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Résumé

Dans cette these, on s’intéresse a I’ existence et a I’unicité d’une solution pour I’équation
KPZ généralisée. On utilise la théorie récente des structures de régularité inspirée des
chemins rugueux et introduite par Martin Hairer afin de donner sens a ce type d’équations
singulieres. La procédure de résolution comporte une partie algébrique a travers la dé-
finition du groupe de renormalisation et une partie stochastique avec la convergence de
processus stochastiques renormalisés. Une des améliorations notoire de ce travail ap-
portée aux structures de régularité est la définition du groupe de renormalisation par le
biais d’une algebre de Hopf sur des arbres labellés. Cette nouvelle construction permet
d’obtenir des formules simples pour les processus stochastiques renormalisés. Ensuite, la
convergence est obtenue par un traitement efficace de diagrammes de Feynman.

Mots clés Equation KPZ généralisée, Chemins rugueux, Structures de Régularité,
Groupe de Renormalisation, Algebre de Hopf, Diagrammes de Feynman, Equations dif-
férentielles partielles stochastiques.

Abstract

In this thesis, we investigate the existence and the uniqueness of the solution of the
generalised KPZ equation. We use the recent theory of regularity structures inspired from
the rough path and introduced by Martin Hairer in order to give a meaning to this singular
equation. The procedure contains an algebraic part through the renormalisation group and
a stochastic part with the computation of renormalised stochastic processes. One major
improvement in the theory of the regularity structures is the definition of the renormalisa-
tion group using a Hopf algebra on some labelled trees. This new construction paves the
way to simple formulas very useful for the renormalised stochastic processes. Then the
convergence is obtained by an efficient treatment of some Feynman diagrams.

Keywords Generalised KPZ equation, Rough path, Regularity Structures, Renormali-
sation group, Hopf algebra, Feynman diagrams, Partial stochastic differential equations.
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Chapter 1

Introduction

In this thesis, we study the generalised KPZ equation
O = 02u + f(u)(0pu)? + k(u)Oyu + h(u) + g(u)E, t>0, xeR/2m, (1.1)
i.e. an extension of the KPZ equation
ou=02u+ (Q,u)*+§&  t>0, x€R/2r, (1.2)

where £ is a space-time white noise. We use the theory of regularity structures introduced
by Martin Hairer in [Ha114b] for solving a class of singular SPDEs. A singular SPDE 1is
a stochastic partial differential equation which contains some ill-defined term, typically a
product of two (or more) Schwartz distributions: for instance in the KPZ equation (I.2)
the solution u is not expected to be differentiable in x, so that the partial derivative 0, u
makes sense only as a distribution and its square (9,u)? is ill-defined. In the generalised
KPZ equation the term g(u)¢ is the product of the distribution ¢ and the continuous
function g(u), which is however not sufficiently regular to give a classical meaning to this
product; therefore this term is as difficult as (9,u)? to treat.

The theory of regularity structures can be considered as a far-reaching extension of the
rough paths approach to stochastic processes introduced by Terry Lyons in [Lyo91] ; in
particular the ideas of Massimiliano Gubinelli in [[Gub04] have proved to be particularly
fruitful. The "rough" point of view can be summarised as follows: if X is solution to
a stochastic differential equation driven by a process Y, then the map ¥ — X can be
factorised into two separate maps

Y—=Y—X,

where Y — Y € Y is measurable, Y is a metric space and Y — X is continuous in
the metric of Y. The continuity of Y +— X yields very useful additional information like
stability properties of solutions. We call Y an enhancement of Y.

In singular SPDEs we have the same factorisation, but a new phenomenon arises. The
natural driving "process" is the space-time white noise ¢; if we replace £ by a smooth
version &, for instance obtained by a convolution with a family of mollifiers, then the
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enhancement of £, does not converge in Y as € — 0 (note that we have not explained yet
the structure of Y). Therefore in general the solution u. to our SPDE is not guaranteed to
converge either.

In order to solve this problem, the theory of regularity structures includes a renor-
malisation procedure, which consists in a way to appropriately modify the enhancement
of &, in order for the corresponding modified u. to converge. The renormalisation pro-
cedure has an algebraic step, by which the appropriate modification of the enhancement
of & is costructed, and an analytic step, where the actual convergence of the modified
enhancement is proved.

Both these steps are rather complex and it is one of the main aims to this thesis to
propose a systematic approach to this procedure. Note that several singular SPDEs have
already been solved by means of a number of computations concerning the convergence
of certain Feynman diagrams. For instance in [Hai114b\ ZZ14, HS14, HP14, BK15, [FH14,
HS15] several important equations, including the stochastic quantization, the Navier-
Stokes equation, the dynamical Sine-Gordon equation, the stochastic heat equation with
multiplicative noise, the FitzHugh-Nagumo equation and the KPZ equation , have already
been proved to be renormalisable in the sense explained above; however in all these pa-
pers one has to guess the structure of some linear operators related to the renormalisation
group and this makes the approach somewhat ad hoc and difficult to apply to very com-
plex equations. Indeed in the above papers the number of terms to be renormalised is
sufficiently low to allow a term-by-term study; from this point of view the generalised
KPZ equation requires a different approach since, with around forty terms to renor-
malise, it is one of the most difficult examples in the theory.

Therefore, we improve several tools present in [Hail4bl], in particular the represen-
tation of the renormalisation group by using Hopf algebras on labelled trees. This con-
struction is very similar to the one for the structure group, one of the basic elements in
the theory of regularity structures. In order to have a simpler formulation, we also extend
the structure space for the SPDEs. By this new algebraic representation, we can treat ef-
ficiently the Feynman diagrams and give a proof for the solution of the generalised KPZ
equation; moreover we can give a sketch of proof for the general case of locally subcritical
equations.

Most of the material of this thesis has been written in collaboration with my advisor
Lorenzo Zambotti and with Martin Hairer. I would like to thank them for the numerous
discussions we had on the theory of Regularity Structures.

This thesis is divided into two parts: one dedicated to the algebraic representation in
chapters 2,3 and 4 and the other one to the computation of the stochastic terms. These
terms appear in the decomposition of our solution in chapters 5 and 6 where we also
provide a complete treatment of the generalised KPZ equation.

e In chapter [2, we present two hopf algebras on labelled trees associated to two
groups: the structure group and the renormalisation group. This construction is
based on the substitution Hopf algebra and the Connes-Kreimer Hopf algebra on
labelled trees. We also explain the link between the two constructions.

12



1.1. Singular SPDEs

e Chapter (3| establishes a link between the previous algebraic setting and the regu-
larity structures used for solving singular SPDEs. We present the correspondence
with the symbol notation introduced in [Hai14bl] and we give a direct construction
of the renormalised models, the topology used for proving the convergence of the
renormalised solution.

e Chapter[dgives a way to have a very simple action of the renormalisation group onto
the model improving the formulae of the previous chapter. Therefore, we extend
the structure space by adding a new label to our labelled trees which keeps track
partially of the action of the renormalisation group. This extended structure also
simplifies many of the proofs for the renormalised model.

e Chapter[5|uses the renormalisation group in the extended structure in order to prove
the convergence of the model. We do not provide a proof of the general case but
we give general results for some Feynman diagrams with few divergences. These
diagrams include most of the examples which have been treated so far with the
regularity structures.

e In chapter [6] we focus mainly on the resolution of the generalised KPZ equation
which follows mainly from the methods introduced in the chapter 5.

1.1 Singular SPDEs

Let us recall briefly the main ideas of this theory: one considers a stochastic partial
differential equation (SPDE) of the form

Ou = Au+ F(u,Vu,§)

where u = u(t,x) is a function (or a Schwarz distribution) on R, x R, ¢ is a white
noise (e.g.) on R, x R? and F is some non-linear function affine in & . It has been known
for a long time that this kind of equation is ill-posed since the solution is expected to be
a genuine Schwarz distribution if d > 2 and therefore the non-linearity F'(u, Vu,§) is
ill-defined; famous examples include the KPZ equation in d = 1, where w is a continuous
function but Vu is a distribution, and the stochastic quantization in d = 2, 3.

One can regularise the noise &, replacing it by the smooth function &, := o, % £ where
0. 1s a mollifier, and obtain a well-posed equation

atuz-: = Aus + F(“e; VUE, 56)

However, as € — 0 no classical technique allows to control the behavior of w..

The breakthrough has come in the papers [Hail3) [Hai14b] where it has been noticed
that the solution u. can be written as a functional of a finite number of explicit polynomial
functions of the noise &.:

Ue = \IJ(PT(gs)aT € TO)»

13



1.2. Regularity Structures

and that the functional W (which is independent of ¢) is continuous with respect to suitable
topologies. This however does not solve the problem yet, since it turns out that in most
cases P, (&) does not converge as ¢ — 0; so we need a renormalisation procedure which
acts on the polynomial functions of the noise. We have to define a renormalised solution
by

Ru. = V(RP, (&), 7 € Ty),

where R adds infinite constants in order to obtain the convergence. Several techniques
have been used to tackle this problem:

e In [Haill, HW13||Hail3] rough path techniques allow to deal with a lack of regu-
larity in space. For the first time in [Hail3], the use of Feynman diagrams proves
the convergence of the polynomial functions of the noise.

e In [GIP12], [CC13] and [GP15b], the authors used paracontrolled distributions to
give a meaning to the ill-defined products in the equation. A good introduction to
this approach is given in [GP15c|]. The paraproduct has also be recently used in a
geometric context for a generalisation of the parabolic Anderson model see [BB135].

e The regularity structure theory has been introduced in [Ha114b] which gives a hope
to treat a certain class of singular SPDEs with good properties corresponding to
a notion of local subcriticality. In [Hai114bl], the main examples are the parabolic
Anderson model and the stochastic quantization for d = 3.

As all the previous articles, we will consider SPDEs on the torus with space-time
white noise. For the whole space, some equations have been solved in [BBF135] , [MW135]]
with the paraproduct and in [HL15] with the regularity structure. Non gaussian noises
have been investigated for the KPZ equation in [HS15] and for the quantization stochastic
in [Hail3|]

The regularity structures systematize the idea of polynomial functions of the noise by
introducing an abstract space 7" of symbols built by using rules depending on the form of
the equation. Then we define a model (IL,, I';,) which allows us to interpret any symbol
7 € T as a polynomial function P, (&.) of the noise center at x. We change the base point
thanks to the application I' which gives the topology of the models for our solution. The
theory associates a real number to each symbol called its homogeneity which corresponds
to a kind of regularity of the polynomial function of the noise. Short introduction to the
theory of regularity structures can be found in [Hail4a], [FH14]] and [CW15]]. We give
the main definitions in the next section.

1.2 Regularity Structures
The main ideas of regularity structures come from the rough theory introduced in
[Lyo91] and from control rough path see [Gub04]]. The relation between the two theo-

ries is treated in [FH14]. The basic idea of regularity structure is to extend the Taylor
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1.2. Regularity Structures

expansion by interpreting an abstract set of symbols 7" with a family of operators II: in
the case of a reguralised SPDEs . We want to obtain a local expansion of the solution wu,
at the order v > 0:

us(y) = ue(z) + Z a; (x) (ME7:)(y) + re(2,y) (1.3)

with |r.(z,y)| < Cl|lz — y||2 and |(II57)(v)| < C||lx — y||&%, where a; < v and «; is the
homogeneity of ;. Moreover for a given scaling s € N%, we associate a norm ||. |,

d
lz —ylls =Y i — wal V5.
i=1

The decomposition (I.3)) is really close to the classical definition of Holder function. A
function f belongs to C” with v € R, \ N if there exists a constant C' > 0 such that

f (z) i
i

The abstract set T' of symbols needs to be equipped with a structure if we want to

be able to change the point of the Taylor expansion. This is the purpose of a regularity

structure.

Definition 1.2.1. The triple 7 = (A, H,G) is called a regularity structure with model
space ‘H and structure group G if

e A C R is bounded from below without accumulation points.

e The vector space H = €, 4 Ha is graded by A such that each H,, is a Banach
space.

e The group G is a group of continuous operators on H such that, for every a € A,
everyI' € G,and every 7 € H,,onehasI't — 7 € @5<a Hp.

One simple example of regularity structures is 7 the linear span of the abstract poly-
nomials. Given (X;);—1. 4, the space H,, is defined as the linear span of X* where |k|, =
Zle s;k; = n. In that case the structure group is isomorphic to R? and it is given by the
translation:

(0, P)(X) = P(X +h).

If we want to describe the solution of a SPDE, we need to enlarge the structure space H
by adding new symbols. In the case of SPDEs the set H is given by the linear span of
some subset of F defined recursively as follows:

o {1,(X})iz1.a0, 2} CF

15



1.2. Regularity Structures

o ifry,..., 7, € Fthenr ---7, € F, where we assume that this product is associa-
tive and commutative

o ifT € F\{l,X": ke N} then {Z(7),Z;(7) : k € N} C F.

To the polynomials, we add an abstract integrator Z(-) which represents the convolution
with the heat kernel and we add also its derivatives. The construction of that space fol-
lows from a perturbative method: we start with the solution Z(=) of the linear equation,
the stochastic heat equation and then we plug this solution into the products where the
solution of our equation appears. In order to measure the regularity of our terms we de-
fine a scalar associated to each symbol its homogeneity. The homogeneity is computed
recursively by: |Z|s = a, | X;|s = 5;, [1]s =0

|1 Tnls = |71ls + oo+ |Talss Z(7) = |7|s + B — |Els-

where [ is the regularising effect of Z(+) and « is the regularity of the noise. For a space-
time white noise on RY, « is equal to —% — k for some xk > 0 which traduces the fact that
¢ € C* see [Hail4b, lemma 10.2]. The parameter /3 is equal to 2 for the heat kernel. The
space H, is the linear span of elements with homogeneity 7. Under suitable condition
introduced in [Hail4bl] of local subcriticality discussed also in [3.2] we obtain that the
space H,, is finite-dimensional. Even if most of the examples converge in this case, it is
not a guarantee of convergence. This condition is linked to the products appearing in the
right-hand side of an SPDE: we ask that the products have a regularising effect in the
sense that we earn some regularity at each step of a perturbative method. The structure
group G has several representations, we give the recursive one:

I'yl=1, gz = I, I, X =X+ g(X), Ly(r7) = (Ly7)(Ty7),

X
PyZi(7) = Li(TyT) + Z WQ(«Z@M(T)) ,

where
Te(T) = L= |klet|rls>0) Zi(T).

and g is a multiplicative functional on symbols with positive homogeneity. This definition
coincides with the one for the polynomial structure. One important fact is the polynomial
obtained from the difference I',Z;(7) — Zy(I'y7). If we choose a correct g, we have a
Taylor expansion of the original symbol. The algebraic point of view is given in the next
section.

Until now, we have presented the abstract point of view and we want to build distri-
butions from these symbols. The idea of regularity structure is to have a local description:
we fix a point  in R? and as a Taylor expansion, we will know the regularity around this
point. Before introducing the operators II,, we need some notations. Let > 0, we denote
by B, the set of functions ¢ : R? — R such that ¢ € C", ||¢||c- < 1 and ¢ is compactly
supported in a unit ball around the origin. The parameter r will depend on the equation,
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1.2. Regularity Structures

therefore we denote this space by B. In order to have a local description, we rescale these
test functions using the map S? associated to a scaling s:

SNy, oy g) 1= (N0, ., Ay).

The rescale test functions are given by:

ealy) = A Flp(SMy — 2)). (1.4)

We denote by S'(IRY) the space of Schwartz distributions on R¢ and by £(H,S'(R%))
the space of linear maps from H to S’'(R%). Let 7 € H, we set by ||7]|, the norm of its
components in H,. We are now able to give the definition of a model:

Definition 1.2.2. Given a regularity structure F and an integer d > 1, a model for F on
R? consists of maps

IM:R— L(H,SRY)) T:R!x R = @
x— 11, (x,y) — Ly

such that I",, 'y, = I';, and II,I';, = IL,. Moreover, given r > | inf A|, for any compact
K c R%and v > 0, there exists a constant C' such that the bounds

(IL7)(@3)| < CATI7|l, [[Tay7lls < Cllz — gyl |7l
hold uniformly over ¢ € B, (z,y) € K, T € H, witha <, and 8 < a.

Now when we look at algebraic properties, we write (I1,7)(y) instead of (I1,7)(¢?)
because we consider a regularised model in the sense that we convolve the noise £ with
a mollifier. The model depends on ¢ and for every 7, II,7 will be a function. But for the
convergence we can obtain distributions in the limit for symbols with negative homogene-
ity as =. We present the interpretation given in [Hail4b] of the abstract integrator Zy(-).
We first start with a definition of some kernels with nice properties:

Definition 1.2.3. A kernel K is homogeneous of degree 5 — d. If K = ano K,, where
K, : RY — R is smooth compactly supported in B(0,2~") and such that:

sup | D* K, (z)] S 2 Atk (1.5)

Moreover, we have [ K, (z)P(x)dz = 0 for every polynomial of degree N, for some
large value of V.

These kernels appear naturally in our equation. Indeed, thanks to the scaling of the
heat kernel G it has been proven in [Hail4b] that G' can be decomposed into G = K + R
where K is homogeneous of degree 2 — d and R is smooth. The term K is singular at the
origin and this singularity is measured through the bound (I.5)).
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1.2. Regularity Structures

Definition 1.2.4. Given a kernel of homogeneous of degree 5—d and a regularity structure
H, we say that a model (II, I') is admissible if the identities

(TLX")(y) = (y — x)F, M,Z,7 = DK % 7 — I, J,(2)T,

hold for every 7 € T with |7|, < N, where J,,(z) is given by

k
Twr= G [ DEKE - ) )

|kls <|T|s+B—|n|s

In an admissible model, we subtract the Taylor expansion of D™ K « II,7 in order
to obtain the right decrease around the point  depending on the homogeneity of 7. The
proof is based on the theorem given in [Hai14b| and in the appendix One can also have
another description of the admissible model by using the structure group:

IL,7 =1IIl", 7.

where g, is a functional defined recursively from II, and II is the operator which gives
the naive interpretation to a symbol: I1Z,,(7) = D™ K « II7. Moreover, this definition is
a consequence of the fact that IT,(T",, )" does not depend on z. In this context, the map
', 1s just described as follows:
Fzy = (ng)_l © ng‘

Remark 1.2.5. The model defined above is for H<s = P, 5 Ho With 3 < N. Indeed,
we want to annihilate polynomials up to a certain order. In most of the application is
sufficient to consider this space for a large value of N. We start with the symbols with
negative homogeneity then we can enlarge this family in order to be closed under the
action of the structure group see|3.1.8

We solve our fixed point problem in the abstract space . We are looking to functions
from R? to H which behave like Holder functions. We define the space D by:

Definition 1.2.6. A function f : R? — @, H,, belongs to D, if for every compact
domain K, one has:

_in z o
£l = supsup [ 7o+ sup sup EEL =Ll @la )
z€K a<y (2,2)eK? a<y ||Z - ZHE

Remark 1.2.7. In practice, we add a second parameter 7 which allows us to deal with
singular initial conditions on the line {(¢,z) : ¢t = 0} see

Remark 1.2.8. On a classical Holder space, we look at the difference f(z) — f(Z) which
can be expressed as a translation: f(Z) = f(z + h) where h = (z — z). The difference
between f(z) and ',z f(Z) is an extension of this fact. We change the base point with the
structure group and then we measure how close we are from the new point.
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1.2. Regularity Structures

The definition of the previous space depends on the model which is parametrised by
€. We need a way to compare two models and a way to compare two functions in D7 but
not defined on the same model. Based on [Hail4b|, we use a semi distance between two
models. Let (I, T") and (II, T') two admissible models, we consider for a given compact
K C R?
|(IL.7 — TL.7)(¢2)] 127 — I'as7la

IL; II|| = sup sup sup + sup supsup -
Iz 11 €K A2(6081] reT Al7] szeK reT a<y ||z — 2|77

In our case, this semi distance is a distance because we are working on a compact domain
in the space variable and on finite time. The natural distance defined in [Hai14b] between
U € DY and U € DY where D is built from (IL, I'), is given by

— - U(z) = U(z) = T,:U(Z) + T.:U(2)]]
|U: 0], = supsup [U(z)—-T ()|t sup sup I =UE) () Gl

z€K a<~y (2,2)€K? a<y |z — z|—

on a fibred space M x D which contains pairs ((I1,T"), U) such that (I, I") is an admis-
sible model and such that the space D7 is constructed from the model (I1,T').

We present the major theorem at the center of all the theory: the reconstruction theo-
rem first introduced in [Hail4bl. It states that from every f € DY with v > 0, there exists
a unique distribution close to I, f(x) near .

Theorem 1.2.9. With the same hypotheses as above, for every vy > ( there exists a unique
linear map R : D7 — S'(RY) such that:

(Rf =L f(2)) ()] S X7
uniformly over p € B, for every f € D".

Remark 1.2.10. In the case of a parametrised model with ¢, for every 7 € H, I, 7
happens to be a function. Therefore one has an explicit expression for R given in [Hai114b]
by:

(Rf)(x) = (. f (2)) ().

When we solve a singular SPDEs, we have to give a meaning to ill-defined products.
The theory of regularity structure provides a definition for the product. We define some
subspaces of H called sectors which have nice properties. They will be the arrival space
for the space of functions D7.

Definition 1.2.11. Let V' C H, V is a sector of regularity o < 0 if
e V is invariant under G.
* V =@Ds., Vs with Vs C H; and there exists a complement of Vs in Hpg.

This definition allows us to give a way of multiplying function in the D” spaces. We
consider functions which take values in some specific sectors. We first give a precise
definition of what a product is in our structure.
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1.2. Regularity Structures

Definition 1.2.12. Let V,V C T two sectors. A product on (V,V) is a bilinear map
*:V xV — T suchthat forany 7 € V,,, 7 € Vgand I' € G, we have: 7 x T € T}, 5 and
C(tx7) = (T'r) = (T'7).

Remark 1.2.13. In the original theorem in [Ha1l14b], we need the hypothesis of v regu-
larity for (V1, V) which depends on the choice of the product in our structure. We have
chosen the pointwise product and for that product I'77 = ['7I'T which gives the ~ regu-
larity for every .

The space D is the space of functions f € D" such that for every x:

6 T+ @Tﬁ

B>a

This space gives a bound of the lowest homogeneity which can appear in the decomposi-
tion of f(z).

Theorem 1.2.14. Let f, € D) (V), fo € D22(V) and let * a product on (V, V). Then the
function f given by f(z) = Q,(fi(x) * fa(x)) belongs to D] with

a = a1 + Qo, 7:(714—@2)/\(72+a1),

where Q. is the projection on @, . 'y

Remark 1.2.15. This theorem is close to the spirit of the classical result of harmonic
analysis which says that the product extends naturally to C~ x C? into S’(R¢) if and only
if 5 > « see [BCD11]].

Remark 1.2.16. A sector V' is function-like if for « < 0, V,, = 0 and V{; = (1). For our
fixed point problem, we will not consider the whole space D" but we restrain ourself to
the subspace D, which are functions in D taking values in I/ given by

U=TH) dH

where H are the abstract polynomials. The set I/ is an example of a function-like sector.
This set is also natural for a SPDE: if we perform a perturbative method all the terms will
be convolved with the heat kernel which is equivalent in the abstract space of applying
the abstract integrator Z(-).

Given a product x : V' x V' — V on that sector, we can define for any smooth function
F:R —R,any U € D?(V) and any y > 0 the V'-valued function F,(U):

(k)
() a) =3 UMD g () (17

k>0

where we have set



1.3. Renormalisation Group

Proposition 1.2.17. If F € C* for sufficient large k, the map U — F,(U) is locally
lipschitz continuous from D7 into itself.

Remark 1.2.18. The identity can be viewed as a linearisation. This is one of the ma-
jor strength of the theory compared to the paracontrolled distributions in [[GIP12] where
the authors introduce a paralinearisation only for the first order. Moreover, this the main
reason of the fact that at this moment the generalised KPZ equation can only be solved
with the theory of regularity structures.

1.3 Renormalisation Group

For proving the convergence of the solution u. of the regularised equation, we use the
topology of the model. In [Hail4b], it has been proved that thanks to powerful extension
theorems is sufficient to show the convergence of 1I;7 for 7 € T where Tj is a finite
subset of symbols. This finite set contains the symbols with negative homogeneity. The
cardinality of 7} is 8 for KPZ but 43 for the generalised KPZ. In general, the II:7 do not
converge because of ill-defined products. We have to renormalise them which modifies
1T in II<. For that purpose, we introduce a new group of transformations R named renor-
malisation group which act on the symbols. For M. € R we can code the transformation
I, — f[i This transformation has to preserve the algebraic structure of the model given
in

For that aim, we define a map:

M : TO — (T(])*

where (7p)* contains Tj and other terms with positive homogeneity. Indeed, we need an
enlarge family of symbols because the map M adds counter terms with better homogene-
ity which can be positive. Then it is possible under suitable hypothesis on M to define a
renormalised model ([T ') through a factorisation given in [Hail4b] by:

¥ = (I, ® g,)AM

where the map g, is defined from IL, and the map A is defined through algebraic equa-
tions. The construction of the AM works for any map M but if we want to build a renor-
malised model we have to check the form of AM 7 for every 7 € Tj. In many examples,
as in [Hail4b], [HP14] we have to guess the form of AM on Tj and then plug our guess
into the equations defining A™ which induces a lot of computations. We propose an ap-
proach to the construction of the renormalisation group which is simpler than the method
proposed in [Hail4bl]. Finally, these new objects will be the same. We want to describe
a concrete subgroup of the renormalisation group. Elements of this subgroup are given
through a coproduct A and functionals with a support included in the set of symbols with
negative homogeneity:

~

M, = ({®1)A.
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1.3. Renormalisation Group

Moreover, we provide a recursive definition of that group:
My = M; R,

where M, and R, are defined by using different coproducts. The main idea of this recur-
sive definition is that the map R, computes interactions between some symbols. These
interactions can be considered as gaussian correlations. Thanks to the nice properties of
Ry, these maps M belong to the renormalisation group and we can define the renormalised
model (1" T'M) by the same recursive definition:

M = ¥° Rrr.

One main difference is that the renormalised model can be defined directly on the whole
structure without using complex extension theorem. By extending the structure space and
the maps M, one can obtain a nice definition of the renormalised model given by:

nMr =11, M.

1.3.1 Definitions

The construction of the renormalisation group is based on the construction of an Hopf
algebra as for the structure group. In this section, we provide the reader with basic defi-
nitions on Hopf algebra. We also present examples of Hopf algebra which have inspired
our construction. For the next definitions and propositions we follow [KRT12].

Definition 1.3.1. (Algebra) A unital associative algebra H over a field K is a K-linear
space endowed with two homomorphisms:

e aproduct M : H ® H — H satisfying the associativity condition:
MM @id)(11 @ o @ 73) = M(Id Q@ M)(11 ® 9 @ T3), V71, T2, T3 € H.
e aunit u : K — H satisfying:
Mul)(ler)=T=M1u)(r®1),Vr e H.

Definition 1.3.2. (Algebra) A coalgebra H over a field K is a K-linear space endowed
with two homomorphisms:

e acoproduct A : H — H ® H satisfying the coassociativity condition:

VreH,(A®@1AT = (1® A)AT.

e acounit 1* : H — K satisfying:

VieH,(1"®1)ATr=7= (12 1")AT.
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1.3. Renormalisation Group

Definition 1.3.3. A bialgebra 7 over a field K is a K-linear space endowed with both an
algebra and a coalgebra structure such that the coproduct and the counit are unital algebra
homomorphisms:

AM = Myuou(A®A) Al =181,
"M = Mg(1* ® 1), 15(1) = 1.

Definition 1.3.4. A graded bialgebra is a bialgebra graded as a linear space:

H = éH(”)
n=0

such that the grading is compatible with the algebra and the coalgebra structures:
HM M) C 3 (+m) and AH™ C EBH(k) Q@ Hh),
k=0
Definition 1.3.5. A connected bialgebra is a graded bialgebra A for which H©) = u(K).

Definition 1.3.6. A Hopf algebra 7 over a field K is a bialgebra over K equipped with
an antipode map A : H — H obeying:

M(A® 1A = u(1*) = M(1 @ AA.

Proposition 1.3.7. Any connected graded bialgebra is a Hopf algebra whose antipode is
given by A(1) = 1 and recursively by any of the two following formulas for T # 1:

A(r) = —7 — ZA(T/)T”,
(T)

A(T)=—7— Z ' A(T")
(T)

where we used Sweedler’s notation.

Remark 1.3.8. When we compute A7 for 7 € H, we obtain a sum of the form: ) |, 7/ ®
7" which can be replaced as a shorthand notation by ) 7" ® 7". This notation is the
Sweedler’s notation.

Remark 1.3.9. This proposition is very useful to prove the Hopf algebra structure. We
will use it for the renormalisation group. But for the structure group, we have to construct
by hand the antipode.

Before giving Hopf algebra on labelled trees, we present briefly some well known
Hopf algebra. We first introduce the substitution Hopf algebra used in [CHV05] ,[CHV(7],
[CHV10] in the context of Runge-Kunta methods. They can describe the coefficients for
the substitution of one B-series into another. This Hopf algebra is defined as follows.
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1.3. Renormalisation Group

Given a tree 7, a subforest 0 = {07, ..., 04} of 7 denoted by o C 7 is such that each o;
are subtrees of 7 and they are all disjoints. We define 7/c as the tree obtained from 7 by
removing all the subtrees o;. From these definitions, we can give a coproduct:

Ayt = Za ® (1/0).

oCT

We present a few examples of computation:

Aoe=0eRe,
Al=1loet+er],

AJ=£®-+o®}+ﬁ®I,

sl teereolidotsaol ttol

where we have performed the following identification e = (). If we consider H the space
generated by rooted forests with all connected components containing at least one edge,
‘H equipped with A; is a hopf algebra because H is a connected graded bialgebra where
the grading is defined in terms of the number of edges. We obtain a nice formula for the
antipode given in [CEM11] :

Alr)= -1+ > (1) > oi(oz/or)...(0r/or1)(T/0y), (1.8)

r>1 0C01S...CorCT

where the o; are subforests of 7.

Another well known algebra, is the Connes-Kreimer algebra Ho i of rooted forests
originally introduced in [But72] and use in a different context in [CK98]. This algebra is
graded by the number of vertices, also used in the rough path theory in [[Gubl0]. For a
brief historical overview see [Bro0O4l]. This algebra is a Hopf algebra equipped with the
following coproduct:

AckT=T®1+1Q7+ Z Pe(T) ® R°(7).
ceU(T)

Acke=oeR1+1Re,
Ackl=1®14+1@]+exe,

Am£:£®1+1®£+l®o+o®h
where

e 2A(7) is the set of admissible cuts of a forest. An admissible cut is a collection of
edges which have the property that only one edge appears in the path between a leaf
and the root.
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1.3. Renormalisation Group

e P¢(7) denotes the prunning operation: the subforests formed by the edges above
the cut c.

e R¢(7) denotes the trunk operation: the subforests formed by the edges under the cut
C.

In the next section, we will define two Hopf algebras which are really close in their
construction to the previous coproducts. The structure group is encoded by a coproduct
similar to those of Connes-Kreimer and the renormalisation group is defined from a sub-
stitution coproduct.

1.3.2 Hopf algebra on Labelled trees and forests

In this section, we present the main definitions and the main result of chapter[2] A Hopf
algebra has already been given in [Hai14b] in order to describe the structure group with
the symbols. We want to repeat this construction for the renormalisation group. But we
need to change the formalism if we want to understand better the construction and see
the connection between the two groups. For that purpose, we introduce labelled trees and
labelled forests which encode the symbols and are closer to the original representation of
the Hopf algebra presented in the previous section.

We consider ‘T the set of labelled trees. Every 77 € T is described with a triple
(T, e,n) where T i is a rooted tree endowed with an edge labelling ¢: By — N% and a
node-labelling n: Nr — NZ The sets Ep, Ly and Ny correspond respectlvely to the
edges, the leaves and the inner nodes of 7'. All the edges and leaves carry a “type” taken
from some label set £ =2.U5,.

Given 17", T“ € ¢, we have two possible products: T“Tn = T" € T corresponds to
the graph obtamed by identifying the roots and the labels are given by the disjoint sum of
the labels: (i, ¢) = (n + i, ¢ + ¢). While 7" - 7% = F corresponds to the disjoint union
of the two labelled graphs and belongs to the set of labelled forests §. Moreover, - is the
natural product on the labelled forests. The operation on the shapes are given in the figure

just below:
0ty 3 4y oty il 0y 0ty Ly £

LetT) = Y and 15 = Y ,then T} - 15 = Y Y and 1175 w .
0T, oy 0T o

oTy
We associate to each type ¢ € £ a “homogeneity” |¢|; € R. We also denote by |F}"|,
the homogeneity of the labelled forest [ € §, which is given by

F =) W@l Y In(@)ls = Y le(e)ls

ueLpUER 2ENE ecEp

s = 0as

where | - |
expected.

Remark 1.3.10. The labelled trees encode the symbols:
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1. Each leaf represents an instance of the noise =. If there is more than one noise, we
give the leaf a “type” from a set £; indexing the different types of noise.

2. Each edge with label & € N“ represents the operator Z;,. Again, if there is more than
one integration map, we give the edge an additional “type” from a set £, indexing
the integration maps.

3. Each inner vertex with label & € N represents a factor X*.

The homogeneity is the same homogeneity as for the symbols.

Definition 1.3.11. For all 7' € ¥, we denote by A" (7") C 2(T’) the set of all A € 2(T)
with either A = () or A = {S} with S a rooted subtree of 7" such that o5 = o7

Definition 1.3.12. Given a forest F' = T} -T5 - - - T}, € §, we denote by A(F') the set of all
(possibly empty) finite collections A = {Sj,...,S,} of subtrees of I such that the S;’s
are pairwise disjoint and each .S; is admissible in the sense that it satisfies: Lg, C L, and
either ps, = o7, or there exists at least one leaf ¢ € Ly, \ Lg, with pg, < /.

Any A = {51,...,5,} € A(F) induces a natural equivalence relation ~ 4 on Ny by
postulating that x ~ 4 y if and only if either x = y or both x and y belong to the same
subtree S; € A. This allows us to define for all F}' € § another forest

RYFM €T,

by taking the quotient of the graph (N, Er) with respect to ~ 4. In other words, the
nodes of RYF are given by Np/ ~ 4 and its edges are given by Er \ {(z,y) € Er :
x ~ 4 y}, with the obvious identifications. The forest Ri‘F +' inherits the edge-labels from
E7 by simple restriction, while the node-labels are the sums of the labels over equivalence

classes:
n(2) £ > n(y). (1.9)

We also define
RYF=S5,-S5 -5, €3,

with the additional natural conventions that RgF = 1 and RéF = F. The forest R&F o
inherits edge- and node-labels from F' by simple restriction.
In the next example, we compute the previous operations on A = {57, S5} € A(T):

Zl KQ Z3 55 ZG 67 Z8

N Y T

N\ Su 11
QW@SZ — RZ{T — .\./. o0
) 05, 05,

0y la b3 U5 lg L7 U3

/. N /. e 01 by 05 L
V\ /‘\ /\f

QW@SQ — RJAT = Q&ng

4 4
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Given a forest ' € § and an edge-label ¢: Ep — N we define the corresponding
node-label 7e: Np — N by

me(z) = > ele),  E,={(z,y) € Er}.

ecFEy
We set 0% 1 (§) = (§) ®@ (§), 0 : () = (F) @ (F)
5+Fe“ = Z Z < > RT FHA-‘rﬂ'BA ® Ri F;l,_::\, (1.10)

AeA+(F) eq, "A

= ) Z ( )RTF"A”eA@RiF;;;A, (1.11)

AeA(F) ea, nA

where we stress that the only difference between the two definitions lies in the choice
A € AT (F), resp. A € 2A(F). The set (F) is the linear span of §. The previous coproducts
take values in formal series.

Remark 1.3.13. If we forget the labels, we obtain a finite sum and the coproduct §~
corresponds to the coproduct defined for the substitution Hopf algebra. The set 2((7") can
be identified with the subforests: the only difference is that we can not remove all the
leaves from a branch, it is in strong connection with the annihilation of the polynomials
by the abstract integrator Z(-). Just below, we represent an example of subforest:

51 52 @3 55 86 57 €8

V‘ 03 L 47 0 U U5 L
. .
.QAl 9A2 — ( \/ ® Q“MA

[ Ag 4

The other coproduct 07 is close to the Connes-Kreimer Hopf algebra on labelled trees.
Indeed, there are two points of view for the transformation in the figure just below

61222.3 Z5£.6Z.7€8 6687
NG L o
‘\/’ \//

e

The interpretation given in the definition of the coproduct is: we select a rooted subtree
in red, we put it on the left and on the right we keep the remaining branches. The other
interpretation is we select an admissible set of cuts which is the black edges, we remove
it and we connect them to a root on the right and on the left we consider the remainder.
The second vision is closer to the Connes-Kreimer Hopf algebra.

From the previous two coproducts, we are able to define two hopf algebras which give
two groups: one for the positive renormalisation and another for the negative renormali-
sation.
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Positive renormalisation: the structure group

Let II, : € — T, the multiplicative projection on trees with positive homogeneity. We
define:
A (T) = (T) ®(T4), A=(1®I)0"

AT (T = (T4) @ (T4), AT = (I} @ I1;)46T.

The projection II, makes all the sum finite and the next theorem specifies the structure
we obtain on the labelled trees:

Theorem 1.3.14. The algebra (. ) endowed with the product (7,7T) — 7T and the co-
product AT is a Hopf algebra. Moreover A turns () into a right comodule over (T ).

We define H as (T ). If #? denotes the dual of #, then we set
Gy ={g9eH, :9(nm)=g9(n)g(r), V7,7 € Hi}.
Theorem 1.3.15. Let
Ri={l,: (%) = (F), I'y=(1®9)A, ge G,}.
Then R, is a group for the composition law. Moreover, one has for f,g € G,.:
[T, = T o

where f o g is defined by
fog=(f®g)A".

Remark 1.3.16. The group G is exactly the structure group defined in [Hail4b]. One
can express the coproducts A and A using the symbol notation see[3.3|and [4.8] It would
be slightly different from the coproduct given in [Hail4b| but it is essentially the same in
a different basis.

Negative renormalisation: the renormalisation group

LetII_ : (§) — (F_) be the canonical projection onto (F_). Then we define the following
maps

A:@ - @)e®E, A=l
A G )= @F)eE), A=I0ol).

Theorem 1.3.17. The algebra (§_) endowed with the product (¢, @) — ¢ - ¢ and the
coproduct X is a Hopf algebra. Moreover A turns (§) into a left comodule over (F_).

We define H_ as (§_). If H* denotes the dual of H_, then we set

G_:={lcH" L(p1-p2) = Lp1)l(p2), V1,00 € H_}.
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Theorem 1.3.18. Let
R_={M;: (Z) = (2), My = (L@ 1A, L e G_}.
Then R _ is a group for the composition law. Moreover, one has for f,g € G_:
MyMg = Mjog

where f o g is defined by
fog=1(9® f)A~.

Link between the two groups

The previous theorem gives us the renormalisation group for proving the convergence of
the symbols. One can also have a nice recursive formulation where M, is given by:
M°1 =1, M°X =X, M°
Me°r7 = (M°1)(M°T), Mt = M°Rt
M°Ty (1) = Zp(MT) RZy(T) = Zi(7)

[1]
[1]

The last identity RZ,.(7) = Zy(7) is guaranteed by taking the projection IT_ with zero
value on terms of the form: Z, (7). For all £ € G_, we define

M°=M; = ®1)A = (11_®1)s°
for some coproduct §° defined as 6 and 6~ but on a diffeerent subset 2A°. We defined
R=R/=({(1)A%=({I1_®1)§".

The map R has the nice property of commuting with the structure group which is the key
point for building the renormalised model.

Remark 1.3.19. We describe some elements of the subset is 2(° in the example just below.
On A = {51,5,,55} € A(T), we compute:

{1 0y L3 U7 Ly Ly 10

NCs N Y 4 4t

N b5 6 N\ I I &6
AL e —RIT= 4 )
0S3 05y 05, 0S3

Finally, we obtain {S5} € A" (T") and {S;, S} € A°(T'). The set A°(7") as to be under-
stood as elements of 2((7") without rooted subtree.

Remark 1.3.20. This contruction of the renormalisation group contains all the examples
which have been treated see In we present all the basic ideas of the renormal-
isation group on the wick renormalisation of the power of a standard gaussian random
variable. All the examples belong to the gaussian case, but we can consider non-gaussian
noise like in [HS15] and [HailS]: the main difference is that for the gaussian case the
functional / is supported on trees with an even number of leaves whereas we do not have
such constraint in the non-gaussian case.
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1.3. Renormalisation Group

1.3.3 The renormalised model

We can build a model (1, F%) using the construction of [Hail14bl section 8.3] and
we provide a recursive formulation for the map ITM with is really close to the recursive
formulation for M in the previous section:

(ILFE)y) =&y), (M7 X)(y) =y
Y
L)) = [ DR -0 e - 3 U ), 1)

L
(IL'r)(y) = (LT RT)(y), (07 77)(y) = (L7 7)(y) (L7 7)(y)

where fM € 17 is defined by
XY = M) = P ()
P = Lz [ DK = 211 7) ()

(L7 1)(y) =1,

In the previous definition, we consider amap M = M, = ({® 1)A such that Ry is the
identity on terms of the form Zj(7), the map I12" and I} coincide on the first two lines
of the definition.

Remark 1.3.21. For the definition of IT»" on the noise, we suppose that we are in the
setting of a regularised model where ¢ is smooth. If ¢ is the space-time white noise, we
have to replace y by a rescaled test function (). The definition for abstract integrator
guarantees that we obtain an admissible model. We have used the new symbol Jj(7)
which is non zero and equal to Z;(7) when this term has positive homogeneity. The third
part of the definition describes the behaviour on a product: I} is multiplicative as for
M° and we need first to apply R for [T} in order to recover the multiplicativity.

Remark 1.3.22. The main advantage of this definition is the recursive formula for the
product which allows us to compute the reconstructor operator R given in the case of
smooth functions by

(RY7)(x) = (I;'7) ().
In most of the examples see we even have the property:
(RM7)(2) = (IL'7)(z) = (ILM7) ()
which is really convenient for computing the renormalised equation.

