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Résumé

Dans cette theése, nous étudions plusieurs problémes de mathématiques financieres liés a la pré-
sence d’imperfections sur les marchés. Notre approche principale pour leur résolution est 1'uti-
lisation d’un cadre asymptotique pertinent dans lequel nous parvenons & obtenir des solutions
approchées explicites pour les problemes de controle associés.

Dans la premiere partie de cette these, nous nous intéressons a I’évaluation et la couverture
des options européennes. Nous considérons tout d’abord la problématique de 'optimisation des
dates de rebalancement d’une couverture a temps discret en présence d’une tendance dans la
dynamique du sous-jacent. Nous montrons que dans cette situation, il est possible de générer un
rendement positif tout en couvrant 'option et nous décrivons une stratégie de rebalancement
asymptotiquement optimale pour un critere de type moyenne-variance. Ensuite, nous proposons
un cadre asymptotique pour la gestion des options européennes en présence de cotits de tran-
saction proportionnels. En s’inspirant des travaux de Leland, nous développons une méthode
alternative de construction de portefeuilles de réplication permettant de minimiser les erreurs
de couverture.

La seconde partie de ce manuscrit est dédiée a la question du suivi d’une cible stochastique.
L’objectif de ’agent est de rester proche de cette cible tout en minimisant le cofit de suivi. Dans
une asymptotique de cotits petits, nous démontrons ’existence d’une borne inférieure pour la
fonction valeur associée a ce probleme d’optimisation. Cette borne est interprétée en terme du
controle ergodique du mouvement brownien. Nous fournissons également de nombreux exemples
pour lesquels la borne inférieure est explicite et atteinte par une stratégie que nous décrivons.

Dans la derniere partie de cette these, nous considérons le probléeme de consommation et inves-
tissement en présence de taxes sur le rendement des capitaux. Nous obtenons tout d’abord un
développement asymptotique de la fonction valeur associée que nous interprétons de maniere
probabiliste. Puis, dans le cas d’un marché avec changements de régime et pour un investisseur
dont 1'utilité est du type Epstein-Zin, nous résolvons explicitement le probléme en décrivant
une stratégie de consommation-investissement optimale. Enfin, nous étudions I'impact joint de
colits de transaction et de taxes sur le rendement des capitaux. Nous établissons dans ce cadre
un systéme d’équations avec termes correcteurs permettant d’unifier les résultats de [ST13] et
[CD13].

Mots-clefs

Couverture discrete, théorémes limites, temps d’arrét, optimalité asymptotique, colit de tran-
sactions, controle linéaire-quadratique, stratégie de Leland, variance conditionnelle, controle
singulier, théoréme limite central, mesure d’occupation, borne inférieure asymptotique, controle
impulsionnelle, controle moyen en temps, programmation linéaire, probléme de martingale, maxi-
misation d’utilité, discrétisation des intégrales stochastiques, coiit illiquidité, impact de marché
temporaire, taxe de rendement des capitaux, utilité récursive, Epstein-Zin, homogénéisation.






Abstract

In this thesis, we study several mathematical finance problems related to the presence of market
imperfections. Our main approach for solving them is to establish a relevant asymptotic frame-
work in which explicit approximate solutions can be obtained for the associated control problems.

In the first part of this thesis, we are interested in the pricing and hedging of European options.
We first consider the question of determining the optimal rebalancing dates for a replicating
portfolio in the presence of a drift in the underlying dynamics. We show that in this situation,
it is possible to generate positive returns while hedging the option and describe a rebalancing
strategy which is asymptotically optimal for a mean-variance type criterion. Then we propose an
asymptotic framework for options risk management under proportional transaction costs. Ins-
pired by Leland’s approach, we develop an alternative way to build hedging portfolios enabling
us to minimize hedging errors.

The second part of this manuscript is devoted to the issue of tracking a stochastic target. The
agent aims at staying close to the target while minimizing tracking efforts. In a small costs
asymptotics, we establish a lower bound for the value function associated to this optimization
problem. This bound is interpreted in term of ergodic control of Brownian motion. We also
provide numerous examples for which the lower bound is explicit and attained by a strategy
that we describe.

In the last part of this thesis, we focus on the problem of consumption-investment with capital
gains taxes. We first obtain an asymptotic expansion for the associated value function that we
interpret in a probabilistic way. Then, in the case of a market with regime-switching and for an
investor with recursive utility of Epstein-Zin type, we solve the problem explicitly by providing a
closed-form consumption-investment strategy. Finally, we study the joint impact of transaction
costs and capital gains taxes. We provide a system of corrector equations which enables us to
unify the results in [ST13] and [CD13].

Keywords

Discrete hedging, limit theorems, stopping times, asymptotic optimality, transaction costs, linear-
quadratic control, Leland strategy, conditional variance, singular control, central limit theo-
rem,occupation measure, asymptotic lower bound, impulse control, time-average control, linear
programming, martingale problem, utility maximization, discretization of stochastic integrals,
illiquidity cost, temporary market impact, capital gains taxes, recursive utility, Epstein-Zin,
homogenization.
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Introduction

This thesis is devoted to the study of three different problems in mathematical finance, which
involve various important market features such as time discretization, transaction costs and
capital gains taxes. Due to the presence of these market features, the optimal strategies de-
duced from most of the existing financial models cannot be implemented in practice. Therefore
more complex models and advanced theoretical tools have been developed in order to deal with
these market imperfections. However, the resulting stochastic control problems often become
intractable. While it is possible to obtain numerical solutions in some cases, the required com-
putational effort in reality is usually prohibitively large. In this thesis, we aim at proposing an
asymptotic framework for the associated stochastic control problems, providing explicit and fea-
sible optimal strategies. We focus both on the theoretical investigation of the related stochastic
control methods, and on the economic analysis of the impact of market frictions.

In the first part, we study the pricing and hedging of option when taking into account discrete
rebalancing and transaction costs.

In Chapter 1, we consider the hedging error of a derivative due to discrete trading. It turns out
that, in the presence of a drift in the dynamics of the underlying asset, the trader can actually
benefit from market trend. We suppose that the trader wishes to find rebalancing times for the
hedging portfolio which enable him to keep the discretization error small while taking advantage
of market tendency. Assuming that the portfolio is readjusted at high frequency, we introduce
an asymptotic framework in order to derive optimal discretization strategies. More precisely,
we formulate the optimization problem in terms of an asymptotic expectation-error criterion.
In this setting, the optimal rebalancing times are given by the hitting times of two barriers
whose values can be obtained by solving a linear-quadratic optimal control problem. In specific
contexts such as in the Black-Scholes model, explicit expressions for the optimal rebalancing
times can be derived.

In Chapter 2, we study the dynamic hedging of a European option under a general local volatility
model with small proportional transaction costs. Extending the idea of Leland, which consists in
modifying the volatility in the pricing PDE in order to compensate the costs incurred by discrete
rebalancing, we consider instead a continuous version (with finite variation) of Leland’s strategy
that asymptotically replicates the payoff. In the limit of small proportional costs, an associated
central limit theorem for hedging error is proved. The asymptotic variance is minimized by an
explicit replication strategy. Depending on the transaction costs and the gamma of the option,
the optimal replication strategy is given by either an absolutely continuous process or a singular
process based on two barriers around a benchmark position. Numerical simulations demonstrate
a significant improvement of our strategies over Leland’s strategy in terms of conditional vari-
ance of the hedging error.

In the second part, we consider tracking problems which arise from the study of trading strategies
under various market frictions and discretization effects. The aim is to minimize both deviation
from the target and tracking efforts.
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In Chapter 3, we propose an asymptotic framework and establish the existence of asymptotic
lower bounds for the value functions of the corresponding control problems. These lower bounds
can be related to the time-average control problem of Brownian motion. A key step is the use of
a linear programming characterization of the lower bounds. Our probabilistic approach enables
us to treat (the combination of) different control types such as (absolutely continuous) regular
control, singular control and impulse control. Moreover, the lower bound are shown to hold
pathwise. A comprehensive list of examples with closed-form solutions for the lower bounds is
also provided.

In Chapter 4, we focus on strategies of feedback form for the problem of tracking and study
their performance under our asymptotic framework. Depending only on the current state of the
system, these strategies maintain the deviation from the target inside a time-varying domain.
Although the dynamics of the target is non-Markovian, it turns out that they asymptotically
attain the lower bounds previously established for a large list of examples. We apply our results
to the analysis of discretization errors of stochastic integrals and impact of market frictions on
portfolio management.

In the third part of this thesis, we perform asymptotic analysis for the problem of consumption-
investment optimization with capital gains taxes.

In Chapter 5, we study the optimal consumption and portfolio decisions in the presence of cap-
ital gains tax and stochastic investment opportunity. The option to defer taxation of capital
gain gives rise to an optimal investment strategy consisting of buy and sell boundaries around
the tax-deflated Merton line. In a bull-bear switching market, the optimal investment strategy
is affected by the investment opportunity in the other regime. Consequently, there is a cross-
regime smoothing effect on the value of the deferral option. Moreover, regime switching has a
greater impact under the bear regime and in the region of high capital gains. Depending on
the level of capital gains, a sudden change of economic condition might not lead to an instanta-
neous jump in the optimal portfolio allocation. In contrast, for an investor with recursive utility,
the EIS of the investor determines the optimal consumption rate but has little impact on the
optimal investment strategy. Our asymptotic analysis is supported not only by numerical res-
olution of the corresponding PDEs but also by an underlying two time scales probabilistic model.

In Chapter 6, we are interested in the joint impact of capital gains taxes and transaction costs.
Guided by the local probability model developed in the previous chapter, we develop a new
system of corrector equations, unifying previous results on capital gains taxes and transaction
costs via homogenization technique. In particular, we find that the presence of capital gains
taxes has an equivalent effect of increasing selling costs for the non-transaction zone.



Part I : Option pricing and hedging
1.1 Discrete hedging with directional views

In order to manage the risks inherent to the derivatives they buy and sell, practitioners use
continuous time stochastic models to compute their prices and hedging portfolios. In the simplest
cases, notably in that of the so-called delta hedging strategy, the hedging portfolio obtained from
the model is a time-varying self-financed combination of cash and the underlying. We denote
the price at time ¢ of the underlying asset by Y; and assume it to be a one-dimensional semi-
martingale. Hence, in such situations, the outputs of the model are the price of the option
together with the number of shares in the underlying asset to be held in the hedging portfolio
at any time ¢, denoted by X;. The proportion invested in cash is then deduced from the
self-financing property. Therefore, assuming zero interest rates, the theoretical value of the
model-based hedging portfolio at the maturity of the option T is given by

T
/ XdY;.
0

Typically, the process X; derived from the model is a continuously varying semi-martingale, re-
quiring continuous trading to be implemented in practice. This is of course physically impossible
and would be anyway irrelevant because of the costs induced by microstructure effects. Hence
practitioners do not use the strategy Xy, but rather a discretized version of it. This means that
the hedging portfolio is only rebalanced a finite number of times and is held constant between
these times. Let us denote by (7]');>0 an increasing sequence of rebalancing times over [0, 77.
With respect to the target portfolio obtained by continuous rebalancing, the hedging error due
to discrete trading Z7 is therefore given by

+oo T
Zp = Xon(Yor a1 — Yorar) — /0 XidYy.
=0

Why market trends matter ?

When X and Y are Itd processes, the case of equidistant rebalancing dates T = jT/n has
been investigated in [BKL00, HMO05, Roo80]. In these works, the following convergence in law

is proved:
T T
NN ,/5/0 oo dB,, (1.1)

where X and ¢ are the volatilities of X and Y and B is a Brownian motion independent of
the other quantities.

This asymptotic approach has also been recently used in [Fukllc, RR10, GL14a, Lan13], where
the rebalancing times are random stopping times. More precisely, for a given parameter n
driving the asymptotic, one considers an increasing sequence of stopping times

O=my <7{ <...<7/<...

with NJ* := max{j > 0;7]' <t} < oo almost surely for any ¢ > 0. When

E[(Xrn , — Xon )t Frn] E[(Xrn | — Xon)?| Frn]
Tit i 5 i - e2aZ, + op(e2), i . 2 L= —ensy + op(n)
E[(Xrr | = Xon)2|Frr] g E[(Xrr | = Xon)?|Frr] ’
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for a sequence €, — 0 and left continuous adapted processes a and s, it is shown in [Fukllc]
that e, 12" converges weakly to

3/ Std}/t \/>/ 1/2 YdBt, (12)

where B is a Brownian motion independent of all the other quantities.

One can remark a crucial difference between the deterministic discretization schemes associated

o (1.1) and the random stopping times case leading to (1.2). For deterministic dates, the
discretization error asymptotically behaves as a stochastic integral with respect to Brownian
motion. Therefore, it is centered. In the case of random discretization dates, one may obtain a
“biased” asymptotic hedging error because of the presence of the term

T
/ StdY;g.
0

Hence, if s does not vanish and Y has non zero drift, the asymptotic hedging error is no longer
centered.

An asymptotic linear-quadratic criterion

A natural question is to determine the efficient frontier for the first and second moments of
hedging errors and to find stopping times 7;* which attain the efficient frontier. More precisely,
we are interested in

inf (- e, 'E[Z7]), 5 El(Z})?), (1.3)

()

as €, — 0, meaning that the hedging frequency is high and the hedging error should be small.
Our main contribution in Chapter 1 is the following result.

Main Result 1. The efficient frontier of (1.3) can be explicitly determined from the solution

of the following optimal control problem

inf —E[Z* ]+)\E / s2 (o)) th (1.4)
(st) 2
where
T
:,T :/ Std}/t.
0

Moreover, given an optimal strategy s; for (1.4), one can construct explicitly two barriers ZZ and
lf such that the sequence of rebalancing dates ( ™) defined by

f+*1—1nf{t>7']"-17*:Xt¢(Xn*—€nlt, n*—l—Enl )}/\T

attains asymptotically the efficient frontier of (1.3).

Comparing to the classical continuous-time portfolio selection problem without hedging con-
straint and discrete rebalancing (see [ZL00])

%gf) —E[Z: 7] + AE[(ZZr)?],

we note that the discrete nature of the hedging strategy introduces an extra uncertainty on the
final hedging error, which is approximately quantified in (1.4) by

B[} [ stol ).



as &, tends to zero.

1.2 Option replication with modified volatility

In Chapter 2, we develop a framework for option pricing and replication under proportional
transaction costs. As we have seen in the previous section, without transaction costs the hedging
error with respect to the target portfolio tends to zero as the rebalancing dates become more
frequent. However, transaction costs increase as the rebalancing intervals decrease. Therefore,
when pricing and hedging derivatives, one should include transaction costs. Inspired by the
work of [Lel85], our approach has the following advantages :

1. The strategy replicates the option payoff under transaction costs, with an error whose
distribution is explicitly determined in the limit of small costs.

2. We find explicit strategies minimizing the conditional variance of hedging errors.

In order to explain our framework and state the main results, we begin by a brief review of
Leland’s strategy in the Black-Scholes framework.

Leland’s idea has two ingredients. The first is to find a good benchmark strategy by an en-
largement of volatility, yielding certain surplus in the absence of transaction costs . Let p® be a
solution of the partial differential equation

o (5.0) + 5 (142 ) 05208 (5.0) = 0, p*(5.T) = £(5), (15)

where f(s) = (s — K)7 is the payoff of a European call option, T is the maturity of the option,
o is the volatility of Black-Scholes model. Here, o is an arbitrary positive constant that controls
the enlargement of volatility, which should be determined by market supply-demand equilibrium.
By Itd’s formula, we have

T 1 T
F(Sr) =TI + / XodS, — — / TeA(S)y,
0 a Jo

where

ta:pa(stvt)7 Xta :85pa(st,t), 11150[ :8s2pa(stvt)' (16)

This means that, without transaction costs and assuming zero interest rates, the self-financing
strategy X® with initial capital II§ super-hedges the payoff f(Sr) with surplus

1 T
. / T2d(S); > 0, (1.7)
a Jo

where I'* > 0 follows from the convexity of the payoff f.

The second step of Leland’s strategy is to construct a good approximation of the benchmark
X by a strategy with finite transaction cost so that the incurred costs are compensated by the
surplus. Assume that the trader has to pay x|AX| to buy or sell AX shares of stocks, where
k is a positive constant representing the proportional transaction costs. Leland considers an
equidistant discretization of X defined by

Xta"i: ;Yh, te(jh,(7+1h], 7=0,1,2,..., (1.8)
with & > 0 the interval of rebalancing. Set the initial capital IIj"", that is the price of the option,
to be

5" = 10§ + xSo| X
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The second term is to compensate the transaction cost at the inception. The associated wealth
process I1%" under transaction costs is then

t
=1+ [ Xgras, xS SUAXEH (19)
0 o<u<t
By choosing
2 k2a?
= 2 1.10
R (1.10)

we have

T T
/ XordS, — / X2dS,,
0 0
(1.11)

a,K 1 T «
£ Y AKXt = < [ Tids).,
o<u<T

as k — 0. Consequently, the terminal wealth IT7"" is close to f(S7) when £ is small which is the
case in liquid markets. In this sense, the self-financing strategy X®" is an asymptotic replication
strategy. The way to discretize X is essential. The first convergence in (1.11) holds in general
as transactions are more and more frequent. On the other hand, if they are too frequent, then
the total amount of transaction costs exceeds the surplus (1.7) and the second convergence of
(1.11) fails. Therefore the frequency (1.10) results from a delicate balance.

Although the approach of Leland is consistent and easy to implement, it is still not fully satisfac-
tory due to the lack of optimality. The strategy (1.8) is not the only choice as an approximation
to X“. For example, it is not necessary to match the benchmark strategy X after each rebal-
ancing. In particular, it is possible to trade more frequently but with a smaller trading volume
each time. Indeed, several results on related problems under the framework of utility maxi-
mization suggest that, under proportional transaction costs, the optimal strategy is to trade a
minimal amount in continuous-time to keep the deviation from the benchmark inside a no trade

zone (see [WW97, BS98, ST13]).

Our contribution in this context is two-fold. First, we introduce a reasonable class of continuous
trading strategies with finite transaction costs, and provide a limit theorem for the corresponding
replication error. In particular, we identify conditions for those strategies to (asymptotically)
replicate or super-replicate the option. Second, we minimize the asymptotic variance of hedging
error among those replicating strategies.

Under our framework, a candidate strategy X®“* is indexed by two non-negative functions
b(s,t) and c(z,s,t). Let Z* = (X* — X%%*)/k be the normalized deviation of X»“* from the
benchmark position X®. We consider X?%* of the form

1
dX} " = —sgu(Z%)e(|Zf], St )X )y — RdL] + rdRE, Xoi™ = X,
K
where L" and R" are non-decreasing processes such that
t t
Lf = /0 Lzn——p(s,,uydLly, Rf = /0 Lzn=b(S,uy A8y, |Z5] < 0(St, ).
Intuitively, the regular control part x~tsgn(Z%)e(|Zf|, Sy, t)d(X ), pushes X»* toward X< and

is active when X moves. The singular control part —xdLy +xd R} keeps Z" within the stochas-
tic interval [—b(Sy, t),b(St, t)], and is active only when Z* touches the boundary.
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Figure 1 — Comparison between 7 (a) and 7 ().

Denoting by IT»“* the wealth process associated with X% and %% the process of tracking
error associated with the strategy X%“* we have

gf,c,m _ Hta _ Hlt),c,fi
t t t t 1
— / 784S, + / S| ZE], Sy ) A(X Yy + 12 / Su[dLE + dRY] — / 1 0252Tdu,
0 0 0 0 «

Our first main result in Chapter 2 is the following.

Main Result 2 (Limit distribution of normalized hedging errors). Under general local volatility
model for S and technical conditions for b and c, we have

K (e.bw — / ' 5b’c(St,t)dt) = Wepe,
0 .

stably in law on C[0,T] as k — 0, where W is an independent Brownian motion,

and §%¢, n®¢ are explicitly determined by b and c.

Fixing the conditional bias of hedging error 6%¢ = 4, it is natural to minimize the conditional
variance Q%¢. Our second contribution in this chapter is to provide an explicit expression for
the infimum

1) . b
QY = eSSlnf(b,c) st she=s @ “,
among all candidate strategies, together with a sequence of strategies (b*, ¢*) attaining asymptot-

ically the infimum Q%*. Comparing to the strategy of Leland, the hedging error is significantly
reduced. Indeed, it is shown in [DK10] that, following the strategy of Leland,

WU ST 5 Wo,. Qu=mu(0) [ ITES.(S),

where
1 45 2 2
np(a) =—a"+—a+1—-—.
s T T

On the other hand, taking § = 0, our optimal strategy (b*, c*) satisfies
R_l(Ha - Hb*,c*,li) N WQO,*, QO,* _ nT(a)/O ]F35u|2d<5>u,

where 7; has closed-form expression and is much smaller than 7y, see Fig.1.
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Part II : Asymptotic optimal tracking

To illustrate the type of problems treated in this part, we consider a government having two
means of influencing the foreign exchange rate of its own currency:

1. By choosing the domestic interest rate. A higher interest rate encourages the investors
to buy the domestic currency, and as a consequence this currency becomes more valuable
and the exchange rate increases.

2. At selected times the government can intervene in the foreign exchange market by buying
or selling large amounts of foreign currency. Such intervention is applied only at discrete
time and can change the exchange rate instantaneously.

A fluctuating exchange rate is not suitable for the domestic economy due to the uncertainty
that it creates. On the other hand, the application of the two policies to stablize the exchange
rate is also costly. The objective of the government is to keep the exchange rate close to a given
central parity with minimal costs. See [M(?97, CZ00] for more details.

Similar tracking problems arise naturally in various situations such as the management of
an index fund ([PS04, Kor99]), discretization of hedging strategies ([Fukl4, RT14, GL14a]),
portfolio selection under transaction costs ([KMK15, ST13, PST15, AMKS15]), trading under
market impact ([MMKS14, LMKW14, GW15a, GW15b, GW15¢c, BSV15]) or illiquidity cost
([RS10, NW11]).

These problems have two common components:

1. A target with stochastic evolution. Usually the target is a benchmark portfolio or index
which fluctuates as function of market conditions.

2. A cost structure representing the tracking effort and deviation from the target. In general,
greater tracking effort is needed to maintain smaller deviation from the target.

This leads us to formulate the tracking problem as follows.

2.1 Formulation of the tracking problem

We consider a target whose dynamics (X7) is modeled by a continuous It6 semi-martingale
defined on a filtered probability space (Q, F, (F;)i>0,P) with values in R? such that

dX{ = bdt + v/a,dW,.

Here, (W;) is a d-dimensional Brownian motion and (b;), (a;) are predictable processes with
values in R? and the set Sj of d x d symmetric positive definite matrices respectively. An agent
observes X and adjusts her position v, in order to follow X;. However, she has to pay certain
intervention costs for position adjustments. The objective of the agent is to stay close to the
target X while minimizing the tracking efforts. More precisely, let (X;) be the deviation of the
agent from the target (X;), we have

Xy = — X0 + 1. (2.1)

Let Hy(X) be a penalty functional for the deviation from the target and H (1)) the cost incurred
by the control process (¢;) up to horizon T. Denote by A the set of admissible strategies
depending on the cost structure Hy and H. Then the problem of tracking can be formulated as

Jnt (W) = Ho(X) + H(). (2.2)



Depending on the specific problem under consideration, the control process 1 can be (the com-
bination of) regular control, singular control or impulse control.

To fix idea, we consider in this introduction the case of combined regular and impulse control,
which corresponds to the management of exchange rate mentioned above. In that case, a tracking
strategy ¢ = (u, 7, ) is given by a progressively measurable process u = (ut)¢>0 with values in
R? and (7,€) = {(75,&;),j € N*}, with (7) an increasing sequence of stopping times and (&;) a
sequence of F7.-measurable random variables with values in R, The process (u;) represents the
speed of the agent. The stopping time 7; represents the timing of jth jump toward the target
and ¢; the size of the jump. The tracking error obtained by following the strategy (u,7,§) is
given by .
Xt:—Xf—F/ usds + Z &
0 J:0<T; <t

At any time the agent is paying a cost for maintaining the speed u; and each jump §; incurs a
positive cost. We are interested in the following type of cost functional

T
Jur,§) = [CDX) + QU+ 3D (K F(&) +h, P(&).
§:0<r; <T

where (1), (1g), (kf) and (h{) are random weight processes. The cost functions D, Q, F, P are
deterministic functions defined for example by

d d
D(z) = (x,5"z), Qu) = (u, %), F(&) = Filgizp, P =Y PRl
=1 =1

with F;, P; € Ry such that min; F; > 0 and YP Y9 are d x d positive definite matrices. Note
that we have

D(ex) =P D(z), Q(eu) =e9Q(u), F(e§) =eFF(E), P(eg) =P P(E), (2.3)

for any € > 0 and
CD:27 CQ:2> CFZOa <P:1

2.2 Asymptotic framework

Our first contribution in this part is to introduce an asymptotic setting for the tracking prob-
lem (2.1)-(2.2). In general, the problem rarely admits explicit solution. Under our asymptotic
framework of small tracking costs, we are able to establish an asymptotic lower bound for (2.2),
which is related to the time average control of Brownian motion.

Assume that there exist € > 0 and Bq, Br, Sp > 0 such that
19 =efely, kY =ePFky, b =ePPhy. (2.4)

Then the asymptotic framework of small tracking costs consists in considering the sequence of
optimization problems indexed by € — 0

inf Jo(u®, 7%, £%),
(us,78,£5)€A® ( &)

with

T
T, 77, €)= /0 (reD(X) + £72UQ(uf))dt + .OZq@ﬁFkT;F(f;) + &% he P(E)),
J0<75<
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and .
Xf:—Xto—l—/ uids+ Y&
0

j:0<7';§t

The key observation is that under such setting, the tracking problem can be decomposed into
a sequence of local problems. More precisely, let {t;, = ké*,k =0,1,--- , K°} be a partition of
the interval [0, 7] with 6° — 0 as € — 0. Then we can write

Ke-1
‘]E(uaj,rg’ga) - Z ]tgi( i—&-l - ti)v
k=0

12 +5°
=g ([ mDOD +PuQuid Y Pk F(E) + P hes PIES)

€
b jits <TE<ts+6°

As ¢ tends to zero, we approximately have
T
I ) = [ .
0

Now consider the following rescaling of X¢ over the horizon (¢,t + §¢]:

1

Vet € €
Xi'= X icons 5€ (0,77,

with 7€ = ¢~ *#¢%, where a = 2 and 8 > 0 is to be determined (here o = 2 is related to the
scaling property of Brownian motion). On the one hand, we have

AXS' =btds +as AWt + udtds +d( Y. &), (2.5)
0<;;’t§s
where .
b?t — _E(a_l)ﬂbt_t'_gaﬁs, &ivt — at-‘,—ED‘/BS’ Wsavt — —€?Wt+saﬁs,
~ 1
~et _ _(a—1)8, ¢ e _ - ¢€ ~et -~ (&
Ug" =€ Uiy caBg 5] - €ﬁ£j7 T = cap (Tj t) V0.

On the other hand, using the homogeneity properties (2.3) of the cost functions, we obtain

1 = S
e EPnD(Ret) + oo, Qazt) s

I Z (55F7(a7CF)BktF(gj€.) +€5P*(Q*CP)5htP(g§))>.
0<Ts<Te

The second approximation can be justified by the continuity of cost coefficients 7, l;, k; and h;.
If there exists § > 0 such that

BCp = Bg — (@ = 1)(of = Br — (a = (r)B = Bp — (a — (p)B,

or equivalently,

_ BF _ Bp _ Bq
(p+a—C(r C(p+a—-Cp (p+(a—1)(g’

B (2.6)
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where a = 2, then we have
§& ~ Pr e,

with
1 T - . gy pe
I = ?( / (re DX + LQE@E))ds + (ktF(£§)+htP(§§)))~ (2.7)
0 0<75t<Te
It follows that T
=B J° o / . (2.8)
0

We are hence led to study I; as ¢ — 0, which is closely related to the time-average control
problem of Brownian motion.

2.3 Main results
Lower bounds

In Chapter 3, we study I; and establish an asymptotic lower bound for (2.8). By suitably
choosing 0¢, we have 0° — 0 and T° — oo as ¢ — 0. Then we have b5 ~ 0 and a5t ~ a; for
s € (0,7¢]. Therefore, the dynamics of (2.5) is approximately a controlled Brownian motion
with fixed diffusion matrix a;. Hence (2.5) together with (2.7) can be approximately bounded
from below by the optimal cost of time-average control problem of a Brownian motion, that is

I;;: 2 I(ahrtalt)ktaht)a (29)

with the term on the right hand side being defined as

1 S
I(a,r,z,k,h):(ﬂfg)h&sipgla[ /0 (rD(XS)+1Q(us))ds+0§25 (kF(gj)+hP(§))}, (2.10)

where

dX, = VadW, + uds +d( > ). (2.11)

0<7;<s
Consequently, we obtain

T T
e~ % / et > / Ldt,
0 0

as € — 0. The main contribution in Chapter 3 is to formulate rigorously the above result as the
following.

Main Result 3 (Lower bound). There exists 3 explicitly determined by (2.6) such that, for all
0 > 0 and any sequence of admissible strategies {1)° € A%, e > 0}, we have

: ]' € S T
€£%+P[65<DJ (¥°) 2/0 Ldt - 5| =1, (2.12)
where Iy = I(ay,ry, ke, he,ly) is essentially the optimal cost of time-average control of Brownian
motion (2.10)-(2.11) with parameters frozen at time t.

Various versions of Main Result 3 under different cost structures are also presented in Chapter
3, together with a comprehensive list of explicit examples for I.

A key step in the proof of Main Result 3 is to justify rigorously (2.9). More precisely, we show
that
liminfP[I; > I, =] =1, Vo >0, (2.13)
e—0
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where If is given by (2.5)-(2.7) and I; = I(ay, 14,1, ke, hy) is given by (2.10)-(2.11). Inspired by
[KM93] and [KS99], we apply weak convergence method on the empirical occupational measures
and express the lower bound I; as the solution of an infinite dimensional linear programming on
a suitable space of measures. Such characterization is essentially equivalent to (2.10)-(2.11) if we
formulate the controlled Brownian motion through a controlled martingale problem (see [KS01]).

Feedback strategies

Our goal in Chapter 4 is to build strategies attaining the lower bounds (2.12). Following classical
approaches, we are interested in a class of feedback strategies which consists in keeping the
deviation X; inside a time-dependent domain. Consider for example the case of combined
regular and impulse control. Let (G;) be a moving open bounded domain associated with jump
rule (&) from OG; to Gy, and (u;) be a continuous function from Gy to RY. The sequence of
feed-back strategies (X<, u®, 7%, &%) corresponding to the triplet (u:, Gt,&) can be constructed
in the following recursive way :

1. Let 75 =0, X5 = 0.
2. For t > 75_4, let X be defined by

dXE = —dX? + uldt,

with
u§ = e~ DBy, (7B XE).
3. Set 1
7-; = inf{t > 7';_1, g—BXf ¢ Gi}, 55 = EBET; (E_ﬁX%_)’
and

.X:% ::)(;f_ %‘55.

We now give the main result for combined regular and impulse control in Chapter 4. The cases
involving singular control are also studied in same chapter.

Main Result 4 (Feedback strategies). Let {(X¢,u®,7¢,£%),e > 0} be the feedback strategy
determined by an admissible triplet (u;, Gy, &), then we have

1 T
%JE(uE,TE,&) —p /0 C(ut,Gt,ft)dt7
where c(u, G, &) can be explicitly determined via the stationary measures of Brownian motion in

the domain G with drift u and jump rule £ from the boundary.

For a wide range of examples, we show that there exists explicit triplet (uj,G},&;) verifying
c(uf, Gy, &) = I. Hence, the associated feedback strategy {(X*, u®*, 78, £5%), e > 0} satisfies

1
55<D

T
JE (U 75 €57) / Idt.
0

In other words, the asymptotic lower bound in Main Result 3 is tight.

2.4 Relation with other asymptotic studies

Our final contribution in Chapter 4 is to establish a link among different asymptotic analysis in
the literature on various topics such as optimal discretization of hedging strategies, discretiza-
tion error of stochastic integrals and impact of small market frictions.
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Main Result 3 and 4 enable us to revisit the asymptotic lower bounds for the discretization of
hedging strategies in [Fuklla, GL14a]. In these papers, the lower bounds are deduced by using
subtle inequalities. We show that theses bounds can be simply interpreted through the time
average control problem of Brownian motion.

As a corollary of Main Result 4, we establish a weak convergence theorem for discretization
errors of stochastic integrals with random stopping times. The limit law of the normalized
discretization errors turns out to be a mixture of Gaussian distributions, with the conditional
mean and variance being expressed as the first and second moments of the stationary measures
of Brownian motion in a domain with jumps from the boundary. Our approach suggests that
the results in [HMO05, Fukllc, Roo80, LR13] can be interpreted in a similar way.

The lower bound (2.12) appears also in the study of small market frictions under the framework of
utility maximization. Indeed, we observe that utility maximization under small market frictions
is heuristically equivalent to the tracking problem with the target being the optimal strategy
under frictionless market. Consider, for example, the optimization of terminal wealth given by

u(wo) = sup E[U (w7)],
@

where wy is the initial wealth and w¥ the terminal wealth following the trading strategy ¢. In
a market with proportional transaction costs, the portfolio dynamics is given by

t t

where S; is the risky asset price, €h; is a random weight process representing transaction costs,
and ¢f is a trading strategy with finite variation. Assume that ¢j is the optimal trading strategy
in the frictionless market (¢ = 0), and denote the equivalent martingale measure by Q and the
indirect risk-tolerance process by R;. When ¢ is small, we can expect that ¢} is close to ¢f.
Then up to first order quantities, we have (see also [KMK15, KL13, Rog04])

/ Q r r atS 2
E[U ()] - ulwo) = —u(w)E®[= [ hudlg®l+ | S - i)at],
0 0 2Rt

where a7 is the quadratic variation of the risky asset S;. Hence the optimization of terminal
wealth under small proportional costs can be reduced to a tracking problem with stochastic

target ¢} and deviation penalty
S

ag 2
reD(x) := —x*.
tD(2) = 5 R,
Denoting the value function under transaction costs by «°, and defining the certainty equivalent
wealth loss A by
u® =: u(wy — A%),

then we have

! Af ~ EQ TIdt
Bp T T [/0 velt]

Similar correspondences can also be established for the cases with different cost structures
([AMKS15, MMKS14]), the indifference pricing of option ((WW97, WW99, KMK13]), the max-
imization of long term growth rate ([AW95, APW97, GW15a, GW15b, GW15c, LMKW14)),
and optimization of consumption ([ST13, PST15]).
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Part III : Portfolio selection with capital gains taxes

In contrast to transaction costs, the problem of portfolio selection under capital gains taxes
received relatively limited attention. Capital gain taxes differ from transaction costs in the
following aspects:

1. Investors pay taxes for capital gains but receive tax rebates for capital losses.

2. The amount of capital gains or losses taxed depends on the purchase price of stock
holdings, known as the tax basis, which incurs strong path-dependency.

As a consequence, much of the existing literature on capital gain taxes has been restricted to
discrete-time models with small number of time steps, see [Con83, Con84, DK96, DU05, GHO6].

Using the average purchase price of stocks as an approximation for tax basis, [DSZ01, DSZ03|
develop a binomial tree model that is able to effectively work with multi-step investment and
consumption decisions. The advantage of the approximation is that the path dependency of
the problem is considerably reduced, as the dynamics of the tax basis becomes Markovian.
[GKTO06] further extend the model to the multiple stocks case. In [BST10], the authors formu-
late a continuous-time version of the model introduced by [DSZ01].

In this part, we are interested in the joint impact of capital gains taxes with other market fea-
tures such as regime-switching and transaction costs. Our work is mainly based on extensions of
the models of [BST10, BST07]. We point out that the goal of this part is to provide a deep un-
derstanding of the optimal strategy and related probabilistic interpretation, although the main
results remain to be rigorously proved.

3.1 Preliminary : the model of [BST10]

Let us describe the model of [BST10] in more details. Consider a financial market with two
assets that the investor can trade without any transaction costs. The first asset is a bond with
pre-tax interest rate r. The second asset is a risky stock whose price (S¢) evolves according to
the Black-Scholes model:

dSt == St(,udt + O'th).

The investor is subject to capital gain taxes. The tax basis (B;) used to evaluate capital gains
is defined as the weighted average of past purchase prices. The amount of tax to be paid for
each sale of risky asset is given by

Oé(St — Bt),

where o € [0,1). When S; > By, i.e. the current price of the risky asset is greater than the tax
basis, the investor realizes a capital gain by selling the risky asset. When S; < B, the sale of
the risky asset corresponds to the realization of a capital loss.

Let X¢, Y, and K; be the amount invested in the bond, the current dollar value of, and the
cumulated purchase price of stock holdings, respectively. We introduce two cadlag, non-negative,
and non-decreasing F;-adapted processes Ly and M; with Ly = My_ = 0, where dL; represents
the dollar amount transferred from the bank to the stock account at time ¢ (corresponding to
a purchase of stock), while dM; represents the proportion of shares transferred from the stock
account to the bank at time ¢ (corresponding to a sale of stock). We assume the no-short-sales
constraint such that dM; < 1. Note that the cumulated purchase price of stock holding K; is
related to the tax basis B; by
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Hence, when one sells stock at time ¢, the cumulated purchase price K; declines by the same
proportion dM; as the dollar value of stock holdings does, and the realized capital gain is
(Y;— — Ky_)dM;. Then, the evolution processes of X;,Y;, and K are

dXt = [(1 — Oé)?’Xt - Ct] dt — st + [Y;f_ -« (Y;j_ - Kt_)] th,
dY, = Yy(udt+odW,) +dL; — Y;_dM,,
dK; = dL, — K, dM,,

where (Cy) is the consumption stream.

The investor aims to find

o(r,y,k) == sup E[/ e PU(Cy,y)dt| Xo = 2, Yy = y, Ko = k} (3.1)
(Ct,L¢,My) 0

where § > 0 is a constant discount factor and U (-, ) is a power utility function with parameter ~.

Since the value function (3.1) admits no closed-form solution, [BST10] provide instead analytical
upper and lower bounds. First, if there is no capital gains taxes (o = 0), then the above problem
reduces to the classical tax-free Merton problem. Denote the value function of the Merton
problem by @ and the optimal consumption-investment strategy by (¢, ). Second, consider the
following tax-free model with parameters

o =1 —a)u, o0=(1—-a)o, re=(1—a)r (3.2)

This is the so called tax-deflated model. Denote the value function of the corresponding Merton
problem by ¢, and the optimal consumption-investment strategy by (¢a,&s). Then it is shown
in [BST10, Propostion 4.1, 4.2] that,

Pa(2) < @(z,y, k) < ¢(2), (3.3)
where z is the liquidation wealth z = x + y — a(y — k).

While the upper bound is natural in that the investor cannot take advantage of tax rebates
to do better than in a tax-free market, [BST10] provide an insight for the lower bound. More
precisely, define the portfolio value after liquidation Z; by

Zy =Xi +Y — oYy — Ky).
Then we have

dZ; = dX; + (1 — @)Y, + adK,
=[1—-a)rZ; — Cyldt + (1 — a)Yi(udt + odWy — (1 — a)rdt) — (1 — a)ar Kidt.

Taking
Y K G
§t—Z, bt_Yt’ Ct—Zt, (3.4)
we obtain
dZt = Zt [(Ta — Ct)dt + ft(Madt + Uath - Tadt) + O[T‘aft(]. — bt)dﬂ . (35)

The process b; > 0 is called the relative tax basis. Note that b; > 1 corresponds to capital losses
while b; < 1 corresponds to capital gains. By constructing a sequence of strategies which keeps
asymptotically by = 1, [BST10] show that Z; can be approximated by

dZy = Zi[(ro — cr)dt + E(padt + oodWy — rodt)],

which is exactly the wealth process under the tax-deflated model (3.2). The lower bound follows
from the possibility to replicate (asymptotically) any consumption stream which is admissible
for the tax-deflated model under the model of [BST10].
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3.2 Expansion around tax-deflated model

Our first contribution in Chapter 5 is to improve the bounds in (3.3) by providing a first order
correction in terms of a time-average control problem. The sub-optimal stratey b; = 1 proposed
by [BST10] consist in realizing both capital losses and gains immediately. We observe that keep-
ing b, = 1 is apparently not the optimal choice. Indeed, as long as 1 — b; > 0, the last term in
(3.5) is in the favor of the investor. Therefore, it is better for the investor to defer capital gains
and keep b; < 1. Meanwhile, such deferral will drive the portfolio away from the benchmark
£, under the tax-deflated model. Hence the optimal strategy should be a delicate balancing
between capital gains deferral and the utility loss due to deviation from the benchmark optimal
strategy &, under the tax-deflated model.

The main idea is to consider the asymptotic setting where the interest rate or tax rate are small.
Then the extra benefit from tax deferral ar,&: (1 — b;) is small and & — &, should also be small.
Using heuristic Taylor expansion as in [Rog04], we obtain

IE[/OOO e PtU(Cy, 'y)dt}

00 t 2
= - _Ea fo ,.)/Ua ¢
= ful)+ (L= U@z y) [ e B[ [ (araa(t = b) = 2726 — &a)ds]at.
where Q, is a suitable change of probability.

In order to obtain extra welfare by tax-deferral, the investor needs essentially to maximize

2

B0 [ [ (arage(1 — b) - 222 (6 ~ &)7)ds], (36)

where the first term represents the benefit of tax-deferral and the second the equivalent wealth
loss due to deviation from the benchmark strategy &,. Applying It6 formula to (3.4), it is not
difficult to deduce the dynamics of & and b; :

1 _
dby =~ —abydW; + _ b dD; + dR;,
o £ (3.7)
d(l — a){t >~ 0'5(]. — g)th + d_Dt — dUt,

where Dy, U; and R; are processes with finite variation determined by L; and M;.

An interesting property of the coupled system (3.7) is that
& —€q = 0(6%) & 1 — by = O(0).
In other words, 1 — b; and & — &, have different time scales. Defining

_1_bt _gt_éa
Dt = 5 ; gt = 52 )

_ 2/3 _ 2ar,&4 _ 4
P=UT =T A e

and applying similar arguments as in the tracking problem, we are led to consider the following
time-average control problem in which the fast variable ¢; disappears:

where

1 T 1
I° = supli ‘f—E/ — ZA212)dt 3.8
sl int 7 [O(pt 347k B (3.8)
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and the dynamics of p; becomes
2

dpy = (1 — 8p,)dWy — ——pydt + dRy, (3.9)
34l

where I; is an adapted positive process and R; a non-decreasing process representing the reflection
of p at p = 0. Our first contribution in Chapter 5 is the following result, which is only
heuristically proved.

Main Result 5. Taking z = x +y — a(y — k) and defining the value of tax deferral w by
o, y, k) = galze”),
then we have

2
w= LT [542/3.8/3 4 o(e8/%),
Ca

where I° is given by the optimal cost of the time-average control problem (3.8)-(3.9).

Compare to the case of utility maximization with market frictions, we have identified a new
local probabilistic model (3.8)-(3.9) in the first order expansion of the value function.

3.3 Capital gains taxes with recursive utility and regime-switching

Our second contribution in Chapter 5 is to study the impact of capital gains taxes in a regime-
switching market for an investor with recursive utility of Epstein-Zin type. We not only provide
asymptotic analysis based on the intuition developed in the previous section, but also perform
extensive numerical study to validate our asymptotic analysis.

Let ¢; be the value function under regime i € Z. As before, we introduce the tax-deflated
regime-switching model for which the market parameters rq i, jto,; and o4, are given by

Tai=1—a)ri, pai=1—a)pi, 0a0i=1—a)o, Viel.

We denote the value function of tax-free problem under regime ¢ by ¢, ; and the optimal strategy
by (€a,is€a,i). The main result of Chapter 5 is the following heuristic expansion of value function.

Main Result 6. Defining the value of deferral w; under regime i by
QOi(ﬂf, Y, k) = @a,i(zewi%
then we have

2
la—zmiAiBg?/‘g + o(af/g),

wi =
Caﬂ' 2

where {m;,i € I} are explicitly determined in term of {I%,i € I} via a linear system.

The key step to obtain the above expansion is first suggested in [CD13], where the authors use
the following “fast variables”

b 1T 52 )

(2

1—k/y u— y/z — Ea

bi s

and postulate in the associated HJB equation that

1
m; + 0292 (pi) + 0502 (i, Qz‘))-

Cai

2
o7
w; = 7522 (5171
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This asymptotic setting is now fully supported by our probabilistic analysis in Section 3.2.

The asymptotic expansion allows us to perform fruitful economic analysis of the impact of cap-
ital gains taxes. In particular, we obtain the impact of capital gains taxes in function of the
elasticity of inter-temporal substitution (EIS) and regime transition intensities, together with
explicit trading boundaries. Moreover, these asymptotic analysis are all validated by a direct
numerical computation of the associated HJB equation based on penalty method.

3.4 Joint impact of capital gains taxes and transaction costs

Our goal in Chapter 6 is to derive a system of corrector equations for the value function of port-
folio selection problem under proportional transaction costs and capital gains taxes, extending
both [ST13] and [CD13]. Models with both transaction costs and capital gains taxes have also
been studied in [CP99, BCP05, Lel99] but under quite different settings.

For simplicity, we use the model of [BST07] and keep the same notation as in Section 3.1. Given
any strategy (Cy, Ly, My), the dynamics of ¥; and K; remain the same and we have

dXt == ((1 - O[)’FXt - Ct)dt - (]. + )\B)st + (1 - )\S)[(]. - Oé)Yt, + OéKt,]th,

where A\p, Ag € [0, 1) represent the buy/sell costs and « € [0, 1) is the tax rate. In the asymptotic
setting of small transaction costs and interest rate, we replace the transaction cost coefficients
AB, Ags and the interest rate r by

2o =Apd%, AL =2g80, =18 §>0.

and denote the corresponding value function by °(z,y, k). The associated tax-deflated model
is defined by
fa=00—a)y, oa=1—-a)s, 1°=(1-a)’.

Denote the value function of Merton problem under the tax-deflated model (without transaction
costs and taxes) by gﬁ‘;(z), and the corresponding optimal consumption-investment strategy by
(C%(2),92(2)). The main contribution of Chapter 6 is the formal derivation of the following
corrector equations.

Main Result 7. Taking z = x +y — a(y — k), we have

O (z,y, k) = @0(2) + ul(2)6* + o(6*),

where ug is given by

—50a(i0(2))? 02,00, (2) = [(pa — 13)7a(2) + roz — Cal2)]0:ug(2) + Bug(2) — a(z) = 0.
The constant a(z) (depending on z) is determined by
. 1 N
min { — 20*(1 = 0p)*9,G0(z.p) — (arad: @2 ()3 (2)p — b(z.)) +a(2),

Gh(2:0) + (As + AB)2:@h(2)h(2) — GA (2,00} =0,

and
(1l o5, _ 1 _
min {502@2(2))2[1 — (1 — )09 (=) 202wl (2, p, q) + 50a(= 2.80(2))g — b(z,p),
P _
72 (7 0 Ca(erp) + A50:40(2) = Ol (2,2, ),

~\s0.85(2) = i (z,p,q) } = 0.
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In particular, we recover the corrector equations in [ST13, Definition 3.1] if « =0, and [CD13,
Equation (A.13)] if \p = As = 0.

In [ST13, Remark 3.3], the equation for w’(q) is represented by the time-average control of
Brownian motion with proportional costs. We find that the equation for Gi (p) is also closely
related to a time-average control problem like (3.8)-(3.9) and a(z) can be interpreted as the
corresponding optimal cost I°.
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1.1 Introduction

In order to manage the risks inherent to the derivatives they buy and sell, practitioners use
continuous time stochastic models to compute their prices and hedging portfolios. In the simplest
cases, notably in that of the so-called delta hedging strategy, the hedging portfolio obtained from
the model is a time-varying self-financed combination of cash and the underlying. We denote
the price at time ¢ of the underlying asset by Y; and assume it to be a one-dimensional semi-
martingale. Hence, in such situations, the outputs of the model are the price of the option
together with the number of shares in the underlying asset to be held in the hedging portfolio
at any time ¢, denoted by X;. The proportion invested in cash is then deduced from the
self-financing property. Therefore, assuming zero interest rates, the theoretical value of the
model-based hedging portfolio at the maturity of the option T is given by

T
/ XdY;.
0
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Typically, the process X; derived from the model is a continuously varying semi-martingale, re-
quiring continuous trading to be implemented in practice. This is of course physically impossible
and would be anyway irrelevant because of the costs induced by microstructure effects. Hence
practitioners do not use the strategy Xy, but rather a discretized version of it. This means that
the hedging portfolio is only rebalanced a finite number of times and is held constant between
these times. Let us denote by (7}');>0 an increasing sequence of rebalancing times over [0, 7]
(the meaning of the parameter n will be explained below). With respect to the target portfolio
obtained by continuous rebalancing, the hedging error due to discrete trading Z7 is therefore
given by

+oo T
Zp =Y Xen(Yen a1 — Yenar) — /0 XidYy.
j=0

Thus, some important questions in practice are:
e What is the order of Z7 for commonly used discretization strategies 7
e For a given criterion, how to optimize the rebalancing times 7
The most widely studied rebalancing scheme is that of equidistant trading dates of the form

' =jT/n, j=0,...,n,

where n represents the total number of trades during the time period [0,7]. In this setting,
the first question has been addressed in detail. There are two popular approaches to quantify
the hedging error Z7, both of them being asymptotic, assuming the rebalancing frequency n/T
tends to infinity (that is n tends to infinity since T is fixed). A first possibility is to use the
L?-norm, where one typically looks for asymptotic bounds of the form

E[(Z2)?] <en™®, n— .

Many authors have explored various aspects of this problem in this deterministic rebalancing
dates framework. For European call and put options in the Black-Scholes model, it is shown
in [BKLOO] and [Zha99] that the L2-error has a convergence rate § = 1. For other options, the
convergence rate depends on the regularity of the payoff. For example, it is shown in [GTO01] that
for binary options, the convergence rate is # = 1/2. However, in this context, the convergence
rate € = 1 can be recovered by choosing a suitable non equidistant deterministic rebalancing
grid, see [Gei02]. An asymptotic lower bound for the L?-error is given in [Fuklla, Fuk14] for a
general class of rebalancing schemes.

The second way to assess the hedging error is through the weak convergence of the sequence of the
suitably rescaled random variables Z%:. When X and Y are It6 processes, the case of equidistant
rebalancing dates has been investigated using this approach in [BKL00, HM05, Roo80]. In these
references, with varying degree of generality, the following convergence in law is proved:

T
Jnzn 5 ,/T/ oY dB, (1.1.1)
2 0 t t b

where X and ¢ are the volatilities of X and Y and B is a Brownian motion independent of
the other quantities. The case where X and Y are processes with jumps is treated in [TV09],
and [GT09] allow for non-equidistant time nets.

X

This asymptotic approach has also been recently used in the context where the rebalancing
times are random stopping times. Some specific hitting times based schemes derived from a
microstructure model are investigated in [RR10]. In [Fukllc], the author works with quite
general sampling schemes based on stopping times. More precisely, for a given parameter n
driving the asymptotic, one considers an increasing sequence of stopping times

O=7 <7 <...<7/"<...
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with Nj* := max{j > 0; 7] <t} < oo almost surely for any ¢ > 0. When

o XV o), oo I e
E[(Xrr | — Xon)?|Frr] E[(Xrr | — Xon)?|Frr] ’

for a sequence €, — 0 and left continuous adapted processes a and s, under some additional
regularity conditions, it is shown in [Fukllc] that &, Z" converges weakly to

3/ sdY; + \[/ — )Y dB,, (1.1.2)

where B is a Brownian motion independent of all the other quantities. Further,

lim P (2N t("f)Qd—a -0 1.1.3
im 5nt<0a2 5 du = (1.1.3)

n—00 — Sz
forall d >0 and t > 0.

One can remark a crucial difference between the deterministic discretization schemes associated
to (1.1.1) and the random stopping times case leading to (1.1.2). For deterministic dates, the
discretization error asymptotically behaves as a stochastic integral with respect to Brownian
motion. Therefore, it is (essentially) centered. In the case of random discretization dates, one
may obtain a “biased” asymptotic hedging error because of the presence of the term

T
/ Std}/t.
0

Hence, if s does not vanish and Y has non zero drift, the asymptotic hedging error is no longer
centered.

From a practitioner viewpoint, this is quite an interesting property. Indeed, it shows that in the
presence of market trends, the trader, whose principal goal is to hedge the option, may actually
be compensated for the extra risk arising from discrete trading, provided that the rebalancing
dates are chosen in an appropriate way. Intuitively, the idea is to wait longer before rebalancing
the portfolio if the market is moving in a direction which is favorable for the trader. Of course
one may say this is not the option trader’s job to try to get a positive expected return with the
hedging strategy. However, knowing that there is anyhow a hedging error, it seems reasonable
to optimize it to the trader’s benefit.

