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Résumé

Dans cette thése, nous explorons les conséquences aux basses énergies des modéles supersymétriques
de grande unification (SUSY-GUT) basés sur le groupe de Lie SU(5). Ces modéles constituent les
prototypes des modeéles SUSY-GUT et, en tant que tels, ont recu beaucoup d’attention au cours des
derniéres décennies. En particulier, 'unification quark-lepton dans le secteur de Yukawa a été 1’objet
de nombreuses études.

L’originalité de notre approche est de rester confiné au secteur des squarks hauts, oit nous avons
montré qu'une relation de symétrie induite par SU(5) apparait, & notre connaissance jusqu’a présent
non étudiée, et bien moins dépendante de la réalisation particuliére du modéle que 'unification quark-
lepton. En effet, nous avons démontré qu'un modéle supersymétrique équipé d'une symétrie de jauge
SU(5) implique de maniére générale un couplage trilinéaire dans le secteur des squarks hauts Ay
symétrique i.e. Ay = Ar{; a D’échelle GUT. Cette relation reste bien préservée par les équations du
groupe de renormalisation durant son évolution jusqu’a I’échelle du TeV, laissant ainsi une empreinte
de la symétrie de grande unification dans le spectre supersymétrique aux basses énergies. Cela étant
établie, nous pouvons construire une série de tests phénoménologiques sur les spectres SUSY de basses
énergies, potentiellement accessibles au LHC. La plupart de ces tests consistent & déterminer une
certaine relation parmi les observables de basses énergies.

Nous avons réussi a exhiber de telles relations dans trois sortes de spectre SUSY, & savoir les
spectres "SUSY lourds" dans lesquels I’échelle de brisure de la SUSY est bien plus élevée que 1’échelle
du TeV, les spectres de "SUSY naturels" ou la troisiéme génération de scalaire est légére et enfin
les spectres de "SUSY Top-Charm" dans lesquels seule la premiére génération de scalaire est gardée
lourde. Nous avons développé une méthode générique, basée sur des tests statistiques fréquentistes
reposant sur le calcul d’une valeur p, pour quantifier avec quelle significativité des écarts a ces relations
de contrainte peuvent étre détectés, dans chacun des trois cas mentionnés plus haut. Typiquement,
pour chacun des tests, environ O(10 — 100) événements sont nécessaires dans chacun des processus
considérés, pour établir un écart de 50% des relations tests a un niveau de significativité de 30. Notons
que des techniques expérimentales telles que 1'identification des jets charmés ou la polarimétrie du top,
jouent un réle essentiel dans la mise en ceuvre de ces tests aux collisionneurs actuels, tel que le LHC.

La seconde partie de cette thése est consacrée & une analyse numérique plus globale, basée sur les
techniques bayésiennes de comparaison de modéles et applicable a toutes sortes de spectres quelque
soit leurs hiérarchies. Dans ce contexte, nous avons développé une méthode numérique basée sur un
algorithme de simulation de Monte Carlo par Chaine de Markov. Cette algorithme permet de tester,
étant donné un certain spectre, avec quelle significativité celui-ci pointe ou non vers une symétrie
SU(5) a haute énergie. A nouveau, nous avons considéré plusieurs cas, selon la quantité d’information
qui pourrait étre collecté au LHC sur le spectre des squarks hauts. Nous trouvons que typiquement, ces
informations ne contraignent pas suffisamment le spectre pour pouvoir tirer une conclusion quant & la
présence d’une symétrie SU(5) a haute énergie, exception faite de certains cas, ot les incertitudes des
observables sont réduites a des valeurs de l'ordre de O(1%) et/ou des spectres loin d’étre symétriques
sous SU(5) sont considérés. Dans cette derniére situation, cette analyse semble défavoriser la présence
d’une symétrie SU(5) a P’échelle GUT avec une évidence faible.



Abstract

In this thesis, we explore the consequences at low energies of supersymmetric grand unified theories
(SUSY-GUT) based on the Lie group SU(5). These models constitute the prototype of minimal SUSY-
GUT and as such, have been intensively studied in the last decades. In particular, the quark-lepton
unification in the Yukawa sector has received a lot of attention.

The originality of our approach is to stay within the up-squark sector, where we have shown that
a so far unnoticed SU(5) induced symmetry relation emerges, way less model dependent than the one
aforementioned. Indeed, we demonstrate that a supersymmetric model, equipped with a SU(5) gauge
symmetry generically implies that the up-squark trilinear term Ay is symmetric at the GUT scale,
namely that Ay = Ar{;. This relation is only mildly spoiled by the renormalization group running,
and remains well preserved at the TeV scale, leaving thus a SU(5) footprint in the low scale SUSY
spectrum. This allows to build a series of phenomenological SU(5) tests on low scale SUSY spectra,
potentially accessible at the LHC. Most of these tests generically consist in determining a certain
relation among low scale observables.

We exhibit such relations for three different sort of SUSY spectra, namely "Heavy SUSY" spectra
which feature a SUSY breaking scale well above the TeV scale, "Natural SUSY" spectra which feature
a light third scalar generation and "Top Charm SUSY" spectra in which only the first scalar generation
is kept heavy. We have developed a generic method, based on a p-value frequentist statistical test to
quantify to which significance one can assess a departure from these low scale constraints relations, in
the three above-mentioned types of SUSY spectra. Typically, for each of the tests, O(10 — 100) events
are necessary in the processes considered, to assess a departure of 50% at 3o level of significance. It
should be mentioned that experimental techniques such as charm tagging or top-polarimetry play a
crucial role to apply these tests at current colliders, such as the LHC.

The second part of this thesis is devoted to a more global numerical analysis, based on Bayesian
model comparison methods, and applicable to any kind of spectrum whatever its hierarchy. In this
context, we have developed a numerical method based on a Markov Chain Monte Carlo algorithm
allowing to test, given an observed low energy spectrum, with which significance it points or not
toward a high scale SU(5) dynamic. Again, we have considered several cases depending on the amount
of information that will be collected on the squark spectrum at the LHC. We find that typically, the
constraining power of these would-be collected information is too low to draw any conclusion on a
possible SU(5)—like high scale dynamic, except in certain cases, when the uncertainties attached to
the observables considered are reduced to O(1%) and/or when spectra far from being SU(5)-symmetric
are considered. In this last case, this analysis seems to disfavor the presence of a GUT scale SU(5)
symmetry with weak evidence.
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Introduction

It is fair to say that modern particle physics has started with the Rutherford experiments conducted
in 1909 by Hans Geiger, Ernest Marsden and Ernest Rutherford. These scattering experiments have
shown the existence of the atomic nucleus, the positively charged part of the atom. Most importantly,
this experiment has lead in 1912 to the planetary model: atoms are composed of a very dense, very
heavy, positively charged nucleus whose size is completely negligible in front of the electronic cloud.
Hence, this has lead to the conclusion that matters is mostly composed of void.

The second founding experiment might be the discovering by Carl David Anderson in 1932 of the
positron, the antimatter electron counterpart, theorized four years earlier by Paul Dirac. Finally, the
third experiment I would like to mentioned is the discovery of the Higgs boson in 2012 by the LHC’s
ATLAS and CMS experiments. This discovery has put a final dot to the Standard Model, the theory
in which are interpreted most of the results in particle physics today. However, one knows that this is
not the end of the story and that the Standard Model (SM) is not an ultimate theory of nature, failing
for example to include massive neutrinos or suitable dark matter candidates.

At the time these lines are written (July 2015), the LHC has just restarted to record data at its
nominal energy. Omne can say that, currently, the situation is quite inquiring, even though not yet
worrying. Indeed, new physics have been waited for a while now, and the simplest extensions of the
Standard Model have been put more and more under pressure.

Among the best motivated frameworks to extend the Standard Model, there is Supersymmetry
(SUSY), which postulates the existence of a new type of space-time symmetry between bosons, which
are integer spin particles, and fermions, which are half-integer spin particles. However, the non-
observation of light superpartners clearly indicates that SUSY, if realized in nature, must be a broken
symmetry. In any case, the simplest SUSY extension of the SM, the Minimal Supersymmetric Standard
Model (MSSM) is of special interest for phenomenologists, resolving most of the questions unanswered
by the SM.

On the other hand, the lack of experimental signals makes that theoretically, SUSY remains poorly
understood. Crucially, one misses a clear understanding of the mechanism responsible for the sponta-
neous breaking of SUSY. To parameterize this ignorance, a way around have been found by introducing
a lot (about a hundred) of "soft" -in a sens that will be precised later- parameters. However, the price to
pay to apply such procedure is a clear drop of predictability of the theory, unless a breaking mechanism
is imposed, the soft terms are seen as free parameters.

One cure to the point raised above might be to embed the SM’s Lie gauge group into a larger
one, for example SU(5), SO(10) or E(6). Such Grand Unified Theory (GUT) allows to unify the
three fundamental forces of the SM into a single one, through the unification of their respective gauge
couplings. Beside, when a GUT is combined with SUSY, fitting the low energy gauge couplings to
their measured values is easier and suppression of proton decay can be obtained to a reasonable level,
phenomenon otherwise generically predicted by GUT theories. Furthermore, in a SUSY context, the
soft terms get unified as well, thus reducing the hundred free soft parameters needed in the MSSM to
only a few independent high scale terms.

The present thesis is interested in the simplest of such SUSY/GUT theory, the one based on the
Lie group SU(5). This SUSY/GUT have been the subject of multiple studies during the last decades,
in particular the quark-lepton unification have received a lot of attention. Indeed, this SUSY/GUT
predicts that Yukawa couplings in the quarks and leptons sectors unify at a scale M ~ ©(10'%) GeV,
called the GUT scale. Evolving these down to a scale accessible to experiments with the renormalization
group’s techniques, one can then scrutinize their low scale values to see if these are compatible with a



possible high scale unification. In the simplest model, the conclusion is quite pessimistic. Indeed, this
unification seems to work only for the third generation and even there, extra-care have to be taken,
introducing for example threshold corrections originating from the dynamic above the GUT scale.

On the other hand, the originality of this thesis is to investigate the low scale consequences of
this type of unification not on Yukawa couplings but on soft parameters, restricting our study to the
up-squarks sector. Indeed, we have shown that a so-far unstudied feature of SU(5) SUSY/GUTs is
that the up-squarks trilinear coupling is symmetric at the GUT scale. This symmetry relation is well
preserved by the renormalization group equations, the asymmetry introduced by the running remaining
small at the TeV scale. Hence, if the GUT scale is symmetric under SU(5), we expect that a footprint
should remain in the low scale up-squarks spectrum, allowing to build a series of phenomenological
tests.

This thesis is organized as follows:

1. The chapter 1 is dedicated to a presentation of the Standard Model. Its gauge structure as well
as its matter content are presented. Also, the Higgs mechanism, responsible for the electroweak
symmetry breaking as well as the fermions mixing mechanisms are outlined. We conclude this
chapter by giving some hints on why we believe that the SM needs to be extended by a more
complete theory.

2. The chapter 2 gives an introduction to supersymmetry, focusing on the MSSM. The SUSY
algebra and the elegant formalism of superfields are presented. We then give some arguments
to understand why SUSY spontaneous breaking cannot be achieved in a SUSY theory whose
breaking scale lies near the TeV scale, thus motivating the introduction of a soft sector. Finally,
the MSSM is described, its virtues and limitations exposed, and the three main paradigms used
to maintain the superpartners contributions to low scale observables outlined.

3. The chapter 3 presents the SU(5) GUT, both in a non-SUSY and in a SUSY-context. A special
attention is paid to the flavor sector of this GUT, in particular one shows that the symmetry
relations which hold in the Yukawa sector propagate to the soft breaking terms. We conclude this
chapter by presenting a few of the physical consequences that derive from this kind of unification.

4. The chapter 4 contains the main contribution of this thesis. In this chapter, we have build a series
of phenonomenological tests on up-type squarks spectra, using frequentist statistical methods. In
particular, three types of typical SUSY spectra are considered, for which we provide constraint
relations on low scale observables deriving from a SU(5)-like GUT symmetry. These relations
are only midly spoiled, should a SU(5)-like GUT be realized in nature.

5. Finally, in the chapter 5, we build more global SU(5) tests, using Bayesian model comparison
methods. Indeed, in this chapter, we compute Bayes factors numerically, using Markov Chains
Monte Carlo techniques, to discriminate the possible presence of remnants of a high scale SU(5)
symmetry into low scale squarks spectra. We hence start this chapter by providing an introduc-
tion to Bayesian statistics. The numerical strategy is then exhibited and the results commented.



Introduction en francais

La physique des particules moderne a commencé avec les expériences de Rutherfords, conduites en 1909
par Hans Geiger, Ernest Marsden et Ernest Rutherford. Ces expériences de diffusion ont démontré
I’existence du noyau atomique, la partie chargée positivement de l'atome. Plus important peut-étre,
cette expérience a conduit en 1912, & ’émergence du modéle planétaire : les atomes sont constitués
d’un noyau chargé positivement, trés dense et tres lourd, dont la taille est complétement négligeable
devant celle du nuage électronique, en conséquence de quoi la matiére est surtout composée de vide.

La deuxiéme expérience fondatrice pourrait étre la découverte par Carl David Anderson en 1932
du positron, la particule d’antimatiére associée i 1’électron, théorisée quatre années plus tét par Paul
Dirac. Finalement, la troisiéme expérience que je voudrais citer est la découverte du boson de Higgs
en 2012 par les expériences ATLAS et CMS du LHC. Cette découverte a mis un point final au Modéle
Standard (MS), théorie dans laquelle sont interprétés la plupart des résultats expérimentaux aujour-
d’hui. Cependant, nous savons que 'histoire ne s’arréte pas la, le modéle standard n’étant pas une
théorie ultime de la nature, échouant par example & inclure des termes de masse pour les neutrinos ou
4 inclure des particules qui pourraient étre de bon candidats de matiére noire.

Au moment ou ces lignes sont écrites (Juillet 2015), le LHC vient juste de reprendre sa prise
de donnée a son énergie nominale. On peut dire que pour 'instant la situation est assez troublante,
bien que pas encore inquiétante. En effet, la nouvelle physique se fait attendre depuis un moment
maintenant, et les extensions les plus simples du MS sont de plus en plus sous pression.

Parmi les cadres bien motivés pour étendre le MS se trouve la supersymétrie (SUSY), qui postule
I'existence d'un nouveau type de symétrie d’espace-temps entre les bosons, particules au spin entier, et
les fermions, particules au spin demi-entier. Cependant, la non-observation de superpartenaires légers
indique clairement que la SUSY, si elle est réalisée dans la nature, se doit d’étre une symétrie brisée.
Dans tous les cas, ’extension la plus simple du MS compatible avec la SUSY, le modéle standard super-
symétrique minimal (MSSM) continu d’étre d’'une grande aide pour les phénoménologistes, résolvant
la plupart des questions laissées sans réponse par le MS.

D’un autre c6té, le manque de signaux expérimentaux font que la SUSY reste théoriquement encore
assez mal comprise. Essentiellement, une compréhension claire du mécanisme responsable de la brisure
de la SUSY nous manque. Afin de paramétrer cette ignorance, une solution a été trouvée qui consiste
& introduire beaucoup (environ une centaine) de paramétres « doux »'. Cependant, le prix a payer
pour appliquer cette procédure est une nette baisse de la prédictibilité de la théorie, & moins qu'un
mécanisme de brisure ne soit imposé, ces paramétres doux étant vus comme libres.

Une solution au point soulevé plus haut peut consister a plonger le groupe de jauge du MS dans un
groupe plus grand, par example SU(5), SO(10) ou E(6). Une telle théorie de grande unification (GUT)
permet d’unifier les trois forces fondamentales du MS en une seule, au travers de 'unification de leurs
couplages de jauge respectifs. De plus, lorsqu'une GUT est supersymétrisée, il est plus facile d’ajuster
les couplages de jauge de basse énergie a leurs valeurs mesurées expérimentalement. Il est alors aussi
plus facile d’abaisser le taux de désintégration du proton & un niveau acceptable, phénoméne autrement
généralement prédit par les théories de grande unification. En outre, dans un contexte supersymétrique,
les termes doux deviennent aussi unifiés, réduisant ainsi a trés haute énergie, la centaine de paramétre
du MSSM & seulement quelques termes indépendants.

Cette thése s’intéresse a la plus simple des théories SUSY/GUT, celle basée sur le groupe de jauge
SU(5). Cette théorie a été 'objet de nombreuses études durant les derniéres décennies, en particulier

1a signification de Iadjectif « doux »pour caractériser ces paramétres sera précisée plus tard dans cette thése.



I'unification quark-lepton a regue beaucoup d’attention. En effet, ces théories SUSY /GUT prédisent que
les couplages de Yukawa des leptons et des quarks s’unifient, & une échelle de I'ordre de M ~ O(10'¢)
GeV, appelée ’échelle GUT. En faisant évoluer ces couplages 4 des échelles accessibles aux expériences,
via les techniques du groupe de renormalisation, il est alors possible de tester leurs compatibilités avec
une possible unification a4 haute énergie en scrutant leurs valeurs a basse énergie. Dans le cas le plus
simple, la conclusion est clairement négative. En effet, cette unification ne semble fonctionner que pour
la troisiéme génération et, méme dans ce cas, des précautions supplémentaires doivent étre prises, par
example en introduisant des corrections de seuils qui pourraient naitre de la dynamique au dessus de
I’échelle GUT.

D’un autre c6té, 'originalité de cette these est d’investir les conséquences a basse énergie de ce
type d’unification non plus dans le secteur de Yukawa, mais dans le secteur doux, en restant confiné
au secteur des squarks hauts. En effet, nous avons montré qu’une caractéristique jusque la non étudiée
de ces modéles est que le couplage trilinéaire des squarks hauts est symétrique a I'échelle GUT. Cette
relation de symétrie est bien préservée par les équations du groupe de renormalisation, ’asymétrie
introduite par I’évolution des couplages restant petite & ’échelle du TeV. Si I’échelle GUT est gouvernée
par une symétrie SU(5), on s’attend donc & ce qu'une empreinte de cette symétrie puisse subsister
dans le spectre des squarks hauts a 1’échelle du TeV, autorisant ainsi la construction d’une série de
tests phénoménologiques.

Cette thése est organisée de la maniére suivante :

1. Le chapitre 1 est dédié 4 la présentation du Modéle Standard. Sa structure de jauge ainsi que
son spectre de matiére sont présentés. De plus, le mécanisme de Higgs, responsable de la brisure
de symétrie électrofaible, et les mécanismes de mélange des fermions sont exposés. Ce chapitre
se conclut sur une discussion des principaux indices qui nous pousse a penser que le MS a besoin
d’étre étendu par une théorie plus compléte.

2. Le chapitre 2 constitue une introduction & la supersymétrie, en se concentrant sur le MSSM.
L’algébre supersymétrique ainsi que 1’élégant formalisme des super-champs sont présentés. Des
arguments sont ensuite donnés permettant de comprendre pourquoi la brisure spontanée de la
SUSY ne peut étre achevée dans le secteur visible, motivant ainsi I'introduction d’un secteur doux.
Finalement, le MSSM est décrit, ses vertus et limitations exposées, et les trois grands paradigmes
utilisés pour maintenir sous contréle les contributions des super-partenaires aux observables de
basse énergie ébauchés.

3. Le chapitre 3 présente la théorie GUT SU(5), a la fois dans un contexte SUSY et non-SUSY.
Une attention particuliére est dévouée au secteur de la saveur, en particulier il est montré que
les relations de symétrie qui existent dans le secteur de Yukawa se propagent aux termes doux.
Ce chapitre se conclut par une présentation de quelques unes des conséquences physiques de ce
type d’unification.

4. Le chapitre 4 contient la contribution principale de cette thése. Dans ce chapitre, nous avons
construit une série de tests phénoménologiques sur les spectres de squarks hauts, en utilisant des
méthodes statistiques fréquentistes. En particulier, trois types de spectre SUSY sont considérés,
pour lesquels nous fournissons des relations de contrainte sur les observables de basse énergie,
relations qui ne devraient étre que peu détruites si une théorie GUT de type SU(5) est réalisée
dans la nature.

5. Finalement, dans le chapitre 5, nous construisons des tests SU(5) plus globaux, en utilisant des
méthodes bayésiennes de comparaison de modéles. En effet, dans ce chapitre, nous calculons des
facteurs de Bayes numériquement, en utilisant des algorithmes de Monte Carlo par Chaine de
Markov, afin de discriminer la présence éventuelle de rémanents d’une symétrie SU(5) dans les
spectres de squarks hauts & basse énergie. Nous commencons donc ce chapitre en donnant une
introduction aux statistiques bayésiennes. La stratégie numérique utilisée est ensuite présentée
et les résultats commentés.
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Chapter 1

The Standard Model of particle physics

1.1 Introduction

The Standard Model of particle physics is, by its abilities to accurately fit most of the experimental
results, one of the greatest theoretical achievements in particle physics in the second half of the twen-
tieth century. It was able to predict new particles before their observation in experiments, with for
some of them, their masses, to set order in the jungle of new bound states which were discovered in the
1960’s by introducing the quark model and to predict the value of the intrinsic magnetic moment of the
electron. This last value has turned out to be in agreement with the measured one to an extraordinary
accuracy of the order of O(10713).

From a theoretical point of view, the SM has assessed the importance of gauge symmetries (see
[1]) in modern physics which now find applications well beyond the scope of particle physics. However,
despite its successes, the SM leaves several questions unanswered. This has lead the high energy physics
community to believe that a more fundamental theory in particle physics should exist of which the SM
should be a low energy effective theory.

In this chapter we give a general overview of the SM. In section 1.2 we start by presenting the
theoretical structure of the SM with an emphasis on the fermions mixing mechanisms. This will allow
us to fix a certain number of notations which will be useful for the rest of this work. Section 1.5 is
devoted to the presentation of the Cabbibo Kobayashi Maskawa (CKM) matrix, which drives flavor
violation in the SM, and the unitary triangle fit which tests the consistency of the CKM mechanism
with data. In section 1.6, we comment on the questions which are left unanswered by the SM. This
will serve as a transition to the next chapter. Although it is a very insightful topic, the historical
construction of the SM is not presented in this work, the interested reader is invited to refer to [2] and
[2] as well as to the first chapter of [].

1.2 Theoretical framework

The SM is a quantum field theory which describes three out of the four fundamental interactions of
nature, namely the electromagnetic interaction, the weak interaction, and the strong interaction. The
gravitational interaction is left aside as it requires special care. Quantum field theory (QFT) allows to
properly reconcile quantum mechanics with special relativity and is based on analytical mechanics using
the Lagrangian formalism. For a complete tour of QF'T, see the classical book of Peskin and Schroeder
[5] although other references such as [6] or [7] should be more appropriate for graduate students.
Precisely, the SM is a Yang-Mills theory (see [¢]) invariant under the semi-simple non-abelian gauge
group Gspy = SU(3)c x SU(2), x U(1)y. The subscripts (C, L,Y) have no mathematical meaning
and refer to the physical content of the charges of the factors. The factor SU(3)¢ is the gauge group of
Quantum Chromodynamic (QCD) which describes the strong interaction responsible for maintaining
the quarks inside the nucleons bound. To the quarks is associated an intrinsic quantum number called
"color". It was first introduced to preserve the spin statistic theorem where in certain bounds states,
without color, several quarks (which are fermions) would be in the same quantum state. The factor
SU(2)r, x U(1)y is associated to the electroweak interaction which unifies the weak and the Quantum
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Electrodynamic (QED) interactions, the quantum version of electromagnetism. The subscript L refers
to the "weak isospin" introduced to explain why certain pairs of fermions in the SM have similar
quantum properties under the weak interaction. Finally, Y refers to the "weak hypercharge" introduced
to maintain the consistency of the SM and defined through the Gell-Mann—Nishijima formula:

Y

5 =Q-T¢ (1.1)
with T} the eigenvalue of the third generator of SU(2), (see egs (1.5) and (1.6)) and @ the usual
electric charge. To each factor in Ggys are associated spin-1 bosons which transmit the force from one
fermion to another. Their number is equal to the dimension of the group which is, for SU(N) factors:

N

dim(SU(N)) = NN -1 (1.2)
and 1 for the abelian U(1) factor. In the case of QCD, we have @ = 8 bosons, called gluons, and
noted {Gé}{t‘=l..8}- For the electroweak interaction, three bosons {Wt‘}{@:l__g,} are associated to the
SU(2) factor and one boson B to the U(1) factor. It has to be noted that as long as the symmetry
group remains exact, the gauge bosons as well as the fermions remain massless, a mass term in the
Lagrangian breaking explicitly the gauge invariance. This has lead Francois Englert, Robert Brout,
Peter Higgs, Gerald Guralnik, Carl Richard Hagen and Thomas Kibble in the mid-1960s to apply to
the SM a mechanism inherited from solid state physics, the so-called Higgs mechanism [9, 10] L.

Digression on the paramagnetic — ferromagnetic transition One can have a feeling about the
physics of the Higgs mechanism by making a parallel with the ferromagnetic/paramagnetic transition in
solid state physics. Let us consider an electric conductor which can be thought of as a spin assembly.
If the temperature of the system is high enough the directions of the different spins are randomly
distributed. The macroscopic magnetization vector, which is proportional to the vectorial sum of the
spins, is null. The system is said to be in the paramagnetic phase, the solid being isotrop the symmetry
group is SO(3), the group of 3D space rotations. If one decreases the temperature below a certain
threshold, the Curie point T, a macroscopic direction in the system appears among the spins, the
magnetization vector is not null anymore and the system is said to be in the ferromagnetic phase. The
symmetry group of the ferromagnetic phase is SO(2) (subgroup of SO(3)), the symmetry group of the
plane rotations whose axis is set by the magnetization direction. Hence, during the paramagnetic —
ferromagnetic transition, the symmetry group of the system has been reduced from SO(3) to SO(2).
As this phase transition didn’t occur due to an external element, for instance a magnet, but because the
temperature i.e. the energy of the system has decreased, it is called a spontaneous symmetry breaking.

Back to particle physics, the Higgs mechanism describes the spontaneous symmetry breaking (SSB)
of the SU(2)r, xU(1)y factor down to U(1)q, the gauge group of QED. To perform this SSB, we need to
introduce an extra scalar, the Higgs boson, which plays an analogous role to the magnetization vector,
and reduces the symmetry group of the system when picking specific directions in the scalar potential
of the theory. This occurs when the system falls in its ground state which in a QFT framework is called
the vacuum. In this process, the gauge bosons {W12} acquire a non-vanishing mass and mix to give the
electrically charged W™~ physical states. The others gauge bosons {W?, B} mix to give the massive
boson Z°, the third electrically neutral gauge boson of the weak interaction, and the photon, the gauge
boson of QED, which remains massless as the Higgs mechanism preserves an abelian group, U(1)q,
to guarantee the conservation of the electric charge. The gluons remain also massless as the SU(3)¢
factor of Ggyy is left invariant by the Higgs mechanism. The states (W, W—, Z°) have been observed
at the UA1 and UA2 experiments at the CERN in 1983 with properties which match the quantum
numbers predicted by the SM [11-14]. Lastly and, although further investigations are needed, a scalar
boson has been discovered in 2012 independently by the ATLAS [15] and CMS [16] experiments with
properties which seem to match to the Higgs boson as predicted by the SM Higgs mechanism.

History has forgotten most of the authors in the used name which one can consider as not very fair. Alternatively,
if one believes that a discovery belong to anybody, a more radical solution could be to use a name for the mechanism in
which no authors appears.
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After this qualitative description of the Standard Model, we want to adopt now a more quantitative
approach by presenting the details of the theory. Specifically, the SM Lagrangian can be split into four
parts:

£SM = L"Gauge + L"Matter + £Yukawa + L"Ht‘ggs (1-3)

In the following, we shall have a tour at each of these sectors.

1.3 The Gauge sector

We start with the gauge sector which describes both the kinetic terms and self-interactions of the gauge
bosons. The gauge sector of the standard model can be written as:

1 1 1

where the rank 2 tensors G, Wy, and By, are called the field strength tensors of respectively the
SU(3), SU(2), and U(1) factors. These can be decomposed, for instance in the case of SU(2), as:

W = W5, T (1.5)

with {T;}, the generators of the group. The greek indices (u,v...) are lorentz indices and indicate
how the fields transform under the group of special relativity spacetime symmetry, the Poincaré group
RY? % SO(1,3) (see [17]) which can be reduced, by a proper choice of frame, to the Lorentz group
SO(1,3) 2. Here, we take the usual metric convention in QFT, 7, = diag(+1,—1,—1,—1).. The
generators can be thought of as "basis vectors" of the group encoding infinitesimal transformations
defined by the following commutation relations :

(T3, T5] = gcijeTk (1.6)

These commutation relations form a Lie algebra 3. {c;jx} are called the structure constants of the
group with, in the case of SU(2) c;jr = €;x the totally antisymmetric Levi-Civita tensor defined such
that €193 = 41 . g is called the coupling constant of the group and sets the interaction strength. For
the three factors of Ggyy, the field strength tensors can be expressed in term of the gauge bosons as:

wa = 6,U.Gi - 6110; - g3f¢‘jkGﬂGﬁ 1,9,k = 1...8,
Wi, =0,W. —0,W) — qregpWIWE i,j,k=1.3, (1.7)
By, = 8,B, — 8,B,,

with {fijr}, the structure constants of SU(3) define by Gell Mann [1%]. The indices i, j, k... live in
the adjoint representation of the group *. We want to emphasize that the structure constants vanish
in the case of an abelian group or, in equivalent terms, when their gauge bosons are neutral under the
group. The consequence is that, in such a case, no gauge bosons self-interaction vertices are present.
This is typically the case for U(1)y or in QED for Q(1)q for which structure constants are zero and
no photon self-interactions exist. On the other hand, SU(3) and SU(2) being non-abelian, three and
four point self interactions vertices are present among the gluons and W bosons as illustrated in figure
1.1.

2The Lorentz group SO(1,3) is defined as the group of matrices which leave the metric invariant i.e. A € SO(1,3) :
7= AnAT.

3A nice view of this machinery can be developed if we remember that, in the context of differential geometry, a Lie
group is isomorphic to a manifold. The generators of the group then really form a basis of vectors on the tangential
space of this manifold.

*That means that a gauge transformation acts on the field strength tensor, for instance in the case of SU(3), as:
UeSU3),G" - UGUT.
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Figure 1.1 — Three and four point gluon self interactions. The vertices arises due to the non abelian
nature of SU(3) i.e. these are proportional to the structure constants fup..

1.4 The matter sector

The matter sector of the SM describes the 24 spin 1/2 fermions forming the matter and their associate
anti-particles. These can be gathered in two families depending on their sensitivity to the strong
interaction. The fermions sensitive to the strong interaction are called quarks and their electric charges
are quantified to be either —i—%e (the "up-type" quarks) or -%e (the "down-type" quarks) with e the
elementary electric charge. On the other hand, leptons are not sensitive to the strong interaction and
can be split in two sub-families depending on their electric charges, the electrically neutral leptons
being called "neutrinos" and the electrically charged being called "charged leptons".

In the context of group representation theory, we can restrict the Lorentz group mentioned above
to the subgroup of Lorentz transformations preserving both the orientation of space and the direction
of time, noted SO(1,3)", the orthochronous proper Lorentz group °. One can show that there is
an isomorphism between the fundamental representation of SO(l,Eﬁ)T and a direct product of two
fundamental representations of SU(2), i.e. SO(1,3)T ~ SU(2)®SU(2). This suggests that the fermions
of the SM can be decomposed as a combination of two Weyl spinors which are merged in an object
called a Dirac spinor ¥. More precisely, a Dirac spinor can be decomposed as:

U = PV + Pp¥p, (1.8)

where Pr, and Ppg are chirality projector operators defined as:

1— 1
= pp = (1.9)

Fr, 5

with «s, the fifth gamma matrix (see appendix A.1).

Let us consider a fermion described by a Dirac spinor ¥ and also consider its associate anti-spinor
UC = C¥C~! with C the charge conjugate operator. We can define the chirality operator h as the
operator which projects the spin S over the momentum P direction h = S - %. In the massless limit,
one can show that ¥ always has a negative helicity and is in a pure ¥y, state (h¥ = —1,¥ = ¥ ) and
UC always has a positive helicity and is in a pure Up state (hlI'C = 41,0¢ = lI'g) For this reason,
Up is called a "right"-handed spinor and ¥y, a "left"-handed spinor.

If now Dirac mass terms are present in the electroweak broken phase as it results from the Higgs
mechanism, a chirality mixing is introduced through a Yukawa coupling to the Higgs boson (see sub-
section 1.4.1). Hence, particles and anti-particles are in a superposition of both left-handed and right-
handed states. It turns out that the weak interaction couples exclusively to the left-handed component

SHence SO(1,3)" is defined as : A € SO(1,3)" if det(A) = +1 and A > 0.
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of U, that is why a subscript L is added to the gauge group name SU(2);, and the weak interaction is
said to break maximally the parity symmetry. This enforces the fact that left-handed components are
fold in two-dimensional representations of SU(2)y, i.e. particle physicist say they form SU(2) doublets.
whereas the right-handed components will be fold in 1-dimensional representations of SU(2)f, i.e. they
form SU(2) singlets. More generally, the fields of the SM can be classified in multiplets according to
which representation spaces they are living in for the SU(3), SU(2), and U(1) factors. The notation
is the following: we use a 3-plets {nc,nr, Y }y where nc and ny, are bold integers denoting the di-
mension of SU(3)c and SU(2)y, representations, Y being the common multiplet hypercharge value.
For instance, left-handed quarks form SU(2) doublets composed of an up and a down-quark and are

noted:
0

Q= (ﬁ;g)L. (1.10)

These doublets are uniquely defined by the 3-plet {3, 2, %}QL indicating that they live in a 3-
dimensional representation of SU(3)c (quarks exist in three color states), in a 2-dimensional repre-
sentation of SU(2) and the up and down quarks share a common hypercharge value of Y, = % The
electric charge of u2, and d), can then be easily deduced from eq (1.1). Here, the superscript 0 defines
these states as weak eigenstates i.e. they possess definite transformation properties under SU(2);, and
the subscript m refers to the family index. Indeed, it is an empirical fact of nature that each fermion
type in the SM (charged leptons: e~ | neutrinos: ° , up quarks: »" and down quarks: do) exist
in three copies (m=1,2,3) named "generation" or "family". The full content of the m-th family of
fermions can then be summarized as follows:

0 ‘U?n 1 0 V'gz
mL = | 40 5 1 {3,2, g}QL Lo = =0 5 {1, 2=_1}L21L

m m

4 2 1.11
Ump {31, 3 dyg: {3 L3, (111)
e % {1,1, —2}.—0. Vmp : {1,1,0}0

We emphasize the fact that despite we have introduced right-handed neutrinos U&R above, strictly
speaking, they do not belong to the SM spectrum since they are completely neutral under Ggys. As
v » does not interact through any of the gauge interaction of the SM with the rest of the spectrum, it
is called a sterile particle. Beside, currently, right-handed neutrinos should still be seen as hypothetical
particles as no experiment has allowed to disentangle the exact spinorial nature (Majorana or Dirac,
see subsubsection 1.4.2.2 and appendix A) of neutrinos until now. However their existence might be
needed, depending on the exact neutrino nature, as suggested by the experiments which have proven
that neutrinos can oscillate from one family to another and hence, own a non-vanishing mass.
The matter part of the SM Lagrangian can then be written:

3
Liatter = Y (@?nLUDQ?nL + Ion i Loy, + T i Dty + Aoy gilDel g + € i Detyg + E?RRZIIDVSLR)
" (1.12)

Note that mass terms of the form L£,,45c = —m¥ WV are absolutely forbidden at this stage as these
are equal to Lyq5s = —M @L Up+ Upv L) using the decomposition (1.8) and thus violate explicitly
the SU(2)r, invariance.

An important remark is that Lpgtter owns a U (3)'5i global flavor symmetry. For example, a global
transformation of the form Ug, € U(3),Q — Ug,Qr, leaves Lyqster invariant. As this symmetry
is not imposed explicitly when constructing the theory, we call it an accidental symmetry. Lpyatter
contains all kinetic terms for the fermions but also fermion-gauge boson interactions as can be seen if
we develop the gauge covariant derivative ) = D"+, in the first term of (1.12):

. . : ™" : ] ([
QuriDQ0y, =i (ﬁﬂ&ﬁ?&) 7 x [(3;:.1 +igi T} Wy, + %TQBM) dap + ﬁgaTgﬁiG;I} (domig) - (113)
m

Here I is the SU(2) identity matrix and a, /3 are the color indices of the quarks. T}' ; ; and T2, ¢
are respectively the SU(2) and SU(3) generators which can be represented by Pauli and Gell-Mann
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Figure 1.2 — Single complex scalar field case: The scalar potential V with, on the left y? > 0 and, on
the right u? < 0. Taken from [19].

matrices. For a definition of the Pauli matrices, see appendix A. The unique U(1)y generator is simply
equalto T2 =1 % We use the usual Einstein convention which implies implicit sums over all repeated
indices.

1.4.1 The Higgs mechanism

In this subsection, we give details on the above mentioned Higgs mechanism which generates dynam-
ically mass terms for the gauge bosons and for the fermions through, respectively, the Higgs kinetic
terms and the Yukawa interactions with the Higgs boson. The Higgs part of the SM Lagrangian Li;g4s
is:

LHiges = (D*®)' D, ® — V(®) (1.14)
where ® is composed of one electrically charged complex scalar ¢+ and one electrically neutral ¢°

+
forming an SU(2) doublet ® = (ﬁo) transforming as {1, 2, %}¢ The gauge derivative takes the form:

D'® = (8, +igT} W}, +ig'T*B,) ® (1.15)

as the Higgs doublet is not charged under SU(3)c. The simultaneous need for renormalizability and
SU(2) x U(1) gauge invariance restricts the scalar potential V' to the form:

V(®) = +p20® 4 \(®TD)? (1.16)

with A > 0 in order to enforce vacuum stability. The minimum of this potential will depend on the
sign of p? as depicted in figure 1.2 in the case of a single complex scalar field.

We see that in the case u? > 0, V presents a stable minimum at ® = 0 whereas for p? < 0 an all
set of degenerate minima appears at a non-vanishing distance from the origin, all those minima being
related by a SO(2) ~ U(1) symmetry. The Higgs doublet can be rewritten in terms of 4 real fields

{#}i=1.4 as: )
(Y _ (& (o1 + ig2)
o= (%) - (ﬁ (63 +ida) (47
and the scalar potential becomes:
1 ! 1 (&)
V(@) = p* (Z cﬁ?) + 3 (Z cﬁ?) (1.18)
i=1 i=1

The spontaneous symmetry breaking of the electroweak phase is triggered when the neutral components
{#i}{i=3,4) fall in one of those degenerate minima which are related, in the case of a doublet, by a
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SO(4) symmetry. In a QFT context ¢; is said to take a non-vanishing vacuum expectation value
(VEV) as it does not annihilate the vacuum |0) anymore, meaning (0|¢;|0) # 0. We can then use this
SO(4) symmetry to set all but one VEVs to zero (0|¢;|0) = 0,7 = 1,2,4 and (0|¢3/|0) = v > 0. With
this in mind, the value at these minima of the scalar doublet & and of the potential V are:

o= ool =0 =1 (1) 019

V(®) - V(v) = %,UJQVQ + %/\v‘l

and the value of v is obtained by minimizing the potential V(v):

2
v = T‘” (1.20)

Let us have a look at the action of the generators of SU(2)r, x U(1)y once the Higgs doublet has taken

a VEV:
1 _El 0
fiv= 2\/5(")%0’

Yv:g% (S) £0.

We see that the action of the generators of SU(2)r, xU(1)y do not leave the vacuum invariant anymore.
This means that the vacuum has got charged under these groups and the electroweak symmetry has
indeed been spontaneously broken. However, a combination of these generators corresponding to the
electric charge, @ = (T4 + ¥) (see (1.1)) remains intact since Qu = 0. This enforces the fact that
the electric charge is conserved as it should be, and the following electroweak spontaneous symmetry
breaking (EWSSB) pattern SU(2)r, x U(1)y — U(1)g has been established. However, if a charged
component of ¢ would have taken a VEV, this would not be true anymore and the SU(2)r, x U(1)y
would have been broken to nothing. When spontaneously breaking a gauge symmetry, it is thus

(1.21)

mandatory that only fields neutral under the symmetries we want to preserve in the low energy theory
are allowed to take a non-vanishing VEV.

On the other hand, the complex scalar ¢3 is expected to oscillate around its minimum due to its
quantum nature. We can thus shift it around v and write ¢3 = v + h? with h° the physical neutral
Higgs boson which has a vanishing VEV (0|h°|0) = 0. Going back to the situation where ® is not
aligned on the real axis, a useful polar parametrization has been introduced by Kibble and can be
written as:

b — %8(@ 52, G@)L”) (U fho) (1.22)

with L being the three electroweak broken generators T}, Ty, T3 — Y and we have made the space-
time dependence of {(z); explicit. Supposed that we were dealing with a global symmetry, the gauge
parameters ((z); would then correspond to the so-called massless Goldstone bosons and there would
be as many as broken generators, here 3. However, precisely due to the local nature of the gauge
symmetry, we can eliminate these using the following gauge transformation:

B & (TG g _ % ({U fhﬂ) (1.23)

called the unitary gauge. From now on, unless otherwise stated, we will always work in the unitary
gauge. With the disappearance of the Goldstone bosons, we seem to have lost physical degrees of
freedom in our theory, however these will reemerge somewhere else as we will now see. Indeed, if we
have a look at the Higgs kinetic term in eq (1.14) after EWSSB, it takes the form:

1 )
(D,®)" (D'®) = 5 (0 v) [ TIW: + ¢oT?B,)° (S) + h° terms. (1.24)
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d.o.f Before EWSSB | After EWSSB
gauge bosons 8 11

Goldstone bosons | 3
Higgs field 1 1

Figure 1.3 — The distribution of d.o.f among the fields before and after EWSSB. The Goldstone bosons

have disappeared into the gauges bosons, these have been "eaten".

We can perform the following change of basis:

_ WlEaw?

W= ,
V2

T =Tl + T} (1.25)

to see that eq. (1.24) contains the terms:

2

2 M2
J = My WH W, + =222, (1.26)

v? _ 1 v | W2 — g2B
1Tw+MWM + 5 (g% + g% e TR

41 Vei+a3
and see that the charged gauge bosons W+ have acquired a non-vanishing mass term My = . W=+

are the only physical states in the SM which allow at tree level to mediate the decay of a particle
changing its flavor. As we will see in subsection 1.4.2, and as W* own an electric charge, such flavor

transition is inevitably followed by a change of the electric charge of the decaying particle. For this
reason, we say that the W* are the only mediators of flavor changing charged currents (FCCC) in the
SM. A third neutral physical Z boson has also appeared with a mass term Mz = Mw _ 7 is defined

cos Oy

as a linear combination of the B,, and Wﬁ' bosons:

W3 — g2 B
Z,u. — w = —SiDQWBp, + COSQWW‘? (127)

Vai+ags

where we have defined the weak mixing angle @y as:

tan Oy = 92 sin Oy = £1 cos by = £’ (1.28)

qn 9z 9z

and gz = 4/ 912 + gg the Z boson coupling constant. The combination orthogonal to Z can then be
easily defined as A = cos@y B + sinfy W3 and is identified as the photon. The photon remains
massless at all order in perturbation theory as its associated gauge group U(1)q is left unbroken by
the EWSSB. As stated above, it seems that physical degrees of freedom have disappeared during the
EWSSB when absorbing the Goldstone bosons using the unitary gauge. Let us have a closer look
and count the number of degrees of freedom (d.o.f.) before and after EWSSB. Before EWSSB, we
had 4 massless vectors bosons associated with the SU(2)r x U(1)y gauge group. As it is very well
known, massless vectors bosons only have two d.o.f. corresponding to two transverse polarizations.
The electroweak bosons hence bring a total of 4 x 2 = 8 d.o.f. to the theory.

