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M. Tarik TAZDAIT
Directeur de recherche CNRS, Ecole des ponts, ParisTech, rapporteur 
Mme Ana MAULEON
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Abstract[EN]

Thethesisconsistsinfouressaysthatdealwithbargainingandnetworksinnoncoop-

erativegametheory. Thefirstchapterintroduceriverbargaininggamesinthecontext

ofexternalities.ThefirstsectionentitledTheseawallbargaininggamedealswithanon

cooperativeapproachofaninvestmentgameinacontextofpositiveexternalities.In

thissection,westudythesetofbilateralbargainingprocedureswhichcanbeundertaken

amonggeographicallyrelatedplayers.Themainresultshowsthatthepositioningofthe

agentsimpactstheirincentivestositatthebargainingtable,leadingtoachickengame.

Resultsshowthatanintermediaryplayershouldleadthenegotiationstoimprovetheso-

cietalwelfare.ThesecondsectiondealswiththeRiverbargainingproblem,thatis,more

precisely,anoncooperativebargainingonaflowingresourceinthepresenceofnegative

externalities. Thepurposeofthisstudyis:(i)tofindthebargainingequilibriagiven

anexogenousbilateralbargainingprotocol,and(ii)tostudythesocietaldesirabilityof

suchequilibriainthepresenceofheterogeneousplayers.Resultsshowthatdependingon

theinstigatorofthebargainingsequences,thereareanalogiesbetweensolutionsunder

theAbsoluteTerritorialSovereigntyandtheUnlimitedTerritorialIntegrityprinciples.

Theresultsalsoshowthat,dependingontheprotocol,theimpassepointreachedinthe

firstnegotiationcaneitherstrengthenorweakentherelativepositionoftheagentsin

theforthcomingnegotiations.Thesecondchapterdealswiththeformationofnetworks

ofmanufacturersandretailersinthepresenceofnegativeexternalitieswhenplayersare

level-Kfarsighted.Theaimofthechapterare,(i)tocharacterizethelevel-Kfarsighted

stablesetsastheintensityofcompetition(theintensityoftheexternality),soasthecost

oflinkingvary;(ii)toformalizeadefinitionofthesocialoptimaandtoconfrontthese
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optimatothestablesets.Theresultsshowthat,(i)arelativelylowleveloffarsightedness

issufficienttoreachtheinfiniteleveloffarsightedness;(ii)usualdefinitionsofoptimality

orefficiencyfindlimitationswhenitcomestobeconfrontedtoaset-baseddefinitionof

stability.(iii)Ifthereistransitivecorrespondencebetweenthepairwisefarsightedstable

setandthelevel-∞farsightedstableset,thenthissetislikelytobestronglyefficient.The

lastchapterisentitledAllocatingvalueamongfarsightedplayersinnetworkformation.

ThistheoreticchapterproposestheconceptofavonNeumann-Morgensternfarsighted

stablesetwithbargaining. Underthissolutionconcept,thestablenetworkssoasthe

componentwiseegalitarianallocationruleemergeendogenously. Thischapterprovides

necessaryconditionsunderwhichavonNeumann-Morgensternfarsightedstablesetwith

bargainingsustainsthestronglyefficientnetworks.
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Abstract[FR]

Cetteth̀eseconsisteenquatreessaisquitraitentdeńegociationetdeŕeseauxenth́eorie

desjeuxnoncooṕerative. Lepremierchapitrepŕesentedesjeuxdeńegociationsdans

uncontexted’externalit́es. Lapremìeresectionintituĺeelejeudeńegociationsurla

diguetraited’uneapprochenoncooṕeratived’unjeud’investissementdansuncontexte

d’externalit́espositives. Danscettesection,nousétudionsl’ensembledeproćeduresbi-

lat́eralesdeńegociationquipeuvent̂etremisesenplaceentredesagentsǵeographiquement

líes.Leŕesultatprincipaldelasectionmontrequelasituationdesagentsimpacteleursin-

citations̀aprendrepartauxńegociationsetsesynth́etiseenun”jeudelapoulemouilĺee”.

Dupointdevuesocíetal,lesresultatsmontrentqu’ilestsocialementplusefficacequ’un

joueurinterḿediaire m̀enelesńegociations. Lasecondesectionduchapitretraitedu

probl̀emedeńegociationsurlarivìere.Ils’agitd’unjeudeńegociationnoncooṕeratif

surl’utilisationdelaressourcefluvialeenpŕesenced’externalit́esńegatives.Lebutde

cetteétudeestde(i)d́eterminerleséquilibresdeńegociationétantdonńeunproto-

coledeńegociationexog̀ene;(ii)d’́etudierl’int́er̂etsocíetaldetelśequilibresenpŕesence

d’acteursh́et́erog̀enes.Lesŕesultatsmontrentqu’enfonctiondel’instigateurdesśequences

deńegociations,ilexistedesanalogiesentrelessolutionsobtenuesdanslescasdeSou-

verainet́eTerritorialeAbsolueetd’Int́egrit́eTerritorialeIllimit́ee.Lesŕesultatsmontrent

aussique,enfonctionduprotocoleretenu,lepointd’impasseobtenulorsdelapremìere

ńegociationpeutrenforcerouaffaiblirlapositionrelativedesagentsdanslesńegociations

àvenir. Ledeuxìemechapitretraitedelaformationdeŕeseauxdeproducteursetde

d́etaillantsenpŕesenced’externalit́esńegativeslorsquelesjoueurssontclairvoyantsde

degŕe-K. Lebutdecechapitreest(i)ded́eterminerlesensemblesdeŕeseauxstable
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dedegŕe-Klorsquel’intensit́edelaconcurrence(l’intensit́edel’externalit́e)etlescôuts

deliaisonvarient;(ii)dedonneruned́efinitionformelledesoptimasociauxafindeles

comparerauxensemblesdeŕeseauxstables.Lesŕesultatsmontrentque(i)undegŕede

clairvoyancerelativementfaibleestsuffisantpouratteindrelaclairvoyanceabsolueou

infinie;(ii)lesd́efinitionshabituellesdel’optimumoudel’efficienceneconviennentpas

parfaitementàunconceptdestabilit́eensembliste.(iii)S’ilexisteunecorrespondance

transitiveentrelastabilit́eclairvoyanteparpairesetlastabilit́eclairvoyantededegŕein-

fini,alorsl’ensemblestablepeut̂etreefficient.Ledernierchapitreestintituĺeattribution

delavaleurentrejoueursclairvoyantsdansleprocessusdeformationdeŕeseau.Ils’agit

d’unchapitreth́eoriquequiproposeleconceptdestabilit́evonNeumann-Morgensternavec

ńegociation.Dansceconceptdesolution,lesensemblesdeŕeseauxstables,ainsiqu’une

ŕepartitiońegalitaireauseindescomposantsduŕeseausontd́etermińesconjointement,et

demanìereendog̀ene.Cedernierchapitremeteńevidencelesconditionsńecessairespour

quelesŕeseauxvonNeumann-Morgensternavecńegociationsoientefficients.
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Introduction

Thethesisconsistsinfouressaysinmicroeconomics. Whiletheinternalcomposition

ofthedocumentdealswithvarioustopics,thesefouressayshaveacommonpoint.The

thesisstudiesbilateralrelationshipsinregardstoanetworkedstructure.Thefirstchapter

addressesthequestionofthenegotiationinanexogenousnetworkstructureframework.

Thesecondchapterdealswiththequestionofanendogenousnetworkformationwith

farsightedplayers.Thelastchapterproposesanendogenousnetworkformationprocess

thatintegratesabargainingprocedureandfarsightedplayers.Thestudyremainswithin

thescopeofthenoncooperativegametheory.

Thefirstchapterdealswiththemanagementofanaturalresource.Economicagents

aregeographicallyscatteredalongariver.Inthisalignednetworkstructure,thegeo-

graphiclocationdeterminestheaccesstothepublicgood.Indeed,regardingthenature

ofthevaluationoftheestate,thestrategicaladvantagesdependsonthegeographiclo-

cationoftheplayers.Traditionally,thestudyofpublicgoodshasbeenundertakenusing

anidenticalaccesstotheresourceandhasidentifiedthesourcesofsocietalinefficiencies

suchasfree-ridingorthetragedyofthecommons.Intheriversetting,theheterogeneous

accesstotheresourceleadtoreconsidertheusualissuesandtherefore,itssolutions.The

questionofthepropertyrights,ortherighttogetapriorityaccessquicklyarises.Indeed,

giventheorientationofthestream,anex-antepropertyrightsdivisionorthefactofhav-

ingapriorityaccessovertheresourceinducesdifferentformsofinefficienciesandthus,

differentsolutionstodecentralizeasecond-bestequilibrium.Resultsfromthecooperative

gametheoryusuallyleadtotheefficientoutcomebutoftenfailsatexplainingtheinner

processleadingtothatsolution.Itappearsthatabargainingmechanismleadstothe
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efficientoutcomebutthesequencesofnegotiationsneedtobefullydescribed.Thefirst

chapteraimsatopeningthe”black-box”oftheriverbargainingusingthenoncoopera-

tiveapproachoftheRubinsteinalternatingoffersmodelinthecontextofexternalities.

ThefirstsectionentitledTheseawallbargaininggameisinspiredfromapaperconjointly

writtenwithmyPhD.supervisor:JeanChristophePereau.Inthispaper,theagentsare

locatedfromdownstreamtoupstreamalonganestuaryandareexposedtoaflooding

risk. Theplayershavetheabilitytoinvestinfacilitiestoprotectthemselvesfromthis

hazard(forinstanceaseawall,adikeoraditch).Theagentslocatedupstreamtheriver

benefitfromtheeffortsinprotectionoftheplayersdownstream. Asthebenefitsofthe

localpublicgoodincreasealongtheestuary,upstreamagentshavetobargainformone-

tarycompensationwiththemostdownstreamagentsinexchangeforagreaterprotection

effort.Thesectionanalysesdifferentbargainingprotocolsanddeterminestheconditions

underwhichagentsarebetteroff.Theresultsshowthatnobargainingprocedureisobvi-

ouslypreferredbyalltheplayers.Theresultsshowthattheupstreamagentsareinvolved

inachickengamewhenitcomestobargainwiththemostdownstreamagent.

ThesecondsectionentitledTheriverbargainingproblemisbasedonanarticlecon-

jointlywrittenwithJeanChristophePereauanddealswithariverbargaininggameinthe

contextofnegativeexternalities.Inthismodel,theplayersbenefitfromextractingthe

resource.Thenatureoftheexternalityliesinthefactthattheresourceisscarceandthat

thesumoftheindividualoptimalextractionsexceedstheamountofavailablewater.The

sectionanalysestheoutcomesofdifferentnegotiationproceduresbetweenthreeagents

locatedalongariverinaRubinsteinalternating-offersmodelwhereagentsbargainover

transfersandwaterconsumptionlevels.Twodifferentkindofsequentialproceduresgiven

theex-antedivisionofpropertyrightsareinvestigated.Thedownstreambargainingpro-

cedureisinstigatedbythemostdownstreamplayerandtheupstreamprocedurebythe

mostupstream.Resultsshowthatundersomeassumptionsonthenoncooperativelevel

ofextractionsandgiventheAbsoluteTerritorialSovereigntyortheUnlimitedTerritorial

Integrityapplies,theproceduresyieldanalogoussolutions.Unlikeforsimultaneousbar-

gaining,agreementsinsequentialbargainingproceduresarenotefficientforsociety,even

14



iftheperiodbetweenstagesbecomesinfinitelysmall.Thisinefficiencyresultsfromthe

player’sinsideoptions,whicharegivenbytheirtemporarydisagreementpayoffs.Results

alsoshowthatdependingonthesequenceofmoves,insideoptionsandimpassepoints

canstrengthenorweakentherelativepositionoftheplayersinvolvedinthenegotiation

process.

Whilethefirstchapterassumesthatthestructureofthenetworkisexogenous,driven

bygeographicalconstraints,thesecondandlastchaptersreleasetheconstraintofan

exogenoussocialstructureastheydealwithendogenousnetworkformation.

Thesecondchaptertakesplacethecontextofaverticallyrelatedeconomy.Thestudy

ofverticalformsofeconomieshasdeephistoricalrootsinIndustrialOrganization.Indus-

trialOrganizationhasraisedvariousformsofquestionsregardinganexogenousstructure

ofverticalrelationships(incentivesfortheverticalintegration,theeffectsoffranchising

andexclusivezones...). Newtheoretictoolssuchas”thestrategicnetworksanalysis”

formalizedtheendogenousformationofnetworksandthusshednewlightontheques-

tioninginIndustrialOrganization.Iinvestigatethequestionofthestabilityofcommercial

agreementsbetweenmanufacturersandretailersinregardtotheirabilitytoforecastthe

likelyevolutionofthenetwork.Inthiscontext,Iquestionthetypologiesofnetworks

thatmightbeformedwhentheproductionofasetofdifferentiatedmanufacturershasto

bedistributedthroughasetofretailers.Thus,thescopeofthepaperencompassesthe

bilateralformationofcommerciallinks,ie.theconsentofamanufacturerandaretailer

isneededtobuildaconnection,whiledistributionchannelscanbeunilaterallysevered.

Commercialcontractsbetweenfirmscanbecostlytoendorseandeconomicagents

havetoanticipatetheaftermathsinducedbytheirnewpartnershipsandalsotheconse-

quencesofnewand/orrevokedpartnershipsofthirdparties. Thedecisiontodiscussa

newcommercialcontractortoabolishanexistingrelationshipisdrivenbytheabilityto

anticipate.Thisanalysisisthereforebasedonthedepthofreasoningoftheplayers.On

thelowestlevelofreasoningplayersbilaterallyaddorunilaterallyseverexistinglinksat

random,whileatthehighestlevelofreasoning,theplayersanticipateallthedeviations

thattheirinitialactioninduce.
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Computationaltoolsareusedtoestablishthesetofnetworksthatsatisfiesapairwise

networkformationtogetherwithanadjustableleveloffarsightednessforanycostof

linkingandanyintensityofcompetitionbetweenmanufacturers.

Beyondbeingastrategicasset,anticipationiscostlyintermsofgatheringinformation

orintermsoftimeneededtotreattheinformation.Theresultsshowthatanintermedi-

arylevelofanticipationoftheplayerissufficienttoachievethesameoutcomeastheone

obtainedwhentheyarefullyfarsighted.Ithenconfrontthestablesetstoseveralopti-

malityandefficiencycriteria.Itappearsthat,forlowvaluesofproductsdifferentiation

andhighvaluesoflinkingcoststherecanbearelationbetweenstabilityandefficiency.

Thequestionoftheendogenousnetworkformationaccordingtoabargainingpro-

cedurewithfarsightedplayersisthepurposeofthethirdchapter. Thislastchapter

isbasedonanarticleconjointlywrittenwithmyPhDsupervisorNicolasCarayoland

VincentVannetelbosch.Inthischapter,weproposeaconcepttostudythestabilityof

socialandeconomicnetworkswhenplayersarefarsightedandallocationsaredetermined

endogenously. AsetofnetworksisavonNeumann-Morgensternfarsightedlystableset

withbargainingifthereexistsanallocationruleandabargainingthreatsuchthat(i)

thereisnofarsightedimprovingpathfromonenetworkinsidethesettoanothernetwork

insidetheset,(ii)fromanynetworkoutsidethesetthereisafarsightedimprovingpath

tosomenetworkinsidetheset,(iii)thevalueofeachnetworkisallocatedamongplayers

sothatplayerssufferorbenefitequallyfrombeinglinkedtoeachothercomparedtothe

allocationtheywouldobtainattheirrespectivecrediblebargainingthreat. Weshowthat

thesetofstronglyefficientnetworksistheuniquevonNeumann-Morgensternfarsightedly

stablesetwithbargainingiftheallocationruleisanonymousandcomponentefficientand

thevaluefunctionistopconvex. Moreover,thecomponentwiseegalitarianallocationrule

emergesendogenously.
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Chapter1

Bilateralriverbargainingwith

externalities

1.1 Introduction

Thefirstchapterdealswithbargainingproceduresintheframeworkofexogenousnetwork

andisdividedintwomainsections.ThefirstsectiondealswiththeSeawallbargaining

game.Inthisgame,playersareorderedalongariverfromdownstreamtoupstream.The

playerslocatedupstreambenefitfromtheeffortsoftheplayersdownstream.Thecontext

ofpositiveexternalitiesmakecoordinationhardertoachieveanddifferentbargainingpro-

tocolarestudied. Abriefintroductionofthemotivationforthismodelareexposedin

Section1.2.Thesection1.3handlestheriverbargaininggameinthepresenceofnegative

externalities.Inthissection,playersareorderedfromupstreamtodownstreamalong

ariver. Giventheprinciplethatprevails(AbsoluteTerritorialSovereigntyorUnlim-

itedTerritorialIntegrity),twotypesofsequentialbargainingprotocolsarestudied(the

downstreamandtheupstreamprocedure).

1.2 TheSeawallbargaininggame

Hirshleifer[26]showswithhis“AnarchiaIsland”fablethatcitizenshavesuccessfully

agreedtobuildseawalls(ordikes)toprotectthemselvesfromstormsthreateningtoflood
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thecoastlinedespitetheweakest-linkstructureofthatlocalpublicgood. Theseawall

isknownasaparticularpublicgoodinwhichthelevelofeffectiveprotectionforthe

wholeislanddependsonthecitizenwhohasconstructedthelowestseawall.Thischapter

analysesasimilarproblemofflood-protectionwhenagentsarelocatedsubsequentlyfrom

downstreamtoupstreamalonganestuaryandexposedtoafloodinghazard.Inthatcase,

floodprotectiondoesnotonlyconsistinbuildingthehighestseawall,italsorequiresthe

constructionofotherfacilities,suchasafirstseawalltobreakthewave,theuseofwetland

asfloodwaterretentionland,anetworkofditchestocontrolthefloodorasecondseawall.

Thisestuarinegeographyfeatureimpliesthatwhentheseaenters,theprotectioneffort

implementedbyanagentwillbeapublicgoodfortheagentslocatedupstreamfromhis

position.Atthetwoendsofthespectrum,themostdownstreamagent(theclosesttothe

sea)doesn’tgetadditionalbenefitsfromtheupstreamfacilities,whilethemostupstream

agentbenefitsfromalltheeffortsexertedbytheplayersdownstream.Thus,theseawall

bargaininggameisnolongeraproblemofpublicgoodwithaweakest-linkaggregation

technology,butisapublicgoodwithpositiveexternalitiesthatincreasealongtheestuary.

Sincethebenefitofthepublicgooddependsonthegeographicalposition,itappearsthat

cooperationishardtoachieve.Inordertosustainahighlevelofeffortfromthemost

downstreamagent,upstreamagentshavetheabilitytobargainmonetarytransfers.The

modelingofthenegotiationsisthusofagreatpartinthedeterminationoftheresults.The

mostobviousapproachistobasetheanalysisonwhatisknowasbargainingtheorywith

theRubinsteinalternating-offersmodel. Rubinstein[49]describestheprocessthrough

whichnegotiatingagentscanreachanagreement. Theagentopeningthenegotiations

makesanoffer.Theotheragentcaneitheraccepttheoffer,inwhichcasethenegotiation

ends,orrejectitandmakeacounter-offer,whichmayalsobeacceptedorrejectedwitha

newcounter-offer.Theinterestofthenoncooperativeapproachisthatitfullyspecifies

thebargainingsequences.Inourframework,anofferwillcovertwovariablesrelatedto

theeffortofsea-floodprotectionandamonetarytransfer.Ourframeworkalsoassumes

aRubinsteinbargainingwith3playersandanalysesseveralbargainingprotocols. The

chapterdeterminesthelikelyprotocolsonecouldexpecttobeimplementedgiventhenon
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cooperativebehaviorsoftheplayers.

1.2.1 LiteratureReview

Theseawallbargaininggamecanbemodeledasaparticularcaseofglobalpublicgood

inwhichallagentsbenefitfromtheactionofthedownstreamplayers,whatevertheir

location.Intheliteratureoninternationalenvironmentalagreements,forinstance,results

showthatforidenticalagents,onlyaverysmallnumberofplayerswillformacoalition.

SeminalpapersusingthisapproachareCarraroandSiniscalco[11]andBarrett[6],anda

surveycanbefoundinFinus[19].Ourframeworkshares,incommonwiththe“sharing

river”model,thedownstream/upstreamagentstructureinwhichdownstreamagents

createexternalitiestoupstreamagents. Thisliteratureisbasedoncooperativegame

theoryand,moreprecisely,onthecore(seeAmbecandSprumont[1]andBealetal.[7]

forasurvey).Theobjectiveistosetupaburden-sharingruleabletofavorthecooperation

ofall.Thesharingruleaimsatpreventinganyindividualagent,butalsoanysub-group

ofagents,fromhavingnoincentivetoleavetheagreement.

However,thecoalitionalapproachoftenignoresthenegotiatingprocessintermsof

offersandcounter-offersthatcharacterizeallnegotiationsbetweenself-interestedagents.

ThenoncooperativesolutionconceptisfirstintroducedbyStaahl(1972)[51]andRubin-

stein(1982)[49]foratwoplayersbargaining1.AspointedoutbyCarraroetal.(2007)

[10],itiscrucialtothoroughlydescribethebargainingprocessthatdesignsthemostlikely

burden-sharingrulesoastoimplementanoncooperativeprotocol.

Thenextsubsectionspresentthecooperativeandnon-cooperativeoutcomes. The

nextfollowingsubsectionisdevotedtotheanalysisofsingleanddoublenegotiations.

Insubsection1.2.4,aspecificexampleshowsthemainresultsofthemodelandthelast

subsectionpresentstheconcludingremarksontheSeawallbargaininggame.

1ForanadvancedandcomprehensiveoverviewofthealternatingoffersmodelsseeMuthoo(1999)[40].
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1.2.2 Thebenchmark

ConsideringanorderedsetofplayersN ={1,2,...,n}. Everyagentislocatedfrom

downstreamtoupstreaminalexicographicordering2. Wenoteei,theeffortofprotection

realizedbyagenti.Therespectivepayoffsaredefinedasthedifferencebetweentheconcave

benefitfunction(withBi>0andBi<0)andtheconvexcostfunction(Ci>0and

Ci>0). Wedenotebyi<jthefactthatagentiisdownstreamofagentj.Following

notationofAnsinkandWeikard(2009)[3]Ui={j∈N:j>i}standsforthesetofagents

locatedupstreamofagentiandreciprocallyDi={k∈N:i>k}.Thefirstplayeronly

benefitsfromhisowneffort,hispayoffisπ1(e1)=B1(e1)−C1(e1).Thesecondagents

benefitsfromhisowneffortandfromtheeffortsinprotectionfromthepreviousplayer.

Intheend,nbenefitsfromeveryone’sefforts.Thegenericpayofffunctionisthus:

πi({ej}j≤i)=Bi {ej}j≤i −Ci(ei)

Theequationsshowthatcostsareprivatewhiletheagentsbenefitfromtheeffortsofthe

previousplayers.

Cooperativeoutcome

Thecooperativesolutionisgivenbytheprogram:

max
ei

n

i=1

πi(e)

Effortlevelsaresolutionof:

j≥i

∂Bj
k≤j

ek =∂Ci(ei)∀i∈N,k≥1,j≤n.

2Theoppositeoftheclassicalorderingisforconvenienceworries.
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Thatisinthe3-playerssetting3:

B1(e1)+B2(e1+e2)+B3(e1+e2+e3)=C1(e1) (1.1)

B2(e1+e2)+B3(e1+e2+e3)=C2(e2) (1.2)

B3(e1+e2+e3)=C3(e3) (1.3)

Playeritakestheimpactofhislevelofeffortontheplayersupstreaminhismarginal

benefit.Itreturnsauniquevectorofeffortsec={eci}i∈N.Anadditionalunitofeffortby

agentiexertsanadditionalbenefitforhimandfortheagentsupstreamofhisposition.At

theequilibrium,themarginalcostofthatunitequalizesthesumofhismarginalbenefit

andthemarginalbenefitoftheupstreamagents.Thevectorofeffortsreturnsaunique

vectorofcooperativepayoffs{πci}i∈N.

Non-cooperativeoutcome:

Whenevertheplayersactnoncooperatively,theoptimalityconditionsare:

∂Bi
k≤i

ek =∂Ci(ei)∀i∈N,k≥1.

Thatisinthe3playerssetting:

B1(e1)=C1(e1) (1.4)

B2(e1+e2)=C2(e2) (1.5)

B3(e1+e2+e3)=C3(e3) (1.6)

Theprevioussystemreturnsauniquevectorofnon-cooperativeeffortsenc={enci}i∈N.

Eachagentequalizeshismarginalbenefittohismarginalcost. Thevectorofefforts

returnsauniquevectorofpayoffs{πnci}i∈N.Thedifferencebetweenthecooperativeand

thenoncooperativeeffortincreasesaswegodownstream.Indeed,downstreamplayers

takethepositiveimpactoftheiractiononagentslocatedupstreamintoaccount. For

3Consideringathree-agentframeworkisenoughtoputforwardthemainresultsofthepaper.
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anintermediaryplayer2,twoeffectsareatstake. Theadditionaleffortofagent1in

thecooperativecasereducestheincentivesof2todolikewise,butduetothepositive

impactthat3exertson3,theagent2tendstoincreasehiseffortinthecooperativecase.

Thislattereffectdominatestheformer,sinceenc2 <e
c
2.However,thisistheoppositefor

themostupstreamagent.Hiseffortisreducedinthecooperativecase,sincehebenefits

fromtheeffortmadebythepreviousdownstreamagents,andanadditionaleffortdoes

notexertadditionalbenefittoanyplayer,thisleadingtoec3<e
nc
3.Theaggregateeffort

ishigherinthecooperativecasethaninthenon-cooperativecase.Intermsofpayoffs,

agents2and3arebetteroffinthecooperativecase,unlikethemostupstreamagent,

whosepayoffonlydependsonhiseffort.Itturnsthatagent1hastomakeagreatereffort

inthenon-cooperativecase,andthissubstantiallyreduceshispayoff.Ityieldsπci>π
nc
i

fori=2,3butπc1<π
nc
1. Thisisthemainfeatureoftheestuarinegeography. The

dominantstrategyofagent1istoimplementhisnon-cooperativeeffortregardlessofthe

actionoftheupstreamagents.Hence,decentralizingthethenon-cooperativecasetothe

cooperativecasewillneverbefoundprofitableforthemostdownstreamagent,evenif

theaggregatepayoffinthecooperativecaseishigherthaninthenon-cooperativecase.

1.2.3 NegotiationProtocols

Ifsocietalgainsofcooperationarepositive,thenthenegotiationmayimprovethepayoffs

ofsomeagents.Inparticular,themostdownstreamagentcouldfinditworthitto

increasehiseffortiftheotherplayerscanfindamechanismtourgehimindoingso.The

negotiationcantakeplacebetweenagentsoveranextraamountofeffortthatanagent

willimplementinexchangeforamonetarytransferorcompensation. However,several

protocolsmustbeconsideredgiventhemultiplicityofpairsofagents.Thus,bargaining

betweentwoagentsconsistsinalevelofeffortandatransfer.

Anegotiationbetweenagentsiandjhastwoarguments. Amonetarytransfersor

side-paymentsinexchangeforamodificationofthevariablethataffectsbothagents.In

theestuarinemodel,theagentiproposesthemonetarytransferτijtotheagentjin

exchangeforhiscommitmenttoincreasehisefforttoaej>e
nc
j.Alternatively,theagent
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jcouldproposetheplayeritoincreasehisprotectionleveltoej>e
nc
j inexchangeforthe

subventionτji. Notethatτij=−τjiandbyconventionthefirstplayerinthesubscript

paysthetransfertothesecond(Ifipays−τijthenhereceivesτji).Anofferoraproposal

isacoupledenotedbyoij=(e,τij)iftheofferismadebyitojandisaboutavariation

ine=eiinexchangeforatransferofvalueτjiifi<jandaboute=ejandthetransfer

τijifj<i.Bargainingroundsassumesperfectinformation.

Thefirstandsimplestnegotiationonlyconcernstwoplayers,eitheragent1with2

or3orbetween2and3.Inthisprotocol,oneplayerneversitsatthebargainingtable.

Inanycases,regardlessoftheplayerwhodoesn’tbargain,theplayer3maximizeshis

individualpayoffbysettinghisefforte3.ThesetofavailableoffersisthusO1={o12,o13}

andO2={o23}. ThepayoffsaredenotedbyV1(e1)=B1(e1)−C1(e1),V2(e1,e2)=

B2(e1+e2)−C2(e2)andV3(e1,e2,e3)=B3(e1+e2+e3)−C3(e3).

Inathree-agentcase,thegeneralbargainingframeworkisgivenbythefollowingnet

payofffunction:

π1(O1,t)=π
nc
1 +δ

t
1(V1(e1)−π

nc
1 −τ12−τ13)

π2(O1,O2;t)=π
nc
2 +δ

t
2(V2(e1,e2)−π

nc
2 +τ12−τ23)

π3(O1,O2,e3;t)=π
nc
3 +δ

t
3(V3(e1,e2,e3)−π

nc
3 +τ13+τ23)

where0<δi<1standsforthediscountfactorofagenti.

Proposition1Whenthenegotiationisoverasinglepair (ei,τij)ofeffortandtransfer

betweenagentsi(theproposer)andj(theresponder)fori=1,2,j=2,3,j=iand

k=j,theoptimalvectorofeffortsesatisfies:

Bi(e)+Bj(e)=Ci(ei)

Bj(e)=Cj(ej)

Bk(e)=Ck(ek)

23



andtheassociatedpayoffsare:

π∗i(e)=π
nc
i +

(1−δj)

(1−δiδj)
Π

π∗j(e)=π
nc
j +

δj(1−δi)

(1−δiδj)
Π

π∗k(e)=π
nc
k +(V

∗
k−π

nc
k)

whereΠ=(V∗i−π
nc
i)+V

∗
j−π

nc
j >0standsforthecreatedsurplus.

Proof.SeetheproofinSection1.4.1.

Singlenegotiationsrefertothefollowingcases:1bargainswith3over(e1,τ13)or1

bargainswith2over(e1,τ12)or2bargainswith3over(e2,τ23).Ineachcase,theoutsider

ofthenegotiationactsnon-cooperatively. When2or3bargainswith1,thenegotiation

impliesahighereffortfor1,ec1>e
∗
1>e

nc
1 andlowereffortsfor2or3e

c
j<e

∗
j<e

nc
j,

j=2,3. Whenthenegotiationisbetween2and3,2increaseshiseffortsuchthat

e∗2>e
c
2>e

nc
2 ande

c
3<e

∗
3<e

nc
3,whiletheeffortof1remainsunchangede

∗
1=e

nc
1. When

agentsbargain,theygetashareofthegeneratedsurpluswhiletheoutsideractsasa

free-riderandbenefitsfromthepublicgood.(Thereisnoadditionalbenefitsforthemost

downstreamagent,sincehispayoffequalshisnon-cooperativeoutcome).Thisparticular

casereferstothemaximizationoftheaggregatepayoffundertheconstraintthatthemost

downstreamagentgetshisnon-cooperativepayoff.Inthelimitwhenthetimebetween

bargainingroundsvanishesδ=δi→ 1∀i,thecreatedsurplusissharedequallyamong

thetwoinvolvedplayers.Inthatcase,theRubinsteinsolutionconvergestotheNash

solution.Itturnsoutthatagent2isbetteroffwhen3bargainswith1(theadditional

effortsof1substitutetotheeffortinprotectionof2),andbysymmetry,3isbetteroff

when2bargainswith1(sameeffect,theadditionaleffortsof1and2substitutetothe

effortinprotectionof3).

Expectingthatthecreatedsurpluscanbehigherwhenallagentsareatthenegotiation

table,weassumethatthethreeagentsnegotiateintwobilateralnegotiations. This

structureensurestheuniquenessofthesubgameperfectequilibrium(SPE)4.Twocases

4AsshownbyShakedandreportedbySutton[52],theuseofRubinsteinmodelinamultilateral
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areconsidered. First,3bargainstwiceover(e1,τ13)with1andover(e2,τ23)with2

(settingτ12=0).Second,2bargainstwiceover(e1,τ12)with1andover(e2,τ23)with3

(settingτ13=0).

Thefirstnegotiationyieldsthefollowingproposition.

Proposition2When 3bargainsasaproposerwith1over(e1,τ13)andwith2over

(e2,τ23),theRubinsteinbargainingsolutionshowsthat:

1.Theoptimalvectorofeffortsesatisfies:

B1(e1)+B3(e1+e2+e3)=C1(e1)

B2(e1+e2)+B3(e1+e2+e3)=C2(e2)

B3(e1+e2+e3)=C3(e3)

2.Equilibriumpayoffsaftertransfersare:

π∗i=π
nc
i +

δi(1−δj)(1−δ3)

η
Π3,i=1,2andj=i

π∗3=π
nc
3 +

(1−δ1)(1−δ2)

η
Π3

whereΠ3=
3
i=1(V

∗
i−π

nc
i)>0standsforthecreatedsurpluswhen3isinvolved

intwonegotiationsandη=(1−δ1δ3)(1−δ2δ3)−δ1δ2(1−δ3)
2>0.

Proof.SeetheproofinSection1.4.2.

Thesecondnegotiationyieldsthefollowingproposition.

Proposition3When 2bargainssimultaneouslyasaproposerwith1over(e1,τ12)and

with3over(e2,τ23),theRubinsteinbargainingsolutionshowsthat:

bargainingframeworkmayyieldmultipleequilibriaundertheunanimityrule.
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1.Theoptimalvectorofeffortsesatisfies:

B1(e1)+B2(e1+e2)=C1(e1)

B2(e1+e2)+B3(e1+e2+e3)=C2(e2)

B3(e1+e2+e3)=C3(e3)

2.Equilibriumpayoffs(aftertransfers)are:

π∗i=π
nc
i +

δi(1−δ2)(1−δj)

φ
Π2,i=1,3andj=i

π∗2=π
nc
2 +

(1−δ1)(1−δ3)

φ
Π2

Where Π2=
3
i=1(V

∗
i−π

nc
i)>0standsforthecreatedsurpluswhen2isinvolved

intwonegotiationsandφ=(1−δ1δ2)(1−δ2δ3)−δ1δ3(1−δ2)
2>0istheadditional

generatedsurplus.

Proof.SeetheproofinSection1.4.3.

Inbothnegotiations,agents1and2willincreasetheirefforts,suchthat:ec1>e
∗
1>e

nc
1

ande∗2>e
c
2>e

nc
2,implyingadecreaseintheeffortforthemostupstreamagente

nc
3 >

e∗3>e
c
3withrespecttohisnon-cooperativeeffort. Agentsgetashareofthegenerated

surplusbuttheproposerstillbenefitfromthefirstmoveradvantage(capturedthrough

theleveloftransfers).However,ininstantaneousnegotiationswithdiscountfactorsset

tothelimitδi=δj=δk=δ→ 1,everyplayergetonethirdofthesurplus. Thetwo

negotiationsshowthatagentsarebetteroffcomparedtothenon-cooperativeoutcome

π∗1>π
nc
1 >π

c
1andπ

c
i>π

∗
i>π

nc
i fori=2,3.However,inbothcases,evenifthedefinition

ofthegeneratedsurplusisidentical,Π3differsfromΠ2,sinceequilibriumeffortsdidnot

satisfythesameoptimalityconditions.

