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CHAPTER 1. INTRODUCTION 8Cette thèse onsiste en l'étude de plusieurs omportements singuliers des équations de Water-Waves dans la limite faible amplitude. Le présent manusrit onsiste en quatre artiles rédigés durantette thèse, dont un a aepté dans "Annales of IHP" et les trois autres étant en ours de soumission.Dans ette introdution, nous présentons le adre d'étude dans lequel s'insrit le travail e�etué auours de ette thèse, ainsi que les hamps de reherhe assoiés aux di�érents résultats démontrés.Nous nous e�orçons de retransrire le heminement logique adopté pour la rédation de e manusrit,tout en insrivant haque artile présenté dans son ontexte général.1.1 L'équation des Water-Waves1.1.1 De Euler à Zakharov-Craig SulemL'équation des vagues, plus ommunément appelée équation des Water-Waves, modélise mathéma-tiquement le mouvement d'un �uide sous l'in�uene de la gravité, délimité par le bas par un fond�xe, et par le haut par une surfae libre qui le sépare de l'air (ou de tout autre �uide à densiténégligeable par rapport à la sienne). Usuellement, les hypothèses suivantes sont faites :(H1) Le �uide est homogène et non visqueux.(H2) Le �uide est inompressible.(H3) Le �uide est irrotationel.(H4) La surfae et le fond peuvent être paramétrés par des graphes.(H5) Les partiules de �uide ne traversent pas le fond.(H6) Les partiules de �uide ne traversent pas la surfae.(H7) La pression extérieure est onstante, et on travaille sans tension de surfae.(H8) Le �uide est au repos à l'in�ni.(H9) Il existe toujours une hauteur d'eau minimale.Les hypothèses (H1) et (H2) impliquent que le mouvement du �uide peut être dérit par leséquations d'Euler.L'hypothèse (H3) simpli�e l'étude, mais n'est pas néessaire, et de plus en plus de travaux réentss'intéressent au problème ave vortiité (voir par exemple [20℄ ,[19℄, [41℄,[42℄;[21℄,[66℄,[58℄).L'hypothèse (H4) exlut l'étude des vagues déferlantes. En partiulier, on s'attend d'ores et déjàà e que les équations modélisant le mouvement ne soient pas bien posées globalement en tempsdans le as général. En revanhe, il paraît logique que plus l'amplitude des vagues du système étudiéest faible, plus le temps d'existene des solutions pour de telles équations est grand. Cette dernièreonsidération est un des tenants importants du travail e�etué dans ette thèse. Voir les travaux surla réation de singularités pour l'équation des vagues à e sujet ([23℄,[17℄,[18℄).Les hypothèses (H5) et (H6) apportent aux équations d'Euler des onditions de bord. Ces ondi-tions sont essentielles pour la modélisation mathématique du problème, et jouent un r�le importantdans l'étude qui est menée dans ette thèse, omme nous le verrons plus loin.Le fait que la pression extérieure soit onstante (hypothèse (H7)) ou non n'est en fait pas primor-dial, et de réents travaux sur l'in�uene de fortes pressions extérieures induites par exemple par destempêtes ont été menés (voir par exemple [45℄). En revanhe, nous utiliserons la tension de surfaeplus tard, mais son introdution sera alors soigneusement expliquée.Les hypothèses (H8) et (H9) sont raisonnables dans l'étude de domaines de �uide in�nis, maisexluent évidemment l'étude de la dynamique des �uides en milieu �tier, qui reste à e jour unproblème ouvert.Si l'on traduit mathématiquement les hypothèses (H1) à (H9), on obtient les équations ditesd'Euler à surfae libre. Avant de les introduire, préisons quelques notations: On note d la dimension horizontale. En pratique, d � 1 ou d � 2, et le problème est don posédans un espae à d� 1 dimensions. On note Ωt � R
d�1 le domaine oupé par le �uide à un instant t.



9 1.1. L'ÉQUATION DES WATER-WAVES
z

X P R
d

0
�H0

EauAir
ζpt,Xq

�H0 � bpXq
Figure 1.1: Le problème d'éoulement à surfae libre La vitesse du �uide à un instant t en un point pX, zq P Ωt, dé�nie par la vitesse de la partiulede �uide située au point pX, zq à l'instant t, est notée Upt,X, zq P R

d�1. On note P pt,X, zq P R la pression dans le �uide à un instant t et au point pX, zq. L'aélération de la pesanteur supposée onstante est notée g, et le veteur normal unitairedans la diretion vertiale est noté ez. La densité du �uide supposée onstante est notée ρ.A présent, traduisons mathématiquement les hypothèses (H1) à (H9) (on notera (Hk') la tradu-tion mathématique de l'hypothèse (Hk)).(H1') BtU � pU �∇X,zqU � � 1
ρ
∇X,zP � gez dans Ωt,(H2') divU � 0 dans Ωt,(H3') rotpUq � 0 dans Ωt.L'équation (H1') est obtenue en appliquant le prinipe fondamental de la dynamique à un ubeélémentaire de �uide, puis en faisant tendre la taille de e ube vers zéro.L'équation (H2') est obtenue en érivant que le �ux algébrique total de �uide traversant unesurfae régulière délimitant un volume borné �xe est nul (le �uide ne se ompresse ou déompressepas, don la quantité de �uide est toujours la même, et "e qui entre est égal à e qui sort"). Enutilisant alors la formule de Stokes, on obtient que dans tout volume borné la divergene du hampde vitesse est nulle.L'équation (H3') est la dé�nition de (H3).Il existe aussi deux fontions dérivant le fond et la surfae, b : Rd ÝÑ R et ζ : r0;T r�Rd ÝÑ Rave T ¡ 0 telles que(H4') �t P r0;T r, Ωt � tpX, zq P R

d�1,�H0 � bpXq   z   ζpt,Xqu,où H0 ¡ 0 est une onstante orrespondant à la profondeur typique du milieu onsidéré (qui variebien entendu selon la dynamique étudiée : mouvement dans un anal, vagues dans la mer, vaguesdans un la...). En notant n le veteur normal à une surfae unitaire orienté vers le haut, on obtientles identités :(H5') U � n � 0 sur tz � �H0 � bpXqu,(H6') Btζ �a1� |∇ζ|2U � n � 0 sur tz � ζpt,Xqu.L'équation pH61q peut être obtenue en érivant qu'une partiule de position pXptq, zptqq à lasurfae reste à la surfae : si zptq � ζpt,Xptqq � 0 à un instant donné, alors 'est vrai à tout instant,et en dérivant en temps on obtient don z1ptq � Btζpt,Xptqq �X 1ptq �∇ζpt,Xptqq � 0. Comme pardé�nition Upt,Xptqq � X 1ptq, et que npt,Xq � tp�∇ζpt,Xq, 1q on obtient le résultat souhaité pourtoute ourbe régulière X .En notant P0 la pression extérieure supposée onstante, on obtient:



CHAPTER 1. INTRODUCTION 10(H7') P � P0 sur tz � ζpt,Xqu.(H8') �t P r0;T r, limpX,zqΩt,|pX,zq|Ñ8|ζpt,Xq| � |Upt,X, zq| � 0.(H9') DHmin ¡ 0,�pt,Xq P r0;T r�Rd, H0 � ζpt,Xq � bpXq ¥ Hmin.Les équations (H1')-(H7') sont appelées "équations d'Euler à surfae libre".D'un point de vue purement "analyse fontionnelle", les équations d'Euler à surfae libre (H1')-(H7') sont di�iles à étudier. En e�et, il s'agit d'équations d'évolution dé�nies sur un domainespatial qui bouge dans le temps. Dans quel espae fontionnel peut-on alors herher des solutions àette équation ? En s'inspirant de l'étude faite pour une équation d'évolution lassique, on pourraitherher des solutions dans des espaes de la forme Cpr0;T s;HNpΩtqq, mais alors la norme de l'espaede Sobolev onsidéré dépend elle-même du temps. On pourrait onsidérer un di�éomorphisme Σtdépendant du temps, tel que si f : Ωt Ñ R
d�1 alors f �Σt : Rd�1 Ñ R

d�1 et dé�nir les solutions U, Pomme des fontions telles que pU, P qpt,Σtq soit dans un espae régulier (par exemple Cpr0;T s,Rdq2).Voir [63℄, [22℄ ou enore [41℄ pour une approhe Lagrangienne de la démonstration du aratère bienposé des équations d'Euler à surfae libre.Dans le dernier hapitre de e manusrit, une approhe di�érente à été utilisée pour dé�nir lanotion de solutions pour les équations d'Euler à surfae libre. En e�et, dans notre adre de travail,le domaine de �uide reste borné dans une bande �xe de la forme R
d � ra; bs (notons la S) dansl'intervalle de temps fermé onsidéré (en réalité, 'est forément le as dans un adre de travailraisonnable : d'après l'hypothèse pH91q, et en supposant raisonnablement que la surfae est ontinueen temps et espae, l'élévation maximale de l'eau reste bornée sur un intervalle de temps fermé). Ondé�nit alors une solution d'Euler à surfae libre omme une fontion pU, P q dé�nie sur r0;T s � Stelle que la restrition à Ωt (qui est un ouvert de r0;T s�S) véri�e les équations d'Euler (H1')-(H7').Nous reviendrons sur ette approhe plus loin.A�n de se diriger vers une formulation mathématique plus simple, 'est-à-dire vers des équationsposées sur des domaines �xes, introduisons une formulation équivalente aux équations d'Euler àsurfae libre, onstituant les équations de Bernoulli. En remarquant que le hamp de vitesse du�uide U est irrotationnel, on peut érire e dernier omme la dérivée d'un potentiel, et l'hypothèsed'inompressibilité implique que e potentiel est harmonique dans le domaine de �uide onsidéré.Cette remarque onduit aux équations suivantes :(H3") U � ∇X,zΦ.(H2") ∆X,zΦ � 0.(H1") BtΦ� 1

2
|∇X,zΦ|2 � gz � � 1

ρ
pP � Patmq dans Ωt.(H5") ∇X,zΦ � n � 0 sur tz � �H0 � bpXqu.(H6") Bζ �a1� |∇ζ|2∇X,zΦ � 0 sur tz � ζpt,Xqu.L'équation (H1") est obtenue par simple intégration de l'équation d'évolution (H1'). A noter que lepotentiel Φ est dé�ni à une fontion dépendant uniquement du temps près.Cette nouvelle formulation ne résout pas le problème d'équations posées sur un domaine dépen-dant du temps. Ce dernier sera résolu à partir de la �n des années 60, par plusieurs travaux quiallaient donner naissane à la formulation moderne du problème des Water-Waves. Zakaharov faitla remarque fondamentale suivante dans [65℄ :Le problème peut être entièrement dérit par deux inonnues : le potentiel à la surfae, et lafontion dérivant la surfae.En e�et, appelons ψ la valeur du potentiel Φ à la surfae z � ζ, et supposons ψ et ζ onnus à uninstant donné t. En résolvant le problème de Laplae suivant, ave onditions de Dirihlet et deNeumann au bord : #

∆Φ � 0 dans Ωt
Φ|z�ζ � ψ, ∇Φ � n|z��H0�b � 0

(1.1.1)



11 1.1. L'ÉQUATION DES WATER-WAVESon onnaît alors la valeur de Φ dans le domaine Ωt entier. On onnait alors U � ∇X,xΦ puis lapression P en utilisant l'équation d'Euler pH1q.1 Fort de ette remarque, Craig-Sulem et Sulemdonnent dans [25℄ et [26℄ une formulation élégante du problème des Water-Waves en fontion desseules inonnues ζ et ψ : $&%Btζ � Gψ � 0Btψ � gζ � 1

2
|∇ψ|2 � pGψ �∇ζ �∇ψq2

2p1� | ∇ζ |2q � 0.
(1.1.2)Les équations i-dessus sont posées sur un domaine temps-espae de la forme r0;T r�Rd ave T ¡ 0,puisque les inonnues ζ et ψ sont dé�nies en espae sur l'espae R

d tout entier. Le problèmefontionnel des équations d'Euler à surfae libre est alors résolu ! Le prix à payer est ependantl'apparition d'un opérateur non loal, dit opérateur de Dirihlet-Neumann et assoiant au potentiel
ψ la valeur de la dérivée normale du potentiel à la surfae :

Grζ, bs : ψ ÞÑa
1� |∇ζ|2∇Φ � n|z�ζ .Pour aluler Grζ, bsψ onnaissant ψ et ζ, il faut résoudre le problème de Laplae (1.1.1) pourdéterminer la valeur de Φ dans le domaine entier Ωt, puis aluler sa dérivée normale à la surfae.Ainsi, la première équation de (1.1.2) n'est autre que la ondition inématique sur la surfae pH6”q,et la seonde est la trae de l'équation de Bernoulli pH12q en z � ζ.Les équations (1.1.2) onstituent e qu'on appelle la formulation Zakharov-Craig Sulem de l'équationdes Water-Waves. Il se trouve que ette équation a une struture hamiltonienne, et que la quantitésuivante (appelée hamiltonien) est onservée (les notations orrespondent au produit salaire et à lanorme de L2pRdq) :

Hpζ, ψq � 1

2
pGψ, ψqL2 � 1

2
|ζ|2L2.1.1.2 Adimensionnement des équations et paramètres pertinentsD'un point de vue physique, la dynamique du �uide étudié dépend grandement de plusieurs grandeursaratéristiques du milieu onsidéré :(1) La profondeur aratéristique du milieu H0,(2) La longueur d'onde typique Lx dans la diretion longitudinale,(3) La longueur d'onde typique Ly dans la diretion transverse (quand d � 2),(4) L'amplitude typique des vagues onsidérées asurf ,(5) L'amplitude typique de variation du fond abott.Il est alors plus pratique d'adimensionner toutes les variables, de manière à faire apparaître desordres de grandeur typiques dans l'équation. Dans ette optique, on e�etue les hangements devariables suivants :

x1 � x

Lx
, y1 � y

Ly
, ζ 1 � ζ

asurf
, z1 � z

H0

, b1 � b

abott
,et enore :

t1 � t

t0
, Φ1 � Φ

Φ0

,où
t0 � Lx?

gH0

, Φ0 � asurf

H0

Lx
a
gH0.Si l'adimensionnement des premières variables se omprend aisément, elui de Φ et de t est moinsintuitif. Il déoule d'une étude du système linéarisé autour de ζ � 0, b � 0 qui permet d'établir unevitesse de déplaement des vagues typique pour e système, et don un ordre de grandeur typique1Il su�t bien de onnaître ψ et ζ à un instant donné pour onnaître P à e même instant : en prenant la divergenede l'équation pH11q, et en utilisant pH21q, on obtient une équation de Laplae ∆X,zP � �ρdivpU � ∇X,zUq aveondition de bord P pX, ζq � Patm.



CHAPTER 1. INTRODUCTION 12pour le potentiel. Nous ne nous étendons pas sur ette étude a�n de ne pas surharger le manusrit(voir par exemple [37℄).Après hangements de variables, quatre paramètres adimensionnés apparaissent dans l'équation.Ils sont :
asurf

H0

� ε,
H2

0

L2
x

� µ,
abott

H0

� β,
Lx

Ly
� γ,où ε, µ, β, γ, sont respetivement nommés ommunément paramètre de "non linéarité", de "faibleprofondeur"2, de "topographie" et de "transversalité". Donnons tout de suite quelques ordres degrandeur pour les paramètres qui nous intéressent le plus dans e manusrit, à savoir µ et ε :� En oéanographie �tière, pour une houle de longueur d'onde Lx � 100m, et une amplitudetypique de asurf � 1m sur un plateau ontinental de profondeur H0 � 10m, on a ε � 10�1 et

µ � 10�2.� Pour un tsunami où les longueurs d'onde peuvent atteindre 240km, sur une profondeur de 4kmet ave une amplitude de vague de 60cm, on obtient ε � 10�4 et µ � 10�4.On voit don que des situations di�érentes peuvent donner des paramètres adimensionnés d'ordresde grandeur très di�érents. A présent, donnons les équations des Water-Waves sous forme adimen-sionnée (on omet les "primes" pour des questions de larté) :$'&'%Btζ � 1

µ
Gµ,γrεζ, βbsψ � 0Btψ � ζ � ε

2
|∇γψ|2 � ε

µ

pGµ,γrεζ, βbsψ � εµ∇γζ �∇γψq2
2p1� ε2µ | ∇γζ |2q � 0,

(1.1.3)où Gµ,γrεζ, βbsψ est l'opérateur de Dirihlet-Neumann adimensionné, donné par :
Gµ,γrεζ, βbsψ �a1� ε2|∇γζ|2BnΦ|z�εζ � pBzΦ� µ∇γpεζq �∇γΦq|z�εζ ,où Φ est la solution du problème de Laplae ave onditions de Dirihlet (à la surfae) et de Neumann(au fond) suivant :#
∆µ,γΦ � 0 dans tpX, zq P R

d � R, �1� βbpXq   z   εζpXqu
φ|z�εζ � ψ, BnΦ|z��1�βb � 0.Nous avons introduit les notations suivantes :

∇
γ � tpBx, γByq si d � 2 et ∇

γ � Bx si d � 1

∆µ,γ � µB2x � γ2µB2y � B2z si d � 2 et ∆µ,γ � µB2x � B2z si d � 1et BnΦ|z��1�βb � 1a
1� β2|∇γb|2 pBzΦ� µ∇γpβbq �∇γΦq|z��1�βb.Remark 1.1.1 Le paramètre γ égal au rapport des longueurs d'ondes dans les diretions horizon-tales ne joue auun r�le dominant dans le présent manusrit. Sa présene induit néanmoins l'agréableprésene d'un "exposant γ" au dessus de tous les opérateurs di�érentiels... Cei n'est pas une volontéd'alourdir la leture, mais de montrer que tous les résultats exposés restent vrais si γ � 1. Une situ-ation typique où ette dernière ondition est satisfaite est le as des ondes faiblement transverses, où

γ � ?
µ, qui donne lieu aux systèmes Boussinesq faiblement transverses et à l'équation de Kadomstev-Petviashvili (voir [40℄).2Le mot anglais étant intraduisible de manière élégante, en général on n'appelle pas e paramètre quand on parleen français.



13 1.1. L'ÉQUATION DES WATER-WAVES1.1.3 Modèles asymptotiques d'éoulement à surfae libreLorsqu'on étudie l'équation des Water-Waves dans le as où un ou plusieurs des paramètres adimen-sionnés est faible, on parle de "régime". Par exemple, lorsque µ est petit, on parle de "régime d'eaupeu profonde" (ette appellation simpli�ée ne doit ependant pas faire oublier que µ est le rapportentre la longueur d'onde et la profondeur, et qu'une profondeur faible seule ne signi�e pas forémentque µ est petit). Il est alors possible de travailler ave des équations simpli�ées, qui sont obtenuesformellement en e�etuant un développement limité en le paramètre de faible valeur onsidéré, dansles équations de Water-Waves (1.1.3). Nous présentons ii les deux régimes qui nous intéressent danse manusrit.i) Le régime dit "toit rigide" est atteint pour de faibles valeurs du paramètre ε. Le modèleasymptotique le plus simple est l'équation du toit rigide, qui est obtenu en faisant tendre ε vers 0.Plus préisément, en partant des équations d'Euler à surfae libre adimensionnées, on e�etue lehangement d'éhelle en temps suivant :
t1 � εt,puis on fait tendre ε vers 0. Formellement, on obtient les équations suivantes, dites équations dutoit rigide (on omet les "primes" pour des questions de larté) :$'''''''''''''&'''''''''''''%

BtV � pV �∇γ � 1

µ
wBzqV � �∇γP dans ΩBtw � pV ε �∇γ � 1

µ
wBzqw � �pBzP q dans Ω

w � 0

∇µ,γ � U � 0 dans Ωrotµ,γpUq � 0 dans Ω
U � ez � 0 en z � �1
P � ζ en z � 0

(1.1.4)
où Ω est désormais le domaine �xe :

Ω � tpX, zq P R
d�1,�1 ¤ z ¤ 0u,où on a déomposé U � pV,wq en omposantes vertiales et horizontales, et ou pour toute grandeur

A, on note A � Apεζq. Nous avons aussi introduit les notations suivantes :
∇µ,γ � tp?µBx, γ?µBy, Bzq si d � 2 et ∇µ,γ � tp?µBx, Bzq si d � 1rotµ,γ � ∇µ,γ^ si d � 2 et rotµ,γ � ∇µ,γK� si d � 1.Physiquement, les équations du toit rigide modélisent l'éoulement d'un �uide dont la surfaeserait �xée à 0, omme si on posait un "toit" sur l'ensemble du �uide.ii) Le régime d'eaux peu profondes est atteint pour de faibles valeurs du paramètre µ. Denombreux modèles asymptotiques existent dans e adre de travail. Le plus simple est l'équation deSaint-Venant, aussi appelée équation Shallow-Water, introduit par Lagrange [35℄ puis Saint-Venant[1℄ : #Btζ �∇γ � phV q � 0BtV �∇γζ � εpV �∇γqV � 0.

(1.1.5)Ces équations sont obtenues formellement en prenant µ � 0 dans les équations de Water-Waves(1.1.3). Bien qu'elles ne onstituent pas diretement l'objet d'étude de ette thèse, des méthodesemployées pour l'étude de ette équation (notamment dans [13℄) ont été adaptées dans ette thèse àdes modèles plus omplexes, telle que l'équation générale des Water-Waves elle-même, ou le modèleBoussinesq-Peregrine introduit i-dessous.En e�etuant formellement un développement limité à l'ordre 1 en µ, on obtient un modèlerendant mieux ompte du aratère dispersif des Water-Waves, appelé équation de Green-Naghdi.



CHAPTER 1. INTRODUCTION 14Cependant nous nous intéressons dans e manusrit à une version simpli�ée de l'équation de Green-Naghdi, dans le as d'une faible amplitude : ε � Opµq. A noter qu'auune hypothèse de taille n'estfaite sur la topographie β). On obtient alors dans e as l'équation dite de Boussinesq-Peregrine(voir [11℄, [10℄,et [51℄) : #Btζ �∇γ � phV q � 0r1� µTbsBtV � εpV �∇γqV �∇γζ � 0
(1.1.6)où Tb est l'opérateur suivant :�V , TbV � � 1

3hb
∇γph3b∇γ � V q � β

2hb
r∇γph2b∇γb � V q � h2b∇

γb∇γ � V s � β2∇γb∇γb � V ,ave
hb � 1� βb.Dé�nissons en�n une notion de "onsistane" pour un modèle asymptotique, que nous donnonsvolontairement vaguement ii. On dit qu'une équation asymptotique de la forme (EA=0) est onsis-tante à l'ordre k en µ ave l'équation des Water-Waves, que l'on met sous la forme (EWW=0) si onpeut érire l'équation des Water-Waves sous la forme EWW = EA + µkR.Ainsi, les équations de Shallow-Water (1.1.5) et de Boussinesq-Peregrine (1.1.6) sont onsistantesrespetivement à l'ordre 1 et à l'ordre 2 en µ ave l'équation des Water-Waves.1.1.4 Artiulation de la thèseLes modèles asymptotiques sont importants en pratique, ar ils permettent une étude simpli�éedu problème des Water-Waves. Par étude simpli�ée, nous entendons notamment alul numériquesur des éoulements à surfae libre. Par exemple, l'équation de toit rigide (1.1.4) est posée surun domaine �xe, ontrairement aux équations d'Euler à surfae libre. L'équation de Boussinesq-Peregrine (1.1.6), quant à elle, ne fait intervenir que des opérateurs di�érentiels "lassiques" (outout du moins loaux), tout en permettant l'étude du aratère dispersif des Water-Waves en fondnon plat.Le premier objetif de la thèse était de justi�er mathématiquement le modèle toit rigide, en dé-montrant rigoureusement la onvergene quand ε tend vers 0 des équations d'Euler après hangementd'éhelle en temps t1 � εt. Pour e faire, plusieurs étapes étaient à franhir :(1) donner un temps d'existene de taille 1
ε
quelle que soit la taille du fond pour l'équation desWater-Waves ;(2) donner une dé�nition rigoureuse des solutions de l'équation d'Euler à surfae libre, puis prouverl'équivalene de ette équation ave elle des Water-Waves;(3) étudier la limite toit rigide quand ε tend vers 0.Le premier point n'est pas anodin. En e�et, le théorème d'existene loale le plus préis onnupour l'équation des Water-Waves était elui d'Alvarez-Samaniego Lannes, qui donnait un tempsd'existene de taille 1

ε_β , 'est à dire un temps d'existene T � C
ε_β où C dépend des donnéesinitiales, ave

a_ b � maxpa, bq.Après hangement d'éhelle en temps dans le adre de l'étude du régime toit rigide, t1 � εt, onobtient ave e Théorème un temps d'existene de taille ε
ε_β , et don à la limite ε tend vers 0, onobtient des solutions dé�nies... uniquement en zéro, si auune hypothèse de petitesse n'est faite surla taille β de la topographie. Un premier artile rédigé au ours de ette thèse, portant le douxnom de "The Cauhy problem on large time for the Water Waves equations with large topographyvariations" et aepté dans le journal "Annales of IHP", démontre un temps d'existene amélioré, detaille 1

ε
dans les variables de départ, et e quelle que soit l'amplitude de variation du fond, pourvuque l'on introduise de la tension de surfae. Comme nous le verrons, un temps d'existene de ettetaille a également un intérêt théorique dans le adre de la théorie des systèmes hyperboliques.



15 1.2. EXISTENCE EN TEMPS LONGS POUR LES ÉQUATIONS DE TYPE HYPERBOLIQUESLe deuxième point semble apparaître omme taitement vrai dans la littérature, alors qu'il n'esten réalité que très rarement justi�é (voir ependant [3℄). Pourtant il existe une véritable questionfontionnelle non triviale qui est de dé�nir mathématiquement un espae de solutions dé�nies surun domaine qui bouge dans le temps. Une approhe originale a été abordée au ours de ette thèse,et sera détaillée plus loin.Brisons dès à présent le petit mythe rée quelques lignes plus t�t sur l'équation du toit rigide(1.1.4) : ette équation est triviale. Plus préisément, il n'est pas di�ile de démontrer que lesseules solutions possibles à ette équation sont... nulles. Si e dernier fait e�ae instantanément toutintérêt au modèle, il apporte néanmoins une information importante : les solutions de l'équation desWater-Waves dans l'éhelle de temps du toit rigide (t1 � εt) doivent onverger vers 0 (puisqu'ellesonvergent vers les solutions de l'équation du toit rigide). La onvergene dans le même régime a étéétudiée dans [13℄ dans le as de l'équation Shallow-Water. La onvergene faible y est démontrée.Néanmoins la onvergene forte dans un espae de type L8pp0;T q;L2pRdqq n'est pas vraie dans le asgénéral. Un seond objetif au ours de la thèse a été de démontrer qu'un tel défaut de onvergenepersistait dans le as de l'équation des Water-Waves omplète. C'est l'objet d'un autre artile soumisdurant ette thèse, intitulé "Singular limit in the rigid lid regime for the Water-Waves equations".Remplir et objetif néessitait néanmoins d'établir une estimation de dispersion pour l'équationlinéarisée autour d'une surfae plate et d'un fond plat, e qui à notre onnaissane n'a pas été faitjusque ii dans le as des équations en fond �ni (voir Ionesu-Pusateri [32℄, Alazard-Delort [4℄ et [5℄et une large littérature pour l'étude du as du fond in�ni, et [45℄ pour une première étude dans leas du fond �ni). Cette étude onstitue un troisième artile, intitulé "A dispersive estimate for thelinearized Water-Waves equations in �nite depth".En�n, un dernier objetif était d'adapter la méthode d'existene en temps long utilisée pourl'équation des Water-Waves au modèle asymptotique de Boussinesq-Peregrine. Comme d'auunspourront le onstater en lisant l'artile intitulé "The Cauhy problem on large time for a Boussinesq-Peregrine equation with large topography variations", la struture fort peu pratique de ette équationnous a ontraint à envisager un modèle équivalent (en terme de onsistane ave l'équation des Water-Waves) se prêtant mieux à la méthode.Comme nous l'expliquerons plus loin, l'obtention de résultats d'existene en temps long pour leséquations de Boussinesq-Peregrine et de Water-Waves en grand fond revient à étudier un problèmede perturbation singulière de type anelastique/faible nombre de mah, dans un adre dispersif.1.2 Existene en temps longs pour les équations de type hy-perboliquesNous expliquons dans ette partie que l'obtention d'un temps d'existene long de taille 1
ε
pourl'équation des Water-Waves (1.1.3) n'est pas une simple amélioration d'un résultat d'existene loale,ni un simple moyen de justi�er le modèle toit rigide. Il est en e�et intimement lié à la théorie plusgénérale des systèmes hyperboliques.1.2.1 Les systèmes hyperboliquesUn système d'équations aux dérivées partielles est dit hyperbolique s'il s'érit sous la formeBtu� ḑ

j�1

Bjfjpuq � gpuq � 0où u : Rd Ñ R
p, g : Rp Ñ R

p est régulière, et où pour tout j, Aj � �B1fj ... Bpfj� P MppRq,tout α � pα1, ..., αdq P R
d, α1A1 � ... � αdAd est diagonalisable à valeurs propres réelles. Un aspartiulier intéressant est elui où les matries Aj sont symétriques, ou symétrisables (ie il existe

S PMppRq symétrique dé�nie positive tel que SAj est symétrique pour tout j), et il existe une largelittérature à e sujet (voir par exemple [61℄, ou [7℄ pour ne iter qu'eux). L'équation Shallow-Water(1.1.5) est un as typique de système hyperbolique symétrisable (multiplier la seonde équation par
h pour obtenir un système symétrique).



CHAPTER 1. INTRODUCTION 16L'équation des Water-Waves a une struture très prohe des équations hyperboliques. Celaapparaît un peu plus lairement sur une formulation équivalente des équations (1.1.3) (voir [37℄ pourplus de détails) : #Btζ � εV �∇ζ � 1
µ
w � 0BtV � a∇ζ � εpV �∇qV � 0,où on rappelle que V ,w sont les omposantes respetivement vertiales et horizontales de la vitesseà la surfae, et où a est le oe�ient de Rayleigh-Taylor (voir setion 2.2.2 du manusrit pour unedé�nition préise de e dernier). Bien sûr, le terme w est une quantité qui s'exprime de façon nonloale en V (voir plus loin pour les détails tehniques), mais on reonnaît déjà là une forme trèsprohe de la struture hyperbolique.1.2.2 Méthodes d'énergie pour les systèmes hyperboliquesUne aratéristique des systèmes hyperboliques symétrisables est que leur existene loale se prouveave des méthodes dites d'estimation d'énergie. Plus préisément, on montre que si on a des solutions,une ertaine quantité dépendant des inonnues, qu'on appelle "énergie" est bornée sur un ertainintervalle de temps, en démontrant une borne sur ette énergie appelée "estimation d'énergie". Cetteénergie donne en général des informations sur les normes des solutions (par exemple sur les normesSobolev), et par un argument de type point �xe on peut alors réussir à démontrer l'existene loale,dans un espae de la forme Cpr0;T s;HNpRdqq par exemple.En partiulier, pour montrer des résultats d'existene en temps long 1

ε
, il s'agit de montrer quees énergies sont bornées sur un intervalle de temps de ette taille. Par exemple, en e qui onernel'équation Shallow-Water (1.1.5), il est possible de montrer que la quantité

EN pζ, V q � phV , V qHN � |ζ|2HNest bornée tant que la norme W 1,8 des inonnues n'explose pas, ave N ¡ d{2� 1. Dans le as del'équation des Water-Waves, l'énergie onsidérée est plus omplexe, mais omme nous l'avons déjàindiqué plus haut l'hamiltonien suivant est onservé :
Hpζ, ψq � 1

2µ
pGψ, ψqL2 � 1

2
|ζ|2L2.1.2.3 Temps hyperboliqueConsidérons un système quasi-linéaire hyperbolique symétrique de la formeBtu� ε

ḑ

j�1

AjpuqBju � 0ave les notations i-dessus (Ajpuq est une matrie symétrique). Il se trouve que le "bon temps"d'existene pour un tel système, appelé souvent "temps hyperbolique", est de taille 1
ε
. C'est-à-direqu'il "devrait être" de ette taille, et qu'il ne sera pas plus grand en général. Tentons d'illustrer ettea�rmation sur une équation hyperbolique très simple, l'équation de Burgers unidimensionnelle :#Btu� εuBxu � 0

up0, xq � u0pxq (1.2.7)ave des hypothèses raisonnables sur u0. En utilisant la méthode des aratéristiques, on prouve queles aratéristiques sont de la forme
xptq � εu0px1qt� x1ave x1 P R. Les solutions n'existent pas globalement en temps ar les aratéristiques s'intersetent.Estimons le temps auquel elles s'intersetent. Soit don deux aratéristiques xptq � εu0px1qt � x1et εu0px2qt� x2. Elles se roisent au temps

t � � x2 � x1

εpu0px2q � u0px1qq .



17 1.2. EXISTENCE EN TEMPS LONGS POUR LES ÉQUATIONS DE TYPE HYPERBOLIQUESPar onséquent, le temps d'existene loal pour l'équation de Burgers est
T � min

x1,x2PR� x2 � x1

εpu0px2q � u0px1qq � � 1

εmin
xPRu10pxqqui est bien de taille 1

ε
.1.2.4 Systèmes hyperboliques ave terme non homogène singulierNous onsidérons ii des problèmes hyperboliques dont la forme est très prohe de elle de l'équation-modèle suivante : Btu� εuBxu� Lpεu, apxqqu � 0 (1.2.8)ave u P HNpRq pour un ertain N ¡ 0 et où L est un opérateur à oe�ients variables, an-tisymétrique pour le produit salaire L2. Expliquons brièvement l'idée utilisée dans ette thèsepermettant d'obtenir des résultats d'existene en temps long pour une équation de ette forme.L'estimation d'énergie usuelle pour une équation hyperbolique onsiste à faire ommuter des dérivéesspatiales ave l'équation, a�n d'estimer des énergies "ontr�lant" ('est-à-dire "donnant des informa-tions sur") des normes Sobolev. Dans le as d'une équation du type (1.2.8), l'estimation d'énergie

L2 est "bonne":
d

dt

1

2
|uptq|L2 � pBtu, uqL2et en utilisant l'équation (1.2.8) pour remplaer Btu par son expression, on obtient :

d

dt

1

2
|uptq|L2 � �εpuBxu, uqL2 � pLpεu, apxqqu, uqL2 .L'opérateur Lpεu, apxqq�uBx étant antisymétrique pour le produit salaire L2, la quantité i-dessusest nulle, et la norme L2 de u est onservée dans le temps ! L'estimation H1, en revanhe, est"singulière", au sens "pas de taille ε". En e�et, dérivons l'équation (1.2.8) une fois par rapport à lavariable d'espae :BtBxu� εuBxpBxuq � Lpεu, apxqqBxu� εpBxuqBxu� εpBxuqdL1pεu, apxqq � pBxaqdL2pεu, apxqq � 0où on a noté dLi la di�érentielle de L par rapport à la i-ième omposante, pour i � 1, 2. Utilisant lamême tehnique que pour l'estimation L2 i-dessus, on voit que la quantité d

dt
|uptq|H1 n'est pas detaille ε, à ause du terme en la di�érentielle dL2. En partiulier, nous n'avons auune hane aveette méthode de montrer que la norme H1 reste bornée sur un temps de taille 1
ε
.La méthode employée prinipalement dans ette thèse est inspirée de [43℄, [55℄ ou enore [13℄et onsiste à faire ommuter des dérivées en temps ave l'équation. Par exemple, pour (1.2.8), endérivant par rapport au temps, on obtient:BtpBtuq � εuBxpBtuq � Lpεu, apxqqBtu� εpBtuqBxu� εpBtuqdL1pεu, apxqq � 0.Les seuls termes non antisymétriques ont tous un fateur "ε". Cela reste vrai si on dérive plusieursfois en temps. On montre alors que les dérivées en temps des inonnues sont bornées sur un intervallede temps de taille 1

ε
, et on onlut en utilisant l'équation qui permet de relier les dérivées en tempset les dérivées en espae. Par exemple, si Lpεu, apxqq est elliptique d'ordre 1, on érit pour l'équation(1.2.8) :

Lpεu, apxqq � �Btu� εuBxuet en utilisant la bonne estimation pour les dérivées en temps, on obtient, en utilisant l'elliptiité de
Lpεu, apxqq : |uptq|H1 ¤ Cp|uptq|H1qεt� C0où C est ontinue, et C0 ne dépend que des normes des données initiales. On peut réupérer desestimations similaires pour les normes Sobolev d'ordre supérieur en onsidérant l'équation sur pBtqku.Une estimation de la forme |uptq|HN ¤ Cp|uptq|HN qεt� C0ave N assez grand, permet de montrer par un argument de ontinuité que u est dé�nie sur unintervalle de temps de taille 1

ε
.



CHAPTER 1. INTRODUCTION 181.2.5 Résultats obtenusPour les équations des Water-Waves et de Boussinesq-Peregrine, la méthode exposée i-dessus nes'applique pas diretement, et di�érents problèmes apparaissent. En e�et, es équations font in-tervenir des termes dispersifs, et la méthode dérite n'a jamais été appliquée à notre onnaissaneà e dernier adre. Par ailleurs, les termes dispersifs en question ont des strutures di�érentesselon l'équation. Par exemple, pour le as de l'équation des Water-Waves (1.1.3), ave les notationsi-dessus, u � tpζ, ψq et
Lpεu, apxqq � �0 � 1

µ
Grεζ, βbs

1 0



.L'équation des Water-Waves n'est pas stritement hyperbolique et l'opérateur L n'est pas elliptiqued'ordre un. Dans le as de l'équation de Boussinesq-Peregrine (1.1.6), la dispersion provient de laprésene de l'opérateur I�µTb devant la dérivée en temps. Ces onsidérations tehniques poussent àdévelopper plusieurs stratégies, qui sont développées dans les artiles "The Cauhy problem on largetime for the Water Waves equations with large topography variations" et "The Cauhy problem onlarge time for a Boussinesq-Peregrine equation with large topography variations".Ce manusrit expose les résultats suivants d'existene en grand temps obtenus durant la thèse(nous ne donnons volontairement pas d'énoné préis pour ne pas alourdir la leture, et renvoyonsaux énonés omplets) :Theorem 1.2.1 L'équation des Water-Waves ave tension de surfae est bien posée en temps 1

εquelle que soit la taille de la topographie pourvu que les e�ets de tension de surfae soient de l'ordrede µ. [Voir Theorem 2.2.2℄Bien noter qu'auune hypothèse n'est néessaire sur la taille du fond, e qui onstitue l'améliorationdu résultat de [6℄. Comme nous le verrons, la méthode employée repose grandement sur la struturedes équations, et par onséquent il a été néessaire d'introduire la tension de surfae pour prouver untel résultat. Cependant, en pratique, le oe�ient de tension de surfae est faible, aussi l'hypothèsede l'énoné est raisonnable si l'on onsidère des régime où µ est raisonnablement petit. On démontreégalement les résultats suivants :Theorem 1.2.2 L'équation de Boussinesq-Peregrine (1.1.6) est bien posée sur un intervalle detemps ne dépendant pas de µ.[Voir Theorem 3.2.1℄Aussi étonnant que ela puisse paraître, il n'existe à notre onnaissane auune démonstration del'existene loale dans la littérature pour ette équation. Pour des raisons tehniques dues à lastruture de l'équation (typiquement, ave les notations de la setion préédente, l'opérateur an-tisymétrique L n'est pas elliptique d'ordre su�sant par exemple), la méthode de démonstrationd'existene en temps long ne s'applique pas bien à l'équation de Boussinesq-Peregrine. A�n dedémontrer l'existene en "temps hyperbolique" (don de taille 1
ε
), on onsidère alors modèle unéquivalent à (au sens "onsistant à l'ordre 2 en µ ave") l'équation :Theorem 1.2.3 Il existe une équation onsistante à l'ordre 2 en µ ave l'équation de Boussinesq-Peregrine (1.1.6) bien posée en temps 1

ε
en dimension 1.[Voir Theorem 3.3.7℄Ce résultat n'est objetivement pas optimal, ar il ne onerne pas l'équation de Boussinesq-Peregrineelle-même, mais un modèle équivalent. De plus, le résultat n'est vrai qu'en dimension 1. Cesdéfauts proviennent du fait que la struture de l'équation originale (1.1.6) ne semble pas adaptée àl'utilisation de la méthode employée par [13℄, omme expliqué en détail dans l'artile "The Cauhyproblem on large time for a Boussinesq-Peregrine equation with large topography variations". Enrevanhe, il onstitue un résultat intéressant pour une étude numérique. En e�et, les modèles detype Green-Naghdi/Boussinesq permettent de prendre en ompte les e�ets dispersifs de l'équationdes Water-Waves. L'équation Green-Naghdi omporte également un terme de la forme pI�µTbqBtV ,mais ave hb � 1�βb remplaé par la hauteur d'eau totale h � 1�εζ�βb. Une résolution numériquede l'équation de Green-Naghdi par un shéma de type di�érenes �nies en temps néessite don àhaque pas de temps l'inversion de l'opérateur pI � µTbq (qui dépend alors du temps), e qui estoûteux en aluls. Avoir don un modèle simpli�é de ette équation est alors un bon ompromis entreomportement qualitatif des solutions et di�ulté d'implémentation pour un shéma numérique.



19 1.3. PROBLÈMES DE LIMITE SINGULIÈRE ET DÉFAUT DE COMPACITÉ1.3 Problèmes de limite singulière et défaut de ompaitéLa démonstration d'un résultat d'existene en grand temps pour des équations d'éoulement à surfaelibre, et la limite toit rigide qui en déoule rentrent dans le adre des problèmes dits de "limitesingulière".1.3.1 L'éhelle de temps en limite toit rigideDémontrer un résultat d'existene sur un temps de taille 1
ε
est équivalent à démontrer un résultatd'existene uniforme par rapport à ε après hangement d'éhelle en temps

t1 � εt.Préisons : l'équation des Water-Waves (1.1.3) après hangement d'éhelle prend la forme#Btζ � 1
µε
Gψ � 0Btψ � 1

ε
ζ �Mpζ, ψq � 0

(1.3.9)où Mpζ, ψq est un terme bilinéaire en ζ, ψ. Dans l'optique de démontrer des estimations d'énergiesvalables sur un temps indépendant de ε, on essaye d'éliminer les termes "singuliers" de taille 1
ε
dansles estimations. De même, lorsqu'on passe à la limite ε tend vers 0, il onvient de traiter les termesde taille 1

ε
ave prudene (en pratique, on multiplie l'équation par ε avant de passer à la limite).1.3.2 Défaut de ompaité en limite toit rigideDans [13℄, ette limite dite "singulière" quand ε tend vers 0 en régime toit rigide est étudiée pourl'équation Shallow-Water. La onvergene faible des solutions est démontrée, mais on ne s'attend pasen général (du moins si la limite faible est nulle) à avoir onvergene forte (sous-entendu "onvergeneforte globale en espae" dans les espaes de Sobolev3). Une raison très simple à ela est que la quantitéphV , V qL2 � |ζ|2L2est onservée dans le temps.Dans le as de l'équation des Water-Waves elle-même, omme indiqué préédemment, la onver-gene quand ε tend vers 0, si elle a lieu, doit avoir lieu vers zéro (rappelons rapidement que l'équationd'Euler à surfae libre tend formellement vers 0 quand ε tend vers 0 vers l'équation du toit rigide,dont les solutions sont nulles). Comme pour le as Shallow-Water, il n'y a pas onvergene forte vers

0 dans L2 dans le as général, puisque l'hamiltonien
1

2µ
pGψ, ψqL2 � 1

2
|ζ|2L2est onservé au ours du temps (préisons sans donner de détail tehnique que G est symétriquedé�ni positif pour le produit salaire L2). Pourtant, l'énergie est bornée quand ε tend vers 0, etette énergie ontr�le des normes de type Sobolev, aussi par un argument de ompaité il y a (àsous-extration près) onvergene faible dans L2.1.3.3 Résultats obtenusUn des objetifs de ette thèse était de mettre en exergue le défaut de ompaité pour la limite toitrigide. Exposons brièvement la stratégie utilisée : l'équation linéarisée en ζ � 0, b � 0 est :$&% Btζ � 1

µ
G0ψ � 0Btψ � ζ � 0,

(1.3.10)où l'opérateur G0 � Gr0, 0s est donné par
G0 � ?

µ|D| tanhp|Dγ|q,3En revanhe, la onvergene forte loale en espae y est démontrée



CHAPTER 1. INTRODUCTION 20ave FpgpDqfqpξq � gpξqFpfqpξq où Fpfq désigne la transformée de Fourier de f pour tout f P
S 1pRdq. Il n'est pas di�ile de voir que ζ véri�e alors l'équationB2t ζ � 1

µε
G0ζ � 0et ette équation a une struture prohe de elle de l'équation des ondes, hormis le fait qu'à hautesfréquenes G0 n'est que d'ordre 1. Comme pour l'équation des ondes, on pourrait alors s'attendreà avoir des omportements pour les solutions de (1.3.10) de type omposantes partant en �8 enespae, lorsque t tend vers �8. En réalité, le omportement est très di�érent de elui obtenu pourl'équation des ondes, du moins en dimension 1, puisqu'on montre un phénomène de dispersion. Pluspréisément, on a le résultat suivant:Theorem 1.3.1 Les solutions U � pζ, ψq du système linéarisé (1.3.9) pour d � 1 véri�ent uneestimation de dispersion de la forme :�t ¡ 0, �ϕ P SpRq |Uptq|8 ¤ Cp 1

µ3{4 1p1� t{?µq1{3 � 1p1� t{?µq1{2 qp|Up0q|H1� |xBxUp0q|2 � |Up0q|L1q.[Voir Theorem 4.2.5℄L'estimation de dispersion est moins bonne que la dispersion en 1
t1{2 pour l'équation en fond in�ni(voir par exemple [15℄), à ause du omportement à basses fréquenes de l'opérateur G0 (omme unopérateur d'ordre 2). Bien que G0 soit équivalent à basses fréquenes à l'opérateur des ondes, sonomportement est en fait di�érent, ne serait-e que pare que la dérivée seonde de sa transformée deFourier n'est pas nulle (ontrairement à l'opérateur des ondes, justement)! Un tel résultat n'avait pasété obtenu à notre onnaissane, pour le as du fond �ni (voir ependant [45℄ pour une estimationen fond plat dans des espaes di�érents), et un soin tout partiulier a été utilisé pour ontr�lerpréisément la dépendane en µ. Remarquons que si l'on pose λ � t?

µ
, on retrouve la dispersion duas en fond in�ni (voir [15℄ par exemple) en faisant tendre µ vers �8 : en e�et, on érit eitωpDq �

e
i t?

µ
gp?µDq ave gpxq �

xÑ�8a|x|.Le Theorem 1.3.1 montre déjà que le défaut de ompaité en limite toit rigide existe sur l'équationlinéarisée (1.3.10) :Theorem 1.3.2 On a, pour tout ζ0 assez régulière, tout t ¡ 0 et pour d � 1 :
e
i t
ε

b
1

µ
G0

ζ0 á
εÑ0

0et la onvergene n'est pas forte dans L2pRq en général. [Voir Theorem 5.2.6℄A�n de mettre en évidene le même type de omportement sur l'équation globale, on érit ettedernière sous la forme #Btζ � 1
µ
G0ψ � fBtψ � ζ � g,où f et g orrespondent aux termes de taille Op1q par rapport à ε présents dans l'équation desWater-Waves (1.3.9). On traite alors les non-linéarités f, g omme des perturbations du systèmelinéarisé (1.3.10), en utilisant l'estimation de dispersion 1.3.1.A�n d'utiliser l'estimation de dispersion de Theorem 1.3.1, il onvenait de démontrer égalementun résultat d'existene pour l'équation des Water-Waves dans un espae à poids. Nous donnonsvolontairement un énoné vague pour ne pas alourdir la leture :Theorem 1.3.3 Pour N assez grand, il existe k0 ¡ 0 tel que si pζ0, ψ0q véri�ent|ζ0|HN � |xBxζ0|HN�k0 � |ψ0|HN�1{2 � |xBxψ0|HN�1{2�k0   8,alors les solutions de l'équation des Water-Waves (1.1.3) ave onditions initiales pζ0, ψ0q véri�entla même ondition sur leur intervalle d'existene. [Voir Theorem 4.3.11℄



21 1.3. PROBLÈMES DE LIMITE SINGULIÈRE ET DÉFAUT DE COMPACITÉLa démonstration onsiste en une adaptation de la preuve de l'existene loale pour le système(1.1.3) de [37℄. Cependant, une di�ulté tehnique non négligeable apparaît, qui est de ontr�ler demanière optimale le ommutateur de l'opérateur de Dirihlet-Neumann G ave x. Les deux théorèmesi-dessous onstituent l'artile "A dispersive estimate for the linearized Water-Waves equations in�nite depth", qui sert de support tehnique à la preuve d'un des résultats prinipaux de ette thèse,que nous énonçons ii de la façon suivante :Theorem 1.3.4 Les solutions de l'équation des Water-Waves non linéaire (1.1.3) pour d � 1 avefond plat onvergent fortement quand ε tend vers 0 vers les solutions du système linéarisé (1.3.9),en éhelle toit-rigide, dans L8pp0;T q;L2pRdqq. [Voir Theorem 5.2.31℄Ce résultat a�rme don qu'en dimension 1, les solutions de l'équation totale onvergent faiblementvers 0, mais pas fortement (à moins d'avoir des onditions initiales nulles). De plus, le défautde onvergene est dû à l'opérateur de l'équation linéaire, qui induit une dispersion des vagues.Expliquons physiquement en quoi onsiste la limite toit rigide. Pour obtenir ette limite, on faitd'abord le hangement de variable t1 � εt puis on fait tendre ε vers 0. Dans les variables originales,
t � t1

ε
et si on �xe t1, la onvergene de ε vers zéro implique que l'on fait tendre l'amplitude des vaguesvers 0, tout en "avançant dans le temps" (à la vitesse 1

ε
). Asymptotiquement, quand t tend vers�8, toutes les omposantes intéressantes des vagues ont été érasées et il ne reste auun mouvement(hormis d'éventuels ourant rotationnels). On peut se représenter la situation en imaginant que l'on"pose un toit" sur le �uide étudié, érasant ainsi les vagues.En revanhe la onvergene annonée par e Théorème ne tient plus si µ est relié à ε (se rappelerde l'estimation de dispersion du Theorem 1.3.1). Cei se traduit physiquement par le fait qu'onest alors dans un régime où la dispersion n'est plus dominante et ou le méanisme de onvergenefaible est davantage de type "équation des ondes", 'est-à-dire une séparation de la solution en deuxomposantes qui partent a l'in�ni. C'est là le grand intérêt d'avoir une estimation de dispersionave paramètres. Cei ouvre des perspetives pour determiner quels sont les régimes dans lesquelsla dispersion va dominer. Typiquement, si µ � 1 et ε ! 1 alors les e�ets dispersifs l'emportent(le omportement est prohe de l'équation linéaire). Si à l'inverse µ � ε ! 1, alors les e�etsdispersifs sont de même ordre que les e�ets non-linéaires et on a un omportement prohe de elui del'équation de Korteweg de Vries et le meanisme et de type "équation des ondes" en plus ompliqué.En partiulier, on s'attend à e qu'il ne soit plus possible de traiter les non-linéarités quadratiquesdu système omplet omme de simples perturbations du système linéaire. Si ε � ?