Hence, we place ourselves in the asymptotic high frequency regime where n is large and therefore

Sl;p(T]n-&-l —75)
is small, meaning that the hedging error should be small. In this setting we address the second
question raised above, that is finding the optimal times to rebalance the portfolio. To do so, we
simply use an asymptotic expectation-error type criterion. More precisely, we wish to maximize
the expectation of the hedging error under a constraint on its L?-norm. This is somewhat re-
lated to [Sep13|, where the author aims at finding an optimal hedging frequency to optimize the
Sharpe ratio. However, in this reference, the market trend is assumed to be zero and the hedging
error is not centered due to the presence of transaction costs. Observe that in our context, the
L?-norm is more meaningful than the variance since the primary goal of the trader is to make
the hedging error small. Our asymptotic approach goes as follows. First, we approximate the
law of the renormalized hedging error by that in Equation (1.1.2). Then we find the processes a;
and s} which correspond to optimality in terms of our expectation-error criterion for the family
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of laws given by (1.1.2). Finally, we show that we can indeed build a discretization rule which
leads to the optimal a; and s; in the limiting distribution of the hedging error.

Using an asymptotic framework to design optimal discretizations of hedging strategies has been
quite a popular approach in the recent years. This method (although in a slightly different
context) is in particular used in [Fuklla, Fukllc, GL14a] in the continuous setting whereas the
case with jumps is investigated in [RT14]. All these works aim at minimizing some form of
transaction costs (typically the number of trades) under some constraint on the L?-norm of the
hedging error. Here we also put a constraint on the L?-norm of the hedging error. However,
instead of minimizing transaction costs, we maximize the expectation of the hedging error. Thus
our viewpoint is that of a trader giving himself a lower bound on the quality of his hedge (the
L?-norm of the hedging error), but allowing himself to try to take advantage of market trends
provided the constraint is satisfied.

In practice, our optimal strategy should probably only be considered as a benchmark. Indeed,
its computation requires precise knowledge of the market trend over the hedge horizon. This
is of course not realistic since any kind of statistical estimation of the drift is irrelevant in this
high frequency setting. However, some practitioners have views on the market based, for exam-
ple, on economic analysis, and our work gives them a way to incorporate their beliefs in their
hedging strategies. To assess the robustness of our approach with respect to drift misspecifica-
tion, in Section 1.5.2 we compare numerically the performance of the optimal strategy to the
performance of alternative strategies based on misspecified values of the drift. We find that the
optimal strategies (with misspecified drift) can still recover a large part of the extra return if
the directional bet is good.

The paper is organized as follows. In Section 1.2, we investigate the set of admissible discretiza-
tion rules, that is those leading to a limiting law of the form (1.1.2). In particular, we extend the
examples provided in [Fukllc| by showing that the discretization rules based on hitting times of
stochastic barriers are admissible. In Section 1.3, we consider a first criterion for optimizing the
trading times: the modified Sharpe ratio. It enables us to carry out very simple computations.
However, the relevance of the modified Sharpe ratio being in fact quite arguable, a more suitable
approach in which we consider an expectation-error type criterion is investigated in Section 1.4.
Using tools from linear-quadratic optimal control theory, explicit developments are provided in
the Black-Scholes model in Section 1.5. Numerical illustrations are given in Section 1.5.2 and
the longest proofs are relegated to an appendix.

1.2 Assumptions and admissible strategies

In this section, we detail our assumptions on the processes X and Y together with the admissi-
bility conditions for the sampling schemes.

1.2.1 Assumptions on the dynamics and admissibility conditions

Let (2, F,F,P) be a filtered probability space satisfying the usual conditions. We write Y for the
price dynamics of the underlying risky asset. Let 7' > 0 stand for the maturity of the derivative
to be hedged. We assume that the benchmark hedging strategy deduced from a theoretical
model simply consists in holding a certain number of units of the underlying asset, denoted by
X, and some cash in a self-financed way, under zero interest rates. Throughout the paper, we
assume both Y and X are Itd processes of the form

dY; = by dt + oy dWY, dX; = bXdt + o dW (1.2.1)
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on [0, 7], where WX and WY are F-Brownian motions which may be arbitrarily correlated, and
the coefficients of X and Y satisfy the following technical assumptions.

Assumption 1.2.1.
1. The processes b, bX, 0¥, and oX are adapted and continuous on [0,T] almost surely.

2. The wvolatility process o¥ of Y is positive on [0, T] almost surely.

3. The volatility process o of X is positive on [0,T) almost surely.

4

. The instantaneous Sharpe ratio p = b¥ /oY satisfies
T
IE[/ prdt] < +oo.
0

Remark 1.2.1. Up to some technicalities, the requirement on the positivity of the volatility
processes o and oY might be weakened. See for example the perturbation arguments in [GL14b].

Example 1.2.1 (The Black-Scholes model). The case of b} = bY; and ¢} = oY} with constants
b and o > 0 corresponds to the Black-Scholes model. The instantaneous Sharp ratio p = b/o is
a constant. To hedge a call option with payoff (Y7 — K) and strike K > 0, the standard theory
suggests to use the so-called Delta hedging strategy:

log(y/K) + o*(T —t)/2
oV —1t ’

where ® stands for the distribution function of a standard Gaussian random variable. By It6’s
formula, we see that X is an It6 process of the form (1.2.1) with WX = WY and

Xt = q)(dl(t7}/75))a dl(tay) =

Od,y 02 9%dy Od,y

b§=¢<d1<t,m>{8 (8,0) + 5 57 (L YOYE +b5 <t,Yt>Yt} i

% Gy 0 Y0) 6 (n (e, ¥,

od
o = acb(dl(t,n))a—yl(t,n)m,

with ¢ being the density of a standard Gaussian random variable. Almost surely, Yr # K and
therefore both b* and o are continuous on [0, 7] and b7 = o2 = 0. Furthermore o is positive
on [0,7). Hence Assumption 1.2.1 is satisfied.

As explained in the introduction, in practice, the trader cannot realize the theoretical strategy
X which typically implies continuous trading. Hence the quantity

T
/ X,dY,
0

only represents a benchmark terminal wealth and X; is a benchmark hedging strategy. Thus,
we discretize this strategy over the stopping times
O=my <7{ < - <7 <o

so that for given n, almost surely, 7" attains 7" for j large enough. Such array of stopping times
is called a discretization rule. Consequently, if we define the discretized process X™ by

X' = Xen, te€ (77, 7% )s
the hedging error Z7 with respect to the benchmark strategy writes as
T
Zi= [ (X2 - X)av..
0

We now define the admissibility conditions for our discretization rules which we comment in the
next subsection.
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Condition 1.2.1 (Admissibility conditions). A discretization rule (71') is admissible if there

J
exist continuous F-adapted processes a and s satisfying

T
E [ | ) ad + sty o)t (1.2:2)
0

and a positive sequence &, tending to zero such that:
— The first two moments of the renormalized hedging error 6;1Z:7ﬁ converge to those of a
random variable of the form

zZ 1/T qv; + — /T(2 2 2>1/2 YdB (1.2.3)
=3 S — a; — =S8 o 2.
“* 3o T e P37 Lo
that is,

Ele, ' Z}] — E[Z; ), El(en 21 — E[(Z;.)°], (1.2.4)

where B is a Brownian motion, independent of all the other quantities.
— Almost surely, the processes a; and s; satisfy a? > s2, for all t € [0,T).

1.2.2 Comments on the admissibility conditions

Equation 1.2.2 is simply a technical integrability condition. We now give the interpretation of
the sequence €,. Recall that for fixed n, we deal with an increasing sequence of stopping times
(7}') over [0,T]. Typically, €2 will represent the order of magnitude of the interarrival time
7j41 — 7;'. For example, in the case of equidistant trading times with frequency n/T, e, can
simply be taken equal to n~1/2. In the case of the hitting times based scheme consisting in
rebalancing the portfolio each time the process X has varied by v,, where v, is a deterministic
sequence tending to zero, one can choose g, = v, (since the order of magnitude of the time

interval between two hitting times is v/2).

The specific form (1.2.3) may appear rather ad hoc at first sight. However, it is in fact quite
natural. Indeed, Proposition 1.2.1 below, which is proved in the Appendix and used to show
the main result of the next subsection, indicates that as soon as the quadratic covariations
£,2(Z™) and ¢! (Z",Y) have regular limits, the form (1.2.3) appears for the weak limit of the
renormalized hedging error. So the idea for this admissibility condition is that in our asymptotic
approach, we want to work in regular cases where the renormalized hedging error can be approx-
imated by a random variable of the form (1.2.3). However, our asymptotic optimality criterion
will be based on the first two moments of the renormalized hedging error only. Therefore, we just
require these first two moments to be asymptotically close to those of a random variable of the
form (1.2.3) (in particular we do not impose the convergence in law of the renormalized hedging
error towards Z ., although this is the underlying idea behind this admissibility condition). We

a,s?
now give Prop051t10n 1.2.1.

Proposition 1.2.1. If there exists a sequence £, — 0 and continuous processes s and a such
that

.2 (2", 6/ (1.2.5)
e (2 YY), — g/0 su(0?)2du, (1.2.6)

in probability uniformly on [0,T), then £, Z™ converges in law to

1 1/2
g/ s dY; + / ( st) adet (1.2.7)
0
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in C[0,T). In particular, the convergence in law of e, Zi to Z} , defined by (1.2.3) holds. If in
addition,

5;4/3 su

>18(T}L+1 ATy —T17 ANTp) =0 (1.2.8)
1=

in probability, for all Ty € [0,T), then almost surely a? > s? for all t € [0,T).

We now consider the processes a? and s; appearing in the admissibility conditions. We place
ourselves in the situation where Proposition 1.2.1 can be applied. In that case, an inspection
of the proof of this proposition shows that the inequality a? > s? essentially follows from the
elementary fact that E[A2]E[A%] > E[A3]? for a general random variable A. Indeed, a? and s;
are respectively related to the local third and fourth conditional moments of the increments of
X. Proposition 1.2.2 below, which is proved in the Appendix and used to show the main result
in the next subsection, somehow illustrates the connections between a? and s; on the one hand
and the conditional moments on the other hand. To that end, let A;, = XT;LH — XTJn be the
increment of X between 7;* and 7%, and N;" be the number of rebalancing times until time ¢:
NP = max{j >0 < t} .
The following proposition holds.

Proposition 1.2.2. Let ¢, be a positive sequence tending to 0 and s and a be continuous
processes. Assume the following:
— The family of random variables

4 sup | X7 — Xt (1.2.9)

n
te[0,T7]

e

is uniformly integrable.
— The following uniform convergences in probability on [0,Ty] hold for all Ty € [0,T):

e, ZET;LE[A?’H\.FT?] — —/0 su(oX )2 du,
7= (1.2.10)

J

N .
2 hoE[AL [ Frp] / a2 (07 )2,
§=0 0

where 1y, = (o) JoX)?.
Then the convergences (1.2.5), (1.2.6) and (1.2.8) hold.

Proposition 1.2.2 is useful to obtain the convergences (1.2.5) and (1.2.6) for a given discretiza-
tion rule since it is usually easy to have approximate values of the conditional moments of
the increments. We actually apply this approach in the proof of the main result of the next
subsection.

1.2.3 Examples of admissible discretization rules

We show in this section that the most common discretization rules are admissible. We start
with hitting times based schemes. We have the following result.

Proposition 1.2.3 (Hitting times based discretization rule). Let e, be a positive sequence
tending to zero and | and [ be two adapted processes which are positive and continuous on [0,T]
almost surely with

T
E V (14 (p0)?) (s V 1) (o) )2dt | < oo (1.2.11)
0
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The discretization rule based on the hitting times of enl, or e,ly by the process X :

iy =inf {t> 770 Xy ¢ (Xon — enly, Xon + 2l)) AT (1.2.12)
1s admissible with
st =1, — 1y, ar =541l (1.2.13)
Moreover,
t (UX)Q
2N — / vl gy (1.2.14)
0 L,

in probability for all t € [0,T).

It is interesting to note here that the limit Z; ; does not depend on the structure of X.

This result is particularly important since many traders monitor the values of the increments of
their so-called delta (which corresponds to the process X) in order to decide when to rebalance
their portfolio. Thus, they are indeed using hitting times based strategies. The use of time
varying barriers (which correspond to [ and [) is more natural in financial practice than that of
constant barriers ( between 77" and 77,) treated in [Fukllc, Lanl3], although the arguments

J
therein might be adapted to certain cases in our current situation.

Now remark that under the condition a? > s?, we can always find some positive processes [; and
I, such that (1.2.13) is satisfied. Indeed, it is easy to see that the real numbers I; and —[, can be
taken as the roots of the quadratic equation 2% + s;z +s7 —a? = 0. Under the condition af > s7,
this equation admits two nonzero roots with different signs. Therefore, another interesting
property of hitting times based schemes is the following.

Lemma 1.2.1. For any pair of limiting processes s and a satisfying (1.2.2) and a? > s?, we can

always build a corresponding admissible discretization rule based on hitting times as in (1.2.12)-
(1.2.13).

Consequently, if one has some processes a; and s; as targets, Lemma 1.2.1 implies that a strategy
giving rise to these processes in the limiting distribution (1.2.3) can be found. We will work in
this framework in Section 1.4. Remark that there are infinitely many strategies for which the
renormalized hedging error converges in law to Z; ; with the same a and s due to the degree of
freedom in choosing the normalizing sequence €,. The hitting time strategy is an efficient one
among them in the sense that it attains the asymptotic lower bound (1.1.3).

Another classical discretization rule is given by equidistant trading times. Here, the integrability
property (1.2.4) in the admissibility conditions does not hold in full generality. Compared to the
hitting times setting, this is because the deviations of the benchmark strategy are not explicitly
controlled by the barriers. Nevertheless, the following example describes a reasonable framework
under which such a discretization rule is admissible.

Proposition 1.2.4 (Equidistant sampling discretization rule). Consider the hedging strategy of
a European option with payoff h(Yr) where the underlying Y; follows a diffusion process of the
form

dY; = blt, Y;)Yedt + o(t, Vo) YidWh,

with b, o and h deterministic functions satisfying the following reqularity assumptions:
2 3
— b and o are bounded, of class C1*°([0,T] x R,), such that az%, wg—g, ngﬁ and $3%
are bounded;

— o is Holder continuous in x and bounded away from zero uniformly in (t,z) € [0,T] xR,
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— h is almost everywhere differentiable with
[Pl + |7 < L(1+ [2]®)

almost everywhere, for positive constants L and «.
Define the delta hedging portfolio:
0P .
Xt = afy(t,yt), with P(tvy) = E%,y) [h(YT)]a
where EQ denotes the expectation operator under the risk neutral probability. Let e, be a positive
sequence tending to zero. Then the equidistant trading times discretization rule:

n - 2 .
T =Jens J=0,...,m,. ..

is admissible (under the original measure). Moreover, we can take
2 X2
st =0, a;=3(07)"~

Proof. The proof of Proposition 1.2.4 follows easily from the results in [Zha99]. Indeed, with
the notation of this proposition,
X o*p
0y = }/to-(tv Y;f)ain(t, Yy)a
and by Proposition 2.2.31 in [Zha99], using the Holder inequality and the assumptions on o and
b, we have that

T
BZ;) =0,  E[Z,f)=3E [ | @ m]

and (1.2.2) is satisfied. For the convergence of the second moment it suffices to use Theorem
2.4.1 in [Zha99]. The convergence of the first moment to zero, on the other hand, is shown on
pages 86—88 of this reference.

O

Note that the discretization rule based on equidistant trading times will not be of interest for us
since the associated s; process vanishes and so the expectation of the limiting variable is zero.

1.3 Asymptotic optimality: a preliminary approach

Our viewpoint is that the trader’s priority is to get a small hedging error. However, once this
error is suitably controlled, he may try to take advantage of the directional views he has on the
market. Hence, adopting the asymptotic approximation under which the first two moments of
the renormalized hedging error are given by those of Z; ;, we aim at maximizing IE[Z:; ] while

keeping E[(Z; 4)?] reasonably small. This very problem is treated in Section 1.4.

Here, as a first step, we consider the approximation for E[(Z} )?] given by E[(Z}:¢)?], where Z}'¢
denotes the sum of the two integrals with respect to the Brownian motions WY and B in the
definition of Z} ; in Equation (1.2.3), that is

S
e 1 (T 1 T ) 1/2
Zas=3 /0 sioy dWY + 7 /0 (af - 333) o) dB;.

To do so, we place ourselves in this section under the additional admissibility condition that the
renormalized hedging error weakly converges in the sense of (1.2.7) and we take s; and a? as
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the processes in the limit (1.2.7) (so s; and a7 are uniquely defined). Replacing E[(Z} ,)?] by
]E[(Zj;;g)Q] is technically very convenient but in practice quite arguable since this approximation
is meaningful only when the drift is small. However, our aim here is only to have a first rough
idea about the form of the optimal discretization rules. Since we wish to get the moment of order
one large while that of order two remains controlled, we consider that we want to maximize the
so-called modified Sharpe ratio S defined by

E(Z; ]
VEI(Z5)?)

This ratio is said to be modified since we use E[(Z;g)ﬂ instead of the variance of Z; ..

S =2S(a,s) =

Hence we are looking for strategies which maximize S. To do so, we now introduce the notion
of nearly efficient (modified) Sharpe ratio.

Definition 1.3.1 (Nearly efficient Sharpe ratio). The value S* € R is said to be a nearly efficient
Sharpe ratio if:

1. For any admissible discretization rule with associated limiting processes a and s, the
associated modified Sharpe ratio S(a,s) satisfies

S(a,s) < S*.

2. For any n > 0, there exists a discretization rule with associated limiting processes a and
s such that
S(a,s) > S* —n.

We only consider nearly efficient ratios since our strategies will not enable us to attain exact
efficiency (which would corresponds to n = 0 in the previous definition). Of course, the slight
difference between efficient and nearly efficient ratios has no importance in practice.

In our setting, for any limiting variable Z* . we have

a,s’

E[L Jo siby dt]

12
T T

(B[§ 5 s3(o72dt + & [ (a2 — 3s3) (0} )dt))
Now, the admissibility condition a? > s? implies

V6 B sibdt]
5 (8 sporyar)) "

S(a,s) <

and Cauchy-Schwarz inequality gives

V6 T Y o 1\1/2
S(a,s) < ?(E[/o (g) dtD )
This provides an upper bound for the modified Sharpe ratio. We now wish to find a discretization
rule enabling to (almost) attain this upper bound. To achieve this, our rule must be such that
for the associated processes a; and s, the inequalities used above (a% > s% and Cauchy-Schwarz)
become almost equalities. This means that a; should be close to s; and s; should essentially be
proportional to b} /(o) )?. Furthermore, we want the product s;b} to be essentially positive in
order to get a positive modified Sharpe ratio. If we look for this rule among the hitting times
based schemes specified by two processes (I;,1;), Lemma 1.2.1 implies that
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— the difference [, — I; should be essentially proportional to b;/(c} )?,
— the product ,/; should be negligible compared to (I, — [;)?,
— the term (I, — I;)b} should be essentially positive.
From these remarks together with Proposition 1.2.3, we easily deduce the following theorem.

Theorem 1.3.1. Suppose that for allt < T, b) # 0. Then the value
V6 T by 2 1\1/2
5 (B[ Cr)a))

is a nearly efficient Sharpe ratio. It is approximately attained by the discretization rule defined

for A >0 by

. A
Tjjrl:1nf{t>7';b’  Xp = X ax = — ete, or

L e e, t, T =0. (1.3.1)
i (o) (0)? } °

Indeed,
lim S(\) = \/6<E[/0T (bg/)zdt])l/z,

A—+o00 3 o

where S()\) denotes the modified Sharpe ratio obtained for the law of the variable Z; ; associated
to the discretization rule (1.3.1) with parameter \.

This result provides simple and explicit strategies for optimizing the modified Sharpe ratio. It
is also very easy to interpret. Indeed, we see that in order to take advantage of the drift, one
needs to consider asymmetric barriers. The limitation is that we do not really control accurately
the magnitude of the hedging error at maturity.

The asymptotic setting simply means that we require A to be quite large while ee,, is small.
When using such discretization rule in practice, it is reasonable to consider that the trader fixes
a maximal value for the asymmetry between the barriers controlled by A. This way he can
choose the parameter A. Then &, is set to match the bound on E[(Z;¢)?] that the trader does
not want to exceed.

1.4 Asymptotic expectation-error optimization

In this section, we now consider a natural expectation-error type criterion in order to optimize
our discretization rules. To do so, we work in an asymptotic setting where we are looking for
discretization rules which are optimal in the expectation-error sense for their associated limiting
random variable Z; ;. We start with a definition inspired by the classical portfolio theory.

Definition 1.4.1 (Efficient couples). A couple (m,v) € (R*)? is said to be nearly efficient if
there exists mo admissible discretization rule such that its associated limiting random variable
Z* . satisfies

a,s

E(Z;) = m, E[(Z;,)"] <v.

and for any n > 0, there exists an admissible discretization rule such that its associated limiting
random variable Z; ; satisfies

E(Z; ) =m, E[(Z;)*]<v+n.

It is said to be efficient if we can take n = 0.
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We introduce the set Z7 of random variables of the form

Z = / dY; + / dB (1 4 1)
= — S — St0 s A
T,s 3 t t 3\[ tU¢ t

where B is a Brownian motion independent of F and s; is an adapted continuous process such
that

T
E[/ (14 (p0)?)s2(0) )2dt] < oc. (1.4.2)
0
We can now state our main result which enables us to compute efficient discretization rules.

Theorem 1.4.1. The following results hold:
— Let (m*,v*) be an efficient couple. Then there exists an adapted continuous process s*
satisfying (1.4.2), such that E[Zr <] = m* and E[(Zr )% = v*, and for no other process
s satisfying (1.4.2), one has E[Zrs] > m* and E[(Zrs)?] < v*.
— Conversely, let s* be an adapted continuous process satisfying (1.4.2), such that E[Zy 4] =
m* and E[(Zr )% = v*. Then, (m*,v*) is a nearly efficient couple. More precisely, let
6 >0 and (Lf,ff) be defined by

,5 % *6 *(5 * 66
[=Ti=siy W2 -UL+0)° =6+ rpr
t

that is

- (1.4.3)

Then the hitting times based discretization rule specified through the barriers (lfjf) sat-
isfies
E(Z;,]=m’, El(Z,) =v"+0T.

Therefore, we have reduced the impulse control problem of finding the optimal rebalancing times
to a classical expectation-error optimization with continuous dynamics. The solutions of this
problem can be obtained by solving for p > 0

gltf){ —E[Zr,] + uE[(Zr,)°]},

for which we can apply the theory of linear-quadratic optimal control, see for example [LZ02]
and [ZLO00]. As shown in the next section, we can even obtain closed formulas in the case where
the underlying has deterministic drift and volatility. Note that again, our barriers strategies
enable us to attain only nearly efficient couples. Indeed, reaching efficient couples would lead to
the use of degenerate barriers with § = 0. This does not make sense in practice, however § can
of course be selected small.

1.5 Black-Scholes model with time-varying coefficients

In this section, we explain how our method can be applied in practice through the simple example
of the Black-Scholes model with time-varying coefficients. So, we assume the underlying risky
asset follows the dynamics

d}/t = th(btdt + O'tth),

where b; and o; are continuous deterministic functions. We also assume b; and o; do not vanish.
Using the theory of linear-quadratic optimal control, we give an explicit solution for the problem
of designing optimal rebalancing times in this specific setting.
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1.5.1 Explicit formulas

We aim at finding the efficient couples for the controlled random variables of the form Z7 , as
in (1.4.1). Following [ZL00], such problem is classically recast as follows: solving for any u > 0
the optimization problem

i —E[Zr,s] + pE[(Z1,)%] = . HE[(Zr,s — ;M)Q] - 41#'
Let us define the family of processes of the form
dZ; = s;Yy(bedt + 6,dWy), Zo = 0,
with b; = b, /3, 6y = o0¢/3 and s; being adapted continuous. Using obvious computations,

the independence between the process B in Equation (1.4.1) and F, and the fact that s; is
F-adapted, we get E[Z7] = E[Z7 4] and

WE[(Zr — ;Mﬁ — JE[(Zrs -

1

T
Z)Q] _ g /0 (se00Ys)2dt].

18

Hence, we can equivalently solve

T
. ~ /1/ _ 2
t  E[uZ? 7/ V2t
(St,()lgtST) Iz T+2 0 (5:0¢Y7)dt],

with 1
dZt = St}/t(i)tdt + &tth), Z[) = —27
I
Using the results of [ZL00] which are summarized in Theorem 1.B.1 in Appendix 1.B, the optimal
control s; and the optimally controlled process Z; satisfy

where P; is the solution of the (ordinary) differential equation
. P?
P =pl—"t—, Pr=2pu,
t = Pt Pt u T H
with p; = b;/oy. The solution of this equation is given by

7

Pt = )
L(3exp( S p2ds+}))

with L(-) being the inverse function of = — xe®. Moreover, the optimal process Z* satisfies

dZz} P 1 - 1
— = ——(dt + —dW}), Z§ = ——.
7 Bt W) 25 ==,
Therefore, we obtain
~ 1 P
EZ7] = ———.
[Z7] 21 Pr

Using Theorem 1.B.1, we get

- 1 T 1 .2F
*\ 2 *v ~ \2 _ (= 70
E{(ZT) + 5/0 (s;Yi0y) dt} = (2M) Py
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Consequently, we have that the optimal variable Zr ¢« satisfies

1 Py

E[Z7,5] = ﬂ(1 — P—T)
and L, "
E[(Zr,s — @) | = (ﬂ) By
Hence ) n P,
E[(Zr1,s)°] = <ﬂ) (1- E)-

We have thus proved the following proposition.

Proposition 1.5.1. In the Black-Scholes model with time-varying coefficients, the efficient

points are the couples of the form
1 1 P,
— — 11— — 1.5.1
<2u’4u2>< PT)’ (15.1)

with u > 0 (notice that the ratio % does not depend on ). Furthermore, the associated process
s; enabling us to compute optimal rules according to Theorem 1.4.1 is given by

1 1P -
Y, = L
3F T Ty Pt
with N .
aZi 1R oo 1
Zy P Y 70 2

Note that, in practice, Z* is not observable. However, it can of course be approximated by a
process Z™) thanks to historical data, using for example a scheme of the form

~ (4 - (x 1P, Y, — Y, = (x 1
@ g0 LR 2Ty e L
' by, Py Yy 2p

where the ¢; are the observation times of market data.

To implement our strategy in practice, the trader must choose three parameters: the value u
which determines a point on the efficient frontier, the asymmetry parameter ¢ and finally the
value €, which determines how close to the limit we are. However, in the Black-Scholes model
the sequence of renormalized hedging error processes corresponding to an optimal discretization
rule satisfies

E[ue! 22] — % (1 _ f:;) and  E[(ue 22 — i (1 _ f;;) .
This means that (in the asymptotic regime) ¢, and p are redundant parameters, and one can
simply take u = 1. This leaves the trader with the choice of €, and . These parameters will
typically be chosen to meet two conflicting objectives: keep the tracking error below a certain
threshold, and limit the number of transaction dates. With the above choice of u = 1, using the
suboptimal strategy of Theorem 1.4.1, we see that

Pr—Fy

5T
P

E[((en) ™' 27)] =
as n — 0o. Therefore, if § is small, its effect on the tracking error is neglilgible. However, it has
a strong effect on the total number of transaction dates, which tends to infinity as § — 0. In
view of these observations, we propose the following approach for choosing ¢,, and §:
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— First, choose €, to meet the tracking error target for the optimal strategy (assuming
d=0).

— Then, choose the smallest § which meets the target of the total expected number of
transaction dates (e.g., by simulation). The transaction dates target should be large
enough so that the loss of optimality due to nonzero ¢ is negligible.

1.5.2 Numerical study

In this section, we present a numerical example illustrating the performance of our asymptoti-
cally optimal strategy for finite values of €,, as well as its robustness to drift misspecification.

The dynamics of the underlying Y is given by the Black-Scholes model with constant drift b and
volatility o :

dY; = Yy (bdt + cdWy),

and the reference strategy X by the continuous delta hedging strategy of European calls. The
values of the model parameters are given in the following table:

b o Yo T K X,
{0.10,0.20 } {0.15, 0.30} 100.0 1.0 100 0.53

In the numerical implementation, we choose:

M En
1.0 {1.0,1.2, 1.4, 1.6, 1.8, 2.0, 2.4, 2.8, 3.2, 3.6, 4.0}

For each set of parameter values, and for each e,, we simulate 40000 trajectories of the asset
price with 80000 discretization points. Then we compute the rebalancing dates according to the
optimal strategy determined from formula (1.4.3), and evaluate the expectation and the second
moment of the hedging error.

Remark 1.5.1. To simplify the implementation, in the simulations, we have taken § = 0 in
formula (1.4.3), which corresponds to a degenerate barrier. In practice, 6 should be significantly
positive in order to avoid microstructure effects.

Validity of the asymptotic framework. We perform the computation for different values
of €, in order to evaluate the speed of convergence of the strategies built with finite €,, towards
the asymptotic efficient frontier. Following the results of Section 1.5.1, for given ¢, the moments
of the hedging error E[Z%] and E[(Z%)?] should be close to £, E[Z7 5+] and e2E[(Zr s+)?]). Figure
1.1 shows the empirical counterparts of E[Z2] and E[(Z})?], together with the couples of the
form (2E[Zr s+, 2*E[(Zrs+)?]), with 2 > 0 (red curve). The patterns being very similar in all
cases, we only show one set of parameters in Figure 1.1. We see that indeed, the empirical first
and second moments are close to the theoretical frontier, for quite a large choice of &,.

Performance under different market scenarios. We now fix €, and consider the per-
formance of the optimal strategy under different scenarios for the market. Table 1 gives the
first and second moments of hedging errors obtained by Monte Carlo simulations under these
scenarios.

(E[Z3], E[(Z2)?]) | low drift (b= 0.10) high drift (b = 0.20)
low volatility (o = 0.15) | (0.043, 0.0085) (0.136, 0.0316)
high volatility (o = 0.30) | (0.010, 0.0019) (0.041, 0.0083)

Table 1.1 — Hedging errors under different markets with ¢, = 2.
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Figure 1.1 — Convergence to efficient frontier (point size prop. to e, b = 0.10, o = 0.30).

To give an idea of the order of magnitude of extra return which can be generated thanks to
our approach, we place ourselves in the scenario with high drift and low volatility in Table
1.1. In this case, the call option premium is approximately equal to 7.97. The second moment
E[(Z})?] = 0.0316 corresponds to a hedging error less than 2.3% of the option’s premium (which
is a rather tight bound), while the expected extra return E[Z}] = 0.136 is slightly more than
1.7% of the option’s premium.

Robustness against drift misspecification. In practice, it is difficult to obtain an accurate
estimation b of the drift. Table 1.2 illustrates the robustness of the strategies which are deduced
from misspecified drift 13, where the last column is the standard Sharpe ratio (expectation divided
by standard deviation) of the hedging error. In particular, it shows that a right view on the
market trend plays an essential role in order to obtain a positive expected gain.

b/b | E[Z}%] E[(Z%)?] Sharpe ratio
1| 0.136 0.0316 1.19
2| 0.191 0.0646 1.14
0.5 | 0.070 0.0085 1.15
-1 -0.481 0.7129 -0.69

Table 1.2 — Performance with misspecified drift and b = 0.20,0 = 0.15, ¢, = 2.
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Appendix 1.A Proofs

In the following C denotes a constant which may vary from line to line. Note that we use
several localization procedures in the proofs. We often give them in detail since some of them
are slightly unusual, in particular because of the fact that ¢* may vanish at maturity.

1.A.1 Proof of Proposition 1.2.1

We start by proving in a very standard way the stable convergence of £,,1Z" in C[0, T], which is
stronger than the weak convergence. More precisely, we show that for any bounded continuous
function f on C[0,T] and bounded random variable U defined on (2, F,F,P),

Jim E[Uf(e;,'27)] = E[US(Z7),

where Z* is defined by

zr =X [Msav, + L (a2 25 1/20YdB
t _'3 0 u u ti 0 u 3 u u U

on an extension of (2, F,F,P) on which B is a Brownian motion independent of all the other
quantities. For K > 0, we set

o =inf{t > 0;|ps| > K} AT.
Since p is continuous on [0, 7] almost surely,

lim Pl < T]=0.

K—oo
Now observe that
E[U f(e,' Z")] — E[U£(Z2)]]
< E[Uf(e;,'ZM) = E[Uf (g5 20 i)l + [EIU f (e 20, )] = E[U f(Z3 )]
+ [E[Uf(Z], )] —E[UF(ZT)]]
<A flloollUlloPla™ < T] + [E[U f (e, Z1} 1)) = BIU f(Z5, )] |-

Consequently, it suffices to show that for any K > 0,
i [BU (e 20, ) — E[UF(Z5, 0] = 0.

Let

K

K
& 1
E=exp{— /0 pedWY — pidt}.

2 Jo
Since E[€] = 1, the measure Q defined by
dQ _
dP
is a probability measure under which Z', r is a local martingale. Under Q, the uniform con-
vergences in probability on [0, 7] given in (1.2.5) and (1.2.6) remain true. Therefore by Theo-

rem IX.7.3 of [JS13], we have the stable convergence of z—:;lZTLAaK to Z7,  k under Q. Note that
U=U /€ is a Q-integrable positive random variable and moreover, for all A > 0,

&

[E[Uf(e5" Z0) )] = E[UF(Z, )]
<IECUf (' 2} )] = ER[UF(Z5 o)

Aok Aok

<[EC[(U A A)f(eq " Z0h )] = BT A A) F(Z5 )| + 20 f B2 (U L5 3]
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The second term tends to 0 uniformly in n as A — oco. The first term converges to 0 due to the
stable convergence under Q, where it is used that (U A A) is a bounded random variable.

Now, we prove a? > s? under the additional condition (1.2.8). Since a and s are continuous, it
suffices to show a? > s? for all t € [0,T). Fix Ty < T and let

o =inf{u > 0;|bX | VoS vel > K or oX <1/K} ATy (L.A1)

for K > 0. Since 0¥ is positive and continuous on [0, 7p], we have

lim Pa% < Ty) = 0. (1.A.2)
K—oo
Therefore, it suffices to show
ai/\dK > Si/\aK (1.A.3)

for all w > 0 and K > 0. Fix K and define the probability measure (@ by

dQ X1 et e,
TP —exp{—/o g —dW; — 5 (O'UX) du}.

Under Q, X. AaK 18 @ martingale with bounded quadratic variation. Since Q is equivalent to P,
it suffices to show (1.A.3) under Q.

By (1.2.8), there exists a subsequence {n(k)} such that

A —4/3 n(k) (k) 1y 1
Q[sn(k) igp( i1 ANTo =1, A Ty) > k} < i
Let 1
Ty = inf {u > 0,¢ (/)3sup( ]_&)/\U—T (k)/\u ) >~} Aaf
> k
Then
lim Q[T < a®] =0
k—oo
and so,

1/ (k) Lotne®
€ (k) <Z 7Y>t/\Tk; — 5/0 suloy, ) du,

_2 <Zn(k)> _ 1/t/\dK 2( Y)2d
En(k) AT, 6 Jo @ulTu )@,

in probability as k — oo for all t > 0. Let

(1.A.4)

Ak _n(k)
T, =T, ATy

for j > 0. We now give three technical lemmas.

Lemma 1.A.1. Let r, = (o) /o:X)%. We have

n(k)
tAT},

3 n(k Z Rt Mt [ (X5 PR A X%J’?/\t)3|]:7‘-]’?/\t} _5;(11@ <Z”(k),Y>MTk -0,

in probability as k — oo for all t > 0.
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Proof. By It6’s formula,

1 < pERAE
SE (X n = Xoin) [ Fpnd] = EQ[[: (X = Xo)d (X),, [Frtpe] -

U| TS
J

‘We now show that

tﬂA(;’)v " RN
— J
6n(k:) Z K/Tk/\tE [/k (Xu - XTk)d <X>u |‘FTk/\t]
- o (1A5)
N"L(k) Ve W
ok PNt
o X e [ (K= X)d (0, 0
=0 75 At
and
o Tt 1 (k)
Enti) Z mm/ (= XA (X), — ey (z ,Y>MTk 0, (1.A.6)

in probability.

By Lenglart inequality for discrete martingales (see e.g., Lemma A.2 of [Fukllc]), a sufficient
condition for (1.A.5) is the fact that

:A(;L . AL 9
5;(2/%) z% H?—J’FMEQ[(/MM (Xy _X%J’F)d <X>u) "’r%]’?/\t] — 0, (LA.7)
J= J

in probability. To get this convergence, first use successively Holder inequality, 1t6’s formula
and Burkholder-Davis-Gundy inequality to obtain that

n (k)
tATY,

2
Z Kz k/\tEQ /7”?/\15 (Xu _X%J’.ﬂ)d<X>U) ’f%fAt]
J

n(k)
Nt/\Tk

<C Y & kAtIEQ[«X)
7=0

n(k) n(k)
Nin, . Nin,

O( Y0 BOL(X st py — (Xsin) o) (ZE@ [ - X 7o)
Jj=0 J

Ti+1

3/9 1/\t 1/2
o~ )77 00 = X0 (00 P
J

Ti+1

n(k) n(k)
NtATk Nt/\Tk

1/2
_O< Z EQ ]’“Jrl/\t <X>%]’?/\t)3|‘7:7°]’?/\t> ( Z EQ X%]’?Jrl/\t_X%]’?/\t)6|f+J’F/\t]>

n(k)

3
koAt T <X>7°J’.“At) ‘]:-?J’.f/\t]

Jj+1

>

<C > EQIFF At — 5 AP Far ]
j=0

Note also that o) "
n(k
{ Nt/\T}:{Tj St/\Tk}efi—]’?/\t-
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Then (1.A.7) follows since
< 8/2> < 52{2)
—2 -2 n

EQ[Z Fant—if At <2 E@[Z Ao nt— At < 157t 0.

We now turn to (1.A.6). Note that
n(k)
Nt/\Tk %Jl_g+1/\t Jk+1/\t
k) Z Rkt [k/\t (Xu — X%J‘?)d (X)u

-1
En(k) jZ:; Kkt /@Mt (Xu _X+ )d

and

-1 n(k ) . J+1 B
gn(k) <Z >t/\T - n(k Z[k/\t Xu Xf_]k)/ﬂud <X>u

Therefore, the absolute value of the left hand side of (1.A.6) is dominated by

. 0O piF AL
En(k) Z /mt | X — X+;.c! |Fu = Kt ngld (X,

/\t 1/2
J+1 +1

< Wz/ ~ Kyl (X Z/

7

1 1 1/2 1/2
<su sup |k — Kk, |E <Z"( )>
= 020 Fundy wsogeo | e pulEai o, Ko
O

which converges to 0 due to (1.A.4) and the uniform continuity of &.

Lemma 1.A.2. We have

n(k)
tATY,

4 —
) Z Rk nlE (X AL Xf—]’?/\t) |]:%]’.€At} B En(Qk) <Zn(k)>t/\Tk =0

in probability as k — oo, for allt > 0.

Proof. The proof is very similar to the previous one. By Itd’s formula,

1 0 4 o %J’?+1/\t )
G = Xopnd) 1] =B [ (X = X P (), )
J

We now show that

t/\Tk ,[A_)_c
— +1
eaty D FebnES /:M (X = Xe) d (X )y, | Frtpy]
. ' (1.A.8)
2 o Tt 9
_ ) X x
6n(k) ;) K;’TJI.C/\t /],“/\t (X XTJ’,“) d< >u —0
and
n(k)
BERS Nt 2 -2 (k)
Enh) JZ:% Rk ng / o (Xu= X2 (X), ety (Z"W), 0. (1.A.9)

in probability.
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By Lenglart inequality for discrete martingales, a sufficient condition for (1.A.8) is

N T

— 2 Jj+1 2

En(k) Z Hfj’?/\tE [(/kAt (Xu — X, )d ) ’.7'- k/\t} 0, (1.A.10)
J=0

in probability. To get this convergence, first use successively Holder inequality, Itd’s formula
and Burkholder-Davis-Gundy inequality to obtain that

Ty K
Nk FE AL
> KB [(/,j/\t (Xu = Xz4)%d ) |‘/—:Ak/\t}
7=0 75
< S, EO[(x X0 ) 37 (K = X)) Y| F
Z Hi-]’.“/\t [(< >TJ’.“+1/\t ( >7‘Jk/\t) ( N (Xu = X;0)7d(X)u) ‘ Tk/\t}
J=0 j
NtATk Q 4 1/ tATy, Q 1;]]_@+1/\t 6 2/3
<03 EQ(Xas e = X0apad Fosnd) (3 B[ [ (X = Xop (X0l s
j=0 §=0 7
t/\Tk a A 1/ tATY a 2/3
_C< Z E [(<X>f7’.“+1/\t_ (X)26n0) ffk/\t:|) ( Z E [(X+f+ nt = Xzing) |‘FTk/\t:|)
7=0 7=0
) 4
<C Z EQ J’“H/\t <X>%]’?At) |f%J’?At]
N:x;;

<C Z EQ[#k At — 25 At [Pt pal

Then, observe that

et EQ{ZTJ_H/\t /\t|}<%%0

which gives (1.A.8). The proof for (1.A.9) is obtained in the same way as that for (1.A.6). O

We finally give the following almost straightforward result, which is easily deduced from simpli-
fied versions of the proofs of the previous lemma.

Lemma 1.A.3. We have

n(k)
Nt/\Tk

Z ”%f/\tEQ[(X?}“ﬂ/\t TR ‘}— ’“/\t] - <Y>t/\Tk — 0,
j=0

in probability as k — oo for all t > 0.

We are now ready to complete the proof of Proposition 1.2.1. From (1.A.4) and Lemmas 1.A.1,
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1.A.2 and 1.A.3, we have the following convergences in probability as k — oo for all 0 < v < ¢:

n(k)
Ninty,

R 9 that
ORI (G VR N A CAR

. arn(k)
]_Nv/\TkJrl

n(k)
Nt/\Tk

) ) X tnat<
) 2 H%}“AtEQKX%k ne ™ Xt o] _>/UA@K #ulo

j+1
. arn(k)
7=Nyag, 1

b
S—
[\&]
jo 8
?

Nt/\Tk 7N

_9 ) Q ) oy . )
En(k:) ' an(k) » K/T]]?/\tE [(XTf+lAt Xr]k/\t) |f7.]l_c/\t} — /U/\dK au(a
J= ATy

<~

o
U
IS

Since

9 . R
(EQ[(X%]’?+1/\75 - X%f/\t)sl‘;’:%]’?/\t]) < E@[( koAt T X%fAt)Q‘f%J’FAt]EQ[(X%Jlf+1At - X%f/\t)ﬂfff/\t]?

Jj+1
we have
n(k)
Ninty, . 9
~1 (o) 3
(5n(k) Z "“fj’?E [(X%]’?H/\t - Xi-]’.“/\t) |]:+]'.€At])
=N+
(k) (k)
NtnATk . NtnATk .
-2 Q 4 Q 2
S Enlk) > ’{%J’.“E {(XAJ’?HM - X%]’?/\t) ‘ffj’?/\t} > “%J’FE {(X%]’?H/\t - X%]’.“/\t) ’]:%]’?/\t} :
Jf]v’u/\Tk—’—1 ]7N'U/\Tk+1

This implies that for all 0 < v < ¢,

tnat 9 tnats tnats
([ sl pan? < [ aeDra [ (o))

A& vAGK

Thus we obtain (1.A.3).

1.A.2 Proof of Proposition 1.2.2

In this proof, using a classical localization procedure together with Girsanov theorem, we can
assume that bX = 0 and that ¢ and oY are bounded on [0,7]. We start with two technical
lemmas and their proof.

Lemma 1.A.4. For any p € [0,2),

o 212113(<X>T;¢+1 = (X)r) =0,
in probability.
Proof. Let K > 0 and
Y =inf{t > 0;6,!|X; — XJ'| > K} AT. (1.A.11)
Using the tightness of the family (1.2.9), we get
lim supPlvg < T]=0. (1.A.12)
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Therefore, it is enough to show that for any K > 0,

€’ 3;1(:))(<X>T;l+1/\’y?( - <X>Tj"/\7;;) — 0,
in probability. Take an integer m > 2/(2 — p). Since
X X m 1/m
?;g« >T]7.L+1/\'y?< < "/\'yK <g AN - < >7—JTL/\'y}L<) ) )
the statement of the lemma follows from the fact that
B[S (XD g — (X)) < CB[S (sup|X X))
(X rpnop "] S OB (50 1Xep e = Xoprogen
Jj= j=0 ‘=
- 2
2m—2
<Cg" E[Z (Sup | Xon Ayt = Xenaynatl) }
j=0 =
(o9}
2m—2
< G| (XD pop — Koy
]:
< Cg2m—?
Here we have used that E[(X),] < co. The result follows using Holder inequality. O

Lemma 1.A.5. For any p € [0,2) and Ty € [0,T),

e, " sup(7iy ATy — 7' N'Tp) — 0,
J=0

in probability. In particular, the convergence in probability (1.2.8) holds for all Ty € [0,T).
Proof. Let Ty € [0,T), K > 0 and

Ak = inf{t > 0;0;X <1/K} A Tp. (1.A.13)
Using the continuity and the positivity of oX on [0,T), we get
Kliinoo Plix < Tp] = 0.
Therefore, it is enough to show that for any K > 0,

e,V sup(7/hq ANk — 7 AK) — 0,
j=0

in probability. This follows from Lemma 1.A.4 since

sup(7i 1 A9k — 7 AYK) < Csup((X) - — (X)) ).
]20 ]>0 Jj+1 J

O]

We now give the end of the proof of Proposition 1.2.2. Define 73 by (1.A.11). It suffices to
show that for any K > 0

sup |, 2 (Z™) vk a2 (o Y)2du‘ —0
t>0 ik 6 Tu ’

~1izny LR o2 o
Sllp gn < ) >t/\ry?{ 3 Su(au) ul — )
>0 0
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in probability. Since
el 22%) | Xinyn — Xt”M;L{\ <K, (1.A.14)

the families €,,2 (Z")

and e;1 (Z",Y). Ay AT€ equicontinuous. So we just need to prove that
for any ¢t € [0,T),

1 [itAvg
5;2 <Zn>t/\'y?< 6 /0 " ai(05)2du — 0,
1 [tATg
-1 n Y\2
2 (2N iy — g/0 su(0Y 2du — 0,
in probability. Let
B =inf{u > 0;(1/oX) > M} At Ay}

for M > 0. Since t < T, and o is a.s. positive on [0,T),

lim supP[By; <t Avk] =0.

Therefore, it is enough to show that for any M > 0,

_ 1 [Pu
T R AR T

1 (B
5;1 <Zn7Y>6n L M

i A su(oX )2du — 0,

in probability. From the assumptions of Proposition 1.2.2, we have

Phr
et > K E[A n\]-" —|—/ & V2du — 0,
j=0
N’VLn
-2 “ 4 Pl 90 vyo
€n Z KTfE[Aj,n|fr;l] —/0 ay (o, )°du — 0,
j=0

1 IW@ 1”@
gen' 3 mmEAL |yl =t Y wp B [ (0 - X2)d (), 7],
j=0 j=0 7
Nan NP i .
W3 Iy =t 3 [ = X302 (x),, 1 7]
j=0 J

Now remark that the following convergences in probability hold:

N, N,

A B
splent 3 mer [ 0= X (0, —it Rl [ 0= X 0, ]| 0
t=>

gn N"n

BM n \2 -2 o i n \2
sup |e }: n,t/ (Xu — X)?d(X), —en E:fwaL/ (Xu — XP)?d (X)), | Frr]
t>0 J X Tn J
= j=0 j
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Indeed, as seen in the proofs of Lemmas 1.A.1 and 1.A.2, the convergences in probability in
(1.A.15) are deduced from the following ones:

N
87, n
N + n 2
€n’ ;) KZ%@E[(/T] (Xu = Xp)d (X),,)’|Fre] =0,

n

(1.A.16)

N
ﬂM T
—4 2 Al n \2 2
S RBEL [ (- XBR 0, PIF] o
j=0 i
Since Q,, = ¢,;4 Supsefo ) | X7 — X;|* is uniformly integrable and

S (X, = (X),0)?
=0

is bounded and converges to 0 in probability by Lemma 1.A.4, we have
N7,

B[S w2 ([ e 0% - X004 (%), )%] < CE[QK2 Y ((X),m, — (X),0)7] =0

=0 J n =0 J+1 J
for k = 1,2, which gives (1.A.16).

We also have

6%[ T T ALY

_ 1 _ 1/ \Par

suplen® S wop [ (X = X5 P, 23k [ (L= X RaX),
= j=0 7; - T

in probability. These two convergences follow using that

T nyi
sup / ey 1 Xy — Xy'd (X)), = 0
J>0,t€[0,T] /7' At

in probability for i = 1,2, which is deduced from (1.A.12) and the fact that

n n - Tj"n+1
3 AV 720

T RN nyi i
sup / 71Xy — XPPd(X), < K sup((X)
T

. - <X>T") — 07
Jj=>0,t>0 J

in probability, by Lemma 1.A.4.

Finally, remark that the uniform continuity of x and (1.A.14) imply

—1 - Tf+1/\,3?/1 n —1 n
sup |e: Zw/ (Xu = Xp)d (X), + 2,7 (27, V)g | =50,
Jj=0 T

= S (1.A.18)
T AP o

(Xu = X2 (X), — €22 (2") 5 | =0,
J

u B
>0 nABY,

o0
sup 5;2 Z Korp /
J=0 .

in probability. Then Proposition 1.2.2 is eventually obtained from (1.A.15) together with
(1.A.17) and (1.A.18).
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1.A.3 Proof of Proposition 1.2.3
Proof of the convergence in law to (1.2.3)

We start with the stable convergence in law of the renormalized hedging error. Such convergence
being stable against localization procedures, we can assume without loss of generality that |bX],
oX, Y|, 0¥, 1/0Y, 1, 1/I, I and 1/ are bounded by a constant M > 0. Then in particular we
have ¢, ! supyeqo,r) | X7 — Xi| < M.

Fix Ty € [0,T) and define &% by (1.A.1). Then we have (1.A.2) and so, we can assume without
loss of generality that 1/0X < K in order to show the convergences (1.2.5) and (1.2.6) on [0, Tp].
Also, thanks to the Girsanov-Maruyama transformation, we can assume bX = 0. In order to
apply Proposition 1.2.2; it remains to show (1.2.10).

Part 1: Technical lemma

We give here a first technical lemma.
Lemma 1.A.6. The sequence E%N%LO is tight.

Proof. Since for j < Np.,

2
€
| X ATy — XTJMTO|2 > F’;,
we have
Np ~1
enNf, S K? Y (Xon amy — Xonamy)? = K2 (X) g,
j=0
in probability by Lemma 1.A.5. O
Part 2: Approximation lemma
Let 74 be the exit time of fixed barriers defined by
7~']7~l_,’_1 = inf {t > T]n : Xt ¢ (XTJTL - Ean]n,XTJn + Eniq—]n)} VAN To. (1A19)

We have the following lemma.

Lemma 1.A.7. We have

Np

Z EH%}]H - Tf+1“]'—7}l] — 0,

j=0
in probability.
Proof. Define for § > 0 and t € [0, Tp]

wi(8) = sup{|ly — L] + |L, = L;0<u<t, 0<v <t |u—v| <5}
Since [ and [ are continuous and bounded, we have
E[wTO ((5)] -0

as d — 0. For m € N, let

T" = inf{t > 0;wy(en) > mE[wr, (e0)]} A To.
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For the proof of, the lemma, we can estimate the probability as follows:

Np
PH Z E[‘fjn-‘rl - Tf+1|‘]:f;’] = W}
§=0

NE
= PH ;}E“%ﬂrl - T;L+1"‘FT}L] >w, Ty, = To] + P17 < Ty).
=

Since we(ey) is increasing in ¢,
1

sup P[T7 < Tp] < sup Plwg, (er,) > mE[wr, (e5,)]] <
neN neN

— 0

as m — oco. On the set {T = Ty}, we can replace [ and [ by I. ary and Lypa , respectively, which
means that without loss of generality it is enough to prove the lemma under the assumption
that wr, (en) < mE[wr, (e5)]-

Since the sequence S%N%O is tight, it is enough to show that

1
— sup E||7*, — 72 4||Fm| — 0.
2 jSNp%O (1751 = 74l i ]

We write 1
) lsup E[|7:;L+1 — TJTL+1||‘FT;L} = Rl + RQ)
€n ]SN%O

with

- Fno N .
= 2 Jilzl\flzt EHTJ‘H TJ‘*‘lm{TJLﬂVT}LﬂZT}L""g"}|]:T}l}’
<NZ

— =N n
Ry = — sup E[|7f, — Tj+1‘]l{7~'f+1VT;L+1<T}1+an} ]'_Tﬂ-

en j<Ny,
We first treat R;. We have

T .
Ry < — sup Pl V1l > 7 + 5n|]-}]n]

En jSNI

Since [, [ and bounded by M and ¢ is bounded from below by 1/K, using the Dambis, Dubins-
Schwartz theorem we get

P VTl 2 7] + e Frn] S P[p" > e,/ K7,

with p” being the first exit time of [—&, M, €, M| by a Brownian motion starting from zero. Since
p" admits an exponential moment (see e.g., Exercice 3.10 in [RY99]), from the scaling property
of the Brownian motion we have that E[(p")*] < Ce2* for k € N. Markov’s inequality then gives
the convergence to zero of R;.

