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Chapitre 1

Introduction

1 Fragmentations d’arbres aléatoires et arbres des coupes as-
sociés

La premiere partie de cette these est consacrée a 1’étude de 'arbre des coupes associé a
différentes fragmentations d’arbres aléatoires discrets et continus.

1.1 Arbres aléatoires discrets et continus

Les arbres de Galton-Watson sont 'un des modeles d’arbres aléatoires discrets les plus
connus; ils permettent notamment de décrire de maniere naturelle la généalogie d’une popu-
lation ou les individus se reproduisent indépendamment et suivant la méme loi. On appelle
limites d’échelle de tels arbres les arbres continus obtenus lorsque 1’on fait tendre la taille de
la population (c’est-a-dire le nombre de noeuds par lequel on conditionne) vers l'infini, en mul-
tipliant la longueur des arétes par un facteur adapté qui tend vers zéro. Dans le cas d’une loi
de reproduction de variance finie, la limite d’échelle est 'arbre brownien d’Aldous, étudié en
détail dans [5, 6, 7]. Dusquesne et Le Gall [32, 33] ont introduit une classe plus générale d’arbres
aléatoires continus, les arbres stables, qui correspondent également a des limites d’échelle d’arbres
de Galton-Watson, si la loi de reproduction est dans le domaine d’attraction d’une loi stable.
Nos travaux se concentrent sur ces deux modeles.

Nous commencons par fixer un cadre commun pour étudier les arbres discrets et continus,
afin d’expliciter les notions de convergence utilisées; nous donnons ensuite les définitions des
arbres de Galton-Watson, de ’arbre brownien et des arbres stables.

1.1.1 Arbres réels et notion de convergence

Un arbre discret est défini comme un graphe connexe, sans cycle. La notion d’arbre réel
étend cette définition & un cadre continu, en conservant la propriété essentielle : I’existence d’un
unique chemin injectif reliant tout couple de points. Formellement, un arbre réel (ou R-arbre)
est un espace métrique (7, d) tel que, pour tous points u,v € T, les deux conditions suivantes
sont vérifiées :

— Il existe une isométrie ¢, , de [0, d(u,v)] dans T telle que ¢y, ,(0) = u et @y (d(u,v)) = v.

— Pour tout chemin injectif ¢ de [0, 1] dans T tel que ¢(0) = u et ¢(1) = v, on a

90([07 1]) = Spu,v([07 d(“? v)]) = [[u7 1)]].

On considere généralement des arbres enracinés, c¢’est-a-dire munis d’un point distingué qu’on
appelle la racine.

Les arbres réels que nous étudierons peuvent étre définis via un codage par une fonction
continue, en utilisant une construction due & Aldous [7] (voir également [33, Section 2]). Nous
allons donner un apercu de cette construction, en partant du cas discret.
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CT(S)
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2 —
1 —
f(s)
T

S

FIGURE 1.1 — Deux exemples illustrant la correspondance entre un arbre et sa fonction de
contour : en haut, dans le cas d’un arbre discret, et en bas, pour un arbre codé par une fonction
continue.

Soit T" un arbre discret enraciné, c’est-a-dire muni d’un sommet distingué, la racine; on
notera par la suite T D'ensemble de ces arbres. On fixe un plongement de T dans le plan, tel
que chaque aréte soit de longueur 1. A Tarbre T est alors associée une fonction de contour
Cp, définie informellement de la maniére suivante. On considere une particule qui fait le tour de
larbre en partant de la racine, de gauche a droite, a vitesse 1. Pour tout s € [0, 2#FE(T))], on note
Cr(s) la hauteur de la particule a U'instant s (c’est-a-dire la distance la séparant de la racine).
Il est intuitivement clair que 'on peut retrouver I’arbre 7' a partir de Cp. La construction
d’Aldous définit de manieére plus générale I’arbre codé par une fonction donnée. Soit f une
fonction continue, positive, définie sur un intervalle [0,¢] et nulle en 0 et ¢. On considere la
pseudo-distance d/) définie par

dD(s,s")Y = f(s)+ f(s)—2 min f Vs, s’ €[0,5].

[sAs’,sVs']

L’arbre réel T) associé & f est Pespace obtenu en quotientant lintervalle [0, <] par la relation
d’équivalence d\f )(-, ) = 0. La figure 1.1 donne un exemple de cette construction. L’arbre T
est enraciné au point p{/)(0), avec pf) la projection canonique de [0,¢] sur 7). En outre, il
est naturellement muni d’une mesure de probabilité p(/) définie comme la mesure image de la
mesure uniforme sur [0, ] par p(H). On appelle ,u(f) la mesure de masse sur arbre 7).

Notons qu'un élément de T peut également étre vu comme un arbre réel mesuré, en le
munissant de la mesure uniforme sur ses sommets. La topologie avec laquelle nous allons travailler
est adaptée a cette structure d’arbre mesuré et enraciné. Le cadre général est le suivant.

On appelle espace métrique mesuré pointé tout quadruplet (X, d, i, p), ot 1 est une mesure
de probabilité borélienne sur ’espace métrique (X, d), et p est un point de X. De tels espaces
(X,d, pu,p) et (X',d',p,p") sont dits équivalents s’il existe une application mesurable ¢ de X
dans X', telle que :

— () = 1.

— pour tous z,y € supp(p) U{p}, on a d(z,y) = d'(¢(z), ¢(y)),

— p’ est la mesure image de u par ¢,

On note M I’ensemble des classes d’équivalences d’espaces métriques mesurés pointés (X, d, u, p)
tels que (X, d) est complet, et X = supp(p) U {p}. On appelle arbre continu tout élément de M
correspondant a la classe d’équivalence d’un arbre réel mesuré compact. On munit I’ensemble M
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de la topologie de Gromov-Prokhorov pointée, pour laquelle la notion de convergence est définie
de la maniere suivante. Soient X,, = (X,,, dp, tin, pn) des espaces métriques mesurés pointés,
pour n € NU {oo}. Pour tout n, on note &,(0) = pp, et (§,(7))i>1 une suite d’éléments i.i.d. de
Xy, de loi py,. On dit que la suite (X,,) converge vers X, au sens de Gromov-Prokhorov si pour
tout k£ € N, on a la convergence en loi

(dn(€n(0), &0 ) oci g et (doo(€no(i); Eoo (I osijr -

L’ensemble M, muni de la topologie de Gromov-Prokhorov, est un espace polonais. Notons que
lorsque les espaces X,,, n € NU{oo} que I'on considere sont compacts, on peut également envi-
sager une notion plus forte de convergence, appelée convergence au sens de Gromov-Hausdorff-
Prokhorov. On renvoie au livre de Gromov [37, Chapitre 3] et a 'article [36] pour une étude
détaillée de ces topologies.

Notons une propriété importante pour les arbres réels codés par une fonction de contour.
Pour toute suite de fonctions f,, continues, positives, définies sur un méme intervalle [0, ], nulles
en 0 et ¢, la convergence

1fn = flloo == 0

implique la convergence de TU") vers T) au sens de Gromov-Prokhorov (ainsi qu’au sens
de Gromov-Hausdorff-Prokhorov). On aura généralement ce type de convergence a un facteur
d’échelle pres; on note donc a - (T, d, p, p) = (T,a - d, i, p) pour tout réel positif a.

1.1.2 Les arbres de Galton-Watson et leurs limites d’échelle

Les principaux modeles d’arbres aléatoires avec lesquels nous travaillerons sont les arbres de
Galton-Watson et leurs limites d’échelles, I’arbre continu brownien et ’arbre stable.

Fixons une loi de probabilité v sur N. Un arbre de Galton-Watson de loi de reproduction v
correspond a l'arbre généalogique d’une population dans laquelle chaque individu se reproduit de
maniere indépendante, selon la loi v. Cela se traduit par exemple par la caractérisation suivante :

— Le nombre d’enfants NV de la racine suit la loi v.

— Pour tout n > 0, sachant N = n, les n arbres formés par les enfants de la racine et leurs

descendants sont des arbres de Galton-Watson indépendants, de loi de reproduction v.
On travaillera en général avec une loi de reproduction critique (i.e. d’espérance égale a 1), telle
que v({1}) # 1, de maniére a assurer que les arbres aléatoires correspondants aient presque
stirement un nombre fini de sommets.

Pour tout n, on note T,, un arbre de Galton-Watson de loi de reproduction v, conditionné
a avoir exactement n arétes (on travaille implicitement pour les valeurs de n telles que cet
événement a une probabilité non nulle). Comme indiqué précédemment, T}, est vu comme un
arbre réel, muni de la distance de graphe et de la mesure uniforme sur ses sommets. Les théoremes
ci-dessous donnent la limite d’échelle de T,, dans les deux cas suivants :

1. La loi v est de variance finie 2.
2. La loi v appartient au bassin d’attraction de la loi stable d’indice «, avec a € (1, 2].

(Notons que le premier cas peut étre vu comme un cas particulier du second, pour o = 2.)

Théoréme (Aldous [7]). Dans le cas 1, on a la convergence

o (£)
CTn(Qnt)) — (2ey) ;
(\/ﬁ o<t<1 " ost=t

avec (er)o<t<1 lexcursion de longueur 1 du mouvement brownien standard.
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2

Ainsi, dans le cas d’une loi de reproduction de variance finie o, on a la convergence

iTn (£) 7—b'r — T(Qe)’

\/ﬁ n—00

au sens de Gromov-Prokhorov (ainsi qu’au sens de Gromov-Hausdorff-Prokhorov). L’arbre 77
est appelé arbre continu brownien. Notons que différentes conventions existent pour le choix
de la constante apparaissant devant ’excursion du mouvement brownien standard. Celle qui
apparait ici est la méme que dans les articles d’Aldous [5, 6, 7].
Dans le second cas, la limite d’échelle que ’on obtient est ’arbre stable d’indice «. Rappelons
les éléments essentiels de sa définition, due & Duquesne et Le Gall [32] (voir également [45]). Soit
€ (1,2]. On note X (@) un processus de Lévy stable d’indice «, & sauts positifs, de transformée
de Laplace

E{efxxé")] _
Pour tout ¢ > 0, on considére le processus “renversé” X (@t) défini par

(t=s)~

St _ XM - x® ifo<s<t
° Xt(a) if s =t,

et on note Sﬁ""t) = SUPp<,<s X,ga’t) pour tout s € [0,¢]. On note finalement H(®) le processus tel

que Héa) = 0, et pour tout t > 0, Ht(a) est le temps local au niveau 0 du processus Slast) —X(O"t),

au temps t, avec la normalisation suivante :

t
(@) _ i L
H, —gl_%g ; 1{S§a,t)_)2£a,t)<6}ds p-s.

Ce processus admet une modification continue, qui est celle que I'on considere par la suite (voir
[32, Section 1.2]). L’arbre stable d’indice « est I’arbre

avec HI® Pexcursion de longueur 1 du processus H ().

Théoréme (Duquesne [31]). Dans le cas 2, il existe une suite de la forme a, = n'/*L(n), avec
L une fonction a variation lente, telle que l’on ait la convergence

(%CT"(Qnt))ogtg %) (Ht[a]>ogt§1'

Ce résultat montre en particulier la convergence

g, By e (1.1)
n n—oo

au sens de Gromov-Prokhorov (ainsi qu’au sens de Gromov-Hausdorff-Prokhorov), dans le cas

ou v appartient au bassin d’attraction de la loi stable d’indice a. Notons que pour a = 2, ce

résultat est cohérent avec celui du premier cas. En effet, I’arbre stable d’indice o = 2 correspond

4 un facteur d’échelle pres & ’arbre brownien : on a v/2- 72 = T,

1.2 Fragmentations d’arbres aléatoires

De maniere générale, on appelle fragmentation un processus décrivant la dislocation progres-
sive d’un objet.
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1.2.1 Processus de coupe d’arbres discrets

Dans le cadre discret, les fragmentations que nous considérons se font en temps discret, et
sont définies de maniere assez simple, par des suppressions successives d’arétes de 'arbre initial.
Ce type de processus a été introduit par Meir et Moon [48], avec le modele suivant : partant
d’un arbre T' € T, a chaque étape, on efface une aréte de 1" choisie uniformément. On appelle
fragmentation aux arétes de T ce processus.

Nos travaux portent également sur un autre modele, que 'on appelle fragmentation aux
neuds, défini de la maniere suivante. Soit 17" € T. A chaque étape :

— on marque un sommet de 7' choisi avec probabilité proportionnelle a son degré sortant

(c’est-a-dire son nombre de fils),

— on supprime toutes les arétes allant de v vers ses fils, avec v le sommet marqué.

Comme pour la fragmentation aux arétes, on répete cette opération jusqu’a ce que toutes les
arétes aient disparu.

Dans le cas ou T est un arbre aléatoire, ces deux processus sont définis de la méme maniere,
en conditionnant préalablement par rapport a 7.

1.2.2 Fragmentations autosimilaires de I’arbre stable et de ’arbre brownien

Les analogues continus de ces deux fragmentations présentent une propriété d’auto-similarité.
Commencons par expliquer plus précisément ce que signifie cette propriété, dans le cas de pro-
cessus de fragmentation assez généraux.

Considérons un objet de masse 1 qui se disloque au cours du temps. On peut représenter un
tel processus par la suite décroissante des masses des fragments créés au fur et & mesure. On
appelle donc fragmentation un processus cadlag a valeurs dans I’ensemble

S={s=(s1,82,...):81>82>...>0,8 <1VieN}.

Les fragmentations que nous étudierons sont des fragmentations auto-similaires : deux fragments
séparés, a partir d’un instant ¢, se désagregent de maniere indépendante, a une vitesse dépendant
de leur masse. Plus précisément, une fragmentation auto-similaire d’indice 8 € R est un processus
de Markov (F(t),t > 0) a valeurs dans S, continu en probabilité, tel que F(0) = (1,0,0,...), qui
vérifie la propriété suivante : sachant F(t) = (s1, $2,. . .), F(t+t") a méme loi que le réarrangement
décroissant des suites s; F(9) (s;B t), avec FO F®@ . des processus indépendants suivant la méme
loi que F.

Ces fragmentations ont été étudiées en détail par Bertoin [15]. L’un de ses résultats essentiels
est le suivant : la loi d’un tel processus est caractérisée par un triplet (3, c,v), avec 8 l'indice
d’auto-similarité, ¢ > 0 un “coefficient d’érosion”, et v une mesure o-finie sur S, pour laquelle
la fonction s — (1 — s1) est intégrable, et telle que v(1,0,0,...) = 0. Cette mesure, appelée
mesure de dislocation, décrit la loi de la suite des masses des fragments qui se créent lors d’une
dislocation. Cette propriété permet de caractériser de maniere relativement simple la loi d’une
fragmentation auto-similaire.

On va s’intéresser a deux mécanismes de fragmentation sur les arbres aléatoires : une frag-
mentation de 'arbre brownien le long de son squelette, et une fragmentation aux noeuds de
larbre stable. Ces processus ont été étudiés, respectivement, par Aldous et Pitman [9] et par
Miermont [50]. Pour définir ces fragmentations, on travaille conditionnellement & ’arbre aléatoire
considéré (77" ou T°), et pour un représentant fixé de sa classe d’équivalence.

On commence par introduire deux nouvelles mesures sur nos arbres aléatoires. La premiere,
appelée mesure de longueur, peut étre définie pour n’importe quel arbre continu (7 ,d, u, p) :
c’est la mesure o-finie A telle que

Az, y]) = d(z, y)

pour tous points x,y € 7. On peut la voir comme la mesure uniforme sur le squelette de 7T .
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La seconde concerne plus spécifiquement ’arbre stable; elle est répartie sur les points de
branchement de 7, et pondérée par leur “taille”. Plus précisément, pour un arbre continu 7T,
on appelle multiplicité d’un point = € T le nombre de composantes connexes de T \ {z}, noté
mult(z) ; on note B(7) l'ensemble des points de multiplicité supérieure ou égale & 3, appelés
points de branchement de 7. Presque stirement, dans I’arbre brownien, tous les points de bran-
chement sont de multiplicité 3, tandis que dans l’arbre stable d’indice « € (1,2), tous les points
de branchement sont de multiplicité infinie. Pour mesurer la taille d’un point de branchement b
de 7%, on utilise donc la quantité suivante :

L(b) = gig[l)ﬁ_lu (zeT:be[p,x] et dbyzx)<e).

Presque sirement, pour tout b € B(T?%), avec a € (1,2), cette quantité est bien définie et
strictement positive (voir [33, 50]).

Fragmentation le long du squelette de ’arbre brownien : On note (¢;, xi)ien les atomes
d’un processus ponctuel de Poisson N, de mesure d’intensité dt ® A(dx) sur Ry x 7%, On
fragmente I'arbre 7" en supprimant le point y; & l'instant ¢;, pour tout i € N. Ainsi, 'arbre
fragmenté a l'instant ¢ est

TbT\{Xi:tiSt}.

Le processus (Fp,(t))i>0 associé, a l'instant t, est égal a la suite décroissante des masses des
composantes connexes de 7% \ {x; : t; < t}. L'introduction de cette fragmentation, étudiée par
Aldous et Pitman dans [9], a été motivée par 1’étude d’un autre processus appelé coalescent
additif standard, auquel elle est reliée par un changement de temps. Les résultats de [9] montrent
en particulier que Fy, est une fragmentation autosimilaire d’indice 1/2, de coefficient d’érosion
¢ =0, et de mesure de dislocation v, définie par

dzx

I/br(§€81$1€dl'):m

Vo € [1/2,1] et Upr (s €S :81+s2<1)=0.

Dans le cas de larbre stable, une telle fragmentation (homogene sur le squelette) n’est pas
autosimilaire, en raison de la présence de points de branchement de degré infini. En effet, la
“taille” de ces points de branchement n’est pas affectée par la fragmentation, car les coupes
n’apparaissent jamais au niveau d’un tel point. C’est ce qui nous amene a considérer plutot une
fragmentation aux points de branchement. Notons que des fragmentations plus générales, sur
des arbres de Lévy, ont par exemple été étudiées par Abraham, Delmas et Voisin [3].

Fragmentation aux nceuds de ’arbre stable : Soit a € (1,2). On note (t;, x;)ien les
atomes d’un processus ponctuel de Poisson N, de mesure d’intensité dt ® > _pen(Te) L(0)ds(dz)
sur Ry x 7% Comme précédemment, on fragmente I’arbre 7 en le “coupant” au point y;
a l'instant ¢;, pour tout ¢ € N. Le processus associé (Fu(t)):>0 est égal, a l'instant ¢, a la
suite décroissante des masses des composantes connexes de 7% \ {x; : t; < t}. Ce processus,
étudié par Miermont [50], est également une fragmentation autosimilaire, pour laquelle I'indice
d’autosimilarité est égal a 1/a, le coefficient d’érosion est nul, et la mesure de dislocation v, est
caractérisée par

Va(®) = Do [Ti®(T] ' ATjg y))]

pour toute fonction mesurable @, avec D, une constante, (75)o<s<1 un subordinateur stable de
transformée de Laplace

E[ef)\TS] _ 67)\1/(!8

)
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et ATy 1) la suite décroissante des sauts du processus 7.

Ces deux fragmentations présentent une propriété intéressante de dualité avec les fragmen-
tations “par la hauteur” de ’arbre brownien et de ’arbre stable, respectivement étudiées par
Bertoin [14] et Miermont [49]. En effet, ces dernieres sont également des fragmentations auto-
similaires, d’indices respectifs —1/2 et 1/a — 1, de coefficient d’érosion nul et de mesures de
dislocation v, et vg,.

Dans la suite, afin de rendre les notations plus homogenes, les résultats concernant la frag-
mentation de l’arbre brownien seront parfois énoncés pour une fragmentation analogue sur
I'arbre stable 72, dont les points de coupe sont donnés par un processus de Poisson Ay d’in-
tensité dt x 2X2(dz) (avec Ao la mesure de longueur sur 72). Notons que cette fragmentation
est “accélérée” par rapport a celle de 'arbre brownien, afin de conserver une identité en loi qui
apparaitra dans la partie suivante (Théoréme 1). Toutefois, les résultats sur (72, N2) peuvent
toujours se traduire de maniere naturelle sur (77", NVp,).

1.3 Arbre des coupes associé a une fragmentation

Outre leurs définitions analogues, les premiers liens entre les modeles de fragmentation dis-
crets et continus apparaissent avec les travaux de Janson [40]. Ce dernier méne une étude asymp-
totique du nombre de coupes nécessaires pour isoler un sommet donné, pour la fragmentation aux
arétes de T,,, lorsque n tend vers 'infini. (Rappelons que 7T}, est un arbre de Galton-Watson de loi
de reproduction v, conditionné a avoir n arétes.) Plus précisément, son résultat peut s’énoncer
de la maniére suivante. Soit &, un sommet uniforme de T},, et IN,, le nombre de coupes se pro-
duisant dans la composante connexe de &, (dans I’arbre fragmenté). Si la loi de reproduction de
T,, est de variance finie o2, alors on a la convergence en loi

LN &A’

o'\/ﬁ " oo

avec A une variable aléatoire suivant la loi de Rayleigh, de densité xe sur R ; or cette
loi est aussi celle de la distance entre la racine et une feuille uniforme de I’arbre brownien.
Un article récent d’Addario-Berry, Broutin et Holmgren [4] donne une preuve simplifiée de cette
convergence, établissant un lien plus concret avec 'arbre brownien. Leur résultat a été généralisé
par Abraham et Delmas [2] au cas de la fragmentation aux noeuds, pour des arbres de Galton-
Watson convergeant vers un arbre stable.

L’arbre des coupes associé & une fragmentation, introduit par Bertoin et Miermont dans [19],
décrit la généalogie des différentes composantes connexes de I'arbre fragmenté. En particulier,
il code de maniere naturelle les “nombres de coupes” nécessaires pour isoler plusieurs sommets.
L’étude asymptotique de cet objet permet donc de généraliser le résultat ci-dessus.

Nous détaillons ici la construction de ’arbre des coupes dans les cas discret et continu, ainsi
que les résultats de convergence qui font le lien entre ces modeles. Les résultats concernant
la fragmentation aux arétes et le cas brownien sont dus & Bertoin et Miermont [19]; ceux qui
portent sur la fragmentation aux nceuds et le cas stable sont 'objet du Chapitre 1.

—x2/2

1.3.1 Cas discret

Soit T' € T un arbre discret a n arétes. On note eq,...,e, les arétes de T', numérotées par
exemple dans 'ordre d’un parcours en profondeur. On considére 'une des fragmentations de T
définies dans la Section 1.2.1, que l'on décrit ici par le N-uplet F = (F1,...,En), avec N le
nombre d’étapes, et pour tout r € {1,..., N}, E, Pensemble des arétes dont la suppression a
lieu a I'étape r. Notons que N, F, et éventuellement 7', sont des variables aléatoires; toute la
construction suivante se fait conditionnellement a leurs valeurs. L’arbre des coupes associé a la
fragmentation F, noté Cut(7, F), est un arbre discret enraciné qui représente la généalogie des
différentes composantes connexes créées au cours du processus.
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T Cutv(T) 53 4 12 13 14 16

F1GURE 1.2 — Un exemple de construction de I’arbre des coupes, dans le cas d'une fragmentation
aux noeuds. Pour arbre initial T, les numéros des arétes sont indiqués en chiffres arabes, et
I’ordre de suppression des sommets en chiffres romains. Pour ’arbre des coupes associés, seuls les
numéros des feuilles sont indiqués, afin d’alléger la figure ; les noeuds internes sont naturellement
étiquetés par ’ensemble des numéros des feuilles qui font partie de leurs descendants. On utilise
la notation 0 pour la racine.

Commencons par introduire quelques notations qui permettent de décrire ’ensemble de ses
sommets. Pour tout r € {0,..., N}, onnote D, = {i € {1,...,n} : e; € U,/ <, Er}, et on définit
une relation d’équivalence ~, sur {1,...,n}\ D, de la maniére suivante : on note j ~, j’ si ¢;
et ej appartiennent a la méme composante connexe de I’arbre fragmenté a l'issue de 1’étape r
(autrement dit, s’ils appartiennent au méme arbre dans la forét obtenue en supprimant les arétes
de T appartenant a |J,,., E,/). L’ensemble des nceuds internes de Cut(T, F) est la famille des
classes d’équivalence des relations ~q, ..., ~y, sans répétition. La racine correspond au “bloc”
initial {1,...,n}. On y ajoute des feuilles portant les numéros 1,...,n. Notons que pour tout i,
la feuille 7 est distincte du nceud interne {i}, s’il existe.

La construction de Cut(7T', F) se fait maintenant de maniére récursive. On va décrire la r-éme
étape de cette construction, pour r € {1,..., N}. On note B la classe d’équivalence de ~,_;
correspondant & la composante connexe de 'arbre fragmenté a laquelle appartiennent les arétes
de E,. Remarquons que notre hypothese sur la fragmentation assure que ces arétes appartiennent
bien & la méme composante. Suite & la suppression de ces arétes, le bloc B se scinde en k/. parties
By, ..., By, qui sont des classes d’équivalence de ~;. On crée k! arétes allant de B aux noceuds
By, ..., By, et k., = #E, arétes entre B et les feuilles ¢, pour i tel que e; € E,.. La figure 1.2
donne un exemple de cette construction.

Notons que Cut(7, F) est un arbre enraciné, mais n’a pas de structure plane naturelle. Par
ailleurs, comme annoncé plus haut, les distances dans ’arbre des coupes correspondent a des
“nombres de coupes” dans la fragmentation - plus précisément, la distance de graphe entre
la racine et la feuille 4, dans Cut(7,F), correspond au nombre de coupes ayant lieu dans la
composante connexe de ’aréte 7, jusqu’au moment ou elle est supprimée.

Pour alléger les notations, on note par la suite Cute(7") 'arbre des coupes associé & une
fragmentation aux arétes de T', et Cuty(7T) 'arbre des coupes associé a une fragmentation aux
neceuds.

1.3.2 Cas continu

Soit (T, d, i, p) arbre continu, que I'on fragmente par un processus ponctuel N sur Ry x T,
comme au paragraphe 1.2.2. On note (¢;, x;)ien les atomes de N. Pour tous z € 7, ¢ > 0, on
note 7,(t) la composante connexe de T \ {x; : t; < t} contenant z. Notre but est de construire
un arbre Cut(7,N) ayant, grossierement, les propriétés suivantes :
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— les feuilles de Cut(7,N) (excepté la racine) “correspondent” aux points de T,
— pour tout z € T, la distance entre la racine de Cut(7,/N) et le point correspondant &
x dans Cut(7,/N) est un analogue continu du “nombre de coupes” se produisant dans
Tx(t), pour ¢t > 0.
Pour cela, on définit une nouvelle “distance” sur 7 U {0}, avec 0 un point supplémentaire qui
va correspondre a la racine de I’arbre des coupes. Pour tous z,y € T, on note

5(0,00=0,  6(0,4) = 6(x,0) = /0 T (),

s = [ T T ) + (T (),

(z,y)

avec t(z,y) := inf {t € Ry : T,(t) # T,(t)}. Il n’est pas clair a priori que cette quantité soit
finie, ni qu’elle définisse une distance sur 7 L {0} ; toutefois, dans le cas ou (T,N) = (T*,Ny)
avec a € (1,2], elle s’'interprete de maniére naturelle comme un changement de temps liant la
fragmentation étudiée a la fragmentation par la hauteur de 7%, elle peut également étre vue
comme ’analogue de la distance de graphe sur ’arbre discret.

Dans le cas brownien, Bertoin et Miermont [19] définissent ’arbre des coupes de la maniere
suivante. Soit (&;);>1 une suite de points i.i.d. de Tt de loi p, et & = 0. Pour tout k > 1, 6
définit une distance sur {£;,0 < i < k}, et espace métrique R(k) := ({£,0 <i < k},d) peut
étre représenté comme un arbre a k feuilles, enraciné en 0. En outre, les arbres R(k) vérifient
une propriété de consistance (la loi du sous-arbre engendré par la racine et k feuilles distinctes
uniformes de R(k’), pour k' > k, est la méme que celle de R(k)), et la propriété suivante :

. NG
i, 380, &) 1= 0.

Ces caractéristiques assurent l’existence d’un arbre continu aléatoire Cut(TbT,/\/bT) tel que,
conditionnellement & (7", N, ), pour tout k, la loi du sous-arbre engendré par la racine et
k feuilles indépendantes uniformes de Cut(7%", Nj,) est la méme que celle de R(k). En outre,
Bertoin et Miermont démontrent 1’égalité en loi

Cut(T", Nyy) € T

Dans le cas de larbre stable d’indice « € (1,2), on démontre que 'arbre des coupes
Cut(7T%, N,) peut étre défini suivant le méme procédé, et 'on obtient un résultat analogue :

Théoréme 1. La loi de l’arbre des coupes Cut(T, N, ) est la méme que celle de T*.

Notons que la définition du processus de coupes sur 7?2 assure que ce résultat reste valable
pour « = 2. La démonstration de ce résultat repose essentiellement sur le lien entre la fragmen-
tation aux nceuds de I'arbre stable et la fragmentation par la hauteur. Plus précisément, le fait
que ces deux fragmentations aient des caractéristiques similaires, comme indiqué a la fin de la
Section 1.2.2, permet de montrer que leurs lois sont les mémes & un changement de temps pres;
on en déduit ’égalité en loi

(0(&,&5))ij>0 = (d1ea(&iv1,&j+1))ij>0

dont la construction de ’arbre des coupes et le Théoreme 1 sont des conséquences directes.

On complete ces résultats en montrant qu’il est possible de définir la correspondance sou-
haitée entre les points de ’arbre initial et les feuilles de I'arbre des coupes, a condition de faire
jouer un roéle particulier aux points de coupe. En effet, pour tout ¢ € N, le point de coupe ;
n’appartient plus a ’arbre fragmenté apres 'instant ¢; ; mais il peut étre vu comme une feuille
des différents sous-arbres séparés a I'instant ¢;, comme indiqué sur la Figure 1.3 (4 condition de
prendre 'adhérence de ces composantes, ce qui est naturel pour conserver des arbres compacts).
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au temps ¢, : au temps t; :

| N\
O VAN N

FIGURE 1.3 - A partir de l'instant ¢;, le point de coupe x; correspond a une feuille des différentes
composantes connexes (7;;,7 € N) créés par sa suppression. On peut voir ces feuilles comme
“différents” points x; ;, j € N, dont les images seront des feuilles distinctes de I’arbre des coupes.
(Les seules composantes représentées sur la figure sont celles incluses dans 7y, (t; ), et non toutes
celles de I'arbre initial.)

On introduit donc des points x;; correspondant aux “représentants” de y; dans chacune de
ces composantes (une définition plus rigoureuse est donnée dans la Section 1.2 du Chapitre 2).
L’indice j prend ses valeurs dans un ensemble 7, ayant deux éléments si a = 2, et égal a N
sinon, de maniere & avoir #.J, = mult(x;) pour tout i. On considere 1’ensemble

T =T\ {xi i € N}U {xi; : (i) €N x Ju}.

La définition de § s’étend de maniere naturelle a cet ensemble. Avec ces notations, on démontre
I'existence d’une application surjective £ de Ty dans £(C*)UB(C?) telle que pour tous z,y € Ty,
on a

dCa (Ex’ gy) = 5(Ia y)a

avec C* l'arbre des coupes Cut(7®,N,). Un énoncé plus précis est donné dans le Chapitre 2
(Proposition 1.4). La construction de cette correspondance ¢ repose sur le fait que I’'on peut obte-
nir larbre des coupes Cut(7%, N,) en itérant une transformation de 7% qui donne sa “premiére
branche” ; cette transformation a été étudiée par Addario-Berry, Broutin et Holmgren [4] dans
le cas brownien, et par Abraham et Delmas [2] dans le cas stable.

1.3.3 Convergence de I’arbre des coupes de grands arbres de Galton-Watson

Rappelons que pour tout n, T;, désigne un arbre de Galton-Watson de loi de reproduction
v. Le résultat principal de l’article de Bertoin et Miermont [19] concerne la limite d’échelle des
arbres des coupes Cute(T5,) :

Théoréme (Bertoin, Miermont [19]). Si v est de variance finie o2, alors on a la convergence

jointe

o 1 br br
<\/ﬁTn7 ﬁ Cute(Tn)> — (T ,Cut(T ,Nbr))

n—oo

dans M x M, pour la topologie produit associée a la topologie de Gromov-Prokhorov.
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On démontre un résultat similaire pour la fragmentation aux nceuds de T,,, lorsque la loi de
reproduction v est de variance finie ou appartient au bassin d’attraction de la loi stable d’indice
€ (1,2). Dans ce dernier cas, on a besoin d’une hypothese technique supplémentaire :

sup <TP(Z:T)> < 00, (1.2)

avec Z une variable aléatoire suivant la loi v biaisee par la taille, c’est-a-dire telle que ]P’(Z =
r) = rv({r}). Cette hypothese est par exemple vérifiée si v({r}) est équivalent & c¢/r®*! lorsque
n — 00, pour une constante ¢ € (0,00). Notre résultat est le suivant :

Théoréeme 2. 1. Si v est de variance finie o2, alors on a la convergence jointe

<;ﬁTn, \}ﬁ <o’ T i_) CutV(Tn)> — (T, Cut(T"", Nyy))

dans Ml x M, pour la topologie produit associée a la topologie de Gromouv-Prokhorov.

2. On suppose que v appartient au bassin d’attraction de la loi stable d’indice o et vérifie la
condition (1.2). Soit (a,) une suite vérifiant la convergence (1.1). On a alors la conver-
gence jointe

n—o0

(%”Tn, %” CutV(Tn)) s (T, Cut(T™, N,)),

dans M x M.

Notons que dans le premier cas, le facteur 1/0 obtenu par Bertoin et Miermont est remplacé,
pour la fragmentation aux nceuds, par o + 1/0. Informellement, cela vient du fait que pour la
fragmentation aux noeuds de T}, le nombre moyen d’arétes supprimées a chaque étape est de
Vordre de >, kv({k}) x k = 0% + 1; par conséquent, les suppressions d’arétes se font o + 1 fois
plus vite que pour la fragmentation aux arétes.

