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CHAPTER 1. INTRODUCTION 8

Cette thése consiste en 1’étude de plusieurs comportements singuliers des équations de Water-
Waves dans la limite faible amplitude. Le présent manuscrit consiste en quatre articles rédigés durant
cette thése, dont un a accepté dans "Annales of IHP" et les trois autres étant en cours de soumission.
Dans cette introduction, nous présentons le cadre d’étude dans lequel s’inscrit le travail effectué au
cours de cette thése, ainsi que les champs de recherche associés aux différents résultats démontrés.
Nous nous efforgons de retranscrire le cheminement logique adopté pour la rédaction de ce manuscrit,
tout en inscrivant chaque article présenté dans son contexte général.

1.1 L’équation des Water-Waves

1.1.1 De Euler & Zakharov-Craig Sulem

L’équation des vagues, plus communément appelée équation des Water-Waves, modélise mathéma-
tiquement le mouvement d’un fluide sous l'influence de la gravité, délimité par le bas par un fond
fixe, et par le haut par une surface libre qui le sépare de l'air (ou de tout autre fluide & densité
négligeable par rapport a la sienne). Usuellement, les hypothéses suivantes sont faites :

(H1) Le fluide est homogeéne et non visqueux.

(H2) Le fluide est incompressible.

(H3) Le fluide est irrotationel.

(H4) La surface et le fond peuvent étre paramétrés par des graphes.

(H5) Les particules de fluide ne traversent pas le fond.

(H6) Les particules de fluide ne traversent pas la surface.

(H7) La pression extérieure est constante, et on travaille sans tension de surface.
(H8) Le fluide est au repos a l'infini.

(H9) 1l existe toujours une hauteur d’eau minimale.

Les hypothéses (H1) et (H2) impliquent que le mouvement du fluide peut étre décrit par les
équations d’Euler.

L’hypothése (H3) simplifie I’étude, mais n’est pas nécessaire, et de plus en plus de travaux récents
s’intéressent au probléme avec vorticité (voir par exemple [20] ,[19], [41],[42];[21],[66],[58]).

L’hypothése (H4) exclut I’étude des vagues déferlantes. En particulier, on s’attend d’ores et déja
a ce que les équations modélisant le mouvement ne soient pas bien posées globalement en temps
dans le cas général. En revanche, il parait logique que plus ’amplitude des vagues du systéme étudié
est, faible, plus le temps d’existence des solutions pour de telles équations est grand. Cette derniére
considération est un des tenants importants du travail effectué dans cette thése. Voir les travaux sur
la création de singularités pour ’équation des vagues a ce sujet ([23],[17],[18]).

Les hypotheéses (H5) et (H6) apportent aux équations d’Euler des conditions de bord. Ces condi-
tions sont essentielles pour la modélisation mathématique du probléme, et jouent un role important
dans I’étude qui est menée dans cette thése, comme nous le verrons plus loin.

Le fait que la pression extérieure soit constante (hypothése (H7)) ou non n’est en fait pas primor-
dial, et de récents travaux sur 'influence de fortes pressions extérieures induites par exemple par des
tempétes ont été menés (voir par exemple [45]). En revanche, nous utiliserons la tension de surface
plus tard, mais son introduction sera alors soigneusement expliquée.

Les hypothéses (H8) et (H9) sont raisonnables dans 1’étude de domaines de fluide infinis, mais
excluent évidemment 1’étude de la dynamique des fluides en milieu cotier, qui reste & ce jour un
probléme ouvert.

Si 'on traduit mathématiquement les hypotheéses (H1) & (H9), on obtient les équations dites
d’Euler a surface libre. Avant de les introduire, précisons quelques notations:

e On note d la dimension horizontale. En pratique, d = 1 ou d = 2, et le probléme est donc posé
dans un espace a d + 1 dimensions.

¢ On note Q; < R?*! le domaine occupé par le fluide & un instant ¢.
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Air

Eau

_HO _HO + b(X)

\

Figure 1.1: Le probléme d’écoulement & surface libre

e La vitesse du fluide & un instant ¢ en un point (X, z) € Q;, définie par la vitesse de la particule
de fluide située au point (X, z) & l'instant ¢, est notée U(t, X, z) € R4+,

e On note P(t, X, z) € R la pression dans le fluide & un instant ¢ et au point (X, z).

e L’accélération de la pesanteur supposée constante est notée g, et le vecteur normal unitaire
dans la direction verticale est noté e, .

e La densité du fluide supposée constante est notée p.

A présent, traduisons mathématiquement les hypotheses (H1) & (H9) (on notera (Hk’) la traduc-
tion mathématique de ’hypothése (Hk)).

(HY) o,U + (U-Vx:)U = —;Vx P — ge. dans Q,
(H2’) divU = 0 dans 2,
(H3’) rot(U) =0 dans ;.

L’équation (H1’) est obtenue en appliquant le principe fondamental de la dynamique & un cube
élémentaire de fluide, puis en faisant tendre la taille de ce cube vers zéro.

L’équation (H2’) est obtenue en écrivant que le flux algébrique total de fluide traversant une
surface réguliére délimitant un volume borné fixe est nul (le fluide ne se compresse ou décompresse
pas, donc la quantité de fluide est toujours la méme, et "ce qui entre est égal & ce qui sort"). En
utilisant alors la formule de Stokes, on obtient que dans tout volume borné la divergence du champ
de vitesse est nulle.

L’équation (H3’) est la définition de (H3).

1l existe aussi deux fonctions décrivant le fond et la surface, b: R — R et ¢ : [0; T[xR? — R
avec T > 0 telles que

(H4)) Yt e [0:T[, Q= {(X,2) e R —Hy +b(X) < 2 < C(t, X))},

ot Hy > 0 est une constante correspondant a la profondeur typique du milieu considéré (qui varie
bien entendu selon la dynamique étudiée : mouvement dans un canal, vagues dans la mer, vagues
dans un lac...). En notant n le vecteur normal & une surface unitaire orienté vers le haut, on obtient
les identités :

(H5’) U-n=0sur {z =—Hp + b(X)},
(H6%) 0:,¢ —+/1+|VC¢|?U -n=0sur {z=((tX)}

L’équation (H6') peut étre obtenue en écrivant qu’une particule de position (X (t),z(t)) a la
surface reste a la surface : si z(t) —{(¢t, X (¢)) = 0 & un instant donné, alors c’est vrai & tout instant,
et en dérivant en temps on obtient donc 2’(t) — 0:((¢, X (¢)) — X'(t) - V{(t, X (t)) = 0. Comme par
définition U(t, X (t)) = X'(t), et que n(t, X) = {(=V((t,X), 1) on obtient le résultat souhaité pour
toute courbe réguliére X.

En notant Py la pression extérieure supposée constante, on obtient:
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(H?) P =Py sur {z =((t, X)}.

H8’) Vt e [0; 7], lim X))+ U X, 2)] = 0.
(B8) Ve 0Tl X+ (UG X )

(H9’) IHmin > 0,Y(¢, X) € [0; T[xR?,  Hy + ((t,X) —b(X) = Huin.
Les équations (H1’)-(H7’) sont appelées "équations d’Euler & surface libre".

D’un point de vue purement "analyse fonctionnelle", les équations d’Euler & surface libre (H1’)-
(H7’) sont difficiles & étudier. En effet, il s’agit d’équations d’évolution définies sur un domaine
spatial qui bouge dans le temps. Dans quel espace fonctionnel peut-on alors chercher des solutions &
cette équation ? En s’inspirant de ’étude faite pour une équation d’évolution classique, on pourrait
chercher des solutions dans des espaces de la forme C([0; T]; HY (€;)), mais alors la norme de I’espace
de Sobolev considéré dépend elle-méme du temps. On pourrait considérer un difféomorphisme ¥,
dépendant du temps, tel que si f : Q; — R4 alors fo, : R4t — R4+1 et définir les solutions U, P
comme des fonctions telles que (U, P)(t, ¥;) soit dans un espace régulier (par exemple C([0; T, R%)2).
Voir [63], [22] ou encore [41] pour une approche Lagrangienne de la démonstration du caractére bien
posé des équations d’Euler & surface libre.

Dans le dernier chapitre de ce manuscrit, une approche différente & été utilisée pour définir la
notion de solutions pour les équations d’Euler & surface libre. En effet, dans notre cadre de travail,
le domaine de fluide reste borné dans une bande fixe de la forme RY x [a;b] (notons la S) dans
lintervalle de temps fermé considéré (en réalité, c’est forcément le cas dans un cadre de travail
raisonnable : d’aprés 'hypothése (H9'), et en supposant raisonnablement que la surface est continue
en temps et espace, 1’élévation maximale de I’eau reste bornée sur un intervalle de temps fermé). On
définit alors une solution d’Euler & surface libre comme une fonction (U, P) définie sur [0;T] x S
telle que la restriction & €, (qui est un ouvert de [0; 7] x S) vérifie les équations d’Euler (H1’)-(H7’).
Nous reviendrons sur cette approche plus loin.

Afin de se diriger vers une formulation mathématique plus simple, c’est-a-dire vers des équations
posées sur des domaines fixes, introduisons une formulation équivalente aux équations d’Euler a
surface libre, constituant les équations de Bernoulli. En remarquant que le champ de vitesse du
fluide U est irrotationnel, on peut écrire ce dernier comme la dérivée d’un potentiel, et I’hypothése
d’incompressibilité implique que ce potentiel est harmonique dans le domaine de fluide considéré.
Cette remarque conduit aux équations suivantes :

(H3") U = V...

(H2") Ax.® = 0.

(H1") 0,® + 3|Vx:®* + g2 = =5 (P — Pum) dans Q.
(H5") Vx.®-n=0sur {z=—Hy+b(X)}.

(H6") o — mvx,zq’ =0 sur {z = ((t,X)}.

L’équation (H1") est obtenue par simple intégration de I’équation d’évolution (H1’). A noter que le
potentiel ® est défini & une fonction dépendant uniquement du temps prés.

Cette nouvelle formulation ne résout pas le probléme d’équations posées sur un domaine dépen-
dant du temps. Ce dernier sera résolu a partir de la fin des années 60, par plusieurs travaux qui
allaient donner naissance & la formulation moderne du probléme des Water-Waves. Zakaharov fait
la remarque fondamentale suivante dans [65] :

Le probléme peut étre entiérement décrit par deux inconnues : le potentiel & la surface, et la
fonction décrivant la surface.

En effet, appelons ¢ la valeur du potentiel ® & la surface z = (, et supposons 1 et ¢ connus a un
instant donné ¢t. En résolvant le probléme de Laplace suivant, avec conditions de Dirichlet et de

Neumann au bord :
AP = 0 dans Qy
(1.1.1)
D¢ =1, VO - n— g4 =0
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on connait alors la valeur de ® dans le domaine 2; entier. On connait alors U = Vx ,® puis la
pression P en utilisant 1’équation d’Euler (H1).! Fort de cette remarque, Craig-Sulem et Sulem
donnent dans [25] et [26] une formulation élégante du probléme des Water-Waves en fonction des
seules inconnues ¢ et v :

9tC—g¢=0

. 2 1.1.2

21t vep

Les équations ci-dessus sont, posées sur un domaine temps-espace de la forme [0; T[xR¢ avec T > 0,
puisque les inconnues ¢ et 1) sont définies en espace sur l’espace R? tout entier. Le probléme
fonctionnel des équations d’Euler & surface libre est alors résolu ! Le prix & payer est cependant
I’apparition d’un opérateur non local, dit opérateur de Dirichlet-Neumann et associant au potentiel
1 la valeur de la dérivée normale du potentiel & la surface :

g[C’b] D) WV‘P TN z=¢-

Pour calculer G[(,b]w connaissant ¢ et (, il faut résoudre le probléme de Laplace (1.1.1) pour
déterminer la valeur de ® dans le domaine entier ), puis calculer sa dérivée normale & la surface.
Ainsi, la premiére équation de (1.1.2) n’est autre que la condition cinématique sur la surface (H6”),
et la seconde est la trace de I’équation de Bernoulli (H1”) en z = (.

Les équations (1.1.2) constituent ce qu’on appelle la formulation Zakharov-Craig Sulem de ’équation
des Water-Waves. Il se trouve que cette équation a une structure hamiltonienne, et que la quantité
suivante (appelée hamiltonien) est conservée (les notations correspondent au produit scalaire et a la
norme de L%(R%)) :

H(G ) = 5(G0, ) + 51Cfa.

1.1.2 Adimensionnement des équations et paramétres pertinents

D’un point de vue physique, la dynamique du fluide étudié dépend grandement de plusieurs grandeurs
caractéristiques du milieu considéré :
1
2

(1) La profondeur caractéristique du milieu Hy,

(2)

(3) La longueur d’onde typique L, dans la direction transverse (quand d = 2),
(4)

(5)

La longueur d’onde typique L, dans la direction longitudinale,

4) L’amplitude typique des vagues considérées asyr,

5) L’amplitude typique de variation du fond apot:-

Il est alors plus pratique d’adimensionner toutes les variables, de maniére & faire apparaitre des
ordres de grandeur typiques dans ’équation. Dans cette optique, on effectue les changements de
variables suivants :

T Y ¢ z b
xl:—7 yl:— CI: , ZI:—7 bl:
Lm Ly ’ Asurf HO Gpott ’
et encore :
=t a= 2
to’ oy’
ol

L:n Asurf
to = by = L.\/gHp.
0 GH,’ 0 Hy, gtio
Si 'adimensionnement des premiéres variables se comprend aisément, celui de ® et de ¢ est moins
intuitif. 11 découle d’une étude du systéme linéarisé autour de ¢ = 0,b = 0 qui permet d’établir une
vitesse de déplacement des vagues typique pour ce systéme, et donc un ordre de grandeur typique

1 suffit bien de connaitre v et ¢ 4 un instant donné pour connaitre P & ce méme instant : en prenant la divergence
de léquation (H1’), et en utilisant (H2'), on obtient une équation de Laplace Ax P = —pdiv(U - Vx ,U) avec
condition de bord P(X,¢) = Patm.
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pour le potentiel. Nous ne nous étendons pas sur cette étude afin de ne pas surcharger le manuscrit
(voir par exemple [37]).

Aprés changements de variables, quatre paramétres adimensionnés apparaissent dans I’équation.
Ils sont :

2
Qsyrf _ H() Apott Lac

HO g, L% = M, HO =ﬁa L_y=’75

ou &, u, 3,7, sont respectivement nommés communément paramétre de "non linéarité", de "faible
profondeur"?, de "topographie" et de "transversalité". Donnons tout de suite quelques ordres de
grandeur pour les paramétres qui nous intéressent le plus dans ce manuscrit, & savoir y et € :

— En océanographie cotiére, pour une houle de longueur d’onde L, ~ 100m, et une amplitude
typique de asy,f ~ 1m sur un plateau continental de profondeur Hy ~ 10m, on a € ~ 1071 et
u~ 1072

— Pour un tsunami ot les longueurs d’onde peuvent atteindre 240km, sur une profondeur de 4km
et avec une amplitude de vague de 60cm, on obtient e ~ 1074 et u ~ 1074,

On voit donc que des situations différentes peuvent donner des paramétres adimensionnés d’ordres
de grandeur trés différents. A présent, donnons les équations des Water-Waves sous forme adimen-
sionnée (on omet les "primes" pour des questions de clarté) :

0r¢ — lGu,v[ECaﬁb]ﬂJ =0
H (1.1.3)
(Gu,'y[EC; ﬂb]df +euVog: V’“/})2 -0
20 +e2u | VIC?) ’

€ 5
O+ ¢+ VTR =

i

ou G, ,[eC, fb]y est Popérateur de Dirichlet-Neumann adimensionné, donné par :

G#a'Y[F;Cvﬂb]w =V 1+ €2|V’YC|26nq)\z:€C = (azq) - ,LLV’Y(EC) . V’Y(I))Lz:sg“a

ou P est la solution du probléme de Laplace avec conditions de Dirichlet (& la surface) et de Neumann
(au fond) suivant :

APY® =0 dans {(X,2) e R? x R, —1+8b(X) < z < e(X)}
¢|Z:EC = wa an(b‘Z:*l‘Fﬁb = 0.

Nous avons introduit les notations suivantes :

V7 =(00,70y) sid=2 et Vi=0, sid=1
AP = 1102 +72,ué’§ + 02 sid=2 et AP = pd? + 02 sid=1

et
1

On® -
| 1+p8b 1+ B2Vb12 IHNZTE

Remark 1.1.1 Le paramétre v égal au rapport des longueurs d’ondes dans les directions horizon-
tales ne joue aucun role dominant dans le présent manuscrit. Sa présence induit néanmoins ’agréable
présence d’un "exposant v" au dessus de tous les opérateurs différentiels... Ceci n’est pas une volonté
d’alourdir la lecture, mais de montrer que tous les résultats exposés restent vrais si v # 1. Une situ-
ation typique ou cette derniére condition est satisfaite est le cas des ondes faiblement transverses, ot
v = /i, qui donne liew auz systemes Boussinesq faiblement transverses et a [’équation de Kadomstev-
Petviashvili (voir [40]).

(azq) - /va(ﬂb) . Vvq))\z:—l-#—,@b'

2Le mot anglais étant intraduisible de maniére élégante, en général on n’appelle pas ce paramétre quand on parle
en francais.
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1.1.3 Modéles asymptotiques d’écoulement a surface libre

Lorsqu’on étudie I’équation des Water-Waves dans le cas ot un ou plusieurs des paramétres adimen-
sionnés est faible, on parle de "régime". Par exemple, lorsque u est petit, on parle de "régime d’eau
peu profonde" (cette appellation simplifiée ne doit cependant pas faire oublier que u est le rapport
entre la longueur d’onde et la profondeur, et qu’une profondeur faible seule ne signifie pas forcément
que u est petit). Il est alors possible de travailler avec des équations simplifiées, qui sont obtenues
formellement en effectuant un développement limité en le parameétre de faible valeur considéré, dans
les équations de Water-Waves (1.1.3). Nous présentons ici les deux régimes qui nous intéressent dans
ce manuscrit,.

i) Le régime dit "toit rigide" est atteint pour de faibles valeurs du paramétre . Le modéle
asymptotique le plus simple est ’équation du toit rigide, qui est obtenu en faisant tendre € vers 0.
Plus précisément, en partant des équations d’Euler & surface libre adimensionnées, on effectue le
changement d’échelle en temps suivant :

t' = et,

puis on fait tendre € vers 0. Formellement, on obtient les équations suivantes, dites équations du
toit rigide (on omet les "primes" pour des questions de clarté) :

1
(0, + (V- V7 4 ~wd.)V = —V7P dans O
1

orw~+ (VE-V7 4+ iwaz)w = —(0,P) dans

w=20
VY- U =0 dans Q)
rot*Y(U) = 0 dans 2
U-e,=0enz=-1
(P=Cenz=0

(1.1.4)

ol  est désormais le domaine fixe :

O ={(X,z) e R¥* —1 <2 <0},

ot on a décomposé U = (V,w) en composantes verticales et horizontales, et ou pour toute grandeur
A, on note A = A(e(¢). Nous avons aussi introduit les notations suivantes :

VAT =1 (\Ju0y, YA/ 110y, 0) sid=2 et VAT = (uby, 0,) sid=1

rot? = VA7 A sid=2 et rott’ = VAL sid = 1.

Physiquement, les équations du toit rigide modélisent 1’écoulement d’un fluide dont la surface
serait fixée & 0, comme si on posait un "toit" sur ’ensemble du fluide.

ii) Le régime d’eaux peu profondes est atteint pour de faibles valeurs du paramétre p. De
nombreux modéles asymptotiques existent dans ce cadre de travail. Le plus simple est I’équation de
Saint-Venant, aussi appelée équation Shallow-Water, introduit par Lagrange [35] puis Saint-Venant

1] :
{atc +V7. (hV)_= 0 B (1.1.5)
OV +VI(+e(V-VMV =0.

Ces équations sont obtenues formellement en prenant u = 0 dans les équations de Water-Waves
(1.1.3). Bien qu’elles ne constituent pas directement 1’objet d’étude de cette thése, des méthodes
employées pour I’étude de cette équation (notamment dans [13]) ont été adaptées dans cette thése a
des modéles plus complexes, telle que ’équation générale des Water-Waves elle-méme, ou le modéle
Boussinesq-Peregrine introduit ci-dessous.

En effectuant formellement un développement limité & 'ordre 1 en p, on obtient un modéle
rendant mieux compte du caractére dispersif des Water-Waves, appelé équation de Green-Naghdi.
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Cependant nous nous intéressons dans ce manuscrit & une version simplifiée de I’équation de Green-
Naghdi, dans le cas d’une faible amplitude : ¢ = O(u). A noter qu’aucune hypothése de taille n’est
faite sur la topographie 8). On obtient alors dans ce cas I’équation dite de Boussinesq-Peregrine
(voir [11], [10],et [51]) :

{at<+v7 (V) =0 1.16)

[1+uTp)oV +e(V-V)V +V( =0

ou 7y est I'opérateur suivant :

_ _ 1 _ _ _ _
vV, T,V = —ﬁv%hfgw V) + %[W(hng V) = hiVVT - V] + B2VIVh -V,
b b
avec
hy =1 — jb.

Définissons enfin une notion de "consistance" pour un modéle asymptotique, que nous donnons
volontairement vaguement ici. On dit qu’une équation asymptotique de la forme (EA—0) est consis-
tante a 'ordre k en p avec I'équation des Water-Waves, que ’on met sous la forme (EWW=0) si on
peut écrire I'équation des Water-Waves sous la forme EWW = EA + u*R.

Ainsi, les équations de Shallow-Water (1.1.5) et de Boussinesq-Peregrine (1.1.6) sont consistantes
respectivement & l'ordre 1 et & l'ordre 2 en u avec I’équation des Water-Waves.

1.1.4 Articulation de la thése

Les modeéles asymptotiques sont importants en pratique, car ils permettent une étude simplifiée
du probléme des Water-Waves. Par étude simplifiée, nous entendons notamment calcul numérique
sur des écoulements a surface libre. Par exemple, I’équation de toit rigide (1.1.4) est posée sur
un domaine fixe, contrairement aux équations d’Euler & surface libre. L’équation de Boussinesq-
Peregrine (1.1.6), quant & elle, ne fait intervenir que des opérateurs différentiels "classiques" (ou
tout du moins locaux), tout en permettant I’étude du caractére dispersif des Water-Waves en fond
non plat.

Le premier objectif de la thése était de justifier mathématiquement le modéle toit rigide, en dé-
montrant rigoureusement la convergence quand ¢ tend vers 0 des équations d’Euler aprés changement
d’échelle en temps t’ = et. Pour ce faire, plusieurs étapes étaient & franchir :

(1) donner un temps d’existence de taille 1 quelle que soit la taille du fond pour ’équation des

€
Water-Waves ;

(2) donner une définition rigoureuse des solutions de ’équation d’Euler a surface libre, puis prouver
I’équivalence de cette équation avec celle des Water-Waves;

(3) étudier la limite toit rigide quand ¢ tend vers 0.

Le premier point n’est pas anodin. En effet, le théoréme d’existence locale le plus précis connu
pour l’équation des Water-Waves était celui d’Alvarez-Samaniego Lannes, qui donnait un temps
d’existence de taille ﬁ, c’est & dire un temps d’existence T = % ou C dépend des données
initiales, avec

a v b =max(a,b).

Aprés changement d’échelle en temps dans le cadre de ’étude du régime toit rigide, ¢ = et, on
obtient avec ce Théoréme un temps d’existence de taille ﬁ, et donc & la limite € tend vers 0, on
obtient des solutions définies... uniquement en zéro, si aucune hypothése de petitesse n’est faite sur
la taille 5 de la topographie. Un premier article rédigé au cours de cette thése, portant le doux
nom de "The Cauchy problem on large time for the Water Waves equations with large topography
variations" et accepté dans le journal "Annales of IHP", démontre un temps d’existence amélioré, de
taille % dans les variables de départ, et ce quelle que soit I’amplitude de variation du fond, pourvu
que l'on introduise de la tension de surface. Comme nous le verrons, un temps d’existence de cette

taille a également un intérét théorique dans le cadre de la théorie des systémes hyperboliques.
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Le deuxiéme point semble apparaitre comme tacitement vrai dans la littérature, alors qu’il n’est
en réalité que trés rarement justifié (voir cependant [3]). Pourtant il existe une véritable question
fonctionnelle non triviale qui est de définir mathématiquement un espace de solutions définies sur
un domaine qui bouge dans le temps. Une approche originale a été abordée au cours de cette thése,
et sera détaillée plus loin.

Brisons dés & présent le petit mythe crée quelques lignes plus tot sur ’équation du toit rigide
(1.1.4) : cette équation est triviale. Plus précisément, il n’est pas difficile de démontrer que les
seules solutions possibles & cette équation sont... nulles. Si ce dernier fait efface instantanément tout
intérét au modéle, il apporte néanmoins une information importante : les solutions de I’équation des
Water-Waves dans I’échelle de temps du toit rigide (¢’ = et) doivent converger vers 0 (puisqu’elles
convergent vers les solutions de I’équation du toit rigide). La convergence dans le méme régime a été
étudiée dans [13] dans le cas de I’équation Shallow-Water. La convergence faible y est démontrée.
Néanmoins la convergence forte dans un espace de type L”((0; T); L?(R%)) n’est pas vraie dans le cas
général. Un second objectif au cours de la thése a été de démontrer qu’un tel défaut de convergence
persistait dans le cas de I’équation des Water-Waves compléte. C’est I’'objet d’un autre article soumis
durant cette thése, intitulé "Singular limit in the rigid lid regime for the Water-Waves equations".
Remplir cet objectif nécessitait néanmoins d’établir une estimation de dispersion pour 1’équation
linéarisée autour d’une surface plate et d’un fond plat, ce qui & notre connaissance n’a pas été fait
jusque ici dans le cas des équations en fond fini (voir Ionescu-Pusateri [32], Alazard-Delort [4] et [5]
et une large littérature pour I’étude du cas du fond infini, et [45] pour une premiére étude dans le
cas du fond fini). Cette étude constitue un troisiéme article, intitulé "A dispersive estimate for the
linearized Water-Waves equations in finite depth".

Enfin, un dernier objectif était d’adapter la méthode d’existence en temps long utilisée pour
I’équation des Water-Waves au modeéle asymptotique de Boussinesq-Peregrine. Comme d’aucuns
pourront le constater en lisant 'article intitulé "The Cauchy problem on large time for a Boussinesq-
Peregrine equation with large topography variations", la structure fort peu pratique de cette équation
nous a contraint a envisager un modéle équivalent (en terme de consistance avec I’équation des Water-
Wayves) se prétant mieux & la méthode.

Comme nous ’expliquerons plus loin, I’obtention de résultats d’existence en temps long pour les
équations de Boussinesq-Peregrine et de Water-Waves en grand fond revient & étudier un probléme
de perturbation singuliére de type anelastique/faible nombre de mach, dans un cadre dispersif.

1.2 Existence en temps longs pour les équations de type hy-
perboliques

Nous expliquons dans cette partie que ’obtention d’un temps d’existence long de taille % pour
Péquation des Water-Waves (1.1.3) n’est pas une simple amélioration d’un résultat d’existence locale,
ni un simple moyen de justifier le modéle toit rigide. Il est en effet intimement lié & la théorie plus
générale des systémes hyperboliques.

1.2.1 Les systémes hyperboliques

Un systéme d’équations aux dérivées partielles est dit hyperbolique s’il s’écrit sous la forme

d
Osu + Z 0jfi(u) +g(u) =0

J=1

ot u : RY —» RP, g : RP — RP est réguliére, et ol pour tout j, A; = (é’lfj é’pfj) e My(R),
tout a = (aq,...,aq) € RY Ay + ... + agAy est diagonalisable & valeurs propres réelles. Un cas
particulier intéressant est celui ot les matrices A; sont symétriques, ou symétrisables (ie il existe
S € M,(R) symétrique définie positive tel que SA; est symétrique pour tout j), et il existe une large
littérature & ce sujet (voir par exemple [61], ou [7] pour ne citer qu’eux). L’équation Shallow-Water
(1.1.5) est un cas typique de systéme hyperbolique symétrisable (multiplier la seconde équation par
h pour obtenir un systéme symétrique).
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L’équation des Water-Waves a une structure trés proche des équations hyperboliques. Cela
apparait un peu plus clairement sur une formulation équivalente des équations (1.1.3) (voir [37] pour
plus de détails) :

0+l - VC—dw =0
OV +aVC +e(V- VIV =0,

ou on rappelle que V, w sont les composantes respectivement, verticales et horizontales de la vitesse
a la surface, et ou a est le coefficient de Rayleigh-Taylor (voir section 2.2.2 du manuscrit pour une
définition précise de ce dernier). Bien sir, le terme w est une quantité qui s’exprime de facon non
locale en V. (voir plus loin pour les détails techniques), mais on reconnait déja la une forme trés
proche de la structure hyperbolique.

1.2.2 Meéthodes d’énergie pour les systémes hyperboliques

Une caractéristique des systémes hyperboliques symétrisables est que leur existence locale se prouve
avec des méthodes dites d’estimation d’énergie. Plus précisément, on montre que si on a des solutions,
une certaine quantité dépendant des inconnues, qu’on appelle "énergie" est bornée sur un certain
intervalle de temps, en démontrant une borne sur cette énergie appelée "estimation d’énergie". Cette
énergie donne en général des informations sur les normes des solutions (par exemple sur les normes
Sobolev), et par un argument de type point fixe on peut alors réussir & démontrer I’existence locale,
dans un espace de la forme C([0;T]; HY(R?)) par exemple.

En particulier, pour montrer des résultats d’existence en temps long %, il s’agit de montrer que
ces énergies sont bornées sur un intervalle de temps de cette taille. Par exemple, en ce qui concerne
léquation Shallow-Water (1.1.5), il est possible de montrer que la quantité

EN(CaV) = (hVaV)HN + |C|§1N

est bornée tant que la norme W1* des inconnues n’explose pas, avec N > d/2 + 1. Dans le cas de
I’équation des Water-Waves, 1’énergie considérée est plus complexe, mais comme nous ’avons déja
indiqué plus haut 'hamiltonien suivant est conservé :

H(G ) = 500 )12+ 51CE

1.2.3 Temps hyperbolique

Considérons un systéme quasi-linéaire hyperbolique symétrique de la forme

d
dru+e . Aj(u)du =0
j=1
avec les notations ci-dessus (A4;(u) est une matrice symétrique). Il se trouve que le "bon temps"
d’existence pour un tel systéme, appelé souvent "temps hyperbolique", est de taille é C’est-a-dire
qu’il "devrait étre" de cette taille, et qu’il ne sera pas plus grand en général. Tentons d’illustrer cette
affirmation sur une équation hyperbolique trés simple, I’équation de Burgers unidimensionnelle :

{atu +eudzu =0 (12.7)

u’(oﬂ 1') = UJO(Z')

avec des hypothéses raisonnables sur ug. En utilisant la méthode des caractéristiques, on prouve que
les caractéristiques sont de la forme

x(t) = eup(x1)t + 21

avec 1 € R. Les solutions n’existent pas globalement en temps car les caractéristiques s’intersectent.
Estimons le temps auquel elles s’intersectent. Soit donc deux caractéristiques x(t) = eug(x1)t + 21
et eug(x2)t + xo. Elles se croisent au temps

To — I

e(uo(w2) — uo(w1))”

t=—
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Par conséquent, le temps d’existence local pour I’équation de Burgers est

. To — T 1
T= min — = ——
z1,226R  e(ug(x2) — up(x1)) Emllgua(x)
TE

qui est bien de taille 1.

1.2.4 Systémes hyperboliques avec terme non homogéne singulier

Nous considérons ici des problémes hyperboliques dont la forme est trés proche de celle de ’équation-
modeéle suivante :
Oru + eudzu + L{eu,a(x))u =0 (1.2.8)

avec u € HV(R) pour un certain N > 0 et ot L est un opérateur & coefficients variables, an-
tisymétrique pour le produit scalaire L2. Expliquons briévement 1’idée utilisée dans cette thése
permettant d’obtenir des résultats d’existence en temps long pour une équation de cette forme.
L’estimation d’énergie usuelle pour une équation hyperbolique consiste & faire commuter des dérivées
spatiales avec I’équation, afin d’estimer des énergies "controlant" (c’est-a-dire "donnant des informa-
tions sur") des normes Sobolev. Dans le cas d’une équation du type (1.2.8), I'estimation d’énergie
L? est "bonne":

d1
% 5 |u(t) |L2 = ((%u, ’LL)LZ
et en utilisant I’équation (1.2.8) pour remplacer d;u par son expression, on obtient :
d1
3 u(t)|p2 = —e(ulzu,u)r2 — (L(eu, a(x))u,u) .

L’opérateur L(cu,a(x)) + ud, étant antisymétrique pour le produit scalaire L2, la quantité ci-dessus
est nulle, et la norme L? de u est conservée dans le temps | L’estimation H!, en revanche, est
"singuliere", au sens "pas de taille ". En effet, dérivons I’équation (1.2.8) une fois par rapport a la
variable d’espace :

010zt + eudy (Opu) + L(eu, a(x))0,u + €(0xu)0zu + £(0pu)d L (cu, a(z)) + (Oya)dLa(eu, a(x)) =0

ou on a noté dL; la différentielle de L par rapport & la i-iéme composante, pour ¢ = 1,2. Utilisant la
méme technique que pour l’estimation L? ci-dessus, on voit que la quantité %|u(t)|H1 n’est pas de
taille g, & cause du terme en la différentielle dLo. En particulier, nous n’avons aucune chance avec
cette méthode de montrer que la norme H'! reste bornée sur un temps de taille %

La méthode employée principalement dans cette thése est inspirée de [43], [55] ou encore [13]
et consiste & faire commuter des dérivées en temps avec 1’équation. Par exemple, pour (1.2.8), en
dérivant par rapport au temps, on obtient:

(%((%u) + suax((?tu) + L(Eu, a(z))@tu + e(atu)azu + E(atu)dLl(eu, a(z)) =0.

Les seuls termes non antisymétriques ont tous un facteur "e". Cela reste vrai si on dérive plusieurs
fois en temps. On montre alors que les dérivées en temps des inconnues sont bornées sur un intervalle
de temps de taille %, et on conclut en utilisant I’équation qui permet de relier les dérivées en temps
et les dérivées en espace. Par exemple, si L(cu, a(x)) est elliptique d’ordre 1, on écrit pour I’équation
(1.2.8) :

L(eu,a(x)) = —0ru — eudyu

et en utilisant la bonne estimation pour les dérivées en temps, on obtient, en utilisant ’ellipticité de
L(eu,a(x)) :
[u(®)]rr < C(|ut)]mr)et + Co

ou C est continue, et Cy ne dépend que des normes des données initiales. On peut récupérer des
estimations similaires pour les normes Sobolev d’ordre supérieur en considérant I’équation sur (d;)*u.
Une estimation de la forme

[u(®)| g~ < C(|ult)|a~)et + Co

avec N assez grand, permet de montrer par un argument de continuité que w est définie sur un
intervalle de temps de taille %
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1.2.5 Reésultats obtenus

Pour les équations des Water-Waves et de Boussinesqg-Peregrine, la méthode exposée ci-dessus ne
s’applique pas directement, et différents problémes apparaissent. En effet, ces équations font in-
tervenir des termes dispersifs, et la méthode décrite n’a jamais été appliquée a notre connaissance
a ce dernier cadre. Par ailleurs, les termes dispersifs en question ont des structures différentes
selon I’équation. Par exemple, pour le cas de I’équation des Water-Waves (1.1.3), avec les notations
ci-dessus, u = *({, 1) et

L(zu, a(z)) = ((1) _ﬁg[g@ﬂb]> |

L’équation des Water-Waves n’est pas strictement hyperbolique et ’opérateur L n’est pas elliptique
d’ordre un. Dans le cas de ’équation de Boussinesqg-Peregrine (1.1.6), la dispersion provient de la
présence de 'opérateur I + 17, devant la dérivée en temps. Ces considérations techniques poussent &
développer plusieurs stratégies, qui sont développées dans les articles "The Cauchy problem on large
time for the Water Waves equations with large topography variations" et "The Cauchy problem on
large time for a Boussinesq-Peregrine equation with large topography variations".

Ce manuscrit expose les résultats suivants d’existence en grand temps obtenus durant la thése
(nous ne donnons volontairement pas d’énoncé précis pour ne pas alourdir la lecture, et renvoyons
aux énoncés complets) :

Theorem 1.2.1 L’équation des Water-Waves avec tension de surface est bien posée en temps %
quelle que soit la taille de la topographie pourvu que les effets de tension de surface soient de I’ordre
de p. [Voir Theorem 2.2.2]

Bien noter qu’aucune hypothése n’est nécessaire sur la taille du fond, ce qui constitue I’amélioration
du résultat de [6]. Comme nous le verrons, la méthode employée repose grandement sur la structure
des équations, et par conséquent il a été nécessaire d’introduire la tension de surface pour prouver un
tel résultat. Cependant, en pratique, le coefficient de tension de surface est faible, aussi I’hypothése
de I’énoncé est raisonnable si I’on considére des régime ou p est raisonnablement petit. On démontre
également les résultats suivants :

Theorem 1.2.2 L’équation de Boussinesq-Peregrine (1.1.6) est bien posée sur un intervalle de
temps ne dépendant pas de p.[Voir Theorem 3.2.1]

Aussi étonnant que cela puisse paraitre, il n’existe & notre connaissance aucune démonstration de
I'existence locale dans la littérature pour cette équation. Pour des raisons techniques dues a la
structure de ’équation (typiquement, avec les notations de la section précédente, I'opérateur an-
tisymétrique L n’est pas elliptique d’ordre suffisant par exemple), la méthode de démonstration
d’existence en temps long ne s’applique pas bien a ’équation de Boussinesq-Peregrine. Afin de
démontrer existence en "temps hyperbolique" (donc de taille %), on considére alors modéle un
équivalent & (au sens "consistant & 'ordre 2 en p avec") ’équation :

Theorem 1.2.3 1l existe une équation consistante & l'ordre 2 en u avec ’équation de Boussinesq-
Peregrine (1.1.6) bien posée en temps 1 en dimension 1.[Voir Theorem 3.3.7]

Ce résultat n’est objectivement pas optimal, car il ne concerne pas ’équation de Boussinesq-Peregrine
elle-méme, mais un modéle équivalent. De plus, le résultat n’est vrai qu’en dimension 1. Ces
défauts proviennent du fait que la structure de 1’équation originale (1.1.6) ne semble pas adaptée a
l'utilisation de la méthode employée par [13], comme expliqué en détail dans P’article "The Cauchy
problem on large time for a Boussinesq-Peregrine equation with large topography variations". En
revanche, il constitue un résultat intéressant pour une étude numérique. En effet, les modéles de
type Green-Naghdi/Boussinesq permettent de prendre en compte les effets dispersifs de 1’équation
des Water-Waves. L’équation Green-Naghdi comporte également un terme de la forme (I +u7;)0;V,
mais avec hy = 1 — b remplacé par la hauteur d’eau totale h = 14— 8b. Une résolution numérique
de I’équation de Green-Naghdi par un schéma de type différences finies en temps nécessite donc &
chaque pas de temps l'inversion de 'opérateur (I + u7;) (qui dépend alors du temps), ce qui est
coiiteux en calculs. Avoir donc un modéle simplifié de cette équation est alors un bon compromis entre
comportement qualitatif des solutions et difficulté d’implémentation pour un schéma numérique.
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1.3 Problémes de limite singuliére et défaut de compacité

La démonstration d’un résultat d’existence en grand temps pour des équations d’écoulement & surface
libre, et la limite toit rigide qui en découle rentrent dans le cadre des problémes dits de "limite
singuliére".

1.3.1 L’échelle de temps en limite toit rigide
Démontrer un résultat d’existence sur un temps de taille % est équivalent & démontrer un résultat

d’existence uniforme par rapport & ¢ aprés changement d’échelle en temps
t' = et.
Précisons : I’équation des Water-Waves (1.1.3) aprés changement d’échelle prend la forme
{atg —Lgy=0
o+ 2C+M(C,9) =0

ot M({,) est un terme bilinéaire en (,1. Dans loptique de démontrer des estimations d’énergies
valables sur un temps indépendant de €, on essaye d’éliminer les termes "singuliers" de taille % dans
les estimations. De méme, lorsqu’on passe a la limite € tend vers 0, il convient de traiter les termes
de taille % avec prudence (en pratique, on multiplie I’équation par € avant de passer & la limite).

(1.3.9)

1.3.2 Défaut de compacité en limite toit rigide

Dans [13], cette limite dite "singuliére" quand e tend vers 0 en régime toit rigide est étudiée pour
I’équation Shallow-Water. La convergence faible des solutions est démontrée, mais on ne s’attend pas
en général (du moins si la limite faible est nulle) & avoir convergence forte (sous-entendu "convergence
forte globale en espace" dans les espaces de Sobolev®). Une raison trés simple 4 cela est que la quantité

(hva V)LQ + |C|2L2
est conservée dans le temps.
Dans le cas de I’équation des Water-Waves elle-méme, comme indiqué précédemment, la conver-
gence quand ¢ tend vers 0, si elle a lieu, doit avoir lieu vers zéro (rappelons rapidement que l’équation
d’Euler & surface libre tend formellement vers 0 quand ¢ tend vers 0 vers I’équation du toit rigide,

dont les solutions sont nulles). Comme pour le cas Shallow-Water, il n’y a pas convergence forte vers
0 dans L? dans le cas général, puisque ’hamiltonien

1 1,
E(Gw,w)m + §|C|L2

est conservé au cours du temps (précisons sans donner de détail technique que G est symétrique
défini positif pour le produit scalaire L?). Pourtant, ’énergie est bornée quand ¢ tend vers 0, et

cette énergie controle des normes de type Sobolev, aussi par un argument de compacité il y a (a
sous-extraction prés) convergence faible dans L2.

1.3.3 Résultats obtenus

Un des objectifs de cette thése était de mettre en exergue le défaut de compacité pour la limite toit
rigide. Exposons briévement la stratégie utilisée : I’équation linéarisée en ( = 0,0 = 0 est :

1
0i¢—=Gop =0

I
0tw+< = Oa

(1.3.10)

ou l'opérateur Gy = G[0, 0] est donné par

Yo = /u|D| tanh(| D7),

3En revanche, la convergence forte locale en espace y est démontrée
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avec F(g(D)f)(€) = g(&)F(f)(€) ou F(f) désigne la transformée de Fourier de f pour tout f €
S’(R). 11 n’est pas difficile de voir que ¢ vérifie alors ’équation

1
03¢+ —Go( =0
e

et cette équation a une structure proche de celle de I’équation des ondes, hormis le fait qu’a hautes
fréquences Gy n’est que d’ordre 1. Comme pour ’équation des ondes, on pourrait alors s’attendre
a avoir des comportements pour les solutions de (1.3.10) de type composantes partant en 00 en
espace, lorsque t tend vers +o0. En réalité, le comportement est trés différent de celui obtenu pour
I’équation des ondes, du moins en dimension 1, puisqu’on montre un phénoméne de dispersion. Plus
précisément, on a le résultat suivant:

Theorem 1.3.1 Les solutions U = ((,v) du systéme linéarisé (1.3.9) pour d = 1 vérifient une
estimation de dispersion de la forme :

( 1 1 n 1 Y
P TN (YN I
+ 202U (0)]2 + [U(0)[ 1)

vt > 0, Yo e S(R) |U(t)| <C |U(0)] g1

[Voir Theorem 4.2.5]

L’estimation de dispersion est moins bonne que la dispersion en tl% pour I’équation en fond infini
(voir par exemple [15]), & cause du comportement & basses fréquences de 'opérateur Gy (comme un
opérateur d’ordre 2). Bien que Gy soit équivalent & basses fréquences a l'opérateur des ondes, son
comportement est en fait différent, ne serait-ce que parce que la dérivée seconde de sa transformée de
Fourier n’est pas nulle (contrairement & I’opérateur des ondes, justement)! Un tel résultat n’avait pas
été obtenu & notre connaissance, pour le cas du fond fini (voir cependant [45] pour une estimation
en fond plat dans des espaces différents), et un soin tout particulier a été utilisé pour controler

précisément la dépendance en p. Remarquons que si 'on pose A = —=, on retrouve la dispersion du

\/ﬁ Y
cas en fond infini (voir [15] par exemple) en faisant tendre p vers 400 : en effet, on écrit e?*(P) =

e TrIWiD) avec g(z) ~ +/|z|

=+

Le Theorem 1.3.1 montre déja que le défaut de compacité en limite toit rigide existe sur I’équation
linéarisée (1.3.10) :

Theorem 1.3.2 On a, pour tout {y assez réguliere, tout t > 0 et pour d=1 :
ei% v ﬁgogo — 0
e—0
et la convergence n'est pas forte dans L?(R) en général. [Voir Theorem 5.2.6]

Afin de mettre en évidence le méme type de comportement sur I’équation globale, on écrit cette
derniére sous la forme

0:C — 10w = f
oy +(C =g,
ol f et g correspondent aux termes de taille O(1) par rapport & £ présents dans ’équation des

Water-Waves (1.3.9). On traite alors les non-linéarités f,g comme des perturbations du systéme
linéarisé (1.3.10), en utilisant l’estimation de dispersion 1.3.1.