We now turn to Rp. Recall that wp,(e,) < mE[wr,(e,,)] = :05, — 0. Then, we have
741 = Tl lgen, van <rmgeny < Ui — S,
with
;-7’_,'_1 = inf {t Z T}‘L;Xt — XT]TL ¢ ( - €n(l7—]7} + 5n);€n(ZT;L + 5n))} A T07

V]n—&-l = inf {t > T;T;Xt - XT}L ¢ ( - 571@7']7‘ - 671)7871(27]‘" - 571))} A Top.
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By the Dambis, Dubins-Schwarz theorem, there exists a Brownian motion W* such that

*
XTJTL-i-t - XTJn — W T4t .
[ (0X)2ds
J

Therefore, since % is bounded from below by %

jn+1 J]+1 < (']j+1 }1+1)1j;‘+1<T0
< ]_ 1<TO,XJn+ _X n_fen( n—0n )mf{t >0: t*/KQ ¢ (_2571,61175%([7;1 +Lrj"))}

+1<T0,XJn+ Xon—en(ln—b2) inf{t >0: W/Kz ¢ (—¢ ( + 1 ) 2e,0n) }

J J

+ 1.

An explicit computation with the Brownian exit time yields:
E[E[ 1 +1|~7: n Fm } < Celdn.
Consequently,
E[Rs] < Coy,
which gives the result. O

Part 3: Proof of (1.2.10)

Here we prove (1.2.10), which completes the proof of the convergence in law of 5;1Z7"~ with the
help of Proposition 1.2.1 and Proposition 1.2.2. As already seen, by It&’s formula, we have
4 T+l 9
E[AY, | For] = GIE[/n (X; — Xp)2d (X), | For] = A},

J
n

]E[Ain|ffjn] = BE[/: (Xt — X.,.Jn)d <X>t }./T"Tjn] =:B

7"
J

Therefore, we obtain

¢ Nt
6;2 Z I{.,-JTLAj = 67:2 Z KT?E[(X.T-]?%+1 - ijfl)zl‘fq-;l] + Ry,

en' Yok By =6yt Y ke E[(Xap, — Xop'|Fop] + R,
J=0 J=0

where

QZME[/ (Xu — X)X (o) dul Frp |,

T+
R, =3¢, ZWE[/ (Xu — X2 (o) dul Frn .
Ti+1
Note that the integrals above may be signed integrals. Since e, !sup, |X; — X}'| < M and
oX < M, R and R’ converge to 0 uniformly in probability on [0, 7] by Lemma 1.A.7.

Let p = P[Xzr | — Xon = enl|Frn], p = P[Xzn | — Xon = —epl|Frn] and po = P[7]y = Tp|Fro].
By the optional sampling theorem,

lo~
\

! 1
+po and ——=

1
—po<p<——=

<np< — - + .
h=p 1+1 =P= T

+1 T+

\N
o~
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For g€ N, we then get,
11+ (—1)719

< - C < 5_q]E X‘T‘Tl - Xﬂ'n d ]:7'7L S = C )
1+1 bo > ¢y [( Ja1 J)| J] I+1 Pbo
and in particular
1 —_ 7q T —_— n 2 n 1
IL—Cpo < e, "E[(Xzp,, — X7n)*|Frn] <UL+ Cpo. (1.A.20)
Therefore
2\ 4 2 all 7 2 2 all
ens Y ke B[(Xen = X )| Frn] —en Y frplrnlmazn| < Cepy > wrrE[len [ Frn]
=0 Jj=0 Jj=0
f NP NP
en' Y Kk B[(Xer = Xon)?| Frn4er, sz nlonsen| < Cep ZHTnE 7r =Ty [ Frr],
j=0 j=0
where

=T +12-01, s=1—1

The terms in the right-hand side are positive and converge to zero in expectation, thus also
in probability. Using (1.A.20), we see that to complete the proof it suffices to show that the
convergences

N

%W@M@%—&ﬁmﬂﬁﬂﬁﬁwu
j:
NT
> trnsnB[(Xen | — Xon)*| Fon —>/su T)2du
j=0

hold uniformy in probability on [0, Tp]. These follow from
T 1
E[(Xsy,, — Xo)2\Fp] =B [ " @) dulFy] =B[ [ —(o))2dul 7]
T T K

u

and Lemmas 1.A.4 and 1.A.7 with the aid of Lenglart inequality for discrete martingales.

Proof of (1.2.14)

Before completing the proof for the admissibility, here we prove (1.2.14) that shows the efficiency
of the hitting times strategy. The same localization procedure applies here as in 1.A.3. From
(1.A.20) and the following estimates, we have

NP1 NP —1 n
1 Ti+1
N = L B, - X P 0 z% B ]+ o),
J=0 =731 = J

which implies (1.2.14) by Lenglart inequality for discrete martingales.

Proof of (1.2.4)

Here, we prove a moment convergence result. Thus, the localization procedure does not apply
here. We set

T
B, = 5_1/0 (X7 — X))o dW,) .
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We have
(7' 27)% = (An + B,)? < 2(A2 + BY).

Thus it is enough to prove the uniform integrability of (42) and (B2) to obtain the result. For
(A2), we have

p(An)? < ([ v o a)* <7 [ v 12l V.

The right hand side of the last inequality being integrable, this gives the result for (A4,)?. We now
turn to (B2). The sequence (B2) is non-negative, integrable, and converges in law towards an
integrable limit. Thus, the uniform integrability is equivalent to the convergence in expectation,
see for example [Bil09]. Since

1 T
AT S A CAR
6 Jo
and
-2 n T 7 2 Y\2
2 (2" < /0 @V 1) (o} Y2,

we readily obtain

B(B3) = Ble,? (27);] - gEL[ adlol ],

which concludes the proof.

1.A.4 Proof of Theorem 1.4.1

We start with the first part of Theorem 1.4.1. Let (m*,v*) be an efficient couple. Suppose that
there exists a process s; such that the associated expectation, say m’ = E[Z7 ¢], is larger than
m* and the expected error, say v’ = E[(Zr¢)?], is strictly smaller than v*. From Lemma 1.2.1,
for any 7 we can find an admissible strategy with limiting variable Z7, " Clearly, we can find
n small enough, such that E[Z},, /] =m' and

2
U/ < ]E[( ;(’—&—77,5’) ] < ’U*,
which is a contradiction. On the other hand, taking Z;. ;- to be the limiting random variable
associated to (m*,v*), the process Zr 4+ satisfies the required conditions.

For the second part, assume that s* is an adapted continuous process satisfying the conditions
of the theorem. Then, since a? > s?, there is no admissible discretization rule whose associated
limiting random variable Z; ; satisfies

E[Z; ) >m* and E[(Z],)’] <v".

It remains to show that the proposed discretization rules indeed lead to nearly efficient couples.
The fact that they are admissible is clear from Proposition 1.2.3. Recall now that for the

suggested rule
66

(o0)>

This equality gives that the limiting variable Z;  associated to this discretization rule satisfies

ai = (s))* +

1 T
ElZ) = 3E[ | siavi
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and
T T
BI(Z)% = gBI( [ sidv)’)+ B[ (@ - 6D
T T
= GBI st + SgBL [ (D2 ) +oT.
The couple

(Rl [ siavi], SELC [ siav)?) +BL [ (st} e
gty SOt gElL ) s Gt I gL ) gt A
being an efficient couple with respect to Z7, we obtain the result.

Appendix 1.B Linear-quadratic optimal control

We give here a summary of useful formulas from [ZL00]. Consider a controlled system governed
by the following linear SDE:

dXy = (A Xy + By + fi)dt + 37y DiugdWy, LB
Xy =z €R", o
where z is the initial state and W = (W',...  7W™) is a m-dimensional Brownian motion on a

given filtered probability space (2, F,P, (F1);>q) and u € L%([0,T],R™) is a control. For each
control u, the associated cost is

T 1 1
J(u) =E l / 5 (XiQuXe i Reuy) dt + 5 X7 HXr | . (1.B.2)
0

We suppose that all the parameters are deterministic and continuous on [0,7] and H belongs
to S the set of n x n symmetric positive matrices. We introduce the following matrix Riccati
equation

P, = —P,A, — A,P, — Q; + P,B,K; ' B,P,,

Pr=H, (1.B.3)

Ky=R,+ Y7, D/ B,D] >0, Vtelo,T],

along with an equation

= —Al P.B;K; 'Blg, — P,
{gt gt + Dy~ Bygy s [t (1.B.4)

agr = 0.
Then following result is given in [ZL00].
Theorem 1.B.1. If (1.B.3) and (5.4.7) admit solutions P € C([0,T],5%) and g € C([0,T],R"),
respectively, then the stochastic linear-quadratic control problem (1.B.1)-(1.B.2) has an optimal

feedback control
u*(t,z) = —K; 'By(P X + gr).

Moreover, the optimal cost value is

Jr = 2/0 <2ft/9t — gt B K, 1B£gt) di + Sa'Pox + zg0-
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2.1 Introduction

We consider in this chapter dynamic hedging of an European option under a general local volatil-
ity model with proportional transaction costs. The standard delta hedging strategy is no longer
feasible since a continuous rebalance according to the strategy incurs infinite transaction cost.
Moreover, as shown by [SSC95, LS97], the super replication of the option payoff is as expen-
sive as a trivial static hedging strategy. Therefore, the classical framework of perfect (super)
replication does not give a reasonable price of the option. One should give up hedging in the
almost-sure sense and try to reduce hedging error in a distributional sense by a dynamic strategy
with a reasonable amount of initial capital. The aim of this study is to give such a strategy
which is as explicit as possible and optimal in a suitable sense.

1. This is a joint work with Prof. Masaaki Fukasawa.
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There have been two approaches for this problem in the literature. The first approach is based on
the utility indifference principle: [HN89, DPZ93|. In general, optimal strategies are not explicit.
Denote by x the proportionality coefficient of transaction cost. Considering  to be small as it is
in liquid markets, [WW97| performed a formal asymptotic analysis to give an explicit strategy
which is asymptotically optimal. The results have been rigorously proved by [Bic12, KL13].
The asymptotically optimal hedging strategy is a singular control; the number of shares of the
underlying assets is singularly controlled so that it keeps staying around a benchmark level
which is optimal under no transaction cost. [BS98] studied another scaling limit of the utility
indifference price, where not only x tends to zero but also the parameter of risk aversion tends to
infinity. Their optimal strategy is again a singular control, while their benchmark strategy is not
the same as in the Whalley-Wilmott strategy and given in terms of a nonlinear Black-Scholes
equation.

The second approach is to replicate the option payoff asymptotically. [Lel85] claimed that a
carefully modified and discretized delta hedging strategy asymptotically replicates the option
payoff as k — 0. A rigorous treatment was given by Lott; see [KS09]. An associated central
limit theorem was shown by [DK10]. As we explain later in more detail, Leland’s idea has two
ingredients. The first is to find a good benchmark strategy which yields certain surplus in the
absence of transaction cost. The second is to construct a good approximation to the bench-
mark by a strategy of finite transaction cost so that the incurred costs are compensated by the
surplus. Thanks to this compensation, Leland’s strategy enjoys a better rate of convergence
than the Whalley-Wilmott strategy does. The rate is the same as for the Barles-Soner strat-
egy as we show later. For the approximation part, Leland used an equidistant discretization
of the benchmark strategy. Other discretization rules have been examined in the literature:
[Tof96, GS96, ADG98, DK10, Fukllb, Lan13]. They result in different asymptotic variances
of hedging error. None of them uniformly outperforms others. To find an optimal method has
been an open problem.

To discuss the optimality among discretization rules is however not relevant because other than
discretized processes (simple predictable processes), any predictable process can work as an ap-
proximation of finite cost as long as it is staying around the benchmark and of finite variation.
Moreover, the utility-based approach explained above suggests the superiority of singular con-
trol strategies that form a particular class of such processes. In this chapter, we consider a
reasonable class of continuous control strategies including singular ones, and give a condition
under which the option payoff is asymptotically replicated. More precisely, we consider a class
of trading strategies of finite transaction cost and study the deviations of the associated wealth
processes from a given benchmark portfolio value process. We prove a central limit theorem for
the tracking error processes as k — (. The limit distribution serves as a reasonable approxi-
mation to the distribution of the tracking (or hedging) error when k is small as it is in liquid
markets. Further, we give a sequence of explicit strategies which is asymptotically optimal in
the sense that the asymptotic variance of hedging error is minimized. The minimization is done
by fixing a benchmark; to optimize the benchmark strategy becomes a relevant problem only
after the tracking error is minimized and so, is beyond the scope of this already lengthy chap-
ter. We find in particular that our optimal strategy enjoys a better rate of convergence than
the Whalley-Wilmott strategy does, and that the Barles-Soner strategy is not always optimal
according to our criterion.

Our optimal strategy uniformly outperforms Leland’s strategy. To explain it, here we focus on
the case that the payoff function is convex and the benchmark strategy is given by a constant en-
largement of volatility, although our framework is much more general as described in Section 2.2.
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Let us start with a revisit to Leland’s idea. The first trick is to consider the delta hedging
strategy with enlarged volatility. Let p® be a solution of the partial differential equation (PDE)

1 2

Op®(s,t) + 5 (1 + > o(s,1)20%p%(s,t) =0, p°(s,T) = f(s), (2.1.1)
o

where f is a convex payoff function, T is the maturity of the option, ¢ is the local volatility

function of the underlying asset S, and « is an arbitrary positive constant that controls the

enlargement of volatility. By the convexity of f, we have 92p® > 0 under a reasonable condition

on o; see [EJPS98]. By It6’s formula,

T 1 T
F(Sp) = TIg + / X0dS, — — / T2d(S)s,
0 « Jo
where
% = p®(Si,t), X = 0sp™(Si,t), T = 92p*(Sy,t). (2.1.2)

This means that, without transaction costs and assuming zero interest rates, the self-financing
strategy X @ with initial capital II§ super-hedges the payoff f(Sr) with surplus

1 T
7/ Iyd(S): > 0. (2.1.3)
@ Jo

The second trick of Leland is to approximate X< by a strategy of finite transaction cost, and
exploit the surplus (2.1.3) to compensate the incurred costs. Under the Black-Scholes model
(o(s,t) = vs, v > 0), Leland considered an equidistant discretization of X¢; define X** by

Xtaﬁ: qhv le (jh, (j—i—l)h], j:071?27"" (2'1'4)

with & > 0 the interval of rebalancing. Set the initial capital II5™", that is, the price of the

option to be
Hg’f = Hg + RS()‘AX3|.

The second term is to compensate the transaction cost at the inception. The associated wealth
process II" is then

t
=g+ [ xeds, kY SJAXEH (215
0

O<u<t

The magic is that, by choosing

2 k202
h= PR (2.1.6)
we have
T T
/ X048, — / X2ds,,
‘ ‘ (2.1.7)

1 T
Y SuAij”“|—>a/0 Ted(S),

o<u<T

as k — 0 with rate .

Consequently, the terminal wealth II7?" is close to f(S7) when & is small as it is in liquid mar-
kets. In this sense, the self-financing strategy X" is an asymptotic replication strategy. The
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Figure 2.1 — Comparison between 7y («) and np(«).

way how to discretize X is essential. The first convergence of (2.1.7) holds in general as trans-
actions are more and more frequent. On the other hand, if they are too frequent, then the total
amount of transaction costs exceeds the surplus (2.1.3) and the second convergence of (2.1.7)
fails to hold. Therefore the frequency (2.1.6) results from a delicate balance. Given &, the value
of h can be very small if « is very small, which is the case that the pricing volatility is much
enlarged to make the option price close to the super replication price.

Naturally we expect that a strategy with smaller o (requiring more initial capital) results in a
smaller error. In fact, we have (cf. [DK10, KS09])

wTHIOY = TI%F) — Wo, Q =nr(a) /0 TS, |2d(S), (2.1.8)

stably in law on D[0,T] as k — 0, with an independent standard Brownian motion W and

1 2 2
np(e) = =a®+ Za+1-=.
T T T
The function 7y, is increasing as shown in the left panel of Fig. 2.1 (black curve). In particular,
the distribution of normalized hedging error (f(St) — II7")/k is asymptotically mixed normal
with mean zero and variance

T
Qr = nu(a) /0 TS, [24(S),.

The conditional variance @) represents in a certain sense the quality of replication. The smaller
the conditional variance is, the better hedging is achieved. Therefore, this asymptotic result
serves as an important element when considering the trade-off between cost (initial capital) and
risk (hedging error) by controlling «; see the right of Fig. 2.1, where (IIj”", nr(«)) is plotted for
a € (0,4) and f(s) = (s —100)4, T =1, Sy = 100, £ = 0.01 under the Black-Scholes model
with volatility 0.2.

Fig. 2.1 also represents another function
(a+2)2
6

together (in red), which appears instead of 777, when we use a discretization rule with respect to
a specific sequence of random times

nr(a) =

0 =0, 77 =inf{t > 77| X{ — X%;| > K,be}, by = aS Iy, (2.1.9)
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Figure 2.2 — Candidate strategies. Black: X}, red: Xf’c’”, blue: barriers X £ b(S¢, t).

As Fig. 2.1 shows, neither i, nor np is uniformly smaller; see [Fuk11b] for more details.

While the approach of Leland is appreciated since it is easy to implement, the solution is still
far from being satisfactory. The strategies (2.1.4) and (2.1.9) are by no means the only choices
as an approximation to X“. For example, it is not necessary to match the benchmark strategy
X after each rebalancing. In particular, it is possible to trade frequently but with a small
trading volume each time. Indeed, as already mentioned, several results on related problems
under the framework of utility maximization suggest that, under proportional transaction costs,
the optimal strategy is to trade a minimal amount in continuous-time to keep the deviation
from the benchmark inside a non-transaction zone; see [WW97, Bic14, BS98, ST13, KL.13]. The
contribution of the current chapter in this context is therefore two-fold. First, we consider a
reasonable class of continuous trading strategies of finite transaction cost, and provide a limit
theorem for the corresponding replication error. In particular, we identify the condition for
those strategies to (asymptotically) replicate or super-replicate the option in question. Second,
we minimize the asymptotic variance of replication error among those asymptotic replication
strategies.

Under our framework, a candidate strategy X®®*  see Fig. 2.2, is indexed by two nonnegative

functions b(s,t) and c(z, s,t). Let Z% = (X® — X»%%) /K be the normalized deviation of X?®®
from the benchmark position X®. We treat X%%* of the form

1
AX)O" = “sgn(Z)e(|ZF], S, )A(X ), — kALY + rdRE, X0O" = X§,
K
where L" and R" are non-decreasing processes such that
t t
L = [ zpeusandli B = [ Lzms.adR 1271 < b(5.0)
Intuitively, the regular control part £~ 'sgn(Z*)c(|ZF|, Si, t)d(X*); pushes X" toward X and

is active when X“ moves. The singular control part —xdLf + ~d R} keeps Z* within the stochas-
tic interval [—b(S¢, t),b(St, t)], and is active only when Z* touches the boundary.

Denoting by II?®* the wealth process associated with X®%* we show in Theorem 2.3.1 that

w1 (HO‘ ) . / (s, t)dt) — Wb,
0
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Figure 2.3 — Comparison between 7z, («) and n; (o).

stably in law on C[0,T] as k — 0, where W is a standard Brownian motion independent of S,
and Q"¢ and §%¢ are explicitly determined by b and ¢. Fixing the local limit of hedging error
§%¢ = §, we provide in Theorem 2.3.2 an explicit expression for the infimum

6 o— 3 b7
Q% = essinf(y o) g4 so.e=5@ "

among the candidate strategies, together with a sequence of explicit strategies attaining asymp-
totically the infimum @Q?. In particular, if b and ¢ are chosen in such a way that 6¢ = 0 (i.e.
asymptotic replication), then we have

Q0 = mi(e) /0 028, [2d(S)..

The coefficient n;(«) is represented in Fig. 2.3(red), where we observe a significant improvement
in terms of the asymptotic variance of hedging error compared to Leland’s strategy.

The rest of the chapter is structured as follows. In Section 2.2, we define a class of continuous
trading strategies which is admissible in the presence of proportional transaction costs. The main
results are stated in Section 5.4. We also provide a detailed description for the implementation
in practice and several numerical experiments. In Section 2.4, a heuristic derivation of main
results and a detailed comment on the relation with existing literature can be found. We give
the rigorous proofs in Section 2.A and 2.B.

2.2 Framework

In this section, we give a rigorous formulation of the problem and describe our class of continuous
trading strategies. Let (2, F, P, {F;t > 0}) be a filtered probability space satisfying the usual
assumptions. Let T > 0 be a constant which stands for the maturity of an European option. Let
f be a Borel function on (0, 00) which stands for the payoff function of the option. We suppose
the underlying asset price process S of the option to be positive and continuous on [0, 7] and to
follow

dSt = @tdt + O'(St, t)dBt

on [0, 7], where © is an {F;}-adapted locally bounded process, B is an {F; }-standard Brownian
motion and ¢ is a positive C>! functions on (0, 00) x [0,7]. We assume interest rates to be zero
for brevity.
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A trading strategy is given by an {F;}-adapted caglad process X and the associated wealth
process II is defined by

t
T, — Ty +/ X,dS, — ;@/ A(Su, w)d[| X [, (2.2.1)
0 [0,1]

where || - || is the total variation representing the trading volume, and ) is a nonnegative C3:!
function on (0, 00) x [0, T'] representing the structure of transaction cost. Note that (2.1.5) is the
particular case where A(s,t) = s. The constant x > 0 appeared in (2.1.5) and (2.2.1) represents
the proportionality coefficient of transaction cost, which is supposed to be small. We will study
the asymptotic behavior of hedging as x — 0, which serves as a valid approximation to the
hedging behavior when k is sufficiently small.

2.2.1 Benchmark strategy

Denote by A the set of C*! functions ¢ on (0, 00) x [0, T) such that for each i € {0,1,2,3} and
j €1{0,1}, 819] (S, t) converges almost surely as t — 7.

Definition 2.2.1. Let q be a continuous function on (0,00) x [0,T) such that
1. for eachi € {0,1,2} and j € {0,1}, 010! q exists and belongs to A,
2. limy_,7 q(S¢, t) = f(ST) almost surely, and

3. 02q is nondegenerate in the sense that

T
/0 Lijazq(si.n=0ydt = 0 (2.2.2)

almost surely.
Define 114, X1 and T'? by

H(t] = Q(St,t), th = 85(](St,t), F(t] = 83q<st,t)
Then we call 117 the benchmark portfolio value and X9 the benchmark strategy.

By It6’s formula, the benchmark portfolio value verifies
t t
I =113 +/ X1ds, +/ Lq(Sy, u)du, (2.2.3)
0 0
where .
EQ(Sa t) = atQ(Sa t) + 50-(5” t)2632Q(3’ t)'

Example 2.2.1. When f is a piecewise C? convex non-affine function and S admits a density,
an example of ¢ is given by the Black-Scholes pricing function

q(s,t) = /f(s exp{—w?(T —t)/2 + wVT — tz})¢(z)dz, (2.2.4)

where w > 0 is an arbitrary constant and ¢ is the standard normal density. In fact, 92¢ > 0
since f is a piecewise C? convex non-affine function (consider its decomposition to a smooth
payoff and a linear combination of call and put payoff functions). The derivatives of ¢ belong to
A because q is singular at only finitely many points. Since ¢ is the solution of
1
deq(s,t) + §w2328§Q(37 t) =0, q(s,T) = f(s),
we have !
EQ(& t) = _§(w282 - 0(87 t)z)aEQ(sv t)

Under the Black-Scholes model with o(s,t) = wvs, the solution p® of (2.1.1) with convex f is of
the form (2.2.4) with w = vy/1 4+ 2/a. We have then

2
Lp®(s,t) = —%828S2pa(s,t). (2.2.5)
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2.2.2 Continuous control strategies

As already mention in the Introduction, we are interested in a trading strategy X of finite cost
which approximates the benchmark strategy X9. In order to make the tracking error small, a
reasonable control would be based on the deviation between X? and X. Let 2" = (X9 — X)/k.
We will consider X = X% of the form

1
dX; = ;sgn(Z”)c(]Zﬂ, S, )A(X ), — kALY + kdRy, Xoy = X{ (2.2.6)

where c¢ is a nonnegative Borel function, and L" and R" are nondecreasing processes such that

t t
Ly = /O L ze——p(snaydLs, RE = /O L zs—n(suany RS, |25 < b(S,, 1) (2.2.7)

on [0, 7] for a positive Borel function b. The idea is to introduce a regular control part which
pushes X up or down if Z" is positive or negative respectively at some rate determined by c,
and a singular control part which keeps Z* within a stochastic interval determined by b.

The existence of the triplet (X%®*, L”, R*) follows from that of a solution of a Skorokhod-type
equation. Denote by B the set of the positive functions b on (0, 00) x [0,7) such that both b and

1/b belong to A. For b € B, denote by C, the set of nonnegative and piecewise C%! functions
¢ on

Dy := {(z,5,t) € R x (0,00) x [0,T) ; || < b(s,1)}
such that

1. for all (s,t), (-, s,t) are even:
c(x,s,t) = c(—m,s,t),
2. for all @, ¢(x,-) are C*! and
sup{|020! c(z, Sy, t)|; t €[0,T),z € [-b(Sy, 1), b(S, )]} < o0 (2.2.8)

almost surely for each ¢ € {0,1,2,3} and j € {0,1}, and
3. for any compact set A C Dy, there exists K > 0 such that

(2 — y)(—sen(z)c(z, 5,1) +sgn(y)c(y, s, 1)) < K|z — y|* (2.2.9)

for all (z,s,t), (y,s,t) € A.

For b € B and ¢ € Cp, by a fixed point argument thanks to the one-sided Lipschitz condition
(2.2.9) (see e.g., [Tan79]), we can show that there exists a unique solution (Z",L", R") of a
Skorokhod-type equation

1 1
dzr = deg = —gsen(Zy)e( 2, Sy, t)v(Ss, t)2dt + dLF — dRF, Z§ =0 (2.2.10)
with (2.2.7) on [0,T"). The strategy (2.2.6) is therefore well-defined by
Xbor = X1 - gZ"

for each b € B and ¢ € Cp.
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2.2.3 Hedging error
Denote by II"%* the associated wealth process of the strategy X®®* with initial capital
Io— = ITI§ 4+ kA(So, 0)|AX{]. (2.2.11)

The total variation of X»%* is given by

1
Xt = e
K

(ZF, S, )A(X ), + k[dL} + dRY].
Then, from (2.2.1) and (2.2.3), the associated tracking error £»¢* is given by
ghes 0 _ hen
—r /0 " gmas, + /0 A(Su, )25, Sy u)A (XY, (2.2.12)
w2 /O A, w)[dLS + dRY] + /0 ' £q(Su, u)du.

Since b € B C A, sup{|Z;|;t € [0,T)} is finite almost surely. Therefore, the process E»¢* is
well-defined as a C[0,T)-valued random variable. The terminal value E2°% = f(Sp) — 7"
represents the hedging error. The question is whether the tracking error converges to 0 as kK — 0
with a good rate. If the answer is positive for a certain class of b and ¢, then the next question
is which combination of b and c¢ is optimal. We will answer these questions in the following
sections.

2.3 Main results

2.3.1 Limit theorem of hedging error
Let b € B and ¢ € Cp. Define

||
g(z,s,t) = exp {—2/ c(y, s, t)dy} ,
0

a(s,t) = 2/01)(571:) g(z, s, t)dz, (2.3.1)
_ Zsen(@) . c(z,s,t) — ! z,8,t)dz
b = G (et iy ot

For notational simplicity, the dependence on b and c¢ is omitted. See Lemma 2.4.1 for an
interpretation of these quantities. We have the first main result.

Theorem 2.3.1. Let b € B, ¢ € C, and E¥* be the process of tracking error associated with
the strategy X»* defined by (2.2.6) and (2.2.12). Then

k! (5‘%% — / ' 5b’C(St,t)dt) — Wop.e
0

stably in law on C[0,T] as k — 0, where W is a standard Brownian motion independent of F
and

(5,1) = s M5B, ) ol 1 + La(o.)

Qb’cz/o. 1" (Sp, £)A(S)s, (2.3.2)
b,c _ 2 b(&t) A 82 h 2 d
0 = | @= e 082(s. Oh.5.0)Pgla s, )da
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In particular, for any ¢ with £g < 0 on (0,00) x [0,T), by taking b € B and ¢ € Cp such that

a>M5ZQ\202
— |Lql

we have 6%¢ < 0 and therefore an asymptotic super replication strategy:
ymp

b T
2% s f(Sy) — /0 (S, 1)dt > f(S7)

as k — 0. This is always possible; say, let

1 (s, 1)|02q(s,t) >0 (s, 1)?
N ToTeR]

with € > 0. Further if 1/02q,1/Lq € A, one can take ¢ = 0 to have §*¢ = 0.

+e, c(z,s,t)=0 (2.3.3)

Example 2.3.1 (Black-Scholes model with convex payoff). Let o(s,t) = vs, v > 0, A(s,t) = s,
f be a piecewise C? convex non-affine function and o > 0 be a constant. Let ¢ be given by
(2.2.4) with w = vy/1+2/a > v. As explained in Introduction, the original Leland strategy
uses the equidistant discretization of X¢ with (2.1.6). The renormalized tracking error at time
t € [0,T] converges in law to the mixed normal distribution with mean 0 and variance

ne(e) [ 1S.T9PA(S)

The use of the hitting times (2.1.9) changes the asymptotic variance to

we() [ IS.T4PA(S),

without changing the initial capital ¢(Sp,0) + £So|AX{|. Now, let us consider the simplest
control strategy in our framework for the same function q. We have

1
Lq(s,t) = —av2523§Q(87t) <0, (s,t) € (0,00) x [0,T)
Let b€ B and ¢ =0 € Cp. Then, we have
g(zvs7t) = 17 a(87t> = 2b(87t)7 h(.’E,S,t) - _x/b(87t)

by definition and so,

6(s,t) = v2s? {

With the same initial capital ¢(Sop, 0) + kSo|AX{| as before and taking b and ¢ as (2.3.3), that
is,

sl9zq(s,t)[>  193q(s, 1)
2b o

} L (s,t) = é (b(s,t) + sagq(s,t))2 .

b(s,t) = SsloZa(s,t) + e, cla,s.) =0, (2.3.4)
the tracking error has the asymptotic variance
2) 2 rt t 2
O 2 [surapacs)+ & (a+2) [ Sursa(sh+ S (s)r
12 0 3 0 3

with the asymptotic positive surplus —6%¢ > 0. It is easy to see

(a+2)2
12
for all @ > 0 and so, the simplest singular control with sufficiently small ¢ > 0 is already
more preferable than the existing ones. This superiority continues to hold even if we consider a
time-varying « as in [DK10]. We will minimize 7% in the next section.

< min{ng(a),nr(a)}
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Example 2.3.2 (Local volatility model with convex payoff). The Black-Scholes pricing function
q given by (2.2.4) is useful under a more general local volatility model. Suppose a volatility bound
o(s,t) < vs is given for a constant v > 0. Let

20(s,1)?
v2s2 —o(s,t)?

a(s,t) =

Then, the function ¢ given by (2.2.4) solves (2.1.1). When f is piecewise C2, non-affine and
convex, we have

Lq(s,t) = — o(s,1)%0%q(s,t) < 0.

a(s,t)
If we take 1
b(s,t) = Sals, t)sl0la(s, ) + € cl,5,1) =0,

then, we have

. . 2 ’F‘1’2
5b’CS,tdt:—/ t d(S); <0 2.3.5
/0 (5:) “Jo a5 1) alSe, 05T T 215" (2:3.5)

and

/ 1"( Sy, £)A(S); = 12/ a(St,t) +2)S. T} +26)2 d(S);.
0

Example 2.3.3 (Local volatility model with concave payoff). The preceding two examples are
for a convex payoff f. It is not difficult to treat a concave payoff in a similar way. Under the
Black-Scholes model of Example 3.1, consider the Black-Scholes function ¢ given by (2.2.4) with

w = vy/1 —2/a for a > 2. Then,
1
Lq(s,t) = —v%s%9%q(s,t) < 0.
a

if f is piecewise C?, non-affine and concave. The strategy (2.3.4) results in the asymptotic
positive surplus —6%¢ > 0 with asymptotic variance

o\t ¢ ’
(042)/ 15T 2d(S) + < (@ — 2)/ SuLLA(S)u + S (S)r-
12 0 3 0 ’

Remark that when a = 2, we have ¢(s,0) = f(s), which is the capital required by a trivial static
hedging strategy for the concave payoff f. Under a general local volatility model with a lower
bound o (s,t) > v?s%, v > 0, the strategy of Example 3.2 works with

20(s,t)?
als,t) = o(s,t)? —v2s?

and (2.3.5), while the asymptotic variance changes to

/0 nb’c(Sht t 12 / Sta - Q)St‘rg‘ + 26)2 d<S>t

Example 2.3.4 (The Barles-Soner strategy). [BS98] studied a scaling limit of the utility indif-
ference price under o(s,t) = vs, v > 0 and A\(s,t) = s. As the asymptotically optimal strategy,
they derived a continuous control strategy (2.2.6) (2.2.7) with

bo.t) — 202 020(s.0)

azs

, c(z,8,t) =0,
where o > 0 is a parameter of the scaling limit and

g(z) =+\/zh(x) —z, x€R.
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The function h is the unique solution of the ordinary differential equation

1+ h(x)

h'(:n):2 ) h(0) = 0. (2.3.6)

The benchmark strategy X; = 95q(St, t) is determined by the solution ¢ of a nonlinear PDE
L 5 9.0 2,292
Oq(s,t) + 21} s°02q(s,t)(1 + h(a®s05q)) =0, q(s,T) = f(s). (2.3.7)

If ¢ is enough regular that our assumptions are satisfied, then we can apply our result with

1 QA{ A 1(g9(A) +A4)*  1AnA)

b,c b,c
? — RN —_— A ) = - =
§¢(s,t) = 211 22 \g(4) h( )}a n(s,t) 3 hs? 3 qls2

where A = a?520%¢(s,t). Remark that the PDE (2.3.7) has an explicit smooth solution

q(s,t) = —klogs + %va(l + h(a®E)) (T —t) (2.3.8)

when f(s) = —klogs, k € R. Tt turns out that 6>¢ # 0, which means that the strategy is not
asymptotically replicating; for an asymptotic replication of order s, the function h has to satisfy
h(z) = z/g(z), which leads to an equation similar to but different from (2.3.6):

1+ h(x)

3vxh(r) — 2z’

2.3.2 Minimum conditional variance

K (z) = h(0) = 0.

By Theorem 2.3.1, the law of the hedging error at the maturity T" associated with the strategy
(2.2.6) is approximated by the mixed normal distribution with conditional mean

T
/ 6¢(Sy, u)du
0
and conditional variance

T—Fc/ 17 “(Sy, u)d(S),.

If the bias 6% is zero, then the strategy is asymptotically replicating with rate . If the bias
is negative, the strategy is asymptotically super-replicating. A natural problem is to minimize
the variance Q"¢ while fixing the bias 6%¢ = . In the case § = 0, the strategy minimizing Q”¢,
if exists, minimizes also

K— 00

lim E[l(x1E55")] /E QbTC J¢(2)dz

for any nonnegative bounded continuous quasi-convex function [ with [(0) = 0. Recall that ¢
is fixed. Since there is a one-to-one correspondence between §%¢ and a by (2.3.2), it suffices to
minimize Q%¢ among b and ¢ with a fixed. Therefore, for given a € B, we consider

b(s,t)
Sy = {(b, c) € BxC( ‘ a(s,t) = 2/ g(z, s, t)dx,
0

g(x,s,t) = exp {—2 /le c(y, s,t)dy} } (2.3.9)

Note that

Qe [ n(Suuwd(S)e, wi(st) = inf (s,
0 (b,c)ES,

for any (b,c) € S,.
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Definition 2.3.1. Let a € B. We say that a sequence of strategies (bp,cn) € Sq, n € N is
asymptotically optimal if

lim sup 7" (s, t) = n%(s, t) (2.3.10)

n—o0

for all (s,t) € (0,00) x [0,T) and

[ SuwdSha > [ (S wdsh
0 0

in probability for all t € [0,T].
Below is the second main result of this chapter.
Theorem 2.3.2. (i) Let
0 if —2<xz<1,
m(@) = {m@) ifl<z<2,

where ( )2( )
_ % T+ 2)%(x—1 B i 9
and denote
v(s,t) = X(s,1)0%q(s, t). (2.3.11)

Then for all (s,t) € (0,00) x [0,T),

1% (s, t) = |y(s, t)| % (a(z, t)>

if v(s,t) #0, and

€

_ a(s,t) a(s,t)?
a =1 2 ) ’
i (s, 1) = lim ey ( )
otherwise.
(i) There exists an asymptotically optimal sequence (by,cy).

The function a@ — n;(a) is represented in Fig. 2.3 in Introduction.

2.3.3 Asymptotically optimal sequence
Here, we construct a sequence of continuous trading strategies (b, ¢) which can be considered
essentially asymptotically optimal. This is not necessarily asymptotically optimal in the precise

sense of Definition 2.3.1 because each (b}, c) is not necessarily satisfying the technical condi-

tions in Section 2.2.2. It means that the strategy associated with (b}, c}) is not well-defined

in general. However in the proof of Theorem 2.3.2 in Section 4.5, we show that there exists
a sequence (by,c,) € S, which is an approximation to (b}, c}) in a suitable sense and in fact
asymptotically optimal. Therefore, from practical point of view, one may use (b}, c) defined

n)»-n
below as an optimal strategy.

Define [ = [(s,t) as follows:

0 ify>a
2 — 4y — if >a/2
v ifa/2>~v>0

0 if 0> 7,
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where a = a(s,t) and v = (s, t) (see (2.3.11)). Let ¢, =1 —2/n and

ra=1+¢"(y = a/2)5 + (1 - exp{-n(y +a/2)°}).

Consider the following sequence of (b, c},):

* —r (s ’Y(&t) + wnm(si) a(s,t) — s
st = mle) + ey (5 ).
_ Yna(s,t) + 2vy(s,t) 1

w50 = a1~ 20(s, 1) 705, 0) + gl 10700 (D

Remark 2.3.1. With ¢} given as in (2.3.14), b} is derived from

b¥ (s,t)
a(s,t) = 2/ g (x,s,t)dz.
0

where ¢ is defined by (2.3.1).

In terms of v and a, this strategy can be divided into four cases.
1. If y(s,t) < —af(s,t)/2, then I(s,t) = 0 and

; _ @bna(&t)) a(s, t)
bn(svt) - <1 + 2"}’(8, t) T’n(S,t) + 9 ’
. Yna(s,t) +27(s,1) 1
t) = 1
Cn(xy S, ) QG(S,t) ’Y(S,t) + wn|$| {|z|<rn(s,t)}>

(2.3.13)

(2.3.14)

(2.3.15)

We have r,, < min{b}, |v|}, hence r,,, b} — || and b} —r,, — 0. The strategy is essentially

a regular control with singularity at x = +; see Fig. 2.4a.
2. if —a(s,t)/2 < (s, t) < a(s,t)/2, then I(s,t) = r,(s,t) and so,

a(s,t)

Y C;kl(x? 87t) = 07

The strategy has only a singular part and is given by Fig. 2.4b. Note that the strategy

does not depend on n.

3. If a(s,t)/2 < y(s,t) < a(s,t), then for sufficiently large n,

by (s,t) =rp(s,t) +

2(4~(s,t) — a(s,t)) v(s,t) +1(s,t)’
¢ (3, 5,1) = Yna(s,t) + 2v(s,t) 4vy(s,t) —a(s,t) 1
AT a(s,t) +2v(s,t) 2(2v(s,t) — a(s,t)) y(s,t) + |x

(2'7(87 t) — a(57 t))(27(37 t) + a(s7 t)) 7(57 t) + 7’71(37 t)
t

| Li(s,6)<|z|<rn(s,)}>

and we have r,,b, b5 —r, — o0o. The strategy is essentially a regular control with

n-n
non-intervention zone near zero; see Fig. 2.4c.

4. If y(s,t) > a(s,t), then I(s,t) = 0 and

" _ Ypa(s,t)
by (s,t) = rn(s,t) + W(’Y(&t) +7n(s,1)),
. _ ¥na(s,t) +27(s, 1) 1
Cn(.%" Svt) - QG(S,t) "}/(87t) + wn|$’ 1{|I|<'f‘n(8,t)}7

We have rp, b, b —r, — oo. The strategy is again, essentially a regular control; see

n»-n

Fig. 2.4d.
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H H c_n
-b_n -rn -0 b n z -b_n rnl=1=0 bn z
(a) v < —a/2 (b) —a/2 <y <a/2
_b_nir,n : . r,n. b n z _b_nir,n =0 r,n. b n z
(¢c)a/2<vy<a (d)y>a

Figure 2.4 — Qualitative behavior of asymptotically optimal strategies

Remark 2.3.2. The Barles-Soner strategy is not always asymptotically optimal in the sense of
Definition 2.3.1. Here, we use the notation in Example 2.3.4. The strategy is a purely singular
control and therefore, asymptotically optimal only if

t 2.292 ;
8|8§q(87t)| = "}/(S,t)‘ < 0(32, ) — b(S,t) _ g(Oé SO?ZSSC](S’ ))
for all (s,t); see case 2 above. This is equivalent to say
A
g\(Aﬂ) >2, A=a’s05q(s,1). (2.3.16)

According to [BS98], limg_,oc h(A)/A = 1, which implies that lim_,, g(A)/A = 0. Therefore,
the condition (2.3.16) is violated, say, for a log contract (2.3.8) with ok sufficiently large.

2.3.4 Implementation and numerical experiments

Here we describe the implementation of our new results in the specific case that the payoff is
convex and the benchmark is given by a constant enlargement of volatility. Let f be convex
and ¢ = p® be the solution of (2.1.1). Consider the case § = 0. By (2.2.5) and (2.3.2), we have
a = ald?p®. Hence

v(s,t) = éa(s,t).

The situation can be divided into three cases: 0 < a < 1,1 <a < 2 and a > 2.

The case where 0 < a < 1 corresponds to Fig. 2.4d. The optimal strategy X is essentially given
by

a+2 |02

dX = sgn(X{ — X

o (S, t)%dt. (2.3.17)

Denoting by II the wealth process associated with X, we have

RTIII® —T) = 0
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uniformly on [0, 7] in probability as £ — 0. This means that the hedging error under (2.3.17) is
of a smaller order than s while, as explained above, Leland’s strategy has a nondegenerate limit
of order k. The strategy (2.3.17) can be implemented as, say, X; = Yj for t € (jd, (j + 1)d],
o (B Y - T) 20
/ J‘-f; otherwise,

where

Vi =Y 1 +sgn(X% —Y; )OH—2 ’F%P o
j = Yj—1 T sgnlAj s -1, HA(Sj5,j5)F?5+|X%—Y3’_1’

(Sj5a ]5)25

with a sufficiently small 6 > 0. This is a discretized process of a process of finite variation and
so, taking § very small is not costly under the proportional transaction costs and makes the
discretization error negligible.

The case where 1 < o < 2 corresponds to Fig. 2.4c and the optimal strategy X is essentially
given by

-« IR

_ [e% 2
X = s X = )y A(S,, DTS + X — X, (XF—Xilzrax(siory o (S 07,

where & = 2(a — 1)/(4 — ). The associated central limit theorem for IT = II** is (2.1.8) with
nr(«) replaced by
4(a+2)2(a—-1)
UT(OC)*g a3(4_a)
See the left panel of Fig. 2.3 on the region 1 < a < 2. The implementation of the strategy can
be done in a way similar to (2.3.17): X; =Y for t € (jo, (j + 1)6],

| {Yj if | X35 — V5| > madjs0% or ¥y = Vi,
-

&5 +sgn(Yj_1 — X55)ral;s[';  otherwise,
where Ajs = A(Sjs,76) and

. 4 IT%|2
Y = V) 1 +sgn(X% — Y1) — 8 o
I 0 TR(2 = a) kAT + XS — Y]

(Sjs,50)%

X {x 0y _1 2R ;5T

with a sufficiently small 6 > 0.

The case where a > 2 corresponds to Fig. 2.4b and the optimal strategy is
X: = X§ — kLf + kRf (2.3.18)

where L and R" are nondecreasing processes such that

t t
L?:/o Lxe—Xy=—rb(Suu)} ALy, B :/o Lixe - Xu=rb(Su,u)y A0

and o
| X — Xu| < kb(Sy,t), b(S,t) = EA(St,t)F?.

This is a singular control strategy which keeps the distance between X; and X/ less than
kb(St, t). The associated central limit theorem for IT = II** is (2.1.8) with 7z, («) replaced by

(a+2)2'

(@) =~



2.4. HEURISTIC DERIVATION 71

See Fig. 2.3 on the region a > 2. The function 7; is continuously concatenated at o = 2. It
is interesting to note that the hitting barrier b; in (2.1.9) coincides with 2b(St, t) and np(«) =
21 () for o > 2. The strategy (2.3.18) can be implemented as

onﬁ; + :‘ﬂ?b(Sj(;,j(s) if Xﬁs — X(j—l)6 < —Iﬁ?b(Sjg,j(s),
Xjs = 4 X55 — 6b(Sjs, 30) i X5 — X(j_1)s > £b(Sjs, j6),
X(j-1)s otherwise

with a sufficiently small § > 0.

Now we examine numerically the validity of the discretization methods of the optimal strategies
explained in Section 1.3. We take

dS; = 5;(0.1dt + 0.2dB;), Sp = 100

with small proportional transaction costs : £ = 0.01 and A(s,t) = s, and a call payoff f(s) =
(s —110)4+ with maturity 7' = 1. Here we consider

a € {0.5,1.5,2.5}.

For each case, we calculate the hedging error at the maturity from 10000 paths simulated from the
model. We choose the discretization step size § = 10~?, which corresponds to about one minute
in terms of trading time. The hedging error of Leland’s strategy explained in the introduction
is calculated for comparison. Then we draw the histogram of normalized hedging error

f(St) —1IIr .
wy/ ST SIS [2A(S),

Fig. 2.5a is for the case a = 0.5. The left and right are respectively for the discretized optimal
strategy and for Leland’s strategy. The green curves represent the normal density with mean 0
and variance nr,(«) that corresponds to the limit distribution for Leland’s strategy. First we no-
tice that the limit distribution for Leland’s strategy approximates quite well to the corresponding
hedging error distribution with a realistic size of transaction coefficient x = 0.01. Next, observe
that the normalized hedging error of the discretized optimal strategy is more concentrated to
its mean value, which is consistent to our theoretical result that the limit is degenerate. We
however observe a negative bias which has not been explained by the theory. Remark that this
negative bias means the strategy tends to be super-hedging for the seller of the option.

Figures 2.5b and 2.5¢ are respectively for the cases « = 1.5 and a = 2.5. The red curves represent
the normal density with mean 0 and variance 7(«) that corresponds to the limit distribution
for the optimal strategy in each case. The normalized hedging error distributions are quite
well approximated by their theoretical limits. This suggests that the discretization error with
§ = 1077 is negligible and the proposed strategies in fact improve Leland’s strategy significantly.

2.4 Heuristic derivation

In this section, we provide a probabilistic interpretation for Theorem 2.3.1, and explain the
relation with the equidistant strategy (2.1.4) of [Lel85] and the random time strategy (2.1.9) of
[Fuk11b]. We will also compare the difference between Leland’s approach and the indifference
pricing approach, the latter being based on utility maximization (cf. [WHW94, Bicl2, ST13,
KL13)).
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(a) Histograms for the optimal (left) and Leland’s strategy (right) : a = 0.5.

(c) Histograms for the optimal (left) and Leland’s strategy (right) :
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Figure 2.5 — Histograms for optimal and Leland’s strategies.



2.4. HEURISTIC DERIVATION 73

2.4.1 Local probability model

Let X%%* be the continuous replication strategy based on b and ¢ under proportional cost
parameter k. Recall that the hedging error is given by

t t
gher _p / 784S, + / A(Sus 0)e(Z5, Suy ) d(X )y
0 0
t t
+m2/ A(Su,u)(dLg+dR5)+/ Lq(Su, u)du.
0 0

Consider a decomposition of the horizon [0, 7T") in to small intervals [u;, uj+1) where u; = jk, j =
0,1,--- ,Ni = |T/k|. Then we have

b,e,k 1 b,c,k b,c,k ) )
& = Z K (5(j+1)n/\t - gjn/\t> (ujp1 — uj)-
J

Therefore the total hedging error can be seen as the Riemann sum of local hedging error over
the horizon [uj,uj41):

(et ). 24

Now let’s take a closer look at (2.4.1). Fix j and perform the following time scaling

7Kk __ 7K Tk _ 1K DK _ Dk
Zt = “uj+r?t Lt = Huj+k2 Rt = Tlu k2t

and
~ . 1
Bt — ; Buj +I€2t

where W is the driving Brownian motion of S and ¢ € [0,T" = %) We obtain

1 b,c,k b,c,k
pCHONSL

(+D)k 1 pU+Ds
_ / 2548, + / (S, w)e(Z5, Sy w)d(X )
J JK
(J+1)k 1 (J+1)k
+x / ASu u)(dLs + AR+ [ La(Su,u)du
J Ik
1 ~ 7k 1Dk 1 2 ~ 7k .
= g [ ZpaBr + Ky [ o2y Seir)at

1 ™o ~
b [ (AL + AR + La(Sjns ).
0
where
At = O'(St, t), Kt = )\(St, t), Ct = O'(St, t)Fg (242)

and the dynamic of Z" is given by

AZF = 0(Sy, r2e 15 + /-@Qt)l“zﬁﬁztd]?f

— sen(Z1)e( 21, Syt + K2y ooy dt + ALY — dRY,
~ CudBf — sgn(Zf)e(Zf, Sjw, jK)Cedt + ALF — dRY,

for t € [0,7%). As the time scale of Z* is faster than S, we are led to consider the following
model of controlled Brownian motion with constant coeflicients.
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¥

Figure 2.6 — Rescaling of tracking error Z" on [jk, (j + 1)k) (green zone).

Lemma 2.4.1 (Local probability model). Let b € RT and ¢ : R — R' an even function. Let
Zy be a controlled Brownian motion with drift —sgn(Z;)c(Z;)¢? and reflection at b, i.e.

dZ, = ¢dB; — sgn(Z)e(Zy)¢3dt + dL; — dRy, (2.4.3)

see right panel of Fig.2.6. Then we have
(LLN) (K¢ /0 e(Z)dt + K(Ly + Ry)) = m,
1 T T
(CLT) ﬁ(A / Z,dB; + K¢ / e(Z0)dt + K(Ly + Rr) = mT) = N(0,v),
0 0

where ) \
m = K%, v= <21/0 (Az — KCh(2))%g(2)dz.

and

|z b sgn(z) [l#l
g(z) =exp (- 2/0 c(z)dz), a= 2/0 g(2)dz, h(z)= 2sgn(2) /0 (e(z) — 1)g(az)dx

In particular, if ¢ =0, we have

Proof. See e.g. [GW13]. O

As a consequence of Lemma 2.4.1, we have

1 (S0 = E35™) = b + VRN (0, vji),

K (J+D)x Ik
where N are normal distributions and

5j'€ = m(AjN’ Kjlﬂ Cjﬁa C('7 SjnajK‘)? b(SjIm]’{)) + Eq(Sij]/{)
Vjr = /U(Ajlia anv leia C('a Sjlﬁaj’%)a b(S]I{ajK’))

Intuitively, AV; can be considered as independent. By (2.4.1), we have

gboR o /0. Oudu + HN(O, /0. vudu>,

which is the main content of Theorem 2.3.1.
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0.0+ 0.004
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Figure 2.7 — Local models for [Lel85] (left) and [Fuk11b] (right).

2.4.2 Relation with Leland’s strategy

Using a similar argument as in the previous section, we can easily identify the underlying prob-
ability models for [Lel85], [DK10] and [Fuk11b].