1.2.4 Example

Weknowturntoacomparisonbetweenthetwobargainingprotocols.Soastomakethe

comparisontractable,weassumethatplayershaveidenticalcostandbenefitfunctions
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regardlessoftheirlocationalongtheestuary:

B(z)=az−
b

2
z2,a,b>0

C(z)=
c

2
z2,c>0

Itisalsoassumedthatδ=δi→ 1∀i.Theoutcomeforallbargainingprotocolsunder

thepreviousassumptionsaresummarizedinTables1.4.4,1.4.4and1.4.4inSection1.4.4.

Thefollowingassertionscanbedrawnfromtheresultsonthebargainingprotocols.

Result1:Thecooperativeoutcome(highestaggregateeffortandpayoff)cannotbe

reachedbyaparticularnegotiationprotocol.Thisresultcomesfromthestructureofthe

model.Actingnon-cooperativelyisadominantstrategyforthemostdownstreamagent.

Exertinganefforte3>e
nc
3 alwaysdecreasesπ3.Thesetofbilateralbargainingreturns

aconstrainedcooperativesolution(anintermediatesolution). Thissolutionconsistsin

maximizingtheaggregateoutcomeundertheconstraintthanthemostdownstreamagent

alwaysexertsenc3.However,theresultsshowthatagentsarealwaysbetteroffwhenaset

ofnegotiationsovereffortsassociatedtoasetoftransfersexist.

Result2:Inthesinglenegotiationsscheme,ifanagreementisreachedbetweenagents

1and2(respectively,1and3)theremainingplayerpreferstofreerideandtostandoff

thebargainingtable.Itappearsthatplayers2and3bothprefertheotherplayerto

bargainwith1sincethebenefitfromthepublicgood.Thisconflictofinterestbetween

agents2and3comesfromthepresenceofthepositiveexternality. Eachagentwould

ratherbenefitfromtheeffortsrealizedbytheotheratnocost,asshowninTable1.2.4.

Thethree-agentSeawallbargaininggamecanbesummarizedinnormalformwherethe

spaceofstrategiesofeachagentconsistsineithertheacceptanceAortherefusal(R)of

negotiations.Si={A,R}fori={1,2,3}.Notationi↔jmeansthatinegotiateswith

j.Itfollows:

Ifplayer1refusestobargain(S1=R)thenthebestresponseof2and3istoplayS2=

S3=A.however,asseenbefore,thepayoffofplayer1isgreaterwhenhefindapartner

tobargainwithcomparedtohisnon-cooperativepayoff,π
{1↔2}
1 >πnc1 andπ

{1↔3}
1 >πnc1.
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S1=A

2\3 S3=A S3=R

S2=A π
{2↔1,3}
1 ,π

{2↔1,3}
2 ,π

{2↔1,3}
3 π

{1↔2}
1 ,π

{1↔2}
2 ,πF3

S2=R π
{1↔3}
1 ,πF2,π

{1↔3}
3 πnc1,π

nc
2,π

nc
3

S1=R

2\3 S3=A S3=R

S2=A πnc1,π
{2↔3}
2 ,π

{2↔3}
3 πnc1,π

nc
2,π

nc
3

S2=R πnc1,π
nc
2,π

nc
3 πnc1,π

nc
2,π

nc
3

Table1.1:Theseawallbargaininggame.

ItappearsthatS1=Aisadominantstrategy. TheSeawallbargaininggameexhibits

twoNashequilibriainpurestrategies.(S1,S2,S3)=(A,R,A)and(A,A,R).Inboth

equilibria,agents2and3arebetteroffwhentheyactasfreeriders,πFi >π
{i↔1,j}
i and

π
{1↔i}
i >πnci fori=2,3,j=i.ThestructureoftheSeawallbargaininggameisachicken

game,asinCarraroandSiniscalco[11].agent2(respectively,3)prefersthathisopponent

bargainswith1andbenefitsfromtheoutcomeofthenegotiationwithoutbearingany

cost.

Indoublenegotiation,theconflictisoverthepositionoftheproposer,butthisisa

directconsequenceoftheRubinsteinalternatingoffermodel. Whenthetimebetween

bargainingroundsvanishes,thisfirstmoveradvantagedisappears.

Result3:Itissociallyoptimaltoaskagent2tomanagethetwonegotiationswith

themostdownstreamandthemostupstreamagents. Thesurplusgeneratedindouble

negotiationisgreaterthanthesurplusofsinglenegotiations. Thesizeofthecreated

surplusincreaseswiththenumberofplayersatthebargainingtable. Anegotiation

between2and1yieldsagreatereffortofagent1incomparisonwithanegotiationbetween

3and1(Player3wouldacceptalowereffortfrom1inexchangeforalowtransferas

heanticipatesapositiveeffortfromplayer2). Thisgreatereffortincreasesthebenefit
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ofplayersupstream. Anegotiationbetween3and2yieldsagreatereffortofagent2

incomparisonwithanegotiationbetween2anda4thplayer(this4thplayeraskingless

effortsfrom2sinceheanticipatesapositiveeffortfromplayer3). Thisresultcanbe

generalizedtonagents.Asetofgeographicallyrestrictedbilateralnegotiationsimproves

individualpayoffs.Inthissetting,eachplayerdirectlybargainwithhispredecessor,n

negotiateswithn−1,n−1withn−2,...,uptothenegotiationbetween2with1.

1.2.5 ConclusionsontheSeawallBargaininggame

Hirshleifer[26]showsthatcooperationoverthebuildingofaseawallcanbeachievedeven

iftheseawallisknownasaweakest-linkpublicgood.Theseawallexamplehasbeenre-

visitedforanalternativegeographicstructurewhereagentsarelocatedfromdownstream

toupstreamandhavetoexertacostlyefforttoprotectthemselvesfromseafloods.This

featureimpliesthatthebenefitofthepublicgoodincreasesalonganestuary.Inasim-

plifiedthree-agentframework,ourresultsshowthattheredoesnotexistabargaining

protocolthatcanbepreferredbyalloftheagents.Agentslocatedafterthemostdown-

streamagentalwaysprefertofreerideratherthanenteringinsinglenegotiationsover

anadditionaleffortofthemostdownstreamagent.Thiscasereferstoachickengame.

Whenthenegotiationinvolvesalloftheagents,ourresultsshowthatitismoreprofitable

forsocietytogivetherighttotheagentlocatedinthemiddleoftheestuarytoconduct

negotiationswithboththemostdownstreamandthemostupstreamagent.

Thenextsectionintroducesthemodelwithnegativeexternalities.

1.3 Theriverbargainingproblem

Gametheoreticanalysisoftheriversharingproblemhasbeenaveryactiveresearcharea

overthepasttwodecades(Barret,(1994)[6];KilgourandDinar,(2001)[34];Ambec

andSprumont,(2002)[1]andBealetal,(2013)[7]forarecentsurvey). Themain

motivationforthisresearchreliesontheconflictingnatureofwaterusesbetweenvarious

agentsorcountriesforresidential,industrialoragriculturalpurposes. Analyzingwater
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allocationrulesamongagentsorcountrieswhoarelocatedalongariveralsoraisessome

interestingquestionsintermsofefficiencyandequitywhenpropertyrightsarenotwell

defined.Thesharingproblemreferstoasituationinwhichagentshaveunequalaccess

totheresourcedependingtheirlocationontheriver.Themostupstreamagenthavea

fullaccessbutastheriverflowgoesdowndownstreamagentsgettheremainingwater

leftbyupstreamagentswhoarelocatedinfrontofthem.Gametheoreticmodelsandin

particularbargainingmodelsarerelevanttodealwhichsuchaproblem.Theliterature

onwaterallocationcanbeclassifiedintotwobroadapproaches.

Thefirstapproachisbasedoncooperativegametheoryand,moreprecisely,onthe

core. Theobjectiveistosetupaburden-sharingruleabletofavorthecooperationof

all,ensuringthattherulepreventsthatanyindividualagent,butalsoanysub-group

ofagents,fromleavingtheagreement.Basedonamodeltakingexplicitlyintoaccount

directionalflows,AmbecandSprumont(2002)[1]showthattheconvexityofthecooper-

ativegameensuresanon-emptycore.Theyanalyzehowacompromisesolutionbetween

thetwointernationallawprinciplesofwatersharingintransboundaryriverbasinscanbe

reachedinacooperativegamewithutilitytransfers.Thesetwoprinciplesaretheabsolute

territorialsovereignty(ATS)thatprescribesthateachagentisfreetouseallthewater

hecontrolsonhisterritoryandtheunlimitedterritorialintegrity(UTI)thatstatesthat

theamountofavailablewatertoanagentcannotbealteredbyalltheagentswhoare

locatedupstreamfromhislocation.Anupstreamagentisonlyallowedtoconsumewater

ifhehastheexplicitconsentofallhisdownstreamagents.

1.3.1 LiteratureReview

Houbaetal.(2014)[28]considerastrictinterpretationoftheUTIrulestatingthatonly

themostdownstreamagentmayclaimallthewaterandcanrestrictallhispredecessorsto

zeroextractionaslongasnoagreementhasbeenreached.AnsinkandWeikard(2012a)[4]

modeledtheriversharingproblemasasequentialbankruptcygameinwhichthesumof

theclaimsofalltheagentsexceedtheavailabilityoftheresource(AumannandMaschler,

(1985)[5]andThomson(2013)[54]forarecentsurvey). Theyanalyzeseveralsharing
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rulesspecifiedintermsofamountofwatergiventoeachagent. Whenallthewater

originatesattheheadoftheriver,thesharingrulestatesthateachagentgetsthesame

proportionofhisclaimandthelinearorderoftheagentsdoesnotmatter. Otherwise

boththedistributionofclaimsandwaterendowmentsneededtobeconsidered.Houba

etal.(2014)[28]showthatthemostdownstreamagentalwayspreferstheUTIprinciple

butatleastoneoftheotheragentpreferstheATSrule.

Thesecondapproachisbasedonnon-cooperativegametheory,alsowithseveralcat-

egories.Ansinketal.(2012b)[2]modeledtheriversharingproblemasatwo-stageopen-

membershipcartelgameusingtheconceptofinternalandexternalstability(d’Aspremont

etal.,(1983)[15]).Assumingthatariveragreementisagroupofagents(acoalition)who

havemergedandmaximizetheirwelfarejointly,theirgoalistodeterminewhichcoalitions

arestable,inthesensethatnoagentwantstoleaveitorjoinit.Assumingthatagents

haveidenticalbenefitfunctionsandonlydifferintheirlocationalongtheriver,results

showthatacoalitionofatleastfouragentsisnotstable. Ansinkand Weikard(2009)

[3]modeledtheriversharingproblemasacontestedgameoverthepropertyrightsin

whichtwoagentscandecidetobargainornot.Inthelattercaseagentsusetheiroutside

optionsbyaskingathirdagenttoimplementanequitablesolution. Resultsshowthat

agentscanendupinaninefficientequilibriuminsteadofbargaininganefficientoutcome.

Carraroetal.(2007)[10]reviewseveralbargainingmodelstowaterissuesinorderto

showhowanagreementisreachedamongsectorsorcountries.Theyemphasizecomplex

negotiationproblemsdealingwithmultilateralandmulti-issuesfeaturesthatcanonlybe

solvedbyuseofcomputersimulations.Inanalternating-offerRubinsteinmodel,Houba

(2008)[27]interpretsthemodelofAmbecandSprumontinabargainingperspectivebut

onlyinabilateralcasewithoneupstreamagentandonedownstreamagent.

Mostoftheseapproachesandmodelsabovementionedhaveincommontopartly

abstractfromthenegotiatingprocess. ThispaperusesasimplifiedRubinsteinmodel

withthreeagentswhocanbargainsequentiallywithendogenousdisagreementpoints.

UndertheATSrule,themostdownstreamagentisconstrainedinhiswaterconsumption

whileundertheUTIrule,themostupstreamplayercannotextracthisoptimallevel
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ofconsumption. Hencenegotiationcantakeplacebetweenagentsbutisnotlimitedto

neighboringagentsasin Wang(2011)[56].Inmodelingterms,thecontributionofthis

paperistoemphasizetheroleofinsideoptionsinaRubinsteinframeworkwithseveral

sequentialbargainingprocedures.Insideoptionsrefertothepayoffsthatagentsobtain

whentheytemporarilydisagree.Byassumingineachcasethatdelaybetweennegotiation

roundsvanishes,thegoalsofthepaperaretoexplainthesourceofpossibleinefficiencies

andthedifferentnegotiationoutcomesthatcanresultfromsequentialbargaining. We

considerthreedifferentnegotiationprocedures.Thefirstprocedurereferstoasimultane-

ousnegotiationinwhichthemostdownstreamagentbargainswitheachupstreamagent

overwaterextractionandtransfers(sidepayments).Thesecondprocedureassumesthat

thetheconstrainedagentbargainssequentiallywithbothupstreamagents.Thelastpro-

cedureconsidersthattheanagentwhodoesn’tsufferfromscarcity(themostupstream

underATS,themostdownstreamunderUTI)bargainssequentiallywiththeotheragents

accordingtotheirlocation.Ineachcase,theoutcomeintermsofwaterextractionand

transfersisanalyzedandcomparedtothesocialoptimum,showingthatwithbothsequen-

tialprocedures,andregardlessofthepropertyrightsdivision,theoutcomeisinefficient

fromthepointofviewofsociety.Theintuitionforthisinefficiencycomesfromthefact

thatinourgameagentsbargainovertransfersandwaterconsumptionlevels.Thus,not

onlythedistributionofthenetsurplusisdifferentunderdifferentprotocols,thewater

extractionleveland,hence,thenetsurplusitself,isalsodifferent. Wealsoshowthatthe

inefficiencyinthesequentialprocedurescomesfromtheinsideoptions.Finally,weshow

that,dependingonthesequenceofmovesinthesequentialnegotiation,insideoptions

canstrengthenorweakentherelativepositionoftheagentsinvolvedinthenegotiation.

Thefollowingsubsectionspresentthenoncooperativeandthecooperativeoutcomesso

asthesimultaneousnegotiation.Subsection1.3.3isdevotedtotheanalysisofsequential

negotiationsaccordingtothetwoprotocols.Insection1.3.4aspecificexampleshowsthe

mainresultsofthepaper. Thelastsubsectionpresentstheconcludingremarksonthe

Riverbargainingproblem.
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1.3.2 Thebenchmark

ConsiderasetofN={1,2,...,i,...n}agentslocatedalongariverinalexicographicor-

dering.Agent1isthemostupstreamagentwhileagentnislocatedatthemouthofthe

river.Eachagentextractsanamountofwaterxi≥0fromwhichheearnsBi(xi),∀i∈N.

Thebenefitfunctionisassumedtobeincreasinguptoamaximumvalueequaltoxisolu-

tionofBi(xi)=0anddecreasingforgreaterextractions,formally:xi=argmaxiBi(xi)

isthesatiationpointoftheagenti. Theplayersaresaidtobehomogeneousifevery

benefitfunctionsareidentical,thatis∀{i1,i2}∈N,Bi1(xi1)=Bi2(xi2). Theamount

ofwateravailableisE.Weconsidertherivermerelyflowsatitsownsourceandthe

absenceofintermediaryinflows. Wedenotebyi1<i2thefactthatagenti1isupstream

ofagenti2.FollowingnotationofAnsinkand Weikard(2009),Ui1={i2∈N:i2<i1}

standsforthesetofagentslocatedupstreamofthelocationofplayeri1andreciprocally

Di1={i3∈N:i1<i3}.

Noncooperativeoutcome

UndertheAbsoluteterritorialsovereigntyprinciple,eachagenticontrolstheamountof

waterE− j∈Ui
xjthathasn’tbeenconsumedbytheplayersupstreamofthelocationofi.

Inthenoncooperativecase,themostupstreamagentchooseshowmuchtoextract,under

theconstraintthatthisleveldoesnotexceedtheavailableamountE.Then,thefollowing

agentchoosesalevelofextractionfromtheremainingwaterE−x1.Thisprocessgoes

uptothemostdownstreamagentn.Thesub-gameperfectequilibria(SPE)ofthisgame

showsthateachagentiextractsthemaximumbetweenhisnoncooperativelevelxiand

theamountofwaterhecontrols:E− j∈Ui
xj.Thenoncooperativesetofstrategiesfor

i∈NundertheATSprincipleisthefollowing:

Si=






xi ifxi≤E−
j∈Ui

xj

E−
j∈Ui

xj ifxi>E−
j∈Ui

xj

0otherwise.
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Fromupstreamtodownstream,theplayersextracttheirbestresponseuptoaplayerwho

suffersfromscarcity.Ifxi2≥E−
i1∈Ui2

xi1,thesubgameperfectequilibrium(SPE)ofthe

gamereturnsauniquevectorofextractions:

XncATS=






xi1 if i1<i2

E−
i1∈Ui2

xi1 fori2

0 if i3>i2

ThebenefitsBnci foralli∈Ncanbederivedfromthewaterextractionslevels.

UndertheUnlimitedTerritorialIntegrityprinciple,themostdownstreamplayercan

claimtoconsumeanunalteredwater.Themostdownstreamagentscanclaimtoconsume

orextractanylevelofavailablewater.Themostdownstreamagentchooseshislevelof

extraction,iexn=argmaxxnB(xn)ifxn<E. Thus,apartoftheresourceisclear

ofpropertyrights. Theplayersupstreamcanextractapartoftheresourceprovided

thattheUTIprinciplestillapplies,thatis:x∗nisatleastflowingontheterritoryofthe

mostdownstreamagent. Thus,upstreamplayersapplythefollowingrationale:Player

n−1playshisbestresponseregardingtheamountofwaterhisallowedtoextract.If

xn−1≤E−xn,thenx
nc
n−1=xn−1isexactlypumpedatleveln−1. Thisextraction

behaviorisenforcedbytheplayersallalongtheriveruptothemostupstreamagent.

ThenoncooperativesetofstrategiesundertheUTIprinciplefori∈Nisthefollowing:

Si=






xi ifxi≤E−
j∈Di

xj

E−
j∈Di

xj ifxi>E−
j∈Di

xj

0otherwise.

Fromdownstreamtoupstream,theplayersextracttheirbestresponseuptoaplayer

whosuffersfromscarcity.Ifxi2≥E−
i3∈Di2

xi3,thesubgameperfectequilibrium(SPE)
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ofthegamereturnsauniquevectorofextractions:

XncUTI=






0 if i1<i2

E−
i3∈Di2

xi3 forε2

xi3 i3>i2

AnoncooperativegameΓncP undertheprinciplePisamappingoftheorderingof

theplayersontotheindividuallevelsofextraction. Thelevelofextractions(andthus

thelevelsofindividualbenefits)dependsontheorderingofplayersandthedefinition

ofpropertyrights.LetN bethereversedorderingofN.Thefollowingpropositionis

straightforwardandispresentedwithoutproof:

Proposition4IfB1=Bn,Γ
nc
ATS(N)=Γ

nc
UTI(N)andΓ

nc
UTI(N)=Γ

nc
ATS(N).

Iftheplayerswhosufferfromscarcityareidentical(player1underUTIandplayer

nunderATS),thelevelofnoncooperativeextractionsareidenticalfortheorderingN

underATSandforthereversedorderingunderUTI.Ifplayersareheterogeneous,the

solutiondiffersconformingtotheconcavityofthebenefitfunctions.

Cooperativeoutcome

Thecooperativesolutionisgivenbytheprogram:

max
x1,...,xn

i

Bi(xi) sc

n

i

xi≤E

Waterextractionlevels Xc={xc1,...,x
c
n}aresolutionof

B1(x1)=...=Bn(xn)

withxn=E− i∈Ui
xi.EfficiencyrequirestheestateEtobesharedsoastoequalize

themarginalbenefitsamongagents.Itisstraightforwardthatthecooperativeoutcome

doesn’tdependontheprincipleandthatΓncATS(.)=Γ
nc
UTI(.)holdsforanyordering.Note

thatxnci1 ≥x
c
i1
fori1∈Ui2undertheATSprincipleandfori3∈Di2underUTI.The
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obverseoccursfortheremainingplayers:xci3≥x
nc
i3
fori3∈Di2∪{i2}underATSandfor

i1∈Ui2∪{i2}underUTI.Thishasdirectimplicationsintermsofprofit,wenotethat

Bnci1 ≥B
c
i1
fori1∈Ui2underATSandfori3∈Di2underUTI.TheCooperativeoutcome

hasincreasedthenetbenefitofplayersi3∈Di2∪{i2}undertheATSandi1∈Ui2∪{i2}

undertheUTIprinciple.

Soastodecentralizethenoncooperativeoutcometowardthecooperativesolution

undertheATSprinciple(respUTIprinciple),aincentive-basedmechanismmustbeim-

plemented.Amonetarycompensationisnecessarytoencouragethemostupstream(resp

downstream)agentstorefrainfromoverconsumingwater.Thismonetarycompensation

canbegeneratedbythehigherlevelofbenefitassociatedtoahigherwaterconsump-

tionofthemostdownstream(respupstream)agents.Thestrictconcavityofthebenefit

functionuptothemaximumpointensuresthatthelossincurredbytheupstream(resp

downstream)agentwillbelowerthanthegainobtainedbythedownstream(respup-

stream)agent.Thus,theremustexistsabargainingschemethatensuresthattheagents

willindividuallybenefitfromdecentralizingthenoncooperativeoutcometowardsanal-

ternativesolution. Wenowdetailinthenextsectionthreebargainingprotocols.

1.3.3 Negotiationprotocols

Werestrictourattentiontogamesforwhichthereisascarcityconstraint,thatisgames

forwhich∀j∈{1,n}, i∈N\{j}xi≤E≤ i∈Nxi. Weassumethatnegotiationsare

bilateral.Tosimplifynotationwewrite:Bi=Bi(xi).Anegotiationbetweenagentsiand

jhastwoarguments.Amonetarytransfersorside-paymentsinexchangeforareduction

ofwaterconsumption.Theagentjproposesthemonetarytransferτijtotheagentiin

exchangeforhiscommitmenttoreduceisconsumptiontoalevelxi<x
nc
i.Alternatively,

theagenticouldproposetheplayerjtoreducehisextractiontoalevelxi<x
nc
i in

exchangeforthesubventionτji.Notethatτij=−τjiandbyconventionthefirstplayer

inthesubscriptpaysthetransfertothesecond(Ifipays−τijthenhereceivesτji).An
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offeroraproposalisacoupledenotedbyoij=(x,τ)with

(x,τ)=






(xi,τji) if −
∂(Bi+Bj)

∂xi
>0

(xj,τij)if −
∂(Bi+Bj)

∂xj
>0

Iftheofferismadebyitojandisaboutanabatementinxi,thenplayerjincreaseshis

consumptioninexchangeforthetransferτji.Bargainingroundsassumesperfectinforma-

tion.

Wealsoassumethatthemostupstreamandthemostdownstreamagentsaretheonly

agenda-settersinthenegotiationprocess. Dependingontheprinciple,eitherthemost

upstreamplayerorthemostdownstreamplayersuffersfromthescarcityconstraint.Ifnot

mentionedotherwise,weassumethattheplayerwhosufferfromthescarcityconstraint

entersnegotiationsasthefirstproposer.Thatisplayer1andnhavetherighttomake

offersasproposertoalltheotheragents.Playersinbetweenonlyactsasrecipientsof

theproposals.Thus,a3playerssettingissufficienttoputforwardthemainideaofthis

paperwith1or3actingasproposersand2canthusbeseenasrepresentativeofplayers

inbetween.

Ifplayer3istheproposer(asintheATSprinciple),thenthegeneralnetpayoff

function(aftertransfers)forthe3agentsofanagreementreachedatperiodtis:

π1(o31;t) =Bnc1 +δ
t
1(B1−B

nc
1 −τ13) (1.7)

π2(o32;t) =Bnc2 +δ
t
2(B2−B

nc
2 −τ23) (1.8)

π3(o31,o32;t) =Bnc3 +δ
t
3(B3−B

nc
3 +τ13+τ23) (1.9)

where0≤δi≤1fori={1,2,3}standsforthediscountrate,andt={0,1,..}arethe

periodsatwhichtheoffersandcounter-offersareformulated.Apermutationof3and1

intheequations1.7to1.9returnsthepayoffundertheUTIprinciplewhenplayer1is

thefirstproposer.Negotiationscanoccursimultaneouslyorinasequentialmanner.
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Simultaneousnegotiation

WesetN={i,j,k}withoutordering. Weassumethattheagentwhosuffersfromscarcity

initiatesthenegotiationswiththetworemainingplayer. Theproposerisidentifiedby

iandxi=E−xj−xk. Thusibilaterallynegotiatesatthesametimewithkover

oik=(xk,τik)andwithjoveroij=(xj,τjk). Weassumethatkisthecentralplayer,thus

theabsenceofbargainingbetweenjandk,impliesthatτjk=0.

Leto
(i)
ij=(x

(i)
j,τ

(i)
ji)betheoffermadebyitoj. TheRubinsteinBargainingSolu-

tion(RBS)thatwearelookingforistheuniqueSPEgivenbythefollowingconditions

(Rubinstein,1982;Muthoo,1999):

πi(o
(j)
ij,oik;0)=πi(o

(i)
ij,oik;1)andπj(o

(i)
ij,oij;0)=πj(o

(j)
ij,oik;1).

andbetweeniandk:

πi(o
(k)
ik,oij;0)=πi(o

(i)
ik,oij;1)andπk(o

(i)
ik,oij;0)=πk(o

(k)
ik,oij;1).

Thesetwosystemsofindifferenceequationsstatesthateachagentisindifferentbetween

acceptingthecurrentofferofhisopponentandmakingacounterofferinthenextperiod

whichwillbeaccepted.

WecannowstatethefollowingProposition:

Proposition5ThesolutionofthegamesΓsimATS(j,k,i)andΓ
sim
UTI(i,k,j)returnsthe

uniqueoptimalvectorofextractionsxc= xci,x
c
j,x

c
k ,thehighestlevelofwealthΠ=

i∈N(B
c
i−B

nc
i)>0andthepayoffsaftertransfersare:

π∗j = Bncj +µjΠ

π∗k = Bnck +µkΠ

π∗i = Bnci +(1−µj−µk)Π

withµj=
(1−δi)(1−δk)δj

(1−δjδi)(1−δkδi)−δjδk(1−δi)
2andsimilarlyfork.
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Proof.seeproof1.4.5.

Inbothcases,theplayersiwhosuffersfromthescarcityconstraintsbeginsthene-

gotiationswithplayersjandk.Inthelimitcaseδ→ 1,eachagentgetshisimpasse

point(permanentdisagreementpayoff)plusaequalshare(1/3)ofthetotalcreatedsur-

plus.Thissimultaneousnegotiationaccountsforthebenchmarkcaseforthesequential

bargainingprocedures. UndertheATSprinciple,{1,2,3}={j,k,i}andplayer3pays

atransfertoagents1and2inexchangeforareducedwaterextraction.UndertheUTI

principle,{1,2,3}={i,k,j}andplayer1paysatransfertoagents2and3inexchange

foranabatementinwaterconsumption.

Onceagain,ifBi=Bj,theProposition4stillapplies.Thesolutionissensitivetothe

concavityofthebenefitfunctionsotherwise.

Sequentialnegotiation

Basedonthesamesetofpayoffs(1.7)-(1.9),weanalyzedtwobargainingproceduresthat

wecalledthedownstreamandtheupstreamprocedure.Inthedownstreamprocedure,

themostdownstreamplayerisassumedtobargaintwice(regardlessheistheplayerwho

suffersfromscarcity).Inthefirstroundofnegotiation5,ifj <k<i,theniandk

bargainover(xk,τik).Inthesecondround,ibargainswithjover(xj,τij).Still,thereis

nonegotiationbetweenjandk.Intheupstreamprocedure,themostupstreamplayer

bargainswiththetwootherplayersintwodifferentrounds.Ifj<k<i,thenjbargains

withkover(xj(xk),τik)inthefirstroundandwithiinthesecondroundover(xj,τij).

Thesolutionsarefoundusingbackwardinductioninbothcases.Inbothprocedures,the

secondroundofnegotiationsrunsknowingthatanagreementhasbeenreachinthefirst

stage.Thenegotiationsremainbilateral. Wealsoassumethatthediscountfactorforthe

intra-negotiationsisidenticalinthetworounds. Wesettheinter-negotiationsdiscount

factortounity.Howeverasweconsiderresultsinthelimitcasewhenthedelaybetween

negotiationroundsvanishes,thisassumptionisnotrestrictive.

5Itiscrucialtodistinguishtheintra-negotiationsbetweentwoplayers(sequencesofbilateraloffers
andcounteroffer)andtheinter-negotiations(sequencesofnegotiationsinvolvingdifferentplayers).In
eachroundofnegotiations,theproposerbargainswithadifferentplayer.
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Askingfor water Inthisfirstsequentialprotocol,weassumethattheplayerwho

suffersfromscarcity(i)bargainstwiceasaproposer.Inroundtwo,ibargainswithj

knowingthatanagreementhasbeenreachedinroundonewithkandthisagreement

willbeeffectiveeveninthecaseofadisagreementinthiscurrentround.Thisfirstround

agreementreferstotheinsideoptionforagenti.Itdetermineshisimpassepoint.

Proposition6TheRubinsteinbargainingsolutionshowsthatwhenibargainswithkin

round1andwithjinround2,

1. Waterextractions(x∗j,x
∗
k)aresolutionof:

Bj(xj) =Bi(xi)

Bk(xk) =Bi(xi)+
δj(1−δi)

(1−δjδi)
Bix

d
i −Bi(xi)

withxdi=E−x
nc
j −xk

2.Equilibriumpayoffsaftertransfersare:

π∗j = Bncj +µjΠ−(1−ψk−ψi) B
d
i−B

nc
i −(Bnck −B

∗
k)

π∗k = Bnck +µkΠ+ψk Bdi−B
nc
i −(Bnck −B

∗
k)

π∗i = Bnci +(1−µj−µk)Π+ψi B
d
i−B

nc
i −(Bnck −B

∗
k)

withΠ=B∗i−B
nc
i +B

∗
j−B

nc
j +B

∗
k−B

nc
k >0,istheadditionalsurplusgenerated

thedownstreamprocedure,Bdi=Bi(x
d
i)andthecoefficientsµj=

δj(1−δi)

(1−δjδi)
,µk=

δk(1−δi)(1−δj)

(1−δkδi)(1−δjδi)
,ψk=

δjδk(1−δi)
2

(1−δjδi)(1−δkδi)
andψi=

δj(1−δj)(1−δi)

(1−δkδi)(1−δjδi)
.

Proof.seeproof1.4.6.

Waterextractionsgivenbyproposition6donotmaximizesocialwelfare(x∗i=x
c
i

∀i).Itimpliesthatthenetsurplusislowerinthesequentialcasethaninthecooperative

case.Theintuitionforthisinefficiencycomesfromthefactthatanalternativebargaining

protocoldoesnotonlymodifiesthedistributionofthenetsurplus,butalsothenetsurplus

itself.Indeed,agentsarebargainingovertransfersandwaterextractions,thustheseizeof
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thenetsurplusisalsodeterminedbythenegotiations.Theoptimalityconditionssuggest

thattheplayerjextractsanintermediarylevelofwaterbetweenthecooperativesolution

andthenoncooperativesolution:xncj >x
∗
j>x

c
j. Theintermediaryplayerreachedhis

lowestlevelforthisprotocol:x∗k<x
c
k<x

nc
k whilethenegotiationsalloweditogethis

highestlevelofextractionsx∗i>x
c
i>x

nc
i.

Inthefirstround,ibargainedalowwaterextractionlevelorequivalentlyahigh

reductionwithrespecttohisinitialsituationwiththeplayerk.Theabatement(xnck −x
∗
k)

issufficientlyhigh,theassociatedtransferishigh.Evencostly,thisoutcomeisworthy

fortheplayeri.Indeed,anagreementwiththeintermediaryplayerhelpssecuringhis

positionwhenitcomestoenterabargainingprocesswiththemostupstreamplayer.

Astrengthenedposition(alternatively,ahigherimpassepoint),wouldleadtomilder

consequencesifadisagreementwith1hadtooccur.

Basedonthisagreement,inegotiatesinthesecondroundwithkoveralowerreduction

effortandalowertransfer. Thereisnotmuchlefttobebargainedsincemostofthe

exchangegainshavebeengeneratedinthefirstroundbetweentheplayerskandi.

Eventually,bothkandiarebetteroffattheexpenseofj,whichisonlyinvolvedin

thesecondroundofthenegotiation.Intermsofpayoffseachagentgetsashareofthe

createdsurplusbutevenifjgetsahighershare(1/2inthelimitδ→ 1and1/4fork

andi),hispayoffisreducedbyanamountmeasuredbythepositivetermintobrackets

Bdi−B
nc
i >(Bnck −B

∗
k). Thislossofpayoffforjisagainforkandi. Sincethe

problemissymmetric,afirstroundbetweeniandj(insteadofk)wouldimplytheterm

Bdi−B
nc
i > Bncj −B

∗
j.Therelativeimportanceofthesetermscanbeusedbyito

decidewhethertobargainfirstwithjorwithk,showingthattheorderofthepartners

inthesequentialprocessbecomesastrategicvariable. Thefirstprotocolexhibitsthat

beinginvolvedinthefirstroundofnegotiationisauspicious.

SettingN={j,k,i},Proposition6referstothedownstream-sequentialprotocolunder

ATS.Inthisprotocol;i=3suffersfromscarcityandbargainswith2and1overanabate-

mentinx1x2inexchangeformonetarytransfers. WereferthisgametoΓ
down
ATS(j,k,i).
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SettingN={i,k,j}Proposition6referstotheupstream-sequentialprotocolunder

UTI.Inthisprotocol;i=1suffersfromscarcityandbargainswith2and3overan

abatementinx2x3inexchangeformonetarytransfers. WereferthisgametoΓ
up
UTI(i,k,j).

Thesetwogamesareidenticalforapermutationofplayersifplayersarehomogeneous

whileΠdiffersinthesetwogamesotherwise.

Askingforatransfer Alternatively,weproposetheobverseofthepreviousprotocol.

Inthesecondprotocol,theplayerwhoownspropertyrightsovertheestate(1underATS

and3underUTI)bargainstwiceasaproposer.Inroundtwojbargainswithiknowing

thatanagreementhasbeenreachedinthefirstroundwithk.

Proposition7TheRubinsteinbargainingsolutionshowsthatwhenjbargainswithkin

round1andwithiinround2

1. Waterextractions(x∗i,x
∗
j)aresolutionof

Bj(xj) =Bi(xi)

xk = xnck

2.Equilibriumpayoffsaftertransfersare

π∗j = Bncj +µjΠ

π∗k = Bnck +µkΠ

π∗i = Bnci +(1−µj−µk)Π

withΠ =B∗i−B
nc
i+B

∗
j−B

nc
j >0istheadditionalsurplusfromtheupstreambar-

gainingprotocolcomparedtothenoncooperativeoutcome.µi=
(1−δk)(1−δj)

(1−δkδi)(1−δiδj)
and

µk=
δ2(1−δi)(1−δj)

(1−δkδi)(1−δiδj)
thesharingparameters.

