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Algebres KLR et algebres de carquois-Schur
Résumé

Dans la premiere partie de la these on construit une base de la partie
positive f de I’algebre quantique de Drinfeld-Jimbo associée a un carquois de
Dynkin. Cette base est donnée par des faisceaux de parité en caractéristique
quelconque. De plus, on catégorifie la multiplication et la comultiplication
dans f avec des complexes de faisceaux.

Dans la deuxieme partie il s’agit de la dualité de Koszul. Stroppel et
Webster ont introduit une graduation sur la g-algebre de Schur cyclotomique
S5. On démontre que l'algebre graduée obtenue est Morita équivalente (au
sens gradué) a une algebre de Koszul. La preuve est basée sur le résultat
de Rouquier, Shan, Varagnolo et Vasserot qui identifie la catégorie mod(S%)
avec une catégorie O affine parabolique de type A. Cette catégorie admet
une graduation de Koszul construite par Shan, Varagnolo et Vasserot. On
identifie cette graduation avec la graduation sur mod(S%).

Dans la troisieme partie de la these on étudie une représentation
catégorique dans la catégorie O parabolique pour la version affine de gl de
niveau —N — e. Cette catégorie admet une structure de sl.-représentation
catégorique avec des foncteurs F et F. Cette catégorie contient une sous-
catégorie plus petite A qui catégorifie I’espace de Fock de niveau supérieur.
On démontre que le foncteur F' pour la catégorie A de niveau —N — e se
décompose en terme de composantes du foncteur F' pour la catégorie A de
niveau — N —e—1. Pour démontrer cela, on construit un isomorphisme entre

(1)

.1 et un sous-quotient de l'algebre

lalgebre KLR associée au carquois A
KLR associée au carquois Agl).

Mots clefs : Algebres KLR, algebres de carquois-Schur, algebres
de Hecke, groupes quantiques, faisceaux de parité, base canonique,
représentation catégorique.






KLR algebras and quiver Schur algebras
Abstract

In the first part of the thesis we give a construction of a basis of the
positive part f of the Drinfeld-Jimbo quantum enveloping algebra associated
with a Dynkin quiver. This basis is given in terms of parity sheaves over
fields in any characteristic. We also categorify both the multiplication and
the comultiplication of f via complexes of sheaves.

The second part deals with Koszul duality. Stroppel and Webster have
introduced a grading on the cyclotomic ¢-Schur algebra S5. We prove that
the obtained graded algebra is graded Morita equivalent to a Koszul algebra.
The proof is based on a result of Rouquier, Shan, Varagnolo and Vasserot
that identifies the category mod(S5) with a subcategory of an affine pa-
rabolic category O of type A. This subcategory admits a Koszul grading
constructed by Shan, Varagnolo and Vasserot. We identify this Koszul gra-
ding with the grading on mod(S5).

In the third part of the thesis we study a categorical representation in the
parabolic category O for affine gly at level —N — e. This category admits a
structure of a categorical representation of sl. with respect to some functors
FE and F'. This category contains a smaller category A that caregorifies the
higher level Fock space. We prove that the functor F' for the category A at
level —N — e can be decomposed in terms of the components of the functor
F for the category A at level —IN — e — 1. To prove this, we construct an

isomorphism between the KLR algebra associated with the quiver Agl and

a subquotient of the KLR algebra associated with the quiver Agl).

Keywords: KLR algebras, quiver Schur algebras, Hecke algebras, quan-
tum groups, category O, parity sheaves, canonical basis, categorical repre-
sentation.






Chapitre 1

Introduction

Soit A un anneau. On note mod(A) la catégorie des A-modules de type
fini. Soit A un anneau gradué. On note grmod(A) la catégorie des A-modules
gradués de type fini. On note aussi grproj(A) la catégorie des modules pro-
jectifs dans grmod(A). Pour une catégorie abélienne C on note [C] son groupe
de Grothendieck complexifié.

1.1 Les bases canoniques

1.1.1 Le groupe quantique f

Soit A 'anneau Z[q, ¢~ ']. Soit I un ensemble fini et (a; j); jer une matrice

de Cartan généralisée symétrisable. Pour n € N on pose [n] = q;:qq:l cA
et [n]! = [1"_;[r]. Soit ZI le Z-module libre avec une base paramétrée par
les éléments de I. Un élément de ZI est une combinaison Z-linéaire formelle
d =), ;d;-i déléments de i. Soit NI le sous-ensemble de ZI formé des
d € ZI a coefficients dans N.

Soit 'f la Q(g)-algebre libre engendrée par {6;; i € I}. L’algebre 'f est

graduée par le monoide NI de telle maniére que 6; est de degré i :

'f = @ 'fq.

deNI

Pourd =} ,.;d;-i € NI on pose |[d| =}, ; d;. Pour un élément homogene
x € fq on pose aussi |z| = |d|.
Le produit tensoriel 'f ® 'f (sur Q(q)) a une structure d’algebre donnée
par
(w1 ® o) () @ ) = ¢ 12171l 24 @ woah,

ou x1,x2,xy,xh € 'f sont homogenes. Cette algebre est associative. Soit r :
'f = 'f ®@'f 'unique homomorphisme d’algebres tel que r(6;) = 6, @ 1+1®6;
pour chaque i € 1.

Il existe une unique forme bilinéaire (e, e): 'f x 'f — Q(q) telle que
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1
(b) (6:,6;) = 5”(1 —¢®)~! pour chaque 4,j € I,
(©) (2,9192) = (r(x), 1 ® ) pour chaque 2, g,y  f,
d) (z122,y) = (21 ® z2,y) pour chaque x1,x9,y € 'f,
ou la forme bilinéaire (e, o) sur 'f ® 'f est définie par

(a) (1,1) =
)
(

(1 ® 22,24 ®@ ay) = (21, 7) (w2, 75).
Cette forme bilinéaire est symétrique. Posons 91@ = 0¢/]all.

Lemme 1.1.1. Le noyau rad(e,e) est linéairement engendré par les
éléments suivants

S 09067, it az0b>0
a+b=1-a; ;

O]

Les propriétés (c), (d) assurent que rad(e, ) est un idéal bilatere de 'f.
Définition 1.1.2. L’algebre f est le quotient de P'algebre 'f par rad(e,e).

Soit 4f la A-sous-algebre de f engendrée par les éléments 92@, 1 €1,
a € N. La graduation de 'f induit une graduation sur f et 4f. On pose :

f=@Pfta, af=P afa

deNJ deNJI

L’algebre f admet un automorphisme Z-linéaire : £ — f tel que 6; = 6;,
—_ -1
q=q .

1.1.2 Les bases canoniques

Dans cette section on explique la définition de la base canonique de f.
Voir [38, Section 14] pour les détails.

Définition 1.1.3. Soit M un module sur un anneau A. On dit qu'une partie
B C M est une base signée s’il existe une base B’ C M telle que B =
B'U(-B').

Considérons ’ensemble
B={zcf; z=2, (z,2) € (14 ¢Z[[q]]) N Q(q)}.

Théoréme 1.1.4. L’ensemble B est une base signée du A-module 4f et du
Q(q)-espace vectoriel f. Chaque élément de B est homogéne, c’est-a-dire que

lonaB= [] Bqg, ouBg =Bnfy. d
deNs

Maintenant on définit des sous-ensembles B;,, et B>, de B, ou i €
I, neN.
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Définition 1.1.5. Pour ¢ € I, n € N on pose B>, = BN O et By, =
Bi;>n - Bi;>n+1-

Theorem 1.1.6. (a) L’ensemble B;.>, est une base signée du Q(q)-espace
vectoriel 07f et du A-module Y .., 9§n,)Af.

(b) Si b € Biy, alors il existe un unique élément b’ € By, tel que 70— b
est une combinaison linéaire d’éléments de Bi>ny1. De plus, Uapplication
Tin: Bio = Bim, b b est une bijection.

Maintenant on peut construire la base canonique B. D’abord, on
construit récursivement des sous-ensembles By C Bgq en posant
[ ] B() = {1},
e By = U Wi;n(Bd—m' N Bi;O) si |d| > 0.
i€l,n>0;d; >n
Finalement, on pose B =[] Bag.
deNJ
Théoréme 1.1.7. L’ensemble B est une base du A-module 4f et du Q(q)-
espace vectoriel f. L]

Cette base B est appelée la base canonique de f.

1.2 Les algebres de Kac-Moody

1.2.1 Les algebres de Kac-Moody
Soit I un ensemble. Soit (a; ;)i jer une matrice de Cartan généralisée
symétrisable.

Définition 1.2.1. L’algebre de Kac-Moody g; dérivée associée a I' est
I'algebre de Lie (sur C) de générateurs e;, f;, h; pour i« € I modulo les
relations

lei, fi] = dijhi, [hisej] = aijey, [hi, f5] = —ai jej, [hi, hj] = 0,

ad(e;)' "% (e;) =0, ad(fi)' " (f;) =0, pour i # j.

Soit {A;; @ € I} ensemble des poids fondamentaux de gy. Posons Py =
D, ZA;, PIJr = @,/ NA;. On considere aussi un Z-module libre X; =
@D,c; Ze; de base {;; i € I} et on pose X; = P,.; Ne;.

Définition 1.2.2. Le groupe quantique U, (gr) associé a I' est la Q(g)-algebre
de générateurs F;, F;, K Zi pour i € I modulo les relations

KiK; = K;K;,  KEj=¢"E;K;,  KFj=q “FK;

K, — K !

KiK' =1, [Ei, Fj] = 65 T

2
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1—a; ;
S () EVEE! =0 pouri# j,
r=0
1—a; ;

(—) FOFENT ) =0 pour i # .
r=0

On a posé Ei(a) = E?/[a]! et Fi(a) = F?/[a].

Si A € P;7, soit L(A) (resp. Ly(A)) le module simple de g; (vesp. Uy(gr))
de plus haut poids A.

1.2.2 Combinatoire

Soit m un entier positif. Une composition de n est un uplet A =
(A1, -+, Ag) tel que Zle Ar = n, A\, est un entier strictement positif pour
chaque r € [1, k]. On va noter C,, I’ensemble des compositions de n.

Une composition A = (A1, - -+, Ag) est une partition siona Ay = -+ = Ag.
On va noter P, I'ensemble des partitions de n. Pour A = (Ay,--- , \x) € Py
on pose £(A) =k et [\ =n. On pose aussi P = [[, .y Pn et C = [[,,cnCn-

Soit [ un entier strictement positif. Une [-partition (resp. [-composition)
de n est un l-uplet \ = ()\(1), e ,)\(l)) de partitions (resp. compositions)
telles que Zi:l A = n. On va noter P, (resp. C.) l'ensemble des I-
partitions (resp. [-compositions) de n.

Pour une composition A = (A1,---,A\;) de n notons &y le sous-groupe
de Young &, x --- x &), C &,,. Pour une [-composition A = AW A0
de n soit &) le sous-groupe de Young &,a) X -+ X &1y C G,,.

1.2.3 Représentations de ;[e

Dans cette section on suppose que (a;;)ijer est la matrice de Cartan
de type A, 1. Ona gr = sl, = sl ® C[t,t~'] ® C1. On introduit quelques
représentations de l'algebre de Lie affine sl,. On va identifier Pensemble I
avec Z/eZ.

Soit V. un C-espace vectoriel avec une base {vy,- - ,v.}. Posons U, =
V., @ C[t,t~1]. L’espace vectoriel U, est muni de la base {u,; r € Z} telle que
Ugteh = Va @1 pour a € [1,€], b € Z. L’espace vectoriel U, a une structure
de ;[e—module de niveau 0 définie par

filuy) = impirs1,  €i(ur) = di=p—_1Up_1.

Ici on considere des congruences modulo e.

Définition 1.2.3. Soit m un entier. L’espace de Fock de niveau 1 est un
C-espace vectoriel F™ linéairement engendrée par les wedges semi-infinis
Upy A Upy A Upy A -+ tels que 7, = m — k:j— 1 sauf pour un nombre fini
d’indices k. Cet espace vectoriel admet une sl.-action de niveau 1.
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A chaque wedge semi-infini on associe une partition A = (A, Ag, -+, A¢)
comme suit. Soit ¢ le dernier indice tel que 'on ar; > m—t+1. Pour k € [1, ]
on pose A\, = rp —m + k — 1. Pour telle partition A = (Ay,---,\;) € P on
pose |\, m) = Up, AUpy AUpg A---. Les éléments |A, m) pour A € P forment
une base de F™.

Définition 1.2.4. Soit m = (mq,---,my) un l-uplet d’entiers. L’espace de
Fock de niveau l est le sl-module F™ = F™M @ --- Q F™.

Pour une [-partition A = (A, ... A®) € P! on pose
Am) =AY my) @ - @ |AD, my).

Les éléments |\, m) avec A € P! forment une base de F™.
L’espace de Fock ™ de niveau 1 admet une version quantique F;* qui

est un U, (s?[e)—module. L’espace de Fock 7™ de niveau [ admet deux versions
quantiques :
e le produit tensoriel Fi* := F" @ - @ F M,
e la version quantique .7?;“ introduite par Uglov dans [61] qui dépend
d’un parametre appelé [-charge.

1.3 Les algebres de Hecke et de Schur

1.3.1 Les algebres de Hecke

Soit k un corps commutatif. Fixons ¢ € k. Soit d un entier positif.

Définition 1.3.1. L’algeébre de Hecke °Hy(¢) de &4 est la k-algebre engendrée
par 11, -+ ,T,;_1 modulo les relations

T, Ty =TTy si |r — s| > 1,
T T T, = Top1 T, T1, (Tr — (T, +1) = 0.

Définition 1.3.2. L’algébre de Hecke affine Hy(C) est la k-algebre engendrée
par Ty, Ty 1, X1, -+, Xy, Xfl, e ,X;l modulo les relations

T, T, = T, T, si |r — s > 1, T, T 1 Ty = Tpir T, Tyi1, X, X' =X71X, =1,

r
(TT_C)(TT"’_D:O, TrXr:XrTr si |T_5| > 17
TTXT—I—I =X, T, + (C - 1)Xr+17 T.X, = Xr+1Tr - (C - 1)X'I‘+1'

L’algebre Hy(() contient I'algebre °Hy(¢) comme une sous-algebre. Sup-
posons ( # 0,1. Soit [ > 1 un entier. Fixons un [-uplet d’entiers s =
(s1,-++,81). Pour tout r € [1,1] on pose @, = (*r.

Définition 1.3.3. L’algébre de Hecke cyclotomique Hj(() est le quotient de
H;(¢) par l'idéal engendré par (X; — Q1) -+ (X; — Q).
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Pour chaque d € N il existe un homomorphisme d’algebres
H3(() —» H31(¢), Xp—X,, Tp—T,, Vreld, kell,d-—1].
Soient
E: mod(Hgy(¢)) = mod(Hg(¢)), F:mod(Hgz(()) = mod(Hg,1(C))

les foncteurs d’induction et de restriction relatifs a cet homomorphisme.

Soit .# C k la partie formée des éléments de la forme (" avec n € Z. On
peut voir .% comme ’ensemble des sommets d’un carquois avec une fleche
1 — j si et seulement si on a j = (7. Si { est une racine primitive e-ieme de
I'unité alors on a gz = sl,. On considére le poids A = Zizl A, de gz. Le
théoreme suivant est démontré par Ariki [1].

Théoréme 1.3.4. [l existe un isomorphisme de C-espaces vectoriels L(A) ~
P yenmod(H5(Q))] et des décompositions E = @,. 7 Ei, F = @, 7 F; tels
que laction des foncteurs E;, F; sur @ con[mod(HS)] pour i € .F s’identifie
avec laction des générateurs e; et f; de gz sur L(A). O

1.3.2 Les (-algebres de Schur

Pour chaque r € [1,d — 1] notons ¢, la transposition (r,r + 1) € Sy.
Pour une permutation w € &4 qui a une expression réduite w = t;, ---¢; on
pose T, = Tj, ---Tj, . L’élément T, ne dépend pas du choix de I'expression

réduite de w. Supposons que a = (a1, -+ ,a;) est un [-uplet d’entiers dans
[1,d]. Posons aussi uj = Ua1Ua2 " Ua; aVEC Uk = |[oF (Lyr — Qk). A
une [-composition A de d on associe le l-uplet a = (ay,---,q;) défini par

ar = S "21 A0 On pose zy, = > wes, Tw et my = ufwy.

Definition 1.3.5. La (-algébre de Schur S5(C) est la k-algebre

End g7 () (D maH3(C)).
Aecl

La (-algebre de Schur est une algebre quasi-héréditaire. Les objets stan-
dards sont appelés les modules de Weyl. 1ls sont paramétrés par ’ensemble
des [-partitions de d.

Remarque 1.3.6. Soit ¢ une racine e-iéme primitive de I'unité. On peut iden-
tifier . avec Z/eZ. De méme maniere que pour les algebres de Hecke cyclo-
tomiques, pour chaque d € N on a des foncteurs de restriction et d’induction

E: mod(5g,1(¢)) = mod(53(¢)),  F: mod(S55(¢)) — mod(Sg,(C))-

Ces foncteurs se décomposent E = @, 7 Ei, F' = @, # Fi et munissent la
somme ;. y[mod(S5(¢))] d'une structure de g#-module qui est isomorphe
a l'espace de Fock F®. L’action des foncteurs E;, F; s’identifie avec 'action
des générateurs e;, f; de gz.
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1.4 Les algebres KLR et carquois-Schur

1.4.1 Carquois

Soit I un carquois sans boucles. Notons I et H I’ensemble des sommets
et des fleches de I'. Pour une fleche h € H on écrit A/, h” son origine et son
but. Pour 4, j € I notons h; ; le nombre de fleches de ¢ dans j. On considere
la matrice de Cartan (a; ;)i jer, définie par

@iy = 20;5 — hij — hyj.

Fixons un vecteur de dimension d = ), ;d; - i € NI et fixons un C-espace
vectoriel I-gradué V = @,c7V; de dimension graduée d. Notons Fq4 1'espace
des représentations du carquois I dans V, i.e., on a

Ed = @ Hom(Vh/, V N),
heH

Le groupe Gq = [[,c; GL(V;) agit sur Eg. Le résultat suivant est bien connu :
supposons que le carquois I' est de Dynkin (i.e. de type A, D,, Fg, E7 ou
Eg). Alors ’ensemble des Gg-orbites dans Eq est fini. Donc pour un carquois
de Dynkin les G4-orbites dans E4q forment une stratification algebrique de
Eq.

Notons Comp(d) I'ensemble des suites p = (1, -+ , ug) des vecteurs de
dimension p, € NI tels que Zle pr = d. Notons I¢ (resp. Yy) le sous-
ensemble des suites dans Comp(d) telles que chaque composante est un
élément de I (resp. chaque composante est de la forme a-i pour a € Z~q,i €
I). On a

d
I = {(iy,ig, -+ ,iq) € I Y i =d},
r=1

ou d = |d|. Pour chaque px = (pu1,- - - , pt;) € Comp(d) considérons I’ensemble
F,, des drapeaux de type p dans V, c’est-a-dire que F), est I’ensemble des
drapeaux

F=0=V'cvlic...cvF=V)

tels que pour chaque r € [1, k| le sous-espace vectoriel V" de V' est homogene
par rapport a la décomposition V' = €, ; Vi et la dimension graduée de
V7 /VT=! est py. On dit que I’élément = € Eq préserve le drapeau (0 =
VicVic..-cVF=V)sionaaz(V") c V"! pour chaque r € [1,k].
Soit ENM la variété des couples (x,¢) € Eq x F), tels que x préserve ¢. Soit
7t Fy — Eqla projection. Pour tous p, { € Comp(d) on considere la variété

Zye = {(x,¢1,¢2) € Eq x F), x Fg; x préserve ¢1 et ¢o}.
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1.4.2 Les algebres KLR

Soient I' = (I, H) un carquois sans boucles et d un entier posmf Pour
i= (i1, ,ig) € I? on pose t.(i) = (i1, ,ip_1,drs1,0r, ir42, - ,iq). On
utilise les notations h; j, a; ; de la Section 1.4.1.

Pour 4,5 € I on considere le polyndéme suivant

0 sii=j,
(v —u)l hii  sinon.

Qi,j(ua U) = { iy (u _ U) .
Définition 1.4.1. L’algebre Ry est la k-algébre engendrée par
T, o, Td1,21, - , &g, e(i) ot i € I¢, modulo les relations suivantes
e(i)e(j) = dize(d),
Zleld 6( ) 1,
zre(i) = e(i ):vr,
Tre(i) = e(t, (1)) 7,
Trls = Tsr,
TTxT-i—le(i) = (xTTr + 5ir,ir+1>e(i)7
-TrJrlTre(i) = (Trxr + 5ir,ir+1)e(i)?
TrLs =TTy S1 8 £ 1,1+ 1,
TrTs = TsTy Sl |T - S’ > 1,
2 s\ O, si ir = ir+1,
7}6(1) B { Qir,ir+1 (xr,xr—i-l)e(i) sinon,
(TrTr+17—7" - TT+ITTTT+1)e(i) =

{ (@42 — ) "N Qi vy (Trg2, Trg1) — Qi (T, Trg1))e(i)  siip = ipga,

0 sinon,
pour chaque i, j, r et s. L’algebre Ry admet une Z-graduation définie par
dege(i) = 0, degz, = 2, deg7se(i) = —ay,,,,, pour chaque 1 < r < d,

1<s<detie I

Soit d € NI un vecteur de dimension tel que |d| = d. On pose e(d) =
Y ierae(i) € Rg. Clest un idempotent de degré zéro dans R4. Il y a une
décomposition en somme directe d’algebres unitaires

Ry= @ Ra,  Ra:=e(d)Ry.
d|=d
Fixons un poids A = Y, ., nA; € P}

Definition 1.4.2. I algebre RA (vesp. RY) est le quotient de Ry (resp. Rq) par
l'idéal engendré par z, (i) pour chaque r € [1,d — 1], i = (iy,--- ,iq) € I*
(resp. i € ).

1.4.3 L’isomorphisme Hecke-KLR

Soit s = (s1,---,s;) un [-uplet d’entiers comme dans la Section 1.3.1.
On considere la partie # C k et Pélément Ag = A¢si + -+ + A¢si € PL. Le
résultat suivant est démontré dans [8] et [50].
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Theorem 1.4.3. La k-algebre de Hecke cyclotomique H3(() est isomorphe
a lalgebre KLR cyclotomique Rﬁl\s associée au carquois F . ]

Remarque 1.4.4. L’algebre de Hecke cyclotomique Hj3({) n’a pas de gra-
duation évidente. Le théoréeme précédent donne une facon de graduer cette
algebre.

1.4.4 Algebres KLR et catégorification

Soient di,ds € NI deux vecteurs de dimension. Posons
d=d;+dz, |di|=dy, |dof]=4d2, |d|=4d.

On considere le produit tensoriel (sur k) R4, ® Rq,. Il existe un homomor-
phisme injectif d’algebres Rq, ® Rq, — Ra tel que

e(i)®@e(j) = e(ij), rre(i)®e(j) = zre(ij), e(i)@zre(j) = xq,re(ij),

Tre(l) ® e(j) — mre(ij), e(i) @ mke(j) — 74, +xe(ij),

Ici on note ij € I9 la concaténation de i et j.

Pour un R4q,-module M et un Rg,-module N on note Indgl,dQ(M, N)
I'induction du Rgq, ® Rq,-module M ® N a Rq par rapport a l'inclusion
Ra, ® Ra, C Rq. Il est facile de voir que si M, N sont des modules projectifs
et de type fini alors Indg L.y (M, N) est aussi projectif et de type fini. Alors
I'induction muni le groupe de Grothendieck @ 4cn; K (grproj(Rq)) d'une
structure de A-algebre (associative et unitaire).

Le théoréme suivant est démontré par Khovanov-Lauda [35] et Rouquier

[50).

Théoréeme 1.4.5. Pour chaque d € NI, il existe un isomorphisme de A-
algebres Af ~ @4 K(grproj(Ra))- O]

La base canonique B (voir la Section 1.1.2) est une A-base de 4f.
Considerons la Z-base Bz = {b¢"; b € B,n € Z} de af. Le théoreme
suivant est démontré par Rouquier [51] et Varagnolo-Vasserot [62].

Théoréeme 1.4.6. L’isomorphisme du Théoréme 1.4.5 induit une bijection
de l’ensemble des classes de modules projectifs indécomposables sur By. [

Fixons un poids A € P;r . Pour chaque ¢« € I, d € NI il existe un
homomorphisme d’algebres Rﬁ — Rfi\ - Soient

E;: mod(Rj,;) — mod(RY), F;: mod(RS) — mod(R4,,;)

les foncteurs de restriction et d’induction par rapport a cet homomorphisme.
Le théoreme suivant est démontré dans [31].
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Théoréme 1.4.7. Il existe un isomorphisme de C(q)-espaces vectoriels

Ly(A) ~ Plermod(R3)]
deN

tel que laction des foncteurs E;, F; sur @ oy grmod(RY)] pouri € I s’iden-
tifie avec l'action des générateurs E; et F; de Uy(gr) sur Lqg(A). O

En vue du Théoréme 1.4.3, le Théoréme 1.4.7 est une version quantique
du Théoreme 1.3.4.

1.4.5 La construction géométrique de l’algebre KLR

On considere les variétés

Zi= 1] %4 F=1][5

ijerd ierd

Notons HZ (e, k) I'homologie de Borel-Moore G4-équivariante a coefficients
dans k. L’espace vectoriel HS (23, k) admet une structure de k-algebre. Le
produit dans Hd (Z4,k) est le produit de convolution relatif a I'inclusion
Z3 C F¢ x F¢ (voir [12, Sec. 2.7]).

Le théoreme suivant est démontré dans [51] et [62] pour un corps com-
mutatif de caractéristique 0. Ce résultat est étendu au cas d’un corps com-
mutatif quelconque dans la Section 2.2.11.

Théoreme 1.4.8. Il existe un isomorsphisme de k-algébres Hfd(Zg,k) ~
Rq. O

Notons Dl’Gd (Eq, k) la catégorie dérivée bornée Gg-équivariante des fais-
ceaux de k-espaces vectoriels sur Eq. Pour chaque g € Comp(d) no-
tons %), le faisceau (m,).kz € DY (Eq,k). D’aprés [12, Prop. 8.6.35],

n d

l’algebre de convolution Hd (Z§,k) est isomorphe a l'algebre de Yoneda

Extg, (D 4, @ ). Cela implique le corollaire suivant.
ierd ierd

Corollaire 1.4.9. Il existe un isomorphisme de k-algébres

Rq ~ Extg,, (6P 4, B 4).

ierd icrd

1.4.6 La construction géométrique des bases canoniques

Soit I' = (I, H) un carquois sans boucles. Soit (a; ;) la matrice de Cartan
généralisée. Soit f 1'algebre associée a la matrice (a; ;). Dans cette section
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on explique la construction géométrique de Lusztig de la base canonique B
de f. Voir [38] pour les détails.

Soit Pervq ’ensemble des faisceaux pervers simples dans ng (Eq, k) qui
sont des facteurs directs des décalages des faisceaux %, pour y € Yq. Soit Qq
la sous-catégorie additive pleine de DbGd (Eq, k) formée des sommes directes
des décalages des éléments de Pervg. Pour chaque i € I9 on considere le
décalage .4 = %4[dim ﬁ’l] de Z.

Pour chaque £ € Qq, £ € Qg soit £ x £ le produit d’induction de
Lusztig, voir [38, Sec. 9.5.2.]. On pose

Lo = (Lx)maal, maa =Y dudy+ Y did;.
heH icl

Pour chaque y = (a1 - i1, ,ay - ix) € Yq on pose 0, = 9(a1) . 0(0”“).
Soit K(Qq) le groupe de Grothendleck (scindé) de la catégorie addltlve Qd
C’est un A-module libre avec une base {[£]; £ € Pervq}, ou ¢ agit par le
décalage des complexes. On consideére le groupe abélien

L’opération o donne une structure de A-algeébre associative et unitaire sur
cet A-module. Le théoreme suivant (voir [38]) décrit cette algebre.

Théoréme 1.4.10. (a) Il existe un isomorphisme de A-algébres
Aa: K(Q) — uf, °g,] — 6, VycVYq, deNI.

(b) L'ensemble {Aa([-£]); £ € [lgens Perva} coincide avec la base cano-
nique B de 4f. ]

1.4.7 Les algebres de carquois-Schur

Fixons un entier e > 1. Dans cette section on suppose que le carquois
I' est un e-cycle orienté. On identifie ’ensemble I des sommets de I' avec
Z/eZ. L’ensemble des fleches H est H ={i i+ 1; 1 € I}.

La construction suivante est similaire & la construction géométrique de
I’algebre KLR. Cette algebre, appelée ’algebre de carquois-Schur, est définie
dans [59].

Notons Zq = H,u,éeComp(d) Zye-

Définition 1.4.11. L’algebre de carquois-Schur Aq est I'algebre H*Gd(Zd,k).

Comme pour les algebres KLR, I'algebre de carquois-Schur Aq peut étre
identifiée avec ’algebre de Yoneda

Exty,( P 4. P 2.

peComp(d) p€Comp(d)
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1.4.8 Les algebres de carquois-Schur de niveau supérieur

Les algebres Aq admettent des versions de niveau supérieur. Ces nou-
velles algebres sont définies aussi dans [59]. N
Soit [ un entier > 1. Pour chaque poids v de sl. on écrit

V= Z v(i)A;.

iel

On peut voir un poids dominant v de sl comme un vecteur de dimension
d’un espace vectoriel I-gradué. Fixons une suite v = (A,,,--- ,A;,) de poids

et considérons le poids v = Zi:l A.,. Pour k € [1,1] notons aussi ¥ =

l

Zle A, . En particulier on a v = v. Posons

Ea, = Ea ® @ Hom(V;,C*®).
i€l
Pour chaque p = (p1,--+ , pr) € Comp(d) on pose d(p) = d, £(u) = k.
Considérons I'ensemble Comp = [ [y Comp(d). Posons

l

Compy(d) = {(p, -+, u") € Comp™*; >~ d(u™)) = a}.
r=0

Soit i = (u@,---, ) un élément de Comp,(d). Notons p = p® U
—-Up® e Comp(d) la concaténation de ses composantes. Soit O(fi, )

Pensemble des couples ((x, @), (7i)icr) dans ﬁu X @;c; Hom(V;, U;) tels que
on a v;(W;(k)) € C**® pour chaque i € I et k € [1,1]. Ici W(0) € W (1) C
- C W(l) = V est le drapeau I-gradué qui a des composantes parmi les
composantes du drapeau ¢ et les dimensions graduées de

W(0), W(1)/W(0),--, W(I)/W(-1)

sont d(p(), d(uM),---,d(u?) respectivement.
Pour chaque i € Comp,(d), soit 7, la projection

Taw: O, v) = Eay, ((7,0), (Vi)ier) = (z, (Vi)ier)-
On note .7}, le faisceau (7, ).k dans D%d(Ed,mk)- Pour chaque /i, €
Comp;(d) on pose Z,%S\ = 9O(fl,v) Xgy, O(M,v). Finalement, on pose
z= I 7, o%= I o6
fi,AeComp; (d) AeComp; (d)

Définition 1.4.12. L’algebre de carquois-Schur (de niveau [) est I'algebre
A4 = Hy, (25.K).
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Comme précédemment, on peut identifier Aﬁ avec l'algebre de Yoneda

Extg,, ( @ L, @ L)

f1€Compy (d) f1€Compy (d)

Cette algebre possede des idempotents e(ft), i € Comp;(d), définis
comme les classes fondamentales des variétés Z}% i
Les algebres de carquois-Schur possédent des versions cyclotomiques.

Elles sont définies dans [59].
Définition 1.4.13. L’algebre de carquois-Schur cyclotomique A; est le quo-
tient de Ag par l'idéal engendré par tous les idempotents e(f1), ou i =
(@, u®) € Comp,(d) est tel que pu©) £ 0.
Pour d € N on pose
B-@i m-@a

|d|=d |d|=d

1.4.9 L’isomorphisme (-Schur-carquois-Schur

L’article [59] étend le résultat du Théoreme 1.4.3 au cas des algebres de
Schur. Soit s = (s1,--+, ;) un l-uplet d’entiers. On considere le [-uplet de
poids de sl donné par v = (Asy, -+, Ag), ou S, est le résidu de s, modulo
e. Le théoreme suivant est démontré dans [59].

Théoreme 1.4.14. Soit ( une racine primitive e-ieme de 'unité. La (-
algebre de Schur S5(C) est isomorphe a l'algebre de carquois-Schur cycloto-
mique Aﬁ. ]
Remarque 1.4.15. Le papier [59] construit des foncteurs

E;: mod(Aﬁ_H.) — mod(Ag), Fi: mod(A47) — mod(Aﬁ+z-)

pour i € I. La somme @gcy;[mod(Ag)] est isomorphe a I'espace de Fock
]-";. L’action des foncteurs E;, F; s’identifie avec 'action des générateurs E;,
F; de U,(sl.).

1.4.10 Représentations catégoriques

Fixons un élément invertible { # 1 dans k. Soit C une catégorie abélienne
k-linéaire.
Définition 1.4.16. Une pré-représentation catégorique dans C est un uplet
(E,F,X,T), ou (E,F) est un couple de foncteurs biadjoints exacts C — C
et X € End(F)°’, T € End(F?)°° sont des endomorphismes de fonc-
teurs tels que pour chaque d € N on a un homomorphisme de k-algebres
Ya: Hpa(¢) — End(F?)°P donné par

X, = FIrXFr=1 vre[l,d],
T, s FEr=ITF=1 wrc [1,d - 1].
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Remarque 1.4.17. Par adjonction on a un isomorphisme End(E?) =~
End(F%)°P. On peut donc donner une définition équivalente en remplacant
les endomorphismes de foncteurs X € End(F)°, T € End(F?)°P, par des
endomorphismes de foncteurs X € End(E), T € End(E?), qui, pour chaque
d € N, induisent un homomorphisme H; — End(Ed).

Dorénavant, on suppose que la catégorie C est Hom-finie. Soit % un
sous-ensemble de k tel que ¢2.% /(% est fini. On voit .# comme ’ensemble
des sommets d’un carquois avec une fleche i — j si et seulement si j = (.

Pour i € .7 soit a; =¢; —e¢; € X 2.

Définition 1.4.18. Une représentation catégorique de gz dans C est une
pré-représentation catégorique (F, F, X, T) munie d’une décomposition C =
D,.c x, Cu qui satisfait les conditions (a) et (b) ci-dessous. Pour i € .7 soient
FE;, F; les endofoncteurs de C tels que pour chaque M € C les sous-objets
Ei(M)C E(M), F;(M) C F(M) sont les i-espaces propres généralisés de X
(voir aussi la Remarque 1.4.17). On suppose

(a) F = @zeﬂ"Fl et £ = @ieﬂE“

(b) Ei(Cu) C Cusa, et Fi(Cu) C Cpma-

Supposons que # est le carquois cyclique de taille e. Dans ce cas (
est une racine primitive e-ieme de Iunité et gz = sl,. Soit T' = (I, H) le
carquois cyclique de taille e. On identifie I avec Z/eZ. Pour i € I, on pose
a; =¢; — €41 € XT.

Definition 1.4.19. Une représentation catégorique (F, F,z,T) de sl, dans C
est :
(1) une décomposition C = €, x, Cu,
(2) un couple de foncteurs biadjoints exacts (E, F) de C dans C,
(3) des morphismes de foncteurs x: ' — F, 7: F?2 — F?
(4) des décompositions E = @,.; Ei, F = @, Fi,
tels que les conditions suivantes sont satisfaites.
(a) EZ(CM) - CM"FOéi? Fl(cu) - Cu—ai’
(b) pour chaque d € N il y a un homomorphisme d’algebres 1¢4: Ry —
End(F4)°P tel que 1g(e(i)) est le projecteur sur Fj, - -- F}, et

Yalx,) = F©7TaF™ () = PO ET
(¢) pour chaque M € C l’endomorphisme de F(M) induit par x est

nilpotent.

1.5 La catégorie O

1.5.1 L’algebre de Lie gA[N
Soient N, e, | des entiers positifs, e > 1. Soit

g=gly(C), g=gly(C)=g@C[t,t""]&ClaCo.
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Pour ¢,j € [1, N], soit e; ; € g la matrice élémentaire. Soit h C g la sous-
algebre de Cartan engendrée par les éléments e; ;, 7 € [1, N]. Soit (e1,- -+ ,en)
la base de h* duale de la base (e1,1, - ,en,n). Soit P le réseau des poids de
g. OnaP = ®ie[1,N} Ze;. On identifie P et ZV.

Notons X [N] ensemble des e-uplets = (u1,- -, pe) d’entiers positifs
tels que Y v_; pr = N. Fixons un l-uplet v = (v1, -+ ,1;) € Xj[N] et un
e-uplet p1 = (p11,- -+ , pre) € Xe[N]. -

On considere la sous-algebre de Cartan h = h @ C1 & C9 de g. Soient
Ag et § les éléments de h* définis par

5(0) = Ao(1) =1, §(h®C1) = Ag(h @ Cd) = 0.

Soit (e, e): h* x h* — C la forme bilinéaire telle que May) = (A o), A(D) =
(A, Ag) pour chaque k € [0, N] et A € h*.
Posons Pc = P ®7 C ~ CN ~ h*. Soient

,0:(0,—1, a_N+1)7 pl/:(ylayl_l"' 7177/27"' 717"' y VI o 71)EP'
Posons aussi p = p + NAg. Pour chaque A € P on pose
XzA—l—T—i—Z;ﬁ—}—(—N—K)AOEﬁ*,

ot 2) = (A,2p + A)/2e. Pour chaque A € P soit A(\) le module de Verma
dont le plus haut poids est . On pose A* = A(X — p).

1.5.2 La catégorie O pour E/l\[N

On suppose que le carquois I' = (I, H) est un e-cycle orienté. On identifie
I avec Z/eZ ou [1,e]. On dit que le poids A € P est v-dominant si A\, > A\py1
pour chaque r € [1, N — 1]\{v1,v1 +v2, - ,v1+ - +1}. Soit P[u] le sous-
ensemble de P formé des éléments A € P tels que pour chaque i € [1,¢] le
N-uplet A contient u; composantes égales a i modulo e. Soit P¥ ’ensemble
des poids v-dominants dans P. On pose aussi P¥[u] = P¥ N Ply].

Soit Oy _ la sous-catégorie de Serre de la catégorie O parabolique de
type v de g engendrée par les objets A*, pour A € P¥[u]. On pose OV, =
Dex.m Of,—

Pour chaque ¢ € I on considere les e-uplets uj, p; € Z° définis par

(,ui_)T = lr + 5r£i+1 - 5r£i7 (Mj—)r = lr + 5rzi - 5rzi+1-

On veut décrire la représentation catégorique de 5~[e dans O”,. Voir [53,
Sec. 5.4] pour les détails. Dans [53] un couple d’endofoncteurs biadjoints
E, F de OY, est défini. La catégorie O”_, munie des foncteurs E et F,
admet une structure de pré-représentation catégorique. De plus, il y a une

décomposition E =), ; E;, F'= 3. ; F; telle que I'on a

E’L(Oz,f) - OZZ‘—777 FZ(O/Z’f) C O,Zj—vf‘
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Cela donne une structure de représentation catégorique de ET[6 dans O¥,.
On pose AU, = AU, ® - -+ ® A"'U,. Pour chaque A € P soit

AS = (uay Ao Ay ) @ @ (Ung gt r 41 A s AU g, ) € AU

L’action de ;[e de niveau 0 sur U, donne une action de ;[e de niveau 0 sur
AYUe. On peut voir un élément de X [N] comme un poids de sl.. Pour chaque
p € Xc[N] notons (A"Ue), I'espace de poids dans AYUe. qui correspond au
sle-poids p.

Le résultat suivant est démontré dans [56, Sec. 6.2].

12

Théoreme 1.5.1. Il y a un isomorphisme d’espaces vectoriels [O;Va—]
(AYU),,. Cet isomorphisme identifie les foncteurs F;, E; agissant sur [OY ]

O

@uePe[N] [0y, _] avec les générateurs standards e;, f; de sle.

1.5.3 La catégorie A

Soit Pj C 735 le sous-ensemble de Pfi formé des éléments A =
AD. A0) € P tels que £(AF) < vy pour chaque k € [1,1].
On identifie les I-partitions A € P avec les poids

(/\%7 e /\%(/\1), Omlff()\l)’ Ai e /\?(/\2)7 OmeZ()\z)’ - 7)\117 ... ’)‘é()\ly Omsz()\l))7

Pour A € P}, on pose w(A\) =X —p+p, € P.

Definition 1.5.2. Soit A¥[d] C O¥, la sous-catégorie de Serre engendrée par
les modules A(w(\)) tels que A € PY.

Pour A € P4 on pose A[A] = A(w())). La restriction du foncteur F' a
AV [d] donne un foncteur F': A”[d] — A"[d+ 1]. Néanmoins, il n’est pas vrai
que E(A”[d+ 1]) C A¥[d]. Il est cependant possible de définir un foncteur
E: A¥[d + 1] — A¥[d] qui est adjoint & gauche au foncteur F': A¥[d] —
AV[d + 1], voir [53, Sec. 5.9].

Les foncteurs F, ' admettent des décompositions

E=E, F=@F
el el

qui viennent des décompositions similaires pour la catégorie O.
On suppose de plus que 'on a la condition suivante

ve>d,  Vkelll. (1.1)

Dans ce cas on a P% = P.. Pour a € Z posons v+a = (v1+a,--- , v +a).
Si v satisfait (1.1), alors par [53, Lemma 7.6], pour chaque a € N on a une
équivalence de catégories A¥[d] ~ AYT?[d], A[\] — A[)\. Pour chaque n-
uplet v = (v1,--- ,1;) € Z! on pose ;&"[d] = lign AVTa[d], ou les valeurs de a
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sont telles que v + a satisfait (1.1). De plus, si v — 1 satisfait (1.1), alors on
a les diagrammes commutatifs

AYld —2  AV[d+1]

! !

Avtag) — £ Avta[q 4 1),

AY[d] «Z— AY[d+1]

| l

Avta[d] « 2 Av+ajd 4 1),
ou les fleches verticales sont les isomorphismes ci-dessus. Cela permet de
définir des foncteurs F;: A”[d] — A¥[d+ 1] et E;: AY[d+ 1] — A¥[d].
Le théoréme suivant est démontré dans [53].

Théoreme 1.5.3. Il existe un isomorphisme entre le C-espace vectoriel
Dacn[A”[d]] et Uespace de Fock F. Cet isomorphisme identifie I'action des
foncteurs E;, F; sur @ cn[AV[d]] avec laction des générateurs e;, f; de
sle. O

1.6 Dans cette theése

1.6.1 Bases canoniques, algebres KLR et faisceaux de parité

Dans cette partie on étudie les algebres KLR en caractéristique positive.
Premiérement, on étend l'isomorphisme de Rouquier et Varagnolo-Vasserot
(Théoreme 1.4.8, Corollaire 1.4.9) en caractéristique quelconque.

Théoreme 1.6.1. Soit k un corps commutatif quelconque. Il existe un iso-
morphisme de k-algébres

Rq ~ Extf,, (D 4. P 4A).

ierd icrd
]

En caractéristique zéro le théoréme de décomposition (voir [3]) implique
que les faisceaux .%; sont des sommes directes de décalages de faisceaux
pervers simples. Ce n’est pas le cas en caractéristique positive. On vou-
drait trouver une classe de faisceaux qui remplace les faisceaux pervers
en caractéristique positive. Les faisceaur de parité introduits par Juteau-
Mautner-Williamson semblent d’étre les bons candidats.

On démontre 'existence de faisceaux de parité sur la variété de carquois
pour un carquois de Dynkin. Plus précisément, on démontre le théoreme
suivant.
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Théoréme 1.6.2. Soient I' = (I, H) un carquois de Dynkin (A, D, E),
d € NI un vecteur de dimension. Soit O une Gq-orbite dans Eq. Alors il
eziste un unique objet indécomposable £(O) € ng(Ed,k) qui satisfait les
propriétés suivantes

o Le complexe g((’)) est constructible par rapport a la stratification par

les Gq-orbites.

e Le support de E(O) est dans O.

e La restriction de £(O) 4 O est le faisceau constant ko.

e On a M (E(O)) = H'(DE(O)) = 0 pour chaque entier impair r.

Ici H® est la cohomologie faisceau, D est la dualité de Verdier. O

Le complexe décalé £(O) := £(O)[dime O] est appelé un faisceau de
parité. En caractéristique zéro le complexe £(Q) coincide avec le complexe
d’intersection IC(Q). C’est donc un remplacant du complexe IC(O) en ca-
ractéristique positive.

Pour démontrer que les complexes .%; sont des sommes directes de
décalages de faisceaux de parité il suffit de voir que les fibres des morphismes
m; n'ont pas de groupes de cohomologie impairs. Malheureusement, on ne
sait pas si c’est vrai pour les types D et E. Pour le type A on démontre le
théoréeme suivant.