Lemma 2.4.2 (Local probability model for [Lel85],[DK10]). Let h € RT and

Zy = (B + Z &)

0<r;<t

with 7; = jh, j=1,2,--- , and §; = — X, see Fig. 2.7. We have

1
(LLN) = > Klg|—mu,

0<m; <T
1 T
(CLT) 7(14/ ZdB+ Y Klg|—miT) = N(0,vp).
vT 0 0<7;<T
where
~1/2, |2 2,20 2 9 2 -2 2
my, = Kh™20\ =, vy = ACD + AKy [ —( Vh+ K2C*(1-2). (2.4.4)
7r 7T T
Lemma 2.4.3 (Local probability model for [Fuk11b]). Let b € R* and
Zy = (B + Z &j
0<r;<t

with T = inf{t > 7;_1,|Xy| 2 b} for j > 1, 710 =0, and {; = —X.,_, see Fig. 2.7. We have

(LLN) & Y Klgl - me.

0<T]'ST

1 T
our) (4 /0 ZdB+ Y Klg| - mpT) = N(0,vr),

0<7‘ng
where
¢? 1 2
mp = K?’ Vp = 6<Ab+ 2KC) . (2.4.5)

Consider the case of convex payoff and ¢ = p* under Black-Scholes model o(s,t) = vs. Taking
h in (2.1.6) and b in (2.1.9) and the parameters in (2.4.2), we recover from (2.4.4) and (2.4.5)
that

1
mr =mp = —v2S%0°,
Q
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Since Lp® = —L102S2T'* (see (2.2.5)), we obtain
op =0p =0,

which means that with the choice of h in (2.1.6) and b in (2.1.9), Leland’s strategy replicates
asymptotically the payoff. Moreover, we recover

with 77, and np the same as those in [DK10] and [Fuk11b].

2.4.3 Relation with Whalley and Wilmott’s strategy

Under the framework of indifference pricing, [WHW94] obtain a singular control as their asymp-
totically optimal strategy, which is given by

dX; = —k'3ALF + £'/3dRY
when \(s,t) = s and dS; = vS;dW; with v > 0, where L* and R" are nondecreasing processes
such that
t

t
LfZ/O Lixa_xy=—r1/3p(80,u) L0 RE :/O Ly xa— X, =r1/30( S0 ,u) AP

and
3 1/3
X7 — Xy < K30(Sh, 1), b(Sy,t) = ‘mstagq(st,tﬁ

(2.4.6)

The constant a > 0 is the parameter of risk-aversion. The function ¢ is given by (2.2.4) with
w = v, which satisfies £g = 0. This is the result of a delicate balancing between the utility
loss due to deviation from frictionless optimal strategy and transaction costs. In particular,
as k — 0, both the loss due to deviation and the accumulated transaction costs are of order
O(/i2/ 3). We can actually formally recover their result by our approach. Just replacing & by
k3 in our candidate strategy, the associated tracking error becomes

sbe,k 119 b,c,k
gt _Ht - Ht

t . . [t
—1/3 / 7548, + 23 / A(Su, w)e(Zy, Sus u)d(X )y
0 0

t
4 /3 / A(Su, uw)[dLE + dRY],
0

where Z = (X7 — X)/k'/3. By a similar argument to the proof of Theorem 2.3.1 below, we can
prove that

gher — .1/3 / 2rdS, + k2P / 59¢(Sy, )t + O, (k)
0 0
and . .
/O 2rdS; — W, Q= /0 (Sy, )d(S):,
where W is an independent Brownian motion and

2
~ a(s, )

b(s,t) 5
/ xg(x, s, t)dx.
0
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This leads to the maximization problem of the asymptotic utility

-FE [exp {—a (—mz/g /OT §%°(Sy, t)dt + KN (07 /OT (S, t)d<S>t>> H
T a2 [T
:_E[wp{gﬁ<aé M%&Jyu+izé ﬁﬁw@o«S%>H.

First by fixing 6%¢, or equivalently, fixing a, the pointwise minimization of #%¢ results in

a(s,t)
2

a(s,t)?

b(s,t) = D

, c(z,8,t) =0, ﬁb’c(s,t) =

Next, the pointwise minimization of

2 2 2
aa aa“o
5bc > 2_ 2 82 2
Ton’ 0540 24
results in
192 1/3
a = 7)\‘85 ‘2 )

which coincides with the Whalley-Wilmott strategy (2.4.6).

As the above argument shows, the rate of convergence in the Whalley-Wilmott strategy is x!/3
with transaction costs of O(k%/3). On the other hand, we attain a convergence with a faster rate
k with transaction costs of O(1). The transaction costs can be compensated at the beginning by
a modification of volatility. In terms of utility, it amounts to considering a scaling limit where

the parameter of risk aversion tends to infinity as in [BS98].

It is easier to understand if we look at the corresponding local probability models. It is known
that, in the limit of small proportional transaction costs, the first order correction of utility
maximization corresponds to an ergodic control of Brownian motion. That is,

1 T
I = inf li = AZ%dt + k(L + R
B ([, AZRa+ )

where A is related to the risk aversion of the investor and
dZy = (dBy +dL; — dR;y,

with L; and R; non-decreasing processes. See Part II for more details. In contrary, Theorem
2.3.2 corresponds to the following optimization problem

inf v(b,c; A, K, (),
int o 0

with (2.4.3) under the constraint that
m(b,c; A, K,() =m (2.4.7)
for a given constant m. Here v = wv(b,c; A, K,() and m = m(b,c; A, K,() are defined in

Lemma 2.4.1. It turns out that the optimal strategy depends on the constraint (2.4.7), see
Fig.2.4, which is the main content of Theorem 2.3.2.
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Appendix 2.A Proof of Theorem 2.3.1

We denote in this section

v(s,t) = Ggq(s,t)a(s,t).

The proof of Theorem 2.3.1 utilizes a homogenization technique of two-scale stochastic differen-
tial equations and the theory of scale function and speed measure for one-dimensional ergodic
diffusions. In fact the function g defined in (2.3.2) is the speed measure density for the corre-
sponding diffusion. See [GW13] for more general results. We start with the following lemma.

Lemma 2.A.1. Let 1 be a piecewise CO*1 function on Dy such that

1. for each (s,t),
b(s,t)
/ Y(x,s,t)g(w,s,t)dz =0

—b(s,t)
and

2. for each x, ¥(x,-) is C*' and
sup{|@° 0/ (z, Si,t)]; t € [0,T),x € [=b(S;, 1), b(Ss, )]} < o (2.A.1)
almost surely for each i € {0,1,2} and j € {0, 1}.

Then,

sup
te[0,T)

/wZ Sy w)(Sy, u)du| — 0

in probability as k — 0.

Proof. Let

U(z,s,t) = /x Yi1(z,s,t)dz
0

" [ v gl

et = 5D

Then, ¥ is a C1'?! and piecewise C??! function and
P1(b(s,t),s,t) = P1(=b(s,t),s,t) =0 (2.A.2)
by the assumption. Note also that
—sgn(z)c(z, s, t)i(z, s, t) + %@1/11(2, s,t) =(z,s,t). (2.A.3)
By a generalized It6 formula of [Pes07],
W(ZF, S0, 1) _\1/(25,50,0)+/(]t¢1 25, Sy dZ”+/ 0,U(Z", Sy, u)dS,
+/t 8,5\I/(Z5,Su,u)du+1/ U (ZE, S, u)d(S),
+/aswlzﬂs w)d( ut s /azwl ;) d(Z")u

=U(Zy,S0,0) /2/) (ZF, Sy, u)v(Sy, u)*du + Mf
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for t € [0,T), where
1 t
:f/zplZ”Suqu /aqf Lu)dS,,

K JO
t

+/ 8t\I!(Zg,Su,u)du—|—f/ O2U(Z%, S, u)d(S)s

0
42 /aswl (255, S, w)d(X9, S)u.

Here we have used (2.2.10), (2.A.2) and (2.A.3). Since

1 Z7] < b(St, 1), (2.A.4)
the condition (2.A.1) implies that
lim W2, S, 1) = (7, 50,0) / D(Z5, Sy t)1(Suy 1) 2du + M.
—
Therefore,
sup / V(ZE, Sy, u)v(Sy, u)du
te[O,T]
< K% sup |W(ZF, S, t) — U(ZE,S0,0)| + K2 sup |Mf| — 0
te0,T) t€[0,T]
in probability as k — 0. O

Lemma 2.A.2. Let v be a function satisfying the conditions of Lemma 2.A.1. Then

sup
t€[0,T]

/wZ Sy, u)du| — 0

in probability as kK — 0o.

Proof. We use Lemma 2.A.1 and (2.2.2). For n > 1, let v, be a C®! function on (0, c0) x [0, T]
such that v, (s,t) = |v(s,t)| when |v(s,t)| > 2/n and |v,(s,t)| > 1/n and |v(s,t)? — v,(s,1)?| <
4n~2 for all (s,t). Then,

/l/}(x? 87 t)
n(Z,s,t) 1=
Ynl@ 1) Vn(s,t)?
meets the conditions of Lemma 2.A.1 and so,
sup / Un(Z. W(Sy,u)?du| — 0
te[0,7]

in probability as kK — 0 for each n. Therefore,

sup /@ZJZ Su,u)du| < sup /@ZznZ Sy, ) (Sy, u)du
t€[0,T) te[0,T]
T
+4/ ¢Z’€ S u / 1{|l, Su,u)|<2n 1}du
0

which converges to 0 as n — oo and then, £ — 0 by (2.2.2) and (2.A.4). O
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Proof of Theorem 2.3.1. Since a stable convergence is preserved under the localization and the
Girsanov-Maruyama transformation, we can and do assume © = 0 without loss of generality.
Note that h defined by (2.3.2) satisfies

1
a(s, t)

—sgn(z)c(z, s, t)h(z,s,t) + %Bzh(z, s,t) =c(z,s,t) — (2.A.5)

and
h(b(s,t),s,t) = —1, h(=b(s,t),s,t)=1. (2.A.6)

Let
H(z,s,t) = st/hzst

Then by the generalized It6 formula, using (2.2.10), (2.A.5) and (2.A.6),
H(Z{,S:,t) — H(Z§, S0, 0)

t t
:/ )\(Su,u)h(Z’u’“,Su,u)dZ{j—k/ OyH (ZE, Sy, u)dS,
0 0
t 1 t
+ [ oz Suudus 5 [ 92 S0 ua(S),
0
1 t
+/ Dy(\h)(2F ,Su,u)d<Z“,S>u+f/ A(Sus ) D R(ZE, S, w)d( 2
— /)\(Su,u)h(Z’“‘ S, uqu—i—/ (S w)d[L" + R,
1 K
I{,2/ A(Su, u) ( Z5, Su,u) — (Su,u)>y(5u,u) du + N7,

where

t t
NF :/ asH(Zg,Su,u)dSqu/ O H (2, Su,u)du
0 0

1t 1/t
5 [ OPHEZE S, wASh + - [ 0OR)(ZE, 5, wd(X, ).
0 0

(e - [ atsuwats). )

—w(H(ZF, Sy, t) — H(ZE, So,0) / Wz ) (S, u)du — KN

Therefore,

+ / A(Su w)02(Su, w)A(Z, Sy 1)) S,

where ¢ is a certain C%! function. The first term converges to 0 uniformly on [0, T in probability
due to (2.A.4). Since
z > h(z,8,t), z 0s(Ah)(z,s,t)

are odd functions and z — ¢g(z, s,t) is an even function, the second and third terms also converge
to 0 in probability by Lemma 2.A.2.
It remains to show that

[ (2 = A(Su w)024(Suw)h(Z5, S u))aS,
0
converges stably to Wep.c in law on C[0,T]. By [JS13, Theorem IX.7.3], it suffices to see that
t
(25 = A0 w3 h( 2 Susu))Po(Susu)du — Q)
0

t
2 = NS w)22a(Su (25, Sy ) (S w)du — 0
0
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in probability for all ¢ € [0,T7], both of which follow from Lemma 2.A.2. O

Appendix 2.B Proof of Theorem 2.3.2

The aim of this section is to prove Theorem 2.3.2. For notational convenience, fix for a while
(s,t) € (0,00) x [0,T) and write

a=a(s,t), b=>0b(s,t), c(z)=c(z,s,t), g(x)=g(z,s,t), h(x)=h(z,s,t),
v =(s,1), 0" =n"(s,1). '
Lemma 2.B.1. If ¢ is continuous, then h' is continuous and for all x € (0,b),

2 _ W(x)+2/a

h(z) > -1, K(z)> — c(x) = M+ h@) (2.B.1)
Proof. Recall that
h(0) =0, h(b) =—1. (2.B.2)
By (2.A.5), we have )
2(1+ h(z))e(z) = W (z) + o (2.B.3)

Therefore h' is continuous on [0, b]. Further, if there exists « € (0,b) such that h(xz) < —1, then
h(z) < —2/a < 0 since ¢ > 0. As a result, h(Z) < —1 for all & > x. This contradicts (2.B.2).
Thus we obtain h(z) > —1. From this and (2.B.3) again, we conclude (2.B.1). O

Lemma 2.B.2. If ¢ is continuous, then

=2 [Tt 41 - 2 (0))e

where x is the solution of the ordinary differential equation

¥ =1+ h(z), z(0)=0. (2.B.4)
Further, the solution x is C? and satisfies
2
x(c0) =b, 2/(0)=1, 2'(0) =0, 2’ >0, 2" >—-=2a'. (2.B.5)
a
Proof. By (2.B.1),
b b odr 2 % dy b
x dx:/ ——ex {—/ }:/ e~ 2taqe, 2.B.6
/()g() 01+h(a:) P a Jo 1+h(y) 0 ( )
where
. b dx

R
o 1+h(z)

Since (2.B.6) is equal to a/2 by definition, we conclude b = co. As a result,

e 2 [P@=qh@)? {2 dy
n’ —;/0 Hme"p{ /o 1+h<y>}d"”
23 /f(x(t) +(1 - /()% at,

where t +— x(t) is the inverse function of

T dy
th(m):/O 71+h(y)'

The rest follows from (2.B.1) and (2.B.2). O
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Lemma 2.B.3. If c is continuous, then there corresponds an increasing convexr C? function y
on [0,1] such that

(2.B.7)

and
e =l = [ (v 7+ 2y @

Proof. Let  be the solution of (2.B.4) and

y(u) =2 (—;log(l — u)) = gc(vfl(u))? v(t)=1-— o—2t/a

Since z(t) = y(v(t)), we have

Y1) = 2y @)1~ vl), (1) = 5y ()1 — (1) — ' (h)

a

From (2.B.5), we obtain y” > 0 and ¢’ > 0. Changing variable u = v(t), the result follows from
Lemma 2.B.2. O

The next lemma is a key and the most difficult part to prove.

Lemma 2.B.4. Denote by ), the set of increasing convex functions y on [0,1] with (2.B.7).
Then

inf = lim 2? :
nf naly] = lim 27ni(a/x)
Proof. 1t is easy to see that when v = 0, the minimum of 7, is attained by y(u) = au/2 and so,
2

. _ (Ii T 2
Jnf naly] = 35 = lim 2%(a/z).

Now, suppose v # 0. Then we have five cases: (1) -2 <a/y<1,(2)a=7, 3) 1 <a/y <2,
(4) a/y > 2 and (5) a/y < —2.

Case 1). Assume —2 < a/vy < 1. For € € (0,1), define y, as
= [T =y i0<u<l-e
e\W) =
’ ye,O‘l'yé,o(U—Ue,o) ifl—e<u<l,

where

_ a _ _
uep=1—€ yeo=7(1—ueo) * —7, ylo= 5(1 — )L

Then, y. € Y, for all e. Note that

2 —a 2 a —a/2—
elu) + 7+ =H(u = Dyl (w) = y(1 =)™ + Z(u = )Z(1— )71 =0

for u € (0,1 — €). Therefore,
Tla [ye] = 77(“6,0’ Ye,05 y2,07 27/(1)7

where

1
n(v,w, z,0) = /U (w + z(u —v) 4+ v+ 0(u — 1)2)* du.
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By a straightforward calculation,

2641, s, 3 1=0 y+w)’
n(v,w,Z,a)—f(l—U) ( +§02 6+ 1 1—7)) (2B8)
BRSPS -
4002 -0 +1) '
It follows that
N(the.0s Yo, Ylgs 27/a) = O(€4/7) = 0 (2.B.9)

as € — 0, which means that
inf 7aly] = 0 = [y[*n(a/7).
YyE€Va

Note that if a/y < —2 then y, is not convex and if a/v > 1 then (2.B.9) doesn’t hold.

Case 2). Assume a = ~. For € € (0, 1), define y, as

2L —w)y 92 1l jfo<u<1—e /e
ye(u) = {1 ‘ { }

Ye,0 T yé,g(u - UE,O) it 1— 6_1/62 <u <1,
where
Ue,0 = 1- 6_1/627 Ye,0 = 1 {(1 - ue,O)_(l_E)/Q - 1} ) ng = %(1 - uE,O)_(l_E)/Q_l'
— 6 I
Then, y. € Y, for all e. Note that
7+ gelu) + 2(u = Dyl (w) = —7— + (1 —w) "7
l—€¢ 1-—c¢
for u € (0,uc ). Therefore,
2.2
Y7e Ue,0 C(1—e¢ 2
na[ye] - (1—6)2/0 {(1 - ’U,) (1=9/2 _ 1} du + n(UE,Ov y€,07y;07 2)a
which converges to 0 = n;(1) as € — 0 by (2.B.8).
Case 3). Assume 1 < a/y < 2. For y € Y,, let
p(u) = (1= u)? (y(u) +7)
Then, ¢(0) =, ¢(1) =0 and
2y / 2y 1—a/2vy, t

g+ = )y () = (1 - ) ),

By the Cauchy-Schwarz inequality, for ug € [0, 1],
2 1 1
'(w)du| < / (1 = w)2~ | ()| du / (1 — )™ 2du. (2.B.10)
uo uo
Therefore,
! 2y / 2—a/y 2
[ (vt 2= w) au="2 [ =P
ug

o’ (2.B.11)
i ( — 1) (1-— uo)lfa/'ygo(u())?
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Under the constraint ¢(1) = 0, (2.B.11) attains equality if and only if there exists r € R such
that

plu) =r(l —u)*,
which corresponds to
yu) =r(1 — )Y — 4. (2.B.12)
For € € (0,1 — ug), define y, as
au/2 Ho<u<ug
velu) = {r(L =21 =y ifug < u < g (2.B.13)

Ye,0 T yé,o(u —tuep) fueo<u<l,
where (ug, ) is the solution of

Lo = (1 —u)¥/2—1 _ 4 = V) (1 =) 2
5 U0 r(1 —up) T g 1“<1 27>(1 oy (2.B.14)

and

_ a _
Ueo=1—¢€, yeo=r(l— ugg)“/27 Ly, Ylo="r (1 _ 27) (1— Ugo)a/h 2

The solution of (2.B.14) uniquely exists and ug € (0,1) and r > 0; in fact
4y(a — ) 12 —a? ay
= > , =
a(4y — a) a(4dy — a) 2y —a

Then, y. € Y, for all €. By a straightforward calculation,

i >0, 1—up= (1 —up)?>~¥* > 0.

2 3
+ n(UG,Oa yE,Ua y;Oa 27/0’)
2,3
a\“ u 4 _
_><’Y+2> EO—FG%((I—’}/)TQ(l—Uo)a/'Y 1

=7*nt(a/7)

a\2ud 4 _ a/y—
mlvd = (v +5) 2+ a0 (1= w0) T = (1 )Y

as € — 0. Here we have used (2.B.8) to observe 1(uc,0, Y0, Y o, 27/a) = O(e*/7=1). Now, let
us show this is the infimum. Suppose there exists y € Y, such that 14[y] < v?n+(a/v). Since a
convex function is approximated by piecewise linear convex functions arbitrarily close, we can
and do assume y itself is piecewise linear without loss of generality. Let

O<uyy <up < - <up<l1

/

be the discontinuity points of 3. Let ug = 0 and up41 = 1. Denote y; = y(u;), v = limyy, 3’ (u)
and yz/‘+ = hmuiui y’(u) Note that

and y,_u; > y; for each i by convexity. Let (v;,r;) be the solution of

- a -
Vi + Yy (0 = wi) = (1= o) =y gl = (1 - 27) (1 —0)*/>72,

The solution uniquely exists and v; € (0,1) and r; > 0; in fact

v = YUy ta—2) + @y —a)(yigui —yi) _
‘ yz/‘+(4’Y —a) ’
Qv — . 1 — w)!
TR o) a)(’v/+ vt (1 —wyi)
Yir(4y —a)

(2.B.15)
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Further, it holds v; < v;41 because

:2’7 +(2v —a)uipr 2y —a)(y + yis1)

Vi+1 — VU

4y —a y£+1+(47 —a)
29+ 2y —a)uy | (27 —a)(y +yi)
4y —a Yi(4y —a)
St (2y —a)uipr (27 —a)(y + ¥iv1)
4y —a Yir(dy —a)
27+ 2y —a)uy | (27 —a)(y +ui)
4y —a Yir(4y —a)
_@y—a)(uii —u) 2y —a)yi —y) _
4y —a Yiy(dy —a)

In particular if v; 11 < wjyq, then v; < w;qq. This implies that the set
Z:={ie{0,1,....,n}u <vi <ui+1}

is not empty. In fact, if v, < uy,, then v,_1 < u,. If v,—1 < Uy—1, then v,_o < uy—1. If T is
empty, then we conclude vy < ug = 0 by induction, which contradicts (2.B.15). Now, let

k=min{i € {0,1,2,... ,n};u; <v; < ujt1}-
Then v,y > u; for all i < k. For z > y._, define y;(-, z) by
y(u) if 0 <wu<wy

vi(u,2) = S yi + 2(u — u;) if u; <u<wv(2) (2.B.16)
ri(2)(1 —w) =1 — oy if(2) <u <1,

where (v;(z),7i(z)) is the solution of

i 2(0i(2) — ) = () (1= w2 =z =) (1= 55 ) (1= e
The solution uniquely exists as before and we have

Ui(y§+) = v;, Ti(y§+) =7
and
viYio) = vic1, 1Y) = rica

Since
_ 2+ 2y —au 2y —a)(v +yi)
4y —a 2(4y—a)

vi(z)

v;(z) is an increasing function. This implies that v;(z) > v;—1 > w; for all ¢ < k. Note also
that yr(u,y,,) = y(u) for u € [0,v;]. Recall that a function of the form (2.B.12) for u > wy
minimizes (2.B.11) with ug = vg. This implies that

MYk (5 Yy )] < Maly]-
Further,

9z {nalyi(-, 2)]}

_ (21 —w) + (2y — @) (v + 90)) (2y2(1 — w) — (27 — @) (v + ) (2.B.17)
322a2%(4y — a)

>0
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for all z > y/_ (see Appendix). It means that

Nalk (5 Ye )] < Malyn (s Uit )] < Maly]-

The function yx(-,y,_) is continuously differentiable at u; and coincides with yg_1(-,y,_14)-
Again by (2.B.17), we have

Nalyk—1( Yr—1-)] < Nalye—1(, Ye—11)] < naly]-

We can repeat this argument to conclude

Naly1 (- ¥1-)] < Naly]-

Note that y;_ = a/2 and so, y1(-,y}_) coincides with the limit of y. defined by (2.B.13) as
e — 0. It is not difficult see n4[y1(-,¥5_)] = ¥*ni(a/7), which contradicts how y was chosen.
This completes Case 3.

Case 4). Assume a/y > 2. Let §(u) = au/2. Then, § € Y, and 7,[9] = v*n+(a/v). Suppose
there exists y € Y, such that n,[y] < ¥*n;(a/v). Since a convex function is approximated by
piecewise linear convex functions arbitrarily close, we can and do assume y itself is piecewise
linear without loss of generality. Let ug € (0,1) be the last point where 3 jumps. Denote

Yo = y(uo), ¥y = limyqy, ¥’ (u) and 3/, = limy, |4, ' (u). For z >y, define y(-, 2) as

y(u) if0<u<u
y(u,z) = '
Yo+ z(u —ug) ifug<u<l.

Note that y(-,y’.) = y. As seen before,

/ul (y(u, z) + v+ 2%(u — 1)y (u, z))2 du = n(uo, Yo, 2, 27v/a)

0
and 7 is given by (2.B.8). Since 1 — 0 =1 — 2v/a > 0, the first term of (2.B.8) is minimized by
2z =1 on the region z >y’ . This implies

Naly (5 y)] < naly (- y\)] = naly).

The function y(-, 3" ) is continuously differentiable at ug. We can repeat the same argument
with y replaced by y(-,y" ) to obtain a smaller value of 7,. Eventually, all discontinuity points
are removed and the final product coincides with §(u) = au/2. This contradicts how y was
chosen. This completes Case 4.

Case 5). Assume a/y < —2. The idea is the same as in the previous case. Let §(u) = au/2. As
before, § € Y, and n,[9] = v*ni(a/7). Suppose there exists y € Y, such that n,[y] < v*n:(a/7).
Since a convex function is approximated by piecewise linear convex functions arbitrarily close,
we can and do assume y itself is piecewise linear without loss of generality. Let ug € (0,1) be
the last point where 3’ jumps. Denote yo = y(uo), ¥ = limypy, ¥’ (v) and 3/, = limy, .y, y'(u).
For z >y’ , define y(-, 2) as

y(u) if0<u<u
y(u,2) = '
Yo+ z(u —ug) ifug<u<l.

As seen before, y(-, ) =y and

/ul (y(u, z)+ v+ 2%(u — 1)y (u, z))2 du = n(uo, yo, 2,27/a)

0
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with 7 given by (2.B.8). Note that y” > a/2 by the convexity of y. Therefore, the same
argument as in the previous case remains valid here once we prove that

3 1-60 ~+w

T e (2.B.18)

a
< Z
-2

for 0 = 2v/a, v = up and w = yp. By the convexity, we have yp > upa/2. Note also that

’y+va/2} a+ 2y
= > 0.
&{ 1—v %1—W2_0

Therefore,

3 1-0 fy+yo<_§ 1—60 ~v+wua/2

202 _0+11—ug— 202—0+1 1—u
<_§i
=202 —g+1 )

To show (2.B.18), it suffices then to see

g+§ 1-6 W:a(2—9)(1+0)20‘
2 202-60+1 402 -0 +1)
Now, we can deduce a contradiction as in the previous case, which completes the proof. ]

Proof of Theorem 2.3.2. In order to bound the infimum of ¢, it suffices to consider ¢ which is
continuous. Then by the preceding lemmas, we conclude

nPe(s,t) > lim  x?npi(a(s,t)/z)
z—(s,t)
for any (b,c) € S,. It remains to show that this lower bound is asymptotically attained by a
sequence (b, c,) € S;. By a localization argument, we can and do assume a, 1/a and 7 are
bounded without loss of generality. It suffices then to construct (b, c,) € S, in such a way that
nPnen (s, t) is bounded in (n,s,t) and

’l’]bn7cn(37t) —  lim xQnT(a(S,t)/CC)

z—y(s,t)

for all (s,t). We often omit the dependence in (s,¢) in the following. Define I = I(s,t) by
(2.3.12). Note that | can be expressed as

l(s,t) = a(s,t)

=
N
Q|2
—~|—~
fb [Va)
~ | ~
S— | ~—
~_

where
0 ifz>1
i) = 20(1 —z)/(4z—1) ifl>x>1/2
if1/2>2>0
0 if0> .

Note that [ is continuous and 0 < [ < 1/2. Let I, = alAn(’y/a), where [, is a sequence of C*
functions such that

max {ZA(:E) 1 A

o~

(:L")} < in(x) < min {f(x) + 1 1}

n’ 2
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for all z and n > 3 and that fn($) =0 when x < —1/2. Let r, = a 7#,(7v/a), where
() = In(x) + exp{n®}(x — 1/2)7 + |2|(1 — exp{—n(z + 1/2)° }).

Note that 7, is a C** function, #,,(x) = I,(z) when |z| < 1/2, and that the pointwise limit of 7,
is
00 ifx>1/2

A~

Too(z) = ¢ l(z) if —1/2<2<1/2
|| if v < —1/2.

Let ¢, =1 —2/n and

Bol) = {%(1 — 20(@)) /(@ + nba(e)), i fo] 2 1/2,
(@ +3)Pn(=3) + (x = 3)Pnl3) if 2] <1/2.

Define h} (y) = b} (y, s, t) for y > 0 by

N t
B sot) = i, (L 2

where

—2z if 0 <z < Ip(x)

B (z,2) = < Bp(x)(z — In(2)) — 20 () if [ (%) < 2 < o)
—2(z = (@) + B (@) (Pn(z) — In(x)) = 2ln(x)  if 2 > Pp(z).

Note that A% is continuous in (z,z) and therefore, so is h* in (y, s,t). Let
b = infly > ;15 (y) = —1)

and

TP TR S I
= —— X —_— S — R
I = T (@) TP ado T hg(y)
m== [ @ = hi@); @),

It is straightforward to see
* 7 Y + ¢nrn ((l >
n = abp(v/a) =1 + ~ o+ ol \2 n |

where

SN a o, T @) (1

This is a sequence of C*! bounded functions, since

Y+ ¥nmn _
Y+ Ynln
if |7| < a/2 and we have
Iy 4 Lnthn| > g (2.B.19)

otherwise. We always have [, < r, < b} .
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Define € (y) for y > 0 by € (y) = é,(y/a,~y/a), where

0 if 0 <z <lIy(z),
En(z,) = 1/n if ly(z) < 2 < (P () + bp(x))/2,
0 if (Fp(z) +bp(x))/2 <2

Take a sequence of C>* functions h,, such that

1+ hy, .
1—é.(z,2) < M <1+4éy(z,2), Oyhn(z,z) > —2.
1+ hi(z,x)

Such a sequence exists because B> —2 and

igf{W - in(g:)} >0

for each n. Define hy,(y) = hy(y, s,t) for y > 0 by hn(y) = hn(y/a,~/a). Then, h, is a sequence
of C*3! functions such that

1+h t
1_6;(y)<M<

1+¢€ Oyhn(y, s, 1) > —2
S T (st S +e,(y), Oyhn(y,s,t) > —2/a

for all (y,s,t). Define by, g, and 7, as in same manner as b}, ¢* and n} with h} replaced by
hy. 1t is easy to see b, = b},. Since h’ (x) is piecewise linear in x, it is also easy to see

o 1+hi(y) '

[T

gn(z)dx = / e 2tagr =2
0 0 2

Therefore,

and so,
bn,
This means (b, ¢,) € Su, where ¢, is defined by

_ Rl (z)+2/a

() = 50 ()

Now, we show that (b,,c,) is an asymptotically optimal sequence. When |y| < a/2, we have
Tn = ln, by = a/2 and so, hy,(z) = h'(z) = —2x/a. By a straightforward computation, we have

* 1 a 2 2
M =1 =3 (743 = vni(a/v).

We therefore assume |y| > a/2 in the sequel. Define

o {0 Hush
en(y) =
Y I/n ify>1,.

Note that €,(y) > € (y) and so,

2 b 1+ () 2 (71— en(y)
nnsa/O (x—vhn<x)>2mmexp{—a/o Mmdy}dx.
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Since the square root of the right hand side is less than or equal

{Q/bz(x—m(x))ﬂﬂn(@exp{_z/m H"(y)dy} dx}m

aJo 1+ hi(x) alo 1+ hi(y)
. 1/2
~ 2/bn » 91+ ey(2) { 2/x1—en(y) }
e N ST S ) R A S Sy e A2 17 O
+”{a o U@ P Uk Tr Iy
it suffices to show that
2 [bn 1+ en(x) 2 [T 1—e€n(y)
— — ~h! 2- L om ——/ — Mg }d 2.B.20
L et e {2 [Ty s (2.8.20)

is bounded in (n, s,t) and — v?n;(a/v) as n — oo for all (s,t), and that
12 [bn 2 [ 1—ep(y)
—— 1+ h) 1+e€, —— ——=dyrd 2.B.21
2 [T e+ e {2 [T lay s (2B.21)

is bounded in (n, s, t). Let

(7 1= €n(y)

By a straightforward computation,

() —5log(1 —2x/a) if © <,
n\l) = - a T— .
~Slog(1 — 20 /a) + £ (1 - 1) log (LRefehlot)) gy <o <,
where 8, = 3.(v/a)/a. Note that I,, < a/2 by definition. Put
Up =1— eXp{_Qtn(Tn)/a}

and consider changing variable as

5 log(1 —u) = to(a),

that is,
au/2 if u < 2l,/a,
Tr = 1
1— n ;
where
a n In—-2 a-2I,
by=— oy = oS
2n—1 2n —1y+ lyy

For u € (up, 1], x = z(u) has the form of linear extrapolation because ¢, (z) is continuous at
x = ry, and the slope of A} (z) is —2/a for & > r,. Then, we have that (2.B.20) is equal to

/U2ln/a (az(u) +v+ ?(u - 1)x/(u))2 du

n+1 [t 2 1 , 2
Ti-=) -1 .
+n—1 - (x(u)+’y+ , ( n> (u—1)x (u)) du

The first term is equal to
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which is bounded and converges to

a\%1 [20\*
=) ={— . 2.B.22
(+3) 5 (%) (2:B.22)
The second terms is dominated by (n + 1)/(n — 1) times
! 1 ~ 1—u \ 2
lI=— b+ — A=) | 7 d
/21n/a <7< zbn) " < * wn) (1 =76) (1 - zln/a) ) ! (2.B.23)

+ 77(Un7 W, Zn, 2’7(1 - 1/”)/0’)7
where 7 is defined by (2.B.8) and

g L—u, \" v
n=|1ln - T a7 . V)
_ on—1
Zn = — a5n (ln‘i"}/)( L tn ) .
a— 21, Un 1—2l,/a

Looking at the explicit expression of 1(ty,, Wy, zn, 27(1 — 1/n)a), nontrivial estimates are neces-
sary only for

(1 _ un)1+25n

and
(a — 2,)~20n,

Since ming~q zlogx = 1/e, the latter is dominated by
{ 2n—2 1 }
expy ——————
P en—1v+ I,
and so, bounded thanks to (2.B.19). By definition of /,, and v,,, we have that
Un
ln >0, a—2l, >0, 2—1—7 ln > 21

and that [, = 0 when 7y < —a/2. This implies that

2 a—2 1 if v < —a/2,
1425, =1 2-=2072m i ity /
n—1v+ ¥, T >0 ify>a/2.

It follows then that n(uy, wy, zn, 27(1 —1/n)/a) is bounded in (n, s,t). Moreover, since u, — 1,
it converges to 0 for all (s, ) and this is easy to see if 7 # a. In case v = a, note that there exist
constants C, C’ such that

1— Up, S C(c/ + ﬁnrn)_Q(l_l/n)/(aﬁn)
and (3, — 1/a. Since

n—2
n—1

1+26, >1—
and 1/r, = O(e*"Q), we have
(1 — 1) 7200 < O(C" + Byr) =2 a8 _y .
Now, let us see the first term of (2.B.23) is bounded in (n, s, t) and converges to

P(a+27)*(y +1)(a —21)
ad3(y —a+3l)

(2.B.24)
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By a straightforward computation,

(zn + Jn>2 (1~ 7Bn)? /211/ (%)m du

_ (Intn(a+27v) + ay(1 — %))2 a— 2,
- adiy? 1426,

(2.B.25)

When v < —a/2, we have 1 + 24, > 1 as already seen and so, (2.B.25) is bounded. When
~v > a/2, note that

Iy < (v + lnn)ln - (v + Laon)ly, - 2v+lnwn
1420, “v—a+1n2+¢n) ~ v—a+20+1p1pn/2 ~ Un,

since v —a + 20 > 0. Further, if a/y <1+ 1/(2n), then

n—2a n—2 1 n+2
1+20,>1-— —>1- — = —
o0 2 n—1vy— n—1< +2n> 2n(n — 1)
and if a/y > 1+ 1/(2n), then
y—a+2l ala —y) 1 a?

L+ 200 > y4+a/2  (4y—a)(y+a/2) ” 2n+1 4y —a)(y+ a/2)

These estimates imply that {,,/(1+26,) and (1—1,)/(1426,) are bounded in (n,t, s). It follows
then that (2.B.25) is bounded in (n,t,s). It is easy to see that (2.B.25) converges to (2.B.24)
for all (s,t). By a straightforward computation, we see that the sum of (2.B.22) and (2.B.24)
coincides with v2n;(a/7).

It only remains to show that (2.B.21) is bounded. By the same change of variable, we have that
(2.B.21) is equal to

L Co-new) aer S D2/

The first term is less than 1/n. It is then sufficient to estimate

L it pan

n J2i,/a

52 v\2 1 1w \20n 2
<% (g, 2L L N G 21— ),
on ( +wn> /2ln/a<1_2ln/a) u+3n( u)

The right hand terms are shown to be bounded by using the above estimates to deal with
(2.B.23). This completes the proof. O
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Asymptotic lower bounds
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3.1 Introduction

We consider the problem of tracking a target whose dynamics (X;) is modeled by a continuous
It6 semi-martingale defined on a filtered probability space (2, F, (F;)i>0,P) with values in R?
such that

dX7 = bidt + Va, dWy, X = 0.

Here, (W;) is a d-dimensional Brownian motion and (b;), (a;) are predictable processes with
values in R? and Sj‘f_ the set of d x d symmetric positive definite matrices respectively. An agent
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observes X; and adjusts her position in order to follow X;. However, she has to pay certain
intervention costs for position adjustments. The objective is to stay close to the target X; while
minimizing the tracking efforts. This problem arises naturally in various situations such as dis-
cretization of option hedging strategies [Fuklla, RT14, GL14a], management of an index fund
[PS04, Kor99], control of exchange rate [M@97, CZ00], portfolio selection under transaction costs
[KMK15, ST13, PST15, AMKS15], trading under market impact [BSV15, MMKS14, LMKW14]
or illiquidity costs [NW11, RS10].

More precisely, let (th) be the position of the agent determined by the control v, with th € R?
and let (X;) be the deviation of the agent from the target (X7), so that

X=X+ Y2 (3.1.1)

Let Hy(X) be the penalty functional for the deviation from the target and H (1)) the cost incurred
by the control ¢ up to a finite horizon 7. Then the problem of tracking can be formulated as

i J(), J() = Ho(X) + H(®), (312)
where A is the set of admissible strategies. As is usually done in the literature (see for example
[Kar83, MRT92]), we consider a penalty Hop(X) for the deviation from the target of additive
form

Ho(X) = /0 DXt

where (r;) is a random weight process and D(z) a determinstic function. For example, we can
take D(z) = (x, ¥Pz) where ©P is positive definite and (-, -) is the inner product in R?. On the
other hand, depending on the nature of the costs, the agent can either control her speed at all
times or jump towards the target instantaneously. The control ¢ and the cost functional H (1))
belong to one of the following classes:

1. Impulse Control. There is a fixed cost component for each action, so the agent has to
intervene in a discrete way. The class A of admissible controls contains all sequences
{(15,&5),7 € N*} where {1;,j € N*} is a strictly increasing sequence of stopping times
representing the jump times and satisfying lim;_,~, 7; = 400, and for each j € N*, §; € R?
is a JFr;-measurable random vector representing the size of j-th jump. The position of
the agent is given by

Vi= > g

0<Tj <t

and the cumulated cost is then given by

H(lb) = Z ijF(gj)7

0<m; <T

where (k;) is a random weight process and F'(£) > 0 is the cost of a jump with size £ # 0.
If we take ky = 1 and F'(§) = Z?Zl Lygisoy where ¢'is the i-th component of &, then H (1))
represents the total number of actions on each component over the time interval [0, 77,
see [Fuklla, GL14a]. If F(&) = ¥4, Lgeizoy + >4 | P;|¢%| where P; > 0, we say that the
cost has a fixed component and a proportional component.

2. Singular Control. If the cost is proportional to the size of the jump, then infinitesimal
displacement is also allowed and it is natural to model (Y;) by a process with bounded
variation. In this case, the class A of admissible controls contains all couples (v, )
where ¢ is a progressively measurable increasing process with ¢o_— = 0, which represents
the cumulated amount of intervention and -y is a progressively measurable process with
v € A= {n e RYXL, |nf| = 1} for all t > 0, which represents the distribution of
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the control effort in each direction. In other words, ¢; = 3%, ||Y?||; where || - || denotes
the absolute variation of a process, and v; is the Radon-Nikodym derivative of Y with
respect to ;. The position of the agent is given by

t
Yt:/ﬂ 'st@&

and the corresponding cost is usually given as (see for example [KMK15, ST13])

H(yp) = /O P On)die,

where (h;) is a random weight process and we take (for example) P(vy) = (P, |y|) with P €
R? and |[v] = (|7, -+, [7¥)T. The vector P = (Py,---, P;)T represents the coefficients
of proportional costs in each direction.

3. Regular Control. Most often, the process (Y;) is required to be absolutely continuous with
respect to time, see for example [RS10, MMKS14] among many others. In this case, the
class A of admissible controls contains all progressively measurable integrable processes
u with values in R?, representing the speed of the agent, the position of the agent is given

by
t
Yt:/ Usds,
0

H(y) = /0 L,

and the cost functional is

where (I;) is a random weight process and, for example, Q(u) = (u, X%u) with ©9 a
positive definite matrix. Comparing to the case of singular control where the control
variables are (7;) and (¢), here we optimize over (u;).

4. Combined control. Tt is possible that several types of control are available to the agent. In
that case, ¥ = (¢1,...,1,) where for each i, 1; belongs to one of the classes introduced
before. For example, in the case of combined regular and impulse control (see [M@97]),
the position of the agent is given by

t
}/;f: Z fj‘i‘/ousds,

O<7‘j <t

while the cost functional is given by

T
H@) = 3 kP + | 1@

O<Tj ST

Similarly, one can consider other combinations of controls.

The problem (3.1.1)-(3.1.2) rarely admits an explicit solution. In this chapter, we propose an
asymptotic framework where the tracking costs are small and derive a lower bound for (3.1.1)-
(3.1.2) under this setting. More precisely we introduce a parameter ¢ tending to zero and
consider a family of cost functionals H¢(v)). For example, we can have H®(v)) = e H (1)) for
some constant 3y, but different components of the cost functional may also scale with e at
different rates. We define the control problem

Xi=-XP+YY, (3.1.1-¢)
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and objective function

nf J), W) = Ho(XF) + HE (W), (3.1.2:¢)

Moreover, we assume that the functions D, @, F', P possess a homogeneity property.

The main result of this chapter is a precise asymptotic relation between J¢ and the time-average
control problem of Brownian motion with constant parameters, in a variety of settings. Let us
give a flavor of the main result in the case of combined regular and impulse control (note that
situations involving singular control are considered in Section 3.3). In this case, the dynamics
of the controlled Brownian motion is given by

X5 = aW, +/ wdv+ > &, (3.1.1-local)

0<7;<s

and the time-average control problem can be formulated as

~ _ 1 S
f(a,r,l,k) = inf Tim —E[/O (rD(X) +1Q(u))ds + £ Y F(&)|.  (3.12local)

(Tj,fj,u) S—o00 0<Tj§S

At the level of generality that we are interested in, we need to consider a relaxed formulation of
the above control problem, as a linear programming problem on the space of measures. Following
[KS01], we introduce the occupation measures

1 t
pe(Hy) = fIE/ 1g, (Xs,us)ds, H; € B(R? x RY),

—fE Yo 1y, (Xeo &), Ha € BR?xRY).

0<; <t

If the process X and the controls are stationary, these measures do not depend on time and
therefore

lim ! E{/S (rD(Xs) 4+ 1Q(us))ds + k Z F(fy)}

S—o0 S 0<r, <8

_ /R 2 (D) +1Q(u))u(dr x du) + KF(€)p(da x dE).

R xR4

On the other hand, by Ito’s formula, for any f € C3,

FXD) = F(Xo) +f/f AW, +/Af Xoudds+ Y Bf(X &), (3.1.3)

0<r;<t

where
Zaw (u, Vf(z)),
Bf(z,§) = f(x+€) - f(z).

Taking expectation in (3.1.3) and assuming once again the stationarity of controls, we see that
under adequate integrability conditions the measures p and p satisfy the constraint

/RW Af (2, u)u(de > du) + Bf(z,€)p(dw x d) =0. (3.1.4)

Rdx R4
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Therefore, the time-average control problem of Brownian motion (3.1.1-local)-(3.1.2-local) is
closely related to the problem of computing

I(a,r, 1, k) = inf (rD(z) +1Q(u))u(dx x du) + EF(&)p(dx x dE), (3.1.5)
P JRAXRE Rd xRd
where g is a probability measure and p is a finite positive measure satisfying the constraint
(3.1.4). In Section 3.4 we shall see that this characterization is essentially equivalent to (3.1.1-local)-
(3.1.2-local) if we formulate the optimal control problem for the Brownian motion as a controlled
martingale problem. In the considered case of combined regular and impulse control, our main
result is the following.

Main result, combined regular and impulse control. There exists 8* > 0 explicitly
determined by the cost structure Hy and (H®).sq such that for all § > 0 and any sequence of
admissible strategies {¢° € A,e > 0}, we have

. Uoeers [F _
El_l)r(r)l+P[€B*J (¥°) z/o Ldt - 3] =1, (3.1.6)
where Iy = I(ag, 14, ki, ly) is the optimal cost of the linear programming formulation (3.1.5) of
the time-average control problem of Brownian motion (3.1.1-local)-(3.1.2-local) with parameters
frozen at time t.

The original problem (3.1.1)-(3.1.2) is therefore simplified in the sense that the local problem
(3.1.1-local)-(3.1.2-local) is easier to analyze since the dynamics of the target is reduced to that
of a Brownian motion and the cost parameters become constant. In many practically important
cases (see Examples 3.4.3-3.4.7), we are able to solve explicitly (3.1.1-local)-(3.1.2-local) and
show that the two formulations of the time-average control problem are equivalent and therefore
I = I. Moreover, in Chapter 4, we show that for the examples where (3.1.1-local)-(3.1.2-local)
admits an explicit solution, the lower bound is tight (see Remark 3.3.1).

Our result enables us to revisit the asymptotic lower bounds for the discretization of hedging
strategies in [Fuklla, GL14a]. In these papers, the lower bounds are deduced by using subtle
inequalities. In Chapter 4 we show that these bounds can be interpreted in a simple manner
through the time-average control problem of Brownian motion.

The local control problem (3.1.1-local)-(3.1.2-local) also arises in the study of utility maximiza-
tion under transaction costs, see [ST13, PST15, AMKS15, MMKS14]|. This is not surprising
since at first order, these problems and the tracking problem are essentially the same, see Sec-
tion 4.4.3. In the above references, the authors derive the PDE associated to the first order
correction of the value function, which turns out to be the HJB equation associated to the
time-average control of Brownian motion. Inspired by [KS99] and [KM93], our approach, based
on weak convergence of empirical occupation measures, is very different from the PDE-based
method and enables us to treat more general situations. Contrary to [KS99], where the lower
bound holds under expectation, we obtain pathwise lower bounds. Compared to [KM93], we are
able to treat impulse control and general dynamics for the target.

The paper is organized as follows. In Section 3.2, we introduce our asymptotic framework and
establish heuristically the lower bound for the case of combined regular and impulse control.
Various extensions are then discussed in Section 3.3. In Section 3.4, we provide an accurate def-
inition for the time-average control of Brownian motion using a relaxed martingale formulation
and collect a comprehensive list of explicit solutions in dimension one. The proofs are given in
Sections 3.5, 3.6 and 3.7.
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Notation. For a complete, separable, metric space S, we define C(S) the set of continuous
functions on S, C4(S) the set of bounded, continuous functions on S, M(S) the set of finite
nonnegative Borel measures on S and P(S) the set of probability measures on S. The sets
M(S) and P(S) are equipped with the topology of weak convergence. We define £(S) the set
of nonnegative Borel measures I" on S x [0,00) such that T'(S x [0,¢]) < oco. Denote TI'; the
restriction of T' to S x [0,1]. We use RZ, R? and ]Rg to indicate the state space corresponding
to the variables z, u and £. Finally, CZ(R%) denotes the set of twice differentiable real functions
on R% with compact support, equipped with the norm

d d
1£llcz = 1flloo + D 110iflloo + > 1105 flloo-
i=1

i,j=1
3.2 Tracking with combined regular and impulse control

Instead of giving directly a general result, which would lead to a cumbersome presentation, we
focus in this section on the tracking problem with combined regular and impulse control. This
allows us to illustrate our key ideas. Other situations, such as singular control, are discussed in
Section 3.3.

In the case of combined regular and impulse control, a tracking strategy (u,7,§) is given by a
progressively measurable process u = (ug);>o with values in R? and (7,€) = {(7},&;),7 € N*},
with (7;) an increasing sequence of stopping times and (§;) a sequence of F,-measurable random
variables with values in RY. The process (u;) represents the speed of the agent. The stopping
time 7; represents the timing of j-th jump towards the target and &; the size of the jump. The
tracking error obtained by following the strategy (u,7,&) is given by

¢
X = —Xf—l—/ ugds + Z &
0 0<Tj§t

At any time the agent is paying a cost for maintaining the speed u; and each jump ¢; incurs a
positive cost. We are interested in the following type of cost functional

Hur€) = [ D)+ EQu+ Y (K F(E) + 12, P(E),
0 J:0<7; <T

where T' € RT and (r¢), (I7), (k) and (hy) are random weight processes. The cost functions D,
Q, F, P are deterministic functions which satisfy the following homogeneity property

D(ex) =P D(z), Q(eu) =e9Q(u), F(ef) =T F(§), P(e) =&rP(),  (321)

for any € > 0 and
(p >0, <Q>1> (rpP=0, (p=1.

Note that here we slightly extend the setting of the previous section by introducing two functions
F and P which typically represent the fixed and the proportional costs respectively.

In this chapter, we essentially have in mind the case where

d d
i=1 =1

with F;, P; € R, such that
min F; > 0, (3.2.2)
1

and X, 29 ¢ Sjl_. Note that in this situation, we have (p = (g = 2.
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3.2.1 Asymptotic framework

We now explain our asymptotic setting where the costs are small and provide a heuristic proof
of our main result. We assume that there exist € > 0 and Bg, S, Bp > 0 such that

19 =cPaly, kY =ePrky, K =£PPh,. (3.2.3)

Then the asymptotic framework consists in considering the sequence of optimization problems
indexed by € — 0
inf Jo(uf, 75, £%),
(uE7TE7§E)e‘A ( 5 )
with
T
JE(uf, 75, €%) = / (reD(XF) + e™LQug))dt + Y (PP ke F(E) + " hee P(E5)),
0 ,
J:0<T; <T

and

Xi= - Xp o+ / wds+ Y €.

J: 0<TE<t

The key observation is that under such setting, the tracking problem can be decomposed into
a sequence of local problems. More precisely, let {t;, = ké*,k =0,1,--- , K°} be a partition of
the interval [0,T] with 0° — 0 as € — 0. Then we can write

Ke—-1 ts+6°

) = 3 ([ (D) + PenQui))dr

£

k=0
+ Y (PR () + P hes P(E)))
j:ts<7'?<ti—§—55
— 1 t8+65 . 5 .

SR L o)+ enquiar

k=0 k
> (PR F(E) + e PE)) ) (i — 1)

Jit§ <TE<tE 48°
Ke—-1
= 3 Gt — 1),
k=0

tS+6°
it = 5= /t (nD(XF) +e%LQui)dt+ Y (P ke F(E) + e hes P(E))).

>
gty <78 <tg+0°

As ¢ tends to zero, we approximately have
T
JE(uf,75,€°) ~ / Jidt.
0

We are hence led to study j; as ¢ — 0, which is closely related to the time-average control
problem of Brownian motion. To see this, consider the following rescaling of X¢ over the
horizon (t,t + 6¢]:

1

Y ’t_
Xt = Xy 5€ (0T,

where T¢ = ¢, & = 2 and f > 0 is to be determined (here = 2 is related to the
scaling property of Brownian motion). We use the superscript ¢ to indicate that the scaled



CHAPTER 3. ASYMPTOTIC LOWER BOUNDS

102
systems correspond to the horizon (¢,t+ §°]. Then the dynamics of X! is given by, see [RY99

Proposition V.1.5],
X = X5t [t [ Vatavsts [Cwies ¥€
0 0 0< ]”<s
with 1
bivt — _g(a_l)ﬂbt-‘r&‘O‘Bs? a?t — at—i—&‘O‘BS’ Wsavt = _E?(WH—EO‘BS - Wt)7

and 1

~ p = 7t

ui,t — 6(Oé 1)Bu§+€aﬂs7 5‘;“ = 8—655’ 7']6 = (chﬁ(Tja - t) \/ 0

Fiicass. Abusing notation slightly,

Note that (W&t) a Brownian motion with respect to F=*
(0,T¢]. (3.2.4)

we write
AXSt = blds +\/astdWE +udtds +d( Y. &),
0<7; " <s

Using the homogeneity properties (3.2.1) of the cost functions, we obtain

. 1 e - A
szﬁ(/o (%P1 cas, D(XJY) + P07V, 0 Q(aF"))ds
b (e F(E) 4 Prlen CP)ﬁhtﬁawtP(fg)))
0<T5<Te
1 TE ~
~ ([ EnDEst) 4 e s
+ Y (P p (ge)JrEﬁp (a=Cp)Bp, p (55))),
0<T5<Te

The second approximation can be justified by the continuity of the cost coefficients r, I;, k; and

h.
Now, if there exists 8 > 0 such that
BCp = B — (= 1)¢eB = Br — (a — (r)B = Bp — (a — (p)B,
that is,
Br Bp Ba
= = = , 3.2.5
’ (pta—-C¢r C(pta—Cp C(p+(a—1) (325)
where oo = 2, then we have
j& ~ ePr e
with
1 - > ~ ~
1= —( / (nD(X) +1Q@)ds + Y (WF(E) +hP(E))) (3.2.6)
0<Tst<Te
By suitably choosing 6°, we have
0° =0, T° — oo.