Proof.seeproof1.4.7.

Thesecondprotocolalsoimpliesthatwaterextractionsarenotsocialwelfaremaxi-

mizing.Theplayerkbehavesconsonantlytothenon-cooperativecase,indeed:x∗k=x
nc
k.
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Itturnsoutthatx∗i<x
c
iandx

∗
j<x

c
j.Analogouslytothecaseofaskingforwater,each

agentgetsitsimpassepointandanadditionalshareofthenetsurplus.Incontrasttothe

previousprotocol,itturnsoutthatbeinginvolvedinthesecondroundisnowopportune.

Thereasonisthattheimpassepointofjinthesecondroundweakenshisrelativeposi-

tioninregardstoplayeri.Intheeventofaperpetualdisagreementwithi,agentjwill

consumexncj,butwillbearthecostofthetransfertok(τjk>0).Forthatreason,jis

urgedtosignanagreementwithioveralowlevelofwaterextraction(xcj>x
∗
j)orahigh

reduction(xncj −x
∗
j),implyingahighvalueB

nc
j −B

∗
j ,whichincreasesthetransferτij

paidbyjanddecreasesthetransferτjk.

Inthelimitδ→1,agentsjandkgetthesameshareofthecreatedsurplusπj−B
nc
j =

πk−B
nc
k =

1
4
Π,andiisbetteroffπi=B

nc
i +

1
2
Π.Askingforatransferfavorstheagent

whosuffersfromscarcityandensuresanequaltreatmentfortheremainingagentssince

jandkgetanidenticalshareofthecreatedsurplus.

SettingN={j,k,i},Proposition7referstotheupstream-sequentialprotocolunder

ATS.Inthisprotocol;j=1bargainswith2and3overanabatementinx1andx2in

exchangeformonetarytransfers. WereferthisgametoΓupATS(j,k,i).

SettingN={i,k,j}Proposition7referstothedownstream-sequentialprotocolunder

UTI.Inthisprotocol;i=1suffersfromscarcityandj=3bargainswith1and2

overanabatementinx2x3inexchangeformonetarytransfers. Wereferthisgameto

ΓdownUTI (i,k,j).Onceagain,ifplayersarehomogeneous,Π isidenticalinbothgamesand

ΓupATS(j,k,i)=Γ
down
UTI (i,k,j).

Inordertocomparetheupstream-sequentialandthedownstream-sequentialprotocol,

weprovidedanexamplehereafter.

1.3.4 Example

Letusillustratetheoutcomesofthedifferentbargainingprotocolsdiscussedabovewith

anexample.AssumethefollowingbenefitfunctionasinAmbecandSprumont(2000)

Bi=axi−
bi
2
x2i
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Inthenoncooperativecase,theoptimalityconditionBi=0impliesx
nc
i =a/bi.

Playersarerankedsuchthatx2=λx1andx3=λ
2x1withλ>0. Forλ<1,

x1>x2>x3andforλ>1,x1<x2<x3.Itimpliesλb2=b1andλ
2b3=b1.Playersare

homogeneousforλ=1.

Toensurenegotiationsweset(1+λ+λ2)x1>E(scarcityconstraint)andE >

(1+λ)x1underATS.Thefirstplayercanextractx
nc
1 =x1.Theresultsaregiveninthe

Table1.2withrespectto:Π=b1((1+λ+λ
2)xnc1 −E)

2
>0and

ϕ=
4λ2(4λ8+24λ7+40λ6+44λ5+40λ4+24λ3+13λ2+4λ+1)

(4λ6+12λ5+16λ4+16λ3+10λ2+4λ+1)2

ψ=
(16λ11+88λ10+240λ9+400λ8+484λ7+452λ6+332λ5+194λ4+88λ3+30λ2+7λ+1)

2(4λ6+12λ5+16λ4+16λ3+10λ2+4λ+1)2

withψ>ϕ

Protocol

SIM(sim−ats) Downstream(D−ats) Upstream(U−ats)

x1
1

λ2+λ+1
E

xnc1 +2λE

2λ3+2λ2+2λ+1
d
E−λxnc1
λ2+1

x2 λxsim−ats1

(1+2λ2)E−(1+λ2)xnc1
2λ3+2λ2+2λ+1

λxnc1

x3 λ2xsim−ats1 λ2xD−ats1 λ2xU−ats1

π1−B
nc
1

(λ+1)

6λ2(λ2+λ+1)
Π

ϕ

2λ2
Π

1

8λ2(λ2+λ+1)
Π

π2−B
nc
2 πsim−ats1 −Bnc1

ψ

2λ2
Π πU−ats1 −Bnc1

π3−B
nc
3 πsim−ats1 −Bnc1 πD−ats2 −Bnc2 2πU−ats1 −Bnc1

Table1.2:SolutionsunderATS

ItcanbeshowthatintermsofwaterextractionthatxD−ats1 >xsim−ats1 >xU−ats1 ,

xU−ats2 >xsim−ats2 >xD−ats2 andxD−ats3 >xsim−ats3 >xU−ats3 andintermsofpayoffs

πsim−ats1 >πU−ats1 >πD−ats1 ,πD−ats2 >πsim−ats2 >πU−ats2 andπU−ats3 >πD−ats3 >πsim−ats3 .

Thisexampleshowsthatthemostupstreamagentprefersthesimultaneousnegotiation

whilethemostdownstreamagentpreferstheupstream-sequentialnegotiationandthe
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Protocol

SIM(sim−uti) Downstream(D−uti) Upstream(U−uti)

x1
1

λ2
xsim−uti3

1

λ2
xD−uti3

1

λ2
xU−uti3

x2
1

λ
xsim−uti3

1

λ
xnc3 λ

(λ2+2)E−(λ2+1)xnc3
λ3+2λ2+2λ+2

x3
λ2

λ2+λ+1
E

λ

λ2+1
(λE−xnc3) λ2

λxnc3 +2E

λ3+2λ2+2λ+2

π1−B
nc
1 πsim−uti3 −Bnc3

1

2
πD−uti3 −Bnc3 πU−uti2 −Bnc2

π2−B
nc
2 πsim−uti3 −Bnc3 πD−uti3 −Bnc3

λ2+λ+2

(4λ)(λ3+2λ2+2λ+2)
Π

π3−B
nc
3

1

3
λ3(λ+1)
(λ2+λ+1)

Π
1

8λ2+8
Π

λ2+1

(λ3+2λ2+2λ+2)2
Π

Table1.3:SolutionsunderUTI

middleagentthedownstream-sequentialnegotiation.

UnderUTI,weset 1
λ2
+1
λ
+1 x3>E(scarcityconstraint)andE>

1
λ
+1 x3,the

lastplayercanextractxnc3 =x3.TheresultsaregiveninTable1.3.

Wecannotethatthereisarelationbetweentheadditionalgeneratedsurplusunder

ATSandUTI,indeed,λ3Ssim−ats=Ssim−utiarerespectivelythegeneratedsurplusin

bothcases.Onceagain,theadditionalsurplusisidenticalinthepresenceofhomogeneous

players.Ifnegotiationsaresimultaneous,theATSproceduregeneratesagreatersurplus

forλ>1.Inotherwords,enforcingtheATSprinciplebringsagreatersurplusifextraction

costsincreasesastherivergoesdownstream.ThismakessenseastheATSprincipletends

tofavortheplayersupstream.Conversely,ifextractioncostsdecreaseastherivergoes

downstream,thenΠsimUTI>Π
sim
ATSsinceλ<1.

ItcanbeshowthatintermsofwaterextractionthatxU−uti1 >xD−uti1 >xsim−uti1 ,

xD−uti2 >xsim−uti2 >xU−uti2 ,xU−uti3 >xD−uti3 >xsim−uti3 .Intermsofpayoffs,thereisan

identicalorderingforthethethreeplayersπsim−uti>πD−uti>πU−uti.
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1.3.5 ConclusionsontheRiverbargainingproblem

Thisarticlehasanalyzedabargaininggameovertwovariables,waterextractionsabate-

mentinexchangeforamonetarycompensations,betweenthreeagentslocatedalonga

river.Simultaneousandtwosequentialnegotiationprocedureshavebeenconsidered.Re-

sultsshowthatsimultaneousbargainingleadstoaglobalagreementwhichisoptimal

associalwelfareismaximized. Ontheopposite,theupstreamandthedownstreamse-

quentialproceduresleadtoinefficientagreementsforthesociety.Afirstcontributionof

thepaperhasbeentoexplaintheroleofinsideoptionsinexplainingthisinefficiency

byfocusingonthecasewherethedelaybetweenoffersandnegotiationroundsvanishes.

Insequentialprotocols,theoutcomeoftheagreementinthefirstrounddeterminesthe

temporarydisagreementpayoffforthesecondround.

Asecondcontributionhasbeentoanalyzehowthetheimpassepointscanstrengthen

orweakentherelativepositionofagents,dependingonthesequenceofmoves. With

thedownstream-sequentialprocedureinATSortheupstream-sequentialprocedurein

UTI,theagentsufferingfromscarcitybargainswiththeotherplayersintheorderof

theirlocation. Theimpassepointofthatplayerinthesecondroundincreaseshisrel-

ativebargainingpositionwhenfacingtheremainingagentinthesecondround.Inthe

upstream-sequentialcaseunderATS(resp.thedownstream-sequentialprocedureunder

UTI),themostupstream(resp.downstream)agentbargainswiththedownstream(resp.

upstream)agentsrelativetotheirposition. Resultsshowthattheimpassepointofthe

thisagentinthesecondroundweakenshisrelativebargainingpositionwhenitcomesto

bargainwiththelastplayer.

1.4 AppendixA

1.4.1 ProofofProposition1

Weconsiderthesinglenegotiationbetween1and2overthevariable e1andthetransfer

τ12beforewegeneralizethatresult.Agents1makestheoffero
(1)
12= e

(1)
1,τ

(1)
12 andplayer

2makescounteroffersovero
(2)
21 = e

(2)
1,τ

(2)
12 . Thesubgameperfectequilibrium(SPE)
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offerssolvethetwoindifferenceconditions(Muthoo[40]):

π1(o
(2)
1,0)=π1(o

(1)
1,1)

π2(o
(1)
1,o2;0)=π2(o

(2)
1,o2;1)

sothateachagentisindifferentbetweenacceptingthecurrentofferofhisopponentand

makingacounterofferinthenextperiod.Notethatinthiscase,thereisnobargaining

between2and3,thuso2=∅.Specifically,theofferssatisfy:

V1(e
(2)
1)−τ

(2)
12 =(1−δ1)π

nc
1 +δ1 V1(e

(1)
1)−τ

(1)
12 (1.10)

V2(e
(1)
1,e2)+τ

(1)
12 =(1−δ2)π

nc
2 +δ2 V2(e

(2)
1,e2)+τ

(2)
12 (1.11)

Theoptimalofferofagent1toagent2(o
(1)
12)hastomaximizehispayoffunderthe

constraint(1.11)for2.Substitutetheexpressionofthetransferτ
(1)
12;theofferof1satisfies:

B1(e1)+B2(e1+e2)=C1(e1)

Itcanbeshownthattheoptimalofferof2to1satisfiesthesamecondition.Assumethat

1istheproposer;theequilibriumtransferisτ∗12=τ
(1)
12:Aswerewrite1.10and1.11,we

get:

τ
(2)
12 =V1(e

(2)
1)−(1−δ1)π

nc
1 −δ1 V1(e

(1)
1)−τ

(1)
12 (1.12)

τ
(1)
12 =−V2(e

(1)
1,e2)+(1−δ2)π

nc
2 +δ2 V2(e

(2)
1,e2)+τ

(2)
12 (1.13)

Substitutingτ
(2)
12 inτ

(1)
12 andassumingthat1istheproposer,theequilibriumtransfer

isτ∗12=τ
(1)
12:

τ∗12=
(1−δ1)δ2
(1−δ1δ2)

(V∗1−π
nc
1)−

(1−δ2)

(1−δ1δ2)
(V∗2−π

nc
2)
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andtheequilibriumpayoffsforplayer1:

π∗1 = πnc1 +(V
∗
1−π

nc
1)−

(1−δ1)δ2
(1−δ1δ2)

(V∗1−π
nc
1)+

(1−δ2)

(1−δ1δ2)
(V∗2−π

nc
2)

π∗1 = πnc1 +
(1−δ2)

(1−δ1δ2)
((V∗1−π

nc
1)+(V

∗
2−π

nc
2))

Andplayer2:

π∗2=π
nc
2 +(V

∗
2−π

nc
2)+

(1−δ1)δ2
(1−δ1δ2)

(V∗1−π
nc
1)−

(1−δ2)

(1−δ1δ2)
(V∗2−π

nc
2)

π∗2=π
nc
2 +

(1−δ1)δ2
(1−δ1δ2)

((V∗1−π
nc
1)+(V

∗
2−π

nc
2))

Agents2and3maximizetheirpayoffsaftertransfers,leadingtotheoptimalitycon-

ditions:

B2(e1+e2)=C2(e2)

B3(e1+e2+e3)=C3(e3)

Thebargaininginvolving1and3over(e1,τ13)withτ12=τ23=0isbasedonthesame

method. Whenthenegotiationtakesplacebetween2and3,theSPEofferssolvethe

twoindifferenceconditionsfor2π2(o1,o
(3)
2;0)=π2(o1,o

(2)
2;1)andfor3π3(o1,o

(2)
2,e3;0)=

π3(o1,o
(3)
2,e3;1).

1.4.2 ProofofProposition2

Assumethatthebargainingtakesplacebetweeniandjandbetweeniandk(thatis

τjk=0). Weseteij={eiifi<j,ejelse}.

Thetwoindifferenceconditions(notationsarerestrictedtotheeffortsatstake)give

respectively:

Vj e
(i)
ij +τ

(i)
ij =(1−δj)π

nc
j +δj Vj e

(j)
ij +τ

(j)
ij , (1.14a)

Vi e
(j)
ij,eik −τ

(j)
ij−τik =(1−δi)π

nc
i +δi Vi e

(i)
ij,eik −τ

(i)
ij−τik .(1.14b)
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and

Vk e
(i)
ik +τ

(i)
ik =(1−δk)π

nc
k +δk Vk e

(k)
ik +τ

(k)
ik , (1.15a)

Vi eij,e
(k)
ik −τij−τ

(k)
ik =(1−δi)π

nc
i +δi Vi eij,e

(i)
ik −τij−τ

(i)
ik .(1.15b)

Toensureoptimality,theoffermadebyitoj:o
(i)
ij = e

(i)
ij,τ

(i)
ij hastomaximize

thepayoffπi=Vi(e
(i)
ij,eik)−τ

(i)
ij−τikundertheconstraintgivenby(1.14a).Theopti-

malityconditionsdependsonthelocationofplayers.Ifthebargainingisaboutplayer

3bargainingtwice,thenweset(i,j,k)=(3,1,2). Theoptimalofferof1to3(o
(1)
1)

maximizeshispayoffπ1(e1)=V1(e1)+τ13underConstraint(1.14b).Substitutetheex-

pressionofτ13;e
(1)
1 =e1satisfyB1(e1)+B3(e1+e2+e3)=C1(e1).Bysymmetry,the

optimalofferof3ise
(3)
1 =e1=e

(1)
1.Alsobysymmetry,theoptimalofferof2to3(o

(2)
2)

maximizeshispayoffunderConstraint(1.15b).Ityieldstheoptimaloffere
(2)
2 =e2that

satisfiesB2(e1+e2)+B3(e1+e2+e3)=C2(e2).Theoptimaleffortofagent3isgivenby

B3(e1+e2+e3)=C3(e3).

Weassumethat iistheproposer.Aswerewrite1.14aand1.14b,weget:

τ
(j)
ij =

1

δj
(1−δj)V

c
j−π

nc
j −τ

(i)
ij

τ
(i)
ij = −

1

δi
(1−δi)((V

c
i−π

nc
i)+τik)+τ

(j)
ij

substitutingτ
(j)
ijof(1.14a)into(1.14b),wegetthefollowingtransferwheniisassumed

tobetheproposer:

τ
(i)
ij=−

(1−δj)

(1−δiδj)
Bcj−B

nc
j +

δj(1−δi)

(1−δiδj)
Bci−B

nc
i +τ

(i)
ik

Wesubstitute τ
(k)
ik of(1.15a)in(1.15b)togetthesecondtransfer:

τ
(i)
ik=−

(1−δk)

(1−δiδk)
(Bck−B

nc
k)+

δk(1−δi)

(1−δiδk)
(Bci−B

nc
i)+τ

(i)
ij

Itreturnstheequilibriumtransferswithη=(1−δiδj)(1−δiδk)−δjδk(1−δi)
2>0when
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iistheinitialproposer:

τ∗ij=−
(1−δj)(1−δiδk)

η
Bcj−B

nc
j +

(1−δi)(1−δk)δj
η

(Bck−B
nc
k +B

c
i−B

nc
i)

(1.16)

τ∗ik=−
(1−δk)(1−δiδj)

η
(Bck−B

nc
k)+

(1−δi)(1−δj)δk
η

Bcj−B
nc
j +B

c
i−B

nc
i

(1.17)

Thatiswith(i,j,k)=(3,1,2):

τ∗13=−
(1−δ1)(1−δ2δ3)

η
(V∗1−π

nc
1)+

δ1(1−δ2)(1−δ3)

η
(V∗2−π

nc
2 +V

∗
3−π

nc
3)

τ∗23=−
(1−δ2)(1−δ1δ3)

η
(V∗2−π

nc
2)+

δ2(1−δ1)(1−δ3)

η
(V∗1−π

nc
1 +V

∗
3−π

nc
3)

withη=(1−δ1δ3)(1−δ2δ3)−δ1δ2(1−δ3)
2>0.Equilibriumpayoffsaregivenin

theproposition.

1.4.3 ProofofProposition3

FollowingtheproofofProposition2,auniquevectorofeffortsensuresoptimalityofoffers

inthecasewhere2actstwiceasaproposer.From1.16and1.17,weget:

τ∗12=
(1−δ1)(1−δ2δ3)

φ
(V∗1−π

nc
1)+

δ1(1−δ2)(1−δ3)

φ
(V∗2−π

nc
2 +V

∗
3−π

nc
3)

τ∗23=−
(1−δ1)(1−δ2)δ3

φ
(V∗1−π

nc
1 +V

∗
2−π

nc
2)+

(1−δ3)(1−δ1δ2)

φ
(V∗3−π

nc
3)

withφ=(1−δ1δ2)(1−δ2δ3)−δ1δ3(1−δ2)
2>0.Optimalemissionsandpayoffsarein

theproposition.

1.4.4 SummarizedResultsfortheSeawallbargaininggame

Resultsaresummarizedinthetable(1.4).
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Coop Non-Coop

e1
1+4γ+3γ2

5γ+6γ2+γ3+1

1

1+γ

e2
γ+2γ2

5γ+6γ2+γ3+1

γ

(γ+1)2

e3
γ2

5γ+6γ2+γ3+1

γ2

(γ+1)3

π1
(3γ2+4γ+1)(−γ3+5γ2+5γ+1)

2(γ3+6γ2+5γ+1)2
1

2(γ+1)

π2
6γ2+5γ+1

2(γ3+6γ2+5γ+1)

(3γ3+6γ2+4γ+1)

2(γ+1)4

π3
(11γ5+46γ4+62γ3+37γ2+10γ+1)

2(γ3+6γ2+5γ+1)2
(5γ5+15γ4+20γ3+15γ2+6γ+1)

2(γ+1)6

Table1.4:Efforts(ine)andpayoffs(inbe2)inthecooperativeandnon-cooperativecases.
γ=c/bande=a/b.

When γ=0(forc=0),e1=e,whileei=0fori=2,3andπi=(b/2)e
2∀iinboth

cooperativeandnon-cooperativecases.Itcanbeshownthate1decreaseswithγ,while

ei=0fori=2,3firstincreases,reachesamaximumandthendecreases.Payoffsalways

decreasewithγ. Alowvalueofγmeansalowmarginalcostand/orahighmarginal

benefit,implyinghighereffortsandpayoffs. Ontheoppositeside,ahighvalueofγ

meansahighmarginalcost(c)and/oralowmarginalbenefit(b),implyinglowerefforts

andpayoffs.Thesepatternsarethesameforallofthenegotiationprotocols.

ThenegotiationproceduresinvolvingonlytwoagentsaresummarizedinTable1.4.46:

NegotiationprotocolsconsistingintwobilateralnegotiationsaresummarizedinTable

1.4.4:

Comparingthedifferentoutcomesgivesintermsofindividuals7andaggregateefforts:

•ec1>e
{1←→2}
1 >e

{2←→1,3}
1 >e

{1←→3}
1 >e

{3←→1,2}
1 >enc1 =e

{2←→3}
1

•e
{2←→3}
2 >e

{3←→1,2}
2 >e

{2←→1,3}
2 >ec2>e

nc
2 >e

{1←→3}
2 >e

{1←→2}
2

•enc3 >e
{1←→3}
3 >e

{2←→3}
3 =e

{1←→2}
3 >e

{3←→1,2}
3 >e

{2←→1,3}
3 >ec3

6Thecreatedsurplusinthenegotiationbetween1and3ispositiveforγ>0.89.
7Foragent2,therankholdsforγ>γ∗=1

2 1+
√
5 andforγ≥1:e

{1,3←→2}
2 ≥enc2,forγ≥0.815

:ec2≥e
{1←→3}
2 andforγ≥0.52:e

{1,3←→2}
2 ≥e

{1←→3}
2
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2↔3 1↔3 1↔2

e1
1

1+γ

1+2γ+2γ2

3γ+4γ2+γ3+1

1+2γ

3γ+γ2+1

e2
γ+2γ2

4γ+4γ2+γ3+1

γ+γ2

3γ+4γ2+γ3+1

γ

3γ+γ2+1

e3
γ2

4γ+4γ2+γ3+1

γ2

3γ+4γ2+γ3+1

γ2

4γ+4γ2+γ3+1

π1−π
nc
1 0

γ6(γ4+3γ3−2γ−1)
4(γ+1)5(γ3+4γ2+3γ+1)2

γ4

4(γ+1)3(γ2+3γ+1)

π2−π
nc
2

γ6

4(γ+1)5(γ2+3γ+1)

γ5(2γ3+7γ2+6γ+2)
2(γ+1)3(γ3+4γ2+3γ+1)2

π1−π
nc
1

π3−π
nc
3 π2−π

nc
2 π1−π

nc
1

(2γ2+5γ+2)γ6

2(γ+1)5(γ2+3γ+1)2

Table1.5:Efforts(ine)andpayoffs(inbe2)inthetwo-by-twonegotiationprocess.

3←→1,2 2←→1,3

e1
1+3γ+2γ2

4γ+5γ2+γ3+1

1+4γ+2γ2

5γ+5γ2+γ3+1

e2
γ+2γ2

4γ+5γ2+γ3+1

γ+2γ2

5γ+5γ2+γ3+1

e3
γ2

4γ+5γ2+γ3+1

γ2

5γ+5γ2+γ3+1

πi−π
nc
i

(4γ5+23γ4+38γ3+30γ2+12γ+2)γ5

6(γ+1)5(γ3+5γ2+4γ+1)2
(4γ4+17γ3+15γ2+7γ+1)γ4

6(γ+1)5(γ2+4γ+1)2

Table1.6:Efforts(ine)andpayoffs(inbe2)indoublenegotiation.
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• ie
c
i> ie

{2←→1,3}
i > ie

{3←→1,2}
i > ie

{1←→2}
i = ie

{2←→3}
i > ie

{1←→3}
i >

ie
nc
i

Theindividualandaggregatepayoffsare:

•π
{2←→1,3}
1 >π

{3←→1,2}
1 >π

{1←→2}
1 >π

{1←→3}
1 >πnc1 =π

{2←→3}
2 >πc1

•πc2>π
{1←→3}
2 =πF2>π

{2←→1,3}
2 >π

{3←→1,2}
2 >π

{1←→2}
2 >π

{2←→3}
2 >πnc2

•πc3>π
{1←→2}
3 =πF3>π

{2←→1,3}
3 >π

{3←→1,2}
3 >π

{2←→3}
3 >π

{1←→3}
3 >πnc3

• iπ
c
i> iπ

{2←→1,3}
i > iπ

{3←→1,2}
i > iπ

{1←→2}
i > π

{1←→3}
i > π

{2←→3}
i >

iπ
nc
i

1.4.5 ProofofProposition5

Thisproofistheanalogofproof1.Thetwoindifferenceconditionsgiverespectively:

Bj x
(i)
j +τ

(i)
ij =(1−δj)B

nc
j +δj Bj x

(j)
j +τ

(j)
ij , (1.18)

Bi x
(j)
j,xk −τ

(j)
ij−τik =(1−δi)B

nc
i +δi Bi x

(i)
j,xk −τ

(i)
ij−τik .(1.19)

and

Bk x
(i)
k +τ

(i)
ik =(1−δk)B

nc
k +δk Bk x

(k)
k +τ

(k)
ik , (1.20)

Bi xj,x
(k)
k −τij−τ

(k)
ik =(1−δi)B

nc
i +δi Bi xj,x

(i)
k −τij−τ

(i)
ik .(1.21)

Toensureoptimality,theoffermadebyio
(i)
i = x

(i)
j,τ

(i)
ij hastomaximizehispayoff

πi=Bi(xj,xk)−τij−τikundertheconstraintgivenby(1.14b). Maximizingreturnsthe

optimalitycondition

Bi(xj,xk)=Bj(xj). (1.22)

(1.22)givestheoptimaloffermadebyi:x
(i)
j =xj.Bysymmetrytheoptimalofferofj

isx
(j)
j =xj.
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Weproceedinthesamewayforthesecondnegotiationbetween iandk.Theoptimal

offermadebyi:o
(i)
ik= x

(i)
k,τ

(i)
ik maximizeshispayoffunder(1.15b).Ityieldsthefirst

ordercondition:

Bi(xj,xk)=Bk(xk) (1.23)

thisreturnstheplayeri’soptimalofferx
(i)
k =xk. Bysymmetry,koffersx

(k)
k =xk.

Optimalityconditions(1.22)and(1.23)showthattheabatementlevelsareidentical

tothecooperativeabatement.levelsofextractionsaresolutionofx∗j,x
∗
k = xcj,x

c
k

implyingx∗i=x
c
iandsoB

∗
i=B

c
i.

Weassumethat iistheproposer.Aswerewrite1.14aand1.14b,weget:

τ
(j)
ij =

1

δj
(1−δj)B

c
j−Bn

c
j −τ

(i)
ij

τ
(i)
ij = −

1

δi
(1−δ3)((B

c
i−B

nc
i)+τik)+τ

(j)
ij

substitutingτ
(j)
ijof(1.14a)into(1.14b),wegetthefollowingtransferwheniisassumed

tobetheproposer:

τ
(i)
ij=−

(1−δj)

(1−δiδj)
Bcj−B

nc
j +

δj(1−δi)

(1−δiδj)
Bci−B

nc
i +τ

(i)
ik

Wesubstitute τ
(k)
ik of(1.15a)in(1.15b)togetthesecondtransfer:

τ
(i)
ik=−

(1−δk)

(1−δiδk)
(Bck−B

nc
k)+

δk(1−δi)

(1−δiδk)
(Bci−B

nc
i)+τ

(i)
ij

Itreturnstheequilibriumtransferswithη=(1−δiδj)(1−δiδk)−δjδk(1−δi)
2>0and

theiastheinitialproposer:

τ∗ij=−
(1−δj)(1−δiδk)

η
Bcj−B

nc
j +

(1−δi)(1−δk)δj
η

(Bck−B
nc
k +B

c
i−B

nc
i)

τ∗ik=−
(1−δk)(1−δiδj)

η
(Bck−B

nc
k)+

(1−δi)(1−δj)δk
η

Bcj−B
nc
j +B

c
i−B

nc
i

notethatτ∗ij>0andτ
∗
ik>0.
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Theadditionalgainofsimultaneousbargainingforplayerjis:

πsimj −Bncj = Bcj+τ
∗
ij−B

nc
i

=
(δi−1)(δk−1)δj

η
Π

WhereΠ= ε={i,j,k}(B
c
ε−B

nc
ε)standsforthesumoftheindividualsgainsofbargaining.

SettingN={j,k,i}bringsthegamesΓsimATS(N)andΓ
nc
UTI(N).

1.4.6 ProofofProposition6

ifirstnegotiateswithkinthefirstround,thenwithjinthesecondround. Using

backwardinduction,thetwoindifferenceconditionsare:

Bj(x
(i)
j)−τ

(i)
ji =(1−δj)B

nc
j +δj Bj(x

(j)
j)−τ

(j)
ji (1.24)

Bi(x
(j)
j,x

a
k)+τ

(j)
ji +τ

a
ki =(1−δi)B

d
i−τ

a
k +δi Bi(x

(i)
j,x

a
k)+τ

(i)
ji+τ

a
ki (1.25)

Where xakreferstotheagreementreachedbetweeniandkinthefirstroundofnegotia-

tions.Bdi=BiE−x
nc
j −x

a
k isthepayoffofplayeriincaseofdisagreementwithplayer

j.Assumingthatjandimaximizestheirpayoffs(respectivelyunderconstraints(1.24)

or(1.25)),itturnsoutthattheiroptimaloffersx
(j)
j =x

(i)
j =xjwillbesolutionof:

Bj(xj)=Bi(E−xj−x
a
k) (1.26)

Assumingthatiistheproposer,thetransferpaidbyitojisequalto:

τ
(i)
ij=

(1−δj)

(1−δjδi)
Bj−B

nc
j −

δj(1−δi)

(1−δjδi)
(Bi−B

nc
i)−

δj(1−δi)

(1−δjδi)
Bnci −B

d
i (1.27)
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Inthefirstround,thetwoindifferenceconditionsassociatedtothenegotiationbetweeni

andkare

Bk(x
(i)
k)−τ

(i)
ki =(1−δk)B

nc
k +δk Bk(x

(k)
k )−τ

(k)
ki (1.28)

Bi(xj,x
(k)
k )+τji+τ

(k)
ki =(1−δi)B

nc
i +δi Bi(xj,x

(i)
k)+τji+τ

(i)
ki (1.29)

Thedisagreementpayoffofidiffersfromthesecondround. Weassumedthat,incaseofa

failureinthefirstround,thenegotiationsareoverandallagentsgettheirnoncooperative

payoffs. Usingtheimplicitrelationsinthesecondroundxj=xj(xk)andτji=τji(xk),

theoptimalwaterextractionlevelxkissolutionoftheoptimalfirstordercondition:

1+
∂xj
∂xk

Bi(E−xj−xk)+
∂τji
∂xk
=Bk(xk) (1.30)

Optimalityconditions(1.26)and(1.30)impliestheequilibriumpair x∗j,x
∗
k.Thetransfer

associatedtothatnegotiationwheniistheproposerisgivenby:

τ
(i)
ki=

(1−δk)

(1−δkδi)
(Bk−B

nc
k)−

δk(1−δi)

(1−δkδi)
(Bi−B

nc
i)−

δk(1−δi)

(1−δkδi)
τji (1.31)

Solvingthesystem(1.27)-(1.31)givesτ
(i)
ji=τ

∗
jiand

τ∗ki = −
δk(1−δi)(1−δj)

(1−δkδi)(1−δjδi)
Bj−B

nc
j +Bi−B

nc
i +

(1−δk)

(1−δkδi)
(Bk−B

nc
k)

−
δjδk(1−δi)

2

(1−δjδi)(1−δkδi)
Bdi−B

nc
i (1.32)

Substitutetheexpression
∂τji
∂xk
derivedfrom(1.32)in(1.27)returns

Bj(xj) =Bi(E−xj−xk)

Bk(xk) =Bi(E−xj−xk)+
δj(1−δi)

(1−δjδi)
BiE−x

nc
j −x

a
k −Bi(E−xj−xk)

Notethatx∗j+x
∗
k<x

nc
j+x

a
kimpliesthatx

∗
i=E−x

∗
j−x

∗
k>x

d
i=E−x

nc
j−x

a
k. Weget

thatBix
d
i >Bi(x

a
i)sinceB3isdecreasing(B <0).Simplemanipulationsyieldthe
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payoffsforeveryagent.

1.4.7 ProofofProposition7

Inround2,jbargainswithibasedonanagreementinround1. Thetwoindifference

conditionsare:

Bj(x
(i)
j)−τ

(i)
ji−τjk =(1−δj)B

nc
j −τjk +δj Bj(x

(j)
j)−τ

(j)
ji −τjk

Bi x
(j)
j,xk +τ

(j)
ji =(1−δi)B

d
i+δi Bi(x

(i)
j,xk)+τ

(i)
ji

withBdi=B3 x
nc
j,xk.

Inround1,thetwoindifferenceconditionsofthenegotiationbetweenjandkare:

Bj xj x
(k)
k −τji−τ

(k)
jk =(1−δj)B

nc
j +δj Bj xj x

(j)
k −τji−τ

(j)
jk

Bk(x
(j)
k)+τ

(j)
jk =(1−δk)B

nc
k +δk Bk(x

(k)
k )+τ

(k)
jk

Thefirstnegotiationimplies:

Bj(xj)=Bi(xi)

and

τ
(j)
ji =

δi(1−δj)

(1−δjδi)
Bj−B

nc
j −

(1−δi)

(1−δjδi)
Bi−B

d
i

Thesecondnegotiationgives:

∂xj
∂xk

Bj(xj(xk))+
∂τji
∂xk
+Bk(xk)=0

andthetransfer:

τ
(j)
jk=

δk(1−δj)

(1−δkδj)
Bj−B

nc
j −

(1−δk)

(1−δkδj)
(Bk−B

nc
k)+

δk(1−δj)

(1−δkδj)
τji
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Substitutethederivative
∂τji
∂xk
intheoptimalityconditionreturns:

Bk(xk)=−
(1−δi)

(1−δjδi)
Bix

d
i −Bi(xi)

Notethat,sincex∗i≥x
d
iandBiisdecreasing(B <0),Bix

d
i ≥Bi(xi)holds,implying

Bk(xk)≤0.SinceBk(xk)isdefinedon[0,+∞[(kwillnotconsumemorethanhisbest

responsexk),itturnsthatBk(xk)=0givingthemaximumvalueofx
∗
k=x

nc
k andasa

consequenceB∗k=B
nc
k andB

nc
i =B

d
i

Equilibriumtransfersareτ∗jk=τ
(j)
jkandτ

∗
ji=τ

(j)
ji.