If we set FM = T, where g is defined from ' in , the transformation I}/
is given by
Y =(F""oFM=T

M
Yy PY.ry )

where 72 = (g2) =1 o g,
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1.3. Renormalisation Group

Theorem 1.3.23. Let (ITM] F%) defined as above, then this is a model on some subset of
T. Moreover; the maps 112" = TIM° FM qnd TM = TM EM are independent of .

Remark 1.3.24. The theorem is relatively vague on the subsets from which we obtain
the model. In most of the cases, we start from a finite set of labelled trees containing the
negative labelled trees and then we enlarge this family in order to be invariant under the
structure group. We can also define our model on a bigger space which incorporates all
the terms built from the products in our equation see 3.1}

Remark 1.3.25. For proving the previous theorem, we have to check algebraic properties
and analytical bounds given in The algebraic properties follow from the decompo-
sition of M with R commuting with the structure group. The analytical bounds rely on the
fact that we define an admissible model. Moreover, the projection I1_ in the definition of
the coproduct creates counter-terms with better homogeneity when we remove divergent
patterns.

Remark 1.3.26. We provide different proofs of this result. The main one is based on the
factorisation given in [Hail14b]:

In this proof (see [3.6.2), we have to guess what can be the correct formula for a recursive
definition on the abstract integrator. We give an alternative proof in the appendix based
on the use of recursive formula and this formulation does not use the coproduct. We also
show how the coproduct can be introduced from the recursive definition of II, see[A4]

1.3.4 The extended structure

The motivation of the extension of the structure space is to obtain a simpler formula
for the renormalised model. We add a new node-label d : N — R which computes a new
homogeneity. For a shape T, we denote by T™¢ such labelled tree. Let x a node of 7,
we define 7, where its nodes are identified with N, = {u : x < u} and we also define
E* = {e = (z,a) € E} which are the edges above x. The new homogeneity | - |, of a
labelled tree 1" with root g is given by:

Tlex = n(o)]s + Z [PLTex + d(0) ,
e'eke

where
|P2’T|ex = |[(6/)| - |€(€,)|5 + |Tu|eaz7 ¢ = (Qv u)

The idea is that when we remove some subtrees, we keep track of some information
by changing the label d.

Remark 1.3.27. For the symbol notation, we add a new symbol 1, with the properties
1, 13 =14+5 and Z(1,) = 0. This symbol encodes the label d.
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1.3. Renormalisation Group

We extend the operator R:LL‘ as given in the next example.

Example 1.3.28. We select A = {57, S} in 2(T"), we remove it from the main tree and
we leave the homogeneity of the subtrees S; as labels:

by €y L3 L5 L L7 L

l ts b by 0 b b5 lg
/\\f_>mn Y
051 05, .\./. .\.f ® |S1]ea v |S2]ex
0s, 05, 4

One can extend naturally with this new operator all the coproducts defined in the
previous part. This is the case for the coproduct for the renormalisation group. For A,
we obtain a decomposition of the form AT = > Ti(l) ® Ti(z) with the nice property
|T ez = ]Ti@) |- But for the structure group, we need to be cautious. Therefore, we have
to use a projector P which erases the root label d and preserves the property that for every
labelled tree T, one has AT = ) ", Ti(l) ® TZ-(Q) which satisfies |T'|., = |T,L-(1)|e$ + |TZ-(2)|ex :

Remark 1.3.29. One natural space of labelled trees which is invariant under the action of
the two groups is T", the labelled trees with d taking values in R™. This is also the correct
space for defining the model and for having the correct analytical bounds.

As for I1,,, we define a map I, : " — S'(R) such that (I, 1,)(y) = 1 and where we
replace f, by fx The definition of fx is exactly the same except for the abstract integrator
when we replace the homogeneity | - | by | - |ex

B = Lo [ DEG = 2)(0Lr) )i
We do the same for g, and we obtain a new 7.

Theorem 1.3.30. Let (ﬂM M ) extended above, then this is a model on some subset of
T with the homogeneity | - |.,. One has the following identities:

M =T,M, T =T =15 . (1.13)
Remark 1.3.31. As for the renormalised model, we do not precise the subset of T". Its
definition can be found in[4.1.74] The main idea is that we have to restraint the value of
d if we want to have for each scalar [ a finite number of labelled trees with homogeneity
below (.

Remark 1.3.32. The identities (I.13) overcome the main difficulties for proving that we
obtain a model:

e The map M acts on I1, as in the stationnary version of this operator which is II:
1M = [IM. This action provides a nice formula for the reconstruction operator:

(R f(2)) () = (ILM f(2))(x).

where f belongs to D7 with v > 0. For the convergence of the model, we will
use the extended structure because we can have explicit formula for the Feynman
diagrams.
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1.4. The use of Feynman diagrams

e The action of M on the structure group is given by M*° acting on 9,,. This is not
surprising, because these maps are both multiplicative on the labelled trees. More-
over, the map M° in f‘%y Mo acts on a labelled tree where we have already removed
a rooted subtree. This suggests that the actions of the positive and the negative
renormalisation do not overlap.

1.4 The use of Feynman diagrams

Most of the examples of singular SPDEs present a gaussian struture through a space-

time white noise. Therefore, for each labelled tree 7' we can perform a Wierner chaos

decomposition on (HQ(EE)TB“) (p) where ¢ is a test function. This one of the main steps

for proving the convergence of the model. We prove the next theorem for the generalised
KPZ equation and we provide tools for the general case of locally subcritical equations in

B.81

Theorem 1.4.1. Let (ITM:, F%s) be a renormalised model associated to an SPDEs in the
extended structure. Then there exists a random model (11,,,T',,) and a constant C' such
that for every underlying compact space-time domain

E||IM:: 10| < Ce™/2.

In that context, we will use some Feynman diagrams. In our framework, a Feynman
diagram would be a labelled graph where each node is a variable integrated on R? and the
edges are kernels which can depend on a parameter €. Then, we want to obtain uniform
bounds in ¢ for proving the convergence of the diagrams. Diverging patterns in a Feynman
diagram are subgraphs such that if we freeze the variables outside these subgraphs then
the integration of the other variables is not well defined. This property can be expressed
in terms of homogeneity where a scalar measure the previous singularity. The main goal
of these diagrams is to transpose an analytical problem into a combinatorial one: the
convergence is based essentially on checking bounds on the labels of the graph.

1.4.1 Wiener chaos decomposition

In this section, we follow the presentation of the Wiener chaos given in [Nua03]. We
consider H a real Hilbert space with the scalar product (., .) .

Definition 1.4.2. A stochastic process W = {W(h),h € H} defined on a complete
probability space (2, F, P) is a isormal Gaussian process if W is a collection of centered
Gaussian variables such that the map i — W), is an isometry from H to L?(2, F). We
have for every g, h € H:

E(W(g)W(h)) = (g, h)u-
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1.4. The use of Feynman diagrams

The space-time white noise can be described in this setting by taking H equal to some
L? space. We denote by G the o- field generated by the random variables {W (h),h € H}.
For n > 1, we consider H,, the closed linear subspace in L?((2, F, P) of:

{H.(W(h)),h € H,||hl|m = 1}.
where the H,, are the Hermite polynomial. We notice that:
e For n = 1, H; is the set of the constants.
e For n # m, H,, and H,, are ortogonal.
The space H,, is called the Wiener chaos of order n.

Theorem 1.4.3. The space L*(Q), G, P) can be decomposed into the infinite orthogonal
sum of the subspaces H.,,:
L*(Q,G, P) = & o Ho.

Let {e;,7 > 1} an orthonormal basis of H and H®*" the k-fold symmetric tensor
power of H. If H = L?*(T) then H®" can be identified with the space of symmetric
square integrable function in n arguments on 7. We have a natural isometry I, (up to
a factor v/n!) between H®" and the n th Wiener chaos 7, given by for any sequence
ai, as, ... of positive integer with only finitely many non-zero element such that |a| = n:

L, : sym(@52,e2%) s al HHal

where sym is defined on f(t1, ..., t,,) by
Sym(f)<t17”'7 m' Zf U(m )

The map I, = I, o sym : H®" — L?(Q, P) has the following property:

E(L.(f)?) = nlllsym(f)II* < !l f]*.

Now, we give one important lemma which is a consequence of Nelson’s hypercon-
tractivity:

Lemma 1.4.4. Let X a L? random variable in the k-th inhomogeneous Wiener chaos.
Then for every p > 1, there exists a constant Cy,, such that E(| X |*") < Cy ,E(| X |?).

This lemma tells us that for such sequence of processes X. depending on a param-
eter £, we just need to have uniform bounds on their L? norm if we want to prove the
convergence of that sequence.
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1.4. The use of Feynman diagrams

1.4.2 Renormalised Feynman diagrams

It has been noticed in [Ha1l14b] that for proving the convergence of the model, we just
need to have bounds on the covariance of (II57) () where ¢, is a rescaled test function
around the origin and 7 is a labelled tree with negative homogeneity. In order to com-
pute the covariance of (II57) (i, ), we decompose this process onto its k-th homogeneous
Wiener chaos (I15%7) (¢, ):

A

(5 (ea) = Y (IFr)(en).

k<|i7|

Then by orthogonality of the different chaos, we obtain:

E((I5r)(en)) = > E(I ) ().

k<]l

Each term I15%7 can be described by a kernel W<*7 in L2(R)®* through a map f — I,(f)
which satisfies:

E(1(f)?) < K1 (1.14)
where || - || is the L? norm. Finally, we obtain:

E(|(I57)(pa)]*) < D (W, Wetr),

k<|I7]]
where ||7|| denotes the number of leaves in 7.

Remark 1.4.5. Given a labelled tree T}, we use the extended structure in order to have a
clear way of computing the kernel W*T". Indeed, we have:

(5T (pr) = (HEMEET“)(%)

4

- T () (R (R )

AcU(T) ea, ﬂA

This explicit expression comes from the simple action of M. on 11 in the extended struc-
ture. Then, we obtain:

W= Y Y = < ) (H RTT"AWA) Wﬁ’f(RWQ&A"A”*A) (1.15)

AeA(T) easn A
where the definition of the kernel W= is given in We also provide a recursive

definition of /. see [5.1.3]in order to treat the subdivergences. This definition is really
close to the one of the antipode in the negative renormalisation.
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1.4. The use of Feynman diagrams

Each term (We*7, We*7) can be represented by a sum of terms Z, (K) defined by:

- [ [# @K ez

where K is obtained from generalised convolution of other kernels and Z,(K') can be
rewritten using a direct graph G = (V, €):

~

IK:/ K. (x. ,x. )dx
)\( ) (Rd)VO]iE ( + )

where e = (e;,e_) and G has three distinguished vertices V, = {vg, vs1, V4 2}. Each
edge e € € is labelled by (a.,re,v.) E R X Z x V.
By definition, we have for e € &:

A (Ie mw)
Ke($e+,517€_) = Ke(xe+ - xe_) - Z e el

7 D'K (2, — ).

ljls<re
where K. is compactly supported in a ball of radius 1 around the origin and such that
DM Ke()| < [l

holds uniformly over x with ||z||; < 1 and for multiindices k.
We assume that v, ; and v, » are connected to v, by two edges with label (0, 0).

Remark 1.4.6. Given a labelled tree 7', there exists a direct algorithm for encoding
We AT see E In general, the kernel K, is associated to an edge of 1}": it could be
derlvatlves of the heat kernels, polynomials or the mollifier p.. The distinguished vertices
correspond to the rescaled test function.

For any V C V, we also define the following subsets of &£:

E'WV)={ec&:enV=ec_}, E'WV)={ec&:enV=ce,},
EWV)={e€&:enV =cel, EWV)={e€&:enV #0}.

We suppose that our graph G satisfies the following assumptions:
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1.4. The use of Feynman diagrams

Assumption 1. 1. For every subset VV C V), one has
Z ae + Z ]l{veew\re>0}(ae +re—1) Z Lyepre < (V[ =1)ls]
e€&(V) ecET (V) ecE(V)

2. For every non-empty subset V C V' \ V,, one has the bound:

Z Ge + Z {veefﬁwe:o}(ae +7re—1)—(re — 1))

e€&o (V) e€&Y(V
+ Z ae +Te - ]lveef)lre) > |T/H5|

ecET(V

Remark 1.4.7. The first assumption is a kind of integrability condition, it gives the con-
vergence. The second one is a guarantee of having the right homogeneity in the limit. We
notice that the nodes v, help the convergence in the first assumption because they appear
with a sign minus.

Theorem 1.4.8. Consider a labelled graph G as above satisfying Assumption |3| and a
collection of kernels K associated to the graph. Then, there exists a constant C depending
only on the cardinality of V and on the kernels K such that

IZ\(K)| < CAI%= X e (0,1],
where

Gl= W\ Wllsl - Y a.

ec&
is the homogeneity of the graph G.

Remark 1.4.9. This theorem has been introduced in [HQI15] in a simple version: the
node v, is equal to vy for every edge e and all the divergent patterns are removed and
replaced by a renormalised edges. We will not use these renormalised edges. Indeed, the
renormalisation of the diverging patterns is done by a node v, # v;. In fact, we have two
renormalisations:

e Positive renormalisation which is given by edges labelled with v, = vy and ., > 0.
This renormalisation comes from Il and therefore from the structure group.

e Negative renormalisation given by edges labelled with v, # vo. This renormalisa-
tion appears when we rewrite the term We RT™ with the use of telescopic sum.

We summarise how we proceed for proving the convergence:

e For each k, we identify the divergence and the subdivergence in WE’kTe“.
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1.5. The generalised KPZ

e We rewrite by using a telescopic sum the kernels VAVE”“TE“ into a sum of graphs
where negative renormalisations appear and the divergences identified in the first
part are renormalised.

e We finish by just applying the theorem |(1.4.8 on each graph.

We use this method for the generalised KPZ. In that case, we do not face overlapping
divergence. Moreover, only one term presents a sudivergence and it can be treated by
hand.

1.5 The generalised KPZ

In this section, we present our main example on which we apply the previous renor-
malisation techniques. We want to solve the equation on R, x S! given by:

Ao = u + g(u)(9pu)” + k(u)dpu + h(u) + f(u)é, (1.16)

where £ is a space-time white noise and x takes value in the circle S*. This is an extension
of the KPZ equation:
Ou = 02u+ (O,u)® + €

introduced in [KPZ86]. This equation is ill-posed because solutions to the linear problem
the stochastic heat equation are not differentiable. Therefore, the product (9,u)? is ill-
defined. In [BG97], the authors give a meaning to this equation by using the Hopf-Cole
transformation, the solution is given by u = log(Z), where Z solves dZ = 0>Z + ZdW in
the Itd sense see [PZ14]. Since this trick, the major improvement has come from [[Hail3]]
where the author gives a notion of solution with the use of the rough path theory which
coincides with the Hopf-Cole solution and which is unique. We recover also the same
solution with the regularity structure. Another interesting approach are the energy solu-
tions where their uniqueness has been recently proved in [GP15a]. The main interest of
studying a general version of KPZ is the invariance under change of coordinates which
can describe a natural free evolution for loops on manifold generalising the heat equation
see [Fun92||.

We fix an even, smooth, compactly supported function ¢ : R — R with [ o = 1 and
we set

0.(t7) = et e ), ey = / P(2)(0 % 0)(2)dz

where * means space-time convolution. We regularise the noise as follows

§e = 0-%&.
The renormalised equation is given by:

Orus = 3§u5 —i—g(ug)((@cug)Q - Ce) +k(ue) Opuie +h(ue) + f(ue) (& — Cof'(ue)). (1.17)
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1.5. The generalised KPZ

Theorem 1.5.1. Let k h and g smooth functions. Let u. the solution of (6.2) with C. =

e 'c, and h replaced by

h(w) = h(u) = ¢ (f'(u)* f(u) + g(u)’ f(u)")
— (3¢ + E; )(g(u)*f'(w) f(w)* + g(u) f'(u)* f (u)*)
= e (g()f" () f () + ' (w) f'(u) f () + () £ (u) f(w)? + g (w)g(u) f (u)")
for some constants cg) which can depend on p but not on e. The initial condition u.(0, -) =

u(0, -) is taken in C(S"). for both cases. Then, there exists a choice of ) such that for
some T > 0, one has

lim sup | (t7ZE) - ug(t,x)| = 07
€20 (1 2)€[0,T]xS!

in probability for some limit u which gives the Ité product for f(u)é. Moreover for any
a € (0, %) and t > 0, the restriction of u. to [t,T] x S* converges to u in probability for
the topology of C*%/2. Finally, if we take a smooth diffeomorphism ¢ then o(u.) satisfies
the same kind of equation with the same constants but with new g, h, k and f depending
ong,h, k, fand .

Remark 1.5.2. The constants c,, cél) and c(gz) are the same as in [HP14] and they have
been chosen to obtain the Itd product.
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Chapter 2

Hopf Algebras on Labelled trees and
forests

In this chapter, we consider labelled trees and labelled forests and we define two Hopf
algebras on their linear span (see Section [2.4for all relevant definitions). This construction
is close to the Connes-Kreimer Hopf algebra on labelled trees. These Hopf algebras are
used to construct, respectively, the structure group of a regularity structure (see Definition
and the renormalisation group (see Section [2.4.4). In this way we have an (almost)
unified descriptions of these two groups and their algebraic properties.

2.1 Notations

Given a finite set S and amap /: S — N, we write

n=T ).

zeS

and we define the corresponding binomial coefficients accordingly. Note that if ¢; and
{5 have disjoint supports, then (¢; + ¢3)! = ¢114;!. Given a map 7: S — S, we also
define 7¢: S — N by n*/(x) = D yen-1(z) {(y). With this definition at hand, one has the
following slight reformulation of the classical Chu-Vandermonde identity.

For k,¢ : S — N we define

where we use the convention



2.2. Rooted trees

Lemma 2.1.1 (Chu-Vandermonde). One has the identity

= (0)-()

where the sum runs over all possible choices of ¢ such that 7/ is fixed.

Proof. We fix amap f : S — N and we have the following identity:

> G-I 2 ()

L. b=7*f €S Zyewfl(z) {y) yer—1(
=(7* f)(z)

The classical Chu-Vandermonde identity gives for each x € S:

X TG (™) - ()
—ﬂ*f(i)

which concludes the proof. U

Remark 2.1.2. This statement is also consistent with the case where the maps k and ¢
are multi-index valued under the natural identification of a map S — NY with a map
S x{1,...,d} — N given by {(z); +> {(x,1).

2.2 Rooted trees

A rooted tree 7' is a finite tree (a finite connected graph without simple cycles) with a
distinguished vertex, o = or, called the root, and a function [: Ly U Er — £, where

1. £1is a fixed non-empty set of types
2. edges of 1" are denoted by ¥ = E7 C N X N and nodes by N = Np

3. leaves, denoted by L = Ly, are defined as nodes other than the root which have
degree equal to one (i.e. which are adjacent to a single edge).

Given a rooted tree 7', we endow N with the partial order < where w < v if and only
if w is on the unique path connecting v to the root, and we orient edges in £ so that if
(x,y) € E, then z < y. For any two nodes v and w of T' (possibly, but not necessarily,
leaves), we denote by v A w the maximal node that is less than both v and w. Interior
nodes, i.e. nodes which are not leaves, are denotes by N=N \ L.

We allow for the case L = (), in which case N = N consists of one element (the
root) and F is empty. We do however nor allow for N = (). We denote by 1 the (unique)
labelled tree with L = ().
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Definition 2.2.1. We write ¥ for the set of all rooted trees and (%) for the linear span
of Ty. If 1,1, € T, then we define 1175, the product of T and T5, as the tree obtained
by identifying the roots o7, and o7, ; in other words, 7175 is equal to (7} L Ty)/ ~, where
x~yifx =yor{z,y} = {on, or, }- This product is commutative and associative.

Definition 2.2.2. We write §, for the collection of all multisets with elements in T, \ 1.
We will denote elements of §, equivalently either by {7}, ..., T} with T; € T, \ 1 or by
Ty - Ty - - - Ty, with the empty set denoted either by () or by 1. Elements of §, are called
forests and we have a natural embedding of Ty in .

We then write () for the free vector space generated by §, equipped with the prod-
uct - as above, extended by linearity. Note that this is canonically isomorphic to the free
commutative algebra over T, quotiented by the ideal generated by (1 — 1). In other
words, the special tree 1 € T is identified with the unit of (Fo), so that one has for
example 1- T1 . T2 = T1 . T2 = TQ : T1 in <{§0>

Remark 2.2.3. Given 71,7, € T, we have two possible products: 117, € T corre-
sponds to the graph obtained by identifying the roots, while T} - T5 € §, corresponds to
the disjoint union of the two graphs (if both 7 and 75 are different from 1). In particular,
we can identify 7775 with a forest in §, which is however different from 7} - T5.

We illustrate this by the following example:

{1 l2 l3 Ly 1 o U3 {4 by lo U3 Ly
T1 = ' and T2 = I , then T1 . TQ = | I and T1T2 w .
[ ) L) [
o1, or, or, 0T, e

Definition 2.2.4. A forest I' =T} -T5--- T}, € § is canonically identified with the graph
Ty U---UTj, withnodes Np = Ny, U--- U Np, and edges Ep = Ep, U --- U Ep,. We
call Ly = Ly, U--- U Lq, the set of leaves and NF = ]\OTT1 - ]\Oka the set of inner
nodes of F'.

Definition 2.2.5. Given a rooted tree 1" € ¥ and a rooted subtree S C 7', we say that .S
18 admissible in T if

1. Ls C Lt
2. either o5 = or, or there exists at least one leaf / € Ly \ Lg with o5 < /.

Definition 2.2.6. Given a forest F' =17 - T --- T}, € §o, a subtree of I is a rooted tree
S = (Ng,Es) C F = (Np, Er). Note that necessarily S is a rooted subtree of one of the
T.’s. A subtree S of F' is said to be admissible if, for some i, S C T; and S is admissible
in T;. We write &(F) for the set of admissible subtrees of F.

31 Zl 53 55 56 £7 48
\T/. 604.\0/. .\Of
N N\

L s

08,
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In the example just above, the subtree S; in green is admissible. However, the subtree
S, in red is not admissible, even though its leaves are leaves of the original tree, because
there is no leaf ¢ not in S5 such that pg, < 4.

2.2.1 Operations on forests

Definition 2.2.7. Given a forest ' = T - Ty - - - T}, € §o, we denote by A(F') the set of
all A C &(F) such that any two elements of .4 are disjoint. Here, two subtrees S}, Sy €
GS(F) are said to be disjoint if the set of nodes touched by S; is disjoint from the set
of nodes touched by S. In general, it will be convenient to identify a subtree of £’ with
the corresponding subset of Ng. Given F' € §,, we can (and will) view 2((F') again as a
subset of Fo. In particular, we will identify elements in 2(( F") that only differ by a number
of trees consisting solely of a root.

Note that 2A(F’) is never empty since one does always have () € 2(F).

Definition 2.2.8. Any A = {5;,...,5,} € A(F') induces a natural equivalence relation
~ 4 on Ny by postulating that z ~ 4 y if and only if either x = y or both x and y belong
to the same subtree S; € A. This allows us to define another forest

RUF € o,

by taking the quotient of the graph (N, E'r) with respect to ~ 4. In other words, the nodes
of ”RjF are given by N/ ~ 4 and its edges are given by Er \ {(x,y) € Er : x ~4 y},
with the obvious identifications. We also define

R&F:S&SQ SnES(L
with the additional natural conventions that RgF =1and RéF =rI.
In the next example, we compute the previous operations on A = {5, S2} € A(T):

@1 52 63 55 66 Z7 88

¢ Z4'v. Q 43 le L7 £y € L5 L
X % = Rir= £ 4 R = oX e

0 05, 0S5 e

T =

Remark 2.2.9. Definitions [2.2.5| and [2.2.7] guarantee that the set of leaves/edges of both
RjF and R&F are naturally identified with subsets of the leaves/edges of [ for all
A € A(F). In particular the types given to leaves/edges of RjF are inherited from the
corresponding leaves/edges in F'. Moreover, one has canonical injections

ARLE) CAF),  ARLF) CAF),

via the obvious identifications of subtrees of R;F and RjF with subtrees of F'.
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2.2. Rooted trees

Remark 2.2.10. Recall that rooted trees in T are canonically identified with a forest in
So. An important property is that for all A € A(T") with T" € T, one has RjT € %o,
while in general R;T € §o but RTL\T ¢ To.

Before we proceed, we introduce a number of relations, operations and properties of
these collections of rooted subtrees of a forest ' € F. First, given A, B € 2(F), we say
that A & B if the following two properties hold:

1. For every A € A there exists B € B such that A C B.
2. For every B € B, writing Az = {A € A : A C B}, one has Ap € A(RLF).
The following is now immediate.
Lemma 2.2.11. If A € B then R\ RLF = R, F. O

Given A € 2(F) and B € S(F') such that for each A € A one has either A C B
or AN B = () (identifying a subtree with the corresponding set of nodes), we write
B\ A€ G(RjF ) for the subtree whose set of nodes agrees with that of B, but viewed
as a subset of N/ ~ 4. This is well-defined since our assumptions precisely guarantee that
each equivalence class of ~ 4 is either contained in the set of nodes of B, or disjoint from
it. Given A, B € 2(F) with A € B, we then define B\ A € 2A(RYF) analogously by
setting

B\ A= {B\\A : BeB}.
With this definition, it is straightforward to see that
Lemma 2.2.12. If A € Band C := B \\ A then
RIRYF = RYRLF,  R¢RLF = RgF. 0

Conversely, given A € 2(F) and C € A(RYF), for C' € C we define A° € G(F)
as the subtree of [ obtained by taking the nodes of C' and, instead of viewing them as a
subset of N1 , = Nr/ ~4, we “expand” the equivalence relation ~ 4 and view them

again as a subset of Nx. One can verify that A is indeed an admissible subtree of F.
Still in the same context, we then define

C@A:{AC : Cec}u{AeA : AmAC:a),\mec} € AF) .
In the next example, we consider a subtree B and A C B.
0 o by ls g b7 fs b5l U7 U
NV N Y )
Pt XX
0B

oB

We have first computed RJTBT then C' = Ri(RgT) € So. Using the previous operations,
wehave: A€ BB\ A=Cand B=AUC.
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Proposition 2.2.13. Given A € A(F) and C € A(RYLF), one has A € (C U A) and
(Cu A)\ A =C. Conversely, given A € B, one has (B\, A) U A= B.

Proof. We first show that 4 € (C U A). The first property of € obviously holds, so we
only need to check the second one. Writing B = C U A4, every element B € B is, by
definition, either of the form B = A€ for some C' € C, or of the form B = A for some
A € A disjoint from all the .A®. In the latter case, one has Ap = B € A(RLF) as
required. In the first case, we need to verify that {A € A : A C A°} € QI(RI;F ). The
only way in which this could fail is if one of these subtrees A € A is not admissible in B
(although it is necessarily admissible in /), namely if thereisno ¢ € L\ L4 with g4 < /.
This however would imply that N4 is a leaf of B \\ A. One has B\ A = A\ A = C,
since the operation C' — A® “undoes” the effect of the equivalence relation ~ 4, while
the operation A® — A® \\ A enforces it again. Therefore, N4 would be a leaf of C, but
leaves of C' are also leaves of RjF by definition of 2, so that N4 would be a leaf of
RjF . This however is ruled out by the fact that A is admissible by assumption.

To show that B \\ A = C, note that for elements B € B of the type B = A, one has
B\ A = C as above. In the case B = A for some A € A, one has B \ A = 1, so that it
does not contribute to B \\ A, thus showing that indeed B \\ .A = C. Finally, the last claim
is immediate from the definitions which imply that AP\ = B. 0

Corollary 2.2.14. For any shape T' € %, there is a bijection between pairs (A, B) in
A(T) with A € B and pairs (A,C) such that C € A(RYT).

Proof. The map (A,B) — (A,C) is obtained by setting C = B \\ A and its inverse
by setting B = C U A. Proposition [2.2.13| then precisely states that these operations are
inverses of each other. [

2.2.2 Coproducts on forests

We assume that we are given, for each T' € T, a subset 2A(T) C A(T), such that the
following properties hold.

Assumption 2. The sets of collections of subtrees 2A(7) satisfy the following properties.
1. One has 1 € 2(T) for every T’ € .
2. Forevery T € %, A € 2(T), and C € A(RYT), one has C U A € (7).
3. Forevery T' € Ty and A, B € 2(T) with A € B, one has B\ A € (R T).
Then we set for F' =T, -T5--- T} € Fo
A(F) = {Ule-Az" A; € Q_[(Tz)} ,
with the natural convention 21((})) = {0}.
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Lemma 2.2.15. Assuming Assumption 2| for any forest F' € o, there is a bijection
between pairs (A, B) with B € A(F') and A € B, and pairs (A, B) with A € A(F') and
B e ARYF).

Proof. 1dentical to that of Corollary [2.2.14] noting that Assumption 2] guarantees that one

does indeed have A € A(F), BU A € A(F) and B\ A € A(RYF). O
Theorem 2.2.16. Let A satisfy Assumption 2|and define a linear map A: (o) — (Fo) @
(So) by

AF= Y RLF®RYF.
AeQ(F)

Then, the identity o B B

(1 A)AF = (A® 1)AF,
holds for every F' € Fo. Moreover A is multiplicative, i.e. for all Fy, F, €

A(F - F) = (AR) - (AR). 2.1)
Finally A: (Zy) — (So) ®(To), where (Zy) is the linear span of To, viewed as a subspace
of (So)-
Proof. One has

(1® A)AF

> RLF@RLRLF @ RERLE
Aed(F)
Beil(Rj\F)
> RIRIF@RUYRIF @ REF .
CceA(F)
AEA(R] F)
(A DAF = ) RLRIF®RLYRLF@RLF .

CEA(F)
AecC

(A®1)AF

As a consequence of Lemma we can put the outer sums in bijection with each
other by identifying the collections A appearing in both expressions, and by identifying
B with C \\ A (or equivalently C with B U A).

We are therefore led to compare the two quantities

1
RLF @ RERYF @ RERYF
RIRLF @ RYRIF @ REF

with A € C and B = C\\ A (or equivalently C = BU.A). Note now that, as a consequence
of the definitions of the relation between A, B and C, one has

RIRL=Rl,, RLRN=RLYRL, RgRL=TRE,

so that both of these expressions are of the form

RLF @ RYRLE @ REF .
In order to show multiplicativity we note that by the definition 2A(F, - F3) can be canoni-
cally identified with 2(Fy) x (Fy) since F} - F; is the graph F Ul F5. O
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2.3 Labelled trees and forests

Definition 2.3.1. A labelled tree is a triple (7', ¢,n), where 7' € T is a rooted tree en-
dowed with an edge-labelling ¢: Er — N and a node-labelling n: Ny — N%. We denote
by T the set of such labelled trees and denote a triple (7, ¢,n) by 7' € .

Remark 2.3.2. Note that we have a natural projection ¥ — % defined by discarding the
labels, i.e. ;' = (T, e,n) — T'. The product in Ty has a natural extension to a product in
<, (T, Te“) s TF, where T := TT, the edge-labels ¢ in T are obtained by restriction on
Er and E;, the node-labels i on N7 \ {o7} are obtained by restriction on N7\ {or} and
N4\ {04}, while n(o7) := n(or) + n(07). This product is commutative and associative.

Definition 2.3.3. A labelled forest is a triple (F, ¢,n), where I € § is a forest endowed
with an edge-labelling ¢: F — N? and a node-labelling n: N » — N We denote by §
the set of such labelled forests and denote a triple (F, e, n) by F' € §.

Remark 2.3.4. Note that we have a natural projection § +— § defined by discarding the
labels, i.e. F' = (F,e,n) — F. The product in §, has a natural extension to a product in
5, (7}, ﬁ’e“) — F, where F := F - [, and labels are obtained by restriction on F and F.
This product is commutative and associative.

Definition 2.3.5. For all ' € § and A € 2(F') we can extend canonically the equiv-
alence relation ~4 on F' to F}'. The forest R;F " inherits edge- and node-labels from
F by simple restriction. The forest Rﬁ‘F " inherits the edge-labels from F' by simple
restriction, while the node-labels are the sums of the labels over equivalence classes:

n(2) £ > n(y). (2.2)

Yy~ Az

Before we proceed, we introduce another structure on §. Given F}' € §, we write
[Fe] = |Er| + [e] + [n],

where, for a multiindex n say, we set [n| = > Z?:l n(x);, and similarly for e. Note
that we then have the identities

[RUFY = |Bal+|el Eal +0INal . [RGFY| = |Ep\ Ea| +[e] Er \ Eal+n], (2.3)

where [ denotes the restriction operator.

With this notation, we see that if we furthermore consider a finite set of types £, then
the set {F' € § : |F!| = N} is finite for every N > 0. This is because there are only
finitely many possibles shapes for a forest with a given number of edges (remember that
our forests contain no empty trees), and only finitely many ways of labelling them with
labels of any fixed total size. We therefore have a natural grading (§) = @y, S~ and
similarly for any space of the type (F) ® (§), etc. -

Given a graded vector space of the form V' = @, , Vn, we then write [V] for the
(strictly larger) space of all formal series of the form >~ ., vx with vy € Viy. Given two
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2.3. Labelled trees and forests

graded vector spaces V and V, we call a linear map A: [V] — [V] infinite triangular if
the projection of Avy onto V), vanishes for M < N. Such linear maps are in bijection
with the set of infinite “matrices” of the form { A n }ar,n>0 With Apn € L(Viy, Var) and
Apyn = 0 for M < N, and composition is given by formal matrix multiplication (this
only involves finite sums thanks to the triangular structure of these matrices). Henceforth,
we make a slight abuse of language and write again A: V — V instead of A: [V] — [V]
for such a map, but whenever we do this we will explicitly state that A is infinite triangular.

Given a forest F € F, and an edge-label ¢: Er — N, we define the corresponding
node-label me: Ny — N? by

me(z) = > ele),  E.={(z,y) € Er}.

eckE,

Let 2l satisfy Assumption 2] and define an infinite triangular linear map A: (F) —
(§) @ (T) by

= ) Z ( ) RIFMAT™A @ Ry FR (2.4)
AGQI n.A e.A
where, for A = {51,...,5,},

1. ¢4 runs over all N%-valued functions on E supported by the set of edges (1, z3) €
Er \ UiESi such that z; € UiNSZ-

2. n4 runs over the set of all N%-valued functions on N supported by U;N S, -

Note that, as a consequence of (2.3), one has
IRLFPATTA @ RYFN M| = |FY + 2Je

so that this map is indeed triangular.
Theorem 2.3.6. If A satisfies Assumption 2| then the identity

(1® A)AF" = (A® 1)AF", (2.5)
holds for every F™ € §. Moreover A is multiplicative, i.e. for all Fy, Fy € §

A(Fy - Fy) = (AR) - (AR). (2.6)
Finally A: () — § ® (), where (T) is the linear span of <.

Proof. We first show the multiplicativity property (2.6). Arguing as in the proof of (2.1)
in Theorem [2.3.6] “ we see that A € A(FF) if and only if A = AU A with A € A(F)
and A € A(F); moreover ¢4 factorises as ¢4 + ¢ g, with ¢4, ¢ 1 supported by Er- and E
respectively, and so does n4 on N ri- Therefore

Ri (FF)EI:—H];A = (RillFetil-elAl) (RilgF:—&-e:zz) ?
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as well as
RQ(FF)HFMA R FnAlerAlR Fn““2 Ay
eT¢ N

Since factorials factor over functions with disjoint support, so that for example ¢! =
e4,'e4,!, then all coefficients in (2.4) factorise and (2.6) follows.

We prove now (2.5). We first show that the identity (2.5) holds in the special case
when F is a labelled forest with vanishing node-label, namely when n = 0; we will see
later how the general case can be coerced into this. If n = 0, then (2.4) reduces to the
somewhat cleaner identity

_ 1
_ B » X R +
AF, = E E eA!RAFe AR RYFete, -
Ae(F) ea
One has

1®A)AF = > Z

AEU(F) eq,eB
Bem(Rl F)

(A DAF, = > Z ec‘e (MC)R RLFAT™ @ RARLETS™ @ REFie.

'eB RUFTA @ RERGFIE, @ RERG Feretes:

e+ ¢
CGQ((F) e

The previous formal series are well-defined. Indeed, if we fix one term appearing in the
sum, the edge-labels ¢4, ¢§ and ec are uniquely determined and this implies the same
property for ¢ and ng.

As a consequence of Lemma[2.2.15] we can put the outer sums in bijection with each
other by identifying the collections A appearing in both expressions, and by identifying
B with C \\ A (or equivalently C with B U A). We are therefore led to compare the two
quantities

QAWB R FMA ® ,R%R FZ:QBA ®R Ri\Fe‘HA-ﬁ-%’ > (2.7)
1 e nC 4me€ Tee—nC
ol c|( C) RURLF ST ®RjRTF AR REFuee 2.8)

with summations implied over all of the label functions appearing, and with A € C and
B = C\\ A (or equivalently C = BW.A). Note now that, as a consequence of the definitions
of the relation between BB and C, one has

RIRL=Rl,, RIRY=RYRL, RyRL=TR:,
so that both of these expressions are of the form
K(nig,e10) RUE™ @ RYRLE™M @ REE,,

for some label functions n, 5, ¢; 2 and combinatorial factors /. Furthermore, the label
functions have the following properties:
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2.3. Labelled trees and forests

1. One has ey < ny < m(eg + e9) and ny + myng — ma7(eg + e2) = 0.

2. The edge-label ¢, is supported on E¢, while ¢, is supported on Ep N E 4.
3. The node-label n; is a function on the quotient set N/ ~ 4.

4. The node-label n, is supported on N 4.

We call any choice of label functions satisfying these properties “acceptable”. Given an
acceptable choice of label functions n; 9, ¢; 2, we say that labels e 4, ¢3, ¢c, eg\ and ni are
compatible with this choice if the following identities hold:

7[,4(7?6@—11?4) =Ny = TTp7TeB,

C C
n; +mey =Ny = 7e

A A 2 A > (2.9)
ec=r¢1 = ealp, + 5,

C

¢y =¢s = ealp -

Note that the first identity is redundant since it is an automatic consequence of the remain-
ing three identities, combined with the fact that the labelling is acceptable. It thus suffices
to show that if we sum the combinatorial factor appearing in (2.7) over all values of ¢4
and ep compatible with a given acceptable choice of n, 5, ¢; », then we obtain the same
value as when we sum the combinatorial factor of (2.8) over all compatible values of e,
c c

¢7 and ny.

We first consider (2.8]), which is the easier case. Indeed, it follows from the last three
identities of (2.9) that e, eg\ and ni are uniquely determined by ns, ¢; and ey, so that the
corresponding sum over combinatorial factors contains one single term and is given by

1 ey B (meq)! 1 ey
21!62! Ng — ey N 61!62!012 — 7T22)!(7T(€1 + 82) — ﬂg)! N 21!22! Ng — Treo ’

(Note that being acceptable automatically implies that the various quantities appearing
here are positive.) Regarding (2.7), the situation is a little bit more complicated since the
identities (2.9) are not sufficient in general to determine ¢4 and ¢s completely. Indeed,
the only part of the way in which e, is split between the summands e 4|z, and ¢p that is
determined is its image under 7. Since meg = w(e; + ¢3) — ny is determined, we still have
the freedom to choose the actual values of eg that are consistent with 7weg. Once this is
chosen, it is easy to see that this also determines ¢ 4.

Combining this with (2.7), we conclude that the sum over the combinatorial factors
appearing there is given by

1 1 e
Z eol(e; —ep)les!  erley! g <e3) ’

e | mep

where the sum runs over all values of ¢z consistent with meg = m(e; + ¢3) — ny and
we used the fact that (f + g)! = flg! for any two label functions f and g with disjoint
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supports. It now remains to apply the Chu-Vandermonde identity, thus yielding

2 () () e a) = (55
B N Tep n 7T(21—|—22)—I12 N No — ey ’
e | men
so that the claim follows at once.

It now remains to show that the required identity also holds if we endow F' with a
non-zero node-label. For this, we use the following trick: we add additional types to the
set £ by setting £ = £LI{x;}¢_, and we consider the map ¢ that takes a forest F' € §* and
builds a new forest (/' € §*© obtained by setting the node-labels to 0 and, for any inner
node z, adding n(z); new edges with type x; and edge label 0. We denote by (7;);=1,.. 4
the canonical basis of R, i.e. 1;(j) = L=y, j € {1,...,d}.

Given a forest F' € §*, we call edges of type *; for some ¢ “virtual edges™ and we call
leaves not incident to a virtual edge “proper leaves”. We define a map I1: §° — (F*) by
setting [TF" = 0 if F' contains a virtual edge e with ¢(e) € n;. Otherwise, I1F is obtained
by erasing all virtual edges e = (, y) and, for each virtual edge of type ; with a 0 edge-
label, adding 7; to n(z). In particular, one can convince oneself that I1 is a left-inverse for
L.

Setting 2(F) = A(ILF) for all F € F*, it is immediate that 2 then again satisfies
Assumption 2} so that if we define A by (2.4) with 2 replaced by 2, we have

(A®1)AF = (1® A)AF,
for every forest F' € & without any node-labels. In particular, one has
(AR 1DALF = (1®A)ALF, (2.10)
for every forest ' € F*. We now claim that one has
(1®I)AF = AllF, (2.11)

for every forest F' € 3’3 (even those with additional node-labels). We_show now that the
claim, combined with (2.10), implies (2.5)), i.e. co-associativity of A. Now (2.10) and

@) yield

IA)A =10A)(1MA=(121xI)(1®A)A

and

(A® 1A

(leHAe)(lel)Ar=1xTe)(A®1)A
(1eTe)(1®A)AL

In order to conclude we need to show that (IT ® II)A = (1 ® I1)A; this is true since
A € 2(F) = A(ITF) does not contain virtual edges, so that [TR|, F = R, F.

It remains to show that (Z.11)) holds. We note again that A € 2(F) = (ILF) contains
no virtual edge. Then, if I[IF" = 0, namely if there exists an edge of type x; with ¢(e) £ n;,
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then the same is true for Rjﬁ , 1.e. for each of the terms appearing in the right-hand side
of with 2l replaced by L, so that one does indeed also have (1 ® I1)AF = 0.

