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Algèbres KLR et algèbres de carquois-Schur

Résumé

Dans la première partie de la thèse on construit une base de la partie
positive f de l’algèbre quantique de Drinfeld-Jimbo associée à un carquois de
Dynkin. Cette base est donnée par des faisceaux de parité en caractéristique
quelconque. De plus, on catégorifie la multiplication et la comultiplication
dans f avec des complexes de faisceaux.

Dans la deuxième partie il s’agit de la dualité de Koszul. Stroppel et
Webster ont introduit une graduation sur la q-algèbre de Schur cyclotomique
Ss
d. On démontre que l’algèbre graduée obtenue est Morita équivalente (au

sens gradué) à une algèbre de Koszul. La preuve est basée sur le résultat
de Rouquier, Shan, Varagnolo et Vasserot qui identifie la catégorie mod(Ss

d)
avec une catégorie O affine parabolique de type A. Cette catégorie admet
une graduation de Koszul construite par Shan, Varagnolo et Vasserot. On
identifie cette graduation avec la graduation sur mod(Ss

d).
Dans la troisième partie de la thèse on étudie une représentation

catégorique dans la catégorie O parabolique pour la version affine de glN de
niveau −N − e. Cette catégorie admet une structure de s̃le-représentation
catégorique avec des foncteurs E et F . Cette catégorie contient une sous-
catégorie plus petite A qui catégorifie l’espace de Fock de niveau supérieur.
On démontre que le foncteur F pour la catégorie A de niveau −N − e se
décompose en terme de composantes du foncteur F pour la catégorie A de
niveau −N−e−1. Pour démontrer cela, on construit un isomorphisme entre

l’algèbre KLR associée au carquois A
(1)
e−1 et un sous-quotient de l’algèbre

KLR associée au carquois A
(1)
e .

Mots clefs : Algèbres KLR, algèbres de carquois-Schur, algèbres
de Hecke, groupes quantiques, faisceaux de parité, base canonique,
représentation catégorique.





KLR algebras and quiver Schur algebras

Abstract

In the first part of the thesis we give a construction of a basis of the
positive part f of the Drinfeld-Jimbo quantum enveloping algebra associated
with a Dynkin quiver. This basis is given in terms of parity sheaves over
fields in any characteristic. We also categorify both the multiplication and
the comultiplication of f via complexes of sheaves.

The second part deals with Koszul duality. Stroppel and Webster have
introduced a grading on the cyclotomic q-Schur algebra Ss

d. We prove that
the obtained graded algebra is graded Morita equivalent to a Koszul algebra.
The proof is based on a result of Rouquier, Shan, Varagnolo and Vasserot
that identifies the category mod(Ss

d) with a subcategory of an affine pa-
rabolic category O of type A. This subcategory admits a Koszul grading
constructed by Shan, Varagnolo and Vasserot. We identify this Koszul gra-
ding with the grading on mod(Ss

d).
In the third part of the thesis we study a categorical representation in the

parabolic category O for affine glN at level −N − e. This category admits a
structure of a categorical representation of s̃le with respect to some functors
E and F . This category contains a smaller category A that caregorifies the
higher level Fock space. We prove that the functor F for the category A at
level −N − e can be decomposed in terms of the components of the functor
F for the category A at level −N − e − 1. To prove this, we construct an

isomorphism between the KLR algebra associated with the quiver A
(1)
e−1 and

a subquotient of the KLR algebra associated with the quiver A
(1)
e .

Keywords: KLR algebras, quiver Schur algebras, Hecke algebras, quan-
tum groups, category O, parity sheaves, canonical basis, categorical repre-
sentation.





Chapitre 1

Introduction

Soit A un anneau. On note mod(A) la catégorie des A-modules de type
fini. Soit A un anneau gradué. On note grmod(A) la catégorie des A-modules
gradués de type fini. On note aussi grproj(A) la catégorie des modules pro-
jectifs dans grmod(A). Pour une catégorie abélienne C on note [C] son groupe
de Grothendieck complexifié.

1.1 Les bases canoniques

1.1.1 Le groupe quantique f

Soit A l’anneau Z[q, q−1]. Soit I un ensemble fini et (ai,j)i,j∈I une matrice

de Cartan généralisée symétrisable. Pour n ∈ N on pose [n] = qn−q−n
q−q−1 ∈ A

et [n]! =
∏n
r=1[r]. Soit ZI le Z-module libre avec une base paramétrée par

les éléments de I. Un élément de ZI est une combinaison Z-linéaire formelle
d =

∑
i∈I di · i d’éléments de i. Soit NI le sous-ensemble de ZI formé des

d ∈ ZI à coefficients dans N.
Soit ′f la Q(q)-algèbre libre engendrée par {θi; i ∈ I}. L’algèbre ′f est

graduée par le monöıde NI de telle manière que θi est de degré i :

′f =
⊕
d∈NI

′fd.

Pour d =
∑

i∈I di · i ∈ NI on pose |d| =
∑

i∈I di. Pour un élément homogène
x ∈ fd on pose aussi |x| = |d|.

Le produit tensoriel ′f ⊗ ′f (sur Q(q)) a une structure d’algèbre donnée
par

(x1 ⊗ x2)(x′1 ⊗ x′2) = q−|x2||x′1|x1x
′
1 ⊗ x2x

′
2,

où x1, x2, x
′
1, x
′
2 ∈ ′f sont homogènes. Cette algèbre est associative. Soit r :

′f → ′f⊗ ′f l’unique homomorphisme d’algèbres tel que r(θi) = θi⊗1+1⊗θi
pour chaque i ∈ I.

Il existe une unique forme bilinéaire (•, •) : ′f × ′f → Q(q) telle que
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(a) (1, 1) = 1,
(b) (θi, θj) = δij(1− q2)−1 pour chaque i, j ∈ I,
(c) (x, y1y2) = (r(x), y1 ⊗ y2) pour chaque x, y1, y2 ∈ ′f ,
(d) (x1x2, y) = (x1 ⊗ x2, y) pour chaque x1, x2, y ∈ ′f ,

où la forme bilinéaire (•, •) sur ′f ⊗ ′f est définie par

(x1 ⊗ x2, x
′
1 ⊗ x′2) = (x1, x

′
1)(x2, x

′
2).

Cette forme bilinéaire est symétrique. Posons θ
(a)
i = θai /[a]!.

Lemme 1.1.1. Le noyau rad(•, •) est linéairement engendré par les
éléments suivants ∑

a+b=1−ai,j

θ
(a)
i θjθ

(b)
i , i 6= j, a > 0, b > 0.

Les propriétés (c), (d) assurent que rad(•, •) est un idéal bilatère de ′f .

Définition 1.1.2. L’algèbre f est le quotient de l’algèbre ′f par rad(•, •).

Soit Af la A-sous-algèbre de f engendrée par les éléments θ
(a)
i , i ∈ I,

a ∈ N. La graduation de ′f induit une graduation sur f et Af . On pose :

f =
⊕
d∈NI

fd, Af =
⊕
d∈NI

Afd.

L’algèbre f admet un automorphisme Z-linéaire • : f → f tel que θi = θi,
q = q−1.

1.1.2 Les bases canoniques

Dans cette section on explique la définition de la base canonique de f .
Voir [38, Section 14] pour les détails.

Définition 1.1.3. Soit M un module sur un anneau A. On dit qu’une partie
B ⊂ M est une base signée s’il existe une base B′ ⊂ M telle que B =
B′ ∪ (−B′).

Considérons l’ensemble

B = {x ∈ Af ; x̄ = x, (x, x) ∈ (1 + qZ[[q]]) ∩Q(q)}.

Théorème 1.1.4. L’ensemble B est une base signée du A-module Af et du
Q(q)-espace vectoriel f . Chaque élément de B est homogène, c’est-à-dire que
l’on a B =

∐
d∈NI

Bd, où Bd = B ∩ fd.

Maintenant on définit des sous-ensembles Bi;n et Bi;>n de B, où i ∈
I, n ∈ N.
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Définition 1.1.5. Pour i ∈ I, n ∈ N on pose Bi;>n = B ∩ θni f et Bi;n =
Bi;>n − Bi;>n+1.

Theorem 1.1.6. (a) L’ensemble Bi;>n est une base signée du Q(q)-espace

vectoriel θni f et du A-module
∑

n′:n′>n θ
(n′)
i Af .

(b) Si b ∈ Bi;0, alors il existe un unique élément b′ ∈ Bi;n tel que θni b− b′
est une combinaison linéaire d’éléments de Bi;>n+1. De plus, l’application
πi,n : Bi;0 → Bi;n, b 7→ b′ est une bijection.

Maintenant on peut construire la base canonique B. D’abord, on
construit récursivement des sous-ensembles Bd ⊂ Bd en posant

• B0 = {1},
• Bd =

⋃
i∈I,n>0;di>n

πi;n(Bd−ni ∩ Bi;0) si |d| > 0.

Finalement, on pose B =
∐

d∈NI
Bd.

Théorème 1.1.7. L’ensemble B est une base du A-module Af et du Q(q)-
espace vectoriel f .

Cette base B est appelée la base canonique de f .

1.2 Les algèbres de Kac-Moody

1.2.1 Les algèbres de Kac-Moody

Soit I un ensemble. Soit (ai,j)i,j∈I une matrice de Cartan généralisée
symétrisable.

Définition 1.2.1. L’algèbre de Kac-Moody gI dérivée associée à Γ est
l’algèbre de Lie (sur C) de générateurs ei, fi, hi pour i ∈ I modulo les
relations

[ei, fj ] = δi,jhi, [hi, ej ] = ai,jej , [hi, fj ] = −ai,jej , [hi, hj ] = 0,

ad(ei)
1−ai,j (ej) = 0, ad(fi)

1−ai,j (fj) = 0, pour i 6= j.

Soit {Λi; i ∈ I} l’ensemble des poids fondamentaux de gI . Posons PI =⊕
i∈I ZΛi, P

+
I =

⊕
i∈I NΛi. On considère aussi un Z-module libre XI =⊕

i∈I Zεi de base {εi; i ∈ I} et on pose X+
I =

⊕
i∈I Nεi.

Définition 1.2.2. Le groupe quantique Uq(gI) associé à Γ est la Q(q)-algèbre
de générateurs Ei, Fi, K

±
i pour i ∈ I modulo les relations

KiKj = KjKi, KiEj = qai,jEjKi, KiFj = q−ai,jFjKi,

KiK
−1
i = 1, [Ei, Fj ] = δi,j

Ki −K−1
i

q − q−1
,



16 Chapitre 1. Introduction

1−ai,j∑
r=0

(−1)rE
(r)
i EjE

(1−ai,j−r)
i = 0 pour i 6= j,

1−ai,j∑
r=0

(−1)rF
(r)
i FjF

(1−ai,j−r)
i = 0 pour i 6= j.

On a posé E
(a)
i = Eai /[a]! et F

(a)
i = F ai /[a]!.

Si Λ ∈ P+
I , soit L(Λ) (resp. Lq(Λ)) le module simple de gI (resp. Uq(gI))

de plus haut poids Λ.

1.2.2 Combinatoire

Soit n un entier positif. Une composition de n est un uplet λ =
(λ1, · · · , λk) tel que

∑k
r=1 λr = n, λr est un entier strictement positif pour

chaque r ∈ [1, k]. On va noter Cn l’ensemble des compositions de n.
Une composition λ = (λ1, · · · , λk) est une partition si on a λ1 > · · · > λk.

On va noter Pn l’ensemble des partitions de n. Pour λ = (λ1, · · · , λk) ∈ Pn
on pose `(λ) = k et |λ| = n. On pose aussi P =

∐
n∈N Pn et C =

∐
n∈N Cn.

Soit l un entier strictement positif. Une l-partition (resp. l-composition)
de n est un l-uplet λ = (λ(1), · · · , λ(l)) de partitions (resp. compositions)
telles que

∑l
r=1 |λ(r)| = n. On va noter P ln (resp. Cln) l’ensemble des l-

partitions (resp. l-compositions) de n.
Pour une composition λ = (λ1, · · · , λk) de n notons Sλ le sous-groupe

de Young Sλ1×· · ·×Sλk ⊂ Sn. Pour une l-composition λ = (λ(1), · · · , λ(l))
de n soit Sλ le sous-groupe de Young Sλ(1) × · · · ×Sλ(l) ⊂ Sn.

1.2.3 Représentations de s̃le

Dans cette section on suppose que (ai,j)i,j∈I est la matrice de Cartan

de type Âe−1. On a gI = s̃le = sle ⊗ C[t, t−1] ⊕ C1. On introduit quelques
représentations de l’algèbre de Lie affine s̃le. On va identifier l’ensemble I
avec Z/eZ.

Soit Ve un C-espace vectoriel avec une base {v1, · · · , ve}. Posons Ue =
Ve⊗C[t, t−1]. L’espace vectoriel Ue est muni de la base {ur; r ∈ Z} telle que
ua+eb = va⊗ t−b pour a ∈ [1, e], b ∈ Z. L’espace vectoriel Ue a une structure
de s̃le-module de niveau 0 définie par

fi(ur) = δi≡rur+1, ei(ur) = δi≡r−1ur−1.

Ici on considère des congruences modulo e.

Définition 1.2.3. Soit m un entier. L’espace de Fock de niveau 1 est un
C-espace vectoriel Fm linéairement engendrée par les wedges semi-infinis
ur1 ∧ ur2 ∧ ur3 ∧ · · · tels que rk = m − k + 1 sauf pour un nombre fini
d’indices k. Cet espace vectoriel admet une s̃le-action de niveau 1.
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À chaque wedge semi-infini on associe une partition λ = (λ1, λ2, · · · , λt)
comme suit. Soit t le dernier indice tel que l’on a rt > m−t+1. Pour k ∈ [1, t]
on pose λk = rk −m + k − 1. Pour telle partition λ = (λ1, · · · , λt) ∈ P on
pose |λ,m〉 = ur1 ∧ ur2 ∧ ur3 ∧ · · · . Les éléments |λ,m〉 pour λ ∈ P forment
une base de Fm.

Définition 1.2.4. Soit m = (m1, · · · ,ml) un l-uplet d’entiers. L’espace de
Fock de niveau l est le s̃le-module Fm = Fm1 ⊗ · · · ⊗ Fml .

Pour une l-partition λ = (λ(1), · · · , λ(l)) ∈ P l on pose

|λ,m〉 = |λ(1),m1〉 ⊗ · · · ⊗ |λ(l),ml〉.

Les éléments |λ,m〉 avec λ ∈ P l forment une base de Fm.

L’espace de Fock Fm de niveau 1 admet une version quantique Fmq qui

est un Uq(s̃le)-module. L’espace de Fock Fm de niveau l admet deux versions
quantiques :

• le produit tensoriel Fm
q := Fm1

q ⊗ · · · ⊗ Fmlq ,

• la version quantique F̃m
q introduite par Uglov dans [61] qui dépend

d’un paramètre appelé l-charge.

1.3 Les algèbres de Hecke et de Schur

1.3.1 Les algèbres de Hecke

Soit k un corps commutatif. Fixons ζ ∈ k. Soit d un entier positif.

Définition 1.3.1. L’algèbre de Hecke 0Hd(ζ) de Sd est la k-algèbre engendrée
par T1, · · · , Td−1 modulo les relations

TrTs = TsTr si |r − s| > 1,
TrTr+1Tr = Tr+1TrTr+1, (Tr − ζ)(Tr + 1) = 0.

Définition 1.3.2. L’algèbre de Hecke affine Hd(ζ) est la k-algèbre engendrée
par T1, · · · , Td−1, X1, · · · , Xd, X

−1
1 , · · · , X−1

d modulo les relations

TrTs = TsTr si |r − s| > 1, TrTr+1Tr = Tr+1TrTr+1, XrX
−1
r = X−1

r Xr = 1,
(Tr − ζ)(Tr + 1) = 0, TrXr = XrTr si |r − s| > 1,
TrXr+1 = XrTr + (ζ − 1)Xr+1, TrXr = Xr+1Tr − (ζ − 1)Xr+1.

L’algèbre Hd(ζ) contient l’algèbre 0Hd(ζ) comme une sous-algèbre. Sup-
posons ζ 6= 0, 1. Soit l > 1 un entier. Fixons un l-uplet d’entiers s =
(s1, · · · , sl). Pour tout r ∈ [1, l] on pose Qr = ζsr .

Définition 1.3.3. L’algèbre de Hecke cyclotomique Hs
d(ζ) est le quotient de

Hd(ζ) par l’idéal engendré par (X1 −Q1) · · · (Xl −Ql).
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Pour chaque d ∈ N il existe un homomorphisme d’algèbres

Hs
d(ζ)→ Hs

d+1(ζ), Xr 7→ Xr, Tk 7→ Tk, ∀r ∈ [1, d], k ∈ [1, d− 1].

Soient

E : mod(Hs
d+1(ζ))→ mod(Hs

d(ζ)), F : mod(Hs
d(ζ))→ mod(Hs

d+1(ζ))

les foncteurs d’induction et de restriction relatifs à cet homomorphisme.
Soit F ⊂ k la partie formée des éléments de la forme ζn avec n ∈ Z. On

peut voir F comme l’ensemble des sommets d’un carquois avec une flèche
i→ j si et seulement si on a j = ζi. Si ζ est une racine primitive e-ième de
l’unité alors on a gF = s̃le. On considère le poids Λ =

∑l
r=1 Λsr de gF . Le

théorème suivant est démontré par Ariki [1].

Théorème 1.3.4. Il existe un isomorphisme de C-espaces vectoriels L(Λ) '⊕
d∈N[mod(Hs

d(ζ))] et des décompositions E =
⊕

i∈F Ei, F =
⊕

i∈F Fi tels
que l’action des foncteurs Ei, Fi sur

⊕
d∈N[mod(Hs

d)] pour i ∈ F s’identifie
avec l’action des générateurs ei et fi de gF sur L(Λ).

1.3.2 Les ζ-algèbres de Schur

Pour chaque r ∈ [1, d − 1] notons tr la transposition (r, r + 1) ∈ Sd.
Pour une permutation w ∈ Sd qui a une expression réduite w = tj1 · · · tjr on
pose Tw = Tj1 · · ·Tjr . L’élément Tw ne dépend pas du choix de l’expression
réduite de w. Supposons que a = (a1, · · · , al) est un l-uplet d’entiers dans
[1, d]. Posons aussi u+

a = ua,1ua,2 · · ·ua,l avec ua,k =
∏ak
r=1(Lr − Qk). A

une l-composition λ de d on associe le l-uplet a = (a1, · · · , al) défini par
ak =

∑k−1
r=1 |λ(r)|. On pose xλ =

∑
w∈Sλ Tw et mλ = u+

a xλ.

Definition 1.3.5. La ζ-algèbre de Schur Ss
d(ζ) est la k-algèbre

End(Hs
d(ζ))op(

⊕
λ∈Cld

mλH
s
d(ζ)).

La ζ-algèbre de Schur est une algèbre quasi-héréditaire. Les objets stan-
dards sont appelés les modules de Weyl. Ils sont paramétrés par l’ensemble
des l-partitions de d.

Remarque 1.3.6. Soit ζ une racine e-ième primitive de l’unité. On peut iden-
tifier F avec Z/eZ. De même manière que pour les algèbres de Hecke cyclo-
tomiques, pour chaque d ∈ N on a des foncteurs de restriction et d’induction

E : mod(Ss
d+1(ζ))→ mod(Ss

d(ζ)), F : mod(Ss
d(ζ))→ mod(Ss

d+1(ζ)).

Ces foncteurs se décomposent E =
⊕

i∈F Ei, F =
⊕

i∈F Fi et munissent la
somme

⊕
d∈N[mod(Ss

d(ζ))] d’une structure de gF -module qui est isomorphe
à l’espace de Fock Fs. L’action des foncteurs Ei, Fi s’identifie avec l’action
des générateurs ei, fi de gF .
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1.4 Les algèbres KLR et carquois-Schur

1.4.1 Carquois

Soit Γ un carquois sans boucles. Notons I et H l’ensemble des sommets
et des flèches de Γ. Pour une flèche h ∈ H on écrit h′, h′′ son origine et son
but. Pour i, j ∈ I notons hi,j le nombre de flèches de i dans j. On considère
la matrice de Cartan (ai,j)i,j∈I , définie par

ai,j = 2δi,j − hi,j − hj,i.

Fixons un vecteur de dimension d =
∑

i∈I di · i ∈ NI et fixons un C-espace
vectoriel I-gradué V = ⊕i∈IVi de dimension graduée d. Notons Ed l’espace
des représentations du carquois Γ dans V , i.e., on a

Ed =
⊕
h∈H

Hom(Vh′ , Vh′′).

Le groupeGd =
∏
i∈I GL(Vi) agit sur Ed. Le résultat suivant est bien connu :

supposons que le carquois Γ est de Dynkin (i.e. de type An, Dn, E6, E7 ou
E8). Alors l’ensemble des Gd-orbites dans Ed est fini. Donc pour un carquois
de Dynkin les Gd-orbites dans Ed forment une stratification algèbrique de
Ed.

Notons Comp(d) l’ensemble des suites µ = (µ1, · · · , µk) des vecteurs de
dimension µr ∈ NI tels que

∑k
r=1 µr = d. Notons Id (resp. Yd) le sous-

ensemble des suites dans Comp(d) telles que chaque composante est un
élément de I (resp. chaque composante est de la forme a · i pour a ∈ Z>0, i ∈
I). On a

Id = {(i1, i2, · · · , id) ∈ Id;
d∑
r=1

ir = d},

où d = |d|. Pour chaque µ = (µ1, · · · , µk) ∈ Comp(d) considérons l’ensemble
Fµ des drapeaux de type µ dans V , c’est-à-dire que Fµ est l’ensemble des
drapeaux

F = (0 = V 0 ⊂ V 1 ⊂ · · · ⊂ V k = V )

tels que pour chaque r ∈ [1, k] le sous-espace vectoriel V r de V est homogène
par rapport à la décomposition V =

⊕
i∈I Vi et la dimension graduée de

V r/V r−1 est µr. On dit que l’élément x ∈ Ed préserve le drapeau (0 =
V 0 ⊂ V 1 ⊂ · · · ⊂ V k = V ) si on a x(V r) ⊂ V r−1 pour chaque r ∈ [1, k].

Soit F̃µ la variété des couples (x, φ) ∈ Ed × Fµ tels que x préserve φ. Soit

πµ : F̃µ → Ed la projection. Pour tous µ, ξ ∈ Comp(d) on considère la variété

Zµ,ξ = {(x, φ1, φ2) ∈ Ed × Fµ × Fξ; x préserve φ1 et φ2}.
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1.4.2 Les algèbres KLR

Soient Γ = (I,H) un carquois sans boucles et d un entier positif. Pour
i = (i1, · · · , id) ∈ Id on pose tr(i) = (i1, · · · , ir−1, ir+1, ir, ir+2, · · · , id). On
utilise les notations hi,j , ai,j de la Section 1.4.1.

Pour i, j ∈ I on considère le polynôme suivant

Qi,j(u, v) =

{
0 si i = j,
(v − u)hi,j (u− v)hj,i sinon.

Définition 1.4.1. L’algèbre Rd est la k-algèbre engendrée par
τ1, · · · , τd−1, x1, · · · , xd, e(i) où i ∈ Id, modulo les relations suivantes

• e(i)e(j) = δi,je(i),
•
∑

i∈Id e(i) = 1,
• xre(i) = e(i)xr,
• τre(i) = e(tr(i))τr,
• xrxs = xsxr,
• τrxr+1e(i) = (xrτr + δir,ir+1)e(i),
• xr+1τre(i) = (τrxr + δir,ir+1)e(i),
• τrxs = xsτr si s 6= r, r + 1,
• τrτs = τsτr si |r − s| > 1,

• τ2
r e(i) =

{
0, si ir = ir+1,
Qir,ir+1(xr, xr+1)e(i) sinon,

• (τrτr+1τr − τr+1τrτr+1)e(i) ={
(xr+2 − xr)−1(Qir,ir+1(xr+2, xr+1)−Qir,ir+1(xr, xr+1))e(i) si ir = ir+2,
0 sinon,

pour chaque i, j, r et s. L’algèbre Rd admet une Z-graduation définie par
deg e(i) = 0, deg xr = 2, deg τse(i) = −ais,is+1 , pour chaque 1 6 r 6 d,
1 6 s < d et i ∈ Id.

Soit d ∈ NI un vecteur de dimension tel que |d| = d. On pose e(d) =∑
i∈Id e(i) ∈ Rd. C’est un idempotent de degré zéro dans Rd. Il y a une

décomposition en somme directe d’algèbres unitaires

Rd =
⊕
|d|=d

Rd, Rd := e(d)Rd.

Fixons un poids Λ =
∑

i∈I niΛi ∈ P
+
I .

Definition 1.4.2. L’algèbre RΛ
d (resp. RΛ

d) est le quotient de Rd (resp. Rd) par
l’idéal engendré par x

ni1
r e(i) pour chaque r ∈ [1, d− 1], i = (i1, · · · , id) ∈ Id

(resp. i ∈ Id).

1.4.3 L’isomorphisme Hecke-KLR

Soit s = (s1, · · · , sl) un l-uplet d’entiers comme dans la Section 1.3.1.
On considère la partie F ⊂ k et l’élément Λs = Λζs1 + · · ·+ Λζsl ∈ P+

F . Le
résultat suivant est démontré dans [8] et [50].
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Theorem 1.4.3. La k-algèbre de Hecke cyclotomique Hs
d(ζ) est isomorphe

à l’algèbre KLR cyclotomique RΛs
d associée au carquois F .

Remarque 1.4.4. L’algèbre de Hecke cyclotomique Hs
d(ζ) n’a pas de gra-

duation évidente. Le théorème précédent donne une façon de graduer cette
algèbre.

1.4.4 Algèbres KLR et catégorification

Soient d1,d2 ∈ NI deux vecteurs de dimension. Posons

d = d1 + d2, |d1| = d1, |d2| = d2, |d| = d.

On considère le produit tensoriel (sur k) Rd1 ⊗Rd2 . Il existe un homomor-
phisme injectif d’algèbres Rd1 ⊗Rd2 → Rd tel que

e(i)⊗e(j) 7→ e(ij), xke(i)⊗e(j) 7→ xke(ij), e(i)⊗xke(j) 7→ xd1+ke(ij),

τke(i)⊗ e(j) 7→ τke(ij), e(i)⊗ τke(j) 7→ τd1+ke(ij),

Ici on note ij ∈ Id la concaténation de i et j.

Pour un Rd1-module M et un Rd2-module N on note Indd
d1,d2

(M,N)
l’induction du Rd1 ⊗ Rd2-module M ⊗ N à Rd par rapport à l’inclusion
Rd1⊗Rd2 ⊂ Rd. Il est facile de voir que si M , N sont des modules projectifs
et de type fini alors Indd

d1,d2
(M,N) est aussi projectif et de type fini. Alors

l’induction muni le groupe de Grothendieck
⊕

d∈NI K(grproj(Rd)) d’une
structure de A-algèbre (associative et unitaire).

Le théorème suivant est démontré par Khovanov-Lauda [35] et Rouquier
[50].

Théorème 1.4.5. Pour chaque d ∈ NI, il existe un isomorphisme de A-
algèbres Af '

⊕
dK(grproj(Rd)).

La base canonique B (voir la Section 1.1.2) est une A-base de Af .
Considèrons la Z-base BZ = {bqn; b ∈ B, n ∈ Z} de Af . Le théorème
suivant est démontré par Rouquier [51] et Varagnolo-Vasserot [62].

Théorème 1.4.6. L’isomorphisme du Théorème 1.4.5 induit une bijection
de l’ensemble des classes de modules projectifs indécomposables sur BZ.

Fixons un poids Λ ∈ P+
I . Pour chaque i ∈ I, d ∈ NI il existe un

homomorphisme d’algèbres RΛ
d → RΛ

d+i. Soient

Ei : mod(RΛ
d+i)→ mod(RΛ

d), Fi : mod(RΛ
d)→ mod(RΛ

d+i)

les foncteurs de restriction et d’induction par rapport à cet homomorphisme.
Le théorème suivant est démontré dans [31].
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Théorème 1.4.7. Il existe un isomorphisme de C(q)-espaces vectoriels

Lq(Λ) '
⊕
d∈N

[grmod(RΛ
d )]

tel que l’action des foncteurs Ei, Fi sur
⊕

d∈N[grmod(RΛ
d )] pour i ∈ I s’iden-

tifie avec l’action des générateurs Ei et Fi de Uq(gI) sur Lq(Λ).

En vue du Théorème 1.4.3, le Théorème 1.4.7 est une version quantique
du Théorème 1.3.4.

1.4.5 La construction géométrique de l’algèbre KLR

On considère les variétés

Zcd =
∐

i,j∈Id
Zi,j, F̃ c =

∐
i∈Id

F̃i.

Notons HGd
∗ (•,k) l’homologie de Borel-Moore Gd-équivariante à coefficients

dans k. L’espace vectoriel HGd
∗ (Zcd,k) admet une structure de k-algèbre. Le

produit dans HGd
∗ (Zcd,k) est le produit de convolution relatif à l’inclusion

Zcd ⊂ F̃ c × F̃ c (voir [12, Sec. 2.7]).
Le théorème suivant est démontré dans [51] et [62] pour un corps com-

mutatif de caractéristique 0. Ce résultat est étendu au cas d’un corps com-
mutatif quelconque dans la Section 2.2.11.

Théorème 1.4.8. Il existe un isomorsphisme de k-algèbres HGd
∗ (Zcd,k) '

Rd.

Notons Db
Gd

(Ed,k) la catégorie dérivée bornée Gd-équivariante des fais-
ceaux de k-espaces vectoriels sur Ed. Pour chaque µ ∈ Comp(d) no-
tons Lµ le faisceau (πµ)∗kF̃µ ∈ Db

Gd
(Ed,k). D’après [12, Prop. 8.6.35],

l’algèbre de convolution HGd
∗ (Zcd,k) est isomorphe à l’algèbre de Yoneda

Ext∗Gd
(
⊕
i∈Id

Li,
⊕
i∈Id

Li). Cela implique le corollaire suivant.

Corollaire 1.4.9. Il existe un isomorphisme de k-algèbres

Rd ' Ext∗Gd
(
⊕
i∈Id

Li,
⊕
i∈Id

Li).

1.4.6 La construction géométrique des bases canoniques

Soit Γ = (I,H) un carquois sans boucles. Soit (ai,j) la matrice de Cartan
généralisée. Soit f l’algèbre associée à la matrice (ai,j). Dans cette section
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on explique la construction géométrique de Lusztig de la base canonique B
de f . Voir [38] pour les détails.

Soit Pervd l’ensemble des faisceaux pervers simples dans Db
Gd

(Ed,k) qui
sont des facteurs directs des décalages des faisceaux Ly pour y ∈ Yd. Soit Qd

la sous-catégorie additive pleine de Db
Gd

(Ed,k) formée des sommes directes

des décalages des éléments de Pervd. Pour chaque i ∈ Id on considère le
décalage δLi = Li[dim F̃i] de Li.

Pour chaque L ∈ Qd, L′ ∈ Qd′ soit L ∗ L′ le produit d’induction de
Lusztig, voir [38, Sec. 9.5.2.]. On pose

L ◦ L′ = (L ∗ L′)[md,d′ ], md,d′ :=
∑
h∈H

dh′d
′
h′′ +

∑
i∈I

did
′
i.

Pour chaque y = (a1 · i1, · · · , ak · ik) ∈ Yd on pose θy = θ
(a1)
i1
· · · θ(ak)

ik
.

Soit K(Qd) le groupe de Grothendieck (scindé) de la catégorie additive Qd.
C’est un A-module libre avec une base {[L]; L ∈ Pervd}, où q agit par le
décalage des complexes. On considère le groupe abélien

K(Q) =
⊕
d∈NI

K(Qd).

L’opération ◦ donne une structure de A-algèbre associative et unitaire sur
cet A-module. Le théorème suivant (voir [38]) décrit cette algèbre.

Théorème 1.4.10. (a) Il existe un isomorphisme de A-algèbres

λA : K(Q)→ Af , [δLy] 7→ θy, ∀y ∈ Yd, d ∈ NI.

(b) L’ensemble {λA([L ]); L ∈
∐

d∈NI Pervd} cöıncide avec la base cano-
nique B de Af .

1.4.7 Les algèbres de carquois-Schur

Fixons un entier e > 1. Dans cette section on suppose que le carquois
Γ est un e-cycle orienté. On identifie l’ensemble I des sommets de Γ avec
Z/eZ. L’ensemble des flèches H est H = {i→ i+ 1; i ∈ I}.

La construction suivante est similaire à la construction géométrique de
l’algèbre KLR. Cette algèbre, appelée l’algèbre de carquois-Schur, est définie
dans [59].

Notons Zd =
∐
µ,ξ∈Comp(d) Zµ,ξ.

Définition 1.4.11. L’algèbre de carquois-Schur Ad est l’algèbre HGd
∗ (Zd,k).

Comme pour les algèbres KLR, l’algèbre de carquois-Schur Ad peut être
identifiée avec l’algèbre de Yoneda

Ext∗Gd
(

⊕
µ∈Comp(d)

Lµ,
⊕

µ∈Comp(d)

Lµ).
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1.4.8 Les algèbres de carquois-Schur de niveau supérieur

Les algèbres Ad admettent des versions de niveau supérieur. Ces nou-
velles algèbres sont définies aussi dans [59].

Soit l un entier > 1. Pour chaque poids ν de s̃le on écrit

ν =
∑
i∈I

ν(i)Λi.

On peut voir un poids dominant ν de s̃le comme un vecteur de dimension
d’un espace vectoriel I-gradué. Fixons une suite ν = (Λz1 , · · · ,Λzl) de poids

et considérons le poids ν =
∑l

r=1 Λzr . Pour k ∈ [1, l] notons aussi νk =∑k
r=1 Λzr . En particulier on a νl = ν. Posons

Ed,ν = Ed ⊕
⊕
i∈I

Hom(Vi,Cν(i)).

Pour chaque µ = (µ1, · · · , µk) ∈ Comp(d) on pose d(µ) = d, `(µ) = k.
Considérons l’ensemble Comp =

∐
d∈NI Comp(d). Posons

Compl(d) = {(µ(0), · · · , µ(l)) ∈ Compl+1;

l∑
r=0

d(µ(r)) = d}.

Soit µ̂ = (µ(0), · · · , µ(l)) un élément de Compl(d). Notons µ = µ(0) ∪
· · · ∪ µ(l) ∈ Comp(d) la concaténation de ses composantes. Soit O(µ̂, ν)
l’ensemble des couples ((x, φ), (γi)i∈I) dans F̃µ ×

⊕
i∈I Hom(Vi, Ui) tels que

l’on a γi(W̃i(k)) ⊂ Cνk(i) pour chaque i ∈ I et k ∈ [1, l]. Ici W̃ (0) ⊂ W̃ (1) ⊂
· · · ⊂ W̃ (l) = V est le drapeau I-gradué qui a des composantes parmi les
composantes du drapeau φ et les dimensions graduées de

W̃ (0), W̃ (1)/W̃ (0), · · · , W̃ (l)/W̃ (l − 1)

sont d(µ(0)),d(µ(1)), · · · ,d(µ(l)) respectivement.
Pour chaque µ̂ ∈ Compl(d), soit πµ̂,ν la projection

πµ̂,ν : O(µ̂, ν)→ Ed,ν , ((x, φ), (γi)i∈I)→ (x, (γi)i∈I).

On note Lµ̂,ν le faisceau (πµ̂,ν)∗k dans Db
Gd

(Ed,ν ,k). Pour chaque µ̂, λ̂ ∈
Compl(d) on pose Z

ν

µ̃,λ̃
= O(µ̂, ν)×Ed,ν

O(λ̂, ν). Finalement, on pose

Z
ν
d =

∐
µ̃,λ̃∈Compl(d)

Z
ν

µ̂,λ̂
, O

ν
d =

∐
λ̃∈Compl(d)

O(λ̂, ν).

Définition 1.4.12. L’algèbre de carquois-Schur (de niveau l) est l’algèbre
Ã
ν
d = H∗Gd

(Z
ν
d,k).
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Comme précédemment, on peut identifier A
ν
d avec l’algèbre de Yoneda

Ext∗GV (
⊕

µ̂∈Compl(d)

Lµ̂,ν ,
⊕

µ̂∈Compl(d)

Lµ̂,ν).

Cette algèbre possède des idempotents e(µ̂), µ̂ ∈ Compl(d), définis
comme les classes fondamentales des variétés Z

ν
µ̂,µ̂.

Les algèbres de carquois-Schur possèdent des versions cyclotomiques.
Elles sont définies dans [59].

Définition 1.4.13. L’algèbre de carquois-Schur cyclotomique A
ν
d est le quo-

tient de Ã
ν
d par l’idéal engendré par tous les idempotents e(µ̂), où µ̂ =

(µ(0), · · · , µ(l)) ∈ Compl(d) est tel que µ(0) 6= ∅.
Pour d ∈ N on pose

Ã
ν
d =

⊕
|d|=d

Ã
ν
d, A

ν
d =

⊕
|d|=d

A
ν
d.

1.4.9 L’isomorphisme ζ-Schur-carquois-Schur

L’article [59] étend le résultat du Théorème 1.4.3 au cas des algèbres de
Schur. Soit s = (s1, · · · , sl) un l-uplet d’entiers. On considère le l-uplet de
poids de s̃le donné par ν = (Λs1 , · · · ,Λsl), où sr est le résidu de sr modulo
e. Le théorème suivant est démontré dans [59].

Théorème 1.4.14. Soit ζ une racine primitive e-ième de l’unité. La ζ-
algèbre de Schur Ss

d(ζ) est isomorphe à l’algèbre de carquois-Schur cycloto-
mique A

ν
d.

Remarque 1.4.15. Le papier [59] construit des foncteurs

Ei : mod(A
ν
d+i)→ mod(A

ν
d), Fi : mod(A

ν
d)→ mod(A

ν
d+i)

pour i ∈ I. La somme
⊕

d∈NI [mod(A
ν
d)] est isomorphe à l’espace de Fock

Fs
q . L’action des foncteurs Ei, Fi s’identifie avec l’action des générateurs Ei,

Fi de Uq(s̃le).

1.4.10 Représentations catégoriques

Fixons un élément invertible ζ 6= 1 dans k. Soit C une catégorie abélienne
k-linéaire.

Définition 1.4.16. Une pré-représentation catégorique dans C est un uplet
(E,F,X, T ), où (E,F ) est un couple de foncteurs biadjoints exacts C → C
et X ∈ End(F )op, T ∈ End(F 2)op sont des endomorphismes de fonc-
teurs tels que pour chaque d ∈ N on a un homomorphisme de k-algèbres
ψd : HR,d(ζ)→ End(F d)op donné par

Xr 7→ F d−rXF r−1 ∀r ∈ [1, d],
Tr 7→ F d−r−1TF r−1 ∀r ∈ [1, d− 1].
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Remarque 1.4.17. Par adjonction on a un isomorphisme End(Ed) '
End(F d)op. On peut donc donner une définition équivalente en remplaçant
les endomorphismes de foncteurs X ∈ End(F )op, T ∈ End(F 2)op, par des
endomorphismes de foncteurs X ∈ End(E), T ∈ End(E2), qui, pour chaque
d ∈ N, induisent un homomorphisme Hd → End(Ed).

Dorénavant, on suppose que la catégorie C est Hom-finie. Soit F un
sous-ensemble de k tel que ζZF/ζZ est fini. On voit F comme l’ensemble
des sommets d’un carquois avec une flèche i→ j si et seulement si j = ζi.

Pour i ∈ F soit αi = εi − εζi ∈ XF .

Définition 1.4.18. Une représentation catégorique de gF dans C est une
pré-représentation catégorique (E,F,X, T ) munie d’une décomposition C =⊕

µ∈XF
Cµ qui satisfait les conditions (a) et (b) ci-dessous. Pour i ∈ F soient

Ei, Fi les endofoncteurs de C tels que pour chaque M ∈ C les sous-objets
Ei(M) ⊂ E(M), Fi(M) ⊂ F (M) sont les i-espaces propres généralisés de X
(voir aussi la Remarque 1.4.17). On suppose

(a) F =
⊕

i∈F Fi et E =
⊕

i∈F Ei,
(b) Ei(Cµ) ⊂ Cµ+αi et Fi(Cµ) ⊂ Cµ−αi .
Supposons que F est le carquois cyclique de taille e. Dans ce cas ζ

est une racine primitive e-ième de l’unité et gF = s̃le. Soit Γ = (I,H) le
carquois cyclique de taille e. On identifie I avec Z/eZ. Pour i ∈ I, on pose
αi = εi − εi+1 ∈ XI .

Definition 1.4.19. Une représentation catégorique (E,F, x, τ) de s̃le dans C
est :

(1) une décomposition C =
⊕

µ∈XI Cµ,
(2) un couple de foncteurs biadjoints exacts (E,F ) de C dans C,
(3) des morphismes de foncteurs x : F → F , τ : F 2 → F 2,
(4) des décompositions E =

⊕
i∈I Ei, F =

⊕
i∈I Fi,

tels que les conditions suivantes sont satisfaites.
(a) Ei(Cµ) ⊂ Cµ+αi , Fi(Cµ) ⊂ Cµ−αi ,
(b) pour chaque d ∈ N il y a un homomorphisme d’algèbres ψd : Rd →

End(F d)op tel que ψd(e(i)) est le projecteur sur Fid · · ·Fi1 et

ψd(xr) = F d−rxF r−1, ψd(τr) = F d−r−1τF r−1,

(c) pour chaque M ∈ C l’endomorphisme de F (M) induit par x est
nilpotent.

1.5 La catégorie O

1.5.1 L’algèbre de Lie ĝlN

Soient N , e, l des entiers positifs, e > 1. Soit

g = glN (C), ĝ = ĝlN (C) = g ⊗ C[t, t−1]⊕ C1⊕ C∂.
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Pour i, j ∈ [1, N ], soit ei,j ∈ g la matrice élémentaire. Soit h ⊂ g la sous-
algèbre de Cartan engendrée par les éléments ei,i, i ∈ [1, N ]. Soit (ε1, · · · , εN )
la base de h∗ duale de la base (e1,1, · · · , eN,N ). Soit P le réseau des poids de
g. On a P =

⊕
i∈[1,N ] Zεi. On identifie P et ZN .

Notons Xe[N ] l’ensemble des e-uplets µ = (µ1, · · · , µe) d’entiers positifs
tels que

∑e
r=1 µr = N . Fixons un l-uplet ν = (ν1, · · · , νl) ∈ Xl[N ] et un

e-uplet µ = (µ1, · · · , µe) ∈ Xe[N ].
On considère la sous-algèbre de Cartan ĥ = h ⊕ C1 ⊕ C∂ de ĝ. Soient

Λ0 et δ les éléments de ĥ∗ définis par

δ(∂) = Λ0(1) = 1, δ(h⊕ C1) = Λ0(h⊕ C∂) = 0.

Soit (•, •) : ĥ∗× ĥ∗ → C la forme bilinéaire telle que λ(α∨k ) = (λ, αk), λ(∂) =

(λ,Λ0) pour chaque k ∈ [0, N ] et λ ∈ ĥ∗.
Posons PC = P ⊗Z C ' CN ' h∗. Soient

ρ = (0,−1, · · · ,−N+1), ρν = (ν1, ν1−1 · · · , 1, ν2, · · · , 1, · · · , νl, · · · , 1) ∈ P.

Posons aussi ρ̂ = ρ+NΛ0. Pour chaque λ ∈ P on pose

λ̃ = λ+ τ + zλδ + (−N − κ)Λ0 ∈ ĥ∗,

où zλ = (λ, 2ρ + λ)/2e. Pour chaque λ ∈ P soit ∆(λ) le module de Verma
dont le plus haut poids est λ̃. On pose ∆λ = ∆(λ− ρ).

1.5.2 La catégorie O pour ĝlN

On suppose que le carquois Γ = (I,H) est un e-cycle orienté. On identifie
I avec Z/eZ ou [1, e]. On dit que le poids λ ∈ P est ν-dominant si λr > λr+1

pour chaque r ∈ [1, N − 1]\{ν1, ν1 + ν2, · · · , ν1 + · · ·+ νl}. Soit P [µ] le sous-
ensemble de P formé des éléments λ ∈ P tels que pour chaque i ∈ [1, e] le
N -uplet λ contient µi composantes égales à i modulo e. Soit P ν l’ensemble
des poids ν-dominants dans P . On pose aussi P ν [µ] = P ν ∩ P [µ].

Soit Oνµ,− la sous-catégorie de Serre de la catégorie O parabolique de

type ν de ĝ engendrée par les objets ∆λ, pour λ ∈ P ν [µ]. On pose Oν−e =⊕
µ∈Xe[N ]O

ν
µ,−.

Pour chaque i ∈ I on considère les e-uplets µ+
i , µ

−
i ∈ Ze définis par

(µ−i )r = µr + δr≡i+1 − δr≡i, (µ+
i )r = µr + δr≡i − δr≡i+1.

On veut décrire la représentation catégorique de s̃le dans Oν−e. Voir [53,
Sec. 5.4] pour les détails. Dans [53] un couple d’endofoncteurs biadjoints
E, F de Oν−e est défini. La catégorie Oν−e, munie des foncteurs E et F ,
admet une structure de pré-représentation catégorique. De plus, il y a une
décomposition E =

∑
i∈I Ei, F =

∑
i∈I Fi telle que l’on a

Ei(O
ν
µ,−) ⊂ Oν

µ−i ,−
, Fi(O

ν
µ,−) ⊂ Oν

µ+
i ,−

.
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Cela donne une structure de représentation catégorique de s̃le dans Oν−e.
On pose ∧νUe = ∧ν1Ue ⊗ · · · ⊗ ∧νlUe. Pour chaque λ ∈ P ν soit

∧νλ = (uλ1 ∧ · · · ∧ uλν1 )⊗ · · · ⊗ (uλ1+···+λl−1+1 ∧ · · · ∧ uλν1+···+λνl ) ∈ ∧
νUe.

L’action de s̃le de niveau 0 sur Ue donne une action de s̃le de niveau 0 sur
∧νUe. On peut voir un élément deXe[N ] comme un poids de sle. Pour chaque
µ ∈ Xe[N ] notons (∧νUe)µ l’espace de poids dans ∧νUe qui correspond au
sle-poids µ.

Le résultat suivant est démontré dans [56, Sec. 6.2].

Théorème 1.5.1. Il y a un isomorphisme d’espaces vectoriels [Oνµ,−] '
(∧νU)µ. Cet isomorphisme identifie les foncteurs Fi, Ei agissant sur [Oν−e] =⊕

µ∈Pe[N ][O
ν
µ,−] avec les générateurs standards ei, fi de s̃le.

1.5.3 La catégorie A

Soit Pνd ⊂ P ld le sous-ensemble de P ld formé des éléments λ =
(λ(1), · · · , λ(l)) ∈ P ld tels que `(λ(k)) 6 νk pour chaque k ∈ [1, l].

On identifie les l-partitions λ ∈ Pνd avec les poids

(λ1
1, · · · , λ1

`(λ1), 0
m1−`(λ1), λ2

1, · · · , λ2
`(λ2), 0

m2−`(λ2), · · · , λl1, · · · , λl`(λl), 0
ml−`(λl)),

Pour λ ∈ Pνd , on pose ω(λ) = λ− ρ+ ρν ∈ P .

Definition 1.5.2. Soit Aν [d] ⊂ Oν−e la sous-catégorie de Serre engendrée par
les modules ∆(ω(λ)) tels que λ ∈ Pνd .

Pour λ ∈ Pνd on pose ∆[λ] = ∆(ω(λ)). La restriction du foncteur F à
Aν [d] donne un foncteur F : Aν [d]→ Aν [d+1]. Néanmoins, il n’est pas vrai
que E(Aν [d + 1]) ⊂ Aν [d]. Il est cependant possible de définir un foncteur
E : Aν [d + 1] → Aν [d] qui est adjoint à gauche au foncteur F : Aν [d] →
Aν [d+ 1], voir [53, Sec. 5.9].

Les foncteurs E, F admettent des décompositions

E =
⊕
i∈I

Ei, F =
⊕
i∈I

Fi

qui viennent des décompositions similaires pour la catégorie O.
On suppose de plus que l’on a la condition suivante

νk > d, ∀k ∈ [1, l]. (1.1)

Dans ce cas on a Pνα = P lα. Pour a ∈ Z posons ν+a = (ν1+a, · · · , νl+a).
Si ν satisfait (1.1), alors par [53, Lemma 7.6], pour chaque a ∈ N on a une
équivalence de catégories Aν [d] ' Aν+a[d], ∆[λ] 7→ ∆[λ]. Pour chaque n-
uplet ν = (ν1, · · · , νl) ∈ Zl on pose Ãν [d] = lim

a
Aν+a[d], où les valeurs de a
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sont telles que ν + a satisfait (1.1). De plus, si ν − 1 satisfait (1.1), alors on
a les diagrammes commutatifs

Aν [d]
F−−−−→ Aν [d+ 1]y y

Aν+a[d]
F−−−−→ Aν+a[d+ 1],

Aν [d]
E←−−−− Aν [d+ 1]y y

Aν+a[d]
E←−−−− Aν+a[d+ 1],

où les flèches verticales sont les isomorphismes ci-dessus. Cela permet de
définir des foncteurs Fi : Ãν [d]→ Ãν [d+ 1] et Ei : Ãν [d+ 1]→ Ãν [d].

Le théorème suivant est démontré dans [53].

Théorème 1.5.3. Il existe un isomorphisme entre le C-espace vectoriel⊕
d∈N[Ãν [d]] et l’espace de Fock F ν . Cet isomorphisme identifie l’action des

foncteurs Ei, Fi sur
⊕

d∈N[Ãν [d]] avec l’action des générateurs ei, fi de

s̃le.

1.6 Dans cette thèse

1.6.1 Bases canoniques, algèbres KLR et faisceaux de parité

Dans cette partie on étudie les algèbres KLR en caractéristique positive.
Premièrement, on étend l’isomorphisme de Rouquier et Varagnolo-Vasserot
(Théorème 1.4.8, Corollaire 1.4.9) en caractéristique quelconque.

Théorème 1.6.1. Soit k un corps commutatif quelconque. Il existe un iso-
morphisme de k-algèbres

Rd ' Ext∗Gd
(
⊕
i∈Id

Li,
⊕
i∈Id

Li).

En caractéristique zéro le théorème de décomposition (voir [3]) implique
que les faisceaux Li sont des sommes directes de décalages de faisceaux
pervers simples. Ce n’est pas le cas en caractéristique positive. On vou-
drait trouver une classe de faisceaux qui remplace les faisceaux pervers
en caractéristique positive. Les faisceaux de parité introduits par Juteau-
Mautner-Williamson semblent d’être les bons candidats.

On démontre l’existence de faisceaux de parité sur la variété de carquois
pour un carquois de Dynkin. Plus précisément, on démontre le théorème
suivant.
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Théorème 1.6.2. Soient Γ = (I,H) un carquois de Dynkin (A,D,E),
d ∈ NI un vecteur de dimension. Soit O une Gd-orbite dans Ed. Alors il
existe un unique objet indécomposable Ẽ(O) ∈ Db

Gd
(Ed,k) qui satisfait les

propriétés suivantes

• Le complexe Ẽ(O) est constructible par rapport à la stratification par
les Gd-orbites.

• Le support de Ẽ(O) est dans O.
• La restriction de Ẽ(O) à O est le faisceau constant kO.
• On a Hr(Ẽ(O)) = Hr(DẼ(O)) = 0 pour chaque entier impair r.

Ici H• est la cohomologie faisceau, D est la dualité de Verdier.

Le complexe décalé E(O) := Ẽ(O)[dimCO] est appelé un faisceau de
parité. En caractéristique zéro le complexe E(O) cöıncide avec le complexe
d’intersection IC(O). C’est donc un remplaçant du complexe IC(O) en ca-
ractéristique positive.

Pour démontrer que les complexes Li sont des sommes directes de
décalages de faisceaux de parité il suffit de voir que les fibres des morphismes
πi n’ont pas de groupes de cohomologie impairs. Malheureusement, on ne
sait pas si c’est vrai pour les types D et E. Pour le type A on démontre le
théorème suivant.

Théorème 1.6.3. Soit Γ = (I,H) un carquois de type A. Alors, pour chaque
vecteur de dimension d ∈ NI et chaque i ∈ Id, le faisceau Li est une somme
directe de décalages de faisceaux de parité.