τ∗ji =
δi(1−δj)

(1−δjδi)
B∗j−B

nc
j −

(1−δi)

(1−δjδi)
(B∗i−B

nc
i)

τ∗jk =
δk(1−δj)(1−δi)

(1−δkδj)(1−δjδi)
B∗j−B

nc
j +B

∗
i−B

nc
i >0

Simplemanipulationsreturntheproposition.
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Chapter2

Level-KFarsightednessina

verticallyrelatedeconomy

2.1 Introduction

Thischapteraimsatprovidingacontributiontotheendogenousnetworksformation

withfarsightedplayers.Asetofdifferentiatedmanufacturershavethepossibilitytobe

distributedthroughdifferentchannelsatdifferentcosts,impactingtheglobalstructure

ofinteractionsbetweeneconomicagents. Themodificationofthestructurehasheavy

implicationsintermsofprofitsandprofitsturnsouttobeofcrucialpartwhenfirms

decidetobuildnewcommerciallinksordecidetoabrogateexistingcontracts. Thus

individualincentivesandtheeconomicnetworkinginfluenceoneanother.Inthischapter,

Iinvestigatehowthedistributionnetworkcanreachastablestate.Thepositiveaspectof

stabilityisdeterminedbythestabilitycriterionweuse,thischapterdealswiththenotion

ofstabilitythatcanbeusedwhenweconsiderthelimitofthehorizonoftheagents.This

chapterdiscussesthewaytheincentivestochangethenetworkdependontheabilitiesto

forecastortoanticipateseriesofevents.Idiscusshowtheavailableinformationonthe

forthcomingstatesistreatedinthepresentgivensomelimitationsintheforecasting.To

whatextentistheevolutionofadistributionnetworktowardsastablestateisaffected

bytheknowledgeoftheinformationtocome.Idon’twanttodiscusstheproandthe
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consofmyopiaagainstfarsightednesswhenlookingatthestabilityofnetworks,and

that’sthereasonwhythequestionofthesupplynetworkformationisundertakenfrom

theperspectiveoflevel-K.Thelevel-K reasoningencompassestheoverallspectrumof

forecastingfromthemyopia(level-1)totheinfinitefarsightedness(level-∞).Ifagame

isplayedbylevel-K farsightedplayers,thenthoseplayersareabletoanticipatewhat

theirownactionsinduceatK−1stepsahead.Inthelevel-Kreasoning,theconceptof

timehasnottobeinterpretedinitsprimarysense,aunitoftimecorrespondingtoone

alterationofthesocialstructure.

Thereasonwhyplayersarenotabletoanticipatesequencesofshiftsinmorethan

agivennumberofstepsaheadresultsinaneitherlimitedrationality,inthepresence

ofsomerestrictedinformation,orinplayersdiscountingthefuturetooheavily(Iwon’t

discussthispoint).Thus,thepresentactionsaredeterminedbytheweightofsituations

thatarelikelytoemergewithinafixednumberofchangesofthestructureofthenetwork.

Withtheideathatintermediarystatesdonotaccountforthedeterminationofdevi-

ationsandthatlinksamongindividualscanbeunilaterallyseveredandonlybilaterally

buildwiththeconsentoftwo,Iinvestigatetheroleofanadjustableleveloffarsighted-

nessonthenatureofincentivestobuildagivensupplynetwork.Giventhenumbersof

candidatesolutionstostability,wesubstitutedanalgorithmicsolutiontotheanalytic

reasoningforthecomputationofthelevel-Kpairwisefarsightedstablesets.Thischapter

developsthreemainfindings.First,theresultsestablishedthatthetheoreticalminimum

leveloffarsightednessrepresentativeofaninfinitefarsightednesscanbedrasticallyre-

ducedthroughrecursivecalculations.Ithencomputedthepairwisefarsightedstableset

ofnetworksforanyleveloffarsightedness.Theresultsareheavilyaffectedbythelevelof

anticipation.Indeed,thefactthatagentsaredrivenbyasumofshort-termexpectations

orbydecisionsthataretheresultofexpectationsrollingawayfrompresentaltersthe

stableoutcomes. Thesecondresultliesintheconfrontationbetweenstabilityandtwo

oppositecriteriaofsocialoptimathatIcalledweakandstrongcorrespondence.Itturns

outthat,evenifusualdefinitionsofsocialoptimadonotperfectlyconformtoaset-based

definitionofstability,atensionbetweenstabilityandsocialefficiencyisobservedasthe
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leveloffarsightednessincreases.Inthelastsection,thecomparisonbetweenthelevel-

∞ farsightedstablesetsandthepairwisefarsightedstablesetemphasizesthevaluesof

parametersforwhichthereisatransitivecorrespondence.

2.1.1 RelatedLiterature

Industrialorganizationdealswithvariousissuessuchasverticalintegration,franchis-

ing,exclusivezones,verticalrestraintsandsoforth1.Itgenerallyassumesanexogenous

structureofverticalrelationswithoutreallyquestioningtheconsistencyofsuchanet-

workedstructure.Tomyknowledge,theonlyarticlethatdirectlyaddressesthequestion

ofnetworkformationinaverticalandcompetitiveenvironmentisthepaperbyMauleon,

Sempere-MonerrisandVannetelbosch(2001)[38].Theauthorsinvestigatetheinfluence

ofthetypeofcontractsignedbetweenmanufacturersandretailersonthestabilityof

networks.Theirresultsshowholdsforthefullrangeofproductdifferentiationandthe

wholespectrumoflinkingcosts.Theyshowthatthethreetypesofcompetition(inter-

brand,intrabrandandin-storerivalry)mayfailatbeingpresentsimultaneously,leading

toaconflictbetweenselfishinterestsandthesocialoptimum.Thoughthisarticleprovide

astrongbasisforthestudyofformationofmanufacturersandretailersnetworks,the

approachassumesmyopicplayers.

Theratherwellestablishedliteratureonnetworksineconomicsassumesthat,when

theindividualsareself-interested,theevolutionofanetworkisdrivenbytwoprocesses.

Thedestructionoflinksisduetoanindividualdeviationwhiletheoccurrenceofanew

linkbetweentwoindividualsneedstheconsentofthesetwopeople(Jackson& Wolinsky

(1996)[33],DuttaandMutuswami(1997)[18]).Inthiscontext,whenindividualscom-

paretheircurrentsituationtothedirectlyupcomingsituationinordertodecideifthis

deviationcouldbeworth,wetalkaboutpairwisenetworkformationinthepresenceof

myopicplayers.Inthissetting,theincentivesofanagentorapairofagentstoalterthe

architectureofthenetworkarebasedonwhatthedeviationforthwithbringscompared

tothecurrentsituation.Theagentsmayinstigateaninitialshiftthatmayinducesome

1SeeLaffontandTirole[36]foracomprehensive,butnonethelessthoroughapproachinindustrial
organization
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otherplayersintodeviatingand,inturn,ainitialdeviationmaytriggeranongoingse-

quenceoffurtherdeviation,ultimatelyleadingtoadistantsituationattheexpenseofthe

originaldefectors(Jackson& Watts(2002)[32]). Consideringthisargument,amyopic

rationaleseemslikeaflawedhypothesiswhenthemodelofnetworkformationrepresents

playerswithforecastingabilities.Thismaincriticismagainstmyopialiesinthefactthat,

beyondveryoperativeresultsderivedfrommyopicconceptsofstability,astaticapproach

ignoresanessentialaspectoftherationaleconomicagentandmyopiacouldbeseenas

representativeofaformoflimitedrationality.

Talkingaboutnetworkformationandforward-lookingagentsineconomicsleadsusto

considertwohighlydevelopedfieldsineconomicswithanonemptyintersection.

Thereasoningthatembodiestheanticipationsofthefuturestatesinthedecisionmak-

ingprocessisaconceptdevelopedbyHarsanyi,(1974)[22]ashewasquestionningthe

impactoffarsightednessinthevon-NeumannMorgensternstablesets[55].Themodifica-

tionofastructurecaninducesubsequentamendments,leadinginturntootherchanges,

andsoforth. Ateachstep,thestructurediffersfromtheprecedingbyoneorseveral

modifications.Ifthestateηibringstheoutcomeηi+1 whichinturnleadstoηi+2,then

thereisamyopicdominancebetweenηiandηi+1andindirectdominancerelationbetween

ηiandηi+2.Thesolutionusingindirectdominancereturnsthesetofoutcomesonemight

expecttoemergegiventhemappingofthedominancerelationships. Asolutionofvon

Neumann-Morgensternisreachedwhenastate,orasetofstatessatisfiesexternaland

internalstability.Inotherwords,allstatesoutsidethesolutionaredominatedbyastate

whichbelongstothesolutionwhilethereisnodominancerelationsbetweenthestates

withinthesolution.ThemainissuewithvonNeumann-Morgensternsetsincludingindi-

rectdominanceisthatsuchasolutionconceptisdefinedbystrongrequirementsandmay

failtoexist.

Thestudyofindividualincentiveswithfarsightedagentshasapplicationswhenit

comestoanalyzetheformationofgroupsandwhenitcomestoknowtheevolutionofthe

intra-groupstructure,i.e.thefullarchitectureofanetwork.Takingpartyatexplaining

theevolutionofcoalitions,Chwe(1994)[13]definedthefarsighteddominancepathsby
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thepreferencesofthecoalitionsoversituationsandtheirabilitiestoreachalternative

structures.Inhismodel,Chwetacklestheissueofexistenceofastablesetbyrefining

thedefinitionofinternalstability. Heallowsdominancecycleswithinthesetandthe

deviationsfromanoutcomeinsidethestablesetmustbedeterredbyanotheroutcome

ofthesameset. Astablesetisthenmadeoftheoutcomesforwhichanycoalitional

deviationthatleadsoutsidetheset,induceanothercoalitionintoreturningbacktothe

setattheexpenseoftheinitiallydeviatingcoalition.Thelargestconsistentsetsustaining

theserequirementshasbeenprovednon-emptyandunique.Page, WoodersandKamat

(2005)[47]reinterpretthenotionofconsistencyofasetinthecontextofnetworkgames,

thecoalitionalmovesbeingsupportedbyapathinthesupernetwork.

Unlikethecoalitionalapproachoffarsightedstablesetformation,onecouldconsider

thatlinksamongindividualsareaddedorseveredonelinkatatime.ThisishowDutta,

GhosalandRay(2005)[17]seetheformationoffarsighteddominancepaths.Itthispa-

per,farsightednessiscapturedthroughastochasticdynamicprocess(pairsofplayersare

pickedatrandomateachperiodoftime)andtimesmatters(playerstakeactionscon-

sideringadiscountedstreamofpayoff).TheyshowthataMarkoviannetworkformation

processleadstoasubgameperfectequilibrium.Discussingthequestionofcoordination

failure,theyshowatensionbetweenstabilityandefficiencyofnetworksandprovidedsuffi-

cientconditions(Increasingreturnstolinksandthecomponentwiseegalitarianallocation

rule)fortheefficientnetworktosustainequilibrium.

Herings,MauleonandVannetelbosch[23]developedamodelofbilateralnetworkfor-

mationforadeterministicmappingoffarsighteddominancepaths. Thefarsightedim-

provingpathsaredesignedaccordingtotheperspectivethatapairwisedeviationmight

induceseriesofpairwisedeviations,eachendpointofapathbeingseenasapotential

imageoftheinitialdeviation.Theyprovedapairwisefarsightedstablesetalwaysexists

andderivedtheconditionsunderwhichitisunique.Sofar,thesemodelsconsiderthe

abilitytoanticipateinfiniteseriesofdeviation,thisimplyingahighlevelofabstraction

ortoughcalculationsforlargeorcomplexeconomies. Wherethemyopicpairwisesta-

bilitydoesn’tfitforward-lookingagentsandmaysufferfromitssimplicity,thepairwise
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farsightedstabilitysuffersfromitscomplexity.Soastoovercomewithatheoreticallack,

alargerconceptencompassingbothapproachesasbeenproposedbyHerings Mauleon

andVannetelbosch(2014)[24].Thepairwiselevel-Kfarsightedstablesetofnetworksal-

lowsanyintermediateleveloffarsightedness,fromthemyopicplayersuptothefully(or

infinite)farsightedplayers.Theyprovedapairwiselevel-Kfarsightedstablesetinrange

[1,∞]exists.Beyondthetheoreticalconcept,Kirchsteigeretal.(2013)[35]empirically

revealedthatindividualplayersexhibitanintermediateleveloffarsightedness.

2.1.2 Roadmap

Thechapterisorganizedasfollow,Section2presentsthemodelofmanufacturersand

retailers,Section3dealswiththeconceptsofpairwisefarsightedstability,Section4

introducesandexplainsthewaythealgorithmisrunning,Section5detailstheresults,

Section6analysesthequestionoftheefficiency.InSection7,Italkaboutthereliability

ofthealgorithmicresultsandthelastsectionconcludes.

2.2 Modelingnetworksof ManufacturersandRetail-

ers

TheprincipleofthegamehasbeenborrowedandisinspiredfromMauleonetal.(2011)

[38].ConsiderasetofplayersNastheunionoftwodisjointsets,letM ={1,2}bethe

setofmanufacturersandR={1,2}thesetofretailers,soN=M∪RandM∩R=∅.

Manufacturerscan’tdirectlygainaccesstothemarketofconsumers,soastosellonthe

marketoftheconsideredgood,theymustengageinacommercialrelationshipwithat

leastoneretailer. Amanufactureri∈M cansellpartofhisproductiontoaaretailer

j∈R,who,inturn,sellsthisproductiononthemarketoftheconsideredgood.ThesetR

isassumedtobehomogeneous,theretailersareidentical.ThesetM isheterogeneousand

manufacturerssellhorizontallydifferentiatedgoodsaccordingtoaparameterd∈[0,1].

Thedemandisassumedtobelinear.

Thecommercialrelationshipsbetweenmanufacturersandretailersaremodeledbya
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2-modenetworkwith4nodes. Wheneveracommercialrelationshipbetweeni∈M and

j∈Rexists,theniandjaresaidtobe’linked’inthesupplynetwork. Wenowconsider

thatanetworkgisacollectionoflinksbetweenthetwodisjointsetsandwewriteij∈g

toindicatethatiandjarelinkedinthenetworkg,thusg={ij|i∈M,j∈R}.Note

thatthenetworkisundirectedandsoij=ji.LetgNbetthesetofallcombinationof

anelementofM andanelementofR. ThenetworkgNisreferredtoasthecomplete

network.ThesetG= g⊂gN isthesetofallpossiblenetworkand#G=2M×R.N(g)

denotesthesetofplayerswhohaveatleastonelinkinthenetworkg,thatis:

N(g)=






i∈M |∃j∈Rsuchthatij∈g

j∈R|∃i∈M suchthatij∈g

Themanufactureriislinkedtothesetofretailersni(g)inthenetworkg,thatis

ni(g)={j|ij∈g}.Analogously,theretailerjislinkedtoasetofmanufacturersnj(g).

Thenetworkobtainedaftertheadditionofthelinkijtothenetworkgisdenotedbyg+ij

andthenetworkobtainedafterthedeletionoftheexistinglinkijtogisdenotedbyg−ij.

ThesetofnetworksAg={g+ij|ij/∈g}∪{g−ik|ik∈g}definestheadjacenciesto

g.Thatis,thesetofnetworksthatcanbereachedfromthenetworkgwithinasingle

alterationofthelinksofg.Figure2.1showsthenetworksthatcanbeformedamongthe

agentsofN.

AnalterationofthecompletenetworkgNisanetworkofmixeddistribution(3-links

networks)X={x1,x2,x3,x4}. ThedyadicnetworksED={ed1,ed2}refertothesit-

uationsofexclusivedealing. Manufacturersmonopoliesandretailersmonopsoniesare

respectivelydefinedbynetworksMM ={m1,m2}andRM={r1,r2},eventually,net-

worksmadeofasinglelinkaredefinedbyS={s1,s2,s3,s4}andg
∅istheemptynetwork.

Providedamanufactureriasalinkwitharetailer,hecansellapartofhisproduction

qijtotheretailerjatthepricewiandthedemandforthegoodiisgivenbypi=

a−Qi−dQ−iwithQi= j∈ni(g)
qijand−i=M\{i}.Buildingalinkinvolveaconstant

costof2kperlinkwhichisequallysplitamongtheparties. Giventheparameters,the
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gN

x1 x2 x3 x4

ed1 ed2

m1 m2 r1 r2

M1 M2

R1 R2

g∅

s1 s2 s3 s4

Figure2.1:TypologyofOrganizationalStructure.
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wi qij Yig
N Yj g

N

a+c−ad

2−d

a−c

3(d+1)(2−d)

2(1−d)(a−c)2

3(d+1)(2−d)2
−2k

2(a−c)2

9(d+1)(2−d)2
−2k

Table2.1:EquilibriumvaluesforgN

retailerjisbeingawardedthefollowingprofit:

Yj(g)=
i∈nj(g)

(pi−wi)qij−#nj(g)k (2.1)

Thecontrolvariablesofretailersbeingthequantitiesqijaskedtoretailersinnj(g).

Manufacturersundergoaconstantmarginalcostc,thus,wheniislinkedtothesetof

retailersni(g),hereceivesthefollowingpayoff:

Yi(g)=(wi−c)Qi−#ni(g)k (2.2)

Quantitiesaskeddependonthestructureofthenetwork,thefollowingcalculationsare

givenforthecompletenetwork2.

max
qij
Yj(g)⇐⇒qij=

1

2
(a−qi−j−dq−ij−dq−i−j−wi),∀i∈nj(g) (2.3)

Manufacturersusetheirstructuraldominantpositiontoanticipatethebestresponseof

eachretailersoastodeterminetheirwholesalepricewi.Giventhatthegoodsiand−i

areimperfectsubstitutesthebestresponseofmanufactureriisgivenbythefollowing

derivatives:

max
wi
Yi(g)⇐⇒Qi+(wi−c)

j∈ni(g)

∂qij
∂wi
=0 (2.4)

Theupstreamduopolyaffectsthequantitiesrequestedbyadjustingthewholesaleprice,

thisleadingtoanequilibriuminstrategiccomplementswhichissummarizeinthetable

2.1

Thepayoffs3foralternativenetworkscanbefoundinMauleonetal.[38]andaregiven

2Thebestresponsecorrespondencefunctionstillholdsforanynetworkgaswesetqik=0,∀ik/∈g
3Thepayoffsandtheirdivisionamongplayersaremoregenerallyreferredtoorinterpretedasan
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intheappendix.Thepayoffsthusdependsonthreeparameters,dcapturestheintensity

oftherivalryattheupstreamlevelthroughtheglobaldifferentiationofthemanufactured

goods.2k,thecostofeachlinkand(a−c)2. Theparameter(a−c)2isanexogenous

parameterusuallydefiningthescaleoftheindustry,ithasbeenarbitrarilysettounity

soastoeasilycomparethepayoffsaccordingtotheparametersdandkexclusively4.

Giventheprofitsforeachnetwork,thequestionofthestabilityisyettobeaddressed.

2.3 FarsightedStability

2.3.1 Thepairwiserationale

TheagentsareabletoidentifytheirlevelofprofitforeachnetworkofG.Theplayerλ

earnsaprofitYλ(g)inthenetworkg.If,fortwonetworksgandg,wehaveYλ(g)<

Yλ(g),then,playerλmightwanttoalterthestructureofthenetworkginsuchaway

thatgturnsintog.Theevolutionofthenetworkgintogisdonebycuttingherownties,

addingotherlinksorbyreassigninglinkswithotherplayers.Nonetheless,theconsidered

playerisnotnecessaryabletomodifythestructureofrelationsifthealterationofg

involveslinksbetweenthirdparties.Theincentivesofagivenplayerdoesn’tnecessarily

gohandinhandwiththeincentivesoftheotherplayersandtheevolutionofgintog

canbeblockedbyotherplayers.Intheend,itturnsoutthatthestablenetworksare

theabsorbingstatesattheintersectionoftheintentionsofeachplayerstoalterornot,

thestructureofagivennetwork,onelinkatatime5.Thisideaisthecornerstoneofthe

conceptofpairwisestabilitybyJackson& Wolinsky(1996)[33].Theidealyingbehind

pairwisestabilityisthatthealterationofanetworkisdrivenbytwoprinciples.Thefirstis

deviationsindeletion.Aplayerdecidestocutanexistinglinkifthenewlyformednetwork

bringsherapositivemarginalprofit. Thesecondprincipleisdeviationsincreation.A

pairofplayeriswillingtobuildalinkamongthemselvesiftheybothbenefitfromdoing

imputationoranallocationruledependingonthefieldofstudy.
4Theupperboundonkissettoensureanon-negativepaymenttoallplayersforallpossibleconfig-

urationsofthenetwork,k̄=min 1
36,

1−d
3(1+d)(2−d)2 .SeeMauleonetal.(2011)

5Anotherstrandoftheliteratureaddressesthisquestionfromacoalitionalperspective,seeforinstance
JacksonandVandenNouweland[31]
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so.

Thus,thereexistsafinitesequenceofsuccessivedeviationsfromgtogif,fora

sequenceofadjacentnetworksg1,g2,...,gK withg1=gandgK =gsuchthatforany

κ∈{1,2,,K−1},eitherthefirstprincipleapplies:gκ+1 =gκ−ijforsomeijsuch

thatYi(gκ−ij)>Yi(gκ),orthesecondapplies:gκ+1 =gκ+ijforsomeijsuchthat

Yi(gκ+ij)>Yi(gκ)andYj(gκ+ij)≥Yj(g).

Thesequencefromg1togK iscalledamyopicimprovingpath.Eventually,anetwork

g∈Gispairwisestableif:

(i)∀ij∈ g,Yi(g)≥Yi(g−ij)andYj(g)≥Yj(g−ij),and

(ii)∀ij /∈ g,ifYi(g)<Yi(g+ij)thenYj(g)>Yj(g−ij).

Moreintuitively,anetworkgisstableifnoplayersnolongerwishtoalteritsstructure,

orcannolongeralterthestructureofgatthepairwiselevel.

Adeviationofaplayerorapairofplayerisimplementedtakingintoaccountwhat

theimmediatedeviationofferscomparetothecurrentnetwork,butaspointedoutby

Jacksonand Watts(2002)[32],themyopicplayersdon’tforecastthatthedeviationthey

inducedmayinduceotherdeviations.Attheendofthemyopicimprovingpath,theinitial

deviationcouldbeattheexpenseofitsinstigator.That’sthereasonfortheintroduction

ofthenotionoffarsightedimprovingapathbyHerings&al.(2009)[23]

2.3.2 Farsightedimprovingpaths

Ifplayersanticipatethataninitialdeviationmayinduceafurtherevolutionofthestruc-

tureofthelinks,theyaresaidtobefarsightedplayers. Thedeviationsarebasedon

whattheendingnetworkofferscomparedtothecurrentnetwork.Theongoingseriesof

deviationinbetweeniscalledafarsightedimprovingpath.Afarsightedimprovingpath

oflengthK≥0fromanetworkgtogisasequenceofadjacentnetworksg1,g2,...,gK
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withg1=gandgK=gsuchthatforanyκ∈{1,2,,K−1},either:

(i)gκ+1=gκ−ij,∃ijsuchthatYi(gK)>Yi(gκ),or

(ii)gκ+1=gκ+ij,∃ijsuchthatYi(gK)>Yi(gκ)andYj(gK)≥Yj(gκ).

Thesequenceofnetworksisasequenceofpairwisedeviationstakingthefinalpayoffs

asreference,thismeanthat,allalongthefarsightedimprovingpath,theplayersdon’t

perceiveanystreamofpayoff. UsingnotationfromHerings,Mauleon&Vannetelbosch

(2009)[24],ifafarsightedimprovingpathfromgtogoflengthKexists,thenwenote

g−→Kg.

Wedefinethesetofnetworksthatcanbereachedfrom gbyonefarsightedimproving

pathoflengthK≤K by:

fK (g)={g∈G|∃K≤K suchthatg−→Kg}

Thatis,thesetfK (g)isthecollectionofallthenetworksthatcanbereachedbythe

meanofafarsightedimprovingpathinnomorethanK alterationsofg.Similarly,the

setofnetworksthatcanbereachedbythemeanofonefarsightedimprovingpathofany

lengthfromgisnotedf∞(g).

2.3.3 Pairwisefarsightedstability

Definition8 AsetofnetworkG∞ ⊆Gisapairwisefarsightedlystablesetwithrespect

toYif:

(i)∀g∈G∞,

(ia)∀ij/∈gsuchthatg+ij/∈G1∞,∃g∈f∞(g+ij)∩G∞ s.t:

(Yi(g),Yj(g))=(Yi(g),Yj(g)),orYi(g)<Yi(g)orYj(g)<Yj(g).

(ib)∀ij∈gsuchthatg−ij/∈G∞,∃{g,g”}∈f∞(g−ij)∩G∞ s.t:

Yi(g) Yi(g)andYj(g”) Yj(g).

(ii)∀g∈G\G∞,f∞(g)∩G
1
∞ =∅.

(iii) G G∞ |G satisfiesconditions(ia),(ib),(ii).
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Thethreecriteriarespectivelycorrespondto(i)internalstability,(ii)externalstability

and(iii) Minimality. Theconditiononexternalstabilityisarequirementidenticalto

theonebyvon-Neumann& Morgensterninitsspirit:thenecessaryconditionforthe

externalstabilityofasetrequiresthissettoabsorbanystateoutside.Intermsof

pairwisefarsighteddeviations,anynetworkoutsideastablesethasanimageintheset

throughafarsightedimprovingpath.Thefirstconditionontheinternalstabilityofaset

ofnetworksfallsintothedeterrenceofbilateraldeviations(ia)andunilateraldeviations

(ib).Twoplayerswon’tbelinkedinanetworkofaninternalstablesetiftheadditionof

theirlinktriggerssomeseriesofdeviationsleadingbacktothesetattheirdetriment.The

existenceofasingleperspectiveworsethantheinitialsituationissufficienttodeterthe

deviation.Theunilateraldeviationdeterrence(ib)worksaccordingtothesameprinciple,

breakinganexistinglinkisdeterredbytheperspectivethatthisactioncouldinitiatea

pathbringingbacktothesetattheexpenseoftheinitialdefector.Thepairwisedefinition

ofinternalstabilityallowsthedominancepathsbetweenadjacentnetworksinsidetheset.

Thus,unlikethedefinitionofinternalstabilityofavon-Neumann&Morgensternstable

set,thenetworksofastablesetarenotnecessarilyundominated. Tosummarize,the

networksoutsidethesetleadtotheset,therecanbeinnercyclesamongnetworksinthe

set,butoutercyclesaredeterred.

Alastwordabouttheexistenceofapairwisefarsightedstableset.NotethatGsat-

isfiesbothinternalandexternalstabilitybutturnsouttobeatrivialresult.That’sthe

explanationforthelastcriteriononminimality(iii).Ifasetthatsatisfiesinternaland

externalstabilitycontainsasubsetthatalsosatisfiesthesetworequirements,thensome

networksinsidethissetareunnecessarytogetthetwoformsofstability.Suchasetis

evictedfromthesolutionset.

INowintroducethenextparagraphwiththefollowingexample.Heringsetal(2009)

provedthat,wheneveranetworks̃gthatstrictlyparetodominatesalltheothernetworks

exists,thenafarsightedimprovingpathfromanyothernetworkstog̃exists.Theng̃is

externallystable.Asetofcardinality1complieswithinternalstabilityandisminimal,

thusastrictlyparetodominatingnetworkistheuniquepairwisefarsightedstablenetwork.
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Inthisexample,convergingisofmutualinterestandtheplayersmanagetogetthe

bestsolution. Thisresultsisachievedbytheexistenceofpathsleadingtog̃,thatis,

bythestrongassumptionthatplayerswithaninfinitereasoninggettoglimpseallthe

existingstates.Completelyrelaxingthisassumptionleadstolookatmyopicplayerswith

presumablycontrastingresultsintermsofthestabilityofnetworks.Itisthuslegitimateto

questiontheroleoftheleveloffarsightednessonthestabilityofthenetworks.Theoretical

toolsweredevelopedforplayerslocatedatthetwoboundsoffarsightedness,thenext

solutionconceptfilledthegapinbetween.

2.3.4 Level-Kfarsightedstability

Thelimitedfarsightednesspostulatesthatplayersanticipateagivennumberofsteps

ahead.Thedecisionstodeviatearenowbasedonwhatanetworklocatedatnomorethat

Kstepsaheadofferscomparedthecurrentone(seesection2.3.2foraformaldefinition).

ForaK<∞,thelimitedfarsightednessmodifiesthemappingoffarsightedimproving

paths.Indeed,althoughtheplayersincludespathsofmaximumlengthKinthedecision

makingprocess,pathsoflengthgreaterthanKmayexist.Thinkforinstancethataplayer

ianticipatesthatthedeviationfromanetworkg,toanetworkinfK(g−ij)improves

hissituation.Usingthefarsightedrationale,ifsuchadeviationisnotdeterredwithinK

steps,itwilloccur. Aplayerwithlimitedfarsightednessignoresthatpathsemanating

fromanetworkbeyondthesequenceofdeviationmayexist. Therefore,thenetworks

offK(g−ij)maynotbetherestingpointsandsomefarsightedimprovingpathsmay

alsoleavefromthesenetworks.Thuswhenconsideringlimitedfarsightedness,weneedto

definethesequencesoffarsightedimprovingpaths,thecompositionsofseveralfarsighted

improvingpaths.LetfmK(g)bethesetofnetworksthatcanbereachedbythemeanof

m∈Ncompositionsoffarsightedimprovingpathsinitiatedingandoflengthnogreater

thanK.Formally:

fmK(g)=fK f
m−1
K (g)= g”∈G|∃g∈fm−1K (g)suchthatg”∈fK(g)
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Byconvention,f0(g)=gandf−1(g)=∅areassumed.

Notethat,therecanbenomorethan#G−1sequencesoffarsightedimprovingpath

regardlessoftheleveloffarsightedness.ThusthefollowingequalityfmK(g)=f
∞
K (g)holds

form≥15inthe2×2networksofmanufacturerandretailers.Icannowenunciatethedef-

initionapairwiselevel-KfarsightedstabilityofHerings,MauleonandVannetelbosch[24]

Definition9 ForK≥1,asetofnetworkG∞K ⊆Gisapairwiselevel-Kfarsightedly

stablesetwithrespecttoYif:

(i)∀g∈G∞K,

(ia)∀ij/∈gsuchthatg+ij/∈G∞K,

∃g∈[fK−2(g+ij)∩G
∞
K]∪[fK−1(g+ij)\fK−2(g+ij)]s.t:

(Yi(g),Yj(g))=(Yi(g),Yj(g)),orYi(g)<Yi(g)orYj(g)<Yj(g),

(ib)∀ij∈g|g−ij/∈G∞K,

∃{g,g”}∈[fK−2(g−ij)∩G
∞
K]∪[fK−1(g−ij)\fK−2(g−ij)]s.t:

Yi(g) Yi(g)andYj(g”) Yj(g).

(ii)∀g∈G\G∞K,f
∞
K (g)∩GK=∅.

(iii) G G∞K |G satisfiesconditions(ia),(ib),(ii)

Literally,thedefinitionofalevel-Kfarsightedstablesetfeaturesthreecriteria.Sim-

ilarlytothecaseoffullyfarsightedplayers,(i)dealswiththe”internalstability”ofa

setG.Foranynetworkintheset,anyalterationbyaplayerorapairofplayersisde-

terredbythefearofendingworse-off(atleastnotbetter-off)attheendofthefarsighted

improvingpath.(ia)Iftwoplayersdonotwishtobindinanetworkintheset,then,

eitherafarsightedimprovingpathoflengthnotgreaterthanK−1leadsbacktothe

set,orafarsightedimprovingpathoflengthK−1leadsoutsidethesetwhereatleast

oneofthemgetsalowerpayoff.(ib)Foranynetworkintheset,theplayersdonotwish

tounilaterallycutanexistinglinks. Oneofthepartiesdoesn’twanttoseverthelink

becauseafarsightedimprovingpathoflengthK−1wouldn’tbringhimahigherpayoff

inanetworkoutsidetheset,orafarsightedimprovingpathoflengthnotgreaterthan
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K−1wouldn’tbringhimahigherpayoffinanetworkinsidetheset.Thecriterion(ii)

dealswiththe”externalstability”.Thissecondrequirementisaconditionsimilartothe

definitionofaexternallyquasistablesetbyChvatalandLovasz(1972)[12].Asetof

networkisexternallyquasistableifapathoracombinationofpathsfromanynetwork

outsidetheexternallyquasistablesetexists.Finally,(iii)isthe”minimalitycriterion”,

nosubsetofastablesetsatisfiesbothinternalandexternalstability.

Thedefinitionofalevel-K farsightedstabilityholdsforthemyopiccaseuptothe

level-∞ offarsightedness. However,sincethefarsightedimprovingpathsareoflimited

length(therecan’tbepathoflengthgreaterthan#G),theleveloffarsightednessis

alsobounded.Thelowestminimumleveloffarsightednessneededtobefullyfarsighted

istheoreticallydetermined.Indeed,wheneverK≥#G−1,anincreaseinthelevelof

farsightednessdoesn’tchangethesetofnetworksthatcanbereachedfromaninitial

deviation6.Thedefinitionoftheinternalstabilityofalevel-Kstablesetusesdeviations

thatleadsbacktothesetatthelevelK−2,thusforaK≥#G+1,G∞K =G
∞
K+1holds.

Let’sdenotethatlevelbyKtheo.

ThedifferencebetweenapairwisefarsightedstablesetG∞ andalevel-∞ farsighted

stable7setliesinthedefinitionoftheexternalstability.Inthedefinitionofalevel-

∞ pairwisefarsightedstable,externalstabilityrequiresthataninfinitecombinationof

farsightedimprovingpathsofinfinitelengthfromanetworksoutsidethesetterminates

inthestableset.Alevel-∞farsightedstableGsatisfiesquasi-externalstability:∀g/∈G,

f∞∞ (g)∩G=∅.Unlikealevel-∞set,apairwisefarsightedstablesetG∞,requiresthata

singlepathofinfinitelengthfromanetworkoutsidethesetleadsbacktothestableset:

∀g/∈G∞,f∞(g)∩G∞ =∅.Thishasimplicationsinthedeterminationofstablesets,

indeedapairwisefarsightedstablesetmaydifferfromalevel-∞ stableset.

Fromthedefinitionofafarsightedimprovingpath,itholdsthatf∞(g)⊆f
∞
∞ (g).The

combinationofpathsfromanetworkoutsidealevel-∞stablesetmakesiteasierforaset

ofnetworksoflowcardinalitytosustainexternalstabilityandbeingminimalcompared

toastablesetG∞.Thisimpliesthatalevel-KstablesetcannotbegreaterthanaG∞

6SincefK(g)⊆fK+1(g),ifK≥#G−1,thenfK(g)=fK+1(g)foreachginG.
7Orsimilarlyalevel-Ktheofarsightedstableset.
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set.Itfollowsthat,foranyG∞,atleastasetG
∞
K ⊆G∞ isalevel-Kfarsightedstable

setforanyK ≥Ktheo.IndeedasetG∞ isasetforwhichtheexternallyquasistable

criterionconsistsinsinglepathsofinfinitelength.Sincethefarsightedstabilityconcept

isasubsetofthelevel-∞ farsightedstability,IwillrefertoG∞ asG
1
∞

Thecomplexityofthedeterminationofstablesetsforeachlevel-K farsightedness

firstliesinthenumberofsetstobetested. Asseenbefore,fora#M +#Rplayers

bipartitenetwork,#G=2#M#R differentnetworkcanbeformed. Asetofnetworksis

anycombinationofthese#Gnetworks,thatis,asetofcardinality #G
i=1C

i
#G.Let’sdenote

byΩ,thesetofallfeasiblesetsofnetworks.Foranyproductdifferentiation0≤d≤1,

anycostoflink0≤k≤kandanyleveloffarsightedness0≤K≤Ktheo,Inowcheck

thelevel-K farsightedstabilityofanysetofnetworksinΩ. That’sthepurposeofthe

followingalgorithm.

