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Résumé

Danscettethèse,nousexploronslesconséquencesauxbassesénergiesdesmodèlessupersymétriques
degrandeunification(SUSY-GUT)baséssurlegroupedeLieSU(5).Cesmodèlesconstituentles
prototypesdesmodèlesSUSY-GUTet,entantquetels,ontreçubeaucoupd’attentionaucoursdes
dernièresdécennies.Enparticulier,l’unificationquark-leptondanslesecteurdeYukawaaétél’objet
denombreusesétudes.
L’originalitédenotreapprocheestderesterconfinéausecteurdessquarkshauts,oùnousavons

montréqu’unerelationdesymétrieinduiteparSU(5)apparait,ànotreconnaissancejusqu’àprésent
nonétudiée,etbienmoinsdépendantedelaréalisationparticulièredumodèlequel’unificationquark-
lepton.Eneffet,nousavonsdémontréqu’unmodèlesupersymétriqueéquipéd’unesymétriedejauge
SU(5)impliquedemanièregénéraleuncouplagetrilinéairedanslesecteurdessquarkshautsAU
symétriquei.e.AU =A

T
U àl’échelleGUT.Cetterelationrestebienpréservéeparleséquationsdu

groupederenormalisationdurantsonévolutionjusqu’àl’échelleduTeV,laissantainsiuneempreinte
delasymétriedegrandeunificationdanslespectresupersymétriqueauxbassesénergies.Celaétant
établie,nouspouvonsconstruireunesériedetestsphénoménologiquessurlesspectresSUSYdebasses
énergies,potentiellementaccessiblesauLHC.Laplupartdecestestsconsistentàdéterminerune
certainerelationparmilesobservablesdebassesénergies.
NousavonsréussiàexhiberdetellesrelationsdanstroissortesdespectreSUSY,àsavoirles

spectres"SUSYlourds"danslesquelsl’échelledebrisuredelaSUSYestbienplusélevéequel’échelle
duTeV,lesspectresde"SUSYnaturels"oùlatroisièmegénérationdescalaireestlégèreetenfin
lesspectresde"SUSYTop-Charm"danslesquelsseulelapremièregénérationdescalaireestgardée
lourde.Nousavonsdéveloppéuneméthodegénérique,baséesurdestestsstatistiquesfréquentistes
reposantsurlecalculd’unevaleurp,pourquantifieravecquellesignificativitédesécartsàcesrelations
decontraintepeuventêtredétectés,danschacundestroiscasmentionnésplushaut.Typiquement,
pourchacundestests,environO(10−100)événementssontnécessairesdanschacundesprocessus
considérés,pourétablirunécartde50%desrelationstestsàunniveaudesignificativitéde3σ.Notons
quedestechniquesexpérimentalestellesquel’identificationdesjetscharmésoulapolarimétriedutop,
jouentunrôleessentieldanslamiseenœuvredecestestsauxcollisionneursactuels,telqueleLHC.
Lasecondepartiedecettethèseestconsacréeàuneanalysenumériqueplusglobale,baséesurles

techniquesbayésiennesdecomparaisondemodèlesetapplicableàtoutessortesdespectresquelque
soitleurshiérarchies.Danscecontexte,nousavonsdéveloppéuneméthodenumériquebaséesurun
algorithmedesimulationdeMonteCarloparChainedeMarkov.Cettealgorithmepermetdetester,
étantdonnéuncertainspectre,avecquellesignificativitécelui-cipointeounonversunesymétrie
SU(5)àhauteénergie.Ànouveau,nousavonsconsidéréplusieurscas,selonlaquantitéd’information
quipourraitêtrecollectéauLHCsurlespectredessquarkshauts.Noustrouvonsquetypiquement,ces
informationsnecontraignentpassuffisammentlespectrepourpouvoirtireruneconclusionquantàla
présenced’unesymétrieSU(5)àhauteénergie,exceptionfaitedecertainscas,oùlesincertitudesdes
observablessontréduitesàdesvaleursdel’ordredeO(1%)et/oudesspectresloind’êtresymétriques
sousSU(5)sontconsidérés.Danscettedernièresituation,cetteanalysesembledéfavoriserlaprésence
d’unesymétrieSU(5)àl’échelleGUTavecuneévidencefaible.



Abstract

Inthisthesis,weexploretheconsequencesatlowenergiesofsupersymmetricgrandunifiedtheories
(SUSY-GUT)basedontheLiegroupSU(5).ThesemodelsconstitutetheprototypeofminimalSUSY-
GUTandassuch,havebeenintensivelystudiedinthelastdecades.Inparticular,thequark-lepton
unificationintheYukawasectorhasreceivedalotofattention.
Theoriginalityofourapproachistostaywithintheup-squarksector,wherewehaveshownthat

asofarunnoticedSU(5)inducedsymmetryrelationemerges,waylessmodeldependentthantheone
aforementioned.Indeed,wedemonstratethatasupersymmetricmodel,equippedwithaSU(5)gauge
symmetrygenericallyimpliesthattheup-squarktrilineartermAU issymmetricattheGUTscale,
namelythatAU =A

T
U. Thisrelationisonlymildlyspoiledbytherenormalizationgrouprunning,

andremainswellpreservedattheTeVscale,leavingthusaSU(5)footprintinthelowscaleSUSY
spectrum.ThisallowstobuildaseriesofphenomenologicalSU(5)testsonlowscaleSUSYspectra,
potentiallyaccessibleattheLHC. Mostofthesetestsgenericallyconsistindeterminingacertain
relationamonglowscaleobservables.
WeexhibitsuchrelationsforthreedifferentsortofSUSYspectra,namely"HeavySUSY"spectra

whichfeatureaSUSYbreakingscalewellabovetheTeVscale,"NaturalSUSY"spectrawhichfeature
alightthirdscalargenerationand"TopCharmSUSY"spectrainwhichonlythefirstscalargeneration
iskeptheavy. Wehavedevelopedagenericmethod,basedonap-valuefrequentiststatisticaltestto
quantifytowhichsignificanceonecanassessadeparturefromtheselowscaleconstraintsrelations,in
thethreeabove-mentionedtypesofSUSYspectra.Typically,foreachofthetests,O(10−100)events
arenecessaryintheprocessesconsidered,toassessadepartureof50%at3σlevelofsignificance.It
shouldbementionedthatexperimentaltechniquessuchascharmtaggingortop-polarimetryplaya
crucialroletoapplythesetestsatcurrentcolliders,suchastheLHC.
Thesecondpartofthisthesisisdevotedtoamoreglobalnumericalanalysis,basedonBayesian

modelcomparisonmethods,andapplicabletoanykindofspectrumwhateveritshierarchy.Inthis
context,wehavedevelopedanumericalmethodbasedona MarkovChain MonteCarloalgorithm
allowingtotest,givenanobservedlowenergyspectrum,withwhichsignificanceitpointsornot
towardahighscaleSU(5)dynamic.Again,wehaveconsideredseveralcasesdependingontheamount
ofinformationthatwillbecollectedonthesquarkspectrumattheLHC. Wefindthattypically,the
constrainingpowerofthesewould-becollectedinformationistoolowtodrawanyconclusionona
possibleSU(5)−likehighscaledynamic,exceptincertaincases,whentheuncertaintiesattachedto
theobservablesconsideredarereducedtoO(1%)and/orwhenspectrafarfrombeingSU(5)-symmetric
areconsidered.Inthislastcase,thisanalysisseemstodisfavorthepresenceofaGUTscaleSU(5)
symmetrywithweakevidence.
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Introduction

ItisfairtosaythatmodernparticlephysicshasstartedwiththeRutherfordexperimentsconducted
in1909byHansGeiger,ErnestMarsdenandErnestRutherford.Thesescatteringexperimentshave
showntheexistenceoftheatomicnucleus,thepositivelychargedpartoftheatom. Mostimportantly,
thisexperimenthasleadin1912totheplanetarymodel:atomsarecomposedofaverydense,very
heavy,positivelychargednucleuswhosesizeiscompletelynegligibleinfrontoftheelectroniccloud.
Hence,thishasleadtotheconclusionthatmattersismostlycomposedofvoid.

ThesecondfoundingexperimentmightbethediscoveringbyCarlDavidAndersonin1932ofthe
positron,theantimatterelectroncounterpart,theorizedfouryearsearlierbyPaulDirac.Finally,the
thirdexperimentIwouldliketomentionedisthediscoveryoftheHiggsbosonin2012bytheLHC’s
ATLASandCMSexperiments.ThisdiscoveryhasputafinaldottotheStandardModel,thetheory
inwhichareinterpretedmostoftheresultsinparticlephysicstoday.However,oneknowsthatthisis
nottheendofthestoryandthattheStandardModel(SM)isnotanultimatetheoryofnature,failing
forexampletoincludemassiveneutrinosorsuitabledarkmattercandidates.

Atthetimetheselinesarewritten(July2015),theLHChasjustrestartedtorecorddataatits
nominalenergy. Onecansaythat,currently,thesituationisquiteinquiring,eventhoughnotyet
worrying.Indeed,newphysicshavebeenwaitedforawhilenow,andthesimplestextensionsofthe
StandardModelhavebeenputmoreandmoreunderpressure.

AmongthebestmotivatedframeworkstoextendtheStandard Model,thereisSupersymmetry
(SUSY),whichpostulatestheexistenceofanewtypeofspace-timesymmetrybetweenbosons,which
areintegerspinparticles,andfermions,whicharehalf-integerspinparticles. However,thenon-
observationoflightsuperpartnersclearlyindicatesthatSUSY,ifrealizedinnature,mustbeabroken
symmetry.Inanycase,thesimplestSUSYextensionoftheSM,theMinimalSupersymmetricStandard
Model(MSSM)isofspecialinterestforphenomenologists,resolvingmostofthequestionsunanswered
bytheSM.

Ontheotherhand,thelackofexperimentalsignalsmakesthattheoretically,SUSYremainspoorly
understood.Crucially,onemissesaclearunderstandingofthemechanismresponsibleforthesponta-
neousbreakingofSUSY.Toparameterizethisignorance,awayaroundhavebeenfoundbyintroducing
alot(aboutahundred)of"soft"-inasensthatwillbeprecisedlater-parameters.However,thepriceto
paytoapplysuchprocedureisacleardropofpredictabilityofthetheory,unlessabreakingmechanism
isimposed,thesofttermsareseenasfreeparameters.

OnecuretothepointraisedabovemightbetoembedtheSM’sLiegaugegroupintoalarger
one,forexampleSU(5),SO(10)orE(6). SuchGrandUnifiedTheory(GUT)allowstounifythe
threefundamentalforcesoftheSMintoasingleone,throughtheunificationoftheirrespectivegauge
couplings. Beside,whenaGUTiscombinedwithSUSY,fittingthelowenergygaugecouplingsto
theirmeasuredvaluesiseasierandsuppressionofprotondecaycanbeobtainedtoareasonablelevel,
phenomenonotherwisegenericallypredictedbyGUTtheories.Furthermore,inaSUSYcontext,the
softtermsgetunifiedaswell,thusreducingthehundredfreesoftparametersneededintheMSSMto
onlyafewindependenthighscaleterms.

ThepresentthesisisinterestedinthesimplestofsuchSUSY/GUTtheory,theonebasedonthe
LiegroupSU(5).ThisSUSY/GUThavebeenthesubjectofmultiplestudiesduringthelastdecades,
inparticularthequark-leptonunificationhavereceivedalotofattention.Indeed,thisSUSY/GUT
predictsthatYukawacouplingsinthequarksandleptonssectorsunifyatascaleM ∼O(1016)GeV,
calledtheGUTscale.Evolvingthesedowntoascaleaccessibletoexperimentswiththerenormalization
group’stechniques,onecanthenscrutinizetheirlowscalevaluestoseeifthesearecompatiblewitha
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possiblehighscaleunification.Inthesimplestmodel,theconclusionisquitepessimistic.Indeed,this
unificationseemstoworkonlyforthethirdgenerationandeventhere,extra-carehavetobetaken,
introducingforexamplethresholdcorrectionsoriginatingfromthedynamicabovetheGUTscale.
Ontheotherhand,theoriginalityofthisthesisistoinvestigatethelowscaleconsequencesof

thistypeofunificationnotonYukawacouplingsbutonsoftparameters,restrictingourstudytothe
up-squarkssector.Indeed,wehaveshownthataso-farunstudiedfeatureofSU(5)SUSY/GUTsis
thattheup-squarkstrilinearcouplingissymmetricattheGUTscale.Thissymmetryrelationiswell
preservedbytherenormalizationgroupequations,theasymmetryintroducedbytherunningremaining
smallattheTeVscale.Hence,iftheGUTscaleissymmetricunderSU(5),weexpectthatafootprint
shouldremaininthelowscaleup-squarksspectrum,allowingtobuildaseriesofphenomenological
tests.
Thisthesisisorganizedasfollows:

1.Thechapter1isdedicatedtoapresentationoftheStandardModel.Itsgaugestructureaswell
asitsmattercontentarepresented.Also,theHiggsmechanism,responsiblefortheelectroweak
symmetrybreakingaswellasthefermionsmixingmechanismsareoutlined. Weconcludethis
chapterbygivingsomehintsonwhywebelievethattheSMneedstobeextendedbyamore
completetheory.

2.Thechapter2givesanintroductiontosupersymmetry,focusingonthe MSSM.TheSUSY
algebraandtheelegantformalismofsuperfieldsarepresented. Wethengivesomearguments
tounderstandwhySUSYspontaneousbreakingcannotbeachievedinaSUSYtheorywhose
breakingscaleliesneartheTeVscale,thusmotivatingtheintroductionofasoftsector.Finally,
theMSSMisdescribed,itsvirtuesandlimitationsexposed,andthethreemainparadigmsused
tomaintainthesuperpartnerscontributionstolowscaleobservablesoutlined.

3.Thechapter3presentstheSU(5)GUT,bothinanon-SUSYandinaSUSY-context.Aspecial
attentionispaidtotheflavorsectorofthisGUT,inparticularoneshowsthatthesymmetry
relationswhichholdintheYukawasectorpropagatetothesoftbreakingterms. Weconcludethis
chapterbypresentingafewofthephysicalconsequencesthatderivefromthiskindofunification.

4.Thechapter4containsthemaincontributionofthisthesis.Inthischapter,wehavebuildaseries
ofphenonomenologicaltestsonup-typesquarksspectra,usingfrequentiststatisticalmethods.In
particular,threetypesoftypicalSUSYspectraareconsidered,forwhichweprovideconstraint
relationsonlowscaleobservablesderivingfromaSU(5)-likeGUTsymmetry. Theserelations
areonlymidlyspoiled,shouldaSU(5)-likeGUTberealizedinnature.

5.Finally,inthechapter5,webuildmoreglobalSU(5)tests,usingBayesianmodelcomparison
methods.Indeed,inthischapter,wecomputeBayesfactorsnumerically,usingMarkovChains
MonteCarlotechniques,todiscriminatethepossiblepresenceofremnantsofahighscaleSU(5)
symmetryintolowscalesquarksspectra. Wehencestartthischapterbyprovidinganintroduc-
tiontoBayesianstatistics.Thenumericalstrategyisthenexhibitedandtheresultscommented.
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Introductionenfrançais

LaphysiquedesparticulesmoderneacommencéaveclesexpériencesdeRutherfords,conduitesen1909
parHansGeiger,Ernest MarsdenetErnestRutherford.Cesexpériencesdediffusionontdémontré
l’existencedunoyauatomique,lapartiechargéepositivementdel’atome.Plusimportantpeut-être,
cetteexpérienceaconduiten1912,àl’émergencedumodèleplanétaire:lesatomessontconstitués
d’unnoyauchargépositivement,trèsdenseettrèslourd,dontlatailleestcomplètementnégligeable
devantcelledunuageélectronique,enconséquencedequoilamatièreestsurtoutcomposéedevide.

LadeuxièmeexpériencefondatricepourraitêtreladécouverteparCarlDavidAndersonen1932
dupositron,laparticuled’antimatièreassociéeàl’électron,théoriséequatreannéesplustôtparPaul
Dirac.Finalement,latroisièmeexpériencequejevoudraisciterestladécouvertedubosondeHiggs
en2012parlesexpériencesATLASetCMSduLHC.CettedécouverteamisunpointfinalauModèle
Standard(MS),théoriedanslaquellesontinterprétéslaplupartdesrésultatsexpérimentauxaujour-
d’hui.Cependant,noussavonsquel’histoirenes’arrêtepaslà,lemodèlestandardn’étantpasune
théorieultimedelanature,échouantparexampleàincluredestermesdemassepourlesneutrinosou
àincluredesparticulesquipourraientêtredeboncandidatsdematièrenoire.

Au momentoùceslignessontécrites(Juillet2015),leLHCvientjustedereprendresaprise
dedonnéeàsonénergienominale.Onpeutdirequepourl’instantlasituationestasseztroublante,
bienquepasencoreinquiétante.Eneffet,lanouvellephysiquesefaitattendredepuisunmoment
maintenant,etlesextensionslesplussimplesduMSsontdeplusenplussouspression.

ParmilescadresbienmotivéspourétendreleMSsetrouvelasupersymétrie(SUSY),quipostule
l’existenced’unnouveautypedesymétried’espace-tempsentrelesbosons,particulesauspinentier,et
lesfermions,particulesauspindemi-entier.Cependant,lanon-observationdesuperpartenaireslégers
indiqueclairementquelaSUSY,sielleestréaliséedanslanature,sedoitd’êtreunesymétriebrisée.
Danstouslescas,l’extensionlaplussimpleduMScompatibleaveclaSUSY,lemodèlestandardsuper-
symétriqueminimal(MSSM)continud’êtred’unegrandeaidepourlesphénoménologistes,résolvant
laplupartdesquestionslaisséessansréponseparleMS.

D’unautrecôté,lemanquedesignauxexpérimentauxfontquelaSUSYrestethéoriquementencore
assezmalcomprise.Essentiellement,unecompréhensionclairedumécanismeresponsabledelabrisure
delaSUSYnousmanque.Afindeparamétrercetteignorance,unesolutionaététrouvéequiconsiste
àintroduirebeaucoup(environunecentaine)deparamètres«doux»1.Cependant,leprixàpayer
pourappliquercetteprocédureestunenettebaissedelaprédictibilitédelathéorie,àmoinsqu’un
mécanismedebrisurenesoitimposé,cesparamètresdouxétantvuscommelibres.

UnesolutionaupointsoulevéplushautpeutconsisteràplongerlegroupedejaugeduMSdansun
groupeplusgrand,parexampleSU(5),SO(10)ouE(6).Unetellethéoriedegrandeunification(GUT)
permetd’unifierlestroisforcesfondamentalesduMSenuneseule,autraversdel’unificationdeleurs
couplagesdejaugerespectifs.Deplus,lorsqu’uneGUTestsupersymétrisée,ilestplusfaciled’ajuster
lescouplagesdejaugedebasseénergieàleursvaleursmesuréesexpérimentalement.Ilestalorsaussi
plusfaciled’abaisserletauxdedésintégrationduprotonàunniveauacceptable,phénomèneautrement
généralementpréditparlesthéoriesdegrandeunification.Enoutre,dansuncontextesupersymétrique,
lestermesdouxdeviennentaussiunifiés,réduisantainsiàtrèshauteénergie,lacentainedeparamètre
duMSSMàseulementquelquestermesindépendants.

Cettethèses’intéresseàlaplussimpledesthéoriesSUSY/GUT,cellebaséesurlegroupedejauge
SU(5).Cettethéorieaétél’objetdenombreusesétudesdurantlesdernièresdécennies,enparticulier

1Lasignificationdel’adjectif«doux»pourcaractérisercesparamètresserapréciséeplustarddanscettethèse.
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l’unificationquark-leptonareçuebeaucoupd’attention.Eneffet,cesthéoriesSUSY/GUTprédisentque
lescouplagesdeYukawadesleptonsetdesquarkss’unifient,àuneéchelledel’ordredeM ∼O(1016)
GeV,appeléel’échelleGUT.Enfaisantévoluercescouplagesàdeséchellesaccessiblesauxexpériences,
vialestechniquesdugroupederenormalisation,ilestalorspossibledetesterleurscompatibilitésavec
unepossibleunificationàhauteénergieenscrutantleursvaleursàbasseénergie.Danslecasleplus
simple,laconclusionestclairementnégative.Eneffet,cetteunificationnesemblefonctionnerquepour
latroisièmegénérationet,mêmedanscecas,desprécautionssupplémentairesdoiventêtreprises,par
exampleenintroduisantdescorrectionsdeseuilsquipourraientnaitredeladynamiqueaudessusde
l’échelleGUT.
D’unautrecôté,l’originalitédecettethèseestd’investirlesconséquencesàbasseénergiedece

typed’unificationnonplusdanslesecteurdeYukawa,maisdanslesecteurdoux,enrestantconfiné
ausecteurdessquarkshauts.Eneffet,nousavonsmontréqu’unecaractéristiquejusquelànonétudiée
decesmodèlesestquelecouplagetrilinéairedessquarkshautsestsymétriqueàl’échelleGUT.Cette
relationdesymétrieestbienpréservéeparleséquationsdugroupederenormalisation,l’asymétrie
introduiteparl’évolutiondescouplagesrestantpetiteàl’échelleduTeV.Sil’échelleGUTestgouvernée
parunesymétrieSU(5),ons’attenddoncàcequ’uneempreintedecettesymétriepuissesubsister
danslespectredessquarkshautsàl’échelleduTeV,autorisantainsilaconstructiond’unesériede
testsphénoménologiques.
Cettethèseestorganiséedelamanièresuivante:

1.Lechapitre1estdédiéàlaprésentationduModèleStandard.Sastructuredejaugeainsique
sonspectredematièresontprésentés.Deplus,lemécanismedeHiggs,responsabledelabrisure
desymétrieélectrofaible,etlesmécanismesdemélangedesfermionssontexposés.Cechapitre
seconclutsurunediscussiondesprincipauxindicesquinouspousseàpenserqueleMSabesoin
d’êtreétenduparunethéoriepluscomplète.

2.Lechapitre2constitueuneintroductionàlasupersymétrie,enseconcentrantsurle MSSM.
L’algèbresupersymétriqueainsiquel’élégantformalismedessuper-champssontprésentés.Des
argumentssontensuitedonnéspermettantdecomprendrepourquoilabrisurespontanéedela
SUSYnepeutêtreachevéedanslesecteurvisible,motivantainsil’introductiond’unsecteurdoux.
Finalement,leMSSMestdécrit,sesvertusetlimitationsexposées,etlestroisgrandsparadigmes
utiliséspourmaintenirsouscontrôlelescontributionsdessuper-partenairesauxobservablesde
basseénergieébauchés.

3.Lechapitre3présentelathéorieGUTSU(5),àlafoisdansuncontexteSUSYetnon-SUSY.
Uneattentionparticulièreestdévouéeausecteurdelasaveur,enparticulierilestmontréque
lesrelationsdesymétriequiexistentdanslesecteurdeYukawasepropagentauxtermesdoux.
Cechapitreseconclutparuneprésentationdequelquesunesdesconséquencesphysiquesdece
typed’unification.

4.Lechapitre4contientlacontributionprincipaledecettethèse.Danscechapitre,nousavons
construitunesériedetestsphénoménologiquessurlesspectresdesquarkshauts,enutilisantdes
méthodesstatistiquesfréquentistes.Enparticulier,troistypesdespectreSUSYsontconsidérés,
pourlesquelsnousfournissonsdesrelationsdecontraintesurlesobservablesdebasseénergie,
relationsquinedevraientêtrequepeudétruitessiunethéorieGUTdetypeSU(5)estréalisée
danslanature.

5.Finalement,danslechapitre5,nousconstruisonsdestestsSU(5)plusglobaux,enutilisantdes
méthodesbayésiennesdecomparaisondemodèles.Eneffet,danscechapitre,nouscalculonsdes
facteursdeBayesnumériquement,enutilisantdesalgorithmesde MonteCarloparChainede
Markov,afindediscriminerlaprésenceéventuellederémanentsd’unesymétrieSU(5)dansles
spectresdesquarkshautsàbasseénergie.Nouscommençonsdonccechapitreendonnantune
introductionauxstatistiquesbayésiennes.Lastratégienumériqueutiliséeestensuiteprésentée
etlesrésultatscommentés.
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Chapter1

TheStandard Modelofparticlephysics

1.1 Introduction

TheStandardModelofparticlephysicsis,byitsabilitiestoaccuratelyfitmostoftheexperimental
results,oneofthegreatesttheoreticalachievementsinparticlephysicsinthesecondhalfofthetwen-
tiethcentury.Itwasabletopredictnewparticlesbeforetheirobservationinexperiments,withfor
someofthem,theirmasses,tosetorderinthejungleofnewboundstateswhichwerediscoveredinthe
1960’sbyintroducingthequarkmodelandtopredictthevalueoftheintrinsicmagneticmomentofthe
electron.Thislastvaluehasturnedouttobeinagreementwiththemeasuredonetoanextraordinary
accuracyoftheorderofO(10−13).

Fromatheoreticalpointofview,theSMhasassessedtheimportanceofgaugesymmetries(see
[1])inmodernphysicswhichnowfindapplicationswellbeyondthescopeofparticlephysics.However,
despiteitssuccesses,theSMleavesseveralquestionsunanswered.Thishasleadthehighenergyphysics
communitytobelievethatamorefundamentaltheoryinparticlephysicsshouldexistofwhichtheSM
shouldbealowenergyeffectivetheory.

InthischapterwegiveageneraloverviewoftheSM.Insection1.2westartbypresentingthe
theoreticalstructureoftheSMwithanemphasisonthefermionsmixingmechanisms.Thiswillallow
ustofixacertainnumberofnotationswhichwillbeusefulfortherestofthiswork.Section1.5is
devotedtothepresentationoftheCabbiboKobayashi Maskawa(CKM)matrix,whichdrivesflavor
violationintheSM,andtheunitarytrianglefitwhichteststheconsistencyoftheCKMmechanism
withdata.Insection1.6,wecommentonthequestionswhichareleftunansweredbytheSM.This
willserveasatransitiontothenextchapter. Althoughitisaveryinsightfultopic,thehistorical
constructionoftheSMisnotpresentedinthiswork,theinterestedreaderisinvitedtoreferto[2]and
[3]aswellastothefirstchapterof[4].

1.2 Theoreticalframework

TheSMisaquantumfieldtheorywhichdescribesthreeoutofthefourfundamentalinteractionsof
nature,namelytheelectromagneticinteraction,theweakinteraction,andthestronginteraction.The
gravitationalinteractionisleftasideasitrequiresspecialcare.Quantumfieldtheory(QFT)allowsto
properlyreconcilequantummechanicswithspecialrelativityandisbasedonanalyticalmechanicsusing
theLagrangianformalism.ForacompletetourofQFT,seetheclassicalbookofPeskinandSchroeder
[5]althoughotherreferencessuchas[6]or[7]shouldbemoreappropriateforgraduatestudents.
Precisely,theSMisaYang-Millstheory(see[8])invariantunderthesemi-simplenon-abeliangauge
groupGSM=SU(3)C×SU(2)L×U(1)Y. Thesubscripts(C,L,Y)havenomathematicalmeaning
andrefertothephysicalcontentofthechargesofthefactors.ThefactorSU(3)Cisthegaugegroupof
QuantumChromodynamic(QCD)whichdescribesthestronginteractionresponsibleformaintaining
thequarksinsidethenucleonsbound.Tothequarksisassociatedanintrinsicquantumnumbercalled
"color".Itwasfirstintroducedtopreservethespinstatistictheoremwhereincertainboundsstates,
withoutcolor,severalquarks(whicharefermions)wouldbeinthesamequantumstate.Thefactor
SU(2)L×U(1)YisassociatedtotheelectroweakinteractionwhichunifiestheweakandtheQuantum
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Electrodynamic(QED)interactions,thequantumversionofelectromagnetism.ThesubscriptLrefers
tothe"weakisospin"introducedtoexplainwhycertainpairsoffermionsintheSMhavesimilar
quantumpropertiesundertheweakinteraction.Finally,Yreferstothe"weakhypercharge"introduced
tomaintaintheconsistencyoftheSManddefinedthroughtheGell-Mann–Nishijimaformula:

Y

2
=Q−T3L (1.1)

withT3LtheeigenvalueofthethirdgeneratorofSU(2)L(seeeqs(1.5)and(1.6))andQtheusual
electriccharge.ToeachfactorinGSMareassociatedspin-1bosonswhichtransmittheforcefromone
fermiontoanother.Theirnumberisequaltothedimensionofthegroupwhichis,forSU(N)factors:

dim(SU(N))=
N

N(N−1)
(1.2)

and1fortheabelianU(1)factor.InthecaseofQCD,wehave3(3−1)2 =8bosons,calledgluons,and
noted{Gi}{i=1..8}. Fortheelectroweakinteraction,threebosons{W

i}{i=1..3}areassociatedtothe
SU(2)factorandonebosonBtotheU(1)factor.Ithastobenotedthataslongasthesymmetry
groupremainsexact,thegaugebosonsaswellasthefermionsremainmassless,amassterminthe
Lagrangianbreakingexplicitlythegaugeinvariance. ThishasleadFrancoisEnglert,RobertBrout,
PeterHiggs,GeraldGuralnik,CarlRichardHagenandThomasKibbleinthemid-1960stoapplyto
theSMamechanisminheritedfromsolidstatephysics,theso-calledHiggsmechanism[9,10]1.

Digressionontheparamagnetic→ferromagnetictransition Onecanhaveafeelingaboutthe
physicsoftheHiggsmechanismbymakingaparallelwiththeferromagnetic/paramagnetictransitionin
solidstatephysics.Letusconsideranelectricconductorwhichcanbethoughtofasaspinassembly.
Ifthetemperatureofthesystemishighenoughthedirectionsofthedifferentspinsarerandomly
distributed.Themacroscopicmagnetizationvector,whichisproportionaltothevectorialsumofthe
spins,isnull.Thesystemissaidtobeintheparamagneticphase,thesolidbeingisotropthesymmetry
groupisSO(3),thegroupof3Dspacerotations.Ifonedecreasesthetemperaturebelowacertain
threshold,theCuriepointTC,amacroscopicdirectioninthesystemappearsamongthespins,the
magnetizationvectorisnotnullanymoreandthesystemissaidtobeintheferromagneticphase.The
symmetrygroupoftheferromagneticphaseisSO(2)(subgroupofSO(3)),thesymmetrygroupofthe
planerotationswhoseaxisissetbythemagnetizationdirection.Hence,duringtheparamagnetic→
ferromagnetictransition,thesymmetrygroupofthesystemhasbeenreducedfromSO(3)toSO(2).
Asthisphasetransitiondidn’toccurduetoanexternalelement,forinstanceamagnet,butbecausethe
temperaturei.e.theenergyofthesystemhasdecreased,itiscalledaspontaneoussymmetrybreaking.

Backtoparticlephysics,theHiggsmechanismdescribesthespontaneoussymmetrybreaking(SSB)
oftheSU(2)L×U(1)YfactordowntoU(1)Q,thegaugegroupofQED.ToperformthisSSB,weneedto
introduceanextrascalar,theHiggsboson,whichplaysananalogousroletothemagnetizationvector,
andreducesthesymmetrygroupofthesystemwhenpickingspecificdirectionsinthescalarpotential
ofthetheory.ThisoccurswhenthesystemfallsinitsgroundstatewhichinaQFTframeworkiscalled
thevacuum.Inthisprocess,thegaugebosons{W1,2}acquireanon-vanishingmassandmixtogivethe
electricallychargedW+,−physicalstates.Theothersgaugebosons{W3,B}mixtogivethemassive
bosonZ0,thethirdelectricallyneutralgaugebosonoftheweakinteraction,andthephoton,thegauge
bosonofQED,whichremainsmasslessastheHiggsmechanismpreservesanabeliangroup,U(1)Q,
toguaranteetheconservationoftheelectriccharge.ThegluonsremainalsomasslessastheSU(3)C
factorofGSMisleftinvariantbytheHiggsmechanism.Thestates(W

+,W−,Z0)havebeenobserved
attheUA1andUA2experimentsattheCERNin1983withpropertieswhichmatchthequantum
numberspredictedbytheSM[11–14].Lastlyand,althoughfurtherinvestigationsareneeded,ascalar
bosonhasbeendiscoveredin2012independentlybytheATLAS[15]andCMS[16]experimentswith
propertieswhichseemtomatchtotheHiggsbosonaspredictedbytheSMHiggsmechanism.

1Historyhasforgottenmostoftheauthorsintheusednamewhichonecanconsiderasnotveryfair.Alternatively,
ifonebelievesthatadiscoverybelongtoanybody,amoreradicalsolutioncouldbetouseanameforthemechanismin
whichnoauthorsappears.
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AfterthisqualitativedescriptionoftheStandardModel,wewanttoadoptnowamorequantitative
approachbypresentingthedetailsofthetheory.Specifically,theSMLagrangiancanbesplitintofour
parts:

LSM=LGauge+LMatter +LYukawa+LHiggs (1.3)

Inthefollowing,weshallhaveatourateachofthesesectors.

1.3 TheGaugesector

Westartwiththegaugesectorwhichdescribesboththekinetictermsandself-interactionsofthegauge
bosons.Thegaugesectorofthestandardmodelcanbewrittenas:

LGauge=−
1

2
Tr(GµνG

µν)−
1

2
Tr(WµνW

µν)−
1

2
Tr(BµνB

µν), (1.4)

wheretherank2tensorsGµν,WµνandBµνarecalledthefieldstrengthtensorsofrespectivelythe
SU(3),SU(2),andU(1)factors.Thesecanbedecomposed,forinstanceinthecaseofSU(2),as:

Wµν=W
i
µνTi (1.5)

with{Ti},thegeneratorsofthegroup. Thegreekindices(µ,ν...)arelorentzindicesandindicate
howthefieldstransformunderthegroupofspecialrelativityspacetimesymmetry,thePoincarégroup
R1,3 SO(1,3)(see[17])whichcanbereduced,byaproperchoiceofframe,totheLorentzgroup
SO(1,3)2. Here,wetaketheusualmetricconventioninQFT,ηµν=diag(+1,−1,−1,−1).. The
generatorscanbethoughtofas"basisvectors"ofthegroupencodinginfinitesimaltransformations
definedbythefollowingcommutationrelations:

[Ti,Tj]=gcijkTk (1.6)

ThesecommutationrelationsformaLiealgebra3.{cijk}arecalledthestructureconstantsofthe
groupwith,inthecaseofSU(2)cijk= ijkthetotallyantisymmetricLevi-Civitatensordefinedsuch
that123=+1.giscalledthecouplingconstantofthegroupandsetstheinteractionstrength.For
thethreefactorsofGSM,thefieldstrengthtensorscanbeexpressedintermofthegaugebosonsas:

Giµν=∂µG
i
ν−∂νG

i
µ−g3fijkG

j
µG
k
µ i,j,k=1...8,

Wiµν=∂µW
i
ν−∂νW

i
µ−g1ijkW

j
µW

k
µ i,j,k=1..3,

Bµν=∂µBν−∂νBµ,

(1.7)

with{fijk},thestructureconstantsofSU(3)definebyGell Mann[18]. Theindicesi,j,k...livein
theadjointrepresentationofthegroup4. Wewanttoemphasizethatthestructureconstantsvanish
inthecaseofanabeliangroupor,inequivalentterms,whentheirgaugebosonsareneutralunderthe
group.Theconsequenceisthat,insuchacase,nogaugebosonsself-interactionverticesarepresent.
ThisistypicallythecaseforU(1)Y orinQEDforQ(1)Qforwhichstructureconstantsarezeroand
nophotonself-interactionsexist.Ontheotherhand,SU(3)andSU(2)beingnon-abelian,threeand
fourpointselfinteractionsverticesarepresentamongthegluonsandW bosonsasillustratedinfigure
1.1.

2TheLorentzgroupSO(1,3)isdefinedasthegroupofmatriceswhichleavethemetricinvarianti.e.Λ∈SO(1,3):
η=ΛηΛT.

3Aniceviewofthismachinerycanbedevelopedifwerememberthat,inthecontextofdifferentialgeometry,aLie
groupisisomorphictoamanifold. Thegeneratorsofthegroupthenreallyformabasisofvectorsonthetangential
spaceofthismanifold.

4Thatmeansthatagaugetransformationactsonthefieldstrengthtensor,forinstanceinthecaseofSU(3),as:
U∈SU(3),Gi→ UGiU†.
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Figure1.1–Threeandfourpointgluonselfinteractions.Theverticesarisesduetothenonabelian
natureofSU(3)i.e.theseareproportionaltothestructureconstantsfabc.

1.4 Themattersector

ThemattersectoroftheSMdescribesthe24spin1/2fermionsformingthematterandtheirassociate
anti-particles. Thesecanbegatheredintwofamiliesdependingontheirsensitivitytothestrong
interaction.Thefermionssensitivetothestronginteractionarecalledquarksandtheirelectriccharges
arequantifiedtobeeither+23e(the"up-type"quarks)or-

1
3e(the"down-type"quarks)withethe

elementaryelectriccharge.Ontheotherhand,leptonsarenotsensitivetothestronginteractionand
canbesplitintwosub-familiesdependingontheirelectriccharges,theelectricallyneutralleptons
beingcalled"neutrinos"andtheelectricallychargedbeingcalled"chargedleptons".
Inthecontextofgrouprepresentationtheory,wecanrestricttheLorentzgroupmentionedabove

tothesubgroupofLorentztransformationspreservingboththeorientationofspaceandthedirection
oftime,notedSO(1,3)↑,theorthochronousproperLorentzgroup5. Onecanshowthatthereis
anisomorphismbetweenthefundamentalrepresentationofSO(1,3)↑andadirectproductoftwo
fundamentalrepresentationsofSU(2),i.e.SO(1,3)↑∼SU(2)⊗SU(2).Thissuggeststhatthefermions
oftheSMcanbedecomposedasacombinationoftwo Weylspinorswhicharemergedinanobject
calledaDiracspinorΨ. Moreprecisely,aDiracspinorcanbedecomposedas:

Ψ=PLΨL+PRΨR, (1.8)

wherePLandPRarechiralityprojectoroperatorsdefinedas:

PL=
1−γ5
2
,PR=

1+γ5
2

(1.9)

withγ5,thefifthgammamatrix(seeappendixA.1).
LetusconsiderafermiondescribedbyaDiracspinorΨandalsoconsideritsassociateanti-spinor

ΨC=CΨC−1withCthechargeconjugateoperator. Wecandefinethechiralityoperatorhasthe
operatorwhichprojectsthespinSoverthemomentumpdirectionh=S·p|p|.Inthemasslesslimit,

onecanshowthatΨalwayshasanegativehelicityandisinapureΨLstate(hΨ=−1,Ψ=ΨL)and
ΨCalwayshasapositivehelicityandisinapureΨRstate(hΨ

C=+1,ΨC=ΨCR).Forthisreason,
ΨRiscalleda"right"-handedspinorandΨLa"left"-handedspinor.
IfnowDiracmasstermsarepresentintheelectroweakbrokenphaseasitresultsfromtheHiggs

mechanism,achiralitymixingisintroducedthroughaYukawacouplingtotheHiggsboson(seesub-
section1.4.1).Hence,particlesandanti-particlesareinasuperpositionofbothleft-handedandright-
handedstates.Itturnsoutthattheweakinteractioncouplesexclusivelytotheleft-handedcomponent

5HenceSO(1,3)↑isdefinedas:Λ∈SO(1,3)↑ifdet(Λ)=+1andΛ00>0.
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ofΨ,thatiswhyasubscriptLisaddedtothegaugegroupnameSU(2)Landtheweakinteractionis
saidtobreakmaximallytheparitysymmetry.Thisenforcesthefactthatleft-handedcomponentsare
foldintwo-dimensionalrepresentationsofSU(2)Li.e.particlephysicistsaytheyformSU(2)doublets.
whereastheright-handedcomponentswillbefoldin1-dimensionalrepresentationsofSU(2)Li.e.they
formSU(2)singlets. Moregenerally,thefieldsoftheSMcanbeclassifiedinmultipletsaccordingto
whichrepresentationspacestheyarelivinginfortheSU(3),SU(2),andU(1)factors.Thenotation
isthefollowing:weusea3-plets{nC,nL,Y}ΨwherenC andnLareboldintegersdenotingthedi-
mensionofSU(3)C andSU(2)Lrepresentations,Ybeingthecommonmultiplethyperchargevalue.
Forinstance,left-handedquarksformSU(2)doubletscomposedofanupandadown-quarkandare
noted:

Q0mL=
u0m
d0m L

. (1.10)

Thesedoubletsareuniquelydefinedbythe3-plet{3,2,13}QL indicatingthattheyliveina3-
dimensionalrepresentationofSU(3)C (quarksexistinthreecolorstates),ina2-dimensionalrepre-
sentationofSU(2)andtheupanddownquarksshareacommonhyperchargevalueofYQL=

1
3.The

electricchargeofu0m andd
0
m canthenbeeasilydeducedfromeq(1.1).Here,thesuperscript0defines

thesestatesasweakeigenstatesi.e.theypossessdefinitetransformationpropertiesunderSU(2)Land
thesubscriptmreferstothefamilyindex.Indeed,itisanempiricalfactofnaturethateachfermion
typeintheSM(chargedleptons:e−0,neutrinos:ν0,upquarks:u0anddownquarks:d0)exist
inthreecopies(m=1,2,3)named"generation"or"family". Thefullcontentofthem-thfamilyof
fermionscanthenbesummarizedasfollows:

Q0mL=
u0m
d0m L

:{3,2,
1

3
}QL L0mL=

ν0m
e−0m L

:{1,2,−1}L0mL

u0mR:{3,1,
4

3
}u0mR

d0mR:{3,1,−
2

3
}d0mR

e−0mR:{1,1,−2}e−0mR
ν0mR:{1,1,0}ν0mR

(1.11)

Weemphasizethefactthatdespitewehaveintroducedright-handedneutrinos ν0mR above,strictly
speaking,theydonotbelongtotheSMspectrumsincetheyarecompletelyneutralunderGSM.As
ν0mR doesnotinteractthroughanyofthegaugeinteractionoftheSMwiththerestofthespectrum,it
iscalledasterileparticle.Beside,currently,right-handedneutrinosshouldstillbeseenashypothetical
particlesasnoexperimenthasallowedtodisentangletheexactspinorialnature(MajoranaorDirac,
seesubsubsection1.4.2.2andappendixA)ofneutrinosuntilnow.Howevertheirexistencemightbe
needed,dependingontheexactneutrinonature,assuggestedbytheexperimentswhichhaveproven
thatneutrinoscanoscillatefromonefamilytoanotherandhence,ownanon-vanishingmass.
ThematterpartoftheSMLagrangiancanthenbewritten:

LMatter =

3

m=1

Q
0
mLi/DQ

0
mL+L

0
mLi/DL

0
mL+u

0
mRi/Du

0
mR+d

0
mRi/Dd

0
mR+e

0
mRi/De

0
mR+ν

0
mRi/Dν

0
mR

(1.12)
NotethatmasstermsoftheformLmass =−mΨΨareabsolutelyforbiddenatthisstageasthese

areequaltoLmass =−m ΨLΨR+ΨRΨL usingthedecomposition(1.8)andthusviolateexplicitly
theSU(2)Linvariance.
AnimportantremarkisthatLmatter ownsaU(3)

6globalflavorsymmetry.Forexample,aglobal
transformationoftheformUQL ∈U(3),QL→ UQLQLleavesLMatter invariant. Asthissymmetry
isnotimposedexplicitlywhenconstructingthetheory,wecallitanaccidentalsymmetry.LMatter
containsallkinetictermsforthefermionsbutalsofermion-gaugebosoninteractionsascanbeseenif
wedevelopthegaugecovariantderivative/D=Dµγµinthefirsttermof(1.12):

Q
0
mLi/DQ

0
mL=iu

0α
mLd

0α
mL γµ× ∂µI+ig1T

1
iW

i
µ+
ig2
3
T2Bµ δαβ+ig3T

3
αβiG

i
µI

u0mLβ
d0mLβ

.(1.13)

HereIistheSU(2)identitymatrixandα,βarethecolorindicesofthequarks.T1i=1..3andT
3
i=1..8

arerespectivelytheSU(2)andSU(3)generatorswhichcanberepresentedbyPauliandGell-Mann
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Figure1.2–Singlecomplexscalarfieldcase:ThescalarpotentialVwith,ontheleftµ2>0and,on
therightµ2<0.Takenfrom[19].

matrices.ForadefinitionofthePaulimatrices,seeappendixA.TheuniqueU(1)Ygeneratorissimply
equaltoT2=IY2. WeusetheusualEinsteinconventionwhichimpliesimplicitsumsoverallrepeated
indices.

1.4.1 TheHiggs mechanism

Inthissubsection,wegivedetailsontheabovementionedHiggsmechanismwhichgeneratesdynam-
icallymasstermsforthegaugebosonsandforthefermionsthrough,respectively,theHiggskinetic
termsandtheYukawainteractionswiththeHiggsboson.TheHiggspartoftheSMLagrangianLHiggs
is:

LHiggs=(D
µΦ)†DµΦ−V(Φ) (1.14)

whereΦiscomposedofoneelectricallychargedcomplexscalarφ+ andoneelectricallyneutralφ0

forminganSU(2)doubletΦ=
φ+

φ0
transformingas{1,2,12}φ.Thegaugederivativetakestheform:

DµΦ= ∂µ+igT
1
iW

i
µ+igT

2Bµ Φ (1.15)

astheHiggsdoubletisnotchargedunderSU(3)C.Thesimultaneousneedforrenormalizabilityand
SU(2)×U(1)gaugeinvariancerestrictsthescalarpotentialVtotheform:

V(Φ)=+µ2Φ†Φ+λ(Φ†Φ)2 (1.16)

withλ>0inordertoenforcevacuumstability. Theminimumofthispotentialwilldependonthe
signofµ2asdepictedinfigure1.2inthecaseofasinglecomplexscalarfield.
Weseethatinthecase µ2>0,VpresentsastableminimumatΦ=0whereasforµ2<0anall

setofdegenerateminimaappearsatanon-vanishingdistancefromtheorigin,allthoseminimabeing
relatedbyaSO(2)∼U(1)symmetry. TheHiggsdoubletcanberewrittenintermsof4realfields
{φ}i=1..4as:

Φ=
φ+

φ0
=

1√
2
(φ1+iφ2)

1√
2
(φ3+iφ4)

(1.17)

andthescalarpotentialbecomes:

V(Φ)=
1

2
µ2

4

i=1

φ2i +
1

4
λ

4

i=1

φ2i

2

(1.18)

Thespontaneoussymmetrybreakingoftheelectroweakphaseistriggeredwhentheneutralcomponents
{φi}{i=3,4}fallinoneofthosedegenerateminimawhicharerelated,inthecaseofadoublet,bya
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SO(4)symmetry.InaQFTcontextφiissaidtotakeanon-vanishingvacuumexpectationvalue
(VEV)asitdoesnotannihilatethevacuum|0anymore,meaning0|φi|0=0. Wecanthenusethis
SO(4)symmetrytosetallbutoneVEVstozero0|φi|0=0,i=1,2,4and0|φ3|0=ν>0. With
thisinmind,thevalueattheseminimaofthescalardoubletΦandofthepotentialVare:

Φ→ 0|Φ|0≡v=
1
√
2

0
ν

V(Φ)→V(v)=
1

2
µ2ν2+

1

4
λν4

(1.19)

andthevalueofνisobtainedbyminimizingthepotentialV(ν):

ν=
−µ2

λ
(1.20)

LetushavealookattheactionofthegeneratorsofSU(2)L×U(1)YoncetheHiggsdoublethastaken
aVEV:

T1iv=
τi
2

1
√
2

0
ν
=0,

Yv=
I

2

1
√
2

0
ν
=0.

(1.21)

WeseethattheactionofthegeneratorsofSU(2)L×U(1)Ydonotleavethevacuuminvariantanymore.
Thismeansthatthevacuumhasgotchargedunderthesegroupsandtheelectroweaksymmetryhas
indeedbeenspontaneouslybroken.However,acombinationofthesegeneratorscorrespondingtothe
electriccharge,Q=(T13+

Y
2)(see(1.1))remainsintactsinceQv=0. Thisenforcesthefactthat

theelectricchargeisconservedasitshouldbe,andthefollowingelectroweakspontaneoussymmetry
breaking(EWSSB)patternSU(2)L×U(1)Y → U(1)Q hasbeenestablished. However,ifacharged
componentofφwouldhavetakenaVEV,thiswouldnotbetrueanymoreandtheSU(2)L×U(1)Y
wouldhavebeenbrokentonothing. Whenspontaneouslybreakingagaugesymmetry,itisthus
mandatorythatonlyfieldsneutralunderthesymmetrieswewanttopreserveinthelowenergytheory
areallowedtotakeanon-vanishingVEV.

Ontheotherhand,thecomplexscalarφ3isexpectedtooscillatearounditsminimumduetoits
quantumnature. Wecanthusshiftitaroundvandwriteφ3=v+h

0withh0thephysicalneutral
HiggsbosonwhichhasavanishingVEV 0|h0|0=0. GoingbacktothesituationwhereΦisnot
alignedontherealaxis,ausefulpolarparametrizationhasbeenintroducedbyKibbleandcanbe
writtenas:

Φ=
1
√
2
e(i

3
i=1ζi(x)L

i) 0
v+h0

(1.22)

withLibeingthethreeelectroweakbrokengeneratorsT11,T
1
2,T

1
3−Yandwehavemadethespace-

timedependenceofζ(x)iexplicit.Supposedthatweweredealingwithaglobalsymmetry,thegauge
parametersζ(x)iwouldthencorrespondtotheso-calledmasslessGoldstonebosonsandtherewould
beasmanyasbrokengenerators,here3. However,preciselyduetothelocalnatureofthegauge
symmetry,wecaneliminatetheseusingthefollowinggaugetransformation:

Φ→Φ=e(−i iζiL
i)Φ=

1
√
2

0
v+h0

(1.23)

calledtheunitarygauge.Fromnowon,unlessotherwisestated,wewillalwaysworkintheunitary
gauge. WiththedisappearanceoftheGoldstonebosons,weseemtohavelostphysicaldegreesof
freedominourtheory,howeverthesewillreemergesomewhereelseaswewillnowsee.Indeed,ifwe
havealookattheHiggskinetictermineq(1.14)afterEWSSB,ittakestheform:

(DµΦ)
†(DµΦ)=

1

2
0 ν g1T

1
iW

i
µ+g2T

2Bµ
2 0
ν
+h0terms. (1.24)

19



d.o.f BeforeEWSSB AfterEWSSB

gaugebosons 8 11

Goldstonebosons 3 0

Higgsfield 1 1

Figure1.3–Thedistributionofd.o.famongthefieldsbeforeandafterEWSSB.TheGoldstonebosons
havedisappearedintothegaugesbosons,thesehavebeen"eaten".

Wecanperformthefollowingchangeofbasis:

W±=
W1∓iW2
√
2

, T1±=T11±T
1
2 (1.25)

toseethateq.(1.24)containstheterms:

g21ν
2

4
W+µW−µ+

1

2
g21+g

2
2

ν2

4

g1W
3
µ−g2Bµ

g21+g
2
2

2

≡M2WW
+µW−µ+

M2Z
2
ZµZµ, (1.26)

andseethatthechargedgaugebosonsW±haveacquiredanon-vanishingmasstermMW =
g1ν
2.W

±

aretheonlyphysicalstatesintheSMwhichallowattreeleveltomediatethedecayofaparticle
changingitsflavor.Aswewillseeinsubsection1.4.2,andasW±ownanelectriccharge,suchflavor
transitionisinevitablyfollowedbyachangeoftheelectricchargeofthedecayingparticle.Forthis
reason,wesaythattheW±aretheonlymediatorsofflavorchangingchargedcurrents(FCCC)inthe
SM.AthirdneutralphysicalZbosonhasalsoappearedwithamasstermMZ=

MW
cosθW

.Zisdefined

asalinearcombinationoftheBµandW
3
µbosons:

Zµ=
g1W

3
µ−g2Bµ

g21+g
2
2

≡−sinθWBµ+cosθWW
3
µ (1.27)

wherewehavedefinedtheweakmixingangleθW as:

tanθW ≡
g2
g1
→sinθW =

g2
gZ
,cosθW =

g1
gZ
, (1.28)

andgZ= g21+g
2
2theZbosoncouplingconstant. ThecombinationorthogonaltoZcanthenbe

easilydefinedasA=cosθWB+sinθWW
3andisidentifiedasthephoton. Thephotonremains

masslessatallorderinperturbationtheoryasitsassociatedgaugegroupU(1)Q isleftunbrokenby
theEWSSB.Asstatedabove,itseemsthatphysicaldegreesoffreedomhavedisappearedduringthe
EWSSBwhenabsorbingtheGoldstonebosonsusingtheunitarygauge. Letushaveacloserlook
andcountthenumberofdegreesoffreedom(d.o.f.)beforeandafterEWSSB.BeforeEWSSB,we
had4masslessvectorsbosonsassociatedwiththeSU(2)L×U(1)Y gaugegroup. Asitisverywell
known,masslessvectorsbosonsonlyhavetwod.o.f.correspondingtotwotransversepolarizations.
Theelectroweakbosonshencebringatotalof4×2=8d.o.f.tothetheory.

