem. The initial
sense of weak solution for (2.2) given by Definition 2.18 only involves the velocity unknown as
the pressure has been eliminated by the choice of divergence-free test functions. The interest
of this formulation is that it provides an existence and uniqueness result based on classical
variational arguments [100, Ch.III, Theorem 1.1].

An equivalent and useful formulation of (2.17) is the following :

e L*0,T; E(Q))NnC([0,T]; L*(Q)), da € L*(0,T; E(Q)),
T T

/ (07, p)dt + / /Q Vi Vdadt
0 0

T T
-/ /Qf-godxdtJr/ /QG:Vgodxdt, Ve € L(0,T; B()) .
0 0
ﬂ(', 0) = ﬂjni iIl LQ(Q),

(2.19)

where (-, -) denotes the duality pairing between F(2)" and E(£2). See for example the discussion
at the end of the proof of Theorem 2.23 on the equivalence between (2.39) and (2.18).

A pressure can be recovered in a very weak sense. Proposition 1.1 in [100, Ch.III] establishes
the existence of a distribution 7 on € x (0,7") such that if 7 is the solution of (2.19) then (@, p)
satisfies the PDEs in (2.2) in the sense of distributions. Additional regularity results on p can
be obtained if we assume that u;,; € E(£).

Proposition 2.20 (Regularity result). Let us assume Hypothesis (2.16), and that Ty, € E().
We denote by H the closure of {¢ € C°(Q)? : div(p) = 0} in L*(Q). Then the weak solution
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(w,p) to (2.2) in the sense of Definition 2.18 (and P as in the discussion above) satisfies :
ue L*0,T,E(Q)NC(0,T];H), Ou € L*(0,T, E(Y)) and p € L*(0,T, L(2)).

Proof. This is essentially contained in the proof of [100, Ch.III, Theorem 1.1 and Proposition
1.2]. Proposition 1.2 in this reference is proved under more regularity assumption on 2 and the
right-hand side, namely G must not be present and f must be divergence-free. This is actually
useful just to recover higher regularity on the solution, that is H? on @ and H' on p. Under

our assumptions, the proof of [100, Ch.III, Proposition 1.2] gives Proposition 2.20.

These additional regularity results on (@, p) make the proof of Proposition 2.19 obvious.
Indeed, testing 0,u — Au + Vp = f — div(G) (that is satisfied in the sense of distributions, see
above) against ¢ € C(0,7) x §2) and using the regularity of (@,p), we see that the equation
in (2.18) holds for any smooth ¢ with compact support. The general case is deduced by density
of these functions in L?(0,T; H(9)).

Convergence results

Let D be a space-time gradient discretisation in the sense of Definition (2.7). With the
notation

n+i u — U
DRI s

the implicit gradient scheme for (2.2) is based on the following approximation of (2.18) :

up = (ug‘))n:o ,,,,, N, PpD = (pgl))nzl 77777 ~ such that ug) = Jpuin; and, Vn =0,..., N — 1 :

U(Dn—‘rl) € XD,Oa p%l+1) S YD,07
1
/HD5Z+2UD . HDvdx+/ VDu(gH) : Vpude —/ XngLH)divadx
Q Q Q

$(n+1) t(n+1)

1 1
= 5+ /t(n) /Qf'HDdedt""&nJr; /t(n) /QG~VDvd:rdt, Vv € Xpp.

/ diVDu%H_l)XquI =0, VgeYpy.
Q

(2.20)

It is common to use IIp and Vp to denote space-time functions the following way : if

77777

defined by

V”ZOw-wN—l,VtE(t(”),t("“)],vxEQ’ (221)
1 .
Mpv(z,t) = Mpe™D(z), Vpu(e,t) = Voo (z) and spu(t) = o .
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Our first convergence result deals only with the velocity.

Theorem 2.21 (Convergence of the velocity for the transient Stokes problem).

Under Hypotheses (2.16), let u the unique weak solution of the incompressible transient
Stokes problem (2.2) in the sense of Definition 2.18 and let (Dy,)men be a sequence of space-
time gradient discretisations in the sense of Definition 2.7, which is space-time consistent,
limit-conforming and coercive in the sense of Definitions 2.8, 2.4 and 2.2. Then for any m
there is a unique solution (up,,,pp,,) to (2.20) with D = D,, and, as m — oo,

— Hp, up, converges tou in L>(0,T; L*()),

— Vp, up,, converges to Vi in L*(Q x (0,T))%.

Remark 2.22. Note that since the functions lp_up, are piecewise constant in time, their
convergence in L=(0,T; L*(Q)) is actually a uniform-in-time convergence (not “uniform a.e.

in time”).

Under slightly more restrictive (but usual) conditions on the initial data, we can also prove

a convergence result on the pressure.

Theorem 2.23 (Convergence of the pressure for the transient Stokes problem). Under the as-
sumptions and notations of Theorem 2.21, we suppose that G = 0, wini € E(Q), (||Jp,, Uini|| D, )men
is bounded and, for all m € N, Jp, wn; € Ep,, (where Ep,_ is defined by (2.9) with D = D2,
the spatial gradient discretisation corresponding to D,,). Then

— Hp, up, converges tou in L>(0,T; L*()),

— Vb, up,, converges to Vi in L*(Q x (0,T))4,

— XD,.PD,, weakly converges to P in L*(Q x (0,T)),
where (@, D) is the weak solution to (2.2) in the sense (2.18).

2.4 Proof of the convergence results

2.4.1 Steady problem

Proof (of Theorem 2.11). Once established, Estimate (2.8) shows that if the right-hand of the
linear system (2.7) on (up,pp) is zero (i.e. f = 0, G = 0, which implies w = 0 and p = 0),
then the solution (up,pp) is also zero. Hence, this square system is invertible, which ensures
the existence and uniqueness of its solution for any right-hand side. We now have to show
Estimate (2.8). Under the hypotheses of the theorem, since div(Vu) — Vp = — f + div(G) +nu
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in the distribution sense, we get div(Va — G) — Vp = nu — f € L*(Q). Using this relation in
Wp(Vu — G,p) we write

Wp(Vu —G,p) = max /Q (VDU :(Vu—G)+1lpv- (nu— f) —ﬁdiva)dx.
ol p21

Invoking the gradient scheme (2.7) to replace / —(IIpv- f+ Vpv : G)dz, we can write, for any
Q
ve Xpo,

[ (@ = Tlous) - Tlow + (V= Voup) : Vou + (xopo — ) divov)de < Wp(Va - G,p)lju]

(2.22)
Let us introduce Ip : HY(Q) — Xpg and Ip : L2(Q) — Y defined by
Ipp = argmin (HHD’U —¢llrz@) + IVor = Vol g2 + ||divpy — divngLz(Q)> ,
_ veXDo (2.23)
Ipy = argmin ||xpz — || 2.
ZGYD70

We also define ep(@, p) = Wp(Va — G, ) + Sp(u) + Sp(p). We may then write
A(H(HD[DE— HDUD) -1 pv + (VD[DE— VDUD) : VD’U)d.CE
+ /Q(XDpD — XDfDTj) diVDUdJT < (1 + (1 +7’])CD)€D(H,T?)HUHD (224)

Thanks to Definition 2.2, let us now take v € Xp g such that ||v][p =1 and

/QXD(pD — Ipp) divpvdz > Bplxp(pp — Ipp)| r2(a).-
We then get, from (2.24),

B

1+nCp

BD ||]DU_UD||D‘ (225)

Ixp(pp — po)HL?(Q) < ep(u,p) +
Choosing v = Ipt — up in (2.24) and using [, divpup xpg = 0 for all ¢ € Yp o, we can write

110 — upllp + /Q Xp(pp — Ipp) divplpude < (1+ (1+1)Cp)ep(@,p) || Ip — up| b,
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which implies, since divu = 0,

11p% — up||% < (1+ (1 +n5)Cp)ep(@,P)||1p% — upllp + Sp(@)||x0(pp — 10D)|| 1202

Thanks to (2.25) and to the Young inequality ab < %a2 + %62, the above estimate yields the
existence of Cj3, non-decreasing w.r.t. 1/8p, Cp and n, such that ||[Ipu — up||p < Csep(u,p).

The conclusion follows from the definitions of Ipw, Ipp and Cp, the triangle inequality and
(2.25).

Proof (of Theorem 2.13). The proof follows the same idea as the proof of Theorem 2.11, but
considering only functions v € Ep. For such functions, owing to (2.10), Equation (2.22) can be

written
/Q (n(@ —Tpup) - Mpv + (Va — Vpup) : Vpv)de < Wp(Va - &,p)|lvllp. (2.26)
We introduce Ip g, : E(Q) — Ep defined by

Ipg,p = argmin (HHDU - 90||L2(Q) +IVpv — VSOHLZ(Q)d)

veEEp

and from (2.26) we deduce, by definition of Sp g,

1)(”(HDID,EDH_ HDUD) . HD’U + (VDID,EDH_ VDUD) : VDU)diL‘

< ((nCp + 1)Sp g, (@) + Wp(Va — G,p)) |v]lp.
Choosing v = Ip g, u — up € Ep leads to
IVpIpe,a—Vpupl| 2y < (nCp +1)Sp.p, (@) + Wp(Va — G, p) (2.27)

and the proof of (2.11) is complete since ||V plp g, — V|2 < Sp g, (U). Estimate (2.12)
follows from the definition of Cp, (2.27) and ||IIpIp g, 0 — | 120y < Sp x, ().

Proof (of Theorem 2.15). The proof starts from the definition of Wp (Definition 2.5). Since
Vi — G € Hgy(2) and div(Vu — G) = Vp+ nu — f, we can write, for any v € Ep,

/Q(VDU (Vi — G) +Tpv - (Vp+u — f))de < Wp(Va — G)[lo] .

Owing to Assumption (2.13) and since v € Ep, we can remove the term Vp. Using the gradient
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scheme (2.7) to replace the terms involving f and G, we deduce
/Q (Vou: (Vi — Vpu) + qlpv - (@ — Tpw)) dz < Wo(Va — G)||v] .

Hence, (2.26) is satisfied with Wp(Vu — G) instead of Wp(Vu — G, p), and the conclusion

follows as in the proof of Theorem 2.13.

2.4.2 Transient problem

The existence and uniqueness of the solution to the gradient scheme for the transient Stokes
problem is a straightforward consequence of the study of the gradient scheme for the steady

problem.

Lemma 2.24 (Existence and Uniqueness of the discrete solution). Under Hypothesis (2.16),
let D be a space-time discretisation in the sense of Definition 2.7. Then there exists a unique

solution (up,pp) to the gradient scheme (2.20).

Proof. We remark that the equation on (u(™+Y p(*+1) in (2.20) is the gradient discretisation
(2.7) of the steady Stokes problem, with 7 = §t"+3 and a right-hand side depending on u(™.

Existence and uniqueness of the solution therefore follows from Theorem 2.11.
Let us now establish some a priori estimates on the solution to the scheme.
Lemma 2.25 (Estimates). Under Hypotheses (2.16), let D be a space-time discretisation in

the sense of Definition 2.7 and let (up,pp) be the solution to Scheme (2.20). Then, for all
m=20,...,N,

$(m) 1 (2 9
/0 /Q|VDUD|2dxdt—|—2/Q<‘HDu(D)‘ —‘ngg)’ )dx§
t(m) t(m)
/ / - Tpupdzdt + / / G : Vpupdrdt. (2.28)
0 Q 0 Q

Moreover, if Cy > 0 is such that Cy > |IIpu®|| 2y, then there exist Cs > 0 only depending
on Q, d, Cy, f, G and Cp such that

IMpupll L0220 + IV ounllz2x 0.1y < Cs- (2.29)
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Proof. Putting v = 6t 2u%"™ and ¢ = pP"™ in (2.20) we get

t(n+1)

/ (HDU(DTH_D — HDU(Dn)> HDU (n+1) dl’ + / |V U (n+1) | dzdt =
Q

t(n+1)

/() /f Hunﬂdxdt—l—
t'n/

t(n+1)

. (n+1)
» /Q G : VpulrDdzdt.

Using the inequality (a — b) - a > 3(|a]* — [b]*) (valid for any a,b € R?) on the first term, it
comes :

(o™ = o) )aa [ [ 1950y daa <

t(n+1) t(n+1)

/() /f I u"+1)dxdt+/

We take m € {0,..., N} and sum the obtained equation over n = 0,...,m — 1. This gives

/ G - VpuTVdad.
Q

1 " 1 t(m)
S5 2a ) = SIMou® 320y + [ IV pupl3a gyedt <
t(m) t(m)
/ / - Tpupdadt + / / G : V pupdedt
0 Q 0 Q

and the proof of (2.28) is complete. Estimate (2.29) is a straightforward consequence of the
definition of C'p and Young’s inequality applied to (2.28) with m = N.

Definition 2.26. The semi-norm | - |, p is defined on Xpq by

|w|.,p = sup {/ lpw - llpvdx v € Ep,||v|p = 1}’
0

where we recall that Ep is defined by (2.9).