2.4 Thealgorithm

Thealgorithmisquitesimpleinthesensethatithastwomainscripts.Thefirstfunction

mapsthefarsightedimprovingpathsandistwofold.Itcomputesthepayoffsoftheplayers

foranynetworkg∈G,andacoupleofparametersdandk.Itthenlooksatthepayoffs

torendermatricesoffarsightedimprovingpathsFinally,itchecksthevalueofKfrom

whichamatrixisidenticaltothematrixatthelevelK−1.Observingthisvaluereturns

theminimumleveloffarsightednesscorrespondingtotheinfiniteleveloffarsightedness

K.

OncethefarsightedimprovingpathsforallK ≤Karefound,theprogramswitches

toitssecondpart.Inthesecondpartofthealgorithm,theprogramusesarecursive

dynamicargumenttoexplorethesetoffeasible. First,thesetofallcombinationsof

networksisgenerated.Startingfromthesmallestsets(singletonsets),theconditionson

internalandexternalstabilityarechecked.Ifnosingletonsetcomplieswith(ia)and(ib),

theprogramswitchestothesetsofcardinality2. Onceagain,ifnosetofcardinality2

complieswithconditions(ia)and(ib)itswitchestocalculationsfortheuppercardinality,

andsoforth. OnceasetGcomplyingwith(ia)and(ib)isfound,thenitisnecessarily

75



minimal.Theprogramthendeletesthesuper-setsofGwhichviolatesminimality.This

actionshrinksthesetoffeasibletoaΩ⊂Ωandreducesthecomputingtime. The

programendsonceallthesetsofΩhavebeenvisitedoronceΩisempty.Thepseudo

codefortheidentificationofthefarsightedimprovingpaths,soasthescriptsforthe

followingfunctionscanbefoundintheappendixinsection2.9.1.Thissectiondefinesthe

functionsusedthroughoutthealgorithm:

Eachnetworkasbeenattributedanumber,gN=1,x1=2,...,g
∅=16itwillkeep.

Theplayersarealsoattributedanumber,M1=1,M2=2,R1=3,R2=4.Thepayoffs

havebeenstoredinatablewith4columns(theplayers)and16rows(thenetworks)

accordingtothefollowingfunction:

payoff(d,k):ForagivencoupleofparametersdandkreturnsthetableofpayoffYi(g)

foralli∈Nandallg∈G.payoff(d,k)[1,1]returnsthepayoffofthefirstmanufacturer

inthecompletenetwork.

players(g,g):Thisfunctionidentifies,fortwonetworksgandg∈Ag,whichpair

ofplayerscouldbeinvolvedinthealterationofgintog.Basedontheadjacenciesma-

trixofgandg,players(g,g)=(i,j)ifg=g−ijorg=g+ij. Thatis,play-

ers(g,g)=players(g,g)

compare(g1,g2,g3,d,k): Thisfunctionisattheheartoftheincentivesanalysisof

theplayers. Basedofthepayoffsgivenbydandk,compare(.)askswhetherornot,

apairwisedeviationfromg3tog2willoccurknowingthatafarsightedimprovingpath

leadstog1.Thefunctionreturns1inthefollowingcases:

•If#g3>#g2,

Ifpayoff(d,k)[players(g2,g3)[1],g1]>payoff(d,k)[players(g2,g3)[1],g3]or,

ifpayoff(d,k)[players(g2,g3)[2],g1]>payoff(d,k)[players(g2,g3)[2,g3]].

•If#g3<#g2,
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Ifpayoff(d,k)[players(g2,g3)[1],g1]≥payoff(d,k)[players(g2,g3)[1,g3]],and

payoff(d,k)[players(g2,g3)[2],g1]≥payoff(d,k)[players(g2,g3)[2],g3]withatleast

onestrictinequality.

Thematfip(.)functionusesthepreviousfunctiontoaskifalevelKfarsightedim-

provingfromgtogexists.Thisfunctionreturnsasetofbooleanmatricesoffarsighted

improvingpathforanylevelK.FormallymK[g,g]=1ifg−→Kgexists,otherwise,the

matrixmKisfilledwith0.Amatrixwhichcolumnsandrowsaretheorderingonnetworks

filledof0isbuilt.ThefunctionbeginsatK=1andforanyg=g,m1[g,g]=com-

pare(g,g,g,d,k).Forhigherleveloffarsightedness,mK[g,g]=compare(g,g,g,d,k)

ifmK−1[g,g]=1.ThematricesmK canbethoughtofasthematricesoffarsightedad-

jacenciesbetweennetworksattheK’slevel.Thefarsightedimprovingpathsoflengthnot

greaterthanKareobtainedbytheaggregationofthematricesfromm1tomK. Wenote

MK =
K
K =1mK andMK[g,g,]=1if

K
K =1mK [g,g]>1.ThematricesMK canbe

thoughtofasthematricesoffarsightedadjacenciesoflengthnotgreaterthanKbetween

networks.Examplesofmatricesoffarsightedadjacenciescanbefoundinthenextsection

2.5Notethatm1=M1istheadjacencymatrixofthesupernetwork(seePageetal.[47]).

Thisfunctionexhibitsaninterestingfact:beyondagivenleveloffarsightedness,thema-

tricesmK seemtocycleaccordingtothesamepattern(mK=mK+α),thisimpactingthe

matricesMK.ForaK≥K+α,wecannotethatMK=MK+1=MK.Thisphenomenon

isexplainedindetailsbelowinsection2.5.StartingfromthetheoreticalboundKtheo,the

matricesMK identicaltotheirpreviousmatrixMK−1arewithdrawn,theprocessends

whenMK−1=MK.It’simportanttonotethatattheendofthissequence,thevalue

ofKisknown,andasharprefinementofthemaximumfarsightednesscanbeobserved

(section2.5).Thefunctionreturnsallthematricesoffarsightedimprovingpathsforall

K ≤K.

devdet(G,g,g):Thisscriptworksaccordingtothesamelogicascompare(.).It

checks,onceallfarsightedimprovingpathsforagivenK areknown,ifadeviationis

deterred.G isthesetofnetworksthatcanbereachedbyafarsightedimprovingpath

emanatingfromgandaplayer(orapairofplayers)candeviatefromgtog.Thefunction
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returns1ifaplayer(incaseoftheseveranceofaexistinglink),oratleastoneofthetwo

players(incaseofthecreationofanewlink)fearendinginanetworkofG,returns0if

thedeviationisnotdeterred.

Theinstab(G,MK)functionchecks,foralevelK,anditsmatrixoffarsightedim-

provingpathsMK,ifasetofnetworksGcomplieswithinternalstability.Todothis,it

checksifadeviationviaanetworkoutsidethesetisdeterredbythefearofnotending

better-off.ForK=1,it’ssufficienttocheckthatthereisnofarsightedimprovingpath

emanatingfromanetworkwithintheset. Forhigherlevels,weneedtocheckifany

deviationfromanetworkofthesetGtoanetworkoutsidethesetisdeterredbythefear

ofendinginanetworkofGinnomorethanK−1stepsorendinginanynetworkin

exactlyK−1steps.Thefunctionreturns1inthefollowingcase:Ifforanyg∈Gand

anyg∈Ag,if∃g ∈G∩Gsuchthatdevdet(G,g,g)=1accordingtothematrix

MK−2or∃g∩G suchthatdevdet(G,g,g)=1accordingtothematrixMK−1.Ifthe

functionreturns0,thenGviolatesinternalstabilityandiswithdrawnfromΩ.Remind

thatbyconvention,f−1(g)=∅,soIimposedM(−1)=∅.Finally,eventoughf0(g)=g,

IsetM(0)=0
[#G×#G]

togaincalculationtimesincethedeviationfromanetworktoitself

isdeterred.

Thepurposeoftheexstab(G,MK)scriptistochecktheexternalstabilityoftheset

GgiventhefarsightedimprovingpathsoflengthnotgreaterthanK.Theprincipleisto

showthatadeviationinanynetworkoutsidethesettoanetworkinsidethesetoccurs.

ThisdeviationleadsbacktoanetworkofGwithinaninfinityofsequencesoffarsighted

improvingpathsoflengthnotgreaterthanK.Thefunctionrunsbysuccessivebackward

iterations.ItfirstchecksifatleastanetworkoutsideGhasafarsightedimprovingpath

oflengthnotgreaterthanKleadingbacktoG.Ifanetworkgisfarsightedlydominated

bysomenetworkinthetestedset,thescriptusesthisinformationtobuildsequencesof

farsightedimprovingpathsoflengthnotgreaterthanK.Itfirstlooksatthenetworks

outsidethesetwhicharedirectlydominatedbyanetworkintheset,innomorethan

K steps. Thenitlooksatthenetworksoutsidethesetwhicharedominatedbysome

networkfoundatthefirstiteration. Thenitturnstothenetworksoutsidethesetfor
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which3sequencesoffarsightedimprovingpathsleadbacktosomenetworkinsidetheset,

andsoon.IfoneofthenetworksoutsideGhavenosequencesofpathsleadingtothe

testedset,thenGfailsatbeingexternallystableandthefunctionreturn0.

Runningthealgorithm:Thecommandmatfip(payoff(d,k)generatesthematrices

offarsightedimprovingpathsforthepayoffsassociatedtotheparametersdandk.There

areKorderedmatricesassociatedtoeachleveloffarsightedness.Theprogramswitches

toitssecondpartandstartswithK=1.EveryfeasiblesetinΩisgenerated.Afunction

generatesthecombinationofallsetofnumbersin[1,16]ofsize1(singletons),thensize

2(everysetsmadeoftwonumbersoutofthesixteennumbers),thensize3andsoforth

upto16(remindthatanynetworkhasbeenattributedanumber). ThusΩisevery

combinationofnetworks. OnceΩgenerated,theprogrambeginsitsexplorationwith

thesetsoflowestcardinality.Everysetsmadeofonlyonenetworksaretested.LetG

beasingletonset,thenfunctionsinstab(G,M1)andexstab(G,M1)aretestedoneach

G∈Ω.Ifnosetcomplieswithboth,theprogramswitchestouppercardinalities.IfG

complieswiththetwoformsofstability,thenitssuper-setsarewithdrawnfromΩ. A

functionappliesΩ\G wheneverG ⊃G. ThenewsetisdenotedbyΩ. Theprogram

endsonceeverysetsofΩhavebeenvisited,oronceΩisempty.Theresultsarestoredin

atablethatassociatesthestablesetstothecouple(d,k).Thealgorithmrunsagainfor

higherlevelsoffarsightedness. OnceKhasbeenreached,thealgorithmstartsoverfor

anothercoupleofparameter(d,k).Theprogramendsonceallcoupleshavebeenvisited.

Finally,toendthissection,abriefwordontheoutputofthealgorithm.Aftercom-

pletingcalculations,thesetofstablesetsforeachvalueofKaredetermined.Ichoseto

representtheoutputinaCartesiancoordinatesystem(Od,Ok)forconvenienceworries.

Thus,thefirstthingtodoistosettheparameterofproductdifferentiationdandthecost

ofthelinksk.Randomlydrawingthesevaluesfromauniformdistributionfounditselfof

limitedinterestsincesomeareasofthegraphbeingsaturatedinpointswhilesomeothers

wereblank.Itwasthereforechosentospacethepointsequidistantsothattheresults

latticewouldbesufficientlydensewithoutbeingoverloaded.Thealgorithmalsoallows

tochangethedensityofthescatterplot.Itwasalsochosentoputpointsonthebounds
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andthecornerssoastokeeptrackofthresholdeffects.

2.5 Theresults

Thissectionisdevotedtolookatthestablessetsaccordingtotheleveloffarsightedness,

thefluctuationofthelevelofproductsdifferentiation(d)andthecostsoflinking(k).

First,themyopiccaseisstudied,thenthetheleveloffarsightednessisincreasedand

thesecondsectiondiscusstheevolutionofthestablesetsforanyintermediatelevelof

limitedfarsightedness.Thecomputationswereundertookonasetof1803pointswithin

thesetoffeasibleforanyleveloffarsightednessinrange[1,15]. Thechoiceofthis

densityisacompromisetokeepanicebutnotoverloadedscatterplottogetherwitha

reasonablecalculationtime. Althoughcalculationsforagreaternumberofpointshave

beencomputed,ahigherdensity(andsogreatercalculationtime)doesn’tbringextra

information.Eachstableset,orasetofstablesetsisassociatedtoapointinthespace.

Ichoosetodepicttheresultsingraphicsthatpartitionthespaceinareasofstabilityof

agivenset.

2.5.1 The myopiccaseG∞1

AtlevelK =1,thereisauniquefarsightedlystablesetofnetworksforacoupleof

parameters(d,k). Whenplayersaremyopic,thestablesetiscomposedofallthenetworks

thatbelongtoaclosecycle(seesection2.7.1foraformaldefinition).

Forexpositorypurposes,anexamplethatgivesinsightsonhowtheresultsareobtained

ishereafterprovided.Thepayoffsfor(d,k)=(0.7,0.005)aregiveninTable2.2andthe

associatedadjacencymatrixisdepictedinTable2.3.Inthismatrix,a1indicatesthat

adeviationfromthenetworkinrowtothenetworkincolumnoccurs,otherwise,the

matrixisfilledwith0.Inthisexample,theemptynetworkisdominatedbyany1-link

networkwhichareinturndominatedbyeitheramonopoly,ormonopsonyorexclusive

dealingnetwork. Wecanseethatf1(r1,r2,m1,m2)∈{x1,x2,x3,x4},andmoreprecisely,

anymonopolyormonopsonyisdominatedby2outofthe4mixeddistributionnetwork.
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M1 M2 R1 R2
N 0.05961364 0.05961364 0.06734849 0.06734849
x1 0.07640787 0.05435935 0.05348933 0.07816900
x2 0.05435935 0.07640787 0.07816900 0.05348933
x3 0.07640787 0.05435935 0.07816900 0.05348933
x4 0.05435935 0.07640787 0.05348933 0.07816900
ed1 0.08342635 0.08342635 0.04538539 0.04538539
ed2 0.08342635 0.08342635 0.04538539 0.04538539
r1 0.04721023 0.04721023 0.16403411 0
r2 0.04721023 0.04721023 0 0.16403411
m1 0.15666667 0 0.02277778 0.02277778
m2 0 0.15666667 0.02277778 0.02277778
s1 0.12 0 0.0575 0
s2 0 0.12 0 0.0575
s3 0.12 0 0 0.0575
s4 0 0.12 0.0575 0
∅ 0 0 0 0

Table2.2:Payoffsfor(d,k)=(0.7,0.005)

Let’snoteG= gN,ed1,ed2 ,itturnsthatf1(x1,x2,x3,x4)∈G.Tosummarize,the

twoexclusivedealingnetworks,soasthecompletenetworkarereachedfromanyother

networkwithinasequenceof4improvingpathsoflength1 Wecanthereforeconclude

forg∈N\G,f41(g)=f
∞
1 (g)=GwhichisthedefinitionoftheexternalstabilityofG.

NotethatthenetworksinGareundominated,∀g∈G,f1(g)=∅,whichisasufficient

conditionforGtobeinternallystable.AnysubnetworkofGviolatesexternalstability,

thusGismyopicpairwisestable,i.e.alevel-1farsightedstablesetanditisunique.In

theexample,thenetworksgN,ed1anded2arealsopairwisestable.

Thegeneralresultsforthelevel-1stabilityinthenetworksofmanufacturersand

retailersaresummarizeinthenextpropositionandthegraphicalsolutionisdepictedin

Figure(2.2)

Proposition10 IfK=1,thenonlyfoursetsofdistributionnetworksmaybepairwise

stable:gN,{X},{ED}and gN,ED.Theparameterspace(d,k)ispartitionedinto4

regions.

(i)LowvaluesofdandkimplythatG∞1 =g
N.

(ii)LowvaluesofdandintermediatevaluesofkimplythatG∞1 ={X}.

(iii)Eitherlowvaluesofdandvaluesofkclosetotheupperboundandlargevalues
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N 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
x1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
x2 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
x3 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
x4 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
ed1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ed2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
r1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0
r2 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
m1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
m2 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
s1 0 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0
s2 0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0
s3 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0
s4 0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 0
∅ 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0


































Table2.3:Adjacenciesofthesupernetwork.

ofdandanyk,implythatG∞1 ={ED}.

(iv)Intermediatevaluesof(d,k)alongtheantidiagonalor(d,k)=(1,0),implyG∞1 =

gN,ED.

Thereare4possibleoutcomes.Forthelowestvaluesoftheparameters,thecomplete

networkistheuniquestablenetwork.Thisissomehowintuitive.Ifthecostofbuildinga

linkisnottoohighandifthetwoproductsarequitedifferent,theagentsareattractedby

adensenetworkofexchanges,theincreaseinthecommercialrelationshipsincreasesthe

outputandsothegrossprofit.Ontheopposite,forthehighestvaluesoftheparameters,

thesetcomposedofthetwonetworksofexclusivedealinged1anded2ismyopicallystable.

Onceagain,thisresultisintuitivesincetheproductsareprettysimilarandthecostof

linksturnsouttobeanincreasingpartofthefixedcostsofthefirms.Thesolutionforthe

intermediatevaluesoftheparametersisalsotheintermediatesolutionbetweenthetwo

previousresultsand gN,ed1,ed2 isstablefortheintermediatespaceofthefeasible(The

centrallowerregion).Fordnottoohighandthehighestvaluesofk,thesetofnetworks

{x1,x2,x3,x4}isstable. Onceagain,theplayersareattractedbyadensestructurebut

thestabilityofthe3-linksnetworkshastobeexplainedbytwofacts.Thefirstthingis

thatthemarginalgainofbuildingthe4thlinkisoffsetbyitscost.Thesecondisthatthe

playersswitchfromanexclusivedealingnetworktonetworkofmixeddistribution,the

productsbeingdifferentiatedenoughtomakeitworth.Eventually,theset gN,ed1,ed2
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isalsostablewhenk=0andd=1,thisisduetoathresholdeffectwhenthevaluesare

settotheirextremum.Thedevelopmentofanalgorithmforthemyopiccaseisoflimited

interest.Thoughthealgorithmallowedfortheidentificationofthresholdeffectsasitis

thecasefor(d,k)=(1,0),thisgraphicalsolutiondoesn’tsmooththealiasingandan

analyticallydeterminedsolutionforK=1ismoreaccurateasitisthecaseinMauleon

etal.2011[38].

2.5.2 Greaterlevelsoffarsightedness

Thecomputationsofthepairwiselevel-KfarsightedstablesetsofnetworksforK>1,

soastheireconomicinterpretationintermsofverticallyconnectedeconomyareprovided

hereafter.Consideragaintheexamplewith(d,k)=(0.7,0.005)andtherelativepayoffs

giveninTable2.2.RemindthatG= gN,ed1,ed2 wasthestablesetatthelevel-1.The

level-2matrixM2(0.7,0.005)isgiveninTable2.4.Aquicklookatthepayoffsindicates

thatthemanufacturersgetahigherpayoffinanetworkofexclusivedealingcomparedto

theirpayoffinthecompletenetwork.Fromthelevel-1deviations,weknowthatthetwo-

linkmanufacturerisbetter-offinanexclusivenetworkratherthanamixeddistribution

network.ItappearsthatonceamanufacturerseveroneofhislinksingN,heanticipates

thattheothermanufacturerwillalsoseveroneofhislinks,insuchawaythat,inthe

end,oneoftheexclusivedistributionnetworkhasformed.SincegN−→2ed{1,2}exists

andisnotdeterred,adeviationfromanetworkofGtoanetworkwithinGexists,thisset

doesnolongercomplywithinternalstabilityatthelevel-2.Theeasiestwaytodetermine

thelevel-2farsightedstablesetfor(d,k)=(0.7,0.005)istonoticethatforanynetwork

outsideof{ed1,ed2}thereexiststwosequencesoffarsightedimprovingpathsoflength2

thatleadsbacktotheset.Formally:∀g/∈{ed1,ed2},f
2
2(g)∩{ed1,ed2}=∅(external

stability),ed1,ed2areundominated(internalstability)andanysubsetsviolatesexternal

stability.

Thegeneralresultsforthelevel-2farsightedstabilityaregiveninfigure2.3andsum-

marizedinthefollowingproposition:

Proposition11IfK=2,thensixsetsofdistributionnetworksmaybepairwisefarsight-
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N 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
x1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
x2 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
x3 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
x4 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
ed1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ed2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
r1 1 0 1 1 0 1 1 0 0 0 0 0 0 0 0 0
r2 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0 0
m1 1 1 0 1 0 1 1 0 0 0 0 0 0 0 0 0
m2 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0
s1 0 0 1 1 0 1 0 1 0 1 0 0 0 0 0 0
s2 0 1 0 0 1 1 0 0 1 0 1 0 0 0 0 0
s3 0 1 0 0 1 0 1 0 1 1 0 0 0 0 0 0
s4 0 0 1 1 0 0 1 1 0 0 1 0 0 0 0 0
∅ 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 0


































Table2.4:Level-2adjacencies.

edlystable:gN,{ED}andanynetworkinX.Theparameterspace(d,k)ispartitioned

into3regions.

(i)LowvaluesofdandkimplythatG∞2 =g
N.

(ii)LowvaluesofdandintermediatevaluesofkimplythatG∞2 iseitherx1,x2,x3or

x4.

(iii)Eitherlowvaluesofdandvaluesofkclosetotheupperboundandlargevalues

ofdandanyk,implythatG∞2 ={ED}.

Thetransitionfromthelevel-1tothelevel-2,hasnoeffectontheregionforwhich

thecompletenetworkisfarsightedlystable. Theregionforwhichtheexclusivedealing

networksarestablehasincreased,absorbingtheregionforwhichtheintermediateset

waslevel-1stable.Thereasonistheoneexposedinthepreviousexample.Themanufac-

turersanticipatethataninitialdeviationoftheirown(cuttingalink)inducestheother

manufacturerintohavinganidenticalbehavior.Thecompletenetworkofdistributionis

nolongersupported.Thesoftercompetitionupstreamleadstoanincreaseinthegross

profitofthemanufacturers.Theareadevotedtothemixeddistributionnetworkshasun-

dergonesomechanges.Atthelevel-1,thesetG={x1,x2,x3,x4}usedtobestable,but

atthelevel-2,itviolatesminimality.Indeed,atthelevel-2,thereexistacompositionof

farsightedimprovingpathfromanynetworkoutsideofGtoanyofthemixeddistribution

networks.ThisimpliesthatanynetworkofXnowcomplieswithexternalstability.This
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N 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
x1 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
x2 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
x3 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
x4 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
ed1 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
ed2 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
r1 1 0 1 1 0 1 1 0 0 0 0 0 0 0 0 0
r2 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0 0
m1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
m2 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
s1 1 0 1 1 0 1 0 1 0 1 0 0 0 0 0 0
s2 1 1 0 0 1 1 0 0 1 0 1 0 0 0 0 0
s3 1 1 0 0 1 0 1 0 1 1 0 0 0 0 0 0
s4 1 0 1 1 0 0 1 1 0 0 1 0 0 0 0 0
∅ 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0




































Table2.5:Level-3adjacencies.

issufficientconditionforasingletontobepairwisefarsightedlystable.

Thegeneralresultsforthelevel-3farsightedstabilityaregiveninFigure2.4andsumma-

rizedinthefollowingproposition:

Proposition12IfK=3,theneightsetsofdistributionnetworksmaybepairwisefar-

sightedlystable:gN,{ED},anynetworkinEDandanynetworkinX. Theparameter

space(d,k)ispartitionedinto5regions.

(i)LowvaluesofdandkimplythatG∞3 =g
N.

(ii)LowvaluesofdandintermediatevaluesofkimplythatG∞3 iseitherx1,x2,x3,

x4,ed1ored2.

(iii)Eitherlowvaluesofdandvaluesofkclosetotheupperboundandlargevalues

ofdandintermediatevaluesofkimplythatG∞3 ={ED}.

(iv)SufficientlyhighvaluesofdandalowkimpliesthatG∞3 iseitherg
N,ed1ored2.

(v)ThehighestvaluesofdimpliesthatG∞3 iseithered1ored2.

Althoughthetransitionfromthelevel-2tothelevel-3hasnoeffectontheregionfor

whichthecompletenetworkisfarsightedlystable,theincreasedoftheleveloffarsight-

ednessdisruptedtheotherareas. WecanseethisthroughTable2.5whichreferstothe

exampleforM3(0.7,0.005).
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Acyclewithintheset gN,x1,x2,x3,x4,ed1,ed2 canbeobservedfromtheadjacencies

ofmatrix2.5.Themixeddistributionnetworksaredominatedbythecompleteandthe

twoexclusivedealingnetworks:f3(x1,x2,x3,x4)=g
N,ed1,ed2 ,thecompletenetwork

isdominatedthetwoexclusivedealingnetworks:f3 g
N ={ed1,ed2}andthetwoexclu-

sivedealingnetworksarenowfarsightedlydominatedbyanyofthemixeddistribution

networks:f3(ed1,ed2)={x1,x2,x3,x4}.Indeed,thepreviouslevelsoffarsightedness,

informedusthat,atthelevel-1,themonopolyandmonopsonynetworksweredominated

by2ofthe4mixeddistributionnetworksandthatnetworkswith1linkweredominated

bythe2-linksnetworks.Atthelevel-2,thefactthatthe1-linknetworksweredominated

by2ofthe4mixeddistributionnetworksisadirectconsequenceofit. Thus,atthe

level-3offarsightedness,anyofthetworetailerswillseverhislinkinanyofthetwo

exclusivedistributionnetwork,anticipatingthatthisdeviationwillultimatelyleadto

amixeddistributionnetworkinwhichheisbetter-off(regardlesshehas1or2links).

Thisbehavioralshifthasagreatimportanceindeterminingstability,contrarytothe

level-2,theexclusivedealingnetworksarenolongerundominatedaswecanseeinTable

2.5. For(d,k)=(0.7,0.005),thesetsofmixeddistributionareexternallystablebut

violatesinternalstability.Indeed,thedeviationofthemanufacturerwithonelinkfrom

anetworkofXisnotdeterred(Forinstance,themanufacturerM1cutshissinglelink

inx2,thisleadstotheothermanufacturer’smonopolym2.Sincef1(m2)∩x2=∅and

f2(m2)\f1(m2)=g
N,ed1,ed2 anynetworksin g

N,ed1,ed2 bringshimahigherpay-

off,thedeviationisnotdeterred).ThesetsgN,ed1aned2areexternallystable.Forthe

completenetwork,sincegN∈f2(X),thedeviationsviaamixeddistributionnetworkare

deterred,thedefectingplayersfearthatapathcouldgobacktothecompletenetwork

withanidenticalpayoff,thusgNisinternallystable.Fortheexclusivedistributionnet-

works,thedeviationsconsistinginseveringalinkorbuildingalinkarebothdeterredas

apathleadsbacktowhereithasoriginated.

Globallyspeaking,atthelevel-3,theregionforwhichthenetworksofexclusivedealing

arestableisnowdividedintwo.Theset{ed1,ed2}isstillstableforthehighestvaluesof

kandtheanintermediaryd.Inthisarea,thenetworksinthesetareundominatedbut
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N 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
x1 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0
x2 1 1 0 1 0 1 1 0 0 0 0 0 0 0 0 0
x3 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0
x4 1 1 0 1 0 1 1 0 0 0 0 0 0 0 0 0
ed1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
ed2 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
r1 1 0 1 1 0 1 1 0 0 0 0 0 0 0 0 0
r2 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0 0
m1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
m2 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
s1 1 1 1 1 1 1 0 1 0 1 0 0 0 0 0 0
s2 1 1 1 1 1 1 0 0 1 0 1 0 0 0 0 0
s3 1 1 1 1 1 0 1 0 1 1 0 0 0 0 0 0
s4 1 1 1 1 1 0 1 1 0 0 1 0 0 0 0 0
∅ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0




































Table2.6:Level-4adjacencies.

doesn’tcomplywithexternalstabilityasasingleton.Intheotherpartoftherightmost

area,thenetworksed1anded2dominateseachother:ed2∈f
2
3(ed1)andreciprocally.

Thus,inthisregion,anyofthetwonetworkscomplieswithexternalstabilityandare,

asaconsequence,pairwisefarsightedlystable.AnynetworkinXorEDisstableinthe

topleftremainingzone.Tosummarize,thespaceoffeasiblecouldsplitintwo,alongthe

antidiagonal.Forratherlow(d,k),thecompletenetworkisstable,forratherhigh(d,k),

theexclusivedistributionnetworksareeitherstableorpartofthestableset.Forahighk

andanintermediaryd(Globally,theareaofstabilityofthesets{ED},x1,x2,x3,x4,ed1

anded2depictedby and )andfromthelevel-3offarsightedness,anincreaseinthe

leveloffarsightednesswon’tchangethematricesoffarsightedimprovingpaths.Indeed,

InotedthatM3(0.5,0.025)=MK(0.5,0.025)forK>3. Thematricesoffarsighted

improvingpathsbeingidenticalforagreaterK≥3,thesolutionconceptwillreturnan

identicalsolutioninthisareaforK ≥5.Forahighkandanintermediaryd,wecan

statethatK=5isenoughforthesupplynetworktobefullyfarsightedand(ii)and(iii)

ofProposition12stillholdforgreaterleveloffarsightedness.

Thegeneralresultsforthelevel-4farsightedstabilityaregiveninfigure2.5andsum-

marizedinthefollowingproposition:

Proposition13IfK=4,thenninesetsofdistributionnetworksmaybepairwisefar-
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sightedlystable:gN,{ED},anynetworkinED,anynetworkinX and gN,X. The

parameterspace(d,k)ispartitionedinto5regions.

(i)Ratherlowvaluesofdandkandd=0implythatG∞4 =g
N.

(ii)Lowvaluesofdandintermediatevaluesofk,soasthehighestvaluesofdimply

thatG∞4 iseitherx1,x2,x3,x4,ed1ored2.

(iii)Eitherlowvaluesofdandvaluesofkclosetotheupperboundandlargevalues

ofdandintermediatevaluesofkimplythatG∞4 ={ED}.

(iv)TheintermediatevaluesofdandkimpliesthatG∞4 iseitherg
N,ed1ored2.
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N 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
x1 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0
x2 1 1 0 1 0 1 1 0 0 0 0 0 0 0 0 0
x3 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0
x4 1 1 0 1 0 1 1 0 0 0 0 0 0 0 0 0
ed1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
ed2 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
r1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
r2 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
m1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
m2 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
s1 1 1 1 1 1 1 0 1 0 1 0 0 0 0 0 0
s2 1 1 1 1 1 1 0 0 1 0 1 0 0 0 0 0
s3 1 1 1 1 1 0 1 0 1 1 0 0 0 0 0 0
s4 1 1 1 1 1 0 1 1 0 0 1 0 0 0 0 0
∅ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0




































Table2.7:Level-5adjacencies.

(v)(d,k)=(1,0)impliesthatG∞4 iseithered1,ed2or g
N,X.

Atthe4thleveloffarsightedness,thecompletenetworkandthenetworksofexclusive

dealingarestillstable,orpartofthestablesetforalargepartofthespectrumof

parameters. Theareaforwhichthecompletenetworkistheonlystablenetwork(for

compartmentalizedmarketsd=0andalowkandd),aretheonlyareasforwhich

thenetworksofEDarenotstableorpartofthestableset. Thecompletenetworkis

nonethelessstableundertheantidiagonale.Thenetworksofmixeddistributionarenow

stableforawiderspectrum. Theareaforwhichthemixedorexclusivedistribution

networksarestable( ),soasthepointsforwhichd=0and(d,k)=(1,0)reachedtheir

steadystate.IntheseregionsMK(d,k)=MK(d,k)forK≥4.

Thegeneralresultsforthelevel-5farsightedstabilityaregiveninfigure2.6andsum-

marizedinthefollowingproposition:

Proposition14IfK=5,thenninesetsofdistributionnetworksmaybepairwisefar-

sightedlystable:gN,{ED},anynetworkinED,anynetworkinX and gN,X. The

parameterspace(d,k)ispartitionedinto6regions.

(i)d=0impliesthatG∞5 =g
N.

(ii)Lowvaluesofdandintermediatevaluesofk,soasthehighestvaluesofdimply

thatG∞5 iseitherx1,x2,x3,x4,ed1ored2.
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N 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
x1 1 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0
x2 1 1 0 1 1 1 1 0 0 0 0 0 0 0 0 0
x3 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0
x4 1 1 1 1 0 1 1 0 0 0 0 0 0 0 0 0
ed1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
ed2 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
r1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
r2 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
m1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
m2 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
s1 1 1 1 1 1 1 0 1 0 1 0 0 0 0 0 0
s2 1 1 1 1 1 1 0 0 1 0 1 0 0 0 0 0
s3 1 1 1 1 1 0 1 0 1 1 0 0 0 0 0 0
s4 1 1 1 1 1 0 1 1 0 0 1 0 0 0 0 0
∅ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0




































Table2.8:Level-6adjacenciesandover.

(iii)Eitherlowvaluesofdandvaluesofkclosetotheupperboundandlargevalues

ofdandintermediatevaluesofkimplythatG∞5 ={ED}.

(iv)TheintermediatevaluesofdandkimpliesthatG∞5 iseitherg
N,ed1ored2.

(v)(d,k)=(1,0)impliesthatG∞5 iseithered1,ed2or g
N,X.

(vi)SufficientlyhighvaluesofdandalowkimpliesthatG∞5 iseitherg
N,x1,x2,x3,

x4,ed1ored2.

Thefinalshapeofthedifferentzonesisbecomingwellestablishedforthe5thlevelof

farsightedness.(i)and(vi)stillholdsforgreaterleveloffarsightedness.

Thegeneralresultsforthelevel-6farsightedstabilityaregiveninFigure2.7and

summarizedinthefollowingproposition:

Proposition15IfK=6,thenninesetsofdistributionnetworksmaybepairwisefar-

sightedlystable:gN,{ED},anynetworkinED,anynetworkinX and gN,X. The

parameterspace(d,k)ispartitionedinto5regions.

(i)d=0impliesthatG∞6 =g
N.

(ii)Lowvaluesofdandintermediatevaluesofk,soasthehighestvaluesofdimply

thatG∞6 iseitherx1,x2,x3,x4,ed1ored2.

(iii)[fromproposition14].Eitherlowvaluesofdandvaluesofkclosetotheupper

boundandlargevaluesofdandintermediatevaluesofkimplythatG∞6 ={ED}.
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(iv)TheintermediatevaluesofdandkimpliesthatG∞6 iseitherg
N,x1,x2,x3,x4,

ed1ored2.

(v)(d,k)=(1,0)impliesthatG∞6 iseithered1,ed2or g
N,X.