µ ! 1 alors ona un regime où la dispersion est plus faible que la non-linéarité et on s'attend à avoir des vaguesdéferlantes...A�n de ompléter l'étude de la limite toit rigide entamée, il reste à montrer que les solutionspζε, ψεq bornées sur Cpr0; T
ε
s, HNpRdq2q uniformément en ε de l'équation des Water-Waves (1.1.3)fournissent des solutions pour l'équation d'Euler à surfae libre. Pour e faire, nous avons eut l'idéede prolonger Uε � ∇X,zΦ

ε ( a priori dé�nie uniquement sur Ωt) à une bande �xe S de la formera; bs�R
d dans laquelle Ωt est inlut pour tout t et tout ε dans l'intervalle d'existene des solutions.On montre alors que le prolongement Ũε est borné dans un espae de la forme Cpr0; T

ε
s;HNpSqquniformément en ε, et qu'il véri�e les équations d'Euler sur le domaine Ωt. Cei aboutit au résultatsuivant :Theorem 1.3.5 L'existene de solutions à l'équation des Water-Waves induit l'existene de solu-tions aux équations d'Euler à surfae libre.[Voir Theorem 5.3.4℄Par un argument de ompaité, on a ensuite à sous-extration près onvergene faible de la suite Ũεquand ε tend vers zéro vers les solutions de l'équation toit rigide, qui sont nulles. La onvergenen'est pas forte dans L8pp0;T q;L2pRdqq, ar elle ne l'est pas pour le système Water-Waves, et lesdeux systèmes (Euler et Zakharov/Craig-Sulem) sont équivalents.On peut illustrer une partie du travail e�etué durant ette thèse par le diagramme de la Figure1.2. La onvergene forte en régime d'eaux peu profondes de Water-Waves vers Shallow-Water a étédémontrée par Alvarez-Samaniego et Lannes [6℄ et par Iguhi [31℄. La �èhe de onvergene faible deShallow-Water vers l'équation des las (qui est un modèle toit rigide en régime d'eaux peu profondes,voir par exemple [12℄) a été justi�ée par Bresh-Métivier dans [13℄. Nous avons au ours de ettethèse démontré les deux dernières onvergenes apparaissant sur e diagramme. Les onvergenes
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Euler áεÑ 0

Toit rigide (zéro)
µÑ 0 µÑ 0Shallow-Water Equation des las (zéro)áεÑ 0

Figure 1.2: Di�érents modèlesfaibles indiquées sur le diagramme ne sont pas fortes en général. Attention : le modèle de l'équationdes las n'est pas trivial. Il est nul s'il est établi omme limite du modèle toit rigide en régime d'eauxpeu profondes. Mathématiquement, le fait que le modèle toit rigide soit trivial provient du fait qu'on"hérite" à la limite faible amplitude des onditions de bord pH51q et pH61q (voir première partie), quideviennent une ondition de nullité sur la omposante normale de la vitesse aux bords du domaine.Il est d'ailleurs possible que bien que les solutions soient nulles dans le modèle à rotationnel nul, desourants tournants subsistent dans le as ave rotationnel.Les modèles à toit rigide, qu'il s'agisse de l'équation du toit rigide (1.1.4) ou des modèles dérivés(équation des las [12℄ ou des grands las [16℄) permettent don de dérire de manière simpli�ée ladynamique des ourants pour les �uides à surfae libre, mais ne disent rien sur la partie irrotationnellede l'éoulement qui est pourtant la omposante fondamentale (et souvent unique) dans l'étude desvagues. Ces modèles sont don d'un intérêt limité dans e adre d'étude.1.4 Perspetives de reherhe1.4.1 Vers des résultats optimauxLe premier théorème d'existene en temps long pour l'existene des Water-Waves, Theorem 1.2.1n'est pas optimal dans le sens où il néessite la présene de tension de surfae. Un résultat identiquepour l'équation (1.1.3) sans tension de surfae pourrait ependant être envisagé en adoptant unestratégie légèrement di�érente. On herhe à résoudre sur un temps long de taille 1
ε
des équationsde la forme Btu� εu �∇u� Lpapxq, εupt, xq, tqu � 0 (1.4.11)où L est un opérateur anti-symétrique et elliptique. La stratégie utilisée dans ette thèse onsistaità faire ommuter ave l'équation des dérivées en temps, de manière à onserver la struture anti-symétrique sur les termes n'étant pas de taille ε. Le problème fondamental pour l'équation desWater-Waves est que L n'est pas elliptique d'ordre 1 : on a L de la forme �0 � 1
µ
G

1 0


 (ave Gbien elliptique d'ordre 1 néanmoins), aussi les dérivées en temps ne sont pas "du même ordre" queles dérivées en espae (dans la deuxième équation de (1.1.3), Btψ n'est pas d'ordre 1 par rapportà ζ), aussi faire le "lien" entre les dérivées temps-espae ne semble pas être une stratégie viable.Néanmoins, on pourrait envisager de faire ommuter des puissanes de L ave l'équation : L2 est ene�et elliptique d'ordre 1 ! Une première di�ulté est que l'équation des Water-Waves (1.1.3) n'estpas exatement de la forme (1.4.11), et qu'il faudrait don lui trouver une formulation permettantd'avoir ette struture.Le deuxième résultat d'existene en temps long prouvé, Theorem 1.2.1 ne semble pas optimal nonplus, ne serait-e que pare qu'il ne marhe qu'en dimension 1. Il ne semble ependant pas y avoir



23 1.5. PLAN DE LA THÈSEune marhe infranhissable pour obtenir le même résultat d'existene en dimension 2 : la di�ultétehnique onsiste essentiellement à estimer orretement le rotationnel de la vitesse moyenne V(voir expliations dans l'artile onerné).Il pourrait être intéressant de s'attaquer à l'estimation de dispersion pour le problème linéariséen ζ � 0 dans le as d'un fond non plat (remplaer G0 � Gr0, 0s par Gr0, βbs dans l'équation (1.3.9)).Une di�ulté tehnique importante est que l'on ne dispose pas d'expression expliite simple pourl'opérateur Gr0, βbs, e qui rend ompliquée l'étude d'intégrales osillantes assoiées. Dans uneoptique plus réaliste, l'obtention d'un résultat de dispersion en dimension 2 (ave fond plat) sembleà portée de main, dans la mesure où l'opérateur linéaire a une symétrie radiale.En�n, la mise en évidene du défaut de ompaité apportée par Theorem 1.3.4 pourrait êtreétablie en dimension 2. Une première étape onsisterait à démontrer une estimation de dispersionpour l'équation linéarisée (1.3.9) en dimension 2. Ce résultat semble raisonnable à obtenir, dans lamesure où l'opérateur assoié à l'équation linéarisée possède une symétrie radiale dans le domainefréquentiel.1.4.2 Limite faible ontraste de densité dans les modèles multi-ouhesLa densité des eaux dans l'oéan n'étant en fait pas onstante, notamment en raison de di�érenesde salinité selon la profondeur, de nombreux phénomènes sous-marins ne pouvant être négligés pourdes modèles de irulation oéanique à grande éhelle ne sont pas pris en ompte par le modèle(1.1.3). De nombreux modèles existent pour prendre en ompte e phénomène. Citons par exemplele modèle multi-ouhe de Saint-Venant. Ce dernier onsiste à supposer que le système est onstituéde N ouhes superposées de �uides non misibles. L'étude du aratère bien posé d'un tel systèmefait l'objet de nombreux travaux : voir par exemple [28℄, [47℄ et [46℄. Dans le adre de e modèle, unparamètre appelé ontraste de densité joue un r�le essentiel. La limite de faible ontraste de densitéorrespond à l'étude du omportement du système lorsque e ontraste tend vers 0 (la densité du�uide le plus lourd s'approhe de elle du �uide le plus léger). Elle apparaît omme une limitesingulière, non sans rappeler la limite singulière de faible amplitude étudiée au ours de ette thèse.Mieux, dans [29℄, un défaut de ompaité est mis en évidene pour ette même limite : le �ot sedéompose omme un mode "rapide" s'éhappant asymptotiquement vite à l'in�ni, et un mode "lent"se propageant à vitesse uniformément bornée par rapport au ontraste de densité.Il serait intéressant de ombiner les résultats obtenus sur le modèle Shallow-Water multi-ouhes,ave eux obtenus dans le adre de ette thèse sur le modèle "mono-ouhe" pour Euler omplet,a�n d'étudier ette même limite "faible ontraste de densité" sans supposer le régime d'eaux peuprofondes. Une telle étude ne serait néanmoins pas réduite à une simple ombinaison des travauxpréédemment ités, et de eux présentés dans e manusrit. En e�et, une séparation en mode"lent" et "rapide" n'est plus véri�ée lorsque les e�ets dispersifs (non pris en ompte par le modèlede Saint-Venant) entrent en jeu. On s'attend alors à des phénomènes d'interations entre es modes(voir par exemple [24℄). Un autre aspet, sans parler de limite singulière faible ontraste de densité,est que le aratère bien posé du système d'Euler omplet n'est pour l'instant établi que dans le asde deux ouhes, et sous l'hypothèse de toit rigide (voir [36℄).1.5 Plan de la thèseLe présent manusrit onsiste, outre ette introdution, en quatre artiles. Chaque artile est auto-ontenu, e qui implique que les notations et le adre de travail sont rappelés à haque hapitre.Aussi est-il possible de lire les hapitres de manière indépendante les uns des autres, bien que leurdisposition dans et ordre onstitue l'artiulation logique de ette thèse. Nous donnons ii un ourtplan a�n de résumer ette introdution :1. Le Chapitre 2 est un artile intitulé "The Cauhy problem on large time for the Water Wavesequations with large topography variations". Il démontre l'existene en temps long pourl'équation des Water-Waves ave tension de surfae et grande topographie.2. Le Chapitre 3 démontre un résultat similaire au préédent pour une équation de type Boussinesq-Peregrine, au travers d'un artile intitulé "The Cauhy problem on large time for a Boussinesq-



CHAPTER 1. INTRODUCTION 24Peregrine equation with large topography variations".3. Le Chapitre 4 donne une estimation de dispersion pour l'équation linéarisée en fond plat desWater-Waves, puis un résultat d'existene loal pour l'équation omplète dans des espaesà poids. Il est onstitué de l'artile "A dispersive estimate for the linearized Water-Wavesequations in �nite depth".4. Le Chapitre 5, onlut l'étude de la limite toit rigide, en utilisant l'estimation de dispersionpréédemment évoquée. On prouve dans l'artile "The rigid lid limit for the water waves equa-tions" que les solutions du système linéarisé des Water-Waves onvergent faiblement, mais pasfortement en général vers 0, en limite toit rigide. On démontre également que les solutions dusystème total onvergent fortement dans ette limite dans L8pp0;T q;L2pRdqq vers les solutionsdu système linéarisé. En�n, on y démontre l'équivalene entre l'équation d'Euler à surfaelibre et l'équation des Water-Waves, prouvant ainsi la onvergene faible mais non forte dessolutions de l'équation d'Euler vers les solutions du système toit rigide.
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CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 26AbstratThis paper shows that the long time existene of solutions to the Water Waves equationsremains true with a large topography in presene of surfae tension. More preisely, the di-mensionless equations depend strongly on three parameters ε, µ, β measuring the amplitude ofthe waves, the shallowness and the amplitude of the bathymetri variations respetively. In[6℄, the loal existene of solutions to this problem is proved on a time interval of size 1

maxpβ,εqand uniformly with respet to µ. In presene of large bathymetri variations (typially β " ε),the existene time is therefore onsiderably redued. We remove here this restrition and provethe loal existene on a time interval of size 1

ε
under the onstraint that the surfae tensionparameter must be at the same order as the shallowness parameter µ. We also show that theresult of [13℄ dealing with large bathymetri variations for the Shallow Water equations an beviewed as a partiular endpoint ase of our result.2.1 IntrodutionWe reall here some lassial formulations of the Water Waves problem, with and without surfaetension. We then shortly introdue the meaningful dimensionless parameters of this problem, andthen state the loal existene result proved by [6℄. We disuss the dependene of the size of the timeinterval with respet to these parameters and then explain the strategy adopted in this paper to getan improved loal existene result.2.1.1 Formulations of the Water Waves problemThe Water Waves problem puts the motion of a �uid with a free surfae into equations. We reall heretwo equivalent formulations of the Water Waves equations for an inompressible and irrotationnal�uid. We then introdue the surfae tension, and reall a loal existene result by [6℄.Free surfae d-dimensional Euler equationsThe motion, for an inompressible, invisid and irrotationnal �uid oupying a domain Ωt delimitedbelow by a �xed bottom and above by a free surfae is desribed by the following quantities:� the veloity of the �uid U � pV,wq, where V and w are respetively the horizontal and vertialomponents ;� the free top surfae pro�le ζ ;� the pressure P.All these funtions depend on the time and spae variables t and pX, zq P Ωt. There exists a funtion

b : Rd Ñ R suh that the domain of the �uid at the time t is given by
Ωt � tpX, zq P R

d�1,�H0 � bpXq   z   ζpt,Xqu,where H0 is the typial depth of the water. The unknowns pU, ζ, P q are governed by the Eulerequations: $'&'%BtU � U �∇X,zU � � 1
ρ
∇P � gez in ΩtdivpUq � 0 in ΩturlpUq � 0 in Ωt.

(2.1.1)We denote here �gez the aeleration of gravity, where ez is the unit vetor in the vertialdiretion, and ρ the density of the �uid. Here, ∇X,z denotes the d � 1 dimensional gradient withrespet to both variables X and z.These equations are ompleted by boundary onditions:$'&'%Btζ � V �∇ζ � w � 0

U � n � 0 on tz � �H0 � bpXqu
P � Patm � σκpζq on tz � ζpt,Xqu. (2.1.2)



27 2.1. INTRODUCTIONIn these equations, V and w are the horizontal and vertial omponents of the veloity evaluated atthe surfae. The vetor n in the last equation stands for the normal upward vetor at the bottompX, z � �H0 � bpXqq. We denote Patm the onstant pressure of the atmosphere at the surfae ofthe �uid. The �rst equation states the assumption that the �uid partiles do not ross the surfae,while the last equation states the assumption that they do not ross the bottom. The last boundaryondition on the pressure takes into aount the surfae tension: σ denotes the surfae tensionoe�ient (take σ � 0 to get the Euler equations without surfae tension), and κpζq is the meanurvature at the surfae
κpζq � �∇ � p ∇ζa

1� |∇ζ|2 q.The equations (2.1.1) with boundary onditions (2.1.2) are ommonly referred to as the free surfaeEuler equations with surfae tension.Craig-Sulem-Zakharov formulationSine the �uid is by hypothesis irrotational, it derives from a salar potential:
U � ∇X,zΦ.Zakharov remarked in [65℄ that the free surfae pro�le ζ and the potential at the surfae ψ � Φ|z�ζfully determine the motion of the �uid, and gave an Hamiltonian formulation of the problem. Later,Craig-Sulem, and Sulem ([25℄ and [26℄) gave a formulation of the Water Waves equation involvingthe Dirihlet-Neumann operator. The following Hamiltonian system is equivalent (see [37℄ and [3℄for more details) to the free surfae Euler equations with surfae tension (2.1.1) and (2.1.2)(take

σ � 0 to get the Water-Waves equations without surfae tension):$&%Btζ �Gψ � 0Btψ � gζ � 1

2
|∇ψ|2 � pGψ �∇ζ �∇ψq2

2p1� | ∇ζ |2q � �σ
ρ
κpζq, (2.1.3)where the unknowns are ζ (free top pro�le) and ψ (veloity potential at the surfae) with t astime variable and X P R

d as spae variable. The �xed bottom pro�le is b, and G stands for theDirihlet-Neumann operator, that is
Gψ � Grζ, bsψ �a1� |∇ζ|2BnΦ|z�ζ ,where Φ stands for the potential, and solves Laplae equation with Neumann (at the bottom) andDirihlet (at the surfae) boundary onditions#

∆X,zΦ � 0 in tpX, zq P R
d � R,�H0 � bpXq   z   ζpXqu

φ|z�ζ � ψ, BnΦ|z��H0�b � 0
(2.1.4)with the notation, for the normal derivativeBnΦ|z��H0�bpXq � ∇X,zΦpX,�H0 � bpXqq � nwhere n stands for the normal upward vetor at the bottom pX,�H0� bpXqq. See also [37℄ for moredetails.Dimensionless equationsSine the properties of the solutions depend strongly on the harateristis of the �uid, it is moreonvenient to non-dimensionalize the equations by introduing some harateristi lengths of thewave motion:(1) The harateristi water depth H0;(2) The harateristi horizontal sale Lx in the longitudinal diretion;(3) The harateristi horizontal sale Ly in the transverse diretion (when d � 2);(4) The size of the free surfae amplitude asurf ;



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 28(5) The size of bottom topography abott.Let us then introdue the dimensionless variables:
x1 � x

Lx
, y1 � y

Ly
, ζ 1 � ζ

asurf
, z1 � z

H0

, b1 � b

abott
,and the dimensionless variables:

t1 � t

t0
, Φ1 � Φ

Φ0

,where
t0 � Lx?

gH0

, Φ0 � asurf

H0

Lx
a
gH0.After re saling, �ve dimensionless parameters appear in the equation. They are

asurf

H0

� ε,
H2

0

L2
x

� µ,
abott

H0

� β,
Lx

Ly
� γ, B0 � ρgL2

x

σ
,where ε, µ, β, γ, B0 are ommonly referred to respetively as "nonlinearity", "shallowness", "topog-raphy", "transversality" and "Bond" parameters.For instane, the Zakharov-Craig-Sulem system (2.1.3) beomes (see [37℄ for more details) indimensionless variables (we omit the "primes" for the sake of larity):$''&''%Btζ � 1

µ
Gµ,γrεζ, βbsψ � 0Btψ � ζ � ε

2
|∇γψ|2 � ε

µ

pGµ,γrεζ, βbsψ � εµ∇γζ �∇γψq2
2p1� ε2µ | ∇γζ |2q � � 1

B0

κγpε?µζq
ε
?
µ

,
(2.1.5)where Gµ,γrεζ, βbsψ stands for the dimensionless Dirihlet-Neumann operator,

Gµ,γrεζ, βbsψ �a1� ε2|∇γζ|2BnΦ|z�εζ � pBzΦ� µ∇γpεζq �∇γΦq|z�εζ ,where Φ solves the Laplae equation with Neumann (at the bottom) and Dirihlet (at the surfae)boundary onditions#
∆µ,γΦ � 0 in tpX, zq P R

d � R� 1� βbpXq   z   εζpXqu
φ|z�εζ � ψ, BnΦ|z��1�βb � 0,and where the surfae tension term is

κγpζq � �∇γ � p ∇γζa
1� |∇γζ|2 q.We used the following notations:

∇γ � tpBx, γByq if d � 2 and ∇γ � Bx if d � 1

∆µ,γ � µB2x � γ2µB2y � B2z if d � 2 and ∆µ,γ � µB2x � B2z if d � 1and BnΦ|z��1�βb � 1a
1� β2|∇γb|2 pBzΦ� µ∇γpβbq �∇γΦq|z��1�βb.2.1.2 Main resultAlvarez-Lannes ([6℄) proved the following loal existene result. We use the notation

a_ b � maxpa, bq.



29 2.1. INTRODUCTIONTheorem 2.1.1 Under reasonable assumptions on the initial onditions pζ0, ψ0q, there exists aunique solution pζ, ψq of the Water Waves equations p2.1.5q with initial ondition pζ0, ψ0q on atime interval r0; T
ε_β s, where T only depends on initial data.For a preise statement, see setion 2.2.3 and see [37℄ Theorem 9.6 and Chapter 4 for a ompleteproof. The fat that T does not depend on µ allowed the authors to provide a rigorous justi�ationof most of the Shallow Water models used in the literature for the desription, among others, ofoastal �ows. In these models, one has β � Opεq and therefore the time sale for the solutionis Op 1

ε_β q � Op 1
ε
q. See also [31℄ who also rigorously proved the justi�ation of the Shallow Watermodels, without a Nash-Moser sheme (whih was used in [6℄). There exists however some asymptotimodels assuming small amplitude surfae variation (ε � Opµq) and large bottom variation β � Op1q.This is the ase of the well-known Boussinesq-Peregrine model ([11℄,[10℄,[51℄) that has been used alot in appliations. For suh a regime, Theorem 2.1.1 provides an existene time of order Op1q only(see also [48℄ for a large time of existene on the Boussinesq-Peregrine equation). Our aim is hereto improve this result in order to reah an Op 1

ε
q existene time. We prove the following result (fora omplete and preise statement, see later Theorem 2.2.2).Theorem 2.1.2 The Water Waves equation with surfae tension (2.1.6) admits a solution on a timeinterval of the form r0; T

ε
s where T only depends on B0µ and on the initial data.In order to prove Theorem 2.1.2, we use a method inspired by Bresh-Métivier [13℄ and Métivier-Shohet [43℄. The only ondition we need is that there is a small amount of surfae tension.More preisely, we assume that the apillary parameter 1

B0
is at the same order as the shallownessparameter µ.In the ontext of the method used by [13℄, we start by resaling the time by setting t1 � tε.The Theorem 2.1.1 now gives an existene time of order ε in these new saled variables. The Craig-Sulem-Zakharov formulation of the Water Waves problem in the newly saled variables is$''&''%Btζ � 1

µε
Gψ � 0Btψ � 1

ε
ζ � 1

2
| ∇γψ |2 � 1

µ

pGψ � εµ∇γζ �∇γψq2
2p1� ε2µ | ∇γζ |2q � � 1

B0ε

κγpε?µζq
ε
?
µ

,
(2.1.6)where G is a shorthand notation for the Dirihlet-Neumann operator Grεζ, βbs (see also Setion2.1.3). The di�ulty is therefore to handle the singular Op 1

ε
q terms of this equation. For the sakeof larity, let us sketh the method of [13℄, [43℄ on the example of the Shallow-Water equations,implemented in [13℄. The Shallow-Water equations form a typial hyperboli quasilinear system,and an be read in the present setting variables$'&'%Btζ � 1

ε
∇γ � phV q � 0BtV � pV �∇γqV � 1

ε
∇
γζ � 0.

(2.1.7)We denoted h the total height of water:
hpt,Xq � 1� εζpt,Xq � βbpXqand

V pt,Xq � 1

hpt,Xq » εζpt,Xq�1�βbpXq V pt,X, zqdzthe vertial mean of V , the horizontal omponent of the veloity. The natural energy assoiated tothis equation is
Epζ, V q � 1

2
|ζ|22 � 1

2
phV , V q2,where | � |2 is the L2 norm on R

d, and p�, �q2 denotes the L2 salar produt (see also Setion 2.1.3). Byderivating in time it is easy to hek that E�pεBtqkζ, pεBtqkV � is uniformly bounded with respet to
ε. It is however not the ase for Hs norms of these unknowns with s ¥ 1, beause of the ommutator



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 30with the bottom parametrization whih is of order β
ε
and therefore singular if β � Op1q. Now,to reover an energy uniformly bounded with respet to ε for the spatial derivatives, we use theequation (2.1.7) to write

∇γζ � εBtV � εR,where |R|2 ¤ C with C independent of ε. Thus ∇γζ is bounded in L2 norm uniformly with respetto ε. It allows us to reover a ontrol of |ζ|H1 . For V , the equation (2.1.7) gives that |∇γ � phV q|2is bounded by |pεBtqζ|2 (bounded uniformly), and taking the rotational of the seond equation, onehas that urlpV q satis�es a symmetri hyperboli equation of the formBturlV � V �∇γurlV � Rwith |R|L2 ¤ C,and with C independent of ε, and thus urlV is uniformly bounded in L2 norm. With an elliptiityargument, one reovers an uniform bound for V in H1 norm. By indution, one an reover thesame bound for higher order spae derivatives.We propose here an adaptation of this method to the Water Waves problem. The struture ofthe equation is important for this method. For example, the Water Waves equation (2.1.6) withoutsurfae tension ( 1

B0

� 0) an be read as:$'&'%Btζ � 1

µ
Gµ,γrεζ, βbsψ � 0Btψ � ζ � ε

2
|∇γψ|2 � ε

µ

pGµ,γrεζ, βbsψ � εµ∇γζ �∇γψq2
2p1� ε2µ | ∇γζ |2q � 0.

(2.1.8)The equation (2.1.8) still has the struture of quasilinear hyperboli symmetri systems, with asenergy:
Epζ, ψq � 1

2µ
pGrεζ, βbsψ, ψq2 � 1

2
|ζ|22.Reall that Grεζ, βbs is the Dirihlet-Neumann operator (see the de�nition in Setion 2.1.3), and isof order one. Therefore, ψ is ontrolled by the energy in "H1{2 norm", and not in L2 norm as itwas the ase for both unknowns of the Shallow-Water equations (2.1.7). For this reason, unlike theShallow-Water ase, spae and time derivatives of the unknowns does not have the same "order": for instane, the �rst equation of (2.1.8) states that Btζ is only of order 1{2 with respet to theenergy, sine it's equal to Gψ and ψ is ontrolled in H1{2 norm by the energy. This onsiderationjusti�es the use of surfae tension in the Water-Waves equation (2.1.6) used. Note that we pay speialattention to the dependene of the surfae tension on the existene time; it is indeed important toget a dependene on Boµ and not only on B0 sine this weaken our assumption on the size of theapillary e�ets.2.1.3 NotationsWe introdue here all the notations used in this paper. All the notations used are oherent with [37℄.Operators and quantitiesBeause of the use of dimensionless variables (see before the "dimensionless equations" paragraph),we use the following twisted partial operators:

∇γ � tpBx, γByq if d � 2 and ∇γ � Bx if d � 1

∆µ,γ � µB2x � γ2µB2y � B2z if d � 2 and ∆µ,γ � µB2x � B2z if d � 1

∇µ,γ � tp?µBx, γ?µBy, Bzq if d � 2 and tp?µBx, Bzq if d � 1

∇
µ,γ � � ?

µBx � γ
?
µBy � Bz if d � 2 and ?

µBx � Bz if d � 1urlµ,γ � tp?µγBy � Bz, Bz �?
µBx, Bx � γByq if d � 2.



31 2.1. INTRODUCTIONRemark 2.1.3 All the results proved in this paper do not need the assumption that the typial wavelengths are the same in both diretion, ie γ � 1. However, if one is not interested in the dependeneof γ, it is possible to take γ � 1 in all the following proofs. A typial situation where γ � 1 is forweakly transverse waves for whih γ � ?
µ; this leads to weakly transverse Boussinesq systems andthe Kadomtsev�Petviashvili equation (see [40℄).We use the lassial Fourier multiplier

Λs � p1�∆qs{2 on R
dde�ned by its Fourier transform as

FpΛsuqpξq � p1� |ξ|2qs{2pFuqpξqfor all u P S 1pRdq. The operator P is de�ned as
P � |Dγ|p1�?

µ|Dγ|q1{2 (2.1.9)where
FpfpDquqpξq � fpξqFpuqpξqis de�ned for any smooth funtion of polynomial growth f and u P S 1pRdq. The pseudo-di�erentialoperator P ats as the square root of the Dirihlet Neumann operator (see later (2.2.26)).We denote as before by Gµ,γ , the Dirihlet-Neumann operator, whih is de�ned as follows in thesaled variables:

Gµ,γψ � Gµ,γrεζ, βbsψ �a1� ε2|∇γζ|2BnΦ|z�εζ � pBzΦ� µ∇γpεζq �∇γΦq|z�εζ .where Φ solves the Laplae equation#
∆γ,µΦ � 0

Φ|z�εζ � ψ, BnΦ|z��1�βb � 0.For the sake of simpliity, we use the notation Grεζ, βbsψ or even Gψ when no ambiguity ispossible.The Dirihlet-Neumann problemIn order to study the Dirihlet-Neumann problem (2.1.4), we need to map Ωt into a �xed domain(and not on a moving subset). For this purpose, we introdue the following �xed strip:
S � R

d � p�1; 0qand the di�eomorphism
Σεt :

S Ñ ΩtpX, zq ÞÑ p1� εζpXq � βbpXqqz � εζpXq.It is quite easy to hek that Φ is the variational solution of (2.1.4) if and only if φ � Φ � Σεt is thevariational solution of the following problem:#
∇µ,γ � P pΣεt q∇µ,γφ � 0

φz�0 � ψ, Bnφz��1 � 0,
(2.1.10)and where

P pΣεt q � | detJΣε
t
|J�1

Σε
t

tpJ�1
Σε

t
q,where JΣε

t
is the jaobian matrix of the di�eomorphism Σεt . For a omplete statement of the result,and a proof of existene and uniqueness of solutions to these problems, see [37℄ Chapter 2.



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 32We introdue here the notations for the shape derivatives of the Dirihlet-Neumann operator.More preisely, we de�ne the open set Γ � Ht0�1pRdq2 as:
Γ � tΓ � pζ, bq P Ht0�1pRdq2, Dh0 ¡ 0,�X P R

d, εζpXq � 1� βbpXq ¥ h0uand, given a ψ P .

Hs�1{2pRdq, the mapping:
Grε�, β�s : Γ ÝÑ Hs�1{2pRdq

Γ � pζ, bq ÞÝÑ Grεζ, βbsψ.One an prove the di�erentiability of this mapping. See Appendix 2.A for more details. We de-note djGph, kqψ the j-th derivative of the mapping at pζ, bq in the diretion ph, kq. When we onlydi�erentiate in one diretion, and no ambiguity is possible, we simply denote djGphqψ or djGpkqψ.Funtional spaesThe standard salar produt on L2pRdq is denoted by p , q2 and de�ned bypf, gq2 � »
Rd

fpxqgpxqdxand the assoiated norm | � |2, de�ned by|f |2 �d»
Rd

|fpxq|2dx.We will denote the norm of the Sobolev spaes HspRdq by | � |Hs , de�ned by|f |Hs � |Λsf |2where Λs is the Fourier multiplier de�ned above.We introdue the following funtional Sobolev-type spaes, or Beppo-Levi spaes:De�nition 2.1.4 We denote 9Hs�1pRdq the topologial vetor spae9Hs�1pRdq � tu P L2
locpRdq, ∇u P HspRdquendowed with the (semi) norm |u| 9Hs�1pRdq � |∇u|HspRdq.Just remark that 9Hs�1pRdq{Rd is a Banah spae (see for instane [27℄).The spae variables z P R and X P R

d play di�erent roles in the equations sine the Eulerformulation (2.1.1) is posed for pX, zq P Ωt. Therefore, X lives in the whole spae R
d (whih allowsto take frational Sobolev type norms in spae), while z is atually bounded. For this reason, weneed to introdue the following Banah spaes:De�nition 2.1.5 The Banah spae pHs,kpp�1, 0q � R

dq, |.|Hs,kq is de�ned by
Hs,kpp�1, 0q � R

dq � k£
j�0

Hjpp�1, 0q;Hs�jpRdqq, |u|Hs,k � ķ

j�0

|Λs�jBjzu|2.2.2 Main resultThis setion is dediated to the proof of Theorem 2.1.2. In Setion 2.2.1 we introdue the energyspae ENσ used in the Water Waves equations. This energy plays an important role in the proof ofthe main result, sine the key point onsists in proving that this energy is uniformly bounded withrespet to ε. We also reall in this Subsetion the method used to prove the loal existene theoremfor the Water Waves equation. The proof of the loal existene relies on the important assumptionthat the Rayleigh-Taylor ondition holds; this is disussed in Setion 2.2.2. The following Setion2.2.3 states the main result of this paper, that is, the preise statement of Theorem 2.1.2. The lastSetion 2.2.4 is dediated to the proof of this result.



33 2.2. MAIN RESULT2.2.1 The energy spaeThe purpose of this setion is to introdue the energy spae used in the proof of the loal existeneresult for the Water Waves equations. To this purpose, we explain the strategy of this proof. Weadapt here the approah of [37℄ to the resaled in time equations (2.2.11), pointing out where thesingular terms are. We reall that we resale the time variable for the equation (2.1.5) by setting
t1 � tε.The Water Waves equations with surfae tension (2.1.5) in the newly saled variables are$''&''%Btζ � 1

µε
Gψ � 0Btψ � 1

ε
ζ � 1

2
| ∇γψ |2 � 1

µ

pGψ � εµ∇γζ �∇γψq2
2p1� ε2µ | ∇γζ |2q � � 1

B0ε

κγpε?µζq
ε
?
µ

,
(2.2.11)where as usual, G is a shorthand notation for the Dirihlet-Neumann operator Grεζ, βbs (see alsoSetion 2.1.3).Remark 2.2.1 We reall that

κγpζq � �∇γ � p ∇γζa
1� |∇γζ|2 q,so the surfae tension term that appears on the right hand side of the seond equation of (2.2.11) isonly of size 1

ε
(thought at �rst sight it seems of size 1

ε2
).The purpose of the proof of an existene time uniform with respet to ε for this equation inthe newly time saled variables, is to get an uniform bound with respet to ε for a good quantityalled the energy whih ontrols Sobolev norms of the unknowns. By a ontinuity argument, onean dedue a time existene independent of ε. For the Water Waves equation with surfae tension(2.2.11), a natural quantity appears to at as an "energy". If one looks at the linearized equationaround the rest state ζ � 0, ψ � 0, one �nds a system of evolution equationsBtU � 1

ε
AσU � 0, with Aσ � � 0 � 1

µ
Gr0, βbs

1� 1
B0

∆γ 0



.This system an be made symmetri if we multiply it by the symmetrizer�

1� 1
B0

∆γ 0

0 1
µ
Gr0, βbs
 ,where U � tpζ, ψq. In [6℄,[37℄, Gr0, βbs is replaed by Gr0, 0s in Aσ. Here, we annot perform thissimpli�ation beause the error would be of size Opβ
ε
q and therefore singular sine β � Op1q. Thissuggests a natural energy of the form|ζ|22 � 1

B0

|∇γζ|22 � p 1
µ
Gr0, βbsψ, ψq2.The last term is uniformly equivalent to |Pψ|22 where P is de�ned in (2.1.9). See later Remark 2.2.10for a preise statement. Thus, P ats as the square root of the Dirihlet-Neumann operator and isof order 1{2.This energy has not the su�ient order of derivatives to have a real ontrol of the unknowns.For instane, the produt |∇γψ|2 in the seond equation of (2.2.11) is not de�ned if ψ is only

H1{2pRdq. To reover a ontrol of the unknowns at a higher order, the lassial sheme for thiskind of method, is to di�erentiate the equation (2.2.11) in order to get an evolution equation of theunknowns BkXi
ζ, BkXi

ψ. For this purpose, we need to use an expliit shape derivative formula withrespet to the surfae for the Dirihlet Neumann operator. It is given in Appendix Theorem 2.A.4:
dGphqψ � �εGphwq � εµ∇γ � phV q



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 34with
w � Gψ � εµ∇γζ �∇γψ

1� ε2µ|∇γζ|2 and V � ∇γψ � εw∇γζ.See [37℄ Chapter 3 for a full proof of this formula. By di�erentiating N times the �rst equation of(2.2.11), following the approah of [31℄ (see also [37℄ Chapter 4) one �nds after some omputationthat, for |pα, kq| � N ,BtBpα,kqζ �∇γ � pV Bpα,kqζq � p 1

µε
GpBpα,kqψ � εwBpα,kqζq� 1

ε

¸
jPN�,l1�...�lj�δ�pα,kqdjGpBl1b, ..., BljbqBδψqq � R,with, for any d � 1-uplet of integers pα, kq � pα1, ..., αd, kq, |pα, kq| � °d

i�1 αi � k, and with thenotation �pα, kq � pα1, ..., αd, kq P N
d�1, Bpα,kqf � Bα1

X1
...Bαd

Xd
pεBtqkf (2.2.12)and where, without entering tehnial details|R|H1

σ
¤ Cp|ζ|HN

σ
, |Pψ|HN ,

1

B0

qwhere: �k P N, |f |2Hk
σ
� |f |2Hk � 1

B0

|∇γf |2Hk (2.2.13)and C is a non dereasing funtion of its arguments whih does not depend on ε. This evolutionequation an be found by di�erentiating N times the Dirihlet-Neumann operator Grεζ, βbsψ andthus R ontains derivatives of the form
dGpBl1ζ, ..., Bljζ, Bm1βb, ..., BmkβbqBδψwhere the shape derivatives of G with respet to ζ have an ε fator that anel the 1

ε
singularity (seealso the de�nition of dG in Setion 2.1.3). Finally, the only singular terms omes from the derivativesof the Dirihlet Neumann operator with respet to the bottom. Up to some extra singular soureterms oming from the shape derivatives with respet to the bottom, this equation has the samestruture as (2.2.11), with Bpα,kqζ and Bpα,kqψ � εwBpα,kqζ playing the role of ζ and ψ respetively(reall that Bpα,kq is de�ned by (2.2.12)). These quantities are the so alled "Alinha good unknowns"and will be denoted by:�|pα, kq| ¥ 1 ζpα,kq � Bpα,kqζ, ψpα,kq � Bpα,kqψ � εwBpα,kqζ. (2.2.14)An evolution equation for the unknown ψpα,kq in term of the good unknowns an be also obtained(see later Setion 2.2.4).In the surfae tension ase, the leading order operator is the surfae tension term κγ . This leadsto some tehnial ompliations. For instane, in order to ontrol the time derivatives of κγ , one hasto inlude the time derivatives of the unknowns in the energy. This method has been used by [52℄,[36℄ to study the Water Waves Problem with surfae tension. Time derivatives and spae derivativesplay a di�erent role in this proof, and we use the notation�k P N, ζpkq � pεBtqkζ, and ψpkq � pεBtqkψ � εwpεBtqkζfor time derivatives, and�α P N

d,�k P N, ζpα,kq � pεBtqkBαζ and ψpα,kq � pεBtqkBαψ � εwpεBtqkBαζsuh that fpα,kq denotes indeed the good unknown de�ned by (2.2.14) with index the d � 1-upletpα, kq. See [37℄ Chapter 9 for more details about how to handle the time derivative in the energy.All these onsiderations explain why we do not use, for the loal existene result of the WaterWaves equations, an energy involving terms of the form BkXi
ψ but rather the following energy:
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ENσ pUq � |ζ|22 � |Pψ|2

Ht0�3{2 � ¸pα,kqPNd�1,1¤|pα,kq|¤N|ζpα,kq|2H1
σ
� |Pψpα,kq|22 (2.2.15)where as before (see (2.2.13) |f |2H1

σ
� |f |22 � 1

B0

|∇γf |22.The hoie ofN is of ourse purely tehnial, and made in partiular to have the di�erent produtsof funtions well-de�ned in the Sobolev Spaes used. Again, it is very important to note that thetime derivatives of order less than N appear in the equation.We onsider solutions U � pζ, ψq of the Water Waves equations in the following spae:
ENσ,T � tU P Cpr0, T s ;Ht0�2 � .

H2pRdqq, ENσ pUp.qq P L8pr0, T squ.2.2.2 The Rayleigh-Taylor onditionWe explained in Subsetion 2.2.1 that the Water Waves equations (2.2.11) an be "quasilinearized".In these quasilinearized equations, a quantity appears to play an important role. It is alled the"Rayleigh-Taylor oe�ient" (see [37℄ Chapter 4 and also [60℄ for more details) and is de�ned by
apζ, ψq � 1� εpεBt � εV �∇γqw � �ε P0

ρag
pBzP q|z�εζ (2.2.16)where w � pBzΦq|z�εζ and V � p∇γΦq|z�εζ are respetively the horizontal and vertial omponentsof the veloity U � ∇X,zΦ evaluated at the surfae.The ondition for strit hyperboliity of the Water Waves system appears to be the following"Rayleigh-Taylor ondition": a ¡ 0. This makes the link with the lassial Rayleigh-Taylor riterion

inf
Rd
p�BzP q|z�εζ ¡ 0where P is the dimensionless pressure. See [60℄ for more details. Ebin ([30℄) showed that the WaterWaves problem (without surfae tension) is ill-posed if the Rayleigh-Taylor ondition is not satis�ed.Wu [64℄ proved that this ondition is satis�ed by any solution of the Water Waves problem in in�nitedepth. It is proved also in [37℄ Chapter 4 that this is also true in �nite depth for the ase of �atbottom. For the surfae tension ase, the Rayleigh-Taylor ondition does not need to be satis�edin order to have well-posedness, but the existene time depends too strongly on the surfae tensionoe�ient and is then too small for most appliations to oeanography.2.2.3 Statement of the resultWe now state the main result.Theorem 2.2.2 Let t0 ¡ d{2,N ¥ t0 � t0 _ 2� 3{2. Let U0 � pζ0, ψ0q P EN0 , b P HN�1_t0�1pRdq.Let ε, γ, β be suh that
0 ¤ ε, β, γ ¤ 1,and moreover assume that:Dhmin ¡ 0, Da0 ¡ 0, 1� εζ0 � βb ¥ hmin and apU0q ¥ a0. (2.2.17)Then, there exists T ¡ 0 and a unique solution Uε P ENσ,T to (2.2.11) with initial data U0. Moreover,

1

T
� C1, and sup

tPr0;T sENσ pUεptqq � C2with Ci � CpENσ pU0q, 1

hmin
,
1

a0
, |b|HN�1_t0�1 , µB0q for i � 1, 2.



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 36It is very important to note that T does not depend on ε for small values of ε. The Theorem2.1.2 gives an existene time of order ε as ε goes to zero, if β is of order 1. We prove here that it isin fat, of order 1. Note that the topography parameter β is �xed in all this study.Let us now give a result for the Water Waves equation with surfae tension (2.1.5) in the initialtime variable. The loal existene Theorem 2.1.1 provides an existene time of order 1
ε_β to theinitial Water Waves equation (2.1.5) with surfae tension. After the resaling in time t1 � tε, theTheorem 2.1.1 provides an existene time of order ε

ε_β � ε
β
as ε goes to 0. Now, the main resultTheorem 2.2.2 laims that the existene time is in fat of order 1 in this variable. It gives then thefollowing result:Theorem 2.2.3 Under the assumptions of Theorem 2.2.2, there exists a unique solution pζ, ψq ofthe Water Waves equations (2.1.6) with initial ondition pζ0, ψ0q on a time interval r0; T

ε
s where

1

T
� C1, and sup

tPr0;T sENσ pUεptqq � C2with Ci � CpENσ pU0q, 1

hmin
,
1

a0
, |b|HN�1_t0�1 , µB0q for i � 1, 2.This last result gives a gain of an order 1

ε
with respet to the time existene provided by Theorem2.1.1. It is very important to note that the existene time given by Theorem 2.2.2 depends on theonstant B0µ. It implies for instane that in the shallow water limit (µ ! 0), less on less apillarye�ets are required (reall that the apillary e�ets are of order 1

B0
). This is the reason why in thelimit ase µ � 0 orresponding to the shallow water equations and investigated in [13℄, no surfaetension is needed. We disuss about the shallow water regime in the Setion 2.2.5.2.2.4 Proof of Theorem 2.2.2The key point of the proof of Theorem 2.2.2 is the following Proposition:Proposition 2.2.4 Let Uε � pζε, ψεq be the unique solution of the equation (2.2.11) on the timeinterval r0;T εs and

Kε � sup
tPr0,T εsENσ pUεptqq.Then we have, with the previous notations:�t P r0;T εs, E
N
σ pUεqptq ¤ C0 � C1pKεqpt� εq (2.2.18)where C0 � C0pENσ pUε|t�0

qq and C1pKεq � C1pKε,
1

hmin
,
1

a0
, |b|HN�1_t0�1 , B0µq are non dereasingfuntions of their arguments.Proof of Proposition 2.2.4 The quantity ε is �xed throughout the proof. We onsider a solution

Uε � pζε, ψεq on a time interval r0;T εs of (2.1.5) given by the standard loal existene Theorem2.1.1. To alleviate the notations, we omit, when no ambiguity is possible, the ε in the notation Uε inthe following estimates. Moreover, C will stand for any non dereasing ontinuous positive funtion.Let us �rst sketh the proof.(i) The evolution equation for time derivatives of the unknowns is "skew symmetri" with respetto 1

ε
terms: these large terms anel one another in energy estimates. This allows us to getthe improved estimate (2.2.18) for time derivatives:|pεBtqkζ|H1

σ
� |PpεBtqkψ|2 ¤ C1pKqt� C0; k � 0..N. (2.2.19)This is proved in Lemma 2.2.8.(ii) To get higher order estimates (with respet to spae variables), we use the equation (2.2.11)to get
1

µ
GppεBtqkψq � pεBtqk�1ζ � εR



37 2.2. MAIN RESULTwhere |R|H1
σ
¤ C1pKq. By the �rst step of the proof, the term pεBtqk�1ζ satis�es the "good"ontrol (2.2.19) in H1

σ norm. Sine G is of order one and ellipti, this should allow us toreover one spae derivative for PpεBtqkψ, with the desired ontrol (2.2.18). But there is alittle onstraint, due to the fator 1
B0

in the de�nition of the H1
σ norm (2.2.13):|f |2H1

σ
� |f |22 � 1

B0

|∇γf |22.One has to use preisely the de�nition of the operator P given in (2.1.9) by
P � |Dγ|p1�?

µ|Dγ|q1{2and the inequality |Pψ|2 ¤ M

µ
pGψ,ψq2(see below (2.2.26)) to get that |Dγ|Pψ is bounded in H1 norm by a onstant depending on

µB0. One an use the same tehnique to ontrol ∆γζ with pεBtqk�1ψ in H1
σ norm, and reoveragain one spae derivative for ζ. By �nite indution, one reovers the ontrol of the form(2.2.18) for ζpkq and ψpkq. This is done in Lemma 2.2.11.For this proof, we hoose (taking smaller time existene if neessary) T ε suh that�t P r0;T εs, aptq ¥ a0

2
and hptq � 1� εζptq � βb ¥ hmin

2
. (2.2.20)The �rst ondition may be satis�ed given the ontinuity in time of a (see the de�nition of a in(2.2.16)) on the time interval r0;T εs, provided that Bta P L8pr0;T εs;Rdq (this is proved in theontrol of A3 below). The seond ondition is satis�ed by the fat the solution ζ lives in the spae

Cpr0;T εs;Ht0�2pRdqq, and the ontinuous embedding Ht0 � L8pRdq given t0 ¡ d{2. This gives theontinuity in time of h (note that b is also in L8pRdq).Now let us prove the desired estimate (2.2.18) for time derivatives of ψ and ζ. Beause of theenergy spae introdued in (2.2.15), we want to ontrol quantities like
Epα,kq � |ζpα,kq|2H1

σ
� |Pψpα,kq|22, |pα, kq| ¤ Nwith α � 0. Let k be �xed. We look for the equations for the unknown

Uk � pζpkq, ψpkqq.We denote the Rayleigh-Taylor oe�ient by
a � 1� εpεBt � εV �∇γqw.By di�erentiating k times the equations (2.2.11) with pεBtqk, following the approah of [31℄ (see also[37℄ Chapter 4), one �nds after some omputation the following result:Lemma 2.2.5 The unknown Upkq satis�es the following equation:BtUpkq � 1

ε
AσrU sUpkq �BrU sUpkq � CkrU sUpk�1q � tpRk, Skq (2.2.21)with the operators

AσrU s � � 0 � 1
µ
G

a� 1
B0

∇γ � Kp?µε∇γζq∇γ 0



,

BrU s � �V �∇γ 0

0 V �∇γ



,and

CkrU s � � 0 � 1
µ
dGpεBtζq

1
B0ε

∇γ �Kpkqrε?µ∇γζs 0



,
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Kp∇γζq � p1� |∇γζ|2qId �∇γζ b∇γζp1� |∇γζ|2q3{2 ,and

Kpkqr∇γζsF � �∇γ � �dKp∇γεBtζq∇γF � dKp∇γF q∇γεBtζ�.The residual tpRk, Skq satis�es the following ontrol:|Rk|H1
σ
� |PSk|2 ¤ C1pKq. (2.2.22)Remark 2.2.6 At �rst sight, Ck seems to involve a singular 1

ε
fator. By looking more arefully, itis not the ase sine Kpkqrε?µ∇γζs has an ε fator whih anels the 1

ε
term.Remark 2.2.7 Let us explain why the residual has to satisfy an estimate of the form (2.2.22). Theenergy for ζpkq, ψpkq is of the form|Pψpkq|22 � |ζpkq|22 � 1

B0

|∇γζpkq|22.In order to get energy estimate, we di�erentiate this energy with respet to time, whih leads to theontrol of terms of the form
1

µ
pBtψpkq, Gψpkqq2, pBtζpkq, ζpkqqH1

σ
.In order to ontrol these quantities, we replae Btpζpkq, ψpkqq by their expressions given by the equation(2.2.21). All terms satisfying a ontrol of the form (2.2.22) are harmless for the energy estimate,sine they lead to the ontrol of terms suh as

1

µ
pGψpkq, Skq, pζpkq, RkqH1

σwhih is easily done.Proof of Lemma 2.2.5 The di�erentiation of the �rst equation of (2.2.11) takes the form (reallthat Gψ stands for Grεζ, βbsψ and thus any derivative of G with respet to ζ involves an ε fator):pεBtqkBtζ � 1

µε
GpεBtqkψ � 1

µε
dGppεBtqkζqψ � 1

µε
dGpεBtζqψpk�1q� 1

µε

¸
1¤j1�...�jm�l¤k

1¤l

εj1�...�jmdGppεBtqj1ζ, ..., pεBtqjmζqpεBtqlψ.Using the expliit shape derivative formula with respet to the surfae for G given by Proposition2.A.4, we get that
dGppεBtqkζqψ � �εGppεBtqkζwq � εµ∇γ � ppεBtqkζV q,and thus using the de�nition of ζpkq, ψpkq given by (2.2.14), one gets the following evolution equation:pεBtqkBtζ �∇

γ � pV ζpkqq � 1

µε
Gψpkq � 1

µε
dGpεBtζqψpk�1q �

1

µε

¸
1¤j1�...�jm�l¤k

1¤l

εj1�...�jmdGppεBtqj1ζ, ..., pεBtqjmζqpεBtqlψ.The term dGpεBtζqψpk�1q is ontrolled in L2 norm, but not in H1
σ norm. The terms of the righthand side involve derivatives of ψ of order less than N �2 and then an be put in a residual Rk witha ontrol (2.2.22), using Proposition 2.A.5. The di�erentiation of the seond equation of (2.2.11)involves the linearization of the surfae tension term

1

ε
?
µ
pεBtqkκγpε?µζq � �∇γ �Kpε?µ∇γζq∇γpεBtqkζ �Kpkqrε?µ∇γζspεBtqk�1ζ � ...The seond order operator Kpkq is not ontrolled in H1{2 norm (or |P � |2 norm). The other termsan be put in the residual Sk with a ontrol (2.2.22). See [37℄ Chapter 9 for a omplete proof of theevolution equation in terms of unknowns ψpkq,ζpkq.



39 2.2. MAIN RESULTlWe now show that the singular terms of size Op 1
ε
q are transparent in the energy estimates forthe evolution equation (2.2.21). This yields the bounds announed in (2.2.19).Proposition 2.2.8 One has the following estimate for all 0 ¤ k ¤ N :|ζpkq|H1

σ
� |Pψpkq|2 ¤ C2pKqt� C0,where C0 � CpENσ pU|t�0qq and C2 � Cp 1

hmin

,
1

a0
, |b|HN�1_t0�1q are non dereasing funtions of theirarguments.Remark 2.2.9 An evolution equation an also be obtained for spae derivatives, and then takes theform BtUpα,kq � 1

ε
ÃσrU sUpα,kq �BrU sU�pα,kq � Cpα,kq � tpRpα,kq, Spα,kqq (2.2.23)with

ÃσrU s � � 0 � 1
µ
G

a� 1
B0

∇γ � Kp?µε∇γζq �°|α|�|δ|¤N dGpBα1b, ..., BαjbqBδψ 0



,and

U�pα,kq � ḑ

j�1

Upα�ejq,k � Upα,k�1qwith ej the unit vetor in the j� th diretion. This system is then non symmetrizable with respet to
1

ε
terms, and the ontrols are not uniform with respet to ε, due to spatial derivatives of the bottom.This is the reason why we have to ontrol the time derivatives �rst, and then use the struture ofthe equation to reover higher order derivatives. In the ase of a �at bottom β � 0, or almost �atbottom β � Opεq, the terms involving spae derivatives of b in ÃσrU s an be put in the residual andare easy to ontrol. The proof of Theorem 2.1.1 as onsidered in [6℄ gives then a time existene oforder 1

ε
.Proof of Lemma 2.2.8 The system (2.2.21) an be symmetrized with respet to main order termsof size 1

ε
if we multiply it by the operator

S1rU s � �a� 1
B0

∇γ �Kpε?µ∇γζq∇γ 0

0 1
µ
G



. (2.2.24)This suggests to introdue

E0 � 1

2
|ζ|2H1

σ
� 1

2µ
pGψ,ψq2 � 1

2B0

p ∇γζa
1� ε2µ|∇γζ|2 ,∇γζq2, k � 0

Ek � pS1rU sUpkq, Upkqq2. k � 0 (2.2.25)The quantity Ņ

k�0

Ek is uniformly equivalent to the energy ENσ introdued in (2.2.15):Lemma 2.2.10 There exists M � Cp 1
hmin

, |ζ|Ht0�1 , |b|Ht0�1
, 1
a0
,Kq where C is a non dereasingfuntion of its arguments, suh that

1

M
ENσ ¤ Ņ

k�0

Ek ¤MENσ .Proof of Lemma 2.2.10 This is proved in [37℄; we give here the main steps of the proof for thesake of ompleteness.(i) We start to use the following inequalities (see [37℄ Chapter 3):pψ, 1
µ
Gψq2 ¤M0|Pψ|22 and |Pψ|22 ¤M0pψ, 1

µ
Gψq2 (2.2.26)for all ψ P .

H1{2pRdq, where M0 is a onstant of the form Cp 1
hmin

, |ζ|Ht0�1 , |b|Ht0�1
q. The sameinequality stands for spae and time derivatives.



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 40(ii) Thanks to the Rayleigh-Taylor ondition (2.2.20), we have also:
1

M

1

2
|ζ|2 ¤ 1

2
pζ, aζq2 ¤M

1

2
|ζ|2,with M a onstant of the form Cp 1

a0
,Kq. The same inequality stands for spae and timederivatives.(iii) At last, Kpε?µ∇γζq is a d� d symmetri matrix uniformly bounded with respet to time and

ε,
1

M
|ζpkq|H1

σ
¤ pKpε?µ∇γζq∇γζpkq,∇γζpkqq2 ¤M |ζpkq|H1

σwhere M is a onstant of the form C1pKq. lBeause the term CkrU sU pk�1q whih appear in the equation (2.2.21) ontains order two deriva-tives with respet to ζpk�1q, the time derivatives of the energies Ek are atually not ontrolled bythe energy ENσ . To overome this problem, we slightly adjust the twisted energy Ek for k � N byde�ning
Fk � εpS2rU sUpk�1q, Upkqq2 if k � N,� 0 if k � N,where

S
2rU s � � 1

B0
Kpkqpε?µ∇γζq 0

0 1
µ
dGpεBtζq
 .The presene of the ε in Fk is a onsequene of the �rst time saling t1 � tε. The matrix operator

S2rU s symmetrizes the subprinipal term Ck. One derives with respet to time this "energy". Ourgoal is to have, for all 0 ¤ k ¤ N
d

dt
pEk � Fkq ¤ C1pKq.We will at the end reover a similar estimate for the energy Ek by using a Young inequality in theontrol of Fk by the Ej .Control of d

dt
E0One gets, using the symmetry of G:

dE0

dt
� pBtζ, ζq2 � 1

B0

p ∇γζa
1� ε2µ|∇γζ|2 ,∇γBtζq2 � 1

µ
pGψ, Btψq2 �A1,where, the ommutator terms rG, Bts and r 1?