On the other hand, there are three massless Goldstone real bosons corresponding to the three
broken generators and one massless Higgs boson. All these four fields own only one d.o.f. each. The
total number of d.o.f. before EWSSB is hence 8 +3 + 1 = 12. After EWSSB, the now massive three
eletroweak gauge bosons W1, W™, Z have 3 degrees of freedom each corresponding to two transverse
and one longitudinal polarization states. We also have a massless vector photon A with two d.o.f.
and one massive real scalar h with one d.o.f. The total number of d.o.f. after EWSSB is also 12,
however we see that the d.o.f. which have disappeared when absorbing the three Goldstone bosons
have reappeared in the now massive gauge bosons as transverse polarizations. The accepted expression
to designate this re-balancing is that the Goldstone bosons have been "eaten" by the massive gauge
bosons. Table 1.3 summarizes the distribution of d.o.f. among the fields before and after EWSSB.
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1.4.2 The Yukawa sector

As stated above, the fermions of the SM can be split into two groups, the quarks and the leptons,
depending on their sensitivity to the strong interaction. To match experimental observations, each
group has to be duplicated three times into three copies named family or generation. In this subsection,
we have a closer look at the Yukawa sector Ly yrqua of Lsp- The Yukawa sector allows to generate
masses for the three families of leptons and quarks through coupling to the Higgs boson. Although the
Yukawa sector is discussed in its full generality, we postpone comments on the experimental values of
the mass spectrum to subsection 1.6.4.

1.4.2.1 Quarks

We start with the quarks. They are six types (or flavors) of quarks in the SM which exist in three
different colors each. As seen in section 1.4, each family is composed of one quark of electric charge %e
and of one quark of electric charge —%e. Their left-handed (resp: right-handed) components forming
SU(2) doublets (resp: singlets). The lightest family of quarks constitutes the components of the proton
and the neutron which form the atomic nucleus. For this reason, the quarks of the first family are
simply named up "u" and down "d" quarks. The four heavier flavors are named for historical reasons
strange "s", charm "c", bottom "b" and top "t" quarks. These can only be produced in higher energy
processes for example when a proton of cosmic rays hits the high atmosphere or when two protons
collide in a hadron collider. Indeed, a very specific feature of "QCD" named "confinement" makes
that quarks can never be seen as free states and can only be detected as bound states called hadrons
themselves colorless. The down-type strange and the up-type charm quarks form the second family of
the SM. Finally, the down-type bottom and the up-type top quarks form the third and heavier family
of the SM. The quarks Yukawa sector can be written as:

ks — y;fm,négﬂ, Dupp + yﬂ;,nagq,,s@d?m +h.c. (1.29)

Yukawa

with ® = ioy®T, the conjugate Higgs field transforming as {1, 2, —%}5 needed to write invariant terms

of the form @Sn L‘I’ug p + h.c in the up-sector 6 4% 4% are 3 x 3 arbitrary Yukawa matrices determining
the strength of the coupling to the Higgs boson. The Yukawa matrices are completely arbitrary and
do not have to be Hermitian, real nor diagonal. They introduce most of the SM free parameters and
break most of the U(3)® family symmetries of the rest of Lyater, only two global U(1) symmetries,

quarks

the total baryon and lepton numbers are accidentally conserved. After EWSSB, L5, ;. becomes:
k v+ hO 4 (v+h
it = T (5 ) b+ sl (V5 ) it b (130
where Dirac mass terms have been generated for the up and down quarks:
v v
M‘r?in = y;f'm_ M‘gm o (1'31)

s =y
V2 2

In order to identify the physical states, those which will actually propagate, it is still needed to perform
a change of basis to bring the mass matrices to diagonal forms. As the left and right handed components
of the fields transform independently, we have to perform separate transformations on them. Since the
electroweak symmetry is now broken, we also need to perform independent transformations on the up
and down components, e.g.:

uy = Vy ur, up=Vugugr, di =Vydy, dy=Vadg, (1.32)

where we have switched to indice free notations and simply note u = (u,c,t)T, d = (d, s,b)T. We
emphasize that all the matrices in eq. (1.32) must be unitary in order to preserve the canonical form

6Let us be explicit, if we consider the hypercharge we have Y (@L) = —% and Y (ugr) = % or we have to impose

Y (Q Pur) =0 >Y (5) =L
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of the kinetic terms into Lygiter- This change of basis rotates the mass matrices to diagonal form, e.g.:

VJr M¥Vy, = Mp = diag(my, me, my)

_ (1.33)
VJLMdVdR = Mg = diag(mgq, mg, my).

with my the real and positive physical mass of the fermion f. For this reason the states ¥, without
the superscript 0, are called the mass eigenstates of the theory. Now that we have switched to the
mass basis, we still have to scrutinize the consequences of the change of basis (1.32) on the rest of the
Lagrangian. The Higgs and gauge part remain invariant as they do not depend on the fermions fields.
However, if we rewrite £ysauer in terms of the physical weak bosons W, one can show with a little
bit of algebra that the following term is included in the SM Lagrangian:

Lsy > _£ [aw(l — 75)d”] Wi + h.c
(1.34)

f +
2f [ (Vi Vg ™ (1 = 25))mndn| Wi + hec
where we have switched to the mass basis in the last line of eq. (1.34). We see that this term
induces charged flavor transitions between the up and down sectors through coupling to the W bosons.
Furthermore, if the up and down quarks are not aligned in flavor space, that is if V4,; # V4, , the coupling

of these transitions is set by the unitary matrix Vogy = VJLVdL called the Cabibbo-Kobayashi-
Maskawa (CKM) matrix (see [20]) and section 1.5.

1.4.2.2 Leptons

We now discuss briefly the leptonic Yukawa sector. As stated in section 1.4, the three families of
leptons in the SM can be split in two groups according to their electric charges. Charged leptons e,
own an electric charge equal to —e whereas neutrinos are electrically neutral. Left-handed components
of charged leptons are fold in the down-part of SU(2) doublets (T3 (ef,,) = —%) whereas left handed
components of neutrinos are fold in the up-part of SU(2) doublets (T3 (vim) = —|—%), their right-handed
components being again SU(2) singlets. The lightest charged lepton belonging to the first leptonic
family is simply the usual electron noted e~, the mediator of chemical reactions. The second lepton
is named the muon and noted p~. The muon has as particularity that it is able to travel on long
distances due to its long proper lifetime of 7(1~) = 2.2us. Opposite to that, the third lepton, the
tauon noted 7~ has a much smaller lifetime of 7(77) = 2.9 x 10~ !ps and thus decays much more
quickly. On the other hand, the neutrinos are named after their charged leptons SU(2) counterparts.
Hence the three neutrinos are the electronic, muonic and tauic neutrinos, noted respectively ve, v, and
vr. The leptonic Yukawa Lagrangian is then:

cims =y @y + y" L Buig + hec. (1.35)
where we have define the following vectors in flavor space €° = (e?, u°, 7° = (ue,vu,u,? )T, As

in the quark sector, ﬁi‘fﬂzﬁﬁa generates Dirac mass terms for the leptons a;nd the neutrinos once the

neutral component of ® has taken a VEV v:

b b
ME€ = e_’ MY = ¥ —
Y2 Y2

One can then perform unitary rotations on the fields to bring the mass matrices to diagonal form:

(1.36)

VEMeVE = My = diag(me, my,my) VY IMYVE = MY = diag(my,, my,, my,) (1.37)

which define the mass eigenstate basis for the charged leptons e%, r = V[ ger,r and for the neutrinos
vg r=V/glv1,vs, v;;}}: gr- We have labeled the three neutrino mass eigenstates vy,v; and v3 because,
op,posite to the quark caise, the mixing in the leptonic sector is significantly higher, each mass eigenstate
v1,v2 and v3 being truly a superposition of all three weak eigenstates ve, v, and v;. This change of
basis will in turn induce charged flavor violating transitions as in (1.34) whose coupling is set by the
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mismatch in the rotations of the left-handed leptons and neutrinos. This mismatch is parameterized
by the unitary Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix Vpyns =V, TVf (see [21]). Note
that the PMNS matrix is different from unity only in the case where mass terms for the neutrinos are
present. Indeed, if no neutrinos mass terms are present in the Lagrangian one can adjust V} freely
and set Vi’ =Vf — Vpyns = 1.

A caveat on neutrino masses: In this paragraph, we want to point out that the approach we
have considered until here -with neutrino Dirac mass terms generated via the Higgs mechanism-,
although having the virtue of symmetrizing the quarks and leptonic sectors ask serious naturalness
problems. Indeed, the masses of the neutrinos being extremely small () ,_;,;m; < 0.49 eV @ 95
CL from cosmology [22]), Dirac mass terms would imply extremely high fine i:uning of the Yukawa
couplings. However, it is possible to construct models beyond the SM in which these tiny neutrinos
masses arise naturally thanks to the presence of one or several heavy right-handed sterile neutrinos
Npg. To this end, neutrinos need to be viewed as Majoranas particles. A 4-components Majorana
spinor ¥M is a field in which the left-handed component is the charge conjugate of the right handed
one i.e. lI’%": R = C(ﬁg{L)T. This imply that a Majorana particle should be its own anti-particle

ie. v = 1% = O’ and should not carry any conserved quantum numbers. Or, this is indeed the
case of the neutrinos in the SM. Several experiments are trying to disentangle the Dirac/Majorana
nature of the neutrino by seeking, for example, for neutrinoless double beta decays Ov3/3 in which a
neutrino annihilates with its antineutrino to nothing (see [23] for a review). In these so-called "seesaw"
mechanisms small neutrinos masses are then generated when integrating out right-handed neutrinos
Np. This results in non-renormalizable, dimension five operators of the form:

1gv? 1
—Z 7
2 A

where A is the cut-off of the effective operator A ~ My, which suppress the light neutrinos masses.

However, as this thesis is focusing on the hadronic sector, these questions will not be further
investigated and we refer to references [1], [24] for a tour of seesaw models.

ocM = Clvr, + h.c (1.38)

1.5 A focus on the CKM matrix

As stated in subsubsection 1.4.2.1, the CKM matrix arises from a mismatch between the fermion gauge
and Yukawa interactions i.e. between the weak and mass eigenstates basis. Furthermore, after EWSSB,
a mismatch appears between the up and down sector and the CKM can be seen as the composition of
the rotations in these two sectors i.e. Vogym = VJL Vi, , only left-handed components being involved
due to the chiral nature of the electroweak theory. It is thus a unitary 3 by 3 complex matrix which
sets the strength of FCCC processes in the SM. In this section, we want to give more details on the
CKM matrix as it plays a prominent role for flavor physics in the SM and beyond. Let us start by
counting the number of d.o.f. in Voga. A general F' x F' complex matrix has 2F? independents
parameters. Out of those 2F? parameters, one can subtract F'? parameters due to unitary conditions
(Vg KM VCK M)mn = Omn. We can further remove 2F — 1 parameters thanks to a redefinition of phases
on the up and down quarks. These are of the type u;, — Ky, uy, with Ky, = diag (ewl,ewz,ei@). We
are thus left with F2 — (2F — 1) = (F — 1)? =34 independent real parameters in the CKM matrix.
These 4 real parameters can be further split in 3 mixing angles #;; and 1 CP violating phase dckm.

There are many ways to parameterize the CKM matrix but here we follow the one given by the Particle
Data Group [25]:

Vud Vus Vau 1 0 0 c13 0 size® ci2 s12 0
VekmM=|Veda Ves Vo | = |0 c23  s23 0 1 0 —s12 ci2 0
. Via Vis Vi 0 —si2 c23) \—s13¢¥ 0 ci3 0 0
o (1.39)
C12C13 512C13 813€
i5 i5
= | —s12c23 — c12523513€" €12€23 — S12523513€" $923€13

]

id
§12823 — (:12'523513‘3z —C12823 — 512C€23 — 512C€23813€ 23513
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with cjj = cos(#;j) and s;; = sin(f;;). The magnitude of the elements of the CKM matrix have been
measured through processes involving different flavor transitions and are equal to:

0.9742 0.226 0.0036
Vij| = | 0.226 0.973 0.042 (1.40)
0.0087 0.041 0.9991

which implies s15 ~ 0.23, while s13 << 893 << s19. The important point to notice is that the elements
modulus decrease of one order of magnitude each time we take one step away from the diagonal. This
suggests to use 4 parameters A, A, p,7 defined as:

V; V,
S12=A= |u3| ,523214)\2:/\—66,
V |Vud|2 + IVusP Vus

(1.41)

AN (5 + im)V/I — AZM
VI— N [L— 25 + )]

to write an expansion of Vs, using A as expansion parameter. Following this procedure, a parame-

s13e” =V = AN (p + i) =

terization has been proposed by Wolfenstein [26], and we end up with, at O(A\3):
2 .
1—% A ) AN} (p —in) )
Vokm = ) -4 AN? +O0(XY) (1.42)
AN (1 —p—in) —AN? 1

Moreover, we can safely check that Vogas stays unitary at all orders in the Wolfenstein expansion,

the CP violation phase dckm being associated with n through tand = g. There are various possible

] ] ] _ . V*EVud - .
conventions for defining the CP phase in Vgogps however, g 4 i = — 1}‘.”1,“; is phase-convention-
ch’

independent.

It is especially important for phenomenology to get accurate measures of the elements of Vg
and to test its features, especially its unitarity. In particular, we want to check if sums of the type
Zj- %jV,:j really vanish for 7 # k. Using the Wolfenstein parameterization, these relations take for
example the form:

(V1V), = VitV + VisVea + VitVia

2
~ (1—’\?) AN (p+i+mn) — AN+ AN (1 — p—in) (1.43)
~ AN (p+in) — AN+ AN (1 -5 —i) =0
but, |V Vei| ~ AX? is known with great accuracy, so that it can be used to normalized eq. (1.43):

(v1v)
AN3

and eq. (1.44) can be represented by a normalized triangle in the complex plane (p,77) with the vertices
at (0,0); (1,0) and (p,7). One can then apply different constraints from flavor observables to fit the
Wolfenstein parameters and to check if the sum of the angles are really equal to 180° i.e to check
that unitarity is indeed satisfied. For example, the length of the triangles can be obtained from CP
conserving observables, as in the b — u decay rate whereas the angles are obtained from CP violating

A op+m—1+1—p—in (1.44)

effects such as neutral mesons mixing. Figure 1.4 presents a global fit on the triangle (1.43) with all
available flavor constraints included here @ 95% C.L. The red hashed blob indicates the best fit values

of p and 7] at 68% C.L. The best fit values of the Wolfenstein parameters are thus:
+0.018 +0.00068
A =0.810"; 94 A = 0.225487 10034 (1.45)
— 0.0133 0.011 :
p=0.1453T0050  77=10.343T0010

We see on fig. 1.4 that all flavor observables are compatible with the SM CKM mechanism i.e. no
significant departure from unitarity is observed until now.
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Figure 1.4 — Unitarity triangle test. All flavor observables are given at 95% C.L. The red hashed region
represents the 68% C.L fitted value of the Wolfenstein parameters p and 7. Plot taken from the CKM
fitter group [27], http://CKMfitter.in2p3.fr

Figure 1.5 — Quantum corrections to the Higgs mass due to a Dirac fermion.
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1.6 Limitations and open questions

There is much more to say about the SM, however for the sake of concision, we stop here and move on
by giving some details on a few of the reasons that push the high energy physics community to think
that despite all its virtues, the SM cannot be an ultimate theory of nature, if any such ultimate theory
does exist at all.

1.6.1 The hierarchy problem

We start with the famous "gauge hierarchy problem". Beyond its formal presentation on which we will
shed light below, it is of crucial importance to understand what the gauge hierarchy problem really is
about. As stated in the introduction, the SM does not address the question of the quantification of
gravity. The quantum effects of gravity should become relevant at most at a scale of the order of the

Planck mass Mp = 4/ Gr—mN ~ O(10")GeV. One can say that the Planck mass is the "natural" scale
associated to gravity. If one wants to pick a natural scale for the SM, a good choice might be the vacuum

expectation value v ~ 246 GeV which drives the spontaneous breaking of the electroweak symmetry. In

its very essence, the gauge hierarchy problem consists in understanding why the electroweak scale is 17
1

orders of magnitudes below the Planck scale. Stated differently, since Mp —~ it is equivalent to ask
the question of the -apparent- weakness of the gravity interaction compared to the other interactions
of the Standard Model.

More formally, the gauge hierarchy problem arises because the mass of the Higgs boson h receives
radiative corrections which are driven naturally to huge values from all particles it coupled. Indeed, in
the current state-of-the-art, the mass of the Higgs boson, as all masses in Quantum Field Theory, is
computed perturbatively. That means the physical Higgs mass m? is given by m? = mig +Y.(Am2);
where the successive corrections (Ami)t have to decrease rapidly for the series to converge. Now, if we
consider a Dirac fermion f which couples to the Higgs boson through a Yukawa interaction —Ash ff,
we can show via the diagram 1.5 that the first terms of this perturbative series are given by:

Aff? m}
mp = mao — % !A%;V + Am?e In (ﬁ)] (1.46)

where A is an irrelevant dimensionless constant, Ay the cutoff used to regularized the theory and m%o
is the "bare" mass. Ayy has to be seen as the energy scale at which the SM, seen as an effective field
theory, breaks down. We see that we have naturally Ay ~ Mp if the SM is believed to be valid all the
way up to the Planck scale. Indeed, we know that at this scale, the quantum effects of gravity become
non negligible and the SM has to break down. Having Ayy ~ Mp asks however serious naturalness
problems as we know now that the physical Higgs mass is mp =~ 125 GeV. However, for the physical
mass mi to be of that order, we need the bare mass mig to cancel out the quadratic divergences A%ﬂ,
at an incredible level of accuracy (see eq. (1.46)). An important point to notice is that this problem
arises because scalar masses are not "protected" by any kind of symmetries in the SM. A mass is said
to be protected by a symmetry if, in the limit where it vanishes, a symmetry is restored in the theory.
In this case, just with dimensional analysis, one can show that no quadratic terms are allowed in the

2
perturbative series, all terms being roughly of the form m2ln (A—ngi) ensuring smoother divergences
0

and guaranteeing that no accurate cancellations happened between the successive parameters of the
series. This is exactly what occurs when a fermion mass is computed as in the limit m; — 0, the chiral
symmetry is restored and the femions masses are protected from dangerous quadratic divergences.
On the other hand, no symmetry protecting the Higgs mass, the nature has to pick couplings in the
perturbative series which are very fine-tuned, any deviations from those high tuned couplings resulting
in the mass to blow up. This kind of extremely accurate cancellation seems highly unnatural, unless
a more fundamental theory of nature is at work, to explain that those couplings look tuned in the low
energy effective theory as it will become clear later in this work. Finally, we conclude this section by
pointed out that the gauge hierarchy problem is not really a problem if, despite highly unlikely, the
SM is an ultimate theory of nature. In this case, Ayy — oo and the SM being a renormalizable theory,
all divergences can be exactly absorbed in counter-terms in eq. (1.46). Hence, the gauge hierarchy
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problem is not an intrinsic problem of the SM but is rather the problem of the tuning of the SM with
respect to a would-be BSM theory.

1.6.2 The cosmological connexion

We know today that most of the matter in the Universe (about 86%) escapes direct detection and
interact very weakly with the fields of the SM. Maybe, one of the main evidence of this fact can be
found in galaxy rotation curves. According to General Relativity (GR), the angular velocity of stars
should decrease with the distance to the Galaxy core. But, observations have confirmed that this curve
is approximately flat, the stars close to the core having roughly the same angular velocity that the
ones at the edge of the Galaxy. The second evidence comes from gravitational lensing effects where
light beams seem to be deflected without the presence of any apparent mass in the way. The more
economical solution to these problems, if GR is to be preserved, is to introduce a new kind of matter
which however has to interact very weakly with the ordinary matter. In particular, the constituents
of this "dark" matter must does not own any electric nor color charges. These also have to be quite
heavy and relatively stable to fit observational data. The Standard Model fails to introduce such
kind of Weakly Interactive Massive Particles (WIMPs) in its spectrum and thus naturally call for an
extension able to address this problem.

1.6.3 Unification of gauge couplings

An other interesting puzzle is the unification of the three gauge interactions in the SM. In perturbative
QFT, all couplings being computed at finite order, they depend on an arbitrary energy scale Q. It is
convenient for increasing the convergence of the series to fix this arbitrary scale at the typical energy
at which the theory is probed. For instance, @ is fixed at the center of mass energy in the case where a
coupling is measured via collisions. The evolution of a coupling with this energy scale can be obtained
by computing the Renoramlization Group Equations (RGEs) of the theory (see [5]). The RGEs of a
quantum field theory mainly depend on its gauge structure and particle spectrum. When solving the
RGEs of a gauge coupling g;, it ;s conventional to square it as appearing in the vertices of Feynman
diagrams, i.e. to define a; = i—;’T. The dash-lines on Figure 2.1 present the evolution of the three
SM a;’s with the energy scale (). They seem to become of the same order of magnitude at a scale
Qcut = 10716 GeV. This suggest that in a more fundamental theory, this unification might be exact
and the SM gauge group Ggyr can be embed in a larger group Ggpr, where all gauge interactions
get unified into a unique coupling constant at Qgur. Furthermore, doing so would reduce drastically
the number of free parameters in the SM, thus increasing its predictability. However, such Grand
Unified Theory would lead to serious phenomenological issues. For example, it generically predicts
the decay of the proton. One has then to construct mechanisms that push the proton lifetime high
enough, at values of the order of the lifetime of the Universe, to match the still non observation of
proton decays (see [25, 29]). However, embedding a GUT in a supersymmetric framework helps. Such
Supersymmetric Grand Unified theories (SUSY/GUT) have been an extensive area of research in the
last decades. Several candidates have been proposed for a Grand Unified Group among which SU(5)
(see for instance the article of S. Raby in the PDG report [25]), SO(10) [30] or E(6) [31]. Currently,
there is no consensus, even though some candidates seem more appealing. For instance, SO(10) is able
to include in its minimal model right-handed neutrinos. SO(10) GUTs are thus able to explain quite
easily neutrinos oscillations whereas SU(5) fails to do so in a minimal way.

1.6.4 The flavor puzzle

Table 1.6 summarizes the mass spectrum and mixing parameters in the Standard Model. We also gave
the mixing parameters in the neutrino sector assuming normal ordering between the neutrinos mass
2 —m2 > 0. Several observations can be made when looking at these
values. First of all, the fermion spectrum is highly hierarchical. The fermion masses span 6 orders of
magnitude from the electron mass me ~ 5.11 x 1071 MeV up to the top quark mass m, ~ 1.73 x 10°

MeV. This seems quite weird that nature has chosen masses that are so different, and most certainly

eigenstates i.e. Am32, = m
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Figure 1.6 — Mass spectrum and mixing parameters in the SM. All masses are given in MeV. The
fermion masses and CKM parameters are extracted from [25]. The quarks masses are given in the
MS scheme, except for the top mass given in an on-shell scheme. The leptons masses are given in an
on-shell scheme. The PMNS parameters are extracted from [34] and assume normal ordering among
the neutrinos mass eigenstates.

an underlying dynamic involving new degrees of freedom must be at work to generate dynamically
this spectrum. The fact that the fermions are gathered in only three families (why not four?) is also
intriguing, no accepted explanation being available for now. Lastly, mixing angles in the quark sector
are clearly smaller than in the neutrinos sector and we don’t know why either. All these questions are
collectively known as the "flavor puzzle". Several paths have been explored during the last decades to
address this puzzle. For example, it has been proposed that discrete family symmetries could be at
work in the leptonic sector (see [32]). Continuous flavor symmetries could be also relevant, for instance
SU(3) ([23])- These SU(3) flavor models allow to address the question of the number of families as it
is treated on the same foot as the number of color in QCD. In any case, the flavor puzzle of the SM
raises very interesting questions and has provided a lot of literature over the last years even though no
accepted explanation has emerged until now, largely due to the lack of experimental evidence for new
physics in the flavor sector. Still, it is our belief that such peculiar patterns could not be left without
explanation and that any serious BSM theory will have to face this puzzle to prove its value.
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Chapter 2

A possible way out: Supersymmetry and
the MSSM

After having described the Standard Model in chapter 1, we want to give details on a proposal which
is trying to bring answers to the questions raised in section 1.6, namely Supersymmetry (SUSY).
Supersymmetry constitutes one of the main proposal to complete the SM. It postulates the existence
of a new symmetry relating bosons and fermions, each fermion of the SM being related to a bosonic
"superpartner" and vice-versa. One important remark is that if SUSY is realized in nature, it has to be
a broken symmetry to match the so-far non-observation of superpartners. SUSY has been extensively
studied since the mid-70s and a wide literature exists on the topic that we will not have the time
to start to summarize. This chapter is organized as follows. In section 2.1, we start by presenting
the motivations which make SUSY a promising BSM. In section 2.2, we present the supersymmetric
algebra and in section 2.3, we give some elements on superspaces and superfields which are needed for
the rest of this chapter. Section 2.4 contains a general presentation of mechanisms used to break SUSY.
Finally, section 2.5 is devoted to a presentation of the minimal supersymmetric model compatible with

the SM, the Minimal Supersymmetric Standard Model (MSSM).

2.1 Motivations.

The first and historical reason for introducing SUSY is that it provides an extension of the Poincaré
group R'? x S0O(1,3) in a very specific way. In 1967, S. Coleman and J. Mandula have derived a no-go
theorem ! on the impossibility of extending the spacetime symmetries beyond the Poincaré group. In
its original form [35], it states that:

If (1) the S matriz is based on a local, relativistic quantum field theory in four dimensional space-
time, (2) there are only a finite number of different particles states associated with one-particle state
of a given mass, (3) and there is an energy gap between the vacuum and the one particle state, then
the most general Lie algebra of symmetries of the S matriz contains the Poincaré algebra and a finite
number of Lorentz scalar operators that must belong to the Lie algebra of a compact Lie subgroup.

Saying differently, this theorem states that the most general symmetry group of a QFT in four
dimensions is a direct product of the Poincaré group and a compact Lie group which describes the
internal symmetries of the theory. It means that, if we try to extend the spacetime symmetries above
the Poincaré group we over-constrain spacetime resulting in vanishing S-matrix elements. However
this theorem was derived under the specific assumption that the generators form a Lie algebra i.e. they
obey to commutation relations and have a bosonic nature. R. Haag, J. Lopuszanski and M. Sohnius
have shown [30] that it is possible to circumvent this theorem if one extends the Poincaré group with
fermionic generators obeying anti-commutation relations. The extended spacetime algebra is called
the Super-Poincaré algebra and the transformations associated are referred to as supersymmetric.

! Generically, a no-go theorem proves the impossibility of a result in physics.
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Furthermore, one can show that the Super-Poincaré algebra (see sec. 2.2) provides the unique non-
trivial extension of the Poincaré algebra assuming a single spinorial generator (). Then, for a 4D-
QFT, if one wants to extend the spacetime symmetries above the Poincaré group these have to be of
supersymmetric nature.

The second and main motivation for introducing SUSY is that it solved the hierarchy problem
introduced in sec. 1.6. Let us remind that the Higgs boson receives quadratic corrections from all
fermions with which it couples. If we note myo the bare or unrenormalized Higgs mass, these are of
the form: N A

m3 = m2, + % [—A?W +6m2In (mL;’)] (2.1)
SUSY introduces to each fermion of mass my one pair of superpartner Weyl scalar fields (one for
each chirality of the femion) of degenerate mass m,. Each scalar field contributes to the Higgs boson
self-energy as:

A A
mi = mio + - [—I—A%rv —2m2In ( UV)] (2.2)

1672 Mg

When we sum up the contributions of the two superpartners, one sees that the quadratic divergences
cancel out if we impose:

A=) (2.3)
that is, if we are in the limit of exact supersymmetry. In this case, the fermion and the bosons should
have the exact same mass m% = m?2 contradicting badly experiments as no superpartner has been

observed so far. Hence SUSY has to be broken. However, if broken SUSY is still believed to provide
a solution to the hierarchy problem, the terms which break SUSY must respect eq. (2.3). Such terms
are called "soft" and SUSY is said to be softly broken. Still, having a softly broken SUSY results in

m?c # m? and logarithmic corrections to the Higgs boson self-energy survive:

2
dmpo ox A (m? — m%) In ( Ay ) (2.4)

msmf

and, if we do not want to fine-tune excessively the parameters of the perturbative series, one must has

2

(ms - m?) < 1 TeV2. Thus, the superpartners of the SM fermions are expected to have a mass in the

TeV range. This argument has played a crucial role to motivate the construction of the Large Hadron
Collider (LHC).

The third argument is that the MSSM improves also the unification of the three SM gauge couplings
compared to the situation depicted in subsection 1.6.3. Let us have a look at the RGEs of the three
gauge coupling constants g, gz, g3 in the case of the SM and the MSSM:

(41 _—19,—7) Standard Model

d 1 10’ 6
591; = ag@ = 16?1_25:'9?: (b1, b2,b3) = 33 (2-5)
(?, 1, —3) MSSM

where t = In ((,‘%) with @ the RG scale and )y the subtraction scale. We see that the coefficients b;

are modified in the MSSM due to the extended particles spectrum. As it turns out, these modifications

occur just in the right way to improve significantly the gauge couplings unification around Mgy ~ 10°
2

GeV. Note that at 1-loop, one can linearize the running if we take the inverse of the quantities a; = i—jr.
The running of the a;’s are depicted in fig. 2.1 in the cases of the SM and of the MSSM. We see
that, even in the case of the MSSM, this unification is not perfect. Mgyt is then generally defined
as the scale at which aq and ay cross: oy (Mgyr) = as (Mgur). As stated in subsection 1.6.3, this
apparent unification is taken as a hint that a GUT theory should exist able to completely unify the
gauge couplings above Mgpyr. Also, merging SUSY and a gauge GUT group seem quite appealing as
it allows to protect the proton lifetime as threshold corrections due to the SUSY spectrum have now

to be taken into account (see [3%]).
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Figure 2.1 — Evolution of the inverse gauge couplings o, ! as defined in chapter 1 in the SM (dashed
lines) and in the MSSM (solid lines). In the MSSM, the superpartner masses are collectivelly varied
between 500 GeV and 1.5 TeV. Figure taken from [37].

The fourth motivation for SUSY is that it allows to incorporate gravity effects when we make
SUSY transformations spacetime dependent i.e. when we gauge it [39]. Indeed, in this case, one
has to introduce a spin % particle called a gravitino whose superpartner is a spin 2 particle which
can be identified as the graviton, the boson responsible for transmitting gravity effects, due to its
coupling to the General Relativity (GR) energy momentum tensor. Unfortunately, supergravity does
not constitute a coherent quantum description of gravity as the coupling between the graviton and the
energy momentum tensor is dimensionfull and thus introduce non-renormalizable interactions in the
theory. For an introduction to supergravity see [10)].

The fifth argument in favor of SUSY is that it allows to dynamically trigger EWSB by radiative
corrections. Indeed, in the SM, the condition p? < 0 (see eq. (1.16)) is enforced manually. In the
MSSM, the running of u? naturally drives it from a positive value at Mgy to a negative value at
Mgy sy mainly due to the strong coupling of the Higgs boson to the top quark [11].

Finally, in models with R-parity conservation — a global Zs symmetry to be introduced in section
2.5— the SUSY spectrum incorporates good candidates for dark matter [42]. These can be of different
natures depending on the exact mechanism responsible for the mediation of SUSY breaking. However
in order to be stable, the dark matter candidate has to be the Lightest Supersymmetric Particle (LSP)
of the SUSY spectrum to forbid subsequent decays. A common case arises when the supersymmetric
partners of the four SM neutral gauge bosons and of the two Higgs bosons 2, the neutral gauginos and
higgsinos, mix among each others after EWSB. This mixing results in four physical fields, called the
neutralinos. The lightest of them is, in most cases, the LSP and can then be identified as a good dark
matter candidate [13] as it is weakly coupled to the SM fields and does not possess electric nor color
charges.

2As we will see later two Higgs doublets, instead of one, are needed in the MSSM.
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2.2 Supersymmetric algebra.

Let us start this section by briefly recalling the Poincaré algebra. Basically, the usual Minkowski space
is invariant under four translations, three rotations and Lorentz boosts. The translations are generated
by the momentum 4-vector F,,. The rotations are generated by the three kinetic moment operators J;
corresponding to the three space axis. Finally, the three Lorentz boosts can be generated by operators
noted K;. The Jr and K; can be merged in a rank 2 tensor M, according to M;; = €;rJr and
Mpy; = —K; with €5, the 3D totally antisymetric Levi-Civitta tensor. The Poincaré algebra can then
be written as:

[Py, P,)]=0
My, P\] =i (g2 Py — g0 Fy)
My, Mpo] = (igvpMyo + guo My,
_Q‘,u.pMuo - Q‘qu,u.p)

(2.6)

In its most simple form, the SuperPoincaré algebra consists of extending eq. 2.6 with 2 two-components
Weyl spinors operators (), and QL conjugate from each other where @ = 1,2 is a spinorial indice.
One can then show (see [27, 43]), that the extra fermionic generators must obey the following anti-
commutation relations:

{Qa Qs} = {QL. Q) =0
{Qa: QL} = _2U§BP,¢.&

Here a dotted indice (resp un-dotted) indicates that the spinor is right-handed (resp left-handed).
Furthermore, one also has commutation relations with the generators of the Poincaré algebra:

(2.7)

[Qa, P = [QL,P] =0
[M,u.m Qa] =1 (O',U.v )aﬁ Q.S (2'8)
(M, Q") =i (310)%3 @

The tensors 0,,,,0,, can be obtained by anti-symmetrizing the Pauli matrices o,, and their definitions
are recalled in appendix A. The spinorial indices can be raised and lowered with the anti-symmetric
metrics €P, €% defined as:

Ve, B € {1,2}; B = B — _Bo — _ B yith €12 = +1. (2.9)

As we are using only one independent fermionic generator, we name this algebra the N' = 1 Super-
Poincaré algebra. Higher dimensional generalization of equations (2.7),(2.8) exist with N' = 2,3...
independent fermionic generators. However, until now, only the case N' = 1 is of phenomenological
relevancy. In particular, the SUSY N = 2 spectrum contains only vector-like fermions, meaning that
both chiralities fall in the same representation of the gauge group, thus violating the SM SU(2), gauge
structure. So, we will logically restrict the rest of this work to the case N' = 1. Several remarks can
now be made.

First, it can be deduced from angular momentum conservation that since ) carries a spin 1/2, it
turns a fermionic state into a bosonic one and vice-versa:

Qqlfermion) = |boson), Qq|boson) = |fermion) (2.10)

The boson and the fermion which are related by ) form an irreducible representation of the Super-
Poincaré algebra called a supermultiplet. Second, in the context of SUSY, it is more natural to work
with two-components Weyl fermions. Hence to each SM Dirac fermion made out of two Weyl fermions

sl

U= (ia) (see appendix A.1) SUSY transformations will associate two scalars, one for each chirality
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of the Dirac field, which was exactly what was needed to cancel the quadratic divergences in 2.1 and
solve the hierarchy problem. Furthermore, the Hermitian conjugate of a left handed field transforms
as a right-handed one: 11)2; = () = (wT)d. This gives us the freedom to work only with left-handed
fields and that is what we are going to do from now on. Indeed, this convention is particularly useful
when discussing GUTs. Third, one can show that the number of fermionic and bosonic d.o.f. in a
supermultiplet must match. The most simple supermultiplet, called a chiral (or matter) supermulti-
plet is simply formed with a Weyl fermion and a complex scalar 3. Fourth, from the first line of eq.
(2.8), it follows that P? = P, P¥ commutes with @ and that, if SUSY is unbroken, the members of a
supermultiplet share the same mass.

Of course, as it was briefly discussed in section 2.1, this contradict badly experimental observations
as no superpartners has been observed so far. Hence, if one wants to study its phenomenology, one
has to break SUSY, but in a smart way, as it will be discussed in section 2.4.

2.3 Superspaces and superfields.

In this section, we would like to introduce the formalism of superspaces and superfields. This formalism
is very elegant as it allows to reinterpret SUSY transformations introduced in 2.2 as translations on
an extended Minkowski manifold called a superspace.

A systematic approach to write Lagrangians manifestly invariant under SUSY transformations
can then be developed. We begin this section by introducing Grassmann variables which are anti-
commuting coordinates needed to extend the Minkowski space to a superspace. We then continue
by introducing superfields, in particular the important subclasses of chiral and vector superfields are
properly defined. Finally, we end this section by developing a systematic method to build a SUSY
Lagrangian in a superspace out of chiral and vector superfields. A very good review on Supersymmetry
can be found in [37], also, a useful reference to get familiar with the formalism of superspaces is [14].

2.3.1 Grassmann coordinates

Superspaces can be obtained by adding to the usual spacetime coordinates z, = (¢,z,y,z), anti-
commuting coordinates described by a 2 two-component Weyl spinor % (and its complex conjugate

92;):

z, — x,, 6%, 6] (2.11)

A field defined over those coordinates is called a superfield and incorporates as components the fields
of the associated supermultiplet. To better understand the features of anticommuting coordinates, let
us first consider the case of a single component Grassmann number 5. First, it anticommutes so that
{n,n} = 0 and n? = 0. It follows immediately that every function of 7 is exactly equal to its finite,
order two, Taylor series:

fm)=fo+ fin (212)
as higher order terms vanish. We can define the derivative operator through:
df
dn fi (2.13)

To define an integration over 7, one has to impose linearity and the integration by parts formula:

/dn fn+1) =]dn f(n); /dnj—{? =0 (2.14)

From these definitions, it follows that the only possible definition of the integral operator is via:

f dn f(n) = f (2.15)

3 Actually, this is not generically true. if one wants to use SUSY off-shell i.e. in loop processes, one has to add a third
"auxiliary" field which gets integrated out on-shell (see sec 2.3)
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The Grassmann numbers have then the very peculiar feature that integrating them or differentiating
them give the same result. This is a direct consequence of the anticommuting nature of these numbers.

We can now discuss a few properties of Grassmann numbers doublets 0, = (61, 62); 9;2 = (QT,GE)T
needed for the superspace formalism. These objects anti-commute with each others such that:

0161 = 0202 = 0; 0102 = —010- (2.16)
Using the anti-symmetric metric (2.9), we can define Lorentz invariant combinations:

00 =0%0, = “POs0o = —26,0,

. v 217
6'6" = gLo™ = col0% — +20763 (247

We understand here why it is interesting to work with two component Weyl spinors and not four
component Dirac spinors as it is usually the case in non-SUSY QFT. Indeed, it allows us to form
Lorentz invariant more straightforwardly as we do not need to call the Dirac bar-conjugation trick .
From these definitions, we can generalize equations (2.13), (2.15) to the case of Grassmann doublets:

0

J .
B _ 8. Y gt _ 5o By — .58
39&9 =65; 6‘92;93 = 0%; /daa(fu+f19 ) = fi6, (2.18)

Furthermore, we can define integration measures over the quantities defined in equation (2.17):
d%0 = —id@adﬂﬁeaﬁ, d*0t = —%dagdageds , d*0 = d*9d*6" (2.19)
so that:
/d’-’e 00 =1, /d%ﬁ gteT =1, fd49 066707 = 1 (2.20)

An important consequence of these definitions, which will be used abundantly in subsection 2.3.3,

is that integrating a general superfield with the measures just defined will pick out the coefficients of
06 or 701 (see eq. (2.22)):

/ 208 (2,0,01) = b(a) + 01} @) + 0161 d(z)
/ 26'S (2,60.61) = c(z) + bn(z) + 08d(z) (2.21)
/ 29a%6'S (,6,01) = d(a)
With all these definitions, we are finally ready to talk about superspaces.

2.3.2 Superspaces and superfields

A superfield is a field defined over each point of the superspace coordinates § = S (mu,ﬂ,m) (see
(2.11)). As the Grassmann coordinates anticommute, a generic superfield can be expanded to a finite
Taylor series and its generic expression is given by:

S(x,0,60T) = a+0¢ +0TxT +00b + 0107 + 01540v, + 07000 + 0067¢T + 006707d (2.22)

Here, a,b,c and d are complex scalar fields, v, is a complex vector field and &, x, n, ( are Weyl spinor
fields. The bosonic and fermionic numbers of d.o.f. do indeed match. The bosonic fields bring
4x2+4x%x2=16real d.o.f. and the Weyl spinors 4 x 2 x 2 = 16 d.o.f. also. Note that we haven’t
add any extra Lorentz nor spinor indices to S. Hence, for the sake of simplicity, we consider S to be a
commuting scalar superfield in the rest of this section.

Now that we have the expression for a general superfield, it might be interesting to find a represen-
tation in terms of differential operators of the SUSY generators Q, QF satisfying eq. (2.7). To do this,
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it is useful to rewrite the SUSY algebra in terms of commutation relations. These can be obtained
using the Grassmann valued variables @, 1 and the result is:

6Q,6Q] = [6'Q",6'Q!| =0
[00.6'Q"| = 200"6" R, (2.23)
6Q.Pu] = [0'Q", Pu] =0
From these expressions, one can construct a general element of a SUSY transformation X:
X (y}u,, €, L) = exp (—é (EQQQ + ELQerr - y,u,P’”‘)) (2.24)

where e, el are two Weyl spinors parameterizing the SUSY transformation.
It can be shown (see section 2.5 of [44]) that when X acts on S, it translates the supercoordinates
of S according to:

X (mu, E,ET) S (:I:,é',ﬂf) =S (x}u +yu + iec0" +ic'5"0,0 + ¢,0" + ET) (2.25)
We can expand eq. (2.25) to get the infinitesimal SUSY transformations dg (&" ,ST) acting on S:
S (2,0,6") = i@ + Q1] S (w,0,01)

a® gt dog) 2 (226)
_l 690—{— 9 —|—z(eoul9 +ea 9)6&:”]8

which gives expressions for the representation of Q and Q' in terms of differential operators Q, and

Q'

) N
_ s = | gt Ta = I
Qa = i (o0 )aau, Q=i 9)% 0, (2.27)

&
where we have used the notation d, = %
N

The next step is to build SUSY covariant derivatives Dy, D® which commute with global SUSY
transformations defined in eq. (2.26):

Je (DC(S} = Dq (668) (2'28)

With all this machinery at our disposal, it is easy to check that the following operators:

ad . o) .
_ 1 fa _ - (= &
D, = 7 i (0""‘9 ) Oy, D% = 9;2 i (6"0)" Ou (2.29)

satisfy the condition (2.28). We finally have all tools needed to properly define vector and chiral
superfields. These will turn to be crucial ingredients when discussing the MSSM.

2.3.2.1 Chiral superfield

A chiral superfield is defined by imposing the following constraints on a generic superfield:
Dl® —o. (2.30)

A field satisfying this constraint is said to be a chiral (or left-chiral) superfield. Its complex conjugate
is called an anti-chiral (or right-chiral) superfield and satisfy the constraint:

Da®* =0 (2.31)

The names of right and left-chiral superfields match with the handiness of the fermionic component of
the supermultiplet as we are about to see below. An important remark is that the product of two chiral
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superfields is still a chiral superfield whereas the product of a chiral and of an anti-chiral superfield
is a vector superfield (see 2.3.2.2). To solve the constraint (2.30), we have to use a trick and perform
a shift over the superspace coordinates z,, z, — y* = z# + i#'G"0. Re-expressing the covariant
derivative D'® in terms of y*, 0, 87, one would immediately see that the condition (2.30) is satisfied if
the superfield does not depend on 6.