Théoréme 1.6.3. SoitT' = (I, H) un carquois de type A. Alors, pour chaque
vecteur de dimension d € NI et chaque i € 19, le faisceau % est une somme
directe de décalages de faisceaux de parité. O

Soit I un carquois de Dynkin. Soit Parg,(Eq,k) C ng(Ed, k) la sous-
catégorie additive formée des sommes directes de décalages des faisceaux de
parité. Les éléments de cette catégorie sont appelée des complexes de parité.

Pour di,d2 € NI on a les foncteurs d’induction et de restriction de Lusztig
[38, Sec. 9.2],

Inddhd? : Dg‘dl (Edl ) k) X Dg‘d2 (Ed27 k) - Dg‘d1+d2 (Ed1+d27 k)’

Resd1,d2 : Dlg}d1+d2 (Ed1+d27 k) - Dl()}dl xGaq, (Ed1 X Ed2> k)'

Les complexes de parité sont stables par la restriction et on obtient un
coproduit sur le A-module @4y K (Parg,(Eq,k)). En revanche, il n’est
pas clair si les faisceaux de parité sont stables par 'induction. C’est vrai en
type A a cause du Théoreme 1.6.3. On démontre le résultat suivant.

Théoréme 1.6.4. Soit I' un carquois de Dynkin. Pour chaque vec-
teur de dimension d € NI il existe un isomorphisme de A-
modules K(Parg,(Eq,k)) ~ afq. L’isomorphisme de A-modules obtenu
Bacni K (Parg, (Eq, k)) ~ af est un isomorphisme de cogébres. O
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Remarque 1.6.5. (a) Le théoreme 1.6.4 est un analogue de la construction
de Lusztig (voir Section 1.4.6). Les classes des faisceaux de parité donnent
une nouvelle base du groupe quantique f.

(b) Pour un carquois de type A, I'isomorphisme du Théoreme 1.6.4 est
un isomorphisme de bigebres.

1.6.2 Algebres de carquois-Schur et dualité de Koszul

La deuxiéme partie de la these étudie la Koszulité de la graduation sur
I’algebre de carquois-Schur.

On suppose que I' = (I, H) est un carquois cyclique de taille e, e > 1.
Soient ¢ une racine primitive e-ieme de 'unité, d un entier positif, s =
(s1,---,s) une suite d’entiers. On lui associe la suite v = (Asp, -+, Ag)
de poids fondamentaux de 5~[e comme dans la Section 1.4.9. L’algebre de
carquois-Schur Aﬁ introduite par Stroppel-Webster (voir la Section 1.4.8)
est une version graduée de la ¢-algebre de Schur S5(¢) (voir la Section 1.4.9).
Cela nous donne une fagon de graduer 'algebre S5(().

Soit v = (v1,---,1;) une suite d’entiers positifs tels que pour chaque
r e [l,l]onas, =v modeet v, >d Dapres [53] la catégorie mod(S5(¢))
est équivalente a la catégorie A¥[d] (voir la Section 1.5.3 pour la définition
de A¥[d]). Voir la Section A.2 pour des détails sur cette équivalence. D’autre
part, 'article [56] construit une graduation de Koszul sur la catégorie A”[d].
Le théoreme suivant compare les deux graduations.

Théoréme 1.6.6. L’équivalence de catégories mod(S5(C)) ~ A¥[d] entre-
lace la graduation induite par la graduation de l’algébre de carquois-Schur
sur mod(S$(C)) avec la graduation de Koszul sur AV[d). O

Un point important dans la preuve est de comparer les multiplicités
graduées des modules simples dans les modules standards. Ces multiplicités
pour la catégorie O pour gly sont calculées dans la Section A.1.

1.6.3 Algebres KLR et actions catégoriques

La troisieme partie de la these étudie 'action catégorique sur la catégorie
A. La motivation initiale est d’identifier les duaux de Koszul des foncteurs
E, F sur la catégorie A. Cette partie de these contient des résultats utiles
pour répondre a cette question.

Le premier résultat fait un lien entre l'algebre KLR d’un e-cycle et
I'algebre KLR d’un (e + 1)-cycle. On pose I = Z/eZ, I = Z/(e + 1)Z.
On voit I et I comme des ensembles de sommets d’un carquois donné par
un e-cycle et un (e + 1)-cycle respectivement. On fixe k£ € [0,e — 1]. Soit
d =) ,.;di-i € NI un vecteur de dimension. On lui associe un vecteur de
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dimension d = Y, _7d; - i défini par

S _[di siic[0K],
e d;_1 Siie[k?-i-l,e},

ott on identifie I avec [0,e — 1], T avec [0, €].

On dit qu'une suite i = (i1,---,iq) € I est bien ordonnée si pour
chaque indice a tel que i, = k on a a < d et 441 = k + 1. On dit qu’une
suite i = (i1, ,iq) € I est désordonnée il existe v € [1,d] tel que la
suite (i1,--- ,i,) contient I’élément k 4 1 plus de fois que 1’élément k. On
pose e = Y .e(i) € R, (T), ol on fait la somme sur toutes les suites bien

, —a , . .
ordonnées dans I . On démontre le théoreme suivant.

Théoréme 1.6.7. Il existe un isomorphisme d’algébres

Ro(T') ~ eRz(T)e/ Z eRz(T)e(i)Rg(De,

; - . , , —a
ot on fait la somme sur toutes les suites désordonnées dans I . O

Le lien entre les algebres KLR associées a un e-cycle et a un (e+ 1)-cycle
obtenu dans le théoreme précédent donne un lien entre les ;[e—représentations
catégoriques et les ;[eﬂ—représentations catégoriques. On obtient le résultat
suivant.

Soit C une catégorie abélienne Hom-finie et k-linéaire. On suppose que
la catégorie C admet une structure de ;[eﬂ—représentation catégorique avec
des foncteurs

E=EFEy®E,®--® F,, F=FyaoF & - -&F..

On suppose de plus que @” est zéro pour chaque p € XT\XTJr .

Pour chaque poids p = Zie ig; € X de 5~[e on considere le poids
= Z?:o i€ +Zf:_,i 41 Mi€iy1 € X7 de sl,41. On considere la sous-catégorie
C C C définie par

c=p

neXr

On considere les endofoncteurs suivants de C :

oo Fre1=Fr Fy, = FrFi|

c’
Fk—‘rl :Fk—‘rQlca"' ,Fe,1 :Fe‘ca
Eo=FEolp, -+, Bro1 = Ex1|p Er = ExFrpa]p
Ek-i-l = Ek+2|c> T 7E6—1 :Ee‘c-
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Théoreme 1.6.8. La catégorie C admet une structure de ;[e—représentatz'on
catégorique définie par des foncteurs E;, F;, i € [0,e — 1]. O

Soit d € NI un vecteur de dimension. On lui associe un vecteur de
dimension d € T comme ci-dessus. Soit A”[d] la catégorie définie de méme
maniere que A”[d] avec e + 1 au lieu de e. Le théoreme 1.6.8 permet de
comparer les foncteurs F' pour les catégories A” et A”. On démontre le
théoreme suivant.

Theorem 1.6.9. Supposons v, > |d| pour chaque r € [1,1] et e > 2. Il
existe des équivalences de catégories 01, 0y telles que le diagramme suivant

est commutatif

AV[a) D RV 4kt (k1)

of .|

Avid] — AV[d+ K],






Chapitre 2

Canonical basis, KLR
algebras and parity sheaves

2.1 Introduction

Let k be a field. Let I' be a Dynkin quiver with the set of vertices [
and let v be a dimension vector. Let Ey be the space of representations
of I' in a v-dimensional [-graded vector space V. Let Gy be the group of
graded linear automorphisms of V. Let Ly x be the Lusztig complex in the
bounded Gy-equivariant derived category D¢, (Ev, k) of sheaves of k-vector
spaces on Fy whose cohomology sheaves are constructible with respect to
the stratification of Fy by Gy-orbits. Shifting the indecomposable direct
factors of Ly x we construct a new complex 5/3\/71{ which is Verdier self-dual.
Let f be the positive part of the Drinfeld-Jimbo quantized enveloping algebra
associated with the quiver I' and let 4f be Lusztig’s integral form of f, where
A=Zlq,q7"].

The KLR algebras have been recently introduced by Khovanov and
Lauda [35] and by Rouquier [50] to give categorification of f. The goal of
Section 2.2 is to give a geometric construction of KLR algebras in arbitrary
characteristic. The zero characteristic case was done in [51] and [62]. The
KLR algebras in positive characteristic were studied in [36].

Let R, i be the KLR algebra over k associated with the quiver I' and the
dimension vector v. Let Qy be the full additive subcategory of D¢, (Ev, k)
such that the objects of Qy are the direct sums of shifts of direct factors
of Ly k. Denote by proj(R, k) the category of Z-graded projective finitely
generated modules over R, k. We prove the following in Theorems 2.2.20,
2.2.21.

Theorem 2.1.1. (1) The graded k-algebras R, x and Extg, (CLyk,°Lvi)
are isomorphic.

(2) The functor Qv — proj(Ryx), F = Extg,, (F, SLyv ) yields an equi-
valence of categories from the opposite category Qi of Qv to the category
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pI"Oj(R,,,k) . O

Let K(R,x) be the split Grothendieck group of the additive cate-
gory proj(R,x). Set Ry = @, cn; Rox and K(Ry) = B, ey K(Ryx).
Consider also the split Grothendieck group K(Qy) of Qp and set Q =
D, Qv, K(Q) = @, K(Qv), where the sum is taken over the isomorphism
classes of I-graded finite dimensional C-vector spaces. The Z-modules K (Q)
and K (Ry) are A-modules such that ¢ acts by the shift of grading.

The induction and restriction functors yield A-algebra and A-coalgebra
structures on K (Ry). Theorem 2.1.1 yields an A-linear isomorphism K (Q) ~
K (Ry). So we can transfer the algebra structure from K (Ry) to K(Q). This
algebra structure coincides with the algebra structure given by Lusztig’s
induction functor, see Section 2.2.20, yielding an A-algebra isomorphism
A K(Q) — 4f, see Theorem 2.2.22.

The construction above is well-studied in the case when the characteristic
of k is zero. Here the decomposition theorem of Beilinson-Bernstein-Deligne
is essential. It implies that the indecomposable direct factors of the complex
Ly are simple perverse sheaves up to shifts. However, the decomposition
theorem fails if the characteristic of k is positive. Thus it is natural to look
for a good replacement for simple perverse sheaves in positive characteris-
tic. Good candidates for this role are parity sheaves introduced recently by
Juteau-Mautner-Williamson.

There is no natural geometric construction of the multiplication on K (Q)
in positive characteristic. The reason is that the proof of [38, Lem. 9.2.4] uses
the property [38, 8.1.6] of perverse sheaves that cannot be helpful in positive
characteristic because of the failure of the decomposition theorem. However,
if we make some parity assumption on Lusztig complexes then this problem
can be fixed by replacing [38, 8.1.6] by Lemma 2.3.9. Unfortunately, Lusztig
complexes are not known to be parity in general.

The second goal of this paper is to study the parity sheaves on Ey,, see
Section 2.3. Let Parg,, (Ey) be the full additive subcategory of parity com-
plexes in D¢, (Ev, k). Let K(Parg, (Ev)) be its split Grothendieck group.
We set

Par = @ Parg, (Ev), K (Par) = @ K (Parg, (Ev)),
v v
where the sum is taken over the isomorphism classes of I-graded finite di-
mensional C-vector spaces. The Z-module K (Par) is also an .A-module. The
Lusztig restriction functor Res yields an A-coalgebra structure on K (Par).
In Section 2.3 we prove the following result.

Theorem 2.1.2. There exists an A-coalgebra isomorphism [4: K(Par) —
Af. O

Theorem 2.1.2 yields an A-basis in 4f in terms of parity sheaves. If the
characteristic of k is zero then this basis coincides with Lusztig’s canonical
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basis. Note that we have no natural geometric construction of the algebra
structure on K (Par) induced by B4 in positive characteristic, because it is
not clear if the convolution of parity complexes is again a parity complex.
Lusztig’s proof of the fact that the convolution of perverse sheaves in cha-
racteristic zero is a perverse sheaf modulo shifts of direct factors is based
on the fact that perverse sheaves are direct factors of Lusztig complex Ly i
modulo shifts. However no such result is known for parity sheaves in posi-
tive characteristic. On the other hand the parity sheaves are shifted direct
factors of complexes given by Nakajima resolutions, see Sections 2.3.4-2.3.5.
But it is not clear what is a convolution of such complexes.

We conjecture that the Lusztig sheaves are parity complexes. To prove
the conjecture, the categorification of the multiplication and the comultipli-
cation of f given by Theorems 2.1.1, 2.1.2 above should help.

Next, we say that the quiver I' is k-even if the Lusztig sheaves are even.
We say that I' is even if it is k-even for each field k. If the quiver I is k-even
then the categories Qy and Parg, (Ey) coincide and we have a bialgebra
isomorphism A 4: K(Q) — 4f, see Section 2.3.10. Note that this is the case
if the characteristic of k is zero. The following theorem is proved in Section
2.3.11.

Theorem 2.1.3. Each Dynkin quiver of type A is even. ]

However, we have no example of a Dynkin quiver that is not k-even for
some field k of positive characteristic. We conjecture that the statement is
still true for types D and E.

Conjecture 2.1.4. FEach Dynkin quiver is even.

Let Ay be the set of Gy-orbits in Ey . For A € Ay we will write Oy, for
the corresponding orbit. The parity sheaves on Ey and the indecomposable
objects in Qy (up to shifts of complexes) are both parametrized by the set
Ay, see Section 2.2.21 and Remark 2.3.19. We denote them respectively £())
and @y with A € Ay. If Conjecture 2.1.4 is true then we have Q) ~ £(X) for
each A € Ay, i.e., the indecomposable direct factors of the Lusztig complex
Ly are exactly the parity sheaves. In particular this holds for quivers of
type A. Note also that Conjecture 2.1.4 is equivalent to the claim that
the category of parity complexes is stable by the convolution and is also
equivalent to the claim that the category Q is stable by the restriction.

The classes of the @,’s form an A-basis in K(Qy ). Thus the elements
AA([@)]) form an A-basis in 4f. On the other hand the classes of the £(\)’s
form an A-basis in K(Parg, (Eyv)) and thus the elements S4([€())]) form
an A-basis in 4f. It is natural to compare these bases.

If the quiver T is even then we have Q) ~ £()\), see Remark 2.3.19. Then
we get Qy = Parg, (Ev) and Aq = 4. This implies A4 ([QA]) = Ba([E(N)])-
In particular this is true for type A.
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We conjecture that the same is also true for types D and E. We get the
following weak version of Conjecture 2.1.4.

Conjecture 2.1.5. Let I' = (I, H) be an arbitrary Dynkin quiver. For each
finite dimensional I-graded C-vector space V and each A € Ay we have

Aa([@x]) = Ba([EN))).-

A subtle point in the theory of parity sheaves is that they don’t always
exist. However, they are unique up to isomorphism if they exist. Conjecture
2.1.4 implies the existence of parity sheaves on FEy because all of them can
be obtained as direct factors of the Lusztig complex Ly k. We can prove the
existence of parity sheaves without assuming Conjecture 2.1.4 to be true.
To do this we use resolutions of singularities for the Gy -orbit closures in Ey
coming from Nakajima varieties, see Sections 2.3.4-2.3.5.

A similar construction can be obtained when we replace KLR algebras
by quiver Schur algebras associated with a cyclic quiver. In this case an
analogue of Conjecture 2.1.4 is easy to prove. See Section 2.3.13 for details.

2.2 Geometric construction of KLR algebras

By a variety we will always mean a reduced and quasi-projective scheme
of finite type over C. The symbol A will always denote a commutative ring of
finite global dimension. Let [e] denote the shift of the cohomological degree
(for complexes) or the shift of grading (for graded modules).

2.2.1 Quivers

Let I" be a quiver without loops. We denote by I and H the sets of its
vertices and arrows respectively. For an arrow h € H we will write b’ and h”
for its source and target respectively. For a dimension vector v = ., v;-i €

NI we set
EV = @ Hom(Vh/, Vh//), ‘I/‘ = E vy,
heH el

where V; is a C-vector space of dimension v; for every ¢ € I. If T" is a Dynkin
quiver, the natural action of Gy = [[;,c; GL(V;) on Ey has finitely many
orbits. This defines a stratification [[,. Av O, on Ey, where Ay labels all
orbits.

Let us introduce some notations for a later use. Let h; ; be the number
of arrows from ¢ to 7 in I' and set

ij=—hij—hj, i-i=2, i#].

Let Y, be the set of all pairs y = (i,a) where i = (i1, 2, - ,iy,) iS & sequence
of elements of I and a = (a1, ag, - ,ay) is a sequence of nonnegative inte-
gers such that > a;i; = v. We will write y = (z‘gal) . -i%m)). Let I C Y,
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be the set of all pairs y = (i, a) such that a; = 1 for all I. We will abbreviate
i for y = (i,a) if y € I". We denote by F), the variety of all flags

—({0y=VcVvlc...cv™=V)

in V = @,c; Vi such that the I-graded vector space V"/ V=1 has graded
dimension a, - i, for r € [1, m]. We denote by ﬁy the variety of pairs (z, ¢) €
Ey x Fy such that (V") C V" for r € {0,1,--- ,m}. Let m, be the natural
projection from F to By, ie., my, : F — By, (x,¢) — x. For y1,y2 €Y, we
denote by Zy, y, the variety of trlples (x,¢1,¢2) € Ey x F, x Fy, such that
x preserves ¢ and ¢o. Fori € IY and [ = 1,2,--- ,|v|, we define Oﬁi(l) to

be the Gy -equivariant line bundle over F} whose fiber at the flag ¢ is equal
to VI vi-1,

2.2.2 KLR algebra

Set m = |v|. The group &,, acts on I by w - (i1, ,im) =
(fw-1(1)s "+ »Gw-1(m))- We denote by s; the transposition (I,l + 1) € &,
for [ € [1,m — 1]. For each sequence i = (i1,i2, - ,im) € I” and each

integers k,l € [1,m], l # m we abbreviate
hi(l) = hipa,, if si(i) 1, hi(l) = —1 if s(i) =

ai(l> = hl(l> + hsl(i) (1) = —iy - d141.

Definition 2.2.1. The KLR algebra R, 4 (or simply R, if the ring of coeffi-
cients is clear) over the ring A associated with I and the dimension vector
v is the A-algebra generated by 1;, z;(k), 7i(l) withie I, 1 < k,l < m and
[ # m, modulo the following defining relations:
o 1;ly = diyli,
7i(l) = 15,001,
331(]{) = 1ixi(k)11
i (k)zy (k) = v (K)zi(k),
To@ (D7) = Qia(i (D), zi(1 + 1)),
o) ()70 = 7, (D7 () if [T =1 > 1,
Tsrsi () U+ DTs ) (D0 + 1) = 7o 6 1) (D7) (0 + 1) 7i(0)
= (Quu(zi(l +2),21(1 +1)) — Qua(s(1), 231+ 1)) (@il +2) —@:(1) !

1
if 57742(i) =1 and 0 else,

_1i if k= l Sl( ) 1
. Ti(l)xi(k)—.%' ()(sl(k))ﬂ(l) = 1; ifk=1+1, Sl( )
0 else.
Here we have set s;;49 = 51514151 if | # m — 1, m and

Qi Z(U, ’U) — { (_1)hi(l)(u — U)ai(l) if Sl(i) ?é i,

0 else.
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Note that the fraction
(Qu(.’L‘i(l + 2), .T}i(l + 1)) — Qu(.’ﬂi(l), .%'i(l + 1)))(1‘1(l + 2) — I‘i(l))_l

is indeed an element of Afzi(1),---,zi(m)]. Note also that R, 4 =
@i jerw RY 4 where RY \ = iR, 41;.

The KLR algebra R, 4 has a natural Z-grading such that degl; = 0,
degzi(k) = 2 and degmi(l) = ai(l). The relations in Definition 2.2.1 are
homogeneous with respect to this grading.

2.2.3 A faithful representation of R, 4

Now, we consider the representation of R, 4 on the space

Pol, 4 = @ Pol;, 4, Pols 4 = Alzi(1),- -+, z1(m)],
ierv
which is given by:
e the element 1; € R, 4 acts on Pol, 4 by the projection on Pol; 4,
e the element x;(k) € R, o acts on Polj 4 by 0 if i # j and by multi-
plication by z;(k) if i = j,
e the element 73(1) acts on Polj 4 by 0 if i # j and it sends f € Pol; 4

to

o il i (i) =i,

o (z50)(1) = z50) (1 + 1) Wsy(f) if 5(3) # i.
This representation is faithful, see [50, Sec. 3.2.2]

2.2.4 Reminder on Borel-Moore homology

In this section we suppose that G is an algebraic group which acts
on a variety X. Denote by Dg(X, A) the G-equivariant derived category
of sheaves of A-modules on X. Let Dx 4 be the G-equivariant duali-
zing complex on X, see [32, Def. 3.1.16] in the non-equivariant case and
[10, Def. 3.5.1] in the equivariant case. The space of G-equivariant Borel-
Moore homology is HE(X,A) = H(X,Dx.4) (more precisely, we have
HY (X, A) = Hék(X7 Dx ) for each k € Z). Note also that Dx 4 = Ax[2d]
if X is a smooth G-variety of pure dimension d, where we denote by Ay
the G-equivariant constant sheaf on X, see [12, Prop. 8.3.4]. In this case
we have HY(X,A) = H%(X, Ax[2d]). So we can identify HY(X, A) with
HZ (X, A)[2d]. The functor

D=Dx :Dg(X,A)%Dg(X,A), Sr—h%”om(&DXA)

has the following properties, see [10, Thm. 3.5.2]:
o (Dx)? =Tdpg(x,a),
o Dy fi=fDx, Vf: X — Y continuous G-map,
e Dxf* = f'Dy, Vf: X = Y continuous G-map.
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2.2.5 Algebra Zy 4

Set G = GL(V). Then G is a closed reductive subgroup of Gi. Consider

the varieties Zy = [[ Zjjand Fy = [] Fi, see Section 2.2.1. For i,jelrv
ijelv icrv
we set

Zy.a = HEV (Zy, A), Zija = HOV(Z5, A),

FV,A = H*GV (ﬁV7 A)a Fi,A = H*GV (ﬁia A)

We equip Zy, 4 with the convolution product x relative to the closed embed-
ding Zy C Fy x Fy. See [12, Sec. 2.7] for details. In the same way we have
the Zy 4-module structure on Fy 4. We will denote it also by .

Denote by F' the variety of all complete flags in V. Denote by Fy the
variety of all complete flags in V' that agree with the grading of V, i.e.,

Fy = ][ F;. Then Fy C F. Let Ty be a maximal torus in Gy. Denote by
ielv

Sy and & the Weyl groups of (Gy,Ty) and (G, Ty ) respectively. Fix once

and for all a Ty -stable flag ¢y in Fy. Write

¢y =(0C Dy C D1®Dy C -+ C D1®Do®- - -®Dpy—1 C D1@®Do®- - -®D,,, = V),

where D1q,---, D,, are Ty -stable one-dimensional vector spaces in V. The
action of & on the set {Dj, Do, -, Dy, } identifies & with the symmetric
group S,,. Note also that the action of & on the set {D1, Dy, , Dy}
induces the action of & on the set of Ty -stable flags in Fy,. Set ¢y, =
w(¢y) for w € &. Denote by B and By the stabilizers of ¢y in G and Gy
respectively. Let A and Ay be the root systems of (G,Ty) and (Gy,Ty)
respectively. Let AT be the subset of positive roots in A associated with B.
We set

A”=—At, AT =ATNAy, Ay =ATNAy.

Let IT C & be the set of simple reflections. Let x1, X2, -+, Xm € tj, be the
weights of the lines D1, Dy, - -, Dy, respectively, where tyy = Lie(Ty). The
set of simple roots in A" is {x; — xi41; | = 1,2,--- ,m — 1}. Let s; € I
denote the reflection with respect to the simple root x; — x;+1. Under the
identification & = &,, the reflection s; is a transposition (1,1 + 1).

2.2.6 Algebras Py 4 and Sy 4

Denote by Py 4 the A-algebra H7, ({pt}, A), where {pt} is the variety
containing one point. The A-algebra Py 4 is isomorphic to the algebra of
polynomials on ty:

PV,A - A[leXZa e 7Xm]a

where x1,---,Xm are as in Section 2.2.5. Let Sy 4 be the A-algebra
HE ({pt}, A). For each positive integer n the fundamental group of GL,,(C)
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is equal to Z. Thus the fundamental group of GGy does not contain elements
of finite order. Hence, by [60, Lem. 1] the torsion index of Gy is equal to 1
(see [26, Sec. 2] for the definition of a torsion index of a Lie group). So by [26,
Cor. 2.3] the algebra Sy, 4 is isomorphic to the algebra P\i‘ﬁ of Gy -invariant
polynomials on ty .

2.2.7 Stratification on Fy x Fy

The group G acts diagonally on F' x F'. The action of the subgroup Gy
preserves the subset Fyy x Fy. For z € & let Of, be the set of all pairs
of flags in Fy x Fy which are in relative position x. More precisely, write
v w = (Pvuw s dvw), Yw,w' € &. Then we set OF = (Fy x Fy) NGoyeq.

2.2.8 Stratification on 7y

Let Z& be the Zariski closure of the locally closed subset ¢~1(O%), where
q is a natural map

q: 2y — Fy x Fy, (z, F1, F2) — (F1, F2).
Put
Zr= Uz B WA, T, = HO (2 A

w<x

Z\jm = U Zy, Z\</,af4 = H*GV(ZX;x’A%
w<z

where < is the Bruhat order.

2.2.9 Generators of Zy 4

Denote by 1; the fundamental class of Z; ; in Hév (Zi 3, A) regarded as an

element of HV (Zy, A). Fix a simple reflection s = s; in II. The fundamental

class of Z§, yields an elements o (1) € Z3%;. For i,i’ € I” we write

Ui’,i(l) =1y *O’(l) *x1; € Z‘é/"sA

Next, suppose k € [1,m]. The pull-back of the first Chern class of the line
bundle O (k) by the first projection
i 1
Z‘e/ C ﬁv X ﬁv L ﬁ\/

belongs to Hy, (Zy, A), where Of (k) is as in Section 2.2.1. It yields an
element x(k) € Zj, 4. We write

xi’,i(k;) = 1i/ *.’I,'(k) * li c Z%,A'

We will need the following standard lemma, see [12, Chap. 6].
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Lemma 2.2.2. (a) The direct image by the closed embedding Zéw C Zy
gives an injective A-module homomorphism Z‘g/ﬁ — Zya.

(b) For z,y € & such that l(zy) = l(z) + l(y) the convolution product
in Zy.a yields an inclusion Z‘S/ﬁl * Z‘g/}i‘ C Z‘g/fj/. In particular Zy 4 15 a

subalgebra of Zv 4.

Proof. All the statements are obvious except, perhaps, the injectivity in (a).
It follows from the existence of a decomposition

zy* =11 a1 (0%

w<x
We need the following obvious lemma.

Lemma 2.2.3. For each Gy -orbit O in Fyy x Fyy the map p: ¢~ 1(0) — F
such that (x,d1,d2) — @2 for each x € By, ¢1,02 € Fy is an affine Gy -
equivariant fibration, where i is the unique element of IV such that O C
FV X Fi. ]

Now we can conclude by applying the arguments of [12, Sec. 6.2] and
the exact sequence in equivariant Borel-Moore homology. We should just
replace [12, Lem. 6.2.5] by Lemma 2.2.3. O

So we can consider zy ;(k) and oy ;(1) as elements of Zy, 4.

2.2.10 The A-algebra structure on Fy 4

Let i € IV. Assigning to a formal variable z;(l) of degree 2 the first Chern
class of Gy-equivariant line bundle O (1) for | = 1,2,--- ,m yields a graded
A-algebra isomorphism

Alzi(1),2i(2), -+, wi(m)] = Fia.

The multiplication of polynomials equips each F; 4 with an obvious graded
A-algebra structure. Thus, Fy 4 = @;c;» Fi 4 is also a graded A-algebra.

Now we can consider Zy 4 as an Fyg-module such that
f(xi(1), - ,2i(m)) € Fja acts on Zy s by the operator z —
f(zi(1), - ,zi(m)) * z. We can interpret this Fy 4-action on Zy 4 as
follows. Note that

Fy = {(x,¢) € Ev x Fy; x preserves ¢}
{(z,¢,0¢) € Ev x Fy x Fy; x preserves ¢}
= Zy.

12

Then we have Fy 4 ~ Z%A. So the Fy, 4-action on Zy 4 is the action of
the subalgebra Zj, 4 on Zy 4.
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2.2.11 KLR algebra and Borel-Moore homology

For each sequence i = (iy,i2, - i) € I” and for each integers k,l €
[1,m], | # m we consider the following elements x;(k) = z;i(k), oi(l) =
5 (3),i(1) In Zy, 4.

Theorem 2.2.4. We have an A-algebra isomorphism Ry, 4 ~ Zy 4.

Proof. First, we claim that there is an A-algebra homomorphism &4 :
R, 4 — Zy 4 given by

Pa(li) =1,  Pa(wi(k) =ai(k),  @aln(l) = (—1)"Dey(1).

To prove this we must check that the relations from Definition 2.2.1
hold for the elements 1, 2;(k), (=1)"®Way(1) in Zy, 4. Now according to [62,
Thm. 3.6], this holds for A = C. We want to deduce from this that the
relations hold for any A. To do this, we first construct an Fy, 4-basis of Zy, 4
using the following lemma, which can be proved in the same way as Lemma
2.2.2.

Lemma 2.2.5. We have Z") = @ Fyax(ZY] and Zi" = e<9 Fy ax[ZY]
w<e w<T
forw € &. In particular Zy, 4 is a free graded Fy a-module of rank m!. [

By Lemma 2.2.5 the Z-module Zy 7 is free. So by the universal coefficient
theorem we have an inclusion of rings ja: Zyz — Zy 4. By [35, Thm. 2.5]
the Z-module R, 7 is free. So we have an inclusion i4: R, 7z — R, 4. Since
jc takes the elements 1;, x;(k), (—1)"®o;(1) in Zyz to the corresponding
elements in Zy ¢, the defining relations in R, 7 are satisfied by the generators
of Zy 7. Thus, the ring homomorphism ®z : R, 7 — Zy 7 is well-defined and
we have the following commutative diagram

$c
R,c —— Zvc

e T

Oz
RV,Z E— sz.

Now we must prove that &z is bijective. Note that Fya =
Dicr Alzi(1),21(2),- -+ ,z1(m)] acts on R, 4 by multiplication by polyno-
mials. It is easy to see that the map ®z is Fy z-linear. Further, the morphism
®y is injective because ic and ®¢ are. Let us prove that &7 is surjective.
We will need the following lemma.

Lemma 2.2.6. The following relations hold in Zyy:
(a) 015(1) =0 unless i € {j,si(j)},
(b) o15(l) = (23(1+ 1) — a5 (1)) "vive if 5(i) # i
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Proof. By [62, Lem. 1.8 (a), Prop. 2.22] these relations hold in Zy c. Thus,
they also hold in Zy 7 by injectivity of the map jc. O

The image of ®7 contains the elements z;(k) and 1; for each i € IY and
each k € [1,m]. So it contains Fy 7 x [Z],] because

Zy]=> 1,  Fuz=EPZxi(1),2:(2), -, i(m))].

ierv ielv

Next, we prove that the image of ®z contains [Z}}] for | € [1,m — 1]. By
Lemma 2.2.6 (a) we have

(2] = o)

= Y o)

ijerv

= Z Usl(i),i(l) + Z Ui,i(l)

ieIv icIv, s(i)#i

= Y ah+ D o).

ierv i€l s;(i)#i

We know that o3(1) = ®z((—=1)"O7(1)). If 5,(i) # i then by Lemma 2.2.6
(b) we have

oii(l) = (zs(l + 1) = a3(1)"viter = Qg((as(l + 1) — a5(1))"vitn).

So [Z}}] is in the image of ®z. To conclude we use Lemma 2.2.5 and the
following lemma, see [62, Lem. 3.7].

Lemma 2.2.7. If l(s;w) = l(w) + 1 we have [Z}] x [Z¥] = [Z/"] in
Z‘é/slw/zf/slw. 0

This proves that ®7 is bijective. Thus ® 4 is well-defined and bijective
for arbitrary commutative ring A because R, 4 = R,7 ® A and Zy s =
Zyg ® A. O

2.2.12 Stratified varieties

Let X be a G-variety for some connected algebraic group G. We fix a
stratification X = [[,c, X of X into smooth connected locally closed G-
stable subsets such that the closure of each stratum is a union of strata. Let
D¢ (X, A) be the bounded G-equivariant derived category of sheaves of A-
modules on X constructible with respect to the stratification X =[], Xa.

Lemma 2.2.8. Suppose that A is either a complete discrete valuation ring
or a field. The category Dg(X, A) is a Krull-Schmidt category.
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Proof. By the theorem in the introduction of [37] the category D¢g(X, A) is
Karoubian because its t-structure is bounded, see [10, Def. 2.2.4, Prop. 2.5.2].
Let k be the factor of A by its unique maximal ideal. We need to prove
that the endomorphism ring End(F) of each indecomposable object F in
D¢g(X, A) is local. Note that under the assumption on the ring A the en-
domorphism ring End(F) is local if and only if the ring k ® 4 End(F) is
local.

Now, suppose that the ring k® 4 End(F) is not local. The endomorphism
ring of every object of D (X, A) is of finite type over A, see the construction
of the bounded equivariant derived category in [10, Sec. 2.1-2.2]. Thus the
ring k® 4End(F) is a finite dimensional k-algebra. In particular the ring k® 4
End(F) is artinian. Then the identity of k® 4 End(F) can be written as a sum
of two orthogonal idempotents e; and ez because k ® 4 End(F) is not local.
Moreover, by [14, Ex. 6.16] we can lift these idempotents to the idempotents
€1, o of End(F) such that €1 +¢e3 = Idz. Thus by Karoubianness the object
JF is not indecomposable. ]

For each A € A we denote by i) the inclusion X, — X and by d) the
complex dimension of X,. For each z € X we denote by i, the inclusion
{z} - X. For all A € A, let A, be the G-equivariant constant sheaf on Xj.
For each A let Locg (X, A) be the category of G-equivariant local systems
of free A-modules on X. Let Ay be the G-equivariant constant sheaf on
X.

2.2.13 Lusztig category Qy

From now on we suppose that I' is a Dynkin quiver. We have the stra-
tification By = HAeAV O, on Ey. Here Ay is the set of Gy -orbits in Ey/ .
For A € Ay we will use the notation 7, and dy as in Section 2.2.12, i.e., the
map iy is the inclusion Oy — FEy and d) is the complex dimension of O,.
Consider the following complex in Dg,, (Ey, A):

/-:V7A:@£i7 ﬁi:ﬂ'i*éﬁ_, iel”.
ielv
Consider also the complex in Dg,, (Ey, A):
5/:,\/7,4 = @ 6[:1, 5/:4 = ﬁi[dim(c ﬁi], iel”.
ielv

Definition 2.2.9. Let Qy be the full additive subcategory of D¢, (Ev, A)
whose objects are the finite direct sums of shifts of direct factors of Ly 4.
2.2.14 Local systems

The following lemma is proved in [11, Prop. 2.2.1].
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Lemma 2.2.10. The reductive part of the stabilizer in Gy of an element in
Evy is isomorphic to [[ GLy,(C) for some positive integers n;. O
i

We get the following result from Lemma 2.2.10 and [12, Lem. 8.4.11].

Corollary 2.2.11. Let O be a Gy-orbit in Eyv. Fach local system in

Locg, (O) is a multiple of the trivial Gy -equivariant local system Ay on
0. O

2.2.15 KLR algebra and Yoneda algebras

Consider the Gy-equivariant extension group Extg, (Lv,a,Lv,a) with
the A-algebra structure given by the Yoneda product.

Theorem 2.2.12. We have the following A-algebra isomorphism R, 4 ~
Ext*GV (LV,A; ‘CV,A)'

Proof. We have proved in Theorem 2.2.4 that there is an A-algebra isomor-
phism
R, A ~HEV (Zy, A).

Now it suffices to show that there exists an A-algebra isomorphism
va (Zv, A) ~ EXtEV (»CV,A7 ﬁV,A).

For each i,j € IV consider the following commutative diagram

Zs; P2 F

ol ol

F —" By,

where p; and po are the natural projections. For each n € N we have
Exte, (A

. (m1)! (7). A)

Ext, (m)Ap, (75)-Af (
Ext¢,, (Az, (p1)s(p )'A;)
(

B =

1

i

Exté,, ((p1)” F,(m)AJ)
Extd, (A, Dzyyoal— 2 dime F))

ij»

12

1

n—2 dimc F

~ Hg, *(Zij; Dzy,4)
Gy
H, dimg Fj—n (Z, A).

Thus we have a bijection between the sets HSV(Zy,A) and
Extg,, (Lv,a, Lv,a). Now we need to show that the convolution product on
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Hév (Zy, A) coincides with the Yoneda product on Ext*GV(Ev,A, Lv.a). At
first note that this follows from [12, Prop. 8.6.35] for A = C. Now we show
this for A = Z. We have a commutative diagram

HSY (Zy,C) —— Extg, (Lve, Lve)

I |

Y (Zv,2) —— Exty, (Cvz, Lvz),

where the left vertical map is an algebra inclusion, the right vertical map
is an algebra homomorphism, the top horizontal map is an algebra isomor-
phism and the bottom horizontal map is a set bijection. Thus the right
vertical map is automatically an algebra inclusion and the bottom horizon-
tal map is automatically an algebra isomorphism. The general case follows
from the case A = Z by extension of scalars. O

Remark 2.2.13. The results of this section are also true for each quiver I
without loops.

2.2.16 Functor Y’

We consider two different gradings on the algebra R, 4:
1. the grading introduced in Section 2.2.2,
2. the grading €D,y Exty, (Lv,a, Lv,4), see Theorem 2.2.12.

Denote by mod(R, 4) (resp. mod' (R, 4)) the category of finitely genera-
ted Z-graded R, s-modules with respect to the first (resp. second) grading.
Denote by proj(R, 4) (resp. proj’(R,, 4)) the category of projective finitely
generated Z-graded R, a-modules with respect to the first (resp. second)
grading. Consider the following contravariant functor:

Y': DG’V (Ev, A) — mOd/(R,,A), £ EXt*GV (,8, EV,A)-

Theorem 2.2.14. The restriction of the functor Y’ to Qv yields an equi-
valence of categories Q\F — proj’ (R, ).

Proof. Suppose that F is a direct factor of the complex Ly, 4 in D¢, (Ev, A).
We have Ly 4 = F @ G for some complex G in Dg,, (Ey, A). We have

Ry A= EXt*GV (Lv.a,Lva)= EXtEV (F, ﬁvﬁ)@EXtEV (G,Lya) = Y (F)aY'(G).

Thus Y'(F) is a projective and finitely generated R, 4-module. From this we
see that for every X € Qy the R, 4-module Y'(X) is projective and finitely
generated. The R, 4-module Y’(X) is graded by Y'(X), = Extg,, (X, Ly,4)
for each r € Z. Now we prove that the functor Y’: Q(‘),p — proj'Ry, 4 is
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an isomorphism on morphisms. We need to show that for R, S € Qy the
morphism

Y s : Homg, (R, S) — Homy,o5(r,, 1) (Exte, (S, Lv,a), Exte (R, Lv,a))
is an isomorphism. First, we consider the case R = S = Ly, 4. Then we have

Homg,, (R,S) = Homyg,, (LV,A, ‘CV,A)a

Homproj’(Rl,,A) (EXtZ‘V (Sv ‘CV,A)7 EXt*GV (Ra LV,A)) = Homproj’(RV,A) (RU,Av RV,A)
= R,
= EX‘DOGV (,CV,A, »CV,A)
= HOInQV (['V,A7 »CV,A)‘

Here R .4 means the homogeneous component of degree 0 in R, 4 with
respect to the second grading. So for R = S = Ly 4 the statement is true.
Then it is also true if R and S are direct factors of Ly 4. Then it is also
true if R and S are shifts of direct factors of Ly 4. Finally we see that the
statement is true for arbitrary R, S € Qy .

To conclude we need to show that Y’: QY — proj'(R,, 4) is surjective on
isomorphism classes. Let P be a module in proj’ (R, 4). A choice of a finite
number of homogeneous generators of P yields an epimorphism

T @RV,A[ni] — P

ieJ

for some finite set J and some integers n;. By projectivity this epimorphism
splits. Consider the complex £ = @ Ly, a[—n;i]. We have

el
Y'(£) = Hom(L, Lv.a) = EP Ru.alnil.

ieJ

The composition of the natural projection and inclusion
Y'(8) 5 P y(e)

yields an idempotent e € Endpoj (g, ,)(Y'(£)). The functor Y': Q7

proj’(Ry,4) is an isomorphism on morphisms. So we have an idempotent
u € Endg, (£) such that Y’'(u) = e. The idempotents u and 1 — u split
in Dg, (Ev,A) yielding a decomposition £ = X @Y, where X,Y €
D¢, (Ev,A) and u is a composition of the natural projection and the natu-

ral inclusion £ ™% X % ¢, By the definition of Qy the objects X,Y belong
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to Qy. Now we verify that the map 7. o Y”(i,,) : Y/(X) — P is an isomor-
phism. Let us prove that the map Y'(m,) 0oi. : P — Y'(X) is its inverse.
We have

e oY (iy) oY/ (my)0ie = meoY'(u)oi,

Te O €01,

(Tre 0 /i) 0 (e 0 de)

= Idp
and

Y/(my)odeome oY (iy) = Y'(my)oeoY'(iy)
= Y'(my) o Y'(u) o Y'(iy)
Y'(my ouoiy)

Y/ ((mry 04y 0 (74 0 3y))
v (dy)

= Idy/(x)-

2.2.17 Induction and restriction

Let k be a field.

In this section we describe the induction and the restriction functors for
representations of KLR algebras. See [35, Sec. 2.6] for more details. Consider
v1,v9 € NI and set v = v + 5. We set

‘Vl‘:mla ‘V2‘2m27 |V’:m

There is a unique inclusion of graded k-algebras R, x ® R,, x C R,k such
that

1; ® 1 = 1k, zi(k) ® 15— xx(k), 1 ® xJ(k:) — xk(my + k),

Ti(l)®1j b—>7'k(l), 1i®7'j(l) >—>7‘k(m1+l)

for each k,l,i,j. Let 1,, ,, be the image of the identity element by this
inclusion. We get the following functors:

Indy, 1, : mod(R,, k) xmod(R,, k) = mod(R, k), (Mi, M) — Ryxly, 1,

Rul,k®Ru2,k

Resy, 1, : mod(Ryx) — mod(R,, xk ® Ry, x), M— 1, ,M.

These functors take projective modules to projective modules, see [35,
Sec. 2.6].

®

(M1®Ms),
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2.2.18 Projective I, x-modules

Denote by A the ring Z[q, ¢~ !]. For n € N, n > 0 consider the following
elements of A

n n

=Yg = LD o[ = n(n—1)/2.

=1 -4 =1
We also set [0]! =1, lp = 0. For n = (ny,--- ,ng), n; € N set
k k
M =]l =D 0y
=1 =1

Given a pair y = (i,a) € Y, we define a projective R, x-module R, as follows
o If I ={i}, v=mi,i= (i,i,---,7) and y = (i,m) we set

Py = Pi,m = POZV7A[lm].

We have the following isomorphism of left graded R, x-modules, see
[62, Example 2.28 (a)]

Ry x ~ @uwes,, Pim[20(w) — 1]

So P; , is a direct summand of R, [l,]. We choose once and for all
an idempotent 1; ,, € R, such that

Pi,m = (Ru,k : 1i,m)[lm]'

o If y = (i,a) with i = (i1,--+ ,ix), a = (a1, - ,ar) we define the
idempotent 1, € R, as the image of the element ®F_ 1; , by the
inclusion of graded k-algebras ®;€:1Rilal,k C Ry x. Then we set

Py = (Rux-1y)lal-

For an Rg-module M and a Laurant polynomial P(q) = ), a,q" € A we
set P(q)M = @, M[r]®* . We have the following lemma, see [35, Sec. 2.5-
2.6].

Lemma 2.2.15. We have the following graded projective R, x-module iso-
morphisms.

(a) P ~ [a]!P,, where y = (i{) - i\™) € v, i = (9. i%) € I?,
a= (ala"' aak);

(b) Indy, 1y (Py,, Py,) = Py y,, where vi,va e NI, y1 €Y,,,y2 €Y, and
Y1y2 € Y, +1, 18 the concatenation of y1 and ya. ]
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2.2.19 The algebra f

We recall the definition and general properties of the positive part f of
the Drinfeld-Jimbo quantized enveloping algebra associated with the quiver
I'. See [38] for more details.