1.4 Reconstruction d’un arbre fragmenté a partir de son arbre des coupes

Dans le Chapitre 2, on s’intéresse a la question de la reconstruction d’un arbre & partir
de son arbre des coupes, également étudiée par Broutin et Wang [21] dans le cas brownien.
Fixons a € (1,2]. Afin d’alléger les notations, on note 7 I’arbre stable d’indice o, N'= N, et
C = Cut(7T,N). Remarquons tout d’abord que la connaissance de C seul ne suffit pas & retrouver
exactement 'arbre 7. Afin de mieux comprendre de quelle information supplémentaire on a
besoin, on revient sur les correspondances entre les points et composantes connexes de l'arbre
fragmenté et leurs “images” dans 'arbre des coupes.

Soit ¢ € N. Rappelons que les points (x; j, j € Jo) peuvent étre vus comme les “représentants”
de x; dans chacune des composantes connexes 7;; créés par la suppression du point x;. La
correspondance £ associe a chacun de ces points une feuille £, . de C. On note b; le plus récent
ancétre commun de ces points, c’est-a-dire le point tel que

[oc: bl = () [pes by, 1,

J€ETx

avec p¢ la racine de C. Comme indiqué sur la Figure 1.4, on peut voir chacune des composantes
connexes de C\ {b;}, excepté celle contenant pc, comme 'arbre des coupes de 'un des 7; ;, j € Ja
(pour une restriction adaptée du processus de Poisson N).

Supposons maintenant que l'on sache retrouver les arbres 7;;, j € J,. Pour reconstruire
Ty:(t;) a partir de ces sous-arbres, il est nécessaire de connaitre la position du point x; dans
chacun d’entre eux. Cette information est codée, dans l'arbre des coupes, par la position des
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feuilles £y, ;, j € Ja. On munira donc I'arbre des coupes dune décoration fir ) @ B(C) —
P(L(C)) (avec P((S)) 'ensemble des parties d'un ensemble S), définie par la relation

Fran (i) = {tx; + (i3) €N x Ta}.
On note DCut(7,N) le couple (Cut(’T,N), fran)-

De maniere générale, ’opération de reconstruction sera définie pour un arbre stable C d’indice
a, muni d’'une décoration adéquate f. Pour tout point de branchement b € B(C), on note
(Céj ), J € Ja) les composantes connexes de C \ {b}, excepté celle contenant la racine. On dit que
f est une bonne décoration sur C si f est une fonction aléatoire de B(C) dans P(L(C)), dont la
loi sachant C est caractérisée par les conditions suivantes :

— les ensembles aléatoires f(b), b € B(C) sont indépendants.

— pour tout b € B(C), f(b) est de la forme {f(j)(b),j € Ja}, avec (fO(b),j € Ju) des
variables aléatoires indépendantes, telles que pour tout j € N, f(j)(b) est une feuille
uniforme de CZE] ),

Pour tous points b € B(C) et | € L(C) tels que b € [pc, ], on note C} la composante connexe de
C \ {b} contenant I, et f(b) I'unique élément de f(b) NC..

On va définir une nouvelle “distance” § entre les feuilles de C. Notre construction, qui peut de
prime abord paraitre artificielle, sera expliquée plus bas. Fixons deux feuilles [, I’ de C, distinctes
de pc. On note U = {0} U,,cy {1,2}". On construit de manieére récursive des suites de points
I(u), I'(u) et b(u), et une suite de sous-arbres C(u), indexées par U :

— On prend I(0) =1, I'(0) = 1" et C(0) =C.

— Pour tout uw € U, on note b(u) = l(u) ANl'(u), et

1) = 1) V(1) = fiy(w)  Clu1) =G
(.2) = fuw®@) V@2 =)  Cu,2) =l
Les premieres étapes de cette construction sont illustrées sur la Figure 1.5. Pour tout € > 0, on
note UM = {ueU:pc(C(u)) > e}, et NW'(e) = #UM . Ainsi, N () correspond au nombre
de points de branchement du sous-arbre de C engendré par la racine et les feuilles I(u), I'(u),
pour u € U-..
Revenons brievement au cas ol (C, f) = DCut(7,N), afin d’expliquer le lien entre N+ (¢)

et la distance d(x,y). Considérons la fragmentation de 7 “au niveau €”, obtenue en ne conser-
vant que les coupes qui interviennent dans des composantes de taille supérieure a €. La quantité

Dans 7, au temps ¢; : Dans Cut(7) :

1=
X

FI1GURE 1.4 — Illustration de la correspondance entre les composantes de I'arbre fragmenté et
celles de son arbre des coupes.

Qi
¢
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FIGURE 1.5 — Les premiéres étapes de la construction récursive des suites (u), I'(u), b(u) et
C(u). A chaque étape, les nouvelles feuilles sont représentées par des sommets blancs ; elle sont
obtenues via la décoration des points de branchements représentés par des carrés blancs.

Ntasty (€) correspond au nombre de coupes qui se produisent dans le segment [z,y] pour cette
fragmentation ; il est donc naturel de penser que 'on peut approcher la longueur de [z, y] par
une limite, a une certaine échelle, de cette quantité.

Dans le cas général, N-' (¢) peut s’interpréter comme 1’énergie liée & une fragmentation en
temps discret de C. Les résultats de Bertoin et Martinez [18] permettent de montrer que si [ et
I’ sont deux feuilles indépendantes uniformes de C, la quantité e!~V/*N lvl,(s) converge presque
strement. On montre en outre que, pour une constante

(@ —1)I'(1 - 1/a)

Ca = 2a0(2 - 2/a)

la loi limite de Cy - e'~Y/* N (£) est la méme que celle de de(1,1). Cela nous améne & définir la
“distance reconstruite” de la maniere suivante :

61,1 = lim C - gl=VeNt )y il e £(C)\ {pc}.
e—>

Si (13)i>0 est une suite de feuilles indépendantes, uniformes dans C, on montre 1’égalité en loi

(5 1)igz0 £ (el ly)izo.
Comme dans la construction de 'arbre des coupes, cette égalité assure l'existence d’un arbre
continu aléatoire Rec(C, f) tel que, conditionnellement a (C, f), pour tout k, la loi du sous-arbre
engendré par la racine et k feuilles indépendantes uniformes de Rec(C, f) est la méme que celle
de l'arbre ({l;,0 <i < k},g) Notons que dans le cas ou (C, f) = DCut(7T,N), il faut prendre
lo = £, s’il I'on souhaite que I'arbre reconstruit soit enraciné au méme point. Notre résultat
principal est le suivant :

Théoréme 3. La loi de l’arbre reconstruit Rec(C, f) est la méme que celle de C. En outre, si
on a (C, f) =DCut(T,N), alors Rec(C, f) =T presque sirement.

On complete ce résultat en montrant que ’on peut également retrouver un processus ponctuel
de Poisson N, (c,f) sur Rec(C, f) vérifiant les propriétés suivantes :

— Si (C, f) = DCut(T,N), alors N¢ sy = N presque siirement.

— On a DCut(Rec(C, f),Nc,p) = (C, f).

On conclut cette section par quelques remarques sur les similitudes et différences entre notre
travail et celui de Broutin et Wang [21]. La reconstruction de [21] se fait & partir d’un arbre
brownien C et d’un aléa supplémentaire, la donnée d’une feuille F} associée & chaque point de
branchement b € B(C). Cet aléa supplémentaire correspond exactement & notre décoration. En
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effet, Broutin et Wang démontrent que pour tout b € B(C), la composante connexe de C \ {b}
située au-dessus de b et ne contenant pas Fj contient une unique feuille F} telle que, pour tout

. . F! . 4 . .
point b € [b, F;] N B(C), on ait Fyy € C,,*. Avec ces notations, notre décoration est la fonction
définie par

f0)={F.F}  beB(),

et la feuille [y de C correspondant a la racine de I'arbre reconstruit est I'unique feuille telle que
pour tout b € [pe,lo] N B(C), on ait Fy € Cllf,’. Ainsi, le point de départ de la reconstruction est
essentiellement le méme dans notre travail et dans [21] ; notre présentation est plus “symétrique”,
dans la mesure ou elle ne fait pas jouer un role particulier a Iy, ce qui traduit le fait que la racine
de T ne joue pas un role particulier dans sa fragmentation.

Par ailleurs, le résultat que nous obtenons est un peu plus précis que celui de Broutin et
Wang. En effet, dans [21], 'arbre reconstruit Shuff(C) vérifie 1’égalité en loi

(T, Cut(T, A)) 2 (Shuff(C), C),

tandis que la correspondance exacte entre points de 7 et de Cut(7,N) nous permet d’identifier
la décoration f(r nn pour laquelle I'arbre reconstruit est presque sirement égal a l’arbre initial.

1.5 Quelques perspectives

L’ensemble de ces travaux donne une vision assez complete de 'arbre des coupes associé a
deux fragmentations auto-similaires, sur I’arbre brownien et 'arbre stable. Des lors, une ques-
tion qui émerge naturellement est celle de ’extension de ces constructions a d’autres modeles
d’arbres aléatoires, ou a d’autres processus de coupe. On pourrait par exemple s’intéresser a
des fragmentations homogenes sur le squelette d’arbre réels assez généraux (par exemple de di-
mension fractale fixée), ou aux fragmentations d’arbres de Lévy étudiées dans [3]. Toutefois, la
démonstration de ’existence de ’arbre des coupes repose pour l'instant sur I'auto-similarité des
fragmentations considérées. Il faudra donc avoir recours a de nouvelles méthodes pour traiter
ces cas plus généraux.

2 La quadrangulation uniforme infinie du plan ré-enracinée en
un point a ’'infini

La seconde partie de cette theése est consacrée a 1’étude d’une carte infinie aléatoire, la
quadragulation uniforme infinie du plan, ré-enracinée en un point “a I'infini” sur une géodésique.

2.1 Cartes aléatoires finies et infinies

Les cartes aléatoires sont un modele de géométrie aléatoire qui ont connu un intérét croissant
ces dernieres années, notamment motivé par des questions issues de la physique théorique. En
combinatoire, les cartes finies sont étudiées depuis les travaux de Tutte [57] en 1963. L’aspect
probabiliste de leur étude s’est développé plus récemment, en particulier avec les articles d’An-
gel et Schramm [12, 10], qui introduisent un premier modele de carte aléatoire infinie pouvant
étre vue comme une triangulation “uniforme” du plan. Des résultats analogues pour les qua-
drangulations ont ensuite été établis par Krikun [42], menant en particulier & la définition de
I'objet central de notre travail, la quadrangulation uniforme infinie du plan (UIPQ). On rappelle
ci-dessous les éléments essentiels de cette définition.

Une carte planaire finie peut étre définie comme un plongement propre d’un graphe connexe
fini dans la sphere de dimension 2, vu a homéomorphisme direct pres. Les graphes considérés
peuvent avoir des arétes multiples ou des boucles. On appelle faces d’une carte m les composantes
connexes du complémentaire de I'union des arétes de m. Le degré d’une face est le nombre d’arétes
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orientées parcourues quand on en fait le tour dans le sens horaire. On note My I'ensemble des
cartes planaires finies enracinées, c’est-a-dire munies d’une aréte orientée distinguée que 1’on
appelle la racine.

Pour donner un sens & la notion de carte infinie, on s’intéresse aux limites de cartes planaires
dont l'on fait tendre le nombre de faces vers I'infini. Les limites en question peuvent étre soit
des limites d’échelle, obtenues en multipliant la taille des arétes par un facteur adapté, dans
le méme esprit que celui de la section précédente, soit des limites locales. Détaillons ce second
point de vue, qui est celui que I'on adopte ici.

Soit m € M. On définit la boule de rayon r dans m, notée By(r), comme la carte constituée
des arétes de m dont les deux extrémités sont a distance au plus 7 du sommet racine (c’est-a-dire
'origine de ’aréte racine). La topologie locale sur M est la topologie associée a la distance

D(m,m') = (1 +sup{r>0: By(r) = By(r)}))™! Vm,m' € M.

On note M le complété de M pour cette topologie.

Pour toute carte finie m € My, on dit que m est une quadrangulation si toutes ses faces
sont de degré 4, et une quadrangulation a bord si toutes ses faces sont de degré 4, excepté une
face distinguée, appelée face externe. Ces définitions s’étendent de maniére naturelle aux cartes
infinies : une carte m € M est une quadrangulation infinie (resp. une quadrangulation a bord
infini) s’il existe une suite (q,,),>0 de quadrangulations finies (resp. de quadrangulations finies &
bord) convergeant vers m, telle que le nombre de faces de gy, (resp. le degré de la face extérieure
de g,) tend vers l'infini. On définit les triangulations de manieére analogue, le degré de chaque
face étant alors égal a 3.

L’UIPQ est la carte aléatoire infinie QVOO définie comme la limite locale des quadrangulations
uniformes a n faces. Notons que la limite d’échelle de telles quadrangulations est également
connue : il s’agit de la carte brownienne, introduite par Marckert et Mokkadem [47] (voir
également [44] et [51]). Dans le méme esprit, Curien et Le Gall ont récemment introduit le
plan brownien, qui peut étre vu comme limite d’échelle de 'UIPQ [25]. Notons que 'on s’attend
a ce qu’un résultat analogue a celui que nous démontrons soit vrai dans ce cadre continu.

Pour conclure cette section, remarquons la nuance entre quadrangulation planaire et qua-
drangulation du plan. Avec les définitions précédentes, toute quadrangulation infinie peut étre
vue comme un recollement de quadrilateres qui définit une surface orientable, connexe et sépa-
rable (éventuellement avec un bord). On parle de quadrangulation du plan (resp. du demi-plan)
si cette surface est homéomorphe & R? (resp. Ry x R); ce n’est a priori pas le cas pour n’im-
porte quelle limite de quadrangulations planaires, mais on démontre que I'UIPQ est bien une
quadrangulation du plan.

2.2 Arbres bien étiquetés et quadrangulations

L’un des outils essentiels de I’étude des quadrangulations finies et infinies est la bijection
de Cori-Vauquelin-Schaeffer, introduite dans [24, 56, 23], qui établit une correspondance entre
quadrangulations et arbres bien étiquetés. En particulier, les résultats de [22] et [52] montrent
que 'UIPQ peut étre construite en appliquant cette correspondance a un arbre infini dont les
sommets sont munis d’étiquettes positives. Les travaux de Curien, Ménard et Miermont [27]
montrent qu’elle peut également étre obtenue en appliquant un procédé similaire a un arbre
infini étiqueté “uniforme”, sans la condition de positivité sur les étiquettes. C’est cette approche
que 'on va détailler ici.

Soit T l’ensemble des arbres discrets enracinés plans (finis ou infinis). Un tel arbre peut
naturellement étre vu comme un élément de M, 'aréte racine étant celle qui va de la racine a
son fils le plus a gauche. Un couple (7',1) est un arbre bien étiqueté sion a T € T, et si [ est une
application qui & chaque sommet de T associe un entier, telle que |l(u) —I(v)| < 1 pour toute
paire de sommets voisins u, v. On note T I’ensemble des arbres bien étiquetés.

On s’intéresse en outre a des arbres T' € T ayant une unique épine dorsale, c¢’est-a-dire un
unique chemin infini (s;(7"))i>0 tel que so(7") est le sommet racine de 1" et pour tout i > 0,
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FIGURE 1.6 — La quadrangulation ®(6) obtenue & partir d’'un arbre étiqueté 6. Les arétes de 6
sont représentées en pointillés, et celles de ®(0) en traits pleins, avec 'aréte racine en gras.

$;4+1(T") est I'un des fils du sommet s;(7). Soit S I'ensemble de ces arbres. Pour tout x € Z, on
note S(z) 'ensemble des arbres étiquetés (T,1) tels que T' € S et la racine de T" a pour étiquette
T, et

S*(z) = {(T,l) € S(a) : inf I(si(T)) = —oo} .

Pour tout arbre T' € S, pour i > 0, on note L;(T) (resp. R;(T)) le sous-arbre formé de s;(T'), de
ses fils situés a gauche (resp. & droite) de I’épine dorsale et de leurs descendants.

La correspondance définie dans [27] a pour ensemble de départ S*(0). Elle est définie de la
maniere suivante. Soit § = (7, 1) € S*(0). On appelle coin de T' tout secteur angulaire défini par
deux arétes de T', n’intersectant aucune autre aréte de 1. On note c,, n € Z la suite des coins
de T, numérotés dans 'ordre donné par un parcours en sens indirect, de maniere a ce que cg
désigne le coin situé a gauche de l'origine de l’aréte racine. Pour tout n, on note I(c,) I'étiquette
du sommet incident a c,, et on appelle successeur de c, le premier coin parmi c,41,Cnt2, .. . tel
que

l(og(cn)) = l(cpn) — 1.

La quadrangulation ®(6) associée a 6 est la carte ayant les mémes sommets que 7', et dont les
arétes sont les chemins reliant chaque coin a son successeur. La figure 1.6 donne un exemple de
cette construction. On choisit comme racine ’aréte reliant c¢g a son successeur. Notons que 1’on
peut faire cette construction de telle maniere que les arétes créées ne se croisent pas.

Les travaux de Curien, Ménard et Miermont [27] montrent que pour tout 6 € S(0), ®(f) est
une quadrangulation du plan, et que cette correspondance peut étre utilisée pour caractériser la
loi de 'UIPQ de la maniere suivante.

Pour tout = € Z, on note p(,) la loi d’'un arbre de Galton-Watson de loi de reproduction
Geom(1/2), tel que la racine a pour étiquette z et que, pour tout sommet v distinct de la racine,
I'étiquette de v est uniforme dans {¢ — 1,¢,¢ + 1}, avec £ I’étiquette de son parent. On considére
I'arbre aléatoire 05 = (T, loo) € S(0) dont la loi est caractérisée par les propriétés suivantes :

— les étiquettes (S;i(0x0))i>0 = (loo(5i(To0)))i>0 des sommets de 1'épine dorsale sont dis-

tribués selon une marche aléatoire a pas indépendants, uniformes dans {—1,0, 1},

— sachant (S;(0x0))i>0, les arbres L;(0x) et Ri(fx), pour i > 0, sont indépendants dans

leur ensemble,
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— pour tout ¢ > 0, sachant S;(0x), Li(0s) et R;i(0) sont des arbres étiquetés de loi
P(Si(0)) _
On peut alors définir 'UIPQ Q~ comme la quadrangulation égale & ®(f~,) avec probabilité 1/2,
et obtenue en inversant le sens de 'aréte racine de ®(f) sinon. En outre, les résultats de [27]
montrent que ’on peut inverser cette construction de manieére a retrouver 0., a partir de Q.

2.3 Découpage de I'UIPQ le long de “sa” géodésique infinie

L’une des principales applications la correspondance entre I’'UIPQ et I’arbre étiqueté 0, est
I'étude des géodésiques infinies issues de la racine. Les étiquettes des sommets de To, peuvent en
effet étre vues, dans (), comme leur “distance a 'infini”. Plus précisément, pour tous sommets
u,v de Qs, la quantité

dg (u,w) — dg (v,w)

est constante en dehors d’un ensemble fini de points w, et égale & lo(u) — loo(v). (Notons que
c’est ce qui permet de retrouver les étiquettes dans la construction inverse de ®.) En utilisant
cette propriété, Curien, Ménard et Miermont démontrent que les géodésiques infinies issues de
la racine sont “piégées” entre deux géodésiques particulieres, appelées géodésique maximale et
géodésique minimale, que 'on peut décrire de facon simple a partir de 0. En outre, ces deux
géodésiques ont presque stirement une infinité de points communs. Toutes les géodésiques infinies
issues de la racine sont donc essentiellement similaires.

Dans @, la géodésique maximale peut étre vue comme la géodésique “la plus a gauche”,
définie de la maniere suivante. Notons e~ et e™ les deux extrémités de I'aréte racine de @OO.
D’apres la construction de la section précédente, on a

loo(€7) = lso(eT) = £1.
D’apres la remarque précédente, si I’on note ey et e; ces deux extrémités, en imposant

loo(eo) — loo(el) = 1,

Iextrémité ey est celle qui est la plus éloignée de l'infini. La géodésique la plus a gauche est
définie comme le chemin (eg)r>0 tel que pour tout k > 1, ey1 est le premier voisin de e; dans
le sens indirect, apres e,_1, tel que

loo(er) — loo(eps1) = 1.

Dans l'arbre étiqueté T, cette géodésique correspond a la chaine infinie de coins définie en
prenant ey = ¢g (le coin racine), et pour tout k > 0, ex le premier coin d’étiquette —k apres ey,
dans le sens indirect. Ainsi, pour tout k, ey, 1 est le successeur de e.

On note Qoo) la quadrangulation Qoo ré-enracinée en ’aréte (ek, er+1). Notre résultat princi-

pal est I'identification de la limite locale de Qoo) lorsque k — oo. A cette fin, on étudie en réalité
les quadrangulations situées de part et d’autre de la géodésique (ex)x>0, en découpant @ le long

de cette géodésique infinie, comme illustré sur la Figure 1.7. Soit Sp(Q~) la quadrangulation
ainsi découpée, et (€} )r>1 la géodésique formée des copies des sommets (ek)k>1 On note 6(1&)

la quadrangulation obtenue en ré-enracinant Sp(QOO) en (eg,ext1), et QOO la quadrangulation
obtenue en ré-enracinant Sp(Qsc) €n (€ €hp1)-

Avec ces notations, les quadrangulations a bord 500 et Qoo peuvent étre vues, respecti-
vement, comme les images par ¢ des arbres G(k) (To(f),l( )) et 6( ) (To(o kﬂ),lc(,o k+1))
avec :

k ’ < s
° Téo) I’arbre T, ré-enraciné en ey,

)

—k+1 . . . o . . o
° Téo +1) Parbre T, ré-enraciné au coin e_j41 défini comme le dernier coin d’étiquette
—k + 1 avant la racine (toujours dans le sens indirect),
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FI1GURE 1.7 — La quadrangulation Sp(@oo) obtenue en découpant QVOO le long de la géodésique
maximale. Les arétes de l'arbre sous-jacent sont représentées en pointillés, et la géodésique
maximale en rouge.

o 1) —1CF) — i 4k
(Notons que 95; k+1) n’appartient pas a S*(0) mais a S*(1) ; toutefois, on peut aisément étendre ®
a cet ensemble, avec une convention d’enracinement adaptée.) La premieére étape de notre travail
consiste donc & déterminer la limite en loi du couple (0&’3), 0((; k+1)). On obtient la convergence

jointe

(O®) g k1) O (@ﬁo) (1.3)

oo 1 Y00
k—o0

_>
pour la topologie locale, avec 0, et @ des arbres étiquetés indépendants & valeurs dans S(0)

H
et S(1), dont on détermine les lois explicitement. Les arbres 6, et ﬁ.o appartiennent, respecti-
vement, aux ensembles

§ = {(T, 1) €S(0) : min l(c,(T)) =1, lim I(cy(T)) =400 et ig%l(cn(T)) = —oo}

n<—1 n——00

et

S = {(T, 1) eS(): ?{E?l(cn(T)) =2, lim (c,(T)) = +o0 et 711r%%l(c,l(T)) = —oo} .

n—+400

Cela nous amene a étendre la correspondance ® a des arbres étiquetés appartenant a g et <§
Pour les arbres étiquetés 8 € S, la construction se fait exactement de la méme maniere que dans
la Section 2.2. Pour 6 € S, il existe des coins n’ayant pas de successeurs; on complete donc la
construction en ajoutant un bord infini dont les sommets sont étiquetés par les entiers naturels,
et servent de successeurs a ces coins. Cette construction est détaillée dans la Section 1.3 du
Chapitre 3. Dans les deux cas, la carte obtenue ®(f) est une quadrangulation du demi-plan a
bord géodésique.
Notre résultat principal est le suivant :
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— —
Théoréeme 4. On note a%i = P(lx), Qo = @(g;), et Q ~ la quadrangulation du plan
obtenue en recollant aoo et Qoo le long de leurs frontiéres respectives, de maniére a ce que leurs

racines soient identifiées. On a la convergence en loi
K L) <=
QY — Ux
k—o00

pour la topologie locale.

On obtient ainsi une quadrangulation dans laquelle la racine appartient & une géodésique
doublement infinie, dont les “extrémités” correspondent a@oint a l'infini et au sommet racine
de 'UIPQ @oo. Notons que, malgré le fait que les lois de 0, et §; soient symétriques, ce n’est
pas le cas pour celles de () et <C_200. En effet, entre deux points du bord de &, il existe
une unique géodésique (égale au bord), tandis qu’on peut observer dans (). un “faisceau” de
géodésiques le long du bord. Cela résulte du choix de la géodésique la plus a gauche dans le
ré-enracinement de 'TUPQ.

Une perspective naturelle, dans une étude plus approfondie de la loi de 600, serait de
déterminer les symétries de sa distribution. Plus précisément, on peut envisager les deux trans-
formations suivantes :

— on commence par ré-enraciner () o le long de sa géodésique “la plus a droite”, en un point
situé a la méme distance de I'infini que sa racine initiale, puis on effectue une symétrie
par rapport a la (nouvelle) aréte racine;

— on effectue le méme ré-enracinement que dans le cas précédent, puis on inverse le sens de
I’aréte racine. N

Les symétries de la loi de 'UIPQ devraient assurer 'invariance de la loi de @  par la premiere
transformation. La seconde symétrie, qui revient a échanger les roles de eg et du point “a I’infini”
de 'UIPQ), est plus délicate a démontrer, et fait 'objet d’une étude en cours.



Chapitre 2

The vertex-cut-tree of
Galton-Watson trees converging to a
stable tree

Les résultats de ce chapitre sont tirés de 'article [28], publié dans Annals of Applied Pro-
bability.

1 Introduction and main result

Fragmentations of random trees were first introduced in the work of case of Meir and Moon
[48] as a recursive random edge-deletion process on discrete trees. Since then, it has been rec-
ognized that fragmentations of discrete and continuous trees appear in several natural contexts:
see, for example [17, 30] for a connection with forest fire models, [9, 14] for fragmentations of the
Brownian tree [7] and its relation to the additive coalescent, and [3, 49, 50] for fragmentations
of the stable tree of index a € (1,2) [32]. The fragmentations considered in the two last cases,
which arise naturally in the setting of Brownian and stable trees, are self-similar fragmentations
as studied by Bertoin [15], whose characteristics are explicitly known.

Several recent articles investigated the question of the asymptotic distribution of the number
of cuts needed to isolate a specific vertex, for various classes of random trees. In specific cases,
Panholzer [54] showed that the Rayleigh distribution arises naturally as a limit in this context,
and Janson [40] showed that this limiting result holds for general Galton—Watson trees with
a finite variance offspring distribution, using a method of moments. He also established a
connection to the Brownian tree, which is natural since the Rayleigh distribution is the law of
the distance between two uniformly chosen vertices in the CRT. Later, Addario-Berry, Broutin
and Holmgren [4] provided a different proof giving a more concrete connection to the Brownian
tree. Bertoin and Miermont [19] then studied the genealogy of the cutting procedure in itself,
which is related to the problem of the isolation of several vertices rather than just the root
(certain of these ideas were implicitly present in former papers, including [4, 17]). This allows to
code the discrete cutting procedure in terms of a “cut-tree,” whose scaling limit is shown to be a
Brownian tree, that describes in some sense the genealogy of the Aldous—Pitman fragmentation
9].

Note that the results of [4], by introducing a reversible transformation of the Brownian tree,
can be understood as building the “first branch” of the limiting cut-tree, the latter being a
kind of iteration ad libitum of this transformation. This transformation was extended in [2] in
the context of a fragmentation of stable trees. The main goal of the present work is to show
that the approach of Bertoin and Miermont [19] can also be adapted to Galton—Watson trees
with offspring distribution in the domain of attraction of a non-Gaussian stable law, showing
the convergence of the whole discrete cut-tree to a limiting stable tree. This gives in passing a
natural definition of the continuum cut-tree for the fragmentation studied in [50].

20
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Let us describe more precisely the result of [19] we are interested in. Consider a sequence
of Galton—Watson trees 7,, conditioned to have exactly n edges, with critical offspring distri-
bution having finite variance o2. The associated cut-trees Cut(7,) describe the genealogy of
the fragments obtained by deleting the edges in a uniform random order. It is well known that
the rescaled trees (o/y/n) - T, converge in distribution to the Brownian tree T see [7] for the
convergence of the associated contour functions, which implies that this convergence holds for
the commonly used Gromov-Hausdorff topology, and for the Gromov—Prokhorov topology. In
the present work, we will mainly use the latter. Bertoin and Miermont showed that there is in
fact the joint convergence

n—0o0

(\%7;, U\l/ﬁ cw(n)) D (T, cut(T)),

where Cut(7) is the so-called cut-tree of 7. Informally, Cut(7) describes the genealogy of the
fragments obtained by cutting 7 at points chosen according to a Poisson point process on its
skeleton. Moreover, Cut(7) has the same law as 7.

Our goal is to show an analogue result in the case where the 7, are Galton—Watson trees with
offspring distribution belonging to the domain of attraction of a stable law of index «a € (1,2),
and T is the stable tree of index «. For the stable tree, a self-similar fragmentation arises
naturally by splitting at branching points with a rate proportional to their “width,” as shown in
[50]. This will lead us to modify the edge-deletion mechanism for the discrete trees, so that the
rate at which internal vertices are removed increases with their degree. Therefore, we call edge-
fragmentation the fragmentation studied in [19], and vertez-fragmentation our model. Note that
more general fragmentations of the stable tree can be constructed by splitting both at branching
points and at uniform points of the skeleton, as in [3]. However, these fragmentations are not
self-similar (see [50]), and will not be studied here.

In the rest of the Introduction, we will describe our setting more precisely and give the exact
definition of the cut-trees, both in the discrete and the continuous cases. This will enable us to
state our main results in Section 1.4.

1.1 Vertex-fragmentation of a discrete tree

We begin with some notation. Let T be the set of all finite plane rooted trees. For every
T € T, we call E(T') the set of edges of T', V(T') the set of vertices of T, and p(T") the root-
vertex of T'. For each vertex v € V(T'), deg(v,T') denotes the number of children of v in T' (or
deg v, if this notation is not ambiguous), and for each edge e € F(T), e~ (resp. e™) denotes the
extremity of e which is closest to (resp. furthest away from) the root.

For any tree T" with n edges, we label the vertices of T" by v, v1,...,v,, and the edges of
T by eq,...,e,, in the depth-first order. Note that the planar structure of T' gives an order on
the offspring of each vertex, say “from left to right,” hence the depth-first order is well defined.
With this notation, we have v; = ej for all j € {1,...,n}.

We let T € T be a finite tree with n edges. We consider a discrete-time fragmentation on 7T,
which can be described as follows:

— at each step, we mark a vertex of T' at random, in such a way that the probability of

marking a given vertex v is proportional to degw;

— when a vertex v is marked, we delete all the edges e such that e™ = v.

Note that the total number of steps N is at most n. To keep track of the genealogy induced
by this edge-deletion process, we introduce a new structure called the cut-tree of T', denoted by
Cuty (7).

For all r € {1,..., N}, we let v(r) be the vertex which receives a mark at step r, E, = {e €
E(T) : e = v(r)} be the set of the edges which are deleted at step r, k, = |E,|, and for all
re{0,....,N}, D, ={ie{l,....,n} e € Uy, Er}. We say that j ~, 5/ if and only if ¢;
and e are still connected in the forest obtained from T by deleting the edges in D,.. Thus ~,
is an equivalence relation on {1,...,n} \ D,. The family of the equivalence classes (without
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3 4 12 13 14 16

Figure 2.1 — The cut-tree Cuty(7") of a tree T'. The order of deletion of the internal vertices of
T is indicated in Roman numerals. The correspondence between the edges of T and the leaves
of Cuty(7T') is indicated in Arabic numerals.

repetition) of the relations ~, for r =0,..., N forms the set of internal nodes of Cut,(T"). The
initial block {1,...,n} is seen as the root, and the leaves of Cut,(7) are given by 1,...,n. We
stress that we distinguish the leaves i and the internal nodes {i}.

We now build the cut-tree Cuty (7") inductively. At the r-th step, we let B be the equivalence
class for ~,_; containing the indices ¢ such that e; € F,. Deleting the edges in F, splits the
block B into k| equivalence classes Bi,..., By for ~,, with k. < k. + 1. We draw k, edges
between B and the sets B, ..., By, and k, edges between B and the leaves i such that e; € E;..
Thus, the graph-distance between the leaf ¢ and the root in Cuty(7) is the number of cuts in
the component of T' containing the edge e; before e; itself is removed. Note that Cuty(T") does
not have a natural planar structure, but that the actual embedding does not intervene in our
work. Figure 2.1 gives an example of this construction for a tree T" with 16 edges.

If T is a random tree, the fragmentation of 7' and the cut-tree Cuty(7') are defined similarly,
by conditioning on 1" and performing the above construction.

Note that, equivalently, we could mark the edges of T" in a uniform random order, and delete
all the edges e such that e~ = e, as soon as e; is marked. The cut-tree Cut,(7") would then be
obtained by performing the same construction with £, = {e € E(T') : e~ = ¢; }. This procedure
sometimes adds “neutral steps,” which have no effect on the fragmentation, but this does not
change the cut-tree. It will sometimes be more convenient to work with this point of view, for
example in Sections 2.1 and 4.

1.2 Fragmentation and cut-tree of the stable tree of index « € (1,2)

Following Duquesne and Le Gall (see, e.g., [33]), we see stable trees as random rooted R-trees.

Definition 1.1. A metric space (T,d) is an R-tree if, for every u,v € T,
— There exists a unique isometric map fu, from [0,d(u,v)] into T such that f,,(0) = u
and fy,(d(u,v)) =v.
— For any continuous injective map f from [0,1] into T, such that f(0) = wu and f(1) = v,
we have

S([0,1]) = fun([0, d(u, v)]) := [u,v] .
A rooted R-tree is an R-tree (T, d, p) with a distinguished point p called the root.

The trees we will work with can be seen as R-trees coded by continuous functions from [0, 1]
into R4, as in [33]. In particular, the stable tree (7,d) of index « is the R-tree coded by the
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excursion of length 1 of the height process H(®, defined as follows in [32]. Let X (@) be a stable
spectrally positive Lévy process with parameter o, whose normalization will be prescribed in
Section 2.2.1. For every t > 0, let X! be the process defined by

(@) (@) .
Xéa,t) _ X, - X(ta_s), fo<s<t
Xt(a) if s =1t,

and write ${*" = SUPg<,<s X for all r € 0, t].