Ontheotherhand,therearethreemasslessGoldstonerealbosonscorrespondingtothethree
brokengeneratorsandonemasslessHiggsboson.Allthesefourfieldsownonlyoned.o.f.each.The
totalnumberofd.o.f.beforeEWSSBishence8+3+1=12.AfterEWSSB,thenowmassivethree
eletroweakgaugebosonsW+,W−,Zhave3degreesoffreedomeachcorrespondingtotwotransverse
andonelongitudinalpolarizationstates. WealsohaveamasslessvectorphotonAwithtwod.o.f.
andonemassiverealscalarhwithoned.o.f. Thetotalnumberofd.o.f.afterEWSSBisalso12,
howeverweseethatthed.o.f. whichhavedisappearedwhenabsorbingthethreeGoldstonebosons
havereappearedinthenowmassivegaugebosonsastransversepolarizations.Theacceptedexpression
todesignatethisre-balancingisthattheGoldstonebosonshavebeen"eaten"bythemassivegauge
bosons.Table1.3summarizesthedistributionofd.o.f.amongthefieldsbeforeandafterEWSSB.
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1.4.2 TheYukawasector

Asstatedabove,thefermionsoftheSMcanbesplitintotwogroups,thequarksandtheleptons,
dependingontheirsensitivitytothestronginteraction. Tomatchexperimentalobservations,each
grouphastobeduplicatedthreetimesintothreecopiesnamedfamilyorgeneration.Inthissubsection,
wehaveacloserlookattheYukawasectorLYukawaofLSM.TheYukawasectorallowstogenerate
massesforthethreefamiliesofleptonsandquarksthroughcouplingtotheHiggsboson.Althoughthe
Yukawasectorisdiscussedinitsfullgenerality,wepostponecommentsontheexperimentalvaluesof
themassspectrumtosubsection1.6.4.

1.4.2.1 Quarks

Westartwiththequarks. Theyaresixtypes(orflavors)ofquarksintheSMwhichexistinthree
differentcolorseach.Asseeninsection1.4,eachfamilyiscomposedofonequarkofelectriccharge23e
andofonequarkofelectriccharge−13e.Theirleft-handed(resp:right-handed)componentsforming
SU(2)doublets(resp:singlets).Thelightestfamilyofquarksconstitutesthecomponentsoftheproton
andtheneutronwhichformtheatomicnucleus. Forthisreason,thequarksofthefirstfamilyare
simplynamedup"u"anddown"d"quarks.Thefourheavierflavorsarenamedforhistoricalreasons
strange"s",charm"c",bottom"b"andtop"t"quarks.Thesecanonlybeproducedinhigherenergy
processesforexamplewhenaprotonofcosmicrayshitsthehighatmosphereorwhentwoprotons
collideinahadroncollider.Indeed,averyspecificfeatureof"QCD"named"confinement"makes
thatquarkscanneverbeseenasfreestatesandcanonlybedetectedasboundstatescalledhadrons
themselvescolorless.Thedown-typestrangeandtheup-typecharmquarksformthesecondfamilyof
theSM.Finally,thedown-typebottomandtheup-typetopquarksformthethirdandheavierfamily
oftheSM.ThequarksYukawasectorcanbewrittenas:

−LquarksYukawa=y
u
m,nQ

0
mLΦu

0
nR+y

d
m,nQ

0
mLΦd

0
nR+h.c. (1.29)

withΦ=iσ2Φ
†,theconjugateHiggsfieldtransformingas{1,2,−12}Φneededtowriteinvariantterms

oftheformQ
0
mLΦu

0
nR+h.cintheup-sector

6.yu,ydare3×3arbitraryYukawamatricesdetermining
thestrengthofthecouplingtotheHiggsboson.TheYukawamatricesarecompletelyarbitraryand
donothavetobeHermitian,realnordiagonal.TheyintroducemostoftheSMfreeparametersand
breakmostoftheU(3)6familysymmetriesoftherestofLmatter,onlytwoglobalU(1)symmetries,

thetotalbaryonandleptonnumbersareaccidentallyconserved.AfterEWSSB,LquarksYukawabecomes:

−LquarksYukawa=u
0
mLy

u
mn

ν+h0
√
2

u0nR+d
0
mLy

d
mn

ν+h0
√
2

d0nR+h.c (1.30)

whereDiracmasstermshavebeengeneratedfortheupanddownquarks:

Mumn=y
u
mn

ν
√
2
, Mdmn=y

d
mn

ν
√
2

(1.31)

Inordertoidentifythephysicalstates,thosewhichwillactuallypropagate,itisstillneededtoperform
achangeofbasistobringthemassmatricestodiagonalforms.Astheleftandrighthandedcomponents
ofthefieldstransformindependently,wehavetoperformseparatetransformationsonthem.Sincethe
electroweaksymmetryisnowbroken,wealsoneedtoperformindependenttransformationsontheup
anddowncomponents,e.g.:

u0L=VuLuL, u0R=VuRuR, d
0
L=VdLdL, d0R=VdRdR, (1.32)

wherewehaveswitchedtoindicefreenotationsandsimplynoteu=(u,c,t)T,d=(d,s,b)T. We
emphasizethatallthematricesineq.(1.32)mustbeunitaryinordertopreservethecanonicalform

6Letusbeexplicit,ifweconsiderthehyperchargewehaveY QL =−1
3
andY(uR)=

4
3
orwehavetoimpose

Y QLΦuR =0→ Y Φ =−1
2
.
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ofthekinetictermsintoLmatter.Thischangeofbasisrotatesthemassmatricestodiagonalform,e.g.:

V†uLM
uVuR ≡M

u
D=diag(mu,mc,mt)

V†dLM
dVdR ≡M

d
D=diag(md,ms,mb).

(1.33)

withmftherealandpositivephysicalmassofthefermionf.ForthisreasonthestatesΨ,without
thesuperscript0,arecalledthemasseigenstatesofthetheory. Nowthatwehaveswitchedtothe
massbasis,westillhavetoscrutinizetheconsequencesofthechangeofbasis(1.32)ontherestofthe
Lagrangian.TheHiggsandgaugepartremaininvariantastheydonotdependonthefermionsfields.
However,ifwerewriteLMatter intermsofthephysicalweakbosonsW

±,onecanshowwithalittle
bitofalgebrathatthefollowingtermisincludedintheSMLagrangian:

LSM −
g1

2
√
2
u0γµ(1−γ5)d

0W+µ+h.c

=−
g1

2
√
2
um(V

†
uL
VdLγ

µ(1−γ5))mndn W
+
µ+h.c

(1.34)

wherewehaveswitchedtothe massbasisinthelastlineofeq.(1.34). Weseethatthisterm
induceschargedflavortransitionsbetweentheupanddownsectorsthroughcouplingtotheW bosons.
Furthermore,iftheupanddownquarksarenotalignedinflavorspace,thatisifVuL=VdL,thecoupling

ofthesetransitionsissetbytheunitary matrixVCKM = V
†
uLVdL calledtheCabibbo-Kobayashi-

Maskawa(CKM)matrix(see[20])andsection1.5.

1.4.2.2 Leptons

WenowdiscussbrieflytheleptonicYukawasector. Asstatedinsection 1.4,thethreefamiliesof
leptonsintheSMcanbesplitintwogroupsaccordingtotheirelectriccharges.Chargedleptonse−m
ownanelectricchargeequalto−ewhereasneutrinosareelectricallyneutral.Left-handedcomponents
ofchargedleptonsarefoldinthedown-partofSU(2)doublets(T13(e

−
Lm)=−

1
2)whereaslefthanded

componentsofneutrinosarefoldintheup-partofSU(2)doublets(T13(νLm)=+
1
2),theirright-handed

componentsbeingagainSU(2)singlets. Thelightestchargedleptonbelongingtothefirstleptonic
familyissimplytheusualelectronnotede−,themediatorofchemicalreactions.Thesecondlepton
isnamedthemuonandnotedµ−. Themuonhasasparticularitythatitisabletotravelonlong
distancesduetoitslongproperlifetimeofτ(µ−)=2.2µs. Oppositetothat,thethirdlepton,the
tauonnotedτ− hasamuchsmallerlifetimeofτ(τ−)=2.9×10−1psandthusdecaysmuchmore
quickly.Ontheotherhand,theneutrinosarenamedaftertheirchargedleptonsSU(2)counterparts.
Hencethethreeneutrinosaretheelectronic,muonicandtauicneutrinos,notedrespectivelyνe,νµand
ντ.TheleptonicYukawaLagrangianisthen:

LleptonsYukawa=y
eL
0
LΦe

0
R+y

νL
0
LΦν

0
nR+h.c. (1.35)

wherewehavedefinethefollowingvectorsinflavorspacee0=(e0,µ0,τ0)T,ν0=(ν0e,ν
0
µ,ν

0
τ)
T. As

inthequarksector,LleptonsYukawageneratesDiracmasstermsfortheleptonsandtheneutrinosoncethe
neutralcomponentofΦhastakenaVEVν:

Me=ye
ν
√
2
, Mν=yν

ν
√
2

(1.36)

Onecanthenperformunitaryrotationsonthefieldstobringthemassmatricestodiagonalform:

Ve†LM
eVeR≡M

e
D=diag(me,mµ,mτ) V

ν†
L M

νVνR≡M
ν
D=diag(mν1,mν2,mν3) (1.37)

whichdefinethemasseigenstatebasisforthechargedleptonse0L,R=V
e
L,ReL,Randfortheneutrinos

ν0L,R=V
ν
L,R(ν1,ν2,ν3)

T
L,R. Wehavelabeledthethreeneutrinomasseigenstatesν1,ν2andν3because,

oppositetothequarkcase,themixingintheleptonicsectorissignificantlyhigher,eachmasseigenstate
ν1,ν2andν3beingtrulyasuperpositionofallthreeweakeigenstatesνe,νµandντ. Thischangeof
basiswillinturninducechargedflavorviolatingtransitionsasin(1.34)whosecouplingissetbythe

22



mismatchintherotationsoftheleft-handedleptonsandneutrinos.Thismismatchisparameterized
bytheunitaryPontecorvo-Maki-Nakagawa-Sakata(PMNS)matrixVPMNS=V

ν†
L V

e
L(see[21]).Note

thatthePMNSmatrixisdifferentfromunityonlyinthecasewheremasstermsfortheneutrinosare
present.Indeed,ifnoneutrinosmasstermsarepresentintheLagrangianonecanadjustVνL freely
andsetVνL=V

e
L→VPMNS=✶.

Acaveatonneutrino masses: Inthisparagraph,wewanttopointoutthattheapproachwe
haveconsidereduntilhere-withneutrinoDirac masstermsgeneratedviatheHiggs mechanism-,
althoughhavingthevirtueofsymmetrizingthequarksandleptonicsectorsaskseriousnaturalness
problems.Indeed,themassesoftheneutrinosbeingextremelysmall( i=1,2,3mi<0.49eV@95
CLfromcosmology[22]),DiracmasstermswouldimplyextremelyhighfinetuningoftheYukawa
couplings. However,itispossibletoconstructmodelsbeyondtheSMinwhichthesetinyneutrinos
massesarisenaturallythankstothepresenceofoneorseveralheavyright-handedsterileneutrinos
NR. Tothisend,neutrinosneedtobeviewedas Majoranasparticles. A4-components Majorana
spinorΨM isafieldinwhichtheleft-handedcomponentisthechargeconjugateoftherighthanded

onei.e. ΨML,R =C(Ψ
M
R,L)

T. Thisimplythata Majoranaparticleshouldbeitsownanti-particle

i.e.ν=νc=CνT andshouldnotcarryanyconservedquantumnumbers. Or,thisisindeedthe
caseoftheneutrinosintheSM.SeveralexperimentsaretryingtodisentangletheDirac/Majorana
natureoftheneutrinobyseeking,forexample,forneutrinolessdoublebetadecays0νββinwhicha
neutrinoannihilateswithitsantineutrinotonothing(see[23]forareview).Intheseso-called"seesaw"
mechanismssmallneutrinosmassesarethengeneratedwhenintegratingoutright-handedneutrinos
NR.Thisresultsinnon-renormalizable,dimensionfiveoperatorsoftheform:

δLMmass=
1

2

gv2

Λ
νTLC

†νL+h.c (1.38)

whereΛisthecut-offoftheeffectiveoperatorΛ∼MNR whichsuppressthelightneutrinosmasses.
However,asthisthesisisfocusingonthehadronicsector,thesequestionswillnotbefurther

investigatedandwerefertoreferences[4],[24]foratourofseesawmodels.

1.5 AfocusontheCKMmatrix

Asstatedinsubsubsection1.4.2.1,theCKMmatrixarisesfromamismatchbetweenthefermiongauge
andYukawainteractionsi.e.betweentheweakandmasseigenstatesbasis.Furthermore,afterEWSSB,
amismatchappearsbetweentheupanddownsectorandtheCKMcanbeseenasthecompositionof
therotationsinthesetwosectorsi.e.VCKM=V

†
uLVdL,onlyleft-handedcomponentsbeinginvolved

duetothechiralnatureoftheelectroweaktheory.Itisthusaunitary3by3complexmatrixwhich
setsthestrengthofFCCCprocessesintheSM.Inthissection,wewanttogivemoredetailsonthe
CKMmatrixasitplaysaprominentroleforflavorphysicsintheSMandbeyond.Letusstartby
countingthenumberofd.o.f.inVCKM. AgeneralF×Fcomplexmatrixhas2F2independents
parameters.Outofthose2F2parameters,onecansubtractF2parametersduetounitaryconditions
(V†CKMVCKM)mn=δmn. Wecanfurtherremove2F−1parametersthankstoaredefinitionofphases
ontheupanddownquarks.TheseareofthetypeuL→KuLuLwithKuL=diage

iφ1,eiφ2,eiφ3 . We

arethusleftwithF2−(2F−1)=(F−1)2
F=3
−→4independentrealparametersintheCKMmatrix.

These4realparameterscanbefurthersplitin3mixinganglesθijand1CPviolatingphaseδCKM.
TherearemanywaystoparameterizetheCKMmatrixbutherewefollowtheonegivenbytheParticle
DataGroup[25]:

‘

VCKM≡




Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb



=




1 0 0
0 c23 s23
0 −s12 c23








c13 0 s13e

−iδ

0 1 0
−s13e

iδ 0 c13








c12 s12 0
−s12 c12 0
0 0 1





=




c12c13 s12c13 s13e

−iδ

−s12c23−c12s23s13e
iδ c12c23−s12s23s13e

iδ s23c13
s12s23−c12c23s13e

iδ −c12s23−s12c23−s12c23s13e
iδ c23s13





(1.39)
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withcij=cos(θij)andsij=sin(θij).ThemagnitudeoftheelementsoftheCKMmatrixhavebeen
measuredthroughprocessesinvolvingdifferentflavortransitionsandareequalto:

|Vij|=




0.9742 0.226 0.0036
0.226 0.973 0.042
0.0087 0.041 0.9991



 (1.40)

whichimpliess12∼0.23,whiles13<<s23<<s12.Theimportantpointtonoticeisthattheelements
modulusdecreaseofoneorderofmagnitudeeachtimewetakeonestepawayfromthediagonal.This
suggeststouse4parametersλ,A,ρ,ηdefinedas:

s12=λ=
|Vus|

|Vud|2+|Vus|2
,s23=Aλ

2=λ
Vcb
Vus

,

s13e
iδ=V∗ub=Aλ

3(ρ+iη)=
Aλ3(ρ+iη)

√
1−A2λ4

√
1−λ2[1−A2λ4(ρ+iη)]

(1.41)

towriteanexpansionofVCKM,usingλasexpansionparameter.Followingthisprocedure,aparame-
terizationhasbeenproposedby Wolfenstein[26],andweendupwith,atO(λ3):

VCKM=






1−λ
2

2 λ Aλ3(ρ−iη)

−λ 1−λ
2

2 Aλ2

Aλ3(1−ρ−iη) −Aλ2 1




+O(λ

4) (1.42)

Moreover,wecansafelycheckthat VCKM staysunitaryatallordersinthe Wolfensteinexpansion,
theCPviolationphaseδCKMbeingassociatedwithηthroughtanδ=

η
ρ.Therearevariouspossible

conventionsfordefiningtheCPphaseinVCKM however,ρ+iη≡ −
V∗ubVud
V∗cbVcd

isphase-convention-

independent.
ItisespeciallyimportantforphenomenologytogetaccuratemeasuresoftheelementsofVCKM

andtotestitsfeatures,especiallyitsunitarity.Inparticular,wewanttocheckifsumsofthetype

jVijV
∗
kjreallyvanishfori=k. Usingthe Wolfensteinparameterization,theserelationstakefor

exampletheform:

V†V
31
=V∗ubVud+V

∗
cbVcd+V

∗
tbVtd

∼ 1−
λ2

2
Aλ3(ρ+i+η)−Aλ3+Aλ3(1−ρ−iη)

∼Aλ3(ρ+iη)−Aλ3+Aλ3(1−ρ−iη)=0

(1.43)

but,|V∗cbVcd|∼Aλ
3isknownwithgreataccuracy,sothatitcanbeusedtonormalizedeq.(1.43):

V†V
31

Aλ3
∼ρ+iη−1+1−ρ−iη (1.44)

andeq.(1.44)canberepresentedbyanormalizedtriangleinthecomplexplane(ρ,η)withthevertices
at(0,0);(1,0)and(ρ,η). Onecanthenapplydifferentconstraintsfromflavorobservablestofitthe
Wolfensteinparametersandtocheckifthesumoftheanglesarereallyequalto 180◦i.etocheck
thatunitarityisindeedsatisfied.Forexample,thelengthofthetrianglescanbeobtainedfromCP
conservingobservables,asintheb→udecayratewhereastheanglesareobtainedfromCPviolating
effectssuchasneutralmesonsmixing.Figure1.4presentsaglobalfitonthetriangle(1.43)withall
availableflavorconstraintsincludedhere@95%C.L.Theredhashedblobindicatesthebestfitvalues
ofρandηat68%C.L.Thebestfitvaluesofthe Wolfensteinparametersarethus:

A=0.810+0.018−0.024 λ=0.22548+0.00068−0.00034

ρ=0.1453+0.0133−0.0073 η=0.343
+0.011
−0.012

(1.45)

Weseeonfig. 1.4thatallflavorobservablesarecompatiblewiththeSMCKMmechanismi.e.no
significantdeparturefromunitarityisobserveduntilnow.
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1.6 Limitationsandopenquestions

ThereismuchmoretosayabouttheSM,howeverforthesakeofconcision,westophereandmoveon
bygivingsomedetailsonafewofthereasonsthatpushthehighenergyphysicscommunitytothink
thatdespiteallitsvirtues,theSMcannotbeanultimatetheoryofnature,ifanysuchultimatetheory
doesexistatall.

1.6.1 Thehierarchyproblem

Westartwiththefamous"gaugehierarchyproblem".Beyonditsformalpresentationonwhichwewill
shedlightbelow,itisofcrucialimportancetounderstandwhatthegaugehierarchyproblemreallyis
about. Asstatedintheintroduction,theSMdoesnotaddressthequestionofthequantificationof
gravity.Thequantumeffectsofgravityshouldbecomerelevantatmostatascaleoftheorderofthe

PlanckmassMP =
c
GN
∼O(1019)GeV.OnecansaythatthePlanckmassisthe"natural"scale

associatedtogravity.IfonewantstopickanaturalscalefortheSM,agoodchoicemightbethevacuum
expectationvalueν∼246GeVwhichdrivesthespontaneousbreakingoftheelectroweaksymmetry.In
itsveryessence,thegaugehierarchyproblemconsistsinunderstandingwhytheelectroweakscaleis17
ordersofmagnitudesbelowthePlanckscale.Stateddifferently,sinceMP∝

1√
GN
,itisequivalenttoask

thequestionofthe-apparent-weaknessofthegravityinteractioncomparedtotheotherinteractions
oftheStandardModel.
Moreformally,thegaugehierarchyproblemarisesbecausethemassoftheHiggsbosonhreceives

radiativecorrectionswhicharedrivennaturallytohugevaluesfromallparticlesitcoupled.Indeed,in
thecurrentstate-of-the-art,themassoftheHiggsboson,asallmassesinQuantumFieldTheory,is
computedperturbatively.ThatmeansthephysicalHiggsmassm2hisgivenbym

2
h=m

2
h0+ i(∆m

2
h)i

wherethesuccessivecorrections(∆m2h)ihavetodecreaserapidlyfortheseriestoconverge.Now,ifwe
consideraDiracfermionfwhichcouplestotheHiggsbosonthroughaYukawainteraction−λfhff,
wecanshowviathediagram1.5thatthefirsttermsofthisperturbativeseriesaregivenby:

m2h=m
2
h0−

|λf|
2

8π2
Λ2UV+Am

2
fln

m2f
Λ2UV

(1.46)

whereAisanirrelevantdimensionlessconstant,ΛUVthecutoffusedtoregularizedthetheoryandm
2
h0

isthe"bare"mass.ΛUV hastobeseenastheenergyscaleatwhichtheSM,seenasaneffectivefield
theory,breaksdown. WeseethatwehavenaturallyΛUV∼MPiftheSMisbelievedtobevalidallthe
wayuptothePlanckscale.Indeed,weknowthatatthisscale,thequantumeffectsofgravitybecome
nonnegligibleandtheSMhastobreakdown. HavingΛUV ∼MPaskshoweverseriousnaturalness
problemsasweknownowthatthephysicalHiggsmassismh≈125GeV.However,forthephysical
massm2htobeofthatorder,weneedthebaremassm

2
h0tocanceloutthequadraticdivergences∝Λ

2
UV

atanincrediblelevelofaccuracy(seeeq.(1.46)).Animportantpointtonoticeisthatthisproblem
arisesbecausescalarmassesarenot"protected"byanykindofsymmetriesintheSM.Amassissaid
tobeprotectedbyasymmetryif,inthelimitwhereitvanishes,asymmetryisrestoredinthetheory.
Inthiscase,justwithdimensionalanalysis,onecanshowthatnoquadratictermsareallowedinthe

perturbativeseries,alltermsbeingroughlyoftheformm20ln
Λ2UV
m20

ensuringsmootherdivergences

andguaranteeingthatnoaccuratecancellationshappenedbetweenthesuccessiveparametersofthe
series.Thisisexactlywhatoccurswhenafermionmassiscomputedasinthelimitmf→0,thechiral
symmetryisrestoredandthefemionsmassesareprotectedfromdangerousquadraticdivergences.
Ontheotherhand,nosymmetryprotectingtheHiggsmass,thenaturehastopickcouplingsinthe
perturbativeserieswhichareveryfine-tuned,anydeviationsfromthosehightunedcouplingsresulting
inthemasstoblowup.Thiskindofextremelyaccuratecancellationseemshighlyunnatural,unless
amorefundamentaltheoryofnatureisatwork,toexplainthatthosecouplingslooktunedinthelow
energyeffectivetheoryasitwillbecomeclearlaterinthiswork.Finally,weconcludethissectionby
pointedoutthatthegaugehierarchyproblemisnotreallyaproblemif,despitehighlyunlikely,the
SMisanultimatetheoryofnature.Inthiscase,ΛUV→∞andtheSMbeingarenormalizabletheory,
alldivergencescanbeexactlyabsorbedincounter-termsineq.(1.46). Hence,thegaugehierarchy
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problemisnotanintrinsicproblemoftheSMbutisrathertheproblemofthetuningoftheSMwith
respecttoawould-beBSMtheory.

1.6.2 Thecosmologicalconnexion

WeknowtodaythatmostofthematterintheUniverse(about 86%)escapesdirectdetectionand
interactveryweaklywiththefieldsoftheSM.Maybe,oneofthemainevidenceofthisfactcanbe
foundingalaxyrotationcurves.AccordingtoGeneralRelativity(GR),theangularvelocityofstars
shoulddecreasewiththedistancetotheGalaxycore.But,observationshaveconfirmedthatthiscurve
isapproximatelyflat,thestarsclosetothecorehavingroughlythesameangularvelocitythatthe
onesattheedgeoftheGalaxy. Thesecondevidencecomesfromgravitationallensingeffectswhere
lightbeamsseemtobedeflectedwithoutthepresenceofanyapparentmassintheway. Themore
economicalsolutiontotheseproblems,ifGRistobepreserved,istointroduceanewkindofmatter
whichhoweverhastointeractveryweaklywiththeordinarymatter.Inparticular,theconstituents
ofthis"dark"mattermustdoesnotownanyelectricnorcolorcharges.Thesealsohavetobequite
heavyandrelativelystabletofitobservationaldata. TheStandard Modelfailstointroducesuch
kindof WeaklyInteractiveMassiveParticles(WIMPs)initsspectrumandthusnaturallycallforan
extensionabletoaddressthisproblem.

1.6.3 Unificationofgaugecouplings

AnotherinterestingpuzzleistheunificationofthethreegaugeinteractionsintheSM.Inperturbative
QFT,allcouplingsbeingcomputedatfiniteorder,theydependonanarbitraryenergyscaleQ.Itis
convenientforincreasingtheconvergenceoftheseriestofixthisarbitraryscaleatthetypicalenergy
atwhichthetheoryisprobed.Forinstance,Qisfixedatthecenterofmassenergyinthecasewherea
couplingismeasuredviacollisions.Theevolutionofacouplingwiththisenergyscalecanbeobtained
bycomputingtheRenoramlizationGroupEquations(RGEs)ofthetheory(see[5]).TheRGEsofa
quantumfieldtheorymainlydependonitsgaugestructureandparticlespectrum. Whensolvingthe
RGEsofagaugecouplinggi,itisconventionaltosquareitasappearingintheverticesofFeynman

diagrams,i.e.todefineαi≡
g2i
4π. Thedash-linesonFigure2.1presenttheevolutionofthethree

SMαi’swiththeenergyscaleQ. Theyseemtobecomeofthesameorderofmagnitudeatascale
QGUT =10

14−16GeV.Thissuggestthatinamorefundamentaltheory,thisunificationmightbeexact
andtheSMgaugegroupGSMcanbeembedinalargergroupGGUT,whereallgaugeinteractions
getunifiedintoauniquecouplingconstantatQGUT.Furthermore,doingsowouldreducedrastically
thenumberoffreeparametersintheSM,thusincreasingitspredictability. However,suchGrand
UnifiedTheorywouldleadtoseriousphenomenologicalissues. Forexample,itgenericallypredicts
thedecayoftheproton. Onehasthentoconstructmechanismsthatpushtheprotonlifetimehigh
enough,atvaluesoftheorderofthelifetimeoftheUniverse,tomatchthestillnonobservationof
protondecays(see[28,29]).However,embeddingaGUTinasupersymmetricframeworkhelps.Such
SupersymmetricGrandUnifiedtheories(SUSY/GUT)havebeenanextensiveareaofresearchinthe
lastdecades.SeveralcandidateshavebeenproposedforaGrandUnifiedGroupamongwhichSU(5)
(seeforinstancethearticleofS.RabyinthePDGreport[25]),SO(10)[30]orE(6)[31].Currently,
thereisnoconsensus,eventhoughsomecandidatesseemmoreappealing.Forinstance,SO(10)isable
toincludeinitsminimalmodelright-handedneutrinos.SO(10)GUTsarethusabletoexplainquite
easilyneutrinososcillationswhereasSU(5)failstodosoinaminimalway.

1.6.4 Theflavorpuzzle

Table1.6summarizesthemassspectrumandmixingparametersintheStandardModel. Wealsogave
themixingparametersintheneutrinosectorassumingnormalorderingbetweentheneutrinosmass
eigenstatesi.e.∆m231=m

2
ν3−m

2
ν1>0.Severalobservationscanbemadewhenlookingatthese

values.Firstofall,thefermionspectrumishighlyhierarchical.Thefermionmassesspan6ordersof
magnitudefromtheelectronmassme∼5.11×10

−1MeVuptothetopquarkmassmτ∼1.73×10
5

MeV.Thisseemsquiteweirdthatnaturehaschosenmassesthataresodifferent,andmostcertainly
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Quarks

MassSpectrum

mu mc mt

2.3+0.7−0.5 (1.275±0.025)×103 (173.21±0.51±0.71)×103

md ms mb

4.8+0.5−0.3 95±5 (4.18±0.03)×103

Mixingparameters

θCKM12 θCKM13 θCKM23

0.2257+0.0009−0.0010 0.00359+0.00020−0.00019 0.0415+0.0011−0.0012

δCKM

1.2023+0.0786−0.0431

Leptons

MassSpectrum

me mµ mτ

0.511 105.66 1776.82±0.16

Mixingparameters

θPMNS12 θPMNS13 θPMNS23

33.48+0.78−0.75 8.50+0.20−0.21 42.3+3.0−1.6

δPMNS

306+39−70

Figure1.6– MassspectrumandmixingparametersintheSM.Allmassesaregivenin MeV.The
fermionmassesandCKMparametersareextractedfrom[25]. Thequarksmassesaregiveninthe
MSscheme,exceptforthetopmassgiveninanon-shellscheme.Theleptonsmassesaregiveninan
on-shellscheme.ThePMNSparametersareextractedfrom[34]andassumenormalorderingamong
theneutrinosmasseigenstates.

anunderlyingdynamicinvolvingnewdegreesoffreedommustbeatworktogeneratedynamically
thisspectrum.Thefactthatthefermionsaregatheredinonlythreefamilies(whynotfour?)isalso
intriguing,noacceptedexplanationbeingavailablefornow.Lastly,mixinganglesinthequarksector
areclearlysmallerthanintheneutrinossectorandwedon’tknowwhyeither.Allthesequestionsare
collectivelyknownasthe"flavorpuzzle".Severalpathshavebeenexploredduringthelastdecadesto
addressthispuzzle.Forexample,ithasbeenproposedthatdiscretefamilysymmetriescouldbeat
workintheleptonicsector(see[32]).Continuousflavorsymmetriescouldbealsorelevant,forinstance
SU(3)([33]).TheseSU(3)flavormodelsallowtoaddressthequestionofthenumberoffamiliesasit
istreatedonthesamefootasthenumberofcolorinQCD.Inanycase,theflavorpuzzleoftheSM
raisesveryinterestingquestionsandhasprovidedalotofliteratureoverthelastyearseventhoughno
acceptedexplanationhasemergeduntilnow,largelyduetothelackofexperimentalevidencefornew
physicsintheflavorsector.Still,itisourbeliefthatsuchpeculiarpatternscouldnotbeleftwithout
explanationandthatanyseriousBSMtheorywillhavetofacethispuzzletoproveitsvalue.
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Chapter2

Apossiblewayout:Supersymmetryand
the MSSM

AfterhavingdescribedtheStandardModelinchapter1,wewanttogivedetailsonaproposalwhich
istryingtobringanswerstothequestionsraisedinsection1.6,namelySupersymmetry(SUSY).
SupersymmetryconstitutesoneofthemainproposaltocompletetheSM.Itpostulatestheexistence
ofanewsymmetryrelatingbosonsandfermions,eachfermionoftheSMbeingrelatedtoabosonic
"superpartner"andvice-versa.OneimportantremarkisthatifSUSYisrealizedinnature,ithastobe
abrokensymmetrytomatchtheso-farnon-observationofsuperpartners.SUSYhasbeenextensively
studiedsincethemid-70sandawideliteratureexistsonthetopicthatwewillnothavethetime
tostarttosummarize. Thischapterisorganizedasfollows.Insection2.1,westartbypresenting
themotivationswhichmakeSUSYapromisingBSM.Insection2.2,wepresentthesupersymmetric
algebraandinsection2.3,wegivesomeelementsonsuperspacesandsuperfieldswhichareneededfor
therestofthischapter.Section2.4containsageneralpresentationofmechanismsusedtobreakSUSY.
Finally,section2.5isdevotedtoapresentationoftheminimalsupersymmetricmodelcompatiblewith
theSM,theMinimalSupersymmetricStandardModel(MSSM).

2.1 Motivations.

ThefirstandhistoricalreasonforintroducingSUSYisthatitprovidesanextensionofthePoincaré
groupR1,3 SO(1,3)inaveryspecificway.In1967,S.ColemanandJ.Mandulahavederivedano-go
theorem1ontheimpossibilityofextendingthespacetimesymmetriesbeyondthePoincarégroup.In
itsoriginalform[35],itstatesthat:

If(1)theSmatrixisbasedonalocal,relativisticquantumfieldtheoryinfourdimensionalspace-
time,(2)thereareonlyafinitenumberofdifferentparticlesstatesassociatedwithone-particlestate
ofagivenmass,(3)andthereisanenergygapbetweenthevacuumandtheoneparticlestate,then
themostgeneralLiealgebraofsymmetriesoftheSmatrixcontainsthePoincaréalgebraandafinite
numberofLorentzscalaroperatorsthatmustbelongtotheLiealgebraofacompactLiesubgroup.

Sayingdifferently,thistheoremstatesthatthemostgeneralsymmetrygroupofaQFTinfour
dimensionsisadirectproductofthePoincarégroupandacompactLiegroupwhichdescribesthe
internalsymmetriesofthetheory.Itmeansthat,ifwetrytoextendthespacetimesymmetriesabove
thePoincarégroupweover-constrainspacetimeresultinginvanishingS-matrixelements. However
thistheoremwasderivedunderthespecificassumptionthatthegeneratorsformaLiealgebrai.e.they
obeytocommutationrelationsandhaveabosonicnature.R.Haag,J.LopuszanskiandM.Sohnius
haveshown[36]thatitispossibletocircumventthistheoremifoneextendsthePoincarégroupwith
fermionicgeneratorsobeyinganti-commutationrelations. Theextendedspacetimealgebraiscalled
theSuper-Poincaréalgebraandthetransformationsassociatedarereferredtoassupersymmetric.

1Generically,ano-gotheoremprovestheimpossibilityofaresultinphysics.
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Furthermore,onecanshowthattheSuper-Poincaréalgebra(seesec.2.2)providestheuniquenon-
trivialextensionofthePoincaréalgebraassumingasinglespinorialgeneratorQ. Then,fora4D-
QFT,ifonewantstoextendthespacetimesymmetriesabovethePoincarégroupthesehavetobeof
supersymmetricnature.

ThesecondandmainmotivationforintroducingSUSYisthatitsolvedthehierarchyproblem
introducedinsec.1.6. LetusremindthattheHiggsbosonreceivesquadraticcorrectionsfromall
fermionswithwhichitcouples.Ifwenotemh0thebareorunrenormalizedHiggsmass,theseareof
theform:

m2h=m
2
h0+

|λf|
2

8π2
−Λ2UV+6m

2
fln

ΛUV
mf

(2.1)

SUSYintroducestoeachfermionofmassmfonepairofsuperpartner Weylscalarfields(onefor
eachchiralityofthefemion)ofdegeneratemassms.EachscalarfieldcontributestotheHiggsboson
self-energyas:

m2h=m
2
h0+

λs
16π2

+Λ2UV−2m
2
sln

ΛUV
ms

(2.2)

Whenwesumupthecontributionsofthetwosuperpartners,oneseesthatthequadraticdivergences
canceloutifweimpose:

λ2f=λs (2.3)

thatis,ifweareinthelimitofexactsupersymmetry.Inthiscase,thefermionandthebosonsshould
havetheexactsamemassm2f=m

2
scontradictingbadlyexperimentsasnosuperpartnerhasbeen

observedsofar.HenceSUSYhastobebroken.However,ifbrokenSUSYisstillbelievedtoprovide
asolutiontothehierarchyproblem,thetermswhichbreakSUSYmustrespecteq.(2.3).Suchterms
arecalled"soft"andSUSYissaidtobesoftlybroken.Still,havingasoftlybrokenSUSYresultsin
m2f=m

2
sandlogarithmiccorrectionstotheHiggsbosonself-energysurvive:

δm2h0∝λm
2
s−m

2
f ln

Λ2UV
msmf

(2.4)

and,ifwedonotwanttofine-tuneexcessivelytheparametersoftheperturbativeseries,onemusthas

m2s−m
2
f 1TeV2.Thus,thesuperpartnersoftheSMfermionsareexpectedtohaveamassinthe

TeVrange.ThisargumenthasplayedacrucialroletomotivatetheconstructionoftheLargeHadron
Collider(LHC).

ThethirdargumentisthattheMSSMimprovesalsotheunificationofthethreeSMgaugecouplings
comparedtothesituationdepictedinsubsection1.6.3.LetushavealookattheRGEsofthethree
gaugecouplingconstantsg1,g2,g3inthecaseoftheSMandtheMSSM:

βgi≡
d

dt
gi=

1

16π2
big
3
i,(b1,b2,b3)=






41

10
,
−19

6
,−7 StandardModel

33

5
,1,−3 MSSM

(2.5)

wheret=ln Q
QO

withQtheRGscaleandQ0thesubtractionscale. Weseethatthecoefficientsbi

aremodifiedintheMSSMduetotheextendedparticlesspectrum.Asitturnsout,thesemodifications
occurjustintherightwaytoimprovesignificantlythegaugecouplingsunificationaroundMGUT ∼10

16

GeV.Notethatat1-loop,onecanlinearizetherunningifwetaketheinverseofthequantitiesαi=
g2i
4π.

Therunningoftheαi’saredepictedinfig.2.1inthecasesoftheSMandofthe MSSM. Wesee
that,eveninthecaseoftheMSSM,thisunificationisnotperfect.MGUT isthengenerallydefined
asthescaleatwhichα1andα2cross:α1(MGUT)≡α2(MGUT). Asstatedinsubsection1.6.3,this
apparentunificationistakenasahintthataGUTtheoryshouldexistabletocompletelyunifythe
gaugecouplingsaboveMGUT.Also,mergingSUSYandagaugeGUTgroupseemquiteappealingas
itallowstoprotecttheprotonlifetimeasthresholdcorrectionsduetotheSUSYspectrumhavenow
tobetakenintoaccount(see[38]).
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Figure2.1–Evolutionoftheinversegaugecouplingsα−1a asdefinedinchapter1intheSM(dashed
lines)andintheMSSM(solidlines).IntheMSSM,thesuperpartnermassesarecollectivellyvaried
between500GeVand1.5TeV.Figuretakenfrom[37].

ThefourthmotivationforSUSYisthatitallowstoincorporategravityeffectswhenwemake
SUSYtransformationsspacetimedependenti.e.whenwegaugeit[39].Indeed,inthiscase,one
hastointroduceaspin32particlecalledagravitinowhosesuperpartnerisaspin2particlewhich
canbeidentifiedasthegraviton,thebosonresponsiblefortransmittinggravityeffects,duetoits
couplingtotheGeneralRelativity(GR)energymomentumtensor.Unfortunately,supergravitydoes
notconstituteacoherentquantumdescriptionofgravityasthecouplingbetweenthegravitonandthe
energymomentumtensorisdimensionfullandthusintroducenon-renormalizableinteractionsinthe
theory.Foranintroductiontosupergravitysee[40].
ThefifthargumentinfavorofSUSYisthatitallowstodynamicallytriggerEWSBbyradiative

corrections.Indeed,intheSM,theconditionµ2<0(seeeq.(1.16))isenforcedmanually.Inthe
MSSM,therunningof µ2naturallydrivesitfromapositivevalueatMGUT toanegativevalueat
MSUSYmainlyduetothestrongcouplingoftheHiggsbosontothetopquark[41].
Finally,inmodelswithR-parityconservation–aglobalZ2symmetrytobeintroducedinsection

2.5–theSUSYspectrumincorporatesgoodcandidatesfordarkmatter[42].Thesecanbeofdifferent
naturesdependingontheexactmechanismresponsibleforthemediationofSUSYbreaking.However
inordertobestable,thedarkmattercandidatehastobetheLightestSupersymmetricParticle(LSP)
oftheSUSYspectrumtoforbidsubsequentdecays.Acommoncaseariseswhenthesupersymmetric
partnersofthefourSMneutralgaugebosonsandofthetwoHiggsbosons2,theneutralgauginosand
higgsinos,mixamongeachothersafterEWSB.Thismixingresultsinfourphysicalfields,calledthe
neutralinos.Thelightestofthemis,inmostcases,theLSPandcanthenbeidentifiedasagooddark
mattercandidate[43]asitisweaklycoupledtotheSMfieldsanddoesnotpossesselectricnorcolor
charges.

2AswewillseelatertwoHiggsdoublets,insteadofone,areneededintheMSSM.
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2.2 Supersymmetricalgebra.

LetusstartthissectionbybrieflyrecallingthePoincaréalgebra.Basically,theusualMinkowskispace
isinvariantunderfourtranslations,threerotationsandLorentzboosts.Thetranslationsaregenerated
bythemomentum4-vectorPµ.TherotationsaregeneratedbythethreekineticmomentoperatorsJk
correspondingtothethreespaceaxis.Finally,thethreeLorentzboostscanbegeneratedbyoperators
notedKi. TheJkandKicanbemergedinarank2tensorMµνaccordingtoMij= ijkJkand
M0i=−Kiwith ijkthe3DtotallyantisymetricLevi-Civittatensor.ThePoincaréalgebracanthen
bewrittenas:

[Pµ,Pν]=0

[Mµν,Pλ]=i(gνλPµ−gµλPν)

[Mµν,Mρσ]=(igνρMµσ+gµσMνρ

−gµρMνσ−gνσMµρ)

(2.6)

Initsmostsimpleform,theSuperPoincaréalgebraconsistsofextendingeq.2.6with2two-components
Weylspinorsoperators QαandQ

†
αconjugatefromeachotherwhereα=1,2isaspinorialindice.

Onecanthenshow(see[37,43]),thattheextrafermionicgeneratorsmustobeythefollowinganti-
commutationrelations:

{Qα,Qβ}={Q
†
α̇,Q

†

β̇
}=0

{Qα,Q
†

β̇
}=−2σµ

αβ̇
Pµ

(2.7)

Hereadottedindice(respun-dotted)indicatesthatthespinorisright-handed(respleft-handed).
Furthermore,onealsohascommutationrelationswiththegeneratorsofthePoincaréalgebra:

[Qα,Pµ]=Q
†
α̇,Pµ =0

[Mµν,Qα]=i(σµν)
β
α Qβ

Mµν,Q
†̇α =i(̄σµν)

α̇
β̇
Qβ̇

(2.8)

Thetensorsσµν,̄σµνcanbeobtainedbyanti-symmetrizingthePaulimatricesσµandtheirdefinitions
arerecalledinappendixA.Thespinorialindicescanberaisedandloweredwiththeanti-symmetric
metrics α,β,α̇,β̇definedas:

∀α,β∈{1,2};αβ= α̇β̇=−βα=− β̇α̇with 12=+1. (2.9)

Asweareusingonlyoneindependentfermionicgenerator,wenamethisalgebratheN =1Super-
Poincaréalgebra. Higherdimensionalgeneralizationofequations(2.7),(2.8)existwithN =2,3...
independentfermionicgenerators. However,untilnow,onlythecaseN =1isofphenomenological
relevancy.Inparticular,theSUSYN=2spectrumcontainsonlyvector-likefermions,meaningthat
bothchiralitiesfallinthesamerepresentationofthegaugegroup,thusviolatingtheSMSU(2)Lgauge
structure.So,wewilllogicallyrestricttherestofthisworktothecaseN=1.Severalremarkscan
nowbemade.
First,itcanbededucedfromangularmomentumconservationthatsinceQcarriesaspin1/2,it

turnsafermionicstateintoabosoniconeandvice-versa:

Qα|fermion=|boson, Qα|boson=|fermion (2.10)

ThebosonandthefermionwhicharerelatedbyQformanirreduciblerepresentationoftheSuper-
Poincaréalgebracalledasupermultiplet.Second,inthecontextofSUSY,itismorenaturaltowork
withtwo-components Weylfermions.HencetoeachSMDiracfermionmadeoutoftwo Weylfermions

Ψf=
ξα
χ̇α

(seeappendixA.1)SUSYtransformationswillassociatetwoscalars,oneforeachchirality
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oftheDiracfield,whichwasexactlywhatwasneededtocancelthequadraticdivergencesin2.1and
solvethehierarchyproblem.Furthermore,theHermitianconjugateofalefthandedfieldtransforms
asaright-handedone:ψ†α̇≡(ψα)=ψ

†
α̇
.Thisgivesusthefreedomtoworkonlywithleft-handed

fieldsandthatiswhatwearegoingtodofromnowon.Indeed,thisconventionisparticularlyuseful
whendiscussingGUTs. Third,onecanshowthatthenumberoffermionicandbosonicd.o.f.ina
supermultipletmustmatch.Themostsimplesupermultiplet,calledachiral(ormatter)supermulti-
pletissimplyformedwitha Weylfermionandacomplexscalar3.Fourth,fromthefirstlineofeq.
(2.8),itfollowsthatP2=PµP

µcommuteswithQandthat,ifSUSYisunbroken,themembersofa
supermultipletsharethesamemass.
Ofcourse,asitwasbrieflydiscussedinsection2.1,thiscontradictbadlyexperimentalobservations

asnosuperpartnershasbeenobservedsofar. Hence,ifonewantstostudyitsphenomenology,one
hastobreakSUSY,butinasmartway,asitwillbediscussedinsection2.4.

2.3 Superspacesandsuperfields.

Inthissection,wewouldliketointroducetheformalismofsuperspacesandsuperfields.Thisformalism
isveryelegantasitallowstoreinterpretSUSYtransformationsintroducedin2.2astranslationson
anextendedMinkowskimanifoldcalledasuperspace.
AsystematicapproachtowriteLagrangians manifestlyinvariantunderSUSYtransformations

canthenbedeveloped. WebeginthissectionbyintroducingGrassmannvariableswhichareanti-
commutingcoordinatesneededtoextendthe Minkowskispacetoasuperspace. Wethencontinue
byintroducingsuperfields,inparticulartheimportantsubclassesofchiralandvectorsuperfieldsare
properlydefined. Finally,weendthissectionbydevelopingasystematicmethodtobuildaSUSY
Lagrangianinasuperspaceoutofchiralandvectorsuperfields.AverygoodreviewonSupersymmetry
canbefoundin[37],also,ausefulreferencetogetfamiliarwiththeformalismofsuperspacesis[44].

2.3.1 Grassmanncoordinates

Superspacescanbeobtainedbyaddingtotheusualspacetimecoordinatesxµ=(t,x,y,z),anti-
commutingcoordinatesdescribedbya2two-component Weylspinorθα(anditscomplexconjugate

θ†α̇):

xµ−→xµ,θ
α,θ†α̇ (2.11)

Afielddefinedoverthosecoordinatesiscalledasuperfieldandincorporatesascomponentsthefields
oftheassociatedsupermultiplet.Tobetterunderstandthefeaturesofanticommutingcoordinates,let
usfirstconsiderthecaseofasinglecomponentGrassmannnumberη.First,itanticommutessothat
{η,η}=0andη2=0.Itfollowsimmediatelythateveryfunctionofηisexactlyequaltoitsfinite,
ordertwo,Taylorseries:

f(η)=f0+f1η (2.12)

ashigherordertermsvanish. Wecandefinethederivativeoperatorthrough:

df

dη
=f1 (2.13)

Todefineanintegrationoverη,onehastoimposelinearityandtheintegrationbypartsformula:

dηf(η+η)= dηf(η); dη
df

dη
=0 (2.14)

Fromthesedefinitions,itfollowsthattheonlypossibledefinitionoftheintegraloperatorisvia:

dηf(η)=f1 (2.15)

3Actually,thisisnotgenericallytrue.ifonewantstouseSUSYoff-shelli.e.inloopprocesses,onehastoaddathird
"auxiliary"fieldwhichgetsintegratedouton-shell(seesec2.3)
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TheGrassmannnumbershavethentheverypeculiarfeaturethatintegratingthemordifferentiating
themgivethesameresult.Thisisadirectconsequenceoftheanticommutingnatureofthesenumbers.

WecannowdiscussafewpropertiesofGrassmannnumbersdoublets θα=(θ1,θ2);θ
†
α̇=(θ

∗
1,θ
∗
2)
T

neededforthesuperspaceformalism.Theseobjectsanti-commutewitheachotherssuchthat:

θ1θ1=θ2θ2=0; θ1θ2=−θ1θ2 (2.16)

Usingtheanti-symmetricmetric(2.9),wecandefineLorentzinvariantcombinations:

θθ≡θαθα = αβθβθα=−2θ1θ2,

θ†θ†≡θ†α̇θ
†̇α = α̇β̇θ†α̇θ

†

β̇
=+2θ∗1θ

∗
2

(2.17)

Weunderstandherewhyitisinterestingtoworkwithtwocomponent Weylspinorsandnotfour
componentDiracspinorsasitisusuallythecaseinnon-SUSYQFT.Indeed,itallowsustoform
LorentzinvariantmorestraightforwardlyaswedonotneedtocalltheDiracbar-conjugationtrick.
Fromthesedefinitions,wecangeneralizeequations(2.13),(2.15)tothecaseofGrassmanndoublets:

∂

∂θα
θβ=δβα;

∂

∂θ†α̇
θ†
β̇
=δα̇

β̇
; dθα(f0+f1θ

β)=f1δ
β
α (2.18)

Furthermore,wecandefineintegrationmeasuresoverthequantitiesdefinedinequation(2.17):

d2θ≡−
1

4
dθαdθβαβ, d2θ†≡−

1

4
dθ†α̇dθ

†

β̇
α̇β̇, d4θ≡d2θd2θ† (2.19)

sothat:

d2θθθ=1, d2θ†θ†θ†=1, d4θθθθ†θ†=1 (2.20)

Animportantconsequenceofthesedefinitions,whichwillbeusedabundantlyinsubsection2.3.3,
isthatintegratingageneralsuperfieldwiththemeasuresjustdefinedwillpickoutthecoefficientsof
θθorθ†θ†(seeeq.(2.22)):

d2θS x,θ,θ† =b(x)+θ†ζ†(x)+θ†θ†d(x)

d2θ†S x,θ,θ† =c(x)+θη(x)+θθd(x)

d2θd2θ†S x,θ,θ† =d(x)

(2.21)

Withallthesedefinitions,wearefinallyreadytotalkaboutsuperspaces.

2.3.2 Superspacesandsuperfields

AsuperfieldisafielddefinedovereachpointofthesuperspacecoordinatesS=Sxµ,θ,θ
† (see

(2.11)).AstheGrassmanncoordinatesanticommute,agenericsuperfieldcanbeexpandedtoafinite
Taylorseriesanditsgenericexpressionisgivenby:

S(x,θ,θ†)=a+θξ+θ†χ†+θθb+θ†θ†c+θ†σ̄µθvµ+θ
†θ†θη+θθθ†ζ†+θθθ†θ†d (2.22)

Here,a,b,canddarecomplexscalarfields,vµisacomplexvectorfieldandξ,χ,η,ζare Weylspinor
fields. Thebosonicandfermionicnumbersofd.o.f. doindeed match. Thebosonicfieldsbring
4×2+4×2=16reald.o.f.andthe Weylspinors4×2×2=16d.o.f.also.Notethatwehaven’t
addanyextraLorentznorspinorindicestoS.Hence,forthesakeofsimplicity,weconsiderStobea
commutingscalarsuperfieldintherestofthissection.

Nowthatwehavetheexpressionforageneralsuperfield,itmightbeinterestingtofindarepresen-
tationintermsofdifferentialoperatorsoftheSUSYgeneratorsQ,Q†satisfyingeq.(2.7).Todothis,
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itisusefultorewritetheSUSYalgebraintermsofcommutationrelations. Thesecanbeobtained
usingtheGrassmannvaluedvariablesθ,θ†andtheresultis:

[θQ,θQ]=θ†Q†,θ†Q† =0,

θQ,θ†Q† =2θσµθ†Pµ,

[θQ,Pµ]=θ
†Q†,Pµ =0

(2.23)

Fromtheseexpressions,onecanconstructageneralelementofaSUSYtransformationX:

X yµ,
α,†α̇ =exp −i αQα+

†
α̇Q
†̇α+yµP

µ (2.24)

where ,†aretwo WeylspinorsparameterizingtheSUSYtransformation.
Itcanbeshown(seesection2.5of[44])thatwhenXactsonS,ittranslatesthesupercoordinates

ofSaccordingto:

X xµ,,
† S x,θ,θ† =S xµ+yµ+iσ

µθ†+i†σ̄µθ,θ+ ,θ†+ † (2.25)

Wecanexpandeq.(2.25)togettheinfinitesimalSUSYtransformationsδS ξ,ξ
† actingonS:

δS x,θ,θ† =−i Q+ †Q†S x,θ,θ†

= α ∂

∂θα
+ †
α̇

∂

∂θ†α̇
+i σµθ

†+ †σ̄µθ
∂

∂xµ
S

(2.26)

whichgivesexpressionsfortherepresentationofQandQ†intermsofdifferentialoperatorsQ̂,and
Q̂†:

Q̂α=i
∂

∂θα
− σµθ†

α
∂µ, Q̂†̇α=i

∂

∂θ†α̇
−(̄σµθ)α̇∂µ (2.27)

wherewehaveusedthenotation∂µ≡
∂
∂xµ
.

ThenextstepistobuildSUSYcovariantderivativesDα,D
†̇αwhichcommutewithglobalSUSY

transformationsdefinedineq.(2.26):

δ(DαS)=Dα(δS) (2.28)

Withallthismachineryatourdisposal,itiseasytocheckthatthefollowingoperators:

Dα=
∂

∂θα
−iσµθ†

α
∂µ, D†̇α=

∂

∂θ†α̇
−i(̄σµθ)α̇∂µ (2.29)

satisfythecondition(2.28). Wefinallyhavealltoolsneededtoproperlydefinevectorandchiral
superfields.ThesewillturntobecrucialingredientswhendiscussingtheMSSM.