Definition 2.2.16. The algebra f is the Q(g)-algebra generated by the ele-
ments 0;, ¢ € I, with relations

S (-)%V00 =0, i#j, a=0b>0,
a+b=1—i-j
where 92@ = 0% /]all.
The assignment deg; = i for i € I defines an NI-grading f = @, ;£
For each homogeneous element z € f, we set |z| = >, ;vi. The tensor
product (over Q(q)) f ® f has a Q(g)-algebra structure defined by

(21 ® z2) (2] ® ah) = q_|x2”x/1|$190’1 ® Lot

where x1, z9, 2], 2, € £ are homogeneous. There exists a unique coproduct
r: f — f ®f such that

° 7“(97;):91'(814-1@91' foriel,

e 7 is a Q(¢)-algebra homomorphism.
Definition 2.2.17. Let 4f be the A-subalgebra of f generated by the elements
0 with i € I,a € N.

()

2.2.20 Geometric realization of 4f

The construction of this section is very similar to the construction given
in Section 2.2.16. Let K (Qy ) be the split Grothendieck group of the additive
category Qy, i.e., K(Qy) is the Abelian group with one generator [F] for
each isomorphism class of objects of Qy and with relations [£'] + [£"] = [£]
whenever £ is isomorphic to £' @& L”. Set

Q=P o, KQ=PK©Qv),
14 14

where V' runs over the isomorphism classes of finite dimensional I-graded
k-vector spaces and

Ry = @ R, x, K(Ry) = @ K(R,x).

veNT veENJ

The functors Ind,, ., induce an associative unital .A-algebra structure on
K (Ryg). The functors Res,, ,, induce a coassociative counital A-coalgebra
structure on K (Ry). We will denote the multiplication and the comultipli-
cation on K(Ry) by Ind and Res respectively.
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Remark 2.2.18. There exists a non-degenerate A-bilinear form (, ): K (Ry) x
K(Ry) — Q(q) such that

(,Ind(y1,92)) = (Res(z), 11 ®y2),  Vz,y1,92 € K(Ry),
see [35, Sec. 2.5].
The following theorem is proved in [35, Prop. 3.4, Sec. 3.2].

Theorem 2.2.19. There is an A-bialgebra isomorphism vy : 4f — K(Ry)
that takes 0, to [P,] for each y €Y,. O

The grading of R, x from Section 2.2.2 is different from the Ext-grading,
see Section 2.2.16. To avoid this we must modify a bit the complex Ly .
We get the following theorem, see [62, Thm. 3.6]. Recall the complex Sﬁwk
from Section 2.2.13.

Theorem 2.2.20. We have the following graded k-algebra isomorphism
Rz/,k — EXt*GV (6,6\/’1{, 6£V,k).
O

The proof of the following theorem is the same as the proof of Theorem
2.2.14.

Theorem 2.2.21. We have the following equivalence of categories.
V: O —proj(Ryx), £+ Exty (£,°Lvk).
O

So we have an A-linear map Y': K(Q) — K (Rx) such that [F] — [Y (F)].
Moreover, it is clear from the definition of Y that Y'(°L;) = P, for i € I”.
If i € I” is the expansion of the element y = (j,a) in Y, then we have
0L; = [a]°Ly (see [62, (4.7)]) and [Pi] = [a]![P,] (see Lemma 2.2.15). Thus,
Y (°L,) = P, for each y € Y,,. So we have ’y;ll oY([°Ly]) = 6, for y € Y,,
where 4 is as in Theorem 2.2.19.

Consider vy,v9 € NI. Let Vi, Va5 be I-graded C-vector spaces with gra-
ded dimensions vy, vo respectively. Analogically with the case when the
characteristic of k is zero, see [38, Sec. 9.2.7], we have a multiplication

o: QVl X QV1 — QV1®V2)
such that °L,, 0°L,, = °L,,,, for y1 € Y,,, y2 € Y;,. Thus, 7;‘1 oY is an
algebra homomorphism. We get the following theorem.

Theorem 2.2.22. There exists an algebra isomorphism Aa: K(Q) — f
such that for each y € Y,, v € NI we have )\A([5£y]) =0,. O

Remark 2.2.23. To have °L,, 0°L,, =°L,,,, (and not °L,, 0°L,, =L,,,.)
we should use not exactly the induction diagram from [38] but the opposite
one. Note also that the restriction diagram that will be discussed in Section
2.3.6 is also opposite to the restriction diagram in [38].
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2.2.21 Indecomposable objects in Qy

For each A € Ay there is y) € Y, such that EM — O, is a resolution
of the orbit closure Oy, see [49, Thm. 2.2]. Let iy and iy be the inclusions
ix: Ox = Ey and iy: (my,)"H(O5) — F),. Denote also W;A the morphism
Ty (Tysx) 1(O)) — O, induced by 7y, . By the base change theorem we
have

- / -k
l)\ﬂyA*kﬁy = TryA*Z)\kﬁy = k)\'
So the complex £, = ﬂyk*kﬁy has a unique indecomposable factor suppor-

ted on all O,. Denote by @, the shift by dy of this direct factor. We have
ixQy, = k,[d)]. Note that @y, is a shift of a direct factor of £; for some

i € IY, because if i = (i{*---i}*) is the expansion of y = (igal) : ~-i,(§a’“))
then we have £; = [a]!‘sﬁy, where a = (ay -+ - , a), see Section 2.2.20. Thus,

Qy, belongs to Qy. For A € Ay we denote by IC(O,) the Gy-equivariant
intersection cohomology complex on FEy associated with Oy and the Gy-
equivariant local system k,, see [12, Sec. 8.4].

Lemma 2.2.24. The compler Q, does not depend on the choice of the
element yy € Y, such that m,, is a resolution of the orbit closure O).

Proof. Fix an element y, as above for each A € Ay. Suppose that k is a field
of characteristic zero. Then by the decomposition theorem [3, Thm. 6.2.5]
we have @), = IC(O,). Thus, the complex IC(O,) belongs to Qy . Hence, in
view of Corollary 2.2.11 the complexes @, = IC(O,) with A € Ay, are the
representatives of the isomorphism classes of indecomposable objects in Qy
modulo shifts, and they form an A-basis in K(Qy ). This yields the equality

dim4(af,) = #(Av). (2.1)

Now let k be an arbitrary field. The number of indecomposable objects mo-
dulo shifts in Qy is equal to dim 4 K (Qy) = dim 4(4f,), see Theorem 2.2.22,
and the complexes Q,,, A € Ay are among them. Thus, (2.1) shows that
Qy,» A € Ay, are the representatives of isomorphism classes of indecompo-
sable objects in Qy modulo shifts. Hence, each indecomposable object in
Qy with support equal to O, is equal to a shift of @y, - From this we see
that @,, does not depend on y,. O

Definition 2.2.25. Let us write () instead of @, .

The following lemma follows directly from the proof of Lemma 2.2.24.

Lemma 2.2.26. The indecomposable objects in Qv are exactly the com-
plexes Qx, A € Ay, modulo shifts. O

For each I-graded finite dimensional C-vector space V' the classes [@Q)]
for A € Ay form an A-basis in K(Qy ). Combining this for all V' we get an
A-basis in K(Q). The homomorphism A4 takes this A-basis to an A-basis
of f.
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2.3 Parity sheaves

Let A be a complete discrete valuation ring or a field.

2.3.1 Parity sheaves

First, we recall some basic facts about parity sheaves. See [29] for more
details. Let G, X be as in Section 2.2.12. Here we will use the notation
introduced in Section 2.2.12. We make the following assumption

HY(X )y, £) =0, H5(Xy, £) is a free A-module VL € Locg(Xy), VA € A.

(2.2)
Definition 2.3.1. A complex F € Dg(X, A) is even (resp. odd) if H"(F) =
H"(DF) = 0 for each odd (resp. even) positive integer r, where H® means
the sheaf cohomology. A complex F is parity if it is a sum of an even complex
and an odd complex.

Lemma 2.3.2. Suppose F € Dg(X,A). The following conditions are equi-
valent.

(a) F € Dg(X, A) is even,

(b) H* (i3 F) = HF(i3DF) = 0 for each odd integer k and each X € A,

(c) HE(i:F) = HF(iXDF) = 0 for each odd integer k and each x € X.
Proof. First we show that (a)<(c) By [32, Rem. 2.6.9] we have

BHNF) = HELF).

Now HF¥(F) is zero iff i H¥(F) is zero for each x € X. Thus, H*(F) = 0
iff #*(i*F) =0 for all z € X. In the same way we prove that H*(DF) = 0
iff H*(i*DF) = 0 for all z € X. Thus, (a)<(c). To see that (b)<(c) we

prove in the same way that H* (i3 F) = 0 iff H*(i%F) = 0 for all z € X, and
HE(@XDF) = 0 iff HF(iXDF) = 0 for all x € X). O

Lemma 2.3.3. Assume that (2.2) holds. Let F be an indecomposable parity
complex. Then

(1) the support of F is of the form X for some X € A,

(2) the restriction i3 F is isomorphic to L[m] for some indecomposable
object L € Locg(X)) and some integer m,

(3) any indecomposable parity complex supported on X which extends
L[m] is isomorphic to F, where L is as in (2).

Idea of proof. The lemma is proved in [29, Thm. 2.12]. This proof uses the
following claim, which is based on the property (2.2).

Lemma 2.3.4. Assume that (2.2) holds. Let F,G € Dg(X,A). Suppose
that HO4Y(F) = 0 and H°Y(DF) = 0. Then we have

Hom(F,G) ~ @D Hom(i} F,i)G).
AEA



56 CHAPITRE 2. PARITY SHEAVES

O]

Definition 2.3.5. A parity sheaf is an indecomposable parity complex sup-
ported on X extending L[d,] for some indecomposable £ € Locg(X), A)
and some A € A. If such a complex exists, we will denote it by E(A, £). If £
is the constant sheaf A, we will write £(A) = E(X, L).

2.3.2 Parity sheaves on quiver varieties

We still suppose that I' is a Dynkin quiver. We want to study Gy-

equivariant parity sheaves on Ey with respect to the stratification [[ O,
AEAY
see Section 2.2.13. We must check that the Gy -variety X = FEy satisfies

the condition (2.2). This is true by the following lemma, see also Corollary
2.2.11.

Lemma 2.3.6. For every Gy -orbit O in Ey we have H‘(’;d‘f(O,A)\) =0 and
HE, (O, A,) is a free A-module.

Proof. Let x € O. Denote by H the stabilizer of  in Gy . Let H,oq be the
reductive part of H. We have

He, (0, 40) = Hg, (Gv/H,A)
= Hi(e, 4)
= Hy,, (e, 4)
= H*(BHyea, A).

Note that for each positive integer n the fundamental group of GL,,(C)
is equal to Z. Then the fundamental group of H,eq does not contain elements
of finite order, see Lemma 2.2.10. Moreover, the reductive group H,eq is of
type A. Then by [60, Lem. 1] the torsion index of H,eq is equal to 1, see
Section 2.2.6. Thus, the classifying space B H,eq has no odd cohomology and
its cohomology is free over A, see [26, Cor. 2.3]. O

The following lemma is helpful to prove the parity of some complexes on
Ey.

Lemma 2.3.7. Suppose that there exist a smooth Gy -variety Y and a Gy -
equivariant proper morphism mw: Y — Ey. Then the complex m,Ay is even
if and only if H° (7=1(x), A) = 0 for each x € Ey .

Proof. Note that the complex 7, Ay is constructible with respect to the
stratification of Ey because it is Gy-equivariant and the strata are Gy -
orbits. By Lemma 2.3.2 the complex 7, Ay is even if and only if for every
inclusion j : {x} < Ey we have H°%(j*1, Ay ) = 0 and H°%(j*Dr, Ay ) = 0.
Let d be the complex dimension of Y. Note that



2.3. PARITY SHEAVES 57

DAy = Ay [2d], (2.4)
because the morphism 7 is proper and Y is smooth. We set F' = 7~ !(z).

We have the following commutative diagram
Y —— Ey
I
F —— {z},

where ¢ is the inclusion of F' to Y. We denote the restriction of 7 to F' again
by 7. By the base change theorem we have

Now, from (2.3), (2.4), (2.5) and (2.6) we get

H*({z}, i mAy) = H'(F, A),

H*({z}, 5" Dm.Ay) = H*T2(F, A).
This completes the proof. O

2.3.3 Extensions of parity complexes

Let F be a parity complex in Dg,, (Ey, A). For each A € Ay and n € N
the sheaf H"(i}F) is a direct sum of copies of Ay, see Corollary 2.2.11. Let
us denote the rank of the sheaf H"(i}F) by dxn(F).

Lemma 2.3.8. Let F,G be parity complezes in Dg,, (Ev,A). Suppose that
we have dy ,(F) = dxn(G) for all \ € Ay,n € N. Then F ~G.

Proof. Let us decompose F and G into direct sums of shifts of parity sheaves

F= @ WP g= D ek

NeAy kEZ NeAy KEZ

We will prove the statement by induction on the number of indecomposable
factors of F. If 7 = 0 then for each A € Ay,n € Z we have d),(F) =
dxn(G) = 0. Thus, F = G = 0. Now suppose that F # 0. Define a partial
order 5 on Ay by setting u < A if and only if O, C O,. Fix a total order
< on Ay that refines <. Let Ay be the largest element of Ay with respect
to < such that fy, # 0 for some integer k. Then the decomposition of F
does not contain any shift of the parity sheaves £(u) with A\g < p. If for
some p1, A € Ay and n € N we have H"(i;,E(N)) # 0 then p < A. Thus we
have d,, ,(F) = 0 for each y1 > A\g,n € Z. Now, the equality d,,,(G) = 0 for
each > Ag,n € 7Z assures that the decomposition of G does not contain
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any shift of the parity sheaves £(u) with A9 < p. Choose ng such that
dxg.ne(F) = drgmg(G) # 0. It exists because F has a direct factor of the
form E(N\o)[k] for some k € Z. We have

2410 (if\o}—) ~ Afof)\o,ko’ 24m0 (iiog) ~ A?gm’ko

0

for ko = —dy, — no. This shows that
Froko = drgno (F) = drgng(G) = gag ko
Thus, we have
F=F @&N)[ko]®Poko, G =G @E(Ng)[ko] oo

Thus, we have dy ,,(F') = dx,(G’) for each A € Ay, n € Z. Thus, by induc-
tion hypothesis we have 7' ~ G’. Hence, F ~ G. O

Lemma 2.39. Let A - B — C = be a distinguished triangle in
D¢, (Ev,A). Suppose that the complezes A and C are even. Then we have
B~ A®C. In particular the complex B is also even.

Proof. See also [29, Cor. 2.8]. First we prove that B is an even complex. The
duality yields a distinguished triangle

DC —» DB - DAL .
The long exact sequences in cohomology are
— H"HC) = H"(A) = H"(B) — H"(C) = H"T(A) —,

— H"HDA) - H(DC) — H*(DB) — H"(DA) —» H""H(DC) — .

For each odd integer n we have
H"(A) = H'(DA) = H"(C) =H"(DC) =0

and thus H"(B) = H"(DB) = 0. So the complex B is also even. For each
A € Ay the distinguished triangle

A B i
yields a long exact sequence in cohomology
— 1" (i3C) — H"(i3A) —» H"(3B) — H"(i3C) — H" T (i3 A) — .

If n is an even integer then H"1(i}C) = H"T! (i3 A) = 0, see Lemma 2.3.2.
Thus, we have a short exact sequence

0 — H"(iYA) = H"(ixB) — H"(i3C) — 0.
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Hence, we have
dan(B) = dypn(A) +drn(C) =dyp(A®C)
for each A € Ay and each even integer n and
dan(A) = dxn(B) = dxn(C) =0

for each odd integer n. Thus, by Lemma 2.3.8 we have B~ A® C. O

2.3.4 Nakajima quiver varieties

Let k be a field. From now on all sheaves and cohomology groups are to
be understood with coefficients in k-vector spaces.

We recall the notion of a (graded) Nakajima quiver variety. We keep the
notation of Section 2.2.1 and we still suppose that the quiver I' is a Dynkin
quiver. The notation ¢ ~ j means that there is an arrow ¢ — j or j — ¢ in
I'. Fix a function §: I — Z, i — &; such that & = &; 41 if there is an arrows
i — j. It is unique modulo a shift by an integer constant. Consider the sets

T={(i,n) €I X7Z; & —n €27},

J={(i,n) € I xZ; (i,n—1) eI}

To the quiver I we will associate the quiver T as follows:
e the quiver T contains two types of vertices:
e a vertex w;(n) for each (i,n) € I, we will call them w-vertices,
e a vertex t;(n) for each (i,n) € J, we will call them t-vertices,
e the quiver T contains three types of edges:
e an edge w;(n) — t;(n — 1) for each (i,n) € I,
e an edge t;(n) — wi(n — 1) for each (i,n) € J,
e an edge t;(n) — tj(n — 1) for each (i,n), (j,n —
i~
Consider an f—graded finite dimensional C-vector space W =
@(m) c7Wi(n) and a J-graded finite dimensional C-vector space T =

@(i’n)EfTi(n). Set

1) € J such that

E*T)= € Hom(Ti(n),Tj(n - 1)),
(i,;n)ed i~g
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and put
M*(T,W)=FE*(T)® L*(W,T)® L*(T,W).

Note that M*(T, W) is just the variety of representations of T in the T 11 J-
graded vector space T' @ W. We will write (B,«,3) for an element of
M*(T,W). The components of B, «a, 3 are

Bij(n) € Hom(Ti(n), Tj(n - 1)),
() € Hom(Wi(n), Ty(n — 1)),
Bi(n) € Hom(Tj(n), Wi(n —1)).
Let A*(T, W) be the subvariety of the affine space M*(T, W) defined by the

equations

ai(n—1)Bi(n) + > _e(i,)Bji(n — 1)Bij(n) =0,  V(i,n) € J,

i~j

where €(i,5) = 1 (resp. €(i,j) = —1) if i — j is an arrow of I' (resp. i — j
is not an arrow of I').

The algebraic group Gr = H(i n)ejGLTi(n) acts on M*(T,W) by g -

(B, Ol,ﬂ) = (B,’ O/a B,)a where g = (gl(n))(z7n)€j\7

Bjj(n) = gj(n=1)Bij(n)gi(n) ™", aj(n) = gi(n—1)ai(n), Bi(n) = Bi(n)gi(n)~".
Consider the categorical quotient
gﬁ(.)(Tv W) =A°® (T? W)//GT,

i.e., the coordinate ring of 9§ (T, W) is the ring of Gp-invariant functions
on A*(T,W). The points of MY (T, W) parametrize the closed Gp-orbits in
A*(T,W). We will denote by [B, «, 8] the element of 9§ (T, W) represented
by (B, «, 3) € A*(T,W). We say that a point (B, «, 3) € A*(T,W) is stable
if the following condition holds: if a J- -graded subspace T" of T is B-invariant
and contained in Kerf3, then 7" = 0. Let A2(T, W) be the set of stable points
in A*(T,W). Consider the set theoretical quotient

M (T, W) = AS(T, W)/Gr-.

This quotient coincides with a quotient in the geometric invariant theory
(see [44, Sec. 3]). The varieties IM*(T, W) and IMM{(T, W) above a called
Nakajima quiver varieties. There exists a projective morphism

W : m® (Ta W) - m(.)(T7 W)>

see [44, Sec. 3.18]. For each f—graded subspace T of T' we have a closed
embedding
my (T, W) C (T, W).
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This allows to define the variety

M (00, W) = _JM(T, W).
T

Let 9M3™%(T, W) be the open subset of 9M§(T, W) parametrizing the
closed free Gr-orbits in A®*(T,W). Denote by S(W) the set of isomor-
phism classes of finite dimensional j—graded vector spaces T such that
MY E(T, W) # 0. For each W as above we have a decomposition

Moo, W) = [ m§s(T,w),
TeS(W)

see [46, (4.5)].

2.3.5 Resolutions via Nakajima quiver varieties

Definition 2.3.10. Suppose (i,n), (j, k) are in 1. A path from (i,n) to (j, k) is
a path in the quiver I" from w;(n) to w;(k) that does not contain another w-
vertex. To a path p from (i,n) to (j, k) and an element (B, «, 3) € A*(T, W)
we can associate an element A,(B, o, 8) € Hom(W;(n), W;(k)) as follows. If

p=(wi(n) =>t,(n—1) = ti,(n—2) = - = t;.(n —r) = w;k)),

where r = n — k — 1 (note that ¢ =41, j = i,), then we set

Ap(B, a, B) = Bj(n—r)Bi,_yi, (n—(r—1)) - -+ Bijir(n—1)i(n) : Wi(n) — W;(k).
The following theorem is proved in [25, Prop. 9.4, Thm. 9.11].

Theorem 2.3.11. There exists an injective map 7: I — T (depending on
the orientation of T') such that for each arrow i — j in T there exists a path
i~ j from 7(i) to 7(j) such that the following property holds: to each finite
dimensional I-graded C-vector space V we assign the f—gmded C-vector space
W by setting

Wyw=Vi, Viel, W;=0 Viel\r(I).
We have an isomorphism

MGy (00, W) — By, [B,a, B] — @ij(B,a,ﬁ)-
i—J

O

From now on for each arrow i — j in I" we fix a path i ~ j from 7(i) to
7(j) as in Theorem 2.3.11.
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Remark 2.3.12. The isomorphism in Theorem 2.3.11 depends on the choice
of the path i ~ j from 7(i) to 7(j) for each arrow ¢ — j in I". Given another
path p from 7(i) to 7(j), the morphisms

Ajej: My(00, W) — Hom(V;, V;), Ay MG (00, W) — Hom(V;, V;)
are such that A, = AA;..; for some A € C. This follows from the following
two lemmas.

For each arrow ¢ — j in I' we equip the variety Hom(V;, V;) with the
Gy-action by g - ¢ = gjgbg;l for g € Gv, ¢ € Hom(V;, Vj).

Lemma 2.3.13. The map
Ay By = My(c0, W) — Hom(V;, V;)
is linear and Gy -equivariant.

Proof. The statement is obvious. O

Lemma 2.3.14. Let hg = (i — j) be an arrow of I'. Then each linear Gy -
equivariant morphism f: By — Hom(V;,V;) is of the form x — Axp, for
some A € C.

Proof. We view Ey and Hom(V;,Vj) as linear representations of Gy. The
representation Fy is a direct sum of irreducible representations FEy =
@rcr En, where E;, = Hom(Vjy, Vi) and B/, b are as in Section 2.2.1.
In particular, we have Ep, = Hom(V;, V;). Now, by Schur’s lemma we have

0 if h = hg,
Homg,, (Eh, Ep,) = { C-Idg, if h = he.
0

The following lemma is proved in [45, Thm. 7.4.1].

Lemma 2.3.15. Let T and W be as in Section 2.3.4. Then the fibers of
mr,w have no odd cohomology groups over Z and their cohomology groups
over Z are torsion free. Ol

Let us associate W to V as in Theorem 2.3.11. We will identify Ey
with 9§ (0o, W) as in Theorem 2.3.11. The following lemma is proved in
[25, Prop. 9.8]. It interprets the stratification on Ey in terms of Nakajima
quiver varieties.

Lemma 2.3.16. The decomposition M§(co, W) = [lregmy M (T, W)
coincides with the decomposition of Ey into Gy -orbits.
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Let T be a finite dimensional j—graded C-vector space. The morphism
mrw defined in Section 2.3.4 together with the inclusion YT, W) C
MY (00, W) yields a morphism

mrw: M(T, W) — My(co, W) =~ Ey.
We can consider the following complex in D¢, (Ev, k):

Zrw = 7w Kope (1w
Lemmas 2.3.7, 2.3.15 and 2.3.16 yield the following result.

Corollary 2.3.17. The complex ,,%J/V is an even complex in Dg, (Ev, k).
O

The following lemma assures the existence of the parity sheaves on Ey,
see Definition 2.3.5

Lemma 2.3.18. For each A\ € Ay there exists a parity sheaf E(N) on Ey =
H)\EAV OA

Proof. Let T be in S(WW), see Section 2.3.4. By [44, Prop. 3.24] the morphism
mrw: M(T, W) — MG (o0, W)

is an isomorphism over 9 *#(T, W) C IM§(T, W). Its image is contained in
M 8(T, W) because MM* (T, W) is smooth and connected by [45, Thm. 5.5.6]
and 77, (MG 8 (T, W)) is a dense open subset of 9*(T, W). Moreover, the

complex Zr 1y is even by Corollary 2.3.17. Thus, the base change argument
in Section 2.2.21 shows that each parity sheaf £(\) for A € Ay exists and
appears as a direct factor of some shift of 7y for some 7. O

Remark 2.3.19.

(a) Lemma 2.3.18 is enough to insure the existence of Gy-equivariant
parity sheaves on Ey, see Corollary 2.2.11. Note that in the same
way we can prove the existence of Gy -equivariant parity sheaves on
FEy over a complete discrete valuation ring.

(b) We have i3Qy = i3E(X) = k,[d)], see Section 2.2.21. It is natural to
ask whether the indecomposable complexes £(\) and @ are isomor-
phic. To get this, it is enough to prove that @ is a parity complex,
see Lemma 2.3.3.

(c) For A € Ay set E(A) = EN)[—dy]. Let T € S(W) be the J-
graded C-vector space such that 9t °®(T, W) ~ O,. Suppose that
the characteristic of k is zero. Then by decomposition theorem [3,
Thm. 6.2.5] the unique indecomposable factor of £ 1y supported on

all Oy is IC(O,)[—d,], because we have zj%w = zjg()\) =k,. On
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the other hand %J/V is the sum of shifts of parity sheaves and thus
the same argument shows that this factor is equal to g (M\). Thus, we
have IC(O,) ~ £(A). In particular in characteristic zero the complex
IC(Oy)[—d,] is even. Moreover, we have already seen in the proof
of Lemma 2.2.24 that Q) ~ IC(O,). Thus, in characteristic zero we
have £(\) ~ Q) ~ 1C(O,).

2.3.6 Restriction diagrams

In this section we recall the construction of the restriction diagrams for
Nakajima quiver varieties and for Lusztig quiver varieties and we compare
them. The diagrams considered in this section are opposite to the analogical
diagrams in [38] and [47].

Let W be a finite dimensional f—graded C-vector space. Let W7 be an
2 -graded subspace of W and set Wy = W/W;. Consider the subvariety of
MG (00, W) given by

30(Wh, Wa) = {[B, a, 8] € M8(co, W); BB*a(Wy) C Wy Vk € N},

where [B, «, 3] denotes the element of (oo, W) represented by (B, o, B) €
A*(V, W) for some V. Consider the following diagram, see [47, Sec. 3.5] and
[63, Sec. 3.5],

MG (00, W1) x MY (00, Wa) & 38(W7, Wa) S M (c0, W),

where ¢/ is the inclusion and k' is the induced map defined as fol-
lows. Consider an element [B,a, ] € 33(Wi, Wa) represented by a tuple
(B,o, 8) € A*(T,W) for some T. Let T’ be the maximal (J-graded)
subspace of T stable by B such that S(7") C Wi. We have a(W;) €
T’ by the definition of 38(Wi,Ws). Then (B,«, ) defines elements of
A*(T',Wy) and A*(T/T',Ws). These elements yield elements of §(co, W)
and Mg (oo, Wa).

Now let V be an I-graded finite dimensional C-vector space. Let V; be
an I-graded subspace of V' and set Vo = V/V;. Consider the subvariety F of
FEy consisting of the representations preserving V. We consider the following
diagram, see [38, Sec. 9.2]

By, x By, & F 5 Ey,

where ¢ is the inclusion and k assigns to an elements of F' its quotient and
restriction. Now assign W to V' as in Theorem 2.3.11. The subspace V; C V
yields a subspace Wi C W and the quotient Wy = W /W) would correspond
to Vo = V/V1.
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Theorem 2.3.20. We have an isomorphism of diagrams

M (00, W) x MG (00, Wa) «— 38(Wy, Wa) — MY (c0, W),

| | |

K L

E‘V1 X EV2 — F E— Ev,
where the leftmost and the rightmost isomorphisms are as in Theorem 2.53.11.

Proof. Consider the element [B, «, 8] € Mg (oo, W) represented by the tuple
(B,a, ) € A*(T, W) for some T. Let ¢ — j be an arrow in I'. Recall that
the map V; — Vj associated with [B, «, 3] via the rightmost vertical arrow
is
Bj(n = r)Bi,_yi.(n—(r— 1)) Bii,(n — 1)ai(n),

where i ~ j = (w;j(n) = t;;(n—1) = ti,(n—2) = -+ = t; (n—r) = w;(k)).
So in view of Remark 2.3.12 the condition [B, a, §] € 38(W1, W2) means that
the corresponding element of Ey via the isomorphism in Theorem 2.3.11
preserves Vi. So we have an isomorphism 3§(W;, W2) ~ F' making the right
part of the diagram in the statement to be commutative. The left part is
also commutative because both s’ and x were defined as the product of the
quotient and the restriction. O

The restriction diagram for Lusztig quiver varieties yields a functor
Resvyv, = #1t": Dy (B, k) = Day, xay, (Bvy % By, k).
Consider also its modification
Resv, v = Resvy v, [My; 1),
where

My, v, = Y dim(Vy)p dim (Vo) — > dim(V4); dim(Va);.
heH el

2.3.7 Restriction of Nakajima sheaves

Let T be a j—graded finite dimensional C-vector space. Let Z7 w be the
shift Zpw = %7W[dimc M (T, W)], where .,%,W is as in Section 2.3.5. We
identify the restriction diagrams for Nakajima quiver varieties and Lusztig
quiver varieties as in Theorem 2.3.20. We will write . = ¢/, k = &’ to simplify
the notation. Set

38(T, Wi, Wa) = (mr,w) " H(35(Wi, Wa)).
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We have the following commutative diagram

30(T, Wy, Wa) —— OR*(T, W)

|7 [

36(W1’W2) —_L—_> ma(OO,W),

where 7 is the inclusion, p is the restriction of 77y .
Set
( {(wl,a)g) S NJ X NJ w1 +wy = grdlmT}.

For each pair (wi,ws) € U(T) set

F(wi,ws) = {[B,a, ] € 33(T, Wy, Ws); grdimT’ = w, grdimT/T" = w,},

where the subset 77 C T is associated with [B, «, 5] as in the definition of the
restriction diagram for Nakajima quiver varieties (see the definition of the
morphism /). For each [B, a, 8] € F(w1,ws) the restriction to T/ @ W yields
an element of A2(7”, W7) and the quotient yields an element of AS(T/T", W5).
This yields a morphism

Qo s © ﬁ(wl,wg) — M (11, W7) x M* (T, W),

where T7, T5 are J- -graded C-vector spaces with dimension vectors wy, ws res-
pectively. The morphism o, «, is a vector bundle, see also [48, Prop. 3.8].
Let dp, 7, be its rank. The following lemma is a positive characteristic ana-
logue of [63, Lem. 4.1].

Lemma 2.3.21. We have

Resv, 1, (Zrw) = @ L © Lrwel—2dn 1),
T PTo~T

where the sum is taken over the isomorphism classes of j—gmded C-vector
spaces T4, Ty such that Ty & Ty ~T.

Proof. For each (w1,ws) € U(T) and each j—graded C-vector spaces T, Th
of graded dimensions wy, we we have a commutative diagram

F(w1,ws) — 39(T, Wi, W)

QWI7W2J/ 'fpl

m.(Tl,Wl) X Dﬁ.(TQ,Wg) —_— Sﬁa(oo,Wl) X mB(OO,WQ)

The upper horizontal arrow is the obvious inclusion and the lower one is
T, Wy X T, W, The varieties F(wi,ws) with (wi,w2) € U(T) form a lo-
cally closed partition of 33(7, Wi, Ws). Let us enumerate them Fy,--- , F,
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in such a way that for j € [1,7] the subvariety ng = U ﬁj/ is closed in
55(T, Wi, Ws). Let f; and f<; be the restrictions of kp

fi: Fj = M (00, W) x MG (00, Wa),  fej: Fej — M(c0, W1)xIMG(00, Wa).

We also set ﬁ<j = ﬁgj_l, f<j = f<j—1 for j € [2,7]. Let a; and b; be the
inclusions

aj:Fj—>ﬁ<j, bj:ﬁ<j—>ﬁ<j.
By [3, Sec. 1.4.3], we have a distinguished triangle

* * +1
a]ganggj — kng — b]!bijgj — .

Applying the functor (f<;): to this triangle we get the distinguished triangle
+1
(fihkp = (f<hkp = (f<j)kp = (2.7)

Now if f’] =F (w1,wsz) and Ty, Ty are j—graded C-vector spaces with graded
dimensions wj, we respectively, we have

O‘wl,wz!kﬁj = kmt'(Tl,Wl)xm'(Tg,%)[—2dT1,T2]

because o, , is a vector bundle of rank dr, 7,. Thus,

f]'kﬁj = %171/1/1 ® %27‘/[/2 [_2dT17T2]'

In particular it is an even complex, see Corollary 2.3.17. Thus, from (2.7)
and Lemma 2.3.9 we have by induction

mp!kga(T,Wl,Wg) = @ 21w @ L1y Wy [_2dT1,T2]‘
T PTo~T

This finishes the proof because by the base change theorem we have

* 7 — ~
Rt "E’ﬂT,W - H!p!kBB(T,Wl,WQ)'

O]

The split Grothendieck group K(Qy) of the additive category Qy is
given by the A-module structure such that ¢[F] = [F[1]] for F € Qy. We set
K(Q) = @, K(Qv). Denote by Parg,, (Ev) the full additive subcategory of
D¢, (Ev, k) whose objects are parity complexes. Similar to the construction
above, we have an A-module structure on the split Grothendieck group
K (Parg, (Ev)) of the category Parg, (Ey). We also set

Par = @ Parg, (Ev), K (Par) = @ K (Parg, (Ev)).
|4 \%4

Let S(W) be as in Section 2.3.4.
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Lemma 2.3.22. The complexes .,%J/V, T € S(W), form an A-basis in
K (Parg, (Ev)).

Proof. Note that zjg()\) = k,, where £()) is as in Remark 2.3.19. Let < be

the total order on Ay as in the proof of Lemma 2.3.8. Denote by T) the J-
graded finite dimensional C-vector space such that 95 (T, W) ~ O, see

Lemma 2.3.16. We have {T; A € Ay} = S(W). The complex %7, w is even,

see Corollary 2.3.17. By the base change theorem we have i\.%7, w = k,.
Thus,

Zrow=ENe @ EwRd®w,  a,q€N
<\, dEZ

Hence, the classes [D%»W], A € Ay, form an A-basis in K(Parg, (Ev))
because the classes [E(N)], A € Ay, form an A-basis in K (Parg, (Ey)). O

By Lemmas 2.3.21, 2.3.22 the functor l/%\e_évlyz yields an .4-module ho-
momorphism

K(Parcv (Bv)) — K(Paerl X Gy, (Ev, x Evy)),

where Parg, xay, (Ev, x Ey,) is defined as Parg, (Ey) using the quiver
LIl A Gy, x Gy,-orbit in Ey, x Ey, is of the form Oy, x Oy,. So we
identify Ay with Ay, x Ay,. The complex £(A1) ® £(A2) is indecomposable
because its endomorphism ring is a tensor product of endomorphism rings
of complexes £(A1) and E(\y), thus it is local. It is even, supported on
Oy, x O,,, and we have

B (EO1) ® E2)) = Ky, p,e
Thus, by Lemma 2.3.3 we have
EM) @ E(N2) ~ E(A1 X Ag).
Thus, we have
K (Parcy, <y, (Evi x Ev)) = K (Parg,, (Ev;)) ©4 K (Parcy, (Ery))

Finally, the functors Rvesvl,v2 yield a comultiplication on

K (Par) = (P K (Parg, (Ev)),
v

where the sum is taken by isomorphism classes of I-graded finite dimensional
C-vector spaces. Thus, the modified restriction functors Resy; y, yield a
comultiplication Res on K (Par). From now on we will always consider the
coalgebra structure on K (Par) given by Res.
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2.3.8 Restriction of Lusztig sheaves

Now we study the restriction of Lusztig sheaves. It is similar to the
constructions for Nakajima sheaves in Section 2.3.7. Let

By, x By, & F 5 Ey

be the restriction diagram as in Section 2.3.6. Fix a sequence (ay, - ,ak).
Set y = (igal) - i,(:’“)), an element in Y. Set also

Uy) = {(y1, 1) € Yor X Yo g = (i i), gy = () .4y,

a,,al €N, a, +a = a, Vr € [1,k]}.

ro Yr T

We have a commutative diagram

F— F,
| [
F —— PEy,

where F' = 7, ' (F). The variety F consists of the pairs (z, ¢) € By x F, such

that = preserves Vi and x preserves the flag ¢ = ({0} = VP c VI c V2 C
- C VF =V). For (y1,92), denote by ﬁ(yl,yg) the subset of F consisting
of pairs (z, #) € F such that the flag (VONV; € VINV; C --- C V'NW4) has
type y1 and the flag (VO/ (V' nW) c VY/(VinW) c---cV"/(VTNW))
has type y2. We have a vector bundle

F(ylva) — Fyl X Fy27
see [38, Sec. 9.2.4]. Denote its rank by my, 4,.

Lemma 2.3.23. Suppose that for each (y1,y2) € U(y) the complexes L,,,
Ly, are even. Then we have

Resv, v, (Ly) = EB Ly, @ Lys[—2my, ]
(y1,92)€U (V)

Proof. The proof is the same as the proof of Lemma 2.3.21. See also [38,
Sec. 9.2]. O

Lemma 2.3.24. For each A € Ay let yy € Y, be as in Section 2.2.21. The
classes [Ly,], A € Ay form an A-basis in K(Qy ).

Proof. The proof is the same as the proof of Lemma 2.3.22. O
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2.3.9 Coalgebra structure on K(Par)

The following lemma follows directly from Lemma 2.3.8.

Lemma 2.3.25. Let A[Ay X Z| be a free A-module with basis 15, A € Ay,
n € Z. Then there is an A-module inclusion

K(Parg, (By)) = AlAy x Z],  F > dyn(F)lan,
An

where dy ,, are as in Section 2.3.3. ]

Theorem 2.3.26. There ezists an A-coalgebra isomorphism 4 : K (Par) —
Af.

Proof. At first suppose k = C. In this case the statement is already known,
see [38, Thm. 13.2.11]. Now let k be an arbitrary field. To avoid confusion we
will indicate the field k or C in the rest of the proof. By Lemma 2.3.15 the
numbers dy ,,(-Zrwk) do not depend on the field k, where A € Ay, n € N,
T is a finite dimensional f—graded C-vector space. Thus, the image of the
inclusion in Lemma 2.3.25 does not depend on the field either. Hence, there
exists a linear isomorphism

K (Parg, (Ev),k) = K(Parg, (Ev),C)

sending Z’W’k to O%,WC for each T. To conclude we only need to note
that this isomorphism preserves the comultiplication because the constants
dr, 1, from Lemma 2.3.21 are independent of the field. O

Remark 2.3.27. There is an A-basis in K (Par) given by parity sheaves. It
corresponds to some A-basis of 4f by 84. So Theorem 2.3.26 yields an A-
basis in 4f in terms of parity sheaves.

2.3.10 Even quivers

Definition 2.3.28. The quiver I' is k-even if the complex £, over k is even
for each y € Y, and each v € NI. The quiver I' is even if it is k-even for
each field k.

In this section we suppose that our Dynkin quiver I' is even. This hypo-
thesis is necessary to apply Lemma 2.3.23.

Theorem 2.3.29. Suppose that I' is a k-even Dynkin quiver. Let V' be as
above. Then the full subcategories Qy and Parg,, (Ev) of Da, (Ev,k) coin-
cide. Moreover, there exists an isomorphism of bialgebras K(Q) ~ 4f, where
the algebra structure on K(Q) is as in Section 2.2.20 and the comultiplica-
tion is given by Res.
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Proof. The first statement follows from Remark 2.3.19 (b). The second state-
ment is already known if the characteristic of k is zero, see [38, Thm. 13.2.11].
In positive characteristic we already have the algebra isomorphism

Aa:af — K(Q)

by Theorem 2.2.22. We only need to verify that A4 preserves the coproduct.
This follows from the zero characteristic case and Lemma 2.3.23 because the
constants my, ,, in Lemma 2.3.23 do not depend on the field. O

2.3.11 Type A

We say that a quiver is of type A if each of its connected components
has type A, for some positive integer n. Now we show that the quivers of
type A are even. We start by proving some helpful lemmas.

Definition 2.3.30. Suppose n,k,s € N, k < n, s > 0. Suppose v and d are
s-tuples of nonnegative integers v = (v, -+ ,vs), d = (di,-- -, ds) such that
v1 + -+ vs = n. Let W be an n-dimensional C-vector space and let

p=({0}=WoCcW, C---CW,=W)
be a flag of type v in W, i.e., dim W, /W,_1 = v, for each a in [1, s]. Set
Xv,dJc = {U S Grk(W); dimUNW, =dy,Va € [1,8]}.

Lemma 2.3.31. The set Xy q is either empty or a variety with an affine
cell decomposition.

Proof. Suppose that X, g1 is not empty. Let P be the parabolic subgroup
in GL(W) preserving the flag ¢. The variety Xy q is isomorphic to a P-
orbit in Grg(W). Let B be a Borel subgroup contained in P. A P-orbit in
Gri (W) is a disjoint union of B-orbits. Each of these B-orbits is isomorphic
to an affine space. O

Definition 2.3.32. Let W be a finite dimensional C-vector space. Suppose
s,t €N, s>0,t>0. Let

p={0=WocWic---CcW;=W), v=({0}=VcWc---CcV=W)

be two partial flags in W. Let v be a sequence of nonnegative integers
v = (v1,---,vs) and let D = (d;;) be an s x t-matrix of integers. Set

Y¢71/17V7D - {({O} = UO C Ul c---C Us - W) :
dim U, /Up—1 = vq,dimU, NV = dgp, W C U,, Va € [1,s],b € [1,t]}.

Lemma 2.3.33. The set Yy v, p is either empty or a variety with an affine
cell decomposition.
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Proof. The proof is by induction on s. The case s = 1 follows from Lemma
2.3.31. Suppose s > 1. Set

(z)/:({O}:W()CWQCWgC...CWS:W), V/:(1)1+U2,U37"‘7Us)~

Let D’ be the matrix that we get from D by erasing the first row. Forgetting
the Ui-component of the flag yields a morphism Yy v p — Y/ 4 v pr. This
is a fibration with the fiber of the form X,, see Definition 2.3.30. So Yy 4. v.p
has a decomposition into affine cells by induction hypothesis and Lemma
2.3.31. O

Suppose that the quiver I' is of type A,. We enumerate its vertices
= {i1,--- ,in} such that there is an arrow in some direction between i,
and i44;1 for a € [1,n — 1]. Let V and v be as in Section 2.2.1. Suppose

y=G", i) € Yy Let
{0}=WocWrC---CWp=V,;,
be a partial flag in V;,. For each m x k-matrix D = (d;;) of integers we set
Fp={({o}=v’cVvic.-.cv"=V)enr, ' (z):

dim V"' NWs =d,s,Vr € [1,m],s € [1,k]}.

We have the decomposition Yz) =11p Fp.

Lemma 2.3.34. The set Fp is either empty or a variety with an affine cell
decomposition.

Proof. The proof is by induction on n. For n = 1 the statement follows from
Lemma 2.3.33. Now suppose n > 2. Suppose that the quiver I' contains the
arrow in_1 — i,. We denote this arrow by hg. Consider the following flag in
‘/;n—l

{0}=WiCW{C- CWiy=Vi,, W =z, (W), r€[LE],

where zp, is the ho-component of x. Let I be the quiver that we get from
I by deleting the vertex i,. Set V' = @f;ll Vi, vVV=v —v;, -i,. As before
we denote by H the set of arrows in I' and for an arrow h in H we write h’
and h” for its source and target respectively. Set H' = H\hg. Denote by Ey-
the variety of representations of I'V in V', i.e., Eys = @ Hom(Vyyr, V).
Set &' = @, e xn € Eyr, where x, is the h-component of x € Ey. Set

y = (j§a/1)» T 7.]'7()?;”)) €Y,, where

i oar it gy # i,
at—{ 0 ifj, =i, vVt € [1,m].
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We leave the zero terms in 3’ to simplify the notation. For each mx (k+1)-
matrix of integers D' = (d..,) we set

Fp={{0}=v"cVv'c...cvV"=vV)er ()

dm V" W =d.,,

Vr e [l,m],s € [1,k+1]}.

We have the morphism e: Yz) = 7Ty_,1(x’ ) given by the intersection of

each component of the flag with V’. Set
FD,D’ =FpnN 6_1(F1/)/).

