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♠ ❡tr✐❝ ❆✈❡r❛❣❡ |♦✉❣❤ 
  

✶ ▲✐st ♦❢ ❱❛r✐❛❜•❡s ❛♥❞ ❆❜❜r❡✈✐❛t✐♦♥s ❆ ❆❜s♦r♣t✐♦♥✴❆❝❝❡♣t♦r✴❆♥♦❞❡ ❆❜• ❆❜•❛t✐♦♥ α ❱✐s✐❜•❡ ❆❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ❆✴❉ ❆❝❡❡♣t♦r✴❉♦♥♦r ❆❋▼ ❆t♦♠✐❝ ❋♦r❝❡ ▼✐❝r♦s❝♦♣❡ ➴ ❆♥❣str♦♠ ❆❣ ❙✐•✈❡r ❆❣◆❲ ❙✐•✈❡r ◆❛♥♦✇✐r❡s ❆• ❆•✉♠✐♥✉♠ ❆• 2 ❖ 3 ❆•✉♠✐♥✉♠ ♦①✐❞❡ ❆▼ ❆✐r ▼❛ss ❆✲•◆|s ❆r♠❝❤❛✐r •r❛♣❤❡♥❡ ◆❛♥♦r✐❜❜♦♥s ❆❚❖ ❙❜✲❞♦♣❡❞ ■❚❖ ❆✉ •♦•❞ ❆)❖ ❆•✉♠✐♥✉♠✲❞♦♣❡❞ )♥❖ ❇❈P ❇❛t❤♦❝✉♣r♦✐♥❡ ❇❍❏ ❇✉•❦ ❤❡t❡r♦•✉♥❝t✐♦♥ ❇▲• ❇✐ •②❛❡r •r❛♣❤❡♥❡ ❈ ❈❡♥t✐❣r❛❞❡✴❈❛t❤♦❞❡✴❈❛r❜♦♥ ❝ ❝♦♥❝❡♥tr❛t✐♦♥ ❈❛ ❈❛•❝✐✉♠ ❝✳❛✳ ❝✐r❝❛
❡❱ ❊•❡❝tr♦♥ ❱♦•t ❋❊❚ ❋✐❡•❞✲❡✛❡❝t tr❛♥s✐st♦r ❋ ❋•♦r✐♥❡ ❋❋ ❋✐•• ❋❛❝t♦r ❋▲• ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ❋❚❖ ❋•✉♦r✐♥❡✲❞♦♣❡❞ ❚✐♥ ❖①✐❞❡ ✸ ❋❲❍▼ ❋✉•• ✇✐❞t❤ ❤❛•❢ ♠✐♥✐♠✉♠ •▼❊ •r❛♣❤❡♥❡ ♠❡s❤ ❡•❡❝tr♦❞❡ •❖ •r❛♣❤❡♥❡ ❖①✐❞❡ • o ❈♦♥❞✉❝t❛♥❝❡ q✉❛♥t✉♠ •P❛ •✐❣❛ ♣❛s❝❛• •❋❡❚❈s •r❛♣❤❡♥❡✲❢❡rr♦❡•❡❝tr✐❝ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ❡•❡❝tr♦❞❡s •r❛❍❊▲ •r❛♣❤❡♥❡ ❍♦•❡ ❊①tr❛❝t✐♦♥ ▲❛②❡r •❚❈❊s •r❛♣❤❡♥❡✲❜❛s❡❞ ❚r❛♥s♣❛r❡♥t ❈♦♥❞✉❝t♦r ❊•❡❝tr♦❞❡s •❚❈❋s •r❛♣❤❡♥❡✲❜❛s❡❞ ❚r❛♥s♣❛r❡♥t ❈♦♥❞✉❝t♦r ❋✐•♠s •)❖ •❛••✐✉♠✲❞♦♣❡❞ )✐♥❝ ❖①✐❞❡ ❍❊▲ ❍♦•❡ ❊①tr❛❝t✐♦♥ ▲❛②❡r ❍ 2 ❖ ❉✐❤②❞r♦❣❡♥ ▼♦♥♦①✐❞❡ ✭❲❛t❡r✮ ❍❖▼❖ ❍✐❣❤❡st ♦❝❝✉♣✐❡❞ ♠♦•❡❝✉•❛r ♦r❜✐t❛• ❍❖P• ❍✐❣❤•② ❖r❞❡r❡❞
❑ ❦❡•✈✐♥ ❦ ❦✐•♦ ❦ B ❇♦•t③♠❛♥✬s ❝♦♥st❛♥t ▲ ▲❡♥❣t❤ • ❡•❡❝tr♦♥ ♠❡❛♥ ❢r❡❡ ♣❛t❤ ▲❇▲ ▲❛②❡r ❜② •❛②❡r ▲❇✲r•❖ ▲❛♥❣♠✉✐r➶➢ ❇•♦❞❣❡tt✲r❡❞✉❝❡❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ▲✐❋ ▲✐t❤✐✉♠ ❋•✉♦r✐❞❡ ▲❊❉ ▲✐❣❤t ❡♠✐tt✐♥❣ ❞✐♦❞❡ ▲♦❣ •♦❣❛r✐t❤♠ ▲P❊ ▲✐q✉✐❞ P❤❛s❡ ❊①❢♦•✐❛t✐♦♥ ▲P❊✲• ▲✐q✉✐❞ P❤❛s❡ ❊①❢♦•✐❛t✐♦♥ •r❛♣❤❡♥❡ ▲r•❖ ▲❛s❡r✲r❡❞✉❝❡❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ▲❯▼❖ ▲♦✇❡st ✉♥♦❝❝✉♣✐❡❞ ♠♦•❡❝✉•❛r ♦r❜✐t❛• ▼ ▼❡❣❛ ♠ ♠❡t❡r ▼❣ ▼❛❣♥❡s✐✉♠ ♠❣ ♠✐••✐❣r❛♠ ♠✐♥ ♠✐♥✉t❡✴♠✐♥✐♠✉♠ ♠▲ ♠✐••✐ •✐tt❡r ▼■▼ ▼❡t❛• ■♥s✉•❛t♦r ▼❡t❛• ▼▲• ▼✉•t✐✲•❛②❡r ❣r❛♣❤❡♥❡ ▼♦❖ 3 ▼♦•②❜❞❡♥✉♠ ♦①✐❞❡ ✺ ▼PP ▼❛①✐♠✉♠ ♣♦✇❡r ♣♦✐♥t µ ♠✉ ✭♠♦❜✐•
❍♦✇❡✈❡r✱ t♦ ❜❡ ❢✉••② ❝♦♠♠❡r❝✐❛•✐③❡❞✱ ❣r❛♣❤❡♥❡ ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞s ❤❛✈❡ t♦ ❜❡ ♦♣t✐♠✐③❡❞ ❢♦r •♦✇ ❝♦st ❛♥❞ ❤✐❣❤ q✉❛•✐t② ❣r❛♣❤❡♥❡ ✜•♠s ♦♥ ❛ •❛r❣❡ s❝❛•❡✳ •❚❈❋s ❛r❡ ♣r♦♠✐s✐♥❣✱ ❡♥✈✐r♦♥♠❡♥t❛••② ❢❛✈♦r❛❜•❡ ❛♥❞ ✢❡①✐❜•❡ ❛•t❡r♥❛t✐✈❡s ❢♦r ❚❈❊s t♦ r❡♣•❛❝❡ ■❚❖✳ Pr✐st✐♥❡ ❣r❛♣❤❡♥❡✱ st❛❝❦❡❞ ❋▲•✱ ❞♦♣❡❞ ❣r❛♣❤❡♥❡ ❛♥❞ r•❖ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ ❣r❛❞✉❛• ✐♠♣r♦✈❡♠❡♥t ✐♥ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ❚❈❋s ✐♥ ♣♦•②♠❡r ❛♥❞ s♠❛•• ♠♦•❡❝✉•❡ ❖❙❈s ❛s ❜♦tt♦♠ ❛♥❞ t♦♣ ❡•❡❝tr♦❞❡s✳ ❇❡st ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❡r♠s ♦❢ P❈❊ ✐s ❞❡♠♦♥str❛t❡❞ ❢♦r ❞♦♣❡❞ ❈❱❉ ❣r❛♣❤❡♥❡✱ ✇❤❡r❡❛s •❛r❣❡ q✉❛♥t✐t② ❣r❛♣❤❡♥❡ ✇✐t❤ ❝♦♠♣r♦♠✐s❡❞ ♠❛t❡r✐❛• ♣r♦♣❡rt✐❡s ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ ▲P❊ ♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ ❢✉t✉r❡ ♦❢ ❣r❛♣❤❡♥❡ ❚❈❊s ✐s ♣r♦♠✐s✐♥❣✱ ❛s ❢✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞s✱ ❞❡♣♦s✐t✐♦♥ ❛♥❞ ♥♦♥✲✈♦•❛t✐•❡ ❞♦♣✐♥❣ t❡❝❤♥✐q✉❡s ❝♦♥t✐♥✉❡ t♦ ✐♠♣r♦✈❡ t❤❡ ♠❛t❡r✐❛•✳ ✶✳✺✳✵✳✶ ❈❛r❜♦♥ ◆❛♥♦t✉❜❡s ❛♥❞ t❤❡✐r ❍②❜r✐❞s ❙✐♥❝❡ t❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛• ♦❜s❡r✈❛t✐♦♥s ♦❢ ❈◆❚s ✐♥ ✶✾✾✶ ❬✷✵✹(✱ ❢✉♥❞❛♠❡♥✲ t❛• tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s ♦❢ ♠♦r❡ t✉❜❡s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞✱ ❛♥❞ ❛ ❞❡❝❛❞❡ •❛t❡r ✐t ✇❛s r❡♣♦rt❡❞ t❤❛t ❝❤❛r❣❡ ♠♦❜✐•✐t✐❡s ❛s ❤✐❣❤ ❛s ✶✵ 5 ❝♠ 2 ✴❱✳s ❝❛♥ ❜❡ ❛tt❛✐♥❡❞ ✐♥ ✐♥❞✐✈✐❞✉❛• ❈◆❚s ❬✷✵✺(✳ ❉❡s♣✐t❡ t❤❡✐r ❛ttr❛❝t✐✈❡ ❡•❡❝tr✐❝❛•✱ ♦♣t✐❝❛• ❛♥❞ ♠❡❝❤❛♥✐✲ ❝❛• ♣r♦♣❡rt✐❡s✱ t❤❡ ♣r♦❣r❡ss ✐♥ ❈◆❚s ❛♣♣•✐❝❛t✐♦♥s ❤❛s ❜❡❡♥ s•♦✇❡r t❤❛♥ ✐♥✐t✐❛••② ❡①♣❡❝t❡❞✳ ❋✉♥❞❛♠❡♥t❛• ♣r♦❜•❡♠s •✐♥❦❡❞ ✇✐t❤ ❈◆❚s ❛r❡ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ✐♥ •❛r❣❡ q✉❛♥t✐t✐❡s ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ♣✉r✐t②✳ ■t ✐s ❞✐✣❝✉•t t♦ s❡♣❛r❛t❡ ❝❛r❜♦♥ ✐♠♣✉r✐t✐❡s ❛♥❞ ❝❛t❛•②st✲❢r❡❡ ❈◆❚s✳ ❋✉rt❤❡r✱ ❛s✲♣r♦❞✉❝❡❞ ❈◆❚s ❝♦♥t❛✐♥ ❛ ♠✐①t✉r❡ ♦❢ ♥❛♥♦t✉❜❡s ♦❢ ✈❛r✐♦✉s •❡♥❣t❤s✱ ❞✐❛♠❡t❡rs✱ t✉❜❡ ♥✉♠❜❡r ❛♥❞ ❝❤✐r❛•✐t✐❡s✳ ■t ✐♥✈♦•✈❡s t❤❡r❡❢♦r❡✱ tr❡♠❡♥❞♦✉s ❡✛♦rt ❛♥❞ t✐♠❡ t♦ ❣❡t ♥❛♥♦t✉❜❡s ♦❢ s✉✐t❛❜•❡✴❞❡s✐r❡❞ ❢❡❛t✉r❡s ✐♥ •❛r❣❡ s❝❛•❡ ✇✐t❤♦✉t t❤❡ s✉❜st❛♥✲ t✐❛••② ✐♥❝r❡❛s✐♥❣ ❝♦st ♦❢ ❈◆❚s ♣r♦❞✉❝t✐♦♥✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛• r❡✈✐❡✇s ✇❤✐❝❤ ❝♦✈❡r s②♥t❤❡s✐s✱ ②✐❡•❞✱ ♣✉r✐✜❝❛t✐♦♥✱ tr❛♥s♣♦rt ❛♥❞ ♦t❤❡r ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ♦❢ ❈◆❚s ✐♥ ❞❡t❛✐•✱ t❤✉s ✇❡ ✇❤✐❝❤ ✇✐•• ♥♦t ❢♦❝✉s ♦♥ ✐t ❤❡r❡ ❬✷✵✻(✱ ❬✶✸✵(✱ ❬✷✵✼(✳ ❚❤✐♥ ✜•♠s ♦❢ ♥❛♥♦t✉❜❡s ❝♦♠♣r✐s✐♥❣ r❛♥❞♦♠ ♣❡r❝♦•❛t❡❞ ♥❡t✇♦r❦s ♦❢ ❈◆❚s ❤❛✈❡ ❡♠❡r❣❡❞ ❛s ✻✻ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙P❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ tr❛♥s♣❛r❡♥t ♠❛t❡r✐❛• ❢♦r ♦♣t♦✲❡•❡❝tr♦♥✐❝s ❛♣♣•✐❝❛t✐♦♥s ❬✷✵✽(✱ ❬✷✵✾(✱ ❛♥❞ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❛s tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ❡•❡❝tr♦❞❡s ❜② s❡✈❡r❛• ❣r♦✉♣s ❬✷✶✵(✱ ❬✷✶✶(✱ ❬✷✶✷(✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❣♦♦❞ q✉❛•✐t② ✢❡①✐❜•❡ ❛♥❞ tr❛♥s♣❛r❡♥t ✜•♠s✱ t❤❡ tr❛♥s❢❡r ❢r♦♠ ❛ ✜•t❡r ♠❡♠❜r❛♥❡ ♦♥t♦ ❛ ❞❡s✐r❡❞ s✉♣♣♦rt ✈✐❛ s♦•✈❡♥ts ❬✷✶✷( ♦r ✐♥ t❤❡ ❢♦r♠ ♦❢ ▲❇▲ ❛❞❤❡s✐✈❡ ✜•♠ ❣r♦✇♥ ❜② ❈❱❉ ♠❡t❤♦❞ ✐s ♥❡❝❡ss❛r② ❬✷✶✸(✳ ❆ st✉❞② s❤♦✇❡❞ t❤❛t ✜•♠s ♣r❡♣❛r❡❞ ❜② ❛r❝✲❞✐s❝❤❛r❣❡ s❤♦✇ ❣♦♦❞ ❝♦♥❞✉❝t✐✈✐t② ❛♥❞ tr❛♥s♣❛r❡♥❝② ❬✷✶✹(✳ ❱❡rt✐❝❛••② ❛•✐❣♥❡❞ ❈◆❚s ✇✐t❤ ❤✐❣❤ t❤❡r♠❛• ❛♥❞ ❣♦♦❞ ❡•❡❝tr✐❝❛• ❝♦♥❞✉❝t✐✈✐t② ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ❛s ✇❡•• ❬✷✶✺(✳ ▼♦st•②✱ s✐♥❣•❡ ✇❛•• ♥❛♥♦t✉❜❡s ✭❙❲◆❚s✮ ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❢♦r tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t✐✈❡ ❡•❡❝tr♦❞❡s ❛♣♣•✐❝❛t✐♦♥s ❞✉❡ t♦ t❤❡✐r ❣♦♦❞ q✉❛•✐t② ❛♥❞ ❣♦♦❞ tr❛♥s✲ ♣❛r❡♥❝② ❢♦r ❛ •❛r❣❡r s♣❡❝tr✉♠ ❢r♦♠ ❯❱✲❱✐s t♦ ♥❡❛r ■| r❡❣✐♦♥ ✭✸✲✺ µ ♠❡t❡r✮ ❬✷✶✷(✳ ❲♦r❦✲❢✉♥❝t✐♦♥ ♦❢ ❙❲◆❚s ✭✹✳✽✲✹✳✾ ❡❱✮ ♥❡t✇♦r❦s ♠❛t❝❤❡s ✇❡•• ✇✐t❤ t❤❛t ♦❢ ■❚❖ ✭✹✳✼ ❡❱✮✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t ❙❲◆❚s ❝❛♥ ❢✉♥❝t✐♦♥ ❛s ❡✣❝✐❡♥t ❤♦•❡ ❝❤❛r❣❡ ❝♦••❡❝t♦rs ✐♥ t❤❡ ❖❙❈ ❛♥♦❞❡s ❬✶✷✶(✳ ❙❲◆❚s ✜•♠s ❡①❤✐❜✐t s❤❡❡t r❡s✐st❛♥❝❡ ♦❢ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ Ω✴ ✇❤✐❝❤ ✐s ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❣r❛♣❤❡♥❡✳ ■♥ ❝♦♥tr❛st t♦ ■❚❖✱ ❙❲◆❚s ❝❛♥ ❜❡ ❞❡♣♦s✐t❡❞ ♦♥ P❊❚ s✉❜str❛t❡s ✈✐❛ s♦•✉t✐♦♥✲ ♣r♦❝❡ss❛❜•❡ ♠❡❛♥s✱ t❤❡② ❛r❡ t❤❡r♠❛••② ❝♦♥❞✉❝t✐✈❡ t♦ s✉st❛✐♥ ❤❡❛t ❞✐ss✐♣❛t✐♦♥✱ ❛♥❞ t❤❡② ♦✛❡r ❤✐❣❤ ❝❤❡♠✐❝❛• ✐♥❡rt♥❡ss✱ ❡✈❡♥ ✐♥ ❛♥ ♦①②❣❡♥ ❡♥✈✐r♦♥♠❡♥t✳ ❈◆❚ ✜•♠s ♠❛❞❡ ❢r♦♠ s♦•✉t✐♦♥✲♣r♦❝❡ss❛❜•❡ ♠❡t❤♦❞s ✇❡r❡ ❞❡♠♦♥str❛t❡❞ ❛s ❛♥♦❞❡s ✐♥ ♦♣❛q✉❡ ♦r❣❛♥✐❝ s♦•❛r ❝❡••s ❬✶✸✽(✳ ❙❲◆❚s ✇❡r❡ ✉s❡❞ ❛s tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ❛♥♦❞❡ ♦♥ ❣•❛ss s✉❜str❛t❡ t♦ r❡♣•❛❝❡ ■❚❖ ✇✐t❤ ❛ •♦✇ ❡✣❝✐❡♥❝② ♦❢ ✶✪ ❞✉❡ t♦ •♦✇ tr❛♥s♠✐tt❛♥❝❡ ✭✹✺✪✮ ❬✷✶✻(✳ ❙♦♦♥✱ ❛♥♦t❤❡r r❡♣♦rt ❞❡♠♦♥str❛t❡❞ ♦r❣❛♥✐❝ s♦•❛r ❝❡•• ✇✐t❤ ❈◆❚s ♥❡t✇♦r❦ ❛s tr❛♥s♣❛r❡♥t ❡•❡❝tr♦❞❡ ♦♥ ✢❡①✐❜•❡ P❊❚ s✉❜str❛t❡ ✇✐t❤ ✽✺✪ tr❛♥s♣❛r❡♥❝② ❛♥❞ s❤❡❡t r❡s✐st❛♥❝❡ ♦❢ ✷✵✵ Ω✴ ✱ s❤♦✇✐♥❣ ❡✣❝✐❡♥❝② ♦❢ ✷✳✺✪ ❬✷✶✼(✳ ▲❛t❡r st✉❞② s✉❣❣❡st❡❞ t❤❛t ❈◆❚s ❡•❡❝tr♦❞❡s ❝❛♥ ♣❡r❢♦r♠ ❞✉❛• ❢✉♥❝t✐♦♥ ❛s ❚❈❊ ❛♥❞ ❛s ❛♥ ❡✣❝✐❡♥t ❍♦•❡ ❚r❛♥s♣♦rt ▲❛②❡r ✭❍❚▲✮✱ t❤✉s ❡•✐♠✐♥❛t✐♥❣ P❊✲ ❉❖❚✿P❙❙ ❢r♦♠ t❤❡ str✉❝t✉r❡ ❬✷✶✽(✳ ❚❤❡ str✉❝t✉r❡ r❡♣•❛❝✐♥❣ ■❚❖ ✇✐t❤ ❙❲◆❚s ✭ ❙❲◆❚s✴P❊❉❖❚✴P✸❍❚✿P❈❇▼✴❆•✮ ❞❡♠♦♥str❛t❡❞ ❛ ❞❡✈✐❝❡ ❡✣❝✐❡♥❝② ♦❢ ✷✳✻✶✪ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ r❡♣•❛❝✐♥❣ ■❚❖ ❛♥❞ P❊❉❖❚ ✇✐t❤ s✐♥❣•❡ •❛②❡r ♦❢ ❙❲◆❚s ✭❙❲❈✲ ✶✳✺✳ P❊|❋❖|▼❆◆❈❊ ❆◆❉ P|❖P❊|❚■❊❙ ❖❋ •|❆P❍❊◆❊ ❚❈❊❙ ✻✼ ◆❚✴P✸❍❚✿P❈❇▼✴❆•✮ ❣❛✈❡ ❛♥ ❡✣❝✐❡♥❝② ♦❢ ✶✳✹✸✪ ✇❤❡r❡❛s s❤♦✇✐♥❣ ❛♥ ✐♥❤❡r❡♥t ❝♦♠♣❛t✐❜✐•✐t② ♦❢ ❙❲◆❚s ✇✐t❤ t❤❡ ❝❤•♦r♦❜❡♥③❡♥❡ s♦•✈❡♥t✳ ❍◆❖ 3 ✲❞♦♣❡❞ ❙❲◆❚s ❞❡♠♦♥str❛t❡❞ ❛♥ ❡✣❝✐❡♥❝② ♦❢ ✸✳✶✪ ❢♦r ❛♥ ❖❙❈✱ ❝•♦s❡ t♦ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❝♦♥tr♦• ■❚❖ ❞❡✈✐❝❡ ✭✸✳✻✪✮ ❬✷✶✾(✳ ❚♦ s✉♣♣♦rt t❤❡ ❝♦♥❝❡♣t ♦❢ ❡•✐♠✐♥❛t✐♥❣ P❊❉❖❚✿P❙❙✱ ❛ ❞❡✈✐❝❡ ❡♥t✐r❡•② ♠❛❞❡ ✉♣ ✇✐t❤ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ♥❡t✇♦r❦ ❡•❡❝tr♦❞❡s ❞✐s♣•❛②❡❞ ❛ ♣♦✇❡r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ♦❢ ✷✳✻✺✪ ✇✐t❤♦✉t P❊✲ ❉❖❚ ❬✷✷✵(✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ♠✉•t✐✲✇❛•• ♥❛♥♦ t✉❜❡s ✭▼❲◆❚s✮ ✜•♠ ✉s❡❞ ❛s ❛ ❝♦✉♥t❡r ❡•❡❝tr♦❞❡ ✐♥ ❉❙❙❈ ❞✐s♣•❛②❡❞ ❤✐❣❤❡r ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ ✼✳✼✪ ♦❢ ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ❬✷✷✶(✳ ❚❤❡ ❤②❜r✐❞ ✜•♠s ❝♦♥s✐st✐♥❣ ♦❢ •❛r♣❤❡♥❡✲❈◆❚ ❤❛✈❡ ❛•s♦ ❜❡❡♥ ✐♥t❡❣r❛t❡❞ ❛s ❚❈❊ ✐♥ ♦r❣❛♥✐❝ s♦•❛r ❝❡••s✳ ❖♥❡ ✇❛② t♦ ✐♠♣r♦✈❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ tr❛♥s♣❛r❡♥t ✜•♠ ✐s ✉s✐♥❣ r•❖✴❈◆❚ ❤②❜r✐❞ ✜•♠ ✇❤✐❝❤ ❝♦✉•❞ ❤❡•♣ •♦✇❡r t❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ❛♥❞✴♦r ♠♦❞✐❢② t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ♦❢ ❚❈❋ ❬✷✷✷(✳ ■♥ ♦r❞❡r t♦ ✉♥❞❡r✲ st❛♥❞ ❤♦✇ ❈◆❚✴❣r❛♣❤❡♥❡ ❤②❜r✐❞ ✇✐•• ❝❤❛♥❣❡ t❤❡ ♦♣t♦✲❡•❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤✐♥ ✜•♠✱ ❛ st✉❞② ❬✷✷✸( ❞❡♠♦♥str❛t❡❞ t❤❛t ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❣r❛♣❤❡♥❡ ❝♦♥✲ t❡♥t ✭✇t✪✮✱ t❤❡r❡ ✇❛s s•✐❣❤t ❣r❛❞✉❛• ❞❡❝r❡❛s❡ ✐♥ tr❛♥s♠✐tt❛♥❝❡ ♦❢ ❤②❜r✐❞ ✜•♠ ❜✉t s❤❡❡t r❡s✐st❛♥❝❡ ✇❛s ✐♠♣r♦✈❡❞✳ ❚❤❡② ❛❝❤✐❡✈❡❞ ❜❡st tr❛♥s♠✐tt❛♥❝❡ ♦❢ ✽✵✪ ✇✐t❤ ❛ s❤❡❡t r❡s✐st❛♥❝❡ ♦❢ ✶✵✵ Ω✴ ❢♦r ♦♣t✐♠✐③❡❞ ❤②❜r✐❞ ✜•♠s ❛❢t❡r ❛❝✐❞ tr❡❛t♠❡♥t st❡♣s✳ |❡❝❡♥t•②✱ •r❛♣❤❡♥❡ ▼❡s❤ ❡•❡❝tr♦❞❡ ✭•▼❊s✮ ✇❛s ♣r♦❞✉❝❡❞ ❢r♦♠ r•❖ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ✐♥❞✉str✐❛• ♣❤♦t♦✲•✐t❤♦❣r❛♣❤② ❛♥❞ ❖ 2 ♣•❛s♠❛ ❡t❝❤✐♥❣ ♣r♦❝❡ss ♦♥ ❙✐✴❙✐❖ 2 s✉❜str❛t❡✳ ❚❤✐s ❢✉♥❝t✐♦♥❡❞ ❛s ❚❈❊ ✇✐t❤ ♣♦•②✲✭✸✲❤❡①②•t❤✐♦♣❤❡♥❡✮✴♣❤❡♥②•✲❈ 61 ✲ ❜✉t②r✐❝ ❛❝✐❞ ♠❡t❤②• ❡st❡r ✭P✸❍❚✴P❈ 61 ❇▼✮ ❛s t❤❡ ❛❝t✐✈❡ •❛②❡r ❛♥❞ ❞✐s♣•❛②❡❞ ❡✣❝✐❡♥❝② ♦❢ ✷✳✵✹ ✪ ❬✷✷✹(✳ ✻✽ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙P❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ✶✳✻ ❆✐♠ ♦❢ ❚❤❡s✐s ❚❤❡ ❛✐♠ ♦❢ t❤❡s✐s ✐s t♦ ✐♥t❡❣r❛t❡ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ ✭❋▲•✮ ♥❛♥♦♠❛t❡r✐❛•s ❛s tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ❡•❡❝tr♦❞❡s ✐♥ t❤❡ ♦r❣❛♥✐❝ s♦•❛r ❝❡••s ✭❖❙❈s✮ ✐♥ ♣•❛❝❡ ♦❢ t❤❡ ✇✐❞❡•②✲✉s❡❞ ■♥❞✐✉♠ t✐♥ ♦①✐❞❡ ✭■❚❖✮ ❛♥♦❞❡ ❡•❡❝tr♦❞❡ ❜✉t ❛•s♦ t♦ ❡♥✈✐s❛❣❡ t❤❡ ♣♦t❡♥t✐❛• ✉s❡ ♦❢ t❤❡s❡ ♥❛♥♦♠❛t❡r✐❛•s ❛s ❝♦♥❞✉❝t✐✈❡ ❝♦✉♥t❡r ❡•❡❝tr♦❞❡ ✭❝❛t❤♦❞❡✮✳ ❚❤✐s ❝♦♥s✐sts ♦❢ s❡✈❡r❛• s✉❜t❛s❦s ✐♥❝•✉❞✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❋▲• ❜② •♦✇ ❝♦st✱ ❤✐❣❤ ②✐❡•❞ ❛♥❞ ❢❛❝✐•❡ ♠❡❝❤❛♥✐❝❛• ❛♥❞ •✐q✉✐❞ ❡①❢♦•✐❛t✐♦♥ ♠❡t❤♦❞s❀ ❛♥❞ ♥❡①t ❡st❛❜•✐s❤♠❡♥t ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❞❡♣♦s✐t✐♦♥ ♠❡t❤♦❞ t♦ ♦❜t❛✐♥ ✭s❡♠✐✮ tr❛♥s♣❛r❡♥t ❛♥❞ ❝♦♥❞✉❝t✐✈❡ t❤✐♥ ✜•♠s ♦❢ ❋▲• ♠❛t❡r✐❛•s ❜② ❤♦t✲s♣r❛② ♠❡t❤♦❞ ✇❤✐❝❤ ❤❛s ❛❞✈❛♥t❛❣❡s ♦❢ ❜❡✐♥❣ s✐♠♣•❡✱ •♦✇✲❝♦st✱ s❝❛•❛❜•❡ ❛♥❞ ♣♦t❡♥t✐❛••② s✉✐t❛❜•❡ ❢♦r ❛♥ ✉♥•✐♠✐t❡❞ s✉r❢❛❝❡ ❝♦✈❡r❛❣❡✳ ❆❢t❡r t❤✐♥ ✜•♠ ❞❡♣♦s✐t✐♦♥✱ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✭♦♣t♦✮ ❡•❡❝tr♦♥✐❝ ✭❡•❡❝tr✐❝❛•✮ ♣r♦♣❡rt✐❡s ❛♥❞ ♠♦r♣❤♦•♦❣②✴r♦✉❣❤♥❡ss ♦❢ ♣r❡♣❛r❡❞ t❤✐♥ ✜•♠s✴❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ❛r❡ t♦ ❜❡ ♣❡r❢♦r♠❡❞ t♦ ✜♥❞ ♦✉t t❤❡✐r s✉✐t❛❜✐•✲ ✐t② ❢♦r ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ ❖❙❈s✳ ❙❡✈❡r❛• ♦t❤❡r ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ❛r❡ ❛•s♦ ❡♥✈✐s❛❣❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ♣r❡❞✐❝t✐✈❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❋▲• ♠❛t❡r✐❛•s ✐♥ ❣❡♥❡r❛• ❛♥❞ ❋▲• t❤✐♥ ✜•♠s ✐♥ ♣❛rt✐❝✉•❛r✳ ✶✳✼ ❖r❣❛♥✐③❛t✐♦♥ ♦❢ ❚❤❡s✐s ❚❤✐s t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥ t♦ s❡✈❡♥ ❝❤❛♣t❡rs✳ ❊❛❝❤ ♦❢ ✇❤✐❝❤ ❝♦♥t❛✐♥s s♣❡❝✐✜❝ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ✐♥tr♦❞✉❝t✐♦♥✱ ♠❡t❤♦❞s ❛♥❞ ♠❛t❡r✐❛•s t♦ r❡s✉•ts ❛♥❞ ❝♦♥❝•✉s✐♦♥s✳ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ s✉❜•❡❝t ❛♥❞ •✐t❡r❛t✉r❡ r❡✈✐❡✇ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❝❤❛♣t❡r ✶✳ ❚❤✐s ✐♥❝•✉❞❡ t❤❡ ❝r✐t❡r✐❛ ❢♦r ❝❤♦♦s✐♥❣ ❛ tr❛♥s♣r❡♥t ❝♦♥❞✉❝t♦r ❡•❡❝✲ tr♦❞❡ ❛♥❞ ♣r♦✈✐❞❡s t❤❡ ❣❡♥❡r❛• ♦✈❡r✈✐❡✇ ♦❢ ❝❛r❜♦♥✲❜❛s❡❞ ✭❣r❛♣❤❡♥❡✱ ❋▲•✱ r❡✲ ❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❛♥❞ ❝❛r❜♦♥ ♥❛♦t✉❜❡s✮ ♠❛t❡r✐❛•s ❜② ❜r✐❡✢② ♦✈❡r✲✈✐❡✇✐♥❣ t❤❡✐r ❣❡♥❡r❛• ❝❤❛r❛❝t❡r✐st✐❝s✱ s②♥t❤❡s✐s ♠❡t❤♦❞s✱ ❝❤❛r❣❡ tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s✱ ✐♥✲ t❡❣r❛t✐♦♥ ✐♥ t❤✐♥✱ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ✜•♠s ✭❚❈❋s✮ ❛♥❞ t❤❡✐r ♦♣t♦❡•❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s✳ ▼♦r❡♦✈❡r✱ t❤✐s ❝❤❛♣t❡r ♣r♦✈✐❞❡s ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❖❙❈ ❞❡✈✐❝❡s ✶✳✼✳ ❖|•❆◆■)❆❚■❖◆ ❖❋ ❚❍❊❙■❙ ✻✾ ❛♥❞ ❢✉rt❤❡r ❞❡✈❡•♦♣s t♦ s✉r✈❡② t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❝❛r❜♦♥✲❜❛s❡❞ tr❛♥s♣❛r❡♥t ✜•♠s ✐♥ ❖❙❈s ❛s ❝❛r❜♦♥✲❜❛s❡❞ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ❡•❡❝tr♦❞❡s ✭❈❚❈❊s✮✳ ❚❤❡ ❝❤❛♣✲ t❡r ✷ ❝♦✈❡rs t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛•s ❛♥❞ ♠❡t❤♦❞s ✉s❡❞ t♦ ❝❛rr② ♦✉t t❤✐s ✇♦r❦✳ ❚❤✐s ✐♥❝•✉❞❡s t❤❡ ♣r❡♣❛r❛t✐♦♥s ♦❢ ♠❡t❤♦❞s ❢♦r ♦❜t❛✐♥✐♥❣ ❞✐✛❡r❡♥t ❋▲• ♠❛t❡r✐❛•s ❛♥❞ ✜•♠ ❢♦r♠❛t✐♦♥ ❜② ❤♦t✲s♣r❛② ♠❡t❤♦❞✳ ❋✉rt❤❡r t❤❡ ❞❡t❛✐•s ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s t❤❛t ✇❡r❡ ❛♣♣•✐❡❞ ❢♦r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥✱ ❛r❡ ❣✐✈❡♥✳ ❚❤❡ ❝❤❛♣t❡r ✸ ❝♦♥t❛✐♥s t❤❡ r❡s✉•ts ♦❢ t❤✐♥ ❋▲• ✜•♠s✴❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ❢♦r t❤❡ ♠❛t❡r✐❛•s ♦❜t❛✐♥❡❞ ❜② ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥✴❡①❢♦•✐❛t✐♦♥ ♦❢ ♣❡♥❝✐• •❡❛❞ ❛♥❞ s②♥✲ t❤❡t✐❝ ❣r❛♣❤✐t❡✱ ❛♥❞ ♠✐❝r♦✇❛✈❡s✲❛ss✐st❡❞ •✐q✉✐❞ ❡①❢♦•✐❛t✐♦♥ ♦❢ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✭❊•✮✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡s❡ r❡s✉•ts ✐♥❝•✉❞❡ ❝❤❛r❣❡ tr❛♥s♣♦rt st✉❞✐❡s✱ tr❛♥s♣❛r❡♥❝②✱ r♦✉❣❤♥❡ss✴t❤✐❝❦♥❡ss✱ ♠♦r♣❤♦•♦❣② ❛♥❞ ✇♦r❦✲❢✉♥❝t✐♦♥ st✉❞✐❡s ♦❢ t❤❡s❡ ✜•♠s✴❞❡✲ ✈✐❝❡s✳ ❚❤❡ ❝❤❛♣t❡r ✹ ❢✉rt❤❡r ♣r❡s❡♥ts t❤❡ r❡s✉•ts ❢♦r r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ✭r•❖✮ ❛♥❞ r•❖✴❋▲• ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛•s ♦❜t❛✐♥❡❞ ❜② s✐♠✉•t❛♥❡♦✉s ❡①❢♦•✐❛t✐♦♥ ❛♥❞ r❡❞✉❝t✐♦♥ ❜② ♠✐❝r♦✇❛✈❡s✲❛ss✐st❡❞ •✐q✉✐❞ ❡①❢♦•✐❛t✐♦♥ ♦❢ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ✭•❖✮ ❛♥❞ •❖✴❊• ❝♦♠♣♦s✐t❡ ✐♥ ❡t❤②•❡♥❡ ❣•②❝♦• ♠❡❞✐✉♠✳ ❚❤❡✐r ✐♥✈❡st✐❣❛t✐♦♥s ❛r❡ s✐♠✐✲ •❛r t♦ t❤♦s❡ ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✸✳ ❚❤❡ ❝❤❛♣t❡r ✺ ♣r❡s❡♥ts t❤❡ r❡s✉•ts ❢♦r ❤②❜r✐❞ ❞❡✈✐❝❡s t❤❛t ✇❡r❡ ♣r❡♣❛r❡❞ ✇✐t❤ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ✭❈◆❚s✮✱ ✐✳❡✳ ❈◆❚s✴❋▲• ❛♥❞ ❈◆❚s✴r•❖✳ ❚❤❡ ♣r❡•✐♠✐♥❛r② r❡s✉•ts ❢♦r ❖❙❈ ❞❡✈✐❝❡s ❢❛❜r✐❝❛t❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❝❛r❜♦♥✲❜❛s❡❞ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ❡•❡❝tr♦❞❡s ❛r❡ ♣r❡s❡♥ts ✐♥ t❤❡ ❈❤❛♣t❡r ✻✳ ❋✐♥❛••②✱ t❤❡ ❣❡♥❡r❛• ❝♦♥❝•✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ❢♦r ❢✉t✉r❡ ✇♦r❦ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❝❤❛♣t❡r ✼✳ ✼✵ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✷ ❊①♣❡r✐♠❡♥t❛•✿ ▼❛t❡r✐❛•s ❛♥❞ ❚❡❝❤✲ ♥✐q✉❡s ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♠❛t❡r✐❛•s✱ t❤❡ ♠❡t❤♦❞s ❛♥❞ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s t❤❛t ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ❝❛rr② ♦✉t r❡s❡❛r❝❤ ✇♦r❦ ✐♥ t❤✐s t❤❡s✐s✱ ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤✐s ✇✐•• ❜❡❣✐♥ ✇✐t❤ •✐st✐♥❣ t❤❡ ♠❛t❡r✐❛•s ✜rst ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✶✱ t❤❡♥ ❢✉rt❤❡r ❞❡t❛✐•s ♦♥ t❤❡✐r ♣r❡♣❛r❛t✐♦♥ ❛♥❞ s②♥t❤❡s✐s ♠❡t❤♦❞s ❢♦r ♠❛t❡r✐❛•s ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✷✳ ❋✐•♠ ❢♦r♠❛t✐♦♥ ❜② ❍♦t✲s♣r❛② ♠❡t❤♦❞ ❛♥❞ ❞❡✈✐❝❡ ❢❛❜r✐❝❛t✐♦♥ ✇✐•• ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✸✳ ❙♦•❛r ❝❡••s ♣r❡♣❛r❛t✐♦♥ ✇✐•• ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✹✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ❡♠♣•♦②❡❞ ✇✐•• ❜❡ ❞✐s❝✉ss❡❞ ✜♥❛••② ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✺✳ ✷✳✶ ▼❛t❡r✐❛•s ❚❤❡ ❢♦••♦✇✐♥❣ ♠❛t❡r✐❛•s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❞✉r✐♥❣ ❡①♣❡r✐♠❡♥ts✿ ❆✮ ❈❛r❜♦♥✴❣r❛♣❤✐t✐❝ ♠❛t❡r✐❛•s ✉s❡❞ ✐♥ t❤❡ ♣♦✇❞❡r ❢♦r♠✱ ❢♦r ✜•♠ ❢♦r✲ ♠❛t✐♦♥ ❛♥❞ ♣r❡♣❛r❛t✐♦♥ ♦❢ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ✶✳ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ✭❋▲•✮ ♣♦✇❞❡r ♦❜t❛✐♥❡❞ ❜② ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥ ♦❢ P❡♥❝✐• ▲❡❛❞ ✭❝♦♠♠❡r❝✐❛••② ❛✈❛✐•❛❜•❡ ❇✾ ♣❡♥❝✐•✮✳ ✷✳ ❋▲• ♣♦✇❞❡r ♦❜t❛✐♥❡❞ ❜② ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥ ♦❢ s②♥t❤❡t✐❝ ❣r❛♣❤✐t❡✿ ❍✐❣❤•② ❖r❞❡r❡❞ P②r♦•②t✐❝ •r❛♣❤✐t❡ ✭❍❖P•✮✳ ✸✳ ❋▲• ✢❛❦❡s ♦❜t❛✐♥❡❞ ❜② µ✲✇❛✈❡s ❛ss✐st❡❞ •✐q✉✐❞ ♣❤❛s❡ ❡①❢♦•✐❛t✐♦♥ ✭▲P❊✮ ♦❢ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✭❊•✮ ✐♥ t♦•✉❡♥❡ ♣✉r❝❤❛s❡❞ ❢r♦♠ ❈❛r❜♦♥❡ ▲♦rr❛✐♥❡ ❚▼ ✳ ✹✳ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭•❖✮ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♠♦❞✐✜❡❞ ❍✉♠♠❡r✬s ♠❡t❤♦❞✳ ✺✳ |❡❞✉❝❡❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭r•❖✮ ♦❜t❛✐♥❡❞ ❜② µ✲✇❛✈❡s ❛ss✐st❡❞ r❡❞✉❝t✐♦♥ ♦❢ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❛•♦♥❡ ❜② ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥✳ ✻✳ |❡❞✉❝❡❞ •r❛♣❤❡♥❡ ❖①✐❞❡✲❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ✭r•❖✲❋▲•✮ ♦❜t❛✐♥❡❞ ❢r♦♠ µ✲ ✇❛✈❡s ❛ss✐st❡❞ •✐q✉✐❞ ♣❤❛s❡ ❡①❢♦•✐❛t✐♦♥ ♦❢ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❛♥❞ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✷✳✶✳ ▼❆❚❊|■❆▲❙ ✼✶ ❝♦♠♣♦s✐t❡✳ ✼✳ ▼✉•t✐✇❛••❡❞ ❈❛r❜♦♥ ◆❛♥♦t✉❜❡s ✭❈◆❚s✮✿ ◆❛♥♦❝②• ❚▼ ✭✸✶✵✵ ❙❡r✐❡s ❚❤✐♥ ▼✉•t✐✲ ✇❛•• ❈❛r❜♦♥ ◆❛♥♦t✉❜❡s✮ ♣r♦❞✉❝❡❞ ❜② t❤❡ ❈❛t❛•②t✐❝ ❈❤❡♠✐❝❛• ❱❛♣♦r ❉❡♣♦s✐t✐♦♥ ✭❈❈❱❉✮ ♣r♦❝❡ss ✇✐t❤ ❝❛r❜♦♥ ♣✉r✐t② ❃✾✺✪✱ ♠❡t❛• ♦①✐❞❡ ❝♦♥t❡♥t ❁✺✪✱ ❛✈❡r❛❣❡ •❡♥❣t❤ ❛♥❞ ❞✐❛♠❡t❡r ♦❢ ✶✳✺ µ♠ ❛♥❞ ✾✳✺ ♥♠✱ r❡s♣❡❝t✐✈❡•②✳ ❈◆❚s ✇❡r❡ ✉s❡❞ ❛s r❡❝❡✐✈❡❞ ✇✐t❤♦✉t ❢✉rt❤❡r ♣✉r✐✜❝❛t✐♦♥✳ ❚❛❜•❡ ✷✳✶ ♣r♦✈✐❞❡s t❤❡ s✉♠♠❛r② ♦❢ t❤❡s❡ ♠❛t❡r✐❛•s ✇✐t❤ t❤❡✐r ❛❜❜r❡✈✐❛t✐♦♥s✳ ❋✉rt❤❡r ❞❡t❛✐•s ♦♥ t❤❡ ♠❡t❤♦❞s ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ •❛t❡r ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✷✳ ❚❛❜•❡ ✷✳✶✿ ❙✉♠♠❛r② ♦❢ ❝❛r❜♦♥✴❣r❛♣❤✐t✐❝ ♠❛t❡r✐❛•s ✉s❡❞✳ |❛✇ ▼❛t❡r✐❛• ❚②♣❡✴ ❋♦r♠ ❖❜t❛✐♥❡❞ ❜② ✭▼❡t❤♦❞✮ ❖❜t❛✐♥❡❞ ❢r♦♠ ✭▼❛t❡r✐❛•✴❈♦♠♣❛♥②✮ ❙❤♦rt ◆❛♠❡ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ✭❋▲•✮ ❙♦•✐❞✴ ❋•❛❦❡s ▼❡❝❤❛♥✐❝❛• ❆❜•❛t✐♦♥ ❊①❢♦•✐❛t✐♦♥ P❡♥❝✐• ▲❡❛❞s ✭❇✾✮ ❋▲•✲❆❜• ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ✭❋▲•✮ ❙♦•✐❞✴ ❋•❛❦❡s ▼❡❝❤❛♥✐❝❛• ❆❜•❛t✐♦♥ ❊①❢♦•✐❛t✐♦♥ ❙②♥t❤❡t✐❝ •r❛♣❤✐t❡ ❋▲•✲❍❖P• ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ✭❊•✮ ❙♦•✐❞✴ ❋•❛❦❡s ❚❤❡r♠❛• ❡①♣❛♥s✐♦♥ ♦❢ ❣r❛♣❤✐t❡ ❈❛r❜♦♥❡ ▲♦rr❛✐♥❡ ❊• ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ✭❋▲•✮ ❙♦•✐❞✴ ❋•❛❦❡s P♦✇❞❡r µ✲✇❛✈❡s✲❛ss✐st❡❞ •✐q✉✐❞ ♣❤❛s❡ ❡①❢♦•✐❛t✐♦♥ ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ❋▲•✲µ✲✇ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭•❖✮ ❙♦•✐❞✴ ❋•❛❦❡s ▼♦❞✐✜❡❞ ❍✉♠♠❡r✬s ▼❡t❤♦❞ •r❛♣❤✐t❡ ❋•❛❦❡s •❖ |❡❞✉❝❡❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭r•❖✮ ❙♦•✐❞✴ ❋•❛❦❡s µ✲✇❛✈❡s✲❛ss✐st❡❞ •✐q✉✐❞ ♣❤❛s❡ ❡①❢♦•✐❛t✐♦♥ •r❛♣❤❡♥❡ ❖①✐❞❡ r•❖ |❡❞✉❝❡❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭r•❖✮ ❙♦•✐❞✴ ❋•❛❦❡s µ✲✇❛✈❡s✲❛ss✐st❡❞ •✐q✉✐❞ ♣❤❛s❡ ❡①❢♦•✐❛t✐♦♥ •❖ ❛♥❞ ❊• r•❖✴❋▲• ▼✉•t✐✲✇❛•• ❈❛r❜♦♥ ◆❛♥♦t✉❜❡s ✭▼❲❈◆❚s✮ ❙♦•✐❞✴ ❋•❛❦❡s ❝❛t❛•②t✐❝ ❝❤❡♠✐❝❛• ✈❛♣♦r ❞❡♣♦s✐t✐♦♥ ✭❈❈❱❉✮ ◆❛♥♦❝②• ❈◆❚s ❇✮ ▼❛t❡r✐❛•s ✉s❡❞ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ❖r❣❛♥✐❝ ❙♦•❛r ❈❡••s ✶✳ P♦•②✭✸✲❤❡①②•t❤✐♦♣❤❡♥❡✲✷✱✺✲❞✐②•✮ ✭P✸❍❚✮ ✭✹✵✵✷✲❊✭✷✵✶✸✮✮ ❡•❡❝tr♦♥✐❝ ❣r❛❞❡ ♣♦✇✲ ❞❡r✴✢❛❦❡s ✇✐t❤ ♣✉r✐t② ♦❢ ✾✽✳✽✪ ♣✉r❝❤❛s❡❞ ❢r♦♠ |✐❡❦❡ ▼❡t❛•s✱ ■♥❝ ❚▼ ✱ ✉s❡❞ ❛s r❡❝❡✐✈❡❞✳ ✷✳ ❬✻✱✻(✲P❤❡♥②• ❈✻✶ ❜✉t②r✐❝ ❛❝✐❞ ♠❡t❤②• ❡st❡r ✭P❈ 60 ❇▼✮ ♣♦✇❞❡r✱ ✇✐t❤ ♣✉r✐t② ♦❢ ✾✾✳✺✪✱ ♣✉r❝❤❛s❡❞ ❢r♦♠ ❙♦•❡♥♥❡ ❜✳✈✳ ❚▼ ✱ ♣♦✇❞❡r ✉s❡❞ ❛s r❡❝❡✐✈❡❞✳ ✸✳ P♦•②✭✸✱✹✲❡t❤②•❡♥❡❞✐♦①②t❤✐♦♣❤❡♥❡✮✲♣♦•②✭st②r❡♥❡s✉•❢♦♥❛t❡✮ ✭P❊❉❖❚✿P❙❙✮ •✐q✲ ✼✷ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✉✐❞ ❢♦r♠✱ ✇✐t❤ ❝♦♥❞✉❝t✐✈✐t② ✭σ✮ ♦❢ ✶ ❙✴❝♠✱ ♣✉r❝❤❛s❡❞ ❢r♦♠ ❈▲❊❱■❖❙ ❚▼ ❍❚▲ ❙♦•❛r ❛♥❞ ✉s❡❞ ❛s ♣✉r❝❤❛s❡❞✳ ❈✮ ❙✉❜str❛t❡s ••❛ss ❛♥❞ q✉❛rt③ s✉❜str❛t❡s ♦❢ ✶ ❝♠ × ✶ ❝♠ ❛♥❞ ✷ ❝♠ × ✷ ❝♠ s✐③❡ ✇❡r❡ ✉s❡❞ ❢♦r ✜•♠ ❢♦r♠❛t✐♦♥✳ ■❚❖ ✇✐t❤ | s ❂✶✺ Ω✴ ❛♥❞ ♣❛tt❡r♥❡❞ ❝♦♥t❛❝ts ♦♥ ❣•❛ss s✉❜str❛t❡s ✇❡r❡ ♣✉r❝❤❛s❡❞ ❢r♦♠ t❤❡ ▲✉♠✐♥❡s❝❡♥❝❡ ❚❡❝❤♥♦•♦❣② ❈♦r♣♦r❛t✐♦♥ ❚▼ ❚❛✐✇❛♥✳ ❉✮ ❙♦•✈❡♥ts ❱❛r✐♦✉s s♦•✈❡♥ts ✇❡r❡ ✉s❡❞ t♦ ♣r❡♣❛r❡ ❞✐s♣❡rs✐♦♥s ♦❢ t❤❡ ❛❜♦✈❡ ♠❛t❡r✐❛•s ❛♥❞✴♦r t♦ ❝•❡❛♥ t❤❡ s✉❜str❛t❡s✳ ❚❤❡ t❛❜•❡ ✷✳✷ •✐sts t❤❡ s♣❡❝✐✜❝ ✉s❡ ♦❢ t❤❡s❡ s♦•✈❡♥ts✳ ❚❛❜•❡ ✷✳✷✿ ▲✐st ♦❢ s♦•✈❡♥ts ❛♥❞ t❤❡✐r ✉s❡✳ ❙♦•✈❡♥t ✭❢♦r♠✉•❛✮ P✉r✐t② ✭✪✮ P✉r❝❤❛s❡❞ ❢r♦♠ ❯s❡❞ ❢♦r ❊t❤❛♥♦• ✭❈ 2 ❍ 6 ❖✮ ✾✾✳✽ ❙✐❣♠❛ ❆•❞r✐❝❤ ❉✐s♣❡rs✐♦♥ ♦❢ ❋▲• ❚♦•✉❡♥❡ ✭❈ 7 ❍ 8 ✮ ✾✾✳✸ ❙✐❣♠❛ ❆•❞r✐❝❤ ❉✐s♣❡rs✐♦♥ ♦❢ ❊• ❊t❤②•❡♥❡ ••②❝♦• ✭❈ 2 ❍ 6 ❖ 2 ✮ ✾✾✳✺ ❋▲❯❑❆ ❉✐s♣❡rs✐♦♥ ♦❢ •❖ ❛♥❞ •❖✴❊• ❤②❜r✐❞ ♠❛t❡r✐❛•s ❈❤•♦r♦❢♦r♠ ✭❈❍❈• 3 ✮ ✾✾ ❈❛r•♦ ❊r❜❛ ❉✐s♣❡rs✐♦♥ ♦❢ ❈◆❚s ❆❝❡t♦♥✐tr✐•❡ ✭❈ 2 ❍ 3 ◆✮ ✾✾✳✾ ❆❝r♦s ❖r❣❛♥✐❝s ❉✐s♣❡rs✐♦♥ ♦❢ ❈◆❚s ■s♦♣r♦♣❛♥♦• ✭❈ 3 ❍ 8 ❖✮ ✾✾✳✼ ❈❛r•♦ ❊r❜❛ ❉✐s♣❡rs✐♦♥ ♦❢ ❈◆❚s✴ ❈•❡❛♥✐♥❣ ■❚❖✴❣•❛ss s✉❜str❛t❡s ❆❝❡t♦♥❡ ✭❈ 3 ❍ 6 ❖✮ ✾✾✳✽ ❈❛r•♦ ❊r❜❛ ❈•❡❛♥✐♥❣ ■❚❖✴❣•❛ss s✉❜str❛t❡s ❉❡✲✐♦♥✐③❡❞ ✇❛t❡r ✭❍ 2 ❖✮ ✭♣❍ ∼ 7✮ ❤♦♠❡✲♣✉r✐✜❡❞ ❈•❡❛♥✐♥❣ ■❚❖✴❣•❛ss s✉❜str❛t❡s ❖rt❤♦❞✐❝❤•♦r♦❜❡♥③❡♥❡ ✭❖❉❈❇✮ ✭❈ 6 ❍ 4 ❈• 2 ✮ ✾✾ ❙✐❣♠❛ ❆•❞r✐❝❤ ❉✐s♣❡rs✐♦♥ ♦❢ P❈ 60 ❇▼✴P✸❍❚ ❜•❡♥❞ ❊✮ •❛s❡s •❛s❡s ✉s❡❞ ✐♥ t❤❡r♠❛• tr❡❛t♠❡♥t✴r❡❞✉❝t✐♦♥ st❡♣s ✇❡r❡ ♣✉r❝❤❛s❡❞ ❢r♦♠ ❙❖▲ ❋r❛♥❝❡ ❛♥❞ ❛r❡ ✉s❡❞ ❛s ♣✉r❝❤❛s❡❞✿ ❆r❣♦♥✱ ❍②❞r♦❣❡♥✱ ❍❡•✐✉♠✱ ❛♥❞ ◆✐tr♦❣❡♥ ❋✮ ❙♦♥✐❝❛t♦rs ❛♥❞ st✐rr❡rs ❚❤❡ ❢♦••♦✇✐♥❣ s♦♥✐❝❛t♦rs✴st✐rr❡rs ✇❡r❡ ✉s❡❞ ❢♦r ❋▲•✱ ❈◆❚✱ ❊•✱ •❖ ❛♥❞ •❖✴❊• ✷✳✷✳ ▼❊❚❍❖❉❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❯❙❊❉ ❋❖| P|❊P❆|❆❚■❖◆❙ ❖❋ ▼❆❚❊|■❆▲❙ ✼✸ ❞✐s♣❡rs✐♦♥s✿ ✶✳ ▲♦✇✲♣♦✇❡r ❜❛t❤ s♦♥✐❝❛t♦r ✭❊•♠❛s♦♥✐❝ ✶✵✷✶✻✽✵✷✷✮ ✇✐t❤ ♠✐•❞ s♦♥✐❝❛t✐♦♥ ❢♦r ❞✐✛❡r❡♥t ❞✉r❛t✐♦♥s✳ ✷✳ ❋✐♥❣❡r✴t✐♣ s♦♥✐❝❛t♦r ✭❇❛♥❞❡•✐♥s♦♥♦♣•✉s ✉✇ ✷✷✵✵✮ ❛t ✸✵✪ ♣♦✇❡r ❢♦r ❞✐✛❡r❡♥t ❞✉r❛t✐♦♥s✳ ✸✳ ❋•❛s❤❡r ❇•♦❜•♦❝❦ ❙❝✐❡♥t✐✜❝ ▼| ✸✵✵✶ ❑ ❙t✐rr❡r ✇❛s ✉s❡❞ ❢♦r st✐rr✐♥❣ t❤❡ P❈ 60 ❇▼✴P✸❍❚ ❜•❡♥❞ ✐♥ ❖❉❈❇ s✉s♣❡♥s✐♦♥ ❛t ✽✵✵ r♦t❛t✐♦♥ ♣❡r ♠✐♥✉t❡ ✭|P▼✮ ♦❢ ✻✵ • ❈ ❢♦r ✹✽❤✳ •✮ ❙♣r❛②✲❝♦❛t✐♥❣ ❛♣♣❛r❛t✉s ❚❤❡ ❢♦••♦✇✐♥❣ ♠❛t❡r✐❛•s ✇❡r❡ ✉s❡❞ ❞✉r✐♥❣ s♣r❛②✲ ❝♦❛t✐♥❣ ♠❡t❤♦❞✱ t❤❡ ❞❡t❛✐•s ♦❢ ✇❤✐❝❤ ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✸✿ ✶✳ ❆✐r ✉s❡❞ ❛s ❛ ❝❛rr✐❡r ♠❡❞✐✉♠ ✷✳ ❆✐r❣✉♥ ✭❍✐✲•✐♥❡ ■✇❛t❛✮ ✸✳ ❍♦t ♣•❛t❡ ❍✮ ❖✈❡♥s ❛♥❞ r❡❛❝t♦rs ❢♦r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ❛♥❞ r❡❞✉❝t✐♦♥ ❚❤❡ r❡❛❝t♦rs ❛r❡ ✐♥ q✉❛rt③ t✉❜❡s ❚❤❡ ♦✈❡♥s ❛r❡ t✉❜✉•❛r ♦✈❡♥s✱ ❊❛r•②✭♠❛①✳ t❡♠♣✳ ✶✵✵✵ • ❈✮ ❚❤❡② ✇❡r❡ ✉s❡❞ ❢♦r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ❛♥❞ r❡❞✉❝t✐♦♥ ♦❢ ❋▲•✱ r•❖ ❛♥❞ ❈◆❚ ❛♥❞ ❤②❜r✐❞ ✜•♠s✳ ✷✳✷ ▼❡t❤♦❞s ❛♥❞ ❚❡❝❤♥✐q✉❡s ❯s❡❞ ❢♦r Pr❡♣❛r❛✲ t✐♦♥s ♦❢ ▼❛t❡r✐❛•s ■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❞❡t❛✐•s ♦❢ t❤❡ ♠❡t❤♦❞s ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ♠❛t❡r✐❛•s ❢♦r ♣r❡♣❛r✐♥❣ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ✜•♠s ❛r❡ ♣r❡s❡♥t❡❞✳ ✼✹ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✷✳✷✳✶ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ❙②♥t❤❡s✐s ❜② ▼❡❝❤❛♥✐❝❛• ❆❜•❛✲ t✐♦♥ ❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ❋▲• ♠❛t❡r✐❛•s ✭♣♦✇❞❡r ❢♦r♠✮ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡r❡ ♦❜t❛✐♥❡❞✳ ❚❤❡s❡ ♠❛t❡r✐❛•s ✇❡r❡ s✉❜s❡q✉❡♥t•② ✉s❡❞ t♦ ♣r❡♣❛r❡ ❋▲• ❞✐s♣❡rs✐♦♥s ✐♥ ❡t❤❛♥♦• ❛♥❞ t♦ ♣r❡♣❛r❡ ❋▲• ✜•♠s ♦♥ ♣•❛♥❛r s✉❜str❛t❡s ❜② ❤♦t✲s♣r❛② ♠❡t❤♦❞✳ ▲❛t❡r✱ t❤❡s❡ ❋▲• ✜•♠s ✇✐•• ❜❡ ❝❛••❡❞ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ❛❢t❡r t❤❡ ❞❡♣♦s✐t✐♦♥ ♦❢ ❝♦♥t❛❝t ❡•❡❝tr♦❞❡s ❢♦r t❤❡ st✉❞② ♦❢ ❝❤❛r❣❡ tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s ♦❢ ❋▲•✳ ❚❤✐s ❋▲• ✇❛s ♣r♦❞✉❝❡❞ ❜② ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥ ❢r♦♠ ❞✐✛❡r❡♥t st❛rt✐♥❣ ♠❛t❡r✐❛•s✱ s✉❝❤ ❛s ♣❡♥❝✐• •❡❛❞ ✭❇✲✾ ❣r❛❞❡✮ ❛♥❞ s②♥t❤❡t✐❝ ❣r❛♣❤✐t❡✿ ❍✐❣❤•② ❖r❞❡r❡❞ P②r♦•②t✐❝ •r❛♣❤✐t❡ ✭❍❖P•✮✳ ❋▲• ❢r♦♠ ♣❡♥❝✐• •❡❛❞ ✇✐•• ❜❡ ✐♥tr♦❞✉❝❡❞ ✜rst ❛♥❞ t❤❡♥ ❋▲• ❢r♦♠ s②♥t❤❡t✐❝ ❣r❛♣❤✐t❡ ✇✐•• ❜❡ ♣r❡s❡♥t❡❞✳ ❇♦t❤ t②♣❡s ♦❢ ❋▲• ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ♠❡❝❤❛♥✐❝❛• t❤✐♥♥✐♥❣✴❛❜•❛t✐♦♥ ♣r♦❝❡ss ❜✉t t❤❡ ❞✐✛❡r❡♥❝❡ ✇❛s ✐♥ t❤❡ st❛rt✐♥❣ ♠❛t❡r✐❛• ❛♥❞ ♣♦st✲s②♥t❤❡s✐s tr❡❛t♠❡♥ts✱ ✇❤✐❝❤ ✇✐•• ❜❡ ❜r✐❡✢② ❞✐s❝✉ss❡❞ ❜❡•♦✇✳ ✷✳✷✳✶✳✶ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ❙②♥t❤❡s✐s ❜② ▼❡❝❤❛♥✐❝❛• ❆❜•❛t✐♦♥ ♦❢ P❡♥❝✐• ▲❡❛❞ ❚❤✐s ♠❡t❤♦❞ ✇❛s ♣r❡♣❛r❡❞ ❜② ♦✉r ❣r♦✉♣ ❛♥❞ r❡♣♦rt❡❞ ✐♥ ❛♥ ❡❛r•✐❡r ✇♦r❦ ❬✹✵(✳ ❈♦♠♠❡r❝✐❛••② ❛✈❛✐•❛❜•❡ ♣❡♥❝✐• •❡❛❞s ✇❡r❡ ✉s❡❞ t♦ s②♥t❤❡s✐③❡ ❋▲• ❜② ❛ ♠❡❝❤❛♥✐❝❛• t❤✐♥♥✐♥❣ ♣r✐♥❝✐♣•❡ ❞✐s♣•❛②❡❞ ✐♥ ✜❣✉r❡ ✷✳✶ ❬✹✵(✳ ❚❤❡s❡ ♣❡♥❝✐• •❡❛❞s ✇❡r❡ ❛❜•❛t❡❞ ❛❣❛✐♥st t❤❡ r♦✉❣❤ ❣•❛ss ❞✐s❦ ❝♦♥t✐♥✉♦✉s•②✱ ✐♥ ❛♥ ❛✉t♦♠❛t❡❞ s②st❡♠✱ ❛♥❞ ❛ss✐st❡❞ ✇✐t❤ s✐♠✉•t❛♥❡♦✉s ✉•tr❛s♦♥✐❝❛t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ❣❡t ❋▲• ✐♥ ♣♦✇❞❡r ❢♦r♠✳ ❋✉rt❤❡r✱ t❤❡ ♦❜t❛✐♥❡❞ ❋▲• ✐♥ ❡t❤❛♥♦• s✉s♣❡♥s✐♦♥ ❤❛s t♦ ✉♥❞❡r❣♦ ❤❛rs❤ ✜•t❡r✐♥❣✱ ♣✉r✐✜❝❛t✐♦♥ ❛♥❞ ❞r②✐♥❣ st❡♣s ✐♥✈♦•✈✐♥❣ ❛❝✐❞ ❛♥❞ ❜❛s❡ tr❡❛t♠❡♥ts ❢♦r s❡✈❡r❛• ❤♦✉rs✱ t♦ r❡♠♦✈❡ t❤❡ ✐♠♣✉r✐t✐❡s s✉❝❤ ❛s t❤❡ ✐♥♦r❣❛♥✐❝ ❜✐♥❞❡r ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❡♥❝✐• •❡❛❞✳ ❆❢t❡r t❤❡s❡ st❡♣s✱ ❋▲• ✇❛s ♦❜t❛✐♥❡❞ ✐♥ ♣♦✇❞❡r ❢♦r♠ ❢♦r ❢✉rt❤❡r ✉s❡ ❬✹✵(✳ ❚❤❡s❡ ❋▲•s ❤❛❞ ❛♥ ❛✈❡r❛❣❡ •❛t❡r❛• s✐③❡ ♦❢ ❢❡✇ ♠✐❝r♦♠❡t❡rs✱ ❛♥❞ ❝♦♥s✐st❡❞ ♦❢ ✶✲✷✵ s❤❡❡ts✳ ❆♥❛•②s❡s s❤♦✇❡❞ t❤❛t t❤❡ ♠❡t❤♦❞ ♣r♦❞✉❝❡❞ ❣♦♦❞ ✷✳✷✳ ▼❊❚❍❖❉❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❯❙❊❉ ❋❖| P|❊P❆|❆❚■❖◆❙ ❖❋ ▼❆❚❊|■❆▲❙ ✼✺ ❋✐❣✉r❡ ✷✳✶✿ ❆✮ ❖♣t✐❝❛• ♣❤♦t♦ s❤♦✇✐♥❣ t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛• s❡t✲✉♣ t♦ ♣r♦❞✉❝❡ t❤❡ ❋▲• ❢r♦♠ t❤❡ ♣❡♥❝✐• •❡❛❞ ❜② ❛ ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥ ✇❤❡r❡✿ ✭✶✮ ✐s t❤❡ ❣•❛ss ❞✐s❦ ✇✐t❤ r♦✉❣❤ s✉r❢❛❝❡✱ ✭✷✮ ♣❡♥❝✐• •❡❛❞s✱ ✭✸✮ ❛♥ ✉•tr❛s♦♥✐❝❛t✐♦♥ ❜❛t❤ ❝♦♥t❛✐♥✐♥❣ s♦•✈❡♥t✱ ❇✮ s✉s♣❡♥s✐♦♥ ♦❢ t❤❡ ❋▲• ✐♥ t❤❡ ❡t❤❛♥♦• ♠❡❞✐✉♠✳ q✉❛•✐t② ❣r❛♣❤❡♥❡ ✇✐t❤ ❤✐❣❤ ②✐❡•❞ ✭✻✵✪ ②✐❡•❞ ♦❢ t❤❡ st❛rt✐♥❣ ♠❛t❡r✐❛•✮ ✇✐t❤ ❛❞❞❡❞ ❛❞✈❛♥t❛❣❡s ♦❢ ❜❡✐♥❣ s✐♠♣•❡✱ ❢❛st✱ •♦✇✲❝♦st ❛♥❞ s❝❛•❛❜•❡ ❜✉t ✇❛s ♣♦♦r•② s❡•❡❝t✐✈❡ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ s❤❡❡ts✱ t❤❡ •❛t❡r❛• s✐③❡ ♦❢ ✢❛❦❡s✱ ❛♥❞ s✐③❡ ♦❢ s❤❡❡ts ✇✐t❤✐♥ ✐♥❞✐✈✐❞✉❛• ✢❛❦❡s✳ ❚❤✐s ❋▲• ✇✐•• ❜❡ ❢✉rt❤❡r ❝❛••❡❞ ❋▲•✲❆❜• ✐♥ t❤❡ t❡①t t♦ ✐♥❞✐❝❛t❡ ❋▲• ❢r♦♠ ❆❜•❛t✐♦♥ ✭♠❡❝❤❛♥✐❝❛• ❡①❢♦•✐❛t✐♦♥✮ ♦❢ ♣❡♥❝✐• •❡❛❞✳ ✷✳✷✳✶✳✷ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ❛♥❞ ❈r②st❛••✐③❛t✐♦♥ ♦❢ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ❜② µ✲✇❛✈❡s✲❛ss✐st❡❞ ❖①✐❞❛t✐♦♥ ✐♥ ❲❛t❡r ❖①✐❞❛t✐♦♥ ✐♥ ❲❛t❡r ❆ ✸✵ ♠▲ ❛♠♦✉♥t ♦❢ ❞✐st✐••❛t❡❞ ✇❛t❡r ✇❛s ❛❞❞❡❞ t♦ ✸✵✵ ♠❣ ♦❢ ❋▲• ❛♥❞ t❤❡ s✉s♣❡♥s✐♦♥ ✇❛s st✐rr❡❞ ❛♥❞ ❤❡❛t❡❞ ❛t ✶✻✵ • ❈ ❢♦r ✶❤ ✉♥❞❡r t❤❡ µ✲✇❛✈❡s ✐rr❛❞✐❛t✐♦♥ ♦❢ ✹✵✵ ❲ ✭❋▲•✲❍ 2 ❖✮✳ ❚❤❡ ♣♦✇❞❡r ✇❛s ♥❡①t ✜•t❡r❡❞ ❛♥❞ ❞r✐❡❞ ❛t r♦♦♠ t❡♠♣❡r❛✲ t✉r❡ ❢♦r ✷✹❤ ❛♥❞ ❛t ✶✶✵ • ❈ ❢♦r ✷❤✱ r❡s♣❡❝t✐✈❡•②✳ Pr✐♦r t♦ ♦①✐❞❛t✐✈❡ tr❡❛t♠❡♥t✱ t❤❡ ❋▲•✲❆❜• ✭s♦•✐❞✴♣♦✇❞❡r✮ ✇❛s ❛♥♥❡❛•❡❞ ✐♥ ❆r ❛t ✾✵✵ • ❈ ❢♦r ✷❤✳ ✼✻ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✷✳✷✳✶✳✸ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ❙②♥t❤❡s✐s ❜② ▼❡❝❤❛♥✐❝❛• ❆❜•❛t✐♦♥ ♦❢ ❙②♥t❤❡t✐❝ •r❛♣❤✐t❡ ❖♥ t❤❡ ♣❛tt❡r♥ ♦❢ ❋▲• ❢r♦♠ ♣❡♥❝✐• •❡❛❞✱ ❞✐s❦s ♦❢ s②♥t❤❡t✐❝ ❣r❛♣❤✐t❡ ♠❛t❡r✐✲ ❛•s •✐❦❡ ❍❖P• ✇❛s ❛❜•❛t❡❞ ❛❣❛✐♥st ❛ r♦✉❣❤ ❣•❛ss s✉r❢❛❝❡ ✐♥ ❛ ❤♦♠❡✲❣r♦✇♥ s❡t✲✉♣ t♦ ♦❜t❛✐♥ ❋▲•s✳ ❉✉r✐♥❣ ❛❜•❛t✐♦♥ ♣r♦❝❡ss✱ ❛ ❝♦♥tr♦••❡❞ ✢♦✇ ♦❢ ❡t❤❛♥♦• ✇❛s ❝❛rr✐❡❞ ♦♥ ✐♥ ♦r❞❡r t♦ ❝♦••❡❝t t❤❡ ❛❜•❛t❡❞ ❋▲•s ✐♥ ❛ ❜❡❛❦❡r✳ ❚❤❡ s✉s♣❡♥s✐♦♥ ♦❢ ❋▲•s ✐♥ ❡t❤❛♥♦• ✇❛s ❦❡♣t ❢♦r ✷✹❤ ❢♦r ❞❡❝❛♥t❛t✐♦♥ ✐♥ ♦r❞❡r t♦ •❡t t❤❡ t❤✐❝❦❡r ✢❛❦❡s s❡tt•❡ ❞♦✇♥✳ ❚❤❡ t❤✐♥♥❡r ❋▲•s ✢♦❛t✐♥❣ ✐♥ t❤❡ ❡t❤❛♥♦• ✭s✉♣❡r♥❛t❛♥t✮ ✇✐•• ❜❡ ❝♦••❡❝t❡❞ ❢r♦♠ t❤❡ s✉s♣❡♥s✐♦♥ ❛❢t❡r ✷✹❤✳ ❚❤❡s❡ ❋▲•s ✇✐•• ❜❡ ❝❛••❡❞ ❋▲•✲❍❖P•✷✹❤ ✐♥ t❤❡ ♠❛♥✉s❝r✐♣t✳ ❚❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❍❖P•✷✹❤ ✇❛s ❞❡t❡r♠✐♥❡❞ t♦ ❜❡ ✵✳✶♠❣✴♠▲ ❡t❤❛♥♦•✳ ❋♦r ❛•• t❤❡ ♠❛t❡r✐❛•s ♦❜t❛✐♥❡❞ ❜② ❛❜•❛t✐♦♥ ❛s ❡①♣•❛✐♥❡❞ ❛❜♦✈❡✱ ❤♦t✲s♣r❛② ♠❡t❤♦❞ ✇❛s ❛♣♣•✐❡❞ ❢♦r ✜•♠ ❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ ✇✐•• ❜❡ ❞❡s❝r✐❜❡❞ •❛t❡r ✐♥ ✷✳✸✳ ✷✳✷✳✷ ▼✐❝r♦✇❛✈❡✲❛ss✐st❡❞ ▲✐q✉✐❞ P❤❛s❡ ❊①❢♦•✐❛t✐♦♥ ♦❢ ❋▲• ❛♥❞ |❡❞✉❝❡❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭r•❖✮ ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ❛♥❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ✇❡r❡ ✉s❡❞ ❛s st❛rt✐♥❣ ♠❛t❡r✐❛•s t♦ ♦❜t❛✐♥ ❋▲• ❛♥❞ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ✭r•❖✮ ❜② t❤❡ ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥ ♠❡t❤♦❞✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ▼❛rs ✭❈❊▼ ❈♦r♣✳✮ ♠✐❝r♦✇❛✈❡ ♦✈❡♥ ✇❛s ✉s❡❞ ❢♦r t❤❡s❡ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝s✿ ❛❞•✉st❛❜•❡ ♣♦✇❡r ❜❡t✇❡❡♥ ✸✵✵ ❛♥❞ ✶✷✵✵ ❲ ❛♥❞ ♠❛①✐♠✉♠ t❡♠♣❡r❛t✉r❡ ♦❢ ✷✺✵ • ❈✳ ❋✐rst✱ t❤❡ s②♥t❤❡s✐s ♦❢ ❋❡✇ •❛②❡r •r❛♣❤❡♥❡ ❢r♦♠ ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ✐♥ ❚♦•✉❡♥❡ ✇✐•• ❜❡ ♣r❡s❡♥t❡❞✱ t❤❡♥ ❊t❤②•❡♥❡ ••②❝♦•✲♠❡❞✐❛t❡❞ r❡❞✉❝t✐♦♥ ♦❢ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❛♥❞ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✇✐•• ❜❡ ❞❡s❝r✐❜❡❞✳ ✷✳✷✳ ▼❊❚❍❖❉❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❯❙❊❉ ❋❖| P|❊P❆|❆❚■❖◆❙ ❖❋ ▼❆❚❊|■❆▲❙ ✼✼ ✷✳✷✳✷✳✶ ❋❡✇ •❛②❡r •r❛♣❤❡♥❡ ❜② ▼✐❝r♦✇❛✈❡✲❛ss✐st❡❞ ▲✐q✉✐❞ P❤❛s❡ ❊①✲ ❢♦•✐❛t✐♦♥ ✭▲P❊✮ ♦❢ ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ✐♥ ❚♦•✉❡♥❡ ✹✵✵ ♠❣ ♦❢ r❛✇ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✭❊•✮ ✇❛s ♠✐①❡❞ ✇✐t❤ ✷✵✵ ♠▲ t♦•✉❡♥❡ ✭✷ ♠❣✴♠▲✮✱ ❞✐s♣❡rs❡❞ ✐♥ t❤❡ •✐q✉✐❞ ♣❤❛s❡ ❛♥❞ ❤♦♠♦❣❡♥✐③❡❞ ✐♥ ❛ •♦✇✲♣♦✇❡r s♦♥✐❝ ❜❛t❤ ✭❊•♠❛ s♦♥✐❝ ✶✵✷✶✻✽✵✷✷✮ ❢♦r ✺ ♠✐♥✉t❡s ❛♥❞ ❛ t✐♣ s♦♥✐❝❛t♦r ✭❇❛♥❞❡•✐♥s♦♥♦♣•✉s ✉✇✷✷✵✵✮ ❛t ✶✵✪ ♣♦✇❡r ❢♦r ✶✵ ♠✐♥✉t❡s✱ r❡s♣❡❝t✐✈❡•②✳ Pr✐♦r t♦ µ✲✇❛✈❡s ❤❡❛t✐♥❣✱ t❤❡ ❊•✲t♦•✉❡♥❡ s✉s♣❡♥s✐♦♥ ✇❛s s♦♥✐❝❛t❡❞ ✐♥ ❝•♦s❡❞ ✈❡ss❡• ❛♥❞ t❤❡♥ st✐rr❡❞ ❢♦r ✷✹❤✱ ✐♥ ♦r❞❡r t♦ ❤❡•♣ ✐♥t❡r❝❛•❛t✐♦♥ ♦❢ t♦•✉❡♥❡ ❛t t❤❡ ❡❞❣❡s✱ ❝r❛❝❦✐♥❣ ♦❢ ❊•✳ ❚❤❡ s✉s♣❡♥s✐♦♥ ✇❛s t❤❡♥ r❡❛❞② ❢♦r ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥ ❡①♣❡r✐♠❡♥t✳ ❙✉s♣❡♥s✐♦♥ ✇❛s t❤❡♥ ♣✉t ✐♥t♦ ❢♦✉r r❡❛❝t♦rs ✐♥ ❡q✉❛• q✉❛♥t✐t② ✭✺✵ ♠• × ✹✮ ❛♥❞ t❤❡② ✇❡r❡ ♣•❛❝❡❞ ✐♥s✐❞❡ t❤❡ ❝❤❛♠❜❡r ♦❢ t❤❡ ♠✐❝r♦✇❛✈❡ ♦✈❡♥ ✇✐t❤✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ ✲ ❚❤❡ ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥ ✇❛s s❡t ❛t t❤❡ ♣♦✇❡r ♦❢ ✻✵✵ ❲ ✇✐t❤ ❛ r❛♠♣ ♦❢ ✶ ♠✐♥ ❛♥❞ ❛ ❞✉r❛t✐♦♥ ♦❢ ♣•❛t❡❛✉ ❢♦r ✶✵♠✐♥✳ ✲ ▼❛①✐♠✉♠ ✐♥❢r❛✲r❡❞ ✭■|✮ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♣r❡ss✉r❡ ✇❡r❡ s❡t t♦ ✶✻✵ • ❈ ❛♥❞ ✹✵ ❜❛rs✱ r❡s♣❡❝t✐✈❡•②✳ ✲ ❚❤❡ s✉s♣❡♥s✐♦♥ ✇❛s ❝♦♦•❡❞ ❢♦r ✶✺ ♠✐♥✳ ❚❤❡ ❋▲• s❤❡❡ts ✇❡r❡ ❢♦r♠❡❞ ❛s ❛ s✉s♣❡♥s✐♦♥ ✐♥ t♦•✉❡♥❡ ♣❤❛s❡ ❛❜♦✈❡ t❤❡ s♦•✐❞ r❡s✐❞✉❛• ❊• ✇❤✐❝❤ r❡♠❛✐♥s ❛t t❤❡ ❜♦tt♦♠✳ ❋✐rst t❤❡r❡ ✐s ❛♥ ✐♥t❡r❝❛•❛t✐♦♥ ♦❢ t♦•✉❡♥❡ ❛t t❤❡ ❡❞❣❡s✱ ❛t t❤❡ ♥❛♥♦✲❝r❛❝❦s✱ ❛♥❞ t❤❛♥ t❤❡ ✈❡r② ❢❛st ❤❡❛t✐♥❣ ✭❜② µ✲ ✇❛✈❡s✮ ❤❡•♣s t♦ ❡①❢♦•✐❛t❡ ✭❡①tr❛❝t✮ t❤❡ s❤❡❡ts ❞✉❡ t♦ t❤❡ r❛♣✐❞ r✐s❡ ♦❢ •♦❝❛• s✉r❢❛❝❡ t❡♠♣❡r❛t✉r❡✳ ❚❤❡ s✉s♣❡♥s✐♦♥ ✇❛s •❡❢t ❢♦r ❞❡❝❛♥t❛t✐♦♥ ❢♦r ✾✵ ♠✐♥ ❛♥❞ t❤❡ ❋▲• s❤❡❡ts ✐♥ t♦•✉❡♥❡ ✇❡r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ s✉♣❡r♥❛t❛♥t✱ ✇❤✐❝❤ ✇❛s ❢♦r♠❡❞ ❛❜♦✈❡ t❤❡ ♣r❡❝✐♣✐t❛t❡❞ r❡s✐❞✉❛• ❊•✳ ❆❢t❡r ❞❡❝❛♥t❛t✐♦♥ t❤❡② ✇❡r❡ ❦❡♣t ✐♥ ❛♥ ♦✈❡♥ ❢♦r ❞r②✐♥❣ ❛t ✶✷✵ • ❈ ❢♦r ✷✵❤✳ ❚❤❡ ✜♥❛• ♠❛ss ♦❢ t❤❡ ❋▲• ✇❛s ♠❡❛s✉r❡❞ t♦ ❜❡ ✷✼ ♠❣ ✭❛r♦✉♥❞ ✼ ✪ ②✐❡•❞✮ ❛❢t❡r t❤✐s ❞r②✐♥❣ st❡♣✳ ❚❤❡ ②✐❡•❞ ✇❛s ✐♠♣r♦✈❡❞ ✉♣ t♦ ∼ 20✪ ❜② ❛❞❞✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛• ✷✹❤ st✐rr✐♥❣ st❡♣ ♣r✐♦r t♦ µ✲✇❛✈❡s tr❡❛t♠❡♥t✳ ❆ s✐♠✐•❛r ♣r♦❝❡❞✉r❡ ✇❛s ❛•r❡❛❞② r❡♣♦rt❡❞ ❢♦r ◆❍ 4 ❖❍ ❡①❢♦•✐❛t❡❞ ❊• ✐♥ ❬✷✷✺(✳ ✼✽ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✷✳✷✳✷✳✷ |❡❞✉❝❡❞ •❖ ❢r♦♠ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭•❖✮ ❛♥❞ ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ✭❊•✮ ❈♦♠♣♦s✐t❡ ✐♥ ❊t❤②•❡♥❡ ••②❝♦• •r❛♣❤❡♥❡ ♦①✐❞❡ ✭•❖✮ ✇❛s r❡❞✉❝❡❞ ✉♥❞❡r µ✲✇❛✈❡s ✐♥ ❡t❤②•❡♥❡ ❣•②❝♦• t♦ ♦❜✲ t❛✐♥ r•❖✳ ❊①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✭❊•✮ ❛♥❞ •❖ ✇❡r❡ s♦♥✐❝❛t❡❞ ✐♥ ❡t❤②•❡♥❡ ❣•②❝♦• s❡♣❛r❛t❡•②✱ ❛♥❞ t❤❡ t✇♦ s✉s♣❡♥s✐♦♥s ✇❡r❡ ♠✐①❡❞ ❛♥❞ tr❡❛t❡❞ ❜②µ✲✇❛✈❡s t♦ ❤❡•♣ ❡①❢♦•✐❛t✐♦♥ ✭❡①tr❛❝t✐♦♥✮ ❛♥❞ r❡❞✉❝t✐♦♥ ✐♥ r•❖✲❋▲•✳ •r❛♣❤❡♥❡ ♦①✐❞❡ ✇❛s ♣r❡♣❛r❡❞ ❜② ❛ ♠♦❞✐✜❡❞ ❍✉♠♠❡r✬s ♠❡t❤♦❞ ❢r♦♠ ❣r❛♣❤✐t❡ ♣•❛t❡s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✷✻(✳ ❚✇♦ s♦•✉t✐♦♥s ✇❡r❡ ♣r❡♣❛r❡❞ ❜② ♠✐①✐♥❣ •❖ ❛•♦♥❡ ✐♥ ❡t❤②•❡♥❡ ❣•②❝♦• ✇✐t❤ ❛ ❝♦♥❝❡♥✲ tr❛t✐♦♥ ♦❢ ✶ ♠❣✴♠▲ ✭✶✵✵ ♠❣✴✶✵✵ ♠▲✮✱ ❛♥❞ •❖✴❊• ✭✵✳✸✸✿✶ ✇t✪✮ ❝♦♠♣♦s✐t❡ ✐♥ ❡t❤②•❡♥❡ ❣•②❝♦• ✇✐t❤ ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✷ ♠❣✴♠▲ ✭✻✵ ♠❣✴✶✷✵ ♠▲✮✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ s✉s♣❡♥s✐♦♥s ✇❡r❡ ❞✐s♣❡rs❡❞ ❜② t✐♣ s♦♥✐❝❛t♦r ✭❇❛♥❞❡•✐♥s♦♥♦♣•✉s ✉✇✷✷✵✵✮ ❛t ✶✺✪ ♣♦✇❡r ❢♦r ✸❤ ❛t ✹✵ • ❈✳ ❆❢t❡r s♦♥✐❝❛t✐♦♥✱ ❛❜♦✉t ✽✵✪ ♦❢ ❜♦t❤ s✉s♣❡♥s✐♦♥s ✇❡r❡ t❛❦❡♥ ✐♥ ✢❛s❦s ✐♥ ♦r❞❡r t♦ s❡♣❛r❛t❡ ❤❡❛✈✐❡r ❢r♦♠ •✐❣❤t❡r ♠❛t❡r✐❛• t♦ ♠❛①✐♠✐③❡ t❤❡ ❝❤❛♥❝❡s ♦❢ ♦❜t❛✐♥✐♥❣ t❤✐♥ ❋▲•s✳ ❚❤❡ ✜❣✉r❡ ✷✳✷ s❤♦✇s t❤❡ r❛✇ ♠❛t❡r✐❛•s ❛♥❞ t❤❡ s♦♥✐❝❛t✐♦♥ st❡♣s ❢♦r ❜♦t❤ ♠❛t❡r✐❛•s ✇❤✐❝❤ ❛••♦✇s t❤❡ ❛❞s♦r♣t✐♦♥ ♦❢ •❖ ♦♥ ❊• ❛♥❞ ♣r♦❜❛❜•② t♦ ✐♥❞✉❝❡ t❤❡ ❡①❢♦•✐❛t✐♦♥ ♦❢ ❊• ❜❡❢♦r❡ ♣❡r❢♦r♠✐♥❣ t❤❡ µ✲✇❛✈❡s ❡①♣❡r✲ ✐♠❡♥t ❢♦r ❡①❢♦•✐❛t✐♦♥ ❛♥❞ r❡❞✉❝t✐♦♥✳ ❇♦t❤ s✉s♣❡♥s✐♦♥s ✭•❖ ❛•♦♥❡ ❛♥❞ •❖✴❊• ❝♦♠♣♦s✐t❡✮ ✇❡r❡ s❡♣❛r❛t❡•② ♣✉t ✐♥t♦ ❢♦✉r r❡❛❝t♦rs ✭✶✺♠• × ✹✮ ❡❛❝❤✱ ❛♥❞ r❡❛❝t♦rs ✇❡r❡ t❤❡♥ ♣•❛❝❡❞ ✐♥s✐❞❡ t❤❡ ♠✐❝r♦✇❛✈❡ ♦✈❡♥✳ ❱❛r✐♦✉s ❝♦♥❞✐t✐♦♥s ✇❡r❡ ❛tt❡♠♣t❡❞ ❛♥❞ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✇❡r❡ r❡t❛✐♥❡❞ ❢♦r ❜♦t❤ s✉s♣❡♥s✐♦♥s✿ ✲ ❚❤❡ ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥ ✇❛s s❡t ❛t ✽✵✵ ❲ ✇✐t❤ ❛ r❛♠♣ ♦❢ ✶ ♠✐♥ ❛♥❞ ❛ ❞✉r❛✲ t✐♦♥ ♦❢ ✶✺ ♠✐♥✳ ✲ ▼❛①✐♠✉♠ ■| t❡♠♣❡r❛t✉r❡ ❛♥❞ ♣r❡ss✉r❡ ✇❡r❡ s❡t t♦ ✷✵✵ • ❈ ❛♥❞ ✹✵ ❜❛rs✱ r❡s♣❡❝✲ t✐✈❡•②✳ ✲ ❚❤❡ s✉s♣❡♥s✐♦♥s ✇❡r❡ ❝♦♦•❡❞ ❢♦r ✶✺ ♠✐♥✳ ❆❢t❡r t❤❡ ❡①♣♦s✉r❡ t♦ ♠✐❝r♦✇❛✈❡s✱ t❤❡ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ✇❛s r❡❝♦✈❡r❡❞ ✇✐t❤ ❛ ②✐❡•❞ ♦❢ ✵✳✼ ♠❣✴♠▲ ✭✼✵✪✮ ❛♥❞ ✶ ♠❣✴♠▲ ✭✺✵✪✮ ❢♦r st❛rt✐♥❣ ♠❛t❡r✐❛• •❖ ❛♥❞ •❖✴❊• ❝♦♠♣♦s✐t❡ ✭♥♦✇ ❝❛••❡❞ r•❖ ❛♥❞ r•❖✴❋▲•✮✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ s✉s♣❡♥✲ ✷✳✷✳ ▼❊❚❍❖❉❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❯❙❊❉ ❋❖| P|❊P❆|❆❚■❖◆❙ ❖❋ ▼❆❚❊|■❆▲❙ ✼✾ ❋✐❣✉r❡ ✷✳✷✿ ❆✮ |❛✇ ♠❛t❡r✐❛•s✱ ❇✮ ❙♦♥✐❝❛t✐♦♥ ❛♥❞ ❡①❢♦•✐❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❜❡❢♦r❡ t❤❡ ♠✐❝r♦✇❛✈❡ ❡①♣❡r✐♠❡♥t✳ s✐♦♥s ✇❡r❡ ❢✉rt❤❡r ❞✐•✉t❡❞ ❜② ❛❞❞✐♥❣ ❡t❤❛♥♦• t✇✐❝❡ t❤❡ ✈♦•✉♠❡ ♦❢ ❡t❤②•❡♥❡ ❣•②❝♦• ✭❡✳❣✳ ✷✵ ♠▲ ♦❢ ❡t❤❛♥♦• ✇❛s ❛❞❞❡❞ ✐♥ ✶✵ ♠▲ ♦❢ ❡t❤②•❡♥❡ ❣•②❝♦•✲❝♦♥t❛✐♥✐♥❣ ♣r♦❞✉❝t ❛❢t❡r ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥✱ ♠♦❞✐❢②✐♥❣ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ t♦ ≈✵✳✷✺ ♠❣✴♠▲ ❛♥❞ ✵✳✸✸ ♠❣✴♠▲ ❢♦r •❖ ❛♥❞ •❖✴❊• ❝♦♠♣♦s✐t❡✱ r❡s♣❡❝t✐✈❡•②✮✳ ❚❤✐s ✇❛s ❞♦♥❡ ✐♥ ♦r❞❡r t♦ •♦✇❡r t❤❡ ❜♦✐•✐♥❣ ♣♦✐♥t ♦❢ t❤❡ s♦•✈❡♥t ✇❤✐❝❤ ✇❛s ❤✐❣❤ ❢♦r ❡t❤②•❡♥❡ ❣•②❝♦• ❛•♦♥❡ ✭❝✳❛✳ ✶✾✵ • ❈✮✳ ❚❤❡ r•❖ s❛♠♣•❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ❜♦t❤ •❖ ❛♥❞ •❖✴❋▲• ✐♥ ❡t❤②•❡♥❡ ❣•②❝♦•✲❜❛s❡❞ s♦•✉t✐♦♥s ✇❡r❡ ✉s❡❞ t♦ ❣r♦✇ t❤✐♥ ✜•♠s ♦♥ ❣•❛ss✴q✉❛rt③ s✉❜✲ str❛t❡s ✇✐t❤ ✈❛r✐♦✉s ❞❡♣♦s✐t✐♦♥ q✉❛♥t✐t✐❡s ✉s✐♥❣ t❤❡ s♣r❛②✲❝♦❛t✐♥❣ ♠❡t❤♦❞✳ ❚❤❡s❡ ✜•♠s ❛r❡ ❢✉rt❤❡r ❝❛••❡❞ r•❖ ❛♥❞ r•❖✴❋▲•✱ r❡s♣❡❝t✐✈❡•②✳ ❚❛❜•❡ ✷✳✸ ♣r♦✈✐❞❡s t❤❡ s✉♠♠❛r② ♦❢ t❤❡ ♣r❡♣❛r❡❞ ❋▲•✴r•❖ ♠❛t❡r✐❛•s ❜② ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ✽✵ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❚❛❜•❡ ✷✳✸✿ ❙✉♠♠❛r② ♦❢ ♠❡t❤♦❞s ♦❢ ♣r♦❞✉❝✐♥❣ ❋▲•✴r•❖ ♠❛t❡r✐❛•s✳ ❊①❢♦•✐❛t✐♦♥✴|❡❞✉❝t✐♦♥ ▼❡t❤♦❞ |❛✇ ▼❛t❡r✐❛•✴Pr❡❝✉rs♦r ▼❡❞✐❛✴❙♦•✈❡♥t ❖❜t✳ Pr♦❞✉❝t ❙❤♦rt ◆❛♠❡ ▼❡❝❤❛♥✐❝❛• ❊①❢♦•✐❛t✐♦♥ P❡♥❝✐• ▲❡❛❞s ✭❇✲✾✮ |♦✉❣❤ ❣•❛ss ❞✐s❦✴❊t❤❛♥♦•✴❚♦•✉❡♥❡ ❋▲•s ❋▲•✲❆❜• ▼❡❝❤❛♥✐❝❛• ❊①❢♦•✐❛t✐♦♥ ❙②♥t❤❡t✐❝ •r❛♣❤✐t❡ ✭❍❖P•✮ |♦✉❣❤ ❣•❛ss ❞✐s❦✴❊t❤❛♥♦• ❋▲•s ❋▲•✲❍❖P•✷✹❤ ▲✐q✉✐❞ ❊①❢♦•✐❛t✐♦♥✴µ✲✇❛✈❡s ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ❚♦•✉❡♥❡✴µ✲✇❛✈❡s ❋▲•s ❋▲•✲µ✲✇ ▲✐q✉✐❞ ❊①❢♦•✐❛t✐♦♥✴µ✲✇❛✈❡s •r❛♣❤❡♥❡ ❖①✐❞❡ ❊t❤②•❡♥❡ ••②❝♦•✴µ✲✇❛✈❡s r•❖ r•❖ ▲✐q✉✐❞ ❊①❢♦•✐❛t✐♦♥✴µ✲✇❛✈❡s •r❛♣❤❡♥❡ ❖①✐❞❡✴❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ❈♦♠♣♦s✐t❡ ❊t❤②•❡♥❡ ••②❝♦•✴µ✲✇❛✈❡s r•❖✴❋▲• r•❖✴❋▲• ✷✳✷✳✸ ❈◆❚s ❞✐s♣❡rs✐♦♥ ❉✐✛❡r❡♥t s♦•✈❡♥ts ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ✇❡r❡ t❡st❡❞ t♦ ♣r❡♣❛r❡ ❈◆❚s ❞✐s♣❡rs✐♦♥s ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ s✉✐t❛❜•❡ s♦•✈❡♥t ❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥✱ r❡s♣❡❝t✐✈❡•② ✷ ♠❣ ❡❛❝❤ ✇❛s ✐♥✐t✐❛••② ♣✉t ✐♥t♦ ✹✵ ♠▲ ✭✵✳✵✺ ♠❣✴♠▲✮ ♦❢ ❛ s♦•✈❡♥t s✉❝❤ ❛s✿ ❡t❤❛♥♦•✱ ❝❤•♦r♦❢♦r♠✱ ❡t❤②•❡♥❡ ❣•②❝♦•✱ ❛❝❡t♦♥✐tr✐•❡✱ ❛♥❞ ✐s♦♣r♦♣❛♥♦•✳ ❇② ✈✐s✉❛• ❡①✲ ❛♠✐♥❛t✐♦♥✱ ✐t ✇❛s ❢♦✉♥❞ t❤❛t ❈◆❚s ❤❛❞ ❢♦r♠❡❞ ❜❡tt❡r ❞✐s♣❡rs✐♦♥ ✐♥ ❛❝❡t♦♥✐tr✐•❡ ♦r ✐s♦♣r♦♣❛♥♦• ❛♥❞ ✇❛s st❛❜•❡ ❢♦r s❡✈❡r❛• ❤♦✉rs ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r t❤r❡❡ s♦•✈❡♥ts✳ ❚♦ ❢✉rt❤❡r ❤♦♠♦❣❡♥✐③❡ t❤❡ ❞✐s♣❡rs✐♦♥s✱ t❤❡ s✉s♣❡♥s✐♦♥s ✇❡r❡ ❞✐•✉t❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✵✳✵✷✺ ♠❣✴♠▲ ❜② ❞♦✉❜•✐♥❣ t❤❡ ✈♦•✉♠❡ ♦❢ s♦•✈❡♥ts ❛♥❞ t❤✐s ❝♦♥❝❡♥tr❛t✐♦♥ ✇❛s r❡t❛✐♥❡❞ ❢♦r ❢✉rt❤❡r ✉s❡ ♦❢ t❤❡s❡ s✉s♣❡♥s✐♦♥s ✐♥ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤✐♥ ✜•♠s✳ ❈◆❚s ❞✐s♣❡rs✐♦♥s ✇❡r❡ ✉s❡❞ t♦ ♣r❡♣❛r❡ t❤❡ ❤②❜r✐❞ ✜•♠s ✇✐t❤ ♦t❤❡r ♠❛t❡r✐❛•s✱ s✉❝❤ ❛s ❋▲• ❛♥❞ r•❖ ❜② s♣r❛② ♠❡t❤♦❞✳ ❚❤❡s❡ ✜•♠s ♠❛❞❡ ✉♣ ♦❢ ❈◆✲ ❚✴❋▲•✱ ❈◆❚✴❍❖P• ❛♥❞ ❈◆❚✴r•❖ ❤②❜r✐❞s ✇❡r❡ ♣r❡♣❛r❡❞ ❜② ❛•✇❛②s ❞❡♣♦s✐t✐♥❣ ❈◆❚s ❛❤❡❛❞ ♦❢ ♦t❤❡r ♠❛t❡r✐❛•s ✭❋▲•✴❍❖P•✴r•❖✮ t♦ ♠✐♥✐♠✐③❡ t❤❡ r♦✉❣❤♥❡ss ✐ss✉❡s✳ ✷✳✸✳ ❋■▲▼ ❋❖|▼❆❚■❖◆ ❋❖| ❈❍❆|•❊ ❚|❆◆❙P❖|❚ ❉❊❱■❈❊❙ ❇( ❍❖❚✲❙P|❆( ▼❊❚❍❖❉ ✽✶ ✷✳✸ ❋✐•♠ ❋♦r♠❛t✐♦♥ ❢♦r ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ❜② ❍♦t✲s♣r❛② ▼❡t❤♦❞ ❍♦t✲s♣r❛② ♠❡t❤♦❞ ✇❛s ✉s❡❞ t♦ ♣r❡♣❛r❡ t❤✐♥ ✜•♠s ♦❢ ❋▲• ❛♥❞ r•❖ ♠❛t❡r✐❛•s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❛❜♦✈❡ ♠❡t❤♦❞s ✭♠❡❝❤❛♥✐❝❛• ❛♥❞ µ✲✇❛✈❡s✲❛ss✐st❡❞ •✐q✉✐❞ ❡①❢♦•✐❛✲ t✐♦♥✮✱ ✇❤✐❝❤ ✇♦✉•❞ s❡r✈❡ ❛s tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ✜•♠s ❢♦r t❤❡ st✉❞② ♦❢ ❝❤❛r❣❡ tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s ❜② ❡•❡❝tr✐❝❛• ♠❡❛s✉r❡♠❡♥ts✳ ❍②❜r✐❞ ✜•♠s ♦❢ t❤❡s❡ ♠❛t❡r✐❛•s ✇❡r❡ ❛•s♦ ♣r❡♣❛r❡❞ ✇✐t❤ ❈◆❚s✳ ❉✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ t❤❡s❡ ♠❛t❡r✐❛•s ✇❡r❡ t❡st❡❞ ✐♥ ❞✐✛❡r❡♥t s♦•✈❡♥ts✳ ❋✐•♠s ✇❡r❡ ♣r❡♣❛r❡❞ ♦♥ ❛ ♣r❡❤❡❛t❡❞ ❣•❛ss✴q✉❛rt③ ♣•❛t❡s ✭✶✴✷ ❝♠ 2 ✱ r❡s♣❡❝t✐✈❡•②✮ ❛t ✶✷✵ • ❈ ✉♥❞❡r ❛♠❜✐❡♥t ❛✐r✳ ••❛ss ♣•❛t❡s ✇❡r❡ ❝•❡❛♥❡❞ ✐♥ ❡t❤❛♥♦• ❢♦r ✶✺ ♠✐♥ ✐♥ s♦♥✐❝ ❜❛t❤ ❜❡❢♦r❡ ❞❡♣♦s✐t✐♦♥✳ ❉✐✛❡r❡♥t ✈♦•✲ ✉♠❡s ♦❢ ❋▲•✴r•❖ s✉s♣❡♥s✐♦♥s ✭♠♦st•② ✐♥ ❡t❤❛♥♦•✮ ✇❡r❡ ❞❡♣♦s✐t❡❞ ✉s✐♥❣ ❆✐r❣✉♥ ✭❍✐✲•✐♥❡ ■✇❛t❛✮✳ ❚❤❡ ❣•❛ss✴q✉❛rt③ ♣•❛t❡ s✉❜str❛t❡ ✇❛s ❝♦♥t✐♥✉♦✉s•② ❤❡❛t❡❞ ❞✉r✐♥❣ t❤❡ ♠❛t❡✲ r✐❛• ❞❡♣♦s✐t✐♦♥ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ✢✉❝t✉❛t❡❞ ❜❡t✇❡❡♥ ✽✵✲✶✷✵ • ❈ ❞✉r✐♥❣ ❞❡♣♦s✐✲ t✐♦♥✳ ❆✐r ✇❛s ✉s❡❞ ❛s t❤❡ ❝❛rr✐❡r ❣❛s ❛t ❛ ✈❛r✐❛❜•❡ ✐♥•❡t ♣r❡ss✉r❡ ❜❡t✇❡❡♥ ✵✳✺✲✶✳✺ ❜❛r✳ ❚❤❡ ♥♦③③•❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❣✉♥ ✇❛s ✈❛r✐❛❜•❡ ✭✵✳✷✷✲✵✳✸ ♠♠✮ ❛♥❞ ✐ts ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ s✉❜str❛t❡ ✇❛s ✶✷ ❝♠✳ ❙♦♠❡ ♦❢ t❤❡ ✷ ❝♠× ✷ ❝♠ ✭✹ ❝♠ 2 ✮ s❛♠♣•❡s ✇❡r❡ ✉s❡❞ ❛s tr❛♥s♣❛r❡♥t ❝♦♥✲ ❞✉❝t♦r ❡•❡❝tr♦❞❡s ❢♦r ❢❛❜r✐❝❛t✐♥❣ ❖❙❈s✳ ❚❤❡s❡ ✇✐•• ❜❡ ❝❛••❡❞ ❝❛r❜♦♥✲❜❛s❡❞ ❚❈❊s ✭❈❚❈❊s✮ ❛s ✇❤❡♥ ✉s❡❞ ❛s ❣r♦✉♣ t❡r♠ ❛♥❞ t❤❡② ✇✐•• ❜❡ r❡❢❡rr❡❞ t♦✱ ✇✐t❤ t❤❡✐r ❣❡♥❡r✐❝ ♥❛♠❡s ❛s ❋▲•✲❆❜•✱ ❋▲•✲❍❖P•✱ r•❖✱ ❈◆❚s✴❋▲•✲❆❜• ❛♥❞ s♦ ♦♥ s♦ ❢♦rt❤ ✇❤❡♥ ✉s❡❞ ❛s ✐♥❞✐✈✐❞✉❛• ✜•♠s✳ ❋✐❣✉r❡ ✷✳✸ s❤♦✇s t❤❡ ❋▲• ❞✐s♣❡rs✐♦♥ ✐♥ ❡t❤❛♥♦• ❛♥❞ ❤♦t✲s♣r❛② s❡t ✉♣✳ ✷✳✸✳✶ ❊•❡❝tr♦❞❡s ❉❡♣♦s✐t✐♦♥ ❜② ❚❤❡r♠❛• ❊✈❛♣♦r❛t✐♦♥ ❇❡❢♦r❡ ❆✉ ❡✈❛♣♦r❛t✐♦♥✱ ❛ ♥❡✇ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ♠❛s❦s ❢♦r ❍❛•• ❊✛❡❝t ♠❡❛✲ s✉r❡♠❡♥ts ✇❛s ❞❡s✐❣♥❡❞✱ ✉s✐♥❣ ▲❛❜✈✐❡✇ ✐♥t❡r❢❛❝❡ ❢♦r ❛ •❛s❡r ✭(❆• ❡♣✐t❤❡r♠✻✶✵ ✽✷ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❋✐❣✉r❡ ✷✳✸✿ ✭❛✮ ❋▲• ❞✐s♣❡rs✐♦♥ ✐♥ ❡t❤❛♥♦•✱ ✭❜✮ s❡t✲✉♣ ♦❢ s♣r❛② ❝♦❛t✐♥❣ ❜② ❛✐r✲❣✉♥ ♦♥ ❤♦t ♣•❛t❡✳ q✉❛♥tr♦♥✐① ♠♦❞❡• ✶✶✹✮✳ ❚❤❡ •❛s❡r ❤❛s t❤❡ ❢♦••♦✇✐♥❣ s♣❡❝✐✜❝❛t✐♦♥s✿ ■♥t❡♥s✐t② ✸✵❆✱ r❡♣❡t✐t✐♦♥ r❛t❡ ✷✺❦❍③✱ ✇❛✈❡•❡♥❣t❤ ✶✵✻✹ ♥♠✱ ♣✉•s❡ ✶✵✵ ♥s✱ •❛s❡r ❢♦❝✉s s♣♦t ♦♥ s❛♠♣•❡ ✶✵✵ µm✱ ❝♦♥t✐♥✉♦✉s ♣♦✇❡r ✻ ❲✱ ❛♥❞ ❝✉tt✐♥❣ s♣❡❡❞ ♦❢ ✶✵✵ µ/sec✳ ❚❤❡ ♠❛s❦s ✇❡r❡ ❝✉t ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ ✻✵ ♠♠✴s ❛t ✸✵❆ ✐♥t❡♥s✐t②✳ ❈❤r♦♠✐✉♠✴•♦•❞ ✭❈r✴❆✉✮ ❡•❡❝tr♦❞❡s ✇❡r❡ ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ t♦♣ ♦❢ t❤❡ ❋▲• ✜•♠s ❜② ❡✈❛♣♦r❛t✐♦♥ ✭❍♦♠❡✲♠❛❞❡ ❡✈❛♣♦r❛t♦r ❛t t❤❡ r❛t❡ ♦❢ ❡✈❛♣♦r❛t✐♦♥ ♦❢ ✸✲✼ ➴✴s ❢♦r ❆✉ ❛♥❞ ✶➴✴s ❢♦r ❈r ✇✐t❤ ❛ ✈❛❝✉✉♠ ♦❢ ✹①✶✵ -7 ♠❜❛r✮ t♦ ♣r❡♣❛r❡ ❝❤❛r❣❡ tr❛♥s✲ ♣♦rt ❞❡✈✐❝❡s ❢♦r ❡•❡❝tr✐❝❛• ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ t❤✐❝❦♥❡ss❡s ♦❢ ❞❡♣♦s✐t❡❞ ❝❤r♦♠✐✉♠ ❛♥❞ ❣♦•❞ ❡•❡❝tr♦❞❡s ♦♥ t❤❡ t♦♣ ♦❢ ❣r❛♣❤❡♥❡ ✜•♠ ✇❡r❡ ✷✳✺ ♥♠ ❛♥❞ ✸✵ ♥♠✱ r❡s♣❡❝✲ t✐✈❡•②✱ ❢♦r ❡❛❝❤ s❛♠♣•❡✳ ✷✳✹ ❙♦•❛r ❈❡•• Pr❡♣❛r❛t✐♦♥ ❙♦•❛r ❝❡•• ♣r❡♣❛r❛t✐♦♥s st❡♣s ❛r❡ ♦✉t•✐♥❡❞ ❤❡r❡✳ ❚❤❡ ❞♦♥♦r✲❛❝❝❡♣t♦r s♦•✉t✐♦♥ ✭P✸❍❚✴P❈ 60 ❇▼✮ ❚❤❡ ♣r❡♣❛r❡❞ s♦•✉t✐♦♥ ✭✹✵ ♠❣ ♦❢ P❈ 60 ❇▼✴P✸❍❚ ✭✶✿✵✳✼✮✮ ✇❛s t❛❦❡♥ ✐♥ ❛ s♠❛•• ✷✳✹✳ ❙❖▲❆| ❈❊▲▲ P|❊P❆|❆❚■❖◆ ✽✸ ✢❛s❦ ❛♥❞ ♠✐①❡❞ ✇✐t❤ ❖❉❈❇ ✭✹✵ ♠❣✴♠▲✮ ❛♥❞ ♣•❛❝❡❞ ♦♥ t❤❡ st✐rr❡r ❢♦r st✐rr✐♥❣ t❤❡ ❜•❡♥❞ ✐♥ ❖❉❈❇ s✉s♣❡♥s✐♦♥ ❛t ✽✵✵ r♣♠ ❛t ✻✵ • ❈ ❢♦r ✹✽ ❤♦✉rs ✐♥s✐❞❡ t❤❡ ❣•♦✈❡ ❜♦①✳ ❚❤❡r♠❛• ❡✈❛♣♦r❛t✐♦♥ ❛♥❞ s✉❜str❛t❡ ❝•❡❛♥✐♥❣ ❈r ✷✳✺ ♥♠ ❛♥❞ ❆✉ ✷✺ ♥♠ ✇❡r❡ ❞❡♣♦s✐t❡❞ ❜② t❤❡r♠❛• ❡✈❛♣♦r❛t✐♦♥ ♦♥ ❛•• s✉❜✲ str❛t❡s✴s❛♠♣•❡s ✭❈❚❈❋s✴❈❚❈❊s ❛♥❞ r❡❢❡r❡♥❝❡ ■❚❖✮✳ ❚❤❡ ■❚❖ r❡❢❡r❡♥❝❡ ❝❡•• ✇❛s ❝•❡❛♥❡❞ t❤r❡❡ t✐♠❡s ❢♦r ✶✺ ♠✐♥✱ ❡❛❝❤ ✐♥ ❛❝❡t♦♥❡✱ ✐s♦✲ ♣r♦♣❛♥♦• ❛♥❞ ❞❡✐♦♥✐③❡❞ ✇❛t❡r ✐♥ ♠✐•❞ ✉•tr❛s♦♥✐❝ ❜❛t❤ ❛t ✹✺ • ❈✳ ❯❱ ❖③♦♥❡ tr❡❛t♠❡♥t ❋❡✇ s❛♠♣•❡s ✭❈❚❈❋✴❈❚❈❊✮ ✇❡r❡ tr❡❛t❡❞ ✉♥❞❡r ❯❱ t♦ ❛❝t✐✈❛t❡ t❤❡ s✉r❢❛❝❡ ❜❡❢♦r❡ P❊❉❖❚✿P❙❙ ❞❡♣♦s✐t✐♦♥ ❢♦r ✷ ♠✐♥ ❛♥❞ s♦♠❡ ♦❢ t❤❡♠ ✇❡r❡ r❡t❛✐♥❡❞ ❛s ✉♥tr❡❛t❡❞✳ ❙✉❜s❡q✉❡♥t•②✱ t❤❡ r❡❢❡r❡♥❝❡ ■❚❖ s✉❜str❛t❡✴❝❡•• ✇❛s tr❡❛t❡❞ ❢♦r ✶✺ ♠✐♥ ✉♥❞❡r ❯❱ ♦③♦♥❡✳ P❊❉❖❚✿ P❙❙ ❞❡♣♦s✐t✐♦♥ P❊❉❖❚✿P❙❙ ✇❛s ❞❡♣♦s✐t❡❞ ✉s✐♥❣ s♣✐♥✲❝♦❛t✐♥❣ ♠❡t❤♦❞ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐✲ t✐♦♥s✿ ❋❡✇ ❤✉♥❞r❡❞s ♦❢ µ▲ ♦❢ P❊❉❖❚✿P❙❙ ✇❛s s♣✐♥✲❝♦❛t❡❞ ♦♥ ❛•• ❝❡••s ✇✐t❤ s♣❡❡❞❂✸✵✵✵ r♣♠ ❛♥❞ ❛❝❝❡•❡r❛t✐♦♥❂✶✵✵✵ r♣♠s✴s ❢♦r ✻✵s✳ ❈❚❈❋✴❈❚❈❊ s❛♠♣•❡s ✇✐t❤♦✉t ❯❱ ♦③♦♥❡ tr❡❛t♠❡♥t r❡♠❛✐♥ ❤②❞r♦♣❤♦❜✐❝ ❛♥❞ t❤❡ ❞❡♣♦s✐t✐♦♥ ♦❢ P❊❉❖❚✿P❙❙ ✐s t❤❡♥ ♥♦t ✉♥✐❢♦r♠ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❈❚❈❋s✴❈❚❈❊s✳ ❆•• s❛♠♣•❡s ✇❡r❡ t❤❡r♠❛••②✲ ❛♥♥❡❛•❡❞ ♦♥ ❛ ❤♦t ♣•❛t❡ ❛t ✶✹✵ • ❈ ❢♦r ✸✵ ♠✐♥ ✐♥s✐❞❡ t❤❡ ❣•♦✈❡ ❜♦①✳ ❆❝t✐✈❡ •❛②❡r ❚❤❡ s♣✐♥✲❝♦❛t✐♥❣ ♠❡t❤♦❞ ✇❛s ✉s❡❞ ❢♦r ❞❡♣♦s✐t✐♦♥ ♦❢ P✸❍❚✿P❈❇▼ ❜•❡♥❞ ❛s ✇❡•• ✇✐t❤ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✐♥ ✷ st❡♣s✿ st❡♣ ✶✿ s♣❡❡❞❂✶✷✺✵ r♣♠ ❛♥❞ ❛❝❝❡•❡r❛✲ t✐♦♥❂✷✵✵ r♣♠✴s ❢♦r ✾✵s❀ st❡♣ ✷✿ s♣❡❡❞❂✷✵✵✵ r♣♠❀ ❛♥❞ ❛❝❝❡•❡r❛t✐♦♥❂✷✵✵ r♣♠✴s ❢♦r ✶✷✵s✳ ❆•• s❛♠♣•❡s ✇❡r❡ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ♦♥ ❛ ❤♦t✲♣•❛t❡ ❛t ✶✹✵ • ❈ ❢♦r ✶✺ ♠✐♥ ✐♥s✐❞❡ ❣•♦✈❡ ❜♦①✳ ❈♦✉♥t❡r ❡•❡❝tr♦❞❡s ✭❈❛✴❆•✮ ❞❡♣♦s✐t✐♦♥ ❈❛ ✭✷✵ ♥♠✮ ❛♥❞ ❆• ✭✶✷✵ ♥♠✮ ❡•❡❝tr♦❞❡s ✇❡r❡ ❞❡♣♦s✐t❡❞ ❜② t❤❡r♠❛• ❡✈❛♣♦r❛t✐♦♥ ✽✹ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✐♥s✐❞❡ t❤❡ ❣•♦✈❡ ❜♦①✳ ❏✲❱ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❚❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✲✈♦•t❛❣❡ ✭❏✲❱✮ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ■❚❖ ❞❡✈✐❝❡ ❛♥❞ ❝❛r❜♦♥✲❜❛s❡❞ ❖❙❈s ✇❡r❡ ♠❡❛s✉r❡❞ ✇✐t❤ ❛ ❑❡✐t❤•❡② s♦✉r❝❡ ✹✷✵✵ ❙❈❙ ♠❡❛s✉r❡✲ ♠❡♥t ✉♥✐t✱ ✉♥❞❡r ❞❛r❦♥❡ss ❛♥❞ ✐••✉♠✐♥❛t✐♦♥ ✐♥ ❝♦♥•✉♥❝t✐♦♥ ✇✐t❤ ❛ s♦•❛r s✐♠✉•❛t♦r ✉♥❞❡r ❆▼ ✶✳✺ • ❝♦♥❞✐t✐♦♥s ✭❖r✐❡• ❳❡♥♦♥ ✶✺✵ ❲✮ ❛♥❞ ❛ ✶✵✵ ♠❲✴❝♠ 2 ♣♦✇❡r ✢✉① ♦♥ ❛♥ ❛❝t✐✈❡ ❞❡✈✐❝❡ s✉r❢❛❝❡ ♦❢ ✵✳✶✷ ❝♠ 2 ✳ ❚❤❡ ❞❡✈✐❝❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥ t❡r♠s ♦❢ ❱✲■ r❡s♣♦♥s❡ ❛♥❞ ❡✣❝✐❡♥❝② ✇❡r❡ ♠❡❛s✉r❡❞ ✐♥ ❣•♦✈❡ ❜♦① ✉♥❞❡r ♥✐tr♦❣❡♥ ❛t♠♦✲ s♣❤❡r❡✳ ▼r✳ ❚❤♦♠❛s |❡❣r❡tt✐❡r ❛♥❞ ◆✐❝♦•❛s )✐♠♠❡r♠❛♥♥ ❤❡•♣❡❞ ✇✐t❤ s♦•❛r ❝❡••s ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s✳ ✷✳✺ ❈❤❛r❛❝t❡r✐③❛t✐♦♥s ❚❡❝❤♥✐q✉❡s ❚❤❡ ❢♦••♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ❡♠♣•♦②❡❞ t♦ st✉❞② t❤❡ str✉❝t✉r❛•✱ ✭♦♣t♦✮ ❡•❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s✱ ❛♥❞ t❤❡ ♠♦r♣❤♦•♦❣② ♦❢ ❣r❛♣❤❡♥❡ ♠❛t❡r✐❛•s ❛♥❞ ✜•♠s✳ ❚❤✐s s❡❝t✐♦♥ ✇✐•• st❛rt ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡•❡❝tr✐❝❛• ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✜rst✳ ✷✳✺✳✶ ❊•❡❝tr✐❝❛• ❈❤❛r❛❝t❡r✐③❛t✐♦♥s ❢♦r ❈❤❛r❣❡ ❚r❛♥s♣♦rt ▼❡❛s✉r❡♠❡♥ts ❜② ❚✇♦ Pr♦❜❡s✱ ❋♦✉r✲P♦✐♥t Pr♦❜❡s ✭❋PP✮ ❛♥❞ ❍❛•• ❊✛❡❝t ✭❍❊✮ ■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ♦❢ t❤❡s❡ ❝❛r❜♦♥✲❜❛s❡❞ ✭❋▲•✴r•❖ ❛♥❞ ❤②❜r✐❞s ✇✐t❤ ❈◆❚s✮ ✜•♠s✱ ❡•❡❝tr♦❞❡s ♠✉st ❜❡ ❞❡♣♦s✐t❡❞ ♦♥ t❤❡s❡ ✜•♠s t♦ ❢❛❝✐•✐t❛t❡ t❤❡ ❡•❡❝tr✐❝❛• ♠❡❛s✉r❡♠❡♥ts ❜② ♣r♦✈✐❞✐♥❣ ♦❤♠✐❝ ❝♦♥t❛❝t ❛♥❞ ♣r❡s❡r✈✐♥❣ ✉♥❞❡r•②✐♥❣ ✜•♠s ❢r♦♠ ❞❡❣r❛❞❛t✐♦♥✳ ❋✉rt❤❡r ❞❡t❛✐•s ♦♥ ❡•❡❝tr✐❝❛• ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ❛r❡ ♣r♦✈✐❞❡❞ ❢♦r ❡❛❝❤ t❡❝❤♥✐q✉❡ ❜❡•♦✇✳ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✽✺ ✷✳✺✳✶✳✶ ❚✇♦ Pr♦❜❡s ❢♦r ❊•❡❝tr✐❝❛• |❡s✐st❛♥❝❡ ▼❡❛s✉r❡♠❡♥ts ❆ ❑❡✐t❤•❡② ✹✷✵✵✲❙❈❙ s❡♠✐❝♦♥❞✉❝t♦r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ s②st❡♠ ✇❛s ✉s❡❞ ❢♦r t✇♦✲♣r♦❜❡s ❡•❡❝tr✐❝❛• r❡s✐st❛♥❝❡ ✭|✮ ♠❡❛s✉r❡♠❡♥ts ✇✐t❤ ❛ ✹✷✵✵✲❙▼❯ ❝❛r❞ ✉♥✐t ✐♥ ❛♠❜✐❡♥t ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡ ❙▼❯ ❝❛r❞ ✉♥✐t ♦♣❡r❛t❡s ❛s ❛ ✈♦•t❛❣❡ ♦r ❝✉rr❡♥t s♦✉r❝❡ ✭❞❡♣❡♥❞✐♥❣ ✉♣♦♥ s♦✉r❝❡ ❢✉♥❝t✐♦♥✮ ✐♥ s❡r✐❡s ✇✐t❤ ❛♥ ■✲▼❡t❡r ✭❛♠♣❡r❡ ♠❡t❡r✮✱ ❛♥❞ ❝♦♥♥❡❝t❡❞ ✐♥ ♣❛r❛••❡• ✇✐t❤ ❛ ❱✲▼❡t❡r ✭✈♦•t ♠❡t❡r✮✳ ❈✉rr❡♥t ❛♥❞ ✈♦•t❛❣❡ ❛r❡ r❡❣✉✲ •❛t❡❞ ✭•✐♠✐t❡❞✮ ❜② r❡s♣❡❝t✐✈❡ •✐♠✐t✐♥❣ ❝✐r❝✉✐ts ✭■✲▲✐♠✐t ❛♥❞ ❱✲▲✐♠✐t✱ r❡s♣❡❝t✐✈❡•②✮ t♦ t❤❡ ♣r♦❣r❛♠♠❡❞ ❝♦♠♣•✐❛♥❝❡ ✈❛•✉❡ ♦❢ t❤❡ ✉♥✐t✳ ❇② ✐♥•❡❝t✐♥❣ ❛ ❝✉rr❡♥t ✭■✮✱ t❤❡ ♣♦t❡♥t✐❛• ❞✐✛❡r❡♥❝❡ ✭❱✮ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ❛❝r♦ss t❤❡ s❛♠❡ t❡r♠✐♥❛•s ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❋✐❣✉r❡ ✷✳✹❆ s❤♦✇s t❤❡ ❞❡✈✐❝❡ ✭❖r❣❛♥✐❝ ❋✐❡•❞ ❊✛❡❝t ❚r❛♥s✐st♦r✱ ❖❋❊❚ ❞❡✈✐❝❡ s✉♣♣•✐❡❞ ❜② ❋|❆❯◆❍❖❋❊| ■P▼❙✮ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ✈❛r✐❛❜•❡ ❣❛♣s ❜❡✲ t✇❡❡♥ ❡•❡❝tr♦❞❡s ✭✷✳✺✱ ✺✱ ✶✵ ❛♥❞ ✷✵ µ♠✮ ❢♦r t✇♦ ♣r♦❜❡s ❛♥❞ ✜❣✉r❡ ✷✳✹❇ s❤♦✇s t❤❡ ❙❊▼ ✐♠❛❣❡ ♦❢ ❛ ✷✳✺ µ♠ ❞❡✈✐❝❡ ❛❢t❡r ❋▲• ❞❡♣♦s✐t✐♦♥ ♦✈❡r ✐t✳ ❋✐❣✉r❡ ✷✳✹✿ ❆✮ ❉❡✈✐❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ✈❛r✐❛❜•❡ ❣❛♣s ❜❡t✇❡❡♥ ❡•❡❝tr♦❞❡s ✭✷✳✺✱ ✺✱ ✶✵ ❛♥❞ ✷✵ µ♠✮ ❢♦r t✇♦ ♣r♦❜❡s ♠❡❛s✉r❡♠❡♥t ✭❚❂t♦♣✱ ❇❂ ❜♦tt♦♠✱ |❂ r✐❣❤t ❛♥❞ ▲❂•❡❢t✮ ❛♥❞ ❇✮ ❙❊▼ ✐♠❛❣❡ ♦❢ t❤❡ ✷✳✺ µ♠ ❞❡✈✐❝❡ ❛❢t❡r ❋▲• ❞❡♣♦s✐t✐♦♥✳ ✽✻ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✷✳✺✳✶✳✷ ❋♦✉r✲P♦✐♥t Pr♦❜❡s ✭❋PPs✮ ❢♦r | s ▼❡❛s✉r❡♠❡♥ts ❚❤❡ r❡s✐st✐✈✐t②✱ ❡①♣r❡ss❡❞ ✐♥ ✉♥✐ts ♦❢ ♦❤♠✲❝❡♥t✐♠❡t❡rs ✭♦❤♠✳❝♠✮ ❝❛♥ ❜❡ ❞❡✲ t❡r♠✐♥❡❞ ✉s✐♥❣ ❡✐t❤❡r ❛ ❢♦✉r✲♣♦✐♥t ♣r♦❜❡ ♦r ❛ ❱❛♥ ❞❡r P❛✉✇ ❝♦♥✜❣✉r❛t✐♦♥✴♠❡❛✲ s✉r❡♠❡♥t t❡❝❤♥✐q✉❡✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ♠❡t❤♦❞ ❢♦r ♠❡❛s✉r✐♥❣ r❡s✐st✐✈✐t② ✐s t❤❡ ❢♦✉r✲♣♦✐♥t ♣r♦❜❡s ♠❡t❤♦❞ ✭❋PPs✮✳ ❆ ❑❡✐t❤•❡② ✷✷✵ ♣r♦❣r❛♠♠❛❜•❡ ❝✉rr❡♥t s♦✉r❝❡ ✐♥ ❝♦♥•✉♥❝t✐♦♥ ✇✐t❤ ❛ ❍❡✇•❡tt✲P❛❝❦❛r❞ ✸✹✹✵✶❆ ♠✉•t✐♠❡t❡r ✇❛s ✉s❡❞ ❢♦r ❢♦✉r✲♣♦✐♥t ♣r♦❜❡s s❤❡❡t r❡s✐st❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ✭| s ✮ ✐♥ ❛♠❜✐❡♥t ❡♥✈✐r♦♥♠❡♥t✳ ❋PPs ❛•s♦ ❛••♦✇ t♦ ♠❡❛s✉r❡ t✇♦✲❞✐♠❡♥s✐♦♥❛• s❤❡❡t r❡s✐st✐✈✐t② ♦❢ t❤✐♥ ✜•♠s ❜② ✐♥•❡❝t✐♥❣✴✐♥❞✉❝✐♥❣ t❤❡ ❝✉rr❡♥t t❤r♦✉❣❤ t✇♦ ❡①tr❡♠❡ ✭❡①t❡r♥❛•✮ ♣r♦❜❡s✱ ❛♥❞ ♠❡❛s✉r✐♥❣ ✈♦•t❛❣❡ ❞✐✛❡r❡♥❝❡ ✭❱✮ ❜❡t✇❡❡♥ t✇♦ ♠✐❞❞•❡ ♣r♦❜❡s✱ ❝r❡❛t❡❞ ❜② ❝✉rr❡♥t ✢♦✇✐♥❣ t❤r♦✉❣❤ t❤❡ s❛♠♣•❡✳ ❚❤❡ s❝❤❡♠❡ ✐s ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✷✳✺✳ ❋✐❣✉r❡ ✷✳✺✿ ❆✮ ❙❝❤❡♠❡ s❤♦✇✐♥❣ t❤❡ ❣❡♦♠❡tr② ♦❢ s❛♠♣•❡ ❛♥❞ ♣r♦❜❡s ✐♥ ❋PP❙ ♠❡❛s✉r❡♠❡♥t✱ ❇✮ s❝❤❡♠❡ s❤♦✇✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t ♣r✐♥❝✐♣•❡✱ ✇❤❡r❡ ❡①tr❡♠❡ ♣r♦❜❡s ❛r❡ ✉s❡❞ t♦ ✐♥•❡❝t t❤❡ ❝✉rr❡♥t ✐♥ t❤❡ s❛♠♣•❡ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ❛♥❞ ♠✐❞❞•❡ ♣r♦❜❡s ♠❡❛s✉r❡ t❤❡ ✈♦•t❛❣❡ ❞r♦♣ ❝❛✉s❡❞ ❜② t❤❡ ✐♥❞✉❝❡❞ ❝✉rr❡♥t ❛❝r♦ss t❤❡ s❛♠♣•❡✳ ❚❤❡ s♣❛❝✐♥❣ ❜❡t✇❡❡♥ ♣r♦❜❡s ✐s ❡q✉❛• t♦ s ❛♥❞ ✐s ❝♦♥st❛♥t ❢♦r ❛•• ❢♦✉r ♣r♦❜❡s ❢r♦♠ ✶ t♦ ✹ ❛s s❤♦✇♥ ✐♥ ❆✳ ❚❤❡ ❞✐st❛♥❝❡ ❛♠♦♥❣ ♣r♦❜❡s ✐♥ ❇ ✐s ❛r❜✐tr❛r✐•② ❡①❛❣❣❡r❛t❡❞ ❢♦r ❛ ❜❡tt❡r ✈✐s✉❛•✐③❛t✐♦♥ ♦♥•②✳ ■❢ t❤❡ s♣❛❝✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❡ ♣♦✐♥ts ✐s ❝♦♥st❛♥t✱ t❤❡ ❝♦♥❞✉❝t✐♥❣ ✜•♠ t❤✐❝❦♥❡ss ✐s •❡ss t❤❛♥ ✹✵ ✪ ♦❢ t❤❡ s♣❛❝✐♥❣✱ ❛♥❞ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ✜•♠ ❛r❡ ♠♦r❡ t❤❛♥ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✽✼ ✹ t✐♠❡s t❤❡ s♣❛❝✐♥❣ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥t ♣♦✐♥t✱ t❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ✭| s ✮ ♦❢ t❤❡ ✜•♠ ✐s ❣✐✈❡♥ ❜② ❖❤♠✬s •❛✇ ❛♥❞ ❛ ❣❡♦♠❡tr✐❝❛• ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r ❛s ❢♦••♦✇s✿ R s = V I × F 2 ✭✷✳✶✮ ❚❤❡ | s ✐s t❤❡ ❝❛•❝✉•❛t❡❞ s❤❡❡t r❡s✐st❛♥❝❡ ♦❢ s❛♠♣•❡ ✐♥ Ω✴ ✱ ❱ ✐s t❤❡ ♠❡❛✲ s✉r❡❞ ♣♦t❡♥t✐❛• ❞✐✛❡r❡♥❝❡ ✐♥ ❱♦•ts✱ ■ ✐s t❤❡ ✐♥❞✉❝❡❞ ❝✉rr❡♥t ✐♥ ❆♠♣❡r❡s✱ ❛♥❞ ❋✷ ✐s ❛ ❣❡♦♠❡tr✐❝❛• ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ •❡♥❣t❤ ✭❛✮ t♦ ✇✐❞t❤ ✭❞✮ r❛t✐♦ ✭❛✴❞✮ ♦❢ t❤❡ s❛♠♣•❡✱ ❛♥❞ t❤❡ s♣❛❝✐♥❣ s ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❡s ❢♦r r❡❝t❛♥❣•❡ ♦r sq✉❛r❡ s❛♠♣•❡s✳ ■t ✐s ♣r❡❝✐s❡•② ❜❛s❡❞ ♦♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ ✇✐❞t❤ t♦ t❤❡ ♣r♦❜❡ s♣❛❝✐♥❣ ✭❞✴s✮ ❛♥❞ s❛♠♣•❡ s✐③❡ ♦r •❡♥❣t❤ t♦ ✇✐❞t❤ r❛t✐♦ ✭❛✴❞✮ ❬✷✷✼(✳ ❙✐♥❝❡ ♦✉r s❛♠♣•❡s ❛r❡ ✷ ❝♠ × ✭✹ ❝♠ 2 ✮✱ ❛♥❞ t❤❡ s♣❛❝✐♥❣ ✭s✮ ✐s ✵✳✻✸✺ ♠♠✱ ❞✴s r❛t✐♦ ✐s ❛r♦✉♥❞ ✸✶✱ s♦ ❛ ❢❛❝t♦r ✹✳✹✺ ♦r ✹✳✺✶ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞✴s❁✹✵ ❝❛♥ ❜❡ ❛♣♣•✐❡❞✳ ■♥ ♦✉r ❝❛•❝✉•❛t✐♦♥s✱ ❛ ✈❛•✉❡ ♦❢ ✹✳✹✺ ✇❛s ❝❤♦s❡♥✳ ❋✉rt❤❡r✱ ❝❤❛rt ✇✐t❤ ❝❛•❝✉•❛t✐♦♥s ♦❢ ❣❡✲ ♦♠❡tr✐❝❛• ❢❛❝t♦r ❢♦r ❞✐✛❡r❡♥t s❛♠♣•❡ ❣❡♦♠❡tr✐❡s ✐s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ♠❛♥✉❛• ♣❛❣❡s ♦❢ ❋❋Ps ✐♥ t❤❡ ❛♣♣❡♥❞✐① ✽✳✺✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❞♦♥❡ ❜② ✐♥❞✉❝✐♥❣ ❞✐✛❡r❡♥t ❝✉rr❡♥t ✭■✮ ✈❛•✉❡s✱ st❛rt✲ ✐♥❣ ❢r♦♠ ✶ µ❆ t♦ ✶ ♠❆ ❛♥❞ ♦❝❝❛s✐♦♥❛••② ✉♣ t♦ ✶✵ ♠❆ ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ t❤❡ st❛❜✐•✐t② ♦❢ t❤❡ ❋▲• tr❛♥s♣♦rt ❞❡✈✐❝❡ ❛♥❞ t❤❡ ❝♦♠♣•✐❛♥❝❡ ♦❢ t❤❡ ❑❡✐t❤•② ♠❡❛s✉r❡♠❡♥t s②s✲ t❡♠ ✐♥ ♦r❞❡r t♦ ❣❡t ❡✈❛•✉❛t✐♦♥ ♦❢ | s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❝✉rr❡♥t✳ ❋♦r ❡❛❝❤ ❞❡✈✐❝❡✱ ❛ ♣❛✐r ♦❢ ❡•❡❝tr♦❞❡s ✭❆✉✴❈r✮ ✇❛s ❞❡♣♦s✐t❡❞ ✭❜② ◆✐❝♦•❛s )✐♠♠❡r♠❛♥♥✮ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✻✳ ✷✳✺✳✶✳✸ ❍❛•• ❊✛❡❝t ▼❡❛s✉r❡♠❡♥t ❙②st❡♠ ❢♦r ▼♦❜✐•✐t②✱ |❡s✐st✐✈✐t② ❛♥❞ ❈❤❛r❣❡ ❈❛rr✐❡r ❈♦♥❝❡♥tr❛t✐♦♥s ▼❡❛s✉r❡♠❡♥ts ❆ ▼✐❝r♦✇♦r•❞ ❍▼❙✲✺✵✵ ❍❛•• ❊✛❡❝t ✭❍❊✮ ♠❡❛s✉r❡♠❡♥t s②st❡♠ ✇❛s ✉s❡❞ t♦ ♠❛❦❡ ❡•❡❝tr✐❝❛• ❝❤❛r❛❝t❡r✐③❛t✐♦♥s✳ ❚❤❡ ✈❛♥ ❞❡r P❛✉✇ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❝♦♠♠♦♥•② ✉s❡❞ ✐♥ ♠❡❛s✉r✐♥❣ t❤❡ r❡s✐st✐✈✐t② ❛♥❞ t❤❡ ❍❛•• ❝♦❡✣❝✐❡♥t ♦❢ ❛ s❛♠♣•❡ ❬✷✷✽(✳ ❯s✉✲ ❛••②✱ ❤✐❣❤•② ❝♦♥❞✉❝t✐✈❡ ♠❛t❡r✐❛•s s✉❝❤ ❛s ❆✉ ❛♥❞ ❆❣ ❛r❡ ✉s❡❞ ❢♦r ❡•❡❝tr♦❞❡s✱ ❜✉t ✽✽ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❋✐❣✉r❡ ✷✳✻✿ ❆✮ •❡♦♠❡tr② ❢♦r ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡ s❛♠♣•❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥s ♦❢ ❡•❡❝tr♦❞❡s ❛♥❞ s♣❛❝✐♥❣ ✭s✮ ❜❡t✇❡❡♥ t❤❡♠✱ ❇✮ ❖♣t✐❝❛• ✐♠❛❣❡ ♦❢ ❛❝t✉❛• ❞❡✈✐❝❡ ❛❢t❡r ❡•❡❝tr♦❞❡s ❞❡♣♦s✐t✐♦♥✳ ♣❛st❡ ♦❢ ■♥❞✐✉♠ •❛••✐✉♠ ✭■♥•❛✮ ✐s ❛•s♦ ✉s❡❞✳ ❋✐❣✉r❡ ✷✳✼✭❜✲❞✮ s❤♦✇s t❤❡ ♣♦ss✐❜•❡ ❣❡♦♠❡tr✐❡s ❢♦r ❍❊ ♠❡❛s✉r❡♠❡♥ts✳ ❆ ❝•♦✈❡r•❡❛❢ ❣❡♦♠❡tr② ✐s ♣r❡❢❡rr❡❞✱ ❤♦✇❡✈❡r ❛ sq✉❛r❡ s❛♠♣•❡ ✇✐t❤ ❝♦♥t❛❝ts ❛t t❤❡ ♣❡r✐♠❡t❡r ✐s ❛❝❝❡♣t❛❜•❡✳ ❚❤❡ ❝♦♥t❛❝ts ❛r❡ ♥✉♠❜❡r❡❞ ❢r♦♠ ✶ t♦ ✹ ✐♥ ❛ ❝♦✉♥t❡r✲❝•♦❝❦✇✐s❡ ♦r❞❡r✱ ❜❡❣✐♥♥✐♥❣ ❛t t❤❡ t♦♣✲•❡❢t ❝♦♥✲ t❛❝t ✭✜❣✉r❡ ✷✳✼✭❜✮✮✳ ❚❤❡ ❍❛•• ❡✛❡❝t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✇❤❡♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡•❞ t❤r♦✉❣❤ ❛ s❛♠♣•❡ ❛♥❞ ❛ ❝✉rr❡♥t ❛•♦♥❣ t❤❡ •❡♥❣t❤ ♦❢ t❤❡ s❛♠♣•❡ ❝r❡❛t❡s ❛♥ ❡•❡❝tr✐❝❛• ❝✉rr❡♥t ♣❡r♣❡♥❞✐❝✉•❛r t♦ ❜♦t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ❛♥❞ t❤❡ ❝✉rr❡♥t✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❝r❡❛t❡s ❛ tr❛♥s✈❡rs❡ ✈♦•t❛❣❡ t❤❛t ✐s ♣❡r♣❡♥❞✐❝✉•❛r t♦ ❜♦t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ❛♥❞ t❤❡ ❝✉rr❡♥t ❬✷✷✾(✳ ❋✐❣✉r❡ ✷✳✼✭❛✮ ✐••✉str❛t❡s t❤❡ s❝❤❡♠❛t✐❝ ♦❢ ❍❛•• ❊✛❡❝t ♣r✐♥❝✐♣•❡ ❛♥❞ s❛♠♣•❡ ❣❡♦♠❡tr✐❡s ✐♥ ✈❛♥ ❞❡r P❛✉✇ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❍❛•• ❡✛❡❝t ♠❡❛s✉r❡♠❡♥ts ❬✷✸✵(✳ ❲❤❡♥ ❛♥ ❡•❡❝tr✐❝❛• ❝✉rr❡♥t ♣❛ss❡s t❤r♦✉❣❤ ❛ s❛♠♣•❡ ♣•❛❝❡❞ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡•❞✱ ❛ ♣♦t❡♥t✐❛• ♣r♦♣♦rt✐♦♥❛• t♦ t❤❡ ❝✉rr❡♥t ❛♥❞ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞ ✐s ❞❡✈❡•♦♣❡❞ ❛❝r♦ss t❤❡ ♠❛t❡r✐❛• ✐♥ ❛ ❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉•❛r t♦ ❜♦t❤ t❤❡ ❝✉rr❡♥t ❛♥❞ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ❚❤❡ ▲♦r❡♥t③ ❢♦r❝❡ ❛❝❝✉♠✉•❛t❡s t❤❡ ❝❛rr✐❡rs ♦♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ s❛♠♣•❡ s♦ t❤❛t ❛ ❍❛•• ✈♦•t❛❣❡ ✭❱ H ✮ ✐s ❝r❡❛t❡❞ ✇❤❡♥ t❤❡ ❡•❡❝tr✐❝ ❢♦r❝❡ ♦♥ t❤❡ ❝❛rr✐❡rs ❝♦✉♥t❡r ❜❛•❛♥❝❡s t❤❡ ▲♦r❡♥t③ ❢♦r❝❡✳ ❚❤❡ r✐❣❤t ❤❛♥❞ r✉•❡ ❛••♦✇s ✉s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡ ♦♥ ❛ ❝❤❛r❣❡ ❝❛rr✐❡r ❜❛s❡❞ ♦♥ ✐ts ❞✐r❡❝t✐♦♥ ♦❢ ♠♦t✐♦♥ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛♣♣•✐❡❞ ♠❛❣♥❡t✐❝ ✜❡•❞✳ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✽✾ ❋✐❣✉r❡ ✷✳✼✿ ❙❝❤❡♠❛t✐❝ ♦❢ ♣r✐♥❝✐♣•❡ ♦❢ ❍❛•• ❊✛❡❝t ✭❛✮ ❛♥❞ s❛♠♣•❡ ❣❡♦♠❡tr✐❡s ❢♦r ❱❛♥ ❞❡r P❛✉✇ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r r❡s✐st✐✈✐t② ❛♥❞ ❍❛•• ❡✛❡❝t ♠❡❛s✉r❡♠❡♥ts ✭❜✲❞✮ ❇❛s❡❞ ♦♥ t❤✐s ♣r✐♥❝✐♣•❡✱ ❛ ♠❡❛s✉r❡♠❡♥t ♦❢ ❍❛•• ❊✛❡❝t ❝❛♥ ❛❝t✉❛••② ❜❡ ✉s❡❞ t♦ ❞❡✲ t❡r♠✐♥❡ s❡✈❡r❛• ✐♠♣♦rt❛♥t ♠❛t❡r✐❛• ♣❛r❛♠❡t❡rs s✉❝❤ ❛s t❤❡ ❝❛rr✐❡r ♠♦❜✐•✐t② ✭µ✮✱ t❤❡ ❝❛rr✐❡r ❝♦♥❝❡♥tr❛t✐♦♥ ✭♥✮✱ t❤❡ r❡s✐st✐✈✐t② ✭ρ✮✱ ❛♥❞ t❤❡ ❝♦♥❞✉❝t✐✈✐t② t②♣❡ ✭◆ ♦r P✮ ❛♣❛rt ❢r♦♠ t❤❡ ❍❛•• ✈♦•t❛❣❡ ✭❱ H ✮ ❛♥❞ t❤❡ ❍❛•• ❝♦❡✣❝✐❡♥t ✭| H ✮✳ ❚❤❡ ❍❛•• ✈♦•t❛❣❡ ✭❱ H ✮ ✐s ❡①♣r❡ss❡❞ ❛s✿
R H = E y j x B ✭✷✳✸✮ ❲❤❡r❡ j ✐s t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ♦❢ t❤❡ ❝❛rr✐❡r ❡•❡❝tr♦♥s✱ ❛♥❞ E y ✐s t❤❡ ✐♥❞✉❝❡❞ ❡•❡❝tr✐❝ ✜❡•❞✳ ❚❤✐s ✐s ❡①♣r❡ss❡❞ ✐♥ ❙■ ✉♥✐ts ❛s ❢♦••♦✇s✿ R H = E y j x × B = V H t IB = - 1 ne ✭✷✳✹✮ ❚❤❡ ✉♥✐ts ♦❢ | H ❛r❡ ❣❡♥❡r❛••② ❡①♣r❡ss❡❞ ❛s ♠ 3 ✴❈✱ ♦r Ω×❝♠✴•✱ ♦r ♦t❤❡r ✈❛r✐❛♥ts✳ ❆s ❛ r❡s✉•t✱ t❤❡ ❍❛•• ❡✛❡❝t ✐s ✈❡r② ✉s❡❢✉• ❛s ❛ ♠❡❛♥s t♦ ♠❡❛s✉r❡ ❡✐t❤❡r ✾✵ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ t❤❡ ❝❛rr✐❡r ❞❡♥s✐t②✳ ❚❤❡ | H ❝❛♥ ❛•s♦ ❜❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ♠♦❜✐•✐t② ❛♥❞ ❝❤❛r❣❡ ❝❛rr✐❡rs ❝♦♥❝❡♥tr❛t✐♦♥ t②♣❡s✱ r❡s♣❡❝t✐✈❡•②✿ R H = pµ 2 h -nµ 2 e e(pµ h + nµ e ) 2 ✭✷✳✺✮ ❲❤❡r❡ n ✐s t❤❡ ❡•❡❝tr♦♥ ❝♦♥❝❡♥tr❛t✐♦♥✱ p ✐s t❤❡ ❤♦•❡ ❝♦♥❝❡♥tr❛t✐♦♥✱ µ e t❤❡ ❡•❡❝tr♦♥ ♠♦❜✐•✐t②✱ µ h t❤❡ ❤♦•❡ ♠♦❜✐•✐t② ❛♥❞ e t❤❡ ❡•❡♠❡♥t❛r② ❝❤❛r❣❡✳ ❋✐❣✉r❡ ✷✳✽ s❤♦✇s ❣❡♦♠❡tr② ♦❢ t❤❡ ♣r❡♣❛r❡❞ ❞❡✈✐❝❡s ❛♥❞ ❛♥ ♦♣t✐❝❛• ✐♠❛❣❡ ♦❢ t❤❡ ❞❡✈✐❝❡ s❛♠♣•❡✳ ❋✐❣✉r❡ ✷✳✽✿ ❆✮ ❙❝❤❡♠❛t✐❝ ❢♦r t❤❡ ✈❛♥ ❞❡r P❛✉✇ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡✈✐❝❡ ❢♦r ❍❛•• ❊✛❡❝t ♠❡❛s✉r❡♠❡♥t✱ ❇✮ ❖♣t✐❝❛• ✐♠❛❣❡ ♦❢ t❤❡ ❞❡✈✐❝❡✳ Pr❛❝t✐❝❛••②✱ t❤❡ ❢♦✉r ❝♦♥t❛❝t ❡•❡❝tr♦❞❡s ❤❛✈❡ ❡❛❝❤ ✶✳✺ × ✶✳✺ ❂ ✷✳✷✺ ♠♠ 2 ♦✈❡r ❛ s✉r❢❛❝❡ ♦❢ ✶✵ × ✶✵ ❂ ✶✵✵ ♠♠ 2 ✇✐t❤ ❛ t❤✐❝❦♥❡ss t ❂ ✷✵✵ ♥♠ ✭ t✴❛ ❂ ✷✵✵ × ✶✵ -9 ✴✶✵ × ✶✵ -3 ❂ ✷ × ✶✵ -6 ✮✳ ✷✳✺✳✶✳✸✳✶ ❇❛s✐❝ ▼❡❛s✉r❡♠❡♥ts✿ ❚♦ ♠❛❦❡ ❛ ♠❡❛s✉r❡♠❡♥t✱ ❛ ❝✉rr❡♥t ✐s ❝❛✉s❡❞ t♦ ✢♦✇ ❛•♦♥❣ ♦♥❡ ❡❞❣❡ ♦❢ t❤❡ s❛♠♣•❡ ✭❢♦r ✐♥st❛♥❝❡✱ ■ 12 ✮ ❛♥❞ t❤❡ ✈♦•t❛❣❡ ❛❝r♦ss t❤❡ ♦♣♣♦s✐t❡ ❡❞❣❡ ✭✐♥ t❤✐s ❝❛s❡✱❱ 34 ✮ ✐s ♠❡❛s✉r❡❞✳ ❋r♦♠ t❤❡s❡ t✇♦ ✈❛•✉❡s✱ ❛ r❡s✐st❛♥❝❡✱ | ✭❢♦r t❤✐s ❡①❛♠♣•❡✱ | 12,34 ✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ✉s✐♥❣ ❖❤♠✬s •❛✇✿ R 12,34 = V 34 I 12 ✭✷✳✻✮ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✾✶ ❚❤❡ ❝✉rr❡♥t ■ 12 ✐s ❛ ♣♦s✐t✐✈❡ ❉❈ ❝✉rr❡♥t ✐♥•❡❝t❡❞ ✐♥t♦ ❝♦♥t❛❝t ✶ ❛♥❞ t❛❦❡♥ ♦✉t ♦❢ ❝♦♥t❛❝t ✷✱ ✐♥ ❛♠♣❡r❡s ✭❆✮✳ ❚❤❡ ✈♦•t❛❣❡ ❱ 34 ✐s ❛ ❉❈ ✈♦•t❛❣❡ ✭❱✮ ♠❡❛s✉r❡❞ ❜❡t✇❡❡♥ t❤❡ ♦♣♣♦s✐♥❣ ❝♦♥t❛❝ts ✭✸✲✹✮ ✇✐t❤ ♥♦ ❡①t❡r♥❛••② ❛♣♣•✐❡❞ ♠❛❣♥❡t✐❝ ✜❡•❞✱ ♠❡❛s✉r❡❞ ✐♥ ✈♦•
✭✷✳✼✮ |❡❛rr❛♥❣✐♥❣ ❢♦r |✿ R = R s π ln 2 ✭✷✳✽✮ ❚❤❡ ❛✈❡r❛❣❡ r❡s✐st✐✈✐t② ρ ♦❢ ❛ s❛♠♣•❡ ✐s ❣✐✈❡♥ ❜②✿ ρ = R s × t ✭✷✳✾✮ ✇❤❡r❡ t❤❡ R s ✐s t❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ❛♥❞ t ✐s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ s❛♠♣•❡ ✭✷✵✵ ♥♠ ✐♥ ❛✈❡r❛❣❡✮✳ ❚❤✉s ❡q✉❛t✐♦♥ ✷✳✽ ❛♥❞ ✷✳✾ ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ❢♦r | ❛s ❢♦••♦✇s✿ R = ρ ln 2 πt ✭✷✳✶✵✮ ❚❤✐s ♠❡t❤♦❞ ✇❛s ❛•s♦ ❛♣♣•✐❡❞ ❢♦r t❤❡ ❍❊ ♠❡❛s✉r❡♠❡♥ts ♦❢ ♦✉r ❝❤❛r❣❡ tr❛♥s✲ ♣♦rt ❞❡✈✐❝❡s✳ ▼❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ ❛♥ ❛♠❜✐❡♥t ❡♥✈✐r♦♥♠❡♥t ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✱ ✜rst ✇✐t❤ t❤❡ ❝✉rr❡♥t r❛♥❣❡ ♦❢ ✶µ❆ t♦ ✶ ♠❆✱ ✇✐t❤ ♠❛❣♥❡t✐❝ ✜❡•❞ ♦❢ ✵✳✺✺ ❚❡s•❛ ❛♥❞ s❡❝♦♥❞✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡ ❢r♦♠ ✲✶✸✵ • ❈ t♦ ❛r♦✉♥❞ ✽✵ • ❈ ✭❢r♦♠ ✶✹✵ ❑ t♦ ✸✺✵ ❑✮ ❛t ❛ ❝✉rr❡♥t ✜①❡❞ ❛t ✺①✶✵ -4 ❆ ✐♥ ◆ 2 ❛t♠♦s♣❤❡r❡ ♦♥ t❤❡ s❛♠♣•❡s ♦❢ ✶ ❝♠ 2 ✇✐t❤ t❤❡ ❡•❡❝tr♦❞❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ✷✳✺✳✷ ❙❝❛♥♥✐♥❣ ❊•❡❝tr♦♥ ▼✐❝r♦s❝♦♣② ✭❙❊▼✮ ❙❊▼ ✐s ❛ t②♣❡ ♦❢ ❡•❡❝tr♦♥ ♠✐❝r♦s❝♦♣❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡ ✐♠❛❣❡s ♦❢ ❛ s❛♠♣•❡ s✉r❢❛❝❡ ❜② s❝❛♥♥✐♥❣ ✐t ✇✐t❤ ❛ ❢♦❝✉s❡❞ ❜❡❛♠ ♦❢ ❡•❡❝tr♦♥s✳ ❚❤❡ ❡•❡❝tr♦♥s ✐♥t❡r✲ ✾✷ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❛❝t✐♥❣ ✇✐t❤ ❛t♦♠s ♦❢ t❤❡ s❛♠♣•❡ ♣r♦❞✉❝❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ s✐❣♥❛•s t❤❛t ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❛♥❞ ❛♥❛•②③❡❞ s✉❜s❡q✉❡♥t•② t♦ ❡①tr❛❝t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s❛♠✲ ♣•❡✬s t♦♣♦❣r❛♣❤② ❛♥❞ ❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡s❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ s✐❣♥❛•s ❝❛♥ ❜❡ s❡❝✲ ♦♥❞❛r② ❡•❡❝tr♦♥s ✭❙❊✮✱ ❜❛❝❦✲s❝❛tt❡r❡❞ ❛✉❣❡r ❡•❡❝tr♦♥s ✭❇❙❊✮✱ ❝❤❛r❛❝t❡r✐st✐❝ ①✲r❛② ❝❛t❤♦❞♦•✉♠✐♥❡s❝❡♥❝❡ ✭❈▲✮ •✐❣❤t ✭s❡❡ t❤❡ ✜❣✉r❡ ✷✳✾❆✮✱ ❛♥❞ s♣❡❝✐♠❡♥ ❝✉rr❡♥t ❛♥❞ tr❛♥s♠✐tt❡❞ ❡•❡❝tr♦♥s✳ ❚❤❡ s❡❝♦♥❞❛r② ❡•❡❝tr♦♥s ❡♠✐tt❡❞ ❜② ❛t♦♠s ❡①❝✐t❡❞ ❜② t❤❡ ❡•❡❝tr♦♥ ❜❡❛♠ ✐s t❤❡ ♠♦st ❝♦♠♠♦♥ ✐♠❛❣✐♥❣ ♠♦❞❡ ❢♦r ❞❡t❡❝t✐♦♥✳ ❙✐♥❝❡ t❤❡ s✐❣✲ ♥❛•s r❡s✉•t ❢r♦♠ t❤❡ ✐♥t❡r❛❝t✐♦♥s ♦❢ t❤❡ ❡•❡❝tr♦♥ ❜❡❛♠ ✇✐t❤ t❤❡ ❛t♦♠s ❛t ♦r ♥❡❛r t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s❛♠♣•❡ ✭❙❊s ❝❛♥♥♦t ❜❡ ❞❡t❡❝t❡❞ ❛❢t❡r ❛ ❢❡✇ ❝♦••✐s✐♦♥s ❛s t❤❡✐r ❡♥❡r❣② ✐s r❡❞✉❝❡❞ ❛♥❞ t❤❡② ❛r❡ ✉♥❛❜•❡ t♦ •❡❛✈❡ t❤❡ s❛♠♣•❡✮✱ t❤❡ ❛♠♦✉♥t ♦❢ s✉r✲ ❢❛❝❡ ✧s❡❡♥✧ ❜② t❤❡ ❡•❡❝tr♦♥ ❜❡❛♠ ✐s ✈❡r② ✐♠♣♦rt❛♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥tr❛st ✐♥ t❤❡ s❡❝♦♥❞❛r② ❡•❡❝tr♦♥ ✐♠❛❣❡ ✭❙❊■✮ ✐s ❝r❡❛t❡❞ ❜② s❤❛r♣ ❢❡❛t✉r❡s ❛♥❞ t✐•ts ♦♥ t❤❡ s❛♠♣•❡ s✉r❢❛❝❡✳ ❈♦♥❞✉❝t✐✈❡ s❛♠♣•❡s ❛r❡ ✉s✉❛••② ❜❡tt❡r ❢♦r r❡✢❡❝t✐♥❣ ❜❛❝❦ t❤❡ ❡•❡❝tr♦♥s✳ ❙❊▼ ❝❛♥ ♣r♦✈✐❞❡ ❛ ❝♦♥tr♦••❛❜•❡ ♠❛❣♥✐✜❝❛t✐♦♥ ♦✈❡r ❛ r❛♥❣❡ ♦❢ ✉♣ t♦ ✻ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢r♦♠ ❛❜♦✉t ✶✵ t♦ ✺✵✵✱✵✵✵ t✐♠❡s✳ ❙❊▼ ❡♠♣•♦②s ❝♦♥❞❡♥s❡r ❛♥❞ ♦❜•❡❝t✐✈❡ •❡♥s❡s t♦ ❢♦❝✉s t❤❡ ❜❡❛♠ t♦ t❤❡ s♣♦t ❛♥❞ ♥♦t t♦ ✐♠❛❣❡ t❤❡ s❛♠✲ ♣•❡✳ ■♠❛❣❡ ♠❛❣♥✐✜❝❛t✐♦♥ ✐♥ ❙❊▼ ✐s ♥♦t ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦✇❡r ♦❢ •❡♥s ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ tr❛♥s♠✐ss✐♦♥ ❡•❡❝tr♦♥ ♠✐❝r♦s❝♦♣❡ ✭❚❊▼✮ ❛♥❞ ♦t❤❡r ♦♣t✐❝❛• ♠✐❝r♦s❝♦♣② t❡❝❤♥✐q✉❡s✳ ❙❊▼ ♠✐❝r♦❣r❛♣❤s ❤❛✈❡ ❛ •❛r❣❡ ❞❡♣t❤ ♦❢ ✜❡•❞ ✭❞✉❡ t♦ ♥❛rr♦✇ ❡•❡❝✲ tr♦♥ ❜❡❛♠✮ ✇❤✐❝❤ ②✐❡•❞s ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛• ❝❤❛r❛❝t❡r✐st✐❝ ❛♣♣❡❛r❛♥❝❡ ✉s❡❢✉• ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ s✉r❢❛❝❡ ♠♦r♣❤♦•♦❣② ♦❢ ❛ s❛♠♣•❡✳ ❋♦r t❤✐s ✇♦r❦✱ ❛ ❏❊❖▲ ✻✼✵✵✲ ❋❊• ♠✐❝r♦s❝♦♣❡ ✇♦r❦✐♥❣ ❛t ✸ ❦❱ ❛❝❝❡•❡r❛t❡❞ ✈♦•t❛❣❡✱ ❛♥❞ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❈❈❉ ❝❛♠❡r❛ ✇❛s ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♠♦r♣❤♦•♦❣② ♦❢ t❤✐♥ ✜•♠s✱ ❋▲•✲❆❜•✱ ❋▲•✲ ❍❖P•✱ r•❖ ❛♥❞ t❤❡✐r ❤②❜r✐❞ ✇✐t❤ ❈◆❚✱ ❈◆❚s✴❋▲•✱ ❈◆❚s✴❋▲•✲❍❖P• ❛♥❞ r❈◆❚✴r•❖ s❛♠♣•❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❉r✳ ❚❤✐❡rr② ❉✐♥t③❡r ❚❤✐❡rr② |♦♠❡r♦ ❤❡•♣❡❞ ❞✉r✐♥❣ ❙❊▼ s❡ss✐♦♥s✳ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✾✸ ✷✳✺✳✸ ❚r❛♥s♠✐ss✐♦♥ ❊•❡❝tr♦♥ ▼✐❝r♦s❝♦♣② ✭❚❊▼✮ ❚❊▼ ✐s ❛♥♦t❤❡r ❡•❡❝tr♦♥ ♠✐❝r♦s❝♦♣② t❡❝❤♥✐q✉❡ t❤❛t ✉s❡s ❡•❡❝tr♦♥ ❜❡❛♠ ♣r♦❞✉❝❡❞ ❜② ❛♥ ❡•❡❝tr♦♥ ❣✉♥ ❢♦❝✉s❡❞ ♦♥ t❤❡ s❛♠♣•❡ ❜② ❛ ❝♦♥❞❡♥s❡r s②st❡♠ t♦ ❢♦r♠ ✐♠❛❣❡s✳ ❚❤❡ ✐♠❛❣❡ ✐s ❢♦r♠❡❞ ❢r♦♠ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ❡•❡❝tr♦♥s ✇✐t❤ t❤❡ •♦❝❛• ❡•❡❝tr♦♥✐❝ ♣♦t❡♥t✐❛• ♦❢ t❤❡ s❛♠♣•❡ ✐♥ t❤❡ ✐♠❛❣❡ ♣r♦❞✉❝✐♥❣ s②st❡♠✳ ❚❤❡ ✐♠❛❣❡ ♣r♦❞✉❝✐♥❣ s②st❡♠ ❝♦♥s✐sts ♦❢ ♦❜•❡❝t✐✈❡ •❡♥s✱ ❛ ♠♦✈❛❜•❡ s♣❡❝✐♠❡♥ st❛❣❡✱ ❛♥❞ ✐♠❛❣❡ r❡❝♦r❞✐♥❣ s②st❡♠ ✭❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ❛♥❞ ♣r♦•❡❝t♦r •❡♥s❡s✮✱ ✇❤✐❝❤ ❢♦❝✉s t❤❡ ❡•❡❝tr♦♥s ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ s♣❡❝✐♠❡♥ t♦ ❢♦r♠ ❛ r❡❛•✱ ❤✐❣❤•② ♠❛❣♥✐✜❡❞ ✐♠❛❣❡ ✭s❡❡ t❤❡ ✜❣✉r❡ ✷✳✾❇✮✳ ❚❤❡ ✐♠❛❣❡s ❛r❡ t❤❡♥ ❢❡❞ t♦ ❛♥ ✐♠❛❣❡ r❡❝♦r❞✐♥❣ s②st❡♠ ✇❤✐❝❤ ❝♦♥✈❡rts t❤❡ ❡•❡❝tr♦♥ ✐♠❛❣❡ ✐♥t♦ s♦♠❡ ❢♦r♠ ♣❡r❝❡♣t✐❜•❡ t♦ t❤❡ ❤✉♠❛♥ ❡②❡✳ ❚❤❡ ✐♠❛❣❡ r❡❝♦r❞✐♥❣ s②st❡♠ ✉s✉❛••② ❝♦♥s✐sts ♦❢ ❛ ✢✉♦r❡s❝❡♥t s❝r❡❡♥ ❢♦r ✈✐❡✇✐♥❣ ❛♥❞ ❢♦❝✉s✐♥❣✳ ❚❤❡ ✐♠❛❣❡ ✐s ♠❛❣♥✐✜❡❞ ❛♥❞ ❢♦❝✉s❡❞ ♦♥ t♦ ❛♥ ✐♠❛❣✐♥❣ ❞❡✈✐❝❡✱ s✉❝❤ ❛s✿ ✢✉♦r❡s❝❡♥t s❝r❡❡♥ ♦r ❈❈❉ ❝❛♠❡r❛ ❢♦r ♣❡r♠❛♥❡♥t r❡❝♦r❞s✳ ❚❊▼ ✐s ❝❛♣❛❜•❡ ♦❢ ✐♠❛❣✐♥❣ ❛t ❛ s✐❣♥✐✜❝❛♥t•② ❤✐❣❤❡r r❡s♦•✉t✐♦♥ t❤❛♥ ♦t❤❡r •✐❣❤t ♠✐❝r♦s❝♦♣❡s✱ ♦✇✐♥❣ t♦ t❤❡ s♠❛•• ❞❡ ❇r♦❣•✐❡ ✇❛✈❡•❡♥❣t❤ ♦❢ ❡•❡❝tr♦♥s ❛❝❝❡•❡r❛t❡❞ ❜② ❤✐❣❤ ✈♦•t❛❣❡s ✉♣ t♦ ✹✵✵ ❦❱ ✭✷✵✵ ❦❱ ✐♥ ♦✉r ❝❛s❡✮✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ♠♦❞❡s ♦❢ ♦♣❡r❛t✐♥❣ ❛ ❚❊▼ ✐s t❤❡ ❜r✐❣❤t ✜❡•❞ ✐♠❛❣✐♥❣ ♠♦❞❡✳ ■♥ t❤✐s ♠♦❞❡✱ t❤❡ ❝♦♥tr❛st ❢♦r♠❛t✐♦♥ ✇❤❡♥ ❝♦♥s✐❞❡r❡❞ ❝•❛ss✐❝❛••② ✐s ❢♦r♠❡❞ ❞✐r❡❝t•② ❜② t❤❡ ❞✐✛✉s✐♦♥ ♦❢ ❡•❡❝tr♦♥s ✐♥ t❤❡ s❛♠♣•❡✳ ❚❤✐❝❦❡r r❡❣✐♦♥s ♦❢ t❤❡ s❛♠♣•❡ ♦r t❤❡ r❡❣✐♦♥s ✇✐t❤ ❤✐❣❤❡r ❛t♦♠✐❝ ♥✉♠❜❡r ✭)✮ ✇✐•• ❛♣♣❡❛r ❞❛r❦✱ ✇❤❡r❡❛s✱ t❤❡ r❡❣✐♦♥s ✇✐t❤ ♥♦ s❛♠♣•❡ ✭♦r •✐❣❤t ❡•❡♠❡♥ts✮ ✐♥ t❤❡ ❜❡❛♠ ♣❛t❤ ✇✐•• ❛♣♣❡❛r ❜r✐❣❤t✳ ❍❡♥❝❡ t❤❡ t❡r♠ ❜r✐❣❤t ✜❡•❞ ✐s ✉s❡❞✳ ❉✉r✐♥❣ t❤❡ ❛♥❛•②s✐s ♦❢ t❤❡ ❝r②st❛••✐♥❡ s❛♠♣•❡s✱ ❛ ✧❞❛r❦✲✜❡•❞✧ ♠♦❞❡ ❡①✐sts ♦♣♣♦s❡❞ t♦ t❤❡ ❜r✐❣❤t✲✜❡•❞ ♠♦❞❡✳ ■♥ t❤✐s ♠♦❞❡✱ t❤❡ ❞❡t❡❝t♦r ✐s ♣•❛❝❡❞ ❛t ❛ ❝❡rt❛✐♥ ❛♥❣•❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ tr❛♥s♠✐tt❡❞ ❜❡❛♠ ❛♥❞ ❛♥❛•②③❡s ♦♥❡ ♦❢ t❤❡ ❞✐✛r❛❝t❡❞ ❜❡❛♠s ❞✉❡ t♦ ✐♥t❡r❢❡r❡♥❝❡ ✇✐t❤ ❛ ❣✐✈❡♥ ❢❛♠✐•② ♦❢ ❝r②st❛• ♣•❛♥❡s ♦❢ t❤❡ s❛♠♣•❡✳ ■♥ ❢❛❝t✱ ✇❤❡♥ t❤❡ s❛♠♣•❡ ✐s ❝r②st❛••✐♥❡ ✐t ❛❝ts ❛s ❛ ❞✐✛r❛❝t✐♦♥ ❣r❛t✐♥❣ ❛♥❞ t❤❡ ✐♠❛❣❡ ♦♥ t❤❡ s❝r❡❡♥ ✐♥ ❝♦♠♣♦s❡❞ ♦❢ ❛ s❡r✐❡s ♦❢ s♣♦ts ♦r r✐♥❣s✳ ❆ s❡•❡❝t❡❞✲❛r❡❛ ✭❡•❡❝tr♦♥✮ ❞✐✛r❛❝t✐♦♥ ✭❙❆❊❉✮ ♣❛tt❡r♥ ♣r♦✈✐❞❡s ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ •♦❝❛• str✉❝t✉r❛• ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✾✹ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ s❛♠♣•❡✳ ❚❤❡ ❚❊▼ ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ t♦ ✇♦r❦ ✐♥ s❝❛♥♥✐♥❣ tr❛♥s♠✐ss✐♦♥ ❡•❡❝tr♦♥ ♠✐❝r♦s❝♦♣② ✭❙❚❊▼✮ ♠♦❞❡ ❜② ❛❞❞✐t✐♦♥ ♦❢ ♠♦✈❛❜•❡ st❛❣❡s ❛♥❞ ❞❡t❡❝t♦rs✳ ■♥ t❤✐s ♠♦❞❡✱ t❤❡ ❡•❡❝tr♦♥ ❜❡❛♠✱ ✇❤✐❝❤ ✐s ♥♦t ♣❛r❛••❡• ❛♥②♠♦r❡ ❜✉t ❝♦♥✈❡r❣❡♥t ♦♥ t❤❡ s❛♠♣•❡✱ ♠♦✈❡s ❛❝r♦ss ✭r❛st❡rs✮ t❤❡ s❛♠♣•❡ t♦ ❢♦r♠ t❤❡ ✐♠❛❣❡✳ ▼♦❞❡r♥ ❚❊▼s ✐♥❝•✉❞❡ ❛❜❡rr❛t✐♦♥ ❝♦rr❡❝t♦rs ❢♦r ❜❡tt❡r q✉❛•✐t② ♦❢ ✐♠❛❣✐♥❣✳ ❚❤❡ ✜❣✉r❡ ✷✳✾ s❤♦✇s t❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣•❡s ❢♦r ❙❊▼ ❛♥❞ ❚❊▼ ♠✐❝r♦s❝♦♣❡s✳ ❋✐❣✉r❡ ✷✳✾✿ Pr✐♥❝✐♣•❡ ♦❢ ❙❊▼ ❛♥❞ ❚❊▼ r❡s♣❡❝t✐✈❡•②✱ s❤♦✇✐♥❣ ❜❛❝❦✲s❝❛tt❡r❡❞ ❡•❡❝tr♦♥s ❛♥❞ tr❛♥s♠✐tt❡❞ ❡•❡❝tr♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ ✈❛❝✉✉♠ s②st❡♠✱ ❝♦♥s✐st✐♥❣ ♦❢ ♣✉♠♣s ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❣❛✉❣❡s ❛♥❞ ✈❛•✈❡s✱ ❛♥❞ ♣♦✇❡r s✉♣♣•✐❡s ❛r❡ r❡q✉✐r❡❞✳ ❆ ❏❊❖▲ ✷✶✵✵ ✜❡•❞✲❡♠✐ss✐♦♥ ❣✉♥ ✭❋❊•✮ ♠✐❝r♦s❝♦♣❡ ♦♣❡r❛t❡❞ ✉♥❞❡r ❛♥ ❛❝❝❡•❡r❛t✐♦♥ ✈♦•t❛❣❡ ♦❢ ✷✵✵ ❦❱ ✇❛s ✉s❡❞ t♦ st✉❞② t❤❡ str✉❝t✉r❛• q✉❛•✐t② ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❋▲• s❤❡❡ts ❛❝❝✉r❛t❡•②✳ ❉r✳ ❇❛❛③✐③ ❲❛•✐❞ ❤❡•♣❡❞ ✇✐t❤ ❚❊▼ s❡ss✐♦♥s✳ ❚❊▼ ❛♥❛•②s✐s ✇❡r❡ ♠❛❞❡ ❜② ❞r♦♣ ❝❛st✐♥❣ ♦❢ t❤❡ ❋▲• ❞✐s♣❡rs✐♦♥ ♦♥t♦ ❤♦•❡② ❝❛r❜♦♥ ❣r✐❞s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s❤❡❡ts ✐♥ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ ❝❛♥ ❜❡ ❝♦✉♥t❡❞ ♦♥ t❤❡ s•✐❣❤t•② ❝✉r✈❡❞ ✢❛❦❡s ❡❞❣❡s✳ ❚❤❡ ❍|✲❚❊▼ ❛••♦✇s t♦ s❡❡ t❤❡ ❝r②st❛••✐♥✐t② ♦❢ ❋▲•✱ ❜✉t ✇✐t❤ ✈❡r② •♦✇ ♥✉♠❜❡r ♦❢ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✾✺ s❤❡❡ts t❤❡ ❣r❛♣❤❡♥❡ ❜❡❝♦♠❡s ✉♥st❛❜•❡ ❢♦r t❤❡ st❛♥❞❛r❞ ❡•❡❝tr♦♥ ❛❝❝❡•❡r❛t✐♦♥ ✭✷✵✵ ❑❱✮ ❛♥❞ ❢♦r t❤❡ ♠♦♥♦•❛②❡r ❣r❛♣❤❡♥❡✱ t❤❡ •♦✇❡r ❛❝❝❡•❡r❛t✐♦♥ ✐s r❡q✉✐r❡❞✳ ❬✺✽(✱ ❬✹✵(✳ ✷✳✺✳✹ ❙♣❡❝tr♦♣❤♦t♦♠❡tr②✿ ❯❱✲❱✐s s♣❡❝tr♦s❝♦♣② ❯•tr❛✈✐♦•❡t✲✈✐s✐❜•❡ s♣❡❝tr♦s❝♦♣② ♦r ✉•tr❛✈✐♦•❡t✲✈✐s✐❜•❡ s♣❡❝tr♦♣❤♦t♦♠❡tr② ✭❯❱✲❱✐s ♦r ❯❱✴❱✐s✮ r❡❢❡rs t♦ ❛❜s♦r♣t✐♦♥ s♣❡❝tr♦s❝♦♣② ♦r r❡✢❡❝t❛♥❝❡ s♣❡❝tr♦s❝♦♣② ✐♥ t❤❡ ✉•tr❛✈✐♦•❡t✲✈✐s✐❜•❡ s♣❡❝tr❛• r❡❣✐♦♥✳ ❚r❛♥s♠✐tt❛♥❝❡ ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✐♥❝✐❞❡♥t •✐❣❤t ✭❡•❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥✮ ❛t ❛ s♣❡❝✐✜❡❞ ✇❛✈❡•❡♥❣t❤ t❤❛t ♣❛ss❡s t❤r♦✉❣❤ ❛ s❛♠♣•❡✳ ❚❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣•❡ ✐♥✈♦•✈❡s s❡♥❞✐♥❣ ♠♦♥♦❝❤r♦♠❛t✐❝ •✐❣❤t ♦♥ t❤❡ s❛♠✲ ♣•❡ ❛♥❞ ❛♥❛•②③✐♥❣ t❤❡ ❛❜s♦r❜❡❞✱ r❡✢❡❝t❡❞ ♦r tr❛♥s♠✐tt❡❞ •✐❣❤t✳ •❡♥❡r❛••②✱ t❤❡ tr❛♥s♠✐tt❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ❛t ♥♦r♠❛• ✐♥❝✐❞❡♥❝❡ ✉♥•✐❦❡ r❡✢❡❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ♣❡r❢♦r♠❡❞ ❛t ✽ • ❢r♦♠ t❤❡ ♥♦r♠❛• ❢♦r t❡❝❤♥✐❝❛• r❡❛s♦♥s✳ ❚❤❡ ✐♥str✉♠❡♥t ✉s❡❞ ✐♥ ✉•tr❛✈✐♦•❡t✲✈✐s✐❜•❡ s♣❡❝tr♦s❝♦♣② ✐s ❝❛••❡❞ ❛ ❯❱✴❱✐s s♣❡❝✲ tr♦♣❤♦t♦♠❡t❡r✳ ■t ♠❡❛s✉r❡s t❤❡ ✐♥t❡♥s✐t② ♦❢ •✐❣❤t ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛ s❛♠♣•❡ ✭I✮✱ ❛♥❞ ❝♦♠♣❛r❡s ✐t t♦ t❤❡ ✐♥t❡♥s✐t② ♦❢ •✐❣❤t ❜❡❢♦r❡ ✐t ♣❛ss❡s t❤r♦✉❣❤ ✭✶✵✵ ✪ •✐❣❤t✮ t❤❡ s❛♠♣•❡ ✭■ o ✮✳ ❚r❛♥s♠✐tt❛♥❝❡ ♦❢ ❛ s❛♠♣•❡ ✐s ❣✐✈❡♥ ❜② ✭T ✮ ❛s ❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡•❡♥❣t❤ ♦❢ ❯❱✲✈✐s✐❜•❡ •✐❣❤t✱ ❛♥❞ ✐s ✉s✉❛••② ❡①♣r❡ss❡❞ ❛s ❛ ♣❡r❝❡♥t❛❣❡ ✭✪✮✳ T λ = I I 0 ✭✷✳✶✶✮ ❚❤❡ ❜❛s✐❝ ♣❛rts ♦❢ ❛ s♣❡❝tr♦♣❤♦t♦♠❡t❡r ✐♥❝•✉❞❡ ❛ •✐❣❤t s♦✉r❝❡✱ ❛ s❛♠♣•❡ ❤♦•❞❡r✱ ❛ ❞✐✛r❛❝t✐♦♥ ❣r❛t✐♥❣ ✐♥ ❛ ♠♦♥♦❝❤r♦♠❛t♦r ♦r ❛ ♣r✐s♠ t♦ s❡♣❛r❛t❡ t❤❡ ❞✐✛❡r❡♥t ✇❛✈❡•❡♥❣t❤s ♦❢ •✐❣❤t✱ ❛♥❞ ❛ ❞❡t❡❝t♦r✳ ❚❤❡ r❛❞✐❛t✐♦♥ s♦✉r❝❡ ✐s ♦❢t❡♥ ❛ t✉♥❣st❡♥ ✜•❛♠❡♥t ✭✸✵✵✲✷✺✵✵ ♥♠✮✱ ❛ ❞❡✉t❡r✐✉♠ ❛r❝ •❛♠♣ ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s ♦✈❡r t❤❡ ✉•tr❛✈✐♦•❡t r❡❣✐♦♥ ✭✶✾✵✲✹✵✵ ♥♠✮✱ ❛ ❳❡♥♦♥ ❛r❝ •❛♠♣✱ ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡ r❛♥❣❡ ✶✻✵✲✷✵✵✵ ♥♠✱ ♦r ♠♦r❡ r❡❝❡♥t•② ❛ •✐❣❤t ❡♠✐tt✐♥❣ ❞✐♦❞❡ ✭▲❊❉✮ ❢♦r t❤❡ ✈✐s✐❜•❡ ✇❛✈❡•❡♥❣t❤s✳ ❚❤❡ ❞❡t❡❝t♦r ✐s t②♣✐❝❛••② ❛ ♣❤♦t♦♠✉•t✐♣•✐❡r t✉❜❡✱ ❛ ♣❤♦t♦❞✐♦❞❡✱ ❛ ♣❤♦t♦❞✐♦❞❡ ❛rr❛② ♦r ❛ ❝❤❛r❣❡✲❝♦✉♣•❡❞ ❞❡✈✐❝❡ ✭❈❈❉✮✳ ❆ s♣❡❝tr♦♣❤♦t♦♠❡t❡r ❝❛♥ ❜❡ ❡✐t❤❡r s✐♥❣•❡ ❜❡❛♠ ♦r ❞♦✉❜•❡ ❜❡❛♠✳ ■♥ ❛ ❞♦✉❜•❡✲❜❡❛♠ ✐♥str✉♠❡♥t✱ t❤❡ •✐❣❤t ✐s s♣•✐t ✾✻ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✐♥t♦ t✇♦ ❜❡❛♠s ❜❡❢♦r❡ ✐t r❡❛❝❤❡s t❤❡ s❛♠♣•❡✳ ❖♥❡ ❜❡❛♠ ✐s ✉s❡❞ ❛s t❤❡ r❡❢❡r❡♥❝❡❀ t❤❡ ♦t❤❡r ❜❡❛♠ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ s❛♠♣•❡✳ ❚❤❡ r❡❢❡r❡♥❝❡ ❜❡❛♠ ✐♥t❡♥s✐t② ✐s t❛❦❡♥ ❛s ✶✵✵ ✪ ❚r❛♥s♠✐ss✐♦♥ ✭♦r ✵ ✪ ❆❜s♦r❜❛♥❝❡✮✱ ❛♥❞ t❤❡ ♠❡❛s✉r❡♠❡♥t ❞✐s♣•❛②❡❞ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ t✇♦ ❜❡❛♠ ✐♥t❡♥s✐t✐❡s✳ ❋♦r ♦✉r s❛♠♣•❡s✱ ❛ ❱❆|■❆◆ ❈❛r② ✶✵✵ ❙❝❛♥ ❯❱✲❱✐s✐❜•❡ s♣❡❝tr♦♠❡t❡r ❤❛✈✐♥❣ ❜♦t❤ ❛ ❞❡✉t❡r✐✉♠ ❛r❝ •❛♠♣ ❛♥❞ ❛ t✉♥❣st❡♥ ❤❛•♦❣❡♥ •❛♠♣ ✇❛s ✉s❡❞ t♦ st✉❞② t❤❡ tr❛♥s♠✐tt❛♥❝❡ ♦❢ t❤✐♥ ✜•♠s ✐♥ s♦•✐❞ ♠♦❞❡✳ ❚r❛♥s♠✐ss✐♦♥ s♣❡❝tr❛ ✇❡r❡ ♠❡❛s✉r❡❞ ❢♦r ✜•♠s ♦❢ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡✱ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❛♥❞ t❤❡✐r ❤②❜r✐❞s ✇✐t❤ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ♦♥ ❣•❛ss✴q✉❛rt③ s✉❜str❛t❡s ✭♣r❡♣❛r❡❞ ❜② ❤♦t✲s♣r❛② ♠❡t❤♦❞✱ s❡❡ s❡❝t✐♦♥ ✷✳✸✮ ✐♥ t❤❡ ❯❱✲❱✐s r❛♥❣❡ ✭✷✵✵✲✾✵✵ ♥♠ ❛♥❞ ♦❝❝❛s✐♦♥❛••② ❜❡t✇❡❡♥ ✸✵✵✲ ✽✵✵ ♥♠✮ ✇✐t❤ ❞♦✉❜•❡ ❜❡❛♠ ♠♦❞❡ ✭❜•❛♥❦ s❛♠♣•❡ ❛s ❛ r❡❢❡r❡♥❝❡✮ ✇✐t❤♦✉t ❜❛s❡•✐♥❡ ❝♦rr❡❝t✐♦♥✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✇❛s r❡♣❡❛t❡❞ ❛t t❤r❡❡ •♦❝❛t✐♦♥s ❛t •❡❛st ♦♥ t❤❡ s❛♠♣•❡ ✐♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❡ ❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ tr❛♥s♠✐tt❛♥❝❡ ♦✈❡r ✇❤♦•❡ s❛♠♣•❡✳ ❚❤❡ ♣❤♦t♦♥ ❡♥❡r❣✐❡s ✐♥ t❤❡ ✈✐s✐❜•❡ r❡❣✐♦♥ r❛♥❣❡ ❢r♦♠ ✸✻ t♦ ✼✷ ❦❝❛•✴♠♦•❡ ❛♥❞ t❤❡ ♥❡❛r ✉•tr❛✈✐♦•❡t r❡❣✐♦♥ ✉♣ t♦ ✷✵✵ ♥♠ ✐t ❡①t❡♥❞s t♦ ✶✹✸ ❦❝❛•✴♠♦•❡✳ ✷✳✺✳✺ P❤♦t♦❡•❡❝tr♦♥ ❙♣❡❝tr♦s❝♦♣② ✭P❊❙✮ P❤♦t♦❡•❡❝tr♦♥ s♣❡❝tr♦s❝♦♣② ✭P❊❙✮✱ ❛•s♦ ❝❛••❡❞ ♣❤♦t♦❡♠✐ss✐♦♥ s♣❡❝tr♦s❝♦♣②✱ r❡❢❡rs t♦ ❡♥❡r❣② ♠❡❛s✉r❡♠❡♥t ✭❦✐♥❡t✐❝ ❡♥❡r❣② ❞✐str✐❜✉t✐♦♥✮ ♦❢ ❡•❡❝tr♦♥s ❡♠✐tt❡❞ ✭♣❤♦t♦❡•❡❝tr♦♥s✮ ❢r♦♠ s♦•✐❞✱ ❣❛s ♦r •✐q✉✐❞ ❜② t❤❡ ♣❤♦t♦❡•❡❝tr✐❝ ❡✛❡❝t✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ s✉r❢❛❝❡ ❝♦♠♣♦s✐t✐♦♥✱ t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣✐❡s ♦❢ ❡•❡❝tr♦♥s ✐♥ ❛ s✉❜✲ st❛♥❝❡✱ ❛♥❞ ❡•❡❝tr♦♥✐❝ st❛t❡ ♦❢ s✉r❢❛❝❡ r❡❣✐♦♥✳ P❊❙ ✉s❡s ❛ ✇❡••✲❝❤❛r❛❝t❡r✐③❡❞ ♣❤♦t♦♥ s♦✉r❝❡ ❞✐r❡❝t❡❞ ♦♥t♦ ❛ s❛♠♣•❡✳ ❉✉❡ t♦ t❤❡ ♣❤♦t♦❡•❡❝tr✐❝ ❡✛❡❝t✱ t❤✐s •❡❛❞s t♦ •✐❜❡r❛t✐♦♥ ♦❢ ♣❤♦t♦❡•❡❝tr♦♥s ✇❤✐❝❤ ♣♦ss❡ss ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❝❤❡♠✐❝❛• ❛♥❞ t❤❡ ♦r❜✐t❛• ❝❤❛r❛❝t❡r ♦❢ ❡•❡♠❡♥ts ♦❢ s✉r❢❛❝❡ ♠❛t❡r✐❛•✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ❣❛✐♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ❡♠✐ss✐♦♥ ❛♥❣•❡ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ❜② ❛♥ ❡•❡❝tr♦st❛t✐❝ ❛♥❛•②③❡r✳ ❚r❛❞✐t✐♦♥❛••②✱ ✇❤❡♥ t❤❡ t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r s✉r❢❛❝❡ st✉❞✐❡s ✐t ❤❛s ❜❡❡♥ s✉❜❞✐✈✐❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♦✉r❝❡ ♦❢ ❡①❝✐t✐♥❣ r❛❞✐❛t✐♦♥ ✐♥t♦ t✇♦ ❝❛t❡❣♦r✐❡s ✭❳P❙ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✾✼ ❛♥❞ ❯P❙✮ ❜✉t t❤❡ ❣❡♥❡r❛• ❡q✉✐♣♠❡♥t r❡q✉✐r❡♠❡♥ts ❛r❡ t❤❡ s❛♠❡✱ ✭s❡❡ ✜❣✉r❡ ✷✳✶✵✮✿ ✖ ❆ s♦✉r❝❡ ♦❢ ✜①❡❞✲❡♥❡r❣② r❛❞✐❛t✐♦♥ ✭❛♥ ❳✲|❛② s♦✉r❝❡ ❢♦r ❳P❙ ♦r✱ t②♣✐❝❛••②✱ ❛ ❋✐❣✉r❡ ✷✳✶✵✿ ❆✮ ❚❤❡ ❜❛s✐❝ ❛♣♣❛r❛t✉s r❡q✉✐r❡❞ ❛♥❞ ❇✮ t❤❡ s❝❤❡♠❡s ♦❢ ♣❤♦t♦❡•❡❝tr♦♥ s♣❡❝tr♦s❝♦♣②✱ ❳P❙ ❛♥❞ ❯P❙✳ ❍❡ ❞✐s❝❤❛r❣❡ •❛♠♣ ❢♦r ❯P❙✮✳ ✕ ❆♥ ❡•❡❝tr♦♥ ❡♥❡r❣② ❛♥❛•②③❡r ✇❤✐❝❤ ❝❛♥ ❞✐s♣❡rs❡ t❤❡ ❡♠✐tt❡❞ ❡•❡❝tr♦♥s ❛❝✲ ❝♦r❞✐♥❣ t♦ t❤❡✐r ❦✐♥❡t✐❝ ❡♥❡r❣②✱ ❛♥❞ t❤❡r❡❜② ♠❡❛s✉r❡ t❤❡ ✢✉① ♦❢ ❡♠✐tt❡❞ ❡•❡❝tr♦♥s ♦❢ ❛ ♣❛rt✐❝✉•❛r ❡♥❡r❣②✳ ✕ ❆ ❤✐❣❤ ✈❛❝✉✉♠ ❡♥✈✐r♦♥♠❡♥t t♦ ❡♥❛❜•❡ t❤❡ ❡♠✐tt❡❞ ♣❤♦t♦❡•❡❝tr♦♥s t♦ ❜❡ ❛♥❛✲ •②③❡❞ ✇✐t❤♦✉t ✐♥t❡r❢❡r❡♥❝❡ ❢r♦♠ ❣❛s ♣❤❛s❡ ❝♦••✐s✐♦♥s✳ ❳✲|❛② ♣❤♦t♦❡♠✐ss✐♦♥ s♣❡❝tr♦s❝♦♣② ✭❳P❙✮ ✉s✐♥❣ s♦❢t ①✲r❛②s ✭✇✐t❤ ❛ ♣❤♦t♦♥ ❡♥❡r❣② ♦❢ ✷✵✵✲✷✵✵✵ ❡❱✮ ✐s ✉s❡❞ t♦ ❡①❛♠✐♥❡ ❝♦r❡✲•❡✈❡• st❛t❡s ❛t ❤✐❣❤❡r ❜✐♥❞✐♥❣ ❡♥✲ ❡r❣✐❡s✳ ❇② ❳P❙✱ t❤❡ ❝❤❡♠✐❝❛• ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s❛♠♣•❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ s✐♥❝❡ t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② ♦❢ ❛♥ ❡•❡❝tr♦♥ ✐s ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ❡•❡♠❡♥t✱ ♦❢ t❤❡ ❡•❡❝tr♦♥✐❝ •❡✈❡• ❛♥❞ ♦❢ t❤❡ ❝❤❡♠✐❝❛• ❡♥✈✐r♦♥♠❡♥t✳ ❯•tr❛✈✐♦•❡t ♣❤♦t♦❡♠✐ss✐♦♥ s♣❡❝tr♦s❝♦♣② ✭❯P❙✮ ✉s❡s ✈❛❝✉✉♠ ❯❱ r❛❞✐❛t✐♦♥ ✇✐t❤ ❛ ♣❤♦t♦♥ ❡♥❡r❣② ♦❢ ✶✵✲✹✺ ❡❱ t♦ ❡①❛♠✐♥❡ t❤❡ ✈❛•❡♥❝❡ •❡✈❡•s ✇✐t❤ ❛ ❤✐❣❤ s❡•❡❝t✐✈✐t②✳ ✾✽ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ P❤♦t♦❡•❡❝tr♦♥ s♣❡❝tr♦s❝♦♣② ✐s ❜❛s❡❞ ✉♣♦♥ ❛ s✐♥❣•❡ ♣❤♦t♦♥ ✐♥✴❡•❡❝tr♦♥ ♦✉t ♣r♦❝❡ss✳ ❚❤❡ ❡♥❡r❣② ♦❢ ❛ ♣❤♦t♦♥ ♦❢ ❛•• t②♣❡s ♦❢ ❡•❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❊✐♥st❡✐♥ r❡•❛t✐♦♥✿ E = hv ✭✷✳✶✷✮ ❲❤❡r❡ h ✐s t❤❡ P•❛♥❝❦ ❝♦♥st❛♥t ✭✻✳✻✷ × ✶✵ -34 ❏ s✮ ❛♥❞ v ✐s t❤❡ ❢r❡q✉❡♥❝② ✭❍③✮ ♦❢ t❤❡ r❛❞✐❛t✐♦♥✳ P❤♦t♦❡•❡❝tr♦♥ s♣❡❝tr♦s❝♦♣② ✉s❡s ♠♦♥♦❝❤r♦♠❛t✐❝ s♦✉r❝❡s ♦❢ r❛❞✐❛t✐♦♥ ✭✐✳❡✳ ♣❤♦t♦♥s ♦❢ ✜①❡❞ ❡♥❡r❣②✮✳ ■♥ ❳P❙✱ t❤❡ ♣❤♦t♦♥ ✐s ❛❜s♦r❜❡❞ ❜② ❛♥ ❛t♦♠ ✐♥ ❛ ♠♦•❡❝✉•❡ ♦r ❛ s♦•✐❞✱ •❡❛❞✐♥❣ t♦ t❤❡ ✐♦♥✐③❛t✐♦♥ ❛♥❞ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛ ❝♦r❡ ✭✐♥♥❡r s❤❡••✮ ❡•❡❝tr♦♥✳ ❇② ❝♦♥tr❛st✱ ✐♥ ❯P❙✱ t❤❡ ♣❤♦t♦♥ ✐♥t❡r❛❝ts ♠❛✐♥•② ✇✐t❤ ✈❛•❡♥❝❡ •❡✈❡•s ♦❢ t❤❡ ♠♦•❡❝✉•❡ ♦r s♦•✐❞✱ •❡❛❞✐♥❣ t♦ ✐♦♥✐s❛t✐♦♥ ❜② r❡♠♦✈❛• ♦❢ ♦♥❡ ♦❢ t❤❡s❡ ✈❛•❡♥❝❡ ❡•❡❝tr♦♥s✳ ❚❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✭❑❊✮ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♠✐tt❡❞ ♣❤♦t♦❡•❡❝tr♦♥s ✭✐✳❡✳ t❤❡ ♥✉♠❜❡r ♦❢ ❡♠✐tt❡❞ ♣❤♦t♦❡•❡❝tr♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡✐r ❦✐♥❡t✐❝ ❡♥❡r❣②✮ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ✉s✐♥❣ ❛♥② ❛♣♣r♦♣r✐❛t❡ ❡•❡❝tr♦♥ ❡♥❡r❣② ❛♥❛•②③❡r ❛♥❞ ❛ ♣❤♦t♦❡•❡❝tr♦♥ s♣❡❝tr✉♠ ❝❛♥ t❤✉s ❜❡ r❡❝♦r❞❡❞✳ ❚❤✐s ✐s s❤♦✇♥ ❜② ❛ s✐♠♣•❡ ♠♦❞❡• r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ✜❣✉r❡ ✷✳✶✶✳ ❆•t❤♦✉❣❤ t❤❡ ♣r♦❝❡ss ♦❢ ♣❤♦t♦✐♦♥✐③❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ s❡✈❡r❛• ✇❛②s✱ ❜✉t ♠♦st t❤❡ ✇✐❞❡•② ✉s❡❞ r❡•❛t✐♦♥ ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ r❡•❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❑✐♥❡t✐❝ ❊♥❡r❣② ♦❢ ❡♠✐tt❡❞ ♣❤♦t♦❡•❡❝tr♦♥s ❛♥❞ t❤❡ ❇✐♥❞✐♥❣ ❊♥❡r❣②✱ ❇❊ ✭t❤❡ ✐♦♥✐③❛t✐♦♥ ❡♥❡r❣②✱ ✇❤✐❝❤ ✐s s②♥♦♥②♠♦✉s ✇✐t❤ ❡•❡❝tr♦♥ ❜✐♥❞✐♥❣ ❡♥❡r❣②✱ ♦❢ t❤❡ ❡•❡❝tr♦♥ ♦r t❤❡ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♦♥✐③❡❞ ❛♥❞ ♥❡✉tr❛• ❛t♦♠s✮ ❜② ❊✐♥st❡✐♥✬s ♣❤♦t♦✲ ❡•❡❝tr✐❝ •❛✇✳ ❚❤❡ ♠❡❛s✉r❡❞ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ❛♥ ❡♠✐tt❡❞ ♣❤♦t♦❡•❡❝tr♦♥ ✐s ❣✐✈❡♥ ❜②✿ KE = hv -BE ✭✷✳✶✸✮ ❚❤❡ ❇❊ ✐s ♥♦✇ t❛❦❡♥ t♦ ❜❡ ❛ ❞✐r❡❝t ♠❡❛s✉r❡ ♦❢ t❤❡ ❡♥❡r❣② r❡q✉✐r❡❞ t♦ •✉st r❡♠♦✈❡ t❤❡ ❡•❡❝tr♦♥ ❝♦♥❝❡r♥❡❞ ❢r♦♠ ✐ts ✐♥✐t✐❛• •❡✈❡• t♦ t❤❡ ✈❛❝✉✉♠ •❡✈❡• ❛♥❞ t❤❡ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✾✾ ❋✐❣✉r❡ ✷✳✶✶✿ ❚❤❡ s✐♠♣•❡ ♠♦❞❡• r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡♥❡r❣✐❡s ✐♥ ❳P❙✳ ❑❊ ♦❢ t❤❡ ♣❤♦t♦❡•❡❝tr♦♥ ✐s ❛❣❛✐♥ ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥ ❛❜♦✈❡ ✷✳✶✸✳ ◆♦t❡ t❤❛t t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣✐❡s ✭❇❊✮ ♦❢ ❡♥❡r❣② •❡✈❡•s ✐♥ s♦•✐❞s ❛r❡ ❝♦♥✈❡♥t✐♦♥❛••② ♠❡❛s✉r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❋❡r♠✐✲•❡✈❡• ♦❢ t❤❡ s♦•✐❞✱ r❛t❤❡r t❤❛♥ t❤❡ ✈❛❝✉✉♠ •❡✈❡•✳ ❚❤✐s ✐♥✈♦•✈❡s ❛ s♠❛•• ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ ✷✳✶✸ ❣✐✈❡♥ ❛❜♦✈❡ ✐♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ✭φ✮ ♦❢ t❤❡ s♦•✐❞ ✭❡q✉❛t✐♦♥ ✷✳✶✹✮✿ KE = hv -BE -φ ✭✷✳✶✹✮ ✷✳✺✳✺✳✶ ❳✲|❛② P❤♦t♦❡•❡❝tr♦♥ ❙♣❡❝tr♦s❝♦♣② ✭❳P❙✮ ❆♥❛•②s✐s ❳✲|❛② P❤♦t♦❡•❡❝tr♦♥ ❙♣❡❝tr♦s❝♦♣② ✭❳P❙✮ ✐s ❛•s♦ ❝❛••❡❞ ❊•❡❝tr♦♥ ❙♣❡❝✲ tr♦s❝♦♣② ❢♦r ❈❤❡♠✐❝❛• ❆♥❛•②s✐s ✭❊❙❈❆✮ ✐s ❛ s✉r❢❛❝❡ s❡♥s✐t✐✈❡ t❡❝❤♥✐q✉❡ ❛♥❞ ✐s ✇✐❞❡•② ✉s❡❞ t❡❝❤♥✐q✉❡ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝❤❡♠✐❝❛• ❝♦♠♣♦s✐t✐♦♥ ♦❢ s✉r❢❛❝❡s✱ ♠♦r❡ ♣r❡❝✐s❡•②✱ t❤❡ ❡•❡♠❡♥t❛• ❝♦♠♣♦s✐t✐♦♥ ❞♦✇♥ t♦ ♣❛rts ♣❡r t❤♦✉s❛♥❞ ♠♦•❛r ❝♦♥❝❡♥✲ tr❛t✐♦♥✳ ❚❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❛♥❛•②③❡❞ s✉r❢❛❝❡ ✐s ❝✳❛✳ ✶✵ ♥♠✳ ❚❤❡ ❳P❙ ✐♥str✉♠❡♥t ✶✵✵ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ♠❡❛s✉r❡s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ❛•• ❝♦••❡❝t❡❞ ❡•❡❝tr♦♥s✳ ❚❤❡ ❡•❡❝tr♦♥ s✐❣♥❛• ✐♥✲ ❝•✉❞❡s ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❜♦t❤ ♣❤♦t♦❡•❡❝tr♦♥ ❛♥❞ ❆✉❣❡r ❡•❡❝tr♦♥ •✐♥❡s✳ ❋♦r ❡❛❝❤ ❡•❡♠❡♥t✱ t❤❡r❡ ✇✐•• ❜❡ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❜✐♥❞✐♥❣ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ❝♦r❡ ❛t♦♠✐❝ ♦r❜✐t❛•✱ ✐✳❡✳ ❡❛❝❤ ❡•❡♠❡♥t ✇✐•• ❣✐✈❡ r✐s❡ t♦ ❛ ❝❤❛r❛❝t❡r✐st✐❝ s❡t ♦❢ ♣❡❛❦s ✐♥ t❤❡ ♣❤♦t♦❡•❡❝tr♦♥ s♣❡❝tr✉♠ ❛t ❦✐♥❡t✐❝ ❡♥❡r❣✐❡s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♣❤♦t♦♥ ❡♥❡r❣② ✭❆✉❣❡r •✐♥❡s✮ ❛♥❞ t❤❡ r❡s♣❡❝t✐✈❡ ❜✐♥❞✐♥❣ ❡♥❡r❣✐❡s ✭✷✳✶✶✮✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❡❛❦s ❛t ♣❛rt✐❝✉•❛r ❡♥❡r❣✐❡s t❤❡r❡❢♦r❡ ✐♥❞✐❝❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ s♣❡❝✐✜❝ ❡•❡♠❡♥t ✐♥ t❤❡ s❛♠♣•❡ ✉♥❞❡r st✉❞② ❛♥❞ ✐t ✐s ❛•s♦ ♣♦ss✐❜•❡ t♦ ❡st✐♠❛t❡ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♦①②❣❡♥ ❛♥❞ ❝❛r❜♦♥ ✐♥ ❋▲• ♠❛t❡r✐❛•s ❢r♦♠ t❤❡ ❛r❡❛s ♦❢ t❤❡ ♣❡❛❦s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❛r❡❛ ♦❢ t❤❡ ♣❡❛❦s ✐s r❡•❛t❡❞ t♦ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❡•❡♠❡♥t ✇✐t❤✐♥ t❤❡ s❛♠♣•❡❞ r❡❣✐♦♥✳ ❚❤✉s✱ t❤❡ t❡❝❤♥✐q✉❡ ♣r♦✈✐❞❡s ❛ q✉❛♥t✐t❛t✐✈❡ ❛♥❛•②s✐s ♦❢ t❤❡ s✉r❢❛❝❡ ❝♦♠♣♦s✐t✐♦♥ ❚❤❡ ❡♠✐tt❡❞ ♣❤♦t♦❡•❡❝tr♦♥s ✇✐•• t❤❡r❡❢♦r❡ ❤❛✈❡ ❦✐♥❡t✐❝ ❡♥❡r❣✐❡s ✐♥ t❤❡ r❛♥❣❡ ♦❢ ❝❛✳ ✵✲✶✷✺✵ ❡❱ ♦r ✵✲✶✹✽✵ ❡❱✳ ❋♦r ♦✉r ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ ❳P❙ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ ❛♥ ✉•✲ tr❛❤✐❣❤ ✈❛❝✉✉♠ ✭❯❍❱✮ s❡t✉♣ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❱❙❲ ❈•❛ss ❲❆ ❤❡♠✐s♣❤❡r✐❝❛• ❡•❡❝tr♦♥ ❛♥❛•②③❡r ✭✶✺✵ ♠♠ ❞✐❛♠❡t❡r❀ ♠✉•t✐✲❝❤❛♥♥❡•tr♦♥ ❞❡t❡❝t♦r✮✳ ❉r✳ ❱❛s✐•✐❦✐ P❛♣❛❡❢t❤✐♠✐♦✉ ♣❡r❢♦r♠❡❞ t❤❡ ❳P❙ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ❜❛s❡ ❝❤❛♠❜❡r ♣r❡ss✉r❡ ✇❛s ✶①✶✵ -9 ♠❜❛r✳ ❆ ♠♦♥♦❝❤r♦♠❛t❡❞ ▼❯▲❚■▲❆❇ ✷✵✵✵ ✭❚❍❊|▼❖✮ s♣❡❝tr♦♠✲ ❡t❡r ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❆•❑α ❳✲r❛② s♦✉r❝❡ ✭❤✈❂✶✹✽✻✳✻ ❡❱❀ ❛♥♦❞❡ ♦♣❡r❛t✐♥❣ ❛t ✷✹✵ ❲✮ ✇❛s ✉s❡❞ ❛s ✐♥❝✐❞❡♥t r❛❞✐❛t✐♦♥✳ ❙✉r✈❡② ❛♥❞ ❤✐❣❤ r❡s♦•✉t✐♦♥ s♣❡❝tr❛ ✇❡r❡ r❡❝♦r❞❡❞ ✐♥ ❝♦♥st❛♥t ♣❛ss ❡♥❡r❣② ♠♦❞❡ ✭✶✵✵ ❛♥❞ ✷✷ ❡❱✱ r❡s♣❡❝t✐✈❡•②✮✳ Pr✐♦r t♦ ✐♥❞✐✈✐❞✉❛• ❡•❡♠❡♥t❛• s❝❛♥s✱ ❛ s✉r✈❡② s❝❛♥ ✇❛s t❛❦❡♥ ❢♦r ❛•• t❤❡ s❛♠♣•❡s t♦ ❞❡t❡❝t ❛•• t❤❡ ❡•❡♠❡♥ts ♣r❡s❡♥t✳ ❚❤❡ ❈❆❙❆ ❳P❙ ♣r♦❣r❛♠ ✇✐t❤ ❛ •❛✉ss✐❛♥✲▲♦r❡♥t③✐❛♥ ♠✐① ❢✉♥❝t✐♦♥ ❛♥❞ ❙❤✐r•❡② ❜❛❝❦❣r♦✉♥❞ s✉❜tr❛❝t✐♦♥ ✇❛s ❡♠♣•♦②❡❞ t♦ ❞❡❝♦♥✈♦•✉t❡ t❤❡ ❳P❙ s♣❡❝tr❛✳ ❚❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② s❝❛•❡ ♦❢ t❤❡ ❋▲•✴r•❖ ✇❛s ❝♦rr❡❝t❡❞ ❢♦r ❡•❡❝tr♦st❛t✐❝ ❝❤❛r❣✐♥❣ ✉s✐♥❣ t❤❡ ❈ ✶s ♣❡❛❦ ❛t ✷✽✹✳✺ ❡❱ ❛s ❛♥ ✐♥t❡r♥❛• r❡❢❡r❡♥❝❡✳ ❚❤❡ ❝♦♥t❡♥t ✭✪ ♠♦•✮ ♦❢ ♦①②❣❡♥ ✇❛s ❝❛•❝✉•❛t❡❞ ❜② r❡❝♦r❞✐♥❣ t❤❡ ❖ ✶s ❛♥❞ ❈ ✶s ❝♦r❡ •❡✈❡• ♣❡❛❦s✱ r❡s♣❡❝t✐✈❡•②✱ ♣r♦♣❡r•② ♥♦r♠❛•✐③❡❞ t♦ t❤❡ ♣❤♦t♦❡♠✐ss✐♦♥ ❝r♦ss s❡❝t✐♦♥ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✶✵✶ ❛♥❞ ❛ss✉♠✐♥❣ ❛ ❤♦♠♦❣❡♥❡♦✉s ❞✐str✐❜✉t✐♦♥ ❛rr❛♥❣❡♠❡♥t ♠♦❞❡• ❬✷✷✺(✱ ❬✷✸✶(✱ ❬✷✸✷(✳ ✷✳✺✳✺✳✷ ❯•tr❛✈✐♦•❡t P❤♦t♦❡♠✐ss✐♦♥ ❙♣❡❝tr♦s❝♦♣② ✭❯P❙✮ ❚❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥s φ ♦❢ ❣r❛♣❤❡♥❡✱ r•❖ ❛♥❞ ♦t❤❡r ♠❛t❡r✐❛•s ❝❛♥ ❜❡ ❞❡t❡r✲ ♠✐♥❡❞ ❜② ❯P❙ ♠♦❞❡ ❬✷✸✸(✱ ❬✷✸✹(✱ ❬✷✸✺(✳ ❉✉r✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥s ❜② ❯P❙✱ t❤❡ ❍❡■ s♦✉r❝❡ ❛t ✷✶✳✷✸ ❡❱ ✇❛s ✉s❡❞ ❛♥❞ ❛ ❜✐❛s ♦❢ ✶✺✳✸✶ ❱ ✇❛s ❛♣♣•✐❡❞ t♦ t❤❡ s❛♠♣•❡✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ✐♥t❡r❢❡r❡♥❝❡ ♦❢ t❤❡ s♣❡❝tr♦♠❡t❡r t❤r❡s❤✲ ♦•❞ ✐♥ t❤❡ ❯P❙ s♣❡❝tr❛✱ ❢♦r ♦✉r s❛♠♣•❡s✳ ❉r✳ ❱❛s♦ P❛♣❛❡❢t❤②♠✐♦✉ ♣❡r❢♦r♠❡❞ t❤❡ ❯P❙ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ✜❣✉r❡ ✷✳✶✷ s❤♦✇s ❛ s✐♠♣•❡ ❡①❛♠♣•❡ ♦❢ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ♠❡❛s✉r❡♠❡♥t ❜② ❯P❙ ❢♦r ❛ ❆✉✭✶✶✶✮ s✉r❢❛❝❡✳ ❋✐❣✉r❡ ✷✳✶✷✿ ❆ s✐♠♣•❡ ❡①❛♠♣•❡ ♦❢ ❯P❙ s♣❡❝tr❛ ❢♦r ❆✉✭✶✶✶✮ s✉r❢❛❝❡✳ ❚❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s❛♠♣•❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ♠❡❛✲ s✉r✐♥❣ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❡♠✐tt❡❞ ❡•❡❝tr♦♥s ✭W ✮ ❢r♦♠ t❤❡ ♦♥s❡t ♦❢ t❤❡ s❡❝♦♥❞❛r② ❡•❡❝tr♦♥s ❝✉t♦✛ ✉♣ t♦ t❤❡ ❋❡r♠✐ ❡❞❣❡ E F ✭W ❂s❡❝♦♥❞❛r② ❡•❡❝tr♦♥ ❝✉t♦✛✲E F ✮ ❛♥❞ s✉❜tr❛❝t✐♥❣ ❲ ❢r♦♠ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❯❱ •✐❣❤t✱ hv✳ ❍❡♥❝❡ ✐♥ t❤❡ ✜❣✉r❡ ✶✵✷ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ✷✳✶✷ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ φ ✐s ❝❛•❝✉•❛t❡❞ ❢♦r t❤❡ ❆✉✭✶✶✶✮ s✉r❢❛❝❡✿ φ = hv -W = 21.23 -15.95 = 5.33eV ✭✷✳✶✺✮ ✷✳✺✳✻ P❤♦t♦•✉♠✐♥❡s❝❡♥❝❡ s♣❡❝tr♦s❝♦♣② ✭P▲✮ ▼♦st ♠❛t❡r✐❛•s ❡♠✐t ♣❤♦t♦♥s ✉♣♦♥ ❛❜s♦r❜❛♥❝❡ ♦❢ ♣❤♦t♦♥s ✭❡•❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥✮✱ t❤❡r❡❜② ❣✐✈✐♥❣ r✐s❡ t♦ ♣❤❡♥♦♠❡♥❛ ❝❛••❡❞ P❤♦t♦•✉♠✐♥❡s❝❡♥❝❡ ✭❛❜❜r❡✈✐✲ ❛t❡❞ ❛s P▲✮✱ ❛♥❞ ✐s ✐♥✐t✐❛t❡❞ ❜② ♣❤♦t♦✲❡①❝✐t❛t✐♦♥ ✭❡①❝✐t❛t✐♦♥ ❜② ♣❤♦t♦♥s✮✱ ❤❡♥❝❡ t❤❡ ♣r❡✜① ♣❤♦t♦✳ ❙♦♠❡ ♦t❤❡r ❢♦r♠s ❛r❡ ♦❢ •✉♠✐♥❡s❝❡♥❝❡ ✭•✐❣❤t ❡♠✐ss✐♦♥✮ ✐♥❝•✉❞❡ ❈❛t❤♦❞♦•✉♠✐♥❡s❝❡♥❝❡ ✭❡•❡❝tr♦♥s ✐♠♣❛❝t✐♥❣ ♦♥ •✉♠✐♥❡s❝❡♥t ♠❛t❡r✐❛•s✮✱ ❡•❡❝tr♦•✉✲ ♠✐♥❡s❝❡♥❝❡ ✭❞✉❡ t♦ ❡•❡❝tr✐❝ ✜❡•❞s ❛♥❞ ❝✉rr❡♥ts✮ ❛♥❞ r❛❞✐♦•✉♠✐♥❡s❝❡♥❝❡ ✭❞✉❡ t♦ ❤✐❣❤ ❡♥❡r❣② ♣❛rt✐❝•❡s✮✱ ❡t❝ ✳✳✳✳ ■♥ P▲✱ t❤❡ ❡①❝✐t❛t✐♦♥ ♣r♦❝❡ss ❝♦♥s✐sts ♦❢ t❤❡ ❡①❝✐t❛t✐♦♥ ♦❢ ❡•❡❝tr♦♥s t♦ ❤✐❣❤❡r ❡♥❡r❣② st❛t❡s✳ ❚❤❡ ❡①❝✐t❡❞ ❡•❡❝tr♦♥s ✉♥❞❡r❣♦ ✈❛r✐♦✉s r❡•❛①❛t✐♦♥ ♣r♦❝❡ss❡s ❛♥❞ s♦♠❡ r❡✲r❛❞✐❛t❡ t❤❡ ♣❤♦t♦♥s✳ ❚❤❡ t✐♠❡ ♣❡r✐♦❞s ❜❡t✇❡❡♥ ❛❜s♦r♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥ ♠❛② ❜❡ ✈❡r② s❤♦rt✱ ❜❡t✇❡❡♥ ❢❡♠t♦s❡❝♦♥❞s ❛♥❞ ♠✐••✐s❡❝♦♥❞s✳ P▲ ✐s ❛♥ ✐♠♣♦rt❛♥t t❡❝❤♥✐q✉❡ ❢♦r ♠❡❛s✉r✐♥❣ t❤❡ ♣✉r✐t② ❛♥❞ t❤❡ ❝r②st❛••✐♥❡ q✉❛•✐t② ♦❢ s❡♠✐❝♦♥❞✉❝t♦rs ❛♥❞ ❢♦r q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ ❞✐s♦r❞❡r ♣r❡s❡♥t ✐♥ ❛ s②st❡♠✳ ■♥ ❢❛❝t✱ ❞❡❢❡❝ts ❛♥❞ ✐♠♣✉r✐t✐❡s ♦❢t❡♥ ✐♥tr♦❞✉❝❡ ❡•❡❝tr♦♥✐❝ st❛t❡s ✐♥ t❤❡ ❜❛♥❞ ❣❛♣ ❛ss♦❝✐❛t❡❞ ✇✐t❤ r❡•❛t✐✈❡ r❛❞✐❛t✐✈❡ tr❛♥s✐t✐♦♥s✳ ■♥ ❛ t②♣✐❝❛• P▲ ❡①♣❡r✐♠❡♥t✱ ❛ s❡♠✐❝♦♥❞✉❝t♦r ✐s ❡①❝✐t❡❞ ✇✐t❤ ❛ •✐❣❤t s♦✉r❝❡ t❤❛t ♣r♦✈✐❞❡s ♣❤♦t♦♥s ✇✐t❤ ❡♥❡r❣② •❛r❣❡r t❤❛♥ ❜❛♥❞ ❣❛♣ ❡♥❡r❣②✳ ❲❤❡♥ ❡•❡❝tr♦♥s ❛r❡ ❡①❝✐t❡❞ ❤✐❣❤ ✐♥ t❤❡ ❝♦♥❞✉❝t✐♦♥ ❜❛♥❞✱ t❤❡ ❝❛rr✐❡r t❡♠♣❡r❛t✉r❡ ✐♥✐t✐❛••② ❞❡✲ ❝r❡❛s❡s q✉✐t❡ ❢❛st ✈✐❛ ❡♠✐ss✐♦♥ ♦❢ ♦♣t✐❝❛• ♣❤♦♥♦♥s✳ ❚❤✐s ✐s ❛ q✉✐t❡ ❡✣❝✐❡♥t ❞✉❡ t♦ t❤❡ ❝♦♠♣❛r❛t✐✈❡•② •❛r❣❡ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦♣t✐❝❛• ♣❤♦♥♦♥s ❛♥❞ t❤❡✐r r❛t❤❡r ✢❛t ❞✐s♣❡rs✐♦♥✱ ❛••♦✇✐♥❣ ❢♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss❡s ✉♥❞❡r ❝♦♥s❡r✈❛✲ t✐♦♥ ♦❢ ❡♥❡r❣② ❛♥❞ ♠♦♠❡♥t✉♠✳ ❖♥❝❡ t❤❡ ❝❛rr✐❡r t❡♠♣❡r❛t✉r❡ ❞❡❝r❡❛s❡s ❜❡•♦✇ t❤❡ ✈❛•✉❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦♣t✐❝❛• ♣❤♦♥♦♥ ❡♥❡r❣②✱ ❛❝♦✉st✐❝ ♣❤♦♥♦♥s ❞♦♠✐♥❛t❡ t❤❡ r❡•❛①❛t✐♦♥✳ ❍❡r❡ ❝♦♦•✐♥❣ ✐s •❡ss ❡✣❝✐❡♥t ❞✉❡ t♦ t❤❡✐r ❞✐s♣❡rs✐♦♥ ❛♥❞ s♠❛•• ❡♥❡r❣✐❡s ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✶✵✸ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡❝r❡❛s❡s ♠✉❝❤ •♦✇❡r ❜❡②♦♥❞ t❤❡ ✜rst t❡♥ ♦❢ ♣✐❝♦s❡❝♦♥❞s✳ ❋♦r ♦✉r s❛♠♣•❡s✱ P▲ ✇❛s ❝❛rr✐❡❞ ♦✉t ✇✐t❤ ❙♣❡❝tr❛ P❤②s✐❝s ❇✶✵ ❚❍• (❆• ▲❛s❡r P✉•s❡❞ ▲❛s❡r ✇✐t❤ ❈♦♥t✐♥✉♦✉s ❲❛✈❡ ✭❈❲✮ ✸✺✺ ✇❛✈❡•❡♥❣t❤ ❛t ✶✵✵ ♠❲ ❈❲ ♣♦✇❡r ❛♥❞ ❛t ✷✵✵✵✵ ❍③ r❡♣❡t✐t✐♦♥ r❛t❡ ❢♦r ✺ ♥s ❞✉r❛t✐♦♥✱ ❛♥❞ ❛♥ ✐♥t❡❣r❛t✐♦♥ t✐♠❡ ♦❢ ✷✵✵✵ ♠s✳ ▼✐ss ❑❛r✐♠❛ ❇♦✉r❛s ❤❡•♣❡❞ ✇✐t❤ P▲ ♠❡❛s✉r❡♠❡♥ts✳ ✷✳✺✳✼ |❛♠❛♥ ❙♣❡❝tr♦s❝♦♣② |❛♠❛♥ ❙♣❡❝tr♦s❝♦♣② ✐s ❛ s♣❡❝tr♦s❝♦♣✐❝ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦ st✉❞② ✈✐❜r❛t✐♦♥❛•✱ r♦t❛t✐♦♥❛•✱ ❛♥❞ ♦t❤❡r •♦✇✲❢r❡q✉❡♥❝② ♠♦❞❡s ✐♥ ❛ s②st❡♠ ❬✷✸✻(✳ ■t r❡•✐❡s ♦♥ ✐♥❡•❛st✐❝ s❝❛tt❡r✐♥❣✱ ♦r |❛♠❛♥ s❝❛tt❡r✐♥❣✱ ♦❢ ❛ ♠♦♥♦❝❤r♦♠❛t✐❝ •✐❣❤t✱ ✉s✉❛••② ❢r♦♠ ❛ •❛s❡r ✐♥ t❤❡ ✈✐s✐❜•❡✱ ♥❡❛r ✐♥❢r❛r❡❞ ♦r ♥❡❛r ✉•tr❛✈✐♦•❡t r❛♥❣❡✳ ❚❤❡ •❛s❡r •✐❣❤t ✐♥t❡r❛❝ts ✇✐t❤ ♠♦•❡❝✉•❛r ✈✐❜r❛t✐♦♥s✱ ♣❤♦♥♦♥ ❜❛♥❞ ✐♥ ❛ s♦•✐❞ ♦r ♦t❤❡r ❡①❝✐t❛t✐♦♥s ✐♥ t❤❡ s②st❡♠✱ r❡s✉•t✐♥❣ ✐♥ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ •❛s❡r ♣❤♦t♦♥s ❜❡✐♥❣ s❤✐❢t❡❞ ✉♣ ♦r ❞♦✇♥✳ ❚❤❡ r❡s✉•t✐♥❣ ✐♥❡•❛st✐❝❛••② s❝❛tt❡r❡❞ ♣❤♦t♦♥ ✇❤✐❝❤ ✐s ✧❡♠✐tt❡❞✧✴✧s❝❛tt❡r❡❞✧ ❝❛♥ ❜❡ ❡✐t❤❡r ♦❢ ❤✐❣❤❡r ✭❛♥t✐✲❙t♦❦❡s✮ ♦r •♦✇❡r ✭❙t♦❦❡s✮ ❡♥❡r❣② t❤❛♥ t❤❡ ✐♥❝♦♠✐♥❣ ♣❤♦t♦♥✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❡♥❡r❣② ✭♦r ✇❛✈❡•❡♥❣t❤✮ ♦❢ t❤❡ s❝❛tt❡r❡❞ •✐❣❤t ❢r♦♠ ❛ ♠❛t❡r✐❛• ✐s ❝❤❛r❛❝t❡r✐st✐❝ ❢♦r ❛ ♣❛rt✐❝✉•❛r ❜♦♥❞ ✐♥ ✐ts ♠♦•❡❝✉•❛r str✉❝t✉r❡ ✭✜❣✉r❡ ✷✳✶✸✮✳ ❋✐❣✉r❡ ✷✳✶✸✿ ❆✮ |❛♠❛♥ ❛♥❞ |❛②•❡✐❣❤ s❝❛tt❡r✐♥❣ ♦❢ •✐❣❤t✱ ❇✮ ❊♥❡r❣② ❞✐❛❣r❛♠s✳ ◆♦t❡ t❤❛t ❞✐✛❡r❡♥❝❡ ♦❢ t❤✐❝❦♥❡ss ♦❢ •✐♥❡s ❢♦r |❛②•❡✐❣❤ ❛♥❞ |❛♠❛♥✱ r❡s♣❡❝t✐✈❡•②✱ ✐♥❞✐❝❛t❡s t❤❡ ✐♥t❡♥s✐t② ♦❢ ❡❛❝❤ s❝❛tt❡r✐♥❣ ❜② ✇❤✐❝❤ |❛②•❡✐❣❤ s❝❛tt❡r✐♥❣ ✐s str♦♥❣❡r✴♠♦r❡ ✐♥t❡♥s❡ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ |❛♠❛♥ s❝❛tt❡r✐♥❣ ✇❤✐❝❤ ✐s ✇❡❛❦✳ ✶✵✹ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❚❤❡ s❤✐❢t ✐♥ ❡♥❡r❣② ✭♦r ✇❛✈❡•❡♥❣t❤✮ ❣✐✈❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✈✐❜r❛t✐♦♥❛• ♠♦❞❡s ✐♥ t❤❡ s②st❡♠✳ ❚②♣✐❝❛••②✱ ❛ s❛♠♣•❡ ✐s ✐••✉♠✐♥❛t❡❞ ✇✐t❤ ❛ •❛s❡r ❜❡❛♠✳ ❊•❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ ❢r♦♠ t❤❡ ✐••✉♠✐♥❛t❡❞ s♣♦t ✐s ❝♦••❡❝t❡❞ ✇✐t❤ ❛ •❡♥s ❛♥❞ s❡♥t t❤r♦✉❣❤ ❛ ♠♦♥♦❝❤r♦♠❛t♦r✳ ❊•❛st✐❝ s❝❛tt❡r❡❞ r❛❞✐❛t✐♦♥ ❛t t❤❡ ✇❛✈❡•❡♥❣t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ •❛s❡r •✐♥❡ ✭|❛②•❡✐❣❤ s❝❛tt❡r✐♥❣✮ ✐s ✜•t❡r❡❞ ♦✉t✱ ✇❤✐•❡ t❤❡ r❡st ♦❢ t❤❡ ❝♦••❡❝t❡❞ •✐❣❤t ✐s ❞✐s♣❡rs❡❞ ♦♥t♦ ❛ ❞❡t❡❝t♦r ❜② ✜•t❡r✳ |❛♠❛♥ s♣❡❝tr♦s❝♦♣② ✇❛s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛ ❍♦r✐❜❛ ❙❝✐❡♥t✐✜❝ ▲❛❜r❛♠ ❆r❛♠✐s |❛♠❛♥ ❙♣❡❝tr♦♠❡t❡r ✭❏♦❜✐♥(✈♦♥ t❡❝❤♥♦•♦❣②✮ ✐♥ ♦r❞❡r t♦ st✉❞② t❤✐❝❦✲ ♥❡ss ✭♥✉♠❜❡r ♦❢ s❤❡❡ts✮ ❛♥❞ ❝r②st❛• q✉❛•✐t② ♦❢ ❋▲• ♠❛t❡r✐❛•s ❢r♦♠ ✐ts ❉✱ • ❛♥❞ ✷❉ ❜❛♥❞s ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ •❛s❡r ✇❛✈❡•❡♥❣t❤ ♦❢ ✺✸✷✳✶✺ ♥♠✱ ❉✷ ✜•t❡r ✭✶✪ ♣♦✇❡r✱ ∼ 1 ♠❲✮ ❛♥❞ s♣❡❝tr✉♠ ✇❡r❡ r❡❝♦r❞❡❞ ✐♥ r❡❣✐♦♥s ❢r♦♠ ✶✷✺✵ t♦ ✶✻✺✵ ❝♠ -1 ❛♥❞ ❢r♦♠ ✷✻✵✵ t♦ ✷✽✵✵ ❝♠ -1 ✱ ✇✐t❤ ❛♥ ✐♥t❡❣r❛t✐♦♥ t✐♠❡ ♦❢ ✶✵✵s ❢♦r ❡❛❝❤ ♣❤❛s❡✳ ❚❤❡ |❛♠❛♥ ❛♥❞ P▲ s♣❡❝tr♦s❝♦♣✐❡s ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ❋▲• s❛♠♣•❡s ❞❡♣♦s✐t❡❞ ❢r♦♠ ❡t❤❛♥♦• s✉s♣❡♥s✐♦♥ ♦♥ s✐•✐❝❛ ✭✶✵✵ ❙✐❖ 2 ✱ ✸✵✵ ♥♠ t❤✐❝❦✮ s✉❜str❛t❡ ❜② ❛ P❛st❡✉r ♣✐♣❡tt❡✳ ▼✐ss ❑❛r✐♠❛ ❇♦✉r❛s ❛♥❞ ▼r✳ ❋✐ts✉♠ ❆✇❡❦❡ ❤❡•♣❡❞ ✇✐t❤ |❛♠❛♥ ♠❡❛s✉r❡♠❡♥ts✳ ✷✳✺✳✽ ❚❤❡r♠♦❣r❛✈✐♠❡tr✐❝ ❆♥❛•②s✐s ✭❚•❆✮ ❚❤❡r♠♦❣r❛✈✐♠❡tr✐❝ ❆♥❛•②s✐s t❡❝❤♥✐q✉❡ ✇❛s ❡♠♣•♦②❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ ♠♦st t②♣❡s ♦❢ ♠❛t❡r✐❛•s ✐♥❝•✉❞✐♥❣ ✐♥♦r❣❛♥✐❝ ♠❛t❡r✐❛•s✱ ♠❡t❛•s✱ ♣♦•②♠❡rs ❛♥❞ ♣•❛st✐❝s✱ ❝❡r❛♠✐❝s✱ ❣•❛ss❡s✱ ❛♥❞ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛•s ✉s❡❞ ✐♥ ✈❛r✐♦✉s ❡♥✈✐r♦♥♠❡♥t❛•✱ ❢♦♦❞✱ ♣❤❛r♠❛❝❡✉t✐❝❛•✱ ❛♥❞ ♣❡tr♦❝❤❡♠✐❝❛• ❛♣♣•✐❝❛t✐♦♥s✳ ■t ♠❡❛s✉r❡s ✇❡✐❣❤t ✭t❤❡ ♠❛ss ♦❢ ❛ s✉❜st❛♥❝❡ ✐s ♠♦♥✐t♦r❡❞✮ ❝❤❛♥❣❡s ✐♥ ❛ ♠❛t❡r✐❛• ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛✲ t✉r❡ ✭ ✉s✉❛••② ❜❡t✇❡❡♥ ✷✺ • ❈ t♦ ♠❛①✐♠✉♠ ✶✵✵✵ • ❈✮ ♦r t✐♠❡ ✉♥❞❡r ❛ ❝♦♥tr♦••❡❞ ❛t♠♦s♣❤❡r❡ ✭♥✐tr♦❣❡♥✱ ❤❡•✐✉♠✱ ❛✐r✱ ♦t❤❡r ❣❛s✱ ♦r ✐♥ ✈❛❝✉✉♠✮ ✐♥s✐❞❡ ❛ ❢✉r♥❛❝❡✳ ■ts ♣r✐♥❝✐♣❛• ✉s❡s ✐♥❝•✉❞❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❛ ♠❛t❡r✐❛•✬s t❤❡r♠❛• st❛❜✐•✐t② ❛♥❞ ❝♦♠♣♦✲ s✐t✐♦♥✳ ❆ ❚•❆ ❝♦♥s✐sts ♦❢ ❛ s❛♠♣•❡ ♣❛♥ t❤❛t ✐s s✉♣♣♦rt❡❞ ❜② ❛ ♣r❡❝✐s✐♦♥ ❜❛•❛♥❝❡✳ ❚❤✐s ♣❛♥ r❡s✐❞❡s ✐♥ ❛ ❢✉r♥❛❝❡ ❛♥❞ ✐s ❤❡❛t❡❞ ♦r ❝♦♦•❡❞ ❞✉r✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❆ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✶✵✺ s❛♠♣•❡ ♣✉r❣❡ ❣❛s ❝♦♥tr♦•s t❤❡ s❛♠♣•❡ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤✐s ❣❛s ♠❛② ❜❡ ✐♥❡rt ♦r ❛ r❡❛❝t✐✈❡ ❣❛s t❤❛t ✢♦✇s ♦✈❡r t❤❡ s❛♠♣•❡ ❛♥❞ ❡①✐ts t❤r♦✉❣❤ ❛♥ ❡①❤❛✉st✳ ❙❛♠♣•❡ ✇❡✐❣❤t ❝❛♥ r❛♥❣❡ ❢r♦♠ ✶ ♠❣ t♦ ✶✺✵ ♠❣✳ ❙❛♠♣•❡ ✇❡✐❣❤ts ♦❢ ♠♦r❡ t❤❛♥ ✷✺ ♠❣ ❛r❡ ♣r❡❢❡rr❡❞✳ ❚②♣✐❝❛••②✱ ✇❡✐❣❤t ❝❤❛♥❣❡ s❡♥s✐t✐✈✐t② ♦❢ ✵✳✵✶ ♠❣ ♦r ❤✐❣❤❡r ✐s ✉s❡❞✳ ❙❛♠♣•❡s ❝❛♥ ❜❡ ❛♥❛•②③❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ♣♦✇❞❡r ✭♠♦st•②✮ ♦r s♠❛•• ♣✐❡❝❡s✳ ❋♦r ♦✉r s❛♠♣•❡s ❚•❆ ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❛ ◗✺✵✵✵ ❛♣♣❛r❛t✉s ✭❚❆ ✐♥str✉♠❡♥t✮ ✉♥❞❡r ❛✐r ✢♦✇ ✭✷✵ ♠▲✴♠✐♥✮✱ ✉♣ t♦ ✶✵✵✵ • ❈ ✇✐t❤ ❛ ❤❡❛t✐♥❣ r❛t❡ ♦❢ ✶✷✵ • ❈✴♠✐♥✳ ▼r✳ ❙❡❝♦✉ ❙❛•• ♣❡r❢♦r♠❡❞ t❤❡ ❚•❆ ♠❡❛s✉r❡♠❡♥ts✳ ✷✳✺✳✾ ❚❡♠♣❡r❛t✉r❡✲♣r♦❣r❛♠♠❡❞ ❞❡s♦r♣t✐♦♥ ❝♦✉♣•❡❞ ✇✐t❤ ♠❛ss s♣❡❝tr♦♠❡tr② ✭❚P❉✲▼❙✮ ■♥ ♦r❞❡r t♦ ❣❛✐♥ ♠♦r❡ ✐♥s✐❣❤t ❛❜♦✉t ❝❤❛♥❣❡s ♦❝❝✉rr✐♥❣ ❞✉r✐♥❣ t❤❡r♠❛• tr❡❛t✲ ♠❡♥t ✐♥ t❤❡ ❋▲• ♠❛t❡r✐❛•✱ ❛ ❚P❉✲▼❙ ❛♥❛•②s✐s ✇❛s ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ♣r✐st✐♥❡ ❋▲• ❛♥❞ t❤❡r♠❛••② ❛♥♥❡❛•❡❞ ❋▲• ✉♥❞❡r ❆r ✭❋▲•✲❆r✮ ♠❛t❡r✐❛•s ✉♣ t♦ ✾✺✵ • ❈✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ ❛ ❝✉st♦♠✲♠❛❞❡ ❡①♣❡r✐♠❡♥t❛• s❡t✉♣ ✉♥❞❡r ✈❛❝✉✉♠ ❛t ❛ ♠❛①✐♠✉♠ ♣r❡ss✉r❡ ♦❢ ✶✵ -4 P❛✳ ❆♣♣r♦①✐♠❛t❡•② ✸✵ ♠❣ ♦❢ ❣r❛♣❤❡♥❡ ♣♦✇❞❡r ✇❛s ♣•❛❝❡❞ ✐♥ ❛ ❢✉s❡❞ s✐•✐❝❛ t✉❜❡ ❛♥❞ ❤❡❛t❡❞ ❢r♦♠ r♦♦♠ t❡♠♣❡r❛t✉r❡ t♦ ✾✺✵ • ❈ ✇✐t❤ ❛ ❤❡❛t✐♥❣ r❛t❡ ♦❢ ✺ • ❈✴♠✐♥✳ ❚❤❡ ♠❛ss s♣❡❝tr♦♠❡t❡r ✇❛s ❝❛•✐❜r❛t❡❞ ✉s✐♥❣ ◆ 2 ✱ ❍ 2 ✱ ❍ 2 ❖✱ ❈❖✱ ❈❖ 2 ❣❛s r❡❢❡r❡♥❝❡s ❬✷✸✼(✳ ❋r♦♠ t❤❡ ❚P❉✲▼❙ ❛♥❛•②s✐s✱ t❤❡ ❞❡s♦r♣t✐♦♥ r❛t❡ ♦❢ ❡❛❝❤ ❣❛s ✇❛s ❞❡t❡r♠✐♥❡❞✱ ❛♥❞ t❤❡ t♦t❛• ❛♠♦✉♥t ♦❢ ❡❛❝❤ ❣❛s r❡•❡❛s❡❞ ✇❛s ❝♦♠♣✉t❡❞ ❜② t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❚P❉✲▼❙ ❝✉r✈❡s✳ ❚P❉✲▼s ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❈❛♠❡•✐❛ ▼❛t❡✐ •❤✐♠❜❡✉ ✷✳✺✳✶✵ Pr♦✜•♦♠❡t❡r Pr♦✜•♦♠❡t❡r ✐s ✉s❡❢✉• ✐♥ t❤❡ ❛♥❛•②s❡s ♦❢ r♦✉❣❤ s✉r❢❛❝❡s ♦❢ ✜•♠s ❛♥❞ ♠❛t❡r✐❛•s✳ ■t ❝❛♥ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥✱ s✉❝❤ ❛s ❆✈❡r❛❣❡ ❙t❡♣ ❤❡✐❣❤t ✭❆❙❍✮✱ ❆✈❡r❛❣❡ ❍❡✐❣❤t ✭❆✈❣❍t✮✱ ❛r✐t❤♠❡t✐❝ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss ✭| a ✮ ❛♥❞ •❡♦♠❡tr✐❝ ❆✈❡r❛❣❡ |♦✉❣❤♥❡ss ✭| q ✮✳ ▼♦st ✐♥t❡r❡st✐♥❣ ❛r❡ t❤❡ | a ❛♥❞ | q ❜❡❝❛✉s❡ t❤❡② ♣r♦✈✐❞❡ ❛ s✐♠♣•❡ ✈❛•✉❡ ✶✵✻ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❢♦r r♦✉❣❤♥❡ss❡s ♦❢ s✉r❢❛❝❡ ♦❢ ✜•♠✴♠❛t❡r✐❛•✳ |♦✉❣❤♥❡ss ❝❛♥ ❛•s♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ♦t❤❡r ♠❡t❤♦❞s ♦❢ s✉r❢❛❝❡ st✉❞② s✉❝❤ ❛s ❆❋▼ ❛♥❞ ✐♥t❡r❢❡r♦♠❡tr②✳ ✷✳✺✳✶✵✳✶ ❆r✐t❤♠❡t✐❝ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss✱ |❛ ❆r✐t❤♠❡t✐❝ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss✱ |❛✱ ✐s t❤❡ ❛r✐t❤♠❡t✐❝ ❛✈❡r❛❣❡ ❤❡✐❣❤t ♦❢ r♦✉❣❤♥❡ss✲❝♦♠♣♦♥❡♥t ✐rr❡❣✉•❛r✐t✐❡s ✭♣❡❛❦ ❤❡✐❣❤ts ❛♥❞ ✈❛••❡②s✮ ❢r♦♠ t❤❡ ♠❡❛♥ •✐♥❡ ♠❡❛s✉r❡❞ ✇✐t❤✐♥ t❤❡ s❛♠♣•❡ •❡♥❣t❤✱ ▲ ✭✜❣✉r❡ ✷✳✶✹✮✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ t❛❦❡♥ ❛s t❤❡ ✜♥❡ ♣♦✐♥t ♦❢ t❤❡ st②•✉s ♦♥ ❛ ♣r♦✜•♦♠❡t❡r ❝r♦ss❡s ❛ •❡♥❣t❤ ▲ ♦♥ t❤❡ s✉r❢❛❝❡ ❜❡✐♥❣ ♠❡❛s✉r❡❞ ❛♥❞ ❡①♣r❡ss❡❞ ❜② ❡q✉❛t✐♦♥ ✷✳✶✻ ✐♥ ♥❛♥♦♠❡t❡rs ♦r ♠✐❝r♦♠❡t❡rs✳ R a = L 0 |Z(x)|dx ✭✷✳✶✻✮ ❲❤❡r❡ L ✐s t❤❡ ❡✈❛•✉❛t✐♦♥ •❡♥❣t❤ ❛♥❞ Z(x) ✐s t❤❡ ♣r♦✜•❡ ❤❡✐❣❤t ❢✉♥❝t✐♦♥✳ ✷✳✺✳✶✵✳✷ •❡♦♠❡tr✐❝ ❆✈❡r❛❣❡ |♦✉❣❤♥❡ss✱ | q •❡♦♠❡tr✐❝ ❆✈❡r❛❣❡ |♦✉❣❤♥❡ss✱ | q ✱ ❛•s♦ ❝❛••❡❞ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ✭|▼❙✮ ✐s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ♦❝❝❛s✐♦♥❛• ❤✐❣❤ ❛♥❞ •♦✇ ❢❡❛t✉r❡s✱ ♠❛❦✐♥❣ ✐t ❛ ✈❛•✉❛❜•❡ ❝♦♠♣•❡✲ ♠❡♥t t♦ | a ✳ | q ✐s t❤❡ ❣❡♦♠❡tr✐❝ ❛✈❡r❛❣❡ ❤❡✐❣❤t ♦❢ r♦✉❣❤♥❡ss✲❝♦♠♣♦♥❡♥t ✐rr❡❣✉✲ •❛r✐t✐❡s ❢r♦♠ t❤❡ ♠❡❛♥ •✐♥❡ ♠❡❛s✉r❡❞ ✇✐t❤✐♥ t❤❡ s❛♠♣•❡ •❡♥❣t❤✱ ▲ ❛♥❞ ❡①♣r❡ss❡❞ ❜② ❡q✉❛t✐♦♥ ✷✳✶✼✳ Rq = [(1/L) L 0 Z(x) 2 dx] 1/2 ✭✷✳✶✼✮ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ t✇♦ s❝❛•❡s ✐s t❤❛t | q ❛♠♣•✐✜❡s ♦❝❝❛s✐♦♥❛• ❤✐❣❤ ♦r •♦✇ r❡❛❞✐♥❣s✱ ✇❤✐•❡ | a ✱ s✐♠♣•② ❛✈❡r❛❣❡s t❤❡♠✳ ❋♦r ❛ ❣✐✈❡♥ s✉r❢❛❝❡✱ t❤❡r❡❢♦r❡✱ t❤❡ | q ✈❛•✉❡ ✇✐•• ❜❡ ❤✐❣❤❡r t❤❛♥ t❤❡ | a ✈❛•✉❡ ❜② ❛ ♠✐♥✐♠✉♠ ✶✵✪✳ ❋✐❣✉r❡ ✷✳✶✹ s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ r♦✉❣❤♥❡ss ♠❡❛s✉r❡♠❡♥ts ✭| a ❛♥❞ | q ✮ ♦❢ ♦✉r s❛♠♣•❡s ✇❡r❡ ♠❡❛s✉r❡❞ ❜② ❛ ❱❡❡❝♦ ❉❊❑❚❆❑ ✶✺✵ ♣r♦✜•♦♠❡t❡r ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ♣❛r❛♠❡t❡rs✿ ❙t②•✉s r❛❞✐✉s ✶✷✳✺ µ♠❀ ❙t②•✉s ❢♦r❝❡ ♦❢ ✶✲✷ ♠❣ ❛♥❞ s❝❛♥ ❞✉r❛t✐♦♥ ♦❢ ✸✵✲✻✵s❀ ♠❡❛s✉r❡♠❡♥t r❛♥❣❡ s❡t t♦ ✻✳✺µ♠ ✇✐t❤ ❛ ✈❛r✐❛❜•❡ s❝❛♥ •❡♥❣t❤ t②♣✐❝❛••② ❢❡✇ ✶✵✵s ♦❢ µ♠✳ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✶✵✼ ❋✐❣✉r❡ ✷✳✶✹✿ ❙✉r❢❛❝❡ r♦✉❣❤♥❡ss✿ |❛ ❛♥❞ |q✳ ✷✳✺✳✶✶ ❆t♦♠✐❝ ❋♦r❝❡ ▼✐❝r♦s❝♦♣❡ ✭❆❋▼✮ ❚❤❡ ❆❋▼ ✐s ❛ t❡❝❤♥✐q✉❡ ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s✉r❢❛❝❡ ♠♦r♣❤♦•♦❣② ♦❢ r❡•❛✲ t✐✈❡•② ✢❛t s✉r❢❛❝❡s ❛t ✈❡r② ❤✐❣❤ r❡s♦•✉t✐♦♥ ❛♥❞ t♦ ❡①tr❛❝t q✉❛♥t✐t❛t✐✈❡ ✐♥❢♦r♠❛t✐♦♥✳ ❆ s❤❛r♣ ♣r♦❜❡ ✭t✐♣✮ ❛tt❛❝❤❡❞ t♦ ❛ ❝❛♥t✐•❡✈❡r ✐s ❜r♦✉❣❤t ✐♥t♦ ❝•♦s❡ ♣r♦①✐♠✐t② ✇✐t❤ t❤❡ s❛♠♣•❡ t♦ ❜❡ ❛♥❛•②③❡❞✳ ❲❤❡♥ t❤❡ ♣r♦❜❡ ✐s ❜r♦✉❣❤t ✐♥t♦ ♣r♦①✐♠✐t② ♦❢ t❤❡ s❛♠✲ ♣•❡ s✉r❢❛❝❡✱ ❢♦r❝❡s ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❡ ❛♥❞ t❤❡ s❛♠♣•❡ •❡❛❞ t♦ ❛ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❝❛♥t✐•❡✈❡r✳ ❉✉r✐♥❣ ♠❡❛s✉r❡♠❡♥t✱ t❤❡ ♣r♦❜❡ ♠♦✈❡s r❡•❛t✐✈❡ t♦ t❤❡ s❛♠♣•❡ ✭✐♥ ♦✉r ❝❛s❡✮ ✐♥ ❛ r❛st❡r ♣❛tt❡r♥ t♦ ♣❡r❢♦r♠ t❤❡ s✉r❢❛❝❡ s❝❛♥✱ ❛♥❞ ❛ q✉❛♥t✐t② ✐s ♠❡❛s✉r❡❞ ✐♥ ❛ s❡r✐❛• ❢❛s❤✐♦♥ ❛t ❞✐s❝r❡t❡ •♦❝❛t✐♦♥s ✭♣✐①❡•s✮ ✭✜❣✉r❡ ✷✳✶✺❆✮✳ ❯s✉❛••②✱ t❤❡ ❞❡✢❡❝t✐♦♥ ✐s t❤❡♥ ♠❡❛s✉r❡❞ ✉s✐♥❣ ❛ •❛s❡r s♣♦t r❡✢❡❝t❡❞ ❢r♦♠ t❤❡ t♦♣ s✉r❢❛❝❡ ♦❢ t❤❡ ❝❛♥t✐•❡✈❡r ❛♥❞ ❢❡❞ t♦ ❛ s♣•✐t ♣❤♦t♦❞❡t❡❝t♦r✱ ✉s✉❛••② ❛♥ ❛rr❛② ♦❢ ♣❤♦t♦❞✐♦❞❡s ✭✜❣✉r❡ ✷✳✶✺❇✮✳ ❚❤❡ r♦✉❣❤♥❡ss ♠❡❛s✉r❡♠❡♥t ❝❛♥ ❛•s♦ ❜❡ ♣❡r❢♦r♠❡❞ ❜② ♦t❤❡r ♠❡t❤♦❞s✱ s✉❝❤ ❛s✿ ♦♣t✐❝❛• ✐♥t❡r❢❡r♦♠❡tr②✱ ❝❛♣❛❝✐t✐✈❡ s❡♥s✐♥❣✱ ❛♥❞ ♣✐❡③♦r❡s✐st✐✈❡ ❝❛♥t✐•❡✈❡rs✳ ■♥ ♦r❞❡r t♦ ❛❞•✉st t❤❡ ♣r♦❜❡✲t♦✲s❛♠♣•❡ ❞✐st❛♥❝❡ ❜② ♠❛✐♥t❛✐♥✐♥❣ t❤❡ ❝♦♥st❛♥t ❢♦r❝❡ ❜❡t✇❡❡♥ t❤❡♠✱ ❛ ❢❡❡❞❜❛❝❦ ♠❡❝❤❛♥✐s♠ ✐s ❡♠♣•♦②❡❞✳ ❚❤❡ ❝♦♥st❛♥t ❢♦r❝❡ ♠❛❦❡s s✉r❡ t❤❛t t❤❡ s❛♠♣•❡ s✉r❢❛❝❡ ✐s ♥♦t ❞❛♠❛❣❡❞ ❜② t❤❡ ❝♦••✐s✐♦♥ ❛♥❞ ♠✐♥✐♠✐③❡s t❤❡ ❝❤❛♥❝❡s ♦❢ ❜r❡❛❦✐♥❣ ♦❢ t❤❡ ♣r♦❜❡✳ ❆❋▼ ❝❛♥ ❜❡ ♠❛❞❡ t♦ ✇♦r❦ ✐♥ ❡✐t❤❡r ❝♦♥t❛❝t ♠♦❞❡ ♦r ♥♦♥✲❝♦♥t❛❝t ♠♦❞❡ ✶✵✽ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ ❋✐❣✉r❡ ✷✳✶✺✿ ❆✮ ❙❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❝❛♥t✐•❡✈❡r✲t✐♣ ❛ss❡♠❜•② ✉s❡❞ ✐♥ ❛♥ ❆❋▼✱ ❇✮ ❙❝❤❡♠❛t✐❝ ♦❢ •✐❣❤t s♦✉r❝❡✱ ❝❛♥t✐•❡✈❡r✱ ❛♥❞ ♣❤♦t♦ ❞❡t❡❝t♦r r❡❛ss❡♠❜•✐♥❣ t❤❡ ❜❛s✐❝ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ •✐❣❤t✲•❡✈❡r ❆❋▼ ❞❡t❡❝t✐♦♥ s②st❡♠✳ ❜✉t ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜♦t❤ ♠♦❞❡s ❣✐✈❡s ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡✱ ✇❤✐❝❤ ✐s ❝❛••❡❞ t❤❡ t❛♣♣✐♥❣ ♦r s❡♠✐✲❝♦♥t❛❝t ♠♦❞❡✳ ❲❤❡♥ t❤❡ ❝❛♥t✐•❡✈❡r ❛♣♣r♦❛❝❤❡s t❤❡ s❛♠♣•❡✱ ❱❛♥ ❞❡r ❲❛❛•s ❋♦r❝❡s st❛rt ❛❝t✐♥❣ ✉♣♦♥ ✐t✳ ❋✐❣✉r❡ ✷✳✶✻ s❤♦✇s t❤❡ ♣r♦❜❡ s❛♠♣•❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛• ❞✉r✐♥❣ ❞✐✛❡r❡♥t ♠♦❞❡s ♦❢ ❆❋▼ ✇✐t❤ t❤❡ ❢♦r❝❡s ❛❝t✐♥❣ ❞✉r✐♥❣ t❤❡s❡ ♠♦❞❡s✳ ❋✐❣✉r❡ ✷✳✶✻✿ Pr♦❜❡✲s❛♠♣•❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛•✳ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✶✵✾ ❚❤❡ t❛♣♣✐♥❣ ♠♦❞❡ ✐s ✉s✉❛••② ❝❤♦s❡♥ t♦ t❛❦❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❝♦♥t❛❝t ♠♦❞❡ ✇❤✐•❡ ❛✈♦✐❞✐♥❣ t❤❡ ❞❛♠❛❣❡ t♦ t❤❡ s✉r❢❛❝❡ ♦❢ s❛♠♣•❡ ❜② ♥♦t ❝♦♥t✐♥✉♦✉s•② r✉❜❜✐♥❣ ❛❣❛✐♥st t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s❛♠♣•❡✳ ■♥ t❛♣♣✐♥❣ ♠♦❞❡✱ t❤❡ ❝❛♥t✐•❡✈❡r ✐s ✈✐❜r❛t❡❞ ❛❜♦✈❡ t❤❡ s✉r❢❛❝❡ ❝•♦s❡ t♦ ✐ts r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② t♦ ❣❡t t❤❡ t♦♣♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛✲ t✐♦♥✳ ❚❤❡ ♣r♦❜❡ t♦✉❝❤❡s ❛♥❞ ❜♦✉♥❝❡s ♦✛ t❤❡ s✉r❢❛❝❡ ♦❢ s❛♠♣•❡ ❛t s❤♦rt ✐♥t❡r✈❛•s ❜② ❛ ❝❛•❝✉•❛t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ s✉r❢❛❝❡ ❝❛✉s❡s t❤❡ ❛♠♣•✐t✉❞❡ ♦❢ t❤❡ ♦s❝✐••❛t✐♦♥ t♦ ❞❡❝r❡❛s❡ ❛♥❞ t❤❡ t♦♣♦❣r❛♣❤② ✐♠❛❣❡ ✐s r❡❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ❢❡❡❞❜❛❝❦ ♠♦✈❡♠❡♥t ♥❡❝❡ss❛r② t♦ ❦❡❡♣ t❤❡ ❛♠♣•✐t✉❞❡ ❝♦♥st❛♥t✳ ❆•t❤♦✉❣❤✱ ❆❋▼ ♣r♦✈✐❞❡s ❞❡t❛✐•❡❞ s✉r❢❛❝❡ ❛♥❛•②s✐s✱ r♦✉❣❤♥❡ss ♣r♦✜•❡ ❛♥❞ t♦♣♦❣r❛♣❤✐❝ ✐♠❛❣❡s ❜✉t ✐ts s❝❛♥ ❛r❡❛ ✐s r❡•❛t✐✈❡•② s♠❛•• ✭❢❡✇ t❡♥s ♦❢ ♠✐❝r♦♥s✮ ❛♥❞ ❞❡♣t❤ r❛♥❣❡ ✐s ❛•s♦ •✐♠✐t❡❞✳ ❚❤❡ ❆❋▼ ♠❡❛s✉r❡♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ ◆❚✲▼❉❚ st❛♥❞ ❛•♦♥❡ ❙▼❊◆❆ ❆❋▼ ♠✐❝r♦s❝♦♣❡ ✉s✐♥❣ t❛♣♣✐♥❣ ♠♦❞❡ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿ ❍◗✿◆❙❈✴✽✴◆♦❆• t✐♣ ❤❛✈✐♥❣ t✐♣ r❛❞✐✉s ♦❢ ✽ ♥♠✱ t✐♣ ❤❡✐❣❤t ♦❢ ✶✺ µ♠✱ ❝♦♥❡ ❛♥❣•❡ ♦❢ ✹✵ • ✱ ❢♦r❝❡ ✷✳✽ ◆✴♠✱ ❢r❡q✉❡♥❝② ✵✳✺ ❍③✳ ❚❤❡ ❆❋▼ ✇❛s ❝❛•✐❜r❛t❡❞ ♦♥ ✺✷✵ ♥♠ t♦ ❛❞❛♣t t♦ t❤❡ ♠♦r♣❤♦•♦❣② ✈❛r✐❛t✐♦♥ ✭r♦✉❣❤ ♠♦r♣❤♦•♦❣② ♦❢ ♦✉r s❛♠♣•❡s ❝❛♥ ✈❛r② ✉♣ t♦ ♠✐❝r♦♠❡t❡rs r❛♥❣❡✮ ♦❢ t❤❡ ❋▲• ✜•♠✱ ❢♦r ❞✐✛❡r❡♥t s❝❛♥ s✐③❡s ♦❢ 10 × 10 µ♠ ❛♥❞ 50 × 50 µ♠✱ r❡s♣❡❝t✐✈❡•② ✐♥ r❛st❡r s❝❛♥ ♠♦❞❡✿ ❍♦r✐③♦♥t❛• ✭✺✶✷ •✐♥❡s s❝❛♥✮ ✇✐t❤ ♣r❡❝✐s✐♦♥ ♦❢ ❁ ✷ ♥♠✳ ✷✳✺✳✶✷ ◆✉❝•❡❛r r❡❛❝t✐♦♥ ❛♥❛•②s✐s ✭◆|❆✮ ▼❛t❡r✐❛• ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② ♠❡❛♥s ♦❢ ◆✉❝•❡❛r |❡❛❝t✐♦♥ ❆♥❛•②s✐s ✭◆|❆✮ t♦ ✐♥✈❡st✐❣❛t❡ q✉❛♥t✐t❛t✐✈❡•② t❤❡ ❝♦♥t❡♥t ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ •✐❣❤t ❡•❡♠❡♥ts ✇✐t❤ ❛t♦♠✐❝ ♥✉♠❜❡r ) ❁ ✶✺ ✭❝❛r❜♦♥✱ ♥✐tr♦❣❡♥✱ ♦①②❣❡♥✱ ✢✉♦r✐♥❡✱ ❡t❝✮ ✐♥ ❞❡♣t❤ ✭✉♣ t♦ ❢❡✇ µ♠✮ ♦❢ t❤✐♥ s♦•✐❞ ✜•♠s ❬✷✸✽(✳ ❚❤✐s ♠❡t❤♦❞ ✉s❡s ❛❝❝❡•❡r❛t❡❞ ♣❛rt✐❝•❡s ✇❤✐❝❤ ✐♥✐t✐❛t❡ ❛ ♥✉❝•❡❛r r❡❛❝t✐♦♥ ✇✐t❤ s♣❡❝✐✜❝ t❛r❣❡t ❛t♦♠s ✐♥ t❤❡ s❛♠♣•❡✳ ❚❤❡ ❡♠✐tt❡❞ r❛❞✐❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐st✐❝ ❢♦r t❤✐s r❡❛❝t✐♦♥ ❛♥❞ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞✳ ❋r♦♠ t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ r❛❞✐❛t✐♦♥ ♦♥❡ ✐s ❛❜•❡ t♦ ❞❡t❡r♠✐♥❡ ✶✶✵ ❈❍❆P❚❊| ✷✳ ❊❳P❊|■▼❊◆❚❆▲✿ ▼❆❚❊|■❆▲❙ ❆◆❉ ❚❊❈❍◆■◗❯❊❙ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉•❛r ❛t♦♠✐❝ s♣❡❝✐❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❢✉rt❤❡r ✉s❡❞ t♦ ❞❡❞✉❝❡ t❤❡ ❞❡♥s✐t② ♦❢ ❡•❡♠❡♥ts✱ ❦♥♦✇✐♥❣ ✐♥❞❡♣❡♥❞❡♥t•② t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✜•♠✳ ❋✉rt❤❡r♠♦r❡ ◆|❆ ✐s ❛ ❤✐❣❤•② s❡♥s✐t✐✈❡ t♦♦• ✇✐t❤ ✇❤✐❝❤ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ❢❡✇ ✶✵ ♣♣♠ ❝❛♥ ❜❡ ✈❡r✐✜❡❞✳ ❲❤❡♥ ❛♥ ✐♥❝✐❞❡♥t ✐♦♥ ❜❡❛♠ a ✐♥t❡r❛❝ts ✇✐t❤ ❛♥ ❛t♦♠✐❝ ❝♦r❡ A✱ ✐t ❢♦r♠s ❛ ❤✐❣❤•② ❡①❝✐t❡❞ ❛t♦♠✐❝ ❝♦r❡ B✱ ✇❤✐❝❤ ✐s ❞✐s✐♥t❡❣r❛t❡❞ ♦r ❞❡✲❡♥❡r❣✐③❡❞ ❜② t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝•❡ b✱ ✭✜❣✉r❡ ✷✳✶✼✮✳ ❋✐❣✉r❡ ✷✳✶✼✿ Pr✐♥❝✐♣•❡ ♦❢ t❤❡ ◆✉❝•❡❛r |❡❛❝t✐♦♥ ❆♥❛•②s✐s✳ ❚❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛♥ ❡•❡♠❡♥t ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ♣♦ss✐❜•❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♥✉❝•❡❛r r❡❛❝t✐♦♥ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❝r♦ss s❡❝t✐♦♥✳ ❚❤❡ r❡❛❝t✐♦♥ ✐s ✉s✉❛••② ✇r✐tt❡♥ ❛s A(a, b)B✳ ▼♦r❡♦✈❡r✱ t♦ ♣r♦❞✉❝❡ t❤❡s❡ ♥✉❝•❡❛r r❡❛❝t✐♦♥s✱ ✐t ✐s ♥❡❝❡ss❛r② t❤❛t t❤❡ ✐♥❝✐❞❡♥t ♣❛rt✐❝•❡s ♦✈❡r❝♦♠❡ t❤❡ ❈♦✉•♦♠❜ ❜❛rr✐❡r ♦❢ t❤❡ ❛t♦♠✐❝ ❝♦r❡✳ ❆s t❤❡✐r ❡♥❡r❣② ✐s ❣❡♥❡r❛••② •❡ss t❤❛♥ ✸ ▼❡❱✱ t❤✐s ♠❡t❤♦❞ ❝❛♥ ♦♥•② ❞❡t❡❝t •✐❣❤t ❡•❡♠❡♥ts ✭❛t♦♠✐❝ ♥✉♠❜❡r✱ )❁✶✺✮✳ ❚❤❡ ✐♦♥ ❜❡❛♠ ❛♥❛•②s✐s ✇❛s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛ ✹▼❱ ❱❛♥ ❉❡ •r❛✛ ❛❝❝❡•❡r❛t♦r ❢❛❝✐•✐t②✳ ■♥ ♦✉r st✉❞② ✇❡ ✉s❡❞ ❛ ❞❡✉t❡r✐✉♠ ✭ 2 ❍✮ ❛s ❛♥ ✐♥❝✐❞❡♥t ✐♦♥ ✇✐t❤ ❛♥ ❡♥❡r❣② ♦❢ ✾✵✵ ❦❡❱ ❛♥❞ ❛ s❝❛tt❡r✐♥❣ ❛♥❣•❡ ♦❢ ✶✺✵ • ✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛• s♣❡❝tr❛ ✇❡r❡ ❝❛•✐❜r❛t❡❞ ❜② ✉s✐♥❣ ❛ ❙✐❖ 2 s❛♠♣•❡ ❬✾✺(✳ ❆ ✶✺✵ ♠♠ 2 s✐•✐❝♦♥ s✉r❢❛❝❡ ❜❛rr✐❡r ❞❡t❡❝t♦rs ✇❛s ♠♦✉♥t❡❞ ❛t ❛♥ ❛♥❣•❡ ♦❢ ✶✺✵ • t♦ t❤❡ ❜❡❛♠ ❞✐r❡❝t✐♦♥ r❡s✉•t✐♥❣ ✐♥ ❛ t♦t❛• s♦•✐❞ ❛♥❣•❡ ♦❢ Ω ✻✵ ♠✐•✐✲st❡r❛❞✐❛♥ ✭♠sr✮✳ ✷✳✺✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❚❊❈❍◆■◗❯❊❙ ✶✶✶ ❆♥ ❛❜s♦r❜❡r ♦❢ ✶✶✳✽ µ♠ ▼②•❛r ❢♦✐• ✇❛s ❛tt❛❝❤❡❞ ❛❜♦✈❡ t❤❡ ❞❡t❡❝t♦r t♦ st♦♣ t❤❡ ❛•♣❤❛ ♣❛rt✐❝•❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡ 16 ❖✭❞✱ α✮ 14 ◆ r❡❛❝t✐♦♥ ❛♥❞ t❤❡ ❜❛❝❦s❝❛tt❡r❡❞ ❞❡✉t❡r♦♥ ♣❛rt✐❝•❡s✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛• s♣❡❝tr❛ ✇❡r❡ ❝❛•✐❜r❛t❡❞ ❜② ✉s✐♥❣ ❜❛r❡ ❙✐❖ 2 ✭✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ ✷✵✵ ♥♠✮ ❛♥❞ ❙✐❈ s❛♠♣•❡s ❢♦r ♦①②❣❡♥ ❛♥❞ ❝❛r❜♦♥ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ♦①②❣❡♥ ♥✉❝•❡❛r ❛♥❞ ❝❛r❜♦♥ r❡❛❝t✐♦♥s ❬❖ 16 ✭❞✱♣ 0 ✮ ❖ 17 (✱ ❬❖ 16 ✭❞✱♣ 1 ✮ ❖ 17 ( ❛♥❞ ❬❈ 12 ✭❞✱♣✮ ❈ 13 (✱ r❡s♣❡❝t✐✈❡•②✱ ✉s✐♥❣ ❞❡✉t❡r✐✉♠ ✭ 2 ❍✮ ✐♦♥s✳ ❚❤❡ s♣❡❝tr❛ ✇❡r❡ t❤❡♥ ✜tt❡❞ ✇✐t❤ t❤❡ ❙■▼◆|❆ s♦❢t✇❛r❡✳ ❋✐ts✉♠ ❆✇❡❦❡ ❤❡•♣❡❞ ✇✐t❤ ❆❋▼ ❛♥❞ ◆|❆ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❛♥❛•②s❡s✳ ✶✶✷ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ✸ |❡s✉•ts✿ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ■♥ t❤✐s ❝❤❛♣t❡r✱ ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❋▲• ✭❋▲•✲❆❜•✮ ♠❛t❡r✐❛• ♦❜t❛✐♥❡❞ ❜② ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥ ♦❢ ♣❡♥❝✐• •❡❛❞ ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✶✱ ❢♦••♦✇❡❞ ❜② ❛ s✉♠♠❛r② ♦❢ ❛♥ ❛rt✐❝•❡ ♣✉❜•✐s❤❡❞ ✐♥ t❤❡ ❏♦✉r♥❛• ♦❢ P❤②s✐❝❛• ❈❤❡♠✐str② ❈ ✐♥ s❡❝t✐♦♥ ✸✳✶✳✶✱ ❛rt✐❝•❡ ✇❤✐❝❤ ✐s ❢✉••② ❞✐s♣•❛②❡❞ ✇✐t❤ t❤❡ s✉♣♣♦rt✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✐♥ s❡❝t✐♦♥ ✸✳✶✳✷✳ ❋✉rt❤❡r ❛❞❞✐t✐♦♥❛• ❝❤❛r❣❡ tr❛♥s♣♦rt r❡s✉•ts ♦❜t❛✐♥❡❞ ❜② ❍❛•• ❊✛❡❝t ❛♥❞ ❢♦✉r ♣♦✐♥t ♣r♦❜❡s ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥s ✸✳✶✳✸ ❛♥❞ ✸✳✶✳✹✱ r❡s♣❡❝✲ t✐✈❡•②✳ ◆❡①t✱ ❝❤❛r❣❡ tr❛♥s♣♦rt ✐♥ t❤❡ ✜•♠s ♦❜t❛✐♥❡❞ ❜② ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥ ♦❢ s②♥t❤❡t✐❝ ❣r❛♣❤✐t❡ ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳ ❆♣❛rt ❢r♦♠ ❝❤❛r❣❡ tr❛♥s♣♦rt✱ s♦♠❡ ❛❞❞✐t✐♦♥❛• ❝❤❛r❛❝t❡r✐③❛t✐♦♥s s✉❝❤ ❛s s❝❛♥♥✐♥❣ ❡•❡❝tr♦♥ ♠✐❝r♦s❝♦♣② ♠✐❝r♦✲ ❣r❛♣❤s ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥s ✸✳✶✳✹ ❛♥❞ ✸✳✷ t♦ s❤♦✇ t❤❡ ♠♦r♣❤♦•♦❣② ♦❢ t❤❡ ✜•♠s✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❛♥❞ ❝r②st❛••✐③❛t✐♦♥ ♦❢ ❋▲•✲❆❜• ❜② µ✲✇❛✈❡s✲❛ss✐st❡❞ ♦①✐❞❛t✐♦♥ ✐♥ ✇❛t❡r ✐s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸✳ ❚❤❡ r♦✉❣❤♥❡ss ❛♥❞ t❤✐❝❦♥❡ss ❛♥❛•②s✐s ❜② ♣r♦✜•❡r✱ ❆❋▼ ❛♥❞ ◆|❆ t❡❝❤♥✐q✉❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✸✳✹✱ ❢♦••♦✇❡❞ ❜② t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ❛♥❛•②s✐s ❜② ❯P❙ ✐♥ t❤❡ s❡❝t✐♦♥ ✸✳✺✳ P❡r❝♦•❛t✐♦♥ st✉❞② ❢♦r ❋▲•✲❆❜• ✐s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✻✳ ■♥ s❡❝t✐♦♥ ✸✳✼ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛♥❞ ❝❤❛r❣❡ tr❛♥s♣♦rt ✐♥ ❋▲•s ♦❜t❛✐♥❡❞ ❜② ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✇✐•• ❜❡ ♣r❡s❡♥t❡❞✳ ❆t t❤❡ ❡♥❞✱ ❛ s✉♠♠❛r② ♦❢ t❤❡ ❝❤❛♣t❡r ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✽✳ ✸✳✶ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ❜② ❆❜•❛t✐♦♥ ♦❢ P❡♥❝✐• ▲❡❛❞ ✭❋▲•✲❆❜•✮ ❙②♥t❤❡s✐s ♦❢ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ✭❋▲•✮ ✇❛s ❛•r❡❛❞② ❞❡♠♦♥str❛t❡❞ ✭s❡❡ ❛•s♦ ✜❣✉r❡ ✷✳✶ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✶ ✐♥ ❝❤❛♣t❡r ✷ ❞❡t❛✐•s ♦♥ ♠❡t❤♦❞✮ ❜② ♦✉r ❣r♦✉♣ ✐♥ ❛♥ ❡❛r•✐❡r ✇♦r❦ ✭s❡❡ ❙❊▼ ❛♥❞ ❚❊▼ ✐♠❛❣❡s ✐♥ ✜❣✉r❡ ✶✳✻ ❢♦r ♠♦r♣❤♦•♦❣②✮ ❬✹✵(✱ ✭✮✳ ❚❤❡ ♣r✐♥❝✐♣•❡ ✐♥✈♦•✈❡s t❤❡ ❛❜•❛t✐♦♥ t❤❡ ❝♦♠♠❡r❝✐❛••② ❛✈❛✐•❛❜•❡ ♣❡♥❝✐• •❡❛❞s ✭❇✲✾ ✸✳✶✳ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❇( ❆❇▲❆❚■❖◆ ❖❋ P❊◆❈■▲ ▲❊❆❉ ✭❋▲•✲❆❇▲✮ ✶✶✸ ❛♥❞ ❍❇✮ ❛❣❛✐♥st ❛ r♦✉❣❤ ❣•❛ss ❞✐s❦✱ ❛ss✐st❡❞ ❜② ❛ ❝♦♥t✐♥✉♦✉s ✉•tr❛s♦♥✐❝❛t✐♦♥✳ ❚❤❡ ❛❜•❛t✐♦♥ ♣r♦❝❡ss ✐s ❢♦••♦✇❡❞ ❜② ❛♥ ❛❝✐❞✴❜❛s❡ tr❡❛t♠❡♥t t♦ ♣✉r✐❢② ❋▲• ✢❛❦❡s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ♣♦✇❞❡r✱ ❢r♦♠ t❤❡ ✐♥♦r❣❛♥✐❝ ❜✐♥❞❡r ✭✶✺ t♦ ✸✵ ✇t✪✮ ♣r❡s❡♥t ✐♥ ♣❡♥❝✐• •❡❛❞s✳ ❚❤❡ ❋▲•s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❇✲✾ ♣❡♥❝✐• ✭✇✐t❤ ✶✺✪ ❜✐♥❞❡r✮ •❡❛❞s ✇❡r❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❆♥ ❛✉t♦♠❛t❡❞ s②st❡♠ ✇❛s ❡st❛❜•✐s❤❡❞ t♦ ♣r♦❞✉❝❡ ❋▲•s ♦♥ •❛r❣❡ s❝❛•❡✳ ❚❤❡ ♣r❡s❡♥t ♠❡t❤♦❞ ♦❢ ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥ ✭❡①❢♦•✐❛t✐♦♥✮ ♦❢ ❣r❛♣❤✐t❡ ❜❛s❡❞ ♠❛t❡r✐❛•s ✐s ❛ •♦✇✲❝♦st✱ ❤✐❣❤ ②✐❡•❞✱ ✉♣ t♦ ✻✵✪✱ ❢❛❝✐•❡ ♠❡t❤♦❞ ❜✉t ✇❡❛❦•② s❡•❡❝t✐✈❡ t♦ t❤❡ s✐③❡ ❛♥❞ ♥✉♠❜❡r ♦❢ s❤❡❡ts ✇✐t❤✐♥ ❛♥ ✐♥❞✐✈✐❞✉❛• ✢❛❦❡✳ ❋•❛❦❡s ❢r♦♠ ♠♦♥♦ •❛②❡r t♦ ✽ •❛②❡rs ❛♥❞ ♦❝❝❛s✐♦♥❛••② ✉♣ t♦ ✷✵ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤✐s ♠❡t❤♦❞✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❣r❛♣❤❡♥❡ ✢❛❦❡s ✇❛s ♦❢ t❤❡ ♦r❞❡r ♦❢ ♠✐❝r♦♠❡t❡rs ✭✵✳✺✲✸µ♠✮ ✇✐t❤ s✉✣❝✐❡♥t•② ❤✐❣❤ str✉❝t✉r❛• q✉❛•✐t②✳ ❚❤❡s❡ ✢❛❦❡s ♣r♦❞✉❝❡ ❛ ❣♦♦❞ ❞✐s♣❡rs✐♦♥ ✐♥ ❡t❤❛♥♦• ❛♥❞ ❛r❡ ❝♦♠♣❛t✐❜•❡ ✇✐t❤ t❤❡ ❤♦t✲s♣r❛② ❞❡♣♦s✐t✐♦♥ ♠❡t❤♦❞ ✭s❡❡ s❡❝t✐♦♥ ✷✳✸ ♦❢ ❝❤❛♣t❡r ✷✮✳ ❉✉❡ t♦ t❤❡ ❛❜♦✈❡ s②♥t❤❡s✐s ❛❞✈❛♥t❛❣❡s t❤❡ ❋▲•s ♦❜t❛✐♥❡❞ ❜② t❤✐s ♠❡t❤♦❞ ✇❛s ♥❡①t ✉s❡❞ ❢♦r t❤❡ ❋▲• ✜•♠ ❢♦r♠❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s✳ ✸✳✶✳✶ ❙✉♠♠❛r② ♦❢ t❤❡ ❛rt✐❝•❡✿ ❊•❡❝tr✐❝❛• ❚r❛♥s♣♦rt ✐♥✧❋❡✇✲ ▲❛②❡r •r❛♣❤❡♥❡✧ ❋✐•♠ Pr❡♣❛r❡❞ ❜② t❤❡ ❍♦t✲❙♣r❛② ❚❡❝❤♥✐q✉❡✿ ❚❤❡ ❊✛❡❝t ♦❢ ❚❤❡r♠❛• ❚r❡❛t♠❡♥t ❚❤❡ r❡s✉•ts ♦❢ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt st✉❞② ♦❢ ❋▲•✲❆❜• ✜•♠s ✭❝❤❛r❣❡ tr❛♥s✲ ♣♦rt ❞❡✈✐❝❡s✮ s✉♣♣♦rt❡❞ ♦♥ ❛ q✉❛rt③ ♣•❛t❡✱ ♣r❡♣❛r❡❞ ❢r♦♠ r❛♥❞♦♠•② st❛❝❦❡❞ ❢❡✇✲ •❛②❡r ❣r❛♣❤❡♥❡ ✭❋▲•✮✱ ❜② ❍❛•• ❊✛❡❝t ✭❍❊✮ ♠❡❛s✉r❡♠❡♥ts✱ ✇❡r❡ ♣✉❜•✐s❤❡❞ ✐♥ t❤❡ ❏♦✉r♥❛• ♦❢ P❤②s✐❝❛• ❈❤❡♠✐str② ❈✳ ❚❤❡ ✜•♠ ✇❛s ♣r❡♣❛r❡❞ ❜② ❛ s✐♠♣•❡✱ ❝❤❡❛♣ ❛♥❞ r❛♣✐❞ ❤♦t✲s♣r❛② t❡❝❤♥✐q✉❡ ❢r♦♠ ❛ ❋▲• s✉s♣❡♥s✐♦♥ ✐♥ ❡t❤❛♥♦•✳ ❙♦♠❡ ♦❢ t❤❡ s❛♠✲ ♣•❡s ✇❡r❡ ❢✉rt❤❡r tr❡❛t❡❞ ❛t ✾✵✵ • ❈ ✐♥ ❆r❣♦♥ ❢♦r ✷❤✳ ❈❤❛r❣❡ tr❛♥s♣♦rt ✇❛s st✉❞✐❡❞ ❜② t❤❡ ❍❛•• ❊✛❡❝t ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ st✉❞② r❡✈❡❛•s t❤❛t t❤❡r♠❛• tr❡❛t♠❡♥t ✭❛♥✲ ♥❡❛•✐♥❣✮ ❤❛s ❛ str♦♥❣ ❡✛❡❝t ♦♥ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ t❤❡ ❋▲• ✜•♠ ❞❡s♣✐t❡ ✐♥✐t✐❛• •♦✇ ✶✶✹ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ♦①②❣❡♥✴❞❡❢❡❝ts ❝♦♥t❡♥t✳ ❚❤❡ •❛t❡r ✇❛s ❞❡♠♦♥str❛t❡❞ ❳✲r❛② ♣❤♦t♦❡•❡❝tr♦♥ ✭❳P❙✮✱ |❛♠❛♥✱ t❡♠♣❡r❛t✉r❡ ♣r♦❣r❛♠♠❡❞ ❞❡s♦r♣t✐♦♥ ❝♦✉♣•❡❞ ♠❛ss s♣❡❝tr♦s❝♦♣② ✭❚P❉✲ ▼❙✮✱ ❛♥❞ ♣❤♦t♦•✉♠✐♥❡s❝❡♥❝❡ ✭P▲✮ s♣❡❝tr♦s❝♦♣✐❡s✳ |❡s✉•ts ❛•s♦ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❛♠♦✉♥t ♦❢ ✐♥❞✉❝❡❞ ❝✉rr❡♥t ❛•s♦ ❤❛s ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ❝♦♥❞✉❝t✐✈✐t②✳ ❚❤❡ •❛r❣❡ r❛♥❣❡ ♦❢ ❝✉rr❡♥ts✱ ❢r♦♠ µ❆ t♦ ♠❆ ✇❛s ❣r❛❞✉❛••② ✐♥❞✉❝❡❞✳ ❚❤❡ ✐♥✐t✐❛• s❤❡❡t r❡s✐s✲ t❛♥❝❡ ✭| s ✮ ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❋▲• s❛♠♣•❡ ✐s ❛r♦✉♥❞ ✼✺✻ ❦Ω✴ ❢♦r ❛♥ ✐♥❞✉❝❡❞ ❝✉rr❡♥t ✐♥t❡♥s✐t② ♦❢ ✶µ❆ ✇❤✐❝❤ ✐s r❡❞✉❝❡❞ t♦ ✺ ❦Ω✴ ❛t ❛ ❝✉rr❡♥t ✐♥t❡♥s✐t② ♦❢ ✶ ♠❆✳ ❚❤✐s ❝♦✉•❞ ❜❡ ❡✐t❤❡r ❞✉❡ t♦ •♦✇ s❡♥s✐t✐✈✐t② ♦❢ ♠❛t❡r✐❛• ♦r ♠❡❛s✉r❡♠❡♥t ❛♣♣❛✲ r❛t✉s ❛t •♦✇❡r ❝✉rr❡♥ts✳ ❚❤❡ ❝♦♥t❛❝t r❡s✐st❛♥❝❡ ♦❢ ❈r✴❆✉ ❡•❡❝tr♦❞❡s ❝♦✉•❞ ❜❡ ♦♥❡ ♦❢ t❤❡ r❡❛s♦♥s ❛s ✇❡••✳ ❇② ❝♦♥tr❛st✱ t❤❡ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ s❛♠♣•❡s s❤♦✇ t❤❡ ❝♦♥✲ ❞✉❝t✐✈✐t② ✐♠♣r♦✈❡♠❡♥t ❛♥❞ ❞✐s♣•❛②s ❛ ✈❡r② st❛❜•❡ ❜❡❤❛✈✐♦r t❤r♦✉❣❤♦✉t t❤❡ r❛♥❣❡ ♦❢ ❝✉rr❡♥ts✳ | s ♦❢ ✶ ❦Ω✴ ♦r ❡✈❡♥ •❡ss ✭✵✳✼ ❦Ω✴ ✮ ❛r❡ t❤❡♥ ♦❜t❛✐♥❡❞✳ ❚❤❛♥❦s t♦ t❤❡ ❚P❉✲▼❙ ❛♥❛•②s❡s ✇❡ ❝❛♥ st❛t❡ t❤❛t ❛s ❤✐❣❤ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❝♦♥❞✉❝t✐✈✐t② ♦❢ ❋▲• ✜•♠ ✐s ❛ttr✐❜✉t❡❞ ♠❛✐♥•② t♦ t❤❡ ❞❡s♦r♣t✐♦♥ ♦❢ t♦•✉❡♥❡ ✭❤②❞r♦❝❛r❜♦♥s✮ ❢r♦♠ t❤❡ ❋▲• s✉r❢❛❝❡ ❛♥❞ ♥♦t ♦♥•② t♦ t❤❡ ♦①②❣❡♥ ❞❡❝r❡❛s❡ ❛s ❣❡♥❡r❛••② st❛t❡❞ ❬✹✼(✳ ❚❤❡ ❖✴❈ ❛t♦♠✐❝ r❛t✐♦ ❝❛•❝✉•❛t❡❞ ❢r♦♠ t❤❡ t♦t❛• ❛r❡❛ ♦❢ ❖✶s ❛♥❞ ❈✶s ❳P❙ ♣❡❛❦s ♦♥•② s•✐❣❤t•② ❞❡❝r❡❛s❡s ❢r♦♠ ✐♥✐t✐❛••② ✵✳✵✺ t♦ ✵✳✵✹ ❛❢t❡r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ❛t ✾✵✵ • ❈ ✐♥ ❆r ❢♦r ✷❤✳ ❚❤❡s❡ ♦①②❣❡♥ ❣r♦✉♣s ❛r❡ ♠♦st•② ❛tt❛❝❤❡❞ ❛t t❤❡ s❡♥s✐✲ t✐✈❡ ❡❞❣❡s ♦❢ ✐♥❞✐✈✐❞✉❛• ❣r❛♣❤❡♥❡ s❤❡❡ts ✭st❡♣s✮✱ ✈❛❝❛♥❝② ♦r t♦♣♦•♦❣✐❝❛• ❞❡❢❡❝ts ✐♥ t❤❡ ❜❛s❛• ♣•❛♥❡✳ ❚❤❡ ❝❛r❜♦①②•✐❝ ❣r♦✉♣s ✭❖❍✲❈❂❖✮ ❛r❡ ♠♦st•② •♦❝❛•✐③❡❞ ❛t t❤❡ ❡❞❣❡s✱ ❛♥❞ ❛❝t ❛s st❛❜•❡ ❞❡❢❡❝ts ❬✷✸✾(✳ ❙♦♠❡ ♦t❤❡r ❣r♦✉♣s✱ s✉❝❤ ❛s t❤❡ ❈✲ ❖| ❣r♦✉♣ ❞❡❝r❡❛s❡✱ ✇❤✐•❡ t❤❡ ❈❖❖| ✐♥❝r❡❛s❡s ❛❢t❡r t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❆ s✐❣♥✐✜❝❛♥t ✐♥❝r❡❛s❡ ♦❢ t❤❡ π✲π * tr❛♥s✐t✐♦♥ •♦ss ♣❡❛❦ ✇❛s ❛•s♦ ♦❜s❡r✈❡❞✱ s✉❣❣❡st✲ ✐♥❣ ❤✐❣❤❡r ❞❡•♦❝❛•✐③❛t✐♦♥ ♦❢ ❡•❡❝tr♦♥s✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ •♦✇❡r ❢✉•• ✇✐❞t❤ ❤❛•❢ ♠✐♥✐♠✉♠ ✭❋❲❍▼✮ ♦❢ ❈✶s ❛♥❞ t❤❡ •♦✇ ❈✲❖| ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ ❜❛s❛• ♣•❛♥❡ ❞❡❢❡❝ts ❛s ✇❡•• ❛s ✐♥❝r❡❛s✐♥❣ ❝♦♥❞✉❝t✐✈✐t②✳ ■♥ ❣❡♥❡r❛•✱ s♦♠❡ ❤②❞r♦❝❛r❜♦♥ s♣❡❝✐❡s ❛r❡ ❛•s♦ ❛❞s♦r❜❡❞ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❋▲•s ❛♥❞ ❝❛♥ ♠♦❞✐❢② t❤❡ ❡•❡❝tr♦♥✐❝ st❛t❡s ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❣r❛♣❤❡♥❡ ✭♣❤②s✐✲ ♦r ❝❤❡♠✐s♦r❜t✐♦♥✮✳ ❲❡ ❤❛✈❡ s❤♦✇♥ ❜② ❚P❉✲▼❙ ❛♥❛•②s❡s✱ t❤❛t ❞❡s♦r♣t✐♦♥ ♦❢ t♦•✉❡♥❡ r❡q✉✐r❡s ❤✐❣❤ ✸✳✶✳ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❇( ❆❇▲❆❚■❖◆ ❖❋ P❊◆❈■▲ ▲❊❆❉ ✭❋▲•✲❆❇▲✮ ✶✶✺ t❡♠♣❡r❛t✉r❡ ✭∼ 450 • ❈ ❛t ✶✵ -4 P❛✮✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t♦•✉❡♥❡ ❤❛s str♦♥❣ ✐♥t❡r✲ ❛❝t✐♦♥ ✇✐t❤ t❤❡ s✉r❢❛❝❡ ♦❢ ❋▲• s❤❡❡ts✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❢✉• ❢♦r t❤❡ s❡♥s♦r ❛♣♣•✐❝❛t✐♦♥s✳ ❚❤❡ t♦•✉❡♥❡✲❣r❛♣❤❡♥❡ ✐♥t❡r❛❝t✐♦♥s ❛r❡ str♦♥❣ ❞✉❡ t♦ t❤❡ π✲π st❛❝❦✐♥❣ ❛♥❞ ♣♦ss✐❜•❡ ❝❤❛r❣❡ tr❛♥s❢❡r ❞✉❡ t❤❡ ❡•❡❝tr♦♥ ❞♦♥♦r ♥❛t✉r❡ ♦❢ t♦•✉❡♥❡ ♦❝❝✉rs✳ ❚❤❡ |❛♠❛♥ s♣❡❝tr♦s❝♦♣② ❛♥❛•②s❡s ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t s❤♦✇ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ■ D ✴■ G r❛t✐♦ ❢r♦♠ ✵✳✶✷ t♦ ✵✳✵✼✳ ❚❤✐s ✐s ❛ ❣♦♦❞ ✐♥❞✐❝❛t✐♦♥ ♦❢ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ q✉❛•✐t② ❛♥❞ ❛ ❞❡❝r❡❛s❡ ✐♥ ❞❡❢❡❝ts ✐♥ ❋▲•✳ ❋✉rt❤❡r st✉❞② ✇❛s ❝❛rr✐❡❞ ♦✉t t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❡♠♣❡r❛t✉r❡ ♦♥ ❝♦♥❞✉❝t✐✈✐t②✳ ❚✇♦ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ❋▲• ✜•♠s ✇❡r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❍❛•• ❊❢✲ ❢❡❝t ♠❡❛s✉r❡♠❡♥ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡ ❢r♦♠ ✶✹✵ ❑ t♦ ✸✺✵ ❑ ❛t ❛ ❝✉rr❡♥t ♦❢ ✵✳✺ ♠❆✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦♥❞✉❝t✐✈✐t② ✇❛s r❡❝♦r❞❡❞ ✇✐t❤ ❛ ❞❡❝r❡❛s❡ ♦❢ ❛r♦✉♥❞ ✷✵✲ ✸✵✪ ✐♥ t❤❡ | s ❛♥❞ ρ ✈❛•✉❡s ✇✐t❤ t❤❡ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ♠❛t❡r✐❛• ❤❛s ❛ ♥❡❣❛t✐✈❡✲t❡♠♣❡r❛t✉r❡ ❝♦❡✣❝✐❡♥t ❛ss✉♠✐♥❣ t❤❛t t❤✐s ❡✛❡❝t ✐s ♥♦t ❞✉❡ t♦ t❤❡ ❝❤❡♠✐❝❛• ❞❡s♦r♣t✐♦♥ ♦❢ ✐♠♣✉r✐t✐❡s ✭s✐♥❝❡ t❤❡ s❛♠♣•❡s ✇❡r❡ t❤❡r♠❛••②✲ tr❡❛t❡❞ ❛t ✾✵✵ • ❈✮ ❤❡♥❝❡✱ ♠♦st ♦❢ t❤❡ ✐♠♣✉r✐t✐❡s ❤❛✈❡ ❛•r❡❛❞② ❞❡s♦r❜❡❞ ❛♥❞ t❤❡ str✉❝t✉r❡ ✐s ✐♠♣r♦✈❡❞✮✳ ❆ ♥❡❣❛t✐✈❡ t❡♠♣❡r❛t✉r❡ ❝♦❡✣❝✐❡♥t ✭◆❚❈✮ r❡❢❡rs t♦ ♠❛✲ t❡r✐❛•s t❤❛t ❡①♣❡r✐❡♥❝❡ ❛ ❞❡❝r❡❛s❡ ✐♥ ❡•❡❝tr✐❝❛• r❡s✐st❛♥❝❡ ✇❤❡♥ t❤❡✐r t❡♠♣❡r❛t✉r❡ ✐s r❛✐s❡❞✳ ❚❤✉s✱ ❋▲•s ❝❛♥ ✜♥❞ ❛♣♣•✐❝❛t✐♦♥ ✐♥ t❤❡r♠✐st♦r ❞❡✈✐❝❡s✳ ❚❤❡ t❤❡r♠✐st♦rs ❛r❡ ❡•❡❝tr✐❝❛• ❞❡✈✐❝❡s t❤❛t ❛r❡ ✉s❡❞ t♦ ♠❡❛s✉r❡ ❡•❡❝tr✐❝✐t② ❛♥❞ ❛r❡ ♦❢t❡♥ ❝❛••❡❞ t❡♠♣❡r❛t✉r❡ s❡♥s✐t✐✈❡ r❡s✐st♦rs✳ ❚❤❡② ❛r❡ ✉s✉❛••② ✉s❡❞ t♦ ♠♦♥✐t♦r t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ ❝❡rt❛✐♥ ❞❡✈✐❝❡s ❢♦r ♣✉r♣♦s❡s ♦❢ r❡❣✉•❛t✐♦♥✳ ❆•• r❡✲ s✐st♦rs ✈❛r② ✇✐t❤ t❡♠♣❡r❛t✉r❡✱ ❜✉t t❤❡r♠✐st♦rs ❛r❡ ❝♦♥str✉❝t❡❞ ♦❢ s❡♠✐❝♦♥❞✉❝t♦r ♠❛t❡r✐❛• ✇✐t❤ ❛ r❡s✐st✐✈✐t② t❤❛t ✐s ❡s♣❡❝✐❛••② s❡♥s✐t✐✈❡ t♦ t❡♠♣❡r❛t✉r❡✳ ❚❤❡② ❛r❡ ✉s❡❞ ❛s ✐♥r✉s❤ ❝✉rr❡♥t •✐♠✐t❡rs✱ t❡♠♣❡r❛t✉r❡ s❡♥s♦rs✱ s❡•❢✲r❡s❡tt✐♥❣ ♦✈❡r❝✉rr❡♥t ♣r♦t❡❝t♦rs✱ ❛♥❞ s❡•❢✲r❡❣✉•❛t✐♥❣ ❤❡❛t✐♥❣ ❡•❡♠❡♥ts✳ ❚❤❡② ❞✐✛❡r ❢r♦♠ t❤❡ r❡s✐st❛♥❝❡ t❡♠♣❡r❛t✉r❡ ❞❡t❡❝t♦rs ✭|❚❉s✮ ✇❤✐❝❤ ❣❡♥❡r❛••② ✉s❡ ♣✉r❡ ♠❡t❛•s ❛s ❜② ❝♦♥tr❛st ✇✐t❤ ❝❡r❛♠✐❝✱ ♣♦•②♠❡r ❛♥❞ s❡♠✐✲❝♦♥❞✉❝t✐♥❣ ♠❛t❡r✐❛•s t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❝♦♥✲ str✉❝t✐♦♥ ♦❢ t❤❡r♠✐st♦rs✳ ❚❤❡ t❡♠♣❡r❛t✉r❡ r❡s♣♦♥s❡ ✐s ❛•s♦ ❞✐✛❡r❡♥t❀ |❚❉s ❛r❡ ✶✶✻ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ✉s❡❢✉• ♦✈❡r •❛r❣❡r t❡♠♣❡r❛t✉r❡ r❛♥❣❡s✱ ✇❤✐•❡ t❤❡r♠✐st♦rs t②♣✐❝❛••② ❛❝❤✐❡✈❡ ❛ ❤✐❣❤❡r ♣r❡❝✐s✐♦♥ ✇✐t❤✐♥ ❛ •✐♠✐t❡❞ t❡♠♣❡r❛t✉r❡ r❛♥❣❡✱ t②♣✐❝❛••② ✲✾✵ • ❈ t♦ ✶✸✵ • ❈ ✭✶✽✸✲✹✵✸ ❑✮✱ ✇❤✐❝❤ ❛r❡ ❣♦♦❞ ❢♦r •♦✇✲❝♦st ❤♦♠❡ ❛♣♣•✐❝❛t✐♦♥ ❞❡✈✐❝❡s✱ ❬✷✹✵(✳ ❚❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❝♦♥❞✉❝t✐✈✐t② ❛♥❞ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ ♥♦♥♦❤♠✐❝ t♦ ❛♥ ♦❤♠✐❝✲•✐❦❡ ❜❡❤❛✈✐♦r ❢♦r t❤❡ ❛♥♥❡❛•❡❞ ❋▲• ✜•♠s ❝♦✉•❞ r❡s✉•t ❢r♦♠ ❝♦♥❞✉❝t✐✈✐t② ✐♠♣r♦✈❡♠❡♥t ❜♦t❤ ✇✐t❤✐♥ ✐♥❞✐✈✐❞✉❛• ✢❛❦❡s ❛♥❞ ❛t t❤❡ ❝♦♥t❛❝ts ❜❡t✇❡❡♥ t❤❡♠✳ ❚❤✐s ✐♥ t✉r♥ ♠❡❛♥s t❤❛t ❝❤❛r❣❡ tr❛♥s♣♦rt ❤❡r❡ ✐s ♦♥•② r❡str✐❝t❡❞ ❜② s❝❛tt❡r✐♥❣ ♦♥ t❤❡ t♦♣♦❣r❛♣❤✐❝❛• ❞❡❢❡❝ts ✭•✐❦❡ ❡❞❣❡s✮ ✇✐t❤✐♥ ✐♥❞✐✈✐❞✉❛• ❛♥❞ ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t✇♦ ✢❛❦❡s✳ ❚❤❡ ♦✈❡r•❛♣♣✐♥❣ ❜❡t✇❡❡♥ ❛❞•❛❝❡♥t ✢❛❦❡s ✐s ♣r♦❜❛❜•② r❡s♣♦♥s✐❜•❡ ❢♦r t❤❡ •♦✇ r❡s✐st❛♥❝❡ ✐♥ t❤❡ ❋▲• ✜•♠✳ ❚❤❡ ❙❊▼ ❛♥❛•②s✐s ❝♦♥✜r♠ t❤✐s ♦✈❡r•❛♣♣✐♥❣✳ ■t ❛••♦✇s t♦ ❝♦♥t❛❝t t❤❡ s♣ 2 ❝❛r❜♦♥s ❢r♦♠ t✇♦ ❋▲• ✢❛❦❡s✱ ♠❛❦✐♥❣ ❛♥ ❡✣❝✐❡♥t ♣❛t❤✇❛② ❢♦r ❡•❡❝tr♦♥s t❤❛t ♦✈❡r❝♦♠❡ ❡❞❣❡s ❞❡❢❡❝ts ♦r ❛t •❡❛st ❞❡❝r❡❛s❡s ❡•❡❝tr♦♥ s❝❛tt❡r✐♥❣✳ ❚❤✐s ❝♦♥t❛❝t ✐s ❛❞❞✐t✐♦♥❛••② str❡♥❣t❤❡♥❡❞ ❜② t❤❡ ❛♥♥❡❛•✐♥❣ tr❡❛t♠❡♥t ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ s✉r❢❛❝❡ ❛❞s♦r❜❡♥ts ❛r❡ r❡♠♦✈❡❞✱ ❛♥❞ str♦♥❣❡r ❱❛♥ ❞❡r ❲❛❛•s ✐♥t❡r❛❝t✐♦♥s ❛r❡ ❢♦r♠❡❞ ❜❡t✇❡❡♥ t❤❡ ♦✈❡r•❛♣♣❡❞ ♣❛rts ♦❢ t✇♦ ✢❛❦❡s✳ ❚❤❡ •✉♥❝t✐♦♥ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛• st✉❞② ✭❛rr❛♥❣❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ✢❛❦❡s✮✳ ❚❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ♦❢ t❤❡ ❋▲• ✜•♠ ❛❢t❡r ❛♥♥❡❛•✐♥❣✱ ♦❜t❛✐♥❡❞ ❤❡r❡ ❜② ❍❛•• ❊✛❡❝t ♠❡❛s✉r❡♠❡♥ts ✭✵✳✼✻ ❀ ✶ ❦Ω✴ ✮✱ ✐s ✈❡r② ❝•♦s❡ ❛♥❞ ❡✈❡♥ •♦✇❡r t❤❛♥ t❤❡ ♦♥❡ r❡♣♦rt❡❞ ❡❛r•✐❡r ❢♦r ❛ s✐♥❣•❡ ❋▲• ❢r❛❣♠❡♥t ✭✶✳✻ ❦Ω✴ ✮✳ ❆•t❤♦✉❣❤ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡ ✇❛s ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ r❡s✐st❛♥❝❡ ❬✹✵(✳ ✸✳✶✳✷ ❆rt✐❝•❡✿ ❈❤❛r❣❡ ❚r❛♥s♣♦rt ✐♥ ❋▲• ❋✐•♠s Pr❡♣❛r❡❞ ❜② ❍♦t✲s♣r❛② ▼❡t❤♦❞✿ ❊✛❡❝t ♦❢ ❚❤❡r♠❛• ❆♥♥❡❛•✐♥❣✱ ✇✐t❤ ❙✉♣♣♦rt✐♥❣ ■♥❢♦r♠❛t✐♦♥ ■ INTRODUCTION
Since the discovery of graphene in 2004a promising material mainly due to its electrical propertiesa lot of efforts have been dedicated to its synthesis, characterization, and investigations of its properties. [START_REF] Geim | The Rise of Graphene[END_REF] Electrical properties of graphene depend on many factors linked purely to material features like crystallinity, number and type of functionalities and/or impurities, number and size of the sheets, and interaction with the support. The last factor is less important in the case of few-layer graphene (FLG), where mostly the sheets directly adhered to the support are affected. Two main approaches are developed for the preparation of large area conductive graphene films. The first one consists of its direct bottom-up synthesis usually by chemical vapor deposition (CVD) method and subsequent transfer of the films on appropriate substrates. [START_REF] Kholmanov | Improved Electrical Conductivity of Graphene Films Integrated with Metal Nanowires[END_REF][START_REF] Kim | Large-Scale Pattern Growth of Graphene Films for Stretchable Transparent Electrodes[END_REF] The second, which is the top-down approach, focuses on synthesis of graphene flakes with the possibly of high crystallinity, dimension, and low sheet number, followed by the preparation of the films. The most common top-down synthesis bases on the exfoliation of graphite and its intermediates such as expanded graphite and graphite oxide (GO) and reduction in the case of GO. [START_REF] Cai | Methods of Graphite Exfoliation[END_REF][START_REF] Park | Chemical Methods for the Production of Graphenes[END_REF] The sheet resistance (R □ ) of FLG synthesized by CVD on Ni and measured on a solid substrate is typically 250 Ω/sq or higher (770-1000 Ω/ sq). [START_REF] Kim | Large-Scale Pattern Growth of Graphene Films for Stretchable Transparent Electrodes[END_REF][START_REF] Li | Evolution of Graphene Growth on Ni and Cu by Carbon Isotope Labeling[END_REF][START_REF] Raina | Large Area, Few-Layer Graphene Films on Arbitrary Substrates by Chemical Vapor Deposition[END_REF] N. Rouhi et al. have reported that suspended FLG synthesized also by CVD with an area of 1000 μm 2 exhibits only 10 Ω/sq, whereas the conductivity decreases about 120 times when FLG is supported on nitride substrate. [START_REF] Rouhi | Ultrahigh Conductivity of Large Area Suspended Few Layer Graphene Films[END_REF] Although the authors pointed out that the improvement of conductivity is mainly caused by a decrease of substrate scattering, they do not exclude the impact of other factors such as impurities. The lowest sheet resistance to our knowledge that was measured for pristine suspended graphene was 0.028 kΩ/sq, and for supported graphene was 6.45 kΩ/sq. [START_REF] Castro | Limits on Charge Carrier Mobility in Suspended Graphene due to Flexural Phonons[END_REF][START_REF] Neto | The Electronic Properties of Graphene[END_REF][START_REF] Novoselov | Two-Dimensional Gas of Massless Dirac Fermions in Graphene[END_REF][START_REF] Khojin | Polycrystalline Graphene Ribbons as Chemiresistors[END_REF] Many works have been devoted to improvement of the conductivity of reduced graphene oxide (RGO) by applying different chemical and/or thermal reduction treatments, and the conductivity improvements were typically assigned to the decrease of the oxygen/ defects ratio in GO. Punckt et al. have reported the change of sheet resistance for the singular supported FLG flake with different C/O ratios, measured by a two-probe technique. [START_REF] Punckt | The Effect of Degree of Reduction on the Electrical Properties of Functionalized Graphene Sheets[END_REF] The flake that contains 12% of oxygen shows a nonlinear intrinsic I/V curve due to the lack of percolation between domains of sp 2 carbon and subsequent hopping mechanism of charge. Semiconducting feature of this FLG also causes its Schottky contact with metallic pads. The FLG flake containing 4% of oxygen shows effective sheet resistance of 21 kΩ/sq and an almost linear I/V curve, whereas the FLG flake with 0.6% of oxygen exhibits a nearly ohmic behavior with resistance of few kilo-ohms. The lowest sheet resistance of 5 kΩ/sq was measured for FLG that contained only 0.3% of oxygen along with ohmic behavior. The additional obstacles to overcome by charges in the case of assembly of graphene (FLG) in films are the grain boundaries at the contact between adjacent flakes, whereas a different type and degree of stacking can be considered, and different preparation method applied. In view of optoelectronic applications, Pham et al. prepared a film by hot spray technique by mixing graphene oxide (GO) with hydrazine, which exhibits R □ of 2.2 KΩ at 65% of transmittance. [START_REF] Pham | Fast and Simple Fabrication of a Larger Transparent Chemically-Converted Graphene Film by Spray-Coating[END_REF] Strengthened by temperature-dependent measurements, an investigation of the electrical transport in randomly stacked filtered FLG films shows the change from semiconducting-to metallic-like behavior with increase of graphene density. [START_REF] Khojin | Chemical Sensors Based on Randomly Stacked Graphene Flakes[END_REF] In this work we investigate the electrical transport of FLG film prepared according to a top-down synthesis method by using a cheap, rapid and simple approach. The FLG, prepared in our previous work by mechanical ablation of a pencil lead, is deposited on quartz substrate by hot spray technique, followed or not by a thermal treatment (900 °C). [START_REF] Janowska | Preparation de Graphene par Amincissement Mecanique de Materiaux Graphitiques[END_REF][START_REF] Janowska | Few-Layer Graphene Synthesis by Mechanical Ablation of Graphite Material[END_REF] This technique ensures additionally unlimited surface coating, which is important for potential large-scale application. Due to significant changes of the charge transport in the FLG film measured by the Hall Effect technique together with minimal decrease of the oxygen content after annealing at 900 °C, as confirmed by XPS, a deeper analysis of chemical composition of the FLG (oxygen, impurities) is performed using Temperature Programmed Desorption analysis coupled with Mass Spectrometry (TPD-MS).