2.3.2.1 Chiralsuperfield

Achiralsuperfieldisdefinedbyimposingthefollowingconstraintsonagenericsuperfield:

D†α̇Φ=0. (2.30)

Afieldsatisfyingthisconstraintissaidtobeachiral(orleft-chiral)superfield.Itscomplexconjugate
iscalledananti-chiral(orright-chiral)superfieldandsatisfytheconstraint:

DαΦ
∗=0 (2.31)

Thenamesofrightandleft-chiralsuperfieldsmatchwiththehandinessofthefermioniccomponentof
thesupermultipletasweareabouttoseebelow.Animportantremarkisthattheproductoftwochiral
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superfieldsisstillachiralsuperfieldwhereastheproductofachiralandofananti-chiralsuperfield
isavectorsuperfield(see2.3.2.2).Tosolvetheconstraint(2.30),wehavetouseatrickandperform
ashiftoverthesuperspacecoordinatesxµ,xµ→ y

µ≡xµ+iθ†̄σµθ. Re-expressingthecovariant
derivativeD†̇αintermsofyµ,θ,θ†,onewouldimmediatelyseethatthecondition(2.30)issatisfiedif
thesuperfielddoesnotdependonθ†.
Hence,onecanTaylorexpandit:

ΦL=φ
†(y)+

√
2θψ(y)+θθF(y), (2.32)

whereφ(y)isacomplexscalarfield,ψ(y)alefttwocomponents Weylfield(hencethename)andF(y)
anauxiliarycomplexscalarfield.TheauxiliaryfieldFisneededtomakethenumberofbosonicand
fermionicd.o.f. matchoff-shell. However,thisisnotapropagatingfieldasitsLagrangiandoesnot
includeakineticterm.Hence,onecanuseitsequationofmotiontoeliminateit.OnesaysthatFhas
beenintegratedoutgoingon-shell.
Ifwereexpress(2.32)withxµ,θ,θ

†,weendwiththegeneralexpressionofΦLintermsofcomponent
fields:

ΦL=φ(x)+
√
2θψ(x)+θθF(x)+iθ†σ̄µθ∂µφ(x)+

1

4
θθθ†θ†∂µ∂

µφ(x)−
i
√
2
θθθ†σ̄µ∂µψ(x) (2.33)

Again,allthosederivationsrelyonthefactthataTaylorexpansionofGrassmannnumbersalways
ends.Bycomparingtheexpressionforageneralsuperfield(2.22)to(2.33)andusingthat

√
2δΦL=

−i Q̂+ †̂Q† ΦL,wecandeducethetransformationlawsofthecomponentfields:

δφ= ψ,

δψα=−iσ
µ†

α
∂µφ+ αF,

δF=−i†σ̄µ∂µψ

(2.34)

WenowhavemadeexplicitthefactthataSUSYtransformationrotatesafermionintoabosonand
vice-versa.Furthermore,weseethattheauxiliaryfieldFtransformsasatotalderivativeanddoesnot
playanyroleintheaction.Beside,auxiliaryfieldsareveryusefulwhendiscussingspontaneousSUSY
breakingasonecangivethemaSUSYbreakingVEVwithoutbreakingLorentzinvariance.Finally,
letuspointoutthattherelationsforaright-chiralsuperfieldareobtainedinananalogouswayto
whatwasdoneheresimplybycomplexconjugationΦR=Φ

†
L.

2.3.2.2 Vectorsuperfields

Theotherimportantclassofsuperfieldarevector(orreal)superfields.AvectorsuperfieldVisdefined
bytheconstraint:

V=V∗ (2.35)

Applyingthisconstrainttotheexpressionofagenericsuperfield(2.22),weendwith:

V x,θ,θ† =a+θξ+θ†ξ†+θθb+θ†θ†b∗+θ†σ̄µθAµ+θ
†θ†θ λ−

i

2
σµ∂µξ

†

θθθ† λ†−
i

2
σ̄µ∂µξ +θθθ

†θ†
1

2
D+

1

4
∂µ∂

µa

(2.36)

wherea,bandDarerealscalarfields,ξ,λare WeylfieldsandAµisavectorfield.
Asitturnsout,thenumberofindependentfieldsin(2.36)canbereducedusingasuitablegeneral-

izationofgaugetransformations.Intheabeliancase,asupergaugetransformationactsonchiraland
vectorsuperfieldsas:

Φ−→e(2igqΩ)Φ

V−→V+i(Ω∗−Ω)
(2.37)
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whereΩisachiralsuperfieldgaugetransformationparameter,gthecouplingconstantandqthe
chargeofthesuperfield.
Ifthenon-SUSYLagrangianisinvariantunderanabelianU(1)symmetry,supersymmetrizingit

wouldresultinaLagrangianinsuperspaceinvariantunder(2.37).Forthevectorsuperfield,wecan
usethefreedomintroducedby(2.37)toeliminatea,bandξαfrom(2.36).InthisWess-Zumino (WZ)
gauge,thevectorsuperfieldVtakestheform:

VWZ =θ
†σ̄µθAµ+θ

†θ†θλ+θθθ†λ†+
1

2
θθθ†θ†D. (2.38)

Infactgoingtothe WessZuminogaugeisequivalenttopartiallyfixingthesupergaugewhilestill
maintainingtheinvarianceundertheusualnon-SUSYgaugetransformationonthecomponentfields
λandAµ.
Inthis WessZuminogauge,thecomponentfieldsofVtransformunderglobalSUSYtranslations

as: √
2δAµ=i∂µξ−i†∂µξ†+ σµλ†− †σ̄µλ,
√
2δλα= αD+

i

2
(σµσ̄ν)α(∂µAν−∂νAµ),

√
2δD=−iσµ∂µλ

†−i†σ̄µ∂µλ

(2.39)

Asthenotationsuggests,avectorsupermultipletinthe WZgaugecontainsaspin1vectorfieldAµas
wellasaspin1/2fermionλα.InthecaseoftheMSSM,itwillthenbeusedtodescribegaugebosons
andtheirfermionicassociatedsuperpartnerscalled"gauginos". ThefieldDplaysananalogousrole
toFinthechiralcase.Itisarealscalarauxiliaryfield,whichdoesnotpropagate,neededtomatch
thenumberofbosonicandfermionicd.o.f.inVoff-shell.However,asitdoesnotpropagate,onecan
eliminateitfromtheLagrangianusingitsequationofmotiongoingon-shell.

2.3.3 SUSYlagrangiansinasuperspace

Inthissubsection,wearegoingtogivesomeelementsonhowtoconstructLagrangiansinvariantunder
SUSYtransformationsinthesuperspaceformalism.HerewerestrictourselvestothecaseofaSUSY
gaugetheorywithauniquesemi-simplegaugegroupwhosecouplingconstantisnotedg,eitherabelian
ornon-abelian. TheconditionofinvarianceoftheLagrangianunderSUSYtransformationscanbe
expressedas:

δ
x
L(x)=0 (2.40)

Wehaveshownthattheauxiliaryfieldsofchiralandvectorsuperfieldstransformintototalderiva-
tivesunderSUSYtranslationsleavingtheaction(2.40)invariant. WecanthenconstructSUSY
invariantLagrangiansfromFandDtermsusingintegralsoverfermioniccoordinatestopickupthe
relevantcomponents(see(2.21)):

L(x)≡LF+LD= d2θLf+ d2θd2θ†Ld+h.c (2.41)

whereinLFonlytheFtermofLfappearswhereasinLD onlytheDtermofLdappears. Wehave
addedthehermitianconjugateasusualtoenforcetherealityofL(x).
LetusstartbydescribingLf.Lfcanbeobtainedviaaholomorphicfunctionofthechiralsuperfields

ofthetheory{Φi},calledasuperpotential
4:

Lf=W({Φi})=a
iΦi+

1

2
MijΦiΦj+

1

6
yijkΦiΦjΦk (2.42)

whereallΦiareleft-handedchiralsuperfieldsandthecouplingsMijandyijkaretotallysymmetric
undertheinterchangeoftheindicesi,j,k,animplicitsumoverrepeatedindicesbeingunderstood.
W({Φi})beingasumofproductofchiralsuperfields,itisachiralsuperfielditself. Wewanttostress

4Wewanttorecallherethat"holomorphic"meansthatthesuperpotentialisananalyticalfunctionofthesuperfields
takenascomplexnumbers.
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that,tohaveaLagrangianwhichisgaugesinglet,aFayet-IliopoulostermoftheformaiΦicanbe
includedinthesuperpotentialonlyifΦiisagaugesingletitself.Furthermore,wehaverestrictedthe
contentofW withtermsatmosttrilinearonthesuperfields.Thisenforcesthefactthatnotermswith
massdimensionhigherthan4arepresentintheLagrangianwhichishencerenormalizable.
Wecanthenpickthe F-termof(2.42)byprojectingouttheθθcomponentofW usingintegration:

d2θW({Φi})=a
iFi+M

ij φiFj−
1

2
ψiψj +

1

2
yijk(φiφjFk−φiψjψk)

=
∂W(φ)

∂φj
Fj−

1

2

∂2W(φ)

∂φjφk
ψjψk

(2.43)

Inthelastline,thesuperpotentialisunderstoodtobeafunctiononlyofthescalarcomponents
ofthesuperfields. Animplicitsumoverthesuperfieldcontentonallrepeatedindicesisimplicitly

understood.LFprovidesamassmatrixforthefermionsMij≡
∂2W(φ)
∂φiφj

andYukawatypeinteractions

oftheformyijkφiψjψk.Animportantremarkisthatthesuperpotentialisneitherapotentialinthe
classicalsense,neitheraSUSYinvariantLagrangianonitsown. Ascanbeseenoneq.(2.43),W
generatestheinteractionsofthetheorywhendifferentiatingitwithrespecttothescalarcomponents
ofthesuperfields. Hence,onecanthinkaboutthesuperpotentialasageneratingfunctionalofthe
interactionsofaSUSYtheory.
Now,letusturntoLd. Onecanshow,inthenon-abeliancase,thatthegaugeinvarianceofLd

restrictsitsformto:
Ld=Φ

†ie2gT
aVa j

i
Φj (2.44)

withTathegeneratorsofthegaugegroupandVatheassociatedvectorsuperfields.OncanwriteLd
incomponentandtheresultis,inthe WZgauge:

LD= d2θd2θ†Φ†ie2gaT
aVa j

i
Φj

=iψi†σ̄µ∇µψi−∇µφ
∗i∇µφi−

√
2ga φ

∗iTaψiλ
a−λ†ψi†Taφi

+ga φ
∗iTaφiD

a+F∗iFi

(2.45)

where∇µistheusualcovariantderivative∇µ=∂µ−igqiAµ.
ThisLagrangianinvolveskinetictermsforthescalarsandfermions,interactiontermsbetween

scalar,fermionsandgaugebosonsthroughthecouplingtothecovariantderivative.Italsoinvolves
interactionsbetweenthesuperpartnersofgaugebosonsλacalled"gauginos"andthescalarsand
fermions. Wearestillmissingkinetictermsandself-interactionsforthevectorsupermultipletsthough.
Togeneratethem,onecandefineafield-strengthsuperfieldas:

Wα=−
1

4
D†D†e−2gVDαe

2gV (2.46)

Onecanshowthatthissuperfieldischiral5andtransformsundersupergaugetransformationsinthe
ajointrepresentation:

Wα−→e
i2gTaΩaWαe

−i2gTaΩa (2.47)

where{Ωa}arethechiralsuperfieldsgaugeparametersandTathegeneratorsofthegaugegroup. We
candecomposeWαoverthegeneratorsofthegaugegroupWα=2gaT

aWaαwith:

Waα=−
1

4
D†D† DαV

α−igfabcVbDαV
c

=λaα+θαD
α−
i

2
(σµσ̄νθ)αF

a
µν+iθθσ

µ∇µλ
†a

α

(2.48)

whereallcomputationshavebeendoneinthe WZgaugeandFaµν=∂µAν−∂νAµ+gaf
abcAbµA

c
νisthe

usualfieldstrengthtensor.

5Wαischirali.e.D
†β̇Wα=0becauseD

†D†D†=0byconstruction(see[44]).
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Theabeliancasecanthensimplybeobtainedbysettingthestructureconstantstozero:fabc=0.
Itfollowsthat:

Lkin= d2θ
1

4
Tr[WαWα]

= d2θWaαWaα

=DaDa+2iλaσµ∇µλ
†a−

1

2
FaµνFaµν+

i

4
µνρσFaµνF

a
ρσ

(2.49)

isbothgaugeandsupersymmetricinvariant.
Withallthesecontributionsathand,themostgeneralrenormalizableLagrangianforanon-abelian

gaugesupersymmetrictheoryis:

L=
1

4
d2θ(WaαWaα+h.c)+ d2θ(W(Φi)+h.c)+ d2θd2θ† Φ†ie2gaT

aVa j

i
Φj (2.50)

Weendthissectionwithabriefdescriptionofthescalarpotentialof 2.50.Asalreadystated,the
auxiliaryfieldsF(see(2.33))andD(see(2.38))donotcomewithkineticterms.TheirEuler-Lagrange
equationsofmotionsarehencepurelyalgebraic:

Fi+
∂W†

∂φi
=0

Da+gφ∗iT
aφi =0

(2.51)

OnecanthenusetheseequationstoeliminateFiandD
ainfavorofthescalarcomponentfields.

Plugging(2.51)in(2.50),onecanthenobtainthescalarpotentialofthetheory:

V(φ,φ∗)=
∂W†(φ∗)

∂φ∗i

∂W(φ)

∂φi
+
1

2
l

g2l
a

φ∗iT
a
lφ
i2. (2.52)

Ineq.(2.52),lsumsoverthegaugegroupofthetheorywiththecorrespondinggaugecouplinggland
generatorsTal.
Hence,thescalarpotentialofaSUSYgaugetheoryisasumofsquaredtermsandisalways

positivewhateverthefieldconfiguration.Beside,theformofV(φ,φ∗)iscompletelyfixedbytheother
interactionsofthetheory.
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2.4 BreakingSupersymmetry.

Asithasbeenshowninsection2.2,theCasimiroperatorP2commuteswiththespinorialgenerators
Q,Q†.ThisimpliesthateveryfieldinagivensupermultipletownthesamemassifSUSYisunbroken.
Aswehaven’tdetectedscalarsuperpartnersoftheSMfermionssofar6,thisclearlyimpliesthat
SUSY,ifitisrealizedinnature,mustbeabrokensymmetry.Thisbeingsaid,wearethenleftwith
twopossibilitiestobreakSUSY.

2.4.1 BreakingSUSYspontaneously.

ThefirstandmostnaturalpossibilityistobreakSUSYspontaneously. Thiscanbeachievedby
allowingachiralauxiliaryfieldFioravectorauxiliaryfieldDitodevelopaSUSYbreakingVEV.The
firstofthesetwomechanismsisknownasa"F-type"orO’RaifeartaighSUSYbreaking[45]andthe
secondisknownasa"D-type"or"Fayet-Iliopoulos"SUSYbreaking[46].However,thereisasubtlety
whichcomesintothegameifonewantstobreakSUSYspontaneously.Indeed,onecanshowthatthe
auxiliaryfieldwhichtakesaSUSYbreakingVEVcannotbelongtoanyoftheMSSMsuperfields(see
sec.2.5)nortoasuperfieldwhoseVEVliesanywhereneartheTeVscale.

Thiscomesmainlyfromthesupertraceconstraintonthetreelevelmassmatrixofaspontaneously
brokenSUSYspectrum.IntheSUSYbrokenphase,themassdegeneracyinsidesupermultipletsis
lifted,henceparticleswithdifferentspinshavedifferentmasses. Onecanthendefinethesupertrace
onaSUSYspectrumas:

STrm2 ≡
j

(−1)j(2j+1)Tr m2j (2.53)

wherem2jcorrespondtothemassmatrixofparticleswithspinjandthesumrunsoveralltheparticles
oftheSUSYspectrum,thefermionscontributingwithoppositesignthanthebosons.

Onecanthenprove(see[47])thatthissupertracemustvanishSTrm2 =0foraspontaneously
brokenSUSYtheory7intheobservablesector.Thishasstrongconsequencesonhowspontaneously
brokenSUSYcanbeachieved.Forexample,itcanbeshownthatinthemostoptimisticcase,dueto
thesupertrace,ifSUSYistobebrokenintheobservablesector,lightcolortripletsscalars(squarks)
lighterthanmuormdshouldbepresentinthespectrumwhichisclearlyruledoutbyexperiment.
Instead,physicistscameupwiththeideathatthesourceofSUSYbreakingshouldexistina"hidden"
sector. By"hidden",wemeaneitherthatthesuperfieldisneutralundertheSMgaugegroupor,
withinthecontextofextra-dimensionmodels,islocalizedonadifferentbraneoftheoneonwhich
weareliving.Still,wethenhavetoconstructmodelswhichallowthesuperfieldinthevisiblesector
tocouplethishiddensectorSUSYbreakingVEV.Suchmediationmodelscanbeconstruct. They
haveallthecommonfeaturethatthemessengerfieldhastobeflavorblind,i.e.itrespectstheU(3)6

flavorsymmetryofchapter1,inordertoleadtoanacceptableflavorphenomenology.Inthefirstof
thesemodels,thegravity-mediatedSUSYbreaking(seeforinstance[48]),gravity,whichisnaturally
flavorblind,playstheroleofthemessenger8.Thesecondmodel,thegauge-mediatedSUSYbreaking
model[50],couplesthetwosectorsvialoopeffectsinvolvingnewchiralsupermultipletsthroughgauge
interactions.Finallythethirdone,theanomalymediatedSUSYbreakingmechanisminvolvesextra-
dimensionsandmediatestheSUSYbreakingtothevisiblesectorviathesuperconformalanomaly
[51].

6Hopefullyitwillnotbethecaseanymoresoon!
7Aconditionisneededhowever:ThegaugegroupoftheSUSYtheorymustownanon-anomalousU(1)symmetry.

ThisisthecaseoftheMSSMasU(1)Y ∈GSM.
8Notehoweverthat,inthislastcase,theflavorblindnessofgravitydoesnotguaranteebyitselfthatthegenerated

softtermsareflavorblind.Theflavorblindnessofsofttermscanbeachievedonlyifonemakesfurthersimplifications
onthestructureofthenon-renormalizabletermsusedtocommunicateSUSYbreakingtothevisiblesector(see[37]).
Thesesimplificationshaveleadtothewell-knownminimal-supergravity(mSUGRA)ansatzwhichhavebeenthesubject
ofseveralphenomenologicalstudies(seeforinstance[49]andreferencestherein).
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2.4.2 SoftSUSYbreaking.

ThesecondpossibilitywouldbetobreakSUSYexplicitly. However,theoperatorsusedtodoso
wouldgenericallyreintroducequadraticdivergencesinthequantumcorrectionstotheHiggsmass,
thusspoilingSUSYasasolutiontothehierarchyproblem(seesec2.1).Howeveratrickcanbeused
tocircumventthisobstacle.Indeed,ithasbeenprovedthatnoquadraticdivergencesarereintro-
ducedifonlySUSYbreakingoperatorswithpositivedimensionareused[52],andthustoallordersin
perturbationtheory.Suchoperatorsarecalled"soft"andareusedabundantlyinphenomenologicalap-
proachesasaneffectiveparameterizationatlowscalesofthemechanismwhichdrivesthespontaneous
breakingofSUSY.Statedotherwise,ifweseetheMSSMasaneffectivetheory,wecansimplyignore
thespecificdynamicwhichdrivesSUSYbreaking(seesubsection2.4.1)andsimplyparameterizeitby
addingextrasofttermstotheSUSYLagrangian. The"soft"natureofthesetermsguaranteesthat
SUSYisstillvalidasasolutiontothehierarchyproblem.Allpossiblesofttermshavebeenclassified
andthemostgeneralSoftSUSYbreakingLagrangianis9:

Lsoft=−
1

2
Maλ

aλa+
1

6
aijkφiφjφk+

1

2
bijφiφj+t

iφj +h.c- m
2i

j
φj†φi (2.54)

Thislagrangiangivesmassestothegauginosandscalarsandalsocontainsbilinearandtrilinear
scalarcouplings. Clearly,allthesetermsbreakSUSYastheycontainonlygauginosorscalarsbut
notbothsimultaneously.Asstatedabove,theadvantageofthisapproachisthatwecanbreakSUSY
withoutrelyingonaspecificmodelofmediation.Thedisadvantageisalsoclear.Indeedalotofnew
parameters,consideredasfreehere,areintroducedbyLsoft.Beside,asthecouplingmatriceswillhave
genericallyarbitrarycomplexandflavorstructures,theywillintroducemanynewsourcesofflavorand
CPviolationwhichwill,withoutfurtherrestrictions,contradictexperimentalobservations.Thisfact
willgiverisetowhatiscalledthe"Newphysicsflavorproblem",discussedinsection2.5inthecase
oftheMinimalSupersymmetricextensionoftheSMthatwewillnowdescribe.

9Weneglectherethepossibilityofaddingsofttermsoftheform cjkiφ
∗iφjφk.Indeed,constructingviablemodelsof

spontaneousSUSYbreakinggenerallyrequirescjki tobenegligiblysmall.
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Chiralsupermultiplets

Spin0 Spin12 SU(3)C,SU(2)L,U(1)Y

Q QL= uL,dL QL=(uL,dL) 3,2,13
U u∗R uR 3,1,−43
D d∗R dR 3,1,+23
L LL=(νL,eL) LL=(νL,eL) (1,2,−1)

E e∗R eR 1,1,2

Hu Hu= H+u,H
0
u Hu= H+uH

0
u (1,2,1)

Hd Hd= H0d,H
−
d Hd= H0d,H

−
d (1,2,−1)

Gaugesupermultiplets

Spin0 Spin12 SU(3)C,SU(2)L,U(1)Y
Ga Ga Ga (8,1,0)

W Wi Wi (1,3,0)

B B0 B0 (1,1,0)

Figure2.2– MSSMsupermultipletsandtheirgaugeproperties. Thesuperfieldsarelabeledwitha
capitalletter. AtildeisusedtolabelthesuperpartnersoftheSMfields. TheL/Rlabelonthe
superpartnersreferstothechiralityoftheassociatedSM Weylfield. Wehavesuppressedcolorand
familyindicesonmatterfieldstoalleviatethenotation.a=1...8enumeratesthevectorsuperfields
ofSU(3)C andi=1..3thevectorsuperfieldsofSU(2)L. Notethathere,wehavenotincluded
right-handedneutrinossupermultipletsintheMSSMfieldcontent.

2.5 The MSSM.

TheMSSMistheminimalrenormalizablesupersymmetricextensionoftheStandardModel[53].The
MSSMis"minimal"inthesensethatitintroducestheleastpossiblenumberofnewparticlesinits
spectrumtogetaproperrenormalizableSUSYrealizationoftheSM.Itisbasedonthefollowing
assumptions:

⇒ TheStandardmodelisextendedbyN=1supersymmetry.

⇒ TheMSSMisinvariantundertheSMgaugegroup.

⇒ TheSUSYsoftmassscaleisneartheEWscale.

⇒ R-parityisconserved.

ThethirdpointisrequirediftheMSSMisstillbelievedtoprovideasolutiontothehierarchyproblem.
Indeed,onecanshowthatiftheaveragemassscaleofsuperpartnerslargelyexceedstheEWscale,the
MSSMgetsonceagainfine-tunedduetothelargehierarchybetweenthetwoscales.TheR-parityis
requiredtostabilizetheprotonandwillbediscussedinsubsection2.5.1. Thesuperpotentialofthe
MSSMis:

WMSSM =Y
ij
uUiQj·Hu−Y

ij
dDiQj·Hd−Y

ij
eEiLj·Hd+µHu·Hd (2.55)

TheobjectsQ,U,D,L,EareSU(2)quark-doublet,quark-singlet,leptons-doubletandleptonssinglet
superfieldswhosecorrespondingsupermultipletsarelistedintable2.2.Thebarontherepresentation
indicatesthatallsingletsuperfieldsU,DandEtransformunderthecomplexconjugaterepresentation
oftherespectivedoublet10.

10Forinstance,aninfinitesimalSU(3)rotationactsonQasQ→ (✶+iαaTa)withαathegaugeparametersand
Ta=λa/2theSU(3)generators.QissaidtotransformundertheSU(3)fundamentalrepresentation3. Ontheother
hand,thissamerotationwillactonUasU→ (✶−iαa(Ta)∗)U.UorDwillbesaidtotransformunderthecomplex
conjugatefundamentalrepresentationofSU(3)noted3. But,duetothehermiticityoftheSU(3)algebra,onehas
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The"·"indicatesaSU(2)invariantdotproductoftwodoublets.Forinstance,Q·Hu=Q
α
αβH

β
u

where =iσ2isusedtocontractSU(2)indices.

Yiju,Y
ij
d,Y

ij
e aretheexactsame3×3YukawacouplingmatricesasintheSM.µisasupersymmetric

HiggsmassparameterneededduetotheextendedHiggssector(seebelow). Weseehere,asforeseen
previously,thatchiralsuperfieldsarenaturallyusedtohandleboththeSMfermionstogetherwiththeir
superpartners.TheusualnamingconventionwantsthattodesignatescalarSMfermionssuperpartners,
weadda"s"(forscalar)beforethenameoftheSMfieldandatildeonthescalarfielditself.Hence,
thescalarsuperpartnersofthequarks(respleptons)arecalledsquarks(resp:sleptons).Forexample,
thesuperpartnerofthedownquark(resp: muon)isnamedasdown(resp:smuon)andisdesignated
bythecomplexscalarfieldd(resp:µ).Inthesameway,theSMgaugebosonsarepromotedtovector
superfieldswhosegaugesupermultipletscontainboththegaugebosonanditsassociatefermionic
superpartner. Thenameofthegaugesuperpartnerisformedbyaddingasuffix"ino"attheendof
theSMgaugeboson. Hence,winos,binos,gluinosandHiggsinosarethenamesofrespectivelythe
superpartnersoftheW,B,gluonsandHiggsbosons.Hereagain,atildeisusedovertheSMgauge
bosonwhenwerefertoitssuperpartner,forexample,winos,binosandgluinosare Weylfermions
notedasW,BandG.AnimportantremarkisthatwithintheMSSM,toeachSM Weylfermion(of
definitechirality)isassociatedanindependentsuperpartner.So,toaSMDiracfermionisassociated
twodistinctscalarfields.ThenamingconventionwantsthatweuseaL/Rindexonthescalarfieldto
designatethechiralityoftheassociatedSM Weylfermion.

The MSSMHiggssectorisalittlebitpeculiar.Indeed,contrarytotheSMcase,inthe MSSM
notonebuttwoweakHiggsdoubletsHuandHdareneededin(2.55)andtherearedeepreasonsfor
that.Thefirstoneisthatinsection2.3,wehavebuildthesuperpotentialasaholomorphicfunction
ofchiralsuperfieldstogetLF(seeeq.(2.41))SUSYinvariant.Inotherterms,W(Φi)dependsonly
onchiralsuperfields,butnotontheircomplexconjugates. Hence,weareforcedtointroducetwo
independentweakdoubletswithoppositehyperchargeHuandHdtogivemasstotheupanddown
fermionsseparately.IntheSM,wehadjustre-expressedHuasHu=iσ2H

†
dbutintheMSSM,this

trickcannotbeusedanymorewithoutspoilingtheholomorphicityofW(Φi).Thesecondreasoncomes
fromanomalycancellation.Indeed,duetotheextendedscalarspectrumwecanshowthatbothHu
andHdareneededifwewanttopreservethegaugesymmetriesatthequantumlevel.

NotethatinthelimitofexactSUSY,wegotaproperextensionoftheSMjustbyintroducingone
extrafreeHiggsmassparameterµ.Ofcourse,SUSYcannotbeanexactsymmetryofnatureandthe
situationwillbedramaticallydeterioratedoncewewilladdsofttermsinthe MSSMLagrangianas
discussedinsec2.5.2.

Ontheotherhand,thisSUSYµtermseemstoposesomethingofapuzzle.Indeed,theµtermin
eq.(2.55)leadsto:

µ2 |H+u|
2+|H−d|

2+|H0u|
2+|H0d|

2 (2.56)

inthescalarpotentialofthetheory. FortheEWSBtobetriggeredoneneedsapproximatelyµ∼
100GeV−1TeVifonewantstoavoidtoolargecancellationsbetweensofttermsandtermsin(2.56).
Thefactthatµshouldbe,roughly,ofthesamemagnitudeastheSUSYmassscaleisreferredtoasthe
µproblem(see[54]forthehistoricalpaper).Oneproposaltosolvethispuzzle,theso-calledGuidice-
Masieromechanismproposestogeneratethistermdynamicallyviasupergravitybreakingeffects[55].
Anotherproposal,theNext-to-MSSMproposestoextendthesuperfieldcontentoftheMSSMbyone
extragaugesinglet(see[56]).Agoodreviewoftheµproblemanditssolutionscanbefoundin[57].

2.5.1 R-parity

Asstatedatthebeginningofthissection,theMSSMisuniquelydefinedbythechoiceofthesuper-
potential(2.55). However,thereareothergaugeinvariantandrenormalizabletermsthatonecould

(Ta)∗=(Ta)T andatermoftheformUQisgaugeinvariant.Atheoryinwhichthegaugegroupactsonright-handed
singletsandleft-handeddoubletsthroughrepresentationswhichareconjugatefromeachothersiscalledachiraltheory.
Acounter-exampleoftheorywhichisnotchiralcanbefoundinN=2SUSY.Indeed,inthistheory,itisnotpossible
tomakerightandleft-handedcomponentsofsuperfieldstransformdifferentlyunderthegaugegroup.
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includeinthesuperpotential.Theseare:

W∆L=1=
1

2
λijke Li·LjĒk+λ

ijk
L Li·QjD̄k+µ

i
LLi·Hu

W∆B=1=
1

2
λijkB ŪīDjD̄k

(2.57)

wherewehaverestoredfamilyindicesi=1,2,3.Theproblemwiththesetermsisthattheyviolate
twosymmetriesaccidentallypreservedbytheYukawainteractionsintheSM,namelythetotalbaryon
BandleptonLnumbers.Indeed,W∆L=1andW∆B=1violaterespectivelyLandBbyoneunit.One
canbeconvincedofthatifwerememberthatB(Qi)=+

1
3,B(̄Ui)=B(̄Ui)=−

1
3andL(Li)=+1,

L(̄Ei)=−1withallothersBandLnumbersvanishing.BandLviolatingprocesseshaveneverbeen
seenexperimentally,inparticularnon-vanishingλLandλB couplingswouldresultinprotondecay
throughforinstance,p→e+π0.Forthisreason,theideahascameuptoimposeaZ2symmetry,the
so-calledmatterR-parity,whichismultiplicativelyconservedanddefinedforeachparticleas:

PR=(−1)
3(B−L)+2s (2.58)

withsthespinoftheparticle.
Fromeq.(2.58),itfollowsthateverySMfieldhasPR=+1(becauseofthe(−1)

2sfactor)while
alls-particleshavePR=−1.Angularmomentumconservationimpliesinturnthatateachinteraction
vertex,theproductoftheR-parityofallparticlesinvolvedisequalto+1.Itisthenclearthatterms
in(2.57)donotconserveR-parityandarethusforbidden.Furthermore,importantphenomenological
consequencesofR-parityconservationarethat:

1.Ateachinteractionvertex,thetotalnumberofs-particlesinvolvedisalwayseven.

2.EachsparticleotherthantheLSPmusteventuallydecayinastatethatcontainsanoddnumber
ofLSP.

3.TheLSPshouldthusbeabsolutelystableasitcarriesPR=−1andcannotdecayanyfurther
ins-particles.

Beside,duetopoint3,iftheLSPisalsochargelessandcolorless,itisagooddarkmattercandidate.
Toendthissectionwewanttostressthat,imposinganexactZ2symmetrybyhand,tomake

the MSSMphenomenologicallyviable,mightseemsquitefrustratingtheoretically. However,froma
modelbuildingpointofview,R-paritymightemergeasaconservedsubgroupafteracontinuousU(1)
symmetryhasbeenspontaneouslybroken[58].

2.5.2 MSSMsoftparameters

Themostgeneralsetofsoftparameters(2.54)compatiblewithgaugeinvariance,R-parityconservation
andtheparticlecontentoftheMSSMisgivenby:

Lsoft=−
1

2
M3G̃G̃+M2W̃W̃ +M1B̃B̃+ h.c

− u∗RAUQLHu−d
∗
RADQLHd−e

∗
RAELLHd+ h.c

−Q†LM
2
QQL−L

†
LM

2
LLL−u

∗
RM

2
UuR−d

∗
RM

2
DdR−e

∗
RM

2
EeR

−M2HuH
∗
uHu−M

2
Hd
H∗dHd−(bHuHd+ h.c)

(2.59)

Here,AU,AD andAE arecomplex3×3infamilyspacesofttrilinearcoupling matrices. The
thirdlineof(2.59)consistsinsoft masstermsforthesquarksandsleptons. Each mass matrix
M2Q,M

2
L,M

2
U,M

2
D,M

2
E isagaina3×3matrixinfamilyspace. Theyhoweverhavetobehermi-

tiantoguaranteetherealityofthemasseigenvalues.Bothtypeofmatricesimplypotentialadditional
sourcesofflavorandCPviolationintheMSSM.Therefore,theirstructuresarehighlyconstrainedby
phenomenology.Finally,wedohaveHiggssquaredmasstermsM2HuM

2
Hd
aswellasabilineartermb

whichcontributetotheHiggspotential.
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Asalreadypointedoutinsubsection2.4.2,addingsofttermstoparameterizeSUSYbreaking
introducealotofparameters,consideredasfreeifthebreakingmechanismisnotspecified.Indeed,
(2.59)introducesnolessthan105newmasses,phasesormixinganglesthatcannotberotatedaway
byaredefinitionoftheflavorbasisinthequarkorleptonsupermultiplets.Thesenewparameterswill
involveextrasourcesofflavororCPviolation.Indeed,extraphasesinsofttermscanoverproduce
electricdipolemoment[59]beyondexperimentallimits.ThisisknownastheCPproblem.
NewsourcesofflavorandCPviolationcanalsodisrupttheGIMmechanismwhichsuppressthe

FCNCstoacceptablelowlevelsintheSM.Developingamechanismabletokeepsofttermsunder
controlsothattheydonotintroduceunacceptablelargeFCNCsisknownastheSUSYflavorproblem.
Beside,withintheMSSM,mostoftheentriesinallthosetermsmustbeoftheorderoftheSUSYsoft
massscaleMsoftorM

2
softdependingonthelinearorsquareddependencein(2.59).Thisisneededto

avoidtoreintroducelargelogarithmiccorrectionstotheHiggsmasswhichwouldspoiltheMSSMas
asolutiontothehierarchyproblem.Thissuggestthatamorefundamentaldynamicathigherscale
shouldbeatworkinordertogenerateahierarchicalstructurein(2.59)dynamically.Forexample,
thespontaneousbreakingofaflavorsymmetry,discreteorcontinuous,mightgiverisetoahierarchy
inthesofttermsmakingthemcompatiblewithphenomenology(see[60]andreferencestherein).
Again,alotofflavormodelsexistwhichaimatsolving(atleastpartially)theSUSYflavorand

CPproblems.However,ifweconsiderSUSYthroughtheeyesofaphenomenologist,threeapproaches
canbedescribedaimingatmaintainingthecontributionsofthesofttermstoflavorobservablesunder
control:

Softsupersymmetrybreakinguniversality: Thefirstapproach,calledthesoftsupersymmetry
breakinguniversality,consistsinthreeidealizedassumptionsonthesofttermsstructure.Thefirstone
isthatthesoftsquared-massmatricesareflavor-blind,i.e.theyaresimplyproportionaltotheunity
matrix:

M2Q=m
2
Q0✶, M

2
U=m

2
U0✶, M

2
D=m

2
D0✶, M

2
L=m

2
L0✶, M

2
E=m

2
E0✶ (2.60)

wherem2Q0,m
2
L0
...arerealscalarsfixingtheoverallscaleofthecorrespondingmassmatrix. Then,

SUSYcontributionstoFCNCswillonlyarisefromsmallmixinginducedbythetrilinearcouplings
becauseallsquarksandsleptonswillbedegenerateinmass.Beside,makingthefurtherassumption
thatthetrilinearcouplingsareeachproportionaltothecorrespondingYukawacouplingmatrix:

AU=AU0Yu,AD=AD0Yd,AE=AE0Ye (2.61)

willguaranteethatonlythesquarksandsleptonsofthethirdfamilywillinducelargetrilinearcouplings.
FinallyonestillhastodealwithpotentialdangerousCPviolationeffectswhichcouldarisefrom

complexphasesinthesoftterms.If(2.60)isassumed,allsquarksandsleptonsmassmatricesas
wellasHiggsmasstermsm2Hu,m

2
Hd
donotintroduceCPviolatingeffectsasalluniversalcouplings

m2Q0,m
2
L0
... havetobereal. Beside,byappropriatephaseredefinitionsofthescalarandfermion

componentsoftheHiggssupermultipletsHuandHd,onecanmakeb(see(2.5.2))andµ(see(2.55))
alsoreal.So,thepotentialonlynewsourcesofCPviolationcouldlieinthegauginosmassparameters
andtrilinearcouplingmatrices. Thethirdassumptionwillhenceconsistinenforcingtherealityof
thesecomplexparameters:

Im(M1)=Im(M2)=Im(M3)=Im(AU0)=Im(AD0)=Im(AE0)=0 (2.62)

enforcingthattheonlysourceofCPviolationistheusualCKMphase.
Withtheaboveassumptionswedohave,inprinciple,aSUSYmodelwhichisphenomenologically

viable.However,alltheseconditions(2.60),(2.61)and(2.62)shouldpresumablyariseduetoamore
fundamentalmediationmechanismorduetothespontaneousbreakingofaflavorsymmetry. Hence
theseconditionsshouldbetakenasboundaryconditions,ratherthanscaleinvariantconstraints,which
holdatthehighscaleatwhichthemechanismresponsibleforflavordynamicdecouplesfromtheusual
MSSMspectrum.Thiswillinturnimplythatallthesequantitieswillhavetoberunningdown,using
theappropriateRGEs,toalowscale,eitherMZ orMSUSY whereexperimentstakeplace. Hence,
flavorviolationeffectswillbegeneratedbytheRGEs.TheseRGEinducedflavorviolatingeffectswill
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besmallduetotheidealizedhighscaleboundaryconditions. Wealsowanttostressthat(2.60),(2.61)
and(2.62)depictidealizedboundaryconditions.Thesehavetobethoughtofasrepresentingalimit
inwhichsofttermsareperfectlyharmless. Onecanthenstudysmalldeparturesfromthislimit[61]
keepingflavorobservablesundercontrol.

Alignment Thesecondapproachonecantakeconsistsinassumingthatthesquarkssquared-mass
matricesarealignedinflavorspacewiththecorrespondingYukawamatrix[62].Concretely,itmeans
that,startingfromtheSuperCKMbasisinwhichtheYukawascouplingsarediagonal,thematrixwhich
rotatesthesquarkmassmatrixtoitsdiagonalformhassmallmixingangles.Thisensurethatflavor-
changingeffectsaresuppressedenoughandlowscaleSUSYprocessesarekeptwithinexperimental
ranges.Beside,ithasbeenarguedthatthealignmentparadigmcouldpotentiallyalsoadresstheSUSY
CPproblem[63].

Decoupling Finally,inthe"decoupling"or"irrelevancy"paradigmthesparticlemassesareex-
tremelyheavy.Therefore,supersymmetricsourcesofCPviolationandflavorchangingneutralcurrents
aresuppressedastheSUSYspectrumisdecoupled. However,ifsofttermsarecompletelyarbitrary,
thedegreeofsuppressionneededtobenotincontradictionwithdatagenericallyrequiresMSofttobe
wellabovetheTeVscale,atleastforsomeofthescalarmasses.Suchhighsoftbreakingscaleseems
toplayagainstthe MSSMasasolutiontothehierarchyproblem. However,onecanconsidermore
"natural"spectrainwhichonlythethirdscalargenerationislightwhereasthefirsttwoarekeptheavy
[64].ThisallowstokeptradiativecorrectionsintheHiggsmassundercontrol,asthisispreciselythe
stops,whichcoupledominantlytotheHiggs,whicharekeptlight.Furthermore,thisparadigmisalso
wellmotivatedbythefactthattheLHChasnotdiscovereds-partnerssofar. Thisimpliesthat,if
SUSYisrealizedinnature,thescalarspectrumisprobablyquiteheavy. Hence,anaturalspectrum
seemsaquitepragmaticsolutiontoexplainthatSUSYhasnotbeenyetdiscoveredif,atlowscale,
the MSSM,orany-nottoofarfromminimality-extensionofitcanstabilize,atleastpartially,the
electroweakscale.

2.5.3 Aglanceatthe MSSM massspectrum

Disclaimer:Inthissection,wedonotaimatgivinganexhaustivedescriptionofallmattersectors
withintheMSSMbutratheratillustratingthemixingmechanismsatworkonthespecificexampleof
theneutralinos.Theothersectors(squarks,sleptons,Higgs...)willbedescribedinthisworkwhenever
necessary.

AfterEWSB,thedifferentgaugeeigenstatesoftheMSSMwillmixamongeachothertopropagating
masseigenstatesifthequantumnumberswhichdistinguishthemrefertobrokensymmetries. For
example,thes-partnersoftheneutralweakandHiggsbosonsH0u,H

0
d,B

0,W0canonlybedistinguishby
thethirdcomponentoftheweakisospin11.But,afterEWSB,theSU(2)Lsymmetryisbroken.Hence,
thesefourgaugeeigenstatesmixeachotherandgiverisetofourmasseigenstatescalledneutralinosand

notedχi,i=1,2,3,4.Specifically,ifwedefinethegaugeeigenstatebasisasψ
0= B,W0,H0d,H

0
u ,

theneutralinomasstermintheMSSMLagrangianis:

Lmassχ̃i =−
1

2
ψ0

T
Mχψ

0+ h.c (2.63)

wherethehermitianmassmatrixMχcanbeparameterizedas:

Mχ=







M1 0 −cβsWmZ sβsWmZ
0 M2 cβcWmZ −sβcWmZ

−cβsWmZ cβcWmZ 0 −µ
sβsWmZ −sβcWmZ −µ 0





 (2.64)

withcβ≡cos(β),sβ≡sin(β),cW ≡cos(θW),sW ≡sin(θW). Herewehavetodefineaveryuseful
MSSMparameter,theβangledefinedthroughtan(β)≡vu

vd
withvu= H

0
u andvd= H

0
d theVEVs

11ExplicitlytheT3eigenvaluesoftheseeigenstatesare:T3(H0u)=−
1
2
,T3(H0d)=+

1
2
,T3(B0)=1,T3(W0)=+3.
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oftheneutralcomponentsofthetwoMSSMHiggsdoublets.M1andM2arejustthesoftgauginomass
termsandµisthesoftHiggsmasstermofLsoft(see(2.59)).Thismassmatrixcanbediagonalizeby
a4×4unitarymatrixZχ0toobtainmasseigenstatesdefinedas:

χ0i=(Zχ0)ijψ
0
j

Z∗χ0MχZχ0=diag mχ01,mχ02,mχ03,mχ04

(2.65)

wherebyconstructionthemasseigenstatesχiaremass-orderedi.e.mχ01<mχ02<...<mχ04. Thus,

usuallyχ01istheLSPandtheclassicdarkmattercandidateinmostspectra,unlessthereisalighter
gravitinoorR-parityisnotconserved.ItisinterestingtopointoutthatM3,thegluinosoftmass,has
notappearedinMχ.Indeed,ass-particlessharethesamequantumnumbersastheirSMcounterparts,
ifM3wouldhaveappearedinMχ,theSU(3)Cwouldhavebeenbrokenwhichisunacceptable.Note

also,thatonecanalwaysusephaseredefinitionsonBandW tosetM1andM2realandpositive.
H0u andH

0
d canalsoberenderrealandpositivebyusingthefreedomwehaveinsettingthevacuum

alignmentdirectionintheHiggspotential.Thephaseofµcannotberotatedawayinthesameway.
Nevertheless,itisusualtoassumeµrealtoavoidtoolargeCPviolatingeffectssuchaselectricdipole
momentsintheelectronorintheneutron. However,thesignofµwillremainunconstrainedandis
thusatruephysicalparameter.
Wewanttoendthissectionbygivingafewdefinitionswhichwillbeusefulinthenextchapters.

AfterMχhasbeendiagonalized,eachmasseigenstateχ
0
iistrulyasuperpositionofthedifferent

Higgsinosandgauginos:

χ0i=(Zχ0)i1B
0+(Zχ0)i2W

0+(Zχ0)i3H
0
d+(Zχ0)i4H

0
u (2.66)

with∀i=1,..,4 4
j=1|(Zχ0)ij|

2=1duetotheunitarityofZχ0. Wesaythatχ0iismorebino-
like,wino-likeorHiggsinos-likedependingonwhichtermdominatesinthedecomposition(2.66).For
example,χ01issaidbino-likeif|(Zχ0)11| |(Zχ0)21|,|(Zχ0)31|,|(Zχ0)41|.
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Chapter3

TheSUSY-SU(5)GUTmodelortheart
tosticktominimality

Inthischapter,wewouldliketogiveanintroductiontoonespecifictypeofSupersymmetricGrand
Unifiedtheory,theonebasedonthesimpleLieGroupSU(5). ThisLieGroupwillplayacrucial
roleinthesubsequentchaptersasallthephenomenologicalworkwhichwillbedevelopedintherest
ofthisthesiswillassumeanunderlyingSU(5)internalsymmetryattheGUTscale.Thischapteris
organizedasfollows. Thefirstsection,sec.3.1issomehowcomplementarytosec.1.6.Indeed,in
thissection,wewilldevelopsomeadditionallimitationsoftheSMthatSUSY/GUTarespecifically
abletoaddress. Furthermore,themotivationstopickSU(5)asagrandunifiedgroupwillbealso
investigated.Insection3.2,thestructureofSU(5)anditsassociatefieldcontentwillbepresented.
Finally,section3.3isgoingtobedevotedtothepresentationofafewimportantconsequencesthat
followfromSUSY/GUTmodels.Inparticular,andalsothemainfocusofthisthesisisnotonthis
issue,thequestionoftheinstabilityoftheprotonwillbebrieflysketched. Aswearenotgoingto
provideanexhaustiveintroductiontogrouptheory,theinterestedreaderisinvitedtorefertothe
references[65]forfurtherdetails.

3.1 Introduction

MotivationsforGUTs: Asalreadystated,thepurposeofaGrandUnifiedTheoryistoembedthe
SMgaugegroupGSMinalargerGrandUnified(GU)group.Thisembeddingenforcestheequality
ofthethreeSMgaugecouplingsataveryhighscaleg1=g2=g3≡gGUT. ButGrandUnified
Theorieshavealsoothersvirtues.Indeed,wewerenotcompletelyexhaustivewhenwehavediscussed
thelimitationsoftheSMinsection1.6andthereareatleasttwomorequestionsthattheSMisnot
abletoaddressonwhichwewouldliketoshedlighthere.

First,thereisthequestionofchargequantization. Mathematically,anyeigenvalueispossible
foranabelianU(1)groupandthus,itisnotclearwhyintheSMtheelectricandhypercharges
arequantizedinunitsof13. Thesecondreasonconcernsgaugeanomalies

a

b

c

.Indeed,wehavealready
mentionedthatgaugeanomaliesappearwhenaninternalsymmetrygroupisbrokenatthequantum

Figure3.1–AnomaloustrianglediagramintheSM.
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level,whencomputingradiativecorrections,althoughthetreelevelLagrangianrespectsthesymmetry.
IntheSM,gaugeanomaliesappearandcanbecomputedthroughthetrianglediagramdepictedon
fig.3.1.ForagaugegroupwithgeneratorsTa,thisdiagramisproportionalto:

Aabc=Tr Ta,{Tb,Tc} (3.1)

whereeveryfieldconfigurationhastobecomputed.IntheSM,eq.(3.1)issimplyproportionalto
thesumofthefermionelectricchargesinonegeneration.Asitturnsout,thegaugeanomaliesseem
tomiraculouslydisappearintheSMduetoaprecisecancellationbetweentheelectricchargesofthe
leptonsandthequarksineachgeneration. Clearly,thetwopuzzlesdescribedaboveseema-priori
related.Indeed,onecanhopethatatheoryabletoexplainwhytheelectricchargesarequantizedthe
waytheyarecouldsimultaneouslyaddressthequestionofanomalycancellationwithinaSMfamily.
Infact,thisisnotthecaseeverytime.Forinstance,theSU(5)GUTadresstheformereventhough
anomalycancellationstilllooksmiraculous.Goingtoahigherrank(seebelow)GUgroup,forinstance
SO(10),allowshowevertoliftthesecancellationstoanintrinsicfeature.

WhyshouldwepickSU(5)asthe GUgroup? Historically,thefirstattempttobuildaGUT
wasduetoJ.PatiandA.Salamin1974[66].TheirtheorywasbasedontheinternalgroupSU(4)C×
SU(2)L×SU(2)R.Theoriginalideawastoembedthequarksandleptonsofagivenfamilyinaunique
representationwherethechargedleptonwasseenasthe"fourth"color.However,onecanimmediately
seethatthisGUTisnotreallyone.Indeed,evenwithadiscretesymmetryrelatingthetwoSU(2),the
Pati-SalamGroupstillimpliesatleasttwoindependentcouplingconstants.Thus,itdoesnotreach
thegoalofunifyingallSMgaugeinteractions.Itishencedesirabletoobtainasimplegroupcapableof
unifyingallSMgaugecouplingsintoone.But,whichLieGroupshouldweuse?First,ifonewantsto
embedGSMinalargergroup,oneneedsagroupwitharankatleastequaltotheoneofGSM,whichis
4. Werecallhere,thattherankofaLieGroupisdefinedasthemaximalnumberofgeneratorswhich
canbediagonalizedsimultaneously.ThesehavetobediagonalduetoSchurLemna(see[65])and,in
thecaseofinterest,thesecorrespondtoT3,thethirdgeneratorofSU(2),T3andT8-thethirdand
eightgeneratorofSU(3)-andY,thehyperchargegenerator. Thereare9simpleorsemi-simpleLie
Groupsofrank4thatcouldpotentiallydothejob.Thefirstconstraintthatwillhelprestrictfurther
thissetofcandidatesisthattheGUgroupshouldobviouslyincludeSU(3)asoneofitssubgroups.
Second,asithasalreadybeenpointedout,particlesandanti-particlestransformdifferentlyintheSM.
Hence,theGUgroupshouldowncomplexrepresentationsabletoaccomplishthisdistinction.Oneis
thenleftwithSU(5)astheonlysimplegroupabletofulfilltheserequirements.

Thefirstnon-SUSYSU(5)GUTwasoriginallyproposedbyS.GlashowandH.Georgiin1974[67].
Thismodelbelongstopastnow,asithasbeenexcludedbypreciseLEPgaugecouplingmeasurements
[68].Fromatheoreticalpointofview,thisisnotabigdealthough.Indeed,wehaveseeninsection
2.1thattheunificationofgaugecouplingsworkswaybetterinthe MSSMthanintheSManyway.
Itisthusnaturaltosupersymmetrizethenowruledoutnon-SUSYGlashow-Georgimodel. Beside,
thisembeddingcanbedoneinaquitestraightforwardmanner.JustpromoteeverySMfieldtoa
superfieldandusetwoHiggsdoubletsinsteadofonetoavoidgaugeanomalies.Thisbeingestablished,
theminimalsupersymmetricSU(5)model[69]hastobeseenastheprototypeofSUSYGrandUnified
theory.Inthissens,itconstitutesalaboratorytostudytheconsequencesofembeddingtheSMgauge
groupinahigherrankgroupatveryhighscale.Ofcourse,asallprototypes,ithasflaws. Maybe,the
bestknownofthemisthatSUSY/GUTsand,specificallytheminimalSUSYSU(5)predictsproton
decaywithasubstantialrate[69]whichhighlyrestrictsitsparameterspace. However,additional
mechanismsexistandcanbeaddedtothecore modeltopushtheprotonlifetimebeyondlower
boundsprovidedbycurrentexperiments. Wewillgivesomedetailsaboutoneofthemintherestof
thischapter.
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3.2 IntroductiontoSU(5)andfieldcontent

Afterthisgeneralintroduction,wewouldliketogivemoreformaldetailsabouttheSUSYSU(5)
theory.Althoughthemodelisruledoutbynow,itwillbehelpfultodiscusstheSU(5)structureand
fieldcontentinthenon-SUSYcase.Thiswillallowtoeasilysupersymmetrizeitinthesecondpartof
thissection.

3.2.1 TheGlashow-Georgi model:

Following[6],werecallthatageneraltensorΨij···kl···transformsunderanSU(N)rotationas:

ψij···kl···→U
i
mU

j
nU
s
kU
t
l···ψ

mn···
st··· (3.2)

whereallindicesrunfrom1toN.TheN×NunitarymatricesUim aregivenby:

[U]im=[exp(iα
aTa)]im. (3.3)

AnSU(N)grouphasN2−1generatorsrepresentedbythehermitianandtracelessmatricesTa=λa

2
(a=1···N2−1)wheretheλaaregeneralizedGellMannmatricesnormalizedtoTrλ

aλb =2δab.
InthecaseofSU(5),these52−1=24generalizedGell-Mannmatricesare,forexample:

λ3=









0
0
0
1
−1








, λ0=

1
√
15









2
2
2
−3

−3








. (3.4)

TheSU(3)C×SU(2)L×U(1)Ydecompositionisobtainedbyidentifyingthefirstthreeindicesofan
SU(5)multipletΨiwithcolorindices.Theseareconventionallynotedwithgreeklettersα,β=1,2,3.
Theremainingtwoweak-isospinindicesarenotedwithlatinlettersr,s=4,5.Thehyperchargevalue
followsthenfromthenormalizationofthegenerators(seesection3.3).