Lemma 2.27 (Estimates on |dpup|.p). Under Hypotheses (2.16), let D be a space-time dis-
cretisation in the sense of Definition 2.7, and let (up,pp) be the solution to Scheme (2.20). We
take Cy > HHDU(O)”LQ(Q). Then there exist Cg > 0 only depending on Q, d, Cy, f, G and Cp
such that .

/0 pup|? pdt < Cp. (2.30)

Proof. Taking a generic v € Ep in Scheme (2.20) and using the definition of | - |, p gives an
n 1 n . . . . .
estimate on \5D+2uD|*,D depending on ||VDu(D+1)||L2(Q)d. Squaring this estimate, multiplying

by 5t"+2 and summing over n gives the desired estimate, thanks to (2.29).
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We can now prove the first convergence result of gradient schemes for the transient Stokes

problem.

Proof (of Theorem 2.21). .

Step 1 : Existence of a weak limit of a subsequence of approximations

Estimate (2.29) gives the existence of @ € L>(0,7; L*(Q)) and ¢ € L*(Q x (0,7))? such that,
up to a subsequence (still indexed by m), Ilp up, — @ weakly-+ in L>®(0,T; L*(Q)) and
Vo, up, — ¢ weakly in L*(Q x (0,T))% Taking ¢ € C*®(Q)? and § € C>(0,T), we then see
that, for alln =0,..., N — 1, and all t € (t™), ¢("+D),

/(me (tD) g + I p,, u ) d1v<p¢9)dx<WDm(g0, 0) 0|V, up, ||z

Integrating this over ¢ € (¢, +™+1)) summing on n =0, ..., N — 1 and using Estimate (2.29),
we find C7 not depending on m such that

T _
/ /Q (VDmqu sl +1lp, up, -dive H)dxdt < C:Wp, (p,0).
0

We can then pass to the supremum limit as m — oo and apply the resulting inequality to £¢

to see that
/ / (pl)+u-div(e 0))dxdt = 0.

This relation first shows, with ¢ € C2°(Q)?, that ¢ = V7, and therefore that @ € L(0,T; H*(Q2)).
Taking then ¢ which does not vanish on 02, we also infer that the trace of w on 02 is zero and
therefore that @ € L2(0,T; H(9Q)).

Let us now prove that @ is divergence-free. From Estimate (2.29) and the coercivity of the
sequence of gradient discretisations, we see that (divp,,up,, )men (With the same space-time no-
tations as in (2.21)) is bounded in L?(Q2 x (0,7)) and therefore converges weakly in this space,
up to a subsequence, to some \. Taking ) € H'(€) with zero mean value and § € C>(0,T),
we have, for any n =0,..., N — 1 and any ¢ € (¢t ¢("+D),

/Q (Wp, uly™ - V40 + divp, uf ™ 0)de < W, (0,4) 0]V b, up, |20

As above, we integrate this over ¢t and sum over n to find

T _
/ /Q (Tp,u- V8 + divp, up, ¥ 6)dedt < CTVp,, (0,9)
0

with Cg not depending on m. Using the last equation in the gradient scheme (2.20), we can
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introduce xp,, Ip, 1 in the second term of the left-hand side (where I, is defined as in (2.23))

and we get

T ~ .
/O /QHDmU'V?ﬂQdﬂ?dt < ||divp,,up, [|z2@x 1) XD D0 = VIl L2 1011 L200,7) + CsW D, (0, 9).

Passing to the supremum limit m — oo, thanks to the limit-conformity and the consistency
of the gradient discretisations, and applying the resulting inequality to £, we deduce that
fOT Jqu - Vdxdt = 0. This relation is true for any » € H'(Q) with zero mean value, and

hence also for any function in H'(Q2). The proof that divez = 0 is therefore complete.

Step 2 : : @ is the solution to (2.17).

To simplify notations, we drop the indices m. Let 6 € C2°(]0,7)) and let w € E(Q). As (w,0) is
the solution of the incompressible steady Stokes problem (Problem (2.1)) with f = nw and G =
Vw, we can find wp € Xp such that [ xpgdivpwp = 0 for all ¢ € Yp, IHIpwp — w in L*(Q)
and Vpwp — Vw in L*(Q)? (Theorem 2.11 and Remark 2.12). We take v = 6t 2)0(t™))w),
as test function in Scheme (2.20) and we sum the resulting equation on n =0, ..., N — 1 to get
T, + Ty + T3 = T with

N—

T1 = Z 5tn+29 /HD(S(HJr up - HD’U}Ddl'
n=0
N—-1

T, = 5tn+29 t(n /V un+) V pwpdz,

n=0

N-—
Ty = Z 5t”+20 /X pD+ ) div pwpdz,

t(n+1) t(n+1)

Ty = Z:: /w / f - lpwpdedt + Z O(t ") " /QG : Vpwpdazxdt.

n=0

First, we remark that 75 = 0 since [, xpgdivpwp = 0 for all ¢ € Yp. Using discrete

integration by parts and writing (™) — g(t™) = t((nn)ﬂ) ¢, we find

T
T, — _/ /Q’HDuD-HDwaxdt—H(O)/ puly - T pwpdz.
0 Jo Q

(0)

Recall that usj = JpUin;, so that the space-time consistency (Definition 2.8) gives [Ipup’ — win;
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in L*(Q) as m — oo. Thus, by strong convergence in L*(Q) of IIpwp to w,

T
T, — —/ / 0'w - wdzdt — 0(0)/ Ui - wdz.
0 Jo Q

It also comes easily, using the regularity of § and Estimate (2.29), that

T T T
TQ%/ H/Vﬂ:dexdt and T4—>/ 6/f~wdxdt+/ G/G:de:z:dt.
0 Q 0 Q 0 Q

Passing to the limit in 77 + T3 + T3 = T concludes the proof that u satisfies (2.17).

Step 3 : convergence in L>(0,T; L*(12)).

The proof of the uniform-in-time convergence follows the same idea as in [39]. Using Lemma
2.28 below and the generalised Ascoli-Arzela theorem [39, Theorem 6.2], we see that for any
v € E(Q) the sequence ({(Ilp, up, (+),¥)r2)men is relatively compact in L>(0,7). Since this
sequence already converges weakly in L?(0, T') towards (u(-), ¢) 12 (because Ip, up, — u weakly
in L*(Q x (0,7))), we deduce that (Ilp, up,, (-), )2 — (@(-), p) 2 uniformly with respect to ¢
as m — oo.

Let ¢ € L*(Q) and ¢ € E(Q). By Estimate (2.29), for any ¢ € [0, T7,

[(Hp,, up, (t), ) g2 = (@(t), ) 2| < [, up, (1), ¢)pz = (U(t), @)zl + Clle = ¥l 20

where C' does not depend on m, t, ¢ or ¢. Assuming that 1) can be approximated in L*()
by functions in E(Q) (see [100, Ch. I, Theorem 1.4] for a characterisation of such functions 1)),
then the preceding estimate and the uniform-in-time convergence of ((Ilp, up, (-),¥)r2)men
show that (Ilp up, (+),¥)r2 — (u(-),®)2 uniformly-in-time as m — oo. It is known (see
Proposition 2.20) that, for any Ty € [0, 7], u(Tp) can be approximated in L*(f2) by functions
in F(); hence, we can apply the preceding result to ¢» = w(7}). This allows us to see that, for

any (Sm)men converging to Ty,
[0T0) 20y = lim (@), T(To)) 2 = limn (o, up, (s), 0Tz (231)
(we used the continuity of @ : [0, 7] — L*(2), see (2.19)). Thus, it comes
[a(To)l| g2y < liminf |[Tp,,up,, (sm)llz20): (2.32)

Let k(m) such that s, € (+*m)=1) k)] where (), are the time steps of the discretisation.
Definition (2.21) gives Ilp up,, (s,) = Ip ug(m)). The discrete energy estimate (2.28) therefore

m m
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2.4 Proof of the convergence results

leads to

((k(m))

1 1 0
> | o, (sn)Pde < 5 [ 100p,u)

/
0

We notice, by weak convergence in L*(2x (0, 7)) of Vp, up, to Vi and strong convergence
in L*(Q x (0,7))% of Lpg srem) VT toward 1j 71V (notice that t*m) s T3, where 14 is the

characteristic function of A,

To T
[ [vapdeat = [ [ 105 Va: Vadeds
0 Q 0 Q

T
= lim / 1[0’t(k(m))]VU: VDmqud:cdt

2d:v—/

/f-HDmqudxdt+/
9) 0

/ IV b, up, [2dadt

t(k(m))

/Q G :Vp, up, dzdt. (2.33)

m—00
< liminf <H1[0t(“7”” Vu’ L2(Qx(0,T))d 1[07t(k(m>>]vaqu‘ L2(Qx(0,T))d>
- Hl[o To] Vu’ L2(Qx(0,7))d lmlo%f Hl[o’t(k(m))]vaqu’ L2(2x(0,T))d

Hence,
k()

T
/ ’ / Val2dzdt < liminf / IV, up, [2dzdt
0 Q m—0o0 0

and we can pass to the limit superior in (2.33), using the weak convergences of Il up, and

Vp, up,, :

hmsuprHDmqu(sm ||L2(Q < - /|u1m] dx—/ /|Vu\ dxdt

m—0o0
To
+ / [ foadedt+ [ G Vadudr. (234
0 Q 0 Q

Plugging ¢ = @z, in Problem (2.19) and integrating by parts, we obtain the continuous

energy estimate

f||u(T0 )||%- @ = /|um1| d:z:—/ /|Vu|2dxdt+/ /f udxdt—l—/ /G Vudazdt.
(2.35)

Combined with (2.34), this leads to limsup,,_, . HHDmqu(sm)HLg(Q < Hu(TO)]LQ(Q). Using
(2.32), we deduce lim,, o ||HDmqu(sm)||L2 @ = = |[a(Tv)||3- (o Recalling (2.31), this allows us
to conclude that ||[IIp up, (Sm,) — ﬂ(TO)HZLQ(Q) — 0 (just develop the square). Since @ : [0, 7] —
L?(Q) is continuous, we can apply [39, Lemma 5.1] and finally get that IIp, up, — @ in L*(€)
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uniformly-in-time.

Step 4 : strong convergence of Vp, up, .

We write the discrete energy estimate (2.28) with ™ = T and use the convergence in L*(2)?

of Ip, up,, (T) to u(T') to see that

1 T
. 2 — 2 — |2 —12
lim sup [V b, p, 32 orye < 5 [, (WD = [7f)de = [* [ Val*dedt

T To
+/ /f.ﬂd;(;di&—{—/ /G : Vudadt.
0 Jo 0o Ja

The energy estimate (2.35) with 75 = T then shows that
hnf?_?olip IV D wn, 220yt < V25 01905

which allows us to conclude that the weak convergence of Vp up, to Va in L*(Q x (0,7))? is

in fact strong.

The following lemma was the initial key to obtain the uniform-in-time convergence result

in the previous proof (Step 3).

Lemma 2.28. Under the assumptions and notations of Theorem 2.21, for all p € E(2) the se-
quence of functionst — (Ilp_up, (t), )2 satisfies the following quasi-equi-continuity property :
there exist Cy, not depending on m, and a sequence of real numbers (wy,p,, )men converging to
0 such that, for all t,s € [0,T],

1

Proof. As in the proof of Theorem 2.21, we drop the index m. Let ¢ € E(2) and, as in Step 2
of the proof of Theorem 2.21, consider the solution ¢p to the steady gradient scheme (2.7) with
f=mnpand G = Vy; then lIpy — ¢ in L*(Q) and Vppp — Ve in L*(Q). Since ¢p € Ep,
the definition 2.26 of | - |, p gives

n+l n+l
|<HDUD(t) _HDUD(S)aﬂDSOD)LQ‘ = Z 5t( Jr2)/QHD5D QUD -HDgoDdx
sgt(s';t)'gt
1
< X D15 Fuplollenln.
sgt(sﬁggt
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2.4 Proof of the convergence results

Since Vpop — Ve in L*(Q)?, ||opl|p is bounded and so, using Cauchy-Schwarz inequality, we

may write

. % |
(Moust) = oun(). Topn) el < € ([ ounkpat) (1=l +00

with C' not depending on D. Finally, thanks to Lemma 2.27, we infer

M=

|(IHpup(t) — Hpup(s), Uppp) 2| < C (|t — s| + )2 .
We then write, using Estimate (2.29),

[(pup(t) — Mpup(s), p)r2| < [(Ipup(t) — Mpup(s), ¢ — Uppp) 2|
+ [(Hpup(t) — Upup(s), Upep) 2|
< Ollp — ppollgzq) + C (|t — 5| + 6t)?
< Cylt — 5|2 + C6t2 + Cllo — Tp@pll 2.

The limit-conformity of the sequence of gradient discretisations ensures that w, p = otz +
Clle —pepllr2(q) tends to 0, and the proof is complete.
Let us now turn to the proof of the convergence of the pressure (Theorem 2.23).