We therefore assume that ITF' # 0 from now on and we set F' = I1F. We also define a
function m: Ny = Nz — N by setting m(z); to be equal to the number of virtual edges
of type x; incident to x. In particular, denoting by n, ¢ the labellings of /' and by n, ¢ the
labellings of F', the definition of II implies that ¢ and ¢ coincide on proper edges, so that
one can write

c=c¢+¢",

with ¢ supported on virtual edges only. Furthermore these quantities are related by
n=n+m—me. (2.12)

Furthermore, the definition of AF guarantees that the set of admissible collections ap-
pearing in AF is the same as the set of admissible collections appearing in AF, with the
obvious identification of the leaves of F as a subset of those of F. Since F' and F have
the same nodes, the node-label n 4 appearing in (2.4)) runs in principle over the same set
in both cases. However, since the node-labelling n for F is in general smaller than the
node-labelling n of F', n4 runs over a smaller set.

On the other hand, F has more edges than F' (it contains all virtual edges), so that ¢4
runs over a larger class in that case. However, any label function ¢4 defined on the edges
of F can be written uniquely as ¢4 = ¢4+ ¢Y, where ¢, is supported on the virtual edges,
while ¢ 4 is supported on the proper edges.

Since the set /4 does not contain any virtual edges, the forest R;F; A+TeA s exactly
the same as the forest RZ‘FQ“A*”A for every admissible collection 4, provided that one
has the identity

ny+mey =ny +mey . (2.13)

This is because the identity F' = ILF guarantees that ¢ and ¢ coincide, save for the fact
that ¢ has additional values on the virtual edges which are however discarded by the action
of Ri\. Similarly, it is straightforward to verify that one has the identity

IRY FIMA = RYFNM

eteq eteq
provided that the following holds:

1. On proper edges, one has ¢4 = ¢4, so that one does indeed have ¢4 = ¢4 + eff‘,
where ¢, is supported on the virtual edges.

2. For every virtual edge e € E \ E4 of type 4, one has ¢(e) + ¢%(e) < n;, since
otherwise the left hand side vanishes. In particular, ¢ and ¢ have disjoint supports.

Indeed, if this is the case, then (2.12]) and (2.13)) imply that the node-labelling of HRjFQ}ZA
is given by

A —tig+m—mel —me") =m0 — g —mey) = mal(n —ny),
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which is precisely the node-labelling of the right hand side. The claim thus follows if we

can show that
1 (ﬂ)_z 1 (n—m“‘ﬂ_ev)
eql \ng X (ea+e )\ ng—mely /J°
A

where ¢ is as above. Note first that since ¢! has support disjoint from e 4, one has (e4 +
e’)! = eley!. Furthermore, ¢Y(e) is always either 0 or n; for some 4, so that one actually
has eff‘! = 1. Furthermore, given m}fl, the number of possible choices for e}f‘ consistent

with it is precisely equal to
m — me¥
el )

This is because at each node z, there are m Virtual edges incident to x, but only m — 7e"
of these have label 0 and so can be used for e . It therefore remains to show that

(n) (m—mv>(n—m+mv)
nadl Z 1% _ eV ]
A - ey ng—mey
7TBA
but this follows immediately from the Chu-Vandermonde identity, thus concluding the
proof. ]

2.4 Positive and negative renormalisations

Definition 2.4.1. For all T' € T, we denote by 2 (T") C 4(T) the set of all A € A(T)
with either A = () or A = {S} with S a rooted subtree of T such that o5 = 7.

Lemma 2.4.2. Assumption 2|is satisfied for A = A and A = A™.

Proof. The first property is part of the definitions and the second one follows from the
fact that Ry, A= Ry@ F. Regardmg the last property, the fact that C \\ A € Ql(RjF )
similarly follows from the fact that RC\\ ARi F = RiF ]

We then define two infinite triangular maps 6% : (§) — (§) ® (§) and 6~ : (F) —
(F) ® (F) exactly as in (2.4), but with 2 = 2" for 6" and 2 = A for .

5+Feﬂ = Z Z ( ) RT FnA+7reA ® Ri FL&A’ (2.14)

AeA+(F) ea, nA

Z Z ( ) RT FnA—i-mA ® RY Fe‘ii-equA' (2.15)

AEU(F) ea, nA

Note that 7 can also be viewed as a map §* : (T) — () @ (T) since, by Defini-
tion R;T is given by a single rooted tree for all A € AT (7).

Below, we compute one term given by the coproduct 6~ with A = {A;, Ax} € 2A(T)
and one term given by §* for A € A (T)
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Definition 2.4.3. A rooted tree T' € T, is said to be elementary if it either consists only
of the root or has only one edge incident to the root. Let Ty C %, be the set of elementary
rooted trees. Let € be the corresponding set of labelled trees.

2.4.1 Homogeneity

Definition 2.4.4. We associate to each type ¢ € £ a “homogeneity” |¢|; € R. We also
denote by |F}'|s the homogeneity of the labelled forest I € §, which is given by

o= Y )+ Y In@)s— Y le(e)ls

uceLpUER zENF ecEp

where | - |; denotes the s-homogeneity of a multiindex. In particular, one has |1| = 0 as
expected.

Remark 2.4.5. For a labelled tree 7]' € € C § the homogeneity is also well-defined.
Moreover the homogeneity has the property

|77|s = |7|s + |T]s, V7, 7€9%,

|- @ls = |ls + |Bls, Vo,p €.

Definition 2.4.6. Let §_ C J be the set of all labelled forests ' = 1 or ' = (17 -
Ty ---T})" such that T, ¢ Ty and |(T})"s < Oforalli = 1,...,k,ie. T} is non-elementary
and (7;)? has negative homogeneity. The set §_ is stable under the product inherited from
§ and therefore (F_) is an algebra. If we set T_ as the set of non-elementary rooted trees
with negative homogeneity, then (F_) is the algebra generated by T_ in (F).

Definition 2.4.7. Let T% C < be the set of elementary labelled trees with positive homo-
geneity and zero label at the root; if n is a node-labelling of 7" then () := n(2)1 (50,
is the node-labelling of 7" with the label of the root set to 0; then ¥, is the set of labelled
trees 7" such that 7" is a product of trees in T0. The set T is stable under the product
inherited from T and therefore (T ) is an algebra.

Let II; : (§) — (T,) and I1_ : (F) — (§F_) be the canonical projection onto (T, ),
resp. (§—). Then we define the following maps

A (T) = (T) @ (T,), A=(1®I)s"
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2.4. Positive and negative renormalisations

AT (T) = (T4) © (F4), AT = (T ®T14)6"
Ar@ - @F )o@, A=M_ol)
A (Fo) = (F-) @ (F-), N =T_®I)5.

We also set
A (T) = (F) @ (T), A= (TI_®1)6t. (2.16)

Remark 2.4.8. While 6% Eake values in formal (infinite) sums, the projections 11 make
all sums defining A, A*, A, A~ and AR finite.

2.4.2 Positive renormalisation
We want to prove the following

Theorem 2.4.9. The algebra (¥.) endowed with the product (17,7) — 77 and the co-
product A" is a Hopf algebra. Moreover A turns () into a right comodule over ().

Proof. We claim first that 6", defined in (4.2) and proved to be multiplicative on labelled
forests endowed with the product (¢, ¢) — ¢ - @ in Theorem is also multiplicative
on labelled trees endowed with the product (T*, TF) + T*TF. We recall that A+ (T) C
A(T') is the set of all A = {S} with S a rooted subtree of 7" such that o5 = or; with
a slight abuse of notation we denote {S} simply by S. We note first that 20 has a nice
factorisation property with respect to the product of labelled trees: indeed 2+ (T'T) is the
set of rooted subtrees S of T'T such that g = o7+ and the map

Ql+(TT) SA=85+— (SOT,SF‘IT) = (A, Ay) € Ql+(T) X Q(+(T)
is a bijection, with inverse
AT(T) x AT(T) > (S,S) — SS € AT (TT).

Now if A € A (TT) then ¢4 factorises as ¢4, + e,, With e4,, ¢4, supported by Er and
E7 respectively, and so does ng on Np7 \ {o77}. Therefore

R\LA (TT)SIS-:;:AA = (Rill T:;l?l) (R\IAQ TEI_::Q:JZQ) ’
as well as

'R; (TT)S_T_\;-MA _ RQIT:AI +mesy R;QT;A2 +7Te A, ]
Since factorials factor over functions with disjoint support, so that for example ¢4! =
¢4, e4,!, the only part that could potentially prevent (4.2)) from factorising when replacing
T" by TT™ is the contribution of the root labels n 4( o), where the combinatorial factor in
the sum over n4 (o) may potentially differ from that of the double sum over n 4, (¢) and
ny, (o). However, we note that also in the second case the right hand side only depends

onng, (0) + na,(0) so that the claim follows from the identity

(=5 ) )

k k1,k2
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2.4. Positive and negative renormalisations

which holds for any expression F' as a consequence of the Vandermonde identity.

We note now an important difference between 11, and II_: indeed, II, is multiplica-
tive on labelled trees while II_ in general is not (both are trivially multiplicative on la-
belled forests). In a formula:

I (77) = (Il 7) (11 7), V7,7€%.
Now, we have to prove that
1 AHYA=(A® 1A, (1 ANHAT = (A" 1)A". (2.17)
We claim that the following identity holds:
(T4 @0 )0 Iy = (T @ T4 )0 ™.

We have to prove that the right-hand side of this identity vanishes for all 7 € T\ T, . Note
that such 7 is a product of elementary trees, not all of them with positive homogeneity.
Since §* and I, are multiplicative on T, then it is enough to check the identity on elemen-
tary trees with negative homogeneity. Now for every 7 € T, onehas §*7 = . Ti(l) & TZ-(Z)
where |7, = ‘Ti(1)|5 + |7‘i(2)’5 for all 4, so that if |7]; < O then |7’i(1)‘5 A 171(2)\5 < 0 and
therefore (IL, @ I )0+7 = 0.

Now, in order to prove the first equality in (2.17) we notice that

1oANA = (1o (1 @) ) (1@ )i" = (1@ (I @1 )0 T, )d"
=(leM;e@l)i")im =(1ell @I )(1®d")s"
and
ADA = (1) )(1eIL)i"T= (1) @I1;)§"
=11, @I,) (6" ®@1)5".

By Theorem[2.3.6] (1®67)é" = (67 ® 1)d™ and we obtain the first equality in (2.17)). In
order to prove the second equality, we have

1®ANA" = (1@ (I} @ I1)6 ") (I @ I11)0" = (I @ (I @ 14 )6 L )6 "

=y @ (I @I1,)67)6" = (I @ Iy @ My ) (1@ 7)o"
and
(AT @ DAY = (I} @ I1)6" @ 1)(T1 @ ;)" = (I} @ I1,)0" @ I )0+
=1L @I, @I ) (6T ®1)5™.

Again we conclude by the coassociativity of 0.

Finally, we must prove that (%) admits an antipode, i.e. amap A : (T,) — (T,)

such that
./\/l(l X A)A+T = M(A X 1)A+7' = ]].(7-21)1 =1*

where M : € ® T +— ¥ is the multiplication map of labelled trees, 7 ® 7 — 77. We
introduce a partial order on ¥ : we write | E| for the number of edges of 7 and then we
say that 7 < T if
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2.4. Positive and negative renormalisations

e cither |E;| < |E-|
e or |E,| = |E:| and |T|s < |T|s.

Let 1" be the labelled tree composed by the root with node label equal to n > 0. Since

A+1n — n 1k 1n7k
> ()

k=0

we obtain by recurrence on n that A1" = (—11)",
Suppose now that 7' € T, \ {1",n > 0}. If |[T?"|s € [0, 1], then for any non-zero ¢4

or n4 we have |RY, Te'ﬂre'l{‘ |s < 0 and therefore

ATTY = > LRI @ ILRYTY
Ae+(T)
=17+ > LRI QILRLTY
Aeut(T)\{0}

so that necessarily

AT == ILRLTY[AILRYTY]
Acx+(T)\(0)

and in the right hand side we have RjTe“ < 17" since the number of edges is decreased by
the condition A # (), so that AT} is well-defined by recurrence on the number of edges.
Forany T}' € T, \ {1",n > 0} with |T}'|s > 1 we have analogously

ST eteme B % (0 ) Rlae o R,

AU (T)\{0} e, “A

where the right hand side consists of a finite sum by the effect of the projections 11,.
Therefore necessarily

AT = — Z Z < > I, RT TnA+7reA [AHJFRi Te:—elA 7

AeA+(T)\{0} ea, “A

and in the right hand side we have R DTl < T so that AT} is well-defined by recur-
rence on the order <.
The fact that (%) is a right comodule for (¥,) is nothing but the first identity in

(2.17). ]

Remark 2.4.10. The proof has been done in a different setting in [Hai114bl, Theorem 8.16]
for (T, ). See the section[3.2]for the equivalence between the definitions of A and A" with
the labelled trees and the definitions with the symbols.
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2.4. Positive and negative renormalisations

2.4.3 Negative renormalisation
We want to prove the following

Theorem 2.4.11. The algebra (§_) endowed with the product (¢, @) — ¢ - ¢ and the
coproduct X" is a Hopf algebra. Moreover A turns (§) into a left comodule over (F_).

Proof. By Theorem we have the coassociativity of §_, namely the identity (1 ®
d7)0~ = (0~ ®1)d~. We claim now that

(M- @) T = (Il ® I1_)s".

Let us consider ¢ € F\ F_,i.e. o =7 - To- -7 and there isa 7 € {r,..., 7} with
|7]s > 0 or 7 elementary. If we are in the former situation, then we argue as for the
analogous formula in the proof of Theorem indeed, 6 7 = ), Ti(l) ® TZ-(2) with
IT|s = |7'i(1)|5 + \7'1-(2)|5 for all 4, so that if |7|; > O then \7'1-(1)|5 Vv |7?|, > 0 and therefore
(I @ IT_)6~7 = 0. Else, if T € ¥, the edge e, incident to the root p of 7 appears for
every i in one of the 77 for j € {1,2}. If e, belongs to 7% then 7 ¢ <. Else if €y
belongs to Ti(l), one of the tree in {7y, ..., 7} is not in <. In both cases, II_7 = 0.

It follows immediately from Theorem [2.3.6] Lemma[2.4.2]and that one has the identi-
ties

1IAA=(X21D)A, 10A)A =N 1)A . (2.18)

Furthermore, if we grade (§F_) by postulating that (§_),, is spanned by those forests with
a total of n edges, then it follows immediately from our definitions that A and the product
of forests are compatible with this grading and that (§_), = (1) ~ R. It follows that
(§_) is a graded and connected bi-algebra, which therefore admits a unique antipode
which turns it into a Hopf algebra. The fact that § is a left comodule for (F_) is nothing
but the first identity in (2.18). O

2.4.4 Groups
We define H_ as (F_). If H* denotes the dual of 7{_, then we set
G_:={leHL : l(p1-p2) = L{p1)l(p2), Vior1,020 € H_}.
Theorem 2.4.12. Let
R_={M;: (%) = (%), My = (L@ 1A, L e G_}.
Then R _ is a group for the composition law. Moreover, one has for f,g € G_:
MM, = Mo,
where f o g is defined by
feg=(g® f)A™.
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2.4. Positive and negative renormalisations

We define . as (T ). If H7 denotes the dual of 7, then we set
Gyi={g9g €M, :9(nm)=g(n)g(r), Vr,n € Hi}.
Theorem 2.4.13. Let
Ry ={T,: (%) = (), T, = (1@ g)A, g€ G},
Then R, is a group for the composition law. Moreover, one has for f, g € G
[y =T o

where f o g is defined by
fog=(f®gA"

We introduce a new coproduct in order to explain the link between the positive and
the negative renormalisation.

Definition 2.4.14. For all T € T, we denote by 2(°(7") the family of all (possibly empty)
A € A(T) such that if A = {S1,..., Sk} then ps, # or forall i = 1,..., k. For all
FES()WithF:Tl 'TQ"'TnWCSCt

A(F)={AcUF): A=A U---UA,, A, cA(T;),i=1,...,m},
and A°(1) := (.
Then we set with the usual notations the map 6° : (F) — (F) ® (%)
50Fen = Z Z ( ) RT FnA+7reA ® Rt FelelA, (2.19)
AEA°(F) e, nA

and
A (T) = (o) ® (), A= (T ®1)6°.

Remark 2.4.15. While the sum defining ° is in general infinite, the effect of the projec-
tion I1_ is to make the sum defining A° finite.

Proposition 2.4.16. The map X° is multiplicative on (T), i.e. N°(1173) = (A°7)(A° 1)
forall 1,1y € (%), where we consider on (§F_) @ (%) the product

(¢1,71) ® (P2, 72) = (P1 - P2, TiTa).

Proof. We introduce for n, k € N? an operator that we call (for reasons which will be
clear later) X"7Z, : T — ‘i which takes a labelled tree 7', adds to it a new node that
becomes the new root and an edge linking the new root to the old one; the new root gets
the label n and the new edge gets the label k; all other labels are unchanged. We also call
II:%+— T the map which associates to an elementary labelled tree 7' a labelled tree
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2.4. Positive and negative renormalisations

obtained by erasing the only edge e = (p,y) incident to the root g in 7" and setting the
root to be .

Since all labelled trees are products of elementary trees, it is enough to prove that for
T, Tm € T we have A°(1y - 7,) = (A°7y) - -+ (A°7,,). It is easy to see that for all
™e%

AT = AT, T = (1@ X O, ))6 11"

where as above o is the root of 77 and e = (p, y) is the only edge incident to o.
Now if I} =7 ---7, € Twith7y,..., 7, € T, then we have a canonical bijection

between A°(T") and A(IIry) X --- x A(IIr,,) and the numerical coefficients factorise

nicely, so that

e 1 n A ng. +mwey. n(o: ~ n—mgy.
e H Z Z _|< ) R;Z (H’Ti)ev‘\z A ® X (Qz)Ie(ei)R‘lAi (HTi)g-i,-e_:\;

From the multiplicativity of II_ on labelled forests we obtain the result. 0

For all £ € G_, we define
M) =({®1)A° = (- ®1)6°
where ¢° is given by (2.19).
Proposition 2.4.17. Let M : (§) ® (§) — (T), ¢ ® ¢ — ¢ - ¢. Then
M) (1®)5=4§".

Proof. By multiplicativity on (§), it is enough to prove the equality on all 7}' € T. Note
that

enens T 5(0) 5 5

el \ N
Aeark(r) A Beue(RYT)
CRUTMAT™A @ RERYTRENTE @ Ry R T AT e

and therefore

1 1 —
Me1)(1e8)5 = > _‘(n> > _‘(m(n M))'
Aca(T) el \ Ny et (42} np
Befle (R, T)

. (R;T:A-‘FWQA . R;RiT“BJFTWB) ® R%RjT“*“A*“B'

et+eq et+eq+en
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At this point, we note that since B € Qlo(RjT), ¢4 and ep have disjoint support so that
eales! = (e4 + ep)!. Similarly, thanks to the fact that ngz has support away from the root

of Ri\T, one has
mam—mn4)\  [(n—ny
na N ng ’

(nnA) (m(nn; w) " naln— nj;':»;' <2A—)!nA —ng)!

B n! _( n )
(g +ng)ln—ng—ng)  \ng+ng)’

We note also that the map (A, B) — C = AU B is a bijection between {(A,B) : A €
AH(T), B € A°(RYT)} and A(T), since every C € A(T) is either in A°(T) (if none
of the subtrees touches the root of 7'), or of the form {S} U B, where pg = pr and
B e QlO(RjT). Moreover setting, ¢ = ¢4 + ¢z and ng = n4 + ng, the above sum can
also be rewritten as

>3 (0 R o rizy <1

Ce(T) ne, ec

so that

This concludes the proof. [
Corollary 2.4.18. Let { € G_and R, £ (1) AR with A® as in (@4). Then My, = M; R,.
Proof. Note that
MyR,= ({TI_ ®1)6°(T1_ ® 1)+ = (I @ 1_ ®1)(1®6°)57.
Now, since /I1_ : (F) — R is multiplicative, we obtain
M{R, = (Tl @ (M@ 1)(1®46°)06" = ((I1_ ®@1)§ = M,.
This concludes the proof. 0

Example 2.4.19. Through the next subtree, we explain the link between A, A" and A°
such that we obtain the previous corollary. On A = {51, .S, S3} € 2A(T), we compute:

81 EQ 63 f7 @8 49 510

NI Y

z Gt 1] b
\\5 G —RIT= f Y
Q;‘l 0Ss 053

Finally, we obtain {S3} € A" (T) and {S1,S2} € A°(T). The set A°(T) as to be
understood as elements of 2(7") without rooted subtree.
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Proposition 2.4.20. We have
(1@ A)AF = (AR @ DA,
Moreover for all { € G_, Ry commutes with R ..

Proof. Both results follow from the co-associativity of 0. Indeed,
1A =T_®1eI)(1®sM)iT=(T_e1xI)("®1)i" = (A" 1)A.
Now forall / € G_and g € G+

Ry = (M- ®gll})(6T ®1)0" = ((II- @ ¢gII1 ) (1 ®67)d" =Ty Ry.
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Chapter 3

Renormalisation group in SPDEs

We want now to apply the construction of the previous chapter to regularity structures re-
lated with subcritical SPDEs. First we have to select subsets of labelled trees (or forests):
indeed the set of all labelled trees is far too big and the requirement that the homogeneities
be bounded below is violated since we can take arbitrary powers of a tree with negative
homogeneity. However on suitable (admissible) subspaces we can define regularity struc-
tures which satisfy the properties of Definition[I.2.1]

Then we establish a link with the symbol notation of [Hail4b] and we show the re-
lationship between our construction and that of [Hai14b]. We note that the original con-
struction of the structure group was already based on a Hopf Algebra description, while
the renormalisation group had a different (less transparent) definition.

Throughout this chapter we give, when it is possible, recursive constructions of the
object we define. Again, in [Hail4bl] one can find a recursive definition for the model
before renormalisation, but not the renormalised model. A recursive description of our
Hopf Algebras, groups and (renormalised) models sheds a different light on these objects;
moreover it is particularly simple to be coded in a computer programme. Even more
recursive computations are collected at the end of this thesis in Appendix A.

3.1 Regularity structures on labelled trees

Definition 3.1.1. A set of labelled trees 7 is admissible if for every T7' € T, every node-
labels ny, ny such that n — n; > 0 and every admissible subtree 7" of 7', one has

Trme T, T e T, [T, > max |f]e.
leLly

We denote by 7_, the algebra (II_7 )and by 7, the algebra
Ty = {ILRYTA VA € AT(T), Wi, eal.

We present a major example of admissible set which is T4 given by

Tu={T} € T:¥u,n—m >0 VI €AT) |T77"] > max|(].}.
T
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3.1. Regularity structures on labelled trees

Remark 3.1.2. The third condition in|3.1.1|used for the definition of ¥,; guarantees that
the set of homogeneities is bounded from below.

Definition 3.1.3. Let 7' € 7. We denote by 2(Er) the set containing £ = {ey, ...,e,} C
Erp such that T,, N T,, = () for i # j. For an edge e, the notation T, means the tree above
e=(er,e_):its nodes are givenby V. ={v e V\ {v} : ex ANv=cey}.

Definition 3.1.4. A set of labelled trees 7 is locally-subcritical if for every TY € T and
every £ = {e1,...,en} € A(Er) one has PyT" admissible, where P¢T" means that we
replace all the tree T, by a leaf ¢ with the minimum |/|,.

We define the set ¥,;,. the maximal subset for the inclusion of ¥,; such that %, is
locally subcritical. The coproducts A, R and A are defined on the whole space of labelled
trees T. The next proposition shows the action of the previous coproducts on a admissible
set of labelled trees:

Proposition 3.1.5. Let T an admissible set of labelled trees. Then A : T — T @ T, and
A:T—=T_® Tad-

Proof. By definition, the result is obvious for A. For A, let T} € T, it follows:

- > > ( )RTT“““”““MWLQA-

AeA(T) eq, ﬂA

We have to check that for all A € (T, ¢4 and n 4 such that | R, T*4+7¢4|, < 0, one has
RUYTIDM € Tag. Let B € A(T):

eteq

e If B and A are independent then RL,RY TP = RLT! and we have |RLT"|, >

et+eq
maxyer,, ||s by the admissibility of the set 7.

e Else, let C' € 2(T) such that C' = B U |JAP. It follows:

max |¢|; < max |l|s < |R2Te“|5 |RT R¢ Tl |RT4T;A+MA|5
teLlp leLc

etey

which implies
Tl
[RpRATeresls > max €],
because |R|, T*7¢4 |, < 0,
0

Proposition 3.1.6. Let T a local subcritical set of labelled trees. Then A : T — T @ T,
and A T — T_ ® Tipe
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3.2. Link with SPDEs and the symbol notation

Proof. We have to check that for all A € (T, e4 and n 4 such that |[Rl, Tr4+74|, < 0
and for all £ € A(Er), one has RYPrTI"4 € T,q. We notice that

et+eq

b plpn—ng _ plpd qm—
RAPETn M= PSRAT:—HZA'

eteq

The term RjT”_“““ is admissible by definition. Then we use the proposition to

ete g
conclude. O]

Proposition 3.1.7. Let T a local subcritical set of labelled trees. Then we define a regu-
larity structure (Ar, Hr, Gr) given by:

e Ar={a:31 €T, |7|s =a}.
o Hyr =@, caHa and H,, is the linear span of T, = {7 € T : |7|s = a}.
o G is the restriction of G to T.
Proof. The proof will be done in the next section with the symbol notation. [

We finish the section by a result on the completion of some finite subset in ¥,; in
order to have a subset invariant by A and A.

Proposition 3.1.8. Let T a finite subset of Tjo.. There exists a finite set T* such that
TCT Cle AT =TT and A:T* = TXQ T

Proof. We define recursively the sets 7,,, AL, A2, £l and £ by

n’> =n

To=T, AT = A @A, A A UA = (&) @&
Tor1 =T UALUAZUEL UER.

If we look at the sequence of maximum (7, )pen in 7,41 \ 7, regarding the number of
edges and then the homogeneity, is strictly decreasing. Indeed, if we take 7' € ¥, then
AT and AT give a decomposition of the form > Ti(l) ®Ti(2) where for each ¢, the number
of edges in Ti(l), TZ-(Z) is equal to the number of edges in 7". We can add new terms in 7,

if Ti(l) is of the form X*, in that case we take derivatives of some edges of the original tree
which give a term with lower homogeneity. There exists a N such that Ty = Ty.1. [

Remark 3.1.9. For the applications, we can start the iteration on a negative set of symbols
or on ¥, . This iteration has been done in many examples like in [HP14].

loc*

3.2 Link with SPDEs and the symbol notation

The labelled trees can be represented by the use of symbols in the following way:

1. The symbol = encodes the leaves as noises . If there is more than one “type” of leaf
from a set £;, then we introduce different type of noises (Z;);ceg, -
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3.2. Link with SPDEs and the symbol notation

2. To each edge with label k& € N¢, we associate an operator Z;. Again, if there is more
than one “type”, the integration maps are indexed with the set £..

3. A factor X* encodes each inner vertex with label k € N¢.

Remark 3.2.1. In the previous coding, the noise = always appears as Z; (=) and never by
itself. In the case of regularity structures generated by stochastic PDEs driven by additive
noise, this is automatically the case. In the general case, this can always be enforced “ar-
tificially” for example by introducing a new type of edge with label 0. Then to this edge,
we associate an abstract integration map Z* of homogeneity 0 and replace all occurrences
of = by Z*(Z) which does not change the algebraic structure.

Now, we consider only one type of noise and one type of edge: this case covers all the
examples which have been treated. The set T is encoded by the set of symbols F defined
recursively as follows:

o {1,(X})iz1.a,2} CF

o ifry,..., 7, € Fthenr ---7, € F, where we assume that this product is associa-
tive and commutative

o ifT € F\{l,X"*: ke N} then {Z(7),Zi(7) : k € N} C F.

In that setting, we can compute the homogeneity recursively: |Z|; = «, | X;|s = i,

|1|5 =0
|1 Tnls = |T1ls + oo+ |Tlss Zi(7) = |7|s + B — |Els-
where (3 is the edge-type of Z(-).

Remark 3.2.2. The previous homogeneity is the same as the homogeneity introduced in
[2.4.4} it is just a recursive way of computing it.

Labelled trees can be associated to parabolic SPDE such as the generalised KPZ equa-
tion given in one dimension in space by:

Ou = O+ g(u)(9:u)” + h(w)dyu + k(u) + f(u)€.
and the stochastic quantization given in dimension 3 by:
ou = Au+u® + €.

Indeed, we extract rules from the right hand-side of an SPDE and we perform the follow-
ing transformations:

E=E 2 Xy, u—ZI(:), Dur T,()), u,D"urs X" ke N
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3.2. Link with SPDEs and the symbol notation

The latest rules mean that © and D™u can be either replaced by a monomial or the cor-
responding abstract integrator Z(-) and Z,(-). Non-linearities of the form g(u) are re-
placed by polynomials 2™ u" and then we apply the previous transformations. In the
generalised KPZ equation the term g(u)(0,u)? gives the rules X*Z(-)"Z,(-)™ for every
k,n,m € N x N x {0,1,2} where Z,(-) is a shorthand notation for Z; 1)(-). That means
for XKZ()"Z, ()%

Toy oo Tns Thy Ty € H = XF (HI(Ti)>Il(T{)Il(T£) cH.
i=1
We obtain a set of rules R, associated to the equation of the form:
Ru = {XFT()Z()™(E)" : (k,£,m,n) € B} (3.1)

where B is a subset of N*x {0, 1}. We suppose that = € R,,. In the stochastic quantization,
we have

Ropua = {X*, XFT(), X*Z()? Z(-)*, 2, k € N*}
and for the generalised KPZ
Rorpe = {X I() X IOV T(), XFL()'Ti()?, XMI()'E, (k,0) € N? x N}
Now we are able to give a recursive definition of some subset of symbols:
T ={reF:7=R(n,...,7n), RER,and 7y,...,7, € T or 7 =Z=}.

We associate to each rule an homogeneity as follows:

—_
—

=ls

=, 7|Ik(')|5:a+2_|k|5a

[~

= Z | Ry, (3.2)

where the R; are of the form =, Z,(+) and X*,

Definition 3.2.3. A set of rules G is locally subcritical if for each R € G \ {Z}:

'

|Rls > |2

This definition is a reformulation of the notion of local subcriticality introduced in
[Hail4b, Assumption 8.3]. Indeed instead of using rules, the product is described with
abstract polynomials:

e the noise £ is replaced by the dummy variable = with homogeneity «.

e Every occurrence of D*u such that o + 3 — |k|, < 0 is replaced by P}, with homo-
geneity a + [ — |kls.
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3.2. Link with SPDEs and the symbol notation

The homogeneity of a monomial is the sum of the homogeneities of each factor. Then
the condition of local subcriticality turns out to be: each monomial must have a homo-
geneity strictly bigger than «. In our settings it likes looking only at rules with negative
homogeneity and checking that they have a bigger homogeneity than the noise.

With this assumption on the set of our rule, we can generate a well defined regular-
ity structure which allows us to solve the equation. The idea is that when we apply a
perturbative method at each step the regularity of our expansion increases. Given a local
subcritical set of rules R, we define 5%, the regularity we earn at each step in R, by:

bro = | Jmin_ |Bls = [Els.

For the generalized KPZ , 8z , = = 1/2 and for the stochastic quantization, we have
Br4. = 1. Under the hypothesis of local subcriticality, it has been proven in [Hail4b]
that for every a € A, the set 7, is finite. The key point of the proof is [Hail4b, lemma
(8.10)] which strongly uses the parameter [, .

Remark 3.2.4. The space 7 contains all the symbols which can be renormalised and it
also contains abstract integrator map Zj(-) such that |Z()|s > |Z]s.

Remark 3.2.5. If we face different types of noise (=;), for the homogeneity of the rule
we take @ = min; |Z;|; in (3.2)). Then the condition for the local subcriticality is given for
every R € G\ {E; :i} by:

|R

s > mlax|Ei|5.

Remark 3.2.6. This notion of local subcriticality guarantees the convergence of the model
in most of the examples see chapter 5. But in [Hosl5], the author puts in evidence a
counter-example in the KPZ equation with a fractional derivative equal to 411'

The next proposition establishes a link with [Hail4b, Definition 8.6]

Proposition 3.2.7. The sets of symbols built from a locally subcritical set of rules R,
such that for every XFZ()™T, ("2 € R, one has for every k, m < m, n < n, { </,
XET()™I)(-)"Z" € R, are in bijection with the local subcritical sets of Labelled trees.

Proof. Each time, we use a rule we can use any subrule which creates any subtree from
the initial labelled tree. That subtree has a homogeneity greater than the homogeneity of
the noise from the local subcriticality of the rules. For the reverse, from a local subcritical
set of labelled trees F’, we obtain the rules by looking at each inner mode u of T} € F' to
the label n(u) which gives X™%ls and to the edges £*({u}) defined by

E({u}) = {(u,v) - e = (es,e-)(u,v) € Br}

which yields to the rules used to build the labelled tree 77

Xl H [(€)e(e) () H ((0).

ecgd({u}) eced({u}) LeLp
[1(e)] 570 t=e_
where we have identified [(e) with Z(-) and [(¢) with =. O
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3.2. Link with SPDEs and the symbol notation

We finish our discussion on the structure space by justifying the universality of the
generalised KPZ:

Proposition 3.2.8. We consider the set of symbols F generated by the abstract integrator

Z(-) and I, (-) = Loy (-) with |Z|s = _3 T()|s = % — kand |T, ()]s = _% e

Then Lioe = Tipzg Where Ty.q is the structure space associated to the generalised KPZ.

Proof. In terms of homogeneity, the only abstract integrators which can be used are Z(-)
and 7, (-) because |Z;(-)|s < —3 for k ¢ {(0,0), (0,1)}. Moreover, for m > 2 it follows
1Z:(-)™s < —2. We deduce frorn these observations that the set of rules Ry, given by

Rorpz = {XPT) XFZ(O) T (), XPT()'T()?, XPZ()'E, (k, () € N? x N}
generates all the terms in T, L]

Remark 3.2.9. By definition, ;. C %4 but T;,. # T,y Indeed, the following tree
71 (Z1(2)?)? belongs to T4 but not to T, because |Z;(Z)?|, = —2 — 3k < |=[,. In the
examples all the terms in ¥,; will converge, but we want to avoid trees built with a non
local subcritical rule like Z, (-)? for the KPZ equation.

We want to derive recursive versions with the symbols for 6" and 6. For that purpose,
we consider a collection of constants that can conveniently be indexed by expressions of
the type € (7) with 7 € F. Let # denote the vector space spanned by elements of the
form o7 with ¢ € (€(F)) and 7 € F. Elements of # have a unique decomposition
of the form ) __, 0.7 with 0. € (€(F)). We then define A° : H — R[[H ® H]] and

A H — R[[H @ H]] by:
AT=101, NX,=X,91+10X, A°~—~®1+1®_

N(77) = (A7) (A7), NT(1) = (T, @ 1)A T+Z @IM

ANl=1®1 ANAX,=X;01410X;, NE=E01+1®=

Ao(r7) = (A7) (A7), ANT(r) = <zk @1+ Z %@IkM)A 7.

We extend the previous coproducts on the forests § identified with (%'(F)) by setting:
NC=(CRC)N, NC=(€CxC)N

The previous recursive construction can be explained graphically using colouring
trees. We concentrate ourself on the shape and we omit the decorations given by the
infinite sum over /. If we look at one term 7; ® 7, appearing in the decomposition of A°7,
we obtain the following term for 7,7
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3.2. Link with SPDEs and the symbol notation

[ ] . ./. ./. .\
G, KX

(Zry ®1) \/' ® T

In the representation of 7y, we just look at the shape and we forget the labels. The
abstract integrator Z(-) adds a new edge to the tree 7; drawn in red . We use a different
color for 71 in order to show that we are are building the rooted subtree. The term (1 ®
7k (7)) indicates that we detach the tree Z;(7) from the red tree.

For A°, we extract several rooted subtrees simultaneously. We represent subtrees in
blue which have been detached. The tree in red is the next subtree we want to erase but it
is not yet achieved. At each step, we have two possibilities: we continue the construction
of the diverging pattern with Z;, ® 1 or the construction is over and we just need to color
the tree in blue with (4 ® 1) (we start to build a new pattern).

[ ] e 06 o o / ,\
(Ik®1+%®l—k).\l|;: V\y \\./\/ Ty =

DAY

{
. o N . ve
VAY N L Y Y

Proposition 3.2.10. By identifying H and (H)) with subspaces of (%) and (T) respec-
tively, 0" and 0~ coincide with the maps A° and (¢ @ 1)A°.

Proof. The fact that 61 =1 ® 1 and 6= = Z® 1 + 1 ® = follows immediately from
the definitions. The element X* € T is encoded by the tree consisting of just a root, but
with label k. One then has A = () and ¢4 = 0, while n4 runs over all possible labels for

the root. This shows that (4.2)) and (#.3) yield in this case

6:|:Xk — Z (E)Xk—é ®Xf ,

L

which is as required.

It now remains to verify that the recursive identities hold as well. We have seen at the
beginning of the proof of Theorem that 6+ is multiplicative on labelled trees. It re-
mains to consider A°Z; (T7'), where Zy, is the operation that grafts a tree onto a new root via
a new edge e, with edge-label k£ and type corresponding to the abstract integration map Z.
It then follows from the definitions that A (Z, (7)) is given by A" (Z.(T)) = Z,.(A*(T)).
This is because e, is the only edge incident to the root, so that every admissible rooted
subtree contains e,. Given A € A (T), since the root-label of Z, (7)) is 0, the set of all
possible node-labels n 4 for Z,(T') appearing in (.2)) for 67Z,(T}") coincides with those
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3.2. Link with SPDEs and the symbol notation

appearing the expression for 67 7". Furthermore, it follows from the definitions that for
any such A one has

RUTL(TI70) = T(RATI™)

so that, writing x as a shortcut for () € 27 (Z,(T")), we have the identity

1
ST = (L@ )6 T + Y - (: ) RIT ()4

€,

® Xn En*R¢Ik+e* e*)<Tu)
= (L@ 1)5TT + ) ;Xm* D Thoyer(en) (T) -

because n(p) = 0 so that n, is a zero (n(g) — Xn, > 0) . Note now that ¢, consists of a
single label (say /), supported on e,. As a consequence, we can rewrite the above as

1
STINTY) = (T @ )T + ) EXE @ Tiro(TH).
— (!

For §~, we define 4~ as 4~ but we distinguish subtrees in 2" (T):

S_Tzn = Z Z ( ) )nA-HreA * RTAT;A—I—MA ® R\L TetzreI;A~

Tgezt+(T ), AEAC(T) ¢, nA
A=Au{To}e(T)

Then, it is straightforward to notice that o is multiplicative for the product:

(o1 x71) @ 73)((p2 % T2) @ T4) = (1 P2 x T1T2) ® T3Ty.

We identify the product x with terms of the form 7,4’(). Depending on the value of 7,
we obtain two recursive terms appearing in 0~ given by

¢

- . 1 .
O TH(TY) = (L@ 1)6 T + (D EXZ% @ Tore)0 T
— (!

If we apply (¢ ® 1) on 6, we obtain &~ O

By applying the projections, I, and II_, we obtain the recursive definition for all the
coproducts defined in the first section. The coproducts A and A* have been introduced in
[Hai14b, Sec. 8] but in a different form. They are given by

Xé xXm
A(r7) = (AT)(AT),  AT(r) = (L ® DAT+ Y 50 @ —Tieem(7): (3.3)
lm ’ ’
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3.3. Computations with A°

Af1=1®1, A'X;=X,®1+12X;, A" (r7)=(A"7)(A"7),

(=X)*
i JAT.

At Ti(r) =1 ®j]€T—{—Z(\7k+g® (3.4)
¢

where
Ti(7) = Lz, ()1s>0) Zi(7)-

and the set H . can be described using the symbol notation as the linear span of:

f:lr = {Xkijl(Tl) T € JF and k,k’l € Nd}

The previous recursive definition is slightly dlfferent from those with 6. But if we
make a change of basis by defining J,(7) = 3. X X Jitm(7) (note that the sum is finite
since at some point J;1,,(7) = 0), we obtain the same recursive definition

Xt ~
A(TT) = AT - AT, AZi(7T) = (Z) @ 1) AT + Z i ® Thre(T) -
— 0

For A*, it follows that one has the identity

~ xXm - X L X" X@ xXm
AYT(1) = Z ( - Titt4man @ %F> AT + i ® jk+£+m( )

lmmn lm

= Z<_jk+m ® 1>AT + Z jk+£+m( )

— (jk@)l)AT—I-ZF@j]H_z(T).
7 !

Finally, we view . as the free algebra generated by the X; and all formal expressions of
the form Jj(7) where J(7) = 0 if | Z(7)|s < 0.

3.3 Computations with A°

We give examples of computation with A° on terms which appear in the stochastic heat
equation in [HP14]. The symbols are represented using trees:

0\.. 0\. [ 4

E— ! I8~ ] 16E- Y I2ZEE - | I2Z@E3Z)E-
We proceed recursively and we use three colours: the subrees belonging to the free algebra
(F) are in blue if their construction is over with %, if it is not they are in red. The

remaining tree on the right is in black.
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3.4. Computation with A

" l1=C®1+¢00)A = [®1+1 ]

o\f_o ® O
Al =TZ®1+FRIDA° '\’>: ] ®1+ f@ 1+ ]le 1+1®\I
A . o o\f_o /o [
A"\f’:(m\.)(&’: — '\‘,-'®1+°\.'®°+\‘,’®1’+°®\

+ \I ® I+ i@'.’+ 1oy +10 \’

Ae \ :(I®1+<€®Z)A°<X‘f

Vv

® I+

*—0—0—0 g
I
®
&
—_
+

+ | ®

+

®
+

s ° *
! oV + Vo lrie |

Remark 3.3.1. The previous computation creates a lot of terms which end up to be zero
when we apply (/II_ ® 1). In the computation, we omit the decorations in order to have
a nicer form.

3.4 Computation with A

We use the same notation as in the section concerning the computations of A° and we
represent the abstract integrator map Z; (-) by a snake edge.

