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d̂n � dopt p.s.

�
n (d̂n � dopt)

L�N (0 , � dopt ) .

� dopt

� dopt =
� dopt

�
� 2� �
�d 2 ( dopt ,� 0)

� 2 .

1 � � dopt =2
�

n

�̂ dn

(d̂n � 2)2 >
�
� � 1(1 � � / 2)

� 2
�

,

�̂ dn =
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� 2 ˆ � �
�d 2 ( dopt ,� 0)

� 2 �
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d̂n

dopt �̂ dn � dopt
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�

� d̂n � � � 1
1 � � / 2

�
�̂ dn

n
; d̂n +� � 1

1 � � / 2

�
�̂ dn

n

�

�

dopt � � ]0 , 1[
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n ��

P [ dopt � In ]=1 � � .

� h

h

� t

� t
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dopt =2
dopt � =2

dopt =2
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( xi ,yi )

X Y
(� ,A,P ) . � � Rn

B ( � ) R B (�)
Dn =( x1,y1) ,..., ( xn ,yn ) n

X Y ( X i ,Yj ) i = j
FXY X Y

f f



�
��

��

f : � � � ,

f ( x )= � T � ( x )+ b,

yi = f ( xi )+ ei .

� � Rn � ( . ) b
ei

� b

Remp ( �,b )=
1
n

n�

i =1

( � T � ( xi )+ b � yi )2,

� � �2 � a a � R+ .

�
min
�,b,e

Jp ( �,e ) ,Jp ( �,e )= 1
2� T � + � 1

2

� N
t =1 e2

i

yi = � T � ( xi )+ b + ei ,i =1 ,...,N

�

,

� ( . ): Rn � Rnh

J � � R+

ei � R

L ( �,b,e )= Jp ( �,e ) �
N�

t =1

� i ( � T � ( xi )+ b + ei � yi ) ,

� i � R

�
��������������

��������������

�L
��

=0 � � =
N�

t =1

� i � ( xi ) ,

�L
�b

=0 �
N�

t =1

� i =0 ,

�L
�e i

=0 � � i = �e i ,

�L
�� i

=0 � � T � ( xi )+ b + ei � yi =0 ,i =1 ,...,N



�
�,b :�

0
1v

| 1T
v

�+ I/�

� �
b
�

�
=

�
0
y

�
�

,

y =[ y1,...,yN ] I v =[1 ,..., 1] � =[ � 1,...,� N ] �
N × N

� ij = � T ( xi ) � ( xj )= K ( xi ,xj ) , i,j =1 ,...,N.

f ( x )=
N�

i =1

� i K ( x,x i )+ b.

K ( x,x i )= exp
�
�� x � xi �

2 / 2 � 2
�

.

Rn

�
min
�,b,e

Jp ( �,e ) ,Jp ( �,e )= 1
2� T � + � 1

2

� N
t =1 � i e2

i

yi = � T � ( xi )+ b + ei .i =1 ,...,N

�

.

L ( �,b,e )= Jp ( �,e ) �
N�

t =1

� i ( � T � ( xi )+ b + ei � yi ) .
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��������������

��������������

�L
��

=0 � � =
N�

t =1

� i � ( xi ) ,

�L
�b

=0 �
N�

t =1

� i =0 ,

�L
�e i

=0 � � i =
�� i ei

N
,

�L
�� i

=0 � � T � ( xi )+ b + ei � yi =0 , i =1 ,...,N.

� ei

�
�,b :�

0
1v

| 1T
v

�+ V�

� �
b
�

�
=

�
0
y

�
�

,

V� V� = diag
��

1
�v 1

,..., 1
�v N

��
� =

[ � 1,...,� N ]T y =[ y1,...,yN ]T .
� i

f ( x )=
N�

i =1

� i K ( x,x i )+ b.

vi

� i =

�
��

��

1 |ei
ˆ s | <c 1

c2 �| ei
ˆ s |

c2 � c1
c1 < |ei

ˆ s | <c 2

10� 4

ˆ s

ˆ s =1 . 483 Med {| ei � Med | ei ||} ,

c1 =2 . 5 c2 =3

M



�
K ( x,x i ) { xi ,yi }

N
i =1 � i

� i �̂ ( s )
i Ui

� K ( x,xi )
ˆ � ( x ) i

� b

ˆ � i ( x( � ))=
N

�
� ( s )

i

N�

k =1

uik K ( xk ,x( � )) .

