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Introdu
tionCette introdu
tion est 
omposée de deux parties.La première partie traite d'illumination dans les billards polygonaux et surfa
es de trans-lation, et s'atta
he plus parti
ulièrement à l'étude des surfa
es jouissant de la propriétéde blo
age �ni.La se
onde partie s'intéresse à l'étude de 
ertains systèmes dynamiques symboliquestopologiques de faible 
omplexité, et s'atta
he d'une part aux relations qu'il peut y avoirentre les propriétés 
ombinatoires du langage asso
ié au système et le nombre de sesmesures ergodiques invariantes, et d'autre part à l'étude des sous-shifts quasipériodiquesmultié
helle.Ces deux parties sont largement indépendantes, bien que leurs 
ontextes respe
tifs nesoient pas si éloignés : l'appli
ation de premier retour du �ot dire
tionnel d'une surfa
e detranslation sur un segment transverse à la dire
tion du �ot est un é
hange d'intervalles. Le
odage naturel asso
ié à un é
hange d'intervalles donne un sous-shift de faible 
omplexitéet 
e sont exa
tement 
es systèmes symboliques qui sont à l'honneur dans la se
ondepartie.0.1 Illumination et propriété de blo
age �ni dans lesbillards et surfa
es de translation0.1.1 Des billards rationnels aux surfa
es de translationConsidérons une table de billard polygonale P dans laquelle un point se dépla
e à vitesse
onstante et telle que, lorsque le point ren
ontre le bord de la table, l'angle d'in
iden
esoit égal à l'angle de ré�exion.
Il est 
ommode de renverser les points de vue par une méthode de dépliage : lorsque laboule de billard ren
ontre un bord de P, on re�ète la table de billard au lieu de fairerebondir la boule. 5



Lorsque les angles formés par les 
ouples d'arêtes du polygone P sont des multiples ra-tionnels de 2π, le nombre de 
opies obtenues à translation près est �ni (on dit alors que
P est un polygone rationnel). On peut dans 
e 
as 
onsidérer que la boule évolue sans
hanger de dire
tion sur un ensemble �ni de 
opies isométriques de P, 
ollées le long deleurs arêtes. Ce nouvel espa
e où évolue la boule est une surfa
e S 
ompa
te sans bordpavée par des 
opies de P, et la traje
toire en ligne brisée de la boule de billard dans P
orrespond à une ligne droite dans S.Prenons 
omme exemple de table de billard un triangle re
tangle dont un angle est égalà π/5. Le dessin suivant explique la 
onstru
tion de la surfa
e asso
iée : on re�ète letriangle jusqu'à obtenir toutes les 
opies possibles à translation près et on identi�e les
�tés qui doivent l'être par translation.

On obtient un double pentagone dont les 
�tés parallèles sont identi�és deux à deux partranslation. On remarque que tous les sommets du double pentagone obtenu sont iden-ti�és et que l'angle 
onique autour de 
ette unique singularité est égal à 6π. Partoutailleurs, que 
e soit à l'intérieur des 
opies de P où au niveau des arêtes, la surfa
e estlo
alement isométrique à un ouvert de R2, et on peut de plus assurer que 
es isométriestransportent les notions de sens et de dire
tion de façon 
ohérente sur S (on peut parexemple dé�nir une dire
tion horizontale sur S). Toute la 
ourbure est 
on
entrée auniveau de la singularité et le théorème de Gauss-Bonnet nous dit que la surfa
e obtenueest une surfa
e de genre 2.Un autre exemple fondamental est 
elui du billard 
arré :6



La surfa
e obtenue est un tore plat et la singularité qui provient des 
oins du 
arré n'enest pas vraiment une puisque l'angle 
onique autour d'elle vaut 2π.On dé�nit une surfa
e de translation 
omme étant un triplet (S,Σ, ω) où S est une sur-fa
e 
ompa
te 
onnexe, Σ est une partie �nie de S (l'ensemble des singularités), et ω estun atlas qui re
ouvre S \ Σ et dont les 
hangements de 
artes sont des translations. Ons'assure que le ra

ord au niveau des singularités est 
onvenable en demandant de plusque S soit le 
omplété de S \ Σ pour la métrique plate héritée de R2 via ω.Ainsi, l'étude des traje
toires d'une boule de billard dans un polygone rationnel se ramèneà l'étude du �ot géodésique sur une surfa
e de translation (les singularités stoppentquelques géodésiques, néanmoins 
e �ot est dé�ni presque partout). Bien sûr, il existedes surfa
es de translation qui ne peuvent pas être obtenues à partir d'une table debillard, le fait d'être pavable par un polygone de la façon dé
rite pré
édemment imposeune 
ertaine symétrie.0.1.2 IlluminationLe �ot géodésique sur une surfa
e de translation S a pour espa
e des phases le �bréunitaire tangent US (l'ensemble des ve
teurs vitesse de norme 1). Le fait que les 
hange-ments de 
artes soient des translations permet de dé�nir sens et dire
tion de façon globale :l'espa
e des phases se dé
ompose don
 globalement en US = S × S1.Ainsi, l'étude du �ot géodésique peut se faire à travers deux points de vue selon que l'on�xe la première où la se
onde variable :Dynamique On �xe une dire
tion parti
ulière θ ∈ S1.Ce 
hoix mène à l'étude du �ot dire
tionnel φθ : S × R → S. C'est 
e pointde vue qui est habituellement et largement étudié : on s'intéresse aux propriétésdynamiques du �ot selon le 
hoix de θ ou pour des θ génériques (unique ergodi
ité,minimalité, périodi
ité, mélange,...).Illumination On �xe un point de départ x ∈ S.Ce 
hoix mène à l'étude du �ot exponentiel expx : S1×R → S. C'est 
e point de vueque nous allons étudier i
i. Nous nous intéressons à la façon dont les géodésiquespartant de x atteignent les points de S.
7



PSfrag repla
ements�ot dire
tionnel �ot exponentiel0.1.3 Propriété de blo
age �ni, pure périodi
ité et revêtementsrami�és du toreOn dit que S a la propriété de blo
age �ni si pour tout 
ouple de points (O,A) dans
S il existe un nombre �ni de points B1, . . . , Bn (di�érents de O et A) tels que toutegéodésique allant de O à A passe par l'un des Bi (noter qu'il peut exister un nombrein�ni de géodésiques allant de O à A).Regardons 
e qui se passe lorsque S est le tore R2/Z2. Soient O et A deux points de S.Il existe une in�nité de géodésiques allant de O à A et pourtant il est possible de bloquertoutes 
es géodésiques ave
 quatre points de S seulement. En e�et, si on représente S
omme le 
arré [0, 1] × [0, 1] dont on a identi�é les bords parallèles par translation, oné
rit en 
oordonnées O = (x, y) et A = (x′, y′). Soit γ une géodésique allant de O à A etne ren
ontrant pas {O,A} en son intérieur. Elle peut être relevée dans R2 en un segmentallant de O = (x, y) à A′ = (x′ + k, y′ + l) où (k, l) ∈ Z2.

PSfrag repla
ements

x x′x′′

y
y′

y′′

x′ + k

y′ + l

(x+ x′ + k)/2

O
A

M

A′

M ′

L'idée est de 
hoisir le milieu du segment [O,A′] 
omme point bloquant. Ce point M ′ seprojette sur un point M de S de 
oordonnées
(x′′, y′′) = ((x+ x′ + k)/2, (y + y′ + l)/2) mod Z2Don
 M = ((x + x′)/2, (y + y′)/2) + τ mod Z2 où τ ∈ {0, 1/2}2 dépend de la parité de

k et l. Il y a don
 quatre 
oordonnées possibles pour les milieux des géodésiques de O à A.Ce résultat semble apparaître pour la première fois dans un problème posé par DmitrijFomin lors des olympiades mathématiques de Leningrad en 1989. La même démonstrationmar
he en
ore pour un tore plat R2/Λ quel
onque. Appelons revêtement rami�é uneappli
ation π : S → S ′ entre deux surfa
es de translation qui est un revêtement rami�é8



topologique, et qui préserve la stru
ture de translation. La propriété de blo
age �ni estpréservée par revêtement rami�é puisque nous pouvons projeter/relever géodésiques etpoints bloquants via π. Nous obtenons don
 le résultat suivant :Un revêtement rami�é d'un tore plat a la propriété de blo
age �ni.Dans l'espoir de généraliser 
e résultat, étudions-en la démonstration : nous avonsreprésenté la surfa
e 
omme un polygone de R2 (un patron) dont les 
�tés parallèlessont identi�és deux à deux par translation. Nous avons ainsi pu �déplier� une géodésiquequi joint deux points de S en un segment du plan. On a �ramené� le milieu de tels seg-ments dans S au moyen de 
e qu'on pourrait appeler le groupe des dépliages du patronet l'ensemble obtenu a été notre 
on�guration bloquante.La 
onstru
tion des re
tangles zippés due à William Vee
h assure que toute surfa
e detranslation admet un patron. Par 
ontre, le fait que l'orbite d'un milieuM ′ sous l'a
tiondu groupe des dépliages ren
ontre le patron en un nombre �ni de points n'est assuré quelorsque le groupe des dépliages est dis
ret. Que se passe-t-il dans le 
as 
ontraire?La façon la plus simple d'obtenir un sous-groupe non dis
ret de R2 est d'y mettre deuxve
teurs 
olinéaires et rationnellement indépendants. Considérons une surfa
e S qui
ontient deux 
ylindres adja
ents dans la même dire
tion (par exemple l'horizontale) etdont les périmètres α et β ne sont pas 
ommensurables. Un patron de S ressemblelo
alement à :
PSfrag repla
ements

α

β

h

h

Le groupe des dépliages asso
ié 
ontient don
 une 
opie de αZ + βZ et n'est pas dis
ret.Dans 
ette situation, la surfa
e S n'a pas la propriété de blo
age �ni. L'idée de la preuveest la suivante : on 
hoisit 
onvenablement un point dans 
haque 
ylindre et on 
rée desgéodésiques entre 
es deux points de plus en plus enroulées a�n de mesurer de plus enplus pré
isément le rapport irrationnel qui existe entre α et β. Si la surfa
e a la propriétéde blo
age �ni, il existe un point par lequel passe une in�nité de telles géodésiques : leséquations de toutes 
es droites sont don
 liées de sorte que le rapport entre le nombrede tours dans le 
ylindre du bas et le nombre de tours dans le 
ylindre du haut est unrationnel �xé, mais 
e rapport doit tendre vers α/β.Moralement, nous avons appro
hé le feuilletage asso
ié au �ot dire
tionnel φθ=0 par unesuite de géodésiques de plus en plus horizontales.Nous avons don
 un 
ritère lo
al assurant qu'une surfa
e n'a pas la propriété de blo
age�ni, en
ore faut-il qu'il s'applique dans des situations intéressantes. Un théorème d'Howard9



Masur nous dit que pour toute surfa
e de translation, il existe un ensemble dense de di-re
tions telles que le �ot dire
tionnel asso
ié 
omporte une orbite périodique. Une telle
ourbe fermée peut être épaissie en un 
ylindre. Cela n'est pas su�sant puisque nousdésirons avoir deux 
ylindres adja
ents dans une même dire
tion. Kariane Calta a intro-duit la notion de surfa
e 
omplètement périodique : 
e sont les surfa
es de translation Stelles que pour toute dire
tion θ telle que φθ admet une orbite périodique, S se dé
omposeen 
ylindres dans la dire
tion θ.Nous avons démontré qu'une surfa
e jouissant de la propriété de blo
age �ni est 
om-plètement périodique. La démonstration de 
e résultat est assez longue et on ne peut endonner i
i qu'un léger parfum : s'il existe une dire
tion qui 
ontient un 
ylindre adja
entà une 
omposante non périodique, nous pouvons étaler 
ette dernière de façon à obtenirdes re
tangles de plus en plus �ns et longs dans la dire
tion du 
ylindre. Grâ
e à 
ette
onstru
tion, nous 
onstruisons des fais
eaux de géodésiques entre deux points �xés (l'undans l'interse
tion des re
tangles, l'autre dans le 
ylindre). Cette fois-
i, un point peutbloquer une in�nité de géodésiques, mais la densité des géodésiques d'un fais
eau qui sontbloquées tend vers zéro.Là en
ore, nous avons appro
hé le feuilletage asso
ié au �ot dire
tionnel dans la dire
tiondu 
ylindre par les fais
eaux de géodésiques.A�n de 
ombiner 
e résultat et le 
ritère lo
al pré
édent, nous dé�nissons une surfa
epurement périodique 
omme étant une surfa
e de translation telle que pour toute dire
tion
θ telle que φθ admet une orbite périodique, S se dé
ompose dans la dire
tion θ en 
ylindresdont les périmètres sont 
ommensurables. Nous obtenons don
 le résultat suivant :Une surfa
e qui a la propriété de blo
age �ni est purement périodique.Notons qu'une surfa
e est purement périodique si et seulement si pour tout angle θ, φθadmet une orbite périodique implique qu'il existe T > 0 tel que φTθ = IdS presque partout.Ces deux résultats mettent en rapport géométrie, illumination et dynamique. Nousvoulons montrer que les surfa
es purement périodiques sont des revêtements rami�ésde tores plats, nous aurons ainsi une équivalen
e entre les trois notions, revêtement ra-mi�é du tore, propriété de blo
age �ni, et pure périodi
ité.Il existe une 
ara
térisation des revêtements rami�és des tores plats au moyen de l'holonomie.Si γ : [0, 1] → S est une 
ourbe 
ontinue, elle peut être relevée grâ
e aux 
artes lo
alesen une 
ourbe plane γ dé�nie à translation près, de sorte que le ve
teur d'holonomie
hol(γ) = γ(1) − γ(0) est bien dé�ni. Si on se restreint aux 
ourbes fermées, l'holonomieest 
onstante sur les 
lasses d'homologie et peut être étendue en un morphisme du grouped'homologie H1(S,Z) dans R2. Le groupe des dépliages d'un patron asso
ié à une surfa
ede translation S n'est autre que hol(H1(S,Z)), 
'est don
 un objet intrinsèque. Une sur-fa
e de translation est un revêtement rami�é d'un tore si et seulement si hol(H1(S,Z))est dis
ret, il su�t don
 de montrer 
e fait pour toute surfa
e purement périodique.Nous avons montré que, si P (S) désigne le sous-groupe de H1(S,Z) engendré par les or-bites périodiques du �ot géodésique d'une surfa
e purement périodique S, alors hol(P (S))10



est dis
ret. L'idée de la preuve est la suivante : Ri
hard Kenyon et John Smillie ont intro-duit l'invariant J pour les surfa
es de translation. C'est un invariant algébrique à valeursdans le produit alterné R2 ∧Q R2 qui se 
al
ule à partir d'une dé
omposition 
ellulairede la surfa
e par des polygones. Si une surfa
e est purement périodique, son invariant
J se 
al
ule fa
ilement à partir de dé
ompositions en 
ylindres dans deux dire
tions dif-férentes. Le fait que l'invariant J ne dépende pas du 
hoix des deux dire
tions nouspermet de montrer que trois ve
teurs quel
onques dans hol(P (S)) sont rationnellementliés. Puis, 
omme hol(P (S)) est un groupe abélien de type �ni, il est isomorphe à Z2,don
 dis
ret puisqu'il n'est in
lus dans au
une droite de R2.Nous obtenons don
 le résultat suivant :Lorsque les orbites périodiques du �ot géodésique d'une surfa
e S engendrent sonhomologie, S est un revêtement rami�é d'un tore si et seulement si S a la propriété deblo
age �ni si et seulement si S est purement périodique.Nous avons don
 une équivalen
e soumise à 
ondition. La question naturelle à laquellenous n'avons pas pu répondre est de savoir si toute surfa
e de translation voit son ho-mologie engendrée par les orbites périodiques de son �ot géodésique. Néanmoins, nousavons pu obtenir l'équivalen
e pré
édente dans 
ertains 
as 
on
rets.Surfa
es 
onvexes Dans son étude des surfa
es hyperelliptiques, William Vee
h a in-troduit les surfa
es 
onvexes, 
e sont les surfa
es de translation qui admettent unpatron 
onvexe. Nous avons montré par des moyens de géométrie élémentaire queles orbites périodiques du �ot géodésique sur une surfa
e 
onvexe engendrent sonhomologie. Ainsi l'équivalen
e a lieu pour de telles surfa
es.Point de vue global L'ensemble des surfa
es de translation (ou espa
e des modules) sedé
ompose en strates : si 1 ≤ k1 ≤ k2 ≤ · · · ≤ kn est une suite d'entiers stri
tementpositifs dont la somme est paire, notons H(k1, k2, . . . , kn) l'ensemble des surfa
esde translation qui ont n singularités d'angles 
oniques respe
tifs 2(ki + 1)π (onnéglige don
 les singularités d'angle 
onique 2π). Une surfa
e de translation dans

H(k1, k2, . . . , kn) a un genre g = 1 + (k1 + k2 + · · ·+ kn)/2.Le groupe SL(2,R) agit sur 
haque strate de la façon suivante : si (S,Σ, ω) est unesurfa
e de translation et A un élément de SL(2,R), A.S est la surfa
e dé�nie dansles 
artes par (S,Σ, (Ui, A ◦ φi)i∈I).On peut dé�nir expli
itement une stru
ture de variété topologique sur 
haque strate,de sorte que, si on se donne un patron d'une surfa
e, un voisinage de 
elle-
i estdonné par les surfa
es obtenues en perturbant légèrement la longueur et l'orientationdes arêtes du patron.On peut aussi dé�nir une mesure SL(2,R)-invariante sur 
haque strateH(k1, k2, . . . , kn),
elle-
i est in�nie. Si on projette 
ette mesure sur l'hypersurfa
e H1(k1, k2, . . . , kn)des surfa
es d'aire 1, Howard Masur et William Vee
h ont montré que 
ette nou-velle mesure est �nie et que l'a
tion de SL(2,R) est ergodique sur les 
omposantes
onnexes de 
haque strate normalisée (
haque strate 
omporte au plus trois 
om-posantes 
onnexes). 11



Une 
onstru
tion, due à Maxim Kontsevi
h et Anton Zori
h, d'un ensemble densedans 
haque strate de surfa
es à un 
ylindre nous assure que 
haque 
omposante
onnexe de 
haque strate 
ontient au moins une surfa
e 
onvexe. Comme le faitd'être une surfa
e de translation dont l'homologie est engendrée par les orbitespériodiques du �ot géodésique est une 
ondition ouverte et invariante sous l'a
tionde SL(2,R), on en déduit que les trois notions étudiées 
oïn
ident sur un ouvertdense de mesure pleine dans 
haque strate normalisée.Surfa
es de Vee
h Parmi les surfa
es de translation, les plus symétriques sont les sur-fa
es de Vee
h i.e. les surfa
es S dont le quotient SL(2,R)/Stab(S) est de volume�ni. Le stabilisateur d'une telle surfa
e S sous l'a
tion de SL(2,R) est si gros qu'il
ontient né
essairement deux éléments paraboliques (i.e. de tra
e 2) qui ne 
om-mutent pas. Les surfa
es qui admettent un tel 
ouple d'éléments paraboliques sontparfois appelées surfa
es bouillabaisses en allusion à un exposé de John Hubbardsur les travaux de William Thurston à 
e sujet lors d'une 
onféren
e au CIRM. Unélément parabolique est de la forme
Mθ,t =

(

cos θ − sin θ
sin θ cos θ

)(

1 t
0 1

)(

cos θ − sin θ
sin θ cos θ

)−1et le fait que Mθ,t.S = S impose à la surfa
e d'être dé
omposée en 
ylindres dans ladire
tion θ et les rapports entre le périmètre et la hauteur de 
es 
ylindres sont 
om-mensurables à t. La 
ommensurabilité des périmètres des 
ylindres d'une surfa
epurement périodique se transmet alors à leurs hauteurs (dans deux dire
tions), etun dé
oupage de la surfa
e en petits parallélogrammes nous permet de dire que lessurfa
es bouillabaisses (et en parti
ulier les surfa
es de Vee
h) purement périodiquessont des revêtements rami�és de tores plats.Eugene Gutkin a montré indépendamment l'équivalen
e entre la propriété de blo
age�ni et le fait d'être un revêtement rami�é d'un tore plat pour les surfa
es de Vee
h.Genre 2 Les travaux de Kariane Calta et de Curtis M
Mullen 
on
ernant les surfa
esde genre deux, plus parti
ulièrement les équations liant les divers paramètres as-so
iés aux surfa
es 
omplètement périodiques, nous ont permis de montrer quel'équivalen
e a lieu pour les surfa
es de genre deux.0.1.4 Surfa
es 
on
rètesComme nous l'avons vu pré
édemment, il est relativement aisé d'obtenir des résultatspour presque toute surfa
e de translation. Certains résultats ne sont pas vrais partout etil n'est généralement pas fa
ile de 
onstruire des 
ontre-exemples. Il est aussi di�
ile de
onstruire une surfa
e ayant tel ou tel 
omportement générique.Nous avons par exemple, en utilisant la propriété de blo
age �ni pour les revêtementsrami�és du tore, 
onstruit une surfa
e telle qu'il n'existe pas de géodésique joignant unesingularité à elle-même. Nous avons aussi 
onstruit une surfa
e dont l'invariant J est
elui d'une surfa
e purement périodique mais qui n'est pas purement périodique (
ela12



montre que l'invariant J ne permet pas de distinguer les surfa
es purement périodiques).Il existe aussi un 
ertain nombre de surfa
es 
on
rètes dans la littérature ou le folklore.Citons par exemple les polygones réguliers 
onstruits par William Vee
h (premiers ex-emples non arithmétiques de surfa
es de Vee
h), les surfa
es de Vee
h qui ont un patronen forme de L 
onstruites par Curtis M
Mullen, les surfa
es dont le groupe de Vee
h
ontient un élément hyperbolique mais pas d'élément parabolique 
onstruites par PierreArnoux et Jean-Christophe Yo

oz, la surfa
e de translation dont le groupe de Vee
h est
SL(2,Z) mais qui n'est pas un tore 
onstruite par Frank Herrli
h et Gabriela S
hmithue-sen, les surfa
es dont le groupe de Vee
h est in�niment engendré 
onstruites par Pas
alHubert et Thomas S
hmidt, le triangle obtus dont la surfa
e asso
iée est de Vee
h mis enéviden
e grâ
e au logi
iel M
Billiards, les billards à mur dont la dimension de Hausfor�des dire
tions non-uniquement ergodiques est égale à 1/2 (maximum possible) 
onstruitspar Yitwah Cheung...Nous pensons qu'il est intéressant d'inventorier de telles surfa
es, 
ar une surfa
e 
on-struite pour un usage pré
is est souvent réutilisée à d'autres �ns. Vue l'étendue des do-maines auxquels est 
onne
tée la théorie des surfa
es de translation (théorie ergodique,géométrie algébrique, 
ombinatoire, théorie des nombres, analyse 
omplexe), 
ette tâ
hene peut qu'être réalisée en 
ollaboration. Nous tentons de mettre en pla
e un outil pour yparvenir. Te
hniquement, il s'agit d'un wiki i.e. un site web sur lequel tout le monde peut
réer ou modi�er une page existante à partir d'un simple navigateur. Au delà de l'aspe
ten
y
lopédique, 
e fon
tionnement permettrait aux personnes d'interagir, d'ajouter unesurfa
e, de signaler une nouvelle propriété possédée par une surfa
e existante, de pro-poser une propriété sans posséder d'exemple la véri�ant, d'ajouter simplement un 
om-mentaire, une image, une nouvelle preuve. Le site, en
ore très jeune, se trouve à l'adressehttp://o
arina.ath.
x/∼titi/twiki/bin/view/WildSurfa
es/WebHome0.1.5 Ouverture : regard dynamique sur l'illuminationIl n'existe que peu de travaux relatifs à l'illumination dans les surfa
es de translation,et la variable �temps� dans le �ot exponentiel n'a jamais vraiment été prise en 
ompte.L'étude de la propriété de blo
age �ni s'o

upe de savoir si on peut joindre deux pointsd'une 
ertaine façon. Georges Tokarsky s'est demandé si tous les 
ouples de points dansun billard rationnel étaient joints par une géodésique, mais la longueur de 
elle-
i n'estpas 
onsidérée. Ce sont des points de vue qu'on pourrait quali�er de statiques.Nous souhaitons a�ner notre étude dans une dire
tion plus quantitative, en reportant parexemple le modèle dynamique dans 
e 
ontexte de l'illumination. On peut se demanderà quoi ressemble le �
er
le� Ct(x) = {expx(θ, t) | θ ∈ S1} lorsque t tend vers l'in�ni. Nouspouvons imaginer l'évolution de Ct(x) au 
ours du temps 
omme la propagation sur lasurfa
e d'une �onde de 
ho
� qui part du point x. Un analogue de la minimalité seraitque pour tout ε > 0, 
ette onde devienne ε-dense pour des t su�samment grands (unepartie de S est dite ε-dense si la distan
e de tout point de S à la partie est inférieureà ε). On peut aussi se demander si, asymptotiquement, 
ette onde de 
ho
 se répartituniformément sur la surfa
e. 13



A titre d'illustration, montrons que le �ot exponentiel sur S = R2/Z2 est minimal. Soit
x un point quel
onque de S (
ela importe peu puisque S est homogène), et soit ε unréel stri
tement positif. Choisissons une dire
tion θ de pente irrationnelle. La dire
tion
θ′ = θ + π/2 a elle aussi une pente irrationnelle don
 le �ot φθ′ dans 
ette dire
tion estuniquement ergodique. Il existe don
 L > 0 tel que toute géodésique de dire
tion θ′ et delongueur L soit ε/2-dense dans S. La 
ourbure d'un 
er
le de R2 de rayon T tend vers
0 lorsque T tend vers l'in�ni. Il existe don
 T tel que pour tout t ≥ T , tout segment delongueur L tangent à un 
er
le de rayon t est ε/2-pro
he de 
e 
er
le.