OnecanshowfromtheSMfermioncontent(1.11)thatallfieldsofonefamilyfitintotwoimportant
representationsoftheSU(5)group,namelythe5-dimensional(anti-)fundamentalrepresentation5and
the10-dimensionalantisymmetricrepresentation10=[5×5]a.5containsthedown-typeanti-quark
andtheleptons:

5= 3,1,
1

3
⊕ 1,2,−

1

2
=(dcR,d

c
B,d

c
G,e,−ν)

T
L =

dc

2L
(3.5)

whereas10containsthequarkdoublet,theup-typeanti-quarksingletandthechargedanti-lepton
singlet:

10=[5×5]a= 3,1,−
2

3
⊕ 3,2,

1

6 a

⊕(1,1,1)

=
1
√
2









0 −ucG ucB −uR −dR
ucG 0 −ucR −uB −dB
−ucB ucR 0 −uG −dG
uR uB uG 0 −ec

dR dB dG ec 0









L

= 3u
c Q

−QT 2e
c

(3.6)

wherethesubscriptaindicatesthatonehastopicktheantisymmetricpartoftherepresentation.The
lowerindicesR,B,Grefertothecolorofthequark(Red,Blue,Green). Allfieldshavebeentaken
left-handedthankstothechargeconjugationtrick(ΨR)

c=CΨR=(Ψ
c)L≡Ψ

c
LwithC=iγ2γ0,the

4×4Diracchargeconjugationmatrix.Notethatinthelaststepofeqs(3.5)and(3.6),wehaveused
ashorthandnotationwhere2≡iσ2(resp: 3)isthe2D(resp:3D)Levi-Civitaantisymmetrictensor.
Mostgenerallyinwhatfollows, nwillbeunderstoodtobethen-dimensionalantisymmetrictensor
withtheconvention 12···n≡+1.
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Thegaugebosonsliveasusualintheadjointrepresentationofthegroup.ForSU(5),thisisa24
whichdecomposesunderGSMas:

24=(8,1,0)⊕(1,3,0)⊕(1,1,0)⊕(3,2,−
5

6
)⊕(3,2,

5

6
) (3.7)

Thisrepresentationcontainsthegluons,theW bosonsandBbosoninitsdecomposition. Moreover,
theadjoint24introducesalso12morebosonswhicharenotpresentintheSM.Thesetransformas:

Arα=(3,2)andA
α
r= 3,2 (3.8)

underSU(3)C×SU(2)L.TheseextragaugebosonsarecommonlynamedXandYandnoted:

Arα=(Xα,Yα),A
α
r=

Xα

Yα
(3.9)

Thesegaugebosons,duetotheirinternalquantumnumberassignment-XandYarescalarswhich
ownbothnon-vanishingcolorandelectriccharges-,violateLeptonandBaryonnumber,thusopening
protondecaychannels(seesec3.3).Specifically,theirelectricchargesareequalto:

QX=−
4

3
,QY=−

1

3
(3.10)

Finally,allthesebosonscanbemergedintoasingleobjectifonedecomposesanelementofthe
adjointrepresentationoverthebasisofthegenerators:

Aµ=
24

α=1

AαµT
α=

1
√
2










1√
2

8
a=1G

a
µλ
a

X∗Rµ Y∗Rµ
X∗Bµ Y∗Bµ
X∗Gµ Y∗Gµ

XRµ XBµ XGµ
1√
2
W3µ W+µ

YRµ YBµ YGµ W−µ −1√
2
W3µ










+
Bµ

2
√
15









−2
−2

−2
3
3









(3.11)
whereλaarethe-SU(3)-Gell-MannmatricesandGaµtheeightgluonfields.

3.2.2 TheYukawasector

TowriteYukawainteractionsinSU(5)theories,twofundamentalrepresentationsconjugatedfrom
eachothersareneededtoformgaugeinvariantterms:

5H=
T
H
,5∗H=

T∗

H∗
(3.12)

whereH=
H+

H0
istheusualSMHiggsdoubletandTisacolortriplettransformingas(3,1)under

SU(3)×SU(2).NotethatTandT∗areextremelydangerousastheywillopendecaychannelsforthe
proton.Toprotecttheprotonfromdecayingtooquickly,wewillneedtofindawaytodynamicallyset
thetripletmassesattheGUTscaleasitwillbedescribedinsubsubsection3.2.4.1.Themostgeneral
SU(5)YukawaLagrangianisthen:

LY=5
c
FY510F5H+

1

8
510FY1010F5H (3.13)

whereY5andY10arematricesingenerationspaceandtheoptionalfactor
1
8hasbeenheretakenfor

convenience.
Wenowhavealookateachofthetwotermsineq.(3.13),startingwiththefirstone. Weare

interestedinthecouplingofthefermionswiththelightSMHiggsfield,sothistermcanberewritten
as(seeeqs(3.5)and(3.6)):

5cFY510F5
∗
H= dc−L2 Y5

3u
c Q

−QT 2e
c

T∗

H∗

→dcY5QH
∗+LY5e

cH∗.

(3.14)
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Rewrittingthesecondtermofeq.(3.14)as:

LY5e
cH∗=ecYT5LH

∗ (3.15)

leadtothemostwell-knownSU(5)prediction:

YD=Y
T
E (3.16)

i.e.thattheYukawamatricesinthechargedleptonanddownquarksectorsaretransposedfromeach
other.NotethatthisrelationisonlyvalidattheGUTscaleandonestillhastoevolveitdowntothe
weakscale,whereexperimentsarerun,byRGEs.Itturnsoutthatthisunificationworksrelatively
wellforthethirdgenerationbutitcompletelyfailsforthelighterfirstandsecondgenerations(see
[70]).Thisproblemcanbeovercomebyaddingeitherscalarmultiplets[71]orPlancksuppressedhigher
dimensionaloperators[69][72]. Wewanttostressherethataddinghigherdimensionaloperatorsto
theSU(5)modelshouldnotbeseenasarenouncementofminimality.Indeed,theseoperatorswould
arisewhenintegratingoutdegreesoffreedomwithmasseslyingbetweentheGUTandPlanckscales.
But,aGrandUnifiedtheorybeingitselfaneffectivetheory-itdoesnotincludegravity-,aGUTis
notrelevanttodescribethedynamicbetweenMGUT andMPlanckwherecertainly,newphysicsmust
appeartoproperlyhandlethequantumeffectsofgravity.
Backtothesecondtermineq.(3.13),weseethatitcontainsthe5DLevi-Civitatensor. Moreover,

sincethistermissymmetricwhenweswitchthetwo10F,onlythesymmetricpartofY10survives.
Hence,Y10issymmetricaswell.Ifwemaketheindicesreappear,thistermtakestheform:

510FY1010F5H= ijklm(10F)
ijY10(10F)

kl(5H)
m (3.17)

Usingourconventiontosplittheindicesincolorandelectroweakindices,eq.(3.17)canbeexpanded
to:

(3.17)→2αβγrs(10F)
αβY10(10F)

γr(5H)
s

+2γrαβs(10F)
γrY10(10F)

αβ(5H)
s

=2αβγrs(10F)
αβ Y10+Y

T
10 (10F)

γr(5H)
s.

(3.18)

Thefactor2comesfromthetwopossibilities,(10F)
γrand(10F)

rγ.Clearly,wehaveαβγrs= αβγ rs

so:
2αβγ

αβδucδ Y10+Y
T
10 Q

γa
rsH

b

=4ucδ Y10+Y
T
10 Q

δr
rsH

s
(3.19)

Finally,returningtoanindexfreenotation:

1

8
510FY1010F5H=

1

2
ucY10+Y

T
10 QH (3.20)

leadstoasymmetricupYukawamatrix:

YU=Y
T
U. (3.21)

Thisrelation,andinparticularitsgeneralizationsintheSUSYcasetosoftterms(seesubsection3.2.4),
willplayacentralroleinthisthesisanditsphenomenologywillbeextensivelystudiedinthenext
chapters.

3.2.3 SpontaneousSU(5)symmetrybreaking

Obviously,inordertobeconsistentwithlowenergydata,theGUgroupneedstobebrokendown
totheSMgaugegroupbyageneralizationoftheHiggsmechanismdescribedinsubsection1.4.1.To
dothis,aHiggsfield24H intheadjoint24-dimensionalrepresentationcanbeused.Ifweimposea
discretesymmetry24H →−24H whichforbidscubic-terms-whichwouldmakethescalarpotential
unboundedfrombelow-themostgeneralSU(5)-symmetricHiggspotentialtakestheform:

V(24H)=−
1

2
m21Tr(24H)+

1

4
aTr 242H

2
+
1

2
bTr 244H . (3.22)
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Thispotentialhasthefollowingminimumifb>0anda>−7/15b:

0|24H|0=diag(2,2,2,−3,−3)v=vλ0 (3.23)

wherevisrelatedtom1,aandb(seeeq.(3.22))by:

v2=2m21/(15a+7b). (3.24)

NotethattheadjointhastakenaVEVintheλ0direction 0|24H|0 ∝vλ0(seeeq.(3.4)). This
guaranteesthatthisVEVleavestheSMgaugegroupGSMunbrokenasitshouldbe.Inasecond
stage,thebreakingoftheelectroweaksymmetryhastobetriggered.Todoso,weneedthetwoscalars
5-pletsofsubsection3.2.2,theHiggsφ4potentialcanthenbewritten:

V(H)=−
µ2

2
5∗H5H+

λ

4
(5∗H5H)

2 (3.25)

where5H takesaneutralVEVintheSMHiggsdoubletdirection:

5H =









0
0
0
0
v0√
2








,v20=

2µ2

λ
. (3.26)

Wewillseelaterthat,inordertostabilizetheproton,weneedastronghierarchybetweenthetwo
VEVsv 1012v0.
Eventually,amixingtermbetweenthescalars24and5canalsobeaddedtothepotential:

V(24H,5H)=α5
∗
H5HTr 24

2
H +β5

∗
HΦ

25H. (3.27)

Howeveras24H and5H arenowcoupled,24H alsobreakstheelectroweaksymmetry.But,inany
casesSU(3)Chastobeleftintactinthelowenergytheory.OnecanthentrytogiveaVEVto24H
inadirectionslightlyawayfromtheSMneutraldirection.Onethenlookforsolutionsoftheform:

24H =diag v,v,v, −
3

2
−
2
v, −

3

2
−
2
v (3.28)

where parameterizedthedeviationfromtheλ0SMneutraldirection.Beside,weknowthatinthe
limitwhereno24H−5H mixingispresenti.e.ifα=β=0, mustvanish. Thesolutionwhich
satisfiesthesecriterialookslike:

=
3

20

βv20
bv2
+O

v40
v4

(3.29)

Giventhatv∼O(MGUT)andv0∼(MW),thebreakingofSU(2)dueto24H ismuchsmallerthan
theonedueto5H .Ifwerecomputethevalueofm

2
1(the24H massparameter,seeeq.(3.22))and

ofµ2,weendupwith:

m21=
15

2
av2+7

15

2
bv2+αv20+

9

30
βv20 (3.30)

and

µ2=
1

2
λv20+15αv

2+
9

2
βv2−3βv2. (3.31)

However,hereweareconfrontedtoastronghierarchyproblemsimilartowhatwasdiscussedin
subsection1.6.1.Indeed,weknowthatµ,theSMHiggsdoubletmassparameter,hastobeofthe
orderoftheweakscaleµ∼O(MW).But,lookingattherighthandsideofeq.(3.31),weseethat,
withoutimposinganyconstraintonαnorβ,thenaturalthingtodotoachievesuchcancellationwould
betosetvatavalueoftheorderofv0i.e.v∼v0.
But,thiswouldcompletelydestroythemodelasoneneedspreciselyastronghierarchybetween

thetwoscalesv0∼O(MW)andv∼O(MGUT)toleadtoanacceptablephenomenology.Toavoidto

spoilthishierarchyweneedtotuneαandβtoonepartin v2

v20
∼1024.
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Thisextremelyaccuratetuningofthefreeparametersseems mostlikelytoteachusthatthe
theoryathandisincomplete.Onethenneedstointroduceamoregeneralframeworkinwhichthese
parameterswouldnothavetobetunedsoprecisely. Aswehavearguedinthelastchapter,SUSY
mightconstituteasolutiontothisproblem.Beside,asalreadypointedout,theminimalSU(5)non-
SUSYGUTisruledoutanywaybothbygaugecouplingsmeasurements-roughly,notenoughd.o.fs
arepresentinthespectrumwhenevolvingthegaugecouplingsfromMGUT downtoMW tomatchthe
measuredlowenergyvalues-andbyatoohighprotondecayrate.SUSYhelpsforbothproblemsas
itdoublesthenumberofd.o.fsinthespectrumandallowsalsotofurthersuppress,atleastpartially,
protondecayrate(seesection3.3).Forthesereasons,itisthennaturaltoembedtheSU(5)GUTin
aSUSYframeworkandthatiswhatwearegoingtodonow.

3.2.4 TheSUSYSU(5) model

Asstatedinsection3.1,supersymmetrizingtheGlashow-Georgimodelisquiteeasy.Justpromote
everySMfermion(resp:boson)fieldtothecorrespondingchiral(resp:vector)superfieldandintroduce
twoindependentHiggssuperfieldstoenforcetheholomorphyofthesuperpotential. Nonetheless,as
thisembeddingwillhavestrongconsequencesonthelowenergyphenomenology,wewanttodescribe
inthissubsectionthesuperpotentialoftheminimalSUSY-SU(5)modelindetails.
WestartwiththeYukawasector.Basically,itsstructureremainsunchangedcomparedtothenon-

SUSYcase. WeneedhowevertwoHiggs5-plets5uH and5
d
H tocancelgaugeanomalies.Theycontain

thetwoMSSMHiggsdoubletswhichgivetheirmassestotheupanddownfermions,respectively.The
Yukawasuperpotentialisthen:

WY=5
c
FY510F5

d
H+ 510FY1010F5

u
H (3.32)

whereallfieldsarechiralsuperfieldsandthesubscriptFindicatesthattherepresentationcontainsthe
associatematter(fermionic)multipletofsuperfields.ThesymmetryrelationsontheYukawamatrices
derivedinthenon-SUSYcasei.e.YD=Y

T
E andYU=Y

T
U areleftunchangedintheSUSYversionof

themodel.Evenmore,ifwesupposethatsoftSUSY-breakingtermsaregeneratedaboveMGUT and
thatthemediatorofSUSYbreakingisanSU(5)singlet,twoassumptionsthataremadeinthisthesis,
onecanshowthatthesesymmetryrelationspropagatetothesofttermsoftheMSSMeq.(2.59)(see
[73]).Hence,withthenotationsofsection2.5,wehaveonthetopofYD=Y

T
E andYU=Y

T
U alsothe

followingrelations:

YD=Y
T
E ⇒

M2D=M
2
L

AD=A
T
E

YU=Y
T
U ⇒

M2Q=M
2
E=M

2
U

AU=A
T
U

(3.33)

Ofalltheserelations,thelastonewillbeinterestingforus.Indeed,thisthesiswillbededicated
tothestudyofthelowenergyconsequencesofaGUTscalesymmetrictrilinearcouplingintheup
sector. Wewillgivemoredetailsonthisinthenextchapters.
Backtothesuperpotential,althoughsupersymmetrizingtheGlashow-Georgimodelhelpswith

gaugecouplingsunification,itdoesnotimprovesubstantiallythesituationwithregardtoYD=Y
T
E.

Thenagain,onehastoaddeitherhigherdimensionaloperatorsoranextendedHiggssectortocure
thebadmassrelationandreconciletheminimalSUSYSU(5)modelwithexperiments([74],[75]).
NowletusturntotheHiggssector. Themainchangecomparedtothenon-SUSYcaseisthat

theadjoint24H hastobeacomplexmultipletinordertomaintainanequalnumberoffermionicand
bosonicd.o.fswithineachsupermultiplet.Thesuperpotentialfortheadjoint24andtheHiggs5-plets
takesthentheform:

W(24H,5H)=M24Tr 24
2
H +

λ

3
Tr 243H +α5

d
H24

2
H5
u
H +µ5

d
H5
u
H. (3.34)

SU(5)willbebrokentoGSMwhen24H willtakeaVEVintheSMneutraldirection:

24H =
2m

3α
vdiag 1,1,1,−

3

2
,−
3

2
(3.35)

55



andthepartofthenowSU(5)brokensuperpotential:

W =3dH3
u
H µ+

2

3
m +2dH2

u
H µ−m (3.36)

willalsosufferfromahierarchyproblemsimilartowhatwasdiscussedinthenon-SUSYcase.Indeed,
thebreakingofSU(5)toGSMdueto 24H shouldbothleavethe MSSMHiggsdoublets2dH,2

u
H

masslesswhilesendingthecoloredtriplets3dH,3
u
H atamassofO(MGUT). Thislastconditionis

neededtostabilizetheprotonasitisthetripletswhichwillmediateitsdecay.Formally,thisdoublet-
tripletsplittingcanbeachievedifweacceptthetuningµ=m (withµ,µ∼O(MGUT)).However,
suchconspiracytokeeptheHiggsdoubletsexactlymasslessseemsquiteunsatisfactoryandactually,
modelshavebeendevelopedtoachievethismorenaturally.Thesemodelswillunfortunatelycomeat
thepriceofdroppingtheminimalitycondition. Here,wewanttodescribethemostknownofthem
namely,the"missingpartnermechanism"[76].

3.2.4.1 The missingpartner mechanism

Theideabehindthemissingpartnermechanismistointroduceinthesuperpotentialalarger50
representationthatcontainsweaktripletsbutnodoublets.Indeed,50decomposesunderSU(3)×
SU(2)as:

50=(8,2)⊕(6,3)⊕ 6,1⊕(3,2)⊕ 3,1⊕(1,1). (3.37)

Infact,weneedboth50and50toavoidgaugeanomalies. Weneedalsotoextendtheadjoint24to
a75notedΣinordertowriteSU(5)invariantmixingtermsbetween5uH,5

d
H and50,50.

Therelevantpartofthesuperpotentialreads:

W =
M

2
Tr Σ2 +

a

3
Tr Σ3 +b50Σ5uH+c50Σ5

d
H+M5050 (3.38)

where,andthisiscrucial,nomassterm5dH5
u
H ispresent.Thisisadirectconsequenceofthefactthat

the50-dimensionalrepresentationdoesnotcontainanyweak-doublet(seeeq.(3.37)).SU(5)willget
brokentoGSMwhenΣwillgetaVEV, Σ ∼ M

a. TheresultingSU(3)×SU(2)×U(1)invariant
superpotentialis:

W =350
Mb

a
3uH+350

Mc

a
3dH+M350350, (3.39)

where3uH,3
d
H and350aretheSU(3)tripletsinthe5

u
H,5

d
H and50representations,respectively. We

seehere,thattheHiggscoloredtripletsgetamassoforderM ∼M ∼O(MGUT)whereastheMSSM
Higgsdoubletsremainmassless. Wehavethenachievedthegoalofsendingthetripletsmassesat
theGUTscalewhilekeepingthedoubletsmasslesswithoutanyfine-tuningoftheparametersofthe
theory.

Thereisonecaveatthough.Indeed,onecanshowthathavinglargerrepresentationssuchas50or
50enteringtheRGEsofthetheorybreakstheperturbativityoftheSU(5)gaugecouplingabovethe
GUTscale. Onehasthentoinvokeageneralizationofthemechanismdescribedabove,the"double
missingpartnermechanism"toguaranteebothasolutiontothedoublet-tripletsplittingproblemand
perturbativityoftheGUTcouplinguptothePlanckscale(see[77]and[28]).

3.3 Physicalconsequences

Inthissection,wewouldliketoreviewafewimportantconsequencesofGUTswhichwerealready
spottedintheprevioussections.Inparticular,wearegoingtogivesomedetailsonhowfermion
electricchargesquantizationfollowsnaturallyfromaGUgroupandhowthisquantizationisrelated
toanomalycancellations. WearealsogoingtodescribehowprotondecaychannelsopeninGUTsand
whataretheconditionstopushitslifetimehighenoughtoenforcethestabilityofmatter.
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3.3.1 Chargequantization

Westartwiththequestionoffermionchargequantization. WhentheSMgaugegroupisembedded
inahigherrankgroup,theelectricandhyperchargesarequantizedbecausetheeigenvaluesofthe
generatorsofanon-abeliangrouparediscrete.Beside,sincetheelectricchargeisanadditivequantum
number,it mustbealinearcombinationofthediagonalgeneratorsoftheGUgroup. Wehave
mentionedpreviouslythatthenumberofdiagonalgeneratorsofagroupdefinesitsrank.SU(5)being
ofrank4,itwillhave4diagonalgenerators.Clearly,QhastocommutewiththegeneratorsofSU(3)C,
whichisranktwo.TheonlytwodiagonalgeneratorswhichareleftareT3=λ3

2,thethirdcomponent

oftheweakisospin,andT0=λ0
2,thehyperchargegenerator.

Wehencehave:

Q=I3+
Y

2
=T3+cT0 (3.40)

wherethenormalizationcoefficientccanbeobtainedbycomparingtheeigenvaluesofYandT0.
Thisleadsto:

c=−
5

3
. (3.41)

whichindeedyieldstothecorrectelectricchargesforthefundamentalrepresentation:

Q(5F)=









−13
−13

−13
1
0








. (3.42)

Theconjugaterepresentation5FsimplyhasoppositechargesQ 5
i
F =−Q 5jF δij.Foraranktwo

tensorψ,theelectricchargescanbecalculatedvia:

Q(ψij)=Qi+Qj;

Q ψji =Qi−Qj
. (3.43)

Onecanshowthatforthefermionicten-dimensionalrepresentation10F ortheadjoint24H,the
electricchargesarealsocorrectlyreproduced.Generalizationstohigherordertensorsofeq.3.43can
beobtainedinasimilarmanner.
Beside,inaGUTframework,alsoarelationbetweenthecolorandelectricchargesemerges.Since

thegeneratorsofSU(N)aretraceless,wegettherelation:

NcQd+Qec=0 (3.44)

fromeq.(3.42)whereNcisthenumberofcolors.InSU(3)c,Nc=3,whichenforcesthattheelectric
chargesarequantizedinunitof13. Hence,thepatternofgaugequantumnumbersseemswayless
arbitrarywhenimposingaGUgroupthanintheSM. Weinsistonthefactthatthequantizationof
electricchargesemergesonlyinthecaseswheretheGUgroupispurelynon-abelian.Forinstance,if
SU(5)isextendedbyaU(1)factorasitisthecaseinflippedSU(5)[78],electricchargesdonothave
tobequantizedanymore.However,awideclassofGUTmodelsimplychargequantizationaslongas
neutrinosareMajorana[79],whichseemsareasonableassumption.
Wenowhavealookatanomalycancellations.In SU(N)gaugetheories,theSManomalyeq.(3.1)

simplifiesto:

Aabc=Tr ta{tb,tc}=
1

2
A(R)dabc (3.45)

whereRistherepresentationathandandfabcaretheconstantstructuresofthegroup.A(R)is
independentofthechoiceofgeneratorssothatwearefreetouseta=tb=tc=Qwithoutlossof
generality.Thisgivesustheanomalyratioofmattercontent:

A 5F

A(10F)
=
TrQ3 5F

TrQ3(10F)
=

3(13)
2+(−1)3+0

3−23
3
+3 2

3

3
+3 −13

3
+13

=−1 (3.46)
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whichshowsthatgaugeanomaliescanceloutbetweenthe10Fand5Frepresentations.However,inthe
minimalSUSYSU(5)model,thiscancellationseemsalsotooccuraccidentally,althoughextendingthe
GUgrouptothenextwellmotivatedcandidate,SO(10),allowstoliftthiscancellationtoanintrinsic
feature.

3.3.2 Protondecay

In,theSM,thetotalbaryonandleptonnumbersareaccidentallyconserved.Thisimpliesthatoperators
inducingprotondecayareforbidden,andthus,toanyorderinperturbationtheory.Hence,intheSM,
theprotonisperfectlystable. Ontheotherhand,inGUTs,theHiggsandothersSMbosonsgot
embeddedinlargermatterrepresentations. Thesenewvectorandscalarrepresentationsimplythat
moredegreesoffreedomarepresentinthespectrumofthetheoryaswehaveseeninthelastsections.
Thesenewd.o.fsarealsocoloredandgenerallyownanonvanishingelectriccharge. Thus,nothing
preventstheprotonfromdecayingthroughtheexchangeofthesenewparticles.Sinceprotondecayhas
notbeenseen,itishenceimportanttopushtheprotonlifetimebeyondcurrentsexperimentallimits.
Inordertodoso,particlesmediatingitsdecayhavetogetsuper-heavydecouplingmasses,typically,
atamagnitudeofafeworderbelowtheGUTscale. Thedoublet-tripletsplittingmissingpartner
mechanismofsubsubsection3.2.4.1wasdesignedexactlytodothistask. Beside,asthemediators
ofprotondecayhavetolieneartheGUTscale,onecanintegratethemout. Thiswillresultinthe
appearanceofhigherdimensioneffectiveoperators.Fromthere,twocasesshouldbedistinguished.In
non-SUSYGUTs,themaincontributionarisesfromdimension5operatorsgeneratedwhenintegrating
outtheX(QX =±

4
3)andY(QY=±

1
3)d.o.fsoftheadjointrepresentation24H (seeeqs.(3.8)and

(3.11)).Thesebaryonnumberviolatingoperatorsareoftheform:

Ld=6∆B=1=
g2

2M2X
αβδ(u

c)αγµQ
δb ecγµbαQ

βa+ d
c β
γµabL

a + h.c (3.47)

whereMX isthecommonsuperheavymassoftheX andYbosons. L
eff
∆B=1 opensprotondecay

channelssuchasp→ e+π0whoseFeynmandiagramisdepictedonthelefthandsideoffig. 3.2.
Fromthisdiagram,onecancomputetheprotondecayratewhichisequaltoΓp∼10

−3m5p/M
4
X with

mp,themassoftheproton.The2012PDG[25]givesτp>10
33years,whichleadstoalowerbound

onMX ≥4×10
15GeV.ThecrucialpointisthatwhereasintheSMcase,theunificationscaleis

relativelylowMSMGUT ∼10
14GeV,intheSUSYcase,thisscaleispushedtoMSUSYGUT ∼1016GeV. We

henceseethatintheSMcase,thelowerboundonMX allowstofurtherexcludetheminimalSU(5)
modelwhereasintheSUSYcase,thisboundcanbeaccommodatedthankstothehigherunification
scale.Infact,intheSUSYcase,newchannelsareopenanddimension-6operatorswillturnoutto
besub-dominant,themaindecaychannelsarisingfromlowerdimensionaleffectiveoperators.These
dimension-5operatorsaremediatedbytheexchangeofsuperheavycoloredHiggstripletsinthe5uH,
5dH representations(seeeq.(3.12))neededtobreaktheelectroweaksymmetry. Whenintegratingout
TuandTd,thedimension-5effectivesuperpotentialis:

Wd=5=
1

2MT
3(QY10Q)QY

T
5L +

1

MT
(dcY5u

c)(ucY10e
c) (3.48)

withMTthecommonsuperheavymassoftheHiggstriplets.

Anexampleofdecay,p→ K+ν̄τ,arisingfromWd=5 isgivenontherighthandsideoffig.3.2.
Thesedecaysareextremelydangerousasthecorrespondingrateisonlysuppressedby1/M2Tinsteadof
1/M4X asitisthecasefordimension6operators.Dimensions5operatorscanhencelowersignificantly
theprotonlifetimegenerallyhighlyrestrictingtheparameterspaceoftheminimalSUSYSU(5)model
([69,80]).Thishasevenleadtheauthorsof[81]toclaimtheexclusionoftheminimalSUSYSU(5)
model.However,lateranalysisshowedthatthisclaimwaspremature.Indeed,onehastoremember
thattheminimalrenormalizableversionoftheSUSYSU(5)modelisruledoutanyway. Asalready
pointedout,Plancksuppressedhigherdimensionaloperatorsareneededtocurethebadleptons-quarks
massrelations.ThesePlancknon-renormalizableoperatorscaninturnhelptoincreasethelifetimeof
theprotonofseveralordersofmagnitude,pushingitabovecurrentslimits[69,81].
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Figure3.2–Left:X andYmediateddimension-6protondecayp→ e+π0. Right:SUSYspecific
dimension-5protondecayp→K+ν̄τ.Ontheright,theblobindicatesthedimension-5insertionthat
ariseswhenintegratingouttheHiggstripletfields.

Wewanttoconcludethischapterbypointingoutthatuntilnow,wehadconsciouslyomittedthe
questionofneutrinomasses.Indeed,the10F and5F representationscannotincluderight-handed
neutrinos,makingimpossibletogeneratemasstermsfortheminaminimalway.Itisthusclearthat
theSU(5)modeliscryingforanextension. AfirstpossibilityistoassumethatR-parityisbroken
(see[82]). However,relaxingR-parityconservationhavedangerousphenomenologicalconsequences.
First,R-parityviolatingtermscanallowdarkmattertodecay,makingitunstable.Second,thesecan
mediatetreelevelprotondecaythroughdimension-4operators.Thesechannelswilldecreasetheproton
lifetimedramatically.Toavoidbothproblems,itseemsthateitheradditionaldiscretesymmetriesneed
tobeinvoked(see[83])oralargehierarchyneedstobepresentinR-parityviolatingcouplings[84].
AsecondpossibilityistoextendtheSU(5)gaugegroup,toincludetherighthandedneutrinoasa

gaugesinglet,asitisforexamplethecaseinflippedSU(5).Inthiscontext,ithasevenbeensuggested
thatdimension6operatorcontributionstoprotondecaycanvanishifoneimposessimpleconditionson
fermionmixingterms(see[85]).OnecanalsoextendtheHiggssector,forexamplebyaddingasecond
GUTbreakingadjoint24H (see[28]).Lastly,onecanalsodecidetoextendtheSU(5)grouptothe
nextwellmotivatedcandidateforunificationnamely,SO(10).Indeed,inSO(10)allmattercontentof
onefamily,includingtherighthandedneutrino,getsunifiedintoone16-dimensionalrepresentation.
Onecantheneasilyimplementsee-sawmechanisms(seesubsubsection1.4.2.2)allowingtogenerate
naturallysmallneutrinomassesinthisframework.
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PartII

NewtestsforSU(5)-likeup-squarks
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Chapter4

TastingtheSU(5)natureof
supersymmetryattheLHC

Inthelastchapter,wehavedescribedtheSU(5)GrandUnifiedtheoryquiteextensively.Inparticular,
specialcarewasgiventotheflavorsectorwherewehaveshownthattheSU(5)inducedsymmetry
relationswhichholdintheYukawasectorpropagatetothesofttermsincaseofasupersymmetric
theory.

Inthischapter,wearegoingtoshowthatthisfactopensupintriguingpossibilitiestobuild
relativelysimplephenomenologicaltestsonlowscaleSUSYspectra.Theoutputofthesetestswillin
turnindicatewhetherifthespectrapointornottowardahighscaleSU(5)-likedynamics.

WhereasmostpreviouslowenergystudieswhereaxedonthecorrelationofFCNCprocessesbetween
theleptonicandhadronicsectors,ouraimhereistostayconfinedwithintheup-squarksectorwhere
anewsymmetryrelationemerges,waymoremodelindependent.

Notethatthischapterisinspiredfromthepublishedreferences[86,87].

4.1 Introduction

UnravellingwhetherornotNatureisSU(5)-symmetricatshortdistanceconstitutesachallenging
openproblemofparticlephysics.Inparticular,havingclearevidenceinfavorofaGUTwouldallow
todrasticallyreducethenumberoffreeparametersintheSM.ThiswillmaketheSMmorepredictive
whichiscertainlysomethingdesirablefromatheoreticalpointofview.But,aswehaveseeninthe
previouschapter,ifaGUTisrealizedinnaturetheGUgroupdefinitelyhastobebrokenatsomevery
highscale,oftheorderoftheunificationscaleMGUT ∼10

16GeV,tobeconsistentwithlowenergy
data. Wecanbereasonablyconfidentinthefactthatfutureexperimentswillneverbeable,oratleast
notbeforeaverylongtime,todirectlyprobesuchsuperhighscale.Ifwewanttohaveanychanceto
studythedynamicsofaGUT,wehencehavenochoicebuttoevolvesymmetricboundaryconditions
downtoalowscale,wherethesymmetryisbroken,eithertheweakortheSUSYscaleaccessibleto
experiments. Wehavealreadypointedoutthatthecorrectwaytoproceedtodosoisbyusingthe
renormalizationgroupequationswhichallowtoevolvephysicalquantitieswithrespecttotheenergy
scaleatwhichthetheoryisprobed.

Theproblemisthat,mostprobablyifaSU(5)-likeGUTisrealizedinnature,ithastobecorrected
byGUTscalethresholdcorrectionsand/ornon-renormalizableoperatorsarisingfromwhateverextra
degreesoffreedomliebetweenMGUT andMPlanck.Thesewillinturnmodifylowenergypredictions.
But,inthepresentstateoftheart,wedonotknowexactlythescalesatwhichtheseheavydegrees
offreedomaresupposedtomanifestthemselves.IfthestructureofaSU(5)GrandUnifiedTheory
predictsacertainsymmetryrelationbetweenasetofobservablestoholdatMGUT,fortheabove
mentionedreasons,ifwewanttotestthisrelationatMSUSY,wehavenochoicebuttomakead-
hocassumptionsonthesuperheavyspectrumbetweenMGUT andMPlanck[88]. Howsensitivethe
SU(5)-relationwewanttotestistotheseassumptionswillconstituteasourceofmodeldependency.
Obviously,thelessmodeldependenttherelationis,themorerobustthelowscalepredictionsare.
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Anothersourceoftheoreticaluncertaintymightalsoemergefromthedifferencesintheinnerstruc-
tureoftheRGEsgoverningthedifferentobservablesonewantstoevolve. Forexample,ifaGUT
impliesanequalitybetweentwocouplingsλandµatMGUT i.e.λ(MGUT)=µ(MGUT)andthatthe
RGEsofthesetwohavewidelydifferentstructure,forexampleifλrunssteeplywhereasµrunsrela-
tivelysmoothly,onecanexpectthattheGUTscaleequalitywillbespoiledquiteseverelyatlowscale.
Thismightresultinahighermodeldependencywithrespecttothedifferentthresholdcorrections
whichtakeapartintherunning.

Letustakeanexample. WehavealreadypointedoutthatSU(5)-likeunificationofmatterfields
predictstherelationyd=y

t
LbetweentheYukawacouplingsofthedown-typequarksandcharged

leptonstoholdatMGUT.Ifonewantstostudytheconsequencesofthisunificationatlowenergies,
onehastoevolveitdowntoMSUSY.Infact,astheRGEsofthedownquarksandchargedleptons
arefundamentallydifferent-thetwocouplingsbelongingtotwodistinctflavorsectors-theywillsuffer
fromdifferentrenormalizationeffectsandhencestrongassumptions,forinstanceontheGUTscale
spectrum,willhavetobemadeinordertogettestablepredictions. Thisquark-leptonunification
hasbeenstudiedindifferentcontextsquiteextensivelyandalotofliteratureexistonthesubject
(see[89]andreferencestherein).However,accordingtoourpreviouspoint,weseethatthisrelation
hasalargemodel-dependencymakingtheconstructionofgenericSU(5)-testsquiteanarduoustask.
Itseemsthen,thatagoodtestableGUTscalerelationshouldbothimpliesonlycouplingsthatstay
confinedwithinagivenflavorsector,atleastattreelevel,andshouldalsobeleftinvariantunderGUT
thresholdcorrections.

Intherestofthischapter,wearegoingtopointoutthat,inaSUSYcontext,beyondquark-
leptonunification,genericallySU(5)-likeGUTsimplyalsoasymmetryrelationtoholdwithinthe
up-typetrilinearcouplings,namelythatthesearesymmetricatMGUT i.e.thatAU=A

T
U. Wewill

showthatthisrelationiswaylessmodeldependentthanquark-leptonunificationrelations.Thisbeing
established,itwillbepossibletobuildrelativelysimplelowenergyteststoprobethisSU(5)symmetry
relationfordifferentsquarkspectra.

By"SU(5)-test",wewillrefertoarelationwhichencodesacorrelationamongdifferentlowscale
observables,impliedbyahighscaleSU(5)symmetry.Obviously,alowscaleSU(5)-testwillneverbe
"exact",thecorrelationamongTeVscaleobservablesbeingneverrigorouslypreserved,aGUTscale
symmetryisundeniablybrokenatscalesaccessibleatcolliders.Rather,wewilldevelopastatistical
method,basedonap-valuetest,toquantifywithwhichsignificanceonecanassesadeviationinthe
SU(5)-testathand,withrespecttothelimitcaseinwhichitwouldbeexactlypreservedattheTeV
scale(seesubsubsection4.4.3.2).Thus,clearly,themethodologyusedinthischaptermakethatevery
SU(5)-testtobedevelopedwillbeusefulonlytopotentiallyrejectthepresenceofahighscaleSU(5)
symmetry,nottoconfirmit.

Therestofthischapterisorganizedasfollows.Section4.2willbedevotedtoageneralpresentation
oftheup-squarksectorinthecontextofSUSY-SU(5)theories.

Section4.3willbededicatedtoaphenomenologicalstudyoftheSU(5)GUTscaleparameter
space. Wewillshowthatinmostoftheparameterspace,thediscrepanciesinducedbytheRGEson
ourmasterrelationAU =A

T
U remainsmall. Asitwillbeneededinsomecases,wewillalsoshow

that,inthesamemanner,thediscrepanciesinducedbytheRGEsontheSU(5)relationM2Q=M
2
U

remainsmallaswell.Thiswillallowtotreatthelow-scaleRGEsinducedasymmetriesastheoretical
uncertainties.

Section4.4comprisesthestrategyandtoolsneededtosetupSU(5)testsatlowenergy.Itincludes
inparticularaneweffectivetheorythatwehavedevelopedtohandlesquarkspectrapresentinga
sizablemassgap.Someelementsofstatisticswillbegivenaswell,usefulfortheteststhatweare
goingtopropose. WewillthenusethesetoolstobuildSU(5)testsinvariousSUSYscenarios.

Insection4.5,wearegoingtoproposeSU(5)-testsincasewheretheSUSYscaleisveryhighand
allsuperpartnersaredecoupled.SU(5)testsremainpossiblethoughindirectly,throughSUSY-induced
flavour-changingdipoleoperatorsonwhichweshouldgivesomedetails.

Thesecondcasetobedevelopedinsection4.6willbetheoneofnaturalSUSYspectra(see
subsection2.5.2)inwhichonlythethirdscalargenerationisaccessibletotheLHC.Dependingonthe
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gauginosmasshierarchy,atestonstopflavour-violationinvolvingcharmtaggingandatestinvolving
toppolarimetryareproposed.

Finally,insection4.7,wewilldevelopSU(5)testsrelyingonHiggsdetectionincascadedecays
consideringspectrainwhichbothstop-likesquarksandscharm-likesquarksarelight.Theconclusion
willbegiveninsection4.8.

4.2 Theup-typesquarksectorinSU(5)theories

Inthissection,wearegoingtohaveacloserlookattheup-typesectorinSUSYtheoriesasallSU(5)
teststobedevelopedinthenextsectionswillinvolve,atleastattreelevel,observablesconfinedtothis
sector. Westartbyageneralpresentationoftheup-typesquarkmassspectrum.Then,wewilldiscuss
therelationtobeexploitedlater,namelythattheGUTscaleup-typetrilinearcouplingissymmetric
AU(MGUT)=A

T
U(MGUT)inSU(5)theories.Finally,wewillendwithaqualitativediscussionofthe

RGEsoftheYukawaandofthetrilinearcouplings.Thiswillserveasatransitiontothenextsection
wherethestabilityofAU=A

T
UwillbetestedagainsttheRGflow.

4.2.1 Theup-typesquark massspectrum

Westartwithageneralpresentationoftheup-squarksectorintheMSSM.Fornow,wewanttofocus
onflavormixinginducedbysoftterms,wehenceneglecttemporarilythediagonalandµ-electroweak

corrections. Wealsodefinethefollowingvectors:u= uLcLtL
T
whichcontainstheleftup-squarks

anduc= ucLc
c
Lt
c
L

T
whichcontainstheleftupanti-squarks.Inallthatfollows,theinteractioneigen-

stateswillbenotedwithasuperscript0,forinstanceu0. Withtheseassumptions,afterelectroweak
symmetrybreaking,themasstermsoftheup-typesquarkscanbeexpressedas:

Vsquark=u
0TM2Qu

0∗+u0c†M2Uu
0c+u0c†A†uu

0∗vu+u
0TAuu

0cvu+··· (4.1)

wherevuisthevevoftheup-typeHiggsdoubletHu = 0 vu/
√
2
T
.

Inmatrixnotation,eq.(4.1)gives:

Vsquarks= u0T u0c†
M2Q

vu√
2
Au

vu√
2
A†u M2U

u0∗

u0c
(4.2)

writteninaninteractionbasiswheretheYukawamatrixoftheup-typequarksisnotdiagonal,such
that:

LYuk=vuu
TYuu

c+ h.c+··· (4.3)

Ineq.(4.2),eachelementinthemassmatrixisitselfa3×3matrix.Notethatleft-handedantisquarks
canbetradeforright-handedsquarkswithaCP conjugationonthesuperfields. Beside,asthe
Lagrangianisreal,itispossibletowriteVsquarks=V

∗
squarksandhenceeq.(4.2)becomes:

Vsquarks= u0†L u0†R
M2∗Q vuA

∗
u

vuA
T
u M2∗U

u0L
u0R

(4.4)

wherewehavereintroducedexplicitlychiralityindicesL/R.ThisgivestheYukawaLagrangian:

LYuk=uLvuY
∗
uuR+ h.c.+··· (4.5)

Thegoalnowistoexpressboththequarksandthesquarksintermsoftheirmasseigenstates.
Thistakesplaceinseveralsteps.First,westartbyrotatingthequarksu=(uct)totheirmassbasis
inwhichtheYukawamatrixYuisdiagonal. WerecallthatYucanbediagonalizedbyabi-unitary
transformation:

diag(mu,mc,mt)=VuLvuY
∗
uV

†
uR

(4.6)
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whereVuL andVuR arethe3×3unitaryrotationmatricesoftheleftandright-handedquarks.These
definethequarkmasseigenstatebasis:




uR
cR
tR



=VuR




u0R
c0R
t0R



,




uL
cL
tL



=VuL




u0L
c0L
t0L



. (4.7)

Anotherusefulbasistoworkwithwhendealingwiths-particlescanbeobtainedbyrotatingthescalar
gaugeeigenstatesu0c0t0 byexactlythesameamountastheirSM-counterparts:

uSCKMR =




uR
cR
tR



=VuR




u0R
c0R
t0R



,uSCKML =




uL
cL
tL



=VuL




u0L
c0L
t0L



. (4.8)

ThisbasisisknownastheSuper-CKM(orSCKM)basis.HereuL,cL,tL arethesuperpartnersof

thephysicalmasseigenstates(uL,cL,tL). Eventhoughu,c,tL/Rarenotmasseigenstates,itis

veryusefultoworkwithsquarksexpressedintheSCKMbasiswhendealingwithflavorviolation,as
allnon-physicalparametersoftheCKMmatrixhavebeenrotatedaway.Beside,thesupermultiplet
structureispreservedasthescalarandfermioniccomponentundergothesamerotation.Inwhat
follows,allmatricesexpressedintheSCKMbasiswillbenotedwithahatonitasinforinstance,
M2
u.IntheSCKMbasisuL,cL,tL,uR,cR,tR ,reintroducingtheelectroweakcontributions,the6×6

up-squarkmassmatrixtakestheform:

M2
u=

M2Q+m
2
u−

cos(2β)
6 m2Z−4m

2
W ✶3

vu√
2
AU−cot(β)µmu

vu√
2
A†U−cot(β)µ

∗mu M2U+m
2
u+

2cos(2β)
3 m2Zs

2
W✶3

(4.9)

wheresW =sin(θW)andm
2
u=diagm

2
u,m

2
c,m

2
t. Werecallthattheβangleisdefinedthrough

tan(β)=vuvdwith Hu = 0 vu/
√
2
T
andHd = vd/

√
2 0

T
thevevsoftheupanddownMSSM

Higgsdoublets(seesection2.5).Theflavorviolating3×3blocksofM2
uaregivenby:

M2Q=VuLM
2∗
QV

†
uL
,M2U=VuRM

2∗
UV

†
uR
,AU=v

∗
uVuLA

∗
UV
†
uR
. (4.10)

Intheelectroweakbrokenphase,ausefulexpansionofM2
ucanbeobtainedifthevevoftheup-type

MSSMHiggsdoublet Hu isparameterizedasHu = 0 vu√
2
+cαh

T
wherehisthephysicalSM

Higgsboson.M2
utakesthentheapproximateform:

M2
u=




M2Q+O(v

2
u)✶3

vu√
2
AU 1+cα

h
vu
+···+O(vuMSUSY)

vu√
2
A†U 1+cα

h
vu
+···+O(vuMSUSY) M2U+O(v

2
u)✶3





(4.11)
iftheSUSYscaleMSUSY isnottoofarabovetheelectroweakscale,whichiswhatisneededforthe
MSSMtosolvethehierarchyproblem.Notethatuntilnow,thesquarksarestillnotmasseigenstates.
ThediagonalizationofM2

ucanbeachievedwitha6×6unitaryrotationmatrixRu:

diagm2u1,···,m
2
u6
=RuM

2
uR
†
u, (4.12)

whichdefinesthesquarkmasseigenstatebasis:











uL
cL
tL
uR
cR
tR











=Ru











u1
u2
u3
u4
u5
u6











(4.13)
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withmuithephysicalmassoftheeigenstateui. Byconvention,Ruisdefinedsuchthatthe6mui
aremassorderedi.e.mu1<···<mu6.Furthermore,byunitaritywehave6relations∀i=1,2...6:
6
j=1 R

2
u ij

=1. Weconcludebypointingoutthat,althoughforthesakeofconcisionwehave
restrictedthisdiscussiontotheup-typesector,allrelationsderivedherecanbeeasilyextendedtothe
downandleptonsectors.

4.2.2 ThesoftSUSYbreakingsectorofSU(5)theories:theupsectorcase

Wecontinuethissectionbygivingsomedetailsonasymmetryrelationalreadyspottedinsubsection
3.2.2. Werecallthat,thesuperpotentialofaSUSY-SU(5)Lagrangiancontainstheterm:

WSU(5)⊃ 5Y
ij
1010i10j5

u
H (4.14)

wherei,j...aregenerationindices. Wehaveshowninsubsection3.2.2thatifthesuperpotential
containsatermofthisform,symmetricin10i⇐⇒ 10j,theup-typeYukawamatrixissymmetricas
well,i.e.:

YU=Y
T
U. (4.15)

Beside,ifSUSYbreakingismediatedviaaSU(5)singlet,meaningthatthesofttermsaregeneratedat
ascalebetweenMGUTandMPlanckwheretheSU(5)symmetryisexact,therelation(4.15)propagates
tothesoftbreakingsectorandwealsohave:

AU=A
T
U. (4.16)

Acrucialpointisthatthisrelationiswaylessmodeldependentthanthesymmetryrelationsbasedon
thequark-leptoncomplementarity.Inparticular,thisrelationisleftinvariantbywhateverGUTscale
non-renormalizableoperatorisaddedtoWSU(5).Tobeprecise,weseethatforwhateverSU(5)invari-
antoperatoroftheformOij10i10j,thesymmetricpartofOijalwaysvanishesduringthecontraction
withthetensor10i10j.Thus,thepropertyAU=A

T
Uisindependentofanyassumptionthatcanbe

madeonthedynamicsbetweenMGUT andMPlanck. Also,thisrelationremainsexactintheSCKM
basis.Indeed,ifwenoteallmatricesintheSCKMbasiswithahat,thebi-unitaryYukawadiagonal-
izationisYU=V

†
uRYUVuL andtherotatedSCKMtrilineartermisAU=V

†
uLAUVuR. But,thefact

thattheYukawacouplingissymmetricimpliesVuL =V
∗
uR
,suchthatwecanwriteYU=V

T
uL
YUVuL.

Wethusobtain AU=V
†
uLAUV

∗
uL
whichissymmetricifAUis. Whatwehavefounduntilnowcanbe

summarizedbytheimplication:

{SU(5)−typeSUSYGUT}−→{YU=Y
T
U,AU=A

T
UattheGUTscale.} (4.17)

Ifwehavealookateq.(4.9),weseethattheonlyflavorviolatingcontributionslieinthesoft
terms,theelectroweaktermsbeingdiagonalinflavorspace. Hence,asymmetricup-typetrilinear
couplingimpliesthattheoff-diagonalchiralityflippingblock(M2

u)LRofM
2
uissymmetricaswell.

Thispropertywillbeatthecenterofourattentioninthischapter.Findingevidencesinfavorofa
symmetricoff-diagonalblockinaweakscalemassmatrixM2

uwouldconstitutearatherstrikinghintin
favoroftheSU(5)GUTscalehypothesis.Perhapsmoreimportantly,findingevidenceswhichdisfavor
thisstructurewouldtendtoexcludeSU(5)asacandidatefortheGUgroup.

4.2.3 QualitativediscussionoftheRGEsintheup-squarksector

Obviously,thepropertiesYU =Y
T
U andAU =A

T
U areonlytrueatorabovetheGUTscale,before

SU(5)getsspontaneouslybroken.OneneedsthentoevolvetheserelationswiththeappropriateRGEs
toscrutinizetheirstructureattheTeVscale.Implication(4.17)thenbecomes:

{SU(5)−typeSUSYGUT}−→{AU≈A
T
UattheTeVscale.} (4.18)

whereanasymmetryappearsinAUwhichhastobeseenasatheoretical,modeldependent,irreducible
uncertaintyinducedbytherunningbetweenMGUT andMSUSY .Thisasymmetrywillbequantized
insection4.3.Inwhatfollows,wewillbemostlyinterestedinsymmetryrelationsinthesoftsector
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tosetupSU(5)tests.However,aswehavearguedabove,wealsoneedtheYukawacouplingtostay
symmetricifonewantstopreserveAU=A

T
UintheSCKMbasis.Thus,weneedtoscrutinizeboth

betafunctions. StartingtherunningfromtheGUTscale,thebetafunctionsofthetrilinearand
YukawacouplingsβYU andβAU willpreservethesymmetryofYUandAUaslongastheyareperfectly
symmetricthemselvesi.e.βYU/AU =β

T
YU/AU

.Statedotherwise,abovetheGUTscale,whentheSU(5)
symmetryisexactand,inthelimitwherethebetafunctionsonlycontaintermswhicharesymmetric
inflavorspace,YU andAU willstaysymmetricintheSU(5)brokenphaseallthewaydowntothe
TeVscale. Wearethusinterestedinnon-symmetrictermsinβYU andβAU whichspoilYU =Y

T
U

andAU =A
T
U belowMGUT. Here,wewouldliketodiscussqualitativelythesepotentialsourcesof

asymmetrybeforeprovidingamorequantitativephenomenologicalstudyinsection4.3.Todothis,we
willdiscusstherunningofYUandAUatoneloop.Theone-loopMSSMbetafunctionoftheYukawa
couplingisgivenby[90]:

16π2βYU =YU 3Tr{Y
†
UYU}+3Y

†
UYU+Y

†
DYD−

16

3
g23−3g

2
2−
13

15
g21 . (4.19)

Inthisexpression,attheGUTscale,thegaugetermsβYU ⊃YUg
2
i,tracetermsβYU ⊃YUTr(Y

†
UYU)and

βYU ⊃YUY
†
UYUareallsymmetricbyconstruction.TheonlyGUTscalenonsymmetriccontribution

residesinthetermβYU ⊃YUY
†
DYD.First,thistermissuppressedbytheelementsoftheCKMmatrix

oncethequarkshavebeenrotatedtotheirphysicalmasseigenstates.Secondly,inaSUSYcontext,
therelativemagnitudeoftheupanddownYukawasectorsissetbytan(β)=vuvd suchthatthisterm

growswithtan(β).Giventhelow-energyquarkmasses,onecanexpectY†DYDtobeofthesameorder

ofmagnitudeasY†UYUonlyatveryhightan(β).Hence,wecanexpectYUtostaysymmetricatlow
scaletoagoodapproximation.
Weturnnowtothetrilinearcouplingbetafunction.Thisisgiven,atone-loopintheMSSMby

[90]:

16π2βAU =AU 3Tr{YUY
†
U}+5Y

†
UYU+Y

†
DYD−

16

3
g23−3g

2
2−
13

15
g21

+YU 6Tr{AUY
†
U}+4Y

†
UAU+2Y

†
DAD+

32

3
g23M3+6g

2
2M2+

26

15
g21M1 .