ˆ � ( x )
M<<N

M
M

F � t

� 2
t = F [ � t � 1,� t � 2,...,�t � p] .

� t

�
� t =100 log ( Pt

Pt � 1
)

� t = � t � t ,



Pt t ( � t )
� t

�
log�2

t = log� 2
t +( log� 2

t � µ )+ µ
log�2

t = f ( � t � 1,...,�t � p)+ zt ,

zt

ˆ � 2
t = e

ˆf ( � t � 1,...,� t � p) .

log ( � 2
t ) � 2

t

� 2
t = � 2

t � 1
� � (0 , 1)

Pt � 1[ � t < � VaRt ( � )]= �,

Pt � 1 { � µ ,µ<t } ( � t )

VaRt ( � )= � �t ( � t � 1,� t � 2,...,� t � p) F � 1
z ( � ) ,

F � 1
z ( � ) zt F � 1

z ( � ) < 0
�



MSE = 1
N

� N
t =1 ( � 2

t � ˆ �2
t )2

RMSE =
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1
N

� N
t =1 ( � 2

t � ˆ �2
t )2

MAE = 1
N

� N
t =1 | � 2

t � ˆ �2
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� � (0 , 1)
( � t ) �

t ( � )= � inf { x : P ( �t +1 � x | �u ,u � t ) � � } .

�
� t = � t � t

� t = � t ( � 0)= � ( �t � 1,� t � 2,... ; � 0)

( � t )
� t { � u ,u<t } � 0 � Rm

� � : R� × � � (0 , � ) �2t
� t

t ( � )= � �t ( � 0) � � ,

� � � P�

P�

E� 2
t =1

p,q

�
� t = � t � t

� 2
t = � 0 +

� q
i =1 � 0 i � 2

t � i +
� p

j =1 � 0 j � 2
t � j



� 0 > 0 ,� 0 i � 0 ,� 0 j � 0 . �2
t =� �

i =1 � i � 1
01 ( � 0 + � 01� 2

t � i) � 01 < 1

E� 2
t =1

| � t |r r � R

( p,q )

h
� ( x )=(1 /

�
2 � ) e� x2 / 2

� 0

� ��

� �
0 h P� � 0 h � = � h � = f�

f � P� � �
0 � = �0

� ��� � = ��
� t ( � 0) � � = � t ( � �

0) � �
�

h
� 0 �

P�

h



H � � � K> 0
( xi )i

K� ( x1,x 2,... ; � )= � ( x1,x 2,... ; H ( �,K )) .

K� t ( � )=
�

K 2� + K2� + �� 2
t � 1 = � t { H ( � 0,K ) }

H ( � 0,K )=( K 2� 0,K 2� 01,� 01)�

� � < 0

t ( � )= � �t +1 ( � 0) � � = � t +1 ( � 0 ,� )

� 0 ,� = H ( � 0, � �� ) . � 0 ,�

� �
0 � t ( � �

0)= � � � t ( � 0) � � > 0 h P�

� t /� �

� � � t ( � 0)
� �

� = � � /� �

t ( � )= � �t +1 ( � �
0) � �

�

� 1,...,� n � �i i � 0

� �t ( � )= � ( �t � 1,� t � 2,...,� 1, � �0, � �� 1,... ; � ) .

� t ( � )= � ( �t � 1,� t � 2,...,� 1,� 0,� � 1,... ; � ) .

h> 0

�Qn ( � )=
1
n

n�

t =1

g ( � t , � �t ( � )) , g ( x,� )=log
1
�

h
� x

�

�
,



�̂ �
n =argmax

� � �
�Qn ( � ) .

h
h �

� t ( · )
� t

( � t )=1 � 2
t

( � t | � u ,u<t ) ( � t )
�̂ �

n

( � t )
s> 0 E | � 1|s < �

� > 0 � �t ( � ) � ( � , � ] � � � t � 1
� 1,� 2 � � �t ( � 1)= � t ( � 2) a.s. � 1 = � 2

g ( � t ,� t ( � ))= g
�
� t ,

� t ( � )
� t ( � 0)

�
� log �t ( � 0) .