Lemma 2.29 (Estimates on discrete time-derivative of velocity). Under the assumptions of
Theorem 2.23, let (up,pp) be the solution to Scheme (2.20). Let R > Cp + ||Jptinil|p. Then
there exists Cig > 0 only depending on €2, d, R, f and G such that

41
M58y, 2 upll 2@y 01y < Cho- (2.36)
oty _ (n41) . . (O -
Proof. Put v = 6, *up and ¢ = p) in Scheme (2.20). Since uy’ = JplUy, € Ep we have

v € Ep even if n = 0 and therefore

t(n+1)

n+ = n nt+ 1 n+
||HD5D+2UD||%2(Q)+/QVDU(D+1):vD6D+2uDdI: / /Qf'HD(SD—’—2UDd.Tdt (237)
t

§tn+s Jum

(recall that G = 0 here). On the other hand, using a : (a — b) = 1(|af* — [b]?) + i|a — b|* >

(Ja[* = |b|?) for any tensors a, b,

1
/ VDU(Dn—H) . VD(SE+2UDdJ] >
Q

25" +3 /Q (’vDu(SH)P - |VDUgL)|2>dx'
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Chapitre 2. The Stokes problem

Plugging this into (2.37) and multiplying by 572 it comes

t(n+1) +1 ) t(n+1) +1
n b n < . n 3
Lo 1085 2up| gy dt+ / | Voup e < [ [ 1085 Pupdadt
Wesumonn=0,...,m—1foragiven m=1,..., N to get

t(m) 1 1 £(m) 1
nt (0) nt
/O 10005 2 up 32 )t < /Q IV ould Pdz + /0 /Q £ TLpont 2updadt.

The Cauchy-Schwarz” and Young’s inequalities conclude the proof.

Lemma 2.30 (Estimates on discrete pressure). Under the assumptions of Theorem 2.23, let
(up,pp) be the solution to Scheme (2.20). Let R > Cp + || Jpuwillp + Bp*. Then there exists
Ch11 > 0 only depending on 2, d, R, f and G such that

IxoPpllL2@x0r) < Cin (2.38)

Proof. Let v € Xp such that ||v||p =1 and 5D||XDp(g+1)||Lz < Jq Yopi divpudz (see the
definition of Bp in Definition 2.2). Plugging v in Scheme (2.20), we obtain

Bollxop% ™2

t(n+1)

' / o6 2up - Mpude + /Q Voult - ¥ pudz — /Q f-HDvdxdt|.

Using Cauchy-Schwarz and the discrete Poincaré inequalities, we deduce

n-‘rl 1 1 ¢ty
3lxorts ™l < Collllody *ullpxe + 05 o+ —— [ Collfllzmat

We take the square of this estimate, multiply the result by §t"*3 and sum over n. Estimate
(2.29) and (2.36) then show that (2.38) holds.

Proof (of Theorem 2.23). We first apply Theorem 2.21 to get the strong convergence of I1p, wup,,
to @ in L*(Q x (0,7)) and of Vp, up,, to Va in L*(Q x (0,T))%, where @ € L*(0,T; E(Q)).
Thanks to Estimate (2.38), we can find a function p € L*(0,7T, L3(2)) such that, up to a
subsequence, X p,,pp,, weakly converges to pin L*(2x (0,7)). We then take § € C°([0,T)), w €
H(Q) and use v = 6t+2)0(tM) I w as a test function in Scheme (2.20), were I is defined by
(2.23). Since lp, Ip, w — w in L*(Q), Vp, Ip,, w — Vw in L*(Q)? and divp,, Ip,w — div(w)
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2.4 Proof of the convergence results

in L?(Q)) as m — oo, we can pass to the limit in all terms 71, ..., Ty. Note that T3 is no longer
equal to 0, but it converges thanks to the weak convergence of xp_pp, to p. We then see that

(u,p) satisfy

we L20,T, E(Q)), pe L20,T; L2(Q)),

T T
/ /—a-at<pdxdt+/aim-gp(-,())dwr/ /v@:wdxdt
0 Q Q 0 Q

—/T/ pdivipdzdt = /T/ f - pdadt, Yo = B with 6 € C2([0,T)), w € HY(Q).
" v (2.39)
The density of tensorial functions in L?(0,T; H(Q)) ensures that this relation is actually
satisfied for any ¢ € L?(0,T; Hy(Q2)). It therefore shows that du € L*(0,T; H '(Q2)). In
combination with the fact that @ € L2(0, T; H3(2)), this classical implies u € C([0, T]; L*(52)).
This regularity of @ then allows to perform an integration by parts in order to see that (2.39)

is equivalent to (2.18).
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Chapitre 3

Incompressible Navier-Stokes equations

3.1 Introduction

The aim of this chapter is to extend the framework of gradient schemes to the incompressible
Navier-Stokes problem that we present in its stationary and its transient case in the following

equations.

nt—vAu+ (@-V)u+Vp = f—div(G) inQ
divi =0 in Q (3.1)
u =0 on 0f)

and to the transient one

ou—vAu+ (u-V)u+Vp = f—div(G) inQx(0,7)

divi =0 in Q x (0,7) (3.2)
7 =0 on 0Q x (0,7) '
ﬂ(', 0) = Uini in Q.

where n > 0, v > 0 is the coefficient of kinematic viscosity, u represents the velocity field and

P is the pressure.

Notations In the following, if F' is a vector space we denote by F' the space F. Thus,
L*(Q) = L2(Q)? and H}(Q) = H} (Q)?. The space E(Q) is the space of fields v € H}(2) such

that div(v) = 0. L(€) is the space of functions in L?(Q) with a zero mean value over Q. Finally,
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Chapitre 3. Incompressible Navier-Stokes equations

H 4, () is the space of fields v € L*(Q2) such that div(v) € L*(Q).

3.1.1 Weak solution of the steady problem

Our assumptions for the steady incompressible Navier-Stokes problem (3.1) are the follo-
wing :
Q) is an open bounded Lipschitz domain of R? (1 < d < 3),

5 , (3.3)
f € LX) and G € LA(Q)".

Definition 3.1 (Weak solution to the steady Navier-Stokes problem). Under Hypotheses (3.3),
(w,p) is a weak solution to (5.1) if

u e Hy(Q),p € Ly(Q),
n/ﬂ~z7dx+z//Vﬂ:V@dm+b(ﬁ,ﬂ,@)
Q) Q
—/pdiv@dx:/(f-ﬁ—i—G:V@) dz, Vo € HL(Q),
Q Q
/qdivﬂdx:(), Vg € Li(Q),
Q

..........

Ex = Zg{jzl §ijXij ts the doubly contracted product on R4 and
d
blu,v,w) = > / w;(Oyv;)w; du. (3.5)
ij—1"%

Lemma 3.2 (Properties of b). Under Hypotheses (3.3), b is a trilinear continuous form on
E(Q)3 and
b(u,v,v) =0, Vu € E(Q), v e Hy(Q), (3.6)

b(u,v,w) = —b(u, w,v), Yu € E(Q), (v,w) € Hy(Q). (3.7)

as it is mentioned in [100, Ch.II, Lemma 1.2 and 1.3]

Remark 3.3. Under Hypothese (3.3), the existence of a weak solution (u,p) to Problem (3.1)
in the sense of Definition 3.1 follows from [100, Ch.II, Theorem 1.2]. Moreover, [100, Ch.II,

Theorem 1.2] gives us the uniqueness of the weak solution (u,p) dealing with a condition on v,

fand G.
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3.2 Gradient discretisations

3.1.2 Weak solution of the transient problem

Our assumptions for the transient Navier-Stokes problem (3.2) are the following :

Q) is an open bounded Lipschitz domain of R? (1 < d < 3),
TeR,T>0

f€L*N) x(0,T) and G € (L*(Q) x (0,T))?

um; € L*(Q).

(3.8)

Definition 3.4 (Weak solution to the transient Navier-Stokes problem). Under Hypotheses
(3.8), W is a weak solution to (3.2) if u € L*(0,T, E(Q)) N L>(0,T, L*(Q)) and

_// (z,1) @Uﬂ;lﬁdﬂ:dt—//uml ,0) d
+y/ /vu z,1) : Vi(z, 1) dxdt+/ S0, 1), 5(-, 1)) dt
_/ / (2,t) - 0z, t) + G(x,t) : Vi(x, 1)) dudt,
Vi € L?(o,T,E(Q)) NCX(Q x (—00,T)),

(3.9)

where we recall that b(u,v,w) Z / u;(Oyv;)w; du.

i,7=1
Remark 3.5. From (3.9), we get that a weak solution w of (3.2) in the sense of Definition 3.4

satisfies Ou € LY40, T, E'(Q)) and so a weak solution of the problem in a classical way where

we do not make the integration by part on fg o - v dt.

3.2 Gradient discretisations

Gradient discretisations gather the discrete spaces, operators and properties, upon which

the gradient scheme framework is designed.

Definition 3.6 (Gradient discretisation for the steady Navier-Stokes problem). A gradient dis-
cretisation D for the incompressible steady Navier-Stokes problem, with homogeneous Dirichlet’s
boundary conditions, is defined by D = (Xpo,lp,Vp, Bp,Yp, Xp,divp,bp), where :

1. Xpy is a finite-dimensional vector space on R, we denote X}, = Xpo \ {0}.

2. Yp is a finite-dimensional vector space on R, we denote Y}, =Yp \ {0}.

3. The linear mapping Illp : Xpo — L? (Q) is the reconstruction of the approximate velocity
field.

87



Chapitre 3. Incompressible Navier-Stokes equations

4. The linear mapping Vp : Xpo — L*(0)? is the discrete gradient operator. It must be

chosen such that || - [|p := ||[Vp - [[g2(e s @ norm on Xpy.
5. The linear mapping divp : Xpo — L*(Q) is the discrete divergence operator.

6. The linear mapping xp : Yp = L*(Q) is the reconstruction of the approximate pressure,
and must be chosen such that || xp - ||12() 9 @ norm on Yp. We then set Ypo = {q €

YD, [o Xpgdx = 0}. We assume that the nonnegative quantity Sp, defined by

) Jo xpgq divpvdx
fp = min max ,
4€Y5,0veXh0 [0l plIx ol r2()

(3.10)

is such that Bp > 0.

7. The mapping bp : XJQIO — R is the discrete convection term. It must be chosen such that
— bp is continuous,
— for all (u,v) € X34, bp(u,u) >0,
— there exist a constant Bp > 0 such that |bp(u,v)| < Bp|lul||%||v] b,

— bp(u,v) is linear with respect to v.

The coercivity of a sequence of gradient discretisations ensure that a discrete Sobolev in-
equality, a control of the discrete divergence and a discrete Ladyzenskaja-Babuska-Brezzi (LBB)

conditions can be establish, all uniform along the sequence of discretisations.

Definition 3.7 (Coercivity). Let D be a discretisation in the sense of Definition 3.6. Let ¢ € N
and let C'p be defined by

Cp = max 12Ylz0) vl 2
vEXD0 v]lp veXP o ]l p

(3.11)

A sequence (Dy,)men of gradient discretisation is said to be coercive if there exist Cs > 0 and
B >0 such that Cp,, < Cg and Bp,, > 3, for all m € N.

The consistency of a sequence of gradient discretisations states that the continuous space

is approximated as the discretisation is refined.

Definition 3.8 (Consistency). Let D be a gradient discretisation in the sense of Definition 3.0,
and let us define the interpolation operators Ip : H(l)(Q) — Xpo and fD t L2(Q2) — Ypo by

Ipp = argmin (HHDU —¢llr2@) + IVov = Vol 2y + [|divpy — div<pHLz(Q)) ,
- veXpo (3.12)
Ipyp = argmin || xpz — V|| r2(q)-

ZGYD70
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3.2 Gradient discretisations

Let Sp : HY(Q) — [0, 400), and Sp : L2(Q) — [0, 400) be defined by

Vo € Hy(Q), Sple) = lplpe —¢llr2q) + 1Volpe — Vol 2 + |divpIpe — divel| 12(q),

and
Vi € L3(Q),  Sp@) = [IxpIpt — ¥l r20-

A sequence (Dy,)men of gradient discretisation is said to be consistent if, for all p € H}(),
Sp,, () tends to 0 as m — oo and, for all 1 € L3(Q), Sp, (¥) tends to 0 as m — oo.

The limit conformity of a sequence of gradient discretisations states that the discrete gra-
dient and divergence of bounded sequences whose reconstruction converges, converge to the
continuous gradient and divergence of the limit (this property is immediately satisfied by confor-

ming approximations).

Definition 3.9 (Limit-conformity). Let D be a gradient discretisation in the sense of Definition
3.6 and let Wp : H 4;,(2) — [0, +00) be defined by
Vpu : [Ipv - divy) d
Vip € Hy(0). Wiplp) = max Jo(Vori@t oo dve)dr

veXh0 o]l o

and let Wp : L2() — [0, +00) be defined by

. ¢ vy — divpe) da
Vi € L(Q), W@OM::nmxjh¢( - ov)

veXb [ol[p

A sequence (Dy)men of gradient discretisation is said to be limit-conforming if, for all ¢ €
H 4. (Q), Wp,, () tends to 0 and for all ¢ € L2(), Wp(y) tends to 0 as m — co.

The compactness of a sequence of gradient discretisations states that any bounded sequence

is relatively compact in the sense that the reconstruction converges up to a subsequence.