■ EXPERIMENTAL METHODS

FLG Synthesis and Analysis. FLG was obtained by a mechanical ablation of pencil lead assisted by ultrasonication, and followed by acid/base purification as already reported by our group. [START_REF] Janowska | Few-Layer Graphene Synthesis by Mechanical Ablation of Graphite Material[END_REF] The final step of the synthesis consisted of separation of the FLG from thick weakly ablated species by their precipitation in toluene.

The average lateral size of graphene sheets (FLG), as determined by TEM, is 2.5 μm, and the number of graphene sheets varies typically from five to eight, while flakes with higher number up to 15, as well as lower number (monolayers), are observed. [START_REF] Janowska | Few-Layer Graphene Synthesis by Mechanical Ablation of Graphite Material[END_REF] Raman spectroscopy was performed using Horiba Scientific Labram Aramis Raman Spectrometer (JobinYvon technolgy) with the following conditions: laser wavelength of 532.15 nm, D2 filter (1% power) and spectrum in regions from 1250 to 1650 and from 2600 to 2800 cm -1 , with integration time of 100s for each phase.

Photoluminescence spectroscopy was carried out with Spectra Physics B10 THG YAG Laser Pulsed Laser with CW 355 wavelength at 100 mW CW power at 20000 Hz RR for 5 ns duration; with integration time of 2000 ms.

The Raman and PL spectroscopy were performed on the FLG material deposited from ethanol suspension on silica with (300 nm SiO 2 ) wafer by a Pasteur pipet.

The XPS measurements were performed in an ultrahigh vacuum (UHV) setup equipped with a VSW ClassWA hemispherical electron analyzer with a multi-channeltron detector. A monochromated AlKα X-ray source (1486.6 eV; anode operating at 240 W) was used as incident radiation. The base chamber pressure was 1 × 10 -9 mbar. Survey and high-resolution spectra were recorded in constant pass energy mode (100 and 20 eV, respectively). Prior to individual elemental scans, a survey scan was taken for all the samples to detect all of the elements present. The CASA XPS program with a Gaussian-Lorentzian mix function and Shirley background subtraction was employed to deconvolute the XP spectra. The % oxygen content was calculated by O 1s and C 1s core level peaks, properly normalized to the photoemission cross section and assuming a homogeneous distribution arrangement model.

Temperature-programmed desorption coupled with mass spectrometry (TPD-MS) experiments were performed in a custom-made experimental setup under vacuum at a maximum pressure of 10 -4 Pa. Approximately 30 mg of graphene powder was placed in a fused silica tube and heated from room temperature to 950 °C with a heating rate of 5 °C/min. The mass spectrometer was calibrated using N 2 ,H 2 ,H 2 O, CO, CO 2 . [START_REF] Ghimbeu | Influence of Graphite Characteristics on the Electrochemical Performance in Alkylcarbonate LiTFSI Electrolyte for Li-Ion Capacitors and Li-Ion Batteries[END_REF] From the TPD-MS analysis, the desorption rate of each gas was determined, and the total amount of each gas released was computed by time integration of the TPD-MS curves.

FLG Film Formation and Analysis. FLG dispersion: A 15 mg of FLG powder was dispersed in 30 mL of ethanol by ultrasonication with a tip sonicator (Bandelinsonoplus uw 2200) at 30% power for 15 min and in a low-power bath sonicator (Elma sonic 102168022) for 60 min.

Hot spray-coating was carried out on a preheated quartz plate (1 cm 2 ) at 120 °C under ambient air, where the volume of 1 mL of FLG suspension was deposited using Airgun (Hi-line Iwata). The quartz plate substrate was continuously heated during FLG deposition at 120 °C. Air was used as the carrier gas at an inlet pressure of 1.5 bar. The nozzle diameter of the gun and its distance from the substrate was chosen for 0.22 mm and 12 cm, respectively.

The morphology of the FLG films was examined by scanning electron microscopy (SEM) on a JEOL 6700-FEG microscope.

Thermal annealing of the FLG film deposited on quartz substrate was performed in Ar at 900 °C for 2 h.

Gold/chrome electrodes were deposited on the top of FLG film by evaporation (Home-made evaporator with velocity of 3-7 Å/s for Au and 1 Å/s for Cr with vacuum of 4 × 10 -7 mbar). Before Au evaporation, a new configuration of masks for Hall Effect measurements was designed for laser cutting, using a program written with a Labview interface for a laser (YAG epitherm610 quantronix model 114). The conditions for laser specifications were intensity 30A, repetition rate 25kHz, 1064 nm wavelength, pulse 100 ns, laser focus spot on sample 100 μm, cont. power 6 W, and cutting velocity of 100 μm/sec. The masks were cut with 30A intensity and velocity of 60 mm/s. Figure 1 shows a schema of electrode configuration and optical image (inset) of FLG sample with Au electrodes. The thicknesses of deposited chrome and gold electrodes on the Hall Effect measurements were performed in an ambient environment at room temperature at the current range of 1 μA to 1 mA and second as a function of temperature from -130 °C to around 80 °C (from 140 K to 350 K) at a current of 5 × 10 -4 Ai nN 2 atmosphere on the samples of 1 cm 2 with the electrode configuration described above (Figure 1).

The sheet resistance R □ of FLG film was calculated from the measured resistivity values according to the equation

ρ = R /t (2) 
,where t is the thickness of the sample (200 nm) and ρ is the measured resistivity. The thickness of the sample was measured by a Veeco DEKTAK 150 profilometer.

A Microworld HMS Hall Effect measurement system was used to measure ρ.

■ RESULTS AND DISCUSSION

FLG material used in this work exhibits low oxygen content according to XPS spectroscopy. The O/C ratio calculated from the total area of O1s and C1s peaks slightly decreases from 0.05 to 0.04 after thermal annealing at 900 °C in Ar for 2h. Figure 2 presents the C1s peak for untreated and annealed FLG and the percentage of specific functionalities found by C1s peak deconvolution in the table. [START_REF] Xia | Surface Characterization of Oxygen-Functionalized Multi-Walled Carbon Nanotubes by High-Resolution X-Ray Photoelectron Spectroscopy and Temperature-Programmed Desorption[END_REF] The low decrease of the overall oxygen amount in the sample is probably due to the significant presence of edges (steps) within the singular flakes. The HR-TEM analysis showed that the presence of punctual defects in the graphene lattice (such as carbon vacancies) is weak; however, the lateral size of sheets within the singular flakes varies, exhibiting a high number of edges (steps). [START_REF] Moldovan | On the Evolution of Pt Nanoparticles on Few-Layer Graphene Supports in the High-Temperature Range[END_REF] The edges are the most oxygen-sensitive and stable graphene defects, usually decorated with carboxylic groups, and, contrary to the C-OR group, the COOR increases after the annealing process (table, Figure 2B).

Despite the increase of the COOR group concentration after the annealing process, a significant increase of the π-π* transition loss peak is also observed, suggesting higher delocalization of electrons, which is in accordance with the lower fwhm of C1s and the low C-OR contribution from basal plane defects.

Apart from XPS, Raman and photoluminescence spectroscopy were performed on the FLG before and after annealing. Figure 3A shows representatives Raman spectra obtained for the FLG sample without annealing and for two samples after the annealing process. Due to the low selectivity of the FLG synthesis method toward the number of the graphene sheets, a detailed investigation of the number sheets was abandoned. Three peaks corresponding to the D (∼1350 cm -1 ), G (∼1600 cm -1 ) and 2D (∼2700 cm -1 ) vibrations, typical for graphene containing materials, are observed in the spectra. The variable number of sheets impedes an analysis of defects content in the sample, as the defect content increases with the decrease of the graphene sheets number. [START_REF] Ni | Raman Spectroscopy and Imaging of Graphene[END_REF] Nevertheless, the spectra exhibit coherent tendency, and the I D /I G ratio decreases for the samples treated at high temperature, I D /I G for the annealed samples are 0.12 and 0.07, while for the nontreated FLG it is 0.15. The peaks with higher defects content, corresponding to the pristine FLG, are slightly shifted toward a higher wavenumber compared to the FLG treated at high temperature. The amplitude of this shift is around 10 cm -1 for the G peak. The presence of impurities results in doping of the graphene sheets and may explain this shift. [START_REF] Malard | Spectroscopy in Graphene[END_REF] The 2D peak of FLG-Ar1 is quasi symmetric (the intensity of D sub-peaks at lower wavenumber is quasi equal to the high wavenumber D subpeaks), which suggests the number of sheets being lower than five and could explain the quite high I D /I G compared to the thicker FLG-Ar2 sample. [START_REF] Ferrari | Raman Spectrum of Graphene and Graphene Layers[END_REF] The representative photoluminescence spectra performed on an untreated and annealed sample with laser excitation of 350 nm are presented in Figure 3B. The samples exhibit two main emission peaks, i.e., in the near UV at around 380 nm and at doubled wavelength luminescence in the IR range. The luminescence spectra confirm low defect/oxygen content in the FLG materials. The near UV region emission corresponds to the well crystallized graphene as for reduced graphene oxide (RGO), while the emission at around 600 nm is an effect of the weakly crystallized graphene lattice as is reported in GO. [START_REF] Chien | Tunable Photoluminescence from Graphene Oxide[END_REF] Here the peak at 600 nm is pronounced only in the case of FLG without annealing process, confirming distortion of the carbon lattice, while the near UV-peak of FLG-Ar sample is shifted toward lower wavelengths, confirming higher crystallization of the sample after annealing.

In order to obtain FLG film, the FLG material was dispersed in ethanol, and the obtained suspension was deposited on the preheated (and continuously heated) quartz substrate by the hot spray technique. The statistical SEM analysis shows that with an increase of the deposited volume, an overlapping of the FLG flakes increases, and a minimum volume is required to cover a substrate or rather to ensure a pathway for electron transport through the film. The minimum percolation required to get conductive film was found for 3.5 mL on the support of 5 cm 2 . It was found in our previous studies that the thickness of the sprayed FLG film corresponding to this volume exhibits transparency of around 30-35%, which excludes the application of the as-prepared film as a transparent electrode. [START_REF] Akilimali | FLG-High Aspect Ratio MWNTs Hybrid Film Prepared by Hot Spray Technique[END_REF] The FLG suspension behaves like a colloid, and optimal dispersion has to be ensured before its deposition. The SEM images indeed show punctual useless aggregates that do not contribute to the conductive path as well as empty spaces, which make complete control of film homogeneity impossible. Due to the random deposition of flakes, a series of films with varied deposited volume (3.5-6.5 mL) was prepared twice, and the resistance at each added milliliter was measured by a multimeter for both series. The representative SEM image for a deposition of 1 mL/cm 2 of the FLG is presented in Figure 4A. Figure 4B shows the measured conductance as a function of volume for both series. Despite random deposition, a recurrence of the results was found: the slopes of increased conductivity as a function of deposited FLG weight (volume) for both series are almost same.

The evolution of conductance (Figure 4B) is very important and highly sensitive in all ranges of added volume. Such important evolution of conductance reveals a transport in the 3-D system and hopping mechanism regime; however, a tendency curve does not have the same slope for the entire volume range: the lower slope at lower volume suggests that the hopping mechanism is weakened toward metallic character. [START_REF] Khojin | Chemical Sensors Based on Randomly Stacked Graphene Flakes[END_REF] The crossover point of the tendency curve with two slopes corresponds to the volume of ca. 5 mL. An FLG film corresponding to this volume (thickness) was reproduced for Hall Effect (HE) measurements on 1 cm 2 quartz substrate (1 mL). The resistivity (ρ) was measured for the as-prepared sample and samples thermally treated at 900 °C in Ar (FLG-Ar, both series). The measurements were taken for the current range of 1 μA to 1 mA at 1 μA, 10 μA, 100 μA, 500 μA, and 1 mA, and sheet resistance (R □ ) was calculated using eq 2 (experimental parts). Figure 5A presents the measured resistivity (ρ), and calculated sheet resistance (R □ ) values obtained for the FLG film as a function of the applied current. The obtained results show significant variation of ρ/R □ and its high sensitivity toward injected current (especially at lower current values) for the sample before annealing. The initial ρ of the FLG sample is high (15 Ω.cm) and decreases to 0.1 Ω.cm for the current of 1 mA. The calculated R □ consequently decreases for this current range from 760 kΩ to 5 kΩ.I ti s expected that the injection of higher currents causes more electrons to drift through the network of sp 2 carbons and induce desorption of physisorbed species. At higher current range, the change of ρ(R □ ) is less pronounced but still present, as it can be seen in the inset of the Figure 5A. Figure 5B presents calculated sheet resistance (R □ ) for two FLG-Ar samples in the same current range.

In the case of annealed samples, ohmic behavior is observed for the above range of currents, as ρ remains almost stable with In the second set of Hall Effect measurements the electrical transport of the annealed FLG film (two series) was measured as a function of temperature from 140 K to 350 K at a current of 5 × 10 -4 A. The sheet resistance calculated from the resistivity as a function of temperature for both samples is shown in Figure 6. The R □ /(ρ) decreases with the increase of temperature with its final value reduced by 20-30% at 350 K, showing a semiconductive character of the FLG film. A difference in the sheet resistance values obtained for FLG-Ar films by HE and temperature-dependent HE measurements at r.t. (300 K) can be related to the different experimental environments, i.e., air and N 2 , respectively.

The improvement of conductivity and charge transport transition from a nonohmic to the ohmic-like behavior for annealed FLG films could result from conductivity improvement in both: within individual flakes and at the contacts between them.

It is expected that for higher oxygen content in an individual FLG flake, i.e., more that 10%, the charge transport is dominated by a hopping mechanism (to overcome the sp 3 carbon region), whereas for O 2 content below 10%, a diffusive motion of electrons is only limited by scattering at functional groups and lattice defects. [START_REF] Punckt | The Effect of Degree of Reduction on the Electrical Properties of Functionalized Graphene Sheets[END_REF] Punckt et al. have shown that the hopping mechanism results in nonohmic behavior, whereas low-defect graphene exhibits linear behavior. [START_REF] Punckt | The Effect of Degree of Reduction on the Electrical Properties of Functionalized Graphene Sheets[END_REF] In our FLG sample, the minimal decrease in the oxygen content, i.e., from 5% to 4% observed by XPS, hardly explains the change of transport mechanism and the significant decrease of sheet resistance of FLG after annealing.

To gain more insight about changes occurring during thermal treatment in the FLG material, a TPD-MS analysis calibrated for CO, CO 2 ,H 2 O, and H 2 was performed on the FLG and FLG-Ar materials up to 950 °C. According to the literature, desorption of the CO and CO 2 species in a specific temperature range is assigned to the specific groups, such as carboxylic acid (CO 2 , 100-450 °C), anhydride (CO+CO 2 , 350-600 °C), lactones (CO 2 , 600-800 °C°), phenol, and carbonyl (CO, 500-950 °C). [START_REF] F I G U E I R E D O | S y n t h e s i sa n d Functionalization of Carbon Xerogels to be used as Supports for Fuel Cell Catalysts[END_REF][START_REF] Ghimbeu | A TPD-MS Study of the Adsorption of Ethanol/Cyclohexane Mixture on Activated Carbons[END_REF] The desorption curves obtained in this work, presented in Figure 7A/B (left) and the total amount of desorbed species presented in Figure 7A/B (right), show decrease of oxygen content after thermal annealing of FLG. The MS at low temperature range shows that the amount of carboxylic groups is higher than the other functionalities in the annealed sample. It is not surprising that some reoxidation of the annealed samples happens during removal from inert to ambient conditions. This happens especially at the sensitive edges of graphene where mostly carboxylic groups are located. [START_REF] Dreyer | The Chemistry of Graphene Oxide[END_REF] Desorption of water is related to physisorbed water and also to water formed during reaction between two different adjacent oxygen functionalities that can occur during analysis at increased temperatures. Hydrogen desorption comes from singas formation, by reaction between graphene and residual water that exists in the set up at high temperature. It should be mentioned that a certain amount of hydrogen desorbed from the FLG at this temperature (∼900 °C) could arise from C-H bonds cleavage.

For the untreated sample (Figure 7A, left) an anomaly high desorption was observed for all gases around 450 °C, which is also accompanied by an excessive increase of the experimental overall gas pressure compared to the calibrated pressure for the pristine FLG (SI). The mass spectra indeed reveal the additional m/z peaks at this temperature, which are not corresponding to the calibrated species, i.e., 2, 18, 28, 44. The additional peaks at m/z: 20 (CH x ), 30 (C 2 H y ), 44 (C 3 H z ), 58 (C 4 H q ), 72 (C 5 H u ), .... where x =2 -4, y =2 -5, z =3 -7, q = 4-9, and u =5 -11 (SI) can be assigned to a desorption of hydrocarbons and their intermediate form decomposition during TPD analysis. The highest m/z of ca. 92 corresponds to toluene. Toluene was used at the final step of the FLG synthesis and it seems that, as strongly adsorbed on the graphene surface, it was not completely removed by the final drying process. The strong interaction of different molecules on the surface of activated carbon was already demonstrated by TPD-MS and it seems to depend strongly on the adsorbed molecule and on the carbon surface chemistry. [START_REF] Ghimbeu | A TPD-MS Study of the Adsorption of Ethanol/Cyclohexane Mixture on Activated Carbons[END_REF][START_REF] Guo | Adsorption of SO 2 and Chlorobenzene on Activated Carbon[END_REF] Figure 8A,B shows MS signal intensity (not quantity) curves of oxygen containing (CO x = CO, CO 2 ) and hydrocarbons (C y H z ) species at three different temperatures for FLG and FLG-Ar according to the MS analysis. It is clear that even if the oxygen containing groups are present at higher amount in the untreated sample, the desorption rate of hydrocarbons is much higher, especially around 450 °C, contrary to the annealed sample. The desorption of hydrocarbons found here could explain the increase in the π-π* transition loss peak and the lower fwhm of the C 1s XPS peak after annealing, despite the minor change in the oxygen content.

Negligible desorption of hydrocarbons, still present in the case of the annealed sample, corresponds to the remaining adsorbed light hydrocarbons and/or other aliphatic, nongraphitized carbon species. The important adsorption of hydrocarbons still present at temperatures as high as 450 °C indicates that not only the presence of defects/oxygen has an impact on the FLG conductivity, which changes significantly after annealing. Indeed, our previous study has shown that FLG film prepared under the same conditions as in this work, but annealed at lower temperature, 400 °C, showed a sheet resistance of 80 kΩ, which is much higher than the one measured here for the sample annealed at 900 °C, confirming that higher temperature treatments is required to optimize charge transport in the FLG film. [START_REF] Akilimali | FLG-High Aspect Ratio MWNTs Hybrid Film Prepared by Hot Spray Technique[END_REF] The change of electrical transport in graphene materials due to the adsorbed species is not surprising, as the adsorbents can modify electronic states depending on the performed bonds. [START_REF] Fowler | Practical Chemical Sensors from Chemically Derived Graphene[END_REF] Thermal stability of adsorbed toluene is worthy to underline, as many synthesis procedures aiming to obtain graphene materials are encouraged with the use of organic solvents. On the other hand, the reported high temperature treatments aim in general at most to decrease the oxygen functionalities. The adsorbed on graphene surface hydrocarbons observed in this work can simply be considered as impurities. However, very high thermal stability of adsorbed toluene can be useful information for sensor application. Only recently, a chemisensitivity of graphene for toluene detection was investigated, and two different approaches in terms of "conductivity sensitivity" were proposed (of course the amount of detected toluene should be as low as possible). The first one is based on the electrondonor properties of toluene and sensitive "perfect" carbon lattice, and the second one rests in the presence of defects in the graphene lattice. According to the second approach, linear defects or even additional disorder near the edges of the well-ordered islands (closed contour defects) introduced from the postsynthesis remained adsorbed species, are found to be more effective than the punctual ones in the electron hopping regime. [START_REF] Khojin | Polycrystalline Graphene Ribbons as Chemiresistors[END_REF][START_REF] Khojin | Chemical Sensors Based on Randomly Stacked Graphene Flakes[END_REF] According to this approach, the presence of linear defects (edges/steps) within the singular flakes in our FLG, and the presence of thermally stable adsorbed toluene can cause a formation of "defect-like" islands, which need to be overcome by electrons and which results in the hopping mechanism. [START_REF] Moldovan | On the Evolution of Pt Nanoparticles on Few-Layer Graphene Supports in the High-Temperature Range[END_REF] In the case of annealed FLG, where there is a lack of hydrocarbons, a stable resistivity and ohmic behavior is observed, suggesting that the hopping mechanism hardly happens. This in turn means that charge transport here is only restricted by scattering on the topographical defects (edges) within individual and between two flakes. Regarding transport between adjacent flakes, the overlapping is probably responsible for the low resistance. A SEM analysis confirms the overlapping of the FLG flakes (Figure 3A). Two possible ways can be considered to separate two connected graphene flakes; direct atomic bonding at their interface with discrete atomic domain boundary or their overlapping, forming a bilayer boundary region relying on the van der Waals forces. [START_REF] Robertson | Atomic Structure of Interconnected Few-Layer Graphene Domains[END_REF] This overlapping allows one to contact the sp 2 carbons from two FLG flakes, making a pathway for electrons that overcome edges defects or at least decreases electron scattering. This contact is probably additionally strengthened by the annealing treatment during which the surface adsorbents are removed and stronger van der Waals interactions are formed between the overlapped parts of two flakes (they depend on the staking arrangements between the flakes; a turbostatic stacking cannot be excluded and the experimental analysis and simulation of such stacking are ongoing).

The sheet resistance of the FLG film after annealing, obtained here by Hall Effect measurements (0.76 ; 1 kΩ/sq), is very close to one reported earlier for a single FLG flake (1.6 kΩ/sq), measured by the two-probe technique. [START_REF] Janowska | Few-Layer Graphene Synthesis by Mechanical Ablation of Graphite Material[END_REF] The comparable order of magnitude of sheet resistance for an individual flake and FLG film suggests high contact between the flakes in the film and low impact of grain boundaries on charge transport in the annealed film, although the sample thickness and the measurement technique are not comparable. The "multistep" structure of graphene flake and low selectivity toward the number of sheets in the FLG materials undermine the possibility to obtain high transparency of the conductive film by spray technique deposition; however, conductive coating in a simple and rapid way can be achieved on unlimited surfaces. The conductivity of the FLG film obtained in this work, ∼ 60 S/cm (1/ ρ), is comparable with the one published for the film prepared by filtration on the alumina membrane from the FLG obtained by chemical exfoliation from graphite (65 S/cm), and higher than many films or free-standing paper prepared from reduced graphene oxide or expanded graphite materials. [START_REF] Park | Chemical Methods for the Production of Graphenes[END_REF] 