Afin d’utiliser 'estimation de dispersion de Theorem 1.3.1, il convenait de démontrer également
un résultat d’existence pour 1’équation des Water-Waves dans un espace & poids. Nous donnons
volontairement un énoncé vague pour ne pas alourdir la lecture :

Theorem 1.3.3 Pour N assez grand, il exziste ko > 0 tel que si (o, 100) vérifient
|C0|HN + |1'61C0|HN—I€0 + |1/)0|HN+1/2 + |$6I7/)0|HN+1/2—)€0 < 00,

alors les solutions de l’équation des Water-Waves (1.1.3) avec conditions initiales ((o, o) vérifient
la méme condition sur leur intervalle d’existence. [Voir Theorem 4.3.11]
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La démonstration consiste en une adaptation de la preuve de 'existence locale pour le systéme
(1.1.3) de [37]. Cependant, une difficulté technique non négligeable apparait, qui est de controler de
maniére optimale le commutateur de l'opérateur de Dirichlet-Neumann G avec x. Les deux théorémes
ci-dessous constituent D'article "A dispersive estimate for the linearized Water-Waves equations in
finite depth", qui sert de support technique & la preuve d’un des résultats principaux de cette thése,
que nous énongons ici de la fagon suivante :

Theorem 1.3.4 Les solutions de I’équation des Water-Waves non linéaire (1.1.3) pour d = 1 avec
fond plat convergent fortement quand € tend vers 0 vers les solutions du systéme linéarisé (1.3.9),
en échelle toit-rigide, dans L*((0;T); L*(R?)). [Voir Theorem 5.2.31]

Ce résultat affirme donc qu’en dimension 1, les solutions de ’équation totale convergent faiblement
vers 0, mais pas fortement (a4 moins d’avoir des conditions initiales nulles). De plus, le défaut
de convergence est da a 'opérateur de l’équation linéaire, qui induit une dispersion des vagues.
Expliquons physiquement en quoi consiste la limite toit rigide. Pour obtenir cette limite, on fait
d’abord le changement de variable ¢’ = et puis on fait tendre € vers 0. Dans les variables originales,
t= t;’ et sion fixe ¢/, la convergence de ¢ vers zéro implique que ’on fait tendre ’amplitude des vagues
vers 0, tout en "avancant dans le temps" (& la vitesse %) Asymptotiquement, quand ¢ tend vers
+00, toutes les composantes intéressantes des vagues ont été écrasées et il ne reste aucun mouvement
(hormis d’éventuels courant rotationnels). On peut se représenter la situation en imaginant que ’on
"pose un toit" sur le fluide étudié, écrasant ainsi les vagues.

En revanche la convergence annoncée par ce Théoréme ne tient plus si p est relié & ¢ (se rappeler
de l'estimation de dispersion du Theorem 1.3.1). Ceci se traduit physiquement par le fait qu’on
est alors dans un régime ou la dispersion n’est plus dominante et ou le mécanisme de convergence
faible est davantage de type "équation des ondes", c’est-a-dire une séparation de la solution en deux
composantes qui partent a l'infini. C’est 1& le grand intérét d’avoir une estimation de dispersion
avec paramétres. Ceci ouvre des perspectives pour determiner quels sont les régimes dans lesquels
la dispersion va dominer. Typiquement, si p = 1 et ¢ « 1 alors les effets dispersifs ’emportent
(le comportement est proche de ’équation linéaire). Si a linverse p = ¢ « 1, alors les effets
dispersifs sont de méme ordre que les effets non-linéaires et on a un comportement proche de celui de
I’équation de Korteweg de Vries et le mecanisme et de type "équation des ondes" en plus compliqué.
En particulier, on s’attend & ce qu’il ne soit plus possible de traiter les non-linéarités quadratiques
du systéme complet comme de simples perturbations du systéme linéaire. Si e = \/u « 1 alors on
a un regime ou la dispersion est plus faible que la non-linéarité et on s’attend a avoir des vagues
déferlantes...

Afin de compléter ’étude de la limite toit rigide entamée, il reste & montrer que les solutions
(¢5,7) bornées sur C([0; L], HY (R?)?) uniformément en ¢ de I'équation des Water-Waves (1.1.3)
fournissent des solutions pour ’équation d’Euler & surface libre. Pour ce faire, nous avons eut l'idée
de prolonger U® = Vx ,®° ( a priori définie uniquement sur ;) & une bande fixe S de la forme
[a;b] x R? dans laquelle ©; est inclut pour tout ¢ et tout e dans l'intervalle d’existence des solutions.
On montre alors que le prolongement U¢ est borné dans un espace de la forme C([0; L1, HN(S))
uniformément en ¢, et qu’il vérifie les équations d’Euler sur le domaine 2;. Ceci aboutit au résultat
suivant :

Theorem 1.3.5 L’existence de solutions a l'équation des Water- Waves induit 'existence de solu-
tions auzx équations d’Euler & surface libre.[Voir Theorem 5.3.4]

Par un argument de compacité, on a ensuite & sous-extraction prés convergence faible de la suite Ue
quand ¢ tend vers zéro vers les solutions de ’équation toit rigide, qui sont nulles. La convergence
n’est pas forte dans L*((0;7); L?(R?)), car elle ne I'est pas pour le systéme Water-Waves, et les
deux systémes (Euler et Zakharov/Craig-Sulem) sont équivalents.

On peut illustrer une partie du travail effectué durant cette thése par le diagramme de la Figure
1.2. La convergence forte en régime d’eaux peu profondes de Water-Waves vers Shallow-Water a été
démontrée par Alvarez-Samaniego et Lannes [6] et par Iguchi [31]. La fleche de convergence faible de
Shallow-Water vers I’équation des lacs (qui est un modéle toit rigide en régime d’eaux peu profondes,
voir par exemple [12]) a été justifiée par Bresch-Métivier dans [13]. Nous avons au cours de cette
thése démontré les deux derniéres convergences apparaissant sur ce diagramme. Les convergences
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Euler :\0 Toit rigide (zéro)

w— w0

Shallow-Water —> Equation des lacs (zéro)
E —

Figure 1.2: Différents modéles

faibles indiquées sur le diagramme ne sont pas fortes en général. Attention : le modele de I’équation
des lacs n’est pas trivial. Il est nul s’il est établi comme limite du modéle toit rigide en régime d’eaux
peu profondes. Mathématiquement, le fait que le modéle toit rigide soit trivial provient du fait qu’on
"hérite" a la limite faible amplitude des conditions de bord (H5') et (H6') (voir premiére partie), qui
deviennent une condition de nullité sur la composante normale de la vitesse aux bords du domaine.
1l est d’ailleurs possible que bien que les solutions soient nulles dans le modéle & rotationnel nul, des
courants tournants subsistent dans le cas avec rotationnel.

Les modéles a toit rigide, qu'il s’agisse de I’équation du toit rigide (1.1.4) ou des modéles dérivés
(équation des lacs [12] ou des grands lacs [16]) permettent donc de décrire de maniére simplifiée la
dynamique des courants pour les fluides & surface libre, mais ne disent rien sur la partie irrotationnelle
de I’écoulement qui est pourtant la composante fondamentale (et souvent unique) dans I’étude des
vagues. Ces modéles sont donc d’un intérét limité dans ce cadre d’étude.

1.4 Perspectives de recherche

1.4.1 Vers des résultats optimaux

Le premier théoréme d’existence en temps long pour l'existence des Water-Waves, Theorem 1.2.1
n’est pas optimal dans le sens ot il nécessite la présence de tension de surface. Un résultat identique
pour ’équation (1.1.3) sans tension de surface pourrait cependant étre envisagé en adoptant une
stratégie légérement différente. On cherche a résoudre sur un temps long de taille é des équations
de la forme

Oru 4+ eu - Vu + L(a(z), eu(t, z), t)u =0 (1.4.11)

ou L est un opérateur anti-symétrique et elliptique. La stratégie utilisée dans cette thése consistait
a faire commuter avec I’équation des dérivées en temps, de maniére & conserver la structure anti-

symétrique sur les termes n’étant pas de taille e. Le probléme fondamental pour I’équation des
1

0 -1
Water-Waves est que L n’est pas elliptique d’ordre 1 : on a L de la forme (1 6g> (avec G

bien elliptique d’ordre 1 néanmoins), aussi les dérivées en temps ne sont pas "du méme ordre" que
les dérivées en espace (dans la deuxiéme équation de (1.1.3), dytp n’est pas d’ordre 1 par rapport
a (), aussi faire le "lien" entre les dérivées temps-espace ne semble pas étre une stratégie viable.
Néanmoins, on pourrait envisager de faire commuter des puissances de L avec I’équation : L? est en
effet elliptique d’ordre 1 ! Une premiére difficulté est que I’équation des Water-Waves (1.1.3) n’est
pas exactement de la forme (1.4.11), et qu’il faudrait donc lui trouver une formulation permettant
d’avoir cette structure.

Le deuxiéme résultat d’existence en temps long prouvé, Theorem 1.2.1 ne semble pas optimal non
plus, ne serait-ce que parce qu’il ne marche qu’en dimension 1. Il ne semble cependant pas y avoir
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une marche infranchissable pour obtenir le méme résultat d’existence en dimension 2 : la difficulté
technique consiste essentiellement & estimer correctement le rotationnel de la vitesse moyenne V'
(voir explications dans ’article concerné).

Il pourrait étre intéressant de s’attaquer & l’estimation de dispersion pour le probléme linéarisé
en ¢ = 0 dans le cas d’un fond non plat (remplacer Gy = G[0, 0] par G[0, 5b] dans I’équation (1.3.9)).
Une difficulté technique importante est que ’on ne dispose pas d’expression explicite simple pour
Popérateur G[0, 5b], ce qui rend compliquée I’étude d’intégrales oscillantes associées. Dans une
optique plus réaliste, ’obtention d’un résultat de dispersion en dimension 2 (avec fond plat) semble
a portée de main, dans la mesure ou 'opérateur linéaire a une symeétrie radiale.

Enfin, la mise en évidence du défaut de compacité apportée par Theorem 1.3.4 pourrait étre
établie en dimension 2. Une premiére étape consisterait & démontrer une estimation de dispersion
pour ’équation linéarisée (1.3.9) en dimension 2. Ce résultat semble raisonnable & obtenir, dans la
mesure ol ’opérateur associé & I’équation linéarisée posséde une symétrie radiale dans le domaine
fréquentiel.

1.4.2 Limite faible contraste de densité dans les modéles multi-couches

La densité des eaux dans 'océan n’étant en fait pas constante, notamment en raison de différences
de salinité selon la profondeur, de nombreux phénoménes sous-marins ne pouvant étre négligés pour
des modéles de circulation océanique & grande échelle ne sont pas pris en compte par le modéle
(1.1.3). De nombreux modeles existent pour prendre en compte ce phénomeéne. Citons par exemple
le modéle multi-couche de Saint-Venant. Ce dernier consiste & supposer que le systéme est constitué
de N couches superposées de fluides non miscibles. L’étude du caractére bien posé d’un tel systéme
fait ’'objet de nombreux travaux : voir par exemple [28], [47] et [46]. Dans le cadre de ce modéle, un
parameétre appelé contraste de densité joue un role essentiel. La limite de faible contraste de densité
correspond a ’étude du comportement du systéme lorsque ce contraste tend vers 0 (la densité du
fluide le plus lourd s’approche de celle du fluide le plus léger). Elle apparait comme une limite
singuliére, non sans rappeler la limite singuliére de faible amplitude étudiée au cours de cette thése.
Mieux, dans [29], un défaut de compacité est mis en évidence pour cette méme limite : le flot se
décompose comme un mode "rapide" s’échappant asymptotiquement vite & 'infini, et un mode "lent"
se propageant A vitesse uniformément bornée par rapport au contraste de densité.

Il serait intéressant de combiner les résultats obtenus sur le modéle Shallow-Water multi-couches,
avec ceux obtenus dans le cadre de cette thése sur le modéle "mono-couche" pour Euler complet,
afin d’étudier cette méme limite "faible contraste de densité" sans supposer le régime d’eaux peu
profondes. Une telle étude ne serait néanmoins pas réduite & une simple combinaison des travaux
précédemment cités, et de ceux présentés dans ce manuscrit. En effet, une séparation en mode
"lent" et "rapide" n’est plus vérifiée lorsque les effets dispersifs (non pris en compte par le modele
de Saint-Venant) entrent en jeu. On s’attend alors & des phénomeénes d’interactions entre ces modes
(voir par exemple [24]). Un autre aspect, sans parler de limite singuliére faible contraste de densité,
est que le caractére bien posé du systéme d’Euler complet n’est pour 'instant établi que dans le cas
de deux couches, et sous ’hypothése de toit rigide (voir [36]).

1.5 Plan de la thése

Le présent manuscrit consiste, outre cette introduction, en quatre articles. Chaque article est auto-
contenu, ce qui implique que les notations et le cadre de travail sont rappelés & chaque chapitre.
Aussi est-il possible de lire les chapitres de maniére indépendante les uns des autres, bien que leur
disposition dans cet ordre constitue ’articulation logique de cette thése. Nous donnons ici un court

plan afin de résumer cette introduction :

1. Le Chapitre 2 est un article intitulé "The Cauchy problem on large time for the Water Waves
equations with large topography variations". Il démontre 'existence en temps long pour
I’équation des Water-Waves avec tension de surface et grande topographie.

2. Le Chapitre 3 démontre un résultat similaire au précédent pour une équation de type Boussinesq-
Peregrine, au travers d’un article intitulé "The Cauchy problem on large time for a Boussinesq-
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Peregrine equation with large topography variations".

3. Le Chapitre 4 donne une estimation de dispersion pour 1’équation linéarisée en fond plat des
Water-Waves, puis un résultat d’existence local pour 1’équation compléte dans des espaces
a poids. 1II est constitué de l'article "A dispersive estimate for the linearized Water-Waves
equations in finite depth".

4. Le Chapitre 5, conclut I’étude de la limite toit rigide, en utilisant I’estimation de dispersion
précédemment évoquée. On prouve dans larticle "The rigid lid limit for the water waves equa-
tions" que les solutions du systéme linéarisé des Water-Waves convergent faiblement, mais pas
fortement en général vers 0, en limite toit rigide. On démontre également que les solutions du
systéme total convergent fortement dans cette limite dans L™ ((0;T); L?(R?)) vers les solutions
du systéme linéarisé. Enfin, on y démontre I’équivalence entre ’équation d’Euler & surface
libre et I’équation des Water-Waves, prouvant ainsi la convergence faible mais non forte des

solutions de ’équation d’Euler vers les solutions du systéme toit rigide.
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Abstract

This paper shows that the long time existence of solutions to the Water Waves equations
remains true with a large topography in presence of surface tension. More precisely, the di-
mensionless equations depend strongly on three parameters €, u, 8 measuring the amplitude of
the waves, the shallowness and the amplitude of the bathymetric variations respectively. In

[6], the local existence of solutions to this problem is proved on a time interval of size m

and uniformly with respect to u. In presence of large bathymetric variations (typically 8 » €),

the existence time is therefore considerably reduced. We remove here this restriction and prove

the local existence on a time interval of size % under the constraint that the surface tension

parameter must be at the same order as the shallowness parameter u. We also show that the
result of [13] dealing with large bathymetric variations for the Shallow Water equations can be
viewed as a particular endpoint case of our result.

2.1 Introduction

We recall here some classical formulations of the Water Waves problem, with and without surface
tension. We then shortly introduce the meaningful dimensionless parameters of this problem, and
then state the local existence result proved by [6]. We discuss the dependence of the size of the time
interval with respect to these parameters and then explain the strategy adopted in this paper to get
an improved local existence result.

2.1.1 Formulations of the Water Waves problem

The Water Waves problem puts the motion of a fluid with a free surface into equations. We recall here
two equivalent formulations of the Water Waves equations for an incompressible and irrotationnal
fluid. We then introduce the surface tension, and recall a local existence result by [6].

Free surface d-dimensional Euler equations

The motion, for an incompressible, inviscid and irrotationnal fluid occupying a domain €; delimited
below by a fixed bottom and above by a free surface is described by the following quantities:

— the velocity of the fluid U = (V,w), where V and w are respectively the horizontal and vertical
components ;

— the free top surface profile ( ;

— the pressure P.

All these functions depend on the time and space variables ¢ and (X, z) € ;. There exists a function
b:R? — R such that the domain of the fluid at the time ¢ is given by

Q = {(X,2) € RY*1, —Hy + b(X) < 2 < ((t, X))},

where Hj is the typical depth of the water. The unknowns (U, (, P) are governed by the Euler
equations:

U +U-Vx:U=—2VP —ge, in
div(U) = 0 in Q; (2.1.1)
curl(U) = 0 in .

We denote here —ge, the acceleration of gravity, where e, is the unit vector in the vertical
direction, and p the density of the fluid. Here, Vx . denotes the d + 1 dimensional gradient with
respect to both variables X and z.

These equations are completed by boundary conditions:

(+V -V(—w=0
U-n=0on {z=—Hy+b(X)} (2.1.2)
P — Py = 0k(C) on {z = ((t, X)}.
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In these equations, V and w are the horizontal and vertical components of the velocity evaluated at
the surface. The vector n in the last equation stands for the normal upward vector at the bottom
(X,z = —Hp + b(X)). We denote P,y the constant pressure of the atmosphere at the surface of
the fluid. The first equation states the assumption that the fluid particles do not cross the surface,
while the last equation states the assumption that they do not cross the bottom. The last boundary
condition on the pressure takes into account the surface tension: ¢ denotes the surface tension
coefficient (take o = 0 to get the Euler equations without surface tension), and x({) is the mean
curvature at the surface
V¢

V1+ |V

The equations (2.1.1) with boundary conditions (2.1.2) are commonly referred to as the free surface
Euler equations with surface tension.

K(Q) ==V -( )-

Craig-Sulem-Zakharov formulation

Since the fluid is by hypothesis irrotational, it derives from a scalar potential:
U=Vx_o.

Zakharov remarked in [65] that the free surface profile ¢ and the potential at the surface ¢ = ®|,_.
fully determine the motion of the fluid, and gave an Hamiltonian formulation of the problem. Later,
Craig-Sulem, and Sulem ([25] and [26]) gave a formulation of the Water Waves equation involving
the Dirichlet-Neumann operator. The following Hamiltonian system is equivalent (see [37] and [3]
for more details) to the free surface Euler equations with surface tension (2.1.1) and (2.1.2)(take
o = 0 to get the Water-Waves equations without surface tension):

0,0 — G =0

. 2 2.1.3

21 (vep) o

where the unknowns are { (free top profile) and ¢ (velocity potential at the surface) with ¢ as
time variable and X € R? as space variable. The fixed bottom profile is b, and G stands for the
Dirichlet-Neumann operator, that is

Gy = G[G,b]Y = 1+ V(20—

where ® stands for the potential, and solves Laplace equation with Neumann (at the bottom) and
Dirichlet (at the surface) boundary conditions

{AX,A) =0 in{(X,2) e R xR, —Hy +b(X) < z < ((X)} (2.1.4)

Pla=c =V On®Ppaepyrp =0
with the notation, for the normal derivative
On®z——Hy4b(x) = VX, ®(X, —Ho +b(X)) - n

where n stands for the normal upward vector at the bottom (X, —Hy + b(X)). See also [37] for more
details.

Dimensionless equations

Since the properties of the solutions depend strongly on the characteristics of the fluid, it is more
convenient to non-dimensionalize the equations by introducing some characteristic lengths of the
wave motion:

1)
2)
3)

)

4) The size of the free surface amplitude agyrf;

The characteristic water depth Hy;
The characteristic horizontal scale L, in the longitudinal direction;

The characteristic horizontal scale L, in the transverse direction (when d = 2);

(
(
(
(
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(5) The size of bottom topography apots

Let us then introduce the dimensionless variables

’ Y ’ ¢ ’ < / b
v= Y= ¢ L =g V=
Lm Ly Asurf HO Gpott
and the dimensionless variables
v 2 P = ®
oty By’
where

L:n Asurf
by = ———L,\/gHp.
gHO, 0 HO gtio

After re scaling, five dimensionless parameters appear in the equation. They are

to

2
Asurf _ HO

c -y Qpott &
H, TL2 ’

= — By =
HO ﬁa Ly v 0

pgL?2
O_ b

where ¢, u, 3,7, By are commonly referred to respectively as "nonlinearity",

" "shallowness", "topog-
raphy", "transversality" and "Bond" parameters

For instance, the Zakharov-Craig-Sulem system (2.1.3) becomes (see [37] for more details)
dimensionless variables (we omit the "primes" for the sake of clarity)

o - %Gu,v[ec,ﬁb]w -
O+ ¢+ IV - ;( nr[E6, V1Y + VG - V1)

1 Ry(ey/md) (2.1.5)
20+ [VICP)  Bo ey

where G, 4 [e¢, Bb]y) stands for the dimensionless Dirichlet-Neumann operator
uv EC ﬁb ¢ V 1 +€2|V7<|26 (I)\z e¢ = a d - NV’Y(EC) V’Y(I))lz )

where ® solves the Laplace equation with Neumann (at the bottom) and Dirichlet (at the surface)
boundary conditions

APY® =0 in {(X,2)eR* xR -1+ Bb(X) <z <el(X)}
(b\z:sc =1, 6n¢|z:71+ﬁb =0

and where the surface tension term is

V¢
k() = =V - (———=——).
4(©) (e
We used the following notations:
VY =4(0y,70y) ifd=2 and V=0, ifd=1
AP = 107 +4*pud; + 07 ifd=2 and AFY = pot + 02 ifd=1
and
1
On®=—14pp =

- - —uV B val
1 32|v7b|2(5z‘19 uV7(Bb) ‘I))\z=—1+ﬂb-
2.1.2 Main result

Alvarez-Lannes ([6]) proved the following local existence result. We use the notation

a v b =max(a,b)

28
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Theorem 2.1.1 Under reasonable assumptions on the initial conditions (C°,1°), there exists a
unique solution (C,v)) of the Water Waves equations (2.1.5) with initial condition (C°,¢°) on a
time interval [0; %], where T only depends on initial data.

For a precise statement, see section 2.2.3 and see [37] Theorem 9.6 and Chapter 4 for a complete
proof. The fact that T does not depend on p allowed the authors to provide a rigorous justification
of most of the Shallow Water models used in the literature for the description, among others, of
coastal flows. In these models, one has 8 = O(e) and therefore the time scale for the solution
is O(=2 5) = O(2). See also [31] who also rigorously proved the justification of the Shallow Water
models, without a Nash-Moser scheme (which was used in [6]). There exists however some asymptotic
models assuming small amplitude surface variation (¢ = O(y)) and large bottom variation 5 = O(1).
This is the case of the well-known Boussinesq-Peregrine model ([11],[10],[51]) that has been used a
lot in applications. For such a regime, Theorem 2.1.1 provides an existence time of order O(1) only
(see also [48] for a large time of existence on the Boussinesq-Peregrine equation). Our aim is here
to improve this result in order to reach an O(1) existence time. We prove the following result (for
a complete and precise statement, see later Theorem 2.2.2).

Theorem 2.1.2 The Water Waves equation with surface tension (2.1.6) admits a solution on a time
interval of the form [0; %] where T only depends on Bop and on the initial data.

In order to prove Theorem 2.1.2, we use a method inspired by Bresch-Métivier [13] and Métivier-
Schochet [43]. The only condition we need is that there is a small amount of surface tension.
More precisely, we assume that the capillary parameter BLO is at the same order as the shallowness

parameter fi.

In the context of the method used by [13], we start by rescaling the time by setting t' = te.
The Theorem 2.1.1 now gives an existence time of order € in these new scaled variables. The Craig-
Sulem-Zakharov formulation of the Water Waves problem in the newly scaled variables is

2 — Gy =0
HE

11 o L(GY+epVIC- V192 1 ky(e/pd) (2.1.6)
T S IV S Ve T B ey

where G is a shorthand notation for the Dirichlet-Neumann operator G[e(, 8b] (see also Section
2.1.3). The difficulty is therefore to handle the singular O(%) terms of this equation. For the sake
of clarity, let us sketch the method of [13], [43] on the example of the Shallow-Water equations,
implemented in [13]. The Shallow-Water equations form a typical hyperbolic quasilinear system,
and can be read in the present setting variables

0iC + lyo. (hV) =0
_ _ 1 (2.1.7)
oV +(V-VV + -Vi¢=o.

We denoted & the total height of water:
h(t,X)=1+¢e((t,X)— pb(X)

and

_( ) 1 ¢ (t,X) ( )

Vit,X =7J Vit,X,z)dz
h(t, X) J_1486(x)

the vertical mean of V, the horizontal component of the velocity. The natural energy associated to

this equation is

_ 1 1
where |- |2 is the L2 norm on R?, and (-, -)2 denotes the L? scalar product (see also Section 2.1.3). By

derivating in time it is easy to check that E((sat)kC, (sat)kV) is uniformly bounded with respect to
e. It is however not the case for H® norms of these unknowns with s > 1, because of the commutator
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with the bottom parametrization which is of order g and therefore singular if 8 = O(1). Now,
to recover an energy uniformly bounded with respect to ¢ for the spatial derivatives, we use the
equation (2.1.7) to write

V¢ =¢e0;V +¢R,

where |R|2 < C with C independent of . Thus V7( is bounded in L? norm uniformly with respect
to . It allows us to recover a control of |[¢|z1. For V, the equation (2.1.7) gives that [V7 - (hV)]2
is bounded by |(£0¢)¢|2 (bounded uniformly), and taking the rotational of the second equation, one
has that curl(V) satisfies a symmetric hyperbolic equation of the form

OorcurlV +V - ViewrlV = R
with
|R|L2 < Cv

and with C independent of ¢, and thus curlV is  uniformly bounded in L? norm. With an ellipticity
argument, one recovers an uniform bound for V in H' norm. By induction, one can recover the
same bound for higher order space derivatives.

We propose here an adaptation of this method to the Water Waves problem. The structure of
the equation is important for this method. For example, the Water Waves equation (2.1.6) without

1
surface tension (B— = 0) can be read as:
0

0r¢ — lGu,v[ECaﬁb]ﬂJ =0
H (2.1.8)
(Gu,'y[EC; ﬂb]df +euVog: V’“/})2 -0
20 +e2u | VIC?) '

o) + €+ = |VTP2 = =
2 H

The equation (2.1.8) still has the structure of quasilinear hyperbolic symmetric systems, with as
energy:

B(G.) = 5-(GlEC ABlu ) + 51CE

Recall that G[e(, 8b] is the Dirichlet-Neumann operator (see the definition in Section 2.1.3), and is
of order one. Therefore, 1) is controlled by the energy in "H'/?2 norm", and not in L? norm as it
was the case for both unknowns of the Shallow-Water equations (2.1.7). For this reason, unlike the
Shallow-Water case, space and time derivatives of the unknowns does not have the same "order"
: for instance, the first equation of (2.1.8) states that ;¢ is only of order 1/2 with respect to the
energy, since it’s equal to Gt and ¢ is controlled in H'/2? norm by the energy. This consideration
justifies the use of surface tension in the Water-Waves equation (2.1.6) used. Note that we pay special
attention to the dependence of the surface tension on the existence time; it is indeed important to
get a dependence on B,pu and not only on By since this weaken our assumption on the size of the
capillary effects.

2.1.3 Notations

We introduce here all the notations used in this paper. All the notations used are coherent with [37].

Operators and quantities

Because of the use of dimensionless variables (see before the "dimensionless equations" paragraph),
we use the following twisted partial operators:

VY =0z, 70y) ifd=2 and V=09, ifd=1
AP = 110% + 72u0§ + 02 ifd=2 and A =pd2+0? ifd=1
VY = (0, Y10y, 0-) ifd=2 and W0, 0,)  ifd=1
VI = S0y + Y0y + 05 ifd=2 and Jids +0. ifd=1

curl™? = H(\Jiydy — 0z, 0= — \Ji0s, 0 — 70y)  if d = 2.
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Remark 2.1.3 All the results proved in this paper do not need the assumption that the typical wave
lengths are the same in both direction, ie v = 1. However, if one is not interested in the dependence
of 7y, it is possible to take v = 1 in all the following proofs. A typical situation where v # 1 is for
weakly transverse waves for which v = (/ui; this leads to weakly transverse Boussinesq systems and
the Kadomtsev—Petviashvili equation (see [40]).

We use the classical Fourier multiplier
A* = (1—A)*? on R?
defined by its Fourier transform as

F(A*u)(€) = (1 + [€)**(Fu)(€)
for all u € S’(R%). The operator %8 is defined as

D]

P = ar

(2.1.9)

where
F(f(D)u)(§) = F(E)F(u)(€)

is defined for any smooth function of polynomial growth f and u € &’'(R?). The pseudo-differential
operator P acts as the square root of the Dirichlet Neumann operator (see later (2.2.26)).

We denote as before by G, -, the Dirichlet-Neumann operator, which is defined as follows in the
scaled variables:

G,u,'y"/) = G,u,’y [€<7ﬂb]"/) =V 1+ €2|VVC|26nq)\z=a§ = (azq) - ,UV’Y(EC) . V’Y(I))lz=6§'
where ® solves the Laplace equation

AVED =0
Ploeee =, On®Pa—_148, = 0.

For the sake of simplicity, we use the notation G[e(, 8b]¢) or even G when no ambiguity is
possible.
The Dirichlet-Neumann problem

In order to study the Dirichlet-Neumann problem (2.1.4), we need to map §2; into a fixed domain
(and not on a moving subset). For this purpose, we introduce the following fixed strip:

S =R? x (=1;0)
and the diffeomorphism

Q
(1 +el(X)—Bb(X))z +el(X).

It is quite easy to check that ® is the variational solution of (2.1.4) if and only if ¢ = ® o X5 is the
variational solution of the following problem:

—
DI
t —

S
(X, 2)

{VW PNV =0 (2.1.10)

¢z=0 = 1% an¢z=—1 =0,

and where
P(X5) = |det Js; | J5 (J5:),

H
where Jx: is the jacobian matrix of the diffeomorphism ¥. For a complete statement of the result,
and a proof of existence and uniqueness of solutions to these problems, see [37] Chapter 2.
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We introduce here the notations for the shape derivatives of the Dirichlet-Neumann operator.
More precisely, we define the open set T' = H*o+!(R9)?

={I'=(¢,b) e HP L (RY)2,  Thg > 0,VX e RY, eC(X) + 1 — Bb(X) = ho}
and, given a 1 € H*+*/2(R9), the mapping;

T N Hs—l/Q(Rd)
= (¢;b) > Gleq, Bo]y.
One can prove the differentiability of this mapping. See Appendix 2.A for more details. We de-

note d’G(h, k)y the j-th derivative of the mapping at (¢,b) in the direction (h, k). When we only
differentiate in one direction, and no ambiguity is possible, we simply denote d’G(h)y or d?G (k).

G[E'a ﬂ] :

Functional spaces

The standard scalar product on L?(R9) is denoted by ( , )2 and defined by

()2 = | f@lgta)da

and the associated norm | - |2, defined by

fl2 =[] 1#@)Pda.

We will denote the norm of the Sobolev spaces H*(R¢) by | - |y, defined by

|flms = |A°fl2

where A® is the Fourier multiplier defined above.

We introduce the following functional Sobolev-type spaces, or Beppo-Levi spaces:
Definition 2.1.4 We denote HS“(IRCI) the topological vector space
HM(RY) = {ue L},.(RY), Vue H*(R')}
endowed with the (semi) norm |u|H5+1(1Rd) = |Vu| s (ra)-

Just remark that H*T1(R%)/R¢ is a Banach space (see for instance [27]).

The space variables z € R and X € R? play different roles in the equations since the Euler
formulation (2.1.1) is posed for (X, z) € Q. Therefore, X lives in the whole space R? (which allows
to take fractional Sobolev type norms in space), while z is actually bounded. For this reason, we
need to introduce the following Banach spaces:

Definition 2.1.5 The Banach space (H**((—1,0) x R9),|.

ek ) is defined by

k k
H>#((=1,0) x RY) = ﬂ )s HZH(RY),  ful e = Y [AT70uls.
j=0 j=0

2.2 Main result

This section is dedicated to the proof of Theorem 2.1.2. In Section 2.2.1 we introduce the energy
space EN used in the Water Waves equations. This energy plays an important role in the proof of
the main result, since the key point consists in proving that this energy is uniformly bounded with
respect to e. We also recall in this Subsection the method used to prove the local existence theorem
for the Water Waves equation. The proof of the local existence relies on the important assumption
that the Rayleigh-Taylor condition holds; this is discussed in Section 2.2.2. The following Section
2.2.3 states the main result of this paper, that is, the precise statement of Theorem 2.1.2. The last
Section 2.2.4 is dedicated to the proof of this result.
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2.2.1 The energy space

The purpose of this section is to introduce the energy space used in the proof of the local existence
result for the Water Waves equations. To this purpose, we explain the strategy of this proof. We
adapt here the approach of [37] to the rescaled in time equations (2.2.11), pointing out where the
singular terms are. We recall that we rescale the time variable for the equation (2.1.5) by setting

t' = te.
The Water Waves equations with surface tension (2.1.5) in the newly scaled variables are

0:¢ — iGw =0
LE

Lo 1 o L(GY+euVIC-V)? 1 Ky(ey i) (2.2.11)
o + EC + 5 | VY9 | _; 2(1 4 &2 | VIC 2) B _B—OEW’

where as usual, G is a shorthand notation for the Dirichlet-Neumann operator G[e¢, 5b] (see also
Section 2.1.3).

Remark 2.2.1 We recall that
V(¢

V14 [V¢)?

so the surface tension term that appears on the right hand side of the second equation of (2.2.11) is

Fy(C) = =V ( );

1 1
only of size — (thought at first sight it seems of size — ).
€ €

The purpose of the proof of an existence time uniform with respect to e for this equation in
the newly time scaled variables, is to get an uniform bound with respect to e for a good quantity
called the energy which controls Sobolev norms of the unknowns. By a continuity argument, one
can deduce a time existence independent of €. For the Water Waves equation with surface tension
(2.2.11), a natural quantity appears to act as an "energy". If one looks at the linearized equation
around the rest state { = 0,1 = 0, one finds a system of evolution equations

1 . 0 —1@Jo, 8b]
é’tU—i-gAgU:O, with AU=< —BLOA'V © 0 )

This system can be made symmetric if we multiply it by the symmetrizer

1-La 0
0 +Glo, 8]}

where U = (¢, ). In [6],[37], G[O, Bb] is replaced by G[0,0] in A,. Here, we cannot perform this
simplification because the error would be of size O(g) and therefore singular since § = O(1). This
suggests a natural energy of the form

1 1

The last term is uniformly equivalent to [J3¢|3 where B is defined in (2.1.9). See later Remark 2.2.10
for a precise statement. Thus, B acts as the square root of the Dirichlet-Neumann operator and is
of order 1/2.

This energy has not the sufficient order of derivatives to have a real control of the unknowns.
For instance, the product |V79|? in the second equation of (2.2.11) is not defined if v is only
H'Y2(R%). To recover a control of the unknowns at a higher order, the classical scheme for this
kind of method, is to differentiate the equation (2.2.11) in order to get an evolution equation of the
unknowns é”j(ig‘ , 6’&_#). For this purpose, we need to use an explicit shape derivative formula with
respect to the surface for the Dirichlet Neumann operator. It is given in Appendix Theorem 2.A 4:

dG(h)Y = —eG(hw) —epV? - (hY)
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with
G +euVr( -V

1+ e2p|Vr()?
See [37] Chapter 3 for a full proof of this formula. By differentiating N times the first equation of

(2.2.11), following the approach of [31] (see also [37] Chapter 4) one finds after some computation
that, for |(«, k)| = N,

and V =V7y —ewV (.

w:

2RI+ T (VOORQ) — (G = cwd @)
i
+ 1 d'G(0"b, ..., 0% b)) = R,

15
JEN* 11+, +l;4+0=(a,k)

with, for any d + l-uplet of integers (o, k) = (aq,...,aq, k), |(a, k)| = Zle o; + k, and with the
notation
V(o k) = (o1, .., 0, k) € NUFL 9@kl f = 9% 0% (e, f (2.2.12)

and where, without entering technical details

1
0

where: 1
VEEeN, | fl = fli + 5 IVl (2.2.13)
7 0

and C is a non decreasing function of its arguments which does not depend on . This evolution
equation can be found by differentiating N times the Dirichlet-Neumann operator G[e(, by and
thus R contains derivatives of the form

dG(01¢, ..., 05 ¢, 0™ Bb, ..., 0™ Bb) 3%

1
where the shape derivatives of G with respect to ¢ have an ¢ factor that cancel the — singularity (see
€

also the definition of dG in Section 2.1.3). Finally, the only singular terms comes from the derivatives
of the Dirichlet Neumann operator with respect to the bottom. Up to some extra singular source
terms coming from the shape derivatives with respect to the bottom, this equation has the same
structure as (2.2.11), with 8(®* ¢ and 0(**)¢) — ewd(**)¢ playing the role of ¢ and 1) respectively
(recall that 0(**) is defined by (2.2.12)). These quantities are the so called "Alinhac good unknowns"
and will be denoted by:

VI k) 21 (apy = 0“MC Yan = 0P — cwd@PC. (2.2.14)

An evolution equation for the unknown %, 1) in term of the good unknowns can be also obtained
(see later Section 2.2.4).

In the surface tension case, the leading order operator is the surface tension term .. This leads
to some technical complications. For instance, in order to control the time derivatives of -, one has
to include the time derivatives of the unknowns in the energy. This method has been used by [52],
[36] to study the Water Waves Problem with surface tension. Time derivatives and space derivatives
play a different role in this proof, and we use the notation

Yk e N, Cy = (€0)%¢,  and Yy = (20:)" 1) — ew(edy)"¢
for time derivatives, and
Ya e N4 Yk e N, Clapy = (€0)F0°¢C  and o) = (€0)"0"Y — ew(ed;)*0°¢

such that f, k) denotes indeed the good unknown defined by (2.2.14) with index the d + 1-uplet
(a, k). See [37] Chapter 9 for more details about how to handle the time derivative in the energy.

All these considerations explain why we do not use, for the local existence result of the Water
Waves equations, an energy involving terms of the form 6’)“(1_1/1 but rather the following energy:
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EN(U) = 613 + B¢ 3ussr + > a1 + B (a3 (2.2.15)

(a,k)eNA+L 1< (a,k)|<N
where as before (see (2.2.13)
1y = 7B+ IV A,
The choice of N is of course purely technical, and made in particular to have the different products

of functions well-defined in the Sobolev Spaces used. Again, it is very important to note that the
time derivatives of order less than N appear in the equation.

We consider solutions U = (¢, ) of the Water Waves equations in the following space:

Ejy ={U e C([0,T]; H"*? x H*(RY), &Y (U() € L*([0,T])}.

2.2.2 The Rayleigh-Taylor condition

We explained in Subsection 2.2.1 that the Water Waves equations (2.2.11) can be "quasilinearized".
In these quasilinearized equations, a quantity appears to play an important role. It is called the
"Rayleigh-Taylor coefficient" (see [37] Chapter 4 and also [60] for more details) and is defined by

(6, ) = 1+ £(edy + £V - V) = —5%(@13»2:54 (2.2.16)

where w = (0.®)|.—.¢ and V. = (V7 ®)|._.. are respectively the horizontal and vertical components
of the velocity U = Vx . ® evaluated at the surface.

The condition for strict hyperbolicity of the Water Waves system appears to be the following
"Rayleigh-Taylor condition": a > 0. This makes the link with the classical Rayleigh-Taylor criterion

i]]?d (—aZP)‘Z:&-c >0

where P is the dimensionless pressure. See [60] for more details. Ebin ([30]) showed that the Water
Wayves problem (without surface tension) is ill-posed if the Rayleigh-Taylor condition is not satisfied.
Wu [64] proved that this condition is satisfied by any solution of the Water Waves problem in infinite
depth. It is proved also in [37] Chapter 4 that this is also true in finite depth for the case of flat
bottom. For the surface tension case, the Rayleigh-Taylor condition does not need to be satisfied
in order to have well-posedness, but the existence time depends too strongly on the surface tension
coefficient and is then too small for most applications to oceanography.

2.2.3 Statement of the result

We now state the main result.

Theorem 2.2.2 Let tg > d/2,N > to+to v 2+3/2. Let U° = ((*,¢°) € EY¥,b e HN+1Vior(RY),
Let €,~, 8 be such that
0 < Eaﬁa’y S 1)

and moreover assume that:
Jhmin > 0,3ag > 0, 14+eC®—Bb=hmin  and  a(U°) = aq. (2.2.17)

Then, there exists T > 0 and a unique solution U® € Eé\fT to (2.2.11) with initial data U°. Moreover,

1
—=C1, and sup EéV(UE(t)) =y
T te[0;T]

1 1
y T |b|HN+1vt0+1,;LBO) f07‘i = 1, 2.

with C; = C(EN(U), ; -
min 0
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It is very important to note that T' does not depend on & for small values of . The Theorem
2.1.2 gives an existence time of order ¢ as ¢ goes to zero, if 8 is of order 1. We prove here that it is
in fact, of order 1. Note that the topography parameter 3 is fixed in all this study.

Let us now give a result for the Water Waves equation with surface tension (2.1.5) in the initial
time variable. The local existence Theorem 2.1.1 provides an existence time of order ﬁ to the
initial Water Waves equation (2.1.5) with surface tension. After the rescaling in time ¢’ = te, the
Theorem 2.1.1 provides an existence time of order =B~ £ as ¢ goes to 0. Now, the main result
Theorem 2.2.2 claims that the existence time is in fact of order 1 in this variable. It gives then the

following result:

Theorem 2.2.3 Under the assumptions of Theorem 2.2.2, there exists a unique solution (¢,v) of
the Water Waves equations (2.1.6) with initial condition ((°,v°) on a time interval [0; %] where

1
—=0Cy, and sup EX(US(t)) =Cs
T te[0;T]
, Nooyn 1001 .
with CVZ = C(EU (U ), 7 ,a—, |b|HN+1vt0+1,[LBo) fOT‘ 1= 1, 2.
min 0

1
This last result gives a gain of an order — with respect to the time existence provided by Theorem

2.1.1. Tt is very important to note that tghe existence time given by Theorem 2.2.2 depends on the
constant Bou. It implies for instance that in the shallow water limit (u « 0), less on less capillary
effects are required (recall that the capillary effects are of order BLO) This is the reason why in the
limit case u = 0 corresponding to the shallow water equations and investigated in [13], no surface
tension is needed. We discuss about the shallow water regime in the Section 2.2.5.

2.2.4 Proof of Theorem 2.2.2

The key point of the proof of Theorem 2.2.2 is the following Proposition:
Proposition 2.2.4 Let U¢ = ((°,v¢°) be the unique solution of the equation (2.2.11) on the time

interval [0; T¢] and
K¢ = sup EN(U%(t)).

te[0,T¢]
Then we have, with the previous notations:
vt e [0;T7], ENWU®)(t) < Co + CL(K)(t +¢) (2.2.18)
1 1
where Cy = CO(EéV(UﬁZO)) and C1(K*) = C1(K°, PP |bl gn+1vio+1, Bop) are non decreasing
min Q0

functions of their arguments.

Proof of Proposition 2.2.4 The quantity ¢ is fixed throughout the proof. We consider a solution
Ue = (¢5,%°) on a time interval [0;7¢] of (2.1.5) given by the standard local existence Theorem
2.1.1. To alleviate the notations, we omit, when no ambiguity is possible, the € in the notation U¢ in
the following estimates. Moreover, C' will stand for any non decreasing continuous positive function.

Let us first sketch the proof.
(i) The evolution equation for time derivatives of the unknowns is "skew symmetric" with respect
to — terms: these large terms cancel one another in energy estimates. This allows us to get

5
the improved estimate (2.2.18) for time derivatives:
[(£00)"Cl 1 + IB(ede) pla < CL(K)t + Co;  k =0..N. (2.2.19)

This is proved in Lemma 2.2.8.

(ii) To get higher order estimates (with respect to space variables), we use the equation (2.2.11)
to get

%G((sat)’w) (20" ¢ + 2R
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where |R|g1 < C1(K). By the first step of the proof, the term (£0;)**'( satisfies the "good"
control (2.2.19) in H! norm. Since G is of order one and elliptic, this should allow us to
recover one space derivative for PB(ed;)*1, with the desired control (2.2.18). But there is a
little constraint, due to the factor BLO in the definition of the H! norm (2.2.13):

1
Py = 13+ IV f13
0
One has to use precisely the definition of the operator 8 given in (2.1.9) by

D]

= AT A

and the inequality
M
RUGPES F(Gw,wz

(see below (2.2.26)) to get that | D[P is bounded in H' norm by a constant depending on
uBg. One can use the same technique to control AY¢ with (£0;)** 14 in H} norm, and recover
again one space derivative for (. By finite induction, one recovers the control of the form
(2.2.18) for () and 9. This is done in Lemma 2.2.11.

For this proof, we choose (taking smaller time existence if necessary) T°¢ such that

Vte [0;T¢], a(t) > % and  h(t) =1+e(t)—pb=> h”;". (2.2.20)

The first condition may be satisfied given the continuity in time of a (see the definition of a in
(2.2.16)) on the time interval [0;T¢], provided that d;a € L*([0;T¢];R?) (this is proved in the
control of Az below). The second condition is satisfied by the fact the solution ¢ lives in the space
C([0; T¢]; H**2(R4)), and the continuous embedding H' < L*(R?) given to > d/2. This gives the
continuity in time of h (note that b is also in L™ (R?)).

Now let us prove the desired estimate (2.2.18) for time derivatives of ) and ¢. Because of the
energy space introduced in (2.2.15), we want to control quantities like

Ear) = amtn + [B@mpls (k)] <N
with a = 0. Let k be fixed. We look for the equations for the unknown
U* = (s Yiny)-
We denote the Rayleigh-Taylor coefficient by
a=1+¢e(ed +eV-Vuw.

By differentiating k times the equations (2.2.11) with (¢d;)*, following the approach of [31] (see also
[37] Chapter 4), one finds after some computation the following result:

Lemma 2.2.5 The unknown U satisfies the following equation:

1
Uy + EAG[U]U(k) + BlUJU ) + Cx[UU(g—1) = "(Ry, Sk) (2.2.21)
with the operators

A;[U] = ’ _iG
U] = (g— B%)vv - K(JpeVIe)vY 0 >,

B[U] = (K -OV"Y K.Ov'y> ,
d
an . ( 0 —idc(sat<)>
RLEL= 2=V K [e/mV (] 0 ’



CHAPTER 2. THE CAUCHY PROBLEM ON LARGE TIME FOR THE WATER WAVES
EQUATIONS WITH LARGE TOPOGRAPHY VARIATIONS 38

and where

(1+ V¢ = V7@ V¢
TR ENEEC

K(V7¢) =

and
Kk [VC(F =-V" . [dlC(V”EﬁtC)V"’F + dIC(V"YF)V"’EﬁtC].