Soit Γ un carquois de Dynkin. Soit ParGd
(Ed,k) ⊂ Db

Gd
(Ed,k) la sous-

catégorie additive formée des sommes directes de décalages des faisceaux de
parité. Les éléments de cette catégorie sont appelée des complexes de parité.
Pour d1,d2 ∈ NI on a les foncteurs d’induction et de restriction de Lusztig
[38, Sec. 9.2],

Indd1,d2 : Db
Gd1

(Ed1 ,k)×Db
Gd2

(Ed2 ,k)→ Db
Gd1+d2

(Ed1+d2 ,k),

Resd1,d2 : Db
Gd1+d2

(Ed1+d2 ,k)→ Db
Gd1
×Gd2

(Ed1 × Ed2 ,k).

Les complexes de parité sont stables par la restriction et on obtient un
coproduit sur le A-module

⊕
d∈NI K(ParGd

(Ed,k)). En revanche, il n’est
pas clair si les faisceaux de parité sont stables par l’induction. C’est vrai en
type A a cause du Théorème 1.6.3. On démontre le résultat suivant.

Théorème 1.6.4. Soit Γ un carquois de Dynkin. Pour chaque vec-
teur de dimension d ∈ NI il existe un isomorphisme de A-
modules K(ParGd

(Ed,k)) ' Afd. L’isomorphisme de A-modules obtenu⊕
d∈NI K(ParGd

(Ed,k)) ' Af est un isomorphisme de cogèbres.
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Remarque 1.6.5. (a) Le théorème 1.6.4 est un analogue de la construction
de Lusztig (voir Section 1.4.6). Les classes des faisceaux de parité donnent
une nouvelle base du groupe quantique f .

(b) Pour un carquois de type A, l’isomorphisme du Théorème 1.6.4 est
un isomorphisme de bigèbres.

1.6.2 Algèbres de carquois-Schur et dualité de Koszul

La deuxième partie de la thèse étudie la Koszulité de la graduation sur
l’algèbre de carquois-Schur.

On suppose que Γ = (I,H) est un carquois cyclique de taille e, e > 1.
Soient ζ une racine primitive e-ième de l’unité, d un entier positif, s =
(s1, · · · , sl) une suite d’entiers. On lui associe la suite ν = (Λs1 , · · · ,Λsl)
de poids fondamentaux de s̃le comme dans la Section 1.4.9. L’algèbre de
carquois-Schur A

ν
d introduite par Stroppel-Webster (voir la Section 1.4.8)

est une version graduée de la ζ-algèbre de Schur Ss
d(ζ) (voir la Section 1.4.9).

Cela nous donne une façon de graduer l’algèbre Ss
d(ζ).

Soit ν = (ν1, · · · , νl) une suite d’entiers positifs tels que pour chaque
r ∈ [1, l] on a sr = νr mod e et νr > d. D’après [53] la catégorie mod(Ss

d(ζ))
est équivalente à la catégorie Aν [d] (voir la Section 1.5.3 pour la définition
de Aν [d]). Voir la Section A.2 pour des détails sur cette équivalence. D’autre
part, l’article [56] construit une graduation de Koszul sur la catégorie Aν [d].
Le théorème suivant compare les deux graduations.

Théorème 1.6.6. L’équivalence de catégories mod(Ss
d(ζ)) ' Aν [d] entre-

lace la graduation induite par la graduation de l’algèbre de carquois-Schur
sur mod(Sd

d (ζ)) avec la graduation de Koszul sur Aν [d].

Un point important dans la preuve est de comparer les multiplicités
graduées des modules simples dans les modules standards. Ces multiplicités
pour la catégorie O pour ĝlN sont calculées dans la Section A.1.

1.6.3 Algèbres KLR et actions catégoriques

La troisième partie de la thèse étudie l’action catégorique sur la catégorie
A. La motivation initiale est d’identifier les duaux de Koszul des foncteurs
E, F sur la catégorie A. Cette partie de thèse contient des résultats utiles
pour répondre à cette question.

Le premier résultat fait un lien entre l’algèbre KLR d’un e-cycle et
l’algèbre KLR d’un (e + 1)-cycle. On pose I = Z/eZ, I = Z/(e + 1)Z.
On voit I et I comme des ensembles de sommets d’un carquois donné par
un e-cycle et un (e + 1)-cycle respectivement. On fixe k ∈ [0, e − 1]. Soit
d =

∑
i∈I di · i ∈ NI un vecteur de dimension. On lui associe un vecteur de
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dimension d =
∑

i∈I di · i défini par

di =

{
di si i ∈ [0, k],
di−1 si i ∈ [k + 1, e],

où on identifie I avec [0, e− 1], I avec [0, e].

On dit qu’une suite i = (i1, · · · , id) ∈ I
α

est bien ordonnée si pour
chaque indice a tel que ia = k on a a < d et ia+1 = k + 1. On dit qu’une

suite i = (i1, · · · , id) ∈ I
α

est désordonnée s’il existe r ∈ [1, d] tel que la
suite (i1, · · · , ir) contient l’élément k + 1 plus de fois que l’élément k. On
pose e =

∑
i e(i) ∈ Rα(Γ), où on fait la somme sur toutes les suites bien

ordonnées dans I
α
. On démontre le théorème suivant.

Théorème 1.6.7. Il existe un isomorphisme d’algèbres

Rα(Γ) ' eRα(Γ)e/
∑
i

eRα(Γ)e(i)Rα(Γ)e,

où on fait la somme sur toutes les suites désordonnées dans I
α

.

Le lien entre les algèbres KLR associées à un e-cycle et à un (e+1)-cycle
obtenu dans le théorème précédent donne un lien entre les s̃le-représentations
catégoriques et les s̃le+1-représentations catégoriques. On obtient le résultat
suivant.

Soit C une catégorie abélienne Hom-finie et k-linéaire. On suppose que
la catégorie C admet une structure de s̃le+1-représentation catégorique avec
des foncteurs

E = E0 ⊕ E1 ⊕ · · · ⊕ Ee, F = F 0 ⊕ F 1 ⊕ · · · ⊕ F e.

On suppose de plus que Cµ est zéro pour chaque µ ∈ XI\X
+
I

.

Pour chaque poids µ =
∑

i∈I µiεi ∈ XI de s̃le on considère le poids

µ =
∑k

i=0 µiεi+
∑e−1

i=k+1 µiεi+1 ∈ XI de s̃le+1. On considère la sous-catégorie

C ⊂ C définie par

C =
⊕
µ∈XI

Cµ.

On considère les endofoncteurs suivants de C :

F0 = F 0

∣∣
C , · · · , Fk−1 = F k−1

∣∣
C , Fk = F k+1F k

∣∣
C ,

Fk+1 = F k+2

∣∣
C , · · · , Fe−1 = F e

∣∣
C ,

E0 = E0

∣∣
C , · · · , Ek−1 = Ek−1

∣∣
C , Ek = EkF k+1

∣∣
C ,

Ek+1 = Ek+2

∣∣
C , · · · , Ee−1 = Ee

∣∣
C .
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Théorème 1.6.8. La catégorie C admet une structure de s̃le-représentation
catégorique définie par des foncteurs Ei, Fi, i ∈ [0, e− 1].

Soit d ∈ NI un vecteur de dimension. On lui associe un vecteur de
dimension d ∈ I comme ci-dessus. Soit A

ν
[d] la catégorie définie de même

manière que Aν [d] avec e + 1 au lieu de e. Le théorème 1.6.8 permet de
comparer les foncteurs F pour les catégories Aν et A

ν
. On démontre le

théorème suivant.

Theorem 1.6.9. Supposons νr > |d| pour chaque r ∈ [1, l] et e > 2. Il
existe des équivalences de catégories θ1, θ2 telles que le diagramme suivant
est commutatif

A
ν
[d]

Fk+1Fk−−−−−→ A
ν
[d + k + (k + 1)]

θ1

x θ2

x
Aν [d]

Fk−−−−→ Aν [d + k].





Chapitre 2

Canonical basis, KLR
algebras and parity sheaves

2.1 Introduction

Let k be a field. Let Γ be a Dynkin quiver with the set of vertices I
and let ν be a dimension vector. Let EV be the space of representations
of Γ in a ν-dimensional I-graded vector space V . Let GV be the group of
graded linear automorphisms of V . Let LV,k be the Lusztig complex in the
bounded GV -equivariant derived category DGV (EV ,k) of sheaves of k-vector
spaces on EV whose cohomology sheaves are constructible with respect to
the stratification of EV by GV -orbits. Shifting the indecomposable direct
factors of LV,k we construct a new complex δLV,k which is Verdier self-dual.
Let f be the positive part of the Drinfeld-Jimbo quantized enveloping algebra
associated with the quiver Γ and let Af be Lusztig’s integral form of f , where
A = Z[q, q−1].

The KLR algebras have been recently introduced by Khovanov and
Lauda [35] and by Rouquier [50] to give categorification of f . The goal of
Section 2.2 is to give a geometric construction of KLR algebras in arbitrary
characteristic. The zero characteristic case was done in [51] and [62]. The
KLR algebras in positive characteristic were studied in [36].

Let Rν,k be the KLR algebra over k associated with the quiver Γ and the
dimension vector ν. Let QV be the full additive subcategory of DGV (EV ,k)
such that the objects of QV are the direct sums of shifts of direct factors
of LV,k. Denote by proj(Rν,k) the category of Z-graded projective finitely
generated modules over Rν,k. We prove the following in Theorems 2.2.20,
2.2.21.

Theorem 2.1.1. (1) The graded k-algebras Rν,k and Ext∗GV (δLV,k, δLV,k)
are isomorphic.

(2) The functor QV → proj(Rν,k), F 7→ Ext∗GV (F , δLV,k) yields an equi-
valence of categories from the opposite category Qop

V of QV to the category
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proj(Rν,k).

Let K(Rν,k) be the split Grothendieck group of the additive cate-
gory proj(Rν,k). Set Rk =

⊕
ν∈NI Rν,k and K(Rk) =

⊕
ν∈NI K(Rν,k).

Consider also the split Grothendieck group K(QV ) of QV and set Q =⊕
V QV , K(Q) =

⊕
V K(QV ), where the sum is taken over the isomorphism

classes of I-graded finite dimensional C-vector spaces. The Z-modules K(Q)
and K(Rk) are A-modules such that q acts by the shift of grading.

The induction and restriction functors yield A-algebra and A-coalgebra
structures onK(Rk). Theorem 2.1.1 yields anA-linear isomorphismK(Q) '
K(Rk). So we can transfer the algebra structure from K(Rk) to K(Q). This
algebra structure coincides with the algebra structure given by Lusztig’s
induction functor, see Section 2.2.20, yielding an A-algebra isomorphism
λA : K(Q)→ Af , see Theorem 2.2.22.

The construction above is well-studied in the case when the characteristic
of k is zero. Here the decomposition theorem of Beilinson-Bernstein-Deligne
is essential. It implies that the indecomposable direct factors of the complex
LV,k are simple perverse sheaves up to shifts. However, the decomposition
theorem fails if the characteristic of k is positive. Thus it is natural to look
for a good replacement for simple perverse sheaves in positive characteris-
tic. Good candidates for this role are parity sheaves introduced recently by
Juteau-Mautner-Williamson.

There is no natural geometric construction of the multiplication on K(Q)
in positive characteristic. The reason is that the proof of [38, Lem. 9.2.4] uses
the property [38, 8.1.6] of perverse sheaves that cannot be helpful in positive
characteristic because of the failure of the decomposition theorem. However,
if we make some parity assumption on Lusztig complexes then this problem
can be fixed by replacing [38, 8.1.6] by Lemma 2.3.9. Unfortunately, Lusztig
complexes are not known to be parity in general.

The second goal of this paper is to study the parity sheaves on EV , see
Section 2.3. Let ParGV (EV ) be the full additive subcategory of parity com-
plexes in DGV (EV ,k). Let K(ParGV (EV )) be its split Grothendieck group.
We set

Par =
⊕
V

ParGV (EV ), K(Par) =
⊕
V

K(ParGV (EV )),

where the sum is taken over the isomorphism classes of I-graded finite di-
mensional C-vector spaces. The Z-module K(Par) is also an A-module. The
Lusztig restriction functor Res yields an A-coalgebra structure on K(Par).
In Section 2.3 we prove the following result.

Theorem 2.1.2. There exists an A-coalgebra isomorphism βA : K(Par)→
Af .

Theorem 2.1.2 yields an A-basis in Af in terms of parity sheaves. If the
characteristic of k is zero then this basis coincides with Lusztig’s canonical
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basis. Note that we have no natural geometric construction of the algebra
structure on K(Par) induced by βA in positive characteristic, because it is
not clear if the convolution of parity complexes is again a parity complex.
Lusztig’s proof of the fact that the convolution of perverse sheaves in cha-
racteristic zero is a perverse sheaf modulo shifts of direct factors is based
on the fact that perverse sheaves are direct factors of Lusztig complex LV,k
modulo shifts. However no such result is known for parity sheaves in posi-
tive characteristic. On the other hand the parity sheaves are shifted direct
factors of complexes given by Nakajima resolutions, see Sections 2.3.4-2.3.5.
But it is not clear what is a convolution of such complexes.

We conjecture that the Lusztig sheaves are parity complexes. To prove
the conjecture, the categorification of the multiplication and the comultipli-
cation of f given by Theorems 2.1.1, 2.1.2 above should help.

Next, we say that the quiver Γ is k-even if the Lusztig sheaves are even.
We say that Γ is even if it is k-even for each field k. If the quiver Γ is k-even
then the categories QV and ParGV (EV ) coincide and we have a bialgebra
isomorphism λA : K(Q)→ Af , see Section 2.3.10. Note that this is the case
if the characteristic of k is zero. The following theorem is proved in Section
2.3.11.

Theorem 2.1.3. Each Dynkin quiver of type A is even.

However, we have no example of a Dynkin quiver that is not k-even for
some field k of positive characteristic. We conjecture that the statement is
still true for types D and E.

Conjecture 2.1.4. Each Dynkin quiver is even.

Let ΛV be the set of GV -orbits in EV . For λ ∈ ΛV we will write Oλ for
the corresponding orbit. The parity sheaves on EV and the indecomposable
objects in QV (up to shifts of complexes) are both parametrized by the set
ΛV , see Section 2.2.21 and Remark 2.3.19. We denote them respectively E(λ)
and Qλ with λ ∈ ΛV . If Conjecture 2.1.4 is true then we have Qλ ' E(λ) for
each λ ∈ ΛV , i.e., the indecomposable direct factors of the Lusztig complex
LV,k are exactly the parity sheaves. In particular this holds for quivers of
type A. Note also that Conjecture 2.1.4 is equivalent to the claim that
the category of parity complexes is stable by the convolution and is also
equivalent to the claim that the category Q is stable by the restriction.

The classes of the Qλ’s form an A-basis in K(QV ). Thus the elements
λA([Qλ]) form an A-basis in Af . On the other hand the classes of the E(λ)’s
form an A-basis in K(ParGV (EV )) and thus the elements βA([E(λ)]) form
an A-basis in Af . It is natural to compare these bases.

If the quiver Γ is even then we have Qλ ' E(λ), see Remark 2.3.19. Then
we get QV = ParGV (EV ) and λA = βA. This implies λA([Qλ]) = βA([E(λ)]).
In particular this is true for type A.
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We conjecture that the same is also true for types D and E. We get the
following weak version of Conjecture 2.1.4.

Conjecture 2.1.5. Let Γ = (I,H) be an arbitrary Dynkin quiver. For each
finite dimensional I-graded C-vector space V and each λ ∈ ΛV we have
λA([Qλ]) = βA([E(λ)]).

A subtle point in the theory of parity sheaves is that they don’t always
exist. However, they are unique up to isomorphism if they exist. Conjecture
2.1.4 implies the existence of parity sheaves on EV because all of them can
be obtained as direct factors of the Lusztig complex LV,k. We can prove the
existence of parity sheaves without assuming Conjecture 2.1.4 to be true.
To do this we use resolutions of singularities for the GV -orbit closures in EV
coming from Nakajima varieties, see Sections 2.3.4-2.3.5.

A similar construction can be obtained when we replace KLR algebras
by quiver Schur algebras associated with a cyclic quiver. In this case an
analogue of Conjecture 2.1.4 is easy to prove. See Section 2.3.13 for details.

2.2 Geometric construction of KLR algebras

By a variety we will always mean a reduced and quasi-projective scheme
of finite type over C. The symbol A will always denote a commutative ring of
finite global dimension. Let [•] denote the shift of the cohomological degree
(for complexes) or the shift of grading (for graded modules).

2.2.1 Quivers

Let Γ be a quiver without loops. We denote by I and H the sets of its
vertices and arrows respectively. For an arrow h ∈ H we will write h′ and h′′

for its source and target respectively. For a dimension vector ν =
∑

i∈I νi ·i ∈
NI we set

EV =
⊕
h∈H

Hom(Vh′ , Vh′′), |ν| =
∑
i∈I

νi,

where Vi is a C-vector space of dimension νi for every i ∈ I. If Γ is a Dynkin
quiver, the natural action of GV =

∏
i∈I GL(Vi) on EV has finitely many

orbits. This defines a stratification
∐
λ∈ΛV

Oλ on EV , where ΛV labels all
orbits.

Let us introduce some notations for a later use. Let hi,j be the number
of arrows from i to j in Γ and set

i · j = −hi,j − hj,i, i · i = 2, i 6= j.

Let Yν be the set of all pairs y = (i,a) where i = (i1, i2, · · · , im) is a sequence
of elements of I and a = (a1, a2, · · · , am) is a sequence of nonnegative inte-

gers such that
∑m

l=1 alil = ν. We will write y = (i
(a1)
1 · · · i(am)

m ). Let Iν ⊂ Yν
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be the set of all pairs y = (i,a) such that al = 1 for all l. We will abbreviate
i for y = (i,a) if y ∈ Iν . We denote by Fy the variety of all flags

φ = ({0} = V 0 ⊂ V 1 ⊂ · · · ⊂ V m = V )

in V =
⊕

i∈I Vi such that the I-graded vector space V r/V r−1 has graded

dimension ar · ir for r ∈ [1,m]. We denote by F̃y the variety of pairs (x, φ) ∈
EV × Fy such that x(V r) ⊂ V r for r ∈ {0, 1, · · · ,m}. Let πy be the natural

projection from F̃y to EV , i.e., πy : F̃y → EV , (x, φ) 7→ x. For y1, y2 ∈ Yν we
denote by Zy1,y2 the variety of triples (x, φ1, φ2) ∈ EV ×Fy1 ×Fy2 such that
x preserves φ1 and φ2. For i ∈ Iν and l = 1, 2, · · · , |ν|, we define O

F̃i
(l) to

be the GV -equivariant line bundle over F̃i whose fiber at the flag φ is equal
to V l/V l−1.

2.2.2 KLR algebra

Set m = |ν|. The group Sm acts on Iν by w · (i1, · · · , im) =
(iw−1(1), · · · , iw−1(m)). We denote by sl the transposition (l, l + 1) ∈ Sm

for l ∈ [1,m − 1]. For each sequence i = (i1, i2, · · · , im) ∈ Iν and each
integers k, l ∈ [1,m], l 6= m we abbreviate

hi(l) = hil,il+1
if sl(i) 6= i, hi(l) = −1 if sl(i) = i.

ai(l) = hi(l) + hsl(i)(l) = −il · il+1.

Definition 2.2.1. The KLR algebra Rν,A (or simply Rν if the ring of coeffi-
cients is clear) over the ring A associated with Γ and the dimension vector
ν is the A-algebra generated by 1i, xi(k), τi(l) with i ∈ Iν , 1 ≤ k, l ≤ m and
l 6= m, modulo the following defining relations:

• 1i1i′ = δi,i′1i,
• τi(l) = 1sl(i)τi(l)1i,
• xi(k) = 1ixi(k)1i,
• xi(k)xi′(k

′) = xi′(k
′)xi(k),

• τsl(i)(l)τi(l) = Qi,l(xi(l), xi(l + 1)),
• τsl(i)(l

′)τi(l) = τsl′ (i)(l)τi(l
′) if |l − l′| > 1,

• τslsl+1(i)(l + 1)τsl+1(i)(l)τi(l + 1)− τsl+1sl(i)(l)τsl(i)(l + 1)τi(l)

= (Qi,l(xi(l+ 2), xi(l+ 1))−Qi,l(xi(l), xi(l+ 1)))(xi(l+ 2)− xi(l))−1

if sl,l+2(i) = i and 0 else,

• τi(l)xi(k)− xsl(i)(sl(k))τi(l) =


−1i if k = l, sl(i) = i,
1i if k = l + 1, sl(i) = i,
0 else.

Here we have set sl,l+2 = slsl+1sl if l 6= m− 1,m and

Qi,l(u, v) =

{
(−1)hi(l)(u− v)ai(l) if sl(i) 6= i,

0 else.
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Note that the fraction

(Qi,l(xi(l + 2), xi(l + 1))−Qi,l(xi(l), xi(l + 1)))(xi(l + 2)− xi(l))−1

is indeed an element of A[xi(1), · · · , xi(m)]. Note also that Rν,A =⊕
i,j∈Iν R

ij
ν,A, where Rij

ν,A = 1iRν,A1j.
The KLR algebra Rν,A has a natural Z-grading such that deg 1i = 0,

deg xi(k) = 2 and deg τi(l) = ai(l). The relations in Definition 2.2.1 are
homogeneous with respect to this grading.

2.2.3 A faithful representation of Rν,A

Now, we consider the representation of Rν,A on the space

Polν,A =
⊕
i∈Iν
Poli,A, Poli,A = A[xi(1), · · · , xi(m)],

which is given by:
• the element 1i ∈ Rν,A acts on Polν,A by the projection on Poli,A,
• the element xi(k) ∈ Rν,A acts on Polj,A by 0 if i 6= j and by multi-

plication by xi(k) if i = j,
• the element τi(l) acts on Polj,A by 0 if i 6= j and it sends f ∈ Poli,A

to
• − f−sl(f)

xi(l)−xi(l+1) if sl(i) = i,

• (xsl(i)(l)− xsl(i)(l + 1))hi(l)sl(f) if sl(i) 6= i.
This representation is faithful, see [50, Sec. 3.2.2]

2.2.4 Reminder on Borel-Moore homology

In this section we suppose that G is an algebraic group which acts
on a variety X. Denote by DG(X,A) the G-equivariant derived category
of sheaves of A-modules on X. Let DX,A be the G-equivariant duali-
zing complex on X, see [32, Def. 3.1.16] in the non-equivariant case and
[10, Def. 3.5.1] in the equivariant case. The space of G-equivariant Borel-
Moore homology is HG

∗ (X,A) = H∗G(X,DX,A) (more precisely, we have
HG
k (X,A) = H−kG (X,DX,A) for each k ∈ Z). Note also that DX,A = AX [2d]

if X is a smooth G-variety of pure dimension d, where we denote by AX
the G-equivariant constant sheaf on X, see [12, Prop. 8.3.4]. In this case
we have HG

∗ (X,A) = H∗G(X,AX [2d]). So we can identify HG
∗ (X,A) with

H∗G(X,A)[2d]. The functor

D = DX : DG(X,A)→ DG(X,A), L 7→H om(L,DX,A)

has the following properties, see [10, Thm. 3.5.2]:
• (DX)2 = IdDG(X,A),
• DY f! = f∗DX , ∀f : X → Y continuous G-map,
• DXf∗ = f !DY , ∀f : X → Y continuous G-map.
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2.2.5 Algebra ZV,A

Set G = GL(V ). Then GV is a closed reductive subgroup of G. Consider
the varieties ZV =

∐
i,j∈Iν

Zi,j and F̃V =
∐
i∈Iν

F̃i, see Section 2.2.1. For i, j ∈ Iν

we set
ZV,A = HGV

∗ (ZV , A), Zi,j,A = HGV
∗ (Zi,j, A),

FV,A = HGV
∗ (F̃V , A), Fi,A = HGV

∗ (F̃i, A).

We equip ZV,A with the convolution product ? relative to the closed embed-

ding ZV ⊂ F̃V × F̃V . See [12, Sec. 2.7] for details. In the same way we have
the ZV,A-module structure on FV,A. We will denote it also by ?.

Denote by F the variety of all complete flags in V . Denote by FV the
variety of all complete flags in V that agree with the grading of V , i.e.,
FV =

∐
i∈Iν

Fi. Then FV ⊂ F . Let TV be a maximal torus in GV . Denote by

SV and S the Weyl groups of (GV , TV ) and (G,TV ) respectively. Fix once
and for all a TV -stable flag φV in FV . Write

φV = (0 ⊂ D1 ⊂ D1⊕D2 ⊂ · · · ⊂ D1⊕D2⊕· · ·⊕Dm−1 ⊂ D1⊕D2⊕· · ·⊕Dm = V ),

where D1, · · · , Dm are TV -stable one-dimensional vector spaces in V . The
action of S on the set {D1, D2, · · · , Dm} identifies S with the symmetric
group Sm. Note also that the action of S on the set {D1, D2, · · · , Dm}
induces the action of S on the set of TV -stable flags in FV . Set φV,w =
w(φV ) for w ∈ S. Denote by B and BV the stabilizers of φV in G and GV
respectively. Let ∆ and ∆V be the root systems of (G,TV ) and (GV , TV )
respectively. Let ∆+ be the subset of positive roots in ∆ associated with B.
We set

∆− = −∆+, ∆+
V = ∆+ ∩∆V , ∆−V = ∆− ∩∆V .

Let Π ⊂ S be the set of simple reflections. Let χ1, χ2, · · · , χm ∈ t∗V be the
weights of the lines D1, D2, · · · , Dm respectively, where tV = Lie(TV ). The
set of simple roots in ∆+ is {χl − χl+1; l = 1, 2, · · · ,m − 1}. Let sl ∈ Π
denote the reflection with respect to the simple root χl − χl+1. Under the
identification S = Sm the reflection sl is a transposition (l, l + 1).

2.2.6 Algebras PV,A and SV,A

Denote by PV,A the A-algebra H∗TV ({pt}, A), where {pt} is the variety
containing one point. The A-algebra PV,A is isomorphic to the algebra of
polynomials on tV :

PV,A = A[χ1, χ2, · · · , χm],

where χ1, · · · , χm are as in Section 2.2.5. Let SV,A be the A-algebra
H∗GV ({pt}, A). For each positive integer n the fundamental group of GLn(C)
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is equal to Z. Thus the fundamental group of GV does not contain elements
of finite order. Hence, by [60, Lem. 1] the torsion index of GV is equal to 1
(see [26, Sec. 2] for the definition of a torsion index of a Lie group). So by [26,
Cor. 2.3] the algebra SV,A is isomorphic to the algebra PSV

V,A of SV -invariant
polynomials on tV .

2.2.7 Stratification on FV × FV
The group G acts diagonally on F × F . The action of the subgroup GV

preserves the subset FV × FV . For x ∈ S let OxV be the set of all pairs
of flags in FV × FV which are in relative position x. More precisely, write
φV,w′,w = (φV,w′ , φV,w), ∀w,w′ ∈ S. Then we set OxV = (FV ×FV )∩GφV,e,x.

2.2.8 Stratification on ZV

Let ZxV be the Zariski closure of the locally closed subset q−1(OxV ), where
q is a natural map

q : ZV → FV × FV , (x,F1,F2) 7→ (F1,F2).

Put

Z6x
V =

⋃
w6x

ZwV , Z6x
V,A = HGV

∗ (Z6x
V , A), ZeV,A = HGV

∗ (Z6e
V , A).

Z<xV =
⋃
w<x

ZwV , Z<xV,A = HGV
∗ (Z<xV , A),

where 6 is the Bruhat order.

2.2.9 Generators of ZV,A

Denote by 1i the fundamental class of Zi,i in HGV
∗ (Zi,i, A) regarded as an

element of HGV
∗ (ZV , A). Fix a simple reflection s = sl in Π. The fundamental

class of ZsV yields an elements σ(l) ∈ Z6s
V,A. For i, i′ ∈ Iν we write

σi′,i(l) = 1i′ ? σ(l) ? 1i ∈ Z6s
V,A.

Next, suppose k ∈ [1,m]. The pull-back of the first Chern class of the line
bundle

⊕
i

O
F̃i

(k) by the first projection

ZeV ⊂ F̃V × F̃V
pr1−−−−→ F̃V

belongs to H∗GV (ZeV , A), where O
F̃i

(k) is as in Section 2.2.1. It yields an

element x(k) ∈ ZeV,A. We write

xi′,i(k) = 1i′ ? x(k) ? 1i ∈ ZeV,A.

We will need the following standard lemma, see [12, Chap. 6].
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Lemma 2.2.2. (a) The direct image by the closed embedding Z6x
V ⊂ ZV

gives an injective A-module homomorphism Z6x
V,A → ZV,A.

(b) For x, y ∈ S such that l(xy) = l(x) + l(y) the convolution product
in ZV,A yields an inclusion Z6x

V,A ? Z6y
V,A ⊂ Z6xy

V,A . In particular ZeV,A is a
subalgebra of ZV,A.

Proof. All the statements are obvious except, perhaps, the injectivity in (a).
It follows from the existence of a decomposition

Z6x
V =

∐
w6x

q−1(OwV ).

We need the following obvious lemma.

Lemma 2.2.3. For each GV -orbit O in FV × FV the map p : q−1(O)→ Fi

such that (x, φ1, φ2) 7→ φ2 for each x ∈ EV , φ1, φ2 ∈ FV is an affine GV -
equivariant fibration, where i is the unique element of Iν such that O ⊂
FV × Fi.

Now we can conclude by applying the arguments of [12, Sec. 6.2] and
the exact sequence in equivariant Borel-Moore homology. We should just
replace [12, Lem. 6.2.5] by Lemma 2.2.3.

So we can consider xi′,i(k) and σi′,i(l) as elements of ZV,A.

2.2.10 The A-algebra structure on FV,A

Let i ∈ Iν . Assigning to a formal variable xi(l) of degree 2 the first Chern
class of GV -equivariant line bundle O

F̃i
(l) for l = 1, 2, · · · ,m yields a graded

A-algebra isomorphism

A[xi(1), xi(2), · · · , xi(m)] = Fi,A.

The multiplication of polynomials equips each Fi,A with an obvious graded
A-algebra structure. Thus, FV,A =

⊕
i∈Iν Fi,A is also a graded A-algebra.

Now we can consider ZV,A as an FV,A-module such that
f(xi(1), · · · , xi(m)) ∈ Fi,A acts on ZV,A by the operator z 7→
f(xi(1), · · · , xi(m)) ? z. We can interpret this FV,A-action on ZV,A as
follows. Note that

F̃V = {(x, φ) ∈ EV × FV ; x preserves φ}
' {(x, φ, φ) ∈ EV × FV × FV ; x preserves φ}
= ZeV .

Then we have FV,A ' ZeV,A. So the FV,A-action on ZV,A is the action of
the subalgebra ZeV,A on ZV,A.
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2.2.11 KLR algebra and Borel-Moore homology

For each sequence i = (i1, i2, · · · , im) ∈ Iν and for each integers k, l ∈
[1,m], l 6= m we consider the following elements xi(k) = xi,i(k), σi(l) =
σsl(i),i(l) in ZV,A.

Theorem 2.2.4. We have an A-algebra isomorphism Rν,A ' ZV,A.

Proof. First, we claim that there is an A-algebra homomorphism ΦA :
Rν,A → ZV,A given by

ΦA(1i) = 1i, ΦA(xi(k)) = xi(k), ΦA(τi(l)) = (−1)hi(l)σi(l).

To prove this we must check that the relations from Definition 2.2.1
hold for the elements 1i, xi(k), (−1)hi(l)σi(l) in ZV,A. Now according to [62,
Thm. 3.6], this holds for A = C. We want to deduce from this that the
relations hold for any A. To do this, we first construct an FV,A-basis of ZV,A
using the following lemma, which can be proved in the same way as Lemma
2.2.2.

Lemma 2.2.5. We have Z6x
V,A =

⊕
w6x

FV,A? [ZwV ] and Z<xV,A =
⊕
w<x

FV,A? [ZwV ]

for w ∈ S. In particular ZV,A is a free graded FV,A-module of rank m!.

By Lemma 2.2.5 the Z-module ZV,Z is free. So by the universal coefficient
theorem we have an inclusion of rings jA : ZV,Z → ZV,A. By [35, Thm. 2.5]
the Z-module Rν,Z is free. So we have an inclusion iA : Rν,Z → Rν,A. Since
jC takes the elements 1i, xi(k), (−1)hi(l)σi(l) in ZV,Z to the corresponding
elements in ZV,C, the defining relations in Rν,Z are satisfied by the generators
of ZV,Z. Thus, the ring homomorphism ΦZ : Rν,Z → ZV,Z is well-defined and
we have the following commutative diagram

Rν,C
ΦC−−−−→ ZV,CxiC xjC

Rν,Z
ΦZ−−−−→ ZV,Z.

Now we must prove that ΦZ is bijective. Note that FV,A =⊕
i∈Iν A[xi(1), xi(2), · · · , xi(m)] acts on Rν,A by multiplication by polyno-

mials. It is easy to see that the map ΦZ is FV,Z-linear. Further, the morphism
ΦZ is injective because iC and ΦC are. Let us prove that ΦZ is surjective.
We will need the following lemma.

Lemma 2.2.6. The following relations hold in ZV,Z:

(a) σi,j(l) = 0 unless i ∈ {j, sl(j)},
(b) σi,i(l) = (xi(l + 1)− xi(l))hil,il+1 if sl(i) 6= i.
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Proof. By [62, Lem. 1.8 (a), Prop. 2.22] these relations hold in ZV,C. Thus,
they also hold in ZV,Z by injectivity of the map jC.

The image of ΦZ contains the elements xi(k) and 1i for each i ∈ Iν and
each k ∈ [1,m]. So it contains FV,Z ? [ZeV ] because

[ZeV ] =
∑
i∈Iν

1i, FV,Z =
⊕
i∈Iν

Z[xi(1), xi(2), · · · , xi(m)].

Next, we prove that the image of ΦZ contains [ZslV ] for l ∈ [1,m − 1]. By
Lemma 2.2.6 (a) we have

[ZslV ] = σ(l)

=
∑
i,j∈Iν

σi,j(l)

=
∑
i∈Iν

σsl(i),i(l) +
∑

i∈Iν , sl(i) 6=i

σi,i(l)

=
∑
i∈Iν

σi(l) +
∑

i∈Iν , sl(i)6=i

σi,i(l).

We know that σi(l) = ΦZ((−1)hi(l)τi(l)). If sl(i) 6= i then by Lemma 2.2.6
(b) we have

σi,i(l) = (xi(l + 1)− xi(l))hil,il+1 = ΦZ((xi(l + 1)− xi(l))hil,il+1 ).

So [ZslV ] is in the image of ΦZ. To conclude we use Lemma 2.2.5 and the
following lemma, see [62, Lem. 3.7].

Lemma 2.2.7. If l(slw) = l(w) + 1 we have [ZslV ] ? [ZwV ] = [ZslwV ] in

Z6slw
V /Z<slwV .

This proves that ΦZ is bijective. Thus ΦA is well-defined and bijective
for arbitrary commutative ring A because Rν,A = Rν,Z ⊗ A and ZV,A =
ZV,Z ⊗A.

2.2.12 Stratified varieties

Let X be a G-variety for some connected algebraic group G. We fix a
stratification X =

∐
λ∈ΛXλ of X into smooth connected locally closed G-

stable subsets such that the closure of each stratum is a union of strata. Let
DG(X,A) be the bounded G-equivariant derived category of sheaves of A-
modules on X constructible with respect to the stratification X =

∐
λ∈ΛXλ.

Lemma 2.2.8. Suppose that A is either a complete discrete valuation ring
or a field. The category DG(X,A) is a Krull-Schmidt category.
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Proof. By the theorem in the introduction of [37] the category DG(X,A) is
Karoubian because its t-structure is bounded, see [10, Def. 2.2.4, Prop. 2.5.2].
Let k be the factor of A by its unique maximal ideal. We need to prove
that the endomorphism ring End(F) of each indecomposable object F in
DG(X,A) is local. Note that under the assumption on the ring A the en-
domorphism ring End(F) is local if and only if the ring k ⊗A End(F) is
local.

Now, suppose that the ring k⊗AEnd(F) is not local. The endomorphism
ring of every object of DG(X,A) is of finite type over A, see the construction
of the bounded equivariant derived category in [10, Sec. 2.1-2.2]. Thus the
ring k⊗AEnd(F) is a finite dimensional k-algebra. In particular the ring k⊗A
End(F) is artinian. Then the identity of k⊗AEnd(F) can be written as a sum
of two orthogonal idempotents e1 and e2 because k⊗A End(F) is not local.
Moreover, by [14, Ex. 6.16] we can lift these idempotents to the idempotents
ẽ1, ẽ2 of End(F) such that ẽ1 + ẽ2 = IdF . Thus by Karoubianness the object
F is not indecomposable.

For each λ ∈ Λ we denote by iλ the inclusion Xλ → X and by dλ the
complex dimension of Xλ. For each x ∈ X we denote by ix the inclusion
{x} → X. For all λ ∈ Λ, let Aλ be the G-equivariant constant sheaf on Xλ.
For each λ let LocG(Xλ, A) be the category of G-equivariant local systems
of free A-modules on Xλ. Let AX be the G-equivariant constant sheaf on
X.

2.2.13 Lusztig category QV
From now on we suppose that Γ is a Dynkin quiver. We have the stra-

tification EV =
∐
λ∈ΛV

Oλ on EV . Here ΛV is the set of GV -orbits in EV .
For λ ∈ ΛV we will use the notation iλ and dλ as in Section 2.2.12, i.e., the
map iλ is the inclusion Oλ → EV and dλ is the complex dimension of Oλ.
Consider the following complex in DGV (EV , A):

LV,A =
⊕
i∈Iν
Li, Li = πi∗AF̃i

, i ∈ Iν .

Consider also the complex in DGV (EV , A):

δLV,A =
⊕
i∈Iν

δLi, δLi = Li[dimC F̃i], i ∈ Iν .

Definition 2.2.9. Let QV be the full additive subcategory of DGV (EV , A)
whose objects are the finite direct sums of shifts of direct factors of LV,A.

2.2.14 Local systems

The following lemma is proved in [11, Prop. 2.2.1].
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Lemma 2.2.10. The reductive part of the stabilizer in GV of an element in
EV is isomorphic to

∏
i
GLni(C) for some positive integers ni.

We get the following result from Lemma 2.2.10 and [12, Lem. 8.4.11].

Corollary 2.2.11. Let O be a GV -orbit in EV . Each local system in
LocGV (O) is a multiple of the trivial GV -equivariant local system AO on
O.

2.2.15 KLR algebra and Yoneda algebras

Consider the GV -equivariant extension group Ext∗GV (LV,A,LV,A) with
the A-algebra structure given by the Yoneda product.

Theorem 2.2.12. We have the following A-algebra isomorphism Rν,A '
Ext∗GV (LV,A,LV,A).

Proof. We have proved in Theorem 2.2.4 that there is an A-algebra isomor-
phism

Rν,A ' HGV
∗ (ZV , A).

Now it suffices to show that there exists an A-algebra isomorphism

HGV
∗ (ZV , A) ' Ext∗GV (LV,A,LV,A).

For each i, j ∈ Iν consider the following commutative diagram

Zij
p2−−−−→ F̃j

p1

y πj

y
F̃i

πi−−−−→ EV ,

where p1 and p2 are the natural projections. For each n ∈ N we have

ExtnGV ((πi)∗AF̃i
, (πj)∗AF̃j

) ' ExtnGV (A
F̃i
, (πi)

!(πj)∗AF̃j
)

' ExtnGV (A
F̃i
, (p1)∗(p2)!A

F̃j
)

' ExtnGV ((p1)∗A
F̃i
, (p2)!A

F̃j
)

' ExtnGV (AZij
,DZij,A[−2 dimC F̃j])

' H
n−2 dimC F̃j

GV
(Zij,DZij,A)

' HGV
2 dimC F̃j−n

(Zij, A).

Thus we have a bijection between the sets HGV
∗ (ZV , A) and

Ext∗GV (LV,A,LV,A). Now we need to show that the convolution product on
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HGV
∗ (ZV , A) coincides with the Yoneda product on Ext∗GV (LV,A,LV,A). At

first note that this follows from [12, Prop. 8.6.35] for A = C. Now we show
this for A = Z. We have a commutative diagram

HGV
∗ (ZV ,C) −−−−→ Ext∗GV (LV,C,LV,C)x x

HGV
∗ (ZV ,Z) −−−−→ Ext∗GV (LV,Z,LV,Z),

where the left vertical map is an algebra inclusion, the right vertical map
is an algebra homomorphism, the top horizontal map is an algebra isomor-
phism and the bottom horizontal map is a set bijection. Thus the right
vertical map is automatically an algebra inclusion and the bottom horizon-
tal map is automatically an algebra isomorphism. The general case follows
from the case A = Z by extension of scalars.

Remark 2.2.13. The results of this section are also true for each quiver Γ
without loops.

2.2.16 Functor Y ′

We consider two different gradings on the algebra Rν,A:

1. the grading introduced in Section 2.2.2,

2. the grading
⊕

n∈N ExtnGV (LV,A,LV,A), see Theorem 2.2.12.

Denote by mod(Rν,A) (resp. mod′(Rν,A)) the category of finitely genera-
ted Z-graded Rν,A-modules with respect to the first (resp. second) grading.
Denote by proj(Rν,A) (resp. proj′(Rν,A)) the category of projective finitely
generated Z-graded Rν,A-modules with respect to the first (resp. second)
grading. Consider the following contravariant functor:

Y ′ : DGV (EV , A)→ mod′(Rν,A), L 7→ Ext∗GV (L,LV,A).

Theorem 2.2.14. The restriction of the functor Y ′ to QV yields an equi-
valence of categories Qop

V → proj′(Rν,A).

Proof. Suppose that F is a direct factor of the complex LV,A in DGV (EV , A).
We have LV,A = F ⊕ G for some complex G in DGV (EV , A). We have

Rν,A = Ext∗GV (LV,A,LV,A) = Ext∗GV (F ,LV,A)⊕Ext∗GV (G,LV,A) = Y ′(F)⊕Y ′(G).

Thus Y ′(F) is a projective and finitely generated Rν,A-module. From this we
see that for every X ∈ QV the Rν,A-module Y ′(X) is projective and finitely
generated. The Rν,A-module Y ′(X) is graded by Y ′(X)r = ExtrGV (X,LV,A)
for each r ∈ Z. Now we prove that the functor Y ′ : Qop

V → proj′Rν,A is
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an isomorphism on morphisms. We need to show that for R,S ∈ QV the
morphism

Y ′R,S : HomQV (R,S)→ Homproj′(Rν,A)(Ext∗GV (S,LV,A),Ext∗GV (R,LV,A))

is an isomorphism. First, we consider the case R = S = LV,A. Then we have

HomQV (R,S) = HomQV (LV,A,LV,A),

Homproj′(Rν,A)(Ext∗GV (S,LV,A),Ext∗GV (R,LV,A)) = Homproj′(Rν,A)(Rν,A, Rν,A)

= R0
ν,A

= Ext0
GV

(LV,A,LV,A)

= HomQV (LV,A,LV,A).

Here R0
ν,A means the homogeneous component of degree 0 in Rν,A with

respect to the second grading. So for R = S = LV,A the statement is true.
Then it is also true if R and S are direct factors of LV,A. Then it is also
true if R and S are shifts of direct factors of LV,A. Finally we see that the
statement is true for arbitrary R,S ∈ QV .

To conclude we need to show that Y ′ : Qop
V → proj′(Rν,A) is surjective on

isomorphism classes. Let P be a module in proj′(Rν,A). A choice of a finite
number of homogeneous generators of P yields an epimorphism

π :
⊕
i∈J

Rν,A[ni]→ P

for some finite set J and some integers ni. By projectivity this epimorphism
splits. Consider the complex L =

⊕
i∈I
LV,A[−ni]. We have

Y ′(L) = Hom(L,LV,A) =
⊕
i∈J

Rν,A[ni].

The composition of the natural projection and inclusion

Y ′(L)
πe→ P

ie→ Y ′(L)

yields an idempotent e ∈ Endproj′(Rν,A)(Y
′(L)). The functor Y ′ : Qop

V →
proj′(Rν,A) is an isomorphism on morphisms. So we have an idempotent
u ∈ EndQV (L) such that Y ′(u) = e. The idempotents u and 1 − u split
in DGV (EV , A) yielding a decomposition L = X ⊕ Y , where X,Y ∈
DGV (EV , A) and u is a composition of the natural projection and the natu-

ral inclusion L
πu→ X

iu→ L. By the definition of QV the objects X,Y belong
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to QV . Now we verify that the map πe ◦ Y ′(iu) : Y ′(X)→ P is an isomor-
phism. Let us prove that the map Y ′(πu) ◦ ie : P → Y ′(X) is its inverse.
We have

πe ◦ Y ′(iu) ◦ Y ′(πu) ◦ ie = πe ◦ Y ′(u) ◦ ie
= πe ◦ e ◦ ie
= (πe ◦ ie) ◦ (πe ◦ ie)
= IdP

and

Y ′(πu) ◦ ie ◦ πe ◦ Y ′(iu) = Y ′(πu) ◦ e ◦ Y ′(iu)

= Y ′(πu) ◦ Y ′(u) ◦ Y ′(iu)

= Y ′(πu ◦ u ◦ iu)

= Y ′((πu ◦ iu) ◦ (πu ◦ iu))

= Y ′(IdX)

= IdY ′(X).

2.2.17 Induction and restriction

Let k be a field.
In this section we describe the induction and the restriction functors for

representations of KLR algebras. See [35, Sec. 2.6] for more details. Consider
ν1, ν2 ∈ NI and set ν = ν1 + ν2. We set

|ν1| = m1, |ν2| = m2, |ν| = m.

There is a unique inclusion of graded k-algebras Rν1,k ⊗ Rν2,k ⊂ Rν,k such
that

1i ⊗ 1j 7→ 1k, xi(k)⊗ 1j 7→ xk(k), 1i ⊗ xj(k) 7→ xk(m1 + k),

τi(l)⊗ 1j 7→ τk(l), 1i ⊗ τj(l) 7→ τk(m1 + l)

for each k, l, i, j. Let 1ν1,ν2 be the image of the identity element by this
inclusion. We get the following functors:

Indν1,ν2 : mod(Rν1,k)×mod(Rν2,k)→ mod(Rν,k), (M1,M2) 7→ Rν,k1ν1,ν2

⊗
Rν1,k⊗Rν2,k

(M1⊗M2),

Resν1,ν2 : mod(Rν,k)→ mod(Rν1,k ⊗Rν2,k), M 7→ 1ν1,ν2M.

These functors take projective modules to projective modules, see [35,
Sec. 2.6].
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2.2.18 Projective Rν,k-modules

Denote by A the ring Z[q, q−1]. For n ∈ N, n > 0 consider the following
elements of A

[n] =
n∑
l=1

qn+1−2l =
qn − q−n

q − q−1
, [n]! =

n∏
l=1

[l], ln = n(n− 1)/2.

We also set [0]! = 1, l0 = 0. For n = (n1, · · · , nk), nl ∈ N set

[n]! =

k∏
l=1

[nl]!, ln =

k∑
l=1

lnl .

Given a pair y = (i,a) ∈ Yν we define a projective Rν,k-module Ry as follows

• If I = {i}, ν = mi, i = (i, i, · · · , i) and y = (i,m) we set

Py = Pi,m = Polν,A[lm].

We have the following isomorphism of left graded Rν,k-modules, see
[62, Example 2.28 (a)]

Rν,k ' ⊕w∈SmPi,m[2l(w)− lm].

So Pi,m is a direct summand of Rν,k[lm]. We choose once and for all
an idempotent 1i,m ∈ Rν,k such that

Pi,m = (Rν,k · 1i,m)[lm].

• If y = (i,a) with i = (i1, · · · , ik), a = (a1, · · · , ak) we define the
idempotent 1y ∈ Rν,k as the image of the element ⊗kl=11il,al by the
inclusion of graded k-algebras ⊗kl=1Rilal,k ⊂ Rν,k. Then we set

Py = (Rν,k · 1y)[la].

For an Rd-module M and a Laurant polynomial P (q) =
∑

r arq
r ∈ A we

set P (q)M =
⊕

rM [r]⊕ar . We have the following lemma, see [35, Sec. 2.5-
2.6].

Lemma 2.2.15. We have the following graded projective Rν,k-module iso-
morphisms.

(a) Pi ' [a]!Py, where y = (i
(a1)
1 · · · i(ak)

k ) ∈ Yν , i = (ia1
1 · · · i

ak
k ) ∈ Iν ,

a = (a1, · · · , ak),
(b) Indν1,ν2(Py1 ,Py2) ' Py1y2, where ν1, ν2 ∈ NI, y1 ∈ Yν1 , y2 ∈ Yν2 and

y1y2 ∈ Yν1+ν2 is the concatenation of y1 and y2.
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2.2.19 The algebra f

We recall the definition and general properties of the positive part f of
the Drinfeld-Jimbo quantized enveloping algebra associated with the quiver
Γ. See [38] for more details.

Definition 2.2.16. The algebra f is the Q(q)-algebra generated by the ele-
ments θi, i ∈ I, with relations∑

a+b=1−i·j
(−1)aθ

(a)
i θjθ

(b)
i = 0, i 6= j, a > 0, b > 0,

where θ
(a)
i = θai /[a]!.

The assignment deg θi = i for i ∈ I defines an NI-grading f =
⊕

ν∈NI fν .
For each homogeneous element x ∈ fν we set |x| =

∑
i∈I νi. The tensor

product (over Q(q)) f ⊗ f has a Q(q)-algebra structure defined by

(x1 ⊗ x2)(x′1 ⊗ x′2) = q−|x2||x′1|x1x
′
1 ⊗ x2x

′
2

where x1, x2, x
′
1, x
′
2 ∈ f are homogeneous. There exists a unique coproduct

r : f → f ⊗ f such that
• r(θi) = θi ⊗ 1 + 1⊗ θi for i ∈ I,
• r is a Q(q)-algebra homomorphism.

Definition 2.2.17. Let Af be the A-subalgebra of f generated by the elements

θ
(a)
i with i ∈ I, a ∈ N.

2.2.20 Geometric realization of Af

The construction of this section is very similar to the construction given
in Section 2.2.16. Let K(QV ) be the split Grothendieck group of the additive
category QV , i.e., K(QV ) is the Abelian group with one generator [F ] for
each isomorphism class of objects of QV and with relations [L′] + [L′′] = [L]
whenever L is isomorphic to L′ ⊕ L′′. Set

Q =
⊕
V

QV , K(Q) =
⊕
V

K(QV ),

where V runs over the isomorphism classes of finite dimensional I-graded
k-vector spaces and

Rk =
⊕
ν∈NI

Rν,k, K(Rk) =
⊕
ν∈NI

K(Rν,k).

The functors Indν1,ν2 induce an associative unital A-algebra structure on
K(Rk). The functors Resν1,ν2 induce a coassociative counital A-coalgebra
structure on K(Rk). We will denote the multiplication and the comultipli-
cation on K(Rk) by Ind and Res respectively.
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Remark 2.2.18. There exists a non-degenerate A-bilinear form (, ) : K(Rk)×
K(Rk)→ Q(q) such that

(x, Ind(y1, y2)) = (Res(x), y1 ⊗ y2), ∀x, y1, y2 ∈ K(Rk),

see [35, Sec. 2.5].

The following theorem is proved in [35, Prop. 3.4, Sec. 3.2].

Theorem 2.2.19. There is an A-bialgebra isomorphism γA : Af → K(Rk)
that takes θy to [Py] for each y ∈ Yν .

The grading of Rν,k from Section 2.2.2 is different from the Ext-grading,
see Section 2.2.16. To avoid this we must modify a bit the complex LV,k.
We get the following theorem, see [62, Thm. 3.6]. Recall the complex δLV,k
from Section 2.2.13.

Theorem 2.2.20. We have the following graded k-algebra isomorphism

Rν,k → Ext∗GV (δLV,k, δLV,k).

The proof of the following theorem is the same as the proof of Theorem
2.2.14.

Theorem 2.2.21. We have the following equivalence of categories.

Y : Qop
V → proj(Rν,k), L 7→ Ext∗GV (L, δLV,k).

So we have anA-linear map Y : K(Q)→ K(Rk) such that [F ] 7→ [Y (F)].
Moreover, it is clear from the definition of Y that Y (δLi) = Pi for i ∈ Iν .
If i ∈ Iν is the expansion of the element y = (j, a) in Yν then we have
δLi = [a]!δLy (see [62, (4.7)]) and [Pi] = [a]![Py] (see Lemma 2.2.15). Thus,
Y (δLy) = Py for each y ∈ Yν . So we have γ−1

A ◦ Y ([δLy]) = θy for y ∈ Yν ,
where γA is as in Theorem 2.2.19.