1�ε2µ|∇γζ|2 , Bts are
A1 � �� 1

2B0

pε2µ∇γζ � Bt∇γζq∇γζp1� ε2µ|∇γζ|2q3{2 ,∇γζ
�
2
� 1

2µ
pdGpεBtζqψ, ψq2.Using the equations (2.2.11) to replae Btζ and Btψ in this equality, one an write

dE0

dt
� 1

µε
pGψ, ζq2 � 1

µε
pGψ, ζq2� 1

µε

1

B0

p ∇γζa
1� ε2µ|∇γζ|2 ,∇γGψq2 � 1

µε

1

B0

p ∇γζa
1� ε2µ|∇γζ|2 ,∇γGψq2�A1 �B1 �B2,where

B1 � � 1

2µ
p|∇γψ|2, Gψq2,

B2 � 1

µ

� pGψ � µ∇γpεζq �∇γψq2
2p1� ε2µ|∇γζ|2q ,

1

µ
Gψ
�
2
.



41 2.2. MAIN RESULTThe large terms of order 1

ε
anel one another, thanks to the symmetry of the equation. One mustnow ontrol A1, B1 and B2 in order to get the desired estimate for E0.- Control of A1 Let us start with the �rst term of A1. We use the fat that |εBtζ|H1

σ
and |ζ|H1

σare bounded by C2pKq, sine N ¥ 2. Moreover, sine N ¥ t0 � 1, one has that ∇γζ P L8pRdq witha ontrol by C2pKq, and thus one an write, using Cauhy-Shwarz inequality,| � � 1

2B0

pε2µ∇γζ � Bt∇γζq∇γζp1� ε2µ|∇γζ|2q3{2 ,∇γζ
�
2
| ¤ 1

2
|εBtζ|H1

σ
|ζ|H1

σ
|∇γζ|2L8pRdq¤ C2pKq.To ontrol the seond term of A1, we use the Proposition 2.A.5 in the Appendix with s � 0 towrite | 1

2µ
pdGpεBtζqψ, ψq2| ¤M0|εBtζ|Ht0�1 |Pψ|2|Pψ|2,where M0 is a onstant of the form Cp 1

hmin
, |ζ|Ht0�1 , |b|Ht0�1q. Moreover, εBtζ is ontrolled in Ht0�1norm by C2pKq, sine N ¥ t0 � 2 and thus, one has| 1

2µ
pdGpεBtζqψ, ψq2| ¤ C2pKq.- Control of B1 One has to remark that ∇γψ is in L8pRdq. Indeed, one has|Λt0∇γψ|2 ¤ C|Pψ|Ht0�3{2 ,where C does not depends on µ nor ψ. Sine this last term is ontrolled by the energy, one has that

∇γψ P L8pRdq with a ontrol by C2pKq. Thus, one an write| 1
2µ
p|∇γψ|2, Gψq2| ¤ |∇γψ|L8pRdq 1

µ
|Gψ|2|∇γψ|2¤ C2pKq.Now, using the seond point of Proposition 2.A.1 with s � 1{2, one gets that| 1

2µ
p|∇γψ|2, Gψq2| ¤ C2pKqMp3{2q|Pψ|H1where Mp3{2q is a onstant of the form Cp 1

h0
, |ζ|Ht0�1 , |b|Ht0�1 , |ζ|H3{2 , |b|H3{2q. Just note that the�rst point of Proposition 2.A.1 does not su�e here, sine we want a ontrol of 1

µ
Gψ and not only of

1
µ3{4Gψ. This is the interest of the seond point of this Proposition: the Dirihlet-Neumann operator
G has to be seen as a 3{2 order operator in order to be ontrolled uniformly with respet to µ.- Control of B2 We already notied in the previous ontrols that ∇γζ and ∇γψ were in L8pRdqwith a C2pKq ontrol. Moreover, by Proposition 2.A.1 with s � t0 � 1{2, one gets

1

µ
|Λt0Gψ|2 ¤Mpt0 � 3{2q|Pψ|Ht0�1{2¤ C2pKqand thus 1

µ
Gψ is in L8pRdq with a C2pKq ontrol. Then, we write, using Cauhy-Shwarz inequality,

B2 ¤ 1

µ
p|Gψ|L8pRdq � εµ|∇γζ|L8pRdq|∇γψ|L8pRdqq�|∇γψ|L8pRdqε|∇γζ|2 � |Gψ|2
 1

µ
|Gψ|2¤ C2pKqwhere we used again Proposition 2.A.1 to ontrol 1

µ
Gψ in L2 norm.
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dE0

dt
¤ C2pKq,whih gives, by integrating in time, the following inequality:�t P r0;T εs, E0ptq ¤ C2pKqt� C0where C0 only depends on the norm of the initial data.Control of d

dt
pEk � Fkq for k � 0We deal here with the ase k � N (if k   N , there is no term of order more than N that appearsin the derivative of the energy). Reall that for k � N , we have

Ek � Fk � pS1rU sUpkq, Upkqq2 � εpS2rU sUpk�1q, Upkqq2.Therefore, by derivating in time, and using the symmetry of S1rU s we get
d

dt
pEk � Fkq � pS1rU sUpkq, BtUpkqq2 � εpS2rU sUpk�1q, BtUpkqq2� p�Bt,S1rU s�Upkq, Upkqq2 � pBtpS2rU sUpk�1qq, Upkqq2.We replae BtUpkq by its expression given in the quasilinear system (2.2.21). One gets

d

dt
pEk � Fkq � pS1rU sUpkq,�1

ε
AσrU sUpkq �BrU sUpkq � CkrU sUpk�1qq2� εpS2rU sUpk�1q,�1

ε
AσrU sUpkq �BrU sUpkq � CkrU sUpk�1qq2� p�Bt,S1rU s�Upkq, Upkqq2 � pBtpS2rU sUpk�1qq, Upkqq2� pS1rU sUpkq, tpSk, Rkqq2 � εpS2rU sUpk�1q, tpSk, Rkqq2.Thanks to the symmetry, the large terms of size 1

ε
anel one another, ie

1

ε
pS1rU sUpkq,AσrU sUpkqq2 � 0.This is fundamental and based on the fat that the evolution equation for the unknown Upkq is stillsymmetrizable with respet to 1

ε
terms. Again, it is not the ase for the evolution equation in termof spatial derivatives Upα,kq. Then, the ommutators between Upkq and subprinipal terms of Ck,whih are not ontrolled by the energy (mainly beause of the order two operators) also anel oneanother, beause of the hoie of Fk. More preisely, one gets�pS1rU sUpkq, CkrU sUpk�1qq2 � pS2rU sUpk�1q,AσrU sUpkqq2 � 0.One an also hek that
εpS2rU sUpk�1q, CkrU sUpk�1qq2 � 0.To onlude, we proved that

d

dt
pEk � Fkq � A1 �A2 �A3 �A4 �B1 �B2 �B3 �B4 �B5 �B6,where p�Bt,S1rU s�Upkq, Upkqq2 � A1 �A2 �A3 with

A1 � 1

2µ
pdGpεBtζqψpkq, ψpkqq2,

A2 � 1

2B0

pBt �Kpε?µ∇γζq�∇γζpkq,∇γζpkq

2

,

A3 � 1

2
ppBtaqζpkq, ζpkqq2.



43 2.2. MAIN RESULTThe term pBtpS2rU sUpk�1qq, Upkqq2 � A4 is given by
A4 � 1

µ
pεBt�dGpεBtζqpψpk�1qq�, ψpkqq2 � 1

B0

pεBt�Kpkqr?µ∇γζsζpk�1q
, ζpkqq2.We denote the terms oming from the evolution equation ontained in �pS1rU sUpkq�BrU sUpkqq2 by
B1 � p�V∇

γ � ζpkq, aζpkqq2 � 1

B0

p∇γpV �∇γζq,Kp?µε∇γζq∇γζpkqq2and
B5 � �pV �∇γψpkq, 1

µ
Gψkqand the term �εpS2rU sUpk�1q, BrU sUpkqq2 is

B2 � �ε 1
µ
pdGpBtζqψpk�1q, V �∇γψpkqq2 � 1

B0

εpKpkqr?µ∇γζsζpk�1q, V �∇γζpkqq2.Finally, the residual terms pS1rU sUpkq, tpSk, Rkqq2 � εpS2rU sUpk�1q, tpSk, Rkqq2 whih are the mosteasy terms to ontrol are denoted by
B3 � pRk, aζpkqq2,

B4 � �ε 1
µ
pdGpBtζqψpk�1q, Skq2 � εpKpkqr?µ∇γζsζpk�1q, Rkq2and

B6 � pSk, 1
µ
Gψpkqq2.We then need to ontrol all these terms by a onstant of the form C2pKq in order to get the desiredestimate. These ontrols requires bounds for quantities suh as dGph, kqψ or Gψ, whih an beobtained by the use of Propositions 2.A.1, 2.A.3 and 2.A.5.-Control of A1 Using Proposition 2.A.5 with s � 0, one gets| 1

2µ
pdGpεBtζqψpkq, ψpkqq2| ¤M0|εBtζ|Ht0�1 |Pψpkq|22¤ C2pKqsine N ¥ t0 � 2.-Control of A2 We start to hek that BtpKpε?µ∇γζqq is bounded in L8pRdq by C2pKq:BtpKpε?µ∇γζqq � 2ε2µ∇γζ � Bt∇γζId� ε2µp∇γζ b∇γBtζ �∇γBtζ b∇γζqp1� ε2µ|∇γ|2q3{2� 3

2

p1� ε2µ|∇γζ|2Id� ε2µ∇γζ b∇γζqp2ε2µBt∇γζ �∇γζqp1� ε2µ|∇γζ|2q5{2 .Beause of the energy expression given by (2.2.15), one has that ∇γζ P L8pRdq (sine N ¥ t0 � 1),
εBt∇γζ P L8pRdq (sine N ¥ t0 � 2) and thus we get|BtpKpε?µ∇γζqq|L8pRdq ¤ C2pKq.Thus, one an write���� 1

2B0

�Bt �Kpε?µ∇γζq�∇γζpkq,∇γζpkq

2

���� ¤ C2pKq 1

B0

|∇γζpkq|2¤ C2pKq.-Control of A3 We prove that |Bta|L8pRdq ¤ C2pKq.



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 44Reall that
a � 1� εpεBt � εV �∇γqw.By derivating with respet to time, one getsBta � pεBtq2w � pεBtqV �∇γw � V �∇γpεBtqw.We need to use an expliit expression of the horizontal and vertial omponent of the veloity atthe surfae V and w here:

w � Gψ � εµ∇γζ �∇γψ

1� ε2µ|∇γζ|2 , and V � ∇γψ � εw∇γζ.If one takes brutally the εBt and pεBtq2 derivatives of these expressions, one has to deal with termsof the form
d2GppεBtq2ζqψ, d2GpεBtζ, εBtζqψ, dGpεBtζqpεBtψq, GpεBtq2ψ.For the �rst and seond terms, we use Proposition 2.A.6 with s � t0 � 1{2 to get|d2GpεBtζ, εBtζqψ|Ht0 ¤M0µ

3{4|pεBtq2ζ|2Ht0�1 |Pψ|Ht0�1{2¤ C2pKqsine N ¥ t0 � 3. For the third term, we apply the same result to get|dGpεBtζqpεBtψq|Ht0 ¤M0µ
3{4|εBtζ|Ht0�1 |PεBtψ|Ht0�1{2 .There is a bit more work to ahieve in order to ontrol the term |PεBtψ|Ht0�1{2 . We write, notiingthat N ¥ t0 � 3{2, |PεBtψ|Ht0�1{2 ¤ ¸

βPNd,|β|¤N�1

|PεBtBβψ|2¤ ¸
βPNd,|β|¤N�1

|Pψpβ,1q �Pεwζpβ,1q|2using the de�nition of ψpα,kq given by (2.2.14). Using the fat that |Pf |2 ¤ Cµ�1{4|f |H1{2, we get|PεBtψ|Ht0�1{2 ¤ ¸
βPNd,|β|¤N�1

|Pψpβ,1q|2 � µ�1{4ε|wζpβ,1q|H1{2¤ ¸
βPNd,|β|¤N�1

|Pψpβ,1q|2 � µ�1{4ε|w|Ht0C2pKqwhere we used the Sobolev estimate |fg|1{2 ¤ C|f |Ht0 |g|H1{2 to derive the last inequality. At last, weuse Proposition 2.A.1 with w (see the remark at the end of this Proposition) and with s � t0 � 1{2to get |PεBtψ|Ht0�1{2 ¤ ¸
βPNd,|β|¤N�1

|Pψpβ,1q|2 � εµ1{2Mpt0 � 1q|Pψ|Ht0�1C2pKq¤ C2pKqand �nally we proved |dGpεBtζqpεBtψq|Ht0 ¤ C2pKq.It remains |GpεBtq2ψ|Ht0 to be ontrolled. We use Proposition 2.A.1 to write, with s � t0 � 1{2,|GpεBtq2ψ|Ht0 ¤ µ3{4Mpt0 � 1q|PpεBtq2ψ|Ht0�1and we use the previous tehnique to prove that |PpεBtq2ψ|Ht0�1 ¤ C2pKq.Combining all these results, one an ontrol all term of Bta in L8 norm by C2pKq, and one getthe desired result: |Bta|L8pRdq ¤ C2pKq.



45 2.2. MAIN RESULTIt is now easy to get |1
2
ppBtaqζpkq, ζpkqq2| ¤ C2pKq|ζpkq|22¤ C2pKq.- Control of A4 The fat that we get an εBt derivative here, and not only a Bt derivative is essentialhere. The �rst term involves terms of the formpdGpζpjqqψplq, ψpkqq2with j, l ¤ N and the Proposition 2.A.5 with s � 0 allows to ontrol them by C2pKq. The seondterm of A4 involves 1

B0
∇γζpkq and ζpkq terms, whih are ontrolled in L2 norm, and other L8 terms(see the ontrol of A2 for example). There is no other di�ulty than omputation, to ontrol A2 by

C2pKq.-Control of B1 The ontrol of the �rst term requires a lassial symmetry trik. We write, byintegrating by parts,pV �∇γζpαq, aζpαqq2 � �pζpαq,∇γ � paζpαqV qq2� �pζpαq,∇γ � paV qζpαqq2 � pζpαq, aV �∇γζpαqq2and thus one gets pV �∇γζpαq, aζpαqq2 � �1

2
pζpαq,∇γ � paV qζpαqq2.We an use the same tehnique as in the ontrol of A3 to get|∇γ � paV q|L8pRdq ¤ C2pKqand we then get that |pV �∇γζpαq, aζpαqq2| ¤ |∇γ � paV q|L8pRdq|ζpkq|22¤ C2pKq.It is the same trik for the seond term. Using the symmetry of K, we write

1

B0

pV∇γ � p∇γζpkqq,Kpε?µ∇γζq∇γζpkqq2 � 1

B0

p∇γ � p∇γζpkqq,Kpε?µ∇γζqV �∇γζpkqq2and, by integrating by parts,
1

B0

pV∇γ � p∇γζpkqq,Kpε?µ∇γζq∇γζpkqq2 � � 1

B0

p∇γζpkq,∇γ � pKpε?µ∇γζqV q∇γζpkqq2� 1

B0

p∇γζpkq,Kpε?µ∇γζqV∇γ � p∇γζpkqqq2� � 1

B0

p∇γζpkq,∇γ � pKpε?µ∇γζqV q∇γζpkqq2� 1

B0

pV∇γ � p∇γζpkqq,Kpε?µ∇γζq∇γζpkqq2and thus
1

B0

pV∇
γ � p∇γζpkqq,Kpε?µ∇γζq∇γζpkqq2 � � 1

2B0

p∇γζpkq,∇γ � pKpε?µ∇γζqV q∇γζpkqq2.We an then use the same type of omputation as for the ontrol of A2 to show that
∇γ � pKpε?µ∇γζqV q P L8pRdqwith a C2pKq bound, and �nally we get, by Cauhy-Shwarz's inequality| 1

B0

pV∇γ � p∇γζpkqq,Kpε?µ∇γζq∇γζpkqq2| ¤ C2pKq 1

B0

|∇γζpkq|2¤ C2pKq.



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 46- Control of B2 For the �rst term, we writepV �∇γψpkq, 1
µ
dGpεBtζqψpk�1qq � p ∇γp1�?

µ|Dγ|q1{2ψpkq, p1�?
µ|Dγ|q1{2pV 1

µ
dGpεBtqψpk�1qqand we dedue with Cauhy-Shwarz inequality that this quantity is bounded in absolute value by|V |Ht0 |Pψpkq|2p 1

µ
|dGpεBtζqψpk�1q|2 � µ�3{4|dGpεBtζq|H1{2q.We now use Proposition 2.A.6 to ontrol this term by C2pKq. The seond term of B2 is ontrolledby using Cauhy-Shwarz inequality.-Control of B3 We use the ontrol |a|L8pRdq ¤ C2pKq and the ontrol over Rk given by (2.2.22)to get, with Cauhy-Shwarz inequality|pRk, aζpkqq2| ¤ |a|L8pRdq|Rk|2|ζpkq|2¤ C2pKq.- Control of B4 It is a diret use of Cauhy-Shwarz inequality and Proposition 2.A.5, and theontrol over Rk and Sk given by (2.2.22).- Control of B5 To ontrol this term, we use a diret appliation of Proposition 2.A.7 to write|pV �∇γψpkq, 1
µ
Gψpkqq2| ¤M |V |W 1,8 |Pψpkq|22¤ C2pKq.- Control of B6 We use Proposition 2.A.3 with s � 0 to get|pSk, 1

µ
Gψpkqq2| ¤ µM0|PSk|2|Pψpkq|2¤ C2pKqwhere we used the ontrol over Sk given by (2.2.22) to derive the last inequality.- Synthesis We proved that
d

dt
pEk � Fkq ¤ C2pKqand thus we get by integrating in time:�t P r0;T εs, pEk � Fkqptq ¤ C2pKqt� C0where C0 only depends on the initial energy. It is easy to get that|Fk| ¤ C2pKqεand thus �t P r0;T εs, Ekptq ¤ C2pKqpt� εq � C0.Thanks to the equivalene between Ek and the initial energy for this problem Ekσ , introdued forTheorem 2.2.2 by (2.2.15), proved in Remark 2.2.10, we onlude to the desired result :�t P r0;T εs,�0 ¤ k ¤ N, |ζpkq|H1

σ
� |Pψpkq|2 ¤ C2pKqpt� εq � C0 lThe Proposition 2.2.8 gives the desired estimate of the form (2.2.18) for time derivatives (morepreisely, for |ζpkq|H1

σ
� |Pψpkq|2). We want to reover the same estimate for spae derivatives, usingdiretly the equation (2.2.11). To this purpose, one has to make preisely the link between the H1norm of Pψpkq and the H1

σ norm of ζpk�1q. This is the point of the following Lemma.



47 2.2. MAIN RESULTLemma 2.2.11 For all 0 ¤ |α| ¤ N , one has:|Pψpα,kq|2 � |ζpα,kq|H1
σ
¤ C1pKqpt� εq � C0where C0 only depends on the initial energy of the unknowns, for all 0 ¤ k ¤ N � |α|.Proof of Lemma 2.2.11 The proof is done by indution on |α|. For |α| � 0 it is the Lemma 2.2.8.Assume that the result is true for |α| � 1, with |α| ¥ 1. Let 0 ¤ k ¤ N � |α|. We start to givean evolution equation in term of unknowns ζpα,kq and ψpα,kq :$'&'%Btζpα,kq � V �∇γζpα,kq � 1

µε
Gψpα,kq � 1

µε

¸
dGpBl1βb, ..., Bliβb, Bm1εζ, ..., BmjεζqBδψBtψpα,kq � V �∇γψpα,kq � 1

ε
aζpα,kq � 1

εB0

∇γ � Kp?µ∇γζq∇γζpα,kq �Kpαqrε?µ∇γζsqζpα,kq � Sk(2.2.27)where the summation in the �rst equation is over the index pi, j, l1, ..., lj ,m1, ...,mj , δq satisfying
1 ¤ i� j, |l1 � ...� li �m1 � ...�mj | � δ � |α| � k.We used the notation qζpα,kq � pζpqα1q, ..., ζpqαdq, ζpα,k�1qqwith qαj � α� ej , where ej denote the unit vetor in the j-th diretion of Rd, and where|PSk|2 ¤ C1pKq.This system is very similar to the evolution equation (2.2.21) in term of unknowns ζpkq, ψpkq, exeptthat the spae derivatives of the bottom b appears from the derivation of Gψ, and the same goes forthe spae derivatives of ζ in the derivation of the surfae tension term κγ . Now, using (2.2.26), onean write:|Pψpα,kq|22 � |ζpα,kq|2H1

σ
¤ C1pKq 1

µ

�pGψpα,kq, ψpα,kqq2 � paζpα,kq � 1

B0

∇
γ
Kp?µε∇γζq∇γζpα,kq, ζpα,kqq2�We now use the evolution equation (2.2.27) in order to express ψpα,kq and ζpα,kq with respet to timederivatives plus over terms of size ε:|Pψpα,kq|22 � |ζpα,kq|2H1

σ
¤ C1pKq�εBtζpα,kq � εV �∇γζpα,kq� 1

µ

¸
dGpBl1βb, ..., Bliβb, Bm1εζ, ..., BmjεζqBδψ, ψpα,kq


2��� εBtψpα,kq � εV �∇γψpkq � ε

B0

Kpα, kqr?µ∇γζsqζpα,kq � Sk, ζpα,kq

2

.(2.2.28)Let us ontrol the �rst term of the r.h.s. of (2.2.28). One has to express this term with respetto Pψpα,kq. To this purpose, we assume for onveniene that α1 � 0 (reall that |α| ¥ 1q. Oneomputes:|pεBtζpα,kq, ψpα,kqq2| � |pBαζpk�1q, ψpα,kqq2|� |pBα�e1ζpk�1q, Be1ψpα,kqq2|¤ p|ζpα�e1,k�1q|, ||Dγ|ψpα,kq|q2¤ �����p1�?
µ|Dγ|q1{2p1� 1?
B0

|Dγ|q p1� 1?
B0

|Dγ|qζpα�e1,k�1q�����
2

���� |Dγ|p1�?
µ|Dγ|q1{2ψpα,kq����

2Now, remark that p1�?
µ|Dγ|q1{2p1� 1?
B0

|Dγ|q ¤ CpB0µq



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 48where CpB0µq is a onstant that only depends on B0µ (reall here that 0 ¤ γ ¤ 1 and the de�nitionof |Dγ| given in setion 2.1.3). It omes:pεBtζpα,kq, ψpα,kqq2 ¤ C1pKq|ζpα�e1,k�1q|H1
σ
|Pψpα,kq|2¤ pC1pKqpt� εq � C0q|Pψpα,kq|2where we used the indution assumption to ontrol |ζpα�e1,k�1q|H1
σ
, sine |α� e1| ¤ |α| � 1.For the ontrol of the third term of the r.h.s. of (2.2.28), one an prove, using Proposition 2.A.5that for j � 0, one has (see also [37℄ Chapter 4 for details):

1

µ
pdGpBl1βb, ..., Bliβb, Bm1εζ, ..., BmjεζqBδψ, ψpα,kqq2 � εRwith

R ¤ C1pKq.For j � 0, we use again Proposition 2.A.5 to write:
1

µ
pdGpBl1βb, ..., BliβbqBδψ, ψpα,kqq2 ¤ C1pKq|Bl1βb|Ht0 ...|Bliβb|Ht0 |PBδψ|2|Pψpα,kq|2.Now, reall that b P HN�1_t0�1. In order to prove that this last term is ontrolled by C1pKqpt �

εq � C0, one omputes, using the de�nition of ψpαq given by (2.2.14):|PBδψ|2 ¤ |Pψpδq|2 � ε|Pwζpδq|2¤ |Pψpδq|2 � ε|w|Ht0 |ζpδq|H1where we used the identity |Pf |2 ¤ |f |H1. Now, the Proposition 2.A.1 gives |w| ¤ µ3{4C1pKq|Pψ|Ht0�3{2 .One an use the indution assumption, beause the term ψpδq only ontains spatial derivatives of ψof order less than |α| � 1 due to the fat that i ¥ 1 (the only term with spatial derivative of order|α| of ψ that appears in the system (2.2.27) is Gψpα,kq). One gets :|PBδψ|2 ¤ C1pKqpt� εq � C0,and �nallypdGpBl1βb, ..., Bliβb, Bm1εζ, ..., BmjεζqBδψ, ψpα,kqq2 ¤ �C1pKqpt� εq � C0

�|Pψpα,kq|.Now, we fous on the most di�ult remaining term of (2.2.28), whih is p�εBtψpα,kq, ζpα,kqq2.One uses the de�nition of ψpα,kq given by (2.2.14) ψpα,kq � BαpεBtqkψ � εwBαpεBtqkζ to write:|pεBtψpα,kq, ζpα,kqq2| � |pB1ψpα�e1,k�1q, ζpα,kqq2 � pεpB1wqζpα�e1,k�1q � pεBtqpεwqζpα,kq, ζpα,kqq2|¤ |Pψpα�e1,k�1q|2|p1�?
µ|Dγ|q1{2

1� 1?
B0

|Dγ| p1� 1?
B0

|Dγ|qζpα,kq|2 � εC1pKq.We now use the indution assumption to ontrol |Pψpα�e1,k�1q|2 by C1pKqpt� εq �C0, and theidentity p1�?
µ|Dγ|q1{2p1� 1?
B0

|Dγ|q ¤ CpB0µqwhere CpB0µq is a onstant that only depends on B0µ. One gets:|pεBtψpα,kq, ζpα,kqq2| ¤ pC1pKqpt� εq � C0qp1� |ζpα,kq|H1
σ
q.To onlude, we proved:|ψpα,kq|2 � |ζpα,kq|2H1

σ
¤ pC1pKqpt� εq � C0qp1� |ψpα,kq|2 � |ζpα,kq|H1

σ
qand one an use the Young's inequality to get the desired estimate, and the Lemma 2.2.11 is true atrank |α|. l



49 2.2. MAIN RESULTAording to the de�nition of ENσ pUq given by (2.2.15), there is a remaining term to be ontrolled:it is |Pψ|Ht0�3{2 . The ontrol an be done as follows: let r0 be suh that t0 � 3{2 ¤ r0 ¤ N � 1. Wehave, for all r P N
d�1, |r| � r0, |PBrψ|2 ¤ |Pψprq|2 � ε|PwBrζ|2with the de�nition of ψprq. The �rst term of the right hand side is ontrolled by previous estimates.For the seond term, we use again the same tehnique as in the ontrol of A4 to write|PBrψ|2 ¤ C1pKqt� C0 � εµ�1{4|wBrζ|H1{2¤ C1pKqt� C0 � εµ�1{4|w|Ht0�1{2 |ζ|HN¤ C1pKqt� C0 � εµ�1{4µ3{4|Pψ|Ht0�1¤ C1pKqt� C0 � εC1pKq.The result then omes from the identity|Pψ|Ht0�3{2 ¤ |Pψ|Hr0 À |Pψ|2 � ¸|r|�r0|PBrψ|2.Finally, we proved

EN pUqptq ¤ C0 � C1pKqpt� εqfor all t in r0;Tεs, whih ends the proof of Proposition 2.2.4.lWe an now prove Theorem 2.2.2 by onstruting an existene time for all solutions Uε of thesystem (2.2.11), whih does not depend on ε.Proof of Theorem 2.2.2 We de�ne
ε0 � 1

2C1p2C0q .Let �x a ε ¤ ε0. Let us onsider
T �ε � sup

t¡0

tt, U ε exists on r0, ts and EN pUεqptq ¤ 2C0, 1�εζptq�βb ¥ hmin{2, aptq ¥ a0{2 on r0, tsu.We know that T �ε exists and that Uε, solution to (2.1.5) exists on r0, T �ε s. The Proposition 2.2.4gives the following estimate:
EαpUεqptq ¤ C1pKqpt� εq � C0 �t P r0, T �ε s .We then onsider

T0 � 1

2C1p2C0q inft1, hminu.Let us show that T0 ¤ T �ε . Suppose T �ε   T0. First of all, let us prove that the ondition over theheight 1� εζ � βb is satis�ed. One an write for all 0 ¤ t ¤ T0p1� εζ � βbqptq � p1� εζ � βbqp0q � » t
0

Btp1� εζ � βbqpsqds¥ p1� εζ � βbqp0q � t sup
sPr0;ts|Btp1� εζ � βbq|L8pRdq¥ p1� εζ � βbqp0q � tC1pKq¥ hmin � T0Cp2C0q¥ hmin

2
.



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 50One an do the same for the Rayleigh-Taylor ondition aptq ¥ a0
2
. Now, for the energy ondition,we would have for all t P r0, T �ε s:

EαpUεqptq ¤ C0 � C1pKqpt� εq¤ C0 � C1p2C0qpT �ε � 1

2C1p2C0q q  C0 � C1p2C0qpT0 � 1

2C1p2C0q q  2C0using the monotony of C and the de�nition of T �ε . We an therefore ontinue the solution to aninterval �0,�T �ε � suh that
EαpUεqptq ¤ 2C0, �t P �0,�T �ε �whih ontradits the de�nition of T �ε . We then have T0 ¤ T �ε .Conlusion: the solution Uε exists on the time interval r0;T0s.l2.2.5 Shallow Water limitWe disuss here the size of the existene time for solutions of the Water Waves equation (2.1.6) whenthe shallowness parameter µ goes to zero. This regime orresponds to the Shallow Water model:#Btζ �∇γ � phV q � 0BtV �∇γζ � εpV �∇γqV � 0

(2.2.29)where h � 1� εζ � βb is the height of the Water. Using the existene time given by Theorem 2.2.2,one an dedue easily the following long time existene result for the Shallow Water problem, provedin [13℄, in the ase of an irrotational initial ondition:Theorem 2.2.12 Let t0 ¡ d{2, and N ¥ t0 � t0 _ 2� 3{2. Let pV 0, ζ0q P HNpRdqd�1 be suh that
curlpV0q � 0. Then, there exists T ¡ 0 and a unique solution pV , ζq P Cpr0; T

ε
s;Ht0�1pRdqd�1q tothe Shallow Water equation (2.2.29) with initial ondition pV 0, ζ0q, with

1

T
� C1, and sup

tPr0;T
ε
s|pζ, V qptq|Ht0�1pRdqd�1 � C2where Ci � Cp 1

hmin
, |pζ0, V 0q|Ht0�1pRdqd�1q is a non dereasing funtion of its arguments.The result of [13℄ an therefore be understood as a partiular endpoint of our main result, if theinitial data V 0 is irrotational. For the general ase, one should prove a large existene time for theWater-Waves equation with vortiity (see [38℄). It is important to notie that the time existeneprovided here for the solutions of Shallow Water equations does not depend on the bathymetriparameter β.Proof Let us �x ε ¡ 0 during all the proof. We also set µB0 � 1. We de�ne ψ0 by∇γψ0 � V 0 (whihis possible sine V 0 is irrotational). We reall that Theorem 2.2.2 gives a solution Uµ � pζµ, ψµq tothe Water Waves equation (2.1.6), with initial ondition pζ0, ψ0q on a time interval r0; T

ε
s with

1

T
� C1 and sup

tPr0;T
ε
s ¸|pα,kq|¤N |Pψµpα,kq|2 � |ζµpα,kq|2 � C2 (2.2.30)where Ci � CpENσ pU0q, 1

hmin
, 1
a0
, |b|HN�1_t0�1 , µB0q is a non dereasing funtion of its arguments.We now need an asymptoti expansion of ∇γψµ and Gψµ with respet to the vertial mean ofthe horizontal omponent of the veloity V � ∇γΦ in shallow water:



51 2.A. THE DIRICHLET NEUMANN OPERATOR
Gψµ � �µ∇γ � phµV µq and ∇γψµ � V

µ � µR, (2.2.31)with |R|Ht0�1 ¤ C2 (reall that N ¥ t0 � t0 _ 2� 3{2 with t0 ¡ d{2) and V µ � 1

hµ

» εζ�1�βb V µpzqdz.For a omplete proof of this latter result, see [37℄ Chapter 3. Now, we take the �rst equation of(2.1.6), and the gradient of the seond equation of (2.1.6) and we replae Gψµ and ∇γψµ by theexpressions given by (2.2.31). The surfae tension term is of size µ sine 1
B0

� µ. One an hekthat we get the following equation, satis�ed in the distribution sense of D1pr0; T
ε
s � R

dq:#Btζµ �∇γ � phµV µqBtV µ � εV
µ �∇γV

µ �∇γζµ � µR
(2.2.32)with |R|Ht0�1 ¤ C2. It is then easy to show that the sequenes pV µqµ and pζµqµ are bounded in

W 1,8pr0; T
ε
s;Ht0�1pRdqq, using the bound given by (2.2.30). Therefore, up to a subsequene we getthe weak onvergene of pV µ, ζµqµ and pζµqµ to an element pV , ζq P Cpr0; T

ε
s;Ht0�1pRdqd�1q, withpV , ζqp0q � pV 0, ζ0q. The weak onvergene of the linear terms of the equation (2.2.32) does notraise any di�ulty. Sine Ht0�1pRdq is embedded in C1pRdq, we also get the onvergene of the nonlinear terms in the equation (2.2.32). Finally, the limit pV , ζq satis�es the Shallow Water equations(2.2.29) in the distribution sense of D1pr0; T

ε
s � R

dq. The uniqueness is lassial for this kind ofsymmetrizable quasi-linear hyperboli system, and is done for instane in [61℄ Chapter XVI. lLet us give a qualitative explanation of this latter result. We reall that Proposition 2.2.10 laimsthat
1

M0

|Pψ|2 ¤ pψ, 1
µ
Gψq2 ¤M0|Pψ|22where

P � |Dγ|p1�?
µ|Dγ|q1{2and therefore 1

µ
G ats like an order one operator with respet to ψ. The idea of the proof forTheorem 2.2.2 is to get a "good" energy estimate for time derivatives:

1

2
|BtPψ|2 � 1

2
|Btζ|2 ¤ CpKqtε� C0and then use the equation to reover the same estimate for spae derivatives. Using the �rst equationBtζ � 1

µ
Gψ, and the elliptiity of the order one operator 1

µ
G would only provide us a gain of half aspae derivative for ψ (we already have an estimate for Pψ where P is of order 1{2). This is why weneed surfae tension whih provides an additional estimate for 1

B0
|Bt∇γζ|2, whih leads to reoverexatly one spae derivative in the estimate of ψ. In the shallow water regime, using (2.2.31), onegets that 1

µ
Gψ � �∇γ � ph∇γψq as µ goes to zero. Therefore, when µ goes to zero, 1

µ
Gψ goes to anorder one operator with respet to V � ∇γψ. 1 Therefore, if one has a "good" estimate for timederivatives like

1

2
|Btζ|2 � 1

2
|BtV |2 ¤ Ctε� C0with C independent of ε, one an reover, using the �rst equation, a "good" estimate for ∇γ � pV q.Using the seond equation to get the same good estimate for urlV , one an reover exatly onespae derivative of V in the estimates. And therefore, we does not need surfae tension in this ase.Moreover, the surfae tension term of size 1

B0
� µ vanishes as µ goes to zero.2.A The Dirihlet Neumann OperatorHere are for the sake of onveniene some tehnial results about the Dirihlet Neumann operator,and its estimates in Sobolev norms. See [37℄ Chapter 3 for omplete proofs. The �rst two propositionsgive a ontrol of the Dirihlet-Neumann operator.1Another way to see it is that in the limit µ Ñ 0, P must be seen as a �rst order operator (P � |Dγ |) and theontrol of Pψ gives the ontrol of a full derivative of ψ.



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVESEQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 52Proposition 2.A.1 Let t0>d/2, 0 ¤ s ¤ t0 � 3{2 and pζ, βq P Ht0�1 XHs�1{2pRdq suh thatDh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0.( 1) The operator G maps ontinuously .

Hs�1{2pRdq into Hs�1{2pRdq and one has|Gψ|Hs�1{2 ¤ µ3{4Mps� 1{2q|Pψ|Hs,where Mps� 1{2q is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1 , |ζ|Hs�1{2 , |b|Hs�1{2q.( 2) The operator G maps ontinuously .

Hs�1pRdq into Hs�1{2pRdq and one has|Gψ|Hs�1{2 ¤ µMps� 1q|Pψ|Hs�1{2,where Mps� 1q is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1 , |ζ|Hs�1, |b|Hs�1q.Moreover, it is possible to replae Gψ by w in the previous result, where w � Gψ�εµ∇γζ�∇γψ

1�ε2µ|∇γζ|2 (vertialomponent of the veloity U � ∇X,zΦ at the surfae).Remark 2.A.2 In all this paper, we onsider the Water-Waves problem in �nite depth. This isruial for all these regularity results on G. For instane, in the linear ase ζ � b � 0, the Dirihlet-Neumann operator is |Dγ| tanhp|Dγ|q in �nite depth, while it is |Dγ| in in�nite depth. The lowfrequenies are therefore a�eted di�erently.Proposition 2.A.3 Let t0 ¡ d{2, and 0 ¤ s ¤ t0 � 1{2. Let also ζ, b P Ht0�1pRdq be suh thatDh0 ¡ 0,�X P R
d, 1� εζpXq � βbpXq ¥ h0.Then, for all ψ1, ψ2 P .

Hs�1{2pRdq, we havepΛsGψ1,Λ
sψ2q2 ¤ µM0|Pψ1|Hs |Pψ2|Hs ,where M0 is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1q.The seond result gives a ontrol of the shape derivatives of the Dirihlet-Neumann operator.More preisely, we de�ne the open set Γ � Ht0�1pRdq2 as:

Γ � tΓ � pζ, bq P Ht0�1pRdq2, Dh0 ¡ 0,�X P R
d, εζpXq � 1� βbpXq ¥ h0uand, given a ψ P .

Hs�1{2pRdq, the mapping:
Grε�, β�s : Γ ÝÑ Hs�1{2pRdq

Γ � pζ, bq ÞÝÑ Grεζ, βbsψ. (2.A.33)We an prove the di�erentiability of this mapping. The following Theorem gives a very importantexpliit formula for the �rst-order partial derivative of G with respet to ζ:Theorem 2.A.4 Let t0 ¡ d{2. Let Γ � pζ, bq P Γ and ψ P .

H3{2pRdq. Then, for all h P Ht0�1pRdq,one has
dGphqψ � �εGphwq � εµ∇γ � phV q,with

w � Gψ � εµ∇γζ �∇γψ

1� ε2µ|∇γζ|2 , and V � ∇
γψ � εw∇γζ.The following result gives estimates of the derivatives of the mapping (2.A.33).Proposition 2.A.5 Let t0>d/2, 0 ¤ s ¤ t0 � 1{2 and pζ, βq P Ht0�1pRdq suh that:Dh0 ¡ 0,�X P R

d, εζpXq � βbpXq � 1 ¥ h0.Then, for all ψ1, ψ2 P .

Hs�1{2pRdq, for all ph, kq P Ht0�1pRdq one has|pΛsdjGph, kqψ1,Λ
sψ2q| ¤ µM0

j¹
m�1

|pεhm, βkmq|Ht0�1 |Pψ1|s|Pψ2|s,where M0 is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1q.



53 2.A. THE DIRICHLET NEUMANN OPERATORThe following Proposition gives the same type of estimate that the previous one:Proposition 2.A.6 Let t0 ¡ d{2 and pζ, bq P Ht0�1 be suh thatDh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0.Then, for all 0 ¤ s ¤ t0 � 1{2,|djGph, kqψ|Hs�1{2 ¤M0µ

3{4 j¹
m�1

|pεhm, βkmq|Ht0�1 |Pψ|HsThe following ommutator estimate is useful (see [37℄ Proposition 3.30):Proposition 2.A.7 Let t0 ¡ d{2 and ζ, b P Ht0�2pRdq suh that:Dh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0.For all V P Ht0�1pRdq2 and u P H1{2pRdq, one hasppV �∇γuq, 1
µ
Guq ¤M |V |W 1,8|Pu|22,where M is a onstant of the form Cp 1

h0
, |ζ|Ht0�2 , |b|Ht0�2q.
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55 3.1. INTRODUCTIONAbstratWe prove in this paper a long time existene result for a modi�ed Boussinesq-Peregrineequation in dimension 1, desribing the motion of Water Waves in shallow water, in the aseof a non �at bottom. More preisely, the dimensionless equations depend strongly on threeparameters ε, µ, β measuring the amplitude of the waves, the shallowness and the amplitudeof the bathymetri variations respetively. For the Boussinesq-Peregrine model, one has smallamplitude variations (ε � Opµq). We �rst give a loal existene result for the original BoussinesqPeregrine equation as derived by Boussinesq ([11℄,[10℄) and Peregrine ([51℄) in all dimensions. Wethen introdue a new model whih has formally the same preision as the Boussinesq-Peregrineequation, and give a loal existene result in all dimensions. We �nally prove a loal existeneresult on a time interval of size 1

ε
in dimension 1 for this new equation, without any assumptionon the smallness of the bathymetry β, whih is an improvement of the long time existene resultfor the Boussinesq systems in the ase of �at bottom (β � 0) by [54℄.3.1 IntrodutionWe reall here the ontext of the Water Waves problem, and introdue all the meaningful dimension-less parameters of this problem. We then present the shallow water regime and more spei�ally theBoussinesq-Peregrine regime. We �nally introdue the di�erent results proved in this paper, whihare loal existene theorems for the Boussinesq-Peregrine equations on di�erent time sales and withdi�erent onditions.3.1.1 The Water Waves problemThe motion, for an inompressible, invisid and irrotationnal �uid oupying a domain Ωt delimitedbelow by a �xed bottom and above by a free surfae is ommonly referred to as the Water Wavesproblem. It is desribed by the following quantities:� the veloity of the �uid U � pV,wq, where V and w are respetively the horizontal and vertialomponents ;� the free top surfae pro�le ζ ;� the pressure P.All these funtions depend on the time and spae variables t and pX, zq P Ωt, whih is the domainoupied by the water. More preisely, there exists a funtion b : Rd Ñ R suh that the domain ofthe �uid at the time t is given by

Ωt � tpX, zq P R
d�1,�H0 � bpXq   z   ζpt,Xqu,where H0 is the typial depth of the water. The unknowns pU, ζ, P q are governed by the Eulerequations: $'&'%BtU � U �∇X,zU � � 1

ρ
∇P � gez in ΩtdivpUq � 0 in ΩturlpUq � 0 in Ωt.

(3.1.1)These equations are ompleted by boundary onditions:$'&'%Btζ � V �∇ζ � w � 0

U � n � 0 on tz � �H0 � bpXqu
P � Patm on tz � ζpXqu. (3.1.2)In these equations, V and w are the omponents of the veloity evaluated at the surfae. The vetor

n in the last equation stands for the upward normal vetor at the bottom pX, z � �H0� bpXqq, and
ez is the unit upward vetor in the vertial diretion. We denote Patm the onstant pressure of theatmosphere at the surfae of the �uid, ρ the (onstant) density of the �uid, and g the aelerationof gravity. The �rst equation of (3.1.2) states the assumption that the �uid partiles do not rossthe surfae, while the seond equation of (3.1.2) states the assumption that they do not ross thebottom. The equations (3.1.1) with boundary onditions (3.1.2) are ommonly referred to as thefree surfae Euler equations.



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 563.1.2 The dimensionless parametersSine the properties of the solutions of the Water Waves problem depend strongly on the hara-teristis of the �ow, it is more onvenient to non-dimensionalize the equations by introduing someharateristi lengths of the wave motion:(1) The harateristi water depth H0.(2) The harateristi horizontal sale Lx in the longitudinal diretion.(3) The harateristi horizontal sale Ly in the transverse diretion (when d � 2).(4) The size of the free surfae amplitude asurf .(5) The size of bottom topography abott.Let us then introdue the dimensionless variables:
x1 � x

Lx
, y1 � y

Ly
, ζ 1 � ζ

asurf
, z1 � z

H0

, b1 � b

abott
,and the dimensionless variables:

t1 � t

t0
, P 1 � P

P0

,where
t0 � Lx?

gH0

, P0 � ρgH0.After resaling, four dimensionless parameters appear in the Euler equation. They are
asurf

H0

� ε,
H2

0

L2
x

� µ,
abott

H0

� β,
Lx

Ly
� γ,where ε, µ, β, γ are ommonly referred to respetively as "nonlinearity", "shallowness", "topography"and "transversality" parameters. The free surfae Euler equations (3.1.1) and (3.1.2) beome afterresaling (we omit the "primes" for the sake of larity):#BtU � εpV �∇γ � 1

µ
wBzqU � � 1

ε
∇γP,Btζ �a1� ε2|∇γζ|2U � n � 0

(3.1.3)where we used the following notations:
∇γ � tpBx, γByq if d � 2 and ∇γ � Bx if d � 1,and we reall that the unknown is the veloity U � pV,wq where V and w are respetively thehorizontal and vertial omponents of the veloity. The equations (3.1.3) oupled with boundaryonditions on P and U are ommonly referred to as the "dimensionless free surfae Euler equations".3.1.3 The Shallow Water regimeWhen the shallowness parameter µ � H2

0

L2
x
is small, it is possible to use a simpli�ed equation in orderto study the Water Waves problem. More preisely, at �rst order with respet to µ, the horizontalveloity V beomes olumnar, whih means that
V � V � µR (3.1.4)where V stands for the vertial average of the horizontal veloity

V pt,Xq � 1

hpt,Xq » εζpt,Xq1�βbpXq V pt,X, zqdzand h is the height of the water hpt,Xq � 1 � εζpt,Xq � βbpXq. We do not give preise estimatefor the residual R of (3.1.4) in Sobolev norm here. Lagrange [35℄, and later Saint-Venant [1℄ derived



57 3.1. INTRODUCTIONfrom the Euler equations and under the assumption that the pressure is hydrostati1 the followingShallow-Water equation expressed in term of unknowns pV , ζq:#Btζ �∇γ � phV q � 0BtV �∇γζ � εpV �∇γqV � 0,
(3.1.5)with initial data pV , ζq|t�0 � pV 0

, ζ0q. The Shallow-Water equations (3.1.5) are a typial example ofquasilinear symmetrizable system (the symmetrization is done by multiplying the seond equation by
h). The loal existene result for suh a system is lassial, and is done for example in [61℄ ChapterXVI (see also [7℄). The Shallow-Water equation is said to be onsistent at the �rst order in µ withthe Water-Waves equations, whih means that formally, one haswater-waves equation = shallow-water equation�Opµq.It formally means that if one is interested in working with a shallow water (i.e. with small values of
µ), one an get rid of all the terms of size µ in the Water-Waves equations and obtain the simpli�edmodel of the Shallow-Water equation. Alvarez-Samaniego and Lannes [6℄, and Iguhi [31℄ fullyjusti�ed the Shallow-Water model by proving the mathematial onvergene of the Water-Wavesequation to the Shallow-Water equation. More preisely, one has the following result:Theorem 3.1.1 There exists N ¥ 1, suh that for all pV 0

, ζ0q P HN pRdqd�1, there exists T ¡ 0suh that:(1) There exists a unique solution pζE , UEq de�ned on r0;T r to the free surfae Euler equation(3.1.1), (3.1.2) suh that pζE , V Eq P HN pRdqd�1, and pζE , V Eqp0q � pζ0, V 0q.(2) There exists a unique solution pζSW , V SW q P Cpr0;T r;HNpRdqd�1q to the Shallow-Water equa-tion (3.1.5) with initial onditions pζ0, V 0q.(3) One has, for all t P r0;T r:|pζE , V Eqptq � pζSW , V SW qptq|HN ¤ Cp|pζ0, V 0q|HN qµt.This theorem implies that the error made by using the solutions of the simpli�ed model of Shallow-Water instead of the solutions of the free-surfae Euler equations is "of size µ".At the seond order with respet to µ, one an derive several models for the Water-Waves problemwhih are formally more preise than the Shallow-Water equation. We onsider in this paper thease where
ε � Opµq,whih orresponds to a small amplitude model in the Shallow-Water regime. Boussinesq ([11℄,[10℄)derived the following model for �at bottoms, and later Peregrine [51℄ for non�at bottoms:#Btζ �∇γ � phV q � 0r1� µTbsBtV � εpV �∇γqV �∇γζ � 0

(3.1.6)where Tb is the following operator :�V , TbV � � 1

3hb
∇γph3b∇γ � V q � β

2hb
r∇γph2b∇γb � V q � h2b∇

γb∇γ � V s � β2∇γb∇γb � V ,with the notation
hb � 1� βb.See also [37℄ for a omplete proof of the formal derivation of this equation. This equation is knownas the Boussinesq-Peregrine equation, and has been used a lot in appliations to oastal �ows. Inthe ase of a �at bottom, one has β � 0 and Tb � � 1

3
∇γ∇γ �. The equation (3.1.6) an then be seenas a partiular ase of a Boussinesq system (see [8℄ for the 1d ase, and [9℄ for the 2d ase).1The pressure is hydrostati if, in dimensional form, P pX, zq � Patm�ρgpz� ζq. This is always true at the leadingorder in µ. See for instane [37℄ Setion 5.5



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 58The Boussinesq-Peregrine model is a good ompromise for numerial simulation between the pre-ision of the approximation of the Water-Waves problem, and the simpliity of the equations. Indeed,the Boussinesq-Peregrine equation preserves the dispersive nature of the Water-Waves equation. Tounderstand this statement, one an look for plane wave solutions pζ, V q � pζ0, V 0qeipk�X�ωpkqtq ofthe linearized Boussinesq-Peregrine equation (3.1.6) and �nds solutions with a dispersive relation:
ωpkq2 � |kγ|2

1� µ
3
|kγ|2 ,with kγ � tpk1, γk2q. Thus the group veloity c � ωpkq|kγ | of the water waves depends on the frequeny,whih is a de�nition of dispersion. The Shallow-Water equation, however, is not a dispersive equationin dimension 1, sine one would �nd a group veloity of the water waves equals to 1. One ould alsoderive a even more preise model at the Opµ2q order than the Boussinesq-Peregrine model, withoutany assumption on the smallness of ε, whih is alled the Green-Naghdi equation (see [57℄ for thease d � 1, [59℄, [56℄ for the ase of non-�at bottom and also under the name of "fully nonlinearBoussinesq equations" in [62℄; see also [44℄). It has a very similar form as one of the Boussinesq-Peregrine equation, but with hb replaed by h in the de�nition of the operator Tb. Therefore,though the Green-Naghdi model should be more preise than the Boussinesq-Peregrine equation, itsnumerial implementation leads to the omputation at eah time step of the inverse of I�µTb (whihnow depends on h, and therefore on the time), whih inreases the omputational omplexity2.3.1.4 Long time existene for the Water-Waves modelsWe are interested in the dependene of the existene time for the solutions of systems like (3.1.5)and (3.1.6) with respet to the parameter ε. For suh quasilinear equations with an ε fator onthe nonlinearity, the "good" time existene should be of size 1

ε
. Let us explain this statement bystudying the one dimensional Burgers equation:#Btu� εuBxu � 0

up0, xq � u0pxqwhere we assume some reasonable regularity on u0. Using the method of harateristis to solve it,we �nd that harateristis are of the form
xptq � εu0px1qt� x1with x1 P R. The solutions do not exist globally in the general ase beause the harateristis inter-set themselves. Let us estimate the time at whih they interset. Let us onsider two harateristis

xptq � εu0px1qt� x1 and εu0px2qt� x2. They interset at time
t � � x2 � x1

εpu0px2q � u0px1qq .Therefore, the existene time for the solutions is
T � min

x1,x2PR� x2 � x1

εpu0px2q � u0px1qq � � 1

εmin
xPRu10pxqand therefore is of size 1

ε
.The standard theory for quasilinear symmetrizable systems gives the loal existene of solutionspV , ζq of the Shallow-Water equations (3.1.5) on the spae Cpr0;T s;HNpRdqd�1q, with N largeenough, and gives an explosion riterion: one has T   8 if and only if lim

tÑT
|pV , ζqptq|W 1,8 � �8. Ifone ould prove an estimate of the form|pV , ζqptq|HN ¤ gp|pV , ζq|HN qtε (3.1.7)2Note however that a variant of the Green-Naghdi equations where the operator to invert in time is time independenthas been derived reently in [39℄ to perform 2d omputations



59 3.1. INTRODUCTIONfor a smooth non dereasing funtion g, one would get by a ontinuity argument that the solutionsexist on an interval of size 1
ε
. An L2 estimate of the form (3.1.7) is easy to obtain, beause multiplyingthe seond equation of (3.1.5) symmetrizes both �rst spae derivatives order terms and quantities ofsize ε. Indeed, one an di�erentiate with respet to time the "energy"

Epζ, V q � 1

2
|ζ|22 � 1

2
phV , V q2to get

dE

dt
� pBtζ, ζq2 � pBtV , hV q2 � 1

2
ppBthqV , V q2and replae Btpζ, V q by their expressions given in the equation (3.1.5). The terms of order 1 aretransparent in the energy estimate beause they anel one another, thanks to the "symmetry" ofthe system, and one gets

dE

dt
� 0whih is even better than needed. However, if one di�erentiates the equation (3.1.5) with respet tospae variable, one �nds a system of the form (B denotes here any spae derivative of order one):#BtBV �∇γ � ppBhqV q �∇γ � phBpV qq � 0BtBζ � εpBV q �∇γV � εV �∇γBV �∇γBζ � 0.It is not possible anymore to make this system symmetri in order to anel the terms that are notof size ε in the energy estimates. Indeed, the term Bh is not of size ε, sine h � 1 � εζ � βb, andthus also depends on β. The HN norms of the unknowns are then not easily ontrolled by terms ofsize ε, whih prevent us from proving diretly an estimate of the form (3.1.7). The long existenefor this system is therefore tied to a singular perturbation problem with variable oe�ients.Long time existene results for similar types of equations have been proved for example byShohet in [55℄ for the ompressible Euler equation in a bounded domain with well-prepared data,or by Shohet-Métivier in [43℄ for the Non-isentropi Euler equation with general data. Alazard([2℄) proved a long time existene result for the non-isentropi ompressible Euler equation, in thease of bounded and unbounded domains. Bresh-Métivier ([13℄) proved that for N ¡ d{2� 1 andpζ0, V 0q P HN pRdqd�1, there exists a unique solution pζ, V q P Cpr0; T

ε
s;HN pRdqd�1q to the equation(3.1.5) with initial data pζ0, V 0q where T only depends on the norm of the initial data, even if β isnot assumed to be small.In the ase of a �at bottom, as explained in Setion 3.1.3, the Boussinesq-Peregrine equation anbe seen as a partiular ase of the Boussinesq systems. Saut and Li ([54℄) proved the loal existeneon a large time interval of size 1

ε
for most of these systems, when the bottom is �at. There is, inour knowledge, no loal existene results in the literature in the ase of non �at bottoms. A loalexistene result for the Boussinesq-Peregrine equation (3.1.6) on a time T

ε
with T independent on

µ would be important to fully justify this model, and get a onvergene result similar to Theorem3.1.1.3.1.5 Main resultIn [50℄, a large time existene result is proved for the Water-Waves equations in presene of largetopography, extending the result of [6℄ whih holds for small topography variations (β � Opεqq)3.Coupling this result with the one of [13℄, one an prove that the Shallow-Water equations are on-sistent at order 1 in µ with the full Water-Waves equations, on a time interval of size 1
ε
, even in thease of large topography variations (β � Op1q). A similar result between the Water-Waves equationsand the Boussinesq-Peregrine equation (3.1.6) would be a new step in the mathematial justi�ationof the Water-Waves models.We �rst prove in this paper a well posedness result for the equation (3.1.6) on a time Op1q(Theorem 3.2.1 below). Though not optimal as we shall see, suh a loal well posedness result did3However, this result needs the presene of surfae tension.