The residual *(Ry,, Sy) satisfies the following control:
|Ri|m2 + |BSkl2 < CL(K). (2.2.22)

Remark 2.2.6 At first sight, C;, seems to involve a singular % factor. By looking more carefully, it
is not the case since K)[e\/uV(] has an ¢ factor which cancels the % term.

Remark 2.2.7 Let us explain why the residual has to satisfy an estimate of the form (2.2.22). The
energy for Cxy, Y k) is of the form

1
By 13 + [ |5 + B_O|V’YC(k)|§'

In order to get energy estimate, we differentiate this energy with respect to time, which leads to the
control of terms of the form

1
;(@sw(k),Glﬂ(k))z, (0eCrys Ciey ) L -

In order to control these quantities, we replace 0t((x), Y(x)) by their expressions given by the equation
(2.2.21). All terms satisfying a control of the form (2.2.22) are harmless for the energy estimate,
since they lead to the control of terms such as

1
E(GT/)(k)vSk)v (Ctrys Ric) i
which is easily done.

Proof of Lemma 2.2.5 The differentiation of the first equation of (2.2.11) takes the form (recall
that G stands for G[e¢, 5b]y and thus any derivative of G with respect to ¢ involves an e factor):

1 1 1
(e01)F0,¢ = —G(e0)* ) + —dG((e0,)" ) + —dG(0,) Y se—1)

e e e

1 . . . .

— ghitHin dG((0,)71C, ..., (€0,)7™ () (€04 ) ap.

HE i+ Fim i<k

i<t
Using the explicit shape derivative formula with respect to the surface for G given by Proposition
2.A 4, we get that
dG((e00)*¢)tp = —eG((e01)" Cw) — epV7 - ()" CV),

and thus using the definition of (), () given by (2.2.14), one gets the following evolution equation:
1 1
(€01)*0,C + V7 - (V) — EGQM) - EdG(EatC)w(kfl) =

1 It Him dG((0,)1C, o (2007 C) (1) .

He 1Sj1+--1-+jm+lsk

The term dG(£0:()t(x—1) is controlled in L? norm, but not in H! norm. The terms of the right
hand side involve derivatives of ¥ of order less than N — 2 and then can be put in a residual Ry with
a control (2.2.22), using Proposition 2.A.5. The differentiation of the second equation of (2.2.11)
involves the linearization of the surface tension term

1

ﬁﬁ@@t)kﬁw(g\/ﬁ() = =V K(ey/uV7 OV (€0)" ¢ + Ky [en/uV (1(e0) ¢ + ..

The second order operator K is not controlled in H'? norm (or |B - |2 norm). The other terms
can be put in the residual Sy with a control (2.2.22). See [37] Chapter 9 for a complete proof of the
evolution equation in terms of unknowns ¥ (x),((x)-
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O

We now show that the singular terms of size O(%) are transparent in the energy estimates for
the evolution equation (2.2.21). This yields the bounds announced in (2.2.19).

Proposition 2.2.8 One has the following estimate for all0 < k < N:

ey 212 + B (yl2 < C2(K)t + Co,

1 1
, —, |b| gN+1vig+1) are non decreasing functions of their

min @0

where Cy = C(EN (Uji—0)) and Cy = C(h

arguments.

Remark 2.2.9 An evolution equation can also be obtained for space derivatives, and then takes the
form

1 -
U ak) + gAa [UlU(a,x) + BIUJU + Clak) = "(Rak)s Sta)) (2.2.23)

(k)
with
- 0 _1lqg

AoUT = Ly k(Y dG(0%b, .., 0% 0 )

a— 5 V7 K(eVTQ) + Xjaj1s1<n AG(0™1D, ..., 09b) 0%
and

d
Ueh = Z Ua—e;) e ¥ Ulak—1)
j=1

with e; the unit vector in the j —th direction. This system is then non symmetrizable with respect to
— terms, and the controls are not uniform with respect to €, due to spatial derivatives of the bottom.

%’his is the reason why we have to control the time derivatives first, and then use the structure of
the equation to recover higher order derivatives. In the case of a flat bottom $ = 0, or almost flat
bottom B = O(e), the terms involving space derivatives of b in A, [U] can be put in the residual and
are easy to control. The proof of Theorem 2.1.1 as considered in [6] gives then a time existence of
order 1

€

Proof of Lemma 2.2.8 The system (2.2.21) can be symmetrized with respect to main order terms

1
of size — if we multiply it by the operator
3

—_1lwv.K VYOV 0
SU] = (9 Bo (EVrvIOvT ) . (2.2.24)
0 ;G
This suggests to introduce
1 V(¢
Ey + G ———=,V"()2, k=0
31l + 3 (G + g (e V0
By = (81 [U]U(k), U(k))z. k#0 (2.2.25)
N
The quantity Z E}, is uniformly equivalent to the energy £V introduced in (2.2.15):
k=0

Lemma 2.2.10 There exists M = C(ﬁ,|§|mo+1, |b|Ht0+l,%,K) where C' is a non decreasing
function of its arguments, such that

N
1
Mef < ) Ex < MEY.

Proof of Lemma 2.2.10 This is proved in [37]; we give here the main steps of the proof for the
sake of completeness.

(i) We start to use the following inequalities (see [37] Chapter 3):

(w,lc:wstomw% and  [Po[2 < Mo(e, Gw (2.2.26)

for all ¢ € HY2(R%), where M is a constant of the form Cly= |C|Ht0+1, bl 4, ). The same
inequality stands for space and time derivatives.
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(ii) Thanks to the Rayleigh-Taylor condition (2.2.20), we have also:

1 1
—5I¢? < 5 (¢ a0 < M ¢
2 2
with M a constant of the form C(a—lo,K ). The same inequality stands for space and time

derivatives.

(iii) At last, K(e\/uV7() is a d x d symmetric matrix uniformly bounded with respect to time and
57

1
M|C(k)|Hg < (K(en/mVT OV k), VI(ky)2 < MGy | 2
where M is a constant of the form C;(K).

O

Because the term Cp,[U]U*~1) which appear in the equation (2.2.21) contains order two deriva-
tives with respect to ((;_1), the time derivatives of the energies Fj are actually not controlled by
the energy €Y. To overcome this problem, we slightly adjust the twisted energy Ej for k = N by
defining

By, 25(52[U]U(k71)aU(k))2 if k=N,
=0 if k # N,

where L ( \/_V'VC) 0
_ [ BV k) EAJH
sto1 = (7 ﬁdG(aatg))

The presence of the € in F} is a consequence of the first time scaling ¢’ = te. The matrix operator
S?[U] symmetrizes the subprincipal term Cj. One derives with respect to time this "energy". Our
goal is to have, forall 0 < k < N

d
7 (B + Fie) < C1(K).

We will at the end recover a similar estimate for the energy Ej by using a Young inequality in the
control of Fj, by the E;.

Control of % Ey

One gets, using the symmetry of G:

dEq 1 \vale 1
=0 = (0,¢, )2 + — (——— = V70,()2 + — (G, 002 + Ay,
o = (06,02 Bo( = e 1()2 u( Y, 00b)a + Ay

where, the commutator terms [G, d;] and [\/#w, 0;] are
2

1 (2uV7¢- 0, VIV C 1
A= —(2—30 (1 +2u|V7¢|2)3/? VQ), + 2100

Using the equations (2.2.11) to replace 0;¢ and ;%) in this equality, one can write

dE, 1 1
v E(Gwaoz — E(Gw,og
11 V¢ . 11 V¢

(e VG - — (e VG
pe Bo(\/1+52u|v74|2 V) pe Bo(«/1+€2u|V’YC|2 Ve

+ Ay + By + Bo,

where

By |V7¢|2aG¢)2a

1
=_ﬂ(
1 (G Q) TR 1
B = L Sy
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1
The large terms of order — cancel one another, thanks to the symmetry of the equation. One must

€
now control Aj, B; and Bs in order to get the desired estimate for Fy.

- Control of Ay Let us start with the first term of A;. We use the fact that |e0;(|g1 and |¢]#
are bounded by Cy(K), since N > 2. Moreover, since N > to + 1, one has that V¢ € L*(R?) with
a control by Cy(K), and thus one can write, using Cauchy-Schwarz inequality,

(L Eavicavigvie
2By (1+ 2pl VIR

1
V0,| < Sledillm <l VL gay
< Oo(K).

To control the second term of A;, we use the Proposition 2.A.5 in the Appendix with s = 0 to
write

%(dG(eatow,wm < Mole0uC o s [ B2 B,

where My is a constant of the form C(72—, [¢|gto+1, |b| gro+1). Moreover, £6,¢ is controlled in H'o*!
norm by Cy(K), since N > ¢y + 2 and thus, one has

|5 (AG(EDCNE )] < C(K).
I

- Control of B; One has to remark that V7 is in L*(R). Indeed, one has
APV ]y < 1P| greorare,

where C' does not, depends on p nor 1. Since this last term is controlled by the energy, one has that
V7 e L”(R?) with a control by Co(K). Thus, one can write

1
(IV79[?, Gep)o| < |V’Y"/)|LI‘(R‘1);|G"/)|2|V71/}|2
< Co(K).

| 1
2p
Now, using the second point of Proposition 2.A.1 with s = 1/2, one gets that

%(WW,GW < Co(I)M(3/2) [P i

1
where M(3/2) is a constant of the form C(h_’ [ClErto+1s |0l Erto+1, [Cl prsre, [B] sr2). Just note that the
0

first point of Proposition 2.A.1 does not suffice here, since we want a control of iGz/J and not only of
ﬁGW This is the interest of the second point of this Proposition: the Dirichlet-Neumann operator
G has to be seen as a 3/2 order operator in order to be controlled uniformly with respect to .

- Control of By We already noticed in the previous controls that V¢ and V74 were in L”(R?)
with a C3(K) control. Moreover, by Proposition 2.A.1 with s = tg + 1/2, one gets

|[AGpla < M(tg + 3/2)| B geo+1/2
< Oq(K)

1
m
and thus - G4 is in L” (R?) with a C2(K) control. Then, we write, using Cauchy-Schwarz inequality,

1
By < 2G| r ) + eummm|vvw|Lx(Rd>)(|vvw|mw)a|vv<;|2 n |Gw|2) Gl

2(K)

QA==

<

where we used again Proposition 2.A.1 to control %Gz/; in L? norm.
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- Synthesis To conclude, we proved that

dEy
<C
— S Ca(K),
which gives, by integrating in time, the following inequality:

Vt e [0, TE], Eo(t) < CQ(K)t + CO

where Cj only depends on the norm of the initial data.
Control of 4 (Ej, + F},) for k # 0

We deal here with the case k = N (if kK < N, there is no term of order more than N that appears
in the derivative of the energy). Recall that for k = N, we have

Eip + Fe = (S'[UUk), Uy)2 + e(S* U0 -1, Uk )2-

Therefore, by derivating in time, and using the symmetry of S'[U] we get

d
o —(Ey + Fy) = (51 [U]U(k), 6tU(k))2 + 6(52[U]U(k,1), 6tU(k))2
+ ([06, S UNUky, Utky)2 + (0:(S*[UNU1—1)), Utk )2-

We replace 0;U(y) by its expression given in the quasilinear system (2.2.21). One gets
d 1
= (B + Fie) = (S UV k), — AU = BlUW ) = Ce[UIUge-1))-
1
+e(S*[UNU -1, ——AU[U] B[UJUxy = Ck[UU(k—1))2
+ ([06, S UNUwy, Ury)2 + (5t(32[U]U(k 1), Ur))2
+ (S Uy, (Sks Bi))2 + e(S?[UNU -1y, * (Sk, Ri))2-

1
Thanks to the symmetry, the large terms of size — cancel one another, ie
€

1
g(sl[U]U(k)wAa[U]U(k))? =0.

This is fundamental and based on the fact that the evolution equation for the unknown Uy, is still
symmetrizable with respect to 1 terms. Again, it is not the case for the evolution equation in term
of spatial derivatives U(q - Then the commutators between Uy, and subprincipal terms of Cy,
which are not controlled by the energy (mainly because of the order two operators) also cancel one
another, because of the choice of Fj. More precisely, one gets

—(S'UNU 1y, Ck[UNU (1—1))2 — (S*[UNU k-1, As [UlUxy)2 = 0.
One can also check that
e(S*[UNU k-1, Ce[UNU(1—1))2 = 0.
To conclude, we proved that

d
dt

where ([0,5,8 ]U(k), U(k))g = A + Ay + A3z with

(Ek-l-Fk) Al+A2+A3+A4+B1+BQ+Bg+B4+B5+B6,

1
Ay = ﬂ(dG(EatC)w(k)ﬂ/)(k))Qv

1

Az = 5 (01 (K (e/AVQ) V<), V7€ k)) ,

As = 5((&9)(@)&(@)%
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The term (0:(S?[U]Ux-1), Uky)2 = As is given by

1 1
Ay = ;(Eat (dG(£0:C) (Y(r-1))) iy)2 + B—O(E@t (K(k) [\//_LV’YC]C(k—l)> s C(k))2-
We denote the terms coming from the evolution equation contained in —(S'[U]Ux) — B[U]U x))2 by

By = (=VV" - (k> alry) (VI -V70), K(\ eV OV Cry )2

1
=
and )

Bs = —(V.- V"9, ;ka)

and the term —5(82 [U]U(k_l), B[U]U(k))g is

1 1
By = —Eﬁ(dG(@tCW(k_U,Z V% y)2 — B—OE(’C(k) ViV ¢l k1), V- Vi )2

Finally, the residual terms (S*[U]U k), *(Sk, Ri))2 + e(S* [UlU(x—1y, *(Sk, Rk))2 which are the most
easy terms to control are denoted by

Bz = (Rg, a(x))2,

By = +5%(dG(atC)w(k—1)v Sk)2 + (K [NV CIC1—1), Ri)2

and .
Bg = (Sk, pGi/J(k) )2-

We then need to control all these terms by a constant of the form Co(K) in order to get the desired
estimate. These controls requires bounds for quantities such as dG(h, k) or G, which can be
obtained by the use of Propositions 2.A.1, 2.A.3 and 2.A.5.

-Control of Ay Using Proposition 2.A.5 with s = 0, one gets

(dG(£0:C) k) Yiry)2] < MoledC| greo+1 B I3
< Cy(K)

| 1
2
since N = tg + 2.

-Control of Ay We start to check that d;(K (e,/uV7()) is bounded in L* (R?%) by Cy(K):

2e2uNC - 0 VICId — e2u(VI¢CQ V0:¢ + V70l ® V()
0t(K(€\/ﬁv7<)) = (1 +€2,LL|V’Y|2)3/2

3 (1+ 2| V¢ PId = 2uV7¢ ® VIO (2620 V¢ - V()

2 (1+2u[VICR)2

Because of the energy expression given by (2.2.15), one has that V¢ € L*(R?) (since N > to + 1),
£0;V7¢ € L”(R?) (since N >t + 2) and thus we get

|04 (K (ex/BV Y O) L= (ray < C2(K).
Thus, one can write

1

3B, ((% (K(ex/BVYO)) V¢ 1y Vva)) ,

1
< CQ(K)B—OWVCUC)P
< Cy(K).

-Control of A3 We prove that
|6tg|Lm(Rd) < CQ (K)
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Recall that
a=1+¢e(ed; +eV-Vuw.

By derivating with respect to time, one gets
atg = (5602@ + (Eat)z . V'Yw + K . V"(E@t)w.

We need to use an explicit expression of the horizontal and vertical component of the velocity at
the surface V and w here:

Gt + epVC - VY
L+e2pu[ Vo)

If one takes brutally the 0; and (£0;)? derivatives of these expressions, one has to deal with terms
of the form

w:

and V. =V —ewV7(.

d2G((€at)2C)’l/), d2G(€atC, EatC)’l/), dG(EatC)(Eat’l/)), G(e@t)21/1.
For the first and second terms, we use Proposition 2.A.6 with s = t5 + 1/2 to get

|d*G(£0:¢,20:Q) 0 0 < Mop®* [(200)°C[Freg 41 B preo+v/2

<
< Cq(K)

since N > tg + 3. For the third term, we apply the same result to get

|dG(56tC) (Eatl/J)|Ht0 < M(),U/3/4|EatC|Htg+1 |‘I356t1/1|Ht0+1/z .

There is a bit more work to achieve in order to control the term [Pedii)| yio+1/2. We write, noticing
that N > to + 3/2,

IBedi)| o172 < Z |‘B€0t9ﬂ¢|2

BENT,|B|<N -1

<D B + Pewlp

BeN |B|<N-1

using the definition of iven by (2.2.14). Using the fact that [Bf|o < Cu=Y4|f| 12, we get
g (o) given by g 0 H g

IBedst)| preo+12 < Z IBs1)l2 + U71/45|w<(ﬂ,1)|H1/2
BeNd,[B]<N—1

< ) Bl + e wl g Co(K)
BeNd, |B|<N -1

where we used the Sobolev estimate |fg|i/2 < C|f|gto 9] g1/2 to derive the last inequality. At last, we
use Proposition 2.A.1 with w (see the remark at the end of this Proposition) and with s = tg + 1/2
to get

[Pl grore < Y IBeaal2 +eu*M(to + )P geow Co(K)
BeN? |B|<N—1

< Cy(K)

and finally we proved
[dG(£0:C)(€0) | 1o < C2(K).

It remains |G(£0;)%t| g0 to be controlled. We use Proposition 2.A.1 to write, with s = to + 1/2,
|G(e00)*$lmo < /" M (to + 1)|B(£0)* Y| rro+s

and we use the previous technique to prove that [P(cd;)?%| geo+1 < Co(K).

Combining all these results, one can control all term of d;a in L* norm by C3(K), and one get
the desired result:

|0ra| L (ray < C2(K).
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It is now easy to get

1
|§((atﬂ)<(k)7C(k))2| < Co(K) |y 13
< Oy(K).

- Control of A4 The fact that we get an 0, derivative here, and not only a d; derivative is essential
here. The first term involves terms of the form

(dG (i)Y ay, Yk )2

with 5,1 < N and the Proposition 2.A.5 with s = 0 allows to control them by Co(K). The second
term of A4 involves B%)V”Qk) and () terms, which are controlled in L? norm, and other L™ terms
(see the control of Ay for example). There is no other difficulty than computation, to control Ay by

Cs(K).

-Control of By The control of the first term requires a classical symmetry trick. We write, by
integrating by parts,

(V- V7(a), 8(a))2 = =({(a), VT (al(a) V)2
= —(C(a)s V7 (aV)C(a))2 = (C(a), &V - V7 ((a))2

and thus one gets

(V- V7((a): 8(a) )2 = _%(C(aw V7 - (@V)¢(a) )2

We can use the same technique as in the control of Az to get
|V (aV)|r (ray < C2(K)
and we then get that

(V- V7(a), 8(a))2] < IV - (@V)| 1o ey [C iy |3

<
< Cy(K).

It is the same trick for the second term. Using the symmetry of I, we write

BLO(W () KAV IOV iy )2 = Bio(v” (V) KAV IOV - T

and, by integrating by parts,

B%(KV” (V7€) K eV OV iy )2 = ‘B%(W(k” V7 - (K(eiV OV )2

_ B%(vvc(k),/cwwow (V)2
- —B%(vvc(k), V7 (K (e OV)V iy )2

1
- B—O(ZV7 “(V7¢(k))s K(en/uV OV (1) )2
and thus

1 1
B#O(KV7 (V7)) K(ex/BV OV ((1))2 = _2—BO(V’YC(k)aV’Y - (K(e/VT OV IV ((1))2-

We can then use the same type of computation as for the control of A, to show that
V7 (K(ey/uV¢)V) € L* (RY)
with a C3(K) bound, and finally we get, by Cauchy-Schwarz’s inequality
1
VNV (V7(ky), K(en/uV OV iy )2| < Cz(K)B#O|V7C(k)|2
< Cy(K).

|1
By
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- Control of B For the first term, we write

1 Aval 1
V-V "%y, ;dG(EatC)w(k—l)) = ( 7z Y, (L + \//7|DV|)1/2(K;d0(56’t)¢(k—1))

(L+ VaD])

and we deduce with Cauchy-Schwarz inequality that this quantity is bounded in absolute value by
1 _
1Vt |q37/)(k)|2(p|dG(56t<)7/}(k71)|2 + ¥ dG(£0iC) | pyrre)-

We now use Proposition 2.A.6 to control this term by Cy(K). The second term of By is controlled
by using Cauchy-Schwarz inequality.

-Control of B3 We use the control |a|;»ge) < C2(K) and the control over Ry, given by (2.2.22)
to get, with Cauchy-Schwarz inequality

|(Ri, al(ry)2| < |alpo may | Ricl2|Cr) |2

<
< C2(K).

- Control of By Tt is a direct use of Cauchy-Schwarz inequality and Proposition 2.A.5, and the
control over Ry and Sy, given by (2.2.22).

- Control of Bs To control this term, we use a direct application of Proposition 2.A.7 to write

1
(V- V%, ;Gw(k))ﬂ < M|V By |5
< Co(K).

- Control of Bg We use Proposition 2.A.3 with s = 0 to get

1
|(Sk, ;Gw(k))ﬂ < uMo | BSk|2| Bty |2
< Cy(K)

where we used the control over Sy given by (2.2.22) to derive the last inequality.

- Synthesis We proved that

d
E(Ek + Fy) < Co(K)

and thus we get by integrating in time:
Vie [0;T°], (Ex+ Fr)(t) < Ca(K)t+ Co
where Cy only depends on the initial energy. It is easy to get that
|Fi.| < Ca(K)e

and thus
Vte [0;T°], Exr(t) <Co(K)(t+¢)+ Co.

Thanks to the equivalence between Ej and the initial energy for this problem £*, introduced for

Theorem 2.2.2 by (2.2.15), proved in Remark 2.2.10, we conclude to the desired result :
Vie [0; T VO <k <N, |G lm: + [Bbl2 < C2(K)(E +€) + Co
O

The Proposition 2.2.8 gives the desired estimate of the form (2.2.18) for time derivatives (more
precisely, for [(x)lm1 + [Pk |2). We want to recover the same estimate for space derivatives, using
directly the equation (2.2.11). To this purpose, one has to make precisely the link between the H!
norm of *Ptp(;) and the H! norm of C(k+1)- This is the point of the following Lemma.
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Lemma 2.2.11 For all 0 < |a| < N, one has:

IBY(a,k)l2 + [Ca,p |z < C1(K)(t +¢) +Co
where Cqy only depends on the initial energy of the unknowns, for all 0 < k < N — |a].

Proof of Lemma 2.2.11 The proof is done by induction on |@|. For |a| = 0 it is the Lemma 2.2.8.

Assume that the result is true for |o| — 1, with |a] > 1. Let 0 < k < N — |a|. We start to give
an evolution equation in term of unknowns ((q,x) and ¥ x) :

atC(oz,k) +V- VVC(a,k) - EGw(a,k) - _E Z dG(allﬂba sy allﬂbv 0 YeC, ey 0 JEC)aé’l/)

1 o
Oc(ay +V - V(a1 + EQC(a,k) - EV” KNIV k) + Koy [evBV ¢ (a,k) = Sk
(2.2.27)

where the summation in the first equation is over the index (3, , 11, ..., [, m1, ..., m;, §) satisfying
1<i+j|llh+...+lLi+mi+..+mj|+d=|al+E.
We used the notation 5
Clask) = (C@rys -+ &ty Clask—1))

with &/ = a — e;, where e; denote the unit vector in the j-th direction of R9, and where

IBSkle < C1(K).

This system is very similar to the evolution equation (2.2.21) in term of unknowns (), %), except
that the space derivatives of the bottom b appears from the derivation of G, and the same goes for
the space derivatives of ¢ in the derivation of the surface tension term .. Now, using (2.2.26), one
can write:

1 1
B (a3 + |<(a,k)|%{}1 <Gy (K)p((G"/)(oz,k)v"/)(a,k))Q + (aC(a,k) — B_OVV’C(\/EEVVC)VVC(a,k);C(a,k))?)

We now use the evolution equation (2.2.27) in order to express ¢4 ) and (4 ) With respect to time
derivatives plus over terms of size e:

[Bar) 5 + [C(am 7 < C1(K) (55’tC(a,k) +eV - V(ak)

— % D1dG(3" BY, ..., 0" Bb, 0™ e, ..., 0" (), %,k))

2

€ -
+ (— €0t (k) — €V - V) — B—OIC(OMC)[\/EVVC]C(QJ@) + Ska(a,k)) :
2
(2.2.28)

Let us control the first term of the r.h.s. of (2.2.28). One has to express this term with respect
t0 Ptp(a,k)- To this purpose, we assume for convenience that o' # 0 (recall that |a| > 1). One
computes:

1(€0tC(a,k)s Y(ak))2| = [(0%Clra1) Y(ak))2]
= (07" Ck+1)5 O V(ak) )2l
< (ISa—erk+1) [ 1D Y (a,1)])2

(L+ED D~ 1 D]
< (1 + |D’Y|)< a—eq,k+1 ¢ ak
U+ A D7) T VBe e Dy e

Now, remark that
(1 + aE[D]) >

< C(B
(EasmpoE
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where C(Byu) is a constant that only depends on By (recall here that 0 < v < 1 and the definition
of |D7| given in section 2.1.3). It comes:

(€0t k) Y@ak))2 < C1UE)|Camey k1) 12 [B(a,k) 2

<
< (CL(K)(t +¢e) + Co)[BY(a.n)l2

where we used the induction assumption to control [((q—c, k+1)|m2, since [a —ei| < |af — 1.

For the control of the third term of the r.h.s. of (2.2.28), one can prove, using Proposition 2.A.5
that for j # 0, one has (see also [37] Chapter 4 for details):

1
—(dG(0" B, ..., 0" Bb, 0™ e, ..., 0™ ()P, Ya,r))2 = R
"
with
R < C(K).

For j = 0, we use again Proposition 2.A.5 to write:

1 _ .

;(dG(allﬁb, o0 01 B0)°U, Y k) )2 < C1 ()| 80| prvo .. |0 50| 0 | BV [2 B o, 1) Lo
Now, recall that b € HN*1vto+l TIn order to prove that this last term is controlled by C;(K)(t +
€) + Co, one computes, using the definition of ¢4 given by (2.2.14):

<
<

[B(5)l2 + e[Pwls) |2

IB(s)l2 + lwl oo [((s) [ 2

where we used the identity | f|2 < |f|z1. Now, the Proposition 2.A.1 gives |w| < p?/AC1 (K)|B| geo+3/2-
One can use the induction assumption, because the term t(5) only contains spatial derivatives of v

of order less than |a| — 1 due to the fact that ¢ > 1 (the only term with spatial derivative of order
|| of ¢ that appears in the system (2.2.27) is Gt(4 1)). One gets :

IP%ehle < CL(K)(t + ) + Co,
and finally

(dG(" Bb, ..., 0" Bb, 0™ C, ..., ™ Q)0 Yo py )2 < (C1(K)(t + €) + Co) [Bth(an -

Now, we focus on the most difficult remaining term of (2.2.28), which is (=£0:)(q,k)s C(a,k))2-
One uses the definition of ¥, 1) given by (2.2.14) ¥4 ) = 0%(€0¢)* 1) — ewd*(e0;)*¢ to write:

|(€6tw(a,k)5<(a,k))2| = |(61w(a761,k+1)5<(a,k))2 + (5(612)C(a761,k+1) - (Eat)(sw)C(a,k)v C(a,k))2|
LEVADTE Gy L
1+ \/LBT|D7| V/Bo

< IPBY(a—er k1) l2]( D) Cakl2 +C1K).

We now use the induction assumption to control [PBtp(q_e, kr1)l2 by C1(K)(t +¢) + Co, and the
identity
(1 +mD)?
0+ 41D

where C(Bypu) is a constant that only depends on Bou. One gets:

[(€0t(a ks Claky )2 < (CLE)(E +€) + Co)(L + [C(amylm2)-

To conclude, we proved:

< C(Bop)

(0 * + ek [ < (CLE)(t + ) + Co)(1 + [Yaky |2 + [Ctay |12

and one can use the Young’s inequality to get the desired estimate, and the Lemma 2.2.11 is true at
rank |«

O
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According to the definition of £V (U) given by (2.2.15), there is a remaining term to be controlled:
it is |Pe| gro+s2. The control can be done as follows: let rg be such that to +3/2 <rg < N —1. We
have, for all r € N1 |r| = rg,

B0 ]2 < [PBYiryl2 + e[Pwd (|2

with the definition of ¢(,). The first term of the right hand side is controlled by previous estimates.
For the second term, we use again the same technique as in the control of A4 to write

peratP t+Co+ep M wd" ¢l e
t+ Co + ep Vw| ypeg+rs2 ¢l g
t + Co + ep ™Y PY| oo

t+ Co +eCy(K).

INCININ N

The result then comes from the identity

B prroraz < [Polaro < 1Bola+ D) [PV,

Ir|=ro

Finally, we proved
ENU)(t) < Co + CL(K)(t +¢)

for all ¢ in [0;T;], which ends the proof of Proposition 2.2.4.

]
We can now prove Theorem 2.2.2 by constructing an existence time for all solutions U® of the
system (2.2.11), which does not depend on e.

Proof of Theorem 2.2.2 We define

1

0T 20 (2Cy)

Let fix a € < gg. Let us consider

T* = sup{t, U¢ exists on [0,¢] and EN(U®)(t) < 2Co, 1 +&C(t) — Bb = hmin/2,a(t) = ao/2 on [0,]}.
>0

We know that T exists and that U€, solution to (2.1.5) exists on [0,7*]. The Proposition 2.2.4
gives the following estimate:

EaUS)(t) < CL(E)(t+¢) +Co Vte[0,TH].

We then consider

TO 1nf{1, hmin}-

1
~ 201(2Cy)

Let us show that Ty < T*. Suppose T* < Tj. First of all, let us prove that the condition over the
height 1 4+ e¢ — Bb is satisfied. One can write for all 0 < t < T}

t
(1 +e¢—pBb)(t) =(1+¢e¢ - Bb)(0) +J 0¢(1 +eC — Bb)(s)ds
0
= (1+eC—pb)(0) -t )S}%Ft]ww:(l +&¢ = Bb)| Lo ey
= (1+eC—Bb)(0) —tCy(K)
= hyin — ToC(2Ch)

min

2

A\
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One can do the same for the Rayleigh-Taylor condition a(t) > %

4. Now, for the energy condition,
we would have for all ¢ € [0, T*]:

Ea(U%)(t) < Co + CL(K)(t +¢)
1
201(200))

1
201(200))

<Co+C1 (200)(Te* +

< Co + Ch (200)(T0 +
< 2C)y

using the monotony of C' and the definition of 7. We can therefore continue the solution to an
interval [O,ﬁ‘] such that

EalUP)(t) <2Co,  Vte [0, TF|
which contradicts the definition of T.*. We then have Ty < T..

Conclusion: the solution U¢ exists on the time interval [0;7p].

O

2.2.5 Shallow Water limit

We discuss here the size of the existence time for solutions of the Water Waves equation (2.1.6) when
the shallowness parameter u goes to zero. This regime corresponds to the Shallow Water model:

Y. (RV) =
GC+VT-(RV) =0 (2.2.29)
OV +VI(+e(V-VHV =0
where h = 1 + ¢ — b is the height of the Water. Using the existence time given by Theorem 2.2.2,
one can deduce easily the following long time existence result for the Shallow Water problem, proved
in [13], in the case of an irrotational initial condition:

Theorem 2.2.12 Let to > d/2, and N > to +to v 2+ 3/2. Let (Vo, (o) €
curl(Vo) = 0. Then, there exists T > 0 and a unique solution (V,() €
the Shallow Water equation (2.2.29) with initial condition (V, (o), with

R+ be such that
l;

HN(
([ % Hto+1(Rd)d+1) to

1 —
T = (1, and sup |(¢, V)(t)|Htg+l(Rd)d+1 = (Cy
te[0; L

where C; = C(7— n |(CO,V0)|Htg+1(]Rd)d+l) is a non decreasing function of its arguments.

min

The result of [13] can therefore be understood as a particular endpoint of our main result, if the
initial data V is irrotational. For the general case, one should prove a large existence time for the
Water-Waves equation with vorticity (see [38]). It is important to notice that the time existence
provided here for the solutions of Shallow Water equations does not depend on the bathymetric
parameter 3.

Proof Let us fix £ > 0 during all the proof. We also set uBy = 1. We define o by V74 =V (which
is possible since V| is irrotational). We recall that Theorem 2.2.2 gives a solution U* = ({*,y*) to
the Water Waves equation (2.1.6), with initial condition (¢p, %) on a time interval [0; g] with

1
T =(C; and sSup Z |‘J3¢f;,k)|2 + |C€a1k)|2 = Cy (2.2.30)
1[0 2T (o k) <N
where C; = C(EN(UP), 72—, &, bl grv+1vio41, uBo) is a non decreasing function of its arguments.

We now need an asymptotic expansion of V7¢# and Gy* with respect to the vertical mean of
the horizontal component of the velocity V = V7® in shallow water:
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Gyt = —uV7 - (V") and  V'Yr =V + uR, (2.2.31)

_ 1 ¢
with |R|go+1 < Co (recall that N > to +to v 2 4 3/2 with to > d/2) and V" = o VI (z)dz.
—1+8b
For a complete proof of this latter result, see [37] Chapter 3. Now, we take the first equation of
(2.1.6), and the gradient of the second equation of (2.1.6) and we replace Gi* and V7¢* by the
expressions given by (2.2.31). The surface tension term is of size u since B%) = p. One can check
that we get the following equation, satisfied in the distribution sense of D'([0; £] x R¢):

T

{atgf W_'ﬂ(huv_zt (2.2.32)
oVh +eV VWV +VICH = uR

with |R|pe+1 < Co. Tt is then easy to show that the sequences (V“)M and (¢*), are bounded in
WL=([0; %], Hto+t1(R%)), using the bound given by (2.2.30). Therefore, up to a subsequence we get
the weak convergence of (V",¢#), and (C*), to an element (V,¢) € C([0; L1, ot (RY)4HY), with
(V,0)(0) = (Vo,{). The weak convergence of the linear terms of the equation (2.2.32) does not
raise any difficulty. Since H®+!(R?) is embedded in C'(R?), we also get the convergence of the non
linear terms in the equation (2.2.32). Finally, the limit (V, () satisfies the Shallow Water equations
(2.2.29) in the distribution sense of D’([0; ] x RY). The uniqueness is classical for this kind of
symmetrizable quasi-linear hyperbolic system, and is done for instance in [61] Chapter XVI. O

Let us give a qualitative explanation of this latter result. We recall that Proposition 2.2.10 claims
that . .
P2 < (¢, —G)2 < Mol By f3
My %

where
| D7
(L + yalD )72
and therefore LG acts like an order one operator with respect to ¢». The idea of the proof for
Theorem 2.2.2 is to get a "good" energy estimate for time derivatives:

B =

1 1
510BYL2 + 510iCl> < C(K)te + Co

and then use the equation to recover the same estimate for space derivatives. Using the first equation
0:¢ = iGw, and the ellipticity of the order one operator %G would only provide us a gain of half a
space derivative for ¢ (we already have an estimate for 1) where B is of order 1/2). This is why we
need surface tension which provides an additional estimate for B%)@V’YC |2, which leads to recover
exactly one space derivative in the estimate of 1. In the shallow water regime, using (2.2.31), one
gets that iGz/J ~ —V7 - (hV71) as u goes to zero. Therefore, when u goes to zero, iGz/J goes to an

order one operator with respect to V = V7¢. ! Therefore, if one has a "good" estimate for time
derivatives like

1 1,.—=
§|é’tC|2 + §|0tV|2 < CfE + CO

with €' independent of £, one can recover, using the first equation, a "good" estimate for V7 - (V).

Using the second equation to get the same good estimate for curlV, one can recover exactly one

space derivative of V in the estimates. And therefore, we does not need surface tension in this case.
1

Moreover, the surface tension term of size By =M vanishes as p goes to zero.

2.A The Dirichlet Neumann Operator

Here are for the sake of convenience some technical results about the Dirichlet Neumann operator,
and its estimates in Sobolev norms. See [37] Chapter 3 for complete proofs. The first two propositions
give a control of the Dirichlet-Neumann operator.

L Another way to see it is that in the limit p — 0, ¥ must be seen as a first order operator (P ~ |D7|) and the
control of P gives the control of a full derivative of .
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Proposition 2.A.1 Let to>d/2, 0 < s <ty +3/2 and (¢, B) € Hot' n H*TV/2(R%) such that
Fho > 0,¥X € R eC(X) — Bb(X) +1 = hy.
(1)  The operator G maps continuously H*+*/2(R?) into H*=1/2(R%) and one has
(Gl rome < ¥ M (s + 1/2) 1B e,
where M (s + 1/2) is a constant of the form C(h%)’ [C zrto+1,5 |6 Freo+1, [ prs+1s2, |b

Fet1/2).
(2)  The operator G maps continuously H*+*(R?) into H*~Y2(R?) and one has

|G’L/J|H571/2 < /LM(S + 1)|%’L/J|Hs+1/2,
where M (s + 1) is a constant of the form C(hio, [Clzrto+1,4 |B] o+, |C

Hs+1, |b|Hs+1).

Gy+epV7¢-VyY

fEw=miore: (vertical

Moreover, it is possible to replace G by w in the previous result, where w =
component of the velocity U = Vx ,® at the surface).

Remark 2.A.2 In all this paper, we consider the Water-Waves problem in finite depth. This is
crucial for all these regularity results on G. For instance, in the linear case { = b =0, the Dirichlet-
Neumann operator is |D7|tanh(|D7|) in finite depth, while it is |D7| in infinite depth. The low
frequencies are therefore affected differently.

Proposition 2.A.3 Let tg > d/2, and 0 < s < tg + 1/2. Let also (,be HTY(R?) be such that
Jho > 0,VX € R4, 1+ e¢(X) — Bb(X) = ho
Then, for all 1, s € HFY2(RY), we have
(A*Gp1, Atpa)a < pMo| Bt |ms [Biba| b,
where My is a constant of the form C(hio, [C| frto+1, |B] Freo+1)-

The second result gives a control of the shape derivatives of the Dirichlet-Neumann operator.
More precisely, we define the open set T' ¢ Hfo+1(R%)2

T ={l=(¢b)e H (R Jhg>0,¥X e R e¢(X) + 1 — Bb(X) = ho}
and, given a 1 € H5+Y/2(R4), the mapping:

T N Hs—l/Q(Rd)
= (¢;b) > Gle¢, Bl

We can prove the differentiability of this mapping. The following Theorem gives a very important
explicit formula for the first-order partial derivative of G with respect to (:

Gle-, 3] - (2.A.33)

Theorem 2.A.4 Let to > d/2. Let T = (¢,b) € T and ¢ € H¥2(RY). Then, for all h e Hto+1(R?),
one has

G(h)Y = —eG(hw) —epV? - (hY),

with
G 4+ euNV¢- VY

L+e2pu| Vo)

and V. =V —cwV7(.

w:

The following result gives estimates of the derivatives of the mapping (2.A.33).
Proposition 2.A.5 Let to>d/2, 0 < s <to+1/2 and (¢, ) € H*F(R?) such that:
Fho > 0,¥X € R eC(X) — Bb(X) +1 = hy.

Then, for all 11,15 € HSTY2(RY), for all (h, k) € HoT1(R?) one has

J
(A G (h, k)ipr, Ato)| < Mo [T 1(€hums Bhim) | greo+1 [Bebs s Bebal s,
m=1

where My is a constant of the form C(hio, [C|srto+1, |D] Freo+1)-
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The following Proposition gives the same type of estimate that the previous one:
Proposition 2.A.6 Let ty > d/2 and ((,b) € H°™! be such that
Fho > 0,¥X € R eC(X) — Bb(X) + 1 = hy.

Then, for all 0 < s <tg+1/2,

|7 G (h, k)Y

J
pe—1z < Mop®* TT 1(ehm, Blim)| grro+1 [P s
m=1

The following commutator estimate is useful (see [37] Proposition 3.30):
Proposition 2.A.7 Let ty > d/2 and (,be H"* %(R?) such that:
Jho > 0,¥X € R, C(X) — Bb(X) +1 = hy.
For all V. € H*Y(RY)? and u e HY?(R?), one has
1
(V- VTu), EGU) < M|V [Pul3,

where M is a constant of the form C(hio, [Clzrto+2, |b] Freo+2)-
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Abstract

We prove in this paper a long time existence result for a modified Boussinesq-Peregrine
equation in dimension 1, describing the motion of Water Waves in shallow water, in the case
of a non flat bottom. More precisely, the dimensionless equations depend strongly on three
parameters ¢, i, f measuring the amplitude of the waves, the shallowness and the amplitude
of the bathymetric variations respectively. For the Boussinesq-Peregrine model, one has small
amplitude variations (¢ = O(p)). We first give a local existence result for the original Boussinesq
Peregrine equation as derived by Boussinesq ([11],[10]) and Peregrine ([51]) in all dimensions. We
then introduce a new model which has formally the same precision as the Boussinesq-Peregrine
equation, and give a local existence result in all dimensions. We finally prove a local existence
result on a time interval of size % in dimension 1 for this new equation, without any assumption
on the smallness of the bathymetry 3, which is an improvement of the long time existence result
for the Boussinesq systems in the case of flat bottom (5 = 0) by [54].

3.1 Introduction

We recall here the context of the Water Waves problem, and introduce all the meaningful dimension-
less parameters of this problem. We then present the shallow water regime and more specifically the
Boussinesq-Peregrine regime. We finally introduce the different results proved in this paper, which
are local existence theorems for the Boussinesq-Peregrine equations on different time scales and with
different conditions.

3.1.1 The Water Waves problem

The motion, for an incompressible, inviscid and irrotationnal fluid occupying a domain €; delimited
below by a fixed bottom and above by a free surface is commonly referred to as the Water Waves
problem. It is described by the following quantities:

— the velocity of the fluid U = (V,w), where V and w are respectively the horizontal and vertical
components ;
— the free top surface profile ( ;
— the pressure P.
All these functions depend on the time and space variables ¢ and (X, z) € €, which is the domain

occupied by the water. More precisely, there exists a function b : R? — R such that the domain of
the fluid at the time ¢ is given by

Q= {(X,2) € R™*L, —Ho + b(X) < 2 < C(t, X)),

where Hj is the typical depth of the water. The unknowns (U,(, P) are governed by the Euler
equations:

U +U-Vx.U=—2VP—ge, in
div(U) = 0 in Q; (3.1.1)
curl(U) = 0 in .

These equations are completed by boundary conditions:

C+V-V(-—w=0
U-n=0on {z=—Hy+b(X)} (3.1.2)
P = Py on {z = ((X)}.

In these equations, V and w are the components of the velocity evaluated at the surface. The vector
n in the last equation stands for the upward normal vector at the bottom (X, z = —Hp + b(X)), and
e, is the unit upward vector in the vertical direction. We denote P, the constant pressure of the
atmosphere at the surface of the fluid, p the (constant) density of the fluid, and g the acceleration
of gravity. The first equation of (3.1.2) states the assumption that the fluid particles do not cross
the surface, while the second equation of (3.1.2) states the assumption that they do not cross the
bottom. The equations (3.1.1) with boundary conditions (3.1.2) are commonly referred to as the
free surface Euler equations.
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3.1.2 The dimensionless parameters

Since the properties of the solutions of the Water Waves problem depend strongly on the charac-
teristics of the flow, it is more convenient to non-dimensionalize the equations by introducing some
characteristic lengths of the wave motion:

1

2

The characteristic water depth Hy.

The characteristic horizontal scale L, in the longitudinal direction.

(1)
(2)
(3) The characteristic horizontal scale L, in the transverse direction (when d = 2).
(4) The size of the free surface amplitude agy -

(5)

5) The size of bottom topography apes:-

Let us then introduce the dimensionless variables:

T Y ¢ z b
xl:—7 yl:— CI: , ZI:—7 bl:
Lm Ly ’ Asurf HO Apott ’
and the dimensionless variables:
t'=— P = L
0 Py’
where
t Lo P H,
0= 77> 0 = pgto.
V9Ho
After rescaling, four dimensionless parameters appear in the Euler equation. They are
a H? a L
surf =, _S =4, bott _ 57 Lz _ ~,
Hy L2 Hy L,

where €, u, 8,y are commonly referred to respectively as "nonlinearity", "shallowness", "topography"

and "transversality" parameters. The free surface Euler equations (3.1.1) and (3.1.2) become after
rescaling (we omit the "primes" for the sake of clarity):

1 =_1
{atU‘FE(V'V’Y + ;waZ)U - EV’YP’ (313)

0:C — /T + 2[VC2U -n =0

where we used the following notations:
VY =40y,70,) ifd=2and V' =9, ifd=1,

and we recall that the unknown is the velocity U = (V,w) where V and w are respectively the
horizontal and vertical components of the velocity. The equations (3.1.3) coupled with boundary
conditions on P and U are commonly referred to as the "dimensionless free surface Euler equations".

3.1.3 The Shallow Water regime

2
When the shallowness parameter p = % is small, it is possible to use a simplified equation in order

to study the Water Waves problem. More precisely, at first order with respect to u, the horizontal
velocity V' becomes columnar, which means that

V=V+uR (3.1.4)
where V stands for the vertical average of the horizontal velocity

o 1 e (t,X)
Vit,X) = —— Vit, X, z)d
(t, X) h(uX)LM) (t, X, 2)dz

and h is the height of the water h(t,X) = 1 + ((¢t, X) — 8b(X). We do not give precise estimate
for the residual R of (3.1.4) in Sobolev norm here. Lagrange [35], and later Saint-Venant [1] derived
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from the Euler equations and under the assumption that the pressure is hydrostatic' the following

Shallow-Water equation expressed in term of unknowns (V, ¢):

{atuvv (V) =0 (5.15)

OV + VI + (V- V)V =0,

with initial data (V/, Q=0 = (VO, ¢%). The Shallow-Water equations (3.1.5) are a typical example of
quasilinear symmetrizable system (the symmetrization is done by multiplying the second equation by
h). The local existence result for such a system is classical, and is done for example in [61] Chapter
XVI (see also [7]). The Shallow-Water equation is said to be consistent at the first order in p with
the Water-Waves equations, which means that formally, one has

water-waves equation — shallow-water equation + O(u).