Consider ν1, ν2 ∈ NI. Let V1, V2 be I-graded C-vector spaces with gra-
ded dimensions ν1, ν2 respectively. Analogically with the case when the
characteristic of k is zero, see [38, Sec. 9.2.7], we have a multiplication

◦ : QV1 ×QV1 → QV1⊕V2 ,

such that δLy1 ◦ δLy2 = δLy1y2 for y1 ∈ Yν1 , y2 ∈ Yν2 . Thus, γ−1
A ◦ Y is an

algebra homomorphism. We get the following theorem.

Theorem 2.2.22. There exists an algebra isomorphism λA : K(Q) → Af
such that for each y ∈ Yν , ν ∈ NI we have λA([δLy]) = θy.

Remark 2.2.23. To have δLy1 ◦ δLy2 = δLy1y2 (and not δLy1 ◦ δLy2 = δLy2y1)
we should use not exactly the induction diagram from [38] but the opposite
one. Note also that the restriction diagram that will be discussed in Section
2.3.6 is also opposite to the restriction diagram in [38].



54 Chapitre 2. Parity sheaves

2.2.21 Indecomposable objects in QV
For each λ ∈ ΛV there is yλ ∈ Yν such that F̃yλ → Oλ is a resolution

of the orbit closure Oλ, see [49, Thm. 2.2]. Let iλ and ĩλ be the inclusions
iλ : Oλ → EV and ĩλ : (πyλ)−1(Oλ) → F̃yλ . Denote also π′yλ the morphism
π′yλ : (πyλ∗)

−1(Oλ) → Oλ induced by πyλ . By the base change theorem we
have

i∗λπyλ∗kF̃y = π′yλ∗ĩ
∗
λkF̃y = kλ.

So the complex Lyλ = πyλ∗kF̃y has a unique indecomposable factor suppor-

ted on all Oλ. Denote by Qyλ the shift by dλ of this direct factor. We have
i∗λQyλ = kλ[dλ]. Note that Qyλ is a shift of a direct factor of Li for some

i ∈ Iν , because if i = (ia1
1 · · · i

ak
k ) is the expansion of y = (i

(a1)
1 · · · i(ak)

k )
then we have δLi = [a]!δLy, where a = (a1 · · · , ak), see Section 2.2.20. Thus,
Qyλ belongs to QV . For λ ∈ ΛV we denote by IC(Oλ) the GV -equivariant
intersection cohomology complex on EV associated with Oλ and the GV -
equivariant local system kλ, see [12, Sec. 8.4].

Lemma 2.2.24. The complex Qyλ does not depend on the choice of the
element yλ ∈ Yν such that πyλ is a resolution of the orbit closure Oλ.

Proof. Fix an element yλ as above for each λ ∈ ΛV . Suppose that k is a field
of characteristic zero. Then by the decomposition theorem [3, Thm. 6.2.5]
we have Qyλ = IC(Oλ). Thus, the complex IC(Oλ) belongs to QV . Hence, in
view of Corollary 2.2.11 the complexes Qyλ = IC(Oλ) with λ ∈ ΛV , are the
representatives of the isomorphism classes of indecomposable objects in QV
modulo shifts, and they form an A-basis in K(QV ). This yields the equality

dimA(Afν) = #(ΛV ). (2.1)

Now let k be an arbitrary field. The number of indecomposable objects mo-
dulo shifts in QV is equal to dimAK(QV ) = dimA(Afν), see Theorem 2.2.22,
and the complexes Qyλ , λ ∈ ΛV are among them. Thus, (2.1) shows that
Qyλ , λ ∈ ΛV , are the representatives of isomorphism classes of indecompo-
sable objects in QV modulo shifts. Hence, each indecomposable object in
QV with support equal to Oλ is equal to a shift of Qyλ . From this we see
that Qyλ does not depend on yλ.

Definition 2.2.25. Let us write Qλ instead of Qyλ .

The following lemma follows directly from the proof of Lemma 2.2.24.

Lemma 2.2.26. The indecomposable objects in QV are exactly the com-
plexes Qλ, λ ∈ ΛV , modulo shifts.

For each I-graded finite dimensional C-vector space V the classes [Qλ]
for λ ∈ ΛV form an A-basis in K(QV ). Combining this for all V we get an
A-basis in K(Q). The homomorphism λA takes this A-basis to an A-basis
of Af .
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2.3 Parity sheaves

Let A be a complete discrete valuation ring or a field.

2.3.1 Parity sheaves

First, we recall some basic facts about parity sheaves. See [29] for more
details. Let G, X be as in Section 2.2.12. Here we will use the notation
introduced in Section 2.2.12. We make the following assumption

Hodd
G (Xλ,L) = 0, H∗G(Xλ,L) is a free A-module ∀L ∈ LocG(Xλ),∀λ ∈ Λ.

(2.2)

Definition 2.3.1. A complex F ∈ DG(X,A) is even (resp. odd) if Hr(F) =
Hr(DF) = 0 for each odd (resp. even) positive integer r, where H• means
the sheaf cohomology. A complex F is parity if it is a sum of an even complex
and an odd complex.

Lemma 2.3.2. Suppose F ∈ DG(X,A). The following conditions are equi-
valent.

(a) F ∈ DG(X,A) is even,
(b) Hk(i∗λF) = Hk(i∗λDF) = 0 for each odd integer k and each λ ∈ Λ,
(c) Hk(i∗xF) = Hk(i∗xDF) = 0 for each odd integer k and each x ∈ X.

Proof. First we show that (a)⇔(c) By [32, Rem. 2.6.9] we have

i∗xHk(F) = Hk(i∗xF).

Now Hk(F) is zero iff i∗xHk(F) is zero for each x ∈ X. Thus, Hk(F) = 0
iff Hk(i∗xF) = 0 for all x ∈ X. In the same way we prove that Hk(DF) = 0
iff Hk(i∗xDF) = 0 for all x ∈ X. Thus, (a)⇔(c). To see that (b)⇔(c) we
prove in the same way that Hk(i∗λF) = 0 iff Hk(i∗xF) = 0 for all x ∈ Xλ and
Hk(i∗λDF) = 0 iff Hk(i∗xDF) = 0 for all x ∈ Xλ.

Lemma 2.3.3. Assume that (2.2) holds. Let F be an indecomposable parity
complex. Then

(1) the support of F is of the form Xλ for some λ ∈ Λ,
(2) the restriction i∗λF is isomorphic to L[m] for some indecomposable

object L ∈ LocG(Xλ) and some integer m,
(3) any indecomposable parity complex supported on Xλ which extends

L[m] is isomorphic to F , where L is as in (2).

Idea of proof. The lemma is proved in [29, Thm. 2.12]. This proof uses the
following claim, which is based on the property (2.2).

Lemma 2.3.4. Assume that (2.2) holds. Let F ,G ∈ DG(X,A). Suppose
that Hodd(F) = 0 and Hodd(DF) = 0. Then we have

Hom(F ,G) '
⊕
λ∈Λ

Hom(i∗λF , i!λG).
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Definition 2.3.5. A parity sheaf is an indecomposable parity complex sup-
ported on Xλ extending L[dλ] for some indecomposable L ∈ LocG(Xλ, A)
and some λ ∈ Λ. If such a complex exists, we will denote it by E(λ,L). If L
is the constant sheaf Aλ we will write E(λ) = E(λ,L).

2.3.2 Parity sheaves on quiver varieties

We still suppose that Γ is a Dynkin quiver. We want to study GV -
equivariant parity sheaves on EV with respect to the stratification

∐
λ∈ΛV

Oλ,

see Section 2.2.13. We must check that the GV -variety X = EV satisfies
the condition (2.2). This is true by the following lemma, see also Corollary
2.2.11.

Lemma 2.3.6. For every GV -orbit O in EV we have Hodd
GV

(O, Aλ) = 0 and
H∗GV (O, Aλ) is a free A-module.

Proof. Let x ∈ O. Denote by H the stabilizer of x in GV . Let Hred be the
reductive part of H. We have

H∗GV (O, AO) = H∗GV (GV /H,A)

= H∗H(•, A)

= H∗Hred
(•, A)

= H∗(BHred, A).

Note that for each positive integer n the fundamental group of GLn(C)
is equal to Z. Then the fundamental group of Hred does not contain elements
of finite order, see Lemma 2.2.10. Moreover, the reductive group Hred is of
type A. Then by [60, Lem. 1] the torsion index of Hred is equal to 1, see
Section 2.2.6. Thus, the classifying space BHred has no odd cohomology and
its cohomology is free over A, see [26, Cor. 2.3].

The following lemma is helpful to prove the parity of some complexes on
EV .

Lemma 2.3.7. Suppose that there exist a smooth GV -variety Y and a GV -
equivariant proper morphism π : Y → EV . Then the complex π∗AY is even
if and only if Hodd(π−1(x), A) = 0 for each x ∈ EV .

Proof. Note that the complex π∗AY is constructible with respect to the
stratification of EV because it is GV -equivariant and the strata are GV -
orbits. By Lemma 2.3.2 the complex π∗AY is even if and only if for every
inclusion j : {x} ↪→ EV we have Hodd(j∗π∗AY ) = 0 and Hodd(j∗Dπ∗AY ) = 0.
Let d be the complex dimension of Y . Note that

Dπ∗AY = π∗DAY , (2.3)
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DAY = AY [2d], (2.4)

because the morphism π is proper and Y is smooth. We set F = π−1(x).
We have the following commutative diagram

Y
π−−−−→ EV

i

x j

x
F

π−−−−→ {x},

where i is the inclusion of F to Y . We denote the restriction of π to F again
by π. By the base change theorem we have

j∗π∗AY = π∗i
∗AY , (2.5)

j∗π∗DAY = π∗i
∗DAY . (2.6)

Now, from (2.3), (2.4), (2.5) and (2.6) we get

H∗({x}, j∗π∗AY ) = H∗(F,A),

H∗({x}, j∗Dπ∗AY ) = H∗+2d(F,A).

This completes the proof.

2.3.3 Extensions of parity complexes

Let F be a parity complex in DGV (EV , A). For each λ ∈ ΛV and n ∈ N
the sheaf Hn(i∗λF) is a direct sum of copies of Aλ, see Corollary 2.2.11. Let
us denote the rank of the sheaf Hn(i∗λF) by dλ,n(F).

Lemma 2.3.8. Let F ,G be parity complexes in DGV (EV , A). Suppose that
we have dλ,n(F) = dλ,n(G) for all λ ∈ ΛV , n ∈ N. Then F ' G.

Proof. Let us decompose F and G into direct sums of shifts of parity sheaves

F =
⊕

λ∈ΛV ,k∈Z
E(λ)[k]⊕fλ,k , G =

⊕
λ∈ΛV ,k∈Z

E(λ)[k]⊕gλ,k .

We will prove the statement by induction on the number of indecomposable
factors of F . If F = 0 then for each λ ∈ ΛV , n ∈ Z we have dλ,n(F) =
dλ,n(G) = 0. Thus, F = G = 0. Now suppose that F 6= 0. Define a partial
order 4 on ΛV by setting µ 4 λ if and only if Oµ ⊂ Oλ. Fix a total order
6 on ΛV that refines 4. Let λ0 be the largest element of ΛV with respect
to 6 such that fλ0,k 6= 0 for some integer k. Then the decomposition of F
does not contain any shift of the parity sheaves E(µ) with λ0 < µ. If for
some µ, λ ∈ ΛV and n ∈ N we have Hn(i∗µE(λ)) 6= 0 then µ 4 λ. Thus we
have dµ,n(F) = 0 for each µ > λ0, n ∈ Z. Now, the equality dµ,n(G) = 0 for
each µ > λ0, n ∈ Z assures that the decomposition of G does not contain
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any shift of the parity sheaves E(µ) with λ0 < µ. Choose n0 such that
dλ0,n0(F) = dλ0,n0(G) 6= 0. It exists because F has a direct factor of the
form E(λ0)[k] for some k ∈ Z. We have

Hn0(i∗λ0
F) ' A⊕fλ0,k0

λ0
, Hn0(i∗λ0

G) ' A⊕gλ0,k0
λ0

for k0 = −dλ0 − n0. This shows that

fλ0,k0 = dλ0,n0(F) = dλ0,n0(G) = gλ0,k0 .

Thus, we have

F = F ′ ⊕ E(λ0)[k0]⊕fλ0,k0 , G = G′ ⊕ E(λ0)[k0]⊕fλ0,k0 .

Thus, we have dλ,n(F ′) = dλ,n(G′) for each λ ∈ ΛV , n ∈ Z. Thus, by induc-
tion hypothesis we have F ′ ' G′. Hence, F ' G.

Lemma 2.3.9. Let A → B → C
+1→ be a distinguished triangle in

DGV (EV , A). Suppose that the complexes A and C are even. Then we have
B ' A⊕ C. In particular the complex B is also even.

Proof. See also [29, Cor. 2.8]. First we prove that B is an even complex. The
duality yields a distinguished triangle

DC → DB → DA +1→ .

The long exact sequences in cohomology are

→ Hn−1(C)→ Hn(A)→ Hn(B)→ Hn(C)→ Hn+1(A)→,

→ Hn−1(DA)→ Hn(DC)→ Hn(DB)→ Hn(DA)→ Hn+1(DC)→ .

For each odd integer n we have

Hn(A) = Hn(DA) = Hn(C) = Hn(DC) = 0

and thus Hn(B) = Hn(DB) = 0. So the complex B is also even. For each
λ ∈ ΛV the distinguished triangle

i∗λA→ i∗λB → i∗λC
+1→

yields a long exact sequence in cohomology

→ Hn−1(i∗λC)→ Hn(i∗λA)→ Hn(i∗λB)→ Hn(i∗λC)→ Hn+1(i∗λA)→ .

If n is an even integer then Hn−1(i∗λC) = Hn+1(i∗λA) = 0, see Lemma 2.3.2.
Thus, we have a short exact sequence

0→ Hn(i∗λA)→ Hn(i∗λB)→ Hn(i∗λC)→ 0.
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Hence, we have

dλ,n(B) = dλ,n(A) + dλ,n(C) = dλ,n(A⊕ C)

for each λ ∈ ΛV and each even integer n and

dλ,n(A) = dλ,n(B) = dλ,n(C) = 0

for each odd integer n. Thus, by Lemma 2.3.8 we have B ' A⊕ C.

2.3.4 Nakajima quiver varieties

Let k be a field. From now on all sheaves and cohomology groups are to
be understood with coefficients in k-vector spaces.

We recall the notion of a (graded) Nakajima quiver variety. We keep the
notation of Section 2.2.1 and we still suppose that the quiver Γ is a Dynkin
quiver. The notation i ∼ j means that there is an arrow i → j or j → i in
Γ. Fix a function ξ : I → Z, i 7→ ξi such that ξi = ξj +1 if there is an arrows
i→ j. It is unique modulo a shift by an integer constant. Consider the sets

Î = {(i, n) ∈ I × Z; ξi − n ∈ 2Z},

Ĵ = {(i, n) ∈ I × Z; (i, n− 1) ∈ Î}.

To the quiver Γ we will associate the quiver Γ̂ as follows:

• the quiver Γ̂ contains two types of vertices:
• a vertex wi(n) for each (i, n) ∈ Î, we will call them w-vertices,
• a vertex ti(n) for each (i, n) ∈ Ĵ , we will call them t-vertices,

• the quiver Γ̂ contains three types of edges:
• an edge wi(n)→ ti(n− 1) for each (i, n) ∈ Î,
• an edge ti(n)→ wi(n− 1) for each (i, n) ∈ Ĵ ,
• an edge ti(n)→ tj(n− 1) for each (i, n), (j, n− 1) ∈ Ĵ such that
i ∼ j.

Consider an Î-graded finite dimensional C-vector space W =⊕
(i,n)∈ÎWi(n) and a Ĵ-graded finite dimensional C-vector space T =⊕
(i,n)∈Ĵ Ti(n). Set

L•(T,W ) =
⊕

(i,n)∈Ĵ

Hom(Ti(n),Wi(n− 1)),

L•(W,T ) =
⊕

(i,n)∈Î

Hom(Wi(n), Ti(n− 1)),

E•(T ) =
⊕

(i,n)∈Ĵ ,i∼j

Hom(Ti(n), Tj(n− 1)),
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and put
M•(T,W ) = E•(T )⊕ L•(W,T )⊕ L•(T,W ).

Note that M•(T,W ) is just the variety of representations of Γ̂ in the Î
∐
Ĵ-

graded vector space T ⊕ W . We will write (B,α, β) for an element of
M•(T,W ). The components of B,α, β are

Bij(n) ∈ Hom(Ti(n), Tj(n− 1)),

αi(n) ∈ Hom(Wi(n), Ti(n− 1)),

βi(n) ∈ Hom(Ti(n),Wi(n− 1)).

Let Λ•(T,W ) be the subvariety of the affine space M•(T,W ) defined by the
equations

αi(n− 1)βi(n) +
∑
i∼j

ε(i, j)Bji(n− 1)Bij(n) = 0, ∀(i, n) ∈ Ĵ ,

where ε(i, j) = 1 (resp. ε(i, j) = −1) if i → j is an arrow of Γ (resp. i → j
is not an arrow of Γ).

The algebraic group GT =
∏

(i,n)∈Ĵ GLTi(n) acts on M•(T,W ) by g ·
(B,α, β) = (B′, α′, β′), where g = (gi(n))

(i,n)∈Ĵ ,

B′ij(n) = gj(n−1)Bij(n)gi(n)−1, α′i(n) = gi(n−1)αi(n), β′i(n) = βi(n)gi(n)−1.

Consider the categorical quotient

M•0(T,W ) = Λ•(T,W )//GT ,

i.e., the coordinate ring of M•0(T,W ) is the ring of GT -invariant functions
on Λ•(T,W ). The points of M•0(T,W ) parametrize the closed GT -orbits in
Λ•(T,W ). We will denote by [B,α, β] the element of M•0(T,W ) represented
by (B,α, β) ∈ Λ•(T,W ). We say that a point (B,α, β) ∈ Λ•(T,W ) is stable
if the following condition holds: if a Ĵ-graded subspace T ′ of T is B-invariant
and contained in Kerβ, then T ′ = 0. Let Λ•s (T,W ) be the set of stable points
in Λ•(T,W ). Consider the set theoretical quotient

M•(T,W ) = Λ•s (T,W )/GT .

This quotient coincides with a quotient in the geometric invariant theory
(see [44, Sec. 3]). The varieties M•(T,W ) and M•0(T,W ) above a called
Nakajima quiver varieties. There exists a projective morphism

πT,W : M•(T,W )→M•0(T,W ),

see [44, Sec. 3.18]. For each Ĵ-graded subspace T ′ of T we have a closed
embedding

M•0(T ′,W ) ⊂M•0(T,W ).
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This allows to define the variety

M•0(∞,W ) =
⋃
T

M•0(T,W ).

Let M•reg
0 (T,W ) be the open subset of M•0(T,W ) parametrizing the

closed free GT -orbits in Λ•(T,W ). Denote by S(W ) the set of isomor-
phism classes of finite dimensional Ĵ-graded vector spaces T such that
M•reg

0 (T,W ) 6= ∅. For each W as above we have a decomposition

M•0(∞,W ) =
∐

T∈S(W )

M•reg
0 (T,W ),

see [46, (4.5)].

2.3.5 Resolutions via Nakajima quiver varieties

Definition 2.3.10. Suppose (i, n), (j, k) are in Î. A path from (i, n) to (j, k) is
a path in the quiver Γ̂ from wi(n) to wj(k) that does not contain another w-
vertex. To a path p from (i, n) to (j, k) and an element (B,α, β) ∈ Λ•(T,W )
we can associate an element Ap(B,α, β) ∈ Hom(Wi(n),Wj(k)) as follows. If

p = (wi(n)→ ti1(n− 1)→ ti2(n− 2)→ · · · → tir(n− r)→ wj(k)),

where r = n− k − 1 (note that i = i1, j = ir), then we set

Ap(B,α, β) = βj(n−r)Bir−1ir(n−(r−1)) · · ·Bi1i2(n−1)αi(n) : Wi(n)→Wj(k).

The following theorem is proved in [25, Prop. 9.4, Thm. 9.11].

Theorem 2.3.11. There exists an injective map τ : I → Î (depending on
the orientation of Γ) such that for each arrow i→ j in Γ there exists a path
i ; j from τ(i) to τ(j) such that the following property holds: to each finite
dimensional I-graded C-vector space V we assign the Î-graded C-vector space
W by setting

Wτ(i) = Vi, ∀i ∈ I, Wι̂ = 0 ∀ι̂ ∈ Î\τ(I).

We have an isomorphism

M•0(∞,W )→ EV , [B,α, β] 7→
⊕
i→j

Ai;j(B,α, β).

From now on for each arrow i→ j in Γ we fix a path i ; j from τ(i) to
τ(j) as in Theorem 2.3.11.
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Remark 2.3.12. The isomorphism in Theorem 2.3.11 depends on the choice
of the path i ; j from τ(i) to τ(j) for each arrow i→ j in Γ. Given another
path p from τ(i) to τ(j), the morphisms

Ai;j : M•0(∞,W )→ Hom(Vi, Vj), Ap : M•0(∞,W )→ Hom(Vi, Vj)

are such that Ap = λAi;j for some λ ∈ C. This follows from the following
two lemmas.

For each arrow i → j in Γ we equip the variety Hom(Vi, Vj) with the
GV -action by g · φ = gjφg

−1
i for g ∈ GV , φ ∈ Hom(Vi, Vj).

Lemma 2.3.13. The map

Ap : EV = M•0(∞,W )→ Hom(Vi, Vj)

is linear and GV -equivariant.

Proof. The statement is obvious.

Lemma 2.3.14. Let h0 = (i→ j) be an arrow of Γ. Then each linear GV -
equivariant morphism f : EV → Hom(Vi, Vj) is of the form x 7→ λxh0 for
some λ ∈ C.

Proof. We view EV and Hom(Vi, Vj) as linear representations of GV . The
representation EV is a direct sum of irreducible representations EV =⊕

h∈H Eh, where Eh = Hom(Vh′ , Vh′′) and h′, h′′ are as in Section 2.2.1.
In particular, we have Eh0 = Hom(Vi, Vj). Now, by Schur’s lemma we have

HomGV (Eh, Eh0) =

{
0 if h 6= h0,

C · IdEh0
if h = h0.

The following lemma is proved in [45, Thm. 7.4.1].

Lemma 2.3.15. Let T and W be as in Section 2.3.4. Then the fibers of
πT,W have no odd cohomology groups over Z and their cohomology groups
over Z are torsion free.

Let us associate W to V as in Theorem 2.3.11. We will identify EV
with M•0(∞,W ) as in Theorem 2.3.11. The following lemma is proved in
[25, Prop. 9.8]. It interprets the stratification on EV in terms of Nakajima
quiver varieties.

Lemma 2.3.16. The decomposition M•0(∞,W ) =
∐
T∈S(W ) M

•reg
0 (T,W )

coincides with the decomposition of EV into GV -orbits.
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Let T be a finite dimensional Ĵ-graded C-vector space. The morphism
πT,W defined in Section 2.3.4 together with the inclusion M•0(T,W ) ⊂
M•0(∞,W ) yields a morphism

πT,W : M•(T,W )→M•0(∞,W ) ' EV .

We can consider the following complex in DGV (EV ,k):

L̃T,W = πT,W∗kM•(T,W )

Lemmas 2.3.7, 2.3.15 and 2.3.16 yield the following result.

Corollary 2.3.17. The complex L̃T,W is an even complex in DGV (EV ,k).

The following lemma assures the existence of the parity sheaves on EV ,
see Definition 2.3.5

Lemma 2.3.18. For each λ ∈ ΛV there exists a parity sheaf E(λ) on EV =∐
λ∈ΛV

Oλ.

Proof. Let T be in S(W ), see Section 2.3.4. By [44, Prop. 3.24] the morphism

πT,W : M•(T,W )→M•0(∞,W )

is an isomorphism over M•reg
0 (T,W ) ⊂M•0(T,W ). Its image is contained in

M•reg
0 (T,W ) because M•(T,W ) is smooth and connected by [45, Thm. 5.5.6]

and π−1
T,W (M•reg

0 (T,W )) is a dense open subset of M•(T,W ). Moreover, the

complex L̃T,W is even by Corollary 2.3.17. Thus, the base change argument
in Section 2.2.21 shows that each parity sheaf E(λ) for λ ∈ ΛV exists and

appears as a direct factor of some shift of L̃T,W for some T .

Remark 2.3.19.
(a) Lemma 2.3.18 is enough to insure the existence of GV -equivariant

parity sheaves on EV , see Corollary 2.2.11. Note that in the same
way we can prove the existence of GV -equivariant parity sheaves on
EV over a complete discrete valuation ring.

(b) We have i∗λQλ = i∗λE(λ) = kλ[dλ], see Section 2.2.21. It is natural to
ask whether the indecomposable complexes E(λ) and Qλ are isomor-
phic. To get this, it is enough to prove that Qλ is a parity complex,
see Lemma 2.3.3.

(c) For λ ∈ ΛV set Ẽ(λ) = E(λ)[−dλ]. Let T ∈ S(W ) be the Ĵ-
graded C-vector space such that M•reg

0 (T,W ) ' Oλ. Suppose that
the characteristic of k is zero. Then by decomposition theorem [3,
Thm. 6.2.5] the unique indecomposable factor of LT,W supported on

all Oλ is IC(Oλ)[−dλ], because we have i∗λL̃T,W = i∗λẼ(λ) = kλ. On
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the other hand L̃T,W is the sum of shifts of parity sheaves and thus

the same argument shows that this factor is equal to Ẽ(λ). Thus, we
have IC(Oλ) ' E(λ). In particular in characteristic zero the complex
IC(Oλ)[−dλ] is even. Moreover, we have already seen in the proof
of Lemma 2.2.24 that Qλ ' IC(Oλ). Thus, in characteristic zero we
have E(λ) ' Qλ ' IC(Oλ).

2.3.6 Restriction diagrams

In this section we recall the construction of the restriction diagrams for
Nakajima quiver varieties and for Lusztig quiver varieties and we compare
them. The diagrams considered in this section are opposite to the analogical
diagrams in [38] and [47].

Let W be a finite dimensional Î-graded C-vector space. Let W1 be an
Î-graded subspace of W and set W2 = W/W1. Consider the subvariety of
M•0(∞,W ) given by

Z•0(W1,W2) = {[B,α, β] ∈M•0(∞,W ); βBkα(W1) ⊂W1 ∀k ∈ N},

where [B,α, β] denotes the element of M•0(∞,W ) represented by (B,α, β) ∈
Λ•(V,W ) for some V . Consider the following diagram, see [47, Sec. 3.5] and
[63, Sec. 3.5],

M•0(∞,W1)×M•0(∞,W2)
κ′← Z•0(W1,W2)

ι′→M•0(∞,W ),

where ι′ is the inclusion and κ′ is the induced map defined as fol-
lows. Consider an element [B,α, β] ∈ Z•0(W1,W2) represented by a tuple

(B,α, β) ∈ Λ•(T,W ) for some T . Let T ′ be the maximal (Ĵ-graded)
subspace of T stable by B such that β(T ′) ⊂ W1. We have α(W1) ∈
T ′ by the definition of Z•0(W1,W2). Then (B,α, β) defines elements of
Λ•(T ′,W1) and Λ•(T/T ′,W2). These elements yield elements of M•0(∞,W1)
and M•0(∞,W2).

Now let V be an I-graded finite dimensional C-vector space. Let V1 be
an I-graded subspace of V and set V2 = V/V1. Consider the subvariety F of
EV consisting of the representations preserving V1. We consider the following
diagram, see [38, Sec. 9.2]

EV1 × EV2

κ← F
ι→ EV ,

where ι is the inclusion and κ assigns to an elements of F its quotient and
restriction. Now assign W to V as in Theorem 2.3.11. The subspace V1 ⊂ V
yields a subspace W1 ⊂W and the quotient W2 = W/W1 would correspond
to V2 = V/V1.
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Theorem 2.3.20. We have an isomorphism of diagrams

M•0(∞,W1)×M•0(∞,W2)
κ′←−−−− Z•0(W1,W2)

ι′−−−−→ M•0(∞,W ),y y y
EV1 × EV2

κ←−−−− F
ι−−−−→ EV ,

where the leftmost and the rightmost isomorphisms are as in Theorem 2.3.11.

Proof. Consider the element [B,α, β] ∈M•0(∞,W ) represented by the tuple
(B,α, β) ∈ Λ•(T,W ) for some T . Let i → j be an arrow in Γ. Recall that
the map Vi → Vj associated with [B,α, β] via the rightmost vertical arrow
is

βj(n− r)Bir−1ir(n− (r − 1)) · · ·Bi1i2(n− 1)αi(n),

where i ; j = (wi(n)→ ti1(n−1)→ ti2(n−2)→ · · · → tir(n−r)→ wj(k)).
So in view of Remark 2.3.12 the condition [B,α, β] ∈ Z•0(W1,W2) means that
the corresponding element of EV via the isomorphism in Theorem 2.3.11
preserves V1. So we have an isomorphism Z•0(W1,W2) ' F making the right
part of the diagram in the statement to be commutative. The left part is
also commutative because both κ′ and κ were defined as the product of the
quotient and the restriction.

The restriction diagram for Lusztig quiver varieties yields a functor

R̃esV1,V2 = κ!ι
∗ : DGV (EV ,k)→ DGV1

×GV2
(EV1 × EV2 ,k).

Consider also its modification

ResV1,V2 = R̃esV1,V2 [MV1,V2 ],

where

MV1,V2 =
∑
h∈H

dim(V1)h′ dim(V2)h′′ −
∑
i∈I

dim(V1)i dim(V2)i.

2.3.7 Restriction of Nakajima sheaves

Let T be a Ĵ-graded finite dimensional C-vector space. Let LT,W be the

shift LT,W = L̃T,W [dimCM•(T,W )], where L̃T,W is as in Section 2.3.5. We
identify the restriction diagrams for Nakajima quiver varieties and Lusztig
quiver varieties as in Theorem 2.3.20. We will write ι = ι′, κ = κ′ to simplify
the notation. Set

Z̃•0(T,W1,W2) = (πT,W )−1(Z•0(W1,W2)).
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We have the following commutative diagram

Z̃•0(T,W1,W2)
ι̃−−−−→ M•(T,W )yp yπT,W

Z•0(W1,W2)
ι−−−−→ M•0(∞,W ),

where ι̃ is the inclusion, p is the restriction of πT,W .
Set

U(T ) = {(ω1, ω2) ∈ NĴ × NĴ ; ω1 + ω2 = grdimT}.

For each pair (ω1, ω2) ∈ U(T ) set

F̃ (ω1, ω2) = {[B,α, β] ∈ Z̃•0(T,W1,W2); grdimT ′ = ω1, grdimT/T ′ = ω2},

where the subset T ′ ⊂ T is associated with [B,α, β] as in the definition of the
restriction diagram for Nakajima quiver varieties (see the definition of the
morphism κ′). For each [B,α, β] ∈ F̃ (ω1, ω2) the restriction to T ′⊕W1 yields
an element of Λ•s (T ′,W1) and the quotient yields an element of Λ•s (T/T ′,W2).
This yields a morphism

αω1,ω2 : F̃ (ω1, ω2)→M•(T1,W1)×M•(T2,W2),

where T1, T2 are Ĵ-graded C-vector spaces with dimension vectors ω1, ω2 res-
pectively. The morphism αω1,ω2 is a vector bundle, see also [48, Prop. 3.8].
Let dT1,T2 be its rank. The following lemma is a positive characteristic ana-
logue of [63, Lem. 4.1].

Lemma 2.3.21. We have

R̃esV1,V2(L̃T,W ) =
⊕

T1⊕T2'T
L̃T1,W1 ⊗ L̃T2,W2 [−2dT1,T2 ],

where the sum is taken over the isomorphism classes of Ĵ-graded C-vector
spaces T1, T2 such that T1 ⊕ T2 ' T .

Proof. For each (ω1, ω2) ∈ U(T ) and each Ĵ-graded C-vector spaces T1, T2

of graded dimensions ω1, ω2 we have a commutative diagram

F̃ (ω1, ω2) −−−−→ Z̃•0(T,W1,W2)

αω1,ω2

y κp

y
M•(T1,W1)×M•(T2,W2) −−−−→ M•0(∞,W1)×M•0(∞,W2).

The upper horizontal arrow is the obvious inclusion and the lower one is
πT1,W1 × πT2,W2 . The varieties F̃ (ω1, ω2) with (ω1, ω2) ∈ U(T ) form a lo-

cally closed partition of Z̃•0(T,W1,W2). Let us enumerate them F̃1, · · · , F̃r
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in such a way that for j ∈ [1, r] the subvariety F̃6j =
⋃
j′6j F̃j′ is closed in

Z̃•0(T,W1,W2). Let fj and f6j be the restrictions of κp

fj : F̃j →M•0(∞,W1)×M•0(∞,W2), f6j : F̃6j →M•0(∞,W1)×M•0(∞,W2).

We also set F̃<j = F̃6j−1, f<j = f6j−1 for j ∈ [2, r]. Let aj and bj be the
inclusions

aj : F̃j → F̃6j , bj : F̃<j → F̃6j .

By [3, Sec. 1.4.3], we have a distinguished triangle

aj!a
∗
jkF̃6j

→ k
F̃6j
→ bj!b

∗
jkF̃6j

+1→ .

Applying the functor (f6j)! to this triangle we get the distinguished triangle

(fj)!kF̃j → (f6j)!kF̃6j
→ (f<j)!kF̃<j

+1→ . (2.7)

Now if F̃j = F̃ (ω1, ω2) and T1, T2 are Ĵ-graded C-vector spaces with graded
dimensions ω1, ω2 respectively, we have

αω1,ω2!kF̃j = kM•(T1,W1)×M•(T2,W2)[−2dT1,T2 ]

because αω1,ω2 is a vector bundle of rank dT1,T2 . Thus,

fj!kF̃j = L̃T1,W1 ⊗ L̃T2,W2 [−2dT1,T2 ].

In particular it is an even complex, see Corollary 2.3.17. Thus, from (2.7)
and Lemma 2.3.9 we have by induction

κ!p!kZ̃•0(T,W1,W2)
=

⊕
T1⊕T2'T

L̃T1,W1 ⊗ L̃T2,W2 [−2dT1,T2 ].

This finishes the proof because by the base change theorem we have

κ!ι
∗L̃T,W = κ!p!kZ̃•0(T,W1,W2)

.

The split Grothendieck group K(QV ) of the additive category QV is
given by the A-module structure such that q[F ] = [F [1]] for F ∈ QV . We set
K(Q) =

⊕
V K(QV ). Denote by ParGV (EV ) the full additive subcategory of

DGV (EV ,k) whose objects are parity complexes. Similar to the construction
above, we have an A-module structure on the split Grothendieck group
K(ParGV (EV )) of the category ParGV (EV ). We also set

Par =
⊕
V

ParGV (EV ), K(Par) =
⊕
V

K(ParGV (EV )).

Let S(W ) be as in Section 2.3.4.
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Lemma 2.3.22. The complexes L̃T,W , T ∈ S(W ), form an A-basis in
K(ParGV (EV )).

Proof. Note that i∗λẼ(λ) = kλ, where Ẽ(λ) is as in Remark 2.3.19. Let 6 be

the total order on ΛV as in the proof of Lemma 2.3.8. Denote by Tλ the Ĵ-
graded finite dimensional C-vector space such that M•reg

0 (Tλ,W ) ' Oλ, see

Lemma 2.3.16. We have {Tλ; λ ∈ ΛV } = S(W ). The complex L̃Tλ,W is even,

see Corollary 2.3.17. By the base change theorem we have i∗λL̃Tλ,W = kλ.
Thus,

L̃Tλ,W = Ẽ(λ)⊕
⊕

µ<λ,d∈Z
Ẽ(µ)[2d]⊕aµ,d , aµ,d ∈ N.

Hence, the classes [L̃Tλ,W ], λ ∈ ΛV , form an A-basis in K(ParGV (EV ))

because the classes [Ẽ(λ)], λ ∈ ΛV , form an A-basis in K(ParGV (EV )).

By Lemmas 2.3.21, 2.3.22 the functor R̃esV1,V2 yields an A-module ho-
momorphism

K(ParGV (EV ))→ K(ParGV1
×GV2

(EV1 × EV2)),

where ParGV1
×GV2

(EV1 × EV2) is defined as ParGV (EV ) using the quiver
Γ
∐

Γ. A GV1 × GV2-orbit in EV1 × EV2 is of the form Oλ1 × Oλ2 . So we
identify ΛV with ΛV1 × ΛV2 . The complex Ẽ(λ1)⊗ Ẽ(λ2) is indecomposable
because its endomorphism ring is a tensor product of endomorphism rings
of complexes Ẽ(λ1) and Ẽ(λ2), thus it is local. It is even, supported on
Oλ1 ×Oλ2 , and we have

i∗λ1×λ2
(Ẽ(λ1)⊗ Ẽ(λ2)) = kλ1×λ2

.

Thus, by Lemma 2.3.3 we have

Ẽ(λ1)⊗ Ẽ(λ2) ' Ẽ(λ1 × λ2).

Thus, we have

K(ParGV1
×GV2

(EV1 × EV2)) ' K(ParGV1
(EV1))⊗A K(ParGV2

(EV2))

Finally, the functors R̃esV1,V2 yield a comultiplication on

K(Par) =
⊕
V

K(ParGV (EV )),

where the sum is taken by isomorphism classes of I-graded finite dimensional
C-vector spaces. Thus, the modified restriction functors ResV1,V2 yield a
comultiplication Res on K(Par). From now on we will always consider the
coalgebra structure on K(Par) given by Res.
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2.3.8 Restriction of Lusztig sheaves

Now we study the restriction of Lusztig sheaves. It is similar to the
constructions for Nakajima sheaves in Section 2.3.7. Let

EV1 × EV2

κ← F
ι→ EV

be the restriction diagram as in Section 2.3.6. Fix a sequence (a1, · · · , ak).
Set y = (i

(a1)
1 · · · i(ak)

k ), an element in Yν . Set also

U(y) = {(y1, y2) ∈ Yν1 × Yν2 ; y1 = (i
(a′1)
1 · · · i(a

′
k)

k ), y2 = (i
(a′′1 )
1 · · · i(a

′′
k)

k ),

a′r, a
′′
r ∈ N, a′r + a′′r = ar ∀r ∈ [1, k]}.

We have a commutative diagram

F̃ −−−−→ F̃yy yπy
F −−−−→ EV ,

where F̃ = π−1
y (F ). The variety F̃ consists of the pairs (x, φ) ∈ EV ×Fy such

that x preserves V1 and x preserves the flag φ = ({0} = V 0 ⊂ V 1 ⊂ V 2 ⊂
· · · ⊂ V k = V ). For (y1, y2), denote by F̃ (y1, y2) the subset of F̃ consisting
of pairs (x, φ) ∈ F̃ such that the flag (V 0∩V1 ⊂ V 1∩V1 ⊂ · · · ⊂ V r∩V1) has
type y1 and the flag (V 0/(V 0 ∩ V1) ⊂ V 1/(V 1 ∩ V1) ⊂ · · · ⊂ V r/(V r ∩ V1))
has type y2. We have a vector bundle

F̃ (y1, y2)→ F̃y1 × F̃y2 ,

see [38, Sec. 9.2.4]. Denote its rank by my1,y2 .

Lemma 2.3.23. Suppose that for each (y1, y2) ∈ U(y) the complexes Ly1,
Ly2 are even. Then we have

R̃esV1,V2(Ly) =
⊕

(y1,y2)∈U(ν)

Ly1 ⊗ Ly2 [−2my1,y2 ].

Proof. The proof is the same as the proof of Lemma 2.3.21. See also [38,
Sec. 9.2].

Lemma 2.3.24. For each λ ∈ ΛV let yλ ∈ Yν be as in Section 2.2.21. The
classes [Lyλ ], λ ∈ ΛV form an A-basis in K(QV ).

Proof. The proof is the same as the proof of Lemma 2.3.22.
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2.3.9 Coalgebra structure on K(Par)

The following lemma follows directly from Lemma 2.3.8.

Lemma 2.3.25. Let A[ΛV ×Z] be a free A-module with basis 1λ,n, λ ∈ ΛV ,
n ∈ Z. Then there is an A-module inclusion

K(ParGV (EV )) ↪→ A[ΛV × Z], F 7→
∑
λ,n

dλ,n(F)1λ,n,

where dλ,n are as in Section 2.3.3.

Theorem 2.3.26. There exists an A-coalgebra isomorphism βA : K(Par)→
Af .

Proof. At first suppose k = C. In this case the statement is already known,
see [38, Thm. 13.2.11]. Now let k be an arbitrary field. To avoid confusion we
will indicate the field k or C in the rest of the proof. By Lemma 2.3.15 the
numbers dλ,n(L̃T,W,k) do not depend on the field k, where λ ∈ ΛV , n ∈ N,

T is a finite dimensional Ĵ-graded C-vector space. Thus, the image of the
inclusion in Lemma 2.3.25 does not depend on the field either. Hence, there
exists a linear isomorphism

K(ParGV (EV ),k)→ K(ParGV (EV ),C)

sending L̃T,W,k to L̃T,W,C for each T . To conclude we only need to note
that this isomorphism preserves the comultiplication because the constants
dT1,T2 from Lemma 2.3.21 are independent of the field.

Remark 2.3.27. There is an A-basis in K(Par) given by parity sheaves. It
corresponds to some A-basis of Af by βA. So Theorem 2.3.26 yields an A-
basis in Af in terms of parity sheaves.

2.3.10 Even quivers

Definition 2.3.28. The quiver Γ is k-even if the complex Ly over k is even
for each y ∈ Yν and each ν ∈ NI. The quiver Γ is even if it is k-even for
each field k.

In this section we suppose that our Dynkin quiver Γ is even. This hypo-
thesis is necessary to apply Lemma 2.3.23.

Theorem 2.3.29. Suppose that Γ is a k-even Dynkin quiver. Let V be as
above. Then the full subcategories QV and ParGV (EV ) of DGV (EV ,k) coin-
cide. Moreover, there exists an isomorphism of bialgebras K(Q) ' Af , where
the algebra structure on K(Q) is as in Section 2.2.20 and the comultiplica-
tion is given by Res.
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Proof. The first statement follows from Remark 2.3.19 (b). The second state-
ment is already known if the characteristic of k is zero, see [38, Thm. 13.2.11].
In positive characteristic we already have the algebra isomorphism

λA : Af → K(Q)

by Theorem 2.2.22. We only need to verify that λA preserves the coproduct.
This follows from the zero characteristic case and Lemma 2.3.23 because the
constants my1,y2 in Lemma 2.3.23 do not depend on the field.

2.3.11 Type A

We say that a quiver is of type A if each of its connected components
has type An for some positive integer n. Now we show that the quivers of
type A are even. We start by proving some helpful lemmas.

Definition 2.3.30. Suppose n, k, s ∈ N, k 6 n, s > 0. Suppose v and d are
s-tuples of nonnegative integers v = (v1, · · · , vs), d = (d1, · · · , ds) such that
v1 + · · ·+ vs = n. Let W be an n-dimensional C-vector space and let

φ = ({0} = W0 ⊂W1 ⊂ · · · ⊂Ws = W )

be a flag of type v in W , i.e., dimWa/Wa−1 = va for each a in [1, s]. Set

Xv,d,k = {U ∈ Grk(W ); dimU ∩Wa = da, ∀a ∈ [1, s]}.

Lemma 2.3.31. The set Xv,d,k is either empty or a variety with an affine
cell decomposition.

Proof. Suppose that Xv,d,k is not empty. Let P be the parabolic subgroup
in GL(W ) preserving the flag φ. The variety Xv,d,k is isomorphic to a P -
orbit in Grk(W ). Let B be a Borel subgroup contained in P . A P -orbit in
Grk(W ) is a disjoint union of B-orbits. Each of these B-orbits is isomorphic
to an affine space.

Definition 2.3.32. Let W be a finite dimensional C-vector space. Suppose
s, t ∈ N, s > 0, t > 0. Let

φ = ({0} = W0 ⊂W1 ⊂ · · · ⊂Ws = W ), ψ = ({0} = V0 ⊂ V1 ⊂ · · · ⊂ Vt = W )

be two partial flags in W . Let v be a sequence of nonnegative integers
v = (v1, · · · , vs) and let D = (dij) be an s× t-matrix of integers. Set

Yφ,ψ,v,D = {({0} = U0 ⊂ U1 ⊂ · · · ⊂ Us = W ) :

dimUa/Ua−1 = va,dimUa ∩ Vb = da,b,Wa ⊂ Ua, ∀a ∈ [1, s], b ∈ [1, t]}.

Lemma 2.3.33. The set Yφ,ψ,v,D is either empty or a variety with an affine
cell decomposition.
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Proof. The proof is by induction on s. The case s = 1 follows from Lemma
2.3.31. Suppose s > 1. Set

φ′ = ({0} = W0 ⊂W2 ⊂W3 ⊂ · · · ⊂Ws = W ), v′ = (v1 + v2, v3, · · · , vs).

Let D′ be the matrix that we get from D by erasing the first row. Forgetting
the U1-component of the flag yields a morphism Yφ,ψ,v,D → Yφ′,ψ,v′,D′ . This
is a fibration with the fiber of the form X•, see Definition 2.3.30. So Yφ,ψ,v,D
has a decomposition into affine cells by induction hypothesis and Lemma
2.3.31.

Suppose that the quiver Γ is of type An. We enumerate its vertices
I = {i1, · · · , in} such that there is an arrow in some direction between ia
and ia+1 for a ∈ [1, n − 1]. Let V and ν be as in Section 2.2.1. Suppose

y = (j
(a1)
1 , · · · , j(am)

m ) ∈ Yν . Let

{0} = W0 ⊂W1 ⊂ · · · ⊂Wk = Vin

be a partial flag in Vin . For each m× k-matrix D = (dij) of integers we set

FD = {({0} = V 0 ⊂ V 1 ⊂ · · · ⊂ V m = V ) ∈ π−1
y (x) :

dimV r ∩Ws = drs, ∀r ∈ [1,m], s ∈ [1, k]}.

We have the decomposition π−1
y (x) =

∐
D FD.

Lemma 2.3.34. The set FD is either empty or a variety with an affine cell
decomposition.

Proof. The proof is by induction on n. For n = 1 the statement follows from
Lemma 2.3.33. Now suppose n > 2. Suppose that the quiver Γ contains the
arrow in−1 → in. We denote this arrow by h0. Consider the following flag in
Vin−1

{0} = W ′0 ⊂W ′1 ⊂ · · · ⊂W ′k+1 = Vin−1 , W ′r = x−1
h0

(Wr−1), r ∈ [1, k],

where xh0 is the h0-component of x. Let Γ′ be the quiver that we get from
Γ by deleting the vertex in. Set V ′ =

⊕n−1
r=1 Vir , ν

′ = ν − νin · in. As before
we denote by H the set of arrows in Γ and for an arrow h in H we write h′

and h′′ for its source and target respectively. Set H ′ = H\h0. Denote by EV ′

the variety of representations of Γ′ in V ′, i.e., EV ′ =
⊕

h∈H′ Hom(Vh′ , Vh′′).
Set x′ =

⊕
h∈H′ xh ∈ EV ′ , where xh is the h-component of x ∈ EV . Set

y′ = (j
(a′1)
1 , · · · , j(a′m)

m ) ∈ Yν′ , where

a′t =

{
at if jt 6= in,
0 if jt = in,

∀t ∈ [1,m].
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We leave the zero terms in y′ to simplify the notation. For eachm×(k+1)-
matrix of integers D′ = (d′rs) we set

F ′D′ = {({0} = V ′
0 ⊂ V ′1 ⊂ · · · ⊂ V ′m = V ′) ∈ π−1

y′ (x′) :

dimV ′
r ∩W ′s = d′rs,∀r ∈ [1,m], s ∈ [1, k + 1]}.

We have the morphism e : π−1
y (x) → π−1

y′ (x′) given by the intersection of
each component of the flag with V ′. Set

FD,D′ = FD ∩ e−1(F ′D′).

We have the decomposition FD =
∐
D′ FD,D′ . So it is enough to construct

a decomposition into affine cells for each FD,D′ . Let us study the following
restriction of e

eD,D′ : FD,D′ → F ′D′ .

We want to show that it is a fibration. Let c1 < · · · < ct be the integers in
[1,m] such that

jc1 = jc2 = · · · = jct = in, js 6= in ∀s ∈ [1,m]\{c1, · · · , ct}.

Set also c0 = 0. Let

φ′ = ({0} = V ′0 ⊂ V ′1 ⊂ · · · ⊂ V ′m = V ′)

be a flag in F ′D′ . We have

e−1
D,D′(φ

′) = {({0} = V 0 ⊂ V 1 ⊂ · · · ⊂ V m = V ) ∈ FD :

V s ∩ V ′ = V ′s,∀s ∈ [1,m]}
' {({0} = U0 ⊂ U1 ⊂ · · · ⊂ Um = Vin) :

({0} = V ′
0 ⊕ U0 ⊂ V ′1 ⊕ U1 ⊂ · · · ⊂ V ′m ⊕ Um = V ) ∈ FD}

= {({0} = U0 ⊂ U1 ⊂ · · · ⊂ Um = Vin) :

U s = U s−1,∀s ∈ [1,m]\{c1, · · · , ct},
dimU s/U s−1 = as,∀s ∈ {c1, · · · , ct},
xh0(V ′r ∩ Vin−1) ⊂ U r, ∀r ∈ [1,m],

dimU r ∩Wp = dr,p, ∀r ∈ [1,m], p ∈ [1, k]}.
' Yφ,ψ,v,D,

where

φ = (xh0(V ′
0∩Vin−1) ⊂ xh0(V ′

1∩Vin−1) ⊂ · · · ⊂ xh0(V ′
m−1∩Vin−1) ⊂ Vin),

ψ = ({0} = W0 ⊂W1 ⊂ · · · ⊂Wk = Vin), v = (a1 − a′1, · · · , am − a′m),
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see Definition 2.3.32. Moreover, this fiber does not depend on the choice of
φ′ ∈ F ′D′ because the types of the flags φ, ψ and their relative position do
not depend on φ′. Really,

dimxh0(V ′
a ∩ Vin−1) ∩Wb = dimxh0(V ′

a ∩ Vin−1 ∩ x−1
h0

(Wb))

= dimxh0(V ′
a ∩W ′b+1)

= dimV ′
a ∩W ′b+1 − dimV ′

a ∩W ′b+1 ∩Kerxh0

= dimV ′
a ∩W ′b+1 − dimV ′

a ∩W ′1
= d′a,b+1 − d′a,1, ∀a ∈ [1,m], b ∈ [1, k],

dimxh0(V ′
a ∩ Vin−1) = dimxh0(V ′

a ∩ Vin−1) ∩Wk

= d′a,k+1 − d′a,1, ∀a ∈ [1,m].

So FD,D′ has a decomposition into affine cells by induction hypothesis and
Lemma 2.3.33.

Now suppose that the quiver Γ contains the arrow in → in−1. Let Γop

be the quiver that we get from Γ by inverting the orientation of each arrow.
Consider the I-graded C-vector space V ∗ =

⊕
i∈I V

∗
i dual to V . Consider

the representation x∗ ∈ EV ∗ dual to x. Let yop be the element Yν that
we get from y by reversing the order of its components. Then we have an
isomorphism of varieties

π−1
y (x)→ π−1

yop(x∗),

({0} = V 0 ⊂ V 1 ⊂ · · · ⊂ V m = V ) 7→ ({0} = (V m)⊥ ⊂ · · · ⊂ (V 1)⊥ ⊂ (V 0)⊥ = V ∗).

Here •⊥ denotes the annihilator in the dual space V ∗. Moreover, this iso-
morphism preserves the decompositions

π−1
y (x) =

∐
D

FD, π−1
yop(x∗) =

∐
D

F ∗D

(with some permutation of indices). Here F ∗D is defined analogically to FD
with respect to the flag

{0} = (Wk)
⊥ ⊂ · · · ⊂ (W1)⊥ ⊂ (W0)⊥ = V ∗in ,

where •⊥ denotes the annihilator in V ∗in (not in V ∗). So we reduce the case
in → in−1 to the case in−1 → in.

Theorem 2.3.35. Let Γ be a quiver of type A (may be not connected).
Suppose y ∈ Yν , x ∈ EV . Then the fiber π−1

y (x) is either empty or has a
decomposition into affine cells.

Proof. It is enough to prove the statement in the case when the quiver Γ is
connected. In this case the statement follows from Lemma 2.3.34.