■ CONCLUSIONS

In summary, we have shown that FLG film of overlapped FLG flakes prepared by the hot-spray technique with random deposition shows significant improvement of charge transport. This is due to desorption of adsorbed hydrocarbon impurities (toluene and its decomposition intermediates) accompanied by low decrease of oxygen content, once annealed at 900 °C. A desorption of toluene from the FLG surface requires a temperature as high as 450 °C showing strong interaction of this electron-donor species with graphene materials. This information is important to take into account when graphenebased chemisensors are designed. The semiconducting feature of FLG film was observed by nonohmic behavior during Hall Effect measurements, indicating a hopping electron transport mechanism, whereas once the film is annealed, the semiconducting behavior approaches metallic-like. The lowest sheet resistance of 760Ω/□ was recorded for the annealed FLG film. A divergence of measured values of R □ /ρ observed for different samples is very low despite the random deposition of FLG flakes by the spray-technique. In addition, we assume that the use of a mobile air-gun system for a deposition of FLG could improve homogeneity and continuity of the film, and consequently, reproducibility of the measured electrical characteristics.
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❚❤❡ s❤❡❡t ❝❛rr✐❡r ❝♦♥❝❡♥tr❛t✐♦♥ ✭♥✮ ✈❛r✐❡s ❜❡t✇❡❡♥ ✺✳✶×✶✵ 12 ❝♠ -2 t♦ ✲ ✸✳✶×✶✵ 15 ❝♠ -2 ✱ r❡s♣❡❝t✐✈❡•②✱ ❜❡t✇❡❡♥✱ ✶×✶✵ -6 ❆ ❛♥❞ ✶×✶✵ -3 ❆✱ ❢♦r t❤❡ ❋▲•✲❆❜• ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛♣♣r♦①✐♠❛t❡•② ✸ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ✈❛r✐❛✲ t✐♦♥✱ ❛♥❞ ♠✐①❡❞ ❝❤❛r❣❡ ❝❛rr✐❡rs ✭♥ ❛♥❞ ♣ t②♣❡✮ ❡•❡❝tr♦♥s ❛♥❞ ❤♦•❡s ❛r❡ ♦❜s❡r✈❡❞ ❛❝❝♦r❞✐♥❣ t♦ ♣♦s✐t✐✈❡✴♥❡❣❛t✐✈❡ ✈❛•✉❡ ♦❢ ❝❛rr✐❡rs ❝♦♥❝❡♥tr❛t✐♦♥ ✭♥✮✳ ❚❤❡ ♠♦❜✐•✐t② µ s❤♦✇s ♠✐①❡❞ tr❡♥❞ ❜② ✐♥❝r❡❛s❡ ❛♥❞ ❞❡❝r❡❛s❡ ✇✐t❤ t❤❡ ✐♥❝r❡❛s✐♥❣ ❝✉rr❡♥t ✐♥t❡♥✲ s✐t② ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡✳ ■t ✐♥❝r❡❛s❡s ❢r♦♠ ✷✳✵ ❝♠ 2 ❱✳ -1 ✳s -1 ❛t ❛♥ ✐♥✐t✐❛• ❝✉rr❡♥t ♦❢ ✶×✶✵ -6 ❆✱ t♦ ✸✳✺ ❝♠ 2 ❱✳ -1 ✳s -1 ❛t ❝✉rr❡♥t ✈❛•✉❡ ♦❢ ✶×✶✵ -4 ❆✱ ❛♥❞ ♥❡①t ❡①❤✐❜✐ts ❛ ❞❡❝r❡❛s❡ t♦ ✹✳✵ ×✶✵ -1 ❝♠ 2 ✳❱ -1 ✳s -1 ❛t t❤❡ ✜♥❛• ❝✉rr❡♥t ♦❢ ✶×✶✵ -3 ❆✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ✇✐t❤ ♠♦r❡ ❡•❡❝tr♦♥s ✐♥•❡❝t❡❞✱ ♠♦r❡ ❝❛rr✐❡rs ❛r❡ ❢♦r❝❡❞ t♦ ♣❛r✲ t✐❝✐♣❛t❡ ✐♥ t❤❡ ❝♦♥❞✉❝t✐♦♥ ✉♥t✐• ❛ ♣♦✐♥t ✇❤❡r❡ s❝❛tt❡r✐♥❣ ❡✛❡❝ts ♦✈❡r❝♦♠❡ t❤❡ •✐❜❡r❛t✐♦♥ ♦❢ ✑❡①tr❛✧ ❝❤❛r❣❡ ❝❛rr✐❡rs✳ ❆ s♠❛•• ❣r❛❞✉❛• ❞❡❝r❡❛s❡ ✐♥ t❤❡
❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ♠♦❜✐•✐t② r❡s♣❡❝t✐✈❡•②✱ s❤♦✇ st❛❜✐•✐t② ✭•❡ss ✈❛r✐❛t✐♦♥✮ ❛s ❢✉♥❝t✐♦♥ ♦❢ ✐♥❝r❡❛s❡ ✐♥ ❝✉rr❡♥t✳ ❲❤✐•❡ ❢♦r t❤❡ t❤❡r♠❛••②✲tr❡❛t❡❞ ❞❡✈✐❝❡✱ s❤❡❡t ❝❛rr✐❡r ❝♦♥❝❡♥tr❛t✐♦♥ ✭♥✮ ✈❛r✐❡s ❜❡t✇❡❡♥ ✸✳✻×✶✵ 14 ❝♠ -2 ❛♥❞ ✻✳✺×✶✵ 15 ❝♠ -2 ✱ s❤♦✇✐♥❣ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✈❛r✐✲ ❛t✐♦♥ ❞♦♠✐♥❛t❡❞ ♠♦st•② ❜② ♣ t②♣❡ ❝❛rr✐❡rs ✭✐♥ ❝♦♥tr❛st t♦ t❤❡ ❛s✲♣r❡♣❛r❡❞ s❛♠♣•❡ ✇❤❡r❡ ♠✐①❡❞ t②♣❡ ❝❛rr✐❡rs ❛r❡ ♦❜s❡r✈❡❞✮✱ ❛♥❞ ✐♥❞✐❝❛t✐♥❣ ❛ •❡ss ♣r♦♥♦✉♥❝❡❞ ❡✛❡❝t ♦❢ ✐♥•❡❝t✐♦♥ ♦❢ ♠♦r❡ ❝❤❛r❣❡s ❜② ❝✉rr❡♥t ✐♥❝r❡❛s❡✳❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ t②♣❡ ❝❛♥ ❜❡ ❛✛❡❝t❡❞ ❜② ♠❛♥② ❢❛❝t♦rs ✐♥❝•✉❞✐♥❣ ✉♥❝♦♥tr♦••❡❞ ❞♦♣✐♥❣ ❜② ❡①♣♦s✉r❡ t♦ ❛✐r ❛t✲ ✶✸✵ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ♠♦s♣❤❡r❡✱ ❜✉t ♣r❡•✐♠✐♥❛r② t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞❡❢❡❝ts ❛♥❞ ❤❡t❡r♦✲❛t♦♠s ❛t ✐♥✐t✐❛• ❋▲•✳ ❆❝❝♦r❞✐♥❣ t♦ ♣r❡✈✐♦✉s ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ s❤❡❡t r❡s✐st❛♥❝❡ ❛♥❞ ❚P❉✲▼❙ ❛♥❞ ❳P❙ ❛♥❛•②s❡s✱ ✇❡ ❝❛♥ st❛t❡ t❤❛t t❤❡s❡ ✐♠♣✉r✐t✐❡s ❛r❡ ♠❛✐♥•② ♦①②❣❡♥ ❛♥❞ ❤②❞r♦✲ ❝❛r❜♦♥ ✭t♦•✉❡♥❡✮ s♣❡❝✐❡s✱ ✇❤✐❝❤ ✐♥✢✉❡♥❝❡ t❤❡ ❡•❡❝tr♦♥✐❝ st❛t❡ ♦❢ ❋▲•✳ ❚❤❡ ♥✲t②♣❡ ❞♦♣✐♥❣ ✐s ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t♦•✉❡♥❡✱ ✇❤✐❝❤ ❤❛s ❡•❡❝tr♦♥ ❞♦♥♦r ♣r♦♣❡rt✐❡s ❛♥❞ str♦♥❣•② ✐♥t❡r❛❝ts ✇✐t❤ ❣r❛♣❤❡♥❡✳ ❆❢t❡r ❛♥♥❡❛•✐♥❣✱ t❤❡ ❋▲• ✜•♠ s❤♦✇s ♠♦st•② ♣✲t②♣❡ tr❛♥s♣♦rt ✇❤✐❝❤ ✐s r❡•❛t❡❞ t♦ ❞❡s♦r♣t✐♦♥ ♦❢ t♦•✉❡♥❡✳ ❆•s♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ◆ 2 ❡♥✈✐r♦♥♠❡♥t ❝❛♥ ❤❛✈❡ ❡✛❡❝t ♦♥ t❤❡ t②♣❡ ♦❢ ❝❛rr✐❡rs ♦❜s❡r✈❡❞✳ ■t ✐s ❜❡•✐❡✈❡❞ t❤❛t ✐♥tr✐♥s✐❝ ❋▲• ✐s ❛ ♠✐①❡❞✲❝❛rr✐❡r ♠❛t❡r✐❛• ❬✷✶(✳ ❚❤❡ r❡s✐st✐✈✐t② ✈❛•✉❡s r❡✲ ♠❛✐♥ r❡•❛t✐✈❡•② ❝♦♥st❛♥t ❢♦r t❤❡ t❤❡r♠❛••②✲tr❡❛t❡❞ ❞❡✈✐❝❡ ❛r♦✉♥❞ ✶✳✺×✶✵ -02 Ω✳❝♠ t❤r♦✉❣❤♦✉t t❤❡ r❛♥❣❡ ♦❢ ❝✉rr❡♥t ✈❛•✉❡s✱ ✐♥❞✐❝❛t✐♥❣ t❤❡ ❡✛❡❝t ♦❢ t❤❡r♠❛• tr❡❛t✲ ♠❡♥t✳ ■t ✐s ❛ ❣♦♦❞ ✐♥❞✐❝❛t✐♦♥ ♦❢ ❛ st❛❜•❡ ❛♥❞ ❤✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ✭❛s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✸✳✶✳✶ ❛♥❞ ✸✳✶✳✷✮✳ ❚❤❡ ♠♦❜✐•✐t② ❛•s♦ ❞❡❝r❡❛s❡s ❢r♦♠ ❛♥ ✐♥✐✲ t✐❛• ✷✳✸ ×✶✵ 1 ❝♠ 2 ✳❱ -1 ✳s -1 ❛t ✶×✶✵ -6 ❆ t♦ ✶✳✸ ×✶✵ ❝♠ 2 ✳❱ -1 ✳s -1 ❛t ✶×✶✵ -4 ❆✱ ❜✉t ❛❢t❡r✇❛r❞s ✐t st❛②s r❡•❛t✐✈❡•② ❝♦♥st❛♥t✳ ❚❤❡ ❡①❛❝t r❡❛s♦♥ ❢♦r t❤✐s •❛r❣❡ ❞❡❝r❡❛s❡ ✐♥ ♠♦❜✐•✐t② ✐s ✉♥❝•❡❛r ❜✉t t❤❡ ♠✐①❡❞ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ t❤❡ s❝❛tt❡r✐♥❣ ❡✛❡❝ts ✭♣❤♦♥♦♥s✱ ❈♦✉•♦♠❜✱ •♦♥❣ ❛♥❞ s❤♦rt r❛♥❣❡ ✐♠♣✉r✐t② ❢♦r ❡①❛♠♣•❡✮ ❝♦✉•❞ ❤❛✈❡ ❛❢✲ ❢❡❝t❡❞ ✐t ❬✷✹✶(✳ ❆•t❤♦✉❣❤✱ ✐t ✐s r❡♣♦rt❡❞ t❤❛t •♦♥❣ r❛♥❣❡ s❝❛tt❡r✐♥❣ ✐♥ •♦✇ ♠♦❜✐•✐t② ❛♥❞ s❤♦rt r❛♥❣❡ s❝❛tt❡r✐♥❣ ✐♥ ❤✐❣❤ ♠♦❜✐•✐t② ❣r❛♣❤❡♥❡ s❛♠♣•❡s ✭♦❜t❛✐♥❡❞ ❜② ♠❡✲ ❝❤❛♥✐❝❛• ❝•❡❛✈❛❣❡ ♠❡t❤♦❞✮ ❛r❡ ♦❜s❡r✈❡❞ ❬✶✶✼( ❜✉t ✐♥ ♦✉r ❝❛s❡✱ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✢❛❦❡s✱ ✇❤✐❝❤ ✇❡ ❝❛•• ✧♠✉•t✐✲st❡♣✧ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦✉•❞ ❜❡ ♦♥❡ ♦❢ t❤❡ r❡❛s♦♥s ❢♦r •♦✇ ♠♦❜✐•✐t②✱ ❤♦✇❡✈❡r✱ t❤✐s ♥❡❡❞s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ❚❤❡ ♠♦❜✐•✐t② ✐s ❛t •❡❛st t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ •♦✇❡r ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❣❡♥❡r❛••② r❡♣♦rt❡❞ ✈❛•✉❡s ✭❢♦r s✐♥❣•❡✲✱ ❜✐✲ ❛♥❞ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ ✜•♠s ❢r♦♠ ❡♣✐✲ t❛①② ❛♥❞ ❈❱❉ ♠❡t❤♦❞s✮ ✇❤✐❝❤ ❛r❡ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✷ × ✶✵ 3 ✲ ✷ × ✶✵ 4 ❝♠ 2 ❱✳ -1 ✳s -1 ❬✹✽✱ ✶✵✶✱ ✶✸✵(✳ ❚❤✐s ❝❛♥ ❜❡ r❡•❛t❡❞ t♦ t❤❡ ♠✉•t✐✲str✉❝t✉r❡ ♦❢ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡✱ ✇❤❡r❡ st❡♣s✴♣•❛♥❡ r❛t✐♦ ✐s ❤✐❣❤❡r t❤❛♥ ✐♥ t❤❡ ✢❛❦❡s ✇✐t❤ s✐♠✐•❛r •❛t❡r❛• s❤❡❡t s✐③❡✳ ▼♦❜✐•✐t② µ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ ❞❡✈✐❝❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ✉♥❞❡r•②✐♥❣ s❡♠✐❝♦♥❞✉❝t♦r ♣❤②s✐❝s ♦❢ t❤❡ ♠❛t❡r✐❛•s✳ ❬✷✹✶(✳ ❊①tr✐♥s✐❝ s❝❛tt❡r✐♥❣ ✸✳✶✳ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❇( ❆❇▲❆❚■❖◆ ❖❋ P❊◆❈■▲ ▲❊❆❉ ✭❋▲•✲❆❇▲✮ ✶✸✶ ❢❛❝t♦rs✱ ♠❛♥② ♦❢ t❤❡♠ ❛r❡ ♦r✐❣✐♥❛t❡❞ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ♠♦r♣❤♦•♦❣②✱ ❝❤❡♠✐str②✱ str✉❝t✉r❛• ❛♥❞ ❡•❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✇✐❞❡•② ✉s❡❞ ❙✐❖ 2 s✉❜str❛t❡✱ ❛•s♦ •✐♠✐t t❤❡ ♠♦❜✐•✐t②✳ •r❛♣❤❡♥❡ ❞❡✈✐❝❡s ❢❛❜r✐❝❛t❡❞ ♦♥ s✐•✐❝♦♥ ❞✐♦①✐❞❡ s✉❜str❛t❡ ❤❛✈❡ s❤♦✇♥ ✜❡•❞✲❡✛❡❝t ♠♦❜✐•✐t✐❡s r❛♥❣✐♥❣ ❢r♦♠ ✶✵ t♦ ✷✵✵ ❝♠ 2 ✴❱✳s ❬✶✶✼(✳ ❚❤❡ ♠♦❜✐•✐t② ❢♦r ❋▲• ✜•♠ ✐s •♦✇❡r ✭♦r ❝♦♠♣❛r❛❜•❡✮ t♦ t❤❡ ❜❡st ✈❛•✉❡s ♦❢ ♦r❣❛♥✐❝ s❡♠✐❝♦♥❞✉❝t♦rs ✭❛♣♣❡♥❞✐① ✽✳✹✮ ✸✳✶✳✹ ❋▲• ❈❤❛r❣❡ ❚r❛♥s♣♦rt ❉❡✈✐❝❡ ❙t✉❞✐❡❞ ❜② ❋♦✉r✲P♦✐♥t Pr♦❜❡s ✭❋PPs✮✿ ❙❤❡❡t |❡s✐st❛♥❝❡ ■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❝❤❛r❣❡ tr❛♥s♣♦rt ✇❛s st✉❞✐❡❞ ❜② ❍❛•• ❊✛❡❝t ✭❍❊✮ ❢♦r s❛♠♣•❡s ♦❢ t❤❡ s✐③❡ ♦❢ ✶ ❝♠ 2 ✳ ▲❛r❣❡r s❛♠♣•❡s ♦❢ t❤❡ s✐③❡ t✇♦ ❝♠ 2 ❛r❡ ❛•s♦ ♣r❡♣❛r❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❜② ❢♦✉r✲♣♦✐♥t ♣r♦❜❡s ✭❋PPs✮✳ ❋✉rt❤❡r✱ r♦✉❣❤✲ ♥❡ss✴t❤✐❝❦♥❡ss ❛♥❞ ✇♦r❦✲❢✉♥❝t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ❛s ✇❡••✱ ✇❤✐❝❤ ✇✐•• ❜❡ ♣r❡s❡♥t❡❞ ❢✉rt❤❡r ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ ❋▲• ✜•♠s ✇❡r❡ ♣r❡♣❛r❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s ❜❡❢♦r❡✳ ■♥❞❡❡❞ ✐♥ t❤❡ ❜♦tt♦♠ ❝♦♥t❛❝t ✇❛s ❝♦✈❡r❡❞ ❜② ❣r❛♣❤❡♥❡ ✜•♠ ❛♥❞ r❡q✉✐r❡❞ ♣❡♥❡tr❛t✐♦♥ ♦❢ ❢♦✉r ♣r♦❜❡s ✐♥t♦ t❤❡ ✜•♠ ✐♥ ♦r❞❡r t♦ ❡st❛❜•✐s❤ ❛ ❝♦♥t❛❝t✳ ❚❤❡ ❢♦✉r ♣♦✐♥t ♣r♦❜❡s ❛••♦✇ t❤❡ •♦❝❛• ❝❤❛r❣❡ tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥t ♦♥ ❛ ❞❡✈✐❝❡ ❛♥❞ t❤❡♥ r❛t✐♦♥❛•✐③✐♥❣ t❤❡ r❡s✉•ts ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❣❡♦♠❡tr✐❝❛• ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ s❛♠♣•❡✴✜•♠✳ ❚❤✐s ✐s ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❍❊ ♠❡❛s✉r❡♠❡♥t✱ ✇❤✐❝❤ ❣✐✈❡s ❛✈❡r❛❣❡ ❣•♦❜❛• r❡s✐st✐✈✐t② ♦❢ t❤❡ s❛♠♣•❡ ❜② ♠❡❛s✉r✐♥❣ t❤❡ s❛♠♣•❡ ❜② t❤❡ ❝♦♥t❛❝ts ♣•❛❝❡❞ ♦♥ ✐ts ♣❡r✐♠❡✲ t❡r✴❝♦r♥❡rs✳ ❈r✴❆✉ ❡•❡❝tr♦❞❡s ✇❡r❡ ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ t♦♣ ♦r ♦♥ t❤❡ ❜♦tt♦♠ ❢♦r ❝❤❛r❣❡ tr❛♥s♣♦rt st✉❞✐❡s✳ ❚❤❡ t♦♣ ❡•❡❝tr♦❞❡s ❝♦♥✜❣✉r❛t✐♦♥ ✇❛s r❡t❛✐♥❡❞ ❞✉❡ t♦ ♣r❛❝t✐❝❛• r❡❛s♦♥s ✭✜❣✉r❡ ✷✳✻✮✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❈r✴❆✉ ❡•❡❝tr♦❞❡s ♦r ✇✐t❤♦✉t ❛♥❞ t❤❡ s❛♠♣•❡ s✐③❡ ✐s ♥♦t ❛s ❛♥ ✐ss✉❡ ❛s ✐t ✐s ❢♦r ❍❊ ✭❛ ✶ ❝♠ 2 ✇✐t❤ str✐❝t ❣❡♦♠❡tr② ❛♥❞ ♦t❤❡r ❝♦♥❞✐t✐♦♥s✮✳ ❊•❡❝tr♦❞❡s ❛r❡ ✉s❡❞ t♦ ❡st❛❜•✐s❤ ❛ ❜❡tt❡r ♦❤♠✐❝ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡ ❋▲• ✜•♠ ❛♥❞ t♦ ♣r♦t❡❝t t❤❡ ❞❡✈✐❝❡ ✭❋▲• ✜•♠✮ ❢r♦♠ ❜❡✐♥❣ ❞❡❣r❛❞❡❞ ♦r ❡t❝❤❡❞ ❛✇❛② ❜② t❤❡ ❡①❝❡ss✐✈❡ ✐♥❞✉❝❡❞ ❝✉rr❡♥ts ♦r ✶✸✷ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❜② t❤❡ ♣❡♥❡tr❛t✐♦♥ ♦❢ ♣♦✐♥t❡❞ ♣r♦❜❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❖t❤❡r✇✐s❡✱ t❤✐s ♠❡❛s✉r❡♠❡♥t ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛♥② ♥✉♠❜❡r ♦❢ •♦❝❛t✐♦♥s ♦♥ t❤❡ ❞❡✈✐❝❡✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ ❋PPs ✐s t♦ ❛✈♦✐❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ❝♦♥t❛❝ts t❤❛t ✐♥❡✈✐t❛❜•② ❛❞❞s ✉♣ t♦ t❤❡ | s ♦❢ t❤❡ s❛♠♣•❡ ✐♥ t❤❡ t✇♦✲♣r♦❜❡ s②st❡♠✳ ❈✉rr❡♥t✲✈♦•t❛❣❡ ✭■✲❱✮ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t✇♦ s❡ts ♦❢ ❡•❡❝✲ tr♦❞❡s ♣•❛❝❡❞ ♦♥ t❤❡ ❋▲• ✜•♠ ✭✜❣✉r❡ ✷✳✻✮ ❜② ✐♥❞✉❝✐♥❣ ❞✐✛❡r❡♥t ✈❛•✉❡s ✭r❛♥❣❡✮ ♦❢ ❝✉rr❡♥t ✐♥t♦ ❝✉rr❡♥t ♣r♦❜❡s ✭❡①tr❡♠❡ ♣r♦❜❡s✮ ❛♥❞ ♠❡❛s✉r✐♥❣ t❤❡ ♣♦t❡♥t✐❛• ❞r♦♣ ❛❝r♦ss ♠✐❞❞•❡ ♣r♦❜❡s ✇✐t❤ t❤❡ ❤❡•♣ ♦❢ ❛ ✈♦•t♠❡t❡r✳ ❱❛•✉❡ ♦❢ ♦❜t❛✐♥❡❞ ❱ ✇❛s ❞✐✈✐❞❡❞ ❜② t❤❡ ❛♠♦✉♥t ♦❢ ✐♥❞✉❝❡❞ ❝✉rr❡♥t ❡❛❝❤ t✐♠❡ ❛♥❞ t❤❡♥ ♠✉•t✐♣•✐❡❞ ❜② ❛ ❣❡♦♠❡tr✐❝❛• ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r✱ ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ | s ✭❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ s•♦♣❡ ♦❢ t❤❡ •✐♥❡❛r ❱✭■✮ ❝✉r✈❡ ♦❢ ❞❡✈✐❝❡✱ ❛s ❡①♣•❛✐♥❡❞ ✐♥ ✷✳✺✳✶✳✷✮✳ ❚❤❡ ✜❣✉r❡ ✸✳✶❆ s❤♦✇s t❤❡ ❱✭■✮ ❝✉r✈❡ ❢♦r t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ s❤❡❡t r❡s✐st❛♥❝❡ ✐♥ t❤❡ ❋▲•✲❆❜• ✭❞❡♣♦s✐t❡❞ ✈♦•✉♠❡✿ ✹ ♠• ♦❢ ❋▲•✴❡t❤❛♥♦• ♦♥ ✷ ❝♠ 2 q✉❛rt③ s✉❜str❛t❡s✮ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✲ ✈✐❝❡ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❛ t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ❛t ✾✵✵ • ❈ ✉♥❞❡r ❛r❣♦♥ ❢♦r t✇♦ ❤♦✉rs✳ ◆♦t❡ t❤❡ ♠❡❛s✉r❡♠❡♥t ♣♦✐♥ts ❱✭■✮ ❛r❡ ❛r❜✐tr❛r✐•② •♦✐♥❡❞✱ ♦♥•② t♦ s❤♦✇ t❤❡ tr❡♥❞ ✐♥ t❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ | s ✳ ❆❞❞✐t✐♦♥❛••②✱ t♦ t❤❡ ■✲❱ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ tr❛♥s♣❛r❡♥❝② ♦❢ t❤❡ ❋▲• ✜•♠ ✇❛s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❯❱✲❱✐s s♣❡❝tr♦s❝♦♣②✳ ❋✐❣✉r❡ ✸✳✶❇ s❤♦✇s t❤❡ tr❛♥s♠✐tt❛♥❝❡ s♣❡❝tr❛ ♦❢ t❤❡ r❡•❛t❡❞ ❋▲•✲❆❜• ✜•♠ ❛♥❞ t❤❡ ♦♣t✐❝❛• ♣❤♦t♦ ♦❢ t❤❡ ❋▲• ✜•♠ ❜❡❛r✐♥❣ t❤❡ ❡•❡❝tr♦❞❡s ❞❡♣♦s✐t❡❞ ♦♥ t♦♣✳ ❚❤❡ | s ✐s ❤✐❣❤ ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡ ❛♥❞ ✐t ❞❡❝r❡❛s❡s ❛❢t❡r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ st❡♣✱ t❤❡ r❡•❛t❡❞ tr❛♥s♠✐tt❛♥❝❡ ✐s •♦✇✱ ✸✵✲✹✵✪✳ ❚❤❡ ❱✭■✮ ❝✉r✈❡s ✐♥✲ ❞✐❝❛t❡ ❛ ♠❛r❦❡❞ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ t❤❡ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ✈❛•✉❡s ♦❢ s❤❡❡t r❡s✐st❛♥❝❡s ✐♥ t❤❡ s❛♠❡ s❛♠♣•❡✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❍❊ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤✐s ✐s ❛❣❛✐♥ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❞❡s♦r♣t✐♦♥ ✜rst ♦❢ t♦•✉❡♥❡ ✭❤②✲ ❞r♦❝❛r❜♦♥s✮ ❛♥❞ ♥❡①t ♦①②❣❡♥ ❣r♦✉♣s✱ ❛♥❞ ♦t❤❡r ✐♠♣✉r✐t✐❡s ❛♥❞ ♣♦ss✐❜•❡ ❞❡❢❡❝ts ♠✐❣r❛t✐♦♥✴❡•✐♠✐♥❛t✐♦♥ ❞✉❡ t♦ ❛♥♥❡❛•✐♥❣ ❛t ❤✐❣❤ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡ | s ❞❡❝r❡❛s❡s s✐❣♥✐✜❝❛♥t•② ❢r♦♠ ✽✺ ❦Ω✴ t♦ ✶✺ ❦Ω✴ ✇✐t❤ t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ✉♥❞❡r ❆r ❛t ✾✵✵ • ❈ ❢♦r ✷ ❤♦✉rs✳ ❍♦✇❡✈❡r✱ | s ✈❛•✉❡s ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡s ♠❡❛s✉r❡❞ ❜② ❍❊✱ ✐✳❡✳ ✶✺ ❦Ω✴ ✈s✳ ✼✺✵ Ω✴ ❢♦r t❤❡ ❋▲•✲❆❜• ✭t❤❡r♠❛••②✲tr❡❛t❡❞✮✳ ❚❤✐s ❝❛♥ ❜❡ ❞✉❡ ✸✳✶✳ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❇( ❆❇▲❆❚■❖◆ ❖❋ P❊◆❈■▲ ▲❊❆❉ ✭❋▲•✲❆❇▲✮ ✶✸✸ ❋✐❣✉r❡ ✸✳✶✿ ❱✭■✮ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❋▲•✲❆❜• ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡✱ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ ❛❢t❡r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ❆✮✱ ❚r❛♥s♠✐tt❛♥❝❡ s♣❡❝tr✉♠ ❇✮✳ ■♥s❡t✿ ♦♣t✐❝❛• ✐♠❛❣❡ ♦❢ t❤❡ ❞❡✈✐❝❡✳ t♦ ❞✐✛❡r❡♥t ❣❡♦♠❡tr②✱ ❡♥✈✐r♦♥♠❡♥t ✭❛✐r ❢♦r ❋PP ❛♥❞ ◆ 2 ❢♦r ❍❊✮ ❛♥❞ •♦❝❛• ♠❡❛✲ s✉r❡♠❡♥t✳ ❚❤❡ ❱✭■✮ ❝✉r✈❡s ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ❞❡✈✐❝❡s✱ s❤♦✇ ❛•s♦ ❛♥ ✐♠♣♦rt❛♥t ❝❤❛♥❣❡ ✐♥ t❤❡ tr❛♥s♣♦rt✱ st❛rt✐♥❣ ❢r♦♠ ❛ ❝✉rr❡♥t ✈❛•✉❡ ♦❢ ✶✵ -4 ❆ ❢♦r ❜♦t❤ ❞❡✈✐❝❡s✱ s❤♦✇✐♥❣ ❛ ❞✐✛❡r❡♥t s•♦♣❡ t♦✇❛r❞s ♠♦r❡ •✐♥❡❛r ❜❡❤❛✈✐♦r ❛t t❤✐s ❝✉rr❡♥t✳ ❋✐❣✉r❡ ✸✳✷ s❤♦✇s t❤❡ ❱✲■ ❝✉r✈❡s ♣•♦tt❡❞ ✐♥ ❛ •♦❣✲•♦❣ s❝❛•❡ t♦ ❜❡tt❡r ✈✐s✉❛•✐③❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❋▲•✲❆❜• ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s✱ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ ❛❢t❡r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ✭t✳❛✳✮ ❛t ✾✵✵ • ❈ ✉♥❞❡r ❆r❣♦♥✳ ❚❤✐s r❛♥❞♦♠ ❜❡❤❛✈✐♦r ✐s ♠♦r❡ ♣r♦♥♦✉♥❝❡❞ ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡ ❜❡t✇❡❡♥ ✶✵ -6 ❛♥❞ ✶✵ -4 ❆✳ ❚❤❡ | s ❞❡❝r❡❛s❡s ❢r♦♠ ✸✳✼✹ ▼Ω✴ ❛t ❛♥ ✐♥✐t✐❛• ❝✉rr❡♥t ♦❢ ✶✵ -6 ❆ t♦ ❛r♦✉♥❞ ✼✾ ❦Ω✴ ❛t ✶✵ -4 ❆✳ ❉✉r✐♥❣ t❤✐s r❡❣✐♠❡✱ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ✐s ✉♥♣r❡❞✐❝t❛❜•❡ ❛♥❞ r❡s❡♠❜•❡s t♦ t❤❡ ❤♦♣♣✐♥❣ tr❛♥s♣♦rt ✐♥ ❛ ❞✐s♦r❞❡r❡❞ ♠❛t❡r✐❛•s✳ ❚❤✐s ❝❛♥ ❛•s♦ ❜❡ r❡•❛t❡❞ t♦ t❤❡ ♠✐♥✐♠✉♠ ❛♠♦✉♥t ♦❢ ❝✉rr❡♥t ♥❡❡❞❡❞ t♦ ❡st❛❜•✐s❤ ❛ ✇❡••✲❝♦♥♥❡❝t❡❞ ♣❛t❤ ❢♦r t❤❡ ✢♦✇ ♦❢ ❝❤❛r❣❡ ❝❛rr✐❡rs t❤r♦✉❣❤ r❛♥❞♦♠•② ❞❡♣♦s✐t❡❞ ✢❛❦❡s ♦❢ ❣r❛♣❤❡♥❡ ✇❤✐❝❤ ❛r❡ ♥♦t s♠♦♦t❤ ❛♥❞ ❤♦st •❛r❣❡ ❛♠♦✉♥t ♦❢ ❛❞s♦r❜❡❞ ✐♠♣✉r✐t✐❡s✳ ❆t •♦✇ ❝✉rr❡♥ts✱ ❝❤❛r❣❡ ❝❛rr✐❡rs ❤❛✈❡ ❞✐✣❝✉•t② t♦ r❡❛❝❤ t❤❡ ♦t❤❡r ❡♥❞ ♦❢ ❞❡✈✐❝❡✱ ❤❡♥❝❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝♦♥❞✉❝t✐♥❣ ❝❤❛♥♥❡•s ✐♥ t❤❡ ❞❡✈✐❝❡ ❝♦✉•❞ ❜❡ ♦♥❡ ♦❢ t❤❡ r❡❛s♦♥ ❢♦r s✉❝❤ ❤✐❣❤ ✶✸✹ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❋✐❣✉r❡ ✸✳✷✿ ▲♦❣✲•♦❣ s❝❛•❡ ❱✭■✮ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❋▲•✲❆❜• ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡✱ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ ❛❢t❡r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ✭❛s ✜❣✉r❡ ✸✳✶✮✳ ❛♥❞ ♥♦♥✲♦❤♠✐❝ ♠❡❛s✉r❡❞ r❡s✐st❛♥❝❡✳ ❙♦♠❡ ♦❢ t❤❡ ❝✉rr❡♥t ✐s ❛•s♦ ❝♦♥s✉♠❡❞ ❜② t❤❡ ✈♦•t♠❡t❡r ✐ts❡•❢ ✐♥ ♣r❛❝t✐❝❛• ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ✐ts s❡♥s✐t✐✈✐t② ❝♦✉•❞ ❛•s♦ ❜❡ t❤❡ r❡❛s♦♥ ♦❢ t❤✐s ❜❡❤❛✈✐♦r ❛t •♦✇ ❝✉rr❡♥ts✳ ❆❜♦✈❡ ✶✵ -4 ❆✱ t❤❡ | s st❛rts t♦ s❤✐❢t t♦✲ ✇❛r❞s ❛♥ ♦❤♠✐❝ r❡❣✐♠❡ ✉♣ t♦ ✶✵ -3 ❆ ✇✐t❤ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞♦♠✐♥❛t❡❞ ❜② ❛ ❞r✐❢t ♠❡❝❤❛♥✐s♠✳ ❍♦✇❡✈❡r✱ | s ✢✉❝t✉❛t❡s ❜❡t✇❡❡♥ ✼✼ ❛♥❞ ✽✼ ❦Ω✴ ❢♦r ❝✉rr❡♥t ✈❛•✉❡s ❜❡t✇❡❡♥ ✶✵ -4 ❛♥❞ ✶✵ -3 ❆ ✐♥ t❤✐s ❡①❛♠♣•❡ ✭❛ ✈❛r✐❛t✐♦♥ ♦❢ ✶✵ ❦Ω ♦r ✶✷✪✮✳ ❚❤✐s s♠❛•• ✈❛r✐❛t✐♦♥ ✐♥ ❝♦♥❞✉❝t✐♥❣ ❜❡❤❛✈✐♦r ✐s ✉♥❞❡rst❛♥❞❛❜•② ♥♦r♠❛• ❢♦r ♠♦st ♦❢ ❝♦♥✲ ❞✉❝t✐♥❣ ♠❛t❡r✐❛•s ❢♦r ❋▲• ❛s s♦♠❡ ♦❢ t❤❡ ♦①②❣❡♥ ❣r♦✉♣s ❛r❡ st✐•• ❛tt❛❝❤❡❞ t♦ t❤❡ s❡♥s✐t✐✈❡ ❡❞❣❡s ♦❢ t❤❡ ❋▲• s❤❡❡ts ❞✉❡ t♦ ♠❡❛s✉r❡♠❡♥t ♣❡r❢♦r♠❡❞ ✐♥ ❛✐r ❛s ✇❡•• ❛s ♦t❤❡r ❢❛❝t♦rs s✉❝❤ ❛s ♣❛❝❦✐♥❣ ❞❡♥s✐t②✱ ❞✐s♦r❞❡r✱ ✐♠♣✉r✐t✐❡s ❛♥❞ ❡♥✈✐r♦♥♠❡♥t ❛♣❛rt ❢r♦♠ s❝❛tt❡r✐♥❣ ❬✷✹✷(✳ ❋♦r t❤❡ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ❞❡✈✐❝❡✱ t❤❡ | s ❛t t❤❡ st❛rt✐♥❣ ❝✉rr❡♥t ♦❢ ✶✵ -6 ❆ ✐s st✐•• ❤✐❣❤ ✭✶✻✼ ❦Ω✴ ✮✱ ❜✉t ❛♣♣r♦①✐♠❛t❡•② ✺✺✪ •♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡ ❛t s❛♠❡ ❝✉rr❡♥t✱ ❤✐❣❤•✐❣❤t✐♥❣ t❤❡ ❡✛❡❝t ♦❢ t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❍✐❣❤ st❛rt✐♥❣ | s ✐s ♥♦t s✉r♣r✐s✐♥❣ ❢♦r t❤❡r♠❛••②✲tr❡❛t❡❞ ❞❡✈✐❝❡s ❛t •♦✇ ❝✉rr❡♥t ✈❛•✉❡ ✭✶✵ -6 ❆✮✱ ✸✳✶✳ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❇( ❆❇▲❆❚■❖◆ ❖❋ P❊◆❈■▲ ▲❊❆❉ ✭❋▲•✲❆❇▲✮ ✶✸✺ ♣♦ss✐❜•② ❞✉❡ t♦ t❤❡ •❛❝❦ ♦❢ ❛ ✇❡••✲❝♦♥♥❡❝t❡❞ ♣❛t❤ ❢♦r ❝♦♥❞✉❝t✐♦♥ ♦r t❤❡ ♠❡❛s✉r❡✲ ♠❡♥t ❛rt✐❢❛❝t r❡•❛t❡❞ t♦ t❤❡ ♥♦✐s❡ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❛♣♣❛r❛t✉s ❛♥❞ ❛❞s♦r❜❡❞ ✐♠♣✉r✐t✐❡s ❢r♦♠ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡ | s ✐s •♦✇❡r❡❞ t♦ ✶✺✳✶ ❦Ω✴ ✇✐t❤ ❛ ✈❛r✐❛t✐♦♥ ♦❢ ✵✳✸ ❦Ω ♦r ✷✪ ❛t ✈❛•✉❡s ✇✐t❤✐♥ ✶✵ -4 ❆✲✶✵ -3 ❆ ✐s ❞❡t❡❝t❡❞✳ ❚❤✐s s❤♦✇s ❛ st❛❜•❡ ♦❤♠✐❝ ❜❡❤❛✈✐♦r ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡ ❞✉❡ t♦ ❛ ❜❡tt❡r ♦r❞❡r✐♥❣ ♦❢ str✉❝t✉r❡ ❛♥❞ t♦ t❤❡ r❡♠♦✈❛• ♦❢ ❛❞s♦r❜❛♥ts ❞✉r✐♥❣ t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❚❤❡ str✉❝t✉r❡ ✐s ✐♠♣r♦✈❡❞ t♦ ♠❛❦❡ ❜❡tt❡r ❝♦♥t❛❝t ❛♠♦♥❣ t❤❡ ✢❛❦❡s ❛♥❞ ✐♥❞✐✈✐❞✉❛• s❤❡❡ts✱ t❤❡ ❡✈♦•✉t✐♦♥ ✐♥❞✐❝❛t❡s ❛ s❤✐❢t t♦✇❛r❞s str♦♥❣ ♦❤♠✐❝ ❜❡❤❛✈✐♦r st❛rt✐♥❣ ❛t t❤❡ ❝✉rr❡♥t ♦❢ ✶✵ -4 ❆✳ ❚♦ ❢✉rt❤❡r ✉♥❞❡rst❛♥❞ ✇❤② t❤❡ ❱✭■✮ s•♦♣❡ ❛•
♠ t♦ ❝♦♥✈❡r❣❡ ❛t •♦✇ ❝✉rr❡♥ts ✐♥st❡❛❞ ♦❢ r❡♠❛✐♥✐♥❣ ♣❛r❛••❡• ❛s s❤♦✇♥ ✐♥ t❤❡ ♠❛❣♥✐✜❡❞ ♣❛rt ❜❡t✇❡❡♥ ✶✵ -4 ❆ ❛♥❞ ✶✵ -3 ❆ ✇❤✐❝❤ ✐s ❞✉❡ t♦ ❞✉❡ t♦ s✐❣♥✐✜❝❛♥t •♦ss ♦❢ ❝✉rr❡♥t ✐♥ ❝♦♥t❛❝t r❡s✐st❛♥❝❡ ✐♥ ❢♦✉r ♣♦✐♥t ♣r♦❜❡s ✉♥t✐• ✶✵ -4 ❆✳ ❋✐❣✉r❡ ✸✳✻ s❤♦✇s t❤❡ ♠♦r♣❤♦•♦❣② ♦❢ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡ st✉❞✐❡❞ ❜② ❙❝❛♥♥✐♥❣ ❊•❡❝tr♦♥ ▼✐❝r♦s❝♦♣❡ ✭❙❊▼✮✳ ❚❤❡ r❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥ ♦❢ t❤❡ ❋▲• ✢❛❦❡s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ r❛♥❞♦♠ st❛❝❦✐♥❣ ❛♥❞ ♣✐•✐♥❣ ♦❢ ✢❛❦❡s ✇✐t❤ ❡♠♣t② s♣❛❝❡s ❜❡t✇❡❡♥ ✢❛❦❡s t❤❛t ❤❛♠♣❡r t❤❡ ♣❡r❝♦•❛t✐♦♥✱ ✇❤✐•❡ t❤❡ ❡①❝❡ss✐✈❡ st❛❝❦❡❞ ❛♠♦✉♥t ♦❢ ✢❛❦❡s ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❝♦♥❞✉❝t✐♦♥ ♣❛t❤ ✇❤✐❝❤ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐•② ❝♦♥tr✐❜✉t❡ t♦ ❢✉rt❤❡r ❝♦♥❞✉❝t✐♦♥✳ ❚❤✐s ❝❛♥ ❡①♣•❛✐♥ t❤❡ ❤✐❣❤ | s ✐♥ t❤❡ ❋▲• ❞❡✈✐❝❡ ❛♥❞ •♦✇ tr❛♥s♠✐tt❛♥❝❡ ♦❢ ❋▲• ✜•♠✳ ❉❡s♣✐t❡ ✈❡r② •♦✇ tr❛♥s♣❛r❡♥❝② ♦❢ t❤❡ ❋▲• ✜•♠s✱ ✇❤✐❝❤ ❡①❝•✉❞❡s t❤❡ ♣♦t❡♥✲ t✐❛• ❛♣♣•✐❝❛t✐♦♥ ✐♥ ❚❈❊s✱ t❤❡ ❈♦♥❞✉❝t✐✈✐t② ♦❢ ❚r❛♥s♣❛r❡♥❝② ✭σ gt ✮ ✇❤✐❝❤ ✐s ✉s❡❞ ✶✸✽ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❋✐❣✉r❡ ✸✳✻✿ ❙❊▼ ✐♠❛❣❡s s❤♦✇✐♥❣ t❤❡ ♠♦r♣❤♦•♦❣② ♦❢ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡✳ ❛s ❛ ✜❣✉r❡ ♦❢ ♠❡r✐t ✭s❡❡ s❡❝t✐♦♥ ✶✳✶ ✐♥ ❝❤❛♣t❡r ✶✮ ✇❛s ❝❛•❝✉•❛t❡❞ ❢♦r ❋▲• ✜•♠s✳ ❈♦♥❞✉❝t✐✈✐t② ♦❢ ❚r❛♥s♣❛r❡♥❝② ✇❛s ❝❛•❝✉•❛t❡❞ ❜② t❛❦✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦❢ | s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ❢♦r t❤r❡❡ ♠❡❛s✉r❡♠❡♥ts✳ ❚❛❜•❡ ✸✳✷ s❤♦✇s t❤❡ ❝❛•❝✉•❛t❡❞ ✭σ gt ✮ ♦❢ r❡♣r❡s❡♥t❛t✐✈❡ ❋▲•✲❆❜• ❞❡✈✐❝❡s✱ ❛•♦♥❣ ✇✐t❤ t❤❡ ± ❡rr♦r ❢r♦♠ t❤❡ ♠❡❛♥ ✈❛•✉❡ ♦❢ | s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ❛t ✺✺✵ ♥♠✱ ✇❤✐•❡ s✐♠✐•❛r ❞❛t❛ ❛r❡ ♣r♦✈✐❞❡❞ ❢♦r t✇♦ ❝♦♠♠❡r✲ ❝✐❛••② ❛✈❛✐•❛❜•❡ ■❚❖ ✜•♠s ❬✻( ❢♦r ❝♦♠♣❛r✐s♦♥ ♣✉r♣♦s❡✳ ❚❤❡ ❤❡t❡r♦❣❡♥❡♦✉s r❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥ ✐♥ t❤❡ ✜•♠s r❡s✉•ts ✐♥ •♦❝❛• ✈❛r✐❛t✐♦♥s ♦❢ r❡s✐st❛♥❝❡ ❛♥❞ tr❛♥s♣❛r❡♥❝②✱ t❤❛t ✐s ✇❤② ♠❡❛s✉r❡♠❡♥ts ❛r❡ r❡♣❡❛t❡❞ s❡✈❡r❛• t✐♠❡s ❢♦r | s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ❛t ❞✐✛❡r❡♥t •♦❝❛t✐♦♥s✳ ❈♦♠♣❛r✐♥❣ t❤❡s❡ r❡s✉•ts ✇✐t❤ t❤❛t ♦❜t❛✐♥❡❞ ❜② ❍❊ ♠❡❛✲ s✉r❡♠❡♥ts✱ t❤❡r❡ ✐s s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛r♦✉♥❞ ✶✺❦Ω✴ ✭✇✐t❤ ❋PPs✮ ❛♥❞ ❛r♦✉♥❞ ✶ ❦Ω✴ ✭✇✐t❤ ❍❛•• ❊✛❡❝t✮✳ ❚❤✐s ❝❛♥ ❜❡ ❞✉❡ t♦ ❞✐✛❡r❡♥❝❡s ✐♥ ❣❡♦♠❡tr② ♦❢ t❤❡ ❋▲• ✜•♠✴❞❡✈✐❝❡ ❛♥❞ ❝♦♥t❛❝ts✳ ◆♦t❡ t❤❛t t❤❡ | s ✐s ❣✐✈❡♥ ❢♦r t❤❡ t✇♦ ♠❡t❤♦❞s ♦❢ ❝❤❛r❣❡ tr❛♥s♣♦rt ✉s❡❞ ✐♥ t❤✐s st✉❞②✱ ✐✳❡✳ t❤❡ ❋♦✉r✲♣♦✐♥t ♣r♦❜❡s ✭❋PPs✮ ❛♥❞ t❤❡ ❍❛•• ❊✛❡❝t ✭❍❊✮✳ ❚❤❡ ❤✐❣❤❡st ✈❛•✉❡ ♦❢ σ gt ✐s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✶ ❝♠ × ✶ ❝♠ s❛♠♣•❡ st✉❞✐❡❞ ❜② t❤❡ ❍❛•• ❊✛❡❝t✱ ✇✐t❤ ✈❡r② •♦✇ tr❛♥s♠✐tt❛♥❝❡✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ✐♠♣♦ss✐❜•❡ t♦ ❝♦♥s✐❞❡r t❤✐s r❡s✉•t ❢♦r tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ❛♣♣•✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❝♦♥❞✉❝t✐✈❡ ❡•❡❝tr♦❞❡s ❛♥❞ ❝♦❛t✐♥❣s ❛r❡ ✇❡•• ✇✐t❤✐♥ r❡❛❝❤✳ ❈♦♠♣❛r✐♥❣ t❤❡ σ gt ✈❛•✉❡s ✇✐t❤ t❤❡ ❝♦♠♠❡r❝✐❛• ■❚❖✱ ✐t ✐s ❡✈✐❞❡♥t t❤❛t t❤✐s t②♣❡ ♦❢ ❋▲• ✜•♠s ❛r❡ ✷✲✸ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ✐♥❢❡r✐♦r✱ ❡✈❡♥ ❛❢t❡r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ tr❡❛t♠❡♥t✳ ❚❤❡ •♦✇ ♣❡r❢♦r♠❛♥❝❡ ✸✳✷✳ ❈❍❆|•❊ ❚|❆◆❙P❖|❚ ■◆ ❋▲• ❇( ▼❊❈❍❆◆■❈❆▲ ❊❳❋❖▲■❆❚■❖◆ ❖❋ ❙(◆❚❍❊❚■❈ •|❆P❍■❚❊ ✭❍❖P•✮ ✶✸✾ ❚❛❜•❡ ✸✳✷✿ ❈♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ✭σ gt ✮ ♦❢ ❋▲•✲❆❜• ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ✇✐t❤ | s ❣✐✈❡♥ ❢♦r t❤❡ ❋PP ❛♥❞ ❍❊ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ❝♦♠♠❡r❝✐❛••② ❛✈❛✐•❛❜•❡ ■❚❖ ❡•❡❝tr♦❞❡s✳ ❙❛♠♣•❡✴❉❡✈✐❝❡ | s(avg) ✭❦Ω✴ ✮ ❚ avg ✭✪✮ ❈♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ✭σ gt ✮✱✭❙✴❝♠✮ ❋▲•✲❆❜•✲❆s✲♣r❡♣✳✭✹♠▲✮ ✭❋PP✮ ✽✺ ±✼ ✸✶ ±✹ ✼ ❋▲•✲❆❜•✲✾✵✵ • ❈✲❆r ✭✹♠▲✮ ❋PP ✶✺ ±✶ ✸✶±✹ ✹✶ ❋▲•✲❆❜•✲✾✵✵ • ❈✲❆r ✭✷♠▲✮ ✭❍❊✮ ✶ ±✵✳✸ ✷✾ ±✷ ✽✵✶ ■❚❖ ❙✐❣♠❛✲❆•❞r✐❝❤ ❈❛t❛•♦❣ ◆♦s✳ ✺✼✻✸✻✵✴✻✸✾✷✽✶ ✵✳✵✶✴✵✳✶ ✽✺✴✼✼ ✹✳✸×✶✵ 5 ✴ ✷✳✼×✶✵ 4 ♦❢ t❤❡ ❋▲• ✜•♠ ✐s •✐♥❦❡❞ ❞✐r❡❝t•② t♦ ❤✐❣❤ ♣❡r❝♦•❛t✐♦♥ t❤r❡s❤♦•❞✱ ✇❤✐❝❤ ✐s ❛♥ ❡✛❡❝t ♦❢ r❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥ ♣•✉s ✐♥❤♦♠♦❣❡♥❡♦✉s ❛♥❞ •♦✇ •❛t❡r❛• s✐③❡s ✭❛♥❞ ♠✉•t✐✲st❡♣ ♠♦r♣❤♦•♦❣②✮ ♦❢ t❤❡ ✢❛❦❡s✱ ❛♥❞ t❤❡ ✈❛r✐❛❜•❡ ♥✉♠❜❡r ♦❢ t❤❡ s❤❡❡ts ✭t❤✐❝❦♥❡ss✮ ✇✐t❤✐♥ ✐♥❞✐✈✐❞✉❛• ✢❛❦❡s✳ ✸✳✷ ❈❤❛r❣❡ ❚r❛♥s♣♦rt ✐♥ ❋▲• ❜② ▼❡❝❤❛♥✐❝❛• ❊①✲ ❢♦•✐❛t✐♦♥ ♦❢ ❙②♥t❤❡t✐❝ •r❛♣❤✐t❡ ✭❍❖P•✮ ❋▲•s ❛❜•❛t❡❞ ❢r♦♠ ❛ ♣❡♥❝✐• •❡❛❞ ✉♥❞❡r❣♦ s❡✈❡r❛• ✜•tr❛t✐♦♥ ❛♥❞ ♣✉r✐✜❝❛t✐♦♥ tr❡❛t♠❡♥ts ✐♥ r❛t❤❡r ❤❛rs❤ ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♥❡❝❡ss❛r② t♦ ♣✉r✐❢② t❤❡ ❋▲•s ❢r♦♠ ❜✐♥❞❡r✳ ❚♦ ❛✈♦✐❞ t❤❡s❡ tr❡❛t♠❡♥ts✱ ❍✐❣❤•② ❖r❞❡r❡❞ P②r♦•②t✐❝ •r❛♣❤✐t❡ ✭❍❖P•✮ ✇❛s ✉s❡❞ t♦ s②♥t❤❡s✐③❡ ❋▲•✳ ❖t❤❡r ❛❞✈❛♥t❛❣❡ ♦❢ ❍❖P• ♠❛t❡r✐❛• ✐s •✐♥❦❡❞ ✇✐t❤ ♣❛r❛••❡• ❛rr❛♥❣❡♠❡♥t ♦❢ ❣r❛♣❤❡♥❡ s❤❡❡ts ❝♦♠♣❛r❡❞ t♦ ♣❡♥❝✐• •❡❛❞ ❞✉r✐♥❣ ♠❡❝❤❛♥✐❝❛• ❡①❢♦•✐❛t✐♦♥ ❛s ✇✐•• ❜❡ ❞❡s❝r✐❜❡❞ •❛t❡r✳ ❚❤❡ ❋▲• ✇❛s ♣r❡♣❛r❡❞ ❜② t❤❡ s❛♠❡ ♣r✐♥❝✐♣•❡ ♦❢ ♠❡❝❤❛♥✐❝❛• ❛❜•❛t✐♦♥ ❛s ❢♦r t❤❡ ♣❡♥❝✐• •❡❛❞ ❛s ❡①♣•❛✐♥❡❞ ❡❛r•✐❡r ✐♥ ❝❤❛♣t❡r ✷ ✉♥❞❡r s❡❝t✐♦♥ ✷✳✷✳✶✳✸✳ ❚❤❡ ❞✐s❝s ♦❢ ❍❖P• ✇❛s ❝♦♥t✐♥✉♦✉s•② ❛❜•❛t❡❞ ❛❣❛✐♥st ❛ r♦✉❣❤ ❣•❛ss ❞✐s❝ ✇✐t❤ ❛ ❝♦♥tr♦••❡❞ ✢♦✇ ♦❢ ❡t❤❛♥♦• t♦ ❞❡t❛❝❤ t❤❡ ❋▲•s ❢r♦♠ t❤❡ ❞✐s❦ s✉r❢❛❝❡✳ ❚❤❡ ❋▲•s ✐♥ ❡t❤❛♥♦• ✶✹✵ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ✇❡r❡ ❝♦••❡❝t❡❞ ✐♥ ❛ ❜❡❛❦❡r ❛♥❞ ❦❡♣t ❢♦r ✷✹❤ ❢♦r ❛ ❞❡❝❛♥t❛t✐♦♥ st❡♣✳ ❆❢t❡r ✷✹❤✱ ❛r♦✉♥❞ ✼✺✪ ♦❢ t❤❡ •✐q✉✐❞ ✭❡t❤❛♥♦•✰❋▲•✮ ✇❛s t❛❦❡♥ ✐♥ ❛
♣r❡♣❛r❡❞ ❛♥❞ t❤❡r♠❛••② ❛♥♥❡❛•❡❞ ❛t ✾✵✵ • ❈ ✉♥❞❡r ❆r✱ ❇✮ tr❛♥s♠✐tt❛♥❝❡✳ ❚❤❡ ❱✭■✮ ♣•♦t ❛•✇❛②s s❤♦✇s ❛ •✐♥❡❛r ✈❛r✐❛t✐♦♥ ❛••♦✇✐♥❣ t♦ ❝❛•❝✉•❛t❡ ❛ s❤❡❡t r❡s✐st❛♥❝❡ | s ❛s ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥ ✷✳✶ ✐♥ s❡❝t✐♦♥ ✷✳✺✳✶✳✷ ♦❢ ❝❤❛♣t❡r ✷✳ ❚❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ♦❢ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡ ♦❢ ∼ 236 ❦Ω✴ ✭✇✐t❤ ❛♥ ❛✈❡r❛❣❡ | s ♦❢ ∼ 305 ±✶✶✺ ❦Ω✴ ✮ ✐s ❝❛•❝✉•❛t❡❞ ❛t t❤❡ tr❛♥s♣❛r❡♥❝② ♦❢ ✻✷ ±✺✪✳ | s ❞❡❝r❡❛s❡s ❜② ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✇✐t❤ ❛ t❤❡r♠❛• tr❡❛t♠❡♥t ❛t ✾✵✵ • ❈ ✉♥❞❡r ❆r ❢♦r t✇♦ ❤♦✉rs✱ t♦ ∼ 22❦Ω✴ ✭❛✈❡r❛❣❡ ♦❢ ∼ 23 ±✶✶ ❦Ω✴ ✮ ❢♦r ❛♥ ❛✈❡r❛❣❡ tr❛♥s♠✐tt❛♥❝❡ ♦❢ ✼✸ ± ✻✪✳ ❆❣❛✐♥✱ t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t ✐♥❞✉❝❡s t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ ❝❤❛r❣❡ tr❛♥s♣♦rt ❛s ✸✳✷✳ ❈❍❆|•❊ ❚|❆◆❙P❖|❚ ■◆ ❋▲• ❇( ▼❊❈❍❆◆■❈❆▲ ❊❳❋❖▲■❆❚■❖◆ ❖❋ ❙(◆❚❍❊❚■❈ •|❆P❍■❚❊ ✭❍❖P•✮ ✶✹✶ ❡①♣❡❝t❡❞✳ ❚❤❡ tr❛♥s♠✐tt❛♥❝❡ ✐s •✐♥❦❡❞ t♦ t❤❡ ✈♦•✉♠❡ ♦❢ ❋▲• ❞❡♣♦s✐t✐♦♥✱ ❤♦✇❡✈❡r✱ ❛ ✈❛r✐❛t✐♦♥ ♦❢ ❛r♦✉♥❞ ✶✽✪ ✐♥ t❤❡ tr❛♥s♣❛r❡♥❝② ✐s ♦❜s❡r✈❡❞ ❢♦r t❤❡ s❛♠❡ ❞❡♣♦s✐t✐♦♥ ✈♦•✉♠❡ ♦❢ ✸✵ ♠▲ ❢♦r ❛s✲♣r❡♣❛r❡❞ ✭❚ avg ✻✶✪✮ ❛♥❞ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ❞❡✈✐❝❡s ✭❚ avg ∼ 73✪✮ ♦❜t❛✐♥❡❞ ❛t ✺✺✵ ♥♠✳ ❇❛s❡❞ ✉♣♦♥ t❤❡s❡ r❡s✉•ts✱ ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝②✱ σ gt ✐s ❝❛•❝✉•❛t❡❞ ✭s❡❡ t❤❡ t❛❜•❡ ✸✳✸ ❢♦r ❋▲•✲❍❖P•✷✹❤ ❞❡✈✐❝❡s✮ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛✈❡r❛❣❡ | s ✱ ❛♥❞ ❚ ✪ ✭❛t ✺✺✵ ♥♠✮ ✇✐t❤ ± ❡rr♦r ❜❛rs ❢r♦♠ ♠❡❛♥ ✈❛•✉❡✳ ❚❛❜•❡ ✸✳✸✿ ❈♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ♦❢ ❋▲•✲❍❖P•✷✹❤ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s✳ ❙❛♠♣•❡✴❉❡✈✐❝❡ | s(avg) ✭❦Ω✴ ✮ ❚ avg ✭✪✮ ❈♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ✭σ gt ✮✱✭❙✴❝♠✮ ❋▲•✲❍❖P•✷✹❤ ✭✸✵♠▲✮ ✸✵✺ ±✶✶✺ ✻✶ ±✺ ∼ 5 ❋▲•✲❍❖P•✷✹❤ ✭✸✵♠▲✮✲✾✵✵ • ❈✲❆r ✷✸ ±✶✶ ✼✸±✻ ✻✶ ❋▲•✲❍❖P•✷✹❤ ✭✹✵♠▲✮ ✶✻✼ ±✺✵ ✸✻ ±✹ ∼ 5 ❲❤❡♥ ❝♦♠♣❛r✐♥❣ t♦ t❤❡ r❡s✉•ts ♦❜t❛✐♥❡❞ ❢♦r ❋▲•✲❆❜• ✭♣❡♥❝✐• •❡❛❞✮ ✐♥ ♣r❡✲ ✈✐♦✉s s❡❝t✐♦♥ ✭t❛❜•❡ ✸✳✷✮✱ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ♦❢ ❋▲•✲❍❖P• ❞❡✈✐❝❡s ✐s ✐♥ t❤❡ s❛♠❡ r❛♥❣❡ ❢♦r ❛s✲♣r❡♣❛r❡❞ s❛♠♣•❡s✳ ❍♦✇❡✈❡r✱ ❛❢t❡r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ st❡♣ ❛t ✾✵✵ • ❈ ✉♥❞❡r ❆r ❢♦r ✷❤✱ t❤❡ ✈❛•✉❡ ♦❢ σ gt ❤❛s ✐♥❝r❡❛s❡❞ ✉♣ t♦ ∼ 61 ❙✴❝♠ ❝♦♠♣❛r❡❞ t♦ ∼ 41 ❙✴❝♠✱ s❤♦✇✐♥❣ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ✹✵✪✳ ❋♦r ❛•♠♦st s❛♠❡ ♦r❞❡r ♦❢ | s ✱ ❛ ❤✐❣❤❡r tr❛♥s♠✐tt❛♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤ ❋▲•✲❍❖P• ❞❡✈✐❝❡s✳ ❚❤❡ ✐♠♣r♦✈❡✲ ♠❡♥t ✐♥ t❤❡ σ gt ✐s •✐♥❦❡❞ ✇✐t❤ t❤❡ ✐♠♣r♦✈❡❞ tr❛♥s♠✐tt❛♥❝❡ ✇❤✐❝❤ ❤❛s ✐♥❝r❡❛s❡❞ ❢r♦♠ ✸✶ ✭❢♦r ❋▲•✲❆❜•✮ t♦ ✼✸✪ ✭ ✽✵✪ ❤✐❣❤❡r ❢♦r t❤❡ ❍❖P• ❞❡✈✐❝❡s✮✳ ❲❡ ❝❛♥ ❡①♣❡❝t t❤❛t t❤❡ ❍❊ ♠❡❛s✉r❡♠❡♥ts ❝♦✉•❞ •❡❛❞ t♦ ❛ ♠✉❝❤ ❤✐❣❤❡r σ gt ✱ ❛s •♦✇❡r | s s❤♦✉•❞ ❜❡ ♦❜s❡r✈❡❞✳ ❚❤❡ ± ✈❛r✐❛t✐♦♥ ❢♦r | s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t s❛♠♣•❡s ♦❢ ❋▲•✲❍❖P• ✜•♠s ✐s •✐♥❦❡❞ t♦ ✐♥❝♦♥s✐st❡♥❝② ✐♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❋▲•✲❍❖P• ♠❛t❡r✐❛• ✐♥ ❡t❤❛♥♦• ✇❤✐❝❤ ✇❛s ❡st✐♠❛t❡❞ t♦ ❜❡ ❛r♦✉♥❞ ✵✳✶ ♠❣✴♠▲✳ ❉✉❡ t❤❡ ❞✐✣✲ ❝✉•t② ✐♥ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ ❡①❛❝t ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❋▲•✲❍❖P•✷✹❤ ❛❢t❡r t❤❡ ❞❡❝❛♥t❛✲ t✐♦♥ st❡♣✱ ✐t ✐s ♣♦ss✐❜•❡ t❤❛t t❤❡r❡ ❛r❡ s♠❛•• ✈❛r✐❛t✐♦♥s ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ✶✹✷ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ r❡s✉•t ✐♥ ✈❛r✐❛t✐♦♥ ♦❢ ❞❡♣♦s✐t❡❞ ✈♦•✉♠❡ ✭❛♥❞ ❤❡♥❝❡ t❤❡ | s ✮✱ tr❛♥s♠✐tt❛♥❝❡✱ ✜•♠ t❤✐❝❦♥❡ss ❛♥❞ ♠♦r♣❤♦•♦❣② ❝♦✉♣•❡❞ ✇✐t❤ ✐♥❝♦♥s✐st❡♥❝✐❡s ✐♥❤❡r❡♥t t♦ t❤❡ ❤♦t✲s♣r❛② ♠❡t❤♦❞✳ ❋✉rt❤❡r✱ ❛ ❞❡t❛✐•❡❞ st✉❞② ♦❢ t❤❡ s❤❛♣❡✱ t❤✐❝❦♥❡ss✱ q✉❛•✐t② ❛♥❞ s✐③❡ ♦❢ ❋▲•✲ ❍❖P•✷✹❤ ❝❛♥ ❜r✐♥❣ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ t♦ ✉♥❞❡rst❛♥❞ t❤❡s❡ ✈❛r✐❛t✐♦♥s✳ ❆ ❞r②✐♥❣ ♦❢ t❤❡ ❋▲• t♦ ♥♦r♠❛•✐③❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ❛✈♦✐❞❡❞ t♦ ♠✐♥✐♠✐③❡ t❤❡ st❛❝❦✐♥❣ ♦❢ t❤❡ ✢❛❦❡s✳ ❚❤❡ ❛❞❞✐t✐♦♥❛• ❢❛❝t♦r ✇❤✐❝❤ ❝♦✉•❞ ✐♥✢✉❡♥❝❡ t❤❡ tr❛♥s♣❛r❡♥❝② ✐s ❛ ❞❡❝❛♥t❛t✐♦♥ ♣r♦❝❡ss ❢♦r ✷✹❤✱ ✇❤✐❝❤ ❛••♦✇s t♦ ❡①tr❛❝t t❤❡ ✢❛❦❡s ✇✐t❤ ❤✐❣❤❡r s✉r❢❛❝❡✴✈♦•✉♠❡ r❛t✐♦✳ ❆ ♣♦ss✐❜✐•✐t② t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥❞✉❝t✐✈❡ ✜•♠ ✇✐t❤ ❛ tr❛♥s♣❛r❡♥❝② ❤✐❣❤❡r t❤❛♥ ✼✵ ✪ ❢♦r t❤❡ ❋▲•✲❍❖P• ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ✸✵✪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❋▲•✲❆❜• ❝♦♥✜r♠s ❞✐✛❡r❡♥t ♠♦r♣❤♦•♦❣② ♦❢ t❤❡ ✢❛❦❡s ✭•❛r❣❡r s✐③❡ ♦❢ t❤❡ ✢❛❦❡s✮✱ ❛s t❤❡ ♣❡r❝♦•❛t✐♦♥ t❤r❡s❤♦•❞ ✇❛s ❞❡❝r❡❛s❡❞✳ ❚❤❡ ✢❛❦❡s ❢r♦♠ ❛❜•❛t✐♦♥ ♦❢ ♣❡♥❝✐• •❡❛❞ ❤❛✈❡ ❛•s♦ ♠✉•t✐✲ st❡♣ str✉❝t✉r❡s ✭t❤❡ •❛t❡r❛• s✐③❡ ♦❢ s❤❡❡ts ✇✐t❤✐♥ t❤❡ ✐♥❞✐✈✐❞✉❛•
t♦ ❢♦r♠ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ✢❛❦❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❍❖P• ❞✐s❝ ❛•• ❣r❛♣❤✐t✐❝ ✐❞❡♥t✐t✐❡s ❛r❡ ♠♦st•② ❛rr❛♥❣❡❞ ✐♥ t❤❡ ♣•❛♥❛r✱ ❤♦r✐③♦♥t❛• t♦ t❤❡ ❛❜•❛t✐♦♥ s✉r❢❛❝❡ ❞✐r❡❝t✐♦♥✳ ■t ✐s ❝•❡❛r t❤❛t t❤❡ σ gt ♦❢ t❤✐s t②♣❡ ♦❢ ❋▲• ✐s ❡✈❡♥ ✷✲✸ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ •❡ss t❤❛♥ t❤❛t ♦❢ t❤❡ ❝♦♠♠❡r❝✐❛• ■❚❖ ❛♥❞ ❡✈❡♥ ❛❢t❡r t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ tr❡❛t♠❡♥t ❞❡s✐r❛❜•❡ r❡s✉•ts ❛r❡ ♥♦t ❛❝❤✐❡✈❡❞✱ ❛•t❤♦✉❣❤ ❍❊ ♠❡❛s✉r❡♠❡♥ts ❝♦✉•❞ ♣r♦✈✐❞❡ ❜❡t✲ t❡r ❍❖P• ✜•♠ ♣❡r❢♦r♠❛♥❝❡✳ ❋✐❣✉r❡ ✸✳✾ s❤♦✇s t❤❡ ❙❊▼ ♠✐❝r♦❣r❛♣❤s ♦❢ s❡✈❡r❛• ❋▲•✲❍❖P•✲✷✹❤ ❞❡✈✐❝❡s✳ ❚❤❡s❡ ❙❊▼ ✐♠❛❣❡s r❡❝♦r❞❡❞ ✐♥ t❤❡ t♦♣✲✈✐❡✇ s❤♦✇ t❤❛t ❋▲• ✜•♠ ❝♦♥s✐sts ♦❢ ♦✈❡r•❛♣♣✐♥❣ ✢❛❦❡s ❢♦r♠✐♥❣ •❛②❡rs ♦❢ ❣r❛♣❤❡♥❡ ❛♥❞ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ s❤❡❡ts ✇✐t❤ ❛r❜✐tr❛r② s❤❛♣❡s ❛♥❞ r❛♥❞♦♠ ✐♥✲♣•❛♥❡ ♦r✐❡♥t❛t✐♦♥✳ ❙♦♠❡ ♦❢
♦♥ ❙❊▼ ✐♠❛❣❡s ❬✷✹✹(✳ ❆•t❤♦✉❣❤ | s ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② t♦ s♦♠❡ ❡①t❡♥t ❜② ❝♦♠♣r❡ss✐♥❣ ♦r ♣♦•✐s❤✐♥❣ ♠❡t❤♦❞s✱ ✇❤✐❝❤ ♠✐❣❤t r❡s✉•t ✐♥ ❜❡tt❡r ❝♦♥t❛❝t✴♣❡r❝♦✲ •❛t✐♦♥ ❛♠♦♥❣ ✢❛❦❡s ❛♥❞ ❤❡♥❝❡ ❜❡tt❡r ❝❤❛r❣❡ tr❛♥s♣♦rt ❝❤❛r❛❝t❡r✐st✐❝s✳ ❍♦✇❡✈❡r ✐t ✐s ♥♦t ❡❛s✐•② ♣r❛❝t✐❝❛❜•❡ ✇✐t❤♦✉t ❡t❝❤✐♥❣ ❛✇❛② ♦r ❞❛♠❛❣✐♥❣ t❤❡ s✉r❢❛❝❡ ♦❢ ✜•♠ ❛s ✐t ❝❛♥ ❡❛s✐•② ❜❡ ❡t❝❤❡❞ ✇✐t❤ ♦♥•② s♠❛•• ❛♣♣•✐❡❞ ❢♦r❝❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤✐s ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✢❛❦❡s t♦✇❛r❞s t❤❡ "z" ❞✐r❡❝t✐♦♥ ✭♦♣♣♦s❡❞ t♦ t❤❡ ♣✉♥❝t✉❛• st❛❝❦✲ ✐♥❣✮ ♦r ✈❡rt✐❝❛• ❛•✐❣♥❡❞ ♠♦r♣❤♦•♦❣② ❝❛♥ ❜❡ ❛♥ ❛❞✈❛♥t❛❣❡ ❢♦r ❝❤❛r❣❡ tr❛♥s♣♦rt ✐♥ ❡•❡❝tr♦❞❡s ❢♦r ❞②❡✲s❡♥s✐t✐③❡❞ s♦•❛r ❝❡••s ❛♥❞ st♦r❛❣❡ ✭•✐t❤✐✉♠ ✐♦♥ ❜❛tt❡r②✮ ❞❡✈✐❝❡s ❛♥❞ ❛•s♦ ❝❛♥ ❜❡ ❛♣♣•✐❡❞ t♦ ❣r❛♣❤❡♥❡✲❜❛s❡❞ t❤❡r♠❛• ✐♥t❡r❢❛❝✐❛• ♠❛t❡r✐❛•s ❢♦r ❜❡tt❡r t❤❡r♠❛• ♠❛♥❛❣❡♠❡♥t ✐♥ ❞✐✛❡r❡♥t ❡•❡❝tr♦♥✐❝s ❞❡✈✐❝❡s ❬✸✾✱ ✷✹✺✱ ✷✹✻(✳ ❆♣❛rt ❢r♦♠ ❞✐✛❡r❡♥t ♠♦r♣❤♦•♦❣② ♦❢ t❤❡ ❋▲• ✢❛❦❡s ❢r♦♠ ♣❡♥❝✐• ❛♥❞ ❍❖P•✱ t❤❡ ✐♠♣♦rt❛♥t ✐♠♣❛❝t ♦♥ t❤❡ | s ✴❚ ♣❡r❢♦r♠❛♥❝❡ ❝♦✉•❞ ❛r✐s❡ ❢r♦♠ ❞✐✛❡r❡♥t ❝♦♥✲ ❝❡♥tr❛t✐♦♥s ♦❢ ❜♦t❤ ♠❛t❡r✐❛•s ❞✉r✐♥❣ t❤❡ ♣r❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ✜•♠s✳ ❋♦r t❤✐s r❡❛s♦♥ t❤r❡❡ s❡r✐❡s ♦❢ ❋▲• s❤❡❡ts ❛r❡ ♣♦ss✐❜•❡ ❛s ✈✐s✐❜•❡ ✐♥ ✜❣✉r❡ ✸✳✽✳ ✸✳✸ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ❛♥❞ ❈r②st❛••✐③❛t✐♦♥ ♦❢ ❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ❜② µ✲✇❛✈❡s✲❛ss✐st❡❞ ❖①✐❞❛✲ t✐♦♥ ✐♥ ❲❛t❡r ❋▲• ♦❜t❛✐♥❡❞ ❜② ❛❜•❛t✐♦♥ ♦❢ ♣❡♥❝✐• •❡❛❞ ❝♦✉•❞ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♠♦r♣❤♦•♦❣② ❜② t✇♦ st❡♣s✿ ❋✐rst✱ µ✲✇❛✈❡s✲❛ss✐st❡❞ ♦①✐❞❛t✐♦♥ ✐♥ ✇❛t❡r✱ ❛♥❞ s❡❝♦♥❞ ♦①✐❞❛t✐♦♥ ❛t ∼ 650 • ❈✳ ❚❤❡ ✜rst st❡♣ •❡❛❞s t♦ t❤❡ ❞♦✉❜•❡ str✉❝t✉r❡✱ ✐✳❡✳ ❤✐❣❤•② ❣r❛♣❤✐t✐❝ s❤❡❡ts ✭❞✉❡ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ µ✲✇❛✈❡s✮ ❛♥❞ ❝❛r❜♦♥ ♥❛♥♦❜❛••s✱ ✇❤✐❝❤ r❡♣r❡s❡♥t ✹✵✪ ♦❢ t♦t❛• ✇❡✐❣❤t ✭♠❛ss✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❚•❆ ❛♥❛•②s❡s✳ ❚❤❡ ♥❛♥♦❜❛••s ❛r❡ ❢♦r♠❡❞ ❢r♦♠ ❤②❞r♦❝❛r❜♦♥s ✭t♦•✉❡♥❡✮ ❛❞s♦r❜❡❞ ♦♥ ❋▲• s✉r❢❛❝❡ ✭✜❣✉r❡ ✸✳✶✵❆✮ ❛♥❞ ❢r♦♠ ❡①❢♦•✐❛t✐♦♥ ♦❢ s♠❛•• s❤❡❡ts ♦❢ ❣r❛♣❤❡♥❡ ❢r♦♠ ❋▲•✳ ❚❤❡ •❛tt❡r ♣r♦❜❛❜•② ❤❛♣♣❡♥s ❛t
♠❡♥t ✐♥ ✇❛t❡r ✭❋▲•✲❍ 2 ❖✮✱ ❞✐s♣•❛②✐♥❣ t❤❡ ❤✐❣❤•② ❝r②st❛••✐③❡❞ ❋▲• s❤❡❡ts✱ ❇✮✳ ❚•❆ ✭❞❡r✐✈❛t✐✈❡s✮ ♣r♦✜•❡s ♦❢ ✐♥✐t✐❛• ❋▲• ✭❋▲•✮✱ ❋▲• ❛❢t❡r µ✲✇❛✈❡s tr❡❛t♠❡♥t ✐♥ ✇❛t❡r ✭❋▲•✲❍ 2 ❖✮ ❛♥❞ ❋▲• ❛❢t❡r µ✲✇❛✈❡s tr❡❛t♠❡♥t ✐♥ ✇❛t❡r ❛♥❞ ❛❞❞✐t✐♦♥❛• ♦①✐❞❛t✐♦♥ ❛t ✻✺✵ • ❈ ✭❋▲•✲❍ 2 ❖✰✻✺✵ • ❈♦①✮✱ ❈✮ ❛♥❞ ❋▲• ❛♥❞ ❋▲• ❛❢t❡r µ✲✇❛✈❡s tr❡❛t♠❡♥t ✐♥ ✇❛t❡r ✭❋▲•✲❍ 2 ❖✮ ❉✳ t❤❡ st❡♣s ❛♥❞ ♥❛♥♦❝r❛❝❦s✱ ✇❤✐❝❤ ❞❡❝r❡❛s❡s t❤❡ ✧♠✉•t✐✲st❡♣✧ ♥❛t✉r❡ ♦❢ ❋▲•✲❆❜•✳ ❙✐♥❝❡ t❤❡ ♥❛♥♦❜❛••s ❜✉r♥ ❛t ❛ t❡♠♣❡r❛t✉r❡ s✐❣♥✐✜❝❛♥t•② •♦✇❡r t❤❛♥ ❣r❛♣❤✐t✐❝ ❋▲• ✭✻✵✪✮✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❛t ∼ 650 • ❈ ❝❛♥ ❜❡ ♥❡①t ❛♣♣•✐❡❞ ❢♦r s❡•❡❝t✐✈❡ r❡♠♦✈❛• ♦❢ t❤❡ ❜❛••s ✭✜❣✉r❡ ✸✳✶✵❇✮✳ ❚❤✐s r❡s✉•ts ✐♥ s❤✐❢t ♦❢ ❝♦♠❜✉st✐♦♥ t❡♠♣❡r❛t✉r❡✱ ❛♥❞ ✧♣✉r❡✧ ❋▲• s❤❡❡ts ✇✐t❤ ❤✐❣❤ ❣r❛♣❤✐t✐❝ ❞❡❣r❡❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✭✜❣✉r❡ ✸✳✶✵❈✲ ✶✹✻ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❉✮✳ ❚❤✐s ✐s ♣✉❜•✐s❤❡❞ ❛rt✐❝•❡✱ ✧❆❝t✐✈❛t✐♦♥ ♦❢ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ ❜② µ✇✲❛ss✐st❡❞ ♦①✐❞❛t✐♦♥ ✐♥ ✇❛t❡r ✈✐❛ ❢♦r♠❛t✐♦♥ ♦❢ ♥❛♥♦❜❛••s✲ s✉♣♣♦rt ❢♦r Pt ♥❛♥♦♣❛rt✐❝•❡s✧ ✐♥ ❏♦✉r♥❛• ♦❢ ❈♦••♦✐❞ ❛♥❞ ■♥t❡r❢❛❝❡ ❙❝✐❡♥❝❡✱ ✷✵✶✺✮ ❬✷✹✼(✳ ✸✳✹ |♦✉❣❤♥❡ss ❛♥❞ ❚❤✐❝❦♥❡ss ❉❡t❡r♠✐♥❛t✐♦♥ ❚❤❡ r♦✉❣❤♥❡ss ❛♥❞ t❤✐❝❦♥❡ss ✇❡r❡ st✉❞✐❡❞ ❢♦r ❞✐✛❡r❡♥t ❋▲• s❛♠♣•❡s ❢r♦♠ ❋▲•✲❆❜• ❛♥❞ ❋▲•✲❍❖P•✷✹❤ ❜② t❤❡ ❉❡❦t❛❦ ♣r♦✜•♦♠❡t❡r✱ ❆❋▼ ❛♥❞ ◆|❆ t❡❝❤✲ ♥✐q✉❡s ✇❤✐❝❤ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s❡❝t✐♦♥s✳ ✸✳✹✳✶ ❙✉r❢❛❝❡ Pr♦✜•❡ ❢♦r |♦✉❣❤♥❡ss ❜② Pr♦✜•♦♠❡t❡r |♦✉❣❤♥❡ss ♦❢ ❋▲• ✜•♠s ❢r♦♠ ❋▲•✲❆❜• s❛♠♣•❡ ✭✵✳✺ ♠❣✴♠▲ ❝♦♥❝❡♥tr❛t✐♦♥✱ ✹ ♠▲ ❞❡♣♦s✐t❡❞ ✈♦•✉♠❡✱ | s ✽✺ ❦Ω✴ ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ✸✶✪✮ ✇❛s ♣❡r❢♦r♠❡❞ ❢♦r s❝❛♥ •❡♥❣t❤ ♦❢ ✹✵✵ µ♠ ✉s✐♥❣ ❱❡❝❝♦ ❉❡❦t❛❦ ✶✺✵ ♣r♦✜•♦♠❡t❡r ❛♥❞ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♣r♦✜•❡ ✐♠❛❣❡
❞ ❆•♦♥❡ ❙▼❊◆❆ ❙❝❛♥♥✐♥❣ ♣r♦❜❡ ▼✐❝r♦s❝♦♣❡✮ ❛♥❛•②s❡s ✇❡r❡ ♣❡r❢♦r♠❡❞✱ ✇♦r❦✐♥❣ ✐♥ t❛♣✲ ♣✐♥❣ ♠♦❞❡✳ ❚❤❡ ❆❋▼ ♣r♦✜•❡ ✐♠❛❣❡s ❛♥❞ ❤✐st♦❣r❛♠s ❢♦r ❋▲•✲❆❜• ❞❡✈✐❝❡s ❛r❡ ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✸✳✶✷✳ ❋♦r ❛ r❡•❛t✐✈❡•② ✢❛t ❛r❡❛ ✇✐t❤♦✉t ♥♦t❛❜•❡ ❢❡❛t✉r❡✱ t❤❡ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss ♦❢ ❋▲• ✜•♠s ❛s ✐♥❞✐❝❛t❡❞ ❜② |❛ ❛♥❞ |q ✭|▼❙✮ ❛r❡ ✾✻ ❛♥❞ ✶✶✽ ♥♠✱ r❡s♣❡❝t✐✈❡•②✱ ✭✜❣✉r❡ ✸✳✶✷❆✮ ✇❤✐❝❤ ✈❡r✐❢② t❤❡ ♣r❡✈✐♦✉s•② ♦❜t❛✐♥❡❞ r❡s✉•ts ❜② ❉❡❦t❛❦ ♣r♦✜•❡ ✭|❛ ✶✵✼✱ |q ✶✸✵ ♥♠✮ ✇✐t❤ ♦♥•② s♠❛•• ✈❛r✐❛t✐♦♥s ♥♦t✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s❝❛♥ s✐③❡ ✐♥ ❜♦t❤ ♠❡❛s✉r❡♠❡♥ts ✭❉❡❦t❛❦ ✹✵✵ µ♠ ❞✐st❛♥❝❡ ✈s ❆❋▼ ✶✵ µ♠ × ✶✵ µ♠✮✳ ❚❤❡ ❆❋▼ ✐♠❛❣❡s ❝♦rr❡s♣♦♥❞ ✇❡•• t♦ t❤❡ ❙❊▼ ✐♠❛❣❡s ♦❜t❛✐♥❡❞ ❢♦r t❤❡s❡ ✜•♠s✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤✐❝❦❡r ♣♦✐♥ts✱ ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡❞ ♦❢ ❋▲• ✢❛❦❡s ❛❣❣•♦♠❡r❛t❡s✳ ❋✐❣✉r❡s ✸✳✶✷❇ ❛♥❞ ❈ ♣r♦✈✐❞❡ t❤❡ ✸❉ ✐♠❛❣❡ ❛♥❞ ❤✐st♦❣r❛♠ ✜tt❡❞ ❜② •❛✉ss✐❛♥ ✶✹✽ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❋✐❣✉r❡ ✸✳✶✷✿ ❆✮ ❆❋▼ t♦♣♦❣r❛♣❤② ♣r♦✜•❡ ✐♠❛❣❡ ♦❢ ❋▲•✲❆❜• ❞❡✈✐❝❡✱ ❇✮ ✸❉ ✐♠❛❣❡ ♦❢ t❤❡ ♣r♦✜•❡✱ ❈✮ ❍✐st♦❣r❛♠ ♣r♦✜•❡ ✜tt❡❞ ❜② •❛✉ss✐❛♥ ❝✉r✈❡✱ ❉✮ ❆❋▼ ✐♠❛❣❡ ❛t ❛ ❞✐✛❡r❡♥t •♦❝❛t✐♦♥ ✇✐t❤ ❛ ❜✐❣ ♠✐❝r♦♠❡tr✐❝ ✢❛❦❡✱ ❊✮ ✸❉ ✐♠❛❣❡ ♦❢ ♣r♦✜•❡ ✇✐t❤ •❛r❣❡ ✢❛❦❡ ❋✮✱ ✷❉ ✐♠❛❣❡ ♦❢ t❤❡ ✐♥s❡t s❤♦✇✐♥❣ s♠♦♦t❤❡r ❛r❡❛ ✐♥ t❤❡ ♣r♦✜•❡✱ •✮ ❍✐st♦❣r❛♠ ♣r♦✜•❡ ✜tt❡❞ ❜② •❛✉ss✐❛♥ ❝✉r✈❡ ♦❢ ✐♠❛❣❡ ✐♥ ❉✳ ❝✉r✈❡✱ r❡s♣❡❝t✐✈❡•②✱ ♦❢ t❤❡ s❛♠❡ ♣r♦✜•❡✳ ◆♦t❡ t❤❛t t❤❡ st❡♣ s✐③❡ ❢♦r ❤❡✐❣❤t ✇❛s ✐♥❝r❡❛s❡❞ t♦ ✷✵ ♥♠ ❢r♦♠ ✐ts ♦r✐❣✐♥❛• s✐③❡ ♦❢ ✶ ♥♠ t♦ ❣❡t ❝•❡❛r ❡✈❛•✉❛t✐♦♥ ♦❢ t❤❡ r♦✉❣❤♥❡ss ❜② ❤✐st♦❣r❛♠ ♣r♦✜•❡✳ ❚❤❡ •❛✉ss✐❛♥ ✜t✱ ❤♦✇❡✈❡r ❛❜s♦•✈❡s t❤❡ s♣❡❝✐❛• ❢❡❛t✉r❡s ♦r r❛♥❞♦♠ ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛s ♥♦t❡❞ ❡❛r•✐❡r ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✸✳✹✳ |❖❯•❍◆❊❙❙ ❆◆❉ ❚❍■❈❑◆❊❙❙ ❉❊❚❊|▼■◆❆❚■❖◆ ✶✹✾ ❉❡❦t❛❦ ♣r♦✜•❡✱ ✈❡r② t❤✐❝❦ ✢❛❦❡s✴❢r❛❣♠❡♥ts ❝❛♥ r❡❛❝❤ ❤❡✐❣❤t ✉♣ t♦ ✽✵✵ ♥♠ ❛s ✐••✉str❛t❡❞ ❜② t❤❡ ❉❡❦t❛❦ ♣r♦✜•❡ ❛s ✇❡•• ❜② t❤❡ ❆❋▼ ✐♠❛❣❡s✳ ❙♦♠❡ ❢r❛❣♠❡♥ts ❝❛♥ ❜❡ ❡✈❡♥ ❛❝❝✐❞❡♥t❛••② t❤✐❝❦❡r ❛♥❞ t❤✐s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✸✳✶✷❉ ❢♦r ❛ s❝❛♥ ❛t ❞✐✛❡r❡♥t •♦❝❛t✐♦♥ ♦♥ t❤❡ s❛♠❡ s❛♠♣•❡✱ ✇❤❡r❡ ❛ t❤✐❝❦ ❢r❛❣♠❡♥t ✐s s❡❡♥ ✐♥ •✐❣❤t ♦r❛♥❣❡✴✇❤✐t❡ ❝♦•♦r✳ ❚❤✐s ✐♠❛❣❡ s❤♦✇s t❤❛t t❤❡ ❤✐❣❤❡st ♣❡❛❦ ❝❛♥ ❛tt❛✐♥ ✉♣ t♦ ✶✳✻ µ♠ ❤❡✐❣❤t ✭❢♦r t❤❡ s❛♠❡ s❛♠♣•❡ ❛t ❛ ❞✐✛❡r❡♥t •♦❝❛t✐♦♥✮✳ ❚❤❡ |❛ ❛♥❞ |q ✈❛•✉❡s ❛r❡ ❛•s♦ ❛✛❡❝t❡❞ ✭❛•t❤♦✉❣❤ ♥♦t s✐❣♥✐✜❝❛♥t•②✮ ❛♥❞ ✐♥❝r❡❛s❡❞ t♦ ✶✼✶ ❛♥❞ ✷✻✹ ♥♠✱ r❡s♣❡❝t✐✈❡•②✳ ❋✐❣✉r❡ ✸✳✶✷❊ s❤♦✇s t❤❡ s❝❛♥ ♦❢ ❛ s♠❛•• ❤♦♠♦❣❡♥❡♦✉s r❡❣✐♦♥ ♦❢ ✹①✹ µ♠❂ ✶✻ µ♠ 2 ❢r♦♠ t❤❡ s❛♠❡ ♣r♦✜•❡ ❛♥❞ r❡✈❡❛•s t❤❛t t❤❡r❡ ❛r❡ ♠❛♥② ❛r❡❛s ❜❡•♦✇ ✷✵✵ ♥♠ ❛s ✐♥❞✐❝❛t❡❞ ❜② ♠❛•♦r ❞❛r❦ ♦r❛♥❣❡ ❝♦•♦r✳ ❋✐❣✉r❡s ✸✳✶✷❋ ❛♥❞ • s❤♦✇ t❤❡ ✸❉ ♣r♦✜•❡ ❛♥❞ t❤❡ ❤✐st♦❣r❛♠ ✜tt❡❞ ❜② ❛ •❛✉ss✐❛♥ ❝✉r✈❡✱ r❡s♣❡❝t✐✈❡•②✱ ♦❢ t❤❡ s❛♠❡ s❝❛♥ ✇✐t❤ t❤❡ t❤✐❝❦ ✢❛❦❡ ✐♥❝•✉❞✐♥❣ t❤❡ ❤✐❣❤❡st ♣❡❛❦ ❛t ❛r♦✉♥❞ ✶✳✻ µ♠ ❛♥❞ s♠❛••❡r ♣❡❛❦s ❛t ❛r♦✉♥❞ ✵✳✽ µ♠✳ ❚❤❡ ❤✐st♦❣r❛♠ ✐♥ ✸✳✶✷• s❤♦✇s ❛ s♠❛•• ♣❡❛❦ ❜❡t✇❡❡♥ ✺✵ ❛♥❞ ✸✵✵ ♥♠ ✭❤❡✐❣❤t✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♣♦♣✉•❛t✐♦♥ ♦❢ s♠❛••❡r ♣❡❛❦s ✐♥ t❤✐s r❡❣✐♦♥ ✭❝♦rr❡s♣♦♥❞✐♥❣ r♦✉❣❤•② t♦ t❤❡ ♠❛①✐♠✉♠ ♦❢ ✜❣✉r❡ ✸✳✶✷❈✮ ✇❤✐❝❤ ❛r❡ ♦✈❡rs❤❛❞♦✇❡❞ ❜② t❤❡ ♣❡❛❦s ❛t ❤✐❣❤❡r ❛♠♣•✐t✉❞❡s✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t✐♣ ✇✐t❤ t❤❡ ❋▲• ✜•♠ ✉♥❞❡r st✉❞② ❤❛s ♥♦t s❤♦✇♥ ❛♥② ❡✈✐❞❡♥❝❡ ♦❢ ♠♦❞✐✜❝❛t✐♦♥ ✐♥ t❤❡ r♦✉❣❤♥❡ss ♦r t❤❡ t♦♣♦❣r❛♣❤② ♦❢ t❤❡ ✜•♠s ❞✉❡ t♦ r❡♣❡❛t❡❞ s❝❛♥s ♦♥ t❤❡ s❛♠❡ •♦❝❛t✐♦♥ ✉♥❞❡r s❛♠❡ ❝♦♥❞✐t✐♦♥s✳ ❋♦r t❤❡ ❋▲•✲❍❖P•✷✹❤ ✭∼ 0.1 ♠❣✴♠▲ ❝♦♥❝❡♥tr❛t✐♦♥✱ ✹✵ ♠▲ ❞❡♣♦s✐t❡❞ ✈♦•✉♠❡✱ | s ✶✻✼ ❦Ω✴ ❛♥❞ ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ✸✻✪✮ s❛♠♣•❡✱ •❛r❣❡r s❝❛♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ✭✺✵×✺✵ µ♠ ❂ ✷✺✵✵ µ♠ 2 ✮ ♥❡❛r t❤❡ ❡❞❣❡ ❛♥❞ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❞❡✈✐❝❡✱ ❢♦r ❛♣♣r♦①✐♠❛t❡•② s❛♠❡ ❞❡♣♦s✐t❡❞ ✈♦•✉♠❡ ❛s ❋▲•✲❆❜•✳ ❋✐❣✉r❡ ✸✳✶✸ s❤♦✇s t❤❡ ❆❋▼ ✐♠❛❣❡s ❛♥❞ ❤✐st♦❣r❛♠s ♦❢ ❋▲•✲❍❖P•✷✹❤ ❞❡✈✐❝❡✳ ❚❤❡ r❡s✉•ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ r♦✉❣❤♥❡ss ❛✈❡r❛❣❡ ✈❛•✉❡s ✐♥❝r❡❛s❡ t♦ |❛ ❂ ✶✺✾ ♥♠ ❛♥❞ |q ❂ ✷✹✵ ♥♠✱ r❡s♣❡❝t✐✈❡•②✱ ❢♦r s✉❝❤ ❞❡✈✐❝❡ ✭✜❣✉r❡ ✸✳✶✸❆✮✱ ❝♦♠♣❛r❡❞ t♦ |❛❂✾✻ ❛♥❞ |q❂✶✶✽✱ r❡s♣❡❝t✐✈❡•② ❢♦r ❋▲•✲❆❜• ❞❡✈✐❝❡✳ ■t ❢✉rt❤❡r ✐♥❝r❡❛s❡s ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❞❡✈✐❝❡ t♦ |❛ ❂ ✷✺✵ ♦❢ ♥♠ ❛♥❞ |▼❙ ❂ ✸✹✹ ♥♠ ✭✜❣✉r❡ ✸✳✶✸❉✮✱ r❡s♣❡❝t✐✈❡•②✱ ❞✉❡ t♦ t❤❡ ❤✐❣❤❡r ♣r♦❜❛❜✐•✐t② ♦❢ ❞❡♣♦s✐t✐♦♥ ❜② s♣r❛② ♦♥ t❤❡ ❝❡♥t❡r ✶✺✵ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❋✐❣✉r❡ ✸✳✶✸✿ ❆✲❇✮ ❆❋▼ t♦♣♦❣r❛♣❤② ♣r♦✜•❡ ✐♠❛❣❡ ♦❢ ❋▲•✲❍❖P•✷✹❤ ❞❡✈✐❝❡ ❛t ❡❞❣❡ ❛♥❞ r❡•❛t❡❞ ✸❉ ✐♠❛❣❡✱ ❈✮ ❍✐st♦❣r❛♠ ♦❢ t❤❡ ♣r♦✜•❡ ✜tt❡❞ ✉s✐♥❣ •❛✉ss✐❛♥ ❝✉r✈❡✱ ❉✲❊✮ ❆❋▼ t♦♣♦❣r❛♣❤② ♣r♦✜•❡ ✐♠❛❣❡ ❛t ❝❡♥t❡r ♦❢ t❤❡ ❞❡✈✐❝❡ ❛♥❞ r❡•❛t❡❞ ✸❉ ✐♠❛❣❡✱ ❋✮ ❍✐st♦❣r❛♠ ♦❢ t❤❡ ♣r♦✜•❡ ✜tt❡❞ ✉s✐♥❣ •❛✉ss✐❛♥ ❝✉r✈❡✳ ♦❢ ❞❡✈✐❝❡✱ ❢♦r ❜❡✐♥❣ ❞✐r❡❝t•② ✉♥❞❡r t❤❡ ✢♦✇ ♦❢ ♥♦③③•❡✳ |❡s♣❡❝t✐✈❡ ✸❉ ✐♠❛❣❡s ❛♥❞ ❤✐st♦❣r❛♠ ♣r♦✜•❡s ❢♦r s❝❛♥ ❛t t❤❡ ❡❞❣❡ ❛♥❞ ❛t t❤❡ ❝❡♥t❡r ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✸❇✲❈ ❛♥❞ ✸✳✶✸❊✲❋✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ❤❡✐❣❤t st❡♣ s✐③❡ ❢♦r t❤❡s❡ ❤✐st♦❣r❛♠s ✇❡r❡ ✐♥❝r❡❛s❡❞ t♦ ✹✵ ❛♥❞ ✻✶ ♥♠✱ r❡s♣❡❝t✐✈❡•② ✭✇❤✐❝❤ ✇❛s ♦r✐❣✐♥❛••② s❡t t♦ ✶ ♥♠✮ ❢♦r •❛r❣❡ ❞❛t❛ ♣♦✐♥ts✳ ❚❤❡s❡ r❡s✉•ts ✐♥❞✐❝❛t❡ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ♠♦r♣❤♦•♦❣②✴t♦♣♦❣r❛♣❤② ♦❢ ✸✳✹✳ |❖❯•❍◆❊❙❙ ❆◆❉ ❚❍■❈❑◆❊❙❙ ❉❊❚❊|▼■◆❆❚■❖◆ ✶✺✶ ✜•♠s ✇❤✐❝❤ ♥♦t ♦♥•② ✐♠♣❡❞❡s t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❛♠♦♥❣ t❤❡ ✢❛❦❡s ❜✉t ❛❞❞r❡ss❡s ❛ ❝❤❛••❡♥❣❡ t♦ ♦❜t❛✐♥ ✉♥✐❢♦r♠ ✜•♠s ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ♣r♦♣❡rt✐❡s ❢♦r ❡•❡❝tr♦♥✐❝s ❛♣♣•✐❝❛t✐♦♥s ❛s ✇❡••✳ ■❢ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❋▲•✲❆❜•✱ ❤♦✇❡✈❡r✱ t❤❡ ❤✐❣❤❡st ♣♦✐♥ts ❢♦r ❋▲•✲❍❖P•✷✹❤ ❛r❡ t❤✐♥♥❡r ✭s❡❡ ❆❋▼ ✐♠❛❣❡s ❛♥❞ ✸❉ ♣r♦✜•❡s✮✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s t❤❛t t❤❡② ❛r❡ ♠♦st•② t❤❡ ✢❛❦❡s✱ ✇❤✐❝❤ •✐❢t ✈❡rt✐❝❛••② ❢r♦♠ t❤❡ s✉r❢❛❝❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❋▲•✲❆❜• t❤❡ t❤✐❝❦ ♣♦✐♥ts ❛r❡ ♠♦st•② st❛❝❦❡❞ ✐♥ "z" ❞✐r❡❝t✐♦♥ ✢❛❦❡s✳ ❚❤❡ ♠♦r♣❤♦•♦❣② ♦❢ ❋▲•✲❍❖P• ✜•♠ s❡❡♠s t♦ ❜❡ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢♦r t❤❡ ❢✉rt❤❡r ❛♣♣•✐❝❛t✐♦♥ ✇❤❡r❡ t❤❡ ❝❤❛r❣❡s ♥❡❡❞ t♦ ❜❡ tr❛♥s♣♦rt❡❞ t♦ ✉♣♣❡r •❛②❡r✳ ✸✳✹✳✸ ❚❤✐❝❦♥❡ss ❜② ◆|❆ ❚❤❡ ◆✉❝•❡❛r |❡❛❝t✐♦♥ ❆♥❛•②s✐s ♣❡r♠✐ts t♦ ♦❜t❛✐♥ t❤❡ tr✉❡ ❛t♦♠✐❝ ❞❡♥s✐t② ✭✉♣ t♦ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ ♥♠ ❞❡❡♣ ✐♥❝•✉❞✐♥❣ t❤❡ ✈♦✐❞s✮ ♦❢ ✜•♠s ❜② ❡st✐♠❛t✐♥❣ t❤❡ q✉❛♥t✐t② ♦❢ ❡•❡♠❡♥ts ✉s✐♥❣ t❤❡✐r ♥✉❝•❡❛r r❡❛❝t✐♦♥s✳ ❑♥♦✇✐♥❣ t❤❡ s✉r❢❛❝❡ ❛♥❞ ✈♦•✉♠❡ ❞❡♥s✐t✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛•✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♠❛t❡r✐❛•✳ |❡✈❡rs❡•②✱ ❦♥♦✇✐♥❣ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✜•♠✱ ✇❡ ❝❛♥ ❝❛•❝✉•❛t❡ t❤❡ ✈♦•✉♠❡ ❞❡♥s✐t② ♦❢ t❤❡ ♠❛t❡r✐❛•✳ ❚❤❡ ❝♦♥✈❡rs✐♦♥ ❢r♦♠ ❝❤❛♥♥❡• ✭❛r❜✐tr❛r② ♥✉♠❜❡r s•♦ts ✇❤✐❝❤ ❛r❡ ❝♦♥✈❡rt❡❞ t♦ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❡r❣② ✈❛•✉❡s✮ t♦ ❡♥❡r❣② ✐s ♠❛❞❡ ❜② ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ♦①②❣❡♥ ♥✉❝•❡❛r r❡❛❝t✐♦♥s ❬❖ 16 ✭❞✱♣ 0 ✮ ❖ 17 ( ❛♥❞ ❬❖ 16 ✭❞✱♣ 1 ✮ ❖ 17 ( ❛♥❞ ❝❛r❜♦♥ ♥✉❝•❡❛r r❡❛❝t✐♦♥ ✉s✐♥❣ ❞❡✉t❡r✐✉♠ ✭ 2 ❍✮ ✐♦♥s ❬❈ 12 ✭❞✱♣✮ ❈ 13 ( ♦♥ ❛ ❝❛•✐❜r❛t❡❞ ❙✐❖ 2 s❛♠♣•❡✱ ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ ✷✵✵ ♥♠✳ ❙✐♥❝❡ t❤❡ r❡s♦•✉t✐♦♥ ♦❢ ◆|❆ ✐s ✉♣ t♦ ❢❡✇ µ♠✱ ✇❡ ❤❛✈❡ t❤❡ ❞❡♣t❤ ♣r♦✜•❡ t❤r♦✉❣❤ t❤❡ ❋▲• ✜•♠ ❛♥❞ ♦♥ t❤❡ ❙✐❖ 2 s✉❜str❛t❡ t❤❛t ✐s ✇❤② ✇❡ ❤❛✈❡ t❤❡ t✇♦ ♦①②❣❡♥ ♣❡❛❦s ❢♦r t✇♦ r❡❛❝t✐♦♥s ✭✸✳✶✹ ✮✳ ❚❤❡ ❝♦♥✈❡rs✐♦♥ ❣✐✈❡s ✉s t❤❡ ❡♥❡r❣② ✭❊✮ ✐♥ ❦❡❱ ❛s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❈❤❛♥♥❡• ✭❈✮ ✐s ❝❛•❝✉•❛t❡❞ t♦ ❜❡ ❊ ❂ ✼✳✵✹ × ❈✲✽✺✳✵✵✳ ❋r♦♠ ❙■▼◆|❆ s♦❢t✇❛r❡ ✭s✐♠✉•❛t✐♦♥ ❢♦r ◆|❆ s♣❡❝tr❛✮ s♣❡❝tr✉♠ t❤❡ ❋▲• ✜•♠ ✐s ❡✈❛•✉❛t❡❞ t♦ ❝♦♥t❛✐♥s ✻✳✷✺ ×✶✵ 17 ❛t♦♠s✴❝♠ 2 ✭❝❛r❜♦♥ ❝♦♥❝❡♥tr❛t✐♦♥✮ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝❛•• ❝r♦ss✲s❡❝t✐♦♥❛• s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ✜•♠ ✭ρ sf ✮✳ ❚❤❡ ♣r♦✜•❡ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✹✳ ✶✺✷ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❋✐❣✉r❡ ✸✳✶✹✿ ◆|❆ ♣r♦✜•❡ s✐♠✉•❛t❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❛• ❢♦r t❤❡ ❋▲•✲❍❖P•✷✹❤✲✹✵♠▲ ❞❡✈✐❝❡✳ ❚♦ ❞❡❞✉❝❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ ❋▲• ✜•♠✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✜•♠✳ ■♥ ❛ ✜rst t✐♠❡✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❞❡♥s✐t② ♦❢ ❋▲• ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡♥s✐t② ♦❢ ❜✉•❦ ❣r❛♣❤✐t❡ ♠❛t❡r✐❛•✱ ✇❡ ❝❛♥ ❝❛•❝✉•❛t❡✿ ❱♦•✉♠❡ ❞❡♥s✐t② ♦❢ ❣r❛♣❤✐t❡ ✭❣r❛♠✴❝♠ 3 ✮✱ ρ vg ❂ ✷✳✷✺ ❣✴❝♠ 3 ❆✈♦❣❛❞r♦ ♥✉♠❜❡r✱ ◆❛ ❂ ✻✳✵✷✸×✶✵ 23 ❛t♦♠s✴♠♦• ▼♦•❛r ✇❡✐❣❤t ♦❢ ❝❛r❜♦♥ ▼ ❂ ✶✷ ❣✴♠♦• ❯s✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ❛t♦♠✐❝ ❞❡♥s✐t② ♦❢ ❣r❛♣❤✐t❡ ✭❛t♦♠s✴❝♠ 3 ✮✱ ρ ag ❝❛♥ ❜❡ ❝❛•❝✉•❛t❡❞ ❜②✿ ρ ag = ρ vg × N a M = 2.25 × 6.023 × 10 23 12 = 11.25 × 10 22 atoms/cm 3 ✭✸✳✶✮ ❚❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ❋▲• ✜•♠ ✭ρ sf ✮ ✐s ♦❜t❛✐♥❡❞ ❜② ◆|❆ ♠❡❛s✉r❡♠❡♥t✱ ❤❡♥❝❡✱ t❤❡ t❤✐❝❦♥❡ss ♦❢ ❋▲• ✜•♠ ❚ f 1 ❝❛♥ ❜❡ ❝❛•❝✉•❛t❡❞ ❞✐✈✐❞✐♥❣ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ❋▲• ✜•♠ ✭ρ sf ✮ ❜② t❤❡ ❛t♦♠✐❝ ❞❡♥s✐t② ♦❢ ❣r❛♣❤✐t❡ ✭ρ ag ✮✳ T hickness(T f 1 ) = ρ sf ρ ag = 6.25 × 10 17 11.25 × 10 22 = 56nm ✭✸✳✷✮ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡q✉✐✈❛•❡♥t t❤✐❝❦♥❡ss ♦❢ ❣r❛♣❤✐t❡ ♦❢ ∼ 56 ♥♠✳ ❚❤❡ t❤✐❝❦♥❡ss ✐s ❤♦✇❡✈❡r✱ •♦✇❡r t❤❛♥ t❤❡ t❤✐❝❦♥❡ss ❚ f 2 ♦❢ ✶✸✵ ♥♠ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❉❡❦t❛❦ ♠❡t❤♦❞✳ ■♥ ✜❣✉r❡ ✸✳✶✺✮ t❤❡ ❛✈❡r❛❣❡ ❤❡✐❣❤t ♦❢ t❤❡ ✜•♠ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ ✸✳✹✳ |❖❯•❍◆❊❙❙ ❆◆❉ ❚❍■❈❑◆❊❙❙ ❉❊❚❊|▼■◆❆❚■❖◆ ✶✺✸ t❤❡ ③❡r♦ •❡✈❡•✳ ❚❤❡ s✉❜str❛t❡ ✐s ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣ t❤❡ ❋▲• ❜② ❛ s❤❛r♣ •✐♥❡ s❝r❛t❝❤ ✇✐t❤ ❛ ♥❡❡❞•❡✳ ❋✐❣✉r❡ ✸✳✶✺✿ ❚❤✐❝❦♥❡ss ♦❢ ❋▲• ✜•♠ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❉❡❦t❛❦ ♣r♦✜•♦♠❡t❡r ❜② ❝❛•❝✉•❛t✐♥❣ t❤❡ ❛✈❡r❛❣❡ ❤❡✐❣❤t ♦❢ t❤❡ ✜•♠✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t t❤❡ ✜•♠ ✈♦•✉♠❡ ✐s ♥♦t ❝♦♠♣•❡t❡•② ✜••❡❞ ❞✉❡ t♦ t❤❡ ♦❝✲ ❝✉rr❡♥❝❡s ♦❢ ✈♦✐❞s✳ ❋r♦♠ t❤❡ t✇♦ ❞✐✛❡r❡♥t t❤✐❝❦♥❡ss❡s ♦❜t❛✐♥❡❞ ❜② t✇♦ ♠❡t❤♦❞s ✭❜② ❞❡❦t❛❦ ❛♥❞ ◆|❆✮✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✈♦✐❞s ❝♦♥s✐❞❡r✐♥❣ t❤❡ •❛t❡r t❤✐❝❦♥❡ss ✈❛•✉❡s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❉❡❦t❛❦ ♣r♦✜•♦♠❡t❡r✳ V oids(%) = T f 2 -T f 1 T f 2 = 130 -56 130 = 57% ✭✸✳✸✮ ❙♦ ✇❤❛t ✐s ♠❡❛s✉r❡❞ ❜② ◆|❆ ❛♥❞ ♣r♦✜•♦♠❡tr② ✐s t❤❡ tr✉❡ ❞❡♥s✐t② ♦❢ ❋▲• ✜•♠ ✐♥ ✇❤✐❝❤ ✐♥❞✐✈✐❞✉❛• ❣r❛♣❤❡♥❡ s❤❡❡ts ❛r❡ ♥♦t ♣❡r❢❡❝t•② ❛•✐❣♥❡❞ ❤♦r✐③♦♥t❛••② ✶✺✹ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❛♥❞ ✢❛t ♦✈❡r ❡❛❝❤ ♦t❤❡r✱ ❛s ✐s ❛•s♦ ❝♦♥✜r♠❡❞ ❢r♦♠ ❙❊▼ ❛♥❞ ❆❋▼ ✐♠❛❣❡s✳ ❯s✐♥❣ t❤❡ ✈❛•✉❡ ♦❢ t❤✐❝❦♥❡ss ✭❚ f 2 ✮✱ t❤❡ ♥❡✇ ✈♦•✉♠❡ ❞❡♥s✐t② ♦❢ ❋▲• ✜•♠ ✭ρ vf ✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛t♦♠✐❝ ❞❡♥s✐t② ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ✜•♠ ✭ρ af ✮ ❜②✿ ρ af = ρ sf T f 2 = 6.25 × 10 17 130 × 10 -7 = 4.807 × 10 22 atoms × cm -3 ✭✸✳✹✮ ❙✉❜s❡q✉❡♥t•②✱ ρ vg = ρ af × M N a = 4.807 × 10 22 × 12 6.023 × 10 23 = 0.96grams/cm 3 ✭✸✳✺✮ ❚❤❡ ♦❜t❛✐♥❡❞ ✈♦•✉♠✐❝ ✭ρ vf ✮ ❛♥❞ ❛t♦♠✐❝ ✭ρ af ✮ ❞❡♥s✐t✐❡s ✐♥ t❤❡ ✜•♠ ❛r❡ •✐tt•❡ •♦✇❡r t❤❛♥ t❤❡ ❤❛•❢ ♦❢ t❤❡ ✈♦•✉♠✐❝ ✭ρ vg ✮ ❛♥❞ ❛t♦♠✐❝ ✭ρ ag ✮ ❞❡♥s✐t✐❡s ♦❢ ❣r❛♣❤✐t❡✱ r❡✲ s♣❡❝t✐✈❡•② ✇❤✐❝❤ s❡❡♠s t♦ ❜❡ ✉♥r❡❛•✐st✐❝❛••② •♦✇❡r✳ ❚❤❡ ❝❛✉s❡s ♦❢ ❡rr♦r ❝❛♥ ❜❡ t❤❡ t❤✐❝❦♥❡ss ✈❛•✉❡ ♦❜t❛✐♥❡❞ ❜② ❉❡❦t❛❦ ♣r♦✜•♦♠❡tr② ✇❤✐❝❤ ❝❛•❝✉•❛t❡s ❛♥ ❛✈❡r❛❣❡ ❤❡✐❣❤t ♦❢ ♣❡❛❦s ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✜•♠ ❜② s❝❛♥♥✐♥❣ ✇✐t❤ t❤❡ t✐♣✳ ❇✉t ✐t ❝❛♥♥♦t s❝❛♥ ❜❡•♦✇ t❤❡ ♣❡❛❦s ♦♥ t❤❡ ♦✉t❡r s✉r❢❛❝❡ s♦ t❤❡ ✈♦✐❞s t❤❛t ❛r❡ ❜❡t✇❡❡♥ ❛♥❞ ❜❡•♦✇ t❤❡s❡ ♣❡❛❦s ❛r❡ ♥♦t ❛❝❝♦✉♥t❡❞ ❢♦r ❜② t❤❡ s❝❛♥♥✐♥❣ t✐♣✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❤✐❣❤ ✈♦✐❞ ❝♦♥t❡♥t ❛•s♦ •✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❣r❛♣❤❡♥❡ s❤❡❡ts ❛r❡ ♥♦t ♦❢ s❛♠❡ s✐③❡ ❛♥❞ t❤✐❝❦♥❡ss✱ ❛♥❞ ✇✐t❤ s♣r❛② ❞❡♣♦s✐t✐♦♥✱ t❤❡ ❛❞❞✐t✐♦♥❛• st❛❝❦✐♥❣ ♦❢ ❋▲•s ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥ ❝♦♥tr✐❜✉t❡s t♦ ✐♥❝r❡❛s❡ t❤❡s❡ ✈♦✐❞s✳ ❚❤❡ ✜❣✉r❡ ✸✳✶✻❆ ❞❡s❝r✐❜❡s t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ ❋▲• s❤❡❡ts ✐♥ ❣r❛♣❤✐t❡✱ s❤♦✇✐♥❣ t❤❡ ✈♦✐❞s ❢♦r♠❡❞ ✐♥ t❤❡ ✜•♠ ❜② st❛❝❦✐♥❣ ♦❢ ❋▲• ❢r❛❣♠❡♥ts ♦❢ ❞✐✛❡r❡♥t •❛t❡r❛• s✐③❡s ❛♥❞ t❤✐❝❦♥❡ss❡s✱ ❛♥❞ ✐♥❛❜✐•✐t② ♦❢ t✐♣✲❜❛s❡❞ ♣r♦✜•♦♠❡t❡r t♦ ❛❝❝♦✉♥t ❢♦r t❤❡s❡ ✈♦✐❞s ❜② ❛✈❡r❛❣✐♥❣ t❤❡ ♣❡❛❦s ♦♥•②✳ ✸✳✺ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❲♦r❦ ❋✉♥❝t✐♦♥ ❋♦r ✭♦♣t♦✮✲❡•❡❝tr♦♥✐❝ ❛♣♣•✐❝❛t✐♦♥s✱ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♠❛t❡r✐❛• ❝❤❛r✲ ❛❝t❡r✐st✐❝ ✐s t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ✭❲❋✮ ♦❢ t❤❡ ♠❛t❡r✐❛• ✭✐♥ s♦•✐❞ ❢♦r♠✮✱ ❞❡♥♦t❡❞ ❜② Φ✳ ❳P❙ ✇♦r❦✐♥❣ ✐♥ t❤❡ ❯P❙ ♠♦❞❡ ✇❛s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❲❋✳ ❚❤❡ ❯P❙ s♣❡❝tr❛ ♦❢ ❋▲• ❛❜•❛t❡❞ ❢r♦♠ ♣❡♥❝✐• •❡❛❞ ✭❛♥❞ ❋▲•✲❇✾ ♦❜t❛✐♥❡❞ ❜② s❤❛r♣❡♥❡r✮ ❛♥❞ ❋▲•✲❍❖P• s❤♦✇✐♥❣ t❤❡ ✈❛•❡♥❝❡ ❜❛♥❞ s♣❡❝tr❛ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ✜❣✉r❡ ✸✳✶✼✳ ✸✳✺✳ ❉❊❚❊|▼■◆❆❚■❖◆ ❖❋ ❲❖|❑ ❋❯◆❈❚■❖◆ ✶✺✺ ❋✐❣✉r❡ ✸✳✶✻✿ ❆✮ ❆ ♣♦ss✐❜•❡ s❝❤❡♠❛t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❋▲• ✢❛❦❡s ❛rr❛♥❣❡❞ ✐♥ t❤❡ ✜•♠ ❛ss✉♠✐♥❣ ❛❞❞✐t✐♦♥❛• st❛❝❦✐♥❣ ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥✱ ❇✮ s✉r❢❛❝❡ ♣r♦✜•❡ ♦❢ ❋▲• ✜•♠✳ ❚❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣✐❡s ♦❢ t❤❡ ❡•❡❝tr♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ✐♥❝r❡❛s✐♥❣ ♠♦❞❡ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❍❡■ •✐♥❡ ✭✷✶✳✷✸ ❡❱✮✳ ❚❤❡ ✈❛•✉❡s ♦❢ ❲❋ ♦❢ t❤❡ ♠❛t❡r✐❛•s ✐♥ ♣♦✇❞❡r ❢♦r♠ ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❜② s✉❜tr❛❝t✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❯P❙ s❡❝♦♥❞❛r② ❡•❡❝tr♦♥ ❝✉t♦✛ ✭❝✉t♦✛✮ ❛♥❞ ❋❡r♠✐ ❡❞❣❡ ✭s②st❡♠ ❝❛•✐❜r❛t❡❞ ❢♦r ❱ F ❂✵✱ s❡❡ s❡❝t✐♦♥ ✷✳✺✳✺✳✷ ✐♥ ❝❤❛♣t❡r ✷✮ ❊ F ❢r♦♠ t❤❡ ❡①❝✐t❛t✐♦♥ ❡♥❡r❣② ♦❢ t❤❡ s♦✉r❝❡ ❍❡■ ✭✷✶✳✷✸ ❡❱✮✳ Φ(eV ) = HeI -(Cutof f -E F ) = 21.23 -(Cutof f -0) ✭✸✳✻✮ ❚❤❡s❡ r❡s✉•ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♦❜t❛✐♥❡❞ ✇♦r❦✲❢✉♥❝t✐♦♥s ♦❢ ❋▲•✲❆❜• ✭✸✳✻ ❛♥❞ ✹✳✵ ❡❱ r❡s♣❡❝t✐✈❡•②✮ ♠❛t❡r✐❛•s ❛r❡ •♦✇❡r t❤❛♥ t❤♦s❡ r❡q✉✐r❡❞ ❢♦r ❚❈❊ ✭❛s ❛♥♦❞❡ ❡•❡❝tr♦❞❡✮ ❛♣♣•✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡② s❡❡♠ t♦ ❜❡ s✉✐t❛❜•❡ t♦ r❡♣•❛❝❡ •♦✇ ✇♦r❦ ❢✉♥❝t✐♦♥ ❝♦✉♥t❡r ❡•❡❝tr♦❞❡s ♠❛t❡r✐❛•s ✭•✐❦❡ ❆❣✱ ❆•✱ ✳✳✳ ❛s ❝❛t❤♦❞❡ ❡•❡❝tr♦❞❡s✮✱ ✇❤✐❝❤ r❡q✉✐r❡ ❛ ✇♦r❦✲❢✉♥❝t✐♦♥ ❜❡t✇❡❡♥ ✹✳✵✲✹✳✸ ❡❱✳ ❋♦r ❋▲•✲❍❖P• t❤❡ ✇♦r❦✲ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ s✉✐t❛❜•❡ ❢♦r ❛♥♦❞❡ ❡•❡❝tr♦❞❡ ❛•t❤♦✉❣❤ ✐t ✐s s•✐❣❤t•② •♦✇❡r t❤❛♥ t❤❛t ♦❢ ■❚❖ ✭✹✳✼ ❡❱✮✳ ❲♦r❦ ❢✉♥❝t✐♦♥ ♦❢ ❋▲• ❇✲✾ ✭♣❡♥❝✐• •❡❛❞✮ ✐s ❞✐✣❝✉•t t♦ ❛s❝❡rt❛✐♥ ❛s t❤❡ s♣❡❝✲ tr❛ ❞✐s♣•❛②s ❛ •❛r❣❡ ❡rr♦r ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝•❡❛r ✐♥✢❡①✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡•❛t❡❞ t♦ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠♦r♣❤♦•♦❣②✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♥♦r❣❛♥✐❝ ❜✐♥❞❡r✳ ■t ✐s ✶✺✻ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❋✐❣✉r❡ ✸✳✶✼✿ ❯P❙ ✇♦r❦ ❢✉♥❝t✐♦♥s ♦❢ ❋▲• ♠❛t❡r✐❛•s✳ ❞❡t❡r♠✐♥❡❞ t♦ ❜❡ ✈❡r② •♦✇ ✭✸✳✻ ❡❱✮✱ ❛•s♦ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ♣❡♥❝✐• •❡❛❞s ❝♦♥✲ t❛✐♥ ♠✐♥❡r❛•s ✭❦❛♦•✐♥ ❝•❛②✮ ❛s ✐♥♦r❣❛♥✐❝ ❜✐♥❞❡r ✭✶✺ ✇t ✪ ❦❛♦•✐♥✮ t♦ ♠❛✐♥t❛✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❢♦r♠ ♦❢ ♣❡♥❝✐• ❬✹✵(✳ ❋▲•✲❆❜• ❛•s♦ ❤❛s ❛ •♦✇❡r ✇♦r❦✲❢✉♥❝t✐♦♥ t❤❛♥ t❤❡ ❣❡♥❡r❛••② r❡♣♦rt❡❞ ✈❛•✉❡ ✭❜❡t✇❡❡♥ ✹✳✷✲✹✳✸ ❡❱✮✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♦①②❣❡♥ ♦r ♦t❤❡r ❢✉♥❝t✐♦♥❛•✐t✐❡s s✉❝❤ ❛s ❈❍ 3 ✱ ❖❍✱ ❝❛r❜♦♥②• ❞✉r✐♥❣ t❤❡ ♣✉r✐✜✲ ❝❛t✐♦♥ st❡♣s ❛♥❞ ❛❞s♦r❜❡❞ ❤②❞r♦❝❛r❜♦♥s ❬✶✷(✳ •❡♥❡r❛••② s♣❡❛❦✐♥❣✱ ❳P❙ ❛♥❞ ❯P❙ ❛r❡ s✉r❢❛❝❡✲s❡♥s✐t✐✈❡ t❡❝❤♥✐q✉❡ ❛♥❞ ✇♦r❦ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❛✛❡❝t❡❞ ❜② ♠❛♥② ❢❛❝✲ t♦rs ✐♥❝•✉❞✐♥❣ s✉r❢❛❝❡ ♠♦r♣❤♦•♦❣②✴s♠♦♦t❤♥❡ss✴r♦✉❣❤♥❡ss✱ t❤✐❝❦♥❡ss✱ ♦r✐❡♥t❛t✐♦♥ ♦❢ ♠❛t❡r✐❛•✱ s✉r❢❛❝❡ ✐♠♣✉r✐t② ❛♥❞ ❞♦♣✐♥❣✱ ✳✳✳✳ ❋♦r t❤✐❝❦❡r ❋▲•s✱ t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤❡s t❤❛t ♦❢ ❜✉•❦ ❣r❛♣❤✐t❡ ✭✹✳✻ ❡❱✮ ❬✹✾(✳ ❚❤✐s ♦r❞❡r ♦❢ ✇♦r❦✲❢✉♥❝t✐♦♥ ✇❛s ❤❡r❡ ❞❡t❡r♠✐♥❡❞ ❢♦r ❍❖P• ♠❛t❡r✐❛•✳ ■t ✐s ❦♥♦✇♥ ❤♦✇❡✈❡r✱ t❤❛t t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ✸✳✺✳ ❉❊❚❊|▼■◆❆❚■❖◆ ❖❋ ❲❖|❑ ❋❯◆❈❚■❖◆ ✶✺✼ ♦❢ ❣r❛♣❤❡♥❡ ❝❛♥ ❜❡ t✉♥❡❞ ❜② ❞♦♣✐♥❣✳ ❋♦r ❡①❛♠♣•❡✱ t❤❡ ❛•❦❛•✐ ♠❡t❛• ❝❛r❜♦♥❛t❡s ❝❛♥ ♥✲❞♦♣❡ ❣r❛♣❤❡♥❡ ❛♥❞ •♦✇❡r ✐ts ✇♦r❦✲❢✉♥❝t✐♦♥ ❞♦✇♥ t♦ ✸✳✹ ❡❱ ❬✷✹✽(✳ ❉✉r✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❣r❛♣❤❡♥❡ ❛♥❞ r•❖✱ ❛♥❞ s✉❜s❡q✉❡♥t ♣✉r✐✜❝❛t✐♦♥ st❡♣s✱ s❡✈❡r❛• ❢✉♥❝t✐♦♥❛• ❣r♦✉♣s ❝❛♥ ❜❡ ❛tt❛❝❤❡❞ t♦ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ♠❛t❡r✐❛•✳ ❚❤❡② ❝❛♥ ✐♥✲ ✢✉❡♥❝❡ t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ❜② ✐♥❝r❡❛s✐♥❣✴❞❡❝r❡❛s✐♥❣ ✐t✱ ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ t❤❡ t②♣❡ ✭♣ ♦r ♥✮ ♦❢ s✉❝❤ ❣r♦✉♣s✳ ❚❤✐s ✐s r❡♣♦rt❡❞ t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝❛r❜♦♥②• ❣r♦✉♣s ✭✲❖❍✮ ✭❡•❡❝tr♦♥ ❛❝❝❡♣t♦r✮ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ♦❢ ❣r❛♣❤❡♥❡✱ ✇❤❡r❡❛s t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ♠❡t❤②• ✭✲❈❍ 3 ✮ ♦r ❝❛r❜♦♥②• ❣r♦✉♣s ✇❤✐❝❤ ❛r❡ ❡•❡❝tr♦♥ ❞♦♥❛t✐♥❣ ❢✉♥❝t✐♦♥❛•✐t✐❡s t♦ t❤❡ s✉r❢❛❝❡ ❝❛♥ ❞❡❝r❡❛s❡s t❤❡ ❲❋ ❬✷✺(✳ ■♥ ❝♦♥❝•✉s✐♦♥ t♦ t❤✐s ♣❛rt✱ t❤❡ ❛❜♦✈❡ r❡s✉•ts ♦❢ ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ♦❢ ❋▲•✲❆❜• ❛♥❞ ❍❖P• ❞❡✈✐❝❡s ♣r❡♣❛r❡❞ ✇✐t❤ ❞✐✛❡r❡♥t ✈♦•✉♠❡s ♦❢ s♣r❛② ❞❡♣♦s✐✲ t✐♦♥ ❛r❡ •♦✇✳ ❆❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t✱ t❤❡ | s ❞❡❝r❡❛s❡s ❜② ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❛t ♠❛①✐♠✉♠ ❜✉t r❡♠❛✐♥s ❛t •❡❛st t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡ r❡q✉✐r❡❞ ❢♦r ❚❈❊ ❛♣♣•✐❝❛t✐♦♥s✳ ❆•t❤♦✉❣❤ t❤❡ tr❛♥s♠✐tt❛♥❝❡ ❤❛s ❜❡❡♥ ✐♠♣r♦✈❡❞ ❢♦r ❋▲•✲❍❖P• ✉♣ t♦ ✼✸✪ ✇❤✐❝❤ ✐s ❡♥❝♦✉r❛❣✐♥❣✳ ❚❤❡ | s ✐s ❤✐❣❤•② ❛✛❡❝t❡❞ ❜② ❛❞s♦r❜❡❞ ✐♠♣✉r✐t✐❡s ❛s ✇❡•• ❛s ❜② t❤❡ r❛♥❞♦♠ st❛❝❦✐♥❣ ♦❢ ❋▲•s✳ ❚❤❡ ♣r❡❢❡r❡♥t✐❛• st❛❝❦✐♥❣ ✐♥ z ❞✐r❡❝t✐♦♥ ❛s ✇❡•• ❛s •❡❛✈✐♥❣ ❡♠♣t② s♣❛❝❡s ❜❡t✇❡❡♥ ✢❛❦❡s ✇❡r❡ ❛♥❛✲ •②③❡❞ ❜② ♠✐❝r♦s❝♦♣✐❝ t❡❝❤♥✐q✉❡s✳ ❚❤❡ •♦✇ ✇♦r❦✲❢✉♥❝t✐♦♥s ✭✹✳✵✲✹✳✸ ❡❱✮ ♦❜t❛✐♥❡❞ ❢♦r s♦♠❡ ♦❢ ♦✉r s❛♠♣•❡s ❝❛♥ ❜❡ ✉s❡❢✉• ❝❛♥❞✐❞❛t❡s ❢♦r ❝♦✉♥t❡r ♦r ❝♦♥❞✉❝t✐✈❡ ❡•❡❝✲ tr♦❞❡s ✐♥ ❖❙❈s ❛♥❞ ♦t❤❡r ❡•❡❝tr♦♥✐❝ ❛♣♣•✐❝❛t✐♦♥s✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ♠❛t❡r✐❛•s ✇✐t❤ t❤❡ ❤✐❣❤❡r ✇♦r❦✲❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❡♠♣•♦②❡❞ ❛s ❚❈❊s ♣r♦✈✐❞❡❞ t❤❛t t❤❡ | s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ❛r❡ ✐♥ t❤❡ ❞❡s✐r❡❞ r❛♥❣❡✳ ❚♦ ❢✉rt❤❡r ✐♠♣r♦✈❡ t❤❡ | s ✱ ♦✉r ❋▲• ♠❛t❡r✐❛•s ❤❛✈❡ t♦ ❜❡ ✐♠♣r♦✈❡❞✳ ■t s❡❡♠s ❛•s♦ t❤❛t ❍❖P• ♣r♦✈✐❞❡s ❜❡tt❡r ❋▲• ✢❛❦❡s t♦ ❢♦r♠ t❤❡ ✜•♠ ❜② s♣r❛② t❡❝❤♥✐q✉❡ ❛♥❞ ♣❡r❝♦•❛t✐♦♥ ✐s ❛•s♦ ❡❛s✐❡r t♦ ♦❜t❛✐♥ t❤❛♥ ❋▲•✲❆❜• ❞✉❡ t♦ t❤❡ ♠♦r❡ ❤♦♠♦❣❡♥❡♦✉s ♠♦r♣❤♦•♦❣② ♦❢ t❤❡ ✢❛❦❡s✳ ❚❤❡ ♠♦r✲ ♣❤♦•♦❣② ✇❤❡r❡ ✈❡rt✐❝❛• •✐❢t✐♥❣ ♦❢ ✢❛❦❡s ♦❝❝✉rs✱ ❝❛♥ ❜❡ ❛♥ ❛❞✈❛♥t❛❣❡ ❢♦r ❡•❡❝tr♦♥✐❝s ❛♣♣•✐❝❛t✐♦♥s ✐♥❝•✉❞✐♥❣ ❖❙❈s ❛♥❞ ♦t❤❡r ❡•❡❝tr♦♥✐❝ ❞❡✈✐❝❡s✳ ✶✺✽ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ✸✳✻ P❡r❝♦•❛t✐♦♥ ✐♥ ❋▲•✲❆❜• ❙❡✈❡r❛• s❛♠♣•❡s ✇❡r❡ ♣r❡♣❛r❡❞ ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s t♦ ♦❜t❛✐♥ t❤❡ ♠✐♥✐♠✉♠ ❛♠♦✉♥t r❡q✉✐r❡❞ t♦ ❛tt❛✐♥ t❤❡ ♣❡r❝♦•❛t✐♦♥ ❢♦r ❋▲•✲❆❜•✳ ❚❤❡ | s ✭♠❡❛✲ s✉r❡❞ ❜② ❋PPs✮ ✐s ♣r❡s❡♥t❡❞ ❢♦r ❋▲•✲❆❜• ♠❛t❡r✐❛• ❛s ❢✉♥❝t✐♦♥ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❛❜•❡ ✸✳✶✽✳ ❋♦r ❡❛❝❤ ❝♦♥❝❡♥tr❛t✐♦♥✱ t❤❡ | s ❞❡❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s❡ ♦❢ ❋▲• ❋✐❣✉r❡ ✸✳✶✽✿ P❡r❝♦•❛t✐♦♥ t❛❜•❡ ❢♦r ❋▲•✲❆❜•✳ ❛♠♦✉♥t✳ ❚❤❡ ❛✈❡r❛❣❡ | s ✈❛•✉❡s s✉❣❣❡st t❤❛t ❛♥ ❛♠♦✉♥t ♦❢ ✶ ♠❣ ❛♥❞ ✶✳✺ ♠❣ ✐s s✉✣❝✐❡♥t t♦ ❝♦✈❡r t❤❡ s✉r❢❛❝❡ ♦❢ ✷ ❝♠ × ✷ ❝♠ ❢♦r ❋▲•✲❆❜• ❛♥❞ ❋▲•✲❍❖P•✷✹❤✱ r❡s♣❡❝t✐✈❡•②✳ ❉✉❡ t♦ r❛♥❞♦♠♥❡ss ♦❢ t❤❡ s♣r❛② ❞❡♣♦s✐t✐♦♥✱ ❡✛❡❝t ♦❢ ❞✐✛❡r❡♥t ❝♦♥✲ ❝❡♥tr❛t✐♦♥s ❝♦✉•❞ ♥♦t ❜❡ •✉❞❣❡❞ s♦ ❡❛s✐•② ❛♥❞ t❤❡r❡ ✐s ♥♦ str✐❝t ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s ❡s♣❡❝✐❛••②✱ ❢♦r •♦✇ ❛♠♦✉♥ts ♦❢ ❋▲• ✭✶✲✷ ♠❣✮✳ ❋♦r ❤✐❣❤❡r ❛♠♦✉♥ts✱ t❤❡ | s s❡❡♠s t♦ ❞❡❝r❡❛s❡ s②st❡♠❛t✐❝❛••② ✇✐t❤ ❞❡❝r❡❛s❡ ♦❢ ❝♦♥❝❡♥tr❛✲ t✐♦♥✳ |❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥ ♠❛❦❡s t❤❛t s✐❣♥✐✜❝❛♥t ✐♥❝r❡❛s❡ ♦❢ ❝♦♥❞✉❝t✐♦♥ ♣❛t❤✇❛②s ✭♠✉•t✐♣•❡ ❝❤❛♥♥❡•s✮ ♦❝❝✉rs ❢♦r ❞✐✛❡r❡♥t ❛♠♦✉♥ts ♦❢ ❋▲• ❢♦r ❡❛❝❤ ❝♦♥❝❡♥tr❛t✐♦♥✳ ❆t ❤✐❣❤❡r ❛♠♦✉♥ts✱ ❢♦r ❡①❛♠♣•❡ ✷ ♠❣ ♦♥✇❛r❞s ❛ ❞❡❝r❡❛s✐♥❣ t❡♥❛♥❝② ✐♥ t❤❡ | s ✐s ♦❜s❡r✈❡❞ ❛s ❢✉♥❝t✐♦♥ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥✳ ✸✳✼✳ ❋▲• ❇( ▼■❈|❖❲❆❱❊✲❆❙❙■❙❚❊❉ ▲■◗❯■❉ P❍❆❙❊ ❊❳❋❖▲■❆❚■❖◆ ✭▲P❊✮ ❖❋ ❊❳P❆◆❉❊❉ •|❆P❍■❚❊ ■◆ ❚❖▲❯❊◆❊ ✭❋▲•✲µ❲✮ ✶✺✾ ✸✳✼ ❋▲• ❜② ▼✐❝r♦✇❛✈❡✲❛ss✐st❡❞ ▲✐q✉✐❞ P❤❛s❡ ❊①✲ ❢♦•✐❛t✐♦♥ ✭▲P❊✮ ♦❢ ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ✐♥ ❚♦•✉❡♥❡ ✭❋▲•✲µ✇✮ ❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ ♣r❡♣❛r❛t✐♦♥ ♦❢ ❋▲• ♦❜t❛✐♥❡❞ ❜② ▼✐❝r♦✇❛✈❡✲ ❛ss✐st❡❞ ▲✐q✉✐❞ P❤❛s❡ ❊①❢♦•✐❛t✐♦♥ ✭▲P❊✮ ♦❢ ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ✐♥ ❚♦•✉❡♥❡✱ ❢♦•✲ •♦✇❡❞ ❜② ♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ r❡s✉•ts ❝♦♠♣r✐s✐♥❣ ❚❊▼✱ ❳P❙✱ |❛♠❛♥ ❛♥❞ ❝❤❛r❣❡ tr❛♥s♣♦rt ❛♥❛•②s❡s✳ ✸✳✼✳✶ Pr❡♣❛r❛t✐♦♥ ❛♥❞ ❈❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ❋▲•✲µ✲✇ ❉✉❡ t♦ t❤❡ ❤✐♥❞r❛♥❝❡s ✐♥ ♦❜t❛✐♥✐♥❣ t❤❡ ❤✐❣❤•② ❝♦♥❞✉❝t✐✈❡✱ tr❛♥s♣❛r❡♥t ❛♥❞ ✉♥✐❢♦r♠ ✜•♠s ❜② ❋▲•✲❆❜• ❛♥❞ ❋▲•✲❍❖P• ♠❛t❡r✐❛•s✱ ❛♥♦t❤❡r r♦✉t❡ ✇❛s ❡♥✈✐s✲ ❛❣❡❞ t♦ ♣r❡♣❛r❡ ❋▲•s ❜② µ✲✇❛✈❡s✲❛ss✐st❡❞ ❡①❢♦•✐❛t✐♦♥ ♦❢ ❛♥ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✭❊•✮ ✐♥ t♦•✉❡♥❡✳ ■t ✇❛s ❡①♣❡❝t❡❞ t❤❛t t❤❡ ✜♥❛• ❋▲• ♣r♦❞✉❝t ✇✐•• ❤❛✈❡ ❤✐❣❤❡r •❛t❡r❛• s✐③❡ ♦❢ s❤❡❡ts ❛s ✇❡•• ❛s ❤✐❣❤❡r ❝♦♥❞✉❝t✐✈✐t② ❞✉❡ t♦ t❤❡ ✉s❡ ♦❢ µ✲✇❛✈❡s ✐rr❛❞✐❛t✐♦♥✳ ❲✐t♥❡ss✐♥❣ ❛♥ ✐♠♣♦rt❛♥t ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❋▲•✲❆❜• ❛s ♦❜s❡r✈❡❞ ✐♥ ❡❛r•✐❡r r❡s✉•ts ❬✷✹✾(✱ t♦•✉❡♥❡ ✇❛s ❝❤♦s❡♥ ❛s s✉s♣❡♥s✐♦♥ ♠❡❞✐✉♠✱ ✜rst t♦ ✐♥❞✉❝❡ t❤❡ ♣♦t❡♥t✐❛• ✐♥t❡r❝❛•❛t✐♦♥ ❜❡t✇❡❡♥ ❣r❛♣❤✐t❡ s❤❡❡ts ❞✉r✐♥❣ ❞✐s♣❡rs✐♦♥ ✭✉•tr❛s♦♥✐❝❛t✐♦♥ st❡♣✮✱ s❡❝♦♥❞ t♦ st❛❜✐•✐③❡ t❤❡ ❛•r❡❛❞② ❡①❢♦•✐❛t❡❞ ❋▲• s❤❡❡ts ✐♥ s✉s♣❡♥s✐♦♥✱ ❛♥❞ t❤✐r❞ ❞✉❡ t♦ t❤❡ •♦✇ µ✲✇❛✈❡s ❛❜s♦r❜❛♥❝❡✳ ❋✐❣✉r❡ ✸✳✶✾ s❤♦✇s t❤❡ ❙❊▼ ✐♠❛❣❡s ♦❢ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡✳ ❚❤❡ ❡①❢♦•✐❛t✐♦♥ ♦❢ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ✭❊•✮ ✇❛s ♣❡r❢♦r♠❡❞ ❜② s✉❜♠✐ss✐♦♥ ♦❢ ❛♥ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ s✉s♣❡♥s✐♦♥ ✐♥ t♦•✉❡♥❡ ✇✐t❤ ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ✷ ♠❣✴♠▲ t♦ µ✲✇❛✈❡s ✐rr❛❞✐❛t✐♦♥ ❛t ✻✵✵❲ ♣♦✇❡r ❢♦r ✶✵ ♠✐♥✉t❡s✱ ❢♦••♦✇❡❞ ❜② ❛ ❝♦♦•✐♥❣ st❡♣ ✭s❡❡ s❡❝t✐♦♥ ✷✳✷✳✷✳✶ ✐♥ ❝❤❛♣t❡r ✷ ❢♦r ❡①♣❡r✐♠❡♥t❛• ❞❡t❛✐•s✮✳ Pr✐♦r t♦ t❤❡ µ✲✇❛✈❡s ❡①♣❡r✐♠❡♥ts✱ ❊• ✇❛s s♦♥✐❝❛t❡❞ ✐♥ t♦•✉❡♥❡ ✐♥ ❛ ❝•♦s❡❞ ✈❡ss❡• ❛♥❞ st✐rr❡❞ ❢♦r ✷✹❤✱ ✇❤✐❝❤ ❛✐♠❡❞ t♦ ❤❡•♣ ✐♥t❡r❝❛•❛t✐♦♥ ♦❢ t♦•✉❡♥❡✳ ❚❤❡ r❡s✉•t❛♥t ♣r♦❞✉❝t ❛❢t❡r µ✲✇❛✈❡s tr❡❛t♠❡♥t ❝♦♥s✐st❡❞ ♦❢ s❡tt•❡❞ ❞♦✇♥ ❊• ❛♥❞ ❛ t♦•✉❡♥❡ s✉♣❡r♥❛t❛♥t✳ ❚❤❡ •❛tt❡r ❝♦♥t❛✐♥❡❞ ❡①❢♦•✐❛t❡❞ ✭❡①tr❛❝t❡❞✮ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ ✢❛❦❡s ✭❋▲•s✮✱ ✇❤✐❝❤ ✶✻✵ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❋✐❣✉r❡ ✸✳✶✾✿ ❙❊▼ ♠✐❝r♦❣r❛♣❤s ♦❢ t❤❡ ❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡ ❆✮ ❛❢t❡r s♦♥✐❝❛t✐♦♥ ❇✮✳ ✇❡r❡ ♥❡①t s❡♣❛r❛t❡❞ ✇✐t❤ ❛ ②✐❡•❞ ♦❢ ∼ 20 ✪✳ ❚❤❡ ②✐❡•❞ ✭♣❡r❝❡♥t❛❣❡ ♦❢ ❡①❢♦•✐❛t✐♦♥✮ ✇❛s ♦❜t❛✐♥❡❞ ❜② ❝❛•❝✉•❛t✐♥❣ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❋▲• s❡♣❛r❛t❡❞ t♦ t❤❡ s❡tt•❡❞ ❞♦✇♥ ❊• ✭❊• settled ✮ ❢r♦♠ t❤❡ ✐♥✐t✐❛• ❊• ✭❊• initial ✮✱ ❛s ❢♦••♦✇s✿ Y ield exf oliation (%) = EG initial -EG settled EG initial 100% ✭✸✳✼✮ ❚❤❡ ❞❡t❡r♠✐♥❡❞ ❤❡r❡ ②✐❡•❞ ✐s q✉✐t❡ ❤✐❣❤ ❞✉❡ t♦ t❤❡ st✐rr✐♥❣ st❡♣ ✉♥❞❡r ♣r❡s✲ s✉r❡ ❢♦r ✷✹❤ ❤❡•♣✐♥❣ ✐♥t❡r❝❛•❛t✐♦♥ ♦❢ t♦•✉❡♥❡✱ ✭✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♦❢ t❤❡ st✐rr✐♥❣ st❡♣✱ t❤❡ ②✐❡•❞ ♦❢ ❋▲• ✇❛s ♦♥•② ∼ 7✪✮✳ ■♥ t❤❡ ♣r❡s❡♥t ❡①♣❡r✐♠❡♥t✱ t❤❡ ❡①❢♦✲ •✐❛t✐♦♥ ♣r♦❝❡ss ✐s ❛❞❞✐t✐♦♥❛••② ❢❛✈♦r❡❞ ❜② ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ µ✲✇❛✈❡s ❛❜s♦r♣t✐♦♥ ❜❡t✇❡❡♥ ❊• ❛♥❞ t♦•✉❡♥❡✱ ❛♥❞ t❤❡♥ ❛ r❛♣✐❞ r✐s❡ ♦❢ t❡♠♣❡r❛t✉r❡s✳ ❈♦♥tr❛r② t♦ t♦•✉❡♥❡ ✇❤✐❝❤ ❞✐s♣•❛②s ❛ •♦✇ ❞✐❡•❡❝tr✐❝ ❝♦♥st❛♥t ✭ǫ 0 ❂✷✳✸✽ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✮✱ ❝❛r❜♦♥ ♠❛t❡r✐❛•s ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ❣♦♦❞ ❛❜s♦r❜❡rs ♦❢ µ✲✇❛✈❡s ❬✷✺✵(✳ ■♥ t❤✐s r❡✲ ❣❛r❞✱ ✇❡ ❛♣♣•② s❤♦rt t❡♠♣❡r❛t✉r❡ r❛♠♣ ✇✐t❤ ❛ ❤✐❣❤ µ✲✇❛✈❡s ♣♦✇❡r✱ ✐♥ ♦r❞❡r t♦ r❛♣✐❞•② r❡❛❝❤ ❛ ❞❡♠❛♥❞❡❞ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡ r❡❛❝t✐♦♥ ♠❡❞✐❛✳ ❚❤✐s ❤✐❣❤ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ♠❡❞✐✉♠ ❝❛♥ ❜❡ r❡❛❝❤❡❞ r❛♣✐❞•② ♦♥•② ❜② ❤✐❣❤ ♣♦✇❡r µ✲✇❛✈❡s ❛❜s♦r♣t✐♦♥ ♦❢ ❊•✳ ❚❤❡ ✜❣✉r❡s ✸✳✷✵❆✲❇ ♣•♦t t❤❡ ❝✉r✈❡s ♦❢ t❡♠♣❡r❛t✉r❡✲t✐♠❡ ❞❡✲ ♣❡♥❞❡♥❝② ❢♦r ❊•✲t♦•✉❡♥❡✱ ❣r❛♣❤✐t❡ ♣•❛t❡s✲t♦•✉❡♥❡ s✉s♣❡♥s✐♦♥s ❛♥❞ t♦•✉❡♥❡ ❛•♦♥❡✱ r❡s♣❡❝t✐✈❡•②✱ ✇❤✐❝❤ ❛r❡ r❡❣✐st❡r❡❞ ❞✉r✐♥❣ ✶✵ ♠✐♥ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ✈❛r✐❡❞ ❝♦♥❞✐✲ t✐♦♥s ♦❢ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♣♦✇❡r✳ ❚❤❡ ❝✉r✈❡ ✐♥ ✜❣✉r❡ ✸✳✷✵❆ ❝•❡❛r•② s❤♦✇s t❤❛t s✐♥❝❡ t♦•✉❡♥❡ ❝❛♥♥♦t ❜❡ ❡✛❡❝✲ t✐✈❡•② ❤❡❛t❡❞ ❜② µ✲✇❛✈❡s✱ t❤❡ s✐❣♥✐✜❝❛♥t ❛❜s♦r♣t✐♦♥ ♦❢ µ✲✇❛✈❡s ❜② ❊•✱ r❡s✉•ts ✸✳✼✳ ❋▲• ❇( ▼■❈|❖❲❆❱❊✲❆❙❙■❙❚❊❉ ▲■◗❯■❉ P❍❆❙❊ ❊❳❋❖▲■❆❚■❖◆ ✭▲P❊✮ ❖❋ ❊❳P❆◆❉❊❉ •|❆P❍■❚❊ ■◆ ❚❖▲❯❊◆❊ ✭❋▲•✲µ❲✮ ✶✻✶ ❋✐❣✉r❡ ✸✳✷✵✿ ❆ ❛♥❞ ❇✳ ❚❡♠♣❡r❛t✉r❡✲t✐♠❡ ♣r♦✜•❡s ♦❜t❛✐♥❡❞ ❢♦r t♦•✉❡♥❡✱ ❊•✲t♦•✉❡♥❡ ❛♥❞ ❣r❛♣❤✐t❡✲t♦•✉❡♥❡ ♠❡❞✐✉♠ ✉♥❞❡r µ✲✇❛✈❡s ✐rr❛❞✐❛t✐♦♥ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s ♦❢ µ✲✇❛✈❡ ❡①♣❡r✐♠❡♥t✳ ✐♥ ✈❡r② ❢❛st ❡♥❡r❣② tr❛♥s❢❡r ❛♥❞ ❤❡❛t✐♥❣ ♦❢ t♦•✉❡♥❡✱ ❛♥❞ t❤❡ s♦•✉t✐♦♥ ✐♥ t❤❡ r❡❛❝✲ t♦rs r❡❛❝❤❡s ❛ ✜♥❛• t❡♠♣❡r❛t✉r❡ ♦❢ ✶✻✵ • ❈✳ ❚❤✐s r❛♣✐❞ r✐s❡ ♦❢ t❡♠♣❡r❛t✉r❡ ❛••♦✇s t❤❡ ❊• s❡♣❛r❛t✐♦♥ ✭❡①❢♦•✐❛t✐♦♥ ♦r ❡①tr❛❝t✐♦♥✮✱ ✇❤✐❝❤ ✐s ♣r♦❜❛❜•② ❢❛✈♦r❛❜•❡ ❞✉❡ t♦ t❤❡ str♦♥❣ ❡•❡❝tr♦♥ ❞♦♥♦r✲❛❝❝❡♣t♦r ✐♥t❡r❛❝t✐♦♥s ♦❢ t♦•✉❡♥❡ ❛♥❞ ❣r❛♣❤❡♥❡ ❜② π✲π st❛❝❦✐♥❣✳ ❙✉❝❤ ❞♦♥♦r✲❛❝❝❡♣t♦r ✐♥t❡r❛❝t✐♦♥s ❝❛♥ ❜❡ ❛ ❞r✐✈✐♥❣ ❢♦r❝❡ ❢♦r ❜♦t❤✱ ✐♥✐t✐❛• ✐♥t❡r❝❛•❛t✐♦♥ ♦❢ t♦•✉❡♥❡ ❜❡t✇❡❡♥ ❣r❛♣❤❡♥❡ s❤❡❡ts ✭❡s♣❡❝✐❛••② ❛t t❤❡ ❝r❛❝❦s✮ ❛♥❞ ✜♥❛• ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ✢❛❦❡s ✐♥ t♦•✉❡♥❡✳ ❚❤❡ •❛st ❡✛❡❝t ✭❞✐s♣❡rs✐♦♥✮ ✇✐•• ❞❡❝r❡❛s❡ ❛❞❞✐t✐♦♥❛••② ❛ ♣♦ss✐❜•❡ ❝♦••❛♣s✐♥❣ ♦❢ ❡①❢♦•✐❛t❡❞ s❤❡❡ts ❞✉r✐♥❣ t❤❡ ❝♦♦•✐♥❣ st❡♣ ❬✷✺✶(✳ ❆ ❞❡s♦r♣t✐♦♥ ♦❢ t♦•✉❡♥❡ ❢r♦♠ t❤❡ ❣r❛♣❤❡♥❡ s✉r❢❛❝❡ r❡q✉✐r❡❞ ✐♥❞❡❡❞ ❤✐❣❤ ❡♥❡r❣② ✭❚❂ ✹✺✵ • ❈ ❛t ✶✵ -4 P❛✮ ❬✷✹✾(✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ •♦✇❡r ✜♥❛• t❡♠♣❡r❛t✉r❡ ♦❢ t♦•✉❡♥❡ ❛♥❞ •♦✇❡r ❤❡❛t✐♥❣ r❛t❡ ❛r❡ ♦❜s❡r✈❡❞ ❢♦r ❣r❛♣❤✐t❡ ♣•❛t❡•❡ts ✭✜❣✉r❡ ✸✳✷✵❇✮✱ ✇❤✐❝❤ ✐s ♣r♦❜❛❜•② r❡•❛t❡❞ t♦ ❞✐✛❡r❡♥❝❡s ✐♥ ❞✐❡•❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❛♠♣•❡✴s✐③❡ ♦❢ ❜♦t❤ ♠❛t❡r✐❛•s ❬✷✺✷(✳ ❆ ❚❊▼ ❛♥❛•②s✐s r❡✈❡❛•s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ s❤❡❡ts ✇✐t❤✐♥ s✐♥❣✉•❛r ✢❛❦❡s ❞♦❡s ♥♦t ❡①❝❡❡❞ ✶✵ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ✼✳ ❋✐❣✉r❡ ✸✳✷✶ s❤♦✇s r❡♣r❡s❡♥t❛t✐✈❡ •♦✇✱ ♠❡❞✐✉♠ ❛♥❞ ❤✐❣❤ r❡s♦•✉t✐♦♥ ❚❊▼ ✐♠