It formally means that if one is interested in working with a shallow water (i.e. with small values of
1), one can get rid of all the terms of size p in the Water-Waves equations and obtain the simplified
model of the Shallow-Water equation. Alvarez-Samaniego and Lannes [6], and Iguchi [31] fully
justified the Shallow-Water model by proving the mathematical convergence of the Water-Waves
equation to the Shallow-Water equation. More precisely, one has the following result:

Theorem 3.1.1 There exists N > 1, such that for all (VO,CO) e HY R+ there exists T > 0
such that:

(1) There exists a unique solution (C¥,UF) defined on [0;T[ to the free surface Euler equation
—E

(3.1.1), (3.1.2) such that (CF, V") e HN (R4, and (¢, V7)(0) = (¢°, V).

(2) There exists a unique solution (CSW,VSW) e O([0; T[; HN (RY)4*1Y) to the Shallow- Water equa-
tion (3.1.5) with initial conditions (CO,VO).

(8) One has, for oll t € [0;T[:

(P V) () = (¢, T Ol av < CUCO V) v .

This theorem implies that the error made by using the solutions of the simplified model of Shallow-
Water instead of the solutions of the free-surface Euler equations is "of size u".

At the second order with respect to p, one can derive several models for the Water-Waves problem
which are formally more precise than the Shallow-Water equation. We consider in this paper the
case where

e=0(n),

which corresponds to a small amplitude model in the Shallow-Water regime. Boussinesq ([11],[10])
derived the following model for flat bottoms, and later Peregrine [51] for nonflat bottoms:

(3.1.6)

¢+ V7 (W) =0
[1+uT]oV +e(V-VV+VI(C=0

where 7 is the following operator :

B

ﬂ[VV(h?,VVb V) =WV V] + B2VIVb -V,
b

__ _ 1 _
YV, TV = ———VI(h3V7-V) +
3hy,

with the notation
hy =1 — j3b.

See also [37] for a complete proof of the formal derivation of this equation. This equation is known
as the Boussinesq-Peregrine equation, and has been used a lot in applications to coastal flows. In
the case of a flat bottom, one has =0 and T, = —%V"’V"Y-. The equation (3.1.6) can then be seen
as a particular case of a Boussinesq system (see [8] for the 1d case, and [9] for the 2d case).

I The pressure is hydrostatic if, in dimensional form, P(X, 2) = Patm — pg(z —¢). This is always true at the leading
order in p. See for instance [37] Section 5.5
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The Boussinesq-Peregrine model is a good compromise for numerical simulation between the pre-
cision of the approximation of the Water-Waves problem, and the simplicity of the equations. Indeed,
the Boussinesq-Peregrine equation preserves the dispersive nature of the Water-Waves equation. To
understand this statement, one can look for plane wave solutions (¢, V) = (€0, T )ei(k-X—w(k)t) of
the linearized Boussinesq-Peregrine equation (3.1.6) and finds solutions with a dispersive relation:

(k)2 |k7|2
w =——
1+ £k >
with k7 = *(ky1, vk2). Thus the group velocity ¢ = Tk(f ‘) of the water waves depends on the frequency,

which is a definition of dispersion. The Shallow-Water equation, however, is not a dispersive equation
in dimension 1, since one would find a group velocity of the water waves equals to 1. One could also
derive a even more precise model at the O(u?) order than the Boussinesq-Peregrine model, without
any assumption on the smallness of e, which is called the Green-Naghdi equation (see [57] for the
case d = 1, [59], [56] for the case of non-flat bottom and also under the name of "fully nonlinear
Boussinesq equations" in [62]; see also [44]). Tt has a very similar form as one of the Boussinesq-
Peregrine equation, but with h; replaced by h in the definition of the operator 7,. Therefore,
though the Green-Naghdi model should be more precise than the Boussinesq-Peregrine equation, its
numerical implementation leads to the computation at each time step of the inverse of I+ 7, (which
now depends on h, and therefore on the time), which increases the computational complexity?.

3.1.4 Long time existence for the Water-Waves models

We are interested in the dependence of the existence time for the solutions of systems like (3.1.5)
and (3.1.6) with respect to the parameter €. For such quasilinear equations with an ¢ factor on
the nonlinearity, the "good" time existence should be of size é Let us explain this statement by
studying the one dimensional Burgers equation:

Oru + eudyu =0
u(0,z) = up(x)

where we assume some reasonable regularity on ug. Using the method of characteristics to solve it,
we find that characteristics are of the form

x(t) = eup(x1)t + 21

with ;1 € R. The solutions do not exist globally in the general case because the characteristics inter-
sect themselves. Let us estimate the time at which they intersect. Let us consider two characteristics
x(t) = eup(x1)t + 1 and eug(z2)t + x2. They intersect at time

To — I

b T (w0 (z2) — wo(@n))

Therefore, the existence time for the solutions is

. T2 — I 1
T = min — = ——
z1,x26R  e(up(z2) — up(x1)) smlﬂlgug(z)
xE

and therefore is of size é

__ The standard theory for quasilinear symmetrizable systems gives the local existence of solutions
(V,¢) of the Shallow-Water equations (3.1.5) on the space C([0;T]; HN(R%)4!), with N large
enough, and gives an explosion criterion: one has 7" < oo if and only if lin%|(V, O®)|lwre = +o0. If

t—

one could prove an estimate of the form

|V, Q)Olav < g(I(V, Ol )te (3.1.7)

2Note however that a variant of the Green-Naghdi equations where the operator to invert in time is time independent
has been derived recently in [39] to perform 2d computations
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for a smooth non decreasing function g, one would get by a continuity argument that the solutions
exist on an interval of size % An L? estimate of the form (3.1.7) is easy to obtain, because multiplying
the second equation of (3.1.5) symmetrizes both first space derivatives order terms and quantities of
size €. Indeed, one can differentiate with respect to time the "energy"

B(CV) = 5l¢B + 5 (07,7,

to get
dE — = 1 — —
2 = (06,02 + 0V, V)2 + S ((0h)V, V)2
and replace ;(¢,V) by their expressions given in the equation (3.1.5). The terms of order 1 are
transparent in the energy estimate because they cancel one another, thanks to the "symmetry" of
the system, and one gets
dE 0
dt
which is even better than needed. However, if one differentiates the equation (3.1.5) with respect to
space variable, one finds a system of the form (¢ denotes here any space derivative of order one):

0,0V + V7 - (0R)V) + V7 - (hd(V)) = 0
010 +¢e(0V)-VIV +eV - V79V + V793¢ = 0.

It is not possible anymore to make this system symmetric in order to cancel the terms that are not
of size € in the energy estimates. Indeed, the term 0h is not of size ¢, since h = 1 + ¢ — 8b, and
thus also depends on 3. The H” norms of the unknowns are then not easily controlled by terms of
size €, which prevent us from proving directly an estimate of the form (3.1.7). The long existence
for this system is therefore tied to a singular perturbation problem with variable coefficients.

Long time existence results for similar types of equations have been proved for example by
Schochet in [55] for the compressible Euler equation in a bounded domain with well-prepared data,
or by Schochet-Métivier in [43] for the Non-isentropic Euler equation with general data. Alazard
([2]) proved a long time existence result for the non-isentropic compressible Euler equation, in the
case of bounded and unbounded domains. Bresch-Métivier ([13]) proved that for N > d/2 + 1 and

(¢, 7°) e HN(R)4+1, there exists a unique solution (¢, V) e C([0; L1; HN(R4)4+1) to the equation

(3.1.5) with initial data (CO,VO) where T only depends on the norm of the initial data, even if 3 is
not assumed to be small.

In the case of a flat bottom, as explained in Section 3.1.3, the Boussinesq-Peregrine equation can
be seen as a particular case of the Boussinesq systems. Saut and Li ([54]) proved the local existence
on a large time interval of size é for most of these systems, when the bottom is flat. There is, in
our knowledge, no local existence results in the literature in the case of non flat bottoms. A local
existence result for the Boussinesq-Peregrine equation (3.1.6) on a time % with T independent on
1 would be important to fully justify this model, and get a convergence result similar to Theorem
3.1.1.

3.1.5 Main result

In [50], a large time existence result is proved for the Water-Waves equations in presence of large
topography, extending the result of [6] which holds for small topography variations (8 = O(¢)))3.
Coupling this result with the one of [13], one can prove that the Shallow-Water equations are con-
sistent at order 1 in p with the full Water-Waves equations, on a time interval of size %, even in the
case of large topography variations (8 = O(1)). A similar result between the Water-Waves equations
and the Boussinesq-Peregrine equation (3.1.6) would be a new step in the mathematical justification
of the Water-Waves models.

We first prove in this paper a well posedness result for the equation (3.1.6) on a time O(1)
(Theorem 3.2.1 below). Though not optimal as we shall see, such a local well posedness result did

3However, this result needs the presence of surface tension.
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not seem to be available in the literature for non flat bottoms. The proof consists in a particular
adaptation of the proof of local existence for symmetrizable quasilinear systems. The difficulty is
that this system is not easily symmetrizable. In the case of the Shallow-Water equations (3.1.5), as
explained in Section 3.1.3, one should multiply the second equation by A to get a "symmetric" system.
However, in the case of the Boussinesq-Peregrine equation (3.2.11), multiplying the second equation
by h indeed symmetrizes the system with respect to order one space derivatives. But the operator
h(I + Ty) is not symmetric. Therefore, (h(I + puT)0;V, V)2 is not equal to 4% (h(I + uTy)V,V)a. It
implies the presence of some commutators terms between A7, and J; in the energy estimates which
are difficult to control. However, the operator hy(I 4+ u7p) is symmetric and we have the equivalence

(ho(I 4+ uTo)V,V)a ~ V|2 +p|V? - V|2

Therefore, a "good" energy for the Boussinesq-Peregrine equation seems to be
— 1 1 - —
E((V) = 5lcl5 + 5 (ho(I + pTo)V, V)a. (3.1.8)

But multiplying the second equation by h; does not properly symmetrize the system with respect to
space derivatives. More precisely, it symmetrizes them up to an e¢(V? -V factor. In the Boussinesq-
Peregrine regime, one has ¢ = O(u) and therefore this term is actually controlled by the energy... It
yields to a local existence result for a time interval of size O(1) and not O(2). This is the purpose
of Theorem 3.2.1.

One then looks for an improved time of existence for the Boussinesq-Peregrine equation. In
order to do so, one could try to use an adaptation of the proof of the long time existence result by
Bresch-Métivier [13]. The idea of this proof is to have energy estimates of the form

E(t) < C(E)te + Cy

for some constant C(E) which depends on the energy, and Cy which only depends on initial data,
where F is an energy. One can then conclude by a continuity argument that the energy stays bounded
on an interval of size é Let us detail this idea on a simplified model of equation of the form:

Oru + e(udy)u + L(eu, a(z))u =0 (3.1.9)
where L(cu,a(z)) : R? — R? is a linear, elliptic, antisymmetric operator of order 1. One computes:

d1
Sl = (w2

= (Lu,u)a + e((udy)u, u)s

using the equation to replace d;u by its expression. Using the antisymmetry of L and integrating by
parts, one can easily see that < 1 |u(t)|3 vanishes, which is even better than being of size e. However,
it does not stand true for higher order estimates. Looking for an estimate on %|u(t)| g~ for some
N > 0, one differentiates the equation (3.1.9) and finds a system of the form:

01 0pt + £(u0y ) Optt + [0y, Oy Ju + L(eu, a(x))0pu + £(0zu)d Ly (u, a(x))u + (0za)dLa(eu, a(z))u = 0,

where we denoted dL;(cu, a(x)) the differential of L with respect to the ¢ —th variable, at the point
(eu,a(x)), for i = 1,2. Due to an extra term (0a)dL2(eu, a(z))u, the energy estimates involve terms
which are not of size €. This problem does not appear for time derivatives: if one differentiates the
equation (3.1.9) with respect to time, one finds:

01 (0ru) + eudy(0ru) + €[udy, Ot]u + L(eu, a(x))0iu + €(0ru)d Ly (eu, a(x))u.
Therefore, one can find an energy estimate of the form
|(0Fuw) ()2 < [(9Fu)(0)]2 + tC(|(OFu) (1) 2),

for all k < N. In order to find a similar energy estimate in H™V, one uses the equation, which gives
an expression of space derivatives with respect to time derivatives:

L(eu, a(z))u = —0u — eudyu
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and using the previous estimate for time derivatives, and the ellipticity of L, one gets:
[u(®)| < C(lu(t)| g )et + Co

for some constant Cp and a non decreasing smooth function C'. One can do the same for higher
order Sobolev estimates, by considering higher order time derivatives 0F and using a finite induction
on k. By a continuity argument, an estimate of the form

[u(®)] < C(lu(t)[ar)et + Co

implies that the HY norm of u stays bounded on an interval of size 1.

This technique only works if time and space derivatives have the same "order". More precisely,
for the Shallow-Water equation (3.1.5), the time derivatives are equal to sum of terms involving one
space derivative. This is not the case for the Boussinesq-Peregrine equation (3.1.6). Indeed, in the
second equation, (I +u7;)0;V is equal to one space derivative order terms, while (I + 173) is of order
two. It leads to issues if one tries to use the equation to control space derivatives by time derivatives
and tries to recover an estimate of size ¢ for the space derivatives. For example, the second equation
of (3.1.6) provides

V¢ =—(I +uTy)0:V +¢e x other terms ,

and T; is an order two operator with respect to space. It is therefore not clear that 7;0;V is controlled
by the energy (3.1.8).

To overcome this problem, we introduce a modified equation, which is consistent with the
Boussinesq-Peregrine equation (3.1.6) at the O(u?) order (and therefore with the Water-Waves
equations). Such equation would have a proper structure adapted to the use of the method used
by Bresch-Métivier in [13]. The approach of modifying the equation without changing the consis-
tency, in order to improve the structure of the equation has been used for example by Israwi in
[33] for the Green-Naghdi equation, or by Saut and Xu ([53]) for a model of full dispersion. In the
Boussinesq-Peregrine case, a short study (see later Section 3.3 for more details) leads us to introduce
the following modified equation:

0 +V7-(hV)=0

(T4 5Ty = VGV - () = 5 VIV )AT + 7 V7V 4 (1= pVIoo 97 () V7C =0
b b b
(3.1.10)

We start to prove a local existence result for this modified equation in dimension 1 and 2. We
then prove the main result of this paper (see later Theorem 3.3.7 for a precise statement):

Theorem 3.1.2 In dimension 1, the equations (3.1.10) admit a unique solution on a time interval
of the form [0; %] where T only depends on the initial data.

Remark 3.1.3 For technical reasons which are discussed further below, the Theorem we prove is
only true in dimension 1. However, we precisely explain in this paper the difficulties raising for a
proof in dimension 2.

Though this Theorem is proved by adapting the technique used by Bresch-Métivier in [13], its
adaptation to the case of a dispersive equation has not been done yet in the literature to our
knowledge. As one shall see later in Section 3.3.2, this result is tied to a singular perturbation
problem. The plan of the article is the following;:

— In Section 3.2, we prove a local existence result for the Boussinesq-Peregrine equation in di-
mension d = 1,2,

— In Section 3.3 we introduce a modified Boussinesq-Peregrine equation and in Section 3.3.1 we
prove its local well-posedness in dimension d = 1, 2,

— In Section 3.3.2, we prove the long time existence result for the modified Boussinesq-Peregrine
equation, in dimension d = 1.

3.1.6 Notations

We introduce here all the notations used in this paper.
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Operators and quantities

Because of the use of dimensionless variables (see before the "dimensionless equations" paragraph),
we use the following twisted partial operators:

VY =40, 70,) ifd=2 and V=0, ifd=1,
VIt = {(—d,, ;) ifd=2 and V=0 ifd=1.

Remark 3.1.4 All the results proved in this paper do not need the assumption that the typical wave
lengths are the same in both directions, ie v = 1. However, if one is not interested in the dependence
of 7y, it is possible to take v = 1 in all the following proofs. A typical situation where v # 1 is for
weakly transverse waves for which v = \/u; this leads to weakly transverse Boussinesq systems and the
Kadomtsev—Petviashvili equation (see [40]). A byproduct of our results is therefore a generalization
to the case of nonflat bottoms of the results on weakly transverse Boussinesq systems of [40]; this
opens new perspectives towards the derivation and justification of Kadomtsev—Petviashvili equations
for nonflat bottoms in the spirit of [34] for the KdV equation.

We define a v b for two real numbers a, b by:
a v b =max(a,b).
For all a = (ay, ..., aq) € N%, we define 0 the operator of S’(R%) by:
0% = 031...071.
We use the classical Fourier multiplier
A® = (1—A)** on R?
defined by its Fourier transform as
F(A*u)(©) = (1 +[¢[*)*(Fu)(©)
for all u € S’(R%). We also use the following operators:

B
2hy

_ — 1 —
YV, TV = —=—V7(hiV"-V) +

o [VY(hEVb-V) = VbV - V] + B2VIVb -V
b

in all this paper, and the operators:
1 1 1 il
A=V1(=V"-(hy)),  B=U+upTo—pV'(=V"" (b)) = p—VI=V7)
hy hy hy
in Section 3.3.

Functional spaces

The standard scalar product on L#(R9) is denoted by ( , )2 and the associate norm |- |5. We will
denote the standard scalar product on Sobolev spaces H*(R%) by ( , )z and the associate norm
by |- |ms. We denote the norm W** (R4) by |- |yyx.», and we use the notation |- |, = |- |yo.» when

no ambiguity is possible.
We also introduce in Section 3.3.2 for all s € R the Banach space
X*(RY) = {f e L*(RN%, |f|x- < o0}

endowed with the norm
|Flxs = 1f15s = |f1He + 0IV7 - flir.
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3.2 Local existence for the Boussinesq-Peregrine equation

In this section, we prove a local existence result for the Boussinesq-Peregrine equation in dimension
d = 1,2, on a time interval independent on . We recall that the Boussinesq-Peregrine equation of
unknowns V and ( is:

{atg + V(W) =0 (3:2.11)

[1+uTploV +e(V-V)V +V7(¢ =0
where h = 1 4+ &( — 8b and where 7Ty, is the following operator :

_ 1 _ 8
A VATl XAvAR I
YV, TV Sth ( yV V)+2hb

[VY(hiV7h-V) —hiVbVY - V] 4+ B2VI0V -V, (3.2.12)

with the notation h, = 1 — b, where b describes the variations of the bottom and is known. We also
recall (see section 3.1.6) the notation

|flaxe = flos +ulV7 - f

Let us state a local existence result for the Boussinesq-Peregrine equation:

2
Hs-

Theorem 3.2.1 Let ty > d/2 and s > to + 1. Let b € H**2(R?) be such that there exists huyin > 0
such that

inf hb(X) > hmin'
XeRd

Let €, B be such that
0<e, <1

Let Uy = ((o, Vo) € H*(R?) x X*(R?). Then, there exists jimax > 0 such that for all 0 < 1 < fimax
with

e=0(n),
there exists T* > 0 and a unique solution U = ((,V) € C([0;T*[; H*(R?)I*L) of the equation
(3.2.11) with initial condition U(0) = Uy.

Moreover, for all T < T*, if one chooses

A= sup C’3(|U|W1f’% |hb|H3+27MmaX)(t)v
te[0;T]

the solution U satisfies the following inequality:

A " e (t=t) (AT P —
t<T H< —— C10min) HEdt + =2 C10min) 2.1
VST, E0)< g f ¢ CallU )¢t + 2 (o) (3.2.13)

with
E(t) = (u|V7 - V|3 +|U|%:)(0) (3.2.14)

and where C; are non decreasing smooth functions of their arguments, for i = 1,2,3,4.

Remark 3.2.2 — It is very important to note that the energy estimate (3.2.13) implies that while
|U|w1.0(t) is bounded, the solution U can be continued. More precisely, if one sets

T = sup{t,U exists on C([0;t[; H*(R*)4T1)}

then if T < oo, one has sup|U|w1.»(t) = +00. Moreover, one has to notice that the energy
t—T

E defined in the statement of the Theorem by (3.2.14) controls H® norms of both U and V7 -
V, while the energy estimate (3.2.13) only requires a bound of £ by the H® norm of U. In
particular, it suffices to bound the H® norm of U (instead of U and V7 -V ) to use a continuity
argument.

— Note that the time of existence T* defined by Theorem 3.2.1 is independent on p. This is
crucial in view of the proof of the consistency of the Boussinesq-Peregrine equation with the
Water- Waves equations (see Theorem 3.1.1).
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Proof of Theorem 3.2.1 The system (3.2.11) can be put under the form

d
Bo,U + ) A;(U);U =0

j=1

where

1 0 EVJ‘ h .
_ . = — <j<d. 2.
B (o I+ uﬁ) . A ( ] gvj1d> Vi<j<d (3.2.15)

The non linear terms of the equation can be symmetrized if we multiply the system by

S) = ((1) h(}d>

but for the reasons explained in Section 3.1.5 we use rather the following matrix:

1 0
S = (0 thd>. (3.2.16)

Using this symmetrizer brings one difficulty: the operator hy(I + 7p) is symmetric, but multiplying
the second equation of (3.2.11) by h; does not symmetrize the non linear terms of the form A;(U)0,;U
defined by (3.2.15), for j = 1,..,d. The proof of Theorem 3.2.1 is inspired of the classical existence
result for quasilinear hyperbolic systems (see [61] Chapter X VI for instance). We follow the following
steps:

— Step 1 : We solve a smoothed equation involving a mollifier (1 — JA).

— Step 2 : We prove that the existence time of the solution of the mollified equation does not
depend on §, and the uniform bound in H® norm of this solution.

— Step 3 : We pass to the limit § goes to zero in the mollified equation to get a solution of the
equation (3.2.11).

— Step 4 : We recover regularity for the solution of (3.2.11).

Step 1 We solve the Cauchy problem

_ _ 5 d ) o 70 —
{(1 SA)SB(1 = 0A)0,U° + X5i_) SA;(U°)0;U° = 0 (3.2.17)

U°(0) = (1 —6A)~'Th,

of unkown U? in the Banach space H*(R%)?*!. Recall that using the definition of B given in (3.2.15)
and S given by (3.2.16), one has

1 0
B = .
S (0 hy(1a + uﬁ))

In order to apply the Cauchy-Lipschitz Theorem, one must check that the application
HS(Rd)d+1 N Hs(Rd)d+1
U — (1= 6A) 1 (SB) 1 (1 = 6A) "L XL, A (U)9;U

is well defined and locally Lipschitz. The unique difficulty is to check that (hy(I + pT5)) ! is well
defined from H® to H®. It is the point of the following Proposition (see [37] Chapter 5 Lemma 5.44
for a full proof). We first define the Banach space

X ={VeHRHY, V" Ve H R}

endowed with the norm
Ve = VIEe +plV7- Vi

Proposition 3.2.3 Let to > d/2, 3 <1 and b e H T (RY) be such that there exists hmi, such that
hy =1 — Bb = huyin- Then the mapping

ho(I + pTp) : X0 — L2(RY)? + VYL (RY)
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is well defined, one-to-one and onto. One has, for all V e XO:
C1(humin) [V 50 < (ho (L + uTo)V, V)2 < Collhs] o) [V 3o

where C; are non decreasing functions of its arguments. Moreover, for all s > 0, if be H'**Vto(R?),
then

YW e H* (RN |(hp(I + pTp)) "' W]xs < C |b] grrsveo )W azs

( hmin ’

where C' is a non decreasing function of its arguments. Moreover, one has, for all s € R:

Jil(ho(I + pT)) "'V Wy < C 1Bl prrietveo ) W .

( hmin

Therefore, the Cauchy-Lipschitz Theorem applies and the equation (3.2.17) has a unique solution
U? e C([0;T°[; H*(RY)4*1), and if T° < 400 one has

lim |U%(t)| e = +00.
M U2 ()]

Step 2 We now check that one can choose T° independent of § by comparing |U°(t)| s with
a solution of an ODE independent of §, and using a Gronwall Lemma. We define
Ul = AU,
The unknown U? satisfies the following system :
d
(1=0A)SB(1—6A)0U? + > SA;(U°)a;U = F (3.2.18)
j=1
where we wrote the commutators under the form
d
F = (1-30A)[SB,A*](1 = 6A)0,U° + Y [SA;(U°), A*]o;U°. (3.2.19)
j=1

Hs, recall that

1 0
5B = (0 hy(Iq + M'ﬁ:))

and remark, using Proposition (3.2.3), that

In order to estimate, |U°(t)

(1= 3A)VE o ~ (ho(I + uTo)(1 = AWV, (1 — 6AV),
where the implicit constant only depend on h,. Therefore, one computes:

d1

Z75((1=0A)SB(1 - SA)UL, Uy = (1 — 6A)SB(1 — 5A)0,US, U?),.

Note that the symmetry of SB, and more precisely of hy(I + ©Tp) is crucial here. One uses the
equation (3.2.18) to replace (1 — JA)SB(1 — §A)d;U? by its expression. One gets:

d
1((1 —6A)SB(1 =AU Uy = = . (SA;(U°);U2,U2)2 + (F,UY)a. (3.2.20)

Jj=1

Let us check that the first term of the rhs of (3.2.20) has a contribution of order zero to the
energy estimate. One uses the definition of A; given by (3.2.15) to put this matrix under the
form A;(U%) = A;(U%) + C(U?) with

5

A;(U%) = (5? EthI) . Ot = (8 55) , (3.2.21)
i
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for j = 1,..,d. Note that since S is not a true symmetrizer for the equation (3.2.11), the matrix SA;
is not symmetric. The above decomposition allows us to write SA; under the form of a symmetric
matrix (SA;) plus a rest which we intend to control in the energy estimates. We now write:

d d d
Z (SA;(U%)0;US, U2y Z (SC(U%)o;US,U?), Z (SA,;(U%)o;U2,U?),. (3.2.22)

Using the definition of C(U?) given by (3.2.21), the first term of the rhs of (3.2.22) is equal to
J'CJCSEV'Y -Vf, and therefore is controlled, using the Cauchy-Schwarz inequality by

—5 —35
[ [eov - i < 1w - Vel (3.2.23)
where we used the Boussinesq regime condition
e<Cu

stated by the Theorem. For the second term of the rhs of (3.2.22), one can write, for all 1 < j < d,
and using the symmetry of SA;(U®) (recall the definition of the symmetrizer S given by (3.2.16)):

(SA;(U°)0;U2,U7)2 = (0;U7, SA;(U°)UY)a
== (U7, 0;(S4;(U)U))),
by integrating by parts. Now, one has
—(U2,0;(SA;(UUY)), = —(U2,0;(SA;(U)U?L), — (U, SA;(U°)0;U2)2

and thus one has )

(SA;(U%o;US,U%)q = —§(U§, 0;(SA;(U)UY),. (3.2.24)

Using the definition of S given by (3.2.16), and the definition of A; given by (3.2.21), one has

0
SAJ‘ _ Evj }25
hb Ethde

for all j =1,..,d and thus (3.2.24) is controlled, using Cauchy-Schwarz inequality:
((SA;U°0;U2, Ud)2| < |UL3e2(IU° lwr.o, [ o), (3.2.25)
where co is a non decreasing and smooth function of its arguments.

We now control the second term of the right hand side of the energy estimate (3.2.20). Using the
definition of F given by (3.2.19), one has that

(F,U2)y = Az + Ay

where
As = (1 = 6A)[SB,A*](1 — 6A)0,U°,U?)»

and
Ay = ([SA;(U°),A%10,;U°,U)s.
- Control of As We start by replacing (1 — 6A)d,;U° by its expression given in the equation
(3.2.17):
(1 = 6A)[SB, A*](1 — 6A)0,U°, U?)
d 3.2.26
= DA =SB, A*|(SB)™ (1 = 6A) T SA;(U°)o;U°, UY)s. ( )

Jj=1
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One has to control this term uniformly with respect to d, and deals with the fact that (hy(I+p7Tp)) "
is not optimally estimated. More precisely, that is absolutely not clear that*

\ho (1 + W) f (o (I + 0T3)) Ml e < Ju

Hs

for a smooth function f. One has to recall that

10
B=<0 I+u73>

o (0 0
5B, A%] = (o [hb(lwm,AS])'

Using the definition of 7, given by (3.2.12), one writes this operator under the form:

so that

I+puTy=1+pu(A+B+C+D),
where
A=-V'(h}V"), B=pBV(hiV7b), C = —BhiVbV7-, D =pB*V'bVT. (3.2.27)
One expands the commutator (3.2.26) with respect to A, B,C, D. We set
Agy = (1= 68)u[A, AN (I + pT3)) " (1 = 0A) LS4, (U)o, V', Vo)

and we now control this latter term. For all 1 < j < d, using the definition of A given by (3.2.27),
one has, integrating by parts:

Azt = (1= M)A, A*JRV™ - (ho(I + uT5) ™ (1 = 6A) LS A;(U°)O, V', iV - T2)e.
Using Cauchy-Schwarz inequality and splitting (1 — §A), one gets:
= , _ _ —
[Asi| <YV Vlo (103, A1V - (ho(I + pTy)) " (1 = 6A) T S A (U)0; V' |
(1, ATYAY < (oI + pT3)) ™ (1 = 6A) T S A,(U°)0; V| g2).

We now use the Kato-Ponce estimate of Proposition 3.A.1 to control [h3, A®], using the fact that
s >d/2+1 (and thus H* }(R?) and H*(R?) are respectively continuously injected into L*(R¢) and
WL (RY)):

| Azt | SV - Vo oCal(IV by g ) WAV - (o (I + 16T5)) "1 (1 = 6A) LS A (U°)0; V| es

HOIAV - (T 4 i T5)) " (1 = 6A) LS AUV o).

(3.2.28)
where Cj is a smooth non decreasing function which only depends on s. We now control the operator
VEV - (ho(I + pTy))~* in H*! and H**! norms by using the last part of Proposition 3.2.3 and a
duality argument. One has, for all & >ty and all u € H*(R9)9, using the symmetry of hy(I + pTp) :

VEIVT oI+ o)l e = i sup (V7 (I + 1T)) ™ u, 0)s
veH R (RY)
ol i =1

=i sup = (u, (hp(I + pT)) ™ V70),
veH—k(Rd)
Jol g =1
He . (3.2.29)
< sup O(7—, bl ge+s)ulge o] g+
veH—k (RD) hmin
vl =k =1

1
<C(—

h ,|b|Hk+1)|U|Hk,
min

4The operator hy,(I+uTp) is not technically elliptic of order 1, since its inverse only controls the divergence (and not
a full derivative). This is actually a big issue for all the local existence results for the Boussinesq-Peregrine equation
(3.2.11).
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where C' is a smooth non decreasing function of its arguments, and where we used the fact that
k = to. Using (3.2.29) with k = s —1 and k = s + 1 in (3.2.28) (recall that s > to + 1), one gets:

_ —0
pre+2) (J(1 = 8A) LS A (U) 0,V | o

|Ag1| < C VY - Vo |2C(  [b

4|1 - 6A)*1SA<(U5)6<V5

Hs+l)

<Cypvr -V, |20( B prs+2) (|SA;(U°)0; V| pre- L+ Cot 5154 (U0, V° | go- 1)

ml

where we used the estimates [(1 — 6A) 7! f|go—1 < |f|ge—r and (1 — 0A) L f|gerr < §|f|pe—r with

C independent on §. We recall that

—
sa,why =
hb sthj

for j = 1,..,d and we use the Moser estimate of Proposition 3.A.2 and the fact that s — 1 > d/2 to
conclude:

1 S, S —
|A31| < C(h—’ |b|H5+2)\/ﬁ|v’y ' V5|2|Vs|§

with C' a smooth, non decreasing function of its arguments.
To control the term of (3.2.26) involving B, using the definition of B given by (3.2.27), we write,
integrating by parts:

d
D21 = SAWB.AT(ho(I + uTe)) " (L= 58) S A, U)oV T2,

j=1
(L = SA) Vb, ANy (I + i T5)) (1 = 52) ' SA; (U087, V7 - V),

and we use exactly the same techniques as used for the control of A3y to get the same control. The
terms of (3.2.26) involving C' and D are easily controlled by

1

—5
C(h—.a |l re+2) NV 13-

We finally proved that:
As < es(|U o], V0] gos) U R(UP )2 + EIVT - Vola) (3.2.30)

where c3 is a smooth positive non decreasing function of its argument and independent of §.

- Control of Ay
Let us now control A4 by using the Kato-Ponce estimate of Proposition 3.A.1 and the Moser
estimate of Proposition 3.A.2, using again that s > d/2 + 1:

([SA;(U%), A10,0%, U%)2 < CUVISA; (U)o 10,0° o + [V SA;(U) ] 2|0,0° e )|UP 2
< (CUUID)NU |12 |0;U° o || 1zs + CUU° e, [Bolwr) U | 1) |US |
<c

(|0 |wrn, o) U3 (3.2.31)

If one puts together (3.2.23), (3.2.25), (3.2.30) and (3.2.31), one gets :

d =6

(1 =08)SB(1 = 6A)U7, U)a < es(|U° e, [l e panac) (IUS13 + V7 - Vi[5 + F(IU]]2))
(3.2.32)

with ¢5 and F' some smooth non decreasing functions of their arguments, independent of §.
At this point, recalling the equivalence |V|xo ~ (hy(I + uTp)V, V)2 stated by Proposition 3.2.3,
we proved that

%((1 —0A)SB(1 —6A)US,US)y < F((1 —3A)SB(1 —6A)US,U?),)
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where F' is a Lipschitz function which does not depend on §. By Cauchy-Lipschitz theorem, there
exists 7% > 0 such that the Cauchy problem

{%gu) = F(g(1))
g(0)  =1U(0)]x-

admits a unique solution g on a time interval [0; T*]. By Gronwall’s lemma, one has for all ¢t < T*
that

(1 = 0A)SB(1 — 6AYUS, U, < g(t)

and consequently, using again the equivalence |V]xo ~ (hy(I + uTp)V,V)a stated by Proposition

3.2.3:
— 1
VO <t <T*, (1= 0AWSE + u|(1— AV -T2 < AN (3.2.33)
1\/tmin

This proves that the H° norm of U? does not explode as t goes to T*, and then T° > T*, which
give us a uniform time of existence for U° independent of 4.

We can be more precise for all 0 < T' < T* if one chooses

A= sup cs(|U°[wris, Aol ez, fmax) (£)
te[0;T]

then one has the following inequality, using estimate (3.2.32):

d —5
(1 —=38A)SB(1~ SAVUS, U2 < A|UJ5 + pl V™ - V|5 + F(|UZ2))

and by integrating in time and using one last time the equivalence |V|xo ~ (hs(I +pTp)V, V)2 stated
by Proposition 3.2.3, one gets, for all 0 <t < T

A t
(197 (1= 802V + 11— 68V U0 < ns [ FUSla)har

A t —5
T | 0 =68 PG + 9 - (1= 58 P ) ¢ar
min 0
Callinliz)
Cl(hmin)

where we recall that the energy £ is defined by (3.2.14). One can conclude by Gronwall Lemma that:

£(0)

t s
(U7 - (1= SAV2VI2 4+ (1 — SA) 2O R)(t) < ﬁ j it O B (U2 ],) ()t
1{/tmin 0
C’2(|h’b|1{t0) ﬁt
_— 1(hmin) 7, 2.34
Co (oot E(0)e (3.2.34)

Step 3-4 The inequality (3.2.33) and the equation (3.2.17) prove that (U?)s is bounded in
the space
L7 ([0; T*]; H*(RY)) n WH*([0; T*]; H*~1). By compact embedding in H*' (R%) for all s’ < s, one
has the strong convergence of (U°®)s in C([0; T*]; Hf.,(R?)) to a function U. If one chooses s’ close
enough to s, H* (R?) is embedded in C*(R%) and one can pass to the limit in the non-linear terms
of (3.2.17). The linear terms do not raise any difficulty. It gives us a solution U of the problem. A
short analysis as in [61] Proposition XVI.1.4 shows that U is in fact C([0;T*]; H*(R%)). One can
pass the limit 0 goes to zero in the estimate (3.2.34) and recovers the estimate (3.2.13) stated in the
Theorem. O

3.3 Modified equation

As explained in the Introduction, the Boussinesq-Peregrine equation (3.2.11) does not have the
proper structure to apply the technique used by Bresch-Métivier in [13]. One time derivative of ( is
not equal to sum of terms of one space derivative order of V.
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In order to implement the technique used by [13], we modify a bit the equation without changing
the consistency with the Water-Waves equation. More precisely, the Boussinesq-Peregrine equation
is consistent at order O(u?) with the Water-Waves equation and therefore we look for a new equation
consistent with the Boussinesq-Peregrine equation at a O(u?) order. In this new equation, one space
derivative of ¢ should have the "same order" as one time derivative of V. For this purpose, we use
the following formal consideration:

0V = —(I +puTy) eV -VV + V() = =V¢ + uR

where R is of order 0 or more in pu (recall that ¢ = O(u) in the Boussinesq-Peregrine regime).
Therefore, one can add to the Boussinesq-Peregrine equation any expression of the form pAV7( and
the corresponding term pAd;V, where A is an operator independent on j, without changing the
consistency:

pAdV = —puAVC + i?R.

The operator A should respect the following constraints:

— the operator iy A should be symmetric, since multiplying the second equation by hyV should
give the time derivative of a positive quantity, such as [V|3 or |V - V|3;

— the whole system must conserve a certain symmetry and be of the form: Bo;U+eU-V'U+LU =
0, where U = (¢, V), B is symmetric and where L is an anti-symmetric operator;

— the operator I + pA should be elliptic and of order at least two; therefore, one would have
V¢ =T+ pA) (I +uTy +pA)oV +eR)
and a good control for 0;V would provide a good control for V7¢.

The two first constraints ensure the local existence for the new equation, while the third one ensures
the large existence time. A short study shows that one should consider the following operator for A:

1
AVIW = =V (5-V7 - (W)
b

and the following symmetrizer for the equation:

However, with the consideration ¢,V = —V7( + O(u), one can for free make the operator hy(I +
uTy + pA) elliptic by addition of the operator xV7+V7+. which provides a total control of a full
derivative:

(o (I + Ty + AV, Vo ~ [VI3 + p| V7 -V + p| V-V,

where - - -
VLV = (—dV, + 0.V,)

if d =2, and V- = 0 if d = 1. Remark that V7 -V7¢ = 0, and since d = 1,2, the operator V7*-
acts like the curl operator in dimension 3.

Remark 3.3.1 The operator I + uA =1 — ,uV"Y(hibVV - (hy+)) is not elliptic, but it is invertible and

its inverse gives precise control of the H' norm of the divergence, which is enough to control V( in
H' norm, since its curl is zero:

V¢ = —(hy(I + pA) (b (I + uTy + pA — VIVIE)0V 4 €R).
We are therefore led to consider the following equation:
0 +V7- (V) =0

[1+ u(Ty — W(hiw - (hy-)) — hivvivﬂ-)]atv +eV VIV + (I - uvvhiw (hy))VC =0
b b

b
(3.3.36)
However, the symmetrizer S defined by (3.3.35) does not symmetrize properly the equation (3.3.36):
there is a residual term in the first equation V7 - (¢(V') which is not canceled in the time derivative



71 3.3. MODIFIED EQUATION

of the energy (SU,U), (with U = (¢, V)). To overcome this problem, we use the following change of
variable inspired by Brech-Métivier:

1
¢= log(1 + —). (3.3.37)

The following Proposition is the key point of this change of variable, and states a precise relation
between ¢ and (:

Proposition 3.3.2 Let N > d/2+ 1. Let also hy, € HY(R?) be such that there exists hmin > 0 such
that:

VX e Rda hb(X) = hmin-
Then, for € small enough, the quantity q defined by (3.3.37) is well defined. Moreover, one has:
q = Q)¢

with Q(¢) > 0. More precisely, for all a e N?, 1< |a| < N, one has

0%q = Q1(¢, hp)C* + Pal(C, hy)
with

t
hy
Q1(¢, ) = L mdt

and

Po(Che) =2 ) Qa(C )+ D) Rp(Chw)dhy

B>0 0<fB<a

with Qg, Rg smooth functions of their arguments, and
| Po (G, ho) | < Chumins [ho| v )[0%Cl2,

where C is a smooth non decreasing function of its arguments.
Remark 3.3.3 The Proposition 3.3.2 states that at the leading order, a derivative of q is equal to
a derivative of ¢ up to a positive factor. Moreover, if one differentiates ¢ only with respect to time,
since Othy = 0 this equality is true up to an e factor.
Proof Just notice that the definition of ¢ (3.3.37) implies

g =Q()¢, (3.3.38)

1
1
Q(¢) = L mdtC-

with

For a given ((0), the quantity ¢ is well-defined if there exists hmin > 0 such that the following
condition is satisfied:

VX e RY, ho(X) > hmin.

Indeed, for ¢ small enough one has h; + €t{(0) > 0 and this condition stay satisfied for ¢ small
enough. Moreover, one has Q({) > 0.

We now differentiate one time (3.3.38) (the notation 0 stands for any derivative of order one):

t
hy
0q = —dto 3.3.39
q L o 1 1ec 0d ( )

which gives the expression of Q1((, hy) given by the Proposition. The end of the proof is done by
differentiating (3.3.39).
O
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3.3.1 Local existence for the modified Boussinesq-Peregrine equation

We prove in this Section a local existence result for the modified Boussinesq-Peregrine equation
(3.3.36) introduced previously. We recall that we consider the change of unknown

1 eq
= Zlog(1 + =2). 3.3.40
q¢= og(1 + hb) ( )

Under the change of unknown (3.3.40), the equation (3.3.36) takes the form:
7 (0:Q(C)C +eV - V(Q(O)) + V7 - (V) =0
1 1 — — —
ho (L4 p(Ty = V7 (=N - (b)) = h—vvivﬂ-))atv + hpeV - VIV
b b

1
(I = p V7 V7 () VG = 0.
b

(3.3.41)
For the sake of clarity, we will use the following notations:

B= (4 uT = uV (V- () = i VA0, A= (= pVT V7 () = QUG

(3.3.42)
For all N € N, we define the following space:
EN ={(V,0) e HN (R x HN(RY) | EN(V,¢) < o} (3.3.43)
where - - .
EN(CV) = [Klay + ulV gy + [V]ay + JulVIV g (3.3.44)

We denoted V7V the differential of V. The space £V endowed with the norm EY is a Banach space.
We prove in this Section the following local existence result:

Theorem 3.3.4 Let N € N be such that N > d/2 + 2. Let hy € HN+*1(R?) be such that there exists
Amin > 0 such that
VX € R hyp(X) = hmin.

Let ((o, Vo) € EN. Then, there exists T* > 0 and a unique solution (V,¢) in C([0; T*[;EN) to the
equation (3.3.41). Moreover, one has:

1 —
VT < T*, YA > sup C(—, |hy|gn+1,]C Vwzn), EN(t) < EN(0)eM. (3.3.45)
tefo;]

Even if at first sight the proof seems to follow the lines of the proof of local existence for a standard
quasilinear hyperbolic system, as done for the Boussinesq-Peregrine equation in Section 3.2, we give
here a detailed proof. Indeed, the energy (3.3.44) is defined in terms of ¢,V, while the equation
(3.3.41) is expressed in terms of unknowns ¢, ¢, V, and the dependence of ¢ with respect to ¢ is not
trivial. This leads to technical complications that must be handled carefully.

Remark 3.3.5 In Theorem 3.2.1 which states the local existence for the initial Boussinesq-Peregrine
equation, we used fractional order Sobolev spaces to define the energy of solutions, while we use here
integer order Sobolev spaces. The reason is to have a coherent notation with the long time existence
Theorem of Section 3.8.2, which can only be proved with an integer number of space derivatives, due
to the method used.

Proof As usual, the local existence follows the steps used for the quasilinear hyperbolic systems:

— Step 1 : We solve a smoothed equation involving a mollifier (1 — JA).

— Step 2 : We prove that the existence time of the solution of the mollified equation does not
depend on §, and the uniform bound in H* norm of this solution.

— Step 3 : We pass to the limit § goes to zero in the mollified equation to get a solution of the
equation (3.3.41).

— Step 4 : We recover regularity for the solution.
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Step 1 One sets 0 € R be such that 0 < § < 1, and considers the following equation:

_ 1 _
I —6A)20,4° +V -V® + =V - (hV) =0
( )" 0iq ¢+ (hV) (3.3.46)

(I = SA)YMB(I — 6A)0,V + ehyV - V'V + hy AV = 0.

We first solve (3.3.46) in the Banach space £V defined by (3.3.43). To this purpose, we note that
the linear applications (I + §A)~! and (I + §A)~ (hpB)~1(I + JA)~! are respectively continuous
from HV=1 to HY, and from HN 3 to H", using the following Proposition:

Proposition 3.3.6 Let N > 0, ty > d/2, and 3 < 1. Let b € HN+*1(R?) be such that there exists
Amin > 0 such that hy =1 — 8b = hwin- The operator

th . HN+2(Rd)d _ HN(Rd)d
is one-to-one and onto. One has, for all V € H'(R?)?:
Cl(hmin)ﬂ/ﬁql < (thVa V)2 < 02(|h’b|Ht0+1)|V|§{15

where the C; are non decreasing functions of their arguments. Moreover, one has, if b€ H'+N vto(R?)
and for all f € HYN (R%)?:

1

|(heB) ™ flan + /il (heB) ™ fliw1 + pl (e B) ™ fl e < C(h_b’ || e flw

where C' is a non decreasing continuous function of its arguments.

The proof is an easy adaptation of the proof of the invertibility of the operator I + u7, stated by
Proposition 3.2.3 (see [37] Chapter 5 for a full proof). Just note that if W e L2(R9)4, (I + uTy) W
is only controlled with its divergence in L?(R%) norm, while (h,B)™'W is controlled in a full H*
norm, due to the presence of the orthogonal gradient V71 in the operator B (see definition (3.3.42)).