Hence, one can Taylor expand it:

o = o' (y) + V209 (y) + 00F (y), (2.32)

where ¢(y) is a complex scalar field, ¥(y) a left two components Weyl field (hence the name) and F(y)
an auxiliary complex scalar field. The auxiliary field F' is needed to make the number of bosonic and
fermionic d.o.f. match off-shell. However, this is not a propagating field as its Lagrangian does not
include a kinetic term. Hence, one can use its equation of motion to eliminate it. One says that F' has
been integrated out going on-shell.

If we reexpress (2.32) with z,, 0, 6", we end with the general expression of ®;, in terms of component

fields:

&1, = d(x) + V200 () + 00F (z) +i0'5"00,0(x) + %999*9* 8,0 (z) — %999* o0 (z)  (2.33)

Again, all those derivations rely on the fact that a Taylor expansion of Grassmann numbers always
ends. By comparing the expression for a general superfield (2.22) to (2.33) and using that v/25.®1, =

—1 (EQ + ETQT) @7, we can deduce the transformation laws of the component fields:

ded = €1,
Seth = —i (guf‘r) O+ €aF, (2.34)
(4]
6 F = —ie' " 8,0

We now have made explicit the fact that a SUSY transformation rotates a fermion into a boson and
vice-versa. Furthermore, we see that the auxiliary field F' transforms as a total derivative and does not
play any role in the action. Beside, auxiliary fields are very useful when discussing spontaneous SUSY
breaking as one can give them a SUSY breaking VEV without breaking Lorentz invariance. Finally,
let us point out that the relations for a right-chiral superfield are obtained in an analogous way to
what was done here simply by complex conjugation &p = ‘I’E.

2.3.2.2 Vector superfields

The other important class of superfield are vector (or real) superfields. A vector superfield V is defined
by the constraint:

V=V* (2.35)
Applying this constraint to the expression of a generic superfield (2.22), we end with:

1% (a: 0, 91) — a+0¢+ 07" 1 00b + 070T0* + 075104, + 0700 (,\ - %J“"()‘W‘ET)
2.36

t(at_ Lgn tot (Lp 41 (250
006" (AT — 55"0,¢ ) +006'6" ( 5D + £0,0"a

where a,b and D are real scalar fields, £, A are Weyl fields and A, is a vector field.

As it turns out, the number of independent fields in (2.36) can be reduced using a suitable general-
ization of gauge transformations. In the abelian case, a supergauge transformation acts on chiral and
vector superfields as:

d s o2i9ID P
(2.37)

V —V4i(Q—Q)
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where 2 is a chiral superfield gauge transformation parameter, g the coupling constant and g the
charge of the superfield.

If the non-SUSY Lagrangian is invariant under an abelian U(1) symmetry, supersymmetrizing it
would result in a Lagrangian in superspace invariant under (2.37). For the vector superfield, we can
use the freedom introduced by (2.37) to eliminate a,b and &, from (2.36). In this Wess-Zumino (WZ)
gauge, the vector superfield V takes the form:

Viz = 01604, + 01070\ + 000"\ + %999*9*9. (2.38)

In fact going to the Wess Zumino gauge is equivalent to partially fixing the supergauge while still
maintaining the invariance under the usual non-SUSY gauge transformation on the component fields

Aand A,.
In this Wess Zumino gauge, the component fields of V transform under global SUSY translations

V20, AF = ied"E — iet OPET + eat AT — efgH,
V20 A = €aD + % (0#5%€), (0,4, — B, A,) . (2.39)

V26D = —iec" I\ — ie' 7" 9N

As the notation suggests, a vector supermultiplet in the WZ gauge contains a spin 1 vector field A, as
well as a spin 1/2 fermion A,. In the case of the MSSM, it will then be used to describe gauge bosons
and their fermionic associated superpartners called "gauginos". The field D plays an analogous role
to F' in the chiral case. It is a real scalar auxiliary field, which does not propagate, needed to match
the number of bosonic and fermionic d.o.f. in V off-shell. However, as it does not propagate, one can
eliminate it from the Lagrangian using its equation of motion going on-shell.

2.3.3 SUSY lagrangians in a superspace

In this subsection, we are going to give some elements on how to construct Lagrangians invariant under
SUSY transformations in the superspace formalism. Here we restrict ourselves to the case of a SUSY
gauge theory with a unique semi-simple gauge group whose coupling constant is noted g, either abelian
or non-abelian. The condition of invariance of the Lagrangian under SUSY transformations can be
expressed as:

5e f L(z)=0 (2.40)

We have shown that the auxiliary fields of chiral and vector superfields transform into total deriva-
tives under SUSY translations leaving the action (2.40) invariant. We can then construct SUSY
invariant Lagrangians from F' and D terms using integrals over fermionic coordinates to pick up the
relevant components (see (2.21)) :

L(z)=Lp+Lp= /di’a,cf + /d"’é}d’-’e*ﬁd + h.c (2.41)

where in L only the F' term of £; appears whereas in Lp only the D term of £; appears. We have
added the hermitian conjugate as usual to enforce the reality of L(z).

Let us start by describing L. £ can be obtained via a holomorphic function of the chiral superfields
of the theory {®;} , called a superpotential * :

, 1 .. 1 ..
Ly =W ({2:}) = a'®; + S M 0:D; + gyﬂ’“@@@j@k (2.42)
where all ®; are left-handed chiral superfields and the couplings M;; and y;jr are totally symmetric

under the interchange of the indices 1, j, k, an implicit sum over repeated indices being understood.
W ({®;}) being a sum of product of chiral superfields, it is a chiral superfield itself. We want to stress

4We want to recall here that "holomorphic" means that the superpotential is an analytical function of the superfields
taken as complex numbers.
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that, to have a Lagrangian which is gauge singlet, a Fayet-Iliopoulos term of the form a;®; can be
included in the superpotential only if ®; is a gauge singlet itself. Furthermore, we have restricted the
content of W with terms at most trilinear on the superfields. This enforces the fact that no terms with
mass dimension higher than 4 are present in the Lagrangian which is hence renormalizable.

We can then pick the F-term of (2.42) by projecting out the 80 component of W using integration:

/ d*0 W ({®;}) = a'F, + MY (@-Fj - %mwj) + %y”‘“ (0i0j Fr, — ditbjiby)
_OW(9),, _10*W(9)
0d; 7 2 O¢idn

In the last line, the superpotential is understood to be a function only of the scalar components

(2.43)

Yy

of the superfields. An implicit sum over the superfield content on all repeated indices is implicitly
_ 0°W(9)
y = o5
of the form y% qu@;bj;bk. An important remark is that the superpotential is neither a potential in the
classical sense, neither a SUSY invariant Lagrangian on its own. As can be seen on eq. (2.43), W

understood. Lp provides a mass matrix for the fermions M;; and Yukawa type interactions

generates the interactions of the theory when differentiating it with respect to the scalar components
of the superfields. Hence, one can think about the superpotential as a generating functional of the
interactions of a SUSY theory.

Now, let us turn to £4. One can show, in the non-abelian case, that the gauge invariance of £y
restricts its form to :

Ly = ®T (2TV") T @, (2.44)

with T'® the generators of the gauge group and V, the associated vector superfields. On can write Ly
in component and the result is, in the WZ gauge:

Lp= / d20d%01 1 (29:T°V") 1§,

= i)1o"V i — V6" VFé; — V2, (cﬁ*iT“zb@/\“ - AWTT“@) (2.45)
+ 94 (¢*'T%¢:) D* + F*'F;

where V, is the usual covariant derivative V,, = 9, — iggi A,.

This Lagrangian involves kinetic terms for the scalars and fermions, interaction terms between
scalar, fermions and gauge bosons through the coupling to the covariant derivative. It also involves
interactions between the superpartners of gauge bosons A, called "gauginos" and the scalars and
fermions. We are still missing kinetic terms and self-interactions for the vector supermultiplets though.
To generate them, one can define a field-strength superfield as:

1
Wa = _ZDTDT (€729 Dye®V) (2.46)
One can show that this superfield is chiral ® and transforms under supergauge transformations in the

ajoint representation:
Wy — e29T°0%) o—i2gT0° (2.47)

where {Q%} are the chiral superfields gauge parameters and T'* the generators of the gauge group. We
can decompose W, over the generators of the gauge group W, = 2¢,T*W2 with:

1
we — _=~pipt (DQV‘* —ig f“"’CVbDQVC)
4 . (2.48)
— 2%+ 0aD" = 5 (50, Fpty + 00 (a“vu,\fﬂ)a
where all computations have been done in the WZ gauge and Fj, = 9y Ay — 0, Ay + ga f“bcAﬂAﬁ is the
usual field strength tensor.

5Wa is chiral i.e. D¥*W, = 0 because DI DD =0 by construction (see [11]).
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The abelian case can then simply be obtained by setting the structure constants to zero: f%¢ = 0.
It follows that:

Liin = / d%?iTr W W)

= / 2OW WS (2.49)

. 1 )
= DD® + 2iX%HV, A% — §F““"”FE‘V + ZEWMFSVFSJ
is both gauge and supersymmetric invariant.
With all these contributions at hand, the most general renormalizable Lagrangian for a non-abelian

gauge supersymmetric theory is:
1 1 ayray J
£=1 / &0 W W + he) + / 20 (W (®;) + h.c) + / Poa0! (B (2TV*) ] 3,)  (2.50)

We end this section with a brief description of the scalar potential of 2.50. As already stated, the
auxiliary fields F' (see (2.33)) and D (see (2.38)) do not come with kinetic terms. Their Euler-Lagrange
equations of motions are hence purely algebraic:

owt
FF+—=0
it ¢t (2.51)
D+ g (4;T¢") =0

One can then use these equations to eliminate F; and D® in favor of the scalar component fields.
Plugging (2.51) in (2.50), one can then obtain the scalar potential of the theory:

W (%) oW ,
V(g,9%) = &ﬁ) 6(;f}+%zg§2(¢m“¢*)2. (2.52)
T E a

In eq. (2.52), [ sums over the gauge group of the theory with the corresponding gauge coupling g; and
generators T}".

Hence, the scalar potential of a SUSY gauge theory is a sum of squared terms and is always
positive whatever the field configuration. Beside, the form of V (¢, ¢*) is completely fixed by the other
interactions of the theory.
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2.4 Breaking Supersymmetry.

As it has been shown in section 2.2, the Casimir operator P? commutes with the spinorial generators
Q, Q. This implies that every field in a given supermultiplet own the same mass if SUSY is unbroken.
As we haven’t detected scalar superpartners of the SM fermions so far 6, this clearly implies that
SUSY, if it is realized in nature, must be a broken symmetry. This being said, we are then left with
two possibilities to break SUSY.

2.4.1 Breaking SUSY spontaneously.

The first and most natural possibility is to break SUSY spontaneously. This can be achieved by
allowing a chiral auxiliary field F; or a vector auxiliary field D; to develop a SUSY breaking VEV. The
first of these two mechanisms is known as a "F-type" or O’Raifeartaigh SUSY breaking [15] and the
second is known as a "D-type" or "Fayet-Iliopoulos" SUSY breaking [16]. However, there is a subtlety
which comes into the game if one wants to break SUSY spontaneously. Indeed, one can show that the
auxiliary field which takes a SUSY breaking VEV cannot belong to any of the MSSM superfields (see
sec. 2.5) nor to a superfield whose VEV lies anywhere near the TeV scale.

This comes mainly from the supertrace constraint on the tree level mass matrix of a spontaneously
broken SUSY spectrum. In the SUSY broken phase, the mass degeneracy inside supermultiplets is
lifted, hence particles with different spins have different masses. One can then define the supertrace
on a SUSY spectrum as:

STr (m?) = Z(—l)j (2§ +1) Tr (m?) (2.53)

where m? correspond to the mass matrix of particles with spin j and the sum runs over all the particles

of the SUSY spectrum, the fermions contributing with opposite sign than the bosons.

One can then prove (see [17]) that this supertrace must vanish STr (m?) = 0 for a spontaneously
broken SUSY theory 7 in the observable sector. This has strong consequences on how spontaneously
broken SUSY can be achieved. For example, it can be shown that in the most optimistic case, due to
the supertrace, if SUSY is to be broken in the observable sector, light color triplets scalars (squarks)
lighter than m, or mg should be present in the spectrum which is clearly ruled out by experiment.
Instead, physicists came up with the idea that the source of SUSY breaking should exist in a "hidden"
sector. By "hidden", we mean either that the superfield is neutral under the SM gauge group or,
within the context of extra-dimension models, is localized on a different brane of the one on which
we are living. Still, we then have to construct models which allow the superfield in the visible sector
to couple this hidden sector SUSY breaking VEV. Such mediation models can be construct. They
have all the common feature that the messenger field has to be flavor blind, i.e. it respects the U(3)®
flavor symmetry of chapter 1, in order to lead to an acceptable flavor phenomenology. In the first of
these models, the gravity-mediated SUSY breaking (see for instance [1%]), gravity, which is naturally
flavor blind, plays the role of the messenger ®. The second model, the gauge-mediated SUSY breaking
model [50], couples the two sectors via loop effects involving new chiral supermultiplets through gauge
interactions. Finally the third one, the anomaly mediated SUSY breaking mechanism involves extra-
dimensions and mediates the SUSY breaking to the visible sector via the superconformal anomaly

[51].

SHopefully it will not be the case anymore soon!

"A condition is needed however: The gauge group of the SUSY theory must own a non-anomalous U(1) symmetry.
This is the case of the MSSM as U(1)y € Gsum.

8Note however that, in this last case, the flavor blindness of gravity does not guarantee by itself that the generated
soft terms are flavor blind. The flavor blindness of soft terms can be achieved only if one makes further simplifications
on the structure of the non-renormalizable terms used to communicate SUSY breaking to the visible sector (see [37]).
These simplifications have lead to the well-known minimal-supergravity (mSUGRA) ansatz which have been the subject
of several phenomenological studies (see for instance [19] and references therein) .
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2.4.2 Soft SUSY breaking.

The second possibility would be to break SUSY explicitly. However, the operators used to do so
would generically reintroduce quadratic divergences in the quantum corrections to the Higgs mass,
thus spoiling SUSY as a solution to the hierarchy problem (see sec 2.1). However a trick can be used
to circumvent this obstacle. Indeed, it has been proved that no quadratic divergences are reintro-
duced if only SUSY breaking operators with positive dimension are used [52], and thus to all orders in
perturbation theory. Such operators are called "soft" and are used abundantly in phenomenological ap-
proaches as an effective parameterization at low scales of the mechanism which drives the spontaneous
breaking of SUSY. Stated otherwise, if we see the MSSM as an effective theory, we can simply ignore
the specific dynamic which drives SUSY breaking (see subsection 2.4.1) and simply parameterize it by
adding extra soft terms to the SUSY Lagrangian. The "soft" nature of these terms guarantees that
SUSY is still valid as a solution to the hierarchy problem. All possible soft terms have been classified

and the most general Soft SUSY breaking Lagrangian is °:

Cuopi = = (3Ma®D + Ga 68360+ 309010, +00;) 4 ho- () 6 (254

This lagrangian gives masses to the gauginos and scalars and also contains bilinear and trilinear
scalar couplings. Clearly, all these terms break SUSY as they contain only gauginos or scalars but
not both simultaneously. As stated above, the advantage of this approach is that we can break SUSY
without relying on a specific model of mediation. The disadvantage is also clear. Indeed a lot of new
parameters, considered as free here, are introduced by Lg,s;. Beside, as the coupling matrices will have
generically arbitrary complex and flavor structures, they will introduce many new sources of flavor and
CP violation which will, without further restrictions, contradict experimental observations. This fact
will give rise to what is called the "New physics flavor problem", discussed in section 2.5 in the case

of the Minimal Supersymmetric extension of the SM that we will now describe.

9We neglect here the possibility of adding soft terms of the form c{kéﬂq‘:jqﬁk. Indeed, constructing viable models of
spontaneous SUSY breaking generally requires c; ¥ to be negligibly small.
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Chiral supermultiplets

Spin 0 Spin % SU(3)c, SU(2)L, U(1)y
Q Qu—(un,d) Qu—(usdp) (3,2,3)
U i s (3.1,-3)
D * dr (3,1,+2)
L Lp=(vp.er)  Lp=(vp,er) (1,2,-1)
E Fé}é €R (Ta 1=2)
Hu Hu = (Hz—.-:'—a Hg) Eu = (ﬁ;}'ﬁg) (11 2, 1)
Hy Hy=(HY,Hy) Hy= (ﬁg,ﬁ;) (1,2, 1)

Gauge supermultiplets

Spin 0 Spin % SU(3)c, SU(2)L, U(1)y
G° Ge Ge (8,1,0)
1174 Wi Wi (1,3,0)
B BO BO (1,1,0)

Figure 2.2 — MSSM supermultiplets and their gauge properties. The superfields are labeled with a
capital letter. A tilde is used to label the superpartners of the SM fields. The L/R label on the
superpartners refers to the chirality of the associated SM Weyl field. We have suppressed color and
family indices on matter fields to alleviate the notation. a = 1...8 enumerates the vector superfields
of SU(3)c and i = 1..3 the vector superfields of SU(2);. Note that here, we have not included
right-handed neutrinos supermultiplets in the MSSM field content.

2.5 The MSSM.

The MSSM is the minimal renormalizable supersymmetric extension of the Standard Model [53]. The
MSSM is "minimal" in the sense that it introduces the least possible number of new particles in its
spectrum to get a proper renormalizable SUSY realization of the SM. It is based on the following
assumptions:

= The Standard model is extended by N = 1 supersymmetry.
= The MSSM is invariant under the SM gauge group.

= The SUSY soft mass scale is near the EW scale.

= R-parity is conserved.

The third point is required if the MSSM is still believed to provide a solution to the hierarchy problem.
Indeed, one can show that if the average mass scale of superpartners largely exceeds the EW scale, the
MSSM gets once again fine-tuned due to the large hierarchy between the two scales. The R-parity is
required to stabilize the proton and will be discussed in subsection 2.5.1. The superpotential of the
MSSM is: -

Wyrssu = thjﬁin -H, — debin -Hy — ngE@Lj -Hyg+ ,uHu - Hy (2.55)

The objects Q,U, D, L, E are SU (2) quark-doublet, quark-singlet, leptons-doublet and leptons singlet
superfields whose corresponding supermultiplets are listed in table 2.2. The bar on the representation
indicates that all singlet superfields U, D and E transform under the complex conjugate representation
of the respective doublet 1°.

0For instance, an infinitesimal SU(3) rotation acts on Q as Q@ — (1 4+ ia®T®) with a® the gauge parameters and
T® = \*/2 the SU(3) generators. Q is said to transform under the SU(3) fundamental representation 3. On the other
hand, this same rotation will act on U as U — (1 —ia® (T*)")U. U or D will be said to transform under the complex
conjugate fundamental representation of SU(3) noted 3. But, due to the hermiticity of the SU(3) algebra, one has
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The "-" indicates a SU(2) invariant dot product of two doublets. For instance, Q - Hy, = Q“eaﬁﬂéf
where €=1i0y is used to contract SU(2) indices.

Y 7 are the exact same 3 x 3 Yukawa coupling matrices as in the SM. y is a supersymmetric
Higgs mass parameter needed due to the extended Higgs sector (see below). We see here, as foreseen
previously, that chiral superfields are naturally used to handle both the SM fermions together with their
superpartners. The usual naming convention wants that to designate scalar SM fermions superpartners,
we add a "s" (for scalar) before the name of the SM field and a tilde on the scalar field itself. Hence,
the scalar superpartners of the quarks (resp leptons) are called squarks (resp: sleptons). For example,
the superpartner of the down quark (resp: muon) is named a sdown (resp: smuon) and is designated
by the complex scalar field d (resp: f). In the same way, the SM gauge bosons are promoted to vector
superfields whose gauge supermultiplets contain both the gauge boson and its associate fermionic
superpartner. The name of the gauge superpartner is formed by adding a suffix "ino" at the end of
the SM gauge boson. Hence, winos, binos, gluinos and Higgsinos are the names of respectively the
superpartners of the W, B, gluons and Higgs bosons. Here again, a tilde is used over the SM gauge
boson when we refer to its superpartner, for example, winos, binos and gluinos are Weyl fermions
noted as W B and G. An important remark is that within the MSSM, to each SM Weyl fermion (of
definite chirality) is associated an independent superpartner. So, to a SM Dirac fermion is associated
two distinct scalar fields. The naming convention wants that we use a L/R index on the scalar field to
designate the chirality of the associated SM Weyl fermion.

The MSSM Higgs sector is a little bit peculiar. Indeed, contrary to the SM case, in the MSSM
not one but two weak Higgs doublets H, and Hg are needed in (2.55) and there are deep reasons for
that. The first one is that in section 2.3, we have build the superpotential as a holomorphic function
of chiral superfields to get Lr (see eq. (2.41)) SUSY invariant. In other terms, W (®;) depends only
on chiral superfields, but not on their complex conjugates. Hence, we are forced to introduce two
independent weak doublets with opposite hypercharge H, and Hy to give mass to the up and down
fermions separately. In the SM, we had just re-expressed H, as H, = io2H g but in the MSSM, this
trick cannot be used anymore without spoiling the holomorphicity of W (®;). The second reason comes
from anomaly cancellation. Indeed, due to the extended scalar spectrum we can show that both H,,
and Hy are needed if we want to preserve the gauge symmetries at the quantum level.

Note that in the limit of exact SUSY, we got a proper extension of the SM just by introducing one
extra free Higgs mass parameter p. Of course, SUSY cannot be an exact symmetry of nature and the
situation will be dramatically deteriorated once we will add soft terms in the MSSM Lagrangian as
discussed in sec 2.5.2.

On the other hand, this SUSY p term seems to pose something of a puzzle. Indeed, the p term in
eq. (2.55) leads to:

|62 (HJ 12+ |Hy >+ |HY? + |H3?) (2.56)

in the scalar potential of the theory. For the EWSB to be triggered one needs approximately p ~
100 GeV — 1 TeV if one wants to avoid too large cancellations between soft terms and terms in (2.56).
The fact that p should be, roughly, of the same magnitude as the SUSY mass scale is referred to as the
p problem (see [54] for the historical paper). One proposal to solve this puzzle, the so-called Guidice-
Masiero mechanism proposes to generate this term dynamically via supergravity breaking effects [55].
Another proposal, the Next-to-MSSM proposes to extend the superfield content of the MSSM by one
extra gauge singlet (see [50]). A good review of the p problem and its solutions can be found in [57].

2.5.1 R-parity

As stated at the beginning of this section, the MSSM is uniquely defined by the choice of the super-
potential (2.55). However, there are other gauge invariant and renormalizable terms that one could

(T*)* = (T'*)T and a term of the form UQ is gauge invariant. A theory in which the gauge group acts on right-handed
singlets and left-handed doublets through representations which are conjugate from each others is called a chiral theory.
A counter-example of theory which is not chiral can be found in A/ = 2 SUSY. Indeed, in this theory, it is not possible
to make right and left-handed components of superfields transform differently under the gauge group.
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include in the superpotential. These are:

1 .. _ g _ )

War—1 = g ALy LBy + XLy - Q; Dy + pi Li - H,
o (2.57)

Wap_; = EAgkU@DjDk

where we have restored family indices « = 1,2,3. The problem with these terms is that they violate
two symmetries accidentally preserved by the Yukawa interactions in the SM, namely the total baryon
B and lepton L numbers. Indeed, Wa—; and Wap_; violate respectively L and B by one unit. One
can be convinced of that if we remember that B(Q;) = —I—%, B(U;) = B(U;) = —% and L(L;) = +1,
L(E;) = —1 with all others B and L numbers vanishing. B and L violating processes have never been
seen experimentally, in particular non-vanishing A, and Ap couplings would result in proton decay
through for instance, p — eTn%. For this reason, the idea has came up to impose a Zs symmetry, the
so-called matter R-parity, which is multiplicatively conserved and defined for each particle as:

Pp = (_1)3(B—L)+23 (2.58)

with s the spin of the particle.

From eq. (2.58), it follows that every SM field has Pr = +1 (because of the (—1)2¢ factor) while
all s-particles have Pp = —1. Angular momentum conservation implies in turn that at each interaction
vertex, the product of the R-parity of all particles involved is equal to +1. It is then clear that terms
in (2.57) do not conserve R-parity and are thus forbidden. Furthermore, important phenomenological
consequences of R-parity conservation are that:

1. At each interaction vertex, the total number of s-particles involved is always even.

2. Each sparticle other than the LSP must eventually decay in a state that contains an odd number

of LSP.

3. The LSP should thus be absolutely stable as it carries Pp = —1 and cannot decay any further
in s-particles.

Beside, due to point 3, if the LSP is also chargeless and colorless, it is a good dark matter candidate.

To end this section we want to stress that, imposing an exact Zg symmetry by hand, to make
the MSSM phenomenologically viable, might seems quite frustrating theoretically. However, from a
model building point of view, R-parity might emerge as a conserved subgroup after a continuous U(1)
symmetry has been spontaneously broken [55].

2.5.2 MSSM soft parameters

The most general set of soft parameters (2.54) compatible with gauge invariance, R-parity conservation
and the particle content of the MSSM is given by:

1 . . .
£soft = —E (M3GG + MWW + M1 BB + h.c)

— (ﬁﬁAU@LHu — &UEADQLHd — EEAEELHd + h-C) (2_59)
— QLM3QL — LLMPLy, — wpMpiig — dpMpdg — epMzer
— M HiH, — M HjH; — (bH,Hy + h.c)

Here, Ay, Ap and Ap are complex 3 x 3 in family space soft trilinear coupling matrices. The
third line of (2.59) consists in soft mass terms for the squarks and sleptons. Each mass matrix
Mé,ME,Mg,MB,M% is again a 3 x 3 matrix in family space. They however have to be hermi-
tian to guarantee the reality of the mass eigenvalues. Both type of matrices imply potential additional
sources of flavor and CP violation in the MSSM. Therefore, their structures are highly constrained by
phenomenology. Finally, we do have Higgs squared mass terms M ?fu MI2{ , as well as a bilinear term b
which contribute to the Higgs potential.

44



As already pointed out in subsection 2.4.2, adding soft terms to parameterize SUSY breaking
introduce a lot of parameters, considered as free if the breaking mechanism is not specified. Indeed,
(2.59) introduces no less than 105 new masses, phases or mixing angles that cannot be rotated away
by a redefinition of the flavor basis in the quark or lepton supermultiplets. These new parameters will
involve extra sources of flavor or CP violation. Indeed, extra phases in soft terms can overproduce
electric dipole moment [59] beyond experimental limits. This is known as the CP problem.

New sources of flavor and CP violation can also disrupt the GIM mechanism which suppress the
FCNCs to acceptable low levels in the SM. Developing a mechanism able to keep soft terms under
control so that they do not introduce unacceptable large FCNCs is known as the SUSY flavor problem.
Beside, within the MSSM, most of the entries in all those terms must be of the order of the SUSY soft
mass scale Mg, or M foﬁ depending on the linear or squared dependence in (2.59). This is needed to
avoid to reintroduce large logarithmic corrections to the Higgs mass which would spoil the MSSM as
a solution to the hierarchy problem. This suggest that a more fundamental dynamic at higher scale
should be at work in order to generate a hierarchical structure in (2.59) dynamically. For example,
the spontaneous breaking of a flavor symmetry, discrete or continuous, might give rise to a hierarchy
in the soft terms making them compatible with phenomenology (see [60] and references therein).

Again, a lot of flavor models exist which aim at solving (at least partially) the SUSY flavor and
CP problems. However, if we consider SUSY through the eyes of a phenomenologist, three approaches
can be described aiming at maintaining the contributions of the soft terms to flavor observables under
control:

Soft supersymmetry breaking universality: The first approach, called the soft supersymmetry
breaking universality, consists in three idealized assumptions on the soft terms structure. The first one
is that the soft squared-mass matrices are flavor-blind, i.e. they are simply proportional to the unity
matrix:

M3 =md, 1, M =mi 1, Mp =mp 1, Mf =mj 1, Mg =mg 1 (2.60)

where mz,o, m%ﬂ... are real scalars fixing the overall scale of the corresponding mass matrix. Then,
SUSY contributions to FCNCs will only arise from small mixing induced by the trilinear couplings
because all squarks and sleptons will be degenerate in mass. Beside, making the further assumption
that the trilinear couplings are each proportional to the corresponding Yukawa coupling matrix:

Ay = Ay, Yu, Ap = Ap,Ya, Ag = Ag,Ye (2.61)

will guarantee that only the squarks and sleptons of the third family will induce large trilinear couplings.
Finally one still has to deal with potential dangerous CP violation effects which could arise from
complex phases in the soft terms. If (2.60) is assumed, all squarks and sleptons mass matrices as

well as Higgs mass terms mi,u, mi,d do not introduce CP violating effects as all universal couplings

m%o,m% o have to be real. Beside, by appropriate phase redefinitions of the scalar and fermion
components of the Higgs supermultiplets H,, and Hg, one can make b (see (2.5.2)) and p (see (2.55))
also real. So, the potential only new sources of CP violation could lie in the gauginos mass parameters
and trilinear coupling matrices. The third assumption will hence consist in enforcing the reality of

these complex parameters:
Im(M;) = Im(Ms3) = Im(M3) = Im(Ay,) = Im(Ap,) = Im(Ag,) =0 (2.62)

enforcing that the only source of CP violation is the usual CKM phase.

With the above assumptions we do have, in principle, a SUSY model which is phenomenologically
viable. However, all these conditions (2.60), (2.61) and (2.62) should presumably arise due to a more
fundamental mediation mechanism or due to the spontaneous breaking of a flavor symmetry. Hence
these conditions should be taken as boundary conditions, rather than scale invariant constraints, which
hold at the high scale at which the mechanism responsible for flavor dynamic decouples from the usual
MSSM spectrum. This will in turn imply that all these quantities will have to be running down, using
the appropriate RGEs, to a low scale, either Mz or Mgy sy where experiments take place. Hence,
flavor violation effects will be generated by the RGEs. These RGE induced flavor violating effects will
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be small due to the idealized high scale boundary conditions. We also want to stress that (2.60), (2.61)
and (2.62) depict idealized boundary conditions. These have to be thought of as representing a limit
in which soft terms are perfectly harmless. One can then study small departures from this limit [01]
keeping flavor observables under control.

Alignment The second approach one can take consists in assuming that the squarks squared-mass
matrices are aligned in flavor space with the corresponding Yukawa matrix [62]. Concretely, it means
that, starting from the SuperCKM basis in which the Yukawas couplings are diagonal, the matrix which
rotates the squark mass matrix to its diagonal form has small mixing angles. This ensure that flavor-
changing effects are suppressed enough and low scale SUSY processes are kept within experimental
ranges. Beside, it has been argued that the alignment paradigm could potentially also adress the SUSY
CP problem [63].

Decoupling Finally, in the "decoupling" or "irrelevancy" paradigm the sparticle masses are ex-
tremely heavy. Therefore, supersymmetric sources of CP violation and flavor changing neutral currents
are suppressed as the SUSY spectrum is decoupled. However, if soft terms are completely arbitrary,
the degree of suppression needed to be not in contradiction with data generically requires Mg, to be
well above the TeV scale, at least for some of the scalar masses. Such high soft breaking scale seems
to play against the MSSM as a solution to the hierarchy problem. However, one can consider more
"natural" spectra in which only the third scalar generation is light whereas the first two are kept heavy
[64]. This allows to kept radiative corrections in the Higgs mass under control, as this is precisely the
stops, which couple dominantly to the Higgs, which are kept light. Furthermore, this paradigm is also
well motivated by the fact that the LHC has not discovered s-partners so far. This implies that, if
SUSY is realized in nature, the scalar spectrum is probably quite heavy. Hence, a natural spectrum
seems a quite pragmatic solution to explain that SUSY has not been yet discovered if, at low scale,
the MSSM, or any -not too far from minimality- extension of it can stabilize, at least partially, the
electroweak scale.

2.5.3 A glance at the MSSM mass spectrum

Disclaimer: In this section, we do not aim at giving an exhaustive description of all matter sectors
within the MSSM but rather at illustrating the mixing mechanisms at work on the specific example of
the neutralinos. The other sectors (squarks, sleptons, Higgs...) will be described in this work whenever
necessary.

After EWSB, the different gauge eigenstates of the MSSM will mix among each other to propagating
mass eigenstates if the quantum numbers which distinguish them refer to broken symmetries. For
example, the s-partners of the neutral weak and Higgs bosons I?,g, H 3, EO, WO can only be distinguish by
the third component of the weak isospin'!. But, after EWSB, the SU(2)r, symmetry is broken. Hence,
these four gauge eigenstates mix each other and give rise to four mass eigenstates called neutralinos and
noted i, i = 1,2, 3,4. Specifically, if we define the gauge eigenstate basis as ¢° = (E , WO, ﬁg, Iﬂig),
the neutralino mass term in the MSSM Lagrangian is:

1
£ — -2 ()" Mgy®+ he (2.63)

where the hermitian mass matrix M5 can be parameterized as:

M, 0 —CgsSWmz  SgSwmyz
0 Ms cgCWmyz  —SRCWMz
My=|_, . 0 p (2.64)
BSWMZ  CCWmz m
sgswmyz  —Sgcwmyg —u 0

with c¢g = cos(f), sg = sin(B), ew = cos(fw), sw = sin(6w). Here we have to define a very useful
MSSM parameter, the 3 angle defined through tan(f) = 2 with v, = (Hg) and vqg = (H3J) the VEVs

Ud

Npxplicitly the T2 eigenvalues of these eigenstates are: Ts(ﬁg) = —%, T3(ﬁ3) = +%, T3(§0) =1, TS(WG) = +3.
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of the neutral components of the two MSSM Higgs doublets. M; and M> are just the soft gaugino mass
terms and p is the soft Higgs mass term of Lg,r; (see (2.59)). This mass matrix can be diagonalize by
a 4 x 4 unitary matrix Zzo to obtain mass eigenstates defined as:

( z_;,-"»b

* T
Z}’Z‘JMXZSE‘J = diag (mﬂ=m§31 ms, mﬁ)

(2.65)

where by construction the mass eigenstates x; are mass-ordered i.e. mgo < Mge < ... < Mg, Thus,
usually X9 is the LSP and the classic dark matter candidate in most spectra, unless there is a lighter
gravitino or R-parity is not conserved. It is interesting to point out that M3, the gluino soft mass, has
not appeared in My. Indeed, as s-particles share the same quantum numbers as their SM counterparts,
if M3 would have appeared in Mg, the SU(3)c would have been broken which is unacceptable. Note
also, that one can always use phase redefinitions on B and W to set M 1 and M5 real and positive.
(HS) and (HY) can also be render real and positive by using the freedom we have in setting the vacuum
alignment direction in the Higgs potential. The phase of p cannot be rotated away in the same way.
Nevertheless, it is usual to assume p real to avoid too large CP violating effects such as electric dipole
moments in the electron or in the neutron. However, the sign of p will remain unconstrained and is
thus a true physical parameter.

We want to end this section by giving a few definitions which will be useful in the next chapters.
After M5 has been diagonalized, each mass eigenstate 5{? is truly a superposition of the different
Higgsinos and gauginos:

55? = (Z}Z‘U)@] ED =+ (Z}'EU }ggwﬂ =+ (Zyu }ggﬁg =+ (Zyu };’4&3 (2.66)
with Vi = 1,..,4 Z;Ll |(Zz0)ij|> = 1 due to the unitarity of Zgp. We say that X7 is more bino-

like, wino-like or Higgsinos-like depending on which term dominates in the decomposition (2.66). For
example, X! is said bino-like if [(Zgo)11] > |(Zz0) 21, [(Z50)31], | (Z50) a1 ).
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Chapter 3

The SUSY-SU(5) GUT model or the art
to stick to minimality

In this chapter, we would like to give an introduction to one specific type of Supersymmetric Grand
Unified theory, the one based on the simple Lie Group SU(5). This Lie Group will play a crucial
role in the subsequent chapters as all the phenomenological work which will be developed in the rest
of this thesis will assume an underlying SU(5) internal symmetry at the GUT scale. This chapter is
organized as follows. The first section, sec. 3.1 is somehow complementary to sec. 1.6. Indeed, in
this section, we will develop some additional limitations of the SM that SUSY/GUT are specifically
able to address. Furthermore, the motivations to pick SU(5) as a grand unified group will be also
investigated. In section 3.2, the structure of SU(5) and its associate field content will be presented.
Finally, section 3.3 is going to be devoted to the presentation of a few important consequences that
follow from SUSY/GUT models. In particular, and also the main focus of this thesis is not on this
issue, the question of the instability of the proton will be briefly sketched. As we are not going to
provide an exhaustive introduction to group theory, the interested reader is invited to refer to the
references [05] for further details.

3.1 Introduction

Motivations for GUTs: As already stated, the purpose of a Grand Unified Theory is to embed the
SM gauge group Ggys in a larger Grand Unified (GU) group. This embedding enforces the equality
of the three SM gauge couplings at a very high scale g1 = g2 = g3 = ggur. But Grand Unified
Theories have also others virtues. Indeed, we were not completely exhaustive when we have discussed
the limitations of the SM in section 1.6 and there are at least two more questions that the SM is not
able to address on which we would like to shed light here.

First, there is the question of charge quantization. Mathematically, any eigenvalue is possible
for an abelian U(1) group and thus, it is not clear why in the SM the electric and hyper charges
are quantized in units of % The second reason concerns gauge anomalies. Indeed, we have already
mentioned that gauge anomalies appear when an internal symmetry group is broken at the quantum

b asnAAAAAAN

Figure 3.1 — Anomalous triangle diagram in the SM.
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level, when computing radiative corrections, although the tree level Lagrangian respects the symmetry.
In the SM, gauge anomalies appear and can be computed through the triangle diagram depicted on
fig. 3.1. For a gauge group with generators 7%, this diagram is proportional to:

A — Ty [T“, {T*’,TC}} (3.1)

where every field configuration has to be computed. In the SM, eq. (3.1) is simply proportional to
the sum of the fermion electric charges in one generation. As it turns out, the gauge anomalies seem
to miraculously disappear in the SM due to a precise cancellation between the electric charges of the
leptons and the quarks in each generation. Clearly, the two puzzles described above seem a-priori
related. Indeed, one can hope that a theory able to explain why the electric charges are quantized the
way they are could simultaneously address the question of anomaly cancellation within a SM family.
In fact, this is not the case every time. For instance, the SU(5) GUT adress the former even though
anomaly cancellation still looks miraculous. Going to a higher rank (see below) GU group, for instance
S0O(10), allows however to lift these cancellations to an intrinsic feature.

Why should we pick SU(5) as the GU group? Historically, the first attempt to build a GUT
was due to J. Pati and A. Salam in 1974 [66]. Their theory was based on the internal group SU(4)¢c X
SU(2)1, x SU(2)g. The original idea was to embed the quarks and leptons of a given family in a unique
representation where the charged lepton was seen as the "fourth" color. However, one can immediately
see that this GUT is not really one. Indeed, even with a discrete symmetry relating the two SU(2), the
Pati-Salam Group still implies at least two independent coupling constants. Thus, it does not reach
the goal of unifying all SM gauge interactions. It is hence desirable to obtain a simple group capable of
unifying all SM gauge couplings into one. But, which Lie Group should we use? First, if one wants to
embed Ggpr in a larger group, one needs a group with a rank at least equal to the one of Ggjs, which is
4. We recall here, that the rank of a Lie Group is defined as the maximal number of generators which
can be diagonalized simultaneously. These have to be diagonal due to Schur Lemna (see [65]) and, in
the case of interest, these correspond to T3, the third generator of SU(2), T2 and T® -the third and
eight generator of SU(3)- and Y, the hypercharge generator. There are 9 simple or semi-simple Lie
Groups of rank 4 that could potentially do the job. The first constraint that will help restrict further
this set of candidates is that the GU group should obviously include SU(3) as one of its subgroups.
Second, as it has already been pointed out, particles and anti-particles transform differently in the SM.
Hence, the GU group should own complex representations able to accomplish this distinction. One is
then left with SU(5) as the only simple group able to fulfill these requirements.

The first non-SUSY SU(5) GUT was originally proposed by S. Glashow and H. Georgi in 1974 [67].
This model belongs to past now, as it has been excluded by precise LEP gauge coupling measurements
[6%]. From a theoretical point of view, this is not a big deal though. Indeed, we have seen in section
2.1 that the unification of gauge couplings works way better in the MSSM than in the SM anyway.
It is thus natural to supersymmetrize the now ruled out non-SUSY Glashow-Georgi model. Beside,
this embedding can be done in a quite straightforward manner. Just promote every SM field to a
superfield and use two Higgs doublets instead of one to avoid gauge anomalies. This being established,
the minimal supersymmetric SU(5) model [69] has to be seen as the prototype of SUSY Grand Unified
theory. In this sens, it constitutes a laboratory to study the consequences of embedding the SM gauge
group in a higher rank group at very high scale. Of course, as all prototypes, it has flaws. Maybe, the
best known of them is that SUSY/GUTs and, specifically the minimal SUSY SU(5) predicts proton
decay with a substantial rate [09] which highly restricts its parameter space. However, additional
mechanisms exist and can be added to the core model to push the proton lifetime beyond lower
bounds provided by current experiments. We will give some details about one of them in the rest of
this chapter.
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3.2 Introduction to SU(5) and field content

After this general introduction, we would like to give more formal details about the SUSY SU(5)
theory. Although the model is ruled out by now, it will be helpful to discuss the SU(5) structure and
field content in the non-SUSY case. This will allow to easily supersymmetrize it in the second part of
this section.

3.2.1 The Glashow-Georgi model:

Following [6], we recall that a general tensor lIJE"I transforms under an SU(N) rotation as:
Vi = UnUAURU -l (3.2)
where all indices run from 1 to N. The N x N unitary matrices UZ, are given by:
ULy = [exp (0°T®)],,. (3:3)
An SU(N) group has N2 — 1 generators represented by the hermitian and traceless matrices T% = "

(a=1---N? —1) where the )\, are generalized Gell Mann matrices normalized to Tr (A%A?) = 25“‘%.
In the case of SU(5), these 52 — 1 = 24 generalized Gell-Mann matrices are, for example:

0 2

A3 = 0 P 2 : (3.4)

—1 -3

The SU(3)c xSU(2)r, xU(1)y decomposition is obtained by identifying the first three indices of an
SU(5) multiplet ¥; with color indices. These are conventionally noted with greek letters o, 5 = 1,2, 3.
The remaining two weak-isospin indices are noted with latin letters r, s = 4,5. The hypercharge value
follows then from the normalization of the generators (see section 3.3).