We have the decomposition Fp = [[,, Fp ps. So it is enough to construct
a decomposition into affine cells for each Fp pr. Let us study the following
restriction of e

€D.D': FD,D’ — FID/'

We want to show that it is a fibration. Let ¢; < --- < ¢; be the integers in
[1,m] such that

Jer = Jeg = = Jer = ny Js #in Vs € [1,m]\{c1, -+, et}
Set also ¢y = 0. Let
¢ ={0y=v"cVvic...cvm=Vv)
be a flag in F},,. We have

eplp(@) = {{0}=VcVic...cV"=V)eFp:
VAV = V', Vs € [1,m]}

~ {{0}=0cU'c---cU™=V;,):

(0 =v a0’ cVv'eU ' c.--.cV™"aU™=V) € Fp}
= {{o}=0cU'c---cU™=V,):

U =01 Vs e [l,m\{c1, - ,ct},

dimU* /U = a,,Vs € {c1,--- 1},

(V'O V) C U Vr € [1,m],

dimU" NW, =d,,,Vr € [1,m],p € [1,k]}.

1

Y¢,¢,V7D7

where
¢ = (xh, (V' NVi, ) Cang(V' NV ) C oo Capg (V™ NV ) C Vi),

w:({O}ZWOCWICCWk:%n)a V:(al_alla"'aam_au/rn),
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see Definition 2.3.32. Moreover, this fiber does not depend on the choice of
¢' € F7, because the types of the flags ¢,1) and their relative position do
not depend on ¢'. Really,
dimzp, (VN Vi, )Wy = dimazp, (V' NV, Ny (W)
= dimzp, (V" N W)
= dim V"N Wy, — dim V'n Wy NKerap,
= dim VN Wy, —dim V" NW]|

= dyyiq — doa,s Va € [1,m],b € [1, k],
dimz,, (V'*NV;, ) = dima,, (V*NV;,_,)NW,
= diz,k—i—l _— d;’:[? Va E [1,m]

So F'p pr has a decomposition into affine cells by induction hypothesis and
Lemma 2.3.33.

Now suppose that the quiver I' contains the arrow ¢, — i,_1. Let I'P
be the quiver that we get from I' by inverting the orientation of each arrow.
Consider the I-graded C-vector space V* = @,; V;* dual to V. Consider
the representation z* € Ey- dual to x. Let y°P be the element Y, that
we get from y by reversing the order of its components. Then we have an
isomorphism of varieties

7Ty_1(l’) — 71'7;0}) (z"),

{0y =vV'cVlic...cvm=V)— ({0} = (V™ c...c (V)L c (V) =v).

Here o denotes the annihilator in the dual space V*. Moreover, this iso-
morphism preserves the decompositions

m (@) =[] Fp, mm(*)=]][Fp
D D

(with some permutation of indices). Here F}; is defined analogically to Fp
with respect to the flag

{0} = (Wk)J— c..-C (Wl)J_ c (WO)L _

in?
where o1 denotes the annihilator in V;* (not in V*). So we reduce the case
ip, — ip—1 to the case i,—1 — in. ]

Theorem 2.3.35. Let I' be a quiver of type A (may be not connected).
Suppose y € Y, x € Ey. Then the fiber 77;1(37) is either empty or has a
decomposition into affine cells.

Proof. 1t is enough to prove the statement in the case when the quiver I is
connected. In this case the statement follows from Lemma 2.3.34. O

Corollary 2.3.36. A quiver of type A is even. Ol
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2.3.12 New basis for small ranks

The goal of this section is to show that the basis described in Re-
mark 2.3.27 coincides with Lusztig’s canonical basis for I' of types A; or
As. As explained in Section 2.3.10, if I is an even quiver then we have
Qy = Parg, (Ev). In this situation we have S4 = A 4. Via the isomorphism
Aa: K(Q) — af, the basis from Remark 2.3.27 is identified with the basis
given by the classes [E())] of parity sheaves, where A € Ay, V is a finite
dimensional I-graded C-vector space. This basis coincides with Lusztig’s ca-
nonical basis for k = C because the parity sheaves over C are the intersection
complexes, see Remark 2.3.19 (c). To prove that this basis coincides with
the canonical basis for arbitrary k we should prove that the placement of
the class [E(A)] in K(Q) ~ f is independent of k.

We may add to our notation an index k or C to specify the field. We
want to prove that [E(A)x] = [E(N)¢] in K(Qxk) ~ af ~ K(Qc¢). This is clear
for the type A; because in this case Fy is a point for each V.

From now on we assume that the quiver I' = (I, H) is of type A2. We have
I ={i,j} and H = {i — j}. Take a dimension vector v = ni + mj € NI.
We have Ey = Hom(V;,Vj), where V; and V; are C-vector spaces with
dimensions n and m respectively. The Gy-orbits in Ey are labeled by the
set Ay = [0, max{n, m}], where for k € Ay the orbit O C Ey is the subset
of elements of rank k.

Assume first that n < m. For each k € [0,n] set yp = (iF), j(m) j(n=k)y ¢
Y,. The morphism m, : F,, — Ey is obviously a resolution of singularities
of the orbit closure 0. Let us study the stalks of the complex 6£yk =
(my, )«k[dimc O]. By the base change theorem, for each z € Ey we have
H3(i%(°Ly, ) ~ Hetdime Ok (71';61 (x)) because 7y, is a proper morphism. It is
easy to see that

ifx e Op,r >k,

1 0
{ Gr,—,(C* ") ifx e O,,re|0,k],

o (x) =~

and that

dime O, = dimg Grg(V;)+dime Hom(V;, CF) = k(m—k)+nk = nk-+mk—k>.
Recall that £(k) denotes the parity sheaf supported on Oy.

Lemma 2.3.37. We have °L,, ~ E(k).

Proof. The parity sheaf £(k) is a direct factor of °L,, because 7, is a
resolution of singularities of Of. Other direct factors of °£,, must have
supports inside of O} \O}. Thus it is enough to show that 5[% has no direct
factors of the form £(r)[d] for some r < k and some d € Z.

Assume that °£,, has such a direct factor £(r)[d]. Then, by auto-duality,
the complex ?L,, must also have a direct factor £(r)[—d]. Thus for = € O,
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the complex i*(°L,,) has nonzero cohomology groups H*(i*(°L,,)) with
s = —dimc O, =d because H~4mc O (£(r)) ~ k. Thus, to come to a contra-
diction, it is enough to show that H*(i%(°L,,)) is zero for s > — dim¢ O, ..
As explained above we have H*(i%(°L,,)) = H*+t4me Ok (Gr,,_,(CP7)).
Thus it is enough to check that — dim¢ O, +dim¢ O > 2 dime Gr,,_(C*7),
i.e., that —(nr+mr—r?)+(nk+mk—k?) > 2(n—k)(k—r). This is equivalent
to m + k > n+r and thus is true. O]

Now we assume that n > m. For k € [0,m] set v} = ("), i(") j*)) €
Y,. A similar proof to the previous one gives the following lemma.

Lemma 2.3.38. We have ‘5£y;€ ~ E(k). O

Corollary 2.3.39. For each k € [0, min{m,n}] we have [E(k)x] = [E(k)c]
in K(Qk) ~ af ~ K(Qc¢).

Proof. By Lemmas 2.3.37 and 2.3.38 there is an element y € Y, (yx or y})
such that 9L, ~ E(k)x and °L, ¢ ~ E(k)c. However, [°L,x] and [°L, c]
correspond both to the same element in 4f. O

2.3.13 Quiver Schur algebras

In this section, we apply a similar approach to the quiver Schur algebras
in [59]. Let e be an integer, e > 1. Let I' be a quiver with the set of vertices
I = Z/eZ and the set of arrows H = {i — i+1; i € I}. We keep the notation
of Section 2.2.1. Let EY, C Ey be the subvariety of nilpotent representations.

Let us change slightly the notation. Let VCompe () be the set of tuples
p= (W, - u®) of nonzero elements of NI such that pu(M + p® + ... +
p*) = 1. We will call an element of VComp,(v) a vector composition. For p
as above we denote by F), the variety of all I-graded flags

p=0=V'cvic...cvF=V)

in the I-graded vector space V' = @, ; Vi such that the I-graded vector
space V¥ /V51 has graded dimension p(") for each r € {1,2,--- , k}. Let ﬁﬂ
be the variety of pairs (z,¢) € Ey x F), that are compatible, i.e., we have
(V") c V™! for r € [1,k]. Let m, be the natural projection from ﬁﬂ to
Ev, i.e.,

Ty ﬁ# — Ey, (z,¢) — x.

Let N C g be the nilpotent cone. Let F' be the set of all flags in V' (not
necessarily complete). Let Fyy C F' be the subset of I-graded flags. Set

F={(¢=(Vc.---cVF=V),z) e Fx N; (V") c V"L vr e [1,k]},

Fr={(¢=WV"c...cVvlF=V)2)e FyxE% z(V") c V"l vr e [1,k]}.
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Let m: F — N, 7y: Fy — EY, be natural projections. Set G = GL(V),
g = gl(V) = Lie(G). Fix a primitive eth root of unity £ € C. Consider the
element s € G preserving each V; and acting by & on V;, i € I. Note that
the group G x C* acts on gl(V) with G acting by the adjoint action and
C* acting by the multiplication by scalars. The G x C*-action on g yields
a G x C*-action on N. Set 3 = (s5,¢£7') € G x C*. We have ¢g° ~ Ey and
N° ~ EY,. Here the top index s always means the set of s-stable points.

Similarly, the G-action on F' yields a G x C*-action on F, where C*
acts trivially. The G x C*-action on F' and N yields a G x C*-action on F.
We have F® ~ Fy and FS ~ ﬁv. The following lemma is an analogue of
Conjecture 2.1.4.

Lemma 2.3.40. For each p € VCompe(v) and each x € EY,, we have
Hod((m,) "} (2),2) = 0.

Proof The restriction of 7 to the set of s-stable points yields a morphism
: F¥ — N®. We have the following commutative diagram

o
Fy, — En

I

FF ™ NF
Then for each z € Ey, we can identify the fiber m " Yz) with (7%)~Y(z) =
(m~1(x))%. By [13, Thm 3.9] we have H®4((r~1(2))%,Z) = 0. This implies
the statement because for each 1 € VCompe(v) the variety Fy, contains a
connected component isomorphic to F), and the restriction of my to this
component coincides with . O

It is well-known that the set of G'y-orbits in EY; is finite. This observation
together with Lemma 2.3.40 motivates us to study the parity sheaves on
EY,. As before, we fix an arbitrary field k. Let E}, = H/\GAQ O, be the

stratification by Gy -orbits.

Lemma 2.3.41. There are no nontrivial Gy -equivariant local systems on

Oy for each A € AY,.
Proof. The proof is the same as the proof of Corollary 2.2.11. 0

We can now prove that the stratified variety LY satisfies the condition
(2.2) in the same way as in Lemma 2.3.6.
Consider the following complexes in Dgq,, (E;, k):

5[1# = (7Tu)*kj!3M [dimc F,], 5£V,k - @ 65’*'
pEVCompe (1)

Let Qv be the full additive subcategory of all direct sums of shifts of direct
factors of 6£v,k in Dg, (E{, k).
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Lemma 2.3.42. For each A € Ay,, the parity sheaf E(N) exists. It is contai-
ned in Qy .

Proof. By Lemma 2.3.40, for each ;1 € VCompe(v), the morphism 7, has
even fibers. Thus the complex (Wu)*kﬁu is even, see Lemma 2.3.7. Now, it
is enough to prove that for a given A there exists 1 € VCompe(v) such that
E(A) is a direct summand of a shift of (WM)*kﬁM. To do this, it is enough
to find p such that the image of m, is in Oy and such that 7, yields an
isomorphism 7, !(Ox) — Ox. The existence of such y is explained in the
proof of [59, Prop. 2.7].

O

Let Parg, (Ey;) C Dg, (E{;, k) be the full subcategory of parity com-
plexes.

Corollary 2.3.43. The subcategories Qv and Parg, (EY;) of Da,, (E}, k)
coincide. O

Definition 2.3.44. For a given graded dimension vector v € NI the quiver
Schur algebra is the graded algebra A, = Extg, (5ﬁv,k7 6£V,k)7 where the
nth graded component is given by the nth extension group.

Remark 2.3.45. 1t is clear from the definition that, for each u € VCompe(v),
the algebra A,y contains an idempotent of degree zero 1, such that
Ly Avxcdy, = EXtEV (5£u2 2 Lyy)-

Definition 2.3.46. For each u € VCompe(v), let P, be the graded projective
Ay x-module A, x1,,.

Definition 2.3.47. Let U, 7 be the integral form of the generic nilpotent Hall
algebra of the quiver I', see [59, Sec. 2.5]. For each v € NI, let f, € U;Z

be the characteristic function of the semi-simple representation of I' with
graded dimension vector v.

Let proj(A,x) be the category of graded projective finitely generated
A, x-modules. Let K(A, k) be the split Grothendieck group of proj(A4, k)
viewed as an A-module. Set K(Ax) = @,y K(Avx) and K(Q) =
@D, K(Qv). For each vi,v» € NI, we have an algebra homomorphism
Ay k@ Ay, x = Aty ks see [59, Def. 2.8]. It yields an algebra structure on
K (Ag). The following theorem is proved in [59, Prop. 2.12].

Theorem 2.3.48. There is an A-algebra isomorphism K(Ayx) — U_, such
that [P,] — £, for each v € NI, where v is viewed as a trivial vector compo-
sition in VCompe (V). O

Analogically to Theorem 2.2.21 we get the following result.

Theorem 2.3.49. The functor Y: Q7 — proj(A, k) such that F
Extg,, (.F,éﬁuk) is an equivalence of categories. O
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For vi,vy € NI, p; € VCompe(v1), p2 € VCompe(ro) let ug U pg €
VCompe(v1 + 12) denote the concatenation of 11 and pge. We can also define
an algebra structure on K(Q) as in Section 2.2.20 such that 6£u1 o 5£u2 =
6£u1uu2- We get the following result.

Corollary 2.3.50. There is an A-algebra isomorphism K(Q) — U_, such

that L, — £, for each v € NI, where v is viewed as a trivial vector compo-
sition in VCompe (V).

Proof. We only need to verify that the algebra structure on K(Q) agrees
with the algebra structure on U_,. This is true because Y(‘sﬁu) = P,
[P |[Pus] = [Puiups) (see [59, Prop. 2.9]) and the elements f, for v € NI
generate U;Z as an A-algebra. O

In particular Corollary 2.3.50 yields an A-basis of U_, in terms of parity
sheaves.






Chapitre 3

Quiver Schur algebras and
Koszul duality

3.1 Introduction

_ Let e, [ be integers, e > 1, 1 > 0. Let I' be the cyclic quiver of type
A._1 and let I be the set of its vertices. Let ¢ = ( € C be a primitive
eth root of unity. With each d € N and each tuple s € (Z/eZ)!, Dipper,
James and Mathas associate a cyclotomic g-Schur C-algebra Sj in [15]. This
algebra admits a block decomposition S5 = @4 S5, where d runs over the
set of elements d = ), ;d; -4 in NI such that },_;d; = d. For each d,
the block S3 is quasi-hereditary and the standard modules are the so-called
Weyl modules. They are labeled by a subset Pfi of the set Pcll of [-partitions
of d.

In Section 3.3.1 we define a class of gradings on S3 called admissible
gradings. An example of such grading is given in [59]. Fixing an admissible
grading of S§ yields a grading of the category mod(Sg).

By [53], we can identify the category mod(S§) of finite dimensional S§-
modules with a highest weight subcategory A of a parabolic category O
of gl at negative level (for some positive integer N), see Theorem 3.3.13.
The category A has a Koszul grading by [56, Thm. 6.4]. It is natural to ask
whether the grading on mod(S§) above coincides with the Koszul grading
of A.

In Section 3.3.9 we define a basic graded algebra ng which is graded
Morita equivalent to S3. Let SO be the endomorphism algebra of the mi-
nimal projective generator of A (equipped with the Koszul grading). Our
main result is the following theorem, see Theorem 3.3.40 below.

Theorem 3.1.1. There exists a graded algebra isomorphism bS(Si ~ 89 O

The proof is inspired by [27] and [59]. It is given in Section 3.3. The
strategy of the proof is as follows. At first, we want to identify the grading at
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the level of KLR-algebra. More precisely, we consider a smaller graded non-
unitary subalgebra bei C bSZ defined as the opposite to the endomorphism
algebra of some projective S§-module (szl is graded Morita equivalent to
a block of the cyclotomic KLR-algebra) and similarly we consider a graded
non-unitary subalgebra R® ¢ S©. We want to prove that the algebras bel
and R© are isomorphic as graded algebras. An essential ingredient of the
proof consists in computing the graded multiplicities of the simple modules
in the parabolic Verma modules of the category O. This is done in Appendix
A.1. To compare the gradings of sz and R® we characterize them in terms
of radical filtration of projective modules. It becomes possible due to the very
rigidity of some projective modules in category A and due to the general
technique in Section 3.2.6. Finally, it is easy to lift the graded isomorphism
from the KLR algebra level to the Schur algebra level because the algebra
bS(Si can be viewed as the opposite to the endomorphism algebra of the sum
of Young modules over bR(Si.

Section 3.2 contains standard results on highest weight categories, Koszul
duality and Hecke algebras, to be used in the rest of the text.

After this paper was written we received a copy of Webster’s paper [65]
where a similar statement to Theorem 3.1.1 is announced.

3.2 Preliminaries

All functors between additive (resp. C-linear) categories are supposed to
be additive (resp. C-linear). Let e, [ be integers, I > 0, e > 1. Fix a tuple
s=(s1, -+ ,8;) of elements of Z/eZ.

3.2.1 Graded rings and modules

For any noetherian ring A, let mod(A) be the category of finitely ge-
nerated left A-modules. For any noetherian Z-graded ring A = @,,c, An,
let grmod(A) be the category of Z-graded finitely generated left A-modules.
The morphisms in grmod(A) are the morphisms which are homogeneous of
degree zero. For each M € grmod(A) and each k € Z denote by M, the
homogeneous component of degree k in M. For n € Z let M (n) be the nth
shift of grading on M, i.e., we have (M(n))y = My_,. For each Z-graded
finite dimensional C-vector space V, let dim,V € N[g,¢ '] be its graded
dimension, i.e., dimg V' =37 7 (dim Vy)q9.

The following lemma is proved in [5, Lem. 2.5.3].

Lemma 3.2.1. Suppose that M is an indecomposable A-module of finite
length. Then, if M admits a graded lift, this lift is unique up to grading shift
and isomorphism. O

The following lemma is proved in [24, Thm. 3.2].
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Lemma 3.2.2. Let A be a graded artin C-algebra. Suppose that
M € grmod(A) is indecomposable. Then M is also indecomposable in
mod(A). O

3.2.2 Graded categories

Definition 3.2.3. A Z-category (or a graded category) is an additive category
C with a fixed auto-equivalence T: C — C. We call T the shift functor. For
each X € C and n € Z, we set X (n) = T"(X). A functor of Z-categories is
a functor commuting with the shift functor.

For a graded noetherian ring A the category grmod(A) is a Z-category
where T is the shift of grading, i.e., for M = @,z M, € grmod(A), k € Z,
we have T'(M ), = M.

Definition 3.2.4. Let C be an abelian category. We say that an abelian Z-
category C is a graded version of C if there exists a functor F¢g: C — C and
a graded noetherian ring A such that we have the following commutative
diagram, where the horizontal arrows are equivalences of categories and the
top horizontal arrow is a functor of Z-categories

In the setup of Definition 3.2.4, we say that an object X € C is a graded
lift of an object X € C if we have F¢(X) ~ X. For objects X,Y € C with
fixed graded lifts X,Y and for each k € N the Z-module Hom¢(X,Y) admits
a Z-grading given by Home(X,Y), = Homz(X (n),Y’). Moreover, since the
category grmod(A) has enough projectives, the decomposition

Home(X,Y) @Homc Y)
neZ

above yields a decomposition

Extg(X,Y) ~ @) Exti(X(n),Y)
neL

for each k£ € N. Thus the Z-module Extlc‘i (X,Y) admits a Z-grading given by
ExtE(X,Y), = Ext%(f(n% Y). In the sequel we will often denote the object

X and its graded lift X by the same symbol.
Definition 3.2.5. For two abelian categories Ci, Co with graded versions C1,

Co we say that the functor of Z-categories ®: C1 — Co is a graded lift of a
functor ®: C; — Cq if Fg, 0 ® = ® o Fp,.
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Remark 3.2.6. Assume that a graded finite dimensional C-algebra A ad-
mits an anti-involution a: A — A°P that preserves the grading on A. Here
(#)°P means the algebra with the opposite product. Then we have a dua-
lity D: mod(A)°® — mod(A) such that, for each M € mod(A), we have
D(M) = Homc¢(M,C) and the A-action is twisted by a. The duality D
has an obvious graded lift D: grmod(A)°® — grmod(A) such that, for each
M € grmod(A), we have D(M) = Homc(M,C), D(M),, = Homg(M_,, C)
and the A-action is twisted by a.

3.2.3 Koszul duality

For an abelian category A, let DY(A) denote the associated bounded
derived category. If A is an abelian category with a graded version A, let
[A] be the Grothendieck group of A, i.e., the Z-module with generators [M],
M € A, and relations

[X]+[Z] =[Y] V exact sequence 0 =+ X —Y — Z —0in A,
It admits a Z[q, ¢~ !]-module structure given by

qM]=[M(1)] VM € A.
Note that [A] coincides with the Grothendieck group of the triangulated
category D’(A).
Let A = D,,>9 An be an N-graded C-algebra such that Ay is semisimple.
We identify Ap with the left graded A-module Ag ~ A/@®p>0An.

Definition 3.2.7. The graded algebra A is Koszul if the left graded A-module
Ag admits a projective resolution - -- — P? — P! — P% — Aj such that P*
is generated by its degree k component.

If A is Koszul, we consider the graded C-algebra A' = Ext* (Ag, Ag)°P
and we call it the Koszul dual algebra to A. If A = grmod(A4), we write

A = grmod(A!) and we call it the Koszul dual category of A. We write also
A' =mod(A4").

For a graded noetherian ring A we abbreviate Eb(A) = D’(grmod(A)).
Let [eo] denote the shift of the cohomological degree. The following is well-
known, see [5, Thm. 2.12.5, 2.12.6].

Theorem 3.2.8. Let A be a Koszul C-algebra. Assume that A and A' are
finite dimensional. Then, the following hold.

(a) The algebra A" is also Koszul and there is a graded algebra isomor-
phism (A')' ~ A.

(b) There is an equivalence of categories K : Eb(A) — 5b(A!) such that
K(M(n)) = K(M){=n)[-n]. O
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For a Z[q, ¢~ !]-module L, let L be the Z[q, ¢~ ']-module isomorphic to L
as a Z-module such that ¢ acts on L in the same way as —g~! acts on L.

Corollary 3.2.9. Assume that A is Koszul and that A, A' are finite dimen-
sional. There is a Z[q, ¢~ ']-module isomorphism [grmod(A)] — [grmod(A')],
[M] — [K(M)], VM € bb(A), where K is as in Theorem 3.2.8. O

3.2.4 Graded highest weight categories

Let A be a finite dimensional C-algebra. Denote by C the abelian category
mod(A). Let (A, <) be a finite poset. Let A = {A(\); A € A} be a family of
objects in C.

Definition 3.2.10. The pair (C,A) is a highest weight category if

(a) if Home(A(X), M) = 0 for each A € A, then M =0,

(b) for each A € A, there is an indecomposable projective object P(\) € C
and a surjection f: P(A\) — A(A) such that Ker(f) has a (finite) filtration
whose successive quotients are objects of the form A(u) with g > A,

(c) for each A € A, we have End¢(A(N)) = C,

(d) for each A\, u € A such that Home(A(N), A(p)) # 0, we have A < p
We call the objects A(\)’s the standard objects.

For each A € A, the module A()) has a unique simple quotient L()\). Let
V(A) be the costandard object with parameter A, see [53, Prop. 2.1]. The
following lemma holds, see [16, Prop. A2.2 (ii)].

Lemma 3.2.11. For each k € N and each A, u € A we have

C, if \=p,k=0,
0, else.

Exth(A(N), V(1) = {

O

Now, assume that the C-algebra A is Z-graded. By [24,
Cor. 3.4, Prop. 3.5] the modules L(A) and P()\) admit graded lifts.
Moreover, the existence of graded lifts for projective modules implies the
existence of graded lifts for standard modules A(X) by the proof of [42,
Cor. 4]. Finally, by [24, Cor. 3.4] each injective module in mod(A) admits a
graded lift and thus an argument similar to the proof of [42, Cor. 4] implies
the existence of graded lifts for costandard modules V().

By definition, we have dim Hom¢ (A(X), L(A)) =
dim Hom¢(P(N),L(\)) = 1 for each A € A. Moreover, we have
dim Hom¢(L(N), V(X)) = 1, see [16, Sec. A.1]. We fix graded lifts
of P(A), A(N), L(A), V(A) such that each morphism P(A) — A(M),
A(X) — L(N), L(A) — V(A) is homogeneous of degree 0, see also Lemma
3.2.1.
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Set C = grmod(A). Let M, L € C, with L irreducible. Let [M : L] be
the multiplicity of L in a (graded) Jordan-Hélder series of M. Write

[M : L)y =) [M : L{k)q" € N[g,q"].
kEZ

Let C° be the full subcategory of objects of C that have a finite filtration
with subquotients isomorphic to graded modules of the form A(M)(k) for
A€ Ak € Z. We will refer to such filtration as a graded A-filtration.
Assume that M € C°. Let (M : A(N)(k)) be the multiplicity of A(X)(k) in
a graded A-filtration of M. A standard argument shows that this multiplicity
is independent of the choice of a graded A-filtration. Set also

(M AN)g =Y (M : AQN)(k))g" € Nlg,q7']:
keZ

Lemma 3.2.12. An object M € C is graded A-filtered if and only if
Exts (M, V(X)) =0 for each X € A.

Proof. The only if part follows from [16, Prop. A2.2 (iii)]. Now, let us prove
the if part. Assume that Ext(M,V()\)) = 0 for each A € A. We want to
prove that M € EA. We will prove the statement by induction on the length
of a Jordan-Holder series of M. If M = 0, the statement is trivial. Now,
assume that M # 0. Let Ao € A be minimal such that Home (M, L(Ag)) # 0.
Let ko € Z be such that Homg (M, L(A\o)(ko)) # 0. First, we claim that for
each p < Ao we have Ext:(M, L(i)) = 0. Really, consider the short exact

sequence
0— L(p) = V(u) = V(u)/L(p) = 0

in C. It yields an exact sequence
Home (M, V(1) /L()) — Ext’(M, L(1)) - Exts(M, V(1)).

The rightmost term is zero by assumption. Moreover, each simple subquo-
tient of V(u)/L(p) is of the form L(y') with ' < p < Ag. Thus the leftmost
term is also zero by minimality of Ag. This implies Ext}(M, L(x)) = 0.

Let N(XAo) be the radical of A(Ag). Consider the short exact sequence

0— N()\Q)(k0> — A()\())<k0> — L()\())<k0> —0
in C. It yields the exact sequence
Homg (M, A(Xo)(ko)) LN Homg(M, L(Xo)(ko)) — Exté(M, N(Xo)(ko))-

Each simple subquotient of N (o) in C is of the form L(p) with p < Ag. By
the previous discussion this implies Ext}(M, N(X\o)) = 0. In particular, we
deduce that the rightmost term is zero. Thus the morphism § is surjective.
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Moreover, Homgz(M, L(Ao)(ko)) # O by the choice of Ao and ko. Let f €
Homg (M, A(Xo) (ko)) be such that §(f) # 0. The image of f is not contained
in N(Ao). Thus f is surjective. Consider the exact sequence

0 — Ker(f) > M — A(X) =0
in C. For each pu € A it yields an exact sequence
Exte(M, V() — Extg(Ker(f), V(i) = ExtZ(A(Xo), V(1))-

The leftmost term is zero by assumption and the rightmost term is zero
by Lemma 3.2.11. Thus, we have Ext}(Ker(f),V(x)) = 0 for each u € A.
Applying the induction hypothesis to Ker(f) we get Ker(f) € C*. This
. . SA

implies M € C™. O

Remark 3.2.13. [16, Prop. A2.2 (iii)] and Lemma 3.2.12 imply that an object
M € C admits a graded A-filtration if and only if it admits a A-filtration as
an ungraded object.

Corollary 3.2.14. We have P()\) € ¢t for each \ € A. O

Lemma 3.2.15. We have [V(X) : L(u)],1 = (P(p) : A(N))g for each
A e A

Proof. For each Apu € A and each k € Z, we have
dimgy Home (P(N), L) (k)) = Syuq®.  Moreover, the functor
Hom¢(P(M),e): C — grmod(C) is exact. Hence, for each M € C, we
have [M : L()\)], = dimy Home (P(X), M).

Next, we have dim, Home(A(X)(k), V(1)) = 05 ¢, see Lemma 3.2.11.
Moreover, the functor Home (e, V(u)): [ grmod(C) is exact because

Exts(A(N), V(1)) = 0 for each A\, € A. Thus, for each M € 5A, we have
(M : A(N))q = dimg-1 Home (M, V(A)). Therefore, for each A, u € A, we get

[VA) : L{p)lg-1 = dimg-1 Home (P(), V(X)) = (P(1) : A(A))g-

Now, we make the following assumption:

(%) there is an equivalence of categories D: C°? — C such that
e D admits a graded lift D: C* — C that is also an equivalence of
categories,
e D?=1d, 52 = Idg,
e D(L()\)) = L(\) for each \ € A,
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e D(M(1)) = D(M){—1) for each M € C.

Corollary 3.2.16. Assume that (%) holds. Then, for each A\, n € A, we have
[AQ) : L(w)]lg = (P(p) : AA))qg-

Proof. By [53, Prop. 2.6] the functor D must exchange A(\) and V() for
each A € A because the category C°P is a highest weight category with
standard modules V(\), A € A, see the discussion after [16, Lem. A3.5].
Thus by the normalization of grading the functor D exchanges the graded
objects A(X) and V(A). For each A\, u € A and each k € Z, we have

[AN) : L(p) (k)] = [D(V(N)) : D(L(p)(=k)] = [V(A) : L(p)(=Fk)].

This implies [A(X) : L(u)]q = [V(A) + L(p)]4-1. Now, apply Lemma 3.2.15.
O

3.2.5 Highest weight categories with Koszul grading

Let A be a finite dimensional C-algebra equipped with a Koszul grading.
Assume that A is basic. Assume also that the category C = mod(A) is a
highest weight category. We keep the notation from the previous section.
For each A € A the simple A-module L(\) admits a graded lift concentrated
in degree zero because A is N-graded and Ag is semisimple. As explained in
Section 3.2.4 this implies automatically the existence of graded lifts for P())
and A(A) for each A € A. These graded lifts are unique if we ask additionally
that each morphism P(\) — L(A) and A(A) — L()) is homogeneous of
degree zero, see Lemma 3.2.1. We will call such graded lifts of L(\), A(X)
and P(\) natural graded lifts.

For each A € A let ey be the primitive idempotent in Ay that acts by
identity on L(A). Then we have a graded A-module isomorphism P(\) =~
Ae/\.

Let A’ be a subset of A such that for each A € A’ we have \g € A’
for each Ao < A. Let C’' be the Serre subcategory of C generated by L(\)
for A € A’. Let A’ be the quotient of A by the ideal generated by all ey
for A € A\A’. The algebra A’ inherits the N-grading from A. Recall that
A is assumed to be basic. Consider the following idempotent e!A, € A~
D) jen Exte(L(A), L(p))°P concentrated in degree zero, e =D en Idy(y)-

/
Set A" = e!A,A!e!A,

Lemma 3.2.17. (a) The category C' is a highest weight category.
(b) There is a category equivalence C' ~ mod(A’) and the algebra A’ is
Koszul.

(¢) The Koszul dual for A" is A"

Proof. Part (a) is [16, Prop. A3.4]. Part (b) follows from [56, Lem. 2.2]
and its proof and [16, Prop. A3.3]. Finally, part (c) is true because by [16,
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Prop. A3.3] we have (A')" = D pen Ext™(L(A), L(p))P = A" Here the
first equality is true because the algebra A’ is basic. O

Set C = grmod(A), C = grmod(A’), C' = mod(A"), ¢ = grmod(A"),

(€)' = mod(A"), (€)' = grmod(A").

Remark 3.2.18. (a) The inclusion functor ¢’ — C admits an obvious graded
lift C — C because A’ is a quotient of A by a homogeneous ideal. This
graded lift preserves natural graded lifts of L(\) and A()\).

(b) Assume that A' is a highest weight category with standard modules
A'()\) and simple modules L'(\), A € A with respect to the opposite partial
order on A. Assume also that L'(\) corresponds to P()) via the equivalence
in Theorem 3.2.8 (b). Then by [16, Prop. A3.11] the category (C’)" is a highest
weight category. Moreover, it is a quotient category of C' with quotient
functor

Q: C' = mod(4') — (€')" = mod(A"), M s ¢\ M.

The standard modules in (C')' are Q(A'())) for A € A’. The functor Q has

an obvious graded lift Q: él — (@/)!, which preserves natural graded lifts of
simple and standard modules.

3.2.6 Morphisms of projective modules

We keep the notation from Section 3.2.4. We assume that for each A € A
the simple object L(A) admits a graded lift. As explained in Section 3.2.4
this implies automatically the existence of graded lifts for P(\) and A(\)
for each A € A. Let P = @, P(A) be the minimal projective generator of
C. Set *A = End¢(P)°P. The grading on projective modules yields a grading
on "A. The category C is equivalent to mod(’A) and its graded version C
is equivalent to grmod(®A). In this section we see all objects of C as ®A-
modules. The goal of this section is to give a construction of a graded basis
in ®A. For A\, € A let by,(q) = [P(\) : L(u)]y € Nlg,¢7!] be the graded
multiplicity of the simple object L(u) in the projective object P(\). Set
b5, = [P(N) « L(p)(s)] and b5, = [rad9P(\)/rad9™ P(\) = L(u)(s)]. We
obviously have b3 , = deN b“){i and by, (q) = D ez q°b5,,- Both sums have
only a finite number of nonzero terms.

Note that for each A € A and each g € N we have

rad/P(p) /radd " P(p) = @D L(A)(s)®5.
SEZLNEA

For each \,py € A, g e N, s € Z and t € [l,bﬁi], we consider the chain of
maps
rad?P(u) — rad9P(u)/rad? ™ P(p) — L(\)(s),
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where the right hand arrow is the projection to the tth copy of L(X\)(s).
Since P()) is projective, there exists a homogeneous map 9?\? of degree s
such that the following diagram commutes

P(\)  —% P(A)(s)

W
rad?P(u) —— L(N\)(s).
Lemma 3.2.19. The set © = {QQSt' ANueNgseNtell, bff/'\]} s a basis

Al
of PA.
Proof. Fix A\, € A. Set ©,, = {0§\Zt;g,s € N,t ¢ [l,bii]}. Let 0 =
> gt a?\ffﬁf\ff with ag\ff € C be a nontrivial linear combination of elements

of ©,,. Let go be minimal such that af’\isoto # 0 for some sg,ty. Then we

have Imf C rad% P(u) and the composition
P(X) LN rad? P(u) — rad? P(u)/rad% T P(u) — L(\)(s0)

is nonzero, where the right hand map is the projection on the toth copy of
L(X)(s0). Thus 6 is not zero. Hence, the elements of the set ©), are linearly
independent. Now, to show that they form a basis of Homg (P (), P(u)), we
count the dimension. We have

Ol = bia(1) = [P() : L] = dim Home(P(X), P()):
O]

Lemma 3.2.20. Assume that f € N and A\,p € A. The set @i{ =

{Oizt;g,s eNyg>f,te [1,bf;\]} is a basis of Home(P(N), rad! P(p)).

Proof. We must check that the image of a linear combination of elements of
©), that contains an element of © )‘“\@i{ with a nonzero coefficient is not
in rad/ P(p). Let
_ gst ngst gst
0=> a 6%, o €C,
g7s7t

be such a linear combination. Let gy be minimal such that af\foto # 0 for

some s, tg. We have gp < f. We have Imf C rad?° P(u). In the same way as
in the proof of Lemma 3.2.19 we can show that the composition

P(X) 5 rad% P(p) — rad% P(u)/rad® 1 P(u)
is nonzero. Thus, we have Imf ¢ rad% ! P(y). This implies Imf ¢ rad’ P(p)
because f > go + 1. O

Corollary 3.2.21. Assume that for some A, u € A we have bf\z =0 for each

g # 5. Then Home(P()\),rad’ P(1)) coincides with the span of homogeneous
morphisms of degrees > f in Home(P(X), P(u)). O
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3.2.7 Combinatorics

A composition of an integer n > 0 is a tuple of positive integers
(A, -+, k) such that Zle A+ = n. Note that this is not the usual de-
finition of a composition because we do not allow zero components. We
set £(A) = k, |\| = n. A partition of an integer n > 0 is a composition
(A1,-++,Ak) of n such that Ay > Ay > -+ > A;. With each partition of
n we associate a Young diagram YD(A) such that YD(A) has A\; boxes in
the tth row for each t € [1,k]. The empty partition is represented by the
empty diagram. An [-composition (resp. [-partition) of an integer n > 0
is an [-tuple A = (A!,--- | A!) of compositions (resp. partitions) of integers
ni, -+ ,n; = 0 such that Zfﬁ:l ny = n. We associate with each [-partition
an [-tuple of Young diagrams YD(A) = (YD(A!),--- , YD(A!)). Let C!, (resp.
P!) be the set of l-compositions (resp. I-partitions) of n. Set P! = ],y PL-

Let T' be the quiver with the vertex set I = Z/eZ and the arrow set
H ={i—i+1;i eI} Let (a;j)ijer be the associated Cartan matrix, i.e.,
we put Qj5 = 25i,j_5i,j+1 _5i,j71~ Ford = Zie] dlZ in NI set |d| = Ziel dl
Let 19 be the set of tuples i = (ig, - - - NIFRL 7'l such that i has d; entries
equal to i for each i € I. We have 1% = H‘d|:d I, Let &, be the symmetric

group of rank d. It acts on I by permutation of the components. This action
preserves each subset /4 C I¢ with |d| = d.

Recall that we have fixed an [-tuple s = (s1, 82, -, s;). Note that some
of the following notations depend on s.

Definition 3.2.22. Let A € P'. The residue r(b) € I of the box b € YD())
situated in the spot (i,j) of the pth diagram is s, + j — ¢ mod e. Write
PL={\ePh >_beyp(y) T(b) = d}, where the sum is taken in NI.

3.2.8 Rigid modules

Let A be a noetherian C-algebra and let M be an A-module of finite
length. Let M D rad'M > rad®M > --- D> rad”M = 0 be the radical
filtration of M, i.e., rad' M = radM and rad®™ M = rad(rad®M), for a > 1,
rad”'M # 0. Let M = soc*M D --- D soc?M D soc! M O 0 be the socle
filtration of M, i.e., soc' M = socM and soc®'M is the inverse image of
soc(M/soc® M) under the natural morphism M — M/soc*M for a > 1,
soc 'M C M. An A-module M of finite length is rigid if its radical and
socle filtrations coincide, i.e., r = s and rad*M = soc" *M for each a €
[1,r—1].

Now, assume that A is an N-graded C-algebra and let M be a graded
A-module of finite length. Let z € Z be minimal such that M, # 0. The
grading filtration of M is the filtration M = Gr,M D Gr,4 1M D --- such
that GroM = @y, Mp. A graded A-module M of finite length is very rigid
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if its grading filtration coincides with its radical and socle filtrations, i.e., if
it is rigid and rad*M = Gr., M for each t € [1,r].
We will need the following lemma, see [5, Prop. 2.4.1].

Lemma 3.2.23. Suppose that A is an N-graded C-algebra, that Agy is semi-
simple and A is generated by Ay and Ay. Let M be any graded A-module of
finite length.

(a) The radical filtration of M coincides with the grading filtration of M,
up to shift, if M /radM is irreducible.

(b) The socle filtration of M coincides with the grading filtration of M,
up to shift, if socM is irreducible.

Consequently, the module M is very rigid if socM and M /radM are both
irreducible. O

3.2.9 Cyclotomic Hecke and ¢-Schur algebra
Let ¢ € C be an eth primitive root of unity. Set Q = (** fork=1,--- 1.
Fix d € N.

Definition 3.2.24. The cyclotomic Hecke algebra H} is the C-algebra with
generators 1y, 11, -+ ,Ty_1 modulo the following defining relations:

(To—Q1) - (To — Q1) =0,
ToTToTy = TiToThTo,

(Tk—l-l)(Tk—C) =0 for 1<k<d—1,
Tka_HTk = Tk+1Tka+1 for 1 < k < d— 2,
LT, =1T; for 0<i<j—1<d-2.

For each k € [1,d], set L, = (" T}y --- TyTpTy - - - Ty—1. For a composi-
tion A = (Aq,- -+, Ap) of d, let &) be the Young subgroup &y, x--- x &y, C
G,. Similarly, for an l-composition A = (A!,---,\) of d let &) be the
Young subgroup G1 x -+ X &y C &y. Let t1,--- ,t4-1 € G4 be the

transpositions (1,2),(2,3),---,(d — 1,d). For a permutation w € &, with
reduced expression w = t;, ---t; we set T, = Tj ---T . Suppose that
a= (a1, - ,a) is an [-tuple of integers in [1,d]. Set ul = uaiUa2 - Uay,

where uar = [[75,(L, — Qk). Let A be an l-composition of d. We asso-
ciate with it the tuple a = (aq,---,q;) such that a = Zﬁ;ll |A"|. Set
Tx =D pee, Tw and my = uty.

Definition 3.2.25. The cyclotomic g-Schur algebra S5 is the C-algebra

Endggs)o0 (€D maH).
Aec

Let A € P). Let A* be the Weyl module over S5, see, e.g., [41, Def. 4.12].
Let L be the top of A* and let P be its projective cover in mod(S5). The
following is proved in [41, Thm. 4.14].
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Lemma 3.2.26. The category mod(S5) is a highest weight category with
standard modules A, where \ € Pé. ]

Remark 3.2.27. Note that [41] uses right modules and we use left modules.
However, we can identify right Sj-modules with left S5-modules via the
involutory anti-isomorphism of S5 defined in [41, Sec. 4.2].

In [41, Sec. 5.1], an idempotent e € S5 such that eS5e ~ Hj is defined.
Let F': mod(S5) — mod(H}), M — eM be the Schur functor. It is a quotient
functor, see [22, Prop. I11.2.5] and [27, Sec. 2.4]. The Specht module S* is
the HS-module F(A*). The Young module Y* is the HS-module F(P*). Set
D* = F(L*). The module D* is irreducible or zero because F is a quotient
functor. Set K, = {\ € P}; D* #£ {0}}.

There exists a decomposition into a direct sum of unital indecomposable
C-algebras Hy = @geny jaj=q Hg- see [39, Thm. A] and [53, Prop. 3.1]. Let
1q be the unit of HS. Let 14 be the element of S§ given by the multiplication
by 1q. We get a decomposition of the cyclotomic g-Schur algebra S5 =
@D aj=a S5, Where S§ = 1453

Lemma 3.2.28. The algebra S3 is indecomposable.

Proof. The statement is proved in [41, Sec. 5.2]. O

For each d, we consider the idempotent eq = elq € S5. The Schur
functor restricts to a quotient functor F': mod(S§) — mod(H§), M — eqM.

Remark 3.2.29. The algebra S§ is quasi-hereditary with the set of standard
modules {A*; X € PL}, see [41, Sec. 5.2].
Lemma 3.2.30. The functor F is fully faithful on projective modules.

Proof. By [41, Thm. 5.3] the algebras Hj and S5 satisfy the double centrali-
zer property with respect to the (Hj, S5)-bimodule eSj. Now, the statement
follows from [52, Prop. 4.33]. O

For each A € P}, let V* € mod(S5) be the costandard object with socle
LA

3.2.10 Cyclotomic KLR-algebra

Definition 3.2.31. The KLR-algebra Ry is the C-algebra with the set of
generators 11, - -+ , g 1,91, - ,Yd, e(i), where i = (i1, --- ,iq) € I¢, modulo
the following defining relations

e(ie(j) =dige(i), djepel) =1,
yre(i) :e(i)yra wre’(i) =€(tr(i))¢r, YrYs = YsYr,
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Uryrrre(d) = (yrtor + 5i7»,ir+1)e(i)7 Yrr1re(i) = (Yryr + 6ir7i'r+1)e<i)’

YrYs = Ystr, it s#Frr+1,
Yrhs = Psihy, if ‘T‘ — 8’ > 1,
0, if 4, = lp41,
(errl - yr)e(i)a if i, =d,41 — 1€ # 2,
Ze(i) =< (yr — yrr)e(d), if iy = ipq1 + 1,6 # 2,
Yr = Yr+1)(Yr1 — yr)e(i), if iy #iry1,e =2,
e(i), otherwise,
0, if 4, = ip41,
(wr—klwrwr—&-l + 1)e(i), if Iy = ir+2 = Z'r—&-l - 17 € ?é 27
wr¢r+1¢re(i) = (¢r+1¢r¢r+l - 1)6(i)7 it ip =4p420 =941+ 1,€ # 2,
(Vri1¥rri1 +yr — 2yri1 +yra2)e(i), if i =dpg2 #ir1,e =2,
UVrp1Urrye(i), otherwise,

for each i,j € I and each admissible r and s. The algebra Ry admits a
Z-grading such that dege(i) = 0, degy, = 2, degtse(i) = —aj, ;. ,, for each
1<r<d, 1<s<dandie I Here (@i ;) is the Cartan matrix defined in
Section 3.2.7.

