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Chapitre 1

Introduction et motivations

Ce chapitre est une présentation des principaux axes de recherche qui ont conduit a
I'élaboration de cette these. On y présente brievement le cadre et les motivations
principales de 1’estimation robuste. Les diverses contributions originales sont, ensuite,
discutées et commentées. Le chapitre se conclura sur les pistes de recherche futures
envisagées.
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8 Chapitre 1. Introduction et motivations

1.1 Motivations de l’estimation robuste

L’estimation de la moyenne d’une quantité aléatoire résumée en une variable aléatoire
X est un enjeu central en statistique. L'estimateur le plus naturel pour répondre a cette
question est 1’estimateur de la moyenne empirique. Pour un échantillon Xj,..., X, a
valeurs réelles et de méme loi que X, la moyenne empirique est donnée par

— 1
Xn:EZXi.
i=1

La loi forte des grands nombres assure que la moyenne empirique converge presque
stirement vers 1'espérance [E [X]. Plus précisément,

lim X, = E[X] avec probabilité 1 .
n—00

Il est bien connu que le théoreme limite central permet de quantifier 'erreur asympto-
tique de cet estimateur autour de sa moyenne. Plus précisément,

X, - EIX] < z) = O(2)

ou ® est la fonction de répartition de la loi gaussienne centrée réduite et o est la variance
de Xj. La vitesse de convergence est de 1'ordre de on~/2. Le point de vue choisi dans
cette these se distingue de 1’étude asymptotique découlant des outils liés au théoréme
limite central. En effet, nous faisons le choix de développer ce que nous appellerons, par
la suite, des inégalités de concentration. Elles ont I’avantage de donner des bornes sur
la probabilité d’erreur d’estimation P(IX, — E[X]| > t) a n (le nombre d’observations)
fixé pour un seuil f et sont, par définition, non-asymptotiques.

Parmi toutes les inégalités de concentration, la plus simple est sans doute 'inégalité
de Hoeffding.

Theorem 1 (Hoeffding). Soient Xj, ..., X, des variables aléatoires indépendantes telles que
pour tout i < n, X; est a valeurs dans [a;, b;] presque stirement. Soit S = Y,i_(X; — E[X;]).
Alors pour tout t > 0,
P(S>t) <exp (—L) .
- ?:1 (bi — ;)

A elle seule, elle a motivé beaucoup de travaux pour adapter les bornes tres fines
obtenues dans de nombreux contextes statistiques. L’hypothése centrale de I'inégalité
de Hoeffding est la bornitude des variables aléatoires (X;);. Pour des variables aléatoires
a valeurs dans [0, 1], la vitesse de convergence est de l'ordre de n~1/2 etla concentration
obtenue est sous-gaussienne (voir définition [I). L'idée directrice de cette these a été de
s’affranchir de ’hypothése de bornitude tout en conservant une vitesse de convergence
comparable a celle obtenue dans 1'inégalité de Hoeffding.
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La plupart desrésultats des sections suivantes s’appliquent a des variables aléatoires
de variance finie sans étre bornées. Nous utiliserons le mot robuste pour parler des es-
timateurs que nous exposerons dans ce manuscrit. Il est a noter que cette dénomination
est différente de la notion de robustesse communément utilisée dans la littérature. Nous
en donnerons donc une définition rigoureuse au chapitre

1.1.1 Fiabilité et lois a queue lourde

Le contexte d’utilisation des résultats de concentration présentés plus bas est typique-
ment donné par les distributions a queue lourde. La définition [2| nous assure que les
variables aléatoires a queue lourde ne possédent pas de moment exponentiel fini. A
l'inverse, il est a remarquer que ’hypothese de bornitude implique immédiatement des
moments exponentiels finis (i.e., [E [exp(A1X)] < o) pour toute valeur du parametre A.
Nous ferons une hypothese sur les distributions que nous considérerons : généralement,
une variance finie, sauf pour les théorémes |6 et [40] ot nous supposerons seulement un
moment d’ordre 1 + ¢ avec0 < e < 1.

Nous verrons en section[2.1.2] que la moyenne empirique ne permet pas de donner
une estimation fiable de I'espérance dans le cas de variables aléatoires a queue lourde.
Un contre-exemple est donné par les variables aléatoires a-stables (voir définition [3).
En effet, les lois a-stables possédent des moments finis d’ordre p pour tout p < «
(avec a > 1). En outre, la probabilité P(X, - E[X]| > 1) que l'erreur d’estimation
dépasse un certain seuil ¢ est de 'ordre de 1/ (t*n*1) alors que I’on recherche une borne
du type exp(—t?/(nC)) our C est une constante dépendante de la loi de l’échantillon.
Un autre candidat naturel d’estimateur de 'espérance est la médiane empirique M,
définie comme le quantile d’ordre 1/2. La vitesse de convergence de M, vers [E [X] est
aussi en 1/ Vn (M, et X,, étant séparés d’au plus o/ v/n). En pratique, la médiane est
moins sensible aux valeurs extrémes que la moyenne empirique X,. Néanmoins, cet
estimateur peut comporter un biais ce qui limite son utilisation. Pour ces raisons, les
estimateurs classiques X, et M,, seront mis de coté au profit de techniques plus robustes
présentées plus bas.

1.1.2 Deux estimateurs robustes

Dans le but d’obtenir une erreur de type sous-gaussienne, nous nous sommes tournés
vers des estimateurs moins sensibles a la présence de valeurs particulieres tres éloignées
de la moyenne que les estimateurs proposés plus haut. L'inspiration nous a été donnée
par deux articles proposant de nouvelles techniques d’estimation de la moyenne.

Le premier définit un estimateur de la moyenne comme le zéro d'une fonction
décroissante (voir Catoni [20]). Cette technique tres utilisée et tres étudiée porte le nom
de M-estimation. Il se trouve qu’un choix judicieux de cette fonction (voir (2.5)) permet
d’obtenir une borne de type sous-gaussienne sur la probabilité d’erreur sous la seule
hypothése de variance finie. Dans la suite nous appellerons cet estimateur, I'estimateur
par “soft-troncature” (troncature douce) ou estimateur de Catoni.
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Le second article étudie un estimateur portant le nom de “median-of-means” ou
médiane des moyennes (voir Lerasle et Oliveira [42]). Introduit plus t6t par Nemirovski
et Yudin [53] et plus formellement par Jerrum, Valiant et Vazirani [36], cet estimateur
combine les avantages de la moyenne empirique et de la médiane empirique. Nous
verrons que cet estimateur assure une erreur d’ordre de grandeur comparable a celui
de l'estimateur par soft-troncature.

Ces deux estimateurs définis rigoureusement en sections et[2.2.3/formeront la
base des outils de cette these. Nous en donnerons une étude auto-contenue et compa-
rative en section Tous les théoremes originaux présentés plus bas utiliseront 1'une
ou l'autre de ces techniques.
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1.2 Contributions originales

Cette partie est dédiée a I'exposition rapide des résultats originaux de cette thése. Nous
ne rentrerons pas dans les détails de toutes les applications possibles de nos résultats.
Les chapitres [3|et[d ont fait 'objet de deux articles a paraitre.

1.2.1 Estimation en grande dimension (c.f. section[2.3)

Les deux articles cités plus haut traitent uniquement du cas unidimensionnel. En section
2.3lnous nous intéresserons a des généralisations de ces techniques en dimension d > 1.

L’estimation de la moyenne en grande dimension est autant un défi théorique que
pratique. L'élaboration de méthodes d’estimation peu sensibles aux valeurs extrémes
a fait I'objet d'une imposante littérature scientifique. La plupart des articles concernés
introduisent un contexte statistique conditionnant fortement le choix de tel ou tel
estimateur. Pour des exemples de régression matricielle sous des hypothéses de petit
rang voir Candes et Recht [18] et Recht, Fazel et Parrilo [58]. La recherche de techniques
robustes pour le probleme de ’analyse en composantes principales peut étre trouvé
dans Candes, Li, Ma et Wright [17] ou dans Zhang et Lerman [67] ot la matrice de
rang faible est retrouvée exactement. Plus généralement, Hsu et Sabato [32] ainsi que
Minsker [52] se sont intéressés a 1’estimateur median-of-means en en donnant une
version multidimensionnelle.

Contribution. En parallele, I'étude menée en section s’intéressera a développer
un estimateur en utilisant la technique de soft-troncature pour l'estimation de la
moyenne d’une variable aléatoire a valeurs dans IR?. Hormis une hypothese technique
d’isotropie, aucune hypotheése sur la structure statistique de la variable aléatoire de loi
inconnue n’est requise. La borne de concentration obtenue sera de type sous-gaussien.
En particulier, nous regarderons I'impact du facteur de dimension 4 dans les bornes de
concentration développées.

1.2.2 Minimisation du risque empirique (c.f. chapitre

La méthode de minimisation du risque empirique est une technique trés commune en
statistique et est couramment utilisée dans de nombreux contextes. Pour une fonction
de risque fixée f, le risque empirique est donné par la formule

Rerm = % Z f(X)
i=1

otl les X; sont des copies indépendantes de la variable X. La fonction f est choisie dans
un ensemble . Un estimateur réalisant le minimum de Rggp sur I’ensemble F sera
appelé estimateur par minimisation du risque empirique. Dans la suite de cette thése,
nous supposerons l'existence de ce minimum. Si plusieurs fonctions f sont valides,
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le choix arbitraire de l'une d’entre elles constituera notre estimateur. Les résultats
présentés plus bas restent valides quelque soit ce choix. Une référence tres complete
sur ce sujet est fournie par Koltchinskii [39].

Dans de tres nombreux contextes d’application, la fonction f peut étre interprétée
comme le cotit (en un sens tres large) d"un choix de valeurs particulieres d"un ensemble
de parametres. Nous citerons cinq exemples classiques d’application de la minimisation
du risque empirique ot le choix de la classe de fonction ¥ est explicite. Voir la section
.41l

Pour des fonctions de risque vérifiant des propriétés de convexité et de régularité,
cette méthode permet de donner une estimation vérifiant une borne de confiance de
type sous-gaussienne. Ce cas est traité en faisant appel a I'estimateur median-of-means
dans Hsu et Sabado [32]]. Par ailleurs, un article de Audibert et Catoni [7] s’intéresse a
I'estimation par minimisation du risque empirique dans le cas paramétrique en utilisant
I'estimateur par soft-troncature.

Contribution. Au chapitre[3] nous développerons une procédure de minimisation du
risque empirique donnant des bornes de confiance non-asymptotique de type sous-
gaussiennes en faisant appel a 'estimateur par soft-troncature introduit par Catoni
[20]. Une application a la régression linéaire par moindres carrés et une application
a la classification non-supervisée sont données en section Nous donnerons aussi
quelques simulations.

1.2.3 Estimation multivariée et U-statistiques (c.f. chapitre [4)

Les U-statistiques apparaissent naturellement dans de nombreux problémes d’estima-
tion multivariée. Le cadre dans lequel nous nous placons dans cette these est celui du
livre de de la Pefia et Giné [23]. La raison du choix des U-statistiques pour traiter le
probleme d’estimation multivarié sera expliqué en section Etant donné une fonc-
tion i : R" — R et une collection de variables aléatoires identiquement distribuées et
indépendantes Xj, ..., X, (avec n > m), I'enjeu est de déterminer avec la plus grande
précision possible la valeur m, = E[h(Xj,..., X;;)] inconnue. Cette fonction h sera
supposée symétrique (i.e., h reste inchangée par toute permutation des variables). La
U-statistique

wm =" Y X, X)

n!
(i1, )€™

Irff:{(il,...,im):lsijsn, ij # i if ]'ik}

est un estimateur sans biais de my. Arcones et Giné [6] montrent que U,(h) vérifie
une inégalité de concentration de type sous-gaussien lorsque la fonction / est bornée.
Nous rappelons ce résultat au Théoréme 21{ en section L'inégalité de Hoeffding
ne s’applique pas immédiatement & U, (h). En effet, les termes de la somme définissant
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U, (h) ne sont pas tous indépendants entre eux. Nous aurons recours a des techniques
comme le découplage ou encore la décomposition de Hoeffding (voir section [4.4).

Contribution. Nous nous sommes intéressés a définir une version robuste de l'esti-
mateur par U-statistique précédent et a montrer des résultats de concentration de type
sous-gaussien sous des hypotheses plus faibles que la bornitude de la fonction /. Nous
donnerons au chapitre | des résultats dans le cas de variance finie et des résultats dans
le cas de moment d’ordre 1 + € fini (avec € < 1).
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1.3 Perspectives de recherche et travaux futurs

Tout au long de ce manuscrit nous avons fait une recherche systématique de champs
d’application des techniques d’estimation robustes (soft-troncature et median-of-means)
pour affaiblir les hypothéses d’inégalités de concentration existantes. Dans cette op-
tique, nous avons cherché a diversifier les contextes statistiques étudiés et a rendre
compte de 'efficacité des nouvelles techniques proposées. Nous sommes passés par
I'estimation robuste en grande dimension, la minimisation de risque empirique et 1'es-
timation multivariée par les U-statistiques. Le travail est bien entendu inachevé et de
nombreuses questions restent en suspens. Cette partie est a lire au regard des résultats
des chapitres qui suivront.

Convergence en distance L

Il n’est, a I'heure actuelle, pas tout a fait clair si les estimateurs de soft-troncature et
median-of-means convergent pour la distance E [[u — u|] out u est la moyenne et
est 'estimateur. En effet, les inégalités de concentration données en section n’im-
pliquent pas (contrairement a 1’habitude) une borne en distance L; entre 1'estimateur
et la moyenne. En effet, le niveau de confiance 6 apparait dans la définition méme de
nos estimateurs. Il est possible, pour I'estimateur de Catoni, de s’en affranchir quitte a
perdre en performance (voir section. Cependant, la condition n > 4log(6~!) pour
l'estimateur de Catoni et la condition In(67!) < N < 5 pour median-of-means nous
empéchent d’obtenir directement des bornes en espérance. Cette étape supplémentaire

pourrait étendre le champ d’application de ces techniques.

Implémentation pratique de I'estimateur de la section 2.3.2]

Il est a noter que dans 1’état, 'estimateur défini en section ne se programme pas
facilement. Il n’est pas immédiat (et sans doute de grande complexité) de construire un
estimateur en pratique appartenant au polytope convexe Pw. On pourrait penser a un
autre estimateur défini comme un minimum de la fonction

1 n
R = o 2@ (el ul)

ou1 @ est une primitive de la fonction croissante ¢ définie en section En pratique,
cette définition alternative fournit un estimateur facile & implémenter (comme mini-
mum d’une fonction convexe) mais il ne nous a pas été possible de développer des
bornes théoriques pour cet estimateur. Une possibilité pour de futurs travaux pourrait
étre de trouver un lien entre ces deux estimateurs et ainsi franchir le fossé qui sépare
théorie et pratique.
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L'entropie y1(7, D)

f
qualité de notre estimation. Ce théoreéme fait apparaitre un premier terme déja présent

dans Catoni [20] et deux termes mesurant la complexité de la classe de fonctions ¥ :
I'entropie y1(F, D) et 'entropie y»(F, d). Or, le terme d’entropie y1 (¥, D) est d"un ordre
de convergence (en 1/n) plus petit que celui du terme d’entropie y2(¥,d) associée a
la distance L, (en 1/+/n). Pour s’assurer de la finitude de I'entropie y1(F, D), notre
théoreme suppose que le diametre de l'espace ¥ pour la norme infinie est borné.
Etant donné son ordre d’importance inférieur dans les bornes, nous nous attendrions
a pouvoir prouver une version du théoreme [24]sans ce terme d’entropie

2log(67! ¥F,d
me— g <6 (av + %) + Llog(26_1) (L\/ﬁ)) .

Si une telle borne s’avere impossible & montrer, nous voudrions exhiber un contre
exemple de classe ¥ pourvu d’une entropie finie y»(¥,d) et d’une variance finie uni-
formément sur toute la classe ¥ et pour laquelle la procédure définie au chapitre
n’assure pas de convergence de m—vers my.. Ceci aiderait a mieux comprendre 1'im-

Le théoreme [24) fournit une borne de confiance sur la quantité m-— my mesurant la

portance du terme d’entropie y1(F, D).

Applications a d’autres fonctions de risque

Nous traitons deux applications de la technique de minimisation du risque empirique
en section[3.4pour des données suivant des distributions possiblement & queue lourde.
Ces deux illustrations semblent convaincantes mais ne constituent qu’'une petite partie
des possibles champs d’application. Nous voudrions simuler plus en profondeur notre
technique et éprouver I’algorithme sur des jeux de données réels.

Affaiblir une condition d’isotropie

Notre résultat d’estimation en grande dimension contenu dans le théoreme|[1T|formule
une hypothese d’isotropie sur la loi de X. Cette hypothese s’interprete comme une
bonne répartition de la mesure de probabilité associée a X sur toutes les directions de
I'espace ambiant. Il est facile de voir que sans cette condition, il est possible d’inclure
la variable aléatoire X dans un espace de dimension arbitrairement grande en ajoutant
artificiellement des coordonnées nulles sans changer la valeur de la variance V. Dans
ce cas, le résultat se réduirait a

En particulier, le terme comportant le niveau de confiance 6 disparait, ce qui rend la
borne déterministe. Or dans le cas de variables aléatoires non bornées, il est possible
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de trouver une réalisation de l'échantillon Xj, ..., X, tel que l'estimateur de Catoni
unidimensionnel soit arbitrairement éloigné de 1'espérance.

Une amélioration possible serait de remplacer cette condition d’isotropie par des
conditions plus naturelles et plus faciles a vérifier sur un échantillon. Nous pourrions
par exemple essayer d'utiliser 1'inégalité PAC-bayésienne en page 159 de Catoni [19]
dans ce but.



1.4. Plan de la thése 17

1.4 Plan de la theése

Cette thése est principalement centrée sur les inégalités de concentration de nouveaux
estimateurs robustes de la moyenne. Elle se découpe en trois chapitres.

Le premier chapitre s’intéresse aux estimateurs de soft-troncature et median-of-
means pour eux-mémes. On y définit ensuite des versions généralisées de ces esti-
mateurs pour un cadre multidimensionnel. Nous introduisons ensuite la notion de
minimisation du risque empirique pour une classe de fonction donnée. Nous citons en
particulier des résultats tirés du domaine des processus empiriques tels que 'inégalité
entropique de Dudley [25] ou I'inégalité de “generic chaining” (chainage générique) de
Talagrand [61]. Ces résultats nous permettent de donner un résultat de concentration
pour un minimiseur du risque empirique.

Le deuxiéme chapitre présente deux résultats principaux de concentration de 1’es-
timateur par minimum du risque empirique dans le cas de variables aléatoires a queue
lourde. Trois applications sont ensuite discutées : la régression linéaire pour une perte
L1, la régression linéaire pour une perte L, et enfin la procédure de classification non-
supervisée par 'algorithme “k-means” (ou k-moyennes). Nous terminerons ce chapitre
par quelques simulations donnant les performances, en pratique, de notre estimateur
sur les applications précédemment introduites.