Definition 1.2. The height process H@ s the real-valued process such that Hy = 0 and, for
every t > 0, Hy; is the local time at level 0 at time t of the process X (@t — §let),

The normalization of local time, and the proof of the existence of a continuous modification
of this process, are given in [32, Section 1.2]. This definition of 7 allows us to introduce the
canonical projection p: [0,1] — 7. We endow 7 with a probability mass-measure u defined as
the image of the Lebesgue measure on [0, 1] under p, and say that the rot of 7 is the unique
point which has height 0.

For the fragmentation of the stable tree, we will use a process introduced and studied by
Miermont in [50], which consists in deleting the nodes of 7 in such a way that the fragmentation
is self-similar. We first recall that the multiplicity of a point v in an R-tree T can be defined as
the number of connected components of 7'\ {v}. To be consistent with the definitions of Section
1.1, we define the degree of a point as its multiplicity minus 1, and say that a branching point
of T is a point v such that deg(v,T) > 2. Duquesne and Le Gall have shown in [33, Theorem
4.6] that a.s. the branching points in 7 form a countable set, and that these branching points
have infinite degree. We let B denote the set of these branching points. For any b € B, one can
define the local time, or width of b as the almost sure limit

L(b) = lim e 'uf{veT:be[pv],dbv) <e},
e—07t
where p is the root of the stable tree 7. The existence of this quantity is justified in [50,
Proposition 2] (see also [33]).

We can now describe the fragmentation we are interested in. Conditionally on T, we let
(ti,b;)ier be the family (indexed by a countable set I) of the atoms of a Poisson point process
with intensity dt ® » . L(b)dy(dv) on Ry x B. Seeing these atoms as marks on the branching
points of T, we let T(t) =T \ {b; : t; < t}.

For every z € T, we let T.(t) be the connected component of T () containing z, with the
convention that 7,(t) = 0 if x ¢ T(t). We also let u.(t) = u(72(t)). Adding a distinguished
point 0 to T, we define a function § from (7 U {0})? into Ry U {oo}, such that for all z,y € T,

0(0,0) =0, 0(0,2) =6(x,0) = /OO g (t)dt,
0

o
Slev) = [ (ualt) + my (e
t(,y)

where t(z,y) = inf {t € Ry : T,(t) # Ty(t)} is a.s. finite. We think of § as our new “distance”
in the cut-tree. This definition might seem surprising, but the results of Section 2.1 will show
that it provides an analogue of the distance we defined in the discrete case, in terms of number
of cuts; as will be explained in Section 3.1, it also has a natural interpretation as a time-change
between two fragmentation processes of the stable tree, studied in [49] and [50]. The role of the
extra point 0 in our (time-changed) fragmentation will be similar to the role played by the root
of 7 in the “fragmentation at heights” which will be introduced in Section 3.1.

A first idea would be to build the vertex-cut-tree Cut,(7) as a completion of (7 U {0},J).
However, making this idea rigorous is difficult, since it is not clear whether J is a.s. finite, and
defines a distance on 7 U {0}. We will instead use an approach introduced by Aldous, which
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consists in building a continuous random tree such that the subtrees determined by k randomly
chosen leaves have the right distribution. To this end, we use the conditions given by Aldous in
[7, Theorem 3].

Set £(0) = 0, and let (£(7));en be an i.i.d. sequence distributed according to yu, conditionally
on 7. The key argument of our construction is the identity in law

(€D 6G))iyz0 = (@AEG+1),6G + 1)), 50
which will be proven in Section 3.1. In particular, it implies that almost surely, for all 7,5 > 0,
0(£(7),£&(7)) is finite, and that J is a.s. a distance on {£(7),7 > 0}. This allows us to see the spaces
R(k) = ({€(i),0 <i < k},0), for all k£ € N, as random rooted trees with k leaves. Using the
terminology of Aldous, (R(k),k € N) forms a consistent family of random rooted trees which
satisfies the leaf-tight condition:

i 5(6(0),£(7)) = 0.

Indeed, the second part of Theorem 3 of [7] shows that these conditions hold for the reduced
trees ({£(i),1 <i<k+1},d). As a consequence, the family (R(k),k € N) can be represented
as a continuous random tree Cuty(7), and (0(£(¢),£(4)))s,j>0 is the matrix of mutual distances
between the points of an i.i.d. sample of Cuty (7). This tree Cuty(7) is called the cut-tree of
7. Note that Cuty(7) depends on 7 and on the extra randomness of the Poisson process.

1.3 Fragmentation and cut-tree of the Brownian tree

We will also work on the Brownian tree (7°",d"", p’"), which was defined by Aldous (see
[7]) as the R-tree coded by (H¢)o<t<1 = (2Bt)o<t<1, where B denotes the standard Brownian
excursion of length 1. This tree can be seen as the stable tree of index a = 2 (up to a scale
factor, with the normalization we will use). In particular, we have a probability mass-measure
pb" on TP defined as the image of the Lebesgue measure on [0, 1] under the canonical projection.
We also define a length-measure [ on 7", which is the sigma-finite measure such that, for all
w, v € T 1([u,v]) = d* (u,v).

The fragmentation of the Brownian tree we consider is the same as in [19]: conditionally
on T, we let (t;,b;)icr be the family of the atoms of a Poisson point process with intensity
dt ® I(dv) on Ry x TP As for the stable tree, we let T.’"(t) be the connected component of
T\ {b; : t; < t}, and pb () = por (T (1)), for every x € T*. Adding a distinguished point 0
to TP, we define a function 6" on (7" L1 {0})? such that for all z,y € T,

8 (0,0) =0,  8(0,z) = 6" (z,0) = / pbr(t)dt,
0

o) = | T )+ (),

br(@,y)
where " (z,y) = inf {t € Ry : T)"(t) # Eb’”(t)} is a.s. finite. As shown in [19], we can define a
new tree Cut(7°") for which the matrix of mutual distances between the points of an i.i.d. sample
of Cut(7°) is (6(£(i),£(5)))ij>0, where £(0) = 0 and (£(i))ien is an i.i.d. sequence distributed
according to p®", conditionally on 7°". Moreover, Cut(7%") has the same law as 7.

1.4 Main results

As stated in the Introduction, we mainly work in the setting of Galton—Watson trees with
critical offspring distribution v, where v is a probability distribution belonging to the domain of
attraction of a stable law of index « € (1,2). We shall also assume that v is aperiodic. Finally,
for a technical reason, we will need the additional hypothesis

o rP(Z =) ~
e ( P(Z > r) ) =0 1)
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where Z is a random variable such that P(Z = r) = rv({r}). For example, this is the case if
v({r}) is equivalent to ¢/r**1 as n — oo, for a constant ¢ € (0,00). In all our work, we shall
implicitly work for values of n such that, for a Galton—-Watson tree T" with offspring distribution
v, P(|JE(T)| =n) # 0. We let 7, be a v-Galton-Watson tree, conditioned to have exactly n
edges. We let 6,, denote the graph-distance on {0, 1,...,n} induced by Cuty(7,). We will use
the notation p,, for the root of T, and p, for the uniform distribution on E(7,) (by slight abuse,
n, will also sometimes be used for the uniform distribution on {1,...,n}).

Our main goal is to study the asymptotic behavior of Cuty(7,) as n — oo. To this end, it
will be convenient to see trees as pointed metric measure spaces, and work with the Gromov—
Prokhorov topology on the set of (equivalence classes of) such spaces. Let us recall a few
definitions and facts on these objects (see for example [36] for details).

A pointed metric measure space is a quadruple (X, D, m,x), where m is a Borel probability
measure on the metric space (X, D), and z is a point of X. These objects are considered up to
a natural notion of isometry-equivalence. One says that a sequence (X,,, Dy, my, x,) of pointed
measure metric spaces converges in the Gromov—Prokhorov sense t0 (Xoo, Doo, Moo, Too) if and
only if the following holds: For n € NU{oo}, set £,(0) = x,, and let &,(1),&,(2), ... be a sequence
of i.i.d. random variables with law m,,, then the vector (D, (&,(7),&.(7)) : 0 <14, j < k) converges
in distribution to (Dso(§00(7);€oc(7)) : 0 < i,j < k) for every k > 1. The space M of (isometry-
equivalence classes of) pointed measure metric spaces, endowed with the Gromov—Prokhorov
topology, is a Polish space.

In this setting, the stable tree 7 with index « can be seen as a scaling limit of the Galton—
Watson trees T,,n € N. More precisely, we endow the discrete trees 7, with the associated
graph-distance d,, and the uniform distribution m, on V(7,) \ {pn}. Note that m, is uni-
form on {v1(Tn),...,vn(Tn)}; by slight abuse, it will sometimes be identified with the uniform
distribution on {1,...,n}. For any pointed metric measure space X = (X, D,m,z) and any
a € (0,00), we let aX = (X,aD, m,x). With this formalism, there exists a sequence (an)neN
such that

— T, — T, (2.2)

in the sense of the Gromov—Prokhorov topology, and a,, = n'/®f (n) for a slowly-varying function
f. This is a consequence of the convergence of the contour functions associated with the trees
Tr, shown in [31, Theorem 3.1]. We will give a slightly more precise version of this result in
Section 2.2.2.

We can now state our main result:

Theorem 1.3. Let (ap)nen be a sequence such that (2.2) holds. Then we have the following
joint convergence in distribution:
Qn an,
(5270, 22 Cut (7)) ——— (T, Cuty (7)),
n n n—00
where M is endowed with the Gromov—Prokhorov topology and M x M has the associated product
topology. Furthermore, the cut-tree Cuty(T) has the same distribution as T .

Note that this generalizes Proposition 1.4 of [1], which gave the scaling limit of the number
of cuts needed to isolate the root in a stable Galton—Watson tree.

In the following sections, we fix the sequence (a,). For some of the preliminary results, we
will use a particular choice of this sequence, detailed in Section 2.2.1. Nevertheless, it is easy to
check that the theorem holds for any equivalent sequence.

To complete this result, we will study the limit of the cut-tree obtained for the vertex-
fragmentation, in the case where the offspring distribution v has finite variance (still assuming
that v is critical and aperiodic). More precisely, we will show the following:
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2

Theorem 1.4. If the offspring distribution v has finite variance o*, then we have the joint

convergence in distribution

g 1 1 br br
Qm%gm(“hJC“*%O;:Q(T7&MT>>
in M x M.

Let us explain informally why we get a factor o + 1/0, instead of the 1/0 we had in the case
of the edge-fragmentation. In the vertex-fragmentation, the average number of deleted edges at
each step is roughly >, kv (k) x k = 02+ 1. Thus, the edge-deletions happen o2 + 1 times faster
than for the edge-fragmentation. As a consequence (1/4/n) - Cuty(7y,) behaves approximatively
like (1/(02 +1)y/n) - Cut(Ty), i-e. (o +1/0)"(1/oy/n) - Cut(T,).

Also note that we would need additional hypotheses to extend this result to the more general
case of an offspring distribution belonging to the domain of attraction of a Gaussian distribution.
Indeed, as will be seen in the Section 4, the proof of this result relies on the convergence of the
coefficients n/a2: if v has finite variance, we may and will take a,, = o/, but in the general
case, this convergence is not granted.

For both of these theorems, it is known that the first component converges in the stronger
sense of the Gromov—Hausdorff-Prokhorov topology. However, as in the case studied by Bertoin
and Miermont, the question of whether the joint convergences hold in this sense remains open.

In the following sections, we will first work on the proof of Theorem 1.3: preliminary results
will be given in Section 2, and the proof will be completed in Section 3. The global structure of
this proof is close to that of [19], although the technical arguments differ, especially in Section
2. Section 4 will be devoted to the study of the finite variance case.

2 Preliminary results

2.1 Modified distance on Cut(7,)

We begin by introducing a new distance 4], on Cuty(7,), defined in a similar way as the
distance d for a continuous tree. We show that this distance is “close” enough to (an,/n) - on,
which will enable us to work on the modified cut-tree Cutl,(7y,) := (Cuty(75),d},).

Recall the fragmentation of 7, introduced in Section 1.1. We now turn this process into a
continuous-time fragmentation, by saying that each vertex v € V(T is marked independently,
with rate degv/a,. Equivalently, this can be seen as marking each edge of T" independently with
rate 1/a,, and deleting all the edges e such that e~ = e; as soon as e; is marked. Thus, we obtain
a forest T, (t) at time ¢. For every i € {1,...,n}, we let 7, ;(t) denote the component of T ,(t)
containing the edge e;, with the convention 7, ;(t) = 0 if e; & Tn(t), and piyi(t) = pn(Tn.i(t)).
Note that n, ;(t) is the number of edges in 7y, ;(t). For all ¢,j € {1,...,n}, we now define

5,(0.0) =0, 5,0.0) =8,.0) = [ (o)
0
%@ﬂz/ (i () + in5 (1)) i,
t”l (7/7])

where t,,(7, j) denotes the first time when the components 7y ;(t) and 7y, ;(t) become disjoint.

)

Lemma 2.1. For alli,j € {1,...,n}, we have

“ —6,,(0, z)‘ } = %E [0,(0,9)]

and

an

—E [4,(0,1) + 6,,(0,4)] -

E[a”
n

antid) - i) | <
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Proof. We work conditionally on 7,. Fix i € {1,...,n}. For all t € Ry, we let N;(t) be the
number of cuts happening in the component containing e; up to time ¢. Since each edge of T,
is marked independently with rate 1/ay, the process (M;(t))t>0, where

Ml(t) = %Nl(t) —/0 ,ui(s)ds,

is a purely discontinuous martingale. Its predictable quadratic variation can be written as

(M), = 2" /Ot pi(s)ds.

n

As a consequence, we have E[|M;(c0)[*] = E[(M;),]. Since

t
lim N;(t) = 0,(0,i) and lim [ pi(s)ds=4,(0,1),
0

t—o0 t—o0
we get
2
B |[26,0.) - 2,00 | = 25 [5,0.0)].
n n
For the second part, we use similar arguments. We fix i # j € {1,...,n}, and we write ¢;;

instead of t,(i,7). For all t > 0, let F; denote the o-algebra generated by 7, and the atoms
{(tr,ei,) : tr <t} of the Poisson point process of marks on the edges introduced in Section 1.1.
Conditionally on F;

177
Mij(t) := Mi(tij +t) — Mi(ti;) + Mj(tij + ) — M;(tij)
defines a purely discontinuous martingale such that

lim M;;(t) = %(%(bij,i) + 0n(bij, J)) — /OO pi(s)ds — /OO pi(s)ds

[27] tij
a .. ..
= Fn(sn(%]) - 6;(%])7

where b;; denotes the most recent common ancestor of the leaves i and j in Cuty(7,). Besides,
since the edges of 7, ; and 7, ; are marked independently after time ¢;;, the predictable quadratic
variation of M;; is

(M)

Gn
¢ = B
n

tij+t
/ <m@+w@m4.

tij

Since &}, (4,7) = 0,,(0,4) + 8,,(0,7) — 26,,(0, b;;), this yields

[ 20,00.0) - 8,60 | < SE[5,0.0) +5,0.0)].

2.2 A first joint convergence

In this section, we first state precisely the convergence theorems we will rely on to prove
the following lemmas. To this end, we work in the setting of sums of i.i.d. random variable
Sn = Z1+ ...+ Z,, where the laws of the Z; are in the domain of attraction of a stable
law. Under additional hypotheses, Theorem 2.2 below gives a choice of scaling constants a,, for
which S,,/a,, converges in law to a stable variable, and a formulation of Gnedenko’s local limit
theorem in this setting. Next, we will recall a result of Duquesne which shows, in particular, the
convergence (2.2). The version we will use is a joint convergence of three functions encoding the
trees T, and T. These results will allow us to prove a first joint convergence for the fragmented
trees in Proposition 2.5.
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2.2.1 Local limit theorem

We say that a measure m on Z is lattice if there exists integers b € Z, d > 2 such that
supp(m) C b+ dZ. We know from our hypotheses that v is critical, aperiodic, and v({0}) > 0,
and these three conditions imply that v is nonlattice.

For any (8 € (1,2), we let X (®) be a stable spectrally positive Lévy process with parameter

B, and pg’B) () the density of the law of Xt(’B). Similarly, for 3 € (0,1), we let X®) be a stable

subordinator with parameter 3, and q,gﬂ ) (z) be the density of the law of Xt(’B ). We fix the

normalization of these processes by setting, for all A > 0,
E [e—AXt(ﬁ)] =™ e (1,2)
E [e_Ath)} —e ™ B e (0,1).
We also introduce the set R, of regularly varying functions with index p.

Theorem 2.2. Let (Z;,i € N) be an i.i.d. sequence of random wvariables in NU {—1,0}. We
denote by Z a random variable having the same law as the Z;. Suppose that the law of Z
belongs to the domain of attraction of a stable law of index B € (0,2)\ {1}, and is nonlattice. If
B € (1,2), we also suppose that Z is centered. We introduce

n
Sn = ZZi, n > 0.
i=1

Then there exists an increasing function A € Rg and a constant ¢ such that
(i) It holds that

]P’(Z>7’)Nﬁ as r — oo. (2.3)

(ii) Letting a be the inverse function of A, and a, = a(n) for all n € N, we have
: @) (F
lim sup (a, P (S, =k)—p;' | — )| =0. (2.4)
n—oo kEN Ay,

Proof. Theorem 8.3.1 of [20] shows that, since Z > —1 a.s., the law of Z belongs to the domain
of attraction of a stable law of index 3 if and only if P(Z > r) € R_g3. Using Theorem 1.5.3 of
[20], we can take a monotone equivalent of P (Z > r), hence the existence of A such that (2.3)
holds with a constant ¢ which will be chosen hereafter.

The remarks following Theorem 8.3.1 in [20] give a characterization of the a, such that
S /ay converges in law to a stable variable of index . In particular, it is enough to take a,
such that n/A(a,) converges, so a = A~! is a suitable choice. We now choose the constant c
such that S, /a, converges to Xl(ﬁ ). The second point of the theorem is given by Gnedenko’s
local limit theorem (see, e.g., Theorem 4.2.1 of [39]). O

2.2.2 Coding the trees 7, and T

We now recall three classical ways of coding a tree T' € T, namely the associated contour
function, height function and Lukasiewicz path. Detailed descriptions and properties of these
objects can be found, for example, in [31].

To define the contour function C" of T, we see T, as the embedded tree in the oriented
half-plane, with each edge having length 1. We consider a particle that visits continuously all
edges at unit speed, from the left to the right, starting from the root. Then, for every ¢ € [0, 2n],
we let C’t[n] be the height of the particle at time ¢, that is, its distance to the root. The height

function is defined by letting Hj[n] be the height of the vertex v;. Lastly, for all i € {0,...,n},
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Figure 2.2 — The contour function (Ct[”],o <t < 2n+2), height function (Hj[n},j =0,...,n+1)

and Lukasiewicz path (I/ij,j =0,...,n+ 1) coding a realization of Ty.

nj

we let Zi[ 41 be the number of offspring of the vertex v;. Then the Lukasiewicz path of 7, is
defined by

J
w=N"zZ" 4 j=0,..n+1
i=1
With this definition, we have deg(v;, 7p,) = W][er]l - Wj[n] +1. We extend CI" and H[™ by setting
C’t[n] =0 for all ¢t € [2n,2n + 2] and Hgﬁl_l = 0 (this will allow us to keep similar scaling factors
for the rescaled functions we introduce in Theorem 2.3). Figure 2.2 gives the contour function,
height function and Lukasiewicz path associated to the tree we used in Figure 2.1.
We also use a random walk (W;);>¢ with jump distribution v(k + 1):

J
W=y Zi—j, j=0,
i=1

where (Z;);en are i.i.d. variables having law v. Note that (Wj[n],j =0,...,n+ 1) has the same
law as (W;,5 = 0,...,n+ 1) conditionally on Wy,11 = —1 and W; > 0 for all j < n. In other
terms, (W),)n>0 has the same law as the Lukasiewicz path associated with a sequence of Galton—
Watson trees with offspring distribution v. From now on, we let A and a be functions given by
Theorem 2.2 for the sequence of i.i.d. variables (Z; — 1);en. Thus, we have the convergence
L, @, x\, (2.5)

an n—00

Finally, let (X;)o<t<1 be the excursion of length 1 of the Lévy process X(©@) and (Hy)o<t<1 be
the excursion of length 1 of the process H(® defined in Section 1.2. We will use the following
adaptation of the results shown by Duquesne in [31]:
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Theorem 2.3 (Duquesne). Consider the rescaled functions c™, H™ and X™ | defined by

(n) _ On ~[n] (n) _ Gn [n] n) _ 1
Ct - n C(2n+2)t7 Ht - n Hl_(n‘i’l)tj’ Xt == an Wt(n+1)tJ

for allt € [0,1]. If v is aperiodic and hypothesis (2.5) holds, then we have the joint convergence

(ctm), . Xt(n)>ogt31 % (Hy, Hy, Xi)o<rer -

Proposition 4.3 of [31] shows the convergence of the corresponding bridges (with a change
of index which comes from the fact that we are working on trees conditioned to have n edges
instead of n vertices). Using the continuity of the Vervaat transform as in the proof of [31,
Theorem 3.1] then gives the result.

The fact that these convergences hold jointly will be used in the proof of Lemma 2.4 below.
Apart from this, we will mainly use the convergence of the rescaled Lukasiewicz paths X,
because of the following link between the rates of our fragmentation and the jumps of X ™.
Recall from Section 1.2 that p: [0,1] — 7 denotes the canonical projection from [0, 1] onto 7.
Now, the set of the branching points of 7 is {p(t) : t € [0,1] s.t. AX; > 0}, and the associated
local times are L(p(t)) = AX; (see [33, proof of Theorem 4.7] and [50, Proposition 2]). Similarly,
we introduce the projection p,, from K,, := {1/(n+1),...,1} onto V(7,), such that p,(j/(n+1))
is the vertex v;_1 of 7,,. Thus, for all t € K,,, we have

AX™ = ai(deg(pn(t), Ta) = 1). (2:6)
n
We conclude this part by showing another result of joint convergence, for the Lukasiewicz
paths of two symmetric sequences of trees. For all n € N, we introduce the symmetrized tree
7»., obtained by reversing the order of the children of each vertex of T;,. We let W[ denote the
Lukasiewicz path of 7y,. (We would obtain the same process by visiting the vertices of 7,, “from
right to left” in the depth-first search.) Finally, we define the rescaled process X () by

sn) _ 1 ]
X, = awt(nﬂ)tJ vt € [0, 1].

Lemma 2.4. There exists a process (Xi)o<i<1 such that there is the joint convergence

(x(m, X0y D (X, X). (2.7)
Moreover : .
— the processes X and X have the same law.

— for every jump-time t of X,
Aletfl(t) = AXt a.s.,
where I(t) =inf {s > t: Xs = X;-} — t.

Proof. Since Ty, and 7, have the same law, X (™ converges in distribution to an excursion of the
Lévy process X (@ in the Skorokhod space ID. Thus the sequence of the laws of the processes
(X)), X’(”)) is tight in D x . Up to extraction, we can assume that (X ™) X(”)) converges in
distribution to a couple of processes (X, X).

Foralln e N, j € {0,...,n}, asimple computation shows that the vertex v;(7,) corresponds
to v;(’ﬁb), where

j=n—j+H" D"
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and Dj[.n] is the number of strict descendants of v;(7,). Note that DJ[-"] is the largest integer such

that W, > W™ for all i € [j,j + DI"']. Then (2.6) shows that we have
AX® =Ax™ . (2.8)
(n—j+H" D" 1) /(n41) (G+1)/(n+1)
For all n € NU {00}, we let (sl(-n))ieN be the sequence of the times where X (™ has a positive

jump, ranked in such a way that the sequence of the jumps (AX (Zln)))ieN is nonincreasing. We
84

define the (égn))iEN in a similar way for the X(™), n € NU {oc}. Fix i € N. Then (2.8) can be
translated into

) _ 4 () 1 [n] _
5 =1—s; +n+1(14—1'—1'“&1)51('")_1 D(n+1)s§.")—1>' (2.9)

Using the Skorokhod representation theorem, we now work under the hypothesis

(n) y(n)
<th X" )ogtgl — (Hy, Xt)o<i<i a.s.

Then the following convergences hold a.s., for all 4 > 1:

S(R) — S
n—o0

Ax® —— AX,,

i n—oo
L il
(n) 0
n+1 (n+l)s;"”—1 n—oo
1
p™ 1(sy).

n+1 (n+1)52”),1 n—00
The first two convergences hold because the AX,, are distinct, and the last one uses the fact
that a.s.

As a consequence, Egn) converges a.s. to 1 —s; — I(s;). Thus §; = 1 — s; — I(s;) a.s., and

AX 5; = AX,, a.s. (Since the discontinuity points are countable, this holds jointly for all ).
The Lévy-It6 representation theorem shows that X can be written as a measurable function
of (8;, AXj3,)ien. This identifies uniquely the law of (X, X), hence (2.7). O

2.2.3 Joint convergence of the subtree sizes

Recall from Section 1.2 that (£(i),7 € N) is a sequence of i.i.d. variables in 7", with distribution
the mass-measure p, and £(0) = 0. For all n € N, we introduce independent sequences (&, (i), €
N) of i.i.d. uniform integers in {1, ..., n}, and set &,(0) = 0. Recalling the notation of Section 2.1,
we let 7, (7, j) = tn(£n(i),§n(j)) be the first time when the components Ty, ¢ ;y(t) and Ty, ¢, () (t)
become disjoint. Similarly 7(i, ) will denote the first time when the components containing (%)
and £(j) become disjoint in the fragmentation of 7. Our goal is to prove the following result.

Proposition 2.5. As n — oo, we have the following weak convergences
a d
g W, 1
n
. (d) .
(Tn(8,5))i jen — (7(2,3)); jen

(d)
(“n,in(i) (t))ieN,tZO — (“5(2’) (t))z‘eN,tzo’

where the three hold jointly.
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For the proof of this proposition, it will be convenient to identify the &, (i) with vertices of
T, instead of edges. As noted in [19, proof of Lemma 2|, this makes no difference for the result
we seek.

We let ‘
() _ Enl0) +1

v n+1

9

= p(t;), with a sequence
(ti;,i € N) of independent uniform variables in [0,1]. The sequence (tg"),z' € N) converges in
distribution to (¢;,7 € N). Since these sequences are independent of the trees 7, and T, the

Skorokhod representation theorem allows us to assume

so that pn(tl(-n)) = Vg, (i)(Tn). Furthermore, we may and will take ()

(x0, %) — (X, %) as.
(n) e (2.10)
(ti i€ N) — (ti,i € N)  as.
n—0o0
We will sometimes write Xt(oo) and tgoo) for X; and t;, when it makes notation easier.
For any two vertices u, v of a discrete tree T', we introduce the notation

[woly =[] AVT)  and oy = [ ol \ {u 0},
where [u, v] is the segment between u and v in T' (seen as an R-tree).

Definition 2.6. Fiz T' € T. The shape of T is the discrete tree S(T) such that

V(S(T)) ={veV(T):degv # 1}
E(S(T)) = {{u,v} € V(S(T))* : Vw € [Ju,v[,, degw =1} .

Note that this definition can easily be extended to the case of an R-tree (7, d) having a
finite number of leaves, by using the “convention” V(T') = {v € T': degv # 1} in the previous
definition.

For all n,k € N, we let R, (k) denote the shape of the subtree of T, spanned by the vertices
&n(1), ..., &, (k) and the root. Similarly, R (k) will denote the shape of the subtree of 7 spanned
by £(1),...,£(k) and the root. For all n € NU {oo}, we let V,,(k) be the set of the vertices of
R (k), and we identify the edges of R, (k) with the corresponding segments in 7. In particular,
for any edge e = {u,v} of Ry (k), we write w € e if w € Ju,v[;,. We let L, (v) denote the rate
at which a vertex v is deleted in 7. Recall from Section 2.1 that L, (v) = deg(v, T,)/an.

Lemma 2.7. Fix k € N. Under (2.10), R, (k) is a.s. constant for all n large enough (say
n > N ). Identifying Vy (k) with Vo (k) for alln > N, we have

(Lp(v),v € Vi(k)) —— (L(v),v € Vo (k)) a.s.

n—o0

The above convergence can be written more rigorously by numbering the vertices of R, (k)
and Roo(k), and indexing on i € {1,...,|Vs(k)|}, but we keep this form to make the notation
easier.

Proof. For all n € NU {o0}, s < t € [0,1], we let

I = if x(,

’ s<u<t @

and for all 7,5 € N,

(n) _ () A )| g(n)  _ y(n)
tij —sup{se [O,ti Nt }.I 1 }

(n) (n)
s,t; s,tj
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Note that pn( i ) is the most recent common ancestor of the vertices &, (i) and &,(j) in T,. If

(n) _ 4m) ) s

for example ¢; 7 < t; ", we can rewrite tl(-j

sup {S € {O,tgn)] : Xs(n) I:(T:L)) t(")}

Besides, for n = 0o, we can replace the inequality in the broad sense by a strict inequality:
t;j = sup {s €[0,t] : Xy- < Iti,tj} .
With this notation, it is elementary to show that the following properties hold a.s. for all
i, J,i', 5" > 0
(i) X is continuous at ¢;, and Xt((’l)) converges to X, as n — oo.
(ii) tg-L) converges to t;; as n — 00.

(iii) Xt(::% converges to Xy,; and X(( (20) converges to Xy, )- as n — oo.
ij ij

(iv) If t;; = tyj, then t(n) <,7;), for all n large enough.
We now fix k£ € N. We introduce the set

Bn(k):{tgn):z'eu, }} {” ijell,. }}u{o}

of the times coding the vertices of R, (k). We let N, (k) be the number of elements of B, (k), and
bl(»n’k) be the ith element of B,,(k). Properties (i)-(iv) can be translated into the a.s. properties:

(i) For n large enough, N, (k) is constant.
(ii)” For alli € {1,..., Noo(k)},

) oo

v n—oo

(n)
X0 —— Xy

b n— 00
(n)
X(b("‘k))* a0 X -

Moreover, R, (k) and the L,(v), v € V,(k), can be recovered in a simple way using By, (k) and
the X\, b € By (k):
— Construct a graph with vertices labeled by B, (k), the root having label 0.
— For every b € B, (k) \ {0}, let ¥ denote the largest " < b such that " € B, (k) and
X 15,7} ) <X, (n) , then draw an edge between the vertices labeled b and b'.
— For each vertex v labeled by b € B, (k), let L, (v) = AX,ETL) + 1/ay,.
This entails the lemma. O

This first lemma allows us to control the rate at which fragmentations happen at the vertices
of Ry, (k). We now need another quantity for the fragmentations happening “on the branches”
of R, (k), that is, at vertices v € V(T,) \ Vy,(k). For every n € NU {oo}, we let

on(t)= Y Ax{M  wvtelo1].

0<s<t
xM<rfy

If n € N, the quantity a,0,(t) is the sum of the quantities degv — 1 over all strict ancestors
v # pn, of py(t) in 7y,. Similarly, o(t) is the (infinite) sum of the L(v) for all branching points v
of T that are on the path [p(t), p].
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Lemma 2.8. With the preceding notation, in the setting of (2.10), for alli € 1,...,N(k), we
have the convergence

on (0 —— o (B s,

n—oo

Proof. We fix i € N, and let b, = bz(»n’k) to simplify the notation. For all n € NU {co}, we write
on(t) = o, (t) + o, (t), where

o= Y (Is(f;)—XS(T)).
0<s<t
x{W<r)

For any s,t such that 0 < s < t and Xs(ﬁ) < Iégf), the term an(Xén) - IS(Z)) corresponds to
the number of children of p,(s) that are visited before p,(¢) in the depth-first search, and
an (I S(T;) - XS_L)) is the number of children of p,(s) that are visited after p,(t). Writing the same
decomposition &, (t) = &, (t) + &7 (t) for the trees T, and recalling (2.9), we thus get

U;_(bn) =0, (bn)s
where
= [n] [n]
bn=1=bnt +1 (1 + H g1y, -1 ~ D(n+1)bn71> '

Now we note that for all ¢ > 0, we have o, (t) = Xt(f) and o (t) = X;,~. As a consequence,
using (2.10), we get

On

(by) —— Xp- a.s.

n—oo

The same relation for &,, and X (™) and the fact that b, converges a.s. tob:=1—b— I(b), show
that

S+
~—~
S
S
S~—
I
Qe
S
—~
S
S
N—
i
|

g, a.s.

Thus o, (b,) converges a.s. to o (b) + 62 (b). To show that this quantity is equal to o (b), we
introduce the “truncated” sums o, .(t), o, .(t), 0, .(t), obtained by taking into account only
the s € (0,¢) such that Xs(ﬁ) < Ig?) and AX™ > . Foralln e NU {o0}, these quantities are
finite sums. Therefore, the a.s. convergence (2.10) implies that for all € > 0,

Thus 000 e(b) = 05, () + G - (b). By letting € — 0, we get 000(b) = 05, (b) + 75,(b). O
We now come back to the proof of Proposition 2.5.

Proof of Proposition 2.5. For all n € NU {oco}, we add edge-lengths to the discrete tree R, (k)
by letting
l({u,v}) = dy(u,v) ifneN,
EOO(‘[”? U}) = d(“a U)a
for every edge {u,v}. Let R)(t) denote the resulting tree with edge-lengths. We now write

Ry (k,t) for the tree R} (t) endowed with point processes of marks on its edges and vertices,
defined as follows:
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— The marks on the vertices of R, (k) appear at the same time as the marks on the corre-
sponding vertices of 7.

— Each edge receives a mark at its midpoint at the first time when a vertex v of 7, such
that v € e is marked in 7,,.

For each n, these two point processes are independent, and their rates are the following:

— Each vertex v € V,(k) is marked at rate L, (v), independently of the other vertices.