One can show from the SM fermion content (1.11) that all fields of one family fit into two important
representations of the SU(5) group, namely the 5-dimensional (anti-)fundamental representation 5 and
the 10-dimensional antisymmetric representation 10 = [5 x 5],. 5 contains the down-type anti-quark
and the leptons:

= (= 1 5 1Y _ . c T [ d°
5= (3, 1, g) & (1, 2,—5) —( R dCB, dG, €, —U)L = (E2L) (35)

whereas 10 contains the quark doublet, the up-type anti-quark singlet and the charged anti-lepton
singlet:

2 1
10=[5x5,=(3,1,—- )@ (3,2,2) ®(,1,1)
3 6/,

0 —u; ufj \ —up —dp

ut 0 —up'—up —-d 3.6
1 G . 0R| B dB (eut Q (36)
BEVC A L ey S UG TAG | T\ QT eget

UR uUp ug , 0 —e€

drp dp de | e’ 0

L

where the subscript a indicates that one has to pick the antisymmetric part of the representation. The
lower indices R, B, G refer to the color of the quark (Red, Blue, Green). All fields have been taken
left-handed thanks to the charge conjugation trick (Vg) = CUp = (¥°); = ¥§ with C = iyyy, the
4 x 4 Dirac charge conjugation matrix. Note that in the last step of egs (3.5) and (3.6), we have used
a shorthand notation where ez = ioy (resp: €3) is the 2D (resp: 3D) Levi-Civita antisymmetric tensor.
Most generally in what follows, €, will be understood to be the n-dimensional antisymmetric tensor
with the convention €19.., = +1.
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The gauge bosons live as usual in the adjoint representation of the group. For SU(5), this is a 24
which decomposes under Gg)s as:

24=(8,1,0®(1,3,0)®(1,1,0) (3,2, —2) & (3,2,) (3.7)

This representation contains the gluons, the W bosons and B boson in its decomposition. Moreover,
the adjoint 24 introduces also 12 more bosons which are not present in the SM. These transform as :

A7, =(3,2) and AY = (3,2) (3.8)
under SU(3)c x SU(2)r. These extra gauge bosons are commonly named X and Y and noted:
r o X®
AL = (Xa,Ya), AY = (Y“) (3.9)

These gauge bosons, due to their internal quantum number assignment -X and Y are scalars which
own both non-vanishing color and electric charges-, violate Lepton and Baryon number, thus opening
proton decay channels (see sec 3.3). Specifically, their electric charges are equal to:

1

QX:—%L, Qv =—3 (3.10)

Finally, all these bosons can be merged into a single object if one decomposes an element of the
adjoint representation over the basis of the generators:

- Xh Y 9
1 8 *M R;,u
24 1 E Za:l Gﬁ./\a : XB;U- YB,U. B _9
Ay =Y AT =—1| G X You | +—F -2
s V2 | " Xu Xpa Xou | LW Wi 215 5
Yry Yy You WM_ —%Wﬁ 3

where A? are the -SU(3)- Gell-Mann matrices and G the eight gluon fields.

3.2.2 The Yukawa sector

To write Yukawa interactions in SU(5) theories, two fundamental representations conjugated from
each others are needed to form gauge invariant terms:

Si — (g,) 5y = G;) (3.12)

+
where H = (io) is the usual SM Higgs doublet and T is a color triplet transforming as (3, 1) under

SU(3) x SU(2). Note that T" and T™ are extremely dangerous as they will open decay channels for the
proton. To protect the proton from decaying too quickly, we will need to find a way to dynamically set
the triplet masses at the GUT scale as it will be described in subsubsection 3.2.4.1. The most general
SU(5) Yukawa Lagrangian is then:

- 1
Ly = 5%Y5IOF5H + §E5IOFYIOIOF5H (3. 13)

where Y5 and Yjq are matrices in generation space and the optional factor % has been here taken for
convenience.

We now have a look at each of the two terms in eq. (3.13), starting with the first one. We are
interested in the coupling of the fermions with the light SM Higgs field, so this term can be rewritten
as (see egs (3.5) and (3.6)):

. eaut Q T*
55Y510p5% = (d° — Ley) Vs (—3QT 6268) ( H)

— d°YsQH* + LYse“H*.

(3.14)
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Rewritting the second term of eq. (3.14) as :
LYse°H* = Y LH* (3.15)
lead to the most well-known SU(5) prediction:
Yp =YZ (3.16)

i.e. that the Yukawa matrices in the charged lepton and down quark sectors are transposed from each
other. Note that this relation is only valid at the GUT scale and one still has to evolve it down to the
weak scale, where experiments are run, by RGEs. It turns out that this unification works relatively
well for the third generation but it completely fails for the lighter first and second generations (see
[70]). This problem can be overcome by adding either scalar multiplets [71] or Planck suppressed higher
dimensional operators [69] [72]. We want to stress here that adding higher dimensional operators to
the SU(5) model should not be seen as a renouncement of minimality. Indeed, these operators would
arise when integrating out degrees of freedom with masses lying between the GUT and Planck scales.
But, a Grand Unified theory being itself an effective theory -it does not include gravity-, a GUT is
not relevant to describe the dynamic between Mgy and Mpjgner Where certainly, new physics must
appear to properly handle the quantum effects of gravity.

Back to the second term in eq. (3.13), we see that it contains the 5D Levi-Civita tensor. Moreover,
since this term is symmetric when we switch the two 10g, only the symmetric part of Y;q survives.

Hence, Y1 is symmetric as well. If we make the indices reappear, this term takes the form:
e5107Y1010p5 = eijaim (107)7 Yip (107)¥ (5)™ (3.17)

Using our convention to split the indices in color and electroweak indices, eq. (3.17) can be expanded
to:
(3.17) = 2€a8yrs (105)* Yo (105)" (55)°

+ 26085 (10F)" Yio (10)*° (55)° (3.18)
= 2¢apyrs (107) (Y10 + Y10) (107)" (5m)° .

The factor 2 comes from the two possibilities, (10z)"" and (10x)"". Clearly, we have €agyrs = €agy€rs

s0:
QEaﬁqfa’Baug (Ym + Yfg) Q"%,. H®

(3.19)
= 4“3 (YID + qu(;) QETETSHS
Finally, returning to an index free notation:
1 1
5€510rY101055y = Su’ (Yio + Yih) QH (3.20)
leads to a symmetric up Yukawa matrix:
Yy =Y{. (3.21)

This relation, and in particular its generalizations in the SUSY case to soft terms (see subsection 3.2.4),
will play a central role in this thesis and its phenomenology will be extensively studied in the next
chapters.

3.2.3 Spontaneous SU(5) symmetry breaking

Obviously, in order to be consistent with low energy data, the GU group needs to be broken down
to the SM gauge group by a generalization of the Higgs mechanism described in subsection 1.4.1. To
do this, a Higgs field 24y in the adjoint 24-dimensional representation can be used. If we impose a
discrete symmetry 24y — —24y which forbids cubic-terms -which would make the scalar potential
unbounded from below- the most general SU(5)-symmetric Higgs potential takes the form:

1 1 1
V (2451) = —5miTr (24m) + ga (Tr (243))” + S0Tr (24f) (3.22)
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This potential has the following minimum if 6 > 0 and a > —7/15b :
(0|245(0) = diag (2,2,2, —3,—3) v = vAo (3.23)
where v is related to m1, a and b (see eq. (3.22)) by:
v? = 2m}/ (15a + 7b). (3.24)

Note that the adjoint has taken a VEV in the Ag direction (0|24x|0) o vAg (see eq. (3.4)). This
guarantees that this VEV leaves the SM gauge group Ggps unbroken as it should be. In a second
stage, the breaking of the electroweak symmetry has to be triggered. To do so, we need the two scalars
5-plets of subsection 3.2.2, the Higgs ¢* potential can then be written :

2

A
V(H) = _%53;15,57 + 2 (545m)° (3.25)

where 5p takes a neutral VEV in the SM Higgs doublet direction:

0
0 2

Bu)=10 |, v =" (3.26)
0

Yo

V2

We will see later that, in order to stabilize the proton, we need a strong hierarchy between the two
VEVs v > 10 2wy.
Eventually, a mixing term between the scalars 24 and 5 can also be added to the potential:

V (24n,51) = o555 Tr (24%;) + B55®50. (3.27)

However as 24y and 5y are now coupled, (24p) also breaks the electroweak symmetry. But,in any
cases SU(3)c has to be left intact in the low energy theory. One can then try to give a VEV to 24y
in a direction slightly away from the SM neutral direction. One then look for solutions of the form:

(24y) = diag (v,v, v, (—g _ %) v, (—g _ %) u) (3.28)

where € parameterized the deviation from the Ay SM neutral direction. Beside, we know that in the
limit where no 24y — 5y mixing is present i.e. if @ = 8 = 0, € must vanish. The solution which

satisfies these criteria looks like: Bo? .
3 Buj U
=———4+0|— 3.29

T 0b? (U4) (329)

Given that v ~ O (MguT) and vg ~ (Mw), the breaking of SU(2) due to (24y) is much smaller than

the one due to (5y). If we recompute the value of m? (the 24y mass parameter, see eq. (3.22)) and
of u?, we end up with:

15 15 9
mi = ?GUQ + 7?6'02 + avg + %ng (3.30)
and 1 9
p? = 5/\213 + 15a0° + Eﬁ'v2 — 3epBv?. (3.31)

However, here we are confronted to a strong hierarchy problem similar to what was discussed in
subsection 1.6.1. Indeed, we know that p, the SM Higgs doublet mass parameter, has to be of the
order of the weak scale p ~ O(Mw ). But, looking at the right hand side of eq. (3.31), we see that,
without imposing any constraint on a nor 3, the natural thing to do to achieve such cancellation would
be to set v at a value of the order of vy i.e. v ~ vp.

But, this would completely destroy the model as one needs precisely a strong hierarchy between
the two scales vg ~ O(Mw ) and v ~ O(MgyT) to lead to an acceptable phenomenology. To avoid to

spoil this hierarchy we need to tune a and 5 to one part in (%;) ~ 10%.
0
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This extremely accurate tuning of the free parameters seems most likely to teach us that the
theory at hand is incomplete. One then needs to introduce a more general framework in which these
parameters would not have to be tuned so precisely. As we have argued in the last chapter, SUSY
might constitute a solution to this problem. Beside, as already pointed out, the minimal SU(5) non-
SUSY GUT is ruled out anyway both by gauge couplings measurements -roughly, not enough d.o.fs
are present in the spectrum when evolving the gauge couplings from Mgy down to My to match the
measured low energy values- and by a too high proton decay rate. SUSY helps for both problems as
it doubles the number of d.o.fs in the spectrum and allows also to further suppress, at least partially,
proton decay rate (see section 3.3). For these reasons, it is then natural to embed the SU(5) GUT in
a SUSY framework and that is what we are going to do now.

3.2.4 The SUSY SU(5) model

As stated in section 3.1, supersymmetrizing the Glashow-Georgi model is quite easy. Just promote
every SM fermion (resp: boson) field to the corresponding chiral (resp: vector) superfield and introduce
two independent Higgs superfields to enforce the holomorphy of the superpotential. Nonetheless, as
this embedding will have strong consequences on the low energy phenomenology, we want to describe
in this subsection the superpotential of the minimal SUSY-SU(5) model in details.

We start with the Yukawa sector. Basically, its structure remains unchanged compared to the non-
SUSY case. We need however two Higgs 5-plets 5% and 5‘}_1 to cancel gauge anomalies. They contain
the two MSSM Higgs doublets which give their masses to the up and down fermions, respectively. The
Yukawa superpotential is then:

Wy = 5%Y51055% + €5105Y1010p5% (3.32)

where all fields are chiral superfields and the subscript F' indicates that the representation contains the
associate matter (fermionic) multiplet of superfields. The symmetry relations on the Yukawa matrices
derived in the non-SUSY case i.e. Yp = Y2 and Yy = Y{¥ are left unchanged in the SUSY version of
the model. Even more, if we suppose that soft SUSY-breaking terms are generated above Mgy and
that the mediator of SUSY breaking is an SU(5) singlet, two assumptions that are made in this thesis,
one can show that these symmetry relations propagate to the soft terms of the MSSM eq. (2.59) (see
[73]). Hence, with the notations of section 2.5, we have on the top of Yp = Yg and Yy = Yg also the
following relations:

M2:M2
_vT D L
YD—YE :>{AD:A£
T M2 — M2 — M2 (333)
N

Of all these relations, the last one will be interesting for us. Indeed, this thesis will be dedicated
to the study of the low energy consequences of a GUT scale symmetric trilinear coupling in the up
sector. We will give more details on this in the next chapters.

Back to the superpotential, although supersymmetrizing the Glashow-Georgi model helps with
gauge couplings unification, it does not improve substantially the situation with regard to Yp = Yg i
Then again, one has to add either higher dimensional operators or an extended Higgs sector to cure
the bad mass relation and reconcile the minimal SUSY SU(5) model with experiments ([74],[75]).

Now let us turn to the Higgs sector. The main change compared to the non-SUSY case is that
the adjoint 24y has to be a complex multiplet in order to maintain an equal number of fermionic and
bosonic d.o.fs within each supermultiplet. The superpotential for the adjoint 24 and the Higgs 5-plets
takes then the form:

W (24g,55) = Mo, Tr (24%) + %Tr (243;) + a5%243, 5% + p5%5%. (3.34)
SU(5) will be broken to Gsy when 24y will take a VEV in the SM neutral direction:
2m' 3 3
(24}{) = Q’Udlag (1,1,1,—5,—5) (335)
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and the part of the now SU(5) broken superpotential:
2
W = 3%3Y% (,u + Em') +282% (p—m') (3.36)

will also suffer from a hierarchy problem similar to what was discussed in the non-SUSY case. Indeed,
the breaking of SU(5) to Gsy due to (24y) should both leave the MSSM Higgs doublets 2%, 2%
massless while sending the colored triplets 31‘31, 3% at a mass of O (Mgpr). This last condition is
needed to stabilize the proton as it is the triplets which will mediate its decay. Formally, this doublet-
triplet splitting can be achieved if we accept the tuning p = m’ (with p, g’ ~ O (Mgyr)). However,
such conspiracy to keep the Higgs doublets exactly massless seems quite unsatisfactory and actually,
models have been developed to achieve this more naturally. These models will unfortunately come at
the price of dropping the minimality condition. Here, we want to describe the most known of them
namely, the "missing partner mechanism" [70].

3.2.4.1 The missing partner mechanism

The idea behind the missing partner mechanism is to introduce in the superpotential a larger 50
representation that contains weak triplets but no doublets. Indeed, 50 decomposes under SU(3) x
SU(2) as:

50 =(8,2) @ (6,3) @ (6,1) @ (3,2) @ (3,1) @ (1,1). (3.37)

In fact, we need both 50 and 50 to avoid gauge anomalies. We need also to extend the adjoint 24 to
a 75 noted X in order to write SU(5) invariant mixing terms between 5%, 5?; and 50, 50.
The relevant part of the superpotential reads:

M _ —
W=Tr (22)+§Tr (2%) + 5502 5% + 50X 5% + M 5050 (3.38)

where, and this is crucial, no mass term 5?; 5% is present. This is a direct consequence of the fact that
the 50-dimensional representation does not contain any weak-doublet (see eq. (3.37)). SU(5) will get
broken to Ggyr when ¥ will get a VEV, (¥) ~ % The resulting SU(3) x SU(2) x U(1) invariant
superpotential is:

Mb

_ M«¢e —_—
W= 350—— 3% + 35073}‘; + M350350, (3.39)

where 3%, 3‘}_1 and 350 are the SU(3) triplets in the 5%, 51‘3{ and {:';E representations, respectively. We

see here, that the Higgs colored triplets get a mass of order M ~ M ~ O (MgyT) whereas the MSSM
Higgs doublets remain massless. We have then achieved the goal of sending the triplets masses at
the GUT scale while keeping the doublets massless without any fine-tuning of the parameters of the
theory.

There is one caveat though. Indeed, one can show that having larger representations such as 50 or
50 entering the RGEs of the theory breaks the perturbativity of the SU(5) gauge coupling above the
GUT scale. One has then to invoke a generalization of the mechanism described above, the "double
missing partner mechanism" to guarantee both a solution to the doublet-triplet splitting problem and
perturbativity of the GUT coupling up to the Planck scale (see [77] and [2¥]).

3.3 Physical consequences

In this section, we would like to review a few important consequences of GUTs which were already
spotted in the previous sections. In particular, we are going to give some details on how fermion
electric charges quantization follows naturally from a GU group and how this quantization is related
to anomaly cancellations. We are also going to describe how proton decay channels open in GUTs and
what are the conditions to push its lifetime high enough to enforce the stability of matter.
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3.3.1 Charge quantization

We start with the question of fermion charge quantization. When the SM gauge group is embedded
in a higher rank group, the electric and hyper charges are quantized because the eigenvalues of the
generators of a non-abelian group are discrete. Beside, since the electric charge is an additive quantum
number, it must be a linear combination of the diagonal generators of the GU group. We have
mentioned previously that the number of diagonal generators of a group defines its rank. SU(5) being
of rank 4, it will have 4 diagonal generators. Clearly, @ has to commute with the generators of SU(3)c,
which is rank two. The only two diagonal generators which are left are T® = A—23, the third component
of the weak isospin, and T9 = A—2°, the hypercharge generator.
We hence have:

Q=I+ % =T3 +c1° (3.40)

where the normalization coefficient ¢ can be obtained by comparing the eigenvalues of Y and T°.

This leads to:

5
= —4/=. 3.41
=2 (3.41)
which indeed yields to the correct electric charges for the fundamental representation:
_1
1
3 1
Q(5r) = —3 : (3.42)

The conjugate representation 5 simply has opposite charges Q (?F) =-Q (5}7) 0;5. For a rank two
tensor % , the electric charges can be calculated via:
Q (Yij) = Qi + Qj5;
Q¥)=Qi-Q;
One can show that for the fermionic ten-dimensional representation 10z or the adjoint 24, the

electric charges are also correctly reproduced. Generalizations to higher order tensors of eq. 3.43 can
be obtained in a similar manner.

(3.43)

Beside, in a GUT framework, also a relation between the color and electric charges emerges. Since
the generators of SU(N) are traceless, we get the relation:

NeQd + Qec =0 (3.44)

from eq. (3.42) where N, is the number of colors. In SU(3)., N, = 3, which enforces that the electric
charges are quantized in unit of % Hence, the pattern of gauge quantum numbers seems way less
arbitrary when imposing a GU group than in the SM. We insist on the fact that the quantization of
electric charges emerges only in the cases where the GU group is purely non-abelian. For instance, if
SU(5) is extended by a U(1) factor as it is the case in flipped SU(5) [75], electric charges do not have
to be quantized anymore. However, a wide class of GUT models imply charge quantization as long as
neutrinos are Majorana [79], which seems a reasonable assumption.

We now have a look at anomaly cancellations. In SU(N) gauge theories, the SM anomaly eq. (3.1)
simplifies to:

Ate = Te [t} = %A (R) d* (3.45)
where R is the representation at hand and f®° are the constant structures of the group. A(R) is

independent of the choice of generators so that we are free to use t* = t? = t¢ = Q without loss of
generality. This gives us the anomaly ratio of matter content:

A(5r)  TQ®(5p) 3(3)?+(-1)°+0
AC10r) " Q0 5 (3 +8(3)° +3(3) 41

— 1 (3.46)
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which shows that gauge anomalies cancel out between the 10 and 55 representations. However, in the
minimal SUSY SU(5) model, this cancellation seems also to occur accidentally, although extending the
GU group to the next well motivated candidate, SO(10), allows to lift this cancellation to an intrinsic
feature.

3.3.2 Proton decay

In, the SM, the total baryon and lepton numbers are accidentally conserved. This implies that operators
inducing proton decay are forbidden, and thus, to any order in perturbation theory. Hence, in the SM,
the proton is perfectly stable. On the other hand, in GUTs, the Higgs and others SM bosons got
embedded in larger matter representations. These new vector and scalar representations imply that
more degrees of freedom are present in the spectrum of the theory as we have seen in the last sections.
These new d.o.fs are also colored and generally own a non vanishing electric charge. Thus, nothing
prevents the proton from decaying through the exchange of these new particles. Since proton decay has
not been seen, it is hence important to push the proton lifetime beyond currents experimental limits.
In order to do so, particles mediating its decay have to get super-heavy decoupling masses, typically,
at a magnitude of a few order below the GUT scale. The doublet-triplet splitting missing partner
mechanism of subsubsection 3.2.4.1 was designed exactly to do this task. Beside, as the mediators
of proton decay have to lie near the GUT scale, one can integrate them out. This will result in the
appearance of higher dimension effective operators. From there, two cases should be distinguished. In
non-SUSY GUTs, the main contribution arises from dimension 5 operators generated when integrating
out the X (Qx = +3) and Y (Qy = £3) d.o.fs of the adjoint representation 24 (see egs. (3.8) and
(3.11)). These baryon number violating operators are of the form:

2

_ B8
Ldfﬁf:l = ;Tieaﬁd ()~ ’]/,U,Qab (Ec’y’”‘emQ’Ba + (EC) ’y’”‘eabLa) + he (3.47)

where My is the common superheavy mass of the X and Y bosons. Eg'é:l opens proton decay
channels such as p — e*n” whose Feynman diagram is depicted on the left hand side of fig. 3.2.
From this diagram, one can compute the proton decay rate which is equal to I', ~ 10_3mg/M3‘( with
my, the mass of the proton. The 2012 PDG [27] gives 7, > 1033 years, which leads to a lower bound
on Mx > 4 x 10" GeV. The crucial point is that whereas in the SM case, the unification scale is
relatively low Mgg‘} ~ 10 GeV, in the SUSY case, this scale is pushed to Mgggy ~ 1016 GeV. We
hence see that in the SM case, the lower bound on Mx allows to further exclude the minimal SU(5)
model whereas in the SUSY case, this bound can be accommodated thanks to the higher unification
scale. In fact, in the SUSY case, new channels are open and dimension-6 operators will turn out to
be sub-dominant, the main decay channels arising from lower dimensional effective operators. These
dimension-5 operators are mediated by the exchange of superheavy colored Higgs triplets in the 5%,
5%, representations (see eq. (3.12)) needed to break the electroweak symmetry. When integrating out
T% and T, the dimension-5 effective superpotential is:

Wa—s =

€3 (QY10Q) (QYS L) (d°Y5u€) (uY10€) (3.48)

1
2Mr + Mr
with M7 the common superheavy mass of the Higgs triplets.

An example of decay, p — K 17, arising from Wy_5 is given on the right hand side of fig. 3.2.
These decays are extremely dangerous as the corresponding rate is only suppressed by I/M% instead of
1 /M}d( as it is the case for dimension 6 operators. Dimensions 5 operators can hence lower significantly
the proton lifetime generally highly restricting the parameter space of the minimal SUSY SU(5) model
([69, 20]). This has even lead the authors of [21] to claim the exclusion of the minimal SUSY SU(5)
model. However, later analysis showed that this claim was premature. Indeed, one has to remember
that the minimal renormalizable version of the SUSY SU(5) model is ruled out anyway. As already
pointed out, Planck suppressed higher dimensional operators are needed to cure the bad leptons-quarks
mass relations. These Planck non-renormalizable operators can in turn help to increase the lifetime of
the proton of several orders of magnitude, pushing it above currents limits [69, 51].

58



d vy,

A
A
33}

X+

U SI

m I{ +
u U U i

A
A

Figure 3.2 — Left: X and Y mediated dimension-6 proton decay p — e*n®. Right: SUSY specific
dimension-5 proton decay p — K T7r. On the right, the blob indicates the dimension-5 insertion that
arises when integrating out the Higgs triplet fields.

We want to conclude this chapter by pointing out that until now, we had consciously omitted the
question of neutrino masses. Indeed, the 10p and 5p representations cannot include right-handed
neutrinos, making impossible to generate mass terms for them in a minimal way. It is thus clear that
the SU(5) model is crying for an extension. A first possibility is to assume that R-parity is broken
(see [22]). However, relaxing R-parity conservation have dangerous phenomenological consequences.
First, R-parity violating terms can allow dark matter to decay, making it unstable. Second, these can
mediate tree level proton decay through dimension-4 operators. These channels will decrease the proton
lifetime dramatically. To avoid both problems, it seems that either additional discrete symmetries need
to be invoked (see [#3]) or a large hierarchy needs to be present in R-parity violating couplings [%4].

A second possibility is to extend the SU(5) gauge group, to include the right handed neutrino as a
gauge singlet, as it is for example the case in flipped SU(5). In this context, it has even been suggested
that dimension 6 operator contributions to proton decay can vanish if one imposes simple conditions on
fermion mixing terms (see [25]). One can also extend the Higgs sector, for example by adding a second
GUT breaking adjoint 24%; (see [25]). Lastly, one can also decide to extend the SU(5) group to the
next well motivated candidate for unification namely, SO(10). Indeed, in SO(10) all matter content of
one family, including the right handed neutrino, gets unified into one 16-dimensional representation.
One can then easily implement see-saw mechanisms (see subsubsection 1.4.2.2) allowing to generate
naturally small neutrino masses in this framework.
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Part 11

New tests for SU(5)-like up-squarks
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Chapter 4

Tasting the SU(5) nature of
supersymmetry at the LHC

In the last chapter, we have described the SU(5) Grand Unified theory quite extensively. In particular,
special care was given to the flavor sector where we have shown that the SU(5) induced symmetry
relations which hold in the Yukawa sector propagate to the soft terms in case of a supersymmetric
theory.

In this chapter, we are going to show that this fact opens up intriguing possibilities to build
relatively simple phenomenological tests on low scale SUSY spectra. The output of these tests will in
turn indicate whether if the spectra point or not toward a high scale SU(5)-like dynamics.

Whereas most previous low energy studies where axed on the correlation of FCNC processes between
the leptonic and hadronic sectors, our aim here is to stay confined within the up-squark sector where
a new symmetry relation emerges, way more model independent.

Note that this chapter is inspired from the published references [%6, 27].

4.1 Introduction

Unravelling whether or not Nature is SU(5)-symmetric at short distance constitutes a challenging
open problem of particle physics. In particular, having clear evidence in favor of a GUT would allow
to drastically reduce the number of free parameters in the SM. This will make the SM more predictive
which is certainly something desirable from a theoretical point of view. But, as we have seen in the
previous chapter, if a GUT is realized in nature the GU group definitely has to be broken at some very
high scale, of the order of the unification scale Mgyt ~ 10'6 GeV, to be consistent with low energy
data. We can be reasonably confident in the fact that future experiments will never be able, or at least
not before a very long time, to directly probe such super high scale. If we want to have any chance to
study the dynamics of a GUT, we hence have no choice but to evolve symmetric boundary conditions
down to a low scale, where the symmetry is broken, either the weak or the SUSY scale accessible to
experiments. We have already pointed out that the correct way to proceed to do so is by using the
renormalization group equations which allow to evolve physical quantities with respect to the energy
scale at which the theory is probed.

The problem is that, most probably if a SU(5)-like GUT is realized in nature, it has to be corrected
by GUT scale threshold corrections and/or non-renormalizable operators arising from whatever extra
degrees of freedom lie between Mgy and Mpjgner- These will in turn modify low energy predictions.
But, in the present state of the art, we do not know exactly the scales at which these heavy degrees
of freedom are supposed to manifest themselves. If the structure of a SU(5) Grand Unified Theory
predicts a certain symmetry relation between a set of observables to hold at Mgy, for the above
mentioned reasons, if we want to test this relation at Mgysy, we have no choice but to make ad-
hoc assumptions on the superheavy spectrum between Mgur and Mpianer [55]. How sensitive the
SU(5)-relation we want to test is to these assumptions will constitute a source of model dependency.
Obviously, the less model dependent the relation is, the more robust the low scale predictions are.
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Another source of theoretical uncertainty might also emerge from the differences in the inner struc-
ture of the RGEs governing the different observables one wants to evolve. For example, if a GUT
implies an equality between two couplings A and p at Mgyt i.e. A(Mgyr) = p(Mgyr) and that the
RGEs of these two have widely different structure, for example if A runs steeply whereas p runs rela-
tively smoothly, one can expect that the GUT scale equality will be spoiled quite severely at low scale.
This might result in a higher model dependency with respect to the different threshold corrections
which take a part in the running.

Let us take an example. We have already pointed out that SU(5)-like unification of matter fields
predicts the relation yq = y} between the Yukawa couplings of the down-type quarks and charged
leptons to hold at Mgyr. If one wants to study the consequences of this unification at low energies,
one has to evolve it down to Mgygy. In fact, as the RGEs of the down quarks and charged leptons
are fundamentally different - the two couplings belonging to two distinct flavor sectors- they will suffer
from different renormalization effects and hence strong assumptions, for instance on the GUT scale
spectrum, will have to be made in order to get testable predictions. This quark-lepton unification
has been studied in different contexts quite extensively and a lot of literature exist on the subject
(see [29] and references therein). However, according to our previous point, we see that this relation
has a large model-dependency making the construction of generic SU(5)-tests quite an arduous task.
It seems then, that a good testable GUT scale relation should both implies only couplings that stay
confined within a given flavor sector, at least at tree level, and should also be left invariant under GUT
threshold corrections.

In the rest of this chapter, we are going to point out that, in a SUSY context, beyond quark-
lepton unification, generically SU(5)-like GUTs imply also a symmetry relation to hold within the
up-type trilinear couplings, namely that these are symmetric at Mgy i.e. that Ay = Ar{;. We will
show that this relation is way less model dependent than quark-lepton unification relations. This being
established, it will be possible to build relatively simple low energy tests to probe this SU(5) symmetry
relation for different squark spectra.

By "SU(5)-test", we will refer to a relation which encodes a correlation among different low scale
observables, implied by a high scale SU(5) symmetry. Obviously, a low scale SU(5)-test will never be
"exact", the correlation among TeV scale observables being never rigorously preserved, a GUT scale
symmetry is undeniably broken at scales accessible at colliders. Rather, we will develop a statistical
method, based on a p-value test, to quantify with which significance one can asses a deviation in the
SU(5)-test at hand, with respect to the limit case in which it would be exactly preserved at the TeV
scale (see subsubsection 4.4.3.2). Thus, clearly, the methodology used in this chapter make that every
SU(5)-test to be developed will be useful only to potentially reject the presence of a high scale SU(5)
symmetry, not to confirm it.

The rest of this chapter is organized as follows. Section 4.2 will be devoted to a general presentation
of the up-squark sector in the context of SUSY-SU(5) theories.

Section 4.3 will be dedicated to a phenomenological study of the SU(5) GUT scale parameter
space. We will show that in most of the parameter space, the discrepancies induced by the RGEs on
our master relation Ay = Ag remain small. As it will be needed in some cases, we will also show
that, in the same manner, the discrepancies induced by the RGEs on the SU(5) relation Mé = M, [2;
remain small as well. This will allow to treat the low-scale RGEs induced asymmetries as theoretical
uncertainties.

Section 4.4 comprises the strategy and tools needed to setup SU(5) tests at low energy. It includes
in particular a new effective theory that we have developed to handle squark spectra presenting a
sizable mass gap. Some elements of statistics will be given as well, useful for the tests that we are
going to propose. We will then use these tools to build SU(5) tests in various SUSY scenarios.

In section 4.5, we are going to propose SU(5)-tests in case where the SUSY scale is very high and
all superpartners are decoupled. SU(5) tests remain possible though indirectly, through SUSY-induced
flavour-changing dipole operators on which we should give some details.

The second case to be developed in section 4.6 will be the one of natural SUSY spectra (see
subsection 2.5.2) in which only the third scalar generation is accessible to the LHC. Depending on the
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gauginos mass hierarchy, a test on stop flavour-violation involving charm tagging and a test involving
top polarimetry are proposed.

Finally, in section 4.7, we will develop SU(5) tests relying on Higgs detection in cascade decays
considering spectra in which both stop-like squarks and scharm-like squarks are light. The conclusion
will be given in section 4.8.

4.2 The up-type squark sector in SU(5) theories

In this section, we are going to have a closer look at the up-type sector in SUSY theories as all SU(5)
tests to be developed in the next sections will involve, at least at tree level, observables confined to this
sector. We start by a general presentation of the up-type squark mass spectrum. Then, we will discuss
the relation to be exploited later, namely that the GUT scale up-type trilinear coupling is symmetric
Av(Mgur) = A%}(MGUT} in SU(5) theories. Finally, we will end with a qualitative discussion of the
RGEs of the Yukawa and of the trilinear couplings. This will serve as a transition to the next section
where the stability of Ay = Ag will be tested against the RG flow.

4.2.1 The up-type squark mass spectrum

We start with a general presentation of the up-squark sector in the MSSM. For now, we want to focus
on flavor mixing induced by soft terms, we hence neglect temporarily the diagonal and p-electroweak

corrections. We also define the following vectors: u = (EL cr, FtUL) which contains the left up-squarks

— — — T . . . ] ] )
and u® = (ui cq ti) which contains the left up anti-squarks. In all that follows, the interaction eigen-
states will be noted with a superscript 0, for instance u°. With these assumptions, after electroweak
symmetry breaking, the mass terms of the up-type squarks can be expressed as:

Viquark = 7 MZ@®* + @0t MEa* + @ Al v, + @ A,@%v, + - - (4.1)

where vy, is the vev of the up-type Higgs doublet (Hy,) = (0 vu/ \/E)T
In matrix notation, eq. (4.1) gives:

M2 wA 0%
,_ Q u\ (U
Visquarks = (EOT UOCT) (U‘u AJF ﬁQ ) (ﬁﬂc) (4'2)
V2 v

written in an interaction basis where the Yukawa matrix of the up-type quarks is not diagonal, such
that:
Lyuk = vuu! Yyut + he+--- (4.3)

In eq. (4.2), each element in the mass matrix is itself a 3 x 3 matrix. Note that left-handed antisquarks
can be trade for right-handed squarks with a C'P conjugation on the superfields. Beside, as the

*

Lagrangian is real, it is possible to write Viguarks =V and hence eq. (4.2) becomes:

squarks
MZ v, A s
_ (701 0Of u L

where we have reintroduced explicitly chirality indices L/R. This gives the Yukawa Lagrangian:
Lyuyr =urvuY,ur + he. +--- (4.5)

The goal now is to express both the quarks and the squarks in terms of their mass eigenstates.
This takes place in several steps. First, we start by rotating the quarks u = (u ¢ t) to their mass basis
in which the Yukawa matrix Y, is diagonal. We recall that Y, can be diagonalized by a bi-unitary
transformation:

diag (my, me, mt) = Vi, ’UuY;VJR (4.6)
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where V,; and V4, are the 3 x 3 unitary rotation matrices of the left and right-handed quarks. These
define the quark mass eigenstate basis:

UR uOR uy, u%

0 0
cR | =Vug |cr |, o | =Vu|cL |- (4.7)
tr t% tr )

Another useful basis to work with when dealing with s-particles can be obtained by rotating the scalar

gauge eigenstates (u ( 020 ¢ ﬂo) by exactly the same amount as their SM-counterparts:
uR A ur, )
a0 = (en) =via () ator = (51| = v, (). (9
tr E’% tr, E’%

This basis is known as the Super-CKM (or SCKM) basis. Here (EL,EL,%UL) are the superpartners of
the physical mass eigenstates (ur,cp,tr). Even though (ﬁ', c, E) /R are not mass eigenstates, it is
very useful to work with squarks expressed in the SCKM basis when dealing with flavor violation, as
all non-physical parameters of the CKM matrix have been rotated away. Beside, the supermultiplet
structure is preserved as the scalar and fermionic component undergo the same rotation. In what
follows, all matrices expressed in the SCKM basis will be noted with a hat on it as in for instance,
Jﬁ% In the SCKM basis (EL, €L, tL.UR, CR: EJR): reintroducing the electroweak contributions, the 6 x 6
up-squark mass matrix takes the form:

2 M +m% — B (132 _4m?) 1, %A‘U — cot (B) pmy, 19)
“ %A\B — cot (B) p*my, MU +m2 + 2COS(Q’B):afr.sZsWIL '

where sy = sin () and m?2 = dlag (mi, m2, mt) We recall that the 8 angle is defined through
tan (B) = 3 with (Hy) = (0 ‘Uu/\/_) and (Hq) = (va/V?2 O) the vevs of the up and down MSSM
Higgs doublets (see section 2.5). The flavor violating 3 x 3 blocks of ﬁ% are given by:

M3 = Vi, M3V, ME =V ,MZV} | Ay = viVu, AGVy . (4.10)

In the electroweak broken phase, a useful expansion of jﬂ% can be obtained if the vev of the up-type
T

MSSM Higgs doublet (H,) is parameterized as (Hy) = (0 % + Cah) where h is the physical SM

Higgs boson. ./7\“/{?E takes then the approximate form:

o j/_}% + O(v2)13 %Z{U (1 - ca% +-- ) + O (vuMsusy)
“ %EB (1+c0%+---) + O (vuMsusy ) MZ +O(v2)13
(4.11)

if the SUSY scale Mgysy is not too far above the electroweak scale, which is what is needed for the
MSSM to solve the hierarchy problem. Note that until now, the squarks are still not mass eigenstates.
The diagonalization of M% can be achieved with a 6 x 6 unitary rotation matrix Rg:

diag (mul, - ) Ry MiRL, (4.12)
which defines the squark mass eigenstate basis:
ur, uy
cr, Uy
| o |us
an | = Ry " (4.13)
CR us
tr up
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with mg, the physical mass of the eigenstate u;. By convention, Ry is defined such that the 6 mg,
are mass ordered i.e. mg, < --- < mg,. Furthermore, by unitarity we have 6 relations Vi = 1,2...6 :
Z?=1 (R%E)ij = 1. We conclude by pointing out that, although for the sake of concision we have
restricted this discussion to the up-type sector, all relations derived here can be easily extended to the
down and lepton sectors.

4.2.2 The soft SUSY breaking sector of SU(5) theories: the up sector case

We continue this section by giving some details on a symmetry relation already spotted in subsection
3.2.2. We recall that, the superpotential of a SUSY-SU(5) Lagrangian contains the term:

Wasus) O €5Y1310;10;5% (4.14)

where i, j... are generation indices. We have shown in subsection 3.2.2 that if the superpotential
contains a term of this form, symmetric in 10; <= 10;, the up-type Yukawa matrix is symmetric as

well, i.e.:
Yy =Y{. (4.15)

Beside, if SUSY breaking is mediated via a SU(5) singlet, meaning that the soft terms are generated at
a scale between Mgyt and Mpjgncr where the SU(5) symmetry is exact, the relation (4.15) propagates
to the soft breaking sector and we also have:

Ay = AL (4.16)

A crucial point is that this relation is way less model dependent than the symmetry relations based on
the quark-lepton complementarity. In particular, this relation is left invariant by whatever GUT scale
non-renormalizable operator is added to Wgp(s). To be precise, we see that for whatever SU(5) invari-
ant operator of the form 0;;10;10;, the symmetric part of O;; always vanishes during the contraction
with the tensor 10;10;. Thus, the property Ay = Ag is independent of any assumption that can be
made on the dynamics between Moyt and Mpjgner- Also, this relation remains exact in the SCKM
basis. Indeed, if we note all matrices in the SCKM basis with a hat, the bi-unitary Yukawa diagonal-
ization is Yy = VJRY{,rVuL and the rotated SCKM trilinear term is Ay = VJLAU%R. But, the fact
such that we can write Yy = Vg{ffaVuL.

We thus obtain 1:1;} = VJLAUVJL which is symmetric if Ay is. What we have found until now can be
summarized by the implication:

that the Yukawa coupling is symmetric implies V3, = V}}

U

{SU(5) — type SUSY GUT} — {Yy = Y, Ay = A} at the GUT scale.} (4.17)

If we have a look at eq. (4.9), we see that the only flavor violating contributions lie in the soft
terms, the electroweak terms being diagonal in flavor space. Hence, a symmetric up-type trilinear
coupling implies that the off-diagonal chirality flipping block (M%)LR of M% is symmetric as well.
This property will be at the center of our attention in this chapter. Finding evidences in favor of a
symmetric off-diagonal block in a weak scale mass matrix M% would constitute a rather striking hint in
favor of the SU(5) GUT scale hypothesis. Perhaps more importantly, finding evidences which disfavor
this structure would tend to exclude SU(5) as a candidate for the GU group.

4.2.3 Qualitative discussion of the RGEs in the up-squark sector

Obviously, the properties Y = Yg and Ay = Ag are only true at or above the GUT scale, before
SU(5) gets spontaneously broken. One needs then to evolve these relations with the appropriate RGEs
to scrutinize their structure at the TeV scale. Implication (4.17) then becomes:

{SU(5) — type SUSY GUT} — {Ay ~ A}, at the TeV scale.} (4.18)

where an asymmetry appears in Ay which has to be seen as a theoretical, model dependent, irreducible
uncertainty induced by the running between Mgyt and Msysy . This asymmetry will be quantized
in section 4.3. In what follows, we will be mostly interested in symmetry relations in the soft sector
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to set up SU(5) tests. However, as we have argued above, we also need the Yukawa coupling to stay
symmetric if one wants to preserve Ay = Ag in the SCKM basis. Thus, we need to scrutinize both
beta functions. Starting the running from the GUT scale, the beta functions of the trilinear and
Yukawa couplings Sy;, and 4, will preserve the symmetry of Yy and Ay as long as they are perfectly
symmetric themselves i.e. By, /4, = ‘B}T;U JAu- Stated otherwise, above the GUT scale, when the SU(5)
symmetry is exact and, in the limit where the beta functions only contain terms which are symmetric
in flavor space, Yy and Ay will stay symmetric in the SU(5) broken phase all the way down to the
TeV scale. We are thus interested in non-symmetric terms in fy,, and 84, which spoil Yy = Yg
and Ay = Ag below Mgyr. Here, we would like to discuss qualitatively these potential sources of
asymmetry before providing a more quantitative phenomenological study in section 4.3. To do this, we
will discuss the running of Yy; and Ay at one loop. The one-loop MSSM beta function of the Yukawa
coupling is given by [90]:

13 ,

159 (4.19)

16
1672 By, = Yu [3’1&{1/{}1/{;} +3Y Yy + YYD — ?gg — 3¢5 —

In this expression, at the GUT scale, the gauge terms By, D Y g2, trace terms Sy, D YUITI'(YJYU) and
By, D YUYJYU are all symmetric by construction. The only GUT scale non symmetric contribution
resides in the term Sy, D YUYgYD. First, this term is suppressed by the elements of the CKM matrix
once the quarks have been rotated to their physical mass eigenstates. Secondly, in a SUSY context,
the relative magnitude of the up and down Yukawa sectors is set by tan(3) = z—: such that this term

grows with tan(/). Given the low-energy quark masses, one can expect Y)},YD to be of the same order

of magnitude as YJYU only at very high tan(/3). Hence, we can expect Yy to stay symmetric at low
scale to a good approximation.
We turn now to the trilinear coupling beta function. This is given, at one-loop in the MSSM by

[20):

16 13
167284, = Ay [BTr{YUYg} +5Y, Yy + Y Yp — Eg_% —3¢2 — ng]
(4.20)

32 26
Yy [aT.r{AUYJ} Fa¥f Ay + 2] A + 23 4 63, + ngMl] .

Again, at the GUT scale, the terms proportional to a trace or to a coupling constant are all symmetric
by construction. However, the other terms are generically not symmetric, because Ay generically does
not commute with YJYU nor does Ap with YUYE,. Thus, Ay stays symmetric to a good precision
at the TeV scale only if the running is dominated by gauge contributions. In practice however, the
running is dominated by the large gluino mass contribution M3 due to the high value of a3 compared
to the other gauge couplings. Moreover, as the M3 contribution is positive, it decreases Ay with the
energy, such that non symmetric terms become smaller and smaller in 84,,. Therefore, one can expect
that although B4, /y; are not symmetric, the RGEs induced asymmetry on Ay at the TeV scale stays
small in many concrete cases (see section 4.3).

Also, beyond the MSSM, one can check that Yy and Ay stay symmetric at low energy to a good
precision in many cases. The condition is that non-symmetric terms in eqs (4.15) and (4.16) do not
dominate, and that the possible hidden sector do not contribute either. For example, a hidden SUSY
breaking sector would need to be flavor singlet to not spoil the symmetry which is, as we have briefly
argued in section 2.4, a rather common feature of mediation mechanisms.
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(Mlgﬂ);'j (Mg)w
(1000)? 0 0 (860)2 0 0
0 (3270)% | (557)2 0 (374)2 0
0 (557)% | (1550)2 0 0 (412)?
y (Ag)e‘j - - (AOD)@:F . M, /, = 1000
M7 = (1000)?
0 0 (Av)as 0 0 (Ap)23 : H*E“) _(+1 )
0 | (Av)s2 | —1500 0 | (Ap)sz | 400 Sientd) =

Table 4.1 — Supersymmetry-breaking parameters at Q = Mgut of the MSSM reference scenario used
in the numerical analysis. Masses and trilinear couplings are given in GeV.