Le troisieme chapitre traite de I'estimation de la moyenne pour des fonctions mul-
tivariées. Nous aurons recours aux techniques de U-statistique présentes dans de livre
de de la Pefia et Giné [23]]. Nous adapterons I’estimateur par median-of-means pour
définir un estimateur robuste de la moyenne ayant des vitesses de convergence compa-
rables a celle données dans Arcones et Giné [6]. Un exemple d’application au clustering
sera développé en fin de chapitre.






Chapter 2

Two robust estimators of the mean

This chapter introduce the mathematical background of this manuscript. The notion
of heavy-tailed distributions is defined in Section 2.1 We present in details the two
robust estimators of the mean which are used repeatedly throughout the thesis.
Sections and [2.5|discuss applications of robust estimation to various statistical
contexts.
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2.1 Why another estimator of the mean?

2.1.1 A first step towards robust estimation

In the task of learning the distribution of a random variable X, perhaps the most
fundamental parameter is the mean E[X]. A natural estimate of this quantity is the
empirical mean X. Foran independent, identically distributed (i.i.d.) sample Xj, ..., X,
the empirical mean is given by

X:—}Z&. (2.1)

In this thesis we are interested in the finite-sample behavior of estimators of the mean.
This is in contrast with asymptotic convergence-of-measure theorems such as the cen-
tral limit theorem. For an important reference on asymptotic theorems we refer to van
der Vaart [64]. The results presented here are concentration inequalities. Asanexample
of a non-asymptotic inequality, we start with Hoeffding’s inequality [31] for sums of
bounded random variables.

Theorem 2 (Hoeffding’s inequality). Let X3, ..., X, be independent random variables such
that for each i < n, X; takes its values in the interval [a;, b;] almost surely. Let S = Y,/ 1(X; —
E [X;]). Then for any t > 0,

212
i=1\Vi i

In particular, let Xj, ..., X, be independent random variables taking values in the
interval [a, b]. Then, for any confidence level 6 € (0,1/2), with probability at least 1 — 20,

R - Elx)] < 2200 22)

where B = (b —a)?/2. We encounter many inequalities of the form of (2.2) in this thesis.
In particular, we are interested in sub-Gaussian estimators of the mean.

Definition 1. A real-valued random variable X is called sub-Gaussian with variance factor

V > 0if forany 6 € (0,1),
X - E[X]| < {/VIn@©?) (2.3)

with probability at least 1 — 20. For any fixed 6 € (0,1), we say that a random variable X
satisfies a sub-Gaussian concentration inequality with confidence level 6 if holds.

Remark. Our definition of a Gaussian concentration inequality is dependent of the
confidence level 6 fixed in advance. In consequence, a Gaussian concentration inequal-
ity does not necessary imply that the estimator of interest is a sub-Gaussian random



22 Chapter 2. Two robust estimators of the mean

variable.

For other equivalent definitions of sub-Gaussian random variables, see Boucheron,
Lugosi and Massart [14]. Many concentration results for estimators of the mean of
a function require a boundedness assumption. However this assumption excludes
the case of heavy-tailed random variables. Heavy-tailed distributions are probability
distributions supported on R whose tails are not exponentially bounded.

Definition 2. A distribution is said to be heavy-tailed at +oo (resp. at —oo) if, for any A > 0,

lim eMP (X > t) = +o0 (resp. tlim MP (=X > t) = +oo) .

t—+00
A distribution is heavy-tailed if it is heavy-tailed at +oo or at —co.

The results presented in this thesis hold for a particular class of heavy-tailed distri-
butions. We assume a finite-moment of order 1 + € with € > 0. In most of the results
presented below, € equals to 1 and the finite-moment assumption reduces to a finite
variance condition. An estimator of the mean 1 is called 6-robust if, for any heavy-tailed
sample with —at least— a 1 + € finite-moment, it satisfies a sub-Gaussian concentration
inequality with a confidence level 6 and variance factor of the order of 1/n.

2.1.2 An example of heavy-tailed distributions: a-stable laws

For a € (0, 2), a-stable laws are examples of heavy-tailed distributions. They have finite
moments of small order and infinite higher-order moments.

Definition 3. Let y > 0and 0 < a < 2. We say that a random variable X has an a-stable law
S(y,a)if forallu € R,
Eexp(iuX) = exp(=y*[ul®) .

Definition [3| is less general than Definition 1.6 in Nolan [54]. Another reference
on a-stable laws is Zolotarev [68]. Gaussian random variables belong to the class
of a-stable laws for @ = 2. Among all a-stable random variables, Gaussian random
variables are the only ones with finite moments of all orders. The behavior of a-stable
random variables in the case 0 < a < 2 is different. They are heavy-tailed. See Figure
for an illustration. We now state a few facts on a-stable laws. We use the notation
h(x) e g(x) for limy_,, h(x)/g(x) = 1.

Proposition 3. Let y > 0 and o € (0,2). Let Xy,...,X, be i.i.d. random variables of law
S(y,a). Let fy,0 : x = R be the density function of X1. Let S, = }.1<j<y Xi. Then

(i) fy,a(x) is an even function

(ii) fra(x) ~ ay*cax ™ withcy = sin (%) T(@)/n,
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0.54

Normal

Cauch\}\

Figure 2.1: Comparison between the standard normal distribution and the Cauchy
distribution. The Cauchy distribution is an a-stable distribution with @ = 1. It has

density function f(x) = %yzyTxZ

(iii) E [Xﬂ is finite for any p < a and is infinite whenever p > a,

1/a

(iv) Sy has a a-stable law S(yn''*, av).

Proof. (i) and (iv) follow directly from the definition. (ii) is proved in the introduction
of Zolotarev [68]. (iii) is a consequence of (ii). 0

An a-stable random variable for «a € (1,2) has finite moments of order p up to the
order a. Thus, for a € (1,2), a-stable random variables are heavy tailed. By (iv), the sum

S, is still an a-stable random variable and we know exactly the law of the estimator X
in that case. By (i) we know that the X; are centered random variables. Finally, by (ii),
there exists a constant K depending only on a and y such that

P(X|>6) ~ —

t—+o0 fapa-1 )

This last equivalence shows that the tail probabilities of X are far from the sub-Gaussian
tails in (2.3). In particular, this shows that the empirical mean estimator X is not
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robust. The two robust procedures that we present in the following section achieve
sub-Gaussian concentration inequalities even for heavy-tailed distributions.

The rest of this chapter is organized as follows. In Section we introduce two
estimators of the mean and the basic performance bounds. Section[2.2.2]is dedicated to
an estimator defined by Catoni [20] via a truncation function. Sectionis centered on
an estimator known as the median-of-means estimator introduced in Nemirovski and
Yudin [53]. Sectionis about multidimensional mean estimation and generalizations
of robust estimators in RY or more generally in Banach spaces. In Section we
introduce empirical risk minimization and generic chaining. Section[2.5/focuses on the
special case of mean estimation of multivariate functions. Ideas from the theory of
U-statistics are used to get concentration bounds.

2.2 Robust procedures

In this section we introduce the notion of robust estimators. Section[2.2.Texposes some
estimators commonly used if some outliers are present in a data sample Xj, ..., X,.
These techniques have theoretical limitations. To adress this, two recent estimators of
the mean of a real valued random variable are exposed in Sections and and
their performance bounds are given.

2.2.1 Toward robust estimators: trimming, truncation and flattened
M-estimation

In practice, data trimming is commonly used to avoid the effect of outliers. It consists
in a reduction of the sample size before computing the standard empirical mean. One
orders the data X, ..., X, chooses a small percentage (say 5%) and removes the first
and last 2.5% of the X; from the sample. This technique is called trimming. An
example of an econometric application of trimming techniques is Andersen, Dobrev
and Schaumburg [3]. A related technique is to use a truncation function ¢k : x =
x1yy<ky + Kljys>k) on the sample and to compute the empirical mean of the sample
(Px(X;))i. Hoeffding’s inequality (Theorem 2) applies and sub-Gaussian concentration
is obtained around E [x(X)]. Both techniques have the inherent limitation to produce
biased estimators. Also, it is a challenge to scale the parameter K for truncation or the
percentage of vanished data points. The choice of the parameters is strongly dependent
of the underlying distribution. This lack of generality has led researchers to search for
alternatives. To our knowledge, Huber [33] was the first to develop robust estimators
using the formalism of M-estimators. The perhaps most natural M-estimator is the
least-squares estimator ;s defined as the minimizer of the functional

1 n
e ;0@- — . (2.4)
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The existence of the minimum is ensured by the convexity of the function x - x2. By

simple calculation, the minimum s equals the empirical mean and the least-squares
estimator is just another definition of the empirical mean. More generally, an estimator
is said to be an M-estimator if it is obtained by minimizing a functional depending on
the data (X;);. One idea of Huber [33] was to change the definition of the estimator 1
by replacing the function x + x? by another convex function. The main focus of Huber
and Ronchetti [34] is asymptotic normality of M-estimators but finite-sample results
are not discussed. In the next section, we present a particular M-estimator where the
choice of the convex function is explicit.

2.2.2 M-estimation through soft truncation

The following estimator has been first introduced by Catoni in [20]. It can be seen as a
special case of robust M-estimation defined in Section[2.2.1} It relies on a soft truncation
function ¢ where ¢ is any non-decreasing function satisfying the following inequalities:
Forall x € R,

P(x) Sln(1+x+ %2)
) (2.5)
o(x) > —ln(l x4 %) .

By an easy analysis, such functions exist (see Fig. [2.2). For any a > 0, we define

1 &
ra(}la) = E Z ¢ (a[Xi - [Ja]) .
=1

The truncation function ¢ has been chosen in order to have a non-decreasing r,. This
implies that r, has at least one zero. Here « is some real positive parameter to be chosen
later. Define the mean estimator 11, as any element of the set {t, : 7a(tla) = 0}. The
function r, can be seen as the derivative of a concave loss function R,. An advantage
of the soft truncation presented here is the concentration inequality of Theorem 4 The
main ingredient for the success of this estimator is the particular form of the function
¢. One obtains the following:

Theorem 4 (Catoni [20]). Let X, Xy,..., X, be i.i.d. real-valued random variables. Let V

be a real number such that Var(X) < V < co. Let 6 € (0,3) and a = 21;‘{371. Suppose
n>4In6"t Then

Vinél

e —E[X]| <2V2 —

with probability at least 1 — 20.

We give the proof of Theorem [4]in Section Note that this bound does not hold
for any confidence level 6. Indeed, for a fixed n, the theorem is valid only for 6 in the
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05

-0.5

Figure 2.2: A choice (solid line) for the truncation function ¢ is plotted here. The dashed
lines correspond to the extremal cases for the function ¢ that satisfy (2.5).

range § > e~"/4. However, for reasonably large sample size n, the term ¢~/# is tiny and

the conclusion of Theorem [ holds for a wide range of 6. Note also that the estimator
itself depends on the two parameters 6 and V. The choice @ = v2/nV leads to the

slightly poorer bound
— 2V 1
e —E[X]] < w/7(1 +1Inéd )

but allows the estimator to be independent of 0 in its definition. Also, the estimation
procedure can be adapted to the case when no suitable upper bound of the variance is
available using PAC-Bayesian tools. This is analyzed in Catoni [20]. We do not discuss
this point here.

2.2.3 Median-of-means estimator

In this section, we present another estimator of the mean, the so-called median-of-
means estimator. The first occurrence of this estimator in the literature seems to trace
back to Nemirovski and Yudin [53] and Jerrum, Valiant and Vazirani [36]. The idea
is to divide the data into independent groups on which we compute an estimator (for
example the empirical mean) that is only weakly concentrated. Then by selecting the
median of the estimators, a robust estimator is obtained. The result described here is
contained in Lerasle and Oliveira [42]. Formally, the setting is as follows. Let Xj, ..., X,
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be i.i.d. real-valued random variables of finite variance. Let N < n be an integer and
let 8 = (By,...,Bn) be a partition of {1, ..., n} satisfying the regularity property

Vk=1,...,N, ||Bk|—%|s1. (2.6)

For all non-empty subsets A of {1, ...,n}, we denote by

1
FAZEZXi

i€A
the empirical mean on the subset A. The median Med(a) of a subset a = {4y, ...,ay} of
R is any real number ¢ such that

[{i :a;, <t} >

N ) N
> and |{1:a,~2t}|25.

We finally introduce the median-of-means estimator:

"Jg = Med([lB], ey ‘uBN) .
The following result gives a concentration result for the median-of-means estimator.

Theorem 5 (Lerasle & Oliveira [42]). Let X, X1, ..., X, bei.i.d. real-valued random variables.
Assume that Var (X) < oo. Let 6 € (0,1/2), let N be an integer such that In(6~') < N < 5 and
let B be a partition satisfying the regularity condition 2.6). Then we have

s ~ EIX]| < 2 Voo [ VO

with probability at least 1 — 20.

A good choice of N is [ln(é‘l)-l. In that case, the bound has the same form as in

Theorem |4} up to a constant factor. Once again, the estimator g depends on 6. This
time, the dependence cannot be avoided by another choice of the parameters. Unlike
the case of the estimator of Section Var (X) is not a parameter of the median-of-
means estimator. An assumption on the 1 + € moment is enough to get the following
refinement:

Theorem 6. Let Xy, ..., X, beiid. real-valued random variables. Assume that
1
(EIX; - E[x]]")™ < V.

Let 56 € (0,1/2), let N be an integer such that In(6~!) < N < 5 and let B be a partition
satisfying the regularity condition (2.6). Then we have
lfis - E[X]| < 7z—v(§) ,
with probability at least 1 — 20.
Theorems [5|and [f|are proved in Section
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2.3 Mean estimation in high dimension

We have seen in Section two techniques to estimate the mean of a real-valued
random variable under the weak assumption of a finite variance. In this thesis, our
goal is to apply the estimators defined in Sections and in various statistical
problems. A first step is to adapt these procedures to the multidimensional case. For
an overview of the use of robust statistics in learning theory, see Huber [34] or Hubert,
Rousseeuw and Van Aelst [35] and references therein.

2.3.1 Median-of-means estimator in Hilbert spaces

Using an alternative definition of the median called geometric median, Minsker [52]
developed a version of the median-of-means estimator in the general context of Banach
spaces. We present here a weaker version in Hilbert spaces. Let X be a Hilbert space
with norm ||-|| associated with the scalar product. For any finite collection of points
x1,..., Xk € X, a geometric median is any point x. satisfying

k k
Y e =il = min Y [ly - x| -
=1 =1

yeX
We denote by Med(xy,...,xx) any such x.. For0 <p <a < %, define

Y(a,p) := (1—a)ln1_a talnl.

We denote by
p'(a) :=max{p € (0,a) : Y(a,p) =1} .

We now state a theorem of Minsker [52].

Theorem 7 (Minsker [52]). Let a € (0,1/2). Let X3, ..., X, be i.i.d. random variables taking
values in (X, |l). Let & € (0,1), let N be an integer such that In(6') < N < 5 and let
B = (By,...,BN) be a partition satisfying the regularity condition (2.6). Denote by up, the
empirical mean on the subset B;. Let 1 := Med(ug,, ..., usy). Then, with probability at least
1-9,

E[IX - E[X]|*]N
n

- Bixi] <.

where K, = (1 — a) ‘/(1—+)P*(a)'

We give a proof in Section For a general version in Banach spaces, see Minsker
[52].

Remark 1. The theorem holds in Banach spaces for K, = 21(1_23) ) /ﬁ See the proof of Lemma
2.1 in Minsker [52].
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2.3.2 A generalized Catoni estimator

Here, we adopt another approach for the estimation of the mean in the multidimen-
sional case. This technique uses the soft truncation function ¢ defined in Section[2.2.2}

A simple robust estimation on each coordinate

We begin with a definition of an estimator based on the estimator defined in Section[2.2.2]
for each coordinate. This estimator has the advantage to be simple to implement. The
price to pay is a log(d) factor in the bound. For all x € R and a > 0, let ¢, (x) = ¢p(ax)/a.
We denoteby e = (e, ..., ¢;) the canonical basis in R?and by We(u1, - .., ug) the function:

We(t, ..., ta) = [% Z Pa; (Xi e — W))
i=1

We denote by W, (1)) the j component of We(u1, . . ., tq) and by 1 a solution of W, (1)) =
0. Then the following result holds.

1<j<d

Theorem 8. Let Xy,...,X, be i.i.d. random variables taking values in RY. For any j €
{1,...,d}, let V; be a bound of the variance of the random variable X - ej and let V = Zj V. Let

6 €(0, %) and aj = (2 ln(g)) [(nV}). Let {1 be a solution of We(u1, ..., us) = 0. Then, under
the condition n > 41n(§), with probability at least 1 — 26,

p-E[X]| <2V2

Vin(%)
n

where ||.|| refers to the euclidean norm in RY.

This result is slightly poorer than Theorem 3.1 in Minsker [52]. This is due to the log
factor coming from a union bound over the d coordinates. The estimator is sensitive
to the choice of the orthogonal basis (e, ..., e;). It requires the knowledge of an upper
bound of the variance of every coordinate of X in advance.

Proof. The proof follows from Theorem@]along with aunionbound on every coordinate.
O

An estimator using convex geometry

In this section we define another estimator using a soft truncation function with a better
confidence bound. We proceed by identifying an area where —with high probability—
the mean [E [ X]is located. This area has a small diameter. The definition of the estimator
is based on the following remark.
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Remark. HYPERPLANE OF SOLUTION
We denote by - the canonical scalar product in R?. For any unit vector w € R? (i.e.,
llw|| = 1) we define [, as any solution of

Woli) = =) Ga (X0~ fla) = 0. @7)
i=1

The zeros of the function

RY — R
g W(u-w)

W, :

form an hyperplane defined by H,, = {u € RY : - w = i)

The algorithm proposed below invokes some tools of convex geometry. We begin
with a generalization of Theorem E] for a specified direction w. In this part, we assume
that the distribution of X is almost spherical in the following sense.

Definition 4. We say that a random variable X is c-almost spherical if

Tr(Z
Izl < o

where X is the covariance matrix of X, ||| - ||| is the canonical matrix norm and Tr is the trace
operator.

For any distribution, we always have [||X]|| > %Z). Indeed, |||Z]||is equal to the largest
eigenvalue of X and Tr(X) is the sum of the d eigenvalues. Equality is achieved given by
isotropic distributions (i.e., distributions invariant under rotation around the expected
value E [X]). We adapt Theorem [ for the case of c-almost spherical distributions.

Lemma 9. Let w be any unit vector in RY. Let X, Xy, ..., X, be i.id. random variables taking
values in RY and let V > 0 be such that E[||IX — E[X]|I]*> < V. Assume that X is c-almost
spherical. Let A € (0, %), a= \/(Zd In(A=1))/(ncV) and let i, be the real number defined in
Equation 2.7). Then, under the condition n > 41In A~ with probability at least 1 — 2A,

)
o — E[X]-w| <2V2 %.

Proof. We apply Theorem [ for the independent and identically distributed random
variables (X; - w);. The variance of the random variable X - w is bounded by [||Z]|| and
Tr(X) < V. O
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Figure 2.3: The polytope P in the plane.