Therefore, using Cauchy-Lipschitz theorem, there exists 7% > 0 and a unique solution (gé,V‘s) €
C([0;T°[, EN) to the equation (3.3.46) (just replace ¢° by %(esqa — 1) in the second equation, to
have an ODE in terms of the unknowns (q5,75)). Moreover, T? < oo if and only if

lim |(¢?, V) (t) | = +c0.
t—T9

Step 2 We now want to bound uniformly with respect to § the energy EV defined by (3.3.44)
of the unknowns. We use the following notation: for all a € N%, |a| < N, for all distribution f,

fa) =0"f. (3.3.47)

One differentiates the equation (3.3.46) to find the following equation in terms of the unknowns
Cfa),V?a) (recall the notation (3.3.47)):
. 1 _
(I = 602010, + V" NVl + V7 - (V) = RS
; hb5 ) (3.3.48)
(I = 6A)B(I = 600,V (o) + V" - V'V + hy AV (], = RS

where .
Ry == 3 &V vt - Y PV (@ () T
0<f<a 0<B+v<a b
and s L .
RS = (I —6A)[heB,0Y|(I —6A)0,V +e[hpV -V, 0%V + [pA, 6“]V7(5.

As explained at the beginning of this Section, the system (3.3.48) can be made symmetric by mul-
tiplying it by the following operator:

hy — uV7 (V) 0
0 1/
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Note that according to Proposition 3.3.6, one has
(i + BVl + (BV, Vgn ~ BY(C°, V)
and thus it is equivalent to control the EV norm of the unknown and the quantity [(°|%n +

|V'VC‘5|2 ~ + (heBV,V)g~. TFollowing these considerations, one takes the L? scalar product of
the first equation of (3.3.48) with (hy, — pV7 - (th’Y-))C?a) and the scalar product of the second

equation with V?a). We obtain the following equality:
=6
(T) + (V) +(Z) = (Ra, hoGoy = 1V - (V7 (a)))2 + (B2 Vi )2, (3.3.49)
where the time derivatives are
—6 =6
(T) = (MBI = 68)0,V (), (I =AWV (o))2 + (I = 8A)0e4(y s oGy — 1V - (V7 (C,))2, (3.3.50)

the vanishing terms are
1 —J N
(V) = GV V(o) by = 197 - (697G )2 + (e AV Gl Vi) (3.3.51)
and the terms of order zero to the contribution of the energy estimate:
—35 —5
(Z2) =e(MV" - V'V (4, v(a))2 + (V- Vg0, hoCly — 1V - (e V7CC,))2- (3.3.52)

- Control of the vanishing terms (V) All has been made to conserve a certain symmetry in
the equation, which is crucial here. Using the definition of A in the expression (3.3.51), one has

(V) = (V7 (1 Va))s Gz + (V¢ Vi) )2

1 —5 1 —5
— (=Y - (B V (), V7 - (V7 o)))e = (VT (=7 - (V7 ))2s hV (o) )2
hb hb

By integrating by parts, the first two terms cancel one another, and the last two terms cancel one
another. Therefore, (V') actually vanishes.

- Control of the terms of order zero (Z) We start to control the easiest term of (3.3.52), which
is the first one, by a classical symmetry trick:

-5 —5  — 6
eV -V V() Vin)e =€ 3. (V50,V (0, V

1

(a))2

d
0
j=

d
—6 =6 0
= =2 2, (Viays OV )Vw)2 =€ 2, (Vi V30,V ()2
j=1 j=1
by integrating by parts, and therefore
=6 =5 =4 1 &
E(hbv ' V’YV(Q),V(Q))Q = 5 Z(V(a) (6 V )V(a))
Jj=1
Using Cauchy-Schwarz inequality, one gets:

=8 S, —  — =0
|E(th . VVV(O‘), V(a))2| < E§|V |W1,L|V(a)|§ (3353)

Note that the symmetry of this term is crucial here. For the other terms of (Z) given in (3.3.52),
the symmetry is less clear, since q?a) is not exactly Cfa). We use the Proposition 3.3.2 to compute:

(V- VI s = eV - VN (QuC )G halo)a + (V- V7 (PP o)), oGl o
(3.3.54)
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The second term of the right hand side of (3.3.54) is bounded using Cauchy-Schwarz inequality and
Proposition 3.3.2 by

1 —5
62C(h—,IthHN)ICEL)IEIV EALARE
b

where C' is a smooth non decreasing function of its arguments. The first term of the right hand side
of (3.3.54) is bounded using the same symmetry trick as for the first term of (V):

Il
M&

eV VN (Qu(C h)Ciy)s oG )2 (V501(Q(C 1) Gy )s oGl )

<.
Il
—

<!

(V5(2Q1(C° 1))Coy Bl

Il
M-

<
Il
it

(c(a), Q1 ) V5 )

(c(a), HAON(SN I

WM:JM&

by integrating by parts. Therefore, using Cauchy-Schwarz’s inequality, we get the bound:
—6 € —6
(7 V(@16 a2l < S1Q1C T o oluw o [Tl G

and finally, using the definition of (), given by (3.3.39):
—3 1 =
(V" - V4lays InGoy)2 < £CG [V lwron, 16w ol i) ) - (3.3.55)

The third term of the right hand side of the symmetric term (3.3.52) is controlled with a similar
technique:

WV (7 9700,), V¢ )e = (V7 (V7 V7 Q1 (¢ )G oV )
+ (VYT -V (Pa(CP, 1)), oV, ) (3.3.56)
We recall the identity:
VY(A-B)=(A-V)B+(B-V")A+BV't-A+ AV B.
The first term of the right hand side of (3.3.56) can be expanded using this last identity:
WV (V-G8 V¢ )a = p(V - VIV (Q1(C 1)) ) iV G )2
VT (@1 )G oV )2 (3.3.57)
WV (Q1(C ) () - VIV V) ).

The first term of (3.3.57) is a symmetric term, controlled by the same technique as before. The
second term vanishes, and the last one with the last term of the right hand side of (3.3.56) are easily
controlled, and one gets:

— —0 1
(VY (V- V7400), 1oV Gy el < HC I e [V e [ lwon, 3) (197Gl o+ 1[IV G
(3.3.58)
To conclude, putting together (3.3.53),(3.3.55) and (3.3.58), we proved that
=6 1 —5
(Z)] < eClhol v, [V w2, [ lwes, h—b)EN(cé,V )- (3.3.59)

- Control of the time derivatives (T')
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The terms of (T) involve time derivatives, and should be, up to terms controlled by the energy
EV | the time derivatives of the energy EV. The first term of (3.3.50) is already symmetric, using
the symmetry of hB (which is crucial here):

— — 1 — —
(MBI = 5A)0,V (o, (I — AV ()2 = 005 (hoB(I — ANV (o, (I = 6A)V ()2 (3.3.60)

For the second term of (3.3.50), we use again Proposition 3.3.2 to write:

(I = 520108y hoCly)a = (I = S0 (Q1CC))s hoCly )z + (I = BA)204 (2 PaC?), bl o
(3.3.61)

For the first term of the right hand side of (3.3.61), one computes:
(1 = 6A)*01(Q1C0a))s hoCny)2 = (I = 8A)?0(Q1)C(nys iy )2 + (I = 6A)2Q101¢0,), hoCly )2
(I = 00)20(Q1)Clays hoCla))2
[Q1, —6A10:¢,), (I — 6A)hiCly))2
(Q1(I = 5A)0Cy [~0, IIC )2

05 (Q1(I = 6A)(0ay hio(I = 0A) ()2

(
(
(

+ o+ o+

N~

(3.3.62)
All these computations are made to obtain the time derivative of a symmetric term with respect to
C?a). The first term of the right hand side of (3.3.62) is easily controlled by

(1 = 6A)?01(Q1)Clays oSy )2l < 10:Qu w2 | (1 = 8A)C, 131 lw2.-

In order to control the second term of the right hand side of (3.3.62), we replace 0,5@“?&) by its
expression given by the equation:

2iCly = —0 (V7 - (hT"))

and we notice that
0(I = 6A)?[A,Q1]0°V7 - ulz < C(|Q1]w2=)|0%ul2

for all v in H™. Therefore, one gets:

(T = AV 0 Q1)) hoa)s = g (Qu(T = SA)CEuy, (T — 6A) )2 + R (3.3.63)
with
1 5 770 5 770 5
|R| < C(hs|m~, e ¢ w2, [V [z )([(1 = 6A) oy l2 + [V () [2) (1 = D)oy l2-

The same technique can be used for the control of the second term of (3.3.61) and one gets finally,
combining (3.3.60) and (3.3.63):

(T )—at—(th(I SOV (), (I = SAYV, )2+6t—(Q1(I SA)CEy ho(I — 6A)CE,))2 + R (3.3.64)

with
-5 -4
RIS HC (Ul oGl [V oy BV (T = A)C (1 = 5A)T°), (3.3.65)

- Control of the residual terms We now control the terms involving the residuals that appear
n (3.3.49). One has:
— 1 _
Ry = —¢ 2 Faaral V9P — Z P(—)V7 - (al/(hb)aafﬁfvv‘s)

0<B<a 0<f+r<a hb

and thus one has, using a Kato-Ponce type estimate (of the form of Proposition 3.A.1):

=0
(5 [Pl v +1) (2, V) e X
’ (3.3.66)

—s —s
(16 |2 + VEIVT oy 2 + Vi |2 + VEIVTV (g |2).

|2 + VUV R < C
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It is very important to have V7 - (th?a)) instead of V7 - (hV?a)) in the equation (3.3.48), because

the term V7 - (EC?Q)V?Q)) would not be properly symmetrized and thus would not be controlled by
the energy. One has easily, integrating by parts and using Cauchy-Schwarz inequality:

[(RE hoClay = V7 (N C))2| < IRT [alho ]| oy |2 + 1l VYRS [al oo [V oyl (3.3.67)
and thus, using (3.3.66), one gets:
« 1 0
[(RE, oGy — uV7 - (V7 (02l < o Ihnlmss, (¢, V) [z ) (EN)?. (3.3.68)
Recall that
RS = (I — 6A)[hB, 0°1(I — 6A)O V" + e[V - V7, 0TV + [hp A, 0]V ¢0 (3.3.69)

To control the first term of (3.3.69), as usual one replaces (I — 5A)6t76 by its expression given by
the equation (3.3.48), and uses the definition of 7, given by (3.2.12):

(I — 5A)[hB, 0°1(I — 5A)0,V°

e (3.3.70)
= —(I = M) [houTp, 0°1(heB) (I — 6A) " (ehp V' - VIV + hyp AVTCY).
One has: .
Vk = 2, M|(hb8)_1U|Hk < C(h—, || v+ ) || gra—2 (3.3.71)
b

using Proposition 3.3.6, for C' a smooth non decreasing function of its arguments. One has also:
Vk >0, [(I — A u|gre < C(lu|ge + Olu|gr+2) (3.3.72)

with C independent on §, and:
1
Vk >0, 5|(I — OA) M| e + (T = 6A) | g < Ju| g (3.3.73)
Using the definition of 7, (see (3.2.12)), one has:

Yk = 0, ,u|[hb777, é’o‘]u| < MC(|hb|HN+1)|’u|Hk+a+1. (3374)

Using successively the identities (3.3.72), (3.3.74), (3.3.71) and (3.3.73), the first term of the right
hand side of (3.3.1) is bounded by:

— . 1 .
(I = 6A) [Ty, 1(heB) LI = 6A) " (e V' - V7)) < Clom o v+ [V (o -

One has to be more careful for the second term of the right hand side of (3.3.1), because the
expression AV7(? is of order 2 in uV7(%. One writes:

_ _ =5
(1 = 08) [hpp Ty, 0°1(hoB) (I = 8A) T (hp AV (%), Vi) )2| <
- - _—
VI = 08) [hyp Ty, 0°1(heB) (1 = 0A) H (hp AV C) -1 HIV (0 | 2
and we use the same controls (3.3.72), (3.3.73), (3.3.71), (3.3.1) as before. Finally, one gets:

o =0 1 =6 =5
I(R2, Vi)l < C(h_b’ v ) (Vi 3 + IV V () [2] V7 [2)- (3.3.75)

- Conclusion
Putting together (3.3.59), (3.3.64), (3.3.65), (3.3.67) and (3.3.75), one gets:

1 — — 1
Oy (hoB(I = 5A)Vfa), = 5A)Vfa))2 + 05 (@il = SA)Cnys ho(I = GA)CD, )2

1 —J .
< C(h—b, || grve1, G0,V fwae) x EN((I = 6A)C, (I —5A)V").



CHAPTER 3. THE CAUCHY PROBLEM ON LARGE TIME FOR A BOUSSINESQ-PEREGRINE
EQUATION WITH LARGE TOPOGRAPHY VARIATIONS 78

We recall that using Proposition 3.3.6, one has
(heBV. V)2 ~ [VI5 + ulV V3

and using Proposition 3.3.2, one has |Q1], > C(h%) Therefore, we obtained:
— 1 — —
0 EN (I—5A)C, (I—6A)V') < Cs Mol 167, Ve ) BN (I—8A)C, (I—6A)V') (3.3.76)
b

where C' is a non decreasing continuous function of its arguments, independent on §. Therefore,
using Gronwall’s Lemma, 7 does not depends on 4.

Step 3-4 The rest of the proof is exactly the same as for the local existence of the standard
Boussinesq-Peregrine equation, and one gets a solution to (3.3.46) on a time interval [0; 7*[. One
gets however from (3.3.76) that:

1 —
VT < T, YA = sup C(—, |ho|gnvt, | Ve, EN(t) < EN(0)e.
tefo;] M

3.3.2 Long time existence in dimension 1 for the modified Boussinesqg-
Peregrine equation

We now make the scaling
t'=et
on the equation (3.3.41), and we obtain the equation (we get rid of the "primes" in the notation ¢’
for the sake of clarity):
_ 11 _
(%q +V- V"q + —h—V'Y . (th) =0
S . (3.3.77)
thatV + th V'V + ghb.AV'YC =0.

This change of variable is not necessary on a mathematical point of view, but it allows to highlight
the singular terms that must be canceled in the energy estimates in order to prove the result, which
are the large terms of size % Moreover, it allows the equation (3.3.77) to be seen as a singular
perturbation problem. Note that a time existence of size % for the equation (3.3.41) is equivalent to

a time existence independent on ¢ for (3.3.77).

We recall that for all N € N, we define the following space:
eV ={(V,Q) e HY (RN x HN(R?) | EN(V,() < 0}

where
EN(CV) = [Clay + VRIV ay + Vs +BIV 'V g

We prove in this section the following result:

Theorem 3.3.7 Let d = 1. Let N € N be such that N > d/2 + 2. Let hy € HN+1(R?) be such that
there exists hyin > 0 such that
VX € RY hy(X) = huin.

Let (Co,Vo) € EN. Then, there exists T > 0 and a unique solution (V,¢) in C([0;T[;EN) to the
equation (3.3.77), with
— 1
T= Cl(EN(COa VO)’ h_b’ |hb|HN+1)a
where C1 is a non decreasing continuous function of its arguments.

In particular, the time of existence does not depend on ¢, p.

Remark 3.3.8 It is very important to note that d = 1 here. In d = 2, there is an extra difficulty
due to the need of a good estimate for V1 -V . However, since this is the only difficulty that could
prevent a similar result in dimension d = 2 to hold, we keep the notations of the multidimensional
equation, and we specifically highlight at the end of the proof the difficulty that one must overcome

to prove the result in dimension 2.
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Let us consider (V,() the unique solution of (3.3.77) given by Theorem 3.3.4 on a time interval
[0;T¢]. We set B
K= sup EN((V).
te[0;T¢]

We use the notation
up, = (sﬁt)ku

for all distribution u (thus uy corresponds to the time derivative of u in the original time variables).

The idea of the proof is to obtain a "good" energy estimate of the form
E(t) < C(K)(t +¢) + Co,

where C'is non decreasing and smooth, and where Cy only depends on the initial data. Such estimate
would allow us to get by a continuity argument a time existence uniform with respect to . There
are two main ideas in the proof:

— The system is still symmetric with respect to singular terms if we differentiate it with respect
to time. It allows us to get the "good estimate" for the time derivatives (i, V.-

— Using the equation, one can control the space derivatives by the time derivatives, and recover
the "good estimate" for the full energy EV of the solutions.

The following Proposition states that the time derivatives of the solutions (V,¢) have the same
regularity as the space derivatives:

Proposition 3.3.9 One has, for all0 < k < N,

|(Vka Ck)|HN_k + \/ﬁ|(vka Ck)|HN_k+1 < C(K)a
where C' is a smooth, non decreasing function of its argument.

Proof For k = 0, it is clear. Suppose it is true for £ > 0. One commutes (d;)* with the equation
(3.3.77). One gets, since d¢hy = 0:

Qr+1 + EZ?:O Vi Vi +V7 - (Vi) =0
Vigr = _(th)_l(Ehb Z?:O Vi V'V + hy AV ().

We only prove the most difficult estimate which is the following, in order to prove that the induction
hypothesis is true at rank k + 1:

|(hb3)_1(thV7Ck)|HN—k—1 < C(K)
We recall that 1
A=1T—puNV"—V" - (hy)
hy

and therefore, using Proposition (3.3.6):

1
|(ReB) ™! (e AV Gi) v —s-1 < [(hoB) ™ (ho V7 o) [ v + M|(th)71(V7h—bV7 (V7)) prrv—s—1

1
< C(— |hb|HN+1)|Ck|HN—k

hy’
and one gets the desired control by using the induction hypothesis. The other controls are done
similarly, using Proposition 3.3.6, and the relation between ¢ and (i given by Proposition 3.3.2 and
Remark 3.3.3. O

The key point of the proof of Theorem 3.3.7 is the following Lemma, which states a "good estimate"
for the unknowns:

Lemma 3.3.10 One has -
EN(, V)< C(K)(t +¢) + C

where C is a non decreasing function of its arguments, and Cy is a constant which only depends on
the initial data.
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Proof There are two ideas in the proof of this lemma:

— the time derivatives of the unknowns satisfy a system which is still symmetric with respect to

singular terms of size %;

— the space derivatives are related to time derivatives by the equation.
The unknowns (g, V1) satisfy the following equation:
— 11 — 1
atQk +V. V’YQIC + gh—v’y : (hbvk) = Rk
b

) (3.3.78)
thﬁth + th . V”Vk + Ehb-AVVCk = Ri

where B B B
Ry =[V,(e0)lq,  Rp=[V-V,(cd)*V. (3.3.79)

The symmetry with respect to large terms of size % is conserved, which allows to get the following

result:

Lemma 3.3.11 One has, for all 0 < k < N,
EO(Ck,Vk) < C(K)t + C).

Proof The equation (3.3.78) is still symmetric with respect to large terms of size % More precisely,
if one multiplies the first equation by hy(r — uV? - (hyV7(y), one finds exactly as in the proof of
Theorem 3.3.4 an expression of the form: (T)+ (V) +(Z) = (R}, hoCe — V7 - (V7))o + (RE, V)2

with exactly the same terms for (T'), (V') and (Z) as in (3.3.50), (3.3.52) with (C(a),V?a)) replaced

by ((r, V). The vanishing terms are exactly ones of size % and the others are controlled exactly

with the same techniques, using Proposition 3.3.9 for the regularity of the time derivatives. O

Now, we recover the "good estimate" of Lemma 3.3.10 for the space derivatives of the unknowns,
using the equation.

Lemma 3.3.12 One has, for all0 < k < N,
ENTR(G, Vi) < C(K)(t +¢) + Co.

Proof We prove it by backward finite induction on k. For k = N, it is Lemma 3.3.11. Suppose it
is true for k + 1 with £ < N — 1. Let us prove it is true for k.

V¢ = —(hpA) H(hyBV i1 + eV - VIV, — eR3). (3.3.80)
Recall that the operator A is given by

A= (I =gV 297 - (hy)).
hy

We also recall that we defined |f|x~ for f € L2(R%)? by:
[ en = 1fFn + 1V fls
We used the following Proposition that states the invertibility of hyA to derive the equality (3.3.80):
Proposition 3.3.13 Let N € N and let hy € HY(R?) be such that there exists hyin > 0 such that
VX e R4, hy(X) = huin.
We set, for all f e L2(RY) :
|Flew = [ + V7 L

The operator hy A is invertible on HN (R4, Moreover, the following estimates stand.

(1) For all f € HN(RY)4,
1
(o A) ™ flxw < C(h_b’ |hol grvea) [ f |
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( 2) For all ge HYN (RY),
_ 1
\//j|(hb./4) 1V"’g|XN < C(h—b, |hb|HN+1)|g|HN.

We postpone the proof of Proposition 3.3.13 to Appendix 3.B for the sake of clarity. Now, in order to
use the relation (3.3.80), one takes the HV=*~1 scalar product of (3.3.80) with hy(I —puVIV7)V(,
and gets, using the notations of Proposition 3.3.13 :

IV ¢ 3 nmrier = —(ho(I—pV VY)YV ¢k, (R A) T (hpBV 1 +ehy V-V 'V —eR2)) gn—k—1. (3.3.81)
Now, one has by definition of R? given by (3.3.79) :
hV -V Vi — R = (e)*(V - VV)
and thus this term is sum of terms of the form
Vi-V'Viy,

with 0 < < k and therefore one has, using Proposition 3.3.13:

_ _ 1 _ _
|(hp A) ™ (V- VIV, — R2) | xnvx1 < Cla—lholmns)|hsV - V'V = RZ|gn—r
< C(K). (3.3.82)
We now focus on the control of ((hyA) ™ (heB)V ki1, he(I — uNVIVY )V () gv—k—1. Recall that

1

1
B =+ pTy = p¥V7 (V7 (o)) = g

1
vIvrlh) A= (1 - ,th—bv7 - (hs")).

Lemma 3.3.14 One has, for all V,W € HF*Y (R all 0 < k < N:

1
((heA) "' My BV, hy VY W) e < Clos ol s )V V i VW e
b

Remark 3.3.15 This Lemma states that even if (hyA) is not elliptic (it is essentially I — uVV7-
with variables coefficients), its inverse allows to recover a full derivative if it is applied to a gradient.
The quantity hyB is essentially composed of gradients, except for the term V-V which vanishes
in any scalar product with o gradient.

Proof We only give the control of the most difficult terms of the quantity to be controlled, which
are:

p((hp A) LV RV - V), eV W) e, u((hp A) YV EVTE V), b VW) (3.3.83)

(the other terms from h,B are controlled even more easily by similar techniques). For the first term
of (3.3.83), one computes:

(e A) "NV (RVY - V), bV IW ) e < ol (ho A) T V(RN - V)| g [he VYW | e
1
< \/EC(h—, |h| g +) | AN Y - V| g [ VYW | g
b

where we used Proposition (3.3.13) to derive the last inequality. Finally, one gets:

1
p((he )~ (VY (RN - V), VW) e < C(h_b’ | v+ )NV TV g VW | e (3.3.84)

For the second term of (3.3.83), one computes, integrating by parts:

1((hp A)"H(VIEVIL V), By VYW g

= — (V7 - hy (hp A)"H(VYEVTE V), W)
(AT (hp A)TH (VN V), Ay, ATV ),
+u([ho, AF)(hp A) "L (VEVTL V) AR YY),

(3.3.85)
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where we recall that A = (1+|D7|?)*/2. One has to notice that for f € H'(R%), u = (hp.A)~ (s V" f)
is a term of the form V7g, since u = V”(%V"’ - (hpu)) + V7 f, using the definition of A given by
(3.3.42). Therefore, V?* - (hy A)~1(hy VY f) = 0 for all f, and by duality V7 - (hy(hpA) "1V w) =0
for all w. The first term of the rhs of term (3.3.85) is therefore zero.

For the second term of the rhs of (3.3.85), one easily proves that, for all f € H*(R?), using the
Kato-Ponce estimate of Proposition 3.A.1:

|Alho, A*1f12 < Clhol )| i,
and thus the second term of the rhs of (3.3.85) is bounded by
HC (o ) [(hp A) ™ (VT V) s [V
and using Proposition (3.3.13), one gets the bound

1
p|(AFH(hp A)"H(VYEVTLE V), ATy, AFTVIVY W )o| < MC(h—, | Pl g2 |V | g [V YW | e
b

(3.3.86)
The third term of (3.3.85) is controlled similarly with the same bound as (3.3.86). Putting together
(3.3.84) and (3.3.86), one gets the Lemma. m

We can now apply Lemma 3.3.84 to get immediately (note that |V7 - V(|y ~ |[VIV7(]s):

_ 1
[((he A) ™ (o B)V g1, o (I = pN IV )V ) rv—imr | < C(=, [l v )(

hy
VEIVIV i gt [V Gl grv—smr + VIV i [ v s ] V- VG ga—ir)
1
< C(h_’ || e ) x
b
(C(K)(t + E) + Co)|V’YCk |XN—k—1 (3387)

using the notations of Proposition (3.3.13), and using the induction hypothesis. Putting (3.3.82)
and (3.3.87) into (3.3.80), one gets:

VG Znmis < C(K)e + (C(K)(# + ) + Co) [V Cel v
By noticing that, for all w smooth enough:
[ulxn—r < fulxv-k-1 + [V7u[x v -k,
one finally recovers the "good estimate" k for (j:
(Celv—« + IV Gl s < CUK)(t +€) + Co.
Now, we get the "good estimate" for V. The equation (3.3.78) gives:
V7 (h Vi) = —hy (g1 + €V - V)
and using induction hypothesis to control gx41, one easily gets
V7 - (Vi) gr—sms + VIV - (Vi) grv—sms < C(K) (1 +) + Co.
If d = 1, then we controlled a full derivative of V', and the induction hypothesis is true for k. O

Remark 3.3.16 If d = 2, of course, it is not sufficient to control only V7 @ to recover a good
control for Vi, in norm HN=F. One should look after a good control for V- -V . This is obtained
by taking V' of the second equation of (3.3.78):

0y (V- V ) 4+ 0, uV V(YY) (V-V)VTE TV = VI (RE 4 [V VIV =V T30,V

(3.3.88)
However, it is difficult to control V’YJ--;L’H,ath._Indeed, VT is no longer symmetric, which means
that multiplying the equation (3.3.88) by V-V creates a term of the form (V'+-T,0,V, V7L -V),
which is not the time derivative of a positive quantity.
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The key Lemma 3.3.10 is this latter result with £ = 0. We now end the proof of Theorem 3.3.7.

We set
€0 = 700 Ty = 700
07 20(2C,) 07 20(2Cy)

Let fix an ¢ > 0 such that ¢ < g9. There exists 7 and a unique solution (¢5, V") e C([0; T<[; V)
to the equation (3.3.77). We set

TS = sup {t, (¢5,V7), exists on [0;¢] with :Vs < ¢, EV(¢5, V' )(s) < 2Co}
te[0;T< [

Then, one has T, > Ty. Indeed, suppose it is not true. One has for all ¢ < T, using Lemma 3.3.10:
EN(CE, V(1) < C(K)(t +¢) + Co,
with .
K= sup EN(C, V).
te[0;TE[
Notice that K < 2Cy by definition of 7. Since C' is non decreasing, one has, for all ¢t < T%:

®

EN(CE, V() < C(2C)(t +¢) + Co
< C(200)(T0 + 50)
< 200

and therefore, by continuity, there exists T< > T such that (¢°,V") exists on [0; 7¢] with BN (¢) <
2C) for all t < T*. Tt is absurd, by definition of T5. Therefore, the solution exists on [0;7p] which
is the result of Theorem 3.3.7. |

3.A Classical results on Sobolev spaces

We recall here some classical results on Sobolev spaces. Proofs can be found in [61]. The first result
is the Kato-Ponce estimate on commutators:

Proposition 3.A.1 (Kato-Ponce) Forall s >0 and f € H* nW1* and uw e H* ' n L™, one has
the following inequality:

A%, flulz < OV flas=lule + V7 flo|ulga-r)
where C' is a positive constant independent of [ and u.
The following result stands that one can compose any H*® n L™ function with a smooth function.

Proposition 3.A.2 (Moser) Let F : R — R be a smooth function, null at zero. Then, for all
5> 0, and all u e H*(R?), F(u) € H*(RY) and

|F'(u) s < e(lufo)u

Hs

where ¢ is a smooth non decreasing function.

3.B Results on the operator A

We prove in this section the regularity of the inverse of hyA stated by Proposition 3.3.13.

Proposition 3.B.1 Let N € N and let hy € HN(]Rd) be such that there exists hyin > 0 such that

VX e RY, hy(X)

\%

hmin-

We set, for all f e L?(RY) :
|fln = [ flEw + 1V [l

The operator hyA is invertible on HY (R, Moreover, the following estimates stand.
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(1) For all f e HN(RY)4,
1
[(he A)~ flxw < C(h_b’ |Polgn+)| flan.

( 2) For all ge HYN (RY),

_ 1
Vil (e A) Vg xn < Ol helae)lglax

Proof Let N € N. We define
XN = (Ve L*RY), V7V e L*(RY)}.
Endowed with the scalar product
(5 )xv = (o )any + (V7 V),
X% is an Hilbert space with norm
| Few =1 Fiw + 1V [y
We start to prove that hy.A is invertible, by using a Lax Milgram’s Theorem with the bilinear form
T:(Vi,Va)e X x X (hy AV1, Va)a.
i) The bilinear form T is continuous:

Indeed, one has, for all Vi, V5 e XV :
1
(hp AV, Va)o = (hpVi, Va)2 + M(h—bv’y “(hV1), V7 - (hpV2))2

and therefore one has
(hp AV, Va)o < Ct(hamin, [ho|wr.=) Vi | xo|Va|xo
with C1 a non decreasing function of its arguments.

ii) The bilinear form T is coercive:

Let us write for all V e X9:
1
(he AV, V)o = (hV, V)2 + u(h—bVV (V) V7 - (hp V)2

which already gives

1
V|3 <

(hoV, V). (3.B.89)

Pmin
Moreover, one has
(hyV, V)2 + (hibv7 VoV Vg = (R AV, Vg = 2u(V7 -V, V -V hy)s
— V() V.9 () V)2
< (WAV, V)2 + 2077 - VIalVIalhslws o + 5 —plV Blhlwa =

and one can conclude using (3.B.89) and Young’s inequality that

1
— || ) (he AV, V). (3.B.90)

|V|§(O < CQ(hmln

Using Lax Milgram’s Theorem, for all f € L?(R?), there exists a unique Vi € XY be such that
hyAVy = f. We now prove the first estimate on V} stated by the Proposition by induction on V.
Taking V' = V in (3.B.90), one has this estimate for N = 0. Let us suppose that the result is true
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for N — 1 with N > 1, and let us prove it for N. One has, differentiating N times the relation
hy AV; = f (we denote by 0V any derivative of order N below):

thﬁNVf = aNf + [hb.A, é’N]Vf (3.B.91)

and [hpA, 0NV ]V} is sum of terms of the form

RY = 0" ()97 (2 (10)97 - (9% ()0 1))

and
RY = 0" (hy)d"2V;

with k; + ky + k3 + k4 = N and k4 < N, and with I; + I = N and I, < N. Taking the L? scalar
product of (3.B.91) with 0V}, and noticing that

1
(RY,0MVy) = (@ (-
b

YV - (95 (he) 0™ Vi), V7 (-0™ (h)ON V)2,
one gets:
1
(hy AONVy, 0V Vi)a < o | ) (107 Vi L]0 Vila + V7 0V VE(IV7 - 0% Vpla + |08V ]2)).

Using the induction hypothesis, the terms V7 - 0¥V} and 02V} are already controlled by

1
C(I’L_’ |hb|HN+1)|f|HNa
b

since k4 < N and l; < N. One finally gets with a Young’s inequality that

1
(thé’NVf, 0NVf)2 < C(h—, || gv+0)| fla~ (3.B.92)

and combining (3.B.92) with (3.B.90), one gets the estimate of the Theorem by a duality argument.
To prove the second point of the Proposition, one has to notice that for all f = /uV7g with
ge H' (R?) and all V e XO :
(fa V)2 = _(ga \/EV’Y ! (V))2

and one can adapt all the proof of the first point to get the desired result, since \/uV? - (V) € L2(R?).
O
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A dispersive estimate for the
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finite depth

Sommaire

4.1 Introduction . . . . . @ i i i i i i ittt e e e e e e e e e e e e e e e e 87
4.1.1 Formulations of the Water-Waves problem . . . . . . ... ... ... ... 87
4.1.2 Mainresult . . . . . .. 89
4.1.3 Notations . . . . . . . . . e e e 91

4.2 A dispersive estimate for the linear Water-Waves equations in dimen-
3 T+ 93
4.2.1 Technical tools . . . . . . . . . . . 93
4.2.2 Proof of the mainresult . . . . . .. ... ... oL 94

4.3 Local existence for the Water-Waves equations in weighted spaces in
dimension d =1,2 . . . . . . i 0 it e e e e e e e e e e e e e e e e e 101
4.3.1 The Water-Waves equations . . . . . . . . .. ... .. ... ........ 101
4.3.2 A commutator estimate . . . . ... ... 102
4.3.3 Local existence in weighted Sobolev Spaces . . . . . ... ... ... ... 108
4.A Estimatesontheflatstrip S . .. .. ... ... ... 000000 110
4.B The Dirichlet Neumann Operator . ... ... .. .. ..., 110

86



87 4.1. INTRODUCTION

Abstract

We prove a dispersive estimate for the solutions of the linearized Water-Waves equations in
dimension 1 in presence of a flat bottom. Adapting the proof from [15] in the case of infinite
depth, we prove a decay with respect to time ¢ of order |t|~'/® for solutions with initial data ¢
such that |p|g1, |20zp|g1 are bounded. We also give variants to this result with different decays
for a more convenient practical use of the dispersive estimate. We then give an existence result
for the full Water-Waves equations in weighted spaces for practical uses of the proven dispersive
estimates.

4.1 Introduction

We recall here classical formulations of the Water-Waves problem. We then shortly introduce the
meaningful dimensionless parameters of this problem, and then present the main results of this paper.

4.1.1 Formulations of the Water-Waves problem

The Water-Waves problem puts the motion of a fluid with a free surface into equations. We recall here
two equivalent formulations of the Water Waves equations for an incompressible and irrotationnal
fluid.

Free surface d-dimensional Euler equations

The motion, for an incompressible, inviscid and irrotationnal fluid occupying a domain €; delimited
below by a fixed bottom and above by a free surface is described by the following quantities:

— the velocity of the fluid U = (V,w), where V and w are respectively the horizontal and vertical
components;

— the free top surface profile (;

— the pressure P.

All these functions depend on the time and space variables ¢ and (X, z) € €;. There exists a function
b:R? — R such that the domain of the fluid at the time ¢ is given by

O ={(X,2) e R —Hy 4+ b(X) < 2z < ((t, X))},

where Hj is the typical depth of the water. The unknowns (U, (, P) are governed by the Euler
equations:
U +U-Vx, U= —%VP —ge, in Qy
div(U) =0 in (4.1.1)
curl(U) = 0 in €.

We denote here —ge, the acceleration of gravity, where e, is the unit vector in the vertical
direction, and p the density of the fluid. Here, Vx . denotes the d + 1 dimensional gradient with
respect to both variables X and z.

These equations are completed by boundary conditions:

C+V-V(—w=0
U-n=0on {z=—Hy+b(X)} (4.1.2)
P = Pyt on {z = ((t, X)},

In these equations, V and w are the horizontal and vertical components of the velocity evaluated at
the surface. The vector n in the second equation stands for the normal upward vector at the bottom
(X,z2 = —Hy + b(X)). We denote P, the constant pressure of the atmosphere at the surface of
the fluid. The first equation of (4.1.2) states the assumption that the fluid particles do not cross
the surface, while the second equation of (4.1.2) states the assumption that they do not cross the
bottom. The equations (4.1.1) with boundary conditions (4.1.2) are commonly referred to as the
free surface Euler equations.



CHAPTER 4. A DISPERSIVE ESTIMATE FOR THE LINEARIZED WATER-WAVES
EQUATIONS IN FINITE DEPTH 88

Craig-Sulem-Zakharov formulation

Since the fluid is by hypothesis irrotational, it derives from a scalar potential:
U=Vx_o.

Zakharov remarked in [65] that the free surface profile ¢ and the potential at the surface ¢ = ®|._,
fully determine the motion of the fluid, and gave an Hamiltonian formulation of the problem. Later,
Craig-Sulem, and Sulem ([25] and [26]) gave a formulation of the Water Waves equation involving
the Dirichlet-Neumann operator. The following Hamiltonian system is equivalent (see [37] and [3]
for more details) to the free surface Euler equations (4.1.1) and (4.1.2):

¢ =G =0

. 2 4.1.3

2 vep

where the unknowns are ( (free top profile) and ¢ (velocity potential at the surface) with ¢ as
time variable and X € R? as space variable. The fixed bottom profile is b, and G stands for the
Dirichlet-Neumann operator, that is

Gy = G[C,b] = V1 + |V([20, P,
where ® stands for the potential, and solves a Laplace equation with Neumann (at the bottom) and
Dirichlet (at the surface) boundary conditions

Ax.® =0 in{(X,z)eR? xR, —Hy+b(X) < z < ((X)}
Plamc =V On®Pplepysy =0

with the notation, for the normal derivative
On®o—_Hy4b(x) = Vx,:®(X, —Ho +b(X)) - n

where n stands for the normal upward vector at the bottom (X, —Hy + b(X)). See also [37] for more
details.

Dimensionless equations

Since the properties of the solutions depend strongly on the characteristics of the fluid, it is more
convenient to non-dimensionalize the equations by introducing some characteristic lengths of the
wave motion:

(1) The characteristic water depth Hoy;

(2) The characteristic horizontal scale L, in the longitudinal direction;

(3) The characteristic horizontal scale L, in the transverse direction (when d = 2);

(4) The size of the free surface amplitude agyrf;

(5) The size of bottom topography apot:-

Let us then introduce the dimensionless variables:

T Y ¢ z b
xl:—7 yl:— CI: , ZI:—7 bl:
Lm Ly ’ Asurf HO Gpott ’
and the dimensionless variables:
tl _ t (bl _ (b
oty Dy’

where

Lm Asurf
to = By = L\/gHo.
"Nl 0T TH VI

After re scaling, several dimensionless parameters appear in the equation. They are

2
Qsurf _ HO Apott Lz

HO ) L%='u’ HO =ﬁa L_y=’75
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where €, u, 8,y are commonly referred to respectively as "nonlinearity", "shallowness", "topography"

and "transversality" parameters.

For instance, the Zakharov-Craig-Sulem system (4.1.3) becomes (see [37] for more details) in
dimensionless variables (we omit the "primes" for the sake of clarity):

B¢ — %gﬂ,w[ec,ﬂbw ~ 0

€ (Guy[eC, Bb]Y +epVT(: V)2 _
K 2(1 +e2p | V¢ |?)

where G, ~[e(, Sb]y stands for the dimensionless Dirichlet-Neumann operator,

(4.1.4)

O +C+ IVl 0,

gy,'y [EC; ﬂbW =V 1+ €2|V’YC|2anq)\z=a§ = (azq) - ,UV’Y(EC) ) v’yq))\z:eo
where @ solves the Laplace equation with Neumann (at the bottom) and Dirichlet (at the surface)

boundary conditions
AR =0 in {(X,2) R x R — 1+ 8b(X) < 2 < e((X)} (4.1.5)
Plame¢ =V, OnPam—14pp = 0. o

We used the following notations:
VY =4(0y,70y) ifd=2 and V=0, ifd=1
AW = 102 + oy, + 02 ifd=2 and AP = pd2 + 0% ifd=1

and
1

On @) =
VIS 2\

4.1.2 Main result

(0.8 — pV (Bb) - VD) ._ 1

The linearized Water-Waves equations (4.1.4) in one dimension around a rest state of a flat surface
and a zero velocity, in presence of a flat bottom can be read as

1
0¢ ——Gop =0
"

o +(¢=0
(Ca 7/1)(0) = (CO; 1/10)

(4.1.6)

where (t,z) € R x R. We denote
1 1
—Go = —G[0,0]
[ 1

the Dirichlet-Neumann operator in ( = 0 with a flat bottom, which explicit formulation is given by

its Fourier transform ) €]t h(\f|€|)
L _ 150 4.1.7
G0l (©) e, (4.1.7)

for all f e S'(R) where p is the shallowness parameter (see for instance [37] for more details). The
equation (4.1.6) leads to the following equation for (:

1
03¢+ =Go¢ =0
u

which is similar to the wave equation for low frequencies, and to the Water-Wave equation in infinite
depth
P+ (=A) ¢ =0

where A = 92, for high frequencies. In order to study the solutions of the linearized system (4.1.6),
we are therefore led to study the decay in time of the operator e (P) where

R—R

A TP LTI
D,
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The dispersive nature of the Water-Waves equations in infinite depth plays a key role in the proof
of long time or global time results: see for instance Ionescu-Pusateri [32], Alazard-Delort [4] and
[5]. However, there are to our knowledge only few results on decay estimates for the Water-Waves
equations in finite depth (see for instance [45]). Recently, Aynur Bulut proved in [15] an L? based
norm-L” decay estimate for the linear Water-Waves equation in infinite depth:

it(—A)L/4 _
A ol <O+ 1) (el + |20uplr2). (4.1.8)

As for all oscillatory integrals estimates, the proof of this result relies only on the behaviour of the
operator (—A)'/2, which is the same as the behaviour of 5g0 (recall the definition (4.1.7)) for high
frequencies. We therefore adapt this proof to get a similar result in the case of a finite depth, with a
very special attention given to the dependence in the shallowness parameter u. We prove in Section
4.2 of this paper the following result:

Theorem 4.1.1 Let
R—R

iy o, [leltann(ye)
S,

Then, there exists C > 0 independent on p such that, for all p > 0:

. 1 1 1
Vi >0 Vo e S(R WD)y, < C(—
> U, ¢ € S(R) le el (,u1/4 (1+t/\/ﬂ)1/8 + (1+t/\/ﬂ)1/2)(

ol + |20x¢]2)-

Though /Gy and the square root of the wave operator (—A)Y? have the same behaviour for low
frequencies, it is not the case for the second order derivatives of these operators. For this reason, one
should not be surprised to have a dispersion result for the Water-Waves equations, while the wave
equation in dimension 1 is not dispersive.

The decay in 5 given by Theorem 4.1.1 is however very bad. As one might be interested to
have a better decay result, we also prove the following result, with different spaces:

Theorem 4.1.2 With the notations of Theorem 4.1.1, the following estimates hold:

1. There exists C' > 0 independent on u such that, for all u > 0:

1 1
W(l-'—t/\//j)l/ghoh/l
1
J’_i
TN

V>0, VoeSR) |e™Pyl, <
(el + |20z0]2))-

2. There exists C > 0 independent on p such that, for all p > 0:

1 1

PN ORE
1

BCETNORE

V>0, VpeS®) [Pyl < el

(lelar + |202¢]2))-

As one should remark, the decay given by Theorem 4.1.2 is better than one of Theorem 4.1.1.
However, for a practical use of such decay, one should prove that the solutions are bounded in L! or
in |z - |2 norm, which is more difficult than proving a local existence result in |20, - |o-norm. In view
of practical use of Theorem 4.1.1, we therefore prove in Section 4.3 and in dimensions d = 1, 2 a local
existence result for the full Water-Waves equations (4.1.4) in weighted Sobolev spaces. The proof
consists in an adaptation of the local existence result by [6], and a technical proof of the commutator
[G, x]. The plan of the article is the following;:

— In Section 4.2, we prove a dispersive estimate for the linearized Water-Waves equation around
a flat bottom and a flat surface in dimension d = 1.

— In Section 4.3, we give a local existence result for the full Water-Waves equation (4.1.4) with
non flat bottom, in weighted Sobolev spaces and in dimensions d = 1, 2.
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4.1.3 Notations

We introduce here all the notations used in this paper.

Operators and quantities

Because of the use of dimensionless variables (see before the "dimensionless equations" paragraph),
we use the following twisted partial operators:

VY =0z, 70y) ifd=2 and VY=o, ifd=1
AP = 0% + 'yQM(?; + 02 ifd=2 and AP = o2 402 ifd=1
VY = t(\/ﬁé’z,v\/ﬁé’y, 0;) ifd=2 and t(\/ﬁal, 0.) ifd=1.

Remark 4.1.3 All the results proved in this paper do not need the assumption that the typical wave
lengths are the same in both directions, i.e. v = 1. However, if one is not interested in the dependence
of 7y, it is possible to take v = 1 in all the following proofs. A typical situation where v # 1 is for
weakly transverse waves for which v = (/u; this leads to weakly transverse Boussinesq systems and
the Kadomtsev—Petviashvili equation (see [40]).

For all a = (ay, .., aq) € N%, we write

[0 2 [0%] [0 %]
0% = 0210

and
lal = a1 + ... + aq.

We denote for all a,b € R:
a v b =max(a,b).

We denote, for all ¢ € S’(R?), the Fourier transform of ¢ by F(p) of more simply @.

We use the classical Fourier multiplier
A= (1—A)/* onR?
defined by its Fourier transform as

F(A*u)(€) = (1 + [€)**(Fu)(€)
for all u € S’(R%). The operator %8 is defined as

D]

P = ar

(4.1.9)

where
F(f(D)u)(€) = F(E)F(u)(€)

is defined for any smooth function of polynomial growth f and u € S'(R?). The pseudo-differential
operator ‘B acts as the square root of the Dirichlet Neumann operator, since 8 ~ /Gy (recall the
definition of Gy given by (4.1.7)) where the implicit constant does not depend on .

We denote as before by G,, 5 the Dirichlet-Neumann operator, which is defined as followed in the
scaled variables:

Gunth = Guy[eC, B0l = /1 4+ €2|VI(120, P .occ = (0:@ — uV7 () - VIP) —ce,

where ® solves the Laplace equation
{AW@ =0

(I)|z:5§ = 1/)7 6H(I)|z:*1+ﬂb =0.

For the sake of simplicity, we use the notation G[e(, 8b]i) or even Gy when no ambiguity is
possible.
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The Dirichlet-Neumann problem

In order to study the Dirichlet-Neumann problem (4.1.5), we need to map the domain occupied by
the water €2; into a fixed domain (and not on a moving subset). For this purpose, we define:

¢°(2) = x(821D7)¢,  B°(.2) = x(8(2 + 1)[DV])b

where x : R — R is a compactly supported smooth function equals to one in the neighbourhood of
the origin, and § > 0. We now introduce the following fixed strip:

S =R x (=1;0)
and the diffeomorphism

5. S S S o (4.1.10)
(X, 2) = (X, (1 +e¢°(X) = Bb(X))z + e¢° (X))

It is quite easy to check that ® is the variational solution of (4.1.5) if and only if ¢ = P o X is
the variational solution of the following problem:

{VW PEVETE =0 (4.1.11)

¢z:0 = 1/)7 angbzzfl = 05
and where

P(2) = |det Jo|Jg' 1(J5 ),
where Jy, is the Jacobian matrix of the diffeomorphism ..