PSfrag repla
ements
θ

x

L

ε/2

t

En projetant sur R2/Z2, nous en déduisons que pour de tout t ≥ T , Ct(x) est ε-densedans S, puisque φθ′(expx(θ, t), [−L/2, L/2]) est à la fois ε/2-dense dans S et ε/2-pro
hede Ct(x).Ce raisonnement ne peut pas s'appliquer aux surfa
es de genre supérieur 
ar le 
er
le
Ct(x) va être dé
oupé en ar
s de 
er
les lorsqu'il ren
ontrera des singularités. Il est don
né
essaire de trouver d'autres appro
hes.

14



0.2 Dynamique symbolique (topologique)Si A est un ensemble �ni (appelé alphabet), 
onsidérons l'appli
ation de dé
alage :
S =

(

AN −→ AN

x = (x0, x1, . . . , xn, . . . ) 7−→ (x1, x2, . . . , xn+1, . . . )

)Nous nous intéressons aux systèmes dynamiques (X,S) où X est une partie de AN quiest fermée, non vide et stable par S. De tels systèmes sont appelés sous-shifts.Ces systèmes symboliques apparaissent 
omme des 
odages de systèmes géométriquesd'entropie �nie : si (Y, T ) est un système dynamique etA est une partition �nie de Y , nouspouvons suivre les atomes de la partition ren
ontrés par une orbite, et 
réer ainsi un motin�ni sur l'alphabet A. Cette pro
édure établit, lorsque la partition est 
onvenablement
hoisie, un di
tionnaire entre Y et un sous-ensemble de AN, et l'appli
ation T 
orrespond,à travers 
e di
tionnaire, au dé
alage sur les mots in�nis.Con
ernant les systèmes dynamiques mesurés, nous pouvons toujours établir un isomor-phisme entre un système ergodique et un sous-shift. En revan
he, 
ertaines obstru
tionsapparaissent dans le 
as des systèmes dynamiques topologiques, puisqu'un sous-shift estune appli
ation expansive sur un espa
e totalement dis
ontinu. Néanmoins, il est sou-vent possible d'établir une semi-
onjugaison topologique ave
 un sous-shift pour 
ertainssystèmes géométriques, 
'est par exemple le 
as lorsque l'appli
ation T est un é
hanged'intervalles ou un homéomorphisme pseudo-Anosov d'une surfa
e 
ompa
te. Cela estgénéralement su�sant pour préserver la plupart des propriétés dynamiques du système,
omme le mélange, l'entropie ou l'unique ergodi
ité.Les systèmes symboliques permettent aussi de donner un 
adre théorique pré
is pourl'étude de la transmission et de la 
ompression de données numériques (théorie de l'in-formation). Ils ont aussi un intérêt propre puisqu'ils 
onstituent une sour
e importanted'exemples et de 
ontre-exemples.Nous 
onsidérons i
i des sous-shifts en tant que systèmes dynamiques topologiques etnous supposons qu'ils sont minimaux dans 
ette 
atégorie. Cette hypothèse de minimal-ité est équivalente au fait que toutes les orbites du système (X,S) sont denses dans X.Nous ne pouvons pas e�e
tivement manipuler les éléments de X qui sont des mots in�nis,nous allons don
 appréhender 
e système grâ
e au langage qui lui est asso
ié, 
'est à direl'ensemble L(X) des mots �nis qui apparaissent 
omme sous-mots des mots de X. Lessous-shifts minimaux sont entièrement déterminés par leur langage.Une première information 
ombinatoire que nous pouvons tirer de 
e langage est sa fon
-tion de 
omplexité, qui à tout entier n asso
ie le nombre de mots de longueur n de L(X) :
pn(X) = 
ard(Ln(X)) où Ln(X) = L(X) ∩ An.Par ailleurs, le langage asso
ié à un sous-shift est fa
toriel, 
'est à dire qu'il est stable parpassage aux sous-mots. Ainsi, un mot de longueur n + 1 dans L(X) est naturellementratta
hé à deux mots de longueur n dans L(X) : son pré�xe et son su�xe. Une façon dereprésenter 
ette stru
ture fa
torielle est l'emploi des graphes de Rauzy : pour tout entier
n, on fabrique un graphe Gn(X) dont les sommets sont les éléments de Ln(X) et il y a unearête orientée d'un mot u à un mot v (tous deux dans Ln(X)) s'il existe un mot w dans15



Ln+1(X) qui 
ommen
e par u et �nit par v. Ces graphes ont été dé�nis formellement parGérard Rauzy mais ils transparaissent aussi dans les travaux de Mi
hael Boshernitzanrelatifs aux é
hanges d'intervalles qui datent à peu près de la même période.0.2.1 Mesures invariantesNous pouvons appré
ier la diversité des 
omportements des orbites d'un système (X,S) àtravers l'ensemble M(X,S) des mesures de probabilité qui sont invariantes par S. Grâ
eau théorème de représentation de Riesz, 
et ensemble peut être vu 
omme une partie
onvexe 
ompa
te non vide du dual topologique de C0(X,R) muni de la topologie faible-étoile.Une mesure invariante µ ∈ M(X,S) est dite ergodique si les boréliens B de X tels que
S−1(B) = B ont mesure 0 ou 1. Une telle mesure satisfait le théorème de Birkho� :

∀f ∈ L1(X,R)
1

n

n−1
∑

k=0

f ◦ Sk µ−p.p.−−−→
n→∞

∫

X

fdµL'ensemble E(X,S) des mesures ergodiques invariantes est l'ensemble des points extré-maux deM(X,S), de sorte que toute mesure invariante peut s'é
rire 
omme une moyennede mesures ergodiques. Les mesures ergodiques sont mutuellement singulières. Le 
ardi-nal de E(X,S) (qui peut être in�ni) représente don
 le nombre de 
omportements typiquesdes orbites de (X,S).Un 
as extrême se produit lorsqu'il n'y a qu'une mesure invariante (le système est dituniquement ergodique) : il y a 
onvergen
e uniforme dans le théorème de Birkho� pourles fon
tions f 
ontinues : toutes les orbites se répartissent de la même façon.Nous avons étudié les relations qui peuvent exister entre des objets 
ombinatoires asso
iésau langage d'un sous-shift minimal et le simplexe de ses mesures invariantes. Dans 
ettedire
tion, Christian Grillenberger a 
onstruit des sous-shifts uniquement ergodiques de
omplexité exponentielle. Mi
hael Boshernitzan a donné une majoration du nombre demesures ergodiques invariantes pour les sous-shifts de 
omplexité linéaire (un sous-shift estdit de 
omplexité linéaire s'il existe une 
onstante C telle que pour tout n, pn(X) ≤ Cn).Il montre que si (X,S) est un sous-shift minimal tel que lim infn→∞
pn(X)
n

≤ K, alors
(X,S) admet au plus K mesures ergodiques invariantes.Nous pouvons majorer le nombre de mesures invariantes d'un sous-shift en fon
tion de lagéométrie de ses graphes de Rauzy, et plus pré
isément la fa
ilité ave
 laquelle on peutles �dé
onne
ter� : disons qu'un sous-shift est K-dé
onne
table s'il existe un entier K ′tel que, pour une in�nité d'entiers n, il existe un ensemble Dn ⊂ Ln(X) de 
ardinal Ktel que tout 
hemin dans Gn(X) \ Dn a une longueur inférieure à K ′n (en parti
ulier,
Gn(X) \Dn ne 
ontient pas de 
y
le). Nous avons démontré le résultat suivant :Un sous-shift K-dé
onne
table admet au plus K mesures ergodiques invariantes.Pour démontrer 
e résultat nous 
onstruisons K 
andidats possibles et montrons que
e sont les seuls. Ces 
andidats sont obtenus en approximant (X,S) par les systèmespériodiques engendrés par les mots dω = ddddd... où d appartient à Dn.16



Plus formellement, nous 
onsidérons les mesures atomiques µd,n = 1
n

∑n−1
k=0 δSk(dω). Si µest une mesure ergodique, un élément de X générique pour µ peut être vu, à n �xé,
omme un 
hemin in�ni dans le graphe Gn(X). L'hypothèse de dé
onne
tabilité imposeune 
ertaine ré
urren
e sur l'ensemble Dn : nous 
hoisissons l'élément dn de Dn ren
ontréle plus souvent par le 
hemin in�ni de sorte que µdn,n 
onverge à extra
tion près vers µ,
e qui limite le nombre de tels µ à K.Ce résultat généralise le théorème de Mi
hael Boshernitzan pour les sous-shifts de 
om-plexité linéaire. En e�et, puisque que pn+1(X) 
ompte les arêtes de Gn(X) et que pn(X)
ompte ses sommets, pn+1(X)− pn(X) majore le nombre de sommets de Gn(X) de degréentrant supérieur à deux (un tel mot de Ln(X) est appelé fa
teur spé
ial à gau
he de

(X,S)). L'ensemble LSn(X) des spé
iaux à gau
he de (X,S) dé
onne
te Gn(X) et, pourune in�nité d'entiers n, il est de 
ardinal inférieur à K.Ce résultat s'applique pour 
ertaines 
lasses de sous-shifts dé�nis 
ombinatoirement. Parexemple, les sous-shifts Arnoux-Rauzy minimaux et les sous-shifts quasipériodiques mul-tié
helle sont 1-dé
onne
tables don
 uniquement ergodiques, puisque leurs graphes deRauzy ont in�niment souvent l'allure suivante :
PSfrag repla
ements Arnoux-Rauzy quasipériodique multié
helleNous étudierons les sous-shifts quasipériodiques multié
helle en détail dans un pro
hainparagraphe, mais nous pouvons déjà signaler qu'il existe de tels sous-shifts dont la 
om-plexité n'est pas linéaire.Nous avons vu 
omment utiliser les fa
teurs spé
iaux à gau
he 
omme ensemble dé
on-ne
tant pour les sous-shifts de 
omplexité linéaire. Une étude �ne de l'évolution desgraphes de Rauzy Gn(X) lorsque n 
roit, due à Julien Cassaigne, explique 
omment desfa
teurs spé
iaux peuvent apparaître ou disparaître. Notons que 
ette �dynamique� desgraphes de Rauzy ne 
orrespond pas à l'évolution au 
ours du temps dans (X,S), maisest plut�t un zoom progressif dans la stru
ture de (X,S), une approximation de (X,S)par des sous-shifts de type �ni.Imaginons qu'à une é
helle n, le nombre de spé
iaux à gau
he passe de K à K+1, et qu'àl'é
helle n+ 1, il passe de K + 1 à K, et que 
e phénomène apparaisse pour une in�nitéd'entiers n. Nous obtenons une borne égale à K pour le nombre de mesures ergodiquesinvariantes. Imaginons maintenant la situation inversée où, pour une in�nité d'entiers n,le nombre de spé
iaux à gau
he passe de K à K − 1 à l'é
helle n, et qu'à l'é
helle n + 1il passe de K − 1 à K. Vues depuis l'é
helle n + 2, les deux situations sont semblablespuisque dans les deux 
as, il y a eu apparition et disparition d'un spé
ial à gau
he : 
epetit défaut de syn
hronisation ne devrait pas in�uer sur le nombre de mesures ergodiquesinvariantes des sous-shifts asso
iés. 17



A�n de négliger 
e problème de mauvaise syn
hronisation, nous allons grouper les événe-ments qui se produisent à des é
helles �
omparables�, 
'est à dire des é
helles 
omprisesentre un entier n et n+ o(n).Un pré�xe d'un fa
teur spé
ial à gau
he est en
ore un fa
teur spé
ial à gau
he. L'ensemble
LS(X) des fa
teurs spé
iaux à gau
he possède don
 une stru
ture d'arbre. Nous pouvonsdessiner 
et arbre dans [0, 1] × R+ de sorte que les sommets qui sont dans LSn(X) ontune ordonnée égale à n et que les arêtes sont des segments qui ne se 
hevau
hent pas.Nous appelons 
oupe une fon
tion 
ontinue de [0, 1] dans R+.Nous avons obtenu le résultat suivant :Si (X,S) est un sous-shift de 
omplexité linéaire tel qu'il existe une suite (fn)de 
oupes telles que :� le minimum de fn tend vers l'in�ni ave
 n� max(fn) = min(fn) + o(min(fn))� un dessin de l'arbre des fa
teurs spé
iaux à gau
he de (X,S) ren
ontrele graphe de fn en moins de K points (pour tout entier n)Alors, (X,S) admet au plus K mesures ergodiques invariantes.Sur le dessin suivant, nous avons représenté une 
oupe qui interse
te l'arbre des fa
teursspé
iaux à gau
he en trois points alors que pour toutes les é
helles représentées, le nombrede fa
teurs spé
iaux à gau
he est supérieur à six.

PSfrag repla
ements o(min(fn))

max(fn)

min(fn)

La démonstration repose sur un ra�nement du résultat sur les sous-shifts K-dé
on-ne
tables : au lieu de demander que les graphes de Rauzy soient dé
onne
tés en enlevant
K sommets, nous nous permettons de dé
onne
ter les graphes de Rauzy en enlevant Kboules de rayon o(n) (la distan
e entre deux sommets est la longueur minimale d'un
hemin non orienté les joignant). Lorsqu'un fa
teur spé
ial de longueur n se dédouble,les deux spé
iaux à gau
he restent pro
hes pendant une gamme d'é
helles de longueur
o(n) : nous pouvons les mettre dans une même petite boule.Anatoly Katok et William Vee
h ont démontré qu'un é
hange de K intervalles admet auplus K/2 mesures ergodiques invariantes, et 
ette borne est optimale. Le 
odage natureld'un tel système est de 
omplexité inférieure à (K − 1)n + 1, don
 la borne donnée par18



Mi
hael Boshernitzan peut presque être divisée par deux. Peut-on retrouver la borneoptimale d'après la géométrie des graphes de Rauzy (le fait que le sous-shift provientd'un é
hange d'intervalles, et notamment le fait qu'un é
hange d'intervalles est 
roissantpar mor
eaux 
ontraint la géométrie des graphes de Rauzy asso
iés)?0.2.2 Ouverture : un point de vue pro�niNous avons tenté, à l'aide de l'arbre des spé
iaux à gau
he, de nous a�ran
hir de 
ertainsproblèmes de syn
hronisation qui peuvent apparaître dans l'utilisation du résultat sur lessous-shifts K-dé
onne
tables.Nous pouvons voir un sous-shift minimal 
omme la limite proje
tive de ses graphes deRauzy :

PSfrag repla
ements

X

Gn(X)

Gn+1(X)

Ave
 
ette présentation, les graphes de Rauzy sont des tran
hes horizontales, et l'arbredes spé
iaux à gau
he peut être interprété 
omme la 
olonne vertébrale de 
et espa
e (aumoins pour les mots de 
omplexité linéaire). Graphes de Rauzy et arbre des spé
iaux àgau
he sont en quelque sorte des objets 
ombinatoires transverses, et les deux résultatspré
édents peuvent être reformulés dans 
et espa
e : pouvons-nous énon
er un résultatplus général qui donnerait une majoration du nombre de mesures ergodiques invariantesd'un sous-shift minimal en fon
tion de la géométrie de 
et espa
e? Cet espa
e a étéutilisé par Jorge Almeida dans son étude d'un invariant algébrique pour les sous-shiftsminimaux. Y a-t-il un lien entre le groupe qu'il a introduit et le simplexe des mesuresinvariantes?
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0.2.3 Quasipériodi
ité et symétrie dans les mots in�nisAux 
on
epts relativement �ous de �symétrie� et de �régularité� pour les mots in�nis 
orre-spondent di�érentes notions 
ensées les mesurer 
omme la 
omplexité du mot, l'existen
ede fréquen
es d'apparition des sous-mots �nis, un 
ontr�le des temps de retour des sous-mots �nis, l'e�
a
ité ave
 laquelle une ma
hine de Turing universelle peut 
omprimer sespré�xes (
omplexité de Kolmogorov)... Il existe 
ertains liens entre 
es notions et danstous les 
as, les mots 
onsidérés 
omme les plus symétriques sont les mots périodiques.Partant de 
ette observation, Solomon Mar
us a introduit une 
lasse de mots in�nis ditsquasipériodiques. Un mot in�ni x est quasipériodique s'il existe un mot �ni q dont leso

urren
es re
ouvrent x (un tel q est appelé quasipériode de x) (voir page 105).Par exemple le mot x0 = ababaabaabaababababaabababaabaabaababaaba. . . est quasipéri-odique et admet q = aba 
omme quasipériode.Solomon Mar
us, Floren
e Levé et Gwénaël Ri
homme ont montré qu'il n'existe pas delien entre 
ette notion et les notions 
lassiques de symétrie.Nous nous en 
onvainquons de la façon suivante : la di�éren
e ave
 les mots périodiquesest que les quasipériodes peuvent se 
hevau
her, mais nous n'imposons rien a priori surla suite de 
es 
hevau
hements. Si q est une quasipériode d'un mot in�ni x, nous notons
∂x
∂q

la suite dérivée de x par rapport à q, dont le nième terme est le nombre de lettres
ommunes à la nième o

urren
e de q dans x et à la (n + 1)ième o

urren
e de q dans
x. La suite ∂x

∂q
est don
 un mot in�ni sur l'alphabet {0, . . . , l(q) − 1} où l(q) désigne lalongueur du mot q. Dans notre exemple, ∂x0

∂aba
= 100011101100010. . .La 
onnaissan
e de ∂x

∂q
et de q est su�sante pour re
onstruire x. Par exemple, si y =

01121010201... et w = aabcaa, on peut 
onstruire (à l'aide d'une substitution) le mot in�ni
x =

∫

w
y = aabcaaaabcaaabcaaabcaabcaaabcaaaabcaaabcaaaabcaabcaaaabcaaabcaa... quiest quasipériodique de période w et de dérivée ∂x

∂w
= y.Ainsi, il su�t d'intégrer un mot très peu symétrique sur l'alphabet {0, 1, 2} par rapportà aabcaa pour obtenir un mot quasipériodique lui aussi très peu symétrique (par exemplede 
omplexité exponentielle).La dérivation peut-être 
omprise 
omme un 
hangement d'é
helle. Les notions habituellesde symétrie dans les mots in�nis sont plus ou moins stables par 
hangement d'é
helle.Nous proposons don
 la dé�nition suivante : un mot in�ni x est quasipériodique multi-é
helle si l'ensemble Q(x) de ses quasipériodes est in�ni.Nous 
onstatons tout d'abord que de tels mots x sont uniformément ré
urrents, 
'est àdire que tout mot �ni u qui apparaît 
omme un sous-mot de x apparaît une in�nité defois dans x et les la
unes entre deux o

urren
es su

essives de u dans x sont bornées.Un mot x est uniformément ré
urrent si et seulement si l'adhéren
e dans AN de l'orbitede x par S est un sous-shift minimal. Nous avons étudié quelques propriétés dynamiquesdes sous-shifts quasipériodiques multié
helle, 
'est à dire les sous-shifts engendrés par unmot quasipériodique multié
helle. Nous avons obtenu le résultat suivant :Un sous-shift quasipériodique multié
helle est d'entropie topologique et de 
omplexité deKolmogorov nulles, 1-dé
onne
table et en parti
ulier uniquement ergodique.20



Un sous-shift est dit sturmien s'il est in�ni et de 
omplexité minimale, 
'est à dire quepour tout entier n, pn(X) = n+ 1. Nous avons montré le résultat suivant :Les sous-shifts sturmiens sont quasipériodiques multié
helle.L'arbre des spé
iaux à gau
he d'un sous-shift sturmien est �liforme, nous montrons que
e mot parti
ulier est quasipériodique multié
helle.Les dessins suivants résument le �gain de symétrie� obtenu en 
onsidérant les sous-shiftsquasipériodiques multié
helle plut�t que les mots quasipériodiques :
PSfrag repla
ements

log(pn(.))

n
→ 0

uniformémentré
urrent
quasipériodique

périodiquesturmien
fréquen
es

random mots quasipériodiques parmi les autres mots in�nis
PSfrag repla
ements
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0.2.4 Ouverture : stabilité à la AbramovNous avons 
onstaté qu'une 
ara
téristique des notions mesurant la régularité dans lesmots in�nis ou les sous-shifts est qu'elles sont stables par 
hangement d'é
helle ; l'analoguede la dérivation des mots in�nis pour les systèmes dynamiques est l'indu
tion.Dans le 
adre des systèmes dynamiques mesurés, la formule d'Abramov nous dit quesi (Y, T, µ) est un système dynamique ergodique d'entropie �nie, et si A est une partiemesurable de Y de mesure stri
tement positive, alors
h(A, TA, µA) = h(Y, T, µ)/µ(A)où h désigne l'entropie métrique et (A, TA, µA) est la transformation induite de T sur A.Ainsi, lorsque l'entropie métrique d'un système mesuré est nulle, il en est de même pourses transformations induites.Cette formule peut être vue 
omme une version quanti�ée de la stabilité par 
hangementd'é
helle, elle lie le degré de symétrie d'un système, 
elui du système induit et 
elui dusous-ensemble où nous induisons.Peut-on trouver un analogue de la formule d'Abramov pour les notions 
lassiques desymétrie? Par exemple, si X est un sous-shift de faible 
omplexité de Kolmogorov, si

A est une partie de X qui peut être dé
rite par un 
ourt programme informatique (parexemple une union �nie de 
ylindres), il devrait être possible d'é
rire un programme 
ourtqui dé
rit le système induit, puisque l'indu
tion peut être 
omprise 
omme une bou
le�repeat � until�. Pouvons-nous donner un 
adre formel à 
ette remarque?
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0.4 Plan de la thèseChaque 
hapitre 
orrespond à un arti
le (publié, soumis, voire simplement prépublié ouen 
ours de rele
ture). Le texte 
omporte don
 inévitablement des redondan
es (notam-ment lors des paragraphes introdu
tifs), mais nous avons 
hoisi de 
onserver 
e pointde vue 
hronologique, de ne pas retou
her les premiers papiers a�n de ne pas trahirl'évolution des idées et de leur per
eption au 
ours de la re
her
he. Les quatre premiers
hapitres traitent d'illumination dans les billards polygonaux, les deux derniers traitentde dynamique symbolique.Le premier 
hapitre est un 
ontre-exemple au théorème de Philipp Hiemer et VadimSnurnikov qui a�rmait que tout billard rationnel jouit de la propriété de blo
age �ni. Il
orrespond à un papier publié en 2004 dans The Journal of Statisti
al Physi
s.Le deuxième 
hapitre reprend la 
onstru
tion du premier pour établir le 
ritère lo
al surles périmètres des 
ylindres adja
ents. Il permet de montrer que les seules surfa
es bouil-labaisses (et don
 aussi les seules surfa
es de Vee
h) qui possèdent la propriété de blo
age�ni sont des revêtements rami�és d'un tore. Nous montrons aussi dire
tement que lesseuls polygones réguliers qui ont la propriété de blo
age �ni sont le triangle équilatéral,le 
arré et l'hexagone régulier. Il 
orrespond à un papier publié en 2005 aux Annales del'Institut Fourier.Dans le troisième 
hapitre, nous montrons que les surfa
es de translation qui ont la pro-priété de blo
age �ni sont purement périodiques et nous en déduisons la 
ara
térisationde 
es surfa
es pour le genre 2. On montre aussi que presque au
une surfa
e de transla-tion n'a la propriété de blo
age �ni.Dans le quatrième 
hapitre, nous montrons que les surfa
es purement périodiques dontl'homologie est engendrée par les orbites de son �ot géodésique sont des revêtements ra-mi�és d'un tore. Nous en déduisons l'équivalen
e entre les notions de revêtement rami�édu tore, propriété de blo
age �ni, et pure périodi
ité pour les surfa
es 
onvexes (ainsique pour une 
lasse de surfa
es dites fa
e-à-fa
e) ainsi que sur un ouvert dense de mesurepleine dans 
haque strate normalisée. Nous 
onstruisons aussi une surfa
e qui a un in-variant J de la forme v1 ∧ v2 mais qui n'est pas purement périodique.Dans le 
inquième 
hapitre, nous donnons des majorations du nombre de mesures er-godiques invariantes d'un sous-shift en fon
tion de la géométrie de deux objets 
ombina-toires asso
iés à son langage : les graphes de Rauzy et l'arbre des spé
iaux à gau
he.Dans le sixième 
hapitre, nous étudions les mots in�nis quasipériodiques et introduisonsles sous-shifts quasipériodiques mulité
helle : nous montrons qu'ils sont uniquement er-godiques, de 
omplexité de Kolmogorov et d'entropie topologique nulles. Nous montronsaussi que tous les sous-shifts sturmiens sont quasipériodiques mulité
helle.
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Chapitre 1Un 
ontre-exemple au théorème deHiemer et Snurnikov
1.1 Introdu
tionA planar polygonal billiard P is said to have the �nite blo
king property if for every pair
(O,A) of points in P there exists a �nite number of �blo
king� points B1, . . . , Bn (dif-ferent fromO and A) su
h that every billiard traje
tory fromO to Ameets one of the Bi's.In [HS℄, Hiemer and Snurnikov tried to prove that any rational polygonal billiard hasthe �nite blo
king property. The aim of this paper is to 
onstru
t a family of rationalbilliards that la
k the �nite blo
king property.
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1.2 The 
ounter-exampleLet α be a positive irrational number and Pα be the polygon drawn in Figure 1.1 (L1and L2 
an be 
hosen arbitrarily, greater than 1).
PSfrag repla
ements

1

1

1

α

L1

L2
A(0, 2)

O

2α

(α, 1 − L1)

(1, 1 + L2)

(α, 1)

Figure 1.1: The polygon Pα.Let (pn, qn)n∈N be a sequen
e in N∗2 su
h that:� qn is stri
tly in
reasing� |pn − qnα| < 1For example, we 
an take qn = n+ 1 and pn = [qnα].For n ∈ N, let γn be the billiard traje
tory starting from O to A with slope
1

pn + qnα
=

1

2qnα + λn
=

1

2pn − λnwhere λn = pn − qnα ∈] − 1, 1[.So, we 
an 
he
k (with the 
lassi
al unfolding pro
edure shown in Figure 1.2) that γnhits qn walls, passes through (λn, 1), hits pn walls and then passes through A(0, 2).
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PSfrag repla
ements

2(pn + qnα)

2qnα + λn 2pn − λn

λnFigure 1.2: The unfolding pro
edure.The fa
t that λn ∈] − 1, 1[ enables us to avoid the banana peel shown in Figure 1.3.