� � Eg ( �0,� ) [ �� , + � )
� � � (0 , � )

h R
� � 0 C0 > 0

u � R \{ 0 } | uh� ( u ) /h ( u ) |� C0(1+ | u |� ) E | � 0 |2 � < � .

C1 { � u ,u< 0 }
� � (0 , 1) sup� � � | � t ( � ) � � �t ( � ) |� C1� t

� �
0 = H ( � 0,� � ) .

� �
0 � .

� �
0

�
� � .

x � Rm x� �� t ( � �
0 )

�� =0 ,a.s.



� �� � ( x1,x 2,... ; � )

sup
� � �

�
�
�
�
�� t ( � )

��
�

� � �t ( � )
��

�
�
�
� +

�
�
�
�

� 2� t ( � )
���� �

�
� 2� �t ( � )
���� �

�
�
�
� � C1� t ,

C1 �

h
| u2 ( h� ( u ) /h ( u ))� |� C0(1+ | u |� ) u � R \{ 0 } E | �0 |� < �
C0 �

V ( � �
0) � �

0

sup
� � V ( ��0 )

�
�
�
�

1
� t ( � )

�� t ( � )
��

�
�
�
�

4

, sup
� � V ( ��0 )

�
�
�
�

1
� t ( � )

� 2� t ( � )
���� �

�
�
�
�

2

, sup
� � V ( ��0 )

�
�
�
�
� t ( � �

0)
� t ( � )

�
�
�
�

2 �

� � =1
� t E� 2

t =1

� �

E
�

� 0

� �

h�

h

�
� 0

� �

��
= � 1 .

� 0 =( � 0,� 01,...,� 0 p )�

� � =( �,� 1,...,� p)�

�< 0 �
� = � ( �0) � �0

� 1 A � ( z )=
� q

i =1 � i zi B� ( z )=1 �
� p

j =1 � j zj .

� ( �0) < 0 � � � � ,
� p

j =1 � j < 1 �>� � > 0 | �0 |
p> 0 A � 0 ( z ) B� 0 ( z )

A � 0 (1) � =0 � 0 q + � 0 p � =0



�̂ �
n � ��0 ,a.s.

� �
0 Eg2( � 0, 1) � =

0 �
n

�
�̂ �

n � ��0
�

L�N (0 ,�h J � 1
� )

J� =4 ED t ( � �
0) D�

t ( �
�
0) � h =

4 Eg2
1( � � 1

� � 0, 1)
�
Eg2( � � 1

� � 0, 1)
� 2 ,

Dt ( � )=
1

� t ( � )
�� t ( � )

��
,g 1( x,� )=

�g ( x,� )
��

g2( x,� )=
�g 1( x,� )

��
.

h
�> 0

h� ( x )=
�

�(1 /� )21+1 /�
e� | x |�

2 ,

� x � =0

h�

h
( x )= �

� | x |�

2 x
.

� � =
� �

2
E | � 1|�

� 1 /�
.

g1

�
� 1

� �
, 1

�
= � 1+

| � 1|�

E | � 1 |�
,g 2

�
� 1

� �
, 1

�
=1 � (1+ � )

| � 1|�

E | � 1|�

� h := � GED =
4
� 2

�
E | � 1 |2 �

( E | � 1 |� )2 � 1

�

.



� 0 =( � 0,� 0,� 0) � t �N (0 , 1)
E | � 1 | =

�
2 /� (1 / 4) e�| x | / 2

h (1) �̂ �
n

� �
0 =(2 � 0/�, 2 � 0/�,� 0)

� h =2 � � 4

h
�( b,p,d ) b> 0 p> 0 d> 0

h ( x )= hdgG ( x )=
dbp

2�( p
d )

| x |p � 1e�| bx |d .

x � =0

x
h�

h
( x )= p � 1 � d | bx |d .