A consequence of Lemma[J]is that with probability at least 1 —2A, [E [X] is squeezed
between two parallel hyperplanes H}, and H, (see Fig. defined by

-1
H;{,:{y DW=l +2V2 %} ,
dn
cVInA-1
H;,:{y:‘u-w:ﬁw—Z\/E T}

In the spirit of Section we use Lemma [9 multiple times. The main idea in this
section is the choice of the directions w. This choice is given by a 1-net on the unit
sphere S971. A 1-net Z is a set of points in the sphere $%~! such that every point on the
sphere is at distance at most 1 from any point in Z. The following theorem gives an
estimate of the number of elements in a 1-net on the sphere.

Theorem 10. There exists a 1-net on the sphere S~ with at most 4% elements.

A proof of this fact may be found in Ball [8]. The proof uses a concentration
argument and the theory of packing and covering. For more information, see Rogers
[60]. Let W be a 1-net on the unit sphere $%1 with at most 47 elements. We refer to W
as the set of directions. Define

cVInA-1
Pw:=ﬂ{yi|H'W—Flw|32‘/§ T} (2.8)

weW
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We now state the main theorem in this section.

Theorem 11. Let X, X, ..., X, be i.i.d. random variables taking values in R and let V > 0
be such that E[||X; — E[X11|II> < V. Assume that X is c-almost spherical. Let W be a 1-net
on the unit sphere S™1. Let 6 € (0, 1) and, for any w € W, let {1, be a solution of

Zn:qba(xi-w—ﬁw)ﬂ
i=1

N e Then, under the condition n > 4In(4%67"Y), with probability at least

1 - 26, the set Py is not empty and for any p € Py,

| - EIX])| < 16 \/E\/CV 1;(4) + CVIZS_l) 29)

where || - || is the euclidean norm on R,

Any point of the set Py is an estimator of the mean [E [X] with an error controlled
by the right-hand side of (2.9). The hypotheses of Theorem [11] differ from the ones
given in Minsker [52] because of the c-almost spherical assumption. First, observe
that the bound in becomes less precise if we artificially increase the dimension.
Assume that the distribution of the data satisfies the c-almost spherical assumption in
RY. We can naturally embed the distribution into R by adding 0 coordinates to the
last d coordinates of the vectors Xj, ..., X,. The variance factor V is conserved. The
new distribution satisfies the 2c-almost spherical assumption then the conclusion of
Theorem 1T holds with an extra factor 2 in front of the first term under the square root.
This effect comes from the way that the set Py is built. The set W is a 1-net on the unit
sphere in R? whereas the distribution of X is possibly supported by a sub-vector space
of R?. Another sub-optimality fact is due to Lemma |§I where the variance of X - w is
roughly bounded by [||Z]]].

If the dimension d is large and if the c-almost spherical assumption holds, the second
term becomes negligible and the bound reduces to the term

NG

which does not involve the confidence level 6. In that case, the bound becomes almost
deterministic which is an advantage over the result contained in [52, Corollary 4.1].
The case c = 1 is typically given by uncorrelated coordinates of identical variance.

For the proof of Theorem (11}, we introduce the notion of polytope associated to a
family of vectors.

Definition 5. Let m be an integer and let vy, .. ., vy, be vectors in R®. The polytope of m facets
associated with vy, ...,y 18

K={x:{(x,v)y<lforl<i<m}.
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Note that 0 always belongs to K. It is easy to see that the set K is convex. From
Definition[5} any 1-net on the sphere defines a polytope. The dissimilarity of a polytope
K from the euclidean ball is defined below.

Definition 6. The dissimilarity d(K, B) between a polytope K and the euclidean ball B is the
least positive v such that there exists a positive A such that

Bc AK crB

Note that d(K, B) is not a distance. The theory of packing and covering leads to the
following results.

Theorem 12. Any I-net defines a polytope with dissimilarity less than 2 from the euclidean
ball.

The proofs of Theorem (12| and Theorem |10 may be found in Ball [8] in the more
general context of linear independent distances between symmetric convex bodies. We
give a proof of Theorem [12in Section

Proof of Theorem [I1} We invoke Lemma [J] for every w in W. The union bound gives

-1
P|sup |, — E[X]-w| > 2V2 VINAT | _ yip (2.10)
weW dn

Equation (2.10) implies that, with probability at least 1 — 4?A the expected value E[X]
belongs to Pw. In particular, Pw is not empty. The set Py is a polytope but Py is not
necessarily associated with a 1-net set. We handle this problem by including # into a

bigger polytope associated with a 1-net. Letr = 4 V2+/(VIn A-1)/(dn). Assume that the
event in equation (2.10) is satisfied. In particular, the set Pyy is not empty. We fix y to be
any point in the polytope Pw. The point y is at distance at most r of each hyperplane

H;g(w) or Hy.\» for any w € W. Define the polytope

Pw(y)::{xe]Rd : (x—y)~w§rforweW}.

By definition, the polytope P/(y) contains Pyy. By Theorem [10} the 1-net property
of the class W gives,

rB(y,1) € Pw(y) C 2rB(y,1)

where B(y, 1) is the euclidean ball centered at y and of radius 1. We have proved that
Pw is included in a euclidean ball of radius 2r. Inequality implies that with
probability at least 1 — A4, E[X] belongs to P and consequently to 2rB(y, 1). Since
both E[X] and {1 belong to 2rB(y, 1), ||t — E [X]”2 < 4r. Set A = /4% and the theorem is
proved. m]
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Figure 2.4: The polytope ﬁw(y). The two circles represent the dissimilarity of 7_3W(y)
from the euclidean ball.

2.4 Empirical risk minimization

In this section we introduce the empirical risk minimization procedure. Section[2.4.1]is
dedicated to some examples of application of this procedure. Section is centered
on a central tool for the proofs developped in Chapter 3} the entropy bounds. These
can be applied in the context of empirical risk minimization. The obtained result is a
performance bound given in Section [2.4.3|

The empirical risk minimization technique can be described as follows. Let X be a
random variable in some measurable set X. Let ¥ be a set of functions f : X + [0, +c0).
The risk of a function f € ¥ is given by my = E[f(X)]. The ideal choice is defined
by f* = argmin ¢ 11y. The statistical learning challenge consists in the elaboration of
a technique that approximates the ideal function based on an i.i.d. sample Xj, ..., X,
drawn from the distribution of X. A fundamental method is empirical risk minimization
defined by

fERM = argmin % Zf(XZ)

fer i=1

where, without loss of generality, a minimizer is assumed to exist. Multiple minimizers
may exist and one can choose one of them arbitrarily. This general framework takes
its origin in Vapnik and Chervonenkis [65]. For a recent summary on the theory of
empirical risk minimization one can consult Koltchinskii [39].
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2.4.1 Examples of empirical risk minimization

Empirical risk minimization embrace different statistical designs. We introduce below
five examples of the use of empirical risk minimization. The first two examples are
treated in detail in Section 3.4} In the following, the minimizers are assumed to exist.

Example 13 (Least-squares regression). Let (X1, Y1), ..., (Xu, Yy) be independent and iden-
tically distributed random variables taking values in R? x R. Suppose given a class G of
functions RY — R. The risk of each g € G is defined by the Ly loss

R(g) = E[(g(X) - V7]

where the pair (X,Y) has the same distribution as the (X;, Y;) and is independent of them. A
least-squares estimator is a minimizer g of the empirical risk

LN, oy a2
;;@(xz)—m :

Example 14 (k-means clustering). Let X, Xj,..., X, be independent and identically dis-
tributed random variables taking values in RY. Let P denote the distribution of X. Let
k > 2 be a positive integer fixed. A set of cluster centers C = {y1,...,yx} € R and a
quantizer q : RY — C form what is called a clustering scheme. Given a distortion measure
£: R x R? — [0, +00), the risk of a clustering scheme — also called distortion — is defined by

Dy(P,q) = E€(X, 9(X)) .

) 2 . ,
In this example, we take £(x, y) = ||x - y” . Given a set of cluster centers C, a clustering scheme
q is a nearest neighbor quantizer if, for all x € R?,

= g = min e - "

It is know that a minimizer of the distortion has to be search among the nearest neighbor
quantizers (see Linder [45l]). The empirical distortion of a nearest neighbor quantizer is defined

by

n

1 . 2
Di(Pn,q) = - ; ]glllnk ||X - yj”
and a minimizer of Di(Py,q) over the subset (R?Y* of all possible cluster centers is called a
k-means estimator.

The literature on k-means clustering has become rich in the past decade. See Pollard
[55] and Abaya and Wise [1] for reference on the convergence of the distortion of a k-
means estimator towards the optimal distortion. The rate of convergence is also of
crucial interest (see Levrard [43} 44] and Biau, Devroye and Lugosi [12] and references
therein).
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Example 15 (Binary classification). Let (X, Y) be a couple of random variables where X takes
its values in a measurable space X and Y is a random label taking values in {—1,1}. A classifier
f is a function X — R. For any function ¢ : R — R, the ¢-risk of a classifier f is given by

R(f) = E[p(Y f(X))] -

The classical choice of ¢ is the 0-1 loss P(x) = 1ix<). Let (X1,Y1),...,(Xn, Yn) be independent
random variables distributed as (X,Y) and independent from it. A minimizer of the empirical
risk

Ru(f) =+ 3 GV £0X0)
i=1

form an estimator obtained by the empirical risk minimization technique.

There is other possible choices for the function ¢ in the definition of the ¢-risk (see
Lecué [40, 41]))

Example 16 (Maximum likelihood method). Let X be a random variable of probability mea-
sure P absolutely continuous with respect to the Lebesgue measure A and let Pe = {pg : O € B}
be a set of probability densities with respect to A, indexed by a parameter set ©. The maximum
likelihood estimator is defined by

p := argmin Z ( —log pg(Xi)) .
Po =1

For a study of the convergence of maximum likelihood methods, see van de Geer
[63].

Example 17 (A penalized empirical risk minimization). Recall the notation of Example
We assume that the random variable X has a density p*. The best L, approximation of p* is
given by

2
p= argmin (_E ZP(XZ') + ||P||§)
(S]

i and f]Rpp*d/\ = E[p(X)] is approximated by

> = =2 feppdd + ] +

since ||p -p°

LY p(X)).

p*

2.4.2 Empirical processes and Dudley’s bound

The general theory of empirical processes for M-estimation (see for example van de
Geer [63]]) may be used to give confidence bounds for the risk of the empirical risk
minimizer. One of the key results of empirical processes theory is the chaining bound
of Dudley. This machinery may be used to obtain laws of large numbers, central
limits theorems, concentration inequalities, expected value upper bounds, etc., where
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the common denominator is the metric entropy. It requires the existence of a pseudo
metric on the set ¥. The metric entropy is, in some sense, a measure of the statistical
complexity of a set . In this thesis we use a more general tool called generic chaining
(see Talagrand [61])).

Definition 7. Given > 0 and a pseudo metric space (T,d), an admissible sequence (Ay), is
an increasing sequence of partitions of T such that |A,| < 2% and Ag = T. Forany t € T, Ay(t)
denotes the element of the partition A, that contains t. The generic chaining entropy is

yp(T, d) := infsup Z 2MBA(AL(D)
teT n>0

where the infimum is taken on all admissible sequences and A(A,(t)) is the diameter of A,(t).
We are now ready to state the fundamental theorem of generic chaining.

Theorem 18 (Talagrand [61]). Let (T, d) be a pseudo metric space and let (X;)ter be a centered
real-valued process such that for any s,t € T and any u > 0,

12
IP(lXt - X4 = u) < 2exp (—W) .

Then there exists a universal constant L such that

E [sup Xt] < Lyy(T,d) .
teT
This theorem applies, in particular, to Gaussian processes where the distance is
1/2
d(s, t) = (]E [(XS - Xt)z]) / . In this case, the bound is optimal since, by Sudakov mi-
noration [61, Lemma 2.1.2], E [supteT Xt] is also lower bounded by a constant times

v2(T,d). We recall here a generalization of Theorem (18 under a more general assump-
tion.

Theorem 19 (Talagrand [61]). Let T be a space provided with two pseudo distances di and
dy. Let (X¢)ter be a centered real-valued process satisfying for any s, t € T and any u > 0,

. uz u_
P (X — Xl > u) <2exp (— mm(m' dq (s, t))) '

Then there exists a universal constant L such that

E [sup Xt] < L()/l(T, dl) + )/Q(T, dz)) .
teT
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The proof is contained in Talagrand [61, Chapter 1]. It is important to note that there
exist analogous theorems for the tail probabilities of sup X;, see van der Vaart [64]. The
proofs of Theorem (18| and [19] are also contained in van der Vaart [64, Chapter 2]. A
weaker inequality is Dudley’s entropy bound. The generic chaining entropy bound
can be bounded by Dudley’s entropy: there exists a universal positive constant L such
that for any = 1,2, we have

A(T)
yp(T,d) <L f (log N(T, d, €))"/de (2.11)
0

where N(T,d, €) refers to the minimal number of balls of radius € needed to cover the
set T. A(T) denotes the diameter of the set T.

2.4.3 A risk bound for a sub-Gaussian bounded class ¥

Most of the bounds in the literature hold for bounded random variables f(X) with
f € ¥. Here we state one of the simplest results when the random variables f(X) are
uniformly bounded for any f € .

Theorem 20. Let Xy, ..., X, be i.i.d random variables taking values in X. Let B be a positive
real number and let 6 € (0,1/2). We assume that for any f € ¥ and for any x € X, f(x) < B.

Forany f,f' € ¥, let d(f, f’) = sup,cx |f(x) — f'(x)|. Let f = argminfe(lt % Y1 f(X;) and
let f* = argmin ;.o IEf(X). Then there exists a universal constant K such that

In(261
mj';— Mg < K(y2(F,d) + B) n( - )

with probability at least 1 — 20.

We postpone the proof of Theorem 20| to Section Empirical risk minimization
method can have a poor performance in case of heavy-tailed distributions. Indeed,
the empirical mean is already a poor estimate of the mean for heavy-tailed random
variables. In Chapter3we study empirical risk minimization for unbounded functions
based on minimizing Catoni estimator defined in Section[2.2.2]

2.5 Multivariate estimation with U-statistics

In this section, we investigate the estimation of the mean of functions of several inde-
pendent random variables via U-statistics. We base our notation on de la Pefia and
Giné [23]. The object of interest is a multivariate real-valued function & : X — RR. The
function h is called a kernel of order m. Our goal is to estimate the quantity Eh(Xy, ..., Xy)
where the random variables X; are independent and identically distributed. If one has
access to an i.i.d. sample Xy, ..., X, and if m divides n, one can split the data into the
sample Y1 1= (X1,..., Xw), Y2 := (Xiu+1,.-., Xom), ... and use a robust estimator defined
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in Section or in Section as a replacement of the empirical mean estimator in
(2.1) directly on this new sample. The (Y;); are independent and so Theorems |4/ and
apply with no extra work. For example, the Catoni estimator p1,(h) is a solution of

n/m-—1

= N (@Kt Xm) — pal)]) = 0 (2.12)
i=0

for a = w/Zm N0~ and any fixed V such that V > Var (h(Xy, ..., X;;)). A direct use of
Theorem [4] for the sample (Y;); gives, with probability at least 1 — 0,

Fal) = Eh(X1, .., X)] < 2V2 o] L1000 : (2.13)

The definition of the Catoni estimator in Equation (2.12) is based on the empirical mean
estimator of the random variable %qﬁ (oz [h(Xl’mH, oo s X(iptym) — ya(h)]). Nevertheless,
the empirical mean estimator is known to have a larger variance (see Hoeffding [30])
than the U-statistics

Un(h) = Z WXy, Xi)

(i1mnyim) €I

where
L, ={(i1, codm) i1 <idj<m, i # 0 if ]qék}

The principal idea behind the definition of Uy, (h) is to use every value h(X;,,...,X;,)
in order to reduce the variance of the estimator. But, unlike in (2.12), the terms in
the sum are not all independent. In consequence, the theorems giving concentration
inequalities for functions of independent random variables cannot be used. In Section
2.5.1, a concentration inequality for the U-statistics estimator for bounded random
variables is recalled. Section is dedicated to two examples of applications of
U-statistics in the case of bivariate kernels.

2.5.1 A result for bounded kernels

In this section, we introduce the terminology of U-statistics. In the case of a bounded
kernel 11, a sub-Gaussian concentration inequality for U, (h) is obtained.

A kernel is symmetric if for all x1,...,x, and for any permutation o of {1,...,n},
h(xg,,...,%5,) = h(x1,...xy). A symmetric kernel & is said to be P-degenerate of order
g-1,1<qg<m,ifforallxy,...,x;1 € X,

fh(aq,...,xm)de_q”(xq,...,xm):fh(xl,...,xm)dpm(x1,...,xm)

and

(X1,...,x5) & fh(xl,...,xm)dP’”‘q(qu,...,xm)
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is not a constant function. Denote by Eh the value of f h(x1, ..., Xpm)dP™(x1, ..., Xm).
When g = m, the kernel # is said to be P-canonical. P-canonical kernels appear in
Hoeftding’s decomposition of the U-statistics U, (h). See in Chapter[for a rigorous
definition of Hoeffding’s decomposition. The following theorem is due to Arcones and
Giné [6].

Theorem 21 (Arcones and Giné [6]). Let h be a kernel of order m such that h — Eh is a
symmetric P-canonical kernel. We assume ||h||, < co. Then there exist finite positive constants
c1 and cp depending only on m such that for any 6 € (0, 1),

In (%2)
n
For any m > 1, the rate of convergence in 7 in Theorem [21]is faster than the result in
(2.13). Here, the degenerate property of the kernel implies faster rates of convergence.
In Chapter {4, we develop a generalized version of the median-of-means estimator for
kernels of order m. A similar speed of convergence for unbounded heavy-tailed kernels
— with a P-degenerate property — is obtained in Theorem

U, (1) — Eh| < c1[hlleo [

with probability at least 1 — 6.

2.5.2 Two applications for the case m = 2

The case m = 2 is of special interest. We present here two statistical learning problems
where U-statistics are used.

The ranking problem

Let (X, Y) be a pair of random variables taking values in X X R. The random variable
X is the observed random variable and Y can be seen as a score of X. Let (X’,Y’) be a
independent copy of (X, Y) and let Z = Y - Y’. We think about X being better than X" if
Z > 0. In the ranking problem, we have access to X and X’ but the random variables Y
and Y’ remain hidden. A ranking ruleis a function7: XXX — {-1,1} wherer(x,x") =1
if the rule ranks x higher than x’. The ranking risk is given by

Lr)=P(Z -r(X,X')<0) .
Assume that (X1, Y1), ..., (Xy, Yy) are n independent copies of (X, Y). A natural estimate

of Lis

1
Lu(r) = P Z L4(v,-Y,) (X, X))<0} - (2.14)
i, i#]

The estimate L, (r) is a U-statistic with abounded kernel. The kernel in (2.14) is bounded
and Theorem 2T]applies for the U-statistics L,(r) for m = 1. See Vayatis [66] for a recent
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survey on ranking problems.