Definition 3.10 (Compactness). Let D be a gradient discretisation in the sense of Definition
3.0. A sequence (Dp,)men of gradient discretisation is said to be compact if, for all sequence
(Um)men € Xp,,.0 such that ||um,||p,, is bounded, the sequence (Ilp, wm)men is relatively compact
in L*(Q).

Definition 3.11 (Trilinear limit-conformity). A sequence (Dy,)men of gradient discretisation in
the sense of Definition 3.6 is said to be trilinear limit-conforming if for all sequence (U, vy,) €

X3, o such that (|[tm]| p,, )men and (|[vm||p,, )men are bounded, and such that there exists (w,v) €
H}(Q)? such that
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— Hp, ty — T in L*(),
— Vp, Um — VT weakly in L*(Q)¢,
— Hp, vm — v in L*(Q),
— Vp,, Um — VT weakly in L*(Q)?,
then

'rrlLl—>H<1>o bp,, (U, Uy) = b(1, W, D)

where b is defined in (3.5).

Lemma 3.12 (Regularity of the limit of bounded sequences). Let (D,,)men be a sequence of
gradient discretisations which is coercive, limit-conforming and compact, and let for allm € N,
Uy € Xp,, 0 be such that the sequence (||t p,, )men is bounded. Then there exists w € H}(S2)
and a subsequence of (Dy,)men, again denoted by (Dy,)men, such that, as m — oo,

— Hp, ty, — T in L*(2),

— Vp, Um — VT weakly in L*(Q)¢,

— divp, Uy, — divi weakly in L*(Q).

Moreover, if the sequence of gradient discretisations (Dy,)men is consistent and if
VmeN, Yo € Yp, o, / divp, UmXp,, o dr =0, (3.13)
Q

then diva = 0.

Proof. Using the compactness of (D,,)men gives the existence of @ € L*(2) such that, up to a
subsequence, I1p wu,, — w in LQ(Q). From this subsequence, and using the fact that Vp_u,,
and divp, u,, remain bounded (we use here the coercivity of (D,,)men Which provides a bound
on ||divp,, um||r20)), we deduce that there exist ¢ € L*(Q2)? and v € L?(Q2) such that, again
up to a subsequence (still indexed by m), Vp_u, — ¢ weakly in LQ(Q)d and divp,_ ., — v
weakly in L?(2). We extend the definition of all the previous functions by 0 outside €. Let
¢ € C*°(R4)?. From Definition 3.9 applied to the restriction of ¢ to  and to its opposite, we

have
| [ (Tt 0+ Tp, - divig) da| < Wi, (ela) funl, -

Passing to the limit and using the limit-conformity of (D,,)men, We obtain
/Rd(C cp+u-dive) de = 0.

The last equality shows that ( = Va# on R? and therefore that @ € H'(R?). Since ¢ vanishes

outside €, we get that @ € H(f2). It remains to prove that @ is free-divergence. Taking
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Y € L*(Q) with zero mean value, we get that
| 4 V5t = divi, ) da] < W, (8) [, (3.14)
i=1

Passing to the limit and again using the limit-conformity of (D, )men, We obtain

/Qi/}(divﬂ — ) dz =0,

which shows that v = diva.

Let us now turn to the last part of the lemma. We then assume the consistency of the
sequence of gradient discretisations and that (3.13) holds. Using the interpolation operator
defined in Definition 3.8, we get from (3.13) and (3.14) that, for any ¢ € L3(Q),

\/Q¢ divp,, ty dz| < [|divp,, Um || L2@)l| — XDmem?/JHLZ’(Q)-

Letting m — oo, we obtain that / Ydivi dz = 0 which implies, since diva € L3(), that
Q

divt = 0 a.e. in (2.

3.3 Steady Navier-Stokes problem

3.3.1 Gradient Scheme and main result

The gradient scheme for the steady Navier-Stokes problem is based on a discretisation of the
weak formulation (3.4), in which the continuous spaces and operators are replaced with discrete
ones (in (3.4), we wrote the property “divi = 0” using test functions to make clearer this parallel
between the weak formulation and the gradient scheme). If D is a gradient discretisation in the

sense of Definition 3.6, the scheme is given by :

u € Xpo, pE€ Ypo,
77/ HDu~HDU+1// Vpu: Vpv de + bp(u,v)
Q Q

—/ xpp divpvdz = / (f -Tpv+ G : Vpv)dz, Vv € Xp,
Q Q
/ xpqdivpudr =0, Vg € Ypy.

Q

(3.15)

Our main result for the steady Navier-Stokes problem is the following theorem.
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Theorem 3.13 (Convergence of the scheme). Under Hypotheses (3.3), let (Dy,)men be a se-
quence of gradient discretisations in the sense of Definition 5.0, which is consistent, limit-
conforming, coercive, compact and trilinear limit-conforming in the sense of Definitions 3.8,
3.9, 3.7, 3.10 and 3.11. Then for any m there exists at least one solution (up,,,pp,,) to (3.15)
with D = D,,. Moreover, as m — oo, there exists a subsequence of (Dp)men again deno-
ted (Dpm)men and there ezists (u,p), weak solution of the incompressible steady Navier-Stokes
problem (5.1) in the sense of Definition 3.1, such that

— Ip, up, converges toa in L*(9),

— Vp, up, converges to vV in L*(Q)?,

— Xp,,Pp,, converges top in L*(Q).

3.3.2 Proof of the convergence result

Let us established some estimates on the solution of scheme (3.15).

Lemma 3.14 (Estimates on the discrete velocity). Under Hypotheses (5.3), let D be a gradient
discretisation in the sense of Definition 3.6. If (up,pp) is a solution to Scheme (3.15), then
there exists C1o > 0 only depending on €2, d, f, G, v, n and increasingly depending on C'p such
that

Wpup3aqey + vllupllh < Cuo (3.16)

Proof. Putting v = up and ¢ = pp in (3.15), we get

n|]HDuDH%2(Q) + v||upl|% + bp(up, up) —/ Xppp divpup dr = / (f-Upup + G : Vpup) dx.
—— — Q Q
>0

=0

Now using the Cauchy-Schwarz inequality in the previous equation, we obtain

NMpupl|izi) + vlluplh < Iz IMpupllLa) + |Gl 2@allullp- (3.17)

and therefore, using ||llpupl|p2q) < Cpllupl/p (see Definition 3.7 of coercivity), we get

vlfupllp < [ fllz2@Cp + Gl z2()a-

Reporting this inequality in the right-hand side of (3.17), we conclude the proof of (3.16).

Lemma 3.15 (Estimates on the discrete pressure). Under Hypotheses (3.3), let D be a gradient

discretisation in the sense of Definition 3.6. If (up,pp) is a solution to Scheme (3.15), then there
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exists Ch3 > 0 only depending on (), d, C', f, G and increasingly depending on Bp + Cp + %
such that
IXpppllr2@) < Cis (3.18)

Proof. Let v € Xpy such that ||v]|p = 1 and Bp||xppllr2@) < / Xppdivpv dz (see Definition
Q
3.7). Putting v in Scheme (3.15), we get

Bollxopl2)
< ‘n/SZHDuD-HDU dx+u/QVDuD : Vpvu dr + bp(up,v) —/Sz(f-HDv+G : Vpv) dz|.

Using Cauchy-Schwarz and the discrete Sobolev inequalities, we can deduce :
Bollxopollrz@) < nCollpupllre) + viluplp + [bo(up, v)| + Cbll fll 12 @) + |Gl L2@)a-
Thanks to the assumptions on bp, we get
[bo(up,v)| < Bpllup|p.

Estimate (3.16) allow us to conclude the proof of Estimate (3.18).

Lemma 3.16 (Existence of a discrete solution). Under Hypotheses (3.3), let D be an admissible
discretisation of ) in the sense of Definition 3.6. Then there exists at least one solution (up, pp)
to Scheme (3.15).

Proof. We follow the proof of [69, Theorem 4.3] based on a topological degree argument.

=1,...,

be the mapping such that, for any (v = Zu v(l P = Zp G N € Xpo x Ypo x [0,1],
=1 7=1

F(U,p7 /\) = (E(uapa A))i:l
foralli=1,... N

-----

Fi(u,p,\) = n/QHDu M po® dz + V/QVDu Vo do + )\bD(u%),v(i))

— / xoppdivpr® dz — )\/ (f Tpe® 4+ G - VDU(i)> dz,
Q Q

and for all y =1,.... M
Fiin(u,p, A) = /QXDq(j)diVDUD dz.
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Thanks to the hypotheses on bp, the mapping F is continuous, and for a given (u,p), such
that Fj(u,p,A\) =0 for all i = 1,..., N + M, estimates of Lemmas 3.14 and 3.15 hold replacing
(bp, f,G) in Scheme (3.15) by (Abp, Af, AG). Since F(u,p,0) is a linear function of (u,p), we
deduce from the invariance of the Brouwer topological degree by homotopy that there exists at

least one solution (up,pp) to the equation F(up,pp,1) = 0, which is exactly Scheme (3.15).
We will now prove the convergence theorem for the steady Navier-Stokes problem.

Proof (of Theorem 3.13). .

Step 1 : Extraction of a converging subsequence.

Estimate (3.16) allows us to apply Lemma 3.12 and to get the existence of @ € Hy(f2) with
divu = 0 and, up to a subsequence again indexed by m, Ilp_up  — win LQ(Q), Vp, up, — Vu
weakly in L*(2)? and divp, up,, — 0 weakly in L?(2). Moreover, thanks to Estimate (3.18), up
to a subsequence of the previous one (again indexed by m), we get the existence of p € L3(12)

such that xp, pp, — P weakly in L*(Q).

Step 2 : Proof that (@,p) is solution to (3.4).
Let w € H () be given. Thanks to the consistency hypothesis, we get that ||Ip, | p, is
bounded, IIp Ip @ — w in L*(Q) and Vp,_Ip, @ — Vw in L*(Q)%. Thanks to weak/strong

convergence properties, the following holds :

lim 77/ HDmqu-HDmImedx:n/H-@dx,
Q Q

m—0o0
lim v / Vo, up, : Vo, Ip, @ de = v / Va : Vi dz,
m—r00 (9} (¢}
lim /XDmpodiVDm]me dx:/ﬁdivﬁ dz,
m—oo JO) (e}
lim [ (f-Tp,Ip,@+G: Vp,Ip,w) dx:/ (f-w+G:Vw) da,

and, thanks to the the trilinear limit-conformity of (D,,)men,
Jim bp,, (up,,, Ip, W) = b(u,u,w).

Therefore, letting v = Ip, W as test function in Scheme (3.15) and passing to the limit, we find
that (@, p) is a solution to Problem (3.4).

Step 3 : Proof of strong convergence of Vp_up,,.

Taking v = up,, as test function in Scheme (3.15), passing to the supremum limit as m —
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00, using the convergence of IIp up, to @ in L*(Q) and of Vp, up, to Va in L*(Q)? and

bp, (up,,,up, ) > 0, we get that :
hmsup (77||HD up, | 2@ + Vlup, | b, ) < /ﬂ (f-u+G:Vu) dz.
Now choosing © = u as test function in Problem (3.4), recalling that b(@, @, w) = 0, we find
Ml 2+ VIVl = [ (F-7+G: V) do.
Combining the last two equations we get
i sup (111, 5, 120y + ¥, ) < )+ 272y

Furthermore, thanks again to the convergence of Ilp wup, to @ in L*(Q2) and to the weak

convergence of Vp_up to Vi in L*(Q)? we may write that

liminf (n|Tp,,up,, | z20) + vIun,llp,) = 1l gy + VIVl g2 .

Finally we can conclude that ||up,,||p,, — [V r2(q)« and this allows us to conclude the proof.

Step 4 : Proof of strong convergence of the approximate pressure in L?((2).

We select v, € Xp,, such that ||v,,|p,, =1 and

BDlIX D (IDnP = Do) |12(00) < /QXDm (Ip,.p — pp,,)divp,, vpda.

Letting v = v,, in the scheme, we get

n/ﬂHDmqu-HDmvm—l—l//QVDmqu : VDmvm—l-me(qu,vm)—/Q XD,,Pp,, divp, v, = /Qf-HDmvm.

Combining the two above relations, we get

BlIx D (IpD — Poo) || 22(0) < /Qf'HDmUmJF/QXDmemﬁ divp,, vm

— 77/ Ip, up,, -p, vy — u/ Vo, up, : Vp, Um—bp, (up,, ,Um).
0 Q
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Thanks to the triangle inequality, we deduce

BlP = XDwPDw |l 200) < 5||XDmemﬁ—ﬁ||L2(Q) + /Q J - p,,vm +/QXDmemﬁ divp,, vm

— n/QHDmqu p, vy — l//Qvaqu : Vp,,vm — bp, (Up,, , Vm).

Since ||t/ p,, = 1, Lemma 3.12 shows the existence of 7 € H(f2) and of a subsequence, again
indexed by m, such that IIp_v,, tends to v in L2(Q) and such that Vp_wv,, weakly converges
to Vo in L*(Q)? and divp,, v, weakly converges to dive in L?(1).