It follows that b5f ~ 0 and aS' ~ a; for s € (0,7¢]. Therefore, the dynamics of (3.2.4) is
approximately a controlled Brownian motion with diffusion matrix a;. We deduce that
(3.2.7)

I;S Z I(at7 Tt, lt, kta ht)a
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where the term in the right-hand side is defined by

1 S
Ia,r 1,k h) = inf limsupf[/ (rD(X.) +1Q(ua))ds + Y (kF(&) +hP(E)]. (3.2.8)
(’U,,T7£) S—o00 0 OST] SS

with

X, = aW, + /0 udr+ Y& (3.2.9)

0<7;<s

Therefore, we obtain that as € — 0:

T T T
JE ~ / jedt ~ ePep / Ifdt > ePer / Ldt.
0 0 0

Then we may expect that (3.2.8) is equal to the following expected cost criterion

I(a,r,l,k,h) = inf limsup;E[/S( D(X,)+1Q(us))ds+ > (kF(&)) +hP(§j))}, (3.2.10)

(U,T,&) S—o0 0 OST <9

see for example [BG88, JZ06¢c, JZ06a]. Therefore, we will use the latter version to characterize
the lower bound since it is easier to manipulate.

Remark 3.2.1. The approach of weak convergence is classical for proving inequalities similar

o (3.2.7), in particular in the study of heavy traffic networks (see [Kusl/, section 9] for an
overview). The usual weak convergence theorems enable one to show that the perturbed system
converges in the Skorohod topology to the controlled Brownian motion as € tends to zero. How-
ever, since the time horizon tends to infinity, this does not immediately imply the convergence
of time-average cost functionals like I7.

In [KM93], the authors consider pathwise average cost problems for controlled queues in the
heavy traffic limit, where the control term is absolutely continuous. They use the empirical
“functional occupation measure” on the canonical path space and characterize the limit as a
controlled Brownian motion. The same method has also been used in [BGL11] in the study of
single class queueing networks.

However, this approach cannot be applied directly to singular/impulse controls for which the
tightness of the occupation measures is difficult to establish. In fact, the usual Skorokhod topology
is not suitable for the impulse control term

PO

e
0<‘r]. <t

Indeed, in the case of singular/impulse control, the component {175} is generally not tight un-
der the Skorokhod topology. For example (see [Kus01, p.72]), consider the family (Yy) where
the function Y equals zero for t < 1 and jumps upward by an amount /e at times 1 + ie,
i =0,1,...,e Y2 until it reaches the value unity. The natural limit of Y¢ is of course Ly>1y
but this sequence is not tight in the Skorokhod topology. The nature of this convergence is dis-
cussed in [Kur91] and a corresponding topology is provided in [Jak97].

This difficulty could be avoided by introducing a random time change after which the (suitably
interpolated) control term becomes uniformly Lipschitz and hence converges under the Skorokhod
topology. This technique is used in [BG06, BG12, Kus01] to study the convergence of controlled
queues with discounted costs. This seems to be a possible alternative way to extend the approach
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of [KM93] to singular/impulse controls. Nevertheless, the analysis would probably be quite in-
volved.

Instead of proving the tightness of control terms (17;5) in weaker topologies, we shall use an al-
ternative characterization of the time-average control problem of Brownian motion. In [KS99],
the authors characterize the time-average control of a Jackson network in the heavy traffic limit
as the solution of a linear program. The use of occupation measure on the state space instead
of the path space turns out to be sufficient to describe the limiting stochastic control problem.
However, the optimization criterion is not pathwise.

In this chapter, we use a combination of the techniques in [KS99] and [KM93] to obtain pathwise
lower bounds.

3.2.2 Lower bound

In order to properly state our result for the case of combined regular and impulse control, we
first introduce the solution I = I(a,r,l, k, h) of the following linear programming problem:

I(a, 1,k h) = inf D(z)+1 de x du) + kF(€)+ hP(€)) p(da x dE),
(a,7 ) = Inf et (rD(@) +1Q(u)) pu(dz x du) RM?\{%}( (&) +hP(&))p(dz x dE)
(3.2.11)
with (i, p) € P(RE x R%) x M(RY x Rg \ {0¢}) satisfying the following constraint
/ A% f (2, w)p(de x du) + Bf(z, 6)p(de x d€) =0, Vf e C2(RY), (3.2.12)
R4 xR R xR\ {0¢}
where

Af () = 5 3 ag0f (@) + (0, VI@), BI@8) = fe+ ) - ()

We will see in Section 3.4.2 that it is essentially an equivalent characterization of the time-
average control problem (3.2.9)-(3.2.10). In Example 3.4.6, we consider a particular case for
which I and the optimal solution u*, p* can be explicitly determined. From now on, we make
the following assumptions.

Assumption 3.2.1 (Regularity of linear programming). The function I = I(a,r,l,k,h) defined
by (3.2.11)-(3.2.12) is measurable.

Assumption 3.2.2 (Model). The predictable processes (a;) and (by) are continuous and (at) is
positive definite on [0,T].

Assumption 3.2.3 (Optimization criterion). The parameters of the cost functional (i), (I¢),
(k) and (ht) are continuous and positive on [0,T].

Assumption 3.2.4 (Asymptotic framework). The cost functionals satisfy the homogeneity prop-
erty (3.2.1) and the relation (3.2.5) holds for some > 0.

Remark 3.2.2. Let us comment briefly the above assumptions. Assumption 3.2.1 is necessary
to avoid pathological cases. In most examples, the function I is continuous (see Examples 3.4.3-
3.4.7). Assumptions 3.2.2-3.2.3 impose minimal regularity on the dynamics of X° and cost
parameters. Assumption 3.2.4 ensures that all the costs have similar order of magnitude.

Second, we introduce the following notion.
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Definition 3.2.1. Let {Z,(Z%)c,e > 0} be random wvariables on the same probability space
(Q,F,P). We say that Z¢ is asymptotically bounded from below by Z in probability if

V6 >0, lmP[Z°>Z—6 =1.
e—0

We write liminf, o Z° >, Z.
We now give the version of our main result for the case of combined regular and impulse control.
Theorem 3.2.1 (Asymptotic lower bound for combined regular and impulse control). Under

Assumptions 3.2.1, 3.2.2, 3.2.8 and 3.2.4, we have

: 3 1 ) 3 € & r
llreriglf %J (u®,7%,£%) Zp/o I(ag,re, g, ke, he)dt, (3.2.13)

for any sequence of admissible tracking strategies {(u®,7%,£%) € A,e > 0}.

Thus, in Theorem 3.2.1 we have expressed the lower bound for the tracking problem in terms
of the integral of the solution I of a linear program, which will be interpreted as time-average
control of Brownian motion in Section 3.4. For any subsequence &', we can always pick a further
subsequence £” such that

L. 1 " 7 ” ” T
llsti)%fmJE (u® , 7% ,¢&° )2/0 I(ag, e, e, ke, he)dt — 6,

almost surely. Therefore, by Fatou’s lemma, the following corollary holds.

Corollary 3.2.1. We have

lim inf

T
€ € £ €
e—0 ECDBE[J (U X ’g)ZE[A I(atartalt7ktaht)dt:|.

3.3 Extensions of Theorem 3.2.1 to other types of control

In this section, we consider the case of combined regular and singular control and those with
only one type of control. In particular, we will see that in the presence of singular control,
the operator B is different. Formally we could give similar results for the combination of all
three controls or even in the presence of several controls of the same type with different cost
functions and scaling properties. To avoid cumbersome notation, we restrict ourselves to the
cases meaningful in practice, which are illustrated by explicit examples in Section 3.4.

3.3.1 Combined regular and singular control

When the fixed cost component is absent, that is F' = 0, impulse control and singular control
can be merged. In that case, the natural way to formulate the tracking problem is to consider
a strategy (u®,~%, ¢%) with u® a progressively measurable process as before, 7§ € A and (¢f) a
possibly discontinuous non-decreasing process such that

¢ t
Xi==Xp+ [usds+ [ viags,
and
T T
JE (U795, %) = / (reD(X7) —i—aﬁQth(ui))dt—i—/ PP hy P(75)dyf .
0 0
To avoid degeneracy, we assume that for any v € A,

P(y) > 0. (3.3.1)
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Using similar heuristic arguments as those in the previous section, we are led to consider the
time-average control of Brownian motion with combined regular and singular control

S S
I(a,r,l,h) = inf limsup;E[/O (TD(XS)—{—ZQ(uS))dS—i—/O hsP(’ys)dgps}, (3.3.2)

(%%‘P) S—o00

where s s
X, = aW, —|—/ u,dr +/ Yrdpy. (3.3.3)
0 0

The corresponding linear programming problem is given by

I(a,r,l,h) = inf (rD(z) +1Q(u)) p(dzx x du) + hP(y)p(dx x dy x db), (3.3.4)
(1,p) JRI xR REx AXRF

with (i, p) € P(RE x R%) x M(R? x A x R}) satisfying the following constraint

/ A“f(x,u)u(da:xdu)+/ Bf(x,7,6)p(dxxdyxds) =0, VfeC2RY), (3.3.5)
Rd xR Rd x AxRF

where

(v, Vf(2)), 0 =0,

a _1 Qi s 2 x u T x =
A f(z,u) = 22] 40 f (@) + (w, VI (@), Bf(@,7,9) {6‘1<f<x+6v>f(ﬂf>>» 4>0.

We have the following theorem.

Theorem 3.3.1 (Asymptotic lower bound for combined regular and singular control). Assume
that I(a,r, 1, h) is measurable, that the parameters (r¢), (I;) and (hy) are continuous and positive,
that Assumption 3.2.2 holds true and that Assumption 3.2.4 is satisfied for some 3 > 0. Then,

.. 1
hIaIi}(glf NI

T
T, ) = /O az, re, 1y, he)dt, (3.3.6)

for any sequence of admissible tracking strategies {(u®,~%, %) € A,e > 0}.

Adapting the proofs of Theorem 3.2.1 and Theorem 3.3.1 in an obvious way, we easily obtain
the following bounds when only one control is present.

3.3.2 Impulse control

Consider
inf  J%(u®, 7%, &%),
(r2,6°)eA ( &
with T
JE(uF, 75, 6°) = / rD(X5)dt+ Y (ke F(E) + P hee P(ES)),
0 0<TE<T ' '
and

Xi=-X7+ > &.

O<‘rj€ <t
We have the following theorem.

Theorem 3.3.2 (Asymptotic lower bound for impulse control). Let I = I(a,r, k,h) be given by

I(a,r.k.h) = inf [ rD(x)u(dz) + (kF() + hP())p(dx x dE),
(k.p) JRE R xR\ {0¢ }
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with (u, p) € P(RL) x M(RY x Rd \ {0¢}) satisfying the following constraint

A f(z)p(dx) + Bf(z,&)p(dx x d§) =0, Vf e CFRY),

R¢ /szRg\{og}

where

Aaf Zalj J} ) Bf(x,&):f(a:+£)—f(x)

Assume that I(a,r, k,h) is measurable, that the parameters (r), (ki) and (ht) are continuous
and positive, that Assumption 3.2.2 holds true, and that Assumption 3.2.4 is satisfied for some
B > 0. Then,

T
hmlnf 5:3C Ja( 5) ZP/O I(at,rt,k:t,ht)dt.

e—0

See Example 3.4.5 for a closed form solution of I.

3.3.3 Singular control

Consider
inf  J*(7%, %),
(ve.9°)EA (%%
with
T T
P = [ D&+ [ P
and

¢
X; = =Xp+ [ et
0
We have the following theorem.

Theorem 3.3.3 (Asymptotic lower bound for singular control). Let I = I(a,r, h) be given by

I(a,r,h) = inf rD(z)u(dx) + hP(7)p(dz x dy x db),
(1,p) JRE REx AXRF

with (u, p) € P(RY) x M(RY x A x RY) satisfying the following constraint

A% f(x)p(dr) + Bf(x,7,8)p(dx x dy x d§) =0, Vf e C§(RY),
Rd R x AXRY

where

) _ [V (@), 0=0,
Af Za” :L‘, Bf($,7,5)—{6—1(f(x+57)_f(1'))7 0> 0.

Assume that I(a,r, h) is measurable, that the parameters (ry) and (hy) are continuous and pos-
itive, that Assumption 3.2.2 holds true and that Assumption 8.2.4 is satisfied for some 5 > 0.
Then,

1
hmlnf TJ& / I(ag, e, he)d

See Example 3.4.4 for a closed form solution of I.
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3.3.4 Regular control

Consider
inf J°(u®),
ute A
with T
JE(uf) = /0 (reD(XE) + %1,Q(uf)) dt,
and

t
X5 = —X0+ / WEds.
0
We have the following theorem.

Theorem 3.3.4 (Asymptotic lower bound for regular control). Let I = I(a,r,l) be given by

I(a,r,1) = inf (rD(z) +1Q(u)) pu(dx, du),
i JRdxRd

with p € P(RE x RY) satisfying the following constraint
L, A wude,du) =0, Vf € CRRD),
RZ x R4

where

A 0) = 5 D a0 () + (VI (@),
2Y)

Assume that I(a,r,1) is measurable, that the parameters (r) and (I;) are continuous and positive
on [0,T], that Assumption 3.2.2 holds true and that Assumption 3.2.4 is satisfied for some 3 > 0.
Then,

.. 1
hIEIl_}lélf A

T

T () 2, / T(ag, re, 1) dt.
0

See Example 3.4.3 for a closed form solution of I.

Remark 3.3.1 (Upper bound). It is natural to wonder whether the lower bounds in our theorems
are tight and if it is the case, what are the strategies that attain them. In next chapter, we
show that for the examples provided in Section 3.4, there are closed form strategies attaining
asymptotically the lower bounds. For instance, in the case of combined reqular and tmpulse
control, it means that there exist (u**, 75, £5*) € A such that

li !
51—1’)1%) g—:ﬁCD

T
JE(’LLE’*,TE’*,ge’*) —>p / I(at,rt,lt,kt,ht)dt.
0

These optimal strategies are essentially time-varying versions of the optimal strategies for the
time-average control of Brownian motion.

3.4 Interpretation of lower bounds and examples

Our goal in this section is to provide a probabilistic interpretation of the lower bounds in
Theorems 3.2.1, 3.3.1, 3.3.2, 3.3.3 and 3.3.4, which are expressed in terms of linear programming.
In particular, we want to connect them with the time-average control problem of Brownian
motion. To our knowledge, there is no general result available for the equivalence between time-
average control problem and linear programming. Partial results exist in [BG88, KS98, KS99,
KS15, HSZ14] but do not cover all the cases we need. Here we provide a brief self-contained
study enabling us to also treat the cases of singular/impulse controls and their combinations with
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regular control. We first introduce controlled martingale problems and show that they can be
seen as a relaxed version of the controlled Brownian motion (3.1.1-local). Then we formulate the
time-average control problem in this martingale framework. We finally show that this problem
has an equivalent description in terms of infinite dimensional linear program. While essential
ingredients and arguments for obtaining these results are borrowed from [KS98] and [KS01], we
provide sharp conditions which guarantee the equivalence of these two formulations.

3.4.1 Martingale problem associated to controlled Brownian motion

In [ST13, PST15, MMKS14, AMKS15|, the authors obtain a HJB equation in the first order
expansion for the value function of the utility maximization problem under transaction costs,
which essentially provides a lower bound for their control problems. They mention a connection
between the HJB equation and the time-average control problem of Brownian motion, see also
[Hyn12]. Here we wish to rigorously establish an equivalence between the linear programs in
our lower bounds and the time-average control of Brownian motion. This leads us to introduce
a relaxed version for the controlled Brownian motion. We shall see that the optimal costs for
all these formulations coincide in the examples provided in the next section.

We place ourselves in the setting of [KS01], from which we borrow and rephrase several elements,
and assume that the state space E and control spaces U and V are complete, separable, metric
spaces. Consider an operator A : D C Cp(E) — C(E x U) and an operator B : D C Cy(E) —
C(E xV).

Definition 3.4.1 (Controlled martingale problem). A triplet (X,A,T") with (X,A) an E X
P(U)-valued process and I' an L(E x V)-valued random variable is a solution of the controlled
martingale problem for (A, B) with initial distribution vy € P(E) if there exists a filtration (F;)
such that the process (X, A, T'y) is Fi-progressive, Xo has distribution vy and for every f € D,

t

F(X,) - / / AF(Xs, u)Ay(du)ds — / Bf(x,0)T(dz x dv x ds) (3.4.1)
0 JU ExVx[0,t]

is an JFi-martingale.

We now consider two specific cases for the operators A and B, which will be relevant in order to
express our lower bounds. Furthermore, we explain why these specific choices of A and B are
connected to combined regular and singular/impulse control of Brownian motion.

Example 3.4.1 (Combined regular and impulse control of Brownian motion). Let D = C3(R%)®
R and define A: D — C(ExU) and B: D — C(E xV) by

Af(r,u) = 5 Y agg0f f(2) + (u, V@) (3.4.2)
Bf(2,€) = f(w+€) - f(a). (3.4.3)

Here E=RY, U =R% and V = Rg \ {0¢}. We call any solution of this martingale problem the
combined regular and impulse control of Brownian motion.

Indeed, consider the following process
t
Xt:Xo—i—\/aWt—l—/ usds + Z &
0 0<TjSt

with (u¢) a progressively measurable process, (7;) a sequence of stopping times and (&;) a sequence
of Fr;-measurable random variables. Define

NtZZﬂ{Tjgt}, & =&, te(rj, Tl
J
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Then for any f € D, by Ito’s formula,
500 = [ ARG s — [ BA- 6 )aN
= f(X0) — [ VECX)TVad,
which is a martingale. Let
Ay = 6y, (du), T(H x [0,4]) / L (Xs—, & )dNs, H € B(RE x RE\ {0¢}).

Then (X, A,T") solves the martingale problem (A, B) with initial distribution £(Xo).

Example 3.4.2 (Combined regular and singular control of Brownian motion). Take D =
C2(RY) @R and define

Zaw (u, Vf(x)), (3.4.4)
(0 Vf(2)), 0=0
Bf(@.0) = {6‘1(f(:z; 4 6y) — f(z)), 6> 0. (8:4:5)

Here E=R%, U =R% and V = A x ]Rg'. Any solution of this martingale problem is called
combined regular and singular control of Brownian motion.

Indeed, let X be given by

t t
Xy = Xo+ \/aWt + / ugds + / Vsdps,
0 0

with w a progressively measurable process, vs € A and s non-decreasing. By Ito’s formula, we
have

t t
f(Xt) — /0 Af(Xs,us)ds — / Bf(Xs—,7s,00s)dps

= f(Xp) /Vf X adws,

which is a martingale for any f € D. Let
Ay = 8y, (du), T(H x [0,4)) / 11 (X, 0p5)dps,  H € BRE x A x RY).

Then (X, A,T") solves the martingale problem (A, B) with initial distribution £(Xo).

3.4.2 Time-average control of Brownian motion

Now we formulate a relaxed version of the time-average control problem of Brownian motion in
terms of a controlled martingale problem. This generalizes [KS98, HSZ14] to combined regular
and singular/impulse control of martingale problems, see also [KS15]. Recall that A and B are
two operators where A : D C Cp(E) — C(E x U) and B: D C Cy(E) — C(E x V). Consider
two cost functionals Cy : EXxU - Ry and Cp: E xV — R,.

Definition 3.4.2 (Martingale formulation of time-average control problem). The time-average
control problem under the martingale formulation is given by

M = inf hmsup E / / Ca(Xs,u)As(du)ds+ Cp(z,v)I'(dzxdvxds)], (3.4.6)
(X,AT) t—o0 ExVx[0,t]

where the inf is taken over all solutions of the martingale problem (A, B) with any initial dis-
tribution vy € P(E).
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Now, let (X, A,T") be any solution of the martingale problem with operators A and B. Define
(e, pr) € P(ExU)x M(E X V) as

e (Hy) = 11@[/;/[]11H1(Xs,u)As(du)ds], (3.4.7)
pu(H2) = SE[T(Hy x [0,4])], (3.4.8)

for H € B(E x U) and Hy € B(E x V). Then the average cost up to time ¢ in (3.4.6) can be
expressed as

Ca(z,u)p(dx x du) + Cp(z,v)p(dx x dv).
ExU ExV

On the other hand, for f € D, (3.4.1) defines a martingale. Taking the expectation, we obtain

111«:{/; /UAf(XS,u)AS(du)ds + Bf(a,v)l(da x dv x ds)| = %E[f(Xt) — (X)),

ExVx[0,t]

If X, is stationary, we have

Af(x,u)pe(de x du) + Bf(xz,v)pi(dx x dv) = 0.
ExU ExV

Letting t tend to infinity, this leads us to introduce the following linear programming problem.

Definition 3.4.3 (Linear programming (LP) formulation of time-average control). The time-
average control problem under the LP formulation is given by

IY = inf ¢(p, p), (3.4.9)
(1:p)
with
c:P(ExU)x M(EXxV)—Ry
(1, p) — / Ca(z,u)p(de x du) + Cp(x,v)p(dz x dv), (3.4.10)
ExU ExV

where the inf is computed over all p € P(E x U) and p € M(E x V) satisfying the constraint

/ Af(z,u)p(de x du) + Bf(xz,v)p(dz x dv) =0, VfeD. (3.4.11)
ExU ExV

We now present the theorem which connects linear programming and time-average control of
Brownian motion.

Theorem 3.4.1 (Equivalence between I and I”). Assume that

1. (Condition on the operators A and B) The operators A and B satisfy Condition 1.2 in
[KS01]. In particular, there exist a4 € C(E x U), yp € C(E x V), and constants ayz,bs
depending on f € D such that

|Af(z,u)| < appa(z,u), |Bf(z,v)] <bppp(z,v), Vee E,ueUweV. (3.4.12)

2. (Condition on the cost function Cy) The cost function Cy is non-negative and inf-
compact, that is {(x,u) € E x U | Ca(z,u) < ¢} is a compact set for each ¢ € Ry.
In particular, C4 is lower semi-continuous.

3. (Condition on cost function Cg) The cost function Cp is non-negative and lower semi-
continuous. Moreover, Cp satisfies

inf . 4.1
(xvv)lgEXVC'B(x,v) >0 (3.4.13)
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4. (Relation between operators and cost functions) There exist constants 8 and 0 < 5 < 1
such that
Yalz,u)? <1+ Ca(z,u), plz,v)/? <0Cp(x,v), (3.4.14)

for v and Yp given by (3.4.12).

Then the two formulations above of the time-average control problem are equivalent in the sense

that
M= 1P,

We therefore write I for both I and IF.

Proof. The idea of the proof is the same as in [KS98|, with a key ingredient provided by [KS01,
Theorem 1.7].

We first show that 17 < I'™. Given any solution (X, A,T) of the martingale problem, we define
the occupation measures as (3.4.7) and (3.4.8). Without loss of generality, we can assume that
lim sup,_, o, c(pu, pr) < 0o where c is defined in (3.4.10) (otherwise we would have I = co > I7).
We will show that 17 < limsup, ., c(p, pt)-

We consider the one-point compacification £ x V = E x V U {00 = (0, Vo) } and extend Cp
to E x V by
Cp(Too,Voo) =  liminf  Cp(z,v) >0,
(2,0) = (T oo,V00)

where the last inequality is guaranteed by (3.4.13). Since C'p is lower semi-continuous, the level
sets {(z,v) € ExV | Cp(xz,v) < ¢} are compact. By Lemma 3.C.1, we deduce that c is a
tightness function on P(E x U) x M(E x V). So the family of occupation measures (pu, pt)t>0
is tight if p; is viewed as a measure on £ x V. It follows that the family of occupation measures
indexed by t is relatively compact.

Let (u,p) € P(E xU) x M(E x V) be any limit point of (u, p¢) with canonical decomposition
p = p+ 05000. We claim that (u,p) satisfies the linear constraint (3.4.11). Indeed, by (3.4.12)
and (3.4.14), we have

[AFIYP < 0;(1+ Ca),  [BfIYP < 0,Cp,

where 6 is a non-negative real number depending on f. Then sup, c(u, pr) < oo implies that
Af and Bf are uniformly integrable with respect to p and p. We therefore have

| Ataw+ | peBfdp=Jtm [ Afdu+ [ 1pBfdp.
ExU EXV t—oo JEXU EXV

The right hand side being equal to zero, we obtain

/ Afdp+/ Bfdp = 0.
ExU ExV

Since C'4 and Cp are lower semi-continuous, it follows that (see [DE11, Theorem A.3.12])
1P < e, p) < ey, p) < liminf c(u, py) < limsup (g, pr).-
t—o0 t—o00

As the choice of the solution of the controlled martingale problem (X, A,T') is arbitrary, we
conclude that ¥ < M.

We now show that I < I”. Given any (u,p) satisfying the linear constraint (3.4.11) such
that c(u, p) < 0o, Theorem 1.7 in [KS01] together with the condition on the operators A and B
provides the existence of a stationary solution (X, A,I") for the martingale problem (A, B) with
marginals (u, p), hence IM < IF. O
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Remark 3.4.1. Compared with the results in [KS98, BG88], no near-monotone condition is
necessary for the singular component. The is due to the fact that in the linear constraint (3.4.11),

p belongs to M(E x V') instead of P(E x V).
We now give natural examples for which 17 = M.
Corollary 3.4.1 (Time-average control of Brownian motion with quadratic costs). Assume that
Cy s given by

Calz,u) = r{z,2Px) + 1{u, %), V(z,u) e RS x RY, (3.4.15)
where XP 39 ¢ Sj. Then for both following cases, we have IM = IP:

1. The operators A and B are given by (3.4.2)-(3.4.3) and the cost function Cp is given by

d
(€)= B Filisoy + WP e, (2,6) € RY x RE {0}, (3.4.16)
i=1
with min; F; > 0.
2. The operators A and B are given by (3.4.4)-(3.4.5) and the cost function Cp is given by

Cal@,7,0) = WP l),  (5,7,6) € RE x A x R}, (3.4.17)
with min; P; > 0.

Proof. We consider the impulse case. First, we show that A and B satisfy [KS01, Condition
1.2]. (i) It is clear that 1ga € D, and Algs = 0, Blgs = 0. (ii) Define

d
¢A($,U):1VZ|U1‘, %Z)B(xa@:l,
=1

then (3.4.12) is satisfied. (iii) Since CZ(R¢) equipped with || - Hcg is separable, the third condi-
tion is satisfied. (iv) A, f(x) = Af(xz,u) and B¢ f(x) = B f(x,§) satisfy the positive maximum
principle, so they are dissipative. It is obvious that they verify [KSO01, (1.10)]. Hence they are
pre-generators. (v) Obvious. Second, since C'4 and Cp are l.s.c. and min; F; > 0, the conditions
on C4 and Cp are verified. Third, (3.4.14) holds with § = 1/2.

The proof for the singular case is similar. Note that min; P; > 0 is necessary for (3.4.13) and
the second bound in (3.4.14) to hold. O

3.4.3 Explicit examples in dimension one

We collect here a comprehensive list of examples in dimension one for which explicit solutions are
available. Most of these results exist already in the literature under the classical SDE formulation
(see for example [DY13, JZ06¢, JZ06a, JZ06b, ST13, AMKS15, MMKS14, GL14a, HSZ14]), but
Examples 3.4.6 and 3.4.7 are presented here for the first time. The basic idea is to solve
explicitly the HJB equation corresponding to the time-average control problem and apply a
verification theorem. Similar methods apply under the linear programming framework. However,
for completeness we provide in Section 3.7 detailed proofs tailored to the formulation in terms
of linear programming. In fact, we prove only the case of combined regular and impulse control,
that is Example 3.4.6. The proofs for the other examples are similar and hence omitted.

Example 3.4.3 (Regular control of Brownian motion). Let r,l > 0 and consider the following
linear programming problem

I(a,r,1) = inf (ra? + lu®) p(de, du), (3.4.18)
K JRs xRy,
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where p € P(Ry x Ry,) satisfies

/ (%a (@) + uf () plde, du) = 0, Vf € C2(R,). (3.4.19)
Rz xRy,

By Corollary 3.4.1, this is equivalent to the time-average control of Brownian motion with
quadratic costs in the sense of Definition 3.4.2.

Let us explain heuristically how to obtain the optimal solution (a rigorous verification argument
for the linear programming formulation is provided in Section 3.7). Roughly speaking, Definition
3.4.2 describes the following dynamics

dXtu = \/5th + uzdt.
The optimization objective is
inf limsup ! IE[/T(T(X“)2 + luQ)dt}
(u)eA 700 1 Lo ! O

where the set A of admissible controls contains all progressively measurable processes (ug) such
that
lim sup E[(X%)?] < oo

T—o00

Consider the associated HJB equation

1
inf —aw”(z) 4+ ww'(z) + lu® +ra® — 1V =0,
u€ER, 2

where the constant IV must be found as part of the solution. It is easy to find the explicit solution
(see also [MMKS14, Equation (3.18)]):

w(z) = Vriz?, IV = Va2rl.

Now, let (u) be an admissible control and apply Ito’s formula to w(Xr):

w(X7) = w(Xo) +/ Zaw”(Xy) + up! (X3) dt+/ (X, AW

It follows that
P 2 Tow 1o, /
/0 (rXy + luy)dt > /0 (I - Haw (X1) — wpw (Xt))dt (3.4.20)

=TIV + w(Xo) — w(Xr) + / "(Xy)dWs.
Taking expectation, dividing by T on both sides, and using the admissibility conditions, we obtain

lim sup TE[/ (rX}? + luf)dt} > 1V,

T—o00

To show that I is indeed the optimal cost, it is enough to show that equality holds in (3.4.20).
for the optimal feedback control given by

u(x) = _w’Q(Zx) = —fOzx, = \/7

Therefore, the optimally controlled process is an Ornstein- Uhlenbeck process

= adW, — 0X[dt.

Naturally, the stationary distribution of (X*,u*(X})) is the solution u* of the linear program-
ming problem. We have the following result.
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Proposition 3.4.1. The solution of (3.4.18)-(3.4.19) is given by
I(a,r 1) = Va?rl,

and the optimum is attained by

1 _ 22
w*(dx, du) = e 202dxr @ dy_gzy(du),
2o
where
9 a r
7 T 9 l

Example 3.4.4 (Singular control of Brownian motion). For any parameters r,h > 0, consider
the following linear programming problem

I(a,r,h) = inf ra?u(d) + hly|p(dz, dv,ds), (3.4.21)
(1,0) IR, R x {£1} xR}

where 1 € P(Ry) and p € M(R, x {£1} x RY) satisfy

1af”(gv),u(dﬂv) + v (x)p(dx, dy,ds) =0, Vf e C2R,). (3.4.22)
R, 2 Ry x {1} xR}

By Corollary 3.4.1, this is equivalent to the time-average control of Brownian motion with
quadratic deviation penalty and proportional costs in the sense of Definition 3.4.2.

The dynamics of the solution of the controlled martingale problem is heuristically
dXy = VadW; + vdey,

where vy, € {£1} and ¢, is a non-decreasing process. The optimization objective is
inf limsup =E / rX;dt + hor|.
(Vept)€EA Tsoo T [ 0 K 4 }

The associated HJB equation is

(%aw”(w) +rz? —1V) A (7ei?if1}7w/(x) +h)=0.

An explicit solution for w is provided in [ST13] (see also [JZ06a, Kar83, DY13]):

Az* + Bz?, -U<z<U,
w(r) = qw(-U) +h(-U—2z), z<-U, (3.4.23)
w(U) + h(z = U), x> U,
with
1r I
= T6a P
and

I= (Zar1/2h)2/3, U= (%ar_lh)l/g.

The optimally controlled process is

dX; = \JadW; + dg; — dgf,
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where ¢ are the local times keeping X; € [~U, U] such that

t t
/0 Lixzz-vydes + /0 Lixzevpdel = 0.

In other words, this is a Brownian motion with reflection on the interval [—U,U]. The optimal
solution (u*, p*) is the stationary distribution of X[ and the limit of boundary measures

1 st _
;/0 (Ow,—1,00dp3 + 6(—u1,00d5 ),

as t — oo. We have the following result.
Proposition 3.4.2. The solution of (3.4.21)-(3.4.22) is given by

3
I(a,r,h) = (iarlﬂh)g/?’.

and the optimum is attained by

N 1
w*(dx) = ﬁﬂ[—U,U] (z)dz, (3.4.24)
N a 1 1
p’(dz,dy, dd) = ﬁ(?s(fm,o) + 56(U,71,0))7 (3.4.25)

where 3

U= (melh)l/?’.
Example 3.4.5 (Impulse control of Brownian motion). For any parameters r,k >0 and h > 0,
consider the following linear programming problem

I(a,r,k,h) = inf [ ra?p(dz) + (k + hl€])p(dz, dE), (3.4.26)
(1.0) IR, Ry xRe\{0¢}
where p € P(Ry) and p € M(Ry x Re \ {0¢}) satisfy
[ gaf@ntdn) + [ oy UG+ O~ Faoldnd) =0, ¥F € CHR). (3427)
x x XIR¢ 13

By Corollary 3.4.1, this is equivalent to the time-average control problem of Brownian motion
in the sense of Definition 3.4.2.

The associated HJB equation is (see also [DY13, JZ06¢c, AMKS15, GL14aj)
1 " 2 \4 :
—aw (x) +rx®—=I")A( inf (w(@x+E) +Ek+h[E]) —w(x)) =0.
(baw(a) YA _nt (o +6)+ k4 ) — u(a)

Let 01,05 and 0 < z* < x* be solutions of the following polynomial system

6ab; +r =0,
P(z*) — P(z*) = k+ h(z* — T%),
P'(z*)=h, P'(T*)=nh,
where P(z) = 012* + 0922, Let U = x*. We can show that the solution of the HJB equation is
given by
P <U.
oy {P@ ol <.
w(U) + h(ls| - U), |s] > U,
and
IV = a92.

Let & = x*—Z*. The optimally controlled process is a Brownian motion on the interval [-U, U],
which jumps to £U F&* when reaching the boundary point £U. Such processes have been studied
in [BAP09, GK02]. We have the following result.
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Proposition 3.4.3. The solution of (3.4.26)-(3.4.27) is given by
I(a,r,k,h) = abs,
and the optimum is attained by

), et o< -F,

W= ple)de, ple) =4 ooz ~T <z < (3.4.28)
et —), T <a<at,
" a 1 1
p= m(ié(ﬁ T*—x*) 25(—3:* —m*+x*)) (3.4.29)

which correspond to the stationary distribution and boundary measure of Brownian motion with
jumps from the boundary on the interval [—U,U].

Example 3.4.6 (Combined regular and impulse control of Brownian motion). For any param-
eters r,l,k > 0 and h > 0, consider the following linear programming problem

I(a,r,1,k, h) = inf (ra? + lu®) u(de, du) + (k 4 hl¢))p(dx, d€),  (3.4.30)
(1,0) JRy xRy, Ry xRe\{0¢}

where p € P(Ry x Ry,) and p € M(Ry x Re \ {0¢}) satisfy

1 7z /! o
Jowen, GO T Nl [ (a4~ St =0, ¥ € CBR)
(3.4.31)

By Corollary 3.4.1, this is equivalent to the time-average control problem of Brownian motion
in the sense of Definition 3.4.2.

The corresponding HJB equation is

(%aw"(:z:) + i%f(uw/(x) + 1)+ —1V) A (iI{lf(w(.T +&) + k+hl¢]) —w(z)) =0.

In Section 3.7, we show that this equation admits a classical solution
1/2
/2,2 1 1o 2
w(z) = (rl)**2* = 2alln 1 F1 (= 53 (agl) x%), |z| <T, (3.4.32)
w(U) + h(|z| = U), || > U,

where 1 Fy is the Kummer confluent hypergeometric function (see Section 3.A) and £ and U are
such that 0 < £ < U and

w(E£U F &) + k + || — w(£U) = 0.

Moreover,

= La\/;l,

for some v € (0,1).

Let u* be defined as
w'(z)
21

u*(x) = Argmin Aw(z,u) + Ca(x,u) = —
u
The optimally controlled process is given by

dX; = VadW, + u*(X])dt + d( 3 (px; =0y - ﬂ{x:j,:U}ﬁ*))-

TjSt

We have the following result.
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Proposition 3.4.4. The solution of (3.4.30)-(3.4.31) is given by
I(a,r,1,k, h) = aV/rl,
and the optimum is attained by (u*, p*) where
p(dz, du) = p*(2)dx @ 0y (5)(du),
p(dz,d) = (pé—ve+) + PO, —¢))(dz, dE),
with p*(z) € C°([L,U]) N C%([L, U]\ {L + &*(L),U + £*(U)}) solution of
gap” (@) — (W' (2)p(2)) =0, w e (-UU)\{-U+&, U~}

p(=U) =pU) =0,
300 (=U)+) = p'(=U +&)=)) = a0’ (-U + £)+),
20 (U=) = p'((U = €)+)) — zalp/ (U = £)-),
[ p() =1,
and p*, pi € RY given by
o = Ja (“U)4), ot = —gap(U-)

Note that p* and p* are the stationary distribution and boundary measure of the optimally
controlled process X{ .

Example 3.4.7 (Combined regular and singular control of Brownian motion). For any param-
eters r,l,h > 0, consider the following linear programming problem

I = inf (ra? + lu®) p(de, du) + h|y|p(dz, dvy, dd), (3.4.33)
(1,P) Ry xRy, Re x{£1} xR}
where 1 € P(Ry x Ry) and p € M(R, x {£1} x RY) satisfy
1
/ (af"(z) + uf'(2))ulde, du) + ' (x)(dw, dy, d6) = 0, Vf € C2(Ry).
Ry xR, 2 Ry x {1} xR}
(3.4.34)

Again by Corollary 3.4.1, this is equivalent to the time-average control problem of Brownian
motion in the sense of Definition 3.4.2.

The constant IV and w : R — R exist with the same expressions as in Example 3.4.6. Similarly,
we have the following result.

Proposition 3.4.5. The solution of (3.4.33)-(3.4.7) is given by
I= La\/ﬁ,
and the optimum is attained by (u*, p*) where
P (dz, du) = p*(2)dxr @ by () (du),
p*(dz,dy,dd) = (pZ0(_u1,0) + PUOW,~1,0)) (d, d, dd),
with p*(z) € C*([~U,U]) solution of

%ap”(a:) - (u (x)p(x)) 7 T (_Ua U)v
sap' (@) +u*(2)p(z) =0, =€ {-U,U}, (3.4.35)
fyU p(.T) =1,
and p*, pi € RY given by
1 1

ot = Sap(-U), g = sap(U). (3.4.36)
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Remark 3.4.2 (Higher dimension examples). To our knowledge, examples with closed-form
solutions for time-average control of Brownian motion in higher dimension are not available

except [GL14a, MMKS14, AMKS15, JS10, GW15c¢].

3.5 Proof of Theorem 3.2.1

This section is devoted to the proof of Theorem 3.2.1. In Section 3.5.1, we first rigorously
establish the arguments outlined in Section 3.2.1, showing that it is enough to consider a small
horizon (t,t + 6°]. Then we prove Theorem 3.2.1 in Section 3.5.2. Our proof is inspired by the
approaches in [KS99] and [KM93]. An essential ingredient is Lemma 3.5.3, whose proof is given
in Section 3.5.3.

3.5.1 Reduction to local time-average control problem

We first show that, to obtain (3.2.13), it is enough to study the local time-average control
problem (note that the parameters ry, ly, k¢, hy are frozen at time t)

1 T . _ ~ ~
F=rm( [ GDED Q@A+ X FE) +PE)),  (35)
0 0<7; ' <Te
where
dXS = btds +/ast Wt + aStds +d( Y. €), Xg'=0 (3.5.2)
0<?;‘t§s

with 7€ = =35 and 6° € R, depending on ¢ in such a way that
0° =0, T°— oo, (3.5.3)

as ¢ = 0. Recall that a = 2, which is due to the scaling property of Brownian motion. We can
simply put 6° = £°.

Localization Since we are interested in convergence results in probability, under Assumptions
3.2.2 and 3.2.3, it is enough to consider the situation where the following assumption holds.

Assumption 3.5.1. There exists a positive constant M € R such that

sup  |ag(w)] V() VL (W) V A (W) V E(w) ! < M < oo,
(t,w)€[0,T]xQ

Furthermore, X° is a martingale (by =0).

Indeed, set Ty, = inf{t > 0,sup,cpoq |bs| V |as| V rE V(W) v AEY v EEY < m}. Then we
have lim, o P[T,, = T] = 1. By standard localization procedure, we can assume that all the
parameters are bounded as in Assumption 3.5.1. Let

T 1 (T
@ = exp{ — /0 a;lbtth — 5/0 b?a;2btdt}a

then by Girsanov theorem, X° is a martingale under Q. Since Q is equivalent to P, we only
need to prove (3.2.13) under Q. Consequently, we can assume that X° is a martingale without
loss of generality.

From now on, we will suppose that Assumption 3.5.1 holds.
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Locally averaged cost

Lemma 3.5.1. Under Assumption 3.5.1, we have almost surely

1 T
liminf ——J° > lim inf/ I7dt.
e—0 {-:C B e—0 0

Proof. We introduce an auxiliary cost functional:

_ T 1 (t4+0°)NT
JE = / (5 / (reD(X?) + L,Q(ul))ds
0 \0° Ji

+% > (PR FE) + P hes PE) )t

t<Ts <(t+6°)AT

Note that the parameters 7,1, k, h inside the integral are not frozen at t. Using Fubini theorem,
we have

T s
-/ g]l{o<s<5s}(7“sD(Xs€) +1LQE)ds

+ > 3 1{0<T c 5y (7P ke F () + PP hps P(&5)).
0<75<T

Hence

0= gw (JF = J°) S 6L + Lizs—oy (€77 ks F(E1) + 7P heg P(ED)), (3.5.4)

where I§ is given by (3.5.1) with t = 0.

On the other hand, we have

T B 1 T (t+65)A E
% > (afBFktF(gj) + aﬂPhtP(gj)))dt

t<78 <(t4+0°)AT
where the parameters are frozen at time ¢. It follows that
T T
— € . SEY . 5 5
]EMJ /O Iidt| < M- w(r, Lk, hi6%) - (50 A7), (3.5.5)

with w the modulus of continuity and M the constant in Assumption 3.5.1. Note that we have
w(r,l,k, h;0) — 04 as 6 — 0+ by the continuity of 7, [, k, h. Combining (3.5.4) and (3.5.5), the
inequality follows. O

Reduction to local problems Using previous lemma, we can reduce the problem to the
study of local problems as stated below.

Lemma 3.5.2 (Reduction). For the proof of Theorem 3.2.1, it is enough to show that
liminf E [If] > E [I]. (3.5.6)
e—0

Proof. In view of Lemma 3.5.1, to obtain Theorem 3.2.1, we need to prove that

hmlnf/ I;dt >, / Idt.

By Assumption 3.2.1 and Lemma 3.D.1, it is enough to show that
.. el >
llrsn_géle YI[]>E[Y]],
for any bounded random variable Y. Up to a change of notation 4 — Yry, Iy — Y, hy — Y h,

and k; — Yk, (note that this is allowed since we do not require ry, I, hy and k; to be adapted),
it suffices to show (3.5.6). O
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3.5.2 Proof of Theorem 3.2.1

After Section 3.5.1, it suffices to prove (3.5.6) where If is given by (3.5.1)-(3.5.2). In particular,
we can assume that
supE [I]] < oc. (3.5.7)
e>0
Combining ideas from [KM93, KS99], we first consider the empirical occupation measures of
(X&), Define the following random occupation measures with natural inclusion

1 /T
e L o d ., wd
M= e o Oprstasyds € P(R; xRy,
1 B
e _ = - - d d d d
Pt = Te ~§; . 5{(Xiét,t 75]8)} S M(Rx x R{ \ {05}) — M(Rx X Rg \ {05}),
0<T;’ <Te i

where E = E'U{oo} is the one-point compactification of E. Such compacification of state space
appears in [BG88]. See also the proof of Corollary 3.4.1 where the compactification of state
space is used. Note that for m € M(E) we have the canonical decomposition

m(de) = m(de) + 00,

with m € M(E) and 6 € R*. Second, we define ¢; : Q x P(R% x R%) x M(RY x R¢\ {0¢}) — R,

(w, p, p) = (ri(w)D(z) + l(w)Q(u)) u(dz x du)

RZxRg
+ﬁ4444MMHO+MmmmmmX@y
RE xR\ {0¢}
where the cost functions F' and P are extended to Wg\{%} by setting

F(oope) = inf F() >0, P(ocoge) =0, 3.5.8
(o) = i, FIO >0, Plociu) (353

with 0o ¢) the point of compactification for RY x Rg \ {0¢}. Note that the functions F' and
P remain l.s.c. on the compactified space, which is an important property we will need in the

following. Moreover, for any p = p + 05000, ., We have
ct(w, 1, p) > ci(w, w, p). (3.5.9)
Now we have
If = (s, ). (3.5.10)
and we can write (3.5.7) as
sup E [e(pg, p7)] < 0. (3.5.11)

e>0

The following lemma, proved in Section 3.5.3, is the key of the demonstration for Theorem 3.2.1.

Lemma 3.5.3 (Characterization of limits). Assume that (3.5.11) holds, then
1. The sequence {(u5, pf)} is tight as a sequence of random variables with values in P(R% x R%)x
M(RE x Rg \ {0¢}), equipped with the topology of weak convergence. In particular, {(u5, p7)}

is relatively compact in P*(Q x P(R x RE) x M(RE x RE\ {0¢})), equipped with the
topology of stable convergence (see Appendiz 3.D).
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2. Let Q; € PF(Q x P(RE x RE) x M(RE x RE\ {0¢})) be any F-stable limit of {(uf, p§)}
with disintegration form

Qi(dw, dp, dp) = P(dw) Q¥ (dp, dp).
and
S(a) = {(1.p) € P(RY x RY) x M(RE x RE {0g}),
p=p+ 0500 with p € M(RE x R\ {0¢}),

Lo A uudo, du) + B (x,€)p(dz,dE) = 0.¥f € CH(RY)}.
Rd xRd R xR\ {0¢}

where A% and B are given by (3.4.2) and (3.4.3). Then we have P-almost surely,
(1;p) € S(ar(w)),  QF-almost surely.
By Lemma 3.5.3, we have, up to a subsequence,
(1, p7) =7 Qe € PF(P(RE x RY) x M(RE x RE\ {0¢})).

Write Q; in disintegration form, we have

Qu(dw, dp, dp) = P(dw)Qf (d, dp). (35.12)
and Qf-almost surely,
(1, p) € S(ar(w)). (3.5.13)
Since the cost functional ¢; is lower semi-continuous, we have
.. (3.5.10) .. .
liminf E [I7] =" lim inf Elc;(uf, p)]
(3.D.1)
> EY [e(w, p, p)]
(3.5.9)

> ]E'Qt [Ct(wv H, p)]

(3.5.12) w =
8 / P(duw) / _eilw, i p) Q¥ (dp, dp)
Q PRy xRy ) X M(Rg xR \{0¢ })

(3.5.13) w _
2V Bdw) [l p )@ (A dp)
Q S(at(w))

> P(dw inf ce(w, i, p)-
= /Q (d) | 8L oy 1)

Finally, by definition of I, we have

lim inf E [IF] > E[I(ar, 74, I, ke, he)].-
e—0

3.5.3 Proof of Lemma 3.5.3

First we show the tightness of {(u¢, p°)} in P(RZ xR%) x M(RZ x Rg \ {0¢}). A common method
is to use tightness functions (see Section 3.C).

Recall that the cost functions F' and P are extended to R% x ]Rg \ {0¢} by (3.5.8) such that c is
lower semi-continuous. Moreover, ¢ is a tightness function under Assumption 3.5.1, see Section
3.C or [DEL11, pp. 309].
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Consequently, if (3.5.11) holds, the family of random measures {(u°, p)} is tight. Furthermore,
by Proposition 3.D.1, we have

(15, 0) =7 Qu € PP(P(RE x Ry x M(RE x R\ {0¢})),
up to a subsequence, with
Qu(dw, dpt, dp) = P(dw) Q5 (ds, dp).

For the rest of the lemma, we use a combination of the arguments in [KS99] and [KM93]. Recall
that

For f € CZ(R%), define

\IJ{(w, Wy p) = / A% (@ u)p(de x dx) + Bf(x,&)p(dr,df), p=p+ 0500
RZ xRd RExRI\{0¢}

Note that U/ is well-defined since p € M(RY x ]Rd \ {0¢}). Then we claim that
B[] (w, 1, p)[] = lim E[l‘l’ (W, pg (@), P ()] = 0. (3.5.14)

Although ¥/ (w,-,-) € C(P(RZ xR%) x M(RZ x ]Rg \ {0¢})), it is not bounded. The first equality
n (3.5.14) does not follow directly from the definition of stable convergence. However, by
Corollary 3.4.1, Condition (3.4.14) holds, that is there exists 8 € (0,1) and 6y non-negative real
number depending on f such that

(ANYP <0;(14Ca), (BHYP <6;Cp.

By (3.5.11), we deduce that {U] (w, i, pf)} is uniformly integrable and obtain the first equality
in (3.5.14) by [JM81, Theorem 2.16].

For the second equality in (3.5.14), we apply Ito’s formula to f ()N(r_sp;5 ) (recall that the dynamics
of X% is given by (3.2.4)) and obtain that

~ ~ T ~ —
FXE) = FXG0 + | (XY astdws

T 1 Te
w3 z~f;saz P ds+ [ S a5
+ Y (f(X;Z_+€j)—f(X§f,t_>)-

0<’Fj*t§T6 I
Combining the definitions of u¢, p* and \Il{ , we have
1 - —
B[ (. (), £ ()] < —EW(XEJ) FEEDI+ k]| [ xetastamee

TE
B[ 52 ~f;s—~f;0 2 F(X5)ds).

)

By Assumptions 3.2.2 and 3.5.1 and dominated convergence, the term on the right hand side
converges to zero. Therefore (3.5.14) holds.
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By definition of Q“ and Fubini theorem, we have
B[ W] (w, 11, p)|] = EF[EY (U] (w, 1, 5)|]] = 0.

Hence we have P-a.e.-w, E®” H\I'{ (w, 1, p)|] = 0. Let D be a countable dense subset of CZ. Since
D is countable we have P-a.e.-w, EQWH\I!f(w,u,ﬁ)H =0 for all f € D. Fixw € Q\ N for which
the property holds. Again by the same argument, we have Q“-a.e-(y, p)., \I/{(w, w, p) = 0 for all
f € D. Since D is dense in C3, \I/{(w, w, p) = 0 holds for f € C3.

3.6 Proof of Theorem 3.3.1

The rescaled process (X&) is given by
dXS! = b5tds +\/as dWEt + ag'tds + A5 dEE,
with
~e,t € ~e,t 1 £ £
Vs = 7t+52/35a Ps = 873(()01}+52/35 - Spt)

The empirical occupation measure of singular control v; is defined by

1 [T
g __ ~ ~e,t
"= F/O 6{(X§’tﬁ§’t7A5§’t)}d% '
while uf is defined in the same way as previously.

Define the cost functional ¢; : Q x P(RZ x R%) x M(RE x A x Rf) — R:

(w, b, ) = (re(w)D(z) + l1(w)Q(w)) p(da x du)

R4 x R4

4 /7ht(w)P(fy)17(d:r X dvy x dd).
Rd x AxRY

Then we can show a similar version of Lemma 3.5.3 and prove Theorem 3.3.1 with the operator
B replaced by (3.4.5). The key ingredients are

— The functional c is a tightness function.

— The condition (3.4.14) holds for A and B given by (3.4.4)-(3.4.5).
To satisfy these two properties is the main reason why we need to use a different operator B.

3.7 Proof of Propositions 3.4.1-3.4.5

In this section, we prove Propositions 3.4.1-3.4.5. First, we provide a verification argument
tailored to the linear programming formulation in R%. Second, we give full details for the proof
of Proposition 3.4.4. The proofs in the remaining cases are exactly the same hence omitted.

3.7.1 Verification theorem in R?

Consider A: D — C(RE x R%) and B : D — C(RZ x V) with D = CZ(R%). The operator A is
given by

Af(eu) = 3 Y aihf (@) + S wdif(z),  f € CRRY),
i 7

The operator B is given by
Bf(z,§) = f(z + &) — f(a),
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if V =R{\ {0}, and by

(v, Vf(2)), d=0,

Bf(@,7,0) = {(5‘1(f(33+57) — f(x)), >0,

if V=AxR{.