Figure 1.3: The banana peel.Now, we assume by 
ontradi
tion that there is a point B(x, y) in Pα distin
t from O and
A su
h that in�nitely many γn pass through B. Hen
e, there is a subsequen
e su
h thatfor all n in N, γin passes through B.There are two 
ases to 
onsider:First 
ase: y ∈]0, 1]. By looking at the unfolded version of the traje
tory (Figure 1.2),we see that x = εiny(pin + qinα) [mod 2α] where εin ∈ {−1, 1} depends on the parity ofthe number of boun
es of γin from O to B.So, there exists a sequen
e (kn)n∈N in Z su
h that x = εiny(pin + qinα) + 2kinα.29



Taking a further subsequen
e, we 
an 
onsider ε ◦ i to be 
onstant with value ε.We have x = εy(pi0 + qi0α) + 2ki0α = εy(pi1 + qi1α) + 2ki1α.Hen
e, (pi1 − pi0) + (qi1 − qi0)α = ε2α
y

(ki0 − ki1) 6= 0.So, ε2α
y


an be written as r + sα where r and s are rational numbers.Now, if n ≥ 1, we still have (pin − pi0) + (qin − qi0)α = (r + sα)(ki0 − kin).Be
ause (1, α) is free over Q, we have� (pin − pi0) = r(ki0 − kin)� (qin − qi0) = s(ki0 − kin) 6= 0 (remember that qn is stri
tly in
reasing)Thus, by dividing,
r

s
=
pin − pi0
qin − qi0

=
pin
qin

(1 − pi0
pin

)(
1

1 − qi0
qin

) −−−→
n→∞

α ∈ R \ Qleading to a 
ontradi
tion.For the se
ond 
ase, if y ∈ [1, 2[, it is exa
tly the same (take the point A(0, 2) as theorigin and reverse Figure 1.2).Thus, the billiard Pα la
ks the �nite blo
king property.1.3 Con
lusionIn [M℄, we study Hiemer and Snurnikov's proof: it works for rational billiards with dis
retetranslation group (su
h billiards are 
alled almost integrable). Then we generalize thenotion of �nite blo
king property to translation surfa
es (see [MT℄ for pre
ise de�nitions).With an analogous 
onstru
tion to the one des
ribed above, we obtain the followingresults:Theorem 1. Let n ≥ 3 be an integer. The following assertions are equivalent:� the regular n-gon has the �nite blo
king property.� the right-angled triangle with an angle equal to π/n has the �nite blo
king property.� n ∈ {3, 4, 6}.Theorem 2. A translation surfa
e that admits 
ylinder de
omposition of 
ommensurablemoduli in two transversal dire
tions has the �nite blo
king property if and only if it is atorus bran
hed 
overing.Corollary 1. A Vee
h surfa
e has the �nite blo
king property if and only if it is a torusbran
hed 
overing.Note that torus bran
hed 
overings are the analogue (in the vo
abulary of translationsurfa
es) of almost integrable billiards.We also provide a lo
al su�
ient 
ondition for a translation surfa
e to fail the �niteblo
king property: it enables us to give a 
omplete 
lassi�
ation for the L-shaped surfa
esand a density result in the spa
e of translation surfa
es in every genus g ≥ 2.30
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Chapitre 2Sur la propriété de blo
age �ni
2.1 Introdu
tionWhen studying the motion of a point-mass in a polygonal billiard P, we work on thephase spa
e X = P × S1 suitably quotiented: we identify the points (p1, θ1) and (p2, θ2)if p1 = p2 is on the boundary of P and if the angles θ1 and θ2 are su
h that the Des
arteslaw of re�e
tion is respe
ted (see Figure 2.1).
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Figure 2.1: The Des
artes law: the in
iden
e angle equals the angle of re�e
tion.The phase spa
e enjoys also su
h a global de
omposition in the study of the dynami
son a translation surfa
e.There are essentially two points of view depending on whether the variable is the �rst orthe se
ond proje
tion:1. We 
an �x one (or a �nite number of) parti
ular dire
tion: this 
orresponds forrational billiards to the study of the dire
tional �ow in a translation surfa
e (we areinterested by the ergodi
 properties depending on whether θ is a saddle 
onne
tiondire
tion or not) (see [KMS℄, [Ve℄, [MT℄, [Vo℄). It is also useful for �nding periodi
traje
tories in irrational billiards by starting perpendi
ularly to an edge (see [ST℄).This point of view is the most studied.33



2. We 
an also �x one (or a �nite number of) point in P and look at whi
h pointswe 
an rea
h when we let θ move. This 
lass of problems is 
alled �illuminationproblems�. The �rst published question seems to appear in [Kl℄ (see [KW℄ for a morepre
ise story). The �rst published result in this dire
tion seems to be the paperof George W. Tostaky (see [To℄) who �nds a polygon that is not illuminable fromevery point. Independently, Mi
hael Boshernitzan 
onstru
ted su
h an example ina 
orresponden
e with Howard Masur (see [Bos℄).We are interested here in an illumination problem 
alled the �nite blo
king property.A planar polygon (resp. translation surfa
e) P is said to have the �nite blo
king propertyif for every pair (O,A) of points in P, there exists a �nite number of points B1, . . . , Bn(di�erent from O and A) su
h that every billiard traje
tory (resp. geodesi
) from O to
A meets one of the Bi's.In this paper we will primarily fo
us on translation surfa
es. The paper is organized asfollows: in se
tion 2.2, we will give some de�nitions and prove that the �nite blo
kingproperty is stable under bran
hed 
overing, stable under the Zemljakov-Katok's 
on-stru
tion, and stable under the a
tion of GL(2,R). Se
tion 2.3 is devoted to the studyof Hiemer and Snurnikov's proof, leading to some 
omments about the �nite property inthe torus R2/Z2. In se
tion 2.4, we prove a lo
al su�
ient 
ondition for a translationsurfa
e to fail the �nite blo
king property (Lemma 1). The aim of the next two se
tionsis to prove the following theorems:Theorem 1. Let n ≥ 3 be an integer. The following assertions are equivalent:� the regular n-gon has the �nite blo
king property.� the right-angled triangle with an angle equal to π/n has the �nite blo
king property.� n ∈ {3, 4, 6}.Theorem 2. A Vee
h surfa
e has the �nite blo
king property if and only if it is a torus
overing, bran
hed at only one point.The last se
tion is devoted to some other appli
ations of Lemma 1, su
h asProposition 10. Let a and b be two positive real numbers. Then the L-shaped surfa
e
L(a, b) has the �nite blo
king property if and only if (a, b) ∈ Q2.Theorem 3. In genus g ≥ 2, the set of translation surfa
es that fail the �nite blo
kingproperty is dense in every stratum.A
knowledgement: I would like to thank Martin S
hmoll for introdu
ing me to thesubje
t, Kostya Kokhas and Serge Troubetzkoy for histori
al 
omments, Anton Zori
hfor helpful dis
ussions and Pas
al Hubert for en
ouragements to write this paper.34



2.2 De�nitions and �rst results2.2.1 Translation surfa
es and geodesi
sA translation surfa
e is a triple (S,Σ, ω) su
h that S is a topologi
al 
ompa
t 
on-ne
ted surfa
e, Σ is a �nite subset of S (whose elements are 
alled singularities) and
ω = (Ui, φi)i∈I is an atlas of S \ Σ (
onsistent with the topologi
al stru
ture on S) su
hthat the transition maps (i.e. the φj ◦ φ−1

i : φi(Ui ∩ Uj) → φj(Ui ∩ Uj) for (i, j) ∈ I2) aretranslations. This atlas gives to S \Σ a Riemannian stru
ture; we therefore have notionsof length, angle, measure, geodesi
... We assume moreover that S is the 
ompletion of
S \ Σ for this metri
. We will sometimes use the notation (S,Σ) or simply S to refer to
(S,Σ, ω). A singularity σ ∈ Σ is said to be removable if there exists an atlas ω′ ⊃ ω su
hthat (S,Σ \ {σ}, ω′) is a translation surfa
e.There are many 
onventions about what happens if a geodesi
 γ meets one singularity
σ ∈ Σ. Some people want to stop γ here; some other people want to extend γ witha multi-geodesi
 path; other people want to extend γ after σ if and only if σ is anremovable singularity. The �nite blo
king property does not depend on the 
onventionsin
e, for every pair (O,A) of points in S, we 
an always add the set Σ \ {O,A} (thatis �nite) to a blo
king 
on�guration. Therefore, if (S,Σ) is a translation surfa
e, if E isa �nite subset of S that we want to add in Σ as removable singularities, then (S,Σ) hasthe �nite blo
king property if and only if (S,Σ ∪ E) has it.2.2.2 Bran
hed 
overingsA bran
hed 
overing between two translation surfa
es is a mapping π : (S,Σ) → (S ′,Σ′)that is a topologi
al bran
hed 
overing that lo
ally preserves the translation stru
ture.Proposition 1. Let π : (S,Σ) → (S ′,Σ′) be a 
overing of translation surfa
es bran
hedon a �nite set R′ ⊂ S ′. Then S has the �nite blo
king property if and only if S ′ has.Proof: ⇒ : Suppose that S has the �nite blo
king property. Let (O′, A′) be a pair ofpoints in S ′. Let O be a point 
hosen in π−1({O′}). If A ∈ π−1({A′}), there exists a �niteset BA of points in S \ {O,A} su
h that every geodesi
 in S from O to A meets BA. Let

B′ def
=





⋃

A∈π−1({A′})
π(BA) ∪R′



 \ {O′, A′}.Let γ′ : [a, b] → S ′ be a geodesi
 from O′ to A′. Up to a restri
tion, we 
an suppose that
γ′(]a, b[) ∩ {O′, A′} = ∅. Suppose by 
ontradi
tion that γ′([a, b]) ∩ B′ = ∅. In parti
ular,
γ′(]a, b[) ∩ R′ = ∅. So, γ′ 
an be lifted to a geodesi
 γ : [a, b] → S ′ from O to some
A ∈ π−1({A′}) su
h that π ◦ γ = γ′. Then, there exists t ∈]a, b[ su
h that γ(t) ∈ BA.Hen
e γ′(t) ∈ B′, leading to a 
ontradi
tion. So, B′ is a �nite blo
king 
on�guration and
S ′ has the �nite blo
king property.
⇐ : Suppose that S ′ has the �nite blo
king property. Let (O,A) be a pair of points in
S. Let O′ def

= π(O) and A′ def
= π(A). There exists a �nite set B′ ⊂ S ′ \ {O′, A′} su
h that35



every geodesi
 in S ′ from O′ to A′ meets B′. Let
B def

= π−1(B′) ⊂ S \ {O,A}.Let γ : [a, b] → S be a geodesi
 from O to A. γ 
an be pushed to a geodesi
 γ′ def
=

π ◦ γ : [a, b] → S ′ from O′ to A′. Then, there exists t ∈]a, b[ su
h that γ′(t) ∈ B′. Hen
e
γ(t) ∈ B. So, B is a �nite blo
king 
on�guration and S has the �nite blo
king property.

�2.2.3 Rational billiards vs translation surfa
esLet P denote a polygon in R2, whose set of verti
es is denoted by V . Let Γ ⊂ O(2,R)be the group generated by the linear parts of the re�e
tions in the sides of P. When Γ is�nite, we say that P is a rational polygonal billiard. When P is simply 
onne
ted, P isrational if and only if all the angles between edges are rational multiples of π.A 
lassi
al 
onstru
tion due to Zemljakov and Katok (see [ZK℄, [MT℄) allows us to asso-
iate to ea
h rational billiard P a translation surfa
e ZK(P) as follows:Let (Pγ)γ∈Γ be a family of |Γ| disjoint 
opies of P, ea
h Pγ = γ(P) being rotated by theelement γ ∈ Γ. If γ ∈ Γ, if e is an edge of Pγ , let δ ∈ Γ be the linear part of the re�e
tionin e; we identify e ∈ Pγ with δ(e) ∈ Pδγ . We set:
ZK(P)

def
=
⊔

γ∈Γ

Pγ / ∼where ∼ is the relation above. The translation stru
ture of ea
h ◦
Pγ∈ R2 
an be extendedto an atlas of ⋃γ∈Γ Pγ \ γ(V ), that gives to ZK(P) a translation stru
ture whose set ofsingularities is Σ =

⋃

γ∈Γ γ(V ).In other terms, P tiles ZK(P) whi
h 
an be written as ZK(P) =
⋃

γ∈Γ ψγ(P) where the
ψγ 's are isometries. Let

ψ
def
=

(

ZK(P) −→ P
x 7−→ (ψγ |ψγ(P)

)−1(x) if x ∈ ψγ(P)

)

.

ψ is well de�ned sin
e if x ∈ ψγ(P) ∩ ψδ(P), then (ψγ |ψγ (P)
)−1(x) = (ψδ |ψδ(P)

)−1(x) (thisis just the 
ompatibility with ∼). Moreover, ψ is a pie
ewise isometry.Proposition 2. Let P be a rational polygonal billiard. Then ZK(P) has the �nite blo
k-ing property if and only if P has.Proof: it is very similar to the proof given in subse
tion 2.2.2 (ψ plays the role of π).Indeed, for the dire
tion⇒, if (O′, A′) is a pair of points in P, if O is 
hosen in ψ−1({O′}),then for ea
h A in ψ−1({A′}), there exists a �nite set BA of points in ZK(P) \ {O,A}su
h that every geodesi
 in ZK(P) from O to A meets BA. Then
B′ def

=





⋃

A∈ψ−1({A′})
ψ(BA) ∪ V



 \ {O′, A′} =

(

⋃

γ∈Γ

ψ(Bψγ (A′)) ∪ V
)

\ {O′, A′}36



is a �nite blo
king 
on�guration between O′ and A′, thus P has the �nite blo
king prop-erty.For the dire
tion ⇐, if (O,A) is a pair of points in ZK(P), there exists a �nite set B′ ofpoints in P \ {ψ(O), ψ(A)} su
h that every billiard path in P from ψ(O) to ψ(A) meets
B′. Then

B def
= ψ−1(B′) ⊂ ZK(P) \ {O,A}is a �nite blo
king 
on�guration between O and A, thus ZK(P) has the �nite blo
kingproperty.

�Unfolding a billiard table: 
ombining propositions 1 and 2, we have (see [MT℄) the:Proposition 3. Let P and P ′ be two rational polygonal billiards su
h that P is obtainedby re�e
ting P ′ at its edges �nitely many times, without overlapping (we allow some bar-riers along parts of some sides of 
opies of P ′ inside P). Sin
e there exists a bran
hed
overing from ZK(P) to ZK(P ′), then P has the �nite blo
king property if and only if
P ′ has.2.2.4 A
tion of GL(2, R)If A ∈ GL(2,R), we 
an de�ne the translation surfa
e

A.(S,Σ, (Ui, φi)i∈I) def
= (S,Σ, (Ui, A ◦ φi)i∈I);hen
e we have an a
tion of GL(2,R) on the 
lass of translation surfa
es. We 
lassi
ally
onsider only elements of SL(2,R) (see [MT℄), but we do not need to preserve area here.Proposition 4. Let S be a translation surfa
e and A be in GL(2,R). Then S has the�nite blo
king property if and only if A.S has.Proof: su
h an a
tion sends geodesi
 to geodesi
.

�To summarize this se
tion, we 
an say that the �nite blo
king property enjoys manyproperties of stability. As an illustration, it su�
es to apply su

essively propositions2, 1, 4, 2, 3 and to follow a 
onstru
tion of [M
℄, to redu
e the problem of the �niteblo
king property for the billiard in the regular pentagon to the problem in the ⊥-shapedbilliard studied in [Mo℄ with parameters α = 1 + 2 cos(2π/5), L1 = 1, L2 = 2 cos(2π/5).It is proved there that this billiard table fails the �nite blo
king property (α ∈ R \ Q).
37



2.3 Some remarks around Hiemer and Snurnikov's proofIn their arti
le [HS℄, Philipp Hiemer and Vadim Snurnikov tried to prove that any ratio-nal billiard P has the �nite blo
king property.For this, they use the subgroup GP of Isom(R2) generated by the re�e
tions at the edgesof the polygon P. In the proof of their theorem 5, they 
onstru
t a �nite number of pointsin R2 
alled the Pi,λ's and 
hoose a blo
king point arbitrarily in ea
h orbit of the Pi,λ'sunder the a
tion of the group GP on R2 (the (i, λ)'s belong to GP/TP × {0, 1/2}dimQ TP ).The polygon P drawn on Figure 2.2 is a rational one but the subgroup TP of GP 
on-sisting of translations is dense in R2 (identi�ed with the group of all translations of R2),sin
e Z+
√

2Z is dense in R. Hen
e the orbit of any point of the plane under GP is densein the plane and therefore in P (whi
h is the 
losure of an open set).
PSfrag repla
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Figure 2.2: A rational polygonal billiard whose translation group is dense in R2.Now, if we take two points O and A in P su
h that the segment [O,A] is in
luded in P,we 
an 
hoose all the blo
king points in a small open set U ⊂ P whi
h does not interse
t
[O,A]. Su
h points 
annot blo
k the dire
t path from O to A (see Figure 2.3).
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Figure 2.3: The dire
t path from O to A does not meet the points in U .Hen
e the proof in [HS℄ does not work. In fa
t, we have shown in [Mo℄ that the billiardtable drawn in Figure 2.2 fails the �nite blo
king property. Meanwhile, the proof given38



in [HS℄ (theorem 5) works for rational polygons P su
h that TP is dis
rete (hen
e latti
e)(su
h billiards are 
alled almost integrable). Indeed, instead of 
hoosing one point in ea
horbit of the Pi,λ's in P, it su�
es to take all the points of the orbits of the Pi,λ's that liein P (and that are distin
t from O and A).We 
an bound (badly but uniformly) the number of su
h points as follows:Proposition 5. If P is an almost integrable rational polygonal billiard with angles of theform π pi
q
(1 ≤ i ≤ n), if the diameter of P is D, if (v1, v2) is a basis of TP (that is a lat-ti
e), then for every pair (O,A) in P, there exist a set of at most 8q

[

π( D√
3

+ ‖v1‖+‖v2‖
2

)2

det(v1, v2)

]blo
king points.Proof: in
lude P in a disk of radius D√
3
, enlarge this disk by ‖v1‖+‖v2‖

2
and look at thearea (8q is larger than 
ard(GP/TP × {0, 1/2}{v1,v2})).

�In fa
t, the 
onditions of this proposition (the fa
t of being an almost integrable billiard)work only for the polygons 
onstru
ted by re�e
ting C at its edges �nitely many times(we 
an add barriers along interior edges), where C is one of the following elementarypolygons:� the right-angled isos
eles triangle with angles (π/2, π/4, π/4)� the half-equilateral triangle with angles (π/2, π/3, π/6)� any re
tangleThis fa
t is a dire
t 
onsequen
e of the theory of re�e
tion groups and 
hamber systems(see [Bou℄ for an extensive study or [Car℄ for a brief introdu
tion). The three elementarypolygons 
orrespond to the types C̃2, G̃2 and Ã1 × λÃ1 (λ > 0).For example, the equilateral triangle, the square and the regular hexagon have the �niteblo
king property.Note that the translation surfa
e asso
iated to the square is a (�at) torus. We 
an no-ti
e that the translation surfa
e asso
iated to an almost integrable polygon is a torusbran
hed 
overing (this is easy for one of the elementary polygons, the rest follows byre�e
ting). As we have seen in subse
tion 2.2.2, the �nite blo
king property is preservedby bran
hed 
overing and, sin
e 4 points su�
e to blo
k every geodesi
 between 2 �xedpoints in the torus, we have another bound for the number of blo
king points for su
hbilliards that depends on the degree of the 
overing.With this remark, we 
an see that Proposition 5 
an be seen as a 
onsequen
e of the onlyfa
t that the square billiard (or equivalently the translation surfa
e R2/Z2) has the �niteblo
king property. This last result seems to appear for the �rst time in the Leningrad'sOlympiad in 1989 sele
tion round, 9th form (see [Fo℄). The problem was the following:39



�Professor Smith is standing in the squared hall with mirror walls. ProfessorJones wants to pla
e in the hall several students in su
h a way that professorSmith 
ould not see from his pla
e his own mirror images. Is it possible? (Bothprofessors and students are points, the students 
an be pla
ed in 
orners andwalls).�The author of this problem was Dmitrij Fomin. None of the s
hool students solved it.The booklet of the olympiad 
ontains an answer: 16 students, and an example of thisarrangement in 
oordinates.Another 
onsequen
e of the fa
t that the torus R2/Z2 has the �nite blo
king property istheProposition 6. There exists a translation surfa
e with the property that every geodesi
going from a singularity to itself has to meet �rst another singularity. In other words,this surfa
e does not have any saddle 
onne
tion going from a singularity to itself.Proof: let S be the translation surfa
e drawn in Figure 2.4.PSfrag repla
ements
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Figure 2.4: Covering between S and R2/Z2 (the opposite verti
al lines are identi�ed byhorizontal translation, the verti
al lines with the same style are identi�ed).The 
oloring allows us to see how to 
onstru
t a 
overing π : S → R2/Z2 of degree 2,bran
hed at the points A = (0, 0), B = (1/2, 0), C = (0, 1/2), D = (1/2, 1/2). Thesingularities of S are lo
ated at the preimages of those four points.The �nite blo
king property in the square says that three points in {A,B,C,D} blo
kevery geodesi
 from the fourth point to itself. Hen
e, by lifting, every geodesi
 from thesingularity π−1(A) to itself in S has to meet one of the other singularities π−1(B), π−1(C)or π−1(D), and by symmetry it works for the three other singularities. �
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2.4 A lo
al lemmaA sub
ylinder C is an isometri
 
opy of R/wZ×]0, h[ in a translation surfa
e S (w > 0,
h > 0). w and h are unique and 
alled the width and the height of C.The images in S of R/wZ × {0} and R/wZ × {h} (whi
h are well-de�ned if we extendthe isometry, whi
h is uniformly 
ontinuous, by 
ontinuity in S) are 
alled the sides of C.The dire
tion of C is the dire
tion of the image of R/wZ × {h/2} (whi
h is a 
losedgeodesi
).A 
ylinder is a maximal sub
ylinder (for the in
lusion). By maximality, ea
h side of a
ylinder must 
ontain at least one singularity and is a �nite union of saddle 
onne
tions.Let C1 and C2 be two 
ylinders with width w1 (resp. w2) and height h1 (resp. h2) in atranslation surfa
e S.
C1 and C2 are said to be parallel if their dire
tions are parallel.
C1 and C2 are said to be 
ommensurable if the ratios w1/h1 and w2/h2 are 
ommensurable.We will study the 
ase where C1 and C2 are two di�erent parallel 
ylinders whose 
losureshave a nontrivial (i.e. not redu
ed to a �nite set) interse
tion. The situation 
an bedes
ribed as in Figure 2.5.

��
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Figure 2.5: The opposite verti
al sides are identi�ed by translation while the dottedhorizontal ones are glued with the rest of the surfa
e; we take (0, 0) as the origin; l > 0.Lemma 1. Let S be a translation surfa
e that 
ontains two di�erent parallel 
ylinders C1and C2 whose 
losures have a nontrivial interse
tion. If their widths are un
ommensurable,then S fails the �nite blo
king property.Proof: Up to a verti
al dilatation, we 
an assume that h1 and h2 are greater than
1. In the system of 
oordinates given in Figure 2.5, we set O = (w1 − l/2,−1) and
A = (w1 − l/2, 1).Sin
e w1

w2
is a positive irrational number, N∗ − w1

w2
N∗ is dense in R so there exists twopositive integer sequen
es (pn)n∈N and (qn)n∈N su
h that:� qn is stri
tly in
reasing� pnw2 − qnw1 ∈] − l, l[ 41



For n ∈ N, let γn be the geodesi
 starting form O with slope
2

qnw1 + pnw2

=
1

qnw1 + λn
=

1

pnw2 − λnwhere λn = (pnw2 − qnw1)/2 ∈] − l/2, l/2[.So, we 
an 
he
k by unfolding the traje
tory in the universal 
over of S (see Figure 2.6)that γn passes qn times through the line {0}×]−h1, 0[, passes through (w1− l/2+λn, 0) ∈
]w1−l, w1[×{0}, passes pn times through the line {w1−l}×]0, h2[ and then passes through
A. So, γn lies 
ompletely in C1 ∪ C2∪]w1 − l, w1[×{0}.

PSfrag repla
ements qnw1 + pnw2

qnw1 + λn pnw2 − λn

Figure 2.6: The unfolding pro
edure.