Definition 3.2.32. For each i € I, let ¢; be the number of elements of s equal
to i. The cyclotomic KLR-algebra R is the quotient of the algebra Ry by
the ideal generated by y;"e(i) for i = (i1,--- ,iq) € I%. The algebra R
inherits the grading from the grading of Ry.

For each d € NI such that [d| = d set e(d) = > ;cae(i) € Ry It is a
homogeneous idempotent concentrated in degree zero. We will also denote by
e(d) the image of e(d) in Rj. We have the following decomposition in sums
of unital C-algebras Ry = ®|d\:d Ra, RS = @‘(ﬂ:d RS, where Ry = e(d)Rd,
RY = e(d)Rs,.

The following theorem is proved in [8, Sec. 4.5] and [50, Sec. 3.2.6].

Theorem 3.2.33. There is a C-algebra isomorphism R} ~ Hj. Moreover,
under this isomorphism the idempotent 1q € Hj corresponds to e(d) € RJ,.
In particular for each d € NI such that |d| = d we get an algebra isomor-
phism R ~ HY. ]

We fix the isomorphism R ~ Hj as in [9, Thm. 4.1]. It yields a grading
on the cyclotomic Hecke algebra Hj and on each direct factor Hj.

The algebra RS admits a graded anti-involution o’: RS — (R$)°P which
is the identity on generators. It yields a graded anti-involution a’: R —
(R$)°P for each block RY. It yields a duality D’: mod(RY) — mod(RY) and
its graded lift D': grmod(RY) — grmod(Ry), see Remark 3.2.6.



3.2. PRELIMINARIES 95

3.2.11 Quiver Schur algebra

Let T' be the quiver as in Section 3.2.7. Let V = @V, be an I-graded
finite dimensional C-vector space with dimension vector d = ), ;d; -i €
NI. Set Ey = @,y Hom(V;, Viy1) and |d| = ) ,.;d;. The group Gy =
[Lic; GL(V;) acts on Ey by conjugation.

A vector composition of weight d is a tuple = (™), - -, u*)) of nonzero
elements of NI such that g™ +p® +.. .4+ 4*) = d. Let VComp(d) be the set
of vector compositions of weight d. Set also VComp = [[4cy; VComp(d).
For u = (M, u®)) € VComp(d) we denote by F), the variety of all
flags of I-graded vector spaces ¢ = (0=VOCcV!IcC.-.-.cVF=V)inV =
@< Vi such that the I-graded vector space Vk/VF=1 has graded dimension
p") for r e {1,2,--- ,k}. Let ﬁu be the variety of pairs (z,¢) € Ev x F,
that are compatible, i.e., we have z(V") C V"~ for r € {0,1,--- ,k}. Let
7, be the projection F,, — Ey such that (z,¢) — .

We call an (I + 1)-tuple ft = (po, 1, , ) of elements of VComp a
weight data. The weight of a weight data i = (uo, p1,- -+ , pg) is the sum of
the weights of pg, 1, -+ , . Let VDat(d) be the set of weight data of weight
d. Let i = (po, pe1,-- - , ) be in VDat(d). Let p be the vector composition
associated with g, i.e., p is the tuple obtained by taking together all the

components po, - - - , gy of fi (ordered from pg to ).
For each v € NI and i € I we will write v(i) for the I-component of v,
ie., we have v =3, ;v(i)-i. Let v = (v1,--- ,1;) be an [-tuple of elements

of NI. Set v = vy +---+ 1. Let U = @, ; U; be an I-graded C-vector space
with dim U; = v(4). Fix an I-graded flag 0 = U’ c U' ¢ --- c U' = U
such that the I-graded vector space U /U*~! has graded dimension v}, for
each k € [1,1]. For i € I,k € [0,1] let UF be the i-component of U*, i.e.,
UF=U,NU".

Let O(v, i) be the set of pairs ((z, @), (V:)icr) in FVM X P, Hom(V;, U;)
such that we have v;(W;(k)) C UF for each i € I and k € [0, []. Here W;(0) €
Wi(1) C --- C W;(l) = V; is the I-graded flag in V whose components are
among the components of the flag ¢ and the graded dimensions of

Wi(0), Wi(1)/Wi(0), -+, Wil)/Wi(l 1)

are the weights of the components pio, p11, - - -,y of fi respectively. Set Ey,,, =
Ey x @,c; Hom(V;, U;). For each fi € VDat(d), let 5, be the projection

Taw: OW, i) = Evy,  (2,9), (Vi)ier) = (2, (Vi)ier)-

For each i, A € VDat(d) set Z;S\ =90, i) Xg,, O, ). Set also

zi= I 2z 95= ][] owN.

“7
i AEVDat(d) AeVDat(d)
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Definition 3.2.34. Let A% be the C-algebra H*G‘/(Zg)7 where HEV (o) is the
Gy-equivariant Borel-Moore homology with coefficients in C and the mul-
tiplication on fl’(’i is given by the convolution product with respect to the
inclusion Z§ C OY x DY, see [12, Sec. 2.7].

Remark 3.2.35. (a) We can identify the C-algebra A% with the Yoneda ex-
tension algebra of

D ®uw)Cow,pdimOw, i)
faeVDat(d)

(in the Gy-equivariant derived category of constructible complexes on Ey,, ),
see [12, Lem. 8.6.1, Thm. 8.6.7]. Here C is the constant sheaf. We equip A%
with the grading such that the n-graded component is the nth extension
group.

(b) In [59, Sec. 4.2], a diagrammatic presentation of fl’é is introduced,
where fl’(’l is generated by some diagrams. The product in fl’(’i corresponds
to the vertical concatenation of diagrams (the product of two diagrams is
zero if the vertical concatenation is not possible). For each d,d’ € NI and
for any vector compositions v, v/, there is a bilinear map /Nl'c’l X A‘é’, —
A’(’ﬁr’g,, (a,b) +— alb, that puts the diagram of a left to the diagram of b,
called a horizontal multiplication. Here v UV’ is the concatenation of v with
V', see [59, Sec. 4.1]. The horizontal multiplication is well-defined because
of the faithful representation of /Nl'é defined in [59, Prop. 4.2], see also [59,
Prop. 3.6, Prop. 4.7] for the formulas defining the actions of splits, merges,
left and right shifts ([59, Def. 3.1, Def. 4.4]) on this representation. The
horizontal multiplication is associative and respects the grading, i.e., we
have deg(alb) = dega + degb.

Let I C fl’é be the ideal generated by the elements of the form e;la,
where ¢ € [ is such that d — 7 € NI, a € fl’é_i and e; is the unit of fl?
Set AY = fl’é/Ig. We call Ay the cyclotomic quiver Schur algebra. The ideal
I is homogeneous because each element e; € fl? is homogeneous of degree
zero and the bilinear map fl? X ‘Zl'é—i — fl’é respects the grading. Thus AY
inherits the grading from fl’(’l.

Remark 3.2.36. Diagrammatically, the idempotent e; € fl? is represented
by the diagram consisting of a black line labeled by the element i. Hence,
the ideal I C fl’é is generated by the diagrams having a black vertical line
on the left labeled by an element of I. In particular, each diagram having a
piece of a black line labeled by an element of I on the left of all other lines
is in Ig.

From now on, we assume that v = s. The following is proved in [59,
Thm. 6.3].

Theorem 3.2.37. The algebra AY viewed as an ungraded algebra is isomor-
phic to the cyclotomic q-Schur algebra S3. O
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3.3 Proof of the main theorem

We use the same notation as in the previous section.

3.3.1 Admissible gradings

In this section we equip H3 with the grading induced by the isomorphism

~ R$ in Section 3.2.10. Recall the duality D" and its graded lift D
defined in Section 3.2.10. We want to introduce a class of gradings on S3.

Definition 3.3.1. A Z-grading of the algebra S§ is admissible if the Schur
functor F: mod(S5) — mod(Hj) admits a graded lift F' and if for each X €
733, the modules A*, L* have graded lifts such that the following conditions
hold :

(a) for each A, & € PY, we have [A* : L8], € &x¢ + qN]q],

(b) there is an equivalence of categories D: mod(S§)°? — mod(Sg) such

that

(b1) D admits a graded lift D: grmod(S§)°? — grmod(S5) that is
also an equivalence of categories,

(b2) D? = Idyoqsy): D = Mymoarsy):

(bg) D(L*) = L for each A € P,

(bs) D(M(1)) = D(M)(—1) for each M € grmod(S5),

(bs) D'F =FD, DF =FD.

From now on, we fix an admissible grading of S5. For each A € P(ll the
S5-modules A*, VA, P? L are indecomposable. Thus their graded lifts
are unique modulo the shift of grading if they exist, see Lemma 3.2.1. Fix
the graded lifts of A* and L* as in Definition 3.3.1. Note that by (a) each
morphism A* — L* is homogencous of degree zero. The projective cover
of L* in grmod(S5) is a graded lift of P, see also Lemma 3.2.2. We will
always consider P* with this graded lift. We also get graded lifts of D*, S
and Y obtained by taking the images by F of the graded lifts of L}, A*
and P*. Moreover, the module D(A*) € grmod(S5) is a graded lift of V*,
see [53, Prop. 2.6].

3.3.2 Quiver Schur grading is admissible

The goal of this section is to prove that the graded version A§ of S§ has
an admissible grading. We will see a finite dimensional Z-graded C-vector
space U = @,,c; Un as a complex with zero differentials --- — U_; —
Uy — Uy — ---. The dual U* = Hom¢ (U, C) is also Z-graded, with U} =
Homgrmod(C) (U<TL>, C)

Write Zs = (77i,5)«Co s ) [dim O(s, i)]. By Remark 3.2.35 we have

A=Extt,( P Ls P Lus)

fi€VDat(d) fieVDat(d)
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Set s = ka:l s; € NI. Let Ay be the set of isomorphism classes of
simple Gy-equivariant perverse sheaves on Ey s that appear as shifts of
direct summands of %} ¢ for some i € VDat(d). For each A € Ay, fix a
perverse sheaf ICy on Ey 4 in the class A\. By the decomposition theorem [3,
Thm. 6.2.5], for each i € VDat(d), we have an isomorphism

gfhs ~ @ 1IC\ ® Uﬁ}s,)\
>\€AV,5

for some Z-graded vector spaces Ujg . Note that we have a graded C-
vector space isomorphism Uy sy ~ (Ussa)*, because 25 ¢ is self-dual with
respect to the Verdier duality. Set also % = P AEVDat(d) Zhs and Us \ =
EBﬂeVDat(d) Uis- Then we have 25 = ®)\€AV,S IC)\ ® Us,x and we have a
graded C-vector space isomorphism Us y ~ (Us x)*.

The graded algebra

Ay =Extg, (P IC, P ICy)

AEAvV s AEAY s

is Morita equivalent to flf’i. The corresponding equivalence of (Elngraded)
module categories is given by the functor Y: mod(Ag) — mod(bAfl), M —
R ®A3 M, where R is the graded (bA(Si, A% )-bimodule

Extg, (P ICA&@Usy, @ ICH).

AEAV AeAye

Let Y: grmod(fl(si) — grmod(®A%) be the obvious graded lift of Y.
The algebra A admits a graded anti-involution a: A% — (AJ)°P coming
from the Verdier duality.

Lemma 3.3.2. The composition of a with the projection flfi — A§ factors
through an anti-involution a of Ag.

Proof. Recall that A% = HfV(ZS), where Z3 = ]_[ﬂ AeVDat(d) ZZS\ and

ZZ,S\ = O(s, i) X gy, O(s, A). Exchanging O(s, fi) with O(s, ) and summing
up over all \, i € VDat(d) yields an automorphism of Z§. This automor-
phism gives an anti-involution of fl(si. We can see from the chain of equalities
n [12, (8.6.4)] that this anti-involution coincides with a.

Recall the diagrammatic presentation in Remark 3.2.36. The symmetry
in the definition of splits and merges [59, Def. 3.1] and of left and right shifts
[59, Def. 4.4] implies that the anti-involution a reflects each diagram with
respect to a horizontal line in the presentation of A(Sj above.

Now, the diagrammatic characterization of the ideal I3 is Remark 3.2.36
implies that I3 is preserved by a. O
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In the same way as above we can define an anti-involution a: bfl(sj —
(*A8)°?. Now, for each A € {A3,43,°43}, we have a duality
D: mod(A)°®® — mod(A) and it has a graded lift D: grmod(A)? —
grmod(A), see Remark 3.2.6. Consider the graded (A3,?A%)-bimodule

R =Exts, (@ ICy, P IC @ Usy).
AeAY ¢ AeAvyg

Lemma 3.3.3. (a) There is a (b A3, AS)-bimodule isomorphism R =
HomAZ (R',AY).

(b) There is an isomorphism R Rjs @ = HomA(si(R’,o) of functors
mod(A%) — mod(°A3). o

(¢) The twist by a yields an (Afi,bA(Si)—bimodule structure on R which s

isomorphic to R'.
(d) The duality D on mod(A$) satisfies the properties (b1), (bz), (bs).

Proof. Parts (a) and (d) are easy. Part (c) follows from the isomor-
phism Ug ) =~ (Usa)*. Let us concentrate on (b). Assume that M € AS,.
The fl(si—module R’ is projective and finitely generated. Thus, we have
Hom z. (R',M) ~ Hom g, (R, A3)®A3M' Now, part (b) follows from (a). [

Lemma 3.3.4. We have isomorphisms of functors YD ~ DY and Y D ~
DY.

Proof. For each M € mod(A%) we have the following chain of ®A8-module
isomorphisms

DY(M) ~ Homc(R ® s M,C)
~ HomA(sjop(R, Hom¢ (M, C))
~ HomAsd (R',Hom¢ (M, C))
~R ® s Homc (M, C)
~ YD(M).

Here, the third isomorphism is Lemma 3.3.3 (c) and the fourth one is Lemma
3.3.3 (b). Thus we get YD ~ DY. We can prove that Y D ~ DY in a similar
way. O

Lemma 3.3.5. For each A € Pé, the simple Sﬁ—moduleflf‘ admits a unique
graded lift in grmod(A$) which is stable by the duality D.

Proof. To prove the existence of such a graded lift, it is enough to check that
L* has a D-stable graded lift, where L* is viewed as an flfi—module. Note that
we already know (see Section 3.2.4) that L* admits a graded lift as an AS-
module and thus as an fl(si—module. Further, by Lemma 3.3.4, it is enough to
show that the ®AS-module Y(L*) admits a D-stable graded lift. We already
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know that the ®AS-module Y(L*) admits some graded lift. This graded lift
must be concentrated in some degree because b;lf’i is non-negatively graded
and Y (L?*) is simple. Thus Y(L*) admits a graded lift concentrated in degree
zero. This graded lift is obviously D-stable. The graded lift of L is unique
up to a shift of the grading because L* is indecomposable. Only one of the
graded lifts of L is fixed by D by the property (by). O

Lemma 3.3.5 shows that condition (bs) holds. From now on, fix the
graded lift on L* as in Lemma 3.3.5. Fix also graded lifts on P* and A*
normalized as in section 3.2.4. Now, we can check condition (a).

Lemma 3.3.6. We have [A* : L8], € 6)¢ + qN[q| for each \,& € PY.
Proof. It is enough to prove that [P* : L¢], € &y¢ + gN[g], because A

is a quotient of P*. Let m be the quotient morphism 7: flf’i — AY. Let
7*: grmod(AY) — grmod(A) be the pull-back by 7, and m: grmod(AS) —
grmod(A) be the left adjoint functor to 7*, i.e., we have m(N) = A% ® s N
for each N. The grading of the module Y (7*(L?")) is concentrated in degree 0,
see the proof of Lemma 3.3.5. Thus there is an idempotent ey € (bflf’i)o such
that there is an ®A$-module isomorphism Y (7 (L)) =~ ex(*A%/(°A%)0).
Consider the projective module PA = Y1 (ey?A3) € grmod(AY). We have
dimy, HomA(si(ﬁ)‘,ﬂ*(Lg)) = )¢ for each )\, & € PL. We first claim that
m(P*) = P*. Note that, since m is left adjoint of an exact functor, it
takes projective modules to projective modules. Now, by adjunction, for
each \, & € P(li, we have

dimg Hom 5 (m (P*), L%) = dimg Hom s (P*, 7*(LF)) = ).

Thus m(P*) is the projective cover of L* in grmod(A$). This proves the
claim.

The proof of Lemma 3.2.15 implies that [P* : Lf], =
dim, HomAfi(Pg,PA) and [P : 7*(L%)], = dim, HomAfl (P, PY). We claim
that the functor m yields a surjection Hom Ag(ﬁf ,]5’\) — HomA(si(P5 , PY).
Indeed, since the right hand side is equal to Hom s (P&, m*m(P)) by adjunc-
tion and since Hom is (ﬁg’ e) is exact, the claim follows from the surjectivity
of the unit morphism P W*W[(ﬁ)‘);

Now, it is enough to prove that [P* : 7*(L%)], € dx¢ + gN[[q]], or, equi-
valently, that [?N(PA) D Y (74 (L8))], € 6xe + gN[[g]]. We have (*A%), = 0
if n < 0 and (*A%)o is semisimple and basic. The module Y(7*(L*)) has

dimension 1 and it is concentrated in degree zero. Thus we get ?(13’\)” =0
if n < 0 and dim Y (P*)g = 1. This implies the statement. O

Let VDat®(d) be the set of elements ji = (uo,--- , ) € VDat(d) such
that po, -, 1 are empty and each component of y; is in I (viewed as



3.3. PROOF OF THE MAIN THEOREM 101

a subset of NI). Let VDat!(d) be the set of elements i = (g, , ) €
VDat(d) such that each component of g, -, 1, is in I (viewed as a
subset of NT).

The following theorem is proved in [51, Sec. 5.4] and [62, Thm. 3.6].

Theorem 3.3.7. There is a graded C-algebra isomorphism

Rd ZEthv( @ fﬁ,s, @ .,%*75).

A€VDat®(d) AEVDat®(d)
O

Let éq, €q be the idempotents of /Nl(si concentrated in degree 0 given by:

€q = Z Idgﬁ’s, eq = Z Idgﬁ’s .

A€VDat?(d) A€VDat!(d)

Diagrammatically, the idempotent €4 is the sum of all diagrams containing
[ red vertical lines left to |d| black vertical lines such that red lines are
labeled by s1,--- ,s; from left to right and exactly d; black lines have label
1 for each ¢ € I. Similarly, the idempotent €q is the sum of all diagrams
containing [ red vertical lines and |d| black vertical lines in arbitrary order
such that red lines are labeled by s1,---,s from left to right and exactly
d; black lines have label i for each ¢ € I. Let €} and €[] be the images of
€q and eq respectively in A by the canonical map. Recall the idempotent
eq in Section 3.2.9. Theorem 3.3.7 implies that there is a graded algebra
isomorphism édflfléd ~ Rd. Recall the definition of the ¢; in Definition
3.2.32.

Lemma 3.3.8. (a) Under the identification S§ ~ A3, we have eq = €.

(b) The ideal &q158a of Ra coincides with the ideal generated by y," e(i)
fori= (i1, - ,iq) € I9. In particular, we have a graded C-algebra isomor-
phism eqAjeq ~ RY.

Proof. Part (a) follows from the proof of [59, Thm. 6.3]. Now, we prove
part (b). By [59, Prop. 4.9], the algebra e); A5 e} is isomorphic to the tensor
product algebra with parameters s, d, which is defined in [64, Sec. 2.1]. In the
diagrammatic presentation mentioned in Remark 3.2.36 the element y;” e(i)
has the following diagram in édfl(siéd ~ Rgq: it has from left to right [
red vertical lines labeled by si,---,s;, a black vertical line labeled by i
containing ¢;, dots (i.e. containing the polynomial yfil ), d — 1 black vertical
lines labeled by 9, - - - ,i4. Now, we can see y?l e(i) as an element of €/ A% el].
The relations [64, (2.2)] show that the diagram of y;"e(i) is equal to a
diagram having a piece of a black line labeled by i1 left to all other lines.
So by Remark 3.2.36 we have y," e(i) € ealieéq. So, it suffices to show that
both ideals in the lemma have the same codimension in Rq or, equivalently,
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that dim Ry = dimegqAjeq. This is true because the algebra eqAjeq is
isomorphic to the cyclotomic Hecke algebra Hj, see Section 3.2.9. See also
Theorem 3.2.33. ]

Lemma 3.3.8 implies that the functor F: grmod(AS) —
grmod(RY), M +— eqM is a graded lift of the Schur functor F. Let
a': Rqg — (Rq)° be the graded anti-involution coming from the Verdier
duality, see Theorem 3.3.7. The same argument as for a shows that o
factors through a graded anti-involution a’ of RY. It is easy to see that
the obtained anti-involution a’ of R§ coincides with one defined in Section
3.2.10. Hence, condition (bs) holds.

3.3.3 Lie algebras

Let N be an integer > 0. Consider the Lie algebra g = gly(C). Let
h C b C g be its usual Cartan and Borel subalgebras respectively.

Let g be the affine Kac-Moody Lie algebra g = g ® C[t,t~!] @ C1 & CO.
Consider the Lie subalgebras in g given by

h=CodhaCl, b=bagetC[t]®Co® CL.

We identify h* with the vector subspace of elements of E* that are zero on
1 and 0. Let II and II be the sets of roots of gandg respectively. Denote by
= {aj: k € [0, N]} the subset of simple roots. For each o € ®, let oV € §
be the affine coroot associated with o. Let P = ZA1 & --- ® ZAN C h* be
the weight lattice of g. Let Ag and § be the elements of 6* defined by §(0) =
Ao(1) =1 and 6(h @ C1) = Ag(h ® CI) = 0. We have H* =Céabh* @ CAo.
Let (,): b* x h* — C be the C-bilinear form such that May) = (N ag)
and A(9) = (A, Ag) for each k € [0, N] and each A € §*. The weight A € b*
is dominant (resp. antidominant) if A\(ey)) € N for each k € [0, N] (resp.
—X()]) € N for each k € [0,N]). Let W = & be the Weyl group of g. It
acts on h* by permuting the elements of the basis {A1, -+ ,An}. Let ZII be
the lattice in h* generated by II. Let W=w X ZII be the Weyl group of g.
The W-action on h* can be extended to the W-action on h* as follows, for
each w € W, 7 € ZII, A € bh* we have

w(Ao) = Ao, w(d) =9, 7(§) =5,

TA) =A== (1,N)0, 7(Ao) =74+ Ao — (7,7)d/2.

3.3.4 Category A

Let N be as above. Fix an [-tuple of positive integers m = (ml, . ml)
such that thl my = N. Let Py be the parabolic subalgebra bC Pm C g of
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parabolic type m. Set
(/I;m = %\{ak;k‘ =0,m1,mi +mo, - ,my +m2+---+ml}.

The weight A € h* is m-dominant (resp. m-antidominant) if Mey!) € N for
each aj, € B, (resp. —A()) € N for each oy, € ®pn). Let P™ be the set of
all m-dominant elements in P C H*

We will identify the element Zivzl ap\g, ap € Z, of the weight lattice P
with the N-tuple (aj,a9, -+ ,an). Let p, pm € P be given by

p= (07_1a_27"' 7_(N_ 1))a

pm:(ml,ml—l,"‘,1,m2,m2—]—,"‘,17"',ml,ml—1,"'71)-

Set also p=p+ NAg € E* For each A € b*, consider the following element
AT =200+ A= (e+ N)Ag € b*, where z) = ()\,2p+ \)/2e. Note that A\~ is
m-dominant if and only if A is m-dominant.

Definition 3.3.9. Let O™ be the category of finitely generated U (g)-modules
which are semisimple h-modules such that the py,-action is locally finite and
the highest weights of each composition factor are of the form A~ for some
Ain P™. Then O™ is an abelian category.

For each A € P™, let M™(X) be the parabolic Verma module in O™
with highest weight A~. Let P™ be the set of I-partitions A = (A!,--- | A})
such that |\?| < m, for each a € [1,1].

We identify an [-partition A as above with the weight

m1—o(\L o —l(\2 o —E(A\
()\%’... 7)\;()\1)’0 1 E(A)7)\%7... ’)‘?(AQ)’O 2 Z(A)’... 7)\11’... ’)\Q(Aly() 1 Z(A))’

where 0% is the row of a zeros for each a € N. Consider the map w: P™ — P™
such that w(A\) = A — p+ pm.

Assume that A\ € P™. Set ALH(A) = M™(w(N)) € O™. Let \* be the
l-partition such that YD(\*) = (YD(A)!, YD(AL)E - [ YD(AN)!), where
(¢)! means the transposed Young diagram. We abbreviate Ay = A% (\*).
(This notation is motivated by Theorem 3.3.13.) For each A € P™ let L,
be the top of Aé).

Definition 3.3.10. Let A™ be the Serre subcategory of O™ generated by the
set {L; A € P™}.

The category A™ is a highest weight category with the set of standard
modules {A}; A € P™}, see [53, Sec. 5.5]. Fixd = ,.; d; -i € NI and set
P =PMN P(li.

Definition 3.3.11. Let Ag' be the Serre subcategory of A™ generated by the
set {L}; A € PP}
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Note that we have the following abelian category direct sum decompo-
sition A™ = @gcny AY' The category AT is a highest weight category
with the set of standard modules {A; A € PP}, see [53, Sec. 5.5]. For each
A€ PY let Vg be the costandard object in AF' that has simple socle Lé)
and let Pé be the projective cover of Lf‘? in Ag.

3.3.5 The Koszul grading

Choose an [-tuple m = (my, - -- ,my) of positive integers such that m, =
—5141—p mod e and m,, > |d| for each p € [1,1]. Set N =my + -+ my.

For simplicity, we abbreviate A = AJF'. Note that Pfj = PI. Set
Py = @AePl P} and S© = Enda (Po)°P. The functor Homa (Pp,e): A —

mod(S?) is an equivalence of categories. We have the following theorem, see
[56, Thm. 6.4].

Theorem 3.3.12. The C-algebra S© admits a Koszul grading. O

Here and for the rest of the paper, the grading of S© is the Koszul
grading from Theorem 3.3.12. Set A = grmod(S®). Let A € P4. The S°©-
modules AZ\Q, VE\% Pé, LE\Q are indecomposable. Thus their graded lifts are
unique modulo a shift, see Section 3.2.4 for existence and Lemma 3.2.1 for
unicity. Fix natural graded lifts (see Section 3.2.5) on L3, P3, Ap. Fix also
the graded lift on Vé such that each morphism Lé) — V)(‘g is homogeneous
of degree 0.

The following is proved in [53, Prop. 7.9]. See also Appendix A.2 for
more details about [53, Prop. 7.9].

Theorem 3.3.13. Assume that m satisfies my > |d| and my1 —my > |d|
for each k € [1,1—1]. There is an equivalence of categories Eg: mod(S5) —
A that takes L to Lf‘g and A* to Af‘Q for each A € Pé. Ol

Now, we explain the link between the category A and the categories
introduced in Appendix A.l. Note that some notation from Appendix A.1
will be used here. Let v C ® be the parabolic type associated with m, i.e.,

yz@\{as;s:o,ml,m1+m2,~-- ,my + -+ my_1}.

Recall that we 1dent1fy each partition A with an N-tuple of integers. All

weights of the form w()\) + p are in the same W-orbit. Let o, — + p be the
antidominant weight in this orbit. Then the category A is a subcategory in
(’)Z . Let us describe the singular type p of o, —. For each i € I = Z/eZ let
n; be the number of components of residue ¢ modulo e in the N-tuple pm,.
For each 1€ I set n; = nZ —d; +d;_1. For each \ € Pd the N-tuple A + pm
has n; components of residue ¢ modulo e. Set also k = (3_;c; mi(m; +1)/2+
|d| — >"5_; sns)/e. Note that here Y, ;mi(m; +1)/2 + |d| is the sum of
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components in an N-tuple A\ 4+ py, with A\ € Pé and Y 5_; sn is the sum of
components in the N-tuple (1™ ,2"2 ... 'e"¢) where s means a row with
ng copies of s. Finally, we have

M:(/I\)\{OZS;S:_ka_k+nla_k+nl+n27'” 7_k+nl+"'+nl—1}'

Now, having A C O}, _, we can take v large enough such that A is in-
side of YO}, _. We get the following result, see also Lemma 3.2.17 and [53,
Lem. 5.15].

Lemma 3.3.14. The category A is a highest weight subcategory of O}, _.

Remark 3.3.15. (a) By Lemma 3.2.17 the Koszul grading on A is inherited
from the Koszul grading on "0}, _. Thus the graded multiplicities of simple
modules in Verma modules can be interpreted in terms of corresponding
graded multiplicities in "0}, _, see Remark 3.2.18 (a).

(b) Since A is a highest weight subcategory of "Oy, _, the BGG duality
yields a duality on A which fixes the simple modules. Similarly, by Remark
3.2.18 (b) the category A'is a Serre quotient of “71(’)5#. Thus it admits
also a duality. See [56] for details.

3.3.6 Analogue of the cyclotomic KLR-algebra

Set KL = IC‘ld| N Pé where ICél is as in Section 3.2.9. Now, we define an

analogue of the cyclotomic KLR-algebra. Consider the idempotent of S©
given by €@ = @Aelcg Idpé. It is homogeneous of degree zero. Set R® =

€95%9. Then, R is a Z-graded C-algebra. We have the functor
FO:mod(5°) — mod(R®), M+ e°M.

Let grmod(S9) — grmod(R®) be the obvious graded lift of F'©. Consi-
der the modules in mod(R®) given by D}, = FO(L}), Si = FO(A}) and
K(?)‘Q = FO(P}). They admit the graded lifts given by FO(LE\Q), FO(A?Q),
F~(P}). The functor F© is a quotient functor, see [22, Prop. II1.2.5], [27,
Sec. 2.4]. Thus the module Dy, is either zero or irreducible.

By [53, Thm. 5.37], there is a projective module T € A such that we have
an ungraded algebra isomorphism Enda (7')°P ~ Rf. Consider the functor
F': A — mod(R) given by M — Homa (T, M). By [53, Prop. 7.9] we
have F’' o Eg = F, where Eg is as in Theorem 3.3.13. In particular we get
F'(L}) = D* for each A € P}. This implies that, for each A € P], the
projective module Pé is a direct factor of T' if and only if A € K%, because
dim Homgo (Pé,L‘(‘Q) = 0)y- Hence, there is an equivalence of categories
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Ey: mod(RS) — mod(R®) such that the following diagram of functors is
commutative
mod(S5) _Bs mod(S©)

Fl Fol
mod(RS) —2 mod(RO).

Here we identify A ~ mod(S?) as in Section 3.3.5. Moreover, we have
Ex(S*) =583, Eu(D) =D}, Eu(Y*)=Y), ViePl.
Lemma 3.3.16. The functor F© is fully faithful on projective modules.

Proof. The statement follows from Lemma 3.2.30 and from the commutative
diagram above. O

3.3.7 Graded BGG reciprocity

We want to show that graded categories grmod(S§) and A satisfy condi-
tion (*) from Section 3.2.4. This condition for grmod(S§) follows from condi-
tion (b) in the definition of an admissible grading.

We must check condition (x) for A. We construct the duality functor
D on A in the same way as in [5, Sec. 3.11]. More precisely, for each
A E Pé, let Lg? be the simple object of A' such that K(Pé) = Lg?, where
K is the equivalence in Theorem 3.2.8. Since A ~ mod(S®) and S© is
a basic algebra, by Theorem 3.2.8 (a) we have a graded algebra isomor-
phism S© ~ Gak,uepé Ext’ (LY, LS)OP. We deduce that there is a graded

C-algebra anti-involution a®: S© — (S©)°, because the duality on A'
from Remark 3.3.15 (b) gives an isomorphism ®A,uepé Ext% (LY, LS)OP =

EB/\,MGPQ Eth,(LE,LS\O). Now, a® yields a duality D: LnOd(SO)Op —
mod(S?) as in Remark 3.2.6. Thus condition (*) holds for A.

3.3.8 Decomposition numbers

Recall the graded multiplicities [o : o], and (e : @), defined in Section
3.2.4.

Definition 3.3.17. For each \,& € P4 we set dye(q) = [A* : LE],, caelq) =
[PA 2 Lf]g, dS(q) = [AY : LY), and ¢§(q) = [P« L)g-

Lemma 3.3.18. For each A\, € Py we have [A* : L8], = (P* : AY), and
[AY : Loy = (PG - AY)g.

Proof. The statement follows from Corollary 3.2.16 and Section 3.3.7. [
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Corollary 3.3.19. We have c(q) = d(q)'d(q) and c®(q) = d°(q)!d®(q). O

Remark 3.3.20. The functors F and F© are quotient functors. Thus, we have
dye(q) = [S* : D%, and d%(q) =[S} : Dé]q for each A € P4, ¢ € K. We
also have cy¢(q) = [Y* : D%], and cg?g(q) = (Y5 Dé]q for each A, ¢ € K.

Recall that the graded lifts of D*, S*, Y are the graded modules F (L"),
F(AY), F(P*). Another definition of the graded lifts of these modules is
given in [9, Thm. 4.11, Sec. 4.10, 5.2]. Denote the graded lifts from [9] by
D', 8™ YA respectively. We want to compare these two choices of graded
lifts.

Lemma 3.3.21. Assume that A € lej. Then we have the graded R3-module
isomorphisms D* ~ D', §A ~ S qnd YA ~ YA,

Proof. The ungraded Rj-modules D*, §*, Y are indecomposable because
each of them has simple top D*, see [66, Prop. 2.2 (3)]. Thus their graded
lifts are unique up to a shift of the grading. The graded lifts are normalized
such that each morphism Y’ — D §* — D" Y*» - D §* - D?
is homogeneous of degree zero. Hence, it suffices to show that there is a
graded RS-module isomorphism D* ~ D'*. The graded lift D'* of D* is
characterized by stability by the duality D', see [9, Thm. 4.11]. On the
other hand we have

D'(D*) =D'F(L*) = FD(L) = F(L") = D.

Here, the second equality is condition (bs) in Definition 3.3.1 and the third
equality is condition (bs) in Definition 3.3.1. O

The level | Fock space F*® associated with the parameter s = (s1,--- , §)
is a Q(q)-vector space with basis {My; A € P!} called standard basis. It is
equipped with a representation of Uy(sl.) defined as in [9, (3.22), (3.23)].
Let V* be the simple Uj(sl.)-module with highest weight Ag, + - + Ag,.
Consider the surjection F® — V*® as in [9, (3.28)]. Let M} be the image of
M, in V.

For each A € P} and € € K set dy(¢q) = [S” : D], and ¢, = [V :
D",

Lemma 3.3.22. Assume that A\ € Py and £ € KY. Then we have dye(q) =
d?g(éﬁ

Proof. By [9, (3.35), Cor. 5.15] the elements d).(q) € N[g, ¢~!] are the co-
efficients of the decomposition of M} in the canonical basis of V*. Further,
[61, Thm. 3.26 (i)] gives an explicit formula for these coefficients in terms
of Kazhdan-Lusztig polynomials. Finally, we compute the decomposition
numbers in the parabolic category O with respect to the Koszul grading in
Appendix A.1, see also Remark 3.3.15 (a). Now, the statement follows by
comparing Lemma A.1.14 with [61, Thm. 3.26 (i)]. O
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Remark 3.3.23. The element ¢ in [9] corresponds to ¢! in [61]. In particular,
the positive canonical basis in [9] corresponds to the negative canonical basis
in [61].

Corollary 3.3.24. Assume that \, & € K. Then we have cx¢(q) = c%(q).

Proof. By [9, (3.45), Thm. 4.18, Thm. 5.14], for each A € K, we have
Y] = 2567’3 dex(q) [S7¢] in [grmod(RS)]. Thus, for each ), & € K4, we have
e = ZuePé dl)\udité' On the other hand, Corollary 3.3.19 implies that c% =
Zuep(lj dfudfg. Hence, by Lemma 3.3.22, we have c/)\5 = cf\gg. This implies the

statement, because Remark 3.3.20 and Lemma 3.3.21 yield cy¢ = C/Ag- [
Lemma 3.3.25. For each \, & € P} we have cf\gg(q) € N[q].

Proof. The S®-module L% is concentrated in degree zero. The top of the
SO-module Pé is isomorphic to Lé. Hence, since the grading of S© is non-
negative, all negative graded components of Pé are zero. We deduce that

$e(q) = [P} : L)y € Nlg)- O

For each X\, & € P4, we write cre(q) = dezcggqg and cg?g(q) =

o
dez nggqg~

3.3.9 Identification of grading of the KLR-algebra

We identify A ~ mod(S®) as in Section 3.3.5. Under this identifi-
cation, we can view the functor Eg from Theorem 3.3.13 as a functor
Es: mod(S§) — mod(S©). Recall that the algebra S5 is equipped with an
admissible grading, see Section 3.3.1. We consider the graded basic algebra
bei associated with S3, i.e., we set

bScslz @ Homsg(P)‘,Pg)Op: @ Homde(YA,Yé)Op,
NEEPY \EEPY

see Lemma 3.2.30. The grading of bS(Si is induced from the grading of the
module P, see Section 3.3.1. By definition, the categories mod(®S5) and
mod(S§) are equivalent. Further, we have an ungraded algebra isomorphism
b8 ~ S9, because the categories mod(’S§) and mod(S®) are equivalent
and both algebras bS<Si and SO are basic.

Now, let bel be the graded basic algebra associated with RS, i.e., we set

"Ry = @ Homgs (P, PP = @ Homps (Y, V).
ekl AéeKy

The categories mod(°RS) and mod(R%) are equivalent. Further, we have
an ungraded algebra isomorphism bel ~ RO, because the categories
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mod(°RS) and mod(R®) are equivalent via Epy and both algebras *RS
and RY are basic. Let us prove that these algebras are also isomor-
phic as graded algebras. To do so, we consider the homogeneous basis of
RO = @/\756,% Endgo (P}, Pé)‘)p given by the construction in Section 3.2.6.

For each ¢ € /Cﬁi and each g, s € N, write

Ogs
radgpé/radgﬂpé = @/\67’37561\1 Lg\?<3>®c&g )

gs
mdgj?ﬁ/raudgHPg = @,\gp}d,seN L/\<3>@C§A-

For each \, & € K let ©)¢ = {Hf\?;g, seN;tel, cg\gs]} be the basis of
Homgs, (P, Pé) constructed as in the proof of Lemma 3.2.19.

Lemma 3.3.26. For each A € ICS, the graded S€-module Pé is very rigid.

Proof. Recall the projective module T € A and the functor F': A —
mod(Rg) defined in Section 3.3.6. The algebra R is Frobenius by the theo-
rem in the introduction of [40] and the functor F’ is O-faithful (see [52,
Sec. 4.2.2]) by [52, Thm. 6.6]. So, by [53, Lem. 2.14], the module T is tilting.
Thus it is injective. This implies that, for each \ € lei, the module Pé is
injective because it is a direct factor of T', see Section 3.3.6. In particular it
is autodual with respect to the BGG duality.
Now, by construction, we have Pé / radPé = L(AQ. Since Pé is autodual,
we deduce that socPé is irreducible. Thus P(,)j is very rigid by Lemma 3.2.23.
O

Corollary 3.3.27. For each \ € Pé,{ € ICii and each g,s € N, we have

cg\gs = cg\s if g=s and cg\gs =0 else. O

Further, since S€ and S5 are Morita equivalent, we have also the follo-
wing.

Corollary 3.3.28. For each \ € K4, the S5 -module P> s rigid. O
Now, we have the following.
Lemma 3.3.29. For each \,& € P4 we have cxe(q) € 0y + gN[g].

Proof. The statement follows from condition (a) in Definition 3.3.1 and the
graded BGG-reciprocity. O

Corollary 3.3.30. We have (°S5), = 0 for each n < 0 and the algebra

(°S9)o is semisimple.

Proof. The first claim follows from Lemma 3.3.29 because
dim, HomS(sj(PA,Pf) = cex(g). The second claim is true because by

Lemma 3.3.29 we have (°S5)o = Diepy, Cldpa. O
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The grading of each simple module L*, viewed as a bel—module, is
concentrated in degree 0. Hence, since (bS(Si)o is semisimple by Corollary
3.3.30, we have the following.

Corollary 3.3.31. For each \,§ € P} we have EXtérmod(Sg)(L/\ng) =
0. O

Let € € Pf_l. Consider the filtration of P¢ given by
PS=P50) D PS(1) D P5(2) D> -+,

where P¢(f) = >, Imé, the map 6 runs over the set of homogeneous maps
in Homgs (P*, P%) of degree > f (for the grading in Section 3.3.1) and A
varies in 77(11. Note that PS(f) is zero for sufficiently large f.

Lemma 3.3.32. Let \,¢ € P} and g,s € N. The following hold.
(a) if s < g then L*(s) is not a constituent of P$(g),
(b) if s > g then L N(s) is not a constituent of P¢/P(g).

Proof. Part (a) follows from the fact that cey(q) = [P* : L*], is in N]g], see
Lemma 3.3.29. Now, we prove (b). Suppose that there exists a submodule
P'® C P¢ containing P¢(g) such that there exists a nonzero homogeneous
morphism P’¢ /P¢(g) — L*(s). By the projectivity of P, the canonical map
PMs) — L*(s) factors as follows

PMs) — P — PS/P%(g) — L*(s).

The left arrow yields a morphism 6 € Homg(si(P)‘, P'%) of degree s such that
Imf ¢ P%(g). This contradicts the definition of P(g). O

Corollary 3.3.33. For each f € N and each & € P(li, we have rad! P§ C
PE(f).

Proof. By Lemma 3.3.32, for each f € N, any simple subquotient of
PS(f)/PS(f + 1) is of the form LA(f) for some A € P}. Thus, by Corol-

lary 3.3.31, the module PS(f)/PS(f + 1) is semisimple. This implies the
statement. O

Lemma 3.3.34. For each )\, € € Pé and each g,s € N such that s < g, we
have Cé‘]i =0.

Proof. By Lemma 3.3.32 and Corollary 3.3.33 each simple subquotient of
rad? P¢ is of the form L*(f) for some A € P} and f > g. This implies the
statement. 0

Corollary 3.3.35. For each \,¢ € K4 we have [rad?P¢ /rad?™ P¢ : L], =
el ql.
3
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Proof. Assume that the statement is false. Let g be maximal such that the
statement fails. Thus, we have

[PS/radd™ PS . LA, = cen(q) — Z [rad® P$ /rad™™ 1 PS¢ : LY,
t>g+1

= cexlq) — Z CEAqt

t2g+1
g
— E t ot
== Cg)\q .
t=0

Here the second equality follows from the maximality of ¢g. By Lemma
3.3.34, each power of ¢ in [rad?P¢/rad9" ' P¢ : [A], is > g. We deduce that
[radd P /rads™' PS : LN, = c'{\g? for some ¢'{; < cf,. Now, we have

c/g/\ = [rad9P¢ /rad9 1Pt : L], = cg\g = ng
Here the second equality is Corollary 3.3.27. We come to a contradiction. [

Since [rad? P /rad?™' P¢ 1 LA, = " Cgf\qs, we deduce from Corollary
3.3.35 the following.
Corollary 3.3.36. For each A\ & € ICfi we have cgi = ¢\ if g = s and
cgf\ =0 else. O

Recall the equivalence of categories Fg defined in Theorem 3.3.13. Recall
also the definition of the elements 9?\? € Homa (P, Pé) Set

i = Eg'(03¢') € Homgs (P, P*) C "Ry,

The set {vi?;)\,f € Ky, 9,5 € Nt € [1,05]} is a basis of RS because
FEs is an equivalence of categories. By Corollaries 3.2.21, 3.3.27 we have
Imvf\? C rad?P¢ and Im’uizt ¢ rad9t P, Thus Corollaries 3.2.21, 3.3.36
imply that the minimal nonzero homogeneous component in Uf\zt has degree

g. Denote this homogeneous component of degree g by v’ g’\?.

Consider the C-linear map ®: R® — R such that 6’?? — v f{?.

Theorem 3.3.37. The map ® is a graded C-algebra isomorphism.

Proof. For each f € N set J>/ = @n>f(bR§)n. The set © = HA,geIij Oxe
forms a basis in R®. By construction, for each 9?\? € © we have @(6?\?) =
ngt mod J~9. This implies that for each homogeneous element 6 € bRﬁi we

have ®(0) = E§1(9) mod J>9€% Now, for each Hizt, Qil,zl,t/ € © we have

gst qg's't! _ gst g's't
(13(9)\§ )®(9)\/§/ ) - 'U)\g U)\/g/
. 21 ta's't!
= BN 0500

= <I>(0§Zt9§/,‘2/,t,) mod J>9t9,
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On the other hand the map ® is homogeneous of degree zero. Thus @ is a
graded algebra isomorphism. ]

3.3.10 Identification of grading of the Schur algebra

The goal of this section is to show that the algebras I’Sfi and SO are
isomorphic as graded algebras.