Let Cx : RExRY — R and Cp : R x V — R be two cost functions. We consider the following
optimization problem:

I = inf c(p, p) ::/ Ca(z,uw)p(de, du) + Cp(z,v)p(dz, dv), (3.7.1)
(ksp) R4 xRd R xV

where (1, p) € P(RZ x RY) x M(RY x V) satisfies
/d Af(,u)p(de, du) +/ Bf(z,v)p(dz,dv) = 0, Vf e C2(RY). (3.7.2)
Rg xR¢

RixV

Lemma 3.7.1 (Verification). Let w € C1(R%) N C%(RZ\ N) so that Aw is well-defined point-
wisely for x ¢ N and Bw is well-defined for x € R%. Assume that

1. For each (u,p) € P(RE x RY) x M(RY x V) satisfying (3.7.2) and c(u, p) < oo, we have
w(N x R%) = 0.
2. There exists w, € CZ(R%) such that

Awy(z,u) = Aw(z,u), Y(z,u) € RI\ N x R,
Buw,(x,v) = Bw(z,v), V(z,v)eR:xV,

and there exist 0 € R such that

| Awp(z,u)| < (1 + Ca(z,u)), Y(z,u) € (RG\N) x Rf
| Bw, (z,v)| < 0Cp(z,v), Y(z,v)€RIxV.

3. There exists a constant IV € R such that

inIRfd Aw(z,u) + Ca(z,u) > 1V, z€RI\ N, (3.7.3)
ueRY

in‘f; Bw(z,v) + Cp(z,v) >0, z¢€ Rg. (3.7.4)
IS

Then we have I > IV .

If there exists (u*, p*) satisfying the LP constraint and
Aw(z,u) + Ca(z,u) =1V, u* —ae. (3.7.5)
Bw(z,v) 4+ Cg(z,v) =0, p*—a.e. (3.7.6)

then we have I = IV. Moreover, the optimum is attained by (u*, p*) and we call (w,IV) the
value function of the linear programming problem.

Proof of Lemma 3.7.1. Let (u, p) be any pair satisfying (3.7.2) and ¢(u, p) < co. We have

/ Aw(z, u)p(dx, du) + Bw(z,v)p(dz, dv)
Rd xRd R xV

= Awp, (z, u)p(dx, du) + Bwy(z,v)p(dz, dv)
R4 xR4 RdxV

=0.



126 CHAPTER 3. ASYMPTOTIC LOWER BOUNDS

L L+>éi(L) U+)éi(U) u

Figure 3.1 — Value function for combined regular and impulse control

The first term is well-defined since Aw is defined p-everywhere. The second equality follows
from the second condition and dominated convergence theorem. Hence

c(p, p) = / (Ca(z,u) + Aw(x,u))p(dz, du) + (Cp(z,v) + Bw(z,v))p(dz,dv) > IV,
R xR¢ R xV

where the last inequality is due to (3.7.3)-(3.7.4), and the equality holds if and only if (3.7.5)-
(3.7.6) are satisfied. O

Therefore, finding an explicit solution of a linear programming is possible if we can determine a
suitable value function from (3.7.5)-(3.7.6).

3.7.2 Verification of Proposition 3.4.4

In this section, we provide an explicit solution of the following linear programming problem:

I(a,r,1,k,h) = inf (ra? + lu®) p(de, du) + (k + h|€|)p(dx,dE),  (3.7.7)
(11,P) Ry xRy, Ry xRe\{0¢}

where p € P(R, x R,) and p € M(R, x Re \ {0¢}) satisfy

/R e (laf”(w) +uf'(z)) p(de, du) + (f(z+ &) — f(z)p(dx,dE) =0, (3.7.8)

2 Ry xRe \{0¢}

for any f € CZ(R). The following lemma, whose proof is given in the Appendix, and Theorem
3.7.1 establish the existence of the value function (w, I"V) for (3.7.7)-(3.7.8).

Lemma 3.7.2 (Value function for combined regular and impulse control). There exist U >
& >0,1V>0, and w € CHR)NC?*(R\ {U,U}) such that

Aw(z,u*(z)) + Ca(z,u*(z)) =1V, z € (-U,U), (3.7.9)
Bw(z,—sgn(x)¢*) + Cp(x, —sgn(z)&*) =0, =€ {-U,U}, (3.7.10)

where u*(x) is defined by
u*(x) := Argmin Aw(z,u) + Ca(z,u) = _wi(z) (3.7.11)

u€ERy, 21
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More precisely, we have (c.f. Figure 3.1)

1/2
1/2,2 1—0. 1. ( r 2
wla) — 4 (D2 =20l (A 8 () Ta?), Jal <UL (3.7.12)
w(U) + h(|z| = U), || > U,
where 1Fy is the Kummer confluent hypergeometric function (see Section 3.A) and
1V = wWarl,
for some v € (0,1). Moreover, w satisfies the following conditions
w'(x) = w'(z — sgn(x)€*) = sgn(x)h, =€ {-U,U}, (3.7.13)
w’(x) <0, ze{-UU}, (3.7.14)
(=00, —h), -U<zx<-UH+¢E*,
w(@) € (-hh),  —U+E<z<U-g, (3.7.15)
(h,OO), lj—§*<$<lj7

and w, £, U and IV depend continuously on the parameters (a,r k,h).

Remark 3.7.1. Equations (3.7.9) and (3.7.10) correspond essentially to (3.7.5) and (3.7.6). The
interval (—=U,U) is called continuation region. FEquation (3.7.13) is the so called “smooth-fit”
condition and guarantees that w is a C function. Equations (3.7.14) and (3.7.15) characterize
the growth of the derivatives of w and will be useful in the proof of Theorem 3.7.1.

Proposition 3.4.4 is a direct consequence of the following theorem.

Theorem 3.7.1 (Combined regular and impulse control.). For any parameters a,r,l,k > 0 and
h > 0, we have

1. The pair (w, 1) in Lemma 3.7.2 is the value function of (3.7.7)-(3.7.8) in the sense of
Lemma 3.7.1. In particular, the optimal cost of (3.7.7)-(3.7.8) is given by I =1V .

2. Let p*(z) € CO([~U,U)) N C3((~U,U) \ {~U + £*,U — £*}) be a solution of

sap”(z) — (u*(@)p(x)) =0, x € (U, U)\{-U+&,U —¢Y,

p(=U) =p(U) =0,

Sap/(~U)4) = (-0 +€)-)) ~ 3a(p/(-U +€)4), (3710
2ap (U=) = p'(U = €)+)) — ap' (U = £)-),

f;UUp(x) = 1>

write p*, pi € R for

pL= e (FU)4),  plh = —5ap'(U-), (3.7.17)

and recall that uw* is given by (3.7.11). Then the optimum of (3.7.7)-(3.7.8) is attained
by

p(dz, du) = p*(2)dx @ 0y (z)(du), p*(dw,d§) = pZo_yex) + pP10w,—exy-  (3.7.18)

Proof.



128 CHAPTER 3. ASYMPTOTIC LOWER BOUNDS

1. Consider the function w defined in Lemma 3.7.2. First we show that the three conditions
in Lemma 3.7.1 are satisfied by w.
i) Note that N = {—U,U}. For any (u,p) satisfying the LP constraint, we show that
p({z} x R,) = 0,Vx € R,. In particular, u(N x R,) = 0. Indeed, let f,, € C3(R,) be
a sequence of test functions such that f) — T, [[falleo V [If3llec — 0 and there exists
6 € RT such that

|Afn(z,u)] < O(1+Ca(z,u)), |Bfau(z,&)| <0CB(x,§) VoeRyucRy,, &€ Re\ {0}
For example, let ¢ € CF with ¢ being a piece-wise linear function such that ¢ (£00) =

P(-1) = (1) = ¢(3) = ¢(3) = 0, "(0) = (1) = 1 and ¢(2) = —2 and take
fu(z) = #@(n(z —x)). Since ¢(u, p) < 0o, we have by dominated convergence theorem

n({z} x Ry) = liin/Afn(z,u)u(dz x du) + /Bfn(z,g)p(dz x d€) = 0.

ii) Let ¢, € CZ be a sequence of indicator functions such that ¢, (z) = 1 for |z| < n and

sup lionllcz = [lenlloo V [lhlloo V[l lloo < co-

Let w, = we,. Then w, is C? except at {—U,U} and is of compact support. For each
n, wy satisfies also the LP constraint

/Awndu + /Bwndp =0.

Indeed, let @5 be any convolution kernel and wy, s := wy, * ¢5. So w, s satisfies the LP
constraint. Moreover, Aw,, s — Aw, for = ¢ {-U,U}, Bw, ; — Bw, for any (z,u) and
supy ||wn,s]| o2 < ||wn||cg < 00. By dominated convergence, wy, satisfies the LP constraint.
Finally, a direct computation shows that for some constants 6 and €',

| Awn| < 0'|@nllz (lw] + [w'] + [w"]) <01+ Ca),  [Bwa| < 2[@nlloc|wn| < 0Cs.
0

So the second condition is satisfied.
iii) By (3.7.9) and (3.7.14), we have Aw + C4 > 0 for x ¢ {-U,U}. By (3.7.10)-(3.7.15)
and definition of w outside [U, U], we have Bw + Cp > 0.

By Lemma 3.7.1, we then conclude that I = IV.

2. We need to show that pu* and p* satisfy the LP constraint. Assume that u* and p* are
given by (3.7.18), then by integration by parts, the LP constraint holds if p*(z) is solution
of (3.7.16). Tt is easy the see that the latter admits a unique solution.

O]

Appendix 3.A Kummer confluent hypergeometric function | F;

We collect here some properties of the Kummer confluent hypergeometric function 1 F; which are
useful to establish the existence of value functions of combined control problems in dimension
one. Recall that {F} is defined as

1F1abz Zﬂi

with (a)g the Pochhammer symbol.
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Lemma 3.A.1. We have the following properties.

1. The function 1Fy admits the following integral representation

F(b) ! ztya—1 b—a—1
r(b—a)m)/oe (=11 — 0P,

It is an entire function of a and z and a meromorphic function of b.
2. We have

1Fi(a,b,2) =

o
SoiFi(a,b2) = %1F1(a FLb+1,2),

00 (a/)k Zk k—1 1

(O K = p+a’

3. We have

(a+Dz1Fi(a+2,0+2,2)+ (b+1)(b— 21 Fi(a+1,b+1,2) —b(b+ 1)1 Fi(a,b,z) =0.

4. We have
I(a) 0 — 1 I'(b) b 1
1Fi(a,b,2) = ———€e"™27%(14+ O(—)) + 27’14 0(—)),
I'(b—a) 2] T(a) ||
as z — 0o.
5. Consider the Weber differential equation
1
w”(z) — (Z.rQ + O)w(x) = 0. (3.A.1)
The even and odd solutions of this equation are given, respectively, by
_ i 1 111,
w(z;0) = e 1 1F1(29+ 13 3% )s (3.A.2)
12 1 331
(2 0) = ze 15 Fy (=0 + 2 2 Z22). A
w(x;0) = xe 1% 1(20—1—4,2,2m ) (3.A.3)
Proof. See [AS72, AGO8]. O

Appendix 3.B Proof of Lemma 3.7.2

We first look for w in the continuation region (—U,U). Define (the change of variable comes
from [OS05, pp.260])

IV
(a2rl)1/2’

where w is the odd solution (3.A.2) of the Weber differential equation (3.A.1). Then w satisfies
the following ODE

1
w(z) = —2al ln@(z; —%), a? = ia(rfll)l/% L=
Q

1 1

§aw"(1‘) - 4—l(w'(:n))2 +ra®=1Y,

which is exactly (3.7.9). Hence we conjecture that the solution in the continuation region (—U, U)
is given by

1-¢01 1
w(z) = —2alln (efim2/a21F1(TL7 3 ﬁxz))

1-01 1
_ /2,2 _ L )
= (rl)"/*z 2al1n<1F1( 12 952 ))
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Now we show that there exist suitable values U, £(U) and ¢ such that 0 < U + &(U) < U,
¢ € (0,1) and Conditions (3.7.10)-(3.7.15) are satisfied. Let

0 1
hws) = 5 = 2(r) (1 = (1= )g(552% ),
with . )
(=t +1,541,2)
1F1(T7 2 Z)
We have the following lemma.
Lemma 3.B.1. The function g(z;t) satisfies
1, z— 0T,
9(z0) = 4
1= & — +00,

and
g (z;0) >0, Vzel0,+00).

Proof. The limits of g(z;¢) follow from the asymptotic behaviour of 1 F;. To show that g is
increasing, we use Properties 2 and 3 in Lemma 3.A.1 and obtain

1—1¢

19(2) + - (1= (=),

2z

g(z) =g(x)(1 -

Note that ¢’(0) > 0, so g > 1 near z = 0. Since ¢’'(z) > 0 for g(z) = 1 and ¢'(z) < 0 for

g9(z) = 12, g(2) cannot leave the band [1, %] O

L

We now state a second lemma.

Lemma 3.B.2. The function h(z;t) satisfies the following properties.
1. For . € (0,1), we have

h(z; ) {2(7’[)1/21,, x — 0+,
T

—2(r)1?, 2 — +oo.

Let 0 < T, < 0o be the first zero of h(z;t). We have

W) = 2(rl)Y?1 > 0, x =0,
’ —2(r)/?2(1 — 1)z,¢'(2) < 0, z =7,

where z, = ﬁa_:? and
h"(z;1) <0, z€]0,z,).

2. For z € (0,00), we have

%h(m; t) >0
and
hz;l) — 20rl) 22, 1 —1—.
We have
Z, =00, -0+
and hence

max h(z;t) -0, ¢—0+.
z€[0,z,]
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Figure 3.2 — Qualitative behaviour of h(x;¢)

Proof. For fized . The asymptotic behaviour of h follows from Lemma 3.B.1. The second
property is clear since

B (2;0) = 2rD)2 (= 2(1 = 0)g/(2)2 + (1= (1= 1)g(=)))
=2(rD)"?(=2(1 - )¢/ (2)2) + =,

with z = ﬁaﬂ. Finally, we get

B (x;0) = dilzh’(z; D2 (@) = =2(rD)V2(1 = 0)(3¢' (2) + 29" (2)2) 7' (2).

Furthermore, we have

39 (2) +29"(2)z = 39/ (2) + 22 (g'(z)(l —(1=1v)g(z)) + QLzQ(g(z) —-1- zg'(z)))
1

=229'(2)(1 = (1 = 1)g(2)) + Jlo(z) = 1)+ 24/ (2)

which is strictly positive term by term for x € [0, Z,].

For fized x. The limit of h as ¢« — 1— follows from the fact that 1 F1(a,b, z) is entire in a. Now
we show that h is monotone in ¢. Let G := 0,1 F1, we have
0 0 1—¢ 1 1
Ah(z;1) = —2al ——1In 1 Fi (——; =; — a2
;) “Coor ! i 4 ’2’2a2$)
0 0 1—¢ 1 1

= 2u L L F g
alaxm n1Fi 4 ’2’2a2m)
1

1.0 G (l—L 1 2)
= —gl— (. Z.
2 8x1F1 4 ’2,2042
1F1%G—G%1F1(1—L.}.z)
1F12 4 ')

1
= §alz’(a;)

with z(z) = W%x? It is enough to show that the last term is positive. Using the series

representation of 1 F} and G (see Lemma 3.A.1), write

=) 2 G=) Brfidh,
k=0

k=0



132 CHAPTER 3. ASYMPTOTIC LOWER BOUNDS

with -
— 1 1—1
Br = I;] p+a’ “ 4
We get
1F188 G- GaamlFl (Z )(Z Jj+1) /BJ-Hf]-l-lZ]) (Z i+1)fiy12' ) (Z/ijjzj)
=0 7=0 =0 7=0
=> ( fi(j + 1)5j+1fj+1) -y ( > (i+1) fz+15gfg)
k=0 i-+j=k k=0 i+j—k
Then the coefficient of 2* is given by
S HGHDBfier— Y G+ 1) firaBif
it+j=k i+j=k
= Y G+ 10)Bjr1 = Bi)fifi
i+j=k
= > (G+DB =Bl —iBi— B fiaf) + > () + D ()
1<i<j+1<k jl=k+1 i=j+1
= > GH1=D)Bim—B)fifiat+ D, )+ Do (
1<i<j+1<k jl=k+1 i=j+1

This term is positive since S is increasing in k. Hence 9,h > 0. Thus h(x;¢) is increasing in ¢
for fixed x € R™.

From the relation between g and h, z, is the first solution of
1-—(1—=1v)g(z)=0, z>0.

Moreover, we have

g(z)zl—l—(l—l_b)z—i—o(z), z2—=0+.

Then uniformly on ¢, g(z) is bounded from below by 1+ 2z on [0, 2], hence

z, < 13L =0(), t—0+.
-

Finally, we have

1[612})]{ h(z;) < 2(r)Y2%, -0, 1+ —0+.

O

Proposition 3.B.1. For any parameters r,l,h > 0 and k > 0, there exist « € (0,1) and
0<U+¢&<U such that

U+¢
h(U;t) = h,
h(U +&;0) = h,
h <z<U
(hyo), U+€e<z<U,
h'(z;0) <0, 0<z<U.

Moreover, (1,&,U) depends continuously on (r,l,k,h).
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Proof. Existence. Let k> 0. Since h(z;¢) is monotone in ¢ and h(z;1) — 2(rl)/%z as 1 — 1—,
there exists ¢t = ¢(h) > 0 such that

(t,1) ={t € (0,1), there exists exactly two solutions U, 4+ ¢, and U, on [0, z,].}

We have
R(U, +¢&;0) >0, h(U,) <O,

so by the implicit function theorem, U, and U, + £, depend continuously on ¢. Define
U,
K() = / h(x;0)d.
UL+€L

Then K is continuous in ¢ and

lIimK(¢) =0, lim K(:) = oo.

=L t—1—

Hence there exists ¢(h, k) € (t(h),1) such that K(c(h,k)) = k. The remaining property of h is
easily verified.

If £ = 0, then there exists exactly one ¢(h) € (0,1) such that the maximum of h(z;¢) is h and is
attained by U, such that
R (U 1) = 0.

Since h"(U,;1) < 0, U, depends continuously on ¢ by the implicit function theorem.

Continuous dependence. Since £ and U depend continuously on ¢, it suffices to show that ¢
depends continuously on the parameters a,r, h,k,l. To see this, note that ¢ = «(a,l,r, h, k) is
determined by

K(y;a,r 1k h) = k.

But, we have
;K(L;a,r,l,k,h) > 0.

Thus ¢ depends continuously on the parameters by the implicit function theorem. O

Proof of Lemma 3.7.2. Extend the function w in Proposition 3.B.1 to R by

o) {w<|x\>, el < U
wU)+ h(lz| =U), |z|>TU.

Then (3.7.9)-(3.7.14) hold. By (3.7.10) and (3.7.13), we have w € C1(R)N C*(R\ {U,U}). O

Appendix 3.C Tightness function

For more details on the following results, see [DE11, Appendix A.3] and [Bog07].
Definition 3.C.1. A measurable real-valued function g on a metric space g : (E,d) — RU{oo}
s a tightness function if

1. infrep g(z) > —o0.

2. VM < oo, the level set {z € E|g(x) < M} is a relatively compact subset of (E,d).

Lemma 3.C.1. If g is a tightness function on a Polish space E, then
1. The function G(pu) = [g g(x)u(dz) is a tightness function on P(E).
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2. If in addition g > & where 0 is a positive constant and E is compact, then G(u) =
[ 9(x)p(dzx) is a tightness function on M(E).

Proof. Note that M(F) is a metric space, thus sequential compactness is equivalent to relative
compactness (see [DE11, pp. 303] for the metric). For the first property, see [DE11, pp. 309].
For the second property, we consider the level set {u € M(E)|G(n) < M} and let {u,} be any
sequence in the level set. By [Bog07, Theorem 8.6.2], it is enough to show that

1. The sequence of nonnegative real numbers p,(E) is bounded.
2. The family {u,} is tight.

Since g > §, we have u(E) < G(u)/6 < M/é. Hence the first condition is true. On the other
hand, for any € > 0, we consider p,/un(E) € P(E). Then G(pn/pn(E)) < M/un(E) < M/e, if
pn(E) > €. Since G is a tightness function, we deduce that {u, | pn(E) > €} is tight. Therefore
{pn} is tight and the second condition follows. O

Appendix 3.D Convergence in probability, stable convergence

Let (2, F) be a measurable space and (F, ) a Polish space where £ is the Borel algebra of E.
Define
O=OxE, F=F®E.

Let Bp,c(€2) be the set of bounded mesurable functions g such that z — g(w, z) is a continuous
application for any w € Q. Let M,,.(€2) be the set of finite positive measures on (€2, F), equiped
with the weakest topology such that

[ /ﬁgw,z)u(dwz),

is continuous for any g € By,.(Q).

We fix a probability measure P on (Q,F). Let PP(Q x E,F ® £) C Mp(Q) be the set of

probability measures on 2 with marginal P on 2, equiped with the induced topology from
M,(Q). Note that PP(Q x E, F ® &) is a closed subset of M,,.(Q2). For any random variable
Z defined on the probability space (€2, F,P), we define

Q% (dw, dz) := P(dw) ® (., (dz) € PP (A x B, F @ E).

Definition 3.D.1 (Stable convergence). Let {Z¢,¢ > 0} be random wvariables defined on the
same probability space (Q, F,P) with values in the Polish space (E,E). We say that Z¢ converges
stably in law to Q € PP(Q x B, F ® &), written Z& — gape Q, if Q7" — Q in M,(Q).

We use the following properties in our proofs.

Proposition 3.D.1. Let {Z%, & > 0} be random variables on the probability space (2, F,P) with
values in (E,E).

1. We have Z° = gap. Q € PP (Q x E, F ® &) if and only if
EY f(Z°)] = ER[Y f(2)],

for all bounded random variables Y on (2, F) and all bounded continuous functions f €
Cy(E,R).
2. Assume that Z° — g1, Q € PP(A x E,F ®E). Then

liran_}éle[g(Za)] > E9g(w, 2)], (3.D.1)

for any g bounded from below with lower semi-continuous section g(w,-) on E.
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3. Let Z be a random variable defined on (2, F,P). We have
Z° —p Z 4 Z° = spane Q7.

4. The sequence {Q% ,e > 0} is relatively compact in PY(Q x E,F ® &) if and only if
{Z¢,e > 0} is relatively compact as subset of P(E). In particular, if E is compact, then
PP(Q x E, F® &) is compact.

Proof.

1. This is a direct consequence of [JM81, Proposition 2.4].

2. This is generalization of the Portmanteau theorem, see [JM81, Proposition 2.11].

3. The = implication is obvious. Let us prove the other. Consider F(w,z) = |Z(w) —z|A1l. On
the one hand, we have E[F(w, Z%)] — EQ” [F(w,z)] = 0 by definition. On the other hand, for
any 0 € (0,1) we have

E[F(w, Z*®
Bll2° - 2| > 8] < BlF(w,2%) > 8 < e D)
by Markov inequality. We deduce that Z¢ —, Z.
4. See [JM81, Theorem 3.8 and Corollary 3.9]. O

Lemma 3.D.1. Let {Z, Z¢,c > 0} be positive random variables on the probability space (Q, F,P).
If, for any random variable Y defined on (Q, F,P) with cy <Y < Cy where cy,Cy are positive
constants depending on 'Y,

ligéle YZ°] > E[YZ],

then
liminf Z¢ >, Z.

e—0
Proof. Let § > 0 be any real number and, without loss of generality, let {Z¢} be a minimizing
sequence of P[Z¢ > Z — ¢§] as ¢ — 0. Considering the one-point compactification Ry U {oc}, we
can assume that Z¢ converge stably to Q € P(Q x (Ry U {oo})) with canonical realization Z.
Then we have

E|YZ| > limsupE[Y 2] > E[VZ],

e—0
where the first inequality comes from the fact that z — z is u.s.c. on Ry U {oo} and [JMS8I,
Prop 2.11]. Since Y is arbitrary, we conclude that Z > Z. Then by stable convergence of Z¢ to
Z,we have P[Z° > Z — 0] = P[Z > Z — 4] = 1. O






Chapter 4

Feedback strategies and applications
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4.1 Introduction

In Chapter 3, we have formulated the problem of tracking as a stochastic control problem min-
imizing both running deviation costs and intervention efforts. Finding optimal control policies
for such systems, which have general non-Markovian dynamics and complex cost structures, is
in general infeasible. Under a suitable asymptotic framework, we have established rigorously a
lower bound for the best achievable asymptotic performance.

As we have shown heuristically, the lower bound is related to the time-average control of Brow-
nian motion. It is then natural to try to construct tracking policies that are (near-)optimal
by suitably adapting the solution of time-average control of Brownian Motion. We will show
that this is indeed possible when the latter is available. However, closed-form solution of time-
average control of Brownian motion is in general not available either, and numerical solutions are
time-consuming to obtain. From a practical viewpoint, it is also irrelevant to find the optimal
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strategy since there are already many approximations in the model.

As a continuation of Chapter 3, we study a class of feedback strategies which is easy to im-
plement in practice and show how to determine their performance. Here, “feedback” means
that the control decision is Markovian, depending only on the current state of the system. We
establish in this way an upper bound for the best achievable performance and expect the two
bounds to be tight.

Another main contribution of the current paper is to review some interesting asymptotic re-
sults in the literature under a unifying framework. First, we provide a new limit theorem for
the discretization errors of stochastic integrals. Comparing with [HMO05, Roo80, Fukllc], we
establish formally a new relation for different discretization schemes based on time or space.
We also revisit some recent results on the asymptotic optimal discretization of hedging strate-
gies ([Fuklla, GL14a]) and relate their lower bounds to the time-average control of Brownian
motion. Our approach allows more general cost functions in high dimension and we provide
several new explicit examples in dimension one. The second application is the impact of market
frictions such as transaction costs ([KMK15, KL13, ST13, PST15, AMKS15, LMKW14]), tem-
porary market impact ([MMKS14, BSV15]) and illiquidity cost ([RS10, NW11]). We provide
an alternative probabilistic approach for the asymptotics of small market frictions which have
been extensively studied in the literature in the viscosity approach initiated by [ST13] under
Markovian setting or duality method in [KMK15, KL13|. By a suitable choice of deviation cost,
we establish a correspondence between the formulas in the above references and our asymptotic
lower bounds, see Fig.4.2.

Notation. We denote the graph of an application M : E — E' by M9. A = {y ¢ R4 Y, |¥| = 1}
is the simplex in R?. Let (E,d) be a complete separable metric space. M(E) denotes the space of
Borel measures on F equipped with weak topology and P(F) denotes the subspace of probability
measures. The hausdorff distance on the space of closed sets is given by

H(A, B) = inf{0, B C V5(A) and A C V5(B)},

where Vs(-) denotes the d-neighbourhood of a closed set, i.e. V5(A) = {z € E,d(z, A) < §}.
The cost functions D, @, F', P verify the following homogeneity property

D(ex) =P D(x), Q(eu) =e9Q(u), F(e€) =¥ F(€), P(e€) = €7 P(¢),
with (p >0, (g > 1, (r = 0, (p = 1. For example, we could take

d d

D(z) =2"5Pz, Qu) =u"S%, F(§) = ;mwo}, P(§) = ;msi\,
with min; F; > 0 and 2P, 29 ¢ Sf,ir such that (p = (o = 2. For the rest of the notation, we
refer the reader to Chapter 3.
4.2 Combined regular and impulse control

We focus on the case of combined regular and impulse control. Let (€2, F, (Ft)¢>0, P) be a filtered
probability space and (X7) an It6 diffusion such that

dXP = bdt + \JaydW,
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with (W;) a d-dimensional Brownian motion and (b;), (a;) predictable processes with values in
R? and Sff respectively. The deviation (X;) from the target is given by

t
Xt:—Xf+/u5ds+ d g,
0

J:0<T; <t

where (u;) is a progressively measurable process, {7;} a sequence of stopping times and {&;}
corresponding . -measurable random variables. The process (u;) represents the speed of the
tracker. The stopping time 7; represents the timing of the j-th instantaneous jump towards the
target and ¢; the size of the jump.

4.2.1 Feedback strategies

Motivated by various results in the literature and by practice, we consider a class of feedback
strategies which take the following form. Let G be a domain in R?, z — x + £(z) an application
from the boundary G to G, and u a bounded application from G to R?. When the deviation
X is inside the domain G, only the regular control is active and the tracker maintains a speed
of u(X¢). When X; touches the boundary G at time 7, a jump of size £(X,_) towards the
interior of G happens and the process X; begins with X,_ + {(X,_) at time 7. Denote the
resulting process by X (%4 Let {T](U’G’g)} be the hitting times of X (%% and {Yj(u’G’O} the
corresponding chain on the boundary 0G where

Y'j(quaf) — X(U:Gvf) ] — 1’ 2’ .

= A _(wGE)
7j

then we have

t
X090~ xp 4 [uxe@9as X ey,

0<r GO

Recall that the asymptotic framework of tracking is to consider the sequence of optimization
problems indexed by € — 0 with

T
JE(uf, 75, €°) = /0 (reD(X5) + e™LQ(ug))dt + Y (7 ks F(&5) + €7 hes P(ES)), (4.2.1)

j:O<T;§T

where

t
X=X+ [uids+ Y €
0

j:0<7';§t

and B, Bp some fixed real numbers.

Under our asymptotic setting, an appropriate feedback strategy should depend on time. More
precisely, let (G¢) be a random moving open bounded domain associated with jump rule (&) on
the boundary such that = + &(x) € C°(0Gy, Gy), and (u) be a random function on the closure
Gy such that u; € C%(Gy,RY). The triplet (ug, Gy, &) is continuous if (uf, dGy, £7) is continuous
as closed set-valued processes w.r.t. the Hausdorff distance H. We say that (uy, Gy, &) is pro-
gressively measurable, if (uf, 0Gy, &) is progressively measurable w.r.t. (F;) as closed set-valued
processes (see [Kis13| for more details).

We will consider (uy, Gy, &) which is continuous and progressively measurable. Intuitively, we
require that the data (u;, Gy, &) is determined in a non-anticipative way, based on information
up to time ¢, and does not vary too much in time. Note that since dG; is continuous, the
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topology of the domain G; (number of holes, boundedness, etc. ) remains the same.
The sequence of feed-back strategies (X<, u®, 75, £%) can be constructed in the following recursive
way.

1. Let 75 =0, X5 = 0.

2. For t > 75_4, let Xi be defined by

AXE = —dX? + uldt, (4.2.2)
with
uf = e @By, (=)
3. Put
5 =inf{t > 75, gﬁXf G & =X,
and

4. Go to step 2.
The boundary chain {Y;} is defined by

Y= E_BX%_ €0G:, j=1,2,---. (4.2.3)

We assume that
Assumption 4.2.1. The feedback strategy (X¢,u®,7¢,&%) exists and is unique for each € > 0.

A rigorous verification of the above definition requires detailed analysis with specific conditions
on (G, &, u). We provide below a simple situation where the above assumption is verified.

Lemma 4.2.1. Let (ut) be a random function with uniformly Lipschitz coefficient K > 0, and
assume that the distance to the boundary after the jump is bounded from below by § > 0, i.e.

|ut(x) - ut(y)’ < [{|':C - y|a \V/CC,y € Rg,V(t,UJ), (424)

and

H(£(8Gy),0Gy) > 6, Y(t,w). (4.2.5)

Then Assumption 4.2.1 holds. Moreover, it continues to hold if (4.2.4)-(4.2.5) are true up to a
localization procedure.

Proof. For the existence of (4.2.2) (in the strong sense), Lipschitz-type regularity on u; is suffi-
cient (see [Pro04, Chapter V| for more details). For the existence of X¢ on the whole horizon
[0, T, it suffices to show that

lim 77 = +o0,
J—00

the proof of which is the same as in [CK06, Proof of Theorem 4.1] (see also [GK12]). O
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4.2.2 Asymptotic performance

In order to have well-behaved strategies, we restrict ourselves to the following class of admissible
triplets (u¢, Gt, &).
Definition 4.2.1 (Admissible Strategy). The triplet (u, G, &) is admissible if

1. (Potential.) There exists V € C*(R%, R) such that ¥(t,w),

V(z+& () — V() <0, VxedGY.

We call V' a potential function of the jump rule (G, &).
2. (Separability.) For any (t,w), let u=uy, G =GY and § = &, then there exists a unique

couple (m,v) € P(G) x M(OG) verifying the constraints

| Asf(owmldo) + | Bef(ov(dn) =0, VS € CHRY), (4.2.6)
G oG
where

AL () = 5 3 a0l () + ule) - Vi), Bef() = fa+E() - ().
2y

We note m =: w(@%G8) gnd v =: (@G 1o indicate the dependence on (a,u,G,¢§).

Remark 4.2.1. The existence of V' ensures that all impulse controls try to constrain the process
X¢ in the same direction and hence avoid the explosion of tracking efforts (last term on the left
hand side of (4.2.1)) due to the cancellation of different jumps.

Loosely speaking, ™ and v are, up to a constant, stationary distributions over the horizon (t,t+4%]
of X¢ and Y¢ respectively. The separability of (A, B) w.r.t. (u,G,§) guarantees uniqueness of
these stationary distributions, which is a desired property when we consider the limit under the
asymptotic framework.

For a numerical computation of (m,v) based on Monte-Carlo simulation, see [BCR13] for a
possible approach.

Usually, the barrier G; and jump rule £ are defined by prescribing a potential function V' as the
following example shows.

Example 4.2.1. Let oy, 5; be a continuous positive adapted processes such that oy > [ and
V(x) = cx? with ¢ > 0. Define Gy = {x € R,V (z) < oy}, we have

Q
Gi=[-LiLi, L=y~
Take
_ B
&(£Ly) ==xly, 1= -
Then the triplet (u, G, &) is admissible.

Indeed, the function V can serve as a potential function for the jump rule. It suffices to show
the separability of (m,v), which can be written as, Vf € CZ(R),

/L [%af”(a;) + u(x) f(@)|7(dz) + v [f(1) = f(D)] +v-[f(=1) = f(=L)] =0,

—L
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for some m € P([—L, L)) and v+ € RT. Let f(x;g) be a solution of
Sal" (@) +u(@) (@) = g(a), @ € [-L,1],
Let U(z) = [wu(x)dz, we can solve explicitly
f(z;9) = /Ox /OZ g(y)e_%(U(z)_U(y))dydz +C /Ox e~ V@ + C,, ze€l|-L,L]

which can be extended to a function in C3(R) and is denoted also by f(x;g). Take g =0 and
g=1on[-L,L|, we obtain

{ v (f(1;0) = f(L;0)) + v—(f(=1;0) — f(—L;0)) =0,
vi(f(l;1) = f(L; 1) + v (f(=1;1) = f(=L;1)) = —1,

which admits a unique solution (v4,v_). Hence p is uniquely determined. Then 7 is also
uniquely determined since we can take g|_p 1] € C°([~L, L)) arbitrarily.

Let p(dz x d§) = v(dx) @ d¢(y)(dE), then (m,v) is given by (3.7.18). In particular, if uy = 0 then
(m, p) is explicitly given by (3.4.28)-(3.4.29), which corresponds to the stationary distribution and
boundary measures of Brownian motion with rebirth.

Remark 4.2.2. In high dimension, we can define a similar strategy where V. = 27z and
Y € 8&. Then Gy is an ellipsoid given by Gy = {z € RV (x) < ay}. In that case, we
have more freedom for the choice of jump rule &. For example, the jump rule £(x) = —x
corresponds to the strategies in [GL14a, AMKS15]. However, the uniqueness of (mw,v) can’t be
handled as in dimension one. In Appendiz 4.B, we propose an alternative approach which reduces
the uniqueness of (mw,v) to the ergodicity of the corresponding diffusion with rebirth, under the
hypothesis that the latter is well-defined.

Now we state one of our main results in this Chapter.

Theorem 4.2.1 (Asymptotic performance for combined regular and impulse control). Con-
sider an admissible triplet (u;, Gy, &) and assume Assumption 4.2.1. Let (X¢,u®,7°,£%) be the
corresponding feedback strategy, we have

1 T
ECDBJE(UE,TE,SE) —>p/0 clag, ug, Gy, &5 e, ey Koty b )t

where c(a,u, G, &1, 1, k, h) is given by
cla,u, G, & 1k, h) = /_[?”D(x) +1Q(u(x))]w 0 (dx)
G

+ | JRE(E@) +hP(g ()] (dx).

Moreover, the convergence holds term by term for the cost functions D, Q, F', P respectively.
Remark 4.2.3. In the theorem above, we need Assumption 4.2.1 and 4.B.1 to hold. While
these assumptions can be verified directly in dimension one, there is not documented result for

Assumption 4.B.1 in high dimension yet (See however [CK15, Remark 3.2 and 5.8 for an
approach based on viscosity solution).

Corollary 4.2.1. If {2 ¢ > 0} is uniformly integrable, we have

1 T
21_1:% WE [J¢] = E[/O clae, ug, G, &5 e, ey i, he ) dt].
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Remark 4.2.4. The deviation cost is easily bounded by the barriers hence uniformly integrable
if the latter is integrable. For the uniform integrability of tracking cost, see Assumptions (H Az)
and (HAYL) in [RT14] for a particular jump rule.

Recall that we have established a lower bound of J¢ in terms of I, where I = I(a,r,1,k,h) is

given by

I = inf (rD(z) +1Q(u))u(dx x du) + (kF (&) + hP(€))p(dx x dE),

(1,p) JRE xRE Ré xRS

with (i, p) € P(RE x R%) x M(RY x ]Rg) verifying the following constraints

Lo A ude x du) + Bf(a,€)p(da x d€) =0, Vf € C3(RY).
RZ xR4 Rd xR{

If we can find (ug, Gy, &) such that c(ug, Gy, &) = I, then the lower bound (3.1.6) is sharp.

Corollary 4.2.2 (Definition of asymptotic optimal strategies). Assume that r¢,l;, ki and hy are
adapted and there exists an admissible triplet (uf,Gy,&f) such that dt ® dP-a.e. (t,w),

C(at, u:a G:: 5:7 Tt, lt: kt7 ht) = I(ata Tt, lta ktv ht)
Then we have

li !
61_1;1’(1) 5<Dﬁ

T
JS(U*’&‘,T*’E,g*’e) _>p / I(atartvltaktaht)dt’
0

and we say that the feed-back strateqy (u*=, 7% &%) based on (uf,Gy,&f) is asymptotically
optimal.

The consequence of this section is twofold. First, we will be able to verify that the lower bounds
(3.1.6) established previously in Examples 4.3.2-3.4.7 are in fact tight and can be obtained by
feedback strategies when closed-form solution I; of time-average control of Brownian motion
is available. Second, we provide an asymptotic framework for the evaluation of a large class
of feedback strategies which is sufficient for practical purpose. Indeed, to show that the lower
bound is tight, one needs explicit information about the solution of the time-average control of
Brownian motion, which is very difficult to obtain in general. Hence the lower bound will serve
only as a theoretical benchmark of performance and in practice it is sufficient to compare simple
implementable strategies.

4.3 Extensions to other types of control

4.3.1 Combined regular and singular control

Without the presence of fixed cost component, the tracking problem is to consider a strategy
(uf, 7%, ¢°) with u® a progressively measurable process, vi € A = {y € R Y, |¥!| = 1} and ¢§
non-decreasing such that

t t
Xp=-Xp+ [ usds+ [ azdgt,
0 0

and
T

T
T2 ) = [ (nDOX) + PoUQUui)de + [ P hPO7)d

0
Besides the class of impulse feed-back strategies based on hitting times of moving barriers and
“Markov control” (Gy, &, us) in the previous section, we can also consider another class of strate-

gies based on continuous control of local time type.
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More precisely, let Gy be a moving domain with piecewise C? boundary and u; a continuous
Markov control defined on G; as before, let T'; be a set-valued mapping defined on 9G; with
closed graph such that I'y(z) is a non-empty closed convex cone in R? with vertex at the origin
0 for each x € 0G;. Usually I'y(z) contains only a single direction on the smooth part of 0G. If
0G is C? then Ty() can also be expressed in terms of a vector field on dG. We assume that the
triplet (ug, G¢,T'y) is continuous and progressively measurable.

The feedback strategy (X¢,u¢,~%,¢°) based on (us, G¢,T't) is to keep X7 in the domain £°G;
using singular control in the direction I'y on the boundary and Markov control u; inside the
domain, i.e.

t t
X; = —Xto+/ uids+/ vedys,
0 0
with 77 € I'y, ¢* continuous non decreasing and
R )

such that
1. e BX¢E € Gy,
2. 45 €Ty(e™PX5) N A, dps-almost surely,
3. Jo e, (e7PXF)dgs = 0.
Note that v € A allows us to distinguish v; and 7. We assume again that

Assumption 4.3.1. The feedback strategy (X¢,u®,~%, p°) exists and is unique for each & > 0.

While the existence of above strategy is true in dimension one (see [SW13]), it is not at all trivial
in higher dimension.

Remark 4.3.1. The existence of such strategies is closely related to the Skorohod oblique re-
flection problem in time-dependent domain, we refer the reader to [NO10] for precise conditions
on (Gy,Ty). In particular, using the numerations in [NO10], it suffices to check that (i) The
domain Gy satisfies (1.2), (1.10) and a uniform exterior sphere condition in time in the sense
of (1.8). Note that in general, the condition on the temporal reqularity is only C°. (ii) The
cone of reflection T'y verifies (1.11), (1.12) and (1.14). (iii) (1.18) and (1.19) hold (cf. [Cos92,
Proposition 2.5]).

However, the result in [NO10] is not sufficient here since we need to ensure the existence a
strong solution for each € > 0 supported on the same probability space (Q,P, F). Neverthe-
less, we can avoid this difficulty by implementing the approximation procedure in [NO10] which
consists of considering feedback strategies (X%, us? 5% p=9) based on piecewise constant data
(i, G5 1),

From now on, we restrict ourselves to (uy, Gy, I'y) for which the above strategies exist and are
well-behaved.

Definition 4.3.1 (Admissible Strategy). The triplet (u, G¢,I't) is admissible if
1. (Potential.) There exists V € C*(R?) such that ¥(t,w),

(VV(z),7) <0, VzedGy,vel?y(z).

We say that V' is a potential function for (G, T).
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2. (Separability.) For any (t,w), let u=uf,G = GY and I' =Ty, then there exists a unique
couple (m, p) € P(G) x M(T') such that

LA @ntn) + [ Br@apde.dy) =0, Vi€ CRRY,  (43)
where T\ = {(z,v)|z € G,y € ANT(z)} and
() = 5 0B () + ule) - V@), Bf(e,7,0) =7 V(@)
ij

We note m =: w(@wGI) gnd p=: p(“’“’G’F).

Below is an example in dimension one.

Example 4.3.1. Let oy be a continuous positive adapted process and V(x) = cx? with ¢ > 0.

Put Gy = {z,V(z) < oy}, then
a
Gi=[-LiLil, L=y~

then the triplet (u, Gi, Ty) is admissible.

Take I' such that

As for Example 4.2.1, we can take V as potential function and the proof for the separability is
the same hence omitted. The pair (w, p) is given by (3.4.35)-(3.4.36). For the case where u; =0,
7 and p are explicitly given by (3.4.24)-(3.4.25).

Remark 4.3.2. In high dimension, we can characterize (w,p) as the stationary distribution
and boundary measure of the corresponding diffusion with reflection as in [KR14] under suitable
reqularity conditions on (u,G,T') and reduce the uniqueness of (m,p) to the ergodicity of the
reflected diffusion, see Appendix 4.B.

Now we are ready to state another main result.

Theorem 4.3.1 (Asymptotic performance for combined regular and singular control). Let
(ug, G¢, I't) be an admissible triplet and assume Assumption 4.3.1, we have

1 €(, € ~E € r .
il (U, 7%, ¢%) —>p/0 clag, ug, Go, Tes e, Uy, Iy )dt,

where c(a,u,G,T;r 1, h) is given by
cla,u, G, Tir L) = [ (rD(@) + 1Q(u(@)* ) (da)
G

+ [ hP()p @GN (dx x dy).

g9
FA

Moreover, the convergence holds term by term for the cost functions D, QQ and P respectively.

4.3.2 When only one control is present

In this section, we extend Theorem 4.2.1 and 4.3.1 to the case where only one type of control
is present. The cases with singular or impulse control only are included in the previous results.
Only the case with regular control needs to be treated separately.
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Impulse control

In that case, a feedback strategy is determined by a time-dependent domain G with a jumping
rule &. Let u; =0 and [ = 0 in Theorem 4.2.1, we obtain

Theorem 4.3.2 (Asymptotic performance for impulse control). Consider an admissible triplet
(G, &) and assume Assumption 4.2.1. Let (X¢,7°,£%) be the corresponding feedback strategy,
we have

1 T
chﬂJs(TE,ﬁﬁ) —>p/0 c(ag, Gy, &1, ke, he)dt,

where c(a, G, &1, k, h) is given by
cla,G, &k h) = /7 rD(m)ﬂ(“’G’é)(dx)
G

+ | [kF(E(x)) + hP(E(x)]p @) (dx).
oG

Moreover, the convergence holds term by term for the cost functions D, F', P respectively.

Singular control

Similarly, let u; = 0 and [ = 0 in Theorem 4.3.1, we obtain
Theorem 4.3.3 (Asymptotic performance for combined regular and singular control). Let
(G, Ty) be an admissible triplet and assume Assumption 4.3.1, we have

1 E( E , € T .
ECDﬂJ (’Y y P ) %p/() C(CLt,Gt,Ft,Tt,ht)dt,

where c(a,G,T;r, 1, h) is given by

c(a,G,T;r h) :/TD(x)W(a’G’F)(dl‘)
G

+ hP(7)p D) (da x dy).

g
FA

Moreover, the convergence holds term by term for the cost functions D and P respectively.

Regular control

Let u; : R? — R? be continuous predictable random function. The feed-back strategy (X§,u$)
based on the Markov control policy u; is given by

Xf=—XP +uidt, uf =e Pu(e PXP).
Under suitable conditions on u;, we have well-defined process (X¢,u®). Let us just assume that
Assumption 4.3.2. The controlled process (X, u®) exists and is unique on [0,T].

To have well-behaved controlled process X¢, we consider the following class of admissible strate-
gies.
Definition 4.3.2 (Admissible strategy). The feedback control (u;) is admissible if

1. (Potential.) For each (t,w), uy : Ry — Ry, is locally bounded and there exists a non-
negative, inf-compact Lyapunov function V € C%(R,) such that

(A% +uy - VIV (x) <6 — 20,V (x), VreR,,

with 0¢, © positive processes. Moreover, rD +1Q ouy are dominated by V near infinity,
i.e. there exist locally bounded positive processes Ry and by such that

rD(x) +1Qouf (z) < WV (x), xcR%\ B(x, RY).
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2. (Separability.) For each (t,w), u :=u¥ : RS — RY is a stable Markov, i.e. there exists a
unique ™ € P(Ry) such that,

| Auf@midn) =0, ¥f e C(Ra).

We will deonte © = w(@W),

Remark 4.3.3. Here 7 is the unique invariant measure of dX; = \/adWy + u(Xy)dt under the
stable control .

Example 4.3.2. Assume that D and Q are quadratic. Let u(x) = =Xz with ¥y a continuous
process with values in Si. Then (u;) is an admissible Markov policy. To see this, it suffices to

take V(x) = 2Tx. The separability of  is equivalent to the ergodicity of dX; = \/adW; — X X,dt.

In dimension one, let D(z) = 22, Q(u) = u?, then we have

2
_a? a
e 22dx, o= —.

m(dz) =

1
V2o
Below is one of our main results.

Theorem 4.3.4 (Asymptotic performance for regular control). Let (uf) be the feed-back strategy
based on the admissible Markov control policy us, then under the Assumptions 4.3.2, we have

1 T
lim —— J° — :
lim chﬁJ p/o cag, ug; e, 1) dt,

where c(a,u;r, 1) is given by

cla,uyr,l) = / (rC(z) +1Q o u(x))w(dz),

x

with ™ = m(@w,

4.4 Applications

4.4.1 Explicit optimal strategies in dimension one

Before reviewing and extending existing results in the literature, we summarize in the following
theorem some explicit asymptotic optimal strategies of the tracking problem. The costs for
deviation and regular control are quadratic and the costs for singular controls are affine or
linear, i.e.

CA(CC,’LL) :T$2+lu27 CB(CU,g) :k+h‘§|

Theorem 4.4.1. Assume that (1,1, kt, ht) are progressively measurable. In dimension one, the
asymptotic lower bounds for the tracking problem with combined/single controls are tight and
can be achieved by the admissible feedback strategies defined in Fig.4.1 and Fig.4.2.

Proof. The existence and admissibility of the corresponding feedback strategies being easy to
verify in dimension one (Example 4.2.1, 4.3.1 and 4.3.2), we can apply Theorem 4.2.1, 4.3.1-4.3.4,
and Theorem 3.2.1, 3.3.1-3.3.4. O
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4.4.2 Discretization of hedging strategies

Let X° be the benchmark strategy in continuous time (e.g. delta strategy under Black-Scholes
model) and the underlying asset (S¢) be an Ito diffusion with

dS; = by dt + VaSdW;.
Then the deviation from the benchmark following the discretization strategy (7¢,£%) is given by
Xi=-X7+ ). &.

£
O<Tj <t

and the corresponding d-dimensional hedging error (Z5) by
= / Diag(X;_)dS;.
0

Our results apply directly to the problem of discrete hedging if the discretization is due to the
presence of small fixed transaction cost ?Fk; and proportional cost e’Fh; with ¢ — 0. To see
this, put
=2+ Y (ke + e P hoe|5)),
0<T;§T

where .
(7% = / (X5 a8 Xz dt.
0

Here the tracking error is represented by the quadratic variation of the deviation process Z€.
We can read the optimal strategies from Figure 4.2.

Relation with other asymptotic hedging criteria Different authors (see [Fuklla, GL14a,
RT14]) have considered the optimal discretization of a hedging strategy X; under various criteria
and asymptotic frameworks. Our framework produces similar results and provides more flexible
extensions. For example, in [Fuklla], the problem is to minimize

E[(Z°)7] E [N7],

with N7 the total number of rebalancing. It is shown that, under one dimensional setting,

lim inf E [(2°);] E [NF \[/ Caiaf)2at])” (4.4.1)
We can recover above results of [Fuklla]. To this aim, we consider instead
J* =(Z°)p +eNyt.
Lemma 4.4.1. The asymptotic lower bound (4.4.1) is equivalent to
llgnf ME [J¢] > ]E[/ (gat a? ) 2dt).
which is given by the third column of Figure 4.2.

Proof. Note that the sequence of € in the above lower bound is arbitrary. Assuming there is a
strategy such that

o Lo 2
hgn_)lglfﬂi‘j (Z%)p]E[Ng] < <2IE [J* — 6]) .
with 0 > 0, then we have () = E [(Z°) ]1/2 E [N:‘}]_l/2 — 0 and we have for the same strategy,

lim inf LJ‘E =liminf2(E [(Z°),] E [Nrfp])l/2 <E[J* —9].
e—0 “’1/2 e—0

The other direction is obvious by Cauchy-Schwartz inequality. O

Applying Theorem 4.2.1, we obtain that the lower bound (4.4.1) is attained by the discretization
scheme based on hitting times of barriers in [Fuklla].
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Weak Convergence of hedging errors We present weak convergence theorem closely re-
lated to the results in [HMO5] and [Fukllc].

Theorem 4.4.2 (Stable limit in law). Assume that (b7) and (a) are continuous on [0,T] and
let (Z5) be the error processes based on the moving barrier (G, &) and B = 1. We have

1 . .
gZ.E —F / Diag(my)dS; + / \/Ut -ay —m{ afmTdWy,
0 0

where the convergence holds stably in law in C[0,T], (W) is a Brownian motion independent
of F and my = (m},--- ,m%), v = (v}’) with

mst/ w'dp(ar, G, &), Uij :/ a'a? dp(ar, G, &),
Gy Gt

and vy - ap = (vzja;gj’t).

Proof. After [JS13, Theorem IX.7.3], it suffices to show that

1 r cp. [
- / (ZH o7t " / mlbydt,
€.Jo 0
1 . .
- (z)Taf ZEdt —, / v - apdt,
e 0 0
1 . .
f/ (zH)Taldt —, / mlaydt.
£ Jo 0
To see this, just put r,D(z) = 27b7, 27a7x and z7a}. O

Example 4.4.1. Consider the discretization strategies based on two barriers I; > 0 and I; >0
such that Gy = [, li] and &(lt) = & (=) = 0. The corresponding (u,p) is given by the
stationary distribution and boundary measure of Brownian motion with rebirth (see [GKO07]).

We have 1 1
- -2 7
my = g@t — lt)) Uy = g(lt +L1% - ltlt)7

recovering example in [Fuklic].