— For each edge e of R, (k), letting b, b’ denote the points of B, (k) corresponding to e~ ,e™
(as explained in the proof of Lemma 2.7), the edge e is marked at rate XL, (e), indepen-
dently of the other edges, with

SLo(e)= > Ln(v)

veV (Tn)Ne

o AN n (n) _ (”) _ —
=op(b) —on(b) + —a% (H(b’)* H,_ ) Ly(e™)
if n € N, and

SLeo(e) =XL(e) = > L(v) = 0oo(t) — 0oo(b) — Lle).
veV(T)Ne

Now Lemmas 2.7 and 2.8 show that L, (v) and XL, (e) converge to L(v) and X L(e) (respectively)
as n — 0o. Therefore we have the convergence

(%”Rn(k,t),t >0) :LH (Roo (k. 1), > 0), (2.11)

where (a,/n) - Ry (k,t) and Reo(k,t) can be seen as random variables in T x (R U {—1})N x
{-1,0, 1}N2: for example,

(an/n) - Rn(k,t) = (Rn(k), (li)i>1, (6v (i,1))i>0, (6E(3,))ix>1) ,
where

3 _{ (an/n) - £(e;(Ru(k))) if i < Np(k)
-t if i > N, (k)

(1 if i < Np(k) and the vertex v;(R,,(k))
has been marked before time ¢
dv(i,t) =4 0 if i < N,(k) and the vertex v;(R,(k))
has not been marked before time ¢
[ —1 ifi> Ny(k)

1 if i < N,(k) and the edge €;(R,(k))
has been marked before time ¢
dp(i,t) =< 0 ifi < N,(k) and the edge ¢;(R,(k))
has not been marked before time ¢
—1 ifi > N,(k)

(recall that Ny (k) is the number of vertices of R, (k)). Note that we could keep working under
(2.10) to get an a.s. convergence, but this is no longer necessary.

The rest of the proof goes as in [19]. For every i € N, we let 7, (k,?,t) denote the number of
vertices among &, (1), ..., &, (k) in the component of R,,(k) containing &, (i) at time ¢. Similarly,
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denote by 7.0 (k,7,t) the number of vertices among £(1),...,£(k) in the component of R (k)
containing &(7) at time ¢. It follows from (2.11) that we have the joint convergences

ng Dy
n

; d ,
(k6 6))is0ien 2 (100 (ks 4, ) Jis0.ien

(T 7)) jers 2 (7, )i jen-

Besides, the law of large numbers gives that for each ¢ € N and ¢ > 0,

1 .
Enoo(k,l,t) m Mg(i)(t) a.s.

Thus, for every fixed integer [ and times 0 < t; < ... < t;, we can construct a sequence k, — 00
sufficiently slowly, such that

1 . (d)
(kﬁn(km%ta’)> — (heiy(t5))ijeqn,.. i3
n igell,..0}

or equivalently (see [9, Lemma 11])

(d)
(Mn,&n(i) (tj))i7je{17_._7l} — (:u.ﬁ(z‘) (tj))i,je{l,.‘.,l}v

both holding jointly with the preceding convergences. This entails the proposition. O

2.3 Upper bound for the expected component mass

To get the convergence of (T, Cuty (7)), we will finally need to control the quantities

E [ /2 LOO fin. &, (t)dt} :

where &, is a uniform random integer in {1,...,n}. Our main goal is to show that these
quantities converge to 0 as [ tends to oo, uniformly in n, as stated in Corollary 2.15.

To this end, we will sometimes work under the size-biased measure GW*, defined as follows.
We recall that a pointed tree is a pair (7', v), where T is a rooted planar tree and v is a vertex
of T. The measure GW* is the sigma-finite measure such that, for every pointed tree (7', v),

GW*(T,v) =P(T =T),

where T is a Galton—Watson tree with offspring distribution v. We let E* denote the expectation
under this “law.” In particular, the conditional law GW* given |V (T')| = n + 1 is well-defined,
and corresponds to the distribution of a pair (7,,v) where given T,, v is a uniform random
vertex of T,. Hereafter, T' will denote a v-Galton—Watson tree, whose expectation will either be
taken under the unbiased law or under a conditioned version of the law GW*. Recall that we
only consider values of n such that P, =P (|V(T)|=n+1) #0.

For all m,n € N such that m <n and P,, # 0, for all t € R, we define

Em,n(t):%ﬂz doexp|— > deg(u,Tm)i : (2.12)

G
e€E(Tm) u€lpm.e~ ]y

and E,(t) = E, ,(t). Equivalently, we can write

1, t
Epn(t) = —E Y exp| - ) deg(u, T)— | | [V(T)] =m +1
ecE(T) u€lp(T)e" 1y "
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<
>

T T

Figure 2.3 — The trees T, TV and T? obtained from a pointed tree (T, v).

For all m < n, we also use the notation
Prn =P ([V(T,)|=m+ 1 |V(T)| =n+1),

where T, denotes the tree formed by v and its descendants. Our first step is to show the
following:

Lemma 2.9. Let &, be a uniform random edge of T,,. Using the previous notation, we have

n—1
Eline, (0] < ~e Vo 42| Eut)+ S P Epn(t) | - (2.13)
n — n
Pm#0
The proof of this lemma will use Proposition 2.10 below. Let us first introduce some notation.
For all v € V(T'), we let T be the subtree obtained by deleting all the strict descendants of v
in T', and as before, T}, be the tree formed by v and its descendants. We define a new tree T Ch
constructed by taking TV and modifying it as follows:
— we remove the edge e(v) between v and p(v);
— we add a new child ¢ to the root, and let é; denote the edge between ¢ and the root;
— we reroot the tree at p(v).
An example of this construction is given in Figure 2.3. Note that we have natural bijective
correspondences between V (T'), (V(T%)\ {v}) UV (T,) and (V(1?)\ {6}) UV (T,), and between
E(T), E(T") U E(T}) and E(T?) U E(T,). Furthermore, one can easily check that for all u €
V(T?)\ {0}, we have deg(u, T?) = deg(u,T), and for all u € V(T},), deg(u, T,) = deg(u,T).
This transformation is the same as in [19, p.21], except that we work with rooted trees
instead of planted trees. In our case, adding the edge é; and deleting e(v) mimics the existence
of a base edge. Thus, we can use Proposition 2 of [19]:

Proposition 2.10. Under GW*, (T°,T,) and (T?,T,) have the same “law,” and the trees T"
and T, are independent, with T, being a Galton—Watson tree.

Proof of Lemma 2.9. In this proof, we identify &, with the edge e¢,, to make notation easier.
We first note that for each edge e € E(7T,), e belongs to the component 7, ¢, (¢) if and only if no
vertex on the path [e™, &, ], has been removed at time t. Given 7, and &,, this happens with
probability

exp | — Z deg u - i

wele g, o
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(for any vertex wu, at time t, u has been deleted from the initial tree with probability 1 —
exp(—degu - t/ay)). Thus,

t
Efpng] =E| Y, lerqu| =E| X ew|— ) degu -
e€E(Tn) e€E(Tn) uele & ], "

Since the edge &, is chosen uniformly in E(7,), this yields

1 t
E [npne,] = ﬁE Z exp | — Z degu .
| e£€E(Tn) uele= &1y "
1 t
= EE Z Lostp(Tn) Z exp | — Z degu - ,
[veV(Tn) e€E(Tn) u€le p(v)]y
where p(v) denotes the parent of vertex v. Hence, calling A, (T) the event {|V(T)| =n+ 1},
n+1_, t
E [nun,fn] = n E 1U7ép(T) Z exXp | — Z degu a An(T)
e€E(T) uele=,p(v)]y "

Distinguishing the cases for which e € E(T},),e € E(T") \ {e(v)} and e = e(v), we split this
quantity into three terms:

1
E [npine,] = (1 + n) (X, + X% 4 &), (2.14)
where
* t
Vo =E* Lozpry Y, exp | = D (deg(u,T) +degp(v)) — | |An(T) |,
e€E(Ty) u€le= ], "
* oy T
Y =E* | Lyzpr) Z exp | — Z deg(u, T )a— An(T) ],
I e€B(T")\{e(v)} uele= p(o)ly "
and
" t
gy =E ll#p(T) exp <— degp(v)a) A (T)
For the first term, we have
* t
Sy <E {1#,)@) > exp ( > deg(u,ma) A,(T)
e€B(Ty) uelp(Ty),e~ ]y "

Since |V(T')| = |V(Ty)| + |V(T?)| — 1, this gives

t ‘V(Tv)| =m+1,
3 exp ( > deg(“vTv)an> v<T”>nm+1}

n—1
Sy <> BB
m=1 e€E(Ty) u€lp(Tv)e~ 1y

Pm#0
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(m = n would correspond to the case where v = p(T'), and m = 0 to the case where E(T,) = 0).
Proposition 2.10 gives that the trees T;, and T are independent, with T, being a Galton—Watson
tree. Hence

5, < Z Py B Z exp | — Z deg(u,T)ai Ap(T)
ﬁ?n:;él(] EEE(T) UGHP(T)’67HV
n—1
< > Py amEna(t). (2.15)
Pt

For the second term, we use the correspondence between E(T%) \ {e(v)} and E(T?)\ {é;},
and the fact that p(7T?) = p(v):

v * 2l t
SU=FE Ly >, exp|— Y deg(u,T ) | |An(T)
ecB(T")\{es} uelp(T?)e~ Ty "
This gives
PPN
E’U < ]E* _ vy _" n
<B| Y ew > deg(u ) | |4(T)
e€E(T?) u€lp(T?),e~ v
Using the fact that TV and T? have the same law under GW*, we get
t
E’U < E* _ vy _"
< | Y ew > deg(uT")- | Au(T)
e€E(TV) u€lp(Tv),e~ ]y
Seeing E(T") as a subset of E(T'), we can write
¥ <E* Z exp | — Z deg(u, T Ap(T)| =nEy(t). (2.16)
e€B(T) u€lp(T),e~ ]y
For the third term, we simply notice that
n
< o 7t/(ln. .
€0 S n Te (2.17)
Putting together (2.15), (2.16) and (2.17) into (2.14), we finally get
1
E [npine, ()] < e o 4 (14 = Enmnl
g, (0 < ot (142 ) | Z By (1)

Pm;éO

Thus

1 _ 1 i, . m
e (R | RXCRD SR T
PO
O

Next, we compute E,,,(t). To this end, we introduce two new independent sequences of
i.i.d. variables:
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N

— (Z;)i>1 with law 0, where 1 is the size-biased version of v;
— (N;)i>1, with same law as the number of vertices of a Galton-Watson tree with offspring
distribution v.
For all k,h € N, we also write

h k
Sy, = ZZ and Y, = ZN
=1 =1

Lemma 2.11. For every m,n € N such that m <n and P, # 0, one has
Bpn(t)=—5 > e "mP(S, = k)P (Vicpr =m—h+1). (2.18)
mbP,,
1<h<k<m

Proof. We first note that relation (2.12) can be written otherwise, using the one-to-one corre-
spondence e — et between E(T) and V(T) \ {p(T)}:

1
Enn)=-E| Y ep(- Y de@n) | |IBD)=m]|.
VeV (T)\p(T) uep(T).p(w)]y "

We thus have

1
Epa)=——-B| Y e~ Y des( D) | |ET)=m
mitom, an
veV(T)\p(T) u€lp(T),p(v)]y
1, t
= umE 1U7ép(T) exXp | — Z deg(u,T)a ) |E(T)| =m

uw€lp(T),p(v)]y

We now use the following description of a typical pointed tree (T, v) under GW* (see the proof
of Proposition 2 of [19] and [46]):

— The “law” under GW™* of the distance h(v) of the pointed vertex v to the root is the
counting measure on N U {0}.

— Conditionally on h(v) = h, the subtrees T;, and T? are independent, with T, being a
Galton-Watson tree with offspring distribution v, and T having GW}’ law, which can be
described as follows. T has a distinguished branch B = {u; = p(T"), ug, ..., up+1 = v}
of length h. Every vertex of TV has an offspring that is distributed independently of
the other vertices, with offspring distribution v for the vertices in V(TV) \ B, v for the
vertices uq, . .., up, and up41 having no descendants. The tree TV can thus be constructed
inductively from the root ui, by choosing the ith vertex wu; of the distinguished branch
uniformly at random from the children of u;_.

In this representation, conditionally on having h(v) = h, [p(T), p(v)], equals {u1,...,us} and,
for every i € {1,...,h},
deg(u;, T) = Z;.

Besides, the total number of vertices of T is the sum of the number of vertices h of B\ {v}, of
h .

|V (T,)|, and of the |V(Ty)| for u such that p(u) € B\ {v} and u ¢ B. There are ) (Z; — 1)
i=1

such trees T,,. Hence under GW™*:

B =v@)-12y, L
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Thus

h
1 .
Em7n(t) = mTZ]E exXp <_ZZZG> ,Yh :m_h+1
n

1 N
=—— > e FmP(S, = k)P (Yipyr =m—h+1).
M 1 <h<k<m
L]

We now compute upper bounds for the terms P (Yj_jpi1 =m —h+1), P(S, = k) and
(mP,,)"L.

Upper bound for P (Yy_py1 =m—h+1)
Recalling the notation of Section 2.2.2, we have
P (Y, =n) =P (W, = —k and, Vp <n, W, > —k)

k
= “P (W, = k).

The second equality is given by the cyclic lemma (see [55, Lemma 6.1]). We will now use the
fact, given by Theorem 2.2, that

lim sup |a,P (W), = —k) —pga) (—)‘ =0. (2.19)

n—0o0 kEN
For all s,z € (0,00), we have
wpl™ (—x) = 5¢{"/%)(s).

(see, e.g., [13, Corollary VIIL.1.3]). Taking s =1 and = = k/a,, this gives

k' (a k o
o (<) =,

Qn (7%
Thus
)= ey = R @k
nlP (Yn - ) qk/an (1) - an (an]P) (Wn = ]{7) Y2 < an)) ,

and we get

1 N N

B =) < 3 ([n (0 = )= 0| + 47 )
(o (5) o (-2))
i Qn Qg

Since pga) is bounded and (2.19) holds, there exists a constant M € (0,00) such that, for all
k,n €N,

Thus, we have the following upper bound:

k—h+1
P(Y;_ =m-—h+1)< M. 2.20
( k—h+1 m )— (m_h+1)am7h+1 ( )
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Upper bound for P(S), = k)

We use Theorem 2.2 for the i.i.d. variables (Zi)iGN- Let A€ R,_; be an increasing function
given by (i), such that
1
A(r)’

P<21>T‘>N

and @ be the inverse function of A. Then
R A a k
anlP (Sh o k) qg K (&h) ’ =0

Using the fact that q%ail) is bounded, and writing

(-2 (b ) (3] (2),

we get the existence of a constant M’ € (0,00) such that, for all h, k € N,

lim sup
h—00 LeN

ED(Sh::k> ggg. (2.21)

Furthermore, when & is small enough, we have a better bound for P(S}, = k):

Lemma 2.12. Using the previous notation, if hypothesis (2.1) holds, then there exist constants
B, C such that for all k € N, for all h such that k/ap > B,

M&:@gcﬁ.
kA(k)
This result is an adaptation of a theorem by Doney [29]. The main ideas of the proof, which
is rather technical, will be given in the Appendix.
Besides, using the fact that A is regularly varying and an Abel transformation of P(Z > r),
we get that

as r — oo. (2.22)

Upper bound for (mP,,)!
We have

()
Py = B(|B(T)| = m) ~ 2L

(this is a straightforward consequence of the cyclic lemma and the local limit theorem). This
gives the existence of a constant K € (0, 00) which verifies, for all m such that P, # 0,

1
—— < Kayy,. 2.23
mPy, — m ( )
Before coming back to the proof of Corollary 2.15, we give another useful result on regularly
varying functions.

Lemma 2.13. Fiz § € (0,00). Let f be a positive increasing function in Rg on Ry, and xg
a positive constant. For every 6 € (0,0), there exists a constant Cs € (0,00) such that, for all

' > x> x,
I\ B9 / I\ B+o
Sz f(@') x
' (3) <gmea(i)
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This result is a consequence of the Potter bounds (see, e.g., Theorem 1.5.6. of Bingham et
al. [20]). In particular, it implies that for all x bounded away from 0, for all z > 1,

5t < J;((x)) < C52P7%0, (2.24)

and likewise, for all z € (0,00), z < 1 such that zz is bounded away from 0,

s o fe2) _ f(x2) 85
C5 12840 < E) = Tl < 0529, (2.25)

We can finally state the following.

Lemma 2.14. We have

oo
lim sup/ E,(t)dt =0, (2.26)
and
*m
lim sup sup —Epn(t)dt = 0.
=00 peN1<m<nJot N
P20

Proof. For every n,l € N, we let

L= / B (t)dt.
2l

Putting together (2.18) and (2.23), we have

n k
t) < Kap Y. Y e M/mp (Sh - k:) P(Yipir=n—h+1).
k=1 h=1

This yields

n

k
1 o/,
I, < Kad? 1;}{ 2k/”]P’( k)P(Yk—hﬂ:n—h-f—l)-

Writing h(n, k) = A(k/B) A |n/2] and h'(n,k) = k A |n/2], we split this sum into three parts:

n h(n,k)
1 A
I}, =a? %672%/%]}» <Sh = k) P(Yipi1=n—h+1)
k=1 h=1
n R (n,k) 1
2k /a S
Ig’l:ai Z Ee 2'k/ "P<Sh:k>P(Yk7h+1:n_h+1)
k=1 h=h(n,k)+1

Ig,l = a’721 Z Z %6_2%/&"1@ <Sh = k‘) P(Ys—pr1=n—h+1).

Our first goal is to show that, for i =1, 2, 3,

lim sup I}, ; = 0.
l—00 neN ™
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Let us first examine I}L ;- Since a is increasing, the upper bound (2.20) gives, forn —h+1 >
n/2,

k—h+1
P(Yipr1=n—h+1)< M(n—k+1)a o
e
<omF (2.27)
nan/2
Thus, we have

a2 n . h(n7k)

I < 22N ke S p (8, = k).
/2 33 h=1

Turning the first sum into an integral, and using the substitution ¢’ = y/a,, we get

Ill <2M it /Oodye_QlLyj/“" h(nZL:yJ P (5’h = |y )
NAp /2
_opg Sl / " dge 2 lanvl/an iw) P (%= Lany) )
nan/2 1/an —

Since a is increasing, for all h < h(n, k), we have a;, < k/B. Therefore, Lemma 2.12 gives

P(Sh:k) gckjf(m.

This yields

3 o0 . h
L <20M / dye 2 Lanyl/an —
nan/2 /an

3 00 A 2
<20M ap, / dye—Ql lany]/an A( LanAyJ /B) )
Nn/2 J1/an LanyJA( LanyJ)
We fix & € (0, (a —1) A (2—«)). Since A is regularly varying with index o — 1, for all y > 1/a,,,
we have

Alany)/B) G5
Alanyl) — BoT

(we can use (2.24) because |any|/B > 1/B for all y € (1/an,00),n € N). As a consequence,
there exists a positive constant K7 such that

3 oo A
I}, < Ky n // dye =2 lany)/an <<mnyJ)) = K1Jn,.

" N2 Lany

Therefore, it suffices to show that

lim sup J,,; = 0. (2.28)

To this end, we use the upper bounds 2.24 and 2.25, with = a,, and y = |a,y|/a, (z and zy
being respectively greater than ag and 1):
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Thus

2 A o0 2—a—§ 2—a+5
Jn,l < anA(an)/ dye_zl lanyl/an ( Qn ) Vv <an> '
NGy /2 1/an LanyJ LanyJ

Using the fact that |a,y| > any — 1, and the change of variable ¢y =y — 1/a,, we get

2 A % 1 1
anﬁan(an)/ dye_Zly< =a= Y 2 6)'
’ nan/2 Jo yrramo - yrred

Now (2.22) gives that A(ay)/n = A(an)/A(an) ~ 1/aa,, so we have

a%fl(an) an

nan/2 Oé(ln/Q

Since a is regularly varying with index 1/« the right-hand term has a finite limit as n goes
to infinity. Therefore a2 A(ay,)/na, /2 is bounded uniformly in n. Hence there exists a constant
K € (0,00) such that

up J, 1 < K/ d 2ly < L V 1 >
sup FARS ye .
eN v 0 y2—a—§ y2—a+6

This yields (2.28) by taking the limit as [ goes to infinity.
For the second part, we can still use (2.27). As in the first step, we get

R h/(niam P (Sh = Lany] )
ml = nany /2 1/an "

h=h(n,lany])+1

Since the sum is null if A(|a,y|/B) > [n/2], we have

3 00 oo
12, <opm-dn dye~2'lanyl/an P (S, = |an
n,l = nay, /2 /1‘/an ye Z ( h {a yJ)

h=A(lany)/B)+1

We now turn the remaining sum into an integral:

3 00 00
2, <2M—n / dye ™% Lanyl/an / dx P (Sei1) = any] ) -
’ nan/2 J1/an A(lany)/B) ( o )

Using the change of variable 2’ = A(|any|/B)x and the upper bound (2.21), this gives

3 o) 0o o
12, < 2MM'—2n / dye-2'Lonyfan / do— Alaw)/B)
Rnsa Ji/a, v a(LAdleny) /B + 1))

Since a is increasing, for all z,y, we have
i (LA(Lany)/B)e + 1)) = a (Allany)/B)z) .
Fix 0 € (0,1/(a — 1) — 1). Inequality (2.24) then gives, for all x > 1, y > 1/a,,

i (LA(lany)/B)z +1]) = 5% (A(lany)/B)) at/@D=

e La;yJ 1/ (a-1)-6
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Thus there exist constants Ko, K} € (0,00) such that

A~

3 ] A B 0o
2 An —2any|/an (lany]/B) / dx /
< K =K
s “na, /1/an e lany] 1 xl/le=h)=d 2/t

and (2.28) also gives the conclusion.
For the third part, since the terms with indices k£ < |n/2] are null, we simply use the bounds
P(Yiht1=n—h+1)<1land P(S,=k) <1:

n k
1 j
3 2 —2'k/a,
Ly<an Y Y gt
k=|n/2]+1 h=1
n
2 _—n2'/2ay
< alem% /2 Z 1
k=|n/2|+1
< naie_ml/%".
This quantity tends to 0 as [ goes to infinity, uniformly in n. Indeed, for any x > 0, the function
gk : x© +— e " is bounded by a constant Gy, hence

K24k
2 an 2—ln

ISZJ S GI{ nli*l ’
For any € > 0, there exists a constant C. such that a, < C.n'/ote for all n € N. Therefore,
the quantity a2™*/n*~1 is bounded as soon as £ > (2+ «a)/(a — 1). This completes the proof of
(2.26).

For the second limit, we note that (2.18) yields

o0 a o0
Epn(t)dt = — E,(t)dt,
2l am Jol
for all m < n such that P, # 0. Thus

“m ma
sup sup —E, o (t)dt =sup sup " -
neEN1<m<n J2t T neN 1<m<n Nam

P70 P70

As a consequence, it is enough to show that ma,/na,, is bounded over {(m,n) € N? : m < n}.
Now,

sup{man :m,n €N, mgn} Ssup{;na’\m :m €N, )\6(1,00)}

Ny,

Ssup{il\’\m:meN, )\E(l,oo)}.

m

Fix 6 € (0,1 - 1/a). Since a is a positive increasing function in R, /,, Lemma 2.13 shows the
existence of a constant such that, for all m € N, A € (1, 00),

Axm < CsA/ats,
am
Hence, for all \ € (1, 00),

a
sup SAm < CgAM/etd=1 < oy,
meN AQm
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Key estimates for the proof of Theorem 1.3

We conclude this section by giving two consequences of Lemma 2.14 which will be used in
the proof of Theorem 1.3.

Corollary 2.15. It holds that

lim sup E [/ Lo £ (t)dt} =
2

l—00 peN !

Proof. Using (2.13), we get

oo o0
supE {/ g, (t)dt] < sup —2/an 4 9 sup E,(t)dt
neN 2! neN n neN.Jal

©m
+ 2sup sup — B, n(t)dt.
neN1<m<n Jol T
Lemma 2.14 shows that the last two terms tend to 0 as [ goes to infinity. For the first term, we
use again the fact that for any x > 0, the function g, : * — x"e™" is bounded by a constant G,.
Hence, for all n € N,

an 721/(1” < G aﬁ—’_l 271{1
- .
Taking k < a — 1, we get that a”**!/n is bounded, which completes the proof. O

Corollary 2.16. There exists a constant C such that, for alln € N,

E [6,(0,¢,)] < C
Proof. Recalling the definition of 4], we get

E [6,(0,&,)] =E [/Ooo Lingn (t)dt} )

Now the upper bound (2.13) gives

E[6,(0,&)] <14+E [/loo [ing, (t)dt}

oo
<14 an _1/an+2/ E,(t)dt +2 sup / @Em,n(t)dt'
n

1<m<nJ1

The second term is bounded as n — oo. Recall from the proof of Lemma 2.14 that

< (K1 + Ké)Jn,o + 1731’0

Moreover, we have seen that for any § > 0, there exists a constant K such that

1
sup J, 0<K/ dye™ ( N —— ><oo,
neN n 2—a—4§ y2 a+d

and
I,3L70 < 2na2e~/n

is bounded as n — oco. Since we have seen at the end of the proof of Lemma 2.9 that there exists
a constant K’ such that for all n € N, m < n such that P, # 0,

/Emn dt<K’/ En(t)dt,

this implies the corollary. O



48

3 Proof of Theorem 1.3

3.1 Identity in law between Cut,(7) and T

In this section, we show that the semi-infinite matrices of the mutual distance of uniformly
sampled points in 7 and Cuty(7") have the same law. This justifies the existence of Cuty(7), as
explained in Section 1.2, and shows the identity in law between T and Cuty (7). The structure
of the proof will be similar to that of Lemma 4 in [19]. Precise descriptions of the fragmentation
processes we consider can be found in [49] and [50].

Recall that (£(7));en is a sequence of i.i.d. random variables in 7, with law u, and £(0) = 0.
Since the law of 7 is invariant under uniform rerooting (see, e.g., [33, Proposition 4.8]), and the
definition of ¢ does not depend on the choice of the root of 7, we may assume that {(1) = p.

Proposition 3.1. It holds that

(O(EG), €GN0 2 (A(€G +1),€G +1))); 150

Proof. Here, it is convenient to work on fragmentation processes taking values in the set of the
partitions of N.

First, we introduce a process II which corresponds to our fragmentation of 7 by saying that
i,j € N belong to the same block of II(¢) if and only if the path [£(i),£(j)];, does not intersect
the set {by : k € I,tx <t} of the points marked before time t. For every ¢ € N, we let B;(t) be
the block of the partition II(¢) containing i. Note that the partitions II(¢) are exchangeable,
which justifies the existence of the asymptotic frequencies A(B;(t)) of the blocks B;(t), where

1
AB) = lim —|BN{L,...,n}|.

n—oo N

Then we define
0;(t) = inf {u >0: / A(Bi(s))ds > t} .
0

We use o; as a time-change, letting II'(¢) be the partition whose blocks are the sets B;(o;(t))
for i € N. Note that this is possible because B;(0;(t)) and B;(o;(t)) are either equal or disjoint.
We define a second fragmentation I', which results from cutting the stable tree 7 at its
heights. For every z,y € T, we let x A y denote the branch-point between z and y, i.e. the
unique point such that [p,z A y[,, = [p, 2]}, N [p,y]y,. With this notation, we say that i,j € N
belong to the same block of T'(t) if and only if d(p,£(i + 1) AE(J + 1)) > t.
Then we have the following link between the two fragmentations:

Lemma 3.2. The fragmentation processes II' and I' have the same law.

Proof. Miermont has shown in [50, Theorem 1] that the process II is a self-similar fragmentation
with index 1/a, erosion coefficient 0 and dislocation measure A, known explicitly. Applying
Theorem 3.3 in [16], we get that the time-changed fragmentation IT’ is still self-similar, with
index 1/a — 1, erosion coefficient 0 and the same dislocation measure A,. Now the process I is
also self-similar, with the same characteristics as II' (see [49, Proposition 1, Theorem 1]). Thus
I' and II' have the same law. O

Using the law of large numbers, we note that A(Bi(s)) = pe@)(s) almost surely. As a
consequence, 0;(t) = oo for t = [7° A(Bj(s))ds = 6(0,£(i)), which means that 6(0,&(¢)) can be
seen as the first time when the singleton {i} is a block of II'. Recalling that d(p,£(i + 1)) =
d(€(1),&(2+ 1)) is the first time when {i} is a block of ', we get

(000, ()11 L (d(€1), EG +1)))io - (2.29)
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Similarly, for any i # j € N,
5(0,£(6) A €(3)) = 5(60,€(0)) +3(0.()) — (€(0).£(7))
-/ B )

where 7(i,7) denotes the first time when a mark appears on the segment [£(4),£(j)],,. Thus
5(0,£(7) N&(4)) is the first time when the blocks containing 7 and j are separated in IT'. In terms
of the fragmentation I, this corresponds to d(p,£(i + 1) A&(j + 1)). Hence

(0(0,€() A €GN jo1 L (AE),EG+ 1) AEG + 1)) o1

and this holds jointly with (2.29). This entails the proposition. O

3.2 Weak convergence

We first establish the convergence for the cut-tree Cutl(7,) endowed with the modified
distance ¢/, as defined in Section 2.1.

Proposition 3.3. There is the joint convergence

(%275, Cutl (7)) —s (T, Cuty (7))

in Ml x M.

Proof. Proposition 2.5 shows that for every fixed integer [, there is the joint convergence

%”7; 97

n—o0
4! 4!
-1 co—l (d) —1 coy—1
2 Z Him (i) (J2 ) — 12 Z (i) (92 )
=1 ieN 7=l ieN
Let
o 4
Ana(i) = E /0 () (DAt =271 ping, ) <32_l)
j=1
For any nonincreasing function f : Ry — [0, 1], we have the upper bound:
oo 4l oo
/ f(ydt -2y f <j2—l) <27ty [ fyde (2.30)
0 - 9l
7=1

Applying this inequality to i, ¢, ;) yields

oo
Ani(i) <27+ E [ / [ing, (t)dt] :
2
Corollary 2.15 now shows that

lim sup A, (i) =0,

=00 peN

and A, ;(i) does not depend on i. Besides, Proposition 3.1 shows that

5(075(1)) = /Uoo 1230) (t)dt -
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has the same law as d(0,£(7)) and, therefore, has finite mean. As a consequence

/ e i) dt—QlZug ( ‘) §2_l+E{/;ON§(i)(t)dt]

— 0,
l—00

and the left-hand side does not depend on i. We conclude that

(31,00, &n(0))) sy —Ls

n—oo

(00,£(#)))ien »

jointly with (a,/n) - T, —> T.
Using in addition the convergence of the 7, (4, j) shown in Proposition 2.5, a similar argument
shows that the preceding convergences also hold jointly with

(50(6n0), £0)),jexs —r (B(ECE), €0 jere -

Z?JEN n—o0

This entails the proposition. O

The convergence stated in Theorem 1.3 now follows immediately. Indeed, Lemma 2.1 and
Corollary 2.16 show that

2Ca,
n

]E[“"
n

for all 4,5 > 0 (recalling that £,(0) = 0). Thus the preceding proposition gives the joint
convergence

antid) - i) | <

(8275, 22 Cuto () )~ (T, Cuto (7))

n—o0

4 The finite variance case

In this section, we assume that the offspring distribution v of the Galton—Watson trees 7T,
has finite variance o2. Theorem 23 of [7] shows that (¢/y/n) - T, converges to the Brownian
tree TP". More precisely, still using the three processes described in Section 2.2.2 to encode the
trees T, the joint convergence stated in Theorem 2.3 holds with a,, = +/n, and limit processes
defined by X; = B; and H; = 2B; for all ¢t € [0,1]. (Recall that B denotes the excursion of
length 1 of the standard Brownian motion.) Note that the normalization of X is not exactly the
same as the one we used for the stable tree, since the Laplace transform of a standard Brownian
motion B’ is E[e B/ = ¢\"¥/2. The fact that the height process H is equal to 2X can be seen
from the definition of H as a local time, as explained in [32, Section 1.2].

Given these results, the proof of Theorem 1.4 follows the same structure as that of the main
theorem. We first note that the results on the modified distance, introduced in Section 2.1, still
hold. In the next two sections, we will see that we also have analogues for Proposition 2.5, and
Corollaries 2.15 and 2.16.

4.1 Convergence of the component masses

We use the same notation as in Section 2.2. Recall in particular that p, ¢, ;) denotes the
mass of the component 7, ¢, ;)(t), and that 7,(i, j) denotes the first time when the components
Tnen(i) () and Ty, ¢ 5y(t) become disjoint. To simplify, we drop the superscript br for the quan-
tities associated to the Brownian tree (e.g., the mass-measure, the mass of a component, etc.),
keeping the notation we used in the case of the stable tree. Our first step is to prove the following
result.
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Proposition 4.1. Asn — oo, we have the following weak convergences

(d) 1
(Mmfn(i) (t))izo,tzo — (Mé(i) ((1 + 02> t)) )
i>0,t>0

where the three hold jointly.

We begin by showing the same kind of property as in Lemma 2.4. For all n € N, we let X ™)
and C™ denote the rescaled Lukasiewicz path and contour function of the symmetrized tree

T

Lemma 4.2. We have the joint convergence
(X(n)7 C(n)7 X(n)} é«(n)) — (Xa H7 X: f{)a

where H, = Hy_; and X; = lEIt/Q for allt € [0,1].

Proof. Since 7T, and 7, have the same law, (X (”),é(")) converges in distribution to a cou-
ple of processes having the same law as (X, H) in D x D. Thus the sequence of the laws of
the processes (X(”),C("),X(”),é(”)) is tight in D*. Up to extraction, we can assume that
(X(”), cm, xm), C'(”)) converges in distribution to (X, H, X, ﬁ)

Fix ¢ € [0,1]. The definition of the contour function shows that for all n € N, we have
C~'t(n) = C’ﬁ)t. Since H and H are a.s. continuous, taking the limit yields H; = H;_, almost
surely. Besides, since (X, H) and (X, H) have the same law, we have X; = H;/2 a.s. for all
t €0,1].

These equalities also hold a.s., simultaneously for a countable number of times ¢, and the
continuity of H, X, H and X give that a.s., they hold for all ¢ € [0,1]. This identifies uniquely
the law of (X, H, X, ]:I), hence the lemma. d

This lemma shows that we can still work in the setting of

(X<n>,5<<n>) e (X,X) a.s.

2.31
(t("),z’ S N) —— (tui€N) as. (231)

where tgn) = () +1)/(n+1) foralln € N, ¢ > 0, and (t;,7 € N) is a sequence of independent
uniform variables in [0, 1] such that (i) = p(t;).