� � =
�

dbd

p E | � 1|d
� 1 /d

.

g1

�
� 1

� �
, 1

�
= p

�
| � 1|d

E | � 1|d
� 1

�

,g 2

�
� 1

� �
, 1

�
= p

�

1 � ( d +1)
| � 1 |d

E | � 1|d

�

.

� h = � dgG =
4
d2

�

�
�

E | � 1 |2 d

�
E | � 1 |d

� 2 � 1

�

�
� .

� dgG � GED � = d

h �

h ( x )= h� ( x )=
�

�
� +1

2

�

�
�� �

�
�
2

�
�

1+
x2

�

� � � +1
2

.

g1( x,� )=
� ( x � � )( x + � )

� ( x2 + �� 2)
,g 2( x,� )= �

� { x4 + x2(1+3 � ) �2 � �� 4}
� 2( x2 + �� 2)2

.



� �

E
� 2

1

�� 2
� + � 2

1
=

1
� +1

.

� � � h

� �1

t ( � )= � �t +1 ( � �
0) � �

� ,

� �
� � ��t := � t /� � � �

� < 0

t ( � )= �t +1 ( � 0 ,� ) � 0 ,� = H ( � �
0 , � ��� ) .

� 0 ,�

� � := � � � �
� � �t � 0 ,� = H ( � �

0 , � ��� )=
H ( � 0, � �� ) .

�̂ �
�,n ˆ � �

t := � t / � �t (�̂ �
n ) t =

1 ,...,n

� 1 f � � f ( � � ) > 0

�> 1

�
n

�
�̂ �

n � ��0
�̂ �

�,n � ���

�
L� N

�
0 , � � :=

�
� �

11 � �
12

� �
12

� � �
22

��
,

� �
11 = � h J � 1

� ,

� �
12 = �

�
� �

� � h �
4 c�

� � f ( � � ) Eg2( � �
0 , 1)

�
J � 1

� � � ,

� �
22 =

� h ( � �
� )2

4
�

2 c� � �
�

� � f ( � � ) Eg2( � �
0 , 1)

+
� (1 � � )
� 2

� f 2( � � )
,

� � = ED t ( � �
0) c� = ( 1{ � �

t <� �
� } ,g1( � �

t , 1)) .



h = �
�̂ �

n,� � 0 ,�

h

H
( � �

0 , � ��� ) � �
� < 0

�
n

�
�̂ �

n,� � �0 ,�

�
L�N (0 ,G� � � G�

� ) ,

G� =
�
�H ( �,K )
� ( �� ,K )

�

( � �
0 , � ��� )

.

� 1

�
t ( � )= �t +1 ( � 0 ,� )

� t ˜ � t

K ˜ � t ( � )=˜ �t ( � ) { H ( �,K ) } ,

�̂ �
n,� h ( x ) hs( x )= s� 1h ( s� 1x )

s> 0

˜ � 0( � )



G�

G� =

�

�
( � �

� )2 0 0 � 2 ��� � �
0

0 ( � �
� )2 0 � 2 ��� � �

0
0 0 1 0

�

� :=

�

� A� � 2 ���

�

�
� �

0
� �

0
0

�

�

�

� .

� �
0 =( � �

0 ,� �
0,� �

0 ) � �

( � �
0 ,� �

0, 0)
�� 2

t ( � �
0)

��
= � �

0 + � �
0� 2

t � 1+ � �
0

�
( � �

0 ,� �
0, 0)

�� 2
t � 1( �

�
0)

��

�

=
��

i =0

� � i
0

�
� �

0 + � �
0� 2

t � i

�
= � 2

t ( � �
0) .

1
� t ( � �

0)
�� t ( � �

0)
�� �

�

�
� �

0
� �

0
0

�

� =
1
2
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� �
�

�

�
� �

0
� �

0
0

�

� =
1
2

,J �

�

�
� �

0
� �

0
0

�

� =2� � ,J � 1
� � � =

1
2

�

�
� �

0
� �

0
0

�

� , � �
� J � 1

� � � =
1
4

.