Remark 4.4.1. If we compare with the results in [Roo80] and [HMO05], we observe that their
results fall into above framework in the sense that, for equidistant discretization scheme, (u, p)
satisfies the LP constraint

[ sef"@utdn) + [ (70) = s@)ptds) =0, vf € CheR)
R R

and p(R) = 1. Intuitively, p is Gaussian distribution N'(0,a) and p is the stationary measure
of a Brownian motion with rebirth at t € N*. However, some technical issues for the tightness
of occupation measure and characterization of (u, p) need to be treated with care.

The quantities m and v are the first and second moments of u. By Ito formula, p is the law
of fol VaWdt = L\/a(W2 — 1), so m and v are related to the third and fourth moments of a
normal distribution, which is a known fact in the literature.

4.4.3 Impacts of small market frictions

As we have already mentioned, the lower bound (3.1.6) appears also in the study of impact of
small market frictions in the framework of utility maximization, see [KMK15, KL.13, GW15a,
ST13, PST15, AMKS15, MMKS14, LMKW14]. In this section, we explain heuristically how to

relate utility maximization under small market frictions to the problem of tracking. It should
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be pointed out that we are just making connections between these two problems and rigorous
proof of the equivalence is left for future research.

We follow the presentation in [KMK15] and consider the classical utility maximization problem

t,wt

u(t, w) = sup E[U (wz"")],
®

with s
w?wt = w +/ PudSy,
t

where ¢ is the trading strategy. The market dynamics is an Ito semi-martingale
dS; = b dt + \/af dW;.
In the frictionless market, we denote by ¢} the optimal strategy and by wj; the corresponding
wealth process. As mentioned in [KMK15], the indirect marginal utility (¢, w;) evaluated along
the optimal wealth process is a martingale density, which we denote by Z;:
Zy = ' (t, wy).
Note that S is a martingale under Q with
dQ  Zr

AP~ Zy~
One also defines the indirect risk tolerance process R; by
u'(t, wf
Ry = _//(71)‘
u (ta wy )

Consider the exponential utility function as in [KL13], that is
U(z) =—e P p>0.

Then we have 1
R;=R=-.
p

In a market with proportional transaction costs, the portfolio dynamics is given by

s S
Wb :w§+/t @ZdSu—/t ehudl| ||,

where h; is a random weight process and 5 a process with finite variation. The control problem
is then
5 tawe,e
(8, wr) = sup E[U (wh ).
o

When the cost € is small, we can expect that ¢f is close to ¢; and set

Aug = e = [ s [ bl
Then up to first order quantities, we have
uf —u=E[U(wf + Aug)] - E [U(w})
~ B[ (wi) Mg+ JU” () (A )’

1
— Q £ - €2
= —u'(wo)E¥[AwT + R (AwT)?]

T 1 T
=~/ (wo)B%e [ gl + 51| (o - i)ds)?
0 2R"Jo

/ r r af 2
— —(wo)E%e [ b+ [ 55 - i)t
0 0o 2R
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Similarly, in a market with fixed transaction costs ek;, see [AMKS15], the portfolio dynamics is
given by

wtwt, _wt+/ (pudS + U, —¢ Z ke F’Sj) @%Z Z 5]87

t<T€ <s 0<7'].E <t

and we have

S
uf —u ~ —u' (wo)EQe Z ke F§] +/ —t ©f — ©¥)2dt].
0<7E<T

Finally, in a market with linear impact €l; on price, see [RS10, MMKS14], the portfolio dynamics

is given b
& Y s s t
wirs =it [ gias, e [0, oi= [uiar

uf —u ~ —u' (wo)EQe /ltut dt—i—/ o7 )?dt).

and we have

To sum up, utility maximization under small market frictions is heuristically equivalent to the
tracking problem if the deviation penalty is set to be
a%g 22,
reD 4.4.2
D) = St (142)

Defining the certainty equivalent wealth loss Af by
u® =: u(wg — A%),

it follows that

- A / L), (4.4.3)

see also [KMK15, Equation (3.4)] and [MMKS14, pp. 18].

Remark 4.4.2 (Higher dimension and general utility function). For the case of higher dimension
and general utility function, one should set

1
reD(w) = 5 = —(z,a7 ). (4.4.4)
In other words, utility maximization under market frictions can be approximated at first order by
the problem of tracking with quadratic deviation cost (4.4.4). Thus one can establish a connection
between the tracking problem and the utility maximization problems in [AMKS15, MMKS14,
GWl1b5c, GW15b].

Remark 4.4.3 (General cost structures). When there are multiple market frictions with com-
parable impacts, the choice of deviation penalty is the same as (4.4.4) and one only needs to
adjust the cost structure. Our results apply directly in these cases, see [LMKW14, GW15b]. For
example, in the case of trading with proportional cost and linear market impact, see [LMKW14],
the local problem is the time-average control of Brownian motion with cost structure

Calw,u) = ro? + lu* + hlu|.

Indeed, Equations (4.3)-(4.5) in [LMKW14] give rise to a verification theorem for the HJB
equation of the time-average control problem of Brownian motion under this cost structure.
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Remark 4.4.4 (Non-zero interest rate). In the case of non-zero interest rate, the correspondence
should be written as

1 T
e A® ~ EQ[/O e "I,dt], (4.4.5)

where e~"S; is a Q-martingale and the tracking problem is defined by (4.4.4). For example,
the right hand side of (4.4.5) is the probabilistic representation under Black-Scholes model of
Equation (3.11) in [WW97].

Remark 4.4.5 (Optimal consumption over infinite horizon). In [ST13, PST15], the authors
consider the problem of optimal consumption over infinite horizon under small proportional
costs. Their results can be related to the tracking problem in the same way, that is

1
eB¢p

A® ~ EQ / e " I,dt],
0

where eSSy is a Q-martingale and the tracking problem is defined by (4.4.4).

Remark 4.4.6 (Indifference pricing of option). The formula (4.4.3) is used in [KMK13] for the
indifference pricing of option under small proportional transaction costs. Let A" and A° be the
normalized CE for the problem of utility mazximization with and without selling option payoff H.
Let ©* be the optimal strategy of the pure investment problem and H the replicating strategy
for H (we assume complete market), then the tracking targets for A" and A® are o* + ! and
©* respectively. The short/long price p5. of the option H is given by

+pf ~ EQ+£H] + #p (AT — A9).
The option spread due to transaction costs is given by
ps —p° =P (AH L ATH _2A0),

which is always positive by convexity. If the pure investment strateqy ©* is negligible compared
to o, then we have
P —pS = 25 AT

see also [MT15, Section 6].

4.5 Proofs

4.5.1 Proof of Theorem 4.2.1
Recall that the dynamics of X is given by

~ ~ S~ s . y X
Xet = X5t 4 / botdy + / ay ' dWo' + / iptdr+ Y&,
0 0 0

0<r5 ! <s
with (W&*') Brownian motion w.r.t. F&* = F, .as,,
Tet _ _(a—1 ~et __
bs - 6( )Bbt-l—e"‘ﬁs? Ag" = QpycaByg,
and ] 1
~et _ _(a=1)8, € cE . — g€ ~et __ e
uyt =¢ U, oy, &5 = sﬁéj’ = o (5 —t) V0.

The corresponding local cost is

T . ~ ~
Ig:%( /O (DX +LQE)ds + Y (MF(E) + heP(E))).

0<?;’t§T5

It is enough to study the term on the right hand side thanks to the following fact.
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Lemma 4.5.1. We have

lim J® —hm Isdt a.e.,
e—0 ECDIB 0

if the term on the right hand side exists.

Proof. see Section 3.5.1. O

Moreover, up to a localization procedure, we can assume that uf = {(x, u:(z)),z € Gt} is con-
tained in a bounded ball of R x R?, and there exist positive constants § and M such that
0 < V(&(x)) = V(x), z € 0Gy, and V(z) < M, x € Gy, for any (t,w). We assume also that
Assumption 3.5.1 holds.

Define random measures (u5, p7) by

1 T

€ _ -~ d
=7 | Oy ds € PR x RY),
1
c __ ~
Pi=ge 2 Sme, gy € MEE<RD)
0<T;’ <Te T

and ¢: 2 x [0,T] x P(RE x RY) x M(RY x RE) — R by

)= [ ((@)D() +L()Qw)u(de x du)
[ (@F(©) + hu(w) PE)plda x de).

Rd xR{

Then (u®, p°) is a sequence of stochastic processes with values in P(RZ x R%) x M(RY x Rd) and

T T
| gae= [ e, gy
0 0

Let (m, 1) := (wla0ueGoe) plaunGeée)) he the process uniquely determined by (4.2.6), and put
pe(dz x du) = m(dz) @ Syz)(du),  pi(dz x df) = vi(dz) @ Og(s) (dE).

Then we have to show - -
/0 (1S, p)dt =, /0 co(jie, pr)dt. (4.5.1)

In view of Appendix 4.A, it suffices to prove the following lemma.

Lemma 4.5.2. 1. For anyt €[0,T), (i, pi) converges in probability to (pu, pt).
2. The sequence {(p17, p§ )iejo,1), € > 0} of measure valued stochastic processes is weakly tight
with respect to the cost functional ¢ (see Definition 4.A.2).

Remark 4.5.1. Let E := P(RZ x R%) x M(RZ x Rg). The first property implies that (uc, p°)
converges weakly to (u, p) (in fact in probability) in Mg([0,T], B([0,T1]), dt), the space of E-valued
measurable functions equipped with the topology of convergence in dt-measure (see [Tsu07]).

Proof of Lemma 4.5.2. We claim first that

£

supE[(N )k} <oo, k=1,2, (4.5.2)

e>0 Te
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Indeed, by Ito formula, we have

6t X!
LRSS ) VEZ)
a1l et et e ve,\T /=&t grr7e,t
=6 ﬁ[—V(XT’E)—H/(XO;r)—i— vV (X T\ astdwe

TE
+/ Ao (e ds+/ fos@?j (X5*)ds|

M _ _
< 5 (const. +/ VV(XE’t)T 5§’tdW§’t>
0

the last term being obviously square-integrable after the localization procedure. Now we are
ready to prove the two claims.

Convergence in probability. By (4.5.2) and localization, for any ¢ € [0,T) fixed, the family
{(u§, p%),e > 0} is tight. Let Q; be any stable limit of (ug, pf). Since

N%.

culpif, o) < M(1+ =2

);

we have sup, E[c;(u, pf)] < oo in view of (4.5.2) with £ = 1. Then by Lemma 3.5.3, we have
Qy-a.e.,
(1, p) € S(az(w)),

where we recall that S(a) is defined by
S(a) = {(1.p) € P(RY x R) x M(RE x RI\ {0¢}),
p = p+ 0560 with p € M(RE x RE\ {0¢}),

/ A f (2, w)p(de, du) + Bf(x.€)p(dx,d) = 0,Yf € CARY)}.
R4 xRd RE xR\ {0¢}

On the other hand, let F}/ and F)’ be given by
Fy=A{(z,uf(2))|lw € GF},  Fy ={(z,&§ (x))lx € 0G}.

By the continuity of (G, &), QY-a.e., (i, p) is supported on Fj7 and F} respectively. By the
separability (4.2.6) of (Gy,&;), such couple of (u, p) is unique, so we have

Q¢ = P(dw) ® 6 (arue.Ge.60) @) plarurGeg) @)}

which is the unique possible limit point and we deduce that convergence in probability holds.

Weak tightness of (uf, p®) with respect to c¢. In view of (4.5.2) with k& = 2, the application
(t,w) = ct(w, uf(w), pf(w)) is uniformly square-integrable w.r.t. P ® dt, hence uniformly inte-
grable. By Lemma 2 of [CK86] and the remark after it, (u®, p°) is wealky tight w.r.t. c. O

4.5.2 Proof of Theorem 4.3.1

The proof is exactly the same as Theorem 4.2.1 with (4.5.2) replaced by

supEKQBETE)k} <oo, k=12,



4.5. PROOFS 155

which can be obtained by applying Ité formula to V()N(%E) :

SETE 1 e -1 ze ve,t ~e
< | 0= VVI(XSY)]deg

Te — T¢ Jy
1 - s (A
=5 - VER) V(R + / VV(Xet) ot
TE
+ / Z~€ OV (X2t ds + / ijﬁ (X5")ds]

TE

M
< F(const + VV(XEHT\astdwe t)

4.5.3 Proof of Theorem 4.3.4

The rescaled process (X2t) is given by
dXS = b2tds + \ ad Wt + uStds,
with
7et _ B ~et _ gt — c(2-1B,e
bt = Epperngr O = Qpyeops, U = g(2-1) Ujy 26
The empirical occupation measure i is defined by
1 [T
T¢ Jo

£

/J:t - 5 dS.

(XSt ust)

The proof is slightly different since X€ is not constrained inside a uniformly bounded domain
G+ as before.

Up to a localization procedure, we can assume that there exist 8, > 0 such that
(A% + uy(x) - V)V(x) < 0 —20V(z), xR

We follow [ABG11, Lemma 2.5.5] and obtain that

E [V(f(gvt)} < % +V(0), Vtel0,T),se (0,79 (4.5.3)

Let m; be the marginal of pf on Rg. Since 7D 4+ 1Q o u < V near infinity, the empirical costs
{ct(p5)} are bounded by [(bo + 01V (z))dn;. By (4.5.3), we have

1T
sup Efer ()] < supE| / (bo + b1V (2))dnf] = bo + by — /O E[V(XY)|ds < 0o (4.5.4)

Convergence in probability. Since u,; is admissible, u; sends compact sets into compact sets, the
tightness of u§ follows directly from the tightness of 7f. By (4.5.4) we can apply Lemma 3.5.3
and the convergence in probability follows from the separability of = w.r.t. AZ.

Weakly tightness. For any t € [0,7) and € > 0, we have that (4.5.4) holds for a sufficient
large constant. Since c¢(u) —p ct(pe), we have by Fubini theorem and dominated convergence
theorem

lim sup/ct(/ﬁ)dt ®dP = /ct(,u,t)dt ® dP < oo.

e—0

y [CK86, Lemma 3], we obtain the weakly tightness.
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Appendix 4.A Convergence of integral functionals

In this section, we provide a direct generalization of the result in [CK86], which allows us to pass
from the convergence of local systems (Lemma 4.5.2) to the convergence of cost integrals (4.5.1).

Let (2, F,P) be a probability space, (T, B, 1) a o-finite measure space and S a Polish space with
Borel o-filed Bs = B(S), C(S5)(Cy(S)) the space of continuous (bounded continuous) real-valued
functions on S, £1(p) := L1(T, B, i) the space of integrable real-valued functions with seminorm
llzll1 :== [ |ze|p(dt) and Li(p) := Li(T, B, i) the corresponding Banach space.

Now let ¢ : @ x T'x S — R be a F @ B ® Bg-measurable function with ¢;(w,-) € C(S) for all
t € T. Let {X",n € N} be a sequence of F ® B/Bs-measurable functions X" : Q x T' — S with

/ e (w, XP(w))|p(dt) < 400, we D neN.
T
Then the random integral I(X™, ¢) is defined by

I(X",¢) = /T (X u(dt).

Note that the map (w,t) — X;"“(w) := c(w, XJ*(w)) is F ® B-measurable. For all w € Q,
Xme = X™%(w) is an element of Li(u) and w — X™¢(w) is F/B(Li(p))-measurable (see
[CK86)).

Definition 4.A.1. The processes X™ converges to X° in probability in finite dimension if there
is To € B with u(T \ To) = 0 such that for any t1,--- ,t € To, (X7, , X{}) converges to
(Xp,,--, X)) in probability.

Definition 4.A.2. A sequence {X",n € N} of measurable processes is called weakly tight with
respect to c if for each 6 > 0, there is K C Li(u) weakly compact, that is compact in the
o(Ly(p), Loo(pt))-topology, such that

inf P[X™¢ € K] >1—4.
n

In particular, the family X" is weakly tight with respect to ¢ if one of the following condition
holds:

1. The family of r.v. {(w,t) — c(w, X{'(w)),n € N*} is P ® p-uniformly integrable, see
[CK86, Lemma 2].

2. X" converges weakly to XY in finite dimension and
limsup/ct(Xt”)dt ®dP < /ct(Xf)dt ® dP < oo.

See [CK86, Lemma 3.
Now we can state our result concerning the convergence in probability of the random variables
I(X™ c).

Theorem 4.A.1. Let {X",n € N} be a sequence of stochastic process. If X™ converges to X°
in probability in finite dimension and if {X™,n € N} is weakly tight w.r.t. ¢, then I(X",c)
converges to 1(X°,c) in probability.

Proof. After Lemma 3.D.1, it suffices to show that I(X™, ¢) converges stably to I(X?, ¢). Let Y
be any bounded r.v. and f bounded continuous and Lipschitz, we will show that

E[Y f(I(X",¢))] — E[Y f(I(X°,¢))], n— . (4.A.1)
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i.) Let h € L (). Define
cf(w, x) == max{—hy, min{hy, cs(w, )} },

and
(X", ") ::/ XDV u(dt), neN.
T

We show that I(X™, ¢) converges stably to I(X?,c"), i.e.
E[Y f(I(X", M) = E[Y f(I(X°,cM)], n— . (4.A.2)

Since |[I(X™, c")| < ||h]|; and polynomials are dense in C([—||h]|1, ||A|/1]), we only need to consider
f(x) = 2! for some I € N. By Fubini’s theorem, we obtain

E[Y f(I( / Y(w / e (w, XP)uldty) - / Y (w)ely(w, Xp)plclty) ) B(d)

_/ /F (t1,- - ) p(dty) - - - p(dty)

Foty, - ) = /QY(w)cf;l (@, XP) -t (w, XP)P(dw).

By weak convergence and the finite dimensional convergence in probability of X", we have
Fn(tl, s ,tl) — F()(tl, s ,tl) for any ti,---,t; € Tp. Since

where

E,(t1, - ,t) < (sgp [Y])h(t1)---h(t;),
we have
[+ [ Rty tutan) it [ [ Foter,o toutann) - utan)
by dominated convergence, whence (4.A.1).

ii.) By [CK86, Remark 1] and the weakly tightness of X™ w.r.t. ¢, for all N € N* there is a
weakly compact Ky of Li(u) and hy € L] (1) such that

inf P[X™¢ € Ky] > 1— % (4.A.3)
and .

sup /(m —h)dp < —. (4.A.4)

zeKn JT N

We can assume w.l.o.g that hy 1 oo for N T co. We have

E[Y f(I(X",0))] = E[Y f(I(X,0))]| < [E[Y f(I(X",0))] - E[Y f(I(X",c"))]|
+[EY FI(X", )] = E[Y fI(XO, "))
+ [E[Y fI(X°, ")) — E[Y f(I(X°, 0))]]
=:ie1 + ez +e3.

Since Y is bounded and f is bounded Lipschitz, we have

ex < (sup Y )(2(sup | /DEIT(X", €) = I(X™, )] = ] + Lip(f) 1)

< const.—,
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where the constant is independent of n. Here we use (4.A.3), (4.A.4) and
[I(X", ") = I(X",¢)| < /T!C?N(XZL) — co(X¢)|uldt)
= [ (eXp)] = oy () ()

Hence e; < ¢ for N large enough. By dominated convergence, I(X?,c") — I(X°, ¢) pointwise,
hence e3 < € for N large enough. Now fix N, by (4.A.2), we have ey < ¢ for n large enough. In
sum, we have [E[Y f(I(X",¢))] —E[Y f(I(X°,¢))]| < 3¢ for n large enough. Since ¢ is arbitrary,
(4.A.1) follows and we can conclude. O

Appendix 4.B Separability of (A, B)

In this section, we describe a sufficient condition for the separability of (A, B) with respect to a
given domain G and its associated jump rule & or reflection T.

Let 7 € P(G) and v € M(JG) be the marginal distribution of ;1 and p on R%, then the LP
constraint (4.2.6) and (4.3.1) can be rewritten as

/A“ (dx) +/ Bf(x)v(dz) =0, Yf e C2(RY),

with

Zaw (u, Vf),

and

1. In the impulse case, Bf(x) = f(z + &(x)) — f(x)

2. In the singular case, Bf(z) = v(z) - Vf(x) if we consider the case where I'(x) is one
dimensional, i.e. I'(x) N A = {y(z)}.

The basic idea is to reduce the uniqueness of (u, p) to the ergodicity of the corresponding con-
strained martingale problem developed by [Kur90, KS01, CK15].

Let G be a bounded domain of R? with piecewise-C? boundary and let
8G - U;ilalG,

be a partition into C? segments of the boundary 0G. Let A := A% and B;,i = 1,--- ,m be the
corresponding operator of diffusion and boundary jumps/reflections and D the common domain
of the operators.

Definition 4.B.1 (Constrained Martingale Problem). A stochastic process X with sample path
in Dg[0,00) is a solution of the constrained martingale problem for (A, G; B1,0;G; - - +; By, O G)
if there exist a filtration (F;) and random measures A; on [0,00) x 0;G,i = 1,---m, such that

for any f € D,
t
F(X) 7/0 AF(X, dsz/O 2)Ay(ds x dz)

t]><8G

is a Fi-martingale.
We will assume that

Assumption 4.B.1. The constrained martingale problem for (A, G; B1,0;G; -+ ; By, O0nG) is
well-posed, i.e. for any given initial distribution v, there exists a unique distribution P, on
Dg[0,00) which solves the martingale problem.
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Note that here the uniqueness is for the distribution of the process X only.

Remark 4.B.1. While a solution of the constrained martingale problem with given initial con-
dition is easy to construct, uniqueness is not trivial.

In the case of diffusion with reflection, there exists criteria (see [CK15, Theorem 5.11]) based
on the comparison principle for the viscosity solution of the resolvent equation

Au— Au = h,

with suitable first order boundary condition(see [CK15, Definition 2.20]).

They also suggest that the approach might be generalized to diffusion with rebirth [CK15, Remark
3.2 and 5.3]. Nevertheless, if B¢ is given by a jump rule & on 0G, one might directly show that
the solution of the corresponding constrained martingale problem is indeed a diffusion with rebirth
defined in the next section, following the idea in [Kurll].

Theorem 4.B.1. Under suitable conditions (see Conditon 1.2 and equation (1.16) in [KS01]),
there exists a stationary solution (X, A;) of the constrained martingale problem (A, G, B;, 9;G)

such that X; has distribution © € P(G)and E[A;([0,t] x )] = tv;(-) for any t > 0 if and only if
/_A(x)w(dx) + Z/iBif(x)yi(da:) —0, VfeCQ).
G i=170iC
Proof. The = direction is evident. The < direction follows from [KS01, Theorem 1.7]. O

4.B.1 Diffusion with Rebirth

Let z + ¢£(x) € C°(0G,G) be a jump rule from the boundary G to the domain G. Then the
boundary operator is given by

Bef(z) = flz+&(x) — f(2).

The solution (Xt(G’g)) of the corresponding constrained martingale problem with initial distribu-
tion 7 can be constructed as in [GK12, GK07, BAP09, GK02]. There is also a natural associated
Markov chain (Yn(G’f)) which is the hitting position of Xt(G’g) on the boundary. The following
construction is taken from [BAP09].

Let Z™° be a diffusion killed at the boundary with generator A and initial distribution 7. Let
{Zy+5(y)’”,y € 0G,n € N} be a family of independent diffusion killed at G with generator A

and initial distribution 0, ¢(,). Denote 7'5 the hitting time of a diffusion Z on the boundary of
G. Put 7o =0 and Yy = Zk". Let

ZTF,O 7-(-70
=14 , Y1=2 0,
TG
and . )
o ZYn+&(Yn)n o Yn+E(Yn)n
Tntl = Tn + 74 s Ynp1 = ZT;Y”%(nYn),n‘
G

Under suitable conditions, we have 7,, — 400 almost surely, so

t—Tn

T Yot &(Ya)in
X =) Yy (02
n=0

is well defined. We can verify that X“¢ constructed in this way is a solution of the constrained

martingale problem with initial distribution 7. We call (ngc’g)) the boundary chain.
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Proposition 4.B.1 (Separability). Under Assumption 4.B.1, if the diffusion with rebirth (Xt(G’g))

is ergodic, then there exists a unique couple (m,v) € P(G) x M(9QG) verifying

/ﬁ A(z)r(de) + / Bef(e)u(de) =0, Yf e C3(Q).
G oG

Proof. Since {B¢f, f € C§} is a separating class of M(9G), the uniqueness of v follows from
the uniqueness of 7 . The latter is by definition the ergodicity of (Xt(G’é)). O

Remark 4.B.2. For the ergodicity of diffusion with rebirth, see [GK12], [BAP09] or [AKK1}].

4.B.2 Diffusion with Reflection

Let G be of C? boundary. Let v : OG — A be a Lipschitz continuous vector field on the
boundary. Let I'(x) be the closed convex cone in R? with vertex at the origin spanned by (z).
Let n(z) be the interior normal vector to the domain G at = € G and assume that

Va € 0G, (n(x),~y(z)) > 0. (4.B.1)

The boundary operator B, is given by

By f(x) = {(y(z), V(z)).

The solution of the corresponding constrained martingale problem is denoted by X&' see for
example [LS84].

Remark 4.B.3. Under the condition (4.B.1), the constrained martingale problem is equivalent
to the submartingale problem in [SV71], see Theorem 6.3.1 of [Kur90]. In [KR14], the authors
provide a characterization of the marginal ™ using the submartingale formulation.

Proposition 4.B.2 (Separability). Under Assumption 4.B.1, if the diffusion with reflection
(Xt(G’F)) is ergodic, then there exists a unique couple (m,v) € P(G) x M(OG) verifying

/ A(z)m(dz) + / B, f(x)v(dz) =0, Vfe CE).
G oG

Proof. The uniqueness of 7 is equivalent to the ergodicity of (Xt(G’F)). The uniqueness of v is

less obvious since we do not know whether {B,f, f € C2} is a separating class. However, by
[KS01, Lemma 2.4], the random measure A can be written as

t
AG % [0,4]) = /0 10y (XED)dg,,

for some continuous non-decreasing process ¢. By Remark 4.B.3 and [SV71, Theorem 2.4], ¢ is
the unique boundary process. Hence v is uniquely determined as marginal of A. ]

Remark 4.B.4. For the case where G is a bounded domain with piecewise smooth boundary, we
can follow the arguments in [RWS88, Theorem 1] to show that ¢; does not charge the non-smooth
part of int(0;G), where the reflecting direction is not unique. It follows, see for example [TW93,
Lemma 2.1] and [DW96, Lemma 4.6] , that p;, i = 1,--- ,m can be written as functional of
X(GD)  hence are uniquely determined by the latter.

Remark 4.B.5. For the ergodicity of reflected Brownian motion in a bounded planar region,
see [HLS85, Theorem 2.8, 3.8]. Close-formed expresson for m can be found in [HLS85, Theorem
2.18, 3.13]. A more general characterization of the stationary distribution 7 in terms of adjoint
PDE is given in [KR14, Theorem 3].



161

4.B. SEPARABILITY OF (A, B)

(P Ty 9t o = (foF) 3 + JaF
*
(My Iy ‘) = 1y
E&& :ﬁﬁ;@mav\ﬁﬁbml — Aav n,
g (17440) (g ey 3 o) Of
Jdresv)
(z'2)

e . I>2>0 0
(53] *yage + *qag2) X +ap(iniogs + Ixt) Jf

%
1+ = (JoF) 4
(y ‘Nt in), @ = 1y
("y 9t i) ,m e — = (z)In
W (ad) (hy 4t i) Of
Jg(rie*p)
(z'2)

11y f ags +p(Intoge + x ) Jf

1dQ dwdsy
(¢dg ‘g ‘Og)
(054@))

wR[qolId [BqOTD)

(43 '1°'0)2F = (OF).3 + 2F
*
(44 p4'0),@ = @
(T1°L°¢) 908 “(y ‘3 ‘p‘u "@WHV\ST%I = (z),n
(T°0) 2 (4 'y ‘14 '2)1" /1 (14g0)7

I>>0 004 [,
(1950 +4) X L+ap(ing+ x) o L w

*
T+ = (@F) L
(yp'4'n),@ = @
(T1°L°¢) @08 “(y‘p‘a‘D M&V\SHLﬂI = (z),n
(1°0) 3 (¥'7°4'2)7" ¢y (1:450)

I OO I,

Loy g 4 ap(ng + Fxc) Pf £ v

<3

L

*

1500 Tewrrd(Q)

W01 J 810

[o19u00 asndwr + O13SeYD01S

[0I3U0D IRNSUIS + JIISRYI0IG

Figure 4.1 — Explicit formula for quadratic deviation cost: combined control
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5.1 Introduction

In this part, we turn our attention to another important topic in portfolio selection: the impact
of capital gains taxes in the implementation of consumption-investment strategy. Capital gain
taxes differ from transaction costs in the following aspects: 1) investors pay taxes for capital
gains but receive tax rebates for capital losses and 2) the amount of capital gains or losses taxed
depends on the purchase price of stock holdings, known as the tax basis, which incurs strong

1. This is a joint work with Prof. Xinfu Chen and Prof. Min Dai based on the preprint [CD13].
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path-dependency.

As a consequence, much of the existing literature on capital gain taxes has been restricted to
discrete-time models with small number of time steps (see [Con83, Con84, DK96, DU05, GH06]).
Using the average tax basis as an approximation, [DSZ01, DSZ03] develop a binomial tree model
that is able to effectively work with multi-step investment and consumption decisions. [GKT06]
further extend to the multiple stocks case. It is worth pointing out that the average tax basis
is indeed used in Canada. In [BST10], the authors fomulate a continuous-time version the the
model introduced by [DSZ01], extending the classical Merton optimal consumption-investment
problem.

In this chapter, we consider the optimal consumption investment problem with capital gain taxes
in a regime switching market for an agent with recursive utility of Epstein-Zin type. First, it is
well-known that the implication of the expected utility is not compatible with empirical findings,
causing various asset pricing puzzles like the equity puzzle, the excess volatility puzzle and the
credit spread puzzle and etc. The discounted expected utility in Merton’s model restricts the
relationship between the agent’s risk aversion and elasticity of intertemporal substitution (EIS):
the EIS is equal to the reciprocal of risk aversion. By separating these two parameters, recur-
sive utility of Epstein-Zin type provides a framework to address aforementioned asset pricing
anomalies (see [DE92, BY04, BCDG11, Bha09]). And it would be interesting to understand the
impact of capital gains taxes on agents of different time-preference. Second, [Ham89] shows that
regime-switching model represents the stock returns better than the model with deterministic
coefficients. By introducing a two-state Markov chain, one can take into account of stochastic
investment opportunities and distinguish the impact of capital gains taxes on the investment
strategy under different economic conditions.

Since closed-form solutions are generally unavailable for the continuous-time model, we aim to
utilize asymptotic analysis to characterize the optimal strategy. However, even for the single
risky asset case, the model with capital gain taxes has to involve the tax basis as an additional
state variable, which makes rigorous expansions intractable. Therefore, we only provide formal
expansions that will be justified by numerical results.

To conduct asymptotic expansions with capital gain taxes, it is crucial to find appropriate per-
turbation parameters because unlike the transaction cost rate, the tax rate is relatively large.
[BST10] provide an interesting insight: the Merton problem with capital gain taxes reduces to
a frictionless Merton problem with tax-deflated drift and volatility coefficients as the interest
rate vanishes. 2 Since the interest rate is typically small, it can serve as one of the perturbation
parameters. In light of theoretical analysis, we find that asymptotic expansions can be sought
in terms of not only small interest rate or tax rate but also other parameters, including large
stock volatility and risk aversion index of the investor. We will introduce a unified perturbation
parameter integrating these factors (see (5.4.1)).

Because no capital gains tax is paid until capital gains are realized, investors tend to defer real-
ization of capital gains so as to save interest. This deferral option is constrained by suboptimal
risk exposure. As such, investors need to achieve a trade-off between the benefit of tax deferral
and the cost of suboptimal risk exposure. This leads to a no-trading region enclosed by two
trading boundaries: the optimal buy boundary and the optimal sell boundary, which determine
the optimal investment strategy. When the investment opportunity set is constant, we obtain
explicit approximations of the optimal trading boundaries and the value of deferral. The ap-
proximations offer qualitative and quantitative insights about the effects of various factors on

2. The insight was initially documented by Domar and Musgrave (1944).
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the optimal strategy and the deferral option. We deduce that capital gains tax may have a first
order effect on investor utility. On the other hand, we discover several delicate properties of
the optimal trading boundaries using numerical method. For example, we find that the initial
tax-adjusted optimal fraction of wealth in the risky asset is slightly higher than the Merton line,
and the buy boundary typically deviates more from the Merton line than the sell boundary does.

When the investment opportunity set is not constant, we find that investors smooth the value
of deferral across regimes and that in contrast to the myopic investment strategy in the absence
of capital gains tax, the optimal investment strategy is affected by the investment opportunity
in the other regime. While such smoothing effect is similar to that observed in the present of
transaction costs, the situation in our case is more involved. We find that the degree of the
smoothing effect varies in function of the level of capital gains. In the region of low capital
gains, the optimal strategy is highly sensitive to market regime and the investor follows closely
to the myopic strategy in the absence of capital gains tax. In contrast, if the level of capital
gains is high, then the costs of reacting to market change become significant and the investor is
reluctant to rebalance the portfolio.

Finally, we find that the elasticity of intertemporal substitution (EIS) may dramatically alter
the value of deferral but has littler impact on the optimal investment strategy.

The remainder of the paper is organized as follows. In Section 5.2, we formulate the problem as
a stochastic control problem whose value function satisfies a Hamilton-Jacobi-Bellman (HJB)
equation. Some properties of the value function are given in Section 5.3. In Section 5.4, we
present the main results and discuss their financial implications. Numerical analysis and justi-
fications are given in Section 5.5. We provide a probabilistic model in Section 5.6 to provide
more insight into our asympotitic analysis. All technical derivations and proofs are contained
in the Appendix.

5.2 Model formulation

In this section, we present a mathematical formulation for the consumption investment problem
with the average tax basis, extending the model established by [BST10] to a regime switching
market and for an agent with recursive utility of Epstein-Zin type. We work on a filtered
probability space (2,.%,{.%:}i>0,P). Here {#}i>0 is the filtration generated by a standard
Wiener process {W;,t > 0} with Wy = 0 and a Markov process {i;,t > 0} with values in
7 =1{1,2,---} and generator matrix

Q = (¢ij)i jet,

where ZjeZ gij = 0,Vi € Z. Moreover, W; and #; are independent of each other.

Assume that there are two assets that the investor can trade without any transaction costs.
The first asset (“the bond”) is a money market account growing at a continuously compounded,
before-tax interest rate ;. The second asset (“the stock”) is a risky investment and its price Sy
follows

dSt = ,LLtStdt + O-tStth'

The market parameters r;, y; and o, are regime dependent: let the Markov process {i;,t > 0}
represent the market regime, then 74, 1 and o depend on 4; through

Tt = Tit? Ht = Hiﬁ gt = Uit7

where r;, u; and o; are market parameters under regime i € Z.
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The investor is subject to capital gain taxes. We assume that (i) the capital gain can be real-
ized immediately after sale, (ii) there is no wash sale restriction, (iii) short selling is prohibited,
and (iv) the tax basis used to evaluate capital gains is defined as the weighted average of past
purchase prices.

Let Xy, Y, and K; be the amount invested in the bond, the current dollar value of, and the
purchase price of stock holdings, respectively. We introduce two cadlag, nonnegative, and non-
decreasing {ﬁ}}go—adapted processes L; and M; with Ly = My = 0, where dL; represents the
dollar amount transferred from the bank to the stock account at time ¢ (corresponding to a
purchase of stock), while dM; < 1 represents the proportion of shares transferred from the stock
account to the bank at time ¢ (corresponding to a sale of stock). Bear in mind that the average
tax basis is used to evaluate capital gains. Hence, when one sells stock at time ¢, the purchase
price K; declines by the same proportion dM; as the dollar value of stock holdings does, and
the realized capital gain is (Y; — K;)dM;. Then, the evolution processes of X;,Y;, and K; are?

dXt = [(1 — Oé)T‘tXt — Ct] dt — st + D/tf — (}/t, — th)] tha
dY, = Y dt+ oY dWy +dLy — Y,_dMy,
dK; = dL; — K;_dM,,

where o and {Cy,t > t} are the tax rate and the consumption streams, respectively.

We consider an investor who’s preference over the random consumption streams {C,t > 0} is
described by a continuous time stochastic differential utility of Epstein-Zin type. More precisely,
let B € (0,00) be the rate of time preference, v € (0,1) U (1, 00) be the relative risk aversion and
% be the EIS with x € (0,1) U (1, 00), then the Epstein-Zin aggregator f is given by

vy = Locrs @) —pav, (5.2.1)
where 1— 1
pzil_z, o=1-. (5.2.2)

The Epstein-Zin utility {V,¢,¢ > 0} over the consumption streams {Cy,t > 0} is implicitly
determined by *

o0
Ve — E[/ [(CVEas|F]. v >o. (5.2.3)
t
When v = &, the aggregator reduces to

where U(+,v) is the CRRA utility function with parameter = :

ulC c 5.2.4
em=5—. (5:2.4)
Then (5.2.3) can be written as
Ve = BE[ [ e PeU(Cunds| R, (5.2.5)
t

which is the standard additive utility up to a multiplication of 5.

3. For notational reason, the bond is assumed to be also subject to capital gain taxes. The resulting model is
equivalent to that in [BST10] with (1 — «)r replaced by r.
4. For conditions on C; guaranteeing the existence of V,C, see e.g. Duffie and Lions (1994), Hao (2015).
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Denote by
Zt:Xt‘l‘Y;t_Oé(Yt_Kt)

the liquidation value of the portfolio, and define the solvency region as
Q:={(Xy,V;, K;) €R?: Z, >0,Y; > 0,K; >0}

Then a consumption investment strategy {(Ct, Ly, My),t > 0} is said to be admissible if (i)
(X, Yy, K;) € Q and (ii) the Epstein-Zin utility V,* is uniquely determined by (5.2.3). Since the
utility process is subject to the trading constraint (i), we denote V,¢ by Vt(C’L’M). Let < (z,y, k)
be the set of all admissible strategies under initial condition Xy = z, Yy =y, Ko = k and iy = 1,
then the agent aims to find

V(C,L,M)

vilz,y, k) = sup (5.2.6)

(CvaM) EQ{L (m,y,k)

and the corresponding optimal strategy {(C}, L}, M;),t > 0}. Here a consumption investment
strategy {(Cy, Lf, M;),t > 0} is said to be an optimal strategy if

C*,L* M*

iy, k) =V )

5.3 Preliminary analysis

We first present some properties of the value function using similar arguments from [BST10].

5.3.1 First properties of the value function

If the tax rate a = 0, our model reduces to the classical problem of recursively utility maximi-
sation with regime switching. We have (see [Xial2]),

Proposition 5.3.1 (Tax-free model). Assume that |Z| =1 or 2, and

o .. B 1=k (i —1i)? .
K;:= E — (’l“z + W) > 0, Vi el (531)
Then the following system
11—l 1—k G
BrG; = K+ qui{ = =0, i€l (5.3.2)
K a
]EI i

admits a unique solution {G;,i € S}. Denote by @; the value function (5.2.6) without capital
gains tazes (i.e. a =0), then ¢; depends only on the initial wealth z = x + y such that

Moreover, the optimal consumption rate and risk asset proportion under regime ¢ € I is given

by

1=1-1 - i — T4
&G =prG, ¥, &= Mw? . (5.3.3)

We remark that for an agent with utility of Epstein-Zin type, the optimal trading strategy &
doesn’t depends on « or transition intensities ¢;;. In contrast, the optimal consumption rate c;
is closely related to the EIS and transition intensities. When necessary, we use superscript ¢; to
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indicate the dependence of consumption rate in the transition densities

As in [BST10], we introduce the tax-deflated model in tax-free market for which the market
parameters rq i, flo,i and o, are given by

Tai=1—a)ri, pai=1—)pi, 0a0i=1—-a)o, Viel. (5.3.4)

We define similarly éan‘ and Fa,i by

11-r 1—-x 1 G\
N —— > g=t= =0, i€l (5.3.5)
K v JET Ga,i
with
s 7 B 11—k (Hoz,i - Ta,i)2
Koz,z = E - o (Ta,z + %> (536)

Let @q,; be the value function (5.2.6) under the tax-deflated model (5.3.4) without capital gains
taxes, then we have

Gai 1
5. — ) -
300171(2) 1— ’YZ )
with
_ 11-4 i — Toi
Cai =BrG, ;" Eai= Roi — Toui, (5.3.7)
70-04,1‘

As before, we use superscript ¢, ; to indicate the dependence of consumption rate in the transition
densities. Note also that

Proposition 5.3.2. Denote the wealth after immediate liquidation by
z=x+ (1 —a)y+ ak.
then for any k >y (i.e. under capital loss),
vi(z,y, k) = ¢i(2,0,0) = pi((1 — 0)z,0z,0z), (5.3.8)
where 0 is any positive constant.

Proof. This is a consequence of the monotonicity in consumption of stochastic differential utility,
see [DE92, Section 5.3] and [BST10, Proposition 3.5]. O

Proposition 5.3.2 implies that it is optimal to realize capital losses whenever they occur. Hence,
when K; > Y;, the wash sale

(Xe, Ve, Ki) — (Z4,0,0) — (1 = &) 26, & 26, & Zt) (5.3.9)

is an optimal strategy, where £ is the optimal fraction of wealth in the risky asset after realizing
capital losses under market regime ¢ € 7.
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5.3.2 Certainty equivalent wealth loss (CEWL)

In [BST10], it is shown that the investor cannot take advantage of tax rebates to do better than
in a tax-free market. Therefore we can define the certainty equivalent wealth loss (CEWL) A;
incurred by capital gain taxes in terms of the following equation:
G
vi(z,y, k) = . = 7[(1 — A2, (5.3.10)

that is,

A; = —log(l—A))

1 _
= 7 log [(1 =) 2= p,] +1og G;.

5.3.3 The value of deferring capital gains realization

On the other hand, consider the value function associated with the sub-optimal strategy de-
scribed below: for any t > 0 and total wealth Z;, one keeps liquidating the portfolio and

maintains °

2 = €ais 2 = Cqi- (5.3.11)
The strategy can be regarded as a modified Merton strategy in the tax market. The modified
Merton strategy is optimal in a restricted set of admissible strategies that the investor cannot
defer realizing any capital gains. Because tax is paid only when capital gains are realized, the
investor has not only an incentive but also an option to defer capital gains tax payment. We

then define the value of this deferral option, denoted by A; o, as follows:
Soi(xa Y, k) = %[(1 + A@O)z]l_’yv

that is,
Al‘ 0 ~ log(l =+ Az”())

K 1 ~
= 1 log [(1=~)z~1g,] —log G (5.3.12)

Later we will see that (5.3.12) implies a transformation which plays a critical role in our asymp-
totic analysis.

5.3.4 HJB equation

The value function (; turns out to satisfy the following HJB equation:
max {Aipi + Y ¢ijpj, Tigi, Pipi} =0 in Q, Vi€l (5.3.13)
JET
where
1 _

Aigi = 500y pigy + puypiy + (1= Q)rizgie + Uiz, 01,

Tigi = [(1—a)y+ aklpiz — ypiy — kpir,

Pipi = —piz+ iyt ik,

5. Strictly speaking, the strategy is not in the set of admissible strategies. However, we can always use a
sequence of admissible strategies to approach the strategy.

6. In [BST10], the authors show rigorously that the value function is a viscosity solution of the HJB equation
in a suitable sense. The well-posedness is given in [BSTO07]. In this paper, we don’t attempt to prove such results
but concentrate on the financial implications.



172 CHAPTER 5. RECURSIVE UTILITY AND REGIME SWITCHING

and

Uq, ) = i};%(f(C, ¢) — Cq)

= 6(1 — 1) (;)1—i((1 —7)¢)* - pBep.

for each ¢ > 0. The optimal consumption proves to be

* 1 Pi,x _%
=Gz yem)

Since the Epstein-Zin utility (5.2.3) is homothetic, i.e. VA¢ = M=7V,C we have

ei(Ax, Ay, Ak) = N V(2 y,k), VA >0.

Hence, there is a dimension reduction:

(1-a)y _
z+(l—a)y+ak’ y

such that
iz, y.k) = (x4 (1—a)y+ ak)' 77 ¢i(b, ),

(5.3.14)

(5.3.15)

(5.3.16)

(5.3.17)

where b is the scaled average tax basis. The combination of (5.3.12) and (5.3.17) motivates us

to make the following transformation:

w; =

1 _
— log[(1 = 7)¢i] —log Ga,i-
It is not hard to verify that w; satisfies

Gl

max{ (gwl + fi)+ ﬁ qu G oj ( (A=) (wj—w;) _ 1)’
JET a,i

— wig, Ewig + (1= bwip} =0,
in @, where

Lwi = bwip — 2bE(1 — Owipe + (1 — €)*wyge
+[201 = 55) + (1= 9)(— 26 = £(1 = Qg + bwyy) [ bwiy

(2

(5.3.18)

(5.3.19)

(=296~ )+ (1 e~ g — bug)) (1 - &) + ZH P
580U (1~ i), m) — U*(1, ),

fib.) = &) + ikl —b).

i

and . X
U*(q,k) = =%
(@8)=7—q
7. Following (5.3.15), one should use & = y/(z+ (1 —a)y+ak) and b = k/(z z+(1-
To derive (5.3.17), we can further make a transformation: £ = (1 — a)é and b = b/¢.

1)5]]

§w; ¢

(5.3.20)

a)y+ ak) as state variables.
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It is worth pointing out that the reduced equation (5.3.19) remains valid for v = 1, which
corresponds to the logarithm utility case. As such, the subsequent analysis works for all v > 0.8
In what follows we identify w; with the value of deferral A;q. It is easy to see that we can
rewrite the CEWL as

G
—log(1 — A;) = log =— — w;.
og(1- &) =log = —w

ol

5.3.5 Trading and no-trading regions

From now on, we assume min;c7z ;a0 > 0. We define the wash-sale region W'S;, the sell region
SR,;, the buy region BR,;, and the non-trading region N'T; by

WS, = {(b¢|b>1, >0},

SR, = {(h6)|0<b<1, we=0),

BR; = {(0,§)|0<b<1, fwie+ (1 —b)w;p =0},
NT; = {(0,6)|0<b<1, Ewie+ (1 - bwiy <0 < wie).

The definition of the W'S; is based on part (i) of Proposition 5.3.2. As a consequence, we are
able to restrict attention to the domain 0 < b < 1.

SR |
M
“ NT j
0
BR
e R e 1

Figure 5.1 — Trading and No-trading Regions

We assume that ¢; € C(]0, 00) x [0,00)) and there exist functions £ (-) € C[0,1)NC[0, 1] such
that

SR, = {(b,6)|0<b<1,6>65(b)},
BR, = {(b,)|0<b<1,6<& (b))},
NT;, = {(0,6)]0<b<1,&(b) <E<&H))

The assumption relies on the financial intuition that an investor whose preference is of Epstein-
Zin type should sell (buy) the risky asset when the fraction of wealth in the risky asset is high

8. In fact, transformation (5.3.18) is initially inspired by an attempt to derive a unified reduced equation for
all CRRA investors. A similar transformation is used in [DY09] for the Merton problem with transaction costs,
where the transformation does not involve the constant —log G ;.
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(low) enough.? These regions are depicted in Figure 1. The existence of the NT; in b < 1
implies that the investor can defer paying capital gain taxes.

We call the curve {(b, & (b)),b € [0,1]},i € Z, the sell boundary/buy boundary (the free bound-
ary in mathematics). By analyzing the trading strategy, we shall assume that there hold the
admissibility conditions

& (b) <&f (), Ybe[o,1)

and
&) =¢&(1). (5.3.21)

Recall that there is a factor (1 — «) in the transform (5.3.16), Assumption (5.3.21) implies that
after wash sale, the fraction in the risky asset should be re-balanced to

Cl—a

Coinciding with (5.3.9), & is the optimal fraction of wealth in the risky asset after wash sale.
It can also be regarded as the optimal fraction of initial wealth in the risky asset. ' When we
implement the above strategy, the trading boundaries in terms of risky asset proportion should
be

(5.3.22)

We emphasize that all of the above assumptions are supported by numerical results.

5.4 Asymptotic analysis

In this section, we present the main theoretical results derived from asymptotic analysis. All
technical derivations and proofs are deferred to the Appendix. We shall perform the asymptotic
analysis using the HJB equation (5.3.19).

5.4.1 Small parameter

The expression of f;(b,€) in (5.3.20) inspires us to introduce a small parameter

2riad;
i= ) 5.4.1
S e (5.4.1)

to be used for asymptotic expansions. Then we can rewrite f;(b,§) as

ﬂmoszu—w—@—&m+ﬁa—wu—§»

i

Due to the quadratic term (£ - £)?, we expect the non-transaction zone be a narrow band
containing the Merton line £ = &;. We will seek asymptotic expansion of the solution to (5.3.19)
as €; \( 0 such that the last term on the right hand side becomes negligible and

fi(b,©) ~y[e] (1 —b) — (€ — &) (5.4.2)

9. However, it is difficult to prove the assumption because the value function is no longer concave [see [BST10]]
for the additive utility case.

10. Apparently §,L.i(1) (or &) plays a key role in application. Nevertheless, a rigorous mathematical proof for
(5.3.21) is unavailable.
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5.4.2 Asymptotic expansion

The differential operator % in (5.3.19) is degenerate at & = 1, which results in different expan-
sions for & # 1 and & = 1. Let us first investigate in this section the following case that is our
primary interest.

Asymptotic Expansion 5.4.1. ! Assume that & # 1,Vi € . Let €; be as given in (5.4.1),
and let & (+) and & (-) be the optimal sell and buy boundaries, respectively. Denote

A= 4/[3&(& = 1)?], 6 = (Aie))?/?, @:f@@ﬂ? (5.4.3)

i) We have the following approximation for the value of deferral w; in N'T;:
w;(b,&)]p=1 = (_:ZiajmiA?/gef/:s + o(af/g), (5.4.4)
~ ;‘9,-m,-. (5.4.5)

where {m;,i € I} is the solution of the following linear system:

Kai Ga j 1] . .
(1 +p’1(?’. - 1))(9zmz) - %5%' (0,m;) = 0;mdi, i€l (5.4.6)
o jez Ga,i Covd

with my = 8§ — m? uniquely determined by

{(1 —0p)%g"(p) +p—md — (pg'(p)** =0, pe0,3], (5.4.7)
9(0) =0,4'(0) = 0.
i1) We have an approximation to the optimal trading boundaries ff(b), bel0,1]:
/
+ ~ £ N gi(pi)\1/3
&b ~ &EeVl %Tﬁf) — (5.4.8)
i1i) We have an approximation to the optimal consumption strategy for i € L:
cx —1g2
Cayi + t J—vaiA?/gef/g + O(6§/3). (5.4.9)

m+(1—oz)y—|—ak: k2

We remark that the only unknown parameters m; in the expansion (5.4.4) are determined by
m?, which depends on the parameter ¢ only. Using shooting method, we obtain numerically the
constant m? as a function m, : 6 — m? in Fig.5.2. It turns out that m? is a decreasing function
of § and has a maximum of about m? = 0.78 for § = 0. Moreover, we observe numerically that
the solution g of (5.4.7) verifies

9'(p) = nsp, (5.4.10)

where 7; is a constant depending on ¢ (see Fig.5.2). Hence we obtain an explicit approximation
for the trading boundaries

EE D) ~ & £y 05 0ei(1 — 1)/, (5.4.11)

(2

Combining (5.3.22) and (5.3.7), Theorem 5.4.1 states that, up to first order approximation, the
optimal trading strategy is to keep the proportion of risk asset (over liquidation wealth) around

& = Eais (5.4.12)
which is the "Merton line" of the tax-deflated model (5.3.4), such that
Y oz 1 1/3.-1/6 2/3
A < = ] (1 — ) 4.
P Sa,z =71 Oénéi 57, Ez(l bt) (5 4 13)

11. This argument fo this result is heurstic without rigorous justification.
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15 2

o=t
o= |

Figure 5.2 — The constants m? in (5.4.7) and 7s in (5.4.10)

5.4.3 Economic analysis: single-regime case

We begin by analysing the case of single regime market. Fixing a market regime iy € Z and
taking ¢;,; = 0,Vj € Z in Theorem 5.4.1, we obtain 12

v o?

w(b =1 = 5 mIAPE 4 o), (5.4.14)

Ca

where m? is given in Fig.5.2.

The impact of capital gains taxes is O(c%°?)

In the classical optimal consumption investment problem, it is well-known that the utility loss
due to proportional transaction costs is of order 0(62/ 3) if the proportional transaction cost
coefficient is €. It is the consequence of minimizing the utility losses due to deviation from the
Merton line and the cumulated transaction costs.