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 60not seem to be available in the literature for non �at bottoms. The proof onsists in a partiularadaptation of the proof of loal existene for symmetrizable quasilinear systems. The di�ulty isthat this system is not easily symmetrizable. In the ase of the Shallow-Water equations (3.1.5), asexplained in Setion 3.1.3, one should multiply the seond equation by h to get a "symmetri" system.However, in the ase of the Boussinesq-Peregrine equation (3.2.11), multiplying the seond equationby h indeed symmetrizes the system with respet to order one spae derivatives. But the operator
hpI � µTbq is not symmetri. Therefore, phpI � µTbqBtV , V q2 is not equal to d

dt
phpI � µTbqV , V q2. Itimplies the presene of some ommutators terms between hTb and Bt in the energy estimates whihare di�ult to ontrol. However, the operator hbpI �µTbq is symmetri and we have the equivalenephbpI � µTbqV , V q2 � |V |22 � µ|∇γ � V |22.Therefore, a "good" energy for the Boussinesq-Peregrine equation seems to be

Epζ, V q � 1

2
|ζ|22 � 1

2
phbpI � µTbqV , V q2. (3.1.8)But multiplying the seond equation by hb does not properly symmetrize the system with respet tospae derivatives. More preisely, it symmetrizes them up to an εζ∇γ � V fator. In the Boussinesq-Peregrine regime, one has ε � Opµq and therefore this term is atually ontrolled by the energy... Ityields to a loal existene result for a time interval of size Op1q and not Op 1

ε
q. This is the purposeof Theorem 3.2.1.One then looks for an improved time of existene for the Boussinesq-Peregrine equation. Inorder to do so, one ould try to use an adaptation of the proof of the long time existene result byBresh-Métivier [13℄. The idea of this proof is to have energy estimates of the form

Eptq ¤ CpEqtε� C0for some onstant CpEq whih depends on the energy, and C0 whih only depends on initial data,where E is an energy. One an then onlude by a ontinuity argument that the energy stays boundedon an interval of size 1
ε
. Let us detail this idea on a simpli�ed model of equation of the form:Btu� εpuBxqu� Lpεu, apxqqu � 0 (3.1.9)where Lpεu, apxqq : Rd ÝÑ R

d is a linear, ellipti, antisymmetri operator of order 1. One omputes:
d

dt

1

2
|uptq|22 � pBtu, uq2� pLu, uq2 � εppuBxqu, uq2using the equation to replae Btu by its expression. Using the antisymmetry of L and integrating byparts, one an easily see that d

dt
1
2
|uptq|22 vanishes, whih is even better than being of size ε. However,it does not stand true for higher order estimates. Looking for an estimate on d

dt
|uptq|HN for some

N ¡ 0, one di�erentiates the equation (3.1.9) and �nds a system of the form:BtBxu� εpuBxqBxu� εruBx, Bxsu�Lpεu, apxqqBxu� εpBxuqdL1pεu, apxqqu�pBxaqdL2pεu, apxqqu � 0,where we denoted dLipεu, apxqq the di�erential of L with respet to the i� th variable, at the pointpεu, apxqq, for i � 1, 2. Due to an extra term pBxaqdL2pεu, apxqqu, the energy estimates involve termswhih are not of size ε. This problem does not appear for time derivatives: if one di�erentiates theequation (3.1.9) with respet to time, one �nds:BtpBtuq � εuBxpBtuq � εruBx, Btsu� Lpεu, apxqqBtu� εpBtuqdL1pεu, apxqqu.Therefore, one an �nd an energy estimate of the form|pBkt uqptq|2 ¤ |pBkt uqp0q|2 � εtCp|pBkt uqptq|2q,for all k ¤ N . In order to �nd a similar energy estimate in HN , one uses the equation, whih givesan expression of spae derivatives with respet to time derivatives:
Lpεu, apxqqu � �Btu� εuBxu



61 3.1. INTRODUCTIONand using the previous estimate for time derivatives, and the elliptiity of L, one gets:|uptq|H1 ¤ Cp|uptq|H1qεt� C0for some onstant C0 and a non dereasing smooth funtion C. One an do the same for higherorder Sobolev estimates, by onsidering higher order time derivatives Bkt and using a �nite indutionon k. By a ontinuity argument, an estimate of the form|uptq|HN ¤ Cp|uptq|H1qεt� C0implies that the HN norm of u stays bounded on an interval of size 1
ε
.This tehnique only works if time and spae derivatives have the same "order". More preisely,for the Shallow-Water equation (3.1.5), the time derivatives are equal to sum of terms involving onespae derivative. This is not the ase for the Boussinesq-Peregrine equation (3.1.6). Indeed, in theseond equation, pI�µTbqBtV is equal to one spae derivative order terms, while pI�µTbq is of ordertwo. It leads to issues if one tries to use the equation to ontrol spae derivatives by time derivativesand tries to reover an estimate of size ε for the spae derivatives. For example, the seond equationof (3.1.6) provides

∇γζ � �pI � µTbqBtV � ε� other terms ,and Tb is an order two operator with respet to spae. It is therefore not lear that TbBtV is ontrolledby the energy (3.1.8).To overome this problem, we introdue a modi�ed equation, whih is onsistent with theBoussinesq-Peregrine equation (3.1.6) at the Opµ2q order (and therefore with the Water-Wavesequations). Suh equation would have a proper struture adapted to the use of the method usedby Bresh-Métivier in [13℄. The approah of modifying the equation without hanging the onsis-teny, in order to improve the struture of the equation has been used for example by Israwi in[33℄ for the Green-Naghdi equation, or by Saut and Xu ([53℄) for a model of full dispersion. In theBoussinesq-Peregrine ase, a short study (see later Setion 3.3 for more details) leads us to introduethe following modi�ed equation:$&% Btζ �∇γ � phV q � 0pI � µpTb �∇γp 1
hb

∇γ � phb�qq � 1

hb
∇γK∇γK�qqBtV � εV �∇γV � pI � µ∇γ 1

hb
∇γ � phb�qq∇γζ � 0(3.1.10)We start to prove a loal existene result for this modi�ed equation in dimension 1 and 2. Wethen prove the main result of this paper (see later Theorem 3.3.7 for a preise statement):Theorem 3.1.2 In dimension 1, the equations (3.1.10) admit a unique solution on a time intervalof the form r0; T

ε
s where T only depends on the initial data.Remark 3.1.3 For tehnial reasons whih are disussed further below, the Theorem we prove isonly true in dimension 1. However, we preisely explain in this paper the di�ulties raising for aproof in dimension 2.Though this Theorem is proved by adapting the tehnique used by Bresh-Métivier in [13℄, itsadaptation to the ase of a dispersive equation has not been done yet in the literature to ourknowledge. As one shall see later in Setion 3.3.2, this result is tied to a singular perturbationproblem. The plan of the artile is the following:� In Setion 3.2, we prove a loal existene result for the Boussinesq-Peregrine equation in di-mension d � 1, 2,� In Setion 3.3 we introdue a modi�ed Boussinesq-Peregrine equation and in Setion 3.3.1 weprove its loal well-posedness in dimension d � 1, 2,� In Setion 3.3.2, we prove the long time existene result for the modi�ed Boussinesq-Peregrineequation, in dimension d � 1.3.1.6 NotationsWe introdue here all the notations used in this paper.



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 62Operators and quantitiesBeause of the use of dimensionless variables (see before the "dimensionless equations" paragraph),we use the following twisted partial operators:
∇γ � tpBx, γByq if d � 2 and ∇γ � Bx if d � 1,

∇
γK � tp�γBy, Bxq if d � 2 and ∇

γK � 0 if d � 1.Remark 3.1.4 All the results proved in this paper do not need the assumption that the typial wavelengths are the same in both diretions, ie γ � 1. However, if one is not interested in the dependeneof γ, it is possible to take γ � 1 in all the following proofs. A typial situation where γ � 1 is forweakly transverse waves for whih γ � ?
µ; this leads to weakly transverse Boussinesq systems and theKadomtsev�Petviashvili equation (see [40℄). A byprodut of our results is therefore a generalizationto the ase of non�at bottoms of the results on weakly transverse Boussinesq systems of [40℄; thisopens new perspetives towards the derivation and justi�ation of Kadomtsev�Petviashvili equationsfor non�at bottoms in the spirit of [34℄ for the KdV equation.We de�ne a_ b for two real numbers a, b by:
a_ b � maxpa, bq.For all α � pα1, ..., αdq P N

d, we de�ne Bα the operator of S 1pRdq by:Bα � Bα1

x1
...Bαd

xd
.We use the lassial Fourier multiplier

Λs � p1�∆qs{2 on R
dde�ned by its Fourier transform as

FpΛsuqpξq � p1� |ξ|2qs{2pFuqpξqfor all u P S 1pRdq. We also use the following operators:�V , TbV � � 1

3hb
∇
γph3b∇γ � V q � β

2hb
r∇γph2b∇γb � V q � h2b∇

γb∇γ � V s � β2
∇
γb∇γb � Vin all this paper, and the operators:

A � ∇γp 1
hb

∇γ � phb�qq, B � pI � µTb � µ∇γp 1
hb

∇γ � phb�qq � µ
1

hb
∇γK∇γK�qin Setion 3.3.Funtional spaesThe standard salar produt on L2pRdq is denoted by p , q2 and the assoiate norm | � |2. We willdenote the standard salar produt on Sobolev spaes HspRdq by p , qHs and the assoiate normby | � |Hs . We denote the norm W k,8pRdq by | � |Wk,8 , and we use the notation | � |8 � | � |W 0,8 whenno ambiguity is possible.We also introdue in Setion 3.3.2 for all s P R the Banah spae

XspRdq � tf P L2pRdqd, |f |Xs   8uendowed with the norm |f |Xs � |f |2Xs � |f |2Hs � µ|∇γ � f |2Hs .



63 3.2. LOCAL EXISTENCE FOR THE BOUSSINESQ-PEREGRINE EQUATION3.2 Loal existene for the Boussinesq-Peregrine equationIn this setion, we prove a loal existene result for the Boussinesq-Peregrine equation in dimension
d � 1, 2, on a time interval independent on µ. We reall that the Boussinesq-Peregrine equation ofunknowns V and ζ is: #Btζ �∇γ � phV q � 0r1� µTbsBtV � εpV �∇γqV �∇γζ � 0

(3.2.11)where h � 1� εζ � βb and where Tb is the following operator :�V , TbV � � 1

3hb
∇γph3b∇γ �V q� β

2hb
r∇γph2b∇γb �V q�h2b∇γb∇γ �V s�β2∇γb∇γb �V , (3.2.12)with the notation hb � 1�βb, where b desribes the variations of the bottom and is known. We alsoreall (see setion 3.1.6) the notation|f |Xs � |f |2Hs � µ|∇γ � f |2Hs .Let us state a loal existene result for the Boussinesq-Peregrine equation:Theorem 3.2.1 Let t0 ¡ d{2 and s ¡ t0 � 1. Let b P Hs�2pRdq be suh that there exists hmin ¡ 0suh that

inf
XPRd

hbpXq ¥ hmin.Let ε, β be suh that
0 ¤ ε, β ¤ 1.Let U0 � pζ0, V 0q P HspRdq �XspRdq. Then, there exists µmax ¡ 0 suh that for all 0 ¤ µ ¤ µmaxwith
ε � Opµq,there exists T � ¡ 0 and a unique solution U � pζ, V q P Cpr0;T �r;HspRdqd�1q of the equation(3.2.11) with initial ondition Up0q � U0.Moreover, for all T   T �, if one hooses

λ ¥ sup
tPr0;T sC3p|U |W 1,8 , |hb|Hs�2 , µmaxqptq,the solution U satis�es the following inequality:�t ¤ T, Eptq ¤ λ

C1phminq » t0 e λ
C1phminq pt�t1qC4p|U |Hsqpt1qdt1 � C2p|hb|Ht0 q

C1phminq Ep0qe λ
C1phminq t (3.2.13)with

Eptq � pµ|∇γ � V |2Hs � |U |2Hsqptq (3.2.14)and where Ci are non dereasing smooth funtions of their arguments, for i � 1, 2, 3, 4.Remark 3.2.2 � It is very important to note that the energy estimate (3.2.13) implies that while|U |W 1,8ptq is bounded, the solution U an be ontinued. More preisely, if one sets
T � suptt, U exists on Cpr0; tr;HspRdqd�1quthen if T   8, one has sup
tÑT

|U |W 1,8ptq � �8. Moreover, one has to notie that the energy
E de�ned in the statement of the Theorem by (3.2.14) ontrols Hs norms of both U and ∇γ �
V , while the energy estimate (3.2.13) only requires a bound of E by the Hs norm of U . Inpartiular, it su�es to bound the Hs norm of U (instead of U and ∇γ �V ) to use a ontinuityargument.� Note that the time of existene T � de�ned by Theorem 3.2.1 is independent on µ. This isruial in view of the proof of the onsisteny of the Boussinesq-Peregrine equation with theWater-Waves equations (see Theorem 3.1.1).



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 64Proof of Theorem 3.2.1 The system (3.2.11) an be put under the form
BBtU � ḑ

j�1

AjpUqBjU � 0where
B � �1 0

0 I � µTb



, AjpUq � �εV j h

1 εV jId


 �1 ¤ j ¤ d. (3.2.15)The non linear terms of the equation an be symmetrized if we multiply the system by
S̃pUq � �1 0

0 hId


but for the reasons explained in Setion 3.1.5 we use rather the following matrix:
S � �1 0

0 hbId



. (3.2.16)Using this symmetrizer brings one di�ulty: the operator hbpI �µTbq is symmetri, but multiplyingthe seond equation of (3.2.11) by hb does not symmetrize the non linear terms of the form AjpUqBjUde�ned by (3.2.15), for j � 1, .., d. The proof of Theorem 3.2.1 is inspired of the lassial existeneresult for quasilinear hyperboli systems (see [61℄ Chapter XVI for instane). We follow the followingsteps:� Step 1 : We solve a smoothed equation involving a molli�er p1� δ∆q.� Step 2 : We prove that the existene time of the solution of the molli�ed equation does notdepend on δ, and the uniform bound in Hs norm of this solution.� Step 3 : We pass to the limit δ goes to zero in the molli�ed equation to get a solution of theequation (3.2.11).� Step 4 : We reover regularity for the solution of (3.2.11).Step 1 We solve the Cauhy problem#p1� δ∆qSBp1� δ∆qBtU δ �°d

i�1 SAjpU δqBjU δ � 0

U δp0q � p1� δ∆q�1U0,
(3.2.17)of unkown U δ in the Banah spae HspRdqd�1. Reall that using the de�nition of B given in (3.2.15)and S given by (3.2.16), one has

SB � �1 0

0 hbpId � µTbq
 .In order to apply the Cauhy-Lipshitz Theorem, one must hek that the appliation
HspRdqd�1 ÝÑ HspRdqd�1

U ÞÝÑ p1� δ∆q�1pSBq�1p1� δ∆q�1
°d
i�1AjpUqBjUis well de�ned and loally Lipshitz. The unique di�ulty is to hek that phbpI � µTbqq�1 is wellde�ned from Hs to Hs. It is the point of the following Proposition (see [37℄ Chapter 5 Lemma 5.44for a full proof). We �rst de�ne the Banah spae

Xs � tV P HspRdqd,∇γ � V P HspRdquendowed with the norm |V |2Xs � |V |2Hs � µ|∇γ � V |2Hs .Proposition 3.2.3 Let t0 ¡ d{2, β ¤ 1 and b P Ht0�1pRdq be suh that there exists hmin suh that
hb � 1� βb ¥ hmin. Then the mapping

hbpI � µTbq : X0 ÝÑ L2pRdqd �∇
γL2pRdq



65 3.2. LOCAL EXISTENCE FOR THE BOUSSINESQ-PEREGRINE EQUATIONis well de�ned, one-to-one and onto. One has, for all V P X0:
C1phminq|V |2X0 ¤ phbpI � µTbqV, V q2 ¤ C2p|hb|Ht0�1q|V |2X0where Ci are non dereasing funtions of its arguments. Moreover, for all s ¥ 0, if b P H1�s_t0pRdq,then �W P HspRdqd, |phbpI � µTbqq�1W |Xs ¤ Cp 1

hmin

, |b|H1�s_t0 q|W |Hswhere C is a non dereasing funtion of its arguments. Moreover, one has, for all s P R:?
µ|phbpI � µTbqq�1∇γW |Hs ¤ Cp 1

hmin

, |b|H1�|s|_t0 q|W |Hs .Therefore, the Cauhy-Lipshitz Theorem applies and the equation (3.2.17) has a unique solution
U δ P Cpr0;T δr;HspRdqd�1q, and if T δ   �8 one has

lim
tÑT δ

|U δptq|Hs � �8.Step 2 We now hek that one an hoose T δ independent of δ by omparing |U δptq|Hs witha solution of an ODE independent of δ, and using a Gronwall Lemma. We de�ne
U δs � ΛsU δ.The unknown U δs satis�es the following system :p1� δ∆qSBp1� δ∆qBtU δs � ḑ

j�1

SAjpU δqBjU δs � F (3.2.18)where we wrote the ommutators under the form
F � p1� δ∆qrSB,Λssp1� δ∆qBtU δ � ḑ

j�1

rSAjpU δq,ΛssBjU δ. (3.2.19)In order to estimate, |U δptq|Hs , reall that
SB � �1 0

0 hbpId � µTbq
and remark, using Proposition (3.2.3), that|p1� δ∆qV δs |X0 � phbpI � µTbqp1� δ∆qV δs , p1� δ∆qV δs q2where the impliit onstant only depend on hb. Therefore, one omputes:
d

dt

1

2
pp1� δ∆qSBp1� δ∆qU δs , U δs q2 � pp1� δ∆qSBp1� δ∆qBtU δs , U δs q2.Note that the symmetry of SB, and more preisely of hbpI � µTbq is ruial here. One uses theequation (3.2.18) to replae p1� δ∆qSBp1� δ∆qBtU δs by its expression. One gets:

d

dt

1

2
pp1� δ∆qSBp1� δ∆qU δs , U δs q2 � � ḑ

j�1

pSAjpU δqBjU δs , U δs q2 � pF,U δs q2. (3.2.20)Let us hek that the �rst term of the rhs of (3.2.20) has a ontribution of order zero to theenergy estimate. One uses the de�nition of Aj given by (3.2.15) to put this matrix under theform AjpU δq � ÃjpU δq � CpU δq with
ÃjpU δq � �εV δj hb

1 εV
δ

jId

�
, CpU δq � �0 εζδ

0 0



, (3.2.21)



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 66for j � 1, .., d. Note that sine S is not a true symmetrizer for the equation (3.2.11), the matrix SAjis not symmetri. The above deomposition allows us to write SAj under the form of a symmetrimatrix (SÃj) plus a rest whih we intend to ontrol in the energy estimates. We now write:
ḑ

j�1

pSAjpU δqBjU δs , U δs q2 � ḑ

j�1

pSCpU δqBjU δs , U δs q2 � ḑ

j�1

pSÃjpU δqBjU δs , U δs q2. (3.2.22)Using the de�nition of CpU δq given by (3.2.21), the �rst term of the rhs of (3.2.22) is equal to»
ζδζδs ε∇

γ � V δs and therefore is ontrolled, using the Cauhy-Shwarz inequality by| » εζδ∇γ � V δsζδs | ¤ |ζδ|W 1,8 |µ∇γ � V δs|2|ζδs |2 (3.2.23)where we used the Boussinesq regime ondition
ε ¤ Cµstated by the Theorem. For the seond term of the rhs of (3.2.22), one an write, for all 1 ¤ j ¤ d,and using the symmetry of SÃjpU δq (reall the de�nition of the symmetrizer S given by (3.2.16)):pSÃjpU δqBjU δs , U δs q2 � pBjU δs , SÃjpU δqU δs q2� ��U δs , BjpSÃjpU δqU δs q�2by integrating by parts. Now, one has��U δs , BjpSÃjpU δqU δs q�2 � ��U δs , BjpSÃjpU δqqU δs �2 � pU δs , SÃjpU δqBjU δs q2and thus one has pSÃjpU δqBjU δs , U δs q2 � �1

2

�
U δs , BjpSÃjpU δqqU δs �2. (3.2.24)Using the de�nition of S given by (3.2.16), and the de�nition of Ãj given by (3.2.21), one has

SÃj � �εV δj hb

hb εhbV
δ

jId

�for all j � 1, .., d and thus (3.2.24) is ontrolled, using Cauhy-Shwarz inequality:|pSÃjU δBjU δs , U δs q2| ¤ |U δs |22c2p|U δ|W 1,8 , |hb|W 1,8q, (3.2.25)where c2 is a non dereasing and smooth funtion of its arguments.We now ontrol the seond term of the right hand side of the energy estimate (3.2.20). Using thede�nition of F given by (3.2.19), one has thatpF,U δs q2 � A3 �A4where
A3 � pp1� δ∆qrSB,Λssp1� δ∆qBtU δ, U δs q2and

A4 � prSAjpU δq,ΛssBjU δ, U δs q2.- Control of A3 We start by replaing p1� δ∆qBtU δ by its expression given in the equation(3.2.17): pp1� δ∆qrSB,Λssp1� δ∆qBtU δ, U δs q� � ḑ

j�1

pp1� δ∆qrSB,ΛsspSBq�1p1� δ∆q�1SAjpU δqBjU δ, U δs q2. (3.2.26)



67 3.2. LOCAL EXISTENCE FOR THE BOUSSINESQ-PEREGRINE EQUATIONOne has to ontrol this term uniformly with respet to δ, and deals with the fat that phbpI�µTbqq�1is not optimally estimated. More preisely, that is absolutely not lear that4|hbpI � µTbqfphbpI � µTbqq�1u|Hs ¤ |u|Hsfor a smooth funtion f . One has to reall that
B � �1 0

0 I � µTb


so that rSB,Λss � �0 0

0 rhbpI � µTbq,Λss
 .Using the de�nition of Tb given by (3.2.12), one writes this operator under the form:
I � µTb � I � µpA�B � C �Dq,where

A � �∇γph3b∇γ �q, B � β∇γph2b∇γb�q, C � �βh2b∇γb∇γ �, D � β2∇γb∇γ � (3.2.27)One expands the ommutator (3.2.26) with respet to A,B,C,D. We set
A31 � pp1� δ∆qµrA,ΛssphbpI � µTbqq�1p1� δ∆q�1SAjpU δqBjV δ, V δsq2and we now ontrol this latter term. For all 1 ¤ j ¤ d, using the de�nition of A given by (3.2.27),one has, integrating by parts:

A31 � pp1� δ∆qrh3b ,Λss?µ∇γ � phbpI � µTbqq�1p1� δ∆q�1SAjpU δqBjV δ,?µ∇γ � V δsq2.Using Cauhy-Shwarz inequality and splitting p1� δ∆q, one gets:|A31| ¤?µ|∇γ � V δs|2�|rh3b,Λss?µ∇γ � phbpI � µTbqq�1p1� δ∆q�1SAjpU δqBjV δ|2�δ|rh3b,Λss?µ∇γ � phbpI � µTbqq�1p1� δ∆q�1SAjpU δqBjV δ|H2

�
.We now use the Kato-Pone estimate of Proposition 3.A.1 to ontrol rh3b ,Λss, using the fat that

s ¡ d{2�1 (and thus Hs�1pRdq and HspRdq are respetively ontinuously injeted into L8pRdq and
W 1,8pRdq):|A31| ¤?µ|∇γ � V δs|2Csp|∇γhb|Hs�1q�|?µ∇γ � phbpI � µTbqq�1p1� δ∆q�1SAjpU δqBjV δ|Hs�1�δ|?µ∇γ � phbpI � µTbqq�1p1� δ∆q�1SAjpU δqBjV δ|Hs�1

�
, (3.2.28)where Cs is a smooth non dereasing funtion whih only depends on s. We now ontrol the operator?

µ∇γ � phbpI � µTbqq�1 in Hs�1 and Hs�1 norms by using the last part of Proposition 3.2.3 and aduality argument. One has, for all k ¥ t0 and all u P HkpRdqd, using the symmetry of hbpI � µTbq :?
µ|∇γ � hbpI � µTbq�1u|Hk � ?

µ sup
vPH�kpRdq|v|

H�k�1

p∇γ � phbpI � µTbqq�1u, vq2� ?
µ sup

vPH�kpRdq|v|
H�k�1

� pu, phbpI � µTbqq�1
∇
γvq2¤ sup

vPH�kpRdq|v|
H�k�1

Cp 1

hmin

, |b|Hk�1q|u|Hk |v|H�k¤ Cp 1

hmin

, |b|Hk�1q|u|Hk ,

(3.2.29)
4The operator hbpI�µTbq is not tehnially ellipti of order 1, sine its inverse only ontrols the divergene (and nota full derivative). This is atually a big issue for all the loal existene results for the Boussinesq-Peregrine equation(3.2.11).



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 68where C is a smooth non dereasing funtion of its arguments, and where we used the fat that
k ¥ t0. Using (3.2.29) with k � s� 1 and k � s� 1 in (3.2.28) (reall that s ¡ t0 � 1), one gets:|A31| ¤ C

?
µ|∇γ � V δs|2Cp 1

hmin

, |b|Hs�2q�|p1� δ∆q�1SAjpU δqBjV δ|Hs�1� δ|p1� δ∆q�1SAjpU δqBjV δ|Hs�1

�¤ C
?
µ|∇γ � V δs|2Cp 1

hmin

, |b|Hs�2q�|SAjpU δqBjV δ|Hs�1 � Cδ
1

δ
|SAjpU δqBjV δ|Hs�1

�where we used the estimates |p1� δ∆q�1f |Hs�1 ¤ |f |Hs�1 and |p1� δ∆q�1f |Hs�1 ¤ C
δ
|f |Hs�1 with

C independent on δ. We reall that
SAjpU δq � �εV δj h

hb εhbV
δ

j

�for j � 1, .., d and we use the Moser estimate of Proposition 3.A.2 and the fat that s � 1 ¡ d{2 toonlude: |A31| ¤ Cp 1

hmin

, |b|Hs�2q?µ|∇γ � V δs|2|V δs|22with C a smooth, non dereasing funtion of its arguments.To ontrol the term of (3.2.26) involving B, using the de�nition of B given by (3.2.27), we write,integrating by parts:
ḑ

j�1

pp1� δ∆qµrB,ΛssphbpI � µTbqq�1p1� δ∆q�1SAjpU δqBjV δ, V δsq2� �µpp1� δ∆qrh3b∇γb�,ΛssphbpI � µTbqq�1p1� δ∆q�1SAjpU δqBjV δ,∇γ � V δsq2and we use exatly the same tehniques as used for the ontrol of A31 to get the same ontrol. Theterms of (3.2.26) involving C and D are easily ontrolled by
Cp 1

hmin

, |b|Hs�2q?µ|V δs|32.We �nally proved that:
A3 ¤ c3p|U δ|W 1,8 |, |∇γb|Hs�2q|U δs |22p|U δs |2 �?

µ|∇γ � V δs|2q (3.2.30)where c3 is a smooth positive non dereasing funtion of its argument and independent of δ.- Control of A4Let us now ontrol A4 by using the Kato-Pone estimate of Proposition 3.A.1 and the Moserestimate of Proposition 3.A.2, using again that s ¡ d{2� 1:prSAjpU δq,ΛssBjU δ, U δs q2 ¤ Cp|∇γSAjpU δq|Hs�1 |BjU δ|L8 � |∇γSAjpU δq|L8|BjU δ|Hs�1q|U δs |2¤ pCp|U δ|8q|U δ|Hs |BjU δ|8|hb|Hs � Cp|U δ|W 1,8 , |hb|W 1,8q|U δ|Hsq|U δs |2¤ c4p|U δ|W 1,8 , |hb|Hsq|U δs |22. (3.2.31)If one puts together (3.2.23), (3.2.25), (3.2.30) and (3.2.31), one gets :
d

dt
pp1� δ∆qSBp1� δ∆qU δs , U δs q2 ¤ c5p|U δ|W 1,8 , |hb|Hs�2 , µmaxq�|U δs |22 � µ|∇γ � V δs|22 � F p|U δs |2q�(3.2.32)with c5 and F some smooth non dereasing funtions of their arguments, independent of δ.At this point, realling the equivalene |V |X0 � phbpI � µTbqV, V q2 stated by Proposition 3.2.3,we proved that

d

dt
pp1� δ∆qSBp1� δ∆qU δs , U δs q2 ¤ F pp1� δ∆qSBp1� δ∆qU δs , U δs q2q



69 3.3. MODIFIED EQUATIONwhere F is a Lipshitz funtion whih does not depend on δ. By Cauhy-Lipshitz theorem, thereexists T � ¡ 0 suh that the Cauhy problem#
d
dt
gptq � F pgptqq

gp0q � |Up0q|Hsadmits a unique solution g on a time interval r0;T �s. By Gronwall's lemma, one has for all t   T �that pp1� δ∆qSBp1� δ∆qU δs , U δs q2 ¤ gptqand onsequently, using again the equivalene |V |X0 � phbpI � µTbqV, V q2 stated by Proposition3.2.3: �0 ¤ t ¤ T �, |p1� δ∆qU δs |22 � µ|p1� δ∆q∇γ � V δs|22 ¤ 1

C1phminqgptq. (3.2.33)This proves that the Hs norm of U δ does not explode as t goes to T �, and then T δ ¡ T �, whihgive us a uniform time of existene for U δ independent of δ.We an be more preise for all 0   T   T � if one hooses
λ ¥ sup

tPr0;T sc5p|U δ|W 1,8 , |hb|Hs�2 , µmaxqptqthen one has the following inequality, using estimate (3.2.32):
d

dt
pp1� δ∆qSBp1� δ∆qU δs , U δs q2 ¤ λp|U δs |22 � µ|∇γ � V δs|22 � F p|U δs |2qqand by integrating in time and using one last time the equivalene |V |X0 � phbpI�µTbqV, V q2 statedby Proposition 3.2.3, one gets, for all 0 ¤ t ¤ T :pµ|∇γ � p1� δ∆q1{2V δs |22 � |p1� δ∆q1{2U δs |22qpt1q ¤ λ

C1phminq » t0 F p|U δs |2qpt1qdt1� λ

C1phminq » t0 p|p1� δ∆q1{2U δs |22 � µ|∇γ � p1� δ∆q1{2V δs|22qpt1qdt1� C2p|hb|Ht0 q
C1phminq Ep0qwhere we reall that the energy E is de�ned by (3.2.14). One an onlude by Gronwall Lemma that:pµ|∇γ � p1� δ∆q1{2V δs |22 � |p1� δ∆q1{2U δs |22qpt1q ¤ λ

C1phminq » t0 e λ
C1phminq pt�t1qF p|U δs |2qpt1qdt1� C2p|hb|Ht0 q

C1phminq Ep0qe λ
C1phminq t. (3.2.34)Step 3-4 The inequality (3.2.33) and the equation (3.2.17) prove that pU δqδ is bounded inthe spae

L8pr0;T �s;HspRdqq XW 1,8pr0;T �s;Hs�1q. By ompat embedding in Hs1pRdq for all s1   s, onehas the strong onvergene of pU δqδ in Cpr0;T �s;Hs1
locpRdqq to a funtion U . If one hooses s1 loseenough to s, Hs1pRdq is embedded in C1pRdq and one an pass to the limit in the non-linear termsof (3.2.17). The linear terms do not raise any di�ulty. It gives us a solution U of the problem. Ashort analysis as in [61℄ Proposition XVI.1.4 shows that U is in fat Cpr0;T �s;HspRdqq. One anpass the limit δ goes to zero in the estimate (3.2.34) and reovers the estimate (3.2.13) stated in theTheorem. l3.3 Modi�ed equationAs explained in the Introdution, the Boussinesq-Peregrine equation (3.2.11) does not have theproper struture to apply the tehnique used by Bresh-Métivier in [13℄. One time derivative of ζ isnot equal to sum of terms of one spae derivative order of V .



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 70In order to implement the tehnique used by [13℄, we modify a bit the equation without hangingthe onsisteny with the Water-Waves equation. More preisely, the Boussinesq-Peregrine equationis onsistent at order Opµ2q with the Water-Waves equation and therefore we look for a new equationonsistent with the Boussinesq-Peregrine equation at a Opµ2q order. In this new equation, one spaederivative of ζ should have the "same order" as one time derivative of V . For this purpose, we usethe following formal onsideration:BtV � �pI � µTbq�1pεV �∇γV �∇γζq � �∇γζ � µRwhere R is of order 0 or more in µ (reall that ε � Opµq in the Boussinesq-Peregrine regime).Therefore, one an add to the Boussinesq-Peregrine equation any expression of the form µA∇γζ andthe orresponding term µABtV , where A is an operator independent on µ, without hanging theonsisteny:
µABtV � �µA∇γζ � µ2R.The operator A should respet the following onstraints:� the operator hbA should be symmetri, sine multiplying the seond equation by hbV shouldgive the time derivative of a positive quantity, suh as |V |22 or |∇γ � V |22;� the whole systemmust onserve a ertain symmetry and be of the form: BBtU�εU �∇γU�LU �

0, where U � pζ, V q, B is symmetri and where L is an anti-symmetri operator;� the operator I � µA should be ellipti and of order at least two; therefore, one would have
∇γζ � �pI � µAq�1ppI � µTb � µAqBtV � εRqand a good ontrol for BtV would provide a good ontrol for ∇γζ.The two �rst onstraints ensure the loal existene for the new equation, while the third one ensuresthe large existene time. A short study shows that one should onsider the following operator for A:

A∇γW � �∇γp 1
hb

∇γ � phbW qqand the following symmetrizer for the equation:
S � �I � µ∇γ � phb∇γ �q 0

0 hb



. (3.3.35)However, with the onsideration BtV � �∇γζ � Opµq, one an for free make the operator hbpI �

µTb � µAq ellipti by addition of the operator µ∇γK∇γK�, whih provides a total ontrol of a fullderivative: phbpI � µTb �AqV , V q2 � |V |22 � µ|∇γ � V |22 � µ|∇γK � V |22,where
∇γK � V � p�γBV x � BxV yqif d � 2, and ∇γK� � 0 if d � 1. Remark that ∇γK �∇γζ � 0, and sine d � 1, 2, the operator ∇γK�ats like the curl operator in dimension 3.Remark 3.3.1 The operator I � µA � I � µ∇γp 1

hb
∇γ � phb�qq is not ellipti, but it is invertible andits inverse gives preise ontrol of the H1 norm of the divergene, whih is enough to ontrol ∇ζ in

H1 norm, sine its url is zero:
∇γζ � �phbpI � µAqq�1phbpI � µTb � µA�∇γ∇γK�qBtV � εRq.We are therefore led to onsider the following equation:$&% Btζ �∇

γ � phV q � 0�
I � µpTb �∇γp 1

hb
∇γ � phb�qq � 1

hb
∇γK∇γK�q�BtV � εV �∇γV � pI � µ∇γ 1

hb
∇γ � phb�qq∇γζ � 0(3.3.36)However, the symmetrizer S de�ned by (3.3.35) does not symmetrize properly the equation (3.3.36):there is a residual term in the �rst equation ∇γ � pεζV q whih is not aneled in the time derivative



71 3.3. MODIFIED EQUATIONof the energy pSU,Uq2 (with U � pζ, V q). To overome this problem, we use the following hange ofvariable inspired by Breh-Métivier:
q � 1

ε
logp1� εζ

hb
q. (3.3.37)The following Proposition is the key point of this hange of variable, and states a preise relationbetween q and ζ:Proposition 3.3.2 Let N ¡ d{2� 1. Let also hb P HNpRdq be suh that there exists hmin ¡ 0 suhthat: �X P R

d, hbpXq ¥ hmin.Then, for ε small enough, the quantity q de�ned by (3.3.37) is well de�ned. Moreover, one has:
q � Qpζqζ,with Qpζq ¡ 0. More preisely, for all α P N
d, 1 ¤ |α| ¤ N , one hasBαq � Q1pζ, hbqζα � Pαpζ, hbqwith

Q1pζ, hbq � » t
0

hb

hb � εtζ
dtand

Pαpζ, hbq � ε
β̧¡0

Qβpζ, hbq � ¸
0 β¤αRβpζ, hbqBβhbwith Qβ , Rβ smooth funtions of their arguments, and|Pαpζ, hbq|H1 ¤ Cphmin, |hb|HN q|Bαζ|2,where C is a smooth non dereasing funtion of its arguments.Remark 3.3.3 The Proposition 3.3.2 states that at the leading order, a derivative of q is equal toa derivative of ζ up to a positive fator. Moreover, if one di�erentiates q only with respet to time,sine Bthb � 0 this equality is true up to an ε fator.Proof Just notie that the de�nition of q (3.3.37) implies

q � Qpζqζ, (3.3.38)with
Qpζq � » 1

0

1

hb � εtζ
dtζ.For a given ζp0q, the quantity q is well-de�ned if there exists hmin ¡ 0 suh that the followingondition is satis�ed: �X P R

d, h0pXq ¡ hmin.Indeed, for ε small enough one has hb � εtζp0q ¡ 0 and this ondition stay satis�ed for t smallenough. Moreover, one has Qpζq ¡ 0.We now di�erentiate one time (3.3.38) (the notation B stands for any derivative of order one):Bq � » t
0

hb

hb � tεζ
dtBq (3.3.39)whih gives the expression of Q1pζ, hbq given by the Proposition. The end of the proof is done bydi�erentiating (3.3.39).l



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 723.3.1 Loal existene for the modi�ed Boussinesq-Peregrine equationWe prove in this Setion a loal existene result for the modi�ed Boussinesq-Peregrine equation(3.3.36) introdued previously. We reall that we onsider the hange of unknown
q � 1

ε
logp1� εζ

hb
q. (3.3.40)Under the hange of unknown (3.3.40), the equation (3.3.36) takes the form:$''''&''''% hb

�BtQpζqζ � εV �∇γpQpζqζq� �∇
γ � phbV q � 0

hbpI � µpTb �∇γp 1
hb

∇γ � phb�qq � 1

hb
∇γK∇γK�qqBtV � hbεV �∇γV� hbpI � µ∇γ 1

hb
∇
γ � phb�qq∇γζ � 0.(3.3.41)For the sake of larity, we will use the following notations:

B � pI � µTb � µ∇γp 1
hb

∇γ � phb�qq � µ
1

hb
∇γK∇γK�q, A � pI � µ∇γ 1

hb
∇γ � phb�qq, q � Qpζqζ.(3.3.42)For all N P N, we de�ne the following spae:

EN � tpV , ζq P HN pRdqd �HN pRdq | EN pV , ζq   8u (3.3.43)where
EN pζ, V q � |ζ|HN �?

µ|∇γζ|HN � |V |HN �?
µ|∇γV |HN . (3.3.44)We denoted ∇γV the di�erential of V . The spae EN endowed with the norm EN is a Banah spae.We prove in this Setion the following loal existene result:Theorem 3.3.4 Let N P N be suh that N ¡ d{2� 2. Let hb P HN�1pRdq be suh that there exists

hmin ¡ 0 suh that �X P R
d, hbpXq ¥ hmin.Let pζ0, V 0q P EN . Then, there exists T � ¡ 0 and a unique solution pV , ζq in Cpr0;T �r; EN q to theequation (3.3.41). Moreover, one has:�T   T �, �λ ¥ sup

tPr0;T sCp 1hb , |hb|HN�1, |ζ, V |W 2,8q, EN ptq ¤ EN p0qeλt. (3.3.45)Even if at �rst sight the proof seems to follow the lines of the proof of loal existene for a standardquasilinear hyperboli system, as done for the Boussinesq-Peregrine equation in Setion 3.2, we givehere a detailed proof. Indeed, the energy (3.3.44) is de�ned in terms of ζ, V , while the equation(3.3.41) is expressed in terms of unknowns ζ, q, V , and the dependene of q with respet to ζ is nottrivial. This leads to tehnial ompliations that must be handled arefully.Remark 3.3.5 In Theorem 3.2.1 whih states the loal existene for the initial Boussinesq-Peregrineequation, we used frational order Sobolev spaes to de�ne the energy of solutions, while we use hereinteger order Sobolev spaes. The reason is to have a oherent notation with the long time existeneTheorem of Setion 3.3.2, whih an only be proved with an integer number of spae derivatives, dueto the method used.Proof As usual, the loal existene follows the steps used for the quasilinear hyperboli systems:� Step 1 : We solve a smoothed equation involving a molli�er p1� δ∆q.� Step 2 : We prove that the existene time of the solution of the molli�ed equation does notdepend on δ, and the uniform bound in Hs norm of this solution.� Step 3 : We pass to the limit δ goes to zero in the molli�ed equation to get a solution of theequation (3.3.41).� Step 4 : We reover regularity for the solution.



73 3.3. MODIFIED EQUATIONStep 1 One sets δ P R be suh that 0   δ   1, and onsiders the following equation:$&% pI � δ∆q2Btqδ � εV �∇γqδ � 1

hb
∇
γ � phbV q � 0pI � δ∆qhbBpI � δ∆qBtV � εhbV �∇γV � hbA∇γζδ � 0.

(3.3.46)We �rst solve (3.3.46) in the Banah spae EN de�ned by (3.3.43). To this purpose, we note thatthe linear appliations pI � δ∆q�1 and pI � δ∆q�1phbBq�1pI � δ∆q�1 are respetively ontinuousfrom HN�1 to HN , and from HN�3 to HN , using the following Proposition:Proposition 3.3.6 Let N ¥ 0, t0 ¡ d{2, and β ¤ 1. Let b P HN�1pRdq be suh that there exists
hmin ¡ 0 suh that hb � 1� βb ¥ hmin. The operator

hbB : HN�2pRdqd ÝÑ HN pRdqdis one-to-one and onto. One has, for all V P H1pRdqd:
C1phminq|V |2H1 ¤ phbBV, V q2 ¤ C2p|hb|Ht0�1q|V |2H1 ,where the Ci are non dereasing funtions of their arguments. Moreover, one has, if b P H1�N_t0pRdqand for all f P HN pRdqd:|phbBq�1f |HN �?
µ|phbBq�1f |HN�1 � µ|phbBq�1f |HN�2 ¤ Cp 1

hb
, |hb|H1�N_t0 q|f |HNwhere C is a non dereasing ontinuous funtion of its arguments.The proof is an easy adaptation of the proof of the invertibility of the operator I � µTb stated byProposition 3.2.3 (see [37℄ Chapter 5 for a full proof). Just note that if W P L2pRdqd, pI �µTbq�1Wis only ontrolled with its divergene in L2pRdq norm, while phbBq�1W is ontrolled in a full H1norm, due to the presene of the orthogonal gradient ∇γK in the operator B (see de�nition (3.3.42)).Therefore, using Cauhy-Lipshitz theorem, there exists T δ ¡ 0 and a unique solution pζδ, V δq P

Cpr0;T δr, EN q to the equation (3.3.46) (just replae ζδ by hb

ε
peεqδ � 1q in the seond equation, tohave an ODE in terms of the unknowns pqδ, V δq). Moreover, T δ   8 if and only if

lim
tÑT δ

|pζδ, V δqptq|EN � �8.Step 2 We now want to bound uniformly with respet to δ the energy EN de�ned by (3.3.44)of the unknowns. We use the following notation: for all α P N
d, |α| ¤ N , for all distribution f ,

fpαq � Bαf. (3.3.47)One di�erentiates the equation (3.3.46) to �nd the following equation in terms of the unknowns
ζδpαq, V δpαq (reall the notation (3.3.47)):$'&'% pI � δ∆q2Btqδpαq � εV

δ �∇γqδpαq � 1

hb
∇γ � phbV δpαqq � Rα1pI � δ∆qhbBpI � δ∆qBtV δpαq � εhbV
δ �∇γV

δpαq � hbA∇γζδpαq � Rα2

(3.3.48)where
Rα1 � �ε ¸

0 β¤αBβV δ �∇γBα�βqδ � ¸
0 β�ν¤α Bβp 1hb q∇γ � pBνphbqBα�β�νV δqand

Rα2 � pI � δ∆qrhbB, BαspI � δ∆qBtV δ � εrhbV δ �∇γ , BαsV δ � rhbA, Bαs∇γζδ.As explained at the beginning of this Setion, the system (3.3.48) an be made symmetri by mul-tiplying it by the following operator: �
hb � µ∇γphb∇γq 0

0 I



.



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 74Note that aording to Proposition 3.3.6, one has|ζδ|2HN � µ|∇γζδ|2HN � phbBV, V qHN � EN pζδ, V qand thus it is equivalent to ontrol the EN norm of the unknown and the quantity |ζδ|2
HN �

µ|∇γζδ|2
HN � phbBV, V qHN . Following these onsiderations, one takes the L2 salar produt ofthe �rst equation of (3.3.48) with phb � µ∇γ � phb∇γ �qqζδpαq and the salar produt of the seondequation with V δpαq. We obtain the following equality:pT q � pV q � pZq � pR1

α, hbζ
δpαq � µ∇γ � phb∇γζδpαqqq2 � pR2

α, V
δpαqq2, (3.3.49)where the time derivatives arepT q � phbBpI � δ∆qBtV δpαq, pI � δ∆qV δpαqq2 � ppI � δ∆qBtqδpαq, hbζδpαq � µ∇γ � phb∇γζδpαqqq2, (3.3.50)the vanishing terms arepV q � p 1

hb
∇
γ � phbV δpαqq, hbζδpαq � µ∇γ � phb∇γζδpαqqq2 � phbA∇

γζδpαq, V δpαqq2, (3.3.51)and the terms of order zero to the ontribution of the energy estimate:pZq � εphbV δ �∇γV
δpαq, V δpαqq2 � εpV �∇γqδpαq, hbζδpαq � µ∇γ � phb∇γζδpαqqq2. (3.3.52)- Control of the vanishing terms pV q All has been made to onserve a ertain symmetry inthe equation, whih is ruial here. Using the de�nition of A in the expression (3.3.51), one haspV q � p∇γ � phbV δpαqq, ζδpαqq2 � phb∇γζδpαq, V δpαqq2� µp 1

hb
∇γ � phbV δpαqq,∇γ � phb∇γζδpαqqq2 � µp∇γp 1

hb
∇γ � phb∇γζδpαqqq2, hbV δpαqq2.By integrating by parts, the �rst two terms anel one another, and the last two terms anel oneanother. Therefore, pV q atually vanishes.- Control of the terms of order zero pZq We start to ontrol the easiest term of (3.3.52), whihis the �rst one, by a lassial symmetry trik:

εphbV δ �∇γV
δpαq, V δpαqq2 � ε

ḑ

j�1

pV δjBjV δpαq, V δpαqq2� �ε ḑ

j�1

pV δpαq, pBjV jqV δpαqq2 � ε

ḑ

j�1

pV δpαq, V δjBjV δpαqq2by integrating by parts, and therefore
εphbV δ �∇γV

δpαq, V δpαqq2 � �1

2
ε

ḑ

j�1

pV δpαq, pBjV δjqV δpαqq2.Using Cauhy-Shwarz inequality, one gets:|εphbV δ �∇γV
δpαq, V δpαqq2| ¤ ε

1

2
|V δ|W 1,8 |V δpαq|22. (3.3.53)Note that the symmetry of this term is ruial here. For the other terms of pZq given in (3.3.52),the symmetry is less lear, sine qδpαq is not exatly ζδpαq. We use the Proposition 3.3.2 to ompute:

εpV δ �∇γqδpαq, hbζδpαqq2 � εpV δ �∇γpQ1pζδ, hbqζδpαqq, hbζδpαqq2 � ε2pV δ �∇γpPαpζδ, hbqq, hbζδpαqq2.(3.3.54)



75 3.3. MODIFIED EQUATIONThe seond term of the right hand side of (3.3.54) is bounded using Cauhy-Shwarz inequality andProposition 3.3.2 by
ε2Cp 1

hb
, |hb|HN q|ζδpαq|22|V δ|8|hb|8,where C is a smooth non dereasing funtion of its arguments. The �rst term of the right hand sideof (3.3.54) is bounded using the same symmetry trik as for the �rst term of pV q:

εpV δ �∇γpQ1pζδ, hbqζδpαqq, hbζδpαqq2 � ε

ḑ

j�1

pV δjBjpQ1pζδ, hbqζδpαqq, hbζδpαqq2� ε

ḑ

j�1

pV δjpBjQ1pζδ, hbqqζδpαq, hbζδpαqq2� ε

ḑ

j�1

pζδpαq, BjpQ1pζδ, hbqζδpαqqV δjhbq2� ε

ḑ

j�1

pζδpαq, BjphbV δjqQ1pζδ, hbqζδpαqq2by integrating by parts. Therefore, using Cauhy-Shwarz's inequality, we get the bound:|εpV δ �∇γpQ1ζ
δpαqq, hbζδpαqq2| ¤ ε

2
|Q1pζδ, hbq|W 1,8 |hb|W 1,8 |V δ|W 1,8 |ζδpαq|22and �nally, using the de�nition of Q1 given by (3.3.39):

εpV δ �∇γqδpαq, hbζδpαqq2 ¤ εCp 1
hb
, |V δ|W 1,8 , |ζδ|W 1,8 , |hb|HN q|ζδpαq|22. (3.3.55)The third term of the right hand side of the symmetri term (3.3.52) is ontrolled with a similartehnique:

µp∇γpV δ �∇γqδpαqq, hb∇γζδpαqq2 � µp∇γpV δ �∇γpQ1pζδ , hbqζδpαqqq, hb∇γζδpαqq2� µp∇γpV δ �∇γpεPαpζδ, hbqqq, hb∇γζδpαqq2. (3.3.56)We reall the identity:
∇γpA � Bq � pA �∇γqB � pB �∇γqA�B∇γK �A�A∇γK � B.The �rst term of the right hand side of (3.3.56) an be expanded using this last identity:

µp∇γpV δ �∇γqδpαqq, hb∇γζδpαqq2 � µpV δ �∇γ∇γpQ1pζδ, hbqζδpαqq, hb∇γζδpαqq2� µpV δ∇γK �∇γpQ1pζδ, hbqζδpαqq, hb∇γζδpαqq2� µp∇γpQ1pζδ, hbqζδpαqq �∇γV
δ
, hb∇

γζδpαqq2. (3.3.57)The �rst term of (3.3.57) is a symmetri term, ontrolled by the same tehnique as before. Theseond term vanishes, and the last one with the last term of the right hand side of (3.3.56) are easilyontrolled, and one gets:|µp∇γpV δ �∇γqδpαqq, hb∇γζδpαqq2| ¤ µCp|hb|HN�1 , |V δ|W 2,8 , |ζδ|W 2,8 , 1

hb
qp|∇γζδpαq|2�|ζδpαq|2q|∇γζδpαq|2.(3.3.58)To onlude, putting together (3.3.53),(3.3.55) and (3.3.58), we proved that|pZq| ¤ εCp|hb|HN�1 , |V δ|W 2,8 , |ζδ|W 2,8 , 1

hb
qEN pζδ, V δq. (3.3.59)- Control of the time derivatives pT q



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 76The terms of pT q involve time derivatives, and should be, up to terms ontrolled by the energy
EN , the time derivatives of the energy EN . The �rst term of (3.3.50) is already symmetri, usingthe symmetry of hbB (whih is ruial here):phbBpI � δ∆qBtV δpαq, pI � δ∆qV δpαqq2 � Bt 1

2
phbBpI � δ∆qV δpαq, pI � δ∆qV δpαqq2. (3.3.60)For the seond term of (3.3.50), we use again Proposition 3.3.2 to write:ppI � δ∆q2Btqδpαq, hbζδpαqq2 � ppI � δ∆q2BtpQ1ζ
δpαqq, hbζδpαqq2 � ppI � δ∆q2BtpεPαζδq, hbζδpαqq2.(3.3.61)For the �rst term of the right hand side of (3.3.61), one omputes:ppI � δ∆q2BtpQ1ζ

δpαqq, hbζδpαqq2 � ppI � δ∆q2BtpQ1qζδpαq, hbζδpαqq2 � ppI � δ∆q2Q1Btζδpαq, hbζδpαqq2� ppI � δ∆q2BtpQ1qζδpαq, hbζδpαqq2� prQ1,�δ∆sBtζδpαq, pI � δ∆qhbζδpαqq2� pQ1pI � δ∆qBtζδpαq, r�δ∆, hbsζδpαqq2� Bt 1
2
pQ1pI � δ∆qζδpαq, hbpI � δ∆qζδpαqq2. (3.3.62)All these omputations are made to obtain the time derivative of a symmetri term with respet to

ζδpαq. The �rst term of the right hand side of (3.3.62) is easily ontrolled by|ppI � δ∆q2BtpQ1qζδpαq, hbζδpαqq2| ¤ |BtQ1|W 1,8 |pI � δ∆qζδpαq|22|hb|W 2,8 .In order to ontrol the seond term of the right hand side of (3.3.62), we replae Btζδpαq by itsexpression given by the equation: Btζδpαq � �Bαp∇γ � phδV δqqand we notie that |δpI � δ∆q�2r∆, Q1sBα∇γ � u|2 ¤ Cp|Q1|W 2,8q|Bαu|2for all u in HN . Therefore, one gets:ppI � δ∆q2BtpQ1ζ
δpαqq, hbζδpαqq2 � Bt 1

2
pQ1pI � δ∆qζδpαq, hbpI � δ∆qζδpαqq2 �R (3.3.63)with |R| ¤ Cp|hb|HN ,

1

hb
, |ζδ|W 2,8 , |V δ|W 2,8qp|pI � δ∆qζδpαq|2 � |V δpαq|2q|pI � δ∆qζδpαq|2.The same tehnique an be used for the ontrol of the seond term of (3.3.61) and one gets �nally,ombining (3.3.60) and (3.3.63):pT q � Bt 1

2
phbBpI � δ∆qV δpαq, pI � δ∆qV δpαqq2 � Bt 1

2
pQ1pI � δ∆qζδpαq, hbpI � δ∆qζδpαqq2 �R (3.3.64)with |R| ¤ µCp|hb|HN ,

1

hb
, |ζδ|W 2,8 , |V δ|W 2,8qEN ppI � δ∆qζδ, pI � δ∆qV δq. (3.3.65)- Control of the residual terms We now ontrol the terms involving the residuals that appearin (3.3.49). One has:

Rα1 � �ε ¸
0 β¤αBβV δ �∇γBα�βqδ � ¸

0 β�ν¤α Bβp 1hb q∇γ � pBνphbqBα�β�νV δqand thus one has, using a Kato-Pone type estimate (of the form of Proposition 3.A.1):|Rα1 |2 �?
µ|∇γRα1 |2 ¤ Cp 1

hb
, |hb|HN�1q|pζδ, V δq|W 2,8�p|ζδpαq|2 �?