Corollary 2.3.36. A quiver of type A is even.
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2.3.12 New basis for small ranks

The goal of this section is to show that the basis described in Re-
mark 2.3.27 coincides with Lusztig’s canonical basis for Γ of types A1 or
A2. As explained in Section 2.3.10, if Γ is an even quiver then we have
QV = ParGV (EV ). In this situation we have βA = λA. Via the isomorphism
λA : K(Q) → Af , the basis from Remark 2.3.27 is identified with the basis
given by the classes [E(λ)] of parity sheaves, where λ ∈ ΛV , V is a finite
dimensional I-graded C-vector space. This basis coincides with Lusztig’s ca-
nonical basis for k = C because the parity sheaves over C are the intersection
complexes, see Remark 2.3.19 (c). To prove that this basis coincides with
the canonical basis for arbitrary k we should prove that the placement of
the class [E(λ)] in K(Q) ' Af is independent of k.

We may add to our notation an index k or C to specify the field. We
want to prove that [E(λ)k] = [E(λ)C] in K(Qk) ' Af ' K(QC). This is clear
for the type A1 because in this case EV is a point for each V .

From now on we assume that the quiver Γ = (I,H) is of type A2. We have
I = {i, j} and H = {i → j}. Take a dimension vector ν = ni + mj ∈ NI.
We have EV = Hom(Vi, Vj), where Vi and Vj are C-vector spaces with
dimensions n and m respectively. The GV -orbits in EV are labeled by the
set ΛV = [0,max{n,m}], where for k ∈ ΛV the orbit Ok ⊂ EV is the subset
of elements of rank k.

Assume first that n 6 m. For each k ∈ [0, n] set yk = (i(k), j(m), i(n−k)) ∈
Yν . The morphism πyk : F̃yk → EV is obviously a resolution of singularities
of the orbit closure Ok. Let us study the stalks of the complex δLyk =
(πyk)∗k[dimCOk]. By the base change theorem, for each x ∈ EV we have
Hs(i∗x(δLyk)) ' Hs+dimCOk(π−1

yk
(x)) because πyk is a proper morphism. It is

easy to see that

π−1
yk

(x) '
{

∅ if x ∈ Or, r > k,
Grn−k(Cn−r) if x ∈ Or, r ∈ [0, k],

and that

dimCOk = dimC Grk(Vj)+dimC Hom(Vi,Ck) = k(m−k)+nk = nk+mk−k2.

Recall that E(k) denotes the parity sheaf supported on Ok.

Lemma 2.3.37. We have δLyk ' E(k).

Proof. The parity sheaf E(k) is a direct factor of δLyk because πyk is a
resolution of singularities of Ok. Other direct factors of δLyk must have
supports inside of Ok\Ok. Thus it is enough to show that δLyk has no direct
factors of the form E(r)[d] for some r < k and some d ∈ Z.

Assume that δLyk has such a direct factor E(r)[d]. Then, by auto-duality,
the complex δLyk must also have a direct factor E(r)[−d]. Thus for x ∈ Or
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the complex i∗x(δLyk) has nonzero cohomology groups Hs(i∗x(δLyk)) with
s = −dimCOr±d because H− dimCOr(E(r)) ' k. Thus, to come to a contra-
diction, it is enough to show that Hs(i∗x(δLyk)) is zero for s > −dimCOr.

As explained above we have Hs(i∗x(δLyk)) = Hs+dimCOk(Grn−k(Cn−r)).
Thus it is enough to check that −dimCOr+dimCOk > 2 dimC Grn−k(Cn−r),
i.e., that −(nr+mr−r2)+(nk+mk−k2) > 2(n−k)(k−r). This is equivalent
to m+ k > n+ r and thus is true.

Now we assume that n > m. For k ∈ [0,m] set y′k = (j(m−k), i(n), j(k)) ∈
Yν . A similar proof to the previous one gives the following lemma.

Lemma 2.3.38. We have δLy′k ' E(k).

Corollary 2.3.39. For each k ∈ [0,min{m,n}] we have [E(k)k] = [E(k)C]
in K(Qk) ' Af ' K(QC).

Proof. By Lemmas 2.3.37 and 2.3.38 there is an element y ∈ Yν (yk or y′k)
such that δLy,k ' E(k)k and δLy,C ' E(k)C. However, [δLy,k] and [δLy,C]
correspond both to the same element in Af .

2.3.13 Quiver Schur algebras

In this section, we apply a similar approach to the quiver Schur algebras
in [59]. Let e be an integer, e > 1. Let Γ be a quiver with the set of vertices
I = Z/eZ and the set of arrows H = {i→ i+1; i ∈ I}. We keep the notation
of Section 2.2.1. Let EnV ⊂ EV be the subvariety of nilpotent representations.

Let us change slightly the notation. Let VCompe(ν) be the set of tuples
µ = (µ(1), · · · , µ(k)) of nonzero elements of NI such that µ(1) + µ(2) + · · ·+
µ(k) = ν. We will call an element of VCompe(ν) a vector composition. For µ
as above we denote by Fµ the variety of all I-graded flags

φ = (0 = V 0 ⊂ V 1 ⊂ · · · ⊂ V k = V )

in the I-graded vector space V =
⊕

i∈I Vi such that the I-graded vector

space V k/V k−1 has graded dimension µ(r) for each r ∈ {1, 2, · · · , k}. Let F̃µ
be the variety of pairs (x, φ) ∈ EV × Fµ that are compatible, i.e., we have

x(V r) ⊂ V r−1 for r ∈ [1, k]. Let πµ be the natural projection from F̃µ to
EV , i.e.,

πµ : F̃µ → EV , (x, φ) 7→ x.

Let N ⊂ g be the nilpotent cone. Let F be the set of all flags in V (not
necessarily complete). Let FV ⊂ F be the subset of I-graded flags. Set

F̃ = {(φ = (V 0 ⊂ · · · ⊂ V k = V ), x) ∈ F ×N ; x(V r) ⊂ V r−1 ∀r ∈ [1, k]},

F̃V = {(φ = (V 0 ⊂ · · · ⊂ V k = V ), x) ∈ FV×EnV ; x(V r) ⊂ V r−1 ∀r ∈ [1, k]}.
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Let π : F̃ → N , πV : F̃V → EnV be natural projections. Set G = GL(V ),
g = gl(V ) = Lie(G). Fix a primitive eth root of unity ξ ∈ C. Consider the
element s ∈ G preserving each Vi and acting by ξi on Vi, i ∈ I. Note that
the group G × C∗ acts on gl(V ) with G acting by the adjoint action and
C∗ acting by the multiplication by scalars. The G × C∗-action on g yields
a G × C∗-action on N . Set s̃ = (s, ξ−1) ∈ G × C∗. We have gs̃ ' EV and
N s̃ ' EnV . Here the top index s̃ always means the set of s̃-stable points.

Similarly, the G-action on F yields a G × C∗-action on F , where C∗
acts trivially. The G× C∗-action on F and N yields a G× C∗-action on F̃ .
We have F s̃ ' FV and F̃ s̃ ' F̃V . The following lemma is an analogue of
Conjecture 2.1.4.

Lemma 2.3.40. For each µ ∈ VCompe(ν) and each x ∈ EnV , we have
Hodd((πµ)−1(x),Z) = 0.

Proof. The restriction of π to the set of s̃-stable points yields a morphism
πs̃ : F̃ s̃ → N s̃. We have the following commutative diagram

F̃V
πV−−−−→ EnV∥∥∥ ∥∥∥

F̃ s̃
πs̃−−−−→ N s̃.

Then for each x ∈ EnV we can identify the fiber π−1
V (x) with (πs̃)−1(x) =

(π−1(x))s̃. By [13, Thm. 3.9] we have Hodd((π−1(x))s̃,Z) = 0. This implies
the statement because for each µ ∈ VCompe(ν) the variety F̃V contains a
connected component isomorphic to F̃µ and the restriction of πV to this
component coincides with πµ.

It is well-known that the set of GV -orbits in EnV is finite. This observation
together with Lemma 2.3.40 motivates us to study the parity sheaves on
EnV . As before, we fix an arbitrary field k. Let EnV =

∐
λ∈ΛnV

Oλ be the

stratification by GV -orbits.

Lemma 2.3.41. There are no nontrivial GV -equivariant local systems on
Oλ for each λ ∈ ΛnV .

Proof. The proof is the same as the proof of Corollary 2.2.11.

We can now prove that the stratified variety EnV satisfies the condition
(2.2) in the same way as in Lemma 2.3.6.

Consider the following complexes in DGV (EnV ,k):

δLµ = (πµ)∗kF̃µ [dimC Fµ], δLV,k =
⊕

µ∈VCompe(ν)

δLµ.

Let QV be the full additive subcategory of all direct sums of shifts of direct
factors of δLV,k in DGV (EnV ,k).
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Lemma 2.3.42. For each λ ∈ ΛnV , the parity sheaf E(λ) exists. It is contai-
ned in QV .

Proof. By Lemma 2.3.40, for each µ ∈ VCompe(ν), the morphism πµ has
even fibers. Thus the complex (πµ)∗kF̃µ is even, see Lemma 2.3.7. Now, it

is enough to prove that for a given λ there exists µ ∈ VCompe(ν) such that
E(λ) is a direct summand of a shift of (πµ)∗kF̃µ . To do this, it is enough

to find µ such that the image of πµ is in Oλ and such that πµ yields an
isomorphism π−1

µ (Oλ) → Oλ. The existence of such µ is explained in the
proof of [59, Prop. 2.7].

Let ParGV (EnV ) ⊂ DGV (EnV ,k) be the full subcategory of parity com-
plexes.

Corollary 2.3.43. The subcategories QV and ParGV (EnV ) of DGV (EnV ,k)
coincide.

Definition 2.3.44. For a given graded dimension vector ν ∈ NI the quiver
Schur algebra is the graded algebra Aν,k = Ext∗GV (δLV,k, δLV,k), where the
nth graded component is given by the nth extension group.

Remark 2.3.45. It is clear from the definition that, for each µ ∈ VCompe(ν),
the algebra Aν,k contains an idempotent of degree zero 1µ such that
1µ1Aν,k1µ2 = Ext∗GV (δLµ2 ,

δ Lµ1).

Definition 2.3.46. For each µ ∈ VCompe(ν), let Pµ be the graded projective
Aν,k-module Aν,k1µ.

Definition 2.3.47. Let U−e,Z be the integral form of the generic nilpotent Hall

algebra of the quiver Γ, see [59, Sec. 2.5]. For each ν ∈ NI, let fν ∈ U−e,Z
be the characteristic function of the semi-simple representation of Γ with
graded dimension vector ν.

Let proj(Aν,k) be the category of graded projective finitely generated
Aν,k-modules. Let K(Aν,k) be the split Grothendieck group of proj(Aν,k)
viewed as an A-module. Set K(Ak) =

⊕
ν∈NI K(Aν,k) and K(Q) =⊕

V K(QV ). For each ν1, ν2 ∈ NI, we have an algebra homomorphism
Aν1,k⊗Aν2,k → Aν1+ν2,k, see [59, Def. 2.8]. It yields an algebra structure on
K(Ak). The following theorem is proved in [59, Prop. 2.12].

Theorem 2.3.48. There is an A-algebra isomorphism K(Ak)→ U−e,Z such
that [Pν ] 7→ fν for each ν ∈ NI, where ν is viewed as a trivial vector compo-
sition in VCompe(ν).

Analogically to Theorem 2.2.21 we get the following result.

Theorem 2.3.49. The functor Y : QopV → proj(Aν,k) such that F 7→
Ext∗GV (F , δLV,k) is an equivalence of categories.
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For ν1, ν2 ∈ NI, µ1 ∈ VCompe(ν1), µ2 ∈ VCompe(ν2) let µ1 ∪ µ2 ∈
VCompe(ν1 + ν2) denote the concatenation of µ1 and µ2. We can also define
an algebra structure on K(Q) as in Section 2.2.20 such that δLµ1 ◦ δLµ2 =
δLµ1∪µ2 . We get the following result.

Corollary 2.3.50. There is an A-algebra isomorphism K(Q)→ U−e,Z such

that δLν 7→ fν for each ν ∈ NI, where ν is viewed as a trivial vector compo-
sition in VCompe(ν).

Proof. We only need to verify that the algebra structure on K(Q) agrees
with the algebra structure on U−e,Z. This is true because Y (δLµ) = Pµ,
[Pµ1 ][Pµ2 ] = [Pµ1∪µ2 ] (see [59, Prop. 2.9]) and the elements fν for ν ∈ NI
generate U−e,Z as an A-algebra.

In particular Corollary 2.3.50 yields an A-basis of U−e,Z in terms of parity
sheaves.





Chapitre 3

Quiver Schur algebras and
Koszul duality

3.1 Introduction

Let e, l be integers, e > 1, l > 0. Let Γ be the cyclic quiver of type
Âe−1 and let I be the set of its vertices. Let q = ζ ∈ C be a primitive
eth root of unity. With each d ∈ N and each tuple s ∈ (Z/eZ)l, Dipper,
James and Mathas associate a cyclotomic q-Schur C-algebra Ss

d in [15]. This
algebra admits a block decomposition Ss

d =
⊕

d S
s
d, where d runs over the

set of elements d =
∑

i∈I di · i in NI such that
∑

i∈I di = d. For each d,
the block Ss

d is quasi-hereditary and the standard modules are the so-called
Weyl modules. They are labeled by a subset P ld of the set P ld of l-partitions
of d.

In Section 3.3.1 we define a class of gradings on Ss
d called admissible

gradings. An example of such grading is given in [59]. Fixing an admissible
grading of Ss

d yields a grading of the category mod(Ss
d).

By [53], we can identify the category mod(Ss
d) of finite dimensional Ss

d-
modules with a highest weight subcategory A of a parabolic category O
of ĝlN at negative level (for some positive integer N), see Theorem 3.3.13.
The category A has a Koszul grading by [56, Thm. 6.4]. It is natural to ask
whether the grading on mod(Ss

d) above coincides with the Koszul grading
of A.

In Section 3.3.9 we define a basic graded algebra bSs
d which is graded

Morita equivalent to Ss
d. Let SO be the endomorphism algebra of the mi-

nimal projective generator of A (equipped with the Koszul grading). Our
main result is the following theorem, see Theorem 3.3.40 below.

Theorem 3.1.1. There exists a graded algebra isomorphism bSs
d ' SO.

The proof is inspired by [27] and [59]. It is given in Section 3.3. The
strategy of the proof is as follows. At first, we want to identify the grading at
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the level of KLR-algebra. More precisely, we consider a smaller graded non-
unitary subalgebra bRs

d ⊂ bS
s
d defined as the opposite to the endomorphism

algebra of some projective Ss
d-module (bRs

d is graded Morita equivalent to
a block of the cyclotomic KLR-algebra) and similarly we consider a graded
non-unitary subalgebra RO ⊂ SO. We want to prove that the algebras bRs

d

and RO are isomorphic as graded algebras. An essential ingredient of the
proof consists in computing the graded multiplicities of the simple modules
in the parabolic Verma modules of the category O. This is done in Appendix
A.1. To compare the gradings of bRs

d and RO we characterize them in terms
of radical filtration of projective modules. It becomes possible due to the very
rigidity of some projective modules in category A and due to the general
technique in Section 3.2.6. Finally, it is easy to lift the graded isomorphism
from the KLR algebra level to the Schur algebra level because the algebra
bS

s
d can be viewed as the opposite to the endomorphism algebra of the sum

of Young modules over bRs
d.

Section 3.2 contains standard results on highest weight categories, Koszul
duality and Hecke algebras, to be used in the rest of the text.

After this paper was written we received a copy of Webster’s paper [65]
where a similar statement to Theorem 3.1.1 is announced.

3.2 Preliminaries

All functors between additive (resp. C-linear) categories are supposed to
be additive (resp. C-linear). Let e, l be integers, l > 0, e > 1. Fix a tuple
s = (s1, · · · , sl) of elements of Z/eZ.

3.2.1 Graded rings and modules

For any noetherian ring A, let mod(A) be the category of finitely ge-
nerated left A-modules. For any noetherian Z-graded ring A =

⊕
n∈ZAn,

let grmod(A) be the category of Z-graded finitely generated left A-modules.
The morphisms in grmod(A) are the morphisms which are homogeneous of
degree zero. For each M ∈ grmod(A) and each k ∈ Z denote by Mk the
homogeneous component of degree k in M . For n ∈ Z let M〈n〉 be the nth
shift of grading on M , i.e., we have (M〈n〉)k = Mk−n. For each Z-graded
finite dimensional C-vector space V , let dimq V ∈ N[q, q−1] be its graded
dimension, i.e., dimq V =

∑
g∈Z(dimVg)q

g.
The following lemma is proved in [5, Lem. 2.5.3].

Lemma 3.2.1. Suppose that M is an indecomposable A-module of finite
length. Then, if M admits a graded lift, this lift is unique up to grading shift
and isomorphism.

The following lemma is proved in [24, Thm. 3.2].
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Lemma 3.2.2. Let A be a graded artin C-algebra. Suppose that
M ∈ grmod(A) is indecomposable. Then M is also indecomposable in
mod(A).

3.2.2 Graded categories

Definition 3.2.3. A Z-category (or a graded category) is an additive category
C with a fixed auto-equivalence T : C → C. We call T the shift functor. For
each X ∈ C and n ∈ Z, we set X〈n〉 = Tn(X). A functor of Z-categories is
a functor commuting with the shift functor.

For a graded noetherian ring A the category grmod(A) is a Z-category
where T is the shift of grading, i.e., for M = ⊕n∈ZMn ∈ grmod(A), k ∈ Z,
we have T (M)k = Mk−1.

Definition 3.2.4. Let C be an abelian category. We say that an abelian Z-
category C is a graded version of C if there exists a functor FC : C → C and
a graded noetherian ring A such that we have the following commutative
diagram, where the horizontal arrows are equivalences of categories and the
top horizontal arrow is a functor of Z-categories

C −−−−→ grmod(A)

FC

y forget
y

C −−−−→ mod(A).

In the setup of Definition 3.2.4, we say that an object X ∈ C is a graded
lift of an object X ∈ C if we have FC(X) ' X. For objects X,Y ∈ C with
fixed graded lifts X,Y and for each k ∈ N the Z-module HomC(X,Y ) admits
a Z-grading given by HomC(X,Y )n = HomC(X〈n〉, Y ). Moreover, since the
category grmod(A) has enough projectives, the decomposition

HomC(X,Y ) '
⊕
n∈Z

HomC(X〈n〉, Y )

above yields a decomposition

ExtkC(X,Y ) '
⊕
n∈Z

ExtkC(X〈n〉, Y )

for each k ∈ N. Thus the Z-module ExtkC(X,Y ) admits a Z-grading given by
ExtkC(X,Y )n = ExtkC(X〈n〉, Y ). In the sequel we will often denote the object

X and its graded lift X by the same symbol.

Definition 3.2.5. For two abelian categories C1, C2 with graded versions C1,
C2 we say that the functor of Z-categories Φ: C1 → C2 is a graded lift of a
functor Φ: C1 → C2 if FC2 ◦ Φ = Φ ◦ FC1 .
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Remark 3.2.6. Assume that a graded finite dimensional C-algebra A ad-
mits an anti-involution a : A → Aop that preserves the grading on A. Here
(•)op means the algebra with the opposite product. Then we have a dua-
lity D : mod(A)op → mod(A) such that, for each M ∈ mod(A), we have
D(M) = HomC(M,C) and the A-action is twisted by a. The duality D
has an obvious graded lift D : grmod(A)op → grmod(A) such that, for each
M ∈ grmod(A), we have D(M) = HomC(M,C), D(M)n = HomC(M−n,C)
and the A-action is twisted by a.

3.2.3 Koszul duality

For an abelian category A, let Db(A) denote the associated bounded
derived category. If A is an abelian category with a graded version A, let
[A] be the Grothendieck group of A, i.e., the Z-module with generators [M ],
M ∈ A, and relations

[X] + [Z] = [Y ] ∀ exact sequence 0→ X → Y → Z → 0 in A.

It admits a Z[q, q−1]-module structure given by

q[M ] = [M〈1〉] ∀M ∈ A.

Note that [A] coincides with the Grothendieck group of the triangulated
category Db(A).

Let A =
⊕

n>0An be an N-graded C-algebra such that A0 is semisimple.
We identify A0 with the left graded A-module A0 ' A/⊕n>0An.

Definition 3.2.7. The graded algebra A is Koszul if the left graded A-module
A0 admits a projective resolution · · · → P 2 → P 1 → P 0 → A0 such that P k

is generated by its degree k component.

If A is Koszul, we consider the graded C-algebra A! = Ext∗A(A0, A0)op

and we call it the Koszul dual algebra to A. If A = grmod(A), we write

A
!
= grmod(A!) and we call it the Koszul dual category of A. We write also

A! = mod(A!).

For a graded noetherian ring A we abbreviate D
b
(A) = Db(grmod(A)).

Let [•] denote the shift of the cohomological degree. The following is well-
known, see [5, Thm. 2.12.5, 2.12.6].

Theorem 3.2.8. Let A be a Koszul C-algebra. Assume that A and A! are
finite dimensional. Then, the following hold.

(a) The algebra A! is also Koszul and there is a graded algebra isomor-
phism (A!)! ' A.

(b) There is an equivalence of categories K : D
b
(A)→ D

b
(A!) such that

K(M〈n〉) = K(M)〈−n〉[−n].
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For a Z[q, q−1]-module L, let L̃ be the Z[q, q−1]-module isomorphic to L
as a Z-module such that q acts on L̃ in the same way as −q−1 acts on L.

Corollary 3.2.9. Assume that A is Koszul and that A, A! are finite dimen-

sional. There is a Z[q, q−1]-module isomorphism [grmod(A)]→ ˜[grmod(A!)],

[M ] 7→ [K(M)], ∀M ∈ Db
(A), where K is as in Theorem 3.2.8.

3.2.4 Graded highest weight categories

Let A be a finite dimensional C-algebra. Denote by C the abelian category
mod(A). Let (Λ,6) be a finite poset. Let ∆ = {∆(λ);λ ∈ Λ} be a family of
objects in C.
Definition 3.2.10. The pair (C,∆) is a highest weight category if

(a) if HomC(∆(λ),M) = 0 for each λ ∈ Λ, then M = 0,
(b) for each λ ∈ Λ, there is an indecomposable projective object P (λ) ∈ C

and a surjection f : P (λ) → ∆(λ) such that Ker(f) has a (finite) filtration
whose successive quotients are objects of the form ∆(µ) with µ > λ,

(c) for each λ ∈ Λ, we have EndC(∆(λ)) = C,
(d) for each λ, µ ∈ Λ such that HomC(∆(λ),∆(µ)) 6= 0, we have λ 6 µ.

We call the objects ∆(λ)’s the standard objects.

For each λ ∈ Λ, the module ∆(λ) has a unique simple quotient L(λ). Let
∇(λ) be the costandard object with parameter λ, see [53, Prop. 2.1]. The
following lemma holds, see [16, Prop. A2.2 (ii)].

Lemma 3.2.11. For each k ∈ N and each λ, µ ∈ Λ we have

ExtkC(∆(λ),∇(µ)) =

{
C, if λ = µ, k = 0,
0, else.

Now, assume that the C-algebra A is Z-graded. By [24,
Cor. 3.4, Prop. 3.5] the modules L(λ) and P (λ) admit graded lifts.
Moreover, the existence of graded lifts for projective modules implies the
existence of graded lifts for standard modules ∆(λ) by the proof of [42,
Cor. 4]. Finally, by [24, Cor. 3.4] each injective module in mod(A) admits a
graded lift and thus an argument similar to the proof of [42, Cor. 4] implies
the existence of graded lifts for costandard modules ∇(λ).

By definition, we have dim HomC(∆(λ), L(λ)) =
dim HomC(P (λ), L(λ)) = 1 for each λ ∈ Λ. Moreover, we have
dim HomC(L(λ),∇(λ)) = 1, see [16, Sec. A.1]. We fix graded lifts
of P (λ), ∆(λ), L(λ), ∇(λ) such that each morphism P (λ) → ∆(λ),
∆(λ) → L(λ), L(λ) → ∇(λ) is homogeneous of degree 0, see also Lemma
3.2.1.
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Set C = grmod(A). Let M, L ∈ C, with L irreducible. Let [M : L] be
the multiplicity of L in a (graded) Jordan-Hölder series of M . Write

[M : L]q =
∑
k∈Z

[M : L〈k〉]qk ∈ N[q, q−1].

Let C∆
be the full subcategory of objects of C that have a finite filtration

with subquotients isomorphic to graded modules of the form ∆(λ)〈k〉 for
λ ∈ Λ, k ∈ Z. We will refer to such filtration as a graded ∆-filtration.

Assume that M ∈ C∆
. Let (M : ∆(λ)〈k〉) be the multiplicity of ∆(λ)〈k〉 in

a graded ∆-filtration ofM . A standard argument shows that this multiplicity
is independent of the choice of a graded ∆-filtration. Set also

(M : ∆(λ))q =
∑
k∈Z

(M : ∆(λ)〈k〉)qk ∈ N[q, q−1].

Lemma 3.2.12. An object M ∈ C is graded ∆-filtered if and only if
Ext1

C(M,∇(λ)) = 0 for each λ ∈ Λ.

Proof. The only if part follows from [16, Prop. A2.2 (iii)]. Now, let us prove
the if part. Assume that Ext1

C(M,∇(λ)) = 0 for each λ ∈ Λ. We want to

prove that M ∈ C∆
. We will prove the statement by induction on the length

of a Jordan-Hölder series of M . If M = 0, the statement is trivial. Now,
assume that M 6= 0. Let λ0 ∈ Λ be minimal such that HomC(M,L(λ0)) 6= 0.
Let k0 ∈ Z be such that HomC(M,L(λ0)〈k0〉) 6= 0. First, we claim that for
each µ 6 λ0 we have Ext1

C(M,L(µ)) = 0. Really, consider the short exact
sequence

0→ L(µ)→ ∇(µ)→ ∇(µ)/L(µ)→ 0

in C. It yields an exact sequence

HomC(M,∇(µ)/L(µ))→ Ext1
C(M,L(µ))→ Ext1

C(M,∇(µ)).

The rightmost term is zero by assumption. Moreover, each simple subquo-
tient of ∇(µ)/L(µ) is of the form L(µ′) with µ′ < µ 6 λ0. Thus the leftmost
term is also zero by minimality of λ0. This implies Ext1

C(M,L(µ)) = 0.
Let N(λ0) be the radical of ∆(λ0). Consider the short exact sequence

0→ N(λ0)〈k0〉 → ∆(λ0)〈k0〉 → L(λ0)〈k0〉 → 0

in C. It yields the exact sequence

HomC(M,∆(λ0)〈k0〉)
δ→ HomC(M,L(λ0)〈k0〉)→ Ext1

C(M,N(λ0)〈k0〉).

Each simple subquotient of N(λ0) in C is of the form L(µ) with µ < λ0. By
the previous discussion this implies Ext1

C(M,N(λ0)) = 0. In particular, we
deduce that the rightmost term is zero. Thus the morphism δ is surjective.



3.2. Preliminaries 87

Moreover, HomC(M,L(λ0)〈k0〉) 6= 0 by the choice of λ0 and k0. Let f ∈
HomC(M,∆(λ0)〈k0〉) be such that δ(f) 6= 0. The image of f is not contained
in N(λ0). Thus f is surjective. Consider the exact sequence

0→ Ker(f)→M → ∆(λ0)→ 0

in C. For each µ ∈ Λ it yields an exact sequence

Ext1
C(M,∇(µ))→ Ext1

C(Ker(f),∇(µ))→ Ext2
C(∆(λ0),∇(µ)).

The leftmost term is zero by assumption and the rightmost term is zero
by Lemma 3.2.11. Thus, we have Ext1

C(Ker(f),∇(µ)) = 0 for each µ ∈ Λ.

Applying the induction hypothesis to Ker(f) we get Ker(f) ∈ C∆
. This

implies M ∈ C∆
.

Remark 3.2.13. [16, Prop. A2.2 (iii)] and Lemma 3.2.12 imply that an object
M ∈ C admits a graded ∆-filtration if and only if it admits a ∆-filtration as
an ungraded object.

Corollary 3.2.14. We have P (λ) ∈ C∆
for each λ ∈ Λ.

Lemma 3.2.15. We have [∇(λ) : L(µ)]q−1 = (P (µ) : ∆(λ))q for each
λ, µ ∈ Λ.

Proof. For each λ, µ ∈ Λ and each k ∈ Z, we have
dimq HomC(P (λ), L(µ)〈k〉) = δλ,µq

k. Moreover, the functor
HomC(P (λ), •) : C → grmod(C) is exact. Hence, for each M ∈ C, we
have [M : L(λ)]q = dimq HomC(P (λ),M).

Next, we have dimq HomC(∆(λ)〈k〉,∇(µ)) = δλ,µq
−k, see Lemma 3.2.11.

Moreover, the functor HomC(•,∇(µ)) : C∆ → grmod(C) is exact because

Ext1
C(∆(λ),∇(µ)) = 0 for each λ, µ ∈ Λ. Thus, for each M ∈ C∆

, we have
(M : ∆(λ))q = dimq−1 HomC(M,∇(λ)). Therefore, for each λ, µ ∈ Λ, we get

[∇(λ) : L(µ)]q−1 = dimq−1 HomC(P (µ),∇(λ)) = (P (µ) : ∆(λ))q.

Now, we make the following assumption:

(∗) there is an equivalence of categories D : Cop → C such that
• D admits a graded lift D : Cop → C that is also an equivalence of

categories,

• D2 = IdC , D
2

= IdC ,
• D(L(λ)) = L(λ) for each λ ∈ Λ,
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• D(M〈1〉) = D(M)〈−1〉 for each M ∈ C.

Corollary 3.2.16. Assume that (∗) holds. Then, for each λ, µ ∈ Λ, we have
[∆(λ) : L(µ)]q = (P (µ) : ∆(λ))q.

Proof. By [53, Prop. 2.6] the functor D must exchange ∆(λ) and ∇(λ) for
each λ ∈ Λ because the category Cop is a highest weight category with
standard modules ∇(λ), λ ∈ Λ, see the discussion after [16, Lem. A3.5].
Thus by the normalization of grading the functor D exchanges the graded
objects ∆(λ) and ∇(λ). For each λ, µ ∈ Λ and each k ∈ Z, we have

[∆(λ) : L(µ)〈k〉] = [D(∇(λ)) : D(L(µ)〈−k〉)] = [∇(λ) : L(µ)〈−k〉].

This implies [∆(λ) : L(µ)]q = [∇(λ) : L(µ)]q−1 . Now, apply Lemma 3.2.15.

3.2.5 Highest weight categories with Koszul grading

Let A be a finite dimensional C-algebra equipped with a Koszul grading.
Assume that A is basic. Assume also that the category C = mod(A) is a
highest weight category. We keep the notation from the previous section.
For each λ ∈ Λ the simple A-module L(λ) admits a graded lift concentrated
in degree zero because A is N-graded and A0 is semisimple. As explained in
Section 3.2.4 this implies automatically the existence of graded lifts for P (λ)
and ∆(λ) for each λ ∈ Λ. These graded lifts are unique if we ask additionally
that each morphism P (λ) → L(λ) and ∆(λ) → L(λ) is homogeneous of
degree zero, see Lemma 3.2.1. We will call such graded lifts of L(λ), ∆(λ)
and P (λ) natural graded lifts.

For each λ ∈ Λ let eλ be the primitive idempotent in A0 that acts by
identity on L(λ). Then we have a graded A-module isomorphism P (λ) '
Aeλ.

Let Λ′ be a subset of Λ such that for each λ ∈ Λ′ we have λ0 ∈ Λ′

for each λ0 6 λ. Let C′ be the Serre subcategory of C generated by L(λ)
for λ ∈ Λ′. Let A′ be the quotient of A by the ideal generated by all eλ
for λ ∈ Λ\Λ′. The algebra A′ inherits the N-grading from A. Recall that
A is assumed to be basic. Consider the following idempotent e!

Λ′ ∈ A! '⊕
λ,µ∈Λ Ext∗C(L(λ), L(µ))op concentrated in degree zero, e!

Λ′ =
∑

λ∈Λ′ IdL(λ).

Set A!′ = e!
Λ′A

!e!
Λ′

Lemma 3.2.17. (a) The category C′ is a highest weight category.
(b) There is a category equivalence C′ ' mod(A′) and the algebra A′ is

Koszul.
(c) The Koszul dual for A′ is A!′.

Proof. Part (a) is [16, Prop. A3.4]. Part (b) follows from [56, Lem. 2.2]
and its proof and [16, Prop. A3.3]. Finally, part (c) is true because by [16,
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Prop. A3.3] we have (A′)! =
⊕

λ,µ∈Λ′ Ext∗(L(λ), L(µ))op = A!′. Here the
first equality is true because the algebra A′ is basic.

Set C = grmod(A), C′ = grmod(A′), C! = mod(A!), C!
= grmod(A!),

(C′)! = mod(A!′), (C′)! = grmod(A!′).

Remark 3.2.18. (a) The inclusion functor C′ → C admits an obvious graded

lift C′ → C because A′ is a quotient of A by a homogeneous ideal. This
graded lift preserves natural graded lifts of L(λ) and ∆(λ).

(b) Assume that A! is a highest weight category with standard modules
∆!(λ) and simple modules L!(λ), λ ∈ Λ with respect to the opposite partial
order on Λ. Assume also that L!(λ) corresponds to P (λ) via the equivalence
in Theorem 3.2.8 (b). Then by [16, Prop. A3.11] the category (C′)! is a highest
weight category. Moreover, it is a quotient category of C! with quotient
functor

Q : C! = mod(A!)→ (C′)! = mod(A!′), M 7→ e!
Λ′M.

The standard modules in (C′)! are Q(∆!(λ)) for λ ∈ Λ′. The functor Q has

an obvious graded lift Q : C! → (C′)!, which preserves natural graded lifts of
simple and standard modules.

3.2.6 Morphisms of projective modules

We keep the notation from Section 3.2.4. We assume that for each λ ∈ Λ
the simple object L(λ) admits a graded lift. As explained in Section 3.2.4
this implies automatically the existence of graded lifts for P (λ) and ∆(λ)
for each λ ∈ Λ. Let P =

⊕
λ∈Λ P (λ) be the minimal projective generator of

C. Set bA = EndC(P )op. The grading on projective modules yields a grading
on bA. The category C is equivalent to mod(bA) and its graded version C
is equivalent to grmod(bA). In this section we see all objects of C as bA-
modules. The goal of this section is to give a construction of a graded basis
in bA. For λ, µ ∈ Λ let bλµ(q) = [P (λ) : L(µ)]q ∈ N[q, q−1] be the graded
multiplicity of the simple object L(µ) in the projective object P (λ). Set
bsλµ = [P (λ) : L(µ)〈s〉] and bgsλµ = [radgP (λ)/radg+1P (λ) : L(µ)〈s〉]. We

obviously have bsλµ =
∑

g∈N b
gs
λµ and bλµ(q) =

∑
s∈Z q

sbsλµ. Both sums have
only a finite number of nonzero terms.

Note that for each λ ∈ Λ and each g ∈ N we have

radgP (µ)/radg+1P (µ) '
⊕

s∈Z,λ∈Λ

L(λ)〈s〉⊕b
gs
µλ .

For each λ, µ ∈ Λ, g ∈ N, s ∈ Z and t ∈ [1, bgsµλ], we consider the chain of
maps

radgP (µ)→ radgP (µ)/radg+1P (µ)→ L(λ)〈s〉,
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where the right hand arrow is the projection to the tth copy of L(λ)〈s〉.
Since P (λ) is projective, there exists a homogeneous map θgstλµ of degree s
such that the following diagram commutes

P (λ)
Id−−−−→ P (λ)〈s〉

θgstλµ

y y
radgP (µ) −−−−→ L(λ)〈s〉.

Lemma 3.2.19. The set Θ = {θgstλµ ;λ, µ ∈ Λ, g, s ∈ N, t ∈ [1, bgsµλ]} is a basis

of bA.

Proof. Fix λ, µ ∈ Λ. Set Θλµ = {θgstλµ ; g, s ∈ N, t ∈ [1, bgsµλ]}. Let θ =∑
g,s,t a

gst
λµ θ

gst
λµ with agstλµ ∈ C be a nontrivial linear combination of elements

of Θλµ. Let g0 be minimal such that ag0s0t0
λµ 6= 0 for some s0, t0. Then we

have Imθ ⊂ radg0P (µ) and the composition

P (λ)
θ→ radg0P (µ)→ radg0P (µ)/radg0+1P (µ)→ L(λ)〈s0〉

is nonzero, where the right hand map is the projection on the t0th copy of
L(λ)〈s0〉. Thus θ is not zero. Hence, the elements of the set Θλµ are linearly
independent. Now, to show that they form a basis of HomC(P (λ), P (µ)), we
count the dimension. We have

|Θλµ| = bµλ(1) = [P (µ) : L(λ)]1 = dim HomC(P (λ), P (µ)).

Lemma 3.2.20. Assume that f ∈ N and λ, µ ∈ Λ. The set Θ>f
λµ =

{θgstλµ ; g, s ∈ N, g > f, t ∈ [1, bgsµλ]} is a basis of HomC(P (λ), radfP (µ)).

Proof. We must check that the image of a linear combination of elements of
Θλµ that contains an element of Θλµ\Θ>f

λµ with a nonzero coefficient is not

in radfP (µ). Let

θ =
∑
g,s,t

agstλµ θ
gst
λµ , agstλµ ∈ C,

be such a linear combination. Let g0 be minimal such that ag0s0t0
λµ 6= 0 for

some s0, t0. We have g0 < f . We have Imθ ⊂ radg0P (µ). In the same way as
in the proof of Lemma 3.2.19 we can show that the composition

P (λ)
θ→ radg0P (µ)→ radg0P (µ)/radg0+1P (µ)

is nonzero. Thus, we have Imθ 6⊂ radg0+1P (µ). This implies Imθ 6⊂ radfP (µ)
because f > g0 + 1.

Corollary 3.2.21. Assume that for some λ, µ ∈ Λ we have bgsλµ = 0 for each

g 6= s. Then HomC(P (λ), radfP (µ)) coincides with the span of homogeneous
morphisms of degrees > f in HomC(P (λ), P (µ)).
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3.2.7 Combinatorics

A composition of an integer n > 0 is a tuple of positive integers
(λ1, · · · , λk) such that

∑k
t=1 λt = n. Note that this is not the usual de-

finition of a composition because we do not allow zero components. We
set `(λ) = k, |λ| = n. A partition of an integer n > 0 is a composition
(λ1, · · · , λk) of n such that λ1 > λ2 > · · · > λk. With each partition of
n we associate a Young diagram YD(λ) such that YD(λ) has λt boxes in
the tth row for each t ∈ [1, k]. The empty partition is represented by the
empty diagram. An l-composition (resp. l-partition) of an integer n > 0
is an l-tuple λ = (λ1, · · · , λl) of compositions (resp. partitions) of integers
n1, · · · , nl > 0 such that

∑l
t=1 nt = n. We associate with each l-partition

an l-tuple of Young diagrams YD(λ) = (YD(λ1), · · · ,YD(λl)). Let Cln (resp.
P ln) be the set of l-compositions (resp. l-partitions) of n. Set P l =

∐
n∈N P ln.

Let Γ be the quiver with the vertex set I = Z/eZ and the arrow set
H = {i → i + 1; i ∈ I}. Let (aij)i,j∈I be the associated Cartan matrix, i.e.,
we put ai,j = 2δi,j−δi,j+1−δi,j−1. For d =

∑
i∈I di ·i in NI set |d| =

∑
i∈I di.

Let Id be the set of tuples i = (i1, · · · , i|d|) in I |d| such that i has di entries

equal to i for each i ∈ I. We have Id =
∐
|d|=d I

d. Let Sd be the symmetric

group of rank d. It acts on Id by permutation of the components. This action
preserves each subset Id ⊂ Id with |d| = d.

Recall that we have fixed an l-tuple s = (s1, s2, · · · , sl). Note that some
of the following notations depend on s.

Definition 3.2.22. Let λ ∈ P l. The residue r(b) ∈ I of the box b ∈ YD(λ)
situated in the spot (i, j) of the pth diagram is sp + j − i mod e. Write
P ld = {λ ∈ P l;

∑
b∈YD(λ) r(b) = d}, where the sum is taken in NI.

3.2.8 Rigid modules

Let A be a noetherian C-algebra and let M be an A-module of finite
length. Let M ⊃ rad1M ⊃ rad2M ⊃ · · · ⊃ radrM = 0 be the radical
filtration of M , i.e., rad1M = radM and rada+1M = rad(radaM), for a > 1,
radr−1M 6= 0. Let M = socsM ⊃ · · · ⊃ soc2M ⊃ soc1M ⊃ 0 be the socle
filtration of M , i.e., soc1M = socM and soca+1M is the inverse image of
soc(M/socaM) under the natural morphism M → M/socaM for a > 1,
socs−1M ( M . An A-module M of finite length is rigid if its radical and
socle filtrations coincide, i.e., r = s and radaM = socr−aM for each a ∈
[1, r − 1].

Now, assume that A is an N-graded C-algebra and let M be a graded
A-module of finite length. Let z ∈ Z be minimal such that Mz 6= 0. The
grading filtration of M is the filtration M = GrzM ⊃ Grz+1M ⊃ · · · such
that GraM =

⊕
b>aMb. A graded A-module M of finite length is very rigid
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if its grading filtration coincides with its radical and socle filtrations, i.e., if
it is rigid and radtM = Grz+tM for each t ∈ [1, r].

We will need the following lemma, see [5, Prop. 2.4.1].

Lemma 3.2.23. Suppose that A is an N-graded C-algebra, that A0 is semi-
simple and A is generated by A0 and A1. Let M be any graded A-module of
finite length.

(a) The radical filtration of M coincides with the grading filtration of M ,
up to shift, if M/radM is irreducible.

(b) The socle filtration of M coincides with the grading filtration of M ,
up to shift, if socM is irreducible.

Consequently, the module M is very rigid if socM and M/radM are both
irreducible.

3.2.9 Cyclotomic Hecke and q-Schur algebra

Let ζ ∈ C be an eth primitive root of unity. Set Qk = ζsk for k = 1, · · · , l.
Fix d ∈ N.

Definition 3.2.24. The cyclotomic Hecke algebra Hs
d is the C-algebra with

generators T0, T1, · · · , Td−1 modulo the following defining relations:

(T0 −Q1) · · · (T0 −Ql) = 0,
T0T1T0T1 = T1T0T1T0,

(Tk + 1)(Tk − ζ) = 0 for 1 6 k 6 d− 1,
TkTk+1Tk = Tk+1TkTk+1 for 1 6 k 6 d− 2,

TiTj = TjTi for 0 6 i 6 j − 1 6 d− 2.

For each k ∈ [1, d], set Lk = ζ1−kTk−1 · · ·T1T0T1 · · ·Tk−1. For a composi-
tion λ = (λ1, · · · , λk) of d, let Sλ be the Young subgroup Sλ1 ×· · ·×Sλk ⊂
Sd. Similarly, for an l-composition λ = (λ1, · · · , λl) of d let Sλ be the
Young subgroup Sλ1 × · · · × Sλl ⊂ Sd. Let t1, · · · , td−1 ∈ Sd be the
transpositions (1, 2), (2, 3), · · · , (d − 1, d). For a permutation w ∈ Sd with
reduced expression w = tj1 · · · tjr we set Tw = Tj1 · · ·Tjr . Suppose that
a = (a1, · · · , al) is an l-tuple of integers in [1, d]. Set u+

a = ua,1ua,2 · · ·ua,l,
where ua,k =

∏ak
r=1(Lr − Qk). Let λ be an l-composition of d. We asso-

ciate with it the tuple a = (a1, · · · , al) such that ak =
∑k−1

r=1 |λr|. Set
xλ =

∑
w∈Sλ Tw and mλ = u+

a xλ.

Definition 3.2.25. The cyclotomic q-Schur algebra Ss
d is the C-algebra

End(Hs
d)op(

⊕
λ∈Cld

mλH
s
d).

Let λ ∈ P ld. Let ∆λ be the Weyl module over Ss
d, see, e.g., [41, Def. 4.12].

Let Lλ be the top of ∆λ and let P λ be its projective cover in mod(Ss
d). The

following is proved in [41, Thm. 4.14].
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Lemma 3.2.26. The category mod(Ss
d) is a highest weight category with

standard modules ∆λ, where λ ∈ P ld.

Remark 3.2.27. Note that [41] uses right modules and we use left modules.
However, we can identify right Ss

d-modules with left Ss
d-modules via the

involutory anti-isomorphism of Ss
d defined in [41, Sec. 4.2].

In [41, Sec. 5.1], an idempotent e ∈ Ss
d such that eSs

de ' Hs
d is defined.

Let F : mod(Ss
d)→ mod(Hs

d),M 7→ eM be the Schur functor. It is a quotient
functor, see [22, Prop. III.2.5] and [27, Sec. 2.4]. The Specht module Sλ is
the Hs

d-module F (∆λ). The Young module Y λ is the Hs
d-module F (P λ). Set

Dλ = F (Lλ). The module Dλ is irreducible or zero because F is a quotient
functor. Set Kld = {λ ∈ P ld;Dλ 6= {0}}.

There exists a decomposition into a direct sum of unital indecomposable
C-algebras Hs

d =
⊕

d∈NI,|d|=dH
s
d, see [39, Thm. A] and [53, Prop. 3.1]. Let

1d be the unit of Hs
d. Let 1d be the element of Ss

d given by the multiplication
by 1d. We get a decomposition of the cyclotomic q-Schur algebra Ss

d =⊕
|d|=d S

s
d, where Ss

d = 1dS
s
d.

Lemma 3.2.28. The algebra Ss
d is indecomposable.

Proof. The statement is proved in [41, Sec. 5.2].

For each d, we consider the idempotent ed = e1d ∈ Ss
d. The Schur

functor restricts to a quotient functor F : mod(Ss
d)→ mod(Hs

d),M 7→ edM .

Remark 3.2.29. The algebra Ss
d is quasi-hereditary with the set of standard

modules {∆λ;λ ∈ P ld}, see [41, Sec. 5.2].

Lemma 3.2.30. The functor F is fully faithful on projective modules.

Proof. By [41, Thm. 5.3] the algebras Hs
d and Ss

d satisfy the double centrali-
zer property with respect to the (Hs

d, S
s
d)-bimodule eSs

d. Now, the statement
follows from [52, Prop. 4.33].

For each λ ∈ P ld, let ∇λ ∈ mod(Ss
d) be the costandard object with socle

Lλ.

3.2.10 Cyclotomic KLR-algebra

Definition 3.2.31. The KLR-algebra R̃d is the C-algebra with the set of
generators ψ1, · · · , ψd−1, y1, · · · , yd, e(i), where i = (i1, · · · , id) ∈ Id, modulo
the following defining relations

e(i)e(j) = δi,je(i),
∑

i∈Id e(i) = 1,
yre(i) = e(i)yr, ψre(i) = e(tr(i))ψr, yrys = ysyr,
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ψryr+1e(i) = (yrψr + δir,ir+1)e(i), yr+1ψre(i) = (ψryr + δir,ir+1)e(i),
ψrys = ysψr, if s 6= r, r + 1,
ψrψs = ψsψr, if |r − s| > 1,

ψ2
re(i) =


0, if ir = ir+1,
(yr+1 − yr)e(i), if ir = ir+1 − 1, e 6= 2,
(yr − yr+1)e(i), if ir = ir+1 + 1, e 6= 2,
(yr − yr+1)(yr+1 − yr)e(i), if ir 6= ir+1, e = 2,
e(i), otherwise,

ψrψr+1ψre(i) =


0, if ir = ir+1,
(ψr+1ψrψr+1 + 1)e(i), if ir = ir+2 = ir+1 − 1, e 6= 2,
(ψr+1ψrψr+1 − 1)e(i), if ir = ir+2 = ir+1 + 1, e 6= 2,
(ψr+1ψrψr+1 + yr − 2yr+1 + yr+2)e(i), if ir = ir+2 6= ir+1, e = 2,
ψr+1ψrψr+1e(i), otherwise,

for each i, j ∈ Id and each admissible r and s. The algebra R̃d admits a
Z-grading such that deg e(i) = 0, deg yr = 2, degψse(i) = −ais,is+1 , for each
1 6 r 6 d, 1 6 s < d and i ∈ Id. Here (ai,j) is the Cartan matrix defined in
Section 3.2.7.

Definition 3.2.32. For each i ∈ I, let ci be the number of elements of s equal
to i. The cyclotomic KLR-algebra Rs

d is the quotient of the algebra R̃d by
the ideal generated by y

ci1
1 e(i) for i = (i1, · · · , id) ∈ Id. The algebra Rs

d

inherits the grading from the grading of R̃d.

For each d ∈ NI such that |d| = d set e(d) =
∑

i∈Id e(i) ∈ R̃d. It is a
homogeneous idempotent concentrated in degree zero. We will also denote by
e(d) the image of e(d) in Rs

d. We have the following decomposition in sums
of unital C-algebras R̃d =

⊕
|d|=d R̃d, Rs

d =
⊕
|d|=dR

s
d, where R̃d = e(d)R̃d,

Rs
d = e(d)Rs

d.

The following theorem is proved in [8, Sec. 4.5] and [50, Sec. 3.2.6].

Theorem 3.2.33. There is a C-algebra isomorphism Rs
d ' Hs

d. Moreover,
under this isomorphism the idempotent 1d ∈ Hs

d corresponds to e(d) ∈ Rs
d.

In particular for each d ∈ NI such that |d| = d we get an algebra isomor-
phism Rs

d ' Hs
d.

We fix the isomorphism Rs
d ' Hs

d as in [9, Thm. 4.1]. It yields a grading
on the cyclotomic Hecke algebra Hs

d and on each direct factor Hs
d.

The algebra Rs
d admits a graded anti-involution a′ : Rs

d → (Rs
d)

op which
is the identity on generators. It yields a graded anti-involution a′ : Rs

d →
(Rs

d)op for each block Rs
d. It yields a duality D′ : mod(Rs

d)→ mod(Rs
d) and

its graded lift D
′
: grmod(Rs

d)→ grmod(Rs
d), see Remark 3.2.6.
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3.2.11 Quiver Schur algebra

Let Γ be the quiver as in Section 3.2.7. Let V =
⊕
Vi be an I-graded

finite dimensional C-vector space with dimension vector d =
∑

i∈I di · i ∈
NI. Set EV =

⊕
i∈I Hom(Vi, Vi+1) and |d| =

∑
i∈I di. The group GV =∏

i∈I GL(Vi) acts on EV by conjugation.

A vector composition of weight d is a tuple µ = (µ(1), · · · , µ(k)) of nonzero
elements of NI such that µ(1)+µ(2)+· · ·+µ(k) = d. Let VComp(d) be the set
of vector compositions of weight d. Set also VComp =

∐
d∈NI VComp(d).

For µ = (µ(1), · · · , µ(k)) ∈ VComp(d) we denote by Fµ the variety of all
flags of I-graded vector spaces φ = (0 = V 0 ⊂ V 1 ⊂ · · · ⊂ V k = V ) in V =⊕

i∈I Vi such that the I-graded vector space V k/V k−1 has graded dimension

µ(r) for r ∈ {1, 2, · · · , k}. Let F̃µ be the variety of pairs (x, φ) ∈ EV × Fµ
that are compatible, i.e., we have x(V r) ⊂ V r−1 for r ∈ {0, 1, · · · , k}. Let
πµ be the projection F̃µ → EV such that (x, φ) 7→ x.

We call an (l + 1)-tuple µ̃ = (µ0, µ1, · · · , µl) of elements of VComp a
weight data. The weight of a weight data µ̃ = (µ0, µ1, · · · , µl) is the sum of
the weights of µ0, µ1, · · · , µl. Let VDat(d) be the set of weight data of weight
d. Let µ̃ = (µ0, µ1, · · · , µl) be in VDat(d). Let µ be the vector composition
associated with µ̃, i.e., µ is the tuple obtained by taking together all the
components µ0, · · · , µl of µ̃ (ordered from µ0 to µl).

For each ν ∈ NI and i ∈ I we will write ν(i) for the I-component of ν,
i.e., we have ν =

∑
i∈I ν(i) · i. Let ννν = (ν1, · · · , νl) be an l-tuple of elements

of NI. Set ν = ν1 + · · ·+νl. Let U =
⊕

i∈I Ui be an I-graded C-vector space
with dimUi = ν(i). Fix an I-graded flag 0 = U0 ⊂ U1 ⊂ · · · ⊂ U l = U
such that the I-graded vector space Uk/Uk−1 has graded dimension νk for
each k ∈ [1, l]. For i ∈ I, k ∈ [0, l] let Uki be the i-component of Uk, i.e.,
Uki = Ui ∩ Uk.