4.3 Stability of the soft sector under the RG flow:
quantitative discussion

In the previous section, we gave qualitative arguments that tend to show that SU(5)-like SUSY theories
generically predict an up-type trilinear coupling approximately symmetric at low scales. In this section,
we would like to quantify more precisely the size of the discrepancy induced by the RG flow on
Ay = Ag. It is mandatory to know the magnitude of this asymmetry. Indeed, it constitutes an
irreducible bound on the precision at which one can potentially test Ay = Ag. A too large asymmetry
would imply that this relation is spoiled by large model-dependent quantum corrections making the
task of constructing model-independent SU(5) tests quite tedious. Note that also the stability of the
SU(5) symmetry relation Mé = M} (see eq. (4.21)) will be discussed at the end of this section, since
certain tests to be proposed in the rest of this chapter will also rely partially on symmetry relations in
the soft mass sector (see section 4.6).

4.3.1 Setup

We start by presenting the setup of the analysis. We remind that in a SU(5) SUSY-GUT, the soft
breaking SUSY parameters satisfy the following GUT scale boundary conditions:
M3o = M3 = Mj = Mg
M2 = Mp = M;
Ag = A%
Ay = Ag

(4.21)

Because the property we want to check is not sensitive to CP violation, we have also chosen to
use only real soft breaking parameters, the only source of CP violation being the usual CKM matrix
phase dcxa. To quantify the discrepancy between Ay and Ag, it is convenient to use a quantity
normalized with respect to a SUSY scale. As all the phenomenological tests we are going to build
involve observables confined to the up-squark sector, a reasonable choice of scale might be the average
of the up-type squark mass eigenvalues. Therefore, we define the following quantity:

| (AU)z'j - (AU);;H

N

normalized with respect to the trace of the up-squark mass matrix. Low scale SUSY spectra were
computed using the spectrum calculator SPhenoMSSM obtained from the package SPheno [91] and from
the Mathematica package SARAH [92]. This code solves the RGEs of the MSSM at two loops and
computes low scale SUSY spectra from GUT scale boundary conditions on soft terms as well as
weak scale SM parameters. We have also chosen to use the Supersymmetric Parameter Analysis (SPA)

A'ij =

i # j. (4.22)
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AMps (17.76 - 2.81) ps
€K (2.23 +0.26)
BR(BY — pp) | (3.12+£2.08) x 107°
BR(b — s7) (355 £ 68) x 1076
BR(1 — uy) <4.5x 1078

Table 4.2 — Confidence interval on the Low-energy flavor constraints taken into account in the numerical
analysis. The uncertainties quoted here already include both the experimental and theoretical errors,
quadratically summed.

convention [93] in which SUSY spectra are outputted at Q = 1 TeV in the modified minimal dimensional
reduction (DR) scheme (see [94]). In this renormalization scheme, divergent integrals are regularized
using a (regularization) scheme called Dimensional Reduction (DRED). In DRED, the dimension of
the measure’s integral is formally promoted to a complex parameter D but the Dirac tensors inside the
integrand are still maintained to 4-dimensions. This scheme is very useful in SUSY because, contrary
to the dimensional regularization scheme (DREG) in which the dimension of the full integral (measure
+ integrand) is promoted to a complex value, DRED allows to maintain full invariance of the Green
functions under the Super Poincaré algebra.

A-priori, there are three asymmetries to be investigated: Ajs, Az and Az (see eq. (4.22)).
However, only mixing in the 2 — 3 sector seems relevant for phenomenology. Indeed, mixing terms in
the 1 — 2 and 1 — 3 sectors of the trilinear couplings are way more constrained by phenomenology, in
particular by low scale FCNC processes such as D — D mixing [95].

Also, mixing in these sectors can lead the superpartners to contribute too strongly in the SM fermion
self-energies which would drive the TeV scale CKM matrix elements outside of their experimental
measured values. Mostly, due to the hierarchical structure of the Yukawa couplings and, in particular,
due to the large value of the top Yukawa coupling, the running is expected to be more severe in the
2 — 3 sector and thus, we expect Aj2, A13 < Aoz. Hence, we can safely restrict the analysis to Ass.

We also needed to choose a SU(5)-symmetric reference scenario for the analysis. This reference
scenario is given in tab. 4.1. In tab. 4.1, M, is the common gaugino mass and Mflu, , the common
Higgs doublet mass i.e. we assume at Q = Mgy, Mlﬁ = M; = My = M3 and Mx?fud = Mflu = MIQ{d
in the notations of eq. (2.59). ‘

In tab. 4.1, we have decided to take a diagonal Mg in order to maintain SUSY contributions to
FCNC processes under control in the leptonic and down sectors.

(Av)og /32 and (Ayr) sy /23 are the free parameters of the scan that we have varied assuming GUT
scale SU(5) boundary conditions on soft terms (see eq. (4.21)), in particular we have (Ay )y = (Ay)sy
and (Ap)ys = (AE)93 at @ = Mgur. We have also assumed a symmetric trilinear coupling in the
down sector (Ap)y3 = (Ap)s, for simplicity. Finally, as well known in the MSSM, we have chosen a
relatively large, negative, top trilinear coupling to increase the SM Higgs mass to a value compatible
with its experimentally measured value.

4.3.2 Flavor constraints

In this section, we would like to describe the different constraints that we have taken into account
in this analysis. These are all summarized in table 4.2. Expressions for all these constraints can be
obtained with the full flavor structure of the MSSM using an effective Hamiltonian formalism (see sec
4.4.1 and [96] for expressions of B physics observables.)

This section has two purposes. First, we would like to discuss qualitatively these observables using
a few relevant Feynman diagrams. Secondly, we will tabulate the up-to date experimental values as
well as their uncertainties both experimental and theoretical. These two type of uncertainties will in
turn be used to compute confidence intervals that will restrict the parameter space in the analysis of
subsec. 4.3.3.

The constraints are the following;:
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e cx: We start by the description of the mixing parameter in the neutral Kaon system. We recall that

. . . =0, 7 -
the neutral Kaon K° (ds) and its associated anti-meson K (ds) are related by a C'P transformation

as:
—0

CP|K% = —|K") (4.23)
Hence the two linear combinations:
_ L (ko ® _ L gy 7
)= (1K -1K%), K = 7 (1K) +E%), (4.24)

form CP eigenstates i.e. we have CP|K1) = +|K1) and CP|K3) = —|K3). Thus, if CP was an exact
symmetry of the SM, |K1)/|K2) should decay only to final states which have the same CP parity.
For example, if one considers a set of neutral mesons m, the decay K| — mm would be possible but
K, — nnm should be closed as CP(nm) = +1 and CP(nmw) = —1. Reciprocally for K5, we expect the
decay Ko — wmm to be open but K9 — 7 to be closed due to C'P conservation. But, we know that
the CK' M phase gk provides a small source of CP breaking in the weak interaction hamiltonian.
Thus one expects that, although the two channels discussed above dominate, K; could decay to three
pions and K5 to two pions even if they do with a smaller branching ratio than in the C'P conserving
channels. That means that |K;) and |K5) are no longer eingenstates of the CP parity. The breaking of
the C'P parity in the weak interaction mixes |K) and |K3), and the physical propagating eigenstates

become:
1

K - -
| S(L)) W(

where the subscripts L, S stands for "Long" and "Short" which is no accident. Indeed, the dominant

[K1(2)) +§|K2(1))) (4.25)

decay mode Kj — wmm has a much smaller width than Kg — 7m which results in the lifetimes
of K1, and Kg being widely different. As an illustration, the PDG gives 7(KL) ~ 5 x 10~%s and
7(Kg) ~ 0.89 x 10719, this hierarchy makes possible the clear separation of these two states in a
decay experiment. We will not go further in the description of CP violation in the kaon system. The
important point to keep in mind is that the parameter €x in eq. (4.25) allows two different kinds
of CP violating phenomena. Direct CP violation manifests itself when a difference between a decay
rate (P — f) and the CP conjugate I'(P — f) is observed. Direct CP violation is parameterized
via a parameter dubbed €%. On the other hand, indirect CP violation manifests itself in mixing

effects. This will result in a difference between the two widths F(Kﬂ — K% and I'(K° — KO}
as well as in a mass difference Amg = mg, — mg,, these indirect effects are parameterized via a
parameter dubbed ex. For a more extensive description of CP violation in the Kaon system, including
expressions for the parameters ex and €, see refs. [97]. The important point for us is that, when
the SM is supersymmetrized, extra-sources of indirect CP violation appear due to the extended scalar
spectrum, thus participating in mixing effects. For example, the SM AS = 2 box diagram can be
supersymmetrized and is represented in fig. 4.1. Hence, indirect CP violation can set strong constraints
in the parameter space of the soft sector. If we take the latest experimental PDG value (see [27])
combined with a theoretical uncertainty taken from [9%], we have ex = (2.23 + 0.01(exp) £ 0.26(th)) x
1072 given at 1o (68% CL). Also because theoretically, this value is subject to large QCD uncertainties,
we have decided to normalize it to its SM prediction. A SM model prediction can be found in [99] and
is equal to e = (1.85+£15%) x 10~3. Combining these two results we find ex /e3 = 1.2040.37. We
hence see a discrepancy between the SM and experimental values which could possibly point toward
NP effects. This has been the subject of several studies, see for instance [99]. From the values quoted
above, we can get a 20 confidence interval on that ratio equal to:

exc /e €[0.83,1.57] given at 20 (95% CL) (4.26)

e AMp,: The second constraint we are going to consider is the mass difference in the strange B, meson
system. Similarly to the K system, the mesons Bs (sb) and Bs (5b) can oscillate among each other
due to CP violation effects. Thus, an initially present B? state can evolved into a time dependant
combination of B? and Eﬁ flavor states. Actually, the frequency of this oscillation is fixed by the mass
difference between the "light" and the "Heavy" states AMp, = mp, — mp, where By and By, are
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Figure 4.1 — SUSY box diagram contribution to K% — K mixing.
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Figure 4.2 — MSSM contribution to Bg-Fg arising from Higgs penguins.
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propagating eigenstates, superpositions of the flavor states BY, Eﬂ defined in a similar manner as in
eq. (4.25). AMp, is known to set very strong constraints on the MSSM parameter space (see for
instance [100] and [101] for a review in the large tan 3 case). AMp, is hence a very good probe to
search for new physics effects. Especially, in the MSSM, sizable contributions to this observable arise
in the large tan 3 region due to the extended Higgs sector, through penguin diagrams such as the
one represented in fig. 4.2. The world average value quoted by the "Heavy Flavors Average Group"
(HFAG [102]) gives :

AMp, = 17.761 +0.022 ps~! (4.27)

obtained from measurements at LHCb and CDF. On the other hand, a SM value can be obtained
from [100], taking into account NLO QCD effects, and is equal to AMp_ = 16.1+2.8 ps~!. We hence
see that this does not leave so much room for new physics effects. Although, for the analysis that
follows, one also has to take into account a theoretical uncertainty on (4.27). We have decided to use

! used in the SM value quoted above. This error, when

the same theoretical uncertainty of 2.8 ps™
quadratically summed with the experimental error of 0.022 ps~! allows us to deduce a confidence

interval for AMp, equal to:
AMp, € [12.7, 22.7] ps~" given at 20 (95%CL) (4.28)
Then again, one sees that the error is completely dominated by the theoretical uncertainty.

BR (BE — ,u,u): The third constraint considered is the rare muonic decay of the B? meson, B —
pTp~. This process is very interesting to search for NP effects as it is clean theoretically. In particular,
hadronic uncertainties are kept under control [J6]. Beside in the SM, as the final state is purely leptonic
and the initial state is a pseudoscalar, the decay in question is strongly helicity suppressed in view of
the smallness of m,, and equally importantly, do not receive photon-mediated one loop contributions
[103]. As for the BY — E{: mixing, tree level exchanges of neutral scalar bosons can contribute to this
process in extension of the SM and, in particular in the MSSM with general flavor mixing. Especially,
penguin diagrams mediated by scalars and pseudoscalars can contribute significantly in the large tan 3
region. This process has been measured for the first time by the LHCb collaboration in 2013 [104]
with a 3.50 significance. The latest value reported by the HFAG group reads:

BR (B = pTp™) = (3.14£0.7) x 107° (4.29)
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Figure 4.3 — One amplitude contribution to the transition b — sy generated via chargino exchange.
The crosses denote mass insertions.

to be compared with the SM value [105]:

BR (B = ptp™) g, = (3.56 £0.17) x 1077 (4.30)

which is in excellent agreement with the measured value, thus leaving once again little room for new
physics effects. We have decided to include a theoretical uncertainty of +-0.29 x 107°, taken from [100].
These two sources of uncertainties, when quadratically summed, allows us to deduce a 20 confidence
interval on that observable, equal to:

BR (B — ptp~) € [1.02,5.18] x 1072 given at 20, (95%CL). (4.31)

BR(B — X¢7v): The fourth observable to be considered is the inclusive branching ratio of the B meson
decay B — Xgy where X, represents any hadronic system containing a strange particle. Beside, the
inclusive branching ratio of the hadronic process is known to be equal to a good precision to the
branching of the partonic transition b — sy due to the heavy-quark hadron duality [106]. The crucial
point is that this transition b — sv is loop-generated in the SM and most of its extensions. This
loop suppression makes this observable sensitive to NP contribution and, in contrast to tree-level
FCNCs mediated by neutral bosons and scalars (see fig. 4.2), this observable depends on the masses
and couplings of the new heavy fermions. For instance, in the MSSM, magnetic and chromagnetic
operators can be generated in the low scale theory. These effective operators can contribute to the
b — s+ transition through loop diagrams mediated by gauginos and hence, can enhance significantly
the branching ratio above its SM value, even in the case of small to moderate tan S (see [107]). As an
illustration we have represented in fig. 4.3, the one loop amplitude generated by chargino exchanges,
contributing to b — s7y. The latest HFAG value gives:

BR (b — s7) = (343 +£22) x 107° (4.32)

If one includes a theoretical uncertainty of 423 x 10~% obtained from [105], which takes into account
NNLO QCD effects, one gets to the following 20 confidence interval:

BR (b — s7) € [279,407] x 107% given at (95%) CL (4.33)

BR (7 — p7y): The last flavor constraint to be considered is the charged lepton flavor violating (cLFV)
transition 7 — py. This observable has to be seen as the leptonic counterpart of the b — s transition
discussed above. Also our analysis is focusing on the hadronic sector, we have decided to include
this constraint as our model is SU(5) symmetric at high scale, thus correlating flavor violation in the
hadronic and leptonic sectors. This process violates explicitly the electronic as well as the muonic
numbers. Thus in the SM, this process is sufficiently small so that it can never be observed. Further-
more, this process is very efficient in constraining the new sources of leptonic flavor violation predicted
by the extensions of the SM, especially in a Grand Unified framework [109]. For now, cLFV has never
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been observed and only upper-bounds have been set, most recently, by the BELLE [110] and BABAR
[111] experiments. The result reads:

BR (T — ) < 4.5 x 107® given at 90% CL (4.34)

As stated above, this branching ratio is strongly suppressed in the SM. Especially, being loop-
generated, 7 — w7y is both GIM suppressed and suppressed by the tiny neutrino masses. Typi-
cally, using known oscillation parameters from the PMNS matrix, one can estimate that in the SM,
BR (1 — py) < 10754 (see [112]), well below the reach of any foreseeable experiments. Thus any
observation of cLFV process would clearly indicate the presence of NP effects.

Table 4.2 summarized the different constraints taken into account in the numerical analysis with
their associated 2o confidence interval. To conclude this subsection, we would like to stress that, as we
have seen, in many flavor observables, the error is completely dominated by the theoretical uncertainty
thus limiting the predictability of these observables on NP models. This is due to several factors.
Mainly, the accuracy of theoretical computations is limited by the unknown higher order corrections
that one neglects when a perturbative computation is done, as well as by the numerical uncertainties
originating from lattice computations. Increasing the accuracy of loop computations and of lattice
numerical results is hence a crucial task to be able to discriminate the different models of NP in view
of experimental data.

4.3.3 Results
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Figure 4.4 — The asymmetry As3 (black solid line) together with the 20 exclusion bands from A Mpg
(blue dashed lines) and BR(B? — ppu) (red dashed-dotted lines) evaluated in the reference scenario of
tab. 4.1 for the case of low tan § = 10. The grey area represents the allowed zone once all constraints
are taken into account.

In this section, we would like to present the results of the scan on the 2 — 3 mixing elements of
the trilinear couplings. We have considered two cases, depending on the value of tan 8. The figures
4.4 and 4.5 are the results respectively in the low tan 8 = 10 and high tan 8 = 40 regimes. The
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black thick isolines represent Assz given at Q = 1 TeV and expressed in percent of the SUSY scale

Mspysy = \!%Tr{M%}. The colored lines represent the 20 exclusion bands on the parameter space
of the different flavor constraints (see table 4.2 and subsection 4.3.2). The grey area represents the
region which survives once all constraints have been taken into account. A few remarks have to be
formulated here.

First, it might be surprising that we have restricted the analysis to a single high scale reference
scenario (see table 4.1). However, we have checked that the results presented in figures 4.4 and 4.5
depend only mildly of the high scale reference scenario, provided that one stays inside the GUT scale
parameter space which leads to physical TeV scale spectra, i.e. one asks for tachyon-free spectra and
correct EWSB.

Secondly, as can be seen from figures 4.4 and 4.5, we have restricted the range of (Ayr)23 and (Ap)as
to [(Av)23| < 600 GeV and |(Ap)23| < 400 GeV. This might seems quite stringent, however we have
checked that outside this region the mass spectrum falls into a tachyonic regime.
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Figure 4.5 — Same as figure 4.4 for the case of high tan 8 = 40. The green dotted line represents the
20 lower bound on BR(b — s7v).

We want now to discuss the effects of the constraints on the scan starting with the low tan g
regime. We see on figure 4.4, that the leading constraint is AMp,. Also, we see that AMp,_ is roughly
independent of (A7), in the low tan 3 regime. This can be explained by the weakness of up-squark loop
effects in the low tan [ regime. As we have chosen real soft breaking parameters, the K meson mixing
parameter €x does not constitute a stringent constraint and we find in most of the parameter space
€K/ E%M ~ 1. Note also that in this regime, the 20 exclusion band of BR (b — s7) is outside the region
scanned. More interesting is the high tan 3 regime. Indeed, in this regime, up-squarks contributions to
loop effects become important. For example, one sees that, the lower bound of BR (b — s7) increases
significantly and closes the region (Ay)ys 2 130 GeV. Beside, both the BR (BY — pp) lower bound
and the AMp_ upper bound closed a significant region of the parameter space.

In both regimes, BR (7 — p7y) never exceeds the experimental upper limit in the region scanned as
we took a diagonal Mg at the GUT scale. Also, due to the large negative value of the stop trilinear
coupling (Ay)s3 = —1.5 TeV, the SM Higgs mass does not depend strongly on the value of (Ay )23 or
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Figure 4.6 — Evolution of the TeV scale asymmetry A% as a function of (Mé)gg. The same reference
scenario than in subsection 4.3.1 has been used, except that now, the relevant GUT scale soft mass
term is authorized to vary and the off-diagonal elements of the trilinear couplings have been fixed to
vanishing values.

(Ap)23 and is found to be about mpo ~ 124 GeV in the region scanned. This result is consistent with
the latest ATLAS measure, mp, = 125 4+ 0.41 (sys-+stat) GeV [113] if we remember that a theoretical
uncertainty of ~ 3 GeV has to be quadratically summed with the experimental error (see [114] and
subsection 4.3.2).

Coming back to the value of the asymmetry, we see that A23 never exceeds Asz ~ 5% of Mgysy
in both the low and high tan f regimes, while staying at the level of a few percents in a large part of
the parameter space. During the LHC era, testing A, at such level of accuracy will be most probably
difficult. Hence, the theoretical uncertainty As3 induced from the running between Mgyt and Msysy
is kept under control and does not seem to constitute a limited factor which would spoil the SU(5)
tests to be proposed in the rest of this work.

4.3.4 Stability of the soft sector: the M2 = M} case

As certain tests that will be proposed in this chapter will also rely on observables implying elements of
the chirality conserving diagonal blocks of the up-squarks mass matrix, we would like to also comment
on the stability of the SU(5) symmetry relation M‘% — M} during the running toward the TeV scale.
In the same way that we have defined the asymmetry A;; in the trilinear sector (see eq. (4.22)), one
can define a TeV scale asymmetry in the soft mass sector as:

(m3), - (3),
M_ T .. (4.35)

We have used exactly the same reference scenario as in subsection 4.3.1, except that the off-diagonal
elements of the trilinear couplings A, and A have been set to vanishing values. We have investigated
the value of this asymmetry by performing different scans on the elements of Mé at the GUT scale,
again assuming SU(5) boundary conditions at the GUT scale, i.e. M3 = M7. Here we would like to
present the results in the (2,2) and in the (2, 3) sectors.

Figure 4.6 presents the TeV scale asymmetry .Ag[g given as a function of the GUT scale parameter
(Mé}gg, and expressed in percents of Tr{M2} (see eq. (4.35)). We see on that figure that the

76



AN(Q = 1TeV)

0 5 10 15 20 25 30

(M)32(Q = Mgur) x10*°GeV?

Figure 4.7 — Evolution of the TeV scale asymmetry A%’g as a function of (M%}gg.

asymmetry reaches a maximum of ~ 7.0% for a vanishing (M%)22 and decreases when the soft mass
term increases. We have scanned on the range (M%)zz € [10%,107] GeV? since outside this interval the
spectrum falls into a non-physical regime, due to the presence of tachyons in the low scale spectrum.

Figure 4.7 presents the TeV scale asymmetry A% given as a function of the GUT scale parameter
(Mé}gg, and expressed in percents of Tr{M2Z} (see eq (4.35)). Here the asymmetry increases with the
GUT scale mixing term until a maximum of ~ 5% is reach. Note also that the scan have been done on
a range (Mé)32 S [3 x 103,3 x 106] GeV? much narrower than in the (2,3) sector. This seems quite
intuitive, as it is well known that large mixing terms can quickly lead to a problematic phenomenology.
In particular, we have checked that if (Mfg}_gg > 3 x 10%GeV?, the squark contributions to SM loop
processes become too important, driving the elements of the CKM matrix outside of their experimental
measured values.

A very important remark to be made is that this asymmetry is completely spoiled in the (3,3)
sector. Indeed, we have checked that A}; can reach ~ 50% of the SUSY scale Msysy = Tr{M2}, this
fact being due to the large value of the top Yukawa coupling which makes these soft terms running
steeply.

All the plots which are presented here have been obtained imposing a low tan/ = 10 regime.
However, we have checked that increasing tan 3 to a large value does not change significantly the
results, the asymmetry in the different sectors staying at the same orders of magnitude.

Finally, all the flavor constraints of table 4.2 have also been imposed in these scans and turned out
to be satisfied at 20 on the entire ranges scanned in figures 4.6 and 4.7.

In conclusion, the SU(5) symmetry relation Mé = Mgr stays well preserved at the TeV scale only
for the first two generations, the low scale asymmetry introduced by the running in the (3, 3) sector
being important in front of the SUSY scale due to the large value of the top Yukawa coupling. So from
now on, each time that we will invoke the SU(5) hypothesis M, 5 ~ M, gr on low scale spectra, it will be
understood that this is assumed to hold only for the first two generations.

4.4 Strategies and tools for testing the SU(5) hypothesis at the TeV
scale

Any strategy that can be set up to test the SU(5) relation Ay = Ag necessarily relies on a comparison
involving at least two up-squarks. Apart from this relation, the squark mass matrix is in general
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arbitrary, so that each of the six up-type squarks can take any mass. Some of the squarks may be
light enough to be produced on shell at the LHC while others may be too heavy so that they can only
be produced off shell in intermediate processes. As a result, a panel of possibilities for setting SU(5)
tests will appear, depending on the exact feature of the up-squark spectrum. It can be convenient to
split the possibilities of SU(5) tests into three categories, depending on whether the test involves only
virtual, both real and virtual, or only real up-type squarks.

It is the aim of this section to outline the tools that we are going to need to build SU(5) tests in the
next three sections. Note that SU(5) tests on virtual up-type squarks will necessarily involve one-loop
processes since, in this work, we are assuming that R-parity (see subsection 2.5.1) is conserved at all
vertices. In contrast, SU(5) tests on real squarks can in principle rely on tree level processes only.
Dealing with the eigenvalues and rotation matrices of the full 6 x 6 mass matrix is in general rather
technical, and may constitute an obstacle on the quest for simple SU(5) relations among observables.
However, depending on the pattern of M%, two expansions can be used to simplify this problem.

First, if the splitting between the eigenvalues of M?j is small, the so-called Mass Insertion Approx-
imation (MIA) can be used (see [115]). Basically, it consists in a Taylor expansion of the propagators
into Feynmann integrals. This expansion is done with respect to small eigenvalues-splitting parameters
Aﬁifj =m? — ?’ﬁ? normalized to an appropriately chosen average mass scale mg-. This expansion will
be developed in subsection 4.4.2.

The second approach that we are going to use to simplify the handling of M% consists in an Effective
Field Theory (EFT) applicable if the up-squark spectrum presents a sizable gap mass. Indeed, in this
framework, an arbitrary number of heavy up-squarks can be integrated out of the MSSM Lagrangian.
This results in an effective low energy Lagrangian for light squarks, way more practical to use. This
framework will be developed in subsubsection 4.4.1.3 and will turn out to be very useful, especially
when building SU(5) tests dealing with natural SUSY spectra (see sec 4.6).

It is clear that the feasibility of the SU(5) tests we will setup depends crucially on the amount of
data available - whatever they involve real or virtual up-squarks. This feasibility needs to be quantified
using appropriate statistical tools. All relevant statistical tools will be introduced in subsection 4.4.3.
Whenever a SU(5) test can be obtained through a definite relation among observables, we will use a
frequentist p-value [116] approach in order to evaluate to which precision this relation can be tested
for a given significance and amount of data.

4.4.1 Effective fields theories

In this section we would like to give a brief overview of the notion of Effective Field Theory (EFT) as it
will be useful in the rest of this chapter. We start by presenting the idea behind the construction of an
EFT in the simplest case of a scalar field theory. We continue by having a closer look to dimension-6
operators in a SUSY EFT. These will play a prominent role in the construction of the SU(5) tests of
section 4.5. We end this subsection by presenting a tree-level effective theory applicable if the up-type
squarks spectrum presents a sizable mass gap. This EFT, that we have developed, will be very useful
in sections 4.6 and 4.7. Many good pedagogical introductions to EFTs can be found in the literature.

In particular, we refer to the references [117].

4.4.1.1 Generic idea

The core idea behind the notion of EFT is the following. All collider experiments are limited by an
intrinsic upper-bound on the energy they are able to reach, at least directly, via on-shell processes.
For example, the LHC is designed to reach a maximum energy of 14 TeV in the proton-proton center
of mass frame. If one took into account the effects of parton PDFs in the proton, that means that the
energy in the hard scattering process will be limited to a few TeV only. Hence, we see that particles
with masses of say, 100 TeV, will play absolutely no direct role in the physics to be probed at the LHC.
Even if one is able to construct a complete theory describing both d.o.fs with masses of O(1) TeV and
masses of O(100) TeV, it will be desirable to shrink this theory to a less-ambitious one, which only deals
with d.o.fs in the energy range we are interested in. Indeed, although all physical quantities relevant
for LHC physics are in principle computable in the complete theory, generically, computations will be

78



easier to carry out in an EFT. Beside, if the gap between the heavy and light states is sufficiently large,
the error made by using the EFT instead of the complete theory will be negligible.

Let us take the example of weak interaction. We know from chapter 1 that the complete, renormal-
izable theory of weak interaction is a gauge theory based on the group SU(2)r, x U(1)y. However, as
long as we are interested in processes which take place at an energy below the weak bosons mass scale,
quantities such as the muon lifetime 7(u) or the electron-electron scattering cross-section o(ee — AB)
will be easier to compute in an EFT in which the weak bosons are decoupled. Such a theory has been
constructed by Fermi in 1934 [11%] long before the discovery of the weak bosons, and continues to be
of great help, even though the SM has been developed since.

Reciprocally, if one has at hand a renormalizable theory £g which is assumed to be incomplete, for
instance, due to naturalness reasons, one can parameterize in a model-independent way the effects of
the unknown, high scale physics, by adding non-renormalizable operators Ly g to the core Lagrangian
Lp. The resulting Lagrangian L.;;y = Lp + Lyg will be again an EFT. This EFT will be perfectly
fine as long as we use it at energies below the cutoff energy, at which the effects of the new physics
are supposed to manifest themselves. For example, if SUSY is asked to provide a solution to the
hierarchy problem, one knows that the SM, seen as an EFT, has to break down at the TeV scale where
s-partners must appear. Another example of EFT whose Ultra Violet (UV) physics is unknown can be
found in SUSY GUTs. Indeed, SUSY GUTs are assumed to be EFT, valid only up to the GUT scale,
above which new physics effects are supposed to appear, perhaps linked to string theory, to properly
incorporate the quantum effects of gravity. In the present work, we will be mainly interested in the first
case, where the EFT is deduced from a larger, renormalizable SUSY theory supposed to be known.

We want now to adopt a more formal approach and give the generic recipe to construct an EFT
from a renormalizable theory, restricting for simplicity to the case of a scalar field theory L£(¢,0,0).
This recipe goes through three steps:

1. First, we remind that a scalar field ¢(z) can be Fourier expanded in term of ladder operators
ap, a;ﬂ as:
dp 1 i ;
z)= | ——— (ape™ + aTe_wm) 4.36
(,?5( ) (2?1,)3 \/m ( P yil ( )
where wy is the frequency/energy of the mode p. Then, the first step consists in picking a mass
scale A. This mass scale allows to divide the fields of the theory ¢ into two types:

¢ = oL+ om (4.37)

where ¢, contains the low-energy Fourier modes (wr, < A) and ¢y contains the high-energy
modes (wy, > A) in the expansion (4.36). In fact, A represents the upper-bound of the energy
range in which the EFT makes sense. Above A, the EFT will be of no use, and will give
inconsistent results. This is perfectly fine as an EFT being "effective" is only physically relevant
in a given, finite, energy range. Low energy physics, in which we are interested, can be then
entirely described in terms of the ¢ fields. Everything we wish to know on the low energy
physics (scattering amplitudes, decay rates etc...) can be computed from Green’s functions of
these light fields. These functions take the form:

1 ) )
0T z1), -, bp(z,))}0) = i (i) z1J, 438
O (onten). - oue0 = g (S ) iz ) 2, @99
where the generating functional Z[J;] is given by:
Z[Jy) = /D¢LD¢HeiS(¢L,¢H)+iIdDmJL(E)rﬁL(ﬂf) (4.39)

and where S(¢r,¢0n) = [ dPzL(z) is the action of the theory, D the dimension of space-time
and Jy, are source terms for the light fields.
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2. The second step consists in computing the path integral over the high-frequency fields ¢g in eq.
(4.39). If we define the Wilsonian effective action as:

iSA(6L) — / DeetSor.om) (4.40)

one gets to:

Z[J) = /'DéLe@SAéLHdei"JL(i“)fﬁL(E) (4.41)

which does not depend on the heavy fields anymore. Sy (¢r) depends by construction on the
choice of cutoff A used to split the low-energy modes from the high-energy modes. Note that,
this path integration comes at the price that, on scales Az# = 1/A, Sa is non-local anymore.
This operation of removing the heavy fields of the theory is often referred to as "integrating out"
the high-frequency modes of the functional integral.

3. Finally, during the third step, we have to take care of the non-locality of Sy (¢r). To do so, we
will expand S (¢r) in terms of local operators composed of light fields. This expansion is called
the (Wilsonian) Operator-Product Expansion (OPE) [119]. The OPE is only possible because
E << A by assumption. The result can be cast in the form:

Sa(¢r) = f dPzLs (z), (4.42)

where

£ (@) = Z CiQi(4r(x)) (4.43)

is the "effective Lagrangian" and is composed of an infinite sum over local operators (); multi-
plied by coupling constants C; called "Wilson coefficients". The Wilson coefficients contain all
information about short-distance physics beyond the energy scale A. In general, all operators
allowed by the symmetries of the low-energy theory are generated in the construction of the
effective Lagrangian and appear in the sum. Thus, an effective Lagrangian constitutes a useful
tool to describe low energy processes in a model-independent way.

4.4.1.2 One-loop effective operators

After having outlined the general construction of an EFT, we would like to focus on a specific type
of EFT, namely SUSY EFT. Indeed, starting from a MSSM Lagrangian, if the up-squarks spectrum
is heavy enough, the heavy squarks can be integrated out, resulting in a low-energy Lagrangian that
contains the SM plus other light SUSY particles. But, we have checked that using other light s-partners
to test Ay =~ Ag does not provide attractive possibilities. In particular, gauginos are flavor-blind and
bottom squarks depend on their own flavor structure.

Instead, we focus on the case where the entire SUSY spectrum is heavy and can be integrated
out. If the SUSY scale Mgysy is high enough, the procedure outlined in subsubsection 4.4.1.1, when
applied to the MSSM Lagrangian, results in the following effective Lagrangian:

Lepr=Lsm + LD +L£O) 1 01 /My gy). (4.44)

In equation (4.44), Lgys is the SM Lagrangian and £(™>4) represents non-renormalizable operators
of dimension n. We can truncate L.s; at order O(1 /Mng gy ), because effective operators with dimen-
sion larger than 6 are not relevant for our present study. The dimension-6 Lagrangian takes the form:

® =% _* o, (4.45)
i MSUSY
where the a; are the dimensionless constants associated to the operators O;. This Lagrangian contains
59 independent operators, which have been first fully classified in ref. [120].
Now, we would like to go further, and restrict this set of 59 operators to only a few ones, which
will be potentially useful to build SU(5) tests. Mainly, we are looking for operators satisfying two
conditions:
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e At least one up-type trilinear vertex (AU)gjhuQi{}j should be present in the operator, as it
encloses the SU(5) relation we want to test.

e Fermions on the outgoing legs should be present, in order to access information on the flavor
structure of the (Ay);; coupling.

These two requirements naturally lead to the sector of up-type flavor-changing dipole operators of
the form:
Ovij = @i0™ wiHuViw |y (4.46)

where V = (G, W, B) are the three Gauginos and o*¥ = % [v*,7"]. The key point to obtain a test of
the SU(5) hypothesis is to be able to distinguish between (’):‘: i; and (’):‘: ji- The generation of these
operators and the possibilities they offer to build a SU(5) test will be discussed in section 4.5.

4.4.1.3 Tree-level up-squark effective theory

Although the pattern of squark masses is arbitrary in full generality, a likely situation is that the masses
exhibit some hierarchy. This is favored from naturalness considerations, from LHC bounds, as well as
from certain classes of models. In such a situation, the physics of light squarks can be conveniently
captured into a low energy effective theory, where heavy squarks have been integrated out. To do so,
one has to look at the up-squark mass term in the MSSM Lagrangian:

Lo Mia (4.47)
given in the SCKM basis, 4 = (ﬁ;L, ér.tr. iR, ER,tMR). Let us reorganize this term as:
_ _ - M2 M2\ (¢
£ atMia = o' MEe — (4, 41) ( s MQ) (i) : (4.48)

Here, ¢ (resp: g?)) is a column vector which contains the light (resp: heavy) up-squarks of the
spectrum.
The relevant piece of the corresponding Lagrangian has the general form:

Lo |Dd] — ot M2® + (o.;f; + 06 + h.c) (4.49)

where O (resp: O ) is a row vector containing all the interactions of the light (resp: heavy) up-
squarks fields with the other fields of the MSSM Lagrangian, that are potentially exploited to probe
the up-squark sector.

Let us compute the Euler-Lagrange equations of motion (EOMs) of ¢ and (;AB

These EOMs take the form:

9%¢t + TN + T = O (4.50)
9%p+ M+ M?¢ = Of (4.51)
where 02 = 0,0% is the d’Alembert operator. One can then go to momentum space with the replace-

ment §2 — —p? in equations (4.50) and (4.51). As the mass matrix M is invertible, one can set these
equations to the form:

. 126 — OF

b= M2¢' A(Z (4.52)
p*— M

. a2t — o

grogM” -0 (4.53)
p2_M2

Assuming that the norm of the heavy squark mass matrix M2 is large with respect to the typical
momentum scale p? at which the theory is probed:

~ ~ 2
1372 = |3 |i13,| " >> #, (454)
1,3
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the propagators in equations (4.52) and (4.53) can be Taylor expanded. Then, plug in these equations
into the up-squarks Lagrangian (4.49), after a little bit of algebra, one is left with the following effective
Lagrangian of light squarks:

s n - 1 o n -
Leg = |D)* — ¢! [M2 — MAM2M? - §{M2TM_4M2, MQ}} é

4.55
O ot vr—a 172 ( )
EM M™7M?*| ¢+ h.c

; [o — 0 (M2 - 311p?) s -
where the heavy squarks have been integrated out of the theory. Note that, in the derivation of eq.
(4.55) a field redefinition:

1wy -
d — (11 - §M2TM_4M2) ® (4.56)

is needed in order to canonically normalize the kinetic terms of the squarks. The {,} denoting here
the anti-commutator. In this effective Lagrangian, we have kept only the leading and subleading terms
of the p2M 2 expansion relevant to build SU(5) tests. The effective Lagrangian (4.55) contains in
principle higher dimensional couplings and derivative terms, which are either subleading or irrelevant
for the observables we are going to consider, and are thus neglected.

From eq. (4.55), we see that flavor violating couplings of the light squarks enter at first order and
are controlled by M~2M?2. The flavor-conserving couplings will instead be modified at the second
order. The mass matrix M?, associated to the light squarks, receives a correction independent of
M? at first order, and corrections proportional to M? at second order. The imprint of the heavy
up-squarks in the Lagrangian of eq. (4.55) appears as corrections to the masses and couplings of the
light up-squark states. Physically, these corrections have to be understood both as tree-level exchange
of heavy up-squarks, and as the first term of the expansion with respect to the small parameter that
describe mixing of heavy and light squarks. We emphasize the fact that the EFT developed here is
applicable whatever the number of heavy up-squarks is contained in (;AB, while the others are assumed
to be light enough to be accessible at the LHC.

4.4.2 Mass-insertion approximation

Supersymmetric models generically predict new sources of flavor and CP violation not present in
the Standard Model. In particular, FCNC processes are present, for example through loop diagrams
mvolvmg squarks and gauginos or Higgsinos. These occur via vertices of the type ¢; q; V where V =

{G W B Hu s/a} and g;, gj share the same electric charge. These processes are severely constrained
by physical observables such as ex or BR(b — s7v). Note that obtaining perturbative expressions for
these obervables, in terms of the fundamental parameters of the Lagrangian, is not straightforward.
In particular, one has to deal with the diagonalization of the full 6 x 6 squark matrix. From a
phenomenological point of view, it is thus desirable to find a procedure which allows to easily translate
the bounds given by experiments on constraints upon the fundamental SUSY parameters, such as the
elements of the mass matrices or the squark mixing angles.

The so-called Mass Insertion Approximation (MIA) (see [121], [122]), allows one to do exactly this
task. Basically, it consists in a Taylor expansion of the superpartners propagators inside Feynman
integrals. In the MIA, the up-squark mass matrix can be written in terms of the mass insertion
parameters (5:14 N )t,j., where M, N = L, R denote chirality indices, as follows:

5LL 5LR
MG~ mg []l + (5RL 5RR)} (4.57)
where m% = %Tr (M%) is an average squark mass and 53’{ N are 3 x 3 matrices in flavor space, for
example:
51EL)14 (51%15)15 (5£L)15
655) = | (00" )os (60505 (60%) 06 (4.58)
(%% )as (005)as (50%) 3



Beside, we have 62 = 5LR)JF due to the hermiticity of M2.
Going back to the SU(5) relation Ay =~ Ag we are interested in, it translates on the chirality
flipping, flavor violating, mass insertion matrices as:

5= (™7, (4.59)

or equivalently, in terms of the generation-mixing entries:

(0512 = (6521, (82%)a1 = (65 )13, (85%)32 = (65F)as. (4.60)

Following [122], in what follow, we would like to work-out the explicit expression of the mass
insertion parameters. However, for the sake of simplicity, we will restrict the discussion to chirality-
conserving parameters. In the mass basis, the chirality-conserving insertion mass parameters take the
following form:

(68) 110y = mig (R%). (REs )m Am2. (4.61)

where R¥ is the mixing matrix which rotates the up-squarks to their mass eigenstate basis, m2 =

q
113 2 2 _ .92 9
3 Dot me and Amqa =m; —mg.

Assume that the following two constraints are satisfied:

(r7) (R’E) <|(r7). (Rﬁ) - |(R7) (Rﬁ) Am | < | (R7) (Rﬁ)* Am? .| (4.62)
ik jk ij ji ik gk W% ij g %
where there is no summation over 7, j, k and Am2 d; = mg - m(j Then, an effective two generations
framework can be used, in which the expression of the 0;;’s Slmphﬁes to:
Am?2 *
P P —— L (R” ) (R” ) . 4.63
) uns = ™ (RE), (R),, (163

In a two generation framework, a wise choice consist in using the mass scale mgz = % (mﬁi + mqj) as it
has been shown to improve the accuracy of the MIA [121].

We would like to stress a point here. The MIA is often viewed in the literature as an expansion in
terms of small off-diagonal, flavor violating, mass terms i.e., the expansion parameter is taken to be
8ij = Aij/ mé where A;; is an off-diagonal element of M% This is a more restrictive expansion, and it
has to be seen as a special case of the MIA as defined here. Indeed, we see from eq. (4.61), that one
can obtain 0% << 1 via two different ways. Either the mixing angles R;; are small, which is referred
to as alignment, or the mass matrix is nearly degenerate Am?ia / m% < 1. Indeed, in the alignment
paradigm, the quark and squarks mass matrices are nearly simultaneously diagonal in the SCKM
basis. This in turn suppress SUSY contributions to FCNCs processes without requesting degenerate
mass eigenstates. Alignment can be for example achieved when one constructs SUSY models with
non-abelian flavor symmetries [123]. This being said, it is possible to define a MIA even though the
mass matrix is not degenerate as long as the mixing angles are sufficiently small to compensate the
hierarchical structure of M2 [121]. However, we will not consider this case here and we will consider
that the MIA applies only when the squark spectrum is nearly degenerate i.e. we ask Aﬂ%écx / mé <1
as the condition of validity of the MIA.

The MIA is commonly used in the broken electroweak phase with (H) = v/v/2 # 0. However, the
effect of electroweak symmetry breaking in the mass matrix is small by assumption, as it participates
in splitting the eigenvalues. In particular, this is verified whenever Mgsysy >> U/\/§ Therefore
electroweak breaking does not correct substantially the mean squark mass m4 by construction. As
a result, the MIA can also be used in the unbroken electroweak phase. In this case, the VEVs have
to be replaced by the original Higgs fields. Electroweak symmetry breaking appears in the squark
mass matrices exclusively through the chirality-flipping mass insertion parameters SR and §RL. More
precisely, the latter are proportional to the VEV according to SLRRL o v/Msusy, while the chirality
conserving ones are not. Thus, the use of the parameters 6/ and §%% remain unchanged in the

83



unbroken phase. In contrast, for the chirality flipping, flavor violating, mass insertions we are interested
in, we have to replace:

(3LRy - L (51m) (464)

ij?
for i # j. This is also a way to recover the physical Higgs boson in the complete mass matrix eq.
(4.11).

4.4.3 Statistical tools

In this subsection we would like to introduce the statistical tools needed for the rest of this work.
All discussions presented here will be developed in the context of the frequentist interpretation of
probability theory.