Atthe6thleveloffarsightednessandforanyvalueoftheparameters,thematricesof

farsightedimprovingpathsreachedtheirsteadystateforanycoupleofparameters.From

thePropositions10to15wecanstatethefollowingresult.

Proposition16Inthe2×2networkofmanufacturersandretailers,forany(d,k),any

level-Kfarsightedsetisalevel-∞ farsightedsetforK≥8.

Weusedarecursiveargumentonmatricesoffarsightedimprovingpathstogetthis

result.ForaKsufficientlyhigh,thematricesoffarsightedimprovingpathsoflengthK

areidenticaltothematricesoffarsightedimprovingpathsoflengthK+αforsomeα,

thatis:mK =mK+α.Theexplanationcomesfromthefactthat,forKsufficientlyhigh,

everypathsareknownandincreasingtheleveloffarsightednessdoesn’tbringadditional

information(eg. thenetworkgisdominatedbygviaapathP)butdefineslonger

dominationpaths(gisdominatedbygviathepathP)8.

ThealgorithmaggregatesthematricesmK fromm1tomKtheoandgetsthematrix

MKtheo.IfMKtheo = MKtheo−1thenMKtheo iswithdrawnandtheprocessendsonce

MKtheo−β−1=MKtheo−β.Inthemodelofmanufacturersandretailers,thematricesof

farsightedimprovingpathsareidenticalfromthe6thdegreeoffarsightednessatmost.

Thisdirectlyimpliesthatthepairwisefarsightedlystablesetsofnetworksareidentical

forK=8andhigherlevelsoffarsightedness. Moreprecisely,thecalculationsrevealed

thatthefullfarsightednesswasreachedbetweenthelevel-5andthelevel-8offarsighted-

nessatmosthasPropositions10to15emphasizeit.Thus,wecanconcludethat,∀(d,k),

G∞K =G
∞
K+1=G

∞
∞ forK≥8anycoupleofparameters.Anotherinterestingfactisthat

forK={7,8},eventhoughthematricesoffarsightedimprovingpatharedifferentfrom

thelevel-6,thesolutionremainsunchangedandtheplotsareidenticalforK≥6.

8IfthelengthofPisp,thenthelengthofP isp+2.Supposeapathemanatesfromg1tog2in
exactlyr1deletionoflinksandr2additions,theng1→pg2withp=r1+r2.Therecanbenopathof
lengthK+1fromg1tog2sinceanadditionaldeviation(thinkforinstance,thedeletionofalink)ought
tobeoffsetbytheoppositeoperation(thecreationofalink).however,apathg1→p+2g2mayexists
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Thislastleveloffarsightednessexhibitsseveralinterestingfeatures. Exceptedfor

isolatedmarkets,thenetworksofexclusivedealingarealwayseitherpartofthestable

setorpairwiselevel-K farsightedstablethemselves. Thesameargumentcanbeput

forwardregardingthenetworksofmixeddistribution.Exceptedfortheregionofstability

oftheset{ED}andafewextremecases,anynetworkofXisalikelycandidatetothe

pairwiselevel-Kfarsightedstability.Thelastthingtomentionisthezoneofstabilityof

thecompletenetwork,gNisalsoacandidateundertheantidiagonal.Inthisregionany

networkinED,X,orgNcanbestable.Thismultiplicityofcandidateisnotsurprising.

Indeed,asingletonisminimal,internallystableandahighleveloffarsightednessmakes

theexternalstabilityofasetanmoreeasilysatisfiedrequirement.

Thepreviouspropositionhasimplicationsintermsofstrategiesofthefirms. The

abilityofafirmtoforecasttheaftermathofitsactionsonamarketdirectly,orindirectly

impactstheoveralllevelofbenefits.Theformulationofastrategygiventhestrategiesof

theotherplayersmayinducetimeincalculationsand,thuspositivelyimpactsthecosts

ofthefirm(thinkforinstanceofthedecisiontoentry,anadaptiveresponsetoashiftin

thestrategiesofacompetitor,adaptationtoanexogenousshockandsoforth...). The

factthatarelativelylowleveloffarsightednessissufficienttoreachthehighestdegreeof

informationimpliesthatthefirmscaneasilybefullyfarsightedatarelativelylowcostin

termsoftheestablishmentofastrategy.Onecanthusexpectthatthefirmsseektobe

fullyfarsighted.ThedifferencebetweenKandKtheomightbedue,ingreatpart,tothe

factthatthereisarelativelysmallnumberofplayers,andthus,arelativelysmallnumber

ofavailablenetworks.OnemayexpectKtoincreaseinthenumberofplayers,andthus,

inthecomplexityofthenetworks.

Thestudyofalevel-Kfarsightedstablesetaimsatsayingwhichnetworks,orwhich

setsofnetworksarethemostlikelytobestable.Ifthesolutionconceptdoesn’tselecta

uniquesetamongthesetofthestablesets,ithastheadvantagetoevictthenetworksor

thesetsofnetworksthatareneverstable.Outfromtheresults,onecannoticethatany

networkincludingatleastoneisolatedplayerisneverpartofalevel-Kfarsightedlystable

setorneverlevel-Kfarsightedstable.Indeed,inthe2×2manufacturersandretailers
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network,thenetworkshavinglessthantwolinks,monopolyandmonopsonyneverbelong

tothesolution. Anisolatedmanufacturer(respretailer)systematicallyfindsaretailer

(respmanufacturer)whoacceptsanewpartnership,anylevel-K pairwisefarsightedly

stablesetsofnetworksexcludenoplayers.Alastpointistonotethat,regardlessofthe

valuesoftheparameters,thestablenetworks,orthestablesetsofnetworksaremadeof

ratherdensenetworkswherenoplayerisexcludedgN,themixeddistributionnetworksX

andtheexclusivedealingnetworksED.Evenifbuildingalinkiscostly,theequilibrium

sustainsahighlevelofupstreamcompetitionleadingtoasignificantlevelofoutput.A

largeoutputbeingoftenassociatedtoahighwelfare,Iturnnowtothequestionofwelfare

analysis.

2.6 Welfareanalysis

Thequestionofthestabilityofaeconomicsituationoftencomesalongwiththequestion

ofitsefficiency. Tostateifagivennetworkfitthenormativeaspectoftheeconomic

interactions,wemustcomparethewelfaregeneratedbyastablesituationtoaneutraland

impartialwelfarecriterion.Beyondthesimplecomparisonofeconomicvalues,questioning

thereference(ie.whichconceptofefficiencycouldstandasbenchmark)isofinterest.

Giventhat,forsomecoupleofparameters,severalsetsofnetworksexists,theattention

hasbeenfocusedonseveralconceptsofefficiencysoastoestablishathoroughwelfare

analysis. First,foranycoupleofparameterswecomputedthePareto-optimalityand

comparedtheresultstothesetsofstablenetworks. Second,wecomputedthesetof

stronglystablenetworksandagain,wecomparedtheresultstothestablesets.Inany

case,theconclusionsaredrawnaccordingtoagivenlevelofacceptancethatIcalledweak

andstrongcorrespondance.

Foreachcoupleofparameters(d,k)andanynetworkg,wecomputedtheconsumers

surplusinthefollowingway:

YC(g)=
1

2
(Q1(g)+Q2(g))

2+(d−1)Q1(g)Q2(g) (2.5)
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Thesocialwelfareisobtainedbytheaggregationofthepayoffsofthe4playersand

theconsumerssurplus:

Y(g)=
λ∈N

Yλ(g)+YC(g) (2.6)

Inordertoassesstheconvergencebetweenthestabilityandthesocialoptimum,wemust

ensurethat,ifastablesetGisefficient,itiseitherunique,orthatanyotherstable

setG isalsoefficient.Ifthestabilityconceptallowforseveralsolution,claiminga

correspondencebetweenthestablesetsandaefficientoroptimaloutcomerequiresthat

anystablesetGalsobelongtoanoutcomeoftheefficiencycriterion. Alternatively,a

lowerlevelofacceptancecouldbetorequirethatastablesolutionwhichisalsoefficient

oroptimalissufficienttoassertthecorrespondence. Hereafterisdefinedtwoconcepts

ofcorrespondencebetweenasetofstablesolutionsandthechosenoptimalorefficient

criterion.

Foragivenstabilityconceptσandanoptimalityorefficiencycriterionψ.let’sdenote

byΓ(σ),thesetmadeofeverystablesetsgiventhestabilityconceptσ.LetΛ(ψ),be

thesetmadeofallthesetssolutionoftheefficiencyoroptimalitycriterionψ.

Definition17 Thereisastrongcorrespondencebetweenσandψif

∀τ∈Γ(σ),∃α∈Λ(ψ)suchthatτ⊆α

Thedefinitionofthestrongcorrespondenceisaset-baseddefinitionofthecorrespon-

dencebetweenasolutionandadesirableoutcomeandcompelsanystablesolutionto

belongtoanoptimalorefficientset.Thisdefinitionimposesastrongrequirementonthe

decisiontoadmitasetofsolutionsassociallydesirable.Theobverseisdefinedbythe

weakcorrespondence:

Definition18 Thereisaweakcorrespondencebetweenσandψif

∀τ∈Γ(σ),∃α∈Λ(ψ)suchthatτ∩α=∅
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2.6.1 Paretooptimality

ThissectionisdevotedtodiscusstherelationbetweenthestablesetsandthePareto-

optimalitycriterion.LetΓ(K)bethesetmadeofeverylevel-Kpairwisefarsightedstable

sets.LetΛ(P)bethesetofPareto-optimalnetworksdefinedbyG\gsuchthat∃g∈G,

forwhichYi(g)≤Yi(g),∀i∈Nwithatleastastrictinequalityforoneplayer.

Definition19 ThereisanstrongcorrespondencebetweenΓ(K)andPif,foracouple

ofparameter(d,k):

G∞K ⊆P ∀G∞K ∈Γ(K)

ThePareto-optimalityisnotaset-basedcriterion,itturnsthat#Λ(P)=1,soPcan

bemadeofseveralnetworksbutisauniqueset.Hereafteraresummarizedtheresultsfor

thestrongcorrespondencebetweentheresultsandtheParetooptimality.

Whenconsideringtheconsumerssurplus,theParetooptimalityisaweakcriterion.

Inmanycases,toofewnetworksareParetodominated.Figure2.8depictsthedifferent

areasofParetooptimality.Ford=0,thenetworksG\g∅,S,MM arePareto-optimal

(depictedby◦). Everynetworksexceptedtheemptynetworkandthesingle-linksnet-

worksareundominated: :G\g∅,S. Onlytheemptynetworkisdominatedinthe

area+:G\g∅,theremainingzonesare×:G\g∅,S,EDand :G\g∅,ED.The

interpretationofthisfigureisnoteasybecauseofthemultiplicityofnetworks,butseveral

factscanbederivedoutofthis.Theemptynetworkisalwaysdominatedwhilenetworks

gNandXareneverdominated.Exceptedforthelowestboundond,thenetworksofthe

manufacturer’smonopolyMM andthenetworksofretailer’smonopsonyRMareundom-

inated.Thisissomehowintuitiveinthesensethatthosenetworksmaximizethebenefit

ofoneplayer(respectivelyonemanufacturerandoneoftheretailers)andare,asamatter

offact,undominated.ThenetworksofS(singlelinknetworks)canbeundominatedfor

alowkandandanintermediaryd,iftheprofitassociatedtothesituationofbeingthe

onlymanufacturerandtheonlyretailerisgreaterthanthegrossprofitofanadditional

connection.Inthesameregion,thenetworksofexclusivedealingcanbedominated.

Indeed,thenegativeeffectofthecompetitionontheprofitsofthemanufacturersislow
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enoughandthecreationofanewlinkisnottoocostlyinthisregion.Thisfactexplains

thatanynetworkswithanadditionallinkweaklyincreasestheoverallprofitsandthus

thatnetworksEDaredominated.

ItresultsthatthePareto-optimalnetworkarenumerousinmanycasesandonemay

expecttooftenobserveastrongcorrespondencebetweenthestablesetsandPareto-

optimalsets.Discussingthestrongcorrespondencebetweenthelevel-Kfarsightedstable

setsandthePareto-optimalityleadstodrawoutseveralfactsfromthecomparison.The

strongcorrespondencebetweenΓK andP(d,k)isalwaysensuredforthelowestvalues

ofK.ForK≤4,thestrongcorrespondenceholdsaslongasthenetworksofexclusive

dealingremainundominatedforalowkandandanintermediaryd.ForK≥5,inthe

regionforwhichthenetworksEDaredominated,thenetworksofexclusivedealingare

alsostable. ThusthereexistssetsthatarenotincludedintheParetooptimalsetof

networksandthestrongcorrespondenceisnonlongerensured.

Theseresultsmayseemambiguousregardingtherelevanceofthedegreeoffarsighted-

nessrelatedtoagivenregionandtothestrongcorrespondence.Pickingupacouple(d,k)

atrandom,bringsastrongcorrespondenceat100%likelyforaleveloffarsightednessin

[1,4]whilethelevels5andoverdropsat94.62%(thedifferenceliesinthelowercentral

regionforwhichthenetworksEDaredominated)9.Regardlessoftheparameters,when

lookingattherelationshipbetweentheleveloffarsightednessandthestrongcorrespon-

dence,itcanbestatedthatastablesetforanottoohighleveloffarsightednessismore

likelytobeoptimal10. Theseresultshavetobeinterpretedinthelightofthelimita-

tionsofthecriterionofPareto-optimalityinthisverticalsetting.Eventhoughthestrong

correspondenceisaveryrestrictiverequirement,theParetoundominatednetworksare

toonumerousandthisoptimalitycriterionturnspermissive. Theweakcorrespondence

requiresthatatleastanetworkofanystablesetisParetooptimal. Onceagain,once

thenetworksofexclusivedealingarestableanddominated(thelowercentralregion),the

weakcorrespondenceisalsounsatisfied.Thewelfareanalysisintermsofstrongorweak

correspondencereturnsanidenticalconclusion.

9Graphicsdon’taccountforadditionalinformation.
10Thoughnotsignificant.
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2.6.2 Strongefficiency

Inordertostrengthenthereliabilityofthecorrespondencebetweenthestablesetsand

anoptimalitycriterion,thissectionswitchestoamorerestrictiveconceptofoptimality

anddefinestheconceptofastronglyefficientnetwork(Jacksonand Wolinsky[33]). A

networkgissaidtobestronglyefficientif,foracoupleofparameters,itmaximizesthe

socialwelfare.Λ(E)denotesthesetofstronglyefficientnetworks.Formally,foratuple

(G,d,k):Λ(E)=argmax{Y(g)}.

Definition20 ThereisastrongcorrespondencebetweenΓ(K)andΛ(E)if,foracouple

ofparameter(d,k):

G∞K ⊆E ∀G∞K ∈ΓK

LikethePareto-optimality,thecriterionofstrongefficiencyisnotaset-basedcriteria,

#Λ(E)=1,soEcanbemadeofseveralnetworksbutisauniqueset.TheFigure2.9

liststhe3mainareasofstrongefficiency.Undertheantidiagonal,thecompletenetwork

isthenetworkthatmaximizesthesocialwelfare.Inthisregion,aratherhighlevelof

differentiationand/oraratherlowkimpliesthatahighlyconnectednetworkgeneratesa

highconsumerssurplusviaahighlevelofcompetition.Intheupperregion,thenetworks

ofEDarestronglyefficient.Thiscomesfromthefactthatthetwogoodsarestillpresent

(highconsumerssurplus)withalessdensenetworkduetoahighcostofconnection.

Intherightmostpartofthespace,thenetworksofmixeddistributionarethosethat

maximizesthesocialwelfare.Thegoodsaretoosimilarandthecostofthelinkistohigh

torendereitheranexclusivedealingnetworkorthecompletenetworkefficient. Again,

thereisathresholdeffectonthebound(d,k)=(1,0)forwhichthecompletenetworkso

asanynetworkofmixeddistributionensurethemaximumofsocialwelfare.

ThescatterplotsdepictedinFigure2.10referstothestrongcorrespondencebetween

thelevel-K farsightedlystablesetsandthestronglyefficientnetworks. Forthelowest

valuesofparameters,aslongasthecompletenetworkistheonlystablenetwork(K≤3),

thereisaweakcorrespondence.Thisresultalsoholdsfortheweakcorrespondenceand

forgreaterleveloffarsightednessandcompartmentalizedmarkets.
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Astheleveloffarsightednessincreases,thesizethestablesetsΓ(K)expandsfor

almosteachregionwhiletheFigure2.10obviouslyrevealsthattheareasforwhichthe

stablesetsarealsoefficientshrinkswiththeincreaseofthedegreeoffarsightedness.From

56.74%atthelevels1,2and3,thestrongcorrespondenceplummetsto13.59%atthe

level-4andto8.21%atlevels5andover.

Inthenetworksofmanufacturersandretailers,themoretheagentsareabletoantici-

patetheconsequencesoftheirowndeviationssoasthedeviationsoftheotherplayers,the

morethestablesetsdiffersfromthesocialoptimaregardingthestrongcorrespondence.

Asseenintheprevioussection,thisresultbringswideimplicationsintermsofincentives.

Themoreanagentisinformed,orsimilarly,themoreheisabletolookforward,themore

heisabletoformulatedecisionsthatarefavorabletohim.Inthisperspective,onecan

expecttheplayerstobeseekingforahighleveloffarsightedness,thistypeofbehaviordi-

rectlyimplyingthestablesetstoincreasinglydifferfromwhatissociallydesirable.From

thethevantagepointofstrongcorrespondence,ahighleveloffarsightednessincreases

thetensionbetweenstabilityandefficiency.

AsregardstotheweakcorrespondencebetweenΓ(K)andΛ(E),there’sonlyafew

commentstobeaddressed.Forahighkandanintermediaryd,thenetworksofexclusive

dealingcanfitthecriterion. Forthelevel-1,66.17%ofthespacesatisfiestheweak

correspondence,56.74%forlevel-2and3.Again,theratioplummetsto13.59%atthelevel-

4andto8.21%atlevels5andoverandtheregionsforwhichtheweakcorrespondenceis

satisfiedfittheregionsforwhichthestrongcorrespondenceissatisfied.Thus,asregardsto

thestrongefficiency,thereisaconvergencebetweenthestrongandweakcorrespondence

forthehighestvaluesofparameters.

Thecorrelationbetweenthetwoconceptsofcorrespondencehasalsotobeseeninthe

lightoftherelationbetweenthesolutionconceptsoffarsightedstabilityG1∞ andlevel-

∞ stabilityG∞∞.Notethatthevaluesofparametersforwhichthereisweakandstrong

correspondenceforthelevel-Kisincludedinthesetofvaluesofparametersforwichthere

isatransitivecorrespondencebetweenG1∞ andG
∞
∞.
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Anetwork-baseddefinitionofefficiencydoesn’tharmonizewithaset-basednotion

ofstabilityanditsisarduoustodefineaneutralandfullyoperativecriterion. Onone

hand,theweakcorrespondencemayseematoopermissive,onetheotherhandthestrong

correspondencemaylookreallydemanding.UsingtheParetooptimalitycriterion,thetwo

notionsaresymmetricbutthePareto-optimalityseemtobeaweakcriterionwhenitcomes

tobecomparedtoseveralsituationswithseveralplayers.Evenifnotfullysatisfying,the

strongcorrespondenceofthestablenetworkstostrongefficiencyappearstobethemost

tractablemethodofwelfareanalysis.Outfromtheresults,itcanbeconcludedthatahigh

leveloffarsightednessincreasesthetensionbetweenstabilityandefficiency,moreover,the

strongcorrespondencebetweenstablenetworksandefficientnetworkstendstodisappear.

Onceagaintheconvergencebetweentheweakandstrongcorrespondenceappearsforthe

highestlevelsoffarsightedness,thisconvergenceisensuredforasubsetoftheregionof

parametersforwhichthereisatransitivecorrespondencebetweenthesetsofsetsG1∞ and

G∞∞.

2.7 Extensions

2.7.1 Moreonthereliabilityofthealgorithmicresults

Amainaspectofthealgorithmicresultsliesinitsreliability. Thissectioncoversthe

extenttowhichthealgorithmicresultsareconsistentwiththeoreticalresultsonecould

expecttogetandisexclusivelydescriptive.

Thefirstthingtonoticeisthattheresultsfitsthetheoreticexpectationsatthelowest

leveloffarsightedness.AspointedoutbyHeringsetal.(2009)[23]and[24](Theorem3),

thereisauniquepairwisemyopicstablesetofnetworkswhichismadeofallthenetworks

thatbelongtoaclosedcycle(Jackson& Watts,2002[32]). AsetofnetworksGisa

closedcycleifthereexistsnosequencesoffarsightedimprovingpathsoflength1starting

ing∈GandendinginG\G.Formally,Gisaclosedcycleiff∞1 (G)=G.Regardless

ofthedifferentiationofproductsandthecostofbuildingalink,everysolutionusingthe

algorithmicdeterminationofstablesetsismadeofnetworksthatbelongtoaclosedcycle
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atthelevel-1.Thiscanbeverifiedatthelevel-1bylookingattheadjacenciesmatrices.

IntheexamplegiveninSection2.5.1associatedtothematrixgiveninTable2.3. Wecan

easilycheckthatgN,ed1anded2arepairwisestable.Apairwisestablenetworkisaclosed

cycleofsize1,thus3 gN,EDisthelevel-1farsightedlystable.Thesamereasoningcan

beappliedtotheotherregionsatthelevel-1.

Thesecondthingtoheedisthatford=0,themanufacturersselltwoabsolutely

disparatemerchandiseontwoconfinedmarkets.Theabsenceofcompetitionexhibitsno

externalitiesacrosscomponentsinthenetworksofexclusivedealing.Furthermore,inthis

setting,anadditionalcommerciallinkalwaysimprovesthepayoffsoftheagentsinvolved11

.FollowingHeringsetal.(2014,Therorem9),thenthecompletenetworkshouldbea

level-Kfarsightedstableset.Onceagainthealgorithmreturnsanidenticalsolutionfor

anyleveloffarsightedness.

Thethirdthingtonoteisthattheareasofstabilityofagivensetofnetworksare

identicaltothosein Mauleonetal.2011[38]forpairwisestabilityaspointedoutin

Section2.5.1.Ensuringaproperoperativealgorithmatthelowestleveloffarsightedness

isaprerequisiteofthereliabilityoftheprogramming.Indeed,Heringsetal.(2014,

Theorem5)statedthatforK≥1,theuniquemyopicallystablesetG∞1 containsalevel-

KfarsightedlystablesetG∞K.Figures2.3,2.4,2.5,2.6and2.7comparedtoFigure2.2

exhibitsthisfeature,thustheprogrammingseemtooperateproperly12

2.7.2 Relationtothepairwisefarsightedstability

Thissectionisdedicatedtofurtherexploretherelationbetweenthepairwiselevel-K

farsightedstablesetG∞∞ andthepairwisefarsightedstablesetG
1
∞. Asmentionedin

Section2.3.4,sincef∞(g)⊆f
∞
∞ (g)foranyg∈G,thereisasetG⊆G

1
∞ suchthatGis

aG∞∞ set.ThustherelationbetweenapairwisefarsightedstablesetG
1
∞ andalevel-∞

farsightedlystablesetG1∞ canbetransitive.Figure2.11plotsthepairwisefarsightedly

stablesetsforanyvalueoftheparameters.AquickcomparisonwithFigures2.3,2.4,2.5,

11Thisisimplicitlythedefinitionofaallocationrulesatisfyingincreasingreturntolinkcreation.
12Theorem5inHeringsetal(2014)supposesagenericallocationrule.Thisresultsholdsforthespace
(d,k)insideeachregion,thoughpassingfromaregiontoanothersupposesalineforwhichtheallocation
ruleisnotgeneric.
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Figure2.11:PairwiseFrasightedstablesetsandthetransitivecorrespondence.
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2.6and2.7showsthatforanyse

Thisfactisclearlythemostpreeminentassertionadvocatingfortheproperfunctioning

ofthealgorithmanditsthereofresults.

Thetop-rightscatterplotdetailsthevaluesoftheparametersforwhichtherelation

betweenG1∞ andG
∞
∞ istransitive,thatis,forK≥K,theregionsforwhichthelevel-K

farsightedsetandthelevel-∞ areidentical.Thisfinalresultcanbestated:

Proposition21Ford=0,fork=1/36,andforanintermediarydandahighk,

G1∞ =G
∞
∞.

Thisresultroughlyholdsfortheregionofstabilityoftheset{ED}.Inthissector,the

externalstabilitybasedonthedefinitionofaquasiexternallystablesetcanbereplace

thedefinitionofanexternallystablesetwithoutaffectingtheresultsnortheconclusions.

Thisobservationalsodisplaysanotherinterestingfact.Thetransitivecorrespondenceof

thetwostabilityconceptsisneveroptimalregardlessofthecriterionforthenetworksof

exclusivedealingwhilethisistheoppositeforthecompletenetwork. Thisobservation

hastoberelatedtothelowleveloffarsightednessmatchingthefullfarsightednessfor

thesevaluesoftheparameters,therecanpresumablybearelationbetweenthetransitive

correspondenceandalowleveloffarsightednessmatchingthefullfarsightedness(The

transitivecorrespondencebeingobviousforanetworkParetodominatingalltheother

networks).

2.7.3 Efficiencyoftheindustrialsegment.

Anotherinterestingaspectofthethewelfareanalysisistofocusonthedecisiveactors,

thatistheplayerswhocanactuallyinteractontothestructureoftheexchanges.Unlike

theconsumerwhoonlyundergothestructure,canactiveactorsachieveanoptimalof

efficientoutcomeregardlessoftheexternalitiesthatareexertedonthirdplayers. The

figure2.12liststhedifferentzonesofParetooptimalityintheexclusionoftheconsumers.

ThelegendisidenticaltothecaseofParetoefficiencyincludingtheconsumers.Butthe

resultsdiffersfortheupperrightregion.RegardingtheParetooptimality,thenetworksgN

110



0.0 0.2 0.4 0.6 0.8 1.0

0.
0
0
0 

0.
0
0
5 

0.
0
1
0 

0.
0
1
5 

0.
0
2
0 

0.
0
2
5 

0.
0
3
0

Types of Pareto-optimality

d

k

Figure2.12:Paretooptimalityoftheindustrialsegment
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Figure2.13:StrongParetooptimalityoftheindustrialsegment

andthenetworksofXaredominatedintheareadepictedbytickedbox.Ahighlevelof

d,soasahighlevelofkmakesthecompetitionharderandadensenetworkgloballyless

interestingtoachieve.Furthermore,theconsumersgeneratetheirhighestlevelofsurplus

inthepresenceofahighlevelofcompetition(interbandcompetition)andaclose-knit

network(bothintra-brandcompetitionandin-storerivalry).Thisfactnolongeraccounts

forthedeterminationofundominantednetworksexplainsthatdensenetworksarenow

dominated.

Figure2.13representsthecorrespondencebetweenthestrongParetocriterionand
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Figure2.14:Stronglyefficientnetworksoftheindustrialsegment

thestablesets. Thesameconclusionasforthecasewiththeconsumersurplusforthe

lowercentralregioncanbedrawn.Shiftingfromthe4thleveloffarsightednesstothe5th

induceadropinthecorrespondencefrom91.63%to86.24%. Thecorrespondencewas

89.24%correctatthefirstlevel.Ithuscannotconcludeandwon’tdiscusstheweak

correspondence.

2.14depictsthestronglyefficientnetworksintheabsenceoftheconsumersurplus.

Thestrongcorrespondencebetweenthestablesetsandthestronglyefficientnetworksis

ensurefor37.66%ofthespaceofparameteratlevel-1,43,15%forthelevel-2,41.76%for

113



thelevel-3,21.08%atthelevel-4,15.75%forlevels5andgreater.

ThelastelementtomentionisFigure2.15.Aswetakealookatthestrongcorrespon-

dencebetweenstablesetsofnetworksandthestronglyefficientnetworkswecannotean

interestingfact.If,foracoupleofparameter(d,k),thereisatransitivecorrespondence

betweenthepairwisefarsightedstablesetandthelevel-∞ farsightedlystableset,then

thestablesetislikelytobestronglyefficient.Thisresultsholdseitherinthepresenceof

consumersorintheirabsence.

2.8 Conclusion

Traditionally,theindustrialeconomistshavestudiedverticalrelationshipsusingexoge-

nousarchitecturesofnetworks.Recentresearchesputforwardinnovativewaysofinter-

pretingthestructuralorganizationofeconomicentitiesintonetworkedrelationships.The

strategicnetworksapproachshednewlightonthenatureofinteractionsandthedeter-

minationofthelikelylayoutsofagents. Withtheperspectiveofthelevel-Kreasoning,

thischapterinvestigatedthequestionofthestabilitythenetworksofmanufacturersand

retailersforthefullrangeofproductsdifferentiationandanycostoflinking.Theresults

showthatthenumberofstablesetsorstablenetworkstendstoexpandsharplywith

theincreaseoftheleveloffarsightedness.Thecomputationalanalysisallowforthede-

terminationoftheverticallyrelatedstructureswhicharelikelytoemerge.Indeed,the

completenetwork,themixeddistributionsoastheexclusivedealingnetworksaretheonly

stablearchitecturesregardlessofthevaluesofparametersortheleveloffarsightedness.

Itturnsthattheminimumleveloffarsightednesstogettothecorrespondencebetween

thelevel-K farsightedstablesetandthelevel-∞ farsightedsetisfairlylowinregards

tothetheoreticexpectations.Iemphasizeamajortheoreticfailureinthedetermination

ofthecorrespondencebetweenaset-baseddefinitionofstabilityandanevensimplistic

optimalitycriterion.Thisevaluationremainssubtleregardlessofthelevelofacceptance.

Theleveloffarsightednesshasalsoseriousimplicationswhenitcomestocomparestabil-

itytoefficiency.Indeed,increasingthelevelfarsightednessdoesn’tnecessarilyencourages

theinvolvedplayersinreachingaformofefficiency.Eventually,Iidentifythevaluesof
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Figure2.15:StongcorrespondencebetweenstablesetsandStronglyefficientnetworksin
theindustrialsegment.
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parametersforwhichthereisatransitivecorrespondencebetweenthepairwiselevel-∞

farsightedsetG∞∞ andthepairwisefarsightedsetG
1
∞.
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2.9 AppendixB

2.9.1 Payoffs

gN x1

YM1
2(1−d)

3(d−2)2(d+1)
−2k (1−d)(2−d)(2+d)(8+5d)2

6(d+1)(7d2−16)2
−2k

YM2
2(1−d)

3(d−2)2(d+1)
−2k

(1−d)(d2−4d−8)
2

2(7d2−16)2(d+1)
−k

YR1
2

9(d+1)(d−2)2
−2k

(−3d+2d2−8)
2

9(7d2−16)2
−k

YR2
2

9(d+1)(d−2)2
−2k 52+28d−d3−7d2

36(d+1)(16−7d2)
−2k

Table2.9:PayoffsfornetworksgNandx1

ed1 m1 r1 s1 g∅

YM1
2(2−d)

(d−4)2(d+2)
−k 1

6
−2k 1−d

2(d−2)2(d+1)
−k 1

8
−k 0

YM2
2(2−d)

(d−4)2(d+2)
−k 0 1−d

2(d−2)2(d+1)
−k 0 0

YR1
4

(d+2)2(d−4)2
−k 1

36
−k 1

2(d+1)(d−2)2
−2k 1

16
−k 0

YR2
4

(d+2)2(d−4)2
−k 1

36
−k 0 0 0

Table2.10:Payoffsfornetworksed1,m1,r1,s1andg
∅

TheTables2.9and2.10givethepayoffsforeachnetworkconfiguration. Remind

thatthefirstratioofthepayoffsisexpressedin(a−c)2=1.Thepayoffsforalternative

networkscanbeeasilyobtainedbyapermutationofplayers.Forinstance,thepayoffs

forthenetworkx3areobtainedfromx1byswappingthepositionofthetworetailersand

theirpayments.Thepayoffsform2areobtainedbyswappingthethetwomanufacturers.
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2.9.2 Pseudocode

Tables2.11to2.15hereaftergivethepseudocodeforthefunctionsusedthroughoutthe

algorithmarepresented.Thefunctionunique(G)referstovectorwheretheelementsof

Gappearonlyonce.

compare(g1,g2,g3,d,k)

1:compare←function(g1,g2,g3,d,k){
2: i←players(g3,g2)[1]
3: j←players(g3,g2)[2]
4: if#g2<#g3{
5: ifYi(g1)>Yi(g3)orYj(g1)>Yj(g3){
6: return1
7: }
8: }
9: if#g2>#g3{
10: ifYi(g1)≥Yi(g3)andYj(g1)>Yj(g3)

orYi(g1)>Yi(g3)andYj(g1)≥Yj(g3){
11: return1
12: }
13: }
14: elsereturn0
15:}

Table2.11:Thecompare(g1,g2,g3,d,k)function
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matfip(d,k)

1:matfip←function(d,k){
2: m0←0[#G×#G]
3: m1←matrix[#G×#G]
4: foreachginG{
5: foreachginAg{
6: m1[g,g]← compare(g,g,g,d,k)
7: }
8: }
9: K←2
10: foreachKin{2:#G}{
11: mK←m0
12: foreachg2inG{
13: foreachg1inmK−1[g2,g1]=1{
14: foreachg3∈A

g2{
15: ifmK[g3,g1]=0{
16: mK[g3,g1]← compare(g1,g2,g3,d,k)
17: }
18: }
19: }
20: }
21: }
22: M1←m1
23: foreachKin{2:#G}{
24: MK←MK−1+mK
25: ifMK[g,g]>1{
26: MK[g,g]←1
27: }
28:}

Table2.12:Thematfip(d,k)function

119



devdet(G,g,g)

1:devdet←function(G,g,g)
2: i←players(g,g)[1]
3: j←players(g,g)[2]
4: if#g>#g{
5: foreachg1inG{
6: ifYi(g1)≤Yi(g){
7: foreachg2inG{
8: ifYj(g2)≤Yj(g){
9: return1
10: }
11: }
12: }
13: }
14: }
15: if#g<#g{
16: foreachg1inG{
17: ifYi(g1)=Yi(g)andYj(g1)=Yj(g)

orYi(g1)<Yi(g)orYj(g1)<Yj(g){
18: return1
19: }
20: }
21: }
22:return0

Table2.13:Thedevdet(G,g,g)function
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instab(G,MK)

1:instab←function(G,MK){
2: G ←∅
3: foreachginG{

4: G←Ag\G

5: ifG=∅{

6: foreachg1inG{
7: MK←MK−1−MK−2
8: foreachg2inMK[g1,g2]=1{
9: G ←{G,g2}
10: }
11: foreachg3inMK−2[g1,g3]=1{
12: ifg3∈G{
13: G ←{G,g3}
14: }
15: }
16: G ←unique(G)
17: ifdevdet(G,g1,g)=0{
18: return0
19: }
20: }
21: }
22: }
23:return1
24:}

Table2.14:Theinstab(G,MK)function
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exstab(G,MK)

1:exstab←function(G,MK){
2: G0←G
3: G1←G\G
4: i=1
5:loop
6: ifGi−1=∅{
7: return1
8: }
9: foreachginGi{
10: foreachginGi−1{
11: ifMK[g,g]=1{
12: Gi←Gi\g
13: }
14: }
15: }
16: ifGi=Gi−1{
17: return0
18: }
19: i←i+1
20:}

Table2.15:Theexstab(G,MK)function
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Chapter3

Allocatingvalueamongfarsighted

playersinnetworkformation

3.1 Introduction

Theorganizationofagentsintonetworksandgroupsplaysanimportantroleinthe

determinationoftheoutcomeofmanysocialandeconomicinteractions1.Asimpleway

toanalyzethenetworksthatonemightexpecttoemergeinthelongrunistoexamine

therequirementthatplayersdonotbenefitfromalteringthestructureofthenetwork.