A clustering problem

Clustering techniques are about partitioning the data Xj,..., X, into a given finite
number K of groups so that the observations in the same group are similar. For any
partition  of the space X, we denote by ¢p : X?> — {0, 1} the binary function

Vx) € X2, dp(rx) = Y L uecy
CeP

that indicates if the two points x and x” belong to the same cell C of the partition. A
measure of dissimilarity D : X*> — R" is a symmetric positive-definite function. The

performance of a partition can be measured by E [D(X, X') - pp(X, X’)]. A convenient
estimate is the U-statistic

1
nn-1)

Wa(P) = Y D(X;, X)) - bp(Xi, X)) -
i]

If the dissimilarity measure D is unbounded, Theorem [21| does not apply and the
standard U-statistic W, may be heavy-tailed. In Chapter[4, we develop an estimator to
replace the U-statistic for possibly heavy-tailed distributions. In Chapter[3} we discuss
a special case called K-means clustering.

2.6 Proofs

2.6.1 Proof of Theorem 4

The proof relies on a clever use of Markov’s inequality. For any a > 0,

E [exp(rar(u)] = [ | B [exp(¢ (alX; - u]))]
i=1

2 n
< (1 +aE[X - u] + %IE |(x - y)z])

a? a2 n
< (1 +a(E[X] - [l) + 7V + 7(IE [X] - y)z)
< exp (na (]E [X]—-p+ %V + %(IE [X] - y)z))

By Markov’s inequality, with probability at least 1 — 6,

In(6™1)

r(u) < B[X] - p + %V+ %(]E [X] - ) + == = B* ()
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The expression B*(u) on the right-hand side has a zero if and only if 1 — 2a(aV/2 +
In(67')/na) > 0. Denote by u* the smallest solution of B*(u) = 0. It is given by

1-4/1- 2a In(s-1
=E[X]+ J )SE[X]+2(ﬂ/+M).
2 no
Optimizing the parameter a gives o = /== 21n(6 ) and ut <E[X]+2V24/2 V]n(é ) Since
r is a non-increasing function of y, for all y > ut, r(u) < 0 then u < p*. The same

argument gives the lower bound for pi using the second inequality in (2.5).

2.6.2 Proof of Theorem 5

We first show a weak concentration inequality of each empirical mean for each block
Bi. By Chebychev’s inequality,

|V
VYk=1...,N ]P(ygk—]E[X]Z W]Si’. (2.15)
|V
={k€{1,...,N}1y3k—]E[X]Z W}‘

By definition of 1/ as a median,

_ v N
]P[y—]E[X] > ‘/|Bk|r] <]P(N > E)

Note that N, is a sum of independent Bernoulli random variables of parameter bounded

Let

by r. Let B be a binomial random variable with parameters N and r. Then IP (Nr > %) <

]P(B > %’) The Cramér transform of the Bernoulli distribution with parameter r is
given, for t € [r, 1], by ¢;(t) = tln(f) +(1-19) ln(%). Then for t = %,

IP(B > %]) < ¢ 2 nGr) |

We choose ¥ = (1 — V1 —¢72)/2 and N > In(67') so that IP (B > ) < 0. The regularity

condition ensures that for all k, |Bx| > 1/2N. The constant 2 V6e = V2 V12e comes from
r>1/(12e).

2.6.3 Proof of Theorem [6l

The proof is similar to the proof of Theorem[5}, Chebychev’s inequality (2.15) is replaced
by the following lemma. This result can be found in Bubeck, Cesa-Bianchi and Lugosi
[16] Lemma 3].
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Lemma 22. Let Xy,..., X, be i.i.d. real random variables. Let € € (0,1]. Assume that

1
(]E|X1 -E[X1] |1+"3)“€ < oo, Let = %2?21 Xj. Then for any 6 € (0,1) with probability at
least 1 — r, we have )
_ L3\t

1+e\1+e

- EIX] < (BIX: - B3] )™ (=)

The end of the proof of Theorem@ is similar with

Nr =
rn€

{k €{l,...,N} : pp, —E[X] 2 (IE|X1 -E[X1] |l+€)11? (i)m} )

2.6.4 Proof of Theorem [7I

The proof uses the following lemma.

Lemma 23. Let H be a Hilbert space. Let x1, ..., xx € H and let x, be their geometric median.
Fixa € (0,1/2) and r > 0. Let Cy = (1 — a)(1 — 2a)"V/2. Assume that z € H is such that
llx. — z|| > Cur. Then there exists a subset | C {1, ...k} of cardinality |J| > ak such that for all
j€], |x]-—z|| > 7.

Let

_[EIX-EXIPIN
np*(@) '
By Chebychev’s inequality, for all 1 < i < N, IP(”yBi -E [X]” > E) < p(a). Assume
thatevent & := {”ﬁ -E [X]| > Cae} occurs. Lemma [23|implies that there exists a subset
J €1{1,...,N} of cardinality |J]| > aN such that ||yB], -E [X]” > ¢ forall j € . Hence,

N
]P(S) < ]P[Z ]l{||}lB]-—]E[X]||>€} >aN| < ]P(W > aN)

=1

where W is a binomial random variable with parameters N and p*(«). Chernoff’s bound
(e.g., Proposition A.6.1 in [64]) implies that

P (W > aN) < exp(-Ny(a, p*(@)))

By definition of p*(a), Y(a, p*()) > 1, then IP (§) < 6 which concludes the proof.

2.6.5 Proof of Theorem

Let W be a 1-net on the sphere S~ and let Ky be the polytope of |W]| facets associated
with W. We need to show that

B(0,1) € Kw < 2B(0,1) .
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By definition of the polytope Ky, the first inclusion is immediate. The second inclusion
says that if x does not belong to 2B(0, 1) then x does not belong to K. In other words,
if [|x|| > 2 then there is a w € W for which x - w > 1. Equivalently, for every unit vector
0 € %! there is aw € W such that

NI~

The 1/2-cap about w is
{eesd—l : G-wzl} .
2
Any 0 in the 1/2-cap about w satisfies [|0 —w|| < 1 (see Figure[2.5). Then the second

o}
—

Figure 2.5: The 1-cap about w. This figure is extracted from Ball [8].

inclusion is satisfied if for any vector 0 € $%~! there exists a w € W such that 0 belongs
to the 1/2-cap about w. The definition of a 1-net ensures that such a w always exists.

2.6.6 Proof of Theorem
Forany f € 7, wedefine Z; = 1 ¥ f(X;). Then Ef ~Ef* = ]Ef—zﬁzf—zf* + 75 —Ef".

T n

Note that Z - Zp < 0. The process Yy := Zy — [Ef is centered, and, by Theorem

un
]P(IYf -Ypl2 u) < 2exp(—d(f f’)z) .
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A use of Corollary 2.2.5 in [64] ensures that, with probability at least 1 — 6,

-~ In(2671
IEf —Z+< sup IYf - Yf*l + |Zf* - lEf*l < L)/z(gj, d) n( )

< +|Zs - Ef7].
f FeF n f

Another use of Theorem 2| gives

2
IP(|Zf* ~Ef'| > u) < 2exp(—uB—2n) .

Equivalently, with probability at least 1 — 9,

In(2671)

. — | <
Zp —Ef1< By —

This concludes the proof.






Chapter 3

Empirical risk minimization with
heavy tails

The purpose of this chapter is to discuss empirical risk minimization when the losses
are not necessarily bounded and may have a distribution with heavy tails. In such
situations usual empirical averages may fail to provide reliable estimates and
empirical risk minimization may provide large excess risk. However, some robust
mean estimators proposed in the literature may be used to replace empirical means.
In this chapter we investigate empirical risk minimization based on a robust estimate
proposed by Catoni. We develop performance bounds based on chaining arguments
tailored to Catoni’s mean estimator. This chapter is a joint work with Christian
Brownlees and Gabor Lugosi. It is based on a paper [15] to appear in the Annals of
Statistics.
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3.1 Introduction

Heavy tailed data are commonly encountered in many fields of research (see, e.g.,
Embrechts, Kliippelberg and Mikosch [26] and Finkenstadt and Rootzén [28]). For
instance, in finance, the influential work of Mandelbrot [47] and Fama [27] documented
evidence of power-law behavior in asset prices in the early 1960’s. When the data have
heavy tails, standard statistical procedures typically perform poorly and appropriate
robust alternatives are needed to carry out inference effectively. In this chapter, we
propose a class of robust empirical risk minimization procedures for such data that are
based on a robust estimator introduced by Catoni [20].

Empirical risk minimization is one of the basic principles of statistical learning that is
routinely applied in a great variety of problems such as regression function estimation,
classification, and clustering. The general model may be described as follows. Let X
be a random variable taking values in some measurable space X and let ¥ be a set of
non-negative functions defined on X. For each f € ¥, define the risk m; = Ef(X)
and let m* = infscy my denote the optimal risk. In statistical learning n independent
random variables Xj, ..., X, are available, all distributed as X, and one aims at finding
a function with small risk. To this end, one may define the empirical risk minimizer

1y
fErM = argmin - Z f(Xi),

fef i=1

where, for the simplicity of the discussion and essentially without loss of generality,
we implicitly assume that the minimizer exists. If the minimum is achieved by more
than one function, one may pick one of them arbitrarily.

Remark. (rLoss FUNCTIONS AND Risks.) The main motivation and terminology may
be explained by the following general prediction problem in statistical learning. Let
the “training data” (Z1, Y1), ..., (Zs, Y») be independent identically distributed pairs of
random variables where the Z; take their values in, say, R” and the Y; are real-valued.
In classification problems the Y; take discrete values. Given a new observation Z, one
is interested in predicting the value of the corresponding response variable Y where
the pair (Z, Y) has the same distribution as that of the (Z;, Y;). A predictor is a function
g : R" — R whose quality is measured with the help of a loss function { : RXR — R,.
The risk of g is then E€(g(Z),Y). Given a class G of functions g : R” — R, empirical
risk minimization chooses one that minimizes the empirical risk (1/n) Y.\, €(3(Z;), Y)
over all ¢ € G. In the simplified notation followed in this chapter, X; corresponds to
the pair (Z;, Y;), the function f represents £(g(-), ), and m substitutes E£(g(Z), Y).

The performance of empirical risk minimization is measured by the risk of the
selected function,
merm = E [ferm(X)1X1, ..., Xi] .

In particular, the main object of interest for this chapter is the excess risk mgryv — m”.
The performance of empirical risk minimization has been thoroughly studied and
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well understood using tools of empirical process theory. In particular, the simple

observation that
n

%Zf(xi)_mf /

i=1

mgrM — M < 2sup
fer

allows one to apply the rich theory on the suprema of empirical processes to obtain
upper performance bounds. The interested reader is referred to Bartlett and Mendelson
[10], Boucheron, Bousquet, and Lugosi [13], Koltchinskii [38], Massart [48], Mendelson
[51], van de Geer [63] for references and recent results in this area. Essentially all of
the theory of empirical minimization assumes either that the functions f are uniformly
bounded or that the random variables f(X) have sub-Gaussian tails for all f € F. For
example, when all f € ¥ take their values in the interval [0, 1], Dudley’s [25] classical
metric-entropy bound, together with standard symmetrization arguments, imply that
there exists a universal constant ¢ such that

1
Emgrpm — m" < LIEf A ﬂog Nx (¥, e)de, (3.1)
Vi Jo

where for any € > 0, Nx(¥,¢) is the e-covering number of the class ¥ under the

empirical quadratic distance dx(f, g) = (% (X)) - g(Xi))z)l/Z, defined as the min-
imal cardinality N of any set {fi,..., fy} € F such that for all f € F there exists an
fi € {f1, ..., fn} with dx(f, fj) < e. Of course, this is one of the most basic bounds and
many important refinements have been established.

A tighter bound may be established by the so-called generic chaining method, see
Talagrand [61]. Recall the following definition (see, e.g., [61, Definition 1.2.3]). Let T
be a (pseudo) metric space. An increasing sequence (A,) of partitions of T is called
admissible if foralln = 0,1,2,..., #A, < 22". For any t € T, denote by A, (t) the unique
element of A, that contains t. Let A(A) denote the diameter of the set A C T. Define,
forp=1,2,

— 3 n/
yp(T,d) = infsup Z 2YBA(AL(D)),

n teT n>0

where the infimum is taken over all admissible sequences. Then one has
. C
Emgrm —m" < —Ey»(F, dx), (3.2)
\n

for some universal constant c. This bound implies as y2(¥,dx) is bounded by a
constant multiple of the entropy integral fol vVlog Nx(F, €)de (see, e.g., [61]).

However, when the functions f are no longer uniformly bounded and the random
variables f(X) may have a heavy tail, empirical risk minimization may have a much
poorer performance. This is simply due to the fact that empirical averages become poor
estimates of expected values. Indeed, for heavy-tailed distributions, several estimators
of the mean are known to outperform simple empirical averages. It is a natural idea
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to define a robust version of empirical risk minimization based on minimizing such
robust estimators.
In this chapter we focus on an elegant and powerful estimator proposed and ana-
lyzed by Catoni [20]. (A version of) Catoni’s estimator may be defined as follows.
Introduce the non-decreasing differentiable truncation function

2 2
P(x) = —Lix<qy log (1 -x+ %) + Lixs0; log (1 +x+ %) . (3.3)

To estimate my = Ef(X) for some f € #, define, forall u € IR,

— 1 v
W = — Zf P(a(f(X) - )

where @ > 0 is a parameter of the estimator to be specified below. Catoni’s estimator
of my is defined as the unique value ﬁf for which ’r}(ﬁ £) = 0. (Uniqueness is ensured
by the strict monotonicity of y + 7¢(u)). Catoni proves that for any fixed f € ¥ and
0 € [0,1] such that n > 2log(1/6), under the only assumption that Var (f(X)) < v, the

estimator above with
2log(1/0)
a = ,
n (ZJ + 2vlog(1/0) )

n(1-(2/n)log(1/6))

satisfies that, with probability at least 1 — 26,

- 2vlog(1/6)
LATIE \/n(l ~2/n)log(1/0)) 4

In other words, the deviations of the estimate exhibit a sub-Gaussian behavior. The
price to pay is that the estimator depends both on the upper bound v for the variance
and on the prescribed confidence 6 via the parameter a.

Catoni also shows that for any n > 4(1 + log(1/0)), if Var (f(X)) < v, the choice

2
a=4/—
no

guarantees that, with probability at least 1 — 20,

|mf —ﬁf| < (1+log(1/0)) \/g (3.5)

Even though we lose the sub-Gaussian tail behavior, the estimator is independent of
the required confidence level.
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Given such a powerful mean estimator, it is natural to propose an empirical risk
minimizer that selects a function from the class F that minimizes Catoni’s mean esti-
mator. Formally, define

f= argmin iy
feF
where again, for the sake of simplicity we assume that the minimizer exists. (Otherwise
one may select an appropriate approximate minimizer and all arguments go through
in a trivial way.)
Once again, as a first step of understanding the excess risk m - m”, we may use the
simple bound

mﬁ—m*:(mﬁ—ﬁﬁ)+( A—m*)SZSupm -y -
f Fory f feT| f f|

When ¥ is a finite class of cardinality, say || = N, Catoni’s bound may be combined,
in a straightforward way, with the union-of-events bound. Indeed, if the estimators ¢
are defined with parameter

210g(N/0)
a = S ’
n (ZJ n 2vlog(N/6) )

n(1-(2/n)log(N/0))

then, with probability at least 1 — 20,

su |m _A|< 2vlog(N/6)
rer T A= AT = 2/m) log(N/0))

Note that this bound requires that sup . Var (f(X)) < v, that is, the variances are

uniformly bounded by a known value v. Throughout the chapter we work with this
assumption. However, this bound does not take into account the structure of the class ¥
and it is useless when ¥ is an infinite class. Our strategy to obtain meaningful bounds
is to use chaining arguments. However, the extension is nontrivial and the argument
becomes more involved. The main results of the chapter present performance bounds
for empirical minimization of Catoni’s estimator based on generic chaining.

Remark. (MEDIAN-OF-MEANS ESTIMATOR.) Catoni’s estimator is not the only one with
sub-Gaussian deviations for heavy-tailed distributions. Indeed, the median-of-means
estimator, proposed by Nemirovsky and Yudin [53] (and also independently by Alon,
Matias, and Szegedy [2]) has similar performance guarantees as (3.4). This estimate
is obtained by dividing the data in several small blocks, calculating the sample mean
within each block, and then taking the median of these means. Hsu and Sabato [32] and
Minsker [52] introduce multivariate generalizations of the median-of-means estimator
and use it to define and analyze certain statistical learning procedures in the presence of
heavy-tailed data. The sub-Gaussian behavior is achieved under various assumptions
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on the loss function. Such conditions can be avoided here. As an example, we detail
applications of our results in Section 3.4 for three different examples of loss functions.
An important advantage of the median-of-means estimate over Catoni’s estimate is
that the parameter of the estimate (i.e., the number of blocks) only depends on the
confidence level 6 but not on v and therefore no prior upper bound of the variance
v is required to compute this estimate. Also, the median-of-means estimate is useful
even when the variance is infinite and only a moment of order 1 + € exists for some
€ > 0 (see Bubeck, Cesa-Bianchi, and Lugosi [16]). Lerasle and Oliveira [42] consider
empirical minimization of the median-of-means estimator and obtain interesting results
in various statistical learning problems. However, to establish metric-entropy bounds
for minimization of this mean estimate remains to be a challenge.

The rest of the chapter is organized as follows. In Section 3.2 we state and discuss
the main results of the chapter. Section [3.3|is dedicated to the proofs. In Section
we describe some applications to regression under the absolute and squared losses
and k-means clustering. Finally, in Section[3.5we present some simulation results both
for regression and k-means clustering. The simulation study gives empirical evidence
that the proposed empirical risk minimization procedure improves performance in a
significant manner in the presence of heavy-tailed data. Some of the more technical
arguments are relegated to the Appendix.

3.2 Main results

The bounds we establish for the excess risk depend on the geometric structure of the
class ¥ under different distances. The L,(P) distance is defined, for f, f" € ¥, by

af, ) = (E[(Fe0 - £ o))
and the L., distance is

D(f, f') = sup|f(x) - f'(x)| -

xeX
We also work with the (random) empirical quadratic distance

; 12
dx(f, f') = [% Z(f(Xi) - f/(Xi))z) :
p

Denote by f* a function with minimal expectation

f*=argminmy .
feFr
Next we present two results that bound the excess risk m Fmy of the minimizer
J?of Catoni’s risk estimate in terms of metric properties of the class . The first result
involves a combination of terms involving the ), and y; functionals under the metrics
d and D while the second is in terms of quantiles of y, under the empirical metric dx.
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Theorem 24. Let ¥ be a class of non-negative functions defined on a set X and let X, X, . .., Xy,
be i.i.d. random variables taking values in X. Assume that there exists v > 0 such that
sup g Var (f(X)) <. Let 6 € (0,1/3). Suppose that fz's selected from F by minimizing
Catoni’s mean estimator with parameter . Then there exists a universal constant L such that,
under the condition

( N 2 log(é‘l))
na

1
6|lav <-,
o

+ Llog(26_1) (7/2(7;/ d) + 71(71 D))

Vn n
with probability at least 1 — 30, the risk of fsatisﬁes
2log (67! F,d) 31(F,D
me—mp < 6(av + ﬂ) - Llog(Z(S'])(n( ), )) .
f no Vi "

Theorem 25. Assume the hypotheses of Theorem 24, We denote by diamy(F) the diameter of
the class F under the distance d. Set T's such that P (yo(F,dx) > I's) < g. Then there exists a
universal constant K such that, under the condition

8

2log (67! log(3
6 (ozv + M) + Kmax([s, diamg(F)) ﬂ < 1 ,
na n a
with probability at least 1 — 30, the risk of fsatisﬁ'es
log(5)

+ Kmax([s, diamy(F))

2 log(é‘l)
f na

Me—tp < 6(av +

In both theorems above, the choice of a only influences the term av+2log(671)/(na).