♦❢ s♣ 2 ❈ ♣❡❛❦✱ ❛s ✇❡•• ❛s t♦ s♦♠❡ s♣ 3 ❈ •✐♥❦❡❞ t♦ ♦①②❣❡♥ ❣r♦✉♣s ✭✲❖❍✮✳ ❚❤❡ t❛✐• ❡①t❡♥❞ ❝♦rr❡s♣♦♥❞s t♦ ❣r❛❞✉❛••② ✐♥❝r❡❛s❡❞ ❡•❡❝tr♦✲♥❡❣❛t✐✈✐t② ❣r♦✉♣ ✭✲❈❖❍✱ ✲❈❖❖❍✮ ❛♥❞ ❛ s♠❛•• s❤❛❦❡✲✉♣ •✐♥❡ ♦❢ ❛r♦♠❛t✐❝ ❝❛r❜♦♥ ❝♦♠♣♦✉♥❞s ❝❛♥ ❜❡ ❡✈✐❞❡♥t ❛t ✷✾✶ ❡❱ ✭π✲π * ✐♥t❡r ❜❛♥❞ tr❛♥s✐t✐♦♥✮✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♦①②❣❡♥ ❝❛•❝✉•❛t❡❞ ❢r♦♠ ❈✶s ❛♥❞ ❖✶s ♣❡❛❦ ❛r❡❛s ✐s ✺✪✳ ❚❤❡ |❛♠❛♥ s♣❡❝tr❛ ♣❡r❢♦r♠❡❞ ♦♥ ❢❡✇ ❞✐✛❡r❡♥t ❋▲• ✢❛❦❡s ❝♦♥✜r♠ t❤❡ ❡①✲ ✐st❡♥❝❡ ♦❢ ✢❛❦❡s ✇✐t❤ ✈❛r✐❡❞ t❤✐❝❦♥❡ss❡s✳ ❚❤❡s❡ ✢❛❦❡s ❛r❡ ❢♦rt✉♥❛t❡•② ❢r♦♠ ❤✐❣❤•② ♦r✐❡♥t❡❞ ❣r❛♣❤✐t❡✱ t❤❡r❡❢♦r❡ t❤❡ ✷❉ ❜❛♥❞ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ ♠❛t❡r✐❛• ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❣r❛♣❤❡♥❡ s❤❡❡ts✳ ❚❤✉s✱ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ✷❉ ♣❡❛❦ s❤❛♣❡✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❢♦✉r ❝♦♠♣♦♥❡♥ts ✭❛ss❡rt❡❞ ❜② ✈✐s✉❛• ❡①❛♠✐♥❛t✐♦♥ ✷❉✶❇✱ ✷❉✶❆✱ ✷❉✷❆✱ ✷❉✷❇✱ ✜t ♥♦t s❤♦✇♥✮ ❛••♦✇ t♦ st❛t❡ t❤❛t t❤❡ ❋▲• ❝♦♥t❛✐♥s t❤r❡❡ t♦ ✜✈❡ ❣r❛♣❤❡♥❡ •❛②❡rs ✭✜❣✉r❡ ✸✳✷✷✮ ❬✹✹(✳ ❍❡r❡✱ ❜r♦❛❞❡♥✐♥❣ t♦✇❛r❞s •♦✇❡r ✇❛✈❡♥✉♠❜❡rs ✷❉ ♣❡❛❦ ✸✳✼✳ ❋▲• ❇( ▼■❈|❖❲❆❱❊✲❆❙❙■❙❚❊❉ ▲■◗❯■❉ P❍❆❙❊ ❊❳❋❖▲■❆❚■❖◆ ✭▲P❊✮ ❖❋ ❊❳P❆◆❉❊❉ •|❆P❍■❚❊ ■◆ ❚❖▲❯❊◆❊ ✭❋▲•✲µ❲✮ ✶✻✸ ✭✐♥❝r❡❛s❡ ♦❢ t❤❡ r❡•❛t✐✈❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ✷❉✶ ❝♦♠♣♦♥❡♥t r❡s✉•t✐♥❣ ✐♥ ✷❉ s♣•✐tt✐♥❣✮ ✐♥❞✐❝❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✸✲✺ •❛②❡rs ❝♦♥t❛✐♥✐♥❣ ✢❛❦❡s ✭✜❣✉r❡ ✸✳✷✷❆✮ ♦r ♠♦r❡ t❤❛♥ ✜✈❡✳ ❚❤❡ ✜❣✉r❡s ✸✳✷✷❇✲❉ s❤♦✇ ❛•s♦ t❤❡ ■ G ✱ ■ D ❛♥❞ ■ D ✴■ G ♠❛♣♣✐♥❣s✱ r❡s♣❡❝t✐✈❡•②✱ ✇❤✐❝❤ ✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤✐♥ s✐♥❣✉•❛r ✢❛❦❡s ♣r❡s❡♥t❡❞ ♦♥ ✜❣✉r❡ ✸✳✷✷❆ ✭✐♥s❡rt✮✳ ❚❤❡ |❛♠❛♥ ♠❛♣♣✐♥❣s ❝•❡❛r•② s❤♦✇ •♦✇ ✭❛♥❞ ❤♦♠♦❣❡♥❡♦✉s✮ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❞❡✲ ❢❡❝ts ✐♥ t❤❡ ❋▲• ♣•❛♥❡s✱ ✇❤✐•❡ t❤❡ ❤✐❣❤❡st ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❞❡❢❡❝ts ♦❝❝✉r ❛t t❤❡ ❡❞❣❡s✱ ✇❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡ ■ G ❛♥❞ t❤❡ ■ D ♠❛♣♣✐♥❣s✳ ❋✐❣✉r❡ ✸✳✷✷✿ ❆✮ |❡♣r❡s❡♥t❛t✐✈❡ |❛♠❛♥ s♣❡❝tr❛ ♦♥ ❋▲• ✢❛❦❡s✳ ❇✲❉✮ ■ G ✱ ■ D ❛♥❞ ■ D ✴■ G |❛♠❛♥ ✐♥t❡♥s✐t② ❝❛rt♦❣r❛♣❤✐❡s ♦❜t❛✐♥❡❞ ✭❝❛•❝✉•❛t❡❞ ❢♦r ■ D ✴■ G ✮ ❢r♦♠ ❛r❡❛ ♦❢ t❤❡ ✢❛❦❡ ♣r❡s❡♥t❡❞ ❛t t❤❡ ✐♥s❡rt ♦❢ t❤❡ ✐♠❛❣❡ ✐♥ ❆✳ ✸✳✼✳✷ ❈❤❛r❣❡ tr❛♥s♣♦rt ✐♥ ❋▲•✲▼❲ ❚❤❡ ❋▲• ✢❛❦❡s ❡①❤✐❜✐t •❛r❣❡ •❛t❡r❛• s✐③❡ ❢r♦♠ ❢❡✇ ❛♥❞ ✉♣ t♦ t❡♥s ♦❢ ♠✐❝r♦♥s✳ ❙✉❝❤ •❛r❣❡ s✉r❢❛❝❡ ❛••♦✇s t♦ ♣❡r❢♦r♠ ❝♦♥❞✉❝t✐✈✐t② ♠❡❛s✉r❡♠❡♥ts ♦♥ ✈❛r✐❡❞ ❛♥❞ s✐❣♥✐✜❝❛♥t ❞✐st❛♥❝❡ ✇✐t❤✐♥ ❛ s✐♥❣✉•❛r ✢❛❦❡s✳ ❙✉❝❤ ❞✐st❛♥❝❡✲❞❡♣❡♥❞❡♥t ❡•❡❝tr♦♥ ✶✻✹ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts r❡✢❡❝t t❤❡ ❞❡❣r❡❡ ♦❢ ❝♦♥t✐♥✉✐t② ♦r ❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ s❛♠♣•❡✳ ❚❤❡ ❡•❡❝tr✐❝❛• ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ t✇♦✲♣♦✐♥t ♣r♦❜❡s ✭✷PPs✮ t❡❝❤♥✐q✉❡✳ ❚❤❡ ❋▲• ✇❛s ❞✐s♣❡rs❡❞ ✐♥ ❡t❤❛♥♦• ❛♥❞ ❞❡♣♦s✐t❡❞ ♦♥ ❛♥ ✐♥t❡r✲ ❞✐❣✐t❛t❡❞ ❋❊❚✲•✐❦❡ ❞❡✈✐❝❡ ❜❡t✇❡❡♥ t✇♦ ❣♦•❞ ❡•❡❝tr♦❞❡s ✇✐t❤ ❣❛♣s ♦❢ ✷✳✺✱ ✺ ❛♥❞ ✶✵ µ♠✱ r❡s♣❡❝t✐✈❡•② ✭s❡❡ s❡❝t✐♦♥ ♦❢ ❝❤❛♣t❡r ✷ ❢♦r ❞❡✈✐❝❡ ❝♦♥✜❣✉r❛t✐♦♥✮✳ ❉❡♣♦s✐t❡❞ ✢❛❦❡s ✇❡r❡ ❛♥♥❡❛•❡❞ ❛t ✷✵✵ • ❈ ❢♦r t✇♦ ❤♦✉rs ✉♥❞❡r ❆r ♣r✐♦r t♦ t❤❡ ❡•❡❝tr✐❝❛• ♠❡❛s✉r❡♠❡♥ts✳ ❆♥ ❡①❛♠♣•❡s ♦❢ ✢❛❦❡s ❞❡♣♦s✐t❡❞ ❜❡t✇❡❡♥ ❣♦•❞ ❡•❡❝tr♦❞❡s ❢♦r s✉❜✲ s❡q✉❡♥t ♠❡❛s✉r❡♠❡♥ts ✐s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✸✳✷✸❆✳ ❋✐❣✉r❡ ✸✳✷✸✿ ❆✮ |❡♣r❡s❡♥t❛t✐✈❡ ✐♠❛❣❡s ♦❢ ♠❡❛s✉r❡❞ ❋▲• ✢❛❦❡s ❜❡t✇❡❡♥ t✇♦ ❡•❡❝tr♦❞❡s ✐♥ ❛ ❋❊❚✲•✐❦❡ ❞❡✈✐❝❡✱ ❇✲❉✮ ❚❤❡ ■✭❱✮ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ❢♦r ❢❡✇ ❋▲• ✢❛❦❡s ✇✐t❤ ✈❛r✐❡❞ ❡•❡❝tr♦❞❡s ❞✐st❛♥❝❡ ❛t ❇✮ ✷✳✺✱ ❈✮ ✺ ❛♥❞ ❉✮ ✶✵ µ♠✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ✢❛❦❡s ❛r❡ ❞❡♣♦s✐t❡❞ r❛♥❞♦♠•② ❛♥❞ t❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ✸✳✼✳ ❋▲• ❇( ▼■❈|❖❲❆❱❊✲❆❙❙■❙❚❊❉ ▲■◗❯■❉ P❍❆❙❊ ❊❳❋❖▲■❆❚■❖◆ ✭▲P❊✮ ❖❋ ❊❳P❆◆❉❊❉ •|❆P❍■❚❊ ■◆ ❚❖▲❯❊◆❊ ✭❋▲•✲µ❲✮ ✶✻✺ ❜② t✇♦ ♣r♦❜❡s t❡❝❤♥✐q✉❡ ✭s❡❡ t❤❡ ✜❣✉r❡ ✸✳✷✸❇✲❉✱ r❡s♣❡❝t✐✈❡•②✮✳ ■✭❱✮ ❝✉r✈❡s✲ ♠❡❛✲ s✉r❡❞ ❢♦r s❡✈❡r❛• ✢❛❦❡s ❢♦r ❡❛❝❤ ❞✐st❛♥❝❡ ❛•♦♥❣ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✐st❛♥❝❡ | ✈❛•✉❡s ❛r❡ ♣•♦tt❡❞ ✐♥ ✜❣✉r❡ ✸✳✷✸❇✲❉✳ ❆•• ■✭❱✮ ❝✉r✈❡s r❡✈❡❛• •✐♥❡❛r✱ ♦❤♠✐❝ ❜❡❤❛✈✲ ✐♦r✳ ❚❤✐s ✐♥❞✐❝❛t❡s ♥♦ ✭♦r ♥❡❣•✐❣✐❜•❡✮ s❝❛tt❡r✐♥❣ ♦❢ ❝❤❛r❣❡s✱ ❞✉❡ t♦ t❤❡ •♦✇ ❞❡❢❡❝t ❝♦♥t❡♥t ✇✐t❤✐♥ t❤❡ ✢❛❦❡s✱ ✇❤✐❝❤ ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ |❛♠❛♥ ❛♥❛•②s✐s ✭✇❡❛❦ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❉ ❜❛♥❞✮✳ ❚❤❡ ❛✈❡r❛❣❡ r❡s✐st❛♥❝❡ ✭| avg ✮ ✈❛•✉❡s ♦❜t❛✐♥❡❞ ❛r❡ ✶✺✽ ±✶✺✱ ✷✸✽ ±✼✵ ❛♥❞ ✸✻✺ ±✶✵✵ Ω ❛t t❤❡ ♠❡❛s✉r❡❞ ✧❞❡✈✐❝❡ ❞✐st❛♥❝❡✧ ♦❢ ✷✳✺✱ ✺ ❛♥❞ ✶✵ µ♠✱ r❡s♣❡❝t✐✈❡•② ✭✜❣✉r❡ ✸✳✷✹❆✮✳ ❋✐❣✉r❡ ✸✳✷✹✿ ❚❤❡ | avg ❞❡✈✐❝❡✱ ❋▲• ✢❛❦❡s ❝♦✉♥t ❢♦r ❡❛❝❤ ❞❡✈✐❝❡ ✇✐❞t❤✴❞✐st❛♥❝❡ ♦❢ ✷✳✺✱ ✺ ❛♥❞ ✶✵ µ♠✱ r❡s♣❡❝t✐✈❡•② ❆✮ t❛❜•❡ ❡♥•✐st✐♥❣ t❤❡ | avg ❞❡✈✐❝❡✱❛♥❞ | f lake ❢♦r ❡❛❝❤ ❞❡✈✐❝❡ ✇✐❞t❤✴❞✐st❛♥❝❡ ❛•♦♥❣ ✇✐t❤ t❤❡ ✢❛❦❡s ❝♦✉♥t ❇✮✳ ❊❛❝❤ ❞❡✈✐❝❡ ❝♦♥t❛✐♥s ✈❛r✐❛❜•❡ ♥✉♠❜❡r ♦❢ ✢❛❦❡s ✇❤✐❝❤ ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❍| ♦♣t✐❝❛• ♠✐❝r♦s❝♦♣②✳ ❚❤✐s ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ✢❛❦❡s ❞❡❝r❡❛s❡s ❢r♦♠ ∼ 10 ❢♦r ✷✳✺ µ♠✱ t♦ ∼ 7 ❢♦r ✺ µ♠ ❛♥❞ t♦ ∼ 4 ❢♦r ✶✵ µ♠✱ ✇❤✐❝❤ ✐s r❡•❛t❡❞ t♦ t❤❡ ❤✐❣❤❡r ♣r♦❜❛❜✐•✐t② ♦❢ ❞❡♣♦s✐t❡❞ ✢❛❦❡s ♥✉♠❜❡r ❛♥❞ ♠❛❦✐♥❣ ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ ❡•❡❝tr♦❞❡s ✇✐t❤✐♥ •♦✇❡r ❣❛♣ ✭✜❣✉r❡ ✸✳✷✹❆✮✳ ❚❤❡ •✐♥❡❛r ✐♥❝r❡❛s❡ ♦❢ t❤❡ r❡s✐st❛♥❝❡ ✇✐t❤ t❤❡ ❣❛♣ ✐♥❝r❡❛s❡ ✐s ❞✉❡ t♦ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ✢❛❦❡s✱ ✇❤✐❝❤ ❛r❡ ♠❡❛s✉r❡❞ ❢♦r ❡❛❝❤ ❡•❡❝tr♦❞❡ ❞✐st❛♥❝❡✳ ❚❤❡ ❛✈❡r❛❣❡ r❡s✐st❛♥❝❡ ❢♦r ❡❛❝❤ ✧✢❛❦❡✧ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ♠✉•t✐♣•②✐♥❣ t❤❡ ♦❜t❛✐♥❡❞ ❛✈❡r❛❣❡ | ♦❢ ❡❛❝❤ ❞❡✈✐❝❡ ✭❞✐st❛♥❝❡✮ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❜❡r ✶✻✻ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ✭❛✈❡r❛❣❡✮ ♦❢ ✢❛❦❡s✳ ❚❤❡s❡ ❛✈❡r❛❣❡ r❡s✐st❛♥❝❡s ❛•s♦ ✐♥❝•✉❞❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ✐♥❡✈✐t❛❜•❡ ❝♦♥t❛❝t r❡s✐st❛♥❝❡ ❛♥❞ ❛r❡ ❛✛❡❝t❡❞ ❜② t❤❡ s✉❜str❛t❡ s❝❛tt❡r✐♥❣✳ ❚❤❡ ❝❛•❝✉•❛t❡❞ ✈❛•✉❡s ♦❢ ✢❛❦❡ r❡s✐st❛♥❝❡ | f lake ❛r❡ ✶✳✺✽✱ ✶✳✻✼ ❛♥❞ ✶✳✹✻ ❦Ω r❡s♣❡❝t✐✈❡•② ❢♦r ✷✳✺✱ ✺ ❛♥❞ ✶✵ µ♠ ✭✜❣✉r❡ ✸✳✷✹❇✮✳ ❚❤❡ ♠✐♥✐♠✉♠ ❝❛•❝✉•❛t❡❞ ✈❛•✉❡s ❛❝❝♦r❞✐♥❣ t♦ s✐♥❣✉•❛r ✢❛❦❡s ❛r❡ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✺✵✵✲✼✵✵ Ω✳ ❚❤❡ ❛❣r❡❡♠❡♥t ♦❢ t❤❡ ❛✈❡r❛❣❡ r❡s✐st❛♥❝❡ ✭| avg ✮ ✈❛•✉❡s ♦❜t❛✐♥❡❞ ❢♦r ❡❛❝❤ ❡•❡❝tr♦❞❡s ❞✐st❛♥❝❡ ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ |❛♠❛♥ ❝❛rt♦❣r❛♣❤✐❡s r❡✈❡❛•✐♥❣ ❤♦✲ ♠♦❣❡♥❡✐t② ♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ ❛❜s❡♥❝❡ ♦❢ s✐❣♥✐✜❝❛♥t ❞❡❢❡❝ts ✐♥ ❋▲• ✢❛❦❡s ❡✈❡♥ ❛t t❤❡ ❤✐❣❤❡r ❞✐st❛♥❝❡✱ ✶✵ µ♠✳ ❚❤❡ ❝♦♥❞✉❝t✐✈✐t② σ ❢♦r ✧q✉❛s✐ sq✉❛r❡✧ ✢❛❦❡s✱ ✐♥ ❙✐❡♠❡♥s S ❝❛♥ ❜❡ ❝❛•❝✉•❛t❡❞ ❢r♦♠ r❡s✐st✐✈✐t② ρ✿ σ = 1 ρ ✭✸✳✽✮ ❙✐♥❝❡ r❡s✐s✐t✐✈t② ✐s ❞❡✜♥❡❞ ❛s✿ ρ = R × A L = R × W × d L = R × d ✭✸✳✾✮ ❲❤❡r❡ | ✐s r❡s✐st❛♥❝❡✱ ❆✱ ▲✱ ❲ ❛♥❞ ❞ ❛r❡ ❝r♦ss s❡❝t✐♦♥❛• ❛r❡❛✱ •❡♥❣t❤✱ ✇✐❞t❤✱ ❛♥❞ t❤✐❝❦♥❡ss ♦❢ s❛♠♣•❡s ✭✢❛❦❡s✮✱ r❡s♣❡❝t✐✈❡•②✳ ❋♦r ❛ sq✉❛r❡ s❛♠♣•❡ ❲❂▲✳ ❈♦♠❜✐♥✐♥❣ ❡q✉❛t✐♦♥s ✸✳✽ ❛♥❞ ✸✳✾✿ σ = 1 ρ = 1 R × d ✭✸✳✶✵✮ ❋•❛❦❡ r❡s✐st✐✈✐t② ✭❢♦r ❛ ✢❛❦❡ ❝♦♥t❛✐♥✐♥❣ ❡st✐♠❛t❡❞ ✼ ❣r❛♣❤❡♥❡ s❤❡❡ts✮ ✐s ❝❛•❝✉•❛t❡❞ ❜② ♠✉•t✐♣•②✐♥❣ t❤❡ ♦❜t❛✐♥❡❞ ✢❛❦❡ r❡s✐st❛♥❝❡ ✭| f lake ❂ ✶✳✻ ❦Ω✮ ✇✐t❤ t❤✐❝❦♥❡ss ♦❢ ✢❛❦❡ ✭❞✮✳ ❚❤❡ t❤✐❝❦♥❡ss ✐s ♦❜t❛✐♥❡❞ ❜② ♠✉•t✐♣•②✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s❤❡❡ts ✐♥ ❛ ✢❛❦❡ ✭♥✲✶✱ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r•❛②❡r ❞✐st❛♥❝❡s ✐s ❛•✇❛②s ✶ •❡ss t❤❛♥ t❤❡ t♦t❛• ♥✉♠❜❡r ♦❢ s❤❡❡ts ✐♥ ❛ ✢❛❦❡✮ ✇✐t❤ t❤❡ ✐♥t❡r•❛②❡r ❞✐st❛♥❝❡ ✭❞❂✵✳✸✹ ♥♠✮ ❜❡t✇❡❡♥ t✇♦ ❣r❛♣❤❡♥❡ s❤❡❡ts ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✿ σ = 1 1.6 × 10 3 × 6 × 0.34 × 10 -9 = 1 3.3 × 10 -6 = 0.3 × 10 6 = 3 × 10 5 S/m ✭✸✳✶✶✮ ✸✳✽✳ ❈❖◆❈▲❯❙■❖◆ ✶✻✼ ❋♦r t❤❡ ✧sq✉❛r❡✧ ✢❛❦❡ ✇✐t❤ ✼ s❤❡❡ts ❛♥❞ ❛ r❡s✐st❛♥❝❡ ♦❢ ✶✳✻ ❦Ω✱ t❤❡ t❤✐❝❦♥❡ss✿ ✭✼✲✶✮ × ✵✳✸✹ × ✶✵ -9 ✱ ❛♥❞ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✸✳✶✵ ✐s ∼ 3 × ✶✵ 5 ❙✴♠✱ ✇❤✐•❡ ❢♦r t❤❡ ✢❛❦❡s ✇✐t❤ ✺✵✵Ω✱ ✐t r❡❛❝❤❡s ❛•♠♦st ✶✵ 6 ❙✴♠ ✭✾✳✽ ×✶✵ 5 ❙✴♠✮✳ ❙✉❝❤ ❤✐❣❤ ❝♦♥❞✉❝t✐✈✐t✐❡s ❛r❡ ❝♦♠♣❛r❛❜•❡ ✇✐t❤ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ✭✷✳✷✼×✶✵ 6 ❙✴♠✱ ♦r ✷✳✺×✶✵ 6 ❙✴♠✮ ♣❛r❛••❡• t♦ t❤❡ s❤❡❡ts ✭❤♦r✐③♦♥t❛•✮ ✭σ II ✮✱ ♠❡❛s✉r❡❞ ❢♦r ❣r❛♣❤✐t❡ ♠♦♥♦❝r②st❛• ♦r ❍❖P• ❬✶✹✹(✳ ❚❤❡ ❡•❡❝tr✐❝ ♣r♦♣❡rt② ♦❢ t❤❡ ❋▲• ✐s ♥♦t ♦♥•② ❝♦♠♣❛r❛❜•❡ ✇✐t❤ t❤❛t ♦❢ ❈❱❉✲❣r♦✇♥ ♠❛t❡r✐❛•s ❜✉t ❛•s♦ s✉♣❡r✐♦r t♦ t❤❡ ♠♦st ♦❢ ❝♦♠♠♦♥ ❡①❢♦•✐❛t✐♦♥ ♦r✐❣✐♥❛t❡❞ ❣r❛♣❤❡♥❡s✳ ✸✳✽ ❈♦♥❝•✉s✐♦♥ ■♥ s✉♠♠❛r②✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ ❞✐✛❡r❡♥t ❋▲• ♠❛t❡r✐❛•s ♦❜t❛✐♥❡❞ ❜② ♠❡❝❤❛♥✲ ✐❝❛• ❡①❢♦•✐❛t✐♦♥ ❛♥❞ µ✲✇❛✈❡s✲❛ss✐st❡❞ •✐q✉✐❞ ❡①❢♦•✐❛t✐♦♥ ♦❢ ♣❡♥❝✐• •❡❛❞✱ ❍❖P•✱ ❛♥❞ ❊•✱ r❡s♣❡❝t✐✈❡•②✳ ❋▲• ❜② ❛❜•❛t✐♦♥ ♦❢ ♣❡♥❝✐• •❡❛❞ ✐♥✈♦•✈❡s s❡✈❡r❛• ✜•tr❛t✐♦♥ st❡♣s ❜✉t ✐s ❛ ❤✐❣❤ ②✐❡•❞✱ ❢❛❝✐•❡ ❛♥❞ s❝❛•❛❜•❡ ♠❡t❤♦❞✳ ❚❤❡ ✢❛❦❡s ❛r❡ ♥♦t •❛r❣❡r t❤❛♥ ✷✲✸ µ♠✳ ❈❤❛r❣❡ tr❛♥s♣♦rt ✇❛s st✉❞✐❡❞ ❜② ❍❛•• ❊✛❡❝t✱ t✇♦ ❛♥❞ ❢♦✉r✲♣♦✐♥t ♣r♦❜❡s ✭❋PPs✮ ❢♦r t❤❡ ❞❡✈✐❝❡s ♣r❡♣❛r❡❞ ❢r♦♠ t❤❡s❡ ♠❛t❡r✐❛•s✳ ❋✉rt❤❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ s❛♠♣•❡ ♣r❡♣❛r❡❞ ❜② t❤❡ ❤♦t✲s♣r❛② t❡❝❤♥✐q✉❡ •❡❛❞s t♦ ♦✈❡r•❛♣♣❡❞ ❋▲• ✢❛❦❡s ✇✐t❤ r❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥✳ ■t s❤♦✇s s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ ❝❤❛r❣❡ tr❛♥s✲ ♣♦rt ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❚❤✐s ✐s ❞✉❡ t♦ ❞❡s♦r♣t✐♦♥ ♦❢ ❛❞s♦r❜❡❞ ❤②❞r♦❝❛r❜♦♥ ✐♠♣✉r✐t✐❡s ✭t♦•✉❡♥❡ ❛♥❞ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t❡r♠❡❞✐❛t❡s✮ ❛❝❝♦♠♣❛♥✐❡❞ ❜② •♦✇ ❞❡✲ ❝r❡❛s❡ ♦❢ ♦①②❣❡♥ ❝♦♥t❡♥t✱ ♦♥❝❡ ❛♥♥❡❛•❡❞ ❛t ✾✵✵ • ❈✳ ❆ ❞❡s♦r♣t✐♦♥ ♦❢ t♦•✉❡♥❡ ❢r♦♠ t❤❡ ❋▲• s✉r❢❛❝❡ r❡q✉✐r❡s ❛ t❡♠♣❡r❛t✉r❡ ❛s ❤✐❣❤ ❛s ✹✺✵ • ❈ ✉♥❞❡r ❛ ♣r❡ss✉r❡ ♦❢ ✶✵ -4 P❛✱ s❤♦✇✐♥❣ str♦♥❣ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤✐s ❡•❡❝tr♦♥✲❞♦♥♦r s♣❡❝✐❡s ✇✐t❤ ❣r❛♣❤❡♥❡ ♠❛t❡r✐❛•s✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ✐♠♣♦rt❛♥t t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ❣r❛♣❤❡♥❡✲ ❜❛s❡❞ ❝❤❡♠✐s❡♥s♦rs ❛r❡ ❞❡s✐❣♥❡❞✳ ❆ ❞✐✛✉s✐✈❡ ❡•❡❝tr♦♥ tr❛♥s♣♦rt ♠❡❝❤❛♥✐s♠ ❛•♦♥❣ ✇✐t❤ t❤❡ ♥❡❣❛t✐✈❡ t❡♠♣❡r❛t✉r❡ ❝♦❡✣❝✐❡♥t ❢❡❛t✉r❡ ♦❢ ❋▲• ✜•♠ ✇❛s ♦❜s❡r✈❡❞ ❞✉r✲ ✐♥❣ ❍❛•• ❊✛❡❝t ♠❡❛s✉r❡♠❡♥ts ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❢✉• ❢♦r ♣♦t❡♥t✐❛• ❛♣♣•✐❝❛t✐♦♥s ✐♥ t❤❡r♠✐st♦r ❞❡✈✐❝❡s✳ ❚❤❡ •♦✇❡st s❤❡❡t r❡s✐st❛♥❝❡ ♦❢ ✼✻✵ Ω✴ ✇❛s r❡❝♦r❞❡❞ ❢♦r t❤❡ ✶✻✽ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❛♥♥❡❛•❡❞ ❋▲• ✜•♠✳ ❚❤❡s❡ r❡s✉•ts ♦❢ ❝♦♥❞✉❝t✐✈✐t② ♠❛❦❡ t❤❡s❡ ♠❛t❡r✐❛•s s✉✐t❛❜•❡ ❢♦r ❝♦♥❞✉❝t✐✈❡ ❝♦❛t✐♥❣s ❛♥❞ ❡•❡❝tr♦❞❡s ❛♥❞ t❤❡✐r •♦✇ ✇♦r❦✲❢✉♥❝t✐♦♥ ✐s s✉✐t❛❜•❡ ❢♦r ❝❛t❤♦❞❡ ❡•❡❝tr♦❞❡ ❢♦r ❖❙❈s✳ ❚❤❡ ♠❛✐♥ ♣r♦❜•❡♠ ✐s t❤❡ r❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥ ❜② s♣r❛② ❛♥❞ •♦✇ ♣❡r❝♦•❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✢❛❦❡s ❞✉❡ t♦ t❤❡ ♠✉•t✐✲st❡♣ str✉❝t✉r❡ ✐♥ ❋▲• ❢r♦♠ ♣❡♥❝✐• •❡❛❞ ✭❋▲•✲❆❜•✮ ❛♥❞ ✐♥❤♦♠♦❣❡♥❡♦✉s ❛♥❞ •♦✇ s✐③❡ ♦❢ t❤❡ ✢❛❦❡s✳ ❚❤❡ r♦✉❣❤♥❡ss ♦❢ ❜♦t❤ t❤❡ ❋▲•✲❆❜• ❛♥❞ ❋▲•✲❍❖P• ✜•♠s r❡s✉•t✐♥❣ ❢r♦♠ t❤❡ ✉s❡•❡ss ❛❣❣•♦♠❡r❛t❡s ❢♦r♠❡❞ ❞✉r✐♥❣ s✉s♣❡♥s✐♦♥ ❞✐s♣❡rs✐♦♥ ❛♥❞ s♣r❛② ❛r❡ ♠❛•♦r ♦❜st❛❝•❡ t♦ ❣❡t s♠♦♦t❤ ✜•♠s ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s s✉r❢❛❝❡ ❛♥❞ r❡♣❡❛t❛❜•❡ ♣r♦♣❡rt✐❡s✳ ❍♦✇❡✈❡r✱ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ tr❛♥s♠✐tt❛♥❝❡ ✇❛s ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❋▲•✲❍❖P•✷✹ ❞❡✈✐❝❡s✳ ❋▲•✲❆❜• ✢❛❦❡s ✇❡r❡ ✐♠♣r♦✈❡❞ ❜② µ✲✇❛✈❡s tr❡❛t♠❡♥t ✐♥ ✇❛t❡r ♦①✐❞❛t✐♦♥ ❛t ✻✺✵ • ❈✳ ■♥ t❤❡ ❡♥❞✱ t❤❡ ❋▲• ✇❛s ♦❜t❛✐♥❡❞ ❜② •✐q✉✐❞ ❡①❢♦•✐❛t✐♦♥ ♦❢ ❊• ❛ss✐st❡❞ ❜② µ✲✇❛✈❡s ✐rr❛❞✐❛t✐♦♥s✳ ■t ✇❛s ♦❜s❡r✈❡❞ t❤❛t ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ ✢❛❦❡s ✇✐t❤ •❛r❣❡ ✢❛❦❡ s✐③❡ ❛♥❞ ❤✐❣❤ ❡•❡❝tr✐❝❛• ❝♦♥❞✉❝t✐✈✐t② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② t❤✐s ♠❡t❤♦❞✳ ❙✐❣♥✐✜❝❛♥t ❛❜s♦r♣t✐♦♥ ♦❢ µ✲✇❛✈❡s ❜② ❊•✴❋▲• ❛••♦✇s t♦ r❡❛❝❤ •♦✇ ❞❡❢❡❝ts ❤✐❣❤ r❛♥❣❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✉❝t✐✈❡ ♠❛t❡r✐❛•s✳ ❱❡r② •♦✇ s❤❡❡t r❡s✐st❛♥❝❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ •❛r❣❡ •❛t❡r❛• s✐③❡ ♦❢ ❋▲• ✢❛❦❡s✱ ✉♣ t♦ t❡♥s ♦❢ ♠✐❝r♦♥s✱ ❛r❡ ❝♦♠♣❛r❛❜•❡ t♦ t❤♦s❡ ♦❢ ❤✐❣❤ q✉❛•✐t② ❣r❛♣❤❡♥❡s s②♥t❤❡s✐③❡❞ ❜② ❈❱❉ ♠❡t❤♦❞✱ ✇❤✐•❡ ❝♦♥s✐❞❡r❛❜•❡ s❤❡❡ts✬ s✐③❡ ✐s ♦❢ ❤✐❣❤ ✐♥t❡r❡st t♦ r❡❛❝❤ ❡❛s② ♣❡r❝♦•❛t✐♦♥ ✐♥ t❤❡ ❢✉rt❤❡r ❢♦r♠❡❞ ✜•♠s✳ ❍♦✇❡✈❡r✱ ❞❡s♣✐t❡ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ •❛r❣❡ •❛t❡r❛• s✐③❡ ✢❛❦❡s ❛♥❞ ❜❡tt❡r ❡•❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s✱ ❋▲• ❢r♦♠ ♠✐❝r♦✇❛✈❡ ❤❛❞ ♣r♦❜•❡♠s ♦❢ •♦✇ ②✐❡•❞✱ ❢♦r♠✐♥❣ ❛❣❣r❡❣❛t❡s ✐♥ s✉s♣❡♥s✐♦♥ ❛♥❞ ❜❡✐♥❣ ❞✐✣❝✉•t t♦ ♦♣❡r❛t❡ ✐♥ t❤❡ st❛♥❞❛r❞ s♣r❛②✲s②st❡♠ ❢♦r ✜•♠ ❢♦r♠❛t✐♦♥ ✭❞✉❡ t♦ t❤❡ s♠❛•• ❞✐❛♠❡t❡r s♣r❛② ♥♦③③•❡✮✳ ❚♦ ❞❡❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ s❤❡❡ts ✇✐t❤✐♥ ✐♥❞✐✈✐❞✉❛• ❋▲• ✢❛❦❡s ❛♥❞ ✐♥❝r❡❛s❡ ❛ ♣❡r❝♦•❛t✐♦♥ ✐♥ ✜•♠s✱ t❤❡ r•❖✲❋▲• ❛♥❞ ❈◆❚✲❋▲• ❤②❜r✐❞s✱ r❡s♣❡❝t✐✈❡•② ❛r❡ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡❞✳ ✶✻✾ ✹ |❡s✉•ts✿ |❡❞✉❝❡❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭r•❖✮ ❛♥❞ r•❖✴❋▲• ❈♦♠♣♦s✐t❡ ❚❤✐s ❝❤❛♣t❡r st❛rts ✇✐t❤ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣r❡♣❛r❛t✐♦♥ ♦❢ r•❖ ❛♥❞ r•❖✴❋▲• ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛•s ❛♥❞ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ✐♥ t❤❡ s❡❝t✐♦♥ ✹✳✶✳ ❈❤❛r❛❝✲ t❡r✐③❛t✐♦♥s ❢♦r t❤❡s❡ ❞❡✈✐❝❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✷✱ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt st✉❞✐❡s ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✷✳✶✱ ❢♦••♦✇❡❞ ❜② t❤❡ ♠♦r♣❤♦•♦❣② ❛♥❞ r♦✉❣❤✲ ♥❡ss ♣r♦✜•❡s ❛♥❞ ✇♦r❦✲❢✉♥❝t✐♦♥ ❞❡t❡r♠✐♥❛t✐♦♥ ✐♥ s✉❜s❡q✉❡♥t s✉❜s❡❝t✐♦♥s ✹✳✷✳✷ ❛♥❞ ✹✳✷✳✸✱ r❡s♣❡❝t✐✈❡•②✳ P❡r❝♦•❛t✐♦♥ st✉❞② ❢♦r t❤❡ r•❖ ❛♥❞ r•❖✴❋▲• ✐s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳ ▲❛st✱ t❤❡ ❝♦♥❝•✉s✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✹✳ ✹✳✶ Pr❡♣❛r❛t✐♦♥ ♦❢ r•❖ ❛♥❞ r•❖✴❋▲• ❈♦♠♣♦s✐t❡ ▼❛t❡r✐❛•s✴❈❤❛r❣❡ ❚r❛♥s♣♦rt ❉❡✈✐❝❡s ❉✉❡ t♦ t❤❡ ♣r♦❜•❡♠s ✇✐t❤ ❋▲• ♠❛t❡r✐❛•s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❝❤❛♣t❡r ✸✱ s✐♠✉•✲ t❛♥❡♦✉s r❡❞✉❝t✐♦♥ ❛♥❞ ❡①❢♦•✐❛t✐♦♥ ♦❢ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭•❖✮✱ ❛♥❞ •r❛♣❤❡♥❡ ❖①✐❞❡ ✭•❖✮ ❛♥❞ ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ✭❊•✮ ❝♦♠♣♦s✐t❡ ❤❛✈❡ ❜❡❡♥ ❛tt❡♠♣t❡❞ ❜② t❤❡ ▲✐q✉✐❞ P❤❛s❡ ♠❡t❤♦❞ ✇✐t❤ t❤❡ ❛ss✐st❛♥❝❡ ♦❢ µ✲✇❛✈❡s ✐♥ ❛ r❡❞✉❝✐♥❣ ♠❡❞✐❛✱ ❡✳❣✳ ❡t❤②•❡♥❡ ❣•②❝♦•✱ ✭❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✷✳✷✳✷✳✷ ✐♥ ❝❤❛♣t❡r ✷✮✳ ❱❡r② ❢❛st ❤❡❛t✐♥❣ r❛t❡ ❛♥❞ ❝♦♥❞✉❝t✐✈✐t② ♦❢ ❋▲• ✢❛❦❡s ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❡①❢♦•✐❛t✐♦♥ ✉♥❞❡r µ✲✇❛✈❡s ✭r❡♣❛✐r✲ ✐♥❣ ♦❢ t❤❡ ❝r②st❛• •❛tt✐❝❡✮ ❛♥❞ ♠♦t✐✈❛t❡❞ t♦ ✉s❡ t❤❡ µ✲✇❛✈❡s ✐♥ ♦r❞❡r t♦ ♣r❡♣❛r❡ r•❖ ❛♥❞ r•❖✴❋▲• ❝♦♠♣♦s✐t❡ ❜② r❡❞✉❝t✐♦♥✴❡①❢♦•✐❛t✐♦♥ ♣r♦❝❡ss ✉♥❞❡r µ✲✇❛✈❡s ❬✷✺✸(✱ ❬✷✷✺(✳ ❙✐♥❝❡ ❝❛r❜♦♥ ♠❛t❡r✐❛•s ❛r❡ ❣❡♥❡r❛••② ❣♦♦❞ ❛❜s♦r❜❡rs ♦❢ ♠✐❝r♦✇❛✈❡s✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ t❤✐♥✲s✐③❡❞ •❛r❣❡ •❖ ❛♥❞ t❤❡ •❛r❣❡ •❛t❡r❛• s✐③❡❞ ❊• ♠❛❦❡s ❛ ❣♦♦❞ ♣♦ss✐❜✐•✐t② t♦ ♦❜t❛✐♥ t❤✐♥♥❡r ❛♥❞ •❛r❣❡r s❤❡❡ts ✇❤✐❝❤ ❝❛♥ ❡❛s✐•② ❝♦✈❡r t❤❡ •❛r❣❡ •❛t❡r❛• ❛r❡❛ ♦♥ t❤❡ ❣•❛ss ♣•❛t❡s✴s✉❜str❛t❡s ❞✉r✐♥❣ ❤♦t✲s♣r❛② ♠❡t❤♦❞ ❛♥❞ ♣r♦✈✐❞❡ ❜❡tt❡r ♣❡r❝♦•❛t✐♦♥ ❬✷✺✵(✳ ❊t❤②•❡♥❡ ❣•②❝♦• ✐s ❛ ❦♥♦✇♥ r❡❞✉❝✐♥❣ ❛❣❡♥t ❛♥❞ ✶✼✵ ❈❍❆P❚❊| ✹✳ |❊❙❯▲❚❙✿ |❊❉❯❈❊❉ •|❆P❍❊◆❊ ❖❳■❉❊ ✭|•❖✮ ❆◆❉ |•❖✴❋▲• ❈❖▼P❖❙■❚❊ ✐s ✉s❡❞ ❛s ❛ s♦•✈❡♥t✱ ✇❤✐❝❤ ❤❛s r❡❞✉❝t✐✈❡ ♣r♦♣❡rt✐❡s t♦ ❛✈♦✐❞ ♦①②❣❡♥❛t✐♦♥ ❞✉r✐♥❣ µ✲✇❛✈❡s ❤❡❛t✐♥❣✱ ❛♥❞ ❛❞❞✐t✐♦♥❛••②✱ ❝❛♥ r❡❞✉❝❡ t❤❡ •❖✳ ❇♦t❤ ♠❛t❡r✐❛•s r❡s✉•t❡❞ ✐♥ ❣♦♦❞ ②✐❡•❞ ♦❢ ✺✵✲✼✵✪ ❛❢t❡r ❡①❢♦•✐❛t✐♦♥✴r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♠✐❝r♦✇❛✈❡✳ ▲❛t❡r✱ ❞✐s✲ ♣❡rs✐♦♥s ✇❡r❡ ♣r❡♣❛r❡❞ ❜② ❛❞❞✐♥❣ ❡t❤❛♥♦• t♦ t❤❡ ❡t❤②•❡♥❡ ❣•②❝♦• s✉s♣❡♥s✐♦♥ t♦ •♦✇❡r t❤❡ ❜♦✐•✐♥❣ ♣♦✐♥t✳ ❊t❤❛♥♦• ✇❛s ❛❞❞❡❞ ❛t ❛♥ ❛♠♦✉♥t t✇✐❝❡ t❤❡ ✈♦•✉♠❡ ♦❢ ❡t❤②•❡♥❡ ❣•②❝♦•✳ ❚❤✐s ❝❤❛♥❣❡s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ r•❖ ❛♥❞ r•❖✴❋▲• t♦ ✵✳✷✺ ♠❣✴♠▲ ❛♥❞ ✵✳✸✸ ♠❣✴♠▲ ✐♥ ❡t❤②•❡♥❡ ❣•②❝♦•✴❡t❤❛♥♦•✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤✐s ✇❛s ❞♦♥❡ ✐♥ ♦r❞❡r t♦ ❢❛❝✐•✐t❛t❡ t❤❡ s♣r❛② ♦♥ ❤♦t ♣•❛t❡ s♦ t❤❛t t❤❡ •✐q✉✐❞ ❝❛♥ ❡✈❛♣♦r❛t❡ r❡•❛t✐✈❡•② r❛♣✐❞•② ❞✉r✐♥❣ t❤❡ ❞❡♣♦s✐t✐♦♥ ♦❢ r•❖ ♦♥ ❣•❛ss✴q✉❛rt③ s✉❜str❛t❡s✳ ❚❤❡ r•❖ ❛♥❞ r•❖✴❋▲• ❢r♦♠ ❜♦t❤ •❖ ❛♥❞ •❖✴❊•✱ r❡s♣❡❝t✐✈❡•②✱ ✐♥ ❡t❤②•❡♥❡ ❣•②❝♦• ✇❡r❡ ✉s❡❞ t♦ ❣r♦✇ t❤✐♥ ✜•♠s ♦♥ ❣•❛ss✴q✉❛rt③ s✉❜str❛t❡s ✇✐t❤ ✈❛r✐♦✉s ❞❡♣♦s✐t✐♦♥ q✉❛♥t✐t✐❡s ✉s✐♥❣ s♣r❛②✲❝♦❛t✐♥❣ ♠❡t❤♦❞ ✭❛s ❡①♣•❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✮✳ ❙❡✈❡r❛• ❞❡✲ ✈✐❝❡s ✇❡r❡ ♣r❡♣❛r❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ✐♥ t❤❡ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ✜•♠s✳ ❚✇♦ t②♣❡s ♦❢ ❞❡✈✐❝❡s ✇❡r❡ ♣r❡♣❛r❡❞ ❜❛s❡❞ ♦♥ t❤❡ t②♣❡ ♦❢ ♦❜t❛✐♥❡❞ ♠❛t❡r✐❛•s✿ t❤❡ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ✭r•❖✮ ❛♥❞ t❤❡ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❛♥❞ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ ❝♦♠♣♦s✐t❡ ✭r•❖✴❋▲•✮✱ r❡s♣❡❝t✐✈❡•②✳ ❉✉❡ t♦ t❤❡ ❣♦♦❞ ♦❤♠✐❝ ❝♦♥t❛❝t ❛♥❞ ❝♦♥❞✉❝t✐✈❡ s❛♠♣•❡s✴❋▲• ✜•♠s✱ t❤❡ ♥❡❝❡ss✐t② t♦ ❡✈❛♣♦r❛t❡ ❈r✴❆✉ ❡•❡❝tr♦❞❡s ❢♦r ❢♦✉r✲♣♦✐♥t ♣r♦❜❡s ✇❛s ♥♦t ❦❡♣t✳ ❙♦ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❜② ❋PPs ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ❜② •❛♥❞✐♥❣ ❢♦✉r ♣r♦❜❡s ❞✐r❡❝t•② ♦♥ t❤❡ r•❖✲µ✇❛✈❡s ❛♥❞ r•❖✴❊•✲µ✇❛✈❡s ✜•♠s✳ |❡♣❡t✐t✐✈❡ ♠❡❛s✉r❡♠❡♥ts ❝♦♥✜r♠❡❞ t❤❡ ❣♦♦❞ ♦❤♠✐❝ ❝♦♥✲ t❛❝t ❜❡t✇❡❡♥ ♣r♦❜❡s ❛♥❞ r•❖ ✜•♠s ❢♦r ❝❤❛r❣❡ tr❛♥s♣♦rt st✉❞②✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♦♠✐ss✐♦♥ ✐s t❤❛t t❤❡ ❡✛❡❝ts ♦❢ s❝❛tt❡r✐♥❣ ❛♥❞ ❝♦♥t❛❝t t✉♥♥❡•✐♥❣ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞✳ ✹✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ✶✼✶ ✹✳✷ ❈❤❛r❛❝t❡r✐③❛t✐♦♥s ✹✳✷✳✶ ❈❤❛r❣❡ ❚r❛♥s♣♦rt ✐♥ r•❖ ❛♥❞ r•❖✴❋▲• ❚❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ✇❛s st✉❞✐❡❞ ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝❡❞ ❝✉rr❡♥t ❜② ❋♦✉r✲♣♦✐♥t ♣r♦❜❡s ✭❋PPs✮ ❛s ❡①♣•❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✺✳ |❡♣r❡s❡♥t❛t✐✈❡ r❡s✉•ts ♦❢ ❝❤❛r❣❡ tr❛♥s♣♦rt ♦❢ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❞❡✈✐❝❡s ❛r❡ s❤♦✇♥ ❜② ❱✭■✮ ❝✉r✈❡s ✐♥ ✜❣✉r❡ ✹✳✶✳ ❚❤❡ r❡s✉•ts ❛r❡ s❤♦✇♥ ❢♦r ❛s✲♣r❡♣❛r❡❞ ❛♥❞ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ❞❡✈✐❝❡s ❋✐❣✉r❡ ✹✳✶✿ |❡♣r❡s❡♥t❛t✐✈❡ ❱✭■✮ ❝✉r✈❡s ♦❢ r•❖ ❛♥❞ r•❖✴❋▲• ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ❜② ❢♦✉r✲♣♦✐♥t ♣r♦❜❡s✳ ❆✮ ❛s✲♣r❡♣❛r❡❞✱ ❇✮ t❤❡r♠❛••② ❛♥♥❡❛•❡❞ ❛t ✾✵✵ • ❈ ✉♥❞❡r ❆r✴❍ 2 ❢♦r ✷❤✳ ✉♥❞❡r ❍ 2 ✴❆r ❢♦r t✇♦ ❤♦✉rs ❛t ✾✵✵ • ❈✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ❆r ❣❛s ✇❛s ✉s❡❞ ❞✉r✐♥❣ t❤❡ r❛♠♣ ❢♦r t❤❡ t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ ❛♥❞ ❍ 2 ✇❛s ✉s❡❞ ❢♦r ✷❤ ❛t ✾✵✵ • ❈✳ ❉✉r✐♥❣ t❤❡ ❝♦♦•✐♥❣ st❡♣ ✐t ✇❛s s✇✐t❝❤❡❞ ❜❛❝❦ t♦ ❆r✳ ❚❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts r❡✈❡❛• t❤❛t t❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ✐s •❛r❣❡✱ ✉♣ t♦ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ ❦Ω✴ ✿ ✷✺✶ ❦Ω✴ ❛♥❞ ✷✺✺ ❦Ω✴ ❢♦r t❤❡ r•❖ ❛♥❞ t❤❡ r•❖✴❋▲• ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤✐s ✐s ❝♦♠♣❛r❛❜•❡ ✇✐t❤ ♦✉r ❋▲•✲❍❖P• ❞❡✈✐❝❡ ✇✐t❤ | s ♦❢ ✷✸✻ ❦Ω✴ ✱ ❜✉t ✐s •❛r❣❡r t❤❛♥ ❋▲•✲❆❜• ❞❡✈✐❝❡ ✇✐t❤ | s ♦❢ ✽✺ ❦Ω✴ ✱ ❛•• ♦❢ t❤❡♠ ❜❡✐♥❣ ✉♥✲tr❡❛t❡❞ ❞❡✈✐❝❡s✳ ❍✐❣❤ ✐♥✐t✐❛• | s ❝❛♥ ❜❡ ❛•s♦ •✐♥❦❡❞ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡t❤②•❡♥❡ ❣•②❝♦• ✭✇❤✐❝❤ ❡✈❛♣♦r❛t❡s ❛t ✈❡r② ❤✐❣❤ t❡♠♣❡r❛t✉r❡✮✱ ❤✐❣❤ ♦①②❣❡♥ ❝♦♥t❡♥t✱ str✉❝t✉r❛• ❞❡❢❡❝ts ❛♠♦♥❣ ♦t❤❡rs✳ ✶✼✷ ❈❍❆P❚❊| ✹✳ |❊❙❯▲❚❙✿ |❊❉❯❈❊❉ •|❆P❍❊◆❊ ❖❳■❉❊ ✭|•❖✮ ❆◆❉ |•❖✴❋▲• ❈❖▼P❖❙■❚❊ ❚❤❡ ♦❜t❛✐♥❡❞ tr❛♥s♠✐tt❛♥❝❡s ❛r❡ ✻✷✪ ❛♥❞ ✼✸ ✪ ❢♦r t❤❡ r•❖ ❛♥❞ r•❖✴❋▲• ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•② ✭✜❣✉r❡ ✹✳✷✮✳ ❋✐❣✉r❡ ✹✳✷✿ |❡♣r❡s❡♥t❛t✐✈❡ tr❛♥s♠✐tt❛♥❝❡ s♣❡❝tr❛ ♦❢ t❤❡ r•❖ ❛♥❞ t❤❡ r•❖✴❋▲• ❞❡✈✐❝❡s✳ ❚❤❡ ❤✐❣❤❡r tr❛♥s♠✐tt❛♥❝❡ ✐s ♣r♦❜❛❜•② ❞✉❡ t♦ t❤❡ ✐♥❝♦♠♣•❡t❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ r•❖ ❜② µ✲✇❛✈❡s✲❛ss✐st❡❞ r❡❞✉❝t✐♦♥ ✭♥♦♥✲r❡❞✉❝❡❞ •❖ ✐s tr❛♥s♣❛r❡♥t✮ ❛s ❢✉••② r❡❞✉❝❡❞ •❖ ✇✐•• ❝❤❛♥❣❡ ❝♦•♦r t♦ ❜❡❝♦♠❡ ♠♦r❡ ❞❛r❦❡r✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t✱ ❜❡❝❛✉s❡ r•❖ ✐s ♥♦t ❝♦♠♣•❡t❡•② r❡❞✉❝❡❞ ❛❢t❡r µ✲✇❛✈❡s tr❡❛t♠❡♥t✱ ✐s ♠♦r❡ tr❛♥s♣❛r❡♥t t❤❛♥ r•❖✴❋▲•✱ ✇❤❡r❡ ❋▲• ✐s ♦❢ ♠✉❝❤ •♦✇❡r tr❛♥s♣❛r❡♥❝②✱ ✭♥♦♥ r❡❞✉❝❡❞ •❖ ✐s t♦t❛••② tr❛♥s♣❛r❡♥t✮✳ ◆♦t❡ t❤❛t t❤❡ | s ❛♥❞ t❤❡ tr❛♥s♠✐tt❛♥❝❡ ✇❡r❡ r❡❝♦r❞❡❞ ❛t •❡❛st t✇♦ ♦r t❤r❡❡ t✐♠❡s ♦♥ ❞✐✛❡r❡♥t •♦❝❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ ❞❡✈✐❝❡✱ ❛♥❞ t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ❱✲■ ❝✉r✈❡s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ s♣❡❝tr❛ ♣•♦tt❡❞ ❤❡r❡ ❛r❡ ❡✐t❤❡r ❛✈❡r❛❣❡ ♦r ♠❡❞✐❛♥ ✈❛•✉❡s ✭❝•♦s❡ t♦ t❤❡ ❛✈❡r❛❣❡✴r❡♣r❡s❡♥t❛t✐✈❡ ✈❛•✉❡✱ ❜❡❝❛✉s❡ ✐t ✐s ♥♦t ♣♦ss✐❜•❡ t♦ ❣❡♥❡r❛t❡ ❝✉r✈❡s ❢♦r ❛✈❡r❛❣❡ | s ♦r tr❛♥s♠✐tt❛♥❝❡✮✳ ❋✉rt❤❡r✱ t❤❡ r❡❛• ❛✈❡r❛❣❡ ✈❛•✉❡s ♦❢ ❜♦t❤ q✉❛♥t✐t✐❡s ✭✇✐t❤ ± ❡rr♦r✮ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ t❛❜•❡ ✹✳✶ ❛♥❞ ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❝❛•❝✉•❛t✐♦♥ ♦❢ ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝②✳ ❆♣❛rt ❢r♦♠ t❤❡ ❞❡s♦r♣t✐♦♥ ♦❢ ✉♥✇❛♥t❡❞ s♣❡❝✐❡s✱ t❤❡r❡ ✐s ❛•s♦ ❛ str♦♥❣ ♣♦ss✐✲ ✹✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ✶✼✸ ❚❛❜•❡ ✹✳✶✿ ❈♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ✭σ gt ✮✱ ♦❢ t❤❡ r•❖ ❛♥❞ t❤❡ r•❖✴❋▲• ❞❡✈✐❝❡s✳ ❜✐•✐t② ♦❢ ❢✉rt❤❡r ♣❛rt✐❛• t❤❡r♠❛• r❡❞✉❝t✐♦♥ ♦❢ r•❖ ❞✉r✐♥❣ t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t ✐♥ t❤❡ ✐♥❡rt ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ ❤❛s ✐♥❝r❡❛s❡❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥❞✉❝t✐✈❡ ✐s•❛♥❞s ✇✐t❤ s♣ 2 ❡•❡❝tr♦♥s ❛♥❞ ❝♦♥tr✐❜✉t❡❞ t♦ ❛ ❜❡tt❡r ❝❤❛r❣❡ tr❛♥s♣♦rt✳ ❚❤❡ | s ✐s s❤♦✇♥ t♦ ❜❡ •♦✇❡r❡❞ ❜② ♦♥❡ t♦ t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ✉♣ t♦ ❢❡✇ t❡♥s ♦❢ ❦Ω✴ ♦r ❢❡✇ ❦Ω✴ ✳ ❚❤❡ ✜❣✉r❡ ✹✳✶❇ ❞✐s♣•❛②s t❤❡ | s ❛r♦✉♥❞ ✶✷ ❦Ω✴ ❢♦r ❜♦t❤ t❤❡ r•❖ ✭❛✈❡r❛❣❡ | s ❂ ✶✹±✺ ❦Ω✴ ✮ ❛♥❞ t❤❡ r•❖✴❋▲• ✭❛✈❡r❛❣❡ | s ❂ ✶✾±✶✷ ❦Ω✴ ✮ ❞❡✲ ✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❋✉rt❤❡r ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ | s ✭♠♦❜✐•✐t②✮ ❝♦✉•❞ ❤❛✈❡ ❜❡❡♥ ✐♠♣❛✐r❡❞ ❜② ❡•❡❝tr♦♥✲♣❤♦♥♦♥ ❛♥❞ s❤♦rt r❛♥❣❡ s❝❛tt❡r✐♥❣ ✭✐♥tr✐♥s✐❝ ❞❡❢❡❝ts✱ ❡✳❣✳ ❝❛r❜♦♥ ✈❛❝❛♥❝✐❡s✮ ❛♥❞ •♦✇ ♥✉♠❜❡r ♦❢ ♥♦♥✲❝♦♥❞✉❝t✐♥❣ ✐s•❛♥❞s ✇✐t❤ s♣ 3 ❈ r❡♠❛✐♥✲ ✐♥❣ ❡✈❡♥ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ❬✷✺✹✱ ✷✺✺(✳ ❚❤❡s❡ ✈❛•✉❡s ❛r❡ ❝♦♠♣❛r❛❜•❡ ✇✐t❤ | s ♦❢ ✷✷ ❦Ω✴ ❛♥❞ ✶✺ ❦Ω✴ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ❋▲•✲❍❖P• ❛♥❞ ❋▲•✲❆❜• ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❋✉rt❤❡r✱ t❤❡s❡ ✈❛•✉❡s ❛r❡ ❝♦♠♣❛r❛❜•❡ t♦ ♦♥❡ ♦❢ t❤❡ ❜❡st r❡♣♦rt❡❞ ❢♦r ❈❱❉✲r•❖ ✭❛ t✇♦✲st❡♣ t❤❡r♠❛• r❡❞✉❝t✐♦♥ ❛♥❞ ❈❱❉✲r❡♣❛✐r✮ s✐♥❣•❡ •❛②❡r r•❖ ✜•♠s ✇❤✐❝❤ s❤♦✇❡❞ ❛♥ | s ♦❢ ✶✹ ❦Ω✴ ❜② t✇♦✲♣r♦❜❡ ♠❡❛s✉r❡✲ ♠❡♥t ✭tr❛♥s♣❛r❡♥❝② ♥♦t ♠❡♥t✐♦♥❡❞✮ ❬✷✺✹(✳ ❚❤❡ •♦✇❡st | s ♦❢ ✹ ❦Ω✴ ✇❛s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ r•❖✴❋▲• ✭✽♠▲✮✲✾✵✵ • ❈ ❆r✴❍ 2 ❞❡✈✐❝❡ ✭✇✐t❤ •♦✇ tr❛♥s♠✐tt❛♥❝❡❂✹✵✪✮✳ ❚❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ✭σ gt ✮ ♦❢ t❤❡s❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡s ✐s ✶✶ ✶✼✹ ❈❍❆P❚❊| ✹✳ |❊❙❯▲❚❙✿ |❊❉❯❈❊❉ •|❆P❍❊◆❊ ❖❳■❉❊ ✭|•❖✮ ❆◆❉ |•❖✴❋▲• ❈❖▼P❖❙■❚❊ ✭❙✴❝♠✮ ❛♥❞ ❛r♦✉♥❞ ✻ ✭❙✴❝♠✮ ❢♦r t❤❡ r•❖ ❛♥❞ t❤❡ r•❖✴❋▲• ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•② ✇❤✐❝❤ ✐s ❝♦♠♣❛r❛❜•❡ t♦ t❤❡ ❛s✲♣r❡♣❛r❡❞ ❋▲•✲❆❜• ✭✼✮ ❛♥❞ ❋▲•✲❍❖P• ✭∼ 5✮ ❞❡✲ ✈✐❝❡s✳ ❆❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ❤♦✇❡✈❡r✱ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ✉♣ t♦ ❛r♦✉♥❞ ✶✻✵ ✭❙✴❝♠✮ ❛♥❞ ❛r♦✉♥❞ ✼✼ ✭❙✴❝♠✮ ✐s ♦❜s❡r✈❡❞ ❢♦r t❤❡ r•❖ ❛♥❞ t❤❡ r•❖✴❋▲• ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ❤✐❣❤❡st σ gt ♦❢ ✶✾✵ ✭❙✴❝♠✮ ❤♦✇❡✈❡r✱ ✐s ❛❝❤✐❡✈❡❞ ❢♦r t❤❡ r•❖✴❋▲• ✭✽♠▲✮✲✾✵✵ • ❈ ❆r✴❍ 2 ❞❡✈✐❝❡✳ ❚❤✐s ✐s ❛•♠♦st ✺✵✵✪ ♦❢ t❤❡ σ gt ♦❜t❛✐♥❡❞ ❢♦r t❤❡r♠❛••②✲tr❡❛t❡❞ ❋▲•✲❆❜• ✭∼ 41 ❙✴❝♠✮ ❛♥❞ ♠♦r❡ t❤❛♥ ✸✵✵✪ ❤✐❣❤❡r t❤❛♥ ♦❜t❛✐♥❡❞ ❢♦r ❋▲•✲❍❖P• ✭∼ 61 ❙✴❝♠✮ ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❍♦✇❡✈❡r✱ ✐t ❢❛••s ❢❛r ❢r♦♠ t❤❡ ❞❡s✐r❡❞ ✈❛•✉❡s ✐❢ ✇❡ ❝♦♠♣❛r❡ ✇✐t❤ st❛♥❞❛r❞ ■❚❖ ❜② ❛t •❡❛st t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✱ ❡✈❡♥ ❛❢t❡r ❤✐❣❤ t❡♠♣❡r❛t✉r❡ t❤❡r♠❛• tr❡❛t♠❡♥ts ✉♥❞❡r ✐♥❡rt ❡♥✈✐r♦♥✲ ♠❡♥t✳ ❚❤❛♥❦s t♦ t❤❡ •❛r❣❡ •❛t❡r❛• s✐③❡ ♦❢ t❤❡ r•❖ s❤❡❡ts ✭❤✐❣❤ ✷❉ ❛s♣❡❝t r❛t✐♦✮ ✐t ✇❛s ♣♦ss✐❜•❡ t♦ ♠❛❦❡ ❛ s❡•❢✲st❛♥❞✐♥❣ ♣❛♣❡r ❜② ✜•tr❛t✐♦♥ ♦❢ t❤❡ s✉s♣❡♥s✐♦♥✳ ❚❤❡ | s ♦❢ t❤❡ r•❖ s✉s♣❡♥❞❡❞ ♣❛♣❡r ✭✜•♠s✮ ✇❛s ♠❡❛s✉r❡❞ ❜② t❤❡ ❋♦✉r✲♣♦✐♥t ♣r♦❜❡s ✭❋PPs✮ ❜② ✐♥•❡❝t✐♥❣ ❛ ❝✉rr❡♥t ♦❢ ✹✳✹✺×✶✵ -4 ❆ ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ t❤❡r♠❛••②✲ ❛♥♥❡❛•❡❞ ♣❛♣❡r✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✇❛s r❡♣❡❛t❡❞ ♦♥ t✇♦ ♦r t❤r❡❡ ❞✐✛❡r❡♥t •♦❝❛✲ t✐♦♥s✳ ❚❤❡ ❛✈❡r❛❣❡ | s ❛•♦♥❣ ✇✐t❤ t❤❡ ♦♣t✐❝❛• ✐♠❛❣❡ ♦❢ t❤❡ ♣❛♣❡r ❛r❡ ❞✐s♣•❛②❡❞ ✐♥ t❤❡ t❛❜•❡ ✹✳✷✳ ❚❤❡ s✉s♣❡♥❞❡❞ r•❖ ♣❛♣❡r ✜•♠s ✭♦♣❛q✉❡✮ ❞✐s♣•❛② ❛♥ ❛✈❡r❛❣❡ | s ♦❢ ❚❛❜•❡ ✹✳✷✿ | s ♦❢ t❤❡ r•❖ ✭✜•♠s✮ s✉s♣❡♥❞❡❞ ♣❛♣❡r✳ ■♥s❡rt s❤♦✇✐♥❣ t❤❡ ♦♣t✐❝❛• ✐♠❛❣❡✳ ∼ 127 ❦Ω✴ ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ s❛♠♣•❡s✳ ❚❤❡ r❡•❛t✐✈❡•② ❤✐❣❤ | s ♦❢ s✉s♣❡♥❞❡❞ r•❖ ♣❛♣❡r✱ ❝♦♠♣❛r❛❜•❡ t♦ t❤❡ | s ♦❜t❛✐♥❡❞ ❢♦r ♦t❤❡r s♣r❛②✲❝♦❛t❡❞ ✜•♠s ✐s t❤❡ ✹✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ✶✼✺ r❡s✉•t ♦❢ r♦♦♠ t❡♠♣❡r❛t✉r❡ ✜•tr❛t✐♦♥ ♦❢ •❖ ✭♣r❡♣❛r❛t✐♦♥ ♦❢ •❖ ♣❛♣❡r✮ ❛♥❞ t❤❡♥ •✐q✉✐❞ ❛♠♦✉♥t ♦❢ ❡t❤❛♥♦•✴❡t❤②•❡♥❡ ❣•②❝♦• r❡♠❛✐♥✐♥❣ ✐♥ t❤❡ ❣r❛♣❤❡♥❡✳ ❚❤✐s •♦✇❡r | s ❢♦r r•❖ s✉s♣❡♥❞❡❞ ✜•♠ ✐s st✐•• •♦✇❡r t❤❛♥ ♦t❤❡r r•❖ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜•❡ ❡✛❡❝t ♦❢ s✉❜str❛t❡ s❝❛tt❡r✐♥❣ ❛s t❤❡ ❝❛s❡ ♠✐❣❤t ❜❡ ✇✐t❤ ✜•♠s s✉♣♣♦rt❡❞ ♦♥ ❣•❛ss✴q✉❛rt③ ✭❙✐❖ 2 ✮ s✉❜str❛t❡ ❬✷✺✻(✳ ❚❤❡ | s ♦❢ r•❖ ♣❛♣❡r ❝❛♥♥♦t ❤♦✇❡✈❡r✱ ❜❡ ❝♦♠♣❛r❡❞ ❞✐r❡❝t•② ✇✐t❤ s♣r❛②❡❞ r•❖ ✜•♠s✱ s✐♥❝❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ r•❖ ♣❛♣❡r ✐s ✐♥❝♦♠♣❛r❛❜•② ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ t❤❡ r•❖ ✜•♠✳ ❚❤❡ ❛✈❡r❛❣❡ | s ✐s ❢✉rt❤❡r r❡❞✉❝❡❞ t♦ ❛r♦✉♥❞ ✸✵ Ω✴ ✭❢♦✉r ♦r❞❡rs ♦❢ ♠❛❣♥✐✲ t✉❞❡ •♦✇❡r✮ ❛❢t❡r t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t ❛t ✽✵✵ • ❈ ✉♥❞❡r ❍ 2 ❢♦r ✷❤✱ ✇❤✐❝❤ ♥❡❛r•② ❛♣♣r♦❛❝❤❡s t❤❡ | s ❢♦r ❝♦♥❞✉❝t♦rs✴♠❡t❛•s✳ ❱❡r② •♦✇ | s ❛❢t❡r ❛♥♥❡❛•✐♥❣ tr❡❛t✲ ♠❡♥t s❤♦✇s t❤❡ ❤✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ♦❢ t❤❡ r•❖ ❞✉❡ t♦ ❛ ❤✐❣❤ ♣❛❝❦✐♥❣ ❞❡♥s✐t② ✐♥ s✉s♣❡♥❞❡❞ ♣❛♣❡r ✜•♠s ❛♥❞ t❡st✐❢②s t❤❡ ❤✐❣❤ r❡❞✉❝t✐♦♥ ♣♦✇❡r ❜r♦✉❣❤t ❜② t❤❡ µ✲ ✇❛✈❡s✲❛ss✐st❡❞ r❡❞✉❝t✐♦♥✴❡①❢♦•✐❛t✐♦♥ ❬✷✺✼( ❝♦✉♣•❡❞ ✇✐t❤ t❤❡r♠❛• ❛♥♥❡❛•✐♥❣ tr❡❛t✲ ♠❡♥t t♦ t❤❡ ♠❛t❡r✐❛•✳ ❚❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ ♣❛♣❡r ✐s ✸✸✸ ❙✳❝♠ -1 ✱ ❝❛•❝✉•❛t❡❞ ❜② ♦❜t❛✐♥✐♥❣ t❤❡ t❤✐❝❦♥❡ss ♦❢ ♣❛♣❡r ✭∼ 1000 ♥♠✮ ❜② ♣r♦✜•❡r✳ ❚❤✐s ❝♦♥❞✉❝t✐✈✐t② ✐s ❤✐❣❤❡r t❤❛♥ ♠♦st ♦❢ t❤❡ ✈❛•✉❡s r❡♣♦rt❡❞ ❢♦r r❡❞✉❝❡❞ •❖ ✐♥ ❞✐✛❡r❡♥t ❡♥✈✐r♦♥♠❡♥ts✱ ✇❤✐❝❤ r❛♥❣❡ ❢r♦♠ ❢❡✇ t♦ ✶✵✵ ❙✳❝♠ -1 ❛♥❞ •♦
•❖✴❋▲• t♦ s♠♦♦t❤❡♥ t❤❡ s✉r❢❛❝❡✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❞❡♣♦s✐t✐♦♥ ❝♦✉•❞ ✐♠✲ ♣r♦✈❡ t❤❡ ✢❛t♥❡ss ♦❢ t❤❡ ✜•♠ ❜② ❞❡❝r❡❛s✐♥❣ ♦❢ r•❖✴❋▲• ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ t❤❡ ✉s❡ ♦❢ •❛r❣❡r ❞✐❛♠❡t❡r ♥♦③③•❡ ♦❢ s♣r❛②✳ ❆•s♦ t❤❡ ♠♦r❡ ❡✛❡❝t✐✈❡ s❡♣❛r❛t✐♦♥ ♦❢ ✢❛❦❡s ✇✐t❤ ❞✐✛❡r❡♥t t❤✐❝❦♥❡ss❡s ✇♦✉•❞ ❜❡ ❛❞❞✐t✐♦♥❛• ❛♥❞ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡✳ ❆•t❤♦✉❣❤ ❛ ❣•♦❜❛• r♦✉❣❤♥❡ss ✭|▼❙✮ ♦❢ ✺✵ t♦ ✻✵ ♥♠ ✐s ❛r♦✉♥❞ t✇✐❝❡ •♦✇❡r t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❋▲•✲❆❜•✱ ❛♥❞ ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② ♠❛❦✐♥❣ ❛ P❊❉❖❚✿P❙❙ •❛②❡r t❤✐❝❦❡r t❤❛♥ ✉s✉❛•✱ t❤❡r❡ ✐s ♥♦ ✐♠♠❡❞✐❛t❡ ❛♥❞ ♣r❛❝t✐❝❛❜•❡ s♦•✉t✐♦♥ t♦ ❢❡✇ r❛♥❞♦♠ ♣❡❛❦s r❡❛❝❤✐♥❣ ✉♣ t♦ ✽✵✵✲✶✵✵✵ ♥♠ ❤❡✐❣❤t✳ ❚❤❡ s✉r❢❛❝❡ ♣r♦✜•❡ ❛❢t❡r t❤❡ ❞❡♣♦s✐t✐♦♥ ♦❢ P❊❉❖❚✿P❙❙ ✜•♠
❛♥ ✐♥✲s✐t✉ tr❡❛t♠❡♥t ✭✻✵✵ • ❈ ✉♥❞❡r ❍ 2 ✮ ✐♥ t❤❡ ❯P❙ ❝❤❛♠❜❡r✱ t❤❡r❡ ✇❛s ❛ ♥♦✲ t✐❝❡❛❜•❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ r❡❞✉❝❡❞ t♦ ✸✳✽ ❡❱✳ ❚❤✐s ✐s ♣r♦❜❛❜•② ❞✉❡ t♦ t❤❡ ❞❡s♦r♣t✐♦♥ ♦❢ ♦①②❣❡♥ ❣r♦✉♣s ❛♥❞ ♦t❤❡r ✉♥✲✐♥t❡♥t✐♦♥❛• ❞♦♣✐♥❣ s♣❡❝✐❡s ✭✐♦♥s ❡t❝✮ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ♠❛t❡r✐❛• ❜❡❝❛✉s❡ t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ♦❢ r•❖ ✐s str♦♥❣•② ❞❡♣❡♥❞❡♥t ✉♣ ♦♥ ✐ts t❤✐❝❦♥❡ss ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♦①②❣❡♥ ❛♥❞ ♦t❤❡r ✐♠♣
❛• tr❡❛t♠❡♥t✱ r❡s♣❡❝t✐✈❡•② ✭t❛❜•❡ ✹✳✸✮✳ ❚❛❜•❡ ✹✳✸✿ P❡r❝❡♥t❛❣❡ ♦❢ ❖①②❣❡♥ ✐♥ •❖✱ r•❖✲µ✲✇❛✈❡s ❛♥❞ r•❖✲µ✲✇❛✈❡s✲✾✵✵ • ❈✲❍ 2 ✳ ❙❛♠♣•❡ •❖ •❖✲µ✇❛✈❡s •❖✲µ✇❛✈❡s✲✾✵✵ • ❈✲❍ 2 ❖✪ ✹✸ ✷✹ ✽ ❆•s♦✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t s♦♠❡ ✪ ♦❢ ♦①②❣❡♥ ❛♥❞ ❤✐❣❤ | s ✐♥ r•❖ ❛❢t❡r t❤❡ µ✲✇❛✈❡s st❡♣ ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ❡t❤②•❡♥❡ ❣•②❝♦• ❛❞s♦r♣t✐♦♥✱ ✇❤✐❝❤ ❤❛s ✈❡r② ❤✐❣❤ ❜♦✐•✐♥❣ t❡♠♣❡r❛t✉r❡ ✭❝✳❛✳ ✶✾✵ • ❈✮ ❛♥❞ ✇❛s ♥♦t ❝♦♠♣•❡t❡•② r❡♠♦✈❡❞ ✶✽✷ ❈❍❆P❚❊| ✹✳ |❊❙❯▲❚❙✿ |❊❉❯❈❊❉ •|❆P❍❊◆❊ ❖❳■❉❊ ✭|•❖✮ ❆◆❉ |•❖✴❋▲• ❈❖▼P❖❙■❚❊ ❞✉r✐♥❣ t❤❡ ❛♥♥❡❛•✐♥❣ ♣r♦❝❡ss✳ ✹✳✸ P❡r❝♦•❛t✐♦♥ t❤r❡s❤♦•❞ ✐♥ r•❖ ❛♥❞ r•❖✴❋▲• ❚❤❡ ♠✐♥✐♠✉♠ ❛♠♦✉♥t r❡q✉✐r❡❞ t♦ ❛tt❛✐♥ t❤❡ ♣❡r❝♦•❛t✐♦♥ ❢♦r t❤❡ r•❖ ❛♥❞ r•❖✴❋▲• ✐s ❣✐✈❡♥ ❢♦r ❝♦rr❡s♣♦♥❞✐♥❣ | s ✭♠❡❛s✉r❡❞ ❜② ❋PPs✮ ✈❛•✉❡s ♦❜t❛✐♥❡❞ ✐♥ t❛❜•❡ ✹✳✹ ❢♦r t✇♦ ❞✐✛❡r❡♥t ❝♦♥❝❡♥tr❛t✐♦♥s✳ ❚❤❡ ❛✈❡r❛❣❡ | s ✈❛•✉❡s s✉❣❣❡st t❤❛t ❛ ❚❛❜•❡ ✹✳✹✿ P❡r❝♦•❛t✐♦♥ t❛❜•❡ ❢♦r r•❖ ❛♥❞ r•❖✴❋▲• ♠❛t❡r✐❛•s✳ ✇❡✐❣❤t ♦❢ ✶ ♠❣ ❛♥❞ ✶✳✻ ♠❣✱ r❡s♣❡❝t✐✈❡•② ❢♦r r•❖ ❛♥❞ r•❖✴❋▲• ✐s s✉✣❝✐❡♥t t♦ ❝♦✈❡r t❤❡ s✉r❢❛❝❡ ♦❢ ✷ ❝♠ × ✷ ❝♠✳ ❚❤❡s❡ ♠✐♥✐♠✉♠ ♣❡r❝♦•❛t✐♦♥ t❤r❡s❤♦•❞ ✈❛•✉❡ ❢♦r r•❖✴❋▲• ✐s ❝♦♠♣❛r❛❜•❡ ✇✐t❤ t❤❛t ♦❢ ❋▲•✲❆❜•✱ ✇❤✐•❡ •♦✇❡r ❛♠♦✉♥t ✭✶ ♠❣✮ ♦❢ r•❖ ✐s s✉✣❝✐❡♥t t♦ ❣❡t ❝♦♥❞✉❝t✐✈❡ ♥❡t✇♦r❦✱ ✇❤✐❝❤ ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❤✐❣❤ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s •❛t❡r❛• s✐③❡ ♦❢ r•❖ s❤❡❡ts✳ ✹✳✹✳ ❈❖◆❈▲❯❙■❖◆ ✶✽✸ ✹✳✹ ❈♦♥❝•✉s✐♦♥ ❙✐♠✉•t❛♥❡♦✉s r❡❞✉❝t✐♦♥ ❛♥❞ ❡①❢♦•✐❛t✐♦♥ ♦❢ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❛♥❞ ❣r❛♣❤❡♥❡ ♦①✲ ✐❞❡✴❡①♣❛♥❞❡❞ ❣r❛♣❤✐t❡✱ ❜② ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥ ♣r♦✈✐❞❡s ❛ ✈✐❛❜•❡ ❛•t❡r♥❛t✐✈❡ t♦ ❋▲•✲❆❜•✳ ❚❤❡ µ✲✇❛✈❡s✲❊t❤②•❡♥❡✲❣•②❝♦•✲♠❡❞✐❛t❡❞✲r❡❞✉❝t✐♦♥ ✐s ❛ ❤✐❣❤ ②✐❡•❞ ♠❡t❤♦❞ ✇✐t❤ •♦✇✲❝♦st st❛rt✐♥❣ ♠❛t❡r✐❛•s✳ ❚❤❡ ♦❜t❛✐♥❡❞ r•❖ ❤❛s ♠♦❞❡r❛t❡ ❡•❡❝✲ tr✐❝❛• ♣r♦♣❡rt✐❡s ❜✉t ❝❛♥ ❜❡ ❢✉rt❤❡r ✐♠♣r♦✈❡❞ ❜② t❤❡ t❤❡r♠❛• r❡❞✉❝t✐♦♥ tr❡❛t♠❡♥t ✐♥ ❛♥ ✐♥❡rt ❡♥✈✐r♦♥♠❡♥t✳ ❋♦r t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s✱ ❛❢t❡r t❤❡r♠❛• tr❡❛t✲ ♠❡♥t✱ s•✐❣❤t•② ✐♠♣r♦✈❡❞ r❡s✉•ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ r•❖ ❛♥❞ t❤❡ r•❖✴❋▲• ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✱ ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❋▲•s ♦❜t❛✐♥❡❞ ❜② ❛❜•❛t✐♦♥ ✭❋▲•✲❆❜•✮ ♦❢ ♣❡♥❝✐• •❡❛❞s ❛♥❞ s②♥t❤❡t✐❝ ❣r❛♣❤✐t❡ ✭❋▲•✲❍❖P•✮✳ ❲❤✐•❡ t❤❡ ♦❜t❛✐♥❡❞ s❤❡❡t r❡s✐st❛♥❝❡ ✢✉❝t✉❛t❡❞ ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ✈❛•✉❡s ♦❜t❛✐♥❡❞ ❜② ❋▲•✲❆❜•✱ t❤❡ tr❛♥s✲ ♠✐tt❛♥❝❡ ✇❛s ❜❡tt❡r ✭✻✵✲✽✵✪✮ t❤❛♥ t❤❛t ♦❢ ❋▲•✲❆❜• ✭✸✶✪✮ ❛♥❞ ❝♦♠♣❛r❛❜•❡ ✇✐t❤ t❤❛t ♦❜t❛✐♥❡❞ ❢♦r ❋▲•✲❍❖P•✳ ❚❤❡ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ r❡s✉•ts ❣✐✈❡ ❤♦✇❡✈❡r ❛ ♣♦♦r ♠❡❛s✉r❡♠❡♥ts ♣r❡❞✐❝t❛❜✐•✐t② t♦ ♦❜t❛✐♥ s✐♠✐•❛r r❡s✉•ts ❢r♦♠ s❡✈❡r❛• r•❖ ❞❡✈✐❝❡s✳ |♦✉❣❤♥❡ss ✐s st✐•• ♦♥❡ ♦❢ t❤❡ ♠❛•♦r ❝❤❛••❡♥❣❡ ❞✉❡ t❤❡ ♥❛t✉r❡ ♦❢ ♠❛t❡r✐❛•✱ ❜❡✐♥❣ s❤❡❡ts ❛♥❞ ♣✐•❡❞✲✉♣ ✢❛❦❡s✱ ❛♥❞ ❞✉❡ t♦ t❤❡ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ t❤❡ s♣r❛②✲❞❡♣♦s✐t✐♦♥ ♠❡t❤♦❞✳ ❆❞❞✐t✐♦♥❛• st❛❝❦✐♥❣ ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥ ❛♥❞ ✐♠♣r♦♣❡r ♦r✐❡♥t❛t✐♦♥ ♦❢ ✢❛❦❡s ♠❛❦❡ ✐t ❞✐✣❝✉•t t♦ ❣r♦✇ ♣❡r❢❡❝t•② ✉♥✐❢♦r♠ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ✜•♠s ♦♥ ❣•❛ss✴q✉❛rt③ s✉❜str❛t❡s✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✈❡r② •♦✇ ✐♠♣r♦✈❡♠❡♥t ♦❢ |s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ♦❢ r•❖ ❛♥❞ r•❖✴❋▲• ❝♦♠♣❛r❡ t♦ ❋▲•✲❍❖P• ❛♥❞ ❛❞✈❛♥t❛❣❡s ♦❢ ❋▲•✲❍❖P• s②♥t❤❡s✐s✱ ✐t s❡❡♠s t❤❛t ❋▲•✲❍❖P• s❤♦✉•❞ ❜❡ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r ❢✉rt❤❡r ✐♥✲ ✈❡st✐❣❛t✐♦♥✱ ♣
♦♥s ✺✳✸✱ ❢♦••♦✇❡❞ ❜② t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❈◆❚s ✐♥ t❤❡ s❡❝t✐♦♥ ✺✳✹ ❛♥❞ t❤❡ ❝♦♥❝•✉s✐♦♥ t♦ t❤✐s ❝❤❛♣t❡r ✐♥ t❤❡ s❡❝t✐♦♥ ✺✳✺✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉•ts s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱ ❋▲•s ❤❛✈❡ •♦✇❡r ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② t❤❛♥ t❤❡ r❡q✉✐s✐t❡ ❢♦r ❚❈❊ ❛♣♣•✐❝❛t✐♦♥s✳ ❖♥❡ ♦❢ t❤❡ ♣r♦❜•❡♠s ✇✐t❤ t❤❡ ❋▲• s❛♠♣•❡s ✐s t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✉❝t✐♥❣ ♣❛t❤ t♦ ♣r♦✲ ✈✐❞❡ ❝♦♥t✐♥✉♦✉s ♣❡r❝♦•❛t✐♦♥ ❛♠♦♥❣ t❤❡ ✢❛❦❡s✳ P❡r❝♦•❛t✐♦♥ t❤r❡s❤♦•❞ ✐s ❤✐❣❤ ✐♥ t❤❡ r❛♥❞♦♠•② ❞❡♣♦s✐t❡❞ ❋▲•s✱ ❡s♣❡❝✐❛••② ❢♦r t❤❡ ✢❛❦❡s ✇✐t❤ •♦✇ •❛t❡r❛• s✐③❡ ❛♥❞ ✐♥❤♦✲ ♠♦❣❡♥❡♦
■♥ ✈✐❡✇ ♦❢ t❤✐♥ ✜•♠ ♣r❡♣❛r❛t✐♦♥✱ t♦ ❛✈♦✐❞ ♣♦t❡♥t✐❛• r♦✉❣❤♥❡ss ❛♥❞ r❡❞✉♥✲ ❞❛♥t t❤✐❝❦♥❡ss✱ ♥❛♥♦t✉❜❡s ✇✐t❤ •♦✇ ❡①t❡r♥❛• ❞✐❛♠❡t❡r ♦❢ ✾✳✺ ♥♠ ✇❡r❡ ❝❤♦s❡♥ ✭♥❛♥♦s❝❛•❡✮✳ ❚❤❡ ❛✈❡r❛❣❡ •❡♥❣t❤ ♦❢ ✐♥❞✐✈✐❞✉❛• t✉❜❡s ✐s ✶✳✺ µ♠ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ❛s♣❡❝t r❛t✐♦ r❡•❛t✐✈❡•② ❤✐❣❤✱ ∼ 160✳ ◆❛♥♦t✉❜❡s ✇❡r❡ ❞✐s♣❡rs❡❞ ✐♥ ✜✈❡ ❞✐✛❡r❡♥t s♦•✈❡♥ts✳ ❖✉t ♦❢ t❤❡s❡✱ ❞✐s♣❡rs✐♦♥s ✇❡r❡ ❣♦♦❞ ✇✐t❤ ♦♥•② t❤r❡❡ ♦❢ t❤❡♠✱ ✐✳❡✳ ❆❝❡✲ t♦♥✐tr✐•❡ ✭❆❈◆✮✱ ❈❤•♦r♦❢♦r♠ ✭❈❤•✮ ❛♥❞ ■s♦♣r♦♣❛♥♦• ✭■P❆✮✳ ❚❤❡ ♦t❤❡r t✇♦ ❜❡✐♥❣ ❡t❤❛♥♦• ❛♥❞ ❞✐♠❡t❤②•❢♦r♠❛♠✐❞❡ ✭❉▼❋✮✱ ❝♦✉•❞ ♥♦t ♣r♦✈✐❞❡ ❣♦♦❞ ❞✐s♣❡rs✐♦♥ ♦❢ ❈◆❚s✳ ❚❤❡ ❈◆❚s✴❋▲•✲❍❖P•✷✹❤ ❤②❜r✐❞ ✜•♠s ✇❡r❡ ♣r❡♣❛r❡❞ ❜② st❛rt✐♥❣ ✇✐t❤ ❈◆❚s ❞❡♣♦s✐t✐♦♥ ♦♥ t❤❡ ❣•❛ss✴q✉❛rt③✱ ❢♦••♦✇❡❞ ❜② ❋▲•✲❍❖P• ♦♥ t♦♣✳ ❈◆❚s ❛•♦♥❡ ❞❡✈✐❝❡s ✇❡r❡ ❛•s♦ ♣r❡♣❛r❡❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❈◆❚s t♦ ❝❤❛r❣❡ tr❛♥s♣♦rt ❛♥❞ tr❛♥s♠✐tt❛♥❝❡✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥s ✭✇t✪✮ ♦❢ ✶✽✻ ❈❍❆P❚❊| ✺✳ |❊❙❯▲❚❙✿ ❈❆|❇❖◆ ◆❆◆❖❚❯❇❊❙✴❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❍(❇|■❉❙ ❈◆❚s ❛♥❞ ❋▲•✲❍❖P• ✐♥ s♦•✈❡♥ts ❛♥❞ ❞❡♣♦s✐t❡❞ ✈♦•✉♠❡s ✐♥ t❤❡ ♣r❡♣❛r❛t✐♦♥ ♦❢ ❞❡✈✐❝❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❛❜•❡ ✺✳✶✳ ❚❛❜•❡ ✺✳✶✿ ❙✉♠♠❛r② ♦❢ t❤❡ ♣r❡♣❛r❡❞ ❈◆❚s✴❋▲•✲❍❖P•✷✹❤ ❞❡✈✐❝❡s ❙❛♠♣•❡✴❉❡✈✐❝❡ ◆❛♠❡ ❈♦♥❝❡♥tr❛t✐♦♥ ♦❢ s✉s♣❡♥s✐♦♥s ✭♠❣✴♠▲✮ ❱♦•✳ ❞❡♣♦s✐t❡❞ ❈◆❚s✴❋▲•❍❖P•✷✹❤ ✭♠❣✴♠▲✮ ❈◆❚s ❋▲•✲❍❖P•✷✹❤ ❈◆❚s ❆❝❡t♦♥✐tr✐•❡✴❍❖P•✷✹❤ ✵✳✵✷✺ ❆❝❡t♦♥✐tr✐•❡ ∼ 0.1 ❊t❤❛♥♦• ✸✴✸ ❈◆❚s ❈❤•♦r♦❢♦r♠✴❍❖P•✷✹❤ ✵✳✵✷✺ ❈❤•♦r♦❢♦r♠ ∼ 0.1 ❊t❤❛♥♦• ✸✴✸ ❈◆❚s ■s♦♣r♦♣❛♥♦•✴❍❖P•✷✹❤ ✵✳✵✷✺ ■s♦♣r♦♣❛♥♦• ∼ 0.1 ❊t❤❛♥♦• ✸✴✸ ❈◆❚s ■s♦♣r♦♣❛♥♦• ✵✳✵✷✺ ■s♦♣r♦♣❛♥♦• ✲ ✻ ✺✳✷ ❈❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ❈◆❚s✴❋▲•✲❍❖P• ❞❡✲
❝♦♥✜r♠s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❈◆❚s ♥❡t✇r♦❦ t♦ t❤❡ ♣❡r❝♦•❛t✐♦♥ ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ✐♥ t❤❡ ❤②❜r✐❞ ✜•♠s ♦♥ ♦♥❡ ❤❛♥❞ ❛♥❞ ❛•s♦ ❤✐❣❤•✐❣❤ts t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❋▲• ✐♥ t❡r♠s ♦❢ | s ✳ ❉✉❡ t♦ ❈◆❚s✲❋▲• ❝♦♠❜✐♥❛t✐♦♥✱ | s ♦❢ ✺ ❦Ω✴
t❤❡ ❋▲• ❛•♦♥❡ ✭❋▲•✲❍❖P•✮ ♠✉st ❤❛✈❡ ❜❡♥❡✜t❡❞ ♠♦r❡ ❢r♦♠ t❤❡ tr❡❛t♠❡♥t ❞✉❡ t♦ t❤❡ ♦♣❡♥ t♦♣♦•♦❣② ♦❢ ❣r❛♣❤❡♥❡✱ ❛♥❞ ❤✐❣❤❡r ♥✉♠❜❡r ♦❢ t❤❡ s❡♥s✐t✐✈❡ ❡❞❣❡s✳ ❚❤❡ t❛❜•❡ ✺✳✷ ❢♦r ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝②✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛✈❡r❛❣❡ | s ❛♥❞ ❚ ✪ ✭❛t ✺✺✵ ♥♠✮ s✉♠♠❛r✐③❡s ❛♥❞ ❝♦♠♣❛r❡s t❤❡s❡ r❡s✉•ts ✇✐t❤ s♦♠❡ ♦❢ t❤❡ ❜❡st ♦❜t❛✐♥❡❞ ♣r❡✈✐♦✉s r❡s✉•ts ❢♦r ❋▲• ✇❤✐❝❤ ❛r❡ r❡♣r♦❞✉❝❡❞ ❤❡r❡ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❛r✐s♦♥✳ ❚❛❜•❡ ✺✳✷✿ ❈♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② σ gt ♦❢ ❈◆❚✴❍❖P• ❞❡✈✐❝❡s ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❜❡st ♦❜t❛✐♥❡❞ r❡s✉•ts ❢♦r ❋▲•✲❆❜•✱ ❋▲•✲❍❖P•✱ r•❖ ❛♥❞ r•❖✴❋▲• ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❙❛♠♣•❡✴❉❡✈✐❝❡ | s(avg) ✭❦Ω✴ ✮ ❚ avg ✭✪✮ ❈♦♥❞✉❝t✐✈✐t② ♦❢ ❚r❛♥s♣❛r❡♥❝② ✭σ gt ✮ ✭❙✴❝♠✮ ❈◆❚ ❆❈◆✴❍❖P• ✺ ±✶ ✻✷ ±✽ ✸✵✷ ❈◆❚ ❈❤•✶✴❍❖P• ✻ ±✷ ✼✷ ±✸ ✹✶✸ ❈◆❚ ■P❆✴❍❖P• ✶✵ ±✻ ✼✶ ±✷ ✷✵✺ ❈◆❚ ❈❤•✷✴❍❖P• ✾✳✺ ±✸ ✼✻ ±✹ ✷✻✶ ❈◆❚✴❍❖P• ✺✵✵ • ❈ ❍❡ ✽❤ ✸✳✺ ±✷ ✼✻ ±✹ ✼✶✸ ❈◆❚s ✷✹ ±✶✵ ✽✼ ±✽ ✷✵✸ ❈◆❚s ✾✵✵ • ❈ ❍ 2 ✶✵ ±✸ ✽✼ ±✽ ✹✼✵ ❋▲•✲❍❖P•✷✹❤✲✾✵✵ • ❈✲❆r ✷✸ ±✶✶ ✼✸ ±✻ ✻✶ r•❖✴❋▲•✭✽♠▲✮ ✾✵✵ • ❆r✴❍✷ ✹ ±✷ ✹✵ ±✷ ✶✾✵ r•❖✭✹♠▲✮ ✾✵✵ • ❈ ❆r✴❍✷ ✶✹ ±✺ ✼✸ ±✶✵ ✶✻✵ ❚❤❡r❡ ✐s ❛ ❝♦♥s✐❞❡r❛❜•❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ σ gt ♦❢ ❈◆❚s✴❍❖P• ❤②❜r✐❞ ✶✾✵ ❈❍❆P❚❊| ✺✳ |❊❙❯▲❚❙✿ ❈❆|❇❖◆ ◆❆◆❖❚❯❇❊❙✴❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❍(❇|■❉❙ ❞❡✈✐❝❡s ❢♦••♦✇✐♥❣ t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ | s ❛♥❞ tr❛♥s♣❛r❡♥❝②✳ ❚❤❡ σ gt ♦❢ ❈◆❚s✴❍❖P• ❞❡✈✐❝❡s ✈❛r✐❡s ❢r♦♠ ✷✵✺ ✭❙✴❝♠✮ t♦ ✹✶✸ ✭❙✴❝♠✮ ✇✐t❤♦✉t t❤❡r♠❛• tr❡❛t♠❡♥t✱ ✇❤✐❝❤ ✐s ❛❝t✉❛••② t✇✐❝❡ ❤✐❣❤❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s•② ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❋▲•✲❆❜•✱ ❋▲•✲❍❖P•✷✹❤ ❛♥❞ r•❖ ✭♦♥ ✷ ❝♠× ✷ ❝♠ s✉❜str❛t❡✮ ❞❡✈✐❝❡s✱ ❡✈❡♥ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❚❤❡ ❜❡st σ gt ♦❜t❛✐♥❡❞ ❢♦r t❤❡ r•❖ ❛♥❞ r•❖✴❋▲• ❞❡✲ ✈✐❝❡s ✇❛s ✶✻✵ ❙✴❝♠ ❛♥❞ ✶✾✵ ❙✴❝♠✱ r❡s♣❡❝t✐✈❡•②✱ ✇✐t❤ tr❛♥s♠✐tt❛♥❝❡ ♦❢ ✼✵ ✪ ❛♥❞ ✹✵ ✪✱ ❢♦r t❤❡r♠❛••②✲❛♥♥❡❛•❡❞✴r❡❞✉❝❡❞ ✭❛t ✾✵✵ • ✉♥❞❡r ❆r✴❍ 2 ❡♥✈✐r♦♥♠❡♥ts✮ ♦♥ ✷ ❝♠× ✷ ❝♠ s✉❜str❛t❡s✱ ✇❤✐•❡ ✽✵✶ ❙✴❝♠ ✇❛s r❡❝♦r❞❡❞ ❢♦r t❤❡ ❋▲•✲❆❜• ❞❡✈✐❝❡ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ✭✾✵✵ • ❈ ✉♥❞❡r ❆r✮ ♦♥ ✶ ❝♠× ✶ ❝♠ ❞❡✈✐❝❡ ✭❜② ❍❊ ♠❡❛s✉r❡✲ ♠❡♥t✮✳ ❚❤❡s❡ r❡s✉•ts ❛r❡ st✐•• t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ •♦✇❡r t❤❛♥ t❤❛t r❡q✉✐r❡❞ ❢♦r ❛♣♣•✐❝❛t✐♦♥s ✐♥ t❤❡ ❚❈❊s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❈◆❚s ❤②❜r✐❞✱ ❛❣❣•♦♠❡r❛t✐♦♥ ✐♥ t❤❡ ❞✐s♣❡rs✐♦♥ ♦r ❞✉r✐♥❣ s♣r❛② ❝♦✉•❞ r❡s✉•t ✐♥ ❜✉♥❞•❡s ♦❢ t❤❡ ❈◆❚s ♦♥ t❤❡ ♣•❛♥❛r s✉r❢❛❝❡ ✇❤✐❝❤ ❝♦✉•❞ s❡r✈❡ ❛s •♦❝❛• ✐♥s✉•❛t✐♦♥ ✐s•❛♥❞s ♦r ❡✈❡♥ ❝❤❛r❣❡ tr❛♣ s✐t❡s✳ ❙✉❜str❛t❡ s❝❛tt❡r✐♥❣ ✐s ❛•s♦ ❛ ❝♦♠♠♦♥ ❢❛❝t♦
π ❡•❡❝tr♦♥s ✐♥ ❋▲• ❛♥❞ ❈◆❚s ♣r♦✈✐❞❡s t❤❡ ❝♦♥❞✉❝t✐♦♥ s❝❤❡♠❛ ❢♦r t❤❡ ❞❡✈✐❝❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✇♦rt❤② t♦ ♥♦t❡ t❤❛t ♥♦t ❛•• t❤❡ ❋▲• ✢❛❦❡s ❛r❡ ✢❛t✲•②✐♥❣ ♦✈❡r t❤❡ ✉♥❞❡r•②✐♥❣ ❈◆❚s ✜•♠ ❛♥❞ s♦♠❡ ♦❢ t❤❡♠ ❛r❡ ❝✉r✈❡❞✳ ❚❤❡ ❝✉r✈❛t✉r❡s ♠❛❦❡ ✢❛❦❡s st❛♥❞ t❛♥❣❡♥t t♦ t❤❡ ✉♥❞❡r•②✐♥❣ ✜•♠ ❛♥❞ t♦ ❡❛❝❤ ♦t❤❡r✱ t❤❡r❡❜② ♠❛❦✐♥❣ ✐t ❞✐✣❝✉•t t♦ ♦❜t❛✐♥ ❛ ✢❛t ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ✜•♠ ✭✇❤✐•❡ s✉❝❤ st❛♥❞ ✉♣ ✐♥ z ❞✐r❡❝t✐♦♥ ❝♦✉•❞ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ❢♦r t❤❡ ❝♦♥❞✉❝t✐♦♥ t♦ ✉♣♣❡r •❛②❡r ✐♥ ❖❙❈s ♣r♦✈✐❞❡❞ t❤❛t ❋▲• •❛②❡r ✐s ❢✉••② ❝♦✈❡r❡❞ t♦ ❛✈♦✐❞ s❤♦rts✮✳ ❚❤✐s ❝♦✉•❞ ❛✛❡❝t t❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ t❤❡ ✜•♠ ✐♥ ♣
♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛•s ❛♥❞ t❤❡ ❞❡s♦r♣t✐♦♥ ♦❢ ✐♠♣✉r✐t✐❡s ❢r♦♠ t❤❡ ✜•♠ ❞✉❡ t♦ t❤❡ t❤❡r♠❛• r❡❞✉❝t✐♦♥ ❜② ❍ 2 ✳ ❚❤❡ | s ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ✐s ❛•s♦ •♦✇❡r ❝♦♠♣❛r❡❞ t♦ t❤❡ r•❖ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ✭∼ 14 ±✺ ❦Ω✴ ✮ ❚❛❜•❡ ✺✳✸✿ ❈♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝②✱ σ gt ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ t❤❡r♠❛••②✲tr❡❛t❡❞ ❈◆❚s✴r•❖ ❤②❜r✐❞ ❞❡✈✐❝❡s ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ r•❖✱ ❛♥❞ ❈◆❚✴❍❖P• ❞❡✈✐❝❡s✳ ❙❛♠♣•❡✴❉❡✈✐❝❡ | s(avg) ✭❦Ω✴ ✮ ❚ avg ✭✪✮ ❈♦♥❞✉❝t✐✈✐t② ♦❢ ❚r❛♥s♣❛r❡♥❝② ✭σ gt ✮ ✭❙✴❝♠✮ ❈◆❚s✴r•❖ ✭✹✰✷ ♠▲✮ ✺✺ ±5 ✻✼ ±✸ ✸✶ ❈◆❚s✴r•❖ ✭✹✰✷ ♠▲✮ ✾✵✵ • ❈ ❍✷ ✺ ±✷ ✻✼ ±✸ ✸✺✵ r•❖ ✭✹♠▲✮ ✷✺✵ ±✷✵ ✼✸ ±✶✵ ✾ r•❖✭✹♠▲✮ ✾✵✵ • ❈ ❆r✴❍✷ ✶✹ ±✺ ✼✸ ±✶✵ ✶✻✵ ❈◆❚ ❈❤•✶✴❍❖P• ✻ ±✷ ✼✷ ±✸ ✹✶✸ ❈◆❚ ❈❤•✷✴❍❖P• ✺✵✵ • ❍❡ ✸✳✺ ±✷ ✼✻ ±✹ ✼✶✸ ■t ❝❛♥ ❜❡ ❛r❣✉❡❞ t❤❛t✱ t❤❡ ❈◆❚s ❤❛✈❡ s✐❣♥✐✜❝❛♥t r♦•❡ ✐♥ ✐♠♣r♦✈✐♥❣ t❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ❛♥❞ tr❛♥s♣❛r❡♥❝② ♦❢ t❤❡ ❤②❜r✐❞ ✜•♠s ✇❤❡♥ t❤❡② ❛r❡ ✉♥✲tr❡❛t❡❞✳ ❖♥❝❡ t❤❡② ❛r❡ tr❡❛t❡❞ ✉♥❞❡r ❛ ❤✐❣❤ t❡♠♣❡r❛t✉r❡✱ ❈◆❚s ❤❛✈❡ ❛ •❡ss ♣r♦♥♦✉♥❝❡❞ r♦•❡ ✐♥ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ s❤❡❡t r❡s✐st❛♥❝❡ ✐♥ t❤❡ ❤②❜r✐❞ ✜•♠s ♦❢ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛•s ❛s ✐t ✇❛s ❡①♣•❛✐♥❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❈◆❚s✴❋▲•✲❍❖P• ❤②❜r✐❞✳ ❈♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝②✱ σ gt q✉♦t❡❞ t♦ ✸✶ ❙✴❝♠ ❢♦r t❤❡ ❈◆❚s✴r•❖ ✭t❛❜•❡ ✺✳✸✮ ✐s ❛•s♦ ✐♠♣r♦✈❡❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ r•❖ ❛•♦♥❡ ❛♥❞ t❤✐s ✐♠♣r♦✈❡♠❡♥t r❡♠❛✐♥s ❝♦♥s✐❞❡r❛❜•❡ ❢♦r t❤❡ ❛♥♥❡❛•❡❞ s❛♠♣•❡✱ ✐✳❡✳ ✸✺✵ ❙✴❝♠ ❢♦r t❤❡ ❈◆❚s✴r•❖ ✈s✳ ✶✻✵ ❙✴❝♠ ❢♦r t❤❡ r•❖✳ ❍♦✇❡✈❡r✱ t❤✐s ❛•s♦ ✐♥❞✐❝❛t❡s t❤❛t ❡✈❡♥ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t✱ ✇❡ ❝❛♥ ♥♦t ❛❝❤✐❡✈❡ ❛ | s ❛r♦✉♥❞ ❢❡✇ ❦Ω✴ ♦r •♦✇❡r ✇✐t❤♦✉t ❝♦♠♣r♦♠✐s✐♥❣ t❤❡ tr❛♥s♠✐tt❛♥❝❡ s✐❣♥✐✜❝❛♥t•② ❜② ❞❡♣♦s✐t✐♥❣ ♠♦r❡ ✈♦•✉♠❡ ♦❢ t❤❡s❡ ♠❛t❡r✐❛•s✳ ❚❤✐s ✐s ❡✈✐❞❡♥t ❢♦r t❤❡ r•❖✴❋▲• ✭✽ ♠▲✮ ✾✵✵ • ❈ ❆r✴❍ 2 ❞❡✈✐❝❡ ✇❤✐❝❤ ❞✐s♣•❛②s ❛ ❤✐❣❤ σ gt ♦❢ ✶✾✵ ❙✴❝♠ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ | s ♦❢ ✹ ❦Ω✴ ❜✉t ✇✐t❤ ❛ •♦✇ tr❛♥s♠✐tt❛♥❝❡ ♦❢ ✹✵✪✳ ❚❤✐s σ gt ✺✳✸✳ ❈❍❆|•❊ ❚|❆◆❙P❖|❚ ■◆ ❈◆❚❙✴|•❖ ✶✾✺ ✐s ♠✐❞✇❛② t♦ t❤❛t ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❈◆❚s✴r•❖ ❛♥❞ t❤❡ ❈◆❚s✴r•❖✴❋▲• ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ✭✾✵✵ • ❈ ❍ 2 ✮ ❞❡✈✐❝❡s✱ ❜✉t ✇✐t❤ tr❛♥s♠✐tt❛♥❝❡ ♦♥ t❤❡ •♦✇❡r s✐❞❡✳ ❋✉rt❤❡r✱ ✇✐t❤ ❈◆❚s✴❋▲•✲❍❖P• ❤②❜r✐❞ ❞❡✈✐❝❡s✱ ✇❤✐❝❤ ❞✐s♣•❛②❡❞ σ gt ❜❡✲ t✇❡❡♥ ✷✵✺ ❙✴❝♠ ❛♥❞ ✹✶✼ ❙✴❝♠ ❢♦r t❤❡ ✉♥tr❡❛t❡❞ ❞❡✈✐❝❡s✱ t❤❡r❡ ✐s ♥♦ ❝•♦s❡ ❝♦♠✲ ♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ σ gt ♦❢ t❤❡ ❛s✲♣r❡♣❛r❡❞ ❈◆❚s✴r•❖ ❞❡✈✐❝❡s ❜❡❝❛✉s❡ t❤❡② ✇❡r❡ ✈❡r② •♦✇✳ ❖♥•② t❤❡ σ gt ♦❢ t❤❡ t❤❡r♠❛••②✲tr❡❛t❡❞ ❈◆❚s✴r•❖ ✭✸✺✵ ❙✴❝♠✮ ❝♦♠❡s ❝•♦s❡r t♦ t❤❛t ♦❢ t❤❡ ❛s✲♣r❡♣❛r❡❞ ❈◆❚s✴❍❖P• ❞❡✈✐❝❡s✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❜❡tt❡r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❝♦♥❞✉❝t✐✈✐t② ♦❢ ❋▲•✲❍❖P• ❛s ❝♦♠✲ ♣❛r❡❞ t♦ t❤❛t ♦❢ r•❖ ✐♥ t❤❡ ❤②❜r✐❞ ✜•♠s✳ ❚❤✐s ❝•❡❛r•② ✉♥❞❡r•✐♥❡s✱ t❤❛t ❡✈❡♥ ✐❢ r•❖ ❛•♦♥❡ ②✐❡•❞s ❜❡tt❡r r❡s✉•ts t❤❛♥ ❋▲•✲❍❖P•✱ ✐t ✐s •❡ss ♣❡r❢♦r♠✐♥❣ ✐♥ t❤❡ ❤②❜r✐❞ ❢♦r♠ ✇✐t❤ ❈◆❚s✳ ❆•t❤♦✉❣❤✱ ♦♥❡ s❤♦✉•❞ ❜❡ ♠✐♥❞❢✉• t♦ s❡❡ t❤❡ ❝♦♥❝❡♥✲ tr❛t✐♦♥ ❛♥❞ ❞❡♣♦s✐t✐♦♥ ❛♠♦✉♥t ❢♦r ❜♦t❤ ❣r❛♣❤❡♥❡s ✐♥ t❤❡ ❤②❜r✐❞✳ ❇✉t ♦✈❡r❛•• ✐t ♠❡❛♥s t❤❛t t❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ ❋▲•✲❍❖P• ✐s ❤✐❣❤❡r t❤❛♥ •❖✱ ❜✉t ❞✉❡ t♦ t❤❡ ❤✐❣❤❡r t❤✐❝❦♥❡ss ♦❢ t❤❡ ✢❛❦❡ ❛♥❞ t❤❡✐r •♦✇❡r s✐③❡✱ t❤❡ tr❛♥s♣❛r❡♥❝② ❛♥❞ ✜❣✉r❡ ♦❢ ♠❡r✐t σ gt ✭| s ✴tr❛♥s♣❛r❡♥❝②✮ r❛t✐♦ ❛r❡ ♠✉❝❤ •♦✇❡r ❢♦r t❤❡ ❋▲•✲❍❖P• ✢❛❦❡s ❛•♦♥❡✳ ❚❤❡ r❡s✐❞✉❛• ♦①②❣❡♥ ❣r♦✉♣s✱ s✉❝❤ ❛s ❝❛r❜♦♥②• ❛♥❞ ❤②❞r♦①②• ❣r♦✉♣s •✐♥❦❡❞ t♦ t❤❡ s♣ 2 ❈ ❛t♦♠s ✇❤✐❝❤ ❛r❡ st✐•• r❡♠❛✐♥✐♥❣ ❛❢t❡r t❤❡ r❡❞✉❝t✐♦♥ ❛❝t ❛s ❞❡❢❡❝ts ❛♥❞ ♥♦♥✲❝♦♥❞✉❝t✐✈❡ ✐s•❛♥❞s ✇❤✐❝❤ ❤❛♠♣❡r t❤❡ ❝♦♥❞✉❝t✐✈✐t② ✐♥ t❤❡ r•❖✳ ❚❤❡s❡ ❤②❜r✐❞ ❈◆❚s✴r•❖ ❞❡✈✐❝❡s ✇❡r❡ t❤❡r♠❛••②✲tr❡❛t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ r•❖ ❛♥❞ r•❖✴❋▲• ❞❡✈✐❝❡s✳ ❍♦✇❡✈❡r✱ r❛t❤❡r t❤❛♥ ❦❡❡♣✐♥❣ t❤❡ s❛♠❡ ❣❛s ❞✉r✐♥❣ t❤❡ ✇❤♦•❡ ♣r♦❝❡ss ♦❢ t❤❡r♠❛• tr❡❛t♠❡♥t✱ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ❣❛s❡s ✇❛s ✉s❡❞ ❜② s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥ ❆r ❛♥❞ ❍ 2 ✳ ❉✉r✐♥❣ t❤❡ r❛♠♣ t♦ ✾✵✵ • ❈✱ ❆r ✇❛s ✉s❡❞ ❛s ✐♥❡rt ❣❛s✱ ❛♥❞ ❞✉r✐♥❣ t❤❡ ♣•❛t❡❛✉✱ ✐t ✇❛s s✇✐t❝❤❡❞ ♦♥ ✇✐t❤ ❍ 2 ❢♦r t✇♦ ❤♦✉rs ❢♦r ✐ts ❛❜✐•✐t② t♦ t❤❡r♠❛••②✲r❡❞✉❝❡ t❤❡ r•❖✳ ❚❤❡♥ ✐t ✇❛s s✇✐t❝❤❡❞ ❜❛❝❦ t♦ ❆r ❞✉r✐♥❣ t❤❡ ❝♦♦•✐♥❣ st❡♣✳ ❚❤❡ ❞❡❝r❡❛s❡ ♦❢ s❤❡❡t r❡s✐st❛♥❝❡ ❛❢t❡r t❤✐s tr❡❛t♠❡♥t s✉❣❣❡sts t❤❛t t❤❡r♠❛• tr❡❛t♠❡♥t ✉♥❞❡r ❆r ❛♥❞ ❍ 2 ❣❛s❡s ❤❛s ♥♦t ♦♥•② ✐♠♣r♦✈❡❞ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❤②❜r✐❞ ♠❛t❡r✐❛•s ❜✉t ❛•s♦ ❢✉rt❤❡r r❡❞✉❝❡❞ t❤❡ ♣❛rt✐❛••②✲r❡❞✉❝❡❞ ✭❜② ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥✮ •❖✳ ❆•t❤♦✉❣❤ ✐t ✐s ❞✐✣❝✉•t t♦ ❝♦♠♣❛r❡ r❡s✉•ts ❞✉❡ t♦ ❞✐✣❝✉•t② ♦❢ ♠❛t❝❤✐♥❣ ❡①♣❡r✐♠❡♥t❛• ♣r❡♣❛r❛t✐♦♥s ❛♥❞ ♠❡❛s✉r❡♠❡♥t ❝♦♥❞✐t✐♦♥s✱
❢ t❤❡ ❞❡✈✐❝❡s✬ s✉r❢❛❝❡ ❞✉❡ t♦ r❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥ ♦❢ ✢❛❦❡s ❜② s♣r❛② ♠❡t❤♦❞✳ ❚❤❡ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ♣❛❝❦✐♥❣ ♦❢ t❤❡ ❋▲•✴r•❖ ✢❛❦❡s ❛♥❞ t❤❡✐r ✐♥t❡r✲❝♦♥♥❡❝t✐♦♥ ❛•s♦ ❤❛s ✐♠♣♦rt❛♥t r♦•❡ t♦ ♣•❛② ✐♥ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ t❤❡ ✜•♠s ❛♥❞ r❛♥❞♦♠♥❡ss ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ♦♥❡ ♦❢ t❤❡ ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ❤✐♥❞❡rs t❤❡ ❡st❛❜•✐s❤♠❡♥t ♦❢ s❡✈❡r❛• ♣❛r❛••❡• ♣❛t❤s ✐♥ t❤❡ ✜•♠ ❝♦♥t❛✐♥✐♥❣ t❤❡ r•❖ ✢❛❦❡s✳ ❆❋▼ t♦♣♦❣r❛♣❤② ♣r♦✜•❡s ♦❢ t❤❡ ❈◆❚s✴r•❖ ❞❡✈✐❝❡ ✐s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡ ✺✳✽✳ ❚❤❡ t♦♣♦❣r❛♣❤② ✐♠❛❣❡s ❣✐✈❡s t❤❡ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss | a ❛♥❞ | q ✭|▼❙✮ ❡q✉❛• t♦ ✷✾ ♥♠ ❛♥❞ ✺✵ ♥♠✱ r❡s♣❡❝t✐✈❡•②✱ ❢♦r t❤❡ ❈◆❚s✴r•❖ ❞❡✈✐❝❡ ♥❡❛r t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✜•♠✳ ❲❤❡r❡❛s✱ ✺✳✸✳ ❈❍❆|•❊ ❚|❆◆❙P❖|❚ ■◆ ❈◆❚❙✴|•❖ ✶✾✼ ❋✐❣✉r❡ ✺✳✽✿ ❆✮ ❆❋▼ t♦♣♦❣r❛♣❤② ♣r♦✜•❡ ♦❢ t❤❡ ❈◆❚s✴r•❖ ❞❡✈✐❝❡ ♥❡❛r t❤❡ ❝❡♥t❡r✱ ❇✮ ✸❉ ✐♠❛❣❡✱ ❈✮ ❤✐st♦❣r❛♠ ♣r♦✜•❡ ✜tt❡❞ ✇✐t❤ •❛✉ss✐❛♥ ❝✉r✈❡✱ ❉✮ ❆❋▼ t♦♣♦❣r❛♣❤② ♣r♦✜•❡ ♦❢ t❤❡ ❈◆❚s✴r•❖ ❞❡✈✐❝❡ ♥❡❛r t❤❡ ❡❞❣❡✱ ❊✮ ✸❉ ✐♠❛❣❡✱ ❋✮ ❤✐st♦❣r❛♠ ♣r♦✜•❡ ✜tt❡❞ ✇✐t❤ •❛✉ss✐❛♥ ❝✉r✈❡✳ ♥❡❛r t❤❡ ❡❞❣❡ ♣r♦✜•❡ ❣✐✈❡s s•✐❣❤t•② ❤✐❣❤❡r | a ❛♥❞ |▼❙ ❛✈❡r❛❣❡s ✉♣ ✹✵ ♥♠ ❛♥❞ ✼✽ ♥♠✱ r❡s♣❡❝t✐✈❡•② ✐♥❞✐❝❛t✐♥❣ t❤❡ s✉r❢❛❝❡ ❛t t❤❡ ❡❞❣❡ ✐s s•✐❣❤t•② ♠♦r❡ r♦✉❣❤✱ ✇❤✐❝❤ ✐s ❝♦♥tr❛r② t♦ ❣❡♥❡r❛• ♦❜s❡r✈❛t✐♦♥s ✉♥t✐• ♥♦✇ ✇✐t❤ ♦t❤❡r s❛♠♣•❡s✳ ❚❤✐s ✐s ❛ q✉✐t❡ ✐♥t❡r❡st✐♥❣ ❞✐✛❡r❡♥❝❡✱ ❛s s✉❝❤ ❛ ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ •✐♥❦❡❞ ♣❛rt✐❛••② t♦ t❤❡ ✜rst ❞r②✐♥❣ ✭❤♦t ♣•❛t❡✮✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s r❛♣✐❞ ❛ttr❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❈◆❚s ❞✉❡ t♦ ✈❛♥ ❞❡r ❲❛❛•s ✇❤✐❝❤ ❝❛♥ ✐♥❝r❡❛s❡ •♦❝❛• ❞❡♥s✐t②✱ ❛•s♦ ❛t t❤❡ ❡❞❣❡s✳ ❚❤❡ ❤✐st♦❣r❛♠ ✜tt❡❞ ✇✐t❤ •❛✉ss✐❛♥ ❝✉r✈❡ r❡✈❡❛•s t❤❛t ♠♦st ♣❡❛❦s ❛r❡ ✇❡•• ❜❡•♦✇ ✶✺✵ ♥♠ ✭❛r♦✉♥❞ ✶✶✵✲ ✶✷✵ ♥♠✮ ✇✐t❤ ♣✉♥❝t✉❛• r❛♥❞♦♠ ♣❡❛❦s r❡❛❝❤✐♥❣ t❤❡ ❤❡✐❣❤ts ✉♣ t♦ ✶✵✵✵ ♥♠ ❛♥❞ ✶✷✵✵ ♥♠ ✭❛•s♦ ✈✐s✐❜•❡ ❢r♦♠ t❤❡ ✸❉ ♣r♦✜•❡s✮✱ ❢♦r
♦t ✇❡••✲✉♥❞❡rst♦♦❞ ❜✉t ✇❡ ❛ss✉♠❡ t❤❛t ✐❢ t❤❡ s❡❝♦♥❞❛r② ❡•❡❝tr♦♥ ❝✉t✲♦✛ ✇❤✐❝❤ ✐s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ✐s ❞♦✉❜•❡✱ ✐t r❡✢❡❝ts t✇♦ ❞✐✛❡r❡♥t •♦❝❛• s✉r❢❛❝❡ ♣♦t❡♥t✐❛•s✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥❞✐❝❛t♦r ❢♦r s✉r❢❛❝❡ ✐♥❤♦♠♦❣❡♥❡✐t②✳ ■♥ t❤✐s ❝❛s❡ t❤❡ •❛r❣❡r ❛♥❞ ♠♦r❡ ♣r♦♥♦✉♥❝❡❞ s❡❝♦♥❞❛r② ❡•❡❝tr♦♥ ❝✉t✲♦✛ ✐s t❛❦❡♥ ❛s t❤❡ tr✉❡ ✈❛•✉❡ t♦ ❝❛•❝✉•❛t❡ t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥✳ ❆ ✇♦r❦✲❢✉♥❝t✐♦♥ ♦❢ ✹✳✺ ❡❱ ❢♦r t❤❡ ❈◆❚s ✐s t❤❡♥ ❞❡r✐✈❡❞ ✇❤✐❝❤ ✐s •✐tt•❡ •♦✇❡r t❤❛♥ t❤❛♥ t❤❡ ❣❡♥❡r❛••② r❡♣♦rt❡❞ ✈❛•✉❡s ❢♦r ♠✉•t✐✲✇❛••❡❞ ♥❛♥♦t✉❜❡s ✐♥ t❤❡ •✐t❡r✲ ❛t✉r❡ ✇❤✐❝❤ ❛r❡ ❜❡t✇❡❡♥ ✹✳✻✲✹✳✾ ❡❱ ❬✷✻✸(✱ ❬✷✻✹(✳ ❚❤✐s ❝♦✉•❞ ❜❡ ♣♦ss✐❜•❡ ❜❡❝❛✉s❡ t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ✐s s•✐❣❤t•② •♦✇❡r ❛t t❤❡ t✐♣s ♦❢ ♥❛♥♦t✉❜❡s ❬✶✽(✳ ✺✳✺✳ ❈❖◆❈▲❯❙■❖◆ ✶✾✾ ✺✳✺ ❈♦♥❝•✉s✐♦♥ ❚❤❡ ❈◆❚s ♥❡t✇♦r❦ ✐♥ t❤❡ ❤②❜r✐❞ ✜•♠s s❡r✈❡s t✇♦ ♣✉r♣♦s❡s✿ ✐t ❤❡•♣s t♦ •♦✇❡r t❤❡ ♣❡r❝♦•❛t✐♦♥ t❤r❡s❤♦•❞ ✐♥ t❤❡ ✜•♠s ✇❤✐❝❤ ❛••♦✇s t♦ ✐♥❝r❡❛s❡ t❤❡ tr❛♥s♣❛r❡♥❝② ❢♦r t❤❡ ❣✐✈❡♥ | s ♦r❞❡r✳ ❉✉❡ t♦ ✐ts ♥❡t✇♦r❦❡❞ str✉❝t✉r❡✱ ❜❡tt❡r r❡s✉•ts✱ ✐♥ t❡r♠s ♦❢ | s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡✱ ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ♠❛❦✐♥❣ t❤❡ ❤②❜r✐❞ ✜•♠s ♦❢ ❈◆❚s ✇✐t❤ ❋▲•✲❍❖P• ❛♥❞ r•❖✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t ✐♠♣r♦✈❡s t❤❡ str✉❝t✉r❡ ❛♥❞ ❤❡•♣s t♦ r❡♠♦✈❡ t❤❡ ❛❞s♦r❜❡❞ s♣❡❝✐❡s ✭♠♦st•② ♦①②❣❡♥✲❝♦♥t❛✐♥✐♥❣ ❤②❞r♦①②• ❛♥❞ ❝❛r❜♦♥②• ❣r♦✉♣s✮ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ♦❢ ❋▲• ❛♥❞ r•❖✳ ❚❤❡ r•❖ ❤❛s ♣♦ss✐❜•② ❛ •❛r❣❡r ❝♦♥t❡♥t ♦❢ s✉❝❤ ✐♠♣✉r✐t✐❡s ✇❤✐❝❤ r❡s✉•ts ✐♥ •♦✇❡r | s ❛s ❝♦♠♣❛r❡❞ t♦ t❤❛t ♦❜t❛✐♥❡❞ ❜② t❤❡ ❋▲•✲❍❖P•✷✹❤✳ ❈◆❚s ♥❡t✇♦r❦ ❤❛s ❜❡tt❡r ❝♦♥♥❡❝t✐♦♥ ❛♥❞ tr❛♥s♣❛r❡♥❝② t❤❛♥ t❤❡ ❋▲• ♠❛t❡r✐❛•s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤✐s ✐s ❞❡♠♦♥str❛t❡❞ ❜② | s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ r❡s✉•ts✱ ❤♦✇❡✈❡r ❛❞❞✐t✐♦♥ ♦❢ ❋▲• ✐s ❜❡♥❡✜❝✐❛• ❢♦r t❤❡ | s ❛♥❞ t❤❡ ❜❡st r❡s✉•ts ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r ❤②❜r✐❞✱ ❡s♣❡❝✐❛••② ❢♦r t❤❡ ❈◆❚s✴❋▲•✲❍❖P•✳ ❚❤❡ r•❖ ✜•♠s ♦❜t❛✐♥❡❞ ❜② t❤✐s ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ✈❛r✐♦✉s ❛♣♣•✐❝❛t✐♦♥ ✐♥ ❡•❡❝tr♦♥✐❝s✱ ❞②❡ s❡♥s✐t✐③❡❞ s♦•❛r ❝❡••s✱ ▲✐✲✐♦♥ ❜❛tt❡r✐❡s✱ s✉♣❡r❝❛♣❛❝✐t♦rs✱ ❛♥❞ s❡♥s♦rs ❛s ✇❡•• ❛s ❝♦♥❞✉❝t✐✈❡ ❝♦❛t✐♥❣s ❬✷✻✵(✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ t❤❡ ❤♦t✲s♣r❛② ♠❡t❤♦❞ ♠❛❦❡ ✐t ❞✐✣❝✉•t t♦ ❣❡t ❤✐❣❤•② ✢❛t ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ✜•♠s ♦❢ t❤❡s❡ ❝❛r❜♦♥ ♠❛t❡r✐❛•s✳ ❚❤❡ ❞✐s♣❡rs✐♦♥s ♦❢ t❤❡s❡ ♠❛t❡r✐❛•s ❛r❡ ❛•t❤♦✉❣❤ ❣♦♦❞ ❞✉r✐♥❣ t❤❡ ♣r❡♣❛r❛t✐♦♥s ❜✉t ✇❤✐•❡ t❤❡ ♠❛t❡r✐❛• ✐s ❜❡✐♥❣ ❞❡♣♦s✐t❡❞ t❤r♦✉❣❤ t❤❡ s♣r❛② ♥❡❡❞•❡ ♦❢ ✵✳✷✲✸ ♠♠ ❞✐❛♠❡t❡r✱ t❤❡r❡ ✐s ❛ ♣♦ss✐❜✐•✐t② ♦❢ ❢♦r♠❛t✐♦♥ ♦❢ ✉s❡•❡ss ❛❣❣•♦♠❡r❛t❡s ✇❤✐❝❤ ♥♦t ♦♥•② ♠❛❦❡ t❤❡ ✜•♠s r♦✉❣❤ ❜✉t ❛•s♦ ❛✛❡❝t t❤❡ ❝♦♥❞✉❝t✐✈✐t② ❛♥❞ tr❛♥s♣❛r❡♥❝②✱ ✇✐t❤ t❤❡ ❢♦r♠❡r ❜❡✐♥❣ t❤❡ ✇♦rst ❛✛❡❝t❡❞✳ ✷✵✵ ❈❍❆P❚❊| ✻✳ |❊❙❯▲❚❙✿ ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ❇❆❙❊❉ ❖◆ ❈❆|❇❖◆ ❚❈❊❙ ✻ |❡s✉•ts✿ ❖r❣❛♥✐❝ ❙♦•❛r ❈❡••s ❜❛s❡❞ ♦♥ ❈❛r❜♦♥ ❚❈❊s ❉❡s♣✐t❡ ✐♠♣♦rt❛♥t ❞r❛✇❜❛❝❦s✱ ✇❤✐❝❤ ✐♥❝•✉❞❡ ❤✐❣❤ r♦✉❣❤♥❡ss ♦❢ t❤❡ ✜•♠s ❛♥❞ r❡•❛t✐✈❡•② •♦✇ ❝♦♥❞✉❝t✐✈✐t②✴tr❛♥s♣❛r❡♥❝② t♦ ■❚❖✱ t❤❡ t❡♥t❛t✐✈❡ t❡st ❛s tr❛♥s♣❛r❡♥t ❡•❡❝tr♦❞❡ ✐♥ ♦r❣❛♥✐❝ s♦•❛r ❝❡••s ✭❖❙❈s✮ t♦ ❝♦♠♣❛r❡ ✇✐t❤ ■❚❖ ❛♥♦❞❡ ✇❛s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ♣r❡♣❛r❡❞ ✜•♠s ♦❢ ❞✐✛❡r❡♥t ❝❛r❜♦♥ ♠❛t❡r✐❛•s ❬❤❡r❡ r❡❢❡rr❡❞ t♦ ❛s ❝❛r❜♦♥✲ ❜❛s❡❞ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦
♥♠ t❤✐❝❦✮ ❛♥❞ t❤❡ ❛❝t✐✈❡ •❛②❡r ❝♦♥s✐st✐♥❣ P✸❍❚✿P❈ 60 ❇▼ ❜•❡♥❞ ✭✾✵✲✶✷✵ ♥♠✮ ❛♥❞ ❝♦♥t❛❝t t❤❡ t♦♣ ❆• ❡•❡❝tr♦❞❡✳ ❚❤✐s ♠❛❦❡s ❛ s❤♦rt ❝✐r❝✉✐t ✇❤✐❝❤ ✐s s✉✣✲ ❝✐❡♥t t♦ ❞❡str♦② t❤❡ s♦•❛r ❝❡••✳ ❚❤❡ ❛❝t✐✈❡ s✉r❢❛❝❡ ❛r❡❛ ❢♦r t❤❡ s♦•❛r ❝❡••s ✐s ✵✳✶✷ ❝♠ 2 ✭✶✷✵✵ µ♠ 2 ✮ ✇❤✐❝❤ ✐s q✉✐t❡ •❛r❣❡ ✐♥ ❛ sq✉❛r❡ s❛♠♣•❡ ✇✐t❤ ❡❛❝❤ s✐❞❡ ♦❢ ✷ ❝♠✳ ❚❤✐s ❛r❡❛ ❝❛♥ ❤❛✈❡ ❛t •❡❛st s❡✈❡r❛• ♣❡❛❦s ❣♦✐♥❣ ❛❜♦✈❡ ✷✵✵ ♥♠✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣•❛✐♥❡❞ ❜② •♦♦❦✐♥❣ ✉♣♦♥ ♣❡r❢♦r♠✐♥❣ ❝♦♥t❛❝t r❡s✐st❛♥❝❡ ♠❡❛✲ s✉r❡♠❡♥ts ✭❛•s♦ ❝❛••❡❞ s❡r✐❡s r❡s✐st❛♥❝❡ ❛♥❞ ❞❡♥♦t❡❞ ❛s |s ❛♥❞ ❡①♣r❡ss❡❞ ✐♥ Ω✮ ♦❢ ❛♥ ❖❙❈ ✭s❡❡ ✜❣✉r❡ ✶✳✶✼✮✳ ❚❤❡ |s ✐s ✉s✉❛••② ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❝✉rr❡♥t✲✈♦•t❛❣❡ ❏✲❱ ❝✉r✈❡ s•♦♣❡ ❛t •❛r❣❡ ❢♦r✇❛r❞ ✈♦•t❛❣❡ ✇❤❡r❡ t❤❡ ❝✉rr❡♥t ✢♦✇ ✐s ♥♦ •♦♥❣❡r •✐♠✐t❡❞ ❜② t❤❡ ✐♥t❡r♥❛• ❝❛rr✐❡r r❡❝♦♠❜✐♥❛t✐♦♥ ❜✉t ❜② t❤❡ ♣♦t❡♥t✐❛• ❞r♦♣ ❛t |s✳
♦♥t❛❝t r❡s✐st❛♥❝❡ ❜❡t✇❡❡♥ ❝❛r❜♦♥✲❜❛s❡❞ ❡•❡❝tr♦❞❡s ❛♥❞ P❊❉❖❚✿P❙❙ ✭❛♥❞ t❤❡ ❛❝t✐✈❡ •❛②❡r ❛s ✇❡••✮ ✐s s♦ •❛r❣❡ t❤❛t ♥♦ ♣❤♦t♦✲❝✉rr❡♥t ❝♦✉•❞ ❜❡ ♦❜s❡r✈❡❞ t❤r♦✉❣❤ ❛❝t✐✈❡ •❛②❡r ❛t t❤❡ ❝♦✉♥t❡r ♠❡t❛• ❡•❡❝tr♦❞❡✳ ❚❤❡ ♦t❤❡r r❡❛s♦♥ ✐s t❤❛t t❤❡ ♣❡❛❦s ❢r♦♠ t❤❡ ❤✐❣❤ r♦✉❣❤♥❡ss ♦❢ t❤❡s❡ ❝❛r❜♦♥✲❜❛s❡❞ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t✐♥❣ ❡•❡❝tr♦❞❡s ♣r♦❜❛❜•② ♣❡♥❡tr❛t❡ t❤r♦✉❣❤ t❤❡ ✇❤♦•❡ ❞❡✈✐❝❡ ❛♥❞ ❝r❡❛t❡❞ ♠❛♥② s❤♦rts ✭s❤♦rt✲ ❝✐r❝✉✐ts✮ ❜❡t✇❡❡♥ t❤❡ ❡•❡❝tr♦❞❡ ❛♥❞ t❤❡ r❡st ♦❢ ❞❡✈✐❝❡ r❡❛❝❤✐♥❣ ✉♣ t♦ t❤❡ ❝♦✉♥t❡r ❡•❡❝tr♦❞❡✳ ❚❤✉s✱ t❤❡ ❞❡✈✐❝❡ ❜❡❤❛✈❡s ❛s ❛ r❡s✐st♦r ❛♥❞ ♥♦t ❛s ❛ ♥♦r♠❛• ♣✲♥ •✉♥❝t✐♦♥ ❞✐♦❞❡✳