Remark 4.1.4 By smoothing the functions  and b in the choice of the diffeomorphism ¥, we ensure
a better estimate for the solutions of (4.1.11).

For a complete statement of the result, and a proof of existence and uniqueness of solutions to these
problems, see later Section 4.3.2 and also [37] Chapter 2.

We introduce here the notations for the shape derivatives of the Dirichlet-Neumann operator.
More precisely, we define the open set T' = H*oT1(R%)? as:

T'={T=(¢b)e H*TY(RY)?  3hy > 0,YX e RY e¢(X) + 1 — Bb(X) = ho}
and, given a ¢ € H*t1/2(R%), the mapping:

T N Hsfl/Q(Rd)

Gles Bl p o eh) s glec, Bb]o.

We can prove the differentiability of this mapping. See Appendix 4.B for more details. We denote
d’G(h, k)Y the j-th derivative of the mapping at ((,b) in the direction (h, k). When we only differ-
entiate in one direction, and when no ambiguity is possible, we simply denote d’G(h) or &G (k).

Functional spaces

The standard scalar product on L?(R%) is denoted by ( , )2 and the associated norm | - |o. We
will denote the norm of the Sobolev spaces H*(R?) by |- |gs. We denote the norms of W** (R?) by
| - |we.» or simply |- |, = |+ |wo» when no ambiguity is possible.

We introduce the following functional Sobolev-type spaces, or Beppo-Levi spaces:
Definition 4.1.5 We denote HS“(IRCI) the topological vector space

H**'(RY) = {ue L} (RY), Vue H*(R)}

loc

endowed with the (semi) norm |ul .1 gay = |Vl g (ra)-
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Just remark that H*T1(R%)/R¢ is a Banach space (see for instance [27]).

The space variables z € R and X € R? play different roles in the equations since the Euler
formulation (4.1.1) is posed for (X, z) € ;. Therefore, X lives in the whole space R? (which allows
to take fractional Sobolev type norms in space), while z is actually bounded. For this reason, we
denote the L? norm on S by |||, and we introduce the following Banach spaces:

Definition 4.1.6 The Banach space (H**((—1,0) x R9), .|

k) 15 defined by

k
Hs:k = Z HA“](?iuHQ

Jj=0

k
H¥*((=1,0) x RY) = [} H/((—1,0); H* 7 (RY)),  |ul
j=0

We will denote ||| ;s = || 5.0 When no ambiguity is possible. To sum up, |- | will denote a norm on
R? while | - || will denote a norm on the flat strip S.

4.2 A dispersive estimate for the linear Water-Waves equa-
tions in dimension 1

We prove in this section the dispersive estimate of Theorem 4.1.1 and Theorem 4.1.2. We first intro-
duce some classical results on the oscillatory integrals, and some technical results on the Littlewood-
Paley decomposition.

4.2.1 Technical tools
Littlewood-Palay decomposition

We briefly recall the Littlewood-Paley decomposition. Let ¢ € C§° (R) be such that
supptp < (—1;1), 9(§) =1 for [§] < 1/2.
We now define for all k € Z, a function 1 by:
VEER,  yn(€) = p(&/2°) —w(¢/2") (4.2.12)

which is compactly supported in 28=1 < |¢] < 2F+1. We then define the operators Py for all k € Z
by:

~

VEER,  Pof(€) = vn(€)f(€) (4.2.13)

for all f € S'(R). We recall here Bernstein’s Lemma:

Lemma 4.2.1 Let k € Z and Py defined by (4.2.13). For every 1 < p < q < o0 and all s > 0, one
has:
|Prog|ra < C2M/P=1D|Pg|ps

and
|Prglre < C27*F|(=A)*2Pyg| e

for all g € S(R), where C does not depend on k, s,p, q.
We also give the two following technical results (see for instance [15] for a complete proof):
Lemma 4.2.2 Let k € Z and Py defined by (4.2.13). One has:
|0e Prepla < C27%(Jpla + |200]2),
for all ¢ € S(R), where C' does not depend on k.
Lemma 4.2.3 Let k € Z and Py, defined by (4.2.13). For all s > 1/2 one has
IPigle < C2~* (gl + |odaplo),

for all ¢ € S(R), where C' does not depend on k, s.
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Some results on oscillatory integrals

We invoke later in this paper the following Van der Corput Lemma, which is a refinement of the
stationary phase lemma:

Lemma 4.2.4 Let ® € C*(R), and a < b be such that, either:
(1) Vaela;b], ") (2)] > 1 if k> 1;

(2) Vzela;d], |®'(z)| = 1 and ' is monotonic.
Then, there exists C > 0 which only depends on k such that

C

b
vt > 0, |f e ge| < v

Note that in the above Lemma, C' does not depend on a nor b.

4.2.2 Proof of the main result

We prove in this section the following dispersive estimate for the linearized Water-Waves equations
in dimension 1:

Theorem 4.2.5 Let
R—R

@iy o, [l mb(le)
Ji
Then, there exists C > 0 independent on p such that, for all p > 0:

_ 1 1 1
Vi > 0, Vo e S(R et Pyl < O(— +
¥ (R) | @le (,Ul/4 (1+ t/\/ﬁ)l/8 (1+t/\n

Note that the dependence of p in the dispersive estimate has been precisely mentioned. This is
crucial in view of using a decay estimate for the Water-Waves equations, since the properties of the
solutions, and even the dispersive properties of the problem may completely vary with respect to the
size of the shallowness parameter u, as one should see by studying for example the asymptotic regimes
when p goes to zero. See for instance the Chapter 5 on shallow water models in [37]. Notice that, if

one sets A = - in the statement of Theorem 4.2.5, one recovers the result by Aynur Bulut (4.1.8)

Vi
when p goes to +oo: indeed, one writes (D) = ' vad(VIP) with g(x) - \/|z|- Moreover, this
r—>+ 0

result does not need any assumption on the size of u (while u < g is a common assumption in the
Water-Waves results).

In [45], a similar decay as one given by Theorem 4.2.5 is proved but only for functions ¢ such
that $(0) = 0 and with L' and H? weighted spaces, which are less convenient for practical use than
H'! space and L2-weighted space. However, a short adaptation of the proof of [45] shows that a
decay of order tl% can be obtained if $(0) # 0, which is a better decay than one of Theorem 4.2.5.
We can however improve such result by adapting the proof of Theorem 4.2.5, and we prove also in
this paper the following decay results:

Theorem 4.2.6 With the notations of Theorem 4.2.5, the following estimates hold:

1. There exists C' > 0 independent on p such that, for all > 0:

- 1 1
VE>0, VoeSR) [Py, <C(———=|p|
12 ( ) |€ 50|f~ (/1/3/4 (1 +t/\/ﬁ)1/3|90|L
1
+ 7 eln +[2d0l2)).

L+ t/JR)
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2. There exists C' > 0 independent on p such that, for all u > 0:
1 1

W L
1

BTN EE

The Theorem 4.2.6 gives a better decay than Theorem 4.2.5 for the linear operator of the Water-
Waves, however its use in view of long time results for the full Water-Waves equation (4.1.4) may
require to prove that solutions are bounded in L' norm, or in |z - |z2 norm, which is difficult.
Indeed, the proof of local existence for this equation in weighted spaces requires the control of the
commutator [G, ], which is difficult to get (while the one for [G, x]0, is less difficult to get, see later
Section 4.3.2).

V>0, VpeS®) [Pyl < ol

(lelar + |202¢]2))-

The proof is based on a stationary phase result and a use of the Littlewood decomposition. More
precisely, the control of oscillatory integrals of the form

b
J eit‘P(S)dg

a

consists in the precise study of where the phase ® may be stationary. Here, the derivative of the
phase

(&) = t(w(§) + x£/t) (4.2.14)

may vanish and we are therefore led to study the behaviour of the second derivative ®”. However,
|D”(€)] N IS\LW and therefore ®” cannot be bounded from below by a constant and one cannot
— 0

apply Van der Corput’s Lemma 4.2.4. We therefore need to compensate the bad bound of ®” with
good weighted estimates on @.

Proof The result is easy to get for [t//u| < 1 by using the continuous injection H'(R) ¢ L*(R),
and therefore we assume that ¢ > /i (the case t < —\/u is similar). Let fix 2 € R with z # 0. In
all this proof, we will denote by C any constant which does not depend on pu,x,t, k. As explained
above, the derivative of the phase, ®’, may vanish and therefore one needs a close study of the second

derivative ®” = w”. Note that w(§) = ﬁg(\/ﬁé) with g(¢) = 4/|¢] tanh(|€]). Tt is easy to show that

19" ~ 1€, 19" ~ &7 (4.2.15)

£—0 £+
As suggested by the behaviour of w”, we split the study of the linear operator e**(P) into low and
high frequencies cases. To this purpose, one can define y a smooth compactly supported function
equals to 1 in the neighbourhood of the origin, and write ¢ = x(D)p + (1 — x(D))p, with as usual

XTD\)@(@ = x(&)P(&) for all p € S(R). Note that the estimate of Theorem 4.2.5 stay true if we prove
it for x(D)(y/1|D7])¢ or (1 — x(/r|D”|))¢ instead of .

We write:

¢t (D)5 _ JR ¢+ 5 ¢ e

e (O +70) 58 de + J et (©O+28) 5(¢)de. (4.2.16)

JSK%/\/E [€l>yo/\/1x

Taking the last remark into account, we first assume that ¢ is compactly supported in some [0; %[

for some yo > 0. In this case, we only need to control the first term of (4.2.16). One sets 6 > 0 and
splits the integral into two parts (recall that the phase ® is defined by (4.2.14)):

|J'|6 ez’t@(ﬁ)@(é')dﬂ < |J|‘6 6eit¢(£)@(§)d§| + | eit@(f)@(f)dﬂ_ (4.2.17)
<% <

s<lel< o

We now use Cauchy-Schwarz inequality to control the first integral of the right hand side of (4.2.17):

|fl€ Op()de] < VRl (4.2.18)
<
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For the second integral of the right hand side of (4.2.17), we only consider the integral over [J; yo/+/1]
where ® is smooth (the integral over [—yo/\/i; —0[ is controlled by the exact same technique using
the symmetry of ®”). We integrate by parts in the second integral of the right hand side of (4.2.17)
(remember that ¢ is compactly supported in [0; 3"_[)

£ d
] eoae <1 f s ) .

< £<ﬂ

3|s

Using Cauchy-Schwarz inequality, one gets:

iy 1 d .
|L$§s it ®(6) P(&)de] < \/1; sup |L eu:<1>(s)ds| X |16$‘£|E(§d_§¢)(§)|2

> §<§sy_0

sup, |J O ds ([l + [28a]a). (4.2.19)

C
< 4
5H1/ BN

We now give a control of the oscillatory integral of (4.2.19). Recall that w = ﬁg(\/ﬁﬁ) with (4.2.15).

Therefore, there exists C' > 0 independent on p such that |®"(s)| = Cul|¢| on [0;y0/ /] (see also
Figure 4.1). Therefore, one has:

YA\

Vo < s < 2L |D”(s)| = s = pd.

N

Using Van der Corput’s Lemma 4.2.4, one gets the control:

C
sup |J ) gs| < —— (4.2.20)
sse<ty Vudt
Putting together (4.2.20) into (4.2.19), one gets:
(186 5 ¢ _1
| P&)de] < g == (|ol2 + [2020]2). (4.2.21)
SN op pot

Combining the estimates of (4.2.18) and (4.2.21), one obtains:

zt<I>(£ 1 T
|le P(EE| < (V25 + 5 Il + [adol)

The above quantity is minimal for § = m and therefore, we finally get:

it (&) 1/8
|L|<y0 5(6)de) < 3/16t . (4.2.22)
SVE

We now assume that ¢ has its support in [%, +oo[. In this case, we only need to focus on

the second term of the right hand side of (4.2.16). We are led to control in L™ norm the quantity
$& e G(€)d¢ where supp@ < [2L; +oo[. The following lines are an adaptation of [15]. Using the

\/_’
Littlewood-Paley decomposition, we split e““(D)go into
ztw Z P eztw(D 2 Pre itw (D 90+ Z Py eztw(D)
keZ /\(t)SkaA(t) 2k=A(t)

2R <A(t)

where

_ 1
At)=Ci(1+ [t/ AR = a(l + [t/\/D),
with C7 > 1. We therefore have

(" P)p) ()| < Sy + Sz + Ss,
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Figure 4.1: Graph of ®”

with:

Si= >, P Plp(a)],

2k<A(t)

So= >, [P Pp(a)],
A(t)<2F <A(t)

Sy= Y, |Pe™Pp(a)].
2k =A(t)

The term S is controlled by using Bernstein’s Lemma, 4.2.1:
S1 < Z | Pret™ P ()|
28 <A(t)
< C Z 2k/2|Pk€itw(D)g0(:L')|2
2k <A (t)
A2 |p(@)]2
C(1+ [t/ /)™l (4.2.23)

Using again Bernstein’s Lemma 4.2.1, one gets the control of Ss:
S3 < Z | Pee?™ P ()|
2k=A(t)
< Z Qk/2|Pk€itw(D)(p($)|2
2k >A(L)
<C 2 2flc/2|Pkeitw(D)(‘D($)|H1

KA ()
C(L+ [t/~/ED) ™|l (4.2.24)

<
<

For the control of S5, we need a close study of oscillatory integrals of the form {, e?(*/t¢+«($) Dep(£)de.
Therefore, we need precise bounds for the oscillatory phase £ — (z/t)¢ + w(€) and its derivatives.
We are led to split the summation set of Sy into three parts:

FSA®), 22 < Jt/al/Cal,
A(t),  [t/x]/Ca <22 < Colt/al},
A(M), 2¥2 > Colt/al},

={keZ \t) <2
I, = {keZ \t) <2F
I ={keZ\t) < 2"

INCIN N

where C5 has to be set. We therefore set

Zlf i@t Po(e)de],  j=1,2,3.
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The contributions of I; and I3 are the most easy to get. One writes, for all k € I7:
. _— d ré ) —
| e rpee = [ o[ e Praee
R R € " Jor—1
3 ) d —
= — f f et ds— Poo(€)de
R Jok—1 dg

by integrating by parts, and recalling that suppPre < suppty, < {281 < |¢] < 28+1}. We now use
Cauchy-Schwarz inequality to get:

, — £ —
|J e Puo(€)de| < C2F/? sup | e ds| x |di§Pkg0|2. (4.2.25)
R

£esuppipr Nsuppp J2k—1L

We are therefore led to control the oscillatory integral Sgk,l e®(s)ds with € € suppyy, N suppp. We
put this integral under the form
€ ) 3 )
j ezt@(s) ds = f ezt((m/t)s+w(s))ds
2k—1

2k—1
and we use the following lower bound for the derivative of the phase:
[/t + ()] > /()] — [a/t].
Now, recall that k € I; and therefore |2/t| < 27%/2Cy. Moreover, recall that w(€) = ﬁg(\/ﬁé) with

lg'(€)] el |¢|7/2, and that supp@ < [yo/+/H; +o0[. Therefore, the derivative of w is bounded from

below on suppg by Ca|s|~/2 where Cj is independent on 1. We therefore get:
e
e/t 4+ ()] > o]l M2 — 27420
x w'(s)| = 1/ s 2.
Now, since s € suppy, one has
Cs 1 __ _
|2/t + W' (s)| = WﬁQ k2 _ 9=k,
> a2
I
provided
Cs > C,u1/4
pi/AN/2
with C independent on k, i1, z. We therefore set
C3
= ——"". 4.2.2
02 2\/5/,[/1/4 ( 6)
Now, one can apply the Van der Corput Lemma 4.2.4 and get:
3 .
| elt((m/t)s+w(s))d8 < C|t|_12k/2ul/4. (4227)
2k—1
Using Lemma 4.2.2, one has:
d — _
g Lol S 278 (el 4 |00z pl2). (4.2.28)

Putting together (4.2.25), (4.2.27) and (4.2.28), one finally gets, for all k € I;:

1

f 12 Brp(€)de < it
R
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We now sum over k € I;. Since the set has a O(log(|¢|) number of elements (recall that it is included
in {\(t) < 2% < A(t)}), we get:

Sor < p

Z (lel2 + |zdzpl2)

|t| kel

CM1/4
lt]

< O (gl + [adsipl). (4.2.29)

log([t])(pl2 + [202¢]2)

X

The control for Sog is similar and therefore we omit it and focus on the most difficult term which is
Saz. One starts to notice that there is a finite number of terms which is of the form C'log(u) with
C independent on ¢, x, i in the set Is. Indeed, if k € I3 then one has

—1log(C2) +log([t/x]) < k < log(C) + log(|t/z)),

and C3 has been set in (4.2.26). Therefore, it suffices to control the integrals §, et Po(€)dE for
k € Iy by a term of the form t% with C independent on z,t, k. For k € Iy, the derivative of the
phase ® may vanishes, and one needs to control the second derivative and use a Van der Corput
type result. Let ¢ be the minimum of |®'| on [2F~1; 2k +1].

- 1st case : ®'(c) = 0 We split the integral into three terms:

2k+1

e Fpeaes [ O Tpter. 1230)
c+d

c+d

6 . ——
1) Prp(€)dé + f

2k—1 c—§8

f 1O Prop(e)de =
R

The second integral of the right hand side of (4.2.30) is estimated as follows:

c+0 o o
[ e ORGEa < 261P(O)
<2827 (|| s + |20.00]2) (4.2.31)

where we used Lemma 4.2.3 to derive the last inequality, with s > 1/2 to be set. We now focus on
the control of the first integral of the right hand side of (4.2.30) (the last integral is controlled by
using the same technique). Integrating by parts, one gets:

c—0
[ em© Bpe)de) = | - f f (Pw)( )|
2k—1 ok—1 Jok—1

< ok/2 sup | eit®(s ds|| Pk<P|2 (4.2.32)
gesupppn[2k—1ic—8] J2k—1
One now estimates |S§k_1 e®(5)ds| for € € [2F71; ¢ — 6] nsupp@. Recall that w(¢) = ﬁg(\/ﬁé) with

(4.2.15), and that supp@  [yo/+/i; +o0[. Therefore, for £ € [2871; ¢ — 6] A supp, there exists C' > 0
such that |®”(£)| > WC&P/Z and therefore, one has:

@) = [ [0"()lds + 0

> 870
= . M1/4€3/2

s L1
=Cpu (\/(—: \/g)

c—s 14 1)

Vs etm -

where we used the fact that |c — s| > § for s € [2¥71;¢] and € € [2571; ¢ — §]. Therefore, using Van
der Corput’s Lemma 4.2.4, one gets

> C/j/71 /4

1/493k/2

< 1
Lk 1e“f‘b(s)ds <O (4.2.33)
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Using Lemma 4.2.2, one has

d — _
ngkwh <2752 + |22 l2) (4.2.34)

and putting together (4.2.33) and (4.2.34) in (4.2.32), one obtains:

1/423 /2

c—9
| f e OPp(©)de] < CE— 227 ((ola + 2diely). (4.2:35)
2k—1

td
Putting together (4.2.35) and (4.2.31), one finally obtains:

t®(E) P (£)de| < H1/42k 595k 0
|| O Brp(e)de] < O + 02 M) (el + [edavla). (4.2.36)

The above right hand side is minimal with respect to ¢ if § = 25%/2;, /82 2 . We therefore set s =1
and get the control:

. — C
[ 0B <

At last, one gets by summation on k € Iy (recall that there is a O(log(p)) number of terms in I):

Sy < 1 d 4.2.37
22 < W(MHI + [2020]2). (4.2.37)

-2nd case : ®’(c) # 0 It is the same technique as above, noticing that in this case ®’ is monotonic
and does not vanish, and therefore c is one of the bounds of the integral.

Conclusion : Putting together (4.2.22),(4.2.23),(4.2.24),(4.2.29) and (4.2.37), and taking the
supremum over all z € R* (note that all these estimates are independent on x), one gets:

) 1 1
|€ltw(D)(p|f

1
o S OCTA T g T Wrggmyre) Pl T ledwel).
O

We now give a short proof for a better decay estimate, but with other norms of control:

Proof of Theorem 4.2.6 We use the same notations as ones of the proof of Theorem 4.2.5. One
can control the first integral of the right hand side of (4.2.16) differently:

|, O < OOl
g yO

el< 2

We now control the integral § _ w e*®©)d¢ in L” norm. One has ®”(¢) = w"”(€) = pg"” (Vi)
SVE

with the notations of the proof of Theorem 4.2.5. One can check by computation that g” (&) o -1
and therefore, using Van der Corput’s Lemma 4.2.4, one gets:

- C
Zt@(f)dé- <
e < .
Jl&s% (ut) 17

One gets the first estimate of Theorem 4.2.6.

Another way to control the first integral of the right hand side of (4.2.16) is by integrating by
parts:

| €
|J (1€ +28) () g | = |f f e’(t““”“)dsd—so(&)dﬂ
1< 2% g ‘

and thus, using Cauchy-Schwarz inequality, one gets:

. /o § d
|f§| ez(tw(§)+z£ ( )d§| sup |f ez(tw(s)+ms dS|| 90|2
< 0

ul/t gel0; 22 [
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One estimates as above
C

(ut)'/3

3
sup |f ei(tw(s)+ms)ds|<
fE[O;y—\/?—L 0

and one gets the second estimate of Theorem 4.2.6. O

Remark 4.2.7 It should be possible to prove a dispersive decay in dimension 2, using the previous
results, since the phase ® introduced in the proof of Theorem 4.2.5 has a radial symmetry.

4.3 Local existence for the Water-Waves equations in weighted
spaces in dimension d = 1,2

In view of practical use of Theorem 4.2.5 to prove some long time (or even global time) results in
the case of the full Water-Waves equations (4.1.4), one may need to control xd,p in L? norm, for
© a solution of the equations. We prove in this section a local existence result for the Water-Waves
equations in weighted spaces. To this purpose, we briefly give some recalls about the Water-Waves
equations, and we state the local existence result proved by [6]. We then give a commutator estimate
which is the key point for local existence in weighted spaces. Note that in this Section we do not
make any assumption on the dimension unlike in the previous one, and that all the results proved
in this section stand in dimensions d = 1,2. The local existence result in weighted spaces is used
for instance in [49], where the default of compactness in the rigid lid limit for the Water-Waves
equations is investigated.

4.3.1 The Water-Waves equations

We briefly give some recalls about, the Water-Waves equations and its local existence (see [37] Chapter
4 for a complete study). Let tg > d/2 and N > to + to v 2 + 3/2 (where a v b = sup(a,b)). The
energy for the Water-Waves equations is the following (see 4.1.3 for the notations):

ENU) = Bl georsz + D 1G(ayl2 + [y l2 (4.3.38)

lal<N
where ((4),%(q) are the so called Alinhac’s good unknowns:
VaeN¥ (o) =0 Y = 0% — cwd*(
with

G +epuVI¢ -V
1+ e2u[Va(l?

We consider solutions U = ({, ) of the Water Waves equations in the following space:

w:

EN ={U e C([0,T]; H"*? x H*(RY),EN(U(.)) € L*([0,T])}.

The following quantity, called the Rayleigh-Taylor coefficient plays an important role in the Water-
Waves problem:
8(CAE) = 1+ €(d + €V V) =~ (2.P) g
pag
where
V=V"Y)—-—ecwV(.

As suggested by the notations, V and w are respectively the horizontal and vertical components of
the velocity evaluated at the surface. We recall that the notation a v b stands for max(a,b). We
can now state the local existence result by Alvarez-Samaniego Lannes (see [6] and [37] Chapter 3 for
reference):

Theorem 4.3.1 Let tg > d/2,N > to+to v 2+ 3/2. Let U° = ((*,¢°) € EY¥,b e HN+1vior(RY),
Let €, 8,7, u be such that
0<€,ﬂ,’y<1, Ogﬂs,umax
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with pmax > 0 and moreover assume that:
i > 0,3ag > 0, 14+eC®—Bb=hpmin  and  a(U%) = ap.

Then, there exists T > 0 and a unique solution U¢ € EN.  to (4.1.4) with initial data U°. Moreover,

evp
1
—=C1, and sup EN(UE(t)) = Cs
T tE[O;%
. Negroy L1 .
with C; = C(EY (U ),h ’a_) fori=1,2.
min 0

4.3.2 A commutator estimate

The key point of the local existence result we prove in this Section is the commutator result of
Proposition 4.3.7 below. We first need to introduce some technical results about the resolution of
the Dirichlet-Neumann problem (4.1.5). We use here the notations of Section 4.3.1. We recall the
introduction of the diffeomorphism ¥ defined by (4.1.10) which maps Q into S = R? x (—1,0). We
also recall that ® is a solution of (4.1.5) if and only if ¢ = ® oY is a solution of the following problem:

Y Y oy —
Ve PEVES =0 (4.3.39)
Gzm0 =1, Ondo——1 =0,
where
P(X) = |det Jg|J5 ' H(JIgh), (4.3.40)

where Jy, is the Jacobian matrix of the diffeomorphism Y. For the sake of clarity in the proof of
the main result of this section, we introduce the following notations, for all (,b,tq satisfying the
hypothesis of Theorem 4.3.1:

1

My = C(h—';,umaxa |C|H‘0+15 |b|HtU+1)7
1 4.3.41
M = CG— s [Cl v+ Blgens), (4341
M(S) = MO = C(Mo, |< Hs, b Hs),

where C' denotes a non decreasing function of its arguments. One can prove (see [37] Chapter 2 and
equation (2.26)) that

P(E) =1+ Q%) (4.3.42)
with
HQ(EH Her S MO|(£C; Bb)|HS+1/2- (4.3.43)
One can also prove the coercivity of P(X):
VO e RY, P(X2)0 -0 > k(%)6? (4.3.44)
where
1
——— < M.
B(Z) S

Technical results about the boundary problem (4.3.39)

As usual for an elliptic problem of the form (4.3.39) with a Dirichlet condition, we are looking for
solutions in the space ¢ + Hj ,,,.;(S) where Hj . .(S) is the set of functions of H'(S) with a

vanishing trace at z = 0 (recall that S is the flat strip R x (—1;0)). More precisely, we have:

Definition 4.3.2 We define Hy ,,,.; as the completion of D(R? x [=1;0[) endowed with the H'
norm of S.
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We now define the variational solutions to the elliptic equation (4.3.39). To this purpose, we introduce
for all ¥ € S’(R?) the smoothed distribution

U1(2) = x(Wuz D7) (4.3.45)
where x is a smooth compactly supported function equals to 1 in the neighbourhood of the origin.

Definition 4.3.3 For all ¢ € H'Y? a variational solution to (4.3.39) is ¢ = ¢ + ¢! such that
f Vuﬁq; - P(D)VH Yo = _j V“”W)T -P(Z)VH 7
S S

for all p € Hy ., +(S).

surf

Remark 4.3.4 As expected for an elliptic problem of the form (4.3.39), if 1» € H*(R?), the solution
® should be in H*t'/2(S) (as 1 is the trace of ® on z = 0). Therefore, if one uses ¢ instead of
W' in Definition 4.3.3, then the formulation provides the same reqularity for ® as for 1. Instead of
brutally considering 1) (which is a function defined on R%) as a function of S, we introduce 1" which
is indeed 1/2 more regular than v and is defined on all S.

We are now able to give the existence result for the problem (4.3.39) (recall the notations of (4.3.41)
for the constants M and M(s), and see [37] for reference):

Proposition 4.3.5 Let to > d/2 and s > 0. Let ¢,be H**Y? A HotY(R%) be such that
Jhmin > 0, VX e R4, 1+e¢(X) = Bb(X) = humin.

Then, for all € H5+*Y2(RY), there exists a unique variational solution ¢ to (4.3.39). Moreover,
this solution satisfies:

V0 < s <t + 3/2, [ASNVEY @y < /M (s +1/2)| B 1,
Vto +3/2 <, AVl < M (1B ms + (€€, BY) | gras1r2 [P preo+are).

Moreover, if s = —to + 1, the same estimates hold on |V ¢

Hs.l-

Main result

We prove in this section an estimate for the commutator [ﬁg ,x]0,; in H® norm, where x is one of

the variable of R? (we denote z instead of z; for the sake of clarity). In the case of a flat bottom
and a flat surface in dimension 1, one has for all ¢ € S(R?) and all £ > 0:

17 _ d tanh(yEg) . . tanh(JE) . o
902100 = e (0820 = (T 7 + (1~ tanh(VO))E)2(9).

and thus one should expect a control of the form
1
|[;G, .T]ang|Hs+1/2 < C|‘I3<p|Hs+3/z,

with C independent on p, where we recall that B acts like the square root of the Dirichlet-Neumann
operator and is defined by

|D7|
B = T DNz
(1 + /D)
Remark 4.3.6 — The Dirichlet-Neumann operator has to be seen as a 3/2 order operator instead

of an one order operator if one needs a uniform bound with respect to . Indeed, the brutal
tanh(vpg) - 1

NN
and have controls uniforms with respect to p.

bound is singular in . We still gain one derivative in the commutator [%g, x]

— There are two cases depending on s in the statement of Proposition 4.3.5. It is to have tame
estimates with respect to the H® norms of the unknowns, for high values of s.

The following Proposition shows that the result stands true with non flat bottom and surface, and
in all dimensions. We denote {a)cond = @ is cond is satisfied, and else 0.
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Proposition 4.3.7 Let to > d/2, s > —1/2, and ¢,be H**2(RY) be such that
Jhmin >0, VX eRY  14e((X) = Bb(X) = humin.

We denote = one of the variables of R¢. Then, one has for all ¢ € HS”(R”I):
1
I[;g, 2] 0xplporiz < pM (s + 1) Bl gevarz + (Bl mro+2](€C, Bb) [ mer1))ss1/2540-
Moreover, if Vf € HoTY2 ~ HF1/2 one has for all ¢ € H¥T2(R%):

1
I[;g,w]fﬁmwlmwz < pM (s + DIV fl oz Bl ravare

+ Pl geor2| (¢, BD)

Remark 4.3.8 The fact that the commutator is applied to 0, instead of ¢ is crucial in this result.
Remark that the second point of the Proposition implies the first one (just take f = 1), but its proof
requires to use the first point as one shall see during the proof below.

ae+) |V flae12)s 1172540

Proof The proof is an adaptation of the commutator estimate [A*®, ﬁG] which is proved in [37],
using a duality argument. We set

v = 0yp.
For all v € HY2, we will denote v" the solution of the Dirichlet-Neumann problem (4.3.39) with

boundary condition UE:O = v. This notation stands for "harmonic extension of v". We recall the

notation 9" for all ¢ € S’(RY) given by (4.3.45). We now write, for all u € S(R%):
(A2, [G, 2]v)2 = (A*F2u, Gav)y — (2A° 20, Gu)s.

Since (A+2zu)!_, = AS*1/2zu, we get using Green’s identity that

(w.16.410) = |

VATASHY 2yt p(S)VAY (20)P —f P(Z)VH0 - TR (pASH2yT)
S

S
= f VYA 2yt p(syve ((zv)" — 20") + j VATASHY 2T p(S) (VA )"
S S

- f P(Z)VH0 - (V) ASHY 2T, (4.3.46)
S

We start to control the easiest term of (4.3.46), using Cauchy-Schwarz inequality (recall that | - |
stands for norms on R? while | - | stands for norms on the flat strip S = R? x (—1;0)):

| f P(S)VETh - (VAT 2) A2 F) < \/ﬁHuTHQ‘AS“/QP(E)V“%;"H
S 2

where the /i factor comes from the definition of V#Yx = *(/1i0,, vy/10y, 0. ) (see Section 4.1.3)
and the fact that 0,z = 0. Using the definition of u', one has easily
|ul]o < Jul2. (4.3.47)

We now use the product estimate of Proposition 4.A.1 and the decomposition P(X) = I; + @ of
(4.3.42) to write:

Y0 < s+ 1/2 < to, ‘

ARPE)TEI| < O+ Qe o) [T

Hs+1/2,0
Vip +3/2 < s+1/2, ||As+1p(§])vuﬂvh“2 <CA+ Qo) ”Vuﬂvh}HsH/w (4.3.48)

HAT2Q) [V 00 o o

Remark 4.3.9 We don't treat the case to < s < tg + 3/2, since we will obtain it by interpolation of
the two cases above. One has to combine the difference in the product estimate of Proposition 4.A.1
between the cases 0 < s+ 1 <ty and tg < s, and the difference in Lemma 4.3.10 between the cases
0<s+1<tyg+3/2andty+3/2 <s. For this reason, we split the proof in only two cases, and get
the third one by interpolation.
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One has, using (4.3.43) and the embedding H*+'/?1 in L™ H*(R?) given by Proposition 4.A.2:
1QllLrmio < Mo, [ATY2Q2 < Mo|(£¢, Bb)| ot (4.3.49)
We use Proposition 4.3.5 and Proposition 4.A.2 to write:

VO < s+ 1/2 < to, V970 yeijoo < BM (s + 1)[B0| o
Vto + 3/2 <s+ 1/2, ||V‘u”y’uh|HS_H/Z0 < \/EM(H}U Hs+1/2 + |(€C, ,Bb)|Hs+1|§B’U|HtO+S/2) (4350)
”vlh%ub ”LI‘HfO < \/EM0|5331/1|Ht0+1/2.

Combining (4.3.49) and (4.3.50) in (4.3.48), one finally gets:

VO<s+1/2<ty,  ATFEP(R)VITLY < M (5 + 1)|B0] gosrro
2
Vo +3/2 < s+ 1/2, )AS“/?P(E)V#W) L S VEM(P0l ey + B0l (66, B6) ros)-
(4.3.51)

Combining (4.3.51) with (4.3.47), one finally gets:

H5+1)>s+1/2>t0 |U|2
(4.3.52)
where we recall the notation {a)conqs = a if cond is satisfied, and else 0. Note that we got the result for

tg < s < to + 3/2 by interpolation. Remembering that v = d,¢, one gets the control of Proposition
4.3.7 for this term.

| L P(S)VH700 - (VET2) A H20T| < M (s + 1) Bo] e + (PBol o |(¢, B)

We now focus on the most difficult term of (4.3.46) (the last term of (4.3.46) is estimated by a
similar technique). Using Cauchy-Schwarz inequality, one gets:

| J VEIASH2yt . P(S) - VY ((20)" — 20")| < [ASTLP(S)VAY ((20) — 20") [o[ATV2VH T4,
S

Using the definition of u' given by (4.3.45), one has easily
ATV o < Ot fuls. (4.3.53)
The product estimate of Proposition 4.A.1 shows that
VO<s+1<ty, [ATP(E)VAT((av)? —20") o < C(1 4@ s ) JA VAT ((zv)" — 20") |
Vio +3/2<s+1, [ATP(E)VAT((zv)? —20")2 < O+ (|Q|pwpo ) AT VAT ((zv)" — 20) |
HIATQ [V ((20)" = 20" [ preo

One has |Q|p»mt0 < Mo and |AST1Q|2 < Mo|(eC, Bb)|gs+3/2. The proof of Proposition 4.3.7 is
completed if one can prove:

Vs = —1/2, [A*TIVAY ((20)" — 20") |2 < pM (s + 1/2)|Bep| e+t

+ (1Bl reo+21(eC, Bb)

Note that the case tg < s < tp +3/2 is obtained by interpolation. We now prove the estimate (4.3.54)
for s+1 < tg. The case s+1 > tp+3/2 is estimated by the same technique, so we omit it for the sake

of clarity. The case ty < s < to + 3/2 is obtained by interpolation. The quantity w = (zv)" — xvY
satisfies the following elliptic equation:

(4.3.54)

H5+1)>s+1>t0 .

{V“w (P(2)VITw) = VA - (P(S)VATanh) — P(S)VHAa - Vaoh (4.3.55)

Wy=0 — 0, 6nww:,1 =0.
We now prove the following elliptic regularity type result:

Lemma 4.3.10 Let ty > d/2, s = 0 and X be the diffeomorphism from Q to S defined by (4.1.10).
Let ¢,be H*! ~n H**Y2(RY) be such that

Fhmin >0, VX eRY, 14el(X)—Bb(X) = hmin.
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We consider the following elliptic problem:

(4.3.56)

Wy=0 = 0, 6nww:,1 = 0.

{va (P(R)VFYw) = =VHY . g+ f

Then, there exists a unique variational solution w € H&yswf(S) to the boundary value problem
(4.3.56). Moreover, one has :

VO < s <to 32 IAE Tl < M(s +1/2) gl + 1fler0)
Vo +3/2 < s, AV wlo < M (g e + [ fllae-10
+ |(€C, Bb)|Hs+1/2 ||g||Ht0+1/2,1 + Hf|Ht0—1/2,o).

(
) if for all 6 € Hy ,,,;(S), one has

M(
M(

Proof By definition, w is a variational solution to (4.3.56 surf

j VT PVRY = — j (VA - g)0 + f 16
S S S

=fg-vwe+Jf9—f 40.
S S =—1

The existence and uniqueness follows from the coercivity of P given by (4.3.44) and the Lax-Milgram
Theorem. We now introduce Aj = A®x(6A) for § > 0 and x a smooth and compactly supported
function, equals to 1 in a neighbourhood of zero. If w € H&’SW #(S) is the variational solution of
(4.3.56), then (A§)*w is also in Hy ,,;(S), and thus, taking § = (A§)*w in (4.3.57) (recall that
P=I+Q):

(4.3.57)

f VAT Adw - PVTASY = f Asg - VT ASw + f ASFASw — f AsgAsw
S S S z

=-1

+ f [Q, AS]VFTw - VY Ajw.
S
We now use Cauchy-Schwarz inequality and the coercivity of P (see (4.3.44)) to get:

FE) [V Ajwl3 < [A3g o]V Ajwlz + A5 Fla A5 wls + 1457w (., =1)]2|A5 gl
+I[Q, AFIVH w2 [ VT AGw].
(4.3.58)
Since Aj*'w e Hj . ¢(S), one has using Poincaré’s inequality (recall that & = R? x (—1,0) and
Hy§ our(S) is the set of H' functions of S with vanishing trace at the surface):

1A wlz < JAGw] o
< 0. Ajw]2 (4.3.59)
<|

|[ASVH# T w| 2.

Moreover, one has for all s € R, using Proposition 4.A.2:

|u|H571/2 S Hu| Hs»1
and thus one can write:
5 90 =D)l2 < llglaea (4.3.60)
A5
From now, the idea of the proof is to show a commutator estimate of the form
VO < s <to +3/2, [[A§ QUV* T w)l2 S M(s +1/2)[AF =Vl
Vio +3/2 < s, ITAS, QIUV* T w) 2 < M(|(e€, Bb)| gr+1r2 (g reo+1/2 (4.3.61)

I zr0-112.0) AT VH T w]la,

for some o > 0.

Putting together (4.3.59), (4.3.60) and (4.3.61) into (4.3.58), letting § goes to zero and using a
finite induction on s, one gets the result of Lemma 4.3.10. However the commutator estimate (4.3.61)
is technical to obtain, and therefore we omit the proof for the sake of clarity (see [37] Lemma 2.38
for details). N
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We now go back to the proof of (4.3.54). For 0 < s + 1 < to, one has, using Lemma 4.3.10:
[ATT (20)) — 20") |2 < M(s + 1/2)| PE)THT2)o? | josaa + [P(E)V*7a - T#00|
< M (s +1/2)(1L+ Q| mto+1.1) ([0° [ rrosra + [VH70" ro0

Hs,0

where we used the product estimate of Proposition 4.A.1 to derive the last inequality. Using
Lemma 4.3.5, we get the bound

V70| o0 < /| B0 a5 (4.3.62)
To control vY in H**+! norm, we recall that v = d,¢ and we notice that
and we write

[0 o411 < 1(00)" = 0u(@)" ro+1.0 + 10(9) I prs1. (4.3.63)

To control the first term of the right hand side of (4.3.63), we use the Poincaré’s inequality on the
flat strip S:

1029)" = 02(0)" o410 <NV ((900)" = u(9)")) |70

Now, if one defines
w = (az(p)h - aﬂc(‘p)h
then w satisfies the following boundary problem:

{vw (P(E)VHTw) = =VH7 - g (4.3.64)

Wy—g = 0, OpWye—1 = —g-€,

with g = [P(X), 8,]V#7¢", and e, the unit normal vector in the vertical direction. Adapting the
proof of Lemma 4.3.10 (see also Lemma 2.38 in [37]), one can prove

[V w0 < M(s +1/2)[V*70" |0
and using Proposition 4.3.5, one finally gets
1020)" = 22 (0)" o1 < M(s +1/2)[PBpl - (4.3.65)
To control the second term of the rhs of (4.3.63), one uses Proposition 4.3.5 again:

Haw((p)h HH5+1,1 < Hvy‘v'y(ph|

He+11
< M(s + 1/2)[B| g (4.3.66)

Putting together (4.3.65) and (4.3.66) into (4.3.63), one gets
|09 | prasin < M (s +1/2)|Beo| ot (4.3.67)

Putting together (4.3.62) and (4.3.67), we proved:
AT ((20)" —a0") 2 < M (s + 1/2)|Bep| grosa

which is the desired result (4.3.54).
The proof of the second point of the Proposition only requires a small adaptation of the proof
above. The only technical change is the control of |9 ge+1,1. We write, with v = fd,¢:

[0" | zzev10 < [(fOu)” = £(020)" Nrzsrn + 1 () lrowra (4.3.68)

The second term of the right hand side of (4.3.68) is controlled using Proposition 4.A.1, and the
control of (9,¢)" proved above. To control the first term of the right hand side of (4.3.68), one
remarks that w = (f0,¢)" — f(0.)" € Hy§ our(S) solves the following boundary problem:

(4.3.69)

V- (PS)VATw) = ~TR PR (2,)0 — T - (P(D)(20i0) T )
Wy—g = 0, Onw,—_1 = —P(X)(0,0")VHFI( - e,

and we use the Poincaré’s inequality on the flat strip S to control ||(f0:%)? — f(0r¢)?|lgs+1.1 by
[V#7w| gs.0, and adapt the proof of Lemma 4.3.10 above to get the control of this latter term.

O
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4.3.3 Local existence in weighted Sobolev Spaces

We prove here an existence result for the Water-Waves equation in weighted Sobolev spaces. We
recall that 2 denotes the identity of RY, and we define, for all N > 2 the energy £V by

EN =N W) + > |12¢(a) |3 + B2 (a)|3

aeN? 1<|a|<N—-2
where £V is the standard energy for the Water-Waves equations given by (4.3.38).

Theorem 4.3.11 Let us consider the assumptions of Theorem 4.3.1, and then consider T' > 0 and
(¢, ) the unique solution provided by the theorem on [0; L= of the Water-Waves equation (4.1.4).

; evp
If (¢°,4°) € EN, then one has
N T
L‘L‘ . N
(G o) e L7105 5.8,
with
(W)L (f0: . 751.88) < O

where Cy is a constant of the form Cy = C(EN(UY), m, %) with C a non decreasing continuous

function of its arguments.

Remark 4.3.12 — Note that there are less space derivatives for the weighted norms |z§(a)|% +
|‘I§z1/)(a)|§ than for the "Sobolev” norms EV. This is due to the presence of commutators of
the form [G, x]1 () in the evolution equation for (., which are of order 1 (at least) in vy

— Note also that we control Ba) o), () only for |a| = 1. This is due to the fact that we only
control terms of the form x0,p.

Proof The proof is an adaptation of the proof of the Theorem 4.3.1 (see [37] Chapter 4 for a
full proof). Therefore, we only give the main ideas and insist on the specificity of using weights.
Considering the result given by Theorem 4.3.1, we only need to recover estimates for weighted norms
(estimates for the "classical Sobolev" norms of £V are done in the proof of the local existence result
of [37]). We recall (see for instance [37] Chapter 3 for reference) that one has:

(o, %ng < MolPe2 and PR < Mo(, %wa

Therefore, we set, for all 0 < |a] < N —2:

E® = E(gw(a),w(anz + Q(xc(a)’xc(a))

and look for a control of E*. We now differentiate E* with respect to time and get, using the
symmetry of G:

d

1
G B = (Geta), 0oz + (AG ()24 ), () )2 + (0rC(a)s (o) )2 + 5 (@C(a) (018)2C ) )2-

We now need an equation in terms of ((4),%(a). To this purpose, one computes 0 of the equations
(4.1.4). One gets in the first equation a term of the form

0°G[eC, by = Gle¢, Bb]0%p + D dG(0%eC, ..., @%m e, 0" B, ..., &' Bb) 0"y

v<a,01+...+m+tli+... Hlptrv=a

where dG denotes the shape derivative of G[e(, 8b] with respect to the bottom b and the surface (.
We therefore obtain, after computations, a system of the form (see [37] Chapter 4 for details):

_ |
Do +EV - V(i) — ~Gibyay = R®
e o) = 9V (4.3.70)

Osth(a) + al(a) +EV - V(o) = S*

with
2R |5 + [Bas| < C(EN) (4.3.71)
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with C a continuous function of its arguments. In order to get a control of the form (4.3.71), one
can adapt the proof of the control for the shape derivatives of G given in Proposition 3.28 of [37] (we
do not detail this proof here). We therefore have, replacing 0;(((a),%(a)) by their expression given
by (4.3.70):

d 1

pr i ;(gm/f(a),axC(a)) (gﬂ/f(a)&x((a))z
+ e(2al(a), 2V - V’YC(Q))Q + E(gu’01/1(0¢), a2V -V (a))2 (4.3.72)
1
;(dg(E@tC)W(a),W(a))z + = ([g z](ay, 2¢(a))2-

The first two terms of (4.3.72) are the one of order 1 With respect to the unknowns z((q), 9 (o) but
cancel one another, thanks to the symmetry of the equation.