0 Uy Uy by
LR 4

3y
L(Z(E)2)* = \/ Z(Z(Z(2)2)2)= —




3.5. Composition of renormalisation operations using the symbol notation

41 EQ fg 54 31 ZQ €3 44
L]

Vi ’\‘;’ .""'./. bt b 4y e b b1 Ly
A = S 9 1+ e+ o
01 Lo U3 L4
s L3 0y Ly '\.’ e
+ % e Y +1® :
01 42 01 42
.,.f.€3 Q __.-".€3 1%
R 2y .\ i Lo L3
AN = Vol of
Zl Kz 31 Z2

l5 Ly \’ l3 la \’
Vel +° Ve ] +1

3.5 Composition of renormalisation operations using the
symbol notation

We want to derive recursive proofs for §* and ¢~ using the symbol notation. We briefly
recall the construction with the symbol notation given in We consider a collection of
constants that can conveniently be indexed by expressions of the type ¢’(7) with 7 € F.
The space (F) is identified with (% (F)). Let H denote the vector space spanned by
elements of the form o7 with ¢ € (€ (F)) and 7 € F. Elements of H have a unique
decomposition of the form ) __, 0,7 with o, € (¢ (F)). We remind the definition of

A H — R[[H ® H]] and A° : H — R[[H ® H]] given by:

AO].:].@]_, AOXZ:X,L®1+]_®X“ AOE:E®1+1®E

Xt (3.5)
N(r7) = (AT)(A7),  NTy(r) = (L@ AT+ Y 0 @ Tp(7).
— [

A1=11, AX,=X,014+10X;,, AE=201+10E
A o ) X¢ ) (3.6)
N(r7) = (K7)(X°F), ATy(r) = (zk L+ FE® zkH) A7,

— (!

We can extend A° from (H) to R[[(H) ® (H)]] and A° from H to R[[H ® H]] by
imposing that for 7 € F and 0 € € (F):

NC (1) = (¢ @C)NT, AO%(T) =(¢® %)AOT, Nor = NoNT .
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3.5. Composition of renormalisation operations using the symbol notation

Proposition 3.5.1. One has (A° ® 1)A° = (1 ® A°)A°.

Proof. We proceed by induction. The proof is obvious for 1, X; and =. By multiplicativ-
ity, we just need to look at terms of the form Z. (7). Therefore

(A @A (1) = (A’ ® 1) ((Ik ® 1)AT + Z )g—f ® IkH(r))
(Ik®1®1)( +Z ® I]H_g@l)A

+ Z A S Tim(r).

On the other hand, it follows:
XK
(1® AVNT (1) = (1@ A°) (T, ® 1) A7 + Z T e Tiore(T))
— (L ®1®1)(1®A)A T+Z ® (Zpre ® 1)A°T

‘1‘27@ ®Ik+£+m( ).

We conclude by applying the induction hypothesis on 7: (A’ @ 1)A°T = (1QA°)A°r. [
Proposition 3.5.2. One has (A° @ 1)\° = (1 @ A°)A°.

Proof. Since both maps are multiplicative and the identity obviously holds when applied
tol, X;orZz=, it sufﬁces to verify that it also holds for elemepts of the form Z (7). For
this, note first that A° has the following properties. For o7 € H, one has by definition

A€ (o) = No€ (1)1 = A0 (7))

- ~ A (3.7
=(A0)(CREC)NT = (€ REC)N(oT) .

Furthermore, one has the identity
ATy(o7) = NoTp(1) = (Ko )Aozk( )

= (A Ik®1+z %@IW
= (Ik ® 1 + Z FCK ® Ik+g)(AOUAOT)

Zk®1+z %®Ik+é AO’T).
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3.5. Composition of renormalisation operations using the symbol notation

It follows that for any 7 € # one has the identity
) . . ) X .
(N @ D)AT(r) = (A’T, @1+ A~ Z 7% @ Tiso) A1
Ik®1+z %@IM A @1
+ Z fg ® —%)AO ® Tiytrm) X

XE
7 .

l m

X X N .
+Y —E® - C © Tiyrm) (X @ DA'T
On the other hand, we have

(10 A)AT, (1) = (Ik®1®1+z %@IM@l
Xt xm o
+Y @ HERL) (10 XA

the claim follows by induction. [

Proposition 3.5.3. One has:

I+ ® H+)A01_{+ = (I} ® H+)A°i
(M€ QM)A = (I1_¢ @ I1_)A°II_.

Proof. By multiplicativity of H+ and A°, we just need to check the first identity for Z (7).

We have A°Zy (1) =, 7' 2 where |Zy(7)]s = |7’i(1) |5—|—|7'i(2) |s. If Z;:(7) has a negative
homogeneity then for every i, one of the 7'( ) j e {1, 2} is negative. For the other identity,
we use the same kind of argument. [

Given a linear functional ¢: (F) — R, we define a renormalisation map M = M,
by:
M1=1,  MX=X, ME=%E

Mpr7 = (M;T)(M;T), Mym = M; Rt (3.8)
M;Ik(T) = Ik(MgT)
where the map R = Ry is defined by

Ry = (1€ @ 1)A°1 . (3.9)
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3.6. Renormalised Models

Proposition 3.5.4. Let {: T_ — R a multiplicative functional. If M, and M, are given
by (3.14)) with R = Ry as in (3.9), then one has

M = (1" @ 1)A, M, = (1€ 1) . (3.10)

Proof. To show (3.10), we take this as a definition for two linear maps M and M°, and
we show that these satisfy the identities (3.14). The first three identities are immediate,
and it is easy to verify that one has indeed

M°T, =T, M,

as required. It is also straightforward to verify that M*° as given by (3.10) is multiplicative,
so that it only remains to show that M = M°R. If we can show that

A=Me1)(1e(1*21)A)A, (3.11)

Applying the right hand side to Zy(7) we have

~

(M 1)1 (1" @ 1)A)AT, (1)
—M®1) (Zk ®(1*® 1)A°)A°T +( %1* © 1) ATy (7)

= (M & 1) (Ik & (1* X 1)AO>AOT + (Z W(g ®Ik+m>AOT .

At this stage we note that one has the identity
M, @1") =M1 ®1%),
so that, making use of the induction hypothesis, we have
(M®1) (Ik ®(1'® 1)A°> AT

_ (zk ® 1) MoD)(1e 1 @1)A)Ar = <Ik ® 1) AT

Combining this with the recursive definition of A°, we conclude that (3.11)) does indeed
hold as required to conclude the proof. [

3.6 Renormalised Models

We start the section by a general recursive formulation of the renormalisation group with-
out coproduct. During this section, we use mainly the symbol notation for the structure
space.
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3.6. Renormalised Models

3.6.1 A recursive formulation

Before giving the recursive definition of the renormalisation map, we precise some nota-
tions. We denote by ||7|| the number of times the symbol = appears in 7. We extend the
definitions of | - | and || - || to any linear combination 7 = ), o;7; of canonical basis
vectors 7; with ; # 0 by

[7ly = min|rls, 7]} = max(lz], (3.12)

which suggests the natural conventions |0|, = 400 and [|0]] = —oo. We also define a
partial order < on 7 by setting:

o <rm if ||n| <[l or (|n] ==l and |nls<]|mrls). (3.13)

Definition 3.6.1. A symbol 7 is an elementary symbol if it has the following form: =, X
and Z,(o;).

Remark 3.6.2. This is the same definition for the symbols as for the labelled trees given
in

Proposition 3.6.3. Let 7 = [[, 7; such that the 7; are elementary symbols and that T is
not an elementary symbol then T; < T.

Proof. We consider 7 = [[, 7; and let 7; an elementary symbol appearing in the previous
decomposition. We define 7, = [], 4; T If the product 7; contains a term of the form

T.(0) then ||7]| > Oand || 73| < [|7[|+ [[7]| = [|7||. Otherwise, 7; = X* and [|7;]| = |||
but |7;]s > 0 which gives |7;|s < |7;|s + |7;|s = |7[s. Finally, we obtain 7; < 7. O

Given a regularity structure (A, H, G), we consider the space £(7#) of linear maps on
‘H. For our recursive formulation, we choose a subset of L(H):

Definition 3.6.4. A map R € L(#) is admissible if
1. For every elementary symbol 7, R7 = 7.
2. For every multiindex % and any symbol 7, R(X*7) = X*Rr.
3. Foreacht € T, |RT — 7| < ||7]].
4. Foreacht € T, |RT — 7|5 > |T]s.
5. It commutes with G: RI' = 'R forevery I' € G.

We denote by L,4(H) the set of admissible maps. For R € L,4(H), we define a
renormalisation map M = My, by:

Molzl, MOXZX? M
M°r7 — <]\4o7_)(]\4<>7—-)7 M= M°RT (3.14)
M°Ty (1) = Ti,(MT)

(1]
[1]
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3.6. Renormalised Models

The main idea behind this definition is that R computes the interaction between sev-
eral elements of the product HZ 7;. In [Hai14bl] and [HP14], elements of the renormalisa-
tion group are described by an exponential: M = exp(C; >, L;) where (L;); C L(H).
The recursive construction is more convenient for several purposes: it gives an explicit
and a canonical way of computing the diverging constant we have to subtract. Moreover,
the proof of the construction of the renormalised model is simpler than the one given in
[Hail4b].

Remark 3.6.5. The definitions (3.12) as well as the convention that follows are designed
in such a way that if the third and the fourth conditions of Definition [3.6.4hold for canon-
ical basis vectors 7, then they automatically hold for every 7 € H.

Remark 3.6.6. The first two conditions of guarantee that M/ commutes with the
abstract integrator map. The third condition is crucial for the definition of M and ITV:
the recursion (3.15) stops after a finite number of iterations since it decreases strictly
the quantity || - || and thus the partial order <7. Moreover, this condition guarantees that
R =1+ L where L is a nilpotent map and therefore R is invertible. The fourth condition
allows us to treat the analytical bounds in the definition of the model and the last condition
is needed for the algebraic identities.

Remark 3.6.7. Note that M = My does not always commute with the structure group GG
even if R does ; we will see a counterexample in the group of the stochastic heat equation

see proposition[3.7.9].
Proposition 3.6.8. Let R € L,4(H), then Mg, is well-defined.

Proof. We proceed by induction using the order <. If 7 € {Z, X* k € N} then M1 =
M°Rt = M°t = 7.If 7 = Z);(7') then

MIk(T/) == MORIk(T/) == MOZk<T/> :Ik(MT/)

We conclude by applying the induction hypothesis on 7’ because we have |7'|s < |7[,. Let
7 =], 7 € T aproduct of elementary symbols with at least two symbols in the product,
we can write

M7= M°(RTr—71)+ M°T.

We apply the induction hypothesis on RT — 7 <7 7 because ||RT — 7|| < ||7||. For M°r,
we have

Me°r = H M°R7; = HMTi.

We know from[3.13]that for every ¢, 7; <7 7. Therefore, we apply the induction hypothesis
on the ;.
0

Remark 3.6.9. In the sequel, we use the order < for every induction proof on our sym-
bols. It is possible to choose any other well-order on the symbols for these proofs.
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3.6. Renormalised Models

Remark 3.6.10. The properties of the definition of an admissible map R do not guarantee
that 7" is invariant under the action of R. Therefore, the map My can create terms which
do not belong to the structure space of an SPDE. In the previous case, we need to specify
more the admissible map R.

One crucial property for defining a model is the commutating property of R € L(H)
with the structure group. This property can be rewritten as

Proposition 3.6.11. Let R € L(H) then R commutes with G iff
(R®1)A = AR.
Proof. Letl'y € G with g € H* and R € £(#) commuting with G. It follows
R, =R1®g)A=(1®g)(R®1)A.

On the other hand, we have
I'yR=(1®g)AR.

If the identity RI'y = I';R holds for every g € H*, we obtain (R ® 1)A = AR. The
reverse is obvious. 0

Remark 3.6.12. If we define R through the coproduct A°, then it is easy to check that
R e Lad(H).

We finish the section by an alternative definition of the map M. We denote by M, the
representation of M:

Mi=1  MX=X, M
MHTZ- = HMn —MLHn (3.15)

[1]
[1]

where the 7; are elementary symbols having the following form: =, X and Z,(0;) and the
map L needs to satisfy the following properties:

1. For every elementary symbol 7, L7 = 0 and for every multiindex k&, LX* = 0.
2. Foreach7 € T, || L7|| < ||7]| and |LT|s > |7|s.
3. It commutes with G: LT' = I'L forevery I' € G.

This properties are very similar to those of R. Noticing that the map L is nilpotent, one
can check that R = (1 + L)~ 'and M° = M (1 + L).
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3.6.2 Renormalised models

In this section, we consider a renormalisation map M = My defined from an admissible
map R. We first define two maps IT"" and IT" by

(M 1)(y) = (M°E)(y) = £(y), (M X)(y) = v,
(T T (y / DMK M) (2)dz,
(M 7)(y) = (™ Rr)(y), (HM 7)(y) = @) () (T 7) ().

We prove that we can build a model (II}',T}}) using the construction of [Hail4b)
section 8.3] and we provide a recursive formulation for the map ITM:

LDy =1, (L)) =y, LX)y =y-u
)
M L)) = [ DG - e - 3 U e, Gae
¢

(IL'r)(y) = (LT Rr)(y), (07 77)(y) = (L7 7)(y) (L7 7)(y)

where fM € H* is defined by

X)) =2, 7)) = )R
FE(Te(7)) = Lm0 /DKK(QS — 2)(T1M7)(2)dz.

Let g™ given by

g (X) = —=, gf( 7) =gy (1)gy (7)

M) = Z E' o (ThgeT).

L

We consider IV = ['gm and we have
mMv* =g M oM =mMpM
In that setting, the transformation FM is given by

= (FM) "o RN

Y

By taking R = Id, we obtain M = M° = Id which gives the same definition of II,
and I';, as in [Ha1l4b, section 8.3].
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3.6. Renormalised Models

Reformulation of the conditions

In [Hail4b, (8.34)], the renormalised model (Hy , F%) is defined by using a factorisation
of the form:

MY = (I, ® go)AY, 32 = (a0 @ gy) AV (.17)

x

where F% =(1® 7%)& We have changed the definition by replacing f, by g, because
we have modified the coproduct A and A" . From [Hai14b| Proposition 8.36], given M
there exists a unique choice of linear maps M, AM and AM such that

MJr = M(J @ AV, (3-18p)
(1@ M)(A® )AYr = (M & M)Ar, (318b)
(AMA® M)AT = (1@ M)(AY @ 1)AM
M(rim) = (Mm)(M7), MX*= X"

where M is the multiplication map given by M(7 ® 7) = 77 and A denotes the antipode
associated to A'. It is very important to note here that in general the first identity holds
only if |Z;(7)|s > 0. Indeed, if | Zy(7)|s < 0, then the left hand side vanishes by definition

(because Ji(7) = 0), while the right hand side may still be non-zero!

If for every 7 with |7|; < 0, A7 has a certain good form then (I}, '} ) is a model
and we obtain a renormalisation group.

Definition 3.6.13. The renormalisation group R consists of the set of linear maps M
commuting with Z;, and with multiplication by X*, such that for 7 € H,, one has:

where H>o = @4, Hs-

Remark 3.6.14. The last property is called "upper triangular” and it is crucial for the
analytical bounds needed for a model. The map AM has also to be upper triangular. We
omit this fact in the definition because it has been proven in [HQ15, Theorem A.1] that
the upper triangularity of AM implies the one of AM.

Remark 3.6.15. This construction is really systematic but for most of the examples, one
needs to guess the form of AM on each 7 € T with negative homogeneity and this can
become difficult for very large renormalisation groups.

Let us remind some properties of the antipode:
MA@ AHAAT =1" = M(A® 1)A"
where 1* € H?_is such that 1*(7) = 1,_;.
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3.6. Renormalised Models

Lemma 3.6.16. Let D : H @ H, — H ® H given by
D=(1&M)A®1)
then D is invertible and D" is given by
D=1 M)(1A®1)(A®1).

Proof. We have by using the fact that (A ® 1)A = (1 ® AT)A and M(1 @ M) =
MM®1)

D™D

1oMAAN(IR1IIM)(AR1)A®I)
1@MUARIM))(1®ATA®1)
1IMAIIMAR)1)(1eAT)A®1)
1oM)(1eMARIAT)AR1]).

Now it follows with the identities M(A ® 1)AT = 1*and (1 ® 1*)AT = (7 ® 1)

D'D=(1aM)(1e1)Ax1)=1x 1.

Using the same properties, we prove that DD™! = 1 ® 1. O

Remark 3.6.17. The previous lemma gives an explicit expression of the inverse of D. It
is a refinement of [Hail4bl Proposition 8.38] which proves the fact that D is invertible.

Using explicit expression of the inverse, we change the second identity (3.18p)) into
A =1 M) (1o AHAM @ M)A. (3.19)
Alternatively, this can also be written as
1oAY = (10 M)(AM @ AM)A .

Remark 3.6.18. The equivalence between (3.19) and (3.18p)) is in the strong sense that
(3-19) holds for any given symbol 7 if and only if (3.18p) holds for the same symbol 7.

Regarding the antipode .4, one has the recursive definition

Al =1, AX;=-X;, A(nmn)=A(n)A(n),
M(1® AAYTr = 0.

which gives

Z Z,—;Ajk-‘rf-i-i(T) =-M (jk-i-é ® A) At (3.20)

We will use the fact in the next section that, as a consequence of this, one has the identities
¢

X
Y M(ATire ® =) AT = —Ji(7) . (3.21)
l

)

To see this, simply multiply both sides in (3.20) by )Z(—f.A and make use of the binomial
Xt (X
i

identity: 1 =
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3.6. Renormalised Models

A recursive approach

We build two linear maps AM and AM® by setting

(1]

A1=1®1, A X, =X, 21, A'===2%1,

and then recursively
Arr = (A7) (A7), AMr = ARy, (3.22)

as well as

o X¢ —_X\m
AM (1) = (T @ 1) AM 7 — Z o ® ( m!) M(jk+e+m ® 1)AMT . (3.23)
[e+m|s>|TkT|s

We claim that if M/ and AM are defined in this way, then provided that one defines M

by (3.18g)), the identity (3.18p) holds.

Proposition 3.6.19. If M, AM and M are defined as above, then the identities (3-18) hold
and M belongs to ‘R.

Proof. Since (3.I8R) holds by definition and it is straightforward to verify that AM is
“upper triangular” (just proceed by induction using (3.23)) and (3.22))), we only need to
verify that (3:18p)), or equivalently (3:19), holds. For this, we first note that since AM =
AM°R M = M°R, R commutes with A, and since R is invertible by assumption, (3.19)
is equivalent to the identity

A =1 M)(1e AAM® @ M)A, (3.24)

and it is this identity that we proceed to prove now. Both sides in (3.24)) are morphisms so
that, by induction, it is sufficient to show that if (3.24)) holds for some element 7, then it
also holds for Z; (7). (The fact that it holds for 1, X; and = is easy to verify.)

Starting from (3.23), we first use (3.18@) and the fact that AM and AM" agree on
elements of the form 7, (7) to rewrite AM°Z,(7) as

(=Xx)"
m!

(Mjk+e+m(7') — M(Trstam @1) A7)

(3.25)
where the sum runs over all multiindices ¢ (but only finitely many terms in the sum are
non-zero). By (3.21)), we have

° Xt
4m

Xi

M(Titt4m ® 1)AMT = — Z i

i

= — Z 7/\4 (ATt trmri ® 1) (1O M) (A @ 1) A7,

M (M(Ajk+[+m+i & 1)A &® 1>AM7'
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3.6. Renormalised Models

Recall that by Remark [3.6.18] the induction hypothesis implies that (3.18b) holds, so that
we finally conclude that

M(Thett4m ® 1)AMT = — 7./\/1 (Ajk+€+m+iM & M) AT

Using again the induction hypothesis, but this time in its form (3.19), we thus obtain
from (3.25) the identity

(X"

X ¢
AT (1) = (1o M)((Th ® A)AM ® M)AT + Z % ® M Tiere4m(T)
Lm

+Z ®/\/l Ajk+€M®M)A

At this stage, we see that we can use the definition of A to combine the first and the last
term, yielding

(=X

o ~ Xf ~
ATT(r) = 1@ M) (1@ AALM @ M)AT + ) - @ M Tio4m(7)
lm
) 9 XK (_X)m y
= (1@ M)(1® AAM® @ M)(Z; @ AT+ > O MTetim(7)
m ’
We now rewrite the last term
Xt (-X)f Xt (=xX)m .
2 o ® 7l Mjk+e+m( ) = ;(1 ® M)( .y ® Mjk+e+m(7))
L X!
Z (1 M) ( 1® AAM 7®Mjk+z( ))
Xt
=y (1w 1®A)AM°®M)(£, ® Tere(T )>~

L

Inserting this into the above expression and using the definition of A finally yields (3.24)
as required, thus concluding the proof. [

Every M € R_ is defined from an admissible map R. Therefore, we can establish
from the previous proposition a link between R _ and R.:

Theorem 3.6.20. R _ is a subgroup of R.
We finish the section by the proof of the recursive identity for IT:

Proposition 3.6.21. Let 1M, TIM® defined from (3.17). Then these maps satisfy (3.16).
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3.7. Examples of renormalisation groups

Proof. The result follows easily for 7 € {1,=, X}. Let 7 = [[, 7,. By multiplicativity of
II,, g, and AM°, we obtain

7 = (1, 08 [[ 7= [[ (01 & 08 ) = [

% %

The fact that I1Y = TT1° R comes from AY = AM°R. For 7 = Z;(7), it follows from
the fact that we have built an admissible model. O]

3.7 Examples of renormalisation groups

For the examples of this section, we define the renormalisation map Mp by using an
admissible map R = (¢ ® I)A° where the support of ¢ is contained in the set of symbols
with negative homogeneity and without any X in their construction. Moreover for each
example, we describe the structure and we look at the following properties which a model
could verify or not:

Properties 3.7.1. 1. The map M commutes with G.
2. For every symbol 7, [TM7 =TI, M.
3. For every symbol 7, (ITM7)(z) = (I, M7)(z).

Remark 3.7.2. In this section, we will give examples which do not verify the first two
properties. But the last one is verified by all the examples. In the framework of the ex-
tended structure, we directly have the second property.

We start with a toy model on the Wick renormalisation then we move on to examples
based on the SPDEs regularity structure introduced in section [3.2

3.7.1 Hermite polynomials

We look at a very simple example: the powers of a standard gaussian r.v. £ with zero mean
and covariance ¢, which can be interpreted as a white noise on a singleton {x'}. The set
T is given by: T = {=" : n € N} and G = {Id} . Given the natural definition

Im="=¢",
we want to find M such that the renormalised n-th power of £ is the Wick product:
IIYE" = & = H, (¢, 0)

where H,, are generalised Hermite polynomials: Hy = 1, H,1(z,¢) = aH,(z,c) —
H! (x,c).
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3.7. Examples of renormalisation groups

One natural way of defining M is M = exp(—R) where R = ({ ® I)A° and {(Z") =
¢®1(;,—2). The multiplicative coproduct A° is defined by :

ANl=1®1, AN==Z01l+1x®C=.

On =", we obtain the binomial formula

n

INCIESS (Z) =k @ =k

k=0

This coproduct can be expressed in our general setting with the same subset 2(* (7). But
in that case, we do not have any labels. In the next example, we will encode =" with a set
of n leaves. A rooted subtree is identified with a subset of leaves.

Example 3.7.3. We present one term in the decomposition of A°=® which is in the support
of ¢:

G by by Ly Uy lg by Uy 5 Uy Uy o b by Ly U5 L Lg
[ ] L]

We have removed the set {¢3, {7} from the term =5.

Then ITV is given by:
mYz" = MM=".

By definition, this example verifies all the three properties We are able to pro-
vide a description of /:

Proposition 3.7.4. The map M is given by:

~

M — (gwick ® ].)AO

where

, (2k —1)!
gwick =17+ Z(-l)kmc2kﬂ{52k}

k>1
Proof. We use the following lemma:
Lemma 3.7.5. For every k € N* Iz—f = (fx ® I)X°, where

(2k — 1)!

Ji= 26 1() — 1)!

C%]l {2k}
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Proof. We proceed by recurrence. It is obvious for £ = 1. Let £ € N*, we suppose the
property true for that integer. We have for every n € N

Rk—H 1
= = R(fr ® 1)A°2"
(k+1)! el
1 “ n
=—(fk®£®1)(1®A°)Z( )E’”@E”—m
k+1 = \m
1 "=/ n\ /n—m\_ T

=0
_ 1L (2k=1! 5/ n\[(n—2k
= 1{n22k+2}k +1 2]@71(1{‘, — 1)'0 2k 2

2k 4+ 1)!
= IL{7122l<:-|-2}( 2kk,| ) CZ,H—Q'

]

From the previous lemma, we deduce that ;.. = 1* + Zk21(_1)k fx which con-
cludes the proof. 0

Example 3.7.6. We illustrate the previous proposition by giving one term of the decom-
position of A°=%. We identify a subforest by a collection of sets of leaves. Let A =

{{1, 65}, {ls,47}}, we have

b by Uy by Uy lg by Uy — Uy Uy U3 Uy g bo Uy g L5
L] [ ] L] [ ] [ ]

The space between {1, {5} and {/3, {7} means that we have a product on the forest which
is different from the product in Z8. The functionals f}, and /,,;.. are multiplicative for this
product

3.7.2 The KPZ equation

The renormalisation group for the KPZ equation has been introduced in [Hail3]] and it
has been given in the setting of regularity structure in [Hail4a]. We first present the set of
rules Ry, used for building 7y,.:

Rip. = {1 X5, XM, (), XFT, ()2, k € N}.

The admissible map Ry, associated to KPZ is defined by Ry,. = ((1* — lip.) @ I)A°
where /. is given by:

lip:(T1(2)7) = C1, Ui (LT (2)*)?) = €,

—_
—
—
—_
—
—

U= (L(E)L(TLi(E)I(Ti(E)?)) = C".

Otherwise, /. is zero.
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Proposition 3.7.7. The map M = My, _ satisfies the properties

Proof. For proving the first two properties, we need the following lemma:

Lemma 3.7.8. For every symbol T, M°T = T and there exists a polynomial P, such that:
Mt =71+ P(X).

Proof. We proceed by induction. It is obvious for X and =. For 7 = Z;(7’), we apply the
induction hypothesis on 7" which gives

M°Ty (7)) =Ty (M7") =T (7' + P (X)) = Iy (7).

Let 7 = [, 7; a product of elementary symbols. From the induction hypothesis on the 7;,
it follows

MHTz—MORT—T HMOTz—MORT—T)—l—T

Then RT — 7 is non zero if one element in the support of /,. is a subsymbol of .
Necessarily, 7 should be of the form

[ ’7'11.1 (ETQ)Il(ETg),
[ J TlIl (ETQ)Il (Tng (57'4)1-1 (T5Il (7-65)1-1 (7'75))),
[ 7'11_1 (’7'21_1 (7'35)11 (7'45))1_1 (7'51_1 (T6E>Il (’7'75)),

where the 7; belong to 7j,.. By looking, at the rule available in R,,, we deduce that the
7; should be monomials of the form X*. Therefore, R — 7 is a polynomial which allows
us to conclude. [

For the first property, we proceed by induction and we also prove that //° commutes
with G . Let I € G, the proof is obvious for X and =. Let 7 = Z;(7’), it happens

MTZy(1') = M(TT(7") — Ti(T'7') + L, (D7) = TZi (7)) — Ti(T7') + T (DM 7).
On the other hand, we have
TMZy(7') = T, (M7') — Ty(TM7') + T, (T M7").

Using the previous lemma, it follows Z; (M 7') = Z,(7") and Z; (' M 7") = Z,(I'7") which
give the result. The same proof works for M°.
Let 7 = [ [, 7; a product of elementary symbols, we have

MT't = M°RU't = M°TRT = M°T(RT — ) +HMOF7}‘

=TM°(Rr —7) + [[TM°7 =T M.
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3.7. Examples of renormalisation groups

where we have used the fact that A/ commutes with I" on the 7; and R7 which comes from
the induction hypothesis and the fact that R commutes with GG . For the second property,
we proceed as the same by induction. The only difficult point is for 7 = Z;(7’). We have
by applying the induction hypothesis, the previous lemma on 7" and using the fact that K
integrates to zero against polynomials

MM (y /D K(y — 2)(T1M7)(2)d=
- Z
_ / D'K(y — 2)(TL7')(2)dz
( _37)6 1 /
_ %: yT]lh’lerl—bO / D" K (x — 2)(I1,7)(2)dz.

D tptiro [ DG I )iz

which allows us to conclude. O]

3.7.3 The stochastic heat equation
This equation is given by:
O = O2u+ h(u) + f(u)é
and has been studied in [HP14] using regularity structures. The set of rules R, for
building Ty, is:
Rane = { X", XFT()'E, k,¢ € N}

The admissible map R associated to the stochastic equation (SHE) is defined by R, =
((1* = lgpe) ® I)A° where (g, is given by:

eshe (I( ) ) Clu

U Z(Z(Z(2)2)2)E) = Oy, Lspe(Z(E)I(Z(2)2)E) = Cs.

Otherwise, £, is zero.
The map Mg, is an example of a map which does not commute with the structure
group GG. More precisely, we have

Proposition 3.7.9. The map M = My, satisfies only the third property in

Proof. One counterexample, for the first two properties is given by: 7 = Z(Z(Z(=)
we have

[1]

)Z),

LyMgpr =Ty — CiI'\I(Z(2))

My Tyr = Tyr — CLI(T,Z(Z)).
Now I'y'Z(Z(Z)) — Z(I';Z(Z)) is a polynomial different from zero. Similarly, one can
check that IT1M 7 £ 11, M 7. For the third property, we use the proposition We need

to check that property on every Z(7) € Tgp. with negative homogeneity. Such terms do
not exist that ends the proof. [
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3.7.4 The generalised KPZ

The equation contains the previous equations and it is given by:
Oyu = Ogu+ g(u)(0yu)” + h(u)dpu + k(u) + f(u)é.
The set of rules R g, for building 7y, is:
Rokpe = {X"TC) XM IO T(), XFTO) ()2, XPI()'E, k, ¢ € N}.

The admissible map R, associated to the generalised KPZ is defined by R, = ((1*—
Copz) @ I)A° where £y, is given by:

lorp=(T1(2)?) = C1, lorp=(Z(2)Z) = Ch,

VT, Il =4 A |7l|s <O, Cotpz (1) = C'.

Otherwise, /g, is zero. This renormalisation group is a mix between the renormalisa-
tion group of the KPZ equation and the stochastic heat equation. Indeed, ¢,,, can be
decomposed as:

ggkpz - gkpz + gshe + gmzx

where the support of /,,;, are resonant terms between the two equations with four =’s in
their decomposition.

Proposition 3.7.10. The map M = My, satisfies only the third property in
Proof. The same counterexample 7 = Z(Z(Z(Z)=)Z) as in Mgy, works for the first two
properties. For the third property,

{Il(T) T € Ekpz and |Il(7')|5 < O} = {Il(E), Il(Il(E)Q s Il(Il(E)E)}

3.7.5 The stochastic quantization

The stochastic quantization given in dimension 3 by:
Ou = Au+u® + €.

and has been studied in [Hail4b]]. The set of rules R, for building 7, is:

Ropua = { X5, XFT()), X*Z()? Z(-)*, 2, k € N}
The admissible map R, associated to the stochastic quantization is defined by Ry, =
((1* — £yue) ® I)A° where £y, is given by:

leua(T(2)?) = C4, Lga(T(2)*T(Z(Z)?)) = Cs.
Otherwise, {4, is zero.
Proposition 3.7.11. The map M = M, satisfies only the third property in

Proof. For the first two properties, a good counterexample is 7 = Z(Z(7)3). For the
third property, {Z(7) 7 € Ty, and |Z(7)|s < 0} = {Z(Z)}. then it is obvious that
IMZ(Z) = I, MZ(Z) . O
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Chapter 4

Extension of the structure

In this chapter we introduce a different construction of a regularity structure associated
with a subcritical SPDE. We start from the same labelled trees as in the previous chapters,
but we add to each vertex an additional label which we use to keep track of the action
of the renormalisation group: if we "extract" from a tree a negative subtree S rooted at
v € T, then we add to this second label in v the homogeneity of .S; this label participates
to the computation of the homogeneity, in particular when we construct (renormalised)
models.

On this extended structure the renormalisation group has a particularly simple form;
moreover, simply by forgetting the new label, we recover the original construction and
therefore the construction projects onto the old one.

4.1 New labelled trees

In most of the examples in section , we have Hﬁ/f # 11, M. Indeed, if we look at a
labelled tree of the form Z (7). From the previous section, we know that there exist 7; such
that MZ(7) = Z(Mr) = Z(7) + >, Z(r;) with |7;|s > |7|s. Then we obtain

TN = [ K- e - > W= gt (i)
(AT = [ K= 2o )i - > Y=L (i)

+y / K(y—2)(IL7)(2)dz — Y %f% (Je(7:))

i E<T1Z(7)ls]

The main difference between the two identities is that we can have longer Taylor expan-
sion in the last line because |7;|s > |7]s. With 7 = Z(Z(Z(Z)Z)=), we obtain a counter-
example to I = I, M. We extend the structure and the maps M, I, in such a way that
this identity turns out to be true. The main idea is to guarantee that for every labelled tree
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7, one has a decomposition M7 = 7 + Y. 7; with |7;|c; = |T|e, Where | - |, 1S a new
homogeneity.
For that purpose, we use the same formalism as for ‘¥ and we define ., by:

1. We give the same meaning to the node-labels, the leaves and the edge-labels as for
<.

2. We add a new node-label d : N — R which computes a new homogeneity. From

that label, we obtain the order of the Taylor expansion we need to subtract when we
define I1,,.

For a shape 7', we denote by Te‘“d such labelled tree. Let  a node of T', we define 7T,
where its nodes are identified with N, = {u : z < u} and we also define E* = {e =
(x,a) € E'} which are the edges above x. The new homogeneity | - |., of a labelled tree
T with root p is given by:

Tlex = [n(0)ls + Y [PLT]ex +d(0) .

e'cEe

where
|P2/T’ez = |[(€,)| - |e(€,)|s + |Tu’ez’ ¢ = (0, u)

Remark 4.1.1. By induction, one can check that ||, = |[T'| 4+ >_ .y d(u).

We define one natural injection from T to %, te; : T — T, which sets all the
node-labels of d to zero for 7' € ‘. The previous application can be considered as a map
from T, to T, by replacing all the node labels by the new one. We denote by €" the set
of labelled trees with d : N — R_. We do the same with the forests by setting §.,. as the
extended forest of §. The space §" are the forests with negative d.

Given T, T: “ ¢ %", we have two possible products: 7, E”TA; 4 = € T cor-
responds to the gfaph obtained by identifying the roots and the labels are given by the
disjoint sum of the labels: (7, ¢,d) = (n+ i, ¢ + ¢, d + d). While T - T;"d = F™ cor-
responds to the disjoint union of the two labelled graphs and belongs to the set of labelled
forests §".

Let A € 2A(T),

=n,d
¢

e we extend R;T by performing the same computation and the new node-labels is
d 4 the restriction of d to A .

e we do the same for RY,T and for every A € A, we replace d(g4) by |R\T e

In the next example, we compute RjT for A = {51, S2}. The main difference with
the extended structure is that we leave some information about the trees we have removed:
their homogeneity.
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4.1. New labelled trees

El fz f3 é KG 57 £8

VARV .\ £y U U5 L3
\\/ '\‘\,/f A
QSV 05y — |Sl‘ez v |52‘ez .

o o

Lemma 4.1.2. For C = BU A with B € A(RYT), one has:
RERY = RYRL, RgRY=TRe,

Proof. Let A € A(T) and C = BU A with B € 2(RYT). Let A € A, the only difference
between 72i and Ri is the label of o4 the root of 72T T'. We have two cases:

1. If for every B € B, Ny N Ng = () then A € C and we obtain the same label.

2. If there exist B € B and C € C such that Ny N N # () and such that RY RiB =
RY.. Then the new label d’(o¢) in R5T is given by:

d'(0c) = |RLT e
where

RET|eo = [RERG T lew + D IRUT|er = [RERYT s
AeAB

which allows us to conclude.

We extend the linear map A: (Fep) — (Few) @ (Few) defined in (2.4) by
AFen,d _ Z Z ( > RT FnA+7TeA d ® Ri Fel‘:relj:\ Jd+na+meq (41)
AcA(F) na, eA
where, for A = {S1,...,5,},

1. ¢4 runs over all N%-valued functions on E supported by the set of edges (z1, z3) €
Er \ UiES,L- such that z; € UiNSi

2. n runs over the set of all N%-valued functions on N supported by U; N, S; -
Proposition 4.1.3. One has: (A @ 1)A = (1® A)A.

Proof. If n = 0, then (2.4) reduces to the somewhat cleaner identity

AFOd Z Z_RTFmAd(gRiFOchA.

etey
AcA(F) ea
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4.1. New labelled trees

One has

RT Fﬂ'eA ,d ® R;Rl, F?TeB Jd+Te 4

ete g

I@MNAFM = > >

AEA(F) eqp,eB
Bei(njm

I pd 0, d+meq+meps
® R R Fe+eA+e5 )

(A ®1 AFO d _ Z Z e 'e (WQC) RTAREF;,%-FW&@
C

CGJ(” ec ec n
Ae

6,4'83

® RlARTFWQC “A d+nA+7Te_A ® R‘LFO d+7’l’2c'

etec
So that both of these expressions are of the form
K(nig,e12) RIFE® @ RYRLFM 42 @ REFO4 o=

for some label functions n, 9, ¢; » and combinatorial factors K. At this point, the proof is
quite the same as for [2.3.6 [

We set §+ <3:ez> <3:ez> ® <Sex>a 0 <3:ez> = <3:ex> ® <Sez>

5+Fen,d — Z Z ( > RT FnA+7reA d ® Ri F:Jre:A d+nA+7reA (42)

AU+ (F) e, ﬂA

5 Fn d Z Z < ) T FenA—HTeA ,d ® RJ/ Felli—elA d+nA+7reA (43)

AEU(F) ea, nA

Definition 4.1.4. We define the positive labelled trees T7; as the same as for T with the
new homogeneity | - |... We consider P, the operator which sets the root label of d to 0:

P =T d=d—1,,.d,
and the operator P_ which sets d to 0 :
P_TM =T =T}

Let IT; : (§") — (T71), II_ : (§) — (J-) be the canonical projection onto (T7}),
resp. (§_). Then we define the following maps
ALE) 5 (TR (T, A= (18I, P,)s"
< > <{Zn> <‘Zi>7 A+ = (H+P+ X H+P+)5+
A - EF)eE), A=1_P el
N:F)oEIeE), A =(IP ol P

A+

We also set
R:(Z" = (3)® (%Y, R=(LP. 1) 4.4)
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4.1. New labelled trees

Remark 4.1.5. While 6% :[ake values in formal (infinite) sums, the projections 1. make
all sums defining A, A*, A, A" and R finite.

Remark 4.1.6. By construction for every labelled tree 7', one has AT = >, Ti(l) ® Ti(Q)
which satisfies |T|., = |Ti(1) lew + |Ti(2) |e. thanks to the projection of P. The maps R and
A give a decomposition of the form AT = > Tl-(l) ® Ti(Q) with |T|., = |Ti(2) |lez- All the
projections guarantee that trees with negative d are invariant under the previous maps.

From this remark, we have the identities:

Lemma 4.1.7. One has:

(M_P_.@I_P ) I_P. =P @I P,
(H+P+ ® H+P+)(5+H+P+ - (H+P+ ® H+P+)5+.

This lemma allows to prove in a similar way as in[2.4.9]and 2.4.1T] that

Theorem 4.1.8. The algebra (T'}) endowed with the product (7,7) — 77 and the co-
product A" is a Hopf algebra. Moreover A turns (X") into a right comodule over (T'}).
The algebra (F_) endowed with the product (p, ) — ¢ - @ and the coproduct X is a
Hopf algebra. Moreover A turns (§") into a left comodule over (F_).

We obtain the same definition for G_ and R_. If (F_)* denotes the dual of (§F_), then
we set

G_={l e (F_)  L(p1 - p2) = Llp1)l(pa), Vo1, 02 € (F-)}.
Theorem 4.1.9. Let

R_ = {M;: (T") = (T, My = (@ 1A, L e G_}.
Then R _ is a group for the composition law. Moreover, one has for f,g € G_:
MMy = Myog
where f o g is defined by
fog=(g® A~
If (27)* denotes the dual of (T"), then we set
Gy ={g9€(T})" 1 9(nm) = g(n)g(m), V71,72 € (TL) }.
Theorem 4.1.10. Let
Ry={Ty: (") = (X"), Iy =(1®g)A, g G_}.
Then R is a group for the composition law. Moreover, one has for f, g € G
LTy = Tgog
where f o g is defined by
fog=(f®g)A"
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4.1. New labelled trees

Then we extend the map §° : (T") — (F") @ (T")
50Fn d Z Z ( ) RT FnA—i-TreA d ® R‘L Feiti-elA d+ﬂA+7Te_A (4.5)
AeA°(F) eaq, “A

and

A (T F e EY), N=(M_P.@1)6C.
For all £ € G_, we define

= ((®1)A = ({TI_P_® 1)5°.

Proposition 4.1.11. Ler { € G_ and R, £ ({ @ 1)AR with A® as in @4). Then M, =
My Ry. Moreover for all { € G_, R, commutes with R ...

Let o € R, we introduce a new symbol 1, which is the tree with only one node, its
root p and d(g) = a. We have the following properties:

1,13 =144, Z(1,) =0.
Using this notation, we provide a formula for the operator P, :

Pi(lat) =, (4.6)
where the labelled tree 7 has a root label d equals to zero. We also give recursive formula
using this symbol notation for §*:

ANl,=1,®1,, AX;=X;®1x,, +1RX,, A°~—~®1‘|+1®u

Ao(7_7—_) _ (AOT) (AOT'), AOIk(T) = (Ik &® 1|Ik\5>AO7- -+ Z W &® 1|£|51-k+£(7-)'
7 !
4.7

Nla=1,01 AXi=Xi®ly, +10X, AE=Z0lg, +10E
N(r7) = (M) &7), NL(r) = (L@ Lz, + ) 7€ © Ly, Lee | A7
1
4.8)

Remark 4.1.12. If we choose a map ¢ € G_ which is zero on terms of the form Z(7)
then we obtain these nice identities:

RgIk(T) :Zk(T), M[Ik(T> = M;Ik<7') :Ik(MgT)

We finish this subsection by given a natural way of extending the definition [3.1.1] of
an admissible set of labelled trees:
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4.2. Renormalised model

Definition 4.1.13. A set of labelled trees 7., is admissible if 7., C <", for every Tg"d €
Tesz» every node-labels ny, ny such that n — ny > 0 and every admissible subtree 7" of T,
one has

Tt € Tee, T € Tep, [T > max]e].
T

We denote by T

ex?