(4.20)

Again,attheGUTscale,thetermsproportionaltoatraceortoacouplingconstantareallsymmetric
byconstruction.However,theothertermsaregenericallynotsymmetric,becauseAUgenericallydoes
notcommutewithY†UYU nordoesAD withYUY

†
D. Thus,AU stayssymmetrictoagoodprecision

attheTeVscaleonlyiftherunningisdominatedbygaugecontributions.Inpracticehowever,the
runningisdominatedbythelargegluinomasscontributionM3duetothehighvalueofα3compared
totheothergaugecouplings. Moreover,astheM3contributionispositive,itdecreasesAUwiththe
energy,suchthatnonsymmetrictermsbecomesmallerandsmallerinβAU.Therefore,onecanexpect
thatalthoughβAU/YU arenotsymmetric,theRGEsinducedasymmetryonAUattheTeVscalestays
smallinmanyconcretecases(seesection4.3).
Also,beyondtheMSSM,onecancheckthatYUandAUstaysymmetricatlowenergytoagood

precisioninmanycases.Theconditionisthatnon-symmetrictermsineqs(4.15)and(4.16)donot
dominate,andthatthepossiblehiddensectordonotcontributeeither.Forexample,ahiddenSUSY
breakingsectorwouldneedtobeflavorsinglettonotspoilthesymmetrywhichis,aswehavebriefly
arguedinsection2.4,arathercommonfeatureofmediationmechanisms.
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M210 ij
(1000)2 0 0

0 (3270)2 (557)2

0 (557)2 (1550)2

M2
5̄ ij

(860)2 0 0

0 (374)2 0

0 0 (412)2

(AU)ij
0 0 0

0 0 (AU)23
0 (AU)32 −1500

(AD)ij
0 0 0

0 0 (AD)23
0 (AD)32 400

M1/2=1000

M2Hu,d=(1000)
2

sign(µ)=+1

Table4.1–Supersymmetry-breakingparametersatQ=MGUToftheMSSMreferencescenarioused
inthenumericalanalysis. MassesandtrilinearcouplingsaregiveninGeV.

4.3 StabilityofthesoftsectorundertheRGflow:

quantitativediscussion

Intheprevioussection,wegavequalitativeargumentsthattendtoshowthatSU(5)-likeSUSYtheories
genericallypredictanup-typetrilinearcouplingapproximatelysymmetricatlowscales.Inthissection,
wewouldliketoquantify morepreciselythesizeofthediscrepancyinducedbytheRGflowon
AU =A

T
U.Itismandatorytoknowthemagnitudeofthisasymmetry.Indeed,itconstitutesan

irreducibleboundontheprecisionatwhichonecanpotentiallytestAU=A
T
U.Atoolargeasymmetry

wouldimplythatthisrelationisspoiledbylargemodel-dependentquantumcorrectionsmakingthe
taskofconstructingmodel-independentSU(5)testsquitetedious.Notethatalsothestabilityofthe
SU(5)symmetryrelationM2Q=M

2
U(seeeq.(4.21))willbediscussedattheendofthissection,since

certainteststobeproposedintherestofthischapterwillalsorelypartiallyonsymmetryrelationsin
thesoftmasssector(seesection4.6).

4.3.1 Setup

Westartbypresentingthesetupoftheanalysis. Weremindthatina SU(5)SUSY-GUT,thesoft
breakingSUSYparameterssatisfythefollowingGUTscaleboundaryconditions:

M210≡M
2
Q=M

2
U=M

2
E

M2
5
≡M2D=M

2
L

AE=A
T
D

AU=A
T
U

(4.21)

BecausethepropertywewanttocheckisnotsensitivetoCPviolation,wehavealsochosento
useonlyrealsoftbreakingparameters,theonlysourceofCPviolationbeingtheusualCKMmatrix
phaseδCKM. ToquantifythediscrepancybetweenAU andA

T
U,itisconvenienttouseaquantity

normalizedwithrespecttoaSUSYscale. Asallthephenomenologicaltestswearegoingtobuild
involveobservablesconfinedtotheup-squarksector,areasonablechoiceofscalemightbetheaverage
oftheup-typesquarkmasseigenvalues.Therefore,wedefinethefollowingquantity:

Aij=
|(AU)ij−(AU)ji|

1
6Tr{M

2
u}

, i=j. (4.22)

normalizedwithrespecttothetraceoftheup-squarkmassmatrix. LowscaleSUSYspectrawere
computedusingthespectrumcalculatorSPhenoMSSMobtainedfromthepackageSPheno[91]andfrom
the MathematicapackageSARAH[92]. ThiscodesolvestheRGEsofthe MSSMattwoloopsand
computeslowscaleSUSYspectrafromGUTscaleboundaryconditionsonsofttermsaswellas
weakscaleSMparameters. WehavealsochosentousetheSupersymmetricParameterAnalysis(SPA)
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∆MBs (17.76±2.81)ps−1

K (2.23±0.26)

BR(B0s→µµ) (3.12±2.08)×10
−9

BR(b→sγ) (355±68)×10−6

BR(τ→µγ) <4.5×10−8

Table4.2–ConfidenceintervalontheLow-energyflavorconstraintstakenintoaccountinthenumerical
analysis.Theuncertaintiesquotedherealreadyincludeboththeexperimentalandtheoreticalerrors,
quadraticallysummed.

convention[93]inwhichSUSYspectraareoutputtedatQ=1TeVinthemodifiedminimaldimensional
reduction(DR)scheme(see[94]).Inthisrenormalizationscheme,divergentintegralsareregularized
usinga(regularization)schemecalledDimensionalReduction(DRED).InDRED,thedimensionof
themeasure’sintegralisformallypromotedtoacomplexparameterDbuttheDiractensorsinsidethe
integrandarestillmaintainedto4-dimensions.ThisschemeisveryusefulinSUSYbecause,contrary
tothedimensionalregularizationscheme(DREG)inwhichthedimensionofthefullintegral(measure
+integrand)ispromotedtoacomplexvalue,DREDallowstomaintainfullinvarianceoftheGreen
functionsundertheSuperPoincaréalgebra.

A-priori,therearethreeasymmetriestobeinvestigated: A12,A13andA23(seeeq.(4.22)).
However,onlymixinginthe2−3sectorseemsrelevantforphenomenology.Indeed,mixingtermsin
the1−2and1−3sectorsofthetrilinearcouplingsarewaymoreconstrainedbyphenomenology,in
particularbylowscaleFCNCprocessessuchasD−D̄mixing[95].

Also,mixinginthesesectorscanleadthesuperpartnerstocontributetoostronglyintheSMfermion
self-energieswhichwoulddrivetheTeVscaleCKMmatrixelementsoutsideoftheirexperimental
measuredvalues. Mostly,duetothehierarchicalstructureoftheYukawacouplingsand,inparticular,
duetothelargevalueofthetopYukawacoupling,therunningisexpectedtobemoresevereinthe
2−3sectorandthus,weexpectA12,A13<A23.Hence,wecansafelyrestricttheanalysistoA23.

Wealsoneededtochoosea SU(5)-symmetricreferencescenariofortheanalysis. Thisreference
scenarioisgivenintab.4.1.Intab.4.1,M1/2isthecommongauginomassandM

2
Hu,d

thecommon

Higgsdoubletmassi.e.weassumeatQ=MGUT,M1/2≡M1=M2=M3andM
2
Hu,d
≡M2Hu=M

2
Hd

inthenotationsofeq.(2.59).

Intab.4.1,wehavedecidedtotakeadiagonalM5̄inordertomaintainSUSYcontributionsto
FCNCprocessesundercontrolintheleptonicanddownsectors.

(AU)23/32and(AU)32/23arethefreeparametersofthescanthatwehavevariedassumingGUT
scaleSU(5)boundaryconditionsonsoftterms(seeeq.(4.21)),inparticularwehave(AU)23=(AU)32
and(AD)23=(AE)23atQ=MGUT. Wehavealsoassumedasymmetrictrilinearcouplinginthe
downsector(AD)23=(AD)32forsimplicity.Finally,aswellknownintheMSSM,wehavechosena
relativelylarge,negative,toptrilinearcouplingtoincreasetheSMHiggsmasstoavaluecompatible
withitsexperimentallymeasuredvalue.

4.3.2 Flavorconstraints

Inthissection,wewouldliketodescribethedifferentconstraintsthatwehavetakenintoaccount
inthisanalysis. Theseareallsummarizedintable4.2.Expressionsforalltheseconstraintscanbe
obtainedwiththefullflavorstructureoftheMSSMusinganeffectiveHamiltonianformalism(seesec
4.4.1and[96]forexpressionsofBphysicsobservables.)

Thissectionhastwopurposes.First,wewouldliketodiscussqualitativelytheseobservablesusing
afewrelevantFeynmandiagrams.Secondly,wewilltabulatetheup-todateexperimentalvaluesas
wellastheiruncertaintiesbothexperimentalandtheoretical.Thesetwotypeofuncertaintieswillin
turnbeusedtocomputeconfidenceintervalsthatwillrestricttheparameterspaceintheanalysisof
subsec.4.3.3.

Theconstraintsarethefollowing:
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• K: WestartbythedescriptionofthemixingparameterintheneutralKaonsystem. Werecallthat

theneutralKaonK0(d̄s)anditsassociatedanti-mesonK
0
(̄ds)arerelatedbyaCPtransformation

as:
CP|K0 =−|K

0
(4.23)

Hencethetwolinearcombinations:

|K1 =
1
√
2
|K0 −|K

0
, |K2 =

1
√
2
|K0 +|K

0
, (4.24)

formCPeigenstatesi.e.wehaveCP|K1 =+|K1 andCP|K2 =−|K2.Thus,ifCPwasanexact
symmetryoftheSM,|K1/|K2 shoulddecayonlytofinalstateswhichhavethesameCPparity.
Forexample,ifoneconsidersasetofneutralmesonsπ,thedecayK1→ ππwouldbepossiblebut
K1→πππshouldbeclosedasCP(ππ)=+1andCP(πππ)=−1.ReciprocallyforK2,weexpectthe
decayK2→πππtobeopenbutK2→ππtobeclosedduetoCPconservation.But,weknowthat
theCKMphaseδCKMprovidesasmallsourceofCPbreakingintheweakinteractionhamiltonian.
Thusoneexpectsthat,althoughthetwochannelsdiscussedabovedominate,K1coulddecaytothree
pionsandK2totwopionseveniftheydowithasmallerbranchingratiothanintheCPconserving
channels.Thatmeansthat|K1 and|K2 arenolongereingenstatesoftheCPparity.Thebreakingof
theCPparityintheweakinteractionmixes|K1 and|K2,andthephysicalpropagatingeigenstates
become:

|KS(L)=
1

1+|K|2
|K1(2) + K|K2(1) (4.25)

wherethesubscriptsL,Sstandsfor"Long"and"Short"whichisnoaccident.Indeed,thedominant
decaymodeKL → πππhasamuchsmallerwidththanKS → ππwhichresultsinthelifetimes
ofKLandKSbeingwidelydifferent. Asanillustration,thePDGgivesτ(KL)∼5×10

−8sand
τ(KS)∼0.89×10

−10s,thishierarchymakespossibletheclearseparationofthesetwostatesina
decayexperiment. WewillnotgofurtherinthedescriptionofCPviolationinthekaonsystem.The
importantpointtokeepinmindisthattheparameterK ineq.(4.25)allowstwodifferentkinds
ofCPviolatingphenomena. DirectCPviolationmanifestsitselfwhenadifferencebetweenadecay
rateΓ(P→ f)andtheCPconjugateΓ(P→ f)isobserved. DirectCPviolationisparameterized
viaaparameterdubbed K. Ontheotherhand,indirectCPviolationmanifestsitselfinmixing

effects. ThiswillresultinadifferencebetweenthetwowidthsΓ(K
0
→ K0)andΓ(K0→ K

0
)

aswellasinamassdifference∆mK =mKL−mKS,theseindirecteffectsareparameterizedviaa
parameterdubbed K.ForamoreextensivedescriptionofCPviolationintheKaonsystem,including
expressionsfortheparameters K and K,seerefs.[97]. Theimportantpointforusisthat,when
theSMissupersymmetrized,extra-sourcesofindirectCPviolationappearduetotheextendedscalar
spectrum,thusparticipatinginmixingeffects. Forexample,theSM∆S=2boxdiagramcanbe
supersymmetrizedandisrepresentedinfig.4.1.Hence,indirectCPviolationcansetstrongconstraints
intheparameterspaceofthesoftsector.IfwetakethelatestexperimentalPDGvalue(see[25])
combinedwithatheoreticaluncertaintytakenfrom[98],wehaveK=(2.23±0.01(exp)±0.26(th))×
10−3givenat1σ(68%CL).Alsobecausetheoretically,thisvalueissubjecttolargeQCDuncertainties,
wehavedecidedtonormalizeittoitsSMprediction.ASMmodelpredictioncanbefoundin[99]and
isequaltoSMK =(1.85±15%)×10−3.CombiningthesetworesultswefindK/

SM
K =1.20±0.37. We

henceseeadiscrepancybetweentheSMandexperimentalvalueswhichcouldpossiblypointtoward
NPeffects.Thishasbeenthesubjectofseveralstudies,seeforinstance[99].Fromthevaluesquoted
above,wecangeta2σconfidenceintervalonthatratioequalto:

K/
SM
K ∈[0.83,1.57]givenat2σ(95%CL) (4.26)

•∆MBs:ThesecondconstraintwearegoingtoconsideristhemassdifferenceinthestrangeBsmeson
system.SimilarlytotheKsystem,themesonsBs(s̄b)andBs(̄sb)canoscillateamongeachother
duetoCPviolationeffects. Thus,aninitiallypresentB0sstatecanevolvedintoatimedependant

combinationofB0sandB
0
sflavorstates.Actually,thefrequencyofthisoscillationisfixedbythemass

differencebetweenthe"light"andthe"Heavy"states∆MBs≡mBH −mBL whereBH andBLare

71



Figure4.1–SUSYboxdiagramcontributiontoK0−K
0
mixing.

Figure4.2–MSSMcontributiontoB0s-B
0
sarisingfromHiggspenguins.

propagatingeigenstates,superpositionsoftheflavorstatesB0s,B
0
sdefinedinasimilarmannerasin

eq.(4.25).∆MBsisknowntosetverystrongconstraintsonthe MSSMparameterspace(seefor
instance[100]and[101]forareviewinthelargetanβcase).∆MBsishenceaverygoodprobeto
searchfornewphysicseffects.Especially,intheMSSM,sizablecontributionstothisobservablearise
inthelargetanβregionduetotheextendedHiggssector,throughpenguindiagramssuchasthe
onerepresentedinfig.4.2.Theworldaveragevaluequotedbythe"HeavyFlavorsAverageGroup"
(HFAG[102])gives:

∆MBs=17.761±0.022ps
−1 (4.27)

obtainedfrommeasurementsatLHCbandCDF.Ontheotherhand,aSMvaluecanbeobtained
from[100],takingintoaccountNLOQCDeffects,andisequalto∆MBs=16.1±2.8ps

−1. Wehence
seethatthisdoesnotleavesomuchroomfornewphysicseffects. Although,fortheanalysisthat
follows,onealsohastotakeintoaccountatheoreticaluncertaintyon(4.27). Wehavedecidedtouse
thesametheoreticaluncertaintyof±2.8ps−1usedintheSMvaluequotedabove.Thiserror,when
quadraticallysummedwiththeexperimentalerrorof0.022ps−1allowsustodeduceaconfidence
intervalfor∆MBsequalto:

∆MBs∈[12.7,22.7]ps
−1givenat2σ(95%CL) (4.28)

Thenagain,oneseesthattheerroriscompletelydominatedbythetheoreticaluncertainty.

•BR B0s→µµ: ThethirdconstraintconsideredistheraremuonicdecayoftheB
0
smeson,B

0
s→

µ+µ−.ThisprocessisveryinterestingtosearchforNPeffectsasitiscleantheoretically.Inparticular,
hadronicuncertaintiesarekeptundercontrol[96].BesideintheSM,asthefinalstateispurelyleptonic
andtheinitialstateisapseudoscalar,thedecayinquestionisstronglyhelicitysuppressedinviewof
thesmallnessofmµandequallyimportantly,donotreceivephoton-mediatedoneloopcontributions

[103].AsfortheB0s−B
0
smixing,treelevelexchangesofneutralscalarbosonscancontributetothis

processinextensionoftheSMand,inparticularintheMSSMwithgeneralflavormixing.Especially,
penguindiagramsmediatedbyscalarsandpseudoscalarscancontributesignificantlyinthelargetanβ
region. ThisprocesshasbeenmeasuredforthefirsttimebytheLHCbcollaborationin2013[104]
witha3.5σsignificance.ThelatestvaluereportedbytheHFAGgroupreads:

BR B0s→µ
+µ− =(3.1±0.7)×10−9 (4.29)
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Figure4.3–Oneamplitudecontributiontothetransitionb→ sγgeneratedviacharginoexchange.
Thecrossesdenotemassinsertions.

tobecomparedwiththeSMvalue[105]:

BR B0s→µ
+µ−

SM
=(3.56±0.17)×10−9 (4.30)

whichisinexcellentagreementwiththemeasuredvalue,thusleavingonceagainlittleroomfornew
physicseffects. Wehavedecidedtoincludeatheoreticaluncertaintyof±0.29×10−9,takenfrom[100].
Thesetwosourcesofuncertainties,whenquadraticallysummed,allowsustodeducea2σconfidence
intervalonthatobservable,equalto:

BR B0s→µ
+µ− ∈[1.02,5.18]×10−9givenat2σ,(95%CL). (4.31)

•BR(B→Xsγ):ThefourthobservabletobeconsideredistheinclusivebranchingratiooftheBmeson
decayB→ XsγwhereXsrepresentsanyhadronicsystemcontainingastrangeparticle.Beside,the
inclusivebranchingratioofthehadronicprocessisknowntobeequaltoagoodprecisiontothe
branchingofthepartonictransitionb→sγduetotheheavy-quarkhadronduality[106].Thecrucial
pointisthatthistransitionb→ sγisloop-generatedintheSMandmostofitsextensions. This
loopsuppressionmakesthisobservablesensitivetoNPcontributionand,incontrasttotree-level
FCNCsmediatedbyneutralbosonsandscalars(seefig.4.2),thisobservabledependsonthemasses
andcouplingsofthenewheavyfermions. Forinstance,inthe MSSM,magneticandchromagnetic
operatorscanbegeneratedinthelowscaletheory. Theseeffectiveoperatorscancontributetothe
b→ sγtransitionthroughloopdiagramsmediatedbygauginosandhence,canenhancesignificantly
thebranchingratioaboveitsSMvalue,eveninthecaseofsmalltomoderatetanβ(see[107]).Asan
illustrationwehaverepresentedinfig.4.3,theoneloopamplitudegeneratedbycharginoexchanges,
contributingtob→sγ.ThelatestHFAGvaluegives:

BR(b→sγ)=(343±22)×10−6 (4.32)

Ifoneincludesatheoreticaluncertaintyof±23×10−6obtainedfrom[108],whichtakesintoaccount
NNLOQCDeffects,onegetstothefollowing2σconfidenceinterval:

BR(b→sγ)∈[279,407]×10−6givenat(95%)CL (4.33)

•BR(τ→µγ):Thelastflavorconstrainttobeconsideredisthechargedleptonflavorviolating(cLFV)
transitionτ→µγ.Thisobservablehastobeseenastheleptoniccounterpartoftheb→sγtransition
discussedabove. Alsoouranalysisisfocusingonthehadronicsector,wehavedecidedtoinclude
thisconstraintasourmodelisSU(5)symmetricathighscale,thuscorrelatingflavorviolationinthe
hadronicandleptonicsectors. Thisprocessviolatesexplicitlytheelectronicaswellasthemuonic
numbers.ThusintheSM,thisprocessissufficientlysmallsothatitcanneverbeobserved.Further-
more,thisprocessisveryefficientinconstrainingthenewsourcesofleptonicflavorviolationpredicted
bytheextensionsoftheSM,especiallyinaGrandUnifiedframework[109].Fornow,cLFVhasnever
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beenobservedandonlyupper-boundshavebeenset,mostrecently,bytheBELLE[110]andBABAR
[111]experiments.Theresultreads:

BR(τ→µγ)<4.5×10−8givenat90%CL (4.34)

Asstatedabove,thisbranchingratioisstronglysuppressedintheSM.Especially,beingloop-
generated,τ→ µγisbothGIMsuppressedandsuppressedbythetinyneutrino masses. Typi-
cally,usingknownoscillationparametersfromthePMNSmatrix,onecanestimatethatintheSM,
BR(τ→µγ) 10−54(see[112]),wellbelowthereachofanyforeseeableexperiments. Thusany
observationofcLFVprocesswouldclearlyindicatethepresenceofNPeffects.

Table4.2summarizedthedifferentconstraintstakenintoaccountinthenumericalanalysiswith
theirassociated2σconfidenceinterval.Toconcludethissubsection,wewouldliketostressthat,aswe
haveseen,inmanyflavorobservables,theerroriscompletelydominatedbythetheoreticaluncertainty
thuslimitingthepredictabilityoftheseobservablesonNPmodels. Thisisduetoseveralfactors.
Mainly,theaccuracyoftheoreticalcomputationsislimitedbytheunknownhigherordercorrections
thatoneneglectswhenaperturbativecomputationisdone,aswellasbythenumericaluncertainties
originatingfromlatticecomputations.Increasingtheaccuracyofloopcomputationsandoflattice
numericalresultsishenceacrucialtasktobeabletodiscriminatethedifferentmodelsofNPinview
ofexperimentaldata.

4.3.3 Results

Figure4.4–TheasymmetryA23(blacksolidline)togetherwiththe2σexclusionbandsfrom∆MBs
(bluedashedlines)andBR(B0s→µµ)(reddashed-dottedlines)evaluatedinthereferencescenarioof
tab.4.1forthecaseoflowtanβ=10.Thegreyarearepresentstheallowedzoneonceallconstraints
aretakenintoaccount.

Inthissection,wewouldliketopresenttheresultsofthescanonthe2−3mixingelementsof
thetrilinearcouplings. Wehaveconsideredtwocases,dependingonthevalueoftanβ. Thefigures
4.4and4.5aretheresultsrespectivelyinthelowtanβ=10andhightanβ=40regimes. The
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blackthickisolinesrepresentA23givenatQ=1TeVandexpressedinpercentoftheSUSYscale

MSUSY =
1
6Tr{M

2
u}. Thecoloredlinesrepresentthe2σexclusionbandsontheparameterspace

ofthedifferentflavorconstraints(seetable4.2andsubsection4.3.2). Thegreyarearepresentsthe
regionwhichsurvivesonceallconstraintshavebeentakenintoaccount. Afewremarkshavetobe
formulatedhere.

First,itmightbesurprisingthatwehaverestrictedtheanalysistoasinglehighscalereference
scenario(seetable4.1). However,wehavecheckedthattheresultspresentedinfigures4.4and4.5
dependonlymildlyofthehighscalereferencescenario,providedthatonestaysinsidetheGUTscale
parameterspacewhichleadstophysicalTeVscalespectra,i.e.oneasksfortachyon-freespectraand
correctEWSB.

Secondly,ascanbeseenfromfigures4.4and4.5,wehaverestrictedtherangeof(AU)23and(AD)23
to|(AU)23|<600GeVand|(AD)23|<400GeV.Thismightseemsquitestringent,howeverwehave
checkedthatoutsidethisregionthemassspectrumfallsintoatachyonicregime.

Figure4.5–Sameasfigure4.4forthecaseofhightanβ=40.Thegreendottedlinerepresentsthe
2σlowerboundonBR(b→sγ).

Wewantnowtodiscusstheeffectsoftheconstraintsonthescanstartingwiththelow tanβ
regime. Weseeonfigure4.4,thattheleadingconstraintis∆MBs.Also,weseethat∆MBsisroughly
independentof(AU)23inthelowtanβregime.Thiscanbeexplainedbytheweaknessofup-squarkloop
effectsinthelowtanβregime.Aswehavechosenrealsoftbreakingparameters,theKmesonmixing
parameter K doesnotconstituteastringentconstraintandwefindinmostoftheparameterspace

K/
SM
K ∼1.Notealsothatinthisregime,the2σexclusionbandofBR(b→sγ)isoutsidetheregion

scanned. Moreinterestingisthehightanβregime.Indeed,inthisregime,up-squarkscontributionsto
loopeffectsbecomeimportant.Forexample,oneseesthat,thelowerboundofBR(b→sγ)increases
significantlyandclosestheregion(AU)23 130GeV.Beside,boththeBR B0s→µµ lowerbound
andthe∆MBsupperboundclosedasignificantregionoftheparameterspace.

Inbothregimes,BR(τ→µγ)neverexceedstheexperimentalupperlimitintheregionscannedas
wetookadiagonalM2

5̄
attheGUTscale.Also,duetothelargenegativevalueofthestoptrilinear

coupling(AU)33=−1.5TeV,theSMHiggsmassdoesnotdependstronglyonthevalueof(AU)23or
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Figure4.6–EvolutionoftheTeVscaleasymmetryAM22asafunctionof(M
2
Q)22.Thesamereference

scenariothaninsubsection4.3.1hasbeenused,exceptthatnow,therelevantGUTscalesoftmass
termisauthorizedtovaryandtheoff-diagonalelementsofthetrilinearcouplingshavebeenfixedto
vanishingvalues.

(AD)23andisfoundtobeaboutmh0∼124GeVintheregionscanned.Thisresultisconsistentwith
thelatestATLASmeasure,mh0=125±0.41(sys+stat)GeV[113]ifwerememberthatatheoretical
uncertaintyof∼3GeVhastobequadraticallysummedwiththeexperimentalerror(see[114]and
subsection4.3.2).
Comingbacktothevalueoftheasymmetry,weseethatA23neverexceedsA23∼5%ofMSUSY

inboththelowandhightanβregimes,whilestayingatthelevelofafewpercentsinalargepartof
theparameterspace.DuringtheLHCera,testingAuatsuchlevelofaccuracywillbemostprobably
difficult.Hence,thetheoreticaluncertaintyA23inducedfromtherunningbetweenMGUT andMSUSY
iskeptundercontrolanddoesnotseemtoconstitutealimitedfactorwhichwouldspoiltheSU(5)
teststobeproposedintherestofthiswork.

4.3.4 Stabilityofthesoftsector:the M2Q=M
2
U case

Ascertainteststhatwillbeproposedinthischapterwillalsorelyonobservablesimplyingelementsof
thechiralityconservingdiagonalblocksoftheup-squarksmassmatrix,wewouldliketoalsocomment
onthestabilityoftheSU(5)symmetryrelationM2Q=M

2
UduringtherunningtowardtheTeVscale.

InthesamewaythatwehavedefinedtheasymmetryAijinthetrilinearsector(seeeq.(4.22)),one
candefineaTeVscaleasymmetryinthesoftmasssectoras:

AMij=

M2Q
ij
− M2U ij

1
6Tr{M

2
u}

, . (4.35)

Wehaveusedexactlythesamereferencescenarioasinsubsection4.3.1,exceptthattheoff-diagonal
elementsofthetrilinearcouplingsAuandAdhavebeensettovanishingvalues. Wehaveinvestigated
thevalueofthisasymmetrybyperformingdifferentscansontheelementsofM2QattheGUTscale,

againassumingSU(5)boundaryconditionsattheGUTscale,i.e.M2Q=M
2
U.Herewewouldliketo

presenttheresultsinthe(2,2)andinthe(2,3)sectors.
Figure4.6presentstheTeVscaleasymmetryAM22givenasafunctionoftheGUTscaleparameter

(M2Q)22,andexpressedinpercentsofTr{M
2
u}(seeeq. (4.35)). Weseeonthatfigurethatthe
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Figure4.7–EvolutionoftheTeVscaleasymmetryAM32asafunctionof(M
2
Q)32.

asymmetryreachesamaximumof∼7.0%foravanishing(M2Q)22anddecreaseswhenthesoftmass

termincreases. Wehavescannedontherange(M2Q)22∈ 10
4,107GeV2sinceoutsidethisintervalthe

spectrumfallsintoanon-physicalregime,duetothepresenceoftachyonsinthelowscalespectrum.

Figure4.7presentstheTeVscaleasymmetryAM32givenasafunctionoftheGUTscaleparameter
(M2Q)32,andexpressedinpercentsofTr{M

2
u}(seeeq(4.35)).Heretheasymmetryincreaseswiththe

GUTscalemixingtermuntilamaximumof∼5%isreach.Notealsothatthescanhavebeendoneon
arange(M2Q)32∈ 3×10

3,3×106GeV2muchnarrowerthaninthe(2,3)sector.Thisseemsquite
intuitive,asitiswellknownthatlargemixingtermscanquicklyleadtoaproblematicphenomenology.
Inparticular,wehavecheckedthatif(M2Q)32>3×10

6GeV2,thesquarkcontributionstoSMloop
processesbecometooimportant,drivingtheelementsoftheCKMmatrixoutsideoftheirexperimental
measuredvalues.

Averyimportantremarktobemadeisthatthisasymmetryiscompletelyspoiledinthe(3,3)
sector.Indeed,wehavecheckedthatAM33canreach∼50%oftheSUSYscaleMSUSY=Tr{M

2
u},this

factbeingduetothelargevalueofthetopYukawacouplingwhichmakesthesesofttermsrunning
steeply.

Alltheplotswhicharepresentedherehavebeenobtainedimposingalowtanβ=10regime.
However,wehavecheckedthatincreasingtanβtoalargevaluedoesnotchangesignificantlythe
results,theasymmetryinthedifferentsectorsstayingatthesameordersofmagnitude.

Finally,alltheflavorconstraintsoftable4.2havealsobeenimposedinthesescansandturnedout
tobesatisfiedat2σontheentirerangesscannedinfigures4.6and4.7.

Inconclusion,theSU(5)symmetryrelationM2Q=M
2
UstayswellpreservedattheTeVscaleonly

forthefirsttwogenerations,thelowscaleasymmetryintroducedbytherunninginthe(3,3)sector
beingimportantinfrontoftheSUSYscaleduetothelargevalueofthetopYukawacoupling.Sofrom
nowon,eachtimethatwewillinvoketheSU(5)hypothesisM2Q≈M

2
Uonlowscalespectra,itwillbe

understoodthatthisisassumedtoholdonlyforthefirsttwogenerations.

4.4 StrategiesandtoolsfortestingtheSU(5)hypothesisattheTeV

scale

AnystrategythatcanbesetuptotesttheSU(5)relationAU=A
T
Unecessarilyreliesonacomparison

involvingatleasttwoup-squarks. Apartfromthisrelation,thesquarkmassmatrixisingeneral
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arbitrary,sothateachofthesixup-typesquarkscantakeanymass.Someofthesquarksmaybe
lightenoughtobeproducedonshellattheLHCwhileothersmaybetooheavysothattheycanonly
beproducedoffshellinintermediateprocesses.Asaresult,apanelofpossibilitiesforsettingSU(5)
testswillappear,dependingontheexactfeatureoftheup-squarkspectrum.Itcanbeconvenientto
splitthepossibilitiesofSU(5)testsintothreecategories,dependingonwhetherthetestinvolvesonly
virtual,bothrealandvirtual,oronlyrealup-typesquarks.

ItistheaimofthissectiontooutlinethetoolsthatwearegoingtoneedtobuildSU(5)testsinthe
nextthreesections.NotethatSU(5)testsonvirtualup-typesquarkswillnecessarilyinvolveone-loop
processessince,inthiswork,weareassumingthatR-parity(seesubsection2.5.1)isconservedatall
vertices.Incontrast,SU(5)testsonrealsquarkscaninprinciplerelyontreelevelprocessesonly.
Dealingwiththeeigenvaluesandrotationmatricesofthefull6×6massmatrixisingeneralrather
technical,andmayconstituteanobstacleonthequestforsimpleSU(5)relationsamongobservables.
However,dependingonthepatternofM2

u,twoexpansionscanbeusedtosimplifythisproblem.

First,ifthesplittingbetweentheeigenvaluesofM2
uissmall,theso-calledMassInsertionApprox-

imation(MIA)canbeused(see[115]).Basically,itconsistsinaTaylorexpansionofthepropagators
intoFeynmannintegrals.Thisexpansionisdonewithrespecttosmalleigenvalues-splittingparameters
∆m2ij≡m

2
i−m

2
jnormalizedtoanappropriatelychosenaveragemassscalem

2
q.Thisexpansionwill

bedevelopedinsubsection4.4.2.

ThesecondapproachthatwearegoingtousetosimplifythehandlingofM2
uconsistsinanEffective

FieldTheory(EFT)applicableiftheup-squarkspectrumpresentsasizablegapmass.Indeed,inthis
framework,anarbitrarynumberofheavyup-squarkscanbeintegratedoutoftheMSSMLagrangian.
ThisresultsinaneffectivelowenergyLagrangianforlightsquarks,waymorepracticaltouse.This
frameworkwillbedevelopedinsubsubsection4.4.1.3andwillturnouttobeveryuseful,especially
whenbuildingSU(5)testsdealingwithnaturalSUSYspectra(seesec4.6).

ItisclearthatthefeasibilityoftheSU(5)testswewillsetupdependscruciallyontheamountof
dataavailable-whatevertheyinvolverealorvirtualup-squarks.Thisfeasibilityneedstobequantified
usingappropriatestatisticaltools.Allrelevantstatisticaltoolswillbeintroducedinsubsection4.4.3.
Whenevera SU(5)testcanbeobtainedthroughadefiniterelationamongobservables,wewillusea
frequentistp-value[116]approachinordertoevaluatetowhichprecisionthisrelationcanbetested
foragivensignificanceandamountofdata.

4.4.1 Effectivefieldstheories

InthissectionwewouldliketogiveabriefoverviewofthenotionofEffectiveFieldTheory(EFT)asit
willbeusefulintherestofthischapter. Westartbypresentingtheideabehindtheconstructionofan
EFTinthesimplestcaseofascalarfieldtheory. Wecontinuebyhavingacloserlooktodimension-6
operatorsinaSUSYEFT.ThesewillplayaprominentroleintheconstructionoftheSU(5)testsof
section4.5. Weendthissubsectionbypresentingatree-leveleffectivetheoryapplicableiftheup-type
squarksspectrumpresentsasizablemassgap.ThisEFT,thatwehavedeveloped,willbeveryuseful
insections4.6and4.7. ManygoodpedagogicalintroductionstoEFTscanbefoundintheliterature.
Inparticular,werefertothereferences[117].

4.4.1.1 Genericidea

ThecoreideabehindthenotionofEFTisthefollowing. Allcolliderexperimentsarelimitedbyan
intrinsicupper-boundontheenergytheyareabletoreach,atleastdirectly,viaon-shellprocesses.
Forexample,theLHCisdesignedtoreachamaximumenergyof14TeVintheproton-protoncenter
ofmassframe.IfonetookintoaccounttheeffectsofpartonPDFsintheproton,thatmeansthatthe
energyinthehardscatteringprocesswillbelimitedtoafewTeVonly.Hence,weseethatparticles
withmassesofsay,100TeV,willplayabsolutelynodirectroleinthephysicstobeprobedattheLHC.
Evenifoneisabletoconstructacompletetheorydescribingbothd.o.fswithmassesofO(1)TeVand
massesofO(100)TeV,itwillbedesirabletoshrinkthistheorytoaless-ambitiousone,whichonlydeals
withd.o.fsintheenergyrangeweareinterestedin.Indeed,althoughallphysicalquantitiesrelevant
forLHCphysicsareinprinciplecomputableinthecompletetheory,generically,computationswillbe
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easiertocarryoutinanEFT.Beside,ifthegapbetweentheheavyandlightstatesissufficientlylarge,
theerrormadebyusingtheEFTinsteadofthecompletetheorywillbenegligible.

Letustaketheexampleofweakinteraction. Weknowfromchapter1thatthecomplete,renormal-
izabletheoryofweakinteractionisagaugetheorybasedonthegroupSU(2)L×U(1)Y.However,as
longasweareinterestedinprocesseswhichtakeplaceatanenergybelowtheweakbosonsmassscale,
quantitiessuchasthemuonlifetimeτ(µ)ortheelectron-electronscatteringcross-sectionσ(ee→AB)
willbeeasiertocomputeinanEFTinwhichtheweakbosonsaredecoupled.Suchatheoryhasbeen
constructedbyFermiin1934[118]longbeforethediscoveryoftheweakbosons,andcontinuestobe
ofgreathelp,eventhoughtheSMhasbeendevelopedsince.

Reciprocally,ifonehasathandarenormalizabletheoryLRwhichisassumedtobeincomplete,for
instance,duetonaturalnessreasons,onecanparameterizeinamodel-independentwaytheeffectsof
theunknown,highscalephysics,byaddingnon-renormalizableoperatorsLNRtothecoreLagrangian
LR.TheresultingLagrangianLeff=LR+LNR willbeagainanEFT.ThisEFTwillbeperfectly
fineaslongasweuseitatenergiesbelowthecutoffenergy,atwhichtheeffectsofthenewphysics
aresupposedtomanifestthemselves. Forexample,ifSUSYisaskedtoprovideasolutiontothe
hierarchyproblem,oneknowsthattheSM,seenasanEFT,hastobreakdownattheTeVscalewhere
s-partnersmustappear.AnotherexampleofEFTwhoseUltraViolet(UV)physicsisunknowncanbe
foundinSUSYGUTs.Indeed,SUSYGUTsareassumedtobeEFT,validonlyuptotheGUTscale,
abovewhichnewphysicseffectsaresupposedtoappear,perhapslinkedtostringtheory,toproperly
incorporatethequantumeffectsofgravity.Inthepresentwork,wewillbemainlyinterestedinthefirst
case,wheretheEFTisdeducedfromalarger,renormalizableSUSYtheorysupposedtobeknown.

WewantnowtoadoptamoreformalapproachandgivethegenericrecipetoconstructanEFT
fromarenormalizabletheory,restrictingforsimplicitytothecaseofascalarfieldtheoryL(φ,∂µφ).
Thisrecipegoesthroughthreesteps:

1.First,weremindthatascalarfieldφ(x)canbeFourierexpandedintermofladderoperators

ap,a
†
pas:

φ(x)=
d3p

(2π)3
1

2ωp
ape
ipx+a†pe

−ipx (4.36)

whereωpisthefrequency/energyofthemodep.Then,thefirststepconsistsinpickingamass
scaleΛ.Thismassscaleallowstodividethefieldsofthetheoryφintotwotypes:

φ=φL+φH (4.37)

whereφLcontainsthelow-energyFouriermodes(ωL<Λ)andφH containsthehigh-energy
modes(ωL>Λ)intheexpansion(4.36).Infact,Λrepresentstheupper-boundoftheenergy
rangeinwhichtheEFT makessense. AboveΛ,theEFTwillbeofnouse,andwillgive
inconsistentresults.ThisisperfectlyfineasanEFTbeing"effective"isonlyphysicallyrelevant
inagiven,finite,energyrange. Lowenergyphysics,inwhichweareinterested,canbethen
entirelydescribedintermsoftheφLfields. Everythingwewishtoknowonthelowenergy
physics(scatteringamplitudes,decayratesetc...)canbecomputedfromGreen’sfunctionsof
theselightfields.Thesefunctionstaketheform:

0|T({φL(x1),···,φL(xn))}|0=
1

Z[0]
−i

δ

δJL(x1)
···−i

δ

δJL(xn)
Z[JL]

JL=0

. (4.38)

wherethegeneratingfunctionalZ[JL]isgivenby:

Z[JL]= DφLDφHe
iS(φL,φH)+i d

DxJL(x)φL(x) (4.39)

andwhereS(φL,φH)= dDxL(x)istheactionofthetheory,Dthedimensionofspace-time
andJLaresourcetermsforthelightfields.
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2.Thesecondstepconsistsincomputingthepathintegraloverthehigh-frequencyfieldsφH ineq.
(4.39).Ifwedefinethe Wilsonianeffectiveactionas:

eiSΛ(φL)≡ DφHe
iS(φL,φH) (4.40)

onegetsto:

Z[JL]= DφLe
iSΛφL+i d

DxJL(x)φL(x) (4.41)

whichdoesnotdependontheheavyfieldsanymore. SΛ(φL)dependsbyconstructiononthe
choiceofcutoffΛusedtosplitthelow-energymodesfromthehigh-energymodes. Notethat,
thispathintegrationcomesatthepricethat,onscales∆xµ=1/Λ,SΛisnon-localanymore.
Thisoperationofremovingtheheavyfieldsofthetheoryisoftenreferredtoas"integratingout"
thehigh-frequencymodesofthefunctionalintegral.

3.Finally,duringthethirdstep,wehavetotakecareofthenon-localityofSΛ(φL).Todoso,we
willexpandSΛ(φL)intermsoflocaloperatorscomposedoflightfields.Thisexpansioniscalled
the(Wilsonian)Operator-ProductExpansion(OPE)[119]. TheOPEisonlypossiblebecause
E<<Λbyassumption.Theresultcanbecastintheform:

SΛ(φL)= dDxLeffΛ (x), (4.42)

where
LeffΛ (x)=

i

CiQi(φL(x)) (4.43)

isthe"effectiveLagrangian"andiscomposedofaninfinitesumoverlocaloperatorsQimulti-
pliedbycouplingconstantsCicalled"Wilsoncoefficients".The Wilsoncoefficientscontainall
informationaboutshort-distancephysicsbeyondtheenergyscaleΛ.Ingeneral,alloperators
allowedbythesymmetriesofthelow-energytheoryaregeneratedintheconstructionofthe
effectiveLagrangianandappearinthesum.Thus,aneffectiveLagrangianconstitutesauseful
tooltodescribelowenergyprocessesinamodel-independentway.

4.4.1.2 One-loopeffectiveoperators

AfterhavingoutlinedthegeneralconstructionofanEFT,wewouldliketofocusonaspecifictype
ofEFT,namelySUSYEFT.Indeed,startingfromaMSSMLagrangian,iftheup-squarksspectrum
isheavyenough,theheavysquarkscanbeintegratedout,resultinginalow-energyLagrangianthat
containstheSMplusotherlightSUSYparticles.But,wehavecheckedthatusingotherlights-partners
totestAU≈A

T
Udoesnotprovideattractivepossibilities.Inparticular,gauginosareflavor-blindand

bottomsquarksdependontheirownflavorstructure.
Instead,wefocusonthecasewheretheentireSUSYspectrumisheavyandcanbeintegrated

out.IftheSUSYscaleMSUSYishighenough,theprocedureoutlinedinsubsubsection4.4.1.1,when
appliedtotheMSSMLagrangian,resultsinthefollowingeffectiveLagrangian:

Leff=LSM+L
(5)+L(6)+O(1/M3SUSY). (4.44)

Inequation(4.44),LSMistheSMLagrangianandL
(n>4)representsnon-renormalizableoperators

ofdimensionn. WecantruncateLeffatorderO(1/M
3
SUSY),becauseeffectiveoperatorswithdimen-

sionlargerthan6arenotrelevantforourpresentstudy.Thedimension-6Lagrangiantakestheform:

L(6)=
i

αi
M2SUSY

Oi, (4.45)

wheretheαiarethedimensionlessconstantsassociatedtotheoperatorsOi.ThisLagrangiancontains
59independentoperators,whichhavebeenfirstfullyclassifiedinref.[120].
Now,wewouldliketogofurther,andrestrictthissetof59operatorstoonlyafewones,which

willbepotentiallyusefultobuildSU(5)tests. Mainly,wearelookingforoperatorssatisfyingtwo
conditions:
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•Atleastoneup-typetrilinearvertex(AU)ijhuQ̃ĩUjshouldbepresentintheoperator,asit
enclosestheSU(5)relationwewanttotest.

•Fermionsontheoutgoinglegsshouldbepresent,inordertoaccessinformationontheflavor
structureofthe(AU)ijcoupling.

Thesetworequirementsnaturallyleadtothesectorofup-typeflavor-changingdipoleoperatorsof
theform:

OVu,ij=q̄iσ
µνujHuVµν|i=j (4.46)

whereV=(G,W,B)arethethreeGauginosandσµν≡ i
2[γ

µ,γν].Thekeypointtoobtainatestof
theSU(5)hypothesisistobeabletodistinguishbetweenOVu,ijandO

V
u,ji. Thegenerationofthese

operatorsandthepossibilitiestheyoffertobuildaSU(5)testwillbediscussedinsection4.5.

4.4.1.3 Tree-levelup-squarkeffectivetheory

Althoughthepatternofsquarkmassesisarbitraryinfullgenerality,alikelysituationisthatthemasses
exhibitsomehierarchy.Thisisfavoredfromnaturalnessconsiderations,fromLHCbounds,aswellas
fromcertainclassesofmodels.Insuchasituation,thephysicsoflightsquarkscanbeconveniently
capturedintoalowenergyeffectivetheory,whereheavysquarkshavebeenintegratedout.Todoso,
onehastolookattheup-squarkmasstermintheMSSMLagrangian:

L⊃ũ†M2
ũ̃u (4.47)

givenintheSCKMbasis,ũ= ũL,̃cL,̃tL,̃uR,̃cR,̃tR .Letusreorganizethistermas:

L⊃ũ†M2
ũ̃u≡Φ

†M2
ũΦ= φ̂†,φ†

M̂2 M̃2

M̃2† M2
φ̂
φ
. (4.48)

Here,φ(resp:φ̂)isacolumnvectorwhichcontainsthelight(resp:heavy)up-squarksofthe
spectrum.
TherelevantpieceofthecorrespondingLagrangianhasthegeneralform:

L⊃|DΦ|2−Φ†M2
ũΦ+ Oφ+Ôφ̂+h.c (4.49)

whereO(resp:Ô )isarowvectorcontainingalltheinteractionsofthelight(resp:heavy)up-
squarksfieldswiththeotherfieldsoftheMSSMLagrangian,thatarepotentiallyexploitedtoprobe
theup-squarksector.
LetuscomputetheEuler-Lagrangeequationsofmotion(EOMs)ofφandφ̂.
TheseEOMstaketheform:

∂2̂φ†+φ̂†M̂2+φ†M̃2†=Ô (4.50)

∂2̂φ+M̂2̂φ+M̃2φ=Ô† (4.51)

where∂2≡∂µ∂
µisthed’Alembertoperator.Onecanthengotomomentumspacewiththereplace-

ment∂2→−p2inequations(4.50)and(4.51).AsthemassmatrixM̂ isinvertible,onecansetthese
equationstotheform:

φ̂=
M̃2φ−Ô†

p2−M̂2
(4.52)

φ̂†=
φ†M̃2†−Ô

p2−M̂2
(4.53)

AssumingthatthenormoftheheavysquarkmassmatrixM̂2islargewithrespecttothetypical
momentumscalep2atwhichthetheoryisprobed:

||̂M2||=
i,j

M̂2i,j
2
>>p2, (4.54)
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thepropagatorsinequations(4.52)and(4.53)canbeTaylorexpanded.Then,plugintheseequations
intotheup-squarksLagrangian(4.49),afteralittlebitofalgebra,oneisleftwiththefollowingeffective
Lagrangianoflightsquarks:

Leff=|Dφ|
2−φ† M2−M̃2†M̂−2M̃2−

1

2
{M̃2†M̂−4M̃2,M2}φ

+ O−Ô M̂−2−M̂−4D2 M̃2−
O

2
M̃2†M̂−4M̃2 φ+h.c

(4.55)

wheretheheavysquarkshavebeenintegratedoutofthetheory. Notethat,inthederivationofeq.
(4.55)afieldredefinition:

Φ→ ✶−
1

2
M̃2†M̂−4M̃2 Φ (4.56)

isneededinordertocanonicallynormalizethekinetictermsofthesquarks. The{,}denotinghere
theanti-commutator.InthiseffectiveLagrangian,wehavekeptonlytheleadingandsubleadingterms
ofthep2M̂−2expansionrelevanttobuildSU(5)tests. TheeffectiveLagrangian(4.55)containsin
principlehigherdimensionalcouplingsandderivativeterms,whichareeithersubleadingorirrelevant
fortheobservableswearegoingtoconsider,andarethusneglected.

Fromeq.(4.55),weseethatflavorviolatingcouplingsofthelightsquarksenteratfirstorderand
arecontrolledbyM̂−2M̃2. Theflavor-conservingcouplingswillinsteadbemodifiedatthesecond
order. ThemassmatrixM2,associatedtothelightsquarks,receivesacorrectionindependentof
M2atfirstorder,andcorrectionsproportionaltoM2atsecondorder. Theimprintoftheheavy
up-squarksintheLagrangianofeq.(4.55)appearsascorrectionstothemassesandcouplingsofthe
lightup-squarkstates.Physically,thesecorrectionshavetobeunderstoodbothastree-levelexchange
ofheavyup-squarks,andasthefirsttermoftheexpansionwithrespecttothesmallparameterthat
describemixingofheavyandlightsquarks. WeemphasizethefactthattheEFTdevelopedhereis
applicablewhateverthenumberofheavyup-squarksiscontainedinφ̂,whiletheothersareassumed
tobelightenoughtobeaccessibleattheLHC.

4.4.2 Mass-insertionapproximation

Supersymmetric modelsgenericallypredictnewsourcesofflavorandCPviolationnotpresentin
theStandardModel.Inparticular,FCNCprocessesarepresent,forexamplethroughloopdiagrams
involvingsquarksandgauginosorHiggsinos.TheseoccurviaverticesofthetypeqiqjVwhereV=

{G,W,B,Hu/d}andqi,qjsharethesameelectriccharge. Theseprocessesareseverelyconstrained
byphysicalobservablessuchas K orBR(b→ sγ).Notethatobtainingperturbativeexpressionsfor
theseobervables,intermsofthefundamentalparametersoftheLagrangian,isnotstraightforward.
Inparticular,onehastodealwiththediagonalizationofthefull6×6squark matrix. Froma
phenomenologicalpointofview,itisthusdesirabletofindaprocedurewhichallowstoeasilytranslate
theboundsgivenbyexperimentsonconstraintsuponthefundamentalSUSYparameters,suchasthe
elementsofthemassmatricesorthesquarkmixingangles.

Theso-calledMassInsertionApproximation(MIA)(see[121],[122]),allowsonetodoexactlythis
task. Basically,itconsistsinaTaylorexpansionofthesuperpartnerspropagatorsinsideFeynman
integrals.Inthe MIA,theup-squarkmassmatrixcanbewrittenintermsofthemassinsertion
parameters δMNu ij

,whereM,N =L,Rdenotechiralityindices,asfollows:

M2
ũ≈m

2
q̃ ✶+

δLLu δLRu
δRLu δRRu

, (4.57)

wherem2q̃=
1
6Tr M

2
ũ isanaveragesquarkmassandδ

MN
u are3×3matricesinflavorspace,for

example:

δLLu =




δLLu 14

δLLu 15
δLLu 16

δLLu 24
δLLu 25

δLLu 26
δLLu 34

δLLu 35
δLLu 33



. (4.58)
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Beside,wehaveδRLu =(δLRu )
†duetothehermiticityofM2

ũ.

GoingbacktotheSU(5)relationAU ≈A
T
U weareinterestedin,ittranslatesonthechirality

flipping,flavorviolating,massinsertionmatricesas:

δLRu =(δLRu )
T, (4.59)

orequivalently,intermsofthegeneration-mixingentries:

(δLRu )12=(δ
LR
u )21,(δ

LR
u )31=(δ

LR
u )13,(δ

LR
u )32=(δ

LR
u )23. (4.60)

Following[122],inwhatfollow,wewouldliketowork-outtheexplicitexpressionofthemass
insertionparameters. However,forthesakeofsimplicity,wewillrestrictthediscussiontochirality-
conservingparameters.Inthemassbasis,thechirality-conservinginsertionmassparameterstakethe
followingform:

δuijMM =
1

m2q̃
RuM

iα
RuM

∗

jα
∆m2q̃α, (4.61)

whereRuisthemixingmatrixwhichrotatestheup-squarkstotheirmasseigenstatebasis,m2q̃=
1
3

3
α=1m

2
q̃Mα
and∆m2q̃α=m

2
q̃α
−m2q̃.

Assumethatthefollowingtwoconstraintsaresatisfied:

Ru
ik
Ru

∗

jk
Ru

ij
Ru

∗

jj
, Ru

ik
Ru

∗

jk
∆m2q̃j̃qi Ru

ij
Ru

∗

jj
∆m2q̃j̃qi (4.62)

wherethereisnosummationoveri,j,kand∆m2q̃ĩqj≡m
2
q̃i
−m2q̃j.Then,aneffectivetwogenerations

frameworkcanbeused,inwhichtheexpressionoftheδuij’ssimplifiesto:

δuijMM =
∆m2q̃j̃qi
m2q̃

RuM
ij
RuM

∗

jj
. (4.63)

Inatwogenerationframework,awisechoiceconsistinusingthemassscalemq̃=
1
2 mq̃i+mq̃j asit

hasbeenshowntoimprovetheaccuracyoftheMIA[121].

Wewouldliketostressapointhere.TheMIAisoftenviewedintheliteratureasanexpansionin
termsofsmalloff-diagonal,flavorviolating,masstermsi.e.,theexpansionparameteristakentobe
δij=∆ij/m

2
q̃where∆ijisanoff-diagonalelementofM

2
ũ.Thisisamorerestrictiveexpansion,andit

hastobeseenasaspecialcaseoftheMIAasdefinedhere.Indeed,weseefromeq.(4.61),thatone
canobtainδu<<1viatwodifferentways.EitherthemixinganglesRijaresmall,whichisreferred
toasalignment,orthemassmatrixisnearlydegenerate∆m2q̃α/m

2
q̃ 1.Indeed,inthealignment

paradigm,thequarkandsquarksmassmatricesarenearlysimultaneouslydiagonalintheSCKM
basis.ThisinturnsuppressSUSYcontributionstoFCNCsprocesseswithoutrequestingdegenerate
masseigenstates. AlignmentcanbeforexampleachievedwhenoneconstructsSUSYmodelswith
non-abelianflavorsymmetries[123].Thisbeingsaid,itispossibletodefineaMIAeventhoughthe
massmatrixisnotdegenerateaslongasthemixinganglesaresufficientlysmalltocompensatethe
hierarchicalstructureofM2

ũ[121].However,wewillnotconsiderthiscasehereandwewillconsider
thattheMIAappliesonlywhenthesquarkspectrumisnearlydegeneratei.e.weask∆m2q̃α/m

2
q̃ 1

astheconditionofvalidityoftheMIA.