Recall the notation R, (k) for the shape of the subtree of 7,, (or 7" if n = o) spanned by
the root and the vertices £,(1),...,&n (k) (or £(1),...,&(k) if n = 00). We also keep the notation
L, (v) = deg(v, Ty)/ay, for the rate at which a vertex v is deleted in T, (if n € N), and

on(t)= Y AXx{M  wtelo1],
0<s<t
xM<ry

where Igz) = infgeyet qun), and X () = X
As in Section 2.2, we state two lemmas which allow us two control the rates at which the
fragmentations happen on the vertices and the edges of R, (k).
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Lemma 4.3. Fiz k € N. Under (2.31), R, (k) is a.s. constant for all n large enough (say n >
N ). Identifying the vertices of Ry (k) with Roo(k) for all n > N, we have the a.s. convergence

L,(v) —— 0  Yv e V(Rx(k)).

n—oo

Proof. The proof is the same as that of Lemma 2.7. In particular, we get that if the b(™*) are
the times encoding the “same” vertex v of Ry, (k), for n > N, then we have the a.s. convergences

pk) ___y p(ook)

n—oo

(n)
Xyt~ Xty

Since X is now continuous, this yields

1
)+ — —— AXjyeor) = 0.

Ay N—00

La(v) = AXY,

O]

Lemma 4.4. Let (b,)n>1 € [0,1]N be a converging sequence in [0,1], and let b denote its limit.
Then

on(bp) —— Hp a.s.

n—o0

Proof. As in the proof of Lemma 2.8, for all n € NU{co}, we write 0,,(t) = o,, (t) + 0, (t), where

oft)= > (X,gm—fs(f?) and o, ()= > (Is(f;)—Xs‘Tj)).

0<s<t 0<s<t
xM <y x"M <y

For all ¢t > 0, n € N, we have o,, () = Xt(qf). As a consequence, (2.31) gives

o, (bp) — Xp a.s.

n—oo

Besides, we still have o7 (b,) = 6., (b,), with

B 1 [n] [n]
bn =1- bn + m (1 + H(n+1)bn—1 - D(n-i—l)bn—l) ’

Now

by — 1 —b—1(b),

n—oo

where [(b) = inf {s > b: Xs = X;} — b. Using (2.31) again, we get
oy (bn) — Xiopap) = Xppy = Xp aus.
Thus we have the a.s. convergence
on(bn) — 2X, = Hp.

n—oo

We can now give the proof of Proposition 4.1.
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Proof of Proposition 4.1. Fix n € NU{oco}. As in the proof of Proposition 2.5, we write R, (k,t)
for the reduced tree with edge-lengths, endowed with point processes of marks on its edges and
vertices such that:
— The marks on the vertices of R, (k) appear at the same time as the marks on the corre-
sponding vertices of 7.
— Each edge receives a mark at its midpoint at the first time when a vertex v of 7, such
that v € e is marked in 7,.
These two point processes are independent, and their rates are the following:
— If n € N, each vertex v of R, (k) is marked at rate L,(v), independently of the other
vertices. If n = oo, there are no marks on the vertices.
— For each edge e of R,,(k), letting b, b’ denote the points of B, (k) corresponding to e, e™,
the edge e is marked at rate XL, (e), independently of the other edges, with

SLn(e)= Y Ln(v)
veV (Tn)Ne

n n n —
=0, (b)) — on(b) + o) <H((b,;, — Héj) — Ly(e™)

if n € N, and
Y Lo(e) = Hy — Hy,.

We see from Lemmas 4.3 and 4.4 that L, (v) converges to 0 as n — oo, and that

SLa(e) — (1 + ;) SLoo(e).

n—oo

As a consequence, we have the convergence

<a—"7€n(k,t),t > 0) @, <Roo <k: (1 + 012> t) > 0) . (2.32)

n n—o00

(As in the case o € (1,2), (an/n) - Ru(k,t) and Roo(k,t) can be seen as random variables in
T x (R U{—1})N x {—1,0,1}""))

For all i € N, we let n,(k,7,t) denote the number of vertices among &,(1),...,&,(k) in the
component of R, (k) containing &,(i) at time ¢, and similarly 1. (k,4,t) the number of vertices
among £(1),...,&(k) in the component of R (k) containing £(7) at time ¢. It follows from (2.32)
that we have the joint convergences

(@),
n

, d . 1
(1 (K, 3,1))e>0,ien Q (noo (k,z, (1 + 2> t>>
g £>0,iEN

(i igen ~ ((1 + 012) r<m>>

The end of the proof is the same as for Proposition 2.5. O

Tbr

i,jEN

4.2 Upper bound for the expected component mass

The second step is to show that, as in Section 2.3, the following properties hold:
Lemma 4.5. It holds that

lim sup E [/ T (t)dt} = 0.
2

l—00 peN l
Besides, there exists a constant C such that, for allmn € N,

E [6,,(0,&,)] < C.
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Proof. We use the fact that there exists a natural coupling between the edge-fragmentation
and the vertex-fragmentation of 7,. Indeed, both can be obtained by a deterministic proce-
dure, given 7, and a uniform permutation (i1,...,4,) of {1,...,n}. More precisely, in the
edge-fragmentation, we delete the edge e;, at each step k, thus splitting 7, into at most two
connected components, whereas in the vertex fragmentation, we delete all the edges such that
e =e. Thus, at each step, the connected component containing a given edge e for the
vertex-fragmentation is included in the component containing e for the edge-fragmentation.
Now consider the continuous-time versions of these fragmentations: each edge is marked
independently with rate a,/n = o/+/n in our case, and 1//n in [19]. We let 7;5(t) and 7;‘/;(t)
denote the connected components containing the edge e; at time t, respectively for the edge-
fragmentation and the vertex-fragmentation. Then the preceding remark shows that there exists
a coupling such that 7;;/2(15) C 7;51-(015) a.s., and thus pn(%‘fl(t)) < un(’m%(at)) almost surely.
Lemma 3 and Corollary 1 of [19] show that the two announced properties hold for the case
of the edge-fragmentation. Therefore, they also hold for the vertex-fragmentation. O

4.3 Proof of Theorem 1.4

As before, the proof of Theorem 1.4 now relies on showing a joint convergence for the rescaled
versions of 7, and the modified cut-tree Cut, (7y):

Qnp, (d) br br
(nT <1+ )c ¢ (T)) —% (77, Cut(T™)) (2.33)
in Ml x M. Indeed, Lemma 2.1 and the second part of Lemma 4.5 show that
a 2 2Ca
E |[[—d, s 2
[20ut0d) - 22669 | < 2

for all 7,7 > 0. Thus (2.33) entails the joint convergence

<“"7;L, an (1 + 12> cutvm)> DT Cute(T)).
n n g

n—oo

Since a,, = o+/n, this gives Theorem 1.4.
Let us finally justify why (2.33) holds. Proposition 4.1 shows that for every fixed integer [,
there is the joint convergence

T T

TL—)OO
4l
_1 ca—1 —1
27D tn gt (32 ) — Zug(z ( J2” ) ,
Jj=1 ieN ieN

where C, = 1+ 1/0%. Using the upper bound (2.30) and the first part of Lemma 4.5, we get
that

lim supE / [n g, i) (D) dt — 2! Z'u"vfn(i) <j2_l> =0,
0

l—
O neN j=1

and these expectations do not depend on i. Proposition 3.1 of [19] shows that §(0,£(¢)) has the
same law as d(0,£(7)) and, therefore, has finite mean. Thus,

/ /~L§(z Ct dt — 2 lzug ( Coj2~ ) §21+E|:/2l ,ug(i)(Cat)dt],

—0

l—o0




APPENDIX. ADAPTATION OF DONEY’S RESULT 95

and the left-hand side does not depend on i. Since

| e (Cotyar =t [ g0t = 0550.600)
we conclude that

(Codh(0,n()) sny —s (5(0,€())) e

n—0o0
d
jointly with (a,/n) - Tp Q 7. Using in addition the convergence of the 7,(i,5) shown in
Proposition 2.5, we see that the preceding convergences also hold jointly with

@, (0(£(0),€G)))sjen s

4L,JEN py00

(Cod,(6n(0), €n(5)))

and this gives the convergence (2.33).

Appendix: Adaptation of Doney’s result

We rephrase Lemma 2.12 using the notation of [29].

Lemma 4.6. Let (X;)ien be a sequence of i.i.d. variables in NU {0}, whose law belongs to the
domain of attraction of a stable law of index & € (0,1), and S, = X1 + ...+ X,,. We also let
A € Ry be a positive increasing function such that

1
P(X ~— 2.34
(X >7) A0 (2.34)
and a the inverse function of A. Besides, we suppose that the additional hypothesis
rP(X =r)
< 2.35
§§?<P(X>r)> > (2.35)

holds. Then there exists constants B, C' such that for all r € N, for all n such that r/a, > B,

n

P(S,=r) SCTA(T)'

This result is an adaptation of a theorem shown by Doney in [29], which gives an equivalent
for P(S, =r) as n — oo, uniformly in n such that r/a, — oo, using the slightly stronger
hypothesis

instead of (2.35).

Sketch of the proof. The main idea is to split up P (S,, = r) into four terms, depending upon the
values taken by M, = max{X;:i=1,...,n} and N, = |{m <n:X,, > z}|. More precisely,
letting 7 and ~ be constants in (0,1), w = r/a, and z = a,w”, we have

3
P(Sp=r)=) P{Sn=r}nA),
i=0
where A; = {M,, <nr,N,, =i} fori =0,1, Ay = {M,, <nr,N,, > 2} and A3 = {M,, > nr}. For
our purposes, it is enough to show that there exists constants ¢; such that

rA(r)

g =P{{S,=r}N4)<c¢ Vi€ {0,1,2,3}.
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The constants v and 7 are fixed, with conditions that will be given later (see the detailed
version of the proof for explicit conditions). In the whole proof, we suppose that w > B, for B
large enough (possibly depending on the values of  and ). Note that hypotheses (2.34) and
(2.35) imply the existence of a constant ¢ such that

c and  F(r)=P(X >7) <

pr=PX=r)< s = A0y

(2.36)

The first calculations of [29] show that we have the following inequalities:

q3 < nsupp
I>nr

1 o
g2 < zn*F(z)supp
2 1>z

g1 <nP(My—1 <z,S,-1>1—n)r) sluppl.
>z

We now use (2.36), and apply Lemma 2.13 for the regularly varying function A. The first
inequality thus yields the existence of a constant ¢ which only depends on the value of 7. Sim-
ilarly, the second inequality gives the existence of cg, provided - is large enough (independently
of B) and B > 1.

To get the existence of ¢1, we first apply Lemma 2 of [29], which gives an upper bound for
the quantity P (M,,—1 < z,S,-1 > (1 — n)r) provided z is large enough and (1 — n)r > z. Since
ajw? < z < r/w'™7, these conditions can be achieved by taking B large enough. The lemma

gives
n cz (A=m)r/z
q1 S c : ’
ZA(2) <(1 - 77)?")

where ¢ is a constant. Now, applying Lemma 2.13, we get the existence of a constant ¢} such
that

n
P L
(h_Cer(r) W

where x depends on the values of 1, v and B. For a given choice of n and v, and for B large
enough, k is negative, hence the existence of ¢;.

For qp, getting the upper bound goes by first showing that we can work under the hypotheses
r < nz and r < na,/2 (instead of the hypotheses n — oo and r/na, — 0 of [29]). Indeed, if
r > nz, then go = 0, and if > na, /2, another application of Lemma 2 of [29] and of Lemma
2.13 yields the result. The rest of the proof relies on replacing the X; by truncated variables
X;, and using an exponentially biased probability law. This last part is long and technical, but
it is rather easy to check that each step still holds with our hypotheses, for B large enough and
with an appropriate choice of 1 (independently of B). O



Chapitre 3

Inverting the cut-tree transform

Les résultats de ce chapitre sont le fruit d’une collaboration avec Lougi Addario-Berry et
Christina Goldschmidt. La version présentée ici sert de base a un article en cours d’écriture.

1 Introduction

The articles [19, 28] introduced a transformation of the Brownian and stable trees which,
given a fragmentation of the initial tree 7T, yields a new random continuous tree called the cut-
tree of 7. This cut-tree Cut(7) describes the genealogy of the connected components created
by the fragmentation, and is shown to have the same distribution as the initial tree.

In the present work, we give a way to rebuild the initial tree from its cut-tree. In the same
way that the cut-tree Cut(7) depends on 7 and on the extra randomness of the fragmentation,
our construction associates to a stable tree C a reconstructed tree Rec(C) which depends on
C and on an extra randomness given by a decoration on C. We show that for a well-chosen
decoration, this transformation has the following properties:

— if C is a stable tree of index a € (1,2) or a Brownian tree, then Rec(C) has the same

distribution as C.

— if C = Cut(7) almost surely, then we have Rec(C) = T almost surely,

Note that the question of the reconstruction has been studied by Broutin and Wang [21] in the
Brownian case. Our decoration is close in spirit to the extra randomness they use. However,
we use a different approximation in our reconstruction; also note that our results are slightly
stronger, in the sense that we identify the decoration for which we have the almost sure equality
Rec(Cut(7T)) =T.

We first explain the underlying idea of the reconstruction, and in particular the role of the
decoration, in the discrete case.

1.1 The discrete case

Let T be a finite tree with n vertices labelled vy, . .., v,. To simplify our notation, we suppose
that T is rooted; however, the choice of the root will have no influence on our construction. We
consider a fragmentation obtained by deleting a uniform random edge of T" at each step, until all
the edges are removed. Let us first explain how the cut-tree Cut(7’) is built. This construction
is similar to that of [19], but is not exactly the same, the main difference being that the leaves
of Cut(T") correspond to the vertices of T instead of its edges.

Fix r € {1,...,n—1}. We let e(r) be the edge that is deleted at step r, T(r) the forest
obtained from T after the deletion of the r first edges, and for all i € {1,...,n}, we let T'(i,7)
denote the connected component of T(r) containing the vertex v;. We define an equivalence
relation ~, on {1,...,n} by saying that ¢ ~, ¢ if and only if T'(¢,r) = T(i’,r). The family of the
equivalence classes (without repetition) of the relations ~, for r = 1,..., N forms the set of the

o7
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vertices of Cut(7"). The initial block {1,...,n} is seen as the root, and the leaves of Cut(T") are
given by {1},...,{n} (they will sometimes be identified with 1,...,n to simplify the notation).

We now build the cut-tree Cut(7T) inductively, together with a decoration on the set of its
internal nodes. At the r-th step, we let B be the equivalence class for ~,._1 containing the indices
i such that e(r) € T'(i,r — 1). Deleting the edge e(r) splits this block B in two new equivalence
classes B, B” for ~,, such that B = B’ U B"”. We draw two edges between B and the sets
B’ and B”. We define the decoration at point B by setting f~(B) = e(r)~, fT(B) = e(r)™,
and f(B) = {f~(B), fT(B)}, where e~ (resp. e) denotes the extremity of the edge e which is
closest to (resp. furthest from) the root. We stress that, although f~(B) and f*(B) depend on
the choice of the root, this is not the case for f(B).

Note that with this construction, the graph-distance between the leaf {i} and the root in
Cut(7T) is the number of cuts happening in the component of T' containing v; until it becomes
a single vertex. Moreover, the decoration function f on C' = Cut(T) verifies the following
condition:

Condition 1.1. For each internal node b of C, there exists two leaves ¢, j of C such that b is
the most recent common ancestor of ¢ and j, and f(b) = {i,j}.

It is clear that the cut-tree and the decoration give all the information we need to re-build
the initial tree 7. Indeed, each two-point set f(b) corresponds to an edge which was erased
during the fragmentation procedure. More generally, for any binary tree C, letting B(C') be
the set of its internal nodes, £(C)?l be the set of the pairs of leaves of C, and f : B(C) —
be a decoration function verifying Condition 1.1, we can define a reconstructed tree Rec(C') by
setting

V(Rec(C)) ={v; :i € L(C)}
E(Rec(C)) = {{vi,v;} : I € B(C), f(b) = {i,j}} .

Thus T' = Rec(Cut(T")), with the decoration we described above.

Let us give details on the way we can recover the distance between two vertices in Rec(T'),
without building the whole tree. Fix i,j € £(C). We build a “subtree” C* of C recursively, in
the following way:

— Let the root of C*J be the last common ancestor b of the leaves i and j in C. (If i = j,

then this is the only vertex of C%.)
— Ifi # j,let i’ (resp. j') be the element of f(b) such that b is not on the path between i and
i’ (resp. j and j/). Build the two subtrees C** and C97', and complete the construction
by attaching their roots to b.
With this construction, the distance between v; and v; in Rec(C') is the number of internal nodes
of C%J. This procedure cannot be applied directly to a continuous tree, but it can be defined
“at level €”: this is what we do in the next section.

Note that in general, the cut-tree will not always be binary. This comes from the fact that
in the discrete case, each step consists in cutting at a unique edge (with two ends), whereas
in a continuous case, we will cut at points at which several subtrees can be attached. To take
this into account in our above model, we should allow deleting several edges at each step (as for
example in [28]); but for the reconstruction, this would lead to complications which do not exist
in the continuous setting.

1.2 Continuous case

1.2.1 Some definitions on continuous trees

As in the previous chapter, the trees we work with are rooted R-trees. Let us recall some
standard definitions and notation.

Let (T, d) be an R-tree. The multiplicity mult(x) of a point z € T is the number of connected
components of 7'\ {z} (possibly infinite). We say that x is a leaf of T" if mult(z) = 1, and that
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x is a branching point of 7" if mult(x) > 3. We write £(T') for the set of the leaves of 7', and
B(T) for the set of its branching points. For all z,y € T, we let [z,y] be the unique injective
path between x and y, and |z, y[ = [z,y] \ {z,y}. The metric d gives rise to a length measure
A on T which is the unique o-finite measure such that \(Ju,v]) = d(u,v) for all u,v € T.

A rooted R-tree (T, d, p) comes with a genealogical order < such that x < y if and only if
z € [p,y] and x # y; in this case, we say that x is an ancestor of y. The most recent common
ancestor x ANy of z,y € T is the point of {z: 2z < z,z < y} which maximises d(p, z). For all
b e B(T) and = > b, we let T’ be the subtree {y € T': b ¢ Jx,y[} (or, equivalently, the closure
of the connected component of T'\ {b} which contains x).

One way to generate a rooted R-tree is to encode it using a continuous contour function,
as in [33]; this is what we do in the next section for the stable and Brownian random trees.
Thus our R-trees are inherently endowed with a mass-measure defined as the pushforward of
the Lebesgue measure on [0, 1] under the canonical projection, so they should be seen as metric
measure spaces with a distinguished point. Moreover, if we limit ourselves to the above setting,
two R-trees having “the same shape”, but which are not embedded in the same space, are not
seen as equal. Therefore, it will be more convenient to define trees as pointed metric measure
spaces, seen up to an adequate notion of isometry-equivalence. Therefore, we recall the following
definition from Chapter 1.

Definition 1.2. A pointed metric measure space is a quadruple (X,d, ju, p), where y is a Borel
probability measure on the metric space (X, d) and p is a point of X. Two such spaces (X, d, u, p),
(X', d i, p') are equivalent if there exists an measurable function ¢ : X — X' such that:

— we have ¢(p) = p'.

— for all z,y € supp(p) U {p}, we have d(z,y) = d'(¢(z), d(y)),
— ' is the pushforward of p under ¢,

The space M of equivalence classes of complete metric measure spaces (X, d, u, p) such that
X = supp(u) U{p}, equipped with an adequate topology such as the Gromov—Prokhorov topol-
ogy, is a Polish space. See for example [36] for details. The equivalence class of a pointed metric
measure space (X, d, i, p) is said to be compact if (X, d) is compact.

From now on, we call continuous tree a compact pointed metric measure space (T, d, i, p)
such that (T,d) is an R-tree, seen as an element of M. For the random trees we consider,
the mass measure p can be seen as a “uniform” measure on the set of the leaves of T. As
a consequence, we say that a random point [ € T is a uniform leaf of T if, conditionally on
(T, d, p, p), 1 is distributed according to p.

1.2.2 The cut-trees of Brownian and stable trees

Fix o € (1,2]. Let X(® be a stable spectrally positive Lévy process with parameter a, such
that

E [e_’\Xéa)} — A YA >0,

For every t > 0, let X (@t he the “reversed” process defined by

(a) (a) .
X{et) = Xp 7 = Xylg- HO0<s<t
x{® if s = t,
and write S{*" = SUPp<,<s X for all r € [0,¢]. The height process H® is the real-valued

process such that Héa) = 0 and, for every t > 0, Ht(a) is the local time at level 0 at time ¢ of
the process X (@) — (@) The normalization of local time, and the proof of the existence of a
continuous modification of this process, are given in [32, Section 1.2].

We say that the “standard” stable tree of index « is the R-tree 7 coded by the excursion of
length 1 of the process H(®, endowed with a probability mass-measure p7 which can be seen
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as the image of the Lebesgue measure on [0, 1] under the canonical projection on 7. We say
that (77, d, pu7) is a stable tree of index o and mass m if the tree (77, dyr /m'=Y® pr /m) is
a standard stable tree of index . For a such a tree 7', a uniform leaf of 7’ is a random point [
of 7" such that, conditionally on 7", [ is distributed according to w7 ()/ 7y (T").

Note that the stable tree of index « = 2 corresponds to the Brownian tree encoded by
(\/ﬁBt)ogtgl, where B denotes the standard Brownian excursion of length 1. One of the main
differences between the Brownian tree and the stable tree of index a € (1,2) is the fact that the
Brownian tree is almost surely binary (i.e. mult(b) = 3 almost surely for all branching point b),
whereas a stable tree of index « € (1,2) only has branching points of infinite multiplicity. This
will lead us to adopt slightly different fragmentation mechanisms for these two types of trees.
Note that in the latter case, the “size” of a branching point b € B(T) can be described by the
quantity

L(b) = lim e 'u{veT:be [pr,v],db,v) <e},
e—0+
where p7 denotes the root of 7. The existence of this quantity was proven in [50] (see also [33]).
From now on, 7 will denote a standard stable tree of index «, rooted at a point py. We
work with a fixed embedding of the tree T; one can check that the cut-tree we build does not
depend on the choice of this embedding. We consider a fragmentation obtained by cutting T at
points and times given by a Poisson process. More precisely:

— If @ = 2, we let (¢, xi)ien be the family of the atoms of a Poisson point process with
intensity As(dt,dz) = dt ® 2l(dx) on Ry x 7. (Note that the change in the intensity,
compared to [19], comes from the fact that we chose a different normalization.)

— If a € (1,2), we let (t;, xi)ien be the family of the atoms of a Poisson point process with
intensity Aq(dt,dz) = dt @ 32y L(b)dp(dz) on Ry x T

We say that for all i, at time ¢;, the tree T receives a “cut” at point x;. Let X = {x;,7 > 1}.

The cut-tree Cut(7) describes the genealogy of the connected components created during
the fragmentation of 7. Informally, we want to establish a correspondence between the points
of 7 and the leaves of Cut(7) (other than the root). This can be done in a natural way for
the points of 7\ X. The points x;, i € N, however, do not belong to the fragmented tree after
time t;, so the corresponding connected component is not well defined. Therefore, for all i, we
introduce “copies” x;; of the cut-point x;, each of them corresponding to the point x; “seen
from” one of the connected components of the fragmented tree; thus the points x; ;, for all j,
can be seen as the same point of 7, but will be mapped onto different leaves of Cut(7). Let us
explain more precisely how we define these points.

In order to make the Brownian case and the a-stable case fit into the same frame, we let

g [0 ifa=2
¢ | NU{0} otherwise.

(Thus the cardinality of 7, is equal to the multiplicity of the cut-points in the fragmentation of
T.) Fixi e N. Welet 7; ;, j € Jo denote the connected components of 7\ {x; : ty < t;} whose
closure (in 7') contains y;, ordered as follows:

— Tip is the component “below” y;, i.e. the only component such that for all z € T; o, we

have x; & [pr7, ],

— the other components 7; ;, j > 1, are ranked by decreasing order of mass.
Formally, we introduce new points Y; j, which correspond to “the point x; seen from 7; ;”, for
all j € Jo. (We could also say that the point x; is “split” into the points x; j, 7 € Ja at time
t@) Set

Ta=(T\X)U{xiy: (i,)) € Nx o}

We now come back to the components created during the fragmentation. Our notation
should satisfy two criteria: first, we should be able to see each of these components as a compact
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continuous tree; second, the component containing a point x; j, for (i,7) € N x J,, should be
well defined. To this end, these components will be seen as subsets of TU{x; ; : (¢,7) € N x J,}.
Forallt > 0and z € T\ {x; : t; < t}, we let T(x,t) denote the (open) connected component
of T\ {x; : t; <t} containing x, and we define T (x,t) as the completion of T (z,t) obtained by
adding to T (x,t) the points x; j, for (i,j) € N x J, such that:

— t; <,

— x; belongs to the closure of T (z,1t),

— T(.Z‘,t) C ﬁ,j.

(Note that for a given ¢ € N, there is at most one of the points (x;j,j € J) which satisfies
these conditions.) We extend this notation naturally to the points x; ;:

— if t; > t, then for all j € T, we let T (xij,t) =T (xis 1),

— if t; <t, then for all € T such that x;; belongs to T (z,t), we let T (x;j,t) = T (z,1).
Thus, for all z € Ty and t > 0, T (z,t) is a (compact) continuous tree. Moreover, one can see
that T (z,t) contains a unique point among p7 and the x; ; for j # 0. This point will be seen
as the root of T (z,t).

Finally, for all z,y € T, let t(z,y) = inf {t € Ry : T(x,¢) # T (y,t)}. lfz,y € T\X, t(z,y)
is the infimum (a.s. finite) of the times when marks appear on the segment [z, y]; furthermore,
if t(z,y) is the minimum of such times, we also let x(z,¥) = Xi(z,y), With i(z,y) € N the index
such that t;(, .y = t(x,y).

We will use the following adaptation of the results of [19, 4] (for the Brownian case) and
[28, 2] (for the stable case a € (1,2)):

Proposition 1.3. There exists a random continuous tree Cut(T), endowed with a distance d¢
and a probability mass-measure uc, rooted at a point pc, which has the following properties:

1. Conditionally on T, there exists a surjective map x + £y from Ty onto L(Cut(T)) U
B(Cut(T)) such that, for all z,y € T x, we have

@mwazﬁﬁwwwm@

delterty) = [ (ur(Ta,t) + wr(T(y. ).

(z,y)

2. The restriction of £ to T \X is measurable, and the mass-measure pc is the pushforward of
wr under £. Moreover, uc is supported on the set of the leaves of Cut(T). In particular, if
Ly = p7 and (Lk, k > 1) are independent uniform random leaves of T, then ({1, ,k > 0)
are independent random leaves of Cut(T) distributed according to uc.

Moreover, the tree (Cut(T),dc, uc) has the same distribution as (T, dr, pr).

Note that this definition of the cut-tree of T is the same as in [19] for the Brownian case and
[28] for the a-stable case (see Section 3.2.3 for details). The only new object we introduce is
the “correspondence” ¢ between the points of the initial tree 7 and its cut-tree. The main idea
of the proof, which will be given in Section 3, consists in iterating the construction of the “first
branch” of the cut-tree studied in [4] and [2] (respectively in the case & = 2 and in general).

Note that for all i € N, there exists a unique point b; € B(Cut(7)) corresponding to the
cut-point x;: b; is the most recent common ancestor of the leaves (£y, ; : j € Ju) in Cut(T).

For any stable tree 7' of index o and mass m, the cut-tree of 7' can be defined exactly as
the above proposition, the only difference being that its mass-measure pes is a finite measure
such that ue (Cut(7”)) = m, instead of a probability measure. In particular, for all z,y € T x,
the subtree (Cut(T))giMy can be identified with the cut-tree of T (z,t(z,y)), for the natural
fragmentation given by the Poisson point process with atoms (¢; —t(x,y), x;) for i > 1 such that
t; > t(x,y) and x; € T (x,t(z,y)).
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1.2.3 Decoration on C

As in the discrete case, the “reconstructed” tree will be built from a tree C, endowed with a
decoration f. Let us first detail what we mean by the term decoration. Note that it is possible
to number the branching points (b(;),7 € N) of C in a measurable way, for example by decreasing
order of width, where the width of a branching point b is the quantity

Lb) = lim e 'u{v e T:b=<wv,dbwv) <e}.
e—0t
(See [33, 50] for the proof of the convergence and details on these quantities.) For all i € N, we
let (C @) j e Jo) denote the connected components of C \ {b(i) }, except the one containing the
root, ranked by decreasing order of mass. We say that a decoration on C is a sequence of marked
points f = (fi;,(,7) € N x J,) such that, for all (7,5) € N x J,, we have f; ; € C(3) . For any
decoration f, the decorated tree (C, f) can be seen as a random metric measure space with an
countable number of marked points. For our purposes, it will be convenient to see a decoration
as a function f : B(C) — P(L(C)), where P(S) denotes the power set of a set S, by letting

fbuy) =A{fij.j € Ta}-

We now explain the choice of the decoration in the case where C = Cut(7) for a Brownian
tree T, which the closest to what we did in the discrete setting. In this case, we use the function

fro B = PLC))
b= {fT0), T}

such that, for all 7 € N,
ff(bl) = KXZZ,O and fI(bz) = €X¢,1'

Thus, for all z,y € T \ X such that ¢,,¢, € L(C), we have that T, A ¢y) is the set of the
leaves of Cut(7T) corresponding the points into which the cut-point x(x,y) is split. (Note that it
will be clear from the proof of proposition 1.3 that under the condition ¢, ¢, € £(C), the point
x(z,y) is well-defined.) More generally, if C = Cut(7) for a stable tree T (of index a € (1,2]),
the decoration is the function f7 : B(C) — P(L(C)) such that, for all i € N,

FT(b) = {ty,, : (1,5) e Nx To}.

Note that this decoration function remains the same if we reroot 7 at a uniform leaf.
In the general case where C is a stable tree of index « € (1, 2], we will use a decoration whose
distribution is characterized by the following condition.

Condition 1.4. Conditionally on C:
— The marks (f;;, (¢,7) € N x J,) are mutually independent.
— For all (i,5) € N x J,, fij is a uniform leaf of C(*).

Note that the order in which the branching points and the connected components C7) are
numbered do not matter to check this condition. If we see f as a function from B(C) into
P(L(C)), this condition has the following equivalent formulation.

Condition 1.5. For all b € B(C), we write (Cé] ), j € Ju) for the connected components of
C \ {b} which do not contain the root. Conditionally on C, for all b € B(C), we have f(b) =
{f(j)(b),j € Ja}, where:

— The random variables fU)(b), j € J, are mutually independent.

— For all j € N, f9)(b) is a uniform leaf of CIEJ).
Moreover, the random sets f(b), b € B(C) are mutually independent.
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Figure 3.1 — The subtrees (C(u),u € {1,2}?) for two given leaves [ and I’. The points of f(b(0))
are represented by white vertices.

In particular, for all b € B(C) and [ = b, we call f;(b) the unique element of f(b) NC;. Note
that if  and I’ are independent uniform leaves of C, letting b = [ Al’, then conditionally on C,l) and
Cll)/, f1(b) and fy(b) are independent uniform leaves of Cll, and C,l)/ respectively, both independent
of I, I'.

The fact that the above decoration function f7 verifies the above condition will be shown
in Section 4.1.

1.2.4 Construction of C"Y'(¢)

For all [,!’ € £L(C) and £ > 0, we build a subtree of C which will encode the necessary
information to compute a “reconstructed distance” between [ and I, “at level £”. The distances
in the reconstructed tree will be obtained as scaling limits of these quantities as € — 0.

We first introduce some notation. Let U = {0} U, cn{1,2}". For all u,u’ € U, we
write (u,u') for the concatenation of the sequences u and u'. We will see discrete binary trees
as subsets of U, by interpreting () as the root-vertex, and (u,1),(u,2) as the children of an
individual w. If u = (uq,...,uy), with n > 1, let p(u) denote the parent of the individual w:
p(u) = (u1,...,up—1) if n > 2, and p(u) = O if n = 1. Such trees have a natural planar structure,
but it will not have any importance in our construction.

Fix [,I' € L(C) \ {pc}. We build recursive sequences l(u), I'(u), b(u) and C(u), indexed by
the elements of U, in the following way:

— Let 1(0) =1, I'(0) =1V, and C(0) = C.

— For all uw € U, let b(u) = l(u) Al'(u), and

l(u, 1) = l(u) l/(u, 1) = fl(u) (b(u)) C(u7 1) _ (C(u))é((z))
Wu,2) = fyu)(bu)) U'(u,2) =1'(u) C(u,2) = (C(“))Z((:))'

We see C(u, 1) and C(u,2) as trees rooted at b(u).
The first steps of this construction are illustrated on Figure 3.1.
Fix e > 0. Let U. = {u € U : uc(C(u)) > €}. We define C**'(¢) as the subtree of C generated
by the root and the leaves l(u), I'(u), u € U,:

ce)=|J (Ipe: U w] U [oe, U (w)]) -

ueU;

Thus, C"*' (¢) is an R-tree whose branching points of CY' (¢) are exactly the b(u), u € U.. We will
mainly use the discrete structure of this tree, seeing C4!' (¢) as the discrete binary tree whose
internal vertices are the u € U.. The quantity we are interested in is the number of branching
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points of C'(¢), denoted by N''(¢). Note that with the terminology of discrete trees, this
corresponds to the number of internal nodes, as in the discrete case.

In the case where C = Cut(7), let us explain informally why N% () is linked with the
distance dy(z,y), for any two points z,y € T \ X. Consider the fragmentation “at level ” of T,
obtained by keeping only the cut-points x; such that p7(T (x:,¢; )) > €. In other words, we stop
the fragmentation in a component as soon as its mass becomes lower than e. Then N (¢)
corresponds to the number of cuts that happen on the path [z, y], for the fragmentation at level

€, S0 it is natural that this should approximate the length of this path.

1.3 Main results

From now on, we assume that C is a stable tree of index « € (1, 2], endowed with a decoration
f which verifies Condition 1.4. The first step of the reconstruction is to prove that for two
independent uniform leaves [,I” of C, the rescaled quantities N l’l/(a) actually converge to a
quantity which will be our new distance.

Proposition 1.6. Let [,1" be independent uniform leaves of C. There exists a random variable
dc(1,1") such that we have the almost sure convergence

(a—1)%c,

VN ey — b (1, 1),
2 e—0

where co, =T (1=1/a)/(al’(2—2/«)). Moreover, dc(1,1') and dc(1,1") have the same distribution.

Note that the last fact will not be used afterwards, since it will be a consequence of the
following proposition. Nevertheless, it can also be shown directly, as will be done in Section 2.