By taking @ = +/21og(671)/(nv), this term equals

5 2vlog(671)
\/ - :

For example, in that case, the condition in Theorem reduces to

[2v1og(671) . (y2(F,d)  y1(F,D) [ no

This holds for sufficiently large values of n. This choice has the disadvantage that
the estimator depends on the confidence level (i.e., on the value of §). By taking

a = 4/2/(nv), independently of 6, one obtains the slightly worse term

\/2712(1 +log(671)) .
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Observe that the main term in the second part of the bound of Theorem [24]is

Llog(1H 2279

which is comparable to the bound obtained under the strong condition of f(X)
being uniformly bounded. All other terms are of smaller order. Note that this part of
the bound depends on the “weak” distribution-dependent L,(P) metric d. The quantity
y1(F,D) > y2(F,d) also enters the bound of Theorem 24| though only multiplied by
1/n. The presence of this term requires that ¥ be bounded in the L., distance D which
limits the usefulness of the bound. In Section we illustrate the bounds on two
applications to regression and k-means clustering. In these applications, in spite of the
presence of heavy tails, the covering numbers under the distance D may be bounded
in a meaningful way. Note that no such bound can hold for “ordinary” empirical risk
minimization that minimizes the usual empirical means (1/n) Y/, f(X;) because of the
poor performance of empirical averages in the presence of heavy tails.

The main merit of the bound of Theorem 25|is that it does not require that the class
¥ has a finite diameter under the supremum norm. Instead, the quantiles of (¥, dx)
enter the picture. In Section (3.4 we show through the example of L, regression how
these quantiles may be estimated.

3.3 Proofs

The proofs of Theorems [24{ and 25| are based on showing that the excess risk can be
bounded as soon as the supremum of the empirical process {X((u) : f € F} is bounded
for any fixed y € R, where for any f € ¥ and u € R, we define X¢(u) = 7¢(1) — 7(u)
with

- 1

(1) = ~E[9a(f(X) - )]

and

— 1 v
7140 = g L XD = ).

The two theorems differ in the way the supremum of this empirical process is bounded.

Let Ay(0) = av + 2log(671)/(na).

Once again, we may assume, essentially without loss of generality, that the mini-
mum exists. In case of multiple minimizers we may choose one arbitrarily. The main
result in [20] states that for any 6 > 0 such that a?v + 2log(6™!)/n < 1, with probability
atleast 1 — 29,

[ty —mp| < Aal0). (3.6)

Let Q- (0) be the event on which inequality holds. By definition, IP (Q I (6)) >1-26.
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3.3.1 A deterministic version of [

We begin with a variant of the argument of Catoni [20]. It involves a deterministic
version (i, of the estimator defined, for each f € 7, as the unique solution of the

equation 7¢(y) = 0.
In Lemma below we show that 1 £ is in a small (deterministic) interval centered
atmy. Forany f € ¥, u € R, and ¢ > 0, define

+ — (ms— Y-+ &
Bf(y,e)—(mf y)+2(mf y)+20+£,
N a 2 _a :
Br(p, &) = (myp—p) = 5(mp—p)"—50-¢
and let
‘u;(e):mf+av+2e, ‘uj?(e):mf—av—Ze.

As a function of , B;:(y, ¢) is a quadratic polynomial such that y;;(s) is an upper bound
of the smallest root of B;;(y, €). Similarly, [u}(s) is a lower bound of the largest root
of BJZ(‘u, ¢). Implicitly we assumed that these roots always exist. This is not always

the case but a simple condition on a guarantees that these roots exists. In particular,
1-a?v-2ae >0 guarantees that B}“(y, ¢)=0and Bjj(y, €) = 0 have at least one solution.

This condition will always be satisfied by our choice of € and a.

Still following the ideas of [20], the next lemma bounds 7¢(u) by the quadratic
polynomials B* and B~. The lemma will help us compare the zero of 7¢(u) to the zeros
of these quadratic functions.

Lemma 26. Forany fixed f € ¥ and u € R,
B (u,0) < 7¢(w) < B(u,0), (3.7)
and therefore myg — av < yi¢ < my + av. In particular,
B—(u,0) < 7Au) < BYu,0).
A 0) <TRp) < B, 0)
For any p and ¢ such that ?J;(y) <e¢ if1 —a?v—2ae >0, then

mfAs u+av+2¢. (3.8)
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Figure 3.1: Representation of 7¢(u) and the quadratic functions B (u, 0) and B}(y, 0).

£

/ .
7r(u) is squeezed between Bjj(y, 0) and Bj;(y, 0). In particular at y}“(O) (resp. y}j(O)),
7¢(u) is non-positive (resp. non-negative). Any p such that 7¢(u) < ¢ is above y;(s).

Proof. Writing Y for a(f(X) — u) and using the fact that ¢(x) < log(1 + x + x2/2) for all
x€eR,
2

< 1+a(mf—y)+%[v+(mf—y)2]
< exp (aB}r(y, O)) .

exp (a?f(y)) < exp (IE [log(l +Y+ %2)

Y2
1+Y+ —
+ +2

IA

E

Thus, we have 7¢(u) - B}“(y, 0) < 0 (see Figure 3.3.1). Since this last inequality is true
for any f, sup f(?f(y) - B}r(y, 0)) < 0 and the second inequality of is proved. The
second statement of the lemma may be proved by a similar argument.

If ?J;(y) < ¢ then Bj}y, 0) < ¢ which is equivalent to Bj‘g‘u, €)<0.If1-a*v—2ae>0
then a solution of BJ}(#, ¢) = 0 exists and since ?J;(y) is a non-increasing function, u is

above the largest of these two solutions. This implies lu};(e) < u which gives inequality

(3.8) (see Figure|3.3.1). ]
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Inequality 1) is the key tool to ensure that the risk m onf the minimizer J?can be
upper bounded as soon as ffAis. It remains to find the smallest 1 and ¢ such that 7¢(u)
is bounded uniformly on 7.

3.3.2 Bounding the excess risk in terms of the supremum of an empirical
process

The key to all proofs is that we link the excess risk to the supremum of the empirical
process X¢(u) = 7¢(u) — 7¢(u) as f ranges through ¥ for a suitably chosen value of .
For fixed u € R and 6 € (0,1), define the 1 — 6 quantile of SUp (e IXr(p) — Xp ()l by
Q(u, 0), that is, the infimum of all positive numbers g such that

IP{sup X () = Xp ()l < q} >1-95.
fexr
First we need a few simple facts summarized in the next lemma.

Lemma 27. Let o = my + An(6). Then on the event Qf(5), the following inequalities hold:
1. ;’\f”([vlo) <0

3. 7f(o) < 2A4(6)
Proof. We prove each inequality separately.

1. First note that on Q(9) inequality holds and we have ﬁfAS s < . Since

?}Ais a non-increasing function of y, rj;{yo) < /r}ﬁ(ﬁ ﬁ =0.

2. By , ﬁf* < Mg+ av < My + v+ 210g((5_1)/(na) = po. Since 7f* is a non-
increasing function, 7 ¢ (uo) < 75(u f*) =0.

3. f- is a 1-Lipschitz function and therefore

[re(uoll = [r-(up) =7p-(po)l < [ty — pol
< [up —mpl+lmp — pol
< 2A,(0)

which gives =7 (ug) < 2A4(9).
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We will use Lemma 26| with iy introduced in Lemma Recall that IP (Q f*(é)) >
1-26.
With the notation introduced above, we see that with probability at least 1 - 6,

o) < THpo) + 5 (o) =T (o) + Fﬂm)—?uo) — 75+(to) +7f*(H0)|
< THu0) + T5-(1o) = T7-(o) + sup [ (110) = Tr(wo) = 75-(po) + 7-(io)|
fer
<

Tu0) + 7 (uo) =75 (pt0) + Qluto, 0) -
This inequality, together with Lemma [27} implies that, with probability at least 1 — 39,
?f(#o) < 2A4(0) + Q(uo, 6) .

Now using Lemma 26| with ¢ = 2A4,(6) + Q(uo, 0) and under the condition 1 — a’v —
4aAn(8) — 2aQ(uo, 0) = 0, we have

IA

m-=— THf*

; av + 5A4(8) + 2Q(uo, 6)

IA

2log(671)
6 (av + T) + ZQ([J(), 6) , (39)

with probability at least 1 — 36. The condition 1 — a?v — 4aA4 () — 2aQ(uo,6) = 0is
satisfied whenever

2log(671h) 1
6(0(?] + T + ZQ(‘UO, 5) < (;

holds.

3.3.3 Bounding the supremum of the empirical process

Theorems [24] and 25| both follow from by two different ways of bounding the
quantile Q(u, 6) of sup feF |X¢(1t) — Xp-(u)l. Here we present these two inequalities.
Both of them use basic results of “generic chaining”, see Talagrand [61]. Theorem
follows from and the next inequality:

Proposition 28. Let u € R and a > 0. There exists a universal constant L such that for any
6€(0,1),

O, ®) < Llogo™ (12722 , 1T D)) |

Vn n

The proof is an immediate consequence of Theorem [35/and (3.14) in the Appendix
and the following lemma.
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Lemma 29. Forany u € R, a >0, f,f' € F,andt >0,

nt?
]P X —X ’ t S 2 - ’
(%160 = Xp 1> ) eXp[ 2(d(f, f)2 + 2L )t))

where the distances d, D are defined at the beginning of Section

Proof. Observe that n(Xr(u) — X (u)) is the sum of the independent zero-mean random
variables

CUAf) = ~Palf(X) — )~ ~dlalf(X) - w)
[ [otatr) - )] - TE[pagr 0 - w]|

Note that since the truncation function ¢ is 1-Lipschitz, we have Ci(f, f’) < 2D(f, f').
Also,

n

Y EIC(E < Y E[((FX) = 1) = (f/(X0) = )] = nd(f, £')?
i=1

i=1

The lemma follows from Bernstein’s inequality (see, e.g., [14, Equation (2.10)]). m|

Similarly, Theorem [25|is implied by and the following. Recall the notation of
Theorem

Theorem 30. Let y € R, @ > 0, and 6 € (0,1/3). There exists a universal constant K such
that

log(g)

Q(u, 6) < Kmax(I's, diamy(F))

Proof. Assume I's > diamy(¥). The proof is based on a standard symmetrization
argument. Let (X/, ..., X},) be independent copies of (X3, ..., X;) and define

Zi(f) = 9D - ) =~ $(a(FXD) - k).

Introduce also independent Rademacher random variables (¢1, ..., &,). Forany f € F,
denote by Z(f) = Y., €iZi(f). Then by Hoeffding’s inequality, for all f, ¢ € ¥ and for
every t >0,

2
Peey,...e0) (Z(f) = Z(Q)1 > 1) < 2exp (—m) (3.10)

where P, ., denotes probability with respect to the Rademacher variables only

(i-e., conditional on the X; and X’) and dx x/(f, §) = \/Zle(Zi(f) - Zi(g))? is a random
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distance. Using in the Appendix with distance dxx and (3.10), we get that, for
all A >0,

n
Y ez f) - Zi(f)]

i=1

]E(Sl,...,é'n)

exp ()\ sup ]} <2exp (AZLZ')/Q(?, dxle)z / 4) (3.11)

fer
where L is a universal constant from Proposition Observe that since x — ¢(x) is
Lipschitz with constant 1,

dxx (f,8)

_ [L Y (6t - ) - d(atFx) - )
i=1
1/2

~p(a(g(Xs) — ) + Pla(g(X)) - H)))Z)

. ) 1/2 1 (1 X 1/2
[z D (Fex) - g(x2) ] +— [5 (feh-sxn) |-
i=1 i

<

<l

n
This implies
1
Vo(F,dx x) < —= (y2(F, dx) + y2(F,dx’)) .
Vn
Combining this with (3.11), we obtain

)

sup |Z(f) - Z(f")
feF

P (sup Z(f) - Z(f")
feF

IA

P

> t| 72, dx) < Ts & 1a(F dx) < T | + 2P (72 dx) > T)

IA

Ex x []E(sl,...,e,,) [e/\ SUpfe‘lei:l Ei[Zz’(f)—Zi(f*)H] ’ )/2(7:/ dx) < T & 7/2((7:, dy) < 1"5] oM

+§ (by the definition of T's)

IA

A’L?, o
2exp (Tl"é - /\t) + Z .
Optimization in A with t = 2LT’s 4/log(8/6)/n gives

>t <é
2 S5

A standard symmetrization inequality of tail probabilities of empirical processes (see,
e.g., [63, Lemma 3.3]) guarantees that
= t]

PP [sup 2() - 2(f)
feF

P

sup |Xf(y) - Xf*(‘u)| > 2t) <2P
fer

sup |Z(f) - Z(f")
feF



3.4. Applications 61

as long as for any f € F, IP(|Xf(y) — Xf*(y)| > t) < % Recall that X¢(u) — X () is
a zero-mean random variable. Then by Chebyshev’s inequality it suffices to have

t > V2diamy(F)/ Vn. Indeed,
Var (Xp(u) = Xp () Var(L@@(F(X) - ) - Lp(a(f(X) - w))

t2 nt?
E[(f(X) - £(X)?]
nt?
diamy(F)?
nt? '

Without loss of generality, we can assume L > 1. Since for any choice of 6 < 3,

J1og(8) > V2 we have LTs \/log(8) > diamy(¥) V2. Thus

log(3)
P|sup |X¢(u) — Xp-(u)| > 2LT 1<
feF "

as desired. Now, if I's < diamy(7), P (y2(F, dx) > diamy(F)) < g and the same argu-
ment holds for diam,(¥) instead of I's. This concludes the proof. O

3.4 Applications

In this section we describe two applications of Theorems [24{and [25|to simple statistical
learning problems. The first is a regression estimation problem in which we distinguish
between L; and L, risks and the second is k-means clustering.

3.4.1 Empirical risk minimization for regression
L; regression

Let(Z1,Y1),...,(Zy, Yy)beindependentidentically distributed random variables taking
values in Z X R where Z is a bounded subset of (say) R”. Suppose G is a class of
functions Z — R bounded in the Lo, norm, that s, sup . sup,. 7 I8(2)| < co. We denote
by A the diameter of G under the distance induced by this norm. First we consider the
setup when the risk of each g € G is defined by the L loss

R(g) = Elg(Z) - Y|

where the pair (Z, Y) has the same distribution of the (Z;, Y;) and is independent of them.
Let ¢* = argmin, R(g) be a minimizer of the risk (which, without loss of generality,
is assumed to exist). The statistical learning problem we consider here consists of
choosing a function g from the class G that has a risk R(g) not much larger than R(g").
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The standard procedure is to pick g by minimizing the empirical risk (1/n) Y, 19(Z;)—
Yilover g € G. However, if the response variable Y is unbounded and may have a heavy
tail, ordinary empirical risk minimization may fail to provide a good predictor of Y as
the empirical risk is an unreliable estimate of the true risk.

Here we propose choosing ¢ by minimizing Catoni’s estimate. To this end, we
only need to assume that the second moment of Y is bounded by a known constant.
More precisely, assume that EY? < ¢” for some o > 0. Then sup, Var (|3(Z) - Y]) <

20% +2 SUP e SUP.c 7 |g(z)|? =: v is a known and finite constant.
Now for all g € Gand u € R, define

— 1 v
e = — Zl] $(a(lg(Xi) = Yil = )

where ¢ is the truncation function defined in 1) Define E( g) as the unique value for

which ?;,(f{\(g)) = 0. The empirical risk minimizer based on Catoni’s risk estimate is
then _
¢ =argminR(g) .
8€G

By Theorem [24}, the performance of ¢ may be bounded in terms of covering numbers
of the class of functions ¥ = {f(z, y) = |g(z) — y| : § € G} based on the distance

D(f,f)= sup |g(z)-yl-1g' @) - y||<sup|g<z> g .
zeZ,yeR

Thus, the covering numbers of ¥ under the distance D may be bounded in terms of
the covering numbers of G under the L., distance. Denoting by N;(A, €) the e-covering
number of a set A under the metric d, we obtain the following:

Corollary 31. Consider the setup described above. We assume fOA log Neo(G, €)de < oco. Let

neN, o€ (0,1/3) and a = +/21log(671)/(nv). There exists an integer Ny and a universal
constant C such that, for all n > Ny, with probability at least 1 — 30,

R®@) - R(g") < 12\/%(5_1) 0g(25" 1)( f JIog N4(G, e)de + o( ))

Proof. Clearly, if two distances d; and d, satisfy dy < dp, theny1(¥,d1) < y1(F, d2). Thus,

Y1(F, D) £71(G, |l.ll) < LfOA log Neo(G, €)de < oo (see (3.15)) and y1(F,D)/n = O (1/n).
The condition

2vlog (67!
12\/@+Clog(26_1)( f ‘/Wd€+0( )) ﬁ

is satisfied for sufficiently large n. Apply Theorem m|
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Note that the bound essentially has the same form as but to apply it is
crucial that the response variable Y is bounded or at least has sub-Gaussian tails. We
get this under the weak assumption that Y has a bounded second moment (with a
known upper bound). The price we pay is that covering numbers under the distance
dx are now replaced by covering numbers under the supremum norm.

L, regression

Here we consider the same setup as in Section but now the risk is measured by
the L, loss. The risk of each g € G is defined by the L, loss

R(g) = E(g(2) - Y)*.

Note that Theorem 1 is useless here as the difference |[R(g) — R(g’)| is not bounded by the
L distance of ¢ and ¢’ anymore and the covering numbers of # under the metric D
are infinite. However, Theorem gives meaningful bounds. Let ¢ = argmin, . R(g)

and again we choose ¢ by minimizing Catoni’s estimate.

Here we need to assume that EY* < o2 forsome ¢ > 0. Then sup e Var (( 8(Z) - Y)z) <
802 + 8 sup 2e6 SUPze 7 |g(z)|* =: v is a known and finite constant.