Using the (already proved) strong convergence properties for the velocity and the trilinear
limit-conformity of (D,,)men, We may now pass to the limit m — oo, since all integrals involve

weak /strong convergence properties. We get

plimsup [|[p — Xp,.Pp,. || L2(0) < / f-@+/79 divo — 77/ U-v— 1// Vu : Vv — b(u,u,).
m—so0 Q Q Q Q

It now suffices to use the fact that we already proved that (u,p) is a weak solution to the

steady Navier-Stokes equation (3.4). We then get that the right hand side of the previous in-

equality vanishes, which shows the convergence in L*() for this subsequence. Using a standard

uniqueness argument, we deduce that the whole subsequence built at step 1 converges in this

sense.

3.4 Transient Navier-Stokes problem

In this section, we are interested in the study of the transient Navier-Stokes problem defined

as it follows, its discretisation by our general framework and the convergence of our scheme.

3.4.1 Gradient Scheme and main result

Before introduce the scheme, we need to define a space-time gradient discretisation from
an adaptation of the Definition 3.6 of the space one because transient problem requires the

addition of time step and an interpolation of initial data.

Definition 3.17 (Space-time gradient discretisation). A space-time gradient discretisation D

for the transient Navier-Stokes problem, with homogeneous Dirichlet boundary conditions, is

-----

— D* = (Xpo,1p,Vp,Bp,Yp, xp,divp) a gradient discretisation of 0 in the sense of
Definition 3.0,
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— Jp : L*(Q) — Xpyo an interpolation operator;
— 1O =0<tW <. <t =T.

We define 5tz =t — ™) for alln =0,.... N — 1 and 5tp = _max ((515"*%).

n=0,...,N—1

A sequence of space-time gradient discretisation (D,,)men is coercive (resp. limit-conforming
and compact) if its spatial component (D2))en is coercive (resp. limit-conforming and com-

pact).

Definition 3.18 (Space-time consistency). A sequence (Dy,)men of space-time gradient discre-

tisations in the sense of Definition 3.17 is said consistent if

1. (Dg))men is consistent in the sense of Definition 3.8,
2. for all p € L*(Q), Up, Jp, ¢ — o in L*(52),

3. dtp,, = 0 as m — 0.

Definition 3.19 (Space-time trilinear limit-conformity). A sequence (Dp,)men of gradient dis-
cretisation in the sense of Definition 3.6 is said to be space-time trilinear limit-conforming if for

all sequence (tm, Vm)men € X5 o such that (||V p,, tm || 12 @x0.1))¢)men and (|[V b, Umll 12(@x (0.7 )men
are bounded, and such that there exists (u,7) € L*(0,T, Hy(Q))? such that

— Hp, ty — @ in L0, T, L*(Q)) and 1T p,,, tm || poe 07,12 (02)) @8 bounded,
— Vp,, Um — VT weakly in L*(2 x (0,T)),
— Ip,vp, — T in L>(0,T, L*(Q))
— Vp, Um — VT in L>=(0,T, L*(Q)%),
then
T T
lim / b, (tims V) = / b(a, a, ).
0 0

m—00

Let D be a space-time gradient discretisation in the sense of Definition (3.17). With the

notation )
L )

n+5
0p 2up =
D D 5tn+%

Y
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the implicit gradient scheme for (3.2) is based on the following approximation of (3.9) :

up = (u(g))n:o,m,N, Pp = (p(D”))n:Lm’N such that u(g) = Jpuii and, Vn =0, ..., N — 1 :
u%l“) € Xpyo, ngH) € Ypo,
n—l—% (n+1) | n+1 (n+1) 5.
pdy 2up-Upvde+v | Vpup 7 Vpude +bp(u",v) — [ xppp  divpvde
Q Q Q

f(n+1) ¢(n+1)

1 |
= — /t(n) /Q fTpededt + /t(n) /Q G- Vpudadt, Yo € Xpp.

/ divDu(gH)Xqul" =0, VgeYpy.
Q

(3.19)

It is useful to denote space-time functions Il and Vp by the following way : if v =

(v")p=o.. .~ € Xpo, the functions pv : Q x (0,7) — R* and Vpv : Q x (0,7) — R4
are defined by

Vn=0,...,N—1,Vte (™ )] v ecQ,

1 3.20
pv(z,t) = Tpv™ D (z), Vpo(z,t) = Voo™ (z) and dpv(t) = o5 (3:20)

2.

Now we get all the tools needed to present our main result for the transient Navier-Stokes

problem

Theorem 3.20 (Convergence of the scheme). Under hypotheses (3.8), let (Dp)men be a se-
quence of space-time gradient discretisation in the sense of Definition 5.17 which is consistent,
limit-conforming, coercive and compact in the sense of Definition 3.18, 5.9, 3.7 and 3.10. Then
for any m, there exists at least a solution (up,,,pp,,) to Scheme 3.19 with D = D,,. Moreover,
as m — 0o, there exists a subsequence of (Dy,)men again denoted (Dy,)men such that lp up,,
converges in L*(0,T, L*(Q)) to @, where T is a weak solution to the incompressible transient

Navier-Stokes problem in the sense of Definition 3.4.

3.4.2 Proof of the convergence result

First, we will establish some estimates on the discrete velocity.

Lemma 3.21 (Estimates on the discrete velocity). Under Hypotheses (3.8), let (Dy)men be a

sequence of space-time gradient discretisation in the sense of Definition 3.17. If (up,pp) is a

98



3.4 Transient Navier-Stokes problem

solution to Scheme (3.19), then for all m =0, ..., N,

t(m)
t(m) t(m)
/ / £ Tpul™ dadt + / / G Vpuldedt. (3.21)
0 Q 0 Q

Moreover, if Ciy > 0 is such that C14 > ||Tpu® ||L2(Q then there exist Ci5 > 0 only depending
on 2, d, Uy, f, G, v and increasingly depending on Cp, such that

T pup || oo o.r,22()) + VIV Dbl 2050702 < Cis + Tp T pttini || 32 (3.22)

Proof. Putting v = 5t"+%ug°+1) and ¢ = p(DnH) in (3.19), since bD(ugLH), g”l)) =0, we get

t(n+1)

/ (HDU([;L—H) - HDu ) HDanJrl de +v / |VDu(Dn+1)|2dacdt =
0

t(n)
t(n+1)

/() /f IT un+1)dxdt+/
t"/

Using the inequality (a —b) - a > $(|a[* — [b]*) (valid for any a,b € R?) on the first term, it

t(n+1)

/ G: VDu%LH)dxdt.
Q

comes :

o o = ol

t(n+1)

dx—i—u/() /]VDu"+1\dxdt<

t(n+1) t(n+1)

/() /f puy*dadt + |

We take n € {0,..., N} and sum the obtained equation over 0,...,n — 1. This gives (3.21).
Estimate (3.22) is a straightforward consequence of the definition of C'p and Young’s inequality
applied to (3.21) with m = N.

/ G - VpulVdad.

Lemma 3.22 (Existence of a discrete solution). Under Hypotheses (5.8), let (Dp)men be a
sequence of space-time gradient discretisation in the sense of Definition 5.17, then there exists

at least one solution (up,pp) to Scheme (3.19).

Proof. We remark that, for a given n =0, ..., N — 1, taking as unknown ugLH) in Scheme (3.15)

with n = 5 e find the same form as Scheme (3.19). Therefore, the existence of at least one

solution of this last scheme follows from Lemma 3.16.
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Definition 3.23 (Dual semi-norm). The semi-norm |- |. p is defined on Xpg by

|w|*7D - Sup {/ HDw . ]._.[D/Udl' U E EDy ||’U||D = 1} ,
Q
where Ep = {v,v € Xp,divpv = 0}

An estimate on this semi-norm will allow us to apply theorem 3.25, which is a discrete

version of the Aubin-Simon theorem [27, Theorem 7.1].

Lemma 3.24 (Estimate on the dual semi-norm of the discrete time derivative). Under Hy-
potheses (3.8), let (Dy,)men be a sequence of space-time gradient discretisation in the sense of
Definition 3.17, let (up,pp) be a solution to Scheme (3.19). We take Ciq > |[Hpul®||r2(q). Then
there exist Cg > 0 only depending on ), d, Cy, f, G and increasingly depending on Cp such
that

T
/0 ptplepdt < Cig(1 + T T pttini| 2y ) - (3.23)

Proof. Taking any v € Ep in Scheme (3.19) such that ||v||p = 1, we have, forn =0,...,N—1:

n+1)

| /Q(f Mpo + G : Vpo)dadt.

Moy 2up - Mpvda < vfu™) L

Using the Cauchy-Schwarz inequality on the last term and the coercivity definition leads to

t(n+1)

1 1
n+ n+1
[ 1085 up  Tpvde < wlju®Vp+ —rs [ (CollFCt) gz + 16Dzt

and using the definition of | - |4 p, we get

t(n+1)

ntl " 1
5 Fulep < WV o+ s [ (CollF () + I1GC Dl

St +3) Jem

multiplying by §t"+2 and summing over n gives the desired estimate, thanks to (3.22) and

to the Cauchy-Schwarz inequality.

The following theorem is proved in [27, Theorem 7.1] and we need it in the proof of Theorem
3.20.

Theorem 3.25 (Discrete Aubin-Simon theorem). Let T' > 0 and let B be a Banach space. Let
(Br)een be a sequence of finite dimensional subspaces of B. For any £ € N, let N, € N*, tgo) =
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0<tV < . <t =T and & =t —t"V n=1,... N, Let {u{” ,n=0,...,N,;} C B,
and let u, € L*(0,T; By) be defined, for a given real family (aén))nzl N, by

77777

we(+,t) = (1 — aé"))ugnfl) + a§">u§") € By,

3.24
fora.e. t e (tén_l),tén)), andn € {1,... N} (3.24)

Let 6puyp be the “discrete time derivative”, defined by :

n 1 n n— n— n
dpug(-,t) = (5§ Vg = (u§ ) _ ug 1)) for a.e. t € (tg 1),15@ )),n e{l,...,No}.

Let || - ||x, and || - ||y, be two norms on B,. We denote by X, the space By, endowed with the

norm || - ||x, and by Yy the space By endowed with the norm || - ||y,. We assume that

(h1) For any sequence (wy)een such that w, € By and (||wel|x,)een is bounded, then, up to a

subsequence, there exists w € B such that w, — w in B as { — +o0.

(h2) For any sequence (wg)een such that wy € By, (||wellx,)een is bounded, there ezists w € B

such that w, — w in B and ||w|y, — 0 as { — 400, then w = 0.

.....

(h4) The sequence (||dews||L10,m;v,))een is bounded.

Then there exists u € LY(0,T; B) such that, up to a subsequence, uy — u in L'(0,T; B) as
{ — +o00.

Now we can prove the convergence result.

Proof (of Theorem 3.20). Since the space-time consistency implies that I1p_ Jp, @i — Uiy in
L*(Q), we get that (||T1p,, Jp,, tini| 12(q))men is bounded and therefore that the estimates given
by Lemmas 3.21 and 3.24 are independent on m € N.

Step 1 : Application of 3.25 and consequences.

In our setting, the space B of the theorem is L*(Q2) and B,, = {Ilp,v,v € Ep, }. The norm
| - ||x,, is the norm || - || p,, and the norm || - ||y,, is defined in Definition 2.26.

The compactness property in the sense of Definition 3.10 of the sequence of discretisations
(Dp)men and Estimate (3.22) give the existence of @ € L*(2 x (0,7)) and ¢ € L*(Q x (0,7))¢
such that, up to a subsequence (still indexed by m), Hp_up,, — @ in L*(Q x (0,T)) and
Vo, up,, — ¢ weakly in L*(Q x (0,7))% and thus assumption (h;) is satisfied.

The assumption (hs) of the theorem is a consequence of Definition 2.26. Indeed, let (Ilp,, v)men
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such that IIp, v — v in B and such that |v|, p,, — 0 as m — oo, we have
/ Ip,v-Ip,vdx < |vlp,.llvl|p, — 0asm— oo
Q

which shows that v = 0.

From estimates (3.22) and (3.23), we get that hypotheses (h3) and (hy) are satisfied. Therefore,
we deduce that there exists @ € L'(0, T, L*(Q)) and a subsequence of (D,,)men, denoted in the
same way, such that IIp, up,, — @ in L*(0,T, L*(Q)) as m — oo.

Step 2 : Proof that w € L?(0,T, E()).
Let ¢ € C®(R4)? and 6 € C=(0,T) be given. We have, for all n = 0,...,N — 1, and all
t e (t(n)’ t(n+1))7

‘/Rd (meuggﬂ) cpf(t) + Hp,,u™D . divep 9(t))dx| < Wb, (¢la) 0(t) [V, up, |2 @ya-

Integrating the above inequality over ¢ € (¢ +"*D) summing on n = 0,..., N — 1 and using
Estimate (3.22), allows to follow the proof of Lemma 3.12, hence leading to @ € L(0,T; H(2))

and divu = 0.

Step 3 : Proof that @ is the solution to (3.9).