In frequentist inference, the probability of an outcome of an experiment is defined as the relative
frequency of that event to occur in the limit where the experiment is repeated an infinite number of
times. For example, consider a discrete random variable X which can take values X = {z1,....,zx}. If
N is the number of times that X has been sampled, and N(X = z;) is the number of times where the
random variable X has indeed picked the value z; during the N trials, then P (X = 1) is defined as:

P(X —2)) = lim YK =21

N—oo N (4.65)

Clearly, the frequentist interpretation assumes that an experiment can be repeated a sufficiently number
of times with uncorrelated outcomes, so that the limit (4.65) can converge.

An alternative interpretation of probability, which allows to define a probability when this last
condition is not fulfilled, the Bayesian interpretation, will be discussed in the next chapter.

The rest of the section is organized as follows. In subsubsection 4.4.3.1, we introduce the notion of
p-value, which is central in (frequentist) hypothesis testing, through one simple but intuitive example.
In subsubsection 4.4.3.2, we proceed by introducing the notion of ezpected precision. This last quantity
will play a central role as it will allow to quantify the feasibility of the SU(5) tests to be proposed in
the rest of this chapter. A very good review of all notions covered here can be found in ref. [116].

4.4.3.1 p-value

Assume that the data of an experiment are described by a continuous variable X. Let us recall
that a statistical hypothesis consists in specifying a Probability Density Function (PDF) supposed
to describe correctly the outcomes of X. If one has at disposal two hypothesis noted Hy and Hi,
the p-value asks the question of the exclusion of one of these two hypothesis, for example Hyp, called
the "null hypothesis", with regards to the data. Thus, the p — value is defined as the probability,
under the assumption of the null hypothesis, to obtain a result equals to, or more extreme to what
was actually observed. For example, if the outcome of an experiment results in X taking a value z,
then the p-value is defined either as P (X > z|Hp) (right-tail event), P (X < z|Hp) (left-tail event) or
2min (P (X > z|Hy) , P (X < z|Hp)) (for double-tail event). If that p-value is smaller than a certain
threshold value, called the level of significance, one can exclude the null-hypothesis. The level of
significance is purely arbitrary. In high energy physics, the consensus wants that the null-hypothesis
can be rejected if the p-value is found to be less then o = 0.05 (5%).

Let us take an example !. Consider an experiment set up to determine if a coin is fair or not.
Assume that the coin has been flipped 20 times and that over these 20 times, the coin has turned up
heads 14 times. Here, the null hypothesis would be that the coin is fair, i.e. P(Heads) = P(Tail) = 0.5
and the statistical test is the number of heads. If we consider a right-tailed test, the p-value of this
result is the chance of a fair coin landing on heads at least 14 times out of 20 flips. This probability
can be computed from binomial coefficients as:

1 [(20 20 20
P(NHeas > 14) = 555 [(14) - (15) +ooe (20)} ~ 0.058 (4.66)

1This example has been taken from en.wikipedia.org/wiki/P-value.
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This probability is the p-value, considering only extreme results which favor heads, resulting in an
one-tailed test. On the other hand, it would also have been possible to define a two-tailed test, which
take into account the significance of the deviation in both directions, favoring either heads or tails.

Here the p-value test exceeds 0.05, so the observation is consistent with the null hypothesis, as it
falls within the range of what would happen 95% of the time were the coin in fact fair. Hence, we fail
to reject the null hypothesis at the 5% level. Although the coin did not fall evenly, the deviation from
the expected outcome is small enough to be consistent with statistical fluctuations.

4.4.3.2 Expected precision

If the SU(5) hypothesis implies that a certain set of observables, for example some LHC event rates,
are constrained by a simple relation at the TeV scale, then one can use a p-value test to evaluate the
potential of this test. In this context, the null hypothesis is that the GUT scale is symmetric under the
SU(5) group. Assume that, if the null hypothesis is true, there is a relation R (O;) among observable
quantities O;, that satisfies:

ER(O;)] =0 (4.67)

with E the expectation operator. Here, R(z) is a continuous random variable, which depends on a
(continuous) parameter z. We use a p-value test to quantify whether or not the observed value of
R, denoted R, is compatible with zero. This test is not trivial to perform in general but simplifies
whenever the PDF of R can be approximated by a half-normal distribution [124]:

fa(@) =2N (z;0=0,0)0(z). (4.68)

where 6 is the unit step function defined as  (z > 0) = 1 and 6 (z) = 0 otherwise and where N (z; u, o)
is the normalized Gaussian PDF of standard deviation ¢ and mean pu.

In this case, the compatibility of R with the R = 0 (e.g. SU(5)) hypothesis can be expressed in
terms of a statistical significance Z. Suppose that one has computed the p-value associated to the test
R = 0. Then, one can define a statistical significance from p via the following formula:

Z=&11-p) (4.69)

which translates the p-value into a significance given in terms of standard Gaussian deviations. ®~!
is the inverse of the Gaussian cumulative distribution function 2. Whenever R follows a half-normal
distribution of the type eq. (4.68), the significance (4.69) simplifies to (see [116]):
|B|
4 =—. 4.70
. (1.70)
For a given relation satisfying (4.67) and a hypothesized amount of data, one can evaluate the
expected value of o. If one fixes a certain threshold significance value Z, the quantity:

Pz =Zo (4.71)

represents the expected precision at which the relation (4.67) can be tested, at the level of significance
Z. In sections 4.5, 4.6 and 4.7, we will systematically report the value of Pz, for different significance
levels, when a relation like (4.67) will be available.

Let us take an example to be more concrete. Consider the relation:

aXl = bXQ (472)

The X; are assumed to be normal variables, of mean p; and variance crf. Defining R = |aX; — bX5|,

the PDF of R takes the form fgr(z) = 2N (z;p,0) 0 (z), where the mean is g = ap; — by and the

variance is given by 02 = a?0? + b%02. In order to compute the expected significance defined in eq.

2 We recall that the Gaussian cumulative distribution function ® (z) is defined as ® (z) = /. ;:_OQN (y, p, o) dy with
N (y, t, o) the Gaussian PDF of mean p and standard deviation o.
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(4.71), we use this value of o, under the assumption that the SU(5) hypothesis is satisfied i.e. that
p=0.

In practice, it is useful to normalize R such that E [R] € [0, 1]. The expected precision can then be
expressed in percents. Concretely, having Pz = 20% means that a violation of the relation E [R] = 0 by
20% or more (i.e. E[R] > 20%) can be assessed with a significance of Zo. Beside, using a normalized
quantity makes easier the task to interface SU(5) tests with others studies.

Normalizing R implies that one frequently encounters the random variable |A — B| /|A + B|, where

A and B are potentially correlated. We will use the following notations: py = E[A], up = E [B],
0% =V [A], 0% =V [B] and the correlation coefficient p = % where Cov [A, B] is the covariance

of A and B 3.

These notations allow to tabulate a set of approximations that we have used to derive the expected
precision Py in the different cases to be considered in the rest of this chapter. In the Gaussian limit,
when a ratio of random variable is described by the Fieller-Hinkley distribution [125], one has the
following approximations:

E[A/B]~ E[A]/E [B]

1
V[A/B]~ — (4a0h + #po4 — 2p0A0BLALB

V[(A-C)/(A+0) m;% ~ 4V [A/ (A +C)] with Cov|[A,C] = 0.

Also, for two large number of events Na, N¢ one has Ny,c = pg/c =~ JEUC and the following
approximation holds:

ANANc

VI[INga—N¢|/(Na+Ng)] = (Nat NoP®

(4.74)

4.5 Case I: Heavy SUSY

We can now apply the strategy and tools developed in section 4.4 to build SU(5) tests in various SUSY
scenarios. In this section, we will assume that the SUSY scale is large with respect to the TeV scale
probed by the LHC. This scenario introduces large logarithms into the perturbative series of the Higgs
boson mass, thus increasing the fine-tuning of the model. Hence, heavy SUSY plays, a-priori, against
the MSSM as a solution to the hierarchy problem.

On the other hand, it has recently been shown that the MSSM can accommodate, with a moderate
fine-tuning, a 125 GeV Higgs in such scenarios, when the SUSY scale exceeds 10 GeV [126] with even
better unification than in standard low energy scenarios [127].

In such a situation, it is appropriate to integrate the whole SUSY spectrum. As discussed in
section 4.4, the dimension-six operators that one should scrutinize to test the SU(5) hypothesis are
the up-sector dipoles:

W B
q.0MT! I ij v .
uHyW,, + —=—q,0"u;HyBy,, i#j.
MSUSY
(4.75)

Our ability to build a SU(5)-test relies crucially on distinguishing the chirality of the external SM
fields at some level. The only quark for which this can be done is the top quark, as the lighter quarks
hadronize too fast. Our test has therefore to rely on top polarimetry which itself relies on the chiral
structure of the leading top decay ¢ — bW (see [12¥]).

£(6) ag v H G
1— loop M2 Uj +
SUSY

MSUSY

*We recall that the covariance of two random variables A and B is defined as: Cov [A, B] = E[(A — pa) (B — uB)).
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Figure 4.8 — One loop contribution to dipole-induced top decay via gluino exchange. The photon and
gluon lines are attached to the loop in all possible ways.

We therefore focus only on the dipole operators involving a top quark:

c® DLt Hvpay o H, GO +i— oMT% p H, G
1-loop — 5 r2 Lo URi iyl yy, M2 ULiT Rilylzyy,
SUSY SUSY
W W
++ELJ“”uRiHuW +7uma““TftRHuwj,, (4.76)
2“FI'AFSIELS’Y 2“iil"dr.S‘{LS'Y
B B
+M2 trotup; H, B,u.u + M2 uLe‘J’uutRHuB,u.m
SUSY SUSY

where i = 1,2 as we are only interested in flavor violating processes.

The operators given in eq. (4.75) are generated at one loop by penguin diagrams. They receive their
main contributions from the chargino-down-squark, charged Higgs-down-quark and gluino-up-squark
amplitudes. The latter is expected to dominate as it is enhanced by the QCD gauge coupling.

Moreover, contrary to the case of the down quarks, higher loop corrections in the up-sector from
flavor changing self-energies are tan 3 suppressed [129], so that they cannot become large. We therefore
end up with dipole operators mainly generated by the gluino loop represented on fig. 4.8.

From now on, we assume that the up-squark mass matrix is degenerate enough so that the MIA
applies. The expression of the electroweak and chromo-dipoles operators are then given, in the elec-
troweak unbroken phase and in the interaction basis, by:

1 2
af) _ % 7\/§m§5§£iRF3§ )(mg) _ 5yt5§£iLF§ )(mg) (4.77)
M3ysy — 16m%m] 2400, 36 ’ '
2
ag‘] _ 9193 _\/§m§5 FEW(%) n Yed%; F( ) w (Zg) (4.78)
MZ,sy  16m2m2 300y 9 ’ '
1 2
3:1331' _ 929‘3 _\/5 5LRF( ) (mg) 5LLF( ) (:Bg} (4 79)
M2, s,  16m2m? 180w, 54 ’ |
and the ay3 coefﬁcients are obtained by replacements 0% — 6%% and d5F — 6EE. Here, we have
defined z; . The form factors Fs, Fgw can be found in [115], [107] and are given in the appendix
B. They all satlsfy F(1) =1 and F(z) — 0 for z — .
The above expressions have been deduced from refs [115], [107] and by making use of section 4.4,

in particular using eq. (4.64) to express these coefficients in the electroweak unbroken phase.
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The coefficients of the Dipole EW operators after EWSSB,

T Z
6 al. o _

are obtained by making the following rotation:

()= (= ) (50 e

where ¢, = cos Oy, s, = sin Oy are the cosine and sine of the Weinberg angle.
As already pointed out above, for the purpose of obtaining a SU(5) test, the contributions we are
interested in are the chirality flipped ones §ZE.

The chirality-conserving contributions from §&C

and §BE

are suppressed by a factor yv,/mgz =
mesg/mg with respect to the contributions from 6. This factor is compensated if one considers that
SR vyAu/mf as it is usually the case in SUSY models with soft breaking (see eq. 4.11). However,
the magnitude of the A,-term can be larger that mé (for example from naive dimensional analysis
[130]). One should therefore let 6%% ~ O(1).

Considering usual SU(5) models, one should also notice that the symmetry relation M, 5 = MZ
implies, at the TeV scale:

LL RR
03; = 03 (4.82)

to a good approximation (see section 4.3).
We can now identify the consequences of the SU(5) relation A, ~ AL at the LHC. This relation
implies the following equalities between the coefficients of the dipoles in eq. (4.76):

G G W w B B

Qzy = Qy3, Qzy = (43, Qz; = Q3. (4.83)

Concretely, the dipole operators induce both new top decays and top production modes at the
LHC. These processes will be discussed in subsection 4.5.2.

4.5.1 SU(5) test through single top polarimetry.

We have seen above that measuring the top spin is a necessary ingredient to build a SU(5) test that
distinguishes between the O;{; and Og’; dipole operators. The expected precision associated with such
polarization-based test can be evaluated in a generic way. The top spin has to be measured with some
polarization-sensitive observable z with distribution fz. For example, for the ¢ — bW decay, z can be
the leptonic angle between the top and the lepton from the W™ decay, or the b-quark energy in the
case of a boosted top [125]. The usual way to proceed to get information on the top spin is to split
the phase space into two subsets D = D4 + D_. The total sample of N events is then split into two
subsamples N = lee'Di satisfying:

N=N,+N_, E[Ni=E[N] L fz(2)dz. (4.84)

The choice of D1 is in general a freedom of the analysis, although it is preferable to have Ny ~ N_
to minimize the statistical error. In what follows, we will systematically choose the subsets of phase

space Dy such that E [N, ] = E[N_] if the SU(5) hypothesis is satisfied.

As a concrete example, assume that the distribution fz takes the following form:
fz(z) < (1 + KP;2), (4.85)

with z € [-1,1], k € [0,1] and where P, = +1 is the top helicity. The power of the SU(5) test will
then depend on the power of the spin-analyzing variable k. The lepton angle in ¢ — bW has a maximal
spin-analyzer power, i.e. K = 1 due to the chiral structure of the electroweak interaction. In that case,
z is the top-lepton angle in the top rest frame. For the subdomains of z we choose D4 = [0,1] and
D_ = [-1,0[ which match the usual definition of a forward-backward asymmetry.
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Figure 4.9 — Expected precision Py for top-polarization based SU(5)-tests as a function of the total
number of signal and background events N and B. The spin-analyzing power is fixed to kK = 1. Dotted
(plain) lines denote, respectively 20 (30) significance levels. Blue, purple, orange, and red lines show
then Py 3 = 100%, 50%, 20% and 10% isolines of expected precision.

With all these definitions, we can construct our first polarimetry-based test. Following subsubsec-
tion 4.4.3.2, one can define a normalized asymmetry out of N, and N_:
_ 2Ny —N_|

R=-—"—"—"T" 4.86
;‘iN+—|—N_’ ( )

which satisfies:

lesil? = Jeus?|
 os]? + s ?
Then, assuming B background events for the total signal, the expected precision defined in subsubsec-
tion 4.4.3.2 is equal to:

E[R] (4.87)

(4.88)

and is independent of the event numbers N, N_.

Note that Pz — oo for & — 0 as, in this limit, no spin information is available. The expected
precision is shown in fig. 4.9 as a function of the background and total number of events B and N.
Obviously, the SU(5) hypothesis starts to be testable when Py is lower than 100%.

In the no background event limit, i.e. if B = 0, we see that the hypothesis starts to be testable for
N = 16 at 20 and for N Z 36 at 30 significance. About 144, 900, and 3600 events are needed to test
the relation at respectively 50%, 20% and 10% precision with 30 significance. Clearly, and contrary
to a mere signal discovery, a substantial amount of signal events is necessary in order to start to test

the SU(5) hypothesis.

4.5.2 Existing LHC searches.

Let us now discuss the various LHC processes that we expect to be relevant to perform the SU(5)
test eq. (4.86) described previously. The dipole-induced anomalous top couplings induce the two-body
decays (see fig. 4.8):

t—qy, t—qZ, t—qG. (4.89)

Among these decays, t —+ ¢Z and t — g7y carry information about the dipoles, that can be accessed

through the polarization of the outgoing gauge bosons. The t — gy process has been searched for at
the Tevatron and LHC [131][135-137], the leading CMS bound is provided in table 4.3.
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Dipole coefficients combinations 95% CL limits SUSY
(ledy )2 + [ods]2) " Mysy <0.19 TeV=2 [131] (CMS) 7.1075 TeV—2
(lady? + |ads|?) /% M52y < 0.65 TeV™2 [131] (CMS) 7-1075 TeV—2
(leZ,? + o))" Mgy < 0.68 TeV™2 [132] (CMS) 1-10~* TeV—2
(leZ,)? + [oZ)2)"* Mgy < 3.44 TeV™2 [132] (CMS) 1-10~* TeV—2
(le§2 +1a§2) ? M52, | <0029 TeV—2 [133][134] (ATLAS) | 3104 TeV—2
(leS2 +1a52) P M52, | <0063 TeV=2 [133][134] (ATLAS) | 3104 TeV 2

Table 4.3 — Leading experimental limits on dipole operators. All the limits are given at 95% confidence
level. The SUSY contributions are given for Mgygy =1 TeV, § ~ 1, and tan 3 = 5.

We now turn to dipole-induced top production. All the LHC processes we can consider have the
particularity of featuring a single top in their final state. For a proton-proton collider, the main partonic
processes one can think about are gg — ¢, gg -+ tZ, gg — ty and gg — tq. Apart from the latter,
various LHC searches have already been performed in these channels, see [131-134]. The sensitivities
translated on dipole coefficients are given in table 4.3. The leading bounds on agt-,ﬂ, o:gi,ﬂ, ag,ﬁ come
from CMS and ATLAS searches for rare top decays, top-y production and single top production.

The typical order of magnitude for the SUSY dipole operators is indicated in the last column
of table 4.3. We observe that all these bounds are far from the sensitivity required to probe SUSY
contributions to dipoles, which are loop-suppressed.

For illustration, let us consider the ATLAS gg — ¢ search discussed in refs. [133, 134]. Knowing
the expected background B = 10° and the 95% confident level on |a$|? + |aG|? for L = 14.2 fb™1, one
can readily estimate the event rate by interpreting the significance as *:

7 =S/VB+8. (4.90)

‘We obtain:
(qg — t) ~ 52(|agi|* + oG [*) /My sy P~ (4.91)

Using the typical SUSY-induced values of a% shown in table 4.3, and extrapolating to a luminosity
of L = 3000 fb™!, we find that only S ~ 28 signal events would be collected in this analysis. The
background would need to be drastically reduced in order to achieve Z ~ O(1) significance. A mere
discovery of the SUSY dipoles using these analyses being apparently difficult, applying top-polarimetry
is even more compromised, as a substantial amount of events is necessary, as shown in fig. 4.9.

Beyond these possibilities, alternative kind of processes occurring via proton-proton collisions at
large impact parameter, the ultra-peripheral collisions (see [135] for a review) own a good background
rejection power, and thus might be used to probe SUSY dipole operators with high sensitivity. However,
the possibilities they offer to build SU(5) tests will not be investigated in this work, and we refer to
[27] for further details.

4.6 Case II: Natural SUSY

The heavy SUSY scenario investigated in the previous section, although providing an explanation for
the so-far un-discovery of s-partners at the LHC, has the clear disadvantage to spoil naturalness in the
TeV region in most cases. In this section, we would like to investigate SUSY scenarios, more appealing,
which maintain the stabilization of the electroweak scale while providing a coherent phenomenology.
These so-called natural SUSY scenarios have been first investigated in [64]. In the minimal case,
these scenarios feature a third generation of light scalar squarks, while the other -first and second
generation- scalar partners are kept heavy, thus being integrating-out of the TeV scale theory [139].

*The ATLAS statistical analysis is much more evolved, but we expect this estimation to be enough for qualitative
discussions.
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Natural scenarios have several virtues. First, as already pointed out, they allow to maintain natu-
ralness in the model up to relatively high scale. Secondly, SUSY natural scenarios alleviate the SUSY
flavor problem while suppressing SUSY contributions to FCNC processes at a reasonable level [04] as
the first two generations of scalars are decoupled. From a theoretical point of view, these models are
also well motivated by ultraviolet constructions like partially-supersymmetric composite models [140]
or supergravity contributions generically present in five-dimensional models [141].

It is the aim of this section to scrutinize the potential of the natural SUSY framework to develop
tests for the SU(5) relation Ay = Ag. The up-squark EFT developed in 4.4.1.3 directly applies to
natural SUSY spectra. Indeed, in these spectra, light degrees of freedom that will be active in the EFT
consist in the two lightest squarks mass eigenstates i1, @2 which, in a natural framework, are mostly
composed of stop squarks /5 ~ tr /r- Thus, in the rest of this section, we will simply denote these
mass eigenstates tl and t2

We will also assume that the lightest neutralino x1 (see sec 2.5.3) is mostly bino like, i.e. x1 ~ B
and that the next to lightest neutralino x5 is mostly wino-like i.e. X5 ~ W. This flavor content is well
motivated by theories with gaugino mass unification at the GUT scale.

Two mass ordering will be considered in this section. In subsection 4.6.1, we consider spectra where
the two stops are heavier than the gauginos. In subsection 4.6.1, the alternative case, with a wino
heavier than the stops will be considered. These two mass hierarchies open different decay chains for
the stops, thus allowing to build different SU(5) tests. Both types of tests will be built using the up-
squarks EF'T of subsubsection 4.4.1.3. But, whereas in the first case, the test will be developed using
LO operators of the EFT with flavor violating processes, the second test will imply NLO operators
and flavor conserving processes, thus being complementary to the former one.

4.6.1 The m; , > my > my case

We start with the case m; , > my3 > mpz. In order to build SU(5) tests, we are interested in stops
flavor-changing decays: '

51/2—)P~Vu/c—>éhu/c, and flﬂ—héu/c. (4.92)

Throughout this section, we will assume that one is able to count the number of event in these two
channels by tagging the nature -W or B- of the gaugino. However, we will not assume that one is able
to disentangle the nature of the original stops, which are considered here as degenerate in mass. Then,
Ny, (resp: Ny ) denotes the event rate of the process with a wino W ( resp: a bino B ) in the decay
products. Also, one important remark is that, in the context of this chapter, the event rates Ny, and
Ny will always be assumed to be measured with an efficiency of 100%.

Let us have a look at the up-squark effective Lagrangian eq. 4.55. As already stated, in natural
SUSY spectra, the light states vector ¢ contains the stops and q?) contains the heavy squarks of the
first two generations. Hence, we have in the SCKM basis :

¢ = (tr,tr), and ¢ = (ir,éL, iir, ¢R) (4.93)

In order to build SU (5} tests from the decay chains 4.92, we should scrutinize the operator that couples
the stops to the bino B and to the wino W. We are only interested in flavor violating couplings so that,
we need to scrutinize only O (see subsubsection 4.4.1.3). Beside, one can split O as O = OW +0; B
depending on whether the operator couples the stops to the bino or to the wino.

With the matter content of the MSSM, @W and @g are given by [142],[143]:

(’j}; x (ur,cr,, —4ur, —4cRr) B and @W o« (ur,cr) W (4.94)

where the factor 4 comes from the different hypercharges of the left and right-handed top components.
Beside, in eq. 4.94, the overall factors do not matter for the tests to be developed in this section and
thus, are not explicitly written.
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If we develop the Lagrangian 4.55, and keep only terms involving the stops tr, tr, their couplings
to B and W do take the following matrix form:

2 T
- up, + S%cp, — 455340y s e - (f
B Tdr - 3 - —5 " Tff "1 R@ (tﬂ) (4.95)
—&%L + —%ﬁCL - 4—[@%12 - 7\%“03 2
. ’UL + _Z_CL -
W f Az R(G)( ) (4.96)

In equations (4.95-4.96), and in the rest of this chapter, m?2

i; Will generically denote an element of the

up-squark mass matrix, i.e. we have mw = ( )z;,-

In eq. (4.95-4.96), A1 and Ag are then the two cut-offs in the stops effective theory, corresponding
to the masses of the heavy squarks of the first and second generation i.e. we have A; = m%l,u and
Ay =m3, 55 (see below).

R() is a 2 x 2 matrix which rotates the stops from their mass eigenstates to the SCKM basis. The
mixing 0 is left here as a free parameter, however one asks often for a large 0, in particular to obtain
a 125 GeV Higgs boson mass.

Note that, the GUT scale SU(5) symmetry relations MQ M? (see eq. 4.21) and Ay = A imply

the following identities between the coefficients of the mass matrix mfj:

2 .2 2 .2 2 .2

Mys =~ Maq, Mg ~ T3y, Tgg =~ M35, (4-97)
2 .2 2 .2 2 .2

My R Mgy, M3 N My, Moz N Mg, (4.98)
2 .2 2 .2

mi, & My,, Myy R My (4.99)

at the TeV scale, neglecting the effects of EWSSB.
Using egs (4.97), (4.98) and (4.99), one can then show that both event rates Ny and Nj, are
proportional to a common factor:

Ny, o (07,65 + 0,53 ) (mbsAy* + misAz)
+ (05133 + %CE) (micAT* + misAs?) (4.100)
2,"(_'__)(2 ZA—4 2 QA—4)
+ €54 \0t, O3, ) \M13Mygidg + Ma3Magily

where o7 denotes the inclusive cross section of the flavor conserving production process pp — t; t"; at
the LHC.

To get a feeling on how eq. (4.100) is derived, consider the following example. Let us note N;'}q, Nz’q
(i = 1,2) the event rates corresponding to the processes #; — gB and §; — qW. For example, N}I;’u

denotes the event rate of the process #; — u B. We have thus N}I;’u o o7 BR (fl —u B)
The branching ratio can be further split between left and right handed components, i.e. :

BR (71 —u B) =BR (& — us B) + BR (&1 — ur B) (4.101)

and we know that BR (fl — ur, E’) is proportional to the square of the coupling at the vertex #; ur, B
in the effective stops Lagrangian. From eq. (4.95), one can deduce that:

BR (tl — ug, B) A4 (mi;ca it m1659)2 (4.102)
and similarly for the right handed branching ratio:
BR (fl — UR E) A4 (m34c:9 + m4659)2 (4.103)
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Continuing this exercise for N2’u, N2’C, one has that the total event rate Ny = N}I;’u —I—N}%’u—I—N}l}C—I—N}%’C
is indeed proportional to the factor in eq. (4.100).

It is thus, in principle, possible to test the SU(5) hypothesis using these simple decay rates. How-
ever, estimating precisely the overall factors relating Ni and Ny to the quantity (4.100) is very
challenging as this requires to know the realistic cross-section including all the kinematic selections.

Instead, we choose to follow an alternative strategy, in which the form of this factor will not
really matter for the tests to be proposed. What will be crucial instead is that both event rates are
proportional to the same factor.

Let us assume that one is able to experimentally tag charm jets in the processes (4.92) with a
certain efficiency €. °. Let us note N&, Ny the event rates fractions corresponding to the events with

a c-jet correctly tagged. N{i = Ny — Ny and Nf = N, — N then contain both up-quark events and

miss-tagged charm jets.
Then, according to (4.100), the SU(5) hypothesis implies :

E[NS] = evE [Ny], E[Nf] = ey E[NL] (4.104)

where we have noted 7y, 77, the actual fractions of charm events in Ny and in Ny. Due to (4.100),

one also has v = 7y = 1, and the four events rates Ny, N, N{i, E are related by a simple relation.

Indeed, when the SU(5) hypothesis is verified, one has:

(& N¢
Ny _ Ay (4.105)
Ni Nt

Let us remark that the large QCD error on the underlying cross-section roughly cancels out in the
above ratios of event rates. Moreover, no information on the stop mixing angle 6 nor on the stops
masses are needed to perform this test. Following subsection 4.4.3, we then define the normalized test
quantity as:

Ng  Ny| /INg | N
R=|%——% e+ —% (4.106)

N N I N N I

such that:
BR] = Y =l (4.107)
W +L
The expected precision (see subsection 4.4.3) associated with this test is found to be:
Z (1 1\ /1 1 (1—e)7\ "2

P; = — —+ — 4.108
2et/? (NY NL) (7 v-1 (7—1)2) (1109

Let us remark that the power of this test vanish in different limit cases. One has Pz — oo if:
1. v — 0, meaning that no charm jets are expected.
2. v — 1, meaning that no up jets are expected.
3. €. —+ 0, meaning that no charm-jets can be tagged.

which is consistent as the test (4.106) relies on charm tagging.

4.6.1.1 Discussion

The expected precision (4.108) is plotted on fig. 4.11, where the charm fraction is set to v = 0.5,
and the charm tagging efficiency is set to e, = 0.5. We see that Ny = N, 2 27 events are sufficient
to start to probe the relation at 3o significance, i.e. to have P3 < 100%. To evaluate the feasibility
of this test, we have collected some typical values of cross sections expected at the LHC. The total

5We assume for what follows, that e. is independent from the channel considered. However the generalization of the
results presented here, in case the efficiency is channel-dependent, is straightforward.
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Figure 4.10 — Stops production cross sections at the LHC 14 TeV, computed at NLO+NLL and given
as a function of the common stop mass my, with their associated uncertainty expressed in percent.

Taken from [144] .
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Figure 4.11 — Expected precision Pz for the SU(5) test on flavor-changing stop decays eq. (4.105).
Ny and Nj, are respectively, the numbers of observed stop decays to bino and wino. The charm
fraction is fixed to v = 0.5 and the charm-tagging efficiency to €. = 0.5. Dotted (plain) lines denote
20 (30) significance. Blue, purple, orange and red lines show P 3 = 100%, 50%, 20% and 10% isolines
of expected precision.

production cross sections of stops pairs at next-to-leading order (NLO) and at next-to-leading log
(NLL) oz = o(pp — tt*) , taken from [111], are given in table 4.10 as a function of the common stop

mass my, together with their associated uncertainties and for an energy in the proton-proton center of
mass of 14 TeV.

From fig. 4.11, one sees that testing the relation with a level of significance of 30 at a precision of
50%, 20% and 10% requires respectively Ny ~ Nr ~ 100, 675 and 2700 events. For comparison, and
using the values of table 4.10, assuming BR (f—> q ﬁ) ~ BR (f—) q W) ~ 0.5, with L = 300fb~!
of integrated luminosity, one expects about 1340, 130, and 11 events for stop masses of m; = 700,
m; = 1000, and m; = 1400 GeV respectively.

4.6.2 The my > my , > mp case

The second mass ordering we are going to consider is when one of the gauginos, the wino, is heavier
than the stops. Then, kinematically, the stops are allowed to decay only into the bino B. Beside,
contrary to the previous section, only flavor conserving decays will be considered. Then, the decays of
interest are:

51/2 — tL{R B (4109)

Measuring the helicity of the top in eq. (4.109) potentially gives access to the stop mixing angle
[145-147]. In this section, we point out that top-polarimetry potentially also provides a SU(5) test.

From the up-squark effective Lagrangian (4.55) and from [142] and [1413], one can deduce that the
operator which couples the stops -71, fz- to the bino B is:

O « B (tr, —4tR). (4.110)
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As in eq. (4.94), the factor 4 comes from the mismatch in the values of the hypercharges between the
left and right-handed top components. In the stop effective Lagrangian, the effective mass term mixes
t7, and tp. The mass eigenstates , and ?; are then obtained, as usual, with a rotation:

()= (= =) () o

where cg, and sy, are the sine and cosine of the stop mixing angle ;.

However, there is something peculiar here. Indeed, we have labeled the mass eigenstates t,, tj to
emphasize that, for the purpose of the discussion that will follow (see the end of this section), and
contrary to what was done in eq. (4.95), we do not want to make any assumption on the mass ordering
here, i.e. we do not know a-priori whether m;, < m; or vice-versa. For this very same reason, we

have denoted the stop mixing angle 6; and not 7 (see eq. 4.95), to underline that we do not consider
a mass ordered eigenbasis.

Expanding the effective Lagrangian (4.55) with ¢ = (tML, t R)T and making use of eq. (4.110), one
can show that, at next-to-leading order in the EF'T expansion, the coupling is distorted as:

B (tg,,—4tgr) KR(6;) (iii) (4.112)

with the effective matrix K given by:

K = (i T) . (4.113)

The parameter x depends on the elements of the up-squark mass matrix mgj, and on the two cut-offs
A; and As.

However, the exact form of x is not needed for what follows, and hence will not be given. Instead,
in this mass ordering, the crucial signature lies in the fact that the matrix (4.113) is symmetric when
the SU(5) hypothesis is verified whereas it is not in full generality, when the SU(5) constraints on
low scale mass terms mgj (see egs. (4.97),(4.98),(4.99)) are not fulfilled. Beside, as the parameter x
encloses the effects of the higher order operators in the stop effective Lagrangian, one has z = 0 at
leading order and one expects z << 1 for the higher order corrections.

As in subsection 4.5.1, let us assume that the spin of the top is analyzed through distributions of
the form fz(z) o (1 + kP;z) with z € [—1,1] and where P, = £1 is the helicity of the top.

The decay of the stops t, and tp, leading to event rates noted N, and Np, are then splitted over
the domains D_ = [-1,0[ and D4+ = [0,1] such that:

Ny, =Nyt + Ny and Np = Ny + Np_. (4.114)

These different event rates can then be deduced using eq. (4.84), and are given in the appendix C.
Then, from the event rates in eq. (4.114), one can define two forward-backward asymmetries:

and Ay=-T (4.115)

which potentially give access to the stop mixing angle 6;.
Indeed, at leading order in the EFT expansion i.e. when z = 0, one can use the expressions of the
decay rates Ny4 and Npy to deduce 6; from measurements of forward-backward asymmetries.

For instance, one has:
K15 — 17cyp,

E[4;] ==
4] 2 17 — 15¢ca0,

when z = 0. (4.116)
Thus, measuring one forward-backward asymmetry is enough to gain access to a leading order approx-
imation of the stop mixing angle (see also [145]).

On the other hand, both A, and Ap can be written in terms of the parameters z and 6; using the
full event rates expressions for N, p+ (see appendix C), at next-to-leading order in the EFT expansion.
But in full generality, the coupling matrix K (see eq. (4.113)) is a-priori non-symmetric. Thus, one can
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deduce two relations of the type Aq = f(zq,0:) and A = f(xp,6:), with a-priori z, # xp. Inversing
these two relations to get z,/, as a function of A, and enforcing that the SU(5) hypothesis is true
i.e. that x = x4 = xp, one can get a SU(5) test which can be set in the following normalized form:
(Aq — Ap) (1606 4 450c,49, + (1028k — 2040 (Aq + Ap) €20, ))
R= (4.117)
(765 + 255¢49) k + 2040 (Aq — Ap) c209, — (1606 + 450¢49, ) (Aa + Ab)
defined such that E [R] = 0 if the SU(5) hypothesis is verified.
The degree of dependency of the event rates N, 1 upon the higher order corrections in the EFT

expansion, i.e. upon the z parameter, can be scrutinized by defining the following information quantity:

Olog Ng pt
Jz

It turns out that this information depends crucially on the stop mixing angle #;. This can be seen on

I [Nape] = (4.118)

fig. 4.12, where I [Ngp+ ]| is represented as a function of 6; for z = 0 6 The information becomes small
for ; ~ 0 (no stop mixing) and vanishes exactly for §; = /4 (maximal stop mixing). In between these
two limit cases, one has I [Nq+| ~ O(1), I [Np+] ~ O(0.1), and the reverse for the interval /4, 7/2].
From the SU(5) test eq. (4.117), one can compute an expected precision (see subsubsection 4.4.3.2)
which is found to be:

Pzﬁ

2 2 2 1/2
(17 4 15¢40,) 3212 — 73952 — 1020 (k% — 4) cog, + (900 — 289k2) 4, (4.119)
255v/2 (3 + c49,) K N '

when 6; € [0, 7/4]. Indeed, in this case, the event rates Ny, Np_ are less sensitive to z than the event
rates Ny, N, . The expected precision depends thus mainly on the amount of #, produced. For this
reason, we have dropped the N, dependence in Pz in eq. 4.119. However, we have reported the full Pz
formula in appendix C. Note that, one would have a symmetric situation in the interval 6; € [r/4, 7 /2.
Also, in the limit case where the top polarimetry-analyzing variable vanishes, i.e. when ¥ — 0, the
power of the test eq. (4.117) vanishes as well, i.e. we have Pz — oo which is consistent as the test
relies on top-polarimetry.

As for 6; € [0,7/4], more t;, than #, are needed to decrease the expected precision, scenarios where
tp is the lightest are more interesting. For these values of the mixing angle, this lightest stop is mainly
right-handed. The same reasoning can be applied in the complementary case, when 6; € [r/4,7/2].
This time, a larger amount of £, is necessary. A spectrum where f, is the lightest stop is therefore
more favorable for the SU(5) test eq. (4.117). Again, this lightest stop would be mainly right-handed.
We conclude that scenarios where the lightest stop is mainly right-handed are always more favorable
to carry out the SU(5) test discussed above, and thus, for any value of the stop mixing angle.

The expected precision is shown in fig. 4.13 for 8; = 0.4, as well as for N, = 20 and 1000. We see
that, with a spin-analyser efficiency of K = 0.5 and N, = 20 we have that N = 137 events are needed
to probe the relation at 3o significance, i.e. to have P; < 100%. Testing the relation with 50% or 20%
precision at 30 requires Ny ~ 589 and Ny ~ 7560. For comparison, assuming 300 fb~! of integrated
luminosity at the LHC 14 TeV, one expects about 26700, 2580, 213, and 24 events for stops with a
mass of m; = 700, 1000, 1400 and 1800 GeV (see table 4.10 for the production cross sections values).

4.7 Case III: Top-charm SUSY

In this section, we scrutinize spectra which feature a heavy first generation of up-type squarks and
light second and third generations. That means that we assume that only stop-like and scharm-like
squarks are accessible at the LHC. In the SCKM basis, at the GUT scale, the soft masses take then
the form:

A2 00 0 0 0
MEZG=ME=|0 0 0] +OMZsy) |0 A2 A (4.120)
Q U SUSY 22 132 -
0 00 0 A3z As3

SNote that since z encodes the higher order corrections in the EFT expansion, setting = # 0 would result in only
minor modifications to the results presented in fig. 4.12.
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Figure 4.12 — Information content of the event rates Ng p+ (see eq. (4.113)) plotted as a function of the
mixing angle ; for z = 0. Plain, dashed, dotted and dot-dashed lines correspond to I[Ng+|, I[Na—],
I[Np4], and I[Np_], respectively. The spin-analyzing power is set to kK = 1.

where the A;j form in general a hermitian matrix of O(1) parameters and A >> Msysy. Such a
framework is immune against D° — D° mixing induced by the up-squark sector ([107]) because the
first up-squark generation is heavy. We also assume that the down-type squarks are either aligned or
heavy in order to avoid FCNCs induced by the down sector. This assumption also avoid too large
SUSY FCNC contributions in the leptonic sector due to the SU(5) unification.

Phenomenologically, this top-charm SUSY framework constitutes an ideal playground to gain
knowledge about how to test the SU(5)-like GUT hypothesis of our interest. Beside, it is also useful
in order to carry out stop searches at the LHC taking into account flavor violation [148-152]. In par-
ticular, large top-charm mixing is found to both improve naturalness and to relax the constraints on
stop masses [153].

4.7.1 Effective Lagrangian

The effective Lagrangian derived in subsubsection 4.4.1.3 directly applies to the top-charm SUSY
spectrum, identifying the first up-squarks generation as the heavy fields (;AB = (ur, ug), and the second
and third generations as the light fields ¢ = (cr,, t1, cr, tr). The blocks of the mass matrix Mf] have
then the form:

2 2 2 2
May MMag Moy Mg

2 2 2 2 2 2 2 2 2
M2 — my; My M2 = Mg M3 Myz Mg M2 — Mgz TMMgg Mg
o ’ “\m2, m2, m2 m2.)’ o m2. m2
42 43 45 46 55 gs
Mgeg

(4.121)

Using also the SU(5) relation M, 5 ~ M{ (valid only for the first two generations), we have in addition:

2 .02 2 .02
mis & my; and mig R miy,, (4.122)

at the TeV scale. It is therefore natural to scrutinize the effects of the virtual first generation up-
squarks on the light top-charm squarks. The OM—2M 2% term in the effective Lagrangian eq. (4.55)
induces flavor-changing decays of the l]ght top-charm squarks into « B and «W. But, in this case,
distinguishing between the initial & and ¢ seems difficult.

However, unlike for the Natural SUSY case, looking at the higher-dimensional operators is not the
only possibility available, because a SU(5) information from A, = Ar‘: also remains at leading order
in the low energy mass matrix M?2. This is the relation of the top-charm sector:

m2g ~ m2;. (4.123)

We have therefore the possibility of testing the SU(5) hypothesis using only the real up-squarks. From
now on, we thus focus only on the top-charm sector.
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Figure 4.13 — Expected precision Pz for the SU(5) test on polarization of stop decays eq. (4.117) as
a function of the spin-analyzer efficiency & and of the amount of observed t; decays Nj. The number
of to decays is fixed to Ny = 20 (thick lines) and N, = 10000 (thin lines). The stop mixing angle is
fixed to f; = 0.4. Dotted (plain) lines denote 20 (30) levels of significance respectively. Blue, purple,
orange and red lines show P53 = 100%, 50%, 20% and 10% isolines of expected precision.

4.7.2 SU(5) test through Higgs production

Let us first consider a case where all stop and scharm masses are nearly degenerate. This possibility
happens in particular in low-energy GUTs, where no large stop mixing is needed in order to have the
correct Higgs mass, e.g [04]. Nearly-degenerate squarks imply that the MIA (see subsection 4.4.2) is
valid for the stop and scharm sector, and :

me ~ mfR ~ Mg, ~ Mgy = Myg. (4124)
These states should be produced in an equally abundant way at the LHC, as their production occurs
mainly through flavor-blind gluon fusion.

The off-diagonal elements of the up-type trilinear matrix are identified with mass insertions:
(65, = vu (A, / (\/img) : (4.125)
The SU(5) hypothesis A, ~ AL then implies:

(613) , = (FER),,. (4126
To experimentally test this relation, one may scrutinize the flavor decomposition of the stop and
scharm eigenstates. At first view, even in the MIA, such an analysis seems difficult because of the
presence of additional mass-insertions 04, §54F and 5%‘21?33. To overcome this issue, one should note
the fundamental difference between 5;’;’ RE and 628, The chirality conserving insertions parameters
relate to a truly bilinear term, i.e the scalar masses, while the chirality violating insertions parameters
are induced by a trilinear term, the squark-Higgs scalar coupling. But, this fact is somehow hidden if
one lets the Higgs be on its VEV. The physical Higgs exclusively couples to the L R components of the
squarks eigenstates. Thus, in principle, detecting a Higgs gives an access to the coupling (5;:“R) 9g0 1-€.
to (Ay)os.

The LHC SUSY processes of interest are therefore stop and scharm pair productions, followed by a
flavor-violating decay into a squark and a Higgs boson in one of the decay chain. These processes are
depicted in fig. 4.14. We further assume that the squarks decay into the bino-like lightest neutralino

X} ~ B. These processes can be identified requiring a single top, a hard jet (from a charm quark),
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a Higgs, and large missing transverse energy noted Fr. Higgs production through up-squark flavor-
violating decays have been studied in refs [151, 154]. Note that, in the degenerate case, not all particles
can be on-shell in the decay chain producing the Higgs. As in previous cases, this test has to rely on a
distinction between the chiralities, which is possible only for the top quark. Reconstructing the events
is necessary in order to select the ones where the Higgs comes from ¢z p — th,L and reject the ones
from EL, R — hcpr. The former of these processes is shown in the first row of fig. 4.14, the latter
being shown in the second row. Other processes leading to the same final states are also possible but
are suppressed by extra mass-insertions (see second row of fig. 4.14).