�
1

� 2
t ( � �

0)
�� 2

t ( � �
0)

��

�
= J� � 4� � � �

� = J� ( J � 1
� � � � ) J� ,

� � =

�

�
� �

0
� �

0
0

�

�
�

� �
0 � �

0 0
�

=

�

�
� �

0
2 � �

0� �
0 0

� �
0� �

0 � � 2
0 0

0 0 0

�

� .

�
1

� 2
t ( � �

0 )
�� 2

t ( � �
0 )

��

�

J � 1
� � � �

G� � � G�
� = � hA� J � 1

� A� +
�

4( � �
� )2� (1 � � )
� 2

� f 2( � � )
� �h ( � �

� )4

�
� �

= � hA� ( J � 1
� � � � ) A� +

4( � �
� )2� (1 � � )
� 2

� f 2( � � )
� � .



A� � � A� =( � �
� )4� �

h

M� =
� 1

� 2
�
I 2 02

0�
2 1

�
.

A = M � 1
� A� �= M� � � M� = � �

� 4� �

� 0 = M� � �
0 ,D t ( � �

0)= M� Dt ( � 0) J� = M� JM � .

G� � � G�
� = � hA ( J � 1 � �) A +

4 � 2
� � (1 � � )
f 2( � � )

� .

h1 h2

h1 � h2
� h h

h1 � h2 � h1 <� h2

x+ =max( x, 0) x � =max( � x, 0)

�
� t = � t � t

� �
t = � 0 +

� q
i =1 � 0 i + ( � +

t � i)
� + � 0 i � ( � �
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t � j

� 0 i + � 0 � 0 i � � 0 �0 j � 0 � 0 > 0 �> 0
� =2 � 0 i � = � 0 i + � 0 i � >� 0 i +

�
� � =1

� =2 � ( �0)



� 0 =( � 0,� 01+ ,...,� 0 q � ,� 01,...,� 0 p )�

� ( �0) < 0 � 0 � � > 0 � � �
� ,�>�
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j =1 � j < 1 � 1

P [ � t > 0] � (0 , 1) p> 0 B� 0 ( z )
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i =1 � 0 i + zi A � 0 � ( z )=1 �

� q
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� 00 =1

E� 2
1 =1

( p,q )
� 1 f � � < 0 f ( � � ) > 0

h
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�
n

�
�̂ �
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f 2( � � )

� ,

�
�
0 =( � 0,� 01+ ,...,� 0 q � , 0 ,..., 0)

A =diag
�
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ˆ � � 1

� ˆ � t , 1
�� 2 .

h� ( x ) � �K
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� 0 ,G = H
�

� 0, �
� 1

0
� udG ( u )

�

� 1
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i )lim
n ��

sup
� � �

| Qn ( � ) � �Qn ( � ) | =0 ,a.s.

ii ) � � = ��0 , E g ( � 1,� 1( � )) < E g ( �1,� 1( � �
0)) ,

iii ) � � = ��0 V ( � )

limsup
n ��

sup
� � � V ( � )

�Qn ( � � ) < limsup
n ��

�Qn ( � �
0) ,a.s.

Qn ( � )=
1
n

n�

t =1

g ( � t ,� t ( � )) ,

iv )lim
n ��

�
n sup

� � V ( ��0 )

�
�
�
�

�
��

Qn ( � ) �
�
��

�Qn ( � )
�
�
�
� =0 ,

V ( � �
0) � �

0

v ) J�
� 2

���� �
Qn ( � � ) �

Eg2( � � 1
� � 0, 1)
4

J� ,

� � �̂ �
n � �

0

vi )
�

n
�
��

Qn ( � �
0) L�N

�
0 ,

Eg2
1( � � 1

� � 0, 1)
4

J�

�
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g ( � t , � �t ( � )) � g ( �t ,� t ( � ))= g1( � t ,� �
t ( � )) { � �t ( � ) � �t ( � ) }

g1( �,� )= �
1
�

�
1+

�
�

h�

h

� �
�

�
1� � =0

�

� �
t ( � ) � �t ( � ) �t ( � ) .