Lemma 3.3.38. For each A € Pé, the R3-module Y* is indecomposable.

Proof. The S3-module P* is indecomposable because it has simple top L*.
Thus the ring Endgs (P*) is local. By Lemma 3.2.30 we have EndRZ(Y)‘) =
Endgs (P). Thus the module Y is also indecomposable. O

By Theorem 3.3.37 we can identify the graded categories grmod(Rg) ~
grmod(R?). For each A € P, there is an integer ay such that Y = Y)(ay),
because the modules Y and Yé‘ are indecomposable and are isomorphic
as ungraded modules, see the construction of the functor Fg and Lemma

3.3.38.
Lemma 3.3.39. For each A\ & € Pfi we have ay = ag.

Proof. We have
aele) = [P L,
= dim, Homgs (P%, P*)
= dim, Homps (Y, YY)
o(Y§(ag), Yo(ar))
= dlquOmSO(PO< ¢), Pd(ay))
= TR L),
= o)

= dimg; Hompgo

Here the second and the sixth equalities follow from the proof of Lemma
3.2.15, the third and the fifth equalities follow from Lemmas 3.2.30 and
3.3.16, the fourth equality follows from the discussion after Lemma 3.3.38.

So we have also cex(q) = q“E_“*cg(q). But the matrix ¢(q) is symmetric by

Corollary 3.3.19. Thus, for each A, € in 77(11 we have cy¢(q) = qQ(aﬁ_‘“)c;\g(q).
Thus a) = a¢ whenever cy¢(q) # 0. To conclude it is enough to note that
for each \, & € P} we can find a chain A, A\, Ao, -+, Ay, & € P} such that

e (@) # 0,ex00(q) # 0, -+ ea,_ix, (@) # 0,e0,6(q) # 0

because the algebra S§ is indecomposable, see Lemma, 3.2.28. O
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Theorem 3.3.40. There exists a graded algebra isomorphism bS(Si ~ §9.

Proof. We have a chain of graded algebra isomorphisms

("S3® ~ P Homgs(PS,PY)
\EEPY

P Homps (V4,Y?)
\EEPY

P Hompo (Y§(ae), Yo an))
\EEPY

P Homgo(Py, Pp)
\EEPY
(59)P.

12

12

12

12






Chapitre 4

KLR algebras and
categorical representations

4.1 Introduction

Let O%, be the parabolic category O of the affine Kac-Moody algebra of
gl at level — N —e with parabolic type v. In [53], a categorical representation
of the affine Kac-Moody algebra g[e in 0%, is considered. This means that
there are exact functors E;, F;: O, — OY_ for ¢ € [0,e — 1] which induce
a representation of the Lie algebra sl, on the Grothendieck group [O” ] of
O .. The definition of a categorical representation is given in Section 4.3.4.

The category O, admits a decomposition

0’.=p oy

WEZL®

that lifts the decomposition of the sl,-module [O” ] in a direct sum of weight
spaces.

The category O}, is Koszul by [56]. Its Koszul dual is a parabolic category
TOL at level e — N defined similarly to O. In particular, the Koszul duality
exchanges the parameter v (the parabolic type) with the parameter p (the
singular type). The Koszul duality yields an equivalence of bounded derived
categories D(O};) ~ D(TO%). More details about the Koszul duality can be
found in [5].

Let ag,- -+, ae—1 be the simple root of ;[e. We have

El(OZ) - O;Vri-aia

Fi(Oy) C O,
The aim of this paper is to identify the Koszul dual functors

D(*0f) —» D(*Oy*™), D(T0%) — D(TO5~)
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to the functors
E;: D(O}) = D(O},,,.), Fy: D(O4) — D(O}_,.).

Let 5:, E;, F; be defined in the same way as Oy, Ei, F; with e replaced
by e+ 1. Let ag, - - - , @ be the simple roots of §~[6+1. Fix k € [0,e — 1]. For
an e-tuple p = (1, -+, ;) we set

ﬁ: (/41/1,"',ﬂk,o,ﬂk_l’_l,""/je) 1fk#0,
(07/’61)"'7N6) lszo

Note that we have (4 — ax) = @ — Qk — Qg1 B
By [19] there is an equivalence of categories ¢: O}, — Og. The direct

sum of such equivalences identifies the category OY, with a direct factor

of the category 0", ;. We want to compare the sl.-action on O¥_ with
the sl.1-action on 5116_1. More precisely, we want to prove the following

conjecture.

Conjecture 4.1.1. The following diagram of functors is commutative.

—r Fk — fk-ﬁ—l =V

Ox p—a, — Onman
0 o1
Oy, - O},

Fy, H—CQp

Our motivation is the following. Assume that the conjecture holds. One
can prove as in [43] that the functor F; is Koszul dual to a parabolic inclusion
functor and F,; to a parabolic truncation functor. Then we can deduce
that F} is Koszul dual to a Zuckerman functor (which is the composition of
a parabolic inclusion and a parabolic truncation).

It is not hard to see that the diagram from Conjecture 4.1.1 is commu-
tative at the level of Grothendieck groups. In the case of the category O of
gl (instead of affine gly ) this is enough to prove the analogue of Conjec-
ture 4.1.1, using the theory of projective functors. Indeed, [6, Thm. 3.4]
implies that two projective functors are isomorphic if their actions on the
Grothendieck group coincide. Unfortunately, there is no satisfactory theory
of projective functors for the affine case (an attempt to develop such a theory
was given in [21]).

We choose another strategy to prove this conjecture. The idea is to relate
the notion of a categorical representation of sl. with the notion of a catego-
rical representation of 5~[6+1. This can be done using the following inclusion
of Lie algebras sl, C sle41

e, ifref0,k—1],
er = len,enq1] ifr =k,
ery1 ifrefk+1e—1],



4.1. INTRODUCTION 117

fr ifrel0,k—1],

fr'_> [fk-l-l?fk] ifT:kv
fr+1 1f7’€[k+1,e—1]

First, we recall the notion of a categorical representation. Let k be a
field. Let C be an abelian Hom-finite k-linear category that admits a direct
sum decomposition C = P LETe C.- A categorical representation of sl. in C
is a pair of biadjoint functor E;, F;: C — C for i € [0,e — 1] satisfying a
list of axioms. The main axiom is that for each d € N there is an algebra
homomorphism Ry — End(F?)°P, where Ry is the KLR algebra of rank d
associated with the quiver Agl.

Now we explain our main result about categorical representations. Let C

be an abelian Hom-finite k-linear category. Assume that C = € peze+l @“ has

a structure of a categorical representation of 5~[e+1 with respect to functors
E;, F; for i € [0,e]. Assume additionally that the subcategory éﬂ is zero
whenever p has a negative entry. For each e-tuple p € N¢ we consider the
(e + 1)-tuple 1z as above and we set C,, = Cg,

c=@ec.
pneNe
Next, consider the endofunctors of C given by

Fy=Folp,-- , Fro1= Fr Fy, = FrpaFy,

C’ C’
Fk+l :Fk-i-Q‘C?"' 7Fe—1 :Fe‘cv

Eo = Eolg,-- , Br1= Ex By, = EyEg

C’
Epy1 = Eryalg - Ber = Eel -

e

The following theorem holds.

Theorem 4.1.2. The category C has a structure of a categorical represen-
tation of sl, with respect to the functors Ey, - ,Fe_1, Fo,- -+, Fe_1.

The proof of Theorem 4.1.2 can be reduced to comparing the KLR al-
gebras associated with the quivers of types AS_)I, AS), denoted by I', T
respectively. This is done in Section 4.2.

Let a = ZZEZ JeZ, d;c; be a dimension vector of the quiver I'. We consider

the dimension vector @ of ' defined in the following way

e

k
a = Z d;oy + Z d; 1.
=0

i=k+1

Let Ro(T) (resp. Rz(T')) be the KLR, algebra associated with the quiver
I’ and the dimension vector « (resp. the quiver I' and the dimension vector
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@). The algebra Rg(T') contains an idempotent e(i) for each sequence i of
elements of Z/(e + 1)Z of dimension vector @. In Section 4.2.4 we consider

some subsets of sequences Iy and Tfn. Set e =) e(i) € Rz(T) and

ieffrd
Sx(T) = eRx(T)e/ > eRx(T)e(i)Rx(T)e.
iels,

We call Sz(T) a balanced KLR algebra. The main result of Section 4.2 is the
following theorem.

Theorem 4.1.3. There is an isomorphism of algebras Ry (T') ~ Sg(T).

Our approach can not be used directly to prove Conjecture 4.1.1 because
the sl.-module categorified by 0¥, is not simple. However, we can obtain a
weaker version of Conjecture 4.1.1. The category O, contains subcategories
A"[a], parameterized by dimension vectors « of I'. For ¢ € Z/eZ we have
Fi(A”[a]) € A¥la + o;]. Let A”[a] be defined in the same way as A”[a]
with respect to the parameter e + 1 instead of e. Let || be the height of a.
The main result of Section 4.3 is the following theorem.

Theorem 4.1.4. Assume that e > 2 and v = (v1,--- ,v;) satisfies v, > |a|
for each r € [1,1]. There exists a dimension vector 3 for T such that for each
dimension vector « for T' there are equivalences of categories 6/ : A¥[a] —
A’[B+a] and Onia,: AVla+ o] — A"[B+ @+ ay, + apg1] such that the
following diagram is commutative

—v FriFr ——v
A'B+a] 5 A'B+a+ay + ap)

‘] o]

A'la]  — AY[B+a+ap).

4.2 KLR algebras and Hecke algebras

For a noetherian ring A we denote by mod(A) the abelian category of
left finitely generated A-modules.

4.2.1 Kac-Moody algebras associated with a quiver

Let I = (I, H) be a quiver without 1-loops with the set of vertices I and
the set of arrows H. For 4,5 € I let h; ; be the number of arrows from ¢ to
J and set also a;; = 20;; — h;j — hj;. Let gr be the Kac-Moody algebra
over C associated with the matrix (a; ;). Denote by e;, f; for i € I the Serre
generators of g;.
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For each ¢ € I let o, ¢&; be the simple root and coroot corresponding to
e; and let A; be the fundamental weight. Set

Qr=P2Zu, Qf =PNoi, Pr=(PZA;, P =PNA:

il iel el iel

Let X be the free abelian group with basis {e;; i € I'}. Set also

X/ = PNe,. (4.1)
el

For a € Q] denote by |a] its height. Set I* = {i = (i, - Jilal) €
1, Eli'l a;, = af.

Let 'y = (Io, Hoo) be the quiver with the set of vertices I, = Z and
the set of arrows Hoo = {i — i+ 1; i € I}. Assume that e > 1 is an
integer. Let I'e = (I, He) be the quiver with the set of vertices I, = Z/eZ
and the set of arrows He = {i — i+ 1; i € I.}. Then gy, is the Lie algebra
sle = sl ® Clt,t7 Y @ C1.

Assume that I' = (I, H) is a quiver whose connected components are of
the form I'e, with e € N, e > 1 or e = co. For i € I denote by i+ 1 and ¢ — 1
the (unique) vertices in I such that there are arrows i — i+ 1, i —1 — 4.
Let us also consider the following additive map

L:Q[—>X[, Q; = € — Ei+1-

Fix a formal variable 6 and set X}S = X7 ® Z6. We can lift the Z-linear
map ¢ to a Z-linear map

0. )
L.Q[-)XI, ai’_>5i_5i+l_5-

Note that the map /: Q; — X}S is injective (while ¢ is not injective). We
may omit the symbols ¢, :° and write « instead of t(a) or /%(a).
We will sometimes abbreviate

Qe=Qr, X=X, X =X!, P.=Pp.
e e e Ie e

4.2.2 Doubled quiver

Let T' = (I, H) be a quiver without 1-loops. Fix a decomposition I =
IpUI; such that there are no arrows between the vertices in 1. In this section
we define a doubled quiver T = (I, H) associated with (T, Iy, I1). The idea is
to "double” each vertex in the set I; (we do not touch the vertices from Ip).
We replace each vertex i € I; by a couple of vertices i! and i with an arrow
i' — 2. Bach arrow entering to i should be replaced by an arrow entering to
i', each arrow coming from 4 should be replaced by an arrow coming from

i2.



120 CHAPITRE 4. KLR ALGEBRAS AND CATEGORICAL REPRESENTATIONS

Now we describe the construction of I' = (I, H) formally. Let I be a set
that is in bijection with Iy. Let i® be the element of I associated with an
element i € Iy. Similarly, let I; and I be sets that are in bijection with I;.
Denote by ' and 7% the element of I and I, respectively that correspond
to an element i € I;. Put I = IqU1; UT,. We define H in the following way.
The set H contains 4 types of arrows:

e an arrow ¥ — j0 for each arrow i — j in H with 4,5 € Iy,

e an arrow i¥ — j! for each arrow i — j in H with i € Iy,j € I,
e an arrow 2 — j¥ for each arrow i — j in H with i € I1,j € Iy,
e an arrow ' — 42 for each vertex i € I;.

Set 1° = [ en 149 77 = Haex Td, where I, T% are the cartesian pro-
ducts. The concatenation yields a monoid structure on I® and I . Let
$: I® — T be the unique morphism of monoids such that for i € I c I

we have o
N if i € I,
o) = { (i1,i%) ifieI,.

There is a unique Z-linear map ¢: Q; — Q7 such that ¢(I*) C I #(a) for
each o € Q}r. It is given by

o) = o8 oy il (42)
Let ¢ denote also the unique additive embedding
¢: X1 — X7, € ey, (4.3)
where ) 0 ifiel
r= { i el (44)

4.2.3 KLR algebras

Let k be a field. Let I' = (I, H) be a quiver without 1-loops. For r €
[1,d — 1] let s, be the transposition (r,r 4+ 1) € &4. For i = (iy,--- ,iq) € I?
set sp(1) = (41, ip—1,brg1, 0, bpg2, -+ ,iq). Fori,7 € I we set

0 if i = 7,
Qi j(u,v) = { (v —u)hii(u —v)i  else. !
Definition 4.2.1. The KLR-algebra Rqx(I') is the k-algebra with the set of
generators Ti,--- ,Tg_1,%1, - ,Zq,e(i) where i € I%, modulo the following
defining relations
e e(i)e(j) = dize(i),
* Dicae(i) =1,

o zre(i) =e(i)z,,
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mre(i) = e(sr (i),

LpXs = Ly,

Tryre(i) = (2,7 + Oir i1 )€(i),

rpiameli) = (v + i, (),

TrLs = LTy, if s E 1,7+ 1,

TyTs = TsTy, if |’I“ — 5| > 1,

0 if iy = irqa,

Qi vy (Try Tri1)e(i)  else,

(TeTrs1Tr — Trp1TrTry1)e(i) =

{ (@r2 = 20) " (Qipipir (rt2, Trg1) = Qiip i (s Trg1) Je (i) i b = iy,

o 72e(i) =

0 else,
for each i, j, 7 and s. We may write Rgx = Ryk(I"). The algebra Rq i admits
a Z-grading such that dege(i) = 0, degx, = 2, degse(i) = —ay,,,,, for
each 1 < r < d, 1<s<dandieI%

For each a € @} such that |o| = d consider the following central idem-
potent e(a) = > ;70 €(i) € Rqk. It is a homogeneous idempotent of degree
zero. We have the following decomposition into a sum of unitary k-algebras

Rd,k = @\M:d Ra,k7 Where Ra,k = e(a)Rd’k.

Let kg) be the direct sum of copies of the ring kg4[z] := k[z1,- -+ ,z4]
labelled by I¢. We write

k) = P kilale(i), (4.5)

icrd

where e(i) is the idempotent of the ring kg) projecting to the component

i. A polynomial in kg[z] can be considered as an element of kgll)
diagonal inclusion. For each i, j € I fix a polynomial P; j(u,v) such that we
have @Q; j(u,v) = P; j(u,v)Pj;(v,u). Then by [50, Sec. 3.2] the algebra Rqx

has a representation in the vector space kg) such that the element e(i) acts

via the

by the projection to kgll)e(i), the element z, acts by multiplication by x,
and such that for f € ky[z] we have

njdn:{mwﬂwﬂlw0%ﬁk® it =ity

P i (@rg1,2p)s-(f)e(s,(i))  otherwise.
We will always choose P; ; in the following way:

P j(u,v) = (u — v).

Remark 4.2.2. There is an explicit construction of a basis of a KLR algebra.
Assume i,j € I¢. Set G;; = {w € &4; w(i) = j}. For each permutation
w € G;; fix a reduced expression w = s, ---5p, and set 7, = T, - Ty,
Then the vector space e(j)R,ke(i) has a basis {r,az{'---zje(i); w €
Sij.a1, - ,a4 € N}. Note that the element 7,, depends on the reduced
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expression of w. Moreover, if we change the reduced expression of w, then
the element 7,e(i) changes only by a linear combination of monomials of
the form 7, - - 74,20 - -- J:Z‘ie(i) with ¢ < f(w).

Fix a weight A = >, niA; € PI+.

Definition 4.2.3. The cyclotomic KLR-algebra R&k is the quotient of R, x
by the two-sided ideal generated by x| e(i) for i = (i1, - - ,iq) € I®

For each ¢ € I there is an inclusion R, x C Ra+q,k that takes e(i) to
e(i,i), x, to zre(i,i), 7 to 7re(i,i). It factors through a homomorphism
Ry — R, g Let

A A A A A A

F;*:mod(R,, ) — mod(R, . k), B mod(Ry iy, ) — mod(R, )

i

be the induction and restriction functors with respect to this algebra homo-
morphism.

4.2.4 Balanced KLR algebras

Fix a decomposition I = Iyl as in Section 4.2.2 and consider the quiver
T = (I, H) as in Section 4.2.2. Recall the decomposition I = Iy I1 U Ts. In
this section we work with the KLR algebra associated with the quiver T.

We say that a sequence i = (41,42, - ,iq) € T% is unordered if there is
an index r € [1,d] such that the number of elements from I5 in the sequence
(i1,42,-- - ,i,) is strictly greater than the number of elements from I;. We
say that it is well-ordered if for each index a such that i, = i' for some
i € I, we have a < d and 7,41 = i>. We denote by Tgrd and Tﬁn the subsets
of well-ordered and unordered sequences in I respectively.

Definition 4.2.4. For @ € Q;, the balanced quotient gayk(f) of Rgx(T) is
the algebra

Rzx(T)/ Y Rax(T)e(i)Rax(T).
ielo,
The map ¢ from Section 4.2.2 yields a bijection
¢: Qf = {a=> dicy € QF; dp =dp, Vie L}, ama.
iel

Fix a« € QF. Set e = Z.Gfa e(i) € Ry x(T). We also denote by e the image

- o 1&lord ’
of e in Sz (I").

Definition 4.2.5. For o € Q?, the balanced KLR algebra is the algebra

Sax(T) = eRax(T)e/ D | eRgx(T)e(i)Rax(T)e.
el

un
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In other words we have Sz k(T) = ega,k(f)e. We may write Sz (T) =
Sa k-
Remark 4.2.6. Assume that i = (i1,--- ,iq) € Tzd. Let a be an index such
that i, € I;. We have the relation 72¢(i) = (244+1—24)e(i) in Rz x. Moreover,
we have 72e(i) = 7,e(sq(i))7se(i) and s4(i) is unordered. Thus we have

zqe(i) = zqr1€(i) in Sz k.

4.2.5 The polynomial representation of Sz

We assume a = Y, pdio; € Qf . Let i = (i1, ,iq) € Tfrd. Denote by
J (i) the ideal of the polynomial ring kg[z]e(i) C kfil) generated by the set

{(zr — zrsa)e(i); ir € I}

Lemma 4.2.7. Assume that i € Tfrd and j € Tfn. Then each element of
e(i)Rg ke(j) maps kq[zle(j) to J(i).

Proof. We will prove by induction that each monomial 7, - --7,, such that
the permutation w = s, ---sp, € Sy satisfies w(j) = i maps kq[x]e(j) to
J(i).

Assume k = 1. Write p = p;. Let us write i = (i1, -+ ,i4) and
J= (1, ,Jja). Then we have i = s,(j). By assumptions we know that there
exists i € I; such that i, = jp11 = 4%, ip41 = jp = i°. In this case the sta-
tement is obvious because 7, maps fe(j) € kqlz]e(j) to (zpr1 — xp)sp(f)e(i)
by (4.6).

Now consider a monomial 7,, ---7,, such that the permutation w =
Spy - - Sp, satisfles w(j) = i and assume that the statement is true for all
such monomials of smaller length. By assumptions on i and j there is an
index 7 € [1,d] such that i, = i* for some i € I} and w=l(r +1) < w=(r).
Thus w has a reduced expression of the form w = s;.s;, - - - s,, . This implies
that 7, -+~ 7,.e(j) is equal to a monomial of the form 7.7, ---7,, e(j) mo-

dulo monomials of the form 7, - - -thmlil . ~:che(j) with ¢ < k, see Remark
4.2.2. As the sequence s,(i) is unordered, the case k = 1 and the induction
hypothesis imply the statement. O

Lemma 4.2.8. Assume that i,j € Tfrd. Then each element of e(i)Ra xe(j)
maps J(j) into J(i).

Proof. Take y € e(i)Rgke(j). We must prove that for each r € [1,d] such
that j, = i! for some i € I; and each f € ky[x] we have y((z, —z,+1) fe(j)) €
J(i). We have (2, — x,41)fe(j) = —72(fe(i)). This implies

y((xr — zri1) fe(§)) = —y7i (fe(d) = —ymre(sr(3) (1 (fe(d)))-
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Thus Lemma 4.2.7 implies the statement because the sequence s,(j) is unor-
dered. O

The representation of Rgk on
T .

k) = P Kglale(i)

icT™
yields a representation of eRgy ke on
I .
k) 1= @ Kkpjlzle).

i€l g

Set Jayord = @

lowing.

J(i). From Lemmas 4.2.7, 4.2.8 we deduce the fol-

ieTf:rd

Lemma 4.2.9. The representation of Rgx on kg) factors through a repre-

sentation of Sax on k(allrd/‘]a,ord This representation is faithful.

Proof. The faithfulness is proved in the proof of Theorem 4.2.11. O

4.2.6 The comparison of the polynomial representations

Fix a € QF. Set d = |a| and d = |a@|. For each sequence i = (i, ,iq) €
I* and r € [1,d] we denote by 7’ or r{ the positive integer such that r’ — 1
is the length of the sequence ¢(i1,--- ,ip_1) € 1 .

For r € [1,d] (resp. r € [1,d — 1]) consider the element z} € Sz (resp.
77 € Sz x) such that for each i € I we have

zre(o(i)) = wre((i)),

T,./e(qﬁ(i)), if 4., tr4+1 € I,

Tr/Tr/_;,_le(qb(i)) if 4, € Il,iTJrl € Iy,
T:€(¢(l)) = TT/+1T7«/6<¢(i)) if i, € Io,ir+1 e,

Tr’+1Tr’+2Tr’Tr’+1e(¢(i)) if ip,irr € In, 0y 75 brt1s

—7',,./+17'7./+2T7./T7.I+1€(¢(i)) 1f 7;7« = ZT‘—l—l G Il

For each i € I we have the algebra isomorphism

kq[z]e(i) ~ kglzle(o(1))/J(0(1), wre(i) = ze(o(i).
We will always identify kg) with kg lr 4/ Ja,ord via this isomorphism.
Lemma 4.2.10. The action of the elements e(i), xre(i), 7re(i) of Rax on
k" is the same as the action of the elements e(é(1)), xye(¢(i)), 77e(o(i))
Of Sa,k on k(alz)rd/J@ord'
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Proof. The proof is based on the observation that by construction for each
1 € I and j € Iy we have

Py jo(u,v) P jo(u,v) = P; j(u,v), (4.7)
Pjo i1 (u,v) Pjo j2(u,v) = Pj;(u,v). (4.8)
For each i € I, we write ¢(i) = (i}, 5, - ,i’g). The only difficult part

concerns the operator 7,.¢(i) when at least one of the elements i, 4,41 is in
I;. Assume that i, € I, i,41 € Ip. In this case we have

it = (i) €Th, il =(ir)> €2, iliy= (ir41)" € Io.
In particular, the element 7, , is different from 4/, and 4/, ;. Then, by (4.6),
for each f € kg[z] the element 7%e(¢(i)) = 77v41€(d(i)) maps fe(o(i)) €
I
kgi,z)rd/t]a70rd tO
P, @esran)se (Po, o (@oss,@pn)sia(f)) elsps,a () =
Pi;/,i’r/ﬂ (Trry1, xr’)Pi’r,H,i;,JrQ (T2, 070 )8pr5p 1 (f)e(P(sr(1)))
= ]:’ir,ir+1(xr’+17xr’)sr’sr’-l-l(f)e(¢(3T(i)))7

where the last equality holds by (4.7). Thus we see that the action of
7re(4(i)) on the polynomial representation is the same as the action of
7re(i). The case when i, € Iy, i,41 € I; can be done similarly.

Assume now that i, # i,.1 are both in I;. By the assumption on the
quiver I' (see Section 4.2.2), there are no arrows in I' between i, and é,4;.
Thus there are no arrows in I' between any of the vertices (i,)! = i/, or
(ir)? = i}, and any of the vertices (i,11)' =i, , or (ir41)® =il 4. Then,
by (4.6), for each f € kg[z] the element 77e(i) = 717127 Trp1e(P(i))

maps fe(¢(i)) to
Sr/+15r’+237"/5r’+1(f)e(¢(sr(i)))'
Thus we see that the action of 7,°e(¢(i)) on the polynomial representation
is the same as the action of 7.e(i).
Finally, assume that ¢, = 4,41 € I;. In this case we have
(ir)l = 7;;’ = (ir+1)1 = i'/r’+2’ (ir)z = i;ﬂ'+1 = (ir+1)2 = i;n'+3'
Then, by (4.6), for each f € kglz] the element 7'e(¢(i)) =
_Tr’+1Tr’+2Tr’Tr’+1€<¢(i)) maps fe(é(l)) to
Sr410p 4200 (T 41 — Tpry2) i1 (e(d(sr (1))

To prove that this gives the same result as for 7,.¢(i), it is enough to check this
on monomials z7x]" je(i). Assume for simplicity that n > m. The situation
n < m can be treated similarly. The element 7,.e(i) maps this monomial to

n—1
O (xyayy)e(i) = = Y apa 1% i)
a=m
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y
Here the symbol > means 0 when y = 2 — 1. The element 7,7e(4(i)) maps

. a=x
w12 pe(B(1)) to

1
Sr1410p 4200 2] Il Ty — Tyl sle(6(0) =

1 b
= Spr41 <_(Za 0 Ty Ty +1)( b=0 $+2xf+13 )

(T aal ) (Chog o) ) e((0)

1 1-b
= __(2210 a/x;nJr;)( ?ox?HfE?H )

(i i) (i eha i) e(6(d)

m b n—1-b
- _wr’< b:O Lot 1% 43 )

L o )
+ x?'+1(22n 0% '33?1+21 CL)} e(o(i))
I 1 1-b
= __l"?}ﬂ( b0 Tyr +1*'B77~L+2 )

n m—1 m—1—a
+ xr’Jrl (Za 0 xr +1x7“ +2 ] 6

= [Tnohen (qb(l))

4.2.7 Isomorphism ¢

Theorem 4.2.11. For each a € Q?, there is an isomorphism of algebras
Dk Rox — Sax such that

e(i) = e(¢(i),

zre(i) = zre(o(i),
re(i) = 7e(9(i)-

Proof. In view of Lemma 4.2.10, it is enough to prove two following facts:
e the elements e(¢(i)), =y, 7;° generate Sg k,

e the representation k(al lr a/ Ja,ora of Sz is faithful.

Fix i,j € I®. Set i’ = (1’1, e ,i’g) = ¢(i), j = ¢(j). Let B (resp. B’) be
the basis of e(j)Rake(i) (resp. e(j')Rake(i’)) as in Remark 4.2.2. For each
element b = 7,27" - - - 23 e(i) € B we construct an element b* € e(j') Sz ke(i’)
that acts by the same operator on the polynomial representation. Recall
that the definition of b depends on the choice of a reduced expression w =

Spy +* Sp,- We set

b = T;l STy > (x]) (:c:})“de(i/) € e(j')Savke(i/).

Let us call the permutation w € Gy j balanced if we have w(a +1) =
w(a) + 1 for each a such that i/, = i’ for some i € I (and thus i, , = i?).
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Otherwise we say that w is unbalanced. There exists a unique map u: Gij —
Sy j such that for each w € G;j the permutation u(w) is balanced and
w(r) < w(t) if and only if u(w)(r’) < u(w)(t’) for each r,t € [1,d], where
r" =] and t’ = t; are as in Section 4.2.6. The image of u is exactly the set
of all balanced permutations in &y j.

Assume that w € Gy y is unbalanced. We claim that there exists an index
a such that i/, € I; and w(a) > w(a + 1). Really, let J be the set of indices
a € [1,d] such that ¢, € I;. As j is well-ordered, we have Y, (w(a+ 1) —
w(a)) = #J. As w is unbalanced, not all summands in this sum are equal
to 1. Then one of the summands must be negative. Let a € J be an index
such that w(a) > w(a + 1). We can assume that the reduced expression of
w is of the form w = sp, - - - $p, Sq. In this case the element 7,e(i’) is zero in
Sz k because the idempotent s,(i’) is unordered.

Assume that w € Gy y is balanced. Thus there exists some w € &; j such
that u(w) = w. We choose an arbitrary reduced expression w = sp,, - - p,
and we choose the reduced expression of w = s4 --- 54, induced by the
reduced expression of w. Then the element 7,e(i) = 74, - - - 74, €(i’) € Sak is
equal to (7, - - - 7 e(i))*.

The discussion above shows that the image of an element ' € B’ in
e(j')Saxe(i’) is either zero or is of the form £b* for some b € B. Moreover,
each b* for b € B can be obtained in such a way. Now we get the following.

e The elements e(¢(i)), x}, 7,;° generate Sz k because the image of each
element of B’ in e(j') Sz ke(i') is either zero or a monomial on e(¢(i)),
Ty, Tr.

e The representation kg z)r 1/ Ja,ora of Sz is faithful because the span-

ning set {b*; b € B} of e(j')Szke(i’) acts on the polynomial repre-
sentation by linearly independent operators (because the polynomial
representation of R, x is faithful).

O

The center of the algebra R,k is the ring of symmetric polynomials
kq[z]®4, see [50, Prop. 3.9]. Thus Sz is a kg[x]%¢-algebra under the iso-
morphism ®, k. Let ¥ be the polynomial [],,(za — z5)? € kq[z]®¢. Let
Rox[E7Y, Szx[E71] be the rings of quotients of R, x, Sz x obtained by in-
verting 3. We can extend the isomorphism @, x from Theorem 4.2.11 to an
algebra isomorphism @, x: Rox[X7'] — Szx[E71).

From now on, we assume that the connected components of the quiver
I' are of the form I'y for a € N, a > 1 or a = co. Note that there is an
action of the symmetric group &4 on kElI) permuting the variables and the
components of i. Consider the following elements in Rajk[E_l]:

((xp — xpy1)7r + De(d)  if dpp1 = iy,
Uee(i) =< —(zp — zpp1) " L7re(i) if iy =1, — 1,
Tre(i) else.
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The element U,e(i) is called intertwining operator. Using the formulas (4.6)
we can check that W,.e(i) still acts on the polynomial representation and the
corresponding operator is equal to s,e(i). Note also that U, = (xp —2py1) ¥y
is an element of R, k.

Lemma 4.2.12. The images of intertwining operators by the morphism
Dok Rox — Sax can be described in the following way. For i € I® such
that i, — 1 # 4,41 we have

U e(p(i)), if iy irr1 € g,
) wewe(o) ifir € Iipsr € I,
Qo k(Pre(i)) = U Ue(o(i) if iy € Iy, ipg1 € I,

\Ifru,_l‘I’T/+2\I/r/qlrl+1€(¢(i)) if Tp,lpy1 € L.

Forie I* such that i, — 1 = i,41 we have

Ejr’e(¢(i))v Zf iTaiT+l S IO7

P ic(Ure(i) = ¢ Uplpire(@(i)  if ir € Iyipga € Iy,
\I/T/_H\I’T/e(qb(i)) if iy € Io,ipq1 € I7.

Here ' = rl is as in Section 4.2.6.

Proof. The right hand side in the formulas for ®, x(¥,e(i)) is an element X
in S k[X71] that acts by the same operator that W,e(i) on the polynomial
representation. However, since the polynomial representation of Sz x is fai-
thful by Lemma 4.2.9, and since there is a well-defined element of S5 x which
acts in the same way as X in this polynomial representation, we conclude
that X makes sense as an element of Sz k.

O

The goal of the rest of Section 4.2 is to obtain a deformed version of
the isomorphism from Theorem 4.2.11 over some local ring R (see Section
4.2.9). More precisely, the localized Hecke algebra over a field is isomorphic
to the localized KLR algebra (see Section 4.2.11). We want to construct an
R-algebra homomorphism between a localized Hecke algebra and a balanced
analogue of a localized Hecke algebra (see Section 4.2.12 for the choice of
parameters and Section 4.2.13 for the definition of a balanced analogue of
the cyclotomic Hecke algebra) such that this homomorphism is compatible
with the localization of the homomorphism from Theorem 4.2.11 over the
residue field of R and over its field of fractions.

4.2.8 Special quivers

From now on we will be interested only in some special types of quivers.

First, consider the quiver I' = I', where e is an integer > 1. In particular,
from now on we fix I = Z/eZ. Fix k € [0,e — 1] and set I} = {k}, Iy =
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I\{k}. In this case the quiver T is isomorphic to I'c41. More precisely, the
decomposition I = Iy I5 15 is such that Iy = {k}, Io = {k+ 1}. To avoid
confusion, for i € I we will write @;, & and A; for «;, &; and A; respectively.

Remark 4.2.13. If T' is as above, a sequence i = (i1,--- ,iq) € 7% is well-
ordered if for each index a such that i, = k we have a < d and i1 = k+ 1.
The sequence i is unordered if there is » < d such that the subsequence
(i1,--+ ,ir) contains more elements equal to k + 1 than elements equal to k.

Let T: Z — Z be the map given for a € Z,b € [0,e — 1] by

_ foale+1)+0b if b € [0,k],
T(ae+b){a(e+l)+b+l ifhelk+1e—1). (4.9)
Now, consider the quiver [ = (Poo)®. Set r = (7, ﬁ) and write ;, &
and A; for a;, €; and A; respectively for each i € I. We identify an element
of I with an element (a,b) € I x [1,1] in the obvious way. Consider the
decomposition I = Io U Iy such that (a,b) € I; if and only if @ = k mod e.

In this case the quiver [ is isomorphic to T. More precisely, in this case we

have
(a,0)° = (Y(a),b),

(a,0)" = (T(a),b),
(a,b)% = (T(a) + 1,b).

To distinguish notations, we will always write qg for any of the maps (5 I
I, Q7 = Q7, X7 — X7 in Section 4.2.2.

From now on we write I =T',, T =T, and I = (I'so)®!. Recall that
I=1,=7%/eZ, T=1I.1=20)(e+1)Z I=Ix)%=2x]1,1].
Consider the quiver homomorphism 7 : I — T such that
Te: I — I, (a,b) — a mod e.

Then 741 is a quiver homomorphism meq: r — T. They yield Z-linear
maps

We:Qf—> Q[, Wein—> X[, 7Te+1:QI~—> QT’ 7Te+1:XI~—> XT'

The following diagrams are commutative for o € QF, & € Q}f such that

Te(a) = «,

Qr —2— Q; X; 2 X; 7t @

ﬂel 7Te+1J/ ﬂel 7Te+1l Wel 7re+1l
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4.2.9 Deformation rings

In this section we introduce some general definitions from [53] for a later
use.

We call deformation ring (R, k, 71, - ,7;) a regular commutative noethe-
rian C-algebra R with 1 equipped with a homomorphism C[x, 7y, -+, 7] —
R. Let k, 71, -+, 7 denote also the images of k, 71, -+ , 7 in R. A deforma-
tion ring is in general position if any two elements of the set

{ru —Tw+ak+b,k—c; a,beZ,ceQu+#v}

have no common non-trivial divisors. A local deformation ring is a deforma-

tion ring which is a local ring and such that 71,--- , 7,k — e belong to the
maximal ideal of R. Note that each C-algebra that is a field has a trivial
local deformation ring structure, i.e., such that m; =--- =7 =0 and Kk = e.

We always consider C as a local deformation ring with a trivial deformation
ring structure. A C-algebra R is called analytic if it is a localization of the
ring of germs of holomorphic functions on some compact polydisc D C C¢
for some d > 1.

We will write K = k(e+1)/e, 7 = 7(e +1)/e. We will abbreviate R for
(R,k,71, -+ ,7) and R for (R, R, 71, -+ ,7).

Let R be a local analytic deformation ring with residue field k. Consider
the elements g, = exp(2my/—1/k) and g1 = exp(27v/—1/F) in R. These
elements specialize to (, = exp(2myv/—1/e) and (.41 = exp(2mv/—1/(e + 1))
in k.

4.2.10 Hecke algebras
Let R be a commutative ring with 1. Fix an element ¢ € R.

Definition 4.2.14. The affine Hecke algebra Hp 4(q) is the R-algebra gene-
rated by T1,--- ,Ty_1 and the invertible elements Xi,---, Xz modulo the
following defining relations

T.T, = T,T, if |r —s| > 1, T Ty = Ton To Ty
(T — ¢)(T; + 1) =0, T, X, = X, T, if |r —s| > 1,
T Xrp1 = X, T + (q - 1)Xr+17 T Xy = Xpe 1T — (q - 1)Xr+1-

Fix elements @1, -+ ,Q; € R.

Definition 4.2.15. The cyclotomic Hecke algebra HdQR(q) is the quotient of
Hg r(q) by the two-sided ideal generated by (X1 — Q1) -+ (X1 — Q1).

Assume that R = k is a field and g # 0,1, @, # 0. The algebra Hyx(q)
has a faithful representation in the vector space k[X fcl, e ,Xétl} such that
XF! acts by multiplication by X! and T} by

T,(P) = qsr(P) + (¢ = D Xr1 (X, — Xr41) " (5:(P) — P).
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The following operator acts in k[leﬂ7 ‘e ,X;ltl] as the reflection s,
XT‘ - XrJrl Xr — Xr+1
" qXr — Xrp1 ( " Q) ( " )Xr —qXrq1

For a future use, consider the element U, € Hgy given by

v, = (qXT - X?"Jrl)\llr = (Xr - XrJrl)Tr + (q - 1)Xr+1-

Now, consider the subset .# = .%(q, Q) of k given by

F@,Q) = | {ret (4.10)
]

rezte(l,l

We can consider % as the vertex set of a quiver with an arrow i — j if
and only if j = gi. Let M be a finite dimensional Hgk(q)—module. For each

i= (i1, - ,iq) € Flet M be the generalized eigenspace of Xi,---, Xy
with eigenvalues i1, - -+ ,44. The algebra Hfl?k(q) contains an idempotent e(i)

which acts on each finite dimensional Hgk(q)—module M by projection to M;
with respect to @#i Mj. For a € Q} we consider the central idempotent
e(a) = > e za €(i). The algebra Hgk decomposes in a direct sum of blocks
Hﬁk with o € Q% where Hgk = e(a)H;?k. See [8] for more details.

4.2.11 The isomorphism between Hecke and KLR algebras

Assume that R =k is a field and ¢ # 0, 1.

First, we define some localized versions of Hecke algebras and KLR al-
gebras. Let .Z be a subset of k such that ¢*.% /¢” is finite. We view .Z as
the vertex set of a quiver with an arrow ¢ — j if and only if j = gi. Consider
the algebra

A= P KX XTI - X)) (0X — X) 7Y r # te(i),

iczd

where e(i) are orthogonal idempotents and X, commutes with e(i). Let
Hclloﬁ(q) be the Aj-module given by the extension of scalars from the

k(X7 X7 -module Hyk(g). It is an Aj-algebra such that
Tre(i) = (s ()T = (1 = )Xy (Xp = Xp1) 7 (e(i) — e(s,(3)))
and

Z7'T. =T,Z7',  where Z = H(Xr — X;)? H(qXT - X;)2

r<t r#t
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In this section the KLR algebras are always defined with respect to the
quiver .#. We consider the algebra

A2 = @ k[l‘l,' N ,$d”Si_1]€(i),

icgd

where

Si={(zr +1), (ip(xr + 1) —ir(ze + 1)), (¢ir(zr + 1) —de(ay + 1); 7 F# 1)}

7) . .
There is a k-algebra structure on Rldoﬁ = Ay ®, (%) R, where kg/) is as in
’ d

(4.5).

The polynomial representations of Hqx(q) and Ry yield faithful repre-
sentations of H leﬁ(q) and R}fyﬁ on A; and A, respectively. Moreover, there
is an isomorphism of k-algebras As ~ A; given by z,e(i) — (i-1X, — 1)e(i).
This yields the following proposition.

Proposition 4.2.16. There is an isomorphism of k-algebras Rld‘jﬁ ~ Hifﬁ(q)
such that
e(i) — e(i),

{L‘r6(i) g (Z;IX’I‘ - 1)6(i)a
Ue(i) = Upe(i).

Now, we consider the subalgebra R“{ of R}iof( generated by

e the elements of Ry,

e the elements (z, +1)71,

e the elements of the form (i, (2, +1) —is(z;+1))"te(i) such that r # ¢,
iy 7& itv

e the elements of the form (gi,(z, + 1) — i¢(z + 1)) te(i) such that
r £t qiy # i R

Similarly, consider the subalgebra H,;k(q) of Hclloﬁ(q) generated by

o the elements of Hyx(q), 7

e the elements of the form (X, — X;)"te(i) such that r # ¢, i, # iy,

e the elements of the form (¢X, — X;)'e(i) such that r # ¢, qi, # i.

Note that the element U, e(i) € H}fﬁ(q) belongs to lE\IdJ((q) if iy # qirya1.
We have the following lemma, see also [50, Sec. 3.2].

Proposition 4.2.17. The isomorphism R}fi ~ H}fﬁ(q) from Proposition
4.2.16 restricts to an isomorphism Rqyx ~ Hgx(q).

Fix Q = (le"' 7Ql)7 QT € ka QT 7& 0. Let & = g(Q?Q) C k be as in
(4.10). Consider the weight A = >>'_ Ao, € PL.
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Corollary 4.2.18. There is an isomorphism between the cyclotomic KLR
algebra Rfi\,k associated with the quiver % and the cyclotomic Hecke alge-

bra Hgk(q). Moreover, this isomorphism takes the block Ré\,k to the block
Hﬁik(Q)-

Proof. The cyclotomic quotients Rqyx — Ré\k and Hqx(q) — Hgk(q) factor
through

R Hyx(q)

VAN N

Ry, Hax(g) - H$(q)

Ryx

for r £ t, i, # iy, etc., are

because the elements (i, (z, + 1) — i, (2, + 1))e(i),
e(i)). Thus the isomorphism

invertible in e(i)R%, e(i) (or resp. e(i)H;?k(q
éd,k o~ I:Tdvk(q) yields an isomorphism Rc[},k o~ Hgk(q). O

4.2.12 The choice of the parameters

Let R be a local deformation ring with residue field k and field of
fractions K. Fix a tuple v = (v1,---,y) € Z'. Put ¢ = ¢ and Q, =
exp(2my/—=1(vy + 7)/k) for r € [1,1]. The canonical morphism R — k
maps ¢e to (. and Q, to (/7. Let H} p(¢q.) be the cyclotomic Hecke al-
gebra over R with parameters ¢, Q.. Set Hd”7k(Ce) = k ®g Hd”’R(qe) and

H i (ge) = K @p Hj 5 (ge)-
Fix k € [0,e — 1]. To this k we associate a map Y: Z — Z as in (4.9).
Consider the tuple

v=(v,-,m) e, v =T(y)Vrell,ll (4.11)

Consider the cyclotomic Hecke algebra Hgﬁ(qeﬂ) with parameters ¢ = ge41,

Q=(Q, ,Q,), where Q, = exp(2mv/—1(V,+7,)/E) and &, 7, are defined
in Section 4.2.9. Set

HY (Cerr) = k@ Hyp(ger1),  Hyzo(gen) = K @5 Hy 75(qes1).