Let O(ννν, µ̃) be the set of pairs ((x, φ), (γi)i∈I) in F̃µ×
⊕

i∈I Hom(Vi, Ui)

such that we have γi(W̃i(k)) ⊂ Uki for each i ∈ I and k ∈ [0, l]. Here W̃i(0) ⊂
W̃i(1) ⊂ · · · ⊂ W̃i(l) = Vi is the I-graded flag in V whose components are
among the components of the flag φ and the graded dimensions of

W̃i(0), W̃i(1)/W̃i(0), · · · , W̃i(l)/W̃i(l − 1)

are the weights of the components µ0, µ1, · · · , µl of µ̃ respectively. Set EV,ν =
EV ×

⊕
i∈I Hom(Vi, Ui). For each µ̃ ∈ VDat(d), let πµ̃,ννν be the projection

πµ̃,ννν : O(ννν, µ̃)→ EV,ν , ((x, φ), (γi)i∈I)→ (x, (γi)i∈I).

For each µ̃, λ̃ ∈ VDat(d) set Zννν
µ̃,λ̃

= O(ννν, µ̃)×EV,ν O(ννν, λ̃). Set also

Zνννd =
∐

µ̃,λ̃∈VDat(d)

Zννν
µ̃,λ̃
, Oννν

d =
∐

λ̃∈VDat(d)

O(ννν, λ̃).
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Definition 3.2.34. Let Ãνννd be the C-algebra HGV
∗ (Zνννd), where HGV

∗ (•) is the
GV -equivariant Borel-Moore homology with coefficients in C and the mul-
tiplication on Ãνννd is given by the convolution product with respect to the
inclusion Zνννd ⊂ Oννν

d ×Oννν
d, see [12, Sec. 2.7].

Remark 3.2.35. (a) We can identify the C-algebra Ãνννd with the Yoneda ex-
tension algebra of ⊕

µ̃∈VDat(d)

(πµ̃,ννν)∗CO(ννν,µ̃)[dimO(ννν, µ̃)]

(in the GV -equivariant derived category of constructible complexes on EV,ν),
see [12, Lem. 8.6.1, Thm. 8.6.7]. Here C is the constant sheaf. We equip Ãνννd
with the grading such that the n-graded component is the nth extension
group.

(b) In [59, Sec. 4.2], a diagrammatic presentation of Ãνννd is introduced,
where Ãνννd is generated by some diagrams. The product in Ãνννd corresponds
to the vertical concatenation of diagrams (the product of two diagrams is
zero if the vertical concatenation is not possible). For each d,d′ ∈ NI and
for any vector compositions ννν, ννν ′, there is a bilinear map Ãνννd × Ãννν

′
d′ →

Ãννν∪ννν
′

d+d′ , (a, b) 7→ a|b, that puts the diagram of a left to the diagram of b,
called a horizontal multiplication. Here ννν ∪ννν ′ is the concatenation of ννν with
ννν ′, see [59, Sec. 4.1]. The horizontal multiplication is well-defined because
of the faithful representation of Ãνννd defined in [59, Prop. 4.2], see also [59,
Prop. 3.6, Prop. 4.7] for the formulas defining the actions of splits, merges,
left and right shifts ([59, Def. 3.1, Def. 4.4]) on this representation. The
horizontal multiplication is associative and respects the grading, i.e., we
have deg(a|b) = deg a+ deg b.

Let Iνννd ⊂ Ãνννd be the ideal generated by the elements of the form ei|a,
where i ∈ I is such that d − i ∈ NI, a ∈ Ãνννd−i and ei is the unit of Ã∅i .

Set Aνννd = Ãνννd/I
ννν
d. We call Aνννd the cyclotomic quiver Schur algebra. The ideal

Iνννd is homogeneous because each element ei ∈ Ã∅i is homogeneous of degree
zero and the bilinear map Ã∅i × Ãνννd−i → Ãνννd respects the grading. Thus Aνννd
inherits the grading from Ãνννd.

Remark 3.2.36. Diagrammatically, the idempotent ei ∈ Ã∅i is represented
by the diagram consisting of a black line labeled by the element i. Hence,
the ideal Iνννd ⊂ Ãν

νν
d is generated by the diagrams having a black vertical line

on the left labeled by an element of I. In particular, each diagram having a
piece of a black line labeled by an element of I on the left of all other lines
is in Iνννd.

From now on, we assume that ννν = s. The following is proved in [59,
Thm. 6.3].

Theorem 3.2.37. The algebra As
d viewed as an ungraded algebra is isomor-

phic to the cyclotomic q-Schur algebra Ss
d.
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3.3 Proof of the main theorem

We use the same notation as in the previous section.

3.3.1 Admissible gradings

In this section we equip Hs
d with the grading induced by the isomorphism

Hs
d ' Rs

d in Section 3.2.10. Recall the duality D′ and its graded lift D
′

defined in Section 3.2.10. We want to introduce a class of gradings on Ss
d.

Definition 3.3.1. A Z-grading of the algebra Ss
d is admissible if the Schur

functor F : mod(Ss
d)→ mod(Hs

d) admits a graded lift F and if for each λ ∈
P ld, the modules ∆λ, Lλ have graded lifts such that the following conditions
hold :

(a) for each λ, ξ ∈ P ld, we have [∆λ : Lξ]q ∈ δλξ + qN[q],
(b) there is an equivalence of categories D : mod(Ss

d)op → mod(Ss
d) such

that
(b1) D admits a graded lift D : grmod(Ss

d)op → grmod(Ss
d) that is

also an equivalence of categories,

(b2) D2 = Idmod(Ss
d), D

2
= Idgrmod(Ss

d),

(b3) D(Lλ) = Lλ for each λ ∈ P ld,
(b4) D(M〈1〉) = D(M)〈−1〉 for each M ∈ grmod(Ss

d),

(b5) D′F = FD, D
′
F = F D.

From now on, we fix an admissible grading of Ss
d. For each λ ∈ P ld the

Ss
d-modules ∆λ, ∇λ, P λ, Lλ are indecomposable. Thus their graded lifts

are unique modulo the shift of grading if they exist, see Lemma 3.2.1. Fix
the graded lifts of ∆λ and Lλ as in Definition 3.3.1. Note that by (a) each
morphism ∆λ → Lλ is homogeneous of degree zero. The projective cover
of Lλ in grmod(Ss

d) is a graded lift of P λ, see also Lemma 3.2.2. We will
always consider P λ with this graded lift. We also get graded lifts of Dλ, Sλ

and Y λ obtained by taking the images by F of the graded lifts of Lλ, ∆λ

and P λ. Moreover, the module D(∆λ) ∈ grmod(Ss
d) is a graded lift of ∇λ,

see [53, Prop. 2.6].

3.3.2 Quiver Schur grading is admissible

The goal of this section is to prove that the graded version As
d of Ss

d has
an admissible grading. We will see a finite dimensional Z-graded C-vector
space U =

⊕
n∈Z Un as a complex with zero differentials · · · → U−1 →

U0 → U1 → · · · . The dual U∗ = HomC(U,C) is also Z-graded, with U∗n =
Homgrmod(C)(U〈n〉,C).

Write Lµ̃,s = (πµ̃,s)∗CO(s,µ̃)[dimO(s, µ̃)]. By Remark 3.2.35 we have

Ãs
d = Ext∗GV (

⊕
µ̃∈VDat(d)

Lµ̃,s,
⊕

µ̃∈VDat(d)

Lµ̃,s).
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Set s =
∑l

k=1 sl ∈ NI. Let ΛV,s be the set of isomorphism classes of
simple GV -equivariant perverse sheaves on EV,s that appear as shifts of
direct summands of Lµ̃,s for some µ̃ ∈ VDat(d). For each λ ∈ ΛV,s, fix a
perverse sheaf ICλ on EV,s in the class λ. By the decomposition theorem [3,
Thm. 6.2.5], for each µ̃ ∈ VDat(d), we have an isomorphism

Lµ̃,s '
⊕
λ∈ΛV,s

ICλ ⊗ Uµ̃,s,λ

for some Z-graded vector spaces Uµ̃,s,λ. Note that we have a graded C-
vector space isomorphism Uµ̃,s,λ ' (Uµ̃,s,λ)∗, because Lµ̃,s is self-dual with
respect to the Verdier duality. Set also Ls =

⊕
µ̃∈VDat(d) Lµ̃,s and Us,λ =⊕

µ̃∈VDat(d) Uµ̃,s,λ. Then we have Ls =
⊕

λ∈ΛV,s
ICλ ⊗ Us,λ and we have a

graded C-vector space isomorphism Us,λ ' (Us,λ)∗.

The graded algebra

bÃs
d = Ext∗GV (

⊕
λ∈ΛV,s

ICλ,
⊕
λ∈ΛV,s

ICλ)

is Morita equivalent to Ãs
d. The corresponding equivalence of (ungraded)

module categories is given by the functor Y : mod(Ãs
d)→ mod(bÃs

d), M 7→
R⊗Ãs

d
M , where R is the graded (bÃs

d, Ã
s
d)-bimodule

Ext∗GV (
⊕
λ∈ΛV,s

ICλ ⊗ Us,λ,
⊕
λ∈ΛV,s

ICλ).

Let Y : grmod(Ãs
d)→ grmod(bÃs

d) be the obvious graded lift of Y.

The algebra Ãs
d admits a graded anti-involution a : Ãs

d → (Ãs
d)op coming

from the Verdier duality.

Lemma 3.3.2. The composition of a with the projection Ãs
d → As

d factors
through an anti-involution a of As

d.

Proof. Recall that Ãs
d = HGV

∗ (Zs
d), where Zs

d =
∐
µ̃,λ̃∈VDat(d) Z

s
µ̃,λ̃

and

Zs
µ̃,λ̃

= O(s, µ̃)×EV,sO(s, λ̃). Exchanging O(s, µ̃) with O(s, λ̃) and summing

up over all λ̃, µ̃ ∈ VDat(d) yields an automorphism of Zs
d. This automor-

phism gives an anti-involution of Ãs
d. We can see from the chain of equalities

in [12, (8.6.4)] that this anti-involution coincides with a.

Recall the diagrammatic presentation in Remark 3.2.36. The symmetry
in the definition of splits and merges [59, Def. 3.1] and of left and right shifts
[59, Def. 4.4] implies that the anti-involution a reflects each diagram with
respect to a horizontal line in the presentation of Ãs

d above.

Now, the diagrammatic characterization of the ideal Isd is Remark 3.2.36
implies that Isd is preserved by a.
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In the same way as above we can define an anti-involution a : bÃs
d →

(bÃs
d)op. Now, for each A ∈ {Ãs

d, A
s
d,
bÃs

d}, we have a duality
D : mod(A)op → mod(A) and it has a graded lift D : grmod(A)op →
grmod(A), see Remark 3.2.6. Consider the graded (Ãs

d,
bÃs

d)-bimodule

R′ = Ext∗GV (
⊕
λ∈ΛV,s

ICλ,
⊕
λ∈ΛV,s

ICλ ⊗ Us,λ).

Lemma 3.3.3. (a) There is a (bÃs
d, Ã

s
d)-bimodule isomorphism R '

HomÃs
d
(R′, Ãs

d).

(b) There is an isomorphism R ⊗Ãs
d
• ' HomÃs

d
(R′, •) of functors

mod(Ãs
d)→ mod(bÃs

d).
(c) The twist by a yields an (Ãs

d,
bÃs

d)-bimodule structure on R which is
isomorphic to R′.

(d) The duality D on mod(As
d) satisfies the properties (b1), (b2), (b4).

Proof. Parts (a) and (d) are easy. Part (c) follows from the isomor-
phism Us,λ ' (Us,λ)∗. Let us concentrate on (b). Assume that M ∈ Ãs

d.
The Ãs

d-module R′ is projective and finitely generated. Thus, we have
HomÃs

d
(R′,M) ' HomÃs

d
(R′, Ãs

d)⊗Ãs
d
M . Now, part (b) follows from (a).

Lemma 3.3.4. We have isomorphisms of functors YD ' DY and YD '
DY.

Proof. For each M ∈ mod(Ãs
d) we have the following chain of bÃs

d-module
isomorphisms

DY(M) ' HomC(R⊗Ãs
d
M,C)

' HomÃs
d

op(R,HomC(M,C))

' HomÃs
d
(R′,HomC(M,C))

' R⊗Ãs
d

HomC(M,C)

' YD(M).

Here, the third isomorphism is Lemma 3.3.3 (c) and the fourth one is Lemma
3.3.3 (b). Thus we get YD ' DY. We can prove that YD ' DY in a similar
way.

Lemma 3.3.5. For each λ ∈ P ld, the simple Ss
d-module Lλ admits a unique

graded lift in grmod(As
d) which is stable by the duality D.

Proof. To prove the existence of such a graded lift, it is enough to check that
Lλ has aD-stable graded lift, where Lλ is viewed as an Ãs

d-module. Note that
we already know (see Section 3.2.4) that Lλ admits a graded lift as an As

d-
module and thus as an Ãs

d-module. Further, by Lemma 3.3.4, it is enough to
show that the bÃs

d-module Y(Lλ) admits a D-stable graded lift. We already
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know that the bÃs
d-module Y(Lλ) admits some graded lift. This graded lift

must be concentrated in some degree because bÃs
d is non-negatively graded

and Y(Lλ) is simple. Thus Y(Lλ) admits a graded lift concentrated in degree
zero. This graded lift is obviously D-stable. The graded lift of Lλ is unique
up to a shift of the grading because Lλ is indecomposable. Only one of the
graded lifts of Lλ is fixed by D by the property (b4).

Lemma 3.3.5 shows that condition (b3) holds. From now on, fix the
graded lift on Lλ as in Lemma 3.3.5. Fix also graded lifts on P λ and ∆λ

normalized as in section 3.2.4. Now, we can check condition (a).

Lemma 3.3.6. We have [∆λ : Lξ]q ∈ δλξ + qN[q] for each λ, ξ ∈ P ld.

Proof. It is enough to prove that [P λ : Lξ]q ∈ δλξ + qN[q], because ∆λ

is a quotient of P λ. Let π be the quotient morphism π : Ãs
d → As

d. Let
π∗ : grmod(As

d)→ grmod(Ãs
d) be the pull-back by π, and π! : grmod(Ãs

d)→
grmod(As

d) be the left adjoint functor to π∗, i.e., we have π!(N) = As
d⊗Ãs

d
N

for eachN . The grading of the module Y (π∗(Lλ)) is concentrated in degree 0,
see the proof of Lemma 3.3.5. Thus there is an idempotent eλ ∈ (bÃs

d)0 such
that there is an bÃs

d-module isomorphism Y (π∗(Lλ)) ' eλ(bÃs
d/(

bÃs
d)>0).

Consider the projective module P̃ λ = Y −1(eλ
bÃs

d) ∈ grmod(Ãs
d). We have

dimq HomAs
d
(P̃ λ, π∗(Lξ)) = δλξ for each λ, ξ ∈ P ld. We first claim that

π!(P̃
λ) = P λ. Note that, since π! is left adjoint of an exact functor, it

takes projective modules to projective modules. Now, by adjunction, for
each λ, ξ ∈ P ld, we have

dimq HomÃs
d
(π!(P̃

λ), Lξ) = dimq HomAs
d
(P̃ λ, π∗(Lξ)) = δλξ.

Thus π!(P̃
λ) is the projective cover of Lλ in grmod(As

d). This proves the
claim.

The proof of Lemma 3.2.15 implies that [P λ : Lξ]q =

dimq HomAs
d
(P ξ, P λ) and [P̃ λ : π∗(Lξ)]q = dimq HomÃs

d
(P̃ ξ, P̃ λ). We claim

that the functor π! yields a surjection HomÃs
d
(P̃ ξ, P̃ λ) → HomAs

d
(P ξ, P λ).

Indeed, since the right hand side is equal to HomÃs
d
(P̃ ξ, π∗π!(P̃

λ)) by adjunc-

tion and since HomÃs
d
(P̃ ξ, •) is exact, the claim follows from the surjectivity

of the unit morphism P̃ λ → π∗π!(P̃
λ).

Now, it is enough to prove that [P̃ λ : π∗(Lξ)]q ∈ δλξ + qN[[q]], or, equi-

valently, that [Y(P̃ λ) : Y(π∗(Lξ))]q ∈ δλξ + qN[[q]]. We have (bÃs
d)n = 0

if n < 0 and (bÃs
d)0 is semisimple and basic. The module Y(π∗(Lλ)) has

dimension 1 and it is concentrated in degree zero. Thus we get Y(P̃ λ)n = 0
if n < 0 and dimY (P̃ λ)0 = 1. This implies the statement.

Let VDat0(d) be the set of elements µ̃ = (µ0, · · · , µl) ∈ VDat(d) such
that µ0, · · · , µl−1 are empty and each component of µl is in I (viewed as
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a subset of NI). Let VDat1(d) be the set of elements µ̃ = (µ0, · · · , µl) ∈
VDat(d) such that each component of µ0, · · · , µl−1, µl is in I (viewed as a
subset of NI).

The following theorem is proved in [51, Sec. 5.4] and [62, Thm. 3.6].

Theorem 3.3.7. There is a graded C-algebra isomorphism

R̃d ' Ext∗GV (
⊕

µ̃∈VDat0(d)

Lµ̃,s,
⊕

µ̃∈VDat0(d)

Lµ̃,s).

Let ẽd, ed be the idempotents of Ãs
d concentrated in degree 0 given by:

ẽd =
∑

µ̃∈VDat0(d)

IdLµ̃,s
, ed =

∑
µ̃∈VDat1(d)

IdLµ̃,s
.

Diagrammatically, the idempotent ẽd is the sum of all diagrams containing
l red vertical lines left to |d| black vertical lines such that red lines are
labeled by s1, · · · , sl from left to right and exactly di black lines have label
i for each i ∈ I. Similarly, the idempotent ed is the sum of all diagrams
containing l red vertical lines and |d| black vertical lines in arbitrary order
such that red lines are labeled by s1, · · · , sl from left to right and exactly
di black lines have label i for each i ∈ I. Let e′d and e′′d be the images of
ẽd and ed respectively in As

d by the canonical map. Recall the idempotent
ed in Section 3.2.9. Theorem 3.3.7 implies that there is a graded algebra
isomorphism ẽdÃ

s
dẽd ' R̃d. Recall the definition of the ci in Definition

3.2.32.

Lemma 3.3.8. (a) Under the identification Ss
d ' As

d, we have ed = e′d.
(b) The ideal ẽdI

s
dẽd of R̃d coincides with the ideal generated by y

ci1
1 e(i)

for i = (i1, · · · , id) ∈ Id. In particular, we have a graded C-algebra isomor-
phism edA

s
ded ' Rs

d.

Proof. Part (a) follows from the proof of [59, Thm. 6.3]. Now, we prove
part (b). By [59, Prop. 4.9], the algebra e′′dA

s
de′′d is isomorphic to the tensor

product algebra with parameters s,d, which is defined in [64, Sec. 2.1]. In the
diagrammatic presentation mentioned in Remark 3.2.36 the element y

ci1
1 e(i)

has the following diagram in ẽdÃ
s
dẽd ' R̃d: it has from left to right l

red vertical lines labeled by s1, · · · , sl, a black vertical line labeled by i1
containing ci1 dots (i.e. containing the polynomial y

ci1
1 ), d− 1 black vertical

lines labeled by i2, · · · , id. Now, we can see y
ci1
1 e(i) as an element of e′′dA

s
de′′d.

The relations [64, (2.2)] show that the diagram of y
ci1
1 e(i) is equal to a

diagram having a piece of a black line labeled by i1 left to all other lines.
So by Remark 3.2.36 we have y

ci1
1 e(i) ∈ ẽdI

s
dẽd. So, it suffices to show that

both ideals in the lemma have the same codimension in R̃d or, equivalently,
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that dimRs
d = dim edA

s
ded. This is true because the algebra edA

s
ded is

isomorphic to the cyclotomic Hecke algebra Hs
d, see Section 3.2.9. See also

Theorem 3.2.33.

Lemma 3.3.8 implies that the functor F : grmod(As
d) →

grmod(Rs
d), M 7→ edM is a graded lift of the Schur functor F . Let

a′ : R̃d → (R̃d)op be the graded anti-involution coming from the Verdier
duality, see Theorem 3.3.7. The same argument as for a shows that a′

factors through a graded anti-involution a′ of Rs
d. It is easy to see that

the obtained anti-involution a′ of Rs
d coincides with one defined in Section

3.2.10. Hence, condition (b5) holds.

3.3.3 Lie algebras

Let N be an integer > 0. Consider the Lie algebra g = glN (C). Let
h ⊂ b ⊂ g be its usual Cartan and Borel subalgebras respectively.

Let ĝ be the affine Kac-Moody Lie algebra ĝ = g⊗ C[t, t−1]⊕ C1⊕ C∂.
Consider the Lie subalgebras in ĝ given by

ĥ = C∂ ⊕ h⊕ C1, b̂ = b⊕ g⊗ tC[t]⊕ C∂ ⊕ C1.

We identify h∗ with the vector subspace of elements of ĥ∗ that are zero on
1 and ∂. Let Π and Π̂ be the sets of roots of g and ĝ respectively. Denote by
Φ̂ = {αk; k ∈ [0, N ]} the subset of simple roots. For each α ∈ Φ̂, let α∨ ∈ ĥ
be the affine coroot associated with α. Let P = ZΛ1 ⊕ · · · ⊕ ZΛN ⊂ h∗ be
the weight lattice of g. Let Λ0 and δ be the elements of ĥ∗ defined by δ(∂) =
Λ0(1) = 1 and δ(h⊕ C1) = Λ0(h⊕ C∂) = 0. We have ĥ∗ = Cδ ⊕ h∗ ⊕ CΛ0.

Let (, ) : ĥ∗ × ĥ∗ → C be the C-bilinear form such that λ(α∨k ) = (λ, αk)

and λ(∂) = (λ,Λ0) for each k ∈ [0, N ] and each λ ∈ ĥ∗. The weight λ ∈ ĥ∗

is dominant (resp. antidominant) if λ(α∨k ) ∈ N for each k ∈ [0, N ] (resp.
−λ(α∨k ) ∈ N for each k ∈ [0, N ]). Let W = SN be the Weyl group of g. It
acts on h∗ by permuting the elements of the basis {Λ1, · · · ,ΛN}. Let ZΠ be

the lattice in h∗ generated by Π. Let Ŵ = W nZΠ be the Weyl group of ĝ.
The W -action on h∗ can be extended to the Ŵ -action on ĥ∗ as follows, for
each w ∈W , τ ∈ ZΠ, λ ∈ h∗ we have

w(Λ0) = Λ0, w(δ) = δ, τ(δ) = δ,

τ(λ) = λ− (τ, λ)δ, τ(Λ0) = τ + Λ0 − (τ, τ)δ/2.

3.3.4 Category A

Let N be as above. Fix an l-tuple of positive integers m = (m1, · · · ,ml)
such that

∑l
t=1mt = N . Let p̂m be the parabolic subalgebra b̂ ⊂ p̂m ⊂ ĝ of
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parabolic type m. Set

Φ̂m = Φ̂\{αk; k = 0,m1,m1 +m2, · · · ,m1 +m2 + · · ·+ml}.

The weight λ ∈ ĥ∗ is m-dominant (resp. m-antidominant) if λ(α∨k ) ∈ N for

each αk ∈ Φ̂m (resp. −λ(α∨k ) ∈ N for each αk ∈ Φ̂m). Let Pm be the set of

all m-dominant elements in P ⊂ ĥ∗.

We will identify the element
∑N

k=1 akΛk, ak ∈ Z, of the weight lattice P
with the N -tuple (a1, a2, · · · , aN ). Let ρ, ρm ∈ P be given by

ρ = (0,−1,−2, · · · ,−(N − 1)),

ρm = (m1,m1 − 1, · · · , 1,m2,m2 − 1, · · · , 1, · · · ,ml,ml − 1, · · · , 1).

Set also ρ̂ = ρ+NΛ0 ∈ ĥ∗. For each λ ∈ h∗, consider the following element
λ̃− = zλδ + λ− (e+N)Λ0 ∈ ĥ∗, where zλ = (λ, 2ρ+ λ)/2e. Note that λ̃− is
m-dominant if and only if λ is m-dominant.

Definition 3.3.9. Let Om be the category of finitely generated U(ĝ)-modules
which are semisimple ĥ-modules such that the p̂m-action is locally finite and
the highest weights of each composition factor are of the form λ̃− for some
λ in Pm. Then Om is an abelian category.

For each λ ∈ Pm, let Mm(λ) be the parabolic Verma module in Om

with highest weight λ̃−. Let Pm be the set of l-partitions λ = (λ1, · · · , λl)
such that |λa| 6 ma for each a ∈ [1, l].

We identify an l-partition λ as above with the weight

(λ1
1, · · · , λ1

`(λ1), 0
m1−`(λ1), λ2

1, · · · , λ2
`(λ2), 0

m2−`(λ2), · · · , λl1, · · · , λl`(λl), 0
ml−`(λl)),

where 0a is the row of a zeros for each a ∈ N. Consider the map ω : Pm → Pm

such that ω(λ) = λ− ρ+ ρm.

Assume that λ ∈ Pm. Set ∆∗O(λ) = Mm(ω(λ)) ∈ Om. Let λ∗ be the
l-partition such that YD(λ∗) = (YD(λl)t,YD(λl−1)t, · · · ,YD(λ1)t), where
(•)t means the transposed Young diagram. We abbreviate ∆λ

O = ∆∗O(λ∗).
(This notation is motivated by Theorem 3.3.13.) For each λ ∈ Pm let LλO
be the top of ∆λ

O.

Definition 3.3.10. Let Am be the Serre subcategory of Om generated by the
set {LλO;λ ∈ Pm}.

The category Am is a highest weight category with the set of standard
modules {∆λ

O ; λ ∈ Pm}, see [53, Sec. 5.5]. Fix d =
∑

i∈I di · i ∈ NI and set
Pm
d = Pm ∩ P ld.

Definition 3.3.11. Let Am
d be the Serre subcategory of Am generated by the

set {LλO;λ ∈ Pm
d }.
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Note that we have the following abelian category direct sum decompo-
sition Am =

⊕
d∈NI Am

d . The category Am
d is a highest weight category

with the set of standard modules {∆λ
O;λ ∈ Pm

d }, see [53, Sec. 5.5]. For each
λ ∈ Pm

d , let ∇λO be the costandard object in Am
d that has simple socle LλO

and let P λO be the projective cover of LλO in Am
d .

3.3.5 The Koszul grading

Choose an l-tuple m = (m1, · · · ,ml) of positive integers such that mp ≡
−sl+1−p mod e and mp > |d| for each p ∈ [1, l]. Set N = m1 + · · ·+ml.

For simplicity, we abbreviate A = Am
d . Note that P ld = Pm

d . Set
PO =

⊕
λ∈Pld

P λO and SO = EndA(PO)op. The functor HomA(PO, •) : A →
mod(SO) is an equivalence of categories. We have the following theorem, see
[56, Thm. 6.4].

Theorem 3.3.12. The C-algebra SO admits a Koszul grading.

Here and for the rest of the paper, the grading of SO is the Koszul
grading from Theorem 3.3.12. Set A = grmod(SO). Let λ ∈ P ld. The SO-
modules ∆λ

O, ∇λO, P λO, LλO are indecomposable. Thus their graded lifts are
unique modulo a shift, see Section 3.2.4 for existence and Lemma 3.2.1 for
unicity. Fix natural graded lifts (see Section 3.2.5) on LλO, P λO, ∆λ

O. Fix also
the graded lift on ∇λO such that each morphism LλO → ∇λO is homogeneous
of degree 0.

The following is proved in [53, Prop. 7.9]. See also Appendix A.2 for
more details about [53, Prop. 7.9].

Theorem 3.3.13. Assume that m satisfies m1 > |d| and mk+1 −mk > |d|
for each k ∈ [1, l− 1]. There is an equivalence of categories ES : mod(Ss

d)→
A that takes Lλ to LλO and ∆λ to ∆λ

O for each λ ∈ P ld.

Now, we explain the link between the category A and the categories
introduced in Appendix A.1. Note that some notation from Appendix A.1
will be used here. Let ν ⊂ Φ̂ be the parabolic type associated with m, i.e.,

ν = Φ̂\{αs; s = 0,m1,m1 +m2, · · · ,m1 + · · ·+ml−1}.

Recall that we identify each partition λ with an N -tuple of integers. All

weights of the form ω̃(λ)
−

+ ρ̂ are in the same W -orbit. Let oµ,− + ρ̂ be the
antidominant weight in this orbit. Then the category A is a subcategory in
Oνµ,−. Let us describe the singular type µ of oµ,−. For each i ∈ I = Z/eZ let
n′i be the number of components of residue i modulo e in the N -tuple ρm.
For each i ∈ I set ni = n′i − di + di−1. For each λ ∈ P ld the N -tuple λ+ ρm
has ni components of residue i modulo e. Set also k = (

∑
i∈I mi(mi+1)/2+

|d| −
∑e

s=1 sns)/e. Note that here
∑

i∈I mi(mi + 1)/2 + |d| is the sum of
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components in an N -tuple λ+ ρm with λ ∈ P ld and
∑e

s=1 sns is the sum of
components in the N -tuple (1n1 , 2n2 , · · · , ene), where sns means a row with
ns copies of s. Finally, we have

µ = Φ̂\{αs; s = −k,−k + n1,−k + n1 + n2, · · · ,−k + n1 + · · ·+ nl−1}.

Now, having A ⊂ Oνµ,−, we can take v large enough such that A is in-
side of vOνµ,−. We get the following result, see also Lemma 3.2.17 and [53,
Lem. 5.15].

Lemma 3.3.14. The category A is a highest weight subcategory of vOνµ,−.

Remark 3.3.15. (a) By Lemma 3.2.17 the Koszul grading on A is inherited
from the Koszul grading on vOνµ,−. Thus the graded multiplicities of simple
modules in Verma modules can be interpreted in terms of corresponding
graded multiplicities in vOνµ,−, see Remark 3.2.18 (a).

(b) Since A is a highest weight subcategory of vOνµ,−, the BGG duality
yields a duality on A which fixes the simple modules. Similarly, by Remark
3.2.18 (b) the category A! is a Serre quotient of v−1Oµν,+. Thus it admits
also a duality. See [56] for details.

3.3.6 Analogue of the cyclotomic KLR-algebra

Set Kld = Kl|d| ∩ P
l
d where Kld is as in Section 3.2.9. Now, we define an

analogue of the cyclotomic KLR-algebra. Consider the idempotent of SO

given by eO =
⊕

λ∈Kld
IdPλO

. It is homogeneous of degree zero. Set RO =

eOSOeO. Then, RO is a Z-graded C-algebra. We have the functor

FO : mod(SO)→ mod(RO), M 7→ eOM.

Let F
O

: grmod(SO)→ grmod(RO) be the obvious graded lift of FO. Consi-
der the modules in mod(RO) given by Dλ

O = FO(LλO), SλO = FO(∆λ
O) and

Y λ
O = FO(P λO). They admit the graded lifts given by F

O
(LλO), F

O
(∆λ
O),

F
O

(P λO). The functor FO is a quotient functor, see [22, Prop. III.2.5], [27,
Sec. 2.4]. Thus the module Dλ

O is either zero or irreducible.

By [53, Thm. 5.37], there is a projective module T ∈ A such that we have
an ungraded algebra isomorphism EndA(T )op ' Rs

d. Consider the functor
F ′ : A → mod(Rs

d) given by M 7→ HomA(T,M). By [53, Prop. 7.9] we
have F ′ ◦ ES = F , where ES is as in Theorem 3.3.13. In particular we get
F ′(LλO) = Dλ for each λ ∈ P ld. This implies that, for each λ ∈ P ld, the
projective module P λO is a direct factor of T if and only if λ ∈ Kld, because
dim HomSO(P λO, L

µ
O) = δλ,µ. Hence, there is an equivalence of categories
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EH : mod(Rs
d) → mod(RO) such that the following diagram of functors is

commutative

mod(Ss
d)

ES−−−−→ mod(SO)

F

y FO

y
mod(Rs

d)
EH−−−−→ mod(RO).

Here we identify A ' mod(SO) as in Section 3.3.5. Moreover, we have

EH(Sλ) = SλO, EH(Dλ) = Dλ
O, EH(Y λ) = Y λ

O , ∀λ ∈ P ld.

Lemma 3.3.16. The functor FO is fully faithful on projective modules.

Proof. The statement follows from Lemma 3.2.30 and from the commutative
diagram above.

3.3.7 Graded BGG reciprocity

We want to show that graded categories grmod(Ss
d) and A satisfy condi-

tion (∗) from Section 3.2.4. This condition for grmod(Ss
d) follows from condi-

tion (b) in the definition of an admissible grading.
We must check condition (∗) for A. We construct the duality functor

D on A in the same way as in [5, Sec. 3.11]. More precisely, for each
λ ∈ P ld, let LOλ be the simple object of A! such that K(P λO) = LOλ , where
K is the equivalence in Theorem 3.2.8. Since A ' mod(SO) and SO is
a basic algebra, by Theorem 3.2.8 (a) we have a graded algebra isomor-
phism SO '

⊕
λ,µ∈Pld

Ext∗A!(L
O
λ , L

O
µ )op. We deduce that there is a graded

C-algebra anti-involution aO : SO → (SO)op, because the duality on A!

from Remark 3.3.15 (b) gives an isomorphism
⊕

λ,µ∈Pld
Ext∗A!(L

O
λ , L

O
µ )op =⊕

λ,µ∈Pld
Ext∗A!(L

O
µ , L

O
λ ). Now, aO yields a duality D : mod(SO)op →

mod(SO) as in Remark 3.2.6. Thus condition (∗) holds for A.

3.3.8 Decomposition numbers

Recall the graded multiplicities [• : •]q and (• : •)q defined in Section
3.2.4.

Definition 3.3.17. For each λ, ξ ∈ P ld we set dλξ(q) = [∆λ : Lξ]q, cλξ(q) =

[P λ : Lξ]q, d
O
λξ(q) = [∆λ

O : LξO]q and cOλξ(q) = [P λO : LξO]q.

Lemma 3.3.18. For each λ, ξ ∈ P ld we have [∆λ : Lξ]q = (P ξ : ∆λ)q and

[∆λ
O : LξO]q = (P ξO : ∆λ

O)q.

Proof. The statement follows from Corollary 3.2.16 and Section 3.3.7.



3.3. Proof of the main theorem 107

Corollary 3.3.19. We have c(q) = d(q)td(q) and cO(q) = dO(q)tdO(q).

Remark 3.3.20. The functors F and FO are quotient functors. Thus, we have
dλξ(q) = [Sλ : Dξ]q and dOλξ(q) = [SλO : Dξ

O]q for each λ ∈ P ld, ξ ∈ Kld. We

also have cλξ(q) = [Y λ : Dξ]q and cOλξ(q) = [Y λ
O : Dξ

O]q for each λ, ξ ∈ Kld.
Recall that the graded lifts of Dλ, Sλ, Y λ are the graded modules F (Lλ),

F (∆λ), F (P λ). Another definition of the graded lifts of these modules is
given in [9, Thm. 4.11, Sec. 4.10, 5.2]. Denote the graded lifts from [9] by
D′λ, S′λ, Y ′λ respectively. We want to compare these two choices of graded
lifts.

Lemma 3.3.21. Assume that λ ∈ Kld. Then we have the graded Rs
d-module

isomorphisms Dλ ' D′λ, Sλ ' S′λ and Y λ ' Y ′λ.

Proof. The ungraded Rs
d-modules Dλ, Sλ, Y λ are indecomposable because

each of them has simple top Dλ, see [66, Prop. 2.2 (3)]. Thus their graded
lifts are unique up to a shift of the grading. The graded lifts are normalized
such that each morphism Y ′λ → D′λ, S′λ → D′λ, Y λ → Dλ, Sλ → Dλ

is homogeneous of degree zero. Hence, it suffices to show that there is a
graded Rs

d-module isomorphism Dλ ' D′λ. The graded lift D′λ of Dλ is

characterized by stability by the duality D
′
, see [9, Thm. 4.11]. On the

other hand we have

D
′
(Dλ) = D

′
F (Lλ) = F D(Lλ) = F (Lλ) = Dλ.

Here, the second equality is condition (b5) in Definition 3.3.1 and the third
equality is condition (b3) in Definition 3.3.1.

The level l Fock space F s associated with the parameter s = (s1, · · · , sl)
is a Q(q)-vector space with basis {Mλ;λ ∈ P l} called standard basis. It is

equipped with a representation of Uq(ŝle) defined as in [9, (3.22), (3.23)].

Let V s be the simple Uq(ŝle)-module with highest weight Λs1 + · · · + Λsl .
Consider the surjection F s → V s as in [9, (3.28)]. Let M ′λ be the image of
Mλ in V s.

For each λ ∈ P ld and ξ ∈ Kld set d′λξ(q) = [S′λ : D′ξ]q and c′λξ = [Y ′λ :

D′ξ]q.

Lemma 3.3.22. Assume that λ ∈ P ld and ξ ∈ Kld. Then we have d′λξ(q) =

dOλξ(q).

Proof. By [9, (3.35), Cor. 5.15] the elements d′λξ(q) ∈ N[q, q−1] are the co-
efficients of the decomposition of M ′λ in the canonical basis of V s. Further,
[61, Thm. 3.26 (i)] gives an explicit formula for these coefficients in terms
of Kazhdan-Lusztig polynomials. Finally, we compute the decomposition
numbers in the parabolic category O with respect to the Koszul grading in
Appendix A.1, see also Remark 3.3.15 (a). Now, the statement follows by
comparing Lemma A.1.14 with [61, Thm. 3.26 (i)].
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Remark 3.3.23. The element q in [9] corresponds to q−1 in [61]. In particular,
the positive canonical basis in [9] corresponds to the negative canonical basis
in [61].

Corollary 3.3.24. Assume that λ, ξ ∈ Kld. Then we have cλξ(q) = cOλξ(q).

Proof. By [9, (3.45), Thm. 4.18, Thm. 5.14], for each λ ∈ Kld, we have
[Y ′λ] =

∑
ξ∈Pld

d′ξλ(q)[S′ξ] in [grmod(Rs
d)]. Thus, for each λ, ξ ∈ Kld, we have

c′λξ =
∑

µ∈Pld
d′λµd

′
µξ. On the other hand, Corollary 3.3.19 implies that cOλξ =∑

µ∈Pld
dOλµd

O
µξ. Hence, by Lemma 3.3.22, we have c′λξ = cOλξ. This implies the

statement, because Remark 3.3.20 and Lemma 3.3.21 yield cλξ = c′λξ.

Lemma 3.3.25. For each λ, ξ ∈ P ld we have cOλξ(q) ∈ N[q].

Proof. The SO-module LξO is concentrated in degree zero. The top of the
SO-module P λO is isomorphic to LλO. Hence, since the grading of SO is non-
negative, all negative graded components of P λO are zero. We deduce that

cOλξ(q) = [P λO : LξO]q ∈ N[q].

For each λ, ξ ∈ P ld, we write cλξ(q) =
∑

g∈Z c
g
λξq

g and cOλξ(q) =∑
g∈Z c

Og
λξ q

g.

3.3.9 Identification of grading of the KLR-algebra

We identify A ' mod(SO) as in Section 3.3.5. Under this identifi-
cation, we can view the functor ES from Theorem 3.3.13 as a functor
ES : mod(Ss

d) → mod(SO). Recall that the algebra Ss
d is equipped with an

admissible grading, see Section 3.3.1. We consider the graded basic algebra
bSs

d associated with Ss
d, i.e., we set

bSs
d =

⊕
λ,ξ∈Pld

HomSs
d
(P λ, P ξ)op =

⊕
λ,ξ∈Pld

HomRs
d
(Y λ, Y ξ)op,

see Lemma 3.2.30. The grading of bSs
d is induced from the grading of the

module P λ, see Section 3.3.1. By definition, the categories mod(bSs
d) and

mod(Ss
d) are equivalent. Further, we have an ungraded algebra isomorphism

bSs
d ' SO, because the categories mod(bSs

d) and mod(SO) are equivalent
and both algebras bSs

d and SO are basic.
Now, let bRs

d be the graded basic algebra associated with Rs
d, i.e., we set

bRs
d =

⊕
λ,ξ∈Kld

HomSs
d
(P λ, P ξ)op =

⊕
λ,ξ∈Kld

HomRs
d
(Y λ, Y ξ)op.

The categories mod(bRs
d) and mod(Rs

d) are equivalent. Further, we have
an ungraded algebra isomorphism bRs

d ' RO, because the categories
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mod(bRs
d) and mod(RO) are equivalent via EH and both algebras bRs

d

and RO are basic. Let us prove that these algebras are also isomor-
phic as graded algebras. To do so, we consider the homogeneous basis of
RO =

⊕
λ,ξ∈Kld

EndSO(P λO, P
ξ
O)op given by the construction in Section 3.2.6.

For each ξ ∈ Kld and each g, s ∈ N, write

radgP ξO/radg+1P ξO =
⊕

λ∈Pld,s∈N
LλO〈s〉

⊕cOgsξλ ,

radgP ξ/radg+1P ξ =
⊕

λ∈Pld,s∈N
Lλ〈s〉⊕c

gs
ξλ .

For each λ, ξ ∈ Kld let Θλξ = {θgstλξ ; g, s ∈ N, t ∈ [1, cOgsξλ ]} be the basis of

HomSs
d
(P λO, P

ξ
O) constructed as in the proof of Lemma 3.2.19.

Lemma 3.3.26. For each λ ∈ Kld, the graded SO-module P λO is very rigid.

Proof. Recall the projective module T ∈ A and the functor F ′ : A →
mod(Rs

d) defined in Section 3.3.6. The algebra Rs
d is Frobenius by the theo-

rem in the introduction of [40] and the functor F ′ is 0-faithful (see [52,
Sec. 4.2.2]) by [52, Thm. 6.6]. So, by [53, Lem. 2.14], the module T is tilting.
Thus it is injective. This implies that, for each λ ∈ Kld, the module P λO is
injective because it is a direct factor of T , see Section 3.3.6. In particular it
is autodual with respect to the BGG duality.

Now, by construction, we have P λO/radP λO = LλO. Since P λO is autodual,
we deduce that socP λO is irreducible. Thus P λO is very rigid by Lemma 3.2.23.

Corollary 3.3.27. For each λ ∈ P ld, ξ ∈ Kld and each g, s ∈ N, we have

cOgsξλ = cOsξλ if g = s and cOgsξλ = 0 else.

Further, since SO and Ss
d are Morita equivalent, we have also the follo-

wing.

Corollary 3.3.28. For each λ ∈ Kld, the Ss
d-module P λ is rigid.

Now, we have the following.

Lemma 3.3.29. For each λ, ξ ∈ P ld we have cλξ(q) ∈ δλξ + qN[q].

Proof. The statement follows from condition (a) in Definition 3.3.1 and the
graded BGG-reciprocity.

Corollary 3.3.30. We have (bSs
d)n = 0 for each n < 0 and the algebra

(bSs
d)0 is semisimple.

Proof. The first claim follows from Lemma 3.3.29 because
dimq HomSs

d
(P λ, P ξ) = cξλ(q). The second claim is true because by

Lemma 3.3.29 we have (bSs
d)0 =

⊕
λ∈Pld

CIdPλ .
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The grading of each simple module Lλ, viewed as a bSs
d-module, is

concentrated in degree 0. Hence, since (bSs
d)0 is semisimple by Corollary

3.3.30, we have the following.

Corollary 3.3.31. For each λ, ξ ∈ P ld we have Ext1
grmod(Ss

d)(L
λ, Lξ) =

0.

Let ξ ∈ P ld. Consider the filtration of P ξ given by

P ξ = P ξ(0) ⊃ P ξ(1) ⊃ P ξ(2) ⊃ · · · ,

where P ξ(f) =
∑

θ Imθ, the map θ runs over the set of homogeneous maps
in HomSs

d
(P λ, P ξ) of degree > f (for the grading in Section 3.3.1) and λ

varies in P ld. Note that P ξ(f) is zero for sufficiently large f .

Lemma 3.3.32. Let λ, ξ ∈ P ld and g, s ∈ N. The following hold.
(a) if s < g then Lλ〈s〉 is not a constituent of P ξ(g),
(b) if s > g then Lλ〈s〉 is not a constituent of P ξ/P ξ(g).

Proof. Part (a) follows from the fact that cξλ(q) = [P ξ : Lλ]q is in N[q], see
Lemma 3.3.29. Now, we prove (b). Suppose that there exists a submodule
P ′ξ ⊂ P ξ containing P ξ(g) such that there exists a nonzero homogeneous
morphism P ′ξ/P ξ(g)→ Lλ〈s〉. By the projectivity of P λ, the canonical map
P λ〈s〉 → Lλ〈s〉 factors as follows

P λ〈s〉 → P ′ξ → P ′ξ/P ξ(g)→ Lλ〈s〉.

The left arrow yields a morphism θ ∈ HomSs
d
(P λ, P ′ξ) of degree s such that

Imθ 6⊂ P ξ(g). This contradicts the definition of P ξ(g).

Corollary 3.3.33. For each f ∈ N and each ξ ∈ P ld, we have radfP ξ ⊂
P ξ(f).

Proof. By Lemma 3.3.32, for each f ∈ N, any simple subquotient of
P ξ(f)/P ξ(f + 1) is of the form Lλ〈f〉 for some λ ∈ P ld. Thus, by Corol-
lary 3.3.31, the module P ξ(f)/P ξ(f + 1) is semisimple. This implies the
statement.

Lemma 3.3.34. For each λ, ξ ∈ P ld and each g, s ∈ N such that s < g, we
have cgsξλ = 0.

Proof. By Lemma 3.3.32 and Corollary 3.3.33 each simple subquotient of
radgP ξ is of the form Lλ〈f〉 for some λ ∈ P ld and f > g. This implies the
statement.

Corollary 3.3.35. For each λ, ξ ∈ Kld we have [radgP ξ/radg+1P ξ : Lλ]q =
cgξλq

g.
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Proof. Assume that the statement is false. Let g be maximal such that the
statement fails. Thus, we have

[P ξ/radg+1P ξ : Lλ]q = cξλ(q)−
∑
t>g+1

[radtP ξ/radt+1P ξ : Lλ]q

= cξλ(q)−
∑
t>g+1

ctξλq
t

=

g∑
t=0

ctξλq
t.

Here the second equality follows from the maximality of g. By Lemma
3.3.34, each power of q in [radgP ξ/radg+1P ξ : Lλ]q is > g. We deduce that
[radgP ξ/radg+1P ξ : Lλ]q = c′gξλq

g for some c′gξλ < cgξλ. Now, we have

c′
g
ξλ = [radgP ξ/radg+1P ξ : Lλ]1 = cOgξλ = cgξλ.

Here the second equality is Corollary 3.3.27. We come to a contradiction.

Since [radgP ξ/radg+1P ξ : Lλ]q =
∑

s∈N c
gs
ξλq

s, we deduce from Corollary
3.3.35 the following.

Corollary 3.3.36. For each λ, ξ ∈ Kld we have cgsξλ = csξλ if g = s and

cgsξλ = 0 else.

Recall the equivalence of categories ES defined in Theorem 3.3.13. Recall
also the definition of the elements θgstλξ ∈ HomA(P λO, P

ξ
O). Set

vgstλξ = E−1
S (θgstλξ ) ∈ HomSs

d
(P λ, P ξ) ⊂ bR

s
d.

The set {vgstλξ ;λ, ξ ∈ Kld, g, s ∈ N, t ∈ [1, cgsξλ]} is a basis of bRs
d because

ES is an equivalence of categories. By Corollaries 3.2.21, 3.3.27 we have
Imvgstλξ ⊂ radgP ξ and Imvgstλξ 6⊂ radg+1P ξ. Thus Corollaries 3.2.21, 3.3.36

imply that the minimal nonzero homogeneous component in vgstλξ has degree

g. Denote this homogeneous component of degree g by v′gstλξ .

Consider the C-linear map Φ: RO → Rs
d such that θgstλξ 7→ v′gstλξ .

Theorem 3.3.37. The map Φ is a graded C-algebra isomorphism.

Proof. For each f ∈ N set J>f =
⊕

n>f (bRs
d)n. The set Θ =

∐
λ,ξ∈Kld

Θλξ

forms a basis in RO. By construction, for each θgstλξ ∈ Θ we have Φ(θgstλξ ) ≡
vgstλξ mod J>g. This implies that for each homogeneous element θ ∈ bRld we

have Φ(θ) ≡ E−1
S (θ) mod J>deg θ. Now, for each θgstλξ , θ

g′s′t′

λ′ξ′ ∈ Θ we have

Φ(θgstλξ )Φ(θg
′s′t′

λ′ξ′ ) ≡ vgstλξ v
g′s′t′

λ′ξ′

≡ E−1
S (θgstλξ θ

g′s′t′

λ′ξ′ )

≡ Φ(θgstλξ θ
g′s′t′

λ′ξ′ ) mod J>g+g
′
.
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On the other hand the map Φ is homogeneous of degree zero. Thus Φ is a
graded algebra isomorphism.

3.3.10 Identification of grading of the Schur algebra

The goal of this section is to show that the algebras bSs
d and SO are

isomorphic as graded algebras.

Lemma 3.3.38. For each λ ∈ P ld, the Rs
d-module Y λ is indecomposable.

Proof. The Ss
d-module P λ is indecomposable because it has simple top Lλ.

Thus the ring EndSs
d
(P λ) is local. By Lemma 3.2.30 we have EndRs

d
(Y λ) =

EndSs
d
(P λ). Thus the module Y λ is also indecomposable.

By Theorem 3.3.37 we can identify the graded categories grmod(Rs
d) '

grmod(RO). For each λ ∈ P ld, there is an integer aλ such that Y λ = Y λ
O〈aλ〉,

because the modules Y λ and Y λ
O are indecomposable and are isomorphic

as ungraded modules, see the construction of the functor EH and Lemma
3.3.38.

Lemma 3.3.39. For each λ, ξ ∈ P ld we have aλ = aξ.

Proof. We have

cλξ(q) = [P λ : Lξ]q

= dimq HomSs
d
(P ξ, P λ)

= dimq HomRs
d
(Y ξ, Y λ)

= dimq HomRO(Y ξ
O〈aξ〉, Y

λ
O〈aλ〉)

= dimq HomSO(P ξO〈aξ〉, P
λ
O〈aλ〉)

= qaλ−aξ [P λO : LξO]q

= qaλ−aξcOλξ(q)

Here the second and the sixth equalities follow from the proof of Lemma
3.2.15, the third and the fifth equalities follow from Lemmas 3.2.30 and
3.3.16, the fourth equality follows from the discussion after Lemma 3.3.38.
So we have also cξλ(q) = qaξ−aλcOξλ(q). But the matrix c(q) is symmetric by

Corollary 3.3.19. Thus, for each λ, ξ in P ld we have cλξ(q) = q2(aξ−aλ)cλξ(q).
Thus aλ = aξ whenever cλξ(q) 6= 0. To conclude it is enough to note that
for each λ, ξ ∈ P ld we can find a chain λ, λ1, λ2, · · · , λn, ξ ∈ P ld such that

cλλ1(q) 6= 0, cλ1λ2(q) 6= 0, · · · , cλn−1λn(q) 6= 0, cλnξ(q) 6= 0

because the algebra Ss
d is indecomposable, see Lemma 3.2.28.
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Theorem 3.3.40. There exists a graded algebra isomorphism bSs
d ' SO.

Proof. We have a chain of graded algebra isomorphisms

(bSs
d)op '

⊕
λ,ξ∈Pld

HomSs
d
(P ξ, P λ)

'
⊕

λ,ξ∈Pld

HomRs
d
(Y ξ, Y λ)

'
⊕

λ,ξ∈Pld

HomRO(Y ξ
O〈aξ〉, Y

λ
O〈aλ〉)

'
⊕

λ,ξ∈Pld

HomSO(P ξO, P
λ
O)

' (SO)op.





Chapitre 4

KLR algebras and
categorical representations

4.1 Introduction

Let Oν−e be the parabolic category O of the affine Kac-Moody algebra of
glN at level−N−e with parabolic type ν. In [53], a categorical representation
of the affine Kac-Moody algebra s̃le in Oν−e is considered. This means that
there are exact functors Ei, Fi : O

ν
−e → Oν−e for i ∈ [0, e − 1] which induce

a representation of the Lie algebra s̃le on the Grothendieck group [Oν−e] of
Oν−e. The definition of a categorical representation is given in Section 4.3.4.
The category Oν−e admits a decomposition

Oν−e =
⊕
µ∈Ze

Oνµ

that lifts the decomposition of the s̃le-module [Oν−e] in a direct sum of weight
spaces.

The category Oνµ is Koszul by [56]. Its Koszul dual is a parabolic category
+Oµν at level e−N defined similarly to Oµν . In particular, the Koszul duality
exchanges the parameter ν (the parabolic type) with the parameter µ (the
singular type). The Koszul duality yields an equivalence of bounded derived
categories D(Oνµ) ' D(+O

µ
ν ). More details about the Koszul duality can be

found in [5].