µ|∇γζδpαq|2 � |V δpαq|2 �?
µ|∇γV

δpαq|2q. (3.3.66)



77 3.3. MODIFIED EQUATIONIt is very important to have ∇γ � phbV δpαqq instead of ∇γ � phV δpαqq in the equation (3.3.48), beausethe term ∇γ � pεζδpαqV δpαqq would not be properly symmetrized and thus would not be ontrolled bythe energy. One has easily, integrating by parts and using Cauhy-Shwarz inequality:|pRα1 , hbζδpαq � µ∇γ � phb∇γζδpαqqq2| ¤ |Rα1 |2|hb|8|ζδpαq|2 � µ|∇γRα1 |2|hb|8|∇γζδpαq|2 (3.3.67)and thus, using (3.3.66), one gets:|pRα1 , hbζδpαq � µ∇γ � phb∇γζδpαqqq2| ¤ Cp 1
hb
, |hb|HN�1, |pζδ, V δq|W 2,8qpEN q2. (3.3.68)Reall that

Rα2 � pI � δ∆qrhbB, BαspI � δ∆qBtV δ � εrhbV δ �∇γ , BαsV δ � rhbA, Bαs∇γζδ (3.3.69)To ontrol the �rst term of (3.3.69), as usual one replaes pI � δ∆qBtV δ by its expression given bythe equation (3.3.48), and uses the de�nition of Tb given by (3.2.12):pI � δ∆qrhbB, BαspI � δ∆qBtV δ� �pI � δ∆qrhbµTb, BαsphbBq�1pI � δ∆q�1
�
εhbV

δ �∇γV
δ � hbA∇γζδ

�
.

(3.3.70)One has: �k ¥ 2, µ|phbBq�1u|Hk ¤ Cp 1
hb
, |hb|HN�1q|u|Hk�2 (3.3.71)using Proposition 3.3.6, for C a smooth non dereasing funtion of its arguments. One has also:�k ¥ 0, |pI � δ∆qu|Hk ¤ Cp|u|Hk � δ|u|Hk�2q (3.3.72)with C independent on δ, and:�k ¥ 0,

1

δ
|pI � δ∆q�1u|Hk�2 � |pI � δ∆q�1u|Hk ¤ |u|Hk . (3.3.73)Using the de�nition of Tb (see (3.2.12)), one has:�k ¥ 0, µ|rhbTb, Bαsu| ¤ µCp|hb|HN�1q|u|Hk�α�1. (3.3.74)Using suessively the identities (3.3.72), (3.3.74), (3.3.71) and (3.3.73), the �rst term of the righthand side of (3.3.1) is bounded by:|pI � δ∆qrhbµTb, BαsphbBq�1pI � δ∆q�1

�
εhbV

δ �∇γV
δq|2 ¤ Cp 1

hb
, |hb|HN�1q|V δpαq|2.One has to be more areful for the seond term of the right hand side of (3.3.1), beause theexpression A∇γζδ is of order 2 in µ∇γζδ. One writes:|ppI � δ∆qrhbµTb, BαsphbBq�1pI � δ∆q�1phbA∇γζδq, V δpαqq2| ¤?

µ|ppI � δ∆qrhbµTb, BαsphbBq�1pI � δ∆q�1phbA∇γζδq|H�1

?
µ|V δpαq|H1and we use the same ontrols (3.3.72), (3.3.73), (3.3.71), (3.3.1) as before. Finally, one gets:|pRα2 , V δpαqq| ¤ Cp 1

hb
, |hb|HN�1qp|V δpαq|22 � µ|∇γV

δpαq|2|∇γζδpαq|2q. (3.3.75)- ConlusionPutting together (3.3.59), (3.3.64), (3.3.65), (3.3.67) and (3.3.75), one gets:Bt 1
2
phbBpI � δ∆qV δpαq, pI � δ∆qV δpαqq2 � Bt 1

2
pQ1pI � δ∆qζδpαq, hbpI � δ∆qζδpαqq2¤ Cp 1

hb
, |hb|HN�1, |ζδ, V δ|W 2,8q �EN ppI � δ∆qζδ, pI � δ∆qV δq.



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 78We reall that using Proposition 3.3.6, one hasphbBV, V q2 � |V |22 � µ|∇γV |22and using Proposition 3.3.2, one has |Q1|8 ¥ Cp 1
hb
q. Therefore, we obtained:BtEN ppI�δ∆qζδ, pI�δ∆qV δq ¤ Cp 1

hb
, |hb|HN�1 , |ζδ, V δ|W 2,8qEN ppI�δ∆qζδ, pI�δ∆qV δq (3.3.76)where C is a non dereasing ontinuous funtion of its arguments, independent on δ. Therefore,using Gronwall's Lemma, T δ does not depends on δ.Step 3-4 The rest of the proof is exatly the same as for the loal existene of the standardBoussinesq-Peregrine equation, and one gets a solution to (3.3.46) on a time interval r0;T �r. Onegets however from (3.3.76) that:�T   T �, �λ ¥ sup

tPr0;T sCp 1hb , |hb|HN�1 , |ζ, V |W 2,8q, EN ptq ¤ EN p0qeλt.3.3.2 Long time existene in dimension 1 for the modi�ed Boussinesq-Peregrine equationWe now make the saling
t1 � εton the equation (3.3.41), and we obtain the equation (we get rid of the "primes" in the notation t1for the sake of larity): $'&'% Btq � V �∇γq � 1

ε

1

hb
∇γ � phbV q � 0

hbBBtV � hbV �∇γV � 1

ε
hbA∇γζ � 0.

(3.3.77)This hange of variable is not neessary on a mathematial point of view, but it allows to highlightthe singular terms that must be aneled in the energy estimates in order to prove the result, whihare the large terms of size 1
ε
. Moreover, it allows the equation (3.3.77) to be seen as a singularperturbation problem. Note that a time existene of size 1

ε
for the equation (3.3.41) is equivalent toa time existene independent on ε for (3.3.77).We reall that for all N P N, we de�ne the following spae:

EN � tpV , ζq P HN pRdqd �HN pRdq | EN pV , ζq   8uwhere
EN pζ, V q � |ζ|HN �?

µ|∇γζ|HN � |V |HN �?
µ|∇γV |HN .We prove in this setion the following result:Theorem 3.3.7 Let d � 1. Let N P N be suh that N ¡ d{2� 2. Let hb P HN�1pRdq be suh thatthere exists hmin ¡ 0 suh that �X P R

d, hbpXq ¥ hmin.Let pζ0, V 0q P EN . Then, there exists T ¡ 0 and a unique solution pV , ζq in Cpr0;T r; ENq to theequation (3.3.77), with
T � C1pEN pζ0, V 0q, 1

hb
, |hb|HN�1q,where C1 is a non dereasing ontinuous funtion of its arguments.In partiular, the time of existene does not depend on ε, µ.Remark 3.3.8 It is very important to note that d � 1 here. In d � 2, there is an extra di�ultydue to the need of a good estimate for ∇γK � V . However, sine this is the only di�ulty that ouldprevent a similar result in dimension d � 2 to hold, we keep the notations of the multidimensionalequation, and we spei�ally highlight at the end of the proof the di�ulty that one must overometo prove the result in dimension 2.



79 3.3. MODIFIED EQUATIONLet us onsider pV , ζq the unique solution of (3.3.77) given by Theorem 3.3.4 on a time intervalr0;T εs. We set
K � sup

tPr0;T εsEN pζ, V q.We use the notation
uk � pεBtqkufor all distribution u (thus uk orresponds to the time derivative of u in the original time variables).The idea of the proof is to obtain a "good" energy estimate of the form

Eptq ¤ CpKqpt� εq � C0,where C is non dereasing and smooth, and where C0 only depends on the initial data. Suh estimatewould allow us to get by a ontinuity argument a time existene uniform with respet to ε. Thereare two main ideas in the proof:� The system is still symmetri with respet to singular terms if we di�erentiate it with respetto time. It allows us to get the "good estimate" for the time derivatives ζk, V k.� Using the equation, one an ontrol the spae derivatives by the time derivatives, and reoverthe "good estimate" for the full energy EN of the solutions.The following Proposition states that the time derivatives of the solutions pV , ζq have the sameregularity as the spae derivatives:Proposition 3.3.9 One has, for all 0 ¤ k ¤ N ,|pV k, ζkq|HN�k �?
µ|pV k, ζkq|HN�k�1 ¤ CpKq,where C is a smooth, non dereasing funtion of its argument.Proof For k � 0, it is lear. Suppose it is true for k ¥ 0. One ommutes pεBtqk with the equation(3.3.77). One gets, sine Bthb � 0:#

qk�1 � ε
°k
j�0 V j �∇γqk�j �∇γ � phbV kq � 0

V k�1 � �phbBq�1pεhb°k
j�0 V j �∇γV k�j � hbA∇γζkq.We only prove the most di�ult estimate whih is the following, in order to prove that the indutionhypothesis is true at rank k � 1:|phbBq�1phbA∇γζkq|HN�k�1 ¤ CpKq.We reall that

A � I � µ∇γ 1

hb
∇
γ � phb�qand therefore, using Proposition (3.3.6):|phbBq�1phbA∇γζkq|HN�k�1 ¤ |phbBq�1phb∇γζkq|HN�k�1 � µ|phbBq�1p∇γ 1

hb
∇γ � phb∇γζkqq|HN�k�1¤ Cp 1

hb
, |hb|HN�1q|ζk|HN�kand one gets the desired ontrol by using the indution hypothesis. The other ontrols are donesimilarly, using Proposition 3.3.6, and the relation between qk and ζk given by Proposition 3.3.2 andRemark 3.3.3. lThe key point of the proof of Theorem 3.3.7 is the following Lemma, whih states a "good estimate"for the unknowns:Lemma 3.3.10 One has

EN pζ, V q ¤ CpKqpt� εq � C0where C is a non dereasing funtion of its arguments, and C0 is a onstant whih only depends onthe initial data.



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 80Proof There are two ideas in the proof of this lemma:� the time derivatives of the unknowns satisfy a system whih is still symmetri with respet tosingular terms of size 1
ε
;� the spae derivatives are related to time derivatives by the equation.The unknowns pζk, V kq satisfy the following equation:$'&'% Btqk � V �∇γqk � 1

ε

1

hb
∇
γ � phbV kq � R1

k

hbBBtV k � hbV �∇γV k � 1

ε
hbA∇γζk � R2

k

(3.3.78)where
R1
k � rV , pεBtqksq, R2

k � rV �∇γ , pεBtqksV . (3.3.79)The symmetry with respet to large terms of size 1
ε
is onserved, whih allows to get the followingresult:Lemma 3.3.11 One has, for all 0 ¤ k ¤ N ,

E0pζk, V kq ¤ CpKqt� C0.Proof The equation (3.3.78) is still symmetri with respet to large terms of size 1
ε
. More preisely,if one multiplies the �rst equation by hbζk � µ∇γ � phb∇γζkq, one �nds exatly as in the proof ofTheorem 3.3.4 an expression of the form: pT q�pV q�pZq � pR1

k, hbζk�µ∇γ � phb∇γζkqq2�pR2
k, V kq2with exatly the same terms for pT q, pV q and pZq as in (3.3.50), (3.3.52) with pζpαq, V δpαqq replaedby pζk, V kq. The vanishing terms are exatly ones of size 1

ε
and the others are ontrolled exatlywith the same tehniques, using Proposition 3.3.9 for the regularity of the time derivatives. lNow, we reover the "good estimate" of Lemma 3.3.10 for the spae derivatives of the unknowns,using the equation.Lemma 3.3.12 One has, for all 0 ¤ k ¤ N ,

EN�kpζk, V kq ¤ CpKqpt� εq � C0.Proof We prove it by bakward �nite indution on k. For k � N , it is Lemma 3.3.11. Suppose itis true for k � 1 with k ¤ N � 1. Let us prove it is true for k.
∇γζk � �phbAq�1phbBV k�1 � εhbV �∇γV k � εR2

kq. (3.3.80)Reall that the operator A is given by
A � pI � µ∇γ 1

hb
∇γ � phb�qq.We also reall that we de�ned |f |XN for f P L2pRdqd by:|f |2XN � |f |2HN � µ|∇γ � f |2HN .We used the following Proposition that states the invertibility of hbA to derive the equality (3.3.80):Proposition 3.3.13 Let N P N and let hb P HN pRdq be suh that there exists hmin ¡ 0 suh that�X P R

d, hbpXq ¥ hmin.We set, for all f P L2pRdq : |f |2XN � |f |2HN � µ|∇γ � f |2HN .The operator hbA is invertible on HN pRdqd. Moreover, the following estimates stand.( 1) For all f P HN pRdqd, |phbAq�1f |XN ¤ Cp 1
hb
, |hb|HN�1q|f |HN .



81 3.3. MODIFIED EQUATION( 2) For all g P HN pRdq, ?
µ|phbAq�1∇γg|XN ¤ Cp 1

hb
, |hb|HN�1q|g|HN .We postpone the proof of Proposition 3.3.13 to Appendix 3.B for the sake of larity. Now, in order touse the relation (3.3.80), one takes the HN�k�1 salar produt of (3.3.80) with hbpI�µ∇γ∇γ �q∇γζ,and gets, using the notations of Proposition 3.3.13 :|∇γζk|2XN�k�1 � �phbpI�µ∇γ∇γ �q∇γζk, phbAq�1phbBV k�1�εhbV �∇γV k�εR2

kqqHN�k�1 . (3.3.81)Now, one has by de�nition of R2
k given by (3.3.79) :

hbV �∇γV k �R2
k � pεtqkpV �∇γV qand thus this term is sum of terms of the form

V l �∇γV k�l,with 0 ¤ l ¤ k and therefore one has, using Proposition 3.3.13:|phbAq�1phbV �∇γV k � R2
kq|XN�k�1 ¤ Cp 1

hmin

, |hb|HN�1q|hbV �∇γV k �R2
k|HN�k�1¤ CpKq. (3.3.82)We now fous on the ontrol of pphbAq�1phbBqV k�1, hbpI � µ∇γ∇γ �q∇γζkqHN�k�1 . Reall that

B � pI � µTb � µ∇γp 1
hb

∇γ � phb�qq � µ
1

hb
∇γK∇γK�q, A � pI � µ∇γ 1

hb
∇γ � phb�qq.Lemma 3.3.14 One has, for all V,W P Hk�1pRdqd, all 0 ¤ k ¤ N :pphbAq�1hbBV, hb∇

γW qHk ¤ Cp 1
hb
, |hb|HN�1q?µ|∇γV |Hk |∇γW |Hk .Remark 3.3.15 This Lemma states that even if phbAq is not ellipti (it is essentially I � µ∇∇γ �with variables oe�ients), its inverse allows to reover a full derivative if it is applied to a gradient.The quantity hbB is essentially omposed of gradients, exept for the term ∇γK∇γK� whih vanishesin any salar produt with a gradient.Proof We only give the ontrol of the most di�ult terms of the quantity to be ontrolled, whihare:

µpphbAq�1p∇γph3b∇γ � V qq, hb∇γW qHk , µpphbAq�1p∇γK∇γK � V q, hb∇γW qHk (3.3.83)(the other terms from hbB are ontrolled even more easily by similar tehniques). For the �rst termof (3.3.83), one omputes:
µpphbAq�1p∇γph3b∇γ � V qq, hb∇γW qHk ¤ µ|phbAq�1∇γph3b∇γ � V q|Hk |hb∇γW |Hk¤ ?

µCp 1
hb
, |hb|HN�1q|h3b∇γ � V |Hk |∇γW |Hkwhere we used Proposition (3.3.13) to derive the last inequality. Finally, one gets:

µpphbAq�1p∇γph3b∇γ � V qq, hb∇γW qHk ¤ Cp 1
hb
, |hb|HN�1q?µ|∇γV |Hk |∇γW |Hk . (3.3.84)For the seond term of (3.3.83), one omputes, integrating by parts:

µpphbAq�1p∇γK∇γK � V q, hb∇γW qHk� �µp∇γ � hbphbAq�1p∇γK
∇
γK � V q,W qHk�µpΛk�1phbAq�1p∇γK∇γK � V q,Λrhb,Λks∇γW q2�µprhb,ΛksphbAq�1p∇γK∇γK � V q,Λk∇γW q2, (3.3.85)



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 82where we reall that Λ � p1�|Dγ|2q1{2. One has to notie that for f P H1pRdq, u � phbAq�1phb∇γfqis a term of the form ∇γg, sine u � ∇γp 1
hb
∇γ � phbuqq � ∇γf , using the de�nition of A given by(3.3.42). Therefore, ∇γK � phbAq�1phb∇γfq � 0 for all f , and by duality ∇γ � phbphbAq�1∇γKwq � 0for all w. The �rst term of the rhs of term (3.3.85) is therefore zero.For the seond term of the rhs of (3.3.85), one easily proves that, for all f P HkpRdq, using theKato-Pone estimate of Proposition 3.A.1:|Λrhb,Λksf |2 ¤ Cp|hb|HN�1q|f |Hk ,and thus the seond term of the rhs of (3.3.85) is bounded by

µCp|hb|HN�1q|phbAq�1p∇γK∇γK � V q|Hk�1 |∇γW |Hkand using Proposition (3.3.13), one gets the bound
µ|pΛk�1phbAq�1p∇γK∇γK � V q,Λrhb,Λks∇γ∇γW q2| ¤ µCp 1

hb
, |hb|HN�1q|∇γV |Hk |∇γW |Hk .(3.3.86)The third term of (3.3.85) is ontrolled similarly with the same bound as (3.3.86). Putting together(3.3.84) and (3.3.86), one gets the Lemma. lWe an now apply Lemma 3.3.84 to get immediately (note that |∇γ �∇ζ|2 � |∇γ∇γζ|2):|pphbAq�1phbBqV k�1, hbpI � µ∇γ∇γ �q∇γζkqHN�k�1 | ¤ Cp 1

hb
, |hb|HN�1qp?

µ|∇γV k�1|HN�k�1|∇γζk|HN�k�1 �?
µ|∇γV k�1|HN�k�1

?
µ|∇γ �∇γζk|HN�k�1q ¤ Cp 1

hb
, |hb|HN�1q�pCpKqpt� εq � C0q|∇γζk|XN�k�1 (3.3.87)using the notations of Proposition (3.3.13), and using the indution hypothesis. Putting (3.3.82)and (3.3.87) into (3.3.80), one gets:|∇γζk|2XN�k�1 ¤ CpKqε� pCpKqpt� εq � C0q|∇γζk|XN�k�1.By notiing that, for all u smooth enough:|u|XN�k ¤ |u|XN�k�1 � |∇γu|XN�k�1,one �nally reovers the "good estimate" k for ζk:|ζk|HN�k �?

µ|∇γζk|HN�k ¤ CpKqpt� εq � C0.Now, we get the "good estimate" for V k. The equation (3.3.78) gives:
∇γ � phbV kq � �hbpqk�1 � εV �∇γqkqand using indution hypothesis to ontrol qk�1, one easily gets|∇γ � phbV kq|HN�k�1 �?

µ|∇γ∇γ � phbV kq|HN�k�1 ¤ CpKqpt� εq � C0.If d � 1, then we ontrolled a full derivative of V k, and the indution hypothesis is true for k. lRemark 3.3.16 If d � 2, of ourse, it is not su�ient to ontrol only ∇γ � V k to reover a goodontrol for V k in norm HN�k. One should look after a good ontrol for ∇γK � V k. This is obtainedby taking ∇γK� of the seond equation of (3.3.78):Btp∇γK �V kq�Btµ∇γK �∇γKp∇γK �V kq�pV �∇γq∇γK �V k � ∇γK �pRk2q�r∇γK�, V sV k�∇γK �µTbBtV k(3.3.88)However, it is di�ult to ontrol ∇γK �µTbBtV k. Indeed, ∇γK �Tb is no longer symmetri, whih meansthat multiplying the equation (3.3.88) by ∇γK � V reates a term of the form p∇γK � TbBtV ,∇γK � V q2whih is not the time derivative of a positive quantity.



83 3.A. CLASSICAL RESULTS ON SOBOLEV SPACESThe key Lemma 3.3.10 is this latter result with k � 0. We now end the proof of Theorem 3.3.7.We set
ε0 � C0

2Cp2C0q , T0 � C0

2Cp2C0q .Let �x an ε ¡ 0 suh that ε   ε0. There exists T ε and a unique solution pζε, V εq P Cpr0;T εr; ENqto the equation (3.3.77). We set
T ε� � sup

tPr0;T εrtt, pζε, V εq, exists on r0; ts with :�s ¤ t, EN pζε, V εqpsq ¤ 2C0uThen, one has T ε� ¥ T0. Indeed, suppose it is not true. One has for all t   T ε, using Lemma 3.3.10:
EN pζε, V εqptq ¤ CpKqpt� εq � C0,with

K � sup
tPr0;T ε�rEN pζε, V εq.Notie that K ¤ 2C0 by de�nition of T ε� . Sine C is non dereasing, one has, for all t ¤ T ε� :

EN pζε, V εqptq ¤ Cp2C0qpt� εq � C0  Cp2C0qpT0 � ε0q  2C0and therefore, by ontinuity, there exists T̃ ε ¡ T ε� suh that pζε, V εq exists on r0; T̃ εs with EN ptq ¤
2C0 for all t ¤ T̃ ε. It is absurd, by de�nition of T ε� . Therefore, the solution exists on r0;T0s whihis the result of Theorem 3.3.7. l3.A Classial results on Sobolev spaesWe reall here some lassial results on Sobolev spaes. Proofs an be found in [61℄. The �rst resultis the Kato-Pone estimate on ommutators:Proposition 3.A.1 (Kato-Pone) For all s ¥ 0 and f P HsXW 1,8 and u P Hs�1XL8, one hasthe following inequality: |rΛs, f su|2 ¤ Cp|∇f |Hs�1|u|8 � |∇γf |8|u|Hs�1qwhere C is a positive onstant independent of f and u.The following result stands that one an ompose any HsXL8 funtion with a smooth funtion.Proposition 3.A.2 (Moser) Let F : R Ñ R be a smooth funtion, null at zero. Then, for all
s ¥ 0, and all u P HspRdq, F puq P HspRdq and|F puq|Hs ¤ cp|u|8q|u|Hswhere c is a smooth non dereasing funtion.3.B Results on the operator AWe prove in this setion the regularity of the inverse of hbA stated by Proposition 3.3.13.Proposition 3.B.1 Let N P N and let hb P HNpRdq be suh that there exists hmin ¡ 0 suh that�X P R

d, hbpXq ¥ hmin.We set, for all f P L2pRdq : |f |2XN � |f |2HN � µ|∇γ � f |2HN .The operator hbA is invertible on HN pRdqd. Moreover, the following estimates stand.



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINEEQUATION WITH LARGE TOPOGRAPHY VARIATIONS 84( 1) For all f P HN pRdqd, |phbAq�1f |XN ¤ Cp 1
hb
, |hb|HN�1q|f |HN .( 2) For all g P HN pRdq, ?

µ|phbAq�1∇γg|XN ¤ Cp 1
hb
, |hb|HN�1q|g|HN .Proof Let N P N. We de�ne

XN � tV P L2pRdq, ∇γ � V P L2pRdqu.Endowed with the salar produtp�, �qXN � p�, �qHN � µp∇γ �,∇γ �qHN ,

XN is an Hilbert spae with norm | � |2XN � | � |2HN � µ|∇γ � |2HN .We start to prove that hbA is invertible, by using a Lax Milgram's Theorem with the bilinear form
T : pV1, V2q P X0 �X0 ÞÝÑ phbAV1, V2q2.i) The bilinear form T is ontinuous:Indeed, one has, for all V1, V2 P XN :phbAV1, V2q2 � phbV1, V2q2 � µp 1

hb
∇γ � phbV1q,∇γ � phbV2qq2and therefore one has phbAV1, V2q2 ¤ C1phmin, |hb|W 1,8q|V1|X0|V2|X0with C1 a non dereasing funtion of its arguments.ii) The bilinear form T is oerive:Let us write for all V P X0:phbAV, V q2 � phbV, V q2 � µp 1

hb
∇γ � phbV q,∇γ � phbV qq2whih already gives |V |22 ¤ 1

hmin

phbV, V q2. (3.B.89)Moreover, one hasphbV, V q2 � p 1
hb

∇γ � V,∇γ � V q2 � phbAV, V q2 � 2µp∇γ � V, V �∇γhbq2� µp 1
hb

∇
γphbq � V,∇γphbq � V q2¤ phbAV, V q2 � 2µ|∇γ � V |2|V |2|hb|W 1,8 � 1

hmin

µ|V |22|hb|W 1,8and one an onlude using (3.B.89) and Young's inequality that|V |2X0 ¤ C2p 1

hmin

, |hb|W 1,8qphbAV, V q2. (3.B.90)Using Lax Milgram's Theorem, for all f P L2pRdq, there exists a unique Vf P X0 be suh that
hbAVf � f . We now prove the �rst estimate on Vf stated by the Proposition by indution on N .Taking V � Vf in (3.B.90), one has this estimate for N � 0. Let us suppose that the result is true



85 3.B. RESULTS ON THE OPERATOR Afor N � 1 with N ¥ 1, and let us prove it for N . One has, di�erentiating N times the relation
hbAVf � f (we denote by BN any derivative of order N below):

hbABNVf � BNf � rhbA, BN sVf (3.B.91)and rhbA, BN sVf is sum of terms of the form
RN1 � µBk1phbq∇γpBk2p 1

hb
q∇γ � pBk3phbqBk4Vf qqand

RN2 � Bl1phbqBl2Vfwith k1 � k2 � k3 � k4 � N and k4   N , and with l1 � l2 � N and l2   N . Taking the L2 salarprodut of (3.B.91) with BNVf , and notiing thatpRN1 , BNVf q � µpBk2p 1
hb
q∇γ � pBk3phbqBk4Vf q,∇γp�Bk1phbqBNVf qq2,one gets:phbABNVf , BNVf q2 ¤ Cp 1

hb
, |hb|HN�1qp|BNVf |2|Bl2Vf |2 � µ|∇γ � BNVf |p|∇γ � Bk4Vf |2 � |Bk4Vf |2qq.Using the indution hypothesis, the terms ∇γ � Bk4Vf and Bl2Vf are already ontrolled by

Cp 1
hb
, |hb|HN�1q|f |HN ,sine k4   N and l2   N . One �nally gets with a Young's inequality thatphbABNVf , BNVf q2 ¤ Cp 1

hmin

, |hb|HN�1q|f |HN (3.B.92)and ombining (3.B.92) with (3.B.90), one gets the estimate of the Theorem by a duality argument.To prove the seond point of the Proposition, one has to notie that for all f � ?
µ∇γg with

g P H1pRdq and all V P X0 : pf, V q2 � �pg,?µ∇γ � pV qq2and one an adapt all the proof of the �rst point to get the desired result, sine ?µ∇γ �pV q P L2pRdq.l The author has been partially funded by the ANR projet Dy�olti ANR-13-BS01-0003-01.
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87 4.1. INTRODUCTIONAbstratWe prove a dispersive estimate for the solutions of the linearized Water-Waves equations indimension 1 in presene of a �at bottom. Adapting the proof from [15℄ in the ase of in�nitedepth, we prove a deay with respet to time t of order |t|�1{3 for solutions with initial data ϕsuh that |ϕ|H1 , |xBxϕ|H1 are bounded. We also give variants to this result with di�erent deaysfor a more onvenient pratial use of the dispersive estimate. We then give an existene resultfor the full Water-Waves equations in weighted spaes for pratial uses of the proven dispersiveestimates.4.1 IntrodutionWe reall here lassial formulations of the Water-Waves problem. We then shortly introdue themeaningful dimensionless parameters of this problem, and then present the main results of this paper.4.1.1 Formulations of the Water-Waves problemTheWater-Waves problem puts the motion of a �uid with a free surfae into equations. We reall heretwo equivalent formulations of the Water Waves equations for an inompressible and irrotationnal�uid.Free surfae d-dimensional Euler equationsThe motion, for an inompressible, invisid and irrotationnal �uid oupying a domain Ωt delimitedbelow by a �xed bottom and above by a free surfae is desribed by the following quantities:� the veloity of the �uid U � pV,wq, where V and w are respetively the horizontal and vertialomponents;� the free top surfae pro�le ζ;� the pressure P.All these funtions depend on the time and spae variables t and pX, zq P Ωt. There exists a funtion
b : Rd Ñ R suh that the domain of the �uid at the time t is given by

Ωt � tpX, zq P R
d�1,�H0 � bpXq   z   ζpt,Xqu,where H0 is the typial depth of the water. The unknowns pU, ζ, P q are governed by the Eulerequations: $'&'%BtU � U �∇X,zU � � 1

ρ
∇P � gez in ΩtdivpUq � 0 in ΩturlpUq � 0 in Ωt.

(4.1.1)We denote here �gez the aeleration of gravity, where ez is the unit vetor in the vertialdiretion, and ρ the density of the �uid. Here, ∇X,z denotes the d � 1 dimensional gradient withrespet to both variables X and z.These equations are ompleted by boundary onditions:$'&'%Btζ � V �∇ζ � w � 0

U � n � 0 on tz � �H0 � bpXqu
P � Patm on tz � ζpt,Xqu, (4.1.2)In these equations, V and w are the horizontal and vertial omponents of the veloity evaluated atthe surfae. The vetor n in the seond equation stands for the normal upward vetor at the bottompX, z � �H0 � bpXqq. We denote Patm the onstant pressure of the atmosphere at the surfae ofthe �uid. The �rst equation of (4.1.2) states the assumption that the �uid partiles do not rossthe surfae, while the seond equation of (4.1.2) states the assumption that they do not ross thebottom. The equations (4.1.1) with boundary onditions (4.1.2) are ommonly referred to as thefree surfae Euler equations.



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 88Craig-Sulem-Zakharov formulationSine the �uid is by hypothesis irrotational, it derives from a salar potential:
U � ∇X,zΦ.Zakharov remarked in [65℄ that the free surfae pro�le ζ and the potential at the surfae ψ � Φ|z�ζfully determine the motion of the �uid, and gave an Hamiltonian formulation of the problem. Later,Craig-Sulem, and Sulem ([25℄ and [26℄) gave a formulation of the Water Waves equation involvingthe Dirihlet-Neumann operator. The following Hamiltonian system is equivalent (see [37℄ and [3℄for more details) to the free surfae Euler equations (4.1.1) and (4.1.2):$&%Btζ � Gψ � 0Btψ � gζ � 1

2
|∇ψ|2 � pGψ �∇ζ �∇ψq2

2p1� | ∇ζ |2q � 0,
(4.1.3)where the unknowns are ζ (free top pro�le) and ψ (veloity potential at the surfae) with t astime variable and X P R

d as spae variable. The �xed bottom pro�le is b, and G stands for theDirihlet-Neumann operator, that is
Gψ � Grζ, bsψ �a1� |∇ζ|2BnΦ|z�ζ ,where Φ stands for the potential, and solves a Laplae equation with Neumann (at the bottom) andDirihlet (at the surfae) boundary onditions#

∆X,zΦ � 0 in tpX, zq P R
d � R,�H0 � bpXq   z   ζpXqu

φ|z�ζ � ψ, BnΦ|z��H0�b � 0with the notation, for the normal derivativeBnΦ|z��H0�bpXq � ∇X,zΦpX,�H0 � bpXqq � nwhere n stands for the normal upward vetor at the bottom pX,�H0� bpXqq. See also [37℄ for moredetails.Dimensionless equationsSine the properties of the solutions depend strongly on the harateristis of the �uid, it is moreonvenient to non-dimensionalize the equations by introduing some harateristi lengths of thewave motion:(1) The harateristi water depth H0;(2) The harateristi horizontal sale Lx in the longitudinal diretion;(3) The harateristi horizontal sale Ly in the transverse diretion (when d � 2);(4) The size of the free surfae amplitude asurf ;(5) The size of bottom topography abott.Let us then introdue the dimensionless variables:
x1 � x

Lx
, y1 � y

Ly
, ζ 1 � ζ

asurf
, z1 � z

H0

, b1 � b

abott
,and the dimensionless variables:

t1 � t

t0
, Φ1 � Φ

Φ0

,where
t0 � Lx?

gH0

, Φ0 � asurf

H0

Lx
a
gH0.After re saling, several dimensionless parameters appear in the equation. They are

asurf

H0

� ε,
H2

0

L2
x

� µ,
abott

H0

� β,
Lx

Ly
� γ,



89 4.1. INTRODUCTIONwhere ε, µ, β, γ are ommonly referred to respetively as "nonlinearity", "shallowness", "topography"and "transversality" parameters.For instane, the Zakharov-Craig-Sulem system (4.1.3) beomes (see [37℄ for more details) indimensionless variables (we omit the "primes" for the sake of larity):$'&'%Btζ � 1

µ
Gµ,γrεζ, βbsψ � 0Btψ � ζ � ε

2
|∇γψ|2 � ε

µ

pGµ,γrεζ, βbsψ � εµ∇γζ �∇γψq2
2p1� ε2µ | ∇γζ |2q � 0,

(4.1.4)where Gµ,γrεζ, βbsψ stands for the dimensionless Dirihlet-Neumann operator,
Gµ,γ rεζ, βbsψ �a1� ε2|∇γζ|2BnΦ|z�εζ � pBzΦ� µ∇γpεζq �∇γΦq|z�εζ ,where Φ solves the Laplae equation with Neumann (at the bottom) and Dirihlet (at the surfae)boundary onditions

∆µ,γΦ � 0 in tpX, zq P R
d � R� 1� βbpXq   z   εζpXqu
φ|z�εζ � ψ, BnΦ|z��1�βb � 0.

(4.1.5)We used the following notations:
∇γ � tpBx, γByq if d � 2 and ∇γ � Bx if d � 1

∆µ,γ � µB2x � γ2µB2y � B2z if d � 2 and ∆µ,γ � µB2x � B2z if d � 1and BnΦ|z��1�βb � 1a
1� β2|∇γb|2 pBzΦ� µ∇γpβbq �∇γΦq|z��1�βb.4.1.2 Main resultThe linearized Water-Waves equations (4.1.4) in one dimension around a rest state of a �at surfaeand a zero veloity, in presene of a �at bottom an be read as$'''&'''% Btζ � 1

µ
G0ψ � 0Btψ � ζ � 0pζ, ψqp0q � pζ0, ψ0q (4.1.6)where pt, xq P R� R. We denote

1

µ
G0 � 1

µ
Gr0, 0sthe Dirihlet-Neumann operator in ζ � 0 with a �at bottom, whih expliit formulation is given byits Fourier transform

1

µ
yG0fpξq � |ξ| tanhp?µ|ξ|q?

µ
pfpξq, (4.1.7)for all f P S 1pRq where µ is the shallowness parameter (see for instane [37℄ for more details). Theequation (4.1.6) leads to the following equation for ζ:B2t ζ � 1

µ
G0ζ � 0whih is similar to the wave equation for low frequenies, and to the Water-Wave equation in in�nitedepth B2t ζ � p�∆q1{2ζ � 0where ∆ � B2x, for high frequenies. In order to study the solutions of the linearized system (4.1.6),we are therefore led to study the deay in time of the operator eitωpDq where

ω :

$'&'%R ÝÑ R

ξ ÞÝÑd |ξ| tanhp?µ|ξ|q?
µ

.



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 90The dispersive nature of the Water-Waves equations in in�nite depth plays a key role in the proofof long time or global time results: see for instane Ionesu-Pusateri [32℄, Alazard-Delort [4℄ and[5℄. However, there are to our knowledge only few results on deay estimates for the Water-Wavesequations in �nite depth (see for instane [45℄). Reently, Aynur Bulut proved in [15℄ an L2 basednorm-L8 deay estimate for the linear Water-Waves equation in in�nite depth:|eitp�∆q1{4ϕ|8 ¤ Cp1� |t|q�1{2p|ϕ|H1 � |xBxϕ|L2q. (4.1.8)As for all osillatory integrals estimates, the proof of this result relies only on the behaviour of theoperator p�∆q1{2, whih is the same as the behaviour of 1
µ
G0 (reall the de�nition (4.1.7)) for highfrequenies. We therefore adapt this proof to get a similar result in the ase of a �nite depth, with avery speial attention given to the dependene in the shallowness parameter µ. We prove in Setion4.2 of this paper the following result:Theorem 4.1.1 Let

ω :

$'&'%R ÝÑ R

ξ ÞÝÑd |ξ| tanhp?µ|ξ|q?
µ

.Then, there exists C ¡ 0 independent on µ suh that, for all µ ¡ 0:�t ¡ 0, �ϕ P SpRq |eitωpDqϕ|8 ¤ Cp 1

µ1{4 1p1� t{?µq1{8 � 1p1� t{?µq1{2 qp|ϕ|H1 � |xBxϕ|2q.Though ?
G0 and the square root of the wave operator p�∆q1{2 have the same behaviour for lowfrequenies, it is not the ase for the seond order derivatives of these operators. For this reason, oneshould not be surprised to have a dispersion result for the Water-Waves equations, while the waveequation in dimension 1 is not dispersive.The deay in 1

t1{8 given by Theorem 4.1.1 is however very bad. As one might be interested tohave a better deay result, we also prove the following result, with di�erent spaes:Theorem 4.1.2 With the notations of Theorem 4.1.1, the following estimates hold:1. There exists C ¡ 0 independent on µ suh that, for all µ ¡ 0:�t ¡ 0, �ϕ P SpRq |eitωpDqϕ|8 ¤ Cp 1

µ3{4 1p1� t{?µq1{3 |ϕ|L1� 1p1� t{?µq1{2 p|ϕ|H1 � |xBxϕ|2qq.2. There exists C ¡ 0 independent on µ suh that, for all µ ¡ 0:�t ¡ 0, �ϕ P SpRq |eitωpDqϕ|8 ¤ Cp 1

µ3{4 1p1� t{?µq1{3 |xϕ|L2� 1p1� t{?µq1{2 p|ϕ|H1 � |xBxϕ|2qq.As one should remark, the deay given by Theorem 4.1.2 is better than one of Theorem 4.1.1.However, for a pratial use of suh deay, one should prove that the solutions are bounded in L1 orin |x � |2 norm, whih is more di�ult than proving a loal existene result in |xBx � |2-norm. In viewof pratial use of Theorem 4.1.1, we therefore prove in Setion 4.3 and in dimensions d � 1, 2 a loalexistene result for the full Water-Waves equations (4.1.4) in weighted Sobolev spaes. The proofonsists in an adaptation of the loal existene result by [6℄, and a tehnial proof of the ommutatorrG, xs. The plan of the artile is the following:� In Setion 4.2, we prove a dispersive estimate for the linearized Water-Waves equation arounda �at bottom and a �at surfae in dimension d � 1.� In Setion 4.3, we give a loal existene result for the full Water-Waves equation (4.1.4) withnon �at bottom, in weighted Sobolev spaes and in dimensions d � 1, 2.



91 4.1. INTRODUCTION4.1.3 NotationsWe introdue here all the notations used in this paper.Operators and quantitiesBeause of the use of dimensionless variables (see before the "dimensionless equations" paragraph),we use the following twisted partial operators:
∇γ � tpBx, γByq if d � 2 and ∇γ � Bx if d � 1

∆µ,γ � µB2x � γ2µB2y � B2z if d � 2 and ∆µ,γ � µB2x � B2z if d � 1

∇
µ,γ � tp?µBx, γ?µBy, Bzq if d � 2 and tp?µBx, Bzq if d � 1.Remark 4.1.3 All the results proved in this paper do not need the assumption that the typial wavelengths are the same in both diretions, i.e. γ � 1. However, if one is not interested in the dependeneof γ, it is possible to take γ � 1 in all the following proofs. A typial situation where γ � 1 is forweakly transverse waves for whih γ � ?

µ; this leads to weakly transverse Boussinesq systems andthe Kadomtsev�Petviashvili equation (see [40℄).For all α � pα1, .., αdq P N
d, we write Bα � Bα1

x1
...Bαd

xdand |α| � α1 � ...� αd.We denote for all a, b P R:
a_ b � maxpa, bq.We denote, for all ϕ P S 1pRdq, the Fourier transform of ϕ by Fpϕq of more simply pϕ.We use the lassial Fourier multiplier

Λs � p1�∆qs{2 on R
dde�ned by its Fourier transform as

FpΛsuqpξq � p1� |ξ|2qs{2pFuqpξqfor all u P S 1pRdq. The operator P is de�ned as
P � |Dγ|p1�?

µ|Dγ|q1{2 (4.1.9)where
FpfpDquqpξq � fpξqFpuqpξqis de�ned for any smooth funtion of polynomial growth f and u P S 1pRdq. The pseudo-di�erentialoperator P ats as the square root of the Dirihlet Neumann operator, sine P � ?

G0 (reall thede�nition of G0 given by (4.1.7)) where the impliit onstant does not depend on µ.We denote as before by Gµ,γ the Dirihlet-Neumann operator, whih is de�ned as followed in thesaled variables:
Gµ,γψ � Gµ,γrεζ, βbsψ �a1� ε2|∇γζ|2BnΦ|z�εζ � pBzΦ� µ∇γpεζq �∇γΦq|z�εζ ,where Φ solves the Laplae equation#

∆γ,µΦ � 0

Φ|z�εζ � ψ, BnΦ|z��1�βb � 0.For the sake of simpliity, we use the notation Grεζ, βbsψ or even Gψ when no ambiguity ispossible.



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 92The Dirihlet-Neumann problemIn order to study the Dirihlet-Neumann problem (4.1.5), we need to map the domain oupied bythe water Ωt into a �xed domain (and not on a moving subset). For this purpose, we de�ne:
ζδp., zq � χpδz|Dγ|qζ, bδp., zq � χpδpz � 1q|Dγ|qbwhere χ : R ÝÑ R is a ompatly supported smooth funtion equals to one in the neighbourhood ofthe origin, and δ ¡ 0. We now introdue the following �xed strip:

S � R
d � p�1; 0qand the di�eomorphism

Σ :
S Ñ ΩtpX, zq ÞÑ pX, p1� εζδpXq � βδbpXqqz � εζδpXqq. (4.1.10)It is quite easy to hek that Φ is the variational solution of (4.1.5) if and only if φ � Φ � Σ isthe variational solution of the following problem:#

∇µ,γ � P pΣq∇µ,γφ � 0

φz�0 � ψ, Bnφz��1 � 0,
(4.1.11)and where

P pΣq � | detJΣ|J�1
Σ

tpJ�1
Σ q,where JΣ is the Jaobian matrix of the di�eomorphism Σ.Remark 4.1.4 By smoothing the funtions ζ and b in the hoie of the di�eomorphism Σ, we ensurea better estimate for the solutions of (4.1.11).For a omplete statement of the result, and a proof of existene and uniqueness of solutions to theseproblems, see later Setion 4.3.2 and also [37℄ Chapter 2.We introdue here the notations for the shape derivatives of the Dirihlet-Neumann operator.More preisely, we de�ne the open set Γ � Ht0�1pRdq2 as:

Γ � tΓ � pζ, bq P Ht0�1pRdq2, Dh0 ¡ 0,�X P R
d, εζpXq � 1� βbpXq ¥ h0uand, given a ψ P .

Hs�1{2pRdq, the mapping:
Grε�, β�s : Γ ÝÑ Hs�1{2pRdq

Γ � pζ, bq ÞÝÑ Grεζ, βbsψ.We an prove the di�erentiability of this mapping. See Appendix 4.B for more details. We denote
djGph, kqψ the j-th derivative of the mapping at pζ, bq in the diretion ph, kq. When we only di�er-entiate in one diretion, and when no ambiguity is possible, we simply denote djGphqψ or djGpkqψ.Funtional spaesThe standard salar produt on L2pRdq is denoted by p , q2 and the assoiated norm | � |2. Wewill denote the norm of the Sobolev spaes HspRdq by | � |Hs . We denote the norms of W k,8pRdq by| � |Wk,8 or simply | � |8 � | � |W 0,8 when no ambiguity is possible.We introdue the following funtional Sobolev-type spaes, or Beppo-Levi spaes:De�nition 4.1.5 We denote 9Hs�1pRdq the topologial vetor spae9Hs�1pRdq � tu P L2

locpRdq, ∇u P HspRdquendowed with the (semi) norm |u| 9Hs�1pRdq � |∇u|HspRdq.



93 4.2. A DISPERSIVE ESTIMATE FOR THE LINEAR WATER-WAVES EQUATIONS INDIMENSION 1Just remark that 9Hs�1pRdq{Rd is a Banah spae (see for instane [27℄).The spae variables z P R and X P R
d play di�erent roles in the equations sine the Eulerformulation (4.1.1) is posed for pX, zq P Ωt. Therefore, X lives in the whole spae R

d (whih allowsto take frational Sobolev type norms in spae), while z is atually bounded. For this reason, wedenote the L2 norm on S by }�}, and we introdue the following Banah spaes:De�nition 4.1.6 The Banah spae pHs,kpp�1, 0q � R
dq, }.}Hs,kq is de�ned by

Hs,kpp�1, 0q � R
dq � k£

j�0

Hjpp�1, 0q;Hs�jpRdqq, }u}Hs,k � ķ

j�0

}Λs�jBjzu}2.We will denote }�}Hs � }�}Hs,0 when no ambiguity is possible. To sum up, | � | will denote a norm on
R
d while } � } will denote a norm on the �at strip S.4.2 A dispersive estimate for the linear Water-Waves equa-tions in dimension 1We prove in this setion the dispersive estimate of Theorem 4.1.1 and Theorem 4.1.2. We �rst intro-due some lassial results on the osillatory integrals, and some tehnial results on the Littlewood-Paley deomposition.4.2.1 Tehnial toolsLittlewood-Palay deompositionWe brie�y reall the Littlewood-Paley deomposition. Let ψ P C8

0 pRq be suh thatsuppψ � p�1; 1q, ψpξq � 1 for |ξ| ¤ 1{2.We now de�ne for all k P Z, a funtion ψk by:�ξ P R, ψkpξq � ψpξ{2kq � ψpξ{2k�1q (4.2.12)whih is ompatly supported in 2k�1 ¤ |ξ| ¤ 2k�1. We then de�ne the operators Pk for all k P Zby: �ξ P R, yPkfpξq � ψkpξq pfpξq (4.2.13)for all f P S 1pRq. We reall here Bernstein's Lemma:Lemma 4.2.1 Let k P Z and Pk de�ned by (4.2.13). For every 1 ¤ p ¤ q ¤ 8 and all s ¥ 0, onehas: |Pkg|Lq ¤ C2kp1{p�1{qq|Pkg|Lpand |Pkg|Lp ¤ C2�sk|p�∆qs{2Pkg|Lpfor all g P SpRq, where C does not depend on k, s, p, q.We also give the two following tehnial results (see for instane [15℄ for a omplete proof):Lemma 4.2.2 Let k P Z and Pk de�ned by (4.2.13). One has:|BξyPkϕ|2 ¤ C2�kp|ϕ|2 � |xBxϕ|2q,for all ϕ P SpRq, where C does not depend on k.Lemma 4.2.3 Let k P Z and Pk de�ned by (4.2.13). For all s ¡ 1{2 one has|yPkϕ|8 ¤ C2�skp|ϕ|Hs � |xBxϕ|2q,for all ϕ P SpRq, where C does not depend on k, s.



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 94Some results on osillatory integralsWe invoke later in this paper the following Van der Corput Lemma, whih is a re�nement of thestationary phase lemma:Lemma 4.2.4 Let Φ P CkpRq, and a   b be suh that, either:( 1) �x P ra; bs, |Φpkqpxq| ¥ 1 if k ¡ 1;( 2) �x P ra; bs, |Φ1pxq| ¥ 1 and Φ1 is monotoni.Then, there exists C ¡ 0 whih only depends on k suh that�t ¡ 0, | » b
a

eitΦpξqdξ| ¤ C

t1{k .Note that in the above Lemma, C does not depend on a nor b.4.2.2 Proof of the main resultWe prove in this setion the following dispersive estimate for the linearized Water-Waves equationsin dimension 1:Theorem 4.2.5 Let
ω :

$'&'%R ÝÑ R

ξ ÞÝÑd |ξ| tanhp?µ|ξ|q?
µ

.Then, there exists C ¡ 0 independent on µ suh that, for all µ ¡ 0:�t ¡ 0, �ϕ P SpRq |eitωpDqϕ|8 ¤ Cp 1

µ1{4 1p1� t{?µq1{8 � 1p1� t{?µq1{2 qp|ϕ|H1 � |xBxϕ|2q.Note that the dependene of µ in the dispersive estimate has been preisely mentioned. This isruial in view of using a deay estimate for the Water-Waves equations, sine the properties of thesolutions, and even the dispersive properties of the problem may ompletely vary with respet to thesize of the shallowness parameter µ, as one should see by studying for example the asymptoti regimeswhen µ goes to zero. See for instane the Chapter 5 on shallow water models in [37℄. Notie that, ifone sets λ � t?
µ
in the statement of Theorem 4.2.5, one reovers the result by Aynur Bulut (4.1.8)when µ goes to �8: indeed, one writes eitωpDq � e

i t?
µ
gp?µDq with gpxq ÝÑ

xÑ�8a|x|. Moreover, thisresult does not need any assumption on the size of µ (while µ ¤ µ0 is a ommon assumption in theWater-Waves results).In [45℄, a similar deay as one given by Theorem 4.2.5 is proved but only for funtions ϕ suhthat pϕp0q � 0 and with L1 and H2 weighted spaes, whih are less onvenient for pratial use than
H1 spae and L2-weighted spae. However, a short adaptation of the proof of [45℄ shows that adeay of order 1

t1{3 an be obtained if pϕp0q � 0, whih is a better deay than one of Theorem 4.2.5.We an however improve suh result by adapting the proof of Theorem 4.2.5, and we prove also inthis paper the following deay results:Theorem 4.2.6 With the notations of Theorem 4.2.5, the following estimates hold:1. There exists C ¡ 0 independent on µ suh that, for all µ ¡ 0:�t ¡ 0, �ϕ P SpRq |eitωpDqϕ|8 ¤ Cp 1

µ3{4 1p1� t{?µq1{3 |ϕ|L1� 1p1� t{?µq1{2 p|ϕ|H1 � |xBxϕ|2qq.