PSfrag repla
ements
λnFigure 2.7: Zoom on Figure 2.6.Now, we assume by 
ontradi
tion that there is a point B(x, y) in S distin
t from O and

A su
h that in�nitely many γn pass through B. Hen
e, there is a subsequen
e su
h thatfor all n in N, γin passes through B. There are two 
ases to 
onsider:First 
ase: y ∈]− 1, 0]. By looking at the unfolded version of the traje
tory (Figure 2.6),we see that, if kin denotes the number of times that γin pass through the line {0}×]−h1, 0[before hitting B, then (by 
al
ulating the slope of γin from O to B)
y + 1

(x+ kinw1) − (w1 − l/2)
=

2

qnw1 + pnw2

.42



So,
x− w1 + l/2 = (qinw1 + pinw2)(y + 1)/2 − kinw1.In parti
ular,
x− w1 + l/2 = (qi0w1 + pi0w2)(y + 1)/2 − ki0w1

= (qi1w1 + pi1w2)(y + 1)/2 − ki1w1.Hen
e,
(pi1 − pi0)w2 + (qi1 − qi0)w1 =

2w1

y + 1
(ki1 − ki0) 6= 0.So, 2w1

y+1

an be written as rw2 + sw1 where r and s are rational numbers.Now, if n ≥ 1, we still have

(pin − pi0)w2 + (qin − qi0)w1 = (rw2 + sw1)(kin − ki0).Be
ause (w2, w1) is free over Q, we have� (pin − pi0) = r(kin − ki0)� (qin − qi0) = s(kin − ki0) 6= 0 (remember that qn is stri
tly in
reasing)Thus, by dividing,
r

s
=
pin − pi0
qin − qi0

=
pin
qin

(1 − pi0
pin

)(
1

1 − qi0
qin

) −−−→
n→∞

w1

w2

∈ R \ Qleading to a 
ontradi
tion.For the se
ond 
ase, if y ∈ [0, 1[, it is exa
tly the same (just reverse Figure 2.6).Thus, (O,A) is not �nitely blo
kable, and S fails the �nite blo
king property.
�
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In the proof of Lemma 1, we have 
hosen the points O ∈ C1 and A ∈ C2 in su
h a way thatthe 
al
ulus was easy. In fa
t, almost all pair (O,A) ∈ C1 × C2 is not �nitely blo
kable.More pre
isely, we have theProposition 7. In the system of 
oordinates given in Figure 2.5, if α def
= w1/w2 ∈ R \Q,if Ai(xi, yi) ∈ Ci (i ∈ {1, 2}), if β def

= −y1/y2 is un
ommensurable to α, then (A1, A2) isnot �nitely blo
kable.Proof: it is very similar to the proof of Lemma 1; the introdu
tion of many parametersjust makes it heavier to read.Let R def
= −y2l + y2w1 − y2x1 + x2y1 − w1y1 + y1l (it is just an o�set).Let

I
def
=]

−R
w2y2

,
l(y2 − y1) − R

w2y2

[.

I is a non empty open set sin
e l(y2 − y1) > 0.Sin
e α
β
is a positive irrational number, N− α

β
N is dense in R so there exists two positiveinteger sequen
es (pn)n∈N and (qn)n∈N su
h that:� qn is stri
tly in
reasing� αqn − βpn ∈ ILet

λn
def
=
y2w1qn + y1w2pn +R

y2 − y1
∈]0, l[ (n ∈ N).For n ∈ N, let γn be the geodesi
 starting form A1 with slope

y2 − y1

w1qn + w2pn + x2 − x1

=
−y1

w1qn + w1 − x1 − l + λn
=

y2

w2pn − w1 + x2 + l − λn
.So, we 
an 
he
k that γn passes qn times through the line {0}×]y1, 0[, passes through

(x1 − l + λn, 0) ∈]x1 − l, x1[×{0}, passes pn times through the line {x1 − l}×]0, y1[ andpasses through A2. Stop γn here (see Figure 2.8). So, γn lies 
ompletely in C1 ∪ C2∪]x1 −
l, x1[×{0}.PSfrag repla
ements

w1qn + w2pn + x2 − x1

w1qn + w1 − x1 − l + λn w2pn − w1 + x2 + l − λn

x1

−y1
w1 + w2 − l − x2

y2Figure 2.8: The unfolding pro
edure.Now, assume by 
ontradi
tion that there is a point B(x, y) in S distin
t from A1 and A2su
h that in�nitely many γn pass through B. Let i ∈↑(N,N) be an extra
tion su
h that,for all n in N, γin pass through B. There are two 
ases to 
onsider:44



First 
ase: y ∈]y1, 0]. By looking at the unfolded version of the traje
tory (Figure 2.8),we see that if kin denotes the number of times that γin pass through the line {0}×]y1, 0[before hitting B, then
y1 − y

x1 − (x+ kinw1)
=

y2 − y1

w1qn + w2pn + x2 − x1

.So, x− x1 = (w1qin + w2pin + x2 − x1)(y − y1)/(y2 − y1) − kinw1.In parti
ular,
x− x1 = (w1qi0 + w2pi0 + x2 − x1)(y − y1)/(y2 − y1) − ki0w1

= (w1qi1 + w2pi1 + x2 − x1)(y − y1)/(y2 − y1) − ki1w1.Hen
e, (pi1 − pi0) + (qi1 − qi0)α = α y2−y1
y−y1 (ki1 − ki0) 6= 0.So, α y2−y1

y−y1 
an be written as r + sα where r and s are rational numbers.Now, if n ≥ 1, we still have (pin − pi0) + (qin − qi0)α = (r + sα)(kin − ki0).Be
ause (1, α) is free over Q, we have� (pin − pi0) = r(kin − ki0)� (qin − qi0) = s(kin − ki0) 6= 0 (remember that qn is stri
tly in
reasing)Thus, by dividing,
r

s
=
pin − pi0
qin − qi0

=
pin
qin

(1 − pi0
pin

)(
1

1 − qi0
qin

) −−−→
n→∞

α

β
∈ R \ Qleading to a 
ontradi
tion.For the se
ond 
ase, if y ∈ [0, y2[, it is exa
tly the same (just reverse Figure 2.8).Thus, (A1, A2) is not �nitely blo
kable.

�
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2.5 Finite blo
king property in the regular polygonsTheorem 1. Let n ≥ 3 be an integer. The following assertions are equivalent:� the regular n-gon has the �nite blo
king property.� the right-angled triangle Tn with an angle equal to π/n has the �nite blo
king prop-erty.� n ∈ {3, 4, 6}.Proof: a

ording to propositions 3 and 5, it su�
es to prove that the se
ond assertionimplies the third one.Suppose �rst that n is odd. ZK(Tn) 
an be des
ribed as two regular n-gons P and P ′symmetri
 one to ea
h other, with identi�
ations along the sides (see Figure 2.9).We number the verti
es of P (resp. P ′) 
ounter
lo
kwise (resp. 
lo
kwise) from s0 to
sn−1 (resp. from s′0 to s′n−1) (see Figure 2.9).PSfrag repla
ements
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Figure 2.9: The translation surfa
e asso
iated with the right-angled triangle with anangle equal to π/9 (identify the opposite sides).Now, look at Figure 2.10.In P∪P ′, (s0, s⌈n/2⌉) is parallel to (s1, s⌈n/2⌉−1), to (s2, s⌈n/2⌉−2), . . . , to (sn−1, s⌈n/2⌉+1),to (sn−2, s⌈n/2⌉ + 2), . . . , and by axial symmetry with respe
t to (s⌊n/2⌋, s⌈n/2⌉), it isparallel to (s′0, s
′
⌈n/2⌉), to (s′1, s

′
⌈n/2⌉ − 1), to (s′2, s

′
⌈n/2⌉ − 2), . . . , to (s′n−1, s

′
⌈n/2⌉ + 1), to

(s′n−2, s
′
⌈n/2⌉ + 2), . . . .Let us 
all this 
ommon dire
tion the dashed one.Do the same for the dire
tion (s0, s⌊n/2⌋) and 
all it the dotted one.This leads to a triangulation of the surfa
e, ea
h triangle having an edge dashed, an edgedotted and an edge that is an edge of P or P ′.Now, take P as the base and glue all the triangles that lie in P ′ to the ones that lie in

P , thanks to the identi�
ation between the edges of P and the edges of P ′ (this 
an bedone in an unique way) (this is the 
ut and paste operation).46
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Figure 2.10: From the surfa
e asso
iated to Tn to a more exploitable one in the sameorbit under GL(2,R) (n odd).We have now a new representation of the surfa
e asso
iated to Tn, by a planar polygonwith identi�
ations along its sides that are only dashed or dotted sides.Sin
e those two dire
tions are not parallel, it is easy to �nd an element A of GL(2,R)that put the dotted dire
tion to the horizontal, the dashed one to the verti
al and thatpreserves the lengths in those two dire
tions (this is the rotate and stret
h operation).The surfa
e S obtained by the a
tion of A to the surfa
e asso
iated to Tn is more ex-ploitable for our purpose.For 1 ≤ i ≤ n− 1, we denote di def
= ||s0 − si||2.We 
an remark that exa
tly one edge of P is dashed. Starting from this edge in S, it iseasy to re
ognize the shape of the Figure 2.5 with w1 = l = d2, w2 = d2 + d4, h1 = d1and h2 = d3.We have w2/w1 = 1 + d4/d2 = 1 + 2 sin(4π/n)/2 sin(2π/n) = 1 + 2 cos(2π/n) whi
h isirrational if n ≥ 5. Hen
e, S and therefore Tn la
ks the �nite blo
king property if n 6= 3.For the even 
ase, the translation surfa
e ZK(Tn) is 
onstituted by only one regular n-gon with opposite sides identi�ed. The 
onstru
tion is very similar, but the role of P isplayed by the lower-half of the polygon, and the role of P ′ is played by its upper-half (seeFigure 2.11). In this 
ase, w2/w1 = 1 + 2 cos(2π/n) is irrational if n /∈ {4, 6}.47
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Figure 2.11: The even 
ase (n = 10).
�Nevertheless, we 
an noti
e that the situation is not homogenous among di�erent pairsof points:Proposition 8. For every regular n-gon (n even), there exists a �nite set of points thatblo
ks every billiard path from the 
enter O to itself.Proof: the set B 
onsisting in the 
enters of the edges and the verti
es is a (�nite)blo
king 
on�guration. Indeed, suppose by 
ontradi
tion that γ is a billiard path from Oto O that does not meet B: it 
an be folded into a billiard path in the triangle Tn fromthe vertex with angle π/n to himself. This 
ontradi
ts [To℄, Lemma 4.1. page 871 (a ni
eargument on angles, measured modulo 2π/n makes this fa
t impossible).
�
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This proposition is not so 
lear if n is odd, sin
e a billiard path γ in Tn starting from Owith angle π/2n is 
oming ba
k to O after n boun
es (see Figure 2.12).
Figure 2.12: By starting with an angle π/2n, we are 
oming ba
k in O (n ∈ {5, 11} ⊂
2N + 3).It would be interesting to �nd a rational polygonal billiard table P with the propertythat no pair of points in P 
an be �nitely blo
ked.
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2.6 Finite blo
king property on Vee
h surfa
esProposition 9. Suppose that a translation surfa
e S is de
omposable into 
ommensurableparallel 
ylinders, in at least two di�erent dire
tions.Then S has the �nite blo
king property if and only if S is a torus 
overing, bran
hed overonly one point.Proof: Let (Ci)ni=0 be a de
omposition of S into parallel 
ommensurable 
ylinders, withheights hi and weights wi (i ≤ n).Starting from C0, by applying Lemma 1 step by step, we 
an see that all the wi's are
ommensurable (re
all that S is assumed to be 
onne
ted).Sin
e, for all i ≤ n, wi/hi is a rational number, we 
an dedu
e that all the hi's are
ommensurable. So, there exists h > 0 and (ki)
n
i=0 ∈ Nn+1 su
h that for i ≤ n, hi = kih.Then, ea
h Ci is de
omposed into ki sub
ylinders (Ci,j)kij=1 of height h (Ci,j is the imageof R/wiZ×](j − 1)h, jh[). Note that the singularities of S lie in the sides of the Ci,j's.By hypothesis, we have the same kind of de
omposition of S into parallel sub
ylinders

(C′
i,j)i≤n′,j≤k′i of height h′ in another dire
tion, with the property that ea
h singularity of

S lies in a side of C′
i,j.

(Pi)i≤l def
= (Ci,j)i≤n,j≤ki

∨

(C′
i,j)i≤n′,j≤k′iis a de
omposition of S into parallel isometri
 parallelograms glued edge to edge.This leads to a 
overing from S to P0 whose opposite edges are identi�ed, i.e. from S toa torus. Note that all the singularities of S lie in a vertex of some Pi, so they are sent toa 
ommon point in the torus (the image of a vertex of P0).

�Theorem 2. A Vee
h surfa
e has the �nite blo
king property if and only if it is a torus
overing, bran
hed over only one point.Proof: If the surfa
e is a torus, there is nothing to prove (both statements are true). Oth-erwise, the genus of the surfa
e is greater than two, and then the surfa
e has at least onesingularity and therefore many saddle 
onne
tion dire
tions. In ea
h saddle 
onne
tiondire
tion, a Vee
h surfa
e admits a de
omposition into 
ommensurable 
ylinders.
�
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2.7 Further resultsThe aim of this se
tion is to see how Lemma 1 
an be used in di�erent 
ontexts.First, re
all that Lemma 1 
an be applied in the non-Vee
h 
ontext sin
e:� C1 and C2 do not need to be 
ommensurable (there is no 
ondition on the heights)� the result is lo
al: if the 
on�guration of Figure 2.5 appears somewhere in a surfa
e
S with w1/w2 ∈ R \ Q, then S la
ks the �nite blo
king property (see example onFigure 2.13).

PSfrag repla
ements
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Figure 2.13: The surfa
e 
annot be fully de
omposed into 
ylinders in the horizontaldire
tion (the grey zone is a minimal 
omponent for the horizontal �ow); identify thelines with the same style, α ∈ R \ Q, w1/w2 ∈ R \ Q.2.7.1 L-shaped surfa
esLet S be a L-shaped translation surfa
e; it is in the same GL(2,R)-orbit than some
L(a, b) (see Figure 2.14). Lemma 1 allows us to de
ide wether S has the �nite blo
kingproperty (we do not need S to be a Vee
h surfa
e (su
h surfa
es were 
hara
terized in[M
℄ and [Cal℄)).
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Figure 2.14: The L-shaped translation surfa
e L(a, b) (identify the opposite sides bytranslation).Proposition 10. Let a and b be two positive real numbers. Then L(a, b) has the �niteblo
king property if and only if (a, b) ∈ Q2.51



Proof: If L(a, b) has the �nite blo
king property, applying Lemma 1 in both horizontaland verti
al dire
tion leads to (1 + a)/1 ∈ Q and (1 + b)/1 ∈ Q, so (a, b) ∈ Q2.
�2.7.2 Irrational billiardsThe 
onstru
tion of Zemljakov and Katok is also possible when the angles of a polygon

P are not rational multiples of π; in this 
ase, the group Γ is in�nite and the surfa
e isnot 
ompa
t. However, periodi
 traje
tories 
an appear; we 
an even meet the situationof lemma 1:Proposition 11. There exists a non rational polygonal billiard that fails the �nite blo
kingproperty.Proof: 
onsider the billiard drawn in Figure 2.15 and apply Lemma 1 on the pair of
ylinders de�ned by the grey zone.

PSfrag repla
ements
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Figure 2.15: A non rational billiard whose asso
iated surfa
e 
ontains the 
on�gurationof Lemma 1; θ ∈ R \ Qπ, α ∈ R \ Q.
�2.7.3 A density resultA singularity σ ∈ Σ has a 
oni
al angle of the form 2kπ, with k ≥ 1; we say that σ is ofmultipli
ity k − 1. If 1 ≤ k1 ≤ k2 ≤ · · · ≤ kn is a sequen
e of integers whose sum is even,we denoteH(k1, k2, . . . , kn) the stratum of translation surfa
es with exa
tly n singularities52



whose multipli
ities are k1, k2, . . . , kn. A translation surfa
e inH(k1, k2, . . . , kn) has genus
g = 1 + (k1 + k2 + · · ·+ kn)/2.Ea
h stratum 
arries a natural topology that is for example de�ned in [Ko℄.Theorem 3. In genus g ≥ 2, the set of translation surfa
es that fail the �nite blo
kingproperty is dense in every stratum.Sket
h of the proof: The proof of this requires some material that is too long to des
ribehere (like the pre
ise de�nition of the topology on su
h a stratum (for this we have to seeea
h translation surfa
e as a Riemann surfa
e with an abelian di�erential)). It su�
es toprove that the translation surfa
es that satisfy the hypothesis of Lemma 1 are dense inea
h stratum. For this, we begin to prove that translation surfa
es that admit a 
ylinderde
omposition in the horizontal dire
tion, with at least two non homologous horizontal
ylinders, are dense (see [EO℄, [KZ℄, [Zo℄). Using the lo
al 
oordinates given by theperiod map, we have the possibility to perturb the perimeters of two su
h �
onse
utive�non homologous 
ylinders in order to let them non 
ommensurable. We postpone thepre
ise proof for a further paper (see [Mo2℄).

�In fa
t, we will prove in [Mo2℄ that the translation surfa
es that fail the �nite blo
kingproperty is of full measure in ea
h stratum. Moreover, we will prove that �nite blo
kingproperty implies 
omplete periodi
ity; we will also give the 
lassi�
ation of the surfa
esthat have the �nite blo
king property in genus 2.Of 
ourse, the notion of �nite blo
king property and the results presented in this paper
an be translated in the vo
abulary of quadrati
 di�erentials.
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2.8 Con
lusionOne 
an de�ne a stronger property: a planar polygonal billiard or a translation surfa
e
P is said to have the bounded blo
king property if the number of blo
king points 
an be
hosen independently of the pair (O,A). Does it exist polygonal billiard tables with the�nite blo
king property but without the bounded blo
king property?Is it true that for general translation surfa
es, the fa
t of being a torus 
overing is a ne
es-sary and su�
ient 
ondition to have the �nite blo
king property (resp. bounded blo
kingproperty)? Is it true that for rational billiards, the fa
t of being almost integrable is ane
essary and su�
ient 
ondition to have the �nite blo
king property (resp. boundedblo
king property)?Note that for pie
ewise smooth billiard tables, the study of the �nite blo
king propertyseems very di�
ult, sin
e for an ellipse, even a 
ountable number of points do not su�
eto blo
k every path from a fo
us to the other one.
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Chapitre 3Propriété de blo
age �ni vs purepériodi
ité
3.1 Introdu
tionA translation surfa
e is a triple (S,Σ, ω) su
h that S is a topologi
al 
ompa
t 
onne
tedsurfa
e, Σ is a �nite subset of S (whose elements are 
alled singularities) and ω =
(Ui, φi)i∈I is an atlas of S \ Σ (
onsistent with the topologi
al stru
ture on S) su
h thatthe transition maps (i.e. the φj ◦ φ−1

i : φi(Ui ∩ Uj) → φj(Ui ∩ Uj) for (i, j) ∈ I2) aretranslations. This atlas gives to S \Σ a Riemannian stru
ture; therefore, we have notionsof length, angle, measure, geodesi
... Moreover, we assume that S is the 
ompletion of
S \ Σ for this metri
.A translation surfa
e 
an also be seen as a holomorphi
 di�erential h on a Riemannsurfa
e (the singularities 
orrespond to the zeroes of the di�erential, and in an admissibleatlas ω, h is of the form h = dz). This point of view is useful to give 
oordinates (andtherefore a topology and a measure) to the moduli spa
e of all translation surfa
es, whilethe �rst one allows to make pi
tures in the plane.Translation surfa
es provide one of the main tool for the study of rational polygonal bil-liards.Sin
e the unit tangent bundle of S enjoys a 
anoni
al global de
omposition US = S×S1,the study of the geodesi
 �ow on S 
an be done through two points of view dependingon whether the variable is the �rst or the se
ond proje
tion:1. We 
an �x one parti
ular dire
tion θ ∈ S1: this 
orresponds to the study of thedire
tional �ow φθ : S×R → S. We are usually interested in the ergodi
 propertiesof this �ow depending on whether θ is a saddle 
onne
tion dire
tion or not, or onthe way θ 
an be approximated by su
h saddle 
onne
tions (see [KMS℄, [Ve℄, [MT℄,[Vo℄, [Ma℄, [MS℄, [Ch℄). This 
lass of problems is 
alled dynami
al problems. Thispoint of view is the most studied by mathemati
ians.2. We 
an also �x one point in x ∈ S: this 
orresponds to the study of the exponential�ow expx : S1 × R → S. We are usually interested in looking at whi
h points we
an rea
h when we let the se
ond variable move, or at the statisti
s of the return57



to (or near) x (see [Kl℄, [To℄, [Mo1℄, [Mo2℄, [BGZ℄, [CG℄). This 
lass of problems is
alled illumination problems. This point of view is 
onne
ted with 
omputer s
ien
e(
omputational geometry, ray tra
ing, art gallery).Note that those two �ows are de�ned on a dense Gδ-set of full measure but not every-where be
ause the singularities don't allow some (few) geodesi
 to be de�ned on R.We are interested here by the 
onne
tion between an illumination problem 
alled the�nite blo
king property, and a dynami
al one named the pure periodi
ity.A translation surfa
e S is said to have the �nite blo
king property if for every pair (O,A)of points in S, there exists a �nite number of points B1, . . . , Bn (di�erent from O and A)su
h that every geodesi
 from O to A meets one of the Bi's.A translation surfa
e S is said to be purely periodi
 if for any θ ∈ S1, the existen
e of aperiodi
 orbit in the dire
tion θ implies that the dire
tional �ow φθ is periodi
 (i.e. thereexists T > 0 su
h that φTθ = IdS a.e.). This notion is a stronger version of the 
ompleteperiodi
ity de�ned in [Ca℄.The paper is organized as follows :In the �rst se
tion, we re
all some ba
kground and known results about the �nite blo
k-ing property. The se
ond one is devoted to the proof of the following result :Theorem 1. Let S be a translation surfa
e with the �nite blo
king property. Then S ispurely periodi
.The third se
tion is devoted to some appli
ations of this theorem. First, we give animprovement of [Mo2℄, Theorem 3 :Theorem 2. In genus g ≥ 2, the set of translation surfa
es that fail the �nite blo
kingproperty is of full measure in every stratum.Then, we give the 
omplete 
lassi�
ation in genus 2 :Theorem 3. Let S be a translation surfa
e of genus 2. Then S has the �nite blo
kingproperty if and only if S is a torus bran
hed 
overing.
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3.2 Ba
kgroundIn this se
tion, we present some results about the �nite blo
king property that wereproven in [Mo2℄.3.2.1 StabilityThe �nite blo
king property is stable under some 
lassi
al operations on translationsurfa
es:Singularities We have used the 
onvention that a geodesi
 stops when it rea
hes a singu-larity. This 
onvention is not restri
tive for the study of the �nite blo
king propertysin
e we 
an add those singularities in any blo
king 
on�guration. Moreover the�nite blo
king property is not perturbed when we add or remove removable singu-larities (a singularity σ ∈ Σ is said to be removable if there exists an atlas ω′ ⊃ ωsu
h that (S,Σ \ {σ}, ω′) is a translation surfa
e).Bran
hed 
overing A bran
hed translation 
overing between two translation surfa
es isa map π : (S,Σ) → (S ′,Σ′) that is a topologi
al bran
hed 
overing that lo
ally pre-serves the translation stru
ture. A torus bran
hed 
overing is a translation surfa
e
S su
h that there exists a bran
hed translation 
overing from S to a �at torus.Proposition 1. Let π : (S,Σ) → (S ′,Σ′) be a translation 
overing bran
hed on a�nite set R′ ⊂ S ′. Then S has the �nite blo
king property if and only if S ′ has.Rational billiards Let P denote a polygon in R2. Let Γ ⊂ O(2,R) be the groupgenerated by the linear parts of the re�e
tions in the sides of P. When Γ is �nite,we say that P is a rational polygonal billiard table. When P is simply 
onne
ted,
P is rational if and only if all the angles between edges are rational multiples of
π. A 
lassi
al 
onstru
tion due to Zemljakov and Katok (see [ZK℄, [MT℄) allows usto asso
iate to ea
h rational billiard table P a translation surfa
e ZK(P) (as anexample, the translation surfa
e asso
iated to the square billiard table is the torus
T2 = R2/Z2).Proposition 2. Let P be a rational polygonal billiard table. Then ZK(P) has the�nite blo
king property if and only if P has.A
tion of GL(2, R) If A ∈ GL(2,R), we 
an de�ne the translation surfa
e

A.(S,Σ, (Ui, φi)i∈I) def
= (S,Σ, (Ui, A ◦ φi)i∈I);hen
e we have an a
tion of GL(2,R) on the 
lass of translation surfa
es. We 
lassi-
ally 
onsider only elements of SL(2,R) (see [MT℄), but area is not assumed to bepreserved here.Proposition 3. Let S be a translation surfa
e and A be in GL(2,R). Then S hasthe �nite blo
king property if and only if A.S has.59



3.2.2 Su�
ient 
onditionsProposition 4 (Fomin [Fo℄). The square billiard table has the �nite blo
king property.Hen
e, 
ombining propositions 1, 2, 3 and 4, we have :Proposition 5. Any torus bran
hed 
overing has the �nite blo
king property.3.2.3 Ne
essary 
onditionsWe �rst give some de�nitions and 
onventions 
on
erning isometries and 
ylinders. Inthis paper, �isometry� means �orientation-preserving lo
al isometry�. Sin
e an isometry
i from an open subset U of R2 to a translation surfa
e S 
an be uniquely extended by
ontinuity to U (it is uniformly 
ontinuous), we will also denote by i this extension (thatis also an isometry). In this pro
ess, we may lose the inje
tivity of i.A sub
ylinder C is an isometri
 
opy of R/wZ×]0, h[ in a translation surfa
e S (w > 0,
h > 0). w and h are unique and 
alled the width and the height of C. The dire
tion of Cis the dire
tion of the image of R/wZ × {h/2} (whi
h is 
onsidered here as an oriented
losed geodesi
); it is de�ned modulo 2π. The images in S of R/wZ×{0} and R/wZ×{h}are 
alled the sides of C. The side R/wZ × {h} is 
alled the upper side.A 
ylinder is a maximal sub
ylinder (for the in
lusion). Any periodi
 traje
tory for φθ
an be thi
kened to obtain a 
ylinder in the dire
tion θ. Whenever S is not a torus, ea
hside of a 
ylinder 
ontains at least one singularity and is a �nite union of saddle 
onne
-tions (a saddle 
onne
tion is a geodesi
 joining two singularties). We say that S admitsa 
ylinder de
omposition in the dire
tion θ if the (ne
essarily �nite) union of 
ylinderswhose dire
tion is θ is dense in S (then, the 
omplement of this union is the union of thesides of those 
ylinders).Let C1 and C2 be two 
ylinders with width w1 (resp. w2) and height h1 (resp. h2) in atranslation surfa
e S. We suppose that C1 and C2 are two di�erent 
ylinders in the samedire
tion whose 
losures have a nontrivial (i.e. not redu
ed to a �nite set) interse
tion.The situation is des
ribed in Figure 3.1.
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Figure 3.1: The opposite verti
al sides are identi�ed by translation while the dottedhorizontal ones are glued with the rest of the surfa
e; l > 0.60