In our case, the deferral value w is the result of a delicate balancing between the loss due to
deviation from the Merton line and the benefit of deferring capital gains. Recall that

F(b,6) =1[e*(1 = b) — (€~ &)°].

The term —(& — £)? corresponds to the utility loss and (1 — b) corresponds to the benefit of
deferring capital gains. As already pointed out in the literature, the deferral value originates
from the non-zero interest 7 = O(g?). Here we obtain a more precisely expression for the deferral
benefit: it is actually weighted by (1 —b). Therefore, the investor should keep high capital gains
(b small) while stay close to the Merton line ((¢ — £)? small). On the one hand, as ¢ tends to
zeros, the non-transaction zone £+ — £ should shrink to the Merton line ¢ = &, reducing utility
loss of deviating from Merton line. On the other hand, a narrow non-transaction zone would
incur frequent trading and push the tax basis b towards 1. Consequently, the benefit of deferring
capital gains taxes e2(1 — b) decreases.

Different from the impact of transaction costs, our results show that the impact of capital
gains taxes w is of order 07(58/ 3), i.e. O(a*?). Indeed, we can show heuristically that if the
non-transaction zone ¢+ — ¢ has width of order O(¢?¥), then (1 — b) would be of order O(e").

12. For notational simplicity, we omit the index i in this part.
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Therefore the deviation loss —(& — £)? is about O(¢%) while the deferral benefit £2(1 — b) is
O(g%*¥). To attain the optimal solution, we must have

2
41/22+1/:>1/2§.

At the same time, we want the deferral value to be as large as possible. Hence v should be as
large as possible, i.e. v =2/3. The order of deferral value is

O(e™) = O(e*™) = O(*?).

In the Appendix, we provide a detailed explanation for the order O(e%/ 3) of w and a related
optimal control problem for the constant m?.

Impact of EIS
We rewrite (5.4.14) as
2
Gt A %miAQ/%S/?’, (5.4.15)

where the right hand side does not depends on the EIS. It means that the agent’s EIS influence
the deferral value only through the optimal consumption rate. Recall that ¢, = K, under single

regime model, we have
2

%o _ —i<6— (1—a)r— M)

Ok K2 202
Consequently,
.- —a)r— (5;22 > 0, the deferral value w decreases when the EIS is higher:;
2. If—(1—a)r— (’é;(;)z < 0, the deferral value w increases when the EIS is higher.

On the other hand, since (5.4.7) depends only on § but not k, the trading boundaries are
independent of the EIS. This is consistent with the tax-free case (5.3.3) where x impacts the
optimal consumption rate ¢ but not the optimal proportion of risky asset &.

5.4.4 Economic analysis: two-regime case

Consider the case of two regimes where Z = {1, 2} and

-1\
Q= ;
Ay —Ao

with A1, A2 > 0. The system (5.4.6) can be rewritten as

MYy M 01m 6, m!
Sl Il R S e , (5.4.16)
MQ)\I MQ)‘Q 02m1 9277122
where M* = (M{}) is given by
K A
MY =14 pr(=2L —1) + 25, (5.4.17)
Ca,l Ca,l
K c A
My = —pr(Z2L - Culy AL (5.4.18)
Ca,2 Ca,2 Ca,2
f 2 Ca.2 /\2
My = —pr(=22 - 225y _ =2 5.4.19
2 P ( Ca,l Ca,l) Ca,l ( )
K A
Mgy =1+ pr(=22 — 1) + =2, (5.4.20)
Ca,2 Ca,2
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Value of deferral and impact of transition intensities

Using the expansion (5.4.4), we can evaluate not only the impact of capital gains taxes under
different economics but also the dependence of the impact in terms of the transition intensities
A = (A1, A2). Let (wq,w3) the corresponding deferral value. By (5.4.5), we have

My Miy| (et} | fomit) R2. (5.4.21)
M3y, Mg, Eg,zw% fom2
where the right hand side is independent of A\, and we use superscript A to indicate the depen-
dence of ¢4, = 1,2 on A. Denote (w?,w3) for A = (0,0), which corresponds to the deferral
values under each economics. Note that M* = Id when A = (0,0). Then the right hand side of
(5.4.21) corresponds to A = 0 and we obtain that

A A A A -0 0
My M, Ca,1 wr ) | Cat wy
~ )
A A Y A -0 0
Mgy Mg, Ca,2 Wy Ca,2 Wa
or equivalently,
-1
A A A =0 /=M 0
wy My 1—Mj Co1/Cay wy
~ L : (5.4.22)
A A A 0 /=A 0
wa 1 — Mg, Mg, Ca,2/ca,2 Wy
We can write
_0
1 c 1
by a,l 0 ( ) A
W] = — w] + (1 ——)w
X a1 X )2
My Ca,1 My
_O
1 c 1
A a2 0 A
Wy = —+ w—l—(l——)w.
A A2 VWA

By (5.4.17) and (5.4.20), M{} and M3, increase as A\; and Ay increase, hence the above relation
shows that w? and wj will move towards each other. This is a typical behaviour of values
functions for models with regime-switching. Our asymptotic expansion captures this feature in
an explicit way.

Trading boundaries

Since the optimal proportional of risky asset & doesn’t depend on the EIS or the transition
intensities (Sge (5.3.3), the non-transaction zone N'T; should always be a wedged region around
the line £ =¢;.

On the other hand, the asymptotic trading boundaries f;t are determined by (5.4.7), hence is
approximately independent of the transition intensities between the two regimes. This is true
only if € is small enough.

5.5 Numerical results

5.5.1 Single-regime case

In this section, we present our asymptotic results for single regime market. This allows us to
analyze the joint impact of capital gains taxes and EIS on the value function and optimal trading
boundaries. For comparison, we always employ the penalty method with the finite difference
discretization (see [FV02]) to generate benchmark values. '3

13. It should be emphasized that implementing the penalty method with the finite difference discretization is
absolutely non-trivial. Because the resulting matrix is, in general, not an M-matrix for the present problem, one
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a| 8% 16% 24% 32% 40% 48%
1.32 1.66 190 2.09 2.25 239
€014 020 024 028 032 0.35

Table 5.1 — Tax rates and corresponding values of .

_3t ¥

-5t

Bs -2 15 - -05
In(e)

Black points: numerical results for (5.5.1) . Blue dashed line: the reference line log(e) — § log(e).
Parameters: § = 0.05, r = 3%, u = 0.09, 0 = 0.20, v = 3, kK = 0.7.

Figure 5.3 — The order of deferral value is O(%/3)

The value of deferring capital gains realization

After the expansion (5.4.4), (5.5.1) should be close to the line log(c) — §log(e). We take tax
rate from 1% to 48% (see Table 5.1). Fig.5.3 shows a very good fit for the order of w.

In this section, we examine the asymptotic expansion (5.4.14) for the option value of deferring
capital gains. We compare the following function

log(e) > log(w) — 1og(ElA2/3mi). (5.5.1)

Fig.5.4 compares the expansion (5.4.4) and the numerical results of the deferral value. We
introduce

0?1 -1
m = (7?5‘42/358/3) w(17§>7 (552)

where w(1,€) is obtained numerically. Our formula (5.4.14) exhibits an extremely good approx-
imation (Fig.5.4).

On the other hand, we can compare CEWL with its upper bound log G‘Q by computing

A
relative-A =

~ G (5.5.3)

needs to carefully choose the penalty parameter to guarantee convergence. Moreover, it is very time-consuming
and often divergent for small e. That is why we seek for asymptotic analysis.
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Left panel: deferral values Right panel: black points for (5.5.2) vs. blue dashed line for (5.4.7)).
Parameters: 8 = 0.05, r = 3%, u = 0.08, 0 = 0.25, y = 3, kK = 0.7.

Figure 5.4 — Asymptotic expansion in terms of tax rate
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Parameters: 8 = 0.05, 7 = 3%, u = 0.08, 0 = 0.25, v =3, k = 0.7.
Figure 5.5 — Relative CEWL (5.5.3)

We observe that the deferral value accounts for up to 30% of the gap in [BST10](Fig.5.5). This
means that, by optimally deferring the realisation of capital gains taxes, the investor can obtain
up to 30% of extra benefit in terms of expected utility.

Impact of capital gains taxes and EIS

In this section we study the impact of tax for investors of different EIS. As predicted by the
asymptotic expansion (5.4.14), we obtain a horizontal line in Fig.5.6. Fig.5.7 reports different

2
monotonicity of w in terms of k, corresponding to § — (1 — a)r — (’2‘;;2 < 0 (> 0 respectively).

Approximations to the optimal trading boundary

The trading boundaries provided by asymptotic expansion depend only on € and d (through g).
In particular, they are independent of EIS. This is supported by the numerical results in the
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Numerical values of é,w (black points) vs. asymptotic expansion (blue dashed line). We take

065 07 0.‘755 08 085

k € {0.65,0.70,0.75,0.80,0.85}. Parameters: = 0.1, « = 40%, r = 5%, p = 0.15, 0 = 0.35, v = 4.

Figure 5.6 — The value of ¢,w in terms of EIS
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Left panel: g =0.10, p = 0.15. Right panel: 8 = 0.02, p = 0.10. We take
k € {0.65,0.70,0.75,0.80,0.85}. Other parameters: a = 40%, r = 5%, o = 0.35, v = 4.

Figure 5.7 — Impact of tax (i.e. deferral value w) in terms of EIS

left panel of Fig.5.8. We observe also that the explicit approximation (5.4.11) is quite close to
numerical results, in particular for small values of « (see right panel of Fig.5.8).

To further examine the effect of approximation (5.4.11), we plot in Fig.5.9 the optimal trading
boundaries at b = 0.5 against ¢, i.e. £¥(0.5;¢), using the approximation and the penalty method
respectively. We let o vary from 4% to 32%. It can be seen that the approximation is reasonably
good even with high tax rate. The same pattern is observed for varying values of interest rate
(right panel of Fig.5.9) and different value of b € [0, 1].

An interesting phenomenon is that the trading boundaries are not symmetric with respect to the
Merton line ¢ = &: the selling boundary is closer to the Merton line than the buying boundary
does. This is due to the fact that selling stock does not alter tax basis b while buying stock
increases tax basis (hence reduces the deferral benefit €2(1 — b).) As the utility loss —(¢ — £)?
is symmetric to both positive and negative deviation, the investor will tend to avoid positive
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£ (b;a = 0.08)

w £=0.204 .
é(h.n:U/.U}ﬂ/]i»7»_,.—»-"‘"””’
05— .
£ (ba=032)
005 02 04 ) 06 08 1 005, 02 04 ) 06 08 1

Trading boundaries: numerical (red curves) vs approximation (blue curve, (5.4.11)) where & = 0.204.
Left panel: x € {0.6,0.7,0.8}, & = 32%. Rigth panel: « € {8%,32%}, x = 0.7. Parameters: § = 0.1,
r=5%, u=0.15, ¢ = 0.35, v = 4. We have n; ~ 0.4.

Figure 5.8 — The dependence of trading boundary on EIS and tax rate

024t X

w021
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Parameters: a € {4%, 8%, 16%, 24%, 32%}, r = 0.05, = 0.1, k = 0.7, u = 0.15, 0 = 0.35, v = 4. The
red line and points represent the optimal trading boundaries computed from the penalty method with
finite difference discretization and the blue line is the given by (5.4.11). The z-axis is the corresponding
values of €.

Figure 5.9 — Approximation (5.4.11) at b = 0.5 with varying a.

deviation while being more patient for negative deviation. Our expansion (5.4.8) is symmetric
since when ¢ is small, such effect can be and is ignored. This limitation should be kept in mind
when ¢ is not small enough.

5.5.2 Two-regime Case

We consider two economics where for i = 1, the optimal strategy is & = 0.19, and the economics
i = 2 is less risky with & = 0.42. Fig.5.10 reports the performance of the expansion (5.4.4) in
two-regime case. We observe effectively a better approximation as the tax rate decreases. Now
we examine the relation (5.4.22). We use deferral values under single regimes for w{ and w9.
Fixing A2, the two deferral values decreases to the same value w) as \; increases, see Fig.5.11.
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The red lines are computed using w?, w) and (5.4.22). The relation (5.4.22) captures well the
impact of capital gains taxes under regime-switching market.
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61 62

Black curves: numerical results. Blue curves: Asymptotic expansion (5.4.4).
Parameters: A\; = 0.5, Ao = 0.2, o € {10%, 20%, 30%, 40%}, r1 = 0.05, o1 = 0.35, p; = 0.15, ro = 0.01,
o9 = 0.25, uy = 0.11, K = 0.7, f = 0.10, v = 3.

Figure 5.10 — Asymptotic for two-regime deferral values in terms of tax rate
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Black curves: numerical results. Red curves: Asymptotic expansion (5.4.22).
Parameters: A\, € {0,0.1,1}, Ay = 0.1, a € {10%, 20%, 30%, 40%}, . = 0.05, o1 = 0.3, 3 = 0.1,
re = 0.01, o2 = 0.20, pe = 0.06, kK = 0.7, § = 0.10, v = 3.

Figure 5.11 — Impact of transition intensities on deferral values

Fig.5.12 reports the trading boundaries for the case where the tax rate is small (a=0.08). The
trading boundaries contain the tax-free strategy & = & and do not change significantly when
A1 increases from zero to 2. The expansion (5.4.8) fits well the numerical results.

If the tax rate is high (o = 0.20), Fig.5.13 shows that & (1) ~ & and are not sensible to the
transition intensities A\; and Ao, as indicated by Theorem 5.4.1. However, second order effects
begin to appear. We can observe that the trading boundaries of the two regimes move toward
each other as the transition intensity A; increases, in particular in the region of high capital
gains (b close to 0). The only exception is the selling boundary & (b). This is due to the
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Parameters: \; € {0,0.2,2}, Ay = 0.2, a = 0.08, r; = 0.05, 01 = 0.3, p; = 0.1, o = 0.01, o2 = 0.20,
pe = 0.06, Kk = 0.7, 8 =0.10, v = 3.

Figure 5.12 — Impact of transition intensities on trading boundaries: small tax rate
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Parameters: A1 € {0,0.2,2}, A2 = 0.2, a = 0.2, r1 = 0.05, 01 = 0.3, 3 = 0.1, ro = 0.01, o9 = 0.20,
w2 = 0.06, k = 0.7, 3 =0.10, v = 3.

Figure 5.13 — Impact of transition intensities on trading boundaries

fact that, when the market regime changes, the investor has to adjust her portfolio to the new
non-transaction zone. In general this will cause the increase of tax basis, except for the highest
selling boundary & (b). As a consequence, when the transition intensities increase, the investor
will add an extra buffer zone for the original non-trading zone.
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5.6 Why is the order of deferral value O(c*?)?

We present here a probabilistic explanation for the value of deferring capital gains taxes w, in
particular the fact that w = O(e%/?). We provide also an heuristic interpretation of m? in terms
of a optimal control problem. To simplify the notation, we consider the classical additive utility
maximisation under a single-regime market, i.e. the model established by [BST10].

Recall that the portfolio under the strategy {(Cy, Ly, My),t > 0} is given by

dXt = [(1 — Oé)’f‘tXt — Ct] dt — ClLt + [Y;f_ — (Y;g_ — Kt_)] th,
dYy = wYi-dt+ oY, dBy+dLy — Y dM,,
dK; = dL;— Ky _dM;,

and the expected utility is given by
vOLM - mE[/ eP0U(Cy,7)ds), (5.6.1)
0

Define the portfolio value after liquidation by Z; where
Zy =X +Y — oY, — Ky).
We have

dZ; = dX; + (1 — @)dY; + adK;
=[1—a)rZ; — Cyldt + (1 — a)Yi(udt + odW; — (1 — a)rdt) — (1 — o) ar Kidt.
Denote
Y, K Cy

- b, = — - _°
Zt’ t Ct Zt’

gt: Y;g’

and define the tax-deflated model by

(5.6.2)

ra =1 —a)r, po=01—-a)u, oc4=(1-a)o.
We have

dZ; = ZH{[(1 — a)r — ¢]dt + (1 — @)&¢[udt + odWy — (1 — a)rdt] — (1 — a)arébidt}
= Z{[(1 — a)r — ¢]dt + (1 — )& pdt + odW; — rdt] + (1 — a)aré (1 — by)dt}
= Zt[(ra — ct)dt + & (padt + 00dWy — rodt) + ara & (1 — by)dt] (5.6.3)

5.6.1 Expansion around the tax-deflated model

The main idea is to consider the case where the interest rate or tax rate are small. Then the
extra benefit from tax deferral is small since the terms 1 — b and & — £, should be small, where
5_3 is the optimal investment strategy under tax-deflated model. Consider any consumption-
investment strategy {(C5, L, Mf),t > 0} with {(cf,&5,0%),t > 0} determined by (5.6.2), then
the corresponding liquidation wealth Z; satisfies

dZ; = Z;[(ro — ¢§)dt + & (padt — rodt + 00 dW) + ara & (1 — b7)dt],
Z5 = z.

We rewrite
Z& = zeMi (5.6.4)
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where

t t
ME = / (ra — <)ds + / € (padt — radt + 0udW))
0 0

t 1t
+/ ara€s(1 — bF)ds — 5/ (€)202ds
0 0
Set the consumption rate to be the optimal rate under the taxe-deflated model:
c; = Cq.
Then we have

— Bt + (1 =) My

t t t
=/(—/J’)ds+(1—v)/ (ra—éa)ds+(1—fy)/ & (adt — radt + 0o dWy)

0 0 0

t t

- 5= [(€Patds + (1 - /0 ara&E(1— )ds
—/tgal_')’)gsdw_/ 1= ids

+[[-p+a- )(m—éa)Jr%(—'Y)(l—7)0§(€§)2+(1—’Y)(ua—m)ﬁi]ds

+ [0 = aragi(1 - )ds

t 1 t
= [ =oagid, - 5 [((1 =) 0kds — cat

0 2 Jo

1 t _ t
3= ned (& - s+ [ (1= arei(1 -~ K)ds (5.6.5)
0 0
Now define a0 .
@l —exp /(1— oo EEdW, _7/ V2o2ds).
dp Ft ( 0 )
Note that

dWg ¢ = dWy — (1 — vy)oa&idt

is a Q%-Brownian motion. Consequently,
o0
E| / e U (6§ 25 )]
0
oo
(564)]E{/ e_ﬁtU(Eazer)dt}
0

20 (e0)B] [ exp(—pt-+ (1= )07 )]

(5.6.5)

S0 (e B% [ [ e tenp (1= ) /(f(amszu—bf) 198 (g5 — & 2)ds) ]

Using e* ~ 1 4 x, we obtain
B[ [" Uz
~ U B [ [T et (14 (1) [ (anai 1)~ 10 (e: — &)2)as)a]
— U(en?) /OOO e~Catdt 4 (1 — 7)U (Gnz)ES [/OOO e_E“t</Ot(ara§§(1 b — ng(gg ~ €))ds) ]
o] 2

= pale) + (L= U EaB% | [Ter( [ (aro€5(1— 69) — 178(&; — €2)?)ds)

o] _ t
= Ba(2) + (1= U (Ea2) / et [

0 0

(are€E(1—b%) — —(ga g’g)?)ds} dt
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To obtain extra welfare by tax-deferral, the investor needs to maximize essentially

B0 [ (ami(1 1)~ 12 - &)%)

where the first term represents the benefit of tax-deferral and the second term utility loss due
to deviation from the benchmark strategy &,.

Introducing the change of variable
¢ = (1 —a),

we obtain that

E[ /0 T ezt
t 2a(1 — a)&Er

= palz) + 51— 0%agalz) [ e B [ (1) = (&~ &))as]ar

2 0 0 yo?
o) B - t _
~ @a(2) + %(1 — Y0 Capal2) /0 e el [ /0 (e%(1 —b%) — (¢ — gE)Z)ds] dt, (5.6.6)

where we have approximated &5 by £ in (5.6.6) and used the fact that & = (1 — a)&5. The
constants J, A are given in (5.4.3).

In sum, to obtain an approximation of ¢°, the investor is led to consider the following control

problem
75 =B [[@0 1) - (G - €], (56.7)
where, applying It6 formula to (5.6.2), the dynamics of (¢f) and (bf) are given by
db; = —ob7dWeu + + iﬁde + dR; + o(1)dt, (5.6.8)
d¢; = o (1 — Cf)dWa,tt+ dL; — dU; + o(1)dt. (5.6.9)

The processes L; and Uy correspond to buy and sell strategies while R; is the liquidation strategy
realising capital losses and keeping b; inside the interval [0, 1]. To maximize (5.6.7), the investor
should try to keep (; close to £°. This in turn pushes b7 towards 1—, reducing the benefit of tax
deferral.

5.6.2 Strategies based on barriers and reduced model

In this section, we restrict ourselves to a particular class of investment strategies based on bar-
riers.

1. Change of Variables. Consider the following change of variables

pi=1-b, ¢G=¢G-¢&,

we have
(>
dpi = —o(1 — pf)dWay + —LL—dLS + dRS + o(1)dt, (5.6.10)
§° +qf
dg; = o (€ 4+ ¢5)(1 — € — ¢§)dWa s + dLF — dUf + o(1)dt. (5.6.11)

The optimization objective becomes

77 =% [ [ (9 (]



188 CHAPTER 5. RECURSIVE UTILITY AND REGIME SWITCHING

2. Strategies Based on Barriers 1. Let [ : |0, %] — R4 be a continuous function such that
[(0) = 0 and {(p) > 0 for p € (0,1/6]. The investment strategy (L;, Uf, R;) based on the barrier
[ consists of three non-decreasing processes keeping (pf, ¢f) inside the domain G:

G ={(p,q) €[0,1] x R| — 6°I(p) < q < &°l(p),Vp € [0,1/5]},
such that

T T T
154 e e
/0 Lpsoydf +/0 Lt o215} AU +/0 L ge21pp)}4L7 = 0.

3. Change of Scaling. Now consider the following change of scaling

1 1
P = gpfS?t» q; = ﬁqggt. (5.6.12)
The optimisation problem becomes
JT 15 42/3.8/3
L — P A, (5.6.13)
with I9 given by
1 < T
| /0 (7 — 4%(&)?)d] (5.6.14)
Here, T° = 62T — oo as € — 0, and
—_— ~6 ~
die = o (1 — 655)dWE , — (1 + o)L dLSs, + dRS, — o(6)dt, 5.6.15
t )Wt g 52t
4G = Lo(E+ 0(1))(1 = &+ o(1)dWE , + = (dLes, — dUZ,) + 2Pt 5.6.16
Qt—ga(fJFO( N =& +0(1)) a,t+57( 52t — 62t)+? ) (5.6.16)

Note that o(-) is uniform for all w € Q.

4. Reduced Model. The above system is a two-time scales system with slow variable p7 and fast
variable g7, which can be approximated by averaging the fast variable ¢7. Recall that, for a
reflected Brownian motion oW, inside the interval [, ], i.e.

ClXt = O'th + st - dUt,
the stationary measure is uniform on [—/,[] and we have

. . Ut O'2
lim — = lim — = —.
t—oo t t—oo t 41
Assume that ¢§ achieves its unique stationary state on the interval [—l;, ;] with I, = [(pf). We
obtain therefore, B B
g2(t+At) - LfSQt N 0252(1 - 5)2 o o’
At N 4l 3Al’

1 t+At~€ le dq 1
— ds ~ 2= (12
At/t qs S /ltq 2lt 3( t)

Hence I° can be approximated by the following single variable control problem

and

_ 1 g1 [T 1
- supliminf B /O (7% — 5 A%(0))dt], (5.6.17)
t o
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with
2

dpz = o (1 — 5p5)dW? , — 307ltﬁ§dt +dR:. (5.6.18)

5. Approzimation of Value Function. Plugging (5.6.17) into (5.6.13) and (5.6.6), we obtain the
following lower bound for the Merton problem with taxes:

Ce,L°,M*
~ Vy (

@(1’7 y7 k) x? y7 k)

1 o
~ @a(2) + 5(1 = 1)70"CaPal2) / el (1P AP P)dt
0

_ 2 _ ,
~ Ga(2)(1+ W’I‘SAZ/%W). (5.6.19)

Ca

5.6.3 Solution of the optimal control problem (5.6.17)-(5.6.18)

In this section, we provide a verification theorem for the problem of time-average control

1 /T 1
I’ = supli ‘f—E/ _A2ydt 5.6.20
S(ig)lTrglogT{o(pt 3 A47%) B (5.6.20)
with )
dp, = o(1 — 6py)dW, — ;Wptdt +dR,, (5.6.21)
t

where (l;) is an adapted positive process and (R;) a non-decreasing process restricting p; inside
[0,1/0). More precisely, we have

-/0 ]]'{pt;ﬁO}th = O

Lemma 5.6.1 (Verification). Assume that there exists a unique pair of g : [0,1/5) — R4 and
m? > 0 such that

(1 - dp)%g" (p) = (pg'(p))*/® — p+m?,

with g(0) = 0, ¢’(0) = 0 and that the limit g(3—) ezists. Then, the optimal solution of (5.6.20)-

(5.6.21) is given by

S é
I = My,

and the corresponding optimal strategy is given by
e
345

dp; = o(1 = 6pf)dW, — dt + dRy,

with ]
i = 5 (wig' 0)"*.

Proof. Define G(p) = ";g(p), then we have
o2

2
o .
5 (1- 6p)*G" (p) +p — (7PG’(19))2/3 —m{ =0.

Let (I;) be any admissible strategy and (p;) the corresponding controlled process. Applying Itd
formula to G(pr), we obtain

Glor) = Gloo) + [ Coodn+ 3 [ ol
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Since G'(0) = 0, we obtain
o2
G(pr) = G(po +/ - (1= 0p)*G" (pr) — 2 G’ (pt)3Al )t +/ (1 — 6p) G’ (pe)dW.
Consequently, the averaged cost over the horizon T' is given by
1 /T 1
f/ (pe — *A2lt2)dt
2

1 / 1 22y 0
T/ 1—5pt 2G" (pr) — ;G (pt)+pt—§14 lt)m)‘lt

= mi + T(/OT o(1 —8p)G (pr)dWy — G(pr) + G(po)).

Since G is bounded, the conclusion follows directly by taking the expectation. O
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Appendix 5.A Formal derivation of Asymptotic Expansion 5.4.1

We note that all the computation is heuristic and rigorous proof is still missing. Let us first
rewrite Zw; as follows:

.i”iwi = wai bbb — Qbf(l - f)wng + 52(1 - f)Q’wi,gg + Cib’wi,b + digwi,g - mei,
Wi
= 2(1- = 1—y)( —26— €01 — wie + bwiy),
c ( Ui)+( ’y)( E—E(1 —Qw;¢ + w7b)
2r;afl + (b —1)¢]

O'

di = [—29(€— &)+ (1) (€0 - uie — bwiy)|(1-€) + + Koo,

2 _ U*(¢q,k) —U*(1,k) evi—1 2 _
K1 = — . J ) — - O(|w; <)),
sl o? ot q—1 ’q:ewi(lffwi,g) w; o2 Coi + O(|wi] + |§wiel)
2 _ U*(g,k) —U*(1,k) 2
Ky = —— : ’ wi = 2+ 0
e 0'@'26 ’ q—1 ’q=e“’i(l*§wi,§)e 1260” + Ol + |£wl£|)
where O(|w;|+|&w; ¢|) represents the same order of [w;|+|§w; ¢[, and we have used Uj (1, %) = —1

when evaluating K 1, K 2.

5.A.1 Expansion at solution of tax-defalted model

Near the tip (1,£5(1)), we use the stretched variable

=& 1-b 2/3
where A; is as given in (5.4.3). Define
L _
tioy . G0 —&
q; (pi) = 57 Dt s
We write the solution in the form
o? 1
=i {85 ——mi+ %07 (1) + v} (pis i) (5.A.1)

where m; is a positive constant to be determined, 92(0) = 0, and vi.5(piyqi) = 0 for ¢; > i (pi).
Then
ZLiw; + fi
% = aiv) g+ (1= 6:pi)2g) pp — mi + pi — AZq} + O(6y),
3 91

1,99
§w', + 1—bUJ'7b —
o (23 Jwip Evl, —pigl, + 0 (8:),
vEF0;

where ¢; = 2(1 — pi/07) — 25_¢(1 —7), and

1—7

Z%]—lJ A= -w) _ 1)
]GI G

2
o; 7526 1

*Z 13—1 7(]%_ ml)+o(5]aj € 1).

cal

Sending Vjezd; N\ 0, we see that (v;, g;) := lims\o(v?, g9) is the solution of the limit problem
for the tip

max{a;v;qgq — A2q? + (1 — 6;p;)2g! + pi — m%, —v;q, &vig — pigi} =0

Ui(pi7oo) = 07
9:(0) =0, g{(0) =0
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in p; €[0,1/4;],q; € R, where m? is defined by

L=

G m;
Oimyt = O0imi + ) qij—= (0= — 0=
m " ]GZIqJGaz ( Cavj Ca,i>
Fai i éj):’y
= (1P~ D) 6mo) =32 22t Omy)
Q,l ]EI a:j G

i.e. the linear system (5.4.6).

Denote by qii (pi) the resulting free boundary. One finds that v;q = 0 for ¢; > q; (p;) is the
global minimum and v; 4 = p;g;/& for ¢; < g; (p;) is the global maximum. Thus,

D, (p;)

1

d§

Vi gq(Pis ¢ (Pi)) = 0, g (pi) = + ; i(pi) :=pi + (1 — d&ipi)g; —m3'.

>

The variational inequality can be written as

v; =0 Vg =g (pi)
a;iVi qq(Pi> @) = ;i (pi) Vai € (g (pi): q (pi)),
gzvl q(pza QZ) ngz( ) VQi < q;(pl)

It then follows that when ¢; € [q; (pi), ¢; (pi)],

A @) — a4 (i)’
valpia) = S { BT 20— gt ),

A g —a )i 4 (i)’ 0 (p)°
wlpg) = BTG O Gy S ).

The boundary condition f_ivm = pigi(pi) at ¢ = q; (pi) = —q; (pi) gives

pigip(pi) = 3£ A2 gHpi)® = (®i(pi)*” = (0 + (1 — 6ipi)2g) (pi) — m)*"?,

since A; = 4&; /(3a;). The equation for g; becomes

(1= 6:pi)2g" (pi) + pi — m% — (pigl(p)™* =0 Vp; € [0,1/5),
9:(0) =0, g}(0) =0.

(5.A.2)

At the leading order, the free boundary is given by ¢; = £1/®;(p;)/A; with

2/3 "(p: )\ 2/3
i(pi) = (1 - 6,p:)%9) +p—md = (pigi(p))” = pi(gi%)) .
In the original variable, this gives the approximation
= 02\ /®(ps 82 i sl ()N 1/3
flﬂ: ~~ &ilil(pz) :fii 1\/]71(.%(]71))
/ /3
— &teV/Top( 2R -
VPi P e

Using a shooting method with m%,i € T being the shooting parameter one can numerically
show that, at least for the cases |Z| < 2, there exists unique values for m ,i € Z such that g;(p;)
is defined on [0,1/6;] for all i € Z.
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Left panel: § =1, m; = 0.40, ms = 0.39, m, = 0.392799884305488372.

Figure 5.14 — Numerical evidence for the existence of unique solution m? for (5.A.2)

5.A.2 An approximation to the optimal consumption strategy

By (5.3.14), (5.3.17), and (5.3.18), we can express the optimal consumption as

(O _ 1w, -1
— LS(k=Dw;/k 1— . /K
r+ (1 —a)y+ak Cani® (1= Euwig)
— 102
= o+ = Tymi AP + o) (5.A.3)

by noting that fw; ¢ = O(e}) (see (5.A.1)).

(]
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Joint impact of capital gains taxes
and transaction costs
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We present in this chapter a homogenization result for portfolio selection under proportional
transaction costs and linear capital gains taxes, which generalizes both [ST13] and [CD13]. The
same problem has been considered under different settings in [Lel99, BCP05, CP99].

For simplicity, we consider the model in [BST07]. However, we note that the same result can be
obtained for more general models and cost structures (e.g. stochastic volatility models with fixed
and proportional transaction costs), as long as the structure of linear tax rate is maintained.
The dynamics of risky asset is given by the Black-Scholes model

dS; = St(udt + O'th),

and we use the following notations:
— A, Ag € ]0,1) the proportional transaction costs coefficients.
— a € [0,1) the tax rate.
— X, the wealth in non-risky asset.
— Y, the wealth in risky asset.
— K the weighted cumulated investment in risky asset.
— (} the consumption process.
— dL; the amount invested in risky asset at time ¢.
— dM; the proportion of risky asset sold at time ¢.
The dynamics of portfolio for the strategy (Ct, L, My) is given by

dXi = (1 —a)rXy — Cy)dt — (1 + Ap)dLi + (1 — Ag)[(1 — a)Yi— + oKy _|dM;,
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dY, = Y, (pdt + odW;) + dL; — Y;_dM,,
dK; = dL; — K,_dM,.

Fixing any general utility function U, the problem of optimal consumption and investment under
both transaction costs and captial gains taxes is defined by

¢(z,y,k) = sup E[/ e‘ﬁtU(Ct)dt], (6.0.1)
(C,L,M)eA 0

where A is the set of all admissible strategies.

6.1 Main result

6.1.1 HJB equation
The HJB equation for ¢ is formally given as

: 1 8
mm{ - <502y28§yg0 + pydyp + (1 — a)rzdyp — Be + U(0, )), (6.1.1)
(L4 AB)0zp — Oy — Opep, (6.1.2)
1
inf (90(3:7 Y k) —p(z+ (1 — @)y + ak — Asy — Apys, y+, y+))} =0. (6.1.5)

Comparing to [BST07], we have added (6.1.5) which corresonds to the liquidation of the portfo-
lio. The conditon (6.1.2) is the buy boundary condtion and (6.1.3)-(6.1.4) are the sell boundary
condtions.

We consider an asymptotic developement for small transaction costs Ap, Ag and small interest
rate r. More precisely, we assume that

AL =Apd%, Ay =Agd® P =rd% §>0. (6.1.6)

Then the above HJB equation becomes !

min{ - (%UQyQOSygD‘S + uyayg06 + (1 — a)rd®z8,¢° — B’ + U(@xgo‘s)), (6.1.1%)
(14 Apd%)dp® — 8,¢° — Oy’ (6.1.2%)

— (1= 2s8N)[(1 = @)y + ak]oze’ + ydy@’ + ke’ (y. k) # (0,0), (6.1.3%)

inf (¢ (@5, k) = (2 + (1= @)y + ok = Asd®y — Apd®yy,yp,y0)) } =0 (6.1.5%)

The asymptotic development can be deduced heuristically from probabilistic arguments or di-
rectly from (6.1.2°%).

6.1.2 Benchmark model

Without transaction costs and captial gains taxes, the solution of the optimal consumption and
investment problem is given by

SO B(2) + i — 1)0:p(2) + 720:p(2) — A=) + U (0:6(2)) =0,

1. Since we will essentially look at the zone around Merton line, the boundary condition (6.1.4) is omitted.
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where the optimal investment y(z) verifies

0°§0%,¢(2) = — (1 — 1)0:9(2).

The optimal consumption rate is given by

C(z) = ~U'(9:0(2)) = (U') "1 (8:6(2)).

By similar probabilistic argument as in Section 5.6, the rigth benchmark turns out to be the
following “tax-deflated” model

SOa (o) 02.20(2) + Yot — 12)0:80(2) + 10,20:80(2) — BPa(2) + U(0:95(2)) = 0, (6.1.7)

fa=00—a)y, P =>10-a) ocq4=(1-a)o. (6.1.8)

07

Here we use Tg to indicate the optimal quantities under the frictionless tax-deflated model.
In contrary to asymptotic developement in the presence of only transaction costs, here the
benchmark depends also on the small parameter §. This helps eliminating unrelated terms from
the underlying control problem. Denote the corresponding optimal soluton by gg and C_'g such
that

ayaagzspa( ) - _(MOI - rg)@@g(z), (619)
and B )
Co(2) = =U"(0:05(2)) = (U) "1 (0:05(2)). (6.1.10)
6.1.3 Asymptotic expansion

The main result of this chapter is the following.

Asymptotic Expansion 6.1.1. 2 Replacing the transaction cost coefficients A\, As and the
interest rate r by

Ay =Apd%, MY =Agd% O =18 §>0,
and let ©° be the corresponding value function defined by (6.0.1). Then we have

¢ = @ (2) +ud(2)6* + 0(8%),

0

where u), is given by

— 502 (T0(2)202.u%(2) = [(a = r)Y(2) + 1oz — Ca(2)]0:ul (2) + Bug(2) —a(2) = 0. (6.1.11)
The constant a(z) (depending on z) is uniquely determined by
. 1 _ _
min { — 502(1 — 0p)*05,G0(2,p) — (ara0:55(2)75(2)p — b(z,p)) + a(2),
Go(2,0) + (As + AB)0:20(2)7a(2) — Ga(2,0)} =0, (6.1.12)
and the constant b(z,p) (depending on p and z) is uniquely determined by
P P _
mln{§02(yg(2))2[1 — (1 - )2.35(2)] 6§q o(2,0,9) + 500 (—02.80(2))a® = b(z,p),
(9 G6 (Z p) + )\Baz(Pa( ) aqwg(zapa Q)v

~As0:82,(2) — 0wl (z,p,q)} = 0.
(6.1.13)

ya( )’

2. We provide only formal derivation of the corrector equations.



198 CHAPTER 6. JOINT IMPACT OF CAPITAL GAINS TAXES AND TRANSACTION COSTS

6.2 Probabilistic interpretation
It is convenient to consider the certainty equivalent wealth gain, so we postulate

@ = @i (z + ﬂg(z)54 + C;’i(z,p)56 — wg(z,p, q)0% + 0(58))
= §0(2) + 0. 00110(2)0" + 0.30,(2)Go (2, p)0° — 0.50,(2)i5, (2, p, )6° + O((1@),)*6°) + o(6%)

It is straightforward to see that

1 ~ -
mln{ - 502(1 - 5p)262 G(S (Zap) - arozgg(z D+ d(Z) + b(Z,p),

PP
Go(2,p) + (As + Ap)ia(z) — Go(2,0)} =0, (6.2.1)
S P _ . 1 o2 -
min {502(3/2)2[1 - (1 - a)azyg(z)]Qangg(zaPa q) + 577:;—(/2) q2 - b(Z,p),

P 5 A0 a0
72.(2) OpGa(2p) + Ap = 94ty (2, p: q);
—As — 0@ (2,9, )} = 0, (6.2.2)
with )
a(2)0:70(2) = a(z),  b(z,p)0:30(2) = b(z,p)-

First corrector equation The dynamic of the optimal wealth process Zg,t satisfies

ng,t = (Tng,t - éi(Zg,t))dt + gé(Zg,t)((Noc - ri)dt + Uath)a Zg,o =z

«

Denoting the generator of Zg[,t by £3, then (6.1.11) can be written as

—Loug (2) + Bug () = 8:65(2)a(2).

Therefore, we obtain the following probabilistic representation of @’ (z) (see [ST13, Equation

(12)) :
ul() = B[ [T e o628 yaZh )]

Define the risk-neurtal measure Q° under the frictionless tax-deflated model by

dQs| e Ta.ph(Zh,) _ (- LuZh.)
0 (285

t
= wdW) = E( = [ (pa —12)og dW,
dp |, 8,58 (2) oadWs) = £( /0 (1o = r)os dWS),
where we have used (6.1.7) and (6.1.9) for the second and third equality. We obtain therefore

uh(2) = A (E% | [T eta(2] )],
0

and
— — — — — S5
dZ0, = (1325, — CO(Z3.,))dt + Go(Z0 ) oadW e,

a,t T a“a,t o

S5
where WtQC“ is a Q°-Brownian motion by Girsanov theorem. In particular, the equivalent wealth
gain with respect to the frictinless tax-deflated model is given by

ib(z) =E% | / (22 )]
0

see also [HMK15, Theorem 4.1] and Remark 4.4.5.
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Second corrector equation Now following [ST13, Equation (4.4), Section 4.1], we solve
explicitly (6.2.2) and obtain

o) = 103 BRI~ (1 )0

olep) = 5773(2) 4 o2 /nd ()

Note that we can also write

(As + A + ;spapég(z, )]

z _ Lo & o?(Ga(2)* 1 — (1 - a)d:g0)* 0% P
b(z,p) = }gg ()\5 + A+ %p(‘)pGa(z,p)) v + 20.(2) 3
i 1 =5 a¥ (z) 12
—inf (As+Ap+ %papGa(z,m) TR
where )
76 o
a%(2) = 272 (2))*[1 — (1 — @)d.50)%,  7(2) = —2—.
(2) = (7o (2))°[1 = (1 = )04, )7, 7(2) 7 (2)

Plugging above expression into (6.2.1) and using similar arguments as in Section 5.6.3, it follows
that a(z) can by represented by the following time-average control problem :

() = sup i L[ [ (i o — 0T By 5 (0]

(1)) T—o0 Ale 3 AT
(6.2.3)
where
a¥a(2)
dpt = O'(]. — 6pt)th — Tptdt - Z ij—'
4yalt Tjgt

The four terms in (6.2.3) are interpreted sequentially as i) certainty equivalent wealth profit
of the tax deferral value with respect to the frictionless tax-deflated model, ii) proportional
transaction costs incurred when restricting y; — yji(ZiQ inside [—l;, ], iii) certainty equivalent
wealth loss due to deviation from the benchmark position gg(Zg,t), iv) transaction costs incurred
by wash-sale (realization of capital losses).

Third corrector equation The interpretation of (6.2.2) is already given in [ST13, Remark
3.3], that is

. T 1 T 2 — +
“b(zp) = inf T SB[ [ e+ h () Lr + 0 )Ur ]

where

dgr = Vave&dW; + Ly — Uy,

and

1 -
h™(z,p) = Ap + pwapaiu,p), ht(z,p) = As.

This coincides with the heuristics in Section 4.4.3. Indeed, using the following change of variable

Q=+
S?
we obtain
- ) 1 T o T - - -
—b(Z,p): Lnf lim 7E[/ T(Z7S)q +h (Zap7S)LT+h (Z,p,S)UT},
(L,0)T—00T 0
where

dg = Vava()dw, + Ly — U,
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with
0252

2n5,(2)

f(Z,S) = ) d?}i (ZWS) = 0'2(@3(2))2[1 - (1 - a)azggz]Z/S27

and
B_(Zapa S) = )\BS +p;§8péi(zap)7 B+(Z,p, S) = )\SS

St), hi(Zg’t,pt,St) and dgg‘(zé

a,t)

We verify easily that r(Z°

a,t)

4.4.3, with the target ¢} being §5,(Z3 )/ St

St) correspond to 7, hy and ay in

Remark 6.2.1. From the corrector equation (6.2.2), we observe that the impact of capital gains
taxes on the non-transaction zone is asymptotically equivalent to adding an extra proportional
cost »

———0,G0 (2,

,gg(z) p a( p),
to the cost coefficient \p of the buy side.

Remark 6.2.2. Based on the system of corrector equations, one can easily derive the trading
boundaries in the presence of both capital gains taxes and transaction costs. The non-transaction
zone is similar to [Lel99, Figure 3]. However, the corrector equations contain much more quan-
titative information for economic analysis. It would be interesting to compare numerical com-
putation with our asymptotic analysis.

6.3 Homothetic case

We illustrate our result in the case of classical CRRA utility function

cl=
UullC)= , C>0,
©)=1—
for v > 0 and v # 1. We have
K7 _ _ _
G0 = T, Ho)=E& C()=K=,
where )
_ 1— _ _ _
r_B_ 7{r+(ﬂ 7;) I Py
v v 2vo o
Moreover, we have
0:0(z) _ =z

M= )~y

Without capital gains taxes (o = 0) In the absence of capital gains taxes, G? is just a
constant and we have

a(z) = b(z,p).
The corrector equations (6.2.1)-(6.2.2) reduce to (3.12) in [ST13].

Without transaction costs (Ap = Ag =0) Define p by

= 5 o2 1
b(z,p) = [,0 +3\/§A(7022>

}2/3 A 4€°

_1/2p3péi(2,p) ) = W-
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Then G? solves

o? 1

L 202 A6 s . 3 5
—20<1—5p>@wGa@Jﬁ-anwa@nr+a@>+[p<+§2V@Avw2@_v2m%0a@4»

]2/3 o

By a change of variables, we can show that

() = (VeA(o®2) ) (aragd () " midp), 5= —2

77
Varayl

where m?(p) solves

_%(1 _ (5p)2G”(p) —p+ ma(p) + (p3 + %pG/(p))Q/g —0.

For A\g¢ = Ap = 0, we have p = 0 and consequently

_ N 1 (1—9)@2(z) _ 1 — v 0% /2arE0\4/3
5 5 _ a _ =6 ) 2/3
0002l = Tz, ) = A g () mO4

«

i<}

which is exactly the result in Chapter 5 in a single regime market(see also [CD13, Equatioin
(A.13)]).
6.4 Asymptotic development

6.4.1 Fast variables

We postulate

O (2,9, k) = @o(2) + 61 (2) + 8°GY (2, ) — 8%wl(2,p,9) + 0(6°), (6.4.1)
where

z=z+ (1 —a)y + ok, (6.4.2)

1-k
p=—2, (6.4.3)

)
=0
Y —Yal2

= 52(). (6.4.4)

The Jacobian of the above change of variable is

1 1—« o
— 1—dp -1
7 0 SR (1%
0.0 1-(a)degh(z)  —ad.pi(:)
52 52 52

By chain rule, we have

—0.7°
0pp’ = 060" + ;2‘% 0°,

1—dp 1— (1 - a)0:53()
o _ 0 0 e 0
81/90 - (]‘ - a)azSD + 5(@3(2) +52Q) 8;0(;0 + 52 8(1(;0 ’
-1 —ad, 5 (2)
o __ é é ZJa 0
A T T e K P
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In particular, we have
1
Bpp? — 0y 0° — O = L 80° + =",
CCSD y(P kQO (gg(2)+52q) p‘P + 52 qu

and
-1+ apé «
_aay906 +(1- a)ak@é = —5@5(2) T 0%) 8pg05 - ﬁﬁqgo‘;.

Plugging (6.4.1) into above equations, we obtain
02" = (0:05(2) + 8°0u (2) + 0°0. G2 (2,p) + 0(5°))
_azgg
+ =5 (= 80w (z.p.9) + 0(8%))
= 0.30(2) + 6°0.ul, (=) + 090G (2,p) + 0:G0gw (2., 0)) + 0(6),

0y6" = (1= ) (9.85(2) + 840, () + 6°0.GL (2, p) + o(6")

' cml(z_)ipﬁq) (6°0,G4(2,p) + 0(3))

—(1—0a)0.79(=
+ 1 (1 52>82ya( )(_ 588qwi(z,p, Q) +0(57))

= (1 - )23 (2) + 6*(1 — a)d.ul(2) + 55W8pGi(z,p)
+8%((1= 02:G3zp) = ot BpGalzp) = (1= (1 = )00 )0y (2,0,0)

+0(6°),

O = a(az¢g(z) + 640.ud(2) + 6°0.G2 (2, p) + 0(56)>
bt
0(7a(2) + d%q)
—ad, (2
(5:(2/()( - 58aq/wgl(zapa Q) + 0(57))7
1
=5
= ad:9,(2) + ' ad.ug (2) — i eErE

+8°(a0.G4,(2,p) + a0-95(2)0qwh (2,1, 0)) + 0(5°)

(690, G2, (2, ) + 0(6%) )

_'_

9pGo,(2,p)

Similarly, we obtain ﬁgycp‘s up to o(d*) as
87: dq 0%z
yy(,O = 2 o4 —8Zp<p + 582 ) + (%QDJﬁ

8 8 3 3 50°
p( 282 ) £82 qazqgo)_i_a D

Tay\ay et T g, Ty, ? o2

0q (0% . 8p 9 8q 9 (‘9q
+ay(aa 8—@/% 8aqq<p)+a P50

= (1 - @)202.80.(2) + 8*(1 — 0)?0%. (2) + O(5%))

1 —dp 1—6p 1
S (2) + %) (5@ 7(2) + 0% )563517(;2( p)+ 0(55)) +O(66)0(5)
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1
52)

(1 — a0 () 1 — (1 — D
+ 1 (1 62)8zyo¢( )(1 (1 52)8,23/@( )agq a(z,p,q)58+0(55)> +O(58)O(
= (1-a)*32.¢0(2)

+ 34 ((1 = @) 0Lub =) +

+ o(6%)

magpgé( p)+[1 = (1 — a)d.45(2)]* 02w a("”p’Q))

6.4.2 Corrector equations

Using the expression in the previous section, we obtain

(611) = —50%* (1~ a)32.60(2) + 0*((1 — 0020 (2

) 0 ) + (1~ (1 @ g . 0)

— iy (1= )0.8(2) + 6*(1 = a)0.ud (2) )
— (1= a)rd®z(0.05(2) + 0'0.ub (2) )
+ B(#5(2) + b (2))
— U(0,82(2) + 6*0.ul (2) + o(6%)) + 0(6%)
= — 51— aPPOEL(2) — (1 — ). (2)
— (1= @)r6®28.00,(2) + Bpo(2) — U(0:60(2))
54— S0P (1 - P02l (2) — puy(1 — )00 (2)
— (1= )rd®zd.ul (2) + Buf (2) — U (0:65(2))0.ul ()
+8'( - 302(1 — 0p)*02,Gh(2,) )
5 (50%P 11— (1 )0l ()P (2. p,)) +0(%)
LY 2020207 6(2) — papepl (=) — 130 (=) + B (=) — U(0.75()
e %%yzagz 8(2) = HayOaud(2) — rhwoud (2) + Bud(2) — U'(0-85(2))0-ub(2) )
64— 20?1 PP G =)
5 (30%P 11— (1= )0 ()Pl (2. pr)) +0(5%)

(617)(6110) 1 _ _
— 500 0%.80(2) — 1ayd:@a(2) — 1010:94(2)

+

1 ) . .
+ =02 (G0)202.85(2) + U0 (pa — 12) 020 (2) + 1020.6,(2)

5%
* 54( - % y?02,ud(2) — payd:ud(2) — rwd.ul(z) + Bud(z) + @§(Z>8zu5a(z))
+ 64( % (1 6p)28§pch( ))

+ 54(%(723/2[1 — (1 )0 (POl (.9, @) + o8

L 54— 020268 ()02 — B (2 up)
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45— 50200 (2) — oDl (2) — rimdiad (2) + Bl (2) + OB (2)D-il (2))
1
+o4( - 50° (L= 8p)°3}, G2, p))

+ 54(%(;21/2[1 —(1- a)@zgg( )] 3§q a(%p, q)) + 0(54)

Hence,

(6:1.1) = 8*( = So2 () PO (=) — (pa — 1)L ()00 (2)
— rh20.ub(2) + Bub (2) + Co(2)0.u5(2))
04— 501 = 09)%08,Gi 2p) — 0B ()i (2)0)
F (S - (1 - 0. PO p.0) — 5020208 ()?)
+ o(0%)

Similarly,

(6.1.2) = (8,9° — By’ — N?) + Apdpp®8°
p 1
= ) T T @0+ Andee’ s

- 56(yg( )8 bGalz,p) = Ogwe (2,p,q) + ABaz@g(z)) + 0(8°).

(6.1.3) = =[(1 — @)y + ak] (1 = As6")up” — Dyp® — O’

—a(y — k) s, A=—a)ly—k), ;
(1—-a)y+ ak yP +(1—a)y—1—ak¢ k(p)
=—-[1—-a)y+ ozk:]((l — 2509)0,0° — 9, — Bp®
op —1+ apd PP
T S@e ot e 20 )

= 11 = )y + k) (858G p) = Byu(2,p,0) = AsD:50(2)) +0(8°)

DpG2(2,p)0° + 0(5°))

ya( )P
—[(1 = @)y + ak](—0wi (2, p, q) — As0-8%(2))8° + 0(3°).

(6.1.5) = inf (*(2,p,0) = ¢ (= = As(B2(2) +8°0)8° = Ap(32(2) + 8%44)0°) )
= inf (G4 (2,p)0° + 0. 85,(2) \s + Am)FA(2)° — G (2, 0)8° + (%))
= (G3(2,p) + 0:3%(2) (A5 + Ap)iA(2) — G (2,0))8° + o(6°)

Finally, introducuing a(z) and b(z, p) for the separation of variables, we obtain

—50a(Ha) 2024l (2) — (pa — ro)Jadzug (2) — rozd:up(2) + Bup (2) + C(2)d:ud(2) — a(z) = 0,
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min { — 20%(1— 5p)° 03, G (2.p) — arad- () (2)p + alz) + b(z ),
Go(2,p) + 0:80(2) (As + A)yh(2) — Go(2,0)} = 0,

min {50” (G211~ (1~ 0)0.78 ()P0, wl (. .0) — 50202 F (=)0 — bz p),

0,62 (2.p) + A5 0:5(2) — Dyl (.. ).

yo.(2)
~As0:82(2) — 0wl (z,p,q)} = 0.
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