95 4.2. A DISPERSIVE ESTIMATE FOR THE LINEAR WATER-WAVES EQUATIONS INDIMENSION 12. There exists C ¡ 0 independent on µ suh that, for all µ ¡ 0:�t ¡ 0, �ϕ P SpRq |eitωpDqϕ|8 ¤ Cp 1

µ3{4 1p1� t{?µq1{3 |xϕ|L2� 1p1� t{?µq1{2 p|ϕ|H1 � |xBxϕ|2qq.The Theorem 4.2.6 gives a better deay than Theorem 4.2.5 for the linear operator of the Water-Waves, however its use in view of long time results for the full Water-Waves equation (4.1.4) mayrequire to prove that solutions are bounded in L1 norm, or in |x � |L2 norm, whih is di�ult.Indeed, the proof of loal existene for this equation in weighted spaes requires the ontrol of theommutator rG, xs, whih is di�ult to get (while the one for rG, xsBx is less di�ult to get, see laterSetion 4.3.2).The proof is based on a stationary phase result and a use of the Littlewood deomposition. Morepreisely, the ontrol of osillatory integrals of the form» b
a

eitΦpξqdξonsists in the preise study of where the phase Φ may be stationary. Here, the derivative of thephase
Φpξq � tpωpξq � xξ{tq (4.2.14)may vanish and we are therefore led to study the behaviour of the seond derivative Φ2. However,|Φ2pξq| �

ξÑ8 C|ξ|3{2 and therefore Φ2 annot be bounded from below by a onstant and one annotapply Van der Corput's Lemma 4.2.4. We therefore need to ompensate the bad bound of Φ2 withgood weighted estimates on pϕ.Proof The result is easy to get for |t{?µ| ¤ 1 by using the ontinuous injetion H1pRq � L8pRq,and therefore we assume that t ¡ ?
µ (the ase t   �?µ is similar). Let �x x P R with x � 0. Inall this proof, we will denote by C any onstant whih does not depend on µ, x, t, k. As explainedabove, the derivative of the phase, Φ1, may vanish and therefore one needs a lose study of the seondderivative Φ2 � ω2. Note that ωpξq � 1?

µ
gp?µξq with gpξq �a|ξ| tanhp|ξ|q. It is easy to show that|g2pξq| �

ξÑ0
|ξ|, |g2pξq| �

ξÑ�8 |ξ|�3{2. (4.2.15)As suggested by the behaviour of ω2, we split the study of the linear operator eitωpDq into low andhigh frequenies ases. To this purpose, one an de�ne χ a smooth ompatly supported funtionequals to 1 in the neighbourhood of the origin, and write ϕ � χpDqϕ � p1� χpDqqϕ, with as usual{χpDqϕpξq � χpξqpϕpξq for all ϕ P SpRq. Note that the estimate of Theorem 4.2.5 stay true if we proveit for χpDqp?µ|Dγ|qϕ or p1� χp?µ|Dγ|qqϕ instead of ϕ.We write:
eitωpDqϕ � »

R

eiptωpξq�xξq pϕpξqdξ� »|ξ|¤y0{?µ eiptωpξq�xξq pϕpξqdξ � »|ξ|¡y0{?µ eiptωpξq�xξq pϕpξqdξ. (4.2.16)Taking the last remark into aount, we �rst assume that pϕ is ompatly supported in some r0; y0?
µ
rfor some y0 ¡ 0. In this ase, we only need to ontrol the �rst term of (4.2.16). One sets δ ¡ 0 andsplits the integral into two parts (reall that the phase Φ is de�ned by (4.2.14)):| »|ξ|¤ y0?

µ

eitΦpξq pϕpξqdξ| ¤ | »|ξ|¤δ eitΦpξq pϕpξqdξ| � | »
δ¤|ξ|¤ y0?

µ

eitΦpξq pϕpξqdξ|. (4.2.17)We now use Cauhy-Shwarz inequality to ontrol the �rst integral of the right hand side of (4.2.17):| »|ξ|¤δ eitΦpξq pϕpξqdξ| ¤ ?
2δ|ϕ|2. (4.2.18)



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 96For the seond integral of the right hand side of (4.2.17), we only onsider the integral over rδ; y0{?µswhere Φ is smooth (the integral over r�y0{?µ;�δr is ontrolled by the exat same tehnique usingthe symmetry of Φ2). We integrate by parts in the seond integral of the right hand side of (4.2.17)(remember that pϕ is ompatly supported in r0; y0?
µ
r):| »

δ¤ξ¤ y0?
µ

eitΦpξq pϕpξqdξ| ¤ | � »
δ¤ξ¤ y0?

µ

» ξ
δ

eitΦpsqds d
dξ
pϕpξqdξ|.Using Cauhy-Shwarz inequality, one gets:| »

δ¤ξ¤ y0?
µ

eitΦpξq pϕpξqdξ| ¤ ?
y0

µ1{4 sup
δ¤ξ¤ y0?

µ

| » ξ
δ

eitΦpsqds| � |1δ¤|ξ| 1
ξ
pξ d
dξ
pϕqpξq|2¤ C

δµ1{4 sup
δ¤ξ¤ y0?

µ

| » ξ
δ

eitΦpsqds|p|ϕ|2 � |xBxϕ|2q. (4.2.19)We now give a ontrol of the osillatory integral of (4.2.19). Reall that ω � 1?
µ
gp?µξq with (4.2.15).Therefore, there exists C ¡ 0 independent on µ suh that |Φ2psq| ¥ Cµ|ξ| on r0; y0{?µs (see alsoFigure 4.1). Therefore, one has:�δ ¤ s ¤ y0?

µ
, |Φ2psq| ¥ µs ¥ µδ.Using Van der Corput's Lemma 4.2.4, one gets the ontrol:

sup
δ¤ξ¤ y0?

µ

| » ξ
δ

eitΦpsqds| ¤ C?
µδt

. (4.2.20)Putting together (4.2.20) into (4.2.19), one gets:| »
δ¤ξ¤ y0?

µ

eitΦpξq pϕpξqdξ| ¤ C

δµ1{4 1?
µδt

p|ϕ|2 � |xBxϕ|2q. (4.2.21)Combining the estimates of (4.2.18) and (4.2.21), one obtains:| »|ξ|¤ y0?
µ

eitΦpξq pϕpξqdξ| ¤ p?2δ � C

δµ1{4 1?
µδt

qp|ϕ|2 � |xBxϕ|2q.The above quantity is minimal for δ � 1
µ3{8t1{4 and therefore, we �nally get:| »|ξ|¤ y0?
µ

eitΦpξq pϕpξqdξ| ¤ 1

µ3{16 t1{8. (4.2.22)We now assume that pϕ has its support in r y0?
µ
;�8r. In this ase, we only need to fous onthe seond term of the right hand side of (4.2.16). We are led to ontrol in L8 norm the quantity³

R
eitΦpξq pϕpξqdξ where supppϕ � r y0?

µ
;�8r. The following lines are an adaptation of [15℄. Using theLittlewood-Paley deomposition, we split eitωpDqϕ into

eitωpDqϕ �
ķPZ

2k¤λptqPkeitωpDqϕ� ¸
λptq¤2k¤ΛptqPkeitωpDqϕ� ¸

2k¥ΛptqPkeitωpDqϕwhere
λptq � C1p1� |t{?µ|q�1, Λptq � 1

C1

p1� |t{?µ|q,with C1 ¡ 1. We therefore have |peitωpDqϕqpxq| ¤ S1 � S2 � S3,
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Figure 4.1: Graph of Φ2with:
S1 � ¸

2k¤λptq |PkeitωpDqϕpxq|,
S2 � ¸

λptq¤2k¤Λptq |PkeitωpDqϕpxq|,
S3 � ¸

2k¥Λptq |PkeitωpDqϕpxq|.The term S1 is ontrolled by using Bernstein's Lemma 4.2.1:
S1 ¤ ¸

2k¤λptq |PkeitωpDqϕpxq|8¤ C
¸

2k¤λptq 2k{2|PkeitωpDqϕpxq|2¤ Cλptq1{2|ϕpxq|2¤ Cp1� |t{?µ|q�1{2|ϕ|2. (4.2.23)Using again Bernstein's Lemma 4.2.1, one gets the ontrol of S3:
S3 ¤ ¸

2k¥Λptq |PkeitωpDqϕpxq|8¤ ¸
2k¥Λptq 2k{2|PkeitωpDqϕpxq|2¤ C

¸
2k¥Λptq 2�k{2|PkeitωpDqϕpxq|H1¤ Cp1� |t{?µ|q�1{2|ϕ|H1 . (4.2.24)For the ontrol of S2, we need a lose study of osillatory integrals of the form ³R eitpx{tξ�ωpξqqyPkϕpξqdξ.Therefore, we need preise bounds for the osillatory phase ξ ÞÑ px{tqξ � ωpξq and its derivatives.We are led to split the summation set of S2 into three parts:

I1 � tk P Z, λptq ¤ 2k ¤ Λptq, 2k{2 ¤ |t{x|{C2u,
I2 � tk P Z, λptq ¤ 2k ¤ Λptq, |t{x|{C2 ¤ 2k{2 ¤ C2|t{x|u,
I3 � tk P Z, λptq ¤ 2k ¤ Λptq, 2k{2 ¥ C2|t{x|u,where C2 has to be set. We therefore set

S2j �
I̧j

| »
R

eipxξ�tωpξqqyPkϕpξqdξ|, j � 1, 2, 3.



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 98The ontributions of I1 and I3 are the most easy to get. One writes, for all k P I1:»
R

eitΦpξqyPkϕpξqdξ � »
R

d

dξ
p» ξ

2k�1

eitΦpsqdsqyPkϕpξqdξ� � »
R

» ξ
2k�1

eitΦpsqds d
dξ
yPkϕpξqdξby integrating by parts, and realling that suppyPkϕ � suppψk � t2k�1 ¤ |ξ| ¤ 2k�1u. We now useCauhy-Shwarz inequality to get:| »

R

eitΦpξqyPkϕpξqdξ| ¤ C2k{2 sup
ξPsuppψkXsupp pϕ| » ξ2k�1

eitΦpsqds| � | d
dξ
yPkϕ|2. (4.2.25)We are therefore led to ontrol the osillatory integral ³ξ

2k�1 e
itΦpsqds with ξ P suppψk X supppϕ. Weput this integral under the form» ξ

2k�1

eitΦpsqds � » ξ
2k�1

eitppx{tqs�ωpsqqdsand we use the following lower bound for the derivative of the phase:|x{t� ω1psq| ¥ |ω1psq| � |x{t|.Now, reall that k P I1 and therefore |x{t| ¤ 2�k{2C2. Moreover, reall that ωpξq � 1?
µ
gp?µξq with|g1pξq| �

ξÑ�8 |ξ|�1{2, and that supppϕ � ry0{?µ;�8r. Therefore, the derivative of ω is bounded frombelow on supppϕ by C3

µ1{4 |s|�1{2 where C3 is independent on µ. We therefore get:|x{t� ω1psq| ¥ C3

µ1{4 |s|�1{2 � 2�k{2C2.Now, sine s P suppψk, one has|x{t� ω1psq| ¥ C3

µ1{4 1?
2
2�k{2 � 2�k{2C2¥ C3

µ1{4 2�k{2provided
C3

µ1{4?2
� C2 ¥ Cµ1{4with C independent on k, µ, x. We therefore set

C2 � C3

2
?
2µ1{4 . (4.2.26)Now, one an apply the Van der Corput Lemma 4.2.4 and get:| » ξ

2k�1

eitppx{tqs�ωpsqqds ¤ C|t|�12k{2µ1{4. (4.2.27)Using Lemma 4.2.2, one has: | d
dξ
yPkϕ|2 ¤ 2�kp|ϕ|2 � |xBxϕ|2q. (4.2.28)Putting together (4.2.25), (4.2.27) and (4.2.28), one �nally gets, for all k P I1:»

R

eitΦpξqyPkϕpξqdξ ¤ µ1{4 C|t|p|ϕ|2 � |xBxϕ|2q.



99 4.2. A DISPERSIVE ESTIMATE FOR THE LINEAR WATER-WAVES EQUATIONS INDIMENSION 1We now sum over k P I1. Sine the set has a Oplogp|t|q number of elements (reall that it is inludedin tλptq ¤ 2k ¤ Λptqu), we get:
S21 ¤ µ1{4 C|t|

ķPI1p|ϕ|2 � |xBxϕ|2q¤ Cµ1{4|t| logp|t|qp|ϕ|2 � |xBxϕ|2q¤ Cµ1{4|t|�1{2p|ϕ|2 � |xBxϕ|2q. (4.2.29)The ontrol for S23 is similar and therefore we omit it and fous on the most di�ult term whih is
S22. One starts to notie that there is a �nite number of terms whih is of the form C logpµq with
C independent on t, x, µ in the set I2. Indeed, if k P I2 then one has� logpC2q � logp|t{x|q ¤ k ¤ logpC2q � logp|t{x|q,and C2 has been set in (4.2.26). Therefore, it su�es to ontrol the integrals ³

R
eitΦpξqyPkϕpξqdξ for

k P I2 by a term of the form C
t1{2 with C independent on x, t, k. For k P I2, the derivative of thephase Φ may vanishes, and one needs to ontrol the seond derivative and use a Van der Corputtype result. Let c be the minimum of |Φ1| on r2k�1; 2k�1s.- 1st ase : Φ1pcq � 0 We split the integral into three terms:»

R

eitΦpξqyPkϕpξqdξ � » c�δ
2k�1

eitΦpξqyPkϕpξqdξ�» c�δ
c�δ eitΦpξqyPkϕpξqdξ�» 2k�1

c�δ eitΦpξqyPkϕpξqdξ. (4.2.30)The seond integral of the right hand side of (4.2.30) is estimated as follows:| » c�δ
c�δ eitΦpξqyPkϕpξqdξ| ¤ 2δ|yPkϕpξq|8¤ 2δ2�skp|ϕ|Hs � |xBxϕ|2q (4.2.31)where we used Lemma 4.2.3 to derive the last inequality, with s ¡ 1{2 to be set. We now fous onthe ontrol of the �rst integral of the right hand side of (4.2.30) (the last integral is ontrolled byusing the same tehnique). Integrating by parts, one gets:| » c�δ

2k�1

eitΦpξqyPkϕpξqdξ| � | � » c�δ
2k�1

» ξ
2k�1

eitΦpsqds d
dξ
pyPkϕqpξqdξ|¤ 2k{2 sup

ξPsupp pϕXr2k�1;c�δs| » ξ2k�1

eitΦpsqds|| d
dξ
yPkϕ|2. (4.2.32)One now estimates | ³ξ

2k�1 e
itΦpsqds| for ξ P r2k�1; c� δsX supppϕ. Reall that ωpξq � 1?

µ
gp?µξq with(4.2.15), and that supppϕ � ry0{?µ;�8r. Therefore, for ξ P r2k�1; c� δsX supppϕ, there exists C ¡ 0suh that |Φ2pξq| ¥ C

µ1{4|ξ|3{2 and therefore, one has:|Φ1psq| � » s
c

|Φ2psq|ds� Φ1pcq¥ » s
c

C

µ1{4ξ3{2¥ Cµ�1{4p 1?
c
� 1?

s
q¥ Cµ�1{4 c� s?

c
?
sp?c�?

sq ¥ Cµ�1{4 δ

23k{2where we used the fat that |c� s| ¥ δ for s P r2k�1; ξs and ξ P r2k�1; c� δs. Therefore, using Vander Corput's Lemma 4.2.4, one gets» ξ
2k�1

eitΦpsqds ¤ C
µ1{423k{2

tδ
. (4.2.33)
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dξ
yPkϕ|2 ¤ 2�kp|ϕ|2 � |xBxϕ|2q (4.2.34)and putting together (4.2.33) and (4.2.34) in (4.2.32), one obtains:| » c�δ

2k�1

eitΦpξqyPkϕpξqdξ| ¤ C
µ1{423k{2

tδ
2k{22�kp|ϕ|2 � |xBxϕ|2q. (4.2.35)Putting together (4.2.35) and (4.2.31), one �nally obtains:| »

R

eitΦpξqyPkϕpξqdξ| ¤ Cpµ1{42k
tδ

� δ2�skqp|ϕ|H1 � |xBxϕ|2q. (4.2.36)The above right hand side is minimal with respet to δ if δ � 2sk{2µ1{8 2k{2
t1{2 . We therefore set s � 1and get the ontrol: | »

R

eitΦpξqyPkϕpξqdξ| ¤ µ1{8 C

t1{2 .At last, one gets by summation on k P I2 (reall that there is a Oplogpµqq number of terms in I2):
S22 ¤ µ1{4

t1{2 p|ϕ|H1 � |xBxϕ|2q. (4.2.37)-2nd ase : Φ1pcq � 0 It is the same tehnique as above, notiing that in this ase Φ1 is monotoniand does not vanish, and therefore c is one of the bounds of the integral.Conlusion : Putting together (4.2.22),(4.2.23),(4.2.24),(4.2.29) and (4.2.37), and taking thesupremum over all x P R
� (note that all these estimates are independent on x), one gets:|eitωpDqϕ|8 ¤ Cp 1

µ1{4 1p1� t{?µq1{8 � 1p1� t{?µq1{2 qp|ϕ|H1 � |xBxϕ|2q.lWe now give a short proof for a better deay estimate, but with other norms of ontrol:Proof of Theorem 4.2.6 We use the same notations as ones of the proof of Theorem 4.2.5. Onean ontrol the �rst integral of the right hand side of (4.2.16) di�erently:| »|ξ|¤ y0?
µ

eiptωpξq�xξqϕpξqdξ| ¤ | »|ξ|¤ y0?
µ

eiptωpξq�xξqdξ|8|ϕ|L1.We now ontrol the integral ³|ξ|¤ y0?
µ

eitΦpξqdξ in L8 norm. One has Φ3pξq � ω3pξq � µg3p?µξqwith the notations of the proof of Theorem 4.2.5. One an hek by omputation that g3pξq �
ξÑ0

�1and therefore, using Van der Corput's Lemma 4.2.4, one gets:»|ξ|¤ y0?
µ

eitΦpξqdξ ¤ Cpµtq1{3 .One gets the �rst estimate of Theorem 4.2.6.Another way to ontrol the �rst integral of the right hand side of (4.2.16) is by integrating byparts: | »|ξ|¤ y0?
µ

eiptωpξq�xξqϕpξqdξ| � | »|ξ|¤ y0?
µ

» ξ
0

eiptωpsq�xsqds d
dξ
pϕpξqdξ|and thus, using Cauhy-Shwarz inequality, one gets:| »|ξ|¤ y0?

µ

eiptωpξq�xξqϕpξqdξ| ¤ ?
y0

µ1{4 sup
ξPr0; y0?

µ
r| » ξ0 eiptωpsq�xsqds|| ddξ pϕ|2.
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sup

ξPr0; y0?
µ
r| » ξ0 eiptωpsq�xsqds| ¤ Cpµtq1{3and one gets the seond estimate of Theorem 4.2.6. lRemark 4.2.7 It should be possible to prove a dispersive deay in dimension 2, using the previousresults, sine the phase Φ introdued in the proof of Theorem 4.2.5 has a radial symmetry.4.3 Loal existene for the Water-Waves equations in weightedspaes in dimension d � 1, 2In view of pratial use of Theorem 4.2.5 to prove some long time (or even global time) results inthe ase of the full Water-Waves equations (4.1.4), one may need to ontrol xBxϕ in L2 norm, for

ϕ a solution of the equations. We prove in this setion a loal existene result for the Water-Wavesequations in weighted spaes. To this purpose, we brie�y give some realls about the Water-Wavesequations, and we state the loal existene result proved by [6℄. We then give a ommutator estimatewhih is the key point for loal existene in weighted spaes. Note that in this Setion we do notmake any assumption on the dimension unlike in the previous one, and that all the results provedin this setion stand in dimensions d � 1, 2. The loal existene result in weighted spaes is usedfor instane in [49℄, where the default of ompatness in the rigid lid limit for the Water-Wavesequations is investigated.4.3.1 The Water-Waves equationsWe brie�y give some realls about the Water-Waves equations and its loal existene (see [37℄ Chapter4 for a omplete study). Let t0 ¡ d{2 and N ¥ t0 � t0 _ 2 � 3{2 (where a _ b � suppa, bq). Theenergy for the Water-Waves equations is the following (see 4.1.3 for the notations):
EN pUq � |Pψ|Ht0�3{2 � ¸|α|¤N |ζpαq|2 � |ψpαq|2 (4.3.38)where ζpαq, ψpαq are the so alled Alinha's good unknowns:�α P N

d, ζpαq � Bαζ, ψpαq � Bαψ � εwBαζwith
w � Gψ � εµ∇γζ �∇γψ

1� ε2µ|∇γζ|2 .We onsider solutions U � pζ, ψq of the Water Waves equations in the following spae:
ENT � tU P Cpr0, T s ;Ht0�2 � .

H2pRdqq, EN pUp.qq P L8pr0, T squ.The following quantity, alled the Rayleigh-Taylor oe�ient plays an important role in the Water-Waves problem:
apζ, ψq � 1� εpBt � εV �∇γqw � �ε P0

ρag
pBzP q|z�εζwhere

V � ∇γψ � εw∇γζ.As suggested by the notations, V and w are respetively the horizontal and vertial omponents ofthe veloity evaluated at the surfae. We reall that the notation a _ b stands for maxpa, bq. Wean now state the loal existene result by Alvarez-Samaniego Lannes (see [6℄ and [37℄ Chapter 3 forreferene):Theorem 4.3.1 Let t0 ¡ d{2,N ¥ t0 � t0 _ 2� 3{2. Let U0 � pζ0, ψ0q P EN0 , b P HN�1_t0�1pRdq.Let ε, β, γ, µ be suh that
0 ¤ ε, β, γ ¤ 1, 0 ¤ µ ¤ µmax



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 102with µmax ¡ 0 and moreover assume that:Dhmin ¡ 0, Da0 ¡ 0, 1� εζ0 � βb ¥ hmin and apU0q ¥ a0.Then, there exists T ¡ 0 and a unique solution Uε P ENT
ε_β

to (4.1.4) with initial data U0. Moreover,
1

T
� C1, and sup

tPr0; T
ε_β

sEN pUεptqq � C2with Ci � CpEN pU0q, 1

hmin
,
1

a0
q for i � 1, 2.4.3.2 A ommutator estimateThe key point of the loal existene result we prove in this Setion is the ommutator result ofProposition 4.3.7 below. We �rst need to introdue some tehnial results about the resolution ofthe Dirihlet-Neumann problem (4.1.5). We use here the notations of Setion 4.3.1. We reall theintrodution of the di�eomorphism Σ de�ned by (4.1.10) whih maps Ω into S � R

d � p�1, 0q. Wealso reall that Φ is a solution of (4.1.5) if and only if φ � Φ�Σ is a solution of the following problem:#
∇µ,γ � P pΣq∇µ,γφ � 0

φz�0 � ψ, Bnφz��1 � 0,
(4.3.39)where

P pΣq � | detJΣ|J�1
Σ

tpJ�1
Σ q, (4.3.40)where JΣ is the Jaobian matrix of the di�eomorphism Σ. For the sake of larity in the proof ofthe main result of this setion, we introdue the following notations, for all ζ, b, t0 satisfying thehypothesis of Theorem 4.3.1:

M0 � Cp 1

hmin

, µmax, |ζ|Ht0�1 , |b|Ht0�1q,
M � Cp 1

hmin

, µmax, |ζ|Ht0�2 , |b|Ht0�2q,
Mpsq �M0 � CpM0, |ζ|Hs , |b|Hsq, (4.3.41)where C denotes a non dereasing funtion of its arguments. One an prove (see [37℄ Chapter 2 andequation (2.26)) that

P pΣq � Id �QpΣq (4.3.42)with }QpΣq}Hs,1 ¤M0|pεζ, βbq|Hs�1{2 . (4.3.43)One an also prove the oerivity of P pΣq:�Θ P R
d, P pΣqΘ �Θ ¥ kpΣqΘ2 (4.3.44)where

1

kpΣq ¤M0.Tehnial results about the boundary problem (4.3.39)As usual for an ellipti problem of the form (4.3.39) with a Dirihlet ondition, we are looking forsolutions in the spae ψ � H1
0,surf pSq where H1

0,surf pSq is the set of funtions of H1pSq with avanishing trae at z � 0 (reall that S is the �at strip R
d � p�1; 0q). More preisely, we have:De�nition 4.3.2 We de�ne H1

0,surf as the ompletion of DpRd � r�1; 0rq endowed with the H1norm of S.



1034.3. LOCAL EXISTENCE FOR THE WATER-WAVES EQUATIONS IN WEIGHTED SPACES INDIMENSION D � 1, 2We now de�ne the variational solutions to the ellipti equation (4.3.39). To this purpose, we introduefor all ψ P S 1pRdq the smoothed distribution
ψ:p., zq � χp?µz|Dγ|qψ (4.3.45)where χ is a smooth ompatly supported funtion equals to 1 in the neighbourhood of the origin.De�nition 4.3.3 For all ψ P 9H1{2 a variational solution to (4.3.39) is φ � φ̃� ψ: suh that»

S

∇µ,γ φ̃ � P pΣq∇µ,γϕ � � »
S

∇µ,γψ: � P pΣq∇µ,γϕfor all ϕ P H1
0,surf pSq.Remark 4.3.4 As expeted for an ellipti problem of the form (4.3.39), if ψ P HspRdq, the solution

Φ should be in Hs�1{2pSq (as ψ is the trae of Φ on z � 0). Therefore, if one uses ψ instead of
ψ: in De�nition 4.3.3, then the formulation provides the same regularity for Φ as for ψ. Instead ofbrutally onsidering ψ (whih is a funtion de�ned on R

d) as a funtion of S, we introdue ψ: whihis indeed 1{2 more regular than ψ and is de�ned on all S.We are now able to give the existene result for the problem (4.3.39) (reall the notations of (4.3.41)for the onstants M and Mpsq, and see [37℄ for referene):Proposition 4.3.5 Let t0 ¡ d{2 and s ¥ 0. Let ζ, b P Hs�1{2 XHt0�1pRdq be suh thatDhmin ¡ 0, �X P R
d, 1� εζpXq � βbpXq ¥ hmin.Then, for all ψ P 9Hs�1{2pRdq, there exists a unique variational solution φ to (4.3.39). Moreover,this solution satis�es:�0 ¤ s ¤ t0 � 3{2, }Λs∇µ,γφ}2 ¤ ?

µMps� 1{2q|Pψ|Hs,�t0 � 3{2 ¤ s, }Λs∇µ,γφ}2 ¤ ?
µMp|Pψ|Hs � |pεζ, βbq|Hs�1{2|Pψ|Ht0�3{2q.Moreover, if s ¥ �t0 � 1, the same estimates hold on }∇µ,γφ}Hs,1 .Main resultWe prove in this setion an estimate for the ommutator r 1

µ
G, xsBx in Hs norm, where x is one ofthe variable of Rd (we denote x instead of xj for the sake of larity). In the ase of a �at bottomand a �at surfae in dimension 1, one has for all ϕ P SpRdq and all ξ ¡ 0:{r 1

µ
G, xsBxϕ � d

dξ
p tanhp?µξq?

µ
ξqξ pϕpξq � � tanhp?µξq?

µ
� p1� tanhp?µξq2qξ�ξ pϕpξq,and thus one should expet a ontrol of the form|r1

µ
G, xsBxϕ|Hs�1{2 ¤ C|Pϕ|Hs�3{2,with C independent on µ, where we reall that P ats like the square root of the Dirihlet-Neumannoperator and is de�ned by

P � |Dγ|p1�?
µ|Dγ|q1{2 .Remark 4.3.6 � The Dirihlet-Neumann operator has to be seen as a 3{2 order operator insteadof an one order operator if one needs a uniform bound with respet to µ. Indeed, the brutalbound tanhp?µξq?

µ
¤ 1

µ1{2 is singular in µ. We still gain one derivative in the ommutator r 1
µ
G, xsand have ontrols uniforms with respet to µ.� There are two ases depending on s in the statement of Proposition 4.3.5. It is to have tameestimates with respet to the Hs norms of the unknowns, for high values of s.The following Proposition shows that the result stands true with non �at bottom and surfae, andin all dimensions. We denote xaycond � a is cond is satis�ed, and else 0.



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 104Proposition 4.3.7 Let t0 ¡ d{2, s ¥ �1{2, and ζ, b P Ht0�2pRdq be suh thatDhmin ¡ 0, �X P R
d, 1� εζpXq � βbpXq ¥ hmin.We denote x one of the variables of Rd. Then, one has for all ϕ P 9Hs�2pRdq:|r 1

µ
G, xsBxϕ|Hs�1{2 ¤ µMps� 1q|Pϕ|Hs�3{2 � x|Pϕ|Ht0�2 |pεζ, βbq|Hs�1qys�1{2¡t0 .Moreover, if ∇f P Ht0�1{2 XHs�1{2, one has for all ϕ P 9Hs�2pRdq:|r1

µ
G, xsfBxϕ|Hs�1{2 ¤ µMps� 1q|∇γf |Ht0�1{2 |Pϕ|Hs�3{2� x|Pϕ|Ht0�2 |pεζ, βbq|Hs�1q|∇γf |Hs�1{2ys�1{2¡t0 .Remark 4.3.8 The fat that the ommutator is applied to Bxϕ instead of ϕ is ruial in this result.Remark that the seond point of the Proposition implies the �rst one (just take f � 1), but its proofrequires to use the �rst point as one shall see during the proof below.Proof The proof is an adaptation of the ommutator estimate rΛs, 1

µ
Gs whih is proved in r37s,using a duality argument. We set

v � Bxϕ.For all v P 9H1{2, we will denote vh the solution of the Dirihlet-Neumann problem (4.3.39) withboundary ondition v
h
z�0 � v. This notation stands for "harmoni extension of v". We reall thenotation ψ: for all ψ P S 1pRdq given by (4.3.45). We now write, for all u P SpRdq:pΛs�1{2u, rG, xsvq2 � pΛs�1{2u,Gxvq2 � pxΛs�1{2u,Gvq2.Sine pΛs�1{2xuq:z�0 � Λs�1{2xu, we get using Green's identity thatpu, rG, xsvq � »

S

∇µ,γΛs�1{2u: � P pΣq∇µ,γpxvqh � »
S

P pΣq∇µ,γvh �∇µ,γpxΛs�1{2u:q� »
S

∇µ,γΛs�1{2u: � P pΣq∇µ,γ
�pxvqh � xvh

�� »
S

∇µ,γΛs�1{2u: � P pΣqp∇µ,γxqvh� »
S

P pΣq∇µ,γvh � p∇µ,γxqΛs�1{2u:. (4.3.46)We start to ontrol the easiest term of (4.3.46), using Cauhy-Shwarz inequality (reall that | � |stands for norms on R
d while } � } stands for norms on the �at strip S � R

d � p�1; 0q):| »
S

P pΣq∇µ,γvh � p∇µ,γxqΛs�1{2u:| ¤ ?
µ}u:}2 ���Λs�1{2P pΣq∇µ,γvh

���
2where the ?µ fator omes from the de�nition of ∇µ,γx � tp?µBx, γ?µBy, Bzqx (see Setion 4.1.3)and the fat that Bzx � 0. Using the de�nition of u:, one has easily|u:|2 ¤ |u|2. (4.3.47)We now use the produt estimate of Proposition 4.A.1 and the deomposition P pΣq � Id � Q of(4.3.42) to write:�0 ¤ s� 1{2 ¤ t0,

���Λs�1{2P pΣq∇µ,γvh
���
2

¤ Cp1� }Q}L8Ht0 q ��∇µ,γvh
��
Hs�1{2,0�t0 � 3{2   s� 1{2, ��Λs�1P pΣq∇µ,γvh

��
2

¤ Cp1� }Q}L8Ht0 q ��∇µ,γvh
��
Hs�1{2,0�}Λs�1{2Q}2}∇µ,γvh}L8Ht0 .

(4.3.48)Remark 4.3.9 We don't treat the ase t0   s ¤ t0 � 3{2, sine we will obtain it by interpolation ofthe two ases above. One has to ombine the di�erene in the produt estimate of Proposition 4.A.1between the ases 0 ¤ s � 1 ¤ t0 and t0   s, and the di�erene in Lemma 4.3.10 between the ases
0 ¤ s� 1 ¤ t0 � 3{2 and t0 � 3{2   s. For this reason, we split the proof in only two ases, and getthe third one by interpolation.



1054.3. LOCAL EXISTENCE FOR THE WATER-WAVES EQUATIONS IN WEIGHTED SPACES INDIMENSION D � 1, 2One has, using (4.3.43) and the embedding Hs�1{2,1 in L8HspRdq given by Proposition 4.A.2:}Q}L8Ht0 ¤M0, }Λs�1{2Q}2 ¤M0|pεζ, βbq|Hs�1. (4.3.49)We use Proposition 4.3.5 and Proposition 4.A.2 to write:�0 ¤ s� 1{2 ¤ t0,
��∇µ,γvh

��
Hs�1{2,0 ¤ ?

µMps� 1q|Pv|Hs�1�t0 � 3{2   s� 1{2, ��∇µ,γvh
��
Hs�1{2,0 ¤ ?

µMp|Pv|Hs�1{2 � |pεζ, βbq|Hs�1|Pv|Ht0�3{2q��∇µ,γvh
��
L8Ht0

¤ ?
µM0|Pψ|Ht0�1{2 . (4.3.50)Combining (4.3.49) and (4.3.50) in (4.3.48), one �nally gets:�0 ¤ s� 1{2 ¤ t0,

���Λs�1{2P pΣq∇µ,γvh
���
2

¤ ?
µMps� 1q|Pv|Hs�1{2�t0 � 3{2   s� 1{2, ���Λs�1{2P pΣq∇µ,γvh

���
2

¤ ?
µMp|Pv|Hs�1{2 � |Pv|Ht0�1 |pεζ, βbq|Hs�1q.(4.3.51)Combining (4.3.51) with (4.3.47), one �nally gets:| »

S

P pΣq∇µ,γvh � p∇µ,γxqΛs�1{2u:| ¤ µMps� 1q|Pv|Hs�1{2 � x|Pv|Ht0�1 |pεζ, βbq|Hs�1qys�1{2¡t0 |u|2(4.3.52)where we reall the notation xaycond � a if cond is satis�ed, and else 0. Note that we got the result for
t0   s   t0 � 3{2 by interpolation. Remembering that v � Bxϕ, one gets the ontrol of Proposition4.3.7 for this term.We now fous on the most di�ult term of (4.3.46) (the last term of (4.3.46) is estimated by asimilar tehnique). Using Cauhy-Shwarz inequality, one gets:| »

S

∇µ,γΛs�1{2u: � P pΣq �∇µ,γ
�pxvqh � xvh

�| ¤ }Λs�1P pΣq∇µ,γ
�pxvqh � xvh

�}2}Λ�1{2∇µ,γu:}2.Using the de�nition of u: given by (4.3.45), one has easily}Λ�1{2∇µ,γu:}2 ¤ Cµ1{4|u|2. (4.3.53)The produt estimate of Proposition 4.A.1 shows that�0 ¤ s� 1 ¤ t0, }Λs�1P pΣq∇µ,γ
�pxvqh � xvh

�}2 ¤ Cp1� }Q}L8Ht0 q}Λs�1∇µ,γ
�pxvqh � xvh

�}2�t0 � 3{2 ¤ s� 1, }Λs�1P pΣq∇µ,γ
�pxvqh � xvh

�}2 ¤ Cp1� }Q|L8Ht0 q}Λs�1
∇
µ,γ
�pxvqh � xvh

�}2�}Λs�1Q}2}∇µ,γ
�pxvqh � xvh

�}L8Ht0 .One has }Q}L8Ht0 ¤ M0 and }Λs�1Q}2 ¤ M0|pεζ, βbq|Hs�3{2 . The proof of Proposition 4.3.7 isompleted if one an prove:�s ¥ �1{2, }Λs�1
∇
µ,γ
�pxvqh � xvh

�}2 ¤ µMps� 1{2q|Pϕ|Hs�1� x|Pϕ|Ht0�2 |pεζ, βbq|Hs�1qys�1¡t0 . (4.3.54)Note that the ase t0 ¤ s ¤ t0�3{2 is obtained by interpolation. We now prove the estimate (4.3.54)for s�1 ¤ t0. The ase s�1 ¡ t0�3{2 is estimated by the same tehnique, so we omit it for the sakeof larity. The ase t0 ¤ s ¤ t0 � 3{2 is obtained by interpolation. The quantity w � pxvqh � xvhsatis�es the following ellipti equation:#
∇µ,γ � pP pΣq∇µ,γwq � �∇µ,γ � pP pΣq∇µ,γxvhq � P pΣq∇µ,γx �∇µ,γvh

wz�0 � 0, Bnww��1 � 0.
(4.3.55)We now prove the following ellipti regularity type result:Lemma 4.3.10 Let t0 ¡ d{2, s ¥ 0 and Σ be the di�eomorphism from Ω to S de�ned by (4.1.10).Let ζ, b P Ht0�1 XHs�1{2pRdq be suh thatDhmin ¡ 0, �X P R

d, 1� εζpXq � βbpXq ¥ hmin.



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 106We onsider the following ellipti problem:#
∇µ,γ � pP pΣq∇µ,γwq � �∇µ,γ � g � f

wz�0 � 0, Bnww��1 � 0.
(4.3.56)Then, there exists a unique variational solution w P H1

0,surf pSq to the boundary value problem(4.3.56). Moreover, one has :�0 ¤ s ¤ t0 � 3{2, }Λs∇µ,γw}2 ¤Mps� 1{2qp}g}Hs,1 � }f}Hs�1,0q�t0 � 3{2 ¤ s, }Λs∇µ,γw}2 ¤Mp}g}Hs,1 � }f}Hs�1,0� |pεζ, βbq|Hs�1{2p}g}Ht0�1{2,1 � }f |Ht0�1{2,0q.Proof By de�nition, w is a variational solution to (4.3.56) if for all θ P H1
0,surf pSq, one has»

S

∇µ,γw � P∇µ,γθ � � »
S

p∇µ,γ � gqθ � »
S

fθ� »
S

g �∇µ,γθ � »
S

fθ � »
z��1

gθ.

(4.3.57)The existene and uniqueness follows from the oerivity of P given by (4.3.44) and the Lax-MilgramTheorem. We now introdue Λsδ � ΛsχpδΛq for δ ¡ 0 and χ a smooth and ompatly supportedfuntion, equals to 1 in a neighbourhood of zero. If w P H1
0,surf pSq is the variational solution of(4.3.56), then pΛsδq2w is also in H1

0,surf pSq, and thus, taking θ � pΛsδq2w in (4.3.57) (reall that
P � I �Q):»

S

∇
µ,γΛsδw � P∇µ,γΛsδθ � »

S

Λsδg �∇µ,γΛsδw � »
S

ΛsδfΛ
s
δw � »

z��1

ΛsδgΛ
s
δw� »

S

rQ,Λsδs∇µ,γw �∇µ,γΛsδw.We now use Cauhy-Shwarz inequality and the oerivity of P (see (4.3.44)) to get:
kpΣq}∇µ,γΛsδw}22 ¤ }Λsδg}2}∇µ,γΛsδw}2 � }Λs�1

δ f}2}Λs�1
δ w}2 � |Λs�1{2

δ wp.,�1q|2|Λs�1{2
δ g|2� }rQ,Λsδs∇µ,γw}2}∇µ,γΛsδw}2. (4.3.58)Sine Λs�1

δ w P H1
0,surf pSq, one has using Poinaré's inequality (reall that S � R

d � p�1, 0q and
H1

0,surf pSq is the set of H1 funtions of S with vanishing trae at the surfae):}Λs�1
δ w}2 ¤ }Λsδw}H1,0¤ }BzΛsδw}2¤ }Λsδ∇µ,γw}L2 .

(4.3.59)Moreover, one has for all s P R, using Proposition 4.A.2:|u|Hs�1{2 ¤ }u}Hs,1and thus one an write: |Λs�1{2
δ gp.,�1q|2 ¤ }g}Hs,1 . (4.3.60)From now, the idea of the proof is to show a ommutator estimate of the form�0 ¤ s ¤ t0 � 3{2, }rΛsδ, Qsp∇µ,γwq}2 ¤Mps� 1{2q}Λs�εδ ∇µ,γw}2�t0 � 3{2 ¤ s, }rΛsδ, Qsp∇µ,γwq}2 ¤Mp|pεζ, βbq|Hs�1{2p}g}Ht0�1{2,1�}f}Ht0�1{2,0q}Λs�αδ ∇

µ,γw}2, (4.3.61)for some α ¡ 0.Putting together (4.3.59), (4.3.60) and (4.3.61) into (4.3.58), letting δ goes to zero and using a�nite indution on s, one gets the result of Lemma 4.3.10. However the ommutator estimate (4.3.61)is tehnial to obtain, and therefore we omit the proof for the sake of larity (see [37℄ Lemma 2.38for details). l



1074.3. LOCAL EXISTENCE FOR THE WATER-WAVES EQUATIONS IN WEIGHTED SPACES INDIMENSION D � 1, 2We now go bak to the proof of (4.3.54). For 0 ¤ s� 1 ¤ t0, one has, using Lemma 4.3.10:}Λs�1
∇
µ,γppxvqh � xvhq}2 ¤Mps� 1{2q}P pΣqp∇µ,γxqvh}Hs�1,1 � }P pΣq∇µ,γx �∇µ,γvh}Hs,0¤Mps� 1{2qp1� }Q}Ht0�1,1qp}vh}Hs�1,1 � }∇µ,γvh}Hs,0where we used the produt estimate of Proposition 4.A.1 to derive the last inequality. UsingLemma 4.3.5, we get the bound }∇µ,γvh}Hs,0 ¤ ?

µ|Pv|Hs . (4.3.62)To ontrol vh in Hs�1,1 norm, we reall that v � Bxϕ and we notie thatpBxϕqh � Bxpϕqh P H1
0,surf pSqand we write }vh}Hs�1,1 ¤ }pBxϕqh � Bxpϕqh}Hs�1,1 � }Bxpϕqh}Hs�1,1 . (4.3.63)To ontrol the �rst term of the right hand side of (4.3.63), we use the Poinaré's inequality on the�at strip S: }pBxϕqh � Bxpϕqh}Hs�1,1 ¤ }∇µ,γppBxϕqh � Bxpϕqhqq}Hs,0 .Now, if one de�nes

w � pBxϕqh � Bxpϕqhthen w satis�es the following boundary problem:#
∇µ,γ � pP pΣq∇µ,γwq � �∇µ,γ � g
wz�0 � 0, Bnwz��1 � �g � ez (4.3.64)with g � rP pΣq, Bxs∇µ,γϕh, and ez the unit normal vetor in the vertial diretion. Adapting theproof of Lemma 4.3.10 (see also Lemma 2.38 in [37℄), one an prove}∇µ,γw}Hs,0 ¤Mps� 1{2q}∇µ,γϕh}Hsand using Proposition 4.3.5, one �nally gets}pBxϕqh � Bxpϕqh}Hs�1,1 ¤Mps� 1{2q|Pϕ|Hs. (4.3.65)To ontrol the seond term of the rhs of (4.3.63), one uses Proposition 4.3.5 again:}Bxpϕqh}Hs�1,1 ¤ }∇µ,γϕh}Hs�1,1¤Mps� 1{2q|Pϕ|Hs�1. (4.3.66)Putting together (4.3.65) and (4.3.66) into (4.3.63), one gets|vh|Hs�1,1 ¤Mps� 1{2q|Pϕ|Hs�1. (4.3.67)Putting together (4.3.62) and (4.3.67), we proved:}Λs�1

∇
µ,γppxvqh � xvhq}2 ¤Mps� 1{2q|Pϕ|Hs�1whih is the desired result (4.3.54).The proof of the seond point of the Proposition only requires a small adaptation of the proofabove. The only tehnial hange is the ontrol of }vh}Hs�1,1 . We write, with v � fBxϕ:}vh}Hs�1,1 ¤ }pfBxϕqh � fpBxϕqh}Hs�1,1 � }fpBxϕqh}Hs�1,1 (4.3.68)The seond term of the right hand side of (4.3.68) is ontrolled using Proposition 4.A.1, and theontrol of pBxϕqh proved above. To ontrol the �rst term of the right hand side of (4.3.68), oneremarks that w � pfBxϕqh � fpBxϕqh P H1

0,surf pSq solves the following boundary problem:#
∇µ,γ � pP pΣq∇µ,γwq � �∇µ,γfP pΣq∇µ,γpBxϕqh �∇µ,γ � pP pΣqpBxϕqh∇µ,γfq
wz�0 � 0, Bnwz��1 � �P pΣqpBxϕhq∇µ,γζ � ez (4.3.69)and we use the Poinaré's inequality on the �at strip S to ontrol }pfBxϕqh � fpBxϕqh}Hs�1,1 by}∇µ,γw}Hs,0 , and adapt the proof of Lemma 4.3.10 above to get the ontrol of this latter term.l



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 1084.3.3 Loal existene in weighted Sobolev SpaesWe prove here an existene result for the Water-Waves equation in weighted Sobolev spaes. Wereall that x denotes the identity of Rd, and we de�ne, for all N ¥ 2 the energy ENx by
ENx � EN pζ, ψq � ¸

αPNd,1¤|α|¤N�2

|xζpαq|22 � |Pxψpαq|22where EN is the standard energy for the Water-Waves equations given by (4.3.38).Theorem 4.3.11 Let us onsider the assumptions of Theorem 4.3.1, and then onsider T ¡ 0 andpζ, ψq the unique solution provided by the theorem on r0; T
ε_β of the Water-Waves equation (4.1.4).If pζ0, ψ0q P ENx , then one has pζ, ψq P L8pr0; T

ε_ β
s, ENx q,with pζ, ψqL8pr0; T

ε_β
s,EN

x q ¤ C2,where C2 is a onstant of the form C2 � CpEN pU0q, 1
hmin

, 1
a0
q with C a non dereasing ontinuousfuntion of its arguments.Remark 4.3.12 � Note that there are less spae derivatives for the weighted norms |xζpαq|22 �|Pxψpαq|22 than for the "Sobolev" norms EN . This is due to the presene of ommutators ofthe form rG, xsψpαq in the evolution equation for ψpαq, whih are of order 1 (at least) in ψpαq.� Note also that we ontrol Pψpαq, ζpαq only for |α| ¥ 1. This is due to the fat that we onlyontrol terms of the form xBxϕ.Proof The proof is an adaptation of the proof of the Theorem 4.3.1 (see [37℄ Chapter 4 for afull proof). Therefore, we only give the main ideas and insist on the spei�ity of using weights.Considering the result given by Theorem 4.3.1, we only need to reover estimates for weighted norms(estimates for the "lassial Sobolev" norms of EN are done in the proof of the loal existene resultof [37℄). We reall (see for instane [37℄ Chapter 3 for referene) that one has:pψ, 1

µ
Gψq2 ¤M0|Pψ|22 and |Pψ|22 ¤M0pψ, 1

µ
Gψq2Therefore, we set, for all 0 ¤ |α| ¤ N � 2:

Eα � 1

2µ
pGxψpαq, xψpαqq2 � 1

2
pxζpαq, xζpαqqand look for a ontrol of Eα. We now di�erentiate Eα with respet to time and get, using thesymmetry of G:

d

dt
Eα � pGxψpαq, Btxψpαqq2 � pdGpεBtζqxψpαq, xψpαqq2 � pBtxζpαq, xζpαqq2 � 1

2
pxζpαq, pBtaqxζpαqq2.We now need an equation in terms of ζpαq, ψpαq. To this purpose, one omputes Bα of the equations(4.1.4). One gets in the �rst equation a term of the formBαGrεζ, βbsψ � Grεζ, βbsBαψ � ¸

ν α,δ1�...�δm�l1�...�ln�ν�α dGpBδ1εζ, ..., Bδmεζ, Bl1βb, ..., BlnβbqBνψwhere dG denotes the shape derivative of Grεζ, βbs with respet to the bottom b and the surfae ζ.We therefore obtain, after omputations, a system of the form (see [37℄ Chapter 4 for details):$&% Btζpαq � εV �∇γζpαq � 1

µ
Gψpαq � RαBtψpαq � aζpαq � εV �∇γψpαq � Sα

(4.3.70)with |xRα|2 � |PxSα|2 ¤ CpENx q (4.3.71)



1094.3. LOCAL EXISTENCE FOR THE WATER-WAVES EQUATIONS IN WEIGHTED SPACES INDIMENSION D � 1, 2with C a ontinuous funtion of its arguments. In order to get a ontrol of the form (4.3.71), onean adapt the proof of the ontrol for the shape derivatives of G given in Proposition 3.28 of [37℄ (wedo not detail this proof here). We therefore have, replaing Btpζpαq, ψpαqq by their expression givenby (4.3.70):
d

dt
Eα � 1

µ
pGxψpαq, axζpαqq2 � 1

µ
pGxψpαq, axζpαqq2� εpxaζpαq, xV �∇γζpαqq2 � ε

µ
pGxψpαq, xV �∇γψpαqq2� 1

µ
pdGpεBtζqxψpαq, xψpαqq2 � 1

µ
prG, xsψpαq, xaζpαqq2. (4.3.72)The �rst two terms of (4.3.72) are the one of order 1 with respet to the unknowns xζpαq, xψpαq butanel one another, thanks to the symmetry of the equation.The two terms of the seond line of (4.3.72) are of ontributions of order 0 to the energy estimate,with respet to the unknowns, thanks to the symmetry. More preisely, one omputes, integratingby parts:pxaζpαq, xV �∇γζpαqq2 � ḑ

j�1

ppxaζpαq, xV jBjζpαqq2� � ḑ

j�1

pxV jBjζpαq, xaζpαqq2 � pBjpV jaqxζpαq, xζpαqq2 � ppBjxqV jaζpαq, xζpαqq2and therefore one haspxaζpαq, xV �∇γζpαqq2 � �1

2
pBjpV jaqxζpαq, xζpαqq2 � 1

2
ppBjxqV jaζpαq, xζpαqq2. (4.3.73)Using Proposition 4.B.1, it is possible to prove that |V j |W 1,8 � |a|W 1,8 ¤ EN and therefore one getsfrom (4.3.73) the ontrol:|pxaζpαq, xV �∇γζpαqq2| ¤ CpEN qp|xζpαq|22 � |ζpαq|2|xζpαq|2¤ CpEN qEα (4.3.74)where C is ontinuous and non dereasing. For the ontrol of the seond term of the seond line of(4.3.72), one writes:

1

µ
pGxψpαq, xV �∇γψpαqq2 � 1

µ
pGxψpαq, V � pxψpαqqq2 � 1

µ
pGxψpαq, pV �∇γxqψpαqq2.We use Proposition 4.B.5 to write (reall the notations of M given by (4.3.41)):| 1

µ
pGxψpαq, V � pxψpαqqq2| ¤M |V |W 1,8 |Pxψ|22and again, using the Proposition (4.B.1) one an ontrol the W 1,8 norm of V by the energy and get| 1
µ
pGxψpαq, V � pxψpαqqq2| ¤ CpEN qEα. (4.3.75)We now use Proposition 4.B.3 with s � 1 to ompute:| 1

µ
pGxψpαq, pV �∇γxqψpαqq2| ¤ µM |Pxψpαq|2|pV �∇γxqψpαq|2and one an prove, using the de�nition of P and standard Sobolev estimates:|pV �∇γxqψpαq|2 ¤ |V |Ht0 |Pψpαq|2and therefore, using Proposition (4.B.1) again to ontrol |V |Ht0 by the energy, one �nally gets| 1

µ
pGxψpαq, pV �∇γxqψpαqq2| ¤ CpEN qEα. (4.3.76)



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVESEQUATIONS IN FINITE DEPTH 110Putting together (4.3.75) and (4.3.76), one proved| 1
µ
pGxψpαq, xV �∇γψpαqq2| ¤ CpEN qEα. (4.3.77)The �rst term of the third line of (4.3.72) is estimated by using Proposition 4.B.3. The only non trivialremaining term to ontrol in (4.3.72) is the last one, whih is the ommutator 1

µ
prG, xsψpαq, xaζpαqq2.Reall that |α| ¡ 1 and that:

ψpαq � Bαζ � εwBαψand one gets therefore, using Proposition 4.3.7, one an ontrol both of these terms by CpEN qEα.One an obtain by summing on all α, 1 ¤ |α| ¤ N � 1 the following energy estimate:
d

dt
ENx ¤ CpEN qENxwith C a ontinuous funtion of its arguments. Using a Gronwall's Lemma, one an onlude andend the proof of the Theorem. l.4.A Estimates on the �at strip SWe reall the notation a _ b � maxpa, bq and we de�ne L8Hs � L8pp�1; 0q;HspRdqq and use thenotation xays¡t0 � a if s ¡ t0 and else 0 .Proposition 4.A.1 Let t0 ¡ d{2. If s ¥ �t0, f, g P L8Ht0 XHs,0, one has fg P Hs,0 and}fg}Hs,0 ¤ C }f}L8Ht0 }g}Hs,0 � x}f}Hs,0 }g}L8Ht0 ys¡t0 .The following Proposition states a L8 embedding result for the Beppo-Levi spaes:Proposition 4.A.2 For all s P R:(1) The mapping u ÞÑ u|z�0 extends ontinuously from Hs�1,1 to Hs�1{2pRdq.(2) The spae Hs�1{2,1 is ontinuously embedded in L8Hs.4.B The Dirihlet Neumann OperatorHere are for the sake of onveniene some tehnial results about the Dirihlet Neumann operator,and its estimates in Sobolev norms. See [37℄ Chapter 3 for omplete proofs. The �rst two propositionsgive a ontrol of the Dirihlet-Neumann operator.Proposition 4.B.1 Let t0>d/2, 0 ¤ s ¤ t0 � 3{2 and pζ, βq P Ht0�1 XHs�1{2pRdq suh thatDh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0.( 1) The operator G maps ontinuously .