Let 6 € C*([0, 7)) and w € E(Q2). As (w, 0) is the solution of the incompressible steady Stokes
problem with f = nw and G = Vw (Problem (3.1) with b = 0), we can find for a given
m € N, an approximation wp,, € Xp,, o such that [, xp, ¢divp, wp, = 0 for all ¢ € Yp,, o,
Ip, wp, — win L*Q) and Vp, wp, — Vw in L*(Q)%. We take v = 6t 2)0(t™M)wp,  as

test function in Scheme (3.19) and we sum the resulting equation on n = 0,..., N — 1 to get
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T+ T + T + 1" = T with

N-1
T 5t"+%9(t(”))/QHDmé(“%)qu Mp, wp,,dz,
n=0
Nl 1 1
™ = 5t”+59(t("))/ VDmu(g,: )V, wp,d,
n=0 @
N-1 1 1
T = = 3 o 30t [ X, p div, wp, e,
n=0 @
N-1 ) ¢(nt1) T
" = 3" st /( ) bp,, (u" ™ wp,, )dt :/ b, (up,,,Vp,,wp,, )dt,

z
L

t(n+1)

™ = 3 o) |

) /Q(f Alp,, wp,, + G : Vpwp,,)dzdt.

i
[e=)

First, we remark that 7. 3(m) = 0 since [, Xp,,qdivp,, wp, = 0 for all ¢ € Yp, . Using discrete
t(n+1)

integration by parts and writing 8(¢t™ D) — 0(t™) = [L7 0/(t)dt, we find

T
T = /0 /Q 0Ty, up,, - lp, wpdzdt — 6(0) /Q My, ul) - Tp,wp, da.

Recall that u(DOT)n = Jp,, Ui, S0 that the space-time consistency (Definition 3.18) gives I1 Dmugzn —

Ui in L*(Q) as m — co. Thus, by strong convergence in L*(Q) of Ilp, wp,, to ,
(m) !
™ —/ /e’a-wdxdt—e(o)/mm-wdx.
0 Ja Q

Using the regularity of # and the weak convergence of Vp_ up, to Va in L*(Q x (0,7))%, it

easily comes
m) _, (" ) [
i —>/ e/vﬂ:vmxdt and  T" %/ 0/(f-w+G:V@)dxdt.
o Jo 0o Ja
For the limit of 7\, we remark that the sequences (Ip, up,, Jmen, (V b, tp,, Jmens (05, X p, W, Jmen

and (0p, Vp, wp,, )men satisfy the required conditions for applying the space-time trilinear

limit-conformity in the sense of Definition 3.19. This gives that

m—r00

T
lim T™ = / b(a, u, 0w) dt.
0
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Chapitre 3. Incompressible Navier-Stokes equations

Finally, passing to the limit in 7™ + 74™ + 74™ + 7™ = T{"™ concludes the proof that @
satisfies (3.9).
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Chapitre 4

Examples of gradient discretisations for the

Navier-Stokes problem

In this chapter, we present four examples of gradient discretisations : the MAC scheme on
rectangular meshes, the conforming Taylor-Hood scheme, the Crouzeix-Raviart scheme and the
HMM scheme which is an extension of Crouzeix-Raviart scheme on polyhedral meshes. For all of
this schemes, we will check the consistency, the limit-conformity and the compactness property.
To enter into the framework of the gradient discretisation for the Navier-Stokes problem, we
need to check not only a discrete Poincare inequality but a discrete Sobolev one, because all
our examples use the bp built with V and IIp presented in this chapter (see Section 4.1).
That is why we will check for the property of p-coercivity (see Definition 4.3) to ensure that
gradient discretisation are acceptable for the Navier-Stokes problem. We then observe that
sequences of gradient discretisations which are consistent, limit-conforming and p-coercive for
the Navier-Stokes problem are consistent, limit-conforming and coercive for the Stokes problem.

The second part of this chapter presents two possible methods for building the discrete
operators divp and bp from V p and IIp. This kind of construction allows to prove the different

properties more easily than in the general case.

Although gradient schemes are not necessarily based on meshes, most numerical methods for
Stokes’ equations are mesh-based. We give here the generic definition of a polyhedral mesh,

following [41, 45]. We refer to Figure A.1 for some notations.

Definition 4.1 (Polyhedral mesh of Q). Let Q be a polyhedral open bounded domain of RY,
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Examples of gradient discretisations for the Navier-Stokes problem

Figure A.1 — A cell K in a polyhedral mesh

d > 1. A polyhedral mesh of Q is a triplet (M, €, P) where :

1. M is a finite family of non empty connected open disjoint subsets of Q (the “cells”) such

that Q = Ugen K. For K € M we denote by 0K = K \ K the boundary of K, by |K| >0
the measure of K, and by hx the diameter of K.

& = & Uy is a finite family of disjoint subsets of Q (the “edges” of the mesh — “faces”
in 3D) such that any o € & is a non-empty open subset of an hyperplane of RY. &y is
the set of edges included in ), and Eqy is the set of edges included in 0. The (d — 1)-
dimensional measure and the centre of gravity of o € £ are respectively denoted by |o|
and T,.

We assume that, for all K € M, there exists a subset Ex of € such that 0K = Uyee, 0.
We then set M, = {K € M : 0 € Ex} and we assume that, for all o € &, either M, has
exactly one element and o € Eq, or M, has exactly two elements and o € E. For all

K e M and o € Ek, we denote by nk,, the unit vector normal to o outward to K.

P = (xK)Kkenm is a family of points of Q indexed by M such that, for all K € M, K is
strictly star-shaped with respect to xx, meaning that for all x € K the segment [xx, x] is

included in K. We let di, be the signed distance between xx and o, that is :
diko = (x —2k) Nk, T Eo0. (4.1)

Note that (x — xk) - N is constant for x € o, and that it is strictly positive due to K

being star-shaped with respect to xk.

The size of the polyhedral mesh is defined by hy = max{hyx : K € M}.
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4.1 Example of bp built with Vp and Il

4.1 Example of bp built with V and Il

In this section, we are interested in the construction of bp inspired from the finite elements

method and using discrete operators IIp and Vp.

Definition 4.2 (construction of bp). Let D be a gradient discretisation in the sense of Definition
3.6. Let bp : X3+ L*(Q) such that

bp(u, v, w) Z / 19 uv ol w da.
i,j=1
We define bp by :
1, — N
bp(u,v) = 5 (bD(u,u,v) — bD(u,v,u)) : (4.2)
The aim is to prove that the above definition of bp ensures the trilinear limit-conformtity and

space-time trilinear limit-conformity properties, as soon as the coercivity property is extended

to a discrete Sobolev inequality and not only a discrete Poincaré inequality.

Definition 4.3 (p-coercivity). Let D be a discretisation in the sense of Definition 3.6. Let
q € N and let C'g)) be defined by

II di
C’g)) = max 7” DU”LP(Q) + max —” WDUHLQ(Q). (4.3)

veXbo vl veXpo  ollp

A sequence (Dp,)men of gradient discretisation is said to be p-coercive if there exist C's > 0,
and 5 >0 suchthatC p) . < Cs and Bp,, > 3, for all m € N.

Proposition 4.4 (Space trilinear limit-conformity). Let (D,,)men be a sequence of gradient
discretisations in the sense of Definition 3.6 which is p — coercive for all p € [2,6] in the
sense of Definition 4.3 and such that bp,, is defined by (4.2). Then (Dp,)men is trilinear limit-

conforming in the sense of Definition 5.11.

Proof. First, by definition of bp, we can remark that, bp is continuous, for all u € Xppy,

bp(u,u) = 0 and that bp(u,v) is linear with respect to v. Moreover, we may write
bp(u, u,v) < [[Hpull g llull ool g0
Thanks to the p-coercivity for p = 4 of the discretisation, we obtain

bp(u,u,v) < (CP2||ul3 ][0l p-
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Examples of gradient discretisations for the Navier-Stokes problem

Using the same idea for ED(u, v, u), we finally get the admissibility of bp in the sense of Definition
3.6, defining Bp = 2(081))2. Moreover the sequence (Bp,,)men is bounded. It remains to
prove that, for a sequence (tm, Vm)men € X3, o With the properties given in Definition 3.11,
bp,, (U, V) — b(W, W, 7). We remark that the strong convergence in L*(Q) of IIp,, u,, — @ and
Ip, v — T combined with the p-coercivity for p = 6 > 4, gives us the convergence in L*((2)
of Illp, ., — wand Ilp,_v,, — v. Thus, for the first term of the right hand-side of by, the weak
convergence in L*(Q)? of Vp, v, — V¥ suffices for passing to the limit. Using the same idea

for the second term of the right hand-side allows us to write the following result :
lim bp,, (tum,vm) = 5(b(ﬂ, u,v) — b(u,v,u)).

Recalling the property (3.7) of b concludes the proof.

To prove the property of trilinear limit-conformity, we need the two following lemmas.
The two following results of space interpolation are used in the proof of the space-time

trilinear limit-conformity of our bp presented in chapter 4.

Lemma 4.5. Let (un)nen, (Un)nen and (wy)nen three sequences such that
1. u, — uin LY0,T; L*())
2. uy, is bounded in L*(0,T; L°(Q)) and in L>=(0,T; L*(2))
3. v, — v weakly in L*(0,T; L*(Q))
4. w, — w in L>=(0,T; L*(Q)) and is bounded in L>(0,T; L%(Q)).
then

n—oo

lim /OT/Qun(x,t)vn(x,t)wn(x,t)da;dt:/OT/Qu(ﬁ,t)v(:r,t)w(x,t)dxdt.

Proof. Tt suffices to remark that w,w, tends to uw in L*(0,T; L*(Q2)). Indeed, we have
T
/ /Q (tn(, ) (2, 1) — (e, yw(z, t)2dzdt < 2(A, + By)
0

with

A, = /0 ' /Q (un (@, 1) — u(z, t)) 2wz, t) dadt

and

B, = /0 ' /Q (e, 0 (wn(x, 1) — w(z, t))2dadt

108



4.1 Example of bp built with Vp and Il

The conclusion follow from the inequality

/0 ! /Q Uz, )W (x, t)2dadt < /0 ! ( /Q U(x,t)4dx>1/2 ( /Q W(a:,t)4d:c)1/2 dat

which leads to

T
| [ Ut W e,y dadt < [W o sl Ul rinso-

Lemma 4.6. Let (un)nen, (Vn)nen and (wy)nen three sequences such that
1. u, — uin L*0,T; L*())
2. wuy, is bounded in L*(0,T; L°(Q)) and in L>(0,T; L*(2))
3. v, — v in LY0,T; L*(Q))
4. vy is bounded in L*(0,T; L%(2)) and in L>(0,T; L*())
5. w, — w in L=(0,T; L*()).

then
lim /0 ' /Q U (1, £) 0 (1, )10 (2, £)ddt = /OT /Q w(z, vl Ow(z, t)dedt.
Proof.
/0 ' /Q (n (2, ) 0n (@, ) (2, 1) — u(z, oz, w(z, t))dedt = A, + By + Ch
with
A= ' [ G 8) = e 1)), 0y o )
B, = /0 ' /Q (@, ) (vn (@, 1) — v(@, 1) )Jwn(x, )dzdt
and

C, = /()T/Qu(x,t)v(x,t)(wn(a:,t) —w(x,t))dxdt

The conclusion follows from the fact that

T
| [ 106,V (@ W (. 8)|dedt < 1W |z oirzion U 2o asapllV 2o ziasim)
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Examples of gradient discretisations for the Navier-Stokes problem

Indeed,

/OT/Q‘U(x,t)V(x,t)W(:z:ﬂda:dtS Sup[(/Q W(x,t)2dx)1/2(/g U(x,t)2V(x,t)2dx)1/2dt,

te]o, T

SO

[ [0tV oW @i < sw [ (VG t7dn)? [ U6 o'de [ Vi tyanar

t€]0,7[ /&

and therefore

/0 ' /Q U (2, )V (, )W () |dwdt < sup /Q W (x, 1)2dz) "/ ( /0 Y /Q U(x,t)4dx)1/2dt>l/2

t€]0, T
1/2
( [V, t)4dx)1/2dt> ,
Q

which concludes the proof.

Proposition 4.7 (Space-time trilinear-conformity). Let (D,,)men be a sequence of space-time
gradient discretisations in the sense of Definition 5.17 which is p — coercive in the sense of
Definition 4.3 and such that bp,, is defined by (4.2). Then (Dp)men is space-time trilinear

limat-conforming in the sense of Definition 5.19.

Proof. We consider sequences (U, )men and (v, )men satisfying that

IV Dt 20 0,2 and [V b, Vil 12@x(0/))2 are bounded and that there exists (u,v) €
L*(0,T, H(92))? such that

— Mp,,tun, — @ in L(0,T, L*(Q)) and |[Ip,, thn || oo (0.7,02(c)) is bounded,

— Vp, Uy — VT weakly in L*(Q x (0,7))?,

— Tlp, vp, — ©in L=(0,T, L*(Q))

— Vb, Um — VT in L®(0,T, L*(Q))4,
Let us check that the four items which are assumed in Lemma 4.5 are satisfied. Items 1 and
3 are assumed on (H%Lum)meN and (V%’j)um)meN. The fact that (H%?ﬂum)meN is bounded
in L2(0,T, L°(Q)) is a consequence of the p-coercivity assumption thanks to the fact that
IV b, Uml| 2 (0% (0,y) 18 bounded. Similarly, using the fact that ||V p,, vml| 1000 7,22()) i3 bounded,

we get a bound on Hngnva Loo(0,1,5(02))» hence items 2 and 4 hold. Thus we can apply Lemma
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4.2 The MAC scheme

4.5, which leads to
T T

lim / bp,, (U, Uy V) :/ b(u,u,v).
0 0

m—0o0

We check as well that the five items assumed in Lemma 4.6 hold, which shows that

T T
lim / bp,, (U, Uy U :/ b(w,v, ).
0 0

m— 00

Finally, the last two limits combined with Property 3.7 on b conclude the space-time trilinear

limit-conformity:.