Lemma 1. Let S be a translation surfa
e that 
ontains two di�erent 
ylinders C1 and
C2 in the same dire
tion whose 
losures have a nontrivial interse
tion. If their widths areun
ommensurable, then S fails the �nite blo
king property.This lemma implies all the remaining results of se
tion 3.2 and will be useful in the proofof Theorem 1.Proposition 6. The only regular polygons (
onsidered as billiard tables) with the �niteblo
king property are the equilateral triangle, the square and the regular hexagon.Proposition 7. A Vee
h surfa
e has the �nite blo
king property if and only if it is atorus 
overing, bran
hed over only one point.In other terms, arithmeti
 surfa
es are exa
tly the Vee
h surfa
es with the �nite blo
kingproperty. Note that proposition 7 was proven independently by Eugene Gutkin, and isthe main result of [Gu℄.3.2.4 Global point of view: moduli spa
es of holomorphi
 formsA singularity σ ∈ Σ has a 
oni
al angle of the form 2(k + 1)π, with k ≥ 0; we say that
σ is of multipli
ity k. Removable singularities are the singularities of multipli
ity 0. Interms of holomorphi
 di�erentials, it is equivalent to say that there is a 
hart around σsu
h that h = zkdz (i.e. σ is a zero of order k of h).If 1 ≤ k1 ≤ k2 ≤ · · · ≤ kn is a sequen
e of integers whose sum is even, we denote by
H(k1, k2, . . . , kn) the stratum of translation surfa
es with exa
tly n singularities whosemultipli
ities are k1, k2, . . . , kn (we 
onsider only surfa
es without removable singulari-ties). A translation surfa
e in H(k1, k2, . . . , kn) has genus g = 1 + (k1 + k2 + · · ·+ kn)/2.Ea
h stratum 
arries a natural topology and an SL(2,R)-invariant measure that are forexample de�ned in [Ko℄.Proposition 8. In genus g ≥ 2, the set of translation surfa
es that fail the �nite blo
kingproperty is dense in every stratum.In fa
t, we proved in [Mo2℄ that the hypotheses of Lemma 1 are satis�ed on a densesubset of ea
h stratum. Unfortunately, those hypotheses are valid only on a set of zeromeasure. Proposition 8 will be 
onsiderably improved by Theorem 2.
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3.3 Main resultA translation surfa
e is said to be 
ompletely periodi
 if the following property holds (see[Ca℄): if there exists a periodi
 orbit in the dire
tion θ, then the surfa
e admits a 
ylinderde
omposition in the dire
tion θ.Proposition 9. Let S be a translation surfa
e with the �nite blo
king property. Then Sis 
ompletely periodi
.Proof: Let θ be a dire
tion that 
ontains a periodi
 orbit. Up to a rotation, we assumethat this dire
tion is the horizontal one (de�ned by θ = 0 mod 2π). We 
an thi
kenall of su
h horizontal periodi
 orbits to obtain a �nite number of 
ylinders. Assume by
ontradi
tion, that S is not fully de
omposed into 
ylinders in the horizontal dire
tion:there exists a 
ylinder C and singularities σ and σ′ (possibly equal) that lie on the upperside of C su
h that the horizontal geodesi
 γ (whose length is denoted by l(γ) and image by
|γ|) from σ to σ′ exists (the singularities are 
onse
utive for the 
y
li
 order on the upperside of C) and is not a part of a side of any other 
ylinder. To be more pre
ise, there exists
s > 0 (by 
ompa
ity of |γ| and by �niteness of the number of horizontal 
ylinders) su
hthat there is an inje
tive isometry i : ]0, l(γ)[× ]0, s[→ S su
h that i([0, l(γ)]×{0}) = |γ|and i( ]0, l(γ)[× ]0, s[ ) doesn't meet any horizontal 
ylinder. Up to a dilatation (thatbelongs to GL+(2,R)), we assume that the width of C is 1 and that its height is 2. Thesituation is des
ribed in Figure 3.2.
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Figure 3.2: The opposite verti
al bla
k sides are identi�ed by translation; the dotted onesare glued with the rest of the surfa
e; the dark zone doesn't meet any horizontal 
ylinder.The heart of the proof is organised into three steps. A summary 
on
ludes ea
h of them.Step 1 Constru
tion of 
ertain thin re
tangles in S that 
ontain a 
ommon point A.Let ε > 0 be smaller than s.Let Tε be the supremum of all t > 0 su
h that there exists an inje
tive isometry
jt : ]0, t[× ]0, ε[→ S that 
oin
ides with γ on ]0,min(l(γ), t)[×{0}. Tε is greaterthan or equal to l(γ) and therefore stri
tly positive. S has �nite area hen
e Tε is62



�nite. Moreover Tε is a maximum (indeed, if 0 < t ≤ t′ < Tε, then jt′ extends jt):there exists an inje
tive isometry jTε : ]0, Tε[× ]0, ε[→ S that 
oin
ide with γ on
]0, l(γ)[×{0}.There are only three possibilities depending on what happens on jTε({Tε}× ]0, ε[ ) (if
jTε({Tε}× ]0, ε[ ) does not meet a singularity, then jTε 
an be extended to an isom-etry that fails to be inje
tive, hen
e Iε = jTε({Tε}× ]0, ε[ ) and Jε = jTε({0}× ]0, ε[ )interse
t ea
h other):1. Iε meets a singularity denoted by σε.2. Iε = Jε: we just have 
onstru
ted a 
ylinder where it is forbidden, so this 
asedoes not o

ur.3. The verti
al intervals Iε and Jε interse
t ea
h other but we are neither in the�rst nor in the se
ond 
ase. Sin
e σ = jTε(0, 0) is a singularity, Iε ∩ Jε is asubinterval of Jε that hits the extremity of Jε that is not σ (i.e. jTε(0, ε)) (seeFigure 3.3).PSfrag repla
ements
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Figure 3.3: The dark zone is the image of jTε .So, there exists 0 < ε′ ≤ ε su
h that Jε \ Iε = jTε({0}× ]0, ε′]). Now, thesame three possibilities are o�ered to jTε′ , but the third 
ase 
an't happen.Indeed, otherwise there is 0 < ε′′ < ε′ su
h that jTε′ (0, ε′) = jTε′ (Tε, 0) =
jTε′ (Tε′, ε

′ − ε′′) is not a singularity but has a 
oni
al angle greater than 2π.So, up to redu
ing the size of ε (by repla
ing ε by ε′ whenever we are in the third
ase), we 
an 
onsider that we are in the �rst 
ase, and, sin
e Σ is �nite, there existsa sequen
e (εn)n∈N of stri
tly positive numbers that 
onverges to 0 and a singularity
σ∞ ∈ Σ su
h that for all n in N, σεn = σ∞. If n ∈ N, there exists 0 < yn < εnsu
h that σ∞ = jTεn (Tεn, yn). Let A = jTεn (Tεn− l(γ)/2, yn) (A does not depend on
n ∈ N and is in the image of every jTεn ).63



To sum up this step and �x notations, we proved that there exists A ∈ S su
h thatfor all ε > 0 there exists lε ≥ l(γ) and 0 < hε ≤ ε su
h that there exists an inje
tiveisometry iε from ]0, lε[× ]0, hε[ to S that 
oin
ides with γ on ]0, l(γ)[×{0} andwhose image 
ontains A.The situation is summarized in Figure 3.4. Let O be the point drawn on this Figure.We denote A = iε(xε, yε).PSfrag repla
ements
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Figure 3.4: Summary of Step 1.Step 2 Constru
tion of �teepees� of more and more geodesi
s between O and A.Let ε > 0. The unfolding of C allows us to de�ne an extension of iε as in Figure 3.5:we get an isometry iε : ]0, lε[×[0, hε[
⋃

R× ] − 2, 0[→ S. In R2, we denote withoutambiguity σ = (0, 0), σ′ = (l(γ), 0) and A = (xε, yε).PSfrag repla
ements
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al) appli
ation of the theorem of Thales.Let Sε (resp. S ′
ε) be the point of the line that passes through A and σ (resp. σ′)whose ordinate is −1. Sin
e (σ, σ′) and (Sε, S

′
ε) are parallel, the theorem of Thales64



asserts that
d(Sε, S

′
ε)

(1 + yε)
=
l(γ)

yε
,where d stands for the eu
lidean distan
e of R2. Let Oε = i−1

ε ({O})∩ ]Sε, S
′
ε[ . Wehave 
ardOε ≥ d(Sε, S

′
ε) − 1 = l(γ)(1 + yε)/yε − 1 −−→

ε→0
∞.Sin
e the open triangle (A, Sε, S

′
ε) is in
luded in the sour
e of iε, we de�ne a set Tε(
alled a teepee) of geodesi
s in S from O to A by taking the images by iε of thesegments joining an element of Oε to A. Of 
ourse,
ardTε = 
ardOε −−→

ε→0
∞.To sum up this step, we 
onstru
ted, for all ε > 0, a set Tε of more and moregeodesi
s from O to A whose images are in
luded in C ∪ |γ| ∪ iε( ]0, lε[× ]0, hε[ ).Step 3 The density of the geodesi
s of a teepee that are blo
ked by a �xed point vanishes.Let B be a �xed point in S that is di�erent from O and A. For ε > 0, let Tε(B) bethe set of elements of Tε that are blo
ked by B (i.e. that pass through B).� Suppose that B is not in C. Let ε > 0. If B is not in the image of iε, then Tε(B)is empty. Otherwise, B is in iε( ]0, lε[×[0, hε[ ), then the 
ardinal of Tε(B) isat most 1 (indeed, the elements of Tε are disjoint on iε( ]0, lε[×[0, hε[ ) \ {A}).Hen
e, 
ard Tε(B)/
ard Tε −−→

ε→0
0.� Suppose that B is in C. Let −h be the ordinate of any preimage of B by any

iε. We 
an assume that h ∈ ]0, 1[ , otherwise Tε(B) is empty for any ε > 0. Let
ε > 0. Let β1 and β2 be two distin
t elements of Tε(B): for i ∈ {1, 2}, thereexists Oi in Oε and Bi in i−1

ε (B) su
h that Bi lies in the segment [Oi, A] whoseimage by iε is βi (see Figure 3.6).
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We 
hoose β1 and β2 su
h that d(O1, O2) is minimal, and set pε = d(B1, B2)and qε = d(O1, O2). By minimality,
ard Tε(B) ≤ 
ard Tε
qε

+ 1.Sin
e iε(B1) = iε(B2) = B and iε(O1) = iε(O2) = O, pε and qε are integers.Sin
e (B1, B2) and (O1, O2) are parallel, the theorem of Thales asserts that
pε
qε

=
(h+ yε)

(1 + yε)
.The map ( R∗

+ −→ ]h,∞[
ε 7−→ (h + yε)/(1 + yε)

) 
onverges to h when ε 
onvergesto 0 but never takes the value h, hen
e qε −−→
ε→0

∞ (indeed, any set of rationalnumbers whose denominators are bounded is a 
losed dis
rete subset of R,hen
e it 
annot have an a

umulation point).Hen
e, 
ardTε(B)
ard Tε ≤ 1

qε
+

1
ard Tε −−→
ε→0

0.To sum up this step, we proved that for any point B in S that is di�erent from Oand A, the density of the geodesi
s of Tε that are blo
ked by B tends to 0 when εtends to 0.Now, we assumed that S has the �nite blo
king property, so there exists a �nite set
{B1, . . . , Bn} in S \ {O,A} that blo
ks any geodesi
 from O to A.Let ε > 0 be small enough su
h that Σn

i=1
ard Tε(Bi)/
ardTε < 1: there exists a geodesi
in Tε \
⋃n
i=1 Tε(Bi) from O to A that doesn't meet any Bi, leading to a 
ontradi
tion. So,

S is 
ompletely periodi
.
�Theorem 1. Let S be a translation surfa
e with the �nite blo
king property. Then S ispurely periodi
.Proof: Let θ be a dire
tion that 
ontains a periodi
 traje
tory. By virtue of Proposition9, S admits a 
ylinder de
omposition (Ci)ni=1 in the dire
tion θ. Starting from one ofthose 
ylinders and applying Lemma 1 step by step, we show that all the widths of those
ylinders are 
ommensurable (remember that S is 
onne
ted). Hen
e there exists w > 0su
h that the width of Ci is equal to piw with pi ∈ N∗. Setting T = wp1 . . . pn > 0, wehave φTθ = IdS a.e.
�
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3.4 Some appli
ationsTheorem 2. In genus g ≥ 2, the set of translation surfa
es that fail the �nite blo
kingproperty is of full measure in every stratum.Proof: It is known that 
ompletely periodi
 translation surfa
es form a set of null mea-sure in every stratum (in genus g ≥ 2) ([Zo℄).
�Theorem 3. Let S be a translation surfa
e of genus 2. Then S has the �nite blo
kingproperty if and only if S is a torus bran
hed 
overing.Proof:By Proposition 5, if S is a torus bran
hed 
overing, then S has the �nite blo
king property.Conversely, suppose that S has the �nite blo
king property. By Proposition 9, S is
ompletely periodi
. Su
h surfa
es of genus 2 were 
lassi�ed in [Ca℄. If S is in H(2),then S is a Vee
h surfa
e and by Proposition 7, S is a torus bran
hed 
overing. If S isin H(1, 1), we assume by 
ontradi
tion that S is not a torus bran
hed 
overing. A dire
t
onsequen
e of Theorem 1.2 of [Ca℄ is that after res
aling S, there exists a square-freeinteger d > 0, four positive numbers w1, w2, s1, s2 in Q(

√
d) and a dire
tion θ ∈ S1 su
hthat:� S is de
omposed into 
ylinders C1, C2 (and sometimes C3) in the dire
tion θ� w1 (resp. w2) is the width of C1 (resp. C2)�

w1

w2

s1 + s2 = 0

Sin
e w1, w2, s1, s2 are in Q(
√
d), there exists two rational numbers r1 and r2 su
h that
w1

w2

s1 + s2 = r1 + r2
√
d.The addition of those two equalities gives w1

w2
(s1 + s1)+ (s2 + s2) = r1 + r2

√
d. Theorem 1asserts that S is purely periodi
, so w1

w2
is rational, so w1

w2
(s1 + s1) + (s2 + s2) is rational,so r2 = 0. The subtra
tion of the two equalities leads to r1 = 0.Hen
e, w1

w2
s1 + s2 is both null and positive, whi
h is impossible: S is a torus bran
hed
overing.

�Of 
ourse, the notion of �nite blo
king property and the results presented in this paper
an be translated in the vo
abulary of quadrati
 di�erentials.
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3.5 Con
lusionWe 
on
lude this paper by the following open question :Does pure periodi
ity imply being a torus bran
hed 
overing?It was positively answered in [Mo2℄ for Vee
h surfa
es and in the present paper for surfa
esof genus two. Proving that in full generality would provide an equivalen
e between thefollowing assertions :1. S is a torus bran
hed 
overing2. there exists A ∈ GL(2,R) su
h that hol(H1(A.S,Z)) = Z + iZ3. V ectQ(hol(H1(S,Z))) has dimension 24. S has the �nite blo
king property5. S has the bounded blo
king property: there exists n ∈ N su
h that for every pair
(O,A) of points in S, there exists n points B1, . . . , Bn (di�erent from O and A)su
h that every geodesi
 from O to A meets one of the Bi's6. S has the middle blo
king property: For every pair (O,A) of points in S, the setof the midpoints of the geodesi
s from O to A is �nite7. S has the bounded middle blo
king property: there exists n ∈ N su
h that the setof the midpoints of the geodesi
s from O to A has 
ardinal less than n8. S is purely periodi
: in every dire
tion θ that 
ontains a periodi
 orbit, the dire
-tional �ow φθ is periodi
 (i.e. there exists T > 0 su
h that φTθ = IdS a.e.)9. in every dire
tion that 
ontains a periodi
 orbit, S is de
omposable into 
ylinderswhose widths are 
ommensurableProperties 1, 2 and 3 are geometri
, whereas properties 4, 5, 6, 7 are exponential andproperties 8 and 9 are dynami
.If C denotes the subgroup of H1(S,Z) generated by the periodi
 orbits, it is alreadypossible to prove that if S is purely periodi
, then V ectQ(hol(C)) has dimension 2. Con-sequently, when C = H1(S,Z), then the nine previous assertions are equivalent.
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Chapitre 4Une 
ondition homologique pour une
ara
térisation dynamique etilluminatoire des revêtements rami�ésdu tore
4.1 Introdu
tionA translation surfa
e is a triple (S,Σ, ω) su
h that S is a topologi
al 
ompa
t 
onne
tedsurfa
e, Σ is a �nite subset of S (whose elements are 
alled singularities) and ω =
(Ui, φi)i∈I is an atlas of S \ Σ (
onsistent with the topologi
al stru
ture on S) su
h thatthe transition maps (i.e. the φj ◦ φ−1

i : φi(Ui ∩ Uj) → φj(Ui ∩ Uj) for (i, j) ∈ I2) aretranslations. This atlas gives to S \Σ a Riemannian stru
ture; therefore, we have notionsof length, angle, measure, geodesi
... Moreover, we assume that S is the 
ompletion of
S \ Σ for this metri
.A translation surfa
e 
an also be seen as a holomorphi
 di�erential h on a Riemannsurfa
e (the singularities 
orrespond to the zeroes of the di�erential, and in an admissibleatlas ω, h is of the form h = dz).Translation surfa
es provide one of the main tool for the study of rational polygonal bil-liards.Sin
e the unit tangent bundle of S enjoys a 
anoni
al global de
omposition US = S ×S1(the rotational holonomy is trivial), the study of the geodesi
 �ow on S 
an be donethrough two points of view depending on whether the variable is the �rst or the se
ondproje
tion:Dynami
s We 
an �x one parti
ular dire
tion θ ∈ S1.This 
orresponds to the study of the dire
tional �ow φθ : S × R → S.In that 
ontext, we say that a translation surfa
e S is purely periodi
 if for any

θ ∈ S1, the existen
e of a periodi
 orbit in the dire
tion θ implies that the dire
tional�ow φθ is periodi
 (i.e. there exists T > 0 su
h that φTθ = IdS a.e.).Illumination We 
an also �x one point in x ∈ S.71



This 
orresponds to the study of the exponential �ow expx : S1 × R → S.In that 
ontext, we say that a translation surfa
e S has the �nite blo
king property iffor every pair (O,A) of points in S, there exists a �nite number of points B1, . . . , Bn(di�erent from O and A) su
h that every geodesi
 from O to A meets one of the
Bi's.A torus bran
hed 
overing is a translation surfa
e S su
h that there exists a bran
hedtranslation 
overing from S to a �at torus (a bran
hed translation 
overing between twotranslation surfa
es is a map π : (S,Σ) → (S ′,Σ′) that is a topologi
al bran
hed 
overingthat lo
ally preserves the translation stru
ture.). This is a global geometri
 property.In [Mon1℄ and [Mon2℄, the three notions of torus bran
hed 
overing, �nite blo
king prop-erty and pure periodi
ity have been proved to be equivalent for Vee
h surfa
es and surfa
esof genus two. Gutkin proved independently that the notions of torus bran
hed 
overingand �nite blo
king property are equivalent for Vee
h surfa
es [Gut℄.In this paper, we prove that the equivalen
e is true for any surfa
e whose homology isgenerated by the periodi
 orbits of the geodesi
 �ow.In parti
ular, the three notions are equivalent for 
onvex surfa
es and on a dense opensubset of full measure of any stratum.The paper is organized as follows : in se
tion 4.2, we re
all some ba
kground and usefultools. The se
ond one is devoted to the proof of the following results :Theorem 1. Let S be a purely periodi
 translation surfa
e.Then hol(P(S)) is a latti
e of R2.Theorem 2. Let S be a translation surfa
e whose homology is generated by the periodi
orbits of the geodesi
 �ow on S. Then the following assertions are equivalent:1. S is a torus bran
hed 
overing2. S has the �nite blo
king property3. S is purely periodi
In se
tion 4.4, we try to see to what extent does this result applies. In parti
ular, we proveProposition 1. Let S be a 
onvex surfa
e, then the periodi
 orbits of S generate

H1(S,Z).Proposition 2. In any stratum H1(k1, . . . , kn), the set of translation surfa
es whosehomology is generated by the perodi
 orbits is an open dense subset of full measure.The last se
tion is a dis
ussion about the tools we used, parti
ularly the J-invariant (inthe proof of Theorem 1) and the existen
e of two transverse paraboli
 elements (for theproof of the result about Vee
h surfa
es), and the fa
t that in general one needs to �ndperiodi
 orbits in more than two dire
tions to generate the homology of a translationsurfa
e. We take the opportunity to introdu
e the 
lass of translation surfa
e whose
J-invariant is of the simplest form, and present a 
ollaborative en
y
lopedy of 
on
retetranslation surfa
es. 72



4.2 Ba
kground and tools4.2.1 Cylinder de
ompositionLet S be a translation surfa
e. A 
ylinder C of S is a maximal isometri
 
opy of
R/wZ×]0, h[ in S (w > 0, h > 0). The parameters w and h are unique and 
alledthe width (or perimeter) and the height of C. The dire
tion of C is the dire
tion of theimage of R/wZ × {h/2} (whi
h is 
onsidered here as an oriented 
losed geodesi
); it isde�ned modulo 2π.We say that S admits a 
ylinder de
omposition in the dire
tion θ if the (ne
essarily �nite)union of 
ylinders in that dire
tion is dense in S. The remaining is a �nite union of saddle
onne
tions (a saddle 
onne
tions is a geodesi
 γ : [0, 1] → S joining two singularitiesand su
h that γ(]0, 1[) does not 
ontain any singularity).Any periodi
 traje
tory for φθ 
an be thi
kened to obtain a 
ylinder in the dire
tion θ.Thus, saying that S is purely periodi
 is equivalent to say that in ea
h dire
tion θ thatadmits a periodi
 orbit, S admits a 
ylinder de
omposition whose 
ylinders have 
om-mensurable perimeters. This property is stronger than the notion of 
omplete periodi
ityintrodu
ed by Calta [Cal℄.4.2.2 (Translational) holonomyLet S be a translation surfa
e. Let γ : [0, 1] → S be a 
ontinuous 
urve. Thanks tolo
al 
harts, γ 
an be lifted on R2 (or C) to a 
urve γ de�ned up to translation. Hen
e,
hol(γ)

def
= γ(1)− γ(0) is well de�ned and is 
alled the holonomy of γ. If h is the holomor-phi
 form that de�nes S, we have hol(γ) =

∫

γ
h.If γ′ is homologous to γ, then hol(γ′) = hol(γ). If we are looking to 
losed 
urves, hol
an be extended by formal sum to a morphism hol : H1(S,Z) → R2.4.2.3 Moduli spa
e and SL(2, R)-a
tionA singularity σ ∈ Σ has a 
oni
al angle of the form 2(k + 1)π, with k ≥ 0; we say that σis of multipli
ity k. In terms of holomorphi
 forms, it is equivalent to say that there is a
hart around σ su
h that h = zkdz (i.e. σ is a zero of order k of h).If 1 ≤ k1 ≤ k2 ≤ · · · ≤ kn is a sequen
e of positive integers whose sum is even, we denoteby H(k1, k2, . . . , kn) the stratum of translation surfa
es with exa
tly n singularities whosemultipli
ities are k1, k2, . . . , kn (we 
onsider only surfa
es without removable singularitiesi.e. singularities of multipli
ity 0). A translation surfa
e in H(k1, k2, . . . , kn) has genus

g = 1 + (k1 + k2 + · · ·+ kn)/2.For any translation surfa
e S and any A ∈ SL(2,R), we 
an de�ne the translation surfa
e
A.(S,Σ, (Ui, φi)i∈I) def

= (S,Σ, (Ui, A ◦ φi)i∈I)73



hen
e we have an a
tion of SL(2,R) on the moduli spa
e of translation surfa
es.Ea
h stratum 
arries a natural topology and a SL(2,R)-invariant measure that are forexample de�ned in [Kon℄. Let S be an element of some H(k1, k2, . . . , kn) and let B bea basis of the relative homology of S: it is just the 
on
atenation of a basis of the �rsttopologi
al homology group H1(S,Z) with a set of n− 1 
urves from a singularity to theother ones. If S ′ is another translation surfa
e (built on the same topologi
al surfa
e),let us denote by holS′ the asso
iated holonomy. The map
Φ

def
=

(

H(k1, k2, . . . , kn) −→ C2g+n−1

S ′ 7−→ (holS′(γ1), . . . , holS′(γ2g+n−1))

)is named the period map and is a lo
al homeomorphism in a neighbourhood of S andin this system of 
oordinates, the former measure is absolutely 
ontinuous relatively toLebesgue.In ea
h stratum H(k1, k2, . . . , kn), let H1(k1, k2, . . . , kn) denotes the real hypersurfa
ede�ned by the equation area(S) = 1. The topology 
an be indu
ed and the measure 
anbe pushed from H(k1, k2, . . . , kn) to H1(k1, k2, . . . , kn) that is stable under SL(2,R).Masur [Mas℄ and Vee
h [Vee1℄ proved that the volume of any su
h (normalized) stratumis �nite, and that the a
tion of SL(2,R) is ergodi
 on any 
onne
ted 
omponent of anynormalized stratum.4.2.4 The J-invariantIn [KenSmi℄, Kenyon and Smillie de�ne an algebrai
 invariant for translation surfa
es:the J-invariant. It takes values in the alternating produ
t of R2 by itself denoted here by
R2 ∧Q R2 (note that R2 is 
onsidered here as an in�nite dimensional Q-ve
tor spa
e). If
(β,≤) is a totally ordered basis of R2, then {u ∧ v | (u, v) ∈ β2 and u < v} is a basis of
R2 ∧Q R2.First, they de�ne it for planar polygons: if P is a polygon of R2 with verti
es v1, . . . , vnin 
ounter
lo
kwise order around the boundary of P , then

J(P )
def
= v1 ∧ v2 + v2 ∧ v3 + · · ·+ vn ∧ v1If P is a parallelogram, we have J(P ) = 2e1 ∧ e2, where e1 = v2 − v1 and e2 = v3 − v2 =

v4 − v1 are two 
onse
utive edges of P (for the same 
ounter
lo
kwise order).Then, if a translation surfa
e S admits a 
ellular de
omposition into planar polygons
S = P1 ∪ · · · ∪ Pn, they de�ne

J(S)
def
= J(P1) + · · ·+ J(Pn)Any translation surfa
e admits su
h a de
omposition and J(S) is independent of the
hoi
e of the de
omposition of S into polygons (see [KenSmi℄). Note that the singulari-ties of S have to be lo
ated at the verti
es of the Pi's.74



We have to noti
e that for any translation surfa
e S, J(S) 
annot be equal to zerosin
e if ϕ denotes the linear map from R2 ∧Q R2 to R su
h that for any u and v in R2

ϕ(u ∧ v) = det(u, v), then ϕ(J(S)) = 2.area(S) 6= 0.4.3 A homologi
al 
ondition for a purely periodi
 trans-lation surfa
e to be a torus bran
hed 
overingThanks to Hopf-Rinow theorem, sin
e S is a 
omplete surfa
e, any 
losed 
urve γ on
S 
an be tightened to give a 
losed geodesi
 in the same homology 
lass. Therefore,
H1(S,Z) is generated by the 
losed geodesi
s of S. Among them, are the periodi
 orbitsfor the geodesi
 �ow. But they are not the only ones sin
e there are also 
losed unionsof �
onse
utive� saddle 
onne
tions. Let P (S) denotes the set of periodi
 orbits, and let
P(S) denotes the subgroup of H1(S,Z) generated by P (S).Theorem 1. Let S be a purely periodi
 translation surfa
e.Then hol(P(S)) is a latti
e of R2.Proof:Step 1: We prove that dimQ(V ectQ(hol(P (S)))) = 2.Let V and W be two non-
olinear elements of hol(P (S)). Up to let SL(2,R) a
ton S, we 
an suppose that V is horizontal whereas W is verti
al.Now, assume by 
ontradi
tion that there is an element V ′ in hol(P (S)) that is notin the Q-ve
tor sap
e generated by V and W .