~

The two terms of the second line of (4.3.72) are of contributions of order 0 to the energy estimate,
with respect to the unknowns, thanks to the symmetry. More precisely, one computes, integrating
by parts:

d
(#8C(a), 2V - V(a))2 = D (2C(a), 2V ;05 ()2
j=1
d —_ —_
= Y @V 0iC(ay 28C(a))2 — (05(V;2)2C(0), 2((a))2 — ((052)V 8l 2(a) )2
j=1
and therefore one has
_ 1 — 1 —
(zal(a), 2V - V{(a))2 = _5(6j(vjﬂ)$<(a)7x<(a))2 - 5((@:0)‘/;'9(@), T((a))2- (4.3.73)

Using Proposition 4.B.1, it is possible to prove that |Vj|W1,oo + lajw1.» < EN and therefore one gets
from (4.3.73) the control:

[(2aC(a), ¥V - V7 ((a))2] < CEN)([2¢(a)l5 + [C(a) 212 |2
<

CEME (4.3.74)

where C' is continuous and non decreasing. For the control of the second term of the second line of
(4.3.72), one writes:

%(gmﬂ(a),wv “V%(a))2 = %(gwlﬂ(a),v' (2 (a)))2 — %(gw(a), (V- V72)t(q))2-
We use Proposition 4.B.5 to write (recall the notations of M given by (4.3.41)):
B (gw V- (@ta))2| < M|V [Pals
and again, using the Proposition (4.B.1) one can control the W!”* norm of V by the energy and get
(G, T+ el < CEM)E™ (43.75)

We now use Proposition 4.B.3 with s = 1 to compute:

Gy, (7 V)0 )al < Bl (7 - T
and one can prove, using the definition of B and standard Sobolev estimates:

|(V - V2)Ya)l2 < [V 2100 1B ()2

and therefore, using Proposition (4.B.1) again to control |V|zt« by the energy, one finally gets

|%(g:m/}(a)v (V : V7$)7/)(a))2| < C(EN)EQ- (4376)
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Putting together (4.3.75) and (4.3.76), one proved

1 —
|;(gm/;(a),:cv SV P(a))2| < C(EV)E®. (4.3.77)
The first term of the third line of (4.3.72) is estimated by using Proposition 4.B.3. The only non trivial
remaining term to control in (4.3.72) is the last one, which is the commutator %([g, z](ay, 2al(a))2-
Recall that || > 1 and that:

V() = 0°C —ewd™y

and one gets therefore, using Proposition 4.3.7, one can control both of these terms by C(EV)E.
One can obtain by summing on all o, 1 < |a] < N — 1 the following energy estimate:

d N NyeN
— <
dtgl < C(EY)E,

with C' a continuous function of its arguments. Using a Gronwall’s Lemma, one can conclude and
end the proof of the Theorem. .

4.A Estimates on the flat strip S

We recall the notation a v b = max(a,b) and we define L*H* = L*((—1;0); H*(R?)) and use the
notation {a)s>¢, = a if s >ty and else 0 .

Proposition 4.A.1 Let ty > d/2. If s = —tg, f,g€ L*H"™ ~n H*°, one has fge H*" and

£ 9l ge0 < CUF o preo 19l gre0 + K oo 19l Lo preo Ds>to-
The following Proposition states a L” embedding result for the Beppo-Levi spaces:
Proposition 4.A.2 For all s € R:

(1) The mapping u — u|,—q evtends continuously from Hs*tL o HoH12(RY).

(2) The space H**Y?1 is continuously embedded in L™ H.

4.B The Dirichlet Neumann Operator

Here are for the sake of convenience some technical results about the Dirichlet Neumann operator,
and its estimates in Sobolev norms. See [37] Chapter 3 for complete proofs. The first two propositions
give a control of the Dirichlet-Neumann operator.

Proposition 4.B.1 Let tg>d/2, 0 < s < to +3/2 and (¢, 8) € Htot! ~n HH/2(RY) such that
Jho > 0,YX € R, e¢(X) — Bb(X) + 1 = hy.
(1)  The operator G maps continuously H5+Y2(R?) into H*~Y/2(R?) and one has
(Gblgmrs < M s+ 1/2) |-
where M (s + 1/2) is a constant of the form C(h%,’ IC] mrto+1, B o+, €l mrssasz, (D] prsvsz).
(2)  The operator G maps continuously H*+*(R?) into H*~Y/2(R?) and one has
|Gl g1z < pM (s + 1) B gesre,
where M (s + 1) is a constant of the form C(hio, [Clerto+1y |B mreo+1s [Clars+1y |B] gs+1)-

Moreover, it is possible to replace G by w in the previous result, where w = % (vertical

component of the velocity U = Vx ,® at the surface).
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Remark 4.B.2 In all this paper, we consider the Water-Waves problem in finite depth. This is
crucial for all these regularity results on G. For instance, in the linear case { = b =0, the Dirichlet-
Neumann operator is |D7|tanh(|D7|) in finite depth, while it is |D7| in infinite depth. The low
frequencies are therefore affected differently.
Proposition 4.B.3 Let tg > d/2, and 0 < s < to + 1/2. Let also ¢,be H+1(R?) be such that

Fho > 0,¥X € R, 1+ eC(X) — Bb(X) = hy.
Then, for all 1, s € HFY2(RY), we have

(A°Gpr, A¥9a)o < puMo| B

Pia

He He,
where My 1is a constant of the form C(hio, [Cl frto+1, |B] Freo+1)-

The second result gives a control of the shape derivatives of the Dirichlet-Neumann operator.
More precisely, we define the open set T' = H*oT1(R%)? as:

I'={I=(¢,b)e H™ (R Thg>0,¥X e R e((X) + 1 — Bb(X) = ho}
and, given a 1 € H5+Y/2(R), the mapping:

T N H571/2(Rd)
I'=(¢b) — GleC, Bbly.

We can prove the differentiability of this mapping. The following Proposition gives estimates of the
shape derivatives of G.

Gle-, B : (4.B.78)

Proposition 4.B.4 Let tqg > d/2 and (¢,b) € H**! be such that
Jho > 0,YX € R, e¢(X) — Bb(X) + 1 = hy.
Then, for all 0 < s < to+1/2,

J
|G (h, k)| ggemre < Mop®* TT 1(eham, Blm )| greo+: 1B

m=1
The following commutator estimate is useful (see [37] Proposition 3.30):
Proposition 4.B.5 Let tg > d/2 and ¢,b e H"*2(R%) such that:
Fho > 0,¥X € R eC(X) — Bb(X) +1 = hy.

For all V. € H T (RY)? and u e HY?(R?), one has
1
(- V), ;GU) < M|V [Puls,

where M is a constant of the form C(hio, [Clsrt0+2, |D] Freo+2)-
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The rigid lid limit for the water waves
equations
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Abstract

The Water-Waves equations constitute an equivalent model to the free surface Euler equa-
tions. The rescaled Water-Waves equations depend strongly on the ratio € between the amplitude
of the wave and the depth of the water. We investigate in this paper the convergence as € goes to
zero of the free surface Euler equations to the so called rigid lid model. We first prove that the
only solutions of this model are zero. Due to the conservation of the Hamiltonian, the solutions
of the free surface Euler equations converge weakly to zero, but not strongly in the general case,
as e goes to zero. We then study this default of convergence. More precisely, we show a strong
convergence result of the solutions of the water waves equations in the Zakharov-Craig-Sulem
formulation to the solutions of the linear water-waves equations. It is then easy to observe these
latter converge weakly to zero. The simple structure of this system also allows us to explain the
mechanisms of the weak convergence to zero. Finally, we show that this convergence to the rigid
lid model also holds for the solutions of the Euler equations. To this end we give a new proof of
the equivalence of the free surface Euler equations and of the Zakharov-Craig-Sulem equation
by building an extension of the velocity and pressure fields.

5.1 Introduction

We recall here classical formulations of the Water Waves problem. We then shortly introduce the
meaningful dimensionless parameters of this problem, and introduce the so called rigid lid equations.
We then present the main result of this paper.

5.1.1 Formulations of the Water Waves problem

The Water Waves problem puts the motion of a fluid with a free surface into equations. We recall here
two equivalent formulations of the Water Waves equations for an incompressible and irrotationnal
fluid.

Free surface d-dimensional Euler equations

The motion, for an incompressible, inviscid and irrotationnal fluid occupying a domain €; delimited
below by a fixed bottom and above by a free surface is described by the following quantities:

— the velocity of the fluid U = (V,w), where V and w are respectively the horizontal and vertical
components;

— the free top surface profile (;

— the pressure P.

All these functions depend on the time and space variables ¢ and (X, z) € ;. There exists a function
b:R? — R such that the domain of the fluid at the time ¢ is given by

O ={(X,2) e R —Hy 4+ b(X) < z < ((t, X))},

where Hj is the typical depth of the water. The unknowns (U,(, P) are governed by the Euler
equations:

U +U-Vx,U=—2VP—ge, in
div(U) = 0 in (5.1.1)
curl(U) = 0 in .

We denote here —ge, the acceleration of gravity, where e, is the unit vector in the vertical

direction, and p the density of the fluid. Here, Vx . denotes the d + 1 dimensional gradient with
respect to both variables X and z.

These equations are completed by boundary conditions:

C+V-V(—w=0
U-n=0on {z=—Hy+b(X)} (5.1.2)
P = Py on {z = ((t, X)}.
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In these equations, V and w are the horizontal and vertical components of the velocity evaluated at
the surface. The vector n in the last equation stands for the normal upward vector at the bottom
(X,z = —Hp + b(X)). We denote P,y the constant pressure of the atmosphere at the surface of
the fluid. The first equation of (5.1.2) states the assumption that the fluid particles do not cross the
surface, while the last equation of (5.1.2) states the assumption that they do not cross the bottom.
The equations (5.1.1) with boundary conditions (5.1.2) are commonly referred to as the free surface
Euler equations.

Craig-Sulem-Zakharov formulation

Since the fluid is by hypothesis irrotational, it derives from a scalar potential:
U=Vx_o.

Zakharov remarked in [65] that the free surface profile ¢ and the potential at the surface ¢ = ®|,_.
fully determine the motion of the fluid, and gave an Hamiltonian formulation of the problem. Later,
Craig-Sulem, and Sulem ([25] and [26]) gave a formulation of the Water Waves equation involving
the Dirichlet-Neumann operator. The following Hamiltonian system is equivalent (see [37] and [3]
for more details) to the free surface Euler equations (5.1.1) and (5.1.2):

0,0 — G =0

. 2 5.1.3

2+ vep

where the unknowns are ¢ (free surface profile) and v (velocity potential at the surface) with ¢ as
time variable and X € R? as space variable. The fixed bottom profile is b, and G stands for the
Dirichlet-Neumann operator, that is

Gy = G[C0]Y = /1 + V([P0 P,

where @ stands for the potential, and solves Laplace equation with Neumann (at the bottom) and
Dirichlet (at the surface) boundary conditions:

{AX,A) =0 in{(X,2) e R xR, —Hy +b(X) < z < ((X)} (5.1.4)

¢|Z:C = wa an(I)|z:7Ho+b = Oa
with the notation, for the normal derivative
On®o—_Hy4b(x) = Vx,®(X, —Ho +b(X)) - n

where n stands for the normal upward vector at the bottom (X, —Hy + b(X)). See also [37] for more
details.

Dimensionless equations

Since the properties of the solutions depend strongly on the characteristics of the fluid, it is more
convenient to non-dimensionalize the equations by introducing some characteristic lengths of the
wave motion:

1
2

(1) The characteristic water depth Hy;

(2)

(3) The characteristic horizontal scale L, in the transverse direction (when d = 2);
(4)

(5)

The characteristic horizontal scale L, in the longitudinal direction;

4) The size of the free surface amplitude gy, f;

5) The size of bottom topography apess-

Let us then introduce the dimensionless variables:

Y ¢ , z b
Ly Ly’ Qsurf’ Hy’ Abott
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and the dimensionless variables:

where

L:n Asurf
f() = y (I)O = L '\/gHo.
VgHo Hy ~°
After rescaling, several dimensionless parameters appear in the equation. They are

2
Asurf HO _ Apott Lac

H O 12" TH =7 L, "

nn

where €, u, 8,y are commonly referred to respectively as "nonlinearity", "shallowness", "topography"

and "transversality" parameters.

For instance, the Zakharov-Craig-Sulem system (5.1.3) becomes (see [37] for more details) in
dimensionless variables (we omit the "primes" for the sake of clarity):

0i¢ — ;L'V[EC ﬂb]7/}

o) + C + = |V71/)|2 < ( u~[EC, BOlY +epVI( - V’Y1/;)2 (5.1.5)

=0
201+ 220 [ VIC ) |

where G, - [e(, Bb] stands for the dimensionless Dirichlet-Neumann operator,

uv EC ﬁb ¢ V 1 +€2|V7<|26 (I)\z e¢ = a d - NV’Y(EC) V’Y(I))lz ¢

where @ solves the Laplace equation with Neumann (at the bottom) and Dirichlet (at the surface)
boundary conditions

{AM@ =0 in{(X,2)eRYxR—1+pb(X)<z<e((X)} (5.16)

(b\z:sc =1, an¢'|z:71+ﬁb = 0.
We used the following notations:
VY =4(0y,70y) ifd=2 and V=0, ifd=1
AP = 107 +4*pud; + 07 ifd=2 and AP =02 4+02  ifd=1

and
1

OnRe=mreir = e
5.1.2 The rigid lid model

The Euler system (5.1.1),(5.1.2), can be written in the dimensionless variables:

(azq) - /va(ﬁb) ' vvq))\z=—1+,6’b'

1

(0,V +e(V-V7 + wd)V ==V 7P in
1

ow+e(V -V + —wid,)w = —(0,P) in
1

i
0C+eV -V —=w =0

JOCHEL-VIC=Tw (5.1.7)
VY. T = 0in O

curl"(U) =0 in
U-n=0forz=—-1+pb
P =¢( for z = &C.

We changed the pressure into hydrodynamic pressure P = P — (z —e() and set P,,, = 0. The rigid
lid model models the motion of the fluid as if the top surface was fixed at z = 0 (see for instance
[16]). But to derive this model, we do not brutally take € = 0 in the Euler system (5.1.7) but rather
start by a change of time scale, and a change of scale for the pressure:
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t = et

and
p=L
=

Formally, if one takes the limit £ goes to zero in the newly scaled Euler equations, one finds the
following so called rigid lid equations (we omit the "primes" for the sake of clarity):

1
(0,V +(V -V 4 ~wd.)V = —V'P in Q
W
1
ow+ (V-V7 + ;w@z)w = —(0.P)in Q
w=0
VY- U =01in Q
curl"(U) = 0in Q2

U-n=0forz=-1+pb
| P=(forz=0

(5.1.8)

where € is now the fixed domain

Q={(X,2) e R¥" 1+ pb(X) <z <0}.

5.1.3 Reminder on the local existence for the Water-Waves equations
with flat bottom

We briefly give some recalls about the Water-Waves equations and their local existence (see [37]
Chapter 4 for a complete study). Taking 8 = 0 (flat bottom), and after scaling

t'=et
as for the rigid lid equation, one gets from (5.1.5) the equations:

£0¢C — %G[EC,O]w =0

€ 2 € (G[eC, 0]y +epVIC- V)2 (5.1.9)
O A N T s P = 0.

As explained above, we prove later that the solutions of the full Water-Waves equations (5.1.9)
converge strongly to the solutions of the linearized equations (5.2.22). The strategy is to treat the
non-linear terms of the Water-Waves equations as a perturbation of the linearized equation.

Let tg > d/2 and N > to+tgv2+3/2 (where a v b = sup(a,b)). The energy for the Water-Waves
equations is the following (see Section 5.1.5 for the notations):

ENW) = 1B reorsrz + Y K2 + [l

la|<N
where ((,),%(q) are the so called Alinhac’s good unknowns:
Va e N () =0, P(a) = 0% — cwd*C.
We consider solutions U = ({, ) of the Water-Waves equations in the following space:
EY ={U e C([0,T]; H"*? x H*(R?)),EN(U(.)) € L*([0,T])}.

The following quantity, called the Rayleigh-Taylor coefficient plays an important role in the Water-
Waves problem:

P,
a(C, ) =1 +e(eds +eV - V)w = —s?‘fg(azlﬂ)\zqc.

We can now state the local existence result by Alvarez-Samaniego Lannes (see [6] and [37] Chapter
3):
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Theorem 5.1.1 Let tg > d/2,N >to+to v 2 +3/2. Let U° = (¢°, %) € EJ’. Let e, be such that
0<e,v <1,
and moreover assume that:
pin > 0,3Jag > 0, 14+eC® > hpin  and  a(UY) > ao.

Then, there exists T > 0 and a unique solution U¢ € EY to (5.1.9) with initial data U°. Moreover,

1
—=Cy, and sup EN(U(t)) = Cy
T te[0;T]
. Neoy L1 .
with C; = C(EY (U ),h ’a_) fori=1,2.
min 0

Remark 5.1.2 Note that the time existence provided by Theorem 5.1.1 does not depend on e. Actu-

ally, the full Theorem in non flat bottom (see [37]) states that the time of existence for the equations

in the original scaling (5.1.5) is of size s&ﬂ where [ is the size of the topography. In our case,

B = 0 and therefore one gets a time of existence of size % for (5.1.5), and of size 1 for the rescaled
equations (5.1.9). In the case of a non flat bottom, this long time result stands true in presence of
surface tension (see [50]).

5.1.4 Main result

We investigate in this paper the rigorous limit € goes to zero in the rescaled Euler equation (5.1.7)
in view of the mathematical justification of the derivation of the rigid lid model (5.1.8). However, as
one shall see in Section 5.2.1, the only solutions of the rigid lid equations are trivially null. Though
the rigid lid model does not then seem of much interest, it implies that the solutions of the rescaled
Euler equations (5.1.7) converge weakly to zero as e goes to zero. In [13], the same limit in the
rigid lid regime is investigated by Bresch and Métivier for the Shallow-Water equations with large
bathymetry, which consist in an asymptotic model for the Water-Waves problem in the shallow
water regime (u small). They prove that the rescaled equations are well-posed on a time interval
independent on e (which is equivalent to a large time of existence of size % for the system written
in the original variables) and they rigorously pass to the limit as € goes to zero, and prove the weak
convergence and the strong local convergence in space of the solutions.

In [50], a similar long time existence result is proved for the Water-Waves equations with large
bathymetry and with surface tension. If we restrict the problem to the flat bottom case, then the
local existence result (5.1.1) can be read as (we don’t give a precise statement):

Theorem 5.1.3 Let N be large enough, and let (Co, o) € HN (R?) x HN+1/2(RY). Then, there exists
T >0, and a unique solution (¢,v) € C*([0; L]; HN x HN+12(R4)) to the Water-Waves equations
(5.1.5). Moreover, one has:

1

7 = C1(Co. %), (¢ )l (ro; 21,18 < n+172(Ray) < C2(Co, %0), (5.1.10)

where C; are continuous functions of their arguments, and are independent on i, €.

The bound on the solutions given by (5.1.10) is uniform with respect to €, which allows by a com-
pactness argument to extract a convergent sub-sequence of solutions as € goes to zero. The limit
should be zero (at least for 1) as we discussed above. The question is to understand if the conver-
gence is strong in C([0; T]; HN =1 x HN=Y2(R%)), i.e. "globally in time and space". In this paper,
we complete the study of the rigid lid limit for the Water-Waves problem, and give an answer to this
question.

Since the equations (5.1.5) have the structure of a Hamiltonian equation, the following quantity
is conserved:

1
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We recall that G is symmetric and positive for the L? scalar product. Therefore, even after the time
change of scale

t=et

and the limit € goes to zero, the Hamiltonian is conserved and the strong convergence in L? of the
unknowns cannot be (except in particular cases). In Section 5.2.2, we precisely try to highlight the
default of compactness that prevents the strong convergence in dimension 1, in presence of a flat
bottom. As one shall see, the default comes from the linear operator of the Water-Waves equations
which has quite a similar behavior as the linear operator of the wave equation. In Section 5.3, we
prove the equivalence between the Water-Waves equations and the Euler equations, which completes
the study of the weak but not strong convergence to zero in Sobolev spaces for the solutions of the
Euler equation (5.1.7) in the rigid lid regime. To sum up, we give here the plan of this article:

— In Section 5.2.2, we prove that the solutions of the linearized equation does not converge
strongly in L2(R?) at a fixed time, in the rigid lid scaling (#' = t) for d = 1, 2.

— In Section 5.2.3, we prove the strong convergence in L™ ([0; T[; L? x H'/2(R%)) of the solutions
of the full Water-Waves equation in rigid lid scaling to the solutions of the linearized equations,
for d = 1. It proves that the solutions of the full Water-Waves equations does not converge
strongly in L™ ([0; T[; L?> x HY?(R%)) to zero, for d = 1.

— In Section 5.3, we prove the equivalence between the free-surface Euler equations (5.1.7) and
the Water-Waves equations (5.1.5) for d = 1,2. We show that the solutions of Euler equations
converge weakly as € goes to zero, to the solutions of the rigid lid equation (5.1.8). The
convergence is therefore not strong, at least for d = 1, according to the preceding points.

5.1.5 Notations

We introduce here all the notations used in this paper.

Operators and quantities

Because of the use of dimensionless variables (see before the "dimensionless equations" paragraph),
we use the following twisted partial operators:

VY =(0y,70y) ifd=2 and VY=0d, ifd=1
AR = ;g2 + 7%95 + 02 ifd=2 and AMY =po2+0? ifd=1
VT = t(\/ﬁﬁm,y\/ﬁﬁy, 0.) ifd=2 and t(\/ﬁaz, d;) ifd=1

curl®? = (\Jy0y — 0,0, — \J10z, 0p — v0y) if d = 2.

Remark 5.1.4 All the results proved in this paper do not need the assumption that the typical wave
lengths are the same in both directions, ie v = 1. However, if one is not interested in the dependence
of 7y, it is possible to take v = 1 in all the following proofs. A typical situation where v # 1 is for
weakly transverse waves for which v = (/u; this leads to weakly transverse Boussinesq systems and
the Kadomtsev—Petviashvili equation (see [40]).

For all a = (a, .., aq) € N%, we write

o __ Aoy [ %]
0% = 00100

and
|a| =1 + ... +aq.

We use the classical Fourier multiplier
A* = (1 —A)*? on R?
defined by its Fourier transform as

FA*u)(€) = @ + [P (Fu)(©)
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for all u € S’(R%). The operator %8 is defined as

D7

¥=ar e

(5.1.12)

where
F(f(D)u)(§) = F(E)F(u)(€)

is defined for any smooth function f of polynomial growth and u € S'(R?). The pseudo-differential
operator P acts as the square root of the Dirichlet Neumann operator.

We denote as before by G, the Dirichlet-Neumann operator, which is defined as followed in the
scaled variables:

G,u,'y"/) = G,u,’y [€<7ﬂb]"/) =V 1+ €2|VVC|26nq)\z=a§ = (azq) - ,UV’Y(EC) . V’Y(I))lz=6§;

where ® solves the Laplace equation

ATED =
Ploeec =, 0Pl 148, = 0.

For the sake of simplicity, we use the notation G[e(,8b]¢) or even G when no ambiguity is
possible.

The Dirichlet-Neumann problem

In order to study the Dirichlet-Neumann problem (5.1.4), we need to map §2; into a fixed domain
(and not on a moving subset). For this purpose, we introduce the following fixed strip:

S =R?4 x (-1;0)
and the diffeomorphism

S-’ Qt

i (X,2) > (1 +el(X)—Bb(X))z +el(X).

(5.1.13)

It is quite easy to check that ® is the variational solution of (5.1.4) if and only if ¢ = ® o X is the
variational solution of the following problem:

{VM PEDVETS =0 (5.1.14)

¢z=0 = 1% an¢z=—1 =0,

and where
P(S5) = |det Jx; U5 *(J52),

t
where Jy: is the jacobian matrix of the diffeomorphism 7. For a complete statement of the result,
and a proof of existence and uniqueness of solutions to these problems, see [37] Chapter 2.
We introduce here the notations for the shape derivatives of the Dirichlet-Neumann operator.
More precisely, we define the open set T' = H'*1(R9)? as:

I'={T=(¢b) e H*TY(RY)?  3Ihy > 0,YX e RY e¢(X) + 1 — Bb(X) = ho}
and, given a 1 € H5*Y/2(R), the mapping:

I _ Hs—l/Q(]Rd)

Gl Bl p_(en) — Glec, Bblo.

We can prove the differentiability of this mapping. See Appendix 5.A for more details. We de-
note d’G(h, k)y the j-th derivative of the mapping at ({,b) in the direction (h, k). When we only
differentiate in one direction, and no ambiguity is possible, we simply denote d’G(h)y or d?G (k).
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Functional spaces

The standard scalar product on L?(R%) is denoted by ( , )2 and the associated norm | - |o. We
will denote the norm of the Sobolev spaces H*(R?) by |- |-
We introduce the following functional Sobolev-type spaces, or Beppo-Levi spaces:

Definition 5.1.5 We denote H*+1(R?) the topological vector space

H**Y(RY) = {ue L} (RY), Vue H*(R)}

loc

endowed with the (semi) norm |ul .1 gay = |Vulg:(ra)-

Just remark that H*T1(R%)/R¢ is a Banach space (see for instance [27]).

The space variables z € R and X € R? play different roles in the equations since the Euler
formulation (5.1.1) is posed for (X, z) € ;. Therefore, X lives in the whole space R? (which allows
to take fractional Sobolev type norms in space), while z is actually bounded. For this reason, we
need to introduce the following Banach spaces:

Definition 5.1.6 The Banach space (H**((—1,0) x R%),|.

k) 15 defined by

k k
H* ((=1,0) x RY) = () HI((=1,0); H* 7/ (RY)),  |ulger = Y A" 0uls.
Jj=0 7=0

5.2 The rigid lid limit for the Water-Waves equations

In all this Section, we set the bottom to zero:
B8 =0.

We prove that the solutions of the linearized Water-Waves equations in flat bottom converge weakly
but non strongly in L? as € goes to zero, in the rigid lid regime. We then prove the strong convergence
in LY L2 of the solutions of the full Water-Waves equations to the solutions of the linearized equations,
in the same regime, in dimension 1.

Remark 5.2.1 The hypothesis "d = 1" can be removed, if one can prove a dispersive estimate for
the linear operator of the Water- Waves equation of the form of Theorem (5.2.9), in dimension d = 2.
The flat bottom hypothesis seems however less easy to remove, due to technical reasons, such as the
complezity of the asymptotic expansion of G with respect to the surface when the bottom is non flat.

5.2.1 Solutions of the rigid lid equations

We recall the formulation of the rigid lid equations with a flat bottom (see also [16] for reference):

( 1
6tV + (V - Vy + ;waz)V = —V’YP in
1
ow+ (V-V7 + ;w@z)w = —(0.P)in Q

<w=0
V#Y .U =01in
curl"(U) = 0in Q2
U-e,=0forz=-1
| P=(forz=0

(5.2.15)

where Q is the fixed domain

Q={(X,2)eR¥™ —1<z<0}.

We prove here that in fact, there is only one trivial solution to the system (5.2.15):
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Lemma 5.2.2 Let us consider the following div-curl problem:

VY. U =0 in Q
curl®7(U) =0 in Q
U-e, =0 for z=-1

w=0

(5.2.16)

with the above notations. Then, the unique solution in H(Q) to the system (5.2.16) is U = 0.

Proof The vector field U = 0 is of course a solution to the system (5.2.16). Let us now consider a
solution U to this problem. The curl free condition over U states that there exists a potential ® such
that U = V#7® in . The divergence free condition provides A*7® = 0 in ). With the boundary
conditions (recall that w is the vertical component of the velocity at the surface), the potential ®
satisfies the following Laplace equation:

AMS =0  inQ
VI, _g - =0
VHIP,__y -n =0,

where n denotes the upward normal vector in the vertical direction. It is well known (see for
instance [37] Chapter 2 and Appendix A) that the unique solution to this system in H'(Q) satisfies
vEre =0." O

Let us explain this result on a physical point of view. The rigid-lid equations are obtained after
scaling the time
t'=et

in the free surface Euler equations, and passing to the limit as € goes to zero. Therefore, in the
original time variable, t = t;’, the rigid lid limit consists in letting the amplitude of the waves goes to
zero AND moving forward in time at a rate % At the limit, after an infinite time, all the interesting
components of the waves moved to +00 and there only remains a static fluid (U = 0) with a flat
surface. It is possible that some vortices remain, but are not seen by the model (curl(U) = 0).

5.2.2 The linearized equation around ¢ = 0 in the rigid lid regime

We prove here that the solutions to the Water-Waves equations does not converge strongly in L? as
€ goes to zero. To this purpose, we study the lack of compactness induced by the linear operator of
the Water-Waves equations. We recall that in the rigid lid regime, we perform a time scaling

t = et.

The Water-Waves equations can be written in dimensionless form, and in the rigid lid scaling:

£0¢C — %G[EC,O]w =0

€ s (G, 0 +epVT(-VI)?
0+ ¢+ VY - . TS ITE =0.

(5.2.17)

Since we are interested in the convergence as € goes to zero, we write this system under the form:

06— 26w = f
o

edp + ( = €g.

(5.2.18)

We will treat the non-linear terms f, g present in (5.2.18) as a perturbation of the linearized equations.
To this purpose, we start to study the solutions of the linearized system:

{wg—i%w=o

(5.2.19)
Eat’(/J + C = 0,

n fact the result stands even if the bottom is non flat.
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where Gy = G[0, 0] is the Dirichlet Nemann operator in flat bottom and flat surface, and is given by
(see for instance [37] Chapter 1):

Goyp = \/u|D7| tanh(\/u| D7 )¢ (5.2.20)
for all ¢ € S(R?). Tt is easy to check that the solution ¢ of (5.2.19) satisfies the following equation:

e20:¢C + %gog =0. (5.2.21)

The equation (5.2.21) looks like a wave equation, except that Gy is not exactly an order two operator
(since it acts like an order one operator for high frequencies). In the case of the wave equation on R
e20,u — 02u =0
u(z,0) = ug

(satu)(x, 0) = uy,

with ug, w1 smooth, the solutions have components of the form
1 1
ug(x — =) +ug(z + -t
oz = Zt) +uo(z + 1)

(plus other terms we do not detail). Each of these two components converges pointwise to 0 as ¢
goes to zero (since ug(t,2) — 0) and does not converge strongly in L?(R), since for instance its

|z] >+
L?(R) norm does not depend on &. The same behavior, combined with some dispersive effects stands
for (5.2.21). We start to give an existence result for the linearized equations (5.2.19). Note that it
is not difficult to prove formally that if (¢, ) is the solution of (5.2.19), then the following quantity,
called "Hamiltonian" is conserved through time:

1 1
Z(gm/}ﬂ/))z + §|C|§~

Therefore, we introduce the following operator:
D7
(L + VEDT) 2
Note that 3 has the same behavior as the square root of Gy defined by (5.2.20).

B =

Proposition 5.2.3 Let s > 1. Let also {; € H*(R?) and vy be such that Pipo € H*(R?). Then,
there ezists a unique solution ((,1) to the equation:

e0iC — LG = 0
e +¢ =0 (5.2.22)
(€0, X),4(0, X)) = (¢°(X),¥°(X))

such that (¢, By) € C(R, H*(R?)) n CY(R, H*~'(R?)). Moreover, one has:

Vt e R, (i) (f) = e tE (i%)

1 —iw(D _ 1 iw(D .
) e SR O (5.2:23)
- 2 iw(D)

where

and

(D) — - [P tanh(y7 D))
(D) \/ NG : (5.2.24)

Remark 5.2.4 The notation et” refers to the linear operator of the Water-Waves, defined by

_ (0 —1ig,
(0 1)
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Proof Let us fix s > 1, and (o, 1) € H*(R?)2. If (¢,1) is a solution to (5.2.22), then ( satisfies
the following equation:

1
e207¢ + ;gOC =0

((x,0) = Go

(€0:Q) (2, 0) = G,

in the space C(R, H*(R?)) n C'(R, H*"'(R?)), with (1 = . Gotbo. As usual, we take the Fourier
transform in space of the equation (5.2.25) and we denote 6 (t,&) the Fourier transform of ¢ with

respect to the variable X for a fixed ¢. The distribution (9/t\§0f S'(R x R?) is equal to the distribution

Otf using the Banach-Steinhaus theorem. We therefore get the following equation in the distributional
sense of S'(R x R?):

(5.2.25)

e202C + 2= ¢ tanh (/¢ )¢ = 0

{60 =60
(=0:0)(6,0) = &)

It is then easy to check that the unique solution to this equation is given by

~

Gty = (Co(f) —i;(f)%(é)

~

G(©) +iw(©vo(©) ) o)t
2

) exp™ ()= 4(

e = [IE e (lET]
© \/ 7

such that %QO = w(D)?. The desired regularity is easy to get by noticing that

(5.2.26)

with

NG ——_— a\/tanh<ﬁ|@|>(1+ﬁ|@|>

1+ yaeprz’ JElE]

_ g, [ (e D (L + e )
= P NG :

with Prpy € H*(R?) and that there exists C;, Cy > 0 independent of u, e such that:

N

The same method applies for ¢ and one gets that if (¢, ) satisfies (5.2.22), then necessarily:

U(t,€) = %cos(w(ﬁ)é) - %

It is easy to check that (¢,%) given by (5.2.26), (5.2.27) is a solution to the system (5.2.19). [

VEeRY, i< \/tmh(\mw)(1 D <,

. (5.2.27)

The oscillating component of the solution of the linearized Water-Waves equations (5.2.22) ap-
pears in the explicit formula (5.2.26), but we need to prove an oscillating phase method type result
in order to conclude to the weak convergence to zero and strong non-convergence. The phase w is
actually not differentiable at £ = 0, which prevent the direct use of standards results on stationary
phase methods.

Proposition 5.2.5 Lett > 0 and u € C}(R?). Then, one has

e—0

f exp’ =) u(¢)dg — 0.
Rd
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Proof One can compute:

tanh(|€7]) + [€7](1 — tanh®(|€7])) €
&7 [ tanh(|$7]) €71

It is easy to see that Vw does not vanish for £ # 0. It is also easy to show that w is not differentiable

in £ = 0. But the derivative Vw stay bounded as & goes to zero. We treat separately the cases d = 1

and d > 1.
- Case d = 1 One writes

VE£0, (Vw)(E) = (5.2.28)

+ow0

o ud + | e ueyas (5.2.29)
0

f exp/t(©) u(€)de =
R

—0

Since w is right and left differentiable in £ = 0, according to the expression (5.2.28), one can use
standard methods of stationary phase. Indeed, one can write:

0 0 d L
f, exp ) u(€)de = = f ! el ey

L T@®
_ e w0 ey _ £ [0 itwie @ O
R O NT Le &%

where w'T(0) and w'~(0) are respectively the right and left derivatives of w at £ = 0. We then get
the desired result. The same goes for the second integral of (5.2.29).
- Case d > 1 We use the standard integrating by part method for the truncated integral:

- d P P y
J|£>5 €1gw(f)u(£)d§ — J E 1 . Z _w(g)_(ez;w(f))u(g)dg

g1zs i W' (€)1 = 06; 0¢;

it lej=s | (§)] = o,
E 2 : ‘ itw(€)

E % = 5.2.30
i flf%; e (gp e “OuOe0d (5230

where n; stands for the j-th component of the normal external vector at the surface |{| = §. Now,
one can check that:

L2 26,/ tanh(j€7)
[ ()% 0¢; |67  tanh(|€7]) + (1 — tanh?(|€7]))[€7[2
and thus this function is bounded as £ goes to zero. Moreover, one can check by computation that
0 1 0 C
( w@)| < 7
36 worag @) < g

as £ goes to zero, and consequently this function is integrable at £ = 0 (remember that d > 1 here).
Therefore, one can pass the limit as § goes to zero in the formula (5.2.30) and get

d
1 6 1 0 b
ifw(&) - _= - itw(§)
J;Rd € u(§)d§ = f _E: o, |2 agj w(&)u(§))e dg§
and we get the desired result.

O

Now it is easy to prove the following result:

Theorem 5.2.6 Let s > 1. Let ((o,%0) be such that ((o,Bibo) € H*(R?). Then, for all t € R, the
solution (¢, ) (t) of the system (5.2.19) converges weakly to zero, and does not converge strongly, in
L?(R%).
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Proof We prove it for (. We first assume that 6 ,@ € C3(R?). The weak convergence to zero is a
consequence of the explicit formulation of the solution given by (5.2.26) and the Proposition 5.2.5.
To prove the strong non convergence, one computes:

¢t )3 =

((1+ cos2u(© DNIGEOP+  wl€(1 - cos(2(€) ) (©) )

+ Re(Coro)(€) sin(2(€) g

where we expanded the square modulus of the explicit formulation of 6 given by (5.2.26). We can
then conclude, using Proposition 5.2.5 to the following convergence:

<5 — (ICoIz + w(D)vol3)

and thus ((¢,.) does not converge strongly to zero.

For the general case, one proceeds by density of C¢(R9) in L?(R?). O

Remark 5.2.7 As explained above, if (, is a solution to (5.2.22), then the Hamiltonian
1 1,
E(gow,wh + §|C|2

is conserved through time. Since i(gw, ) ~ [Bep|3, the strong convergence of both ( and 1) to zero
cannot happen (except for zero initial conditions). However, it would have been possible that some
transfers of energy occur between ( and v, with one of the unknown strongly converging to zero. The
Theorem 5.2.6 states that such behavior does not happen.

5.2.3 Lack of strong convergence for the full Water-Waves equations in
dimension 1

In all this section, we work with a flat bottom and in dimension 1:

The study in dimension 2 should however not be hard to do, if one gets a dispersive estimate of the
form of Theorem 5.2.9 for the Water-Waves operator in dimension 2. In the previous section, we
proved that the solutions of the linearized Water-Waves equations (5.2.19) weakly converge as € goes
to zero in L*(R), and do not converge strongly. We now establish a similar result for the solutions
of the full nonlinear Water-Waves system (5.1.9). To this purpose, we write this system under the
form:

€0:¢ — ﬁgol/f =ef
e +( =¢eg

with )
f= E(G[EC,OW — Gotp)

and

_ (L 2 1 (G[e¢,01Y +euVT¢- V7y)?
9= _(§|V’Y7/}| - p 2(1 + e2u|V( 2

).

Remark 5.2.8 As suggested by the notations, the quantity [ is of size O(1) with respect to € (al-
though it has a % factor), as given by the asymptotic extension of G[e(,0] given later in Proposition
5.2.13. We are going to treat the non-linear terms f,g as perturbations of the linear equation as e
goes to zero.
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For this proof, we need to use a dispersive estimate for the linear Water-Waves equations with
flat bottom, proved in [48]:

Theorem 5.2.9 Let
R—R

A TP LT
D,

Then, there exists C > 0 independent on p such that, for all p > 0:

. 1 1
Vi > 0, Vo € S(R) leitePly| < C

1
o < O gy (e (el +ledsel)

Remark 5.2.10 The dispersion in tig stated by this Theorem is absolutely not optimal. Actually,
one should ezxpect a decay of order t% in dimension 1 (see for instance [48] for variants of Theorem
5.2.9). However, the tl% decay suffices to prove the main result of this section.

In view of use of Theorem 5.2.9, we also need a local existence result in weighted Sobolev spaces,
proved also in [48]. For all N € N, we define £ by

EN =ENC )+ D) (a3 + B3

1<]a|<N =2

Theorem 5.2.11 Let us consider the assumption of Theorem 5.1.1, and then consider (C,1) the
unique solution provided by the Theorem 5.1.1, of the Water- Waves equation (5.1.9). If (¢°,4°) € EN,
then one has

(Cv) € L*([0; 70, &),
with
(€, V)= (o) < Co.

We now state the main result of this section:

Theorem 5.2.12 Let ((o,100) be such that ((o,0) € EN . Let denote T > 0, ((WW, pWW) the
solution of the Water-Waves equations (5.1.9) in (,) € L*([0;T],EN) given by Theorem 5.1.1 on
[0;T] and (CF,4T) the solution of the linearized equation (5.2.19) given by Proposition 5.2.3, both
with initial condition (o, o). Then, one has:

£1/8
(5 Be") — (Y B ) Loy ey < (e + et Cy (5.2.31)

where Cy is given by Theorem 5.1.1.

Proof In all this proof, we will denote by CV any constant of the form

CN = CEN (%), ——, 1) (5.2.32)

hmin ag

where C' is a non decreasing function of its arguments. Let us define (¢,v) = (¢WW, PypWW) —
(CE,PBepL) which is defined on [0; T']. We use the evolution operator e defined by (5.2.23) to write:

et (5 =etr((§ )

where
1
C) E(g({-;c, 0)Y — Go)
i ) E O 5.2.33
(<w ) <—%|vw|§—i<g( Sy o

and thus one has

Vi e [0; 7], (i) :LteltLF(@))(s)ds. (5.2.34)
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I 0
0 B
using the decay estimate of the linear operator e’ of the Water-Waves equation of Theorem 5.2.9.
More precisely, the operator F' is "almost" bilinear (at least up to a O(e) order term), which allows
us to control the L? norm of the integral (5.2.34) by writing estimates of the form

il t A= () asta < [ t Ac=5((§) . (5 ) ehasta + <

where C' does not depend on ¢, and with B a bilinear operator. The proof then consists in using
a Strichartz type of estimate, using the dispersive nature of e’ given by Theorem 5.2.9 to get a
control of the remaining integral of the form

|£ estB((i) ) (i))(s)dﬂ2 < (e)/3¢2

We start to write F' under the form F' = B 4+ ¢R where B is bilinear, and R is a least of size
O(1) with respect to €. To this purpose, recalling that F is given by (5.2.33), we get inspired by
the following Proposition, which gives an asymptotic extension of G[e(, 0] (see [37] Proposition 3.44)
with respect to e:

We set A = ( ) and look for a estimate of the L? norm of A *(¢,v). The proof consists in

with o > 0.

Proposition 5.2.13 Let to > d/2,5 >0 and k = 0,1. Let ¢ € H*t( /2 n {to+2(R4) be such that:
Fhmin > 0,YX € R4 1+ &¢(X) = huin

and ¢ € H¥**2(RY). We get:

00 = Gotb = Galiga-ve < T Ol s I C ks R
where Gy = —Go(C(Go-)) — V7 - (CV7-).
We therefore write
i(g(sc,O) —Go)y = %91 - i(gl +Go — G(£¢,0))e (5.2.35)

where the second term of the right hand side satisfies the following estimate, using Proposition 5.2.13
with k = 1 and s = 1/2:

1
(gl + gO - g(€C5 0))|2 < C(—a,u'maxv |C|Ht0+17 |C|H1/2+1)|mw|Hl- (5236)

| 1
e hmin

The second component of F' (recall that it is given by (5.2.33)) is easier to decompose, and using
Proposition 5.A.1 one gets

1(G(eC. 00 +epVIC-VIg)? 1
W 2 +euvigp) 2

5V - VU = (GEC WP +2R() (5237

with
|R(w)IZ < CV, (5.2.38)
where CV is given by (5.2.32). Using (5.2.35) with the control (5.2.36), and (5.2.37) with the control

(5.2.38), one gets:
F((i)) _ B((i)), (i))) +eR (fp)) (5.2.39)

25 (o) - (—%lvwlj—glﬁé(ec,0>w)2> (5.240)

with
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and

R <C>)|2 <V, (5.2.41)

We therefore get, using (5.2.39) and (5.2.41) (recall that CV is a constant of the form (5.2.32)):

t
|f AT LR ( ) s)ds|y < |f = LAB(s)ds|s +eCN.
0

We denote in the following lines (-,-) 2 the L? scalar product with respect to the space variable.
One writes:

|J e JLAB (s)ds|3 = |J J tLAB tLAB(u))LidudsL

Now, note that Ae™” is sum of terms of the form

( 1 iw(D)) Jitio(D)
tomom B

and therefore, we are led to estimate terms of the form

e

where f1, fo are terms of the form

(), "5 Ef1(u)) 2 duds, (5.2.42)

%gl, w(D)%g(ec,O)Q, oV, 2 L m%g(ec,oﬁ BV,

w(D) p
(5.2.43)

One has to notice that the control related to the latter three terms can be deduced from the control
of the first three terms since 98 acts like the square root w(D) of Gy. Indeed, one has

_ 2 tanh(/p|D7|)(1 + /u| D7)
w(D) = 7
(1+ /mlD7]) VH| DY

_y \/tanhwmmn(l +VEID))
NZRH

and there exists C7, Co > 0 independent of u, e such that:

h
VeeR:, () < \/tan (\/’ﬂfgélvr VEETD 6, (5.2.44)

We now estimate terms of the form (5.2.42) using a similar technique as for Strichartz estimates for
dispersives PDE’s. One computes, using the symmetry of e?’:

J J Lf2 Lf1 )12 duds —f J (fa(s o= 2‘Lfl( )2 duds.