Let α0, · · · , αe−1 be the simple root of s̃le. We have

Ei(O
ν
µ) ⊂ Oνµ+αi , Fi(O

ν
µ) ⊂ Oνµ−αi .

The aim of this paper is to identify the Koszul dual functors

D(+Oµν )→ D(+Oµ+αi
ν ), D(+Oµν )→ D(+Oµ−αiν )
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to the functors

Ei : D(Oνµ)→ D(Oνµ+αi), Fi : D(Oνµ)→ D(Oνµ−αi).

Let O
ν
µ, Ei, F i be defined in the same way as Oνµ, Ei, Fi with e replaced

by e+ 1. Let α0, · · · , αe be the simple roots of s̃le+1. Fix k ∈ [0, e− 1]. For
an e-tuple µ = (µ1, · · · , µl) we set

µ =

{
(µ1, · · · , µk, 0, µk+1, · · · , µe) if k 6= 0,

(0, µ1, · · · , µe) if k = 0.

Note that we have (µ− αk) = µ− αk − αk+1.
By [19] there is an equivalence of categories θ : Oνµ → O

ν
µ. The direct

sum of such equivalences identifies the category Oν−e with a direct factor

of the category O
ν
−e−1. We want to compare the s̃le-action on Oν−e with

the s̃le+1-action on O
ν
−e−1. More precisely, we want to prove the following

conjecture.

Conjecture 4.1.1. The following diagram of functors is commutative.

O
ν
µ O

ν
µ−αk O

ν
µ−αk−αk+1

Oνµ Oνµ−αk

-Fk -
Fk+1

?

θ−1
6

θ

-
Fk

Our motivation is the following. Assume that the conjecture holds. One
can prove as in [43] that the functor F k is Koszul dual to a parabolic inclusion
functor and F k+1 to a parabolic truncation functor. Then we can deduce
that Fk is Koszul dual to a Zuckerman functor (which is the composition of
a parabolic inclusion and a parabolic truncation).

It is not hard to see that the diagram from Conjecture 4.1.1 is commu-
tative at the level of Grothendieck groups. In the case of the category O of
glN (instead of affine glN ) this is enough to prove the analogue of Conjec-
ture 4.1.1, using the theory of projective functors. Indeed, [6, Thm. 3.4]
implies that two projective functors are isomorphic if their actions on the
Grothendieck group coincide. Unfortunately, there is no satisfactory theory
of projective functors for the affine case (an attempt to develop such a theory
was given in [21]).

We choose another strategy to prove this conjecture. The idea is to relate
the notion of a categorical representation of s̃le with the notion of a catego-
rical representation of s̃le+1. This can be done using the following inclusion
of Lie algebras s̃le ⊂ s̃le+1

er 7→


er if r ∈ [0, k − 1],

[ek, ek+1] if r = k,
er+1 if r ∈ [k + 1, e− 1],
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fr 7→


fr if r ∈ [0, k − 1],

[fk+1, fk] if r = k,
fr+1 if r ∈ [k + 1, e− 1].

First, we recall the notion of a categorical representation. Let k be a
field. Let C be an abelian Hom-finite k-linear category that admits a direct
sum decomposition C =

⊕
µ∈Ze Cµ. A categorical representation of s̃le in C

is a pair of biadjoint functor Ei, Fi : C → C for i ∈ [0, e − 1] satisfying a
list of axioms. The main axiom is that for each d ∈ N there is an algebra
homomorphism Rd → End(F d)op, where Rd is the KLR algebra of rank d

associated with the quiver A
(1)
e−1.

Now we explain our main result about categorical representations. Let C
be an abelian Hom-finite k-linear category. Assume that C =

⊕
µ∈Ze+1 Cµ has

a structure of a categorical representation of s̃le+1 with respect to functors
Ei, F i for i ∈ [0, e]. Assume additionally that the subcategory Cµ is zero
whenever µ has a negative entry. For each e-tuple µ ∈ Ne we consider the
(e+ 1)-tuple µ as above and we set Cµ = Cµ,

C =
⊕
µ∈Ne

Cµ.

Next, consider the endofunctors of C given by

F0 = F 0

∣∣
C , · · · , Fk−1 = F k−1

∣∣
C , Fk = F k+1F k

∣∣
C ,

Fk+1 = F k+2

∣∣
C , · · · , Fe−1 = F e

∣∣
C ,

E0 = E0

∣∣
C , · · · , Ek−1 = Ek−1

∣∣
C , Ek = EkEk+1

∣∣
C ,

Ek+1 = Ek+2

∣∣
C , · · · , Ee−1 = Ee

∣∣
C .

The following theorem holds.

Theorem 4.1.2. The category C has a structure of a categorical represen-
tation of s̃le with respect to the functors E0, · · · , Ee−1, F0, · · · , Fe−1.

The proof of Theorem 4.1.2 can be reduced to comparing the KLR al-

gebras associated with the quivers of types A
(1)
e−1, A

(1)
e , denoted by Γ, Γ

respectively. This is done in Section 4.2.
Let α =

∑
i∈Z/eZ diαi be a dimension vector of the quiver Γ. We consider

the dimension vector α of Γ defined in the following way

α =

k∑
i=0

diαi +

e∑
i=k+1

di−1αi.

Let Rα(Γ) (resp. Rα(Γ)) be the KLR algebra associated with the quiver
Γ and the dimension vector α (resp. the quiver Γ and the dimension vector
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α). The algebra Rα(Γ) contains an idempotent e(i) for each sequence i of
elements of Z/(e + 1)Z of dimension vector α. In Section 4.2.4 we consider

some subsets of sequences I
α
ord and I

α
un. Set e =

∑
i∈Iαord

e(i) ∈ Rα(Γ) and

Sα(Γ) = eRα(Γ)e/
∑
i∈Iαun

eRα(Γ)e(i)Rα(Γ)e.

We call Sα(Γ) a balanced KLR algebra. The main result of Section 4.2 is the
following theorem.

Theorem 4.1.3. There is an isomorphism of algebras Rα(Γ) ' Sα(Γ).

Our approach can not be used directly to prove Conjecture 4.1.1 because
the s̃le-module categorified by Oν−e is not simple. However, we can obtain a
weaker version of Conjecture 4.1.1. The category Oν−e contains subcategories
Aν [α], parameterized by dimension vectors α of Γ. For i ∈ Z/eZ we have
Fi(A

ν [α]) ⊂ Aν [α + αi]. Let A
ν
[α] be defined in the same way as Aν [α]

with respect to the parameter e+ 1 instead of e. Let |α| be the height of α.
The main result of Section 4.3 is the following theorem.

Theorem 4.1.4. Assume that e > 2 and ν = (ν1, · · · , νl) satisfies νr > |α|
for each r ∈ [1, l]. There exists a dimension vector β for Γ such that for each
dimension vector α for Γ there are equivalences of categories θ′α : Aν [α] →
A
ν
[β + α] and θ′α+αk

: Aν [α + αk] → A
ν
[β + α + αk + αk+1] such that the

following diagram is commutative

A
ν
[β + α]

Fk+1Fk−−−−−→ A
ν
[β + α+ αk + αk+1]

θ′α

x θ′α+αk

x
Aν [α]

Fk−−−−→ Aν [β + α+ αk].

4.2 KLR algebras and Hecke algebras

For a noetherian ring A we denote by mod(A) the abelian category of
left finitely generated A-modules.

4.2.1 Kac-Moody algebras associated with a quiver

Let Γ = (I,H) be a quiver without 1-loops with the set of vertices I and
the set of arrows H. For i, j ∈ I let hi,j be the number of arrows from i to
j and set also ai,j = 2δi,j − hi,j − hj,i. Let gI be the Kac-Moody algebra
over C associated with the matrix (ai,j). Denote by ei, fi for i ∈ I the Serre
generators of gI .
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For each i ∈ I let αi, α̌i be the simple root and coroot corresponding to
ei and let Λi be the fundamental weight. Set

QI =
⊕
i∈I

Zαi, Q+
I =

⊕
i∈I

Nαi, PI =
⊕
i∈I

ZΛi, P+
I =

⊕
i∈I

NΛi.

Let XI be the free abelian group with basis {εi; i ∈ I}. Set also

X+
I =

⊕
i∈I

Nεi. (4.1)

For α ∈ Q+
I denote by |α| its height. Set Iα = {i = (i1, · · · , i|α|) ∈

I |α|;
∑|α|

r=1 αir = α}.
Let Γ∞ = (I∞, H∞) be the quiver with the set of vertices I∞ = Z and

the set of arrows H∞ = {i → i + 1; i ∈ I∞}. Assume that e > 1 is an
integer. Let Γe = (Ie, He) be the quiver with the set of vertices Ie = Z/eZ
and the set of arrows He = {i→ i+ 1; i ∈ Ie}. Then gIe is the Lie algebra
s̃le = sle ⊗ C[t, t−1]⊕ C1.

Assume that Γ = (I,H) is a quiver whose connected components are of
the form Γe, with e ∈ N, e > 1 or e =∞. For i ∈ I denote by i+ 1 and i− 1
the (unique) vertices in I such that there are arrows i → i + 1, i − 1 → i.
Let us also consider the following additive map

ι : QI → XI , αi 7→ εi − εi+1.

Fix a formal variable δ and set Xδ
I = XI ⊕ Zδ. We can lift the Z-linear

map ι to a Z-linear map

ιδ : QI → Xδ
I , αi 7→ εi − εi+1 − δ.

Note that the map ιδ : QI → Xδ
I is injective (while ι is not injective). We

may omit the symbols ι, ιδ and write α instead of ι(α) or ιδ(α).
We will sometimes abbreviate

Qe = QIe , Xe = XIe , Xδ
e = Xδ

Ie , Pe = PIe .

4.2.2 Doubled quiver

Let Γ = (I,H) be a quiver without 1-loops. Fix a decomposition I =
I0tI1 such that there are no arrows between the vertices in I1. In this section
we define a doubled quiver Γ = (I,H) associated with (Γ, I0, I1). The idea is
to ”double” each vertex in the set I1 (we do not touch the vertices from I0).
We replace each vertex i ∈ I1 by a couple of vertices i1 and i2 with an arrow
i1 → i2. Each arrow entering to i should be replaced by an arrow entering to
i1, each arrow coming from i should be replaced by an arrow coming from
i2.
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Now we describe the construction of Γ = (I,H) formally. Let I0 be a set
that is in bijection with I0. Let i0 be the element of I0 associated with an
element i ∈ I0. Similarly, let I1 and I2 be sets that are in bijection with I1.
Denote by i1 and i2 the element of I1 and I2 respectively that correspond
to an element i ∈ I1. Put I = I0t I1t I2. We define H in the following way.
The set H contains 4 types of arrows:

• an arrow i0 → j0 for each arrow i→ j in H with i, j ∈ I0,
• an arrow i0 → j1 for each arrow i→ j in H with i ∈ I0, j ∈ I1,
• an arrow i2 → j0 for each arrow i→ j in H with i ∈ I1, j ∈ I0,
• an arrow i1 → i2 for each vertex i ∈ I1.

Set I∞ =
∐
d∈N I

d, I
∞

=
∐
d∈N I

d
, where Id, I

d
are the cartesian pro-

ducts. The concatenation yields a monoid structure on I∞ and I
∞

. Let
φ : I∞ → I

∞
be the unique morphism of monoids such that for i ∈ I ⊂ I∞

we have

φ(i) =

{
i0 if i ∈ I0,
(i1, i2) if i ∈ I1.

There is a unique Z-linear map φ : QI → QI such that φ(Iα) ⊂ Iφ(α) for
each α ∈ Q+

I . It is given by

φ(αi) =

{
αi0 if i ∈ I0,
αi1 + αi2 if i ∈ I1.

(4.2)

Let φ denote also the unique additive embedding

φ : XI → XI , εi 7→ εi′ , (4.3)

where

i′ =

{
i0 if i ∈ I0,
i1 if i ∈ I1.

(4.4)

4.2.3 KLR algebras

Let k be a field. Let Γ = (I,H) be a quiver without 1-loops. For r ∈
[1, d− 1] let sr be the transposition (r, r+ 1) ∈ Sd. For i = (i1, · · · , id) ∈ Id
set sr(i) = (i1, · · · , ir−1, ir+1, ir, ir+2, · · · , id). For i, j ∈ I we set

Qi,j(u, v) =

{
0 if i = j,
(v − u)hi,j (u− v)hj,i else.

Definition 4.2.1. The KLR-algebra Rd,k(Γ) is the k-algebra with the set of
generators τ1, · · · , τd−1, x1, · · · , xd, e(i) where i ∈ Id, modulo the following
defining relations

• e(i)e(j) = δi,je(i),
•
∑

i∈Id e(i) = 1,
• xre(i) = e(i)xr,
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• τre(i) = e(sr(i))τr,
• xrxs = xsxr,
• τrxr+1e(i) = (xrτr + δir,ir+1)e(i),
• xr+1τre(i) = (τrxr + δir,ir+1)e(i),
• τrxs = xsτr, if s 6= r, r + 1,
• τrτs = τsτr, if |r − s| > 1,

• τ2
r e(i) =

{
0 if ir = ir+1,
Qir,ir+1(xr, xr+1)e(i) else,

• (τrτr+1τr − τr+1τrτr+1)e(i) ={
(xr+2 − xr)−1(Qir,ir+1(xr+2, xr+1)−Qir,ir+1(xr, xr+1))e(i) if ir = ir+2,
0 else,

for each i, j, r and s. We may write Rd,k = Rd,k(Γ). The algebra Rd,k admits
a Z-grading such that deg e(i) = 0, deg xr = 2, deg τse(i) = −ais,is+1 , for
each 1 6 r 6 d, 1 6 s < d and i ∈ Id.

For each α ∈ Q+
I such that |α| = d consider the following central idem-

potent e(α) =
∑

i∈Iα e(i) ∈ Rd,k. It is a homogeneous idempotent of degree
zero. We have the following decomposition into a sum of unitary k-algebras
Rd,k =

⊕
|α|=dRα,k, where Rα,k = e(α)Rd,k.

Let k
(I)
d be the direct sum of copies of the ring kd[x] := k[x1, · · · , xd]

labelled by Id. We write

k
(I)
d =

⊕
i∈Id

kd[x]e(i), (4.5)

where e(i) is the idempotent of the ring k
(I)
d projecting to the component

i. A polynomial in kd[x] can be considered as an element of k
(I)
d via the

diagonal inclusion. For each i, j ∈ I fix a polynomial Pi,j(u, v) such that we
have Qi,j(u, v) = Pi,j(u, v)Pj,i(v, u). Then by [50, Sec. 3.2] the algebra Rd,k

has a representation in the vector space k
(I)
d such that the element e(i) acts

by the projection to k
(I)
d e(i), the element xr acts by multiplication by xr

and such that for f ∈ kd[x] we have

τr · fe(i) =

{
(xr − xr+1)−1(sr(f)− f)e(i) if ir = ir+1,
Pir,ir+1(xr+1, xr)sr(f)e(sr(i)) otherwise.

(4.6)

We will always choose Pi,j in the following way:

Pi,j(u, v) = (u− v)hj,i .

Remark 4.2.2. There is an explicit construction of a basis of a KLR algebra.
Assume i, j ∈ Iα. Set Si,j = {w ∈ Sd; w(i) = j}. For each permutation
w ∈ Si,j fix a reduced expression w = sp1 · · · spr and set τw = τp1 · · · τpr .
Then the vector space e(j)Rα,ke(i) has a basis {τwxa1

1 · · ·x
ad
d e(i); w ∈

Si,j, a1, · · · , ad ∈ N}. Note that the element τw depends on the reduced
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expression of w. Moreover, if we change the reduced expression of w, then
the element τwe(i) changes only by a linear combination of monomials of
the form τq1 · · · τqtx

b1
1 · · ·x

bd
d e(i) with t < `(w).

Fix a weight Λ =
∑

i∈I niΛi ∈ P
+
I .

Definition 4.2.3. The cyclotomic KLR-algebra RΛ
α,k is the quotient of Rα,k

by the two-sided ideal generated by x
ni1
1 e(i) for i = (i1, · · · , id) ∈ Iα.

For each i ∈ I there is an inclusion Rα,k ⊂ Rα+αi,k that takes e(i) to
e(i, i), xr to xre(i, i), τr to τre(i, i). It factors through a homomorphism
RΛ
α,k → RΛ

α+αi,k
. Let

FΛ
i : mod(RΛ

α,k)→ mod(RΛ
α+αi,k

), EΛ
i : mod(RΛ

α+αi,k
)→ mod(RΛ

α,k)

be the induction and restriction functors with respect to this algebra homo-
morphism.

4.2.4 Balanced KLR algebras

Fix a decomposition I = I0tI1 as in Section 4.2.2 and consider the quiver
Γ = (I,H) as in Section 4.2.2. Recall the decomposition I = I0 t I1 t I2. In
this section we work with the KLR algebra associated with the quiver Γ.

We say that a sequence i = (i1, i2, · · · , id) ∈ I
d

is unordered if there is
an index r ∈ [1, d] such that the number of elements from I2 in the sequence
(i1, i2, · · · , ir) is strictly greater than the number of elements from I1. We
say that it is well-ordered if for each index a such that ia = i1 for some
i ∈ I1, we have a < d and ia+1 = i2. We denote by I

α
ord and I

α
un the subsets

of well-ordered and unordered sequences in I
α

respectively.

Definition 4.2.4. For α ∈ Q+
I

, the balanced quotient S̃α,k(Γ) of Rα,k(Γ) is
the algebra

Rα,k(Γ)/
∑
i∈Iαun

Rα,k(Γ)e(i)Rα,k(Γ).

The map φ from Section 4.2.2 yields a bijection

φ : Q+
I → {α =

∑
i∈I

diαi ∈ Q+
I

; di1 = di2 , ∀i ∈ I1}, α 7→ α.

Fix α ∈ Q+
I . Set e =

∑
i∈Iαord

e(i) ∈ Rα,k(Γ). We also denote by e the image

of e in S̃α,k(Γ).

Definition 4.2.5. For α ∈ Q+
I , the balanced KLR algebra is the algebra

Sα,k(Γ) = eRα,k(Γ)e/
∑
i∈Iαun

eRα,k(Γ)e(i)Rα,k(Γ)e.
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In other words we have Sα,k(Γ) = eS̃α,k(Γ)e. We may write Sα,k(Γ) =
Sα,k.

Remark 4.2.6. Assume that i = (i1, · · · , id) ∈ I
α
ord. Let a be an index such

that ia ∈ I1. We have the relation τ2
ae(i) = (xa+1−xa)e(i) in Rα,k. Moreover,

we have τ2
ae(i) = τae(sa(i))τae(i) and sa(i) is unordered. Thus we have

xae(i) = xa+1e(i) in Sα,k.

4.2.5 The polynomial representation of Sα,k

We assume α =
∑

i∈I diαi ∈ Q
+
I . Let i = (i1, · · · , id) ∈ I

α
ord. Denote by

J(i) the ideal of the polynomial ring kd[x]e(i) ⊂ k
(I)
d generated by the set

{(xr − xr+1)e(i); ir ∈ I1}.

Lemma 4.2.7. Assume that i ∈ I
α
ord and j ∈ I

α
un. Then each element of

e(i)Rα,ke(j) maps kd[x]e(j) to J(i).

Proof. We will prove by induction that each monomial τp1 · · · τpk such that
the permutation w = sp1 · · · spk ∈ Sd satisfies w(j) = i maps kd[x]e(j) to
J(i).

Assume k = 1. Write p = p1. Let us write i = (i1, · · · , id) and
j = (j1, · · · , jd). Then we have i = sp(j). By assumptions we know that there
exists i ∈ I1 such that ip = jp+1 = i1, ip+1 = jp = i2. In this case the sta-
tement is obvious because τp maps fe(j) ∈ kd[x]e(j) to (xp+1− xp)sp(f)e(i)
by (4.6).

Now consider a monomial τp1 · · · τpk such that the permutation w =
sp1 · · · spk satisfies w(j) = i and assume that the statement is true for all
such monomials of smaller length. By assumptions on i and j there is an
index r ∈ [1, d] such that ir = i1 for some i ∈ I1 and w−1(r + 1) < w−1(r).
Thus w has a reduced expression of the form w = srsr1 · · · srh . This implies
that τp1 · · · τpke(j) is equal to a monomial of the form τrτr1 · · · τrhe(j) mo-

dulo monomials of the form τq1 · · · τqtx
b1
1 · · ·x

bd
d e(j) with t < k, see Remark

4.2.2. As the sequence sr(i) is unordered, the case k = 1 and the induction
hypothesis imply the statement.

Lemma 4.2.8. Assume that i, j ∈ Iαord. Then each element of e(i)Rα,ke(j)
maps J(j) into J(i).

Proof. Take y ∈ e(i)Rα,ke(j). We must prove that for each r ∈ [1, d] such
that jr = i1 for some i ∈ I1 and each f ∈ kd[x] we have y((xr−xr+1)fe(j)) ∈
J(i). We have (xr − xr+1)fe(j) = −τ2

r (fe(i)). This implies

y((xr − xr+1)fe(j)) = −yτ2
r (fe(j)) = −yτre(sr(j))(τr(fe(j))).
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Thus Lemma 4.2.7 implies the statement because the sequence sr(j) is unor-
dered.

The representation of Rα,k on

k
(I)
α :=

⊕
i∈Iα

k|α|[x]e(i)

yields a representation of eRα,ke on

k
(I)
α,ord :=

⊕
i∈Iαord

k|α|[x]e(i).

Set Jα,ord =
⊕

i∈Iαord
J(i). From Lemmas 4.2.7, 4.2.8 we deduce the fol-

lowing.

Lemma 4.2.9. The representation of Rα,k on k
(I)
α factors through a repre-

sentation of Sα,k on k
(I)
α,ord/Jα,ord. This representation is faithful.

Proof. The faithfulness is proved in the proof of Theorem 4.2.11.

4.2.6 The comparison of the polynomial representations

Fix α ∈ Q+
I . Set d = |α| and d = |α|. For each sequence i = (i1, · · · , id) ∈

Iα and r ∈ [1, d] we denote by r′ or r′i the positive integer such that r′ − 1
is the length of the sequence φ(i1, · · · , ir−1) ∈ I∞.

For r ∈ [1, d] (resp. r ∈ [1, d − 1]) consider the element x∗r ∈ Sα,k (resp.
τ∗r ∈ Sα,k) such that for each i ∈ Iα we have

x∗re(φ(i)) = xr′e(φ(i)),

τ∗r e(φ(i)) =


τr′e(φ(i)), if ir, ir+1 ∈ I0,
τr′τr′+1e(φ(i)) if ir ∈ I1, ir+1 ∈ I0,
τr′+1τr′e(φ(i)) if ir ∈ I0, ir+1 ∈ I1,
τr′+1τr′+2τr′τr′+1e(φ(i)) if ir, ir+1 ∈ I1, ir 6= ir+1,
−τr′+1τr′+2τr′τr′+1e(φ(i)) if ir = ir+1 ∈ I1.

For each i ∈ Iα we have the algebra isomorphism

kd[x]e(i) ' kd[x]e(φ(i))/J(φ(i)), xre(i) 7→ xr′e(φ(i)).

We will always identify k
(I)
α with k

(I)
α,ord/Jα,ord via this isomorphism.

Lemma 4.2.10. The action of the elements e(i), xre(i), τre(i) of Rα,k on

k
(I)
α is the same as the action of the elements e(φ(i)), x∗re(φ(i)), τ∗r e(φ(i))

of Sα,k on k
(I)
α,ord/Jα,ord.
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Proof. The proof is based on the observation that by construction for each
i ∈ I1 and j ∈ I0 we have

Pi1,j0(u, v)Pi2,j0(u, v) = Pi,j(u, v), (4.7)

Pj0,i1(u, v)Pj0,i2(u, v) = Pj,i(u, v). (4.8)

For each i ∈ Iα, we write φ(i) = (i′1, i
′
2, · · · , i′d). The only difficult part

concerns the operator τre(i) when at least one of the elements ir, ir+1 is in
I1. Assume that ir ∈ I1, ir+1 ∈ I0. In this case we have

i′r′ = (ir)
1 ∈ I1, i′r′+1 = (ir)

2 ∈ I2, i′r′+2 = (ir+1)0 ∈ I0.

In particular, the element i′r′+2 is different from i′r′ and i′r′+1. Then, by (4.6),
for each f ∈ kd[x] the element τ∗r e(φ(i)) = τr′τr′+1e(φ(i)) maps fe(φ(i)) ∈
k

(I)
α,ord/Jα,ord to

Pi′
r′ ,i
′
r′+2

(xr′+1, xr′)sr′
(
Pi′

r′+1
,i′
r′+2

(xr′+2, xr′+1)sr′+1(f)
)
e(sr′sr′+1(φ(i))) =

= Pi′
r′ ,i
′
r′+2

(xr′+1, xr′)Pi′
r′+1

,i′
r′+2

(xr′+2, xr′)sr′sr′+1(f)e(φ(sr(i)))

= Pir,ir+1(xr′+1, xr′)sr′sr′+1(f)e(φ(sr(i))),

where the last equality holds by (4.7). Thus we see that the action of
τ∗r e(φ(i)) on the polynomial representation is the same as the action of
τre(i). The case when ir ∈ I0, ir+1 ∈ I1 can be done similarly.

Assume now that ir 6= ir+1 are both in I1. By the assumption on the
quiver Γ (see Section 4.2.2), there are no arrows in Γ between ir and ir+1.
Thus there are no arrows in Γ between any of the vertices (ir)

1 = i′r′ or
(ir)

2 = i′r′+1 and any of the vertices (ir+1)1 = i′r′+2 or (ir+1)2 = i′r′+3. Then,
by (4.6), for each f ∈ kd[x] the element τ∗r e(i) = τr′+1τr′+2τr′τr′+1e(φ(i))
maps fe(φ(i)) to

sr′+1sr′+2sr′sr′+1(f)e(φ(sr(i))).

Thus we see that the action of τ∗r e(φ(i)) on the polynomial representation
is the same as the action of τre(i).

Finally, assume that ir = ir+1 ∈ I1. In this case we have

(ir)
1 = i′r′ = (ir+1)1 = i′r′+2, (ir)

2 = i′r′+1 = (ir+1)2 = i′r′+3.

Then, by (4.6), for each f ∈ kd[x] the element τ∗r e(φ(i)) =
−τr′+1τr′+2τr′τr′+1e(φ(i)) maps fe(φ(i)) to

sr′+1∂r′+2∂r′(xr′+1 − xr′+2)sr′+1(f)e(φ(sr(i))).

To prove that this gives the same result as for τre(i), it is enough to check this
on monomials xnrx

m
r+1e(i). Assume for simplicity that n > m. The situation

n 6 m can be treated similarly. The element τre(i) maps this monomial to

∂r(x
n
rx

m
r+1)e(i) = −

n−1∑
a=m

xarx
n+m−1−a
r+1 e(i).
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Here the symbol
y∑

a=x
means 0 when y = x− 1. The element τ∗r e(φ(i)) maps

xnr′+1x
m
r′+2e(φ(i)) to

sr′+1∂r′+2∂r′ [x
m+1
r′+1x

n
r′+2 − xmr′+1x

n+1
r′+2]e(φ(i)) =

= sr′+1

(
−(
∑m

a=0 x
a
r′x

m−a
r′+1 )(

∑n−1
b=0 x

b
r′+2x

n−1−b
r′+3 )

+ (
∑m−1

a=0 xar′x
m−1−a
r′+1 )(

∑n
b=0 x

b
r′+2x

n−b
r′+3)

)
e(φ(i))

=
[
−(
∑m

a=0 x
a
r′x

m−a
r′+2 )(

∑n−1
b=0 x

b
r′+1x

n−1−b
r′+3 )

+ (
∑m−1

a=0 xar′x
m−1−a
r′+2 )(

∑n
b=0 x

b
r′+1x

n−b
r′+3)

]
e(φ(i))

=
[
−xmr′ (

∑n−1
b=0 x

b
r′+1x

n−1−b
r′+3 )

+ xnr′+1(
∑m−1

a=0 xar′x
m−1−a
r′+2 )

]
e(φ(i))

=
[
−xmr′+1(

∑n−1
b=0 x

b
r′+1x

n−1−b
r′+2 )

+ xnr′+1(
∑m−1

a=0 xar′+1x
m−1−a
r′+2 )

]
e(φ(i))

= −
[∑n−1

a=m x
a
r′+1x

m+n−1−a
r′+2

]
e(φ(i)).

4.2.7 Isomorphism Φ

Theorem 4.2.11. For each α ∈ Q+
I , there is an isomorphism of algebras

Φα,k : Rα,k → Sα,k such that

e(i) 7→ e(φ(i)),

xre(i) 7→ x∗re(φ(i)),

τre(i) 7→ τ∗r e(φ(i)).

Proof. In view of Lemma 4.2.10, it is enough to prove two following facts:
• the elements e(φ(i)), x∗r , τ

∗
r generate Sα,k,

• the representation k
(I)
α,ord/Jα,ord of Sα,k is faithful.

Fix i, j ∈ Iα. Set i′ = (i′1, · · · , i′d) = φ(i), j′ = φ(j). Let B (resp. B′) be
the basis of e(j)Rα,ke(i) (resp. e(j′)Rα,ke(i

′)) as in Remark 4.2.2. For each
element b = τwx

a1
1 · · ·x

ad
d e(i) ∈ B we construct an element b∗ ∈ e(j′)Sα,ke(i′)

that acts by the same operator on the polynomial representation. Recall
that the definition of b depends on the choice of a reduced expression w =
sp1 · · · spk . We set

b∗ = τ∗p1
· · · τ∗pk(x∗1)a1 · · · (x∗d)ade(i′) ∈ e(j′)Sα,ke(i′).

Let us call the permutation w ∈ Si′,j′ balanced if we have w(a + 1) =
w(a) + 1 for each a such that i′a = i1 for some i ∈ I (and thus i′a+1 = i2).
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Otherwise we say that w is unbalanced. There exists a unique map u : Si,j →
Si′,j′ such that for each w ∈ Si,j the permutation u(w) is balanced and
w(r) < w(t) if and only if u(w)(r′) < u(w)(t′) for each r, t ∈ [1, d], where
r′ = r′i and t′ = t′i are as in Section 4.2.6. The image of u is exactly the set
of all balanced permutations in Si′,j′ .

Assume that w ∈ Si′,j′ is unbalanced. We claim that there exists an index
a such that i′a ∈ I1 and w(a) > w(a+ 1). Really, let J be the set of indices
a ∈ [1, d] such that i′a ∈ I1. As j′ is well-ordered, we have

∑
a∈J(w(a+ 1)−

w(a)) = #J . As w is unbalanced, not all summands in this sum are equal
to 1. Then one of the summands must be negative. Let a ∈ J be an index
such that w(a) > w(a + 1). We can assume that the reduced expression of
w is of the form w = sp1 · · · spksa. In this case the element τwe(i

′) is zero in
Sα,k because the idempotent sa(i

′) is unordered.

Assume that w ∈ Si′,j′ is balanced. Thus there exists some w̃ ∈ Si,j such
that u(w̃) = w. We choose an arbitrary reduced expression w̃ = sp1 · · · spk
and we choose the reduced expression of w = sq1 · · · sqr induced by the
reduced expression of w̃. Then the element τwe(i

′) = τq1 · · · τqre(i′) ∈ Sα,k is
equal to ±(τp1 · · · τpke(i))∗.

The discussion above shows that the image of an element b′ ∈ B′ in
e(j′)Sα,ke(i

′) is either zero or is of the form ±b∗ for some b ∈ B. Moreover,
each b∗ for b ∈ B can be obtained in such a way. Now we get the following.

• The elements e(φ(i)), x∗r , τ
∗
r generate Sα,k because the image of each

element of B′ in e(j′)Sα,ke(i
′) is either zero or a monomial on e(φ(i)),

x∗r , τ
∗
r .

• The representation k
(I)
α,ord/Jα,ord of Sα,k is faithful because the span-

ning set {b∗; b ∈ B} of e(j′)Sα,ke(i
′) acts on the polynomial repre-

sentation by linearly independent operators (because the polynomial
representation of Rα,k is faithful).

The center of the algebra Rα,k is the ring of symmetric polynomials
kd[x]Sd , see [50, Prop. 3.9]. Thus Sα,k is a kd[x]Sd-algebra under the iso-
morphism Φα,k. Let Σ be the polynomial

∏
a<b(xa − xb)

2 ∈ kd[x]Sd . Let
Rα,k[Σ−1], Sα,k[Σ−1] be the rings of quotients of Rα,k, Sα,k obtained by in-
verting Σ. We can extend the isomorphism Φα,k from Theorem 4.2.11 to an
algebra isomorphism Φα,k : Rα,k[Σ−1]→ Sα,k[Σ−1].

From now on, we assume that the connected components of the quiver
Γ are of the form Γa for a ∈ N, a > 1 or a = ∞. Note that there is an

action of the symmetric group Sd on k
(I)
d permuting the variables and the

components of i. Consider the following elements in Rα,k[Σ−1]:

Ψre(i) =


((xr − xr+1)τr + 1)e(i) if ir+1 = ir,
−(xr − xr+1)−1τre(i) if ir+1 = ir − 1,
τre(i) else.
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The element Ψre(i) is called intertwining operator. Using the formulas (4.6)
we can check that Ψre(i) still acts on the polynomial representation and the
corresponding operator is equal to sre(i). Note also that Ψ̃r = (xr−xr+1)Ψr

is an element of Rα,k.

Lemma 4.2.12. The images of intertwining operators by the morphism
Φα,k : Rα,k → Sα,k can be described in the following way. For i ∈ Iα such
that ir − 1 6= ir+1 we have

Φα,k(Ψre(i)) =


Ψr′e(φ(i)), if ir, ir+1 ∈ I0,
Ψr′Ψr′+1e(φ(i)) if ir ∈ I1, ir+1 ∈ I0,
Ψr′+1Ψr′e(φ(i)) if ir ∈ I0, ir+1 ∈ I1,
Ψr′+1Ψr′+2Ψr′Ψr′+1e(φ(i)) if ir, ir+1 ∈ I1.

For i ∈ Iα such that ir − 1 = ir+1 we have

Φα,k(Ψ̃re(i)) =


Ψ̃r′e(φ(i)), if ir, ir+1 ∈ I0,

Ψ̃r′Ψr′+1e(φ(i)) if ir ∈ I1, ir+1 ∈ I0,

Ψr′+1Ψ̃r′e(φ(i)) if ir ∈ I0, ir+1 ∈ I1.

Here r′ = r′i is as in Section 4.2.6.

Proof. The right hand side in the formulas for Φα,k(Ψre(i)) is an element X
in Sα,k[Σ−1] that acts by the same operator that Ψre(i) on the polynomial
representation. However, since the polynomial representation of Sα,k is fai-
thful by Lemma 4.2.9, and since there is a well-defined element of Sα,k which
acts in the same way as X in this polynomial representation, we conclude
that X makes sense as an element of Sα,k.

The goal of the rest of Section 4.2 is to obtain a deformed version of
the isomorphism from Theorem 4.2.11 over some local ring R (see Section
4.2.9). More precisely, the localized Hecke algebra over a field is isomorphic
to the localized KLR algebra (see Section 4.2.11). We want to construct an
R-algebra homomorphism between a localized Hecke algebra and a balanced
analogue of a localized Hecke algebra (see Section 4.2.12 for the choice of
parameters and Section 4.2.13 for the definition of a balanced analogue of
the cyclotomic Hecke algebra) such that this homomorphism is compatible
with the localization of the homomorphism from Theorem 4.2.11 over the
residue field of R and over its field of fractions.

4.2.8 Special quivers

From now on we will be interested only in some special types of quivers.

First, consider the quiver Γ = Γe, where e is an integer > 1. In particular,
from now on we fix I = Z/eZ. Fix k ∈ [0, e − 1] and set I1 = {k}, I0 =
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I\{k}. In this case the quiver Γ is isomorphic to Γe+1. More precisely, the
decomposition I = I0t I2t I2 is such that I1 = {k}, I2 = {k+ 1}. To avoid
confusion, for i ∈ I we will write αi, εi and Λi for αi, εi and Λi respectively.

Remark 4.2.13. If Γ is as above, a sequence i = (i1, · · · , id) ∈ I
d

is well-
ordered if for each index a such that ia = k we have a < d and ia+1 = k+ 1.
The sequence i is unordered if there is r 6 d such that the subsequence
(i1, · · · , ir) contains more elements equal to k+ 1 than elements equal to k.

Let Υ: Z→ Z be the map given for a ∈ Z, b ∈ [0, e− 1] by

Υ(ae+ b) =

{
a(e+ 1) + b if b ∈ [0, k],
a(e+ 1) + b+ 1 if b ∈ [k + 1, e− 1].

(4.9)

Now, consider the quiver Γ̃ = (Γ∞)⊕l. Set Γ̃ = (Ĩ , H̃) and write α̃i, ε̃i
and Λ̃i for αi, εi and Λi respectively for each i ∈ Ĩ. We identify an element
of Ĩ with an element (a, b) ∈ I × [1, l] in the obvious way. Consider the
decomposition Ĩ = Ĩ0 t Ĩ1 such that (a, b) ∈ Ĩ1 if and only if a ≡ k mod e.

In this case the quiver Γ̃ is isomorphic to Γ̃. More precisely, in this case we
have

(a, b)0 = (Υ(a), b),
(a, b)1 = (Υ(a), b),
(a, b)2 = (Υ(a) + 1, b).

To distinguish notations, we will always write φ̃ for any of the maps φ̃ : Ĩ∞ →
Ĩ∞, Q

Ĩ
→ Q

Ĩ
, X

Ĩ
→ X

Ĩ
in Section 4.2.2.

From now on we write Γ = Γe, Γ = Γe+1 and Γ̃ = (Γ∞)⊕l. Recall that

I = Ie = Z/eZ, I = Ie+1 = Z/(e+ 1)Z, Ĩ = (I∞)⊕l = Z× [1, l].

Consider the quiver homomorphism πe : Γ̃→ Γ such that

πe : Ĩ → I, (a, b) 7→ a mod e.

Then πe+1 is a quiver homomorphism πe+1 : Γ̃ → Γ. They yield Z-linear
maps

πe : Q
Ĩ
→ QI , πe : X

Ĩ
→ XI , πe+1 : Q

Ĩ
→ QI , πe+1 : X

Ĩ
→ XI .

The following diagrams are commutative for α ∈ Q+
I , α̃ ∈ Q+

Ĩ
such that

πe(α̃) = α,

Q
Ĩ

φ̃−−−−→ Q
Ĩ

πe

y πe+1

y
QI

φ−−−−→ QI

X
Ĩ

φ̃−−−−→ X
Ĩ

πe

y πe+1

y
XI

φ−−−−→ XI

Ĩ α̃
φ̃−−−−→ Ĩ φ̃(α̃)

πe

y πe+1

y
Iα

φ−−−−→ I
φ(α)
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4.2.9 Deformation rings

In this section we introduce some general definitions from [53] for a later
use.

We call deformation ring (R, κ, τ1, · · · , τl) a regular commutative noethe-
rian C-algebra R with 1 equipped with a homomorphism C[κ, τ1, · · · , τl]→
R. Let κ, τ1, · · · , τr denote also the images of κ, τ1, · · · , τr in R. A deforma-
tion ring is in general position if any two elements of the set

{τu − τv + aκ+ b, κ− c; a, b ∈ Z, c ∈ Q, u 6= v}

have no common non-trivial divisors. A local deformation ring is a deforma-
tion ring which is a local ring and such that τ1, · · · , τl, κ − e belong to the
maximal ideal of R. Note that each C-algebra that is a field has a trivial
local deformation ring structure, i.e., such that τ1 = · · · = τl = 0 and κ = e.
We always consider C as a local deformation ring with a trivial deformation
ring structure. A C-algebra R is called analytic if it is a localization of the
ring of germs of holomorphic functions on some compact polydisc D ⊂ Cd
for some d > 1.

We will write κ = κ(e+ 1)/e, τ r = τr(e+ 1)/e. We will abbreviate R for
(R, κ, τ1, · · · , τl) and R for (R, κ, τ1, · · · , τ l).

Let R be a local analytic deformation ring with residue field k. Consider
the elements qe = exp(2π

√
−1/κ) and qe+1 = exp(2π

√
−1/κ) in R. These

elements specialize to ζe = exp(2π
√
−1/e) and ζe+1 = exp(2π

√
−1/(e+ 1))

in k.

4.2.10 Hecke algebras

Let R be a commutative ring with 1. Fix an element q ∈ R.

Definition 4.2.14. The affine Hecke algebra HR,d(q) is the R-algebra gene-
rated by T1, · · · , Td−1 and the invertible elements X1, · · · , Xd modulo the
following defining relations

TrTs = TsTr if |r − s| > 1, TrTr+1Tr = Tr+1TrTr+1

(Tr − q)(Tr + 1) = 0, TrXr = XrTr if |r − s| > 1,
TrXr+1 = XrTr + (q − 1)Xr+1, TrXr = Xr+1Tr − (q − 1)Xr+1.

Fix elements Q1, · · · , Ql ∈ R.

Definition 4.2.15. The cyclotomic Hecke algebra HQ
d,R(q) is the quotient of

Hd,R(q) by the two-sided ideal generated by (X1 −Q1) · · · (X1 −Ql).
Assume that R = k is a field and q 6= 0, 1, Qr 6= 0. The algebra Hd,k(q)

has a faithful representation in the vector space k[X±1
1 , · · · , X±1

d ] such that
X±1
r acts by multiplication by X±1

r and Tr by

Tr(P ) = qsr(P ) + (q − 1)Xr+1(Xr −Xr+1)−1(sr(P )− P ).
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The following operator acts in k[X±1
1 , · · · , X±1

d ] as the reflection sr

Ψr =
Xr −Xr+1

qXr −Xr+1
(Tr − q) + 1 = (Tr + 1)

Xr −Xr+1

Xr − qXr+1
− 1.

For a future use, consider the element Ψ̃r ∈ Hd,k given by

Ψ̃r = (qXr −Xr+1)Ψr = (Xr −Xr+1)Tr + (q − 1)Xr+1.

Now, consider the subset F = F (q,Q) of k given by

F (q,Q) =
⋃

r∈Z,t∈[1,l]

{qrQt}. (4.10)

We can consider F as the vertex set of a quiver with an arrow i → j if
and only if j = qi. Let M be a finite dimensional HQ

d,k(q)-module. For each

i = (i1, · · · , id) ∈ F d let Mi be the generalized eigenspace of X1, · · · , Xd

with eigenvalues i1, · · · , id. The algebra HQ
d,k(q) contains an idempotent e(i)

which acts on each finite dimensional HQ
d,k(q)-module M by projection to Mi

with respect to
⊕

j6=iMj. For α ∈ Q+
F we consider the central idempotent

e(α) =
∑

i∈Fα e(i). The algebra HQ
d,k decomposes in a direct sum of blocks

HQ
α,k with α ∈ Q+

F where HQ
α,k = e(α)HQ

d,k. See [8] for more details.

4.2.11 The isomorphism between Hecke and KLR algebras

Assume that R = k is a field and q 6= 0, 1.

First, we define some localized versions of Hecke algebras and KLR al-
gebras. Let F be a subset of k such that qZF/qZ is finite. We view F as
the vertex set of a quiver with an arrow i→ j if and only if j = qi. Consider
the algebra

A1 =
⊕
i∈Fd

k[X±1
1 , · · · , X±1

d ][(Xr −Xt)
−1, (qXr −Xt)

−1; r 6= t]e(i),

where e(i) are orthogonal idempotents and Xr commutes with e(i). Let
H loc
d,k(q) be the A1-module given by the extension of scalars from the

k[X±1
1 , · · · , X±1

d ]-module Hd,k(q). It is an A1-algebra such that

Tre(i)− e(sr(i))Tr = (1− q)Xr+1(Xr −Xr+1)−1(e(i)− e(sr(i)))

and

Z−1Tr = TrZ
−1, where Z =

∏
r<t

(Xr −Xt)
2
∏
r 6=t

(qXr −Xt)
2.



132Chapitre 4. KLR algebras and categorical representations

In this section the KLR algebras are always defined with respect to the
quiver F . We consider the algebra

A2 =
⊕
i∈Fd

k[x1, · · · , xd][S−1
i ]e(i),

where

Si = {(xr + 1), (ir(xr + 1)− it(xt + 1)), (qir(xr + 1)− it(xt + 1); r 6= t)}.

There is a k-algebra structure on Rloc
d,k = A2 ⊗k

(F)
d

Rd,k, where k
(F )
d is as in

(4.5).

The polynomial representations of Hd,k(q) and Rd,k yield faithful repre-
sentations of H loc

d,k(q) and Rloc
d,k on A1 and A2 respectively. Moreover, there

is an isomorphism of k-algebras A2 ' A1 given by xre(i) 7→ (i−1
r Xr−1)e(i).

This yields the following proposition.

Proposition 4.2.16. There is an isomorphism of k-algebras Rloc
d,k ' H loc

d,k(q)
such that

e(i) 7→ e(i),

xre(i) 7→ (i−1
r Xr − 1)e(i),

Ψre(i) 7→ Ψre(i).

Now, we consider the subalgebra R̂d,k of Rloc
d,k generated by

• the elements of Rd,k,
• the elements (xr + 1)−1,
• the elements of the form (ir(xr+1)−it(xt+1))−1e(i) such that r 6= t,
ir 6= it,
• the elements of the form (qir(xr + 1) − it(xt + 1))−1e(i) such that
r 6= t, qir 6= it.

Similarly, consider the subalgebra Ĥd,k(q) of H loc
d,k(q) generated by

• the elements of Hd,k(q),
• the elements of the form (Xr −Xt)

−1e(i) such that r 6= t, ir 6= it,
• the elements of the form (qXr −Xt)

−1e(i) such that r 6= t, qir 6= it.

Note that the element Ψre(i) ∈ H loc
d,k(q) belongs to Ĥd,k(q) if ir 6= qir+1.

We have the following lemma, see also [50, Sec. 3.2].

Proposition 4.2.17. The isomorphism Rloc
d,k ' H loc

d,k(q) from Proposition

4.2.16 restricts to an isomorphism R̂d,k ' Ĥd,k(q).

Fix Q = (Q1, · · · , Ql), Qr ∈ k, Qr 6= 0. Let F = F (q,Q) ⊂ k be as in
(4.10). Consider the weight Λ =

∑l
r=1 ΛQr ∈ P+

F .
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Corollary 4.2.18. There is an isomorphism between the cyclotomic KLR
algebra RΛ

d,k associated with the quiver F and the cyclotomic Hecke alge-

bra HQ
d,k(q). Moreover, this isomorphism takes the block RΛ

α,k to the block

HQ
α,k(q).

Proof. The cyclotomic quotients Rd,k → RΛ
d,k and Hd,k(q)→ HQ

d,k(q) factor
through

R̂d,k

Rd,k RΛ
d,k,

@
@@R
-

�
�
��

Ĥd,k(q)

Hd,k(q) HQ
d,k(q)

Q
QQs

-
�
��3

because the elements (ir(xr + 1)− ir(xr + 1))e(i), for r 6= t, ir 6= it, etc., are
invertible in e(i)RΛ

d,ke(i) (or resp. e(i)HQ
d,k(q)e(i)). Thus the isomorphism

R̂d,k ' Ĥd,k(q) yields an isomorphism RΛ
d,k ' H

Q
d,k(q).

4.2.12 The choice of the parameters

Let R be a local deformation ring with residue field k and field of
fractions K. Fix a tuple ν = (ν1, · · · , νl) ∈ Zl. Put q = qe and Qr =
exp(2π

√
−1(νr + τr)/κ) for r ∈ [1, l]. The canonical morphism R → k

maps qe to ζe and Qr to ζνre . Let Hν
d,R(qe) be the cyclotomic Hecke al-

gebra over R with parameters q, Qr. Set Hν
d,k(ζe) = k ⊗R Hν

d,R(qe) and
Hν
d,K(qe) = K ⊗R Hν

d,R(qe).
Fix k ∈ [0, e − 1]. To this k we associate a map Υ: Z → Z as in (4.9).

Consider the tuple

ν = (ν1, · · · , νl) ∈ Zl, νr = Υ(νr) ∀r ∈ [1, l]. (4.11)

Consider the cyclotomic Hecke algebraHν
d,R

(qe+1) with parameters q = qe+1,

Q = (Q1, · · · , Ql), where Qr = exp(2π
√
−1(νr+τ r)/κ) and κ, τ r are defined

in Section 4.2.9. Set

Hν
d,k

(ζe+1) = k⊗R H
ν
d,R

(qe+1), Hν
d,K

(qe+1) = K ⊗R H
ν
d,R

(qe+1).

4.2.13 The deformation of the homomorphism Φα,k

Let Γ = (I,H), Γ = (I,H) and Γ̃ = (Ĩ , H̃) be as in Section 4.2.8. We
have the following isomorphisms of quivers

Ĩ ' F (qe, Q), i = (a, b) 7→ pi := exp(2π
√
−1(a+ τb)/κ), (4.12)

Ĩ ' F (qe+1, Q), i = (a, b) 7→ pi := exp(2π
√
−1(a+ τ b)/κ), (4.13)
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where F (q,Q) is as in (4.10), Q and Q are as in Section 4.2.12, a ∈ Z,
b ∈ [1, l]. Notice that Qr = p(νr,r) and Qr = p(νr,r) for each r.

The map R → k takes F (qe, Q) to F (ζe, Q) and F (qe+1, Q) to
F (ζe+1, Q). We have the following isomorphisms of quivers

I ' F (ζe, Q), i 7→ pi := ζie, (4.14)

I ' F (ζe+1, Q), i 7→ pi := ζie+1. (4.15)

These isomorphisms yield the following commutative diagrams

Ĩ
∼−−−−→ F (qe, Q)

πe

y y
I

∼−−−−→ F (ζe, Q),

Ĩ
∼−−−−→ F (qe+1, Q)

πe+1

y y
I

∼−−−−→ F (ζe+1, Q).

We will identify

I ' F (ζe, Q), I ' F (ζe+1, Q), Ĩ ' F (qe, Q), Ĩ ' F (qe+1, Q) (4.16)

as above.
Recall from Section 4.2.10 that the cyclotomic Hecke algebra Hν

d,k(ζe)

contains some idempotents e(i) for i ∈ Id. These idempotents lift to idem-
potents in the R-algebra Hν

d,R(qe) because this algebra is free over R by [41,
Thm. 2.2] and R is a local algebra, see, e.g., [14, Ex. 6.16]. We also denote
these idempotents e(i).

By base change we have the K-algebra Hν
d,K(qe) which contains some

idempotents e(j) ∈ Hν
d,K(qe) for j ∈ Ĩd. The idempotent e(i) ∈ Hν

d,R(qe)
decomposes in Hν

d,K(qe) in the following way

e(i) =
∑

j∈Ĩd,πe(j)=i

e(j).

We have the decompositions

Hν
d,R(qe) =

⊕
α∈Q+

I ,|α|=d

Hν
α,R(qe),

Hν
d,K(qe) =

⊕
α∈Q+

I ,|α|=d

Hν
α,K(qe),

where
Hν
α,K(qe) =

⊕
α̃∈Q+

Ĩ
,πe(α̃)=α

Hν
α̃,K(qe).

Our goal is to obtain an analogue of Theorem 4.2.11 over the ring R.
First, consider the algebras Ĥd,k(ζe) and Ĥd,K(qe) defined in the same way
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as in Section 4.2.11 with respect to the sets F (ζe, Q) ⊂ k and F (qe, Q) ⊂ K,
where Q is as in Section 4.2.12. We can consider the R-algebra Ĥd,R(qe) defi-

ned in a similar way with respect to the same set of idempotents as Ĥd,k(qe).

Sometimes we will write Ĥν
d,k(ζe), Ĥ

ν
d,k(qe) and Ĥν

d,K(qe) to specify the pa-
rameter ν (the l-tuple Q in Section 4.2.12 depends on the l-tuple ν). Note
that the algebra Ĥd (over k, R or K) admits the same block decomposition
as the block decomposition for the cyclotomic Hecke algebra Hν

d described
above.

Now, we define the algebra ŜHα,k(ζe+1) that is a Hecke analogue of
a localization of the balanced KLR algebra Sα,k. To do so, consider the

idempotent e =
∑

i∈Iαord
e(i) in Ĥν

α,k
(ζe+1). We set

ŜHα,k(qe+1) = eĤν
α,R

(qe+1)e/
∑
j∈Iαun

eĤν
α,R

(qe+1)e(j)Ĥν
α,R

(qe+1)e.