Hs�1{2pRdq into Hs�1{2pRdq and one has|Gψ|Hs�1{2 ¤ µ3{4Mps� 1{2q|Pψ|Hs,where Mps� 1{2q is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1 , |ζ|Hs�1{2 , |b|Hs�1{2q.( 2) The operator G maps ontinuously .

Hs�1pRdq into Hs�1{2pRdq and one has|Gψ|Hs�1{2 ¤ µMps� 1q|Pψ|Hs�1{2,where Mps� 1q is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1 , |ζ|Hs�1, |b|Hs�1q.Moreover, it is possible to replae Gψ by w in the previous result, where w � Gψ�εµ∇γζ�∇γψ

1�ε2µ|∇γζ|2 (vertialomponent of the veloity U � ∇X,zΦ at the surfae).



111 4.B. THE DIRICHLET NEUMANN OPERATORRemark 4.B.2 In all this paper, we onsider the Water-Waves problem in �nite depth. This isruial for all these regularity results on G. For instane, in the linear ase ζ � b � 0, the Dirihlet-Neumann operator is |Dγ| tanhp|Dγ|q in �nite depth, while it is |Dγ| in in�nite depth. The lowfrequenies are therefore a�eted di�erently.Proposition 4.B.3 Let t0 ¡ d{2, and 0 ¤ s ¤ t0 � 1{2. Let also ζ, b P Ht0�1pRdq be suh thatDh0 ¡ 0,�X P R
d, 1� εζpXq � βbpXq ¥ h0.Then, for all ψ1, ψ2 P .

Hs�1{2pRdq, we havepΛsGψ1,Λ
sψ2q2 ¤ µM0|Pψ1|Hs |Pψ2|Hs ,where M0 is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1q.The seond result gives a ontrol of the shape derivatives of the Dirihlet-Neumann operator.More preisely, we de�ne the open set Γ � Ht0�1pRdq2 as:

Γ � tΓ � pζ, bq P Ht0�1pRdq2, Dh0 ¡ 0,�X P R
d, εζpXq � 1� βbpXq ¥ h0uand, given a ψ P .

Hs�1{2pRdq, the mapping:
Grε�, β�s : Γ ÝÑ Hs�1{2pRdq

Γ � pζ, bq ÞÝÑ Grεζ, βbsψ. (4.B.78)We an prove the di�erentiability of this mapping. The following Proposition gives estimates of theshape derivatives of G.Proposition 4.B.4 Let t0 ¡ d{2 and pζ, bq P Ht0�1 be suh thatDh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0.Then, for all 0 ¤ s ¤ t0 � 1{2,|djGph, kqψ|Hs�1{2 ¤M0µ

3{4 j¹
m�1

|pεhm, βkmq|Ht0�1 |Pψ|Hs .The following ommutator estimate is useful (see [37℄ Proposition 3.30):Proposition 4.B.5 Let t0 ¡ d{2 and ζ, b P Ht0�2pRdq suh that:Dh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0.For all V P Ht0�1pRdq2 and u P H1{2pRdq, one hasppV �∇γuq, 1
µ
Guq ¤M |V |W 1,8|Pu|22,where M is a onstant of the form Cp 1

h0
, |ζ|Ht0�2 , |b|Ht0�2q.
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113 5.1. INTRODUCTIONAbstratThe Water-Waves equations onstitute an equivalent model to the free surfae Euler equa-tions. The resaled Water-Waves equations depend strongly on the ratio ε between the amplitudeof the wave and the depth of the water. We investigate in this paper the onvergene as ε goes tozero of the free surfae Euler equations to the so alled rigid lid model. We �rst prove that theonly solutions of this model are zero. Due to the onservation of the Hamiltonian, the solutionsof the free surfae Euler equations onverge weakly to zero, but not strongly in the general ase,as ε goes to zero. We then study this default of onvergene. More preisely, we show a strongonvergene result of the solutions of the water waves equations in the Zakharov-Craig-Sulemformulation to the solutions of the linear water-waves equations. It is then easy to observe theselatter onverge weakly to zero. The simple struture of this system also allows us to explain themehanisms of the weak onvergene to zero. Finally, we show that this onvergene to the rigidlid model also holds for the solutions of the Euler equations. To this end we give a new proof ofthe equivalene of the free surfae Euler equations and of the Zakharov-Craig-Sulem equationby building an extension of the veloity and pressure �elds.5.1 IntrodutionWe reall here lassial formulations of the Water Waves problem. We then shortly introdue themeaningful dimensionless parameters of this problem, and introdue the so alled rigid lid equations.We then present the main result of this paper.5.1.1 Formulations of the Water Waves problemThe Water Waves problem puts the motion of a �uid with a free surfae into equations. We reall heretwo equivalent formulations of the Water Waves equations for an inompressible and irrotationnal�uid.Free surfae d-dimensional Euler equationsThe motion, for an inompressible, invisid and irrotationnal �uid oupying a domain Ωt delimitedbelow by a �xed bottom and above by a free surfae is desribed by the following quantities:� the veloity of the �uid U � pV,wq, where V and w are respetively the horizontal and vertialomponents;� the free top surfae pro�le ζ;� the pressure P.All these funtions depend on the time and spae variables t and pX, zq P Ωt. There exists a funtion
b : Rd Ñ R suh that the domain of the �uid at the time t is given by

Ωt � tpX, zq P R
d�1,�H0 � bpXq   z   ζpt,Xqu,where H0 is the typial depth of the water. The unknowns pU, ζ, P q are governed by the Eulerequations: $'&'%BtU � U �∇X,zU � � 1

ρ
∇P � gez in ΩtdivpUq � 0 in ΩturlpUq � 0 in Ωt.

(5.1.1)We denote here �gez the aeleration of gravity, where ez is the unit vetor in the vertialdiretion, and ρ the density of the �uid. Here, ∇X,z denotes the d � 1 dimensional gradient withrespet to both variables X and z.These equations are ompleted by boundary onditions:$'&'%Btζ � V �∇ζ � w � 0

U � n � 0 on tz � �H0 � bpXqu
P � Patm on tz � ζpt,Xqu. (5.1.2)



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 114In these equations, V and w are the horizontal and vertial omponents of the veloity evaluated atthe surfae. The vetor n in the last equation stands for the normal upward vetor at the bottompX, z � �H0 � bpXqq. We denote Patm the onstant pressure of the atmosphere at the surfae ofthe �uid. The �rst equation of (5.1.2) states the assumption that the �uid partiles do not ross thesurfae, while the last equation of (5.1.2) states the assumption that they do not ross the bottom.The equations (5.1.1) with boundary onditions (5.1.2) are ommonly referred to as the free surfaeEuler equations.Craig-Sulem-Zakharov formulationSine the �uid is by hypothesis irrotational, it derives from a salar potential:
U � ∇X,zΦ.Zakharov remarked in [65℄ that the free surfae pro�le ζ and the potential at the surfae ψ � Φ|z�ζfully determine the motion of the �uid, and gave an Hamiltonian formulation of the problem. Later,Craig-Sulem, and Sulem ([25℄ and [26℄) gave a formulation of the Water Waves equation involvingthe Dirihlet-Neumann operator. The following Hamiltonian system is equivalent (see [37℄ and [3℄for more details) to the free surfae Euler equations (5.1.1) and (5.1.2):$&%Btζ �Gψ � 0Btψ � gζ � 1

2
|∇ψ|2 � pGψ �∇ζ �∇ψq2

2p1� | ∇ζ |2q � 0,
(5.1.3)where the unknowns are ζ (free surfae pro�le) and ψ (veloity potential at the surfae) with t astime variable and X P R

d as spae variable. The �xed bottom pro�le is b, and G stands for theDirihlet-Neumann operator, that is
Gψ � Grζ, bsψ �a1� |∇ζ|2BnΦ|z�ζ ,where Φ stands for the potential, and solves Laplae equation with Neumann (at the bottom) andDirihlet (at the surfae) boundary onditions:#

∆X,zΦ � 0 in tpX, zq P R
d � R,�H0 � bpXq   z   ζpXqu

φ|z�ζ � ψ, BnΦ|z��H0�b � 0,
(5.1.4)with the notation, for the normal derivativeBnΦ|z��H0�bpXq � ∇X,zΦpX,�H0 � bpXqq � nwhere n stands for the normal upward vetor at the bottom pX,�H0� bpXqq. See also [37℄ for moredetails.Dimensionless equationsSine the properties of the solutions depend strongly on the harateristis of the �uid, it is moreonvenient to non-dimensionalize the equations by introduing some harateristi lengths of thewave motion:(1) The harateristi water depth H0;(2) The harateristi horizontal sale Lx in the longitudinal diretion;(3) The harateristi horizontal sale Ly in the transverse diretion (when d � 2);(4) The size of the free surfae amplitude asurf ;(5) The size of bottom topography abott.Let us then introdue the dimensionless variables:

x1 � x

Lx
, y1 � y

Ly
, ζ 1 � ζ

asurf
, z1 � z

H0

, b1 � b

abott
,



115 5.1. INTRODUCTIONand the dimensionless variables:
t1 � t

t0
, Φ1 � Φ

Φ0

,where
t0 � Lx?

gH0

, Φ0 � asurf

H0

Lx
a
gH0.After resaling, several dimensionless parameters appear in the equation. They are

asurf

H0

� ε,
H2

0

L2
x

� µ,
abott

H0

� β,
Lx

Ly
� γ,where ε, µ, β, γ are ommonly referred to respetively as "nonlinearity", "shallowness", "topography"and "transversality" parameters.For instane, the Zakharov-Craig-Sulem system (5.1.3) beomes (see [37℄ for more details) indimensionless variables (we omit the "primes" for the sake of larity):$'&'%Btζ � 1

µ
Gµ,γrεζ, βbsψ � 0Btψ � ζ � ε

2
|∇γψ|2 � ε

µ

pGµ,γrεζ, βbsψ � εµ∇γζ �∇γψq2
2p1� ε2µ | ∇γζ |2q � 0,

(5.1.5)where Gµ,γrεζ, βbsψ stands for the dimensionless Dirihlet-Neumann operator,
Gµ,γrεζ, βbsψ �a1� ε2|∇γζ|2BnΦ|z�εζ � pBzΦ� µ∇γpεζq �∇γΦq|z�εζ ,where Φ solves the Laplae equation with Neumann (at the bottom) and Dirihlet (at the surfae)boundary onditions#

∆µ,γΦ � 0 in tpX, zq P R
d � R� 1� βbpXq   z   εζpXqu
φ|z�εζ � ψ, BnΦ|z��1�βb � 0.

(5.1.6)We used the following notations:
∇γ � tpBx, γByq if d � 2 and ∇γ � Bx if d � 1

∆µ,γ � µB2x � γ2µB2y � B2z if d � 2 and ∆µ,γ � µB2x � B2z if d � 1and BnΦ|z��1�βb � 1a
1� β2|∇γb|2 pBzΦ� µ∇γpβbq �∇γΦq|z��1�βb.5.1.2 The rigid lid modelThe Euler system (5.1.1),(5.1.2), an be written in the dimensionless variables:$''''''''''''''&''''''''''''''%

BtV � εpV �∇γ � 1

µ
wBzqV � �∇γP in ΩtBtw � εpV �∇γ � 1

µ
wBzqw � �pBzP q in ΩtBtζ � εV �∇γζ � 1

µ
w � 0

∇µ,γ � U � 0 in Ωturlµ,γpUq � 0 in Ωt

U � n � 0 for z � �1� βb

P � εζ for z � εζ.

(5.1.7)
We hanged the pressure into hydrodynami pressure P � P �pz� εζq and set Patm � 0. The rigidlid model models the motion of the �uid as if the top surfae was �xed at z � 0 (see for instane[16℄). But to derive this model, we do not brutally take ε � 0 in the Euler system (5.1.7) but ratherstart by a hange of time sale, and a hange of sale for the pressure:
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t1 � εtand
P 1 � P

ε
.Formally, if one takes the limit ε goes to zero in the newly saled Euler equations, one �nds thefollowing so alled rigid lid equations (we omit the "primes" for the sake of larity):$'''''''''''''&'''''''''''''%

BtV � pV �∇γ � 1

µ
wBzqV � �∇γP in ΩBtw � pV �∇γ � 1

µ
wBzqw � �pBzP q in Ω

w � 0

∇µ,γ � U � 0 in Ωurlµ,γpUq � 0 in Ω

U � n � 0 for z � �1� βb

P � ζ for z � 0

(5.1.8)
where Ω is now the �xed domain

Ω � tpX, zq P R
d�1,�1� βbpXq ¤ z ¤ 0u.5.1.3 Reminder on the loal existene for the Water-Waves equationswith �at bottomWe brie�y give some realls about the Water-Waves equations and their loal existene (see [37℄Chapter 4 for a omplete study). Taking β � 0 (�at bottom), and after saling
t1 � εtas for the rigid lid equation, one gets from (5.1.5) the equations:$'&'%εBtζ � 1

µ
Grεζ, 0sψ � 0

εBtψ � ζ � ε

2
|∇γψ|2 � ε

µ

pGrεζ, 0sψ � εµ∇γζ �∇γψq2
2p1� ε2µ|∇γζ|2 � 0.

(5.1.9)As explained above, we prove later that the solutions of the full Water-Waves equations (5.1.9)onverge strongly to the solutions of the linearized equations (5.2.22). The strategy is to treat thenon-linear terms of the Water-Waves equations as a perturbation of the linearized equation.Let t0 ¡ d{2 and N ¥ t0� t0_2�3{2 (where a_b � suppa, bq). The energy for the Water-Wavesequations is the following (see Setion 5.1.5 for the notations):
EN pUq � |Pψ|Ht0�3{2 � ¸|α|¤N |ζpαq|2 � |ψpαq|2where ζpαq, ψpαq are the so alled Alinha's good unknowns:�α P N

d, ζpαq � Bαζ, ψpαq � Bαψ � εwBαζ.We onsider solutions U � pζ, ψq of the Water-Waves equations in the following spae:
ENT � tU P Cpr0, T s ;Ht0�2 � .

H2pRdqq, EN pUp.qq P L8pr0, T squ.The following quantity, alled the Rayleigh-Taylor oe�ient plays an important role in the Water-Waves problem:
apζ, ψq � 1� εpεBt � εV �∇γqw � �ε P0

ρag
pBzP q|z�εζ .We an now state the loal existene result by Alvarez-Samaniego Lannes (see [6℄ and [37℄ Chapter3):



117 5.1. INTRODUCTIONTheorem 5.1.1 Let t0 ¡ d{2,N ¥ t0 � t0 _ 2� 3{2. Let U0 � pζ0, ψ0q P EN0 . Let ε, γ be suh that
0 ¤ ε, γ ¤ 1,and moreover assume that:Dhmin ¡ 0, Da0 ¡ 0, 1� εζ0 ¥ hmin and apU0q ¥ a0.Then, there exists T ¡ 0 and a unique solution Uε P ENT to (5.1.9) with initial data U0. Moreover,

1

T
� C1, and sup

tPr0;T sEN pUεptqq � C2with Ci � CpEN pU0q, 1

hmin
,
1

a0
q for i � 1, 2.Remark 5.1.2 Note that the time existene provided by Theorem 5.1.1 does not depend on ε. Atu-ally, the full Theorem in non �at bottom (see [37℄) states that the time of existene for the equationsin the original saling (5.1.5) is of size 1

ε_β where β is the size of the topography. In our ase,
β � 0 and therefore one gets a time of existene of size 1

ε
for (5.1.5), and of size 1 for the resaledequations (5.1.9). In the ase of a non �at bottom, this long time result stands true in presene ofsurfae tension (see [50℄).5.1.4 Main resultWe investigate in this paper the rigorous limit ε goes to zero in the resaled Euler equation (5.1.7)in view of the mathematial justi�ation of the derivation of the rigid lid model (5.1.8). However, asone shall see in Setion 5.2.1, the only solutions of the rigid lid equations are trivially null. Thoughthe rigid lid model does not then seem of muh interest, it implies that the solutions of the resaledEuler equations (5.1.7) onverge weakly to zero as ε goes to zero. In [13℄, the same limit in therigid lid regime is investigated by Bresh and Métivier for the Shallow-Water equations with largebathymetry, whih onsist in an asymptoti model for the Water-Waves problem in the shallowwater regime (µ small). They prove that the resaled equations are well-posed on a time intervalindependent on ε (whih is equivalent to a large time of existene of size 1

ε
for the system writtenin the original variables) and they rigorously pass to the limit as ε goes to zero, and prove the weakonvergene and the strong loal onvergene in spae of the solutions.In [50℄, a similar long time existene result is proved for the Water-Waves equations with largebathymetry and with surfae tension. If we restrit the problem to the �at bottom ase, then theloal existene result (5.1.1) an be read as (we don't give a preise statement):Theorem 5.1.3 Let N be large enough, and let pζ0, ψ0q P HN pRdq�HN�1{2pRdq. Then, there exists

T ¡ 0, and a unique solution pζ, ψq P C1pr0; T
ε
s;HN �HN�1{2pRdqq to the Water-Waves equations(5.1.5). Moreover, one has:

1

T
� C1pζ0, ψ0q, |pζ, ψq|C1pr0;T

ε
s;HN�HN�1{2pRdqq ¤ C2pζ0, ψ0q, (5.1.10)where Ci are ontinuous funtions of their arguments, and are independent on µ, ε.The bound on the solutions given by (5.1.10) is uniform with respet to ε, whih allows by a om-patness argument to extrat a onvergent sub-sequene of solutions as ε goes to zero. The limitshould be zero (at least for ψ) as we disussed above. The question is to understand if the onver-gene is strong in Cpr0;T s;HN�1 �HN�1{2pRdqq, i.e. "globally in time and spae". In this paper,we omplete the study of the rigid lid limit for the Water-Waves problem, and give an answer to thisquestion.Sine the equations (5.1.5) have the struture of a Hamiltonian equation, the following quantityis onserved:

1

2µ
pGψ, ψq2 � pζ, ζq2. (5.1.11)



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 118We reall that G is symmetri and positive for the L2 salar produt. Therefore, even after the timehange of sale
t1 � εtand the limit ε goes to zero, the Hamiltonian is onserved and the strong onvergene in L2 of theunknowns annot be (exept in partiular ases). In Setion 5.2.2, we preisely try to highlight thedefault of ompatness that prevents the strong onvergene in dimension 1, in presene of a �atbottom. As one shall see, the default omes from the linear operator of the Water-Waves equationswhih has quite a similar behavior as the linear operator of the wave equation. In Setion 5.3, weprove the equivalene between the Water-Waves equations and the Euler equations, whih ompletesthe study of the weak but not strong onvergene to zero in Sobolev spaes for the solutions of theEuler equation (5.1.7) in the rigid lid regime. To sum up, we give here the plan of this artile:� In Setion 5.2.2, we prove that the solutions of the linearized equation does not onvergestrongly in L2pRdq at a �xed time, in the rigid lid saling pt1 � εtq for d � 1, 2.� In Setion 5.2.3, we prove the strong onvergene in L8pr0;T r;L2�H1{2pRdqq of the solutionsof the full Water-Waves equation in rigid lid saling to the solutions of the linearized equations,for d � 1. It proves that the solutions of the full Water-Waves equations does not onvergestrongly in L8pr0;T r;L2 �H1{2pRdqq to zero, for d � 1.� In Setion 5.3, we prove the equivalene between the free-surfae Euler equations (5.1.7) andthe Water-Waves equations (5.1.5) for d � 1, 2. We show that the solutions of Euler equationsonverge weakly as ε goes to zero, to the solutions of the rigid lid equation (5.1.8). Theonvergene is therefore not strong, at least for d � 1, aording to the preeding points.5.1.5 NotationsWe introdue here all the notations used in this paper.Operators and quantitiesBeause of the use of dimensionless variables (see before the "dimensionless equations" paragraph),we use the following twisted partial operators:

∇γ � tpBx, γByq if d � 2 and ∇γ � Bx if d � 1

∆µ,γ � µB2x � γ2µB2y � B2z if d � 2 and ∆µ,γ � µB2x � B2z if d � 1

∇µ,γ � tp?µBx, γ?µBy, Bzq if d � 2 and tp?µBx, Bzq if d � 1

∇µ,γ � � ?
µBx � γ

?
µBy � Bz if d � 2 and ?

µBx � Bz if d � 1urlµ,γ � tp?µγBy � Bz, Bz �?
µBx, Bx � γByq if d � 2.Remark 5.1.4 All the results proved in this paper do not need the assumption that the typial wavelengths are the same in both diretions, ie γ � 1. However, if one is not interested in the dependeneof γ, it is possible to take γ � 1 in all the following proofs. A typial situation where γ � 1 is forweakly transverse waves for whih γ � ?

µ; this leads to weakly transverse Boussinesq systems andthe Kadomtsev�Petviashvili equation (see [40℄).For all α � pα1, .., αdq P N
d, we write Bα � Bα1

x1
...Bαd

xdand |α| � α1 � ...� αd.We use the lassial Fourier multiplier
Λs � p1�∆qs{2 on R

dde�ned by its Fourier transform as
FpΛsuqpξq � p1� |ξ|2qs{2pFuqpξq



119 5.1. INTRODUCTIONfor all u P S 1pRdq. The operator P is de�ned as
P � |Dγ|p1�?

µ|Dγ|q1{2 (5.1.12)where
FpfpDquqpξq � fpξqFpuqpξqis de�ned for any smooth funtion f of polynomial growth and u P S 1pRdq. The pseudo-di�erentialoperator P ats as the square root of the Dirihlet Neumann operator.We denote as before by Gµ,γ the Dirihlet-Neumann operator, whih is de�ned as followed in thesaled variables:

Gµ,γψ � Gµ,γrεζ, βbsψ �a1� ε2|∇γζ|2BnΦ|z�εζ � pBzΦ� µ∇γpεζq �∇γΦq|z�εζ ,where Φ solves the Laplae equation#
∆γ,µΦ � 0

Φ|z�εζ � ψ, BnΦ|z��1�βb � 0.For the sake of simpliity, we use the notation Grεζ, βbsψ or even Gψ when no ambiguity ispossible.The Dirihlet-Neumann problemIn order to study the Dirihlet-Neumann problem (5.1.4), we need to map Ωt into a �xed domain(and not on a moving subset). For this purpose, we introdue the following �xed strip:
S � R

d � p�1; 0qand the di�eomorphism
Σεt :

S Ñ ΩtpX, zq ÞÑ p1� εζpXq � βbpXqqz � εζpXq. (5.1.13)It is quite easy to hek that Φ is the variational solution of (5.1.4) if and only if φ � Φ � Σεt is thevariational solution of the following problem:#
∇µ,γ � P pΣεt q∇µ,γφ � 0

φz�0 � ψ, Bnφz��1 � 0,
(5.1.14)and where

P pΣεt q � | detJΣε
t
|J�1

Σε
t

tpJ�1
Σε

t
q,where JΣε

t
is the jaobian matrix of the di�eomorphism Σεt . For a omplete statement of the result,and a proof of existene and uniqueness of solutions to these problems, see [37℄ Chapter 2.We introdue here the notations for the shape derivatives of the Dirihlet-Neumann operator.More preisely, we de�ne the open set Γ � Ht0�1pRdq2 as:
Γ � tΓ � pζ, bq P Ht0�1pRdq2, Dh0 ¡ 0,�X P R

d, εζpXq � 1� βbpXq ¥ h0uand, given a ψ P .

Hs�1{2pRdq, the mapping:
Grε�, β�s : Γ ÝÑ Hs�1{2pRdq

Γ � pζ, bq ÞÝÑ Grεζ, βbsψ.We an prove the di�erentiability of this mapping. See Appendix 5.A for more details. We de-note djGph, kqψ the j-th derivative of the mapping at pζ, bq in the diretion ph, kq. When we onlydi�erentiate in one diretion, and no ambiguity is possible, we simply denote djGphqψ or djGpkqψ.



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 120Funtional spaesThe standard salar produt on L2pRdq is denoted by p , q2 and the assoiated norm | � |2. Wewill denote the norm of the Sobolev spaes HspRdq by | � |Hs .We introdue the following funtional Sobolev-type spaes, or Beppo-Levi spaes:De�nition 5.1.5 We denote 9Hs�1pRdq the topologial vetor spae9Hs�1pRdq � tu P L2
locpRdq, ∇u P HspRdquendowed with the (semi) norm |u| 9Hs�1pRdq � |∇u|HspRdq.Just remark that 9Hs�1pRdq{Rd is a Banah spae (see for instane [27℄).The spae variables z P R and X P R

d play di�erent roles in the equations sine the Eulerformulation (5.1.1) is posed for pX, zq P Ωt. Therefore, X lives in the whole spae R
d (whih allowsto take frational Sobolev type norms in spae), while z is atually bounded. For this reason, weneed to introdue the following Banah spaes:De�nition 5.1.6 The Banah spae pHs,kpp�1, 0q � R

dq, |.|Hs,kq is de�ned by
Hs,kpp�1, 0q � R

dq � k£
j�0

Hjpp�1, 0q;Hs�jpRdqq, |u|Hs,k � ķ

j�0

|Λs�jBjzu|2.5.2 The rigid lid limit for the Water-Waves equationsIn all this Setion, we set the bottom to zero:
β � 0.We prove that the solutions of the linearized Water-Waves equations in �at bottom onverge weaklybut non strongly in L2 as ε goes to zero, in the rigid lid regime. We then prove the strong onvergenein L8t L2

x of the solutions of the full Water-Waves equations to the solutions of the linearized equations,in the same regime, in dimension 1.Remark 5.2.1 The hypothesis "d � 1" an be removed, if one an prove a dispersive estimate forthe linear operator of the Water-Waves equation of the form of Theorem (5.2.9), in dimension d � 2.The �at bottom hypothesis seems however less easy to remove, due to tehnial reasons, suh as theomplexity of the asymptoti expansion of G with respet to the surfae when the bottom is non �at.5.2.1 Solutions of the rigid lid equationsWe reall the formulation of the rigid lid equations with a �at bottom (see also [16℄ for referene):$'''''''''''''&'''''''''''''%
BtV � pV �∇γ � 1

µ
wBzqV � �∇γP in ΩBtw � pV �∇γ � 1

µ
wBzqw � �pBzP q in Ω

w � 0

∇µ,γ � U � 0 in Ωurlµ,γpUq � 0 in Ω

U � ez � 0 for z � �1
P � ζ for z � 0

(5.2.15)
where Ω is the �xed domain

Ω � tpX, zq P R
d�1,�1 ¤ z ¤ 0u.We prove here that in fat, there is only one trivial solution to the system (5.2.15):



121 5.2. THE RIGID LID LIMIT FOR THE WATER-WAVES EQUATIONSLemma 5.2.2 Let us onsider the following div-url problem:$'''&'''%∇µ,γ � U � 0 in Ωurlµ,γpUq � 0 in Ω

U � ez � 0 for z � �1
w � 0

(5.2.16)with the above notations. Then, the unique solution in 9H1pΩq to the system (5.2.16) is U � 0.Proof The vetor �eld U � 0 is of ourse a solution to the system (5.2.16). Let us now onsider asolution U to this problem. The url free ondition over U states that there exists a potential Φ suhthat U � ∇µ,γΦ in Ω. The divergene free ondition provides ∆µ,γΦ � 0 in Ω. With the boundaryonditions (reall that w is the vertial omponent of the veloity at the surfae), the potential Φsatis�es the following Laplae equation:$'&'%∆µ,γΦ � 0 in Ω

∇µ,γΦ|z�0 � n � 0

∇µ,γΦ|z��1 � n � 0,where n denotes the upward normal vetor in the vertial diretion. It is well known (see forinstane [37℄ Chapter 2 and Appendix A) that the unique solution to this system in 9H1pΩq satis�es
∇µ,γΦ � 0.1 lLet us explain this result on a physial point of view. The rigid-lid equations are obtained aftersaling the time

t1 � εtin the free surfae Euler equations, and passing to the limit as ε goes to zero. Therefore, in theoriginal time variable, t � t1
ε
, the rigid lid limit onsists in letting the amplitude of the waves goes tozero AND moving forward in time at a rate 1

ε
. At the limit, after an in�nite time, all the interestingomponents of the waves moved to �8 and there only remains a stati �uid (U � 0) with a �atsurfae. It is possible that some vorties remain, but are not seen by the model (curlpUq � 0).5.2.2 The linearized equation around ζ � 0 in the rigid lid regimeWe prove here that the solutions to the Water-Waves equations does not onverge strongly in L2 as

ε goes to zero. To this purpose, we study the lak of ompatness indued by the linear operator ofthe Water-Waves equations. We reall that in the rigid lid regime, we perform a time saling
t1 � εt.The Water-Waves equations an be written in dimensionless form, and in the rigid lid saling:$'&'%εBtζ � 1

µ
Grεζ, 0sψ � 0

εBtψ � ζ � ε

2
|∇γψ|2 � ε

µ

pGrεζ, 0sψ � εµ∇γζ �∇γψq2
2p1� ε2µ|∇γζ|2 � 0.

(5.2.17)Sine we are interested in the onvergene as ε goes to zero, we write this system under the form:$&% εBtζ � 1

µ
G0ψ � εf

εBtψ � ζ � εg.

(5.2.18)We will treat the non-linear terms f, g present in (5.2.18) as a perturbation of the linearized equations.To this purpose, we start to study the solutions of the linearized system:#
εBtζ � 1

µ
G0ψ � 0

εBtψ � ζ � 0,
(5.2.19)1In fat the result stands even if the bottom is non �at.



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 122where G0 � Gr0, 0s is the Dirihlet Nemann operator in �at bottom and �at surfae, and is given by(see for instane [37℄ Chapter 1):
G0ψ � ?

µ|Dγ| tanhp?µ|Dγ|qψ (5.2.20)for all ψ P SpRdq. It is easy to hek that the solution ζ of (5.2.19) satis�es the following equation:
ε2Btζ � 1

µ
G0ζ � 0. (5.2.21)The equation (5.2.21) looks like a wave equation, exept that G0 is not exatly an order two operator(sine it ats like an order one operator for high frequenies). In the ase of the wave equation on R$'&'%ε2Btu� B2xu � 0

upx, 0q � u0pεBtuqpx, 0q � u1,with u0, u1 smooth, the solutions have omponents of the form
u0px� 1

ε
tq � u0px� 1

ε
tq(plus other terms we do not detail). Eah of these two omponents onverges pointwise to 0 as εgoes to zero (sine u0pt, xq ÝÑ|x|Ñ�8 0) and does not onverge strongly in L2pRq, sine for instane its

L2pRq norm does not depend on ε. The same behavior, ombined with some dispersive e�ets standsfor (5.2.21). We start to give an existene result for the linearized equations (5.2.19). Note that itis not di�ult to prove formally that if pζ, ψq is the solution of (5.2.19), then the following quantity,alled "Hamiltonian" is onserved through time:
1

2µ
pG0ψ, ψq2 � 1

2
|ζ|22.Therefore, we introdue the following operator:

P � |Dγ|p1�?
µ|Dγ|q1{2 .Note that P has the same behavior as the square root of G0 de�ned by (5.2.20).Proposition 5.2.3 Let s ¥ 1. Let also ζ0 P HspRdq and ψ0 be suh that Pψ0 P HspRdq. Then,there exists a unique solution pζ, ψq to the equation:$'&'%εBtζ � 1

µ
G0ψ � 0

εBtψ � ζ � 0pζp0, Xq, ψp0, Xqq � pζ0pXq, ψ0pXqq (5.2.22)suh that pζ,Pψq P CpR, HspRdqq X C1pR, Hs�1pRdqq. Moreover, one has:�t P R,

�
ζ

ψ


 ptq � e� t
ε
L

�
ζ0
ψ0


where
etL � 1

2

�
1 �iωpDq� 1
iωpDq 1



e�iωpDqt � 1

2

�
1 iωpDq
1

iωpDq 1



eiωpDqt (5.2.23)and

ωpDq �d |Dγ| tanhp?µ|Dγ|q?
µ

. (5.2.24)Remark 5.2.4 The notation etL refers to the linear operator of the Water-Waves, de�ned by
L � �0 � 1

µ
G0

1 0



.



123 5.2. THE RIGID LID LIMIT FOR THE WATER-WAVES EQUATIONSProof Let us �x s ¥ 1, and pζ0, ψ0q P HspRdq2. If pζ, ψq is a solution to (5.2.22), then ζ satis�esthe following equation: $'''&'''% ε2B2t ζ � 1

µ
G0ζ � 0

ζpx, 0q � ζ0pεBtζqpx, 0q � ζ1,

(5.2.25)in the spae CpR, HspRdqq X C1pR, Hs�1pRdqq, with ζ1 � 1
µ
G0ψ0. As usual, we take the Fouriertransform in spae of the equation (5.2.25) and we denote pζpt, ξq the Fourier transform of ζ withrespet to the variable X for a �xed t. The distribution xBtζof S 1pR�R

dq is equal to the distributionBtpζ using the Banah-Steinhaus theorem. We therefore get the following equation in the distributionalsense of S 1pR� R
dq: $'&'%ε2B2t pζ � 1?

µ
|ξγ| tanhp?µ|ξγ|qpζ � 0pζpξ, 0q � pζ0pξqpεBtpζqpξ, 0q � pζ1pξq.It is then easy to hek that the unique solution to this equation is given bypζpξ, tq � p pζ0pξq � iωpξqxψ0pξq

2
q expiωpξq t

ε �p pζ0pξq � iωpξqxψ0pξq
2

q exp�iωpξq t
ε (5.2.26)with

ωpξq �d |ξγ| tanhp?µ|ξγ|q?
µsuh that 1

µ
G0 � ωpDq2. The desired regularity is easy to get by notiing that

ωpξqxψ0pξq � |ξγ|p1�?
µ|ξγ|q1{2xψ0

d
tanhp?µ|ξγ|qp1�?

µ|ξγ|q?
µ|ξγ|�zPψ0

d
tanhp?µ|ξγ|qp1�?

µ|ξγ|q?
µ|ξγ| .with Pψ0 P HspRdq and that there exists C1, C2 ¡ 0 independent of µ, ε suh that:�ξ P R

d, C1 ¤d tanhp?µ|ξγ|qp1�?
µ|ξγ|q?

µ|ξγ| ¤ C2.The same method applies for ψ and one gets that if pζ, ψq satis�es (5.2.22), then neessarily:pψpt, ξq � xψ0 cospωpξq t
ε
q � sinpωpξq t

ε
q

ωpξq pζ0. (5.2.27)It is easy to hek that pζ, ψq given by (5.2.26), (5.2.27) is a solution to the system (5.2.19). lThe osillating omponent of the solution of the linearized Water-Waves equations (5.2.22) ap-pears in the expliit formula (5.2.26), but we need to prove an osillating phase method type resultin order to onlude to the weak onvergene to zero and strong non-onvergene. The phase ω isatually not di�erentiable at ξ � 0, whih prevent the diret use of standards results on stationaryphase methods.Proposition 5.2.5 Let t ¡ 0 and u P C1
0 pRdq. Then, one has»

Rd

expi
t
ε
ωpξq upξqdξ ÝÑ

εÑ0
0.



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 124Proof One an ompute:�ξ � 0, p∇ωqpξq � tanhp|ξγ|q � |ξγ|p1� tanh2p|ξγ|qq
2
a|ξγ| tanhp|ξγ|q ξ|ξγ| . (5.2.28)It is easy to see that ∇ω does not vanish for ξ � 0. It is also easy to show that ω is not di�erentiablein ξ � 0. But the derivative ∇ω stay bounded as ξ goes to zero. We treat separately the ases d � 1and d ¡ 1.- Case d � 1 One writes»

R

expi
t
ε
ωpξq upξqdξ � » 0�8 expi

t
ε
ωpξq upξqdξ � » �8

0

expi
t
ε
ωpξq upξqdξ. (5.2.29)Sine ω is right and left di�erentiable in ξ � 0, aording to the expression (5.2.28), one an usestandard methods of stationary phase. Indeed, one an write:» 0�8 expi

t
ε
ωpξq upξqdξ � ε

ti

» 0�8 1

ω1pξq ddξ pexpi tεωpξqqupξqdξ� ε

ti

up0q
ω1�p0qei tεωp0q � ε

ti

» 0�8 ei tεωpξq ddξ p upξq
ω1�pξq qdξwhere ω1�p0q and ω1�p0q are respetively the right and left derivatives of ω at ξ � 0. We then getthe desired result. The same goes for the seond integral of (5.2.29).- Case d ¡ 1 We use the standard integrating by part method for the trunated integral:»|ξ|¥δ ei tεωpξqupξqdξ � »|ξ|¥δ εit 1|ω1pξq|2 ḑ

j�1

BBξj ωpξq BBξj pei tεωpξqqupξqdξ� ε

it

»|ξ|�δ 1|ω1pξq|2 ḑ

j�1

BBξj ωpξqei tεωpξqupξqnjdσpξq� ε

it

»|ξ|¥δ ḑ

j�1

BBξj p 1|ω1pξq|2 BBξj ωpξqupξqqei tεωpξqdξ (5.2.30)where nj stands for the j-th omponent of the normal external vetor at the surfae |ξ| � δ. Now,one an hek that:
1|ω1pξq|2 BBξj ωpξq � 2ξj

a|ξγ| tanhp|ξγ|q|ξγ| tanhp|ξγ|q � p1� tanh2p|ξγ |qq|ξγ|2and thus this funtion is bounded as ξ goes to zero. Moreover, one an hek by omputation that| BBξj p 1|ω1pξq|2 BBξj ωpξqq| ¤ C|ξ|as ξ goes to zero, and onsequently this funtion is integrable at ξ � 0 (remember that d ¡ 1 here).Therefore, one an pass the limit as δ goes to zero in the formula (5.2.30) and get»
Rd

ei
t
ε
ωpξqupξqdξ � � ε

it

»
Rd

ḑ

j�1

BBξj p 1|ω1pξq|2 BBξj ωpξqupξqqei t
ε
ωpξqdξand we get the desired result.lNow it is easy to prove the following result:Theorem 5.2.6 Let s ¥ 1. Let pζ0, ψ0q be suh that pζ0,Pψ0q P HspRdq. Then, for all t P R, thesolution pζ, ψqptq of the system (5.2.19) onverges weakly to zero, and does not onverge strongly, in

L2pRdq.



125 5.2. THE RIGID LID LIMIT FOR THE WATER-WAVES EQUATIONSProof We prove it for ζ. We �rst assume that pζ, pψ P C1
0 pRdq. The weak onvergene to zero is aonsequene of the expliit formulation of the solution given by (5.2.26) and the Proposition 5.2.5.To prove the strong non onvergene, one omputes:|ζpt, .q|22 � 1p2πqd |pζpt, .q|22� 1p2πqd »Rd

1

2

�p1� cosp2ωpξq t
ε
qq| pζ0pξq|2� ωpξq2p1� cosp2ωpξq t

ε
qq|xψ0pξq|2��Rep pζ0xψ0qpξq sinp2ωpξq t

ε
qdξwhere we expanded the square modulus of the expliit formulation of pζ given by (5.2.26). We anthen onlude, using Proposition 5.2.5 to the following onvergene:|ζ|22 ÝÑ

εÑ0

1

2
p|ζ0|22 � |ωpDqψ0|22qand thus ζpt, .q does not onverge strongly to zero.For the general ase, one proeeds by density of C1

0 pRdq in L2pRdq. lRemark 5.2.7 As explained above, if ζ, ψ is a solution to (5.2.22), then the Hamiltonian
1

2µ
pG0ψ, ψq2 � 1

2
|ζ|22is onserved through time. Sine 1

µ
pG0ψ, ψq2 � |Pψ|22, the strong onvergene of both ζ and ψ to zeroannot happen (exept for zero initial onditions). However, it would have been possible that sometransfers of energy our between ζ and ψ, with one of the unknown strongly onverging to zero. TheTheorem 5.2.6 states that suh behavior does not happen.5.2.3 Lak of strong onvergene for the full Water-Waves equations indimension 1In all this setion, we work with a �at bottom and in dimension 1:

d � 1, b � 0.The study in dimension 2 should however not be hard to do, if one gets a dispersive estimate of theform of Theorem 5.2.9 for the Water-Waves operator in dimension 2. In the previous setion, weproved that the solutions of the linearized Water-Waves equations (5.2.19) weakly onverge as ε goesto zero in L2pRq, and do not onverge strongly. We now establish a similar result for the solutionsof the full nonlinear Water-Waves system (5.1.9). To this purpose, we write this system under theform: #
εBtζ � 1

µ
G0ψ � εf

εBtψ � ζ � εgwith
f � 1

µε
pGrεζ, 0sψ � G0ψqand

g � �p1
2
|∇γψ|2 � 1

µ

pGrεζ, 0sψ � εµ∇γζ �∇γψq2
2p1� ε2µ|∇γζ|2 q.Remark 5.2.8 As suggested by the notations, the quantity f is of size Op1q with respet to ε (al-though it has a 1

ε
fator), as given by the asymptoti extension of Grεζ, 0s given later in Proposition5.2.13. We are going to treat the non-linear terms f, g as perturbations of the linear equation as εgoes to zero.



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 126For this proof, we need to use a dispersive estimate for the linear Water-Waves equations with�at bottom, proved in [48℄:Theorem 5.2.9 Let
ω :

$'&'%R ÝÑ R

ξ ÞÝÑd |ξ| tanhp?µ|ξ|q?
µ

.Then, there exists C ¡ 0 independent on µ suh that, for all µ ¡ 0:�t ¡ 0, �ϕ P SpRq |eitωpDqϕ|8 ¤ Cp 1

µ1{4 1pt{?µq1{8 � 1pt{?µq1{2 qp|ϕ|H1 � |xBxϕ|2q.Remark 5.2.10 The dispersion in 1
t8

stated by this Theorem is absolutely not optimal. Atually,one should expet a deay of order 1
t1{3 in dimension 1 (see for instane [48℄ for variants of Theorem5.2.9). However, the 1

t1{8 deay su�es to prove the main result of this setion.In view of use of Theorem 5.2.9, we also need a loal existene result in weighted Sobolev spaes,proved also in [48℄. For all N P N, we de�ne ENx by
ENx � EN pζ, ψq � ¸

1¤|α|¤N�2

|xζpαq|22 � |Pxψpαq|22.Theorem 5.2.11 Let us onsider the assumption of Theorem 5.1.1, and then onsider pζ, ψq theunique solution provided by the Theorem 5.1.1, of the Water-Waves equation (5.1.9). If pζ0, ψ0q P ENx ,then one has pζ, ψq P L8pr0;T s, ENx q,with pζ, ψqL8pr0;T s,EN
x q ¤ C2.We now state the main result of this setion:Theorem 5.2.12 Let pζ0, ψ0q be suh that pζ0, ψ0q P ENx . Let denote T ¡ 0, pζWW , ψWW q thesolution of the Water-Waves equations (5.1.9) in pζ, ψq P L8pr0;T s, ENx q given by Theorem 5.1.1 onr0;T s and pζL, ψLq the solution of the linearized equation (5.2.19) given by Proposition 5.2.3, bothwith initial ondition pζ0, ψ0q. Then, one has:|pζL,PψLq � pζWW ,PψWW q|L8pp0;T q;L2pRqq ¤ p ε1{8

µ3{16 � ε1{2µ1{4qC2 (5.2.31)where C2 is given by Theorem 5.1.1.Proof In all this proof, we will denote by CN any onstant of the form
CN � CpENx pζ0, ψ0q, 1

hmin

,
1

a0
q (5.2.32)where C is a non dereasing funtion of its arguments. Let us de�ne pζ, ψq � pζWW ,PψWW q �pζL,PψLq whih is de�ned on r0;T s. We use the evolution operator e t

ε
L de�ned by (5.2.23) to write:Btpe t

ε
L

�
ζ

ψ


q � e
t
ε
LF p�ζ

ψ


qptqwhere
F p�ζ

ψ


q � � 1
µε
pGpεζ, 0qψ � G0ψq� 1

2
|∇γψ|22 � 1

µ

pGpεζ,0qψ�εµ∇γζ�∇γψq2
2p1�ε2µ|∇γζ|2q � (5.2.33)and thus one has �t P r0;T s, �

ζ

ψ


 � » t
0

e
s�t
ε
LF p�ζ

ψ


qpsqds. (5.2.34)



127 5.2. THE RIGID LID LIMIT FOR THE WATER-WAVES EQUATIONSWe set A � �I 0

0 P


 and look for a estimate of the L2 norm of A tpζ, ψq. The proof onsists inusing the deay estimate of the linear operator etL of the Water-Waves equation of Theorem 5.2.9.More preisely, the operator F is "almost" bilinear (at least up to a Opεq order term), whih allowsus to ontrol the L2 norm of the integral (5.2.34) by writing estimates of the form| » t
0

Ae
s�t
ε
LF p�ζ

ψ


qpsqds|2 ¤ | » t
0

Ae
s�t
ε
LBp�ζ

ψ



,

�
ζ

ψ


qpsqds|2 � εCwhere C does not depend on ε, and with B a bilinear operator. The proof then onsists in usinga Strihartz type of estimate, using the dispersive nature of eitL, given by Theorem 5.2.9 to get aontrol of the remaining integral of the form| » t
0

e
s�t
ε
LBp�ζ

ψ



,

�
ζ

ψ


qpsqds|2 ¤ pεq1{8tαwith α ¡ 0.We start to write F under the form F � B � εR where B is bilinear, and R is a least of size
Op1q with respet to ε. To this purpose, realling that F is given by (5.2.33), we get inspired bythe following Proposition, whih gives an asymptoti extension of Grεζ, 0s (see [37℄ Proposition 3.44)with respet to ε:Proposition 5.2.13 Let t0 ¡ d{2, s ¥ 0 and k � 0, 1. Let ζ P Hs�pk�1q{2XHt0�2pRdq be suh that:Dhmin ¡ 0,�X P R

d, 1� εζpXq ¥ hminand ψ P Hs�k{2pRdq. We get:|Gψ � G0ψ � εG1|Hs�1{2 ¤ ε2µ
3�k
4 Cp 1

hmin

, µmax, |ζ|Ht0�1 , |ζ|Hs�pk�1q{2q|Pψ|Hs�k{2,where G1 � �G0pζpG0�qq � µ∇γ � pζ∇γ �q.We therefore write
1

µε
pGpεζ, 0q � G0qψ � 1

µ
G1 � 1

µε
pG1 � G0 � Gpεζ, 0qqψ (5.2.35)where the seond term of the right hand side satis�es the following estimate, using Proposition 5.2.13with k � 1 and s � 1{2:| 1

µε
pG1 � G0 � Gpεζ, 0qq|2 ¤ Cp 1

hmin

, µmax, |ζ|Ht0�1 , |ζ|H1{2�1q|Pψ|H1. (5.2.36)The seond omponent of F (reall that it is given by (5.2.33)) is easier to deompose, and usingProposition 5.A.1 one gets�1

2
|∇γψ|2 � 1

µ

pGpεζ, 0qψ � εµ∇γζ �∇γψq2
2p1� ε2µ|∇γζ|2q � �1

2
|∇γψ|2 � 1

µ
pGpεζ, 0qψq2 � εRpψq (5.2.37)with |Rpψq|2L ¤ CN , (5.2.38)where CN is given by (5.2.32). Using (5.2.35) with the ontrol (5.2.36), and (5.2.37) with the ontrol(5.2.38), one gets:

F p�ζ
ψ


q � Bp�ζ
ψ


q,�ζ
ψ


qq � εR

�
ζ

ψ


q (5.2.39)with
Bp�ζ

ψ


q,�ζ
ψ


qq � � 1
µ
G1ψ� 1

2
|∇γψ|2 � 1

µ
Gpεζ, 0qψq2
 (5.2.40)
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ψ


q|2 ¤ CN . (5.2.41)We therefore get, using (5.2.39) and (5.2.41) (reall that CN is a onstant of the form (5.2.32)):| » t
0

Ae
s�t
ε
LF p�ζ

ψ


qpsqds|2 ¤ | » t
0

e
s�t
ε
LABpsqds|2 � εCN .We denote in the following lines p�, �qL2

x
the L2 salar produt with respet to the spae variable.One writes: | » t

0

e
s�t
ε
LABpsqds|22 � | » t

0

» t
0

pe s�t
ε
LABpsq, eu�t

ε
LABpuqqL2

x
duds|.Now, note that AeitL is sum of terms of the form�

1 iωpDq� P
iωpDq P



eitωpDqand therefore, we are led to estimate terms of the form» t

0

» t
0

pe s�t
ε
Lf2psq, eu�t

ε
Lf1puqqL2

x
duds, (5.2.42)where f1, f2 are terms of the form

1

µ
G1, ωpDq 1

µ
Gpεζ, 0q2, ωpDq|∇γψ|2, P

ωpDq 1µG1, P
1

µ
Gpεζ, 0q2, P|∇γψ|22.(5.2.43)One has to notie that the ontrol related to the latter three terms an be dedued from the ontrolof the �rst three terms sine P ats like the square root ωpDq of G0. Indeed, one has

ωpDq � |Dγ|p1�?
µ|Dγ|q1{2d tanhp?µ|Dγ|qp1�?

µ|Dγ|q?
µ|Dγ|� P

d
tanhp?µ|Dγ|qp1�?

µ|Dγ|q?
µ|Dγ|and there exists C1, C2 ¡ 0 independent of µ, ε suh that:�ξ P R

d, C1 ¤d tanhp?µ|ξγ|qp1�?
µ|ξγ|q?

µ|ξγ| ¤ C2. (5.2.44)We now estimate terms of the form (5.2.42) using a similar tehnique as for Strihartz estimates fordispersives PDE's. One omputes, using the symmetry of eitL:» t
0

» t
0

pe s�t
ε
Lf2psq, eu�t

ε
Lf1puqqL2

x
duds � » t

0

» t
0

pf2psq, eu�s�2t
ε

Lf1puqqL2
x
duds.Now reall that fi are of the form (5.2.43). We are not treating all the possible ases, but only themost di�ult one (the others are treated by the same tehnique), whih is f1 � f2 � 1

µ
G1ψ. Usingthe de�nition of G1 given in Proposition 5.2.13, one omputes, integrating by parts:» t

0

» t
0

pf2psq, eu�s�2t
ε

Lf1puqqL2
x
duds� » t

0

» t
0

p� 1

µ
G0pζG0pψqqpsq �∇γ � pζ∇γψqpsq, eu�s�2t

ε
L 1

µ
G1ψpuqqL2

x
duds� » t

0

» t
0

p� 1

µ
ζG0pψqpsq, eu�s�2t

ε
LG0

1

µ
G1puqqL2

x
� pζ∇γψpsq, eu�s�2t

ε
L∇γ 1

µ
G1ψpuqqL2

x
duds. (5.2.45)



129 5.2. THE RIGID LID LIMIT FOR THE WATER-WAVES EQUATIONSWe only ontrol the �rst integral of the right hande side of (5.2.45) (the other one is estimated by asimilar tehnique). We set
f̃2 � � 1

µ
ζG0ψpsq, f̃1 � G0

1

µ
G1ψpuq (5.2.46)and we now use the dispersive estimate of Theorem 5.2.9:| » t

0

» t
0

pf̃2psq, eu�s�2t
ε

Lpf̃1qL2
x
duds| ¤ » t

0

» t
0

|f̃2|L1
x
|eu�s�2t

ε
Lpf̃1q|L8x¤ CN

» t
0

» t
0

ε1{8
µ3{16 1p2t� u� sq1{8� ε1{2µ1{4p2t� u� sq1{2 p|f̃1puq|H1

x
� |xBxf̃1puq|L2

x
qduds¤ p ε1{8

µ3{16 t7{8 � ε1{2µ1{4t3{2qCNif one an prove the following ontrols:
sup

uPr0;T s|f̃2puq|L1
x
� |f̃1|H1

x
� |xBxf̃1puq|L2

x
¤ CN , i � 1, 2. (5.2.47)One has, using Cauhy-Shwarz inequality:|f̃2puq|L1

x
¤ |ζ|2| 1

µ
G0ψ|2¤ |ζ|2|Pψ|H1¤ CNwhere we used Proposition 5.A.1 with ζ � b � 0 to ontrol 1

µ
G0ψ. We now fous on the most di�ultterm of (5.2.47) whih is |xBxG0

1
µ
G1ψ|L2

x
. We use again the de�nition of G1 given by Proposition5.2.13, and we ontrol 1

µ
|xBxG0G0pζG0pψqq|2 (the other one is similar). One omputes:

1

µ
|xBxG0G0pζG0pψqq|2 ¤ 1

µ
|xG2

0pBxζqG0ψ|2 � 1

µ
|xG2

0pζG0pBxψqq|2. (5.2.48)We only ontrol the �rst term of the right hand side of (5.2.48) (the other one is similar):|xG2
0pBxζqG0ψ|2 ¤ |G2

0xpBxζqG0ψ|2 � |rx,G2
0spBxζqG0ψ|2.Now, note that for all f P SpRq, one has:|rx,G2

0 sf |2 � | d
dξ
p?µ|ξ| tanhp?µ|ξ|qq2 pf |2¤ µ2|f |H3using the de�nition of G0 given by (5.2.20). Therefore, one has:

1

µ
|xG2

0pBxζqG0ψ|2 ¤ µ|xpBxζqG0ψ|H4 � µ|pBxζqG0ψ|H3¤ µ2|xpBxζq|H4 |G0ψ|H4 ,where we used the gross estimate |G2
0u| ¤ |u|H4. One an onlude using Proposition 5.A.1 with

ζ � b � 0, and Theorem 5.2.11.This ahieves the proof of the ontrols (5.2.47).Conlusion: We proved|pζ,Pψqptq|2 ¤ p ε1{8
µ3{16 t7{8 � ε1{2µ1{4t3{2qCN .One an then take the supremum over t P r0;T s and get the desired result. l.