Toh = {ILPRUTES VA € A (T), Vg ea}.

etey

the algebra (II_P_T.,)and by 7.} the algebra

We extend as the same the definition of the local subcritical set of labelled trees.

Definition 4.1.14. A set of labelled trees 7 is locally subcritical if for every 7' € 7 and
every £ = {e1, ..., en} € A(Er) one has P17 admissible. Moreover, for every T € T
one has VA € A(T) ,Vn 4, e4 such that ]RZ‘T;‘A*”*‘ s <0:

RUTE AT € T

Finally, every T with d different from the zero function is obtained by the previous
operation.

We define the extend T¢7 as :

T e T Yy, n—n, >0 VT e A(T) |T" ™9 > max 4]}
€Ly
We define the set ‘€7 the maximal subset for the inclusion of €775 such that T77 is
locally subcritical.
4.2 Renormalised model
As for II,, we define a map II,, : €% — S'(R?):

( (ﬂrla)(y) =1, (ﬂmE)(y> = g(y)v (HIX)<y) =y—-
(7)) = (M) () (117 (),

where the map fx is defined by
U)=1 fX)=z  fulr7) = L) fo(7),
Fo(Ze(7)) = Lizu(m)a>0) / DK (x — 2)(IL,7)(2)dz.

Remark 4.2.1. The difference between f, and fm comes from the level of the cut off: we
replace | - |s by | - |e- By the property | - |o. < |- |5, We obtain shorter Taylor expansion.
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4.2. Renormalised model

Remark 4.2.2. In the definition, we consider (II,7)(y) instead of (II,7)(¢)) because the
regularisation of the noise transforms all the previous elements into functions. When we
have to prove the convergence of that model, we need to look at the definition with a test
function.

Proposition 4.2.3. For every T € T, one has: (ﬂxr)(y) <y - $|||5T‘m-

Proof. We proceed by induction. The proof is obvious for the X; and =. We apply the in-
duction hypothesis on each 7; in a product of the form 7 = [ [, 7; with 7; € {=, X;, Z,,(7) }.
Let Zy(7) € T.., we have:

14

~

L)W = [ DR - )@ - Y YT Fe)

¢

_ / DMK (y — 2)(TT,7)(2)d=
yo oo ;!x) / DMK (—2)(T,7) (2)d>

L<| Ly (T) | e

the end of the proof is the same as in [Ha114b] by applying the induction hypothesis on 7
and using the theorem with the fact that |Z;,(7)|cx = |Z] — |k|s + || ex- O

|75

Remark 4.2.4. For 7 € T, we obtain (IL,te,7)(y) < |ly — 2| which is the bound

needed for a model.

We define fzy by

where

and
’Aygcy = (gmA X gy)A+‘

Proposition 4.2.5. For every T € T" , one has:
ey 7| < Cllz =y,
where C' is a constant depending only on the model.

Proof. By multiplicativity, one has to check the bound for 7/ = Z(7):
Yoy Ti(T) = (G0A @ §y) AT Ty (7)
¢
~ A X ~
= (02 ATe ® §y) AT + > ﬁgy(jkM(T))
— (!
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4.2. Renormalised model

Z gl m' ijk-‘—e'i'm ® gwA)A> ® gy)AT

_Z 6' m! jk+£+m( ))

. R v — ) .
— (ML ® g @ f)1ahAr - S W E o)
V4

7l
(x—y) -
yal

= fx(jeryT) - Z (jk-i-Z(T))
¢
= (jxyT)k
where fora € T,
Xk
- > D'“ K(z — y)(T,a)(y)dy,
\k\<a+ﬁ :

and

Tay = J(x)T zy ryj( ).
From [Hail4bl lemma 5.21], we have if |Z(7)|e. > 0
(Teym)il < Cllar — yllf
where C' is a constant depending only on the model. [

Let ¢ € G_ which is zero on terms of the form Z, (7). We define the renormalisation
map M, by )
My=(({®1)A 4.9)

which is also given by M = M, = My R, = M°R with R, = ({II_P_ ® 1)0™.

Remark 4.2.6. Let 7 € %, then M;7 € H|;., which implies M°11, P, = 11, P, M°
where P is defined as in (4.6)) because the map M/° does not create new root label. More-
over, we have M° 7, = J.M

Proposition 4.2.7. One has: (M° @ M°)A = AM° and (M @ M°)A = AM.
Proof. We proceed by induction. We have
(M@ M)A = (M@ M°)(R®1)A = (M°® M°)AR=AM°R =AM.

By multiplicativity, we just need to check it for Z, (7). It happens:
XZ
(M° @ M°)AL(r) = (M° ® M°) | (T @ AT+ T © Jie(7)
!
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4.2. Renormalised model

X@
— (Zk X 1)(M (029 MO)AT + Z 7 & jk_i_[(MT).
7 !

On the other side, we have:

AM°Ty(1) = AL (M)
which allows us to conclude. 0
Proposition 4.2.8. One has: M° A = AM°.

Proof. We proceed by induction. We have by using the previous proposition:

Y
M°AJi(1) == M (Mojk ® %MOA) At
. !

v\
= _ZM<jkM®( 2() AM")AT
- !

- Z M <jk ® (_Z,QZA> AMT = AM° T, (T).
- !

]

Remark 4.2.9. The proposition tells us that even if the following identities are not
true:

(e A)A=(12A)L, (AxA)A=(12A)A,
one has
(€®1®€®1)(A°®A°)A: (L@ AN, (€®1®€®1)(A®A°)A: (€®A)A.

which can be replaced by

MBOD (A @ VA= (10 AL, (AeA)A = MDD (1o A)A4.10)
where M13)2)@) is defined by

MO (1 1@ 1@ 1) = (1T ® T2 ® 7).

The identity is similar to the one obtained in [CEM1 1, theorem 8] . All these prop-
erties come from the fact that //° commutes with II, . The proposition presents [4.2.8a

very strong identity: M° commutes with the antipode .A. Finally from these propositions,
we derive nice formulas for the renormalised model.
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4.2. Renormalised model

In order to obtain a renormalised model from M, we need to find M , AM and AM
such that

(M @ AMA)AY = (1@ M)(A* @ 1)AM,
(M@ M)A =10 M)(A1)AM, (4.11)
MJ, = M(J, @ 1)AM

as for the renormalised model without the extended structure. Moreover, AM and AM need
to be upper triangular in the sense that for every 7, AM 7 and AMr admit a decomposition
of the form ) _, Ti(l) ® Ti(Q) such that ]Ti(1)|m = |7]ca-
Proposition 4.2.10. Ler M, AM and AM defined by

M=M, A"=Mel, AM=MwxI1,

then they satisfy @.I1). The maps AV and AM gre also upper triangular.

Proof. The first two identities come from propositions [4.2.8| and 4.2.7] The last one is a
consequence of M° 7, = J, M. The remark gives the upper triangularity. O

We defined the renormalised model by:

MY =TLM, Ty =T =15 . (4.12)

Theorem 4.2.11. (f[M M ) is a model on every admissible set of labelled trees T., with
the homogeneity | - |cs.

Proof. The algebraic properties come from the identities (4.11)). For the analytical bounds,
let 7 € T", it follows:

(7)) = (LM7)(y) = > (L)) S 3 _lly -l

%

Fle S ly — e

where the 7; satisfy |7;|c. = |7|c.. Moreover, one has
&%T = ’%yMOT — Z/%?yMOTi 5 Z Hy . Iulﬁﬂ;\e;c 5 Hy . x||‘|;—|e$'
@ i

where the 7; satisfy |7;|ex = |7 |ea-
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4.3. Comments

4.3 Comments

The major aim of the extended structure is to provide a simple construction of the renor-
malised model. In this section, we recap what it has been done in that field and we focus
on the major improvements offered by the extended structure. In [Hail4b, (8.34)], the
renormalised model (1T I’%) is defined with a factorisation of the form:

Hi/[ = (Hac ®gm)AM7 /Y:z:y (’V:Ey ®gy>AM
where FM 1® A. Then we need to find M, AM and AM such that
/yxy

(M © AMA)AY = (10 M)(AT @ 1)AM,
(M@ M)A = (10 M)(Ae1)AY,
MJ, = M(Jy @ 1)AM

The existence of such maps given a map M has been proved in [Hail4b]. But this proof
does not give an explicit formula for the maps AM and AM In order to get a model, we
have to check the upper triangularity of AM and AM | Therefore, one needs to guess the
form of AM and AM on each 7 € T with negative homogeneity. This has been done in
Hail4b], [HP14]. One major improvement is the recursive formula for M introduced in
mby M = M°R when we are considering a map M given by: M = M, = ({ ® 1)A
where ¢ € G_. This definition provides a recursive formulation for AM and allows us
to have a direct proof. In [HQI5|, it has been proved thanks to a complicate recursive
formula that the upper triangularity of AM implies the one of AM . Finally, the map IT is

given recursively in by:
(L 1)(y) = LTSy =&,  (L7X)(y) =y -=,
M° 3% . (y — x)g M
M L)y / DHR(y - I 7))z = 3 g 2 (i),

L
(IL'7)(y) = LT Ro)(y), (7 r7)(y) = (L7 7)(y) (L7 7)(y)

The extended structure provides a simpler answer to the definition of the renormalised
model. The maps M, AM and AM are just given by:

M=M, ANM=Mel, AM=M®1,
which provide natural algebraic properties:
M =TL,M, Ty =T =T5 ue.

We conserve all the Hopf algebra structure and the definition of M does not differ from
the one in the normal structure. We will use this formulation in the next chapters.
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Chapter 5

Convergence of the models

The construction of the previous chapters gives algebraic formulae for the renormalised
model associated with a subcritical SPDE. Now we want to consider the "concrete" ran-
dom objects ﬂ; and study their convergence as ¢ — 0. To this aim we compute their
L? norms which are represented as norms of appropriate integral kernels. Therefore to a
labelled tree T} we associate a finite family of integral kernels (the integration variables
being indexed by the vertices of 7).

These integral kernels have themselves a combinatorial structure, and we code them
by graphs which are obtained from the tree 7" with a class of transformations, which
include addition and displacement of edges and modification of the labels. In this chapter,
we provide tools for the proof of the convergence of the model in the general case for
local subcritical SPDEs with space-time white noise. The next theorem which has been
proved in the case of the stochastic heat equation with multiplicative noise in [HP14]] will
be proved in the next chapter for the generalised KPZ equation.

Theorem 5.0.1. Ler (ITM- F%E) be the renormalised model described in chapter 4 . Then
there exist a random model (11,,,I',,) and a constant C' such that for every underlying
compact space-time domain

E||IM: 10| < Ce™/2.

5.1 From abstract trees to graphs

We consider a renormalised model (II,,T';,) = (II¥,T2) on the extended structure
where M. = M,,_ is defined as in (4.9) by:
1 [n
no__ T gmg+me b gm—ngn+me
Mrr =Y % e_A!(nA) (T RYTP ) RATI M7 (5.1)

AeA(T) eana

By [Hail4b, thm 10.7], we only need to prove that for every 7 € T with |7|, < 0, we
have

A~

E(|(IEm)(02)P) S X7, B(|(I5r — Hr)(p) ) S e A (5.2)
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5.1. From abstract trees to graphs

for some x > 0, uniformly over 0 < & < 1, A € (0, 1], smooth test function ¢ and locally
uniformly in . The rescaled function ¢ is defined as in (T.4).

Since the kernels are invariant by translation, it is enough to consider the case x = 0.
Until the end of the section, we use the shorthand notation ¢, for ;. It has been noticed
in [Hail4b] that IT57 belongs to the inhomogeneous Wiener chaos of order ||7|| where ||7||
is the number of = in 7. In order to compute the covariance of (IT57) (5 ), we decompose
this process onto its k-th homogeneous Wiener chaos (flg’kT)(cp NE

A

(5 (ea) = Y (IF7)(0n).

k<]l

Then by orthogonality of the different chaoses, we obtain:

A

E(|(II57)(p)1) = D E((IF ) (2)).

k<7l

Each term I15%7 can be described by a kernel We*7 in L2(R%)®* through a map f ~—
I1.(f) which satisfies:

E(1:(f)?) < R £I” (5.3)
where || - || is the L? norm. Finally, we obtain:
E(|(II57)(pa)]*) < ) (W Wetr),
k<|I7]|

It remains to find a nice description of We*r in order to compute their L? norm. Using
the extended structure, we have:

(5T (o) = (MM (0 )
= Z Z ( ) <H_R£T;A+m““) (He Ri T;requA I‘lA+7TeA> (90/\)'
AcU(T) ea, nA
Then, we obtain:
Wa,k:Ten _ Z Z ( ) <H RT TnA—HreA) wWe k <R¢ Teljrei\A uA-HreA)
AcU(T) ea, ﬂA

where We* is defined using the recursive definition of IT5. Until the rest of this chapter,
we denote by z,, the zero of R%.

Definition 5.1.1. Let 7™ € ™. For k > 0 we want to define W=FT™4 € (L?(R%))®k
such that
METM(on) = Y TG TM(en) = Y (W),
k<|Lp| k<|L|

If K+ |Lr| ¢ 2N or k > |Lp| we set WS*T™? := () and we suppose thereafter that
k + |Lr| € 2N. We fix an arbitrary order of L.
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5.1. From abstract trees to graphs

o We first set K, : (R9)? — Rforalle = (ey,e_) € Er
—ife_ ¢ Ly

~

J .
Ke<xe+7$ef) = De(e)K($e+ - :L'ef) - Z MD2(6)+JK(_$67)

where 7. := [|T¢, |ez] V 0 and T¢, is the subtree of 7" above e, namely the
nodesof T,, are N,, ={v €T : vAey=ei}.
- ife_ € Ly A
Ke<xe+’xe,> = Qa(xe+ - xe,)~

e Now we define (WeT9) : (RY)teriVir 5 R

W ese e fery )= [T 0 TT Kot ) T o

uENT ecEp vENT
where NT = NT \ ({QT} U LT)

e Now we denote by Ly (T') the setof all o : {o7} U Ly — {0,1,...,(|Lr| + k)/2}
such that

- o(or) =0
~ foralli € {0,1,..., (L + k)/2}, [o=1()] € {1,2}

- |o71(@)| = 1foralli € {0,1,...,k}ando~': {1,...,k} — Lris increasing
(with respect to the fixed arbitrary order on L)

- Jo7ti)| =2foralli e {k+1,...,(|Lr| + k)/2}.
e Then we can define WoFT™4 : (R)F! — R

\LTHk
W AT (o, g, o) = ) / g VT (o), v € {or} U Lr) H ;-
oELy(T i=k+1

e Finally we set W74 : (RY)F — R

(WHT2) (g1, ) = / () VT (g0, 1, )
R

Y1 Y2 Y3 Ys  Ye Yr  Ys Y1 Y2 Y3 Ys Y2 Y6 Y3
VN VANV
(l\e Te_ %0 Te_
Te Tey
o Y0
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5.1. From abstract trees to graphs

In the figure just above, the first tree represents W=T™? then we give one element of
WeAT™A The leaves which are integrated are in red.

Remark 5.1.2. The formula for K, is given by a Taylor expansion of the form
y—af
HOEDS % D’ f(x)
g<r J:

where f = DK, = —Te ,Y — T = Ze,, Yy = T, — T_. This comes from the
definition of I, and its action on the abstract integration operator.

In the next definition, we give our candidate for /_:

Definition 5.1.3. Let 7% € T" then /. is defined recursively by: £.(1) = 1, if |Ly| ¢ 2N
then £.(T™?) = 0, otherwise

LI== 3 > 5 ( ) (TRt JIe0 (R TI St Praimea),
AeA(T)\{{T}} ea, nA
where, using the notations of Definition [5.1.1]
. W:—:Tnd (Rd){QT}ULT SR
WeT™) (2,0 € {or} U Ly) == / 7 H (24 — 24, )" H Ke(z.,,z. ) H dx,,
(Rd)INT‘ uENT ecEr ’UENT

where K, is defined as follows: if e_ € Ly
Ke(Tey e ) 1= 0(Te, — )
whileife_ ¢ Ly
Ke(2e, v ) = De(e)K(yceJr — Te_ ).
o WOTM  R: 5 R
1Ll

V0T (o) = D / VI Yoy, v € fory U Lr) [ dye
Rd

oc€Lo(T) =1

e By translation invariance, (W°T%)(y,) does not depend on y, and is therefore
equal to a constant that we call W=0T™4 € R.

Remark 5.1.4. Let F»* = (Ty)% - .- (T,,)t"% a labelled forest, then we extend the
definition of W¢, W= by setting

Fnd HWE al2 7 Ws,O(Fen,d) HWEO(( )e, \d; )

=1
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5.1. From abstract trees to graphs

Definition 5.1.5. Let A = {1, ..., T,,} € 2(T). We set

L. k(A) := |Lr| = [JA]| = |Lz| = > 54 | Till, where ||T;]| is the number of leaves in
T;

2. L(A) is the set of all 0 € Ly(4)(7T') such that forall i = k(A) +1,..., —‘LT‘;’“(A)
there exists j € {1,...,n} such that o~ (i) C T}.

In other words, o belongs to L(.A) if and only if:

e for two leaves vy, vy € L(T') with vy # v,, we have o(v;) = o(v9) only if v; and vy
belong to the same tree 7, € A

e for each 7; € A and v; € 7Tj there is one (and only one) v, € Tj such that
o(v1) = o(v2)

o(w)e{l,...,k}forallv € Ly \ L4.

Then we set for k = k(A):

\LT|+7€
(PAW6< ))(y07 Y1, - 7yk Z / \LT\ k WaTn d)(ya(v vE {QT} U LT H dyz
oc€L(A) i=k+1

Remark 5.1.6. From the previous definition, we obtain another description of the k-th
Wiener chaos:

WE k’(Tn . Z ’PAWE (Tn) Ws,k(gﬂ) (54)
A (T)

where 2,(T) = {A € A4(T) : ||A|l = |Lr| — k} and W=*(T) are the other compo-
nents.

Y1 Y2 313 Ya ZJS y5 Y6 Y1 yz y3 Y4 Y2 Ys Yo

Yo Yo

The first tree represents PV (1) with A = {T1,T5} € A4(T) . The other tree is

[4

one of the terms in W*%¥(T"): we have made another contraction in P WV*(T") with

A = {11} € As(T") which does not create a contraction in 24(7").
The strategy of the proof is the following:

e We use a variant of a general theorem for labelled graphs introduced in [HQ15]
which covers terms of the form (We*r, Wekr),
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5.2. Bounds on Labelled Graphs

e We start by proving bounds for W# /"l which give bounds also for the TW**7 with
k < |I7]|. One crucial argument for these bounds is the admissibility of our trees
given in At this stage, we know exactly which divergent parts in W**7 have
to be renormalised.

e We perform a renormalisation procedure by ‘hand‘ in order to treat these diver-
gences. Then we systematize this idea by the use of a telescopic sum which is equal
to Wer. The previous decomposition determines the values of the map /..

e We end the proof by making the pairing (scalar product) of two renormalised graphs
(kernels).

5.2 Bounds on Labelled Graphs

In this section, we present a slight modification of the convergence theorem given in
[HQ135] which is useful for more complex diverging patterns. Each scalar product (We*7 Wekr)
can be represented by a sum of terms Z, (/) defined by:

To(K) = / / ox(@)oa ()] (. y)dudy

where J is obtained from generalised convolution of other kernels. The integral Z,(K)
can be rewritten using a directed graph G = (V, £):

I\(K) = / Hje($e+,$e,) H dx,
ROV e vEVo
where
e cvery directed edge e € £ is denoted by e = (e, e_)
e ( has three distinguished vertices V, = {vp, Uy 1, Vs 2}
e Vyistheset V\ {vy}
e forall v € V,, dz, is the Lebesgue measure on R¢.
We still have to define the kernels .J.. To each edge e € £ we associate
e alabel (a,r.,v.) ERXZ XV

e akernel J, : R?\ {0} — R which is compactly supported in a ball of radius 1
around the origin and such that

|D*Je()] < [l e

holds uniformly over z with ||z||s < 1 and for multiindices k.

112



5.2. Bounds on Labelled Graphs

By definition, we have for e € &:

R — J o
Je(@ey, Te ) = Je(Te, — T ) — Z (xe*j*!x%)D]Je(xve — T ).

‘] ‘s <re
Here
e a, is the order of the singularity of the kernel .J, associated to the edge e.

o the integer 7. gives the order of the Taylor expansion of the edge e and v, € V gives
the point x,, € R around which we expand our kernel.

For d > 0, we define the following semi-norm for the functions .J, given by:

I e ¢ Mo DM J ().

5

ad= SUup sup |z
|kls<d 0<[|z[|s<1

We assume that v, ; and v, 5 are connected to vy by two edges with label (0,0, vp).

Vx,1

We will often write (a., ) instead of (a, 7, v.) When v, = vj. In fact, v, # v, implies a
negative renormalisation for the convergence. For v, = vy, this is the positive renormali-
sation given by the Taylor expansion in II.

Remark 5.2.1. Let 7} a labelled tree, these labelled graphs encode all the kernel com-
ing from the Wiener chaos decomposition of (II577)(, ). Indeed, the kernel We(T7') is
obtained by

e the test function ¢, is encoded by the edge between v, and one distinguished edge
labelled (0, 0).

e the label (|s| + «,0) with x > 0 is for the molifier o. and is replaced in the limit by
a delta function. The molifier is present in the labelled tree as a leaf and is linked to
the tree with a zero labelled edge when we face a product of the form Z(-)=.

e an edge e such that 0 < a, < [s] is associated to the same edge in the labelled tree
and the kernel J, is given by D) . For the other labels, we have v, = vy and
re = [|Te|s] V 0 where T, is the tree above e = (eq,e_) in T}, T, = (Ve, Eo(Ve))
andV. ={veV\{w} : e Av=-e;}.
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5.2. Bounds on Labelled Graphs

e the node label in 77} is transformed into edges with label (a., 0) between the inner
nodes and the node v, such that for every inner node  in T, a(y,v,) = —|n(u)|s.

Finally, we only integrate the variables corresponding to the inner nodes. Using this
matching, we build a labelled graph from a labelled tree but with only two distinguished
vertices. Then by merging some leaves, we obtain terms in W&*(T") and by taking two
terms in TW=*(T") as labelled graph we build a term in (Wekr, Werr).,

For any V C V, we also define the following subsets of £:
o ET(V):={e€&:enV =ec_}, the set of edges which exit V
o EHV)={e€&:enV =e,}, the set of edges which enter V
o &(V) ={e €& :enV = e}, the set of edges which are contained in V
e £(V)={ee E:enV # 0}, the union of the previous sets.
We suppose that our graph G satisfies the following assumptions:

Assumption 3. 1. For every subset VV C V), one has

Z Qe+ Z ]l{veefi/\re>0}(ae+re Z Lipepyre < (|f}|_1)’5‘ (5.5)

e€&(V) ecET(V) e (V)

2. For every non-empty subset V C V \ V,, one has the bound:

Z e + Z (]l{veef)\/rezo}(ae +re—1)—(ro — 1))

e€&o (V) ecEL (V) (5.6)

+ Z (ae +7e) — 1y cpre) > |VIs]
ecET(V)

We want to prove that these assumptions are satisfied by a class of graphs constructed
with local subcritical rules. One important information on a graph G will be its homo-
geneity

Gls = V\ V.lls| =) a..
ec&

Theorem 5.2.2. Consider a labelled graph G as above satisfying Assumption |3| and a
collection of kernels K associated to the graph. Then, there exist d > 0 and a constant C'
depending only on the cardinality of V such that

Z7 (K] < CNU T TN Kellawas A € (0,1].

ec&
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5.2. Bounds on Labelled Graphs

Example 5.2.3. We present few examples in the maximum chaos order from KPZ terms
where |s| = 3 and the singularity at the origin of the heat kernel is 1:

%9//.\\‘20
.L// \‘.
Q //.\\ 53 = —
cE) = G(Z(2)) l l and
T U1 e e U G o Us2
0 0
RN

Remark 5.2.4. In most of the examples, the kernel J. can take few values: K, K’ and
@52) = 0. * - where K is the singular part of the heat kernel around the origin. It has been

noticed in [HP14] that for any d > 0:

1K g+ 1K |20 < 00, sup [0 ||s.a < 0o, sup e *||0l?||s4na < 00,
£€(0,1] £€(0,1]

for every k € (0,1). When we want to prove the convergence of the model, we need to
check

E(|(IT5m — TIor) (@a)[?) < eA2TH, (5.7)
We perform the same Wiener chaos decomposition on (II57 —IIy7)(gy ) as for (II57) (0y).
The kernel associated to each Wiener chaos is slightly different: it can be expressed by a
sum of terms similar to those of (II57) (i) but instead of just having p. we obtain ¢ and
0- — 6. These terms will check the same bounds as for (II57)(¢,) and they will contain at
least one p. — § which gives the bound in (5.7).

Remark 5.2.5. The proof of the theorem [5.2.2]is based on two main ingredients:

e the decomposition of the kernels into a sum of kernels with decreasing compact
support.

e a partition of the domain of integration using trees.

For the proof, we follow the main steps given in [HQ15] and we omit the proof of some
lemmas which can be found in [HQ15]).
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5.2. Bounds on Labelled Graphs

5.2.1 Decomposition of the kernels

We will use the following lemma given in [HQ15]]
Lemma 5.2.6. For each e € &, there exists a sequence of kernels { K ) }nso such that:

e One has K.(x) = Zn>OK ( ) for all x # 0.

o The kernel K™ is supported in the annulus A, = {z : ||z, € 2=, 2-7]}.

e Forall k, the bound
|DI<: ( )|<2ae+|kz|)

holds uniformly in n.

With these properties, we can decompose the kernel [ [ K..For everyn = (k,p,m) €
N® and every edge ¢ € &, if 7. > 0 we define a function K" (y, z) by

Ke(")(y, x) = k) (y — $)\11(p) (2, — x)\Il(m) (y — xy,)

K- - Y Y= pig a2

Else K" (y, ) is just given by

~

Kén)(y7$) = qj(k)(y - x)Ke(y - x)?

where the function ¥ is defined from ¢ : R — [0, 1] a smooth function supported on
[3/8,1] such that ), ¥(2"x) = 1 for every x # 0. We set for every n € N:

T (1) = (2 ).
This function gives also the decomposition of the previous lemma, one has K, m (x) =
V) (1)K, ().

In our graph, we have two vertices v; , and vy, which are connected to the origin
through the kernels (*. We obtain

Z/ x)dx, K(" HK”E (e, xe_)

neNy ee€

where N, is the set of functions n : V> — N? such that 271"l < X for the two edges
(U*J', 0)

116



5.2. Bounds on Labelled Graphs

5.2.2 Partition of the integration domain

We denote by B()) the set of all labelled rooted binary trees which have V as their set of
leaves and we impose a condition on the labelling:

b, >4, forv>w

where v > w means that w belongs to the shortest path connecting v to the root vertex.
The following notation will be useful: u A w is the most recent common ancestor of v and
w. In the following tree, we have £, ry, > y.

r

[ R )

/

<

N
RN

Ul/\Ugo

U1 O O V2 O Uk

The labelled trees (B, ¢) make a partition of the domain of integration. The labelling
¢ means that for any v, w € V), we have:

|lv —w||s ~ 9 bonw

Definition 5.2.7. Let (B, () € B(V) and ¢ > 0. The set (B, {) consists of all functions
n : V? — N3 such that for every edge e = (v, w):

e If n, = (m,0,0) then
Im — Ly < c.

e Else n, = (k,m,0) and:

|k5 - gv/\w| S C, |m - Ev/\ve| S C, |0 - Ew/\ve| S C.

Lemma 5.2.8. There exists ¢ > 0 such that, for every n : V> — N? such that K™
as defined as before is non-vanishing, there exists an element (B, () € B(V) withn €

Ne(B, ().

If we denote by B, (V) the subset in B(V) with the property that 2=~ < X\ for
v,w € V,, then it follows
/ K™ (2)dx)|.
Rd)vo

LEIS > >
We define D(B, (,C) C (R%)Y such that ||z, — x| < C2% for v,w € V.

BeB) (V) neN:(B)

Lemma 5.2.9. Let D(B, (,C) as above.
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5.2. Bounds on Labelled Graphs

e There exists C such that the support of K™ s contained in D(B, ¢, C’) forn €
Ne(B, 0).

o [fwe consider B° the set of interior vertices in B, then

n(D(B,4,C) < I 27"

veBe°

where i is the lebesgue measure.

As a consequence of the previous lemma, it follows

IR SN ol 01 Ex) P BT

(B,0)EBA(V) neEN(B) \veB°

We notice that R R
sup | K™ ()| < [ sup K" (e, o)

ece ”

We need to have a bound on K" (., , z._). Lete € &,n € Ny(B, () andn, = (k, p,m).
It follows

|k - Exe+ NTe_

S C, |p_£a:e_/\:rve S c, ‘m_ng+Amve <c

- Y

when r. > 0. The comparison between m and k gives different bounds. Indeed from
theorem we have the identity:

[A(éne) <x€+7 xe_) = \Ij(k) (xe+ - xe_)\ll(p) (er - xe_)\I’(m) <x€+ - xve)

Ke(®e, —xc_) — Z (x”j—!xve)DjK( . — Te_)

|7ls<re

= \I/(k)(x&r - xef)qj(p)(xve - Ief)qj(m)(xw - xve) Z DTK6(3/>QZ(5E7 dy)-

[rls=Te

where the kernel Q] has the property:

Ql(w,RY) < flwe, — o lly".

S

There exists a constant Cj such that
1. If m > k + Cy, then

> — —rel Y4
Sup ‘ng (xe+ , :Ce_ )’ Sj 2 rem+(a5+re)k ~ 2 Te Tey ATye +(ae+7'e) Tey AzTe_ .
x

2. If k > m + C, then

sup]K”e(err,a:e )| < 2%k 4 Z gmlils+(actilslp < gack

|7ls<re
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5.2. Bounds on Labelled Graphs

3. If £k ~ m then

sup |j€:e<xe+7xe,)| 5 2aek + Z 2—m|j|5+(ae+\j\5)p 5 2(‘164‘7’6_1)17—(7'6_1)"1.

l7ls<re

We denote by AT, A and A~ the previous configurations. They are represented in the
next figure:

T e T e T e
€4 i et N\ v i €4 i
AN AN, A
O €4+ O Ve O €_ O €4 O €e_ O Ve O €_ O Ve O €+
1) 2) 3)

where we have set e; = ey A e_. When r, = 0, we simply have the following bound:

sup | K™ (., , z._)| < 20"
x

Denoting by B¢ the inner nodes of B and by Aj the set of edges such that r, = 0, we
define a function  : B® — Rby n = ) ___- 1. where

Ue(v) = ]16614(_0’6]16T (U)) + ]leEA“' <r6]16+/\’l)e (U) - ((Ie + T6>16T (U))
—Teea((ae +re — e po.(v) = (re — 1)]le¢ (v)) + ]leEAo(_ae]leT (v)).

We have

sup |K§ne)(xe+7$67)| 5 H 2—&,776(1;)
: veEB°

and R
sup [R)(a)] 5 T 277
z veBe°

Therefore from the previous inequality and from (5.8)):

nmls > Y [

BeBy (V) neN,(B) veB°

where 77(v) = |s| + n(v). We want to prove our theorem for every labelled tree in B, (V)
For a rooted tree B with a fixed distinguished vertex v, € B, we consider a function

n: B — Rand:
nBy= Y [z
neN,(B) veB

We set || = >, .5 7w and we have the following bound

Theorem 5.2.10. The function n satisfies the following two properties:
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5.2. Bounds on Labelled Graphs

e Foreveryv € B, one has ), .., . > 0.

e For every v € B such that v, > v, one has Zu%v N < 0, if this sum contains at
least one term.

Then, one has T\(B,n) ~ A\, uniformly over \ € (0, 1].

We want to check the two conditions of the previous theorem on our map 7). For the
first condition, let v € B° and we consider L, C V the leaves attached to v. We need to
have

Zﬁ = |s|(|Lo] — 1) + Z Z Le (u)) + Z (Te]le+/\ve(u) — (ac + re>]leT(u))

u>v u>v e€A ecAt
- Z ((ac +71e = Dle_po (u) = (re = 1)Le, (u) — Z (acle, (u)))
ecA— EEAO
=ls[(|Zol =)= > ac— > Tper(aetre—1)+ > Tyerre>0
e€&o(Ly) e€ET(Ly) e€EY(Ly)

where we have used the fact that the cardinality of {u € B° : uw > v} is equal to | L,| — 1.
In the next array, we compute the contribution of the edge e depending on what set, it
belongs to:

50<LU> ST(LU> gi(Lv)
AT e 0 -1, cpre
A Qe 0 0
A~ ac |1, cp(ae+re—1) 0
AO Qe 0 0

For the second condition, we fix a node v € B¢ such that v, > wv. Denoting by
U, = {u € B°:u # v}andV the set of leaves attached to U,. We note that V C V' \ V,
where V is the set of leaves attached to U,. Moreover, we have |V| = |U,|. It follows

Z i(u) = |s[|V] - Z (Z(_aelﬁ(u)) + Z (7"6]16+/\ve(u) — (ac + Te)]leT(u))

u€lUy uel, ecA ec At

- Z ((ac +7re = Dle_pn.(u) = (re = 1)Le, (u)) — Z(ae]lew(u)))'

ecA— GEAO

We compute the different cases:

E(V) ') )
At Qe (ae + Te) — ]lveef/re Qe
A Qe e Qe
A" ae Qe 1, ep(@e+1e—1)—(re —1)
Ay Qe Qe Qe
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5.3. Elementary Labelled Graphs

Then

Do) <slVI= Y ac— > (Lyevveeny(ac +re—1) = (re — 1))

uecUy e€c&o(V) ec&H(V)

— 3 (@ +re) = Ly epre) < 0.

ecET (V)

The conditions of the theorem [5.2.10| are equivalent to the conditions [5.2.2| which con-
cludes the proof.

5.3 Elementary Labelled Graphs

We will not consider general labelled graphs but some graphs built with elementary com-
ponents. Elementary labelled graphs represent integral kernels and are obtained by some
transformations of the original labelled tree. To an elementary graph corresponds a la-
belled tree 7' such that the elementary graph encodes II§7}". In this section, we present
a recursive construction of the elementary graphs and we give some bounds on them by
checking the assumptions of the theorem [5.2.2]

Definition 5.3.1. An elementary labelled graph is a graph G = (V, ) connected with
two distinguished vertices V, = {vo, v, } with the edge label (a.,r.,v.) € R x N x V
such that

e This graph is almost a tree in the sense that T = (V,€) = (V \ {v},E \ E,,) is a
tree where F,, = {(v,vy) € £}, all the edges which contain v, belong to F,, and
v, 1s its root. Moreover it can be associated to a labelled tree 7' such that

- ET:g,NTINTaHdLTILT
— for every edge e € Er, a. = |s| + |e(e)|s — [I(€)]s

— forevery edge e € {e : e_ € Lz}, a. = |s| + &, [e(e)]s = |l(e)]s = 0 and
[l(e_)]s = —|s|/2 — k= awithk >0

— for every node v € N7, (a(v,00), T(v,00) V(o)) = (—[1(V)]s, 0, v0).

e For every edge ¢ of T, one has: r, = [|T.|s] V 0 where T} is the tree above ¢ =
(er,e-), T. = Ve, &o(Ve)) and V. = {v € V\ {wvg} : ex Av=e;}.

Remark 5.3.2. In practice, we compute the elementary labelled graph from a labelled
tree 17. The algorithm has been described in

We define the homogeneity of an elementary labelled graph G by:

6l = (el + e =2 )il - S

ec&
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5.3. Elementary Labelled Graphs

In the definition of the homogeneity, the term —2 means that we do not want to count the
distinguished vertices.
We denote by |T7'|; the homogeneity of the labelled tree 7' € T, which is given by

= Y w)ls+ Y In(@)ls— Y le(e)

ueLrUET ZI?GNT ecET

Proposition 5.3.3. Let G be an elementary labelled graph and T* the labelled tree asso-
ciated to it. Then |T}|s = |G|s.

Proof. By definition,

G, = (|NG1 | el 2) sl = > a. = (\NGI 1 el )\5| Y ac— > a

eef ecEsr e€by,
L
(|N|+' ol _ )|| S (sl + le@)ls — [4e)ls) = 3 (~In@)le) - Lzls
ecEfr (vvo)e€
|L¢
(|NG|+ el oo = S 1= S e+ 3 n@le+ 3 )]s — [Lrls
ecEx ecEx (v,v0)€E ecEx

We conclude by noticing that

|La| !L |
<|NG| + 5 =2 sl = Y lsl = [Llw = (INz| + =5 = 1)|s| = > |s| = |Lzls

ecEsm ecEsm

= [Lyla= ) |i(w)

UELT

Moreover, we have 3, \ce [n(v)]s = - e, [n(v)s. O

ls|

Remark 5.3.4. In general, we have Yu € L, |[(u)|; = —5 — s for & > 0 like the
generalised KPZ. For the rest of the section when a. = |s|, it has to be understood as
|s| + k.

Definition 5.3.5. We define the graph G(Z) = ({vo, vy, v¢}, €=) and G(X) associated to
the symbols = and X:

Definition 5.3.6. From two elementary graphs GG1, G2, we define a new elementary graph

=WV,E =TT ®Toby: YV =V, UV,and £ = & U E,. We also make the following
identification: v; ~ v ~ v, and vy ~ v§ ~ vo. We set a., = a1 + a.2 and r., = 0 for
e, = (v,,v9) and €t = (v, v}), i € {1,2}.
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5.3. Elementary Labelled Graphs

Definition 5.3.7. The integration of an elementary graph G = (V, ) is the elementary
graph G’ = Z,,(G) given by: (V U {v,},E’) where £’ is defined by

o ifa., # 0then & = EU{(v,,vy), (v, v,)} with the label of (v, v,) given by (0, 0).

o else & = (€ \ {(vs, v0)}) U {(v5, vo), (v, 00}

where the edge label for (v}, vg) and e = (v, v,) are respectively (0, 0) and
(Is] = 1Z()ls + |nls, 0V [1G"]s ], o)

Example 5.3.8. Just below, we give some examples from the generalised KPZ when

|s| = 3:
Q
G(XZ) = "} =, «GEXE) = T(G(XE)) =
0
@)
S
o‘/ 0
and G(Z(2)2) = G(Z(2)) ® G(E) = U:i,
0

Remark 5.3.9. Elementary graphs represent the kernel W=7l for some symbol 7 asso-
ciated to the maximal Wiener chaos of II57. Therefore, we suppose that these graphs are
built using the same set of rules as for the symbols.

Definition 5.3.10. Let R, a set of rules as defined in (3.1)), we denote by Gr, the set of
elementary graphs built from that set and from G(=).

Remark 5.3.11. Let G = (V, &) € Gr,, one has v, = vy for every e € £. If the set of
rules R, is locally subcritical then any elementary graph G in G, satisfies the following
property : for every subtree 7" of GG different from =, one has |T'|; > |Z[s = «a.

Example 5.3.12. The generalised KPZ terms with negative homogeneity are built with
the following rules:

. ; 15 3) h T, Ty Th, T, 0©
RV VRN N

Ux Ux

4) O T3//O L T2 T5 9 yhere the T; are generalised KPZ terms and the edges
NN
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5.3. Elementary Labelled Graphs

v é and l have respectively labelled of the form: (3,0), (2, «) and (1, 5). We have also

other rules when we multiply these rules with X.

Remark 5.3.13. We obtain a labelled graph with three distinguished vertices by taking
two elementary graphs with the same number of leaves and by merging their leaves. This
procedure will be described after the renormalisation in

We want to prove an analogue of the conditions on the labelled graph for an elemen-
tary graph G = (V, £) generated by a set of rules R,,. We denote by V, the set of its leaves
and V; the set of its inner nodes.

Assumption4. 1. For every subset V C V), one has
V 1
Y a _<|V’+M——>||+FL (5.9)
e€€o(V)

2. For every subset V C V, on has for |V;| > 3
|V£|
Z Z ]l{vPGV/\rp>0} QeFTe— Z ]lv evle < |V | +—- -1 ’5‘
ec&o(V) ecET(V) ecE(V
(5.10)
We consider the vertex 0 as an inner node.

3. For every non-empty subset V C V), one has:

Z e + Z (]l{veefiwezo}(ae +Te — 1) - (Te — 1))

ec&o (V) ecEL(V) 5.11)

;
b3 () = ey 4 TueslGl > (1904 5 = Lo ) ol
ecET(V)

If V = V,, we obtain the equality in the previous bound which is the definition of
|G-

Let G = (V,€) € Gr, and T = (V, £) a subtree of (. We define the homogeneity of
this subtree as:

= (w+ oo )6l - X a- ¥ a- St

e€&(V) ecET(V) ecEH(V

Proposition 5.3.14. Ler G = (V,€) € Gg, and T = (V,€) a subtree of G such that
V C Vo, then V satisfies the assumption (5.11]).
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5.3. Elementary Labelled Graphs

Proof. Let o the root of T', we denote by T, the tree above o-If o # v, we replace T,
by T, where (u, ) € . To each edge ¢ = (e,,e_) € EX(V), we can associate a tree
T. =T, and we obtain:

T, = Tu U Te, ’Tg‘ﬁ = ’T’b' + Z |Tes-
ecE(V) ecEH(V)
Then

|Tg|s=(|V|+'W'—nv*ev)|s|— S - Y at Z Tl

ec&o(V) ecET (V) ecEH(V

By definition, we have - ¢ty e > |Tls if 0 # v else |T,|s = |Gls and E7(V) = 0.
Moreover, let e € £+(V), it follows: If |T,|, > 0 then |T,|, > r, — 1, else by local sub-
criticality of the graph G, we have |T,|, > |§‘ Kk > —a.. The previous bounds allow
us to conclude and we obtain:

S at Y (@)t Y (ecolactre—1) — (re— 1) + 105G >

e€&(V) ecET(V) ecEH(V)
V|
(\V|+ e )l

]

LetG = (V,€) € Gr, and V C V,. We consider G = (V, £) where £ = £(V) . Then
the graph G admits the following decomposition: G' = | |. icre Tj where T; = (V;, &;) are
disjoint subtrees of GG and K is a finite set. Using this characterlsanon we have:

Proposition 5.3.15. Let G = (V,€) € G, and let V C V \ V,. Then V satisfies the
assumption (5.11).