  ✭❛r♦✉♥❞✱ ❛❜♦✉t✮ ❝♠ ❝❡♥t✐♠❡t❡r ❈◆❚s ❈❛r❜♦♥ ◆❛♥♦t✉❜❡s ❈r ❈❤r♦♠✐✉♠ ❈❚❈❊s ❈❛r❜♦♥✲❜❛s❡❞ ❚r❛♥s♣❛r❡♥t ❈♦♥❞✉❝t♦r ❊•❡❝tr♦❞❡s ✷ ▲■❙❚ ❖❋ ❱❆|■❆❇▲❊❙ ❆◆❉ ❆❇❇|❊❱■❆❚■❖◆❙ ❈❚❈❋s ❈❛r❜♦♥✲❜❛s❡❞ ❚r❛♥s♣❛r❡♥t ❈♦♥❞✉❝t♦r ❋✐•♠s ❈✉P❝ ❈♦♣♣❡r P❤t❤❛•♦❝②❛♥✐♥❡ ❈❱❉ ❈❤❡♠✐❝❛• ❱❛♣♦r ❉❡♣♦s✐t✐♦♥ ❈❱❉✲• ❈❤❡♠✐❝❛• ❱❛♣♦r ❉❡♣♦s✐t✐♦♥ •r❛♣❤❡♥s♦•❛r ❝❡••s ❉▼❋ ◆✱◆✲❞✐♠❡t❤②•❢♦r♠❛♠✐❞❡ ❉❲◆❚s ❉♦✉❜•❡ ❲❛•• ◆❛♥♦t✉❜❡s ❊❇▲ ❊•❡❝tr♦♥ ❇•♦❝❦✐♥❣ ▲❛②❡r ❊❋▼ ❊•❡❝tr♦st❛t✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡✴▼✐❝r♦s❝♦♣② ❊• ❊①♣❛♥❞❡❞ •r❛♣❤✐t❡ ❊ g ❊♥❡r❣② ❣❛♣ ❡ ❡•❡♠❡♥t❛r② ❝❤❛r❣❡ ✭❡•❡❝tr♦♥✮ ❡✳❣✳ ❡①❛♠♣•✐ ❣r❛t✐❛ ✭❢♦r ❡①❛♠♣•❡✮ ε ❊♣s✐•♦♥ ✭t❤❡ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t✮ ε * ❝✮ ❊♣s✐•♦♥ ✭t❤❡ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❣r❛♣❤❡♥❡✮ ❊◗❊ ❊①t❡r♥❛• ◗✉❛♥t✉♠ ❊✣❝✐❡♥❝② ❊❚▲ ❊•❡❝tr♦♥ ❚r❛♥s♣♦rt ▲❛②❡r
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 051 φ c P❤✐ ✭❝r✐t✐❝❛• ♣♦✐♥t✮ P❊❉❖❚✿P❙❙ P♦•②✭✸✱✹✲❡t❤②•❡♥❡❞✐♦①②t❤✐♦♣❤❡♥❡✮ ♣♦•②st②r❡♥❡ s✉•❢♦♥❛t❡ ✼ ❚✴T ❚❡♠♣❡r❛t✉r❡✴❚r❛♥s♠✐tt❛♥❝❡✴❚r❛♥s♠✐ss✐♦♥ t t❤✐❝❦♥❡ss ❚❈❊ ❚r❛♥s♣❛r❡♥t ❈♦♥❞✉❝t♦r ❊•❡❝tr♦❞❡ ❚❈❋ ❚r❛♥s♣❛r❡♥t ❈♦♥❞✉❝t♦r ❋✐•♠ ❚❈▼ ❚r❛♥s♣❛r❡♥t ❈♦♥❞✉❝t♦r ▼❛t❡r✐❛• ❚❈❖ ❚r❛♥s♣❛r❡♥t ❈♦♥❞✉❝t♦r ❖①✐❞❡ ❚❊▼ ❚r❛♥s♠✐ss✐♦♥ ❊•❡❝tr♦♥ ▼✐❝r♦s❝♦♣❡✴▼✐❝r♦s❝♦♣② ✸❉ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛• ❚✐❖ 2 ❚✐t❛♥✐✉♠ ❞✐♦①✐❞❡ ❚P❛ ❚❡r❛ ♣❛s❝❛• ✷❉ ❚✇♦✲❞✐♠❡♥s✐♦♥❛• ❯P❙ ❯•tr❛✈✐♦•❡t P❤♦t♦❡♠✐ss✐♦♥ ❙♣❡❝tr♦s❝♦♣② ❯❙ ❯♥✐t❡❞ ❙t❛t❡s ❯❙❉ ❯♥✐t❡❞ ❙t❛t❡s ❉♦••❛r ❯❱✲❱✐s ❯•tr❛✈✐♦•❡t✲✈✐s✐❜•❡ ❱ ❱♦•t✴❱♦•t❛❣❡✴✈♦•✉♠❡✴✈♦•✉♠✐❝ ❱ F ❋❡r♠✐ ✈❡•♦❝✐t② ❱■ ❱♦•t❛❣❡✲❈✉rr❡♥t ❱ mpp ❱♦•t❛❣❡ ❛t ♠❛①✐♠✉♠ ♦✉t♣✉t ♣♦✇❡r ♣♦✐♥t ❱ oc ❖♣❡♥✲❝✐r❝✉✐t ✈♦▲✴❲ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ♥✉♠❜❡r ♦❢ sq✉❛r❡s ♦❢ s✐❞❡ ❲ t❤❛t ❝❛♥ ❜❡ s✉♣❡r✐♠♣♦s❡❞ ♦♥ t❤❡ r❡s✐st♦r ✇✐t❤♦✉t ♦✈❡r•❛♣♣✐♥❣✳ ❚❤✉s✱ ❡✈❡♥ ✐❢ | s ❤❛s ✉♥✐ts ♦❢ ♦❤♠s ✭❛s | ❞♦❡s✮✱ ✐t ✐s ❝❛••❡❞ ♦❤♠s ♣❡r sq✉❛r❡ ✭Ω✴ ✮✱ ❞✉❡ t♦ ❤✐st♦r✐❝❛• r❡❛s♦♥s ❢♦r s✐♠♣•❡r ❞❡s❝r✐♣t✐♦♥✳ | s ✐s r❡•❛t❡❞ t♦ ❜✉•❦ r❡s✐st✐✈✐t② ρ ❜②✿ R s = ρ/t. ✭✶✳✷✮ ❲❤❡r❡ t ✐s t❤❡ ✜•♠ t❤✐❝❦♥❡ss✱ ρ❂✶✴σ ✐s t❤❡ r❡s✐st✐✈✐t②✱ ❚❤❡ ❡•❡❝tr✐❝❛• ✭❛♥❞ ❡•❡❝✲ tr♦♥✐❝✮ ♣r♦♣❡rt✐❡s ♦❢ ♠❛t❡r✐❛•s ✭❛♥❞ ❞❡✈✐❝❡s✮ ❛r❡ ♠❡❛s✉r❡❞ ❜② ■✲❱ ✭❝✉rr❡♥t✲✈♦•t❛❣❡ ❝✉r✈❡✱ ❛•s♦ ❝❛••❡❞ ❱✲■✮ ❝❤❛r❛❝t❡r✐st✐❝s✱ ❢r♦♠ ✇❤✐❝❤ t❤❡✐r ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ ❞❡t❡r✲ ♠✐♥❡❞✳ |❡s✐st❛♥❝❡ ✐s ❣❡♥❡r❛••② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ r❡•❛t✐♦♥s❤✐♣ ❝❛••❡❞ ❝✉rr❡♥t✲ ✈♦•t❛❣❡ ❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞ t②♣✐❝❛••② r❡♣r❡s❡♥t❡❞ ❛s ❛ ❝❤❛rt ♦r ❣r❛♣❤✳ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ ❡•❡❝tr✐❝ ❝✉rr❡♥t t❤r♦✉❣❤ ❛ ❝✐r❝✉✐t✱ ❞❡✈✐❝❡✱ ♦r ♠❛t❡r✐❛•✱ ❛♥❞ t❤❡ ❝♦rr❡✲ s♣♦♥❞✐♥❣ ✈♦•t❛❣❡✱ ♦r ♣♦t❡♥t✐❛• ❞✐✛❡r❡♥❝❡ ❛❝r♦ss ✐t✳ ❋✐❣✉r❡ ✶✳✸✿ ■✲❱ ❝✉r✈❡s ❢♦r ❞✐✛❡r❡♥t ❡•❡❝tr✐❝❛•❛♥❞ ❡•❡❝tr♦♥✐❝ ❞❡✈✐❝❡s✿ ❢♦r ❛ •❛r❣❡ r❡s✐st❛♥❝❡ ✭r❡s✐st♦r✮ ❆✮❀ ❛ s♠❛•• r❡s✐st❛♥❝❡ ❇✮❀ ❛ ♣✲♥ •✉♥❝t✐♦♥ ❞✐♦❞❡ ❈✮ ❛♥❞ ❛ ❜❛tt❡r② ❉✮✳ ❋✐❣✉r❡ ✶✳✸ s❤♦✇s ■✲❱ ❝✉r✈❡s ❢♦r ♦❤♠✐❝ ✭r❡s✐st♦r✮ ❛♥❞ ♥♦♥✲♦❤♠✐❝ ✭♣✲♥ •✉♥❝✲ t✐♦♥✴❙❝❤♦tt❦② ❞✐♦❞❡✮ ❞✐✛❡r❡♥t ❡•❡❝tr✐❝❛• ❛♥❞ ❡•❡❝tr♦♥✐❝ ❞❡✈✐❝❡s✳ ✶✷ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙P❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ❖♣t✐❝❛• tr❛♥s♣❛r❡♥❝② ❞❡✜♥❡s t❤❡ ❛❜✐•✐t② ♦❢ ❛ ♠❛t❡r✐❛•✴❡•❡❝tr♦❞❡ t♦ •❡t t❤❡ •✐❣❤t ♣❛ss t❤r♦✉❣❤ ✐t ✇✐t❤♦✉t s❝❛tt❡r✐♥❣✳ ■t ✐s ♦❢t❡♥ ❞❡s❝r✐❜❡❞ ❛s ♣❡r ❝❡♥t ♦❢ •✐❣❤t ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛ ♠❛t❡r✐❛• ❛s ❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡•❡♥❣t❤✱ ♥♦r♠❛••② ✐♥ t❤❡ ✈✐s✐❜•❡ r❛♥❣❡ ♦❢ s♣❡❝tr✉♠ ❢r♦♠ ✸✺✵ t♦ ✽✵✵ ♥❛♥♦♠❡t❡rs ✭♥♠✮✱ ❛♥❞ ✐t ✐s ❝♦♠♠♦♥•② ❣✐✈❡♥ ❛t ✺✺✵ ♥♠✳ ❚❤❡ ❤✐❣❤❡r t❤❡ tr❛♥s♣❛r❡♥❝②✱ t❤❡ ❜❡tt❡r✳ ❚❤❡ tr❛♥s♠✐tt❛♥❝❡ ❛♥❞✴♦r ❛❜s♦r❜❛♥❝❡ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❇❡❡r✲▲❛♠❜❡rt✲❇♦✉❣✉❡r •❛✇✳ ❚❤❡ tr❛♥s♠✐t✲ t❛♥❝❡ ♦❢ ❛ s❛♠♣•❡ T ✐s r❡❢❡rr❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❛✈❡•❡♥❣t❤ ♦❢ ❯❱✲✈✐s✐❜•❡ •✐❣❤t ❛s✿ T = I I = R contacts + R tube ✭✶✳✶✷✮ ❲❤❡r❡ t❤❡ ❝♦♥t❛❝t r❡s✐st❛♥❝❡ ♦❜❡②s✿ R contacts = ( h 4e 2 ) ✭✶✳✶✸✮ ❛♥❞ ❢♦r ❛ ✉♥✐❢♦r♠ t✉❜❡ ✇✐t❤ ❞✐✛✉s✐✈❡ s❝❛tt❡r✐♥❣✿ R tube = ( h 4e 2 ) × ( L l ) ✭✶✳✶✹✮ ✇❤❡r❡ L ✐s t❤❡ t✉❜❡ •❡♥❣t❤✱ l ✐s t❤❡ ❡•❡❝tr♦♥ ♠❡❛♥✲❢r❡❡ ♣❛t❤ ❢♦r ♠♦♠❡♥t✉♠ r❡•❛①❛t✐♦♥✳ ❋♦r ❡①❛♠♣•❡✱ ❡•❡❝tr✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② ❝❛♥ ♠❡❛s✉r❡ t❤❡ ♣♦t❡♥t✐❛• ❞r♦♣ ❛•♦♥❣ t❤❡ t✉❜❡ ✉♥❞❡r ❝✉rr❡♥t ❜✐❛s ❬✶✷✾✱ ✶✸✹✱ ✶✸✺(✱ ❞✐r❡❝t•② ♣r♦❜✐♥❣ t❤❡ r❡•❛t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥s✳ ✶✳✸✳✺ ❈❤❛r❣❡ ❚r❛♥s♣♦rt ✐♥ ❣r❛♣❤❡♥❡✴❋▲• ✜•♠s ❚❤❡r❡ ❛r❡ s❡✈❡r❛• ♠❡t❤♦❞s ♦❢ ❣r♦✇✐♥❣ ❣r❛♣❤❡♥❡✴r•❖✴❋▲• ✜•♠s ♦♥ ❛r❜✐✲ tr❛r② s✉❜str❛t❡s✱ s✉❝❤ ❛s s♣r❛② ❬✶✸✻✱ ✶✸✼(✱ s♣✐♥ ❝♦❛t✐♥❣ ❬✶✸✽(✱ ❝❛st✐♥❣ ❬✶✸✾( tr❛♥s✲ ❢❡r ✈✐❛ ✈❛❝✉✉♠ ✜•tr❛t✐♦♥✱ ▲❛♥❣♠✉✐r✲❇•♦❞❣❡tt ❛ss❡♠❜•②✴❞❡♣♦s✐t✐♦♥ ❬✶✹✵✱ ✶✹✶✱ ✶✹✷( ❝❤❛r❣❡ ❞r♦♣✲❝❛st✐♥❣✱ ❞✐♣ ❝♦❛t✐♥❣✱ ❡•❡❝tr♦♣❤♦r❡s✐s ❬✶✷( ❛♥❞ ✐♥❦•❡t✲♣r✐♥t✐♥❣ ❢♦r ✹✷ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙P❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ♠❡t❛•✲❣r❛♣❤❡♥❡ ❤②❜r✐❞ str✉❝t✉r❡ ❬✶✹✸( ❢♦r tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ✜•♠s ✭❚❈❋s✮ ❤❛✈❡ ❜❡❡♥ ❞❡♠♦♥str❛t❡❞✳ ❚❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ✐♥ t❤❡s❡ ✜•♠s ✐s ✐♥✢✉❡♥❝❡❞ ❜② ❣r❛✐♥ ❜♦✉♥❞❛r✐❡s ✭❈❱❉ ♠❡t❤♦❞✮✱ •✉♥❝t✐♦♥ ❞❡♣❡♥❞❡♥❝② ✭❜❡t✇❡❡♥ t✇♦ s♣ 2 ❤②✲ ❜r✐❞✐③❡❞ s♣❡❝✐❡s✱ ❋▲•✲❋▲•✱ ✐♥t❡r✢❛❦❡s st❛❝❦✐♥❣✮✱ ❤♦✇❡✈❡r ❛ ♠✐♥✐♠✉♠ ❛♠♦✉♥t ❝❛••❡❞ ❝r✐t✐❝❛• ♣♦✐♥t ✭φ c ✮ ✐s r❡q✉✐r❡❞ t♦ ❝♦✈❡r t❤❡ s✉r❢❛❝❡ t♦ ❢♦r♠ ❛ ♣❡r❝♦•❛t✐♦♥ ✐♥ t❤❡ ❝♦♥❞✉❝t✐♥❣ ✜•♠ ✐s ♥❡❝❡ss❛r② ✇❤✐❝❤ ❞❡♣❡♥❞s ✉♣♦♥ s❡✈❡r❛• ♣❛r❛♠❡t❡rs✿ s❤❛♣❡✱ s✐③❡✱ t❡①t✉r❡✱ ❝❤❡♠✐❝❛• ♥❛t✉r❡ ✭♣❤❛s❡ ♦❢ ❣r❛✐♥s✮✱ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❞♦♠❛✐♥s✱ ❤♦♠♦✲ ❣❡♥❡✐t②✱ ❞❡♥s✐t② ♦❢ ♠❛t❡r✐❛•s ❛♥❞ ♦t❤❡r ♣❤②s✐❝❛• ❛♥❞ ❝❤❡♠✐❝❛• ♣r♦♣❡rt✐❡s ❛♠♦♥❣ ♦t❤❡rs ❬✶✹✹(✳ ♣❡r❝♦•❛t✐♦♥ ✭♠♦st s♦•✉t✐♦♥✲♣r♦❝❡ss❛❜•❡ ✜•♠s✮ ✐♥❝•✉❞✐♥❣ ♦t❤❡r ❢❛❝t♦rs ❛•r❡❛❞② ♠❡♥t✐♦♥❡❞ ❡❛r•✐❡r✳ ❚❛❜•❡ ✶✳✻ ♣r♦✈✐❞❡s s✉♠♠❛r② ♦❢ ♣r✐st✐♥❡✱ ❞♦♣❡❞ ❛♥❞ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ♠❛t❡r✐❛•s ✇✐t❤ s❤❡❡t r❡s✐st❛♥❝❡✱ tr❛♥s♠✐tt❛♥❝❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛•♦♥❣ ✇✐t❤ ❝♦♥❞✉❝✲ t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ✭σ gt ✮❬✻✱ ✶✹✺(✳ ❋♦r ❛ ❈❱❉ ❣r❛♣❤❡♥❡ ✭❈❱❉✲•✮ ✜•♠✱ | s ♦❢ ✷✽✵ Ω✴ ✇✐t❤ ✼✻ ✪ ✭❛t ✺✺✵ ♥♠✮ tr❛♥s♠✐tt❛♥❝❡ ✭T ✮ ✇❛s r❡♣♦rt❡❞ ✇✐t❤ ❛ ❤✐❣❤ σ gt ♦❢ ✾✳✵ × ✶✵ 3 ❙✳❝♠ -1 ❬✷✸(✳ ❋♦r t❤❡ ❞♦♣❡❞ ❈❱❉✲•✱ r❡s♣❡❝t✐✈❡•② ✇✐t❤ ❍◆❖ 3 ❛♥❞ ❆✉❈• 3 ✱ ❡✈❡♥ ❜❡tt❡r r❡s✉•ts ✇❡r❡ r❡♣♦rt❡❞ ✇✐t❤ •♦✇❡r ✈❛•✉❡s ♦❢ | s ♦❢ ✸✵ ❛♥❞ ✶✺✵ Ω✴ ✱ ❤✐❣❤❡r tr❛♥s♠✐tt❛♥❝❡ ♦❢ ✾✵ ❛♥❞ ✽✼ ✪✱ ❛♥❞ σ gt ♦❢ ✷✳✷ × ✶✵ 5 ❛♥❞ ✸✳✸ × ✶✵ 4 ❙✳❝♠ -1 ✱ r❡s♣❡❝t✐✈❡•② ❬✺✾✱ ✶✹✻(✳ ❆ ♥♦♥✲ ✈♦•❛t✐•❡ ❢❡rr♦❡•❡❝tr✐❝ ♣♦•②♠❡r s♣✐♥ ❝♦❛t❡❞ ♦♥ t♦♣ ♦❢ ❈❱❉✲• ✐♥ ❛ ❤②❜r✐❞ str✉❝t✉r❡ ✇❤❛t t❤❡ ❛✉t❤♦rs ❝❛•• ❣r❛♣❤❡♥❡✲❢❡rr♦❡•❡❝tr✐❝ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦rs ✭•❋❡❚❈s✮ ②✐❡•❞ | s ♦❢ ✶✷✵✲✶✸✵ Ω✴ ✇✐t❤ T ♦❢ ✾✺✪ ✇✐t❤ σ gt ♦❢ ✸✳✶ × ✶✵ 3 ✲✶✵ 4 ❙✳❝♠ -1 ❬✶✹✼(✳ ❆ ♠♦♥♦ •❛②❡r ♦❢ r❡❞✉❝❡❞ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ✭r•❖✮ ❜② ▲❛♥❣♠✉✐r✲❇•♦❞❣❡tt ✭♠❡t❤♦❞ ♦❢ ❢♦r♠✐♥❣ ♠♦♥♦✲❛♥❞ ♠✉•t✐♠♦•❡❝✉•❛r ✜•♠s ♦❢ ❛♥ ❛♠♣❤✐♣❤✐•✐❝ s✉❜st❛♥❝❡ ♦♥ t❤❡ ✇❛t❡r s✉r❢❛❝❡ ❛♥❞ t❤❡♥ tr❛♥s❢❡r ✐t t♦ ❛ s♦•✐❞ s✉❜str❛t❡✮ ✇❛s tr❛♥s❢❡rr❡❞ t♦ tr❛♥s♣❛r❡♥t ❣•❛ss s✉❜str❛t❡ t♦ ❢♦r♠ ❛ ▲❇✲r•❖ ✜•♠✱ ❛♥❞ ✈❡r② ❤✐❣❤ | s ♦❢ ✶✳✾ × ✶✵ 7 Ω✴ ❛♥❞ T ♦❢ ✾✺✪ ✭❛t ✻✺✵ ♥♠✮ ✇❡r❡ r❡♣♦rt❡❞ ❬✶✹✶(✳ ▲♦✇❡r | s ✭✶✶✵✵ Ω✴ ✮ ❛♥❞ T ✭✾✶✪ ❛t ✺✺✵ ♥♠✮ ✇❡r❡ r❡♣♦rt❡❞ ❜② s✐♠✐•❛r ♠❡t❤♦❞ ✭▲❇✲r•❖✮✱ ❣✐✈✐♥❣ s•✐❣❤t•② ❤✐❣❤❡r σ gt ✭✻✼✵ ❙✳❝♠ -1 ✮ t❤❛♥ ♣r❡✈✐♦✉s ✭✻✳✼ × ✶✵ -1 ❙✳❝♠ -1 ✮ r❡s✉•t ❬✶✹✾(✳ ❈✉rr❡♥t•②✱ t❤❡r❡ ❛r❡ ♥♦t s♦ ♠❛♥② r❡s✉•ts ❛✈❛✐•❛❜•❡ ❢♦r ✜•♠s ♠❛❞❡ ❢r♦♠ ❡①❢♦•✐❛t❡❞ ✭♠❡❝❤❛♥✐❝❛• ♦r •✐q✉✐❞✮ ✶✳✸✳ ❈❆|❇❖◆✲❇❆❙❊❉ ❚❈❊❙✴❚❈▼❙ ❋❖| ❖❙❈❙ ✹✸ ❚❛❜•❡ ✶✳✻✿ ❙❤❡❡t r❡s✐st❛♥❝❡✱ tr❛♥s♠✐tt❛♥❝❡ ❛♥❞ ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝② ✭σ g t✮ ♦❢ ❣r❛♣❤❡♥❡✱ ❣r❛♣❤❡♥❡ ♦①✐❞❡ ❛♥❞ ❞♦♣❡❞ ❣r❛♣❤❡♥❡ ✜•♠s ♣r♦❞✉❝❡❞ ❜② ✈❛r✐♦✉s ♠❡t❤♦❞s✳ •r❛♣❤❡♥❡ ❋✐•❈❱❉✲• ❞♦♣❡❞ ✇✐t❤ ❆✉❈• 3 ✭❬✶✹✻( ✶✺✵ ✽✼ ✭✺✺✵✮ ✸✳✸ × ✶✵ 4 ❋❡rr♦❡•❡❝tr✐❝ ♣♦•②♠❡r✴❈❱❉✲• ✭•❋❡❚❈s✮ ✭❬✶✹✼(✮ ✶✵ 2 ✲✶✵ 3 ✾✺ ✭✺✵✵✮ ✸✳✶ × ✶✵ 3 ✲✶✵ 4 ▲❇✲r•❖ ✭❬✶✹✶(✮ ✶✳✾ × ✶✵ 7 ✾✺ ✭✻✺✵✮ ✻✳✼ × ✶✵ -•❡❝tr♦❝❤❡♠✐❝❛••② ❡①❢♦•✐❛t❡❞ ❣r❛♣❤❡♥❡ ✭❬✶✹✽(✮ ✷✳✹ × ✶✵ 3 ♥❡✱ ❤♦✇❡r✈❡r✱ ▲P❊✲• ♦❜t❛✐♥❡❞ ❜② ✉•tr❛s♦♥✐❝❛t✐♦♥ s❤♦✇❡❞ ❛ | s ✶✵✵✵ Ω✴ ❛♥❞ T ♦❢ ✻✺✪ ✭✺✺✵ ♥♠✮ ✇✐t❤ ❤✐❣❤ σ gt ♦❢ ✶✳✻ × ✶✵ 3 ❙✳❝♠ -1 ❬✼✽(✳ ❚❤❡ r•❖ ✜•♠s ❞✐s♣•❛②❡❞ ❛ ❤✐❣❤❡r | s ♦❢ ✷✳✺ × ✶✵ 3 ✇✐t❤ ✾✸ ✪ T ✭✺✺✵ ♥♠✮ ②✐❡•❞✐♥❣ ❛ σ gt ♦❢ ✸✳✽ × ✶✵ 3 ❙✳❝♠ -1 ❬✶✹✸(✱ ✇❤❡r❡❛s r•❖ ❝♦✉♣•❡❞ ✇✐t❤ ❆❣ ♥❛♥♦♣❛rt✐❝•❡s s❤♦✇s ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ ❛ •♦✇❡r | s ♦❢ ✻✹✵ Ω✴ ❛t T ♦❢ ✽✼✪ ❣✐✈✐♥❣ ✐♠♣r♦✈❡❞ σ gt ♦❢ ✼✳✽ × ✶✵ 3 ❙✳❝♠ -1 ❬✶✹✸(✳ ✹✹ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙P❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ✶✳✹ ■♥tr♦❞✉❝t✐♦♥ t♦ ❖r❣❛♥✐❝ ❙♦•❛r ❈❡••s ❖r❣❛♥✐❝ ❙♦•❛r ❈❡••s ✭❖❙❈s✮ ❛r❡ t❤❡ t❡❝❤♥♦•♦❣② ✇❤✐❝❤ ❤❛s ❛ttr❛❝t❡❞ str♦♥❣ ❛tt❡♥t✐♦♥ ✐♥ r❡❝❡♥t ②❡❛rs✱ ❞✉❡ t♦ t❤❡ ♥✉♠❡r♦✉s ❛❞✈❛♥t❛❣❡s✳ ❚❤❡② ❝♦♥t❛✐♥ ❝❡rt❛✐♥ ♦r❣❛♥✐❝ ♠♦•❡❝✉•❡s ❛♥❞ ♣♦•②♠❡rs ❢♦r s♦•❛r ❡♥❡r❣② ❤❛r✈❡st✐♥❣✳ ❖r❣❛♥✐❝ ♠♦•❡❝✉•❡s✴♣♦•②♠❡rs ❤❛✈❡ ❣♦♦❞ ❛❜s♦r♣t✐♦♥✴•✐❣❤t ❝❛♣t✉r❡ ❡✣❝✐❡♥❝②✱ ♣♦ss❡ss s❡♠✐✲ ❝♦♥❞✉❝t✐♥❣ ♣r♦♣❡rt✐❡s✱ ❛r❡ ❡❛s② t♦ ♣r♦❝❡ss ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ✭t❤❡ ♠♦st ♦❢ t❤❡ ❝❛s❡s✮✱ ❛♥❞ ♣r♦✈✐❞❡ ❣♦♦❞ ♣r♦♠✐s❡ ❢♦r •♦✇✲❝♦st s♦•❛r ❝❡••s ♠❛♥✉❢❛❝t✉r✐♥❣ ❛t •❛r❣❡ s❝❛•❡✳ ❚❤♦✉❣❤✱ t❤❡② ❞✐❞ ♥♦t ❤✐t t❤❡ ❝♦♠♠❡r❝✐❛• ♠❛r❦❡t ❞✉❡ t♦ •♦✇❡r ❡✣❝✐❡♥✲ ❝✐❡s ✭r❡❝♦r❞ ✉♣ t♦ ✶✶✳✶✪✮ ❛s ❝♦♠♣❛r❡❞ t♦ ✐♥♦r❣❛♥✐❝ ❝❡••s t❡❝❤♥♦•♦❣②✱ ♠❛t✉r❡❞ ♦✈❡r ✺✵ ②❡❛rs ✭r❡❝♦r❞ ❡✣❝✐❡♥❝② ✉♣ t♦ ✹✹✳✹ ✪ ❢♦r tr✐♣•❡✲•✉♥❝t✐♦♥ ❝♦♠♣♦✉♥❞ s♦•❛r ❝❡••s✮✳ ❋✐❣✉r❡ ✶✳✶✸ s❤♦✇s t❤❡ ❣r❛♣❤ ✇✐t❤ t❤❡ ♣r♦❣r❡ss ✐♥ ❞✐✛❡r❡♥t s♦•❛r ❝❡••s ❛♥❞ t❡❝❤♥♦•♦❣✐❡s t♦ ❞❛t❡ ✭✷✵✶✹✮✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛•s ♦❢ ❖❙❈s ❛♥❞ t❤❡✐r ♣r♦❣r❡ss ❞✉r✐♥❣ •❛st ❞❡❝❛❞❡ ✇✐•• ❜❡ ❝♦✈❡r❡❞ ❜r✐❡✢②✳ ■♥ s✐♠♣•❡st t❡r♠s✱ ❛♥ ♦r❣❛♥✐❝ s♦•❛r ❝❡•• ❝♦♥t❛✐♥s ❛ ♣❤♦t♦✲❛❝t✐✈❡ •❛②❡r✱ ❝♦♥s✐st✐♥❣ ♦❢ ❛♥ ❡•❡❝tr♦♥ ❞♦♥♦r ✭❉✮ ❛♥❞ ❛♥ ❡•❡❝tr♦♥ ❛❝❝❡♣t♦r ✭❆✮ ♠❛t❡r✐❛•s s❛♥❞✇✐❝❤❡❞ ❜❡t✇❡❡♥ t✇♦ ❡•❡❝tr♦❞❡s✳ ❖♥❡ ♦❢ t❤❡ ❡•❡❝tr♦❞❡s ✐s tr❛♥s♣❛r❡♥t ✭❛♥♦❞❡✱ ■❚❖✮ ❛♥❞ ❢❛❝✐•✐t❛t❡s •✐❣❤t ❛❜s♦r♣t✐♦♥ ❜② ❛❝t✐♥❣ ❛s ✇✐♥❞♦✇ t♦ t❤❡ ❛❝t✐✈❡ •❛②❡r ❛♥❞ t❤❡ ♦t❤❡r ✭❝❛t❤♦❞❡✮ ✉s✉❛••② ✐s ❛ ♠❡t❛• ✭❆•✱ ❈❛ ❡t❝✮✱ ❛•• ❞❡♣♦s✐t❡❞ ♦♥ ❛ r✐❣✐❞ ❣•❛ss ♦r ✢❡①✐❜•❡ ♣•❛st✐❝ tr❛♥s♣❛r❡♥t s✉❜str❛t❡ ❬✽(✳ ❚❤❡② ❛r❡ ❢❛❜r✐❝❛t❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ s✉❝❝❡ss✐✈❡ t❤✐♥ ✜•♠s ✇❤❡r❡ s♣✐♥✲❝♦❛t✐♥❣✱ s♣r❛②✱ ♣r✐♥t✐♥❣ ❛♥❞ ✈❛❝✉✉♠ ❞❡♣♦s✐t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ ❛♣♣•✐❡❞ t♦ ❢♦r♠ t❤❡ ❝♦♠♣•❡t❡ ❝❡••✳ ❚❤❡ ❛❝t✐✈❡ •❛②❡r ❝❛♥ ❜❡ ❛ ♣•❛♥❛r ♦r ❛ ❜✉•❦ ❤❡t❡r♦✲•✉♥❝t✐♦♥ ♦❢ t✇♦ ♠❛t❡r✐❛•s✳ ❚❤❡ ❝♦♠♠♦♥•② ✉s❡❞ ♠❛t❡r✐❛•s ❛r❡ ❛ ❜•❡♥❞ ♦❢ ♣♦•②✲✭✸✲❤❡①②•t❤✐♦♣❤❡♥❡✮✴♣❤❡♥②•✲ ❈ 61 ✲❜✉t②r✐❝ ❛❝✐❞ ♠❡t❤②• ❡st❡r ✭P✸❍❚✴P❈ 61 ❇▼✮ ❬✶✺✶(✳ P✸❍❚ ✐s ✉s❡❞ ❛s ❛ ❞♦♥♦r ❛♥❞ P❈❇▼ ❛s ❛♥ ❛❝❝❡♣t♦r ♠❛t❡r✐❛• ✭✜❣✉r❡ ✶✳✶✹✱ ❬❄ (✮✳ ❆r❝❤✐t❡❝t✉r❡s ✇✐•• ❜❡ ❞✐s❝✉ss❡❞ •❛t❡r ✐♥ t❤❡ s❡❝t✐♦♥ ✶✳✹✳✶✳ ✳ ❚♦ ❢❛❝✐•✐t❛t❡ ❛♥ ❡✣❝✐❡♥t ❝❤❛r❣❡ ❝♦••❡❝t✐♦♥✱ ♦♥❡ ♦r ♠♦r❡ ❛❞❞✐t✐♦♥❛• ❜✉✛❡r •❛②❡r✭s✮ ❝❛♥ ❜❡ ❛❞❞❡❞ ❢♦r ❤♦•❡ ❛♥❞✴♦r ❡•❡❝tr♦♥ ❡①tr❛❝t✐♦♥✴tr❛♥s♣♦rt✳ ❚❤❡s❡ •❛②❡rs✱ ✶✳✹✳ ■◆❚|❖❉❯❈❚■❖◆ ❚❖ ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ✹✺ ❋✐❣✉r❡ ✶✳✶✸✿ ❚❤❡ ❣r❛♣❤ s❤♦✇s t❤❡ r❡❝♦r❞ s♦•❛r✲❝❡•• ❡✣❝✐❡♥❝✐❡s ♦✈❡r t✐♠❡✱ ❤✐❣❤•✐❣❤t✐♥❣ t❤❡ ♣r♦❣r❡ss ✐♥ ❞✐✛❡r❡♥t s♦•❛r ❝❡••s ❛♥❞ t❡❝❤♥♦•♦❣✐❡s ✉♣ t♦ t❤❡ ❡♥❞ ♦❢ ✷✵✶✹✳ ❬✶✺✵(✳ ✶✳✹✳ ■◆❚|❖❉❯❈❚■❖◆ ❚❖ ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ✺✺ ❋✐❣✉r❡ ✶✳✶✾✿ ■••✉str❛t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣•❡ ♦❢ ❝❤❛r❣❡ s❡♣❛r❛t✐♦♥ ✐♥ s♦•❛r ❝❡•• ❬✽(✳ ✶✳✹✳✸ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❖r❣❛♥✐❝ ❙♦•❛r ❈❡••s ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❖r❣❛♥✐❝ ❙♦•❛r ❈❡••s ✐♥✈♦•✈❡s s♦♠❡ ♠❡❛s✉r❡♠❡♥ts ✇❤✐❝❤ ♥❡❡❞ t♦ ❜❡ ❞❡s❝r✐❜❡❞✳ ❚❤❡ t❡r♠✐♥♦•♦❣② ✉s❡❞ ✐♥ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❖❙❈s ✇✐•• ❜r✐❡✢② ❜❡ ❡①♣•❛✐♥❡❞✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ❜❡❣✐♥ ✇✐t❤ ❜② ✉♥❞❡rst❛♥❞✐♥❣ ✇❤❛t ❤❛♣♣❡♥s t♦ ❛♥ ❖❙❈ ✐♥ t❤❡ ❞❛r❦ ❛♥❞ ✉♣♦♥ ❡①♣♦s✉r❡ t♦ ✐••✉♠✐♥❛t✐♦♥✳ ❚❤✐s ✐s ❡①♣•❛✐♥❡❞ ❜② ❈✉rr❡♥t✲❱♦•t❛❣❡ ✭❏✲❱✮ ❝❤❛r❛❝t❡r✐st✐❝s ❝✉r✈❡✴❣r❛♣❤✱ ❛•s♦ ❝❛••❡❞ ■✲❱ ❣r❛♣❤✳ ■♥ ❞❛r❦✱ t❤❡ ❏✲❱ ❝✉r✈❡ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥ ♦❢ ❣r❛♣❤✳ ◆♦ ❝✉rr❡♥t ✢♦✇s ✐❢ t❤❡r❡ ✐s ♥♦ ♣♦t❡♥t✐❛• ❛♣♣•✐❡❞ t♦ t❤❡ ❡•❡❝tr♦❞❡s ♦❢ ❞❡✈✐❝❡✳ ❇✉t ♦♥❝❡ t❤❡ ❞❡✈✐❝❡ ✐s ✉♥❞❡r ✐••✉♠✐♥❛t✐♦♥✱ t❤❡ ❏✲❱ ❝✉r✈❡ s❤✐❢ts ❞♦✇♥✇❛r❞✳ ❋✐❣✉r❡ ✶✳✷✵ s❤♦✇s t❤❡ ❏✲❱ ❝❤❛r❛❝t❡r✐st✐❝ ❝✉r✈❡✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❡r♠s ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ s♦•❛r ❝❡••s✱ s♦♠❡ ♦❢ t❤❡ ✐t❡♠s ❝❛♥ ❜❡ s❡❡♥ ♦♥ t❤❡ ❏✲❱ ❝✉r✈❡✿ ❆✐r ▼❛ss ✭❆▼✮ ✐s t❤❡ ♠❡❛s✉r❡ ♦❢ ❛t♠♦s♣❤❡r❡ s✉♥•✐❣❤t t❤❛t ♠✉st tr❛✈❡• t♦ t❤❡ ❡❛rt❤✬s s✉r❢❛❝❡ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② ✑❆▼✭①✮✑✱ ✇❤❡r❡ ① ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❝♦s✐♥❡ ♦❢ t❤❡ ③❡♥✐t❤ ✭t❤❡ ❤✐❣❤❡st ♣♦✐♥t t❤❛t t❤❡ ❙✉♥ ♦r t❤❡ ▼♦♦♥ r❡❛❝❤❡s ✐♥ t❤❡ s❦②✱ ❞✐r❡❝t•② ❛❜♦✈❡ ②♦✉✮ ❛♥❣•❡ ♦❢ t❤❡ ❙✉♥✳ ❆ t②♣✐❝❛• ✈❛•✉❡ ❢♦r s♦•❛r ❝❡•• ♠❡❛s✉r❡♠❡♥ts ✐s ✶✳✺✱ ✺✻ ❈❍❆❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ❋✐❣✉r❡ ✶✳✷✵✿ •r❛♣❤ ♦❢ ❝✉rr❡♥t ✭❏✮ ✈❡rs✉s ❱♦•t❛❣❡ ❢♦r ♣❤♦t♦✲✈♦•t❛✐❝ ❞❡✈✐❝❡s✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s ❤♦✇ t❤❡ ❞❡✈✐❝❡ ❝❤❛r❛❝t❡r✐st✐❝s ❝❤❛♥❣❡ ✉♣♦♥ ✐••✉♠✐♥❛t✐♦♥✳ ❑❡② ♣♦✐♥ts ♦♥ t❤❡ ❣r❛♣❤ ❛r❡ ❛•s♦ ✐♥❞✐❝❛t❡❞✱❬✶✽✷(✳ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ s✉♥ ✐s ❛t ❛♥ ❛♥❣•❡ ♦❢ ❛❜♦✉t ✹✽✝✳ ❆✐r ♠❛ss ❞❡s❝r✐❜❡s t❤❡ s♣❡❝tr✉♠ ♦❢ r❛❞✐❛t✐♦♥✱ ❜✉t ♥♦t ✐ts ✐♥t❡♥s✐t②✳ ❋♦r s♦•❛r ❝❡•• ♣✉r♣♦s❡s✱ t❤❡ ❝♦♠♠♦♥•② ✉s❡❞ ✈❛•✉❡ ♦❢ ✐♥t❡♥s✐t② ✐s ✜①❡❞ ❛t ✶✵✵ ❲✴❝♠ 2 ✳ ❖♣❡♥✲❈✐r❝✉✐t ❱♦•t❛❣❡ ✭❱ oc ✮ ✐s t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜•❡ ✈♦•t❛❣❡ ✭❱✮ ❛❝r♦ss ❛ ♣❤♦t♦✲✈♦•t❛✐❝ ❝❡••✱ t❤❡ ✈♦•t❛❣❡ ❛t ✇❤✐❝❤ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ♦✉t♣✉t ✐s ✵ ❆✳ ❱ oc ♠❛✐♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ✇♦r❦ ❢✉♥❝t✐♦♥ ♦❢ ♠❡t❛• ❝♦♥t❛❝ts✳ ■t ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❍❖▼❖✲▲❯▼❖ ❜❡t✇❡❡♥ t❤❡ ❞♦♥♦r ❛♥❞ t❤❡ ❛❝❝❡♣t♦r ✇❤❡♥ ❛♥ ♦❤♠✐❝ ❝♦♥t❛❝t❛t t❤❡ ❡•❡❝tr♦❞❡s ✐s ❢♦r♠❡❞✳ ❙❤♦rt✲❈✐r❝✉✐t ❈✉rr❡♥t ❉❡♥s✐t② ✭❏ s c✮ ✐s t❤❡ ❝✉rr❡♥t ✭■ s c✮ ✐♥t❡♥s✐t② ♣❡r s✉r❢❛❝❡ ✭❆✴♠ 2 ✮✱ t❤❡ ❝✉rr❡♥t t❤❛t ✢♦✇s t❤r♦✉❣❤ ❛♥ ✐••✉♠✐♥❛t❡❞ s♦•❛r ❝❡•• ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❡①t❡r♥❛• r❡s✐st❛♥❝❡ ✭✐✳❡✳✱ ✇❤❡♥ t❤❡ ❡•❡❝tr♦❞❡s ❛r❡ s✐♠♣•② ❝♦♥♥❡❝t❡❞ ♦r s❤♦rt✲ ❝✐r❝✉✐t❡❞✮ ♦r t❤❡ ❝✉rr❡♥t ❛t ✇❤✐❝❤ t❤❡ ❡①t❡r♥❛••② ❛♣♣•✐❡❞ ✈♦•t❛❣❡ ✐s ✵ ❱✳ ❚❤❡ s❤♦rt✲❝✐r❝✉✐t ❝✉rr❡♥t ✐s t❤❡ ♠❛①✐♠✉♠ ❝✉rr❡♥t ❛♥❞ r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛r❣❡ ❝❛rr✐❡rs t❤❛t ❛r❡ ❣❡♥❡r❛t❡❞ ❛♥❞ ❡✈❡♥t✉❛••② ❝♦••❡❝t❡❞ ❛t t❤❡ ❡•❡❝tr♦❞❡s ❛t s❤♦rt ✻✵ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙P❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ✐ss✉❡ ✇❛rr❛♥ts t❤❡ ✉s❡ ♦❢ ❝❤❡♠✐❝❛• ❞♦♣✐♥❣ r❡q✉✐r✐♥❣ •♦♥❣✲t❡r♠ ✉s❡✴❛♣♣•✐❝❛t✐♦♥✳ ❆ ❝✉r❛❜•❡ ♣♦•②♠❡r ✭♣♦•②✭✹✲✈✐♥②•♣②r✐❞✐♥❡✮✮ ❝♦❛t✐♥❣ ❝❛♥ ❜❡ ❛♣♣•✐❡❞ ♦✈❡r t❤❡ ❞♦♣❡❞ ❣r❛♣❤❡♥❡ ✜•♠ t♦ ♣r♦t❡❝t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❞♦♣❡❞ ❣r❛♣❤❡♥❡ ✜•♠✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❤❛s ❞✐s♣•❛②❡❞ r❡•✐❛❜•❡ ♣r♦t❡❝t✐♦♥ ♦❢ ✜•♠ ❛♥❞ ✐ts s❤❡❡t r❡s✐st❛♥❝❡ st❛②❡❞ ✉♥❛•t❡r❡❞ ✉♥❞❡r ❛♠❜✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ♣❡r✐♦❞ ♦✈❡r ✷✳✺ ♠♦♥t❤s ❬✶✽✽(✳ ▼❛♥② ❣r♦✉♣s ❤❛✈❡ ✉s❡❞ ❣r❛♣❤❡♥❡✲❜❛s❡❞ ✭❣r❛♣❤❡♥❡✱ ❢❡✇ •❛②❡r ❣r❛♣❤❡♥❡ ♦r r•❖✮ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t✐✈❡ ✜•♠s ✭•❚❈❋✮ ✐♥t♦ ♦r❣❛♥✐❝ s♦•❛r ❝❡••s ❛s tr❛♥s♣❛r✲ ❡♥t ❡•❡❝tr♦❞❡ ❛♥❞ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ ❜❡②♦♥❞ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♥❝❡♣t ❛♥❞ ❝♦♠♣❛✲ r❛❜•❡ ✇✐t❤ ■❚❖ ❡•❡❝tr♦❞❡ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ ❣r❛♣❤❡♥❡ ♠❛t❡r✐❛•s✱ ♦♥ r✐❣✐❞ ❛♥❞ ✢❡①✐❜•❡ s✉❜str❛t❡s ❬✶✽✾(✱ ❬✶✾✵(✳ ❙♦•✉t✐♦♥✲♣r♦❝❡ss❛❜•❡ r•❖ ♣r♦✈✐❞❡s •♦✇❡r ❡✣✲ ❝✐❡♥❝② ✉♣ t♦ ✶ ✪ ✐♥ ❖❙❈ ❞❡✈✐❝❡s ❞✉❡ t♦ ✐ts ❤✐❣❤ | s ✇❤✐❝❤ ✐s ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✶✲✶✽ ❑Ω✳ ❍✐❣❤•②✲❞♦♣❡❞✱ ❈❱❉✲❣r♦✇♥ ♠✉•t✐ •❛②❡r ❣r❛♣❤❡♥❡ ✉s❡❞ ❛s ❛ t♦♣ ✭❛♥✲ ♦❞❡✮ ❡•❡❝tr♦❞❡✱ ❛♥❞ P✸❍❚✿P❈❇▼ ❛s t❤❡ ❛❝t✐✈❡ •❛②❡r✱ ✇❛s r❡♣♦rt❡❞ t♦ s❤♦✇ ❡①✲ ❝❡••❡♥t ❡✣❝✐❡♥❝② ♦❢ ✸✳✷ ✪ ✐♥ ✢❡①✐❜•❡ ❖❙❈ ❞❡✈✐❝❡ ♦♥ ❛ ♣•❛st✐❝ s✉❜str❛t❡ ❬✶✾✶(✳ ❋✐❣✉r❡ ✶✳✷✷ s❤♦✇s t✇♦ ❞❡✈✐❝❡ str✉❝t✉r❡s ❢♦r ❖❙❈s✿ ❝♦♥✈❡♥t✐♦♥❛• ❛♥❞ ✐♥✈❡rs❡✱ ❛♥❞ t❤❡✐r ❈✉rr❡♥t✲❱♦•t❛❣❡ ✭❏✲❱✮ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❋✐❣✉r❡ ✶✳✷✷✭❛✮ s❤♦✇s ❛ ❝♦♥✈❡♥✲ t✐♦♥❛• ❞❡✈✐❝❡ ✭••❛ss✴▲r•❖✴P❊❉❖❚✿P❙❙✴P✸❍❚✿P❈❇▼✴❆•✮ str✉❝t✉r❡ ✉s✐♥❣ ♦♥❡ st❡♣✱ ❢❛st •❛s❡r r❡❞✉❝❡❞ ✭▲r•❖✮ ❛s ❛♥ ❛♥♦❞❡ ♦♥ ❛ ❣•❛ss s✉❜str❛t❡ ❬✶✾✷(✳ ❋✐❣✉r❡ ✶✳✷✷✭❜✮ s❤♦✇s ❛♥ ✐♥✈❡rs❡ str✉❝t✉r❡ ❞❡✈✐❝❡ ♦♥ ❛ ✢❡①✐❜•❡ ♣♦•②✐♠✐❞❡ ✭P■✮ s✉❜str❛t❡ ✭P■✴▼❡t❛•✴)♥❖✴P✸❍❚✿P❈❇▼✴P❊❉❖❚✿P❙❙ ✭❆✉✮•r❛♣❤❡♥❡✴P▼▼❆✮ ✇✐t❤ ❈❱❉ ❣r❛♣❤❡♥❡ ✉s❡❞ ❛s ❛♥♦❞❡ ❬✶✾✶(✳ ❏✲❱ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❜♦t❤ ❞❡✈✐❝❡s ❛r❡ s❤♦✇♥ ❜② ✭❝✮ ❛♥❞ ✭❞✮ ❢♦r ❞✐✛❡r❡♥t t❤✐❝❦♥❡ss ♦❢ ▲r•❖ ❛♥❞ ❣r❛♣❤❡♥❡ ✭✇✐t❤ ✈❛r✐❛❜•❡ ♥✉♠❜❡r ♦❢ s❤❡❡ts✮ ❝♦♥✈❡♥t✐♦♥❛• ❛♥❞ ✐♥✈❡rs❡ ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✳ ■♥ ❛ r❡❝❡♥t r❡♣♦rt✱ ✈❡r② ❤✐❣❤ ❡✣❝✐❡♥❝② ✇❛s ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ❞♦♣❡❞✲❈❱❉ ❣r❛♣❤❡♥❡ ♦♥ ❛ ✢❡①✐❜•❡ s✉❜str❛t❡ ✇✐t❤ ♠♦❞✐✜❡❞ P❊❉❖❚✿P❙❙ ✭•r❛♣❤❡♥❡ ❤♦•❡ ❡①✲ tr❛❝t✐♦♥ •❛②❡r ✭•r❛❍❊▲✮✱ ❛•s♦ ❝❛••❡❞ ❤♦•❡ tr❛♥s♣♦rt •❛②❡r ✭❍❚▲✮ t♦ ✐♠♣r♦✈❡ ✇❡tt❛✲ ❜✐•✐t② ♦❢ ❍❊▲ ✇❤✐❝❤ ♦t❤❡r✇✐s❡ ❝❛♥ ❤❛♠♣❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❞❡♣♦s✐t✐♦♥ ♦❢ ♣r✐st✐♥❡ P❊❉❖❚✿P❙❙ ❞✉❡ t♦ ♦♣♣♦s✐♥❣ ♥❛t✉r❡ ♦❢ ❣r❛♣❤❡♥❡ ✭❤②❞r♦♣❤♦❜✐❝✮ ❛♥❞ ❍❊▲ ✭❤②✲ ❞r♦♣❤✐•✐❝✮ ✭✜❣✉r❡ ✶✳✷✸✮✳ ❚❤❡② ❞❡♠♦♥str❛t❡❞ t❤❛t ✸ s❤❡❡ts ♦❢ ❣r❛♣❤❡♥❡ ✉s✐♥❣ ❛ ✶✳✺✳ P❊|❋❖|▼❆◆❈❊ ❆◆❉ P|❖P❊|❚■❊❙ ❖❋ •|❆P❍❊◆❊ ❚❈❊❙ ✻✶ ❋✐❣✉r❡ ✶✳✷✷✿ ❖r❣❛♥✐❝ ❙♦•❛r ❈❡•• str✉❝t✉r❡ ✉s✐♥❣ •❚❈❊s✳ ✭❛✮ ❈♦♥✈❡♥t✐♦♥❛• ❞❡✈✐❝❡ ✭••❛ss✴▲r•❖✴P❊❉❖❚✿P✸❍❚✿P❈❇▼✴❆•✮ str✉❝t✉r❡ ❢♦r ✉s✐♥❣ ▲r•❖ ❛s ❛♥ ❛♥♦❞❡✱ ✭❜✮ ■♥✈❡rs❡ str✉❝t✉r❡ ❞❡✈✐❝❡ ♦♥ ✢❡①✐❜•❡ s✉❜str❛t❡ ✭P■✭s✉❜str❛t❡✮✴▼❡t❛•✴)♥❖✴P✸❍❚✿P❈❇▼✴P❊❉❖❚✿P❙❙ ✭❆✉✮•r❛♣❤❡♥❡✴P▼▼❆✮ ✇✐t❤ ❈❱❉ ❣r❛♣❤❡♥❡ ✉s❡❞ ❛s ❝❛t❤♦❞❡✱ ✭❝✮ ❏✲❱ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❖P❱s ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ •❛②❡rs ♦❢ ❣r❛♣❤❡♥❡ ❛♥♦❞❡ ❞♦♣❡❞ ✇✐t❤ P❊❉❖❚✿P❙❙✰❆✉ ♦r P❊❉❖❚✿P❙❙ ♦♥•②✱ ❛♥❞ ✭❞✮ ❏✲❱ ❝✉r✈❡s ♦❢ t❤❡ s♦•❛r ❝❡••s ✇✐t❤ ✈❛r✐♦✉s ▲r•❖ ✜•♠ t❤✐❝❦♥❡ss❡s ❬✶✾✷(✱ ❬✶✾✶(✳ ♠♦r❡ ❡✣❝✐❡♥t ❜✉•❦ ❤❡t❡r♦•✉♥❝t✐♦♥ ✭❇❍❏✮ ♣r♦✈✐❞❡s ❤✐❣❤❡st r❡♣♦rt❡❞ ❡✣❝✐❡♥❝② ♦❢ ✹✳✸✸ ✪✱ s♦ ❢❛r ❬✶✾✸(✳ ❋✐❣✉r❡ ✶✳✷✸ s❤♦✇s t❤❡ ❞❡✈✐❝❡ str✉❝t✉r❡ ❛♥❞ ✐ts ❏✲❱ ❝❤❛r❛❝t❡r✐st✐❝s✱ s❤♦✇✐♥❣ ✢❡①✐❜✐•✐t② ♦❢ ❣r❛♣❤❡♥❡ ❛♥❞ ❋▲• ❛♥❞ ✉s❡ ❛s ✐♥t❡r•❛②❡r ✐♥ ❛ ❤✐❣❤ ❡✣❝✐❡♥❝② ❞❡✈✐❝❡✳ ■♥s❡t s❤♦✇s ♦♣t✐❝❛• ✐♠❛❣❡ ♦❢ t❤❡ ❢❛❜r✐❝❛t❡❞ ❞❡✈✐❝❡ ♦♥ ✢❡①✐❜•❡ s✉❜str❛t❡✳ ❚❤❡s❡ ❝❡••s ❤❛✈❡ ❛•s♦ ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ✇✐t❤ ❛❝t✐✈❡ •❛②❡r ❝♦♥s✐st✐♥❣ ♦❢ s♠❛•• ♠♦•❡❝✉•❛r ✇❡✐❣❤t ♠♦•❡❝✉•❡s✱ s✉❝❤ ❛s ❝♦♣♣❡r ♣❤t❤❛•♦❝②❛♥✐♥❡ ✭❈✉P❝✮✴❢✉••❡r❡♥❡ ✻✷ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙P❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ❋✐❣✉r❡ ✶✳✷✸✿ ✭❛✮ ❖r❣❛♥✐❝ ❙♦•❛r ❈❡•• str✉❝t✉r❡ ✉s✐♥❣ ♠♦❞✐✜❡❞ P❊❉❖❚✿P❙❙ ✭•r❛❍❊▲✮ ❛♥❞ ✭❜✮ ❏✲❱ ❝✉r✈❡s ♦❢ t❤❡ s♦•❛r ❝❡••s ✇✐t❤ ✈❛r②✐♥❣ ✜•♠ t❤✐❝❦♥❡ss✴s❤❡❡ts ♦❢ ❣r❛♣❤❡♥❡ ❬✶✾✸(✳ ❈✻✵✴❜❛t❤♦❝✉♣r♦✐♥❡ ✭❇❈P✮ ❛s ✇❡••✳ ❊❛r•✐❡r✱ ❛♥ ❖❙❈ ✇✐t❤ ❈✉P❝✴❈ 60 ✴❇❈P ♦♥ r•❖ ✇✐t❤ ❛ ✜•♠ t❤✐❝❦♥❡ss ♦❢ ✷✵ ♥♠✱ ❛♥ ♦♣t✐❝❛• tr❛♥s♠✐tt❛♥❝❡ ♦❢ ✽✵ ✪✱ ❛♥❞ ❛ ✈❛r✐❛❜•❡ s❤❡❡t r❡s✐st❛♥❝❡ ❢r♦♠ ✺ ❑Ω t♦ ▼Ω✴sq✉❛r❡ ✇❛s r❡♣♦rt❡❞ ✇✐t❤ ♣♦♦r ❞❡✲ ✈✐❝❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ ❡✣❝✐❡♥❝② ♦❢ ♦♥•② ✵✳✹ ✪✱ ❞✉❡ t♦ t❤❡ ❡♥♦r♠♦✉s•② •❛r❣❡ s❤❡❡t r❡s✐st❛♥❝❡ ❬✶✽✾(✳ ❈❱❉ ❣r❛♣❤❡♥❡ ✇✐t❤ s❤❡❡t r❡s✐st❛♥❝❡ ♦❢ ✷✸✵ Ω✴sq✉❛r❡ ❛t ✼✷ ✪ tr❛♥s♣❛r❡♥❝② s❤♦✇❡❞ ♣♦✇❡r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ♦❢ ✶✳✶✽ ✪ ✇❤✐❝❤ ✇❛s ❝♦♠♣❛r❛❜•❡ ✇✐t❤ ■❚❖✲❜❛s❡❞ ❝♦♥tr♦• ❞❡✈✐❝❡ ✭❡✣❝✐❡♥❝② ✶✳✷✼ ✪✮ ❬✶✽✾(✳ ❉❡✈✐❝❡ str✉❝t✉r❡ ❝♦♥✲ s✐st❡❞ ♦❢ •r❛♣❤❡♥❡✴P❊❉❖❚✿P❙❙✴❈✉P❝✴❈ 60 ✴❇❈P✴❆• ✇❤❡r❡ ❈✉P❝✴❈ 60 ❢♦r♠❡❞ t❤❡ ❤❡t❡r♦•✉♥t✐♦♥✱ P❊❉❖❚✿P❙❙ ❛♥❞ ❇❈P s❡r✈❡❞ ❛s ❍♦•❡ ❚r❛♥s♣♦rt ▲❛②❡r ✭❍❚▲✮ ❛♥❞ ❊•❡❝tr♦♥ ❚r❛♥s♣♦rt ▲❛②❡r ✭❊❚▲✮ ❢♦r ❛♥♦❞❡ ✭❣r❛♣❤❡♥❡✮ ❛♥❞ ❝❛t❤♦❞❡ ✭❆•✮ r❡✲ s♣❡❝t✐✈❡•②✳ ❋✐❣✉r❡ ✶✳✷✹ s❤♦✇s t❤❡ ❜❛♥❞ ❞✐❛❣r❛♠ ♦❢ ❣r❛♣❤❡♥❡✲❜❛s❡❞ ❞❡✈✐❝❡ ✇✐t❤ s♠❛•• ♠♦•❡❝✉•❡s ❛♥❞ t❤❡ ❏✲❱ ❝❤❛r❛❝t❡r✐st✐❝s ✇✐t❤ ❜❡♥❞✐♥❣ ❝②❝•❡s✳ ❚❤❡ ❝♦♥✈❡♥t✐♦♥❛• str✉❝t✉r❡ ♦❢ ❖❙❈ ❤❛s ❡✈♦•✈❡❞ ❢r♦♠ ■❚❖✴P❊❉❖❚✿P❙❙✴♣❤♦t♦✲ ❛❝t✐✈❡ •❛②❡r✴❆• ❞✉❡ t♦ ✐♥st❛❜✐•✐t② ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❞❡❣r❛❞❛t✐♦♥ ❝❛✉s❡❞ ❜② ♦①✐❞❛✲ t✐♦♥ ♦❢ t❤❡ t♦♣ ❆• ❡•❡❝tr♦❞❡ t♦ ✐♥✈❡rs❡ str✉❝t✉r❡ ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ❛✐r✲st❛❜•❡ ❛♥❞ ❤✐❣❤ ✇♦r❦ ❢✉♥❝t✐♦♥ ❡•❡❝tr♦❞❡s ❛s ❆❣✱ ❈◆❚ ❛♥❞ ■❚❖✱ ✇❤✐❝❤ ❣❛✈❡ ❡✣❝✐❡♥❝✐❡s ♦❢ ✶✳✺✳ P❊|❋❖|▼❆◆❈❊ ❆◆❉ P|❖P❊|❚■❊❙ ❖❋ •|❆P❍❊◆❊ ❚❈❊❙ ✻✸ ❋✐❣✉r❡ ✶✳✷✹✿ ✭❛✮ ❖r❣❛♥✐❝ ❙♦•❛r ❈❡•• str✉❝t✉r❡ ✉s✐♥❣ s♠❛•• ♠♦•❡❝✉•❡s ❛♥❞ ❣r❛♣❤❡♥❡✲❜❛s❡❞ ❚❈❊ ✭❜✮ ❏✲❱ ❝✉r✈❡s ♦❢ t❤❡ s♦•❛r ❝❡••s ❢♦r ❞✐✛❡r❡♥t ❜❡♥❞✐♥❣ ❝②❝•❡s ❬✶✽✾(✳ ✶✳✸ ✪ ✉♣ t♦ ✸✳✷ ✪ ❬✶✾✹(✱ ❬✶✾✺(✱ ❬✶✾✻(✳ ❚❤❡r❡ ❛r❡ ❡①❛♠♣•❡s ✇❤❡r❡ ❣r❛♣❤❡♥❡ ✜•♠s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❛s ❝❛t❤♦❞❡ ❡•❡❝tr♦❞❡✱ ✐♥✈❡st✐❣❛t❡❞ t♦✇❛r❞s t❤❡✐r s✉✐t❛❜✐•✐t② ❢♦r s❡♠✐✲tr❛♥s♣❛r❡♥t ✐♥✈❡rs❡ str✉❝t✉r❡ s♦•❛r ❝❡••s✳ ▲❛♠✐♥❛t❡❞ ❣r❛♣❤❡♥❡ ✇❛s ✉s❡❞ ✐♥ ❛s t♦♣ ❡•❡❝tr♦❞❡ ✐♥ ■❚❖✴)♥❖✴P✸❍❚✿P❈❇▼✴•❖✴• str✉❝t✉r❡✱ ✉s✐♥❣ ❛ s✐♠✉•t❛♥❡✲ ♦✉s t❤❡r♠❛• r❡•❡❛s✐♥❣✴❛♥♥❡❛•✐♥❣ t❡❝❤♥✐q✉❡✳ ❚❤❡ ❞❡✈✐❝❡ ❞❡♠♦♥str❛t❡❞ P❈❊ ✉♣ t♦ ✷✳✺ ✪ ❬✶✾✼(✳ ▲❛t❡r✱ ❛♥ ✐♠♣r♦✈❡❞ ♣❡r❢♦r♠❛♥❝❡ ✇❛s ❞❡♠♦♥str❛t❡❞ ❜② ✉s✐♥❣ ❤✐❣❤•② ❞♦♣❡❞ s✐♥❣•❡✲•❛②❡r ❣r❛♣❤❡♥❡ ❛s t❤❡ t♦♣ ❡•❡❝tr♦❞❡ ♦❢ s❡♠✐tr❛♥s♣❛r❡♥t ♦r❣❛♥✐❝ s♦•❛r ❝❡••s✳ ❆♥ ❡✣❝✐❡♥❝② ♦❢ ✷✳✼ ✪ ✇❛s r❡♣♦rt❡❞ ❜② ✐••✉♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❞❡✈✐❝❡ ❢r♦♠ ❣r❛♣❤❡♥❡ ❡•❡❝tr♦❞❡ s✐❞❡ ✉♥❞❡r t❤❡ ❆▼✶✳✺ s♦•❛r s✐♠✉•❛t♦r✳ ❋✉rt❤❡r✱ ✐t ✇❛s st❛t❡❞ t❤❛t ❞❡✈✐❝❡s s❤♦✇❡❞ ❤✐❣❤❡r ❡✣❝✐❡♥❝② ❢r♦♠ t❤❡ ❣r❛♣❤❡♥❡ t❤❛♥ ■❚❖ s✐❞❡✱ ❞✉❡ t♦ t❤❡ ❜❡tt❡r tr❛♥s♠✐tt❛♥❝❡ ♦❢ t❤❡ ❣r❛♣❤❡♥❡ ❡•❡❝tr♦❞❡s ❬✶✾✽(✳ ❚❛❜•❡ ✶✳✼ s❤♦✇s t❤❡ ♣❡r✲ ❢♦r♠❛♥❝❡ ♦❢ s♦♠❡ s❡•❡❝t❡❞ ♦r❣❛♥✐❝ s♦•❛r ❝❡•• ❞❡✈✐❝❡s ♠❛❞❡ ✉s✐♥❣ ❣r❛♣❤❡♥❡✲❜❛s❡❞ tr❛♥s♣❛r❡♥t ❝♦♥❞✉❝t♦r ✜•♠s✴❡•❡❝tr♦❞❡ ❬✶✹✺(✳ |❡❝❡♥t•②✱ ❣r❛♣❤❡♥❡ ❝❛t❤♦❞❡✲❜❛s❡❞ ❤②❜r✐❞ s♦•❛r ❝❡••s ✉s✐♥❣ t✇♦ ❞✐✛❡r❡♥t ♣❤♦t♦✲❛❝t✐✈❡ ♠❛t❡r✐❛•s✱ P❜❙ q✉❛♥t✉♠ ❞♦ts ❛♥❞ t❤❡ ❝♦♥•✉❣❛t❡❞ ♣♦•②♠❡r P✸❍❚✱ ❞❡♠♦♥str❛t❡❞ ♣♦✇❡r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝✐❡s ♦❢ ✹✳✷ ✪ ❛♥❞ ✵✳✺ ✪✱ r❡s♣❡❝t✐✈❡•②✱ ✉♥❞❡r ❆▼ ✶✳✺• s♦•❛r s✐♠✉•❛t♦r ❝♦♥❞✐t✐♦♥s ❬✶✾✾(✳✻✹ ❈❍❆P❚❊| ✶✳ ■◆❚|❖❉❯❈❚■❖◆✿ ❚|❆◆❙P❆|❊◆❚ ❈❖◆❉❯❈❚❖| ▼❆❚❊|■❆▲❙✴❊▲❊❈❚|❖❉❊❙ ❋❖| ❖|•❆◆■❈ ❙❖▲❆| ❈❊▲▲❙ ❚❛❜•❡ ✶✳✼✿ P❡r❢♦r♠❛♥❝❡ ♦❢ •❚❈❋s ✐♥ ♦r❣❛♥✐❝ s♦•❛r ❝❡••s ❬✶✹✺(✳ ❆♥♦t❤❡r t②♣❡ ♦❢ ♦r❣❛♥✐❝ s♦•❛r ❝❡••s ✇❤✐❝❤ ✉s❡ ♦r❣❛♥✐❝ ❞②❡s ❛r❡ t❤❡ ❉②❡✲ s❡♥s✐t✐③❡❞ s♦•❛r ❝❡••s ✭❉❙❙❈s✮✳ ❉❙❙❈s ❤❛✈❡ ❛ttr❛❝t❡❞ s❝✐❡♥t✐✜❝ ❝♦♠♠✉♥✐t② s✐♥❝❡ •❛st t✇♦ ❞❡❝❛❞❡s ❞✉❡ t♦ •♦✇ ❝♦st ♣r♦❞✉❝t✐♦♥✱ s✐♠♣•✐❝✐t②✱ ❛♥❞ ❤✐❣❤ ❝♦♥✈❡rs✐♦♥ ❡✣✲ ❝✐❡♥❝✐❡s ✇✐t❤ ✈❡r② r❡❝❡♥t r❡♣♦rt ❛t ✶✸ ✪ ❡✣❝✐❡♥❝② ❬✷✵✵(✳ P♦t❡♥t✐❛• ♦❢ ❣r❛♣❤❡♥❡ ❛s ❝♦♥❞✉❝t♦r ❝♦✉♥t❡r ❡•❡❝tr♦❞❡ ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ❝❛t❡❣♦r② ♦❢ ❞❡✈✐❝❡s ❛s ✇❡••✳ ❋✉♥❝t✐♦♥ ♦❢ ❛ ❝♦✉♥t❡r ❡•❡❝tr♦❞❡ ✐s t♦ ✐♥•❡❝t ❡•❡❝tr♦♥s ✐♥t♦ t❤❡ ❡•❡❝tr♦•②t❡ ❛♥❞ ❤❡•♣ ❝❛t❛•②③❡ ✐♦❞✐♥❡ r❡❞✉❝t✐♦♥ ❛❢t❡r ❝❤❛r❣❡ ✐♥•❡❝t✐♦♥ ✐♥ ❉❙❙❈s ❬✷✵✶(✳ ❋•✉♦r✐♥❛t❡❞ ♠✉•t✐•❛②❡r ❣r❛♣❤❡♥❡ ✇❛s s❤♦✇♥ t♦ ❞✐s♣•❛② ❛ ♣r♦♠✐s✐♥❣ ❡•❡❝tr♦✲❝❛t❛•②t✐❝ ❛❝t✐✈✐t② t♦✇❛r❞ tr✐♦❞✐❞❡ ✭■ 3 ✮ r❡❞✉❝t✐♦♥ ✐♥ ❉❙❙❈ ❞❡✈✐❝❡✳ ❚❤❡ ❞❡✈✐❝❡ ♣•❛t✐♥✉♠✲❢r❡❡ ♠✉•t✐✲ •❛②❡r ❣r❛♣❤❡♥❡ ❝♦✉♥t❡r ❡•❡❝tr♦❞❡ ❞❡♠♦♥str❛t❡❞ ♣♦✇❡r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ✭P❈❊✮ ♦❢ ✷✳✺✻ ✪✳ ❆♥♦t❤❡r r❡♣♦rt ✉s✐♥❣ ❛ ❣r❛♣❤❡♥❡ ♥❛♥♦s❤❡❡t ❝♦✉♥t❡r ❡•❡❝tr♦❞❡ ❝•❛✐♠❡❞ ❤✐❣❤ P❈❊ ♦❢ ✻✳✽✶ ✪ ✐♥ ❉❙❙❈ ❬✷✵✷(✳ r•❖ ✜•♠s✱ ✇❤❡♥ ✉s❡❞ ❛s tr❛♥s♣❛r❡♥t ❝♦✉♥t❡r✲ ❡•❡❝tr♦❞❡s ❞✐s♣•❛②❡❞ ❛♥ ❡♥❝♦✉r❛❣✐♥❣ ✷✳✻✹ ✪ ❡✣❝✐❡♥❝② ❬✽✼(✳ ▲❛t❡r✱ ❛ ❣r❛♣❤❡♥❡ ✜•♠ ❝♦❛t❡❞ ✇✐t❤ ❝♦♥❞✉❝t✐♥❣ ♣♦•②♠❡r✱ ✉s❡❞ ❛s ❝♦✉♥t❡r ❡•❡❝tr♦❞❡ ❞✐s♣•❛②❡❞ ❛ ❤✐❣❤ ❡✣✲ ❝✐❡♥❝② ♦❢ ✻✳✷✻ ✪ ✭❝♦♠♣❛r❛❜•❡ t♦ ✻✳✻✽ ✪ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝♦♥tr♦• ❞❡✈✐❝❡ ❝♦♠♣r✐s✐♥❣ Pt✴■❚❖✮ ✐♥ ❛ ♣•❛t✐♥✉♠✲❢r❡❡ ❛♥❞ ✐♥❡①♣❡♥s✐✈❡ ✢❡①✐❜•❡ ❞❡✈✐❝❡ ❬✷✵✸(✳ ❆ s❤♦rt ❞✉r❛✲ t✐♦♥ ♥✐tr✐❝ ❛❝✐❞ tr❡❛t♠❡♥t ❛♥❞ ❛ P❊❉❖❚✿P❙❙ ✜•♠ ♦✈❡r ❣r❛♣❤❡♥❡ ❝♦♥tr✐❜✉t❡❞ t♦ •♦✇❡r t❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t ♦❢ P❈❊ ❢♦r t❤❡ ❞❡✈✐❝❡✳ ❚❤❡s❡ r❡s✉•ts ❤✐❣❤•✐❣❤t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❣r❛♣❤❡♥❡ ♠❛t❡r✐❛•s ❛s ❝♦✉♥t❡r ❡•❡❝tr♦❞❡s ✐♥ ❉❙❙❈s✳ ✶✳✺✳ P❊|❋❖|▼❆◆❈❊ ❆◆❉ P|❖P❊|❚■❊❙ ❖❋ •|❆P❍❊◆❊ ❚❈❊❙ ✻✺