TheMIAiscommonlyusedinthebrokenelectroweakphasewith H ≡v/
√
2=0.However,the

effectofelectroweaksymmetrybreakinginthemassmatrixissmallbyassumption,asitparticipates
insplittingtheeigenvalues.Inparticular,thisisverifiedwheneverMSUSY >>v/

√
2. Therefore

electroweakbreakingdoesnotcorrectsubstantiallythemeansquarkmassmqbyconstruction. As
aresult,theMIAcanalsobeusedintheunbrokenelectroweakphase.Inthiscase,theVEVshave
tobereplacedbytheoriginalHiggsfields. Electroweaksymmetrybreakingappearsinthesquark
massmatricesexclusivelythroughthechirality-flippingmassinsertionparametersδLRandδRL. More
precisely,thelatterareproportionaltotheVEVaccordingtoδLR,RL∝v/MSUSY,whilethechirality
conservingonesarenot. Thus,theuseoftheparametersδLL andδRR remainunchangedinthe
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unbrokenphase.Incontrast,forthechiralityflipping,flavorviolating,massinsertionsweareinterested
in,wehavetoreplace:

δLRu ij
→

√
2Hu
vu

δLRu ij
, (4.64)

fori=j. ThisisalsoawaytorecoverthephysicalHiggsbosoninthecompletemassmatrixeq.
(4.11).

4.4.3 Statisticaltools

Inthissubsectionwewouldliketointroducethestatisticaltoolsneededfortherestofthiswork.
Alldiscussionspresentedherewillbedevelopedinthecontextofthefrequentistinterpretationof
probabilitytheory.
Infrequentistinference,theprobabilityofanoutcomeofanexperimentisdefinedastherelative

frequencyofthateventtooccurinthelimitwheretheexperimentisrepeatedaninfinitenumberof
times.Forexample,consideradiscreterandomvariableXwhichcantakevaluesX={x1,....,xk}.If
NisthenumberoftimesthatXhasbeensampled,andN(X=x1)isthenumberoftimeswherethe
randomvariableXhasindeedpickedthevaluex1duringtheNtrials,thenP(X=x1)isdefinedas:

P(X=x1)=lim
N→∞

N(X=x1)

N
. (4.65)

Clearly,thefrequentistinterpretationassumesthatanexperimentcanberepeatedasufficientlynumber
oftimeswithuncorrelatedoutcomes,sothatthelimit(4.65)canconverge.
Analternativeinterpretationofprobability,whichallowstodefineaprobabilitywhenthislast

conditionisnotfulfilled,theBayesianinterpretation,willbediscussedinthenextchapter.
Therestofthesectionisorganizedasfollows.Insubsubsection4.4.3.1,weintroducethenotionof

p-value,whichiscentralin(frequentist)hypothesistesting,throughonesimplebutintuitiveexample.
Insubsubsection4.4.3.2,weproceedbyintroducingthenotionofexpectedprecision.Thislastquantity
willplayacentralroleasitwillallowtoquantifythefeasibilityoftheSU(5)teststobeproposedin
therestofthischapter.Averygoodreviewofallnotionscoveredherecanbefoundinref.[116].

4.4.3.1 p-value

AssumethatthedataofanexperimentaredescribedbyacontinuousvariableX. Letusrecall
thatastatisticalhypothesisconsistsinspecifyingaProbabilityDensityFunction(PDF)supposed
todescribecorrectlytheoutcomesofX.IfonehasatdisposaltwohypothesisnotedH0andH1,
thep-valueasksthequestionoftheexclusionofoneofthesetwohypothesis,forexampleH0,called
the"nullhypothesis",withregardstothedata. Thus,thep−valueisdefinedastheprobability,
undertheassumptionofthenullhypothesis,toobtainaresultequalsto,ormoreextremetowhat
wasactuallyobserved.Forexample,iftheoutcomeofanexperimentresultsinXtakingavaluex,
thenthep-valueisdefinedeitherasP(X≥x|H0)(right-tailevent),P(X≤x|H0)(left-tailevent)or
2min(P(X≥x|H0),P(X≤x|H0))(fordouble-tailevent).Ifthatp-valueissmallerthanacertain
thresholdvalue,calledthelevelofsignificance,onecanexcludethenull-hypothesis. Thelevelof
significanceispurelyarbitrary.Inhighenergyphysics,theconsensuswantsthatthenull-hypothesis
canberejectedifthep-valueisfoundtobelessthenα=0.05(5%).
Letustakeanexample1. Consideranexperimentsetuptodetermineifacoinisfairornot.

Assumethatthecoinhasbeenflipped20timesandthatoverthese20times,thecoinhasturnedup
heads14times.Here,thenullhypothesiswouldbethatthecoinisfair,i.e.P(Heads)=P(Tail)=0.5
andthestatisticaltestisthenumberofheads.Ifweconsideraright-tailedtest,thep-valueofthis
resultisthechanceofafaircoinlandingonheadsatleast14timesoutof20flips.Thisprobability
canbecomputedfrombinomialcoefficientsas:

P(NHeads≥14)=
1

220
20
14
+
20
15
+···+

20
20

≈0.058 (4.66)

1Thisexamplehasbeentakenfromen.wikipedia.org/wiki/P-value.
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Thisprobabilityisthep-value,consideringonlyextremeresultswhichfavorheads,resultinginan
one-tailedtest.Ontheotherhand,itwouldalsohavebeenpossibletodefineatwo-tailedtest,which
takeintoaccountthesignificanceofthedeviationinbothdirections,favoringeitherheadsortails.

Herethep-valuetestexceeds0.05,sotheobservationisconsistentwiththenullhypothesis,asit
fallswithintherangeofwhatwouldhappen95%ofthetimewerethecoininfactfair.Hence,wefail
torejectthenullhypothesisatthe5%level.Althoughthecoindidnotfallevenly,thedeviationfrom
theexpectedoutcomeissmallenoughtobeconsistentwithstatisticalfluctuations.

4.4.3.2 Expectedprecision

IftheSU(5)hypothesisimpliesthatacertainsetofobservables,forexamplesomeLHCeventrates,
areconstrainedbyasimplerelationattheTeVscale,thenonecanuseap-valuetesttoevaluatethe
potentialofthistest.Inthiscontext,thenullhypothesisisthattheGUTscaleissymmetricunderthe
SU(5)group.Assumethat,ifthenullhypothesisistrue,thereisarelationR(Oi)amongobservable
quantitiesOi,thatsatisfies:

E[R(Oi)]=0 (4.67)

withEtheexpectationoperator. Here,R(x)isacontinuousrandomvariable,whichdependsona
(continuous)parameterx. Weuseap-valuetesttoquantifywhetherornottheobservedvalueof
R,denotedR̂,iscompatiblewithzero. Thistestisnottrivialtoperformingeneralbutsimplifies
wheneverthePDFofR̂canbeapproximatedbyahalf-normaldistribution[124]:

f̂R(x)=2N(x;µ=0,σ)θ(x). (4.68)

whereθistheunitstepfunctiondefinedasθ(x≥0)=1andθ(x)=0otherwiseandwhereN(x;µ,σ)
isthenormalizedGaussianPDFofstandarddeviationσandmeanµ.

Inthiscase,thecompatibilityofR̂withtheR̂=0(e.g.SU(5))hypothesiscanbeexpressedin
termsofastatisticalsignificanceZ.Supposethatonehascomputedthep-valueassociatedtothetest
R̂=0.Then,onecandefineastatisticalsignificancefrompviathefollowingformula:

Z=Φ−1(1−p) (4.69)

whichtranslatesthep-valueintoasignificancegivenintermsofstandardGaussiandeviations.Φ−1

istheinverseoftheGaussiancumulativedistributionfunction2. WheneverR̂followsahalf-normal
distributionofthetypeeq.(4.68),thesignificance(4.69)simplifiesto(see[116]):

Z=
|̂R|

σ
. (4.70)

Foragivenrelationsatisfying(4.67)andahypothesizedamountofdata,onecanevaluatethe
expectedvalueofσ.IfonefixesacertainthresholdsignificancevalueZ,thequantity:

PZ=Zσ (4.71)

representstheexpectedprecisionatwhichtherelation(4.67)canbetested,atthelevelofsignificance
Z.Insections4.5,4.6and4.7,wewillsystematicallyreportthevalueofPZ,fordifferentsignificance
levels,whenarelationlike(4.67)willbeavailable.

Letustakeanexampletobemoreconcrete.Considertherelation:

aX1=bX2. (4.72)

TheXiareassumedtobenormalvariables,ofmeanµiandvarianceσ
2
i.DefiningR≡|aX1−bX2|,

thePDFofRtakestheformfR(x)=2N(x;µ,σ)θ(x),wherethemeanisµ=aµ1−bµ2andthe
varianceisgivenbyσ2=a2σ21+b

2σ22.Inordertocomputetheexpectedsignificancedefinedineq.

2WerecallthattheGaussiancumulativedistributionfunction Φ(x)isdefinedasΦ(x)≡
x

y=−∞
N(y,µ,σ)dywith

N(y,µ,σ)theGaussianPDFofmeanµandstandarddeviationσ.
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(4.71),weusethisvalueofσ,undertheassumptionthattheSU(5)hypothesisissatisfiedi.e.that
µ=0.

Inpractice,itisusefultonormalizeRsuchthatE[R]∈[0,1].Theexpectedprecisioncanthenbe
expressedinpercents.Concretely,havingPZ=20%meansthataviolationoftherelationE[R]=0by
20%ormore(i.e.E[R]>20%)canbeassessedwithasignificanceofZσ.Beside,usinganormalized
quantitymakeseasierthetasktointerfaceSU(5)testswithothersstudies.

NormalizingRimpliesthatonefrequentlyencounterstherandomvariable|A−B|/|A+B|,where
AandBarepotentiallycorrelated. Wewillusethefollowingnotations:µA≡E[A],µB ≡E[B],

σ2A≡V[A],σ
2
B≡V[B]andthecorrelationcoefficientρ≡

Cov[A,B]
σAσB

whereCov[A,B]isthecovariance

ofAandB3.

Thesenotationsallowtotabulateasetofapproximationsthatwehaveusedtoderivetheexpected
precisionPZinthedifferentcasestobeconsideredintherestofthischapter.IntheGaussianlimit,
whenaratioofrandomvariableisdescribedbytheFieller-Hinkleydistribution[125],onehasthe
followingapproximations:

E[A/B]≈E[A]/E[B]

V[A/B]≈
1

µ4B
µ2Aσ

2
B+µ

2
Bσ
2
A−2ρσAσBµAµB

V[(A−C)/(A+C)]≈4
µ2Aσ

2
C+µ

2
Cσ
2
A

(µA+µC)
4 ≈4V[A/(A+C)]withCov[A,C]=0.

(4.73)

Also,fortwolargenumberofeventsNA,NC onehasNA/C ≈µA/C ≈σ
2
A/C andthefollowing

approximationholds:

V[|NA−NC|/(NA+NC)]=
4NANC

(NA+NC)
3 (4.74)

4.5 CaseI:HeavySUSY

Wecannowapplythestrategyandtoolsdevelopedinsection 4.4tobuildSU(5)testsinvariousSUSY
scenarios.Inthissection,wewillassumethattheSUSYscaleislargewithrespecttotheTeVscale
probedbytheLHC.ThisscenariointroduceslargelogarithmsintotheperturbativeseriesoftheHiggs
bosonmass,thusincreasingthefine-tuningofthemodel.Hence,heavySUSYplays,a-priori,against
theMSSMasasolutiontothehierarchyproblem.

Ontheotherhand,ithasrecentlybeenshownthattheMSSMcanaccommodate,withamoderate
fine-tuning,a125GeVHiggsinsuchscenarios,whentheSUSYscaleexceeds1010GeV[126]witheven
betterunificationthaninstandardlowenergyscenarios[127].

Insuchasituation,itisappropriatetointegratethewholeSUSYspectrum. Asdiscussedin
section4.4,thedimension-sixoperatorsthatoneshouldscrutinizetotesttheSU(5)hypothesisare
theup-sectordipoles:

L
(6)
1−loop⊃

αGij
M2SUSY

qiσ
µνTaujHuG

a
µν+

αWij
M2SUSY

qiσ
µνTIujHuW

I
µν+

αBij
M2SUSY

qiσ
µνujHuBµν, i=j.

(4.75)

OurabilitytobuildaSU(5)-testreliescruciallyondistinguishingthechiralityoftheexternalSM
fieldsatsomelevel.Theonlyquarkforwhichthiscanbedoneisthetopquark,asthelighterquarks
hadronizetoofast. Ourtesthasthereforetorelyontoppolarimetrywhichitselfreliesonthechiral
structureoftheleadingtopdecayt→bW(see[128]).

3Werecallthatthecovarianceoftworandomvariables AandBisdefinedas:Cov[A,B]≡E[(A−µA)(B−µB)].
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Figure4.8–Oneloopcontributiontodipole-inducedtopdecayviagluinoexchange.Thephotonand
gluonlinesareattachedtotheloopinallpossibleways.

Wethereforefocusonlyonthedipoleoperatorsinvolvingatopquark:

L
(6)
1−loop⊃

αG3i
M2SUSY

tLσ
µνTauRiHuG

a
µν+

αWi3
M2SUSY

uLiσ
µνTatRHuG

a
µν

+
αW3i

2M2SUSY
tLσ

µνuRiHuW
3
µν+

αWi3
2M2SUSY

uLiσ
µνTItRHuW

3
µν

+
αB3i
M2SUSY

tLσ
µνuRiHuBµν+

αBi3
M2SUSY

uLiσ
µνtRHuBµν,

(4.76)

wherei=1,2asweareonlyinterestedinflavorviolatingprocesses.

Theoperatorsgivenineq.(4.75)aregeneratedatoneloopbypenguindiagrams.Theyreceivetheir
maincontributionsfromthechargino-down-squark,chargedHiggs-down-quarkandgluino-up-squark
amplitudes.ThelatterisexpectedtodominateasitisenhancedbytheQCDgaugecoupling.

Moreover,contrarytothecaseofthedownquarks,higherloopcorrectionsintheup-sectorfrom
flavorchangingself-energiesaretanβsuppressed[129],sothattheycannotbecomelarge. Wetherefore
endupwithdipoleoperatorsmainlygeneratedbythegluinolooprepresentedonfig.4.8.

Fromnowon,weassumethattheup-squarkmassmatrixisdegenerateenoughsothattheMIA
applies.Theexpressionoftheelectroweakandchromo-dipolesoperatorsarethengiven,intheelec-
troweakunbrokenphaseandintheinteractionbasis,by:

αG3i
M2SUSY

=
g33

16π2m2q̃
7
√
2
mg̃δ

LR
3iF

(1)
s (xg)

240vu
−5
ytδ
LL
3iF

(2)
s (xg)

36
, (4.77)

αW3i
M2SUSY

=
g1g
2
3

16π2m2q̃
−
√
2
mg̃δ

LR
3iF

(1)
EW(xg)

30vu
+
ytδ
LL
3iF

(2)
EW(xg)

9
, (4.78)

αB3i
M2SUSY

=
g2g
2
3

16π2m2q̃
−
√
2
mg̃δ

LR
3iF

(1)
EW(xg)

180vu
+
ytδ
LL
3iF

(2)
EW(xg)

54
, (4.79)

andtheαi3coefficientsareobtainedbyreplacementsδ
LR
3i → δ

LR
i3 andδ

LL
3i → δ

RR
i3. Here,wehave

definedx̃g=
mg̃
mq̃
.TheformfactorsFs,FEWcanbefoundin[115],[107]andaregivenintheappendix

B.TheyallsatisfyF(1)=1andF(x)→0forx→∞.

Theaboveexpressionshavebeendeducedfromrefs[115],[107]andbymakinguseofsection4.4,
inparticularusingeq.(4.64)toexpressthesecoefficientsintheelectroweakunbrokenphase.
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ThecoefficientsoftheDipoleEWoperatorsafterEWSSB,

L
(6)
1−loop⊃

αγ3i
M2SUSY

tLσ
µνuRiHuFµν+

αZ3i
M2SUSY

tLσ
µνuRiHuZµν, (4.80)

areobtainedbymakingthefollowingrotation:

αZij
αγij

=
cw −sw
sw cw

αWij/2

αBij
(4.81)

wherecw=cosθW,sw=sinθW arethecosineandsineofthe Weinbergangle.

Asalreadypointedoutabove,forthepurposeofobtainingaSU(5)test,thecontributionsweare
interestedinarethechiralityflippedonesδLR.

Thechirality-conservingcontributionsfromδLLandδRR aresuppressedbyafactorytvu/m̃g=
mtsβ/m̃gwithrespecttothecontributionsfromδ

LR.Thisfactoriscompensatedifoneconsidersthat
δLR∝vuAu/m

2
q̃asitisusuallythecaseinSUSYmodelswithsoftbreaking(seeeq.4.11).However,

themagnitudeoftheAu-termcanbelargerthatm
2
q̃(forexamplefromnaivedimensionalanalysis

[130]).OneshouldthereforeletδLR∼O(1).

ConsideringusualSU(5)models,oneshouldalsonoticethatthesymmetryrelationM2Q =M
2
U

implies,attheTeVscale:

δLL3i≈δ
RR
3i (4.82)

toagoodapproximation(seesection4.3).

Wecannowidentifytheconsequencesofthe SU(5)relationAu≈A
T
uattheLHC.Thisrelation

impliesthefollowingequalitiesbetweenthecoefficientsofthedipolesineq.(4.76):

αG3i=α
G
i3, αW3i=α

W
i3, αB3i=α

B
i3. (4.83)

Concretely,thedipoleoperatorsinducebothnewtopdecaysandtopproductionmodesatthe
LHC.Theseprocesseswillbediscussedinsubsection4.5.2.

4.5.1 SU(5)testthroughsingletoppolarimetry.

Wehaveseenabovethatmeasuringthetopspinisanecessaryingredienttobuilda SU(5)testthat
distinguishesbetweentheOV3iandO

V
i3dipoleoperators.Theexpectedprecisionassociatedwithsuch

polarization-basedtestcanbeevaluatedinagenericway.Thetopspinhastobemeasuredwithsome
polarization-sensitiveobservablezwithdistributionfZ.Forexample,forthet→bWdecay,zcanbe
theleptonicanglebetweenthetopandtheleptonfromtheW−decay,ortheb-quarkenergyinthe
caseofaboostedtop[128].Theusualwaytoproceedtogetinformationonthetopspinistosplit
thephasespaceintotwosubsetsD=D++D−.ThetotalsampleofNeventsisthensplitintotwo
subsamplesN±=N|z∈D± satisfying:

N=N++N−, E[N±]=E[N]
D±

fZ(z)dz. (4.84)

ThechoiceofD±isingeneralafreedomoftheanalysis,althoughitispreferabletohaveN+∼N−
tominimizethestatisticalerror.Inwhatfollows,wewillsystematicallychoosethesubsetsofphase
spaceD±suchthatE[N+]=E[N−]iftheSU(5)hypothesisissatisfied.

Asaconcreteexample,assumethatthedistributionfZtakesthefollowingform:

fZ(z)∝(1+κPtz), (4.85)

withz∈[−1,1],κ∈[0,1]andwherePt=±1isthetophelicity.ThepoweroftheSU(5)testwill
thendependonthepowerofthespin-analyzingvariableκ.Theleptonangleint→bWhasamaximal
spin-analyzerpower,i.e.κ=1duetothechiralstructureoftheelectroweakinteraction.Inthatcase,
zisthetop-leptonangleinthetoprestframe.ForthesubdomainsofzwechooseD+=[0,1]and
D−=[−1,0[whichmatchtheusualdefinitionofaforward-backwardasymmetry.
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Figure4.9–ExpectedprecisionPZfortop-polarizationbasedSU(5)-testsasafunctionofthetotal
numberofsignalandbackgroundeventsNandB.Thespin-analyzingpowerisfixedtoκ=1.Dotted
(plain)linesdenote,respectively2σ(3σ)significancelevels.Blue,purple,orange,andredlinesshow
thenP2,3=100%,50%,20%and10%isolinesofexpectedprecision.

Withallthesedefinitions,wecanconstructourfirstpolarimetry-basedtest.Followingsubsubsec-
tion4.4.3.2,onecandefineanormalizedasymmetryoutofN+andN−:

R=
2

κ

|N+−N−|

N++N−
, (4.86)

whichsatisfies:

E[R]=
|α3i|

2−|αi3|
2

|α3i|2+|αi3|2
. (4.87)

Then,assumingBbackgroundeventsforthetotalsignal,theexpectedprecisiondefinedinsubsubsec-
tion4.4.3.2isequalto:

PZ=Z
2

κ

(N+B)1/2

N
. (4.88)

andisindependentoftheeventnumbersN+,N−.

NotethatPZ → ∞ forκ→ 0as,inthislimit,nospininformationisavailable. Theexpected
precisionisshowninfig.4.9asafunctionofthebackgroundandtotalnumberofeventsBandN.
Obviously,theSU(5)hypothesisstartstobetestablewhenPZislowerthan100%.

Inthenobackgroundeventlimit,i.e.ifB=0,weseethatthehypothesisstartstobetestablefor
N 16at2σandforN 36at3σsignificance.About144,900,and3600eventsareneededtotest
therelationatrespectively50%,20%and10%precisionwith3σsignificance.Clearly,andcontrary
toameresignaldiscovery,asubstantialamountofsignaleventsisnecessaryinordertostarttotest
theSU(5)hypothesis.

4.5.2 ExistingLHCsearches.

LetusnowdiscussthevariousLHCprocessesthatweexpecttoberelevanttoperformtheSU(5)
testeq.(4.86)describedpreviously.Thedipole-inducedanomaloustopcouplingsinducethetwo-body
decays(seefig.4.8):

t→qγ, t→qZ,t→qG. (4.89)

Amongthesedecays,t→ qZandt→ qγcarryinformationaboutthedipoles,thatcanbeaccessed
throughthepolarizationoftheoutgoinggaugebosons.Thet→ qγprocesshasbeensearchedforat
theTevatronandLHC[131][135–137],theleadingCMSboundisprovidedintable4.3.
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Dipolecoefficientscombinations 95%CLlimits SUSY

|αγ31|
2+|αγ13|

21/2M−2SUSY <0.19TeV−2[131](CMS) 7·10−5TeV−2

|αγ32|
2+|αγ23|

21/2M−2SUSY <0.65TeV−2[131](CMS) 7·10−5TeV−2

|αZ31|
2+|αZ13|

21/2M−2SUSY <0.68TeV−2[132](CMS) 1·10−4TeV−2

|αZ32|
2+|αZ23|

21/2M−2SUSY <3.44TeV−2[132](CMS) 1·10−4TeV−2

|αG31|
2+|αG13|

21/2M−2SUSY <0.029TeV−2[133][134](ATLAS) 3·10−4TeV−2

|αG32|
2+|αG23|

21/2M−2SUSY <0.063TeV−2[133][134](ATLAS) 3·10−4TeV−2

Table4.3–Leadingexperimentallimitsondipoleoperators.Allthelimitsaregivenat95%confidence
level.TheSUSYcontributionsaregivenforMSUSY=1TeV,δ∼1,andtanβ=5.

Wenowturntodipole-inducedtopproduction. AlltheLHCprocesseswecanconsiderhavethe
particularityoffeaturingasingletopintheirfinalstate.Foraproton-protoncollider,themainpartonic
processesonecanthinkaboutaregq→ t,gq→ tZ,gq→ tγandgg→ tq.Apartfromthelatter,
variousLHCsearcheshavealreadybeenperformedinthesechannels,see[131–134].Thesensitivities
translatedondipolecoefficientsaregivenintable4.3.Theleadingboundsonαγ3i,i3,α

Z
3i,i3,α

G
3i,i3come

fromCMSandATLASsearchesforraretopdecays,top-γproductionandsingletopproduction.

ThetypicalorderofmagnitudefortheSUSYdipoleoperatorsisindicatedinthelastcolumn
oftable4.3. WeobservethatalltheseboundsarefarfromthesensitivityrequiredtoprobeSUSY
contributionstodipoles,whichareloop-suppressed.

Forillustration,letusconsidertheATLASgq→ tsearchdiscussedinrefs.[133,134]. Knowing
theexpectedbackgroundB≈105andthe95%confidentlevelon|αG3i|

2+|αGi2|
2forL=14.2fb−1,one

canreadilyestimatetheeventratebyinterpretingthesignificanceas4:

Z=S/
√
B+S. (4.90)

Weobtain:

σ(qg→t)≈52(|αG3i|
2+|αGi3|

2)/M4SUSYpb
−1. (4.91)

UsingthetypicalSUSY-inducedvaluesofαG3ishownintable4.3,andextrapolatingtoaluminosity
ofL=3000fb−1,wefindthatonlyS∼28signaleventswouldbecollectedinthisanalysis. The
backgroundwouldneedtobedrasticallyreducedinordertoachieveZ∼O(1)significance.Amere
discoveryoftheSUSYdipolesusingtheseanalysesbeingapparentlydifficult,applyingtop-polarimetry
isevenmorecompromised,asasubstantialamountofeventsisnecessary,asshowninfig.4.9.

Beyondthesepossibilities,alternativekindofprocessesoccurringviaproton-protoncollisionsat
largeimpactparameter,theultra-peripheralcollisions(see[138]forareview)ownagoodbackground
rejectionpower,andthusmightbeusedtoprobeSUSYdipoleoperatorswithhighsensitivity.However,
thepossibilitiestheyoffertobuildSU(5)testswillnotbeinvestigatedinthiswork,andwereferto
[87]forfurtherdetails.

4.6 CaseII:NaturalSUSY

TheheavySUSYscenarioinvestigatedintheprevioussection,althoughprovidinganexplanationfor
theso-farun-discoveryofs-partnersattheLHC,hasthecleardisadvantagetospoilnaturalnessinthe
TeVregioninmostcases.Inthissection,wewouldliketoinvestigateSUSYscenarios,moreappealing,
whichmaintainthestabilizationoftheelectroweakscalewhileprovidingacoherentphenomenology.

Theseso-callednaturalSUSYscenarioshavebeenfirstinvestigatedin[64].Intheminimalcase,
thesescenariosfeatureathirdgenerationoflightscalarsquarks,whiletheother-firstandsecond
generation-scalarpartnersarekeptheavy,thusbeingintegrating-outoftheTeVscaletheory[139].

4TheATLASstatisticalanalysisismuchmoreevolved,butweexpectthisestimationtobeenoughforqualitative
discussions.
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Naturalscenarioshaveseveralvirtues.First,asalreadypointedout,theyallowtomaintainnatu-
ralnessinthemodeluptorelativelyhighscale.Secondly,SUSYnaturalscenariosalleviatetheSUSY
flavorproblemwhilesuppressingSUSYcontributionstoFCNCprocessesatareasonablelevel[64]as
thefirsttwogenerationsofscalarsaredecoupled.Fromatheoreticalpointofview,thesemodelsare
alsowellmotivatedbyultravioletconstructionslikepartially-supersymmetriccompositemodels[140]
orsupergravitycontributionsgenericallypresentinfive-dimensionalmodels[141].

ItistheaimofthissectiontoscrutinizethepotentialofthenaturalSUSYframeworktodevelop
testsfortheSU(5)relationAU ≈A

T
U. Theup-squarkEFTdevelopedin4.4.1.3directlyappliesto

naturalSUSYspectra.Indeed,inthesespectra,lightdegreesoffreedomthatwillbeactiveintheEFT
consistinthetwolightestsquarksmasseigenstatesũ1,̃u2which,inanaturalframework,aremostly
composedofstopsquarksũ1/2∼t̃L/R.Thus,intherestofthissection,wewillsimplydenotethese
masseigenstatest̃1and̃t2.

Wewillalsoassumethatthelightestneutralino χ̃1(seesec2.5.3)ismostlybinolike,i.e.χ̃1∼B̃
andthatthenexttolightestneutralinoχ̃2ismostlywino-likei.e.̃χ2∼W̃.Thisflavorcontentiswell
motivatedbytheorieswithgauginomassunificationattheGUTscale.

Twomassorderingwillbeconsideredinthissection.Insubsection4.6.1,weconsiderspectrawhere
thetwostopsareheavierthanthegauginos.Insubsection4.6.1,thealternativecase,withawino
heavierthanthestopswillbeconsidered.Thesetwomasshierarchiesopendifferentdecaychainsfor
thestops,thusallowingtobuilddifferentSU(5)tests.Bothtypesoftestswillbebuiltusingtheup-
squarksEFTofsubsubsection4.4.1.3.But,whereasinthefirstcase,thetestwillbedevelopedusing
LOoperatorsoftheEFTwithflavorviolatingprocesses,thesecondtestwillimplyNLOoperators
andflavorconservingprocesses,thusbeingcomplementarytotheformerone.

4.6.1 Themt̃1,2>mW̃ >mB̃ case

Westartwiththecase mt̃1,2>mW̃ >mB̃.InordertobuildSU(5)tests,weareinterestedinstops
flavor-changingdecays:

t̃1/2→ W̃u/c→ B̃hu/c, and t̃1/2→ B̃u/c. (4.92)

Throughoutthissection,wewillassumethatoneisabletocountthenumberofeventinthesetwo
channelsbytaggingthenature-̃W orB̃-ofthegaugino.However,wewillnotassumethatoneisable
todisentanglethenatureoftheoriginalstops,whichareconsideredhereasdegenerateinmass.Then,
NL(resp:NY)denotestheeventrateoftheprocesswithawinoW̃ (resp:abinoB̃)inthedecay
products.Also,oneimportantremarkisthat,inthecontextofthischapter,theeventratesNLand
NYwillalwaysbeassumedtobemeasuredwithanefficiencyof100%.

Letushavealookattheup-squarkeffectiveLagrangianeq.4.55. Asalreadystated,innatural
SUSYspectra,thelightstatesvectorφcontainsthestopsandφ̂containstheheavysquarksofthe
firsttwogenerations.Hence,wehaveintheSCKMbasis:

φ= t̃L,̃tR ,and φ̂=(̃uL,̃cL,̃uR,̃cR) (4.93)

InordertobuildSU(5)testsfromthedecaychains4.92,weshouldscrutinizetheoperatorthatcouples
thestopstothebinoB̃andtothewinoW̃. Weareonlyinterestedinflavorviolatingcouplingssothat,
weneedtoscrutinizeonlyÔ(seesubsubsection4.4.1.3).Beside,onecansplitÔasÔ=ÔW̃ +ÔB̃
dependingonwhethertheoperatorcouplesthestopstothebinoortothewino.

WiththemattercontentoftheMSSM, ÔW̃ andÔB̃aregivenby[142],[143]:

ÔB̃∝(uL,cL,−4uR,−4cR)̃B and ÔW̃ ∝(uL,cL)̃W (4.94)

wherethefactor4comesfromthedifferenthyperchargesoftheleftandright-handedtopcomponents.
Beside,ineq.4.94,theoverallfactorsdonotmatterfortheteststobedevelopedinthissectionand
thus,arenotexplicitlywritten.
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IfwedeveloptheLagrangian4.55,andkeeponlytermsinvolvingthestops̃tL,̃tR,theircouplings
toB̃andW̃ dotakethefollowingmatrixform:

B̃




m213
Λ21
uL+

m223
Λ22
cL−4

m234
Λ21
uR−

m235
Λ22
cR

m216
Λ21
uL+

m226
Λ22
cL−4

m246
Λ21
uR−

m256
Λ22
cR





T

R(̃θ)
t̃1
t̃2
, (4.95)

W̃





m213
Λ21
uL+

m223
Λ22
cL

m216
Λ21
uL+

m226
Λ22
cL



R(̃θ)
t̃1
t̃2
. (4.96)

Inequations(4.95-4.96),andintherestofthischapter,m2ijwillgenericallydenoteanelementofthe

up-squarkmassmatrix,i.e.wehavem2ij≡ M2
ũ ij
.

Ineq.(4.95-4.96),Λ1andΛ2arethenthetwocut-offsinthestopseffectivetheory,corresponding
tothemassesoftheheavysquarksofthefirstandsecondgenerationi.e. wehaveΛ1≡m

2
11,44and

Λ2≡m
2
22,55(seebelow).

R(̃θ)isa2×2matrixwhichrotatesthestopsfromtheirmasseigenstatestotheSCKMbasis.The
mixingθ̃islefthereasafreeparameter,howeveroneasksoftenforalargẽθ,inparticulartoobtain
a125GeVHiggsbosonmass.
Notethat,theGUTscaleSU(5)symmetryrelationsM2Q=M

2
U(seeeq.4.21)andAU=A

T
Uimply

thefollowingidentitiesbetweenthecoefficientsofthemassmatrixm2ij:

m215≈m
2
24, m

2
16≈m

2
34, m

2
26≈m

2
35, (4.97)

m212≈m
2
45, m

2
13≈m

2
46, m

2
23≈m

2
56, (4.98)

m211≈m
2
44, m

2
22≈m

2
55 (4.99)

attheTeVscale,neglectingtheeffectsofEWSSB.
Usingeqs(4.97),(4.98)and(4.99),onecanthenshowthatbotheventratesNY andNL are

proportionaltoacommonfactor:

NY,L∝ σ̃t1c
2
θ̃
+σ̃t2s

2
θ̃
m413Λ

−4
1 +m

4
23Λ

−4
2

+ σ̃t1s
2
θ̃
+σ̃t2c

2
θ̃
m416Λ

−4
1 +m

4
26Λ

−4
2

+2c̃θs̃θ σ̃t1−σ̃t2 m213m
2
16Λ

−4
1 +m

2
23m

2
26Λ

−4
2

(4.100)

whereσ̃tidenotestheinclusivecrosssectionoftheflavorconservingproductionprocesspp→ t̃ĩt
∗
iat

theLHC.
Togetafeelingonhoweq.(4.100)isderived,considerthefollowingexample.LetusnoteNi,qY,N

i,q
L

(i=1,2)theeventratescorrespondingtotheprocesses̃ti→ qB̃andt̃i→ qW̃.Forexample,N
1,u
Y

denotestheeventrateoftheprocesst̃1→uB̃. WehavethusN
1,u
Y ∝σ̃t1BR t̃1→uB̃ .

Thebranchingratiocanbefurthersplitbetweenleftandrighthandedcomponents,i.e.:

BR t̃1→uB̃ =BR t̃1→uLB̃ +BR t̃1→uR B̃ (4.101)

andweknowthatBR t̃1→uLB̃ isproportionaltothesquareofthecouplingatthevertex̃t1uLB̃

intheeffectivestopsLagrangian.Fromeq.(4.95),onecandeducethat:

BR t̃1→uLB̃ ∝
σ̃t1
Λ41
m213c̃θ+m

2
16s̃θ

2
(4.102)

andsimilarlyfortherighthandedbranchingratio:

BR t̃1→uR B̃ ∝
σ̃t1
Λ41
m234c̃θ+m

2
46s̃θ

2
(4.103)
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ContinuingthisexerciseforN2,uY ,N
2,c
Y ,onehasthatthetotaleventrateNY=N

1,u
Y +N

2,u
Y +N

1,c
Y +N

2,c
Y

isindeedproportionaltothefactorineq.(4.100).
Itisthus,inprinciple,possibletotesttheSU(5)hypothesisusingthesesimpledecayrates.How-

ever,estimatingpreciselytheoverallfactorsrelatingNL andNY tothequantity(4.100)isvery
challengingasthisrequirestoknowtherealisticcross-sectionincludingallthekinematicselections.
Instead,wechoosetofollowanalternativestrategy,inwhichtheformofthisfactorwillnot

reallymatterfortheteststobeproposed. Whatwillbecrucialinsteadisthatbotheventratesare
proportionaltothesamefactor.
Letusassumethatoneisabletoexperimentallytagcharmjetsintheprocesses(4.92)witha

certainefficiencyc
5.LetusnoteNcY,N

c
Ltheeventratesfractionscorrespondingtotheeventswith

ac-jetcorrectlytagged.N
/c
Y≡NY−N

c
YandN

/c
L≡NL−N

c
Lthencontainbothup-quarkeventsand

miss-taggedcharmjets.
Then,accordingto(4.100),theSU(5)hypothesisimplies:

E[NcY]=cγYE[NY], E[NcL]=cγLE[NL] (4.104)

wherewehavenotedγY,γLtheactualfractionsofcharmeventsinNY andinNL. Dueto(4.100),

onealsohasγ≡γY=γLandthefoureventsratesN
c
Y,N

c
L,N

/c
Y,N

/c
Larerelatedbyasimplerelation.

Indeed,whentheSU(5)hypothesisisverified,onehas:

NcY
NcL
=
N
/c
Y

N
/c
L

. (4.105)

LetusremarkthatthelargeQCDerrorontheunderlyingcross-sectionroughlycancelsoutinthe
aboveratiosofeventrates. Moreover,noinformationonthestopmixingangleθ̃noronthestops
massesareneededtoperformthistest.Followingsubsection4.4.3,wethendefinethenormalizedtest
quantityas:

R=
NcY
NcL
−
N
/c
Y

N
/c
L

NcY
NcL
+
N
/c
Y

N
/c
L

(4.106)

suchthat:

E[R]=
|γY−γL|

γY+γL
. (4.107)

Theexpectedprecision(seesubsection4.4.3)associatedwiththistestisfoundtobe:

PZ=
Z

2
1/2
c

1

NY
+
1

NL

1/2 1

γ
+

1

γ−1
−
(1− c)γ

(γ−1)2

1/2

(4.108)

Letusremarkthatthepowerofthistestvanishindifferentlimitcases.OnehasPZ→∞ if:

1.γ→0,meaningthatnocharmjetsareexpected.

2.γ→1,meaningthatnoupjetsareexpected.

3. c→0,meaningthatnocharm-jetscanbetagged.

whichisconsistentasthetest(4.106)reliesoncharmtagging.

4.6.1.1 Discussion

Theexpectedprecision(4.108)isplottedonfig.4.11,wherethecharmfractionissettoγ=0.5,
andthecharmtaggingefficiencyissetto c=0.5. WeseethatNY=NL 27eventsaresufficient
tostarttoprobetherelationat3σsignificance,i.e.tohaveP3<100%.Toevaluatethefeasibility
ofthistest,wehavecollectedsometypicalvaluesofcrosssectionsexpectedattheLHC.Thetotal

5Weassumeforwhatfollows,that cisindependentfromthechannelconsidered.Howeverthegeneralizationofthe
resultspresentedhere,incasetheefficiencyischannel-dependent,isstraightforward.
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mt̃(GeV) 700 1000 1400 1800

σ̃t̃t(fb) 89±10% 8.6±15% 0.71±20% 0.08±25%

Figure4.10–StopsproductioncrosssectionsattheLHC14TeV,computedatNLO+NLLandgiven
asafunctionofthecommonstopmassmt̃,withtheirassociateduncertaintyexpressedinpercent.
Takenfrom[144

10. 100. 1000. 10000.

10.

100.

1000.

10000.

NY

N
L

].

Figure4.11–ExpectedprecisionPZfortheSU(5)testonflavor-changingstopdecayseq.(4.105).
NY andNL arerespectively,thenumbersofobservedstopdecaystobinoandwino. Thecharm
fractionisfixedtoγ=0.5andthecharm-taggingefficiencyto c=0.5. Dotted(plain)linesdenote
2σ(3σ)significance.Blue,purple,orangeandredlinesshowP2,3=100%,50%,20%and10%isolines
ofexpectedprecision.

productioncrosssectionsofstopspairsatnext-to-leadingorder(NLO)andatnext-to-leadinglog
(NLL)σ̃t̃t≡σ(pp→ t̃̃t

∗),takenfrom[144],aregivenintable4.10asafunctionofthecommonstop
massmt̃,togetherwiththeirassociateduncertaintiesandforanenergyintheproton-protoncenterof
massof14TeV.

Fromfig.4.11,oneseesthattestingtherelationwithalevelofsignificanceof3σataprecisionof
50%,20%and10%requiresrespectivelyNY∼NL∼100,675and2700events.Forcomparison,and

usingthevaluesoftable4.10,assumingBRt̃→qB̃ ∼BR t̃→qW̃ ∼0.5,withL=300fb−1

ofintegratedluminosity,oneexpectsabout1340,130,and11eventsforstopmassesofmt̃=700,
mt̃=1000,andmt̃=1400GeVrespectively.

4.6.2 ThemW̃ >m̃t1,2>mB̃ case

Thesecondmassorderingwearegoingtoconsideriswhenoneofthegauginos,thewino,isheavier
thanthestops. Then,kinematically,thestopsareallowedtodecayonlyintothebinoB̃. Beside,
contrarytotheprevioussection,onlyflavorconservingdecayswillbeconsidered.Then,thedecaysof
interestare:

t̃1/2→tL/RB̃. (4.109)

Measuringthehelicityofthetopineq.(4.109)potentiallygivesaccesstothestopmixingangle
[145–147].Inthissection,wepointoutthattop-polarimetrypotentiallyalsoprovidesaSU(5)test.

Fromtheup-squarkeffectiveLagrangian(4.55)andfrom[142]and[143],onecandeducethatthe
operatorwhichcouplesthestops-̃tL,̃tR-tothebinoB̃is:

O∝B̃(tL,−4tR). (4.110)
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Asineq.(4.94),thefactor4comesfromthemismatchinthevaluesofthehyperchargesbetweenthe
leftandright-handedtopcomponents.InthestopeffectiveLagrangian,theeffectivemasstermmixes
t̃Land̃tR.Themasseigenstates̃taand̃tbarethenobtained,asusual,witharotation:

t̃a
t̃b
=

cθt sθt
−sθt cθt

t̃L
t̃R

(4.111)

wherecθtandsθtarethesineandcosineofthestopmixingangleθt.
However,thereissomethingpeculiarhere.Indeed,wehavelabeledthemasseigenstatest̃a,̃tbto

emphasizethat,forthepurposeofthediscussionthatwillfollow(seetheendofthissection),and
contrarytowhatwasdoneineq.(4.95),wedonotwanttomakeanyassumptiononthemassordering
here,i.e. wedonotknowa-prioriwhethermt̃a < m̃tborvice-versa.Forthisverysamereason,we

havedenotedthestopmixingangleθtandnotθ̃(seeeq.4.95),tounderlinethatwedonotconsider
amassorderedeigenbasis.

ExpandingtheeffectiveLagrangian(4.55)withφ= t̃L,̃tR
T
andmakinguseofeq.(4.110),one

canshowthat,atnext-to-leadingorderintheEFTexpansion,thecouplingisdistortedas:

B̃(tL,−4tR)KR(θt)
t̃a
t̃b

(4.112)

withtheeffectivematrixKgivenby:

K=
1 x
x 1

. (4.113)

Theparameterxdependsontheelementsoftheup-squarkmassmatrixm2ij,andonthetwocut-offs
Λ1andΛ2.
However,theexactformofxisnotneededforwhatfollows,andhencewillnotbegiven.Instead,

inthismassordering,thecrucialsignatureliesinthefactthatthematrix(4.113)issymmetricwhen
theSU(5)hypothesisisverifiedwhereasitisnotinfullgenerality,whentheSU(5)constraintson
lowscalemasstermsm2ij(seeeqs.(4.97),(4.98),(4.99))arenotfulfilled.Beside,astheparameterx
enclosestheeffectsofthehigherorderoperatorsinthestopeffectiveLagrangian,onehasx=0at
leadingorderandoneexpectsx<<1forthehigherordercorrections.
Asinsubsection4.5.1,letusassumethatthespinofthetopisanalyzedthroughdistributionsof

theformfZ(z)∝(1+κPtz)withz∈[−1,1]andwherePt=±1isthehelicityofthetop.
Thedecayofthestopst̃aandt̃b,leadingtoeventratesnotedNaandNb,arethensplittedover

thedomainsD−=[−1,0[andD+=[0,1]suchthat:

Na=Na++Na−andNb=Nb++Nb−. (4.114)

Thesedifferenteventratescanthenbededucedusingeq.(4.84),andaregivenintheappendixC.
Then,fromtheeventratesineq.(4.114),onecandefinetwoforward-backwardasymmetries:

Aa≡
|Na+−Na−|

Na++Na−
, and Ab≡

|Nb+−Nb−|

Nb++Nb−
(4.115)

whichpotentiallygiveaccesstothestopmixingangleθt.
Indeed,atleadingorderintheEFTexpansioni.e.whenx=0,onecanusetheexpressionsofthe

decayratesNa±andNb±todeduceθtfrommeasurementsofforward-backwardasymmetries.
Forinstance,onehas:

E[Aa]=
κ

2

15−17c2θt
17−15c2θt

whenx=0. (4.116)

Thus,measuringoneforward-backwardasymmetryisenoughtogainaccesstoaleadingorderapprox-
imationofthestopmixingangle(seealso[145]).
Ontheotherhand,bothAaandAbcanbewrittenintermsoftheparametersxandθtusingthe

fulleventratesexpressionsforNa,b±(seeappendixC),atnext-to-leadingorderintheEFTexpansion.
Butinfullgenerality,thecouplingmatrixK(seeeq.(4.113))isa-priorinon-symmetric.Thus,onecan
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deducetworelationsofthetypeAa=f(xa,θt)andAb=f(xb,θt),witha-priorixa=xb.Inversing
thesetworelationstogetxa/basafunctionofAa/bandenforcingthattheSU(5)hypothesisistrue
i.e.thatx≡xa=xb,onecangetaSU(5)testwhichcanbesetinthefollowingnormalizedform:

R=
(Aa−Ab)(1606+450c4θt+(1028κ−2040(Aa+Ab)c2θt))

(765+255c4θ)κ+2040(Aa−Ab)c2θt−(1606+450c4θt)(Aa+Ab)
(4.117)

definedsuchthatE[R]=0iftheSU(5)hypothesisisverified.
ThedegreeofdependencyoftheeventratesNa,b±uponthehigherordercorrectionsintheEFT

expansion,i.e.uponthexparameter,canbescrutinizedbydefiningthefollowinginformationquantity:

I[Na,b±]≡
∂logNa,b±
∂x

(4.118)

Itturnsoutthatthisinformationdependscruciallyonthestopmixingangleθt.Thiscanbeseenon
fig.4.12,whereI[Na,b±]isrepresentedasafunctionofθtforx=0

6.Theinformationbecomessmall
forθt∼0(nostopmixing)andvanishesexactlyforθt=π/4(maximalstopmixing).Inbetweenthese
twolimitcases,onehasI[Na±]∼O(1),I[Nb±]∼O(0.1),andthereversefortheinterval[π/4,π/2].
FromtheSU(5)testeq.(4.117),onecancomputeanexpectedprecision(seesubsubsection4.4.3.2)
whichisfoundtobe:

PZ≈Z
(17+15c2θt)

255
√
2(3+c4θt)κ

3212−739κ2−1020κ2−4c2θt+ 900−289κ
2 c4θt

Nb

1/2

(4.119)

whenθt∈[0,π/4].Indeed,inthiscase,theeventratesNb+,Nb−arelesssensitivetoxthantheevent
ratesNa+,Na−.Theexpectedprecisiondependsthusmainlyontheamountof̃tbproduced.Forthis
reason,wehavedroppedtheNadependenceinPZineq.4.119.However,wehavereportedthefullPZ
formulainappendixC.Notethat,onewouldhaveasymmetricsituationintheintervalθt∈[π/4,π/2].
Also,inthelimitcasewherethetoppolarimetry-analyzingvariablevanishes,i.e. whenκ→ 0,the
powerofthetesteq.(4.117)vanishesaswell,i.e. wehavePZ→ ∞ whichisconsistentasthetest
reliesontop-polarimetry.
Asforθt∈[0,π/4],morẽtbthañtaareneededtodecreasetheexpectedprecision,scenarioswhere

t̃bisthelightestaremoreinteresting.Forthesevaluesofthemixingangle,thislighteststopismainly
right-handed. Thesamereasoningcanbeappliedinthecomplementarycase,whenθt∈[π/4,π/2].
Thistime,alargeramountoft̃aisnecessary. Aspectrumwherẽtaisthelighteststopistherefore
morefavorablefortheSU(5)testeq.(4.117).Again,thislighteststopwouldbemainlyright-handed.
Weconcludethatscenarioswherethelighteststopismainlyright-handedarealwaysmorefavorable
tocarryouttheSU(5)testdiscussedabove,andthus,foranyvalueofthestopmixingangle.
Theexpectedprecisionisshowninfig.4.13forθt=0.4,aswellasforNa=20and1000. Wesee

that,withaspin-analyserefficiencyofκ=0.5andNa=20wehavethatNb 137eventsareneeded
toprobetherelationat3σsignificance,i.e.tohaveP3<100%.Testingtherelationwith50%or20%
precisionat3σrequiresNb∼589andNb∼7560.Forcomparison,assuming300fb

−1ofintegrated
luminosityattheLHC14TeV,oneexpectsabout26700,2580,213,and24eventsforstopswitha
massofmt̃=700,1000,1400and1800GeV(seetable4.10fortheproductioncrosssectionsvalues).

4.7 CaseIII:Top-charmSUSY

Inthissection,wescrutinizespectrawhichfeatureaheavyfirstgenerationofup-typesquarksand
lightsecondandthirdgenerations. Thatmeansthatweassumethatonlystop-likeandscharm-like
squarksareaccessibleattheLHC.IntheSCKMbasis,attheGUTscale,thesoftmassestakethen
theform:

M2Q=M
2
U=




Λ2 0 0
0 0 0
0 0 0



+O(M2SUSY)




0 0 0
0 λ22 λ32
0 λ32 λ33



 (4.120)

6NotethatsincexencodesthehigherordercorrectionsintheEFTexpansion,settingx=0wouldresultinonly
minormodificationstotheresultspresentedinfig. 4.12.
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Figure4.12–InformationcontentoftheeventratesNa,b±(seeeq.(4.113))plottedasafunctionofthe
mixingangleθtforx=0.Plain,dashed,dottedanddot-dashedlinescorrespondtoI[Na+],I[Na−],
I[Nb+],andI[Nb−],respectively.Thespin-analyzingpowerissettoκ=1.

wheretheλijformingeneralahermitianmatrixofO(1)parametersandΛ>> MSUSY. Sucha
frameworkisimmuneagainstD0−D̄0mixinginducedbytheup-squarksector([107])becausethe
firstup-squarkgenerationisheavy. Wealsoassumethatthedown-typesquarksareeitheralignedor
heavyinordertoavoidFCNCsinducedbythedownsector. Thisassumptionalsoavoidtoolarge
SUSYFCNCcontributionsintheleptonicsectorduetotheSU(5)unification.

Phenomenologically,thistop-charmSUSYframeworkconstitutesanidealplaygroundtogain
knowledgeabouthowtotesttheSU(5)-likeGUThypothesisofourinterest.Beside,itisalsouseful
inordertocarryoutstopsearchesattheLHCtakingintoaccountflavorviolation[148–152].Inpar-
ticular,largetop-charmmixingisfoundtobothimprovenaturalnessandtorelaxtheconstraintson
stopmasses[153].

4.7.1 EffectiveLagrangian

TheeffectiveLagrangianderivedinsubsubsection4.4.1.3directlyappliestothetop-charmSUSY
spectrum,identifyingthefirstup-squarksgenerationastheheavyfieldŝφ=(uL,uR),andthesecond
andthirdgenerationsasthelightfieldsφ=(cL,tL,cR,tR).TheblocksofthemassmatrixM

2
ũhave

thentheform:

M̂2=
m211 m

2
14

m244
, M̃2=

m212 m
2
13 m

2
15 m

2
16

m242 m
2
43 m

2
45 m

2
46
, M2=







m222 m
2
23 m

2
25 m

2
26

m233 m
2
35 m

2
36

m255 m
2
56

m266







(4.121)
UsingalsotheSU(5)relationM2Q≈M

2
U(validonlyforthefirsttwogenerations),wehaveinaddition:

m212≈m
2
45 and m216≈m

2
34, (4.122)

attheTeVscale.Itisthereforenaturaltoscrutinizetheeffectsofthevirtualfirstgenerationup-
squarksonthelighttop-charmsquarks.TheÔM̂−2M̃2φtermintheeffectiveLagrangianeq.(4.55)
inducesflavor-changingdecaysofthelighttop-charmsquarksintouB̃anduW̃. But,inthiscase,
distinguishingbetweentheinitialc̃and̃tseemsdifficult.

However,unlikefortheNaturalSUSYcase,lookingatthehigher-dimensionaloperatorsisnotthe
onlypossibilityavailable,becauseaSU(5)informationfromAu≈A

T
ualsoremainsatleadingorder

inthelowenergymassmatrixM2.Thisistherelationofthetop-charmsector:

m226≈m
2
35. (4.123)

Wehavethereforethepossibilityoftestingthe SU(5)hypothesisusingonlytherealup-squarks.From
nowon,wethusfocusonlyonthetop-charmsector.
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Figure4.13–ExpectedprecisionPZfortheSU(5)testonpolarizationofstopdecayseq.(4.117)as
afunctionofthespin-analyzerefficiencyκandoftheamountofobservedt̃bdecaysNb.Thenumber
oft̃adecaysisfixedtoNa=20(thicklines)andNa=10000(thinlines).Thestopmixingangleis
fixedtoθt=0.4.Dotted(plain)linesdenote2σ(3σ)levelsofsignificancerespectively.Blue,purple,
orangeandredlinesshowP2,3=100%,50%,20%and10%isolinesofexpectedprecision.