We define the K-algebra ŜHα,K(qe+1) as a similar quotient of eHν
α,K

(qe+1)e

by the two-sided ideal generated by {e(j); j ∈ Ĩαun)}. Finally, we define

the R-algebra ŜHα,R(qe+1) as the image in ŜHα,K(qe+1) of the following
composition of homomorphisms

eĤν
α,R

(qe+1)e→ eĤν
α,K

(qe+1)e→ ŜHα,K(qe+1).

Remark 4.2.19. By Proposition 4.2.17 we have algebra isomorphisms

R̂α,k(Γ) ' Ĥα,k(ζe), R̂α,K(Γ̃) ' Ĥα,K(qe),

R̂α,k(Γ) ' Ĥα,k(ζe+1), R̂α,K(Γ̃) ' Ĥα,K(qe+1),

from which we deduce that

Ŝα,k(Γ) ' ŜHα,k(ζe+1), Ŝα,K(Γ̃) ' ŜHα,K(qe+1).

We may use these isomorphisms without mentioning them explicitly.
Using the identifications above between KLR algebras and Hecke algebras,
a localization of the isomorphism in Theorem 4.2.11 yields an isomorphism

Φα,k : Ĥα,k(ζe)→ ŜHα,k(ζe+1). (4.17)

In the same way we also obtain an algebra isomorphism

Φα̃,K : Ĥα̃,K(qe)→ ŜH
φ̃(α̃),K

(qe+1)

for each α̃ ∈ Q+

Ĩ
. Taking the sum over all α̃ ∈ Q+

Ĩ
such that πe(α̃) = α yields

a isomorphism
Φα,K : Ĥα,K(qe)→ ŜHα,K(qe+1). (4.18)
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Lemma 4.2.20. The homomorphism eĤν
α,R

(qe+1)e→ eĤν
α,k

(ζe+1)e factors

through a homomorphism ŜHα,R(qe+1)→ ŜHα,k(ζe+1).

Proof. In Section 4.2.5 we constructed a faithful polynomial representation
of Sα,k. Let us call it Polk. It is constructed as a quotient of the standard
polynomial representation of eRα,ke. After localization we get a faithful

representation P̂olk of Ŝα,k. Thus the kernel of the algebra homomorphism

eR̂α,ke→ Ŝα,k is the annihilator of the representation P̂olk. We can transfer
this to the Hecke side and we obtain that the kernel of the algebra homomor-
phism eĤν

α,k
(ζe+1)e→ ŜHα,k(ζe+1) is the annihilator of the representation

P̂olk. Similarly, we can characterize the kernel of the algebra homomorphism
eĤν

α,K
(qe+1)e→ ŜHα,K(qe+1) as the annihilator of a similar representation

P̂olK .

The K-vector space P̂olK has an R-submodule P̂olR stable by the ac-
tion of eĤν

α,R
(qe+1)e such that k⊗R P̂olR = P̂olk and it is compatible with

the algebra homomorphism eĤν
α,R

(qe+1)e→ eĤν
α,k

(ζe+1)e. By definition of

ŜHα,R(qe+1) and the discussion above, the kernel of the algebra homomor-

phism eĤν
α,R

(qe+1)e → ŜHα,R(qe+1) is formed by the elements that act by

zero on P̂olK . Thus each element of this kernel acts by zero on P̂olR. This
implies, that an element of the kernel of eĤν

α,R
(qe+1)e→ ŜHα,R(qe+1) spe-

cializes to an element of the kernel of eĤν
α,k

(qe+1)e → ŜHα,R(qe+1). This

proves the statement.

Lemma 4.2.21. There is a unique algebra homomorphism
Φα,R : Ĥα,R(qe) → ŜHα,R(qe+1) such that the following diagram is
commutative

Ĥα,k(ζe)
Φα,k−−−−→ ŜHα,k(ζe+1)x x

Ĥα,R(qe)
Φα,R−−−−→ ŜHα,R(qe+1)y y

Ĥα,K(qe)
Φα,K−−−−→ ŜHα,K(qe+1).

Proof. First we consider the algebras H loc
α,k(ζe), H

loc
α,R(qe) and H loc

α,K(qe) ob-

tained from Ĥα,k(ζe), Ĥα,R(qe) and Ĥα,K(qe) by inverting

• (Xr −Xt), (ζeXr −Xt) with r 6= t,
• (Xr −Xt), (qeXr −Xt) with r 6= t,
• (Xr −Xt), (qeXr −Xt) with r 6= t
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respectively. Let SH loc
α,k

and SH loc
α,K

be the localizations of ŜHα,k and ŜHα,K

such that the isomorphisms Φα,k and Φα,K above induce isomorphisms

Φα,k : H loc
α,k(ζe)→ SH loc

α,k
(ζe+1)

Φα,K : H loc
α,K(qe)→ SH loc

α,K
(qe+1).

Let SH loc
α,R

be the image in SH loc
α,K

of the following composition of homo-

morphisms

eH loc
α,R

(qe+1)e→ eH loc
α,K

(qe+1)e→ SH loc
α,K

(qe+1).

Next, we want to prove that there exists an algebra homomorphism
Φα,R : H loc

α,R(qe) → SH loc
α,R

(qe+1) such that the following diagram is commu-

tative:

H loc
α,k(ζe)

Φα,k−−−−→ SH loc
α,k

(ζe+1)x x
H loc
α,R(qe)

Φα,R−−−−→ SH loc
α,R

(qe+1)y y
H loc
α,K(qe)

Φα,K−−−−→ SH loc
α,K

(qe+1).

(4.19)

We just need to check that the map Φα,K takes an element of
H loc
α,R(qe) to an element of SH loc

α,R
(qe+1) and that it specializes to the map

Φα,k : H loc
α,k(ζe) → SH loc

α,k
(ζe+1). We will check this on the generators e(i),

Xre(i) and Ψre(i) of H loc
α,R(qe).

This is obvious for the idempotents e(i).
Let us check this for Xre(i). Assume that i ∈ Iα and j ∈ Ĩ |α| are such

that we have πe(j) = i. Write i′ = φ(i) and j′ = φ̃(j). Set r′ = r′j = r′i, see
the notation in Section 4.2.6. By Theorem 4.2.11 and Proposition 4.2.16 we
have

Φα,K(Xre(j)) = p−1
j′
r′
pjrXr′e(j

′).

Since, p−1
j′
r′
pjr depends only on i and r and e(i) =

∑
πe(j)=i e(j), we deduce

that
Φα,K(Xre(i)) = p−1

j′
r′
pjrXr′e(i

′).

Thus the element Φα,K(Xre(i)) is in SH loc
α,R and its image in SH loc

α,k is

p−1
i′
r′
pirXr′e(i

′) = Φα,k(Xre(i)).
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Next, we consider the generators Ψre(i). We must prove that for each j
such that πe(j) = i and for each r we have

• Φα,K(Ψre(j)) = Ξe(j′), for some element Ξ ∈ H loc
α,R(qe) that depends

only on r and i,
• the image of Ξe(i′) in SH loc

α,k
(qe+1) under the specialization R→ k is

Φα,k(Ψre(i)).
This follows from Lemma 4.2.12.

Now we obtain the diagram from the claim of Lemma 4.2.21 as the
restriction of the diagram (4.19).

4.3 The category O

4.3.1 Affine Lie algebras

Let N , l ∈ Z>0 and e ∈ Z>1. Let R be a deformation ring, see Section
4.2.9. Set

gR = glN (R), ĝR = ĝlN (R) = glN (R)[t, t−1]⊕R1⊕R∂.

For i, j ∈ [1, N ] let ei,j ∈ gR denote the matrix unit. Let hR ⊂ gR be the
Cartan subalgebra generated by the ei,i’s, and ε1, · · · , εN be the basis of h∗R
dual to e1,1, · · · , eN,N . Let P = Zε1 ⊕ · · · ⊕ZεN be the weight lattice of gR.

We identify P with ZN . Let Π, Π̂ ⊂ h∗R be the sets of simple roots of gR and

ĝR. Let W = SN be the Weyl group of gR and W̃ = W nZΠ, Ŵ = W nP
be the affine and the extended affine Weyl groups.

Recall that I ∈ Z/eZ. We still consider the quiver Γ = (I,H) as in
Section 4.2.8. In particular, we have XI = Xe, PI = Pe, see Section 4.2.1 for
the notation. Then we define the element wte(λ) ∈ XI given by

wte(λ) =
N∑
s=1

ελr ,

where we write ελr for ε(λr mod e). We will abbreviate

P [µ] = {λ ∈ P ; wte(λ) = µ}. (4.20)

Similarly, we consider the weight

wtδe(λ) =

N∑
r=1

ελr + (

N∑
r=1

λr)δ ∈ Xδ
e .

Finally, let XI [N ] ⊂ XI be the subset given by

XI [N ] = {µ =

e∑
r=1

µrεr ∈ XI ; µr > 0,

e∑
r=1

µr = N}.
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We may identify µ with the tuple (µ1, · · · , µe) if no confusion is possible.

Now, consider the Cartan subalgebra ĥR = hR⊕R1⊕R∂ of ĝR. Let Λ0

and δ be the elements of ĥ∗R defined by

δ(∂) = Λ0(1) = 1, δ(hR ⊕R1) = Λ0(hR ⊕R∂) = 0.

Let (•, •) : ĥ∗R × ĥ∗R → R be the bilinear form such that

λ(α∨r ) = (λ, αr), λ(∂) = (λ,Λ0), ∀λ ∈ ĥ∗R.

Set PR = P ⊗Z R. Given a composition ν = (ν1, · · · , νl) of N , we define

ρ = (0,−1, · · · ,−N + 1),
ρν = (ν1, ν1 − 1 · · · , 1, ν2, · · · , 1, · · · , νl, · · · , 1),
τ = (τν1

1 , · · · , τνll ),

where τνrr means νr copies of τr. Set also

ρ̂ = ρ+NΛ0, λ̃ = λ+ τ + zλδ − (N + κ)Λ0, (4.21)

where zλ = (λ, 2ρ+λ)/2κ. Denote by p̂R,ν the parabolic subalgebra of ĝR of
parabolic type ν. For a ν-dominant weight λ ∈ P let ∆(λ)R be the parabolic
Verma module with highest weight λ̃ and ∆λ

R = ∆(λ − ρ)R. We will also
skip the subscript R when R = C.

4.3.2 Extended affine Weyl groups

Assume that R = C. In this section we discuss some combinatorial as-
pects of the Ŵ -action on ĥ∗.

The group Ŵ is generated by {π, si; i ∈ Z/NZ} modulo the relations

s2
i = 1,

sisj = sjsi ∀i 6= j ± 1,
sisi+1si = si+1sisi+1,
πsi+1 = siπ.

Let W̃ be the subgroup of Ŵ generated by {si; i ∈ Z/NZ}. The group

Ŵ acts on P in the following way:

• sr switches of the rth and (r + 1)th components of λ if r 6= 0,
• s0(λ1, · · · , λN ) = (λN − e, λ2, · · · , λN−1, λ1 + e),
• π(λ1, · · · , λN ) = (λ2, · · · , λN , λ1 + e).

We will call this representation of Ŵ on P the e-action. We may write
P (e) = P to stress that we consider the e-action of Ŵ on P . The map

P (e) → ĥ∗, λ 7→ λ̃− ρ+ ρ̂
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is Ŵ -invariant. This means that the weights λ1, λ2 ∈ P are in the same
Ŵ -orbit if and only if the highest weights of the Verma modules ∆λ1 and
∆λ2 are linked with respect to the Weyl group Ŵ , see [56, Sec. 3.2] and [19,
Sec. 2.3] for more details about linkage. Note that P =

∐
µ∈XI [N ] P [µ] is the

decomposition of P into Ŵ -orbits with respect to the e-action. An element
λ ∈ P is e-anti-dominant if λ1 6 λ2 6 · · · 6 λN 6 λ1 + e.

Recall the map Υ: Z→ Z from (4.9). Applying Υ coordinate by coordi-
nate to the elements of P we get a map Υ: P (e) → P (e+1).

Lemma 4.3.1. The map Υ: P (e) → P (e+1) is Ŵ -invariant and takes e-
anti-dominant weights to (e+ 1)-anti-dominant weights.

4.3.3 The standard representation of s̃le

Let ei, fi, hi the generators of the complex Lie algebra s̃le = sle ⊗
C[t, t−1]⊕C1. Let Ve be a C-vector spaces with canonical basis {v1, · · · , ve}
and set Ue = Ve ⊗ C[z, z−1]. The vector space Ue has a basis {ur; r ∈ Z}
where ua+eb = va ⊗ z−b for a ∈ [1, e], b ∈ Z. It has a structure of an s̃le-
module such that

fi(ur) = δi≡rur+1, ei(ur) = δi≡r−1ur−1.

Let {v′1, · · · , v′e+1}, {u′r; r ∈ Z} denote the bases of Ve+1 and Ue+1.

Fix an integer 0 6 k < e. Consider the following inclusion of vector
spaces

Ve ⊂ Ve+1, vr 7→
{
v′r if r 6 k,
v′r+1 if r > k.

It yields an inclusion sle ⊂ sle+1 such that

er 7→


er if r ∈ [1, k − 1],

[ek, ek+1] if r = k,
er+1 if r ∈ [k + 1, e− 1],

fr 7→


fr if r ∈ [1, k − 1],

[fk+1, fk] if r = k,
fr+1 if r ∈ [k + 1, e− 1],

hr 7→


hr if r ∈ [1, k − 1],

hk + hk+1 if r = k,
hr+1 if r ∈ [k + 1, e− 1].

This inclusion lifts uniquely to an inclusion s̃le ⊂ s̃le+1 such that

e0 7→
{

e0 if k 6= 0,
[e0, e1] else,
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f0 7→
{

f0 if k 6= 0,
[f1, f0] else,

h0 7→
{

h0 if k 6= 0,
h0 + h1 else.

Consider the inclusion Ue ⊂ Ue+1 such that ur 7→ u′Υ(r).

Lemma 4.3.2. The embeddings Ve ⊂ Ve+1 and Ue ⊂ Ue+1 are compatible
with the actions of sle ⊂ sle+1 and s̃le ⊂ s̃le+1 respectively.

4.3.4 Categorical representations

Let R be a C-algebra. Fix an invertible element q ∈ R, q 6= 1. Let C be
an exact R-linear category.

Definition 4.3.3. A representation datum in C is a tuple (E,F,X, T ) where
(E,F ) is a pair of exact functors C → C and X ∈ End(F )op, T ∈ End(F 2)op

are endomorphisms of functors such that for each d ∈ N, there is an R-
algebra homomorphism ψd : Hd,R(q)→ End(F d)op given by

Xr 7→ F d−rXF r−1 ∀r ∈ [1, d],
Tr 7→ F d−r−1TF r−1 ∀r ∈ [1, d− 1].

Now, assume that R = k is a field. Assume that C is a Hom-finite abelian
category. Let F be a subset of k such that qZF/qZ is finite. We view F as
the vertex set of a quiver with an arrow i→ j if and only if j = qi.

Remark 4.3.4. Assume that we have a representation datum in a k-linear
category C such that the functors E and F are biadjoint. Then by adjunction
we have an algebra isomorphism End(Ed) ' End(F d)op. In particular we
get an algebra homomorphism Hd,k → End(Ed).

Definition 4.3.5. An slF -categorical representation in C is the datum of
a representation datum (E,F,X, T ) and a decomposition C =

⊕
µ∈XF

Cµ
satisfying the conditions (a) and (b) below. For i ∈ F let Ei, Fi be endo-
functors of C such that for each M ∈ C the objects Ei(M), Fi(M) are the
generalized i-eigenspaces of X acting on E(M) and F (M) respectively, see
also Remark 4.3.4. We assume that

(a) F =
⊕

i∈F Fi and E =
⊕

i∈F Ei,
(b) Ei(Cµ) ⊂ Cµ+αi and Fi(Cµ) ⊂ Cµ−αi .

Remark 4.3.6. In this case the homomorphism ψd : Hd,k → End(F d)op ex-

tends to a homomorphism Ĥd,k → End(F d)op, where Ĥd,k is as in Section
4.2.11.

There is an alternative definition of a categorical representation, where
the affine Hecke algebra Hd,k(q) is replaced by a KLR algebra. In this section
we allow Γ = (I,H) be an arbitrary quiver without 1-loops.
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Definition 4.3.7. A gI -categorical representation (E,F, x, τ) on C is the fol-
lowing data:

(1) a decomposition C =
⊕

µ∈XI Cµ,
(2) a pair of biadjoint exact endofunctors (E,F ) of C,
(3) morphisms of functors x : F → F , τ : F 2 → F 2,
(4) decompositions E =

⊕
i∈I Ei, F =

⊕
i∈I Fi,

satisfying the following conditions.
(a) We have Ei(Cµ) ⊂ Cµ+αi , Fi(Cµ) ⊂ Cµ−αi .
(b) For each d ∈ N there is an algebra homomorphism ψd : Rd,k →

End(F d)op such that ψd(e(i)) is the projector to Fid · · ·Fi1 , where
i = (i1, · · · , id) and

ψd(xr) = F d−rxF r−1, ψd(τr) = F d−r−1τF r−1.

(c) For each M ∈ C the endomorphism of F (M) induced by x is nil-
potent.

Assume that there is an isomorphism of quivers I ' F . Then Definitions
4.3.5, 4.3.7 are equivalent by Proposition 4.2.17.

4.3.5 From s̃le+1-categorical representations to s̃le-categorical
representations

Recall that we fix Γ = (I,H) and Γ = (I,H) as in Section 4.2.8. In
particular, we have XI = Xe, XI = Xe+1.

Assume that R = k is a field. Let C be a Hom-finite abelian k-linear
category. Let

E = E0 ⊕ E1 ⊕ · · · ⊕ Ee, F = F 0 ⊕ F 1 ⊕ · · · ⊕ F e

be endofunctors defining a categorical s̃le+1-representation in C. Let

ψd : Rd,k → End(F
d
)op be the corresponding algebra homomorphism. We

set F i = F id · · ·F i1 for any tuple i = (i1, · · · , id) ∈ I
d

and Fα =
⊕

i∈Iα F i

for any element α ∈ Q+
I

. If |α| = d let ψα : Rα,k → End(Fα)op be the

α-component of ψd.
Now, recall the notation X+

I
from (4.1). Assume that

Cµ = 0, ∀µ ∈ XI\X
+
I
. (4.22)

For µ ∈ X+
I set Cµ = Cφ(µ), where the map φ is as in (4.3). Let C =⊕

µ∈X+
I
Cµ.

Remark 4.3.8. (a) C is stable by F i, Ei for each i 6= k, k + 1,
(b) C is stable by F k+1F k, EkEk+1,
(c) F idF id−1

· · ·F i1(M) = 0 for each M ∈ C whenever the sequence
(i1, · · · , id) is unordered (see Sections 4.2.4 and 4.2.8).
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Consider the following endofunctors of C:

F0 = F 0

∣∣
C , · · · , Fk−1 = F k−1

∣∣
C , Fk = F k+1F k

∣∣
C ,

Fk+1 = F k+2

∣∣
C , · · · , Fe−1 = F e

∣∣
C ,

E0 = E0

∣∣
C , · · · , Ek−1 = Ek−1

∣∣
C , Ek = EkEk+1

∣∣
C ,

Ek+1 = Ek+2

∣∣
C , · · · , Ee−1 = Ee

∣∣
C .

Similarly to the notations above we set Fi = Fid · · ·Fi1 for any tuple i =
(i1, · · · , id) ∈ Id and Fα =

⊕
i∈Iα Fi for any element α ∈ Q+

I . Note that we
have Fi = F φ(i)

∣∣
C for each i ∈ Iα.

Let α ∈ NI and α = φ(α). Note that we have

Fα =
⊕
i∈Iαord

F i

∣∣
C .

The homomorphism ψα yields a homomorphism eRα,ke → End(Fα)op,
where e =

∑
i∈Iαord

e(i). By (c), the homomorphism eRα,ke → End(Fα)op

factors through a homomorphism Sα,k → End(Fα)op. Let us call it ψ
′
α.

Then we can define an algebra homomorphism ψα : Rα,k → End(Fα)op by

setting ψα = ψ
′
α ◦ Φα,k.

Now, Theorem 4.2.11 implies the following result.

Lemma 4.3.9. For each category C as above that satisfies (4.22), we have a
categorical representation of s̃le in the subcategory C of C given by functors
Fi, Ei and the algebra homomorphisms ψα : Rα,k → End(Fα)op.

4.3.6 The category O

Let R be a deformation ring. Fix a composition ν = (ν1, · · · , νl) of N .
First we define an R-deformed version of the category Oν−e. Recall that we
identify the weight lattice P with ZN . We say that λ ∈ P is ν-dominant if
λr > λr+1 for each r ∈ [1, N − 1]\{ν1, ν1 + ν2, · · · , ν1 + · · ·+ νl}. Let P ν be
the set of ν-dominant weights of P . Set also P ν [µ] = P ν ∩P [µ], where P [µ]
is as in (4.20). Let OνR be the R-linear abelian category of finitely generated

ĝR-modules M which are weight ĥR-modules, and such that the p̂R,ν-action
on M is locally finite over R, and the highest weight of any subquotient of
M is of the form λ̃ with λ ∈ P ν , where λ̃ is defined in (4.21). Let Oνµ,R be

the Serre subcategory of OνR generated by the modules ∆λ
R for all λ ∈ P ν [µ].

Let Oν,∆R ⊂ OνR be the full subcategory of ∆-filtered modules.
Let Ue, Ve be as in Section 4.3.3. Set ∧νUe = ∧ν1Ue ⊗ · · · ⊗ ∧νlUe. For

each λ ∈ P ν define the following element in ∧νUe :

∧νλ = (uλ1 ∧ · · · ∧ uλν1 )⊗ · · · ⊗ (uλ1+···+λl−1+1 ∧ · · · ∧ uλν1+···+λνl ).
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The obvious s̃le-action on Ue yields an s̃le-action on ∧νUe. We identify the
abelian group Xe/Z(ε1 + · · ·+εe) with the weight lattice of sle. In particular
each element µ ∈ Xe yields a weight of sle. For each µ ∈ Xe[N ] let (∧νUe)µ
be the weight space in ∧νUe corresponding to µ.

Set Oν−e,R =
⊕

µ∈Xe[N ]O
ν
µ,R and similarly for Oν,∆−e,R. Now we define

a representation datum in the category Oν,∆−e,R. See [53, Sec. 5.4] for more
details. From now on, we assume that R is either a local analytic deformation
ring in general position of dimension 6 2 or a field. Let k andK be its residue
field and the field of fractions respectively. For an exact category C denote
by [C] its complexified Grothendieck group. The following proposition holds,
see [53].

Proposition 4.3.10. There is a pair of exact endofunctors E, F of Oν,∆−e,R
such that the following properties hold.

(a) the functors E, F commute with the base changes K ⊗R •, k⊗R •.
(b) (Oν,∆−e,R, E, F ) admits a representation datum structure.
(c) E, F extend to a pair of biadjoint functors Oν−e,R → Oν−e,R if R is a

field.
(d) There are decompositions E =

⊕
i∈I Ei, F =

⊕
i∈I Fi such that

Ei(O
ν,∆
µ,R) ⊂ Oν,∆µ+αi,R

, Fi(O
ν,∆
µ,R) ⊂ Oν,∆µ−αi,R.

(e) There is a vector space isomorphism [Oν,∆µ,R] ' (∧νU)µ such that the

functors Fi, Ei act on [Oν,∆−e,R] =
⊕

µ∈Xe[N ][O
ν,∆
µ,R] as the standard

generators ei, fi of s̃le.
(f) If R = k with the trivial deformation ring structure, then Ei, Fi

yield a categorical representation of s̃le in Oν−e,k.

Fix k ∈ [0, e− 1]. Recall the map Υ: P → P from Section 4.3.2 and the
map φ : XI → XI from (4.3). Set µ′ = µ−αk and µ = φ(µ). Set, µ0 = µ−αk
and µ′ = µ− αk − αk+1. Note that Υ(P [µ]) ⊂ P [µ]. For k 6= 0 we have

µ = (µ1, · · · , µk, µk+1, · · · , µe),
µ′ = (µ1, · · · , µk − 1, µk+1 + 1, · · · , µe),
µ = (µ1, · · · , µk, 0, µk+1, · · · , µe),
µ0 = (µ1, · · · , µk − 1, 1, µk+1, · · · , µe),
µ′ = (µ1, · · · , µk − 1, 0, µk+1 + 1, · · · , µe).

For an e-tuple a = (a1, · · · , ae) of nonnegative integers we set 1a =
(1a1 , · · · , eae). Note that we have

Υ(1µ) = 1µ, Υ(1µ′) = 1µ′ . (4.23)
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Remark 4.3.11. The set P [a] is a Ŵ -orbit in P (e). It is a union of W̃ -orbits
and each of them contains a unique e-anti-dominant weight. By definition,
the weight 1a ∈ P [a] is e-anti-dominant. However, there is no canonical way
to choose 1a. In the case k = 0 we need to change our convention and to set
1a = (0ae , 1ae , · · · , (e− 1)ae−1). This change is necessary to have (4.23).

First, assume that l = N and ν = (1, 1, · · · , 1). In this case we will omit
the upper index ν.

Lemma 4.3.12. There is an equivalence of categories θµµ : Oµ,R → Oµ,R

such that θµµ(∆λ
R) ' ∆

Υ(λ)

R
. It restricts to an equivalence of categories

θµµ : O∆
µ,R → O∆

µ,R
.

Proof. For each n ∈ Z the weight πn(1µ) is e-anti-dominant. Let Oπn(1µ),R ⊂
Oµ,R be the Serre subcategory generated by the Verma modules of the form

∆
wπn(1µ)
R with w ∈ W̃ . We have

Oµ,R =
⊕
n∈Z
Oπn(1µ),R.

The weights πn(1µ) ∈ P (e) and πn(1µ) ∈ P (e+1) have the same stabilizers in

W̃ . Thus by [19, Thm. 11] (see also [53, Prop. 5.24]) we have an equivalence
of categories

Oπn(1µ),R ' Oπn(1µ),R, ∆
wπn(1µ)
R 7→ ∆

wπn(1µ)

R
∀w ∈ W̃ .

Taking the sum by all n ∈ Z we get an equivalence of categories

θµµ : Oµ,R ' Oµ,R, ∆
w(1µ)
R 7→ ∆

w(1µ)

R
∀w ∈ Ŵ .

Recall that we have Υ(1µ) = 1µ. Thus by Ŵ -invariance of Υ we get

θµµ(∆λ
R) ' ∆

Υ(λ)

R
∀λ ∈ P [µ].

Remark 4.3.13. Notice that [19] yields an equivalence of categories over a
field. It is explained in [53] how to get from it an equivalence of catego-
ries O∆

R . First, comparing the endomorphisms of projective generators one
gets an equivalence of the abelian categories OR. Then, comparing the hi-
ghest weight structure in both sides, we deduce an equivalence of additive
categories O∆

R .

The equivalence θµµ restricts to equivalences Oνµ,R ' Oν
µ,R

and Oν,∆µ,R '
Oν,∆
µ,R

for each parabolic type ν, see [53, Sec. 5.7.2]. We will also call this

equivalence θµµ. We obtain equivalences of categories θµ
′

µ′ : O
ν
µ′,R
' Oνµ′,R and

θµ
′

µ′ : O
ν,∆

µ′,R
' Oν,∆µ′,R in a similar way.
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Conjecture 4.3.14. There are the following commutative diagrams

Oν,∆
µ,R

Oν,∆
µ0,R

O
ν,∆

µ′,R

Oν,∆µ,R Oν,∆µ′,R

-Fk -
Fk+1

?

θµ
′
µ′

6
θµµ

-
Fk

and

Oν,∆
µ,R

Oν,∆
µ0,R

Oν,∆
µ′,R

Oν,∆µ,R Oν,∆µ′,R

?

θµµ

�Ek �
Ek+1

6
θµ
′
µ′

�
Ek

.

4.3.7 The commutativity in the Grothendieck groups

We have the following commutative diagram of vector spaces

[Oν,∆−e−1,R
] −−−−→ ∧νUe+1

⊕µθµµ

x x
[Oν,∆−e,R] −−−−→ ∧νUe,

where the horizontal maps are respectively the isomorphisms of s̃le-modules
and s̃le+1-modules from Proposition 4.3.10 (e), the right vertical map is
given by the injection Ue → Ue+1 in Section 4.3.3. Moreover, the right
vertical map is a morphism of s̃le-modules where ∧νUe+1 is viewed as an
s̃le-module via the inclusion s̃le ⊂ s̃le+1 introduced in Section 4.3.3. Thus
⊕µθµµ : [Oν,∆−e,R]→ [Oν,∆−e−1,R

] is a morphism of s̃le-modules which intertwines

• [Er] with [Er], [Fr] with [F r] if r ∈ [1, k − 1],
• [Ek] with [EkEk+1]− [Ek+1Ek], [Fk] with [F k+1F k]− [F kF k+1],
• [Er] with [Er+1], [Fr] with [F r+1] if r ∈ [k + 1, e− 1].

In particular, we see that the diagrams from Conjecture 4.3.14 com-
mute at the level of Grothendieck groups. Since there is no good
notion of projective functors in the affine category O, this is not
enough to prove our conjecture.

4.3.8 Partitions

A partition of an integer n > 0 is a tuple of positive integers (λ1, · · · , λs)
such that λ1 > λ2 > · · · > λs and

∑s
t=1 λt = n. Denote by Pn the set of
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all partitions of n and set P =
∐
n∈N Pn. For a partition λ = (λ1, · · · , λs)

of n, we set |λ| = n and `(λ) = s. An l-partition of an integer n > 0 is
an l-tuple λ = (λ1, · · · , λl) of partitions of integers n1, · · · , nl > 0 such that∑l

t=1 nt = n. Let P ln be the set of all l-partitions of n and set P l =
∐
n∈N P ln.

A partition λ can be represented by a Young diagram Y (λ) and an
l-partition λ = (λ1, · · · , λl) by an l-tuple of Young diagrams Y (λ) =
(Y (λ1), · · · , Y (λl)).

Let λ ∈ P l be an l-partition. For a box b ∈ Y (λ) situated in the ith
row, jth column of the rth component we define its residue Resν(b) ∈ I as

νr + j − i mod e and its deformed residue R̃esν(b) ∈ Ĩ as (νr + j − i, r). Set

Resν(λ) =
∑

b∈Y (λ)

αResν(b) ∈ Q+
I , R̃esν(λ) =

∑
b∈Y (λ)

α̃
R̃esν(b)

∈ Q+

Ĩ
.

Now for α ∈ Q+
I and α̃ ∈ Q+

Ĩ
set

P lα = {λ ∈ P l; Resν(λ) = α}, P lα̃ = {λ ∈ P l; R̃esν(λ) = α̃}.

This notation depends on ν. We may write P lα,ν and P lα̃,ν to specify ν. We
have decompositions

P ld =
⊕

α∈Q+
I ,|α|=d

P lα, P lα =
⊕

α̃∈Q+

Ĩ
,πe(α̃)=α

P lα̃.

4.3.9 The category A

Let Pνd ⊂ P ld be the subset of the elements λ = (λ1, · · · , λl) such that
`(λr) 6 νr for each r ∈ [1, l]. We can view λ as the weight in P given by

(λ1
1, · · · , λ1

`(λ1), 0
m1−`(λ1), λ2

1, · · · , λ2
`(λ2), 0

m2−`(λ2), · · · , λl1, · · · , λl`(λl), 0
ml−`(λl)).

Then, we set ω(λ) = λ− ρ+ ρν in P .

Definition 4.3.15. Let Aν
R[d] ⊂ Oν−e,R be the Serre subcategory generated

by the modules ∆(ω(λ))R with λ ∈ Pνd , see Section 4.3.1. Denote by Aν,∆
R [d]

the full subcategory of ∆-filtered modules in Aν
R[d].

We abbreviate ∆[λ]R = ∆(ω(λ))R. The restriction of the functor F to
the subcategory Aν

R[d] yields a functor Aν
R[d] → Aν

R[d + 1]. However, it is
not true that E(Aν

R[d+ 1]) ⊂ Aν
R[d]. Nevertheless, we can define a functor

E : Aν
R[d+1]→ Aν

R[d] that is left adjoint to F : Aν
R[d]→ Aν

R[d+1], see [53,
Sec. 5.9].

There is a decomposition Aν
R[d] =

⊕
α∈Q+

I ,|α|=d
Aν
R[α], where Aν

R[α] is

the Serre subcategory of Aν
R[d] generated by the Verma modules ∆[λ]R such

that λ ∈ P lα. The functors E, F admit decompositions

E =
⊕
i∈I

Ei, F =
⊕
i∈I

Fi



148Chapitre 4. KLR algebras and categorical representations

such that for each α ∈ Q+
I and i ∈ I we have

Ei(A
ν
R[α]) ⊂ Aν

R[α− αi], Fi(A
ν
R[α]) ⊂ Aν

R[α+ αi].

4.3.10 The change of level for A

For λ1, λ2 ∈ P we write λ1 > λ2 if (λ1)r > (λ2)r for each r ∈ [1, N ].
Here, (λi)r is the rth entry of λi for each r. We identify QI with a sublattice
of Xδ

I via the map ιδ defined in Section 4.2.1.

Lemma 4.3.16. (a) For each λ1, λ2 ∈ P we have wtδe(λ1)−wtδe(λ2) ∈ QI .
(b) If we also have λ1 6 λ2, then wtδe(λ1)−wtδe(λ2) ∈ Q+

I .

Proof. It is enough to assume that we have λ1 = λ2− εr for some r ∈ [1, N ].
In this case we have wtδe(λ1) −wtδe(λ2) = αi, where i ∈ I is the residue of
the integer (λ1)r modulo e.

Let us write ∅ for the empty l-partition. Note that ∆[∅]R = ∆ρν
R is the

Verma module of highest weight ρ̃ν − ρ. Since, ρν lies in P [wte(ρν)], we have
∆[∅]R ∈ Oνwte(ρν),R. More generally, fix an element α =

∑
i∈I diαi in Q+

I .

Put µ = wte(ρν)− α ∈ XI . See [53, Sec. 2.3] for the definition of a highest
weight category over a local ring. The following proposition holds, see [53,
Sec. 5.5].

Proposition 4.3.17. The category Aν
R[α] is a full subcategory of Oνµ,R that

is a highest weight category.

For λ ∈ P ld let P [λ]R, ∇[λ]R and T [λ]R be the projective, costandard
and the tilting objects in Aν

R[d] with parameter λ, see [53, Prop. 2.1].
Set α = φ(α) ∈ QI , µ = φ(µ) ∈ XI and β = wtδe+1(ρν)−wtδe+1(Υ(ρν)).

By Lemma 4.3.16, we have β ∈ Q+
I

.

Proposition 4.3.18. The equivalence of categories θµµ takes the subcategory
Aν
R[α] of Oνµ,R to the subcategory Aν

R
[β + α] of Oν

µ,R
.

Let the map φ : QI → QI be as in Section 4.2.2 (see also Section 4.2.8)
and Υ be as in (4.9). First, we prove the following lemma.

Lemma 4.3.19. If λ1, λ2 ∈ P , then

wtδe+1(Υ(λ1))−wtδe+1(Υ(λ2)) = φ(wtδe(λ1)−wtδe(λ2)).

Proof of Lemma 4.3.19. It is enough to prove the statement in the case when
we have λ1 = λ2 − εr for some r ∈ [1, N ]. In this case we have wtδe(λ1) −
wtδe(λ2) = αi, where i is the residue of (λ1)r modulo e. If i 6= k then we have
wtδe+1(Υ(λ1))−wtδe+1(Υ(λ2)) = αi′ = φ(αi), where i′ is as in (4.4). If i = k
then we have wtδe+1(Υ(λ1))−wtδe+1(Υ(λ2)) = αk + αk+1 = φ(αk).
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Proof of Proposition 4.3.18. By definition, Aν
R[α] ⊂ Oνµ,R is the Serre sub-

category of Oνµ,R generated by ∆λ
R such that the weight λ ∈ P ν satisfies

λ > ρν and wtδe(ρν) − wtδe(λ) = α. Here > is the order defined before
Lemma 4.3.16.

As θµµ(∆λ
R) is isomorphic to ∆

Υ(λ)

R
, Lemma 4.3.19 implies that θµµ(Aν

R[α])

is the Serre subcategory of Oνµ,R generated by ∆λ
R

for λ ∈ P ν such that

λ > Υ(ρν) and wtδe+1(Υ(ρν))−wtδe+1(λ) = α.

Moreover, for each module ∆λ
R
∈ Oν

µ,R
, the weight λ has no coordinates

that are congruent to k + 1 modulo e + 1. Then λ satisfies λ > ρν if and
only if it satisfies λ > Υ(ρν). We have wtδe+1(ρν)−wtδe+1(Υ(ρν)) = β. Thus

θµµ(Aν
R[α]) is the Serre subcategory of Oν

µ,R
generated by the modules ∆λ

R

where λ runs over the set of all λ ∈ P ν such that λ > ρν and wtδe+1(ρν) −
wtδe+1(λ) = α+ β. This implies θµµ(Aν

R[α]) = Aν
R

[α+ β].

4.3.11 The category A

From now on, to avoid cumbersome notation we will use the following
abbreviations. First, for each α ∈ Q+

I we set

AνR[α] = Aν
R

[β + α], AνR[d] =
⊕
|α|=d

AνR[α], AνR =
⊕
d∈N
AνR[d].

Next, we define the endofunctors E0, · · · , Ee−1, F0, · · · , Fe−1 of Aν,∆R (or of
AνR is R is a field) by

F0 = F 0

∣∣
Aν,∆R

, · · · , Fk−1 = F k−1

∣∣
Aν,∆R

, Fk = F k+1F k
∣∣
Aν,∆R

,

Fk+1 = F k+2

∣∣
Aν,∆R

, · · · , Fe−1 = F e
∣∣
Aν,∆R

, (4.24)

E0 = E0

∣∣
Aν,∆R

, · · · , Ek−1 = Ek−1

∣∣
Aν,∆R

, Ek = EkF k+1

∣∣
Aν,∆R

,

Ek+1 = Ek+2

∣∣
Aν,∆R

, · · · , Ee−1 = Ee
∣∣
Aν,∆R

.

By definition, we have Ei(Aν,∆R [α]) ⊂ Aν,∆R [α − αi] and Fi(Aν,∆R [α]) ⊂
Aν,∆R [α + αi]. Consider the endofunctors E =

⊕
i∈I Ei and F =

⊕
i∈I Fi of

Aν,∆R . We have E(Aν,∆R [d]) ⊂ Aν,∆R [d− 1] and F (Aν,∆R [d]) ⊂ Aν,∆R [d+ 1].
Let θα : Aν

R[α] → AνR[α] be the equivalence of categories in Proposition
4.3.18. Taking the sum over α’s, we get an equivalence θ : Aν

R → AνR and an
equivalence θd : Aν

R[d]→ AνR[d]. Moreover, we have the following commuta-
tive diagram of Grothendieck groups

[Aν,∆
R ]

Fi−−−−→ [Aν,∆
R ]

θ

y θ

y
[Aν,∆R ]

Fi−−−−→ [Aν,∆R ],

(4.25)
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see Section 4.3.7.
For λ ∈ P ld we set ∆[λ]R = ∆

Υ(ρν+λ)

R
∈ AνR[d]. By construction we

have θd(∆[λ]R) ' ∆[λ]R. Let PR[λ], ∇R[λ] and TR[λ] be the projective, the
costandard and the tilting object with parameter λ in AνR[d].

4.3.12 The categorical representation in the category O over
the field K

In this section we compare the categorical representation in Oν−e,K with

the representation datum in Oν,∆−e,R introduced above. First, for each λ ∈ P
we define the following weight in X+

Ĩ

w̃te(λ) =
l∑

r=1

 ν1+···+νr∑
t=ν1+···+νr−1+1

ε̃(λt,r)

 .

For µ̃ ∈ X+

Ĩ
let Oνµ̃,K be the Serre subcategory of Oν−e,K generated by

the Verma modules ∆λ
K such that w̃te(λ) = µ̃. This decomposition is a

refinement of the decomposition Oν−e,K =
⊕

µ∈XI O
ν
µ,K introduced in Section

4.3.6. More precisely, we have

Oνµ,K =
⊕

µ̃∈X+

Ĩ
,πe(µ̃)=µ

Oνµ̃,K .

Similarly, there are decompositions

E =
⊕
j∈Ĩ

Ej , F =
⊕
j∈Ĩ

Fj (4.26)

such that Ej and Fj map Oµ̃,K to Oµ̃+α̃j ,K and Oµ̃−α̃j ,K respectively. We
set

Ei =
⊕

j∈Ĩ,πe(j)=i

Ej , Fi =
⊕

j∈Ĩ,πe(j)=i

Fj .

We have commutative diagrams

Oν,∆−e,R
Ei−−−−→ Oν,∆−e,R

K⊗R•
y K⊗R•

y
Oν,∆−e,K

Ei−−−−→ Oν,∆−e,K ,

Oν,∆−e,R
Fi−−−−→ Oν,∆−e,R

K⊗R•
y K⊗R•

y
Oν,∆−e,K

Fi−−−−→ Oν,∆−e,K .

For each element α̃ ∈ Q+

Ĩ
let Aν

K [α̃] be the Serre subcategory of Aν
K

generated by the Verma modules ∆[λ]K such that λ ∈ P lα̃,ν . Similarly to
Section 4.3.9, we have

Ej(A
ν
K [α̃]) ⊂ Aν

K [α̃− α̃j ], Fj(A
ν
K [α̃]) ⊂ Aν

K [α̃+ α̃j ].
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See [53, Sec. 7.4] for details.

Similarly, for j ∈ Ĩ we can define the endofunctor Ej , F j of the categories
Oν−e−1,K

and A
ν
K .

The decomposition Aν
K [α] =

⊕
πe(α̃)=α Aν

K [α̃] yields a decomposition
AνK [α] =

⊕
πe(α̃)=αAνK [α̃]. We also consider the endofunctors Ej , Fj of AνK

such that for j = (a, b) ∈ Ĩ we have the following analogue of (4.24):

Ej =

{
E(Υ(a),b)

∣∣
AνK

if πe(j) 6= k,

E(Υ(a),b)E(Υ(a)+1,b)

∣∣
AνK

if πe(j) = k,

Fj =

{
F (Υ(a),b)

∣∣
AνK

if πe(j) 6= k,

F (Υ(a)+1,b)F (Υ(a),b)

∣∣
AνK

if πe(j) = k.

We have Ej(AνK [α̃]) ⊂ AνK [α̃− α̃j ] and Fj(AνK [α̃]) ⊂ AνK [α̃+ α̃j ].

4.3.13 The modules Tα,R, Tα,R

Consider the module Tα,R = Fα(∆[∅]R) in Aν
R[α] and the module

Tα,R = Fα(∆[∅]R) in AνR[α]. The commutativity of the diagram (4.25) im-
plies that we have the following equality of classes [θα(Tα,R)] = [Tα,R] in
[AνR]. The modules Tα,R ∈ Aν

R[α] and Tα,R ∈ AνR[α] are tilting because
∆[∅]R ∈ Aν

R[0] and ∆[∅]R ∈ AνR[0] are tilting and the functors F and F
preserve tilting modules, see [53, Lem. A.23, Lem. 5.16 (b)]. Since a tilting
module is characterized by its class in the Grothendieck group, we deduce
that there is an isomorphism of modules

θα(Tα,R) ' Tα,R. (4.27)

From now on, we assume that νr > |α| for each r ∈ [1, l]. Consider the
weight

Λν :=
l∑

r=1

Λνr ∈ PI . (4.28)

We may abbreviate Λ = Λν . Assume that R = k. The following result is
proved in [53, Theorem 5.37].

Proposition 4.3.20. The homomorphism Rα,k → End(Fα(∆[∅]k))op indu-

ced by the categorical representation of s̃le in Oν−e,k yields an isomorphism

ψα,k : RΛ
α,k ' End(Tα,k)op.

Consider the category C = Oν−e−1,k
. Now we must construct a similar

isomorphism ψα,k : RΛ
α,k ' End(Tα,k)op coming from the s̃le+1-categorical

representation in C.
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Lemma 4.3.9 yields a categorical representation of s̃le in a subcategory
C of C. As we have ∆[∅]R ∈ C, there is an algebra homomorphism

Rα,k → End(Tα,k)op. (4.29)

Lemma 4.3.21. The homomorphism (4.29) factors through a homomor-
phism ψα,k : RΛ

α,k → End(Tα,k)op.

Proof. The statement follows from Lemma 4.3.22 below applied to M =
∆[∅]k.

Lemma 4.3.22. Let C =
⊕

µ∈XI Cµ be a categorical representation of gI
over k. Let M ∈ C such that there are non-negative integers ti for i ∈ I such
that

• End(M) ' k,
• EiFi(M) 'M⊕ti , ∀ i ∈ I.

Then, for each d ∈ N, the homomorphism Rd,k → End(F d(M))op factors
through the cyclotomic quotient with respect to the weight

∑
i∈I tiΛi.

Proof. It suffices to prove the statement for d = 1. By adjunction we have
the following isomorphisms of vector spaces

Hom(Fi(M), Fi(M)) ' Hom(EiFi(M),M) ' Hom(M,M)⊕ti ' kti .

The image of x in End(Fi(M)) is nilpotent. Thus it must be killed by the
tith power because dim End(Fi(M)) = ti.

Remark 4.3.23. The lemma above admits the following equivalent version.

Let C =
⊕

µ∈XF
Cµ be a categorical representation of gF over k. Let

M ∈ C be an object such that there are non-negative integers ti for i ∈ F
such that ti is non-zero only for finitely many i and

• End(M) ' k,
• EiFi(M) 'M⊕ti , ∀ i ∈ F .

For each d ∈ N, the homomorphism Hd,k(q) → End(F d(M))op factors

through the cyclotomic quotient HQ
d,k(q), where Q is a tuple of elements

of F such that Q contains ti copies of the element i for each i ∈ F .

Now we are going to prove that the algebra homomorphism ψα,k
constructed in Lemma 4.3.21 is an isomorphism. To do this, we will use
a deformation argument. Recall from Corollary 4.2.18 that the cyclotomic
KLR algebra RΛ

α,k is isomorphic to the cyclotomic Hecke algebra Hν
α,k(ζe).

We will use the algebra Hν
α,R(qe) as an R-version of RΛ

α,k.
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Remark 4.3.24. The homomorphism Hd,R(qe+1) → End(F
d
(∆[∅]R))op co-

ming from the representation datum structure commutes with base changes
k⊗R • and K ⊗R •, see [53, Prop. 8.14].

Lemma 4.3.25. For each d ∈ N the homomorphism Hd,R(qe+1) →
End(F

d
(∆[∅]R))op extends to the algebra Ĥd,R(qe+1) in such a way that the

idempotent e(i) goes to the projector to F i(∆[∅]R) for each i.

Proof. We must prove that for each i ∈ Id we have the following.
(a1) The element (Xr − Xt)e(i) ∈ Hd,R(qe+1) acts on Fi(∆[∅]R) by an

invertible operator for each r 6= t such that ir 6= it.
(a2) The element (qe+1Xr −Xt)e(i) ∈ Hd,R(qe+1) acts on Fi(∆[∅]R) by

an invertible operator for each r 6= t such that ir + 1 6= it.
To prove this we need the following standard lemma.

Lemma 4.3.26. Let M be an R-module. Let φ : M → M be an endomor-
phism of M .

(a) If M is finitely generated over R and the endomorphism kφ of k⊗RM
is surjective then φ is surjective.

(b) If M is free over R and the endomorphism Kφ of K⊗RM is injective
then φ is injective.

We have a commutative diagram

Hd,k(ζe+1) −−−−→ End(F
d
(∆[∅]k))opx x

Hd,R(qe+1) −−−−→ End(F
d
(∆[∅]R))opy y

Hd,K(qe+1) −−−−→ End(F
d
(∆[∅]K))op

By Remark 4.3.6 the top and the bottom vertical homomorphisms extend
to homomorphisms

Ĥd,k(ζe+1)→ End(F
d
(∆[∅]k))op

and
Ĥd,K(qe+1)→ End(F

d
(∆[∅]K))op.

In particular the elements from (a1) and (a2) go to elements of Hd,k(ζe+1)

and Hd,K(qe+1) that act on F i(∆[∅]k) and F i(∆[∅]K) by invertible operators.
To conclude we apply Lemma 4.3.26 to each weight space of the R-module
F i(∆[∅]R) (that is a free R-module of finite rank because F i(∆[∅]R) is tilting
by [53, Lem. A.23, Lem. 5.16 (b)]).
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The homomorphism Ĥd,R(qe+1) → End(F
d
(∆[∅]R))op from Lemma

4.3.25 yields a homomorphism Ĥα,R(qe+1) → End(Fα(∆[∅]R))op for each

α ∈ Q+
I . Consider the sum e =

∑
i∈Iαord

e(i) in Ĥα,R(qe+1). We get an alge-

bra homomorphism

eĤα,R(qe+1)e→ End(Tα,R)op (4.30)

because Tα,R =
⊕

i∈Iαord
F i(∆[∅]R).

Lemma 4.3.27. The homomorphism (4.30) factors through ŜHα,R(qe+1).

Proof. We can construct a K-linear version eĤα,K(qe+1)e → End(Tα,K)op

of the homomorphism (4.30). It factors through a homomorphism

ŜHα,K(qe+1) → End(Tα,K)op because F j(∆[∅]K) = 0 for each j ∈ Ĩαun.
Here we set

Ĩαun =
∐

α̃∈Q+

Ĩ
,πe+1(α̃)=α

Ĩ α̃un.

Moreover, we have a commutative diagram

eĤα,R(qe+1)e −−−−→ End(Tα,R)opy y
eĤα,K(qe+1)e −−−−→ End(Tα,K)op.

(4.31)

By definition, the kernel of the homomorphism

eĤα,R(qe+1)e→ ŜHα,R(qe+1)

is the intersection of the kernel of the homomorphism

eĤα,K(qe+1)e→ ŜHα,K(qe+1)

with eĤα,R(qe+1)e. This proves the statement because the right vertical map

in (4.31) is injective because the module Tα,R is tilting.

Composing the homomorphism ŜHα,R(qe+1)→ End(Tα,R)op in Lemma
4.3.27 with the homomorphism Φα,R in Lemma 4.2.21 yield an algebra ho-
momorphism

Ĥα,R(qe)→ End(Tα,R)op (4.32)

Note that there is a surjective algebra homomorphism Ĥα,R(qe) →
Hν
α,R(qe) (see also Corollary 4.2.18).

Lemma 4.3.28. The homomorphism (4.32) factors through a homomor-
phism ψα,R : Hν

α,R(qe)→ End(Tα,R)op.
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Proof. The proof is similar to the proof of Lemma 4.3.27. The K-linear
version Ĥα,K(qe) → End(Tα,K)op of this homomorphism factors through
the cyclotomic quotient Hν

d,K(qe) by Remark 4.3.23. Then we deduce the
statement from the commutativity of the following diagram

Ĥα,R(qe) −−−−→ End(Tα,R)opy y
Ĥα,K(qe) −−−−→ End(Tα,K)op.

The algebra homomorphism ψα,R in Lemma 4.3.28 is an R-linear version

of the homomorphism ψα,k in Lemma 4.3.21.

4.3.14 The proof of invertibility

The goal of this section is to prove that the homomorphism ψα,R in
Lemma 4.3.28 is an isomorphism.

Consider the functors

Ψν
α : Aν

R[α]→ mod(Hν
α,R(qe)), M 7→ Hom(Tα,R,M),

Ψ
ν
α : AνR[α]→ mod(Hν

α,R(qe)), M 7→ Hom(Tα,R,M),

where Hom(Tα,R,M) and Hom(Tα,R,M) are considered as Hν
d,R(qe)-

modules with respect to the homomorphisms ψα,R and ψα,R.

Let us abbreviate Ψ = Ψν
α, Ψ = Ψ

ν
α TR = Tα,R and TR = Tα,R. We

may write ΨR, ΨR to specify the ring R. For λ ∈ P lα,ν denote by S[λ]R the
Specht module of Hν

α,R(qe). We will use similar notation for k or K instead
of R. See also [53, Sec. 2.4.3].

Lemma 4.3.29. (a) The homomorphism ψα,K : Hν
α,K(qe)→ End(TK)op is

an isomorphism.
(b) For each λ ∈ P lα,ν we have Ψ(∆[λ]K) ' S[λ]K .