Proof. We decompose V = | | e Vj where the V; are disjoints sets and T = (V;, £(V;))
is a subtree of G. Then we apply the previous proposition on each V; and by summing the
bounds, we obtain the required result. L]

Proposition 5.3.16. Let G = (V,£) a labelled graph and V C V such that vy € V and
such thatV =V \ V satisfies (5.11)) then V satisfies the assumption (5.10) .

Proof. We suppose that VV does not satisfy (5.10) which yields:
S et Y Lyt re—1) = 3 1, pr > (m\ il 1) 5.
: Ve Te Ve jai 2
e€&o (V) ecET(V) ecEH(V)

On the other hand, V = V' \ V satisfies (5.11):

Z ae + Z (ae +re—1, cpre)

ec& (V) ecET(V)

125



5.3. Elementary Labelled Graphs

- Vil
+ Z L evvr.— ol@e +71e —1) — (re — 1)) + ]lv*ef)|G|s > <|V;| + 5 L,ep 5.

ecEH(V)

We notice that £7(V) = £4(V) and EY(V) = £T(V) which give by summing the two
bounds:

V
> ac+1,,5lGls > <|vi|+%— 1-1,, ef,) 5. (5.12)
ect
‘We have:

5 \Z1

o <ian= (WH' - - )\s\ D>
ect
then

V 3
> a < <\V|+| f'—§>|s|+,<¢

ecf

which is in contradiction with (5.12)) for x > 0 small. We deduce that V satisfies the

condition (5.10).
]

Proposition 5.3.17. Every G = (V,€) € Gg, satisfies the condition (5.10) for V C V
and vy € V.

Proof. Let V = V \ V. The graph G satisfies the condition (5.11) on V. By the previous

proposition, V satisfies (5.10). [
Proposition 5.3.18. Let G = (V,€) € Gr, and T = (V, &) = | |,c Tj such that V C V.
Then

o If|K| >3 o0r|T|s > 0 then the condition (5.10) is satisfied.

o If |K| = 2 and there exists j € K such that |Tj|s > |;‘ K then the condition
(5.10) is satisfied.

o If|K| = 1and|T|; < 0 then the condition is satisfied but not (5.10).

Proof. For every j € K, we denote by V;;, the inner nodes and by V;, the leaves of the

tree 7;. One has |T}|; > sl K, which yields

2

Vi s
(Wit =1+ 22Dt - ¥ ooz iz - -

e€&o(Vj)
Ve 1
5 5 |s| + k.

> aes(

e€&o(Vj)

Jst
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5.4. Contractions

By summing the previous bounds, we obtain:

Zae ZZG@

e€&(V) JEK e€&o(Vy)
| K _ |]_)@‘ 1 K
< i = | Vi - 5 a0 :
5 (Wl + 22 - S = (m+ -5 (5- 15 ) )
JEK JeR

We distinguish several cases:

If | K| > 3, we have ). < F |> > 1 which gives the result.

If |T|s > 0, then Y icxc | Tjls > 0 which gives the required bound.

e We conclude as the same when |K| = 2 and when one the 7} satisfied |1}|, >
ls|
—5 — K.
o For the last assertion when |K| = 1 and |T|, < 0, the fact that |T], > —£ —

proves the condition (5.9) but |T'|, < 0 is in contradiction with (5.10).
0

Remark 5.3.19. In the previous proposition, we omit one case when 7' = T} LU T and
T1]s = |Tsls = ‘5| — k. This case will be treated after and needs a renormalisation
procedure as for |T \ s < 0.

Proposition 5.3.20. Let G = (V,€) € Gr, and T = (V

3 , (_‘j ) a subtree of G. We suppose
that there exists a leaf { in T such that { & V), then if |V|

> 1, the condition (5.5)) is

satisfied.

Proof. We have |T|, > —|§—‘ — « and we consider the tree T where we have replaced
the node ¢ by a leaf which will count |s|/2. We always have |T'|, > —%' K but now
T, = |T|s — ‘%' > —|§—‘ — & which gives |T|; > —« and |T|, > 0. Indeed, the set of

homogeneities is a discrete set. Above —k, the next homogeneity is O which contains only
the trivial tree. Finally, the subtree 7T satisfies (5.3). O

5.4 Contractions

If we look at elements in the lower chaos which come from contractions, we start with a
graph GG in Gz, and then we merge some leaves in G.

Definition 5.4.1. Let G = (V,€) € Gz, an elementary labelled graph. A graph G =
(V, €) is obtained from G by contractions if there exists an involution map f from V), to
itself such that V = V/ ~; and € = £/ ~; where ~; means we identify any v € V), with
its image f(v). The leaves of G are given by the v € V), such that f(v) = v.
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5.5. Renormalisation Procedure

Proposition 5.4.2. Let G = (V, &) € Gr,, an elementary labelled graph and G=E)
a graph obtained from G by contractions. If G satisfies the conditions (5.11)) and (5.10)
then G satisfies the same conditions.

Proof. To any subset V' of V), we can associate a subset Vof V. Indeed, the contractions
identify some pairs of leaves in V' which become inner nodes in V. We have the following
identities:

~ ~ ~ 1% Vi

Q(V) —&(7), EWV) =), ey, i+ iy Y
which give the result. [
Example 5.4.3. Among the KPZ terms, we face three types of contractions which create

new cycles:
[}
T2 T1 L4 Ve

T ‘A with v; = («y, 5;) and the T; are

0 O 0
subtrees. From now, we denote by v, the node coming from the merging of two leaves /¢,

and /o.

5.5 Renormalisation Procedure

5.5.1 Renormalisation by hand

From the proposition , given G = (V,€) € Gg, the diverging patterns are the
negative subtrees of 77" the labelled tree such that W*T}" is encoded by G. Therefore, we
have to renormalise them. In this section we treat one negative subtree by performing a
local transformation using a telescopic sum.

Let G = (V,€) € G, and T = (V, £) a negative subtree of G. In order to treat this
divergence, we change the label of some edge e € EYH(V) by replacing v, = vy by a node
of T such that this new Taylor expansion point has a renormalisation effect on T.

Lete = (v,13) € EH(V) and v € T such that there exists v’ with (v/,v) € ET(V).

e Uy
)
e U1

The situation can be represented by: é where the symbol § means that there exists
o U

128



5.5. Renormalisation Procedure

a path between v; and v. In most of the examples, this path would be just an edge. The
label of e is replaced by 7 = (@e, ., v). This transformation and the choice of the level
! depend on the subtree 7. For instance, we take r, = max(|—|T'|s|,7.) . The previous
renormalised edges appear in a telescopic sum. We start with v, = vy on e. We have the
e Uy
2|
e U1
same configuration as before: é . The label of  is given by (ae, e, v9). We want to
° v
rewrite the Taylor expansion in the point v and we proceed as follows:
. i
Ke(@o, — T,) = Ke(o, — 20,) — Z MKU)(_IW)

‘ &

|7ls<re
_ J ]
= Ko(2y, — 24,) — Z MKE(J)(% — )
lory
(20, — wv)j ‘ (20, — xv)j(fpv)k j
+ Z 1TK£J)(‘TU _$v2> - Z - ]']{3' K§]+k)(_xv2)
ljls<re |7+kls<re
_ J )
= K (2, — Ty,) — Z MKéJ)(xv — 2,
lery
(20, — xv)j ' (xv)k '
+ Z 1T K9 (2, — 1,,) — Z ] KUHh (—g,)
ljls<r, |Els<re—|ils

This decomposition is general but in the case of the generalised KPZ, we deal only with
derivatives in space. Therefore, 7 € N. Graphically speaking, we make the following
decomposition on our graph G:

@ <A @ —— @
-t
=

@ €« NN @ — O
4

V2 @ . e U1 (513)
1 \@f
2
+ 2 I

l7ls<re

<

where the labels of v, 7., 7; and e; are respectively: (a., e, Vo), (@e, 7%, V), (ae+|jls, max(re—
|71s,0),v0) and (—|7]s, 0, vo). We prove the next two propositions in the case of the gen-
eralised KPZ and they are true for many examples. We will provide a counter-example in
the section [5.7|for the general case.

Proposition 5.5.1. Let G as above, we suppose that G satisfies the conditions (5.6)) then
the new graph G obtained from the transformation of the label of e = (v, vy) satisfies the
same condition.
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5.5. Renormalisation Procedure

Proposition 5.5.2. Let G as above, we suppose that G satisfies the conditions (5.5) for
some subsets V #+ V then the new graph obtained from the transformation of the label of
e = (v1, vy) satisfies this condition on the same subsets and on V.

The next two propositions establish that we have the correct bounds for the terms with
the labels v and ~,. then we have the same bounds for the remaining terms depending on

Jin
Proposition 5.5.3. If the conditions (5.6) is satisfied in for the terms with the labels
v and 7., then this condition is satisfied on the other terms on V. C V such that V N

{Uv U1, UQ} 7£ {U}

Proof. The first term has been treated. We have to consider the impact of the new edges
e; and y; for the other terms. Let V' C V, we look at V; = V N {v, vy, v }:

i €5 e i
{v} | L pjle<oy(@e + 1ls) = Lo —pji>0(re = [ils = 1) | —=1ils 0 0
{vi} 0 —jls | —(re =1) | =(re — 1)
{vy} ae + |j]s + max(re — |js, 0) 0 ae + 1 Qe + T
{v,v1} | Lemyje<o)(@e + Lls) = Lro—jjleso(re = Lils = 1) | =ljls | =(re = 1) | =(re = 1)
{v,v2} ac + s —jls Qe Qe+ 7e
{vi,ve} ae + |j]s + max(re — |4ls, 0) —|7ls Ao Ao
{UavhUQ} Qe + |j|5 _|j|5 Qe Qe

The sum of the contributions of ; and e; is greater than the minimum between -y, and
except for V; = {v}: when r, — |j|s > 0, then —(r. — 1) < 0. O

Proposition 5.5.4. If the condition (5.10) is satisfied in for the terms with the labels
v and . on some subsets V), then this condition is satisfied for the other terms on the same
subsets.

Proof. The first term has been treated in the previous proposition. We have to consider
the impact of the new edges e; and ~; for the other terms. Let V' C V, if vy € V then
from the previous proposition the conditions (5.11)) are satisfied on V \ V. We deduce
that the conditions (5.10) are satisfied for V. We suppose that vy ¢ V and we look at
Vi =V n{v,v,0}:

i € Ve g

o 0 0 0 |0
(o 0 0 0 |0
(0o 0 0 0 |0
{v,v1} 0 | —lls| —re |0
{v,v2} |ac+1jls| 0 |ac+7.]|ae
{v1, 09} 0 0 e e
{vvi, v} [ ae+1jls | =lils | ae | ac




5.5. Renormalisation Procedure

The sum of the contributions of 7; and e; is smaller than the maximum between 7,
and 7.
O

When we obtain a graph with no leaves after the previous transformation, we want
to transform those graphs in constants by fixing all the labels (a., 7, v9) to (a.,0). Let
e = (v, vy) anedge in T with a label (a., r., vy) and r, > 0. We can perform the following
decomposition:

(_
0
—
S
S
[ ]
[ ]
0°°|f]+ 2o

For the generalised KPZ, we will prove the next proposition:

Proposition 5.5.5. The previous terms depending on k satisfy the conditions (5.10) and

G11) on V(T).

5.5.2 A complete example

In the sequel, we present the complete renormalisation of a negative pattern which is
created by the contraction of two different trees =.

In the previous graph, we go from G to G by identifying the two leaves ¢; and {5 which
create the node v.. The edges (e, v.) and (v, v..) represent a g. and its behaviour around
the origin is ||z|[s "

This is the only divergent pattern which is not a tree. We perform our telescopic sum
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5.5. Renormalisation Procedure

in the next identity:

€_ o Ve ° €_ o ° €_ o ° €_ e °
°
S L N N/
G = €y o‘/ \40 v - €L 0--->0 0V - €L o--->0 + Z o~ Yo v
l l |
UV e V1 @ V1 e ()
where 7. = (e, 7e, v0), 72 = (e, 7., v), €5 = (—|jl5,0,0) and ; = (ac + [js, max(re —

|7]s,0), vg). The first identity comes from the fact that a mollifier is invariant by convolu-
tion:

0: = (Qa * Qs)
is also a mollifier if p is. This property allows us to make disappear the node v.. Then we
also have for 7 = 0:

e_ — e °
)
€L o--->0 €L o
V1 e U1 e

which erases the divergence given by V = {e.,v}. Indeed, if we look at the edge ¢ =
(v1, ey ), it follows:

> (xm)j j
Ke(xy, —xe,) = Ke(xy, — e, ) — Z +‘K§])(—xe+).

|7ls<re

By multiplying by o.(x, — ., ) and by integrating over ., , we obtain:

/]Rd 0:(y — o, ) Ko(y, — T, )dT,e, = /Rd 0-(v, — x. ) DO K (2,, — 2., ).,

J N
- Z M/ Qs(xv_xe+)De(6)+JK(_Ie+)dxe+

e(e 'TUI e(e

=D ( )Ks(xm _:Ee+) - Z ( ) ——D ( )—HK ( xe+)
l7ls<re '

where K, = p. * K. From [Hail4b, Lemma 10.17] , it follows that the value of a,. is the

same for K. as for K. Let G, and G; given by:

€_ o °
4| B
G* — 5 G] =
€r 0o-—-->0 U €+ 0<--3e U
U1 l (%1 l
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5.5. Renormalisation Procedure

Proposition 5.5.6. The graphs G, G satisfy the conditions (5.11), G.10) on V = {ey, v}
and on the same subset as for the original graph.

Proof. Let V. C Ng,. We first check the condition (5.11) and we look at V = V N
{e4,e_,v}. Comparing the contribution of the edge e in G, and G, we obtain:

Y G, G
{v} 0 0
{e_} ae + 1) Qe + Te
{e,} —(rl = 1)+ 1 —olac+7r.—1) | —=(re — 1) + 1, —o(aec +r. — 1)
{es,e_} Qe e
{es,v} Qe —(re—1)+ 1, —o(ae + 7. — 1)
{e_,v} Qe Qe + Te
{e4,e_,v} Qe Qe

Most of the time, the contribution of G, is bigger than the one of G. It remains to treat
V ={ey}and V = {e_,v}. In that case, the edge (e, , v) gives the contribution |5 + .
If we look at the graph G which is the graph G before the contraction of the two leaves ¢;
and (5, we can add in V' the leave ¢; (resp. {5) for V = {e, } (resp. V = {e_,v}) and we
loose |s|/2 for the bound without these leaves. But we know that the condition is
satisfied on G given by:

e

GR%

//O O\\

I's ~

)

G

@Q<«——©O

€y 1}'

Q@c—— @ <«———©0

U1

By noticing that — (7, — 1) > —|s|/2 and max(|T.|s,0) < |s|/2, we obtain the same
difference between G, and G than between GG and G which allows us to conclude. We
have used the fact that when e € £T(E(), the label 7. can be replaced by max(|T,|,, 0)
and the condition (5.T1) is satisfied for V' in G. For the graph G}, the only problem occurs
when V = {v}. In that case, we apply the same trick as before by looking at the graph
before the contraction.

We proceed as the same for the condtion (5.10). Let V' C Ng,. We look at V' =
V n{es,e_,v}. Comparing the contribution of the edge e in G, and GG, we obtain:

Y G, G
{v} 0 0
{e_} 0 0
{ei} 0 0

{es,e_} Qe Qe
{e4,v} —r! 0
ferof |Tomalac+ =1 0
{eq,e_,v} e e
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When V = {e, v}, the new contribution —r/ compensates the divergence of V.

e_
€_ o ° o o
Ql b b l 6162%/
~ ® o O ~ O O_*
G - L’// \\\A G = L’// \\\OA
€+ @ oV €+ @ °
l v
Vi @ Vi e

If V = {e_,v} then we use the graph G: by adding the leaf /5, we earn |s|/2 + k
which compensates 7, — 1. The graph G where the label of (v,e_) is (a.,0) satisfies
the condition (5.10) because we obtain a graph locally-subcritical. In the sense that the
product created by the displacement of the edge e comes from a local-subcritical labelled
tree.

]

5.5.3 A general approach

Let T}' € Gg, the original labelled tree, to which we associate the graph G represent-
ing the integral kernel of the maximal Wiener chaos; by merging some leaves, we ob-
tain graphs G*’s representing the integral kernels of the lower Wiener chaoses. Negative
subtrees of 7" correspond to (possibly) diverging subgraphs of the G*. In the previous
section, we have described how to manage such divergence with a telescopic sum. We
want to do the same on disjoint negative subgraphs. After that renormalisation, we obtain
a finte number of graphs Gi,..., G, which belong to an extension of G, such that

WH(TY) = ZGz’
+ Z(—l)w*l Z 1

n c n g+me g c n—n 7,0 7+me 1
o (o) (R (Riaz )
< A A

ACA e N1

where A = {T1,...,T,,} € 2A(T) and the inclusion A C A means that T € A implies
T € A. The graph G; satisfies the conditions (5.9) and (5.11)) and the second term is
compensated by the renormalisation. For the whole section, we fix A € (7).

Remark 5.5.7. We have

We <RT4T:A+MA) (QA) _ H e (R;iTenA+7reA) (QTZ')'
=1

where the notation WW* <R;L_ T f*‘*”*‘) (or,) means that the tree is rooted in p7,. Moreover,

the variable z,,. is the same as in the term Ws(RjTL;';““’“““W““) and it is integrated.
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5.5. Renormalisation Procedure

The term W* <RTT T;‘A”“) (or,) does not contain any test function ¢,, we have made an
abuse of notation by replacing VV by W. Moreover, the previous term should be written
with a node label d, W¢ (R%T e“f‘“”f"cz) (or,) in order to obtain the right length for the

Taylor expansion. Indeed, we have to keep track of the trees above 7} in . For the rest of
the section, we omit this label.

In the sequel, we want to give a general formula for the sum of the graphs G;.

Definition 5.5.8. Let G = (V, £) an elementary graph with associated tree 7" as in defini-
tion. We suppose that we have ordered the edges of 7. Then, for A = {17, ..., T,,} €
2(T) we define EY(A) as: {&1,...,E,} € EX(A) if & Coq EHT;) where C,q means that
&; is composed of the first |&;|th edges toward the order fixed on the edges in E¥(T}).

Definition 5.5.9. Let A = {T},...,T,} € A(T), € = {&, ..., E} € EH(A), ee N-valued
function on E; supported by the set £ and n4 N%-valued function on Ny supported by
U;Nz,. We define Ppa e We (T2 o AnATTE) as the graph G where we make the following
transformations:

e Every edge ¢; = (vi,v}) € & such that r,, > 0 is removed and is replaced by
the edge (or,, v}) with the same label. Moreover, we add an edge (or,, v}) with the

label (—|meg(vi)]s, 0,0).

e Every edge of the form (v;, vg) with v; € Tj, is replaced by an edge (or,, vo) With
the same label and an edge (v;, o7,) with label (—|n4(v;)[s, 0, 0).

e the label (a.,, 7., v, ) of the minimum edges ¢; in EX(T;) \ &;

becomes
= (ae,,r’ o) i ()M s + >~ leg(€)]s < 0thenr! is given by
7 €e; 7 4 e Sode, €

re, = max(re, [=((T)iAls + ) lee(€))ls]).

e'<oq€i
— does not change otherwise.
If we do not perform the third transformation on 7;, we use the notation ngjf we(

We denote by P*AWe(T}"4"4) the second operation.
Let R, a set of rules. For A = {11, ..., T,,}, we define G, (A) as

et+eg

Gr, (A) = {PRase e (T 2amatme) . 0 e To € € EX(A) e, 4},
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5.5. Renormalisation Procedure

In the next figure, we consider for 7' = (V,£): & = {(v.1,v1) , (Vp1, v2) , (Vr2,03) }.
The minimum edge in £ \ £’ is given by (v;.9, v4).

(%1 V2 U3 V4 Us (%1 V2 U3 V4 Us
[ ] [ ] [} [ J [} [ ) [ ] [ ]
x \/ X
Ur1 e e Ur2 o | o Uro
T
[} [ ]
or or

Remark 5.5.10. If one of the &; is equal to £4(T}) then:

fp‘g/\,es We (T:_;;A,“AJrTres ) — We <R% TenAerg ) ( )'PH/A eel Wwe ('Ri "4, ng+meg )

eteg

where & = £\ & and ¢ is the restriction of eg to £ If € = {EX(TY), ..., EX(T,,)} then

,PEA,eg Ws(Tnan,nA+7reg> — We (RLT:Aerg) ( )Ws (Ri A, nA+7reg)

eteg eteg
Proposition 5.5.11. For every A = {T},...,T,,} € A(T'), one has
_ Z Z ( ) ,PEA Ny WE(T:HZA ﬂA-Hres)
EeEL(A) ee "A
where

1. ¢g runs over all N%-valued functions on Ep supported by the set £ such that Ve € &,
one has |(Ti){4]s + X o< o lec(€)ls < 0 for e # e, the maximum edge in & and

e(e) < max(re, [=(I(T){4]s + Xoe, e lec(€)]s)])-

2. 1 runs over the set of all N%-valued functions on Ny supported by UiNTi such that
ny <n

The only divergent part in the previous sum is given for € = {&,...,E,} where one of
the &; is equal to E¥(T;) and the associated tree has a negative homogenetty Finally, we

obtain
= Z G,
' ( ) " (H Ri TnAJmA) (ea)W* (RET "‘“ﬁ»“wrmﬁ)

£ 30 (A Z L

£ ¢
ACA cang A

where the G; are terms with renormalisation on A, in the sense that for each T; € A, the
label of one edge e in E¥(T;) has been changed as in the first part of the definition -
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Proof. We proceed by recurrence on the size of .4 and we want to first prove that:

> Yo ( ) PuAse (T QZA,MW):Z(

EcEL(A) ee, nA ng

) rPnAws(Tn nA,nA)
ng

Let A= {T1,....,Tpy1} and € = {&}, ..., Eny1} Where & Coq EX(T;). We fix some labels
ee, 4 and we set

1 [4 5 n—n4,n4+me
Ag = Z _|(nA> 'P“A EVV (Te+egA A 5)
Lete = (e, e_) the minimum edge in E¥(T;,11) \ E,11, we have

Ke(xe+ —xe_> — Ke<xe+ _me_) _ Z MKU)(Q;U& — 2. )

|
a<re
(x6+ — ZLor )j ; (‘T€+ — ZLor )j
- Ke($e+ - xe_) - Z j‘ 1 K§])<$9Tn+l - xe_) + Z ]‘ 1

|7ls<re |7ls<re

) (ter, ., —%u)* (G+k)
K, (mng+1 — ) — Z Ll KN (@, — )

‘k"5<7'e_|j|5
where 7/, is defined as in Then, it follows:
1 na,e n na,na+me 1 n ng,ecr n ng,natmegs
Ae = Z _|<11A> Pel., WE( Q—HSA ) - Z eor! ny P /7Tf+1W6( etegr “),

Cer!
ee,n g Cer,t A

where &' = {&],...,&  }and & = & fori #n+1,&,, = EnU{el. If &y =
EXTv1), then

1 /n a
_ E Aseg Wwe n—na,na+mee
Ag - | ny P&',Tn+1 (TeJreg )

By fixing &1, ..., £, and making the sum over &, 1 , it remains the term for &, ; = 0

S A= tann X () PR e

Ent1 Cong'(Tnﬁ»l) eg n.A
E ﬂA&s g (gm—ng,ngtmeg
]lgnJrl =0 ( ) W (Te—i-eg )
eg, nA
Finally, we have

Z Ag = Z Z AEU{€n+1}

Ee&(Ant1) E€EVH(An) Ent1CodEY (Thy1)
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5.5. Renormalisation Procedure

Z Z ( > 732,4 cETE (Ten+e2A nA-i-m)

EeEL(AL) e nA
=3 () e
ng A

where we have concluded by applying the recurrence hypothesis to 4,. It remains to
prove by recurrence that:

W) =) <

na

> PnAwa(Tn na, I’IA)
Y

We proceed as the same as before and we use the binomial identity for every v; € 1;:
V; n(vi) Vi) —
@ = 3 (M) = a0
Ikls<[n(vi)]s

For the last part of the proposition, we proceed by induction on the size of A. Let
E={&,....&,EHThi1)} € EHA). By setting A = (T, 11}, A = A, = {T1, ... T,,}
and £ = {&1, ..., &, } we obtain

eteg AT ete jteg

P?A N Ws(Tn na, nA+7Teg) we <RT T“A‘*‘”A) (QA)p“A cETyE (Ri T rAT A “A+7TEA+“A+7FQS)

where the labels n 4, ¢ are the restriction of n4, e to A and £. The labels n 4, ¢ ; are the
restriction of n 4, eg to A. It follows

SPORED S I LAt

EeEt(A EeEL(A) e nA
Z Asoiemopny ¥ D > Ase
Eec&t(Ay) ECoq€H(Thy1) ECEL(AR)
E£EL(Tp41)

For the first term of the previous identity, we obtain:

D Assman = D Z N'( )

Ec&t(Ay) fecet(Ay)

1 n 0,es n—nz—ng,n z+me gHngtmes n i+
S () PR e i (RIS (o)

Eg,nj

which yields

Z Agu{gi(TnJrl)}

eV (Ay)
1 n e n—mi,n e
= E _< ) wWe (RTT At A)( )”m(Ri T At A),
= el \nj A

AP A

(5.14)

138



5.5. Renormalisation Procedure

For the second term, we apply the induction hypothesis on each Az for A,, on it and we
have the existence of renormalised graph G; such that:

> A-Yor ¥ Z(_l)wﬂzi‘(n)

£ e a1l \ g
gcod‘gi’(Tn—Q—l) écgi'(Tn—Q—l) ACAp e N A A
E£EH(Ty11) E£EH(Ty 1) A0 (5 15)
1 /n Nres s rde s lmres .
Z AtE € b f—n g—n g0 g+me g4+n g +mes < T gtme g _
esl \ N ;1
ezmn; € A
A

The graph G, are renormalised toward .4,, but also toward .4 because each Az has been
renormalised for 7}, ;. Then the divergent term is given by

>SS ey ()

£ Cai \Nx
éch(TnJrl) ACAp e AN A A A
E£e(Tnyy) 770

1 n ng,es b g—n gngtme gng+mwes T gtme g
S () PR (R T A AT AT WE(H,RATQA A)(QA)
el \ng €

A

T 1 n c ni4me 1 c n—n z,n z+mwe g
= D (=M Y a;(nA) W (TLRETI) (0, W (RETLF 4 74)
AC A, cAnA

- X N ()W (R )

= el \ N
ACA _ e N g A A
Tn+l€A

we (H_RT T“A‘i‘m,&) (9ﬂ\Tn+1 )Ws (RETn_nA’nA+WM )

j\Tthl ¢ ete 1

i 1 [n e s ot g gdare
= D (kY ;(u ) ”E<H—RET§”“+ e““)(@A)WE(RﬁiTQeZA’nﬁ “)
éC{A,A#? e N4 A A
#{Th+1

_ Z (_1)|A| Z i‘ ( n ) wWe <H+Rg‘n+1ﬂnA+ﬂ-eA)(QTn+1)

- 1t \ N1
ACA LY A A
Tpy1€A

We <H_RT TnA+7re,a> (Qﬂ\TnH )Ws (RETn_nA’nA+W8A),

A\Tn+1 ¢ ete 1

where IT" is not multiplicative on the labelled trees and it is the projection onto positive
labelled trees. By summing the two expressions (5.14) and (5.13)), we get

WE(Ten) = Z Gl

1 n c n gi+me 5 € n—n z,n z+7me 1
+ ) (=M Y —!(M) W (H_R}Te AT A)(QA)W (RETHAA At A).
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5.5. Renormalisation Procedure

where 3" G is given by:

DI ST SR Z ( >W€ (ITR), 72474 (o)

ACA
Thy1 cA
we (H 7—\)’Tél\T TnA—HreA) (Qﬂ\TnH )W (Ri\ﬂ:eiﬁ nA—HreA)

Then from the previous sum, we factorise the term 1W/¢ [M+RE  qratrea (or,.,) and
Tn+1 n+1
we perform our telescopic on the remainder which allows us to conclude. [

Using the previous proposition we perform a decomposition of Wek (T}):

Wak T‘rl o Z Z ( ) <H RT TnA+7reA>W6k(R¢ TQI‘LFQILAHA—FweA)

Ae(T) ea, nA

LA UOE D DD Dl ( ) (TR Tp e Wk (R Tt

Ae(T),A#D e, nA
Then, it follows from (5.4)) and from the second part of (5.5.11):

WEHT) = W T+ ) PaWe(Ty)

AU, (T)
SHE e Y P S S () P e
AU (T) EeEL(A) e, nA
W Y Paya
A, (T)
1 (= n e € N—n4,n e,
+ Z Z |A|+17DA’ Z F(n )W <H RTT At A>W (Ri Te+eAA At 4)
A'ed, (T ACA’ eA,nA A A
SN YD W
A (T)
+ Z Z |A|+17DA’\A Z < ) WsO(n RT TnAJrfreA)Ws(Ri :-&-;;A nAerA)
A ( ACA’ eA,NA A

where the GG; are graphs with no divergence. The precise value of the G; is given in the
proposition 5.5.18] We would like to set for every A € 2, (T):

£ (ILRI T 74) = (-1) A0 (IR T4

in order to compensate the divergent term appearing in the previous decomposition. In
fact we just subtract the diverging part of the previous term and we define /. by:

0. (H_RTAT;A—HWA) — (_ 1) | Al Ws,o (H_RTAT;A—FWA) )
where TW<0 is given inm
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5.5. Renormalisation Procedure

Remark 5.5.12. The definition given here for the map /. does not take into account some
sub-divergences. We suppose that there does not exist a negative subtree 7" such that 7" is
included in one of the element of .A.

Remark 5.5.13. The term YW**(T") may contain divergence of the form A € 2L,,,(T") for
m > k. These divergences appear in a bigger wiener chaos and they are renormalised by:

1 /n _
Z (_1)\«4\ Z ; (n ) WE,O (H_RLT:A—FWM) We’k(RjTg_&A’nAerA).
AeA,, (T) eA,NA A A

We will face sub-divergence in the generalised KPZ equation only for the Oth wiener
chaos.

Definition 5.5.14. Let G = (V, £) a labelled graph, we define 2((G) such that for every
A = {G4,...,G,} € A(G), the G; are disjoint subgraphs of G with a minimal node
given by the orientation of the edges og,. Moreover for each G; = (V;,&;), one has

£(V)) £ €({oa.})-

Definition 5.5.15. Let G = (V,£) a labelled graph. We consider £ C & C £" = {e €
£ :re>0and v, =1}, £ C & \ & and ¢z N%-valued function on £ supported by the
set £. We define 77;—.551 G as the graphs where we make the following transformations:

e the label (a.,r., vo) of the edges e in € becomes (@e, 0,00).

e Every edge ¢ = (v;,v5) € € is removed and is replaced by the edge (vg,v,) with
the label (a. + |es(e)ls, 0,v0) . Moreover, we add an edge (v, v1) with the label
(_ |7T65(U1> |57 Ov O)

For A = {G,...,G,} € A(G),let E(A) = {U;_, & : & C Eg,}. We define Gr,, (A) as
Or.(A) = {P£, G : G €Gr,(A),ECECET €E(A), e}
and Gr, by

Or. = | GrulA).

AcA(G)

In the figure below, the set € is given by: {(v,.1,v1), (Ur.1,v2) , (Vr2,v3) , (Vy.2,v4) }.

V1 Vo V3 Uy V1 Vo V3 Uy
o o T e_e L) T o e
Ur,1 i or \\l‘. Ur2 Ur1 e or o Ur2
[ °
|
° °
Vo N Vo
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5.5. Renormalisation Procedure

Proposition 5.5.16. Let G = (V, £) a labelled graph and £, C ET, one has
|5\ ¢
=Y >4 o1 CDIPE G
5C51 [73]

where ¢z runs over all N®-valued functions on E¢; supported by the set € such that Ve € €,
lec(e)]s < 7e.

Proof. We proceed by recurrence on the size of £;. Let e = (e, e_) € & and £ contain-
ing e. We have ,

N (xe )j )
Ke(ze, —2. ) = Ke(xe, — ) — Z %Ke(])(—mef).

|7ls<re
Therefore,
1
_— |5/\ cer \EI 95 \€| esr
;ey,( P G+Z PE,. G = ezeg, PG,
gl £l

where £ = &\ {e} and & = £\ {e}. It follows by applying the recurrence hypothesis
on &] and the previous identity

IPITL RS DD WAL UL DD P T

eg/
EcC& e Elcer egr E'céy es
eg&’! E=€'u{e}
IS\ ¢z
=3 ; )P, G =G
EceEl eg

]

Remark 5.5.17. Let T} a labelled tree. We consider the graph G = (V, &) = W=(T}").
By taking & = £1, £ = () and ¢z = 0, we obtain:
Pee WOTY) = WAOTY).

Proposition 5.5.18. Let T a labelled tree, one has the following decomposition

I =W+ S e Y () Py

A, (T) geed(A) e “A

EPID SID SF-I N ) 3D STl

n
AU (T)  gegh (A) tema A E1€€0 EcEr 5
£

7);,4785 we (Tn ngna+mes )

eteg
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5.5. Renormalisation Procedure

+ 3 S ()P Z ( ) W5°<R¢ TnA+m,4>Wa (R¢ T nA+7reA>7

A€y (T) ACA! eA, nA
AF£D

where for A = {T,...T,}, E(A) = {€ € EXA) : Ti & = ENT)}, EHA) =
EWAN\ EY(A) and &, = {T; : & = E(T}) }. In the previous identities, the graphs G;
are given by the second and the third term in the right-hand side.

Proof. This identity follows from the application of proposition|5.5.11|and[5.5.16| More-
over, we have to perform the same kind of summation as in the second part of [5.5.11} [

Remark 5.5.19. The identity in[5.5.18|can be rewritten as:

Ws,k;(Tn) _ Ws,k (Tn)

Z PA Z Z ( ) P;A seg W‘S(T\?} T;+22A Mna+mes )WE (RT 71122“4 nA+7re5)

A, (T E€EH(A) Ce ﬂA

+ Z Pa]] (WE (RLT™) WE(R;T;)>W€(R;T;)
Ay (T) TeA

+ Z Z \AH— PA’\A Z - '( ) W50<RT TnA+7reA>Wa (’Ri T:+elj4A nA—i-mA).
A'eAy, (T) AcA’ eAnA

This new formulation follows from the summation over the non diverging patterns created
by the removal of the taylor expansion.

Remark 5.5.20. The previous identity is useful when we do not create positive pattern in
the sense that RQTQ“A*’“A has a negative homogeneity.

Proposition 5.5.21. Let T € T, and k # 0, then the graph W<*(T™) admits a decom-
position:

WeH(TY) = ZG

where the G; satisfy the conditions (5.10) and (5.1T)).

Proof. We use the general decomposition in proposition [5.5.18} The only divergent term
is the last one:

Z Z 1)AILP 0 4 Z ( ) W60<R¢ TnAmA)We (Ri oA nA+7reA>

A'ey (T ACJ%’ e, nA

which is removed by the renormalisation term:

Z Z Pana Z ( ) ('RT T"AJFMA) we <R¢ T:—&-;;A nAJrTreA)

A e, (T) ﬁ;’%l eA, nA
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5.5. Renormalisation Procedure

where /. <RT4T2“A+”A> = (—1)MAHTpye0 <RT4T€“A+”A). For the other terms of the de-
composition, they contain elementary transformations which renormalise the diverging
pattern A = {73, ..., T, }. O

Remark 5.5.22. In the previous proposition, we have made the following abuse of nota-
tion by considering the diverging pattern {=, =} as one negative subtree. This divergence

is treated in[5.5.6
If we want the Oth order chaos to be zero, we obtain the following constraint on /.:

W = 3N = ( ) (RITpam e (RETI I 74) = 0

AeA(T) ea, nA

(T)) = — Z Z ( ) (RT T“A+W€A> Wweo <R¢ Tef1+e:,4,n,4+7re,4>

AcA(T)\{T} e, “A

5.5.4 Example

We want to give a complete example for the tree 7' = Z(Z(Z)?Z)Z which has been
treated in [HP14]. We consider one component in the second Wiener chaos given by:

This component is obtained by merging the two leaves ¢, and ¢, in the figure just
below. Then we perform the convolution of the mollifier which makes disappear the node
Ve

U1 (% U1 V2
O O
N N
SN\ CN\ Y
\ / -0 ¥, x / «\ /
ve °_ .
o 0 AN Al \\°
w0l — o\ Y — e
[ g ...
Ve @ [ Ve @
0 0 0

We illustrate the following decomposition for this example:
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WEKTE) =W + D0 Pa D Do ( )P;}A Y (TP A mAT e

A, (T) gegl (A) s l‘lA

DRI 3D SF T D 1§ 3D DFTIL S

n
ASU(T)  geg (A) e A AL\ g1e€. ecer o

E#0
P;A,Bg Ws (izve:_—ezA,nA—i-weg )
Y A T L () (R )
A'ep (T AC?Z%’ eA, n.A

In the computation just below, we have:

o A(T) = {{v..v}}.

EHA) = {0,{(v,v1)}}. Then for & = {(v,v;)}, we perform the sum for ¢g, and
n 4 between 0 and 1.

o EHA) = EHA)UE (A) with EX(A) = {{(v,v1), (v, 1)} }.

For, & = {{(v,v1), (v,v2)}}, one has & = {{(v,,v)}} and £ =& = {(v,v)}
with |£| = 1. The label ¢z is just equal to 0.

For the last part, it follows

ve ) ve 5

B o 2
WeO (RyToatmes) e %N. , %N. }

Uy Uy

V1e [ X0D) Ve [ X0
We (R¢ Tow “*‘*”*‘) e{ fx.KT , fx.ﬂ9 }
/U* ~~~~~ ‘ v* ''''' .
0 0
U1 U2 U1 U2 V2 V2
O @) O @) O O
~N N N ~N
N N/ VAR VAR
ve @ ve » ve » O ve © O
= = = + e ~ o+ e o
o o o.. 0.
U* ’ U* ’ U* ''''' ‘ U* ''''' ‘
0 0 0 0
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V2 V2
O

NS e
N NN

vy '
0 0
V10 [OX%) V10 [OX%)
+C4 {x %“N +2C), ‘9& K“N
'. ..
b e
0 0

when 7, = (1,2, v,) and 7! = (1,1, v,) Then

NN
N \ S

ve o ve »

‘o 2
The only divergent part comes from {k\‘ and fk\‘
[ ] [ ]

Ux

Uk

5.6 Pairing of labelled graphs

Definition 5.6.1. A labelled graph G = (V, &) is obtained from G, if there exist G; =
(V1,&1), Ga = (W2, &) such that the G; belongs to Gr, . The graphs G; are built from
elementary graphs G; € Gr, through contractions and the renormalisation procedure. We
suppose also the existence of a bijective map f from V;, to V5, such that £ = (& U
&)/ ~pand V = (V; UV,)/ ~f where ~ means that we identify f(v) with v for every
v € V1 4. We do the same identification between v and v3.

Proposition 5.6.2. Every graph G = (V, £) obtained from Gr,, satisfies the assumptions

(3.3) and (5.6).

Proof. We build our graph G with two graphs 1, G2 which satisfy (5.9) and (5.11) where
we merge their leaves using a bijective map f. Let V C V), there exist V; C V,; and
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5.7. Alternative proof

Vy C Vysuch that V = (V; U Vy)/ ~;. The following identities hold:

(V) =&MW L&V, ET(V) =TV uE (W),

(C/‘J'(V) = Si(Vl) L S\L(V2>7 V == Vl,i L Vg’i L Vl’g.
The T; satisfy the assumption (5.11)) by summing the two bounds and using the previous
identities we obtain the bound (5.6) for the graph G. We do the same for the condition

(5.5) when v, € ]_/ In this case we do not have any constraints on the cardinality of V.
We suppose V C Vp such that |[V| > 3. Weset V, =V NV, =V NV,

o If V), # (0, then V; # () and V, # ). We obtain the condition (5.9) on each T; for V;
. The summation of the bounds gives the result (5.3).

e IfV, = 0, there exists j € {1,2} such that [V NV, ;| > 2 and there exists a leaf £ in
Vj such that ¢ ¢ V,. From the proposition [5.3.20} the condition (3.5) is satisfied by
V; which gives the desire bound.

If | V| = 2 then we can face the following pattern V = {v;, v, } created by the pairing
[ J [

[ ]
of the leaves: v l e J _ We apply to this term the renormalisation procedure
1 o U2

described in[5.5.2].
]

5.7 Alternative proof

We start the section with a counter-example to the previous method:
Example 5.7.1. Let us consider the following graph:

V3 @

=2
w

V2 @

148

where 71 = (1,2 + 5,0), 72 = (1,1 +4,0) and 75 = (1,1 + j,v1). If we look at V =
{vs,v1}, we obtain:

Yo oaet Y (pevvrmopaetre =1 = (re =)+ 3 ((ac+70) — L cpre)

ec&o (V) e (V) ecET(V)
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5.7. Alternative proof

=3+j+3-U-D+1—-j+3=11—7

which can be even negative for j > 11. Therefore, the condition (5.11) is not satisfied. As
the same, we can prove that for V = {vg, v, } the condition (5.9) is not satisfied.

In order to treat the previous example, we perform the telescopic sum on a specific
domain of integration as described in. Let G = (V,€) € Ggr, an elementary graph
and T = (V, £) a negative subtree of (. In order to treat this divergence, we change the
label of some edge e € £¥(V) by replacing v, = vy by a node in V such that this new
Taylor expansion point has a renormalisation effect on V. Let e = (v, v5) € £4(V) and

v € V such that there exists v’ with (v,v") € £T(V). The situation can be represented by:
e U9

2|
° U;
% y where the symbol é means that there exists a path between v; and v in 7. The
label of e is replaced by v = (ae, ", v) where 7, = max([—|Ts], 7).
Definition 5.7.2. We denote by V(T'), the set such that V € V(T') and:
(Gus e VNV A (FuueV\V))=VCV.