By Theorem[25] the performance of g may be bounded in terms of covering numbers
of the class of functions ¥ = {f(z,y) = (¢(z) — y)* : ¢ € G} based on the distance

1 1/2
2
ax(f f) =~ Z‘ (@) =Y = () - Y3
1=

Note that

lg(z) - Y)* - (g ) - V)

18(Zi) — &' (Z)IIRY; — 8(Z;) — §'(Z))]
218(Z;) = §"(Z)I(Yil + A)
2d(g, &)(IYil +A),

IAIA

and therefore

dx(f, f)

IA

2es(3, ) J LY i+ A7
i=1

: ly
2V2dw(g, 8) A2+;;Yi2'

Var (Yz) 52
2

IA

By Chebyshev’s inequality,

]P(%iyf—nz[ﬁ] > t
i=1

<

< —
nt? nt
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thus £ Y7L, Y2 > B [Yz] + +/802/(nd) with probability at most /8 and

802

dx(frf,)>2\/§doo(g,g’) \/A2+]E[Y2]+ =

occurs with a probability bounded by §. Recall again that for two distances d; and d»
such that d; < cd; one has y2(G, d1) < ¢y2(G, d2). Then Theorem 25|applies with

2
Iy =2V34|A2 + E[¥2] + \/%Vz(@doo)

and I's > A > diamy(F).

Corollary 32. Consider the setup described above. Let n € IN, 6 € (0,1/3) and a =

2log(671)/(nv). There exists an integer No and a universal constant C such that, for all
n > Ny, with probability at least 1 — 30,

R(g) - R(g")

_ A
< 1 /MJrC llog(g)\/A2+1E[Y2]+802/(n6)f log Noo(G, €)de .
n o n 0

Proof. Apply Theorem [25/and note that the condition holds for sufficiently large n. O

The bound of the corollary essentially matches the best rates of convergence one can
get even in the case of bounded regression under such general conditions. For special
cases, such as linear regression, better bounds may be proven for other methods, see
Audibert and Catoni [7], Hsu and Sabato [32], Minsker [52].

3.4.2 k-means clustering under heavy tailed distribution

In k-means clustering—or vector quantization—one wishes to represent a distribution
by a finite number of points. Formally, let X be a random vector taking values in R™
and let P denote the distribution of X. Let k > 2 be a positive integer that we fix
for the rest of the section. A clustering scheme is given by a set of k cluster centers
C={y1,...,yx} € R" and a quantizer q : R" — C. Given a distortion measure
¢ :R" X R™ — [0, ), one wishes to find C and g such that the expected distortion

Di(P, q) = E{(X, q(X))

isas small as possible. The minimization problem is meaningful whenever E{(X, 0) < co
which we assume throughout. Typical distortion measures are of the form {(x, y) =
llx — yl|* where || - || is a norm on R™ and a > 0 (typically a equals 1 or 2). Here, for
concreteness and simplicity, we assume that ¢ is the Euclidean distance £(x, y) = [|x — yl|
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though the results may be generalized in a straightforward manner to other norms. In
a way equivalent to the arguments of Section the results may be generalized to
the case of the quadratic distortion £(x, y) = [lx — yllz. In order to avoid repetition of
arguments, the details are omitted.

It is not difficult to see that if [E||X]|| < oo, then there exists a (not necessarily unique)
quantizer 4* that is optimal, that is, 4" is such that for all clustering schemes g,

Dx(P,q) 2 Di(P,q") =: D;(P) .
It is also clear that 4* is a nearest neighbor quantizer, that is,
e = g @] = min - yi]

Thus, nearest neighbor quantizers are determined by their cluster centers C = {y, ..., yk}.
In fact, for all quantizers with a particular set C of cluster centers, the corresponding
nearest neighbor quantizer has minimal distortion and therefore it suffices to restrict
our attention to nearest neighbor quantizers.

In the problem of empirical quantizer design, oneis given anii.d.sample X, ..., X,
drawn from the distribution P and one’s aim is to find a quantizer g, whose distortion

De(Pan) = E[IX - g 001Xy, X,

is as close to D;(P) as possible. A natural strategy is to choose a quantizer-or equiva-
lently, a set C of cluster centers—by minimizing the empirical distortion

.....

where P, denotes the standard empirical distribution based on Xj, ..., X,. If E||X]| < oo,
then the empirically optimal quantizer asymptotically minimizes the distortion. More
precisely, if 4, denotes the empirically optimal quantizer (i.e., 4, = argmin, Dy(Py,q)),
then

r}l_r)rolo Dy(P,qn) = D;(P) with probability 1,

see Pollard [55, 57] and Abaya and Wise [1] (see also Linder [45]). The rate of con-
vergence of Di(P, g,) to DZ(P) has drawn considerable attention, see, e.g., Pollard [56],
Bartlett, Linder, and Lugosi [9], Antos [4], Antos, Gyorfi, and Gyorgy [5], Biau, Devroye,
and Lugosi [12], Maurer and Pontil [50], and Levrard [43]. Such rates are typically stud-
ied under the assumption that X is almost surely bounded. Under such assumptions

one can show that
ED(P, 4x) — Dy(P) < C(B, k, m)n™"/2

where the constant C(P, k, m) depends on esssup || X, k, and the dimension m. The value
of the constant has mostly been investigated in the case of quadraticloss £(x, y) = |lx—yl?
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but most proofs may be modified for the case studied here. For the quadratic loss, one
may take C(P, k, m) as a constant multiple of B2 min( Vk'=2/"m, k) where B = esssup || X]|.

However, little is known about the finite-sample performance of empirically de-
signed quantizers under possibly heavy-tailed distributions. In fact, there is no hope to
extend the results cited above for distributions with finite second moment simply be-
cause empirical averages are poor estimators of means under such general conditions.

In the recent paper of Telgarsky and Dasgupta [62], bounds on the excess risk
under conditions on higher moments have been developed. They prove a bound of
O(n~1/2+2/r) for the excess distortion where p is the number of moments of ||X]| that
are assumed to be finite. Here we show that there exists an empirical quantizer 4,
whose excess distortion Dy(P,q,,) — D;(P) is of the order of n~!/2 (with high probability)

under the only assumption that E [IIX IIZ] is finite. This may be achieved by choosing a
quantizer that minimizes Catoni’s estimate of the distortion.

The proposed empirical quantizer uses two parameters that depend on the (un-
known) distribution of X. For simplicity, we assume that upper bounds for these two
parameters are available. (Otherwise either one may try to estimate them or, as the
sample size grows, use increasing values for these parameters. The details go beyond
the scope of this chapter.)

One of these parameters is the second moment Var (X) = E [IIX -E [X]IIZ] and let V
be an upper bound. The other parameter p > 0 is an upper bound for the norm of the
possible cluster centers. The next lemma offers an estimate.

Lemma 33. (Linder [45]].) Let 2 < j < k be the unique integer such that D; = --- = D; < D;_l
and define ¢ = (D;._1 - D;) /2. Let (y1,--.,y;) beaset of cluster centers such that the distortion
of the corresponding quantizer is less than D; + ¢. Let By = {x : ||x|| £ r} denote the closed ball
of radius r > O centered at the origin. If p > 0 is such that

o £P(B.) > 2E|X|
2
° P(sz/5) >1-— AHE[ﬁ—XHZ]

then forall1 <i <k,

vil| < p.

Now we are prepared to describe the proposed empirical quantizer. Let C, be
the set of all collections C = {y1,...,yx} € (R™Y* of cluster centers with llyll < p for
all j = 1,...,k. For each C € C,, denote by qc the corresponding quantizer. Now
for all C € C,, we may calculate Catoni’s mean estimator of the distortion D(P,gc) =

.....

1 v ,
v ; ¢ (a (j2}§k||Xi - yill = u)) =0
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where we use the parameter value @ = /2/(nkV). Denote this estimator by 5(Pn, qc)
and let g, be any quantizer minimizing the estimated distortion. An easy compactness
argument shows that such a minimizer exists.

The main result of this section is the following bound for the distortion of the chosen
quantizer.

Theorem 34. Assume that Var (X) <V < coand n > m. Then, with probability at least 1 -6,

Du(P, ) - DiP.q") < C(log%)[\/?+ @) ; o(%) ,

where the constant C only depends on p.

Proof. Theresultfollows from Theorem[24] All we need to checkis that Var (min j=1,.kIX =y ]-II)
is bounded by kV and estimate the covering numbers of the class of functions

Fp = {fc(x) = Iyeigllx ~yll:Ce Cp} .

The variance bound follows simply by the fact that for all C € C,

k
Var (jirll,i_?k”X - y;ll) < ; Var(”X - yi”)
k
< Y E[ix - ExIP] + [Ex -yl - E[|x - ] < kv

i=1
In order to use the bound of Theorem we need to bound the covering numbers of
the class ¥, under both metrics d and D. We begin with the metric

D(fc, fcr) = Sngzl Ifc(x) = fo ().

The notation B, (€, d) refers to the ball under the metric d of radius € centered at z. Let
Z be a subset of B, such that

By, = (Bzle, - I) : 2 € Z)

is a covering of the set B, by balls of radius € under the Euclidean norm. Let C € C,
and associate to any y; € C one of the centers in Z such that Hyi - zi” < e. If there is
more than one possible choice for z;, we pick one of them arbitrarily. We denote by gq¢
the nearest neighbor quantizer with codebook C” = (z;);. Finally, let S; = qa,l (z;). Now
clearly, Vi, Vx € §;

fe(x) = for(x)

min ||x — y;|| — min ||x — z;
ls],Skll yill ls],Skll jll

= min|lx — vyl = |lx — z
min ¥ =yl = x = =i

IA

lx = yill = llx — zill < €
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and similarly, fc/(x) — fc(x) < €. Then fc € By, (¢, D) and
By, :=1{By.(e,D): C € Z}
is a covering of F,. Since Z can be taken such that |Z| = N (B,, €) we obtain
Na(F»,€) < Np(Fp, €) < Ny (Bp, €)F .

By standard estimates on the covering numbers of the ball B, by balls of size € under
the Euclidean metric,

4 m
Njj(Bp, €) < (?p)

(see, e.g., Matousek [49]). In other words, there exists a universal constant L and
constants C, and C;) that depends only on p such that

2p
V2(Fp,d) < Lf \JIog Nu(Fp, €)de < C,, Vikm
0
2p

and y1(Fp, D) < Lf log Np(Fp, €)de < Ckm .
0

Theorem 24/ may now be applied to the class F,. m]

3.5 Simulation Study

In this closing section we present the results of two simulation exercises that assess the
performance of the estimators developed in this work.

3.5.1 L, Regression

The first application is an L, regression exercise. Data are simulated from a linear
model with heavy-tailed errors and the L, regression procedure based on Catoni’s
risk minimizer introduced in Section is used for estimation. The procedure is
benchmarked against regular (“vanilla”) L, regression based on the minimization of
the empirical L, loss.

The simulation exercise is designed as follows. Wesimulate (Z1, Y1), (Z2, Y2), ..., (Zy, Yn)
ii.d. pairs of random variables in R> x R. The vector Z; of explanatory variables is
drawn from a multivariate normal distribution with zero mean, unit variance, and
correlation matrix equal to an equicorrelation matrix with correlation p = 0.9. The
response variable Y; is generated as

Yi=Z0" +e,

where the parameter vector 0" is set to (0.25, —0.25, 0.50, 0.70, —0.75) and €; is a zero mean
error term. The error term ¢; is drawn from a Pareto distribution with tail parameter
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B and is appropriately recentered in order to have zero mean. As it is well known, the
tail parameter p determines which moments of the Pareto random variable are finite.
More specifically, the moment of order k exists only if k < . The focus is on finding the
value of 6 which minimizes the L, risk

Ely-zTo" .

The parameter 0 is estimated using the Catoni and the vanilla L, regressions. Let Rc(0)
denote the solution of the equation

Polu) = % Z ¢ (a (|YZ- _7Tof - y)) -0.
=1

Then the Catoni L, regression estimator is defined as

—

Onc = arg rrgnEC(G) .

The vanilla L, regression estimator is defined as the minimizer of the empirical L, loss,

—

0,v = argrr}ngV(Q) = argm@m - Zl |Yi - Z; 9| ,
1=

which is the classical least squares estimator. The precision of each estimator is mea-
sured by their excess risk

R(O,c)-R(©) = EY-ZT0,cP - E[Y - ZTo"]?
R(O,v) =R = E|Y-ZT0,v>-ElY-ZTo"?.

We estimate excess risk by simulation. For each replication of the simulation exercise,
we estimate the risk of the estimators and the optimal risk using sample averages
based on an i.i.d. sample (Z!, Yi), ..., (Zy,,Yr,) that is independent of the one used for
estimation, that is L .

B(QnC) = % :‘Zl |YZ, - Z;Tendz

ROwv) = %YM =Z"0uP (312)
RO) = Liymivi-zTep.

The simulation experiment is replicated for different values of the Pareto tail parameter
p ranging from 2.01 to 6.01 and different values of the sample size 7, ranging from 50 to
1,000. For each combination of the tail parameter  and sample size 1, the experiment
is replicated 1, 000 times.

Figure [3.2) displays the Monte Carlo estimate of the excess risk of the Catoni and
benchmark regression estimators as functions of the tail parameter § when the sample

size n is equal to 500. The left panel shows the level of the excess risks R(/Q\nc) -
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Figure 3.2: L, Regression Parameter Estimation.
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THE FIGURE PLOTS THE EXCESS RISK OF THE CATONI AND VANILLA Lz REGRESSION PARAMETER
ESTIMATORS (A) AND THE PERCENTAGE IMPROVEMENT OF THE CATONI PROCEDURE RELATIVE
TO THE VANILLA (B) AS A FUNCTION OF THE TAIL PARAMETER ﬁ FOR A SAMPLE SIZE "1 EQUAL TO

500.

Table 3.1: Relative Performance of the Catoni L, Parameter Estimator.

B n=50 | n=100 | n=250 | n=500 | n=750 | n=1000
2.01 | 3872.10 | 440.50 | 171.30 | 222.70 | 218.20 | 142.80
250 | 169.20 | 158.70 | 151.50 | 106.70 | 91.70 57.40
3.01 | 137.60 | 178.00 | 89.00 | 52.50 | 62.70 63.50
350 | 54.40 | 2090 | 41.30 | 39.20 | 38.10 33.50
401 | 3020 | 44.40 | 25,50 | 1570 | 16.30 15.90
450 | 16.50 | 12.10 | 11.30 | 10.60 | 6.90 13.70
5.01 | 10.20 7.80 10.20 6.40 5.70 3.10
550 | 6.00 14.80 | 3.90 2.90 2.10 2.20
6.01 | 3.90 1.90 2.70 2.10 1.90 1.40

THE TABLE REPORTS THE PERCENTAGE IMPROVEMENT OF THE EXCESS RISK OF THE CATONI L2

REGRESSION ESTIMATOR RELATIVE TO THE VANILLA PROCEDURE FOR DIFFERENT VALUES OF THE
TAIL PARAMETER ﬁ AND SAMPLE SIZE 11.
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R(6") and R(’Q\n v) — R(6%) as a function of  and the right one shows the percentage
improvement of the excess risk of the Catoni procedure over the benchmark calculated
as (R(gn V) — R(gn c)) / (R(@n c)— R(@*)) . When the tails are not excessively heavy
(high values of ) the difference between the procedures is small. As the tails become
heavier (small values of ) the risks of both procedures increase. Importantly, the Catoni
estimator becomes progressively more efficient as the tails become heavier and becomes
significantly more efficient when the tail parameter is close to 2. Detailed results for
different values of 1 are reported in Table[3.1} Overall the Catoni L, regression estimator
never performs worse than the benchmark and it is substantially better when the tails
of the data are heavy.

3.5.2 k-means

In the second experiment we carry out a k—-means clustering exercise. Data are sim-
ulated from a heavy-tailed mixture distribution and then cluster centers are chosen
by minimizing Catoni’s estimate of the L, distortion. The performance of the algo-
rithm is benchmarked against the (“vanilla”) k-means algorithm procedure where the
distortion is estimated by the standard empirical average.

The simulation exercise is designed as follows. An i.i.d. sample of random vec-
tors X1, ..., X, in R? is drawn from a four-component mixture distribution with equal
weights. The means of the mixture components are (5, 5), (-5, 5), (=5, -5), and (5, -5).
Each component of the mixture is made up of two appropriately centered independent
draws from a Pareto distribution with tail parameter . The cluster centers obtained by
the k-means algorithm based on Catoni and the vanilla k—-means algorithm are denoted
respectively by 7,¢c and g, v. (Since finding the empirically optimal cluster centers
is computationally prohibitive, we use the well-known iterative optimization proce-
dure “k-means” for the vanilla version and a similar variant for the Catoni scheme.)
Analogously to the previous exercise, we summarize the performance of the clustering
procedures using the excess risk of the algorithms, that is

Dk(P,g’:nc) — Di(P,q%)
Di(P,qnv) — Di(P,q%) ’

where ¢* denotes the means of the mixture components. We estimate excess risk
by simulation. We compute the distortion of the quantizers using an ii.d. sample
Xi, ..., X, of vectors that is independent of the ones used for estimation, that is,

Di(Pu,Gnc) = XM mingy i ||X=Gc|f

Dy Gav) = Tl mingos, X -Fov ][ - G139
Di(P,q) = 3 Liymini x||X] - (X))

The experiment is replicated for different values of the tail parameter  ranging from
2.01 to 6.01 and different values of the sample size n ranging from 50 to 1, 000. For each



72 Chapter 3. Empirical risk minimization with heavy tails

Figure 3.3: k-means Quantizer Estimation.
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THE FIGURE PLOTS THE EXCESS RISK OF THE CATONI AND VANILLA K—MEANS QUANTIZER ESTI-
MATOR (A) AND THE PERCENTAGE IMPROVEMENT OF THE CATONI PROCEDURE RELATIVE TO THE
VANILLA (B) AS A FUNCTION OF THE TAIL PARAMETER ﬁ FOR A SAMPLE SIZE 11 EQUAL TO 500.

Table 3.2: Relative Performance of the Catoni k-means Quantizer Estimator.

B n=50 | n=100 | n=250 | n=500 | n=750 | n=1000
2.01 | 823.80 | 2180.40 | 3511.60 | 6278.90 | 7858.70 | 10684.60
2.50 | 404.50 | 1007.40 | 2959.80 | 4255.40 | 6828.60 | 9093.60
3.01 | 301.10 | 312.20 | 286.80 | 298.60 | 813.60 | 1560.20
3.50 | 129.60 | 188.60 | 213.30 | 271.40 | 448.60 410.00
4.01 | 73.80 30.90 26.80 20.30 18.20 13.10
4.50 | 27.60 22.90 16.50 11.70 9.50 10.10

5.01 | 16.40 10.80 11.60 8.70 6.00 7.20
550 | 9.00 6.80 9.20 5.00 4.10 4.00
6.01 | 3.50 4.70 5.00 2.70 3.20 3.10

THE TABLE REPORTS THE IMPROVEMENT OF THE CATONI K—MEANS QUANTIZER ESTIMATOR
RELATIVE TO THE VANILLA PROCEDURE FOR DIFFERENT VALUES OF THE TAIL PARAMETER ﬁ AND
SAMPLE SIZE 1.

combination of tail parameter § and sample size n the experiment is replicated 1,000

times.
Figure[3.3|displays the Monte Carlo estimate of excess risk of the Catoni and bench-

mark estimators as a function of tail parameter § for n = 500. The left panel shows the

estimated excess risk while the right panel shows the percentage improvement of the ex-

cess risk of the Catoni procedure, calculated as (Dx(P, §n v) = Di(B,Gnc)) / (Dk(P, g c) — Di(P, q°)).
The overall results are analogous to the ones of the L, regression application. When

the tails of the mixture are not excessively heavy (high values of ) the difference in
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the procedures is small. As the tails become heavier (small values of f) the risk of both
procedures increases, but the Catoni algorithm becomes progressively more efficient.
The percentage gains for the Catoni procedure are substantial when the tail parameter
is smaller than 4. Table reports detailed results for different values of n. Asin the L,
regression simulation study, the Catoni k-means algorithm never performs worse than
the benchmark and it is substantially better when the tails of the mixture are heavy.