In the case where C is the cut-tree of a stable tree, the reconstructed distance exactly corre-
sponds to the distance in the initial tree:

Proposition 1.7. If C = Cut(T), where T is a stable tree of index «, and if L, L’ are indepen-
dent uniform leaves of T, then we have

Scur(r)(lr, fr) = dr(L, L)) as. (3.1)

This special case is particularly important, since the identity (3.1) will allow us to characterise
the joint distribution of the reconstructed distances between i.i.d. points of C. Indeed, letting T
be a stable tree of index «, we have the equality in distribution

€. )2 (Cut(T), £7).

Note that if we add a distinguished leaf I° to the tree C, uniform and independent of f, this
gives

€, £,1% L (Cut(T), 7, £,,).

=

The distinguished leaf [° will correspond to the root of the reconstructed tree. Now set Iy = Y,
and let (Ix)r>1 be an ii.d. sequence with law pc, independent of the decoration and of 1,
conditionally given C. Similarly, set Ly = p7 and let (Lg)r>1 be an i.i.d. sequence with law pr,
independent of the decoration and of p7, conditionally given 7. For all £ > 0, we have

e d
(Nl“lj (€)ij>0 @ (NéLi’ELj (€))i,i>0,
hence

(d)
(dc(lis15))ij>0 = (Scue(r)(CLi>CL;))ig>0-
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Together with (3.1), this yields

(6c(liy 1))i >0 @ (d7(Li, Lj))i,j>0- (3.2)

As a consequence, conditionally on (C, f), the function ¢ is a distance on {l;,k > 0} and, using
the terminology of Aldous [7], the family of the reduced trees R(k) := ({{;,0 < j < k},0) forms
a consistent family of random rooted trees which satisfies the leaf-tight condition:

. P
5(lg. 1;) —— 0.
in, (lo, 1) -

This implies that there exists a random continuous tree Rec(C) for which, conditionally on (C, f),
the distribution of the reduced tree formed by the root and the first & leaves of an i.i.d. sequence,
for k € N, is the same as the distribution of (R(k), k € N). This tree is called the reconstructed
tree of C.

Note that Rec(C) depends on C and on the extra randomness of the decoration, in the
same way as Cut(7) depends on 7 and on the extra randomness of the Poisson point process.
Besides, the role played by the root of the initial tree is not the same in these two operations:
the decorated cut-tree (Cut(7), f7) does not depend on the root of 7, and remains a rooted
tree even for a non-rooted initial tree, whereas the reconstructed tree Rec(C) can only be built
for a rooted tree C (in particular, the condition 1.4 under which f is a suitable decoration
depends on the genealogical order on C). The distinguished leaf I° we added above to perform
the reconstruction only serves to give us a rooting convention on Rec(C), and to show that we
can recover all the information on the initial tree if it is rooted.

We can now state our main result:

Theorem 1.8. The reconstructed tree Rec(C) is a standard stable tree of index o. Moreover, if
C = Cut(T) for a stable tree T of index o, then Rec(Cut(T)) =T almost surely.

This result is a straightforward consequence of the identity (3.2) and of the construction of
Rec(C). Note that without using the fact that C has the same distribution as the cut-tree of a
stable tree 7 of index «, the proof of this theorem would be much more involved. We would
first have to use the construction of the N (instead of the identity (3.2)) to show that we can
build a tree Rec(C) which has the above matrix of mutual distances. Then, we would need to
get a characterization of the joint distribution of the d¢(l;,1;), 7,7 > 0, for example by using
recursive distributional equations as we will do in the two-leaf case, in Section 2.

To complement this result, we will finally show that we can define mappings r¢ : B(C) —
Rec(C) and t¢ : B(C) — R4, depending only on (C, f), such that the following property holds:

Theorem 1.9. The points (r¢(b),tc(b)), b € B(C), have the same distribution as the atoms of a
Poisson point process with intensity A, (dt, dx) on Ry xRec(C). Moreover, for the fragmentation
induced by these atoms, we have Cut(Rec(C)) = C almost surely.

The rest of the article is organised as follows. In Section 2, we focus on the reconstructed
distance between two uniform leaves, giving the proof of Proposition 1.6. Section 3 gives the
necessary details on the construction of Cut(7) we announced in Proposition 1.3. Section 4 is
devoted to the case where C is the cut-tree of a stable tree, and in particular to the proof of
Proposition 1.7. Finally, in Section 5, we give a correspondence between the leaves of C (except
the root) and a dense subset of points of Rec(C); in particular, we use this correspondence to
give the proof of Theorem 1.9 (a more detailed version of this result is given in Proposition 5.9.)

From now on, except in section 5, we will omit the index in the notation dc (we always
consider the reconstructed distance of C, and sometimes study the case where C = Cut(7)).
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2 Reconstructed distance between two uniform leaves

2.1 Distributions of masses and distances in a stable tree
2.1.1 Distance between two uniform points

Let us first recall the definition of the Mittag-Leffler distribution. For § € (0, 1), let o3 be a
stable random variable having Laplace transform

E [exp(—Aag)] = exp(—A\), A >0.

For 6 > —f, we say that a random variable M has the generalized Mittag—Leffler distribution
ML(, 0) if, for all suitable test functions ¢,

E[f(M)] = CpoE [05% (o57)] .

where Cpg is the appropriate normalizing constant. (See Goldschmidt and Haas [35] for much
more about this distribution and its relationship to the stable trees.)

It is known from [32, Theorem 3.3.3] that the distance between two uniform points of a
stable tree of index o and total mass m is distributed as m!'=1/%(1/a - A), with A a random
variable following the Mittag—Leffler distribution ML(1—1/a,1—1/a). When o = 2, the law of
the distance between two uniform points was earlier proved to follow the Rayleigh distribution,
by Aldous [7]. This is in agreement with the current result, up to a choice of normalization.

2.1.2 Cutting a stable tree at a branching point between two uniform leaves

For all n € N and 64,...,0, > 0, write H,, = {(ml,...,xn) eERY Y o= 1}. A H,-
valued random vector (X1,...,X,) has the Dirichlet distribution Dir(6y,...,60,) if its density
with respect to Lebesgue measure on H,, is

F(Z?:1 9@') ‘ 201
H?lrwi)jr_[y |

Let (S,d, i, p) be a stable tree of index « € (1, 2] conditioned to have total mass m > 0. Let
x, y be independent uniform leaves of S, and b = 2 Ay. Recall that &), for example, denotes the
connected component of S\ {b} which contains . The trees S§ and S/ are naturally endowed
with the restrictions of the distance d and mass-measure p.

It is known from [8] and [38] (see in particular Corollary 10 in the latter) that:

Theorem 2.1. 1. The mass ratios p(Sy)/m, p(Sy))/m, (m — u(Sy) — w(S)))/m follow a
Dirichlet distribution Dir(1 —1/a,1 —1/a,1/a).
2. Conditionally on these masses, (Sf,b,x) and (S},b,y) are distributed as independent
stable trees of index o with two independent leaves.

3. Conditionally on their masses, the closures of the other connected components of S\ {b}
above b are independent stable trees of index o, independent of S and S;)/.

2.1.3 A recursive distributional equation

Writing d(z,y) = dsg (z,b) + dsg(b, y), Theorem 2.1 yields the distributional equation

D LN G EINCRCN

where (X7, X2,1 — X; — X3) follows the Dirichlet distribution Dir(1 — 1/a,1 — 1/a,1/«), and
AWM A®) are two independent MittagLeffler ML(1—1/a, 1—1/a) variables. Note that this also
follows from Proposition 4.2 of Goldschmidt and Haas [35], or from a simple moment calculation
(the generalized Mittag—Leffler distributions being characterized by their moments). We now
show that this equation characterizes the Mittag—Leffler distribution ML(1 — 1/a,1 — 1/a):
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Lemma 2.2. Suppose that (X1, X2, X3) ~ Dir(1 — 1/a,1 — 1/a,1/a) and that AV AR gre
independent copies of some R -valued random variable A. Then A ~ ML(1 —1/a,1 —1/a) is
a solution of the recursive distributional equation

_ _ d
XA 4 xlVeA@ @ A (3.3)
and this solution is unique up to multiplication by a non-negative constant.

Proof. The left-hand side of (3.3) is an instance of the smoothing transform applied to the law of
A. The fixed points of the smoothing transform have been completely characterized by Durrett
and Liggett [34]. Indeed, the space of fixed points is determined by the analytical properties of
the function F': Ry — R defined (in our setting) by

F(s) =log (E [Xfl_l/a)sl)(po + Xél_l/a)sl)(poD ;

for s > 0. Since X; and X9 are marginally both distributed as Beta(l — 1/a, 1), it is easily

checked that Xll_l/a 9 Xé_l/a 9 U, where U is uniform on [0, 1]. Hence,

F(s) =log (2E [U?®]) = log(2) —log(s+ 1), s>0,

for any o € (1,2]. Observe that F' has its unique zero in (0, 1] at s = 1, and that F'(1) = —1/2 <
0. In this case, part (a) of Theorem 2 of [34] entails that (3.3) has a unique distributional solution,
up to multiplication by a non-negative constant. O

2.2 Reconstructed distance between two uniform leaves

From now on, we let [, I’ be two independent uniform leaves of C. The goal of this section is
to show the almost-sure convergence of e!=1/@ . NtV (¢). Recalling the notation of section 1.2.4,
we build a fragmentation with a discrete genealogical structure given by the tree ChV (€). More
precisely, we mark each individual v € U with the mass m(u) = uc(C(u)). This represents a
fragmentation in which each fragment u has mass m(u), and breaks into two fragments (u, 1)
and (u,2). Let us first see that this fragmentation is homogeneous.

2.2.1 Characteristics of the fragmentation

We show recursively that C(u) is a stable tree of index o and mass m(u), with two indepen-
dent uniform leaves [(u), (u). This is true for u = (. Fix u € U, and assume this property

holds for u. We have C(u,1) = (C(u))%z%“,(u) and C(u,2) = (C(u))il(g)w(u). Thus these trees
are obtained by cutting C(u) into three parts as in Theorem 2.1. It follows from the proposition
that:

— The mass ratios m(u,1)/m(u), m(u,2)/m(u), 1 — (m(u,1) + m(u,2))/m(u) follow a
Dirichlet distribution Dir(1 — 1/a,1 — 1/, 1/a).

— Conditionally on these masses, C(u, 1) is a stable tree of index a with a uniform leaf [(u).
Since I'(u, 1) = fiu)(b(u)), {(u,1) and I'(u, 1) are independent uniform leaves of C(u, 1).
Similarly, C(u,2) is a stable tree of index a and mass m(u,2), with two independent
uniform leaves [(u, 2),1'(u, 2), independent of C(u, 1).

Moreover, the decorations on C(u,1) and C(u,2) are independent, and independent of f(b(u)).
As a consequence, the different fragments of the same generation evolve independently, and for
all u € U, for any continuous function g on [0, 1], we have

o (g iy )| = Jpotootindon

1-— l/a 1sl+32<1d81d82
1/a)(1 - 1/a) Si/asé/a(l e — 82)1—1/a'

This shows that the fragmentation is homogeneous, with dislocation law v,.

where

Vo(dsy,dsg) = I
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2.2.2 Almost-sure convergence of !~1/®. Nb¥'(¢)

We now use the results of Bertoin and Martinez [18] on fragmentation energies, and of
Nerman [53], to get the convergence of a rescaled version of N/ (). Adopting the setting of
[18], we assume that each dislocation of a fragment of mass m into smaller fragments of masses
m1, ma, has an energy cost of the form m?@(my /m, ma/m). The total energy cost of the process,
if we “freeze” each fragment as soon as it reaches a mass lower than €, can be written as

B(e) = 3 Luguysem(u)’e (m(“’ D ml, 2)) |

2 m{u) " m(u)

In particular, our quantity

Nl’ll(s) = Z 1m(u)2€

uelU

can be seen as such a fragmentation energy, with ¢(s1,s2) = 1 for all s1, s, and = 0. Note
that although S was supposed to be positive in [18], it is easy to check that the results they
obtained in the discrete framework also hold for 8 = 0. Simple calculations show that, for
a*=1-1/a,

/ (5?* + sg*)ua(dsl,d@) =1,
[0,1]2
and
/ (s‘f* + SS‘*) log((s?* + S%*) A1)y (dsy,dss) < 0o,
[0,1]2

which means that the fragmentation satisfies the Malthusian hypothesis with parameter o*.
Since

/ lp(s1, 52)| Va(dsy,dse) = 1 < oo,
[0,1]2
we can apply Theorem 1 of [18]:

* / ”/
« 1,1 o0 : 1
e* N (¢) — arela) 5 /[01]2 lp(s1, $2)| va(dsy, ds2) in L*,

)

cla®) = / (sf‘* log <1> + 55" log (1>) Va(dsy,dss),
[071]2 S1 S9

and W, is the almost sure limit of the martingale

Wy, = Z m(u)® = Z m(u)t=Ye,

ue{1,2}" ue{1,2}"

where

Calculations show that c¢(a*) = a(a — 1)/2. As a consequence, we have the convergence

El_l/aNl’l/(€) 2

0 a1 e (3-4)

in L'. We now apply further results of Nerman to show that this convergence holds almost
surely.
To this end, note that we can also write

NY(e) = olt = ou),
uelU
where t = —loge, 0, = —logm(u) and ¢ = 1g,, so that Ngl’ll corresponds to the quantity Zf’
studied in [53]. Theorem 5.4 of [53] now gives the almost sure convergence of this quantity under
two conditions:
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1. the existence of an integrable, nonincreasing positive function h on Ry such that

)
"R

has finite expectation. In our case ¢ is deterministic, so it suffices to find h such that
this quantity is finite. For example h(t) = e~®"* works.

2. a similar condition on a quantity depending on the dislocation law, which is seen to be
weaker than

/[ . ((log 51)23?* + (log 52)233‘*) Vo (ds1,dss) < 00.
0,1
(see [53, Equation (5.7)]). For our dislocation measure, this quantity is equal to
1 1 (log $)2
1- = (og )" ) oo
Qa 0 52/0{71

2.2.3 Distribution of the limit and conclusion

Since the above fragmentation is homogeneous, for all n € N, W,, has the same law as

m(l)l—l/aW(l)l + m(2)1—1/aW(2)1

n— n—1_1

where Wél_)l and W7§2_)1 are two independent copies of W,,_1. Taking n — oo, this shows that W,
is a solution of the distributional equation (3.3). Therefore, Lemma 2.2 implies the existence of

a constant ¢ such that We, = cA, with A ~ ML(1 — 1/a,1 — 1/a)). We have E [W] =1 and

(1 -1/a)
ElA]= re2-2/a)’
@TI'2-2/a) @1 /
Wy = WA = adc(l,l )

Since the almost sure convergence (3.4) is equivalent to

(a—1)%c,

VAN () —— Se(Ll) == ca Wao as,
2 e—0

this completes the proof of Proposition 1.6.

3 Construction of Cut(7)

3.1 Main idea

As mentioned in the Introduction, the main idea of the overall construction consists in
iterating the construction of the “first branch” of the cut-tree studied in [4, 2]. In the latter
construction, one only keeps the cut-points which fall into the component containing the root
of T; the components which are above such cut-points thus play a different role than the ones
below. To iterate this construction, we use all the cut-points, but this asymmetry still appears.

As a consequence, we let

L {1} ifa=2
Jo =Ja \ {0} = { N otherwise,
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so that the components above a cut-point y; are the components containing the points x; ; for
j € J;. Forall (i,7) € Nx T, let 7',‘7]- be the tree 7-(Xi,j7ti); rij = Xi,j be its root and t; ; = t;.
We also set Too =T, 10,0 = pr and too = 0. We let &, = {(0,0)} U (N x J;) be the set of the
indices of these components. For all i € N, there exists a unique element p(i) of &, such that

t; > tp(z') and y; € T( ) ;)

We think of p(i) as the “parent” of i, since the cut which creates the subtrees T;;, j € J
happens in the component of ;). Finally, for all (,j) € &, let

Oi.j) = /t pr (T (rig, t))dt, (3.5)

i

and for all (¢, j') such that p(i') = (i,7),

tr e
O )it = O, (1) = / pr (T (14,5, t))dt. (3.6)

For K € N, we now build the “first K branches” of the cut-tree. Let ¢ : N — &, denote
the bijection such that for all k € N, T 4 is the k-th biggest tree among the T 5, (4,]) € &a,
for the order induced by the mass 7. Note that it is well defined, since we consider only the
subtrees above each cut-point. This bijection ¢ determines the order in which we construct the
branches of the cut-tree; note that ¢(1) = (0,0). Let

E(K)=9¢({1,...,K})

be the set of the indices corresponding to the first K branches, and

I*(K)={ieN:p(i) € E(K)}
EN(K) = (T"(K) x JJ") \ E(K).

For all (7, j) € £(K), we draw a branch B; ; = [u; ;,v; ;] of length d(; ;). For all i € Z*(K), let b,
be the point of Bj,;) which is at distance d,(;); of u,;). We attach the branches by identifying
the points b; and wu; j, for all (4,j) € £(K) \ {(0,0)}. This gives an R-tree Cutg (7 ), rooted at
pc = U0,0-

We shall prove in the next section that this construction can be done in a consistent way
for all K € N, for example by constructing these R-trees as subspaces of I! as in [7]. Thus, we
obtain nested trees: Cutg (7) C Cutg/(7T) if K < K'. The cut-tree Cut(7) is then obtained by
taking the limit of Cutg(7) as K — cc.

3.2 Details of the construction
3.2.1 Building the cut-tree as a subset of ! (N)

We first introduce some notation for the elements of IL(N). Fix u = (u(n))pen,v =
(v(n))nen) € L(N) (in this subsection only, u denotes en element of I} (N) instead of U),
and let 1y, = max{n € N:u(n) =v(n)}. We say that u < v if u(ny, +1) < v(ny, + 1) and, for
all n > ny, + 1, u(n) = 0. Let 0 denote the sequence (0,0,...). Note that any nondecreasing
sequence (u;) such that d(0,u;) is bounded converges in I} (N ) Let

uAv=(u(l),...,u(nyy), W(nuw + 1) Av(ng +1),0,0,...)

be the largest sequence such that u A v < w and u Av < v. Let d be the distance on [} (N)
defined by

d(0,u)=> u(n) and  d(u,v) =d(0,u)+d(0,v) — 2d(0,u Av).

n>1
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Thus, the shortest path between uw and v is
[[ujv]]:{wél_li_(N):u/\vgwguoru/\vgwgv}.

Finally, let 1y = (1n=N)nen, and ujy = (u(1),...,u(N),0,0,...), for all N > 1.

We now build the trees Cutg (7) as subsets of I} (N), in the following way. We define the
points b;, u; j and v; ; recursively, by saying that by = (0,0,...), and for all (7,j) € &, i € N
such that p(i") = (4, 7),

Ujj = bi, Vij = bi + 5i,j . 1¢>—1(i,j) and bi/ = bl + (5(1‘7]-)71-/ . 1¢>—1(i,j)

Note that the fact that p(i') = (i, j) implies that for any j' € J.F, we have ¢~1(4, ) < ¢~ (7', j'):
in other words, the branch B; ; is built before By ;. Finally, let

CutK(T) = U [[bi,j7 Ui,j]] ;

(i,7)€€(K)

and

Cut(7T) = | Cutx(T),

KeN

where S denotes the closure in (I, d) of a subset S.
Before giving the details of our construction, let us make a few remarks on the properties of

Cut(7).

Remark 3.1 (Tree structure of Cut(7)). One can show directly that Cut(7) is an R-tree. To
this end, consider the following condition on a subset S of l_1~_(N):

For all w,w’ € S, we have [w,w'] C S, and if n is a positive integer such that w(n),w’(n) # 0,
then ny, v >n — 1.

This is a sufficient condition for (S, d) to be an R-tree. Moreover, it is elementary to see that
these properties are verified for the Cutg(7), K > 1, and that they also hold for the “limit”
Cut (7).

Moreover, the construction allows us to identify the sets of the branching points and leaves
of Cut(7T). Indeed, it is clear that

B(Cut(T)) = {b; i € N} = {ue : e € £\ {(0,0)}}, (3.7)

and that by = 0 is a leaf of Cut(7). The non-zero leaves of Cut(7) are the points w €
Cut(T) such that {w’ € Cut(T):w’' > w} is empty. Note that for all N € N, if we let I}, =
{well(N):Vn> N, w(n) =0}, then for all K > N, we have Cutg (7)Nly = Cuty(7), hence

Cut(T) Ny = Cuty (7).

This shows that the leaves of Cut(7) which belong to one of the I}, are the v,, e € &,. For all
w € Cut(T) \ Uyen i, we have {w’ € I (N) : w’ > w} =0, so w is also a leaf of Cut(7). Thus

L(Cut(T)) = (Cut(T) \ U lh) U{0}U{ve:e€ &} (3.8)

NeN

Remark 3.2 (A sequence of a-stable trees containing the Cutg(7)). Consider the R-trees
Cut(T) obtained by grafting, for each (i,5) € £*(K), the root of the tree T; ; at the point b; of
Cutk (T). (Note that these trees can be seen as subsets of I1 (N) verifying the above condition.)
The transformation 7 +— Cut](7) was studied by Addario-Berry, Broutin and Holmgren [4] in
the Brownian case, and by Abraham and Delmas [2] in the general stable case. In particular, they
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showed that the resulting tree Cut] (7 ), endowed with the image measure p; of p7, is a standard
stable tree, and that vg ¢, which will be seen later as the leaf of corresponding to the root of T,
is a uniform leaf of this tree (in the sense that the equivalence class of ((Cuti(T),d, p1),0,v0,0)
has the same distribution as a rooted stable tree with a uniform marked leaf). This result can
be used to prove recursively that all the trees Cutj(7) have the same law as T.

Remark 3.3 (Cut(7) has finite height). For all S C I} (N), let h(S) = sup {d(0,u) : u € S};
if S is a tree rooted at 0, this quantity corresponds to its height. Let us show that hA(Cut(7))
is a.s. finite. It is easy to see that h(Cutg (7)) — h(Cut(7)) almost surely. Therefore, for all
n > 0, there exists K such that

P ([n(Cut(T)) — h(Cutx (T))[ > n) <.
For all hg € Ry, we have

P (h(Cut(T)) > hg) <P (h(Cutg(T)) > ho—n)+n
< P(h(Cuty(T)) = ho—n) +n
<P

(h(T) = ho —n) +n,
since Cuty (7) and 7 have the same law. Taking 7 — 0, we obtain
P (h(Cut(T)) = ho) <P (h(T) = ho),

hence the conclusion.
In particular, this property has the following useful consequence: any nondecreasing sequence
of elements of Cut(7) converges in Cut(7).

3.2.2 The correspondence between the points of 7 and the leaves of Cut(7)

Lemma 3.4. There exists a function

0: Ty — l}r(N)
T .

such that {&C (T € 7-;(} = L(Cut(T)) UB(Cut(T)) and, for all z,y € T x,

d(0,£,) = /0 e (T ),

[e.e]
Atosty) = [~ (e (Tw0) + (Tt
t(z,y)
Proof. Let x € Tx. For all i > 1, let ei(x) = ¢(ki(z)), with (k1 (z),...) the increasing sequence
(finite or infinite) of the k such that x € T (). Note that ej(x) = (0,0), and that the sequences
(77'61.(96))1-21 and (t,(y))i>1 are respectively decreasing and increasing. We distinguish three cases:
1. The above sequences are finite, of length i(z), and we have x = r,,(,). This is the case if
and only if x € {ro:e € &} =X U{pr}.
2. The above sequences are finite, of length i(x), and we have = # r,(,). This is the case
if and only if there exists e € &, such that x € T, and T (z,t}) = {z}. (The fact that
such points exist is justified in the remark below.)

3. The above sequences are infinite.

Let S1, S2 and S3 denote the subsets of Cut(7) corresponding to these three cases (respectively).

Let us briefly comment on the existence of points belonging to S3. Consider a decreasing
sequence (e;,) in (0, 00) which converges to zero as n — co. Recall that A, denotes the intensity
of the Poisson process of cut-points on Ry x 7. Since Ay((0,e1) X T) = oo, there exists
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a cut-point p; such that the corresponding cut happens before time €;. Recursively, since
Ao((0ye,) X {z €T :x > p}) = oo for all p € B(T), we can build a sequence of cut-points
(pn)n>1 such that for all n, we have p,y1 > pp, and the cut at point p,, happens before time &,,.
This sequence converges to a point & which will have the property T (z,0") = {z}. The same
argument shows that for all e € &,, there exists z € T, such that T (z,t}) = {z} (iterating the
construction “in all branches” from the cut-points p,, would even show that there are uncountably
many such points). However, since the total mass of the fragments is a.s. 1 at all times, we have
1(S2) = 0.
We define the application ¢ by setting

’Uei(w)(z) ifxes
by = Ue,, () if x € Sy
lim;_ oo Ue, (z) if z € Ss.

Note that in the third case, the sequence (b,(y))i>1 is increasing in Cut(7), so Remark 3.3

ensures that ¢, € Cut(7). With this definition, we can see that the images of the points
in S; U Ss3 are the leaves of Cut(7) (except pc), and the images of the points in Sy are the

branching points of Cut(7) and its root. Indeed, we have
€(S1) = {lr, s e € Eat ={ve s € € &}
and
0(Sy)={ly:ec€ &z €Test. T(x,t])={x}} ={uc:e €&} =BCut(T)) U{0}

(see equation (3.7)). For all z € Ss, we have €, € Cut(T) \ Uyen!y- Conversely, let w €
Cut(7) \ Uyenly. For all N > 1, it is easy to see that w)y € Cuty(7) and that wyy is a
branching point of Cut(7); thus there exists a unique e[N] € &, such that wy = bnj. The
sequence (e[N])n>1 is increasing, so it admits a limit € Cut(7). Now the e;(x),i > 1 are exactly
the e[N], N > 1, and we have

= = i b= b=
Thus £(S3) = Cut(T) \ Uyen (- Equation(3.8) now shows that
(51U S3) = L(Cut(T)) \ {0},
hence
L(T) = B(Cut(T)) U L(Cut(T)).

We now compute the distances between the points £, and 0 in the three above cases, using
the relations (3.5) and (3.6). Let x € 7. Note that for all suitable 7, for all ¢ € [tc,(z),te,, (2)]5
Te;(z) and z are in the same component of the fragmented tree at time ¢.

— If x € 57, then we have

i(z)—1
d(0,4,) = Z 561'(90)761'4-1(93) + 561‘(&0)(90)

=1
(z)1 t€i+1(x) _ o _
= Z / :U'T(T(Tei(:v)a t))dt + MT(T(Tei(m)(:v)a t))dt
i=1 tei(l‘) tei(m)(z)

i(z)—1 tepir (e _ o0 —
_ Z/ ”W(T(g;,t))dH/ pr (T (2, t))dt

i=1 7le;(@) tej(z) (@)

= [ T
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— If x € Sy, then

i( i(x)—1
7,+1(I) _
d(oaem) = Z 6e2(:1: ),eit1(x Z / €i($)7t))dt
e;(z)
z(x)_l 'L+1(7') — © J—
Y / (T ()t = /0 o (T (a, 1)),
i=1 e;(x)
since p7 (T (x,t)) =0 for all t > te,(z)()-
— If x € S3, then

tez‘+1(-r) __
la) = Z Oc;(a) it (@) = Z/ wr (T (z,t))dt,

i>1 i>1 7 te;(x)

and t.,(,) — 00 as @ — 00, hence

a(0,£,) = /0 R

Let us finally check the value of d(€y, ), forx #y € Tx. Let I = max{i > 1: ¢;(z) = €;(y)}
(note that since = # y, we have I < 00): for all i < I, z and y are in the same component of the
fragmented tree at time ., ;) = te,(,)- First assume that I < i(x),i(y) (where by convention,
i(z) is 400 if the sequence (e;(z)) is infinite), and let t =, () Ate,, () At time ¢, both z
and y are in the same component as r = 1, (). If for example ¢t = ., | (,), it means that the
mark which appears at time ¢ between x and r, separates the components containing = and y

(otherwise we would have 6]+1($) = er+1(y)): thus we have t = t(x,y). Besides, we have

d(0, £ A E Z 661(33) eit+1(z) (561($)161+1($) A 661(y)761+1(y)>’

and

t€1+1(z) — t€1+1<y) _
Ocr(a),ersr(@) N Oer(y)era(y) = /t pr (T (r,t))dt | A / pr (T (r,t))dt

er(z) ter(y)
t(x,y) L
- / i (T (r, 1))t
tey ()
This yields
-t t€i+1(z) _ t(z,y) o
a0 nt) =3 [ pr Tt + [ (T oy
i=1 Y te;(z) tey(a)
t(x,y) L t(z,y) L
= [ T = [ (T,

hence the expression of d(¢,, ;). The cases where I = i(x) or I =i(y) can be treated similarly
(for example, if I = i(x) # i(y) and x = 7, (,), we only have to replace ¢, (2) e, (x) PY Oe; ()
and t by t,  (,) in what precedes; if I =i(z) # i(y) and = # r,,(,), We replace J¢,(y)
0 and ¢ by t.,(4); etc.).

,e[+1 (m) by

To conclude this section, note that the restriction of the correspondence ¢ to 7 \ X is
measurable. To check this property, it is enough to show that for all b € B(C) and [ € £(C) such
that [ = b, the set £71(C!) N T is a measurable subset of 7 (with C = Cut(7)). The definition

o Oy
of C ensures that for all such points b and [, there exists (i, j) € &, such that Cll) = CZZ" = ijw,
hence

)N T =T (g ) \ X.
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3.2.3 Consistency with the previous definitions of the cut-tree

In this section, we justify that the cut-tree we have built is the same as in [19, 28].
Let (Ly,n € N) be independent uniform leaves of T, [,, = {1, for alln € N, and lp = pc(= 0).
The above lemma shows that for all n > 1, we have

o) = [ ur(T(Las )

and for all n,n’ > 1, we have

A, ) = / T @) + (T (L 1))t
t(Ln,Ly,)

Thus, for example in the case o = 2, for all k£ € N, the matrix of the distances (d(ly,, l/))o<n.n/<k
is exactly the same as in the definition of the cut-tree given by Bertoin and Miermont in [19].
As a consequence, these two definitions of the cut-tree coincide, and yield a standard Brownian
tree (see [19, Theorem 1]). Similarly, in the case a € (1,2), the cut-tree we constructed here is
the same as in [28], and Theorem 1.3 of [28] shows that it is a standard stable tree of index .

As a consequence, to conclude the proof of Proposition 1.3, we only have to prove the
following lemma:

Lemma 3.5. Almost surely, we have {l,,n > 1} C L(Cut(T)), and

Cut(7) = | J[0,1.]-

neN

Proof. All the properties stated here hold almost surely. First note the following facts:

— for all e € &,, since ur(Te) > 0, there exists n > 0 such that L, € T. (and by

construction, ue < lp);

— for all n,n’ € N, d(0,1,/) + d(l,,1,) > d(0,1,,) (cf. the above remark on the distribution

of (d(ln,lw))nn>1), so we do not have [,y < Iy,.
As a consequence, we have {L,, : n € N}NSy = (). (In fact, it is even a subset of Ss, since S3 C X
and pr(X) =0.) Thus the points l,,, n € N are leaves of Cut(7).

To complete the proof, it is enough to show that B(Cut(7)) is dense in Cut(7 ), and that it is
contained in (J,,cx[0,7,]. For all i € N, there exists n,n’ such that x; € [Ly, L,/], which means
that b; = l,, Al,/, hence the second point. Besides, it has already been noted in the previous proof
that any point w € Cut(7) \ Uyen I}, can be approached by the branching points wyy, N €N.
Now, for all N € N, we have Cut(7)NlL = Cuty (7). Recall Remark 3.2. By construction, the
branching points of Cut(7) and Cut}(7) in I}, are the same:

B(Cut(T)) Nlk = B(Cuti (7)) Nik.

Since Cut}(7) is a stable tree, B(Cuty (7)) is dense in Cuty(7), and a fortiori in Cuty (7).
Noting that for all b € B(Cuty (7)) and w € Cutn(7T), we have

and by € B(Cuty (7)) N} € B(Cut(T)), we get the density of B(Cut(7)) in Cuty (7). O

Note that this Lemma also shows that the equivalence class of Cut(7) does not depend on
the root of T, even if we first used py as a starting point for our construction. This explains
why we need a distinguished leaf of Cut(7) to keep track of the position of pr.
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Cuti (T, L)

Figure 3.2 — The leftmost picture shows the components (7(;),j € Ja) created from the subtree
T(L,t(L,L")~) when we cut at point x = x(L,L'); the fragments in dark grey are the ones
which are separated from the root before time ¢(L, L’), so they do not appear in the trees Tij)-
These components can naturally be seen as subtrees of Cut] (7, L): the ones in dark grey are
grafted along the first branch before the branching point B, and the 7;), j > 1 (in light grey),
correspond to the subtrees above B (except the one containing ¢1). The last picture illustrates
the fact that the cut-trees of each of these components appear as subtrees of Cut(7"). The points

indicated by white vertices are the points of f(b), with b = £ A {p:.

4 The case where C is the cut-tree of a stable tree

In this whole section, we work under the hypothesis that C = Cut(7T) for a stable tree T of
index a. Our main goal is to prove the identity stated in Proposition 1.7:

dcut(m) (b, o) = dp (L, L)) as.,

for independent uniform leaves L and L’ of 7. We will also show that the decoration f7 verifies
Condition 1.4. We begin with a technical lemma which will be used to show both results.

4.1 Joint distribution of the components created by the first cut between
two uniform leaves of T

Let L and L' denote two independent uniform leaves of 7. Recall that ¢(L, L") denotes the
first time at which a cut-point appears on the segment [L, L']. We are interested in the joint
distribution of the trees into which 7 (L, t(L,L')™) is split at time #(L, L'). To simplify notation,
we relabel them in the following way, as shown on the first picture of Figure 3.2:

— T(o) is the component, containing L (equal to T (L, t(L,'))),

— Ty is the component containing L' (equal to T (L', ¢(L,1'))),

— if a # 2, the remaining components 7(;), for j > 2, are ordered by decreasing order of

mass. (For a = 2 there are only two components.)
We see the 7(j), j € Ja as random rooted trees (rooted at the cut-point x (L, L")). Moreover, we
let 725) denote the rooted tree with a distinguished leaf (7, L), and similarly 72;) = (Tay, L').
We also let x7, and x7/ denote the points in {x;; : (¢,7) € N x Jo} which correspond to the
cut-point x(L, L) “seen from” T (L,t(L,L")) and T (L', t(L,L’)) respectively.