The previous situation can be summarised by the following trees:

A

Proposition 5.7.3. Let G as above, we suppose that G satisfies the condition (5.11)) then

the new graph obtained from the transformation of the label of e satisfies the same condi-
tiononV(T) .

Proof. We have to check that by changing v. = v in G the contribution of the edge e is
preserved. Let V' € V(T'), we distinguish three cases:

e ¢ € & (V) then we still have the same contribution with a..

e ¢ € EHV), we have v; € V. Then from the properties of V(T),V C V andv € V.
We obtain a better contribution 0 instead of —r,.

e cc&N(V), wehavev, € V. If v ¢ V, we obtain a better contribution a, + 7. Else
ifv e VithenV C V and v; € V which is absurd.

]

Proposition 5.7.4. Let T as above, the condition is satisfied on V(T).
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5.8. General Theorem

Proof. As before, we have to check that by changing v, = vp in G the contribution of
the edge e is preserved and it is improved when we choose the set V. Let V' € V(T'), we
distinguish three cases:

e ¢ € &(V) then we still have the same contribution with a..

e cc EYV), wehave v; € V. If vy ¢ V then in the case of V = V), we have a new
contribution —r/, which compensates the divergence of V. Else vy € V, from the
properties of V(T'), we have v € V' and the contribution —7, is better than —r.

o cc EN(V), wehave v, € V. If v € V then v; € V which is absurd. Else we have
the same contribution.

]

When we obtain a graph with no leave after the previous transformation, we want
to transform those graphs in constants by fixing all the labels (a., 7, v9) to (a,0). Let
e = (v, vy) anedge in T with a label (a,, r., vo) and r, > 0. We can perform the following
decomposition:

<
N

<_
0°?
-
[ ]
0%l +°o

Vi @
o U1 = el _Z|k\s<7~e \/\4 B
%

)0.

0

Proposition 5.7.5. The previous terms depending on k satisfy the conditions (5.10) and

G11) on V(T).

Proof. LetV € V(T).If 0 ¢ V then we consider the tree T’ without the edge e. We are
able to split 7" into two subtrees of G which satisfy the bound (5.9) and the sum of these
two bounds proves the condition (5.10). For (5.11)) , if v or v? does not belong to V' then
from the definition of V(T'), we have T NV = . O

Remark 5.7.6. We can extend the previous result to A € A(7") where T is the labelled
graph associated to G.

5.8 General Theorem

We want to give some ideas about the following theorem
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5.8. General Theorem

Theorem 5.8.1. Let (T1M- F%s) be the renormalised model described in chapter 4 asso-
ciated to a local-subcritical equation . Then there exist a random model (11,,T', ) and a
constant C' such that for every underlying compact space-time domain

E||IM:; 10| < Ce™/2.

Remark 5.8.2. The notion of local-subcriticality needs to be specified if we look at the
counter-example given by [Hos15]]. We envisage here the case of a multiplicative (additive
depends on the equation) space-time white noise.

5.8.1 Extending the definition
Let T}, a label tree, we have by applying M. = M,_ defined as in (4.9):

Z Z ( > (H R TnAJrfreA) R} T;—&-&A matmes (5.16)
Ae(T) ea, nA
Then, the kernel associated to k-th Wiener chaos is given by:
WE’kT: _ Z Z ( ) <H RT T“A+7T¢A) Wwe K (Ri Te:-elA nA+7reA)
AeA(T) ea, nA

Definition 5.8.3. Let 7™ a labelled tree. We define an integration domain D as a subset
of A(R}T) given by:

ART) = | ) WRLD).
Ae(T)
Definition 5.8.4. Given an integration domain D and A € D, we define A(D) as
AD) =] A
AeD
ACA

Remark 5.8.5. The set A(D) contains the main divergence .A and all its subdivergences.

Example 5.8.6. For A(D) = {T1,T5, T3, T3, T32}, the different inclusions are repre-
sented by a direct tree just below. An edge of the form (7', 7") means that 7" C 7.

T;:\ T /TS 72
N
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Remark 5.8.7. Given a labelled tree 7™¢, in the definition of W=*(T") for k < |Lrp|
some variables indexed by the inner nodes are integrated. We consider 5()) the set of all
labelled rooted binary trees which have V; = {x, : v € Er} as their set of leaves and
we impose a condition on the labelling:

b, >4, forv>w

where v > w means that w belongs to the shortest path connecting v to the root vertex.
We have already introduced these trees in the section [5.2.2

The labelled trees (B, ¢) make a partition of the domain of integration. The labelling
¢ means that for any v, w € V, we have:

o=l ~ 275

We fix a labelled tree (B, /) in B(Vr). Then we define an integration domain D which
contains every negative subtree 7' of 7" such that the subtree with the leaves Vi is an
admissible subtree of B in the sense that there exists no leaf / € Lp \ L 5 such that
o < L. In the next example, we compute one term which appears in W<°(T') where

T = T,(Z(2)2)2

Vs Vg Us Vg U3
O O O O

°
1 \ N \/
e\ /o e\ [~ N s
-

VLR R
Vie LX) Vie------ > @ U9
3,0
=2 Q =2 )
‘o o — ‘o o
Vs @ Uy @
0 0

We present two integration domains:

e the first one contains the subtrees {v,, v, v2, V3, v4, V5, U6} and {v,,vs} when we
remove {v,, vy, Vg }.

e the second one contains the subtrees {v,, vy, V2, V3, Vg, Vs, U} , {Us, V1, U2, Vg, U5}
and {v,,vs3}.

U1 V2
Vi U1 V2 U3 (o

U3
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5.8. General Theorem

We can give a more precise formula for the k-th Wiener chaos:

17|
WHHIE) =) Y, PRV(TY)
m=k AcUm, (T)

where P makes the contraction for A and then we complete with other contractions in
order to be in the k-th Wiener. We avoid contraction that can be done by A’ such that
A C A’ where this inclusion means that 77 € A implies the existence of 7, € A’ such
that 77 C T,. We set by A, the bigger element in D N 2A,,,(7T") for the inclusion if this set
is not empty. Then the only divergent part in the previous sum is given by:

17l
ng ") Z]lpmmm ;A(Z)PA WE(T?).

m=k
We can rewrite the previous identity as:

WEE(TE) =Y PRWV(TY).

AeD

Definition 5.8.8. Let D an integration domain and A € D. We define E¥(A(D)) as
the same as £¥(A) but with the constraint that for {&y,...,&,} € EY(A(D)) one has
ENE =0wherel <i<j<n.

For £ € EYA(D)), we extend the definition of P4 We (T} MAMAT™) by start-

eteg
ing with the different operations on the maximal trees toward the inclusion order. Then

we follow by the other trees respecting this order. In the example [5.8.6, we start with
{Tl s T2 ,Tg} and we finish with {T371 s T372}.
Now, we use the telescopic sum:

WEHTY) = ZG

— Z Z PA/\A Z < ) (P (RT T"A”“‘) we (72i Th e “A”“‘)

A'eD ACA’ eA, nA

where the G; are renormalised on D and ¢ is given recursively for T € I" by:
(P(1) = 1,if | Ly| ¢ 2N then (2(T™4) = 0, otherwise

Cmh== 3 > ( ) 00 (LRI TP )W (RYTE I 74 )
AeD\{{T}} ea, nA
The last terms appear with a sign minus in
Z Z PA/\A Z ( ) (RT T“AerA) We (Ri T nA+7reA)

A'eD ACA’ CA, “A
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5.8. General Theorem

Now, we have to look after the renormalisation term of the form:

é <RT Tng—l—ng) we <R¢ s, nzg+7r213>

et+ep

where B € 20(T"). We also have to look inside the term ¢, (RgTe“BJF”B) . For that purpose,
we need a new representation of the map /..

5.8.2 A new representation for the subdivergences

Let T} € T_, then /. is defined recursively by: ¢.(1) = 1, if |Ly| ¢ 2N then (.(7}') = 0,
otherwise

LI== > > ( > (MR Tp e JIe0 (R T S,

AcU(TO\{{T}} ea, "A

This recursive formulation is really close to the formula for the antipode S of the Hopf
algebra T_ in (I.8). Indeed, one has:

We can provide a non-recursive formulation of the previous identity by considering
new labelled trees. Let 7' € T_, we associate a finite number of labelled trees built in the
following way:

e Each leaf is labelled by a term of the form R, LI AATTA and each inner node

encodes a term of the form H,RZ‘T;A*”A. The root is labelled by 7.

e From each inner node labelled with 77, the next branches of the tree are built by
using a term of the form:

£ (TR TRt )0 (RYTE 474 )

et+ey

For A = {13, ...,T,}, we have:

R,L T A ng+mey I RT nA+7reA Im_ RT T"A+7"°A

trea \Tcn %

We denote by 7, the set of such tree and by 7, (1) C 7T, trees with T}* for the root
label. These trees correspond to the point of view of Connes-Kreimer in [[CK98|] which
associates to each Feynman diagram a rooted labelled tree representing the structure of
the subdivergences of the graph.

Remark 5.8.9. Using the previous notations, we obtain the following description for
0(TY):

LI = Y, (=0 JT e (5.17)

TeTe (TE) u€Lyp

153



5.8. General Theorem

where ¢(T') is a combinatorial coefficient depending on 7. This non-recursive formulation
is similar to the replacement of the iterative Bogoliubov formula by the Zimmermann’s
Forest Formula see [Ze108]].

Example 5.8.10. We give an example of such graph for " = Z(Z(Z)?=)=:

I(5)= 1 I(XE)= 1
N N
I(2)? I(5)E I(E)(E) I(XE)=
N L N/
I(Z(E)’E)E I(Z(E)*E)E

where the previous trees represent:
WeUZ(2)2)W(Z(2)?), WEUT(XE)Z))W(Z(Z)TL(E)).

_ For each leaf u, we compute the integration domain associated to the labelled tree
We9(u). Then we perform the telescopic decomposition on each leaf of a tree which does
not contain an element of the integration domain as a leaf.

Let B such that C = B U A, One has
Tt _ pt Tl _ plpt
RuR: =Ry, RpRy =RyRe -

By our telescopic sum, we make the following transformation in the next graph:

LRt TRt
-R AR< /R LRIT
' 1 4 1
RYT R T RET RLT
T T

The telescopic sum will induce several local transformations of the previous form. We

have described the action on the shape but the same works for the labels. By noticing that

RZ‘RET = RTAT, we have added two inner nodes and one leave to the original graph.

This term appears with a sign minus in the formula (5.17) and we do not apply a telescopic

sum on this term because it contains B a consequence of the fact that 7?%73l = RjRZ.
We finish the section by giving the main steps of the proof of the theorem [5.8.1

e First, we perform some renormalisation on each negative pattern created by the
contraction of two =. We do this renormalisation on the counter-terms appearing in
MT} and also inside the tree generated by /..

e Then we decompose the integration domain and we compute its divergent patterns.
We renormalise them by starting by the bigger one and then we treat the subdiver-
gence. During this renormalisation, we need to be careful: the contraction of two
= creates a diverging edge e which can appear as a subdivergence. In that case, we
suppose that we have chosen 7/, large enough to cover the divergence of a bigger
pattern.
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5.8. General Theorem

e It remains to look at each leaf of /. and to check the condition (5.6). This condition
may not be satisfied if we have a positive subtree in a diverging pattern. But the
renormalisation of the negative complementary of this positive subtree helps for the
bounds.
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Chapter 6

Solving the Generalised KPZ equation

In this chapter, we solve the generalised KPZ equation given on R, x S!, where S' =
R/27, by:
Opu = OFu + g(u)(Dsu)” + k(u)Dgu + h(u) + f(w)S. (6.1)

where g, k, h and f are smooth. We follow mainly the procedure in [HP14]]. The treatment
of the Feynman diagrams is based on the chapter 5. Let an even, smooth, compactly
supported function g : R? — R with [ ¢ = 1 and we set

0.(t7) = (e e ), ¢y = / P(=)(0 * 0)(2)d

where * means space-time convolution and P is the heat kernel. We regularise the noise
as follows

fa:Qa*g'

We prove in this chapter the next two theorems:
Theorem 6.0.11. Let k, h and g smooth functions. Let u. the solution of
Oyue = Bue + g(u) ((Orue)” — Co) + k(ue) e + h(ue) + f (ue) (€ — C-f'(u2)) (6.2)
with C. = e 'c, and h given by
h(u) = h(u) — (g (f' () f(u) + g(u)*f (u)?)
c

= B + ) (g (w) f(w)® + g(u) f'(w) £ (u)?)
= (g(u) /" (W) f(w)* + g'(w) f'(u) f(w)® + £ () ' () f(u)? + g (w)g(u) f (w)")

for some constants cQ ) which can depend on o but not on e. The initial condition u. (0, -) =

u(0, ) is taken in C(S") for both cases. Then, there exists a choice of ) such that for
some T’ > 0, one has

lim  sup  fu(t,2) — uc(t,2)] = 0,
€20 (£ z)e0,T]x S
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6.1. Structure and the model

in probability for some limit u which gives the Ito product for f(u)€. Moreover for any
o € (0,3) and t > 0, the restriction of u. to [t,T] x S' converges to w in probability for
the topology of C**/2.

Theorem 6.0.12. [fwe take a smooth diffeomorphism o then (u.) satisfies the same kind
of equation with the same constants but with new g, h, k and f depending on g, h,k, f
and p given by

i

- @ -~ hoy
: gz(goso)w”ra, h =

Jg:fOSO /
¥

p . k=koo.
¥

6.1 Structure and the model

6.1.1 Structure

In order to prove the existence of our solution, we use the framework of regularity struc-
ture introduced in [Hail4bl]. We will not give a full description of that theory but we
explain how it applies to our example. We first have to build a graded vector space
H = @ae 4 Ho where A is a set of real locally finite and bounded and #,, is finite-
dimensional. The space H comes with a group G of linear transformation acting on H
such that for every 7 € H, and every I' € G:

I'r—7ePHs (6.3)

Before giving H, we remind to the reader the definition of a more general space J recur-
sively as follows:

[ ] {1,X0,X1,E} C .F

o ifry,...,7, € Fthenr - -7, € F, where we assume that this product is associa-
tive and commutative

o if 7€ F\{L,X": k € N’} then {Z(r), Zoo)(T)} C F.

where (X, X;) corresponds to (7', X') with the parabolic scaling (2, 1). For k = (ko, k1),
the term X* is given by ngOX fl. The symbol = corresponds to the noise and Zy(-) for
every k € N2 is for the convolution with the heat kernel differentiated k times. From now
we use the shorthand notation Z, (-) instead of Zo 1)(-).

3

To each 7 € F, we associate a real number |7|; called its homogeneity: |Z|; = —3 —k,
| Xols =2, X1 =1,]1[s=0

IT1Tnls = |T1ls + -+ |Tulss Zi(T) = |7|s + 2 — |Ks.

Remark 6.1.1. The homogeneity corresponds to a kind of regularity. The space time
white noise belongs to the Holder space C ~37* for every k > 0.
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6.1. Structure and the model

The abstract symbols of F appear if we apply a perturbative method on the equation
starting with the noise. Of course, the space H will not contain all the possible products.
The licit products come from the equation. Therefore, we extract rules from the right
hand-side of the equation as described in[3.2]. We make the following transformations:

E=Z - X, u—ZI(-), DOYu—Z,(), u, DOVyu—s X* ke N2

The latest rules mean that v and D®Vv can be either replaced by a monomial or the
corresponding abstract integrator Z(-) and Z;(-). Non-linearities of the form g(u) are
replaced by polynomials z™u" and then we apply the previous transformations. In the
generalized KPZ equation the term g(u)(9,u)? gives the rules X*Z(-)"Z,(-)™ for every
k,n,m € N x N x {0,1,2}. That means for X*Z(-)"Z,(-)?:

iy oo Ty T, Ty € H = X* (Hﬂ@)L(T{)L(Té) €eH.

i=1
By applying the previous transformation, the set of rules is given by
Raipe = {X*I()", X L)L (), XPI()T()?, XPI()'E, (k,0) € N°}.
Now we are able to give the definition of the model set:
T:={reF:7=R(n,...,Tn) RERyand 7,...,7, € T or 7 = =},

and we let H be the linear span of 7. If 7, := {7 € T : |7|s = a}, then A := {a €
R : 7, # 0} and H,, is the linear span of T,. The set of rules used to build 7Tis local
subcritical which gives the finiteness of the set 7,. Moreover, we can give the regularity
we earn when we apply a rule:

1
= i Rls —|Zls ==z >0.
OR - rerl {E}I E s =75

This parameter of the equation will play a major role in the convergence of our solution.
Using the labelled trees notation 77, the locally subcriticality implies that: for every 7'
subtree of 7', one has

_ _ 3
1T3]s > |=]s = 5 K.

In order to have better properties, we use the extended structure by adding a new symbol
1, with o < 0. For every labelled tree 7", every A € 2((T") and every ¢4, n4 such that
|RI, T at7meal, < 0, we add the following term:

b m—ngngtmes
RLT .

In order to define the structure group G, we need more notations. We set

T ={reF:r7=1lor|r|s >0, and 7 =117 = 71,72 € T1 },
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6.1. Structure and the model

and we let 1 be the linear span of 7... If #*_ denotes the dual of H_,, then we define

Gri={geH, 9(nm)=9(n)g(r), Vr,mc Hi}
For any g € H we define a linear operator Iy : H +— H by
g1, =1,, Ir,=2==52, [y X =X+ g(X), Ly(77) = (Ly1)(Ly7),

X*
DyZi(7) = Ti(Tym) + ) Y 9(Trre(T
¢

where
Ti(T) = L(g—|le+Irls>0) Ta(T).
The structure group G is given by:

G={Ty, g€ H'}

It is easy to check the property ([6.3)) on G but it is not obvious to prove that this set
forms a group under composition.

Remark 6.1.2. The linear map I'; is given using the coproduct A defined on the extended
structure in: I'y = (1 ® g)A which is equivalent to the recursive definition.

In order to describe the set 7, we use the same graphical notation as in [HP14]. There-
fore all the basis vectors are denoted in blue. We draw a circle for = = o. The abstract
integrators Z(.) and Z,(.) are represented by a downward facing straight line which is
thicker for Z;(.). Symbols in this representation are multiplied by joining their trees by
their roots. For example, we have: Z(Z,(Z)?)Z = “X. . The multiplication of 7 by X is
denoted by e if 7 contains = else is given by . Symbols of negative homogeneity will
play a major role, therefore we list them:

Homogeneity Symbol(s)

—i—li O

—1 -2k R, QP

—:— 3k e, L, , N, , P

D S ® (6.4)

[\
-

|

A
@bp/’
K e

AT IR VAR VIRV
%,@i,%,%, A%

|

= &
Ay
Y
\;@w
%
<

In order to describe the extended structure 7., we represent the symbol 1_;_,,, by a green
circle: 1_;_o,, = ». We add the following negative symbols

Homogeneity Symbol(s)
—4k %’V’E’Y’ﬁ’&

(6.5)
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6.1. Structure and the model

Remark 6.1.3. The symbol 1_,,, appears also in some labelled trees when we remove the
subtrees %, &, % , ¥ , 3L , i and <». But all the constants associated to the previous
negative trees end up to be zero.

6.1.2 Model

In practice, we do not need to define a model for the whole space H. We can restrict
ourselves to H<¢ = P, Ha for some large (. We first equip R? with the norm || - ||,
associated to the parabolic scaling (2, 1), defined by

I(t,@)]ls = [t + |-
We consider a kernel K : R? — R which satisfies:

1. The kernel K is compactly supported in the unique ball 5(0, 1) center at the origin
associated to || - ||,.

2. The kernel is anticipative in the sense that for ¢ < 0, K(¢,x) = 0. Moreover, it is
symmetric in the space variable: K (t,z) = K(t,—x).

3. For (t,z), with (t,z) € B(0,1/2) and ¢ > 0, then

1 2

e_th
VAt

K(t,x) =

and K is smooth on [t| + 2? > 1/4.

4. For every polynomial P : R? — R of parabolic scaling less than ¢, one has

K(t,z)P(t,x)dtdx = 0.

RZ

The kernel K is very similar to the heat kernel GG. The existence of such kernel is proved in
[Hail4b] by using a smooth cutoff function which allows us to split the heat kernel GG into
two pieces: G = K + R where R is smooth. We will interpret our abstract symbol in the
space S’(R?) of Schwartz distributions on R?. In order to have a local description in that
space, we denote by B the set of function ¢ : R? — R such that p € C?, ||¢||c= < 1 and
 1s compactly supported in a unit ball around the origin. We rescale these test functions
using the parabolic scaling:

p2(2) = AP\t = 1), A (@ — 7))

where z = (t,7) and z = (¢, 7). We denote by L(H,S'(R?)) the space of linear maps
from H to S'(R?).

161



6.1. Structure and the model

We define a sequence of admissible models (IT1*=, T'M+) using a renormalisation map
M. defined on the extended structure, using a coproduct given in (4. I)):

Z Z ( ) <H RT TnA+7reA)Ri T;:_;;A matmea (6.6)

AcA(T) eama

Let A ={T},....,T,} € A(T) then by multiplicativity of /., we get:
2 (H_R;T;‘AWA) -]« <H_R%_T;‘A+mf‘>.
=1

From the gaussian structure, ¢. must be zero on trees with odd number of leaves. This fact
is guaranteed in the recursive definition [5.1.3|of /. where we have:

/. (Temd) = — Z Z ( ) <H RT TnA+7reA d) Weo (Ri Te‘:—e:A Jd+n g +me

AcA(TO\{{T}} ea, nA

and TW=? is zero on trees with odd number of leaves. From (6.4) and the fact that elemen-
tary trees are killed by I1_, we deduce that we apply /. on:

Homogeneity Symbol(s)
—1-—2k %, P

4k S IR G I T ¢ Y Ry
P, 9, Y., V.G L% ,.%.% . %, G
—2kK VL% LN, ,V,v,i,&

= ®

0

We explain the computation of M. on some examples. For %p, the only subtrees which
are non zero in 2(7") are: 1,2, % and %p . Therefore, we obtain

Mo = (1) + £.(32) L+ L(3°) 4 £e(2) & + £.(%) & + £.()
=&+ 0.(0) G+ Le(% )-&+€5(%p).

For “», £, is non zero on 1,3»,% and “<». Moreover, %, appears two times in “%» that’s
why we have a combinatorial factor of 2 in the next identity

M = £.(1) K + £(30) 82 + 20 (W) 0 + 20, (%) < + 20 (%) &0 + £ (")
= + L) 4 + 20 (%) & + £ ().

Remark 6.1.4. In the two previous examples, we anticipate the fact that /(%) = (.(8%°) =
(.(%) = 0 which will be proved in[6.6.3} Moreover, we omit the label —2« in the counter-
terms associated to the previous constants: O? ap and <5 .

162



6.1. Structure and the model

If we use the recursive definition of /. in the previous computation, we get:

EE <%p> = _WE,O <%}> + WE,O (V) We,o (f) + Ws,o (qo) Ws,o (,&))

0 () = — =0 (p) + W0 (ap) WE0(,0) + 2W50(%,) W0 (<Kp).
Finally, the map M. has 34 parameters: the value of T/ on each negative tree. If we want
just the convergence of the renormalised model the map W< is uniquely determined as

in There are three constraints which restraint our choice for /. and give a map with
less parameters:

e the It product in|6.3
e the invariance by smooth diffeomorphism in|6.2.2
e the convergence of the renormalised model in[6.6].

In order to obtain the Itd model, we need to annihilate the main components of the 0-th

Wienerchaosof{%,%,Q@,?,@,%,%,g,%,%},qy,%,i} which are terms of the

form: 7=. Then the map /. is given on these terms by:

where C. ~ 7! and the c(;) are order one. The explanation of why the constants c(;)
end up to be finite can be found in The invariance by diffeomorphism gives the

following constraints:
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() 2 () 20 9) ()~ )
( (

2. () +20.(

)+

(X)) +

For the convergence some terms need a log renormalisation with L.

—

(&ﬁ) - _369) - 692)'

~ log(e) given

in {Q%p : % L&Y e, &0, Vg, Ngo). This log renormalisation is compatible

with the previous constraints and we obtain the following values for /.:

() =

() = L~ )

L) =
£0) = (%) = L.

(%) = (%) = <L..
LEY) = —3 L.
(%) = —5L.,
(V) = —%Lg —c?,

Otherwise /. is zero. These values precise the definition of /g, given in After
computing the values of /., the renormalisation map M is given

for 7 € {0,°%, %, 0

For the other terms, we have

MEQOZO\O_Csa
MSO\J):O\OD_QCS%5
M‘EC@):C@)_CEQ.’

M= —Ced— C. + Y,

MAS =13 Cuop— 3cf) -
M e = g — 3CEQ,/O,
MY =Y —C.op—C.3,

2%, 0,0, e e
Mt =rT.

, 1} by:

MEV:CVD_CEJ
ME%:CIg_CEQ'7
Ma%:%—Cef—ng—cg)
M%p—%p C: CY)—C(3)
MG=5-CY 3P -

Ms%:%_csl&)_‘_ gLsu

1
MW:W_§L8_021)7
Msw:w_;l[/ea
M = — CLap,
M. =" — Coap — 20 — P

2) 4 o5

o
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MEO?:O%_OEE_CE)Q)> Ma%:%_
ME@D:@_CEV_CEQ_C(QQ) Msg?f):g\?ﬁ_csﬁ_ilfs>

1 1
Ms%oz%o_ceo\fo+ZLaa Ms%:%@"__l/s)
MEQ@D:Q@D_CECY)_C?% Ms%:% Y L _C
M,y =9 — C. 4,

Remark 6.1.5. The exact values of the constants are explained in the section The
divergent part L. of the constant is crucial for the convergence of the model. This log
divergence compensates and it is not present in the renormalised equation. This fact has

been noticed in [Hail3| for the KPZ equation and the terms 4% + .

Remark 6.1.6. The choice for /. is not unique. We give one example of map /. such that
all the constraints explained above are satisfied.

In the framework of the extended structure the maps 11 and F . have nice identities
in @.12):

M, M,
MY =T,M., TM =T w =Ty, e

Yz,y

Remark 6.1.7. The expression of I1¥: is useful to obtain the renormalised equation and
to explain the convergence of the renormalised model.

6.1.3 Fixed point

We solve our fixed point problem in the abstract space H. We are looking for functions
from R? to H which behave like Holder functions. For that purpose, we define the space
D" by:

Definition 6.1.8. A function f : R* — @,,H,, belongs to D", if for every compact
domain K, one has:

f f < _Fzzf z «
I = supsup Ly s IHEDZ LMoo )
ek W5 (58 (1 A ) ) - 2l

In the previous definition, we have denoted by ||7||,, the norm of the component of 7
in H,.

Remark 6.1.9. If we do not distinguish the time variable ¢ in the definition of D" and
take 17 = -, we obtain an analogue of the Holder function. Adding the parameter 7) allows
us to deal with singular initial conditions on the line {(¢,z) : ¢t = 0}.
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The definition of the previous spaces depends on the model which is parametrised by
€. We need a way to compare two models and a way to compare two functions in D"
with respect to two different models. Based on [Hail4bl], we use a semi-distance between
two models. Given (II,T") and (II,T") two admissible models, we consider for a given
compact K C R?

I L7 — IL.7)(¢2 [.r—T..
|TL; IT|| = sup sup sup (L7 )\lTET)(%)’ + sup supsup IT.27 : ji“a-
zEK )\g(eoli] TET z,2€K T€T a<y HZ — 2H5

In our case, this semi distance is a distance because we are working on a compact domain
in the space variable and on finite time. The natural distance defined in [Hail4b] between
U e D" and U € D" where D" is built from (II,T"), is given by

- —U —U(z) = T.:U(2) + I.:0
501 —supoup WO =IOl |0 = U =Tl + LU
:eKa<y [t N0 (2,2)€K? a<y (Ll JE) = |2 — 2@

on a fibred space M x D7 which contains pairs ((II, I'), U) such that (II, I") is an admis-
sible model and such that the space D" is constructed from the model (I, I"). For our
fixed point problem, we will not consider the whole space D" but we restrain ourselves
to the subspace D,;" of functions in D" taking values in ¢/ given by

U=T(H)DH

where H are the abstract polynomials. The set I/ is an example of a sector of H with 0
regularity. We recall the definition given in [Ha1l14b] by

Definition 6.1.10. Let V' C H, V' is a sector of regularity o < 0 if
e V/ is invariant under the structure group G.
o V=0 5>a V3 With Vg C Hg and there exists a complement of Vg in 3.

This definition allows us to give a way of multiplying functions in the D" spaces.
We consider functions which take values in some specific sectors.

Proposition 6.1.11. Let for i € {1,2}, U; € DY (V;) where V; is a sector of regularity
;. Let furthermore, v = (71 + az) A (v2 + aq). Then U = Q. (U Us) € D" where
n=(m+ai) A2+ a1) A (m+n2) and Q. is the projection on @, ., Ha.

Remark 6.1.12. In the original theorem in [Hail4b], we need the hypothesis of v regu-
larity for (V1, V) which depends on the choice of the product in our structure. We have
chosen the pointwise product for the product I'r7 = I'7I'7 which gives the ~ regularity
for every ~.

Now, we want to be able to reconstruct a global distribution from U € D™". This
action is done by the reconstruction operator R given in [Hai14bl]. In our case, for every
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6.1. Structure and the model

7 € H, 11,7 happens to be a function. Therefore one has an explicit expression for R :
DY — Ca~ given in [Ha114b]] by:

(RU)(z) = (I,U(x))(x).
Every element U of D" has a unique description:
U(z) = u(2)1 +U(2)

where U belongs to D.>p Ha where § = % — K. Indeed the term with the worst homo-

geneity in Z(H) is Z(Z) with |Z(Z)]s = 3 — k. For U € D", we just have RU = u. It

has proved in [Hai14b], that the map (IT, U) — RU is jointly lipschitz continuous toward
the distances defined before.

We need to reformulate the classical fixed point problem into the D" spaces. We start
with the integral equation:

u=G* ((g(u)(0pu)?® + h(u)dpu + k(u) + f(u)é)=0) + G * ug,

where GG denotes the heat kernel. We want to rewrite the previous equation in D" and
the solution U will be linked to u by the reconstruction operator: © = RU. We first give
a meaning to the non-linear operations g(u), h(u), k(u) and f(u). Let U € D};" and a
smooth function F' : R — R, we define
: D*"F(u(2)) 5
(FO))E) = Fa()1+ Y =20, 0

k>1

where Q. is the projection on &P, <~ Ha For the partial derivative J,, we associate a linear
operator D on U4 defined by:

DI(r)=TI(r), DX*=Xx"0D,
The action on D" of the previous two operators is:
e F maps D;," into D" where V is a sector of regularity 0.
e D maps D}, into Dy, """ where W is a sector of regularity —1— kK

We notice that z — = belongs to D" for every v > 0 and takes value in a sector of
regularity o = —% — K. By applying several times the proposition|6.1.11) we obtain:

o U F(U)E maps D};" into DY Hente,
o Uwrs Q,Y_l(lfl(U)DU> maps D" into D711 |

e U — Q, (DU)? maps D" into D};""Q”_Q where W is a sector of regularity
200 + 2.
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6.1. Structure and the model

o Us Qtu (é(U) QWQ(DU)Q) e (G(U)(DU)2> maps D}}" into D712,

If U € D, then for every 7 < v and 77 < 7, then QU € DV". Let F., defined for
every 7 € U by

Fy(7) = Q1o (G(R)(Dr)? + H(7)DT + K(7) + F (7))
then it happens:

Proposition 6.1.13. The map u — F.,(u) is locally lipschitz from D" to D7T*2172 for
every v > |a| and for every n € (0, + 2.

Now it remains to give a meaning to the space time convolution with the heat kernel
and the initial condition in our abstract space. In [Hail4b], it has been shown that it is
possible to construct a linear operator P : DY~2H01-2+ 5 DI with 4y > 2 4 ¢ and
6 < 3 — K — n such that:

1. P commutes with the reconstruction operator R : RPU = G « RU.
2. P can be decomposed as follows: PU = ZU + PU where PU takes value in H.
3. There exists 6 > 0 such that:

||P]lt>0U||%77 S T9HU||7—2+5777—2+5

~J

over the domain [0, 7] x R.

Given a function u € C7, we denote by J,u its taylor expansion of order ~:

@) = Y T (DR ()

[k|s <y

After the introduction of the previous objects, we are able to pose our fixed point problem
in D;;" by looking at solutions U of:

U =P(F(U)150) + T, (G * ug). (6.9)
Theorem 6.1.14. Let v € (%4—/@ ¢)and f, g, h, k smooth. Then for every initial condition
ug € C(S') and every admissible model (I1,T'), there exits a time T such that the fixed

point map (6.9) admits a unique solution in D7°([0,T] x S'). The solution is locally
lipschitz continuous from C(S') x M to M x D7,
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6.2. The renormalised equation

6.2 The renormalised equation

This section is devoted to the proof of the renormalised equation obtained from M. and
the proof of the theorem[6.0.12] The proof of the convergence of the renormalised model
is delayed to the next chapter.

Proposition 6.2.1. Let k, h, g, f smooth functions and M. defined as in (6.6). Let ug €
C(S') and &. a smooth function. We denote by U the local solution to with model
(IIM= TM2), Then the function u. = RM:=U is the classical solution to (6.2)) with h re-
placed by h.

Proof. The function U solves

U =P(F(U)1s0) + T, (G * ug). (6.10)
By applying the reconstruction operator R of the model (IT"=, I'M=), we obtain:
u = G x ((k(u) + RM (G(u)(DU)?) + RMe(H (u)DU) + RM= (F(u)Z))1ys0) + G * ug

If we consider an element of D" with v = % + 2k, for k > 0 then U admits the following
decomposition:

U:u]l+f( )o+f’( ) F(@) + g(u) f(u)*Y + ' X + f(u)? f(w)
 g(u) /() f()* (& + ) + 9w F(0)* Y + (gluu’ + k() [ (w)]

3" 2?+g WF?+ﬁWW@

for some functions u and «’. By considering the right hand-side of the equation satisfied
by U as an element of D" for k > 0, we have:

F(0) = . (GW)(DUY + AP + kW) + FO)E)

= o+ f(u)f()s + glu) (w3 + 3 () flu)er

KM(W@ﬂMfMﬂW@&+%H@WNNN%D

s + (()M+M)ﬁ(h+f(fﬂw

(u )P (25 + & + 28 +4)
+gWmeva@%+2%“~N&+%$)+gu%WV@%&+%ﬂ

<

+§W@V@ﬁ@+%¢@ﬁ(ﬁ@w—f%) (wp (Y +2%)
—l—%g(u)f (u) f(u)* (2 +2°%) + ¢ (u) f (O\If+3@p+2§1@o)

—wwmmmﬁﬁ%+%wT@%ﬁwﬂ&+ﬂwﬂwﬂ
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6.2. The renormalised equation

+ 2g(u) f'(u) f () ’V+g’( ) (u )2 "V+< (u)u’ + k(w)) f'(w) f (u)
+ (g(u)u’ + k(u))g 2<Y0+ wyu' + k' (u)) f(u)*ep
+(g(u)u’+k(u)) (W + (g(w) + k(w))g(w) f(u)*e + ul.

The coefficients of the trees are easy to compute: they depend on the rules used for their
construction. The generalised KPZ terms with negative homogeneity are built with the
following rules:

= flu), XE—= fllu)d, IO)E— fOu), XI()"E— fO (),
ICIT() = g (W), XZC)T()? = g" P (w, ZOT) = (K (u) + g/ (u)d).
We want to compute the reconstruction operator R*= on F.,(U). For that purpose, we use

the identity:
(RYMe7)(2) = (I 7)(2) = (IL.M.7)(2)

where ([T ') is the model defined on the extended structure. For every T with nega-
tive homogeneity, we have:

MET = T+Z)"i7—i

where the 7; belong to {& .22, ¢.Y < <o, 1} and \; € R. It follows:
(TL%)(2) = (ILN)(2) =0

and we have the same identities for {%, RV CY) ES '@3} because the node label d is ignored
at the root by II, . It remains to compute II on E and

(IL.3)(2) = (IL.o)(2)(IL$)(2) = 0
(IL<2) () = (ILA)(2)(IL.<)(z) = 0,

because |?|em > 0 and |<]., > 0. Finally, we obtain:

(RYF,(U))(2) = g(u)((8:0)* = C=f (w)?) + h(u) + f(u)(§ — C-f' ().

Indeed, we have:

() () — (M) () = ),
(1,2 + 23 + RF + 458 () — (T2 + 2% + 26Y + 4°) ()

1 1
=3¢l + +2(;Le) + 45 Le) =3¢V + Y,

(285 + 2% + & +80) () — (M2 + 20 + &7 + {0 (2) = 3¢ 4 @,
1 1

(LA X + W) (2) — (M4 + ) (2) = 4( (gL +gle e’ =),
(I, + ) (o) — (I + ) (2) =
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6.2. The renormalised equation

oo+ ) (@) — (40 + 209)(2) = 5 Lo +2(~)Le =0,

i |
(Te) () — (M) () = ),

(I, + 2965 (@) — (I 4+ 2) () = 2L+ o 2= D)L = 2
(I

(I

2
) (2) — (I a0)(2) = C-
o) (2) — (%) (2) = C..

]

Proposition 6.2.2. Let u. the solution of (6.2) with h replaced by h. If we take a smooth
diffeomorphism ¢ then v, = go(uag satisfies the same kind of equation with the same
constants but with new g, h, k and f depending on g, h, k., f and .

Proof. We consider the following equation:
Orue = Opue + g(ue) (Oxue)” + k(ue) (Orue) + h(ue) + f(ue)ée.
If we set u. = p(v.) where ¢ is a smooth diffeomorphism, then
Opue = ¢'(v)Ove,  Opue = ¢'(v)Dpve, Dpue = ¢ (v)(0pve)* + @' (ve) v

Now, v, is the solution of the following equation:

1

0. = 30+ (90906 + 5 ) @0 + (ko o) + (22 ) 0

(22, w

We define the maps V,, and R, by:

Vo (f, 9,0 k) — <fo,¢, (gop)p + 90—,, ho—,@,ko w)
2 @ @
Rs : (fagvhak) = (fagah17k>
where
ha(u) = h(u) — CF f/(w)? f(u) — CF g(u) ' (u) f(w)® — CF g(u
— Cg(u) f(u)* — CF g(u) £ (u) f (u )

— OO f"(u) f'(u) f (w)? — O g (w)g(u) f (u)t — CF g(u) f(w)? — OF) ' (u) f (w).

~

The previous constants are of order one (see except Cég) and Cfg) which behave
as 1/¢. We want to prove in order to have the invariance by diffeomorphism that:

R.oV,=V,oR..
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6.2. The renormalised equation

We first compute V,, o R.:

foyp " hoy
V@ORE:(f7g7h7k>H( , 7<g080)90/+a7177kog0

The other term R, o V,, is given by

Rsovgo:(fagahak)H( o

where h, has the following form:

h o SO € € g I3 e 8 E
1 7 ] 6

— (=200 + P 13017 4208 - CO)(fow) (g0 R)(¢)
13 £ g IS5 IS5 13 ! i 1 5

£ (300 1309 + 0 20 — 0 — CO)(f o 0P (f 0 0)(&")?) (;)
€ £ /) £ IS5 ] 1 4

—((CF) = CEN(f o) (f o)™ + (C = CEN(f o 9) (g0 9)¢™) (—,)

@
—((C) = CI(f o) + (CF — TN (f o) (f" 0 )
+(CF = CEN(fop)(g 0 p) + (=301 + CF) — CE)(f 0 0)2(f 0 ¢)?
+(—C8 + 307 + CE)(fop)(gow)?
1 3
+(CF) = CF + 205 =20 (fo9)*(f o 9)(gov))y” (;)
It turns out that if we want the previous identity R. o Vw = VSD o R, we have to choose:
o =cf, of =cf) =30P + 0P, cP =cy) =cP =, o =cf.

These constraints are easy to check by fixing the two constants C( = cg ) and C
(2) needed for the Itd model. The constants Cf is equal to C.. Then, the renormalised
equatlon for u. is given by

Orue = Pue + g(ue) ((Oprie)* — Cof (ue)?) + h(ue) + f(ue) (€ — f'(ue)Ce)
< (ue)? f(ue) + g(ue) fue)?)
( )+ ) (g(ue) £ (ue) f(ue)® + glue) £ (ue)? £ (ue)?)
c<2><< )" (ue) f(ue)® + g (ue) f' (ue) f (ue)?

+ f"(ue) f (u€>f<u€) + ¢ (ue)g(u )f(us) )-
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6.3 The Ito model

We want to define a random model (I1,T) called the Itd model as in [HPI4] which will
be the limit of (II¢, T'¢) = (IT™=, T'™=) such that for every 7 € U

(HmE7) () = / [y (5, Ypls, ), AWV (5)).

If we denote by F, the filtration generated by the increment of W the underlying cylin-
drical Wiener process, the support of ¢ needs to be included in the future (¢, 00) x Si.
From [HP14]], we have to prove that for each =7 with negative homogeneity one has in
the limit:

(o) () = ((or) © (TeZ)) (),

where ¢ is the wick product.