3.6 Appendix

3.6.1 A chaining theorem

The following result is a version of standard bounds based on “generic chaining”, see
Talagrand [61]. We include the proof for completeness.

Recall that if ¢ is a non-negative increasing convex function defined on R, with
1(0) = 0, then the Orlicz norm of a random variable X is defined by

IXlly = inf{c 50 : ]E[gb(@)] < 1} .

We consider Orlicz norms defined by
P1(x) =exp(x) =1 and ¢o(x) = exp(xz) -1.

For further information on Orlicz norms see [64, Chapter 2.2]. First, [|X|l,, < [IXIly, y10g(2)
holds. Also note that, by Markov’s inequality, [|X|ly, < c implies that P{|X| > #} < 2etlc
and similarly, if [|X|l,, < ¢, then P{[X| > t} < 2¢7°/¢ Then

X < [ Xlly, log(2671) with probability atleast 1 -6, (3.14)
X < |IXlly, viog(2071) with probability at least 1 -6 .

Recall the following definition (see, e.g., [61, Definition 1.2.3]). Let T be a (pseudo)
metric space. An increasing sequence (A,) of partitions of T is called admissible if for
alln =0,1,2,..., #4A, < 2%". For any t € T, denote by A,(t) the unique element of A,
that contains t. Let A(A) denote the diameter of the set A C T. Define, for f =1,2,

yp(T, d) = inf sup Z DYBA(ALL),

n teT n>0

where the infimum is taken over all admissible sequences. First of all, we know from
[61, Eq. (1.18)] that there exists a universal constant L such that

diam(T) 1
yp(T,d) < Lf (log N4(T, €))? de (3.15)
0
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Theorem 35. Let (X;)ier be a stochastic process indexed by a set T on which two (pseudo)
metrics, di and dp, are defined such that T is bounded with respect to both metrics. Assume
that for any s, t € T and for all x > 0,

2

1 X
P{IXs = Xi| > x} < 2exp (‘E da(s, 1)> + da(s, H)x

Then forallt €T,

sup | Xs — Xl

seT

< L(yi(T,d1) + y2(T, da))
Y1

with L < 3841og(2).
The proof of Theoremuses the following lemma:

Lemma 36. ([64, Lemma 2.2.10].) Let a,b > 0 and assume that the random variables
X1, ..., X satisfy, for all x > 0,

PX| > x} < 2exp [~ ©
! - P\l720+ax)
Then
max Xil| <48 (a log(1 + m) + \/E\/log(l + m)) .
<i<m Uy

Proof of Theorem Consider an admissible sequence (8,,),>0 such that forallt € T,

Z 2"A1(By(t)) < 2y1(T, dy)

n>0
and an admissible sequence (C;),>0 such that forall t € T,
Y 2P Ma(Calt) < 22(T, )
n=0
Now we may define an admissible sequence by intersection of the elements of (8,,-1),>1
and (Cy-1)n>1: set Ag = {T} and let
A, ={BNC : BeB,_.1&CeC,1}.

(A0 is an admissible sequence because each A, is increasing and contains at most
(227'7] )2 = 22" sets. Define a sequence of finite sets To = {t} C T; C --- C T such that T},
contains a single point in each set of A,,. For any s € T, denote by m,(s) the unique
element of T, in A, (s). Now for any s € Ty, we write

[e¢]

Xs—Xi = Z (Xﬂk+1(5) - X”k(s)) :
k=0
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Then, using the fact that [Illy, is a norm and Lemma

sup 1Xs — Xl

seT

U1

[o¢]

Z‘ ¥
< 48 Z (d1 T41(8), () 10g(1 + 227) + (1441 (5), i (s)) A log(1 + 22’”1)) :

k=0

sen}“ax |Xnk 1(s) — Xnk(s)l

Since (An)n>0 is an increasing sequence, 7x41(s) and 7ti(s) are both in Ax(s). By con-
struction, Ai(s) C Bi(s), and therefore di(mx.1(s), T(s)) < A1(Bk(s)). Similarly, we have
da(tr11(5), T1r(8)) < A2(Ci(s)). Using log(1 + 22k+1) < 410g(2)2k, we get

max | X — Xi
seT

IA

19210g(2) lz 2%Aq(Bi(s)) + Z 252 Ay (Ch(3))

k=0 k=0
3841og(2) [y1(T,d1) + y2(T, da)] .

1

IA

Proposition 37. Assume that for any s,t € T and for all x > 0,

x2
IP{lXS - Xt| > X} < 2exp (—W) .

Then forallt € T,
sup |Xs — Xl

seT

< L)/Z(T; d2)
1025}

where L is a universal constant.

The proof of Proposition[87]is similar to the proof of Theorem[35] One merely needs
to replace Lemma 36| by Lemma 2.2.2 in [64] and proceed identically. The details are
omitted.

We may use Proposition[37]to bound the moment generatmg function of sup . |Xs—
X;| as follows. Set S = sup .1 |Xs — X;|. Then using ab < (@ + b?)/2, we have, for every
A>0,

exp(AS) < exp (S*/ [ISIF, + A% ISIfy, /4) ,

and therefore

E [exp()\ sup |Xs — th)] < 2exp(A2L*ya(T, da)*/4) . (3.16)

seT






Chapter 4

Robust estimation of LI-statistics

In this chapter we discuss the estimation of the mean of multivariate functions in case
of possibly heavy-tailed distributions. In such situations, reliable estimates of the
mean cannot be obtained by usual U-statistics. We introduce a new estimator, based
on the so-called median-of-means technique. We develop performance bounds for
this new estimator that generalizes an estimate of [6], showing that the new estimator
performs, under minimal moment conditions, as well as classical U-statistics for
bounded random variables. We discuss an application of this estimator to clustering.
This chapter is a joint work with Gabor Lugosi. It is based on a paper [37] submitted
to Stochastic Processes and their Applications.
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4.1 Introduction

Motivated by numerous applications, the theory of U-statistics and U-processes has
received considerable attention in the past decades. U-statistics appear naturally in
ranking [22]], clustering [21]] and learning on graphs [11] or as components of higher-order
terms in expansions of smooth statistics, see, for example, [59]. The general setting may
be described as follows. Let X be a random variable taking values in some measurable
space X and let 1 : X™ — IR be a measurable function of m > 2 variables. Let P be
the probability measure of X. Suppose we have access to n > m independent random
variables X3, ..., X, all distributed as X. We define the U-statistics of order m and
kernel /i based on the sequence {X;} as

(n—m)!
n!

U, (h) = Z WXy, Xi ), (4.1)

(i1, im)El}

where
I =Gy, i) 1 1< 4j < m, iy # 0y if j# K
is the set of all m-tuples of different integers between 1 and n. U-statistics are unbiased
estimators of the mean m; = Eh(Xj,..., X,) and have minimal variance among all
unbiased estimators [30]. Understanding the concentration of a U-statistics around its
expected value has been subject of extensive study. [23] provide an excellent summary
but see also [29] for a more recent development.
By a classical inequality of [31]], for a bounded kernel i, for all 6 > 0,

log(3)

P Uy (R) = my| > [kl njm] | =0

4.2)

and we also have the “Bernstein-type” inequality

402log(2) y 41l log(3)
2\n/m] 6ln/m] Y

P Uy (h) = my| >

where 0% = Var (h(Xy, ..., Xn)).

However, under certain degeneracy assumptions on the kernel, significantly sharper
bounds have been proved. Following the exposition of [23], for convenience, we restrict
our attention to symmetric kernels. A kernel / is symmetric if for all x1,...,x, € R and
all permutations s,

h(x1,...,xm) = h(xs,,...,Xs,) -

A symmetric kernel / is said to be P-degenerate of order g —1, 1 < g < m, if for all
X100, X1 € X,

fh(xl,...,xm)de_‘“l(xq,...,xm):fh(xl,...,xm)de(xl,...,xm)
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and

(xl,...,xq)|—>ff(xl,...,xm)de_”(qu,...,xm)

is not a constant function. In the special case of mj, = 0 and q = m (i.e., when the kernel
is (m — 1)-degenerate, h is said to be P-canonical. P-canonical kernels appear naturally
in the Hoeffding decomposition of a U-statistic, see [23].

[6] proved the following important improvement of Hoeffing’s inequalities for
canonical kernels: If h — my, is a bounded, symmetric P-canonical kernel of m variables,
there exist finite positive constants ¢; and c¢; depending only on m such that for all
6€(0,1),

log(2)\""?
P | [Un () = 1 zclnhnw( - ) <o, (43)
and also
(72 ].O o m/2 h 10 c (m+1)/2
IP(lUn(h) — > (ﬂ) v Wil (ﬁ) <5, (4.4)
con \n 2
In the special case of P-canonical kernels of order m = 2, implies that
h
00209 = ) < 010 (2] @)

with probability at least 1 — 6. Note that this rate of convergence is significantly faster
than the rate O,(n~/2) implied by (£-2).

All the results cited above require boundedness of the kernel. If the kernel is un-
bounded but h(Xj, ..., X;,) has sufficiently light (e.g., sub-Gaussian) tails, then some
of these results may be extended, see, for example, [29]. However, if h(Xy,..., X))
may have a heavy-tailed distribution, exponential inequalities do not hold anymore
(even in the univariate m = 1 case). However, even though U-statistics may have an
erratic behavior in the presence of heavy tails, in this paper we show that under min-
imal moment conditions, one may construct estimators of my, that satisfy exponential
inequalities analogous to and [@.3). These are the main results of the paper. In
particular, in Section we introduce a robust estimator of the mean m;. Theorems
and [40] establish exponential inequalities for the performance of the new estimator
under minimal moment assumptions. More precisely, Theorem |38 only requires that
h(X1, ..., Xy) has a finite variance and establishes inequalities analogous to for P-
degenerate kernels. In Theorem [40|we further weaken the conditions and only assume
that there exists 1 < p < 2 such that [E[h|’ < co.

The next example illustrates why classical U-statistics fail under heavy-tailed dis-
tributions.

Example. Consider the special case m = 2, EX; = 0 and h(X3, X2) = X1 Xo.
Note that this kernel is P-canonical. We define Yj,...,Y; as independent copies of
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Xi,...,Xu. By decoupling inequalities for the tail of U-statistics given in Theorem
3.4.1 in [23] (see also Theorem {45|in the Appendix), U,(h) has a similar tail behavior

to (% r Xi) (ﬁ 7:_11 Yj). Thus, U, (h) behaves like a product of two independent
empirical mean estimators of the same distribution. When the X; are heavy tailed, the
empirical mean is known to be a poor estimator of the mean. As an example, assume
that X follows an a-stable law S(y, @) for some a € (1,2) and y > 0. Recall that a random

variable X has an a-stable law S(y, a) if for all u € R,
E exp(iuX) = exp(—y*[ul®)

(see [68]], [54]). Then it follows from the properties of a-stable distributions (summa-
rized in Proposition 7)in the Appendix) that there exists a constant ¢ > 0 depending
only on a and y such that

P (Uy(h) 2 n**2) > c,

and therefore there is no hope to reproduce an upper bound like [.5). Below we show
how this problem can be dealt with by replacing the U-statistics by a more robust
estimator.

Our approach is based on robust mean estimators in the univariate setting. Esti-
mation of the mean of a possibly heavy-tailed random variable X from i.i.d. sample
Xj,..., Xy, has recently received increasing attention. Introduced by [53], the median-of-
means estimator takes a confidence level 6 € (0, 1) and divides the data into V ~ log 6!
blocks. For eachblockk =1, ..., V, one may compute the empirical mean ‘Uk on the vari-
ables in the block. The median [ of the i is the so-called median-of-means estimator.
A short analysis of the resulting estimator shows that

I — my| < c+/Var (X) log(1/6)

n

with probability at least 1 — 6 for a numerical constant c. For the details of the proof
see [42]. When the variance is infinite but a moment of order 1 < p < 2 exists, the
median-of means estimator is still useful, see [16]. This estimator has recently been
studied in various contexts. M-estimation based on this technique has been developed
by [42] and generalizations in a multivariate context have been discussed by [32] and
[52]. A similar idea was used in [2]. An interesting alternative of the median-of-means
estimator has been proposed by [20].

The rest of the paper is organized as follows. In Section 4.2l we introduce a robust
estimator of the mean mj; and present performance bounds. In particular, Section
deals with the finite variance case. Section is dedicated to case when & has
a finite p-th moment for some 1 < p < 2 for P-degenerate kernels. Section is
about a generalization of the robust estimator defined in Section f.2]to functions taking
values in a Hilbert space. Finally, in Section 4.3} we present an application to clustering
problems.
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4.2 Robust U-estimation

In this section we introduce a “median-of-means”-style estimator of my, = Eh(Xj, ..., Xy).
To define the estimator, one divides the data into V blocks. For any m-tuple of different
blocks, one may compute a (decoupled) U-statistics. Finally, one computes the median
of all the obtained values. The rigorous definition is as follows.

The estimator has a parameter V' < n, the number of blocks. A partition 8 =
(By,...,By) of {1,...,n} is called reqular if forall K =1,...,V,

n
Bl- <1
IBx -

Forany B;,,...,B;, in 8, we set

im
I, = {1 k) k€ B )

and
1

(h)y= ————— (X, .., Xx,) -
) = BT B, Koo Xe)

m

For any integer N and any vector (a1, . . ., an) € RN, we define the median Med(ay, . . ., ay)
as any number b such that

i<N : aisb}ﬂz%] and [li<N : aizb}|21%].
Finally, we define the robust estimator:
Ug(h) = Med{llBil,___,Bim (h):ije{l,...,V},1<i1<...<i < V}. (4.6)

Note that, mostly in order to simplify notation, we only take those values of
Us,,..,B;, (h) into account that correspond to distinct indices i; < --- < 7. Thus, each
UB,.1 ...B;, (1) is a so-called decoupled U-statistics (see the Appendix for the definition).
One may incorporate all m-tuples (not necessarily with distinct indices) in the compu-
tation of the median. However, this has a minor effect on the performance. Similar
bounds may be proven though with a more complicated notation.

A simpler alternative is obtained by taking only “diagonal” blocks into account.
More precisely, let Up,(h) be the U-statistics calculated using the variables in block
B; (as defined in (4.I)). One may simply calculate the median of the V different U-
statistics Up, (h). This version is easy to analyze because I{i <V :Ug(h) > b}| is a sum of
independent random variables. However, this simple version is wasteful in the sense
that only a small fraction of possible m-tuples are taken into account.

iy

In the next two sections we analyze the performance of the estimator Ug(h).
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4.2.1 Exponential inequalities for P-degenerate kernels with finite
variance.

Next we present a performance bound of the estimator Ug(h) in the case when o? is

finite. The somewhat more complicated case of infinite second moment is treated in

Section [£.2.21

Theorem 38. Let X1, ..., X, bei.i.d. random variables taking values in X. Let h : X" — R be
a symmetric kernel that is P-degenerate of order g — 1. Assume Var (h(X1, ..., Xm)) = 02 < 0.
Let 6 € (0, %) be such that [log(1/0)] < gf. Let B be a regular partition of {1,...,n} with
|B] = 32m [log(1/0)]. Then, with probability at least 1 — 206, we have

/2
flog(l/éﬂ)q , 47

[Ug(h) — my| < Kmo( .

7 m
where K, = 22" 7,

When q = m, the kernel h — my, is P-canonical and the rate of convergence is then
given by (log 6~ /n)"/2. Thus, the new estimator has a performance similar to standard
U-statistics as in (4.3) and but without the boundedness assumption for the kernel.
It is important to note that a disadvantage of the estimator Ug(h) is that it depends on
the confidence level 6 (through the number of blocks). For different confidence levels,
different estimators are used.

Because of its importance in applications, we spell out the special case when m =
q = 2. In Section [4.3| we use this result in an example of cluster analysis.

Corollary 39. Let 6 € (0,1/2). Let h : X*> = R be a P-canonical kernel with o> =
Var (h(X1, X2)) and let n > 128(1 + log(1/0)). Then, with probability at least 1 — 20,

1+ log(1/0)
-,

[Ug(h) — my| < 5120 (4.8)

In the proof of Theorem 38 we need the notion of Hoeffding decomposition [30] of U-
statistics. For probability measures Py, ..., P, define Py X - - X P;,h = f hd(Py,...,Py).
For a symmetric kernel /1 : X" +— IR the Hoeffding projections are defined, for 0 <k < m
and x1,...,x; € X, as

h(x1, ..., %) i= (Ox, = P) X -+ X (85, — P) X P"*1

where 6, denotes the Dirac measure at the point x. Observe that oph = P™h and for
k > 0, mxh is a P-canonical kernel. /i can be decomposed as

h(xl,...,xm):i Z L TCOE (4.9)

If 1 is assumed to be square-integrable (i.e., P"h? < o), the terms in are orthogonal.
If h is degenerate of order g — 1, then forany 1 <k < g -1, mh = 0.
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Proof of Theorem 38} We begin with a “weak” concentration result on each Us,,,.,s,, ().

Im

Let Bj, ..., B, be elements of B. For any B € 8, we have 55 < |B| < | 7. We denote by

k = (ky,...,ky) an element of [ Biy e . We have, by the above-mentioned orthogonality
property,
Var (UB B, (h))
= [E [(L[Bl.1 ,,,,, B, (h) — th)z]
1

= m Z E [(l’l(Xkl, .. ,ka) — th)(h(xll/ o ,le) _ th)]

tm kEIB. ,oB:

1 = (kN1 -
= m Z Z( s )IE[nsh(Xl,...,Xs)z] (by orthogonality)

m m o
) W )3 ZZ(@)E[mh(Xh. X, X (|28n|) .

tm kEIBil,A.A,B. s=q t=0

Im

The last inequality is obtained by counting, for any fixed k and t, the number of elements
1such that |k N 1| = ¢t. Thus,

Var(UBl. ,m(h)) < mii(;)ﬂi[nsh(}ﬁ,. X)2] (lzgnl)mt
il 1By, e
1 m m m—t
< BT Z(m)]g [rah(Xs, ., X,F] xzq(lgl)
< 3 (m)]E Jx, X0  x2 (22
oy Bl ()

< w Y (S )]E [meh(Xa, ..., X2 -

On the other hand, we have, by (.9),

Xm: Z TCSI’Z(XZ'l, ceny Xis)

5=q 1<i1<...<is<m

Y, E|(rh . X0) |

<i1<..<is<m

1<
(S) (meh(Xy, ..., X))] -

2
Var (h)

b 10

S

1l
K
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Combining the two displayed equations above,

22m—q+1|B|q 22m|B|q
2 2
0- < o”.
ni n4

|B|‘7/2
<
iy yeeer nf]/zrl/z Sr.