4.2.13 The deformation of the homomorphism @,y
Let IT'= (I,H),T = (I,H) and T = (I, H) be as in Section 4.2.8. We

have the following isomorphisms of quivers

I~ F(qe,Q), i=(a,b)— p;:=exp(2mvV—1(a+7)/kK), (4.12)

I~ F(qes1,Q), i=(a,b)p,;:=exp(2mV—1(a+7p)/F), (4.13)
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where .7 (q,Q) is as in (4.10), Q and Q are as in Section 4.2.12, a € Z,
b € [1,1]. Notice that Q, = p(,, ;) and Q, = P, for each 7.
The map R — k takes F(qe,Q) to F((,Q) and F(ges1,Q) to

Z (Cet1, Q). We have the following isomorphisms of quivers

I~ F(,Q), i pi=C(, (4.14)
T = ng(ce-‘y-lv@% (s ﬁz = Cé+1- (415)
These isomorphisms yield the following commutative diagrams

~ =

— F(ge+1,Q)

l

~ =

I y(Ce—Hy Q)

I —"— 7(¢,Q)

Wel l Te+1

I % 9(C67Q)7

~ — )

We will identify

I~ y(C&Q)v Tzﬂ(CeJrl’Q)? I~ y(‘kaQ)? ffz y(QeerQ) (416)

as above.
Recall from Section 4.2.10 that the cyclotomic Hecke algebra H d”’k(g‘e)

contains some idempotents e(i) for i € I?. These idempotents lift to idem-
potents in the R-algebra Hj r(ge) because this algebra is free over R by [41,
Thm. 2.2] and R is a local algebra, see, e.g., [14, Ex. 6.16]. We also denote
these idempotents e(i).

By base change we have the K-algebra Hj 5 (ge) which contains some
idempotents e(j) € Hj x(ge) for j € I?. The idempotent e(i) € HY p(ge)
decomposes in Hj x(ge) in the following way

M=) el
jEfdﬂr@(j):i

We have the decompositions

Hir(ge) = @ H¢ r(de),
aEQ}",|a|:d

Hg,K(qe) = @ HZ,K(Q@))
aEQ}',|a|:d

where

wklae) = D HE ke

GeQT me (@)=

Our goal is to obtain an analogue of Theorem 4.2.11 over the ring R.
First, consider the algebras Hgx((.) and Hg i (ge) defined in the same way
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as in Section 4.2.11 with respect to the sets .#((., Q) C k and .Z (¢e, Q) C K,
where @ is as in Section 4.2.12. We can consider the R-algebra H, d,r(qe) defi-
ned in a similar way with respect to the same set of idempotents as ﬁd,k(qe).
Sometimes we will write flgk(g}), flgk(qe) and ﬁgK(qe) to specify the pa-
rameter v (the [-tuple Q in Section 4.2.12 depends: on the I-tuple v). Note
that the algebra Hy (over k, R or K) admits the same block decomposition
as the block decomposition for the cyclotomic Hecke algebra H) described
above. -

Now, we define the algebra SHQE(QH) that is a Hecke analogue of
a localization of the balanced KLR algebra Szyk. To do so, consider the

idempotent e = 3~ s« e(i) in ﬁgK(CeJrl). We set
ord )

A~

SHyilaen) = el paes)e/ Y el paes)e) A plaene.

(e}

jeIun

We define the K-algebra §Ea7f(qe+1) as a similar quotient of eHg’F(qu)e

by the two-sided ideal generated by {e(j); j € I2)}. Finally, we define
the R-algebra SH_ (get1) as the image in SH_ 7(gey1) of the following
composition of homomorphisms

eHgﬁ(qu)e - eHgf(qu)e - SH&,F(%H)-

Remark 4.2.19. By Proposition 4.2.17 we have algebra isomorphisms

Rox(T) ~ Hox(Co), Rax (D)~ Hux(qe),

ﬁa,k(f) ~ ﬁag(Ceﬂ% ﬁa,K(F) o~ ﬁaf(qeﬂ),
from which we deduce that

~ ~

Sa,k(f) =~ @E,E(CE‘H)’ §a}K(F) ~ 5/“}\[&7?((16“)'

We may use these isomorphisms without mentioning them explicitly.
Using the identifications above between KLR algebras and Hecke algebras,
a localization of the isomorphism in Theorem 4.2.11 yields an isomorphism

D1 Hox(Co) = SHax(Corr): (4.17)
In the same way we also obtain an algebra isomorphism
Q5 Hy i (ge) — SHg(a)’K(QeJrl)

for each a € Q;I. Taking the sum over all & € Q;I such that m.(a) = « yields
a isomorphism

~

®o it Horc(ge) = SHz i (qesr)- (4.18)
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Lemma 4.2.20. The homomorphism effgﬁ(qe“)e — eﬁgE(CEJrl)e factors
through a homomorphism @aﬁ(qe+1) — @EE(C6+1)‘

Proof. In Section 4.2.5 we constructed a faithful polynomial representation
of Szk. Let us call it Poly. It is constructed as a quotient of the standard
polynomial representation of eRgyyke. After localization we get a faithful

representation 7/3311( of §a,k- Thus the kernel of the algebra homomorphism

e]/%a,ke — 5’\571( is the annihilator of the representation 73;lk. We can transfer
this to the Hecke side and we obtain that the kernel of the algebra homomor-
phism eHU c(Cet1)e = SH1(Cet1) is the annihilator of the representation

Polk Slmllarly, we can characterize the kernel of the algebra homomorphism
eH = (Get1)e — SH 2.7 (¢e+1) as the annihilator of a similar representation

Pol K.
The K-vector space Pol & has an_R-submodule Pol r stable by the ac-
tion of eH (q€+1)e such that k ®p POZR = Polk and it is compatible with

the algebra homomorphism eﬁgﬁ(qeﬂ)e — eﬁgK(CGJrl)e. By definition of
SH a7§(q6+1) and the discussion above, the kernel of the algebra homomor-
phism eHgE(qu)e — SH_ 5(gey1) is formed by the elements that act by

zero on Pol k- Thus each element of this kernel acts by zero on Pol r. This
implies, that an element of the kernel of eHgﬁ(qu)e — SH; 7(¢et1) spe-
cializes to an element of the kernel of eﬁgﬁ(qeﬂ)e — SH; (¢et1). This
proves the statement. ]

Lemma  4.2.21. There is a wunique algebra  homomorphism
Oy r: Hor(qge) — SHar(get1) such that the following diagram is
commutative

—~ (boc, —
Hop(C) — SH (Cet1)

I I

D, —
Ha,R(Qe) —R> SH* (Qe-‘rl)

D, —
Ha,K(Qe) —K> SH@F(Q@-H)

Proof. First we Consider the algebras Hf (C.), H%(ge) and H%(ge) ob-

tained from Ha x(Ce);, Ha,r(ge) and Ha .k (ge) by inverting
o (X0 — X)), (CXr = X;) with 7 # ¢,
o (X, —Xy), (¢eX; — Xy) with r # ¢,
b (Xr - Xt)7 (QeXr - Xt) with 7 # ¢



4.2. KLR ALGEBRAS AND HECKE ALGEBRAS 137

respectively. Let S Hg’% and S H}io% be the localizations of gﬁai and gﬁaf
such that the isomorphisms @, x and ®, ; above induce isomorphisms

Do HOG(G) > SH(Grn)

Do H%S(q0) = SH% (gen).
Let SH;’% be the image in SH;C? of the following composition of homo-
morphisrﬁs 7

eHg%(qeﬂ)e — eHé’%(qu)e — SH;’%(qu).

Next, we want to prove that there exists an algebra homomorphism
Oy R: Héfﬁ%(qe) — SH;%(qu) such that the following diagram is commu-
tative: 7

CIDOL’ oc
Hé?,f(((@) —k> SH%E(C@-H)

[ I

P,
Htl)co,g%(Qe) R} SH;%((]@JA) (4'19)

l l

d,,
Htl)?,(lj((Qe) .—5—) SH;%(C]@+1)'

We just need to check that the map ®,x takes an element of
Hé?"j%(qe) to an element of S’Hg%(qeﬂ) and that it specializes to the map
Py k: Héof{((e) — SH;J’CE(@H). We will check this on the generators e(i),
Xye(i) and ¥,e(i) of H % (qe).

This is obvious for the idempotents e(i).

Let us check this for X,e(i). Assume that i € I* and j € 1ol are such
that we have 7¢(j) = i. Write i’ = ¢(i) and j' = ¢(j). Set r’ = r{ = r{, see
the notation in Section 4.2.6. By Theorem 4.2.11 and Proposition 4.2.16 we
have

(I)oz,K(Xre(j)) = f)}llperT/e(j/).

Since, T?j_;pﬁ depends only on i and r and e(i) = Eﬂe(j):i e(j), we deduce
that
Do sc(Xye(i)) = 7 'py Xe(d).

Thus the element ®, x(X,e(i)) is in SHX} and its image in SHYY is
By 'pin Xpve(i') = Do pe(Xre(d)).
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Next, we consider the generators U,e(i). We must prove that for each j
such that 7.(j) =i and for each r we have
o O, k(Vre(j)) = Ze(j), for some element = € Hé‘f%(qe) that depends
only on r and i,
e the image of Ze(i') in SH;CE(qu) under the specialization R — k is

D, k(Vre(i)).
This follows from Lemma 4.2.12.
Now we obtain the diagram from the claim of Lemma 4.2.21 as the
restriction of the diagram (4.19).
O

4.3 The category O

4.3.1 Affine Lie algebras

Let N,l € Z~og and e € Z~;. Let R be a deformation ring, see Section
4.2.9. Set

gr = oly(R), Er=gln(R) = gly(R)[t,t'] ® R1® RO.

For i,j € [1,N] let e; ; € gr denote the matrix unit. Let hp C gr be the
Cartan subalgebra generated by the e;;’s, and €1, -- , ey be the basis of h,
dual to ey 1, -+ ,enn. Let P = Ze; @ --- ® Zen be the weight lattice of gr.
We identify P with ZV. Let II, I c h}, be the sets of simple roots of g and
gr. Let W = G be the Weyl group of gr and W =W x ZI1, W=WxP
be the affine and the extended affine Weyl groups.

Recall that I € Z/eZ. We still consider the quiver I' = (I, H) as in
Section 4.2.8. In particular, we have X; = X., P; = P,, see Section 4.2.1 for
the notation. Then we define the element wt.(\) € X given by

N
wto(A) =D en,.
s=1

where we write €, for €(), mod ¢)- We will abbreviate
Plu] = {X € P; wte(A) = p}. (4.20)

Similarly, we consider the weight

N N
wtdi(A) =Y en + O A)d e X
r=1

r=1

Finally, let X;[N] C X be the subset given by

XI[N] :{:U':Z,Ufrgr € X5 pur 20, ZNTZN}
r=1

r=1
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We may identify p with the tuple (p1, -+ , ge) if no confusion is possible.
Now, consider the Cartan subalgebra hp = hp © R1® RO of gr. Let Ag
and 0 be the elements of h}, defined by

§(0) =Ao(1) =1, S(hg® R1) = Ag(hgr @ RO) = 0.
Let (o,0): ﬂ}} X E*R — R be the bilinear form such that

AaY) = (N ar), A@)=(\Ag), VAehj

T

Set Pr = P ®z R. Given a composition v = (v1,--- ,1;) of N, we define

P = (07_177_N+1)7
Pv = (Vl,Vl—l“‘,1,V2,"‘,].,“‘,Vl,"‘,1),
T = (T{’l,... 77';/1)’

where 777

V7 means v, copies of 7,. Set also

P=p+NAy, A=A+7+ 20— (N +r)Ao, (4.21)

where zy = ()\,2p+ \)/2k. Denote by pr,, the parabolic subalgebra of gr of
parabolic type v. For a v-dominant weight A € P let A(\)g be the parabolic
Verma module with highest weight A and A% = A(X — p)r. We will also
skip the subscript R when R = C.

4.3.2 Extended affine Weyl groups

Assume t/h\at R =C. I/p this section we discuss some combinatorial as-
pects of the W-action on h*.
The group W is generated by {7, s;; ¢ € Z/NZ} modulo the relations

822 = 1,
SiSj = SjSi Vi 7'5 j + 1,
$iSi+18; =  Si+18iSi+1,
TSi+1 = S;T.

Let W be the subgroup of 1% generated by {s;; ¢ € Z/NZ}. The group
W acts on P in the following way:
e s, switches of the rth and (r + 1)th components of X if r # 0,
L] 50()\1; s ,)\N) = ()\N — 6,)\2, s 7)\N—17)\1 + 6),
° 7T()\1,-'- ,)\N) = ()\2,“' ,/\N,)\1+e).
We will call this representation of W on P the e-action. We may write
P(©) = P to stress that we consider the e-action of W on P. The map

PO Sh*, A A—p+p
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i/s\ /W—invariant. This means that the weights A\, A9 € P are in the same
W-orbit if and only if the highest weights of the Verma modules AM and
A2 are linked with respect to the Weyl group W, see [56, Sec. 3.2] and [19,
Sec. 2.3] for more details about linkage. Note that P = [],,c v, P[n] is the
decomposition of P into W-orbits with respect to the e-action. An element
A € P is e-anti-dominant if Ay < g < <Ay < )\ te

Recall the map YT: Z — Z from (4.9). Applying Y coordinate by coordi-
nate to the elements of P we get a map Y: P(€) — pletl),

Lemma 4.3.1. The map YT: P®) — Pt g W -invariant and takes e-
anti-dominant weights to (e + 1)-anti-dominant weights. O

4.3.3 The standard representation of ;[e

Let e;, fi, h; the generators of the complex Lie algebra 5~[e = sl ®
C[t,t 1] @ C1. Let V. be a C-vector spaces with canonical basis {v1,- -+ ,ve}
and set U, = V. ® C[z,27!]. The vector space U, has a basis {u,; r € Z}
where Ugiep = v ® 270 for a € [1,¢], b € Z. It has a structure of an sl.-
module such that

fz(ur) = 51'57”“7”-{—17 ei(ur) = Oj=r—1Ur_1-

Let {v},---,v., 1}, {u;7 € Z} denote the bases of V.41 and Uey.
Fix an integer 0 < k£ < e. Consider the following inclusion of vector
spaces

, )

v ifr<k

VeCVe+1,vr'—>{ , =
T

vy ifr >k

It yields an inclusion sl, C sl.41 such that

e, ifrellk—1],
er = 4§ len,eng1] ifr =k,
ery1 ifrefk+1e—1],

fr ifrelk—1],
fr=q Uk fol ifr =k,
fr1 ifrelk+1,e—1],
hy ifre(l,k—1],
hy — hig +hi  ifr=k,
hep1 ifrefk+le—1]

This inclusion lifts uniquely to an inclusion 5~[e C 5~[e+1 such that

eo eo if k#0,
[eo, e1]  else,
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fo ifk#O,
fo H>{ [f1, fo] else,

ho if k#0,
hOH{ ho + h1 else.

Consider the inclusion U, C Ug41 such that u, — u’T(T).

Lemma 4.3.2. The embeddings Ve C Vet and Uy C Ugq1 are compatible
with the actions of sl C sle41 and sl C sleyq respectively. OJ

4.3.4 Categorical representations

Let R be a C-algebra. Fix an invertible element ¢ € R, g # 1. Let C be
an exact R-linear category.

Definition 4.3.3. A representation datum in C is a tuple (E, F, X, T) where
(E, F) is a pair of exact functors C — C and X € End(F)°P, T € End(F?)°P
are endomorphisms of functors such that for each d € N, there is an R-
algebra homomorphism ¥q: Hgr(q) — End(F¢)°P given by

X, FirxX =t vr e [1,d,
T, — FE=ITF=1 wrc[1,d - 1].

Now, assume that R = k is a field. Assume that C is a Hom-finite abelian
category. Let .# be a subset of k such that ¢2.% /¢” is finite. We view .7 as
the vertex set of a quiver with an arrow ¢ — j if and only if j = gi.

Remark 4.3.4. Assume that we have a representation datum in a k-linear
category C such that the functors E' and F' are biadjoint. Then by adjunction
we have an algebra isomorphism End(E?) ~ End(F?)°P. In particular we
get an algebra homomorphism Hyy — End(E9).

Definition 4.3.5. An slg-categorical representation in C is the datum of
a representation datum (E, F,X,T) and a decomposition C = @ ,cy,, Cu
satisfying the conditions (a) and (b) below. For i € .# let E;, F; be endo-
functors of C such that for each M € C the objects E;(M), F;(M) are the
generalized i-eigenspaces of X acting on F(M) and F (M) respectively, see
also Remark 4.3.4. We assume that

(@) F'=@jes Fi and E = Pjc 5 Ei,

(0) Ei(Cu) C Cuta,; and Fi(Cy) C Cpa,-
Remark 4.3.6. In this case the homomorphism 1q: Hyx — End(F?)°P ex-
tends to a homomorphism I;Td,k — End(F?%)°P, where ﬁd,k is as in Section
4.2.11.

There is an alternative definition of a categorical representation, where
the affine Hecke algebra Hgx(q) is replaced by a KLR algebra. In this section
we allow I' = (I, H) be an arbitrary quiver without 1-loops.
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Definition 4.3.7. A gj-categorical representation (E, F,z,7) on C is the fol-
lowing data:
(1) a decomposition C = B ,,cx, Cu.
(2) a pair of biadjoint exact endofunctors (E, F') of C,
(3) morphisms of functors z: F — F, 7: F? — F?,
(4) decompositions £ = ,c; Ei, F' = @, F,
satisfying the following conditions.
(a) We have F;(C,) C Cyutays Fi(Cu) C Cu—ay-
(b) For each d € N there is an algebra homomorphism 94: Rgx —
End(F?)°P such that t4(e(i)) is the projector to Fj,--- F;,, where
i= (il,-" ,id) and

wd(xr) _ Fd_TZL'FT_l, ¢d(TT) — Fd_r_lTFr_l.

(¢) For each M € C the endomorphism of F(M) induced by x is nil-
potent.

Assume that there is an isomorphism of quivers I ~ .%. Then Definitions
4.3.5, 4.3.7 are equivalent by Proposition 4.2.17.

4.3.5 From ;[eﬂ-categorical representations to ;[e-categorical
representations

Recall that we fix I' = (I, H) and T' = (I, H) as in Section 4.2.8. In
particular, we have X; = X, X7 = Xc 1.

Assume that R = k is a field. Let C be a Hom-finite abelian k-linear
category. Let

E=Ey®E, & @ F,, F=FyaoF & --&F.

be endofunctors defining a categorical ;[e“—representation in C. Let
g Rax — End(fd)Op be the corresponding algebra homomorphism. We
set F; = F;,--- F;, for any tuple i = (i1, ,iq) € 7% and Fg = @iejafi
for any element @ € Q%r. If [a| = d let ¥5: Razx — End(Fg)°? be the
@-component of 1.

Now, recall the notation X? from (4.1). Assume that

Cu=0, VYpeXP\X7. (4.22)

For p € X? set C, = Q)(
@MGX; C:U'

Remark 4.3.8. (a) C is stable by F;, E; for each i # k,k + 1,

(b) C is stable by FkJrle, Ekﬁk+1,

(¢) Fi,Fi, , - Fiy(M) = 0 for each M € C whenever the sequence
(i1, -+ ,iq) is unordered (see Sections 4.2.4 and 4.2.8).

> Where the map ¢ is as in (4.3). Let C =
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Consider the following endofunctors of C:

Fy=Fo|g,--, Fro1 = Fi By, = Fy1Fy,

C’ c’

Fk-‘rl:Fk‘-l-Q‘c)”'aFefl:Fe

o’
EO = EO|C7 T aEk‘—l :Ek‘—l‘ca Ek} = EkEk‘-i-l‘ca

Ek-i-l = Ek‘-‘r?‘c?' s 7E€71 = Ee‘c'

Similarly to the notations above we set Fj = Fj,--- F;, for any tuple i =
(i1, ,iq) € I* and Fy = @;cja Fi for any element o € Q. Note that we

have Fj = F¢(i)‘c for each i € 1.
Let o € NI and @ = ¢(«). Note that we have

Fo= P Fil..

icToq

The homomorphism 15 yields a homomorphism eRzyxe — End(F,)°P,
where e = Ziefa e(i). By (c), the homomorphism eRyyxe — End(F,)°P
ord

factors through a homomorphism Szyx — End(F,)°P. Let us call it E/a
Then we can define an algebra homomorphism 9, : Ry x — End(F,)°P by

setting ¢, = @la oDy k.
Now, Theorem 4.2.11 implies the following result.

Lemma 4.3.9. For each category C as above that satisfies (4.22), we have a
categorical representation of sl. in the subcategory C of C given by functors
F;, E; and the algebra homomorphisms 1q: Rqx — End(Fy)P. O

4.3.6 The category O

Let R be a deformation ring. Fix a composition v = (v1,---,1;) of N.
First we define an R-deformed version of the category O”,. Recall that we
identify the weight lattice P with ZV. We say that A € P is v-dominant if
Ar > Apyq for each r € [1, N — 1\{v1,v1 + 1o, - ,v1 +---+1;}. Let P” be
the set of v-dominant weights of P. Set also P¥[u] = P N P[u], where P[]
is as in (4.20). Let O% be the R-linear abelian category of finitely generated
gr-modules M which are weight h r-modules, and such that the pp ,-action
on M is locally finite over R, and the highest weight of any subquotient of
M is of the form X with A\ € P, where X is defined in (4.21). Let O}, r be
the Serre subcategory of O generated by the modules A?‘{ for all A € P"[u].
Let OIV%’A C O% be the full subcategory of A-filtered modules.

Let Ug, V. be as in Section 4.3.3. Set AU, = AN"*U, ® - - - @ A"'U,. For
each A € P” define the following element in AYUL :

A= (U As A, ) ® s @ (Ung g +1 A Ay, gy, )-
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The obvious ;[e—action on U, yields an g[e—action on A"U,. We identify the
abelian group X./Z(e1+---+¢¢) with the weight lattice of sl.. In particular
each element p € X, yields a weight of sl.. For each p € X.[N] let (A"Ue),
be the weight space in A¥U, corresponding to u.

Set OV p = ®u€Xe[N] O} g and similarly for OZ’?A’R. Now we define
a representation datum in the category OZ’SR. See [53, Sec. 5.4] for more
details. From now on, we assume that R is either a local analytic deformation
ring in general position of dimension < 2 or a field. Let k and K be its residue
field and the field of fractions respectively. For an exact category C denote
by [C] its complexified Grothendieck group. The following proposition holds,
see [53].

Proposition 4.3.10. There is a pair of exact endofunctors E, F of OZ’SR
such that the following properties hold.
(a) the functors E, F commute with the base changes K Qr o, k QR o.
(b) (OZ’QR,E, F) admits a representation datum structure.
(c) E, F extend to a pair of biadjoint functors OY, p — O” g if Ris a
field.
(d) There are decompositions E = @,.; E;, F = @,c; F; such that

A A WA A
B[ C Ot n RO <O, n

e) There is a vector space isomorphism 0" ~ (AYU),, such that the
w,R 1Y

functors F;, E; act on [OZBA,R]

= @uexﬁ[m OZ’AR] as the standard
generators e;, f; ofg,N[e_
(f) If R = k with the trivial deformation ring structure, then E;, F;

yield a categorical representation of sl in Oie,k' O

Fix k € [0,e — 1]. Recall the map Y: P — P from Section 4.3.2 and the
map ¢: X; — X7 from (4.3). Set i/ = p—ay and @ = ¢(u). Set, i° = p—ay,
and ' = @ — @) — @41. Note that Y(P[u]) C P[a]. For k # 0 we have

M (Ml?"' y Mk Hi+1, 7”6)7
Nl (M17"'7Mk_17 ,uk-l—l—‘f_]-u "'7,“’6)7
o= (Mlv * oy Mk, 0, HE+1, 7:“6)7
ﬁo - (ulf" 7Mk_17 17 Hk+1, 7”6)7
ﬁ, = (Mla"' >,UJ/<?_17 07 ,UJk?-i-l_'_lv a,ue)'
For an e-tuple a = (aj, -+ ,a.) of nonnegative integers we set 1, =
(191...  e%). Note that we have
TA,) =1s  T(lw) =1y (4.23)
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Remark 4.3.11. The set P[a] is a W-orbit in P(®). It is a union of W-orbits
and each of them contains a unique e-anti-dominant weight. By definition,
the weight 1, € Pla] is e-anti-dominant. However, there is no canonical way
to choose 1,. In the case k = 0 we need to change our convention and to set
1a = (0%, 1% ... (e — 1)%-1). This change is necessary to have (4.23).

First, assume that = N and v = (1,1,--- ,1). In this case we will omit
the upper index v.
Lemma 4.3.12. There is an equivalence of categories OE: Our — Oﬁﬁ

such that GE(AE\?) ~ A%o‘). It restricts to an equivalence of categories

. HA A
0fi: 0% — 02,

Proof. For each n € Z the weight (1) is e-anti-dominant. Let Opn(1,) r C
O, r be the Serre subcategory generated by the Verma modules of the form
A%wn(l*‘) with w € W. We have

OUaR = @ Oﬂ'n(lu)vR'
nez
The weights 7" (1,) € P(©) and 7"(1z) € P**1) have the same stabilizers in
W. Thus by [19, Thm. 11] (see also [53, Prop. 5.24]) we have an equivalence
of categories

~ wr™(1,) wn™ (1) s
Oﬂ'”(l’u),R —= Oﬂ'n(lﬁ),ﬁ’ AR " — AE H V’w S W
Taking the sum by all n € Z we get an equivalence of categories
08 Our~Oyg AR o AU vy e W,
Recall that we have Y(1,) = 1. Thus by W-invariance of T we get
AN T(A
or(AR) ~ AT v € Plyl.
O
Remark 4.3.13. Notice that [19] yields an equivalence of categories over a
field. It is explained in [53] how to get from it an equivalence of catego-
ries OI%. First, comparing the endomorphisms of projective generators one
gets an equivalence of the abelian categories Og. Then, comparing the hi-
ghest weight structure in both sides, we deduce an equivalence of additive
categories OI%.
The equivalence 05 restricts to equivalences OZ? R~ O% 7 and OZ’JA% ~

Og’é for each parabolic type v, see [53, Sec. 5.7.2]. We will also call this

—_ /
equivalence 6f,. We obtain equivalences of categories (9% : Og, 7 OZ, r and
' A A . - ’

(9;, : O;’/ 5 ™ O:’,’ r in a similar way.
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Conjecture 4.3.14. There are the following commutative diagrams

v,A Fy v,A Fk-&-l —v,A
O — Ongs — O,%
/'Lv M bl M ?
or oL

%
v,A v,A
OMR P . Ou’yR
and B _
v,A Ey v,A Ery1 OV,A
s Ywr — YuEw
H, [ 1228
—
o0 o -
v,A v,A
OmR By Ou’,R

4.3.7 The commutativity in the Grothendieck groups

We have the following commutative diagram of vector spaces

A
0" |5l —— AUenn

5,07 | |

[OTSR] /\VUG )

where the horizontal maps are respectively the isomorphisms of ET[e—modules
and slcyi-modules from Proposition 4.3.10 (e), the right vertical map is
given by the injection U, — Ugy1 in Section 4.3.3. Moreover, the right
vertical map is a morphism of sl.-modules where A"Ue4q is viewed as an
sle-module via the inclusion sl, C sle41 intro~duced in Section 4.3.3. Thus

D00 : [OZ’S‘R] — [OZ’GA_ 1,ﬁ] is a morphism of sl.-modules which intertwines

e [E,] with [E,], [F]with [F,]ifr e [1,k—1],

o [Ek] with [EkEk+1] - [Ek+1E£:|7 [Fk] with [Fk-Jrle] - [Fka+1],

e [E,] with [F,41], [Fy] with [Fryq]ifrek+1,e—1].
In particular, we see that the diagrams from Conjecture 4.3.14 com-
mute at the level of Grothendieck groups. Since there is no good
notion of projective functors in the affine category O, this is not
enough to prove our conjecture.

4.3.8 Partitions

A partition of an integer n > 0 is a tuple of positive integers (A1, -, Ag)
such that Ay > Ay > --- > A and Zle At = n. Denote by P, the set of
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all partitions of n and set P = [[,,cn Pn- For a partition X = (Ag,---, )
of n, we set |[\| = n and ¢(\) = s. An [l-partition of an integer n > 0 is
an I-tuple A = (A\!,--- , \!) of partitions of integers ny,--- ,n; > 0 such that
Zizl n¢ = n. Let P!, be the set of all I-partitions of n and set P! = en PL.

A partition A can be represented by a Young diagram Y (A) and an
l-partition A = (A,---,A!) by an I-tuple of Young diagrams Y (\) =
(Y(/\l)v e 7Y<)‘l))'

Let A € P! be an [l-partition. For a box b € Y()) situated in the ith
row, jth column of the rth component we define its residue Res,(b) € I as

vy 4 j —i mod e and its deformed residue Res, (b) € I as (v, +j —i,7). Set

Res,(\) = Y Gnes,0) € Q. Res,(\) = Y gz ) € QF.
bEY (N beY (\)

Now for o € QF and & € ij set

PL={Ae P Res,(\) =a}, PL={reP Res,(\) =a}.

This notation depends on v. We may write Pé,y and Pé ., to specify v. We
have decompositions

Pi= p 7. P.= ¢ P

a€Q]f Jal=d aeQt me(@)=a

4.3.9 The category A

Let P% C P} be the subset of the elements A = (AL,--- , \!) such that
(X)) < v, for each r € [1,1]. We can view A as the weight in P given by

()\%7 .. 7)%()\1)’ 0m1—€(/\1)7 )\%7 .. 7)\2()\2)’ Omz—é(,\Q)7 - 7)‘117 e Aé()\l), Omz—é(/\l)).

Then, we set w(A\) =X —p+ p, in P.

Definition 4.3.15. Let Al,[d] C O”, g be the Serre subcategory generated
by the modules A(w(A))r with A € PY, see Section 4.3.1. Denote by A?{’A [d]
the full subcategory of A-filtered modules in A';[d].

We abbreviate A[A]r = A(w(A))g. The restriction of the functor F' to
the subcategory A% [d] yields a functor A%[d] — A'L[d 4 1]. However, it is
not true that E(A%[d+ 1]) C A%[d]. Nevertheless, we can define a functor
E: A%[d+1] — A¥[d] that is left adjoint to F': A%[d] — A% [d+ 1], see [53,
Sec. 5.9].

There is a decomposition A%[d] = P acQ Jal=d A la], where A% o] is
the Serre subcategory of A% [d] generated by the Verma modules A[A] g such
that A\ € P,. The functors F, F admit decompositions

E=PE, F=PF

el el
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such that for each o € Q}L and 7 € I we have

Ei(Agle]) C Agla—ail,  Fi(Ag[a]) C ARla + ai].

4.3.10 The change of level for A

For A1, A2 € P we write \y > Ao if (A1), = (A2), for each r € [1, N].
Here, (A;), is the rth entry of A; for each r. We identify QQ; with a sublattice
of X}s via the map ¢° defined in Section 4.2.1.

Lemma 4.3.16. (a) For each A1, Ay € P we have wtd (A1) — wtd(\2) € Q.
(b) If we also have A\ < A2, then wtd(A\1) — wtd(A\2) € Q.

Proof. Tt is enough to assume that we have \; = Ay — ¢, for some r € [1, N].
In this case we have wt(\;) — wtd(\2) = a;, where i € I is the residue of
the integer (A1), modulo e. O

Let us write () for the empty l-partition. Note that A[)]p = A% is the

—_—

Verma module of highest weight p, — p. Since, p, lies in P[wt.(p, )], we have
Al0lr € Oy, (), r- More generally, fix an element o = 37, dicv; in Q.
Put p = wte(py) — o € X1. See [53, Sec. 2.3] for the definition of a highest
weight category over a local ring. The following proposition holds, see [53,
Sec. 5.5].

Proposition 4.3.17. The category A's[a] is a full subcategory of OZ,R that
s a highest weight category.

For A € P} let P[\|g, V[A|g and T[] be the projective, costandard
and the tilting objects in A',[d] with parameter A, see [53, Prop. 2.1].

Set @ = 6(0) € Qr, 1= (1) € X7 and f = wtd, () — Wt 11 (T(5,)).
By Lemma 4.3.16, we have § € Q}'.

Proposition 4.3.18. The equivalence of categories 0); takes the subcategory
A%la] of OZ R lo the subcategory AVE[/B +a] of O%E' X

Let the map ¢: Q; — Q7 be as in Section 4.2.2 (see also Section 4.2.8)
and T be as in (4.9). First, we prove the following lemma.

Lemma 4.3.19. If A\, X € P, then
Wl 1 (T(A1)) = wtgy (T(A2)) = d(wtl (A1) — wtd(Ao)).

Proof of Lemma 4.5.19. It is enough to prove the statement in the case when
we have A\; = Ay — ¢, for some 7 € [1, N]. In this case we have wtJ(\;) —
wtd(\2) = v, where 7 is the residue of (A1), modulo e. If i # k then we have
wtl,  (T(A\1)) —wtd,  (T(N2)) = @y = ¢(c;), where i’ is as in (4.4). If i = k
then we have th+1(T(A1)) — th+1(T()\2)) =+ 01 = qﬁ(ak) ]
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Proof of Proposition 4.3.18. By definition, A%[a] C O, p is the Serre sub-
category of OZy p generated by Aj\% such that the weight A € P¥ satisfies
A > p, and wtd(p,) — wtd(\) = . Here > is the order defined before
Lemma 4.3.16. B

As 0/,(A%,) is isomorphic to Ag/\), Lemma 4.3.19 implies that 6/, (A% [a])
is the Serre subcategory of Og r generated by A% for A € PY such that
A= T(p,) and wtl, (T(py)) — Wt (A) =@

Moreover, for each module A% € O;R’
that are congruent to k£ + 1 modulo e + 1. Then ) satisfies A > p, if and
only if it satisfies X > Y (p,). We have wtd;(p,) —wtd,(T(p,)) = B. Thus

0l/(A%[a]) is the Serre subcategory of O? & generated by the modules A%

the weight A has no coordinates

— . I, _
where A runs over the set of all A € P” such that A > p, and wt2+1(py) _
thH(X) = a + . This implies HE(A%[Q]) = A%[a + 8]. =

4.3.11 The category A

From now on, to avoid cumbersome notation we will use the following
abbreviations. First, for each a € Q;f we set

ARla] = AZlB+a],  Agld = @ ARld], % = D ARld.

|a|=d deN
Next, we define the endofunctors Ey, -+, Fe_1, Fy, -+, Fo_1 of AE’A (or of
% is R is a field) by

Fy=Fy o Fyo1 = Fiq F, = F 1 Fy,

AQA’. AEA, AlIIéA’
Fry1 = Fryo avdy s ey = F. AT (4.24)
By = EO‘A;;A’ By = By AZAS Ep = EFr AGAS
Ek—i—l = Ek+2 AEA7 ce ,Ee,1 = Ee AQA.

By definition, we have Ei(AléA [a]) C A;’%A [ — o] and Fi(Al;%’A [a]) C
A’é’A [a + ;). Consider the endofunctors £ = ,.; E; and F' = @, F; of
A2 We have B(A%R[d]) € A% d — 1] and F(A%Rd]) € A% d + 10,

Let 0,: Ahla] — A%[a] be the equivalence of categories in Proposition
4.3.18. Taking the sum over a’s, we get an equivalence §: A% — A% and an
equivalence 04: A% [d] — A% [d]. Moreover, we have the following commuta-
tive diagram of Grothendieck groups

v,A F; v,A
[ART] —— [AR7]

0l el (4.25)
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see Section 4.3.7.
For A € Pl we set A[Ng = Agp RS Al[d]. By construction we

have 04(A[NR) ~ A[Ng. Let Pr[\], Vg[A] and Tr[A] be the projective, the
costandard and the tilting object with parameter A in A%[d].

4.3.12 The categorical representation in the category O over
the field K
In this section we compare the categorical representation in OY, ;- with

the representation datum in OZ’?R introduced above. First, for each A € P
we define the following weight in X Iir

l vit-+vp

“/RE(A) = Z Z g()\t,r)

r=1 \t=vi+-+vr_1+1

For 1 € le let OEK be the Serre subcategory of O”, - generated by

the Verma modules A% such that wte(A\) = 7i. This decomposition is a
refinement of the decomposition O¥ oK = D LEX] OZ’ x introduced in Section
4.3.6. More precisely, we have

OZ"K - @ Ol%?K‘
peX me(m)=p

Similarly, there are decompositions

E=PE, F=@F (4.26)

jel jel
such that Ej and Fj map Op k to Opig, k and Op_g, k respectively. We
set
E= P E. F= H F
el me(j)=i jelme(j)=i

We have commutative diagrams

v,A E; v,A v,A F; v,A
Ofe,R Ofe,R Ofe,R Ofe,R
K®R.l K®R0l K®R.l K®R.J{
v,A E; v,A v,A F; v,A
O—e,K O—e,K’ O—e,K O—e,K'

For each element a € Q;I let A% [a] be the Serre subcategory of A%

generated by the Verma modules A[\]x such that A € PL . Similarly to
Section 4.3.9, we have

Ej(Akla]) € Akla —aj],  Fj(Akla]) € Ak[a+a;].
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See [53, Sec. 7.4] for details.

Similarly, for j € I we can define the endofunctor Ej, F; of the categories
OZ@_LF and Az.

The decomposition Af[a] = D, (5= Akla] yields a decomposition
Ak le] = Dy, (5)=a Ak [a]. We also consider the endofunctors Ej, Fj of Aj

such that for j = (a,b) € I we have the following analogue of (4.24):

b ?(T(a),b)&% if me(j) # k,
! Ea@nEa@iinlyy, iEmeli) =k,
. ?(T(a),b) Ay if me(j) # k,
! For@mnE @l g 1 mell) =k

We have Ej(AY%[a]) C Ao — o] and Fj(A%[a]) C A% [a + ;.

4.3.13 The modules T, r, Ty r

Consider the module To g = Fo(A[d]g) in A%lal and the module
To.r = Fo(A[D)g) in A%[a]. The commutativity of the diagram (4.25) im-
plies that we have the following equality of classes [0n(Tw.r)] = [Tar) in
[A%]. The modules Ty g € A%la] and To g € A%l are tilting because
Al0lr € A%[0] and A[d]g € A%[0] are tilting and the functors F and F
preserve tilting modules, see [53, Lem. A.23, Lem. 5.16 (b)]. Since a tilting
module is characterized by its class in the Grothendieck group, we deduce

that there is an isomorphism of modules
ea(Ta,R) = TQ,R- (4.27)

From now on, we assume that v, > |a| for each r € [1,!]. Consider the
weight

l
Ay:=) A, €Pr (4.28)
r=1

We may abbreviate A = A,. Assume that R = k. The following result is
proved in [53, Theorem 5.37].

Proposition 4.3.20. The homomorphism Ry x — End(Fo(A[0]k))°P indu-
ced by the categorical representation of sl. in Oﬁe’k yields an isomorphism
Yak: R&k ~ End(To k). O

Consider the category C = O Now we must construct a similar

—e—1k’
isomorphism @a,k: ng ~ End(Tx)° coming from the sl.i-categorical

representation in C.
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Lemma 4.3.9 yields a categorical representation of ;[e in a subcategory
C of C. As we have A[D|r € C, there is an algebra homomorphism

Rax — End(T o). (4.29)

Lemma 4.3.21. The homomorphism (4.29) factors through a homomor-
phism RA L — End(T,x)°P.

Proof. The statement follows from Lemma 4.3.22 below applied to M =
A0 O

Lemma 4.3.22. Let C = @ueXI C. be a categorical representation of gr
over k. Let M € C such that there are non-negative integers t; fori € I such
that

e End(M) ~k,

° EZFz(M)ﬁMGBtZ, Viel.
Then, for each d € N, the homomorphism Ry — End(F4(M))°P factors
through the cyclotomic quotient with respect to the weight Y, ;ti\;.

Proof. Tt suffices to prove the statement for d = 1. By adjunction we have
the following isomorphisms of vector spaces

Hom(F;(M), F;(M)) ~ Hom(E; F;(M), M) ~ Hom(M, M)®" ~ k.

The image of x in End(F;(M)) is nilpotent. Thus it must be killed by the
tith power because dim End(F;(M)) = t;.
O

Remark 4.3.23. The lemma above admits the following equivalent version.
Let C = @“e Xg C, be a categorical representation of gz over k. Let

M € C be an object such that there are non-negative integers t; for i € &
such that t; is non-zero only for finitely many ¢ and

e End(M) ~k,

[ ] EZFZ(M)ZMG%Z, VieZ.
For each d € N, the homomorphism Hgy(q) — End(F%(M))°P factors
through the cyclotomic quotient Hg?k(q), where () is a tuple of elements
of .Z such that () contains ¢; copies of the element i for each i € .%.

Now we are going to prove that the algebra homomorphism Ea,k
constructed in Lemma 4.3.21 is an isomorphism. To do this, we will use
a deformation argument. Recall from Corollary 4.2.18 that the cyclotomic
KLR algebra ng is isomorphic to the cyclotomic Hecke algebra H g7k(§6).

We will use the algebra H}, ;(ge) as an R-version of Rg\’k.
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Remark 4.3.24. The homomorphism H, %(qe41) — End(ﬁd(Z[@]R))OP co-
ming from the representation datum structure commutes with base changes
k ®@p e and K ®p e, see [53, Prop. 8.14].

Lemma 4.3.25. For each d € N the homomorphism H;5(qey1) —

End(?d(Z[Q]R))Op extends to the algebra ﬁd7§(qe+1) in such a way that the
idempotent e(i) goes to the projector to Fi(A[D]r) for each i.

Proof. We must prove that for each i € T we have the following.

(a1) The element (X, — X;)e(i) € H;z(ge+1) acts on Fi(A[0]g) by an
invertible operator for each r # t such that i, # .

(a2) The element (ge+1X; — Xi)e(i) € Hyg(get1) acts on Fi(A[d]g) by
an invertible operator for each r # t such that i, + 1 # 4;.

To prove this we need the following standard lemma.

Lemma 4.3.26. Let M be an R-module. Let ¢: M — M be an endomor-
phism of M.

(a) If M is finitely generated over R and the endomorphism k¢ of k@ p M
18 surjective then ¢ is surjective.

(b) If M is free over R and the endomorphism K¢ of K®@prM is injective
then ¢ is injective. ]

We have a commutative diagram
Hy(Cey1) —— End(F(A0]))
Hy7(ges1) —— End(F'(A0]r))

Hy7(ger1) —— End(F(A0]x))P

op
op

By Remark 4.3.6 the top and the bottom vertical homomorphisms extend
to homomorphisms

ﬁd,E(CSJrl) — End(Fd(Z[@]k))Op

and

~

H,7(ge+1) — End(F(A[0]x))°P.

In particular the elements from (a1) and (a2) go to elements of H, g (Cet1)
and H,; 7(ge+1) that act on Fi(A[0]k) and F;(A[0]x) by invertible operators.
To conclude we apply Lemma 4.3.26 to each weight space of the R-module
Fi(A[0)g) (that is a free R-module of finite rank because F;(A[()]g) is tilting
by [53, Lem. A.23, Lem. 5.16 (b)]). O
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The homomorphism H aF(der1) — End(ﬁd(A[@] r))°? from Lemma
4.3.25 yields a homomorphism ﬁa7§(qe+1) — End(Fz(A[0]r))° for each

a € QF . Consider the sum e = Zielad e(i) in _ﬁaﬁ(qe+1). We get an alge-
bra homomorphism
e 7(ges1)e — End(Tq p) (4.30)

because To g = @ielfrd Fi(A[0)R)-
Lemma 4.3.27. The homomorphism (4.30) factors through @aﬁ(qe+l).

Proof. We can construct a K-linear version eﬁaf(qeﬂ)e — End(T 4 x)°P
of the homomorphism (4.30). It factors through a homomorphism
SH_7(ge+1) — End(Ta,kx)° because Fj(A[0]x) = 0 for each j € Ig.

Here we set
a Ta
Iun - H Iun'
aGQ}t,ﬂe+1(&):a
Moreover, we have a commutative diagram

~

eHaﬁ(qu)e —— End(T4.r)°P

J l (4.31)

e 7(ger1)e — End(Tq k).
By definition, the kernel of the homomorphism

e 7(get1)e = SH; 7(ge+1)

is the intersection of the kernel of the homomorphism

~

el 7 (get1)e — gﬁaf(%ﬂ)

with eﬁaﬁ(qeﬂ)e. This proves the statement because the right vertical map
in (4.31) is injective because the module T, g is tilting. O

Composing the homomorphism SH ~7(get1) = End(To,5)°P in Lemma
4.3.27 with the homomorphism ®, r in Lemma 4.2.21 yield an algebra ho-
momorphism

ﬁa,R(Qe) — End(Ta,R)op (432)

Note that there is a surjective algebra homomorphism fImR(qe) —
H, 1(ge) (see also Corollary 4.2.18).

Lemma 4.3.28. The homomorphism (4.32) factors through a homomor-
phism v, g: H&R((Ie) — End(T,r)°P.
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Proof. The proof is similar to the proof of Lemma 4.3.27. The K-linear
version I;T@K(qe) — End(T4 k)°P of this homomorphism factors through
the cyclotomic quotient HY ,(g.) by Remark 4.3.23. Then we deduce the
statement from the commutvativity of the following diagram

~

Hz r(ge) —— End(T4 r)°P
| |
a,K

(Ge) —— End(TayK)Op.

~

O]

The algebra homomorphism @m r in Lemma 4.3.28 is an R-linear version
of the homomorphism Ea,k in Lemma 4.3.21.