AnexampleofsuchaconditionisthepairwisestabilitynotiondefinedbyJacksonand

Wolinsky(1996)[33]. Anetworkispairwisestableifnoplayerbenefitsfromsevering

oneofherlinksandnotwoplayersbenefitfromaddingalinkbetweenthem.Pairwise

stabilityisamyopicdefinition.Playersarenotfarsightedinthesensethattheydonot

forecasthowothersmightreacttotheiractions.Forinstance,theaddingorseveringof

onelinkmightleadtosubsequentadditionorseveringofanotherlink.Ifplayershave

verygoodinformationabouthowothersmightreacttochangesinthenetwork,thenthese

arethingsonewantstoallowforinthedefinitionofthestabilityconcept.Forinstance,

anetworkcouldbestablebecauseplayersmightnotaddalinkthatappearsvaluableto

themgiventhecurrentnetwork,asthatmightinturnleadtotheformationofotherlinks

1SeeJackson(2003,2008)[29][30],orGoyal(2007)[20]foracomprehensiveintroductiontothetheory
ofsocialandeconomicnetworks.
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andultimatelylowerthepayoffsoftheoriginalplayers.

Allocationruleskeeptrackofhowvalueisallocatedamongtheplayersinthenetwork.

Theallocationrulemaysimplybetheutilitythatplayersdirectlyget,accountingforthe

costsandbenefitsofbeinglinkedtootherplayersinthenetwork.Buttherearemany

situationswheretheallocationruleistheresultofsomebargainingamonglinkingplay-

ers.However,mostnetworkformationmodelsaresuchthatboththenetworkformation

processandtheallocationofvalueamongplayersinanetworkareseparatedandthe

playersarenotfarsighted.

Inthischapterweaddressthequestionofwhichnetworksonemightexpecttoemerge

inthelongrunwhentheplayersarefarsightedandtheallocationofvalueamongplayers

isdeterminedsimultaneouslywiththenetworkformationasplayersmaybargainover

theirsharesofvaluewithintheircomponent. Hence,weintroducethenotionofvon

Neumann-Morgensternfarsightedstabilitywithbargaining.

AsetofnetworksisavonNeumann-Morgensternfarsightedlystablesetwithbar-

gainingifthereexistsanallocationruleandabargainingthreatsuchthat(i)thereis

nofarsightedimprovingpathfromonenetworkinsidethesettoanothernetworkinside

theset,2(ii)fromanynetworkoutsidethesetthereisafarsightedimprovingpathto

somenetworkinsidetheset,(iii)thevalueofeachnetworkisallocatedamongplayers

sothatplayerssufferorbenefitequallyfrombeinglinkedtoeachothercomparedtothe

allocationtheywouldobtainattheirrespectivecrediblebargainingthreat.Incontrast

toChwe’s(1994)[13]definitionofvonNeumann-Morgensternfarsightedstability,3allo-

cationsaregoingtobeagreeduponamongfarsightedplayerswhenallocationsandlinks

aredeterminedjointly.Tocapturethisideawerequestthattheallocationrulesatisfythe

propertyofequalbargainingpowerforfarsightedplayers. Thispropertyrequiresthat,

foreachpairofplayerslinkedinthenetwork,bothplayerssufferorbenefitequallyfrom

beinglinkedwithrespecttotheirrespectivebargainingthreat.Inaddition,werequest

2Afarsightedimprovingpathisasequenceofnetworksthatcanemergewhenplayersformorsever
linksbasedontheimprovementtheendnetworkoffersrelativetothecurrentnetwork.Eachnetworkin
thesequencediffersbyonelinkfromthepreviousone.
3Mauleon,VannetelboschandVergote(2011)[39]haveprovidedthecharacterizationofvonNeumann-

Morgensternfarsightedlystablesetsinone-to-one matchingproblemsandin many-to-one matching
problemswithsubstitutablepreferences.
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thebargainingthreattobecredible.Credibilitymeansthatthethreatcanbereachedby

afarsightedimprovingpathemanatingfromsomenetworkadjacenttothenetworkover

whichbargainingtakesplace.

WeshowthatthesetofstronglyefficientnetworksistheuniquevonNeumann-

Morgensternfarsightedlystablesetwithbargainingiftheallocationruleisanonymous

andcomponentefficientandthevaluefunctionisanonymous,componentadditiveandtop

convex. Moreover,thecomponentwiseegalitarianallocationruleemergesendogenously.

Wenextincorporatethepropertyofequalbargainingpowerforfarsightedplayers

intotheoriginaldefinitionofapairwisefarsightedlystablesetduetoHerings,Mauleon

andVannetelbosch(2009)[23]4WefindthatifasetofnetworksisavonNeumann-

Morgensternfarsightedlystablesetwithbargaining,thenitisapairwisefarsightedly

stablesetwithbargaining. Hence,iftheallocationruleisanonymousandcomponent

efficientandthevaluefunctionisanonymous,componentadditiveandtopconvex,then

thesetofstronglyefficientnetworksisapairwisefarsightedlystablesetwithbargaining

wherethecomponentwiseegalitarianallocationruleemergesendogenously.However,the

setofstronglyefficientnetworksE(v)canalsobeapairwisefarsightedlystablesetwith

bargainingevenforanonymousallocationruleswherethevalueofeachcomponentis

notsharedequallyamongthemembersofthecomponent.Ifthevaluefunctionisnot

topconvex,theninefficientnetworkscanbefarsightedlystablewithbargaining. We

provideanexamplewhere,contrarytopairwisefarsightedstabilitywithbargaining,von

Neumann-Morgensternfarsightedstabilitywithbargainingonlyleadstotheemergence

ofinefficientnetworks.

3.1.1 LiteratureReview

Thereareanumberofpapersthatlookattheendogenousdeterminationofallocations

togetherwithnetworkformation. Currariniand Morelli(2000)[14]haveintroduceda

sequentialnetworkformationgame,whereplayersproposelinksanddemandallocations.

4OtherapproachestofarsightednessinnetworkformationareHerings,Mauleon,andVannetelbosch
(2004)[25],Page, WoodersandKamat(2005)[47],Dutta,Ghosal,andRay(2005)[17],andPageand
Wooders(2009)[46].
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Givenanexogenouslygivenorder,eachplayerproposesinturnthelinksshewantsto

formandshedemandsanallocation.Onceallproposalshavebeenmade,linksareformed

ifbothplayersinvolvedinthelinkhaveproposedthelinkandthedemandsoftheplayers

arecompatible(i.e.demandsdonotexceedthevalueproduced).Theyhaveshownthat,

ifthevaluefunctionsatisfiessizemonotonicity(i.e.iftheefficientnetworksconnectall

players),thentheirsequentialnetworkformationprocesswithendogenousallocations

leadsallsubgameperfectequilibriumtobeefficient.5MutuswamiandWinter(2002)[41]

haveproposedsubscriptionmechanismsfornetworkformationwhenthecostsfromlinking

arepubliclyknownbutthebenefitsfromlinkingarenotknowntothesocialplanner.Their

mechanismissimilartoCurrariniandMorelli(2000)[14]sequentialnetworkformation

game6andleadstotheformationofanefficientnetwork.7ThepayoffsinCurrariniand

Morelli(2000)[14]andMutuswamiand Winter(2002)[41]areendogenouslygenerated

butarehighlyasymmetricandsensitivetotheorderinwhichplayersmakeproposals.

Morerecently,BlochandJackson(2007)[8]havestudiedtheroleplayedbytransfers

paymentsintheformationofnetworks.Theyhaveinvestigatedwhetherdifferentformsof

transfers(directtransfers,indirecttransfersorcontingenttransfers)cansolvetheconflict

betweenstabilityandefficiencywhentherearenetworkexternalitiesthatusuallylead

totheemergenceofinefficientnetworkswhentransfersarenotfeasible.8 Butallthese

papershaveassumedeithersimultaneousmovegames(withmyopicplayers)orsequential

movegames(withfinitehorizonandspecificordering). Wegofurtherbylookingat

theendogenousdeterminationofpayoffstogetherwithnetworkformationinpresenceof

farsightedplayers.

5However,ifthenetworkformationprocessissimultaneous,thentherearevaluefunctionsthatsatisfy
sizemonotonicityforwhichinefficientequilibriacanarise.
6Eachplayer,whenitisherturn,proposesthesetoflinksshewantstoformandhercostcontribution.

Onceallproposalshavebeenmade,thesocialplannerselectsthenetworktobeformedandthecost
contributionsoftheplayers.
7SlikkerandvandenNouweland(2000)[50]havestudiedtheformationofcommunicationnetworks

withendogenouspayoffdivisionbutwithastrategicformgame.Similarly,MatsubayashiandYamakawa
(2004)[37]haveproposedastrategicformgametosharethecostofbuildingthenetworkinamodel
wherethebenefitsofthenetworkdecaysasthedistanceamongplayersincreases.
8Theyhavefoundthatindirecttransferstogetherwithcontingenttransfersareneededtoguarantee

thatefficientnetworksform.Indirecttransfersenableplayerstotakecareofpositiveexternalitiesby
subsidizingtheformationoflinksbyotherplayers;whilecontingenttransfersenableplayerstoovercome
negativeexternalitiesbypreventingtheformationoflinks
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ThepapermostcloselyrelatedtoourworkisNavarro(2014)[45]whohasstudied

adynamicprocessofnetworkformationthatisrepresentedbymeansofastationary

transitionprobabilitymatrix. Forward-lookingplayershaveacommondiscountfactor

andreceivepayoffsateachmomentintimeaccordingtoastationaryallocationrule.

Threepropertiesareimposedontheallocationruleandthetransitionprobability.First,

theallocationruletogetherwiththetransitionprobabilityareexpectedfair. Thatis,

foreachlinkinthenetworkbothplayersinvolvedinthelinkbenefitorsufferthesame

streamofdiscountedexpectedpayoffsfromcuttingtheirlinkattimezero.Second,the

allocationruleiscomponentefficient. Thatis,thevalueofeachcomponentisshared

amongthemembersofthecomponent. Third,theexpectedfairallocationruleand

transitionprobabilityisapairwisenetworkformationprocedure.Thatis,theprobability

thatalinkisadded(ordeleted)ispositiveonlyifthestreamofdiscountedexpected

payoffsfortheplayersinvolvedinadding(ordeleting)thelinkispositive.Navarro(2014)

[45]hasshownthatifthecommondiscountfactorissmallenough(i.e.playersareclose

tobemyopic),thenthereexistsanallocationruletogetherwithatransitionprobability

matrixsuchthattheallocationruleiscomponentefficientandtheallocationruletogether

withthetransitionprobabilityisanexpectedfairpairwisenetworkformationprocedure.9

Here,weratheradoptthestabilityapproachbecausethenoncooperativeordynamic

approachismuchsensitivetothespecificationofthebargaininggameandnetworkfor-

mationprocess,whosefinedetails(suchashowthegameends)canbeveryimportantin

determiningwhatnetworksformandhowvalueisallocated.

3.1.2 Roadmap

Thechapterisorganizedasfollows.InSection3.2weintroducesomenotations,ba-

sicpropertiesanddefinitionsfornetworks.InSection3.3wedefinethenotionofvon

Neumann-Morgensternfarsightedstabilitywithbargainingandwelookattherelationship

betweenvonNeumann-Morgensternfarsightedstabilitywithbargainingandefficiencyof

networks.InSection3.4weproposethenotionofpairwisefarsightedstabilitywithbar-

9Navarro(2013)[44]hasusedherdynamicnetworkformationprocessandhersolutionconceptto
investigatethetensionbetweenefficiencyandstability.
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gainingandwelookatitsrelationshipwiththevonNeumann-Morgensternfarsighted

stabilitywithbargaining.InSection3.5wediscusssomeproperties.Inparticular,we

addresssituationswherethereareexternalitiesacrosscomponentsandweprovideacondi-

tionsuchthatthesetofefficientnetworksremainstheuniquevonNeumann-Morgenstern

farsightedlystablesetwithbargaining.InSection3.6weconclude.

3.2 Allocatingvalueamongfarsightedplayers

Networks

LetN={1,...,n}bethefinitesetofplayerswhoareconnectedinsomenetwork

relationship.Thenetworkrelationshipsarereciprocalandthenetworkisthusmodeledas

anon-directedgraph.Playersarethenodesinthegraphandlinksindicatebilateralrela-

tionshipsbetweenplayers.Thus,anetworkgissimplyalistofwhichpairsofindividuals

arelinkedtoeachother. Wewriteij∈gtoindicatethatiandjarelinkedunderthe

networkg.LetgSbethesetofallsubsetsofS⊆Nofsize2.10So,gN isthecomplete

network.ThesetofallpossiblenetworksorgraphsonNisdenotedbyGandconsists

ofallsubsetsofgN.Thenetworkobtainedbyaddinglinkijtoanexistingnetworkgis

denotedg+ijandthenetworkthatresultsfromdeletinglinkijfromanexistingnetwork

gisdenotedg−ij.Letg|S={ij|ij∈gandi∈S,j∈S}.Thus,g|Sisthenetwork

founddeletingalllinksexceptthosethatarebetweenplayersinS.Foranynetworkg,

letN(g)={i|∃jsuchthatij∈g}bethesetofplayerswhohaveatleastonelink

inthenetworkg.Theneighborhoodofplayeriisthesetofplayersthatiislinkedto:

Ni(g)={j|ij∈g}.Anetworkgisadjacenttogifg=g+ijorg=g−ijforsome

ij.LetA(g)bethesetofadjacentnetworkstog.

Apathinanetworkg∈Gbetweeniandjisasequenceofplayersi1,...,iK such

thatikik+1∈gforeachk∈{1,...,K−1}withi1=iandiK =j,andsuchthateach

playerinthesequencei1,...,iK isdistinct.Anon-emptynetworkh⊆gisacomponent

ofg,ifforalli∈N(h)andj∈N(h)\{i},thereexistsapathinhconnectingiandj,

10Throughoutthechapterweusethenotation⊆forweakinclusionand forstrictinclusion.Finally,
#willrefertothenotionofcardinality.
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andforanyi∈N(h)andj∈N(g),ij∈gimpliesij∈h.Thesetofcomponentsofgis

denotedbyC(g).LetΠ(g)denotethepartitionofNinducedbythenetworkg.Thatis,

S∈Π(g)ifandonlyifeitherthereexistsh∈C(g)suchthatS=N(h)orthereexists

i/∈N(g)suchthatS={i}.

Valuefunctions

Avaluefunctionisafunctionvthatassignsavaluev(S,g)toeverynetworkgand

everycoalitionS∈Π(g). Thisvaluev(S,g)canbeperfectlydistributedamongthe

playersinS. Givenv,thetotalvaluethatcanbedistributedatnetworkgisequalto

v(g)= S∈Π(g)v(S,g).ThesetofallpossiblevaluefunctionsvisdenotedbyV.Avalue

functionviscomponentadditive(orhasnoexternalitiesacrosscomponents)(Jackson

and Wolinksky,1996)ifforanyg∈GandS∈Π(g),v(S,g)=v(S,g|S). Component

additivitymeansthatthevalueofacomponentofthenetworkdoesnotdependonthe

structureofthenetworkoutsidethecomponent. Givenapermutationofplayersπand

anyg∈G,letgπ={π(i)π(j)|ij∈g}.Thus,gπisanetworkthatisidenticaltogupto

apermutationoftheplayers.Avaluefunctionvisanonymous(Jacksonand Wolinsky,

1996)ifforanypermutationπ,g∈GandS∈Π(g),v({π(i)|i∈S},gπ)=v(S,g).A

networkg∈Gisstronglyefficientrelativetovifv(g)≥v(g)foranyg∈G.LetE(v)

bethesetofstronglyefficientnetworks.Avaluefunctionvistopconvex(Jacksonand

vandenNouweland,2005)ifsomestronglyefficientnetworkmaximizesthepercapita

valueamongplayers.Letρ(v,S)=maxg⊆gSv(g)/#S.Thevaluefunctionvistopconvex

ifρ(v,N)≥ρ(v,S)foranyS⊆N.

Allocationrules

Anallocationruleyisafunctionthatassignsapayoffyi(g,v)toplayeri∈Nfrom

graphgunderthevaluefunctionv∈V. Anallocationruleyiscomponentefficient

(Myerson,1977)ifforanyg∈GandS∈Π(g), i∈Syi(g,v)=v(S,g).
11 Givena

permutationπ,letvπbedefinedbyvπ(S,g)=v({π−1(i)|i∈S},gπ
−1
)foranyg∈G.

Anallocationruleyisanonymous(Jacksonand Wolinsky,1996)ifforanyv,g∈Gand

permutationπ,yπ(i)(g
π,vπ)=yi(g,v).

11Anallocationruleyiscomponentbalanced(Jacksonand Wolinsky,1996)ifforanycomponent
additivev,g∈GandS∈Π(g), i∈Syi(g,v)=v(S,g|S).
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Someprominentallocationruleshavebeenproposed.Theegalitarianallocationrule

(JacksonandWolinsky,1996)yeisdefinedbyyei(g,v)=v(g)/n.Foracomponentadditive

vandnetworkg,thecomponentwiseegalitarianallocationrule(Jacksonand Wolinsky,

1996)yceissuchthatforanyS∈Π(g)andeachi∈S,ycei(g,v)=v(S,g|S)/#S.Forav

thatisnotcomponentadditive,yce(g,v)=v(g)/nforallg;thus,ycesplitsthevaluev(g)

equallyamongallplayersifvisnotcomponentadditive.

AnotherallocationruleistheMyersonvalue:

yMVi (g,v)=
S⊆N\{i}

v(g|S∪{i})−v(g|S))
#S!(n−#S−1)!

n!
.

Anallocationrulesatisfiesequalbargainingpowerifforanycomponentadditivevand

g∈Gwehaveyi(g,v)−yi(g−ij,v)=yj(g,v)−yj(g−ij,v).Equalbargainingpower

requiresthatbothplayersequallybenefitorsufferfromtheadditionofthelink.Itdoes

notimposethatplayerssplitthemarginalvalueofalink.Jacksonand Wolinsky(1996)

[33]haveshownthatysatisfiescomponentbalanceandequalbargainingpowerifand

onlyify(g,v)=yMV(g,v)forallg∈Gandcomponentadditivev.12However,Jackson

(2005)[29]hasarguedthatthebasicproblemwiththeMyersonvalueallocationruleis

thatthevalueofotherpossiblenetworksisnotproperlyaccountedforinitscalculations.

Forinstance,ifalternativenetworkstructuresaretakenintoaccountwhenbargaining

overhowtoallocatevalue,thenvaluesofalternativenetworks,andnotjust(adjacent)

subnetworks,shouldbeimportantindeterminingtheallocation.Hence,Jackson(2005)

[29]hasproposedtheplayer-basedflexiblenetworkallocationrule:13

yPBFNi (g,v)=
v(g)

v(gN)
S⊆N\{i}

v(gS∪{i})−v(gS)
#S!(n−#S−1)!

n!
,

wherevisthemonotoniccoverofvdefinedbyv=maxg⊆gv(g).
14However,theplayer-

12Navarro(2007)[42]hasproposedacomponentefficientandfairallocationrulewhenthevalueofthe
networkcanexhibitanytypeofexternalitiesacrossitscomponents.
13Perez-Castrilloand Wettstein(2005)[48]haveproposedasequential mechanismwhosesubgame
perfectequilibriarisetostronglyefficientnetworksandtopayoffsthatcoincidewithJackson’splayer-
basedflexiblenetworkallocationrule.
14Themonotoniccoverofavaluefunctiongivesthehighestvaluethatcanbegeneratedbybuildinga
networkoutofagivensetoflinks.
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basedflexiblenetworkallocationruleruleviolatesbothequalbargainingpowerandcom-

ponentbalance.15 Wenowprovideanexamplethatillustratesthedrawbacksofthe

Myersonvalueandtheplayer-basedflexiblenetworkallocationrule.Thisexamplealso

motivatesthenecessityofdeterminingtheallocationruletogetherwiththeformationof

thenetworkinthelongrun.

Example1The Myersonvalue. TakeN = {1,2,3}andthevaluefunctionde-

finedbyv({1,2,3},{12,13,23})=0,v({1,2,3},{12,13})=5,v({1,2,3},{12,23})=

0,v({1,2,3},{13,23}) =0,v({1,2},{12}) =0,v({3},{12}) =0,v({1,3},{13}) =

v({2},{13})=0,v({2,3},{23})=4,v({1},{23})=0,andv(S,∅)=0. Wehavede-

pictedinFigure3.1thedifferentnetworkconfigurationswiththeirassociatedallocations.

Fornetworksthatgeneratevalue,theMyersonvalueleadstoequalsharingofthevalue

in{12,13},yMVi ({12,13})=5/3fori∈N.Hence,players2and3obtainlessthanwhat

theycouldgetin{23},namelyyMV2 ({23})=2=y
MV
3 ({23}). Players2and3havea

viableoutsideoptionbuttheMyersonvaluedoesnottakethisoptionintoaccountbe-

cause{23}isnotasubnetworkof{12,13}.Theplayer-basedflexiblenetworkallocation

ruleprovidesamorereasonableallocationthantheMyersonvaluefor{12,13}bygiving

higherallocationstoplayers2and3thanplayer1:yMV2 ({12,13})=7/3=y
MV
3 ({12,13})

andyMV1 ({12,13})=1/3.However,itgivesy
PBFN
2 ({23})=28/15=yPBFN3 ({23})and

yPBFN1 ({23})=4/15violatingcomponentbalance. Hence,thisallocationisunlikelyto

emergeat{23}sincethevaluefunctioniscomponentadditiveandplayers2and3transfer

somepayofftoplayer1whodoesnotbelongtotheircomponent.

Allocationruleswithfarsightedplayers

Theequalbargainingpowerpropertyimposesthat,foreachlinkijinanetworkg,

bothplayersiandjshouldequallybenefitorsufferwhenbargainingoverhowtoallocate

valuetakingasreferencenetworktheadjacentsubnetworkg−ij.Hence,equalbargaining

powerpresumesthatplayersaremyopic,notfarsighted,inthesensethattheydonot

forecasthowothersmightreactiftheybreakthelinkij.Forinstance,theseveringofij

mightleadtosubsequentseveringoradditionofanotherlink.Onceplayersarefarsighted,

15Navarro(2010)[43]hasproposedthreemodificationsofJackson’s(2005)[29]flexiblenetworkaxiom
whenthestructureofexternalitiesacrosscomponentsisknown.
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Figure3.1:TheMyersonvalue(Theplayer-basedflexiblenetworkallocationrule).

equalbargainingpowerwillimposethatplayersequallybenefitorsufferwhenbargaining

overhowtoallocatevaluetakingasreferencenetworkorbargainingthreat,notnecessarily

adjacentsubnetworks,butnetworksthatmaybereachedfromadjacentnetworksthrough

asequenceofnetworkswhenplayersformordeletelinksbasedontheimprovementthe

endnetworkoffersrelativetothecurrentone.

3.3 Von Neumann-Morgensternfarsightedstability

withbargaining

WenowproposethenotionofvonNeumann-Morgensternfarsightedstabilitywithbar-

gaining,topredictwhichnetworksarelikelytoemergeandwhichallocationsaregoing

tobeagreeduponamongfarsightedplayerswhenallocationsandlinksaredetermined

jointly.

WefirstintroducethenotionoffarsightedimprovingpathfromHerings,Mauleonand

Vannetelbosch(2009)[23]andthenotionofbargainingthreat. Afarsightedimproving

pathisasequenceofnetworksthatcanemergewhenplayersformorseverlinksbasedon

theimprovementtheendnetworkoffersrelativetothecurrentnetwork.Eachnetworkin

thesequencediffersbyonelinkfromthepreviousone.Ifalinkisadded,thenthetwo
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playersinvolvedmustbothprefertheendnetworktothecurrentnetwork,withatleast

oneofthetwostrictlypreferringtheendnetwork.Ifalinkisdeleted,thenitmustbe

thatatleastoneofthetwoplayersinvolvedinthelinkstrictlypreferstheendnetwork.

Formally,afarsightedimprovingpathfromanetworkgtoanetworkg=gisafinite

sequenceofgraphsg1,...,gKwithg1=gandgK=gsuchthatforanyk∈{1,...,K−1}

either:(i)gk+1=gk−ijforsomeijsuchthatyi(gK,v)>yi(gk,v)oryj(gK,v)>yj(gk,v),

or(ii)gk+1=gk+ijforsomeijsuchthatyi(gK,v)>yi(gk,v)andyj(gK,v)≥yj(gk,v).

Foragivennetworkg,letF(g)bethesetofnetworksthatcanbereachedbyafarsighted

improvingpathfromg.NoticethatF(g)maycontainmanynetworksandthatanetwork

g∈F(g)mightbetheendpointofseveralfarsightedimprovingpathsstartinging.

Abargainingthreatzisafunctionthatassignstoeachnetworkg∈Ganetwork

zi(g)∈Gforeachplayeri∈N.Intuitively,whenplayeriisnegotiatinghowtosharethe

surpluswithotherplayerssheislinkedtoing,shehasinmindthepayoffshemightobtain

atsomeothernetwork,zi(g),notnecessarilyadjacenttogsinceplayersarefarsighted.

Itisalsousefultorefinethedefinitionofthereachableadjacenciesfromaplayer’s

pointofview.LetA−i(g)∪A
+
i(g)bethereachableadjacenciesfromi’sperspective,with:

A−i(g)={g−ik|k∈Ni(g)},thesetofadjacentnetworkstogthatcanbereachedby

iashedeletesoneofhislinksand:

A+i(g)={g+ik|k/∈Ni(g)s.t.∀g∈F(g+ik),Yk(g)>Yk(g)},thesetofadja-

centnetworkstogthatcanbereachedbyiashebuildsalinkwiththeconsentofanother

player.NotethatF(g+ik)⊂F(g)isnotrequirementhere.

AsetofnetworksisavonNeumann-Morgensternfarsightedlystablesetwithbar-

gainingifthereexistsanallocationruleandabargainingthreatsuchthatthefollowing

conditionshold.First,thereisnofarsightedimprovingpathfromonenetworkinsidethe

settoanothernetworkinsidetheset(internalstability).Second,fromanynetworkout-

sidethesetthereisafarsightedimprovingpathtosomenetworkinsidetheset(external

stability). Third,thevalueofeachnetworkisallocatedamongplayerssothatplayers

sufferorbenefitequallyfrombeinglinkedtoeachothercomparedtotheallocationthey

wouldobtainattheirrespectivebargainingthreat(equalbargainingpower). Fourth,
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thebargainingthreatateachnetworkiscredible.Credibilitymeansthatthethreatcan

bereachedbyafarsightedimprovingpathemanatingfromsomenetworkadjacentto

thenetworkoverwhichbargainingtakesplace. Formally,vonNeumann-Morgenstern

farsightedlystablesetswithbargainingaredefinedasfollows.

Definition22 AsetofnetworksG⊆GisavonNeumann-Morgensternfarsightedly

stablesetwithbargainingifthereexistsanallocationruleyandabargainingthreatz

suchthat

(i)∀g∈G,F(g)∩G=∅;(InternalStability)

(ii)∀g∈G\G,F(g)∩G=∅;(ExternalStability)

(iii)∀g∈Gandij∈g,

(a)yi(g,v)−yi(zi(g),v)=yj(g,v)−yj(zj(g),v),(EqualBargainingPower)

(b)zi(g)∈(F(g)∪{g})∩G=∅forsomeg ∈Ai(g)andzj(g)∈(F(g)∪

{g})∩G=∅forsomeg ∈Aj(g).(Consistency)

Condition(i)inDefinition22istheinternalstabilitycondition.Fromanynetwork

withinG,thereisnofarsightedimprovingpathleadingtosomeothernetworkinG.

Condition(ii)inDefinition22requiresexternalstabilityandimpliesthatthenetworks

withinthesetarerobusttoperturbations.FromanynetworkoutsideG,thereisafar-

sightedimprovingpathleadingtosomenetworkinG.16Condition(ii)impliesthatifa

setofnetworksisavonNeumann-Morgensternfarsightedlystablesetwithbargaining,

itisnon-empty.Part(a)ofcondition(iii)inDefinition22istheequalbargainingpower

propertyforfarsightedplayers.Itrequiresthatforeachpairofplayerslinkedingboth

playerssufferorbenefitequallyfrombeinglinkedwithrespecttotheirrespectivebargain-

ingthreat.Part(b)ofcondition(iii)inDefinition22imposesaconsistencyrequirement

onthebargainingthreat. Whenbargaininghowtosharethevalueatg,thebargaining

threatzi(g)foreachplayerihastobesuchthatthethreatcanbereachedbyafarsighted

16Therearesomerandomdynamicmodelsofnetworkformationthatarebasedonmyopicincentives
toformlinkssuchasJacksonand Watts(2002)[32]andTercieuxandVannetelbosch(2006)[53].These
modelsaimtousetherandomprocesstoselectfromthesetofpairwisestablenetworks.
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improvingpathemanatingfromsomeadjacentnetworktogwhentheadjacentnetwork

isnotinG.Thatis,zi(g)∈F(g)forsomeg∈Ai(g)wheng /∈G. Moreover,zi(g)

belongstoG,whichmakeszi(g)acrediblethreat.
17

Example1(continued). WeobservethatE(v)={{12,13}}isnotavonNeumann-

MorgensternfarsightedlystablesetwithbargainingifyistheMyersonvalueallocation

rulesinceexternalstabilityisviolated.Thereisnofarsightedimprovingpathfromthe

network{23}tothenetwork{12,13}ifyistheMyersonvalue;players2and3obtaina

higherpayoffin{23}thanin{12,13}.Noticethattheset{{23}}isnotavonNeumann-

MorgensternfarsightedlystablesetwithbargainingifyistheMyersonvaluebecauseit

violatesequalbargainingpowerforfarsightedplayersatnetworkswheresomeplayersare

linkedtoeachotherandv=0.Forinstance,players1and2obtainboth0at{12}but

obtain,respectively,0and2attheirconsistentbargainingthreat(zi({12})={23}).

Ifyistheplayer-basedflexiblenetworkallocationrule,thenE(v)={{12,13}}isanot

avonNeumann-Morgensternfarsightedlystablesetwithbargainingeventhoughinternal

stability,externalstabilityandconsistencyinDefinition22aresatisfied. But,equal

bargainingpowerforfarsightedplayersisviolatedatnetworkswheresomeplayersare

linkedtoeachotherandv=0.Ingeneral,equalbargainingpowerforfarsightedplayers

maybeviolatedatanynetwork.Forinstance,takevsuchv(g)=v(g)forallgexceptfor

{12}wherev({12},{12})=2andv({3},{12})=0.Theplayer-basedflexiblenetworks

allocationsforthedifferentnetworkconfigurationsaregiveninFigure3.2. Weobserve

thatE(v)={{12,13}}satisfiesinternalstability,externalstabilityandconsistency,but

equalbargainingpowerisnowviolatedatallnetworksg={12,13}includednetworks

{12}and{23}.

{13,23},{12,23}
∅ {12} {13} {23} {12,13} {12,13,23}

y1 0 −(1+3ε)/2 −(1+3ε)/2 0 1−2ε −(2+6ε)/3
y2 0 (1+3ε)/2 0 2 2+ε (1+3ε)/3
y3 0 0 (1+3ε)/2 2 2+ε (1+3ε)/3

Table3.1:Afarsightedallocationruleforvaluefunctionv

17Noticethatwedonotimposethateachplayerchoosesherbestalternativeamonghercrediblethreats.
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However,E(v)={{12,13}}isavonNeumann-Morgensternfarsightedlystableset

withbargainingifyistheallocationrulegiveninTable3.1with1/2>ε>0.Itcan

beeasilyverifiedthatinternalstabilityandexternalstabilityaresatisfiedfor1/2>ε>

0,andthatthisallocationrulesatisfiesequalbargainingpowerforfarsightedplayers

andconsistencyatallnetworks. Thisallocationrulealsosatisfiescomponentbalance,

apropertythatisnotrequiredbytheconceptofvonNeumann-Morgensternfarsighted

stabilitywithbargaining. Componentbalancemakessensewhenthevaluefunctionis

componentadditive,andthevaluefunctionofourexamplesatisfiescomponentadditivity.

NoticethattheallocationrulegiveninTable3.1isnottheuniqueonethatmayarise

withE(v)={{12,13}}whenplayersarefarsighted.

{13,23},{12,23}
∅ {12} {13} {23} {12,13} {12,13,23}

y1 0 −(1+4ε)/2 −(1+5ε)/2 0 1−2ε −(2+9ε)/3
y2 0 (1+4ε)/2 0 (4−ε)/2 2+ε (1+3ε)/3
y3 0 0 (1+5ε)/2 (4+ε)/2 2+2ε (1+6ε)/3

Table3.2:Anotherfarsightedallocationruleforvaluefunctionv

Forinstance,thesetE(v)={{12,13}}isalsoavonNeumann-Morgensternfarsightedly

stablesetwithbargainingifyistheallocationrulegiveninTable3.2with1/3>ε>0.

Thisallocationruleleadstoadivisionofthevalueoftheefficientnetwork{12,23}where

player3obtainsalargersharethanplayer2eventhoughplayers2and3aresymmetric

in{12,23}.

Proposition23Takeanybargainingthreatz.Ifysatisfiescomponentefficiencyand

equalbargainingpowerforfarsightedplayersthenyissuchthat

yi(g,v)=yi(zi(g),v)+
1

#S
v(S,g)−

j∈S

yj(zj(g),v) ∀i∈S,S∈Π(g).

Proof.SeetheappendixC.

Proposition23tellsusthat,iftheallocationrulesatisfiescomponentefficiencyand

equalbargainingpowerforfarsightedplayersthenthisallocationrulewillleadtoadivision
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Figure3.2:Theplayer-basedflexiblenetworkallocationrule.

ofthevalueofthecomponentwhereeachplayergetsthepayoffatherbargainingthreat

plusanequalshareoftheexcessbetweenthevalueandthesumofthethreats.

WenowturntotheexistenceofavonNeumann-Morgensternfarsightedlystableset

withbargaining.IsthesetofstronglyefficientnetworksE(v)alwaysavonNeumann-

Morgensternfarsightedlystablesetwithbargaining?

Proposition24ThesetofstronglyefficientnetworksE(v)isavonNeumann-Morgen-

sternfarsightedlystablesetwithbargainingifyistheegalitarianallocationrule.

Proof.