Proof. First, we prove that the homomorphism ψα,K is injective. The alge-
bra Hν

α,K(qe) is finite dimensional and semi-simple. Its center is spanned by

the idempotents e(α̃) such that α̃ ∈ Q+

Ĩ
and πe(α̃) = α. The idempotent

e(α̃) acts on TK = Fα(∆[∅]K) by projection onto Fα̃(∆[∅]K). Thus, to prove
the injectivity of ψα,K we need to check that Fα̃(∆[∅]K) is nonzero whe-
never e(α̃) is nonzero. Similarly to the argument in Section 4.3.7, we see
that the equivalence θ : Aν

K ' AνK yields an isomorphism of Grothendieck
groups [Aν

K ] ' [AνK ] that commutes with functors Fj . Thus the module
Fα̃(∆[∅]K) ∈ AνK is nonzero if and only if the module Fα̃(∆[∅]K) ∈ Aν

K is
nonzero. By [53, Prop. 5.22 (d)], the module Fα̃(∆[∅]K) ∈ Aν

K is nonzero
whenever e(α̃) is nonzero. Thus ψα,K is injective.
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Thus it is also surjective because

dimK H
ν
α,K(qe) = dimK End(TK)op = dimK End(TK)op,

where the first equality holds by [53, Prop. 5.22 (d)] and the second holds
by (4.27). This implies part (a).

The discussion above implies that TK contains each ∆[λ]K , λ ∈ P lα as a
direct factor. In particular TK is a projective generator of AνK [α]. Thus ΨK

is an equivalence of categories. It must take ∆[λ]K to S[λ]K because S[λ]K
is the unique simple module in the block mod(Hν

α̃,K(qe)) of mod(Hν
α,K(qe)).

Lemma 4.3.30. (a) The homomorphism ψα,K : Hν
α,R(qe) → End(TR)op is

an isomorphism.
(b) For each λ ∈ P lα,ν we have Ψ(∆[λ]R) ' S[λ]R.

Proof. Consider the endomorphism u of Hν
α,R(qe) obtained from the follo-

wing chain of homomorphisms

u : Hν
α,R(qe)

ψα,R→ EndAν (TR)op θ−1
α→ EndAν (TR)op

ψ−1
α,R→ Hν

α,R(qe).

The invertibility of ψα,R is equivalent to the invertibility of u. By [53,
Prop. 2.22] to prove that u is an isomorphism it is enough to show that
its localization Ku : Hν

α,K(qe) → Hν
α,K(qe) is an isomorphism and that

Ku induces the identity map on Grothendieck groups [mod(Hν
α,K(qe))] →

[mod(Hν
α,K(qe))]. The bijectivity of Ku follows from Lemma 4.3.29 (a).

Now we check the condition on the Grothendieck group. We already
know from [53, Prop. 5.22 (c)] and the proof of Lemma 4.3.29 that ΨK and
ΨK are equivalences of categories. Thus, by semisimplicity of the categories
Aν
K [α], AνK [α] and mod(Hν

α,K(qe)), we have an isomorphism of functors

ΨK ' ΨK ◦ θα because ΨK(M) ' ΨK ◦ θα(M) for each M ∈ Aν
K [α]. This

implies that Ku is the identity on the Grothendieck group. This proves part
(a).

Part (b) follows from Lemma 4.3.29 and the characterization of Specht
modules, see [53, Sec. 2.4.3].

Remark 4.3.31. There is no reason why the automorphism u : Hν
α,R(qe) →

Hν
α,R(qe) in the proof of Lemma 4.3.30 should be identity. Because of this the

functor Ψ has no reason to coincide with Ψ◦θα. However the automorphism
u of Hν

α,R(qe) induces an autoequivalence u∗ of mod(Hν
α,R(qe)) such that we

have
Ψ = u∗ ◦Ψ ◦ θα. (4.33)

Now, specializing to k, we obtain the following.
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Corollary 4.3.32. (a) The homomorphism ψα,k : RΛ
α,k → End(Tk)op is an

isomorphism.
(b) For each λ ∈ P lα,ν we have Ψk(∆[λ]k) ' S[λ]k.

4.3.15 The rational Cherednik algebras

Let R be a local commutative C-algebra with residue field C. Let W be
a complex reflection group. Denote by S = S(W ) and A the set of pseudo-
reflections in W and the set of reflection hyperplanes respectively. Let h be
the reflection representation of W over R. Let c : S → R be a map which is
constant on the W -conjugacy classes.

Denote by 〈•, •〉 the canonical pairing between h∗ and h. For each s ∈ S
fix a generator αs ∈ h∗ of Im(s

∣∣
h∗
− 1) and a generator α̌s ∈ h of Im(s

∣∣
h
− 1)

such that 〈αs, α̌s〉 = 2.

Definition 4.3.33. The rational Cherednik algebra Hc(W, h)R is the quotient
of the smash product RW n T (h⊕ h∗) by the relations

[x, x′] = 0, [y, y′] = 0, [y, x] = 〈x, y〉 −
∑
s∈S

cs〈αs, y〉〈x, α̌s〉s,

for each x, x′ ∈ h∗, y, y′ ∈ h. Here T (•) denotes the tensor algebra.

Denote by Oc(W, h)R the category O of Hc(W, h)R, see [23, Sec. 3.2] and
[53, Sec. 6.1.1]. Let E be an irreducible representation of CW .

Definition 4.3.34. A Verma module associated with E is the following mo-
dule in Oc(W, h)R

∆R(E) := Ind
Hc(W,h)R
RWnS(h)(RE).

Here each element x ∈ h acts on RE by zero.

The category Oc(W, h)R is a highest weight category over R with stan-
dard modules ∆R(E).

We call a subgroup W ′ of W parabolic if it is a stabilizer of some point of
b ∈ h. In this case W ′ is a complex reflection group with reflection represen-
tation h/hW

′
, where hW

′
is the set of W ′-stable points in h. Moreover, the

map c : S(W ) → R restricts to a map c : S(W ′) → R. There are induction
and restriction functors

OIndWW ′ : Oc(W ′, h/hW
′
)R → Oc(W, h)R,

OResWW ′ : Oc(W, h)R → Oc(W ′, h/hW
′
)R,

see [7]. The definitions of these functors depend on b but their isomorphism
classes are independent of the choice of b.

The following lemma holds.

Lemma 4.3.35. Assume that W ′ and W ′′ are conjugated parabolic sub-
groups in W . Let P ∈ Oc(W, h)R be a projective module. Then the following
conditions are equivalent
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• the module P is isomorphic to a direct factor of the module
OIndWW ′(P

′) for some projective module P ′ ∈ Oc(W ′, h/hW
′
)R,

• the module P is isomorphic to a direct factor of a module
OIndWW ′′(P

′′) for some projective module P ′′ ∈ Oc(W ′′, h/hW
′′
)R.

Proof. Let w be an element of W such that wW ′w−1 = W ′′. The conju-
gation by w yields an isomorphism W ′ ' W ′′. Hence, the element w takes
hW

′
to hW

′′
. Thus we get an isomorphism of algebras Hc(W

′, h/hW
′
)R '

Hc(W
′′, h/hW

′′
)R and an equivalence of categories Oc(W ′, h/hW

′
)R '

Oc(W ′′, h/hW
′′
)R. Moreover, the conjugation by w yields an automorphism

t of Hc(W, h)R such that for each x ∈ h∗, y ∈ h, u ∈W we have

t(x) = w(x), t(y) = w(y), t(u) = wuw−1.

The following diagram of functors is commutative up to equivalence of func-
tors

Oc(W, h)R
t∗←−−−− Oc(W, h)R

OIndW
W ′

x OIndW
W ′′

x
Oc(W ′, h/hW

′
)R ←−−−− Oc(W ′′, h/hW

′′
)R

To conclude, we only need to prove that the pull-back t∗ induces the
identity map on the Grothendieck group of Oc(W, h)R (and thus it maps
each projective module to an isomorphic one). This is true because t∗ maps
each Verma module ∆(E)R to an isomorphic one because the representation
E of W does not change the isomorphism class when we twist the W -action
by an inner automorphism.

4.3.16 The cyclotomic rational Cherednik algebra

From now on, we assume that R is either a local analytic deformation
ring in general position of dimension 6 2 or a field. Let k and K be its
residue field and the field of fractions respectively.

Let Γ ' Z/lZ be the group of complex lth roots of unity and set Γd =
Sd n Γd. For γ ∈ Γ, r ∈ [1, l] denote by γr the element of Γd having γ
at the position r and 1 at other positions. Let sr,t be the transposition in
Sd exchanging r and t. For γ ∈ Γ, r, t ∈ [1, l] set sγr,t := sr,tγrγ

−1
t ∈ Γd.

From now on we suppose that the group W is Γd and h = Rd is the obvious
reflection representation of Γd. Assume also that h, h1, · · · , hl−1 are some
elements of R and set h−1 = hl−1. Let us chose the parameter c in the
following way

c(sγr,t) = −h for each r, t ∈ [1, t], r 6= t, γ ∈ Γ,

c(γr) = −1

2

l−1∑
p=0

γ−p(hp − hp−1) for each r ∈ [1, l], γ ∈ Γ, γ 6= 1.
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Let ν1, · · · , νl be as above. We set

h = −1/κ, hp = −(νp+1 + τp+1)/κ− p/l, p ∈ [1, l − 1].

Let us abbreviate OνR[d] = Oc(Γd, Rd)R. Consider the KZ-functor
KZνd : OνR[d] → mod(Hν

d,R(qe)) introduced in [53, Sec. 6]. Denote by ∗OνR[d]
the category defined in the same way as OνR[d] with replacement of
(ν1, · · · , νl) by (−νl, · · · ,−ν1) and (τ1, · · · , τl) by (−τl, · · · ,−τ1). Similarly,
denote by ∗Hν

d,R(qe) the affine Hecke algebra defined in the same way as
Hν
d,R(qe) with the replacement of parameters as above. There is also a KZ-

functor ∗KZνd : ∗OνR[d]→ mod(∗Hν
d,R(qe)).

The simple CΓd-modules are labeled by the set P ld. We write E(λ) for
the simple module corresponding to λ. Set ∆[λ]R = ∆(E(λ))R. Similarly,
write P [λ]R and T [λ]R for the projective and tilting object in OνR[d] with
index λ.

The category ∗OνR[d] is the Ringel dual of the category OνR[d], see [53,
Sec. 6.2.4]. In particular we have an equivalence between the categories of
standardly filtered objects R : ∗OνR[d]∆ → (OνR[d]∆)op. Let proj(R) be the
category of projective finitely generated R-modules. There is an algebra
isomorphism

ι : Hν
d,R(qe)→ (∗Hν

d,R(qe))
op, Tr 7→ −qeT−1

r , Xr 7→ X−1
r ,

see [53, Sec. 6.2.4]. It induces an equivalence

RH = ι∗(•∨) : mod(∗Hν
d,R(qe)) ∩ proj(R)→ (mod(Hν

d,R(qe)) ∩ proj(R))op,

where •∨ is the dual as an R-module. By [53, (6.3)], the following diagram
of functors is commutative

∗OνR[d]∆
R−−−−→ (OνR[d]∆)op

∗KZνd

y KZνd

y
mod(∗Hν

d,R(qe)) ∩ proj(R)
RH−−−−→ (mod(Hν

d,R(qe)) ∩ proj(R))op.

(4.34)

Lemma 4.3.36. Assume that d = 1. For each l-partition of 1 λ we have an
isomorphism of Hν

1,R(qe)-modules KZν1(P [λ]R) ' Ψ
ν
1(T [λ]R).

Proof. The proof is similar to the proof of [53, Prop. 6.7]. The commutativity
of the diagram (4.34) implies

KZν1(P [λ]R) = KZν1(R(T [λ]R)) = RH(∗KZν1(T [λ]R)).

To conclude, we just need to compare the highest weight covers RH ◦
∗KZν1 and Ψ

ν
1 of Hν

1,R(qe) using Lemma 4.3.29 (b) and [53, Prop. 2.21].
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Let O+
µ,R be the affine parabolic category O associated with the parabolic

type consisting of the single block of size ν1+· · ·+νl. We define the categories
A+
R[d], A+

R[d] and O+
R [d] similarly. In this case we will also write the upper

index + in the notation of modules and functors (for example ∆+[λ]R, T+
d,R,

KZ+
d , etc.) Let also H+

d,R(qe) be the cyclotomic Hecke algebra with l = 1. It
is isomorphic to the Hecke algebra of Sd.

We can prove the following result.

Lemma 4.3.37. For each λ ∈ P1
2 we have KZ+

2 (P+[λ]R) ' Ψ
+
2 (T

+
[λ]R).

Proof. Similarly to the proof of Lemma 4.3.36 we compare the highest weight
covers RH ◦ ∗KZ+

2 and Ψ
+
2 of H+

2,R(qe) using Lemma 4.3.29 (b) and [53,
Prop. 2.21].

Denote by Indd,νd,+ the induction functor with respect to the inclusion

H+
d,R(qe) ⊂ Hν

d,R(qe). We will also need the following lemma.

Lemma 4.3.38. Assume νr > 2 for each r ∈ [1, l]. Assume also that e >
2. For each λ ∈ P1

2 there exists a tilting module T λ,R ∈ AνR[2] such that

Ψν
2(T λ,R) ' Ind2,ν

2,+(Ψ
+
2 (T

+
[λ]R)).

Proof. Set λ+ = (2), λ− = (1, 1). We have ζe 6= −1 because e > 2. In
this case the algebra H+

2,k(ζe) is semi-simple. The category A+
k [2] is also

semi-simple. This implies

T
+
2,R ' ∆[λ+]R ⊕∆[λ−]R = T [λ+]R ⊕ T [λ−]R.

By definition, we have Ψ
+
2 (T

+
2,R) ' H+

2,R(qe) and Ψ
ν
2(T 2,R) ' Hν

2,R(qe). This
implies

Ψ
ν
2(T 2,R) ' Ind2,ν

2,+(Ψ
+
2 (T

+
2,R)).

By the proof of [53, Prop. 6.8], the functor Ψν
2 takes indecomposable factors

of T2,R to indecomposable modules. Thus, by (4.33), the functor Ψ
ν
2 takes

indecomposable factors of T 2,R to indecomposable modules. Thus there is
a decomposition T 2,R = T λ+,R ⊕ T λ−,R such that T λ+,R, T λ−,R satisfy the
required properties.

4.3.17 Proof of Theorem 4.1.4

In this section we finally give a proof of over main result.

A priori there is no reason to have the following isomorphism of functors
Ψν
α ' Ψ

ν
α ◦θα. However, we can modify the equivalence θα to make this true.
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For d1 < d2 we have an inclusion Hν
d1,R

(qe) ⊂ Hν
d2,R

(qe). Let

Indd2
d1

: mod(Hν
d1,R

(qe)) → mod(Hν
d2,R

(qe)) be the induction with respect
to this inclusion. The following lemma can be proved similarly to [53,
Lem. 5.41].

Lemma 4.3.39. Assume that νr > d for each r ∈ [1, l]. Then the following
diagram of functors is commutative.

AνR[d]
F−−−−→ AνR[d+ 1]

Ψ
ν
d

y Ψ
ν
d+1

y
mod(Hν

d,R(qe))
Indd+1

d−−−−→ mod(Hν
d+1,R(qe))

For a partition λ denote by λ∗ the transposed partition. For an l-partition
λ = (λ1, · · · , λl) set λ∗ = ((λl)

∗, · · · , (λ1)∗). There is an algebra isomorphism

IM: Hν
d,R(qe)→ ∗Hν

d,R(qe), Tr 7→ −qeT−1
r , Xr 7→ X−1

r ,

see [53, Sec. 6.2.4]. Let IM∗ : mod(∗Hν
d,R(qe)) → mod(Hν

d,R(qe)) be the in-
duced equivalence of categories. We have

IM∗(S[λ∗]R) ' S[λ]R. (4.35)

The following proposition is proved in [53, Thm. 6.9].

Proposition 4.3.40. Assume that νr > d for each r ∈ [1, l]. Then there
is an equivalence of categories γd : ∗OνR[d] ' Aν

R[d] taking ∆[λ∗]R to ∆[λ]R.
Moreover, we have the following isomorphism of functors Ψν

d ◦ γd ' IM∗ ◦
∗KZνd.

Now, we prove a similar statement for AνR[d]. For each reflection hyper-
plane H of the complex reflection group Γd let WH ⊂ Γd be the pointwise
stabilizer of H.

Proposition 4.3.41. Assume that νr > d for each r ∈ [1, l] and e > 2.
There is an equivalence of categories γd : ∗OνR[d] ' AνR[d], taking ∆[λ∗]R to
∆[λ]R. Moreover, we have the following isomorphism of functors Ψ

ν
d ◦ γd '

IM∗ ◦ ∗KZνd.

Proof. The proof is similar to the proof of [53, Thm. 6.9]. We set C = ∗OνR[d],
C′ = AνR[d]. Consider the following functors

Y : C → mod(Hν
d,R(qe)), Y = IM∗ ◦ ∗KZνd,

Y ′ : C′ → mod(Hν
d,R(qe)), Y ′ = Ψ

ν
d.

By [53, Prop. 2.20] it is enough to check the following four conditions.
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(1) We have Y (∆[λ∗]R) ' Y ′(∆[λ]R) and the bijection ∆[λ∗]R 7→ ∆[λ]R
between the sets of standard objects in C and C′ respects the highest
weight orders.

(2) The functor Y is fully faithful on C∆ and C∇.
(3) The functor Y ′ is fully faithful on C′∆ and C′∇.
(4) For each reflection hyperplane H of Γd and each projective module

P ∈ O(WH)R we have

KZνd(OIndΓd
WH

P ) ∈ F ′(C′tilt).

It is explained in the proof of [53, Thm. 6.9] that condition (4) announced
here implies the fourth condition in [53, Prop. 2.20].

We have Y (∆[λ∗]R) ' Y ′(∆[λ]R) by Lemma 4.3.30 (b), [53, Lem. 6.6]
and (4.35). The composition of the equivalence θd : Aν

R[d] → AνR[d] with
the equivalence γd : ∗OνR[d] ' Aν

R[d] yields an equivalence of highest weight
categories C ' C′ that takes ∆[λ∗]R to ∆[λ]R. This implies (1).

Condition (2) is already checked in [53, Sec. 6.3.2].

The functor Ψν
d is fully faithful on Aν,∆

R [d] and Aν,∇
R [d] by [53,

Thm. 5.37 (c)]. Thus the functor Ψ
ν
d is fully faithful on Aν,∆R [d] and Aν,∇R [d]

by (4.33). This implies (3).

Let us check condition (4). There are two possibilities for the hyperplane
H.

• The hyperplane is Ker(γr − 1) for r ∈ [1, d]. By Lemma 4.3.35, we
can assume that H = Ker(γ1 − 1). By Lemma 4.3.36 there exists a
tilting module T ∈ AνR[1] such that KZν1(P ) ' Ψ

ν
1(T ). We get

KZνd(OIndΓd
WH

P ) ' Indd1(KZν1(P )) ' Indd1(Ψ
ν
1(T )) ' Ψ

ν
d(F d−1(T )).

Here the first isomorphism follows from [53, (6.1)], the third isomor-
phism follows from Lemma 4.3.39.
• The hyperplane is Ker(sγr,t − 1) for r, t ∈ [1, d], γ ∈ Γ. By Lemma

4.3.35, we can assume that H = Ker(s1,2). By Lemma 4.3.37 there

is a tilting module T
+ ∈ A+

R[2] such that KZ+
2 (P ) ' Ψ

+
2 (T

+
).

By Lemma 4.3.38 there is a tilting module T ∈ AνR[2] such that

Ind2,ν
2,+(Ψ

+
2 (T

+
)) ' Ψ

ν
2(T ). Thus we get Ind2,ν

2,+KZ+
2 (P ) ' Ψ

ν
2(T ).

We obtain

KZνd(OIndΓd
WH

P ) ' Indd,ν2,+(KZ+
2 (P )) ' Indd,ν2,ν(Ψ

ν
2(T )) ' Ψν

d(F d−2(T )).

Here the first isomorphism follows from [53, (6.1)], the third isomorphism
follows from Lemma 4.3.39.

Now, composing the equivalences of categories in Propositions 4.3.40,
4.3.41 we obtain the following result.
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Corollary 4.3.42. Assume that νr > d for each r ∈ [1, l] and e > 2. There
is an equivalence of categories θ′d : Aν

R[d] ' AνR[d] such that we have the
following isomorphism of functors Ψ

ν
d ◦ θ′d ' Ψν

d.

For each α ∈ Q+
I such that |α| = d the equivalence θ′d : Aν

R[d] ' AνR[d]
restricts to an equivalence θ′α : Aν

R[α] ' AνR[α] such that we have an isomor-
phism of functors Ψ

ν
α ◦ θ′α ' Ψν

α.
From now on we work over the field C. Recall that we fixed an isomor-

phism RΛ
α ' Hν

α(ζe). The following lemma can be proved by the method
used in [53, Sec. 5.9].

Lemma 4.3.43. Assume that νr > |α| for each r ∈ [1, l]. The following
diagrams are commutative modulo an isomorphism of functors.

Aν [α]
Fk−−−−→ Aν [α+ αk]

Ψνα

y Ψνα+αk

y
mod(RΛ

α)
FΛ
k−−−−→ mod(RΛ

α+αk
)

Aν [α]
Fk−−−−→ Aν [α+ αk]

Ψ
ν
α

y Ψ
ν
α+αk

y
mod(RΛ

α)
FΛ
k−−−−→ mod(RΛ

α+αk
)

Now, Theorem 4.1.4 follows from the following one.

Theorem 4.3.44. Assume that νr > |α| for each r ∈ [1, l] and e > 2. Then
the following diagram is commutative

Aν [α]
Fk−−−−→ Aν [α+ αk]

θ′α

x θ′α+αk

x
Aν [α]

Fk−−−−→ Aν [α+ αk].

Proof. The result follows from Corollary 4.3.42, Lemma 4.3.43 and an argu-
ment similar to [54, Lem. 2.4].





Annexe A

Appendix to Chapter 3

A.1 Graded decomposition numbers

The goal of this appendix is to calculate the graded decomposition num-
bers in the affine parabolic category O needed to prove Lemma 3.3.22.

We keep the notation from Sections 3.3.3, 3.3.4. Let e be an integer > 0.
Let P be the set of proper subsets of Φ̂. We will refer to elements of P as
parabolic types. Suppose ν ∈ P. Let p̂ν be the unique parabolic subalgebra
containing b̂ whose set of roots is generated by Φ̂ ∪ (−ν). We will say that
a weight λ ∈ ĥ∗ is ν-dominant (resp. ν-antidominant) if λ(α∨k ) ∈ N for each
αk ∈ ν (resp. if −λ(α∨k ) ∈ N for each αk ∈ ν).

Let Oν be the category of ĝ-modules such that M =
⊕

λ∈ĥ∗Mλ with

Mλ = {m ∈ M ;xm = λ(x)m,∀x ∈ ĥ} and U(p̂ν)m is finite dimensional for
each m ∈M .

Let Ŵ be as in Section 3.3.3. Let 6 be the Bruhat order on Ŵ . For each
λ ∈ ĥ∗, w ∈ Ŵ we set w·λ = w(λ+ρ̂)−ρ̂. Let S be the set of simple reflections

in Ŵ . Fix µ ∈ P. Let Wµ ⊂ Ŵ be the parabolic subgroup generated by the
simple reflection corresponding to µ. Recall from Section 3.3.4 that for λ ∈ P
we set λ̃− = zλδ + λ − (e + N)Λ0. Set also λ̃+ = zλδ + λ + (e−N)Λ0. Let
oµ,− ∈ ĥ∗ (resp. oµ,+ ∈ ĥ∗) be a weight of the form λ̃− (resp. a weight of the

form λ̃+) with λ ∈ P such that oµ,− + ρ̂ is antidominant (resp. oµ,+ + ρ̂ is

dominant) and the stabilizer of oµ,− (resp. oµ,+) in Ŵ under the dot-action
is equal to Wµ. Here the notation is as in Section 3.3.4. Let 6 be the partial

order on ĥ∗ given by λ1 6 λ2 if λ2 − λ1 is a linear combination of simple
roots with coefficients in N.

Let Oνµ,± ⊂ Oν be the full subcategory consisting of the modules such
that the highest weight of their simple subquotients are conjugated to oµ,±
under the dot-action. For a weight λ ∈ P such that λ̃± is ν-dominant, let
V ν(λ̃±) be the parabolic Verma module with highest weight λ̃±. We write
just V (λ̃±) if ν = ∅. Let L(λ̃±) be the unique simple quotient of V (λ̃±).
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Let Iµ,− (resp. Iµ,+) be the set of shortest (resp. longest) representatives

of the cosets Ŵ/Wµ in Ŵ and Iνµ,− ⊂ Iµ,− (resp. Iνµ,+ ⊂ Iµ,+) be the subset
of elements w such that w · oµ,− (resp. w · oµ,+) is ν-dominant.

Fix v ∈ Iνµ,− and u ∈ Iνµ,+. Set

vIνµ,− = {w ∈ Iνµ,−;w 6 v}, uIνµ,+ = {w ∈ Iνµ,+;w 6 u}.

Remark A.1.1. There is a bijection Iνµ,− → Iµν,+, x 7→ x−1. If v ∈ Iνµ,− and
u = v−1 ∈ Iµν,+, then there is a bijection vIνµ,− → uIµν,+, x 7→ x−1. See [56,
Cor. 3.3].

Let vOνµ,− be the Serre subcategory generated by the modules L(w ·oµ,−)
with w ∈ vIνλ,− of the subcategory of Oνµ,− consisting of finitely generated
U(ĝ)-modules. Let uOνµ,+ be the Serre quotient by the Serre subcategory
generated by the modules L(w ·oµ,+) with w ∈ Iνµ,+\uIνµ,+ of the subcategory
of Oνµ,+ consisting of finitely generated U(ĝ)-modules.

For each x ∈ vIνµ,− and y ∈ uIνµ,+, let vP (x · oµ,−) and uP (y · oµ,+)
be the projective covers of L(x · oµ,−) and L(y · oµ,+) in vOνµ,− and uOνµ,+
respectively. Set

vP νµ,− =
⊕

x∈vIνµ,−

(vP (x · oµ,−)), uP νµ,+ =
⊕

x∈uIνµ,+

(uP (x · oµ,+)).

Set vAνµ,− = End(vP νµ,−)op and uAνµ,+ = End(uP νµ,+)op. We have the equi-
valences of categories vOνµ,− ' mod(vAνµ,−) and uOνµ,+ ' mod(uAνµ,+). For
each w ∈ uIνµ,+, let uV ν(w ·oµ,+) be the image of V ν(w ·oµ,+) in uOνµ,+. The
categories vOνµ,−, uOνµ,+ are highest weight categories with standard mo-
dules {V ν(x · oµ,−);x ∈ vIνµ,−} and {uV ν(x · oµ,+);x ∈ uIνµ,+} respectively.
For each v ∈ Iνµ,± and each x ∈ vIνµ,±, let vV ν(x · oµ,±)∨ be the costandard
object in vOνµ,± with simple socle L(x · oµ,±). We will refer to them as dual
Verma modules.

By [56, Thm. 3.12] the rings vAνµ,− and uAνµ,+ admit Koszul gradings.

Denote by vOνµ,− and uOνµ,+ the corresponding graded versions of vOνµ,−
and uOνµ,+ respectively, i.e., we have vOνµ,− = grmod(vAνµ,−), uOνµ,+ =
grmod(uAνµ,+). All simple modules, Verma modules, dual Verma modules
and projective modules in vOνµ,−, uOνµ,+ have graded lifts, see [42]. These
graded lifts are unique up to a shift of the grading because all mentioned
modules are indecomposable. Fix the graded lifts of simple modules concen-
trated in degree zero and fix the graded lifts of projective modules, Verma
modules and dual Verma modules that satisfy the same normalization condi-
tions as in Section 3.2.4. In the notation above we will skip the upper index
ν if ν = ∅.

Remark A.1.2. (a) The graded ring vAνµ,± is a quotient of vAµ,± by a homo-
geneous ideal. See [56, Lem. 5.12] for a proof in the positive level case. The
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negative level case is similar. In particular, for v ∈ Iνµ,± we get the inclusion

of Grothendieck groups [vOνµ,±] ⊂ [vOµ,±].
(b) For v, u ∈ vIνµ,− with u 6 v the category inclusion uOνµ,− ⊂ vOνµ,−

satisfies the situation of Lemma 3.2.17. Thus the Koszul grading on uOνµ,−
is induced from the Koszul grading on uOνµ,−. Similarly, by Remark 3.2.18

(b) the category u−1O
µ

ν,+ is a Serre quotient of v−1O
µ

ν,+ and the quotient
functor respects the Koszul grading.

A.1.1 Kazhdan-Lusztig polynomials

In this section we follow the notation of Soergel [57]. First, we define

the Hecke algebra associated with (Ŵ , S). All claims here are true for an

arbitrary Coxeter system (Ŵ , S). Let ` : Ŵ → N be the length function.

Definition A.1.3. The Hecke algebra H is the Z[q, q−1]-algebra generated by
the elements Hs, s ∈ S, modulo the following defining relations

• H2
s = 1 + (q−1 − q)Hs ∀s ∈ S,

• HsHt · · ·Hs = HtHs · · ·Ht ∀s, t ∈ S, st · · · s = ts · · · t,
• HsHt · · ·Ht = HtHs · · ·Hs ∀s, t ∈ S, st · · · t = ts · · · s.

For w ∈ Ŵ with reduced expression w = st · · · r set Hw = HsHt · · ·Hr.
The algebra H has a unique ring homomorphism • : H → H, H 7→ H such
that q = q−1 and Hw = (Hw−1)−1. Let (Hx)

x∈Ŵ be the Kazhdan-Lusztig
basis of H, see [57, Thm. 2.1]. We write Hx =

∑
y∈Ŵ hy,x(q)Hy, where

hy,x(q) is a polynomial in Z[q] for each x, y ∈ Ŵ . The polynomial hx,y(q) is
nonzero only if x 6 y.

For each x, y ∈ Ŵ , let hx,y be the inverse Kazhdan-Lusztig polynomial,
i.e., such that ∑

z∈Ŵ

(−1)`(x)+`(z)hz,x(q)hz,y(q) = δx,y.

Fix a subset f ⊂ S such that the subgroup Wf ⊂ Ŵ generated by f is

finite. Let fŴ be the set of minimal length representatives for the cosets
Wf\Ŵ .

For each x, y ∈ fŴ , let nx,y(q) be the parabolic Kazhdan-Lusztig poly-

nomial associated with the parabolic subgroup Wf ⊂ Ŵ , i.e., we have

nx,y(q) =
∑
z∈Wf

(−q)`(z)hzx,y(q).

For each x, y ∈ fŴ , let nx,y(q) be the inverse parabolic Kazhdan-Lusztig
polynomial, i.e., we have∑

z∈fŴ

(−1)`(x)+`(z)nz,x(q)nz,y(q) = δx,y.
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We may write nfx,y(q), n
x,y
f (q) to insist on the parabolic type f .

Now, we recall some basic properties of Kazhdan-Lusztig polynomials.

Lemma A.1.4. Let x, y, z ∈ Ŵ . We have

(a) hx,y(q) ∈ q`(y)−`(x)(1 + q−2Z[q−2]) if x 6 y,

(b) hx,y(q) = hx−1,y−1(q), hx,y(q) = hx
−1,y−1

(q),

(c) nx,y(q) = hx,y(q) if x, y ∈ fŴ ,

(d) hx,1(q) = q`(x),

(e) nxz,y(q) = q`(z)nx,y(q) if x, y ∈ fŴ and `(xz) = `(x)− `(z), `(yz) =
`(y)− `(z),

(f) hx,y(−q) = (−1)`(x)+`(y)hx,y(q).

Proof. Part (a) follows from [57, Rem. 2.6] and [34, Lem. 2.6]. Parts (c), (e)
are respectively [57, Prop. 3.7 (2)] and [57, Rem. 3.2 (4)]. Part (b) is true
because the Z[q, q−1]-algebra H contains an anti-automorphism sending Hw

to Hw−1 for each w ∈ Ŵ . The statement (f) follows from (a).

Let us prove (d). The algebraH has a representation sgn on Z[q, q−1] such
that each Hs with s ∈ S acts by −q. We equip Z[q, q−1] with the involution
such that p(q) = p(q−1) for each p(q) ∈ Z[q, q−1]. The H-action on Z[q, q−1]

is compatible with the involution. The element Hw for w ∈ Ŵ , w 6= 1, acts
on Z[q, q−1] by zero, because it acts by some polynomial p(q) ∈ qZ[q] such
that p(q) = p(q−1) because Hw ∈ Hw + q(

∑
w′<w Z[q]Hw′). Now, consider

the equality

Hx =
∑

y∈Ŵ ,y6x

(−1)`(x)+`(y)hx,y(q)Hy.

Applying sgn to both sides yields hx,1(q) = q`(x).

A.1.2 Plan of the proof

Here we indicate the scheme that we follow to get the graded decompo-
sition numbers in vOνµ,− and uOνµ,+ (i.e., the graded multiplicities of simple
module in parabolic Verma modules in sense of Section 3.2.4).

Step 1. We compute the decomposition numbers of vO∅,− and v ∈ Ŵ
using the geometric approach of [55].

Step 2. We compute the decomposition numbers of vOν∅,−, for ν ∈ P
and v ∈ Iν∅,− using the previous step and a graded version of the
BGG-resolution.

Step 3. We compute the decomposition numbers of uOν,+, for ν ∈ P
and u ∈ Iν,+ using the previous step and the Koszul duality.

Step 4. We compute the decomposition numbers of uOµν,+, for ν ∈ P
and u ∈ Iµν,+ using the previous step and a graded version of the
BGG-resolution.
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Step 5. We compute the decomposition numbers of vOνµ,−, for ν, µ ∈ P
and v ∈ Iνµ,− using the previous step and the Koszul duality.

A.1.3 Step 1

Let v ∈ Ŵ . We must count the graded multiplicities

[V (x · o∅,−) : L(y · o∅,−)]q =
∑
g∈Z

[V (x · o∅,−) : L(y · o∅,−)〈g〉]qg

for each x, y ∈ vI∅,−.

Lemma A.1.5. For each x, y ∈ vI∅,− we have [V (x · o∅,−) : L(y · o∅,−)]q =
hx,y(q).

Proof. Let s be the length of the socle filtration of V (x·o∅,−), i.e., the integer
s such that socsV (x · o∅,−) = V (x · o∅,−) and socs−1V (x · o∅,−) ( V (x · o∅,−),
see Section 3.2.8. By Lemma 3.2.23 and [18, Lem. 7.3], the grading filtration
of V (x · o∅,−) (viewed as a vA∅,−-module) coincides with its socle filtration.
Thus the graded multiplicity [V (x · o∅,−) : L(y · o∅,−)]q coincides with

[V (x·o∅,−) : L(y·o∅,−)]soc
q =

s∑
g=1

qs−g[socg(V (x·o∅,−))/socg−1(V (x·o∅,−) : L(y·o∅,−)].

Now, it suffices to show that [V (x · o∅,−) : L(y · o∅,−)]soc
q = hx,y(q). This

follows from [55]. More precisely, by [55, Prop. 4.2] the Verma modules
and the simple ones are in the essential image of the global section functor
defined in [55, Sec. 4.3]. Moreover, by [4, Thm. 7.15.6] and [20, Thm. 5.5]
the global section functor is fully faithful. Thus [V (x · o∅,−) : L(y · o∅,−)]soc

q

can be interpreted in terms of graded multiplicities for D-modules. This
multiplicity can be computed explicitly via Kazhdan-Lusztig polynomials
using the formulas [55, (6.1), (6.2)] and the fact that the weight filtration
in [55, Sec. 6.1] coincides with the socle filtration, see [2, Lem. 5.2.2] for
details.

A.1.4 Step 2

Let µ, ν ∈ P and v ∈ Iνµ,−.

Lemma A.1.6. Let λ = w · oµ,− with w ∈ Ŵ and s ∈ S such that s ·λ < λ.
Assume that v is large enough such that V (λ), V (s ·λ) ∈ vOµ,−. Then, each
nonzero morphism θ : V (s ·λ)→ V (λ) in vOµ,− is homogeneous of degree 1.
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Proof. We have V (oµ,−) = L(oµ,−). It is a submodule of each Verma module

V (x · oµ,−), x ∈ Ŵ because the weight oµ,−+ ρ̂ is antidominant. By Lemma
A.1.5 and Lemma A.1.4 (d) we have [V (λ) : L(oµ,−)]q = q`(w) and [V (s ·λ) :
L(oµ,−)]q = q`(w)−1. Thus V (λ) and V (s · λ) contain a unique submodule
isomorphic to L(oµ,−), which is concentrated in degree `(w) and `(w) − 1
respectively. Each nonzero morphism from V (s · λ) to V (λ) is injective by
[30, Sec. 2]. Thus each morphism from V (s · λ) to V (λ) is homogeneous of
degree 1.

Let v ∈ Iνµ,− and λ = w · oµ,−, with w ∈ vIνµ,−. See [28, Chap. 6] for the
definition of the BGG resolution. Applying the exact functor U(ĝ)⊗U(p̂ν)• to
the BGG resolution of the simple module with highest weight λ of the Levi
subalgebra l̂ν ⊂ p̂ν , we get the parabolic BGG resolution of the parabolic
Verma module V ν(λ)

· · · → C2 → C1 → V (λ)
ε→ V ν(λ)→ 0, (A1)

where

Ct =
⊕

x∈Wν ,`(x)=t

V (x · λ).

Corollary A.1.7. Each map except ε in (A1) is of degree 1. The map ε is
of degree 0.

Proof. We must explain why ε is homogeneous of degree 0. By the definition
of the graded lifts of (parabolic) Verma modules, the morphisms V (λ) →
L(λ) and V ν(λ) → L(λ) are homogeneous of degree zero. The morphism
V (λ)→ V ν(λ) is homogeneous because dim HomOµ,−(V (λ), V ν(λ)) = 1. Its
degree is automatically zero.

From now on we assume that µ = ∅.

Corollary A.1.8. Assume that v ∈ Iν∅,−. For each x, y ∈ vIν∅,− we have

[V ν(x · o∅,−) : L(y · o∅,−)]q =
∑
z∈Wν

(−q)`(z)hzx,y(q).

Proof. By Corollary A.1.7 we have

[V ν(x · o∅,−)] =
∑
z∈Wν

(−q)`(z)[V (zx · o∅,−)]

in [wνvO∅,−], where wν is the longest element in Wν . Now, apply Lemma
A.1.5.
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Corollary A.1.9. For each x ∈ vIν∅,− we have the following equality in

[vOν∅,−]:

[L(x · o∅,−)] =
∑

y∈vIν∅,−

(−1)`(x)+`(y)hy−1,x−1(q)[V ν(y · o∅,−)].

Proof. We must prove that∑
t∈vIν∅,−

(−1)`(x)+`(t)ht−1,x−1(q)[V ν(t · o∅,−) : L(y · o∅,−)]q = δx,y

for each x, y ∈ vIν∅,−. We have∑
t∈vIν∅,−

(−1)`(x)+`(t)ht−1,x−1(q)[V ν(t · o∅,−) : L(y · o∅,−)]q

=
∑

t∈vIν∅,−,z∈Wν

(−q)`(z)(−1)`(x)+`(t)ht−1,x−1(q)hzt,y(q)

=
∑

t∈vIν∅,−,z∈Wν

(−1)`(x)+`(t)+`(z)ht−1z−1,x−1(q)hzt,y(q)

=
∑

s∈vI∅,−

(−1)`(x)+`(s)hs−1,x−1(q)hs
−1,y−1

(q)

= δx,y.

Here the second equality is Lemma A.1.4 (e), the third is Lemma A.1.4
(b).

A.1.5 Step 3

Let ν ∈ P and u ∈ Iν,+.

Lemma A.1.10. For each x, y ∈ uIν,+ we have

[uV (x · oµ,+) : L(y · oµ,+)]q = hx,y(q).

Proof. Set v = u−1. As in the proof of Corollary 3.2.16, we deduce from
Corollary A.1.9 that we have

[L(x · o∅,−)] =
∑

y∈vIν∅,−

(−1)`(x)+`(y)hy−1,x−1(q−1)[V ν(y · o∅,−)∨]

in [vOν∅,−]. By [56, Thm. 3.12] and Corollary 3.2.9 we have a Z[q, q−1]-module
isomorphism

[vOν∅,−]→ ˜[uOν,+], [L(x·o∅,−)] 7→ [uP (x−1·oν,+)], [V ν(x·o∅,−)∨] 7→ [uV (x−1·oν,+)] ∀x ∈ vIν∅,−.
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Thus we get

[uP (x−1 · oν,+)] =
∑

y∈vIν∅,−

(−1)`(x)+`(y)hy−1,x−1(−q)[uV (y−1 · oν,+)]

in [uOν,+]. Now, the statement follows from Corollary 3.2.16 and Lemma
A.1.4 (f).

A.1.6 Step 4

Let µ, ν ∈ P and u,w ∈ Iµν,+ with w 6 u, and set λ = w · oν,+. There is
an exact sequence

· · · → C2 → C1 → V (λ)
ε→ V µ(λ)→ 0

in Oν,+, where

Ct =
⊕

x∈Wµ,`(x)=t

V (x · λ),

compare Section A.1.4. The image of this exact sequence in uOν,+ yields an
exact sequence

· · · → uC2 → uC1 → uV (λ)
ε→ uV µ(λ)→ 0, (A2)

where
uCt =

⊕
x∈Wµ,`(x)=t

uV (x · λ).

Lemma A.1.11. Let u ∈ Iν,+ with x, y ∈ uIν,+ and x > y. Then
(a) dim HomuOν,+(uV (x · oν,+), uV (y · oν,+)) = 1,
(b) each nonzero morphism uV (x · oν,+)→ uV (y · oν,+) is injective,
(c) soc(uV (y · oν,+)) = uV (u · oν,+),
(d) the inclusion uV (u · oν,+) → uV (y · oν,+) is homogeneous of degree

`(u)− `(y),
(e) each nonzero morphism uV (x · oν,+) → uV (y · oν,+) is homogeneous

of degree `(x)− `(y).

Proof. By the Ringel equivalence we have

HomuOν,+(uV (x · oν,+), uV (y · oν,+)) = HomOν,−(V (y · oν,−), V (x · oν,−)),

see [56, Prop. 3.9 (b)]. So, to prove (a) it is enough to prove that

dim HomOν,−(V (y · oν,−), V (x · oν,−)) = 1.

This follows from [18, Lem. 7.3] and [30, Sec. 2], see the proof of [28,
Thm. 4.2 (b)].
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Now, to prove (b) it is enough to show that there exists one injective
morphism uV (x · oν,+) → uV (y · oν,+). By [33, Prop. 3.1] there exists an
injective morphism V (x · oν,+) → V (y · oν,+). Its image in uOν,+ by the
quotient functor (which is exact) must be also injective.

It is clear from (b) that the only simple module that can be contained in
soc(uV (y · oν,+)) is uV (u · oν,+) = L(u · oν,+). Hence, by (a), this socle must
be equal to uV (u · oν,+). Part (c) is proved.

By Lemma 3.2.23, the radical filtration of uV (y · oν,+) coincides with its
grading filtration. Here we view uV (y · oν,+) as a uAν,+-module. By Lemma
A.1.4 (a) and Lemma A.1.10, for all z ∈ uIν,+ such that z 6= u and z 6 y
we have [uV (y · oν,+) : L(z · oν,+)]q ∈ q`(u)−`(y)−1Z[q−1] and [uV (y · oν,+) :

L(u · oν,+)]q ∈ q`(u)−`(y)(1 + q−1Z[q−1]). Thus rad`(u)−`(y)(uV (y · oν,+)) coin-
cides with soc(uV (y · oν,+)). Part (d) follows.

The statement (e) follows from (a), (b), (c), (d).

Corollary A.1.12. Each map in (A2) except ε is homogeneous of degree 1.
The map ε is homogeneous of degree 0.

Assume that ν, µ ∈ P, u ∈ Iµν,+.

Corollary A.1.13. For each x, y ∈ uIµν,− we have

[uV µ(x · oν,+) : L(y · oν,+)]q = nµx,y(q).

Proof. By Corollary A.1.12 we have

[uV µ(x · oν,+)] =
∑
s∈Wµ

(−q)`(s)[uV (sx · oν,+)]

in [uOν,+]. Now, from Lemma A.1.10 we get

[uV µ(x · oν,+) : L(y · oν,+)]q =
∑
s∈Wµ

(−q)`(s)hsx,y(q) = nµx,y(q).

A.1.7 Step 5

Assume that ν, µ ∈ P and v ∈ Iµν,−.

Lemma A.1.14. For each x ∈ vIνµ,− we have the following equality in

[vOνµ,−]

[L(x · oµ,−)] =
∑

y∈vIνµ,−

(−1)`(x)+`(y)nµ
y−1,x−1(q)[V ν(y · oµ,−)].
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Proof. The statement follows from Corollary A.1.13, applying the Koszul
duality in the same way as in the proof of Lemma A.1.10.

Corollary A.1.15. For each x, y ∈ vIνµ,− we have

[V ν(x · oµ,−) : L(y · oµ,−)]q =
∑
z∈Wν

(−q)`(z)hzx,y(q).

Proof. We need to check that∑
t∈vIνµ,−,z∈Wν

(−q)`(z)(−1)`(x)+`(t)nµ
t−1,x−1(q)hzt,y(q) = δx,y.

This can be done in the same way as in the proof of Corollary A.1.9.

A.2 q-Schur algebras and category A

A.2.1 Orders

Let m be as in Section 3.3.4. Denote by Wm the parabolic subgroup of
W = SN of parabolic type m. Let Π̂+ ⊂ Π̂ be the set of positive roots. Set
also Pm

d = Pm ∩ Pd, see Sections 3.2.7, 3.3.4.

Definition A.2.1. The linkage ordering 6` on Pm
d is the transitive and re-

flexive closure of the relation ⇑, where for λ, µ ∈ Pm we have λ ⇑ µ when

there exist w ∈ Wm, β ∈ Π̂+ such that such that 〈ω̃(µ)
−

+ ρ̂ : β〉 > 0 and

wsβ · ω̃(µ)
−

= ω̃(λ)
−

.

Set Am
d =

⊕
|d|=d Am

d , see Section 3.3.4. By [53, Sec. 5.5], the category
Am
d is a highest weight category with respect to the poset (Pm

d ,6`). The
standard modules are the Verma modules, see Section 3.3.4. If m satisfies
mp > d for each p ∈ [1, d] then we have Pm

d = P ld. In this case 6` is an order
on P ld.
Definition A.2.2. The dominance order P on P ld is the the order such that
for λ, µ ∈ P ld we have λ P µ when for each p ∈ [1, l − 1] and a ∈ [1, `(λp)]
we have

p−1∑
k=1

|λk|+
a∑
r=1

λpr 6
p−1∑
k=1

|µk|+
a∑
r=1

µpr .

Let Ss
d be as in Section 3.2.9. The category mod(Ss

d) is a highest weight
category with respect to the poset (P ld,P). The standard modules are the
Weyl modules, see Section 3.2.9.

Definition A.2.3. Consider the partial order 4 on P ld such that for each
λ, µ ∈ P ld we have λ 4 µ if and only if either λ = µ or for each r ∈ [1, l − 1]
we have

|λ1|+ |λ2|+ · · ·+ |λr| 6 |µ1|+ |µ2|+ · · ·+ |µr|
and one of these inequalities is strict.
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Recall from Section 3.3.4 the notation λ∗ for λ ∈ P ld. For λ, µ ∈ P ld let
us write µ P∗ λ when µ∗ P λ∗. It is obvious that we can refine the order 4
to an order that refines the order P and to an order that refines the order
Q∗.

A.2.2 Compare of orders

We say that the l-tuple m = (m1, · · · ,ml) is dominant if mr−mr+1 > d
for each r ∈ [1, d− 1]. We say that m is anti-dominant if mr+1−mr > d for
each r ∈ [1, d− 1].

Lemma A.2.4. Assume that the l-tuple m satisfies mp > d for each p ∈
[1, d].

(a) Assume that m is dominant. Then the order 4 refines the order 6`.
(b) Assume that m is anti-dominant. Then the order < refines the order

6`.

Proof. We prove the statements (a) and (b) together. Assume that m is
either dominant or anti-dominant.

Let λ, µ ∈ P ld be such that λ ⇑ µ. Assume that w ∈ Wm, β ∈ Π̂+ are

such that (ω̃(µ)
−

+ ρ̂, β) > 0 and wsβ · w̃(µ)
−

= w̃(λ)
−

.
Write β = αk,l + rδ. Let λ′ be the l-composition of d (maybe not an

l-partition) such that ω̃(λ′)
−

= sβ · ω̃(µ)
−

. The l-partition λ′ viewed as a
weight in P is equal to

sk,t(µ+ ρm) + erαk,t − ρm.

Set n = (µ+ ρm, αk,t)− er = (ω̂(µ) + ρ̂, β) > 0. We have

(λ′ + ρm)k = (µ+ ρm)k − n = (µ+ ρm)t + er,
(λ′ + ρm)t = (µ+ ρm)t + n = (µ+ ρm)k − er,
(λ′ + ρm)s = (µ+ ρm)s, ∀s 6∈ {k, t}.

Let us prove that if m is dominant then k < t, if m is anti-dominant
then k > t. Assume that m is dominant and k > t (and thus we also have
pk > pt) or m is anti-dominant and k < t (and thus we also have pk < pt).
Set a = m1 + · · · + mpt−1 + `(µ(pt)) + 1, b = m1 + · · · + mpt . Note that we
have µr = 0 for r ∈ [a, b] and thus (µ+ ρm)r = (ρm)r for each r ∈ [a, b]. By
assumption on m, in both cases we have

mpt −mpk > d > µ
(pk)
1 + `(µ(pt)).

Thus we get

mpk 6 mpt − µ
(pk)
1 − `(µ(pt))

= (ρm)a − µ(pk)
1 .
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This implies

(µ+ ρm)k 6 µ
(pk)
1 +mpk

6 (ρm)a

So the inequality

(ρm)a > (µ+ ρm)k > (λ′ + ρm)t > (ρm)b

implies that there exists an index c ∈ [a, b] such that (λ′+ρm)t = (ρm)c and
we should obviously have c < t as λ′t > 0. We get

(λ′ + ρm)t = (ρm)c = (µ+ ρm)c = (λ′ + ρm)c.

Thus the stabilizer of λ′ + ρm in Wm is non-trivial. This is absurd.
Note that λ′ is obtained from µ by removing n boxes from the component

pk to the component pt. Moreover, λ has the same number of boxes in each
component as λ′. Thus we get λ 4 µ when pk < pt and λ < µ when pk > pt.
As proved above, the first situation always holds if m is dominant and the
second situtaion always holds when m is anti-dominant.

We say that two partial orders are compatible if there exists an order
that refines both of them.

Corollary A.2.5. (a) Assume that m is dominant. Then the order 6` is
compatible with the order P.

(b) Assume that m is anti-dominant. Then the order 6` is compatible
with the order P∗.

A.2.3 Equivalences of categories

From now on assume that e > 2 and that the components of m have
different residues modulo e. From now on we always assume that m satisfies
mp > d for each p ∈ [1, l]. Let s = (s1, · · · , sl) be the l-tuples of residues of
elements of m module e.

Assume that m is dominant. By [53, Sec. 5.8] we have a highest weight
cover

Ψ: Am
d → mod(Hs

d), ∆λ
O 7→ Sλ.

On the other hand we have a highest weight cover

F : mod(Ss
d)→ mod(Hs

d), ∆λ 7→ Sλ.

Thus by [52, Cor. 4.46] and Corollary A.2.5 (a) we get the following lemma.

Lemma A.2.6. Assume that m is dominant and ml > d. Then there is an
equivalence of categories

Am
d ' mod(Ss

d), ∆λ
O 7→ ∆λ.
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Assume now that m is anti-dominant. Set s∗ = (−sl, · · · ,−s1). By [53,
Sec. 6.2.4] there is an isomorphism of algebras IM: Hs

d ' Hs∗
d such that its

pull-back IM∗ : mod(Hs∗
d )→ mod(Hs

d) satisfies IM∗(Sλ) = Sλ
∗
.

We have the following highest-weight covers.

Ψ: Am
d → mod(Hs

d), ∆λ 7→ Sλ,

F : mod(Ss∗
d )→ mod(Hs∗

d ), ∆λ
O 7→ Sλ.

Composing the second one with IM∗ we get the heigest-weight cover

IM∗ ◦ F : mod(Ss∗
d )→ mod(Hs

d), ∆λ∗ 7→ Sλ.

Thus by [52, Cor. 4.46] and Corollary A.2.5 (b) we get the following result.

Lemma A.2.7. Assume that m is anti-dominant and m1 > d. Then there
is an equivalence of categories

Am{d} ' mod(Ss∗
d ), ∆λ

O 7→ ∆λ∗ .

Remark A.2.8. In this section we assumed that e > 2 and that the compo-
nents of m have different residues modulo e. These assumption are necessary
to use [52, Cor. 4.46]. They can be removed (it is enough to assume only
e > 2) using the approach of [53], see [53, Prop. 2.20].
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