4.2 The MAC scheme

The Marker-And-Cell (MAC) scheme [80, 94, 103] can be easily defined on domains where
the boundary is composed of subparts parallel to the axes. Let us show that its basic version
fits the gradient scheme framework. For simplicity of presentation, we restrict the presentation

to 2D domains and we further assume that Q = (a,b) X (¢, d).

Yjvl

Yj

Y-

1
2

Til Ti Tyl

Figure A.2 — Mesh for the MAC method.

We introduce, for given N, M € N*, finite real sequences T1=a <1< b= Tyl
and yr=c <Y1 < d = Ynigl- We set zp = a, z; = %(xi_% —i—xH%) fori =1,...,N,
Tnyr =b,yo =c, y; = %(?/j—é —|—yj+%) for j=1,..., M, yy1 = d. We then define a gradient

discretization D = (Xpo, Yp,p, xp, Vp,divp) as follows.

1. The space of the discrete velocities Xp is defined by

XD,O = {U = ((uiJr%J)i:O,...,N,j:O,.‘.,MJrl7 (Ui,j+%)i:o,...,N+1,j=0,...,M) :

u

U1, €R w0 €R wyy =uyi =1 = w0 =0 for all i,7}.
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Examples of gradient discretisations for the Navier-Stokes problem

2. The space of the discrete pressures Yp is
Yp={p= (pi,j)i:l,...,N,j:l,...,M D Dij € R}.

3. For all u € Xpo, Hpu = (W0, TPu) € L2(Q)? with 1) u piecewise constant equal to

Uiy 1 in (i, Tip1) X (yjfé,yﬂ%) fori=0,...,Nand j=1,..., M, and H(D2)u piecewise
constant equal to u; ;,1 in (a:i_%,xzur%) X (yj,yj41) for i =1,...,Nand j =0,...,M

(this definition accounts for the boundary conditions on the velocity).
4. For all p € Yp o, xpp is piecewise constant equal to p; ; in (xi_%, :1:2-+%) X (yj_%,yﬁ%) for
1=1,...,Nand j=1,..., M.

5. For all u € Xpy, Vpu = (Vg’b)u)a,b:m € L*(Q)* with V%’b)u the piecewise constant
approximation of the b-th derivative of the a-th component defined by :

u.

(1,1 - Yk %L . .
(a) Vp'u = e, on (a:i_%,xH%) X (yj_%,yﬂ%) fori = 1,...,N and j =
2 2
1,....M,
b) v, — Yipljri %l fori=0 Nand i=0 M
(b) Vp U—WOH(%,%H)X(%WJ'H) or:=\u,...,vand j=»u,...,M,
(2,1)  Yayprged T4l - -
(c) Vo 'u= i~ on (@i, xig1) X (yj,yj41) fori=0,...,N and j =0,..., M,
(2,2) Yigrd %4 _ .
(d) VD u = m on ($i7%,$i+%> X (yjié,y]Jr%) for 1 = 17...,N and ] =
2 2

1,..., M.
6. di B o (2,2) . .
. divpu = Tr(Vpu) = V" 'u + V" u (constant in (CCZ;%,%"H%) X (yjfé,yj%) for i =
1,...,Nand j=1,..., M).

The gradient scheme (2.7) stemming from such a gradient discretisation is identical to the
standard MAC scheme, classically written using finite differences. Setting hp = max; ;(x;, 1=
Ti 1Yl — yj_%), we have the following result.

Proposition 4.8 (Properties of the MAC gradient discretisation).

For any m € N we define a gradient discretisation D,, as above, from some finite sequences
(miJr%)i:O,.,,,Nm and (ijr%)j:O,...,Mm such that hp,, tends to 0 as m — 0o. Then (Dy,)men S p-
coercive, consistent, limit-conforming and compact in the sense of Definitions 4.3, 3.8, 3.9 and
3.10.

Proof. We drop the indices m for legibility.
P-COERCIVITY : Since the definition of Vp is corresponding to the discrete gradient of a
finite volume scheme on a mesh satisfying the usual orthogonality property, the bound on Cp

is a consequence of the discrete Sobolev inequality obtained in [29] or [57, Lemma 9.5 p. 790]
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4.2 The MAC scheme

(the control of divp by Vp is then trivial from its definition). The lower bound on fp is a
consequence of Necas’ result [17, 88]. Indeed, for any ¢ € Yp o we can find w € H}(Q2) such that
divw = xpq and ||| g1y < Cl[XpgllL2()- The lower bound on fSp is obtained by considering
v € Xp defined by averaging this functlon w on all edges, and by applying [58, Lemma 9.4 p
776].

CONSISTENCY : The consistency for the pressure stems from the fact that, given a family
of meshes whose size tend to 0, any L? function can be approximated by sequences of piecewise
constant functions on the meshes. The consistency for the velocity is equally immediate, since
Taylor expansions show that for a regular ¢ the interpolation u € Xpq defined by u; 415 =
gp(ac”%,yj) and w, ;1 = gp(xi,yH%) has a reconstruction IIpu and a discrete gradient Vpu

close respectively to ¢ and Vi if the mesh size is small.

LIMIT-CONFORMITY : We use Lemma 2.5. We start by taking ¢ € C*(Q)? and we show
that Wp(p) — 0 as hp — 0. The study is simplified by considering each component of the

gradient separately. For u € Xp o we have

(W1 — U1 ; o 1)(37 Y)
[ AR IR Tirg T Ting
= > (Uz‘+%,y’ - uifé,j)wi,j(yﬁr% - f‘/jﬁ) (4.4)
i=1,....N
j=1,...,M

where ; ; is the average of V) on (=, 1, T 1) X (yj—%’ ijr%). Using a discrete integration by

parts and the Dirichlet boundary Condltlons, we may write

Pit1,5 @i j
D (g =iy oy =) = = B0 gy p P Wy~ U)Wy — e
PTie Y itl T Tl
= — | M3t Ddady + R, (4.5)

where |Rp| < Chpl|ul|p with C only depending on ¢ and Cp from (2.4). We used the fact that
i = ¢ (@i, y;) + O((@i s =2 1) (Y1 —y;-1)), which implies DT = GO (2, y;) +
2 T2
O(yj+% — yj—%) = 0WD 1 O(hp) on (24, Tip1) X (yjfé,yﬂ%). Combining (4.4) and (4.5), we
get
[ (T8t 4 000ty < Onglfull

Using the same idea for each component of Vp, we conclude that Wp(p) — 0 as m — oo.
Since divp = V%’l) + Vg’2), we get that Wp(1) = 0 for all ¢ € C*°(Q) and this completes
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Examples of gradient discretisations for the Navier-Stokes problem

the proof of the limit-conformity.

COMPACTNESS : The compactness property is resulting from [57, Lemma 9.3 p. 770].

Remark 4.9. A close inspection of the proof shows that for v € H?*(Q), ¢ € H*(Q)* and
Y € H*(Q), the quantities Wp(p), Sp(v) and Sp(1) are all of order O(hp). If (w,p) € H?(Q) x
H(Q), the rates of convergence provided for the MAC method by the theorems in Section 2.3.1

for the steady Stokes problem are therefore of order one.

4.3 Conforming Taylor-Hood scheme

We assume here that € is a polyhedral bounded open domain of RY, d = 2 or 3, and we
take a simplicial mesh of €2, that is a mesh (M, €, P) in the sense of Definition 4.1 such that
for each cell K we have Card(Ex) = d + 1. Each cell is therefore a simplex (triangles in 2D,
tetrahedra in 3D), and the mesh does not have any hanging node : two neighbouring cells meet
along an entire edge/face of each of them.

The set of vertices of the mesh, that is the non-empty intersections of the closures of two
edges (in 2D) or 3 faces or more (in 3D), is denoted by V. We define 6 = inf{g—f{( . K e M},
where £ is the diameter of the largest ball included in K.

The Taylor-Hood scheme [99] on such a simplicial mesh can be seen as the gradient scheme
corresponding to the gradient discretisation D = (Xpg,Yp,Ilp, xp, Vp,divp) defined as fol-

lows.

1. The space of the discrete velocities is Xpy = {(vs),ev : vs € R}, where V) =
VU{Z, : 0 € Ex} is the set of nodes of the P? finite element discretisation on the

simplicial mesh.

2. The space of the discrete pressures is Yp = {(ps)sey@) : ps € R}, where V() =V is the

set of nodes of the P! finite element discretisation on the mesh.

3. Forall v € Xpg, lIpv = X cve vs0?, where ¢?) is the scalar P? finite element basis

function associated with the node s.

4. For all p € Yp, xpp = S psp', where ¢ is the scalar P! finite element basis

function associated with the node s.
5. For all v € Xpy, Vpv = V(Ipv).
6. For all v € Xp, divpv = div(Ilpv).

Proposition 4.10 (Properties of the Taylor-Hood gradient discretisation).
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4.4 The Crouzeix—Raviart scheme

Let (Mo, €y Pin)men be a sequence of simplicial meshes of Q such that (6, )men Temains
bounded, and that hy, — 0 as m — oo. We assume that every cell of every mesh in the
sequence has at least d edges in . Let D,, be the gradient discretisation defined as above
for (M, P, E) = (M, Prin, Em). Then (Dyy)men 1S p-coercive, consistant, limit-conforming and
compact in the sense of Definitions /.3, 3.8, 3.9 and 3.10.

Proof. We drop the indices m for legibility.
P-COERCIVITY : Since I1p, (Xp,, o) is the set of continuous and piecewise P? functions, it is
a subset of H} (). Discrete Sobolev inequality is a consequence of the continuous one because

of the conforming scheme. Applying [49, Lemma 4.24] to estimate [3p, , we obtain the coercivity
of (Dm)mEN-

CONSISTENCY : The consistency is proved in [28, Theorem 3.1.6] in the general case of P*
finite element, thus we just apply this result with k& = 2 for the discrete velocity and £ =1 for

the discrete pressure.

LIMIT-CONFORMITY : Because of the definition of Vp and divp, , Wp and Wp —are

identically null.

CoMPACTNESS : Consequence of the Rellich theorem.

Remark 4.11. The consistency in [28, Theorem 3.1.6] gives an O(h3;) estimate on Sp for
functions in H3(Q2). Hence, since there is no defect of conformity for the Taylor—Hood method,
the rates of convergence provided for this scheme by the theorems in Section 2.5.1 are therefore

of order two.

4.4 The Crouzeix—Raviart scheme

As for the Taylor-Hood method, we consider a simplicial mesh (M, €, P) of a bounded
polyhedral domain 2. We still set 0y = inf{g—}f : K € M}, where €k is the diameter of the
largest ball included in K The Crouzeix—Raviart scheme [30] can be seen as a gradient scheme

with the gradient discretisation defined as follows.

1. The space of the discrete velocities is Xpg = {v = (Vy)oee : v, € RY, v, =0 for all o €
8ext}‘

2. The space of the discrete pressures is Yp = {p = (px)xenm : P € R}.
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Examples of gradient discretisations for the Navier-Stokes problem

3. The linear mapping IIp : Xpo — L?*() is the nonconforming piecewise affine reconstruc-

tion of each component of the velocity defined by

Vv e Xpo, lIpv = Z Vo Pors (4.6)

oceé

where ¢, is the non-conforming P! basis function associated with the face o.

4. The linear mapping xp : Yp — L*(Q) is defined by : for p € Yp and K € M, xpp = px
on K.

5. The linear mapping Vp : Xpo — L*(Q)? is the piecewise constant “broken gradient” :
Yv € XD,(), VK € M, (VDU)‘K = (V(HDU))‘K (47)

6. The linear mapping divp : Xpo — L*(2) is defined by

1

You GXDJ), VKGM, diVDU: |K|

> olve nke = (div(IIpv)) k- (4.8)

o€l

Proposition 4.12 (Properties of the Crouzeix—Raviart gradient discretisation).

Let (M, €y P )men be a sequence of simplicial meshes of 2, such that (0y,, )men remains
bounded and hy,, — 0 as m — oo. We define Dy, as above for (M, E,P) = (M, Em, Prn). Then
(D) men s p-coercive, consistent, limit-conforming and compact in the sense of Definitions
4.3, 3.8, 3.9 and 3.10.

Proof. We drop the indices m for legibility.
P-COERCIVITY : Direct consequence of [49, Lemmas 4.30 and 4.31], and of [74] for the

discrete Sobolev inequality.

CONSISTENCY : The consistency of the operators related to the velocity is shown in [72,
Theorem 2.1]. The consistency for the interpolation of the pressure is straightforward since, as

hy,, — 0, any function can be approximated in L*(€2) by piecewise constant functions on M,,.