V ′ 
an be neither parallel to V nor W sin
e S is purely periodi
.We write the real 
ombination V ′ = αV + βW .We have supposed that α or β is in R \Q. There is no loss of generality to assumethat both α and β are positive and that α is irrational (see Figure 4.1, the positivityof α and β is just here to avoid 
onfusions in the 
omputation of J(S)).
PSfrag repla
ements
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We will now 
al
ulate J(S) in two di�erent manners, along the 
ouple of dire
tions
(V,W ), and then along (V ′,W ).Sin
e S is purely periodi
, we 
an de
ompose S into parallel horizontal and verti
al
ylinders (Ci)pi=0 and (Dj)

q
j=0.For i ≤ p and j ≤ q, Ci∩Dj is the reunion of a familly of disjoint open parallelograms(re
tangles) (Pi,j,k)

r(i,j)
k=0 . Let us denote vi,j,k and wi,j,k for the sides of Pi,j,k alongdire
tions V and W .Note that wi,j,k does not depend on j nor k sin
e it represents the height of Ci alongthe dire
tion W , so we 
an write wi,j,k = wi. Hen
e, J(Pi,j,k) = 2vi,j,k ∧ wi.Sin
e S is purely periodi
, for any i ≤ p, the holonomy of a periodi
 orbit along Ciis equal to riV , where ri is a rational number. Hen
e ∑q

j=0

∑r(i,j)
k=0 vi,j,k = riV .

PSfrag repla
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Figure 4.2: Situation around Ci.Sin
e the 
losures of all the Pi,j,k's form a 
ellullar de
omposition of S (note thatthe singularities of S are lo
ated at the verti
es of some Pi,j,k's), we have
J(S) =

p
∑

i=0

q
∑

j=0

r(i,j)
∑

k=0

J(Pi,j,k) =

p
∑

i=0

2riV ∧ wi = 2V ∧
p
∑

i=0

riwi = V ∧ Zwhere Z is a ve
tor 
olinear to W that stands for 2
∑p

i=0 riwi.76



The same 
omputation holds if we repla
e (V,W ) by (V ′,W ), so we have also
J(S) = V ′ ∧ Z ′ for some ve
tor Z ′ 
olinear to W .So, we have V ∧ Z = V ′ ∧ Z ′ hen
e (V, V ′, Z, Z ′) 
annot be free over the rationals.Hen
e, there exists (a, b, c, d) ∈ Q4 \{(0, 0, 0, 0)} su
h that aV +bV ′+cZ+dZ ′ = 0.Proje
ting on the x-axis along the y-axis, we have aV + bαV = 0 so a = b = 0as α /∈ Q. Therefore, we have cZ + dZ ′ = 0 with (c, d) 6= (0, 0) and (Z,Z ′) is notfree over Q. So, there exists a rational number q su
h that Z = qZ ′ (Z and Z ′ aredi�erent from 0 sin
e J(S) 
annot be null).Then V ∧ qZ ′ = V ′ ∧ Z ′, so (qV − V ′) ∧ Z ′ = (q − α)V ∧ Z ′ = 0.Therefore, (q − α)V is 
olinear to Z ′, a 
ontradi
tion.Step 2: We prove that hol(P(S)) is a latti
e of R2.Step 1 asserts that dimQ(V ectQ(hol(P (S)))) = 2, and sin
e translational holonomyis a morphism, we have V ectQ(hol(P(S))) ≃ Q2 ⊂ R2.Sin
e H1(S,Z) is a free abelian group of �nite type (it is isomorphi
 to Z2g where
g denotes the genus of S), so is P(S) as a subgroup.Any subgroup of �nite type of Q2 is dis
rete in R2. Sin
e there are periodi
 orbitsin at least two dire
tions, hol(P(S)) is a latti
e of R2.

�Theorem 2. Let S be a translation surfa
e whose homology is generated by the periodi
orbits of the geodesi
 �ow on S. Then the following assertions are equivalent:1. S is a torus bran
hed 
overing2. S has the �nite blo
king property3. S is purely periodi
Proof: Sin
e (1) ⇒ (2) ⇒ (3) is already known [Mon2℄, it su�
e to prove that a purelyperiodi
 translation surfa
e S whose homology is generated by P (S) is a torus bran
hed
overing. By Theorem 1, Λ
def
= hol(H1(S,Z)) = hol(P(S)) is a latti
e of R2.Now, let us �x a point x0 in S. For ea
h point x in S, we 
an 
hose a 
urve γx from x0to x. If γ′x is another su
h 
urve, then hol(γx) − hol(γ′x) ∈ Λ.Hen
e, the map
(

S −→ R2/Λ
x 7−→ hol(γx) mod Λ

)is well de�ned and realizes a bran
hed 
overing from S to the torus R2/Λ that preservesthe translation stru
tue (see [Zor1℄). �This leads to the following general question:77



Is the homology of any translation surfa
e generated by its periodi
 orbits?Note that for our purpose, it is su�
ient to prove that periodi
 orbits generate a subgroupof �nite index of the holomogy to 
on
lude.4.4 When is the homology generated by periodi
 or-bits?4.4.1 For 
onvex surfa
esLet P be a simply 
onne
ted polygon of R2 whose edges are grouped in pairs su
h thattwo edges in a same pair have the same length and dire
tion but opposite orientation (Pgets the 
anoni
al orientation 
oming from R2 and transmits it to its boundary). Notethat a �geometri
al� side of P 
an be de
omposed into more than one edge (for exemplea re
tangle 
an have more than four edges). We say that P is a pattern of S if S 
anbe obtained from P by identifying the edges in ea
h pair by translation (the singularitiesof S are therefore lo
ated at some verti
es of P). The Vee
h 
onstru
tion of zipperedre
tangles ensures that any translation surfa
e admits a pattern. A 
onvex translationsurfa
e is a translation surfa
e that admits a 
onvex pattern [Vee2℄.Proposition 1. Let S be a 
onvex surfa
e, then P (S) generates H1(S,Z).Proof: Let P be a 
onvex pattern of S. Let us begin with the following observation:Strolling round a singularity Let σ be a singularity of S and let v be a vertex of Pthat represents σ. v is surrounded by two 
onse
utive edges in the 
ounter
lo
kwiseorder around P: the �rst one is 
alled the left edge and the se
ond one is 
alled theright edge around v (see Figure 4.3).PSfrag repla
ements
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Pleft rightFigure 4.3: A pie
e of lap around σ.The left edge around v is identi�ed to the right edge around another vertex v1 thatalso represents σ in S. The left edge around v1 is identi�ed to the right edge aroundanother vertex v2 that also represents σ in S. And so forth until we get a left edgearound some vk that is identi�ed to the right edge around v (see Figure 4.4).Wiewed from S, we 
ir
led in the 
ounter
lo
kwise order around σ (see Figure 4.5).Hen
e, we passed around every vertex of P that 
orresponds to σ, and this strollgives a 
y
li
 order on the verti
es of P that represent σ.78
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ounter
lo
kwise order.The observation is the following: the straight line from some vi to vi+1 
orrespondsto an element of P(S): indeed, viewed as a 
losed 
urve of S, it is homologous tothe 
losed 
urve in S asso
iated to the straight line joining the middle of the leftedge of vi to the right edge of vi+1 that is a periodi
 orbit.Hen
e, if v and v′ are two verti
es of P that represent the same singularity σ, thestraight line from v to v′ in P 
orresponds in S to an element of P(S), sin
e it ishomologous to the sum of the elementary 
losed 
urves asso
iated to the straightlines from a vi to vi+1 (v′ is one of the vj's).Now, let γ be a 
losed 
urve in S. Up to a tightening, we 
an assume that it is a 
losedgeodesi
. If it is a periodi
 orbit, then we are done. Otherwise, it is a union of saddle
onne
tions c1, c2, . . . , cn, where c1 goes from a singularity σ1 to a singularity σ2, c2goes from σ2 to σ3, and so forth, cn goes from σn to σ1 (the ci's belong to the relativehomology and their sum belongs to the absolute homlogy of S).Viewed in P, ci is a �nite union of segments [ai,1, bi,1], [ai,2, bi,2], . . . , [ai,mi , bi,mi ], where� ai,1 is a vertex of P that represents σi79



� bi,j ∼ ai,j+1 for 1 ≤ j ≤ mi − 1 (note that the endpoints of the segments belong tothe boundary of P)� bi,mi is a vertex of P that represents σi+1 (with the 
onvention that n+ 1 = 1)For 1 ≤ i ≤ n and 1 ≤ j ≤ mi− 1, let λi,j denotes the straight line in P between bi,j and
ai,j+1: it 
orresponds in S to a periodi
 orbit denoted by λi,j.For 1 ≤ i ≤ n, let µi denote the straight line in P between bi,mi and ai+1,1 (with the
onvention that n+ 1 = 1): sin
e bi,mi and ai+1,1 represent the same singularity σi+1, weobserved in the beginning of the proof that µi 
orresponds in S to an element µi of P(S).Hen
e, viewed in H1(S,Z), the sum

γ +
n
∑

i=1

mi−1
∑

j=1

λi,j +
n
∑

i=1

µiis homologous to zero: indeed, it is homologous to the image under the 
ontinuous pro-je
tion P → S of a 
losed path in the simply 
onne
ted spa
e P (see Figure 4.6). Hen
e,
γ 
an be expressed as a sum of elements of P(S) and the result is proved.PSfrag repla
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Corollary 1. Any purely periodi
 
onvex translation surfa
e is a torus bran
hed 
overing.Note that we proved in fa
t the result for fa
e-to-fa
e translation surfa
es i.e. translationsurfa
es that admit a pattern P su
h that for ea
h pair of identi�ed edges e ∼ e′, thereexists two identi�ed points x resp. x′ in e resp. e′ su
h that the line between x and x′belongs to the interior of P (see Figure 4.7). Note that there exists non 
onvex translation

Figure 4.7: A fa
e-to-fa
e surfa
e (identify parallel sides by translation).surfa
es [Vee2℄, but we do not know it there exists non fa
e-to-fa
e translation surfa
es.4.4.2 On a dense open subset of full measure in any stratumProposition 2. In any stratum H1(k1, . . . , kn), the set of translation surfa
es whosehomology is generated by the perodi
 orbits is an open dense subset of full measure.Proof: Let C be a 
onne
ted 
omponent of a normalized stratum and let G denotes thesubset of surfa
es whose homology is generated by the perodi
 orbits.In [KonZor℄, Kontsevi
h and Zori
h proved that there exists a translation surfa
e thatadmits a 
ylinder de
omposition in the horizontal dire
tion with only one 
ylinder in C.Su
h surfa
es are 
onvex (the horizontal 
ylinder 
an be unrolled to a re
tangle of R2) so
G 6= ∅.Let S be an element of G. So, there exists a �nite number of periodi
 orbits γ1, . . . , γNin S that generate H1(S,Z). Ea
h γi 
an be thi
kened to obtain a 
ylinder of positiveheight. Those 
ylinders survive under a small perturbation of S, so G is open in thestratum and therefore in C.Hen
e, G has positive measure, and sin
e it is SL(2,R)-invariant, it is of full measure in
G (re
all that the a
tion of SL(2,R) is ergodi
 on C). It is also dense in G.The result follows sin
e the stratum is the �nite union of its 
onne
ted 
omponent.
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We have to noti
e that Zori
h proved the same result using the asymptoti
 
y
le, andlooking to the evolution of the shape of Vee
h zippered re
tangles of a generi
 surfa
ealong Rauzy indu
tions (see [Zor2℄).We also obtained another result that is not exploited yet: if S is a translation surfa
e and
C is a 
ylinder of S then there exists H > 0 su
h that for any h ≥ H the homology of thesurfa
e obtained by repla
ing C by a 
ylinder of height h and the same perimeter as C isgenerated by its periodi
 orbits. Up to a renormalization of the area of those surfa
es,the ��ow� obtained when we let h tend to in�nity 
orresponds to a path from S to theboundary of its normalized stratum in a manner that remains to study.4.5 Digression: Two dire
tions do not su�
eRe
all that a surfa
e is 
alled bouillabaisse if its Vee
h group 
ontains two transverseparaboli
 elements (Vee
h surfa
es are parti
ular bouillabaisse surfa
es). Su
h surfa
esadmit 
ylinder de
omposition in two dire
tions (and the moduli are 
ommensurable). In[Mon1℄, we proved the equivalen
e of the three asssertions of theorem 2 for su
h surfa
es.This lets us think that it is su�
ient to 
ontrol 
ylinders in two dire
tions to 
ontrol thesurfa
e. Indeed if V and W are two purely periodi
 dire
tions (dire
tions that admit a
ylinder de
omposition with 
ommensurable perimeters), then the subgroup of R2 gener-ated by the holonomy of periodi
 orbits of those two dire
tions is a latti
e and one mightbe tempted to apply the reasoning of theorem 2 to 
on
lude.We want to insist on the fa
t that two su
h dire
tions are not generally su�
ient togenerate the homology, the following example should 
onvin
e us:
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Figure 4.8: A strange surfa
e; parallel lines with the same style are identi�ed by transla-tion, α ∈ R \ Q.Indeed, this surfa
e is purely periodi
 in the verti
al dire
tion and in the dire
tion (2, 1)(third pi
ture). But there are in all three 
ylinders in those two dire
tions, whereas thehomology is a free abelian group on four generators. It is also not 
ompletely periodi
,sin
e the horizontal dire
tion 
ontains one 
ylinder and one minimal 
omponent (se
ondpi
ture). 82



Anyway, this surfa
e is 
onvex so its homology is generated by its periodi
 orbits, butone needs more than two dire
tions to su

eed.4.5.1 J-simple translation surfa
esIn the proof of theorem 1, we used a parti
ular property: let us 
all a translation surfa
e
J-simple if its J-invariant 
an be written v ∧ w for some ve
tors v and w in R2. Purelyperiodi
 translation surfa
es are J-simple, but there exists non purely periodi
 J-simpletranslation surfa
e, like the one des
ribed by Figure 4.8. Note that it is su�
ient to havetwo transverse purely periodi
 dire
tions to be J-simple.Question: is it ne
esssary to have two transverse purely periodi
 dire
tions to be J-simple?
an we des
ribe J-simple translation surfa
es?4.5.2 AdvertisingWe viewed in proposition 2 that is it not hard to obtain generi
 results about translationsurfa
es. Most of those results do not hold everywhere, and to 
onstru
t 
ounter-examplesis not an easy task. For example, this se
tion asked for J-simple translation surfa
es with-out two periodi
 dire
tions, and surfa
es whose homology 
annot be generated by periodi
orbits in only two dire
tions. We want to propose here a tool to inventory all su
h 
on-stru
tions, an evolutive en
y
lopedia of 
on
rete translation surfa
es that satisfy someparti
ular properties.Sin
e the existing litterature and the folklore are quite fat already, and sin
e the theoryof translation surfa
es is 
onne
ted with many other �elds (ergodi
 theory, algebrai
 ge-ometry, 
ombinatori
s, number theory, 
omplex analysis,...), this obje
tive 
an only berea
hed in an open and 
ollborative way.Te
hni
ally, we set up a wiki i.e. a website where anyone 
an freely 
reate or modify anypage using any web browser. It is fully featured and lets the possibility to write LATEXformulas, to draw and add pi
tures, to add easily links to other pages, to be automati
ally
onta
ted when some new example is added, to follow the evolution of the web pages...The website 
an be found athttp://o
arina.ath.
x/∼titi/twiki/bin/view/WildSurfa
es/WebHomeFor example, we 
an inventory the Vee
h's regular n-gons, a surfa
e whose Vee
h group is
SL(2,Z) but that is not a torus 
onstru
ted by Herrli
h and S
hmithuesen, M
Mullen'sVee
h L-shaped surfa
es, some translation surfa
es with non generi
 Siegel-Vee
h 
on-stants, a J-simple surfa
e without any purely periodi
 dire
tion, Vee
h obtuse triangularbilliards of M
Billiards, a non fa
e-to-fa
e translation surfa
e, a translation surfa
e whoseHasudor� dimension of its non-uniquely ergodi
 dire
tions is 1/2 
onstru
ted by Cheung,a translation surfa
e whose Vee
h group is in�nitely generated 
onstru
ted by Hubert andS
hmidt, the Arnoux-Yo

oz surfa
e whose Vee
h group 
ontains an hyperboli
 elementbut no paraboli
 element, a surfa
e that satis�es the Vee
h alternative but whose Vee
hgroup is not a latti
e, or whatever you want. You 
an add new surfa
es, but also ask83



for surfa
es satisfying 
ertain property, �nd new properties to an existing surfa
e, simplyadd a 
omment, a new proof, a pi
ture...You will �nd on that website nothing more than what you will 
ontribute.4.6 Con
lusionTo sum up, the assertions� S is a torus bran
hed 
overing (global geometri
 property)� S has the �nite blo
king property (illuminatory property)� S is purely periodi
 (dynami
al property)have been proved to be equivalent� for bouillabaisse surfa
es, in parti
ular Vee
h surfa
es [Mon1℄,� in genus two [Mon2℄,� for 
onvex surfa
es,� on a dense open subset of full measure in any stratum.Who is next?
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Appendix: Why is the a
tion of SL(2, R) on the modulispa
e of abelian di�erential so mu
h studied?
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Chapitre 5Majoration du nombre de mesuresergodiques d'un sous-shift en fon
tionde la géométrie de ses graphes deRauzyPROVISIONAL VERSION TO BE ENLARGED LATER.5.1 Introdu
tionSymboli
 dynami
s naturally appear as 
odings of dynami
al systems with �nite entropy:given a suitable �nite partition P of the underlying spa
e X of su
h a system, we 
anfollow the atoms of the partition en
ountered by ea
h orbit to 
reate in�nite words onthe alphabet P. Whenever the partition is well 
hosen, this establishes a �di
tionary�between the dynami
al system and a subshift that helps to �nd 
omputable informations.For ergodi
 measurable dynami
al systems, we 
an always get an isomorphism betweenthe system and a subshift [Kri℄. For topologi
al dynami
al systems, there are someobstru
tions sin
e any nontrivial subshift is an expansive map on a Cantor spa
e (thisseldom 
orresponds to what we 
onsider as a geometri
al dynami
al system). Anyway,a topologi
al semi-
onjuga
y 
an be obtained for parti
ular geometri
al dynami
al sys-tems, like interval ex
hange transformations [Kea℄ or pseudo-Anosov homeomorphismson a 
ompa
t surfa
e (the measurable Markov partitions 
onstru
ted in [FaLaPo℄ arestudied in the topologi
al 
ontext in [Adl℄). This is usually su�
ient to preserve most ofthe dynami
al properties, like mixing, entropy, unique ergodi
ity...We are interested here in topologi
al dynami
s of minimal subshifts and espe
ially in theestimation of the number of their ergodi
 invariant measures. In that dire
tion, Grillen-berger 
onstru
ted uniquely ergodi
 minimal subshifts of any given entropy [Gri℄.For null entropi
 ones, 
omplexity re�nes the notion of entropy. Boshernitzan gave abound on the number of ergodi
 invariant measures for subshifts of linear 
omplexity[Bos1℄. He also gave a su�
ient 
ondition for su
h systems to be uniquely ergodi
 [Bos3℄89



that leads to an elegant symboli
 proof of the well known theorem of Masur [Mas℄ andVee
h [Vee2℄ about interval ex
hange transformations. In some su
h 
alm �ows, dynam-i
al properties appear to depend highly on dipohantine approximation (see for example[Rau2℄ [Tij℄ [Dur℄ [Che℄ [M
M℄ [BeFeZa℄) and pre
ise 
ombinatorial tools have been usedto keep tra
k of those.This paper is situated somewhere around there, and tries to understand possible relationsbetween those 
ombinatorial obje
ts and the simplex of invariant measure of a minimalsubshift.The paper is organized as follows: in se
tion 5.2, we give some basi
 de�nitions and in-trodu
e the simplex of invariant measures as well as two 
ombinatorial obje
ts asso
iatedto a minimal subshift that are transverse to ea
hother: the Rauzy graphs and the treeof left spe
ial fa
tors. Se
tion 5.3 is devoted to give a bound of the number of ergodi
invariant measures that depends on the geometry of the Rauzy graphs [Rau1℄: we provethe following theorem and give some appli
ations.Theorem 1. A K-de
onne
table minimal subshift has at most K S-invariant ergodi
measures.See se
tion 5.3 for a de�nition of K-de
onne
table. Se
tion 5.4 explains the limits of su
han approa
h. We dis
uss the evolution of Rauzy graphs and syn
hronization problemsthat appear in their study. Se
tion 5.5 tries to solve this and provides a bound based onthe tree of left spe
ial fa
tors:Theorem 3. Let (X,S) be a minimal subshift of linear 
omplexity su
h that there existsa positive integer K and a sequen
e (fn) of 
uts su
h that� h(fn) −−−→
n→∞

∞� osc(fn) ∈ o(h(fn))� a representation of T (X) meets the graph of fn at at most K points (n ∈ N).Then (X,S) admits at most K ergodi
 invariant measures.See se
tions 5.2.3 and 5.5 for de�nitions.
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5.2 Lands
apeLet A be a �nite set (
alled an alphabet), endowed with the dis
rete topology.We note S def
=

(

AN −→ AN

x = x0x1 . . . xn . . . 7−→ x1x2 . . . xn+1 . . .