sup
� � �

| Qn ( � ) � �Qn ( � ) |� C1n� 1
n�

t =1

sup
� � �

| g1( � t ,� �
t ( � )) | �t

�
C1

n�

n�

t =1

� t

�

1+ C0

�

1+

�
�
�
�
� t

�

�
�
�
�

�
��
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t =1

P ( � t | � t |� >� ) �
��

t =1

� st/� E | � t |s

� s
< �

� t ( � �
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� t ( � 0)
= � � ,

� �

E { g ( � 1,� 1( � )) � g ( �1,� 1( � �
0)) } = E

�
g

�
� t ,

� t ( � )
� t ( � 0)

�
� g ( �t ,� � )

�
� 0 ,

� = ��0
� � � k

Vk ( � ) � 1 /k

limsup
n ��

sup
� � � Vk ( � ) � �

�Qn ( � � )

� limsup
n ��

sup
� � � Vk ( � ) � �

Qn ( � � )+limsup
n ��

sup
� � �

| Qn ( � ) � �Qn ( � ) |

� limsup
n ��

n� 1
n�

t =1

sup
� � � Vk ( � ) � �

g ( � t ,� t ( � � )) a.s.

h
h C

E sup
� � � Vk ( � ) � �

g ( � t ,� t ( � � )) < log
1
�

+log C< � .

( X t )
E ( X t ) R �{��}

limsup
n ��

sup
� � � Vk ( � ) � �

�Qn ( � � ) � E Xt,k ( � ) , Xt,k ( � )= sup
� � � Vk ( � ) � �

g ( � t ,� t ( � � )) .

k { X t,k ( � ) }k X t ( � )=
g ( � t ,� t ( � )) { X�

t,k ( � ) }k X �
t ( � )

E X �
t,k ( � ) � E� 0X

�
t ( � ) k � + �



{ X +
t,k ( � ) }k E X +

t,k ( � ) � E X+
t ( � )

k � + � E Xt,k E { X t ( � ) } k �� .

�
��

Qn ( � )=
1
n

n�

t =1

g1( � t ,� t ( � ))
�� t ( � )

��
,

�
��

�Qn ( � )=
1
n

n�

t =1

g1( � t , � �t ( � ))
� � �t ( � )

��
.
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� � V ( ��0 )

�
n

�
�
�
�

�
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�
�
�
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� sup
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1
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�
�� t ( � )

��

�
�
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1
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�
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1
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���� �
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� t ( � �

0)
� t ( � )

�
�
�
�

�
�� � �
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� � V ( ��0 )

�
�
�
�
� 2g ( � t ,� t ( � ))
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� � V ( ��0 )

�
�
�
�
� 2Qn ( � )

���� �
�

� 2Qn ( � �
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t ( � �
0) g1( � � 1

� � t , 1) .
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� 2� t ( � �
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���� �
=0 .



g2( � t ,� t ( � �
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�
n (�̂ �

n � ��0)
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�
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� � (ˆ � �
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t � ��� �
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t � �t (�̂ �
n )

�
�
� =

�
�
�
�
�
� t

� t (�̂ �
n ) � � �t (�̂ �
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� 1
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n b

˜ � n ( d,� 0)= � ( d )+ o (1) , a.s. ( A. 7)

s � Vk ( d )
| s � d | = � �> 0 k n

lim
n

inf
s � Vk ( d )

ˆ � n ( s ) � � ( d ) � �,a.s, ( A. 8)

� ( d ) � �>� ( dopt) . ( A. 9)

D
V ( dopt) dopt V ( d )

D V ( dopt) ,V ( d1) ,...,V ( dk)
i =1 ,...,k V ( di ) i =1 ,...,k di � = dopt

inf
s � D

� �n ( s )= min
i =1 ,...,k

inf
s � V ( di ) � V ( dopt )

� �n ( s ) .

n d̂n V ( dopt)

inf
s � V ( dopt )

� �n ( s ) � � �n ( dopt) � �n ( dopt) .
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�
�
�
�

� ˆ �n
�d

( dn )

�
�
�
� � lim

n
sup

d̃ � Vk ( d ) ,� � V ( �0 )
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� 2� �n
�d��

(d̃, � )
�
�
�
�

�
�
� �̂ n,� � �0
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, ( A. 10)
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�

�
8

d̃2

1

˜ m4
n (d̃, 0 , � )
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( A. 11)
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mn ( dopt , 0 ,� 0)3

�
.



dn

�
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�d 2 ( dopt ,� 0)
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m ( dopt , 0)
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m (2 dopt , 0)
m2( dopt , 0)

� 1
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�
32
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m (2 dopt , 1) m ( dopt , 0) � m (2 dopt , 0) m ( dopt , 1)
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+
8

d2
opt

2 m (2 dopt , 2) m ( dopt , 0)
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8
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. ( A. 12)
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�
m (2 dopt , 0)
m ( dopt , 0)2
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m ( dopt , 0) m (2 dopt , 1 , ) � m (2 dopt , 0) m ( dopt , 1)
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8
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�
m (2 dopt , 0)
m ( dopt , 0)2

� 1
�

=
8

d2
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m ( dopt , 0) m (2 dopt , 1 , ) � m (2 dopt , 0) m ( dopt , 1)
m ( dopt , 0)3

.



32
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�
m (2 dopt , 0)
m ( dopt , 0)2

� 1
�

=
32
d3
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m ( dopt , 0) m (2 dopt , 1 , ) � m (2 dopt , 0) m ( dopt , 1)
m ( dopt , 0)3
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�
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m ( dopt , 1)
m ( dopt , 0)

�
8

d3
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�
m (2 dopt , 0)
m ( dopt , 0)2

� 1
�

=

�
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m ( dopt , 1)
m ( dopt , 0)

�
8

d2
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m ( dopt , 0) m (2 dopt , 1 , ) � m (2 dopt , 0) m ( dopt , 1)
m ( dopt , 0)3

.

� 2� �
�d 2 ( dopt ,� 0)

� 2� �

�d 2
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8
d2
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2 m (2 dopt , 2) m ( dopt , 0) � m (2 dopt , 1) m ( dopt , 1)
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�
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�
8
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�
m (2 dopt , 0)
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� 1
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1
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+3
m ( dopt , 1)
m ( dopt , 0)

�
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� 2 ˜ � n
�d�� (d̃, � )a.s� � 2� �

�d�� ( dopt ,� 0)=0 .

��
�d ( dopt)=0

�
n

� � �n
�d

( dopt ,� 0) � N (0 ,�dopt ) .

X t =

�

�
�
�

| � t |d

| � t |2 d

| � t |dlog | � t |
| � t |2 dlog | � t |

�

�
�
� ,



X t X n

X n =

�

�
�
�

mn ( dopt , 0 ,� 0)
mn (2 dopt , 0 ,� 0)
mn ( dopt , 1 ,� 0)
mn (2 dopt , 1 ,� 0)

�

�
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�
�
�

m ( dopt , 0)
m (2 dopt , 0)
m ( dopt , 1)
m (2 dopt , 1)

�

�
�
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�
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�
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�
n

�

�
�
�

mn ( dopt , 0 ,� 0) � m ( dopt , 0)
mn (2 dopt , 0 ,� 0) � m (2 dopt , 0)
mn ( dopt , 1 ,� 0) � m ( dopt , 1)
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�

�
�
� � N (0 , � dopt ) ,
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�
�
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� �
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�
�
�
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�
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� �
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� � �n
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n
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�
�
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�
�
�
�
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�
�
�
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� dopt

� dopt � = �1,� 2,� 3,� 4 � =0
� k

� �cov ( X t ,X �
t ) � = var ( �X t ) ,

var ( �X t )=0 �X t = � k a.s.

f ( � 1)= � 1| � 1|d + � 2 | � 1|2 d + � 3 | � 1|dlog | � 1| + � 4 | � 1 |2 dlog | � 1 |� �k =0 a.s.

z = | � t |r � ( z )= f ( �1)

� ( z )= �1z + � 2z2 + � 3z
1
d
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� 3� ( z )
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� �3
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� 2 ˜ � n

�d 2
( dopt ,� 0)= o (1) . a.s ( A. 13)
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