LIMIT-CONFORMITY : Since 2 is polyhedral and thus locally star-shaped, smooth functions
are dense in H 4, () and in L%(Q2), we only need to study the convergence of Wp, and WDm

on smooth functions (see Remark 2.6).

Let us handle Wy, first. To simplify the notations, we drop the index m. We also only
consider one component of the discrete velocity v € Xp; we therefore treat IIpv as a scalar

function and Vpv as a function with values in R Let p € C™(Q). Since Vpv = V(IIpv) on
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each K € M, we have

/ (Vpv - ¢+ Ipvdivp)dr = ) / (ITpv) - ¢ + Hpudive)de = Y / ¢ - [pv n],dvy(x)
KeM,, o€&int g
(4.9)

where 7 is the (d — 1)-dimensional measure on o, and [IIpv n], = Hxvng, + I v ny, with
{K,L} =M, and IIxv = (IIpv) k. For any & € o we have [Ixv(z) = lIxv(T,) + Vv - (v —T,)
where Vv = (Vpv)k. Since Ilgv(Z,) = HLv(Z,) we deduce from (4.9) that

/Q(VDU -+ Hpudivp)dr = ) / - [n® Vpul,(r —T,)dy(x). (4.10)
o€&int 7
The smoothness of ¢ gives, for any = € o, |p(z) — ¢(T,)| < ||V¢||lwhx. Moreover, since

[n ® Vpol, is constant over o and Z, is the centre of gravity of o,

| #@) - 0@ Voula(e — v (@) = ¢(#0) - [0 Vioul, [ (2 = 7)d(a) =0.

Introducing ¢(Z,) into (4.10) and using the bound on 0y to write hy|o| < C|K| with C' not
depending on K € M or o € £k, we infer that

‘/Q(va~g0—|—HDvdivgp)dx < IVelle S [0l (%] V ko] + K|V 10])

0€Cint

< ClVellsoha, > [Vio| 3 |K]

KeM, UESK

= (d+DCNVellocha, [V ool )

This shows that Wp, (¢) — 0 as m — oo. Since in each cell K € M we have divpy =
div(Ilpv) = Tr(V(IIpv)) = Tr(Vpv) where Tr is the trace of matrices, this gives directly that
WD(T/)) = 0.

COMPACTNESS : The compactness property is proved in [73, Theorem 3.3].

Remark 4.13. As in Remark /.9, a close inspection of the proof shows for smooth functions
estimates O(hy) on Wp, Sp and §D, and the theorems in Section 2.3.1 thus give order one

convergence rates on the Crouzeiz—Raviart scheme if (@, p) € H*(Q) x HY(Q).

4.5 The HMM extension of the Crouzeix—Raviart scheme

We now turn to a natural extension of the Crouzeix-Raviart scheme to any polyhedral
mesh, namely the “Hybrid Mimetic Mixed” (HMM) scheme [42]. A version of this method was
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developed and studied for Navier—Stokes equations in [38], but with a less efficient stabilisation

and with convergence results less detailed than the ones in Section 2.3. The HMM family of

schemes contains the Mimetic Finite Difference method of [20]. We note that these mimetic

schemes are different from the ones described in [9, 10], where both scalar edge and vector vertex

unknowns are used for the velocity. After static condensation to eliminate cell unknowns, the

method we present here only uses vector edge unknowns for the velocity and therefore leads to

a smaller linear system.

Let (M, €, P) be a polyhedral mesh of € in the sense of Definition 4.1. For all K € M and
o € €k, we denote by D, the cone with vertex xx and basis o, that is Dg, = {xx + t(y —
rk),y € o,t € [0,1]}. The HMM gradient discretisation is defined as follows.

1.
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The space of the discrete velocities is Xpo = {v = ((vi)xenm, (Vo )oee) : vk € R v, €
R?, vy =0 for all 0 € ey}

. The space of the discrete pressures is Yp = {p = (px)rxem : px € R}.

The linear mapping I1p : Xpo — L*(f) is the nonconforming piecewise constant recons-

truction in the control volumes of each component of the velocity, defined by

Vv e Xpo, VK e M, Ilpv = vk on K. (4.11)

. The linear mapping xp : Yp — L*(Q) is defined, as for the Crouzeix-Raviart gradient

discretisation, by
VpeYp, VK € M, xpp = px on K. (4.12)

. The piecewise constant gradient Vp : Xpo — L2(Q)d is defined by

! (AxRx(Vk))o @ g o, (4.13)

dK,O’

VKEM,\V/U S SK,V.Z' S DKJ, VDU(ZE) :vK’U—f—

where :

7 VKU = ﬁ ZJGSK |U|(UU - UK) X ng o,

— Vi = (Vs = Uk )oet, € (RT)SK = (RO,

— Ri ¢ (RE<)4 — (RE%)4 is defined component-wise by Ry (€)® = Ry (€Y) for i =
1,...,d, where Ry : R®¢ — R®% is the linear mapping Ry (§) = (Rx.o(€))sece, With

RK,U(€> = 50 - (|Il(—| Z |J/|§J’nK,a’) . (fo' - lL'K).

o€l



4.5 The HMM extension of the Crouzeix—Raviart scheme

— Ag ¢ (R&)? — (REx)? is defined component-wise for all i = 1,...,d by Ag(£)® =
AP (D) with AY an isomorphism of the vector space Im(Ry) C REx.

6. The linear mapping divp : Xpo — L*(2) is the discrete divergence operator, defined by

1
Vv e Xpo, VK e M, divpy = > olve nke = |K|/ Tr(Vpv)de on K. (4.14)
K

oEEK

IKI

The last equality in (4.14) is a consequence of [45, Eq. (5.11)] that shows that the average

over K of Vpuv is V.

We define 0p > 0 as the smallest 6 > 0 such that

di .~ h
max max K max E)<o (4.15)
o€&int,K,.LEMs d, o " KeM,oek dK o

and

v¢:1,...,d,VKeM,V§eR5K,

p
1 RKU (AR RK(£))U Ris(9)  (416)
5 > Dkl < Y Dro| |27 <6 > |Dg,l :
€lk o o€l 7 o€l K»U
As noticed in [45, Remark 5.4], the choice AW = }?Idlm(RK) for some 8% € [5,0] ensures

(4.16). This choice corresponds to the SUSHI method of [60].

We recall that, when using this gradient discretisation in (2.7), the values uy can be locally
eliminated. This is done by taking in (2.7) the test function v € Xp ¢ such that v =1 for all
t=1,...,d, and all other degrees of freedom equal to 0. This enables to compute uy in terms
of (ug)see,- The global resulting system therefore involves only the velocity unknowns at the
faces of the mesh. The HMM methods contain the Mimetic Finite Difference schemes which,
for triangular meshes and particular choices of 5}?, are algebraically identical to the lowest
order Raviart-Thomas method [83]. The hybridisation of this method gives the same matrix on
the edge unknowns as the Crouzeix—Raviart scheme. Since HMM methods are precisely hybrid
schemes (with main unknowns on the edges), we can conclude that HMM is indeed an extension

to general polyhedral meshes of the Crouzeix—Raviart scheme.

Proposition 4.14 (Properties for the HMM gradient discretisation).
Let (Mo, Emny Prn)men be polyhedral meshes of Q in the sense of Definition 4.1, and let

(Dpm)men be the corresponding gradient discretisations, defined as above. We assume that (0p,,)men
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remains bounded and that hyg,, — 0 as m — oo. Then (Dy,)men 1S p-coercive, consistent, limit-

conforming and compact in the sense of Definitions 4.3, 5.8, 3.9 and 3.10.

Proof. We drop the indices m for legibility.

P-COERCIVITY : The discrete Sobolev inequality is an immediate consequence of [45, Lemma
5.3] (to estimate IIp, v) and of the last equality of (4.14) (to estimate divp, v).

A lower bound on (fp,, )men can be obtained as for the MAC and the Crouzeix—Raviart
schemes from Necas’ result [17, 88]. It suffices to interpolate in Xp o by edge averages a field
w € Hy(Q) such that divw = ypq and [wllz@) < Clixngll2@)-

CONSISTENCY : The consistency for the operators related to the velocity is shown in [45,
Lemma 5.5]. The consistency for the interpolation of the pressure is similar to that of the MAC

and the Crouzeix—Raviart schemes.

LIMIT-CONFORMITY : The convergence to 0 of Wp, is proved in [45, Lemma 5.4]. The
convergence of WDM is obtained by using (4.14) which proves that divpv — Tr(V pv) converges

weakly to 0 and this completes the proof of the limit-conformity.

COMPACTNESS : Compactness property is a consequence of [43, Theorem 4.1].

Remark 4.15. Similarly to Remarks 4.9 and 4.13, this proof gives estimates on Wp, WD, Sp
and Sp that show that the theorems in Section 2.5.1 provide, for the HMM method, O(hy) error
estimates if (w,p) € H*(Q) x H'(Q).
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Chapitre 5

Conclusion générale et perspectives

Résultats obtenus

Dans ce manuscrit, nous avons défini pour trois problemes (Stefan, Stokes, Navier-Stokes)
le cadre des schémas gradients, permettant d’obtenir des résultats de convergence et d’esti-
mation d’erreur s’appliquant & toutes les méthodes numériques entrant dans ce cadre (ce qui
est notamment le cas des éléments finis conformes, avec condensation de masse pour les pro-
blémes non linéaires, des éléments finis P! non conformes, et des méthodes HMM pour les
problémes scalaires, et des schémas Taylor-Hood, Crouzeix-Raviart et MAC pour les probléemes
vectoriels). La mise en place de ce cadre générique nous a permis de mettre en évidence les
propriétés mathématiques fondamentales, communes a tous ces schémas, permettant ces ré-
sultats de convergence. Ce travail avait été entamé bien avant le début de la rédaction de ce
manuscrit pour le cas des problemes elliptiques et paraboliques scalaires. Ce manuscrit apporte
des informations nouvelles dans le cadre du probleme de Stefan, avec des résultats de conver-
gence uniforme en temps, et des résultats négatifs de convergence de ’équation d’énergie (des
résultats de convergence forte pourraient sans doute étre obtenus plus aisément en utilisant
des schémas de discrétisation en volumes finis avec flux a deux points). Dans le cadre des pro-
blémes de Stokes et de Navier-Stokes, ce manuscrit donne les premiers résultats de convergence
s’appliquant simultanément a des schémas semblant au départ trés différents. Par ailleurs, la

preuve de convergence des schémas HMM dans ce cas est entierement nouvelle.

Dans le cadre du probleme de Stokes, nous avons pu mettre en évidence une famille de résultats

d’estimation d’erreur, faisant ou non apparaitre la pression, qui s’appliquent donc de maniere
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générique a toutes les méthodes numériques couvertes par les schémas gradients. Ces résultats
s’appuient sur des notions clé (consistance, conformité a la limite) dont 1’écriture dans le cadre
de ce probleme s’est révélée beaucoup plus difficile que dans le cadre des problemes elliptiques
scalaires. En particulier, la notion de conformité a la limite a fait I’'objet de progres constants
au cours de notre étude. Par ailleurs, nous avons obtenu des résultats de convergence uniforme

en temps qui semblent originaux dans ce cadre.

Pour aboutir a un tel cadre commun, il a été nécessaire, dans le cas du probleme de Navier-
Stokes, d’énoncer les propriétés génériques de l'approximation du terme de convection non-
linéaire. Ce travail n’a sans doute pas encore atteint sa forme définitive, car nous n’avons pas
encore vérifié sur les différents exemples, que ce cadre couvrait les approximations usuelles de ce
terme de convection. Ce travail reste a faire. Nous avons cependant montré que la discrétisation
standard dans le cadre des méthodes d’éléments finis conformes, qui s’appuie sur 'antisymétrie

de la forme trilinéaire, entrait dans le cadre de notre étude.

Perspectives

La limitation relevée au cours de notre étude sur le traitement des discrétisations usuelles
du terme de convection non linéaire devra étre levée, en particulier dans le cas du schéma MAC.
Ceci pourra permettre ensuite des comparaisons de la précision obtenue selon le choix de ces

discrétisations.

Une autre piste d’étude concerne la mise en place d'un nouveau schéma gradient pour les
problemes de Stokes et de Navier-Stokes, aboutissant a la conformité de la divergence discrete
mais pas celle du gradient discret, en partant des éléments finis de Raviart-Thomas. Cette
piste permettrait ainsi de généraliser le schéma MAC aux triangles et tétraedres, en assurant
une propriété qui semble essentielle lorsque le second membre du probleme s’écrit comme un
gradient : en effet, dans ce cas, la solution exacte du probléme est une vitesse nulle et un
champ de pression dont le gradient est égal au second membre. Les défauts d’approximation
de la divergence discrete entrainent des solutions de vitesse discréte qui s’écartent de la valeur
nulle. L’avantage de cette méthode serait de satisfaire cette propriété, en réduisant autant que
possible le nombre d’inconnues, par rapport au schéma de Crouzeix-Raviart (une seule vitesse
normale inconnue par face au lieu de toutes les composantes de la vitesse). Des premiers résultats
numériques ont été obtenus. Il reste a les étendre dans des cas de plus grande dimension, et a

effectuer la comparaison des performances des différentes méthodes.
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