) for the shift.Let X be a nonempty 
losed subset of AN (endowed with the produ
t topology) stableunder S and that is minimal for those properties: we say that (X,S) is a minimal subshift(we still note S for S|X). We assume moreover that (X,S) is aperiodi
 i.e. X is in�nite.5.2.1 Invariant measuresA way to des
ribe a minimal subshift (X,S) or more generally a topologi
al dynami
alsystem, is to study the set M(X,S) of Borel probability measures on X that are invari-ant under S. Thanks to Riesz representation, this set 
an be identi�ed to a nonempty
ompa
t 
onvex subset of C0(X,R)′ endowed with the weak-star topology.A S-invariant measure µ ∈ M(X,S) is said to be ergodi
 if the only Borel sets A ⊂ Xsu
h that S−1(A) = A have measure µ(A) = 0 or 1. Su
h a measure satis�es Birkho�'stheorem:
∀f ∈ L1(X,R)

1

n

n−1
∑

k=0

f ◦ Sk µ−a.e.−−−→
n→∞

∫

X

fdµLet E(X,S) denote the set of ergodi
 invariant measures: it is the set of extremal pointsof M(X,S) and it is therefore nonempty. Two di�erent elements of E(X,S) are mutuallysingular.A minimal subshift is said to be uniquely ergodi
 if 
ard(M(X,S)) = 1. One advantageof su
h a situation is that, the unique invariant measure µ is ergodi
, moreover the 
on-vergen
e in Birkho�'s theorem is uniform for 
ontinuous fun
tions.For more details on this subse
tion, see [DeGrSi℄.
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5.2.2 Rauzy graphsA way to grasp a minimal subshift (X,S) is to look at the �nite words that appear assubwords of some word x of X. A �nite word is an element u of An, for some integer nthat is 
alled the length of u and is denoted by l(u).If x is a word (�nite or not) and 0 ≤ i ≤ j, then xi→j denotes xixi+1xi+2 . . . xj .If u and v are two �nite words, we note #(u, v) the number of o

urren
es of u in v:
#(u, v)

def
= 
ard{k ≤ l(v) − l(u) | u0→l(u)−1 = vk→k+l(u)−1}If u = u0 . . . un−1 ∈ An is a �nite word, we 
an de�ne the 
ylinder

[u]
def
= {x ∈ X | (∀i ≤ n− 1)(xi = ui)}The 
ylinders are 
lopen sets and form a basis of the topology of X.For any integer n, Ln(X) denotes the set of �nite words of length n o

urring in some(equivalently, any) in�nite word x of X.
Ln(X)

def
= {u ∈ An | [u] 6= ∅}Any word in Ln+1(X) is naturally linked to two words in Ln(X) (pre�x and su�x).A way to keep tra
k of this fa
torial stru
ture of L(X)

def
=
⋃

n∈N Ln(X) is the use of Rauzygraphs (see [Rau1℄ [Bos2℄). For any integer n, we de�ne the nth Rauzy graph Gn(X) asfollows :� the set of verti
es of Gn(X) is Ln(X).� there is an (oriented) edge from u to v in Gn(X) if there exists w in Ln+1(X) su
hthat w begins with u and ends with v.The knowledge of all Gn(X) allows to re
onstru
t X in a pro�nite manner.5.2.3 The tree of left spe
ial fa
torsA word u in L(X) is 
alled a left spe
ial fa
tor if there exist two di�erent letters a and bin A su
h that au and bu are in L(X). Let LSn(X) denote the set of left spe
ial fa
torsof length n. Viewed in the Rauzy graph, left spe
ial fa
tors of length n are the verti
esof Gn(X) with in
oming degree greater than 1. We 
an de�ne right spe
ial fa
tors in thesame way.Sin
e any pre�x of a left spe
ial fa
tor is still a left spe
ial fa
tor, they form a tree T (X)whose root is the empty word ǫ:� the verti
es of T (X) are the elements of LS(X)
def
=
⋃

n≥0 LSn(X).� there is an edge from u to v if u is a pre�x of v and l(u) = l(v) − 1.Su
h a tree 
an be embedded in [0, 1] × R+ in su
h a way that verti
es in LSn(X) havese
ond 
oordinate n and edges are non overlapping segments. Su
h a representation of
T (X) will still be denoted by T (X) when there is no possible 
onfusion.For more details on Rauzy graphs and the tree of left spe
ial fa
tors, see [Cas℄.92



5.3 A 
lean versionWe will provide a bound of 
ard(E(X,S)) that depends on the fragility of the Gn(X):If K ≥ 1, a minimal subshift (X,S) is said to be K-de
onne
table if there exists anextra
tion (i.e. a stri
tly in
reasing integer sequen
e) α ∈ ↑(N,N) and a 
onstant K ′ ≥ 1su
h that for all n ≥ 1 there exists a subset Dα(n) ⊂ Lα(n)(X) of at most K verti
es su
hthat every path in Gα(n)(X) \ Dα(n) is of length less than K ′α(n) (in parti
ular it doesnot 
ontain any 
y
le).This means that we 
an dis
onne
t (in a spe
i�
 way) in�nitely many Rauzy graphs byremoving at most K verti
es.Theorem 1. A K-de
onne
table minimal subshift has at most K S-invariant ergodi
probability measures.Proof: We will �rst 
onstru
t at most K possible 
andidates and then prove that theyare the only ones.Step 1: We 
onstru
t the 
andidates to be the only ergodi
 invariant probability measures.For any integer n, let d1,α(n), d2,α(n), . . . , dK,α(n) be an enumeration of Dα(n) (there is noloss of generality to 
onsider that all the Dα(n) have exa
tly K elements).For this, we approximate X from the outside by K sequen
es of periodi
 subshifts asfollows: for i ≤ K and n ∈ N, let
µi,α(n)

def
=

1

α(n)

α(n)−1
∑

k=0

δSk(dω
i,α(n)

)(dωi,α(n) denotes di,α(n)di,α(n)di,α(n) . . . and δ stands for the one-point Dira
's measure).
µi,α(n) is the only element of M(AN, S) that gives measure 1 to the periodi
 subshiftgenerated by the periodi
 word dωi,α(n).By 
ompa
ity of M(AN, S)K , there exists an extra
tion β su
h that for ea
h i ≤ K,

µi,α◦β(n) −−−→
n→∞

µifor some µi in M(AN, S).Note that if X is aperiodi
, the µi,α(n) give measure 0 to X. Anyway,Step 2: We show that for i ≤ K, µi(X) = 1.Sin
e X is 
losed in AN, we have the following approximation by open sets:
X = X =

⋂

n∈N

⋃

u∈Ln(X)

[u]([u] is 
onsidered here as a a 
ylinder in the 
urrent dynami
al system: AN).Let n ≥ 1 and k ≥ n. For i ∈ {0, . . . , α ◦ β(k) − n}, (dωi,α◦β(k))i→i+n−1 ∈ Ln(X) (it is asubword of di,α◦β(k)). Hen
e µi,α◦β(k)(
⋃

u∈Ln(X)[u]) ≥ (α ◦ β(k) − n+ 1)/α ◦ β(k).Letting k tend to in�nity, sin
e the 
hara
teristi
 fun
tion of⋃u∈Ln(X)[u] is 
ontinuous, wehave µi(⋃u∈Ln(X)[u]) = 1. By 
ountable interse
tion (n is arbitrary), we have µi(X) = 1.93



Hen
e, we 
an still denote by µi for the restri
tion of µi to X.Step 3: Let µ be an ergodi
 measure on X. We show that µ is one of the µi.By Birkho�'s theorem, there is x in X su
h that for any u in L(X),
µ([u]) = lim

n→∞

1

n
#(u, x0→n+l(u)−2) = lim

n→∞

1

n
#(u, x0→n−1)Let n be a �xed positive interger. We de
ompose x into blo
ks of length (K ′ +1)α◦β(n):

x = B0.B1.B2.B3.B4. . . with Bj = x(K ′+1)α◦β(n)j→(K ′+1)α◦β(n)(j+1)−1. By hypothesis, any
Bj 
ontains an o

urren
e of one of the di,α◦β(n) (Bj 
an be viewed as a path of length
K ′α ◦ β(n) in Gα◦β(n)(X)). So there exists some iα◦β(n) su
h that the upper density ofthe set {j ∈ N | #(diα◦β(n),α◦β(n), Bj) ≥ 1} is at least 1/K. Let γ be an extra
tion su
hthat iα◦β◦γ(.) is 
onstant with value denoted by i. We note α̃ for α ◦ β ◦ γWe will show that µ = µi. Let u be a �nite word in L(X). Let n be an integer greaterthan l(u). There is an extra
tion δ su
h that for any integer m,
ard{j < δ(m) | #(di,α̃(n), Bj) ≥ 1} ≥ δ(m)/2KTherefore

#(u,B0.B1...Bδ(m)−1) ≥
δ(m)

2K
#(u, di,α̃(n))Hen
e

µ([u]) = lim
m→∞

1

(K ′ + 1)α̃(n)δ(m)
#(u,B0.B1...Bδ(m)−1) ≥

1

2K(K ′ + 1)α̃(n)
#(u, di,α̃(n))Moreover, we 
an 
ontrol the frequen
y of o

urren
es of u in dωi,α̃(n) by 
ounting separatelythe o

urren
es of u that fall in some di,α̃(n) and the o

urren
es of u that appear bettweentwo 
onse
utive o

uren
es of di,α̃(n) (boundary e�e
t):

µi,α̃(n)([u]) =
1

α̃(n)

α̃(n)−1
∑

k=0

δSk(dω
i,α̃(n)

)([u]) ≤
1

α̃(n)
(#(u, di,α̃(n)) + l(u))Therefore,

µi,α̃(n)([u]) ≤
1

α̃(n)
#(u, di,α̃(n)) +

l(u)

α̃(n)
≤ 2K(K ′ + 1)µ([u]) +

l(u)

α̃(n)Letting n tend to in�nity, we have µi([u]) ≤ 2K(K ′ + 1)µ([u]), so µi is absolutely 
ontin-uous relatively to µ.Sin
e µi is S-invariant and µ is ergodi
, we have µi = µ and there are at most K S-invariant ergodi
 measures.
�We will now see how this result 
an be e�e
tively used.94
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Figure 5.1: Approximation of a 2-de
onne
table subshift with two ergodi
 measures byperiodi
 orbits.5.3.1 Subshifts with linear 
omplexityLet X be a minimal subshift. We de�ne the 
omplexity of X as the sequen
e de�ned by
pn(X)

def
= 
ard(Ln(X)). X is said to be of linear 
omplexity if there exists an integer Ksu
h that

lim sup
n→∞

pn(X)

n
≤ KSin
e pn+1(X) 
ounts the edges of Gn(X) and pn(X) 
ounts the verti
es of Gn(X), wehave the majoration: 
ard(LSn(X)) ≤ pn+1(X) − pn(X)We have the following resultTheorem 2. [Bos1℄Let (X,S) be a minimal subshift su
h that

lim inf
n→∞

pn(X)

n
≤ Kthen X admits at most K ergodi
 invariant measures.95



Proof: There is an extra
tion α ∈↑(N,N) su
h that for all integer n, pα(n)(X) ≤ (K +
1)α(n) and pα(n)+1(X) − pα(n)(X) ≤ K. For n in N, let Dα(n) = LSn(X), whose 
ardinalis not greater than K.Let n ∈ N. Any loop O in Gα(n)(X) must 
ontain a left spe
ial fa
tor: sin
e X isaperiodi
, there exists a �nite word u in Ln(X) \O, and sin
e X is minimal, there existsa path from u to any vertex of O, so the �rst vertex of O that this path meets is a leftspe
ial fa
tor. Therefore, Gα(n)(X) \Dα(n) does not 
ontain any loop.So, a path in Gα(n)(X) \ Dα(n) is ne
essarilly inje
tive and 
annot be of length greaterthan 
ard(Lα(n)(X)) ≤ (K + 1)α(n).

�Hen
e, theorem 1 
an be understood as a geometri
 interpretation of Boshernitzan'sresult. Anyway, it is also fruitful for subshift that are not of linear 
omplexity.5.3.2 Arnoux-Rauzy subshiftsA minimal subshift (X,S) on an alphabet A is said to be Arnoux-Rauzy [ArnRau℄ if forany n in N:� pn(X) = (
ard(A) − 1)n+ 1.� Gn(X) admits exa
tly one left spe
ial fa
tor and one right spe
ial fa
tor.In parti
ular we get the following proposition for free:Proposition 1. A minimal Arnoux-Rauzy subshift is 1-de
onne
table and therefore uniquelyergodi
.5.3.3 Multi-s
ale quasiperiodi
 subshiftsLet x be an in�nite word on A. A �nite word q is said to be a quasiperiod of x if xis 
overed by the o

uren
es of q (in parti
ular, q is a pre�x of x) [Mar℄. A minimalsubshift (X,S) is said to be multi-s
ale quasiperiodi
 if it 
ontains an element x thatadmits in�nitely many quasiperiods [Mon℄.Proposition 2. [Mon℄ A multi-s
ale quasiperiodi
 subshift X is 1-de
onne
table, andtherefore uniquely ergodi
.Proof: Let x be an element of X that admits in�nitely many quasiperiods, and let
q be a quasiperiod of x. For ea
h u in Ll(q)(X), let ϕ(u) denotes the length of thelongest pre�x of u that is also a su�x of q. If u → v in Gl(q)(X), then either v = q or
1 ≤ ϕ(v) < ϕ(u) ≤ l(q).Hen
e, Gl(q)(X) \ {q} does not 
ontain any path of length greater than l(q), and sin
e we
as reprodu
e this for in�nitely many q, X is 1-de
onne
table.

�We have to noti
e that there exist multi-s
ale quasiperiodi
 subshifts that are not of linear
omplexity [Mon℄. 96



5.4 Transition-dis
ussion: evolution of Rauzy graphsTo introdu
e the problemati
 of syn
hronization, let us see how do Rauzy graphs evolvewith n. The following analysis is due to Rauzy [ArnRau℄ for bursting and splitting andCassaigne [Cas℄ for the des
ription of bispe
ial fa
tors. For 
onvenien
e, we restri
t to the
ase where 
ard(A) = 2, therefore in
oming and outgoing degree are not bigger than two.The verti
es of Gn+1(X) 
orrespond to the edges of Gn(X) and the edges of Gn+1(X)will be des
ribed now. Let us look lo
ally around the verti
es of Gn(X):Simple extension A word in Ln(X) that is not a spe
ial fa
tor has in
oming and out-going degree 1, so this will lead in Gn+1(X) to two verti
es 
onne
ted with anedge.PSfrag repla
ements
n n+ 1Splitting of a 
ommon spe
ial fa
tor A left spe
ial fa
tor that is not a right spe
ialfa
tor has in
oming degree 2 and outgoing degree 1, so this will lead in Gn+1(X)to two verti
es 
onne
ted to a third one with two edges. We 
an understand thisphenomenon as a slit of Gn(X).PSfrag repla
ements
n n+ 1The same phenomenon appears for right spe
ial fa
tors that are not left spe
ialfa
tors. Hen
e a path between su
h a left and a right fa
tor be
omes shorter andshorter, until a...Bursting of a bispe
ial fa
tor A bispe
ial fa
tor is a word that is both left and rightspe
ial fa
tor: it has in
oming and outgoing degree 2, so this will lead in Gn+1(X)to four verti
es, but the edging between them is not entirely determined by Gn(X):Death Only two edges 
onne
t those verti
es, no spe
ial fa
tor remain after theburst. Su
h a bispe
ial fa
tor is 
alled weak bispe
ial fa
tor.PSfrag repla
ements

nn− 1 n+ 1Through Three edges 
onne
t those verti
es, the left and right spe
ial fa
tors dosurvive. Su
h a bispe
ial fa
tor is 
alled ordinary bispe
ial fa
tor.PSfrag repla
ements
nn− 1 n+ 1Mitose Four edges 
onne
t those verti
es, the left and right spe
ial fa
tors aredupli
ated. Su
h a bispe
ial fa
tor is 
alled strong bispe
ial fa
tor.PSfrag repla
ements
nn− 1 n+ 197



Hen
e, strong bispe
ial fa
tors 
orrespond to forks of T (X) and weak bispe
ial fa
tors
orrespond to leaves of T (X). Ordinary bispe
ial fa
tors and nonbispe
ial left spe
ial fa
-tors are not distinguished by T (X), sin
e they both 
orrespond to non-bran
hing nodes.We have to keep in mind that the �dynami
s� we just des
ribed between the Rauzygraphs do not 
orrespond to the evolution along the time in (X,S), but has somethingmore linked to the spa
e, letting n in
rease 
orresponds mu
h more to a 
ontinuous zoominto the stru
ture of (X,S), it is an approximation of (X,S) by subshifts of �nite type.For subshifts whose 
omplexity grows slowly, we saw the importan
e of left spe
ial fa
-tors, sin
e they form de
onne
ting sets and are linked to the 
omplexity.So, take a minimal subshift of linear 
omplexity su
h that for some n, LSn(X) has 
ar-dinal K, and suppose that one of them is a strong bispe
ial fa
tor. Then LSn+1(X) willhave 
ardinal K+1. Imagine that one of those left spe
ial fa
tors is weak bispe
ial, then
LSn+2(X) will have 
ardinal K, so if su
h a phenomenon appears in�nitely often, Theo-rem 1 will allow us to 
on
lude that the subshift has at mostK ergodi
 invariant measures.Then, imagine the swapped situation, where the weak bispe
ial fa
tor appears at thes
ale n and the strong bispe
ial fa
tor appears at the s
ale n+ 1: Theorem 1 will give usat most 
ard(LSn+1(X)) = K − 1 ergodi
 invariant measures.Wiewed from the s
ale n+2, those two situations are quite the same, and there shouldn'tbe su
h a big di�eren
e as the number of ergodi
 invariant measures in the resultingsubshifts. Hen
e, the problem is that, although the phenomena do all appear throughRauzy graphs, they do not ne
essarily appear with a good syn
hronization.In order to avoid su
h a problem of small missyn
hronisation, we should group eventsthat appear at �
omparable� s
ales i.e. s
ales between some n and n + o(n). Su
h agrouping of events will be done in the next se
tion thanks to the notion of 
uts on T (X).Hen
e, the n should be 
onsidered as arbitrary mi
ros
ales one has to group in order toform s
ales, the gap between two 
onse
utive s
ales will depend on the dynami
al system.
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5.5 A 
ondition on the tree of left spe
ial fa
tors5.5.1 A blurred version of theorem 1Let us begin by a small improvement of theorem 1, that will allow us not to 
are aboutlo
al phenomenons and then to 
onsider only as a detail the small missyn
hronisationdes
ribed before.The set of verti
es of Gn(x) be
omes a metri
 spa
e as follows:
dn(v1, v2)

def
= n− max{l(w) | #(w, v1) ≥ 1 and #(w, v2) ≥ 1}Note that if u is a �nite word, then |#(u, v1) − #(u, v2)| ≤ dn(v1, v2).Another 
lassi
al distan
e between two verti
es of an oriented graph is the length (numberof verti
es) of the shortest not ne
essarily oriented path between them. The distan
e weare 
onsidering is smaller than that distan
e sin
e if v1 → v2 inGn(X), then d(v1, v2) ≤ 1 .If K ≥ 1, a minimal subshift (X,S) is said to be o-K-de
onne
table if there exists apositive sequen
e (ρn) in o(n), an extra
tion α ∈↑(N,N) and a 
onstant K ′ ≥ 1 su
hthat for all n ≥ 1 there exists a subset Dα(n) ⊂ Lα(n)(X) of at most K verti
es su
hthat every path in Gα(n)(X) \ V (Dα(n), ρα(n)) is of length less than K ′α(n). Note that

V (D, ε)
def
= {v ∈ Ln(X) | (∃d ∈ D)(d(d, v) ≤ ε)} denotes the tubular neighboorhood ofradius ε around D ⊂ Ln(X).Proposition 3. A o-K-de
onne
table minimal subshift has at most K S-invariant ergodi
measures.This means that we 
an repla
e the K de
onne
ting verti
es of theorem 1 by K smallballs around them to dis
onne
t the Rauzy graphs.Proof: It is just a ha
k in the proof of theorem 1.The 
onstru
tion of the K possible measures in step 1 and 2 is the same. We 
an noti
ethat any sequen
e d′i,α(n) ∈ V ({d′i,α(n)}, ρα(n)) will lead to the same limit µi.We need to be more pre
ise in the step 3: we have the uniform bound

|#(u, di,α(n)) − #(u, d)| ≤ ρα(n)for any i ≤ K, n ∈ N, u ∈ L(X) and d ∈ V ({di,α(n)}, ρα(n)).The result in the upper bounds follows sin
e ρα(n)/α(n) −−−→
n→∞

0.
�Note that a similar result holds if we 
onsider the Hamming d-distan
e instead of d, butwe don't need it in this paper (in fa
t the bound we used in the proof won't be uniformanymore, but will depend on the length of the �nite word u, so we have to be a little bitmore 
areful).5.5.2 A 
ondition on the tree of left spe
ial fa
torsA 
ut is a 
ontinuous fon
tion from [0, 1] to R+.The height of a 
ut f is h(f)

def
= min(f) and its os
illation is osc(f)

def
= max(f)−min(f).99



Theorem 3. Let (X,S) be a minimal subshift of linear 
omplexity su
h that there existsa positive integer K and a sequen
e (fn) of 
uts su
h that� h(fn) −−−→
n→∞

∞� osc(fn) ∈ o(h(fn))� a representation of T (X) meets the graph of fn at at most K points (n ∈ N).Then (X,S) admits at most K ergodi
 invariant measures.

PSfrag repla
ements
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Figure 5.2: A 
ut of the tree of the left spe
ial fa
tors.Proof: We will show that (X,S) is o-K-de
onne
table.Up to 
onsider only some of the fn's, we 
an assume that the sequen
e α(n)
def
= ⌈max(fn)⌉is an extra
tion.Sin
e (X,S) has linear 
omplexity, there exists K ′ su
h that for any positive integer n,

pn(X) ≤ K ′n, hen
e Gn(X) \ LSn(X) does not 
ontain any path of length greater than
K ′n.Let n be a positive integer.We group the elements of LSα(n)(X) as follows: to ea
h v ∈ LSα(n)(X) we 
hoose apoint p(v) of T (X) that interse
ts the graph of fn. Then we set v1 ≃ v2 if and only if
p(v1) = p(v2) (i.e. there are not separated by the 
ut).If v1 ≃ v2, they have a 
ommon pre�x of length at least min(fn), hen
e d(v1, v2) ≤
osc(fn) ≤ o(α(n)).By 
onstru
tion, 
ard(LSα(n)/ ≃) ≤ 
ard(Graph(fn) ∩ T (X)) ≤ K.A 
hoi
e of a representative in any 
lass is a o(α(n))-de
onne
ting set.Therefore (X,S) is o-K-de
onne
table and admits at most K ergodi
 invariant measures.100



�Note that Boshernitzan's result 
orresponds to the 
ase where the 
uts are 
onstantfun
tions with integer values, sin
e the interse
tion of T (X) with su
h a 
ut has 
ardinal
LSf(0)(X). For example, if the situation of Figure 5.2 appears in�nitely often, Theorem 3will give 3 invariant ergodi
 measures whereas Boshernitzan's theorem will give 6 invariantergodi
 measures.5.6 Con
lusionSo, sin
e Theorem 1 depends too mu
h on mi
ros
ales, Theorem 3 is an attempt to mixdi�erent Rauzy graphs in order to syn
hronize some events that appear at 
omparables
ales.We 
an see a minimal subshift as the proje
tive limit of its Rauzy graphs (see pi
turepage 19). Su
h a pro�nite representation was used by Almeida [Alm℄ to study algebrai
invariants asso
iated to minimal subshifts. With that presentation, Rauzy graphs arehorizontal sli
es whereras the tree of left spe
ial fa
tors 
an be understood as its vertebral
olumn (at least for subshifts of small 
omplexities), so those two obje
ts are in somesense transversal to ea
hother. Hen
e, the results presented here 
an be reformulated inthat spa
e and we 
an hope for a mu
h general version of those that will depend on thegeometry of that whole spa
e.For example 
an we prove in su
h a symboli
 way the result of Katok [Kat℄ and Vee
h[Vee1℄ whi
h asserts that a minimal interval ex
hange transformation on K intervalsadmits at most K/2 ergodi
 invariant measures (Boshernitzan's theorem gives a boundequal to K − 1)?
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Chapitre 6Mots quasipériodiques : le 
asmultié
helle et propriétés dynamiques
6.1 Introdu
tion and notations6.1.1 Ba
kground: quasiperiodi
ity and symmetryThe general 
on
ept of symmetry is 
entral in the study of in�nite words, and manynotions are devoted to measure it, like word 
omplexity, re
urren
e, Kolmogorov's 
om-plexity, entropy, . . . . Those notions are more or less linked and in any 
ase the mostsymmetri
 words are the periodi
 ones.In [Mar1℄, SolomonMar
us introdu
ed a new notion to des
ribe symmetri
 words: quasiperi-odi
ity. This notion is an extension of the notion of quasiperiodi
ity for �nite wordsthat was introdu
ed in [ApoEhr℄ and has also roots in di�erent 
ontexts like musi
ology[CrIlRa℄ and mole
ular biology [KMGL℄ [MilJur℄.Let A be a �nite set (
alled alphabet). Let x = x0x1x2 . . . in AN be an in�nite word. Wewill say that x is quasiperiodi
 if there exists a �nite word q in A∗ su
h that x is 
overedby the o

uren
es of q (A∗ denotes the set of �nite words on the alphabet A). Su
h a qis 
alled a quasiperiod of x ; it is a pre�x of x.More pre
isely, let (in)n∈N be the in
reasing sequen
e whose image is the set {i ∈
N | xi→i+l(q)−1 = q}, where l(q) denotes the length of q, and xi→j denotes xixi+1xi+2 . . . xj(for 0 ≤ i ≤ j). The word q is a quasiperiod of x whenever (in) is a well de�ned in�nitesequen
e su
h that i0 = 0 and in+1 − in ≤ l(q) for any integer n.For example, the in�nite word x = ababaabaabaababababaabababaabaabaababaaba. . . isquasiperiodi
 with aba as a quasiperiod and the in�nite quasiperiodi
 words that admit
aba as a quasiperiod are pre
isely the words over the alphabet {a, b} beginning with theword ab and in whi
h the words aaa and bb do not appear.Solomon Mar
us was then looking for relations with other notions of symmetry. In[Mar1℄ and [LevRi
1℄, it is shown that there is no su
h relation. Let us introdu
e a basi
tool that will unify those results and allow us to understand this la
k of �tting betweenquasiperiodi
ity and other notions: the derivation.105



6.1.2 The derivation: a 
hange of s
aleDerivationLet x = x0x1x2 . . . be a quasiperiodi
 word, and q be a quasiperiod of x. Let (in)n∈N bethe sequen
e as de�ned before. We 
an de�ne ∂x
∂q

to be the in�nite word on the alphabet
{0, . . . , l(q) − 1} whose kth letter is l(q) − ik+1 + ik (k ≥ 0).In other terms, the kth letter of ∂x