Provided that the cascade decay with ¢f,/jp — h tr /1, can be isolated, top polarimetry then readily
provides a SU(5)-test , as BR (EL —h ER) o |5£‘3R 2 and BR (ER — hfL) |5LR 2. Denoting the event
rates from the relevant flavor-changing Higgs decay chain as Np;., top-polarimetry provides a splitting
of the events into Npze = Npte 4+ + Nhie,—, see subsection 4.5.1. The SU(5) test then takes the form:

|Nhtc,+ - Nhtc,—|

R =
Nhtc,+ + Nhtc,—

(4.127)

This situation is similar to the one of subsection 4.5.1 and will not be further discussed.

Instead, we focus on a somewhat different type of spectrum, where the stop mixing angle is large
while the scharms are nearly degenerate. The MIA applies to the scharm sector, but not inside the
stop sector. Instead, the stops are rotated to their exact mass eigenstates. After rotating the stops,
the scharm-stop mass matrix takes the form:

2
ms 02 g 8 0 5552}% 5%.}%% 5%%}%5 5%%55—5%205
mg 5 0 45 — 0, 025785 — 055 vC5
M; = € ng] o | +mé 0 32 90 20 (4.128)
2
mg 0

Following the MIA approach, the first matrix above corresponds to the squarks mass eigenvalues,
while the second matrix is treated as a mass insertion. Here, and contrary to subsection 4.5.1, the
2

stops are rotated to a mass ordered basis, i.e. we have m; > m- Note that the MIA is expected to

be valid to a good precision for m- it m- ~ 2m? (see refs [12 '_ 2]). For the rest of this section, we

focus on the case mtg >m2 > m~ Note that this ordering would happen naturally with degenerate

stop-scharm soft masses and a hlerarchlca] Ay with large (3, 3) element.

The physical Higgs couples only to the left-right mixing terms SR The vertices hért1, héLta,
hégt1, hépts are respectively proportional to |5£‘3Rsé|, |52 cel |532 5L2Rs§|. Within this given
mass ordering, the SUSY cascade decays are rather different than from the degenerate case discussed
above. Flavor changing scharm decays going through #, are now suppressed because of mg >m2. As

a consequence, contrary to the degenerate spectrum, top polarimetry is not useful anymore. On the
other hand, real decays to — hé and & — ht; are now open.

We require again a single top, a hard jet, a Higgs, and large missing E7 from both sides of the
decay chains. Two event topologies lead to this final state: the Higgs can either come from to — hép..
or from cgpp — h t1. These processes are shown in the first row of fig. 4.15. The first of these diagrams

is proportional to ‘5%‘33 2 c2 + ‘5LR 2 g, while the second is proportional to |5 R|% &2 5+ ‘5LR 2 2 These
two types of event can be disentangled using the topology of the decay chain. We denote the event
rates associated with these two diagrams Npj and Np; respectively. For maximal stop mixing (cz = s3),
the two quantities become equal so that the power of the test is expected to vanish.

Contrary to the degenerate case, the stops and scharms have different production rates. Moreover,
the theoretical predictions suffer from a large QCD error. One way to get rid of that error is by
normalizing Ny, Np: by appropriately chosen event rates. In order to normalize Ny, we ask for the
measurement of flavor conserving decay-chains of é—pairs into two jets plus large missing E7. The
corresponding event rate is noted N;;. Because of stop mixing, the same process cannot be used to
normalize Np;j. Instead we ask for one of the two ts to decay into Z t;. This event rate is noted Nyz;.
These processes are depicted in the second row of fig. 4.15.
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Figure 4.14 — Cascade decays in case of a nearly degenerate top-charm spectrum. The dots represent
mass-insertions. First row: cascade decays used for the SU(5) test defined in eq. (4.127). Second row:
other processes leading to the same final state.

Note that, as in section 4.6, we are assuming that all these event rates can be measured with
a detection efficiency of 100%. Normalizing Np; by Nz; and Np; by Nj; cancels the cross-sections,
leaving only the ratio of partial decay widths:

; T (% hé I'(é ht
E [N’”] Gy CI;’R), E [%] _I(err— _1) (4.129)
Nz T (ta— Zt) Nijl 1 (EL,R N cB)
If we define now the quantity :
:E[%] /E [Nhj} _F(éL,R—}hfl) F(EQ—}ZE]_)
=Ny Nz:] T (t2—=héLr)p (EL,R N cﬁ)
m2 —m?2 m?2 2 (4.130)
A € t1  t2 t1

where the approximation in the last line of eq. 4.130 is obtained by neglecting the SM masses, one sees
that this factor can be evaluated using extra information from kinematic analysis, for example using
the kinematic edges of the ht, hj and Zt invariant masses.

The normalized SU(5) test then reads:

1 | Np; Ny /(Nh,‘ Nh,t)
R= A A 4131
¢ | Nii "Nz Ni; "Ny ( )
which satisfies:
‘5LR _ 5LR‘
E[R = 2221 (4.132)

LR LR
053" + 035
Following the procedure of subsubsection 4.4.3.2, one can then compute the expected precision
associated to the test eq. (4.15), which is found to be:

Z 1 1\?
Pra 2 —+— . 4133
77 2ey; (Nhj Nm) ( )
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Figure 4.15 — Cascade decays used for the SU(5) test based on Higgs detection defined in eq. (4.131).

Note that Pz — oo when 6 — /4, i.e. the power of the test vanish in the limit of maximal stop
mixing as expected. Note also that in eq. (4.133), only the leading statistical uncertainty that comes
from small flavor changing decay rates have been took into account.

4.7.2.1 Discussion

The expected precision is shown in fig. 4.16, for the intermediate value f = 0.4. Because of the
mass ordering of this scenario, one expects Np; < Np; as the t, is heavier than the scharms and thus
produced less abundantly. Assuming Np; << Np; and 6 = 0.4, testing the relation with 50%, 20%
and 10% precision at 3¢ significance requires respectively Nj; 2 19, 116 or 464 events. Roughly twice
less events are needed if § = 0. For comparison, using the cross-section values of table 4.10, assuming
flavor violating branching ratios of 0.05 and 300 fb~! of integrated luminosity, one expects about 1340,
130 and 11 events for stop masses of mgz = 700, 1000 and 1400 GeV, respectively.

We want to conclude this section by pointing out that other possibilities of normalization of the
Npj, Nt event rates are in principle possible - using either observed or theoretical event rates. In any
case, the approach relies on evaluating the appropriate 1 parameter such that the expectation value of
the test E[R] takes the form of eq. (4.132). The expected precision Pz will then take the form of eq.
(4.16) as long as the statistical uncertainties coming from the flavor changing event rates Np;j and Np;
dominate.
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Figure 4.16 — Expected precision Pz for the SU(5) test based on Higgs detection in SUSY cascade
decays eq. (4.131). Np; and Nj; are the number of observed cascade decays from t, and CL,R pair
production, respectively (see fig. 4.15). One fixes the stop angle to 6 = 0.4. Dotted (plain) lines
denote 20 (30) level of significance, respectively. Purple, orange and red lines respectively show
P, 3 = (50%, 20%, 10%) isolines of expected precision.

4.8 Conclusion

In this chapter, we have explored the low energy consequences of supersymmetric theories, mainly the
MSSM, equipped with a GUT scale SU(5) symmetry. The SU(5)-MSSM constitutes the prototype of
SUSY-GUTs theories and, as such, has been extensively studied in the past, especially the correlations
of FCNCs between the hadronic and leptonic sectors have received a lot of attention. On the other hand,
the originality of our approach was to stay confined within the up-squarks sector. In particular, we
have shown that, a so far unstudied property of the up-type soft terms allowed to construct a variety of
SU(5) tests at low scale. Indeed, as we have argued, a SUSY model which is SU(5) symmetric implies,
in the up-squark sector, that the trilinear coupling is symmetric as well. As a happy coincidence, it
turns out that the inner flavor structure of this relation makes it well stable under quantum corrections,
the asymmetry induced by the RG flow staying, at the TeV scale of the order of O(10%) at maximum.
That makes clear the fact that, if a SU(5)-like grand unification is realized in nature, it should leave
a footprint in the low scale up-squarks spectrum. This being said, this chapter have been devoted
to the study of the consequences of this symmetry property among low scale observables, potentially
accessible at the LHC. Three typical SUSY spectra have been investigated.

In section 4.5, "heavy" SUSY spectra were considered, in which the SUSY breaking scale is much
higher than the TeV scale. Clearly in such a context, the relevant procedure was to scrutinize a low scale
theory, with the s-partner spectrum integrated out. We showed that, a possibility to build a SU(5)
test remains if one looks at the SUSY induced effective dipole operators. Unfortunately, the current
experimental sensitivity of experiments seems too low to hope disentangling the SUSY contributions to
the dipole operators at colliders in the near future, thus making this test hardly applicable in practice.

In section 4.6, "natural" SUSY spectra -which feature a light third s-partner generation- have been
showed to provide SU(5) tests for two typical mass orderings. On one hand, if one assumes that the
stops are heavier than the gauginos, one can constructs a particularly simple leading order test, from
counting the number of decay events of the stops in each of the channels opened. On the other hand, if
one assumes that one of the gauginos (the wino) is heavier than the stops, then one needs to push the
EFT expansion of subsubsection 4.4.1.3 beyond the leading order to gain access to a SU(5) footprint
in the up-squark sector. Although this fact substantially complexifies the task of finding simple tests,
we managed to extract a test relating stops forward-backward asymmetries.

Finally in section 4.7, we have explored the potentiality of the "Top-Charm" SUSY framework
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to test the SU(5) hypothesis. In these kind of spectra, the only decoupled generation is the first
one, which is assumed to be very heavy, the stop-like and the scharm-like squarks lying near the TeV
scale. In this framework, Higgs production through flavor violating squark decays have been shown
to provide a test, assuming that one uses appropriate flavor conserving event rates to normalize the
Higgs production event rates.

Table 4.4 gives a summary of the different SU(5) tests that appear in the various SUSY scenarios
outlined above. The typical amount of events to reach an expected precision of 50% at 3¢ is also shown
for each of these tests. The number of needed events ranges roughly from about 10 to about 100. For
this required precision, the tests involving top-polarimetry require typically O(100) events as they rely
on the shape of the kinematic distribution.

In any case, we see that the feasibility of all these tests have been quantified using a p-value
frequentist approach, in which the null-hypothesis was the presence of a GUT scale SU(5) symmetry.
We hence insist on the fact that all tests developed in this chapter have been geared to only reject the
SU(5) hypothesis with a given significance, not to confirm it.

On the other hand, the next chapter will be devoted to a more global numerical analysis, which
could be used to both reject and /or confirm the SU(5) hypothesis. Beside, and complementary to what
was done here, this analysis will rely on Bayesian statistics, thus transcending the intrinsic limitations
of the frequentist approach.

Heavy Natural SUSY Top-charm SUSY

SUSY Mg 5 > mpw m“;?’:‘;tm Miy g~ MeL.R m£2>>7::'\1CLER

Squarks involved | virtual virtual /real real

Top polarimetry yes no yes yes no
Charm-tagging no yes no no no
Higgs detection no no no yes yes
f-dependence no no yes no yes
P =50% 144 72 108 144 10

Table 4.4 — Summary of the SU(5)-tests appearing in the various SUSY scenarios considered. The last
line shows the typical number of events needed to reach a 50% precision at 3o.

103



104



Chapter 5

A Bayesian analysis

This chapter will be devoted to the presentation of more global SU(5) tests that those presented in
chapter 4. The general framework to set up such tests will be the one of model comparison in Bayesian
inference [155]. The central goal of this chapter will be the numerical computation of Bayes factors [156]
using Markov Chain Monte Carlo (MCMC) algorithms [157] to test the SU(5) hypothesis Ay ~ A%
on low scale SUSY spectra. The rest of this chapter is organized as follows. As this has not become a
widely familiar topic for high energy physicists yet, we will give in section 5.1 a brief introduction to
Bayesian statistics. Section 5.2 will be devoted to the presentation of the analysis, in particular the
numerical strategy used will be detailed. Finally, section 5.3 will be devoted to the presentation and
to a discussion of the results of the analysis.

5.1 The Bayesian Context

This section is devoted to the presentation of the main ideas at the core of the Bayesian formulation
of statistics. Very briefly, the frequentist school assumes that, when measuring a parameter from
data, sufficiently high series of measurements converge to the true value of the parameter of interest,
considered as constant. In contrast Bayesians argue that, when inferring a parameter, one has to
take into account a subjective, a-priori distribution, reflecting our current knowledge on what that
parameter should be, to formulate meaningful results. Bayes’ theorem then provides a prescription to
update the inferred value when more data become available. In short, one can say that for frequentists
"truth" is fixed and observations are random whereas Bayesians argue that a probability is a statement
about the possible states of the truth.

The difference is hence of a philosophical nature, and the debate between the two schools has been
going on for years, triggering a lot of literature (see for instance [155] for a defense of the frequentist
interpretation). Anyway, it is not our aim here to go deeper into this debate. Nonetheless, we would
like to sketch a few of the reasons that have allowed the Bayesian interpretation to become very popular
over the last years, thus making people think that it constitutes a more natural formulation of the
concepts raised by the theory of probability. Indeed, currently Bayesian statistics find applications well
beyond the scope of high energy physics, whether it is in psychology, biology or economy. Hence, in
subsection 5.1.1, we will present a few of the limitations and, we believe inconsistencies, that arise in a
frequentist formulation of probability, thus motivating the introduction of the Bayesian interpretation.
Subsection 5.1.2 will be devoted to the presentation of the main concepts and results of the Bayesian
theory. Especially, the notions of prior and posterior probability distributions, as well as the Bayes
theorem, will be introduced. Finally, subsection 5.1.3 will focus on one application of the Bayesian
theory, namely model comparison. In particular, the Bayes factor, which will be largely used in the
rest of this chapter, will be presented. Note that this section has been prepared using the following
references [159], [160] and [156].
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5.1.1 Limitations of the frequentist approach

As we argued in subsection 4.4.3, in the frequentist approach, a definition of a probability of an event
can be:

The number of times the event occurs over the total number of trials, in the limit of an infinite series
of equiprobable repetitions.

This definition of probability is unsatisfactory in several aspects:

1. First, the fact that we define a probability in terms of relative equiprobable outcomes, render
this definition clearly circular. Indeed, it was the very first notion of "probable" that we were
trying to define. Other definitions try to escape this point by replacing the word "equiprobable"
by "if all the cases are equally possible" ignoring that in this context, "possible" is a synonym of
"probable". There is no way out. This statement does not provide a definition of "probability"
but at most, gives a useful rule to evaluate it, in case we already know what a probability is.

2. Secondly, this definition cannot deal with unrepeatable experiments. For example, questions such
as: "What is the probability that it was snowing in Dublin during the Paris 1998 final soccer
world cup?" or in a cosmological context, questions related to the observational properties of the
Universe as a whole cannot be answered in a frequentist context. Back to particle physics, for
the same reasons, the frequentist interpretation has difficulties to deal properly with systematic
uncertainties.

3. The definition only holds exactly for an infinite sequence of repetitions. But, in real life, we
always have a finite number of measurements, sometimes with only a small number of them.
Defining "how many repetitions" are sufficient for a probability to converge become then a tricky
question, which has to be answered in every single case. In practice, one often forget about this
issue of "infinite series" requirement and tend to use this definition, and the results that go with
it, for whatever number of events we have at disposal.

The Bayesian interpretation of probability circumvent most of these caveats. Indeed, the definition
5.1.1 is replaced by the following, more intuitive definition:

A probability is a measure of the degree of belief about a proposition.

A-priori, this definition seems too vague to be of any utility. We then need some explanation of
its meaning, a tool to evaluate what a "degree of belief" is, and we should look at such a tool, the
Bayes theorem, in the next subsection. On the other hand, this definition seems however to be more
powerful than the frequentist one on several points:

1. It is very general, and one can apply this definition to any event, independently of the repeata-
bility of the event. Hence, one doesn’t need to assume that a series of equiprobable measurements
have to be made to compute a probability. Rather, a probability will be conditional, in a sense
to be precised later on, on our subjective state of knowledge about the measurement. This last
condition has been often considered as a weak point of the Bayesian interpretation, but it should
not be. Let us consider, for example, a mass measurement. In frequentist methods based on
maximum likelihood tests, in certain circumstances, for example if the signal to background ratio
is low, unless special care is taken, one might end with negative best-fit estimates, which obvi-
ously make no sense for a mass value. On the opposite, in a Bayesian context one can guarantee
that, by taking into account relevant prior information on the measurand, the final result will be
enforced to be positive. Beside, the Bayes theorem ensures that, our a-priori state of knowledge
on the measurand become less and less relevant as more and more data become available, the
two approaches -frequentist and Bayesian- being asymptotically equivalents.
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2. It can deal effortlessly with systematic errors. For example, if one wants to measure a BSM signal
at colliders, let us say through a reconstructed invariant mass measurement, one has to take into
account systematic errors which originate, for instance, from the finite energy resolution of the
calorimeters, or from some electronic delay in the trigger system. In a frequentist context, one
often deals with these systematics by the non-frequentist procedure of generating many pseudo-
experiments, from Monte-Carlo simulations, whereas from one pseudo-experiment to the next,
the values of all nuisance parameters are varied within their assumed distributions. In a Bayesian
treatment, the nuisance parameters are removed from the start by marginalization, which mean
that they are simply integrated out assuming some prior probability density function (PDF).

3. In a Bayesian treatment, one only has to deal with data which were actually observed, while
frequentist methods focus on the distribution of possible data that have not been obtained. As a
consequence, the opinion of an experimenter, for example through a specific distribution choice,
on data that have not been observed yet, might influence the outcome of a frequentist result. This
is clearly illogical as the results of inferences should not depend on what could have happened
but, should only depend on what was actually observed. This problem is circumvented from the
start in a Bayesian setup, as inferences are by construction conditional on what was observed.

5.1.2 The Bayes theorem, priors and posteriors, or the doom of the "false idol of
objectivity"

After this qualitative discussion, we would like to go deeper into the formalism of Bayesian statistics.
Clearly, in Bayesian statistics, the concept of conditional probability is absolutely central. We recall
that if we note P(A|B), the value of the probability of the event A assuming that B has been realized,
or more commonly "the probability of A knowing B", the axioms of probability imply:

p(A, B|I) = p(A|B, I)p(B|I) (5.1)

where in eq. (5.1), I represents any information that is assumed to be true, and p(A, B|I) represents
the joint probability of A and B knowing I. Eq. (5.1) simply says that the joint probability of A
and B equals to the probability of A given that B occurs, times the probability of B occurring on its
own, where all probabilities are assumed to be conditional on the true information I. If one is only
interested on the probability of B alone, independently of A, the sum and products rules imply that:

p(BIT) = 3" p(A, B|I) (5.2)
A

where the sum runs over all possible outcomes for proposition A. The quantity on the left-hand-side of
eq. 5.2, where the proposition A has been summing out, is called the marginal probability of B. Since
we have p(A, B|I) = p(B, A|I), eq. (5.1) directly implies that:

_ p(A|B,I)p(BI)

p(BA,T) = P P (5.3)

This result is known as the Bayes theorem in honors of Thomas Bayes !, an 18" century English pastor
and mathematician 2. One can get a better insight at the Bayes theorem if we replace the proposition

8th

A by some observed data, which are generically noted d, and the proposition B by an hypothesis one

wants to assess, noted H:
p(d|H, I)p(H|I)

p(d[I)
Let us have a look at the different ingredients of eq. (5.4). On the left-hand side, p(H |d, I) represents
the probability of the hypothesis H to be true, once the data d have been taken into account. For

p(Hld, I} =

(5.4)

1See for instance, en.wikipedia.org/wiki/Thomas Bayes for a short biography of Thomas Bayes.

2As the author of this thesis is french, he would to point out that the Bayes theorem has been rediscovered and
its interpretations extended, ten years later, by the French mathematician and physicist Pierre-Simon Laplace, see
en.wikipedia.org/wiki/Pierre-Simon_ Laplace.
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this reason, p(H|d,I) is called the posterior probability of the hypothesis given the data, or more
shortly just the posterior. On the right-hand side, p(H|I) represents the probability of the hypothesis
irrespectively of any data. Stated otherwise, this probability represents the degree of belief of the
hypothesis H before one has took into account the information brought by the data. For this reason,
p(H|I) is called the probability prior to the data, or simply the prior.

p(d|H, I) represents the likelihood, which encodes how the degree of plausibility of the hypothesis
changes when we acquire new data. The likelihood must then be considered as a function of the
hypothesis, for fixed data (the one that have been actually observed). For this reason, as the data are
fixed, we can shortcut the notation and simply write £(H) = p(d|H, I). As the likelihood is a function
of the hypothesis, not the outcome -in this case, the data-, it should not be viewed as a probability
density function. The likelihood is thus, a-priori, not normalized. We hence also need a normalization
constant, p(d|I') called the marginal likelihood and which is equal to :

p(d|I) = " p(d|H,I)p(H|I) (5.5)
H

where the sum runs over all the possible outcomes for the hypothesis H. We hence see that the Bayes
theorem teaches us how to update the prior -which represents our degree of belief before the data
were considered- when new data are acquired, through the computation of the posterior. The Bayes
theorem gives thus a prescription on how to learn from experiments.

From here, two applications of the Bayes theorem are possible. Model comparison allows to dis-
criminate two competitive models in view of data, we will give some details on this in subsection 5.1.3.
On the other hand, parameter inference allows to infer a model’s parameter from a set of data, a
prior pdf being given. Let us say for example one wants to infer a set of parameters of a given model
noted M. In eq. (5.4), the proposition [ is then "the model M is true", simply noted M, while the
hypothesis H is "the set of parameters of the model takes the value 8", simply noted 8. The Bayes
theorem gives then:
p(6|M)
p(dM)

The marginal likelihood p(d| M) is irrelevant for this application, but will play a crucial role when we
will discuss model comparison in subsection 5.1.3. Often, all parameters of the model are not relevant

p(0|d, M) = L(6) (5.6)

for the problem at hand. Assume for instance, that the vector of parameters takes the form 6 = (¢, ),
where ¢ is the parameter one wants to infer, and 1/ represents the parameter we are not interested
in, called a nuisance parameter. A nuisance parameter can represent for instance, a parameter in the
distribution of some given background rate. In Bayesian inference, one get rid of nuisance parameters
by marginalizing them, i.e. integrating them out of the posterior:

p(dld, M) o / (6, 0)p(, ¥ M) de. (5.7)

Then one can get an estimate of the parameter ¢ by extracting some characteristic of the distribution
(5.7) such as the mean, the standard deviation or the correlation matrix among the components (in case
¢ is multidimensional), or by simply plotting the distribution (5.7). However, there are very little cases
where this integration can be computed analytically and most of the time, one has to use numerical
techniques such as Monte Carlo Markov Chains (see section 5.2) or Nested Sampling Algorithms [161]
to sample the marginalized posterior.

5.1.3 Bayes factors and model comparison

We would like now to focus on model discrimination in Bayesian statistics. In model comparison, it is
useful to think about a model as a given hypothesis but also as a set of parameters which characterize
the hypothesis. Going back to eq. (5.4) and specifying a model noted M, the hypothesis H is now
"model M is true", and there is no additional true information I.

The prime tool for model selection is the marginal likelihood, also called in this context the Bayesian
evidence. It corresponds to the normalization integral at the denominator of the right-hand side in the
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log(Bo1)| | Odds | Probability | Strength of evidence

< 1.0 <3:1 < 0.750 Inconclusive
1.0 ~3:1 ~ 0.750 Weak evidence
2.5 ~12:1 ~ 0.923 Moderate evidence
5.0 ~150:1 ~ 0.993 Strong evidence

Figure 5.1 — The empirical calibrated Jeffrey scale. A value of Bayes factor By of 3 (resp: 1/3),
12 (resp: 1/12), and 150 (resp: 1/150) indicating a weak, moderate and strong evidence for (resp:
against) the model M.

Bayes theorem eq. (5.4). The Bayesian evidence can be re-written, on a continuous parameter space
Qpr as:

p(dM) = / p(d|6, M)p(6|M)do (5.8)

Qm

where we have conditioned explicitly the probabilities to the model considered M. We hence see that
the Bayesian evidence is nothing more than the average of the likelihood p(d|f, M) under the prior,
given a chosen model M. From the evidence, the model posterior probability given the data can be
obtained using Bayes theorem to invert the conditioning:

p(M|d) o< p(M)p(d|M) (5.9)

where again, we have dropped an irrelevant constant that depends only on the data. In eq. (5.9),
p(M) is simply the prior associated to the model itself. Let us assume that one wants to compare
two compelling models, noted Mg and Mj. Then, the quantity of interest is the ratio of the posterior
probabilities, or posterior odds, given by:

p(Mold) _ p(d|Mo) p(Mo)
p(Mild) ~ p(d|M1) p(Mi)

(5.10)

Due to possible differences on the prior choices, a choice between two models is often not based directly
on the ratio of the posterior odds, but rather on the ratio of the models evidence:

_ p(d|Mo)

By =20
o= p(dMy)

(5.11)

called the Bayes factor. This is the central quantity for model comparison. A value of Bp; > 1 (resp:
Bpi < 1) represents an increase (resp: decrease) of the degree of belief of Mo with respect to M.
Thus, the Bayes factor gives a formal way of evaluating the relative probabilities of two models, in
light of the data.

We know turn to the numerical interpretation of the Bayes factor. The Bayes factor is often
interpreted against an empirical calibrated scale, named the Jeffrey scale [162]. This scale states that
the odds of Mg against Mj; goas 3 : 1, 12 : 1 and 150 : 1, corresponding to weak, moderate and
strong evidences, respectively. For example, a Bayes factor of 5 (resp: 1/5) indicates a weak evidence
for (resp: against) My. Furthermore, notice that the relevant quantity in tab. 5.1 is the logarithm
of the Bayes factor. This indicates that the evidence in favor of one of the models accumulates only
slowly. Indeed, to cross the different thresholds of evidence, one needs to increase the Bayes factor by
one order of magnitude each time.

Beside, in case of nested models, a simplification of the Bayes factor -important for us in the
rest of this chapter- can be worked out. Two models Mg and M are called nested if when the
parameters of M; take a certain value, one retrieves Mg. For example, let us consider the case where
the set of the M; model parameters is § = (¢,%) and M, is obtained whenever ¢ = 0, i.e. we have
My = M;i(¢,1 = 0). If on the top of that, the priors are separable i.e. :

p(o, Y| M1) = p(¥| M1)p(¢|Mo) (5.12)
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then the Bayes factor simplifies to the following expression:

p(‘ll)|d, Ml}

Bp =
ol P(¢|Ml} =0

(5.13)

known as the Savage Dickey Density Ratio (SDDR, see [163], [164]). In eq. (5.13), the numerator is the
marginal posterior under the more complex model evaluated at the simpler model’s parameter value.
The denominator is then simply the prior density of the more complex model evaluated at the same
point. The SDDR is particularly suited for testing only one extra parameter at the time. Indeed, in
such a case, the marginal posterior p(y|d, M1) is a 1-dimensional function and normalizing it to unity
only requires a 1-dimensional integral which is easily computable using standard numerical techniques.
Hence, the SDDR will be of great help for us, and we will go back to it in section 5.2.

An important remark has to be made here. Let us assume that one wants to compare two models,
one simple model parameterized by only one parameter, and a more complex model which requires
two parameters. It is clear that by constructing models with more and more free parameters, one can
always make them fit better the data than models containing a smaller number of them. It is thus
important that the Bayes factor discriminates models, not only with respect to their goodness of fit to
the data, but also as to know if the extra parameter is really needed by the data.

To gain an intuition on how it works, let us consider the following example. Consider two compelling
nested models: My assigns to a quantity ¢ a vanishing value i.e. # = 0 and M assigns to # a Gaussian
prior distribution with mean 0 and variance ¥2. Assume that we perform a measurement of @ described
by a normal likelihood of standard deviation o, and with the maximum likelihood value lying A standard
deviation away from O i.e. |fmax/0| = A. In this case, the Bayes factor can be computed analytically
from eq. (5.11) and is equal to:

Boy = /1T (0/5) Zexp (_)‘—2) | (5.14)

2(1+ (/%)%

From eq. (5.11) a few limit cases can be discussed.

First, if A > 1, the exponential term dominates and Bp; <« 1. This corresponds to a situation where
the parameter 6 is measured at many standard deviations from the mean value, it is thus intuitive that
the complex model M, is favored by the Bayes factor.

Secondly, assume that A < 1 and /¥ < 1 meaning that, in the vicinity of zero, the likelihood is
more sharply peaked than the prior. We have then By; ~ X /o and evidence accumulates in favor of
the simpler model proportional to ..

What does it mean? In fact, ¥ represents the quantity of information which is bringing in the
model by the extra parameter 6. If ¥ > 1, the prior is only weakly informative, and will not really
help constraining the data. On the other hand, if 3 < 1, than the constraining power of the parameter
is high, its introduction in the model brings a real capital gain when trying to constrain the data. If
the 8 parameter typical range is in good agreement with the data, compared to the simpler model Mj,
than it is clear that the Bayes factor will favor M.

In fact this example shows that the Bayes factor encodes the Occam’s razor, an old philosophical
principle which states that when comparing two models with the same predictions, the simplest should
always be privileged. Also, as a concluding remark, let us note that contrary to frequentist goodness-
of-fits tests, Bayesian model comparison always requests at least two models, maintaining that it is
pointless to reject a model unless another, which fits better the data, is available

5.2 Numerical strategy

In this section we would like to present the numerical strategy used in our analysis. This section is
structured as follows. We start by defining what we want to compute i.e. we define the models that
we want to compare. Then, we continue by presenting the MCMC algorithm used to evaluate the
posterior and prior probabilities. We conclude this section by giving some details on two tools used
in this analysis: SPheno, a fast spectrum calculator already encountered in section 4.3 and XSUSY, a
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package aimed at quickly computing squark decay branching ratios and production cross sections, both
tools implementing the full flavor structure of the MSSM, as presented in subsection 4.2.1 (see also

[o6)).

5.2.1 Definition of the models

As already pointed out, the purpose of this analysis is to compute Bayes factors to disentangle the
possible presence of remnants of a high scale SU(5) symmetry in low scale squark spectra.

As in the previous chapter, our analysis will focus on mixing between the second and third gener-
ations. And, in the same way, we will consider that the crucial SU(5) signature lies in the asymmetry
of the trilinear coupling in the (2,3) sector As3z being small, where compared to the definition 4.22,
we have replaced the factor 1/6 by a factor 1/4, since only two flavors are active in this analysis (see
below). Beside, we do not take the absolute value in Ay3 here, since we want to study the distribution
of A3 on an interval symmetric around 0. To define the two models of interest, we will even consider
that this SUSY scale asymmetry is exactly vanishing if the SU(5) hypothesis is verified. We hence
define the two following models at the TeV scale:

My = {SU(5) hypothesis verified — Ag3 = 0} (5.15)
M = {SU(5) hypothesis not verified — Aa3 # 0} . (5.16)

We have indeed nested models since Mg = M;i(As3 = 0). The Bayes factor By = g Eglﬁ'ﬂ then
reduces to the following SDDR:

g_ P (Axsld M) 1
J dAz3 p'(Ags|d, M) p(Azs|Ma) Az3—=0 (5.17)
_ plAmld. My)

p(A23|M1) | 4,0

where we have noted the unnormalized marginal posterior P (Asasld, M) with a tilde. In the first line
of eq. (5.17), the integral on the denominator of the right-hand side serves to normalize it to unity
(see subsection 5.1.3).

We now turn to how to compute this SDDR in practice.

5.2.2 A MCMC algorithm

When we want to compute the SDDR eq. (5.17), two PDFs need to be evaluated: the normalized
posterior p(As3|d, M1), and the prior p(A23|Mi). The SDDR will then just be the ratio of the value
of these two PDFs at A2z = 0. We start by commenting the procedure used to compute the posterior
P(A23|daM1)-

We have decided to use a Markov Chain Monte Carlo method based on the standard Metropolis
Hasting algorithm [157]. These methods are very useful to sample a target distribution, in this case
the posterior, by exploring randomly a configuration space which can be potentially high dimensional.

5.2.2.1 Preliminary remarks

Before describing the algorithm, a few preliminary remarks have to be made:

1. In all that follows, we will assume an effective two generations framework i.e., the first generation
of the up-type squarks is decoupled (cf case Top Charm SUSY, sec. 4.7). In this analysis we
work with squarks given in their mass eigenbasis i.e. the up-squark spectrum is composed of the
first four mass eigenstates 1y, --- , 44 given in a mass ordered basis.

2. This analysis is aimed to test one spectrum at a time. In practice, this spectrum is provided
through a "Standard Les Houches accord" (SLHA) file [165, 166] whose supersymmetric pa-
rameters are assumed to be taken at () = 1 TeV. This file contains every parameter needed to
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diagonalize the TeV scale spectrum i.e., it contains the different sfermion masses and trilinear
couplings, the gaugino masses, the parameters describing the Higgs sector (tan 3, i, the mass of
the peudo-scalar Higgs m4) and the SM parameters (Voxm, gauge couplings, myz etc..). In the
following, we shall call this spectrum, the "reference spectrum".

3. We have decided to perform the random walk in the space of the TeV scale soft matrices. More
precisely, a point in our parameter space is defined as :

(2 ((M(;;)n

ME‘)”) (5.18)

where all 2 x 2 soft matrices are assumed to be taken at Q = 1 TeV in the SCKM basis.

4. In the posterior PDF expression p(As23|d, M1), the data d will be understood to be a set of
observables build out of:

(a) the squark mass eigenvalues: mg,,--- ,mg,.
(b) the elements of the squark rotation matrix (Ra)i;.

(c) the decays branching ratios of the squarks into a charm or a top plus the lightest neutralino.
That means we consider the following 8 flavor violating branching ratios: BR(a; — t/c x1),
i=1---4

(d) the squark/anti-squark pair production cross sections at a proton-proton collider, i.e. we
consider the 4 cross sections: og,3: = o(pp — @i %;), i =1---4.

5. At each step of the MCMC, the soft matrices are diagonalized using the low scale version of
SPheno. That means that the flag 1 of the block MODSEL is set to 0 (see: [21]) in our reference
spectrum. The branching ratios and the cross sections are calculated using XSUSY, a package
aimed at phenomenological studies in a general flavor violating MSSM. We will justify this choice
and give a brief description of both tools in subsection 5.2.3.

6. We insist on the fact that, contrary to what is usually done, we do not use the MCMC presented
here to converge toward a region of the parameter space favored by data. The purpose being to
use the random walk to fill histograms approximating the conditional PDFs.

7. To evaluate the prior and posterior PDFs, we construct a histogram B, which consists in a series
of Npins discretized values of Asg: B = {Ay, As, -+, An,,,.} where 4; < --- < Ay, and the
width of a bin is given by: width(Bin) = (An,,.. — A1)/Nbins-

5.2.2.2 Algorithm: The posterior PDF case.

The general scheme is then as follows:

0. Initialisation: First of all, we use the reference spectrum to construct a set of observables dubbed
Og{ef- We do not want to be more specific here, but Og{ef might be for example an event rate, a
mass eigenvalue or some combination of the elements in Ry representing the scharm/stop flavor
content of a squark (see section 5.3). Note that this step is only done once, before the random
walk starts.

1. Likelihood definition: We then need to define a goodness function measuring the "relevance" of

a certain point in the configuration space. In this case, the goodness function is a standard
Gaussian likelihood, defined at step 7 as:

2
L(z:) = exp(—%} (5.19)
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where the x? is defined as:

Xi=) (OJMC("J;;%M) : (5.20)

g

Here OJR'HIC,- (resp: Oﬂef ) are a set of TeV scale observables computed from the Markov chain

at step i (resp: from the reference scenario, see step 0 ). To each observable (7 is assigned an
uncertainty noted o7.

2. Asymmetry computation, step i: From the diagonalized spectrum at step i, we can compute the
asymmetry Ab, (see eq. (4.22)), properly normalized to the sum of the squark mass eigenvalues.

3. Jump: A new point is evaluated at step 7 + 1 as:

(M3, )i = (M3, + M&ysy b Ak
wiy1 = 4 (MG, e = (MG )u + M3ysy bpie Lk =1,2. (5.21)
(Aviy1)ie = (Av, )ik + Msusy ba e
where A, p, and € are numbers generated randomly ? with a Gaussian distribution of mean
zero and unit standard deviation.

In eq. (5.21), MZqy is a mass scale which fixes the scale of the soft terms, and b (resp: by) is a
parameter which controls the size of the jump in the scalar mass terms (resp: trilinear couplings)

direction. All three parameters are free, the values used in this analysis will be given in section
5.3.

4. Likelihood computation, step i + 1: From the soft matrices sampled at step 3, we diagonalize the

spectrum with the low scale version of SPheno (see remark 5).

If the soft matrices sampled lead to a non-physical spectrum (presence of tachyons, loop correc-
tions too high), we discard the sampling and go back to step 3.

With the spectrum properly diagonalized, we can compute the likelihood L£(z;i+1) at step i + 1,
calling eventually XSUSY if one of the observables OJMCH , Implies a branching ratio or a cross
section calculation.

5. Asymmetry computation, step ¢ + 1: With the spectrum at step i+ 1, we can compute the asym-

i

metry on this point of the Markov Chain, noted A231.

6. Metropolis-Hasting algorithm: If £L(zi+1) > L(z;), the point is accepted. In this case, we jump
to the next step on the chain and go back to step 1 with the replacement z; — x;4;.

Otherwise, the point is accepted with a certain probability u i.e. if £(zit+1) > ul(z;) then go
back to step 1 with z; — zi41 and if L(zi4+1) < ul(z;), the point is rejected and we stay on the
same point of the chain i.e. go back to step 1 with z; — ;.

Here u is a number randomly generated with a uniform distribution over the interval [0, 1]. This
step is the Metropolis-Hasting algorithm itself. The last condition is requested to prevent the
chain from staying stuck indefinitely in a region of the parameter space.

7. Histogram filling: If the point z;4; is accepted by the Metropolis-Hasting algorithm, then we use
the asymmetry computed at step i + 1 to fill the histogram, i.e. Bin(A%"') — Bin(A5%") + 1.

Otherwise, we fill the histogram with the asymmetry computed at step ¢, i.e.
Bin(A%;) — Bin(Ab3) + 1.

3we have used the random number generator of Dctave v3.8.2 which is a free software, equivalent to MATLAB, available
at [167].
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Looking at the algorithm 5.2.2.2, it is clear that the outcome at step ¢ + 1 depends only on
the outcome at step i, thus this algorithm is "memoryless" and we have a Markov Chain in the
mathematical sense [165].

Also, we have implemented a burn-in phase, i.e. given a free integer Npyum, we skip the step 7
during the Npyry first iterations of the chain, such that the algorithm can reach a numerical stability
before starting filling histograms.

We have summarized the algorithm on figure 5.2. Note that the arrows marked in red on fig. 5.2
correspond to the initialization step (see step 0).

5.2.2.3 Algorithm: The prior PDF case.

Using this setup to compute the prior probability p(As3|M;) leads to a much more simple algorithm.
Indeed, in this case, no observable need to be computed and the Metropolis-Hasting step is skipped,
the Markov Chain being then allowed to explore freely the parameter space of soft matrices, in the
limit where each sampling (see step 3) leads to a physical spectrum.

The main steps used to compute p(A23|M;) then are:

1. Jump: This is exactly the same step as in step 3.

2. Diagonalization, step i: With the soft matrices sampled at step 1, and the reference spectrum,
one can diagonalize the spectrum at step i using SPheno.

If the spectrum is unphysical, then go back to step 1.

3. Asymmetry computation, step i: With the spectrum properly diagonalized, one can compute

5s-
4. Histogram filling: The histogram representing p(A23| M) is filled with Al i.e.
Bin(A%;) — Bin(A}3) + 1.

Note also that as the prior does not depend on the data (i.e. the obervables), the prior needs to be
simulate only once in subsections 5.3.2-5.3.4 in which different sets of observables are used to constrain

the Markov Chain.

114



"90UO0 SUOP A[UO ST YIIgMm

(0 deys 908) deys uoryezirerjiur 9} 03 puodsaiiod SMOITR Pal Y], "UOIRIASD PIEPUR)S JIUN PUL () UBAUI JO UOIINLIJSIP URISSNRY) ® 0} SUIPIOIOR PIINLISIP
SJUOTIS[ UM WL X U 9ZIS JO XLIJRUI Wopuel ® sojelauad (w ‘u)upun. *(Tpy ‘pleey’)d 4qd iotegsod oy 9gnduiod 03 pesn wiyjLiod[e DINDIN — ' 2andig

(X« m)yg ¢
(in'm dd)o -1

suorendwod P < g
TR g 7 ST “f] ‘G7 6 TA ASnsY YI0MAUIRL} GATJOO} SIOAV] OM], <
SYTewoY
(n'o)y ‘(na)y amjonays 1082 WSS I e
'SJUOMIR[A XTIJeW FUIXIN < ASQOSpy 1@ s90LIYRUL 1]OS 9T) H:vaw% ma u_m@_ <
(Lfg97 4= n'n + dd) N ~—— OZI[RUOSRID  UOIR[NUIIS & Py 2w S &
ooy « ¢ R XU Sunam pue < R @w%w 7 S o i
SO SSEp < "y, :sosseu syrenbs-dn & umyeds ey doojg 18 < AW S SRR NG <
:'OM () $9]qBAIaSQO JO JOS B Buye(] 1 d99s 1 umaadg FAGINUER [0 B3

_

SqRAIRSq0 JoAep “fur :omand A Yo & (2'7)upuna Vg ASOSpy + 'y = "y &

EzEqum Q0URIR)RL 91
T+

" ) : ~&— O] [[B I0] PUR 90UO POXI] < OIKOIN 91 q paysay aq 0} umaydg ¢ Supung 0 888 1 Ny = T
- Q?mﬁ‘«%ﬁo J& L==((2)g)u & SIOPI[[09 WO} UAOUY 9q 0 - %mﬂmvﬂ - stoiypuod Arepunoq Am_a% g ) mm ! ._._,& I= T_Qé <
o m?&u POOYIXY] A3 duge(] w@m&%m R0 < (6)0ng Tua 295y wog ponjong & (6 7Jupuns g w&mE + HWE = e
A% /74 se[qeatasqo aouIgeY mIyas IRy ‘SOOI 3503
A
._,_\:ﬂx = MDT‘ = — — — — — = = — -—

3
1]

»OS|ed—> =i«

_ O =" «
:dags oures o1]) U0 ABIS O

9SLAIaYJ0 (9S[R] +

A_ﬁv\w 1. 1. AT T
N < ara= 10 ()7 < M)y o < e = v —_— o — -
()7 > My ="y & I :
{uyuodpe ssurjse] stjodoxjopy N t_l_l > ﬁ _J,,.m_«.q = ME = Y (
=" <

:dogs 1Xal A} 0} AAOW AN I+ ?.m_.mwsvgm = T.m_u.mv\.v:ﬁm I+ dmm u:@m = ﬁmm vﬁwm

115



5.2.3 Tools

In this subsection, we would like to give a brief overview of the two main tools used in this analysis,
SPheno and XSUSY.

5.2.3.1 SPheno

We start by describing SPheno. As already pointed out, SPheno is a fast spectrum calculator written in
Fortran. SPheno computes low scale SUSY mass spectra from high scale boundary conditions on soft
terms inspired by a variety of SUSY breaking mechanisms such as, gauge mediated SUSY breaking,
anomaly mediated SUSY breaking, gravity mediated SUSY breaking and diverse models inspired from
string theory.