4.7.2 SU(5)testthroughHiggsproduction

Letusfirstconsideracasewhereallstopandscharmmassesarenearlydegenerate.Thispossibility
happensinparticularinlow-energyGUTs,wherenolargestopmixingisneededinordertohavethe
correctHiggsmass,e.g[64].Nearly-degeneratesquarksimplythattheMIA(seesubsection4.4.2)is
validforthestopandscharmsector,and:

mt̃L∼mt̃R ∼mc̃L∼mc̃R ≡mq̃. (4.124)

ThesestatesshouldbeproducedinanequallyabundantwayattheLHC,astheirproductionoccurs
mainlythroughflavor-blindgluonfusion.
Theoff-diagonalelementsoftheup-typetrilinearmatrixareidentifiedwithmassinsertions:

δLRu ij
=vu(Au)ij/

√
2m2q̃ . (4.125)

TheSU(5)hypothesisAu≈A
T
uthenimplies:

δLRu 23
= δLRu 32

. (4.126)

Toexperimentallytestthisrelation,one mayscrutinizetheflavordecompositionofthestopand
scharmeigenstates. Atfirstview,eveninthe MIA,suchananalysisseemsdifficultbecauseofthe
presenceofadditionalmass-insertionsδLL23,δ

RR
23 andδ

LR
22,33. Toovercomethisissue,oneshouldnote

thefundamentaldifferencebetweenδLL,RR23 andδLR23. Thechiralityconservinginsertionsparameters
relatetoatrulybilinearterm,i.ethescalarmasses,whilethechiralityviolatinginsertionsparameters
areinducedbyatrilinearterm,thesquark-Higgsscalarcoupling.But,thisfactissomehowhiddenif
oneletstheHiggsbeonitsVEV.ThephysicalHiggsexclusivelycouplestotheLRcomponentsofthe
squarkseigenstates.Thus,inprinciple,detectingaHiggsgivesanaccesstothecouplingδLRu 23

,i.e.
to(Au)23.
TheLHCSUSYprocessesofinterestarethereforestopandscharmpairproductions,followedbya

flavor-violatingdecayintoasquarkandaHiggsbosoninoneofthedecaychain.Theseprocessesare
depictedinfig.4.14. Wefurtherassumethatthesquarksdecayintothebino-likelightestneutralino
χ̃01∼B̃. Theseprocessescanbeidentifiedrequiringasingletop,ahardjet(fromacharmquark),
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aHiggs,andlargemissingtransverseenergynoted/ET. Higgsproductionthroughup-squarkflavor-
violatingdecayshavebeenstudiedinrefs[151,154].Notethat,inthedegeneratecase,notallparticles
canbeon-shellinthedecaychainproducingtheHiggs.Asinpreviouscases,thistesthastorelyona
distinctionbetweenthechiralities,whichispossibleonlyforthetopquark.Reconstructingtheevents
isnecessaryinordertoselecttheoneswheretheHiggscomesfrom̃cL,R→ h̃tR,Landrejecttheones
from̃tL,R→ h̃cR,L. Theformeroftheseprocessesisshowninthefirstrowoffig.4.14,thelatter
beingshowninthesecondrow.Otherprocessesleadingtothesamefinalstatesarealsopossiblebut
aresuppressedbyextramass-insertions(seesecondrowoffig.4.14).

Providedthatthecascadedecaywithc̃L/R→ h̃tR/Lcanbeisolated,toppolarimetrythenreadily

providesaSU(5)-test,asBRc̃L→ h̃tR ∝|δ
LR
23|

2andBRc̃R→ h̃tL ∝|δ
LR
32|

2.Denotingtheevent
ratesfromtherelevantflavor-changingHiggsdecaychainasNhtc,top-polarimetryprovidesasplitting
oftheeventsintoNhtc=Nhtc,++Nhtc,−,seesubsection4.5.1.TheSU(5)testthentakestheform:

R=
|Nhtc,+−Nhtc,−|

Nhtc,++Nhtc,−
(4.127)

Thissituationissimilartotheoneofsubsection4.5.1andwillnotbefurtherdiscussed.

Instead,wefocusonasomewhatdifferenttypeofspectrum,wherethestopmixingangleislarge
whilethescharmsarenearlydegenerate. TheMIAappliestothescharmsector,butnotinsidethe
stopsector.Instead,thestopsarerotatedtotheirexactmasseigenstates. Afterrotatingthestops,
thescharm-stopmassmatrixtakestheform:

Mt̃=








m2c̃ 0 0 0
m2c̃ 0 0

m2
t̃1

0

m2
t̃2







+m2c̃







0 δLR22 δLL23c̃θ−δ
LR
23s̃θ δLL23s̃θ−δ

LR
23c̃θ

0 δLR32c̃θ−δ
RR
23s̃θ δ

LR
32s̃θ−δ

RR
23c̃θ

0 0
0





 (4.128)

FollowingtheMIAapproach,thefirstmatrixabovecorrespondstothesquarksmasseigenvalues,
whilethesecondmatrixistreatedasamassinsertion. Here,andcontrarytosubsection4.5.1,the
stopsarerotatedtoamassorderedbasis,i.e.wehavem2

t̃2
>m2

t̃1
.NotethattheMIAisexpectedto

bevalidtoagoodprecisionform2
t̃2
+m2

t̃1
∼2m2c̃(seerefs[121,122]).Fortherestofthissection,we

focusonthecasem2
t̃2
>m2c̃>m

2
t̃1
.Notethatthisorderingwouldhappennaturallywithdegenerate

stop-scharmsoftmassesandahierarchicalAUwithlarge(3,3)element.

ThephysicalHiggscouplesonlytotheleft-rightmixingtermsδLR. Theverticesh̃cL̃t1,h̃cL̃t2,
h̃cRt̃1,h̃cRt̃2arerespectivelyproportionaltoδ

LR
23s̃θ,δ

LR
23c̃θ,δ

LR
32c̃θ,δ

LR
32s̃θ. Withinthisgiven

massordering,theSUSYcascadedecaysareratherdifferentthanfromthedegeneratecasediscussed
above.Flavorchangingscharmdecaysgoingthrought̃2arenowsuppressedbecauseofm

2
t̃2
>m2c̃.As

aconsequence,contrarytothedegeneratespectrum,toppolarimetryisnotusefulanymore. Onthe
otherhand,realdecays̃t2→ h̃candc̃→ h̃t1arenowopen.

Werequireagainasingletop,ahardjet,aHiggs,andlargemissing ETfrombothsidesofthe
decaychains.Twoeventtopologiesleadtothisfinalstate:theHiggscaneithercomefromt̃2→ h̃cR,L
orfrom̃cR,L→ h̃t1.Theseprocessesareshowninthefirstrowoffig.4.15.Thefirstofthesediagrams

isproportionaltoδLR23
2
c2
θ̃
+δLR32

2
s2
θ̃
,whilethesecondisproportionaltoδLR23

2
s2
θ̃
+δLR32

2
c2
θ̃
.These

twotypesofeventcanbedisentangledusingthetopologyofthedecaychain. Wedenotetheevent
ratesassociatedwiththesetwodiagramsNhjandNhtrespectively.Formaximalstopmixing(c̃θ=s̃θ),
thetwoquantitiesbecomeequalsothatthepowerofthetestisexpectedtovanish.

Contrarytothedegeneratecase,thestopsandscharmshavedifferentproductionrates. Moreover,
thetheoreticalpredictionssufferfromalargeQCDerror. Onewaytogetridofthaterrorisby
normalizingNhj,Nhtbyappropriatelychoseneventrates.InordertonormalizeNht,weaskforthe
measurementofflavorconservingdecay-chainsof c̃−pairsintotwojetspluslargemissingET. The
correspondingeventrateisnotedNjj. Becauseofstopmixing,thesameprocesscannotbeusedto
normalizeNhj.Insteadweaskforoneofthetwõt2todecayintoZt̃1.ThiseventrateisnotedNZt.
Theseprocessesaredepictedinthesecondrowoffig.4.15.
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Figure4.14–Cascadedecaysincaseofanearlydegeneratetop-charmspectrum.Thedotsrepresent
mass-insertions.Firstrow:cascadedecaysusedfortheSU(5)testdefinedineq.(4.127).Secondrow:
otherprocessesleadingtothesamefinalstate.

Notethat,asinsection4.6,weareassumingthatalltheseeventratescanbemeasuredwith
adetectionefficiencyof100%. NormalizingNhjbyNZtandNhtbyNjjcancelsthecross-sections,
leavingonlytheratioofpartialdecaywidths:

E
Nhj
NZt

=
Γ t̃2→ h̃cL,R

Γ t̃2→Zt̃1
, E

Nht
Njj

=
Γ c̃L,R→ h̃t1

Γ c̃L,R→ c̃B
(4.129)

Ifwedefinenowthequantity:

η≡E
Nht
Njj

E
Nhj
NZt

=
Γ c̃L,R→ h̃t1

Γ t̃2→ h̃cL,R

Γ t̃2→Zt̃1

Γ c̃L,R→ c̃B

≈
m2c̃−m

2
t̃1

m2
t̃2
−m2c̃

m2
t̃2
−m2

t̃1

m2c̃−m
2
B̃

(4.130)

wheretheapproximationinthelastlineofeq.4.130isobtainedbyneglectingtheSMmasses,onesees
thatthisfactorcanbeevaluatedusingextrainformationfromkinematicanalysis,forexampleusing
thekinematicedgesoftheht,hjandZtinvariantmasses.
ThenormalizedSU(5)testthenreads:

R≡
1

c2̃θ

Nhj
Njj
−η
Nht
NZt

Nhj
Njj
+η
Nht
NZt

(4.131)

whichsatisfies:

E[R]=
δLR23 −δ

LR
32

δLR23 +δ
LR
32

. (4.132)

Followingtheprocedureofsubsubsection4.4.3.2,onecanthencomputetheexpectedprecision
associatedtothetesteq.(4.15),whichisfoundtobe:

PZ≈
Z

2c2̃θ

1

Nhj
+
1

Nht

1/2

. (4.133)
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Figure4.15–CascadedecaysusedfortheSU(5)testbasedonHiggsdetectiondefinedineq.(4.131).

NotethatPZ → ∞ whenθ̃→ π/4,i.e.thepowerofthetestvanishinthelimitofmaximalstop
mixingasexpected.Notealsothatineq.(4.133),onlytheleadingstatisticaluncertaintythatcomes
fromsmallflavorchangingdecayrateshavebeentookintoaccount.

4.7.2.1 Discussion

Theexpectedprecisionisshowninfig. 4.16,fortheintermediatevaluẽθ=0.4. Becauseofthe
massorderingofthisscenario,oneexpectsNhj<Nhtasthet̃2isheavierthanthescharmsandthus
producedlessabundantly. AssumingNhj<<Nhtandθ̃=0.4,testingtherelationwith50%,20%
and10%precisionat3σsignificancerequiresrespectivelyNhj 19,116or464events.Roughlytwice
lesseventsareneededif̃θ=0.Forcomparison,usingthecross-sectionvaluesoftable4.10,assuming
flavorviolatingbranchingratiosof0.05and300fb−1ofintegratedluminosity,oneexpectsabout1340,
130and11eventsforstopmassesofmq̃=700,1000and1400GeV,respectively.
Wewanttoconcludethissectionbypointingoutthatotherpossibilitiesofnormalizationofthe

Nhj,Nhteventratesareinprinciplepossible-usingeitherobservedortheoreticaleventrates.Inany
case,theapproachreliesonevaluatingtheappropriateηparametersuchthattheexpectationvalueof
thetestE[R]takestheformofeq.(4.132).TheexpectedprecisionPZwillthentaketheformofeq.
(4.16)aslongasthestatisticaluncertaintiescomingfromtheflavorchangingeventratesNhjandNht
dominate.
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Figure4.16–ExpectedprecisionPZfortheSU(5)testbasedonHiggsdetectioninSUSYcascade
decayseq.(4.131).NhjandNhtarethenumberofobservedcascadedecaysfromt̃2andc̃L,Rpair
production,respectively(seefig.4.15). Onefixesthestopangletoθ̃=0.4. Dotted(plain)lines
denote2σ(3σ)levelofsignificance,respectively. Purple,orangeandredlinesrespectivelyshow
P2,3=(50%,20%,10%)isolinesofexpectedprecision.

4.8 Conclusion

Inthischapter,wehaveexploredthelowenergyconsequencesofsupersymmetrictheories,mainlythe
MSSM,equippedwithaGUTscaleSU(5)symmetry.TheSU(5)-MSSMconstitutestheprototypeof
SUSY-GUTstheoriesand,assuch,hasbeenextensivelystudiedinthepast,especiallythecorrelations
ofFCNCsbetweenthehadronicandleptonicsectorshavereceivedalotofattention.Ontheotherhand,
theoriginalityofourapproachwastostayconfinedwithintheup-squarkssector.Inparticular,we
haveshownthat,asofarunstudiedpropertyoftheup-typesofttermsallowedtoconstructavarietyof
SU(5)testsatlowscale.Indeed,aswehaveargued,aSUSYmodelwhichisSU(5)symmetricimplies,
intheup-squarksector,thatthetrilinearcouplingissymmetricaswell. Asahappycoincidence,it
turnsoutthattheinnerflavorstructureofthisrelationmakesitwellstableunderquantumcorrections,
theasymmetryinducedbytheRGflowstaying,attheTeVscaleoftheorderofO(10%)atmaximum.
Thatmakesclearthefactthat,ifaSU(5)-likegrandunificationisrealizedinnature,itshouldleave
afootprintinthelowscaleup-squarksspectrum. Thisbeingsaid,thischapterhavebeendevoted
tothestudyoftheconsequencesofthissymmetrypropertyamonglowscaleobservables,potentially
accessibleattheLHC.ThreetypicalSUSYspectrahavebeeninvestigated.

Insection4.5,"heavy"SUSYspectrawereconsidered,inwhichtheSUSYbreakingscaleismuch
higherthantheTeVscale.Clearlyinsuchacontext,therelevantprocedurewastoscrutinizealowscale
theory,withthes-partnerspectrumintegratedout. Weshowedthat,apossibilitytobuildaSU(5)
testremainsifonelooksattheSUSYinducedeffectivedipoleoperators. Unfortunately,thecurrent
experimentalsensitivityofexperimentsseemstoolowtohopedisentanglingtheSUSYcontributionsto
thedipoleoperatorsatcollidersinthenearfuture,thusmakingthistesthardlyapplicableinpractice.

Insection4.6,"natural"SUSYspectra-whichfeaturealightthirds-partnergeneration-havebeen
showedtoprovideSU(5)testsfortwotypicalmassorderings.Ononehand,ifoneassumesthatthe
stopsareheavierthanthegauginos,onecanconstructsaparticularlysimpleleadingordertest,from
countingthenumberofdecayeventsofthestopsineachofthechannelsopened.Ontheotherhand,if
oneassumesthatoneofthegauginos(thewino)isheavierthanthestops,thenoneneedstopushthe
EFTexpansionofsubsubsection4.4.1.3beyondtheleadingordertogainaccesstoaSU(5)footprint
intheup-squarksector.Althoughthisfactsubstantiallycomplexifiesthetaskoffindingsimpletests,
wemanagedtoextractatestrelatingstopsforward-backwardasymmetries.

Finallyinsection4.7,wehaveexploredthepotentialityofthe"Top-Charm"SUSYframework
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totesttheSU(5)hypothesis.Inthesekindofspectra,theonlydecoupledgenerationisthefirst
one,whichisassumedtobeveryheavy,thestop-likeandthescharm-likesquarkslyingneartheTeV
scale.Inthisframework,Higgsproductionthroughflavorviolatingsquarkdecayshavebeenshown
toprovideatest,assumingthatoneusesappropriateflavorconservingeventratestonormalizethe
Higgsproductioneventrates.
Table4.4givesasummaryofthedifferentSU(5)teststhatappearinthevariousSUSYscenarios

outlinedabove.Thetypicalamountofeventstoreachanexpectedprecisionof50%at3σisalsoshown
foreachofthesetests.Thenumberofneededeventsrangesroughlyfromabout10toabout100.For
thisrequiredprecision,thetestsinvolvingtop-polarimetryrequiretypicallyO(100)eventsastheyrely
ontheshapeofthekinematicdistribution.
Inanycase,weseethatthefeasibilityofallthesetestshavebeenquantifiedusingap-value

frequentistapproach,inwhichthenull-hypothesiswasthepresenceofaGUTscaleSU(5)symmetry.
Wehenceinsistonthefactthatalltestsdevelopedinthischapterhavebeengearedtoonlyrejectthe
SU(5)hypothesiswithagivensignificance,nottoconfirmit.
Ontheotherhand,thenextchapterwillbedevotedtoamoreglobalnumericalanalysis,which

couldbeusedtobothrejectand/orconfirmtheSU(5)hypothesis.Beside,andcomplementarytowhat
wasdonehere,thisanalysiswillrelyonBayesianstatistics,thustranscendingtheintrinsiclimitations
ofthefrequentistapproach.

Heavy NaturalSUSY Top-charmSUSY

SUSY mt̃1,2>mB̃,W̃
mW̃>m̃t1,2
>mB̃

mt̃L,R∼mc̃L,R
mt̃2>m̃cL,R
>m̃t1

Squarksinvolved virtual virtual/real real

Toppolarimetry yes no yes yes no

Charm-tagging no yes no no no

Higgsdetection no no no yes yes

θ̃-dependence no no yes no yes

P3=50% 144 72 108 144 10

Table4.4–SummaryoftheSU(5)-testsappearinginthevariousSUSYscenariosconsidered.Thelast
lineshowsthetypicalnumberofeventsneededtoreacha50%precisionat3σ.
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Chapter5

ABayesiananalysis

ThischapterwillbedevotedtothepresentationofmoreglobalSU(5)teststhatthosepresentedin
chapter4.ThegeneralframeworktosetupsuchtestswillbetheoneofmodelcomparisoninBayesian
inference[155].ThecentralgoalofthischapterwillbethenumericalcomputationofBayesfactors[156]
usingMarkovChainMonteCarlo(MCMC)algorithms[157]totesttheSU(5)hypothesisAU≈A

T
U

onlowscaleSUSYspectra.Therestofthischapterisorganizedasfollows.Asthishasnotbecomea
widelyfamiliartopicforhighenergyphysicistsyet,wewillgiveinsection5.1abriefintroductionto
Bayesianstatistics.Section5.2willbedevotedtothepresentationoftheanalysis,inparticularthe
numericalstrategyusedwillbedetailed.Finally,section5.3willbedevotedtothepresentationand
toadiscussionoftheresultsoftheanalysis.

5.1 TheBayesianContext

ThissectionisdevotedtothepresentationofthemainideasatthecoreoftheBayesianformulation
ofstatistics. Verybriefly,thefrequentistschoolassumesthat,whenmeasuringaparameterfrom
data,sufficientlyhighseriesofmeasurementsconvergetothetruevalueoftheparameterofinterest,
consideredasconstant.IncontrastBayesiansarguethat,wheninferringaparameter,onehasto
takeintoaccountasubjective,a-prioridistribution,reflectingourcurrentknowledgeonwhatthat
parametershouldbe,toformulatemeaningfulresults.Bayes’theoremthenprovidesaprescriptionto
updatetheinferredvaluewhenmoredatabecomeavailable.Inshort,onecansaythatforfrequentists
"truth"isfixedandobservationsarerandomwhereasBayesiansarguethataprobabilityisastatement
aboutthepossiblestatesofthetruth.

Thedifferenceishenceofaphilosophicalnature,andthedebatebetweenthetwoschoolshasbeen
goingonforyears,triggeringalotofliterature(seeforinstance[158]foradefenseofthefrequentist
interpretation).Anyway,itisnotouraimheretogodeeperintothisdebate.Nonetheless,wewould
liketosketchafewofthereasonsthathaveallowedtheBayesianinterpretationtobecomeverypopular
overthelastyears,thusmakingpeoplethinkthatitconstitutesamorenaturalformulationofthe
conceptsraisedbythetheoryofprobability.Indeed,currentlyBayesianstatisticsfindapplicationswell
beyondthescopeofhighenergyphysics,whetheritisinpsychology,biologyoreconomy. Hence,in
subsection5.1.1,wewillpresentafewofthelimitationsand,webelieveinconsistencies,thatariseina
frequentistformulationofprobability,thusmotivatingtheintroductionoftheBayesianinterpretation.
Subsection5.1.2willbedevotedtothepresentationofthemainconceptsandresultsoftheBayesian
theory. Especially,thenotionsofpriorandposteriorprobabilitydistributions,aswellastheBayes
theorem,willbeintroduced. Finally,subsection5.1.3willfocusononeapplicationoftheBayesian
theory,namelymodelcomparison.Inparticular,theBayesfactor,whichwillbelargelyusedinthe
restofthischapter,willbepresented. Notethatthissectionhasbeenpreparedusingthefollowing
references[159],[160]and[156].
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5.1.1 Limitationsofthefrequentistapproach

Aswearguedinsubsection4.4.3,inthefrequentistapproach,adefinitionofaprobabilityofanevent
canbe:

Thenumberoftimestheeventoccursoverthetotalnumberoftrials,inthelimitofaninfiniteseries
ofequiprobablerepetitions.

Thisdefinitionofprobabilityisunsatisfactoryinseveralaspects:

1.First,thefactthatwedefineaprobabilityintermsofrelativeequiprobableoutcomes,render
thisdefinitionclearlycircular.Indeed,itwastheveryfirstnotionof"probable"thatwewere
tryingtodefine.Otherdefinitionstrytoescapethispointbyreplacingtheword"equiprobable"
by"ifallthecasesareequallypossible"ignoringthatinthiscontext,"possible"isasynonymof
"probable".Thereisnowayout.Thisstatementdoesnotprovideadefinitionof"probability"
butatmost,givesausefulruletoevaluateit,incasewealreadyknowwhataprobabilityis.

2.Secondly,thisdefinitioncannotdealwithunrepeatableexperiments.Forexample,questionssuch
as:"WhatistheprobabilitythatitwassnowinginDublinduringtheParis1998finalsoccer
worldcup?"orinacosmologicalcontext,questionsrelatedtotheobservationalpropertiesofthe
Universeasawholecannotbeansweredinafrequentistcontext.Backtoparticlephysics,for
thesamereasons,thefrequentistinterpretationhasdifficultiestodealproperlywithsystematic
uncertainties.

3.Thedefinitiononlyholdsexactlyforaninfinitesequenceofrepetitions. But,inreallife,we
alwayshaveafinitenumberofmeasurements,sometimeswithonlyasmallnumberofthem.
Defining"howmanyrepetitions"aresufficientforaprobabilitytoconvergebecomethenatricky
question,whichhastobeansweredineverysinglecase.Inpractice,oneoftenforgetaboutthis
issueof"infiniteseries"requirementandtendtousethisdefinition,andtheresultsthatgowith
it,forwhatevernumberofeventswehaveatdisposal.

TheBayesianinterpretationofprobabilitycircumventmostofthesecaveats.Indeed,thedefinition
5.1.1isreplacedbythefollowing,moreintuitivedefinition:

Aprobabilityisameasureofthedegreeofbeliefaboutaproposition.

A-priori,thisdefinitionseemstoovaguetobeofanyutility. Wethenneedsomeexplanationof
itsmeaning,atooltoevaluatewhata"degreeofbelief"is,andweshouldlookatsuchatool,the
Bayestheorem,inthenextsubsection.Ontheotherhand,thisdefinitionseemshowevertobemore
powerfulthanthefrequentistoneonseveralpoints:

1.Itisverygeneral,andonecanapplythisdefinitiontoanyevent,independentlyoftherepeata-
bilityoftheevent.Hence,onedoesn’tneedtoassumethataseriesofequiprobablemeasurements
havetobemadetocomputeaprobability.Rather,aprobabilitywillbeconditional,inasense
tobeprecisedlateron,onoursubjectivestateofknowledgeaboutthemeasurement.Thislast
conditionhasbeenoftenconsideredasaweakpointoftheBayesianinterpretation,butitshould
notbe. Letusconsider,forexample,amassmeasurement.Infrequentistmethodsbasedon
maximumlikelihoodtests,incertaincircumstances,forexampleifthesignaltobackgroundratio
islow,unlessspecialcareistaken,onemightendwithnegativebest-fitestimates,whichobvi-
ouslymakenosenseforamassvalue.Ontheopposite,inaBayesiancontextonecanguarantee
that,bytakingintoaccountrelevantpriorinformationonthemeasurand,thefinalresultwillbe
enforcedtobepositive.Beside,theBayestheoremensuresthat,oura-prioristateofknowledge
onthemeasurandbecomelessandlessrelevantasmoreandmoredatabecomeavailable,the
twoapproaches-frequentistandBayesian-beingasymptoticallyequivalents.
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2.Itcandealeffortlesslywithsystematicerrors.Forexample,ifonewantstomeasureaBSMsignal
atcolliders,letussaythroughareconstructedinvariantmassmeasurement,onehastotakeinto
accountsystematicerrorswhichoriginate,forinstance,fromthefiniteenergyresolutionofthe
calorimeters,orfromsomeelectronicdelayinthetriggersystem.Inafrequentistcontext,one
oftendealswiththesesystematicsbythenon-frequentistprocedureofgeneratingmanypseudo-
experiments,from Monte-Carlosimulations,whereasfromonepseudo-experimenttothenext,
thevaluesofallnuisanceparametersarevariedwithintheirassumeddistributions.InaBayesian
treatment,thenuisanceparametersareremovedfromthestartbymarginalization,whichmean
thattheyaresimplyintegratedoutassumingsomepriorprobabilitydensityfunction(PDF).

3.InaBayesiantreatment,oneonlyhastodealwithdatawhichwereactuallyobserved,while
frequentistmethodsfocusonthedistributionofpossibledatathathavenotbeenobtained.Asa
consequence,theopinionofanexperimenter,forexamplethroughaspecificdistributionchoice,
ondatathathavenotbeenobservedyet,mightinfluencetheoutcomeofafrequentistresult.This
isclearlyillogicalastheresultsofinferencesshouldnotdependonwhatcouldhavehappened
but,shouldonlydependonwhatwasactuallyobserved.Thisproblemiscircumventedfromthe
startinaBayesiansetup,asinferencesarebyconstructionconditionalonwhatwasobserved.

5.1.2 TheBayestheorem,priorsandposteriors,orthedoomofthe"falseidolof
objectivity"

Afterthisqualitativediscussion,wewouldliketogodeeperintotheformalismofBayesianstatistics.
Clearly,inBayesianstatistics,theconceptofconditionalprobabilityisabsolutelycentral. Werecall
thatifwenoteP(A|B),thevalueoftheprobabilityoftheeventAassumingthatBhasbeenrealized,
ormorecommonly"theprobabilityofAknowingB",theaxiomsofprobabilityimply:

p(A,B|I)=p(A|B,I)p(B|I) (5.1)

whereineq.(5.1),Irepresentsanyinformationthatisassumedtobetrue,andp(A,B|I)represents
thejointprobabilityofAandBknowingI. Eq.(5.1)simplysaysthatthejointprobabilityofA
andBequalstotheprobabilityofAgiventhatBoccurs,timestheprobabilityofBoccurringonits
own,whereallprobabilitiesareassumedtobeconditionalonthetrueinformationI.Ifoneisonly
interestedontheprobabilityofBalone,independentlyofA,thesumandproductsrulesimplythat:

p(B|I)=
A

p(A,B|I) (5.2)

wherethesumrunsoverallpossibleoutcomesforpropositionA.Thequantityontheleft-hand-sideof
eq.5.2,wherethepropositionAhasbeensummingout,iscalledthemarginalprobabilityofB.Since
wehavep(A,B|I)=p(B,A|I),eq.(5.1)directlyimpliesthat:

p(B|A,I)=
p(A|B,I)p(B|I)

p(A|I)
. (5.3)

ThisresultisknownastheBayestheoreminhonorsofThomasBayes1,an18thcenturyEnglishpastor
andmathematician2.OnecangetabetterinsightattheBayestheoremifwereplacetheproposition
Abysomeobserveddata,whicharegenericallynotedd,andthepropositionBbyanhypothesisone
wantstoassess,notedH:

p(H|d,I)=
p(d|H,I)p(H|I)

p(d|I)
. (5.4)

Letushavealookatthedifferentingredientsofeq.(5.4).Ontheleft-handside,p(H|d,I)represents
theprobabilityofthehypothesisH tobetrue,oncethedatadhavebeentakenintoaccount. For

1Seeforinstance,en.wikipedia.org/wiki/Thomas_BayesforashortbiographyofThomasBayes.
2Astheauthorofthisthesisisfrench,hewouldtopointoutthattheBayestheoremhasbeenrediscoveredand

itsinterpretationsextended,tenyearslater,bytheFrench mathematicianandphysicistPierre-SimonLaplace,see
en.wikipedia.org/wiki/Pierre-Simon_Laplace.
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thisreason,p(H|d,I)iscalledtheposteriorprobabilityofthehypothesisgiventhedata,ormore
shortlyjusttheposterior.Ontheright-handside,p(H|I)representstheprobabilityofthehypothesis
irrespectivelyofanydata. Statedotherwise,thisprobabilityrepresentsthedegreeofbeliefofthe
hypothesisHbeforeonehastookintoaccounttheinformationbroughtbythedata.Forthisreason,
p(H|I)iscalledtheprobabilitypriortothedata,orsimplytheprior.

p(d|H,I)representsthelikelihood,whichencodeshowthedegreeofplausibilityofthehypothesis
changeswhenweacquirenewdata. Thelikelihoodmustthenbeconsideredasafunctionofthe
hypothesis,forfixeddata(theonethathavebeenactuallyobserved).Forthisreason,asthedataare
fixed,wecanshortcutthenotationandsimplywriteL(H)≡p(d|H,I).Asthelikelihoodisafunction
ofthehypothesis,nottheoutcome-inthiscase,thedata-,itshouldnotbeviewedasaprobability
densityfunction.Thelikelihoodisthus,a-priori,notnormalized. Wehencealsoneedanormalization
constant,p(d|I)calledthemarginallikelihoodandwhichisequalto:

p(d|I)≡
H

p(d|H,I)p(H|I) (5.5)

wherethesumrunsoverallthepossibleoutcomesforthehypothesisH. WehenceseethattheBayes
theoremteachesushowtoupdatetheprior-whichrepresentsourdegreeofbeliefbeforethedata
wereconsidered-whennewdataareacquired,throughthecomputationoftheposterior.TheBayes
theoremgivesthusaprescriptiononhowtolearnfromexperiments.

Fromhere,twoapplicationsoftheBayestheoremarepossible. Modelcomparisonallowstodis-
criminatetwocompetitivemodelsinviewofdata,wewillgivesomedetailsonthisinsubsection5.1.3.
Ontheotherhand,parameterinferenceallowstoinferamodel’sparameterfromasetofdata,a
priorpdfbeinggiven.Letussayforexampleonewantstoinferasetofparametersofagivenmodel
notedM.Ineq.(5.4),thepropositionIisthen"themodelM istrue",simplynotedM,whilethe
hypothesisHis"thesetofparametersofthemodeltakesthevalueθ",simplynotedθ. TheBayes
theoremgivesthen:

p(θ|d,M)=L(θ)
p(θ|M)

p(d|M)
. (5.6)

Themarginallikelihoodp(d|M)isirrelevantforthisapplication,butwillplayacrucialrolewhenwe
willdiscussmodelcomparisoninsubsection5.1.3.Often,allparametersofthemodelarenotrelevant
fortheproblemathand.Assumeforinstance,thatthevectorofparameterstakestheformθ=(φ,ψ),
whereφistheparameteronewantstoinfer,andψrepresentstheparameterwearenotinterested
in,calledanuisanceparameter.Anuisanceparametercanrepresentforinstance,aparameterinthe
distributionofsomegivenbackgroundrate.InBayesianinference,onegetridofnuisanceparameters
bymarginalizingthem,i.e.integratingthemoutoftheposterior:

p(φ|d,M)∝ L(φ,ψ)p(φ,ψ|M)dψ. (5.7)

Thenonecangetanestimateoftheparameterφbyextractingsomecharacteristicofthedistribution
(5.7)suchasthemean,thestandarddeviationorthecorrelationmatrixamongthecomponents(incase
φismultidimensional),orbysimplyplottingthedistribution(5.7).However,thereareverylittlecases
wherethisintegrationcanbecomputedanalyticallyandmostofthetime,onehastousenumerical
techniquessuchasMonteCarloMarkovChains(seesection5.2)orNestedSamplingAlgorithms[161]
tosamplethemarginalizedposterior.

5.1.3 Bayesfactorsand modelcomparison

WewouldlikenowtofocusonmodeldiscriminationinBayesianstatistics.Inmodelcomparison,itis
usefultothinkaboutamodelasagivenhypothesisbutalsoasasetofparameterswhichcharacterize
thehypothesis. Goingbacktoeq.(5.4)andspecifyingamodelnotedM,thehypothesisHisnow
"modelM istrue",andthereisnoadditionaltrueinformationI.

Theprimetoolformodelselectionisthemarginallikelihood,alsocalledinthiscontexttheBayesian
evidence.Itcorrespondstothenormalizationintegralatthedenominatoroftheright-handsideinthe
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|log(B01)| Odds Probability Strengthofevidence

<1.0 3:1 <0.750 Inconclusive
1.0 ∼3:1 ∼0.750 Weakevidence
2.5 ∼12:1 ∼0.923 Moderateevidence
5.0 ∼150:1 ∼0.993 Strongevidence

Figure5.1–TheempiricalcalibratedJeffreyscale. AvalueofBayesfactorB01of3(resp:1/3),
12(resp:1/12),and150(resp:1/150)indicatingaweak,moderateandstrongevidencefor(resp:
against)themodelM0.

Bayestheoremeq.(5.4).TheBayesianevidencecanbere-written,onacontinuousparameterspace
ΩM as:

p(d|M)≡
ΩM

p(d|θ,M)p(θ|M)dθ (5.8)

wherewehaveconditionedexplicitlytheprobabilitiestothemodelconsideredM. Wehenceseethat
theBayesianevidenceisnothingmorethantheaverageofthelikelihoodp(d|θ,M)undertheprior,
givenachosenmodelM.Fromtheevidence,themodelposteriorprobabilitygiventhedatacanbe
obtainedusingBayestheoremtoinverttheconditioning:

p(M|d)∝p(M)p(d|M) (5.9)

whereagain,wehavedroppedanirrelevantconstantthatdependsonlyonthedata.Ineq.(5.9),
p(M)issimplythepriorassociatedtothemodelitself.Letusassumethatonewantstocompare
twocompellingmodels,notedM0andM1.Then,thequantityofinterestistheratiooftheposterior
probabilities,orposteriorodds,givenby:

p(M0|d)

p(M1|d)
=
p(d|M0)

p(d|M1)

p(M0)

p(M1)
. (5.10)

Duetopossibledifferencesonthepriorchoices,achoicebetweentwomodelsisoftennotbaseddirectly
ontheratiooftheposteriorodds,butratherontheratioofthemodelsevidence:

B01≡
p(d|M0)

p(d|M1)
(5.11)

calledtheBayesfactor.Thisisthecentralquantityformodelcomparison.AvalueofB01>1(resp:
B01<1)representsanincrease(resp:decrease)ofthedegreeofbeliefofM0withrespecttoM1.
Thus,theBayesfactorgivesaformalwayofevaluatingtherelativeprobabilitiesoftwomodels,in
lightofthedata.

WeknowturntothenumericalinterpretationoftheBayesfactor. TheBayesfactorisoften
interpretedagainstanempiricalcalibratedscale,namedtheJeffreyscale[162].Thisscalestatesthat
theoddsofM0againstM1goas3:1,12:1and150:1,correspondingtoweak,moderateand
strongevidences,respectively.Forexample,aBayesfactorof5(resp:1/5)indicatesaweakevidence
for(resp:against)M0.Furthermore,noticethattherelevantquantityintab.5.1isthelogarithm
oftheBayesfactor.Thisindicatesthattheevidenceinfavorofoneofthemodelsaccumulatesonly
slowly.Indeed,tocrossthedifferentthresholdsofevidence,oneneedstoincreasetheBayesfactorby
oneorderofmagnitudeeachtime.

Beside,incaseofnestedmodels,asimplificationoftheBayesfactor-importantforusinthe
restofthischapter-canbeworkedout. TwomodelsM0andM1arecallednestedifwhenthe
parametersofM1takeacertainvalue,oneretrievesM0.Forexample,letusconsiderthecasewhere
thesetoftheM1modelparametersisθ=(φ,ψ)andM0isobtainedwheneverψ=0,i.e.wehave
M0=M1(φ,ψ=0).Ifonthetopofthat,thepriorsareseparablei.e.:

p(φ,ψ|M1)=p(ψ|M1)p(φ|M0) (5.12)
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thentheBayesfactorsimplifiestothefollowingexpression:

B01=
p(ψ|d,M1)

p(ψ|M1) ψ=0

(5.13)

knownastheSavageDickeyDensityRatio(SDDR,see[163],[164]).Ineq.(5.13),thenumeratoristhe
marginalposteriorunderthemorecomplexmodelevaluatedatthesimplermodel’sparametervalue.
Thedenominatoristhensimplythepriordensityofthemorecomplexmodelevaluatedatthesame
point.TheSDDRisparticularlysuitedfortestingonlyoneextraparameteratthetime.Indeed,in
suchacase,themarginalposteriorp(ψ|d,M1)isa1-dimensionalfunctionandnormalizingittounity
onlyrequiresa1-dimensionalintegralwhichiseasilycomputableusingstandardnumericaltechniques.
Hence,theSDDRwillbeofgreathelpforus,andwewillgobacktoitinsection5.2.

Animportantremarkhastobemadehere.Letusassumethatonewantstocomparetwomodels,
onesimplemodelparameterizedbyonlyoneparameter,andamorecomplexmodelwhichrequires
twoparameters.Itisclearthatbyconstructingmodelswithmoreandmorefreeparameters,onecan
alwaysmakethemfitbetterthedatathanmodelscontainingasmallernumberofthem.Itisthus
importantthattheBayesfactordiscriminatesmodels,notonlywithrespecttotheirgoodnessoffitto
thedata,butalsoastoknowiftheextraparameterisreallyneededbythedata.

Togainanintuitiononhowitworks,letusconsiderthefollowingexample.Considertwocompelling
nestedmodels:M0assignstoaquantityθavanishingvaluei.e.θ=0andM1assignstoθaGaussian
priordistributionwithmean0andvarianceΣ2.Assumethatweperformameasurementofθdescribed
byanormallikelihoodofstandarddeviationσ,andwiththemaximumlikelihoodvaluelyingλstandard
deviationawayfrom0i.e.|θmax/σ|=λ.Inthiscase,theBayesfactorcanbecomputedanalytically
fromeq.(5.11)andisequalto:

B01= 1+(σ/Σ)−2exp −
λ2

2(1+(σ/Σ)2)
. (5.14)

Fromeq.(5.11)afewlimitcasescanbediscussed.

First,ifλ 1,theexponentialtermdominatesandB01 1.Thiscorrespondstoasituationwhere
theparameterθismeasuredatmanystandarddeviationsfromthemeanvalue,itisthusintuitivethat
thecomplexmodelM1isfavoredbytheBayesfactor.

Secondly,assumethatλ 1andσ/Σ 1meaningthat,inthevicinityofzero,thelikelihoodis
moresharplypeakedthantheprior. WehavethenB01∼Σ/σandevidenceaccumulatesinfavorof
thesimplermodelproportionaltoΣ.

Whatdoesitmean?Infact, Σrepresentsthequantityofinformationwhichisbringinginthe
modelbytheextraparameterθ.IfΣ 1,thepriorisonlyweaklyinformative,andwillnotreally
helpconstrainingthedata.Ontheotherhand,ifΣ 1,thantheconstrainingpoweroftheparameter
ishigh,itsintroductioninthemodelbringsarealcapitalgainwhentryingtoconstrainthedata.If
theθparametertypicalrangeisingoodagreementwiththedata,comparedtothesimplermodelM0,
thanitisclearthattheBayesfactorwillfavorM1.

InfactthisexampleshowsthattheBayesfactorencodestheOccam’srazor,anoldphilosophical
principlewhichstatesthatwhencomparingtwomodelswiththesamepredictions,thesimplestshould
alwaysbeprivileged.Also,asaconcludingremark,letusnotethatcontrarytofrequentistgoodness-
of-fitstests,Bayesianmodelcomparisonalwaysrequestsatleasttwomodels,maintainingthatitis
pointlesstorejectamodelunlessanother,whichfitsbetterthedata,isavailable

5.2 Numericalstrategy

Inthissectionwewouldliketopresentthenumericalstrategyusedinouranalysis. Thissectionis
structuredasfollows. Westartbydefiningwhatwewanttocomputei.e.wedefinethemodelsthat
wewanttocompare. Then,wecontinuebypresentingthe MCMCalgorithmusedtoevaluatethe
posteriorandpriorprobabilities. Weconcludethissectionbygivingsomedetailsontwotoolsused
inthisanalysis:SPheno,afastspectrumcalculatoralreadyencounteredinsection4.3andXSUSY,a
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packageaimedatquicklycomputingsquarkdecaybranchingratiosandproductioncrosssections,both
toolsimplementingthefullflavorstructureofthe MSSM,aspresentedinsubsection4.2.1(seealso
[96]).

5.2.1 Definitionofthe models

Asalreadypointedout,thepurposeofthisanalysisistocomputeBayesfactorstodisentanglethe
possiblepresenceofremnantsofahighscaleSU(5)symmetryinlowscalesquarkspectra.
Asinthepreviouschapter,ouranalysiswillfocusonmixingbetweenthesecondandthirdgener-

ations.And,inthesameway,wewillconsiderthatthecrucialSU(5)signatureliesintheasymmetry
ofthetrilinearcouplinginthe(2,3)sectorA23beingsmall,wherecomparedtothedefinition4.22,
wehavereplacedthefactor1/6byafactor1/4,sinceonlytwoflavorsareactiveinthisanalysis(see
below).Beside,wedonottaketheabsolutevalueinA23here,sincewewanttostudythedistribution
ofA23onanintervalsymmetricaround0.Todefinethetwomodelsofinterest,wewillevenconsider
thatthisSUSYscaleasymmetryisexactlyvanishingiftheSU(5)hypothesisisverified. Wehence
definethetwofollowingmodelsattheTeVscale:

M0={SU(5)hypothesisverified→A23=0} (5.15)

M1={SU(5)hypothesisnotverified→A23=0}. (5.16)

Wehaveindeednestedmodelssince M0=M1(A23=0). TheBayesfactorB01=
p(d|M0)
p(d|M1)

then
reducestothefollowingSDDR:

S=
p(A23|d,M1)

dA23p(A23|d,M1)

1

p(A23|M1)
A23=0

=
p(A23|d,M1)

p(A23|M1) A23=0

(5.17)

wherewehavenotedtheunnormalizedmarginalposteriorp(A23|d,M1)withatilde.Inthefirstline
ofeq.(5.17),theintegralonthedenominatoroftheright-handsideservestonormalizeittounity
(seesubsection5.1.3).
WenowturntohowtocomputethisSDDRinpractice.

5.2.2 A MCMCalgorithm

WhenwewanttocomputetheSDDReq.(5.17),twoPDFsneedtobeevaluated:thenormalized
posteriorp(A23|d,M1),andthepriorp(A23|M1).TheSDDRwillthenjustbetheratioofthevalue
ofthesetwoPDFsatA23=0. Westartbycommentingtheprocedureusedtocomputetheposterior
p(A23|d,M1).
WehavedecidedtouseaMarkovChainMonteCarlomethodbasedonthestandardMetropolis

Hastingalgorithm[157].Thesemethodsareveryusefultosampleatargetdistribution,inthiscase
theposterior,byexploringrandomlyaconfigurationspacewhichcanbepotentiallyhighdimensional.

5.2.2.1 Preliminaryremarks

Beforedescribingthealgorithm,afewpreliminaryremarkshavetobemade:

1.Inallthatfollows,wewillassumeaneffectivetwogenerationsframeworki.e.,thefirstgeneration
oftheup-typesquarksisdecoupled(cfcaseTopCharmSUSY,sec.4.7).Inthisanalysiswe
workwithsquarksgivenintheirmasseigenbasisi.e.theup-squarkspectrumiscomposedofthe
firstfourmasseigenstatesũ1,···,̃u4giveninamassorderedbasis.

2.Thisanalysisisaimedtotestonespectrumatatime.Inpractice,thisspectrumisprovided
througha"StandardLesHouchesaccord"(SLHA)file[165,166]whosesupersymmetricpa-
rametersareassumedtobetakenatQ=1TeV.Thisfilecontainseveryparameterneededto
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diagonalizetheTeVscalespectrumi.e.,itcontainsthedifferentsfermionmassesandtrilinear
couplings,thegauginomasses,theparametersdescribingtheHiggssector(tanβ,µ,themassof
thepeudo-scalarHiggsmA)andtheSMparameters(VCKM,gaugecouplings,mZetc..).Inthe
following,weshallcallthisspectrum,the"referencespectrum".

3. WehavedecidedtoperformtherandomwalkinthespaceoftheTeVscalesoftmatrices. More
precisely,apointinourparameterspaceisdefinedas:

xi=






M2Qi=
(M2Q)11 (M

2
Q)12

(M2Q)21 (M
2
Q)22 i

M2Ui=
(M2U)11 (M

2
U)12

(M2U)21 (M
2
U)22 i

AUi=
(AU)11 (AU)12
(AU)21 (AU)22 i

(5.18)

whereall2×2softmatricesareassumedtobetakenatQ=1TeVintheSCKMbasis.

4.IntheposteriorPDFexpressionp(A23|d,M1),thedatadwillbeunderstoodtobeasetof
observablesbuildoutof:

(a)thesquarkmasseigenvalues:mũ1,···,m̃u4.

(b)theelementsofthesquarkrotationmatrix(Rũ)ij.

(c)thedecaysbranchingratiosofthesquarksintoacharmoratopplusthelightestneutralino.
Thatmeansweconsiderthefollowing8flavorviolatingbranchingratios:BR(̃ui→t/c̃χ1),
i=1···4.

(d)thesquark/anti-squarkpairproductioncrosssectionsataproton-protoncollider,i.e. we
considerthe4crosssections:σ̃uĩu∗i≡σ(pp→ ũĩu

∗
i),i=1···4.

5.Ateachstepofthe MCMC,thesoftmatricesarediagonalizedusingthelowscaleversionof
SPheno.Thatmeansthattheflag1oftheblockMODSELissetto0(see:[91])inourreference
spectrum. ThebranchingratiosandthecrosssectionsarecalculatedusingXSUSY,apackage
aimedatphenomenologicalstudiesinageneralflavorviolatingMSSM.Wewilljustifythischoice
andgiveabriefdescriptionofbothtoolsinsubsection5.2.3.

6. Weinsistonthefactthat,contrarytowhatisusuallydone,wedonotusetheMCMCpresented
heretoconvergetowardaregionoftheparameterspacefavoredbydata.Thepurposebeingto
usetherandomwalktofillhistogramsapproximatingtheconditionalPDFs.

7.ToevaluatethepriorandposteriorPDFs,weconstructahistogramB,whichconsistsinaseries
ofNbinsdiscretizedvaluesofA23:B={A1,A2,···,ANbins}whereA1<···<ANbinsandthe
widthofabinisgivenby:width(Bin)=(ANbins−A1)/Nbins.

5.2.2.2 Algorithm:TheposteriorPDFcase.

Thegeneralschemeisthenasfollows:

0.Initialisation:Firstofall,weusethereferencespectrumtoconstructasetofobservablesdubbed
OjRef. Wedonotwanttobemorespecifichere,butO

j
Refmightbeforexampleaneventrate,a

masseigenvalueorsomecombinationoftheelementsinRũrepresentingthescharm/stopflavor
contentofasquark(seesection5.3).Notethatthisstepisonlydoneonce,beforetherandom
walkstarts.

1.Likelihooddefinition:Wethenneedtodefineagoodnessfunctionmeasuringthe"relevance"of
acertainpointintheconfigurationspace.Inthiscase,thegoodnessfunctionisastandard
Gaussianlikelihood,definedatstepias:

L(xi)=exp(−
χ2i
2
) (5.19)
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wheretheχ2iisdefinedas:

χ2i=
j

OjMCi−O
j
Ref

2

(σj)2
. (5.20)

HereOjMCi(resp:O
j
Ref)areasetofTeVscaleobservablescomputedfromthe Markovchain

atstepi(resp:fromthereferencescenario,seestep0).ToeachobservableOjisassignedan
uncertaintynotedσj.

2.Asymmetrycomputation,stepi:Fromthediagonalizedspectrumatstepi,wecancomputethe
asymmetryAi23(seeeq.(4.22)),properlynormalizedtothesumofthesquarkmasseigenvalues.

3.Jump:Anewpointisevaluatedatstepi+1as:

xi+1=






(M2Qi+1)lk=(M
2
Qi)lk+M

2
SUSYbλlk

(M2Ui+1)lk=(M
2
Ui)lk+M

2
SUSYbµlk

(AUi+1)lk=(AUi)lk+MSUSYbA lk

l,k=1,2. (5.21)

whereλlk,µlkand lkarenumbersgeneratedrandomly
3withaGaussiandistributionofmean

zeroandunitstandarddeviation.

Ineq.(5.21),M2SUSYisamassscalewhichfixesthescaleofthesoftterms,andb(resp:bA)isa
parameterwhichcontrolsthesizeofthejumpinthescalarmassterms(resp:trilinearcouplings)
direction.Allthreeparametersarefree,thevaluesusedinthisanalysiswillbegiveninsection
5.3.

4.Likelihoodcomputation,stepi+1:Fromthesoftmatricessampledatstep3,wediagonalizethe
spectrumwiththelowscaleversionofSPheno(seeremark5).

Ifthesoftmatricessampledleadtoanon-physicalspectrum(presenceoftachyons,loopcorrec-
tionstoohigh),wediscardthesamplingandgobacktostep3.

Withthespectrumproperlydiagonalized,wecancomputethelikelihood L(xi+1)atstepi+1,
callingeventuallyXSUSYifoneoftheobservablesOjMCi+1 impliesabranchingratiooracross
sectioncalculation.

5.Asymmetrycomputation,stepi+1:Withthespectrumatstep i+1,wecancomputetheasym-

metryonthispointoftheMarkovChain,notedAi+123.

6. Metropolis-Hastingalgorithm:IfL(xi+1)>L(xi),thepointisaccepted.Inthiscase,wejump
tothenextsteponthechainandgobacktostep1withthereplacementxi→xi+1.

Otherwise,thepointisacceptedwithacertainprobabilityui.e.ifL(xi+1)>uL(xi)thengo
backtostep1withxi→xi+1andifL(xi+1)<uL(xi),thepointisrejectedandwestayonthe
samepointofthechaini.e.gobacktostep1withxi→xi.

Hereuisanumberrandomlygeneratedwithauniformdistributionovertheinterval[0,1].This
stepisthe Metropolis-Hastingalgorithmitself. Thelastconditionisrequestedtopreventthe
chainfromstayingstuckindefinitelyinaregionoftheparameterspace.

7.Histogramfilling:Ifthepointxi+1isacceptedbytheMetropolis-Hastingalgorithm,thenweuse

theasymmetrycomputedatstepi+1tofillthehistogram,i.e.Bin(Ai+123)→Bin(A
i+1
23)+1.

Otherwise,wefillthehistogramwiththeasymmetrycomputedatstepi,i.e.
Bin(Ai23)→Bin(A

i
23)+1.

3wehaveusedtherandomnumbergeneratorofOctavev3.8.2whichisafreesoftware,equivalenttoMATLAB,available
at[167].
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Lookingatthealgorithm5.2.2.2,itisclearthattheoutcomeatstepi+1dependsonlyon
theoutcomeatstepi,thusthisalgorithmis"memoryless"andwehavea MarkovChaininthe
mathematicalsense[168].
Also,wehaveimplementedaburn-inphase,i.e.givenafreeintegerNburn,weskipthestep7

duringtheNburnfirstiterationsofthechain,suchthatthealgorithmcanreachanumericalstability
beforestartingfillinghistograms.
Wehavesummarizedthealgorithmonfigure 5.2.Notethatthearrowsmarkedinredonfig.5.2

correspondtotheinitializationstep(seestep0).

5.2.2.3 Algorithm:ThepriorPDFcase.

Usingthissetuptocomputethepriorprobabilityp(A23|M1)leadstoamuchmoresimplealgorithm.
Indeed,inthiscase,noobservableneedtobecomputedandtheMetropolis-Hastingstepisskipped,
the MarkovChainbeingthenallowedtoexplorefreelytheparameterspaceofsoftmatrices,inthe
limitwhereeachsampling(seestep3)leadstoaphysicalspectrum.
Themainstepsusedtocomputep(A23|M1)thenare:

1.Jump:Thisisexactlythesamestepasinstep3.

2.Diagonalization,stepi:Withthesoftmatricessampledatstep 1,andthereferencespectrum,
onecandiagonalizethespectrumatstepiusingSPheno.

Ifthespectrumisunphysical,thengobacktostep1.

3.Asymmetrycomputation,stepi:Withthespectrumproperlydiagonalized,onecancompute
Ai23.

4.Histogramfilling:Thehistogramrepresentingp(A23|M1)isfilledwithA
i
23,i.e.

Bin(Ai23)→Bin(A
i
23)+1.

Notealsothatasthepriordoesnotdependonthedata(i.e.theobervables),thepriorneedstobe
simulateonlyonceinsubsections5.3.2-5.3.4inwhichdifferentsetsofobservablesareusedtoconstrain
theMarkovChain.
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5.2.3 Tools

Inthissubsection,wewouldliketogiveabriefoverviewofthetwomaintoolsusedinthisanalysis,
SPhenoandXSUSY.