Lemma 4.1. Conditionally on their masses, the random trees (’T(a), 7{;), Ty, d = 2) are mutually
independent, with the following distributions:

— 72(‘)) and T3, are a-stable rooted trees with a uniform distinguished leaf.

— if a#2, forall j > 2, T is an a-stable rooted tree.
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Proof. Recall from Section 3 the tree Cut](7) which is obtained by building the first branch
[pc,€,,] of the cut-tree, together with the points b;, i € Z*(1), and grafting the root of the tree
T at point b;, for all (4,7) € £*(1). We let Cutj(T, L) denote the tree obtained by performing
this construction after rerooting the tree 7 at point L (so that the “first branch” we build is
[pc,2r]). Since the distribution of 7 is invariant under uniform rerooting, we can apply the
results of [4] to Cut; (T, L).

Theorem 1.5 of [4, 2] shows that the tree Cut](7, L), endowed with the image measure p;
of pr, is a standard stable tree, and that ¢, is a uniform leaf of this tree. Moreover, L’ can be
seen as a point of Cut](7, L), and since p; is the image measure of pu7, it is a uniform leaf of
Cut](T, L), independent of /.

Let B denote the most recent common ancestor of £;, and L' in Cutj(7,L). Theorem 2.1
gives the joint distribution of the subtrees of Cut] (7, L) which are above B. With the natural
identifications between these components and the 7,7 > 1 (as shown on Figure 3.2), we get
that conditionally on their masses:

— T4 = ((Cuti(T, L)%, L') is a rooted a-stable tree in which L is a uniform leaf,

— if a # 2, for all j > 2, 7(; is a rooted a-stable tree,

— Clo) = (Cuti (T, L))%L is a rooted a-stable tree in which /7, is a uniform leaf,
and these random trees are mutually independent.

To conclude the proof, we need to see that we can recover the tree (5) by a deterministic
transformation of (CE*O),EL,XL) (note that xz can be seen as a uniform random point in this
tree). To this end, we use the inverse transformation of Cutj, also studied in [4]. Indeed, we
have Cfy) = Cutj(7(g), L) for the fragmentation given by the cut-points falling into 7 (after

time ¢(L, L")). By applying the inverse transformation to CEko)v we thus get a tree ﬁo) which can
be seen as 7(g) rerooted at point L, and we can also recover the point xr: this gives us all the
information we need on 7?6). In particular, it shows that 7?6) is independent of the trees 7?1)
and T, i > 2.

Finally, since (7, L,L’) and (T, L’, L) have the same distribution, we have that

—
=

(o) Ty Ty Ty - ) = (T8y: Ty Tiys Tiays -+ )
hence the fact that x, is a uniform leaf of 7). O
The first important consequence of Lemma 4.1 is the following:
Corollary 4.2. The decoration f7 verifies Condition 1.4.

Proof. First note that it is enough to check that the properties stated in Condition 1.4 hold for
b= IAl', wherel = £;, and I’ = £}, for two independent uniform leaves L and L’ of T, independent
of the fragmentation (so that [ and I’ are independent of f7). As shown in Figure 3.2, we write
Coy = C,l), Cay = Cé/, and let C(jy, j € Ja \ {0,1} denote the remaining connected components
of C\ {b}, except the one containing the root, ordered by decreasing order of mass. We number
the elements of f(b) accordingly, by writing f)(b) for the unique element of Cjy N f(b). In the
whole proof, we work conditionally on the masses of the components C(;), j > 0. We have that:
— C(0) can be seen as the cut-tree of Ty, with [ and f(o)(b) the leaves corresponding
(respectively) to the root xr and the point L,
— C(1) can be seen as the cut-tree of 7(y), with I’ and fM(b) the leaves corresponding
(respectively) to the root yr and the leaf L',
— for all j € Ju \ {0,1}, C(;) can be seen as the cut-tree of 7(;), with fU)(b) the leaf
corresponding to the root.
Putting together Proposition 1.3 and Lemma 4.1, we get the following joint distribution:
— (Coy, 1, O (b)) and (Cay,l's fM (b)) are rooted a-stable trees with two uniform indepen-
dent leaves,
— for all j € T\ {0,1}, (C(j), fU) (b)) is a rooted a-stable tree with a uniform leaf,
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— these trees (with their distinguished points) are mutually independent.
Besides, the Poisson point processes of marks on each of the subtrees 7(;), j € Jo are mutually
independent, and independent of y. As a consequence, the restrictions of f7 to the subtrees
C(j), J € Jo are mutually independent, and independent of f(b). O

4.2 Proof of Proposition 1.7

As in the previous section, we let L and L’ be two independent uniform leaves of 7. Recall
the construction of C*2:z’ introduced in Section 1.2.4, and especially the sequences I(u), I'(u)
and C(u), v € U. We now build sequences which will encode the corresponding points and
components of 7.

For all z,y € T such that ¢,,¢, € L(C), we use the notation x(x,y) = x«(y,z) for the
representative point of x(x,y) in T (z,t(x,y)):

Yo (@, y) = Xo(y,2) == x5 if x(@,y) = x; and x;j € T (, t(z,y)).

The sequences are defined as follows:
— Let L(0) =L, L'(0) = L', and T(0) =T.
— Forallue U,

L(u,1) = L(u) L,(u’ 1) = X L(u) (L(u), L,(u)) T (u,1) =
L(u,2) = Xpr(u)(L(u), L'(w)  L'(w,2) =L'(u)  T(u,2) =

It is clear that for all u € U, we have I(u) = L), I'(v) = Lr/(y), and C(u) = Cut(7 (uv)). In
particular, m(u) = ue(C(w)) = (T ().

Our goal is to prove that we have dr(L, L") = §(€p,€r/). A first interesting similarity between
these two quantities is the fact that for all n > 1, we have

dr(LL) = 3 dr(L(), L) and 86, t) = S 5o luw):

ue{1,2}" ue{1,2}"

We will not exactly use this property, but rather the fact that 6(¢z, ¢7/) is a multiple of the limit
of W), = Zue{lz}n m(u)'~1/®. The key argument to our proof is the following:

Lemma 4.3. Fixn > 1. The trees T (u),u € {1,2}" are independent stable trees of index «,
with respective masses m(u),u € {1,2}". Conditionally on these trees, for all u € {1,2}", L(u)
and L'(u) are independent uniform leaves of T (w). In particular, we have the identity

dr(L, L) = Y mu)' A,
ue{1,2}"

where (Ay,u € {1,2}") are i.i.d. variables having the same distribution as dr(L, L"), independent

of (m(u),u € {1,2}").

For n = 1, this is a direct application of Lemma 4.1; we obtain the result for n > 2 by
iterating.

Let us now prove Proposition 1.7. We write D = dy(L, L’), and recall that §(L, L) = co Weo.
Since D/W,, converges a.s. to D/Wy, as n — oo, it is enough to show that there exists a
subsequence of D/W,, which converges in probability to ¢,. Using the notation of Lemma 4.3,
we have

D
Wn = Z AUA’LH
ue{l,2}"
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where \, = m(u)'~1/® /W, for all u € U. Note that
_ 1 1-1/a _
ue{1,2}" ue{1,2}"

We compute the expectation and the variance of D/W,,:

E |::| =K Z M JE [Au|)\v,’l} S {1’2}71] =K Z AuCa| = Ca,

ue{1,2}" ue{1,2}"

and

D 2
Var (VVn) =E Z AuAvAuAU — Cq
_u,vE{l,Z}"

=F Z )\u)\v]E [AuAv|Awaw € {1’2}71] —Ci
_u,v€{1,2}”

=GE| > M| +Var(AE| Y AL -,
u,ve{1,2}" ue{1,2}"

2
with A @ A, for all u. Since Zu,ve{1,2}" Ay = (Zue{1,2}" )\u> =1 a.s., this gives

Var(ml;):\/ar(A)E >

ue{1,2}"

Let Zn = Zue{l,Q}n m(u)Q_Q/O‘, so that
D Zn
Var (VVn) = Var(A)E [W:| .
For all n € N, we have
2_2/am(u, 1)2=2/ 4 m(u, 2)2-2/«

E(Zna] =E| Y m(u) T
_u6{1,2}"

-k Z m(u)2—2/aE m(1>2—2/a +m(2)2—2/a]
| uc{1,2}"

~2g(z,],
3

so E[Z,] = (2/3)". Thus Z, converges in L' towards 0. Note that this does not imply directly
that E [Zn / W,ﬂ converges to 0: we have to use an almost sure convergence as an intermediate.
Letting ¢ be an extraction such that Z,,) converges almost surely as n — oo, we get that

Z
2 _ “¢(n)
Z Au = 53 ﬁﬁoo 0 a.s.

ue{172}¢(’ﬂ) #(n)

Now, since this sequence is dominated by 1, the convergence also holds in L'. As a consequence,
Var(D/Wg)) converges to 0 as n — oo. The convergence in probability of D/Wy, is now a
straightforward consequence of the Chebychev inequality.
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5 Correspondence between the points of C and Rec(C) and frag-
mentation of Rec(C)

In this section, we consider a sequence [;, ¢ € N of independent uniform leaves of C, in-
dependent of Iy := [, and let D := {l; : i € N}. Since the root pc does not play the same
role as the other leaves when C is the cut-tree of a stable tree, we also introduce the notation

L£2(C) = L(C) \ {pc}-
5.1 Continuous extension of the reconstructed distance to £*(C)

We use the fact that the set D is a.s. dense in C to define the reconstructed distance 6(z,y)
for any points z,y € £*(C). The main idea consists in showing the following property:

Proposition 5.1. Almost surely, for all x € L*(C) and € > 0, there exists a neighbourhood
Vz(e) of x such that

sup  6(L1) <e. (3.9)
LI'eDNVz ()

Let us first explain how this allows us to extend 0 to £*(C). For any points =,y € L(C), let
Ray(e) = {0(1,1) : 1€ DN Va(e), I € DNV, ()},

and

Ryy =) Rayle),
e>0

where S denotes the closure of a subset S of R. The set R, , is non-empty, since it is written
as a decreasing intersection of non-empty compact subsets. Besides, equation (3.9) shows that
for all e, the diameter of R, ,(¢) is less than €. As a consequence, R, has a unique element,
which we call the reconstructed distance §(z,y). Note that we do not claim that §(z,y) can be
computed as the limit of the rescaled quantities N*¥(¢).

The proof of Proposition 5.1 will be divided into two steps. We first show that we can
split C into stable subtrees on which ¢ is small enough, and that these subtrees can be used to
define V;(e) for all but a countable number of points in £%(C). This construction bears some
similarities with that of Section 3.

For any subtree S of C, endowed with a distinguished leaf [* € £L(C) N S, let

FolS, 1) = {(S;M*,fl(l /\l*)) e Dms}.

In particular, Fo(C, ) is the set of the connected components of C\ [p¢,°], with a distinguished
leaf for each component. The joint distribution of their masses, ranked in decreasing order, is
known from [38, Corollary 10] (it corresponds to the fine spinal mass partition), and conditionally
on these masses, the components are independent stable trees of index «. Recursively, we define
Fr(C,1°) by letting (Sk, %) be the element of F (C,1°) which has the biggest mass, and setting

Fr+1(C,1%) = (Fr(C, 10\ {(Sk, 1")}) U Fo(Sk, 1F).

Again, conditionally on their masses, the elements of F(C,1°) are independent stable trees of
index a, with each a uniform distinguished leaf and a suitable decoration. Also note that uc(Sk)
almost surely converges to 0 as k — oo; as a consequence, for all b € B(C) and | > b, there exists
K such that pc(C) > pe(Sk), which implies that b € Jy<p<x[oc, I*]-

Lemma 5.2. Almost surely, for all ¢ > 0, there exists a random integer K (e) such that

sup sup  d(1,1') <e.
(S,1*)EFK (CI0) I,'eSND
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Proof. Consider the two quantities

Ak = sup sup (1,1
(8,1*)eFK (C,10) LI'eSND

Dk = sup sup de(l,1).
(S,1*)EFK (CI0) L,'eSND

Identity (3.2) and the above remarks on the joint distribution of the (S,1*) € Fx(C,1°) show
that for all K € N, Di and Ag have the same distribution. Thus it is enough to show that Dy
converges almost surely to 0 as K — oo: indeed, this implies that A converges in probability
towards 0, and since (Ag)g>o is decreasing, the convergence also holds almost surely.

To prove the almost sure convergence of Dy, we use the compactness of C, and the fact
that B(C) is dense in C and contained in (J;solpc,!*]. Let € > 0. Almost surely, there exists a
covering of C with a finite number of balls of radius /2, centered at points of g« lpc, *]
for a large enough K. This implies Dy < ¢ for all £ > K. S O

Note that for all K € N, we have

U L(S) = L2C)\ {1°,... iK1

(8,01%)eFK (C,I0)

Therefore, for all z € £*(C)\ {I* : k > 0}, we can define the neighbourhood V;(¢) as the unique
element of Fr()(C,1°) containing z. The above lemma shows that equation (3.9) is verified on
Vz(e).

The second (and last) step of the proof of Proposition 5.1 consists in justifying the existence
of the neighbourhoods Vx(¢) for all £ > 0 and € > 0. Let £ € N. Conditionally on the mass
My = pe(Sk), the space (Sk,dc/Mli*l/a,,uc/Mk) is a stable tree of index «, on which the
restriction of the decoration f and the distinguished point ¥ allow us to define a reconstructed
distance ds, . In particular, almost surely, the distances ds, (I, I¥), for I € DNSy, are well-defined.
Moreover, it can be seen from the definition of d¢ that for all 1,1’ € (D N Sy) U {lk}, we have

Se(1,1) = M5, (1,1). (3.10)

(Indeed, if we let Néi (¢) denote the quantity obtained by performing the construction of Section
1.2.4 in the tree Sy rescaled to have mass 1, we have Nfs’i/ (e) = N"' (¢/My).) Also note that if

l, [ are respectively uniform leaves of S and C, then we have

5Sk (l7 lk) (i) 5C([7 lo)
The two above equations imply that it is enough to show the existence of the neighbourhoods
Vio(e) such that (3.9) holds, for all € > 0. This is a straightforward consequence of the following
lemma:

Lemma 5.3. Let ¢ > 0. Almost surely, there exists a neighbourhood Vio(e) such that

sup (5(l0,l~) <eg/2
leDNVig(e)

Note that this choice ensures that for all £ > 0, for all [ € D, the two possible definitions
of 6(I*,1) (using equation (3.10) or the construction explained at the beginning of the section)
coincide.

Proof. We perform the construction of Section 1.2.4 for [ = [ and an independent uniform leaf
I" of C; in particular, we consider the associated sequences of subtrees C(u) and leaves [(u), I'(u),
for w € U. For all n € N, let 1,, denote the n-uple (1,...,1).
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Let n € N, and consider a uniform leaf [ of C(1,). Up to an appropriate rescaling, C(1,)
is a stable tree of index a and mass 1, on which the restriction of the decoration f and the
distinguished point I’(1,) allow us to define a reconstructed distance dc(1,)- As above, it can be
seen from the construction of d¢ that

de(1%,1) = m(1,) 61,y (1°,1). (3.11)
Let

AC(ln) = sup (55(1n)(l0,l~).
leDNC(1,)

The variable A¢(y,,) is independent of m(1,) and has the same distribution as
A = sup e (1°,1).
leD
(Note that we know from equation (3.2) that its law is that of the height of a stable tree of index

a. Moreover, as suggested by the notation, Ac(y,) only depends on the rescaled subtree C (1),
endowed with its decoration and its distinguished leaf). Equality 3.11 yields

sup (5c(l0, ZN) < m(ln)l_l/a “Ac(1,)-
leDNC(1,)

We now show that there exists a subsequence of (m(1,)' /<. Ac(1,,))nen converging to 0 almost
surely, as n — oo. First note that E [m(1,)'~1/¢] =27, so m(1,) converges to 0 in L. Since
(m(1,))n>0 is decreasing in n, this convergence also holds almost surely. Now

1—1/0& . = 77

Thus m(ln)lfl/ “ - Ac(1,) converges to 0 in probability, hence the desired convergence. As a

consequence, there exists a (random) n € N such that m(1,) =1/ - Ac(1,) < €/2 almost surely.
Taking Vjo(¢) = C(1,) yields the desired result. O

5.2 Correspondence between the leaves of C and the points of Rec(C)

With the definition of the previous section, it is easy to see that the mapping
§: L°(C)? — Ry
(z,y) = (z,y)
is continuous, and that it defines a pseudo-distance on £*(C).

Lemma 5.4. For all x # y € L*(C), we have §(z,y) = 0 if and only if x = fo(x AN y) and
y=fylzNny).
Proof. We begin with two remarks. First, for all z,y € £*(C), we have

Indeed, the construction of § shows that this is true if x,y € D, and it can be extended to
z,y € L*(C) using the continuity of § and the density of D in £°(C). This shows the reverse
implication. Second, almost surely, for all [ # I’ € D, we have §(1(1,2),1'(1,2)) > 0 (since
1(1,2),1'(1,2) are independent uniform leaves of the stable tree C(1,2)).

Now choose x # y € L*(C) such that, for example, z # fy(z Ay). Let z = f(x Ay) and
V = Az Since puc(Ch) > 0 and pc(CY) > 0, there exists [ € (CE ND and I € C/ N D, and the
associated leaves [(1,2) and I'(1,2) are respectively f.(V') and z. As a consequence, we have

O(x,y) = d(@, fo (V') + 0(f= (b)), 2) + 0(fy(b),y) > 6(f:(¥),2) > 0.
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Recall from Section 1 that the reconstructed tree was defined as the continuous random tree
(Rec(C), dr, pr) in which (8(l;,1;)): j>0 is the matrix of mutual distances between i.i.d. points.
More precisely, there exists a mapping ¢ : D U {lp} — Rec(C) such that for all 7, j, we have

dR(T’c(li),Tc(lj)) = 5@([2',1]'), and

Rec(C) = U [re(lo), re(li)]-

1€EN
With this notation, for all z € £*(C), there exists a unique point r¢(z) € Rec(C) such that

(d(re(@), re(ls))izo = (de (@, li))izo-

Indeed, the set

() 7e(Va(e))

e>0

is non-empty (since Rec(C) is compact) and has diameter 0, so it is enough to define r¢(x) as
its unique element. Therefore, we get the following property:

Proposition 5.5. There exists a continuous map r¢ from L*(C) into Rec(C) such that for all
z,y € C, we have dr(rc(x),rc(y)) = dc(z,y), and rc(L(C)) is dense in Rec(C). Moreover, for
all x #y € L*(C), we have r¢(x) = re(y) if and only if x = fo(x Ny) and y = fy(z Ay).

Note that in particular, for all b € B(C), the set r¢(f(b)) has a unique element; in what
follows, we call r¢(b) this point.

5.3 Back to the case where C is the cut-tree of a stable tree 7

Our main goal is to check that the reconstructed distance still coincides with the initial
distance on 7T, for all points for which it is well defined:

Proposition 5.6. Almost surely, for all X,Y € {=1(£*(C)), we have §({x,ly) = dr(X,Y).

Note that for the points x; ;, (i,7) € N x J,, the distance d7 is implicitly defined as
dr(xi,Y) = dr(xi,Y)

forallY € T .
Let (Lg)ren be a sequence of i.i.d. uniform leaves of T, and Dy = {Ly : k € N}. Note that
we almost surely have D C £~*(L*(C)), and

Se(lr, ) =dy(L, L)

for all L, L’ € Dy (see Proposition 1.7). The natural idea of the proof consists in using the
continuity of § to extend this identity. To this end, we also need a continuity result for £, but
it is clear that ¢ is not continuous for the topology 71 induced by the distance d7 on T v, since
71 does not separate the points x; j, j € Jn for a given ¢ € N. This leads us to work with a
topology 7o for which these points are separated, defined as follows:
— for all z € T\ X, V is a neighbourhood of = for 7 if and only if it is a neighbourhood of
x for 7,
— for all (i,7) € N x J,, V is a neighbourhood of x; ; for 7 if and only if there exists a
neighbourhood V’ of y; ; for 71 such that V' N7 (xi;,ti) C V.
(t2 can be seen as the topology generated by the union of the topologies on the subtrees

T (xi,ti), for (i,7) € N x J,.) Note that D7 is still dense in T for the topology 7.

Lemma 5.7. Almost surely, the application ¢ is continuous on £=*(L*(C)) for the topology T».
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Proof. 1t is clear from the construction of Cut(7) that for all K > 0, the quantity

Dy = sup sup  de(lr,lrr)
665* (K) L,L/G?EQDT

has the same distribution as the quantities Dg and Ak introduced in the proof of Lemma 5.2.
Thus D’ converges to 0 almost surely as K — oo. Moreover, since for all e € &, £(T. N D)

is a.s. dense in £(7.), we have

Dy = sup sup de(lx,ly),
e€f*(K) X, YET,

hence the continuity of ¢ at every point of the set

N U Te=01L )\ {rezecal.

K>0 ect*(K)

(Indeed, for any element X of T, e € £*, T, is a neighbourhood of X for the topology 7).
Now let e € &,, and consider the sequence T (u), u € U obtained by performing the construc-
tion of section 4 for L = 7, and a uniform leaf L’ in the (rescaled) stable tree T.. An argument
similar to that of Lemma 5.3 shows that almost surely, for n large enough, the diameter of 7(1,,)
is less than &, hence the continuity of £ at point 7. O

We can now complete the proof of the above result:

Proof of Proposition 5.6. Let X,Y € £71(£*(C)). Consider two sequences (X,),(Y,) in Dy N
¢=1(L*(C)), respectively converging to X and Y for the topology 2. The continuity properties
of £ and § ensure that

lim (5(5)(",5}/") =d(lx,ly).
n—oo
Moreover, for all n, we have X,,,Y,, € D, so

0(lx, ,ly,) = dr(Xn,Y,).

Finally, since the topology 7o is finer than 7, we have

lim dr(Xn,Y,) = dr(X,Y),

n—oo

which yields the conclusion. O

In particular, we are interested in the reconstructed points corresponding to cut-points in
T. Recall that for all ¢ € N, there exists a unique branching point b; of C corresponding to the
cut-point (x;, t;), such that

FT(b) ={ty,, 5 € Ta}.
Proposition 5.6 allows us to write, for any j € Ja,

(dr(rc(bi),re(lk)))k=0 = (dr(rc(ly; ;),re(lL;,))) k>0
= (6C(€X¢,j7€Lk))k20
= (d7(xi> Lk))k>0-

Thus the point r¢(b;) of Rec(C) is “the same” as the cut-point x; of 7.
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5.4 Fragmentation of the reconstructed tree

Here we explain how to recover a Poisson point process on Rec(C) (and in particular, the
fragmentation times) such that the associated cut-tree is C. We first assume that C = Cut(7)
for a given stable tree 7. As above, we let (Ly)ren be a sequence of i.i.d. uniform leaves of T,
Lo = p7, and take [}, = {1, for all k£ > 0.

Fix £ > 0. For all t > 0, let

1(t) = [ ur(Le9)is (3.12)

and recall that limy_,oo Hy(t) = de(pc,lx). More precisely, for any atom (x;,t;) of the Poisson
point process used in the fragmentation of 7T, there exists k > 0 such that the corresponding
branching point b; of C belongs to [pc, k], and we have

de(pc,bi) = Hy(t:) (3.13)

for any such k. We already know that we can recover the cut-point x; by taking x; = r¢(b;); to
get the corresponding time t;, we have to identify the inverse function of Hy. To this end, we
use the fact that we know the correspondence between the masses of the connected components
of the fragmented tree and the masses of the subtrees of C. Indeed, for all h € [0,dc(pc, lk)],
letting x(h) denote the unique point of [pc, ] such that de(pc, zx(h)) = h and

Mi(h) = pe (€L )

we have

My(Hy(8)) = pr (T(Ly 1)). (3.14)

Equations (3.12) and (3.14) allow us to derive the following result.
Lemma 5.8. For all h € [0,dc(pe, k)], the quantity

h u
1t = | i

1s well-defined, and T}, is the inverse function of Hy.

Note that the definition of T} does not use the fact that C = Cut(7). As a consequence, we
have:

Proposition 5.9. For all b € B(C), the quantity tc(b) := Tr(dc(pe,b)) is independent of the
choice of k such that b € [pc,lx], and of the choice of the i.i.d. sequence (I)r>0. With this
notation:
— IfC = Cut(T), then for all i € N, we have r¢(b;) = xi and tc(bi) = t;.
— In the general case, the points (r¢(b),tc(b)), b € B(C), have the same distribution as the
atoms of a Poisson point process with intensity Ay (dt,dz) on Ry x Rec(C). Moreover,
for the fragmentation induced by these atoms, we have Cut(Rec(C)) = C almost surely.

The case where C = Cut(7) is a straightforward consequence of Lemma 5.8 and equation
(3.13). For the general case, it is enough to note that since C has the same distribution as the
cut-tree of T, we have the joint equalities in distribution

(Rec(C), (re(b), te(b))ven(c)) D (Rec(Cut(T)), (reusr) (0); tew ) (0)vesey) = (T (Xis ti)ien) ,

and therefore,

—~

—
=

(C, Cut(Rec(C))) = (Cut(T), Cut(T)).



Chapitre 4

The UIPQ seen from a point at
infinity along its geodesic ray

Les résultats de ce chapitre on été soumis pour publication dans FElectronic Journal of Pro-
bability.

1 Introduction

Finite and infinite planar maps are a popular model for random geometry. While finite
maps have been studied since the sixties, infinite models were only introduced a decade ago,
with the works of Angel and Schramm [12, 10]. They were the first to define the uniform infinite
planar triangulation, an infinite map which can be seen as the local limit (in distribution) of
uniform finite triangulations. Krikun [42] then studied its counterpart, the uniform infinite
planar quadrangulation (UIPQ), defined as the limit of uniform rooted finite quadrangulations
as the number of faces goes to infinity. In this article, we study what the UIPQ looks like seen
from a point “at infinity” on a geodesic ray originating from the root.

One of the main advantages of quadrangulations over other classes of planar maps is the
existence of the so-called Cori-Vauquelin-Schaeffer bijection. This bijection, introduced in [24]
and developed thoroughly in [56, 23], gives a correspondence between finite quadrangulations
and well-labeled finite trees. It was in particular used by Chassaing and Durhuus [22] as a new
approach to the UIPQ: they studied the infinite quadrangulation of the plane corresponding to
an infinite positive labeled tree, and it was shown later by Ménard [52] that this quadrangulation
has the same distribution as the one defined by Krikun.

Using another extension of the Cori-Vauquelin-Schaeffer bijection, Curien, Ménard and Mier-
mont [27] recently showed that the UTPQ can also be obtained from a “uniform” infinite labeled
tree, without the positivity constraint on the labels. This construction allowed them to prove
new results on the UIPQ, and in particular to give a fine description of the geodesic arcs from a
point to infinity. One of their main results states that all such geodesics are “trapped” between
two distinguished geodesics, which have a simple description in terms of the corresponding la-
beled tree. Moreover, these two geodesics, called the maximal (or leftmost) and minimal (or
rightmost) geodesics, are roughly similar, in the sense that they almost surely have an infinite
number of common points.

Our main goal here is to study the local limit of Qg;) as k — oo, where Q(()]Z) denotes the
UIPQ re-rooted at a point at distance k from the root, on the leftmost geodesic. Our methods
are again based on bijective correspondences between trees and quadrangulations. Specifically,
we show that ng) converges in distribution to a limit quadrangulation () .., which can be
obtained by gluing together two quadrangulations of the half-plane with geodesic boundaries;
we give explicit expressions for the distribution of the corresponding trees. Note that the laws
of the quadrangulations of the half-plane we consider (corresponding to the parts of the UIPQ
which are “on the left” and “on the right” of the leftmost geodesic ray) are orthogonal to the

86
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law of the uniform infinite quadrangulation of the half-plane (UIHPQ) which was studied in [11]
and [26].

Finally, note that the scaling limit of the uniform infinite quadrangulation, the Brownian
plane, which was introduced and studied by Curien and Le Gall [25], has a similar “uniqueness”
property of infinite geodesic rays started from the root. We expect our result to have a natural
analog in this context.

In the rest of this introduction, we give the necessary definitions to state our main results.
In Section 1.1, we first recall classical definitions on quadrangulations and labeled trees; we also
describe the construction of the UIPQ given in [27] and the “Schaeffer-type” correspondence
it relies on. Section 1.2 gives more details on the UIPQ re-rooted at the k-th point on the
leftmost infinite geodesic ray starting from the root. In particular, we explain why it is enough
to study the local limit of the parts on each side of this geodesic. This leads us to extend the
correspondence to a larger class of infinite labeled trees, which encode planar quadrangulations
with a geodesic boundary (see Section 1.3). Finally, in Section 1.4, we state our main convergence
results for these trees and the associated quadrangulations.

1.1 Well-labeled trees and associated quadrangulations
1.1.1 First definitions on finite and infinite planar maps

A finite planar map is a proper embedding of a finite connected graph, possibly with multiple
edges or loops, into the two-dimensional sphere (or more rigorously, the equivalence class of such
a graph, modulo orientation-preserving homeomorphisms).

We first introduce some notation for such a map m. Let V(m), E(m) and E(m) denote the
sets of the vertices, edges and oriented edges of m, respectively. The faces of m are the connected
components of the complement of E(m). We say that a face is incident to e € E(m) if it is the
face on the left of e. The degree of a face is the number of edges it is incident to. A corner of
m is an angular sector between two edges of m. Note that there is a bijective correspondence
between the corners of m and its oriented edges; we say that a corner is incident to e € E (m) if
it is the corner on the left of e, next to its origin.

We say that a finite planar map is rooted if it comes with a distinguished oriented edge,
called the root edge; the origin vertex of the root is called the root vertex, and the face which is
incident to the root is called the root face. A planar map is a quadrangulation if all faces have
degree 4, and a tree if it has only one face. A quadrangulation with a boundary is a planar map
with a distinguished face called the external face, such that the boundary of the external face is
simple and all other faces have degree 4. We let Qf, Qrj and 7 respectively denote the sets of
finite quadrangulations, quadrangulations with a boundary and trees.

Let us now define the local limit topology on these sets. For any rooted map m, let By (r)
denote the ball of radius r in m, centered at the root-vertex (i.e. the planar map defined by
the edges of m whose extremities are both at distance at most r from the root-vertex, for the
graph-distance on m). For all finite planar maps m, m’, we let

D(m,m') = (1 +sup{r >0: Bu(r) = Bw(r)}) ™"

The local topology is the topology associated to this distance. Let Q, Op and T denote the
completions of Qf, Qr; and Ty for this topology. The elements of Q. = Q\ Qy (resp.
Too := T \ T;) are infinite planar quadrangulations (resp. trees). All the notations introduced
above for finite planar maps have natural extensions to the above sets. We let O, o denote the
set of the quadrangulations with an infinite boundary, i.e. the elements of Qp which are defined
as limits of sequences of maps in Qf;, whose external faces have degrees going to infinity.

Any element @ of Qy or Qu o can be seen as a gluing of quadrangles which defines an
orientable, connected, separable surface, with a boundary in the second case. See [27, Appendix]
for details. We are interested in two cases:
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— If the corresponding surface is homeomorphic to S = R2, we say that Q is an infinite

quadrangulation of the plane.

— If the corresponding surface is homeomorphic to S = R x R, we say that @ is an infinite

quadrangulation of the half-plane.

In both of these cases, @) can be drawn onto S in such a way that every face is bounded, every
compact subset of S intersects only finitely many edges of @), and in the second case, the union
of the boundary edges is R x {0}. By convention, if the root edge belongs to this boundary and
is oriented from left to right, we say that @) is a quadrangulation of the upper half-plane, and if
it is oriented from right to left, we say that @ is a quadrangulation of the lower half-plane. We
let Q denote the set of the quadrangulations of the plane, and 6 (resp. 6) denote the set of
the infinite quadrangulations @ of the upper half-plane (resp. lower half-plane) such that the
boundary of Q) is a geodesic path in Q.

As explained in [27, Appendix], an element @ of Q. is a quadrangulation of the plane if
and only if it has exactly one end - which means, in terms of maps, that for all » € N, the
map @ \ Bg(r) has exactly one infinite connected component. For an element @ of Qs o,
one can check that @ is a quadrangulation of the half-plane if and only if the same condition
holds. Indeed, the infinite quadrangulation obtained by gluing a copy of the lattice Z x Z_ along
the boundary also has one end (the number of ends can only decrease when we perform this
operation), so it is a quadrangulation of the plane.

I<_n what _§ollows, the trees and quadrangulations we consider will be elements of T := T,
Q, Q and Q. The uniform infinite quadrangulation (UIPQ) is a random variable in Q whose
distribution is the limit of the uniform distribution on planar quadrangulations with n faces, as
n — oo.

1.1.2 Well-labeled trees

We say that (7,1) is a well-labeled (plane, rooted) tree if 7' is an element of T and [ is a
mapping from V(7T') into Z such that |[(u) —I(v)] < 1 for every pair of neighbouring vertices
u,v. Let T be the set of such trees. More precisely, for all z € Z and n > 0, let T,,(z) be the
set of well-labeled plane rooted trees with n edges and root-label x, and

T = [ Tu().
TEL

Similarly, for all x € Z, let Too(x) denote the set of infinite well-labeled plane rooted trees with
root-label x, and

Too = | Too().
TEZ
We thus have

T= |J Tn= U UT@.

neNU{0,00} neNU{0,00} z€Z

For any (infinite) plane rooted tree T', we say that (u;);>0 is a spine in T if ug is the root
of T and if for all ¢ > 0, u; is the parent of u;;1. We let S be the set of all plane rooted trees
having exactly one spine, and consider the corresponding sets of labeled trees:

S(x) ={(T,1) € T(z) : T € S} Vx € Z,
S={(T,l) e T : T € S}.

For every T' € S, we let (5,(T"))i>0 be the spine of T. Any vertex s;(T") has a subtree “to its
left” and a subtree “to its right” in 7', which we denote by L;(T) and R;(T') respectively. To
give a formal definition of these subtrees, we consider two orders on V(7T'): the depth-first order,
denoted by <, and the partial order < induced by the genealogy, defined for all u,v € V(T') by
u < v if u is an ancestor of v in 7". With this notation:
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Figure 4.1 — The quadrangulation ®(6) obtained by applying the Schaeffer correspondence to a
labeled tree 8. The edges of 6 are represented by dashed lines.