Now recall that f; are of the form (5.2.43). We are not treating all the possible cases, but only the
most difficult one (the others are treated by the same technique), which is fi; = fo = —Qﬂ/} Using
the definition of G; given in Proposition 5.2.13, one computes, integrating by parts:

jf (fa(s u+55 2thl(U))L§duds

- f j (—lgo<cgo<w))(s>—vv-(cvws),e
0 Jo M

u+s—2t
—L

%glw(u))@duds

ut+s—2t

_ f f (=2CGo()(5). ¢ 2 EGo 2 Gy (w)) 12 + (CV9(s). ¢
0 Jo H

1
. LV";Qﬂ/}(u))L%duds. (5.2.45)
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We only control the first integral of the right hande side of (5.2.45) (the other one is estimated by a
similar technique). We set

fo = —%cgow(s), fi = go%glw(u) (5.2.46)

and we now use the dispersive estimate of Theorem 5.2.9:

torto uts—2t ~ tort wbs—2t 5~
|J J (f2(s),e™ = “(f1)p2duds] SJ J \folpale™ = “(f1)|e=
0 Jo 0 Jo

<oV f f elff 1
= o Jo 136 (2t —u— )R

£1/21/4 - .
+ m(lﬁ(u)lﬂ; + |20, f1(u)| 2 )duds
< (:31—//186’57/8 4 V2 32y oN
if one can prove the following controls:
sup |fo(w)lps + | film + |2defi(u)|z <OV, i=1,2. (5.2.47)

u€el0;T]
One has, using Cauchy-Schwarz inequality:
~ 1
| fo(u)|ry < |C|2|;go¢|2
|Cl2| B

<
<cN

where we used Proposition 5.A.1 with { = b = 0 to control %gm/). We now focus on the most difficult
term of (5.2.47) which is |16IQO%Q1¢|L§. We use again the definition of G; given by Proposition
5.2.13, and we control 5|xazg0g0(gg0(w))|2 (the other one is similar). One computes:

%|$@IQOQO(CQO(¢))|Q < %|zg§(0gﬁogoi/}|2 + i|zg§(<go(axw))|2. (5.2.48)

We only control the first term of the right hand side of (5.2.48) (the other one is similar):

2G5 (0:0)Go¥ 2 < 1G52(02C)Go¥ |2 + |[2, G51(9:0)Go -
Now, note that for all f € S(R), one has:

d .
[, G512 = Id—g(\/ﬁlﬁltanh(\/ﬁlﬁl)fflz
< 121 fus
using the definition of Gy given by (5.2.20). Therefore, one has:
1
;|xgg(0mC)go¢|2 < pl2(0:0)G0t | e + 1] (020)Go¥ | ms
< 1212(020) | g4 1Go | ms,

where we used the gross estimate |GZu| < |u|g+. One can conclude using Proposition 5.A.1 with
¢ =b =0, and Theorem 5.2.11.
This achieves the proof of the controls (5.2.47).

Conclusion: We proved

c1/8
[(¢, PB)(t)]2 < (u3/16 £7/8 4 L2 1/A3/2) o

One can then take the supremum over ¢ € [0; 7] and get the desired result. .
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It is very important to note that the strong convergence stated by Theorem 5.2.12 does not stand
anymore if 1 is related to u. For instance, if ¢ = ;?/2, the result is not true anymore. In this case,
the dispersive effects would be at the same size as the non-linear effects, and one should expect a
behavior of solutions similar to ones of the Korteweg de Vries’s equation. In particular, it is no
longer possible to treat the non-linearities f, g as perturbations of the linearized system. If ¢ « u3/2,
then the non-linear effects are dominants on the dispersive effects, and one should expect breaking
waves. This is the main interest of having a dispersive result of the form of Theorem 5.2.9 which

depends on the small parameters.

It is now easy to prove the following Corollary:

Corollary 5.2.14 Let (Co,10) be such that (Co, o) € EN . Let denote T > 0, (¢,v) the solution of
the Water-Waves equations defined on [0;T] of (5.1.9). Then, ((,B)) converge weakly to zero in
LFL? and does not converge strongly in this space.

Proof Let us denote (¢, %) the solution of the linearized equation (5.2.19) with initial condition
(€0, %0) given by Theorem 5.2.11 on [0; T'] (just take € = 0 in the equation (5.1.9) to get the solutions).
Using Proposition 5.2.3, one has

(CEt) (1) = e 20, 90).
itw(D)

Using the definition of e’ given by (5.2.23), ¢, B, are sum of terms of the form e~ = (¢°,+°) and
therefore one has, using the dispersive estimate of Theorem 5.2.9:

1/8

Vee [0;T],  |(CH(), Bt ()] < (53/16t7/8 + et (1(C0, B0 + 0020, Propy®)| 2

and therefore one gets the weak convergence of (¢, Be) in L*((0;T); L2(R)) as € goes to zero. The
convergence is not strong in L*((0;7); L2(R)) since the quantity

1 1,4 1 9 9
2’u(g01/1a1/1)2 + 2|C|2 ~ 2(|m¢|2 +1¢12)
is conserved through time.

Now, according to Theorem 5.2.12, (¢, Brp) — (¢F,9%) converges strongly to zero as e goes to
zero in L*((0;T); L2(R)). Therefore, (¢L,4) converges weakly, but not strongly as € goes to zero,
in this space. O

5.3 Equivalence between free surface Euler and Water-Wave
equation
In all this Section, we do not make any assumption on the dimension, and we set the bottom to zero:
d=1,2, b=0.
We consider the standard dimensionless version of the Water-Waves equations with flat bottom:

0 — Lalec. 01w = 0
1

€ 2 € (G[¢, 0]y +epVIC - V)2 (5.3.49)
0t¢+C+§|VW/J| T =TI =0.

In Section 5.2, we studied the rigid lid limit for the Water-Waves equations (5.2.17). In order
to complete the study of the rigid lid equations (5.2.15), we study in this Section the rigid lid limit
for the Euler equations (5.1.7). To this purpose, we prove that one can build rigorously solutions to
the free surface Euler equations from the solutions of the Water-Waves equations. The first problem
is to define rigorously a solution to the free surface Euler equations. Because the free surface Euler
equations (5.1.7) are posed on a domain Q5 which depends on ¢ and ¢, we have to be careful with
the functional spaces used. The idea is that, by hypothesis, the height 1 + e((¢, X) of the water is



131 5.3. EQUIVALENCE BETWEEN FREE SURFACE EULER AND WATER-WAVE EQUATION

bounded with respect to X € R? at a fixed time ¢. By continuity in time, we can include Qf in a
fixed strip S*, which does not depends either on ¢ nor .

We can then define rigorously what is a solution to the Euler equation (5.1.7): it is (U, P) living
in a functional space like "continuous in time with value to a Sobolev-type space in X on the fixed
strip S*" such that there exists T' > 0 such that, for all 0 < ¢ < T, the derivative (in the sense of
the distributions of D _ ,([0, 7] x §*)) satisfies the equalities of (5.1.7).

5.3.1 Main result

In order to extract a convergent sub-sequence of solutions to the Water-Waves equations (5.3.49)
as € goes to zero, we need some compactness results. Indeed, a space such as C([0; T]; HY(R?)) is
not compactly embedded into L*([0;T]; HY(R?)). We need a control for time derivatives of the
unknowns. For this reason, the stated local existence Theorem 5.1.1 is not sufficient. We recall here
a slightly different version, including time derivatives in the energy space. The following framework
is used for instance to prove the local existence for the Water-Waves equations with surface tension
in [37] Chapter 9, and in [50] for a long time existence result. We first introduce the following energy:

Definition 5.3.1 Let N > 1 and to > d/2. We define

EN = B orae + D) a3+ B3 (5.3.50)
a€Nd+1 |a|<N
with
(o) = 0%C, W) = 0% — ewd™¢
and

G+ epNVI¢ - V7eh
1 +e2p|V()?

w:

with the notation:
Va = (a1, ..., aq, k) € NTHL 9 = 6?&6?‘(‘;65

Remark 5.3.2 — It is very important to notice that we consider here also time derivatives in
the energy.

— We recall that w coincides as suggested with the horizontal component of the velocity evaluated
at the surface.

We now give a slightly different version of the local existence Theorem for the Water-Waves
equations (5.3.49) proved by Alvarez-Samaniego and Lannes (see also [37] Chapter 4 and Chapter
9):

Theorem 5.3.3 (Alvarez Samaniego,Lannes) Let tg > d/2, N > tg +to v 2+ 3/2, and (e, u,7)
be such that

O<epy<l

Let (Co,v0) with EN (Co,v0) < 0, where EY is defined by (5.3.50). We assume that:
Ihmin > 0,3ag >0, 1+ €Co = hmin and a(Co,¥o) = ao.

Then, there exists T > 0 and a unique solution (¢,) € C([0;T]; Ho+t2 x H2(R%)) to the Water-
Waves equation (5.3.49) such that EN (¢, ) € L*([0; %]) Moreover, one has

1
— =C, and sup Efv(t) =y
T te[0;T]

with C; a constant of the form C; = C(EN (Co,v0), h%, a%) fori=12.

We use from now on the notations H** for the Beppo-Levi spaces, and X5 for the diffeomorphism
from the flat strip to the water domain (see Section 5.1.5 for notations). We also recall that 2§ denote
the domain occupied by the water at time t. We now state the main result of this Section:
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Theorem 5.3.4 Under the hypothesis of Theorem 5.3.3, let T > 0 be given by Theorem 5.3.3. Then,
for all ¢ > 0, there exists a flat strip S* = R x (—(k 4+ 1); k) with k > 1 and (U%, (%, P?) where
Ue = (Ve,w®) in the following spaces:

Yk < N, anE e L%((O, %) Hkafl/Q kafl(s*)del)
Vk <N, 0F¢c e L7([0; L] HNF(RY)) (5.3.51)
Vk <N, 0fpPee L*((0;L); HN-k-1/2N-k=1(g%))

with bounds uniform in € in these spaces, such that for all t € [0; ] for all € > 0, the domain
included in S*. Moreover, (V¢ ,w®, (%, P%) satisfy in the sense of the distributions of D', ,([0, g] X
S*) the Euler equations (5.1.7).

The proof follows these steps:

— We claim some regularity for the velocity potential ¢ solving (5.1.14) on the fixed strip S =
R% x (—1;0).

— We extend ¢ to a larger strip than S.

— We recover regularity for the velocity potential ® defined originally on the water domain by
¢ = ® o X7, after defining it on a large strip containing all the fluid domain € for all ¢, .

5.3.2 Regularity of the solutions of the Water Waves problem

According to Theorem 5.3.3, for all €, there exists a unique solution (¢¢,%°) to (5.3.49) on a time
interval [0, 2], with 7 only depending on the initial energy (and not on €), with the following control:

vVt e [0; g], EN(U®)(t) < Cy (5.3.52)

with Cy a constant of the form C(" (¢o, %),
then prove the following regularity result:

Amin

,a—lo), where & is defined by (5.3.50). We can

Proposition 5.3.5 Let (¢°,4°) be the solution of 5.3.49 given by Theorem 5.3.3, and T > 0 such
that (5.3.52) is satisfied. Then, the following regularity results stand:

1) For all0 < k < N, one has:
05 ¢ e L ([0 g];Hka(Rd)) and |07 C | or (0,20 vk (ray) < O
2) For all0 <k < N —1, one has:
orPy© e L™([0; T] HNTFI2RY)) and 08P Lo 1. gN-r-1/2(ray) S C2,

with Cy a constant of the form C’(EN(CO,wO) L),

hmin’ ao

Proof Recall that the energy is:
M) = R |<(a)|2 + B (a |2-

Nd+1| <N

1) Since the time derivatives of the unknowns appear in the energy, the control given by (5.3.52)
implies that for all 0 < k < N, 0F¢® is in Ly (HN *(R?)), with the desired estimate.

2) Let us fix k such that 0 < &k < N — 1. We have to get a control of PoFo*y by PB(a,k)-
Adapting a proof from Lemma 4.6 in [37], one computes:

[BOFY | gn—rre < > [BOF %P g1/
BeN |B|<KN—-1—k

> (B .1 L1z + elBFIO)| 1)

BeN,|B|<N—1—k

YA\
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where we used the definition of ¢ 5 1) given by Definition 5.3.1. We now use the identity [P f|g1/2 <
max{1, u=/*}|V f|2 to conclude:

|§Baf"/)|HN*’f*1/2 < Z (|‘131/1(5,k)|H1 + €maX{17M71/4}|w|Hto+1 |af<|HN*’“)'
BeN |B|<N -1k

One already has by the first point that |0F¢|g~v-« < Cy. Using Proposition 5.A.1, we have [w|ge+1 <
1AM IBY| o432 < C2. We now control 1g ) in H* norm, for all |3] < N —1 — k. One computes:

IBs) < [PBs,ple + Z |aﬁq31/1(5,k)|2

seNd, |§|=1

<P+ Y (IBPpronle +eB@ wdf o).

seNd,|5|=1

Since |8 + 0| + k < N, the first component of the right hand side from above is controlled by a
constant, of the form Cs. For the second component, we use the identity:

3IC>0,  VieSRY,  IBFI< O s
where C' does not depend on pu. Therefore,

B w Ole < Ol 1w ¢l ypsa < Ol o s |05l

We now use as before Proposition 5.A.1 to control z~'/4

Cy for all |f + d] + k < N. We obtained the control:

|w| re0+1 by Co and we remark that |‘I3w(ﬂ+5,k) |2 <

IBOFY| gv—r—r2 < Co

with Cs independent on the time. Taking the supremum on time over [0; %], one gets the desired
result.

O

In order to define a velocity U = V#7® on the fluid domain %, where ® solves the Dirichlet-
Neumann problem (5.1.6) on the fluid domain, we first study the regularity of ¢ where ¢ is the
solution of the Dirichlet-Neumann problem (5.1.14) on the flat strip S = R? x (—1;0). We recall the
relation ¢ = ® o X, where X5 is the diffeomorphism defined by (5.1.13).

Proposition 5.3.6 Let ¢ be the unique variational solution to (5.1.14). We have, for all 0 < k <
N —1:

. T
OrVIg e L((0, ) HYTETIANTE(S))

with
|0fv“7’y¢|Lw((07%);HN—k—l/Z,N—k—l(s)) <Oy

where Cy is a constant of the form C(EN (Co,1b0), ——, ).

> hmin’ ao

This notation is a bit heavy, but we have to deal with the fact that we only use integer derivatives
in z.

Proof Using the notations of the Proposition 5.A.8, we recall that:
¢ = Ay(C,0).

By taking the derivative in time, 0F¢ is sum of terms of the form:

Ui (O, 0 Q)

with 0 <j<kand iy +... +1; = j. Let lnax = max l,,. We assume Iy = Iy by symmetry. We

1<m<y
then have two cases:
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1) Case Iy < N —to—1. By using Proposition 5.A.8, with ¢ = N —1; —1 (note that t{ > to > d/2)
and s < N —k — 1/2 we have:

j .
AT I i (00D G, vy 6 Ol < Mo [ T €04 Clpgv—ss [BOF |z
m=1
<Oy
where we used the HN=#=1/2 regularity of 30774 given by Proposition 5.3.5.

2) Case Iy = N —tg — 1. Let us use Proposition 5.A.9, with t{; = N —1 — (k — 1) (just note that
ty = 3/2>d/2 for d = 1,2). We have, for all s < N —k —1/2 (we have N —k —1/2 > t{):

AT U, (00D G, s Q)2 < EMole) Clpronr [ 12017 C 00 1BOF 0] e

m>1

< Oy

because t(,+1/2+k—j < N —1/2, and where we used again the Proposition 5.3.5 for the HN-k-1/2
regularity of Pof 7.

We proved that 0fV*7¢ e L*((0,L; HN=+=1/2). Using the last part of Proposition 5.A.8 and
Proposition 5.A.9, we can adapt the previous proof to get

VTG e L7((0, 2 ) HNF12N ()
g

with the desired control for the norm. O

5.3.3 Extension of the solution ¢

We want to extend the distribution ¢ defined on the strip S = R? x (—1;0) to a larger strip. This
is the point of the following result:

Theorem 5.3.7 Let s € R* and k € N. Let us denote S; = (—(j +1),7) x R? for all j € N. Then,
there exists an extension

HA(S) — HH(S))

u — Pu

P
such that:
Yu e Hs’k(SO), |U|Hs,k(sj) < C(k,])|u|H5k(SO) (5353)
where C(k,j) only depends on k and j.
The proof is postponed to Appendix 5.B. We now have the full artillery to extend the solution ®
defined in the moving domain 5 into a function (with the same regularity) defined on a fixed strip
S*.
Let X be the following diffeomorphism, mapping the flat strip S = R? x (—1,0) into Q:
Ei . Rd+1 _ Rd+l
(X, 2) = (X, (1 +&C(t, X))z + &((t, X)).

It is easy to check that 37 is a homeomorphism that maps S exactly into £25. We now include
)¢ into a fixed strip S*:

Proposition 5.3.8 With the notations of Theorem 5.B.1, there exists a strip Sy, which does not
depend either in € or t such that:

Vo<t <

o |~

s Qi CSk.
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Proof Proposition 5.3.5 gives that:

T
[0; =] xRY >R
e

(t,X) — 1+e((t,X)

is (in particular) in C(]0; %],H 2(R4)) with a bound uniform in . The continuous embedding
H?(R?) < L*(RY) for d < 2 gives the desired result.  [J

Now, with the uniform (with respect to ¢, X, e) bound of {(¢, X), it is easy to check that all strip
S; is mapped by X7 into a strip Si:

T
VjeN* 3keN*, Vie[0, 7], Ve<1E(S))c Sk

Definition 5.3.9 Let k,l,j be such that:

S cS;

QFf © Sk for all t, e

S € Ei(S;) for all t,e
Sk € X5(8)) for all t e

We denote S, = S*, & the extension of ¢ provided by theorem 5.B.1 into S;, ® = ¢ o (Zf_l) and

D =cgpo ().
® is the potential on the domain 2f, while ® is an extension into the fixed strip S*.

Remark 5.3.10 The purpose of this definition is to have a distribution ® extending ® and defined
on a flat strip Si,. We therefore extend ¢ to S;, and ® = ¢ o (2571 is then defined on Sy, (since it
contains X5 (S;)) which also contains Q. The fact that we need to use three strips instead of two is
purely technical (see later the proof of Proposition 5.3.11).

5.3.4 Regularity after diffeomorphism
We now need to recover regularity for ®.
Proposition 5.3.11 Using the notations of Definition 5.8.9, let ¢ be a distribution on [0; %] x S
with the following regularity:
. T
VOSk<SN—1, 0FVAY¢e L7((0;=); HN-F-1/2N-k=1(g))
€

with a Cy bound. Let gz~5 be an extension of ¢ on the strip Sy, and & = (;30 Effl. Then, we have, for
allk < N —1:

0){cvu,'y(i) c L‘/“‘((O; Z);HN—k—l/Q,N—k—l(S*)
€
with a Cy bound.

The proof is postponed in Section 5.B for the sake of clarity.

5.3.5 Craig-Sulem-Zakharov formulation to Euler formulation

We now build solutions to the free surface Euler equation (5.1.7) from the potential ® introduced
before. We first prove that ® satisfies the Bernoulli equations on the domain €. One considers the
following distribution of D’((0; L); S*):

_ 1
0B + S|VIIB2 4 22,
2 €

which exists in L*((0; £); HN-1/2N-1(8%)).
Let us consider a measurable function F of the variable ¢, such that for almost every ¢ € (0; %),
F is equal to this quantity. For almost every ¢, F is an element of HN~Y/2N=1(S*)) which trace
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on the boundary z = ¢ of ) is equal to zero (this statement implies the second equation of the
Craig-Sulem-Zakharov formulation (5.3.49)). For a complete and rigorous proof of this statement,
see [3]. In particular, for almost every ¢, F' is equal to an element of

Hy NS =S\ = <Yy

HN—1/2,N—1(S*)'

We denote this element ——P Of course, P corresponds physically to the pressure. We can
rewrite this as the Bernoulli equatlon

- ~ 1 1
0 + S|V 4+ 2z = —P (5.3.54)
g g

in D'((0;
set, of (0;

); %), where ((0; £); Q5) = {(t, X, 2) € (0; L) x 8*, (X, 2) € QF} (note that this is an open
) x 8*).

) |>ﬂm |’ﬂ

Remark 5.3.12 [t is easy to deduce from the Bernoulli equation (5.3.54) that for all k < N,

T

¢ P e L7((0; - HN k12N k=1 g¥)

with a bound uniform in €.
Now, defining U = VAP, we have immediately

( 1 1 T

OV +e(V -V wd)V =~ P in D((05 1) %)
I

€
1 1 T
é’tw+5(V-V7+;wﬁz)w = —E(ﬁzP-l-l) in D’ ((0; ),Qf)
0t +eV -V7( — lw =0 in D'((0; g);Rd) (5.3.55)
W

VY (U) =0 in D'((0; £); 95)
curl7(U) = 0 in S*
(U-n=00nz=—-1+pb

Remark 5.3.13 - The third equation of the Euler system (5.3.55) is just the first equation of the
Zakharov-Craig-Sulem equation.

- Note that the reqularity of U = V*® is given by Proposition 5.3.11
5.4 The non strong convergence from Euler to rigid-lid

We now have a proper set of solutions (U¢, (¢, P?) to the free surface Euler equations (5.1.7), defined
in the following spaces:

V<N —1, 0fU® e L*((0;L); HN-h-1/2N-k=-1(5%))
k<N 1, okt e L7([0; L]; HY-F(RY)) (5.4.56)
Vk< N 1 aécPEEL/([ ] HN k—1/2,N—k— 1(8*))

with bounds uniform in € of the form C(EV (¢, 1), h ' L), In order to prove the weak convergence
to the solutions of the rigid lid model, we need to prove some compactness results in the Beppo-Levi
spaces in order to extract a convergent sub-sequence of solutions.

5.4.1 Compactness result

We recall that A cc B means that there exists a compact K such that A ¢ K ¢ B.

Lemma 5.4.1 Let k > 1. We have the following compact embedding:

HM(S*) c HEZVFH(S8*) vi<k<s

loc loc
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Proof The proof remains the same as for the Rellich-Kondrachov theorem, in the case of Sobolev
spaces (see [14]).

Let w cc S8*. 1) We first show the compact embedding of H*!(w) into H* *%(w). We write,
for h = (hn, hs) € R x RY, || < d(w, (S*)F) and u € C* (S%):

J [(A* ) (X — hy, 2 — ho) — (A 1u)(X, 2)|?d X dz
¢ 1
< f | J (Vx A*u)(X —thy, z — thy).(hy, he)dt|?*d X dz.
w 0
We now use Jensen’s inequality to write:
J |(A*tu)(X — hy, 2z — he) — (A 1u)(X, 2)|?dX dz

1
< J J IVx A" u(X, 2) b2 dtd X d=
s* Jo
< |u|%[s,1(5*)|h|2
and the result stands true for all u € H*1(S*) by density of C*(S*) in this space.

It follows from the theorem of Riesz-Frechet-Kolmogorov that if (u,), is bounded in H*1(S*),
then (A*~'u,),) is precompact in L*(w). Such result is true for all w cc S* and therefore, by a

diagonal sub-sequence argument, one proves the compact embedding H, O’Cl (8*) into H, fozl’O(S ).

2) For the general case, let k € N* and s > k, let (uy,),, be bounded in H***1(S*) with s > k+1.
By the definition of Beppo-Levi spaces (recall Section 5.1.5), to prove the convergence of a sub-
sequence in Hlsozl’k(S*), one must prove the existence of a sub-sequence (u,(,)), such that for

all 0 < I < kK, the sequence (%U@(n))n converges in L7 ((—(k + 1), k), H3 "' (R?)) (recall that

loc

S* = (—(k +1);k)). From the case k = 1, there exists u € L?(S*) and a sub-sequence (Up(n)),,

2

convergent to u in Lj .

(8*). In particular, (6iu¢(n))n is convergent to 0lu in D’(S*). But one has
also (0Luy(n), € H*"HF+171(S*) and therefore this sequence converges, up to a sub-sequence, in
L} ((—=(k 4+ 1), k), HE 7Y (R%)), since k + 1 —1 > 1. By uniqueness of the limit in D’(S*), the limit

; loc
is 0L u.

5.4.2 Extraction of a convergent sub-sequence for U®
We now perform the rigid lid time scaling:
t'=et

and the change of unknown P’ = % (P + z). We now have

U® € L7((0:T); HY V2N 7H(S*) M) (= e L7((0;T); HY (R))
and the following equations are satisfied:
(Ve (ve v+ %wsaz)w e A (R
ow® + (VE-V7 + %weﬁz)we = —é(é’ZPE) in D'((0;7); Q)
0T+ VE -V — %wg =0 in D'((0;T); RY) (5.4.57)

JE
VHEY - (U€) =0 in D'((0;T); %)

curl®7(U¢) =0 in S*
Us-n=0onz=-1+4+pb

\

We now prove the following Theorem:
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Theorem 5.4.2 There exists U, P, distributions of D'((0;T); Q) such that
Ue HN73/2’N72(S*), Ue HN75/2,N73(S*),< c HNfl(Rd)

are solutions in the distributional sense of D'((0;T); ) of the rigid lid equations (5.1.8). Moreover,
the solutions of (5.4.57) converge in the distributional sense of D'((0;T); Q%) to these solutions of
the rigid-lid equation 5.1.8. The convergence of (U®). is not strong in L ((0;T); L*(Q2)).

By Lemma 5.4.1, there exists U5 € HY3/2%N=2(S8*) such that (U%). converges up to a sub-
sequence to U in H~/*N=2(S*). Moreover, since (U¢). € L*((0;T); HN=1/2N=1(§*)d+1) one

loc

has also U € L”((0;T); HN3/2N=2(§*)d+1), Therefore, (U¢). converges up to a sub-sequence to U
in D'((0;T); S*). Therefore, (0:U%). converges (up to a sub-sequence) to ¢;U in D'((0;T); S*).

In view of taking the limit as € goes to zero in the first equation of (5.4.57), one must prove
the convergence of the non-linear terms. We do it for the term V¢ - VYVe. One uses the following
estimate, which proof can be found in [37] Corollary B.5.

|fg|HN—3/2,N—2 S C|f|HN—1/2,N—1 |g|HN—3/2,N—2

for all N — 2 > d/2 (which is true for our choice of N, since N —2 > to + 3/2 > d/2). Such estimate
proves that V- V7V e L HNV—3/2N=2 and therefore one has the convergence of this term (up to a
sub-sequence) as € goes to zero, in D’((0;T); S*). It proves, using the equation (5.4.57) that (V7 P¢).
converges in D’((0; T); S*) to an element G. By De Rham’s Theorem, there exists P € D'((0;T); S*)
such that G = VY P. The same study can be done for the second equation of 5.4.57 and one obtains,
passing to the limit as € goes to zero:

1
oV +(V-V7+ pwaz)v =-V'Pin D'((0;T);Q)
1 1
orw~+ (V -V + ;waz)w = —E(GZP) in D'((0;7); Q2
with U = (V,w) € L*((0; T); HN_3/2’N_2(S*)d+1, VHTP e L*((0;T); HN_5/2’N_3(S*)d+1.

We now pass to the limit in the third equation (on (¢) of (5.4.57). The same reasoning as before
proves that ((%). converges up to a sub-sequence to a ¢ € H¥N"1(RY) in H . '(R%). Therefore,
the same convergence occurs in D'((0;7T); 8*), and (¢¢). converges up to a sub-sequence to 0;¢ in
D'((0;T); S*). We prove as before the convergence of the bi-linear term (V°-V7¢¢). in D’((0; T); S*).
Multiplying the third equation of 5.4.57 by 2, one finds at the limit the following equation:

w =0in D'((0;T); Q3).
Finally, one obtains at the limit € goes to zero, the following equations:
( 1
6tV + (V - V'y + pwaz)V = —V’YP in Q

ow+ (VE-V7 + lwé’z)w =—(0,P) in
W

Tw=0

VY .U =01in Q
curl(U) =0 in Q
kU-n=0f0rz=—1+ﬂb

and the study above prove the following regularity for the unknowns: U € HN=3/2N-2(§*) yvr1p e
Ue HN-5/2N=3(8§%) ¢ e HN-1(R%). The sequence (U¢). does not converge in L*((0;T); L?(%).
Indeed, it would imply the strong convergence of B¢ in L?(R%) which is not satisfied, according to
Theorem 5.2.6. O

5.A The Dirichlet Neumann Operator

Here are for the sake of convenience some technical results about the Dirichlet Neumann operator,
and its estimates in Sobolev norms. See [37] Chapter 3 for complete proofs. The first two propositions
give a control of the Dirichlet-Neumann operator.
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Proposition 5.A.1 Let to>d/2, 0 < s <ty +3/2 and (¢, B) € H*' n H*TV/2(R%) such that
Jho > 0,¥X e R, e¢(X) — Bb(X) +1 = hy
(1) The operator G maps continuously HT1/2(R%) into H5~Y2(R%) and one has
(GO ro1r < MM (s + 1/2) B -,

where M (s 4+ 1/2) is a constant of the form C’(hio, [C| freo+1, [b] Freo+1, |€ Het1/2).
(2) The operator G maps continuously H**'(R%) into H*~'/2(R%) and one has

|G

where M (s + 1) is a constant of the form C(hio, [C] greo+1s 10| Ereo+1s |l rosay |b| prs+r)-

Moreover, it is possible to replace G by w in the previous result, where w = G’f—j:é% (vertical

Hs+1/2, |b

ge—12 < pM (s + 1) B ge 10,

component of the velocity U = Vx ,® at the surface).
Proposition 5.A.2 Let tg > d/2, and 0 < s < tg + 1/2. Let also (,be HTY(R?) be such that
Jho > 0,VX € R, 1+ ¢(X) — Bb(X) = ho
Then, for all 11, v € HFY2(RY), we have
(A*Gp1, Atpa)a < pMo| Bt |ms [Biba| b,
where My is a constant of the form C(hio, [C| frto+1, |B] Freo+1)-

The second result gives a control of the shape derivatives of the Dirichlet-Neumann operator.
More precisely, we define the open set T' = H*oT1(R%)? as:

T'={T=(¢b) e H*TY(RY)?  3Ihy > 0,YX e RY e¢(X) + 1 — Bb(X) = ho}
and, given a ¢ € Hs+1/2 (R9), the mapping:

T N Hs—l/Q(Rd)
I'=(C,b) —> GleC, b

We can prove the differentiability of this mapping. The following Theorem gives a very important
explicit formula for the first-order partial derivative of G with respect to (:

Gle-, 3] (5.A.58)

Theorem 5.A.3 Let to > d/2. Let T = (¢,b) € T and ¢ € H32(RY). Then, for all h € Hio+1(R?),
one has
dG(h)y = —eG(hw) —epV7 - (hV),

with
Gy +epuVr(- V7

L+e2pu[ Vg

and V. =V —ewV7(.

w:

The following result gives estimates of the derivatives of the mapping (5.A.58).
Proposition 5.A.4 Let tg>d/2, 0 < s <to+1/2 and (¢, ) € HF(R?) such that:

Jho > 0,¥X e R, e¢(X) — Bb(X) +1 = hyg
Then, for all 11,15 € HSTY2(RY), for all (h, k) € HoT1(R?) one has
] J
(A G (h, k)ipr, A2)| < Mo [ T 1(homs Bhim) | greo+1 [Be1 |5 Bebal s,
m=1
where My is a constant of the form C(hio, [€] g0+, |0 Freo+1)-

The following Proposition gives the same type of estimate that the previous one:
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Proposition 5.A.5 Let ty > d/2 and ((,b) € H*! be such that
Jho > 0,¥X € R, eC(X) — Bb(X) +1 = hy.
Then, for all 0 < s <tg+1/2,

J
|dJG(h,k/’)’lb|Hs—1/2 < M0M3/4 1_[ |(€hm;6km)|Hto+1|mw|H5

m=1

We need the following commutator estimate:
Proposition 5.A.6 Let ty > d/2 and (,be H*"2(R?) such that:
Jho > 0,¥X € R, e¢(X) — Bb(X) +1 = hy

For all V. € Ho T (RY)? and u e HY?(R?), one has
1
(- V), ;GU) < M|V [Pul3,

where M is a constant of the form C(hio, €] g0 +2, |0 reo+2)-

In order to have regularity estimates of the potential @ (recall that it solves the Dirichlet-Neumann
problem (5.1.4)), we need to introduce the following mapping;:

Definition 5.A.7 Let ty > d/2.
(1) We denote by T' c Hto+1(R?)? the open set:

T'={I=(¢b)e HoPY(RYD2,  3he > 0,YX e RY, e¢(X) +1 — b(X) = ho}
(2) One can define, for all 0 < s < to + 1/2 and ¢ € H**Y2(R) a mapping Ay as

r — Hs+18

Qlw:FH(I)F

where ®r is the unique variational solution to (5.1.14).

One can prove the analicity of 2, which means that the solution ¢r of (5.1.14) is analytic with
respect to the boundaries. The following result then gives some estimates about the derivatives of
the mapping 2y

Proposition 5.A.8 Let tg > d/2 and 0 < s < tg +1/2,¢ € H*t'/2(R%), and T' = ((,b) e T'. For all
jeN and (h,k) = (h1,....,hj, k1, ..., k;) € Ho L (RY)2 one has

J
AV @Iy (D) (hy k)2 < /Mo [ | 1(hams Bl ) g0+ |99 e,
m=1

where My is a constant of the form C(hio, [C] g0+, |0 oo+ )-
If s = to + 1/2, then the same estimate holds on ||[V*7d? Uy (T)(h, k)|| greo+1/25(s) for k < to +1/2.

In Proposition 5.A.8 below, we need at least the H**+1/2-norm of the component (h, k), even if s = 0.
The following proposition allows to relax this constraint, by using only the H*+1/2 norm of the first
component of (h, k).

Proposition 5.A.9 Letty > d/2 and 0 < s < tg,1) € HF/2(R?), and T = (¢,b) e T. For all j € N
and (h,k) = (h1,..., hj, k1, ..., k;) € HoFH(RY)2, one has

J
werrz | | 1Ehmy Bm) o+ B greorive,

m>1

[TV Uy (D) (R, k)2 < /Mol (eha, Bk1)

where My is a constant of the form C(hio, €] g+, |b] Freo+r)-
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5.B Extensions on Beppo-Levi Spaces

This section contains proofs of the existence and regularity of extensions used in Section 5.3.

Theorem 5.B.1 Let s € R* and k € N. Let us denote S; = (—(j + 1),j) x R? for all j € N. Then,
there exists an extension

HA(S) — HH(S))

u — Pu

P
such that:
Yu e Hs’k(SO), |U|Hs,k(sj) < C(k,j)|u|Hs,k(50) (5.B.59)
where C(k,7) only depends on k and j.
Proof We first construct an extension to H**((—1,1) x R9).

The proof requires a small adaptation from the case & = 1 which is proved in [14]. When k = 1,
u is extended by reflection:

- u(X, 2) Vze (—1,0)
“(X’Z)={ w(X,—z)  Vze(0,1).

But such extension @ is indeed in H*'(S;) but is not in general in H*?2(S;) since derivatives in
z of 4 differs for z = 0:
0.u(X,0%) # —0,u(X,07)

We should therefore define an extension which derivatives of order 7 < k — 1 have the same value in
0" and in 0. We are looking for an extension under the form:

w(X,z) Vze (-1,0)
Pu(X,z) = _
ux ) { S cu(X, —az)  Vze (0,1).
The condition over the o; and ¢;, 0 <@ <k —1is:

k—1
VO<j<k—1, D ci(—) dlu(X,07) = dJu(X,07)
1=0

ie. Z?:o ¢i(—a;)? = 1. We should therefore find (co, ..., cx—1) and (ap, ..., ax—1) such that:

1 1 Co 1
_al PR _ak71 E E

(—a1)? o (moga)? = (5.B.60)
Ck—1 1

which is a Vandermonde system. It suffices to take the «; distincts, non zero, and taken in (0, 1) in
order for u(X, —«;z) to make sense. Then the ¢; are defined as solutions of the Vandermonde system
(5.B.60).

Now, let us prove that such defined extension Pu maps continuously H*!(S;) into
H*1((=1,1) x RY).

1) Case u e C*(Sp)
It is clear that Pu is measurable. Let us check that it is L2((—1,1), H*(R?):

0 1 k-1
A% |u(X, 2)|?dX dz + j f A?S] Z ciu(X, —a;z)*dX dz
0 Jrd

1
j A% |Pu(X, 2)|?dXdz = f
—1 JRd =0

—1 Rd
k—1 2

0
cl S
< Julfon(1,0yxmey + ), f fRd A*lu(X, z)PdX dz
=0 Qi

Qg

< Cklu

2
Hek((—1,0)xRd)"
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The first inequality is Cauchy-Schwarz’s inequality. The constant Cj only depends on k. Now, let
us check that Pu is H*9((—1,1); H*=**J(R%)) for all 0 < j < k. Let ¢ € Cf((—1,1) x R%). One
set j such that 0 < j < k, and computes ¢ (Pu) in the distributional sense of D'((—1,1) x R%):

f JRd u(X, 2)2 (X, 2)dX dz = JO JRd u(X, 2)2 (X, 2)dX dz
* f JR >, cu(X, —aiz)dlp(X, 2)dX dz
= J‘i fRd(_l)jaiu(X, 2)p(X, z)dX dz

Jj—1
+ Z(—l)j—l—lf Iy (X, 0)0 (X, 0)dX dz
Rd

+L fn«d(_ly ZE) ci(—0q) (0lu)(X, —0iz)p(X, 2)dX dz
+§:(_1)le ci(=oa) Ol (X, 0)2Lp(X, 0)dX dz

by integrating by parts, (recall that u € C*(S;)). Note that these calculus does not make sense for
u e H**(Sp) since ¢ is not in CF (Sp).
Since we have the identity

k—1
VO <j<k—1,), ci(—a;) du(X,0) = du(X,0)
i=0
the two integrals over R? cancel one another. Therefore, we have:

fll J]Rd u(X,2)0lp(X, 2)dXdz = JO fRd(—l)jagU(X,z)sD(X,z)dXdz

f fRd 2 ci(oa) (0u) (X, —aiz)p(X, z)dX dz (5.B.61)

which prove that
L(Pu) = (1 — sgn(2))2u(X, 2) + (1 + sgn(z Z Tu)(X, —aiz)

on D'((—1,1) x RY), with the notation sgn(z) = 1if 2 > 0 and sgn(z) = —1if 2 < 0. It is then quite
easy to check that ¢(Pu) e H*7((—1,1); HS *+J (Rd) (proceed as for case j = 0) with

|PU|Hk—j((,111);Hs—k+j (Rd) S Cy |U|Hk—j((,110);Hs—k+j (R4) (5.B.62)

2) Case u € H**(Sp)

By density of C*(Sy) in H**(Sy), it is easy to check that (5.B.61) stands true in H**(Sy), and
the result is proved, with the control (5.B.62).
We can construct by exactly the same way an extension of u € H**(Sp) into H**((—2,0) x R?) and
then combine the two extensions to have an extension to H**(S;). By the same way it is easy to

construct the extension into H**(Sy). Finally, the main of the theorem is proved, with the control
(5.B.59). [

Proposition 5.B.2 Using the notations of Definition 5.5.9, let ¢ be a distribution on [0;Tp] x S
with the following regularity:

VO<S k<N, 0FVAIge L7((0;Ty); HNF-1/2N-k=1(8))
Let gz~5 be an extension of ¢ on the strip S;, and ® = g?)o Eiil. Then, we have, for all k < N
PV D e L7 ((0;Tp); HN-F-1/2N=k=1(g*)

with a bound uniform in t and .
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Proof The proof consists in proving that if © is a function defined on [0; Tp] x S*, with § = © o X5
such that: .
Vk < N,0f0 € L™ ((0; Ty); HN FH1/2Nk(S7))

then we have the same regularity for O:
Vk < N,0FO e L*((0;Tp); HN F+1/2N =k (gx))
with a control of the norm:
|0F Ol Lo 01y )s v —r+172.8v =1 (5y) < ClOFO] Lo (057 )3 N =k +1/2.8—k (7)) (5.B.63)

where C' does not depend on ¢.
Let us do it by induction on k. The induction hypothesis is the following:
"For all N € N and 6 € L™ (0; Tp; HN+Y/2N(87)) if © = 0 0 X5 !, then we have:

65@ € LI(O’ TO, HN7k+1/2’N7k(S*))
with a control
|af@|Loo((O;TO);HN7k+1/2,N7k(S*)) < C|aé€9|Lm((o;TO);HN—k+1/2,N—k(Sj)) (5B64)

where C' does not depend on &"

k=0

Let us prove that © € L*(0; Ty, HN+1/2:N(S*)). We are using the following characterization of
HN +1/2 (Rd):

DVu(a) - DVu(y)P
|U|HN+1/2(]Rd) |u|HN(]Rd f J]R'i |1. _ y|2 (1/2+d/2) dxrdy

Let first prove that © € L*((0;Ty); L?(—(k + 1); k), HN+1/2(R%)) with the control (5.B.64) by
induction on N. Let the induction hypothesis be:
"For for all @ € L™ ((0;To); L2(—(1 + 1);1), HN*Y2(R%)),if © = # 0 ¢ ' then we have:

© & L7((0 To)s L*(=(hk + 1); k), HN T2 (RY))

with a norm control such as (5.B.64)"
For N = 0, we need the previous characterization of H/?(R%):

O(X,z) —O(Y, 2)|?
f f f | ) 2 1/2(+d/2))| dXdYdz
R JRa (k+1) |X — Y|

e—1 _ e—1 2
R4 JRE J—(k+1) |X - Y|2(1/2+d/2)

k)z |9XU 9025 1(YU)|
- Jse (X)|dXdYd
Lf (—(k+1))- J]Rd JRd | X —Y|2 (1/2+d/2) | E( )] U
10(X,u) — 600X (Y, u)|?
e dXdYd
f (z+1) fRd fRd X — Y P0/2+d72) |5 (X)) u
6(X,0) = (Y, )P
(Y)|dXdYd
J;Df ~1(—(1+1)) J;m _[]Rd | X — Y |2(1/2+d/2) [z ()17 (V)] v

10(X, v) — (Y, v)|?
J(ﬁ—l J]Rd J]Rd |X — Y [2(/2+d/2) |[Js: (X)|[ T (V) |[d X dY dv
< ClO] L ((0i1); 1120 (7))

with C' uniform in e. We used the change of variable (X, z) = £5(X,u) and (Y, u) = (Y, v) in the
integrals. The first inequality comes from S¥ < ¥5(S'). The last comes from S' < ¥5(S7).
Suppose the result true for N — 1 with NV > 1. Let prove it for N. We have:

— &
Vx.0 = Vx,. (00X, 2 5))
B

z—eC z—eC z—eC
I )+VX,z(K)(az9)(X, I )

= (Vx.:0)(X
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We have (Vx_.0) € L*((0;Ty); L?(—(k 4 1); k), HN=1*1/2(R%)), so by induction hypothesis, this
term is controlled. For the latter one, just remark that VX,Z(%) € H%(R?) , so with classical
product estimates:

k
z—&( z—&(
[ 920000 S B v
—(k+1) hp hi

l
z—¢&( z—&(
<[ T i OB, S By
—(1+1) B B

k
z—&¢
<O OO I B ds
—(k+1) B

= C|(629) o E§71|L2((_(k+1);k);HN—1+1/2(Rd))
< C10:01 2~ nyy v -1172 ()
S C10:012((— (g 1ys9) v =142 ()

using the induction hypothesis and S; € S;. The constant C' does not depends either on ¢ or ¢, so
the result is proved.

2) Now, suppose this result is proved for k — 1, with k > 1. Let prove it for k. We write:

at(_) = ate(taXa = EC)
hs
_ z—&( z—&( z—&(
_(0t9)(taXa hB )+0t( hB )(aze)(taXa hB )

Since ;6 is L*(0;t0); HN ~1+1/2N-1(R?) by induction hypothesis the (k —1)—th time derivative of
the first term of the r.h.s. is controlled as in (5.B.64).

The same argument stands for (0,0)(¢, X, zl;zc) The term é’t(%) is harmless, since it is in

L7((0;Tp); HN-1+1/2.N=1) with N —1 > t0, so standard product estimates in Sobolev spaces will
finally give the control of the second term of the (k — 1)—th time derivative of the r.h.s. O
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5.B. EXTENSIONS ON BEPPO-LEVI SPACES

Index des notations

Notations générales

d désigne la dimension de la surface (on a d =1 ou 2).

la] = Z;l:l a; pour tout vecteur o = (a;);-1.4 € N%.

(A)s~, vaut A si s > r et 0 sinon, pour tous réels A, s, r.

a v b = max(a,b) pour tous réels a,b.

Q; désigne le domaine occupé par le fluide & un instant ¢ € R,

S désigne en général la bande S = {(X,2) e R x R, —1 < z < 0}.

T c H'*2(R%)? désigne I’ensemble des couples (¢, b) tels que XiIeléd(l +¢e¢ — Bb)(X) > 0.

YT est une extension régularisée de ¢ (voir (4.3.45)).

" désigne 'extension harmonique de v (voir section 4.3.2).

Variables et opérateurs

X € R désigne la variable horizontale.

z désigne la variable verticale.

V =%0;,0,)sid=2et V=20,sid=1.

A=02+0;sid=2et A=02sid=1.

Vx,. désigne le gradient en dimension d + 1 par rapport aux variables X et z.
curl désigne le rotationnel en dimension d + 1.

div désigne la divergence en dimension d ou d + 1.

V- désigne la divergence en dimension d ou d + 1.

0% = 091...0%¢ pour tout vecteur o = (a;)i = 1..d € N,

F désigne la transformée de Fourier.

f désigne la transformée de Fourier de f pour toute distribution tempérée f.

D= %V et pour toute fonction f & croissance polynomiale, f(D) est I'opérateur différentiel
vue S'(RY),¥¢e R, (D) = [(£)a(®).

A = (1 4+ |D7|?)'/? est une dérivée fractionnaire.

Quantités dépendant de paramétres

1, €,7, B, Bg : voir introduction du Chapitre 2, paragraphe "Dimensionless equations"

V7, VY ARY curl®? : voir Section 2.1.3.
| D7

¥ = @ gmp

G,G,G,  : opérateur de Dirichlet-Neumann (voir aussi Section 2.1.3).

w,V : composantes respectivement horizontales et verticales de la vitesse évaluée a la surface.
C(a)»Y(a) : bonnes inconnues d’Alinhac (voir (2.2.14)).

Moy, M, M(s) : voir 4.3.41.
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Espaces fonctionnels

e D'(Q) désigne I'espace des distributions sur 2, pour tout Q = R9.
e S’(RY) désigne I’espace des distributions tempérées sur R,

e L2(Q) désigne I'espace de Lebesgue sur 2 associé & la norme
Sl = ([ I Pary
Rd

o L7(Q) designe I’espace de Lebesgue sur Q2 de la classe des fonctions vérifiant | f|,, = supesspa [f| <
0

o WHO(RY) = {f & L*(RY), | fly. < o0} ot

flwee = D5 10% .

lal<k

o H*(R9) est I'espace de Sobolev sur R¢ associé & la norme

|/

g = |A°f|e.

. H(Rd) est I’espace de Beppo-Levi sur R?, voir Section 2.1.3.
e H*k(R%) : voir Section 2.1.3.
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