5.2.3.1 SPheno

Westartbydescribing SPheno.Asalreadypointedout,SPhenoisafastspectrumcalculatorwrittenin
Fortran.SPhenocomputeslowscaleSUSYmassspectrafromhighscaleboundaryconditionsonsoft
termsinspiredbyavarietyofSUSYbreakingmechanismssuchas,gaugemediatedSUSYbreaking,
anomalymediatedSUSYbreaking,gravitymediatedSUSYbreakinganddiversemodelsinspiredfrom
stringtheory.
Todoso,itsolvesthe MSSMRGEsattwolooporderstorunthegaugeandYukawacouplings

betweenQ=mZ,theZbosonpolemass,andthehighscale,whichcaneitherbefixordeduced
fromtherequirementoftheunificationofthefirsttwogaugecouplingsi.e.g1=g2. Atthehigh
scale,theboundaryconditionsforthesoftparametersareset,andthegaugeandYukawacouplingsas
wellasthesofttermsarethenrunningdowntotheSUSYscale,whichcanbeeitheruser-definedor
equaltoQSUSY=

√
mũ1mũ6.Then,atQSUSY,thegaugeandYukawacouplingscanbeusedasinput,

tocomputethepolemassesofSUSYparticlesatoneloop. Notealsothatthisprocedurehastobe
repeatedseveraltimesuntiltherelativedifferenceintheSUSYmassspectrumcomputedbetweentwo
successiveiterationsdecreasesbelowacertainuser-defined,precisionthreshold.
Inourcase,wewereinterestedbydirectlycomputingtheSUSYscalespectrumfromboundary

conditionsonsofttermsgivenatthesamelow-scale.ItispossibletodosowithSPheno,usinga
generalMSSMsimulation(see[91]).Inthiscase,obviously,therunningbetweenthehighandSUSY
scalesisskippedbut,nonethelessthegaugeandYukawacouplingsarerunningupbetweenMZand
MSUSY,tocomputetanβinaconsistentmanner.
Also,originally,SPhenowasdesignedinitsfirstversionstoneglectflavorandCPviolationinthe

softsector,itisnowabletoproperlytakecareofcomplexphasesaswellasmixingtermsinthesoft
terms[91],allowingforphenomenologicalstudiesinageneralflavorandCPviolatingMSSM.
SPhenocanbefreelydownloadedinitsmostrecentversiononthefollowingwebsite4.

5.2.3.2 XSUSY

XSUSYisapackage,writteninC++,aimedatphenomenologicalstudiesinthe MSSMwithgeneral
flavorviolation. GivenalowscaleSUSYspectrum,itcancomputefastlygaugino,squark,squark-
antisquarkpairproductioncrosssectionsataproton-protoncollidersuchastheLHC.Inaddition,it
canalsocomputesquark,gluino,andgauginodecaybranchingratios,allcomputationsbeingdonein
anon-minimalflavorviolating(NMFV)MSSM.
Veryshortly,anewphysicsmodelissaidtoviolateflavorinanon-minimalwaywhenflavor-

violatingprocessescanoccurthroughcouplingsnotonlyrelatedtotheYukawacouplings. Stated
moreformally,aNMFVmodelisamodelinwhichtheflavorgroupisnotonlybrokenbyspurions5

buildoutofYukawacouplings.
InaNMFV-MSSM,obviously,thesquarkmassmatrixM2

ũownsnon-vanishing,non-diagonalflavor
violatingentriesattheTeVscale.IntheSCKMbasis,ifwenote(M2

ũ)
ab
ijagenericelementofthe

up-squarkmassmatrixwherea,b=L,Rarechiralityindicesandi,j=1...6aregenerationindices,
onecanthenparameterizetheseflavorviolatingentries,inamodelindependentway,withthefollowing
parameters:

δabij=
(M2

ũ)
ab
ij

(M2
ũ)
aa
ii(M

2
ũ)
bb
jj

(5.22)

4spheno.hepforge.org/
5Werecallthatthespurionmethodconsistsinpromotingacouplingconstanttoafictitiousnon-dynamicalfieldwhose

chargeisfixedsuchthatthesymmetryofinterest,forexampletheflavorsymmetry,isre-establishedintheLagrangian
[47].TheobservedvalueofthecouplingconstantwillthenjustbetheVEVofthespurion.Thismethod,eventhough
lookingquiteabstract,isveryusefultoconstraintheformofhigherorderoperatorsinaneffectivetheorycontext.For
anexampleoftheusefulnessofthespurionmethodappliedtoflavorphysics,see[169],[170].
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M210 ij
(10000)2 0 0

0 (609)2 (841)2

0 (841)2 (1564)2

M2
5̄ ij

(8600)2 0 0

0 (1180)2 0

0 0 (1317)2

(Au)ij
0 0 0

0 0 −575

0 −575 −1055

(Ad)ij
0 0 0

0 0 0

0 0 −70

M1/2=962

M2Hu,d=(1343)
2

sign(µ)=+1

Table5.1–BoundaryconditionsonsoftparametersatQ=MGUT ofourreferencespectrumtobe
testedbytheMCMCs. MassesandtrilinearcouplingsaregiveninGeV.

normalizedtothediagonalentriesofthemassmatrix.Notethatdespitethenotation,theδabij’sarenot
massinsertionparameters(seesubsection4.4.2),noapproximationbeingmadeonthemassmatrix,
andinparticularonitshierarchy.
BacktoXSUSY,oneimportantremarkisthatitisaleadingordersoftware,allcrosssectionsand

branchingratioscomputationsbeingdoneattreelevel.
AllformulasofcrosssectionsimplementedinXSUSY,givenasanexpressionoftheparameters

(5.22),canbefoundin[148].
Also,otherpackagestocomputesquarkproductioncrosssectionsinaNMFV-MSSMsuchas

WHIZARD[171]exist,ourexperiencethoughtendstoshowthatXSUSYisthequickest,timeoptimization
beingimportantasahighnumberofpointshavetobesampledforthe MCMCstoconverge(see
section5.3).
Lastlytoconcludewehavetopointoutthat,unfortunatelytothisday,XSUSYisnotapublic

software. However,acopycanbeeasilyobtainedbysendinganemailtoitsmainauthor,Benjamin
Fuks6.

5.3 Results

Inthissectionwewouldliketodescribetheresultswegot,usingthesetupdescribedinsection5.2.
Insubsection5.3.1,westartbydescribingthereferencespectrumusedinthisanalysis. Then,in
subsections5.3.2-5.3.4,wedescribethreedifferentcaseswehaveconsidered,correspondingtothree
differentsetsofobservables,aswellastheirassociatedresults.

5.3.1 Referencescenarios

Westartbythedescriptionofthereferencespectrum. WhenwewerelookingforaTeVscalespectrum
totestthissetup,severalcriteriahadtobefulfilled:

1.Obviously,ourreferencespectrumhadtoderivefromSU(5)symmetricboundaryconditionsat
theGUTscale,aswewanttouseittotesttheSU(5)hypothesisattheTeVscale.

2.Thereferencespectrumneededtoleadtorelativelylowmassesforthefirstfourup-typesquarks
ũ1,···,̃u4inordertogetsubstantialsquark/anti-squarkproductionratesattheLHC14TeV.

3.Also,arelativelyhighmixingbetweenthesecondandthirdgenerationsneededtobepresent,in
orderforflavorviolatingbranchingratios,suchasBR(̃u2→ t̃χ1),tobenon-negligible,inorder
tonotsuppresstoostronglythedifferentevenratesdefinedinsubsections5.3.2-5.3.4.

4.Asalreadystated,weareworkinginthecontextoftheTop-CharmSUSYframeworkofsection
4.7.Hence,wewantedthefirstgenerationtobemuchheavierthanthefirsttwoones.

6fuks@lpthe.jussieu.fr
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5.Finally,obviously,wewantedourreferencespectrumtopassthedifferentflavorconstraintsof
table4.2,andalsowewantedittogiveaHiggssufficientlyheavytoagreewiththeATLASand
CMSmeasurements.

Infact,whenwewerelookingforareferencespectrum,wehadtofaceabalancebetweendifferent
effects. Ononehand,wewantedatthesametimeanup-squarkspectrumaslightaspossible-in
particulartogetaHiggsbosonheavyenough-andmixingtermsashighaspossibleinordertoget
substantialflavorchangingbranchingratios.Ontheotherhand,theflavorconstraintstendtoprefera
relativelyheavysquarkspectrumwithneardiagonalsoftterms,butthentheHiggscanbecomequickly
toolightcomparedtoitsexperimentalvalue,andthesquarkproductioncrosssectionstoolowtoget
asubstantialstatistic.

Finally,thebestcompromisewefoundissummarizedintable5.1.ThistableliststheGUTscale
boundaryconditionsleadingtoaTeVscalespectrumsatisfyingthedifferentconstraintsoflist5.3.1.
Whentheseareevolveddownto Q=1TeVusingSPheno,itleadsto:

1.arelativelylightsquarkspectrumforthefirsttwogenerations.Indeed,wehavemũ1=1.15TeV
andmũ4=1.79TeV.

2.afirstgenerationwhichisdecoupledsincewehavemũ5,m̃u6∼10TeV.Thus,wemadesurethat
thecontributionstotheTeVscaleobservablesofthesestatesareverylow.

3.productioncrosssectionsrelativelylow,forexamplewehaveσ(pp→ ũ1̃u
∗
1) =1.7fb,and

σ(pp→ ũ4̃u
∗
4)=0.04fb.

4.ontheotherhand,duetothehighmixing,thesecrosssectionvaluesarecompensatedbythe
decaybranchingratios,inthechannelsofinterest(seesubsections5.3.2-5.3.4),forexampleone
hasBR(̃u1→ t̃χ1)=80%andBR(̃u1→ c̃χ1)=6%.

5.Aspectrumwhichisingoodagreementwithphenomenology.Forinstance,onehas∆MBs=
17.5ps−1,BR(Bs→ µµ)=2.88·10

−9. Notethatwehavemh=122GeV,thustheHiggs
bosonisquitelightbutnonethelessinagreementwiththeATLASandCMSvaluesifweaccept
atheoreticaluncertaintyof±3GeV.

Wehavealsodefinedacounter-exampletotesttheefficiencyofthissetupincasethespectrumdoes
notoriginatefromSU(5)symmetricboundaryconditions. Todoso,westartedfromthespectrum
obtainedfromtab.5.1uponwhichwehaveimposed:

(AU)23=−(AU)32atQ=1TeV, (5.23)

correspondingtoa maximallyasymmetricsituation. WeshallnotetheSDDRassociatedtothis
counter-exampleSc.

5.3.2 CaseI

Wearenowinapositiontoapplythesetupdiscussedinsection 5.2tothefirstexamplewehave
considered.LetusdefinethefollowingTeVscaleeventrates:

1.Ntt:Theeventrateassociatedtoadi-topproductionplusmissingtransverseenergy,through
on-shellsquarkresonancesi.e.Nttisdefinedas:

Ntt≡N(pp→ ũĩu
∗
i→ t̄t/ET) (5.24)

=L

4

i=1

σ̃uĩu∗iBR(̃ui→ t̃χ
0
1)
2. (5.25)

whereListheintegratedluminosityandσ̃uĩu∗i = σ(pp→ ũĩu
∗
i)isthesquark/anti-squark

productioncrosssectionscomputedwithXSUSYwithũ1···̃u4thefouractivemasseigenstates.
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Figure5.3–Contributionstothedifferenteventratesdefinedinequations(5.24)-(5.28).

2.Ncc:Theeventrateassociatedtoadi-charmproductionplus/ET,henceNccisdefinedas:

Ncc≡N(pp→ ũĩu
∗
i→ c̄c/ET) (5.26)

=L

4

i=1

σ̃uĩu∗iBR(̃ui→ c̃χ
0
1)
2. (5.27)

3.Nct:Theeventrateassociatedtoacharmandatopproduction,henceNctisdefinedas:

Nct≡N(pp→ ũĩu
∗
i→ c̄t/ET) (5.28)

=2L

4

i=1

σ̃uĩu∗iBR(̃ui→ c̃χ
0
1)BR(̃ui→ t̃χ

0
1). (5.29)

Here,weareapplyingthisanalysistotheLHCandwehavefixed
√
s,theproton-protoncenterof

massenergy,to14TeVwithanintegratedluminosityofL=300fb−1. Thistypicallygivesforour
referencespectrum,Ntt=328,Ncc=51andNct=26events.

Feynmandiagramscontributingtothesedifferenteventratesarerepresentedinfigure5.3.

Wecannowdefinethetworatios:
Ncc
Ntt
,
Nct
Ntt

(5.30)

whicharethefirsttwoobservablesweconsiderhere.

Westillneedtodefinetheerrorontheeventrateratios(5.30). Generically,onecanshowfrom
theFieller-Hinkleydistribution(see[125])thattheerrorontheratiooftwogaussiandistributedeven
ratesN1/N2is,inthelimitoflargeN1,N2,equalto:

σ2N≡
N21
N32
−
N1
N22
. (5.31)

Thisistheerrorweassociatetotheratios(5.30)andtypically,forourreferencespectrum,usingthe
numbersmentionedabove,onehasσN(Nct/Ntt)∼3%andσN(Ncc/Ntt)∼6%.

Thethirdobservablethatwehavetakenintoaccountissimplythemassratioofthefirsttwo
squarks:

mũ1
mũ2

(5.32)

wherewehaveconsideredthatthisratiowasmeasuredwithanuncertaintyofσ=10%andwhichcan
beaccessed,forexampleattheLHC,throughkinematicaledgesinmassinvariantdistributions[172].
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Finally,wehavealsodefinedacertainnumberofobservableslinkedtotheup-squarkrotation
matrixRũ.IfwenoteRũĩqatheflavorcontentoftheinteractioneigenstatẽqainthemasseigenstate
ũiexpressedintheSCKMbasis,forinstanceRũ1̃tL ≡(Rũ)13,wecandefinethefollowingratiosof
mixingmatrixelements:

Rũ1̃tL
Rũ1̃tR

,
Rũ1̃cL
Rũ1̃cR

(5.33)

correspondingtotheratiooftheleftandrightstopandscharmflavorcontentinthefirstmasseigenstate
ũ1.
TheresultsfromtheMCMCsimulationobtainedafter∼500000iterations(seefig.5.2)withthe

likelihoodfunction(5.19)constrainedbytheobservables(5.30),(5.32)and(5.33)arepresentedin
figure5.6.Theleftplotoffig.5.6isthesimulatedposteriorp(A23|d,M1)obtainedusingourreference
scenariooftab.5.1.Therightplotistheposteriorobtainedimposingamaximallyasymmetrictrilinear
couplingatQ=1TeV(seeeq.(5.23)).
Computingtheratiooftheposteriorbothforourreferencespectrumandcounter-example,nor-

malizedtothepriorPDF(representedinfigure5.7)atA23=0,onecandeducetheSDDR(seeeq.
(5.17))valuesS(referencespectrum)andSc(counter-example):

CaseI:S=1.50,Sc=1.00 (5.34)

ComparingthesevaluestotheJeffreyscaleoftab.5.1clearlyindicatethatthissetofobservables
doesnotallowtodrawanyconclusionfor/againsttheSU(5)hypothesis(i.e.themodelM0ineq.
(5.15)),bothtestsbeingabsolutelyinconclusive.
Infact,theproblemarisesbecausewehavetakenonlyratiosofeventrates,thuscancelingmost

ofthedependencyoftheseobservableswithrespecttotheelementsoftheup-typetrilinearcoupling
matrix(AU)23and(AU)32.
Thus,theseratiosdonotconstraintefficientlyenoughtheposteriorPDFfortheSDDRtocross

thedifferentthresholdsofevidenceoftheJeffreyscale.Inparticular,tobedecisive,observablesneed
toconstraintheposteriorPDFsothatitishighlypeakedeitheronzero,resultinginanevidencefor
theSU(5)hypothesis,oronavaluesufficientlyawayfromzero,toleadtoanevidenceagainstthe
SU(5)hypothesis.
Asanillustration,thefigure5.4showsthedependencyofbothNctandNct/Nttoverthetrilinear

couplingmatrixelements(AU)23and(AU)32.
Ontheotherhand,theeventratesdependcruciallyoftheup-typesquarkmassspectrumand,in

particularofthesoftmassmatricesuponwhichtherandomwalkisperformed.Hence,wecanexpect
ahighvariabilityofNtt,NccandNctwhenwetakeajumpontheMarkovchain(seeeq.(5.21)).
Thisresultsthatiftheseeventratesaredirectlyinputtedinthelikelihoodfunction(5.19)-(5.20),

theacceptancerateoftheMetropolis-Hastingalgorithmdecreasesdramatically.
Onewaytooffsetthisdropistoconsiderablyreducethestepsizeofthejump(fixedbythe

parametersbandbAseetab.5.2). Butifwedoso,weexploreamuchmorenarrowportionofthe
parameterspace,whichwillmaketheMCMCconvergemuchmoreslowly.Hence,acompromisehas
tobefoundbetweenacceptancerateandexplorationdepth.
Inanycase,wearestilltryingtooptimizethefreeparametersofthechain,inparticularthevalues

oftheparametersbandbA,tobeabletobothincludedirectlytheeventratesNtt,NccandNctinthe
analysisandtomaintainanacceptableacceptancerateonthechain.
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Figure5.4–Left: DependanceoftheeventrateNctasafunctionofthetrilinearcouplings(AU)23
and(AU)32givenatQ=1TeV.Right:DependanceoftheratioNct/Ntt.Theintegratedluminosity
isfixedtoL=300fb−1.

5.3.3 CaseII

Thesecondcasethatwehaveanalyzedisthefollowing. Wearestillconsideringthattheeventrate
ratiosofeq.(5.30)areknownaswellasthemassratio(5.32)but,wearenowconsideringthatthefull
flavordecompositionofthefirsttwomasseigenstatesisknown,i.e.weareassumingthatthefollowing
mixingmatrixelementshavebeenmeasuredattheLHC:

Rũ1̃tL,Rũ1̃tR,Rũ1̃cL,Rũ1̃cR

Rũ2̃tL,Rũ2̃tR,Rũ2̃cL,Rũ2̃cR
(5.35)

witharelativeerrorofσ∼ 10%each. These matrixelementscanbe measuredbyforexample
combiningdifferentbranchingratiomeasurementsinexclusivesquarkdecaychannels.Notethatboth
topandcharmpolarimetryshouldbeavailabletoaccesstotheflavordecomposition(5.35)ofthemass
eigenstates̃u1andũ2.

However,eventhoughwegaveargumentsinthepreviouschapter,tobeoptimisticaboutthe
possibilitiesofaccessingthechiralityofthetopattheLHC(seesubsection4.6.2andreferences[128]),
theprospectsformeasuringthechiralityofacharmseemquitelimitedataprotonprotoncollider,
inparticularduetoitsrelativelylowmasscomparedtothetop,thecharmhadronizesfastly,which
complicatesthereconstructionofangulardistributions.

So,inthecontextofLHCphysics,thecasedevelopedinthissubsectionshouldbeseenasrelatively
unrealisticandisdoneforillustrationpurposes,atleast,aslongastechniquestotagthechiralityof
acharmwillnotbedeveloped.

Inanycase,takingthemixingmatrixelementsseparatelyraisesthetimeofconvergenceofthe
MCMCcomparedtosubsection5.3.2andapproximately8.105pointsneedstobesampledsothatthe
posteriorPDFconvergetoanacceptablelevel.

Theresultsarepresentedinfigure5.8where,asinfigure5.6,theleftplotisthesimulatedposterior
usingourreferencespectrumandtherightplotisthesimulatedposteriorimposinga maximally
asymmetrictrilinearcouplingattheTeVscale(seeeq.(5.23)).

FromthesePDFs,usingthepriorfig.5.7,onecancomputethevaluesoftheSDDRSandSc:

CaseII:S=1.85, Sc=0.25 (5.36)

Lookingateq.(5.36),andattheJeffreyscaletab.5.1,onecandeducethatavalueofS=1.85is
nothighenoughtosupporttheSU(5)hypothesis,evenwithweakevidence.
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Nbins A1 ANbins
40 −2 2

MSUSY b bA
1600GeV 0.06 0.20

Nburn
5000

Table5.2–Freeparametersofthe MCMCs. Thelefttablerepresentsthecharacteristicsofthe
histogramusedtoevaluatethePDFs(seeremark7).Thecenteredtablerepresentsthefreeparameters
linkedtostep3:MSUSYisascalefixingtheoverallscaleofthesoftmatricessampled,bandbAare
parameterssettingtherelativesizeofthejumpinthesoftmasstermsandtrilinearcouplingsdirections,
respectively.Finally,intherighttableNburnisthenumberofpointswhichisdiscardedatthebeginning
oftheMCMC,beforethehistogramstartstobefilled.

Ontheotherhand,thecounter-exampleSDDRisequaltoSc=0.25<1/3andindicates,according
totheJeffreyscale,thattheSU(5)hypothesisisdisfavoredwithaweakevidence.

Thus,inthisBayesiansetup,shouldSUSYberealizedinnature,countingtheeventrateratios
(5.30)andassumingthatonehasaccesstothemassratiomũ1/m̃u2andtothedifferentmixingmatrix
elements(5.35),couldallowtoexclude(weakly)thehighscaleSU(5)hypothesis,iftheup-typetrilinear
couplingmatrixturnedouttopresentahighasymmetry.

5.3.4 CaseIII

Finally,thelastcasethatwehaveconsideredisthefollowing. Weareassumingthatthesamesetof
observablesthatinsubsection5.3.3hasbeenaccessedexperimentally,butouraimhere,istotestthis
setupinalimitcase,wherealluncertaintieshavebeenshrunktoO(1%).Todoso,wearealsoassuming
thatanintegratedluminosityofL=3000fb−1isavailable,correspondingtoahighluminosityLHC.

Aswearestillconsideringratiosofeventrates,theluminosityupgradeleavestheminvariant.
But,changingtheluminositydoeshaveaneffectonthestatisticaluncertaintyoftheseratios(5.31),
astheyscaleas∝1/N. Typically,forourreferencespectrum,upgradingtheluminositytoL=
3000fb−1reducestheuncertaintiesbyoneorderofmagnitude,andonehasσN(Nct/Ntt)∼0.3%and
σN(Ncc/Ntt)∼0.6%.

Notealsothattakingsuchsmalluncertaintiesconsiderablyraisesthetimeofconvergenceofthe
MCMC,thelikelihoodfunctionbeinghighlypeaked(seeeq.(5.19)),sincenowapproximately1.6×106

pointsneedtobesampledfortheposteriorPDFtoconvergetoanacceptablelevel.

Theresultsarepresentedinfigure5.9.Fromthisfigure,andthepriorfig.5.7,onecandeducethe
valuesofthetestsSandSc:

CaseIII:S=3.05, Sc=0.03 (5.37)

Fromeq.(5.37),oneseesthatthistimebothtestsaredecisive.Indeed,usingourreferencespec-
trum,whichderivesfromSU(5)symmetricboundaryconditions,leadstoS=3.05>3whichindicates
aweakevidencefortheSU(5)hypothesis.Ontheotherhand,imposingamaximallyasymmetrictri-
linearcouplingattheTeVscale(seeeq.(5.23)),leadstoatestSc=0.03,andasSc<1/12(seetab.
5.1),itindicatesamoderateevidenceagainsttheSU(5)hypothesis.

WehenceseethatitispossibletocrossathresholdofevidenceintheJeffreyscale,i.e.togofrom
inconclusivetoweakevidenceorfromweaktomoderateevidence,atthecostofdrasticallyreducing
theuncertaintiesattachedtotheobservablesinputtedinthelikelihoodfunction.

Itshouldbealsoclearnow,thatthisMCMCallowsmoreeasilytoexcludetheSU(5)hypothesis
thantoconfirmit,ahighasymmetryinthetrilinearcouplingAUshiftingtheposteriorPDF(fig.5.9)
sufficientlyawayfromzerofortheSDDRSctobesmallenoughtopointagainsttheSU(5)hypothesis.

Table5.5givesasummaryoftheresultsobtainedusingthesimulationoffig.5.2withthethree
differentcasesdiscussedinthissection.

Again,weinsistonthefactthattheseresultsshouldstillbeseenaspreliminary,differentaspects
oftheMCMCbeingstilltested.However,thefactthatwemanagedtocomputeSDDRswhichpoint
againsttheSU(5)hypothesis,evenwithaweakevidence,ispromisingandweexpectthat,oncethe
analysiswillberefined,inparticulartoincludemoreobservablesinthelikelihoodfunction,forexample
heaviersquarkmasses,ormultiplesquarkdecaybranchingratios,thisanalysiswillbeabletoexhibit
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itsfullpotential,inparticulartoexcludetheSU(5)hypothesiswhenthelowscaleasymmetryA23is
high.

CaseI CaseII CaseIII

L=300fb−1 L=3000fb−1

mũ1
mũ2
(σ=5%)

mũ1
mũ2
(σ=5%)

mũ1
mũ2
(σ=1%)

Ncc
Ntt
(σ=σN)

Ncc
Ntt
(σ=σN)

Ncc
Ntt
(σ=σN)

Nct
Ntt
(σ=σN)

Nct
Ntt
(σ=σN)

Nct
Ntt
(σ=σN)

Rũ1̃tL
Rũ1̃tR

(σ=10%) Rũ1̃tL,Rũ1̃tR (σ=10%) Rũ1̃tL,Rũ1̃tR (σ=1%)

Rũ1̃cL
Rũ1̃cR

(σ=10%) Rũ1̃cL,Rũ1̃cR (σ=10%) Rũ1̃cL,Rũ1̃cR (σ=1%)

Rũ2̃tL ,Rũ2̃tR (σ=10%) Rũ2̃tL,Rũ2̃tR (σ=1%)

Rũ2̃cL ,Rũ2̃cR (σ=10%) Rũ2̃cL,Rũ2̃cR (σ=1%)

S=1.50,Sc=1.00 S=1.85,Sc=0.25 S=3.06,Sc=0.03

Figure5.5–Summarytableofthedifferentobervablestakenintoaccountinthethreedifferentcases
discussedinthissection.Theassociatederrors,giveninpercents,areindicatedinparenthesis.σN is
theerroronaratioofeventrates,andisdefinedinthetext(seeeq.(5.31)).Thelastlinesummarizes
theSDDRobtainedbothforourreferencespectrumnotedS(seetab.5.1)andourcounter-example,
notedSc(seeeq.(5.23)).
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Figure5.6–Left:PosteriorPDFp(A23|d,M1)CaseIobtainedfromtheMCMCsimulationinthecaseI(seefirstcolumn
oftab.5.5)forthereferencespectrum. Right:PosteriorPDFobtainedinthecaseIwithamaximallyasymmetric
trilinearcouplingenforcedatQ=1TeV(seecounter-exampleeq.(5.23)).TheSDDRobtainedareS=1.50(reference
spectrum)andSc=1.00(counter-example).

Figure5.7–PriorPDFp(A23|M1)obtainedfromtheMCMCsimulation.
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Figure5.8–Sameasfigure5.6forthecaseII(seesecondcolumnoftab.5.5).TheSDDRobtainedareS=1.85and
Sc=0.25.

Figure5.9–Sameasfigure5.6forthecaseIII(seethirdcolumnoftab.5.5).TheSDDRobtainedareS=3.06and
Sc=0.03.
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Conclusion

SupersymmetrystaysamongthebestmotivatedframeworkstoextendtheStandardModel.Inpartic-
ular,itssimplerealizations(MSSM,NMSSM),allowtosolvealmostallquestionsunansweredbythe
StandardModel.Beside,whenSUSYisembeddedinagrandunifiedtheory,thehighnumberoffree
parametersintroducedbytheSUSYsoftsectorgetsdrasticallyreduced. ThesimplestSUSY/GUT
modelsarebasedontheSU(5)Liegroup.Assuch,thesemodelshavereceivedalotofattentionduring
thelastdecades.However,moststudiesseemedtofocusmainlyonthequark-leptonunificationinthe
Yukawasector.

Inthisthesis,wehavetakenadvantageofthestabilityoftheup-squarksoftsectorbetweenthe
GUTandtheTeVscalestobuilddifferentlowscalephenomenologicaltestsonSU(5)SUSY/GUT
models.Inchapter5,westartedbytestingthestabilityoftwoGUTscaleSU(5)symmetryrelations,
AU=A

T
UandM

2
Q=M

2
UwhenthesearerunningdowntotheTeVscale.Thesetworelationsseemwell

preservedbyquantumcorrections,theTeVscaleasymmetriesinbothsectorsstayingatthemaximum
oftheorderofO(5)%. Wehavethenexploredthepossibilitiesofferedbytheserelationstobuildtestsof
theSU(5)hypothesiswithinthreedifferentkindofSUSYspectra,wellmotivatedbyphenomenology.

Insection4.5,westartedbyinvestigating"HeavySUSY"spectra,whichfeatureaSUSYbreaking
scalewellbeyondtheelectroweakscale.A-priori,thesespectradestabilizetheelectroweakscaleand
playagainsttheMSSMasasolutiontothehierarchyproblem.However,wehavementionedstudies
thatshowthatincertaincircumstancesSUSYspectracanaccommodateaheavybreakingscalewhile
stillmaintainingaHiggsbosonat125GeVwithmoderatefine-tuning([126][127]).

Inthisframework,wemanagedtoexhibitSU(5)testsrelyingonthemeasurementofSUSY-dipole
inducedprocesses.Unfortunately,thecurrentsensitivitiesofexperimentstotheseeffectiveoperators
seemtoolowfortheteststobedeterminant,evenif,processesoccurringviaproton-protoncollisions
atlargeimpactparameter-theultra-peripheralcollisions-mightprovideawayout.

Insection4.6,spectrafeaturingalightthirdscalargenerationhavebeeninvestigated. These
spectraarecalled"natural"astheyautomaticallystabilizetheelectroweakscale.Inthiscontext,we
managedtoexhibittworelationsamonglowscaleeventrates,oramongforward-backwardasymmetries,
dependingontheexactmassorderingofthespectrum. Whenthestopsareheavierthanthewino
andthebino,aleadingorderrelation(relativelytotheEFTdevelopedinsubsubsection4.4.1.3),can
befound,whichassumesthatacertainfractionofjetscanbecharmtaggedatcolliders. Whenone
ofthegauginoisheavierthanthestops,theEFTexpansionneedstobepushedatnext-to-leading
orderwhereinthelimitoftheSU(5)hypothesis,thecouplingbetweenthestopsandthegauginosis
symmetric.ItisthenpossibletobuildSU(5)testsrelyingontoppolarimetry.Forthesetests,one
needstypically589eventsinthechannelsofinteresttoassessadeviationofthetestrelationwitha
levelofsignificanceof3σwhereincomparison,ifmt̃∼1TeV,about2580eventsareexpectedatthe
LHCwithanintegratedluminosityof300fb−1.

Lastly,wehaveconsideredspectrawhichfeaturealargemixingbetweenthesecondandthird
generationofscalar.Inthis"Top-Charm"SUSYframework,wemanagedtobuildtestswithagain,
twotypicalmassorderingconsidered.Inthecaseofacompressedspectrum,withthestopsand
scharmsalmostdegenerate,itispossibletobuildSU(5)testsrelyingonHiggsdetectioninsquark
cascadedecays.Typically,about144eventsareneededthentoassessadeviationofthetestrelation
withaprecisionof50%atalevelofsignificanceof3σ.Ifonlythescharmsarenearlydegenerate,a
testcanalsobeworkedout,whichdependsonproperlynormalizedeventrates,andtypicallyrequires
only20eventstoprobethetestrelationwithaprecisionof50%.

Finally,inchapter5,wehaveusedBayesianmodelcomparisonmethodstoperformanumerical
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analysisusingaMarkovChainMonteCarloalgorithm.Thisanalysisassumethatsomeinformation
havebeencollectedontheup-squarkspectrumatcolliders,throughthemeasurementofcertainobserv-
ables,suchaseventrates,squarkmasses,orelementsofthesquarkmixingmatrix.Itisthenpossible
tobuildGaussianlikelihoodfunctionswiththeseobservablestosetupaMarkovChainwhosetarget
distributionsaretheposteriorprobabilities. OnecanthendeduceBayesfactorstotestthepossible
presenceofremnantsoftheSU(5)unificationinthelowscaleup-typetrilinearcoupling. Wehave
appliedthisanalysistoseveralsetsofobservables,bothforanintegratedluminosityof300fb−1andof
3000fb−1,andhavepresentedtheassociatedpreliminaryresults.Typically,theobservableswehave
considereddonotconstraintheposteriorprobabilitiesenoughfortheBayesfactorstosupportthe
SU(5)hypothesis,unlesstheuncertaintiesattachedtotheseobservablesareshrunktoO(1%).How-
ever,evenwithuncertaintiesofO(10%),ifenoughinformationareavailableonthesquarkrotation
matrix,itispossibletogetaweakevidenceagainsttheSU(5)hypothesiswhenalargeasymmetryis
enforcedonthetrilinearcouplingmatrixattheTeVscale.Thepreliminaryconclusionisthen,that
thisanalysisseemstoshowitsfullpotentialwhenitisusedtorejecttheSU(5)hypothesis,usingit
toconfirmthepresenceofahighscaleunificationappearingasmoredifficult.

Outlooks

Imainlyseefouroutlooks,tocontinuetheworkdevelopedinthisthesis.
First,theMCMCanalysisofchapter5stillneedstobeoptimized,inparticularthestepsizeon

the MarkovChainshouldbeadjustedtoleadtoanoptimalacceptancerate,whilestillexploring
asufficientlylargeportionofsoftmatricesparameterspace. Thisoptimizationshouldallowinthe
medium-term,toincludemoreobservablesintheanalysis,inparticularindividualsquarkmassesand
decaybranchingratios,thusallowingtoconstraintheposteriorprobabilitiesmoreefficiently.
Second,alltheworkdevelopedinthisthesishavebeendoneundertheassumptionofadesert

betweentheTeVandGUTscales.ItshouldbeinterestingtoextendthisworktothecasetheSU(5)
symmetryisnotrealizedattheGUTscale,butatanintermediatescale.Forexample,ifthegrand
unifiedgroupconsistsofSO(10),thebreakingchaintowardtheSMgaugegroupmightinvolvean
intermediateSU(5)symmetry.Insuchcases,extra-degreesoffreedom,arisingfromtheextended
GUTrepresentationsmightexistbetweenthetwoscales,itshouldbetheninterestingtostudytheir
impactontherunningofthetwoSU(5)symmetryrelationswewereinterestedin.
Thirdofcourse,allthetestswhichhavebeendevelopedinthisthesisalsoholdwhentheGUTscale

issymmetricunderaGUgroupcontainingSU(5)asasubgroup. Hence,thedifferenttestsworked
outherecanbestraightforwardlyextendedincaseofaSO(10)SUSY/GUTtheorywhichaddonly
aright-handedneutrinoinitsmattercontentcomparedtoSU(5). Notehoweverthatextendingthe
GUgroupbeyondSO(10),forinstancetoE(6),wouldgenerallyintroducenewflavouredd.o.fssuch
astheso-calledleptoquarksorun-higgs(see[31],[173,174])potentiallyfeedingtheRGEsofthesoft
terms.OnecanthenasktowhatextenttheGUTscalesymmetryrelationswehaveconsideredinthis
workarespoiledbythesenewdegreesoffreedomsandifourlowscaletestscanstillbecarriedoutin
suchacontext.
Finally,andperhapsmoreimportantly,oneshoulddefinitelyperformanextendedcollideranal-

ysis,using MonteCarlogenerators,tosimulatetheexpectedsensitivitiestocharmtaggingandtop
polarimetryinthechannelsweusedtobuildourtests,takingintoaccountthedifferentsourcesof
background.Indeed,asalltestsdevelopedinchapter4relyononeofthesetwotechniques,itiscrucial
tohaveamorequantitativeideaoftheexpectedsensitivitiesofthecurrentdetectors.
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Conclusionenfrançais

Lasupersymétrieresteundesmeilleurscandidatsdethéoriedenouvellephysiqueau-delàdumod-
èlestandard.Enparticulier,sesréalisationssimples(MSSM,NMSSM),résolventpresquetoutesles
questionslaisséessansréponseparlemodèlestandard.Deplus,lorsquelaSUSYestplongéedansune
théoriedegrandeunification,lesnombreuxparamètreslibresdusecteurdouxseretrouventréduità
quelquesunsseulement.ParmilesmodèlesSUSY/GUT,ceuxbaséssurlegroupedeLieSU(5)sont
lesplussimples.Entantquetels,cesmodèlesontreçubeaucoupd’attentionaucoursdesdernièresdé-
cennies.Cependant,laplupartdesétudessemblents’êtreprincipalementconcentréessurl’unification
quark-leptondanslesecteurdeYukawa.

Danscettethèse,nousavonsprofitédelastabilitédusecteurdouxdessquarkshautsentre
l’échelleGUTetl’échelleduTeVpourconstruiredifférentstestsphénoménologiquesdes modèles
SU(5)SUSY/GUT.Danslechapitre5,nousavonscommencépartesterlastabilitédedeuxrelations
desymétrieréaliséesàhauteénergiedanslesmodèlesSU(5),àsavoirAU=A

T
UetM

2
Q=M

2
U,lorsque

celles-cisontévoluéesversl’échelleduTeV.

Cesdeuxrelationssemblentbienpréservéesparlescorrectionsquantiques,lesasymétriesàl’échelle
duTeVdanslesdeuxsecteursrestantaumaximumdel’ordredeO(5)%.Nousavonsensuiteutiliséla
stabilitésouslesRGEsdecesrelationsafindeconstruiredestestsdel’hypothèseSU(5)enconsidérant
troissortesdespectreSUSYdifférents,tousmotivésparlaphénoménologie.

Danslasection4.5,nouscommençâmesparinvestirlesspectres"SUSYlourds",dontl’échelle
debrisuredelasupersymétriesesituebienau-delàdel’échelleélectrofaible.A-priori,cesspectres
déstabilisentl’échelleélectrofaibleetsemblentremettreenquestionlaviabilitédu MSSMcomme
solutionduproblèmedelahiérarchiedejauge.Cependant,nousavonsmentionnéplusieursétudesqui
montrentquedanscertainescirconstancescesspectrespeuvents’accommoderd’uneéchelledebrisure
hautetoutenmaintenantunbosondeHiggsà125GeVavecunajustementfinmodéré.

Danscecontexte,nousavonsréussiàexhiberdestestsSU(5)viadesprocessusinduitspardes
opérateursdipolairessupersymétriques. Malheureusementàl’heureactuelle,lessensibilitésdesdé-
tecteurssemblenttropbassespourquecestestspuissentêtredéterminantsmêmesi,descollisions
proton-protonàhautparamètred’impact(lescollisionsultra-périphériques)pourraientêtreutilisées
poursondercesopérateursdemanièreindirecte.

Danslasection4.6,nousavonsétudiédesspectrescontenantunetroisièmegénérationdesquarks
légers.Cesspectressontappelés"naturels"étantdonnéqu’ilspermettentdestabiliserautomatique-
mentl’échelleélectrofaible.Danscecontexte,nousavonsréussiàexhiberdeuxrelations,impliquant
soitdestauxd’évènements,soitdesasymétriesavants-arrières,selonlahiérarchiedemasseconsidérée.
Lorsquelesstopssontpluslourdsquelewinoetlebino,unerelationàl’ordredominant(relativement
àlathéorieeffectivedéveloppéedanslasous-section4.4.1.3)peutêtretrouvée,àconditionqu’une
certainefractiondesjetsissusd’unquarkcharmpuisseêtrecorrectementidentifiéeauxcollisionneurs.
Lorsquel’undesjauginosestpluslourdquelesstops,ledéveloppementdelathéorieeffectiveabesoin
d’êtrepousséauxordressupérieurs.Lecouplagedesstopsauxjauginosétantsymétriquedanslalimite
del’hypothèseSU(5),destestsreposantsurlamesuredel’hélicitédutopdeviennentalorspossibles.
Cestestsrequièrenttypiquement598évènementsdanslescanauxutilisésafindesonderunedéviation
denotrerelationtestàuneprécisionde50%avecunniveaudesignificativitéde3σ.Encomparaison,
2580évènementssontattendusauLHCavecdesstopsde1TeVetpouruneluminositéintégréede
300fb−1.

Enfin,nousavonsconsidérédesspectresprésentantunlargemélangeentrelasecondeetlatroisième
générationdescalaire.DanscesspectresdeSUSY"Top-Charm",nousavonsréussiàconstruiredes
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testsenconsidérantànouveau,deuxhiérarchiesdanslespectredemasse.Danslecasd’unspectre
compressé,oùlesstopsetlesscharmssontpresquedégénérés,ilestpossibledeconstruiredestests
SU(5)reposantsurladétectiondebosonsdeHiggsdanslescascadesdedésintégrationdessquarks.
Typiquement,environ144évènementssontnécessairesafindesonderunedéviationdenotrerelation
testavecuneprécisionde50%àunniveaudesignificativitéde3σ.Siseulementlesscharmssont
dégénérés,untestrestepossibleenutilisantdestauxd’évènementsconvenablementnormalisés,faisant
là-encoreintervenirdesprocessuscontenantdesbosonsdeHiggsdansleursétatsfinaux,produitsvia
desdésintégrationsviolantlasaveur.Cederniertestrequierttypiquementseulement20évènements
poursonderlarelationtestavecuneprécisionde50%.

Finalement,danslechapitre5,nousavonsutilisédesméthodesbayésiennesdecomparaisonde
modèlesafindeprocéderàuneanalysenumériqueenutilisantdesalgorithmesde MonteCarlopar
chainedeMarkov.Cetteanalysesupposequecertainesinformationssoientcollectéesauxcollisionneurs
surlespectredessquarkshauts,vialamesuredecertainesobservables,tellesquedestauxd’évène-
ments,desmassesdesquarks,oudesélémentsdelamatricedemélangedessquarks.Desfonctionsde
vraisemblancegaussiennespeuventêtreconstruitespourmettreenplaceunechainedeMarkovdont
ladistributioncibleestlaprobabilitéapostérioriquel’onchercheàévaluer.DesfacteursdeBayes
peuventensuiteêtredéduitsafindetesterlaprésencepossiblederémanentsd’uneunificationSU(5)
danslecouplagetrilinéairedessquarkshautsàbasseénergie.Nousavonsappliquécetteanalyseà
plusieursjeuxd’observables,àlafoisavecuneluminositéintégréede300fb−1etde3000fb−1,et
avonsprésentélesrésultatspréliminairesassociés.Typiquement,lesobservablesquenousavonscon-
sidérénecontraignentpassuffisammentlesprobabilitésapostérioripourquelesfacteursdeBayes
puissentsupporterl’hypothèseSU(5),àmoinsquelesincertitudesassociéesauxobservablesnesoient
réduitesàO(1%).Cependant,mêmeavecdesincertitudesdel’ordredeO(10%),sisuffisammentd’in-
formationestdisponiblesurlamatricedemélangedessquarks,ilestpossibled’obteniruneévidence
faiblecontrel’hypothèseSU(5)lorsqu’unehauteasymétrieestimposéedanslecouplagetrilinéaire
àl’échelleduTeV.Laconclusionpréliminaireestdoncquecetteanalysesemblemontrersonplein
potentiellorsqu’elleestutiliséepourrejeterl’hypothèseSU(5),l’utilisantpourconfirmerlaprésence
d’uneunificationàhauteénergiesemblantplusdifficile.

Perspectives

Jevoisprincipalementquatreperspectivespourcontinuerletravaildéveloppédanscettethèse.

Premièrement,l’analyseMCMCduchapitre5aencorebesoind’êtreoptimisée,enparticulierafin
d’ajusterlatailledupassurlachainedeMarkovpourarriveràuntauxd’acceptationoptimal,touten
explorantunepartiesignificativedel’espacedesparamètresdesmatricesdouces.Àmoyenterme,cette
optimisationdevraitautoriserl’inclusiondeplusd’observablesdansl’analyse,enparticulierdesmasses
individuellesdessquarksetdesrapportsdebranchementcequidevraitpermettredecontraindreles
probabilitésapostérioriplusefficacement.

Deuxièmement,toutletravaildéveloppédanscettethèsel’aétésousl’hypothèsed’undésertentre
leséchellesGUTetduTeV.Ilpourraitêtreintéressantd’étendrecetravailaucasoùlasymétrieSU(5)
n’estplusréaliséeàl’échelleGUTmaisàuneéchelleintermédiaire.Parexample,silegroupedegrande
unificationestSO(10),sachainedebrisureverslegroupedejaugedumodèlestandardpeutimpliquer
unesymétrieintermédiairedetypeSU(5).Dansdetelscas,desdegrésdelibertésupplémentaires
peuventêtreprésentsentrelesdeuxéchelles,àcausedesreprésentationsétenduesdugroupedegrande
unification.Étudierleursimpactssurl’évolutiondesdeuxrelationsdesymétrieauxquellesnousnous
sommesintéressésconstituedoncuneextensionnaturelledecetravail.

Troisièmement,touslestestsquiontétédéveloppésdanscettethèsepeuventêtredirectement
généralisésauxthéoriesGUTsd’ordressupérieurs,lorsquelegroupedegrandeunificationcontient
SU(5)commesous-groupe.Enparticulier,lesdifférentstestsdéveloppésdevraientdirectementappli-
cablesaucasdesthéoriesSUSY/GUTsdetypeSO(10)qui,comparativementàSU(5),n’ajoutent
quelesneutrinosdroitsdanslespectredematière.CependantlesthéoriesSUSY/GUTsplusgrandes
queSO(10),parexemplecellesbaséessurE(6),introduisentgénéralementdesdegrésdelibertés
supplémentairessensiblesàlasaveur,telsquelesleptoquarksouleshiggssombres,pouvantainsipo-
tentiellementmodifierl’évolutiondescouplagestrilinéaires.Ilseraitalorsintéressantdesedemander
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dansquellemesurel’évolutiondesrelationsdesymétriequenousavonsconsidérésetrouvemodifié,et
sidestestsdebasseénergiepeuventtoujoursêtreconstruitsdansuntelcontexte.
Lequatrièmepoint,peut-êtreleplusimportant,consisteraitàmeneruneanalysedétailléeaux

collisionneurs,enutilisantdesgénérateursMonte-Carlo,afindesimulerlesefficacitésattenduespour
l’identificationdesjetscharmésetpourlamesuredel’hélicitédutop,entenantcomptedesdifférentes
sourcesdebruitdefond.Eneffet,commepresquetouslestestsdéveloppésdanslechapitre4reposent
surl’unedecestechniques,ilestcruciald’avoiruneidéequantitativeplusprécisedessensibilités
attenduesauxdétecteursactuels.
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AppendixA

Conventions

A.1 PauliandDiracmatrices.

Werecallthatabasisof SU(2)isgivenby(✶2,iσ1,iσ2,iσ3)where:

σ1=
0 1
1 0

, σ2=
0 −i
i 0

, σ3=
1 0
0 −1

, (A.1)

arethethreePaulimatricesand✶isunderstoodtobethe2×2identitymatrix.ThePaulimatrices
obeythesu(2)algebracommutationrelations:

σi,σj =2iijkσ
k (A.2)

The4D-Cliffordalgebra{γµ,γν}=2gµνcanberepresentedbythe4×4Diracmatrices,givenhere
inthechiralrepresentation:

γ0=
0 ✶
✶ 0

,i=1,2,3:γi=
0 σi

−σi 0
, (A.3)

Onecanfurtherdefinethe"fifth"gammamatrix:

γ5=iγ0γ1γ2γ3γ4=
−✶ 0
0 ✶

, (A.4)

whichsatisfies{γ5,γµ}=0.

A.2 Weylspinors.

A Weylspinorisadoubletofcomplexnumbersψ=
c1
c2

lyinginthefundamentalrepresentation

spaceofSU(2).Inthechiralrepresentation,onecandefineleft-handedψαandrighthandedψ
†̇αWeyl

spinors.ThesehavethevirtuetohavewelldefinedtransformationpropertiesundertheLorentzgroup:

ψα→M
β
α ψβ, ψα̇→ M−1

† α̇

β̇
ψβ̇ (A.5)

whereM =M(Λ)isthetwo-dimensionalrepresentationoftheLorentztransformationΛ.Thespinor
indicesα,β=1,2andα̇,β̇=1,2canberaisedandloweredwiththetotallyantisymmetricLevi-Civita
tensor where αβ= α̇β̇=−

αβ=− α̇β̇with 12=+1.Hermitianconjugationrelatesleftandright
handed Weylspinors:

ψ†α̇≡(ψα)
†=(ψ†)̇α, (ψ†̇α)†=ψα (A.6)

Then,onecanequallyuseeitheraleft-handedWeylspinor(withanundottedindice)oraright-handed
Weylspinor(withadottedindice)todescribeanyparticularfermionicdegreeoffreedom.Thisgives
usthefreedomtomakeallright-handedspinorscarrydaggerswhileleft-handedspinorsdonot.
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Notethat,as WeylspinorsareGrassmannvalued,theyanticommute:

ξαχα=−ξαχ
α andξ†α̇χ

†̇α=−ξ†̇αχ†α̇ (A.7)

Then,onehastofixanorderingconventiontosuppressrepeatedindices. Wefixthatindicesrepeated
as:

α
α or

α̇
α̇ (A.8)

canbesuppressed.Inparticular,wehaveforthescalarproduct:

ξχ≡ξαχα=χ
αξα≡χξ,

ξ†χ†≡ξ†α̇χ
†̇α=χ†α̇ξ

†̇α≡χ†ξ†
(A.9)

Finally,onecandefinetwofour-vectorsofPaulimatricesvia:

(σµ)αβ̇≡ ✶,σi
αβ̇
and(σµ)α̇β≡ ✶,−σi

α̇β
. (A.10)

Itisalsousefultodefineantisymmetrizedproductsofthesetwofour-vectors:

(σµν)βα ≡
i

2
(σµσν−σνσµ)βα and (σµν)α̇

β̇
≡
i

2
(σµσν−σνσµ)α̇

β̇
(A.11)

A.3 Diracand Majoranaspinors

Onecandefineafour-componentDiracspinoroutoftwo Weylspinors(seesecA.2)ofopposite
chiralities:

ΨD≡
ψL
ψR

=
ξα
χ†̇α

. (A.12)

anditsDiracconjugateform:

Ψ=Ψ†γ0= χβ ξ†α̇ (A.13)

whichallowstoform(Dirac)LorentzinvariantmasstermsoftheformΨΨ.
Notethatγ5allowstodefinethetwochiralityprojectionoperators:

PL=
1−γ5
2
, PR=

1+γ5
2

(A.14)

whichmakesthechiralityassignmentinΨD consistentas:

PLΨ=
ξα
0

andPRΨ=
0
χ†̇α

. (A.15)

ThechargeconjugationofaDiracspinorisdefinedas:

Ψc≡CΨ
T
=
χβ
ξ†̇α

(A.16)

withC=iγ0γ2,the4-Dchargeconjugationmatrix. CsatisfiestheimportantidentityC
−1γµC=

−(γµ)
T.

Onecanthendefinea4componentsMajoranaspinorΨM viathecondition:

Ψc=Ψ. (A.17)

AMajoranaspinorisitsownanti-particleand,whenapplyingconstraintA.17tothegeneralformof
aDiracspinor(A.12),onefinds:

Ψ=
ξα

ξ†̇β
andΨ= ξβ ξ†α̇ (A.18)

ContrarytoaDiracspinor,aMajoranaspinorhashenceonlytwocomplex,anti-commutingdegrees
offreedom.
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AppendixB

Thedipoleformfactors

Theformfactorsforthedipolepenguindiagramsaregivenby:

F(1)s =
1019+172x+x2

21(1−x)4
+
20x18+15x−x2

7(1−x)5
logx, (B.1)

F(2)s =−
12(11+x)

5(1−x)3
−
69+16x−x2

5(1−x)4
logx, (B.2)

F
(1)
EW=

101−8x−17x2

3(1−x)4
−
20x3(3+x)

(1−x)5
logx, (B.3)

F
(2)
EW=

6(1+5x)

(1−x)3
−
12x(2+x)

(1−x)4
logx. (B.4)
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AppendixC

Eventratesfort̃a,b→tL/RB̃

AssumingaspinanalyzerdistributionPZ(z)∝(1+κPtz),theeventsratesofsec.4.5.1aregivenby:

Na+=NaL
1−κ/2

2
+NaR

1+κ/2

2
, (C.1)

Na−=NaL
1+κ/2

2
+NaR

1−κ/2

2
, (C.2)

Nb+=NbL
1−κ/2

2
+NbR

1+κ/2

2
, (C.3)

Nb−=NbL
1+κ/2

2
+NbR

1−κ/2

2
, (C.4)

with:

NaL=Na
(cθt−xsθt)

2

(cθt−xsθt)
2+16(sθt−xcθt)

2
, (C.5)

NaR=Na
16(sθt−xcθt)

2

(cθt−xsθt)
2+16(sθt−xcθt)

2
, (C.6)

NbL=Nb
(cθt−xsθt)

2

(cθt−xsθt)
2+16(sθt−xcθt)

2
, (C.7)

NbR=Nb
16(sθt−xcθt)

2

(cθt−xsθt)
2+16(sθt−xcθt)

2
, (C.8)

(C.9)

HereNa,Nbaretheproductionratesof̃ta,̃tb.
TheexactformulafortheexpectedprecisionassociatedtotheSU(5)testeq.(4.117)isthen

simply:

PZ≈Z
(17+15c2θt)

255
√
2(3+c4θt)κ

3212−739κ2−1020κ2−4c2θt+ 900−289κ
2 c4θt

Na
+

3212−739κ2−1020κ2−4c2θt+ 900−289κ
2 c4θt

Nb

1/2

.

(C.10)
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