To do so, it solves the MSSM RGEs at two loop orders to run the gauge and Yukawa couplings
between Q = myz, the Z boson pole mass, and the high scale, which can either be fix or deduced
from the requirement of the unification of the first two gauge couplings i.e. g; = go. At the high
scale, the boundary conditions for the soft parameters are set, and the gauge and Yukawa couplings as
well as the soft terms are then running down to the SUSY scale, which can be either user-defined or
equal to Qsusy = /M Mg - Then, at Qsusy, the gauge and Yukawa couplings can be used as input,
to compute the pole masses of SUSY particles at one loop. Note also that this procedure has to be
repeated several times until the relative difference in the SUSY mass spectrum computed between two
successive iterations decreases below a certain user-defined, precision threshold.

In our case, we were interested by directly computing the SUSY scale spectrum from boundary
conditions on soft terms given at the same low-scale. It is possible to do so with SPheno, using a
general MSSM simulation (see [91]). In this case, obviously, the running between the high and SUSY
scales is skipped but, nonetheless the gauge and Yukawa couplings are running up between Mz and
Mgysy, to compute tan 3 in a consistent manner.

Also, originally, SPheno was designed in its first versions to neglect flavor and CP violation in the
soft sector, it is now able to properly take care of complex phases as well as mixing terms in the soft
terms [01], allowing for phenomenological studies in a general flavor and CP violating MSSM.

SPheno can be freely downloaded in its most recent version on the following website .

5.2.3.2 XSUSY

XSUSY is a package, written in C++, aimed at phenomenological studies in the MSSM with general
flavor violation. Given a low scale SUSY spectrum, it can compute fastly gaugino, squark, squark-
antisquark pair production cross sections at a proton-proton collider such as the LHC. In addition, it
can also compute squark, gluino, and gaugino decay branching ratios, all computations being done in
a non-minimal flavor violating (NMFV) MSSM.

Very shortly, a new physics model is said to violate flavor in a non-minimal way when flavor-
violating processes can occur through couplings not only related to the Yukawa couplings. Stated
more formally, a NMFV model is a model in which the flavor group is not only broken by spurions ®
build out of Yukawa couplings.

In a NMFV-MSSM, obviously, the squark mass matrix M2 owns non-vanishing, non-diagonal flavor
violating entries at the TeV scale. In the SCKM basis, if we note (M%)‘:‘Jb a generic element of the
up-squark mass matrix where a,b = L, R are chirality indices and ¢, 7 = 1...6 are generation indices,
one can then parameterize these flavor violating entries, in a model independent way, with the following

parameters:
2yab
sab — (M3 ij

ab (5.22)
SERV(TYI Vv

“*spheno.hepforge.org

5We recall that the spurion method consists in promoting a coupling constant to a fictitious non-dynamical field whose
charge is fixed such that the symmetry of interest, for example the flavor symmetry, is re-established in the Lagrangian
[17]. The observed value of the coupling constant will then just be the VEV of the spurion. This method, even though
looking quite abstract, is very useful to constrain the form of higher order operators in an effective theory context. For
an example of the usefulness of the spurion method applied to flavor physics, see [169], [170].
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2 2
(M].O)ij (MS)@j
(10000)? 0 0 (8600)2 0 0
0 (609)% | (841)2 0 (1180)2 0
0 (841)% | (1564)2 0 0 (1317)2
0 (Ag)ﬁ 0 0 (Adgij 0 M jp = 962
M7 = (1343)?
0 0 —575 0 |[0] O _ud :
0 | —575 | —1055 0 |0 =70 sign(p) = +

Table 5.1 — Boundary conditions on soft parameters at () = Mgyt of our reference spectrum to be
tested by the MCMCs. Masses and trilinear couplings are given in GeV.

normalized to the diagonal entries of the mass matrix. Note that despite the notation, the 5%,{”5 are not
mass insertion parameters (see subsection 4.4.2), no approximation being made on the mass matrix,
and in particular on its hierarchy.

Back to XSUSY, one important remark is that it is a leading order software, all cross sections and
branching ratios computations being done at tree level.

All formulas of cross sections implemented in XSUSY, given as an expression of the parameters
(5.22), can be found in [145].

Also, other packages to compute squark production cross sections in a NMFV-MSSM such as
WHIZARD [171] exist, our experience though tends to show that XSUSY is the quickest, time optimization
being important as a high number of points have to be sampled for the MCMCs to converge (see
section 5.3).

Lastly to conclude we have to point out that, unfortunately to this day, XSUSY is not a public
software. However, a copy can be easily obtained by sending an email to its main author, Benjamin

Fuks 6.

5.3 Results

In this section we would like to describe the results we got, using the setup described in section 5.2.
In subsection 5.3.1, we start by describing the reference spectrum used in this analysis. Then, in
subsections 5.3.2-5.3.4, we describe three different cases we have considered, corresponding to three
different sets of observables, as well as their associated results.

5.3.1 Reference scenarios

We start by the description of the reference spectrum. When we were looking for a TeV scale spectrum
to test this setup, several criteria had to be fulfilled:

1. Obviously, our reference spectrum had to derive from SU(5) symmetric boundary conditions at
the GUT scale, as we want to use it to test the SU(5) hypothesis at the TeV scale.

2. The reference spectrum needed to lead to relatively low masses for the first four up-type squarks
@1,- - ,Uq in order to get substantial squark/anti-squark production rates at the LHC 14 TeV.

3. Also, a relatively high mixing between the second and third generations needed to be present, in
order for flavor violating branching ratios, such as BR(@ — ¢ x1), to be non-negligible, in order
to not suppress too strongly the different even rates defined in subsections 5.3.2-5.3.4.

4. As already stated, we are working in the context of the Top-Charm SUSY framework of section
4.7. Hence, we wanted the first generation to be much heavier than the first two ones.

6fuks@lpthe.jussieu.fr
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5. Finally, obviously, we wanted our reference spectrum to pass the different flavor constraints of
table 4.2, and also we wanted it to give a Higgs sufficiently heavy to agree with the ATLAS and
CMS measurements.

In fact, when we were looking for a reference spectrum, we had to face a balance between different
effects. On one hand, we wanted at the same time an up-squark spectrum as light as possible -in
particular to get a Higgs boson heavy enough- and mixing terms as high as possible in order to get
substantial flavor changing branching ratios. On the other hand, the flavor constraints tend to prefer a
relatively heavy squark spectrum with near diagonal soft terms, but then the Higgs can become quickly
too light compared to its experimental value, and the squark production cross sections too low to get
a substantial statistic.

Finally, the best compromise we found is summarized in table 5.1. This table lists the GUT scale
boundary conditions leading to a TeV scale spectrum satisfying the different constraints of list 5.3.1.
When these are evolved down to @ = 1 TeV using SPheno, it leads to:

1. arelatively light squark spectrum for the first two generations. Indeed, we have mg, = 1.15 TeV
and mg, = 1.79 TeV.

2. afirst generation which is decoupled since we have mg,, mg, ~ 10 TeV. Thus, we made sure that
the contributions to the TeV scale observables of these states are very low.

3. production cross sections relatively low, for example we have o(pp — @ a}) = 1.7 fb, and
o(pp — @4ty) = 0.04 fb.

4. on the other hand, due to the high mixing, these cross section values are compensated by the

decay branching ratios, in the channels of interest (see subsections 5.3.2-5.3.4), for example one
has BR(ﬁl — tfl} = 80% and BR(ﬁl — C)Zl) = 6%.

5. A spectrum which is in good agreement with phenomenology. For instance, one has AMp, =
17.5 ps~!, BR(Bs — pup) = 2.88-107%. Note that we have m; = 122 GeV, thus the Higgs
boson is quite light but nonetheless in agreement with the ATLAS and CMS values if we accept
a theoretical uncertainty of +£3 GeV.

We have also defined a counter-example to test the efficiency of this setup in case the spectrum does
not originate from SU(5) symmetric boundary conditions. To do so, we started from the spectrum
obtained from tab. 5.1 upon which we have imposed:

(AU)23 = —(AU)32 at Q=1 TeV, (5.23)

corresponding to a maximally asymmetric situation. We shall note the SDDR associated to this
counter-example Se.

5.3.2 Casel

We are now in a position to apply the setup discussed in section 5.2 to the first example we have
considered. Let us define the following TeV scale event rates:

1. Ny: The event rate associated to a di-top production plus missing transverse energy, through
on-shell squark resonances i.e. Ny is defined as:

Ny = N(pp — wiiy — ttEp) (5.24)
4
= z:z g, BR(#@; — tX7)*. (5.25)
i=1
where L is the integrated luminosity and oga: = o(pp — ;) is the squark/anti-squark

production cross sections computed with XSUSY with ; - - - 4 the four active mass eigenstates.
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Figure 5.3 — Contributions to the different event rates defined in equations (5.24)-(5.28).

2. Ne:: The event rate associated to a di-charm production plus £, hence N is defined as:

N..=N(pp — ;a; — ccErp) (5.26)
4
= Lzaﬂiﬁ; BR(it; — cx9)2. (5.27)

i=1

3. Ng: The event rate associated to a charm and a top production, hence N, is defined as:

Nq = N(pp — wi; — ct Br) (5.28)
4
=2L) " o BR(i — o)) BR(#: — tX7). (5.29)

i=1

Here, we are applying this analysis to the LHC and we have fixed /s, the proton-proton center of
mass energy, to 14 TeV with an integrated luminosity of £ = 300 fb™!. This typically gives for our
reference spectrum, N;; = 328, N,.. = 51 and N, = 26 events.

Feynman diagrams contributing to these different event rates are represented in figure 5.3.

We can now define the two ratios:

N  Na
Ny’ Ny

which are the first two observables we consider here.

(5.30)

We still need to define the error on the event rate ratios (5.30). Generically, one can show from
the Fieller-Hinkley distribution (see [125]) that the error on the ratio of two gaussian distributed even
rates N1/N3 is, in the limit of large N1, Na, equal to:

N2 N~
2 _ 1Y)
Ny N,
This is the error we associate to the ratios (5.30) and typically, for our reference spectrum, using the
numbers mentioned above, one has on(Ng/Nyt) ~ 3% and oy (Nee/Nyt) ~ 6%.
The third observable that we have taken into account is simply the mass ratio of the first two
squarks:

(5.32)

where we have considered that this ratio was measured with an uncertainty of o = 10% and which can
be accessed, for example at the LHC, through kinematical edges in mass invariant distributions [172].
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Finally, we have also defined a certain number of observables linked to the up-squark rotation
matrix Rg. If we note Ry,g, the flavor content of the interaction eigenstate g, in the mass eigenstate
u; expressed in the SCKM basis, for instance Ry ;, = (Rgz)13, we can define the following ratios of
mixing matrix elements:

RﬁlfL RﬁlﬁL
Riin Raer

(5.33)

corresponding to the ratio of the left and right stop and scharm flavor content in the first mass eigenstate
.

The results from the MCMC simulation obtained after ~ 500000 iterations (see fig. 5.2) with the
likelihood function (5.19) constrained by the observables (5.30), (5.32) and (5.33) are presented in
figure 5.6. The left plot of fig. 5.6 is the simulated posterior p(Asz|d, M) obtained using our reference
scenario of tab. 5.1. The right plot is the posterior obtained imposing a maximally asymmetric trilinear
coupling at Q@ =1 TeV (see eq. (5.23)).

Computing the ratio of the posterior both for our reference spectrum and counter-example, nor-
malized to the prior PDF (represented in figure 5.7) at Asz = 0, one can deduce the SDDR (see eq.
(5.17)) values S (reference spectrum) and S, (counter-example) :

Case I S =1.50, S, =1.00 (5.34)

Comparing these values to the Jeffrey scale of tab. 5.1 clearly indicate that this set of observables
does not allow to draw any conclusion for/against the SU(5) hypothesis (i.e. the model My in eq.
(5.15)), both tests being absolutely inconclusive.

In fact, the problem arises because we have taken only ratios of event rates, thus canceling most
of the dependency of these observables with respect to the elements of the up-type trilinear coupling
matrix (Ay )23z and (Ay)az.

Thus, these ratios do not constraint efficiently enough the posterior PDF for the SDDR to cross
the different thresholds of evidence of the Jeffrey scale. In particular, to be decisive, observables need
to constrain the posterior PDF so that it is highly peaked either on zero, resulting in an evidence for
the SU(5) hypothesis, or on a value sufficiently away from zero, to lead to an evidence against the
SU(5) hypothesis.

As an illustration, the figure 5.4 shows the dependency of both Ny and N /Nyt over the trilinear
coupling matrix elements (A )23 and (Ag)sa.

On the other hand, the event rates depend crucially of the up-type squark mass spectrum and, in
particular of the soft mass matrices upon which the random walk is performed. Hence, we can expect
a high variability of N, N and N when we take a jump on the Markov chain (see eq. (5.21)).

This results that if these event rates are directly inputted in the likelihood function (5.19)-(5.20),
the acceptance rate of the Metropolis-Hasting algorithm decreases dramatically.

One way to offset this drop is to considerably reduce the step size of the jump (fixed by the
parameters b and by see tab. 5.2). But if we do so, we explore a much more narrow portion of the
parameter space, which will make the MCMC converge much more slowly. Hence, a compromise has
to be found between acceptance rate and exploration depth.

In any case, we are still trying to optimize the free parameters of the chain, in particular the values
of the parameters b and by, to be able to both include directly the event rates Ny, N.. and Ny in the
analysis and to maintain an acceptable acceptance rate on the chain.
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Figure 5.4 — Left: Dependance of the event rate N as a function of the trilinear couplings (Ay )23
and (Ap)s2 given at @ = 1 TeV. Right: Dependance of the ratio N /Ny. The integrated luminosity
is fixed to £ = 300 fb~1.

5.3.3 Case Il

The second case that we have analyzed is the following. We are still considering that the event rate
ratios of eq. (5.30) are known as well as the mass ratio (5.32) but, we are now considering that the full
flavor decomposition of the first two mass eigenstates is known, i.e. we are assuming that the following
mixing matrix elements have been measured at the LHC:

Rﬁ]fL’RﬁlfR1RﬁléL?RﬁléR (5 35)
Rﬁ2fL ) RﬁQERa RﬁzﬁL d RﬁQER

with a relative error of & ~ 10% each. These matrix elements can be measured by for example

combining different branching ratio measurements in exclusive squark decay channels. Note that both

top and charm polarimetry should be available to access to the flavor decomposition (5.35) of the mass

eigenstates %; and is.

However, even though we gave arguments in the previous chapter, to be optimistic about the
possibilities of accessing the chirality of the top at the LHC (see subsection 4.6.2 and references [12]),
the prospects for measuring the chirality of a charm seem quite limited at a proton proton collider,
in particular due to its relatively low mass compared to the top, the charm hadronizes fastly, which
complicates the reconstruction of angular distributions.

So, in the context of LHC physics, the case developed in this subsection should be seen as relatively
unrealistic and is done for illustration purposes, at least, as long as techniques to tag the chirality of
a charm will not be developed.

In any case, taking the mixing matrix elements separately raises the time of convergence of the
MCMC compared to subsection 5.3.2 and approximately 8.10° points needs to be sampled so that the
posterior PDF converge to an acceptable level.

The results are presented in figure 5.8 where, as in figure 5.6, the left plot is the simulated posterior
using our reference spectrum and the right plot is the simulated posterior imposing a maximally
asymmetric trilinear coupling at the TeV scale (see eq. (5.23)).

From these PDFs, using the prior fig. 5.7, one can compute the values of the SDDR S and S,:

Case I S=1.85, S.=0.25 (5.36)

Looking at eq. (5.36), and at the Jeffrey scale tab. 5.1, one can deduce that a value of S = 1.85 is
not high enough to support the SU(5) hypothesis, even with weak evidence.

121



Noins | A1 | ANg,e Msusy b ba Nourn
40 -2 2 1600 GeV | 0.06 | 0.20 5000

Table 5.2 — Free parameters of the MCMCs. The left table represents the characteristics of the
histogram used to evaluate the PDFs (see remark 7). The centered table represents the free parameters
linked to step 3: Msysy is a scale fixing the overall scale of the soft matrices sampled, b and ba are
parameters setting the relative size of the jump in the soft mass terms and trilinear couplings directions,

respectively. Finally, in the right table Ny is the number of points which is discarded at the beginning
of the MCMC, before the histogram starts to be filled.

On the other hand, the counter-example SDDR is equal to S, = 0.25 < 1/3 and indicates, according
to the Jeffrey scale, that the SU(5) hypothesis is disfavored with a weak evidence.

Thus, in this Bayesian setup, should SUSY be realized in nature, counting the event rate ratios
(5.30) and assuming that one has access to the mass ratio mg, /ma, and to the different mixing matrix
elements (5.35), could allow to exclude (weakly) the high scale SU(5) hypothesis, if the up-type trilinear
coupling matrix turned out to present a high asymmetry.

5.3.4 Case III

Finally, the last case that we have considered is the following. We are assuming that the same set of
observables that in subsection 5.3.3 has been accessed experimentally, but our aim here, is to test this
setup in a limit case, where all uncertainties have been shrunk to O(1%). To do so, we are also assuming
that an integrated luminosity of £ = 3000 fb™! is available, corresponding to a high luminosity LHC.

As we are still considering ratios of event rates, the luminosity upgrade leaves them invariant.
But, changing the luminosity does have an effect on the statistical uncertainty of these ratios (5.31),
as they scale as o« 1/N. Typically, for our reference spectrum, upgrading the luminosity to £ =
3000 fb~! reduces the uncertainties by one order of magnitude, and one has o (Ng /Nit) ~ 0.3% and
0N (Nee/Ntt) ~ 0.6%.

Note also that taking such small uncertainties considerably raises the time of convergence of the
MCMC, the likelihood function being highly peaked (see eq. (5.19)), since now approximately 1.6 x 10°
points need to be sampled for the posterior PDF to converge to an acceptable level.

The results are presented in figure 5.9. From this figure, and the prior fig.5.7, one can deduce the
values of the tests S and S,.:

Case I1I: §=3.05, S.=0.03 (5.37)

From eq. (5.37), one sees that this time both tests are decisive. Indeed, using our reference spec-
trum, which derives from SU(5) symmetric boundary conditions, leads to S = 3.05 > 3 which indicates
a weak evidence for the SU(5) hypothesis. On the other hand, imposing a maximally asymmetric tri-
linear coupling at the TeV scale (see eq. (5.23)), leads to a test S, = 0.03, and as S. < 1/12 (see tab.
5.1), it indicates a moderate evidence against the SU(5) hypothesis.

We hence see that it is possible to cross a threshold of evidence in the Jeffrey scale, i.e. to go from
inconclusive to weak evidence or from weak to moderate evidence, at the cost of drastically reducing
the uncertainties attached to the observables inputted in the likelihood function.

It should be also clear now, that this MCMC allows more easily to exclude the SU(5) hypothesis
than to confirm it, a high asymmetry in the trilinear coupling Ay shifting the posterior PDF (fig. 5.9)
sufficiently away from zero for the SDDR S, to be small enough to point against the SU(5) hypothesis.

Table 5.5 gives a summary of the results obtained using the simulation of fig. 5.2 with the three
different cases discussed in this section.

Again, we insist on the fact that these results should still be seen as preliminary, different aspects
of the MCMC being still tested. However, the fact that we managed to compute SDDRs which point
against the SU(5) hypothesis, even with a weak evidence, is promising and we expect that, once the
analysis will be refined, in particular to include more observables in the likelihood function, for example
heavier squark masses, or multiple squark decay branching ratios, this analysis will be able to exhibit
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its full potential, in particular to exclude the SU(5) hypothesis when the low scale asymmetry A2z is

Case I H Case I1I H Case IIT
£ =300 b~ ! L = 3000 fb~!
s (0 =5%) s (0 =5%) s (0= 1%)
X (0 =ow) N (0 =on) e (0 =on)
Xy (7 =on) N (7=ow) v (7 =on)
ﬁ (J = 10%) R'ﬁ.lfL" Rﬁlfﬁ (O' = 10%) RﬁlfL'r‘ R'ﬁ.lfR (J = 1%)
Rz
T;E; (o =10%) Rayey,» Rajer (0 =10%) | Raje,, Rajer (0 =1%)
RﬁQEL ? RﬁQER (J - 10%) RﬁQfL'r‘ R'ﬁ.QfR (J = 1%)
Rasey, > Ragep (0 =10%) | Ragzys Raser (0 = 1%)
S =1.50, S, = 1.00 S =185 S, =025 S —3.06, S, = 0.03

Figure 5.5 — Summary table of the different obervables taken into account in the three different cases
discussed in this section. The associated errors, given in percents, are indicated in parenthesis. oy is
the error on a ratio of event rates, and is defined in the text (see eq. (5.31)). The last line summarizes

the SDDR obtained both for our reference spectrum noted S (see tab. 5.1) and our counter-example,
noted S; (see eq. (5.23)).
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Figure 5.6 — Left: Posterior PDF p(Asz|d, M1 )case 1 obtained from the MCMC simulation in the case I (see first column
of tab. 5.5) for the reference spectrum. Right: Posterior PDF obtained in the case I with a maximally asymmetric
trilinear coupling enforced at @ = 1 TeV (see counter-example eq. (5.23)). The SDDR obtained are S = 1.50 (reference
spectrum) and S, = 1.00 (counter-example).

-8 =d b a 1 2 3

Figure 5.7 — Prior PDF p(A23|M1) obtained from the MCMC simulation.
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Figure 5.8 — Same as figure 5.6 for the case II (see second column of tab. 5.5) . The SDDR obtained are S = 1.85 and
Se = 0.25.
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Figure 5.9 — Same as figure 5.6 for the case III (see third column of tab. 5.5) . The SDDR obtained are S = 3.06 and
Se = 0.03.
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Conclusion

Supersymmetry stays among the best motivated frameworks to extend the Standard Model. In partic-
ular, its simple realizations (MSSM, NMSSM), allow to solve almost all questions unanswered by the
Standard Model. Beside, when SUSY is embedded in a grand unified theory, the high number of free
parameters introduced by the SUSY soft sector gets drastically reduced. The simplest SUSY/GUT
models are based on the SU(5) Lie group. As such, these models have received a lot of attention during
the last decades. However, most studies seemed to focus mainly on the quark-lepton unification in the
Yukawa sector.

In this thesis, we have taken advantage of the stability of the up-squark soft sector between the
GUT and the TeV scales to build different low scale phenomenological tests on SU(5) SUSY/GUT
models. In chapter 5, we started by testing the stability of two GUT scale SU(5) symmetry relations,
Ay = A¥, and M, 5 — M} when these are running down to the TeV scale. These two relations seem well
preserved by quantum corrections, the TeV scale asymmetries in both sectors staying at the maximum
of the order of @(5)%. We have then explored the possibilities offered by these relations to build tests of
the SU(5) hypothesis within three different kind of SUSY spectra, well motivated by phenomenology.

In section 4.5, we started by investigating "Heavy SUSY" spectra, which feature a SUSY breaking
scale well beyond the electroweak scale. A-priori, these spectra destabilize the electroweak scale and
play against the MSSM as a solution to the hierarchy problem. However, we have mentioned studies
that show that in certain circumstances SUSY spectra can accommodate a heavy breaking scale while
still maintaining a Higgs boson at 125 GeV with moderate fine-tuning ([126] [127]).

In this framework, we managed to exhibit SU(5) tests relying on the measurement of SUSY-dipole
induced processes. Unfortunately, the current sensitivities of experiments to these effective operators
seem too low for the tests to be determinant, even if, processes occurring via proton-proton collisions
at large impact parameter -the ultra-peripheral collisions- might provide a way out.

In section 4.6, spectra featuring a light third scalar generation have been investigated. These
spectra are called "natural" as they automatically stabilize the electroweak scale. In this context, we
managed to exhibit two relations among low scale event rates, or among forward-backward asymmetries,
depending on the exact mass ordering of the spectrum. When the stops are heavier than the wino
and the bino, a leading order relation (relatively to the EFT developed in subsubsection 4.4.1.3), can
be found, which assumes that a certain fraction of jets can be charm tagged at colliders. When one
of the gaugino is heavier than the stops, the EFT expansion needs to be pushed at next-to-leading
order where in the limit of the SU(5) hypothesis, the coupling between the stops and the gauginos is
symmetric. It is then possible to build SU(5) tests relying on top polarimetry. For these tests, one
needs typically 589 events in the channels of interest to assess a deviation of the test relation with a
level of significance of 30 where in comparison, if m; ~ 1 TeV, about 2580 events are expected at the
LHC with an integrated luminosity of 300 fb—*.

Lastly, we have considered spectra which feature a large mixing between the second and third
generation of scalar. In this "Top-Charm" SUSY framework, we managed to build tests with again,
two typical mass ordering considered. In the case of a compressed spectrum, with the stops and
scharms almost degenerate, it is possible to build SU(5) tests relying on Higgs detection in squark
cascade decays. Typically, about 144 events are needed then to assess a deviation of the test relation
with a precision of 50% at a level of significance of 30. If only the scharms are nearly degenerate, a
test can also be worked out, which depends on properly normalized event rates, and typically requires
only 20 events to probe the test relation with a precision of 50%.

Finally, in chapter 5, we have used Bayesian model comparison methods to perform a numerical
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analysis using a Markov Chain Monte Carlo algorithm. This analysis assume that some information
have been collected on the up-squark spectrum at colliders, through the measurement of certain observ-
ables, such as event rates, squark masses, or elements of the squark mixing matrix. It is then possible
to build Gaussian likelihood functions with these observables to set up a Markov Chain whose target
distributions are the posterior probabilities. One can then deduce Bayes factors to test the possible
presence of remnants of the SU(5) unification in the low scale up-type trilinear coupling. We have
applied this analysis to several sets of observables, both for an integrated luminosity of 300 fb~! and of
3000 fb~!, and have presented the associated preliminary results. Typically, the observables we have
considered do not constrain the posterior probabilities enough for the Bayes factors to support the
SU(5) hypothesis, unless the uncertainties attached to these observables are shrunk to O(1%). How-
ever, even with uncertainties of @(10%), if enough information are available on the squark rotation
matrix, it is possible to get a weak evidence against the SU(5) hypothesis when a large asymmetry is
enforced on the trilinear coupling matrix at the TeV scale. The preliminary conclusion is then, that
this analysis seems to show its full potential when it is used to reject the SU(5) hypothesis, using it
to confirm the presence of a high scale unification appearing as more difficult.

QOutlooks

I mainly see four outlooks, to continue the work developed in this thesis.

First, the MCMC analysis of chapter 5 still needs to be optimized, in particular the step size on
the Markov Chain should be adjusted to lead to an optimal acceptance rate, while still exploring
a sufficiently large portion of soft matrices parameter space. This optimization should allow in the
medium-term, to include more observables in the analysis, in particular individual squark masses and
decay branching ratios, thus allowing to constrain the posterior probabilities more efficiently.

Second, all the work developed in this thesis have been done under the assumption of a desert
between the TeV and GUT scales. It should be interesting to extend this work to the case the SU(5)
symmetry is not realized at the GUT scale, but at an intermediate scale. For example, if the grand
unified group consists of SO(10), the breaking chain toward the SM gauge group might involve an
intermediate SU(5) symmetry. In such cases, extra-degrees of freedom, arising from the extended
GUT representations might exist between the two scales, it should be then interesting to study their
impact on the running of the two SU(5) symmetry relations we were interested in.

Third of course, all the tests which have been developed in this thesis also hold when the GUT scale
is symmetric under a GU group containing SU(5) as a subgroup. Hence, the different tests worked
out here can be straightforwardly extended in case of a SO(10) SUSY/GUT theory which add only
a right-handed neutrino in its matter content compared to SU(5). Note however that extending the
GU group beyond SO(10), for instance to E(6), would generally introduce new flavoured d.o.fs such
as the so-called leptoquarks or un-higgs (see [31],[173, 174]) potentially feeding the RGEs of the soft
terms. One can then ask to what extent the GUT scale symmetry relations we have considered in this
work are spoiled by these new degrees of freedoms and if our low scale tests can still be carried out in
such a context.

Finally, and perhaps more importantly, one should definitely perform an extended collider anal-
ysis, using Monte Carlo generators, to simulate the expected sensitivities to charm tagging and top
polarimetry in the channels we used to build our tests, taking into account the different sources of
background. Indeed, as all tests developed in chapter 4 rely on one of these two techniques, it is crucial
to have a more quantitative idea of the expected sensitivities of the current detectors.
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Conclusion en francais

La supersymétrie reste un des meilleurs candidats de théorie de nouvelle physique au-dela du mod-
éle standard. En particulier, ses réalisations simples (MSSM, NMSSM), résolvent presque toutes les
questions laissées sans réponse par le modéle standard. De plus, lorsque la SUSY est plongée dans une
théorie de grande unification, les nombreux paramétres libres du secteur doux se retrouvent réduit a
quelques uns seulement. Parmi les modéles SUSY/GUT, ceux basés sur le groupe de Lie SU(5) sont
les plus simples. En tant que tels, ces modéles ont recu beaucoup d’attention au cours des derniéres dé-
cennies. Cependant, la plupart des études semblent s’étre principalement concentrées sur 'unification
quark-lepton dans le secteur de Yukawa.

Dans cette thése, nous avons profité de la stabilité du secteur doux des squarks hauts entre
Péchelle GUT et D’échelle du TeV pour construire différents tests phénoménologiques des modéles
SU(5) SUSY/GUT. Dans le chapitre 5, nous avons commencé par tester la stabilité de deux relations
de symétrie réalisées a haute énergie dans les modéles SU(5), a savoir Ay = Ag et M 5 = MZ, lorsque
celles-ci sont évoluées vers ’échelle du TeV.

Ces deux relations semblent bien préservées par les corrections quantiques, les asymétries a 1'échelle
du TeV dans les deux secteurs restant au maximum de I'ordre de O(5)%. Nous avons ensuite utilisé la
stabilité sous les RGEs de ces relations afin de construire des tests de I’hypothése SU(5) en considérant
trois sortes de spectre SUSY différents, tous motivés par la phénoménologie.

Dans la section 4.5, nous commencames par investir les spectres "SUSY lourds", dont 1'échelle
de brisure de la supersymétrie se situe bien au-dela de 1’échelle électrofaible. A-priori, ces spectres
déstabilisent 1’échelle électrofaible et semblent remettre en question la viabilité du MSSM comme
solution du probléme de la hiérarchie de jauge. Cependant, nous avons mentionné plusieurs études qui
montrent que dans certaines circonstances ces spectres peuvent s’accommoder d’une échelle de brisure
haute tout en maintenant un boson de Higgs & 125 GeV avec un ajustement fin modéré.

Dans ce contexte, nous avons réussi a exhiber des tests SU(5) via des processus induits par des
opérateurs dipolaires supersymétriques. Malheureusement a 1'heure actuelle, les sensibilités des dé-
tecteurs semblent trop basses pour que ces tests puissent étre déterminants méme si, des collisions
proton-proton & haut parameétre d’impact (les collisions ultra-périphériques) pourraient étre utilisées
pour sonder ces opérateurs de maniére indirecte.

Dans la section 4.6, nous avons étudié des spectres contenant une troisiéme génération de squarks
légers. Ces spectres sont appelés "naturels" étant donné qu’ils permettent de stabiliser automatique-
ment 1'échelle électrofaible. Dans ce contexte, nous avons réussi a exhiber deux relations, impliquant
soit des taux d’événements, soit des asymétries avants-arriéres, selon la hiérarchie de masse considérée.
Lorsque les stops sont plus lourds que le wino et le bino, une relation a ’ordre dominant (relativement
a la théorie effective développée dans la sous-section 4.4.1.3) peut étre trouvée, a condition qu’une
certaine fraction des jets issus d'un quark charm puisse étre correctement identifiée aux collisionneurs.
Lorsque 1'un des jauginos est plus lourd que les stops, le développement de la théorie effective a besoin
d’étre poussé aux ordres supérieurs. Le couplage des stops aux jauginos étant symétrique dans la limite
de ’hypothése SU(5), des tests reposant sur la mesure de I’hélicité du top deviennent alors possibles.
Ces tests requiérent typiquement 598 événements dans les canaux utilisés afin de sonder une déviation
de notre relation test & une précision de 50% avec un niveau de significativité de 30. En comparaison,
2580 évenements sont attendus au LHC avec des stops de 1 TeV et pour une luminosité intégrée de
300 fb 1.

Enfin, nous avons considéré des spectres présentant un large mélange entre la seconde et la troisiéme
génération de scalaire. Dans ces spectres de SUSY "Top-Charm", nous avons réussi i construire des

129



tests en considérant & nouveau, deux hiérarchies dans le spectre de masse. Dans le cas d’'un spectre
compressé, ol les stops et les scharms sont presque dégénérés, il est possible de construire des tests
SU(5) reposant sur la détection de bosons de Higgs dans les cascades de désintégration des squarks.
Typiquement, environ 144 événements sont nécessaires afin de sonder une déviation de notre relation
test avec une précision de 50% & un niveau de significativité de 3o. Si seulement les scharms sont
dégénérés, un test reste possible en utilisant des taux d’événements convenablement normalisés, faisant
la-encore intervenir des processus contenant des bosons de Higgs dans leurs états finaux, produits via
des désintégrations violant la saveur. Ce dernier test requiert typiquement seulement 20 événements
pour sonder la relation test avec une précision de 50%.

Finalement, dans le chapitre 5, nous avons utilisé des méthodes bayésiennes de comparaison de
modéles afin de procéder a une analyse numérique en utilisant des algorithmes de Monte Carlo par
chaine de Markov. Cette analyse suppose que certaines informations soient collectées aux collisionneurs
sur le spectre des squarks hauts, via la mesure de certaines observables, telles que des taux d’événe-
ments, des masses de squarks, ou des éléments de la matrice de mélange des squarks. Des fonctions de
vraisemblance gaussiennes peuvent étre construites pour mettre en place une chaine de Markov dont
la distribution cible est la probabilité a postériori que 'on cherche a évaluer. Des facteurs de Bayes
peuvent ensuite &tre déduits afin de tester la présence possible de rémanents d’une unification SU(5)
dans le couplage trilinéaire des squarks hauts a basse énergie. Nous avons appliqué cette analyse a
plusieurs jeux d’observables, & la fois avec une luminosité intégrée de 300 fb~! et de 3000 fb™!, et
avons présenté les résultats préliminaires associés. Typiquement, les observables que nous avons con-
sidéré ne contraignent pas suffisamment les probabilités a postériori pour que les facteurs de Bayes
puissent supporter I'hypothése SU(5), & moins que les incertitudes associées aux observables ne soient
réduites & O(1%). Cependant, méme avec des incertitudes de 'ordre de O(10%), si suffisamment d’in-
formation est disponible sur la matrice de mélange des squarks, il est possible d’obtenir une évidence
faible contre I’hypothése SU(5) lorsqu'une haute asymétrie est imposée dans le couplage trilinéaire
a D’échelle du TeV. La conclusion préliminaire est donc que cette analyse semble montrer son plein
potentiel lorsqu’elle est utilisée pour rejeter I'hypothése SU(5), I'utilisant pour confirmer la présence
d’une unification & haute énergie semblant plus difficile.

Perspectives

Je vois principalement quatre perspectives pour continuer le travail développé dans cette thése.

Premiérement, I’analyse MCMC du chapitre 5 a encore besoin d’étre optimisée, en particulier afin
d’ajuster la taille du pas sur la chaine de Markov pour arriver & un taux d’acceptation optimal, tout en
explorant une partie significative de ’espace des paramétres des matrices douces. A moyen terme, cette
optimisation devrait autoriser 1'inclusion de plus d’observables dans I'analyse, en particulier des masses
individuelles des squarks et des rapports de branchement ce qui devrait permettre de contraindre les
probabilités a postériori plus efficacement.

Deuxiémement, tout le travail développé dans cette thése 1’a été sous ’hypothése d’un désert entre
les échelles GUT et du TeV. Il pourrait étre intéressant d’étendre ce travail au cas ou la symétrie SU(5)
n’est plus réalisée a I’échelle GUT mais a une échelle intermédiaire. Par example, si le groupe de grande
unification est SO(10), sa chaine de brisure vers le groupe de jauge du modéle standard peut impliquer
une symétrie intermédiaire de type SU(5). Dans de tels cas, des degrés de liberté supplémentaires
peuvent étre présents entre les deux échelles, 4 cause des représentations étendues du groupe de grande
unification. Etudier leurs impacts sur 1'évolution des deux relations de symétrie auxquelles nous nous
sommes intéressés constitue donc une extension naturelle de ce travail.

Troisiémement, tous les tests qui ont été développés dans cette thése peuvent étre directement
généralisés aux théories GUTs d’ordres supérieurs, lorsque le groupe de grande unification contient
SU(5) comme sous-groupe. En particulier, les différents tests développés devraient directement appli-
cables au cas des théories SUSY/GUTs de type SO(10) qui, comparativement a SU(5), n’ajoutent
que les neutrinos droits dans le spectre de matiére. Cependant les théories SUSY /GUTs plus grandes
que SO(10), par exemple celles basées sur E(6), introduisent généralement des degrés de libertés
supplémentaires sensibles & la saveur, tels que les leptoquarks ou les higgs sombres, pouvant ainsi po-
tentiellement modifier ’évolution des couplages trilinéaires. Il serait alors intéressant de se demander
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dans quelle mesure 1'évolution des relations de symétrie que nous avons considéré se trouve modifié, et
si des tests de basse énergie peuvent toujours étre construits dans un tel contexte.

Le quatriéme point, peut-étre le plus important, consisterait & mener une analyse détaillée aux
collisionneurs, en utilisant des générateurs Monte-Carlo, afin de simuler les efficacités attendues pour
I'identification des jets charmés et pour la mesure de 1’hélicité du top, en tenant compte des différentes
sources de bruit de fond. En effet, comme presque tous les tests développés dans le chapitre 4 reposent
sur 'une de ces techniques, il est crucial d’avoir une idée quantitative plus précise des sensibilités
attendues aux détecteurs actuels.
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Appendix A

Conventions

A.1 Pauli and Dirac matrices.

We recall that a basis of SU(2) is given by (14,101, i03,703) where:

(1) (0 7)o 6 )

are the three Pauli matrices and 1 is understood to be the 2 x 2 identity matrix. The Pauli matrices
obey the su(2) algebra commutation relations:

[oi, O'j] = QiE@ijk (A.2)

The 4D-Clifford algebra {v,,7,} = 2g,, can be represented by the 4 x 4 Dirac matrices, given here
in the chiral representation:

0 1 _ 0 of
’yo:(ﬂ 0), 1=1,2,3: 'ﬁ:(_gé O)’ (A.3)

One can further define the "fifth" gamma matrix:
. -1 0
Vs = iYoN Y2V = ( 0 ]l) ; (A4)

which satisfies {v°,y#} = 0.

A.2 Weyl spinors.

A Weyl spinor is a doublet of complex numbers 1 = (ZI) lying in the fundamental representation
2

space of SU(2). In the chiral representation, one can define left-handed 1, and right handed 1% Weyl
spinors. These have the virtue to have well defined transformation properties under the Lorentz group:

Yo — M, Py, 4% — ((f'.a*—l)*)dfB WP (A.5)

where M = M(A) is the two-dimensional representation of the Lorentz transformation A. The spinor
indices a, 3 = 1,2 and &, 8 = 1,2 can be raised and lowered with the totally antisymmetric Levi-Civita
tensor € where €45 = €, 5= —€*B = ¢4 with €5 = +1. Hermitian conjugation relates left and right
handed Weyl spinors:

Bl = Wa)' = @WNa, (@) =y° (A.6)

Then, one can equally use either a left-handed Weyl spinor (with an undotted indice) or a right-handed
Weyl spinor (with a dotted indice) to describe any particular fermionic degree of freedom. This gives
us the freedom to make all right-handed spinors carry daggers while left-handed spinors do not.
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Note that, as Weyl spinors are Grassmann valued, they anticommute:
€%Xa = —€ax® and Elx1* = —¢!*x], (A7)

Then, one has to fix an ordering convention to suppress repeated indices. We fix that indices repeated
as:

@ or ¢ (A.8)

(a3 (a3

can be suppressed. In particular, we have for the scalar product:

X = " a = X% = x&,

it = el =Xl =x1¢ A9
=¢) & =
Finally, one can define two four-vectors of Pauli matrices via:
(0")ap = (H,Ji)aﬁ and (%)% = (1, —J‘i)dﬁ. (A.10)
It is also useful to define antisymmetrized products of these two four-vectors:
i _ G 1, .
(J’”‘”)Q’B =3 (ot — J“O””‘}aﬁ and (o""‘”)aﬁ =3 (Caload —E”o"”‘)as (A.11)

A.3 Dirac and Majorana spinors

One can define a four-component Dirac spinor out of two Weyl spinors (see sec A.2) of opposite

chiralities: " :
_ Ly _ a

T =0ty = (Xﬁ ¢l ) (A.13)

which allows to form (Dirac) Lorentz invariant mass terms of the form W,
Note that ~5 allows to define the two chirality projection operators:

and its Dirac conjugate form:

1-— 1
p—-—_2 p, 1T (A.14)
2 2
which makes the chirality assignment in Up consistent as:
&a 0
PLY = 0 and PrVU = o) (A.15)
The charge conjugation of a Dirac spinor is defined as:
— ar X,
Ue=CT = ( ‘fg) (A.16)
with C' = iyo7y2, the 4D charge conjugation matrix. C satisfies the important identity C1v,C =
T
— ()" -
One can then define a 4 components Majorana spinor Wjs via the condition:
U=, (A.17)

A Majorana spinor is its own anti-particle and, when applying constraint A.17 to the general form of
a Dirac spinor (A.12), one finds:

U= (;‘j;) and T = (gﬁ gg) (A.18)

Contrary to a Dirac spinor, a Majorana spinor has hence only two complex, anti-commuting degrees
of freedom.
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Appendix B

The dipole form factors

The form factors for the dipole penguin diagrams are given by:

v _ 10 (19 + 172z + 2?) N 20z (18 + 15z — z2)
s 21 (1 — z)* 7(1—z)°
po_ _12(1+2) 6 (9 + 16z — z?)

log =,

log x,
y 5(1—z)? 5(1—x) .
10 (1 — 8z — 1722 3
ng)v _ ( T - I ) _ 20z (3 +523) 1ng?
31—2x) (1—=z)
6(1+5z) 12z(2+x)
F(2) = — log .
BV T (1—a)f ¢
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Appendix C

Event rates for fa,b —tr RB

Assuming a spin analyzer distribution Pz(z) o (1 + kP;z), the events rates of sec. 4.5.1 are given by:

Nuw — Nop L —;/2 PN +;/2’ 1)
N, — aLl—l—hi/Q +NGR1—2.‘5/2’ (C.2)
Npt = Nor, ! _;/2 + Nle +;/2, (C.3)
Ny = Nig, Lt /2 Nle _;/2, (C4)
with:
_ 2
Nar, = Na (co, — :t:sg::;; + T;‘("SL — zcg,)?’ (C5)
_ 2
Nop = Noz—— mijf)sf; 1;’529) et (C6)
- 2
Nor = Ny (co, — :t:sg::;; + T;‘("SL — zcg,)?’ (C7)
B 2
Nyr =N, (cor — mii(;ﬂ:_ 12:2389;3 ~2ce,)?’ (C.8)
(C.9)

Here N,, N, are the production rates of t,, t3.
The exact formula for the expected precision associated to the SU(5) test eq. (4.117) is then
simply:

p (17 4 15¢49,) 3212 — 739k% — 1020 (k% — 4) coq, + (900 — 289k2) cyg, N
772 555v2 (3 + cagy) K N,
1/2 (C.10)
3212 — 739k% — 1020 (k% — 4) cog, + (900 — 289%7) 049t)
Ny )
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