This identity has been proved for {%,%D,ﬁ,%,q%,%f,fp,%,%} in [HP14]. It re-
mains to prove the same identity for {qﬁ , %p , q% , ‘*(X , ? N i} We first explain the
proof for the general case and then we wil give a complete example. Let 7y = 7=, we

want to avoid the contraction between = and another = in (I177)() when we pass to the
limit in . We get two possibilities which are summarised in the next figure:

O Ly

(%) L7 (%)

's
[} .‘_\
‘ L0l ‘ ® Uc

I's . — L’// ) )

* Ov. * ‘r.,_m
0 0

where the edge (v, v2) has to been understood as there exits a path between v, and vs.
In the second figure, the path between v, and v, may be empty but there exists a path
between vy and 0. We notice that:

e The contraction in the first figure creates a cycle. If (v,,v) is just an edge, the
renormalisation of this divergence will annihilate the term in the limit. If (v,, vo)
is a path with more edges, it starts to become tricky: this cycle is a good help for
the convergence thanks to the non-anticipativity of the kernel /. But we are not
guaranteed that we obtain a zero constant in the limit that’s why we need to remove
this kind of terms with the renormalisation group.

e In the second figure, we obtain a cycle with the test function. In that case, all the
terms will go to zero in the limit because we have chosen a test function supported
in the future.
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6.4. Renormalisation procedure

After presenting the main arguments given in [HP14], we present a full example by
considering the Wiener chaos decomposition of e

o o o o °
S S N
D N e
7 [ ] CI) [} [ ) ?———. [ ) (I) [ ]
O =S A= 0 N Ly A
- S ° Y
0 0
S R
R R e S
[ ] ? [ ] [ ] ? [ ] [ ] : [ ] :
49 {>\é/\ _9 \)0 ;K}’ 2 {O ;A/\/ -9 {>\§ N?
Y 'Y ° °
We can make several remarks:
e The renormalisation has killed the following terms:
° 9
Lo
11LLMQK'I‘JJQ-——Q o{/iﬂ. .\‘o
N N

The last one is typically the kind of order one terms in the 0-th Wiener chaos which
is not equal to zero.

e The terms A,, A5, Ag and A; contain a cycle with the test function .

e For the term Ay, the cycle is renormalised but the renormalisation constant /. (E) is
equal to zero by symmetry.

Finally, all the terms implying a contraction with the rooted = go to zero as ¢ tends to
Zero.

6.4 Renormalisation procedure

Let G = (V,€) € Gg, the diverging patterns are given by negative subtree of G. We
apply here the renormalisation with the telescopic sum introduced in This method
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6.4. Renormalisation procedure

works because in the case of the generalised KPZ, one can check that on each tree all their
negative subtrees are disjoint except for one tree which will require a special treatment
in [6.5] Among the generalised KPZ graphs with negative homogeneity, we can list the

negative patterns:
o Ue

° Ve ° GZ\ Gye ° Gy
o X
l l 5| % e U x %
(o4 o/ \4. v2 Gy 0‘4 ... with 7, = (@, §;) and the

0 0
G, are generalised KPZ graphs. In this section, we consider only terms in the first and
second Wiener chaos obtained after one contraction. The 0-th Wiener chaos will be treated
in the section [6.6]

Remark 6.4.1. The negative subtrees look simple because the maximum number of
leaves is 4. When we perform two contractions, we obtain directly a constant. Moreover,
G after one contraction will contain most of the time only one diverging subtree.

Remark 6.4.2. The first example appears also in the maximum chaos order and it has
been proved in that it does not need a renormalisation. This is also the only case
when a divergence is created from two subtrees. The third example has to be treated
carefully when 3 = 74 = (3, 0) because we have a subdivergence in that pattern.

We apply the renormalisation with a telescopic sum explained in Let G =
(V,€) € Gr, and T = (V,€) a negative subtree of T In order to treat this divergence,
we change the label of some edge e € £4()V) by replacing v, = vy by a node of T' such
that this new Taylor expansion point has a renormalisation effect on T'. Let e = (vy,v5) €
EY(V) and v € T such that there exists v with (v/,v) € £T(V). The situation can be

e U
2|
e U1
represented by: iy where the symbol é means that there exists an edge between v
and v. The label of e is replaced by v = (a., 7, v) where r, = max([—|T,],r.). For the
next theorem, we consider a subtree 7' which gives the graph G = (V, £) after contracting
two leaves creating the node v,:

V2 @ Vg @ ® U3
- X A
Vs e Ve . V1 e V1 e
A -2 V)f?\ v -2 }tP\ v
2 /// \\\ — /. c — /. c 6 11
vy .L/ \-A. v ) Ue ~AV ) v e ~AV : ( . )



6.4. Renormalisation procedure

For the first case, we have V = {v1,v} and it has been treated in For the others
we get V = {v1,v,v.}.

Proposition 6.4.3. Let G as above, we suppose that G satisfies the condition (5.6) then
the new graph G, obtained from the transformation of the label of e = (v, vs) satisfies
the same condition.

Proof. We have to check that by changing v, = vy in G the contribution of the edge e is
preserved. Let V' C V), we distinguish three cases:

e ¢ € & (V) then we still have the same contribution with a..
e cc&HV),wehave v, € V:
— If v € V then the new contribution is a, which is the same when r, < 0 and

which is better than —(r, — 1) when r, > 0.

— Ifv ¢ V, then the new contribution is — (7, — 1) which can be more restrictive
than —(r. — 1) when r/ > r.. This case appears when 7" is a negative subtree.
In the practical example, we have 7, — r. < 1 and 7; = (a4, 0). It follows for
the second case in (6.11)):

Ay, + Qyg — 3+ ]l'UcEV(a"YQ - 3) > _|T|5 > (Té - 1)'

Then the conditions is satisfied for V' = {v;} and for V' = {v, v.}.
For the third case, if v3 ¢ V/, the contribution —(r,, — 1) is equal to zero. If
vs € V, then we use the previous bound for {v;}, {v1,v.} and the fact that
74, > 7+ to conclude for {vs}.

e cc&N(V), wehave vy € V.

- If v ¢ V, we have a contribution bigger than a, + 7. which is a, + 7.

— Otherwise if v € V then we loose a factor r.. For the negative tree, we have
ry, = 0 and r,,, ., are not both strictly positive. We notice that for r,, > 0

&'Ys+a’h +TV1_1§6

we obtain the same bound for r,, > 0. It follows that by adding the node v,
and v,, the bound becomes sharper to check but in that case we know from ¢
that the bound (5.11)) is satisfied.

]

Remark 6.4.4. The previous proof is not general because on two cases, we have to com-
pute the labels to check the bounds. If we want to have a general proof, we need to change
our strategy like in
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6.4. Renormalisation procedure

Proposition 6.4.5. Let G as above, we suppose that G satisfies the conditions (5.5) for
some subsets V #+ V then the new graph obtained from the transformation of the label of
e = (v1, vy) satisfies this condition on the same subsets and on V.

Proof. Let V C G, such that the condition (5.3) is satisfied or such that VV = ). We have
to check that by changing v, = v, in G the contribution of the edge e is preserved and it
has been improved in the case of V' = G'. As before we distinguish three cases:

e ¢ € & (V) then we still have the same contribution with a..
e cc &HV),wehave v, € V:

— If v € V then the new contribution is —, which compensates the cycle.
- If v ¢ V, then V is not equal to G’ and the condition (5.9) is satisfied.

e cc&N(V),wehave v, € V.

- If v ¢ V, we have the same contribution equal to 0.

— Otherwise if v € V' then we can have a contribution a, + r, — 1 bigger than
a. + 1. — 1 in the last two cases. By adding v, and v; in V and using the fact

that:
3

Zavi—6+r;—1>0,

i=1

we obtain the desired bound.
O

The previous renormalised edges appear in a telescopic sum. Graphically speaking,
we make the following decomposition on our graph G

@ < NN Q@ — 0
[
iy

@« NN QP—— @
>
iy

V2 @ ' e U1 (612)
V4
2
b T2 4

j<re

where the labels of v, 7., 7; and e; are respectively: (ac, e, 0), (ae, 77, v), (Ge+7, max(re—
ja 0)7 0) and (_]7 07 0)

Proposition 6.4.6. If the conditions (5.6) and (5.10) are satisfied on some subsets V in
for the terms with the labels v and ~. in the examples given by , then this
condition is satisfied on the other terms for the same subsets.
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6.4. Renormalisation procedure

Proof. For the bound (5.10), the result follows directly from proposition For the
bound (5.6)), the proposition gives the result except when we consider a subset V' such
that V N {v,v1,v2} = {v} and j < r.. In that case the node v has a negative contribution
—(r. — 1). But in all the examples . < 1 which gives the result. O

We iterate the renormalisation procedure on each edge in £+()) and we obtain a graph
with no leaves which can be divergent. In the generalised KPZ terms, the diverging graph
has the following form:

° °

m‘;@\o Ve m\‘v}‘f\O Ve Ve i

o
0

N

where the label of e, €/, 72 and 3 are given respectively by (a., ¢, 0), (a.,0,0) (a,,0,0),
(@, 0,0).

Proposition 6.4.7. The condition (5.11)) is satisfied for all the term of the previous de-
composition (6.13).

Proof. Let V asubset of G. We have for V' =V N {v, v, }:

e e | (0,v) | (0,v1)
{v,v1} Qe a.| —k |a.+Ek
{v} |=(re=1)|0 | —k 0
{v1} e +710 | 0 |a.+k

For the first two rows of the previous array, the contribution of ¢’ and the sum of (0, v)
and (0, v;) are greater than e. The main difference occurs when V' = {v;} and . > 0.
In that case, we consider that v.,v € V. The node v gives a contribution bounded by
a, + 1, < |s| where v € ET(V) and the condition (5.11) is satisfied. By removing this
node and keeping the other contribution different from , we notice that a. is sufficient
for the required bound instead of a, + 7.. L]

Proposition 6.4.8. The condition (5.10) is satisfied on each term Gy, depending on k < r,
of the previous decomposition (6.13)) and it is also satisfied for the first term G on subset

V # {v,ve,v1 }

Proof. Let V. C G.If 0 ¢ V then we can split the graph G}, into two KPZ trees by
splitting v, into two leaves and the condition (5.9) is satisfied on each tree which gives
(3.10) on V. If 0 € V the previous proposition gives the condition (5.1T)) on G}, \ V' which

proves (5.10) on V. O
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6.5 Examples

In this section, we give a complete decomposition for some trees. We start with Z, (Z(Z)=)

2

where we look at one term appearing in the second Wiener chaos:

T fl 62 (%) I Ve V9
o) 00 @) o) ) 0
N // \\ » N \\ l));
\/\oy / \ ’0/\/ \/\‘b‘,/ N 0/\/
NV A TN Y NS
ve LX) ve o U1
Q 2 Q
7 v — iz w
e..
Uy @ Uy @
0 0
Its telescopic sum is given by:
T Ve V2 T Ve V2 (%)
©) ) @) ©) o @) )
Q / \\ Ug // \\
‘/\%N / \\JO/\’ 2 / AN ~ l -
N NN Y NN Sy
ve o U1 ve o U] Ve | o U]
N\ EED\VA
2 Q 2 Q 2 Q
NV = eNY +Zj<2 O\o). v
o 7 e
Ux @ Ux @ V% @
0 0 0
where v, = (1,2,v,) and v; = (144, 1—5,0). One can show easily like in propositions
[6.4.3][6.4.5] and [6.4.0] that:

o All the terms of the previ

e For the term with the labe
cept for {v, vy, v.}. We ne

sum in ([6.14).

e For the other terms in the
whereas the edge (v, v)
these terms in (6.13)) and

ous decomposition satisfy the condition (5.1T]).

1 7., the condition is satisfied for all the subsets ex-
ed to renormalise this divergence with another telescopic

right-hand side, the condition is not satisfied on {v, vy, v, }
disappears by convolution at the node v. We renormalise

(©.16).

1 Ve V2 T Ve (%) 1 Vo
O ° O O ° O o O
VAR VAR
/ \ / \ —_
2 S AN N 2 S AN A 2 l .
* Y N * Y X * PEEEINN
ve o U1 v o U1 ve” o U1
(6.14)
9\ / Q 9\ / Q 9\ / N
"o % = 2 % + "o v
... ... ...
U@ U@ v @
0 0 0

where v = (1, 1,v).
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6.5. Examples

V2 (]
O O
- I
- *
7T T Ta LT T T A
vel \ o U] vel \ o U] 10 Oov2
T < T < (615)
) 330 Of\? = O V’Do 0%9 + Ot "Do -
= 0
P e S -
Uy @ Vs @ Uy @
0 0 0

Uo’/\:\ovl
where Vi = (1, 1, U*) and C& = SQO\\4%? .
°
0

V2 Cp]
O O
E I
. *
ve Tteun ve Tteug 10 0V2
L1 \ / T / \ /
o Q o Q 2 ° ~
O - = O "
1\0‘0 K 1\0‘0 K + CO i [} N
Vy @ Vx '@ Vs @ (6.16)
0 0 0
10 Q2
v ~
+ 01 ’x K
e..
VUx @
0

’Uo’/g\*o’ul ’UO’/-~\*Q’U1
S
where 7, = (1,2,v,), and C3 = "Dx‘%? and C; = gx ,49 . By sym-
[ ] [ ]
0 0

metry between the nodes v and vy, we have C := C} = Cg. Finally, the renormalised

term is given by:

T Ve V2
@) ) O
N // \\ P
/\GD" /’ \\J 0/\,
N Y VAL
ve [ X1 10 (X% 10 Ov2
2 N < ~N 2 N
N4 o AL s D
.. .. ..
Us @ Ve @ Vs @
0 0 0
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6.5. Examples

In the previous example, the constant Cy turns out to be zero because of the antisym-
metry of the derivatives of the heat kernel.

We follow with the maximal chaos order for 7 = ZZ(Z(Z)Z) and we first present how
we build the scalar product (We Il ywelrlz):

(ON©)
K// \\M U2
Vo e ° 0-----2 > @
lﬂ O O l—‘ l—‘ l—‘
= // \\ [l Ll —_
¥ N
Vi e oV V1 @-----= >0 U
:—‘ O O l—‘ J—‘ I—‘
- K// \\\ - } = —_
o.. . .—— -= —;) ¥
Ux,1 @ Vg2 Vil '@ Vy,2
0 0

L) U2 Vo __
®-——--- > ®-----> > ' ‘e
= — —
;l ;l Ql ;l ‘x ~
V] @-----> >0 U 1 @-----> >0 U V] @-----> >0 U
“)—‘ l—‘ “)—‘ lﬁ l_\ “)—‘
= = — = = _|_ — =
._4____:)“". .——————’-. ‘4.—"‘————'—_?.
Ux,1 '@ Ux2 Ux,1 '@ Ux2 Ux,1 '@ Ux,2
0 0 0

where v = (1, 1, v). After that renormalisation, we renormalise on each term in the right-
hand side the edge (v1 «, V2.4 ).

[1]
[1]

We present an example which needs three renormalisations: the tree Z(Z(Z(Z)Z)
in the second Wiener chaos order:

)

(ON©)
/
/ AN
¥ N
o ° o--—---> > @
lﬂ O O \:ﬂ l—‘ l—‘
= // \ = = —
¥ N
V3 @ o Uy V3 @-----5 >e Uy
QH O O \:ﬂ l—‘ l—‘
= // \\ = — —
¥ N
Vi e e Uo U1 ° o V2
= O O = = ‘I I/ =
no // \N (V) > [\ »’ \* [\v]
L = J O . = J
Usx,1 '@ Ux,2 Ux,1 '@ Ux2
0 0
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6.6. Computation of the constants

@----->5 > @ @-----5 >0 Nl e
— = ) = o /\/
- [l ;\) N
V3 @-----> >0 Uy V3 @-----> >0 Uy V3 @-----= >e Uy
— — — = — =
— — — — — —
V1 e o Ug V1 e o Uy V1 e o Uy
\\ I/ . \‘ I/ . . \‘ I/ ~
. o . o e... ol
VUx,1 @ Ux,2 Vs, 1 @ Ux,2 Us,1 @ Uy,2
0 0 0

where v = (1,1, v4). We have treated V' = {vq, v4} then as in the first example we have
to renormalise the sets V; = {v1,v, 1} and Vo = {vq, v, 2}

Remark 6.5.1. All this renormalisation procedure works because the sets V', V; and V5,
are disjoint and they are the only possible divergent sets in the previous graph. This is the
case for all the generalised KPZ terms.

6.6 Computation of the constants

We treat the constants according to their diverging rate which corresponds roughly to the
homogeneity of the term associated with. Indeed, for |7|; = —1 — 2k, the constants are
of order 1/¢. Then for |7|; = —4k and |7|s = —2k, some of the constants are of order
log(e), others are just of order one. In this section, the constants are computed by using
the map /. defined recursively in by:

gs (Ten,d) - _ Z Z ( ) (H RT TnA+7TeA d) WE ,0 (Ri TQ\LQZA d+nA+ﬂeA> .

AeA(TO\{{T}} ea, nA

6.6.1 Methodology
We work as in [HQ15] with the rescaled kernel given by
K. ,(2) = (0% SLVK)(2),
where the operator S is defined by
(SYEK)(t,x) = e“K (e, ex).
We introduce a family of norms

1Fllas = sup []*|F ()] + sup |2|"| F(2)],

|z[<1 |z[=1

and we denote by B,, 5 the Banach space of the functions F' : RY — R such that || F||5 <
0o. The next lemmas and propositions are extracted from [HQ135].
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6.6. Computation of the constants

Proposition 6.6.1. The kernels K., and K_ , belong to By, and By respectively. For
every k > 0, they converge to P, and P, in By and By respectively, where P, =
P x o and P is the heat kernel.

Lemma 6.6.2. Let for j = 1,2, F; functions on R on R with parabolic scaling such
that F; € B,, g, with o; < d + 2 and 1 + 82 > d + 2. Then there exists C' > 0 such that

11 Fyllas < CllFular, gl F2llas 2,

Wltha:OV(O[1+Olg—d—2)andB:(61+Bg—d—2)/\61/\62

/ (z = 2)K] (—Z2)dz.

Lemma 6.6.3. Let R, Rél) and R?) defined through the identities:

We define a kernel P. by

2P.(z

) = K. p(2) + K. o(—2) + RV (2) + (SVRP)(2),
SYK =K,

co(2) + R, SPK' = K[ ,(2) + R,
Then, there exists some C' independent of ¢ € (0, 1] such that
1B o2 + 1B o4 + [ BV l12 + 1R lo3 < C.

For every k > 0, the previous kernels converge in Bys_y, Bos, Bi2o—y and Bas_,, as

e — 0. The limit of Rg) is zero and the limits of Rél) and Rf) are independent of the
choice of K.

The previous lemma is summarised in the next figure where £. converges to a limit
independent of K.

[ ] .\ /.
§—> / + \ 1 E.

0 Ze ‘o () z e e ()

Remark 6.6.4. The transformation of P. in lemma follows from the identity on the
heat kernel:

2 / P'(z — 2)P'(-z)dz = P(z) + P(—=z).

The previous lemma is also true by replacing o by 0 = o * p in the right hand-side of
the main identity.
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6.6. Computation of the constants

Let W‘E’OT;"d the O-th Wiener chaos of the tree 7/*? where we have removed all the
positive renormalisations. This term is the sum of some constants of the form:

/(VRd)NT\{u*} H (xu)n(U) H Ke<xe+ - xe_)dl'.

uENp ecEr

In these constants, we perform the following change of variable: (', 2') = (¢°t,ex) € R%

Finally, we replace every kernels K, by S K and the constant is multiplied by /¢!, On
kernels of the form p., we obtain p after the substitution. Then we can apply the lemma
[6.6.2] to the kernels K. and we obtain different cases:

e If the convergence takes place in B, s with 5 > |s| and |s| < «, we can conclude.

e Else, we will have 5 > |s| and we will notice that the time variable will belong to a
compact domain and the kernel will be uniformly integrable.

We will use two main tools:
e The transformation of P, into K. ,(2) + K. ,(—z) which simplifies our graph.

e integration by part in order to create terms of the form P. and then we are able to
apply the first transformation.

We apply these two rules as an algorithm on the constants we have to treat.

6.6.2 Constants for 7|, = —1 — 2k

We prove in this section that the two constants corresponding to the renormalisation of %,
, a4 are exactly equal. For II: %, the diverging part of the mean is given by:

cl® = //Qg(t,x)(K*ga)(t,m)dmlt.

From the scaling invariance of the heat kernel and the fact that K is compactly supported,
we deduce that for sufficient small e:

// (t,z)(P * 0)(t, x)dxdt = // (t,2) 0@ (t, x)dxdt.

The mean of the term II;a, is given by:

/ K (2)%dz = K ;0 .(0) + C5

where we have used the lemma (6.6.3} In that setting, K = .(0) = ¢, and é’ég) converge to
a limit independent of the choice of K. Finally, we can choose the same renormalisation
constant C'\® for ITEas
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6.6. Computation of the constants

6.6.3 Constants for 7|, = —2x

These symbols are given by

Homogeneity Symbol(s)
—2% %, W L LY L,

We distinguish two cases:

e By antisymmetry, the constants given by %, &, % , % , 3/ , i , <» are equal to
zZero.

e Forj andY , we obtain a constant integrated against K’ and K which ends up to
be zero.

6.6.4 Constants for 7|, = —4x

We can potentially obtain logarithmic divergencies from the symbols of homogeneity
—4k, i.e. those that are borderline divergent and involve four instances of the noise. Here
is a list of these symbols:

Symbols of homogeneity —4x

289 5. . %, %, U .U,
P, %, Y, %,V 0.5 ..% . %, G

We use the technic introduced in [HP14] and [HQ13]. The terms are more complicated
so we need an efficient graphical notation Therefore, we used the notation introduced in
[HP14]. For each integration variable in R?, we draw a node e . The origin is given by
a special node @ . The edges represent the different kernels evaluated at the difference
between the two variables that it connects: an arrow for the heat kernel, a dotted line for
0® = p x p and a snake line for the derivative of the heat kernel. In order to note the
contraction on the trees, we color two leaves in blue if they are paired and we leave the
two other leaves in grey.

Constants of order one

Those nice constants of order one are given by:

Symbols of homogeneity —4« and with no divergence
%’%) ’g ’(% ’% ’%) ’&E ,@O’O@),?’%}’?’%»ﬁp ’C\@D

We briefly recall the main arguments used in [HPI4]. We look at integrability of
the previous kernels at different scales. The small scales are not a problem since 0%
is bounded and the singularity of the heat kernel is mild.
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6.6. Computation of the constants

For the large scales, the time variable belongs to a compact domain because o® is
compactly supported and we have K (z,t) = 0 for ¢ < 0. Moreover, the orientation of
the graph and the disposition of the edges show that we can earn some integration in time
which make the constant to converge:

e If two nodes are connected by o like this e-----e, then the corresponding time
variables can be separated by at most a fixed finite distance.

e for any configuration of the type e—— e ——e, the time coordinate of the middle
variables has to lie between the time coordinates of the other two.

If we find an oriented cycle in the graph, we know that we earn integrations in time.
By applying the previous rules and the fact for any fixed time, the heat kernel decays
exponentially fast in the space variable, we prove that most the terms converge.

Finally, there are two basic mechanisms that prevent a logarithmic divergency:

1. The contracted graph is not 2-connected. In this case, the divergency has typically
already been taken care of by previous renormalisations. This the case for 4%, ¥,

?,Q@,?and%.

2. There is a contraction between one vertex and another vertex that is located on the
path joining the first one to the root. Such a contraction causes a “loop”, with the
consequence that the integration of the time variables becomes restricted to a small
region of width £2.

We draw the different contractions among the terms %, é% ,%p ,‘% ,éﬁ ,sz ,&ﬁ
BRI EE SRR AR A I SRR R L VR VI <

%0 , %o and “§o. The previous terms allows us to decompose each /. (7) according to the
contractions. We give one example:

L(2) = =) =+ &= -0 (&) + W (L) + .0 3).

In the next figures, we represent all the constants:
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6.6. Computation of the constants

e e . N |
—i i :i \\) —c E\O = :. i
e el VRN
_ | — DI ) _¥ = |
P e LR
_ | _ -
eab Sl el
B vl T
A

=11, = wzf.E/
O—-o

where the symbol R inside a loop indicates that it was “renormalised” by subtracting
a delta-function with weight identical to the integral of the kernel represented by the loop.
We have performed a substitution for a6 , %° and we have replaced P’ x P’ by 2P in &b
in order to obtain nice expressions.

The constants used for the 1t6 product are:

S24y @=Grd =YY,
1T Bt b

Now we give the explicit value of the constants which appear in the renormalised equa-
tion:

% / —21)P (21 — 22) P(z2 — 23)0 @ )( 29)0 21 — 23) Hde

3

= /P(Zl)P(ZQ)P(Zg)Q(2)(Zl + 22)0P (20 + 23) H dz;,

i=1
3

P(21)P(22)(P(23)0® (23) — ¢,0(23)) 0P (21 + 22 + 23) H dz;,

=1

P(21)P(22)(P(23)0) (23) — c00(23)) 0 (21 — 22 + 23) [ [ das-

=1

-
& = / (1) P(2) P(25)0® (21 + 22)0® (25 — 25) Hdzl,
v/
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6.6. Computation of the constants

Most of the terms contain loops except %,. , & and 2. We use the argument developed
in [HP14]. If we denote by @ the distributions given by Q(z) = P(2)0?(2) — ¢,00(2),
we obtain:

M- / 0 (21 — 2)(P * Q)(21)P(z2)d=dz
?\)) = /Q(2)<Zl — 20)(P % Q)(21) P'(22)d21dzs.

The formula is really the same for %; and we conclude by the next lemma from [HP14]:
Lemma 6.6.5. There exists a constant C such that the function P % () is bounded by
C(|z|7Y A |2|73), uniformly in z.

Log renormalisation

The remaining list of symbols that can cause logarithmic divergencies is given by:

Symbols causing logarithmic divergencies
&L UL e e G, G

When computing the corresponding expectations, each of them can be contracted in three
different ways. However, only two of these contractions yield logarithmic divergencies.
We express these divergencies in terms of the basic quantity L. given by

ng/ P3(2)dz = loge,
Bl,e

1
2\/§7r
where By, = {(t,z) : t € [¢%,1]}, and P denotes the heat kernel. We then have the
following identities:

1
==L, &=L,
1
W:wsza, %="L.,
%:%:_%LE, CQ'}:—%LE,
1 1
g&:g&):z[/e, :_§L€’
L

We compute the constants by making substitution and replacing P’ * P’ by P. Using
these rules, we obtain:
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6.6. Computation of the constants

A
Wﬁfﬁﬁfﬁkﬁf — 1L,
/H /“H /E ﬁ“x

N N T —n%v — 3L,

N = iim —>§<§ — = %)—> %l — —15Le,
a?,@ Hi.b HiLE,%'il}' — 4L

o ) [ ] ]
%ié? — ;i? . ;<§> — —1iD Y
e oAz
«%,55 — % RS T S AT
n .LH/EE — §.<é§ = 1% — é.j\ﬂ? -1 .<l> — —3L,

.<£> — =3 .<D = -1 .i.b — —21L., where the arrow —» represents a

o
derivative in time.
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Appendix A

Alternative recursive proofs

In this section, we provide an alternative construction of the structure group and the renor-
malised model using recursive formulae.

A.1 Structure Group

In order to define the structure group G, we need more notations. We set
T ={reF:r7=1lor|r|s >0, and 7 =1 = 71,72 € T} },
and we let H_, be the linear span of 7. If #*_ denotes the dual of #_, then we define
Gr={geH, g9(nmr)=y9(n)g(r), Vr,m e Hi}
For any g € H’, we define a linear operator Iy, : H — H by
r,1=1, I'y=2=8&, I\ X =X+ g(X), Ly(r7) = (Lyr)(Ty7),

XZ
L,Z(7) = Tellym) + Y 5 9(Tase(7))

where
Ti(7) = L blotirl.>0) Zi(7)-
We define the product o : G x G, — (G recursively by:

(910 92)(X) = g1(X) + g2(X), (910 92)(1172) = (91 0 92)(71) (91 © g2)(72)

(910 9)((7)) = (o)) + 3 IO g 7o),

4

Proposition A.1.1.

1. Foreveryg € Gy, a € A, 7 € H, and multiindex k, we have I y7 —7 € EBB<|T‘5 Hp
and I T, (1) — Li(T'y7) is a polynomial.
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A.1. Structure Group

2. The set (I'y, g € G) forms a group under the composition of linear operators from
‘H to H. Moreover, this definition coincides with that of [Hail4b, (8.17)].

3. Forallg,g € G4, onehasT',)I'y =T yo5. (G4, 0) is a group and each element g has
a unique inverse g~ given by the recursive formula

91 (X) = —g(X), g (7'17'2) g (m)g ()

YTl Z 9(Tr1(Tg17)).

L

(A.1)

The product o coincides with that defined in [Hail4b, Definition 8.18].

Proof. We prove the first property by induction on the construction of H. Let g € G.,.
The proof is obvious for 7 € {1, X, Z}. Let 7 = 77> then we have

FngTQ = Fng (FgTQ - 7'2) + (Fng — 7_1)7_2 + T1To

We apply the induction hypothesis on 7, and 5. Let 7 = Z,(7') then the recursive defini-
tion of I, gives:

U, (7)) = LTy’ — 7') + Ti(7 Z i g (Tise(T))

We apply the induction hypothesis on 7.
Letg,g € G, h=gog e G,.Simple computations show that

Fhl = 1, FhE = FgFgE, 1—‘h)( = FgngXa Fh(T’T—) = FQF!?(T’?)'

We need to check that I' )I';Z;. (1) = I',Zy,(7):

T, T, (1) = (Ik (Ty7) + Z g (T (T >
(X +9(X
= Ti(T,T'y7) +Z i g (Tse(TqT) +Z¢g(ﬂ+l( )
while

D) = Tllir) + 3 G A W Tie(r)

k(T Tyr +Z i ( (Tese(T +Z §( Tt (T )))

= T,(T, Ty —1—2 7 g (Tre(Tg7) +2Mg(‘7k+@(7)).
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A.1. Structure Group

By comparing the two formulae, we obtain that I';I'; = I'y5.
Let us show that o is associative on G, namely that g; o (g2 0 g3) = (g1 © ¢2) © g3;
this is obvious if tested on X and on 77; it remains to check this formula on Z.(7):

910 (920 93)(Tk(7)) = g1(Tk(Lgr0g57)) + Z 91 92 ° g3(Tr+1(7))

9 (91( +g (X))
= g1(J(T 920937 +Z - G2 T (T +Z 1 )

while

(91 62) 0 9s(h() = 91 0 () + 3 2B 7 )

¢
_ ( FFT Jr2:91 ij +Zgl

and again by comparing the two formulae we obtain the clalm.

Let us show now that (A.1I)) defines the correct inverse in (G, o). First of all, the
neutral element in G, is clearly 1*(7) := 1(;—1). As usual, the only non-trivial property
is that g o g Y(Z(7)) = g7 ' 0 g(Zi(7)) = 1*(Zy(7)) = 0. We have

gog (Trse(7)) = g(Tiepe(Tg17)) + Z N Tkstam(7)),

(9(X)™ (—g(X))e
m! 14

93(Te1(7)),

+ 92 X))ZQS(jk—&-K(T))

= g(Tkye(Ly17)) — Z 9(Tiere4m(Tg-17)) =0

m,l

and

71 ¢
o g(T(r) = g (T(Tyr)) + Z o G
S ((T,7)) + Z Mgmw»
l

= —Z j]ﬁ.( 109 +Z jk—f—f( ))

where we have used a recurrence assumption in the 1dent1ﬁcat10n ['y-1047 = 7. Since I'y-

is the identity in 7{, we obtain that (I'y, g € G.) also forms a group.
We show now that these objects coincide with those defined in [Ha114b! section 8]. In
[Hail4bl, the action of H* on H is defined through the following coproduct A : H

HXH+,
Al=191, AX=X®1+1®X,

E=Z2Z®1, A(rT) = (A7)(AT)

XZ
ATy () = (L @ AT+ T © Jise(7).
— (!
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A.2. Renormalised model

We claim that
Iym=(I®g)AT, Vge Gy, TEH. (A.2)

First, (A.2) is easily checked on 1, X, = and 77 € H. We check the formula on Z(7):

T, Zi(7)

(7))
= ®g) (T )AT + Z )g(—,é Q@ Tite(T)| = (I ® g) ALy (7).
0

In [Hail4bl, another coproduct At : H, x H, — H. is defined as follows:
AT1=1®1, AT X=X®1+1X, AT (r7)=(AT7)(AT7),
XE
ATT(T) = (T @ DAT+ ) 0 @ Trwe(7).
¢

In order to prove that the product o in G is the same as in [Hai114bl], we need to check that
for every g1, g2 € H! we have:

91092(7) =g1®g2(A+T), V1reH,.

As usual, this formula is easily checked on 1, X and on products 77 € H_. We check the
formula on J(7):

(91 © 92)(Tk(7)) = g1 (T(T +Z 91 92(Tire(7))

Z
= (91 @ 1)(Tk ® g2) AT + (91 @ g2) Z T @ Tere(7) = 91 ® g2(AT7).
i

A.2 Renormalised model

As in [Hail4b]], we want a renormalised model (II}', ')} ) with the following property:

mYr =M. (A.3)
We define the linear map IT" by:
(1) (y) = M) =y,  IE)(Y) = &),
(I T 1) (y / DFK (y — 2)(TTM 1) (2)d= (A.4)
(I r7)(y) = (' 7)(y )(HM ),  (IY7)(y) = (I Rr)(y)
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A.2. Renormalised model

where the recursive definition is the same as for M. The kernel K is homogeneous of
degree 2 — d and it appears in the decomposition of the heat kernel G = K + R where
R is smooth in [Hail4b]. The definition of IT is really close to the definition of IT. The
main difference is that ITM is no longer multiplicative because we have to renormalize
some ill-defined products by subtracting diverging terms which is done by the action of
R.

Remark A.2.1. We have chosen the definition (A.2)) for IT instead of (A3) because
the definition (A.2)) contains the definition of IT when R = Id. Moreover, the recursive
formula for the product is really close to the definition of T and this fact is useful for
the proofs.

Proposition A.2.2. We have the following identities: TI"M 7 = TIM7 and TIM "1 =

IIMeT.
Proof. We proceed again by induction. It’s obvious for 1, X and =. For 7 = Z;(7'), by the
induction hypothesis the claim holds for 7" because || Zy.(7')|| = ||7'|| and |Zx(7')]s > |7']s-
We have:

(MM (y / DFK (y — 2)(TTM7')(2)dz = / DMK (y — 2)(TIM7')(2)dz

HIkMT)( ) = (IIMZ,.7")(y)-

For 7 = [], 7; product of elementary symbols, we obtain by applying the induction hy-
pothesis on R7 — 7 and the 7;:

(I 7)(y) = [ 7)(y) = [[@M°7)(y) = (AM°7)(y)

7 7
and

(I 7)(y) = (I (Rr — 7))(y) + (I 1) (y)
= (IM°(R7 — 7))(y) + (IIM°7)(y) = (IIM7)(y)

which conclude the proof. [

Until the end of the section, I is an admissible map and M is a renormalisation map
built from R.
The renormalised model (IT* T'M) associated to M = My is given by

WODE) =1 (D) =), X)) =y
M° kF _ (y —2)
(M Tir)(y / DRy — Y )z~ 3 Y (g m)

(IY'7)(y) = M Rr)(y),  (IL"77)(y) = (7 7) (y) (I 7) (y)
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A.2. Renormalised model

where fM € H* is defined by
fol(X)==2,  f£r7) = £1(0)RN(7)
PR = Lo [ Do = 2)I7) ()

We also define
INX =X+ (z—y), e =g, o (r7) = (LT )(FM*)
17 () = Turlgr) - 5 EEE W g e Z M FieaTay))
y4
and

g2 (X) = —x, gM( 7) =gt (1)ga" (7)

M(Jur) = Z g, o (TyeT).

¢

Proposition A.2.3. The I'M operator is also given by:
M _ [ pMy—1 M
me - (Fz ) © Fy
where FM = L' gr. Moreover, another equivalent recursive definition is:
M _ M—em = M =\ _ M M =
Fa:yX - X + (ZL‘ - y)7 F — = Fa:y(TT) - (nyT) (FacyT)

X+z—y) A5
[els<|T|s+B—|kls

Proof. We have

@G =~ 3 T (g7

@ =2)" g
Z g‘ m fl‘ (jk+e+m<F(g£{)_lT))
m,l ’

— [ (Ti(Tgany17)).-
Since by definition

4

L Telr) = TelTyr) + 3 o Tine(r)),

then
Fgé\/fzk( ) Ik MT Z jk+€( ))
l
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A.2. Renormalised model

and
Xﬁ My—1
Py Ta(r) = TelTigpya7) + 3 5 (027 (Trel7)
7 !
X@
= Ik(r(gy)—lT) - Z /! f (ij(F(gM) 17'))
so that

F(gy)_lf‘gylk(ﬂ :Ik(F( 1F MT Z ijrl F(gM) I MT))
l

Y “”T‘y)ff” (Teser)

Therefore, I'(ar)-1 T M satisfies the same recursive property as Fiwy
Finally, we need to prove (A.5]). We have

X+x
M7 (7) = To(TM 1) +Z

y:pkf?

where

Ao = 1) (Trpe(T Z fM (Tisem(TogT)).

m

We write I)/7 = Y, 7; with |7;|; < |7,; note that IT)'7 = IIM'T} 7 = 37 117, and
AN o is zero unless ¢ < |7|s + 3 — |kls, and if this condition is satisfied then

A= [ DG = ) Es = S U ()

>

= Z T (Za (7)) () = T (T T2 ).

m,i

[ Pty - i = 3 T )

This allows to conclude. 0
Remark A.2.4. The interest of the previous formula for I' is to show a strong link
with the definition of I}, Moreover it simplifies the proof of the analytical bound of the
model. Indeed, analytical bounds on [T} give the bounds for 'V,

Proposition A.2.5. The following identities hold: 1M = TIM FM and TIM° = TTM° FM,
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A.2. Renormalised model

Proof. We proceed by induction. The proof is obvious for 7 € {1, =, X'} For 7 = Z(7'),
we apply the induction hypothesis on 7/, it follows:

7)) = [ DGy - )@~ 3 YT g i)

14

= [ DR = R G - Y U )
= (Y EYT() ).

It remains to check the identity on a product 7 = [[, 7; where each 7; is elementary. We
have

VMM =T RFMr =TI FM Ry
since by definition FM = T s € G and R commutes with G. Then by applying the
induction hypothesis on R7 — 7 and the 7;, we have

m" 'Y =[O Yy =[O n =10 7.

and

MM FMRr =TI FM(Rr — 7) + I FM 1
=M (Rr —7) + I 7 =TI Rr = TIM 7.

Proposition A.2.6. If R is an admissible map then (11", TM) is a model.

Proof. The algebraic relations are given by the previous proposition. It just remains to
check the analytical bound. For 7 = = or 7 = Z(7’), the proof is the same as in [Hail4b].
For 7 = [ [, 7; a product of elementary symbols, we have

MMy =M (Rr —7) + 11X 7
We apply the induction hypothesis on the 7; and R7 — 7
(I 7)( |—H|HM° W) STz —yl

I(Hi”O(RT =~ S e =yl S e -yl

ITils — I7]s
EZJ - ||.Z'—y||5 )

It just remains the analytical bound for '™, We proceed by induction. For 7 = = or
7 = X, the bound is obvious. Let 7 = [, 7, where the 7; are elementary symbols. For
f < |t|s, we have

Tl = > J]ITNs

illa,;

i =B 1
ay <l ll
<c > Tlle=ul |7l < Cllo - yl2~*.
i =8 1
a; i <lll
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A.2. Renormalised model

For 7/ = Z;(7), the recursive definition (A.5)) gives:

(X—l—x—y)e‘

PRT() =TTy — Y (L Tea(Tyn)y)—y

L<B+|7]s—|kls

Let o < |Zi(7)|s. If @ € R\ N, let us write I}/ 7 = 7+ >~ 7. with

7'y

Tagle = i <7l gy llae S llz =yl

then if

T2 o = 1Ze T lo S ) Larts-trema |z — gl < [l — y||LrleFo e

i

Now, if & € Nand a < |Z,(7)|s then

(X +2—y)*
T2 (7))l = Y. M)
a<|l)s<B+||s—|kls ’
|z — y|l¥
S Y Y eyl I
a<|ls<B+|T|s—|k|s ' <7l
£)s—
| — y||iee By kls—|€ls 7ls—B=+IKls
S > a0 > e =yl |z —ylls
a<|[l|s<B+|T]s—|k|s ' v<|7ls

S llw = ylite.
O

Proposition A.2.7. We suppose that for every T = Ti.(t") € T such that ||, < 0, we have
(IM7)(x) = (Il,M7)(z). Then the following identities hold: (1M 7)(z) = (II,MT)(x)
and (I12° 1) (2) = (I, M°7)(z) for every T € T.

Proof. We proceed by induction. For 7 € {1,=, X'}, we have
(I 7)(2) = (Io7)(2) = (ILM7)(2).
For 7 = Z;(7') , if |7'|s > 0 then the recursive definition of IT¥ gives
(I Zr") () = 0
(ML) (x) = (L M7 ) (2) =0

For the second identity, we have used the fact that |[M7'|; > |7's. Otherwise, if |7/]; < 0
then the hypothesis allows us to conclude. For an elementary product 7 = [ [, 7;, it follows
by using the induction hypothesis

I ) () = [ A ) (2) = [ (LM ) (2) = (ILM°7)()

% %
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A.2. Renormalised model

(I ) () = (I (RT = 7))(2) + (11" 7)(2)
= (I M°(Rr — 7))(2) + (o M°7)(2) = (I M7)().

]

Proposition[A.2.7]is crucial for deriving the renormalised equation in many examples.
Indeed, the reconstruction map R associated to the model (IT*, T'M) is given for every
T €T by:

(RY7)(2) = (I 7)(x) = (L, MT)(x)

because for every 7 € T, 11,7 is a function. The result of proposition has just been
checked on examples [Hai14b], [HP14] and [HQ15]] but not in a general setting. In general
for y # x, (ITM7)(y) is not necessarily equal to (I1, M 7)(y) as mentioned in [Hail4b].
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Appendix B

Generalised Taylor formula

The next generalised Taylor formula is useful for many proofs including the analytic
bounds for a model and the convergence of the trees. This formula is taken from [Hail14b,
proposition A.1] . We first introduce some notations by defining:

(z -y

(¢—1)!
where for ¢ = 0, we set po(z, dy) = 6,(dy). For any k € N9, we consider the kernel Q*
given on R? by:

e, dy) = Ly 4(y) dy, p(z, dy) = do(dy),

(z,dy) = 1_[,11Z xi, dy;),

where we defined
(2, ), ifi <mf(k),
N?(aa ) =9 2k
k—i!ﬂ*(% )
and

m(k) =min{j : k; # 0}.

One crucial property of these kernels is ¥ (2, R) = 7;, which gives

xk

k'

Theorem B.0.8. Let A C N such that for every k € A, one has k. = {{ # k : Vil; <
ki}. We define 0A = {k ¢ A : k — enw) € A}. Then for every smooth functions f on
R? it follows

oF (x, Rd)

fx) =

+Z/Dk (y) QF (z, dy).

keA ke€dA
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