∂q
is the length of the overlap between the kth and the

(k + 1)th o

urren
e of q in x.For example, if x = ababaabaabaababababaabababaabaabaababaaba. . . is quasiperiodi
with aba as a quasiperiod, then ∂x
∂aba

= 100011101100010. . . .IntegrationIn some sense, the ∂
∂q

operator removes exa
tly the information 
ontained in q sin
e theknowledge of ∂x
∂q

and q is su�
ient to re
onstru
t x.Indeed, we 
an 
onsider the reverse operation : the integration. If x is an in�nite word ona �nite alphabet A ⊂ N and if w is a �nite word whose length is greater than maxA, thenwe 
an de�ne the word ∫
w
x as the image of x under the substitution σw that repla
esthe o

uren
es of i ∈ A by the l(w) − i �rst letters of w.For example, if x = 01121010201... and w = aabcaa,then ∫

w
x = aabcaaaabcaaabcaaabcaabcaaabcaaaabcaaabcaaaabcaabcaaaabcaaabcaa....If w is su
h that for ea
h n in A, w is a pre�x of σw(n).w, then ∫

w
x is quasiperiodi
with w as a quasiperiod, no matter how x is random. This is the 
ase for example if

A ⊂ {0, . . . , n} and w = anban (n ≥ 0).Quasiperiodi
ity is spread everywhereRe
urren
e An in�nite word x is said to be re
urrent if any �nite word u appearing in
x appears in�nitely often in x. It is said to be uniformly re
urrent if moreover forea
h �nite word u appearing in x, the gap between two 
onse
utive o

uren
es of
u in x is bounded.To 
onstru
t a non re
urrent quasiperiodi
 word, just take a non re
urrent word xon the alphabet {0, 1} and 
onsider ∫

aba
x. Do the same to 
onstru
t a uniformlyre
urrent quasiperiodi
 word.Minimality is the analogue of uniform re
urren
e in the vo
abulary of topologi
aldynami
al systems (see se
tion 6.2).Complexity For any in�nite word x and any integer n, Ln(x) denotes the �nite wordsof length n that o

ur in x and we de�ne L(x)

def
=
⋃

n∈N Ln(x).The fun
tion that sends an integer n to pn(x) def
= 
ard(Ln(x)) is 
alled the word
omplexity of x. 106



We 
an de�ne an equivalen
e relation on the set of in�nite words through theasymptoti
 behaviour of their 
omplexity fun
tion: two words x and y are saidto be 
omplexity equivalent if there exists a positive integer K su
h that for all
n ≥ 1, pn(x) ≤ KpKn(y) and pn(y) ≤ KpKn(x). Hen
e, bounded, linear, quadrati
,polynomial or exponential growths are preserved under 
omplexity equivalen
e.Theorem 1. There are quasiperiodi
 words in any 
lass of 
omplexity equivalen
e.Proof: Let x be an in�nite word on an alphabet A. There is no restri
tion tosuppose that A = {0, . . . , k}. Let y def

=
∫

akbak
x. We 
he
k that y is a quasiperiodi
word in the 
lass of 
omplexity equivalen
e of x. �The non ultimately periodi
 words with the smallest word 
omplexity are the stur-mian words: an in�nite word is said to be sturmian if for any integer n, pn(x) = n+1.In [LevRi
1℄, Floren
e Levé and Gwénaël Ri
homme proved that there exists stur-mian words that are not quasiperiodi
.Entropy is the exponent of the 
omplexity fun
tion in the vo
abulary of topologi
aldynami
al systems (see se
tion 6.3).Frequen
ies If u and v are �nite words, let #(u, v) denotes the number of o

uren
esof u in v. An in�nite word x is said to have frequen
ies if for any �nite word w,

1
n
#(w, x0→n−1) admits a limit when n tends to in�nity.By integration, there exists quasiperiodi
 words that do not have frequen
ies: if xis an in�nite word su
h that 0 does not appear with frequen
ies, then ∫

aba
x is aquasiperiodi
 word su
h that bab does not appear with frequen
ies.Unique ergodi
ity is a strong analogue of having frequen
ies in the vo
abulary oftopologi
al dynami
al systems (see se
tion 6.4).Hen
e the notion of quasiperio
i
ity does not insert well among other notions of symmetry.6.1.3 Multi-s
ale quasiperiodi
 wordsWe have to noti
e that all 
lassi
al notions of symmetry are invariant under su
h a renor-malization pro
edure (derivation 
orresponds to indu
tion if we are studying dynami
alproperties like entropy [Abr℄). Therefore, if we want that a notion says something aboutsymmetry, we should ensure that it is stable under su
h a 
hange of s
ale. As we sawwith the derivation pro
edure, the existen
e of a quasiperiod q in a word x just imposesrigidity at the s
ale around l(q) but does not impose anything at larger s
ales.This leads to the following de�nition : an in�nite word is said to be multi-s
ale quasiperi-odi
 if the set Q(x) of its quasiperiods is in�nite.The easiest non-periodi
 multi-s
ale quasiperiodi
 words we 
an 
onstru
t, are the �xedpoints for some parti
ular integration operators. For example, the �xed point of ∫
010

ismulti-s
ale quasiperiodi
, it is known as the Fibona

i word (a pre
ise des
ription of the107



quasiperiods of this word 
an be found in [LevRi
1℄). There exists mu
h wilder multi-s
ale quasiperiodi
 words (see Theorem 4 in se
tion 6.3).In the next se
tion we will prove that multi-s
ale quasiperiodi
 words are uniformlyre
urrent. This will allow us to study the subshift generated by them (se
tion 6.2).Con
erning the 
omplexity, we will prove that multi-s
ale quasiperiodi
 subshifts havezero topologi
al entropy as well as zero Kolmogorov 
omplexity (se
tion 6.3). We willalso prove that sturmian subshifts are multi-s
ale quasiperiodi
 (se
tion 6.5). Con
erningfrequen
ies, we will prove that multi-s
ale quasiperiodi
 subshifts are uniquely ergodi
(se
tion 6.4).
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6.2 Uniform re
urren
e and minimalityAn in�nite word x ∈ AN is said to be uniformly re
urrent if any �nite word u ∈ L(x)o

urs in�nitely many times in x and the gap between two 
onse
utive o

urren
es of uin x is bounded, equivalently
∀u ∈ L(x) ∃n ≥ 1 ∀v ∈ Ln(x) #(u, v) ≥ 1Theorem 2. Any multi-s
ale quasiperiodi
 word x is uniformly re
urrent.Proof: Let u be a �nite word that o

urs in x. Sin
e every quasiperiod of x is a pre�x of

x, one of them must 
ontain an o

urren
e of u (they have unbounded length). Let q besu
h a quasiperiod. Any word in L2l(q) 
ontains at least an o

urren
e of q and thereforeat least an o

urren
e of u. �This property of multi-s
ale quasiperiodi
 words allows us to deal with the dynami
alsystem generated by a multi-s
ale quasiperiodi
 word as follows:We endow A with the dis
rete topology and AN with the produ
t topology. This makes
AN a metrisable 
ompa
t spa
e.We note

S
def
=

(

AN −→ AN

x = x0x1 . . . xn . . . 7−→ x1x2 . . . xn+1 . . .

)for the shift. It is a 
ontinuous map.If x is a multi-s
ale quasiperiodi
 word, we de�ne
X

def
= {Sk(x) | k ∈ N}and we still note S for the restri
tion of S to X, making (X,S) a topologi
al dynami
alsystem.Theorem 2 is equivalent to say that (X,S) is a minimal subshift i.e. X is a nonempty
losed subset of AN stable under S and that is minimal for those properties.A minimal subshift generated by a multi-s
ale quasiperiodi
 word is 
alled a multi-s
alequasiperiodi
 subshift.If u is a �nite word, we de�ne the 
ylinder

[u]
def
= {x ∈ X | (∀i ≤ n− 1)(xi = ui)} (u = u0 . . . un−1 ∈ An (n ∈ N))We 
an noti
e that the derivation of a multisa
led quasiperiodi
 word over the quasiperiod

q 
orresponds to the indu
tion of the subshift (X,S) on the 
ylinder [q].We extend the notion of language and 
omplexity to minimal subshifts:
Ln(X)

def
= {u ∈ An | [u] 6= ∅} and pn(X) = 
ard(Ln(X)) (n ∈ N)

L(X)
def
=
⋃

n∈N

Ln(X)If y is in X, we have L(y) = L(X) and p.(y) = p.(X).109



6.3 Complexity and topologi
al entropy6.3.1 Word 
omplexityTheorem 3. Let x be a multi-s
ale quasiperiodi
 word. Then
lim inf
n→∞

pn(x)

n2
≤ 1 <∞Proof: Let q ∈ Q(x) and u ∈ Ll(q)(x). Sin
e q is a quasiperiod of x, u is a subword ofsome v.q where v is nonempty pre�x of q. u is determined by the 
hoi
e of v and hisposition in v.q. There are l(q) pre�xes of q and for su
h a pre�x v, there are l(v) ≤ l(q)available positions for u (we do not 
ount q several times). Finally, there are only l(q)2possibilities for u and pl(q)(x) ≤ l(q)2. The result follows sin
e {l(q) | q ∈ Q(x)} is notbounded. �Theorem 4. For ea
h positive fun
tion f : N → R∗

+ that 
onverges to zero, there existsa multi-s
ale quasiperiodi
 subshift (X,S) su
h that 1
n

log(pn(X)) ≥ f(n) for in�nitelymany n. In parti
ular, we 
an ask to pn(X) to grow faster than any polynomial on asubsequen
e.Proof: Let ϕ : N → N∗ be an in
reasing sequen
e su
h that 2nf(2nϕ(n)) ≤ 1 for any n.Let A = {0, 1} be the alphabet. For n ≥ 1, let wn be a �nite word on A su
h that� wn begins and ends with the letter 0,� every word w of length 2n su
h that #(0, w) = #(1, w) = n appears as a subwordof wn.Now, let us de�ne by indu
tion a sequen
e of �nite words over A:� u0 = 010� un+1 =
∫

un
wϕ(l(un))whi
h is well de�ned sin
e for any n, un begins and ends with the letter 0.Sin
e un =

∫

un
0, un is a pre�x of un+1: let x be the unique in�nite word over A su
hthat un is a pre�x of x for any n.If k ≤ l, ul is 
overed by o

uren
es of uk, so all the un are quasiperiods of x and x ismulti-s
ale quasiperiodi
. Let (X,S) denote the asso
iated minimal subshift.Let n be a positive integer. un+1 and therefore x 
ontain an o

uren
e of ∫

un
w, where w isany word of length 2ϕ(l(un)) su
h that #(0, w) = #(1, w) = ϕ(l(un)). There are at least

2ϕ(l(un)) su
h di�erent words and ea
h of them has length ϕ(l(un))(l(un) + (l(un) − 1)).Hen
e,
p2ϕ(l(un))l(un)(X) ≥ pϕ(l(un))(l(un)+(l(un)−1))(X) ≥ 2ϕ(l(un))So,

1

2ϕ(l(un))l(un)
log(p2ϕ(l(un))l(un)(X)) ≥ ϕ(l(un))

2ϕ(l(un))l(un)
=

1

2l(un)
≥ f(2ϕ(l(un))l(un))
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We 
an noti
e that for the in�nite words 
onstru
ted here, the s
ales 
ontrolled by thequasiperiods are very sparse.6.3.2 Topologi
al entropyIf (X,S) is a minimal subshift, then the limit
htop(X)

def
= lim

n→∞

1

n
log(pn(X))exists and is named the topologi
al entropy of X.Corollary 1. Any multi-s
ale quasiperiodi
 subshift has zero topologi
al entropy.6.3.3 Kolmogorov 
omplexityLet U be a �xed universal Turing ma
hine and for ea
h �nite word u ∈ A∗, let KU(u)denotes the Kolmogorov 
omplexity asso
iated to u, i.e. the length of the shortest binaryword p su
h that U(p) = u (see [Bru℄). For a minimal subshift (X,S), we 
an de�ne

K(X)
def
= sup

x∈X
lim sup
n→∞

KU(x1→n)

n(this number is independant of the 
hoi
e of U sin
e if U ′ is another universal Turingma
hine, there is a 
onstant C su
h that for any �nite word u, KU(u) − C ≤ KU ′(u) ≤
KU(u) + C).Corollary 2. For any multi-s
ale quasiperiodi
 subshift (X,S), K(X) = 0.Indeed, [Bru℄ Theorem 3.1 asserts that K(X) ≤ htop(X).But we 
an also give a more dire
t argument : if q is a �xed quasiperiod of a multi-s
alequasiperiodi
 subshift (X,S) and if x is in X, then lim supn→∞

KU (x1→n)
n

≤ 4 log(l(q))
l(q)

. Toprove this, it su�
es to remark that the integration algorithm 
an be 
oded in O(1).Then, if n is bigger than 4l(q), there exists three �nite words u, w and v su
h that
x1→n = u.w.v, the lengths of u and v are uniformly bounded by l(q), and w begins andends with q (and 
an therefore be derivated).The remaining problem is the 
ontrol of the length of ∂w/∂q: if the o

uren
es of qoverlap ea
h other deeply, ∂w/∂q 
an be rather long. To solve this, we de
ide to repla
ere
ursively an o

uren
e of n1.n2 in ∂w/∂q by n1 + n2 if n1 and n2 are smaller than n/2.This operation 
onsists in omitting some useless o

uren
es of q in x1→n. Then at leasthalf of the numbers appearing in the new form of ∂w/∂q are bigger than l(q)/2, so thelength of this new ∂w/∂q will be less than 4n/l(q).Sin
e the 
oding of ea
h letter of ∂w/∂q 
osts log(l(q)), we have a total 
ost less thana 
onstant (to 
ode the integration algorithm, q, u and v) plus log(l(q))4n/l(q) (to 
odethe new form of ∂w/∂q).
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6.4 Unique ergodi
ity and frequen
iesFor a multi-s
ale quasiperiodi
 subshift (X,S), we will now study the set M(X,S) ofBorel probability measures on X that are invariant under S. This set 
an be identi-�ed with a nonempty 
ompa
t 
onvex subset of C0(X,R)′ endowed with the weak-startopology.A S-invariant measure µ ∈ M(X,S) is said to be ergodi
 if the only Borel sets A ⊂ Xsu
h that S−1(A) = A have measure µ(A) = 0 or 1. Su
h measures are the extremalpoints of M(X,S) and satis�es Birkho�'s theorem :
∀f ∈ L1(X,R)

1

n

n−1
∑

k=0

f ◦ Sk µ−a.e.−−−→
n→∞

∫

X

fdµA minimal subshift is said to be uniquely ergodi
 if 
ard(M(X,S)) = 1.One interest of su
h a situation is that, the unique invariant measure µ is ergodi
, more-over the 
onvergen
e in Birkho�'s theorem is uniform for 
ontinuous fun
tions.Theorem 5. Any multi-s
ale quasiperiodi
 subshift (X,S) is uniquely ergodi
.Proof:We will �rst 
onstru
t a S-invariant probability measure on X and then prove that it isthe only one.Step 1: We 
onstru
t a 
andidate to be the unique measure. For this, we will approxi-mate X by periodi
 subshifts generated by the qω = qqq . . . for q ∈ Q(X).For q in Q(X), let
µq

def
=

1

l(q)

l(q)−1
∑

k=0

δSk(qω)(δ stands for the one-point Dira
's measure).
µq is the only element of M(AN, S) that gives mesure 1 to the periodi
 subshift generatedby the periodi
 word qω. By 
ompa
ity we 
an �nd an in�nite subset Q′ ⊂ Q(X) su
hthat

µq −−−−→
l(q)→∞

q∈Q′

µfor some µ in M(AN, S).Note that if X is aperiodi
 the µq's give measure 0 to X. However µ will give stri
tlypositive measure to X (as we will see in Step 2) : it shouldn't be surprising sin
e the
hara
teristi
 fun
tion of X is not 
ontinuous.Step 2: Let us show that µ(X) = 1. Sin
e X is 
losed, we have the following approxi-mation by 
lopen sets:
X = X =

⋂

n≥1

⋃

u∈Ln(X)

[u].Let n ≥ 1 and let q ∈ Q′ su
h that l(q) ≥ n. For i ∈ {0, . . . , l(q) − n}, we have
qωi→i+n−1 ∈ Ln(X) (as a subword of q). Hen
e µq(⋃u∈Ln(X)[u]) ≥ (l(q) − n+ 1)/l(q).Letting l(q) tending to in�nity, sin
e the 
ara
teristi
 fun
tion of ⋃u∈Ln(X)[u] is 
ontin-uous, we have µ(

⋃

u∈Ln(X)[u]) = 1. By 
ountable interse
tion (n is arbitrary), we have112



µ(X) = 1. Hen
e, we 
an still denote by µ for the restri
tion of µ to X.Step 3: Let ν be an ergodi
 measure on X. We will show that ν = µBy Birkho�'s theorem, there is x in X su
h that for u ∈ L(X),
ν([u]) = lim

n→∞

1

n
#(u, x0→n+l(u)−2) = lim

n→∞

1

n
#(u, x0→n−1)Let q in Q′ su
h that l(q) ≥ l(u). We de
ompose x into blo
ks of length 2l(q): x =

B0.B1.B2.B3.B4. . . with Bi = x2l(q)i→2l(q)(i+1)−1. Sin
e ea
h Bi is in L2l(q)(X), it 
ontainsat least one o

uren
e of q, hen
e #(u,B0.B1.B2.· · ·.Bi) ≥ (i+1)#(u, q) for ea
h i in N∗.We have
ν([u]) = lim

i→∞

1

2l(q)i
#(u,B0.B1.B2.· · ·.Bi) ≥ lim

i→∞

i+ 1

2l(q)(i+ 1)
#(u, q) =

1

2l(q)
#(u, q)Moreover, we 
an 
ontrol the frequen
y of o

urren
es of u in qω by estimating theo

urren
es of u in q and bounding the number of o

urren
es of u that appear betweentwo 
onse
utive o

uren
es of q in qω:

µq([u]) = lim
n→∞

1

n
#(u, qw0→n+l(u)−2) ≤

1

l(q)
(#(u, q) + l(u)) =

1

l(q)
#(u, q) +

l(u)

l(q)Therefore,
µq([u]) ≤

1

l(q)
#(u, q) +

l(u)

l(q)
≤ 2ν([u]) +

l(u)

l(q)Letting l(q) tend to in�nity, we have µ([u]) ≤ 2ν([u]). So, µ is absolutely 
ontinuousrelatively to ν. It is well known that this implies µ = ν, but for sake of 
ompleteness,we in
lude a short proof here. There exists a measurable fun
tion f ∈ L1(X,R+) su
hthat for ea
h borel set A ⊂ X, µ(A) =
∫

A
fdν. Sin
e µ is S-invariant, we have ∫

A
fdµ =

∫

S−1A
fdµ for ea
h borel set A ⊂ X.Let us show that f is 
onstant almost everywhere. Assume by 
ontradi
tion that themeasure of set A def

= {x ∈ X/f(x) ≥
∫

X
fdν} is in ]0, 1[ . Sin
e ν is S-ergodi
, A is not

S-invariant, so ν(S−1(A) \ A) = ν(A \ S−1(A)) > 0.Hen
e ν(A \ S−1(A))
∫

X
fdν ≤

∫

A\S−1(A)
fdν =

∫

A
fdν −

∫

A∩S−1(A)
fdν =

∫

S−1(A)
fdν −

∫

A∩S−1(A)
fdν =

∫

S−1(A)\A fdν < ν(A \ S−1(A))
∫

X
fdν whi
h is absurd.Hen
e f is 
onstant with value ν(X) = 1, so µ = ν and µ is the only S-invariant measure.

�Corollary 3. Let x be a multi-s
ale quasiperiodi
 word. Then ea
h �nite word u o

uringin x has frequen
ies i.e. 1
n
#(u, x0→n−1) 
onverges when n→ ∞.Proof: Let µ be the unique S-invariant measure for the asso
iated subshift (X,S). The
ara
teristi
 fun
tion χ[u] of [u] is 
ontinuous, so we have a uniform and therefore apointwise 
onvergen
e in Birkho�'s theorem :

1

n
#(u, x0→n−1) =

1

n

n−1
∑

k=0

χ[u](S
k(x)) −−−→

n→∞
µ([u])
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We 
an remark that this proof has the same �avour as the the main result of [Bos℄ thatasserts that every subshift with suba�ne 
omplexity has only a �nite number of ergodi
measures. In fa
t, Theorem 5 and Boshernitzan's result 
an both be dedu
ed from a moregeneral statement that involves the geometry of Rauzy graphs asso
iated to a minimalsubshift:To ea
h minimal subshift (X,S) we 
an asso
iate a sequen
e (Gn)n≥1 of oriented graphsas follows: the verti
es of Gn is Ln(X) and there is an edge from u to v if and only ifthere exists w in Ln+1(X) su
h that u is a pre�x of w and v is a su�x of w.Those graphs are named the Rauzy graphs asso
iated to (X,S).If K ≥ 1, (X,S) is said to be K-de
onne
table if there exists an extra
tion α ∈ ↑(N∗,N∗)and a 
onstant K ′ ≥ 1 su
h that for all n ≥ 1 there exists a subset Dα(n) ⊂ Lα(n)(X) ofat most K verti
es su
h that every path in Gα(n)(X) \Dα(n) is of length at most K ′α(n)(in parti
ular it do not 
ontains any 
y
le). This means that, up to extra
tion, we 
andis
onne
t (in a spe
i�
 way) the Rauzy graphs by removing at most K verti
es.Theorem 6 ([Mon℄). A K-de
onne
table minimal subshift has at most K S-invariantergodi
 measures.This result implies Boshernitzan's one, by taking for Dn the set of right spe
ial fa
tors(i.e. the set of verti
es having outgoing degree stri
tly greater than one). It also impliesTheorem 5 sin
e every multi-s
ale quasiperiodi
 subshift is 1-de
onne
table. Indeed, if qis in Q(X), Gl(q)(X) \ {q} does not 
ontain any path of length greater than l(q).
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6.5 Sturmian subshifts are multi-s
ale quasiperiodi
In [LevRi
1℄, Floren
e Levé and Gwénaël Ri
homme proved that there exists sturmianwords that are not quasiperiodi
. In terms of 
omplexity, sturmian words are the moresymmetri
 words after periodi
 ones, so this result do not 
om�rm that quasiperiodi
ity�ts well with other notions of symmetry.The dynami
al point of view will allow us to solve the problem:Theorem 7. Sturmian subshifts are multi-s
ale quasiperiodi
.Proof: Let (X,S) be a sturmian subshift. Sin
e p1(X) = 2, we 
an 
onsider that X isde�ned on the alphabet {a, b}.A word u ∈ LnX is said to be left spe
ial if au and bu are in Ln+1(X). Sin
e pn+1(X) −
pn(X) = 1, there exists exa
tly one left spe
ial word ln of length n (n ≥ 0). A pre�x ofa left spe
ial word is still a left spe
ial word, so ln+1 begins with ln: let us denotes by
x the in�nite word that begins by ln for any integer n. Sin
e L(x) ⊂ L(X), x is in X(remember that X is 
losed). We will prove that x is multi-s
ale quasiperiodi
.The evolution of the Rauzy graphs of sturmian subshifts is des
ribed by Rauzy (see[ArnRau℄): for in�nitely many n (named �bursts�), the Rauzy graph Gn(X) is eightshaped i.e. Gn(X) is the union of two disjoints loops from ln to ln. By minimality, theminimal size of the two loops tends to in�nity with n, in parti
ular, it is positive for nbig enough. Sin
e the sum of the lengths of the two loops is equal to pn(X) = n+1, thenea
h loop has size less or equal than n.So, for in�nitely many n, any path in Gn(X) of length n starting from ln has to meet lnagain i.e. ln is a quasiperiod of x (x 
an be viewed as an in�nite path in Gn(X) startingfrom ln). Therefore, (X,S) is a multi-s
ale quasiperiodi
 subshift.

�Re
ently, Floren
e Levé and Gwénaël Ri
homme gave a pre
ise des
ription of the quasiperi-odi
 sturmian words ([LevRi
2℄).6.6 Con
lusionThe gain of �tting with other symmetry 
lasses obtained by 
onsidering multi-s
alequasiperiodi
 subshifts instead of quasiperiodi
 words is summarized by the pi
ture page21.
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Résumé :La première partie de 
ette thèse traite d'illumination dans les billards polygonaux etles surfa
es de translation. Nous étudions les relations entre la propriété de blo
age �ni(propriété d'illumination), la pure périodi
ité (propriété dynamique) et le fait d'être unun revêtement rami�é d'un tore plat (propriété géométrique). Nous montrons que 
estrois notions sont équivalentes pour les surfa
es de Vee
h, pour les surfa
es de translationde genre 2, pour les surfa
es dont l'homologie est engendrée par les orbites périodiquesdu �ot géodésique et en parti
ulier sur un ouvert dense de mesure pleine dans 
haquestrate de l'espa
e des modules des surfa
es de translation.La deuxième partie traite de dynamique symbolique topologique. Nous majorons lenombre de mesures de probabilité ergodiques invariantes d'un sous-shift en fon
tion dela géométrie d'objets 
ombinatoires asso
iés à son langage : les graphes de Rauzy etl'arbre des spé
iaux à gau
he. Puis nous introduisons et étudions une 
lasse parti
ulièrede sous-shifts : les sous-shifts quasipériodiques multié
helle. Nous montrons qu'ils sontuniquement ergodiques, de 
omplexité de Kolmogorov et d'entropie topologique nulles.Mots 
lefs : Billard polygonal, surfa
e de translation, di�érentielle quadratique, surfa
ede Vee
h, revêtement rami�é du tore, illumination, propriété de blo
age �ni.Mot in�ni, dynamique symbolique, entropie nulle, graphe de Rauzy, unique ergodi
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