(4.10)

We set x = 2”1071';/32'—1/12/2, and
N, = |{(i1/---/im) e{l,...,Vi":1<i <...<iy <|B|, Up,,.p5, () = P"h > x}| :

The random variable (l%le is a U-statistics of order m with the symmetric kernel

g ¢ (1,... im) = Liuy 5 (-Pwsy)- Thus, Hoeffding’s inequality for centered U-
1B
statistics (4.2) gives

2
IP(Nx — EN, > t(lil)) < exp (—%) . (4.11)

By (4.10) we have EN, < (). Taking t = r = 1 in (@I1), by the definition of the

median, we have
|8
IP[NX > Q]

P (Usg(h) - P"(h) > x)

IA

2

|
[0}
X
o
|
%‘@
§ N
N —

Since |B| > 32mlog(67!), with probability at least 1 — 6, we have
2
_ [log 6‘1-| "
Ug(h) — P"h < K0 —

with K,, = 22"+ . The upper bound for the lower tail holds by the same argument.
O

4.2.2 Bounded moment of order p with1 <p <2

In this section, we weaken the assumption of finite variance and only assume the exis-
tence of a centered moment of order p for some 1 < p < 2. The outline of the argument
is similar as in the case of finite variance. First we obtain a “weak” concentration
inequality for the U-statistics is each block and then use the property of the median
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to boost the weak inequality. While for the case of finite variance weak concentration
could be proved by a direct calculation of the variance, here we need the randomization
inequalities for convex functions of U-statistics established by [24] and [6]. Note that,
here, a P-canonical technical assumption is needed.

Theorem 40. Let hh be a symmetric kernel of order m such that h — my, is P-canonical. Assume
1
that M, := E [|h(X1, co, X)) — mhlp] l < oo for some1 <p < 2. Let 6 € (0, %) be such that

[log(é‘l)-l < zim- Let B be a regular partition of {1,...,n} with |B| = 32m [log(é‘l)]. Then,
with probability at least 1 — 206, we have

. 4.12)

m(p=1)/p
— log(67")
|TUg(h) — my| < KMy [u)

where Ky, = 24M+ L5

Proof. Define the centered versionofhby g(x1,...,x,) == h(x1,..., xm)—my. Letey, ..., &,
be i.i.d. Rademacher random variables (i.e., P(¢; = =1) = P(e; = 1) = 1/2) indepen-
dent of Xj,..., X;;. By the randomization inequalities (see Theorem 3.5.3 in [23] and
also Theorem [6]in the Appendix), we have

p

E Y sk, X))

14

< ZmPJEX]EE Z [ €kmg(Xk1, ce ,ka) (4.13)
(kteokm)€lp ...,
21P/2
< 2mp]EX ]Eg Z €y ...Ekmg(Xkl,...,ka)
(kteokm)€lp; .. 5y,
p/2
= sz]EX Z g(Xkl, ceey ka)z
(kteekm)<lp; ...B;
<2 Y B, Xe, P
(k1eckm)€lp; .. 5;,,

= 2"|B;|---IB;,[Elgl’ . (4.14)

Thus, we have E||Us, s, (1) = myl’] < 2"(By|...|B;,)! PE|gP’ and by Markov’s in-
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equality,

"M mit
n )
P\ Us,,.,s,, (h) = my, > — 4 ((2|B|)) } <r. (4.15)

re

Another use of (4.11) witht =r = }1 gives

n

[log 6‘11 }mp’Tl

Ug(h) — P"h < 24m+1m%Mp[

O

To see why the bound of Theorem [40]gives essentially the right order of magnitude,
consider again the example described in the introduction, when m = 2, h(X;,X,) =
X1X2, and the X; have an a-stable law S(y, a) for some y > 0and 1 < o < 2. Note that an
a-stable random variable has finite moments up to (but not including) @ and therefore
we may take any p = a@ — € for any € € (0,1 — a). As we noted it in the introduction,
there exists a constant ¢ depending on @ and y only such that forall 1 <i; <i; <V,

n 2/a—2
P |UBil,Bi2(h)—mh| ZC(@) )22/3,
and therefore (4.15) is essentially the best rate one can hope for.

4.2.3 Generalization to Hilbert space valued kernels

This section is dedicated to the more general context of kernels taking values in a Hilbert
space (H,{-,-)). The notions of symmetric kernels, P-canonical kernels and Hoeffding
decomposition can be defined for a measurable function /1 : X" — H by the same
formulas than in Section Let Bbe aregular partitionof {1,...,n}. Forany B;,...,B
in B, we set

im

I5, .5, = {(kl, k) ki€ Bl-j}
and

= W h(Xkl,...,ka)-
1

""" im

We define an estimator of the mean my, in H by

Ug(h) = GeoMed{U, , 5, (1) :ij € (1,..., 1B, 1 <i1 <...<ip <|B|)

m

where GeoMed refers to the geometric median defined in Section We now state
a generalization of Theorem 38
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Theorem 41. Let Xj, ..., X, be i.i.d. random variables taking values in X. Let h : X" — H
be a symmetric kernel that is P-degenerate of order q—1. Assume |E [||h(X1, co, X)) — mhllz] =

0% < co. Let 6 € (0, %) be such that [log(1/6)] < 4. Let B be a regular partition of {1,...,n}

with |B| = 32m [log(1/6)]. Then, with probability at least 1 — 6, we have

q/2
leg/on)" Wi

||U8(h) - mh” < KmG( "
where K,, = 252, % .

Proof. From the proof of Theorem 38, we obtain that

22m—q+1|@q m m
¥Z(S)E (I, .., XIF]

nq
=4
and .
E[I1(Xy, ..., Xp) = myl?] = Z; (’:)IE [k, ..., X)IP] -

Then, by Markov’s inequality, for all » € (0, 1),

H’(“UBH,...,BW (h) — mh” S o |Bl7/2 ) .

11/241/2

Leta € (0,1/2) and let
|B|‘1/2

e=2"g—— .
11/241/2

Assume that event & := {”Ugg(h) - mh” > Cae‘} occurs where C, is defined as in Lemma
ByLemma there existsasubset ]  {(ij)1<jem € (1., B} : 1< i1 <... <iy < |B])
of cardinality |]| > a(lﬁl) such that “uBilz---/Bim (h) - mh” > ¢ for all (ij)1<j<m € J. We set

Né,:'{(il,,,,,im)e{l,...,V}’”:1si1<...<ims|Bl,

Us,,..5,, (0 - PH]| > ¢]|

Hence,

p@ <N
m

The random variable ET\NS is a U-statistics and (4.2) implies that, for any ¢ > 0,

(o
]P(Ng — EN, > t(lBl)) < exp (—%)

m 2m
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with EN, < (). We seta = 5/12,7 = 1/6 and t = 1/4 then

2] ( 1B )
P(N < -——1]<6.
( E>a(m <exp o <
In that case, E—/‘Xz = % < 4 and the constant K;;, = 25m+21, % is justified. O

4.3 Cluster analysis with U-statistics

In this section we illustrate the use of the proposed mean estimator in a clustering
problem when the presence of possibly heavy-tailed data requires robust techniques.
We consider the general statistical framework defined by [21], described as follows:
Let X, X’ be i.i.d. random variables taking values in X where typically but not necessar-
ily, X is a subset of IR?). For a partition  of X into K disjoint sets—the so-called “cells”~,
define @p(x, x') = Ycep Ly rec?) the {0, 1}-valued function that indicates whether two
elements x and x’ belong to the same cell C. Given a dissimilarity measure D : X*> — R},
the clustering task consists in finding a partition of X minimizing the clustering risk

W(P) = E[D(X, X)Pp(X, X')] .

Let I'lk be a finite class of partitions # of X into K cells and define W* = mingpcry, W(P).

Given Xj, ..., X, be ii.d. random variables distributed as X, the goal is to find a
partition # € Ilx with risk as close to W* as possible. A natural idea—and this is the
approach of [21]]-is to estimate W(%) by the U-statistics

Wo(P) =

nn=1) Z D(Xi, X))Pp(Xi, X;)
1<i<j<n

and choose a partition minimizing the empirical clustering risk W,(P). [21] uses the
theory of U-processes to analyze the performance of such minimizers of U-statistics.
However, in order to control uniform deviations of the form SUPpery, |Wn(7)) - W(P)|,
exponential concentration inequalities are needed for U-statistics. This restricts one to
consider bounded dissimilarity measures D(X, X"). When D(X, X") may have a heavy
tail, we propose to replace U-statistics by the median-of-means estimators of W(#)
introduced in this paper.

Let 8 be a regular partition of {1,...,n} and define the median-of-means estimator
Wg(P) of W(P) as in . Then Theorem applies and we have the following simple
corollary.

Corollary 42. Let Tk be a class of partitions of cardinality |[1x| = N. Assume that ¢ :=
E [D(Xl,Xz)z] < oo. Let & € (0,1/2) such that n > 128[log(N/06)|. Let B be a regular
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partition of {1,...,n} with |B| = 64 [log(N/06)]|. Then there exists a constant C such that, with
probability at least 1 — 26,

([ log<N/6>1)”2 |

sup [Wg(P) — W(P)| < Co -

Pellk

4.17)

Proof. Since ®p(x,x’) is bounded by 1, Var (D(X3, X2)®p(X3, X2)) < E [D(Xl,Xz)z]. For
a fixed P € Ik, Theorem [38|applies with m = 2 and q = 1. The inequality follows from
the union bound. m|

Once uniform deviations of Wg(P) from its expected value are controlled, it is a
routine exercise to derive performance bounds for clustering based on minimizing
Wg(P) over P € Ik.

Let P = argming Wg(P) denote the empirical minimizer. (In case of multiple
minimizers, one may select one arbitrarily.) Now for any $y € Ik,

WP) - W' = W(P) - WgP) + WgP) - W*
< W(P) - Wg(P) + Wg(Po) — W(Po) + W(Po) - W’
< 2 sup [Wg(P) - WP)| + W(Pg) — W*.

Pellk

Taking the infimum over Ik,

W(P) - W* <2 sup [Wg(P) - W(P)| . (4.18)
Pellk

Finally, (4.17) implies that

1/2

W(P) - W* < zcg(w) .

This result is to be compared with Theorem 2 of [21]. Our result holds under the
only assumption that D(X, X") has a finite second moment. (This may be weakened to
assuming the existence of a finite p-th moment for some 1 < p < 2by using Theorem[40).
On the other hand, our result holds only for a finite class of partitions while [21] uses
the theory of U-processes to obtain more sophisticated bounds for uniform deviations
over possibly infinite classes of partitions. It remains a challenge to develop a theory
to control processes of median-of-means estimators—in the style of [6]-and not having
to resort to the use of simple union bounds.

In the rest of this section we show that, under certain “low-noise” assumptions,
analogous to the ones introduced by [46] in the context of classification, to obtain faster
rates of convergence. In this part we need bounds for P-canonical kernels and use the
full power of Corollary 39} Similar arguments for the study of minimizing U-statistics
appear in [22], [21].

We assume the following conditions, also considered by [21]:
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1. There exists #* such that W(#*) = W*
2. There exist a € [0,1] and x < oo such that for all € I'lg and for all x € X,

P (®p(x, X) # Pp(x, X)) < kx(W(P) — WH* .
Note that @ < 2 since by the Cauchy-Schwarz inequality,
. 1/2
W(P) - W' < E[D(X1, X2)*| " P (@p(Xy, X2) # O (X1, X2))'/2 .

Corollary 43. Assume the conditions above and that ¢* := E [D(Xl,Xz)z] < oo, Letd €
(0,1/2) such that n > 128 [log(N/0)]. Let B be a reqular partition of {1,...,n} with |B| =
64 [log(N/0)]. Then there exists a constant C such that, with probability at least 1 — 206,

flog(N/éﬂ)” @)

. (4.19)

W(P) - W* < cg2/<2-“>(

The proof Corollaryis postponed to the Appendix.

4.4 Appendix

4.4.1 Decoupling and randomization

Here we summarize some of the key tools for analyzing U-statistics that we use in the
paper. For an excellent exposition we refer to [23].

Let {X;} be i.i.d. random variables taking values in X and let {Xf.‘}, k=1,...,m, be
sequences of independent copies. Let @ be a non-negative function. As a corollary of
Theorem 3.1.1 in [23] we have the following:

Theorem 44. Let h : X" — R be a measurable function with E|h(Xj,...,X;;)| < co. Let
@ : [0, 00) — [0, 00) be a convex nondecreasing function such that E® (|h(Xy, ..., Xu)l) < co.

Then
]E(D(Zh(xil,..., Zh(X

IZ” Im
where Cpy = 2M(m™ —1)((m — 1)1 = 1) X - - - X 3. Moreover, if the kernel h is symmetric, then,

Z nXt,..., X" ]

Inl
An equivalent result for tail probabilities of U-statistics is the following (see Theo-
rem 3.4.1 in [23]):

<EP|C

<E®||Y (X, ..., X;,)

IWI

Dfcn

where c,, = 1/(22"2(m — 1)!).
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Theorem 45. Under the same hypotheses as Theorem 44} there exists a constant Cy, depending
on m only such that, forall t > 0,

If moreover, the kernel h is symmetric then there exists a constant c,, depending on m only such

that, for all t > 0,
< IP( > tJ .

;P (cm
The next Theorem is a direct corollary of Theorem 3.5.3 in [23].
Theorem46. Let1 < p < 2. Let (¢;)i<y bei.i.d Rademacher random variables independent of the
(Xi)i<n- Let h : X — R be a P-degenerate measurable function such that IE (|h(Xy, ..., Xm)PP) <
oo, Then

>t Zh(X,‘l,...,ij)

m
IH

Zh(X}l,...,XZTZ)

m
IH

P P
cnE ]IZ ey oe WX X)) < E ’;h(Xil,...,Xim)
< Cm]E |Z€i] ...Eimh(Xil,...,Xim)p,

Iy
where C,, = 2™ and ¢, = 277,

The same conclusion holds for decoupled U-statistics.

4.4.2 w-stable distributions

Proposition 47. Let @ € (0,2). Let Xy,..., X, be i.i.d. random variables of law S(y, ). Let
fr.a : x = R be the density function of X;. Let Sy, = }\1<j<, Xi. Then

(i) fy,a(x) is an even function.
i ~ et —a-1 .7 — cin (@
(i) fy,a(x) o arieax with ¢, sm( 5 )F(a)/rc.

(iii) E [Xﬂ is finite for any p < a and is infinite whenever p > a.

1/a

(iv) Sy has a a-stable law S(yn''*, a).

Proof. (i) and (iv) follow directly from the definition. (ii) is proved in the introduction
of [68]. (iii) is a consequence of (ii). O
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4.4.3 Proof of Corollary[43|

Define A,(P) = WW(P) — W7, the U-statistics based on the sample Xj,...,X,, with
symmetric kernel
he(x, x,) = D(x, X,) ((I)y)(x, xl) — Dp(x, xl)) .

We denote by A(P) = W(P) — W* the expected value of A,(P). The main argument in
the following analysis is based on the Hoeffding decomposition. For all partitions P,

An(P) = A(P) = 2Lu(P) + Mu(P)

for L, (P) = % Y icn MV(X;) with hD(x) = E [hp(X, x)] — A(P) and M, (P) the U-statistics
based on the canonical kernel given by h®(x,x") = hp(x,x’) — hM(x) — KD (') — A(P).
Let 8 be a regular partition of {1, ...,n}. For any B € B, Ag(P) is the U-statistics on the

kernel hp restricted to the set B and Ag(P) is the median of the sequence (Ag(P))ges-
We define similarly Lg(#) and Mp(#) on the variables (X;);cp. For any B € 8,

Var (Ap(P))

4Var (Lg(P)) + Var (Mg(P))

4
EVar (h(l)(X)) +

# 2
BV (1P X))

Simple computations show that Var (h(z) (X, Xz)) = 2Var (h(l)(X)) and therefore,

8
Var (Ap(P)) < EVar (h(l)(X)) .

Moreover,

Var (KV(X))

IA

Ex [Ex [hp(X, X)F’]

Ex [Ex [D(X, X')*| Ex [(@p(X, X) - ©p-(X, X')]|
Ex [Ex [D(X, X')*| Px (@p(X, X') # Pp(X, X))
*kK(W(P) — W*)*

I IA

IA

where Ex (resp. [Ex) refers to the expectation taken with respect to X (resp. X’).
Chebyshev’s inequality gives, for r € (0, 1),

P[Ap(P) = A(P) > o(W(P) = W)/ \ %) <r.

Using again (4.11) with r = ;11, by |B| > m, there exists a constant C such that
for any P € Ik, with probability at least 1 — 26/N,

IAg(P) — AP)| < Ca(W(P) — W)/ w |
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This implies by the union bound, that

[Wg(P) — W(P)| < Ka(W(P) — W)~/ w

with probability at least 1 —26. Using (4.18), we obtain

(W) - Wy=o12 < o | LO8N/OT.
n

concluding the proof.
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Estimation de distributions a queue lourde

Nous nous intéressons a estimer la moyenne d"une variable aléatoire de loi & queue
lourde. Nous adoptons une approche plus robuste que la moyenne empirique classique
communément utilisée. L’objectif est de développer des inégalités de concentration de
type sous-gaussien sur 'erreur d’estimation. En d’autres termes, nous cherchons a
garantir une forte concentration sous une hypothése plus faible que la bornitude :
une variance finje. Deux estimateurs de la moyenne pour une loi a support réel
sont invoqués et leurs résultats de concentration sont rappelés. Plusieurs adaptations
en dimension supérieure sont envisagées. L'utilisation appropriée de ces estimateurs
nous permet d’introduire une nouvelle technique de minimisation du risque empirique
pour des variables aléatoires a queue lourde. Quelques applications de cette technique
sont développées. Nous appuyons ces résultats sur des simulations sur des jeux de
données simulées. Dans un troisieme temps, nous étudions un probleme d’estimation
multivarié dans le cadre des U-statistiques oi1 les estimateurs précédents offrent, la
aussi, une généralisation naturelle d’estimateurs présents dans la littérature.

Robust estimation of heavy-tailed distributions

In this thesis, we are interested in estimating the mean of heavy-tailed random
variables. We focus on a robust estimation of the mean approach as an alternative to
the classical empirical mean estimation. The goal is to develop sub-Gaussian concen-
tration inequalities for the estimating error. In other words, we seek strong concentra-
tion results usually obtained for bounded random variables, in the context where the
bounded condition is replaced by a finite variance condition. Two existing estimators of
the mean of a real-valued random variable are invoked and their concentration results
are recalled. Several new higher dimension adaptations are discussed. Using those
estimators, we introduce a new version of empirical risk minimization for heavy-tailed
random variables. Some applications are developed. These results are illustrated by
simulations on artificial data samples. Lastly, we study the multivariate case in the
U-statistics context. A natural generalization of existing estimators is offered, once
again, by previous estimators.
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