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 130It is very important to note that the strong onvergene stated by Theorem 5.2.12 does not standanymore if µ is related to µ. For instane, if ε � µ3{2, the result is not true anymore. In this ase,the dispersive e�ets would be at the same size as the non-linear e�ets, and one should expet abehavior of solutions similar to ones of the Korteweg de Vries's equation. In partiular, it is nolonger possible to treat the non-linearities f, g as perturbations of the linearized system. If ε ! µ3{2,then the non-linear e�ets are dominants on the dispersive e�ets, and one should expet breakingwaves. This is the main interest of having a dispersive result of the form of Theorem 5.2.9 whihdepends on the small parameters.It is now easy to prove the following Corollary:Corollary 5.2.14 Let pζ0, ψ0q be suh that pζ0, ψ0q P ENx . Let denote T ¡ 0, pζ, ψq the solution ofthe Water-Waves equations de�ned on r0;T s of (5.1.9). Then, pζ,Pψq onverge weakly to zero in
L8t L2

x and does not onverge strongly in this spae.Proof Let us denote pζL, ψLq the solution of the linearized equation (5.2.19) with initial onditionpζ0, ψ0q given by Theorem 5.2.11 on r0;T s (just take ε � 0 in the equation (5.1.9) to get the solutions).Using Proposition 5.2.3, one has pζL, ψLqptq � e� t
ε
Lpζ0, ψ0q.Using the de�nition of etL given by (5.2.23), ζ,Pψ, are sum of terms of the form e

itωpDq
ε pζ0, ψ0q andtherefore one has, using the dispersive estimate of Theorem 5.2.9:�t P r0;T s, |pζLptq,PψLptqq| ¤ p ε1{8

µ3{16 t7{8 � ε1{2µ1{4t3{2qp|pζ0,Pψ0q|H1 � |xBxζ0, PxBxψ0q|L2and therefore one gets the weak onvergene of pζ,Pψq in L8pp0;T q;L2
xpRqq as ε goes to zero. Theonvergene is not strong in L8pp0;T q;L2

xpRqq sine the quantity
1

2µ
pG0ψ, ψq2 � 1

2
|ζ|22 � 1

2
p|Pψ|22 � |ζ|22qis onserved through time.Now, aording to Theorem 5.2.12, pζ,Pψq � pζL, ψLq onverges strongly to zero as ε goes tozero in L8pp0;T q;L2

xpRqq. Therefore, pζL, ψLq onverges weakly, but not strongly as ε goes to zero,in this spae. l5.3 Equivalene between free surfae Euler and Water-WaveequationIn all this Setion, we do not make any assumption on the dimension, and we set the bottom to zero:
d � 1, 2, b � 0.We onsider the standard dimensionless version of the Water-Waves equations with �at bottom:$'&'%Btζ � 1

µ
Grεζ, 0sψ � 0Btψ � ζ � ε

2
|∇γψ|2 � ε

µ

pGrεζ, 0sψ � εµ∇γζ �∇γψq2
2p1� ε2µ|∇γζ|2 � 0.

(5.3.49)In Setion 5.2, we studied the rigid lid limit for the Water-Waves equations (5.2.17). In orderto omplete the study of the rigid lid equations (5.2.15), we study in this Setion the rigid lid limitfor the Euler equations (5.1.7). To this purpose, we prove that one an build rigorously solutions tothe free surfae Euler equations from the solutions of the Water-Waves equations. The �rst problemis to de�ne rigorously a solution to the free surfae Euler equations. Beause the free surfae Eulerequations (5.1.7) are posed on a domain Ωεt whih depends on ε and t, we have to be areful withthe funtional spaes used. The idea is that, by hypothesis, the height 1� εζpt,Xq of the water is



131 5.3. EQUIVALENCE BETWEEN FREE SURFACE EULER AND WATER-WAVE EQUATIONbounded with respet to X P R
d at a �xed time t. By ontinuity in time, we an inlude Ωεt in a�xed strip S�, whih does not depends either on t nor ε.We an then de�ne rigorously what is a solution to the Euler equation (5.1.7): it is pU, P q livingin a funtional spae like "ontinuous in time with value to a Sobolev-type spae in X on the �xedstrip S�" suh that there exists T ¡ 0 suh that, for all 0 ¤ t ¤ T , the derivative (in the sense ofthe distributions of D1

X,z,tpr0, T s � S�q) satis�es the equalities of (5.1.7).5.3.1 Main resultIn order to extrat a onvergent sub-sequene of solutions to the Water-Waves equations (5.3.49)as ε goes to zero, we need some ompatness results. Indeed, a spae suh as Cpr0;T s;HNpRdqq isnot ompatly embedded into L8pr0;T s;HNpRdqq. We need a ontrol for time derivatives of theunknowns. For this reason, the stated loal existene Theorem 5.1.1 is not su�ient. We reall herea slightly di�erent version, inluding time derivatives in the energy spae. The following frameworkis used for instane to prove the loal existene for the Water-Waves equations with surfae tensionin [37℄ Chapter 9, and in [50℄ for a long time existene result. We �rst introdue the following energy:De�nition 5.3.1 Let N ¥ 1 and t0 ¡ d{2. We de�ne
EN1 � |Pψ|2

Ht0�3{2 � ¸
αPNd�1,|α|¤N |ζpαq|22 � |Pψpαq|22 (5.3.50)with

ζpαq � Bαζ, ψpαq � Bαψ � εwBαζand
w � Gψ � εµ∇γζ �∇γψ

1� ε2µ|∇γζ|2with the notation: �α � pα1, ..., αd, kq P N
d�1, Bα � Bα1

X1
...Bαd

X2
Bkt .Remark 5.3.2 � It is very important to notie that we onsider here also time derivatives inthe energy.� We reall that w oinides as suggested with the horizontal omponent of the veloity evaluatedat the surfae.We now give a slightly di�erent version of the loal existene Theorem for the Water-Wavesequations (5.3.49) proved by Alvarez-Samaniego and Lannes (see also [37℄ Chapter 4 and Chapter9):Theorem 5.3.3 (Alvarez Samaniego,Lannes) Let t0 ¡ d{2, N ¡ t0 � t0 _ 2� 3{2, and pε, µ, γqbe suh that

0 ¤ ε, µ, γ ¤ 1.Let pζ0, ψ0q with EN1 pζ0, ψ0q   8, where EN1 is de�ned by (5.3.50). We assume that:Dhmin ¡ 0, Da0 ¡ 0, 1� εζ0 ¥ hmin and apζ0, ψ0q ¥ a0.Then, there exists T ¡ 0 and a unique solution pζ, ψq P Cpr0;T s;Ht0�2 � 9H2pRdqq to the Water-Waves equation (5.3.49) suh that EN1 pζ, ψq P L8pr0; Tε sq. Moreover, one has
1

T
� C1 and sup

tPr0;T
ε
sEN1 ptq � C2with Ci a onstant of the form Ci � CpEN pζ0, ψ0q, 1

hmin
, 1
a0
q for i � 1, 2.We use from now on the notations Hs,k for the Beppo-Levi spaes, and Σεt for the di�eomorphismfrom the �at strip to the water domain (see Setion 5.1.5 for notations). We also reall that Ωεt denotethe domain oupied by the water at time t. We now state the main result of this Setion:



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 132Theorem 5.3.4 Under the hypothesis of Theorem 5.3.3, let T ¡ 0 be given by Theorem 5.3.3. Then,for all ε ¡ 0, there exists a �at strip S� � R
d � p�pk � 1q; kq with k ¥ 1 and pUε, ζε, P εq where

Uε � pV ε, wεq in the following spaes:$'&'%�k ¤ N, Bkt Uε P L8pp0; Tε q;HN�k�1{2,N�k�1pS�qd�1q�k ¤ N, Bkt ζε P L8pr0; Tε s;HN�kpRdqq�k ¤ N, Bkt P ε P L8pp0; Tε q;HN�k�1{2,N�k�1pS�qq (5.3.51)with bounds uniform in ε in these spaes, suh that for all t P r0; T
ε
s, for all ε ¡ 0, the domain Ωεt isinluded in S�. Moreover, pV ε, wε, ζε, P εq satisfy in the sense of the distributions of D1

X,z,tpr0, Tε s�
S�q the Euler equations (5.1.7).The proof follows these steps:� We laim some regularity for the veloity potential φ solving (5.1.14) on the �xed strip S �

R
d � p�1; 0q.� We extend φ to a larger strip than S.� We reover regularity for the veloity potential Φ de�ned originally on the water domain by

φ � Φ � Σεt , after de�ning it on a large strip ontaining all the �uid domain Ωεt for all t, ε.5.3.2 Regularity of the solutions of the Water Waves problemAording to Theorem 5.3.3, for all ε, there exists a unique solution pζε, ψεq to (5.3.49) on a timeinterval r0, T
ε
s, with T only depending on the initial energy (and not on ε), with the following ontrol:�t P r0; T

ε
s, E

N
1 pUεqptq ¤ C2 (5.3.52)with C2 a onstant of the form CpEN1 pζ0, ψ0q, 1

hmin
, 1
a0
q, where EN1 is de�ned by (5.3.50). We anthen prove the following regularity result:Proposition 5.3.5 Let pζε, ψεq be the solution of 5.3.49 given by Theorem 5.3.3, and T ¡ 0 suhthat (5.3.52) is satis�ed. Then, the following regularity results stand:1) For all 0 ¤ k ¤ N , one has:Bkt ζε P L8pr0; Tε s;HN�kpRdqq and |Bkt ζε|L8pr0;T

ε
s;HN�kpRdqq ¤ C2;2) For all 0 ¤ k ¤ N � 1, one has:BktPψε P L8pr0; Tε s;HN�k�1{2pRdqq and |BktPψε|L8pr0;T

ε
s;HN�k�1{2pRdqq ¤ C2,with C2 a onstant of the form CpEN pζ0, ψ0q, 1

hmin
, 1
a0
q.Proof Reall that the energy is:

EN pUq � |Pψ|2
Ht0�3{2 � Σ

αPNd�1,|α|¤N|ζpαq|22 � |Pψpαq|22.1) Sine the time derivatives of the unknowns appear in the energy, the ontrol given by (5.3.52)implies that for all 0 ¤ k ¤ N , Bkt ζε is in L8t pHN�kpRdqq, with the desired estimate.2) Let us �x k suh that 0 ¤ k ¤ N � 1. We have to get a ontrol of PBkt Bαψ by Pψpα,kq.Adapting a proof from Lemma 4.6 in [37℄, one omputes:|PBkt ψ|HN�k�1{2 ¤ ¸
βPNd,|β|¤N�1�k |PBkt Bβψ|H1{2¤ ¸
βPNd,|β|¤N�1�kp|Pψpβ,kq|H1{2 � ε|PpwBkt Bβζq|H1{2q



133 5.3. EQUIVALENCE BETWEEN FREE SURFACE EULER AND WATER-WAVE EQUATIONwhere we used the de�nition of ψpβ,kq given by De�nition 5.3.1. We now use the identity |Pf |H1{2 ¤
maxt1, µ�1{4u|∇f |2 to onlude:|PBkt ψ|HN�k�1{2 ¤ ¸

βPNd,|β|¤N�1�kp|Pψpβ,kq|H1 � εmaxt1, µ�1{4u|w|Ht0�1 |Bkt ζ|HN�kq.One already has by the �rst point that |Bkt ζ|HN�k ¤ C2. Using Proposition 5.A.1, we have |w|Ht0�1 ¤
µ3{4M |Pψ|Ht0�3{2 ¤ C2. We now ontrol ψpβ,kq in H1 norm, for all |β| ¤ N � 1� k. One omputes:|Pψpβ,kq|H1 ¤ |Pψpβ,kq|2 � ¸

δPNd,|δ|�1

|BβPψpβ,kq|2¤ |Pψpβ,kq|2 � ¸
δPNd,|δ|�1

p|Pψpβ�δ,kq|2 � ε|PpBδwBkt Bβζq|2q.Sine |β � δ| � k ¤ N , the �rst omponent of the right hand side from above is ontrolled by aonstant of the form C2. For the seond omponent, we use the identity:DC ¡ 0, �f P SpRdq, |Pf | ¤ Cµ�1{4|f |H1{2where C does not depend on µ. Therefore,|PpBδwBβζq|2 ¤ Cµ�1{4|BδwBβζ|H1{2 ¤ Cµ�1{4|w|Ht0�1 |Bkt ζ|HN�k .We now use as before Proposition 5.A.1 to ontrol µ�1{4|w|Ht0�1 by C2 and we remark that |Pψpβ�δ,kq|2 ¤
C2 for all |β � δ| � k ¤ N . We obtained the ontrol:|PBkt ψ|HN�k�1{2 ¤ C2with C2 independent on the time. Taking the supremum on time over r0; T

ε
s, one gets the desiredresult. lIn order to de�ne a veloity U � ∇µ,γΦ on the �uid domain Ωεt , where Φ solves the Dirihlet-Neumann problem (5.1.6) on the �uid domain, we �rst study the regularity of φ where φ is thesolution of the Dirihlet-Neumann problem (5.1.14) on the �at strip S � R

d�p�1; 0q. We reall therelation φ � Φ � Σεt , where Σεt is the di�eomorphism de�ned by (5.1.13).Proposition 5.3.6 Let φ be the unique variational solution to (5.1.14). We have, for all 0 ¤ k ¤
N � 1: Bkt∇µ,γφ P L8pp0, T

ε
q;HN�k�1{2,N�k�1pSqqwith |Bkt∇µ,γφ|L8pp0,T

ε
q;HN�k�1{2,N�k�1pSqq ¤ C2where C2 is a onstant of the form CpEN pζ0, ψ0q, 1

hmin
, 1
a0
q.This notation is a bit heavy, but we have to deal with the fat that we only use integer derivativesin z.Proof Using the notations of the Proposition 5.A.8, we reall that:

φ � Aψpζ, 0q.By taking the derivative in time, Bkt φ is sum of terms of the form:
djABk�j

t ψ
pζ, 0qpBl1t ζ, ..., Bljt ζqwith 0 ¤ j ¤ k and l1 � ... � lj � j. Let lmax � max

1¤m¤jlm. We assume lmax � l1 by symmetry. Wethen have two ases:



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 1341) Case l1 ¤ N�t0�1. By using Proposition 5.A.8, with t10 � N�l1�1 (note that t10 ¥ t0 ¡ d{2)and s ¤ N � k � 1{2 we have:|Λs∇µ,γdjABk�j
t ψ

pζ, 0qpBl1t ζ, ..., Bljt ζq|2 ¤ ?
µM0

j¹
m�1

|εBlmt ζ|HN�l1 |PBk�jt ψ|Hs¤ C2where we used the HN�k�1{2 regularity of PBk�jt ψ given by Proposition 5.3.5.2) Case l1 ¥ N � t0 � 1. Let us use Proposition 5.A.9, with t10 � N � 1� pk� l1q (just note that
t10 ¥ 3{2 ¡ d{2 for d � 1, 2). We have, for all s ¤ N � k � 1{2 (we have N � k � 1{2 ¥ t10):|Λs∇µ,γdjABk�j

t ψ
pζ, 0qpBl1ζ, ..., Bljζq|2 ¤ ?

µM0|εBl1t ζ|Hs�1{2 ¹
m¡1

|εBlmt ζ|
Ht1

0
�1 |PBk�jt ψ|

Ht1
0
�1{2¤ C2beause t10�1{2�k� j ¤ N �1{2, and where we used again the Proposition 5.3.5 for the HN�k�1{2regularity of PBk�jt ψ.We proved that Bkt∇µ,γφ P L8pp0, T

ε
;HN�k�1{2q. Using the last part of Proposition 5.A.8 andProposition 5.A.9, we an adapt the previous proof to getBkt∇µ,γφ P L8pp0, T

ε
q;HN�k�1{2,N�k�1pSqqwith the desired ontrol for the norm. l5.3.3 Extension of the solution φWe want to extend the distribution φ de�ned on the strip S � R

d � p�1; 0q to a larger strip. Thisis the point of the following result:Theorem 5.3.7 Let s P R
� and k P N. Let us denote Sj � p�pj � 1q, jq � R

d for all j P N. Then,there exists an extension
P :

Hs,kpS0q Ñ Hs,kpSjq
u ÞÑ Pusuh that: �u P Hs,kpS0q, |u|Hs,kpSjq ¤ Cpk, jq|u|Hs,kpS0q (5.3.53)where Cpk, jq only depends on k and j.The proof is postponed to Appendix 5.B. We now have the full artillery to extend the solution Φde�ned in the moving domain Ωεt into a funtion (with the same regularity) de�ned on a �xed strip

S�.Let Σεt be the following di�eomorphism, mapping the �at strip S � R
d � p�1, 0q into Ωεt :

Σεt : R
d�1 Ñ R

d�1pX, zq ÞÑ pX, p1� εζpt,Xqqz � εζpt,Xqq.It is easy to hek that Σεt is a homeomorphism that maps S exatly into Ωεt . We now inlude
Ωεt into a �xed strip S�:Proposition 5.3.8 With the notations of Theorem 5.B.1, there exists a strip Sk, whih does notdepend either in ε or t suh that: �0 ¤ t ¤ T

ε
, Ωεt � Sk.



135 5.3. EQUIVALENCE BETWEEN FREE SURFACE EULER AND WATER-WAVE EQUATIONProof Proposition 5.3.5 gives that: r0; T
ε
s � R

d Ñ Rpt,Xq ÞÑ 1� εζpt,Xqis (in partiular) in Cpr0; T
ε
s, H2pRdqq with a bound uniform in ε. The ontinuous embedding

H2pRdq � L8pRdq for d ¤ 2 gives the desired result. lNow, with the uniform (with respet to t,X, ε) bound of ζpt,Xq, it is easy to hek that all strip
Sj is mapped by Σεt into a strip Sk:�j P N

� Dk P N
�, �t P r0, T

ε
s, �ε ¤ 1,Σεt pSjq � Sk.De�nition 5.3.9 Let k, l, j be suh that:

Sl � Sj

Ωεt � Sk for all t, ε
Sl � Σεt pSjq for all t, ε
Sk � Σεt pSlq for all t, εWe denote Sk � S�, φ̃ the extension of φ provided by theorem 5.B.1 into Sl, Φ � φ � pΣεt�1q and

Φ̃ � φ̃ � pΣεt�1q.
Φ is the potential on the domain Ωεt , while Φ̃ is an extension into the �xed strip S�.Remark 5.3.10 The purpose of this de�nition is to have a distribution Φ̃ extending Φ and de�nedon a �at strip Sk. We therefore extend φ to Sl, and Φ̃ � φ̃ � pΣεt�1q is then de�ned on Sk (sine itontains Σεt pSlq) whih also ontains Ωεt . The fat that we need to use three strips instead of two ispurely tehnial (see later the proof of Proposition 5.3.11).5.3.4 Regularity after di�eomorphismWe now need to reover regularity for Φ.Proposition 5.3.11 Using the notations of De�nition 5.3.9, let φ be a distribution on r0; T

ε
s � Swith the following regularity:�0 ¤ k ¤ N � 1, Bkt∇µ,γφ P L8pp0; T

ε
q;HN�k�1{2,N�k�1pSqqwith a C2 bound. Let φ̃ be an extension of φ on the strip Sl, and Φ̃ � φ̃ �Σεt�1. Then, we have, forall k ¤ N � 1: Bkt∇µ,γΦ̃ P L8pp0; T

ε
q;HN�k�1{2,N�k�1pS�qwith a C2 bound.The proof is postponed in Setion 5.B for the sake of larity.5.3.5 Craig-Sulem-Zakharov formulation to Euler formulationWe now build solutions to the free surfae Euler equation (5.1.7) from the potential Φ̃ introduedbefore. We �rst prove that Φ̃ satis�es the Bernoulli equations on the domain Ωεt . One onsiders thefollowing distribution of D1pp0; T

ε
q;S�q:BtΦ̃� ε

2
|∇µ,γΦ̃|2 � 1

ε
z,whih exists in L8pp0; T

ε
q;HN�1{2,N�1pS�qq.Let us onsider a measurable funtion F of the variable t, suh that for almost every t P p0; T

ε
q,F is equal to this quantity. For almost every t, F is an element of HN�1{2,N�1pS�qq whih trae



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 136on the boundary z � εζ of Ωεt is equal to zero (this statement implies the seond equation of theCraig-Sulem-Zakharov formulation (5.3.49)). For a omplete and rigorous proof of this statement,see [3℄. In partiular, for almost every t, F is equal to an element of
H
N�1{2,N�1

0,surf pS�q � S�ztz � εζu||.||
HN�1{2,N�1pS�q .We denote this element � 1

ε
P . Of ourse, P orresponds physially to the pressure. We anrewrite this as the Bernoulli equation:BtΦ̃� ε

2
|∇µ,γΦ̃|2 � 1

ε
z � �1

ε
P (5.3.54)in D1pp0; T

ε
q; Ωεt q, where pp0; Tε q; Ωεt q � tpt,X, zq P p0; T

ε
q�S�, pX, zq P Ωεtu (note that this is an openset of p0; T

ε
q � S�).Remark 5.3.12 It is easy to dedue from the Bernoulli equation (5.3.54) that for all k ¤ N0:Bkt P P L8pp0; T

ε
q;HN�k�1{2,N�k�1pS�qwith a bound uniform in ε.Now, de�ning U � ∇µ,γΦ̃, we have immediately$''''''''''''&''''''''''''%

BtV � εpV �∇γ � 1

µ
wBzqV � �1

ε
∇γP in D1pp0; T

ε
q; Ωεt qBtw � εpV �∇γ � 1

µ
wBzqw � �1

ε
pBzP � 1q in D1pp0; T

ε
q; Ωεt qBtζ � εV �∇γζ � 1

µ
w � 0 in D1pp0; T

ε
q;Rdq

∇µ,γ � pUq � 0 in D1pp0; T
ε
q; Ωεt qurlµ,γpUq � 0 in S�

U � n � 0 on z � �1� βb

(5.3.55)
Remark 5.3.13 - The third equation of the Euler system (5.3.55) is just the �rst equation of theZakharov-Craig-Sulem equation.- Note that the regularity of U � ∇µ,γΦ̃ is given by Proposition 5.3.115.4 The non strong onvergene from Euler to rigid-lidWe now have a proper set of solutions pUε, ζε, P εq to the free surfae Euler equations (5.1.7), de�nedin the following spaes:$'&'%�k ¤ N � 1, Bkt Uε P L8pp0; Tε q;HN�k�1{2,N�k�1pS�qq�k ¤ N � 1, Bkt ζε P L8pr0; Tε s;HN�kpRdqq�k ¤ N � 1, Bkt P ε P L8pr0; Tε s;HN�k�1{2,N�k�1pS�qq (5.4.56)with bounds uniform in ε of the form CpEN pζ0, ψ0q, 1

hmin
, 1
a0
q. In order to prove the weak onvergeneto the solutions of the rigid lid model, we need to prove some ompatness results in the Beppo-Levispaes in order to extrat a onvergent sub-sequene of solutions.5.4.1 Compatness resultWe reall that A �� B means that there exists a ompat K suh that A � K � B.Lemma 5.4.1 Let k ¥ 1. We have the following ompat embedding:

H
s,k
loc pS�q � H

s�1,k�1
loc pS�q �1 ¤ k ¤ s



137 5.4. THE NON STRONG CONVERGENCE FROM EULER TO RIGID-LIDProof The proof remains the same as for the Rellih-Kondrahov theorem, in the ase of Sobolevspaes (see [14℄).Let ω �� S�. 1) We �rst show the ompat embedding of Hs,1pωq into Hs�1,0pωq. We write,for h � ph1, h2q P R� R
d, |h|   dpω, pS�qAq and u P C8pS�q:»
ω

|pΛs�1uqpX � h1, z � h2q � pΛs�1uqpX, zq|2dXdz¤ »
ω

| » 1

0

p∇X,zΛ
suqpX � th1, z � th2q.ph1, h2qdt|2dXdz.We now use Jensen's inequality to write:»

ω

|pΛs�1uqpX � h1, z � h2q � pΛs�1uqpX, zq|2dXdz¤ »
S� » 1

0

|∇X,zΛ
s�1upX, zq|2|h|2dtdXdz¤ |u|2Hs,1pS�q|h|2and the result stands true for all u P Hs,1pS�q by density of C8pS�q in this spae.It follows from the theorem of Riesz-Frehet-Kolmogorov that if punqn is bounded in Hs,1pS�q,then pΛs�1un|ωqn is preompat in L2pωq. Suh result is true for all ω �� S� and therefore, by adiagonal sub-sequene argument, one proves the ompat embedding Hs,1

loc pS�q into Hs�1,0
loc pS�q.2) For the general ase, let k P N

� and s ¥ k, let punqn be bounded in Hs,k�1pS�q with s ¥ k�1.By the de�nition of Beppo-Levi spaes (reall Setion 5.1.5), to prove the onvergene of a sub-sequene in H
s�1,k
loc pS�q, one must prove the existene of a sub-sequene puϕpnqqn suh that forall 0 ¤ l ¤ k, the sequene pBlzuϕpnqqn onverges in L2

locpp�pk � 1q, kq, Hs�1�l
loc pRdqq (reall that

S� � p�pk � 1q; kq). From the ase k � 1, there exists u P L2pS�q and a sub-sequene puϕpnqqnonvergent to u in L2
locpS�q. In partiular, pBlzuϕpnqqn is onvergent to Blzu in D1pS�q. But one hasalso pBlzuϕpnqqn P Hs�l,k�1�lpS�q and therefore this sequene onverges, up to a sub-sequene, in

L2
locpp�pk � 1q, kq, Hs�1�l

loc pRdqq, sine k � 1� l ¥ 1. By uniqueness of the limit in D1pS�q, the limitis Blzu.5.4.2 Extration of a onvergent sub-sequene for UεWe now perform the rigid lid time saling:
t1 � εtand the hange of unknown P 1 � 1

ε2
pP � zq. We now have

Uε P L8pp0;T q;HN�1{2,N�1pS�qd�1q, ζε P L8pp0;T q;HNpRdqqand the following equations are satis�ed:$''''''''''''&''''''''''''%
BtV ε � pV ε �∇γ � 1

µ
wεBzqV ε � �1

ε
∇γP ε in D1pp0;T q; Ωεt qBtwε � pV ε �∇γ � 1

µ
wεBzqwε � �1

ε
pBzP εq in D1pp0;T q; ΩεtqBtζε � V ε �∇γζε � 1

µε2
wε � 0 in D1pp0;T q;Rdq

∇µ,γ � pUεq � 0 in D1pp0;T q; Ωεt qurlµ,γpUεq � 0 in S�
Uε � n � 0 on z � �1� βb

(5.4.57)
We now prove the following Theorem:



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 138Theorem 5.4.2 There exists U, P, ζ distributions of D1pp0;T q; Ωq suh that
U P HN�3{2,N�2pS�q, U P HN�5{2,N�3pS�q, ζ P HN�1pRdqare solutions in the distributional sense of D1pp0;T q; Ωq of the rigid lid equations (5.1.8). Moreover,the solutions of (5.4.57) onverge in the distributional sense of D1pp0;T q; Ωεtq to these solutions ofthe rigid-lid equation 5.1.8. The onvergene of pUεqε is not strong in L8pp0;T q;L2pΩqq.By Lemma 5.4.1, there exists Uε P HN�3{2,N�2pS�q suh that pUεqε onverges up to a sub-sequene to U in H
N�3{2,N�2

loc pS�q. Moreover, sine pUεqε P L8pp0;T q;HN�1{2,N�1pS�qd�1q, onehas also U P L8pp0;T q;HN�3{2,N�2pS�qd�1q. Therefore, pUεqε onverges up to a sub-sequene to Uin D1pp0;T q;S�q. Therefore, pBtUεqε onverges (up to a sub-sequene) to BtU in D1pp0;T q;S�q.In view of taking the limit as ε goes to zero in the �rst equation of (5.4.57), one must provethe onvergene of the non-linear terms. We do it for the term V ε �∇γV ε. One uses the followingestimate, whih proof an be found in [37℄ Corollary B.5.|fg|HN�3{2,N�2 ¤ C|f |HN�1{2,N�1|g|HN�3{2,N�2for all N � 2 ¥ d{2 (whih is true for our hoie of N , sine N � 2 ¥ t0 � 3{2 ¡ d{2). Suh estimateproves that V ε �∇γV ε P L8HN�3{2,N�2, and therefore one has the onvergene of this term (up to asub-sequene) as ε goes to zero, in D1pp0;T q;S�q. It proves, using the equation (5.4.57) that p∇γP εqεonverges in D1pp0;T q;S�q to an element G. By De Rham's Theorem, there exists P P D1pp0;T q;S�qsuh that G � ∇γP . The same study an be done for the seond equation of 5.4.57 and one obtains,passing to the limit as ε goes to zero:BtV � pV �∇γ � 1

µ
wBzqV � �∇γP in D1pp0;T q; ΩqBtw � pV �∇γ � 1

µ
wBzqw � �1

ε
pBzP q in D1pp0;T q; Ωwith U � pV,wq P L8pp0;T q;HN�3{2,N�2pS�qd�1,∇µ,γP P L8pp0;T q;HN�5{2,N�3pS�qd�1.We now pass to the limit in the third equation (on ζε) of (5.4.57). The same reasoning as beforeproves that pζεqε onverges up to a sub-sequene to a ζ P HN�1pRdq in HN�1

loc pRdq. Therefore,the same onvergene ours in D1pp0;T q;S�q, and pBtζqε onverges up to a sub-sequene to Btζ in
D1pp0;T q;S�q. We prove as before the onvergene of the bi-linear term pV ε�∇γζεqε inD1pp0;T q;S�q.Multiplying the third equation of 5.4.57 by ε2, one �nds at the limit the following equation:

w � 0 in D
1pp0;T q; Ωεt q.Finally, one obtains at the limit ε goes to zero, the following equations:$'''''''''''&'''''''''''%

BtV � pV �∇γ � 1

µ
wBzqV � �∇γP in ΩBtw � pV ε �∇γ � 1

µ
wBzqw � �pBzP q in Ω

w � 0

∇µ,γ � U � 0 in Ωurlµ,γpUq � 0 in Ω

U � n � 0 for z � �1� βband the study above prove the following regularity for the unknowns: U P HN�3{2,N�2pS�q,∇µ,γP P
U P HN�5{2,N�3pS�q, ζ P HN�1pRdq. The sequene pUεqε does not onverge in L8pp0;T q;L2pΩq.Indeed, it would imply the strong onvergene of Pψ in L2pRdq whih is not satis�ed, aording toTheorem 5.2.6. l5.A The Dirihlet Neumann OperatorHere are for the sake of onveniene some tehnial results about the Dirihlet Neumann operator,and its estimates in Sobolev norms. See [37℄ Chapter 3 for omplete proofs. The �rst two propositionsgive a ontrol of the Dirihlet-Neumann operator.



139 5.A. THE DIRICHLET NEUMANN OPERATORProposition 5.A.1 Let t0>d/2, 0 ¤ s ¤ t0 � 3{2 and pζ, βq P Ht0�1 XHs�1{2pRdq suh thatDh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0(1) The operator G maps ontinuously .

Hs�1{2pRdq into Hs�1{2pRdq and one has|Gψ|Hs�1{2 ¤ µ3{4Mps� 1{2q|Pψ|Hs,where Mps� 1{2q is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1 , |ζ|Hs�1{2, |b|Hs�1{2q.(2) The operator G maps ontinuously .

Hs�1pRdq into Hs�1{2pRdq and one has|Gψ|Hs�1{2 ¤ µMps� 1q|Pψ|Hs�1{2,where Mps� 1q is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1 , |ζ|Hs�1, |b|Hs�1q.Moreover, it is possible to replae G by w in the previous result, where w � Gψ�εµ∇γζ�∇γψ

1�ε2µ|∇γζ|2 (vertialomponent of the veloity U � ∇X,zΦ at the surfae).Proposition 5.A.2 Let t0 ¡ d{2, and 0 ¤ s ¤ t0 � 1{2. Let also ζ, b P Ht0�1pRdq be suh thatDh0 ¡ 0,�X P R
d, 1� εζpXq � βbpXq ¥ h0Then, for all ψ1, ψ2 P .

Hs�1{2pRdq, we havepΛsGψ1,Λ
sψ2q2 ¤ µM0|Pψ1|Hs |Pψ2|Hs ,where M0 is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1q.The seond result gives a ontrol of the shape derivatives of the Dirihlet-Neumann operator.More preisely, we de�ne the open set Γ � Ht0�1pRdq2 as:

Γ � tΓ � pζ, bq P Ht0�1pRdq2, Dh0 ¡ 0,�X P R
d, εζpXq � 1� βbpXq ¥ h0uand, given a ψ P .

Hs�1{2pRdq, the mapping:
Grε�, β�s : Γ ÝÑ Hs�1{2pRdq

Γ � pζ, bq ÞÝÑ Grεζ, βbsψ. (5.A.58)We an prove the di�erentiability of this mapping. The following Theorem gives a very importantexpliit formula for the �rst-order partial derivative of G with respet to ζ:Theorem 5.A.3 Let t0 ¡ d{2. Let Γ � pζ, bq P Γ and ψ P .

H3{2pRdq. Then, for all h P Ht0�1pRdq,one has
dGphqψ � �εGphwq � εµ∇γ � phV q,with

w � Gψ � εµ∇γζ �∇γψ

1� ε2µ|∇γζ|2 , and V � ∇
γψ � εw∇γζ.The following result gives estimates of the derivatives of the mapping (5.A.58).Proposition 5.A.4 Let t0>d/2, 0 ¤ s ¤ t0 � 1{2 and pζ, βq P Ht0�1pRdq suh that:Dh0 ¡ 0,�X P R

d, εζpXq � βbpXq � 1 ¥ h0Then, for all ψ1, ψ2 P .

Hs�1{2pRdq, for all ph, kq P Ht0�1pRdq one has|pΛsdjGph, kqψ1,Λ
sψ2q| ¤ µM0

j¹
m�1

|pεhm, βkmq|Ht0�1 |Pψ1|s|Pψ2|s,where M0 is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1q.The following Proposition gives the same type of estimate that the previous one:



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 140Proposition 5.A.5 Let t0 ¡ d{2 and pζ, bq P Ht0�1 be suh thatDh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0.Then, for all 0 ¤ s ¤ t0 � 1{2,|djGph, kqψ|Hs�1{2 ¤M0µ

3{4 j¹
m�1

|pεhm, βkmq|Ht0�1 |Pψ|HsWe need the following ommutator estimate:Proposition 5.A.6 Let t0 ¡ d{2 and ζ, b P Ht0�2pRdq suh that:Dh0 ¡ 0,�X P R
d, εζpXq � βbpXq � 1 ¥ h0For all V P Ht0�1pRdq2 and u P H1{2pRdq, one hasppV �∇γuq, 1

µ
Guq ¤M |V |W 1,8|Pu|22,where M is a onstant of the form Cp 1

h0
, |ζ|Ht0�2 , |b|Ht0�2q.In order to have regularity estimates of the potential Φ (reall that it solves the Dirihlet-Neumannproblem (5.1.4)), we need to introdue the following mapping:De�nition 5.A.7 Let t0 ¡ d{2.(1) We denote by Γ � Ht0�1pRdq2 the open set:

Γ � tΓ � pζ, bq P Ht0�1pRdq2, Dh0 ¡ 0,�X P R
d, εζpXq � 1� βbpXq ¥ h0u(2) One an de�ne, for all 0 ¤ s ¤ t0 � 1{2 and ψ P 9Hs�1{2pRdq a mapping Aψ as

Aψ :
Γ Ñ 9Hs�1S

Γ ÞÑ ΦΓwhere ΦΓ is the unique variational solution to (5.1.14).One an prove the analiity of Aψ, whih means that the solution φΓ of (5.1.14) is analyti withrespet to the boundaries. The following result then gives some estimates about the derivatives ofthe mapping AψProposition 5.A.8 Let t0 ¡ d{2 and 0 ¤ s ¤ t0 � 1{2, ψ P Hs�1{2pRdq, and Γ � pζ, bq P Γ. For all
j P N and ph, kq � ph1, ..., hj , k1, ..., kjq P Ht0�1pRdq2, one has|Λs∇µ,γdjAψpΓqph, kq|2 ¤ ?

µM0

j¹
m�1

|pεhm, βkmq|Ht0�1 |Pψ|Hs ,where M0 is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1q.If s � t0 � 1{2, then the same estimate holds on ||∇µ,γdjAψpΓqph, kq||Ht0�1{2,kpSq for k ¤ t0 � 1{2.In Proposition 5.A.8 below, we need at least the Ht0�1{2-norm of the omponent ph, kq, even if s � 0.The following proposition allows to relax this onstraint, by using only the Hs�1{2 norm of the �rstomponent of ph, kq.Proposition 5.A.9 Let t0 ¡ d{2 and 0 ¤ s ¤ t0, ψ P Ht0�1{2pRdq, and Γ � pζ, bq P Γ. For all j P Nand ph, kq � ph1, ..., hj , k1, ..., kjq P Ht0�1pRdq2, one has|Λs∇µ,γdjAψpΓqph, kq|2 ¤ ?

µM0|pεh1, βk1q|Hs�1{2 j¹
m¡1

|pεhm, βkmq|Ht0�1 |Pψ|Ht0�1{2 ,where M0 is a onstant of the form Cp 1
h0
, |ζ|Ht0�1 , |b|Ht0�1q.



141 5.B. EXTENSIONS ON BEPPO-LEVI SPACES5.B Extensions on Beppo-Levi SpaesThis setion ontains proofs of the existene and regularity of extensions used in Setion 5.3.Theorem 5.B.1 Let s P R
� and k P N. Let us denote Sj � p�pj � 1q, jq � R

d for all j P N. Then,there exists an extension
P :

Hs,kpS0q Ñ Hs,kpSjq
u ÞÑ Pusuh that: �u P Hs,kpS0q, |u|Hs,kpSjq ¤ Cpk, jq|u|Hs,kpS0q (5.B.59)where Cpk, jq only depends on k and j.Proof We �rst onstrut an extension to Hs,kpp�1, 1q � R

dq.The proof requires a small adaptation from the ase k � 1 whih is proved in [14℄. When k � 1,
u is extended by re�etion:

ũpX, zq � " upX, zq �z P p�1, 0q
upX,�zq �z P p0, 1q.But suh extension ũ is indeed in Hs,1pS1q but is not in general in Hs,2pS1q sine derivatives in

z of ũ di�ers for z � 0: BzũpX, 0�q � �BzũpX, 0�qWe should therefore de�ne an extension whih derivatives of order i ¤ k � 1 have the same value in
0� and in 0�. We are looking for an extension under the form:

PupX, zq � " upX, zq �z P p�1, 0q°k�1

i�0 ciupX,�αizq �z P p0, 1q.The ondition over the αi and ci, 0 ¤ i ¤ k � 1 is:�0 ¤ j ¤ k � 1,

k�1̧

i�0

cip�αiqjBjzupX, 0�q � BjzupX, 0�qi.e. °k
i�0 cip�αiqj � 1. We should therefore �nd pc0, ..., ck�1q and pα0, ..., αk�1q suh that:����� 1 � � � 1�α1 � � � �αk�1p�α1q2 � � � p�αk�1q2... ... ... �ÆÆÆ������ c0......

ck�1

�ÆÆÆÆ� ������1......
1

�ÆÆÆÆ (5.B.60)whih is a Vandermonde system. It su�es to take the αi distints, non zero, and taken in p0, 1q inorder for upX,�αizq to make sense. Then the ci are de�ned as solutions of the Vandermonde system(5.B.60).Now, let us prove that suh de�ned extension Pu maps ontinuously Hs,1pS1q into
Hs,1pp�1, 1q � R

dq.1) Case u P C8pS0qIt is lear that Pu is measurable. Let us hek that it is L2pp�1, 1q, HspRdq:» 1�1

»
Rd

Λ2s|PupX, zq|2dXdz � » 0�1

»
Rd

Λ2s|upX, zq|2dXdz � » 1

0

»
Rd

Λ2s| k�1̧

i�0

ciupX,�αizq|2dXdz¤ |u|2Hs,kpp�1,0q�Rdq � k�1̧

i�0

c2i
αi

» 0�αi

»
Rd

Λ2s|upX, zq|2dXdz¤ Ck|u|2Hs,kpp�1,0q�Rdq.



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 142The �rst inequality is Cauhy-Shwarz's inequality. The onstant Ck only depends on k. Now, letus hek that Pu is Hk�jpp�1, 1q;Hs�k�jpRdqq for all 0 ¤ j ¤ k. Let ϕ P C8
0 pp�1, 1q � R

dq. Oneset j suh that 0 ¤ j ¤ k, and omputes BjzpPuq in the distributional sense of D1pp�1, 1q � R
dq:» 1�1

»
Rd

upX, zqBjzϕpX, zqdXdz � » 0�1

»
Rd

upX, zqBjzϕpX, zqdXdz� » 1

0

»
Rd

k�1̧

i�0

ciupX,�αizqBjzϕpX, zqdXdz� » 0�1

»
Rd

p�1qjBjzupX, zqϕpX, zqdXdz� j�1̧

l�0

p�1qj�1�l »
Rd

Bj�l�1
z upX, 0qBlzϕpX, 0qdXdz� » 1

0

»
Rd

p�1qj k�1̧

i�0

cip�αiqjpBjzuqpX,�αizqϕpX, zqdXdz� j�1̧

l�0

p�1qj�l »
Rd

cip�αiqj�l�1Bj�l�1
z upX, 0qBlzϕpX, 0qdXdzby integrating by parts, (reall that u P C8pS1q). Note that these alulus does not make sense for

u P Hs,kpS0q sine ϕ is not in C8
0 pS0q.Sine we have the identity�0 ¤ j ¤ k � 1,

k�1̧

i�0

cip�αiqjBjzupX, 0q � BjzupX, 0qthe two integrals over Rd anel one another. Therefore, we have:» 1�1

»
Rd

upX, zqBjzϕpX, zqdXdz � » 0�1

»
Rd

p�1qjBjzupX, zqϕpX, zqdXdz� » 1

0

»
Rd

k�1̧

i�0

cipαiqjpBjzuqpX,�αizqϕpX, zqdXdz (5.B.61)whih prove thatBjzpPuq � p1� sgnpzqqBjzupX, zq � p1� sgnpzqq k�1̧

i�0

cip�αiqjpBjzuqpX,�αizqon D1pp�1, 1q�R
dq, with the notation sgnpzq � 1 if z ¥ 0 and sgnpzq � �1 if z   0. It is then quiteeasy to hek that BjzpPuq P Hk�jpp�1, 1q;Hs�k�jpRdq (proeed as for ase j � 0) with|Pu|Hk�jpp�1,1q;Hs�k�jpRdq ¤ Ck|u|Hk�jpp�1,0q;Hs�k�jpRdq (5.B.62)2) Case u P Hs,kpS0qBy density of C8pS0q in Hs,kpS0q, it is easy to hek that (5.B.61) stands true in Hs,kpS0q, andthe result is proved, with the ontrol (5.B.62).We an onstrut by exatly the same way an extension of u P Hs,kpS0q into Hs,kpp�2, 0q�R

dq andthen ombine the two extensions to have an extension to Hs,kpS1q. By the same way it is easy toonstrut the extension into Hs,kpSkq. Finally, the main of the theorem is proved, with the ontrol(5.B.59). lProposition 5.B.2 Using the notations of De�nition 5.3.9, let φ be a distribution on r0;T0s � Swith the following regularity:�0 ¤ k ¤ N, Bkt∇µ,γφ P L8pp0;T0q;HN�k�1{2,N�k�1pSqqLet φ̃ be an extension of φ on the strip Sl, and Φ̃ � φ̃ � Σεt�1. Then, we have, for all k ¤ N :Bkt∇µ,γΦ̃ P L8pp0;T0q;HN�k�1{2,N�k�1pS�qwith a bound uniform in t and ε.



143 5.B. EXTENSIONS ON BEPPO-LEVI SPACESProof The proof onsists in proving that if Θ is a funtion de�ned on r0;T0s �S�, with θ � Θ �Σεtsuh that: �k ¤ N, Bkt θ P L8pp0;T0q;HN�k�1{2,N�kpSjqqthen we have the same regularity for Θ:�k ¤ N, BktΘ P L8pp0;T0q;HN�k�1{2,N�kpS�qqwith a ontrol of the norm:|BktΘ|L8pp0;T0q;HN�k�1{2,N�kpS�qq ¤ C|Bkt θ|L8pp0;T0q;HN�k�1{2,N�kpSjqq (5.B.63)where C does not depend on ε.Let us do it by indution on k. The indution hypothesis is the following:"For all N P N and θ P L8p0;T0;HN�1{2,NpSjqq if Θ � θ � Σεt�1, then we have:BktΘ P L8p0;T0;HN�k�1{2,N�kpS�qqwith a ontrol |BktΘ|L8pp0;T0q;HN�k�1{2,N�kpS�qq ¤ C|Bkt θ|L8pp0;T0q;HN�k�1{2,N�kpSjqq (5.B.64)where C does not depend on ε"1) k = 0Let us prove that Θ P L8p0;T0, HN�1{2,N pS�qq. We are using the following haraterization of
HN�1{2pRdq: |u|2HN�1{2pRdq � |u|2HNpRdq � »

Rd

»
Rd

|DNupxq �DNupyq|2|x� y|2p1{2�d{2q dxdyLet �rst prove that Θ P L8pp0;T0q;L2p�pk � 1q; kq, HN�1{2pRdqq with the ontrol (5.B.64) byindution on N . Let the indution hypothesis be:"For for all θ P L8pp0;T0q;L2p�pl � 1q; lq, HN�1{2pRdqq,if Θ � θ � Σεt�1 then we have:
Θ P L8pp0;T0q;L2p�pk � 1q; kq, HN�1{2pRdqqwith a norm ontrol suh as (5.B.64)"For N � 0, we need the previous haraterization of H1{2pRdq:»

Rd

»
Rd

» k�pk�1q |ΘpX, zq �ΘpY, zq|2|X � Y |2p1{2�d{2q dXdY dz� »
Rd

»
Rd

» k�pk�1q |θ � Σεt�1pX, zq � θ � Σεt�1pY, zq|2|X � Y |2p1{2�d{2q dXdY dz� » Σε
t
�1pkqz

Σε
t
�1p�pk�1qqz »Rd

»
Rd

|θpX,uq � θ � Σεt�1pY, uq|2|X � Y |2p1{2�d{2q |JΣε
t
pXq|dXdY du¤ » l�pl�1q »Rd

»
Rd

|θpX,uq � θ � Σεt�1pY, uq|2|X � Y |2p1{2�d{2q |JΣε
t
pXq|dXdY du� » Σε

t
�1plqz

Σε
t
�1p�pl�1qqz »Rd

»
Rd

|θpX, vq � θpY, vq|2|X � Y |2p1{2�d{2q |JΣε
t
pXq||JΣε

t
pY q|dXdY dv¤ » j�pj�1q »Rd

»
Rd

|θpX, vq � θpY, vq|2|X � Y |2p1{2�d{2q |JΣε
t
pXq||JΣε

t
pY q|dXdY dv¤ C|θ|L8pp0;T0q;H1{2,0pSjqqwith C uniform in ε. We used the hange of variable pX, zq � Σεt pX,uq and pY, uq � Σεt pY, vq in theintegrals. The �rst inequality omes from Sk � Σεt pSlq. The last omes from Sl � Σεt pSjq.Suppose the result true for N � 1 with N ¥ 1. Let prove it for N . We have:

∇X,zΘ � ∇X,zpθpX, z � εζ

hB
qq� p∇X,zθqpX, z � εζ

hB
q �∇X,zpz � εζ

hB
qpBzθqpX, z � εζ

hB
q



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 144We have p∇X,zθq P L8pp0;T0q;L2p�pk � 1q; kq, HN�1�1{2pRdqq, so by indution hypothesis, thisterm is ontrolled. For the latter one, just remark that ∇X,zp z�εζhB
q P Ht0pRdq , so with lassialprodut estimates: » k�pk�1q |∇X,zpz � εζ

hB
qpBzθqpX, z � εζ

hB
q|2HN�1�1{2pRdqdz¤ » l�pl�1q |∇X,zpz � εζ

hB
q|2Ht0 |pBzθqpX, z � εζ

hB
q|2HN�1�1{2pRdqdz¤ C

» k�pk�1q |pBzθqpX, z � εζ

hB
q|2HN�1�1{2pRdqdz� C|pBzθq � Σεt�1|L2pp�pk�1q;kq;HN�1�1{2pRdqq¤ C|Bzθ|L2pp�pl�1q;lq;HN�1�1{2pRdqq¤ C|Bzθ|L2pp�pj�1q;jq;HN�1�1{2pRdqqusing the indution hypothesis and Sl � Sj . The onstant C does not depends either on t or ε, sothe result is proved.2) Now, suppose this result is proved for k � 1, with k ¥ 1. Let prove it for k. We write:BtΘ � Btθpt,X, z � εζ

hB
q� pBtθqpt,X, z � εζ

hB
q � Btpz � εζ

hB
qpBzθqpt,X, z � εζ

hB
qSine Btθ is L8p0; t0q;HN�1�1{2,N�1pRdq, by indution hypothesis the pk� 1q�th time derivative ofthe �rst term of the r.h.s. is ontrolled as in (5.B.64).The same argument stands for pBzθqpt,X, z�εζhB

q. The term Btp z�εζhB
q is harmless, sine it is in

L8pp0;T0q;HN�1�1{2,N�1q with N � 1 ¥ t0, so standard produt estimates in Sobolev spaes will�nally give the ontrol of the seond term of the pk � 1q�th time derivative of the r.h.s. l



145 5.B. EXTENSIONS ON BEPPO-LEVI SPACESIndex des notationsNotations générales
• d désigne la dimension de la surfae (on a d � 1 ou 2).
• |α| � °d

j�1 αj pour tout veteur α � pαjqj�1..d P N
d.

• xAys¡r vaut A si s ¡ r et 0 sinon, pour tous réels A, s, r.
• a_ b � maxpa, bq pour tous réels a, b.
• Ωt désigne le domaine oupé par le �uide à un instant t P R

�.
• S désigne en général la bande S � tpX, zq P R

d � R,�1   z   0u.
• Γ � Ht0�2pRdq2 désigne l'ensemble des ouples pζ, bq tels que inf

XPRd
p1� εζ � βbqpXq ¡ 0.

• ψ: est une extension régularisée de ψ (voir (4.3.45)).
• ψh désigne l'extension harmonique de ψ (voir setion 4.3.2).Variables et opérateurs
• X P R

d désigne la variable horizontale.
• z désigne la variable vertiale.
• ∇ � tpBx, Byq si d � 2 et ∇ � Bx si d � 1.
• ∆ � B2x � B2y si d � 2 et ∆ � B2x si d � 1.
• ∇X,z désigne le gradient en dimension d� 1 par rapport aux variables X et z.
• url désigne le rotationnel en dimension d� 1.
• div désigne la divergene en dimension d ou d� 1.
• ∇� désigne la divergene en dimension d ou d� 1.
• Bα � Bα1

x1
...Bαd

xd
pour tout veteur α � pαiqi � 1..d P N

d.
• F désigne la transformée de Fourier.
• f̂ désigne la transformée de Fourier de f pour toute distribution tempérée f .
• D � 1

i
∇ et pour toute fontion f à roissane polynomiale, fpDq est l'opérateur di�érentiel�u P S 1pRdq,�ξ P R

d, {fpDqu � fpξqûpξq.
• Λ � p1� |Dγ|2q1{2 est une dérivée frationnaire.Quantités dépendant de paramètres
• µ, ε, γ, β,B0 : voir introdution du Chapitre 2, paragraphe "Dimensionless equations"
• ∇γ ,∇µ,γ ,∆µ,γ , urlµ,γ : voir Setion 2.1.3.
• P � |Dγ |p1�?µ|Dγ |q1{2 .
• G,G,Gµ,γ : opérateur de Dirihlet-Neumann (voir aussi Setion 2.1.3).
• w, V : omposantes respetivement horizontales et vertiales de la vitesse évaluée à la surfae.
• ζpαq, ψpαq : bonnes inonnues d'Alinha (voir (2.2.14)).
• M0,M,Mpsq : voir 4.3.41.



CHAPTER 5. THE RIGID LID LIMIT FOR THE WATER WAVES EQUATIONS 146Espaes fontionnels
• D1pΩq désigne l'espae des distributions sur Ω, pour tout Ω � R

d.
• S 1pRdq désigne l'espae des distributions tempérées sur Rd.
• L2pΩq désigne l'espae de Lebesgue sur Ω assoié à la norme|f |2 � p»

Rd

|fptq|2dtq1{2.
• L8pΩq désigne l'espae de Lebesgue sur Ω de la lasse des fontions véri�ant |f |8 � supessRd |f|  8.
• W k,8pRdq � tf P L8pRdq, |f |Wk,8   8u où|f |Wk,8 � ¸|α|¤k |Bαf |8.
• HspRdq est l'espae de Sobolev sur Rd assoié à la norme|f |Hs � |Λsf |L2.

• 9HpRdq est l'espae de Beppo-Levi sur Rd, voir Setion 2.1.3.
• Hs,kpRdq : voir Setion 2.1.3.
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