Figure 1 .

 1 Figure 1. Schema and image (insets) for Au/Cr electrodes/FLG film designed and prepared for Hall Effect measurements.

Figure 2 .

 2 Figure 2. A) C1s XPS spectra of FLG and FLG-Ar, B) table with the percentage of different functionalities obtained by deconvolution of C1s peak and fwhm of C1s peaks.

Figure 3 .

 3 Figure 3. (A) Representative Raman spectra of FLG before (FLG) and after annealing (FLG-Ar1, FLG-Ar2). (B) Photoluminescence spectra of FLG before and after annealing.

Figure 4 .

 4 Figure 4. (A) SEM image of FLG deposited on the quartz substrate (1 mL/1 cm 2 ). (B) The conductance as a function of deposited FLG volume on 5c m 2 of the total surface (multimeter measurements).

Figure 5 .

 5 Figure 5. The curves obtained from HE measurements as a function of applied current. (A) ρ and R □ for as-prepared FLG film with the inset for high current. (B) R □ for two annealed FLG films (FLG-Ar1, FLG-Ar2).

Figure 6 .

 6 Figure 6. Sheet resistance as a function of temperature (K) for FLG-Ar1 and FLG-Ar2 samples.

Figure 7 .

 7 Figure 7. (A/B) (left) Desorption rates of CO, CO 2 ,H 2 O, H 2 gases recorded by TPD analysis with anomaly desorption at around 450 °C from FLG (A) compared to the FLG-Ar (B). (A/B) (right) Desorbed quantity of CO, CO 2 ,H 2 O, and H 2 from FLG and FLG-Ar during TPD-MS analysis (heating up to 900 °C).

Figure 8 .

 8 Figure 8. (A/B) MS signal intensities of oxygen (CO x ) and hydrocarbons (C y H z ) species at three selected temperatures for FLG (A) and FLG-Ar (B).

The

  Fig. S1. Mass spectra recorded during TGA analysis at 450°C for FLG before and after annealing (FLG-Ar).

  ts ✇❡r❡ r❡♣❡❛t❡❞ t❤r❡❡ t✐♠❡s ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ✈❛•✉❡s ✇✐t❤ ± ❡rr♦r ❛s ❤✐❣❤❡st✴•♦✇❡st ❢r♦♠ ♠❡❛♥ ✈❛•✉❡s ❢♦r s❤❡❡t ❝❛rr✐❡r ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ♠♦❜✐•✐t② ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ r❡s✐st✐✈✐t② ✈❛•✉❡s r❡♠❛✐♥❡❞ st❛❜•❡ ❛❢t❡r t❤❡r❡♠❛• tr❡❛t♠❡♥t✳

  r❡s✐st✐✈✐t② ρ ✸✳✶✳ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❇( ❆❇▲❆❚■❖◆ ❖❋ P❊◆❈■▲ ▲❊❆❉ ✭❋▲•✲❆❇▲✮ ✶✷✾ ❚❛❜•❡ ✸✳✶✿ ❍❊ ♠❡❛s✉r❡♠❡♥ts r❡s✉•ts✿ t❤❡ ❝❛rr✐❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♥✱ r❡s✐st✐✈✐t② ρ ❛♥❞ ♠♦❜✐•✐t② µ ❢♦r ❆✮ t❤❡ ❋▲•✲❆❜• ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡ ❛♥❞ ❇✮ ❢♦r t❤❡ ❋▲•✲❆❜•✲✾✵✵ • ❈✲❆r ❞❡✈✐❝❡ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✳ ✭❤✐❣❤❡r ❝♦♥❞✉❝t✐✈✐t②✮ ✐s ♦❜s❡r✈❡❞ ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡ ❢r♦♠ ✶✳✺×✶✵ 01 Ω✳❝♠ t♦ ✶✳✵×✶✵ -01 Ω✳❝♠ ✇❤❡♥ t❤❡ ❝✉rr❡♥t ✐s ✐♥❝r❡❛s❡❞✳ ❇② •♦♦❦✐♥❣ ❛t t❤❡ ± ❡rr♦r✱ t❤❡ ❝❛rr✐❡r

  ✇❛②s ❝❤❛♥❣❡s ❛t ✶✵ -4 ❆✱ ♠❡❛✲ s✉r❡♠❡♥ts ✇❡r❡ r❡♣❡❛t❡❞ ❜② ❣♦✐♥❣ ❢r♦♠ •♦✇ ❝✉rr❡♥ts t♦ ❤✐❣❤ ❝✉rr❡♥ts ✭❢r♦♠ ✶✵×✶✵ -6 ❆ t♦ ✷✵×✶✵ -4 ❆✮ ❛♥❞ ❝♦♠✐♥❣ ❜❛❝❦ ✐♥ r❡✈❡rs❡ ✭❢r♦♠ ❤✐❣❤✲t♦✲•♦✇ ❝✉rr❡♥ts✮ ♦♥ s❡✈❡r❛• ❞❡✈✐❝❡s s❡✈❡r❛• t✐♠❡s t♦ ❝❤❡❝❦ ❛ ❤②st❡r❡s✐s ❡✛❡❝t ✭✜❣✉r❡ ✸✳✸❆✮✳ ❋✐❣✉r❡ ✸✳✸✿ ❱✭■✮ ❝✉r✈❡s ❢♦r •♦✇✲t♦✲❤✐❣❤ ❛♥❞ ❤✐❣❤✲t♦ •♦✇ ❝✉rr❡♥ts t♦ s❡❡ ❤②st❡r❡s✐s✳ ❚❤❡ t✇♦ ❝✉r✈❡s s❤♦✇ t❤❛t t❤❡ ♠❡❛s✉r❡❞ ✈♦•t❛❣❡ ❛s ❢✉♥❝t✐♦♥ ♦❢ ✐♥•❡❝t❡❞ ❝✉rr❡♥t ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♠✉❝❤✳ ❚❤❡ ❡rr♦r ❜❛r ✐s ✐♥s❡rt❡❞ t♦ s❤♦✇ t❤✐s ✈❛r✐❛t✐♦♥ ❜❡t✇❡❡♥ •♦✇✲t♦✲❤✐❣❤ ❝✉rr❡♥t ✐♥•❡❝t✐♦♥ ❛♥❞ ❝♦♠✐♥❣ ❜❛❝❦ ✐♥ t❤❡ r❡✈❡rs❡ ♦r❞❡r✳ ▲❡ss t❤❛♥ ✶✪ ✭✉♣ t♦ ✵✳✵✻✺ ✪✮ ❝❤❛♥❣❡ ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♠❡❛s✉r❡❞ ✈♦•t❛❣❡ ❢♦r t❤❡ ❤✐❣❤✲ t♦✲•♦✇ ❝✉rr❡♥t ✐♥•❡❝t✐♦♥ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤✐s ❝❤❛♥❣❡ ✐s ♥❡❣•✐❣✐❜•❡ ❛♥❞ ❝❛♥♥♦t ❜❡ ✶✸✻ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ q✉❛•✐✜❡❞ ❛s ❛ ❤②st❡r❡s✐s ❡✛❡❝t✳ ❋✐❣✉r❡ ✸✳✸❇ ❞✐s♣•❛②s t❤❡ s❛♠❡ ❝✉r✈❡s ♣•♦tt❡❞ ✐♥ ❛ •♦❣✲•♦❣ s❝❛•❡ t♦ ✈❡r✐❢② t❤❡ ♦❤♠✐❝ ❜❡❤❛✈✐♦r ♦❢ ❞❡✈✐❝❡s✳ ❆s ✐t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ✜❣✉r❡✱ ❛t t❤❡ ❝✉rr❡♥t ✈❛•✉❡ ✶✵ -5 ❆✱ t❤❡ ❞❡✈✐❝❡ st❛rts t♦ s❤♦✇ ❛ ❝•❡❛r ♦❤♠✐❝ ❜❡❤❛✈✐♦r✳ ❚❤❡ r❡s✉•ts s❤♦✇ t❤❛t ❛t •♦✇ ❝✉rr❡♥t ✈❛•✉❡s ♦❢ ❢❡✇ µ❆ ✭✶✵ -6 t♦ ✶✵ -5 ❆✮✱ t❤❡ ❞❡✈✐❝❡s r❡s✐st❛♥❝❡ s❤♦✇s ❤✐❣❤ ✢✉❝t✉❛t✐♦♥s ✭✜❣✉r❡ ✸✳✸❇✮✳ ❇❡②♦♥❞ ✶✵✵ µ❆✱ ✭✶✵ -4 ❆✮✱ t❤❡ ❞❡✈✐❝❡ s❤♦✇s •❡ss ✢✉❝t✉❛t✐♦♥s ❛♥❞ ❛ st❛❜•❡ •✐♥❡❛r ❜❡❤❛✈✐♦r ✐s ♦❜s❡r✈❡❞ ✉♥t✐• ✶✵ -3 ❆✳ ❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ r❡✈❡❛•s t❤❛t t❤❡ ✐♥✐t✐❛• str♦♥❣ ✈❛r✐❛t✐♦♥ ✐♥ ♠❡❛s✉r❡❞ | s ✐♥ ❋▲• ❞❡✈✐❝❡s ✐s ♥♦t r❡•❛t❡❞ t♦ ♠❛t❡r✐❛• ✐ts❡•❢ ❜✉t ✐t ✐s ❞✉❡ t♦ t❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ♦❢ ❢♦✉r ♣r♦❜❡s✳ ❚❤❡ ❢♦✉r ♣r♦❜❡s ❡q✉✐♣♠❡♥t ❡①❤✐❜✐ts ❛ ♣r♦❜•❡♠ ✐♥ ♠❡❛s✉r✐♥❣ •♦✇ ❝✉rr❡♥ts✳ ❚❤✐s ✇❛s t❤❡♥ ✈❡r✐✜❡❞ ✇✐t❤ ❛ t✇♦✲♣r♦❜❡s t❡❝❤♥✐q✉❡ ✭s❡❡ ✜❣✉r❡ ✸✳✹ ❢♦r ♠❡❛s✉r❡♠❡♥t s❡t✲✉♣✮✳ ❋✐❣✉r❡ ✸✳✹✿ ▼❡❛s✉r❡♠❡♥t ♦❢ r❡s✐st❛♥❝❡ ♦❢ ❋▲• ✜•♠ ❜② t✇♦✲♣r♦❜❡s t❡❝❤♥✐q✉❡✳ ❚❤❡ ✈♦•t❛❣❡ ♦❢ t❤❡ s❛♠♣•❡s ✭❋▲•✲❆❜• ✹♠▲✮ ✇❛s ♠❡❛s✉r❡❞ ❢♦r ✐♥❞✉❝❡❞ ❝✉r✲ r❡♥t r❛♥❣❡ ✇✐t❤ ❜♦t❤ t❡❝❤♥✐q✉❡s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r❛♣❤s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✺✳ ❚❤❡ t✇♦✲♣r♦❜❡ t❡❝❤♥✐q✉❡ ♠❡❛s✉r❡s t❤❡ r❡s✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts✴❡•❡❝✲ tr♦❞❡s ✭s❡❡ s❡❝t✐♦♥ ✷✳✺✳✶✳✶ ✐♥ ❝❤❛♣t❡r ✷✮✳ ❆s ✐t ✐s ❝•❡❛r ❢r♦♠ t❤❡s❡ ❣r❛♣❤s✱ t❤❡ ❝✉r✈❡ ♦❢ ❢♦✉r✲♣♦✐♥t ♣r♦❜❡s ✭❋PPs✮ ✸✳✶✳ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❇( ❆❇▲❆❚■❖◆ ❖❋ P❊◆❈■▲ ▲❊❆❉ ✭❋▲•✲❆❇▲✮ ✶✸✼ ❋✐❣✉r❡ ✸✳✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t✇♦✲♣r♦❜❡s ❛♥❞ ❢♦✉r ♣r♦❜❡s t❡❝❤♥✐q✉❡s ❜② •♦❣✲•♦❣ s❝❛•❡ ♦❢ ❱✭■✮ ❝✉r✈❡s ♦♥ •❡❢t✳ ❚❤❡ •♦❣✲•♦❣ ♣•♦t ✐s ♠❛❣♥✐✜❡❞ ❜❡t✇❡❡♥ ✶✵ -4 ❆ ❛♥❞ ✶✵ -3 ❆ ♦♥ t❤❡ r✐❣❤t✳ ❝❤❛♥❣❡s t❤❡ s•♦♣❡ ❛t ✶✵ -4 ❆ ❛♥❞ ❦❡❡♣s t❤✐s ❜❡❤❛✈✐♦r ❢♦r ❤✐❣❤❡r ❝✉rr❡♥ts✳ ❚❤✐s ✐s ❤✐❣❤•✐❣❤t❡❞ ❜② ♠❛❣♥✐❢②✐♥❣ t❤❡ ♣❛rt ♦❢ ❝✉r✈❡ ❜❡t✇❡❡♥ ✶✵ -4 ❆ ❛♥❞ ✶✵ -3 ❆ ❢♦r ❜♦t❤ ♠❡❛s✉r❡♠❡♥ts✳ ❲✐t❤ t✇♦ ♣r♦❜❡s✱ t❤❡ ❝✉r✈❡s ❞✐s♣•❛② s❛♠❡ s•♦♣❡s s✐♥❝❡ t❤❡ st❛rt ✉♥t✐• t❤❡ ❡♥❞ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❋PPs✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❢♦✉r ❡•❡❝tr♦❞❡s ♠❡❛s✉r❡♠❡♥ts t❤❡ ❝✉r✈❡s s❡❡

  s❡♣❛r❛t❡ ✢❛s❦ ✐♥ ♦r❞❡r t♦ ❣❡t t❤✐♥♥❡r ❋▲• ❛❢t❡r t❤❡ s❡tt•✐♥❣ ♦❢ t❤❡ t❤✐❝❦❡r ❛❣❣•♦♠❡r❛t❡s ♦❢ ❋▲•✴❣r❛♣❤✐t❡✳ ❚❤✉s✱ t❤❡s❡ ❋▲•s ❛r❡ ❝❛••❡❞ ❋▲•✲❍❖P•✷✹❤✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❋▲• ✇❛s ❞❡t❡r♠✐♥❡❞ t♦ ❜❡ ∼ 0.1 ♠❣✴♠▲✳ ❈❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ✇❡r❡ ❢❛❜r✐❝❛t❡❞ ✐♥ t❤❡ s✐♠✐•❛r ✇❛② ❛s ❡①♣•❛✐♥❡❞ ❢♦r ❋▲•✲❆❜• ✭♣❡♥❝✐• •❡❛❞✮ ✐♥ ✷✳✸✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ r❡♣❡❛t❡❞ t❤r❡❡ t✐♠❡s ❛t ❞✐✛❡r❡♥t •♦❝❛t✐♦♥s ♦♥ t❤❡ ❞❡✈✐❝❡s ❜② ❋PPs✳ ❋✐❣✉r❡ ✸✳✼ s❤♦✇s t❤❡ r❡♣r❡s❡♥t❛✲ t✐✈❡ ❱✭■✮ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ❢♦r ❋▲•✲❍❖P•✷✹❤✱ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ t❤❡r♠❛••② ❛♥♥❡❛•❡❞ ❛t ✾✵✵ • ❈ ✉♥❞❡r ❆r✱ ❞❡✈✐❝❡s✳ ❋✐❣✉r❡ ✸✳✼✿ ❆✮ ❱✭■✮ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❋▲•✲❍❖P•✷✹❤ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s✱ ❛s✲

  ✢❛❦❡s ❛r❡ ✈❛r✐❛❜•❡✮✳ ❚❤✐s ✇❛s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✸❉✲❚❊▼ ❬✷✹✸(✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤✐s ♠♦r♣❤♦•♦❣② ✐s ❝❛✉s❡❞ ❜② r❛♥❞♦♠ ❞✐r❡❝t✐♦♥❛• ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❣r❛♣❤✐t✐❝ ♣❛rts ✐♥ t❤❡ •❡❛❞ ❞✉r✐♥❣ ♠❡❝❤❛♥✐❝❛• ❡①❢♦•✐❛t✐♦♥✱ ❛s ✐t ✐s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✸✳✽✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❡①❢♦•✐❛t❡❞ ❣r❛♣❤✐t✐❝ •❛②❡rs ♦♥ ❣•❛ss s✉r❢❛❝❡ ❛r❡ ❞✐✣❝✉•t

  t❤❡ ✢❛❦❡s ❝❛♥ ✸✳✷✳ ❈❍❆|•❊ ❚|❆◆❙P❖|❚ ■◆ ❋▲• ❇( ▼❊❈❍❆◆■❈❆▲ ❊❳❋❖▲■❆❚■❖◆ ❖❋ ❙(◆❚❍❊❚■❈ •|❆P❍■❚❊ ✭❍❖P•✮ ✶✹✸ ❋✐❣✉r❡ ✸✳✽✿ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❛♥❞ ✈❛r✐❛t✐♦♥ ♦❢ •❛t❡r❛• s✐③❡ ♦❢ s❤❡❡ts ✇✐t❤✐♥ ❋▲•s ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ t❤❡ r❛✇ ♠❛t❡r✐❛•s ✉s❡❞✳ ❆✮ ❋▲•✲❆❜• ❢r♦♠ ♣❡♥❝✐• •❡❛❞✱ ❬✷✸✾( ❇✮ ❋▲•✲❍❖P• ❢r♦♠ ❍❖P•✳ ❋✐❣✉r❡ ✸✳✾✿ ❙❊▼ ♠✐❝r♦❣r❛♣❤s s❤♦✇✐♥❣ ♠♦r♣❤♦•♦❣② ♦❢ ❋▲•✲❍❖P•✷✹❤ tr❛♥s♣♦rt ❞❡✈✐❝❡s✳ ✶✹✹ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❜❡ s❡❡♥ t♦ ❤❛✈❡ ✈❡rt✐❝❛• ♦r✐❡♥t❛t✐♦♥ ❡s♣❡❝✐❛••② ❛s t❤❡ ❡❞❣❡s✱ s❡❡♥ ❛s ❜r✐❣❤t ✇❤✐t❡ ❛r❡❛s

  ✸✳✸✳ ❍❖▼❖•❊◆■)❆❚■❖◆ ❆◆❉ ❈|(❙❚❆▲▲■)❆❚■❖◆ ❖❋ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❇( µ✲❲❆❱❊❙✲❆❙❙■❙❚❊❉ ❖❳■❉❆❚■❖◆ ■◆ ❲❆❚❊| ✶✹✺ ❋✐❣✉r❡ ✸✳✶✵✿ ❚❊▼ ♠✐❝r♦❣r❛♣❤ ♦❢ ✐♥✐t✐❛• ❋▲• ✇✐t❤ ❤②❞r♦❝❛r❜♦♥s •❛②❡r ❛❞s♦r❜❡❞ ♦♥ t❤❡ s❤❡❡ts ✭✢❛s❤❡s •✐♥❡s✮✱ ❆✮ ❚❊▼ ♠✐❝r♦❣r❛♣❤ ♦❢ ❋▲• ❛❢t❡r µ✲✇❛✈❡s ❛ss✐st❡❞ tr❡❛t

  ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✶✳ ❚✇♦ ❝②•✐♥❞❡r ❜❛rs s❤♦✇ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ❜❛rs ✐♥ t❤❡ ♣r♦✜•❡✳ ❚❤❡ ♥❛rr♦✇ ❣r❡❡♥ ❜❛r ✐s ❢♦r r❡❢❡r❡♥❝❡ s✉r❢❛❝❡ ❛t ③❡r♦ ❛♥❞ t❤❡ ✇✐❞❡r r❡❞ ❜❛r s❤♦✇s t❤❡ ♠❡❛s✉r❡♠❡♥t ❜❛r ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ ③❡r♦✳ ❚❤❡ r♦✉❣❤♥❡ss ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ s❡✈❡r❛• ✇❛②s ❜✉t t❤❡ ❆r✐t❤♠❡t✐❝ ❛✈❡r❛❣❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ♠❡❛♥ ✭|❛✮ ❛♥❞ t❤❡ |♦♦t ▼❡❛♥ ❙q✉❛r❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss ✭|q✮ ❛•s♦ ❝❛••❡❞ |▼❙ ❛r❡ t❤❡ t✇♦ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ❝♦♠♠♦♥•② ✉s❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ |❛ ✐s ❛✈❡r❛❣❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♠❡❛♥ •✐♥❡ ✇❤❡r❡❛s✱ t❤❡ |q ✐s t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ♦❢ t❤❡ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss |❛✱ s♦ t❤❡ •❛t❡r ✐s ❛•✇❛②s ❤✐❣❤❡r t❤❛♥ t❤❡ ❢♦r♠❡r ❜② ✶✵✪✱ ❛t •❡❛st✳ ❚❤❡ ♣r♦✜•❡ s❤♦✇s t❤❛t t❤❡ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss❡s ❛r❡ ❛r♦✉♥❞ ✶✵✼ ♥♠ ❜② |❛ ❛♥❞ ✶✸✵ ♥♠ ❜② |q ✭|▼❙✮✱ r❡s♣❡❝t✐✈❡•②✱ ❜✉t s❡✈❡r❛• ♣❡❛❦s ✉♣ t♦ ✻✵✵ ♥♠ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ |q ❜❡✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ ♠❡❛♥ ♦❢ |❛ ✐s ✶✵✪ ❤✐❣❤❡r t❤❛♥ |❛✱ ❛t •❡❛st✳ ✸✳✹✳ |❖❯•❍◆❊❙❙ ❆◆❉ ❚❍■❈❑◆❊❙❙ ❉❊❚❊|▼■◆❆❚■❖◆ ✶✹✼ ❋✐❣✉r❡ ✸✳✶✶✿ ❙✉r❢❛❝❡ ♣r♦✜•❡ ❢♦r ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss ✈❛•✉❡s ❢♦r ❛ ❋▲•✲❆❜• ❞❡✈✐❝❡✳ ✸✳✹✳✷ ❙✉r❢❛❝❡ Pr♦✜•❡ ❢♦r |♦✉❣❤♥❡ss ❜② ❆❋▼ ❚♦ ❢✉rt❤❡r ✉♥❞❡rst❛♥❞ t❤❡ r♦✉❣❤♥❡ss✱ t❤❡ ❆❋▼ ✭◆❚✲▼❉❚ ❙t❛♥

  ❛❣❡s ♦❢ t❤❡ ❋▲• ✢❛❦❡s ❛s ✇❡•• ❛s ❛ ❈✶s ❳P❙ s♣❡❝tr✉♠✳ ✶✻✷ ❈❍❆P❚❊| ✸✳ |❊❙❯▲❚❙✿ ❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❋✐❣✉r❡ ✸✳✷✶✿ ❚❊▼ ♠✐❝r♦❣r❛♣❤s ❆✲❈✮ ❛♥❞ ❳P❙ ❈✶s ♣❡❛❦ ♦❢ ❋▲• ❉✮✳ ❚❤❡ q✉✐t❡ •♦✇ ❢✉•• ✇✐❞t❤ ❛t ❤❛•❢✲♠❛①✐♠✉♠ ✭❋❲❍▼s✮ ♦❢ ❈✶s ♣❡❛❦✱ ♠❡❛s✉r❡❞ ❛t ✶✳✶❡❱✱ ✐♥❞✐❝❛t❡s ❛ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ✧s♣ 2 ✧ ❝❛r❜♦♥✳ ❚❤❡ ♣r♦❣r❡ss✐✈❡ ❜r♦❛❞♥❡ss ♦❢ t❤❡ ❈✶s ♣❡❛❦ t♦✇❛r❞s ❤✐❣❤❡r ❜✐♥❞✐♥❣ ❡♥❡r❣② ✐s •✐♥❦❡❞ t♦ t❤❡ ♣r♦♣❡r ❛s②♠♠❡tr②

  ✇❡r t❤❛♥ t❤❡ ❤✐❣❤❡r ✈❛•✉❡s ♦❢ ✼✷✼ ❛♥❞ ∼ 10 3 ❙✳❝♠ -1 ❬✾✹(✳ ❚❤❡ | s ♦❢ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s ❞♦❡s ♥♦t ❛tt❛✐♥ t❤✐s ♠✉❝❤ ❤✐❣❤❡r✈❛•✉❡s ♣r✐♠❛r✐•② ❞✉❡ t♦ •♦✇❡r ❞❡♥s✐t② ❛♥❞ t❤✐❝❦♥❡ss ❛♥❞ ♦t❤❡r ❡✛❡❝ts s✉❝❤ ❛s s✉❜str❛t❡ s❝❛tt❡r✐♥❣✳ ✹✳✷✳✷ ▼♦r♣❤♦•♦❣② ❛♥❞ |♦✉❣❤♥❡ss ❋✐❣✉r❡ ✹✳✸❆✲❇ s❤♦✇s t❤❡ ❙❊▼ ♠✐❝r♦✲❣r❛♣❤s ♦❢ t❤❡ r•❖✴❋▲• ✜•♠ ❛❢t❡r ❡①❢♦•✐❛t✐♦♥ ❛♥❞ ❞❡♣♦s✐t✐♦♥ ♦♥ ❙✐❖ 2 s✉❜str❛t❡ ❜② ❤♦t✲s♣r❛② ♠❡t❤♦❞✳ ❚❤❡ ❙❊▼ ❛♥❛•②s✐s r❡✈❡❛•s t❤❛t t❤❡ r•❖✴❋▲• ✜•♠s ❡①❤✐❜✐t ❤✐❣❤❡r ❤♦♠♦✲ ❣❡♥❡✐t② t❤❛♥ ❋▲•✲❆❜• ✜•♠s ❜✉tr♦✉❣❤♥❡ss r❡♠❛✐♥s st✐•• ❤✐❣❤✳ ❚❤✐s ✇❛s ❢✉rt❤❡r ❝♦♥✜r♠❡❞ ❜② t❤❡ ❆❋▼ t♦♣♦❣r❛♣❤✐❝ ♣r♦✜•❡s ♦❢ t❤❡ ❞❡✈✐❝❡ s✉r❢❛❝❡ ✭✜❣✉r❡ ✹✳✹✮✳ ❚❤❡ ♣r♦✜•❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ♥❡❛r t❤❡ ❡❞❣❡ ❛♥❞ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ s❛♠♣•❡ ✐♥ ✶✼✻ ❈❍❆P❚❊| ✹✳ |❊❙❯▲❚❙✿ |❊❉❯❈❊❉ •|❆P❍❊◆❊ ❖❳■❉❊ ✭|•❖✮ ❆◆❉ |•❖✴❋▲• ❈❖▼P❖❙■❚❊ ❋✐❣✉r❡ ✹✳✸✿ ❙❊▼ ♠✐❝r♦❣r❛♣❤s ♦❢ t❤❡ r•❖✴❋▲• ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡✳ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❡ ❤♦♠♦❣❡♥❡✐t② t❤r♦✉❣❤♦✉t ❛•• t❤❡ s✉r❢❛❝❡s✳ ❚❤❡ |❛ ❛♥❞ |▼❙ ✈❛•✉❡s ❛r❡ r❡s♣❡❝t✐✈❡•②✱ ✸✺ ❛♥❞ ✻✹ ♥♠✳ ❲❤✐•❡ ♥❡❛r t❤❡ ❡❞❣❡✱ t❤❡s❡ ✈❛•✉❡s ❛r❡ s•✐❣❤t•② •♦✇❡r✱ ❞♦✇♥ t♦ | a ♦❢ ✷✽ ❛♥❞ |▼❙ ♦❢ ✹✾ ♥♠✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ♦t❤❡r ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ❤✐❣❤❡st ♣❡❛❦s ✭✉♣ t♦ ✶✵✵✵ ♥♠✮ ❢♦r t❤❡ ♣r♦✜•❡ ♥❡❛r t❤❡ ❝❡♥t❡r ❝❛♥ ❜❡ ❛ •✐tt•❡ ❜✐t ❤✐❣❤❡r t❤❛♥ t❤❛t ♥❡❛r t❤❡ ❡❞❣❡ ✭❛r♦✉♥❞ ✽✵✵ ♥♠✮✳ ❚❤✐s ✐s ❛ ♣♦t❡♥t✐❛• ♣r♦❜•❡♠ ✇✐t❤ s✉❝❤ s♣r❛②✲❞❡♣♦s✐t❡❞ ✜•♠s✳ ◆❡①t✱ ❛ •❛②❡r ♦❢ P❊❉❖❚✿P❙❙ ♦❢ ❛r♦✉♥❞ ✶✵✵ ♥♠ ✇❛s ❞❡♣♦s✐t❡❞ ♦✈❡r r

  ✭✜❣✉r❡ ✹✳✺✮ r❡✈❡❛•s t❤❛t t❤❡ r♦✉❣❤♥❡ss ❤❛s r❡❛❞✐•② ❞❡❝r❡❛s❡❞ ❜② •♦✇❡r✐♥❣ t❤❡ | a ❛♥❞ |▼❙ ✈❛•✉❡s t♦ ✶✵ ❛♥❞ ✶✽ ♥♠✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤✐s s❤♦✇s t❤❡✜•♠ ✐s •❛r❣❡•② s♠♦♦t❤❡r t❤❛♥ ❜❡❢♦r❡ ❛♥❞ ❞♦ ♥♦t ❞✐s♣•❛② r❡❛❝❤✐♥❣ ❤❡✐❣❤ts ♦❢ ✹✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ✶✼✼ ❋✐❣✉r❡ ✹✳✹✿ ❆❋▼ r♦✉❣❤♥❡ss ❛♥❛•②s❡s ♦❢ r•❖✴❋▲• ♠✐❝r♦✇❛✈❡ ❞❡✈✐❝❡✳ s❡✈❡r❛• ❤✉♥❞r❡❞s ♦❢ ♥❛♥♦♠❡t❡rs ✈❡r② ❢r❡q✉❡♥t•②✳ ❚❤✐s ✐s ❛ ❝♦♥s✐❞❡r❛❜•❡ ✐♠♣r♦✈❡✲ ♠❡♥t ❜✉t t❤❡ ❢❡✇ r❛♥❞♦♠ ♣❡❛❦s ♦❢ ❤✐❣❤ r♦✉❣❤♥❡ss ❛r❡ st✐•• ♣r❡s❡♥t ✐♥ t❤❡ ♣r♦✜•❡✳ ❚❤❡ ✸❉ ♣r♦✜•❡ ❝♦♥✜r♠s t❤✐s ❜② ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ♥✉♠❜❡r✴❢r❡q✉❡♥❝② ♦❢ s♠❛•• ❛s ✇❡•• •❛r❣❡ ♣❡❛❦s ❤❛s ❞❡❝r❡❛s❡❞ ❝♦♥s✐❞❡r❛❜•②✳ ❋✉rt❤❡r✱ t❤❡ ❙❊▼ ♠✐❝r♦❣r❛♣❤s ✭✜❣✉r❡ ✹✳✻✮ ❞✐s♣•❛② t❤❛t t❤❡r❡ ❛r❡ s♦♠❡ r❛♥❞♦♠ ❞❡•♦❝❛•✐③❡❞ ❛❣❣r❡❣❛t❡s ❢♦r♠❡❞ ♦♥ t❤❡ s✉r❢❛❝❡ ✇❤✐❝❤ ❝❛✉s❡ ✈❛r✐❛t✐♦♥s ❢r♦♠ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ ♥♠ t♦ ♠✐❝r♦♠❡t❡rs✳ ✶✼✽ ❈❍❆P❚❊| ✹✳ |❊❙❯▲❚❙✿ |❊❉❯❈❊❉ •|❆P❍❊◆❊ ❖❳■❉❊ ✭|•❖✮ ❆◆❉ |•❖✴❋▲• ❈❖▼P❖❙■❚❊ ❋✐❣✉r❡ ✹✳✺✿ ❆❋▼ r♦✉❣❤♥❡ss ❛♥❛•②s❡s ♦❢ P❊❉❖❚✿P❙❙✴r•❖✴❋▲• ♠✐❝r♦✇❛✈❡ ❞❡✈✐❝❡✳ ❚❤❡s❡ ❛❣❣r❡❣❛t❡s ✇❡r❡ ❛•r❡❛❞② ♣r❡s❡♥t ♦♥ t❤❡ r•❖✴❋▲• ✜•♠ ❛♥❞ ❛ ❝♦❛t✐♥❣ ❜② P❊❉❖❚✿P❙❙ ❤❛s t❛❦❡♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡s❡ ❛❣❣r❡❣❛t❡s ❜② ❝♦✈❡r✐♥❣ t❤❡♠✳ ❚❤✐s ✐s ❛ ♠❛•♦r ♣r♦❜•❡♠ t♦ r❡♠♦✈❡ t❤❡s❡ ❛❣❣r❡❣❛t❡s t♦ ❣❡t t❤❡ s♠♦♦t❤❡r ✜•♠ s✉r❢❛❝❡✳ ❋✐❣✉r❡ ✹✳✻✿ ❙❊▼ ♦❢ P❊❉❖❚✿P❙❙✴r•❖✴❋▲• ♠✐❝r♦✇❛✈❡ ❞❡✈✐❝❡✳ ✹✳✷✳✸ ❲♦r❦✲❢✉♥❝t✐♦♥ ❉❡t❡r♠✐♥❛t✐♦♥ ❚❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ♦❢ t❤❡ r•❖✴❋▲• ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❯P❙ ❜② s✉❜tr❛❝t✐♥❣ t❤❡ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s❡❝♦♥❞❛r② ❡•❡❝tr♦♥s ❛t ❝✉t♦✛ ❛♥❞ t❤❡ ❋❡r♠✐ ❡❞❣❡ ❢r♦♠ t❤❛t ♦❢ t❤❡ ❍❡■ ✭✜❣✉r❡ ✹✳✼ ❛♥❞ ❡q✉❛t✐♦♥ ✷✳✶✺✮✳ ❚❤❡ ♦❜t❛✐♥❡❞ ✇♦r❦✲❢✉♥❝t✐♦♥ ✭❲❋✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥ ✷✳✶✺ ♦❢ t❤❡ ✹✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ✶✼✾ ❋✐❣✉r❡ ✹✳✼✿ •r❛♣❤ s❤♦✇✐♥❣ t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥s ♦❢ r•❖✴❋▲• ✐♥ ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s✳r•❖✴❋▲• ✐s ✹✳✻ ❡❱ ✭✜❣✉r❡ ✹✳✼✮ ✇✐t❤♦✉t ❛♥② t❤❡r♠❛• tr❡❛t♠❡♥t✱ ❝•♦s❡ t♦ t❤❛t ♦❢ ■❚❖✳ ❆❢t❡r t❤❡ ❡①✲s✐t✉ t❤❡r♠❛• tr❡❛t♠❡♥t ✉♥❞❡r ❍ 2 ❛t ✾✵✵ • ❈✱ ✇❤❡♥ t❤❡ ❯P❙ ✇❛s ♣❡r❢♦r♠❡❞ ❛❣❛✐♥✱ t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ r❡♠❛✐♥s st❛❜•❡ t♦ ✹✳✻ ❡❱✳ ❍♦✇❡✈❡r✱ ❛❢t❡r

  ✉r✐t✐❡s ❬✺✵(✱ ❛s ✐t ✇❛s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❝❤❛♣t❡r ✸✳ ❙✐♥❝❡ ✐♥ t❤✐s ❝❛s❡ t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t ✇❛s ♣❡r❢♦r♠❡❞ ✐♥✲s✐t✉ ❛♥❞ t❤❡ s❛♠♣•❡ ✇❛s ♥♦t r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ✈❛❝✉✉♠ ❝❤❛♠❜❡r s♦ t❤❡r❡ ✇❛s ♥♦ ♣♦ss✐❜✐•✐t② ❢♦r ♦①②❣❡♥ ❣r♦✉♣s ❛♥❞ ♦t❤❡r✐♠♣✉r✐t✐❡s ♣r❡s❡♥t ✐♥ t❤❡ ❛♠❜✐❡♥t ❡♥✈✐r♦♥♠❡♥t t♦ ❜❡ r❡✲❛❞s♦r❜❡❞ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ♠❛t❡r✐❛• ❝♦♥tr❛r② t♦ t❤❡ ❡①✲s✐t✉ ❛♥♥❡❛•❡❞ s❛♠♣•❡✳ ❆ ❞✐✈❡r❣❡♥❝❡ ✐♥ ❲❋ ✶✽✵ ❈❍❆P❚❊| ✹✳ |❊❙❯▲❚❙✿ |❊❉❯❈❊❉ •|❆P❍❊◆❊ ❖❳■❉❊ ✭|•❖✮ ❆◆❉ |•❖✴❋▲• ❈❖▼P❖❙■❚❊ ❢♦r ✐♥✲s✐t✉ ❛♥❞ ❡①✲s✐t✉ r•❖✴❋▲• ❝♦✉•❞ ❛•s♦ r✐s❡ ❢r♦♠ ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ❛♥✲ ♥❡❛•✐♥❣ ♠♦❞❡s ❛♥❞ r❡•❛t❡❞ t❡♠♣❡r❛t✉r❡✲❞❡♣❡♥❞❛♥t ❞❡s♦r♣t✐♦♥ ♦❢ t❤❡ ❛❞✲s♣❡❝✐❡s✱ ✐t s✉❣❣❡sts ❛•s♦✱ t❤❛t t❤❡ ❛❝❝❡♣t♦r t②♣❡ ❣r♦✉♣s ✭s✉❝❤ ❛s ✲❖❍✮ ✇❡r❡ r❡♠♦✈❡❞ ❢r♦♠ •❖ ❞✉r✐♥❣ ✐♥✲s✐t✉ ❛♥♥❡❛•✐♥❣✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ ✐♥ ❲❋ ♦❢ ✑❡①✲s✐t✉✑ ❛♥❞ ✑✐♥✲s✐t✉✑ ❛♥♥❡❛•❡❞ s❛♠♣•❡s s❤♦✇s t❤❛t ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦♥♦✇ ♣r♦♣❡r ♣r♦♣❡rt✐❡s ❛♥❞ ✑r❡❛• ♣r♦♣❡rt②✑ ♦❢ ❣r❛♣❤❡♥❡ ✉s❡❞ ❢♦r ❡•❡❝tr♦♥✐❝ ❞❡✈✐❝❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡✈✐❝❡ ♣r❡♣❛✲ r❛t✐♦♥ ❝♦♥❞✐t✐♦♥s✳ ❚♦ ❢✉rt❤❡r ❛ss❡ss t❤❡ r❡❞✉❝t✐♦♥ ❝❛♣❛❝✐t② ♦❢ t❤❡ µ✲✇❛✈❡✲❛ss✐st❡❞ •✐q✉✐❞ ❡①❢♦•✐❛t✐♦♥ ❛♥❞ r❡❞✉❝t✐♦♥✱ t❤❡ ❳P❙ s♣❡❝tr❛ ✇❡r❡ ♣❡r❢♦r♠❡❞✳ ❚❤✉s✱ ✜❣✉r❡ ✹✳✽ s❤♦✇s ❞✐✛❡r❡♥t ❈✶s✲❳P❙ s♣❡❝tr❛ ♦❢ •❖✱ r•❖ ❛❢t❡r ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥ ❛♥❞ t❤❡ s❛♠❡ ❛❢t❡r t❤❡r♠❛• r❡❞✉❝t✐♦♥ ❛t ✾✵✵ • ❈ ✉♥❞❡r ❍ 2 ✳ ❋✐❣✉r❡ ✹✳✽✿ ❳P❙ ❈✶s s♣❡❝tr❛ ♦❢ •❖✱ r•❖✲µ✇ ❛♥❞ r•❖✲µ✇✲✾✵✵ • ❈ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ✉♥❞❡r ❍ 2 ✳ ◆♦t❡ t❤❛t ❳P❙ ✇❡r❡ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ r•❖✲µ✇ ✭❛♥❞ ♥♦t t❤❡ r•❖✴❋▲•✮ ✹✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ✶✽✶ ✐♥ ♦r❞❡r t♦ s✐♠♣•✐❢② t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❳P❙ r❡s✉•ts✳ •r❛♣❤❡♥❡ ♦①✐❞❡ ✐♥❝•✉❞❡s ❜♦♥❞✐♥❣ ♦❢ ❝❛r❜♦♥ ✇✐t❤ ✈❛r✐♦✉s ❢✉♥❝t✐♦♥❛• ❣r♦✉♣s ❤❛✈✐♥❣ ♦①②❣❡♥ •✐❦❡ ❤②❞r♦①②• ✭✲ ❖❍✮✱ ❦❡t♦ ✭❈❂❖✮✱ ❝❛r❜♦①②• ✭✲❈❖❖❍✮ ♦r ❡♣♦①② ❣r♦✉♣s ❬✷✷✺(✳ ❚❤❡s❡ s♣❡❝✐❡s ❤❛✈❡ ❛ ❝•❡❛r ✜♥❣❡r♣r✐♥t ✐♥ t❤❡ ❈✶s r❡❣✐♦♥ ❢♦r t❤❡ s❛♠♣•❡ ❜❡❢♦r❡ µ✲✇❛✈❡s ❡①♣❡r✐♠❡♥t✳ ❆❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ✭✾✵✵ • ❈ ✉♥❞❡r ❍ 2 ✮✱ t❤❡ ♠❛✐♥ ♣❡❛❦ ❢♦r r•❖✲µ✲✇❛✈❡s✲ ✾✵✵ • ❈✲❍ 2 ✐s r❡❝♦r❞❡❞ ❛t ✷✽✺✳✶ ❡❱ ✇❤✐❝❤ ✐s ❛ttr✐❜✉t❡❞ t♦ ❣r❛♣❤✐t✐❝ str✉❝t✉r❡ ♦❢ s♣ 2 ❈✳ ❚❤✐s ♣❡❛❦ ✐s ❜•✉❡✲s❤✐❢t❡❞ ✭❢r♦♠ ✉s✉❛• ✷✽✹✳✻ ❡❱ ❢♦r ❈❂❈✮ ❤❡♥❝❡ ❛•• ♦t❤❡r ♣❡❛❦s r❡•❛t✐♥❣ t♦ str✉❝t✉r❛• ❞❡❢❡❝ts ✐♥ t❤❡ ❈ •❛tt✐❝❡ ❛♥❞ ❈ ❛t♦♠s ❛tt❛❝❤❡❞ t♦ ❞✐✛❡r❡♥t ❢✉♥❝t✐♦♥ ♦①②❣❡♥ ❣r♦✉♣s ❛r❡ s❤✐❢t❡❞ ❜② ≈ ✵✳✺ ❡❱✳ ❚❤❡ ♣❡❛❦s ❛t ✷✽✼✳✷ ❡❱✱ ✷✽✽✳✺ ❡❱ ❛♥❞ ✷✽✾✳✻ ❡❱✱ r❡s♣❡❝t✐✈❡•② ❛r❡ ❛ttr✐❜✉t❡❞ t♦ ❈✲❖ ✭♦r ❈✲❖❍✮✱ ❞♦✉❜•❡ ❜♦♥❞ ❈ t♦ ❖ ✭❈❂❖✮ ❛♥❞ ❈❖❖❍❬✾✹✱ ✷✺✽(✳ ❚❤❡ •❛st ♣❡❛❦ ❛t ✷✾✷ ❡❱ ✐s ❛ttr✐❜✉t❡❞ t♦ π✲π * tr❛♥s✐t✐♦♥s ❬✷✺✾(✳ ❍♦✇❡✈❡r t❤❡ ♦①②❣❡♥ ♣❡❛❦s ❛r❡ ❝♦♥s✐❞❡r❛❜•② r❡❞✉❝❡❞ ❛❢t❡r ♠✐✲ ❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥ ❛♥❞ ❢✉rt❤❡r ❛❢t❡r t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❚❤✐s ❞❡♠♦♥str❛t❡s t❤❡ ✐♠♣❛❝t ♦❢ µ✲✇❛✈❡s ♦♥ •❖ r❡❞✉❝t✐♦♥ ❜② s♣ 2 ✲s♣ 2 ❝❛r❜♦♥ r❡❝♦♠❜✐♥❛t✐♦♥✳ ❚❤✐s ❡①♣•❛✐♥s ✇❤② t❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ♦❢ r•❖ ❞❡❝r❡❛s❡s ❛❢t❡r t❤❡ ✐♥✲s✐t✉ t❤❡r♠❛• tr❡❛t✲ ♠❡♥t✳ ◆♦t❡ t❤❛t t❤❡ ❳P❙ ♣❡❛❦s ❛r❡ s❤✐❢t❡❞ ❞✉❡ t♦ ❞✐✛❡r❡♥t ❝♦♥❞✉❝t✐✈✐t✐❡s ♦❢ t❤❡ s❛♠♣•❡s r❡•❛t❡❞ t♦ ❞✐✛❡r❡♥t ♦①②❣❡♥ ❣r♦✉♣s q✉❛♥t✐t✐❡s✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❖ ✇❛s ❝❛•❝✉•❛t❡❞ ❢r♦♠ t❤❡ ❛r❡❛s ♦❢ ❈✶s ❛♥❞ ❖✶s ♣❡❛❦s✳ ❚❤❡ ✐♥✐t✐❛• ♣❡r❝❡♥t❛❣❡ ♦❢ ♦①②❣❡♥ ❝♦♥t❡♥t ✐s ✹✸ ✪ ✇❤✐❝❤ ❝❤❛♥❣❡s ❛❢t❡r ❡❛❝❤ st❡♣ ♦❢ r❡❞✉❝t✐♦♥ t♦ ✷✻ ✪ ❛❢t❡r µ✲✇❛✈❡s ✐rr❛❞✐❛t✐♦♥ ❛♥❞ ❢✉rt❤❡r t♦ ✽✪ ❛❢t❡r t❤❡ t❤❡r♠

  r♦✈✐❞❡❞ t❤❛t t❤❡ r♦✉❣❤♥❡ss ♣r♦❜•❡♠ ✐s ❛❞❞r❡ss❡❞✳ ✶✽✹ ❈❍❆P❚❊| ✺✳ |❊❙❯▲❚❙✿ ❈❆|❇❖◆ ◆❆◆❖❚❯❇❊❙✴❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❍(❇|■❉❙ ✺ |❡s✉•ts✿ ❈❛r❜♦♥ ◆❛♥♦t✉❜❡s✴❋❡✇ ▲❛②❡r •r❛♣❤❡♥❡ ❍②❜r✐❞s ❚❤✐s ❝❤❛♣t❡r st❛rts ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣r❡♣❛r❛t✐♦♥s ♦❢ ❈◆❚s✴❋▲• ❤②✲ ❜r✐❞ ❞❡✈✐❝❡s✴✜•♠s ✐♥ t❤❡ s❡❝t✐♦♥ ✺✳✶ ❢♦••♦✇❡❞ ❜② t❤❡✐r ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ✐♥ t❤❡ s❡❝t✐♦♥ ✺✳✷✳ ❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ ❈◆❚s✴r•❖ ❞❡✈✐❝❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝✲ t✐

  ✉s ♥✉♠❜❡r ♦❢ s❤❡❡ts ✇✐t❤✐♥ t❤❡ ✐♥❞✐✈✐❞✉❛• ✢❛❦❡s✳ ❙♦ t❤❛t ❤✐❣❤❡r ❛♠♦✉♥t ♦❢ ✢❛❦❡s ❛r❡ r❡q✉✐r❡❞ t♦ ♠❛❦❡ ❛ ♣❛t❤✇❛② ❢♦r ❡•❡❝tr♦♥ tr❛♥s♣♦rt✱ ✇❤✐❝❤ ❞❡❝r❡❛s❡s t❤❡ tr❛♥s♣❛r❡♥❝② ❛♥❞ ♠❛♥② ♦❢ ✧❡①tr❛✧ ✢❛❦❡s ✇❤✐❝❤ ❛r❡ ❞❡♣♦s✐t❡❞ ❛•s♦ ✐♥ ✧③✧ ❞✐r❡❝t✐♦♥ ❛r❡ ♦✉t ♦❢ t❤❡ ❝♦♥❞✉❝t✐✈❡ ♣❛t❤s✱ str♦♥❣•② ❞❡❝r❡❛s✐♥❣ tr❛♥s♣❛r❡♥❝②✳ ❋✉r✲ t❤❡r✱ ❛ s✐♥❣•❡ s❤❡❡t ♦❢ ❣r❛♣❤❡♥❡ ❛❜s♦r❜s ❛♣♣r♦①✐♠❛t❡•② ✷✳✸✪ ♦❢ t❤❡ ✐♥❝✐❞❡♥t •✐❣❤t✱ ✭✇❤✐❝❤ ✐s ❡❛r•✐❡r ❞❡✜♥❡❞ ❜② t❤❡ ✜♥❡ str✉❝t✉r❡ ❝♦♥st❛♥t α ♦❢ ❣r❛♣❤❡♥❡ ✭απ❂✷✳✸✪ ❛ ❢r❛❝t✐♦♥ ♦❢ ✇❤✐t❡ •✐❣❤t✮ ❬✶✽✸(✮ ❛♥❞ ❡❛❝❤ s✉❜s❡q✉❡♥t s❤❡❡t ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❛❜s♦r♣t✐♦♥✱ ❛ r♦✉❣❤ ♠❛①✐♠❛• ❡st✐♠❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ tr❛♥s♠✐ss✐♦♥ ♦❢ ✻✷✪ ❛♥❞ ✼✸✪ ❛s s❤♦✇♥ ✐♥ t❤❡ ❝❤❛♣t❡r ✹ ❝♦rr❡s♣♦♥❞s t♦ ≈ ✶✼ ❛♥❞ ✶✷ ❣r❛♣❤❡♥❡ s❤❡❡ts ❢♦r t❤❡ t❤❡ r•❖✴❋▲• ❛♥❞ t❤❡ r•❖ ✜•♠s✱ r❡s♣❡❝t✐✈❡•②✳ ❍♦✇❡✈❡r✱ ✐♥❤♦♠♦❣❡♥❡♦✉s ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✢❛❦❡s ❛♥❞ ✜•♠ t❤✐❝❦♥❡ss❡s ✇✐t❤ ✈♦✐❞s ✐♥❞✐❝❛t❡ t❤❛t ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ✢❛❦❡s ❛♥❞ ✜•♠ t❤✐❝❦♥❡ss ❝❛♥♥♦t ❜❡ ❡❛s✐•② ❡st✐♠❛t❡❞✳ ❆ •♦✇❡r ♣❡r❝♦•❛t✐♦♥ t❤r❡s❤♦•❞ ✐s ❞✐✣❝✉•t t♦ ❛❝❤✐❡✈❡ ✇✐t❤ r❛♥❞♦♠✲s✐③❡❞ ✢❛❦❡s ❜✉t t❤❡ tr❛♥s♠✐tt❛♥❝❡ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s❤❡❡ts ❞❡✲ ♣♦s✐t❡❞✳ ❍♦✇❡✈❡r✱ ❞❡❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s❤❡❡ts ❤❛s ❛♥ ✐♥✈❡rs❡ ❡✛❡❝t ♦♥ t❤❡ ✺✳✶✳ P|❊P❆|❆❚■❖◆❙ ❖❋ ❈◆❚❙✴❋▲• ❍(❇|■❉ ❋■▲▼❙✴❉❊❱■❈❊❙ ✶✽✺ ♣❡r❝♦•❛t✐♦♥ ❛♥❞ ❤❡♥❝❡ t❤❡ ❝♦♥❞✉❝t✐✈✐t②✳ ❚❤✉s✱ ❝♦♥❞✉❝t✐✈✐t② ✇✐•• ❞❡❝r❡❛s❡ ✭❤❡♥❝❡ | s ✇✐•• ✐♥❝r❡❛s❡✮ ✇✐t❤ •♦✇❡r t❤✐❝❦♥❡ss ♦❢ ❣r❛♣❤❡♥❡ s❤❡❡ts✴✜•♠✳ ❉✉❡ t♦ t❤❡s❡ r❡❛s♦♥s✱ t❤❡ ❤②❜r✐❞s ♦❢ ❋▲• ❛♥❞ r•❖ ✇✐t❤ ▼✉•t✐✲✇❛•• ❈❛r❜♦♥ ◆❛♥♦ ❚✉❜❡s ✭▼❲❈◆❚s✮ ✇❡r❡ ❡♥✈✐s❛❣❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ tr❛♥s✲ ♣❛r❡♥❝② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛ ❤✐❣❤✲❛s♣❡❝t r❛t✐♦ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛♥❞ t❤❡✐r ❛❜✐•✐t② t♦ ❢♦r♠ ❝♦♥❞✉❝t✐✈❡ ♠❡s❤✳ ❚❤✐s ✇✐•• ❜❡ ❞❡✈❡•♦♣❡❞ ✐♥ t❤✐s ❝❤❛♣✲ t❡r✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ✐s t❤❛t t❤❡② ♣r♦✈✐❞❡ ❛ ❣♦♦❞ ♣❡r✲ ❝♦•❛t✐♦♥ ♥❡t✇♦r❦ ✇✐t❤ r❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥ ♦♥ s✉❜str❛t❡s ❛♥❞ t❤❡ ❡♠♣t② s♣❛❝❡s ❜❡t✇❡❡♥ ♥❛♥♦t✉❜❡s ❝❛♥ ❛••♦✇ t❤❡ •✐❣❤t t♦ ♣❛ss ✇✐t❤♦✉t ❛❜s♦r❜✐♥❣ ♠✉❝❤ ♦❢ ✐t ❛s t❤✐s ✇❛s ❞✐s❝✉ss❡❞ ❢♦r ❤②❜r✐❞s str✉❝t✉r❡s ✇✐t❤ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛♥❞ ♠❡t❛• ❣r✐❞✲ s✴♠❡s❤ str✉❝t✉r❡s ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✭s❡❝t✐♦♥s ✶✳✺✳✵✳✶ ❛♥❞ ❢✉rt❤❡r ❞❡t❛✐•s ✐♥ t❤❡ ❛♣♣❡♥❞✐① ✽✳✷✮✳ ❙✐♥❝❡ ❈◆❚s ❛•♦♥❡✱ ❡s♣❡❝✐❛••② ❙❲◆❚s ✇❡r❡ •❛r❣❡•② ✐♥✈❡st✐❣❛t❡❞✱ t❤❡ ✉s❡ ♦❢ ▼❲◆❚s ❛♥❞ t❤❡✐r ❤②❜r✐❞s ✇✐t❤ ❋▲• ✐s st✐•• s❝❛r❝❡✳ ✺✳✶ Pr❡♣❛r❛t✐♦♥s ♦❢ ❈◆❚s✴❋▲• ❍②❜r✐❞ ❋✐•♠✲ s✴❉❡✈✐❝❡s

  ✈✐❝❡s ✺✳✷✳✶ ❈❤❛r❣❡ tr❛♥s♣♦rt ✐♥ ❈◆❚s✴❋▲•✲❍❖P• ❍②❜r✐❞s ❚❤❡ r❡♣r❡s❡♥t❛t✐✈❡ r❡s✉•ts ♦❢ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s s❤♦✇✐♥❣ ❱✭■✮ ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ s♣❡❝tr❛ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡s ✺✳✷ ❛♥❞ ✺✳✶✱ r❡s♣❡❝t✐✈❡•②✱ ❢♦r ❈◆❚s✴❍❖P• ❞❡✈✐❝❡s✳❙✐♥❝❡ | s ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ❛r❡ r❡❝♦r❞❡❞ ❛t t❤r❡❡ ❞✐✛❡r❡♥t •♦❝❛t✐♦♥s ♦♥ ❡❛❝❤ s❛♠♣•❡✱ s♦ ❛✈❡r❛❣❡ ✈❛•✉❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ t❛❜•❡ ✺✳✷ ❛•♦♥❣ ✇✐t❤ t❤❡ ❝♦♥❞✉❝✲ t✐✈✐t② ♦❢ tr❛♥s♣❛r❡♥❝②✱ σ gt ✳ ❋♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❈◆❚s✴❍❖P• ❤②❜r✐❞ ❞❡✈✐❝❡s✱ t❤❡ ❛✈❡r❛❣❡ | s ✐s ❜❡t✇❡❡♥ ✺ ❛♥❞ ✶✷ ❦Ω✴ ✱ ✇✐t❤ t❤❡ •♦✇❡st ❛✈❡r❛❣❡ | s ✈❛•✉❡s ♦❜✲ t❛✐♥❡❞ ❢♦r t❤❡ ❈◆❚s ❆❈◆✴❍❖P• ✭∼ 5 ❦Ω✴ ✮ ❛♥❞ ❈◆❚s ❈❤•✶✴❍❖P•✷✹❤ ✭∼ 6 ❦Ω✴ ✮ ❞❡✈✐❝❡s✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t❤r❡❡ s❛♠♣•❡s ❛r❡ ❞✉❡ t♦ ❞✐✛❡r❡♥t ❞✐s♣❡rs✐♦♥ ✐♥ s♦•✈❡♥ts ❛♥❞✴♦r ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t s♦•✈❡♥ts r❡♠❛✐♥✲ ✐♥❣ ❛❞s♦r❜❛♥ts✳ ❚❤❡s❡ r❡s✉•ts s✉❣❣❡st t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥s✐❞❡r❛❜•❡ ✐♠♣r♦✈❡♠❡♥t ❢r♦♠ ♣r❡✈✐♦✉s ❈◆❚s✲❢r❡❡ ❞❡✈✐❝❡s ✭❋▲•✲❍❖P•✷✹❤ ✇✐t❤ | s ❂✷✸✻ ❦Ω✴ ❢♦r ❚❂✻✷✲ ✼✸✪✮✳ ❚❤❡s❡ | s ✈❛•✉❡s ✇❡r❡ ♥♦t ♣♦ss✐❜•❡ t♦ ♦❜t❛✐♥ ❢♦r ❋▲•✲❍❖P• ✭❛•♦♥❡✮ ❞❡✈✐❝❡s ✇✐t❤♦✉t t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❊✈❡♥ ❛❢t❡r t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t ❛t ✾✵✵ • ❈ ✐♥ ❆r✱✺✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❖❋ ❈◆❚❙✴❋▲•✲❍❖P• ❉❊❱■❈❊❙ ✶✽✼ ❋✐❣✉r❡ ✺✳✶✿ |❡♣r❡s❡♥t❛t✐✈❡ ❱✭■✮ ❝✉r✈❡s ❢♦r t❤❡ ❈◆❚✴❍❖P•✷✹❤ ❤②❜r✐❞ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s✳ ❋✐❣✉r❡ ✺✳✷✿ |❡♣r❡s❡♥t❛t✐✈❡ tr❛♥s♠✐tt❛♥❝❡ s♣❡❝tr❛ ♦❢ t❤❡ ❈◆❚✴❍❖P•✷✹❤ ❤②❜r✐❞ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s✳ ✶✽✽ ❈❍❆P❚❊| ✺✳ |❊❙❯▲❚❙✿ ❈❆|❇❖◆ ◆❆◆❖❚❯❇❊❙✴❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❍(❇|■❉❙ t❤❡ | s ❢♦r ❋▲•✲❍❖P•✷✹❤ ❞❡✈✐❝❡s ✇❛s ∼ 23 ❦Ω✴ ✱ ✇❤✐❝❤ ✐s ❛t •❡❛st ❢♦✉r t✐♠❡s ❤✐❣❤❡r t❤❛♥ | s ❂✺ ❦Ω✴ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❈◆❚s✴❋▲•✲❍❖P•✷✹❤ ❤②❜r✐❞ ❞❡✈✐❝❡s ✇✐t❤♦✉t ❛♥② t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ♦❜t❛✐♥❡❞ tr❛♥s♠✐tt❛♥❝❡ ✐s ❝♦♠♣❛r❛❜•❡✱ ✐✳❡✳ ✻✷✪ ❢♦r ❈◆❚s ❞✐s♣❡rs❡❞ ✐♥ ❛❝❡t♦♥✐tr✐•❡✳ ❚❤❡ tr❛♥s♣❛r❡♥❝② ✐s ❤✐❣❤❡r ❢♦r t❤❡ ❈◆❚s ❞✐s♣❡rs❡❞ ✐♥ ✐s♦♣r♦♣❛♥♦• ❛♥❞ ❝❤•♦r♦❢♦r♠✱ ✇❤✐❝❤ ❛r❡ ❛♣✲ ♣r♦①✐♠❛t❡•② ✼✸✪ ❛♥❞ ✼✷✪✱ r❡s♣❡❝t✐✈❡•②✱ ✇❤✐❝❤ ✐s ❛•s♦ ❝♦♠♣❛r❛❜•❡ ✇✐t❤ t❤❡ ❜❡st ♦❜t❛✐♥❡❞ r❡s✉•ts ✭✼✸✪✮ ❢♦r ❋▲•✲❍❖P•✷✹❤ ❞❡✈✐❝❡s ✇✐t❤ s✉♣❡r✐♦r ❝♦♥❞✉❝t✐✈✐t②✳ ❚❤✉s ❢♦r t❤❡ s❛♠❡ tr❛♥s♣❛r❡♥❝②✱ ❜❡tt❡r | s ✇❡r❡ ♦❜t❛✐♥❡❞✳ ❚❤❡ ❈◆❚s ❝❤•♦r♦❢♦r✲ ♠✴❍❖P• s❛♠♣•❡ ✇❛s ♣r❡♣❛r❡❞ ❛❣❛✐♥ t♦ s❡❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡r♠❛• tr❡❛t♠❡♥t✳ ❚❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡ ✭❈◆❚ ❈❤•✷✴❍❖P•✮ ❞✐s♣•❛②s t❤❡ ❛✈❡r❛❣❡ | s ✾✳✺ ❦Ω✴ ✭t❤❡ s❛♠❡ ♦r❞❡r t♦ t❤❡ ♣r❡✈✐♦✉s•② ♦❜t❛✐♥❡❞✱ ✻ ❦Ω✴ ✮✱ ✇✐t❤ s•✐❣❤t•② ❤✐❣❤❡r tr❛♥s♠✐t✲ t❛♥❝❡ ♦❢ ∼ 76 ✪ ✭t❤❛♥ t❤❡ ♣r❡✈✐♦✉s•② ♦❜t❛✐♥❡❞ ✼✷✪✮✳ ❍♦✇❡✈❡r✱ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ❛t ✺✵✵ • ✉♥❞❡r ❍❡ ❢♦r ✺❤✱ t❤❡ | s •♦✇❡r❡❞ t♦ ≈ 3.5 ❦Ω✴ ✱ ✇❤✐❝❤ ✐s ❛•♠♦st t❤r❡❡ t✐♠❡s •♦✇❡r t❤❛♥ t❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡✳ ❚❤❡s❡ r❡s✉•ts ❛r❡ ❜❡tt❡r t❤❛♥ t❤❡ r❡♣♦rt❡❞ | s ✹✷✵ ❦Ω✴ ✭❛t ❚❂✼✸✪✮ ❢♦r t❤❡ ❣r❛♣❤❡♥❡✲❈◆❚ ❤②❜r✐❞ ✜•♠ ❬✷✻✵(✳ ❈◆❚s ❛•♦♥❡ ✭❈◆❚ ■P❆✮ ❞❡✈✐❝❡ ❞✐s♣•❛②❡❞ ❛♥ ✐♥✐t✐❛• ❛✈❡r❛❣❡ | s ❛r♦✉♥❞ ✷✹ ❦Ω✴ ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❞❡✈✐❝❡✳ ❚❤✐s ✐s •♦✇❡r t❤❛♥ ❛♥② ✉♥✲tr❡❛t❡❞ ❋▲• ✭❋▲•✲ ❆❜•❂✽✺ ❦Ω✴ ✮ ❞❡✈✐❝❡s st✉❞✐❡❞ s♦ ❢❛r ❜✉t ✐s ❛r♦✉♥❞ ❢♦✉r t✐♠❡s ✭♦r ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r✮ t❤❛♥ t❤❡ | s ♦❜t❛✐♥❡❞ ❢♦r ❈◆❚s✴❋▲•✲❍❖P• ✭✺ ❦Ω✴ ✮ ❞❡✈✐❝❡s✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❛✈❡r❛❣❡ tr❛♥s♠✐tt❛♥❝❡ ∼ 87✪ ✇❛s ♥❡✈❡r ❛❝❤✐❡✈❡❞ ❜❡❢♦r❡✳ ❚❤✐s

  ✇✐t❤ ❛ tr❛♥s♠✐tt❛♥❝❡ ♦❢ ✼✷✪ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳ ❆❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t✱ t❤❡ | s ♦❢ ❈◆❚s ❛•♦♥❡ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ❛t ✾✵✵ • ❈ ❞❡❝r❡❛s❡s ❢r♦♠ ✷✹ t♦ ❛r♦✉♥❞ ✶✵ ❦Ω✴ ✱ ❤♦✇❡✈❡r ✐t ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ | s ✭✸✳✺ ❦Ω✴ ✮ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❈◆❚s✴❋▲•✲❍❖P•✷✹❤ ❞❡✈✐❝❡ ❛❢t❡r t❤❡r♠❛•✲tr❡❛t♠❡♥t ✭✺✵✵ • ❈ ✉♥❞❡r ❍❡ ❢♦r ✽❤✮ ❞❡s♣✐t❡ ❤✐❣❤❡r ❛♥♥❡❛•✐♥❣ t❡♠♣❡r❛t✉r❡✳ ❚❤✐s ❜❡❤❛✈✲ ✺✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❖❋ ❈◆❚❙✴❋▲•✲❍❖P• ❉❊❱■❈❊❙ ✶✽✾ ✐♦r ✐s ❡①♣❡❝t❡❞ ❛s ❝❛r❜♦♥ •❛tt✐❝❡ t❡♥❞s t♦ ✐♠♣r♦✈❡ ✇✐t❤ t❤❡r♠❛• tr❡❛t♠❡♥t ❜② ✐♠♣r♦✈✐♥❣ t❤❡ ❝r②st❛••✐♥❡ str✉❝t✉r❡ ❛♥❞ ❜② r❡♠♦✈✐♥❣ t❤❡ ✐♥✲♣•❛♥❡ ❞❡❢❡❝ts ❛♥❞ ❛❞✲ s♦r❜❡❞ ✐♠♣✉r✐t✐❡s✳ ❚❤❡ ❡✛❡❝t ♦❢ t❡♠♣❡r❛t✉r❡ ❝♦♥✜r♠s t❤❛t t❤❡ str✉❝t✉r❡ ♦❢ ❈◆❚s ✐s ❛•s♦ ✐♠♣r♦✈❡❞✱ ❤♦✇❡✈❡r ✐♥ •❡ss ✐♠♣♦rt❛♥t ♠❛♥♥❡r ❝♦♠♣❛r❡❞ t♦ ❋▲• ❛•♦♥❡ ♦r ❈◆❚s✲❋▲• ❤②❜r✐❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❝r②st❛• str✉❝t✉r❡ ♦❢ ❜♦t❤ ♠❛t❡r✐❛•s ♠✉st ❤❛✈❡❜❡♥❡✜t❡❞ ❢r♦♠ t❤❡ ❤❡❛t tr❡❛t♠❡♥t✱ ❛s t❤✐s ✐s t❤❡ ❝❛s❡ ✇✐t❤ ♠♦st ❝❛r❜♦♥ ♠❛t❡r✐❛•s✱

  r t❤❛t ❝❛♥ ❛✛❡❝t t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ✐♥ ❝❛r❜♦♥ ♠❛t❡r✐❛•s✳ | s r❡s✉•ts ♦❜t❛✐♥❡❞ ✐♥ ♦✉r st✉❞✐❡s ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❝♦✉•❞ ❤❛✈❡ ❜❡❡♥ ❛✛❡❝t❡❞ ❜② ❢❡✇ ❢❛❝t♦rs✱ s✉❝❤ ❛s✱ ❛❣❣•♦♠❡r❛t❡s ♦❢ ❈◆❚s✱♠✐s✲❛•✐❣♥❡❞ ♦r ❞✐s♦r❞❡r❡❞ ♥❛♥♦t✉❜❡s ❛♥❞ ♣♦ss✐❜•② r❛♥❞♦♠ ❞✐str✐❜✉t✐♦♥ ♦❢ s❡♠✐✲ ❝♦♥❞✉❝t✐♥❣ ❛♥❞ ♠❡t❛••✐❝ t✉❜❡s ✐♥ t❤❡ ✜•♠s ❛s ✇❡•• ❛s t❤❡ s❝❛tt❡r✐♥❣ ❡✛❡❝ts ❞✉❡ t♦ ❙✐❖ 2 s✉❜str❛t❡s ❛♥❞ ✐♠♣✉r✐t✐❡s✳ ❍♦✇❡✈❡r✱ t❤❡ r❡s✉•ts ♦❜t❛✐♥❡❞ ❤❡r❡ ❛r❡ ❡♥✲ ❝♦✉r❛❣✐♥❣ ✇✐t❤ r❛♥❞♦♠ ❞❡♣♦s✐t✐♦♥ ♦❢ ♠✉•t✐✲✇❛••❡❞ ♥❛♥♦t✉❜❡s ❛♥❞ ❛r❡ ❜❡tt❡r t❤❛♥ t❤❡ ❛•r❡❛❞② r❡♣♦rt❡❞ ♦♥❡s✱ ✇❤✐❝❤ ❛r❡ ❛s ❤✐❣❤ ❛s ✷✺✵ ✭❚❂✽✵✪✮ ❛♥❞ ✹✹✵ ✭❚❂✾✺✪✮ ❦Ω✴ ❬✶✷✹(✳ ❚❤✐s s❤♦✉•❞ ❛•s♦ ❜❡ ✉♥❞❡r•✐♥❡❞ t❤❛t ♠♦st ♦❢ t❤❡ st✉❞✐❡❞ ❈◆❚s ✐♥ t❤❡ •✐t❡r❛t✉r❡ ❛r❡ ❙❲◆❚s✱ ✇❤✐❝❤ ❤❛✈❡ ✐♥❝♦♠♣❛r❛❜•❡ ❛♥❞ ❝♦♥tr♦••❛❜•❡ ❡•❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s ❜✉t ❛r❡ ❛•s♦ ✐♥❝♦♠♣❛r❛❜•② ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ▼❲◆❚s✳ ✺✳✷✳ ❈❍❆|❆❈❚❊|■)❆❚■❖◆❙ ❖❋ ❈◆❚❙✴❋▲•✲❍❖P• ❉❊❱■❈❊❙ ✶✾✶ ✺✳✷✳✷ ▼♦r♣❤♦•♦❣② ❛♥❞ |♦✉❣❤♥❡ss Pr♦✜•❡s ♦❢ ❈◆❚s✴❋▲•✲ ❍❖P• ❍②❜r✐❞s ▼♦r♣❤♦•♦❣② ✇❛s st✉❞✐❡❞ ❜② ❙❊▼ ❛♥❞ r❡♣r❡s❡♥t❛t✐✈❡ ♠✐❝r♦❣r❛♣❤s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✸ ❢♦r ❈◆❚s ✐s♦♣r♦♣❛♥♦•✴❍❖P• ❞❡✈✐❝❡s✳ ❋✐❣✉r❡ ✺✳✸✿ ▼♦r♣❤♦•♦❣② ♦❢ ❈◆❚✴❍❖P•✷✹❤❤②❜r✐❞ ❝❤❛r❣❡ tr❛♥s♣♦rt ❞❡✈✐❝❡s✳ ❋r♦♠ t❤❡ ❙❊▼ ♠✐❝r♦❣r❛♣❤s✱ ✐t ✐s ❝•❡❛r t❤❛t t❤❡ s✉r❢❛❝❡ ✐s ❢✉••② ❝♦✈❡r❡❞ ❛♥❞ ❝♦♥❞✉❝t✐♥❣ ♣❛t❤✇❛②s ❛r❡ ❡st❛❜•✐s❤❡❞ ❜❡t✇❡❡♥ ❋▲• ✢❛❦❡s ❛♥❞ ❈◆❚s✳ ❙♦♠❡ ❋▲• ✢❛❦❡s ❡✈❡♥ ♣❡♥❡tr❛t❡ t❤r♦✉❣❤ t❤❡ ♦♣❡♥ s♣❛❝❡s ❛♠♦♥❣ t❤❡ ❈◆❚ ♥❡t✇♦r❦✱ ♠❛❦✐♥❣ s✉♣❡r✐♦r ❝♦♥t❛❝t✴❝♦♥♥❡❝t✐♦♥ ✐♥ t❤❡ ❤②❜r✐❞ ✜•♠✳ ❚❤❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡

  ❛rt✐❝✉•❛r ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❋✐❣✉r❡ ✺✳✹ s❤♦✇s ♠♦r♣❤♦•♦❣② ♦❢ t❤❡ ❈◆❚ ❞❡✈✐❝❡✳ ❋r♦♠ t❤❡ ❙❊▼ ♠✐❝r♦❣r❛♣❤s✱ t❤❡ ✇❡••✲❝♦♥♥❡❝t❡❞ ♥❡t✇♦r❦ ❝❛♥ ❜❡ s❡❡♥ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t ♦❢ t❤❡s❡ t②♣❡ ♦❢ ♠❛t❡r✐❛•s ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❝♦♥❞✉❝t✐♥❣ ♣❛t❤✇❛②s ❢♦r ❝✉rr❡♥t ✢♦✇✳ ✶✾✷ ❈❍❆P❚❊| ✺✳ |❊❙❯▲❚❙✿ ❈❆|❇❖◆ ◆❆◆❖❚❯❇❊❙✴❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❍(❇|■❉❙ ❚❤❡ ❆❋▼ t♦♣♦❣r❛♣❤✐❝ ♣r♦✜•❡ ❢♦r t❤❡ ❈◆❚s✴❋▲•✲❍❖P• ❤②❜r✐❞ ❞❡✈✐❝❡ ✐s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡ ✺✳✺✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛• ✢❛❦❡s ♦❢ ❋▲•✲❍❖P• ✇❤✐❝❤ ❞✐s♣•❛② ♠✐❝r♦✲♠❡tr✐❝ ❤❡✐❣❤t✳ ❚❤❡ ❛✈❡r❛❣❡ r♦✉❣❤♥❡ss ✈❛•✉❡s ❛r❡ | a ❂✽✹ ♥♠ ❛♥❞ |▼❙❂✶✸✻ ♥♠✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡s❡ ✈❛•✉❡s ❛r❡✱ ❤♦✇❡✈❡r ♠✉❝❤ •♦✇❡r t❤❛♥ ❋▲•✲❍❖P• ❛•♦♥❡ ❞❡s♣✐t❡ ❞♦✉❜•❡ ♠❛t❡r✐❛•s✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❛t r♦✉❣❤♥❡ss ❤❛s ✐♠♣r♦✈❡❞ ❛•♦♥❣ ✇✐t❤ | s ❛♥❞ ❚✳ ❋✐❣✉r❡ ✺✳✹✿ ▼♦r♣❤♦•♦❣② ♦❢ t❤❡ ❈◆❚ ❛•♦♥❡ ❞❡✈✐❝❡✳ ❋✐❣✉r❡ ✺✳✺✿ ❆✮ ❆❋▼ t♦♣♦❣r❛♣❤② ♣r♦✜•❡ ♦❢ t❤❡ ❈◆❚s✴❍❖P• ❞❡✈✐❝❡ ❇✮ ✸❉ ✐♠❛❣❡ ❛♥❞ ❈✮ ❤✐st♦❣r❛♠s ✜tt❡❞ ✇✐t❤ •❛✉ss✐❛♥ ❝✉r✈❡✳ ✺✳✸✳ ❈❍❆|•❊ ❚|❆◆❙P❖|❚ ■◆ ❈◆❚❙✴|•❖ ✶✾✸ ✺✳✸ ❈❤❛r❣❡ tr❛♥s♣♦rt ✐♥ ❈◆❚s✴r•❖ ❚❤❡ ❈◆❚ ❤②❜r✐❞ ✇❛s ❛•s♦ st✉❞✐❡❞ ✐♥ ❝♦✉♣•✐♥❣ ✇✐t❤ t❤❡ r•❖ ♠❛t❡r✐❛•✳ ✾✵✵ • ❈✱ ✉♥❞❡r ❆r✴❍ 2 ❢♦r ✷❤✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s ✇❡r❡ ❦❡♣t ✉♥❝❤❛♥❣❡❞ ❛s ✵✳✷✺ ♠❣✴♠▲ ❛♥❞ ✵✳✵✷✺ ♠❣✴♠▲✱ r❡s♣❡❝t✐✈❡•②✱ ❢♦r r•❖ ❛♥❞ ❈◆❚s✳ ■s♦♣r♦♣❛♥♦• ✇❛s ♣r❡❢❡rr❡❞ ❢♦r ❢✉rt❤❡r ❞✐s♣❡rs✐♦♥s ♦❢ ❈◆❚s ♦✈❡r t❤❡ ♦t❤❡r t✇♦ s♦•✈❡♥ts ✭❝❤•♦r♦❢♦r♠ ❛♥❞ ❛❝❡✲ t♦♥✐tr✐•❡✮ ❞✉❡ t♦ •♦✇❡r t♦①✐❝✐t② ❛♥❞ s❡❝♦♥❞✱ t❤❡r❡ ✇❛s ♥♦ ❞✐r❡❝t ♣r♦♦❢ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ s♦•✈❡♥t ❤❛❞ ❛ ❞❡❝✐s✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ♦❜t❛✐♥❡❞ | s r❡s✉•ts✳ ❚❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❛r❡ s❤♦✇♥ ❜② t❤❡ ✐••✉str❛t✐✈❡ ❱✲■ ❝✉r✈❡s ❢♦r t❤❡ ❈◆❚s✴r•❖ ✜•♠s ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ t❤❡r♠❛••② ❛♥♥❡❛•❡❞ ✐♥ t❤❡ ✜❣✉r❡ ✺✳✻❆ ❛♥❞ tr❛♥s♣❛r❡♥❝② ✭t❤❡ ✐♥❞✐✈✐❞✉❛• tr❛♥s♠✐tt❛♥❝❡ ✈❛•✉❡s ❝❛♥ ❜❡ ❝❛♥ ❜❡ ✉♣ t♦ ✺✪ ❤✐❣❤❡r ♦r •♦✇❡r t❤❛♥ t❤❡ r❡s✉•t s❤♦✇♥✮ ✐♥ t❤❡ ✜❣✉r❡ ✺✳✻❇✱ r❡s♣❡❝t✐✈❡•②✳ ❋✐❣✉r❡ ✺✳✻✿ ❆✮ |❡♣r❡s❡♥t❛t✐✈❡ ■✲❱ ❝✉r✈❡s ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❛♥❞ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ❈◆❚s✴r•❖ ❞❡✈✐❝❡s✱ ❛♥❞ ❇✮ tr❛♥s♠✐tt❛♥❝❡ ❢♦r t❤❡ ❈◆❚s✴r•❖ ❇✮✳ ❆s s❤♦✇♥ ❜② t❤❡s❡ ❣r❛♣❤s✱ ❛♥❞ ❢r♦♠ t❤❡ ❛✈❡r❛❣❡ | s ✈❛•✉❡s ❣❛t❤❡r❡❞ ✐♥ t❤❡ t❛❜•❡ ✺✳✸✱ t❤❡ s❤❡❡t r❡s✐st❛♥❝❡ ❢♦r t❤❡ ❛s✲♣r❡♣❛r❡❞ ❈◆❚s✴r•❖ ✭| s ∼ 55 ±✺ ❦Ω✴ ✮ ❞❡✈✐❝❡ ✐s •♦✇❡r t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❜❡❢♦r❡ ❢♦r t❤❡ r•❖ ❛•♦♥❡✱ ✇✐t❤ s•✐❣❤t•② •♦✇❡r tr❛♥s♠✐tt❛♥❝❡ ✭✻✼✪ ✈s✳ ∼ 73✪✱ s❡❡ t❛❜•❡ ✺✳✸✮✳ ❙✐♠✐•❛r ❞✐✛❡r❡♥❝❡ ✐s ♦❜s❡r✈❡❞ ❛❢t❡r t❤❡r♠❛• tr❡❛t♠❡♥t ❛s ✇❡••✳ ❆❢t❡r t❤❡ t❤❡r♠❛• tr❡❛t♠❡♥t✱ t❤❡r❡ ✐s ❛ s✐❣♥✐✜❝❛♥t ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❛✈❡r❛❣❡ ✶✾✹ ❈❍❆P❚❊| ✺✳ |❊❙❯▲❚❙✿ ❈❆|❇❖◆ ◆❆◆❖❚❯❇❊❙✴❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❍(❇|■❉❙ s❤❡❡t r❡s✐st❛♥❝❡ ✭∼ 5 ±✷ ❦Ω✴ ✮✳ ❚❤✐s ♣♦✐♥ts ♦✉t t❤❡ s✐❣♥✐✜❝❛

  ✶✾✻ ❈❍❆P❚❊| ✺✳ |❊❙❯▲❚❙✿ ❈❆|❇❖◆ ◆❆◆❖❚❯❇❊❙✴❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❍(❇|■❉❙ ♦✉r r❡s✉•ts s✉❣❣❡st t❤❛t t❤❡ | s ✈❛•✉❡s ♦❜t❛✐♥❡❞ ❛r❡ ❜❡tt❡r t❤❛♥ | s ♦❢ ✶✺✶ ✭❚❃✾✵✪✮ ❛♥❞ ✶✶✹ ❦Ω✴ ✭❚❂≈ ✾✵✪✮ ✇❤✐❝❤ ✇❡r❡ r❡♣♦rt❡❞ ❢♦r t❤❡ ❤②❞r❛③✐♥❡ tr❡❛t❡❞ ❛♥❞ t❤❡r♠❛••②✲❛♥♥❡❛•❡❞ ❛♥❞ r•❖✴▼❲◆❚s ❤②❜r✐❞ ❬✷✻✶(✱ ❬✷✻✷(✳ ✺✳✸✳✶ ▼♦r♣❤♦•♦❣② ❛♥❞ |♦✉❣❤♥❡ss ♦❢ ❈◆❚s✴r•❖ ❍②❜r✐❞s ▼♦r♣❤♦•♦❣② ✐s s❤♦✇♥ ❜② ❙❊▼ ♠✐❝r♦❣r❛♣❤s ✐♥ t❤❡ ✜❣✉r❡ ✺✳✼✳ ❋✐❣✉r❡ ✺✳✼✿ ❙❊▼ ✐♠❛❣❡s s❤♦✇✐♥❣ t❤❡ ♠♦r♣❤♦•♦❣② ♦❢ ❈◆❚✴r•❖ ❞❡✈✐❝❡✳ ❲❡ ❝❛♥ ❝•❡❛r•② s❡❡ ❛♥✐s♦tr♦♣✐❝ •♦♥❣ ✶❉ ♥❛♥♦t✉❜❡s str✉❝t✉r❡s ❛s ✇❡•• ❛s ❋▲• ✢❛❦❡s✳ ❚❤❡② ❛r❡ r❛♥❞♦♠•② ❞✐str✐❜✉t❡❞ ❛♥❞ ❞✐s♦r✐❡♥t❡❞ ❛•♦♥❣ t❤❡ s❛♠♣•❡ s✉r❢❛❝❡✳ ▼✐❝r♦❣r❛♣❤s ✐♥❞✐❝❛t❡ t❤❛t t❤❡ s✉r❢❛❝❡ ✐s ♠♦st•② ❝♦✈❡r❡❞ ❜② t❤❡ ❈◆❚s✴r•❖ ❜✉t t❤❡r❡ ❛r❡ ♠✐❝r♦♠❡t❡r✐❝ ✢❛❦❡s ❛t ❛ ❢❡✇ ♣•❛❝❡s ✇❤✐❝❤ ❝❛♥ ❛❞❞ ✉♣ t♦ t❤❡ r♦✉❣❤♥❡ss ♦

  t❤❡ ♥❡❛r ❝❡♥t❡r ❛♥❞ ♥❡❛r ❡❞❣❡ ♣r♦✜•❡s✱ r❡s♣❡❝t✐✈❡•②✳ ✶✾✽ ❈❍❆P❚❊| ✺✳ |❊❙❯▲❚❙✿ ❈❆|❇❖◆ ◆❆◆❖❚❯❇❊❙✴❋❊❲ ▲❆(❊| •|❆P❍❊◆❊ ❍(❇|■❉❙ ✺✳✹ ❲♦r❦✲❢✉♥❝t✐♦♥ ♦❢ ❈◆❚s ❚❤❡ ✇♦r❦✲❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❈◆❚s ✐s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡ ✺✳✾✳ ■t ❝❛♥ ❜❡ ♥♦t❡❞ ❋✐❣✉r❡ ✺✳✾✿ ❲♦r❦✲❢✉♥❝t✐♦♥ ♦❢ ❈◆❚s✳ t❤❛t s❤♦✉•❞❡r ✐♥ t❤❡ s❡❝♦♥❞❛r② ❝✉t✲♦✛ r❡❣✐♦♥ s❤♦✇s ❛ ❞♦✉❜•❡ ❝✉t✲♦✛ ✐♥ t❤✐s ❯P❙ ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ ❡①❛❝t ♦r✐❣✐♥ ♦❢ t❤✐s s❤♦✉•❞❡r ✐s ♥
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Figure 2 :Figure 3 :

 23 Figure 2: Désorption thermo-programmée couplée à la spectroscopie de masse (TPD-MS): Evolution de l'oxygène (COx) et des hydrocarbures ( CyHz) en fonction de la température à trois températures différentes.

Figure 4 :

 4 Figure 4: Courbes de transport de charge des dispositifs hybrides CNTs/FLG-HOPG24<.

Figure 5 :Figure 6 :

 56 Figure 5: Transmittance des dispositifs hybrides CNTs/FLG-HOPG24.

  de fragments qui sont peu rugueux avec un nombre de feuillets et un fort degré de cristallisation (par exemple, purification microondes en milieu aqueux) pourrait aider pour obtenir des films plus homogène. La taille non-homogène des fragments FLG obtenus par ablation de têtes de crayon papier et la qualité cristalline peuvent être améliorées par ces méthodes. Ainsi de plus fortes transparences, conductivités et de faibles rugosités sont possibles dans les films FLG. La concentration et le degré de dispersion des nanomatériaux devraient être optimisés avant la formation des films.Pulvérisation à chaud par un canon à air automatique mobileLa pulvérisation à chaud par un canon à air automatique mobile avec une vitesse contrôlée speed peut grandement améliorer l'homogénéité des films en augmentant la probabilité de volume déposé sur une surface locale. Ceci n'améliora pas non seulement le profil de rugosité mais aussi les variations en termes de résistance superficielle et de transmittance.Polissage/Gravure pour aplanir la surface des filmsUn polissage/gravure peut aider à réduire la rugosité et à aplanir la surface des films.Polymère comme agent aplanissantUne couche de polymère transparent conducteur telle que PEDOT: PSS peut être utilisée pour aplanir la surface et éliminer la rugosité de films FLG comme cela a été démontré dans un film rGO dans le chapitre 4. Ceci nécessite une future optimisation. Un autre polymère transparent conducteur tel que le Norland Optical Adhesive (NOA) 63 peut être utilisé pour enterer les films, ce qui non seulemnt recouvre les films mais constitue aussi une couche de protection ultraviolette (UV). Ceci a été démontré pour le recouvrement de films de nanofils d'argent à grande rugosité.Etude volume-épaisseurA cause la nature hétérogène des films et des variations locales, il est difficile de déterminer précisément la relation entre le volume de déposition et l'épaisseur. Une étude séparée peut être entreprise pour établir cette relation ce qui renforcera l'intérêt pour la potentialité de la méthode de pulvérisation à chaud.Optimisation des FLG obtenus par exfoliation de graphite expansé dans le toluène via irradiation microonde et l'utilisation d'un gicleur de pulvérisation à plus grand diamètrePour améliorer le rendement à partir de graphite expansé, la méthode peut être optimisée en jouant sur différents paramètres tels que le rapport de concentration entre graphite expansé et toluène, en contrôlant la rampe de température et la pression durant l'irradiation microonde et les étapes de sonication/agitation mécanique.Comme les feuillets de FLG ont de grandes dimensions latérales jusqu'à 10 microns, un pulvérisateur avec un gicleur possédant un grand diamètre de de plus faibles concentrations dans les suspensions de pulvérisation devraient aider à éviter les agglomérations de FLGs durant la pulvérisation.FLG comme contre-électrode for OSCsComme le travail de sortie de quelques-uns des matériaux étudiés dans cette thèse sont plus bas que ou entre 4.0 et 4.5 eV ils peuvent aussi utilisables comme contre électrode pour remplacer les électrodes métalliques telles que Al et Ag. Ces électrodes métalliques sont souvent déposées par des techniques d'évaporation couteuses et sont sensibles aux effets environnementaux. Une contre-électrode à base de carbone peut se révéler un meilleur choix technique et financier. rGO comme couche tampon Les rGO obtenus par exfoliation/réduction assistée par irradiation microondes peuvent être utilisés pour remplacer des couches tampon telle que PEDOT:PSS qui est une couche collectant les trous dans OSCs. En effet c'est une couche fine, utilisable en solution et dont la conductivité est appropriée.
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Azhar Ali Ayaz Pirzado Integration of Few Layer Graphene Nanomaterials in Organic Solar Cells as (Transparent) Conductor Electrodes

Résumé

Les électrodes conductrices transparentes (TCE) sont des éléments importants dans les écrans tactiles et les applications photovoltaïques. L'augmentation de la rareté et le coût des dispositifs actuellement utilisés, tels que l'oxyde d'étain-indium (ITO), exigent la recherche de matériaux alternatifs efficaces et peu coûteux. Dans cette thèse des films à base de graphène ont été étudiés comme des alternatives viables. Elle met l'accent sur des couches fines de graphène (FLG), sur l'oxyde de graphène réduit (RGO) et sur leurs hybrides avec des nanotubes de carbone (NTCs) pour les applications des TCE dans les cellules solaires organiques (OSC). Les FLGs et RGOs ont été préparés par les méthodes d'exfoliation mécanique ou en phase liquide assistée par micro-ondes. Ensuite des couches minces de ces nanomatériaux carbonés ont été produites par la méthode de pulvérisation de ces matériaux dilués dans un solvant liquide à chaud. Des caractérisations de transport de charge ont été obtenues par différentes méthodes: deux pointes, quatre pointes, et par la méthode de Van der Pauw. Par ailleurs ces échantillons ont été caractérisés par des mesures de transparence UV-Visible, ainsi que par des études morphologiques et topographiques déterminant les profils de rugosité et l'épaisseur des couches minces. Par ailleurs le travail de sortie des matériaux a été déterminé par spectroscopie de photoémission ultra-violette (UPS). La nature morphologique et chimique des films déposés a été étudiée par MEB, TEM, XPS, Raman et photoluminescence. Enfin, des résultats préliminaires sur des dispositifs OSC à base de carbone sont présentés.

Mots-clé: électrodes transparentes conductrices, films de graphène multicouches, graphène par exfoliation, transport de charge, hybrides de graphène et de nanotubes de carbone, travail de sortie, transmission de la lumière.

Summary

Transparent conductors electrodes (TCE) are important components in displays, touch screens and photovoltaics. The scarcity and cost increase of the presently used, like Indium Tin oxide (ITO), demand search for efficient and economically interesting alternatives. Graphene materials have been researched as viable alternatives in this thesis. Current study focuses on few layer graphene (FLG), reduced graphene oxide (rGO) and their hybrids with carbon nanotubes (CNTs) for TCE applications in organic solar cells (OSCs). FLGs and rGO have been prepared by mechanical and microwave-assisted exfoliation methods. Thin films of these materials, alone or mixed as composite with CNTs, have been produced by hot-spray method. Results of charge transport characterizations including two probes, four-point probes, Van der Pauw methods and UV-Vis measurements, along with morphological and topographic studies with roughness and thickness profiles of the films have been presented. UPS studies were performed to determine a work-function. The morphology and chemical analyses carried out by SEM, TEM, XPS, Raman and Photoluminescence studies are provided as well. Finally, tentative results of carbon-based OSC devices are presented.