4.3.14 The proof of invertibility

The goal of this section is to prove that the homomorphism @a, R in
Lemma 4.3.28 is an isomorphism.
Consider the functors

vr: Albla] — mod(H&R(qe)), M — Hom(T, g, M),
v A%la] — mod(H&R(qe)), M — Hom(TmR,M),

o

where Hom(To,g, M) and Hom(T'a g, M) are considered as Hy p(qe)-
modules with respect to the homomorphisms 1, g and EOK’ R-

Let us abbreviate ¥ = ¥¥ ¥ = @Z Tr = Th,r and Tgr = TQ,R- We
may write U, Ug to specify the ring R. For A € P, , denote by S[A]g the
Specht module of HY, p(qe). We will use similar notation for k or K instead
of R. See also [53, Sec. 2.4.3].

Lemma 4.3.29. (a) The homomorphism i), x : HY 1 (ge) — End(T )P is
an isomorphism.
(b) For each \ € P}

o,V

we have W(A[Nk) ~ S[\k-.

Proof. First, we prove that the homomorphism Ea, K 18 injective. The alge-

bra Hj x(ge) is finite dimensional and semi-simple. Its center is spanned by
the idempotents e(a) such that a € Q;I and me(@) = a. The idempotent
e(a) acts on Tx = F,(A[l]x) by projection onto F5(A[d]x). Thus, to prove
the injectivity of ¢, we need to check that F5(A[0]x) is nonzero whe-
never e(q) is nonzero. Similarly to the argument in Section 4.3.7, we see
that the equivalence 0: A% ~ A% yields an isomorphism of Grothendieck
groups [A%] ~ [AY%] that commutes with functors F;. Thus the module
F5(Al0]k) € A% is nonzero if and only if the module F5(A[0]x) € AY is
nonzero. By [53, Prop. 5.22 (d)], the module F5(A[l]x) € A% is nonzero

whenever e(a) is nonzero. Thus ¢, f is injective.
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Thus it is also surjective because
dimg HY, (ge) = dimg End(Tx )P = dimg End(T'x )P,

where the first equality holds by [53, Prop. 5.22 (d)] and the second holds
by (4.27). This implies part (a).

The discussion above implies that Tk contains each A[Nx, A € P, as a
direct factor. In particular Tk is a projective generator of A% [a]. Thus U
is an equivalence of categories. It must take A[\ i to S[\]x because S[\]x
is the unique simple module in the block mod(Hg ; (ge)) of mod(Hy, x(ge))-

O

Lemma 4.3.30. (a) The homomorphism v, i : HY, p(qe) — End(TR)P is
an isomorphism.
(b) For each \ € P

a,v

we have W(A[NR) ~ S[\|g.

Proof. Consider the endomorphism u of H, p(ge) obtained from the follo-
wing chain of homomorphisms

—1

v EaR e o 9;1 o waR v
u: Ha7R(QG) — End4v(Tr)°® = Endar(TR)® — Ha’R(qe).

The invertibility of Eaﬁ is equivalent to the invertibility of w. By [53,
Prop. 2.22] to prove that w is an isomorphism it is enough to show that
its localization Ku: HY ;-(qe) — HY j(qge) is an isomorphism and that
Ku induces the identity map on Grothendieck groups [mod(H, 5 (ge))] —
[mod(H, j(ge))]- The bijectivity of Ku follows from Lemma 4.3.29 (a).
Now we check the condition on the Grothendieck group. We already
know from [53, Prop. 5.22 (c¢)] and the proof of Lemma 4.3.29 that Uy and
W are equivalences of categories. Thus, by semisimplicity of the categories
A% lal, A%la] and mod(H/, j(ge)), we have an isomorphism of functors
Uy ~ Uk o0, because Wy (M) ~ Wk o 0, (M) for each M € A% |a]. This
implies that Kwu is the identity on the Grothendieck group. This proves part

().
Part (b) follows from Lemma 4.3.29 and the characterization of Specht
modules, see [53, Sec. 2.4.3]. O

Remark 4.3.31. There is no reason why the automorphism w: HY p(ge) —
Hy r(ge) in the proof of Lemma 4.3.30 should be identity. Because of this the
functor ¥ has no reason to coincide with ¥ o#6,,. However the automorphism
u of H} p(ge) induces an autoequivalence u* of mod(Hy, p(ge)) such that we
have

U =1u*oWol,. (4.33)

Now, specializing to k, we obtain the following.
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Corollary 4.3.32. (a) The homomorphism v,y : R&k — End(Ty)°P is an
isomorphism.
(b) For each \ € P}

a,v

we have Uy (A[Nk) ~ S[\k- O

4.3.15 The rational Cherednik algebras

Let R be a local commutative C-algebra with residue field C. Let W be
a complex reflection group. Denote by S = S(W) and A the set of pseudo-
reflections in W and the set of reflection hyperplanes respectively. Let b be
the reflection representation of W over R. Let ¢: S — R be a map which is
constant on the W-conjugacy classes.

Denote by (e, e) the canonical pairing between h* and h. For each s € S
fix a generator o € h* of Im(s . 1) and a generator & € b of Im(s‘b -1)
such that (as, ds) = 2.

Definition 4.3.33. The rational Cherednik algebra H.(W,§)p is the quotient
of the smash product RW x T'(h @ h*) by the relations

[xvxl] =0, [y,y’] =0, [y,x] = <x,y> - ch<a57y><xvds>3,
seS

for each x,2' € b*, y,y' € h. Here T'(e) denotes the tensor algebra.

Denote by O.(W, h) g the category O of H.(W,bh)g, see [23, Sec. 3.2] and
[53, Sec. 6.1.1]. Let E be an irreducible representation of CW.

Definition 4.3.34. A Verma module associated with F is the following mo-
dule in O.(W,b)r

HC W7
Ap(E) = Indgi 08 (RE).

Here each element x € h acts on RE by zero.

The category O.(W,h)g is a highest weight category over R with stan-
dard modules Ag(E).

We call a subgroup W’ of W parabolic if it is a stabilizer of some point of
b € b. In this case W' is a complex reflection group with reflection represen-
tation b/ hW/, where hW/ is the set of W’-stable points in h. Moreover, the
map c¢: S(W) — R restricts to a map c¢: S(W') — R. There are induction
and restriction functors

OmmdlV,: O.W /8" Vg = O.(W,0)r, CResli: O(W,5)r — O(W’,b/5" )R,

see [7]. The definitions of these functors depend on b but their isomorphism
classes are independent of the choice of b.
The following lemma holds.

Lemma 4.3.35. Assume that W' and W' are conjugated parabolic sub-
groups in W. Let P € O.(W,h)r be a projective module. Then the following
conditions are equivalent
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e the module P is isomorphic to a direct factor of the module
OndW, (P') for some projective module P' € O.(W',h/6" ),

e the module P is isomorphic to a direct factor of a module
OtndW.,(P") for some projective module P" € O.(W" 5/5"" ) g.

Proof. Let w be an element of W such that wW/w=! = W”. The conju-
gation by w yields an isomorphism W’ ~ W”. Hence, the element w takes
bW’ to h™". Thus we get an isomorphism of algebras H.(W', /b ) ~
H.(W" /6" g and an equivalence of categories O.(W’,5/6" g ~
O(W", /""" ) g. Moreover, the conjugation by w yields an automorphism
t of H.(W,h)g such that for each x € b*, y € h, u € W we have

t(r) =w(x), ty)=w(y), tu)= wuw L.
The following diagram of functors is commutative up to equivalence of func-
tors

O.W,h)r  +——  OW,h)g

OInd%,T Olndw,,T

Oc(W', 5/6W ) +—— O(W",5/6%" )R

To conclude, we only need to prove that the pull-back ¢* induces the
identity map on the Grothendieck group of O.(W,h)r (and thus it maps
each projective module to an isomorphic one). This is true because t* maps
each Verma module A(E)p to an isomorphic one because the representation
FE of W does not change the isomorphism class when we twist the W-action
by an inner automorphism. O

4.3.16 The cyclotomic rational Cherednik algebra

From now on, we assume that R is either a local analytic deformation
ring in general position of dimension < 2 or a field. Let k and K be its
residue field and the field of fractions respectively.

Let T' ~ Z/IZ be the group of complex Ith roots of unity and set 'y =
Gy x I'Y. For v € T, r € [1,]] denote by ~, the element of T'? having -y
at the position r and 1 at other positions. Let s,.; be the transposition in
G4 exchanging 7 and t. For v € T, r,t € [1,1] set 5], := srayryy L € T
From now on we suppose that the group W is I'q and h = R? is the obvious
reflection representation of I'y. Assume also that h,hq,---,hj_1 are some
elements of R and set h_y = h;_1. Let us chose the parameter ¢ in the
following way

c(sﬂ’ )=—h for each r,t € [1,t], r #t, v €T,

1
c(y) = -5 Zy_p(hp — hp-1) for each r € [1,1], vy €T, v # 1.
p=0
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Let v1, -+, be as above. We set
h=-1/k  hpy=—=(Vps1+7p1)/6 —p/l, pe[Ll-1].

Let us abbreviate O%[d] = O.(T4q,R%)g. Consider the KZ-functor
KZy: O%ld] — mod(H p(ge)) introduced in [53, Sec. 6]. Denote by *Ofp|d]
the category defined in the same way as O%[d] with replacement of
(v1,--+,1) by (—y,-++ ,—v1) and (11,---,7) by (=7, -+, —71). Similarly,
denote by *H} ;(qe) the affine Hecke algebra defined in the same way as
HY (qe) with the replacement of parameters as above. There is also a KZ-
functor *KZ4: *O%[d] — mod(* HY 5(qe))-

The simple CI'g-modules are labeled by the set P}. We write E()\) for
the simple module corresponding to A. Set A[A|g = A(E(A))g. Similarly,
write P[A]r and T'[A]g for the projective and tilting object in O%[d] with
index A.

The category *O%|d] is the Ringel dual of the category O%d], see [53,
Sec. 6.2.4]. In particular we have an equivalence between the categories of
standardly filtered objects %Z: *O%[d]® — (O%][d]*)°P. Let proj(R) be the
category of projective finitely generated R-modules. There is an algebra
isomorphism

v Hyplge) = CHER(g), Tr = =g T X e X070,
see [53, Sec. 6.2.4]. It induces an equivalence
R = (") mod(* HY (0)) 1 proj (R) — (mod(HY p(qe)) N proj(R))*,

where oV is the dual as an R-module. By [53, (6.3)], the following diagram
of functors is commutative

“Opld) —= (O [d)2)er
*KZQ Kz;l (4.34)
mod(*Hy p(ge)) N proj(R) _#n (mod(H r(ge)) N proj(R))°P.

Lemma 4.3.36. Assume that d = 1. For each l-partition of 1 X\ we have an

14

isomorphism of HY p(qe)-modules KZi(P[A|r) = V(T[N ).

Proof. The proof is similar to the proof of [53, Prop. 6.7]. The commutativity
of the diagram (4.34) implies

KZ{ (PN ) = KZ (Z(TIN R)) = 2 ("KZ (TN ).

To conclude, we just need to compare the highest weight covers Zp o
*KZ{ and ) of HY 4(gc) using Lemma 4.3.29 (b) and [53, Prop. 2.21].
O
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Let OJr be the affine parabolic category O associated with the parabolic
type con51st1ng of the single block of size 11 +- - - +1;. We define the categories

AL[d], A%L[d] and OF[d] similarly. In this case we will also write the upper
index + in the notation of modules and functors (for example AT [A]g, Toz >
KZ7, etc.) Let also HC'ZR(qe) be the cyclotomic Hecke algebra with [ = 1. It
is isomorphic to the Hecke algebra of &.

We can prove the following result.

Lemma 4.3.37. For each A € Pi we have KZF (Pt [\|g) ~ @;(TJF[)\]R).

O]

Proof. Similarly to the proof of Lemma 4.3.36 we compare the highest weight
covers Zy o *KZ7 and @; of H;R(qe) using Lemma 4.3.29 (b) and [53,
Prop. 2.21].

O

Denote by Indd” the induction functor with respect to the inclusion
H;R(qe) C Hj R(qe). We will also need the following lemma.

Lemma 4.3.38. Assume v, > 2 for each r € [1,1]. Assume also that e >
2. For each X\ € P} there exists a tilting module T\ r € A%[2] such that

Uy (T ) ~ Ind3" (T (T [\R)).

Proof. Set AT = (2), A= = (1,1). We have (. # —1 because e > 2. In
this case the algebra H. () is semi-simple. The category A;[2] is also
semi-simple. This implies

Ty~ AN |r® AN Jp = T\ ]p & TIA k.

By definition, we have Uy (T z) = Hy p(ge) and Wy (T,r) = HY p(gc). This
implies
Wy (Ta,p) ~ Ind3", (W5 (T ).

By the proof of [53, Prop. 6.8], the functor ¥4 takes indecomposable factors
of T p to indecomposable modules. Thus, by (4.33), the functor Uy takes
indecomposable factors of Tz r to indecomposable modules. Thus there is
a decomposition To g = TH,R @ T,\_ﬁ such that T)\+7R, TA—,R satisfy the
required properties.

O

4.3.17 Proof of Theorem 4.1.4

In this section we finally give a proof of over main result.
A priori there is no reason to have the following isomorphism of functors
0¥ ~ W 0f,. However, we can modify the equivalence ,, to make this true.
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For di < dy we have an inclusion Hj p(q) C HJ, p(ge). Let

Indgf: mod(Hy, r(¢e)) — mod(Hy, p(ge)) be the induction with respect
to this inclusion. The following lemma can be proved similarly to [53,
Lem. 5.41].

Lemma 4.3.39. Assume that v, > d for each r € [1,1]. Then the following
diagram of functors is commutative.

A [d] s Ad+ 1)
@;l afml
d+1

mod(H p(ge)) —— mod(Hy,, p(¢))
0

For a partition A denote by A\* the transposed partition. For an [-partition
A= (A1, -, ) set A = ((A)*, -+, (A1)¥). There is an algebra isomorphism

IM: H p(qe) = *Hy p(qe), Tr > —qeT7t, Xp = X7,

see [53, Sec. 6.2.4]. Let IM™: mod(*H r(ge)) — mod(H r(ge)) be the in-
duced equivalence of categories. We have

IM*(S[\*]r) ~ S[A]g. (4.35)
The following proposition is proved in [53, Thm. 6.9].

Proposition 4.3.40. Assume that v, > d for each v € [1,1]. Then there
is an equivalence of categories vq: *OR[d] ~ AL[d] taking A[XN|r to A[N]R.
Moreover, we have the following isomorphism of functors W% o vq ~ IM* o
*KZy.

Now, we prove a similar statement for A%[d]. For each reflection hyper-

plane H of the complex reflection group I'y let Wy C I'y be the pointwise
stabilizer of H.

Proposition 4.3.41. Assume that v, > d for each r € [1,1] and e > 2.
There is an equivalence of categories 7,: *ORld] ~ AL [d], taking AN|g to
A[Ng. Moreover, we have the following isomorphism of functors @; 0,
IM* o *KZY.

Proof. The proof is similar to the proof of [53, Thm. 6.9]. We set C = *O';[d],
C' = A%d]. Consider the following functors

Y:C — mod(Hy glge)), Y =IM"o"KZy,
Y': ' — mod(Hj z(ge)), Y'= v

By [53, Prop. 2.20] it is enough to check the following four conditions.
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(1) We have Y (A[N]g) ~ Y'(A[\r) and the bijection A[AN*|r — A[A|R
between the sets of standard objects in C and C’ respects the highest
weight orders.

(2) The functor Y is fully faithful on C* and CV.

(3) The functor Y is fully faithful on C'* and C'V.

(4) For each reflection hyperplane H of I'; and each projective module
P € O(Wpy)gr we have

KZ4(CIndyd P) € F/(C"M).

It is explained in the proof of [53, Thm. 6.9] that condition (4) announced
here implies the fourth condition in [53, Prop. 2.20].

We have Y (A[M]g) ~ Y/'(A[Ng) by Lemma 4.3.30 (b), [53, Lem. 6.6]
and (4.35). The composition of the equivalence 64: A%[d] — A%[d] with
the equivalence y4: *O'%[d] ~ A% [d] yields an equivalence of highest weight
categories C ~ C’ that takes A[A\*]g to A[\|g. This implies (1).

Condition (2) is already checked in [53, Sec. 6.3.2].

The functor V% is fully faithful on AEA [d] and Agv [d] by [53,
Thm. 5.37 (c)]. Thus the functor ¥} is fully faithful on A% [d] and A%" [d]
by (4.33). This implies (3).

Let us check condition (4). There are two possibilities for the hyperplane
H.

e The hyperplane is Ker(y, — 1) for r € [1,d]. By Lemma 4.3.35, we
can assume that H = Ker(y; — 1). By Lemma 4.3.36 there exists a
tilting module T € A%[1] such that KZY(P) ~ ¥} (T). We get

KZ(CIndyg P) ~ Ind{(KZ{(P)) ~ Ind{ (T} (T)) ~ Uy(F*(T)).

Here the first isomorphism follows from [53, (6.1)], the third isomor-
phism follows from Lemma 4.3.39.

e The hyperplane is Ker(sz’t — 1) for r,t € [1,d], v € I'. By Lemma
4.3.35, we can assume that H = Ker(s;2). By Lemma 4.3.37 there
is a tilting module T € A%[2] such that KZj (P) ~ @;(TJF).
By Lemma 4.3.38 there is a tilting module T € A%[2] such that
Indgzi(@;(TJr)) ~ Uy (T). Thus we get IndgziKZ;(P) ~ Uy (T).

We obtain

v T d,V d,l/ TV v — 2/
KZd(OIndw}lHP) o~ Ind27+(KZ;’(P)) ~ Indy’, (V5 (1)) = WY (F2(T)).

Here the first isomorphism follows from [53, (6.1)], the third isomorphism
follows from Lemma 4.3.39. O

Now, composing the equivalences of categories in Propositions 4.3.40,
4.3.41 we obtain the following result.
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Corollary 4.3.42. Assume that v, > d for each r € [1,1] and e > 2. There
is an equivalence of categories 6: AY[d] ~ A%[d] such that we have the
following isomorphism of functors @Z 00, ~ WY, 0

For each a € Q7 such that |a| = d the equivalence ¢/;: A%[d] ~ A%][d]
restricts to an equivalence ), : A%[a] ~ A%la] such that we have an isomor-
phism of functors U, o §/, ~ ¥,

From now on we work over the field C. Recall that we fixed an isomor-
phism R ~ HY((.). The following lemma can be proved by the method
used in [53, Sec. 5.9].

Lemma 4.3.43. Assume that v, > |a| for each r € [1,1]. The following
diagrams are commutative modulo an isomorphism of functors.

A'[a] T AV[a+ ay)

S
mod(R)) —t— mod(R§+ak)
A’la]  —— Ao+ oy
o

mod(R2) —t— mod(Rngak)

Now, Theorem 4.1.4 follows from the following one.

Theorem 4.3.44. Assume that v, > |a| for each r € [1,1] and e > 2. Then
the following diagram is commutative

Avla] 2 Ao+ ay)
%T 9:1+%T
A¥ o] LN AV + ag).

Proof. The result follows from Corollary 4.3.42, Lemma 4.3.43 and an argu-
ment similar to [54, Lem. 2.4]. O






Annexe A

Appendix to Chapter 3

A.1 Graded decomposition numbers

The goal of this appendix is to calculate the graded decomposition num-
bers in the affine parabolic category O needed to prove Lemma 3.3.22.

We keep the notation from Sections 3.3.3, 3.3.4. Let e be an integer > 0.
Let P be the set of proper subsets of ®. We will refer to elements of P as
parabolic types. Suppose v € P. Let p,, be the unique parabolic subalgebra
containing b whose set of roots is generated by U (—v). We will say that
a weight A € b* is v-dominant (resp. v-antidominant) if AMey)) € N for each
ay € v (resp. if —A\(o))) € N for each oy, € v).

Let O" be the category of g-modules such that M = @/\EE* My with
My ={m € M;xm = XN x)m,Vz € H} and U(p,)m is finite dimensional for
each m € M.

Let W be as in Section 3.3.3. Let < be the Bruhat order on W. For each
A€ h* w e W weset w\ = w(/\—i—p) . Let S be the set of simple reflections
in . Fix uweP. Let W, C W be the parabohc subgroup generated by the
simple reflection correspondlng to p. Recall from Section 3.3.4 that for A € P
we set A~ = 200 + \ — (e 4 N)Ay. Set also 2= Z30 + A+ (e — N)Ag. Let

_€ E* (resp. o, + € b*) be a weight of the form A (resp. a weight of the
form X“‘) with A € P such that o, _ + p is antidominant (resp. o, + p is
dominant) and the stabilizer of o, _ (resp. o, +) in W under the dot-action
is equal to W),. Here the notation is as in Section 3.3.4. Let < be the partial
order on H* given by A1 < A9 if Ao — Ay is a linear combination of simple
roots with coefficients in N.

Let O, 4 C O¥ be the full subcategory consisting of the modules such
that the highest weight of their simple subquotients are conjugated to o, +
under the dot-action. For a weight A € P such that M s - dominant, let
V”()\i) be the parabolic Verma module with highest weight At We write
just V(AE) if v = 0. Let L(A*) be the unique simple quotient of V(A%).
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Let I, — (E(isp. I M7+)/b\e the set of shortest (resp. longest) representatives
of the cosets W /W, in W and I}, _ C I, (vesp. I, , C I, +) be the subset
of elements w such that w - o, — (resp. w - 0, 4) is v-dominant.

Fixve I andu€ I . Set

I, _={wel] jw<v}, “I7, ={wel, ;w<u}

Remark A.1.1. There is a bijection I}, — Il‘er, z— !l Ifv el  and
u=v"1 el then there is a bljectlon UIi = I,z a7t See [56,
Cor. 3.3].

Let YOy, _ be the Serre subcategory generated by the modules L(w-o0, )
with w € ”I \_ of the subcategory of O _ consisting of finitely generated
U(g)- modules Let “O), , be the Serre quotient by the Serre subcategory
generated by the modules L(w-o0y, 1) with w € I}, [ \"I};  of the subcategory
of Oy | consisting of finitely generated U (g )—modules
For each z € "I _ and y € “I}, , let "P(z - 0,-) and “P(y - o +)
be the projective covers of L(z - o,,—) and L(y - 0y,+) in YO}, _ and “Oy, 4
respectively. Set

Pl = @ (“Plx-ou-), “Pli= P (“Pl-ouy))

v v
eVl _ LS

Set YAy, _ = End("P;_)°® and A} | = End(“P; ). We have the equi-
Valences of categories YO}, _ ~ mod( A, _) and “(’)” ~ mod(“A}, ;). For
each w € “I); , let “V” (w ou,+) be the 1mage of V¥ (w Op,+) in (’) 4. The
categories YO}, _, “Oy | are highest weight categories with Standard mo-
dules {V¥(z -0y, );2 € I} _} and {“V¥(z - 0,4 );z € “I}, | } respectively.
For each v € I} , and each x €I} o, let "V¥(z - 0,+)" be the costandard
object in YO}, , with simple socle L(z - 0, +). We will refer to them as dual
Verma modules.

By [56, Thm. 3.12] the rings A}, _ and “Aj}, , admit Koszul gradings.
Denote by ”6:7_ and “@:7 . the correspondlng graded versions of O _
and “Oy, , respectively, ie., we have ”@Z}, = grmod(”AL,), “@:Hr =
grmod(”A; +)- All simple modules, Verma modules, dual Verma modules
and projective modules in "0} _, Oy | have graded lifts, see [42]. These
graded lifts are unique up to a shift of the grading because all mentioned
modules are indecomposable. Fix the graded lifts of simple modules concen-
trated in degree zero and fix the graded lifts of projective modules, Verma
modules and dual Verma modules that satisfy the same normalization condi-

tions as in Section 3.2.4. In the notation above we will skip the upper index
vifv=0.

Remark A.1.2. (a) The graded ring “A7,  is a quotient of "4, + by a homo-
geneous ideal. See [56, Lem. 5.12] for a proof in the positive level case. The
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negative level case is similar. In particular, for v € I ; we get the inclusion
of Grothendieck groups [“5Z,i] C [P0, 1]

(b) For v,u € °I}, _ with u < v the category inclusion “Oy, _ C YO}, _
satisfies the situation of Lemma 3.2.17. Thus the Koszul grading on “O}, _

is induced from the Koszul grading on “Oj, _. Similarly, by Remark 3.2.18

m

(b) the category “_1(’)57+ is a Serre quotient of ”_1(’)V,Jr and the quotient

functor respects the Koszul grading.

A.1.1 Kazhdan-Lusztig polynomials

In this section we follow the notation of Soergel [57]. First, we define
the Hecke algebra associated with (W, S). All claims here are true for an
arbitrary Coxeter system (W, S). Let £: W — N be the length function.
Definition A.1.3. The Hecke algebra H is the Z[q, ¢~ ']-algebra generated by
the elements Hg, s € S, modulo the following defining relations

e H2=1+ (¢! —q)H, VseS,
e HH,---H,=HH;,---H; Vs,teS, st---s=ts---t,
e HHy---H =HH;,---Hy Vs, teS, st---t=1ts---s.

For w € W with reduced expression w = st---r set Hy, = HsH;--- H,.
The algebra H has a unique ring homomorphism ®: H — H, H — H such
that ¢ = ¢~ and H, = (H,-1)"'. Let (H,),cp be the Kazhdan-Lusztig
basis of H, see [57, Thm. 2.1]. We write H, = ZyeW hy.(q)H,, where
hy,2(q) is a polynomial in Z[q] for each z,y € W. The polynomial hay(q) is
nonzero only if x < .

For each =,y € /W, let A*Y be the inverse Kazhdan-Lusztig polynomial,
i.e., such that

> (1) R, L (q)h*Y (q) = bry.-
2eW

Fix a subset f C S such that the subgroup Wy C W generated by f is
finite. Let /W be the set of minimal length representatives for the cosets
WAW.

For each z,y € f /V[7, let n,4(q) be the parabolic Kazhdan-Lusztig poly-
nomial associated with the parabolic subgroup Wy C /V[7, i.e., we have

nz,y(Q) = Z (7q)£(2)hzx,y(q)'

ZGWf

For each z,y € fﬁ/\, let n™Y(q) be the inverse parabolic Kazhdan-Lusztig
polynomial, i.e., we have

ST () DG, L (q)n*Y(q) = bry.-
2cfW
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We may write ng,y(q), nfc’y(q) to insist on the parabolic type f.
Now, we recall some basic properties of Kazhdan-Lusztig polynomials.

Lemma A.1.4. Let 3: y,z € W. We have
(a) hoy(q) € WO+ q22[q7%) fr <y
(b) h w(@) = hy—1,-1(q), K™Y(q) =h" ¥ (q),

(c) n™¥(q) = h’”’y()lfﬂ:yefW

(d) b1 (q) = R

(€) Mo y(a) = < Iy @) if 2y € T and f(wz) = (z) — U(z), U(ye) =

Uy) — L(2),
() hay(=q) = (=)W, 4 (q).

Proof. Part (a) follows from [57, Rem. 2.6] and [34, Lem. 2.6]. Parts (c), (e)
are respectively [57, Prop. 3.7 (2)] and [57, Rem. 3.2 (4)]. Part (b) is true
because the Z[q, ¢~ !]-algebra H contains an anti-automorphism sending H,,
to H,-1 for each w € W. The statement (f) follows from (a).

Let us prove (d). The algebra H has a representation sgn on Z[gq, ¢~!] such
that each H, with s € S acts by —q. We equip Z[q, ¢~!] with the involution
such that p(q) = p(q~?) for each p(q) € Z[g, ¢ ). The H-action on Z[q, ¢!
is compatible with the involution. The element H,, for w € /W, w # 1, acts
on Z[q,q '] by zero, because it acts by some polynomial p(q) € ¢Z[q] such
that p(q) = p(¢~!) because H, € Hy + q(> Z[q|H,y). Now, consider
the equality

w! <w

H, = Z (_1)f(w)+€(y)hr,y(q)ﬂy_

yeW,yéx

Applying sgn to both sides yields h*!(q) = ¢“®). O

A.1.2 Plan of the proof

Here we indicate the scheme that we follow to get the graded decompo-
sition numbers in ”(’)u _ and “@; + (i.e., the graded multiplicities of simple
module in parabolic Verma modules in sense of Section 3.2.4).
Step 1. We compute the decomposition numbers of ”6@7_ and v € W
using the geometric approach of [55].

Step 2. We compute the decomposition numbers of ”@67_, for v e P
and v € I, ”_ using the previous step and a graded version of the
BGG- resolutlon

Step 3. We compute the decomposition numbers of “O, ., for v € P

and u € I, 4 using the previous step and the Koszul duality.

Step 4. We compute the decomposition numbers of “6’; L, forveP

and u € I v+ using the previous step and a graded version of the
BGG-resolution.
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Step 5. We compute the decomposition numbers of ”@;,, forv,u e P
and v € I/ _ using the previous step and the Koszul duality.

A.1.3 Step 1

Let v € W. We must count the graded multiplicities

[V(x-0p_):Lly-o0p g =Y [V(z-0p_): Lly-op_){g)]a’
gEZ

for each z,y € “Ip _.

Lemma A.1.5. For each x,y € "Iy _ we have [V(xz -0y _) : L(y -0y _)|q =
h*¥(q).

Proof. Let s be the length of the socle filtration of V' (z-05 _), i.e., the integer
s such that soc*V(z-0p ) = V(z-0p_) and soc* 'V (z-0p ) C V(205 _),
see Section 3.2.8. By Lemma 3.2.23 and [18, Lem. 7.3], the grading filtration
of V(x-0p_) (viewed as a " Ay _-module) coincides with its socle filtration.
Thus the graded multiplicity [V (2 -o0p ) : L(y - 0p_)]q coincides with

V(o) : Ly-op ) = S ¢"“[soc? (V(2-0p,)) fsoc? (V (a-09,) : L(y-0p,_)].
g=1

Now, it suffices to show that [V(x - o0p_) : L(y - 0p_)]5°° = h®¥(q). This
follows from [55]. More precisely, by [55, Prop. 4.2] the Verma modules
and the simple ones are in the essential image of the global section functor
defined in [55, Sec. 4.3]. Moreover, by [4, Thm. 7.15.6] and [20, Thm. 5.5]
the global section functor is fully faithful. Thus [V (2 -0p ) : L(y - 0, )5
can be interpreted in terms of graded multiplicities for D-modules. This
multiplicity can be computed explicitly via Kazhdan-Lusztig polynomials
using the formulas [55, (6.1), (6.2)] and the fact that the weight filtration
in [55, Sec. 6.1] coincides with the socle filtration, see [2, Lem. 5.2.2] for
details. O

A.1.4 Step 2
Let p,v € Pand v € I _.
Lemma A.1.6. Let A\ = w-o0,_ withw € W and s € S such that s- A < A.

Assume that v is large enough such that V(X), V(s-X) € YO, —. Then, each
nonzero morphism 6: V(s-X) = V(X) in *O,, — is homogeneous of degree 1.
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Proof. We have V(o,,—) = L(oy,—). It is a submodule of each Verma module

V(z-ou-), x € W because the weight o, _ + p is antidominant. By Lemma
A.1.5 and Lemma A.1.4 (d) we have [V(\) : L(o, )], = ¢“™) and [V(s-\) :
L(oy )]y = ¢"™~1. Thus V(\) and V(s - \) contain a unique submodule
isomorphic to L(o,,—), which is concentrated in degree ¢(w) and ¢(w) — 1
respectively. Each nonzero morphism from V(s - A) to V(\) is injective by
[30, Sec. 2]. Thus each morphism from V(s - A) to V() is homogeneous of
degree 1. O

Let ve I, and A =w oy, —, with w € I}/ _. See [28, Chap. 6] for the
definition of the BGG resolution. Applying the exact functor U(g) Que,)® to
the BGG resolution of the simple module with highest weight A of the Levi
subalgebra 1, C p,, we get the parabolic BGG resolution of the parabolic
Verma module V¥ ()

i Oy = CL = V(N S VYN =0, (A1)

where

= P V-

€W, ()=t

Corollary A.1.7. Each map except € in (Al) is of degree 1. The map € is
of degree 0.

Proof. We must explain why € is homogeneous of degree 0. By the definition
of the graded lifts of (parabolic) Verma modules, the morphisms V(\) —
L(X) and V¥(\) — L(X) are homogeneous of degree zero. The morphism
V(A) — V¥(X) is homogeneous because dim Homp, _(V/(A), V¥(X)) = 1. Its
degree is automatically zero. O

From now on we assume that pu = ().

Corollary A.1.8. Assume that v € Iy _. For each x,y € "Iy _ we have

V¥ (x-0p-): Lly-0p g = D (=a)"@n*"¥(q).
zeW,

Proof. By Corollary A.1.7 we have

V¥ op_)] = Y (=)@ [V(zx-0p_)]

ZGWV

in [***Oy _], where w, is the longest element in W,. Now, apply Lemma
A.1.5. O
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Corollary A.1.9. For each x € "Ij_ we have the following equality in
'Oy, ]:

[L(z-0p )] = D (=) @Oy (@)[V¥(y-0p ).

yevly

Proof. We must prove that
> () Oh, s (@VH(E- 09, ) L(y - 00, Vg = Gy
tevry
for each z,y € "I _. We have
Do (DR (@) [V (E-0p,-) : Ly - 0p, )]
tevry

= Z (fq)é(z)(,1)€(m)+f(t)ht_17x_1 (@)h*"Y(q)

tE“](’J’_ ,ZGWV

=Y ()OO @)

tevly zeW,

_ Z (_1)Z(x)+ﬁ(s)h87l7$71(q)hsfl,yfl(q)

sevly _

= Ozy-

Here the second equality is Lemma A.1.4 (e), the third is Lemma A.1.4
(b). O

A.1.5 Step 3
Let vePanduel, 4.
Lemma A.1.10. For each x,y € “I, 1 we have
V(- out): Ly - 0u+)lg = hay(q)-

Proof. Set v = u~!. As in the proof of Corollary 3.2.16, we deduce from
Corollary A.1.9 that we have

[L(z-op )] = > (=1 (g )[V(y-0p,-)"]
yevly

in [“@67_]. By [56, Thm. 3.12] and Corollary 3.2.9 we have a Z[q, ¢~ ']-module
isomorphism

['Op_] = [“Ou+)s  [Llzop )] = [“Pla™ ou )], V¥ (209 )] = [*V(2™ oyt )] Vo € VI .



172 ANNEXE A. APPENDIX TO CHAPTER 3

Thus we get

[up(x—l : 0u,+)] = Z (_1)€(x)+£(y)hy*1,z*1(_Q)[uv(y_l : Ou,—i—)]

yevly

in [“*O, +]. Now, the statement follows from Corollary 3.2.16 and Lemma
A14 (f). O

A.1.6 Step 4

Let u,v € P and u,w € Il‘,er with w < u, and set A = w - 0, 4. There is
an exact sequence

i Cy = O = V() SVHEN) =0

in O, 1, where
= P V-,
€W, b(x)=t

compare Section A.1.4. The image of this exact sequence in O,  yields an
exact sequence

c = U0y — YO — MV (N) S UVE(N) = 0, (A2)

where

= P V.
€W, l(x)=t

Lemma A.1.11. Letu € I, 4 withx,y € "I, 4 and v > y. Then

(a) dim Homuowr(“V(x cop4),"V(y-ou4)) =1,

(b) each nonzero morphism "V (x - o0y1) — "V (y - 0,,4) is injective,

(©) s0c("V (y - 0y,4)) = "V (1 - 0y.1),

(d) the inclusion “V(u-0,4) = “V(y-0,4) is homogeneous of degree
(u) — £(y),

(e) each nonzero morphism “V(x - 0,4+) — “V(y - oy,+) is homogeneous
of degree £(x) — L(y).
Proof. By the Ringel equivalence we have
Homup,  (“V(z-0,4),"V(y-0y4)) = Homoyﬁ(V(y coy,—),V(z-0,_)),
see [56, Prop. 3.9 (b)]. So, to prove (a) it is enough to prove that
dim Home, _(V(y-0u,-),V(z-0,-)) = 1.

This follows from [18, Lem. 7.3] and [30, Sec. 2], see the proof of [28,
Thm. 4.2 (b)].
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Now, to prove (b) it is enough to show that there exists one injective
morphism “V(z - 0,4) = “V(y-o0,+). By [33, Prop. 3.1] there exists an
injective morphism V(z - 0,4+) = V(y- 0,4 ). Its image in “O, 1 by the
quotient functor (which is exact) must be also injective.

It is clear from (b) that the only simple module that can be contained in
soc("V(y-o0,4))is “V(u-0y,4) = L(u- 0, ). Hence, by (a), this socle must
be equal to "V (u - 0, 4 ). Part (c) is proved.

By Lemma 3.2.23, the radical filtration of “V (y - 0,,4) coincides with its
grading filtration. Here we view “V(y -0, +) as a “A, ;-module. By Lemma
A.1.4 (a) and Lemma A.1.10, for all z € “I, 1 such that z # w and z < y
we have [“V(y-o0,4) : L(z-0,4)]q € ¢"WW=1Z[¢71] and [“V(y - 04 ) :
L(u-0,1))4 € ¢" W=t (1 4+ ¢ Z[g"]). Thus rad ™=@ (“V(y-0,)) coin-
cides with soc(“V(y - 0, 4)). Part (d) follows.

The statement (e) follows from (a), (b), (c¢), (d).

O

Corollary A.1.12. Each map in (A2) except € is homogeneous of degree 1.
The map € is homogeneous of degree 0. O

Assume that v,u € P,u € I .

Corollary A.1.13. For each x,y € “I" _ we have

v,—

[“VH(x - ou4) : Ly - ou,4)]g = 1l (q)-

Proof. By Corollary A.1.12 we have

(Vi@ op )] = Y (=a)" [V (sz-0y1)]
seWy

in [“O,,+]. Now, from Lemma A.1.10 we get

[“VH@-0u4): Ly - on1)lg = Y (=0) Phesy(a) = nk ,(0).
seWy,

A.1.7 Step 5
Assume that v,y € P and v € I}, .
Lemma A.1.14. For each x € "I _ we have the following equality in

O,

[L(z-ou-) = > ()@@l (@) (y- ou-))-

174
yevl, _
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Proof. The statement follows from Corollary A.1.13, applying the Koszul

duality in the same way as in the proof of Lemma A.1.10. ]
Corollary A.1.15. For each z,y € Y1, _ we have
V(@ 0u-): Ly - 0u,-)g = Y, (—a)Dh*¥(q).

ZGWV
Proof. We need to check that

>, PN OHORL, (@ () = day.
tevIZ’_,ZEWy

This can be done in the same way as in the proof of Corollary A.1.9. O

A.2 ¢-Schur algebras and category A

A.2.1 Orders

Let m be as in Section 3.3.4. Denote by Wiy, the parabolic subgroup of
W = Gy of parabolic type m. Let II™ C II be the set of positive roots. Set
also PJ* = P™ N Py, see Sections 3.2.7, 3.3.4.

Definition A.2.1. The linkage ordering <, on PJ* is the transitive and re-
flexive closure of the relation 1}, where for A\, u € P™ we have A f p when

—~

there exist w € Wy, 8 € [I* such that such that <w(u)7 +p:pB) >0 and

wsg - w(p) =w(A) .

Set AT = ®|d|:d AR, see Section 3.3.4. By [53, Sec. 5.5], the category
A" is a highest weight category with respect to the poset (PI*, <;). The
standard modules are the Verma modules, see Section 3.3.4. If m satisfies
my = d for each p € [1,d] then we have P = Pcll. In this case <y is an order
on Pé.

Definition A.2.2. The dominance order < on Pfi is the the order such that
for A, 1 € P} we have A < p when for each p € [1,1 — 1] and a € [1,/(\P)]

we have
p—1 a p—1 a
PRICED SIS SRS it
k=1 r=1 k=1 r=1

Let S5 be as in Section 3.2.9. The category mod(S5) is a highest weight
category with respect to the poset (735, ). The standard modules are the
Weyl modules, see Section 3.2.9.

Definition A.2.3. Consider the partial order < on P(li such that for each
A, 11 € P4 we have A < p if and only if either A = y or for each r € [1,1 — 1]
we have

NI VTt [P - ]

and one of these inequalities is strict.
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Recall from Section 3.3.4 the notation A* for A € Pfl. For A\, u € Pcll let
us write p <<* X when p* g A*. It is obvious that we can refine the order <
to an order that refines the order < and to an order that refines the order
.

A.2.2 Compare of orders

We say that the [-tuple m = (my,--- ,my) is dominant if m, —m, 1 > d
for each r € [1,d — 1]. We say that m is anti-dominant if m, 1 —m, > d for
each r € [1,d —1].

Lemma A.2.4. Assume that the l-tuple m satisfies my, > d for each p €
[1,d].
(a) Assume that m is dominant. Then the order < refines the order <.
(b) Assume that m is anti-dominant. Then the order = refines the order
<e-

Proof. We prove the statements (a) and (b) together. Assume that m is
either dominant or anti-dominant.
Let A\, u € Pfi be such that A { p. Assume that w € Wy, B € IIT are

such that (oj(\,u/)_ +p,5) >0 and wsg - J(N\/) = m .
Write 8 = oy + rd. Let A be the l-composition of d (maybe not an

[-partition) such that w/(\)j)_ = sg 'cj(\,u/)_. The [-partition A viewed as a
weight in P is equal to

k(1 + pm) + erags — pm-

—

Set n = (¢ + pm, ) —er = (w(p) + p, 5) > 0. We have

N+ pm)k = (+pm)e —n = (1 + pm): + er,
N+ pm)t = (L+pm)t+n=(1+pm)i — er,
(/\/ + Pm)s = (N + Pm)Sv Vs & {k>t}'

Let us prove that if m is dominant then k& < ¢, if m is anti-dominant
then k > t. Assume that m is dominant and k& > ¢ (and thus we also have
pr > p¢) or m is anti-dominant and k < ¢t (and thus we also have py < p).
Set a =my + -+ +mp,_1 +L(uP)) +1,b=mq +--- + m,,. Note that we
have p, = 0 for r € [a,b] and thus (i + pm)r = (pm)r for each r € [a,b]. By
assumption on m, in both cases we have

Mp, = My, = d = ngk) +0(puP).

Thus we get

My <y, — p) — (@)

= (pm)a — Mgpk)-
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This implies

So the inequality

(Pm)a = (B + pm)k = ()‘/ + pm)t = (Pm)b

implies that there exists an index ¢ € [a, b] such that (X + pm)t = (pm)c and
we should obviously have ¢ < t as \; > 0. We get

()‘, + Pm)t = (Pm)c = (,UJ + Pm)c = ()\/ + Pm)c-

Thus the stabilizer of X + py, in Wiy, is non-trivial. This is absurd.

Note that X is obtained from p by removing n boxes from the component
Pk to the component p;. Moreover, A has the same number of boxes in each
component as \'. Thus we get A < p when pp < p; and A = p when p > p;.
As proved above, the first situation always holds if m is dominant and the

second situtaion always holds when m is anti-dominant.
O

We say that two partial orders are compatible if there exists an order
that refines both of them.

Corollary A.2.5. (a) Assume that m is dominant. Then the order <y is
compatible with the order <.

(b) Assume that m is anti-dominant. Then the order <y is compatible
with the order <*. O

A.2.3 Equivalences of categories

From now on assume that e > 2 and that the components of m have
different residues modulo e. From now on we always assume that m satisfies
my > d for each p € [1,1]. Let s = (s1,--- ,s;) be the l-tuples of residues of
elements of m module e.

Assume that m is dominant. By [53, Sec. 5.8] we have a highest weight
cover

U: AP — mod(HS), Ap— SN
On the other hand we have a highest weight cover
F:mod(S5) — mod(HS), A*— S*.
Thus by [52, Cor. 4.46] and Corollary A.2.5 (a) we get the following lemma.

Lemma A.2.6. Assume that m is dominant and m; > d. Then there is an
equivalence of categories

AP ~mod(S5), AH > AN
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Assume now that m is anti-dominant. Set s* = (—s;,---, —s1). By [53,
Sec. 6.2.4] there is an isomorphism of algebras IM: HS ~ Hfi* such that its
pull-back IM*: mod(H5 ) — mod(H3) satisfies IM*(S*) = S*".

We have the following highest-weight covers.

U: AT - mod(HS), A= S,
F:mod(S§ ) — mod(HS ), A} +— S
Composing the second one with IM* we get the heigest-weight cover
IM* o F: mod(S3) — mod(HS), A — SA,
Thus by [52, Cor. 4.46] and Corollary A.2.5 (b) we get the following result.

Lemma A.2.7. Assume that m is anti-dominant and my > d. Then there
s an equivalence of categories

A™{d} ~mod(S3), AY— AN,
O

Remark A.2.8. In this section we assumed that e > 2 and that the compo-
nents of m have different residues modulo e. These assumption are necessary
to use [52, Cor. 4.46]. They can be removed (it is enough to assume only
e > 2) using the approach of [53], see [53, Prop. 2.20].
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