[Internalstability] Wehavethatyi(g,v)=yj(g,v)=yi(g,v)=yj(g,v)foralli,j∈

N,forallg,g∈E(v)sinceyistheegalitarianallocationrule. Hence,thereisno

farsightedimprovingpathfromanyg∈E(v)toanotherg∈E(v),andE(v)satisfies

internalstability.[Externalstability]Inaddition,yi(g,v)>yi(g,v)foralli∈N,forall

g∈E(v)andg/∈E(v)sinceyistheegalitarianallocationruleandgisefficient.Hence,

thereisafarsightedimprovingfromanyg/∈E(v)tosomeg∈E(v),andE(v)satisfies

externalstability.[Equalbargainingpower]Sinceyi(g,v)=yj(g,v)=yi(g,v)=yj(g,v)

foralli,j∈N,forallg,g∈E(v),andyi(g,v)=yj(g,v)foralli,j∈N,forall

g /∈E(v),wehavethatequalbargainingpowerforfarsightedplayersissatisfiedforany

zsuchthatzi(g)∈E(v)forg∈G.[Consistency]Sincethereisafarsightedimproving
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fromanyg /∈E(v)tosomeg∈E(v),thereexistssomezsuchthatforallg∈G

andij∈gwehavethatzi(g)∈(F(g)∪{g})∩E(v)=∅forsomeg ∈Ai(g)and

zj(g)∈(F(g)∪{g})∩E(v)=∅forsomeg ∈Aj(g).

Proposition24showsthattheegalitarianallocationruleguaranteestheexistence

ofavonNeumann-Morgensternfarsightedlystablesetwithbargaining. However,this

allocationruleviolatescomponentefficiencyandeachplayer’sallocationisindependent

ofherpositioninthenetwork.

Proposition25Consideranyanonymous,componentadditiveandtopconvexvalue

functionv.IfyiscomponentefficientandanonymousthenE(v)istheuniquevon

Neumann-Morgensternfarsightedlystablesetwithbargaining.

Proof.SeetheappendixC.

3.4 Pairwisefarsightedstabilitywithbargaining

Wenowincorporatethepropertyofequalbargainingpowerforfarsightedplayersintothe

originaldefinitionofapairwisefarsightedlystablesetduetoHerings,MauleonandVan-

netelbosch(2009)[23].Formally,pairwisefarsightedstabilitywithbargainingisdefined

asfollows.

Definition26 AsetofnetworksG⊆Gispairwisefarsightedlystablewithbargainingif

thereexistsanallocationruleyandabargainingthreatzsuchthat

(i)∀g∈G,

(a)∀ij/∈gsuchthatg+ij/∈G,∃g∈F(g+ij)∩Gsuchthat(yi(g,v),yj(g,

v))=(yi(g,v),yj(g,v))oryi(g,v)<yi(g,v)oryj(g,v)<yj(g,v),

(b)∀ij∈gsuchthatg−ij/∈G,∃g,g∈F(g−ij)∩Gsuchthatyi(g,v)≤yi(g,v)

andyj(g,v)≤yj(g,v),

(ii)∀g∈G\G,F(g)∩G=∅.
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(iii)∀g∈Gandij∈g,

(a)yi(g,v)−yi(zi(g),v)=yj(g,v)−yj(zj(g),v),

(b)zi(g)∈(F(g)∪{g})∩G=∅forsomeg ∈Ai(g)andzj(g)∈(F(g)∪

{g})∩G=∅forsomeg ∈Aj(g).

(iv) G GsuchthatG satisfiesConditions(i),(ii),and(iii).

Condition(ia)inDefinition26capturesthataddingalinkijtoanetworkg∈Gthat

leadstoanetworkoutsideofG,isdeterredbythethreatofendinging.Heregissuch

thatthereisafarsightedlyimprovingpathfromg+ijtog.Moreover,gbelongstoG,

whichmakesgacrediblethreat. Condition(ib)isasimilarrequirement,butthenfor

thecasewherealinkissevered.Condition(ii)inDefinition26requiresexternalstabil-

ityandimpliesthatthenetworkswithinthesetarerobusttoperturbations.Fromany

networkoutsideGthereisafarsightedlystablepathleadingtosomenetworkinG.Con-

dition(iiia)inDefinition26istheequalbargainingpowerpropertyforfarsightedplayers.

Condition(iiib)inDefinition26imposesaconsistencyrequirementonthebargaining

threat.Condition(iv)inDefinition26isaminimalitycondition.
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Figure3.3:Topconvexityandfarsightedstabilitywithbargaining.

Example2Topconvexityandfarsightedstabilitywithbargaining. TakeN={1,2,3}

andtheanonymous,componentadditive,andtopconvexvaluefunctiondefinedby
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v({12,13,23})=6,v({12,13})=v({12,23})=v({13,23})=7,v({12})=v({13})=

v({23})=4,andv(∅)=0. WehavedepictedinFigure3.3thenetworkconfigurations

withtheirassociatedallocations.

First,weshowthatifyisthecomponentwiseegalitarianallocationrule(i.e.ε=1/3)

thenE(v)istheuniquevonNeumann-Morgensternfarsightedlystablesetwithbargaining.

WehaveF(∅)=G\{∅,{12,13,23}};F({13})=F({12})=F({23})=F({12,13,23})=

{{12,13},{12,23},{13,23}};andF({12,13})=F({12,23})=F({13,23})=∅. Then,

E(v)satisfiesinternalstabilityandexternalstability. Thecomponentwiseegalitarian

allocationrulealsosatisfiesequalbargainingpowerandconsistencysincethereisaz

suchthatzi(g)∈E(v)forg∈GandF(g)∩E(v)=∅forallg/∈E(v).Hence,E(v)is

avonNeumann-Morgensternfarsightedlystablesetwithbargaining. Wenowshowthat

E(v)istheuniquevonNeumann-Morgensternfarsightedlystablesetwithbargaining.

SupposethatGisavonNeumann-Morgensternfarsightedlystablesetwithbargaining.

Wehavethat E(v)⊆GsinceF(g)=∅forallg∈E(v);otherwise,Gwouldviolate

externalstability.Inaddition,ifE(v) Gtheninternalstabilityisviolatedbecause

F(g)∩E(v)=∅forallg/∈E(v).Thus,E(v)=G.

Second,isE(v)avonNeumann-Morgensternfarsightedlystablesetwithbargainingif

theanonymousandcomponentefficientallocationruleissuchthatε=1/3(0<ε<1/3)?

Then,equalbargainingpowerandconsistencycanstillbesatisfiedaswellasexternal

stabilitybutinternalstabilityisviolatedsincenowg∈F(g),foranyg,g∈E(v)(g=g).

Hence,oncetheallocationruleisdeterminedjointlywiththefarsightedstabilityofthe

networkandthevaluefunctionisanonymous,componentadditiveandtopconvex,the

setofstronglyefficientnetworksisavonNeumann-Morgensternfarsightedlystableset

withbargainingonlyifthesharingofthevaluefollowsthecomponentwiseegalitarian

allocationrule.

Thenextexampleisgiventogivefurtherinsightstothereaderontheunicityofthe

stableset.

Example2(continued).Ifyisanonymousthencandidateallocationstosupportavon

Neumann-MorgensternfarsightedlystablesetwithbargainingaregiveninFigure3.3.
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Forε<0,then{{12,13,23}}istheuniquesettosatisfyinternalstabilityandexternal

stability.But,theallocationsfor{ij,ik}violateequalbargainingpowerbecauseofthe

consistencyrequirement. Forε=0,then{{ij,ik},{12,13,23}}arethesetstosatisfy

internalstabilityandexternalstability.But,theallocationsfor{ij,jk}and{ik,jk}vio-

lateequalbargainingpowerbecauseoftheconsistencyrequirement.For0<ε<1/3and

1/3<ε≤1/2,then{{ij,ik}}arethesetstosatisfyinternalstabilityandexternalstabil-

ity.But,theallocationsfor{ij},{ik},{ij,jk},{ik,jk},{12,13,23}violateequalbargain-

ingpowerbecauseoftheconsistencyrequirement.For1/2<ε,then{{ij},{12,13,23}}

arethesetstosatisfyinternalstabilityandexternalstability. But,theallocationsfor

{ij,jk},{ij,ik}violateequalbargainingpowerbecauseoftheconsistencyrequirement.

For1/3=ε,theallocationrulerevertstothecomponentwiseegalitarianallocationrule

andE(v) ={{12,13},{12,23},{13,23}}isavonNeumann-Morgensternfarsightedly

stablesetwithbargaining. Hence,E(v)istheuniquevonNeumann-Morgensternfar-

sightedlystablesetwithbargainingandthecomponentwiseegalitarianallocationrule

emergesendogenously.

Proposition27Consideranyanonymous,componentadditiveandtopconvexvalue

functionv.Ifyiscomponentwiseegalitarian,thenE(v)istheuniquevonNeumann-

Morgensternstablesetwithbargainingandcoincideswiththeuniquepairwisefarsightedly

farsightedlystablesetwithbargaining.

Proof. FromGrandjeanMauleonandVannetelbosch(2011)[21],Iftheallocationrule

isexogenouslygivenandisthecomponentwiseegalitarianallocationrule,thentheset

ofstronglyefficientnetworksistheuniquepairwisefarsightedlystablesetifandonly

ifthevaluefunctionistopconvex. FromHeringsetal.(2009)[23],IfasetGisthe

uniquepairwisefarsightedstableset,thenitisalsotheuniquevonNeumann-Morgenstern

farsightedstablesetofnetworks. Weonlyneedtoshowthatconditions(iiia)and(iiib)

ofthevonNeumann-Morgensternfarsightedstablesetwithbargainingandthepairwise

farsightedstablesetwithbargainingareverifiedforacomponentadditiveandtopconvex

valuefunctionandthecomponentwiseegalitarianallocationrule.AsnoticedbyJackson

andvandenNouweland(2005)[31],undertopconvexity,thecomponentwiseegalitarian
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allocationrulegivesanidenticalpayofftoallplayersintheefficientnetworks.Thethreats

arethepayoffstheplayersgetinanetworkofthestableset,here,atastrongefficient

network. Thusforanybargainingpairandanynetwork,theequalbargainingpower

propertyisverified.

Proposition28IfGisavonNeumann-Morgensternfarsightedlystablesetwithbar-

gaining,thenGisapairwisefarsightedlystablesetwithbargaining.

Proof.SupposeGisavonNeumann-Morgensternfarsightedlystablesetwithbargaining.

Then,conditions(ii)and(iii)inDefinition26aretriviallysatisfiedforG.

SupposeCondition(i)inDefinition26isnotsatisfied. Thenthereisg∈Ganda

deviationtog/∈Gsuchthateveryg ∈F(g)∩Gdefeatsg.18 Inparticular,itthen

followsthatg∈F(g),acontradiction,sincebycondition(i)inDefinition22thereisno

g∈Gwiththatproperty.Consequently,Condition(i)inDefinition26holds.

Toverifycondition(iv)inDefinition26,supposethereisapropersubsetG Gthat

satisfiesconditions(i),(ii)and(iii).LetgbeinGbutnotinG. Then,F(g)∩G ⊆

F(g)∩G=∅sinceGsatisfiescondition(i)inDefinition22.ItfollowsthatG G

violatescondition(ii)inDefinition26,leadingtoacontradiction. WehaveshownthatG

isminimal.

FromProposition28wehavethat,inExample2,E(v)isapairwisefarsightedlystable

setwithbargainingwheretheallocationruleisthecomponentwiseegalitarianallocation

rule19. However,thesetofstronglyefficientnetworksE(v)isapairwisefarsightedly

stablesetwithbargainingevenforanonymousallocationruleswherethevalueofeach

componentisnotsharedequallyamongthemembersofthecomponent.

Example2(continued).Ifyisanonymousthencandidateallocationstosupportavon

Neumann-MorgensternfarsightedlystablesetwithbargainingaregiveninFigure3.3.

18Anetworkgdefeatsgifeitherg=g−ijandyi(g,v)>yi(g,v)oryj(g,v)>yj(g,v),orif
g=g+ijwithyi(g,v)≥yi(g,v)andyj(g,v)≥yj(g,v)withatleastoneinequalityholdingstrictly.
19Grandjean, MauleonandVannetelbosch(2011)[21]haveshownthat,iftheallocationruleisex-
ogenouslygivenandisthecomponentwiseegalitarianallocationrule,thenthesetofstronglyefficient
networksistheuniquepairwisefarsightedlystablesetifandonlyifthevaluefunctionistopconvex.
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For0<ε≤1/2,thesetE(v)={{12,13},{12,23},{13,23}}isapairwisefarsightedly

stablesetwithbargaining.Externalstabilityissatisfied.Noticethatpairwisefarsighted

stabilitywithbargainingdoesnotrequireinternalstability.Equalbargainingpowerfor

farsightedplayersandconsistencyaresatisfied.Forinstance,in{12}thebargainingthreat

z1({12})andz2({12})canberespectively{12,13}and{12,23}(orsimply{13,23}for

bothplayers). Equalbargainingpowerissatisfiedsincey1({12},v)−y1({12,13},v)=

2−3+2ε=y2({12},v)−y2({12,23},v)(ory1({12},v)−y1({13,23},v)=2−2−ε=

y2({12},v)−y2({13,23},v))andconsistencyissatisfiedsincez1({12}),z2({12})∈E(v)

andz1({12}),z2({12})∈F(∅).E(v)isminimal.AnysubsetofE(v)wouldviolateequal

bargainingpowerforε=1/3.Take{{12,13},{12,23}}⊂E(v).Then,equalbargaining

powerisviolatedat{13,23}becauseplayer3obtainsanallocationsmallerorequalthan

theallocationsofplayers1and2at{12,13}and{12,23}.

Proof.SeetheappendixC.

3.5 Extensions

3.5.1 Moreontheroleoftopconvexity

Wenowlookatanexamplewherethevaluefunctiondoesnotsatisfytopconvexity. We

observethatvonNeumann-Morgensternfarsightedstabilitywithbargainingislesslikely

tosustainefficientnetworksthanpairwisefarsightedstabilitywithbargaining.

Example3Valuefunctionnottopconvex. TakeN ={1,2,3}andtheanonymous,

componentadditive,andnottopconvexvaluefunctiondefinedbyv({12,13,23})=1,

v({12,13})=v({12,23})=v({13,23})=4/3,v({12})=v({13})=v({23})=1,and

v(∅)=0. WehavedepictedinFigure3.4thenetworkconfigurationswithanonymous

andcomponentefficientallocationrules.

a)0≤ε<1/36.ThereisnovonNeumann-Morgensternfarsightedlystablesetwith

bargaining. Theset{{12},{13},{23}}isacandidatebutitviolatesinternalstability.

Inaddition,eachset{{ij}}violatesequalbargainingpowerforfarsightedplayersat,

forinstance,networks{ik},{jk}and{12,13,23}.But,{{12},{13},{23}}isapairwise
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Figure3.4:Valuefunctionnottopconvexandfarsightedstabilitywithbargaining.

farsightedlystablesetwithbargainingonlyifε=0.Itcanbeeasilyverifiedthatall

conditionsaresatisfied.ItisminimalsinceanynonemptysubsetG {{12},{13},{23}}

wouldsatisfyallconditionsexceptthatequalbargainingpowerwouldbeviolatedat

g∈{{12},{13},{23}}\G.

b)1/36≤ ε<1/9. Thethreesets{{12,13},{12,23}},{{12,13},{13,23}}and

{{12,23},{13,23}}arepairwisefarsightedlystablesetswithbargaining. Externalsta-

bility,equalbargainingpower,consistencyandminimalityaresatisfied. But,theyare

notvonNeumann-Morgensternfarsightedlystablesetswithbargainingbecauseinternal

stabilityisviolated.

c)1/9≤ε<4/9.ThereisavonNeumann-Morgensternfarsightedlystablesetwith

bargainingonlyifε=1/6.Ifε=1/6,thenG ={{12},{13},{23},{12,13,23}}isa

vonNeumann-Morgensternfarsightedlystablesetwithbargaining.ThissetG satisfies

internalandexternalstability,equalbargainingpowerandconsistency.Equalbargaining

powerrequiresthatat{12,13}wehavey1({12},v)−y1({12,13},v) =y3({12},v)−

y3({12,13},v).Sincey1({12},v)−y1({12,13},v)=1/2−4/9−2εandy3({12},v)−

y3({12,13},v)=0−4/9+ε,equalbargainingpowerholdsonlyifε=1/6. Obviously,

G withε=1/6isalsoapairwisefarsightedlystablesetwithbargaining.However,G is

nottheuniqueone.ThesetE(v)∪{12,13,23}isapairwisefarsightedlystablesetwith
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bargainingfor1/36≤ε<4/9.

Hence,andcontrarytopairwisefarsightedstabilitywithbargaining,vonNeumann-

Morgensternfarsightedstabilitywithbargainingonlyleadstotheemergenceofinefficient

networks.

3.5.2 Moreontheroleofequalbargainingpower

WenowreconsiderExample2toshowthatiftheallocationrule ydoesnotsatisfy

anonymityand/orequalbargainingpower,thenthecomponentwiseegalitarianallocation

doesnotemergeinthelongrun.Givenavectorw=(w1,...,wn) 0,anallocationrule

ysatisfiesw-weightedbargainingpower20forfarsightedplayersifforallv∈V,forall

g∈G,forallij∈g,

1

wi
[yi(g,v)−yi(zi(g),v)]=

1

wj
[yj(g,v)−yj(zj(g),v)]. (iiia)

ConsiderthedefinitionofvonNeumann-Morgensternfarsightedstabilitywithbargaining

wheretheequalbargainingpowercondition(iiia)isreplacedbythew-weightedbargaining

powercondition(iiia).Supposethat(w1,w2,w3)issuchthat1=w2=w3≤w1=γ.

Forγ>1thesetE(v)isstillavonNeumann-Morgensternfarsightedlystablesetwith

bargainingwhereplayersshareequallythevalueforeachnetworkg∈E(v)whilethey

shareunequallythevalueforeachnonemptynetworkg/∈E(v)(theallocationsforγ=2

aregiveninTable3.3).Sinceeachplayerobtainsthesameallocationineachefficient

starnetwork,thepropertyofweightedbargainingpowerforcestheplayerstoagreeon

asymmetricallocationsatsymmetricnetworks.Itcanbeeasilyverifiedthatinternal

stability,externalstabilityandconsistencyaresatisfiedtoo.

∅ {12} {13} {23} {12,13} {12,23} {13,23} {12,13,23}
y1 0 17/9 17/9 0 7/3 7/3 7/3 22/12
y2 0 19/9 0 2 7/3 7/3 7/3 25/12
y3 0 0 19/9 2 7/3 7/3 7/3 25/12

Table3.3:Allocationssatisfyingw-weightedbargainingpowerforγ=2

20Suchanallocationruleiscalledw-fairnessinDuttaandMutuswami(1997)[18].
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Hence,thepropertyofequalbargainingpowerforfarsightedplayersisatightcondition

forhavingthecomponentwiseegalitarianallocationrulearisingendogenously.

3.5.3 Moreontheroleofcomponentadditivity

Componentadditivity(ornoexternalitiesacrosscomponents)meansthatthevalueofa

componentofthenetworkdoesnotdependonthestructureofthenetworkoutsidethe

component. Wenowlookatsituationswhereexternalitiesacrosscomponentscanarise

andweprovideanalternativeconditiontotopconvexitysuchthatthesetofefficient

networksremainstheuniquevonNeumann-Morgensternfarsightedlystablesetwithbar-

gaining.Avaluefunctionvislinkmonotonic(Navarro,2013b)ifforanyS∈Π(g)and

anyij∈g|Swehave

(i)v(S,g)>v(S,g−ij)+v(S,g−ij)ifS∈Π(g−ij)withi∈S,S ∈Π(g−ij)

withj∈S,andS∩S =∅;

(ii)v(S,g)>v(S,g−ij)ifS∈Π(g−ij).

Avaluefunctionvsatisfiesstrongcritical-linkmonotonicity(Navarro,2013b)ifvis

linkmonotonicandifforanyg,anyS∈Π(g)andanyij∈g|Ssuchthat#Π(g)=

#Π(g−ij)−1wehavev(S,g)/#S>max{v(S,g−ij)/#S,v(S,g−ij)/#S}where

S∈Π(g−ij)withi∈SandS ∈Π(g−ij)withj∈S. Thelinkijissaidtobe

critical.Thatis,ifitissevered,thenthecomponentthatitwasapartofwillbecome

twocomponents(oroneofthenodeswillbecomedisconnected). Strongcritical-link

monotonicityimposesthatifweaddalinktothenetworksuchthattwocomponents

becomeconnectedthentheper-capitavalueofthenewcomponentisgreaterthanthe

per-capitavalueofanyofthetwocomponentbeforeaddingthelink.

Proposition29Consideranyvaluefunctionthatsatisfiesanonymityandstrongcritical-

linkmonotonicity.Supposethatyiscomponentefficientandanonymous.Theset{gN}is

theuniquevonNeumann-Morgensternfarsightedlystablesetwithbargainingifandonly

ifyisthecomponentwiseegalitarianallocationrule.
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Proof.Straightforwardfromthedefinitionofstrongcritical-linkmonotonicity.Ifyisthe

componentwiseegalitarianallocationrule,thenaddinganylinktoanynetworkincreases

thepayoffsoftheplayerswithintheconsideratedcomponent.

Thus,ifthevaluefunctionsatisfiesanonymityandstrongcritical-linkmonotonicity

andtheallocationrulesatisfiescomponentefficientandanonymous,thenthestrongly

efficientnetworkislikelytoemergeinthelongruntogetherwiththecomponentwise

egalitarianallocationrulewhenplayersarefarsighted.Inaddition,Navarro(2013)[44]

hasshownthatthereexistsaforward-lookingnetworkformationprocessconsistingof

anallocationruleandatransitionprobabilitymatrixsuchthattheallocationruleis

componentefficientandthecompletenetworkistheonlyabsorbingstateofthetransition

probabilitymatrixforanystrictlypositivecommondiscountfactor.

3.6 Conclusions

Wehavestudiedthestabilityofsocialandeconomicnetworkswhenfarsightedplayers

simultaneouslyformlinksandbargainoverallocations.Inparticular,wehaveshownthat

thesetofstronglyefficientnetworksistheuniquevonNeumann-Morgensternfarsightedly

stablesetwithbargainingiftheallocationruleisanonymousandcomponentefficientand

thevaluefunctionistopconvex.Inaddition,thecomponentwiseegalitarianallocation

ruleemergesendogenously.

3.7 AppendixC

3.7.1 ProofofProposition23.

Takeanypath{i1,i2,...,ik,ik+1,...,il}ingbetweenplayeriandplayerjwithi1=iand

il=j.Applyingtheequalbargainingpowerpropertyforfarsightedplayers,wehavethat

yi1(g,v) =yi1(zi1(g),v)−yi2(zi2(g),v)+yi2(g,v)

= ∆i1i2(zi1(g),zi2(g),v)+yi2(g,v),
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where∆i1i2(zi1(g),zi2(g),v)isthedifferencebetweenplayeri1’sallocationatherbar-

gainingthreatandplayeri2’sallocationathisbargainingthreat. Applyingtheequal

bargainingpowerpropertyforfarsightedplayers,wehavealsothat

yi2(g,v) =yi2(zi2(g),v)−yi3(zi3(g),v)+yi3(g,v)

= ∆i2i3(zi2(g),zi3(g),v)+yi3(g,v).

Hence,

yi1(g,v)=∆i1i2(zi1(g),zi2(g),v)+∆i2i3(zi2(g),zi3(g),v)+yi3(g,v).

Noticethat∆ikik+1(zik(g),zik+1(g),v)=−∆ik+1ik(zik+1(g),zik(g),v).Iteratingthisreason-

ing,weobtain

yi1(g,v) =
k=l−1

k=1

∆ikik+1(zik(g),zik+1(g),v)+yil(g,v)

= yi1(zi1(g),v)−yil(zil(g),v)+yil(g,v).

Hence,

yi(g,v)=yi(zi(g),v)−yj(zj(g),v)+yj(g,v).

Summingupforallj∈S(j=i)suchthatS∈Π(g)andi∈S,wehave

(#S−1)yi(g,v)=(#S−1)yi(zi(g),v)+
j∈S∈Π(g),j=i

(yj(g,v)−yj(zj(g),v)).

Sinceysatisfiesthecomponentefficiencyproperty,i.e. j∈S∈Π(g)yj(g,v)=v(S,g),we

havethat

(#S)yi(g,v)=(#S−1)yi(zi(g),v)+v(S,g)−
j∈S∈Π(g),j=i

yj(zj(g),v).
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Hence,

yi(g,v)=yi(zi(g),v)+
1

#S



v(S,g)−
j∈S∈Π(g)

yj(zj(g),v)



.

3.7.2 ProofofProposition25.

Supposethatyisanonymousandcomponentefficientandvisanonymous,component

additiveandtopconvex. WewillshowthatthereisnovonNeumann-Morgensternfar-

sightedlystablesetwithbargainingG=E(v).

(i)TakeanyGsuchthatG∩E(v)=∅andGisvonNeumann-Morgensternfarsightedly

stablesetwithbargaining.

(ia)SupposethatG={g}.Anonymityofvandyimplyequalsharingofthevalueof

thecompletenetwork.Hence,ifgisthecompletenetwork,thenequalbargainingpower

andconsistencyimplythat,inanyg=g,membersofeachcomponentshareequallythe

valueofeachcomponent.Ifgisnotthecompletenetwork,thenequalbargainingpower

andconsistencyimplythatmembersofeachcomponentofgshareequallythevalueof

thecomponent.Then,topconvexityofthevaluefunctionimpliesthatg/∈F(g)forall

g ∈E(v)(anyg ∈E(v)Paretodominatesallg/∈E(v)). Hence,Gfailstosatisfy

externalstabilityandwehaveacontradiction.

(ib)Supposethat#G>1.InternalstabilityforGimpliesthatplayersobtainthe

sameallocationinanyg∈G.Then,equalbargainingpowerandconsistencyimplythat,

inanyg/∈G,membersofeachcomponentshareequallythevalueofeachcomponent.

Furthermore,topconvexityofthevaluefunctionimpliesthatg/∈F(g)forallg∈E(v)

andg∈G.Hence,Gfailstosatisfyexternalstabilityandwehaveacontradiction.

(ii)TakeGsuchthatG∩E(v)=∅,G=E(v)andGisvonNeumann-Morgenstern

farsightedlystablesetwithbargaining.

(iia)SupposethatG={g}.Noticethatgisastronglyefficientnetwork,g∈E(v).

Anonymityofvandyimplyequalsharingofthevalueofthecompletenetwork.Hence,if

gisthecompletenetwork,thenequalbargainingpowerandconsistencyimplythat,inany
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g=g,membersofeachcomponentshareequallythevalueofeachcomponent.Ifgisnot

thecompletenetwork,thenequalbargainingpowerandconsistencyimplythatmembers

ofeachcomponentofgshareequallythevalueofthecomponent. Aspointedoutby

JacksonandvandenNouweland(2005)[31],topconvexityimpliesthatallcomponents

ofastronglyefficientnetworkmustleadtothesameper-capitavalue(ifsomecomponent

ledtoalowerpercapitavaluethantheaverage,thenanothercomponentwouldhaveto

leadtoahigherpercapitavaluethantheaveragewhichwouldcontradicttopconvexity).

Then,sinceG={g} E(v),thereisg∈E(v),g=g,suchthatg/∈F(g).Hence,G

failstosatisfyexternalstabilityandwehaveacontradiction.

(iib)Supposethat#G>1. First,considerthecaseG E(v).Internalstability

forGimpliesthatplayersobtainthesameallocationinanyg,g∈G,butthisisnot

possiblesincebytopconvexityg∈G∩E(v)Paretodominatesg∈G\E(v). Hence,

Gfailstosatisfyinternalstabilityandwehaveacontradiction.Second,considerthe

caseG E(v).InternalstabilityforGimpliesthatplayersobtainthesameallocation

inanyg∈G,andissatisfiedsincevistopconvex.Then,equalbargainingpowerand

consistencyimplythat,inanyg /∈G,membersofeachcomponentshareequallythe

valueofeachcomponent. Butthereisg/∈Gsuchthatg∈E(v). Topconvexityof

thevaluefunctionimpliesthatthereisnog∈Gsuchthatg∈F(g)foranyg/∈G,

g∈E(v).Hence,Gfailstosatisfyexternalstabilityandwehaveacontradiction.Third,

considerthecaseG E(v)andG E(v).Similarargumentsleadtoacontradiction.

Thus,ifyisanonymousandcomponentefficientandvisanonymous,componentaddi-

tiveandtopconvex,thenE(v)istheuniquevonNeumann-Morgensternfarsightedstable

setwithbargainingandtheendogenouslydeterminedallocationruleisthecomponentwise

egalitarianallocationrule.
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Conclusion

Thisthesisdealswithvariousaspectsofnoncooperativegametheorybutthefieldofthe

studyisattheintersectionofbilateralbargaining,endogenousnetworkformationand

farsightedness.

Withtheideathatafullyspecifiedbargainingprocedurethatimplementstheefficient

outcomecanbefound,thesecondchapterexaminesfewsimplecandidateprocedures.

Thereisstillalottobelearnedabouttheproceduresthatcouldorshouldbeimple-

mentedinthecontextsequentialbargaining.However,evensimplisticbargainingproce-

duresdon’tnecessarymatchtheefficientoutcome,andtherecan’tbeaconsensusonthe

bargainingprotocols.Althoughthisremarkcouldseemnegative,itdoesn’tconcludeto

itsinfeasibilityandamechanismthatkeepstrackoftheorderingofsequentialbilateral

negotiationsthatleadstotheefficientoutcomecanstillbefound.

Thesecondchapterprovidesresultsonthestabilityofnetworksofmanufacturers

andretailersgivenanadjustablelevelofdepthofreasoning.Iemphasizethatarather

limitedprojectionissufficienttoreachthehighestlevelofanticipationandthattheusual

definitionsofoptimalityorefficiencydoesn’tfitwellthelevel-Ksolutionconcept.Itis

obviousthatthelevel-Ksolutionconceptshouldbestudiedindifferentsettingstoshed

newlightonusualresultsregardingeconomictheory. However,alternativedefinitions

ofoptimalityorefficiencythatfitaset-basedsolutionconceptshouldalsobeofgreat

interestforfutureresearch.

Theset-baseddefinitionofthevonNeumann-Morgensternfarsightedlystablesetal-

lowtheemmergenceofanendogenousallocation.Basedonstandardassumptionsonbar-

gainingschemes,thestablesetsandtheallocationrulearesimultaneouslydetermined.
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Althoughfurtherresearchledtotheconclusionthatthesolutionconceptisnotgood

atdealingwithvariousformsofexternalities,thevonNeumann-Morgensternfarsighted

stabilitysolutionconceptremainsofinterestinthecontextsthatfitstheassumptions.
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Title: BilateralBargainingandFarsightednessinNetworks:
EssaysinEconomicTheory

Abstract
Thethesisconsistsinfouressaysthatdealwithbargainingandnetworksinnoncooperativegametheory.

Thefirstchapterintroduceriverbargaininggamesinthecontextofexternalities. Theseawallbargaining
gamedealswithanoncooperativeapproachofaninvestmentgameinacontextofpositiveexternalities.
Themainresultshowsthatthepositioningoftheagentsimpactstheirincentivestositatthebargaining
table,leadingtoachickengame.Anintermediaryplayershouldleadthenegotiationstoimprovethesocietal
welfare.IntheRiverbargainingproblem,anoncooperativebargainingonaflowingresourceinthepresence
ofnegativeexternalities.Resultsshowthatdependingontheinstigatorofthebargainingsequencesbutthere
areanalogiesbetweensolutionsundertheATSandtheUTIprinciples.Thesecondchapterdealswiththe
formationofnetworksofmanufacturersandretailersinthepresenceofnegativeexternalitieswhenplayers
arelevel-Kfarsighted.Theresultsshowthat,(i)arelativelylowleveloffarsightednessissufficienttoreach
theinfiniteleveloffarsightedness;(ii)usualdefinitionsofoptimalityorefficiencyfindlimitationswhenit
comestobeconfrontedtoaset-baseddefinitionofstability.(iii)Ifthereistransitivecorrespondencebetween
thepairwisefarsightedstablesetandthelevel-∞ farsightedstableset,thenthissetislikelytobestrongly
efficient.InAllocatingvalueamongfarsightedplayersinnetworkformation,weproposestheconceptofa
vonNeumann-Morgensternfarsightedstablesetwithbargaining. Underthissolutionconcept,thestable
networkssoasthecomponentwiseegalitarianallocationruleemergeendogenously. Thischapterprovides
necessaryconditionsunderwhichavonNeumann-Morgensternfarsightedstablesetwithbargainingsustains
thestronglyefficientnetworks.
Keywords:Bargaining,Networks,Farsightedness

Titre: Ńegociationsbilat́eralesetClairvoyancedansles Ŕeseaux:
EssaisenTh́eorieEconomique.

Ŕesuḿe
Cetteth̀eseconsisteenquatreessaisquitraitentdeńegociationetdeŕeseauxenth́eoriedesjeuxnon

cooṕerative.Lepremierchapitrepŕesentedesjeuxdeńegociationsdansuncontexted’externalit́es.Lejeu
deńegociationsurladiguetraited’uneapprochenoncooṕeratived’unjeud’investissementdansuncon-
texted’externalit́espositives. Lesincitationsàprendrepartauxńegociationssesynth́etisentenun”jeu
delapoulemouilĺee”.Lesresultatsmontrentqu’ilestsocialementplusefficacequ’unjoueurinterḿediaire
m̀enelesńegociations.Leprobl̀emedeńegociationsurlarivìereestunjeudeńegociationnoncooṕeratif
surl’utilisationdelaressourcefluvialeenpŕesenced’externalit́esńegatives.Ilexistedesanalogiesentreles
solutionsobtenuesdanslescasdel’ATSetdel”UTI.Ledeuxìemechapitretraitedelaformationdeŕeseaux
deproducteursetded́etaillantsenpŕesenced’externalit́esńegativeslorsquelesjoueurssontclairvoyants
dedegŕe-K.Lesŕesultatsmontrentque(i)undegŕedeclairvoyancerelativementfaibleestsuffisantpour
atteindrelaclairvoyanceabsolueouinfinie;(ii)lesd́efinitionshabituellesdel’optimumoudel’efficiencene
conviennentpasparfaitement̀aunconceptdestabilit́eensembliste.(iii)S’ilexisteunecorrespondancetran-
sitiveentrelastabilit́eclairvoyanteparpairesetlastabilit́eclairvoyantededegŕeinfini,alorsl’ensemblestable
peut̂etreefficient. DansAttributiondelavaleurentrejoueursclairvoyantsdansleprocessusdeformation
deŕeseau.Ils’agitd’unchapitreth́eoriquequiproposeleconceptdestabilit́evonNeumann-Morgenstern
avecńegociation. Dansceconceptdesolution,lesensemblesdeŕeseauxstables,ainsiqu’uneŕepartition
égalitaireauseindescomposantsduŕeseausontd́etermińesconjointement,etdemanìereendog̀ene. Ce
dernierchapitremeteńevidencelesconditionsńecessairespourquelesŕeseauxvonNeumann-Morgenstern
avecńegociationsoientefficients.
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