— L;(T) is the subtree of T' containing the vertices v such that s; < v < §;41.
— R;(T) is the subtree of T' containing s; and the vertices v such that ;11 < v and ;41 A v.
We also use the natural extensions of these notations to well-labeled trees.

1.1.3 The Schaeffer correspondence between infinite trees and quadrangulations

In this section, we recall the definition of the Schaeffer correspondence used in [27], which
matches infinite well-labeled trees with infinite quadrangulations of the plane.
For all x € Z, let

S*(z) = {(T,l) € S(x) + inf I(si(T)) = —oo} .

We fix 0 = (T,1) € S*(0). Let ¢, n € Z denote the corners of T', taken in the clockwise order,
with c¢g the root-corner. For all n, we say that the label of ¢, is the label of the vertex which is
incident to ¢,, and we define the successor og(c,) of ¢, as the first corner among ¢, 11, Cpt2, . ..
such that

l(og(cn)) = U(cn) — 1.

We now let ®(6) denote the graph whose set of vertices is V(T'), whose edges are the pairs
{c,0¢(c)} for all corners c of T', and whose root-edge is (cg, 0p(cp)). Figure 4.1 gives an example
of this construction. Note that ®(f) can be embedded naturally in the plane, by considering
a specific embedding of T" and drawing arcs between every corner and its successor in a non-
crossing way. Moreover, Proposition 2 of [27] shows that for all # € S*(0), ®(6) is an infinite
quadrangulation of the plane.

For a technical reason, we extend this definition to trees # € S*(1) by keeping the same
vertices and edges, and choosing (og(cg), og(0g(co))) as the root. (Thus the root edge of ®(0)
always goes from vertices with labels 0 and —1 in #.) For all 6 € S*(1), we still have ®(0) € Q.

1.1.4 Uniform infinite labeled tree and quadrangulation

For all z € Z, let p(,) be the law of a Galton-Watson tree with offspring distribution
Geom(1/2), such that the root has label x and, for any vertex v other than the root, the label
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of v is uniform in {¢ — 1,¢,¢ + 1}, with ¢ the label of its parent. The uniform infinite labeled
tree is the random variable 0 = (Tso,leo) € S(0) whose distribution is characterized by the
following properties:
— the process of the spine-labels (Si(00))i>0 = (loo(5i(To0)))i>0 is a random walk with
independent uniform steps in {—1,0,1},
— conditionally on (S;(f0))i>0, the trees L;(6~) and R;(f) are independent labeled trees
distributed according to p(g;).
For all n € N, we also let 0,, = (T}, 1,) be a uniform random element of T,,(0). It is known that
0,, converges to 0 for the local limit topology, as n — oo (as noted in [27], it is a consequence
of [41, Lemma 1.14]). Note that we have 6, € S*(0) almost surely, and let Q~ = P(0s0)-
It was shown in [27] that the UIPQ can be seen as the random quadrangulation @oo equal
to Qoo with probability 1/2, and to the quadrangulation obtained by reversing the root edge of
Qo with probability 1/2.

1.2 Re-rooting the UIPQ at the k-th point on the leftmost geodesic ray

Let us first clarify what we mean by the leftmost geodesic originating form the root in the
UIPQ. It is known from [27] that for all vertices u, v of Q, the quantity

ngréo <d@oO (u,w) — dg (v,w))
is well defined (in the sense that the difference of those distances is the same except for a finite
number of vertices w), and equal to the difference of the labels of u and v in the corresponding
tree. As a consequence, letting e denote the root edge of Q, with e~ its origin and e™ its other
extremity, we have
: _ - B + _
Wh_r)réo (ono(e W) —dg_(e ,w)) =1

In other words, the extremity of the root edge of @OO which is “closest to infinity” is well defined,
and equal to et. Therefore, it is natural to say that the leftmost geodesic ray started from the
root in Qo is the unique path v, = (v1(4))i>0 such that v, (0) = e~, (1) = e and for all
i > 1, y(i + 1) is the first neighbour of v7(7) after vz, (i — 1) (in the clockwise order) such that

ngl(l)o (d@oo (vz (i), w) —dg (v (i+ 1),W)> =1.
Note that the definition of the leftmost geodesic ray does not depend on whether the root edge
of Qvoo has the same orientation as that of Qo or not, so it is sufficient to work with (), in the
rest of the article.

The leftmost geodesic also has a natural definition in terms of the tree 6,. For all £k > 0, let
er be the k-th corner on the chain of the iterated successors of ey, where ey is the root corner of
f~. Equivalently, e, can be seen as the first corner with label —k after the root, in the clockwise
order. We use the same notation for the corresponding vertex in Qoo. The path ymax == (ex)r>0
is a geodesic ray in @), called the maximal geodesic in [27], and equal to 7r.

Curien, Ménard and Miermont proved in [27] that all other geodesic rays from eq to infinity
are essentially similar to ypax: almost surely, there exists an infinite sequence of distinct vertices
of QQ such that every geodesic ray from ey to infinity passes through all these vertices. Our

)

main goal is to study the local limit of Qc()]é as k — oo, where foé) denotes the quadrangulation
Qoo re-rooted at (e, ei1).

More precisely, we will study what the quadrangulation looks like on the left and on the
right of the geodesic ray Ymax. This leads us to introduce the “split” quadrangulation Sp(Qs)
obtained by “cutting” Q. along ymax; formally, Sp(Q~) is an infinite quadrangulation of the
(lower) half-plane whose boundary is formed by the edges (eg,ers1) on the left of ey, and by

copies (e}, €}, +1) of these edges on the right of ep. This construction is illustrated in Figure 4.2.
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Figure 4.2 — The “split” quadrangulation Sp(Q~ ) obtained from 0.,. The edges of the underlying
tree 0 are represented in dashed lines, and the geodesic ray ~max is represented in red. The
labels are omitted to keep the figure readable.

For all £k > 0, we let a(o@) denote the quadrangulation having the same vertices and edges as
Sp(Qw), with root (ex,ex+1), and Qg’;) denote the quadrangulation having the same vertices
and edges as Sp(Qoo), With root (ej,e; ;). Thus, since (ex)r>0 and (e})r>o are geodesics in

%
a(o]f,) and QS,’Z;), we have the following property:

Lemma 1.1. For all r < k, the ball of radius r in Qgé) s the same as the union of the balls of
; ; (k) (k)
radius r in 500 and Q& .

The main idea now consists in studying the limit of the trees encoding 55,’2) and 5(012), and
then going back to the associated quadrangulations.

To this end, for all k¥ € N, we introduce the tree eé’é) = (Téf),lg;)), where To(f) is the tree
Tw re-rooted at ex, and lg’;) =l + k. Note that the vertices €}, k > 1, contrary to the ey,
do not correspond to corners of the tree 6. Therefore, for all k& € N, we let e_;; denote
the last corner of 0 before the root (still in the clockwise order) such that og_(e_r11) = eg.
Equivalently, e_j41 can be seen as the last corner with label —k + 1 before the root (hence the
choice of the index). Now, for all k& € N, we let 95;’““) = (Téo_kﬂ), lgkﬂ)), where Téo_kﬂ) is
the tree Tt re-rooted at e_j1, and lgkﬂ) := lso + k. With this notation, for all £ € N, we have
o) e S*(0), oY € S*(1), @(6(()]2)) = 5&? and @(9&5’““)) = 5&’2); but more importantly, we
will show in Section 4 that the local limits of 65,]2) and 5&? can be determined using the local
limits of 8% and 65 %,

Intuitively, one can anticipate that the local limit of 9(()];) will be a tree in which the right-hand
side only has positive labels, and the local limit of 95; *+1) Wil be a tree in which the left-hand
side only has labels greater than 1. This leads us to extend the domain of ® to such trees.
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Figure 4.3 — Examples of quadrangulations ®(6) obtained for § € 5 (on the left-hand side) and
hes (on the right-hand side).

1.3 Extending the Schaeffer correspondence

Consider the following subsets of S:

s = {(T, 1) € S(0) : min l(cy,(T)) =1, lim I(cy(T)) = +o0 and 7izré%l(cn(T)) = —oo}

n<-—1 n——00
S = {(T, 1) eS(): IT?L(lzlllll(Cn(T)) = Q,ngrfool(cn(T)) = 400 and :LI%%Z(C“(T)) = —oo} .

Here, we show that “Schaeffer-type” constructions yield natural associations between the trees
in these sets and quadrangulations of the lower and upper half-planes. Examples of quadrangu-
lations obtained this way are given on Figure 4.3.

In the case where 6 € S, the construction is exactly the same as for § € S*(0): for all n, we
define the successor gy(cy,) of ¢, as the first corner among ¢, 41, Cp42, . .. such that

Uog(cn)) = U(cn) — 1,

and we let ®(f) denote the graph whose set of vertices is V(T'), whose edges are the pairs
{c,09(c)} for all corners c of T', and whose root-edge is (co, og(cp)).

Now, consider the case where 8§ € S. If we use the above construction, then for example,
for all ¢, the last corner with label ¢ has no successor. We therefore add a “shuttle” A, i.e. a line
of new points \;, ¢ € Z on which the corners with no successor will be attached. More precisely,
for all n, the successor of ¢, is defined as

solcn) = Cr/ for the smallest n’ > n such that I(c,/) = I(c,,) — 1, if it exists,
o1%n A(cn)—1 Otherwise,

and we extend this notation to the points of A by letting op(A;) = \j—1 for all i € Z. We let
®(0) be the graph whose set of vertices is V(T') L A, whose edges are the pairs {c, oy(c)} for all
corners ¢ of T, and the pairs {\;, \;_1} for all i € Z, and whose root-edge is (Ao, A_1). (Note
that the rooting convention is consistent with the one we used to define ® on S*(1).)

Lemma 1.2. We have the following properties:
~Ifhe g then ©(0) € @
— If0 e S, then ®(0) € Q.

Proof. In both cases, it is clear that the graph ®(6) has a natural embedding into the plane, and

the conditions on liminf,_,_ I(cy,) ensure that every corner is the successor of a finite number

of other corners. Thus every vertex of ®(6) has finite degree: ®() is an infinite planar map.
As in Schaeffer’s usual construction, a simple case study shows that for every corner c of 6:
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— The face which is on the right of (c,0¢(c)) is a quadrangle.
— If there exists a corner ¢’ < ¢ such that I(¢) = I(c), then the face which is on the left of
(c,0p(c)) is a quadrangle. If 8 € S, this is always true. If 6 € g, then the only corners
for which it is not true are the c,,, i € Z, with n; = min{n € Z: l(c,) = i}. For all 4,
we have o(cp;) = ¢y, _,, and the face which is on the left of (cp,, ¢y, ,) is the root face of
o (0).
For 0 € g, we also have to study the faces which are on the left and on the right of the edges
(Ai, Ai—1): we easily see that the first one is always a quadrangle, and that the second one is the
same for all 7. Thus;
— For all § € g, we have ®(0) € Qoo 00-
— For all § € <§, letting ®(#) denote the map obtained by reversing the root edge of ®(0),
we have W € Qoo,00-
Note that the construction ensures that the classical bound

dg(g)(u,v) > |I(u, V)] (4.1)

still holds. As a consequence, in both cases, the boundary is a geodesic path. Moreover, the
fact that € has exactly one spine implies, by construction, that ®(6) is one-ended. O

Note that for 6 € g, for all ¢ < 4’, the path (););<j< is the unique geodesic between \;
and A\y. Indeed, all neighbours of A;s different of \;;_; have labels equal to ¢ 4+ 1, so they are at
distance (at least) i’ — i + 1 from \;. In other words, the boundary is the unique geodesic path
between vertices of A.

1.4 Main results

The first part of our work is the identification of the limit of the joint distribution of
(9&’2’,9&5’““)) as k — o0o. We begin by using the convergence of 6,, towards 6 to give an
explicit description of this joint distribution.

To give a more precise idea of these results, we adapt the notation of Section 1.2 to possibly
finite trees. For all 6 = (7,1) € T(0) and k > 0 such that miny (1)l < —Fk, let ex(6) be the first
corner having label —k after the root, in clockwise order, e_g(6) be the last corner having label
—k before the root, and v () be the most recent common ancestor of eg(6) and e_j11(6). Note
that for k = 0, this is well defined since ey(f) = e_o(#). Finally, we define the finite analogs of
6%) and 05*Y: conditionally on miny (7, L, < — |k, for all n,k € N, we let

— 07({6) = (Ték), lgg)), where Ték) is the tree T), re-rooted at ey(6,), and l%k) =1, +k,

gl = (T,(fkﬂ),lffkﬂ)), where T\ "1 is the tree T}, re-rooted at e_r+1(0n), and

I =1, + k.
It is easy to see that:

Lemma 1.3. We have the joint convergence in distribution

(6,6575+0) — (0), 6L+ ) (4.2)

n—oo 00 7 7o
for the local limit topology.

Indeed, the operations which consist in re-rooting a tree # € T at ey(f) and e_xy1(6) are
both continuous for the local limit topology on S*(0). Since 6 belongs to this set, this yields
the conclusion. This lemma will allow us to give an explicit description of the joint distribution
of QC(,IZ) and 9((33 k+1) (see Proposition 2.1 for the distribution of GC(,IZ) alone, and Corollary 3.2 for
the joint distribution).

We use these results to prove the convergence theorem below. Recall that p() denotes
the distribution of a Galton-Watson tree with Geom(1/2) offspring distribution and “uniform”
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labels, with root label z. If x is positive, we let pa) denote the same distribution, conditioned

to have only positive labels. We also introduce a Markov chain X taking values in N, with
transition probabilities

(x+4)(2x +5)
3(z +2)(2x + 3)
- - _ z(x+3)

S 3@+ 1) (x4 2)

(x —1)(2z+1)

3(z+1)(2z+3)

pe =PX1=z+1|Xg=2x) =

@@ =PXi=z-1|Xo=2) =

Note that X can be seen as a discrete version of a seven-dimensional Bessel process. Indeed, a
theorem of Lamperti [43] shows that, under some easily checked conditions, the rescaled process
((1/v/n) - X|nt))e=0 converges in distribution to a diffusion process with generator

p_ad B
xdr  2dz?
where
a= le 2E[X1 — Xo|Xo = 2] =2
and

ﬁ = lim E[(Xl - X0)2|X0 = l‘] = 2

T—00 3’

L_2(3d 1
3 \zdr  2da?)’
Thus, ((1/y/n) - Xl_nt])tZO converges to (Zy/3)t>0, where Z denotes a Bessel(7) process started
from 0.

hence in our case

Theorem 1.4. We have the joint convergence in distribution
_>
OF) 9CHDY (67 60 (4.3)
k—o00

— —
for the local topology, where O = (T—o:, loo) and f.o = (ﬁo, E) are independent random variables

in S(0) and S(1), whose distributions are characterized by the following properties:
— The process (Si(0s))i>1 has the same law as th_e> Markov chain X_ftarted from 1.
— Conditionally on (S;i(0sc))i>0, the subtrees Li(0), i > 0 and R;i(0x), i > 1 are indepen-
dent random variables, with respective distributions P52 and p(Si(@)).
— We have the joint distributional identities:

— —
(Li(Too). o = Dizo = (Ri(B))iz0
(Ri(Toe), e = Dizo = (Li(0:))izo.
We finally extend this convergence to the associated quadrangulations:

’%
Theorem 1.5. Let 600 =P (0
bution

<_
) and Qoo = @(go‘o) We have the joint convergence in distri-

(@Y. Q%) — (G Q)

for the local topology. As a consequence, ng)) converges in distribution towards the quadrangu-
lation of the plane @ ~ obtained by gluing together the boundaries of 600 and Qo in such a
way that their root edges are identified.
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Note that ® is not continuous at points aoo and <C_200, so this result is not a straightforward
consequence of the previous theorem. In the same spirit as Ménard in [52], we have to show that
the balls of radius r in 500 and 500 are included into balls of radius h(r) in the corresponding
trees with high probabil(ii?l, uniformly in k. This is done in Proposition 4.1.

The distribution of ) o could be the subject of further study, in particular concerning its
symmetries. Informally, it would be interesting to see if it is invariant under the two following
transformations:

— Rerooting @ ~ at the “lowest” edge e belonging to an infinite geodesic (7y(7));ez, such
that I(e”) = 0 and I(e™) = 1; then taking the quadrangulation obtained by reflection
with respect to the root edge.

— Rerooting @ » at the “lowest” edge e belonging to an infinite geodesic (7(7));ez, such
that [(e”) = 0 and I(e™) = 1; then reversing the root edge.

In the first case, the invariance should be easy to derive from symmetries of the UIPQ. The
second question appears more difficult and is work in progress.

The paper is organized in the following way. In Sections 2 and 3, we focus on the convergence
of the trees eé’é) and HC(; kH). We first give the proof of the convergence of 9&’2) alone, and then
show how the same methods can be applied to derive the joint convergence. Note that the
convergence results of Section 2 are not necessary in the proof of the joint convergence, but
should make the structure of the proof easier to understand. Finally, Section 4 is devoted to the
proof of Theorem 1.5.

2 Convergence of eé’é)

2.1 Explicit expressions for the distribution of 0(()]2)

In this section, we work with a fixed value of £ € N. Let us introduce some notation for
particular vertices and subtrees of Gy(Lk), for n € NU {oco}. All the variables we consider also
depend on k, and should therefore be denoted with an exponent (¥, but we omit it as long as k
is fixed, to keep the notation readable. First, let m,, be the graph-distance between ey(6,,) and
ex(6n), and X0, ..., Xnm, denote the sequence of the vertices which appear on the path from
ex(6n) to ep(fy). For all i € {0,...,m,}, let X,,; = 1 (xn,i). We also consider the subtrees
which appear on each “side” of the path (xp0,...,Xn,m,):

— For all i € {1,...,m,}, let 7, ; be the subtree of 97(11%) containing the vertices v such that

in 0, we had x,,; <V < Xpi—1.

— For all i € {0,...,my}, let 7, ; be the subtree of ng) containing the vertices v such that

in 0,,, we had v =xp,, or X,,; <V, Xpi—1 <V and Xy, ;1 A V.
We emphasize that these subtrees inherit the labels lq(zk) instead of [,, even if we have to use
the orders < and < on T}, (instead of T, 7(116)) to define them. The fact that we have to use these
orders may seem a bit clumsy since the subtrees are numbered starting from the root x, o of
07(1’6), but it is necessary to get the distinction between 7, ,,, and T,rlhmn. Figure 4.4 sums up the
above notation.

Our first step is to characterize the joint distribution of Mmoo, (Xoo,i)o<i<mes (Tooi)1<i<meo

and (7%, ;)o<i<m..- We introduce some more notation for the sets in which these random variables
take their values. For all m,z, 2’ € N, let M;L .+ denote the set of the walks (z1,...,2,) € N

such that z1 = x, x,, = 2’ and for all i <m — 1, |z;41 — 2| < 1. Also let

T, (x) = {(T,1) € Ty(x) : I > 0} Vx € N,

Th=|JTf(x) and TV=[]JT/.
zeN n>0
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We also use the following facts on the distributions p(,) and pa): for all n > 0, it is known that

1
Po({0) = 5w Y2 EZ, 0 € Tu(a)

and Proposition 2.4 of [22] shows that

z(z + 3)
(x+1)(z+2)

ST @) = w(e)

5 1om Vx € N. (4.4)
n>0

In particular, for all n > 0 and z € N, we have p,)(T") = w(z) and

1

PZ)({G}) = W V0 € T, ().

Finally, for all m € N and (zq, ..., 2m,) € Z™, we let I(wo,....z,n) denote the distribution of the
forest (7;)o<i<m defined as follows. Let I be a uniform random variable in {0, ..., m}. Let 77 be
a random tree distributed as (Too,loo + 1), and 7;, 7 € {0,...,m} \ {I} be independent random
trees distributed according to p(,,), independent of 7;.

We can now state the proposition:

Proposition 2.1. We have X0 =0 a.s., and for allm € N, z € M}

m,1—k’
m+ 1
P(meo = m, (Xoo1s- -+, Xoom) = ) Hw x;).

Moreover, conditionally on mes = m and (Xoo 1, ..., Xoom) = &
— The forests (Too,i)1<i<m and (7., )0<7,<m are independent.
— The trees 7o i, 1 <1 < m are mdependent random variables distributed according to pai).
— The forest (17 )o<i<m 18 distributed according to ji( e, ... zpm)-

The proof of this proposition relies on counting the well-labeled trees with n edges such that
the corresponding my,, (Tn1, ..., Tn,m) take a certain value, and using the convergence (4.2).

Proof. We say that a well-labeled forest with m trees is a m-tuple of well-labeled plane rooted
trees (t1,...,tn), such that for all i € {1,...,m — 1}, the labels of the roots of ¢; and t;; differ
by at most 1. The number of edges of such a forest is the sum of the numbers of edges of the
trees t1...,ty,. Let Fy,,, be the set of well-labeled plane forests with m trees and n edges.

Fix m,N >0, t = (t1,...,tm) € Fp, v such that the root of ¢; has label 1, and all the labels
in ¢ are positive. For all n € NU {occ}, let

P (m, 1) = P(my, = m, (Tn1, .- Tam) = t| minl, < —Fk).

Tn,m, Tn,mp—1 Tn,2 Tn,1

T’n,mn 7-n,mn—l

(k)

Figure 4.4 — Notation for the vertices and subtrees of 6y,
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We are interested in the behaviour of P,gk)(m, t) as n — oo, for fixed k. Since 6, is uniform in

T, (0), we have

Fmt1,n—(m+N)

P(k)(m,t) = #{(T, l) c ’]I‘n(()) :minl < _k}’

n

where for all n’ > 0,

]:m+1,n’ =# {(t{)a e 7tfm) € FerL"/ :

=#{(t0,---,t1,) € Frnq1n : for all i > 1, the root of ¢, has label 0} .

the root of ¢{, has label 0 and for all ¢ > 1,
the root of ¢{, has the same label as the root of ¢

First note that

# ({(T,1) € T,(0) : minl < —k}) ~p_soo #Tn (0).

Moreover, it can be seen from the well-known cyclic lemma (see [55]) that

3" 2n+1
T, (0) = 4.5
#* () 2n+1< n ) ( )
and
n 2
Foup = 11 <"+m> (4.6)
’ 2n+m n

Applying these formulas to our case gives

F 3N (1) 20+ 1 — (m + 2N)
mALn=(mEN) T 9 11— (m + 2N) n—(m+ N) ’

and therefore

-1
PO . ) m+1<2n+1> <2n+1—(m+2N)>

o0 BmAN n n—(m+ N)

We now use Stirling’s formula to get an estimate of the binomial coeflicients involved:

<2n + 1) 24"
~n—oo T —

n NN
and
2n+1—(m+2N) 4m
n— (m+ N) N0 9om+2N—1 /[

Putting these together, we obtain
m—+1 m—+1

~n—o0 3m+Nom-+2N ~ gm{9N’

P (m, 1)

so the local convergence (4.2) implies that

P (m,t) = EmIoN
As a consequence, for allm € N, x € /\/l;rl s We have

m+1 "
P(moo = m, (Xoo1,- - Xoom) =2) = —— [[ | D
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Recalling equation (4.4), we get
m —|— 1 m —|— 1
P(meo = m, (Xeo1, - -+ » Xoom) = Z) = H2w = Hw ;).

Furthermore, for all ¢ = (t1,...,t,) € Fy, n such that all the labels in ¢ are positive, the
conditional probability

IED((7—00,17 cee 77_oo,m) =t ‘ Moo =M, (XOO,17 cee 7Xoo,m) = Q)
is equal to
m+1 m + 1 - i " i
1= 1=

hence the conditional distribution of (7'0071, e Too e )-

Finally, conditionally on Mes =m, (Xoo s+, Xoom) = and (Too,1,- -+, Toom) =t € Fr v,
the trees (7, ¢, .., 7, ) form a uniform labeled forest with m + 1 trees and n—m — N edges,
hence the distribution of the limit given in the statement. O

To get the limit of 9&’2), the main step will consist in showing that for any r € N, the labels
xP.
as k — oco. For the moment, we show how to make X appear in the above expression; the fact
that it is indeed the limit is the purpose of Proposition 2.4.

We first introduce the random walk (X;);>o with uniform random steps in {—1,0,1}. From
now on, we also adopt the usual notation E,| - ] for the conditional expectation E[ - | Xy = ],
for all x. The expression of the lemma implies that

,Xc(f)?r converge in distribution to the r first steps of the Markov chain X started at 1,

m—1
m+1 A
P(me = m) = o 11 wX)lg gy
i=0

(Note that the term in the expectation is zero if we do not have X'Z >1foralli <m—1.) Let
f(x) = z(x+3)(2x + 3) for all z € R, and

O E =2 .
M;: = ~ X; Vi > 0.
J F(Xo) g}w( ) J

Under the assumption Xy = 1, the process (M;)i>o is a martingale. Using this new process, we
get

where X is defined as the image of ):( under the measure-change given by the martingale M, i.e.
the Markov process such that E[¢(X;)] = E[M;¢(X;)] for every continuous bounded function ¢.
Computing the transition probabilities of X gives:

po = Po(Xy = o 41) = L& F Dw(@)

3f (@)
Ty :Px(Xl =zx)= w;:x)
qI:P$(X1:$_1):W7

hence the expressions given in the Introduction.
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2.2 Two useful quantities
(k)

To prove of the convergence of 55’, we will need estimates for the quantities

= Pu(Xpm1=k)

m>1

Hi(k) = (m+ 1)Py(Xp 1 = k),
m>1
depending on the values of k,x € N. In practice, these estimates are best obtained through
explicit computation; the expressions we get are given in the two following lemmas. We use the
notations Ty, = inf{t > 1: X; = y} and h(y) = y(y + 1)(y +2)(y + 3)(2y + 3), for all y € N. (In
this section, we mainly work on Markov processes, and use the letters ¢ and T for associated
times instead of trees.)

Lemma 2.2. Fiz k > 2, x € N. We have the following equalities:

— ifx <k,
HL(k) = 15 (2K +3),
— ifx >k,
Ha(k) = 130};5(’“33) (2k + 3).

Proof. Fix z,k € N. First note that we can write H,(k) as
=Y PelXm = k) =Eo | 3 1z, | = Lpomty T Eo Loy D Lz L i)
m>0 m>0 m>0 k
Now, applying the Markov property at the stopping time Ty, yields
m>0

For all y > 0, let

gy S fG-1D f@)fy+1)

Kyi15= = = : : :
T oy S FEHD) T Fy+Dfy i+

Since K7 j is the general term of a converging series, the Markov chain X is transient, and as a
consequence, we have
P, (Tk < OO)
Hy(k)=1pjp + ———=. 4.7
2(k) = 1ppy Bo(T, = o0) (4.7)

To compute these quantities, it is enough to know the expression of P, (T, = o) for all y > k,
which is a well-known property of birth-and-death processes:

~ 1
Py (Ty = 00) =
Y Y ijo Ky+1,j
Computing the sum .~ Kyi1,; yields
- 10(y + 2)
P T, =00)=—"°"—"—. 4.8

As a consequence, we get the following results:
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— If x < k, then
P (Tk <o0)=1
— If z = k, then
6k — 1
— If z > k, then
h(k)
P, (T}, < 00) = Hﬂmy+1 ) = he)’
Together with (4.7), this completes the proof of the lemma. O

Note that the values we obtain can also be computed using the recurrence relations

Hl(l): 1+7”1H1(1)+QQH1(2) (4 9)
Hy(k) = pe—1Hi(k — 1) + ricHi (k) + @ Hi(k+1) Yk >2 '
and, for all k£ € N,
Hi(k) = =1y + r1H1(k) + p1Ha() (4.10)
Ho(k) = Lg—gy + prHap1 (k) + 1 Ho (k) + g Hp 1 (K)  Va > 2, :

which stem from the Markov property of X. Nevertheless, we would still have to go through
part of the previous calculations to get the value of Hy(1). In the proof of the following lemma,
we will find it easier to use this approach.

Lemma 2.3. Fiz k > 2, 2 € N, and let C; = 2 ((x +1)(z +2) — 6). We have the following
equalities:

— ifr <k,
ey 3f(k) 3G
H; (k)= f(l)w(k) 10 2k + 3),
— ifx >k,
ey Sf(k) 3 _ k)
H; (k)= Fw (k) 10(2/€—i-3) (Cz—i—l h(x))

Proof. The first step of the proof consists in computing Hy(1). We will then obtain H; (k) as the
unique solution of recursive systems having this initial value. Note that since P1(Xo = 1) = 1,
we have

Hi(1) =2+ (m+2)Py (X = 1).

m>1

Let us rewrite the second term using the first return time in 1, as in the proof of the previous
lemma:

Hi(1) =2+ Pi(T1=1)> (m+2P (Xp=1|Ty =1)

t>1 m>t
=24+ P(Ti=1) ) (m+t+2)P (X, =1)
t>1 m>0
=2+ Hi(1)Y Pi(Ty =t)+ Hi(1) ) _tPy(T1 =)
t>1 t>1
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Thus, we have

Hf(l) = m (2 + ;El[’fl ‘ Tl < OO]Pl(Tl < OO)> .

Using the value of Py (Tl < 00) obtained in the previous proof, we get

3

i) =5

<2 + 5B | T < oo]> (4.11)

To work out the value of the above expectation, we study the process X* having the law of X
conditioned on returning to 1 infinitely often. This process is a recurrent Markov chain whose
transition probabilities can be computed explicitly. Indeed, letting
pri=P (X1 =x+1|T) < oc0)
ri=Py (X, = | Ty < o0)
¢ =P (X1 =x—-1|T} < o0),

Bayes’ law yields

ot = Px(Xl =+ 1)PI(T1 < o0 | Xl =z+1) . pIPI+1(T1 < 00)
=

P (1] < 0)  PL(T) < o)
T*_]P’x(f(lzx)IP’m(Tl<oo|X1:x) ) ifa:;él
x P, (T < 00) 71[,, Tz )1fx_1
f P(Xi=a- )P (T <oo| Xj=2-1) %ifz#Q
4y = E

Pr(1<00) mlfﬁ]—l

Note that, for all x > 2,

Puy1(Th < 00) = Ppy1 (T < 00)P, (1) < o),

so we can again use equation (4.8). Finally, we get pj = %, ry = % T =0, and for all z > 2
. x
Pz =350+ 2)
o xz(x +3)
T3+ 1)(x+2)
. T+3
e = 3(x+1)

To get the value of Ei[T) | Ty < o0], it is now enough to compute the invariant measure I of
X*. We do so by using reversibility: the detailed balanced equation II(z)p}; = I(x + 1)g}
implies
Oz +1) —41f:c>2
M(z) | $ifa=1

As a consequence,

2x3x4x5 3 1
M(z) = 11(1) [ 1 —10(1) (142 x 120 x —
2 (@) t3 Z (@ + 1)z +2)(z +3) ()< T X ><72)

x>1
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so IT is a probability measure if and only if II(1) = % This implies

1

o) 2

El[Tl ’ Tl < OO] =

Injecting this value into (4.11) gives Hj(1) = 3.
For the second step, we keep z = 1, and compute the values of H; (k) for k € N. As above,

we first shift indices and set the first term aside:

Hi(k) =211y + Y (m +3)Py(Xpni1 = k).

m>0

Applying the Markov property at time m in each of the terms gives the following recurrence
relations:

— For k=1,
Hi(1) =2+ (m+3) (mPl(Xm — 1) + P (X = 2))
m2>0
=2+ H{(1) + @2H{(2) + Hi(1) - L.
— For all k& > 2,

Hf(k) = Z(m + 3) (pk,lPl(X'm =k-— 1) + rkIP’l(X'm = k) + qk+1]P’1(Xm =k+ 1))
m>0
= pe—1(H{(k = 1) + Hi(k — 1)) + i (Hy (k) + Hi(k)) + qr1 (Hy (E+ 1) + Hi(k + 1))
= pe—1Hy (k= 1) + 1 HY (k) + qra Hy (K + 1) + Ho (k).

(Note that we have used implicitly the fact that H; (k) verifies the similar system (4.9)). Using
the values obtained in Lemma 2.2, we get the recursive system

Hi() =4 5
Hi(2) = o (1= r)H{(1) - 3)
Hi(k+1) = -1 (L= r) Hi (k) — pe B (k — 1) — (2K +3)).
It is now easy to check that % is also a solution of this system, and therefore is equal to

Hi (k).

In the third and last step, we fix the value of k, and write recurrence relations for H(k),
x € N. To this end, we again use the Markov property, but at time 1 (with the convention that
H(k) =0, to keep the setting general):

Hy(k) = 21y + > (m +3)Py(Xpni1 = k)
m>0

= 21{x=k} + Z(m + 3)(pxpx+l()2m =k)+ TJ:PI(Xm-H =k)+ %Poc—l(Xm =k))

m>0
=21pmp) +poHy (k) + 1o Hy (k) + ¢ Hy i (k) + poHe1(k) + 1o Hy (k) + quHyp—1 (k)
=1gppy + D2 2+1(k) + 1o Hy (k) + qn Hy 1 (k) + Hy ().

This gives the system
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We first solve these equations for x < k, so that the last term is zero. The solution is of the
form given in the lemma if and only if C, is such that

Co=C1=0
Cerl = i((l - Tx)cx - %fol + 1)

This is indeed the case for C, = 2 ((z + 1)(z + 2) — 6). Now, for = > k, we seek a solution of
the form
3f(k) 3C,

Hel®) = 5wy~ 10

2k +3) — Oy,

. . r ! _ 1
The recursive system can be translated into Clc,k =0, Clc,k 1= p and

1
CIIC,JJ—H = ;((1 - rﬂﬂ)cl,c,z - qwcllc7x—1)’

€T

or equivalently

p$(cl,f,m+1 - Cl/f,m) = qx(Cllc,z - Cllf,z—l)'
Thus, for z > k + 1, we get

qgk+1 -
Z py pk

pk+1

fly+1)pg

:f(k)f(k+1) h(z) — h(k)
P 10h(R)h(z)

flk+1)1
Zf(

Using the expressions of f, h and pg, we conclude that

_ (k+4)(2k +5) (1 h(k:)>

10(1{2 + 2)pk h(ﬂf)
_ 3(2k +3) 1 h(k)
10 h(z) )"
This ends the proof. O

2.3 Proof of the convergence
(k)

We are now ready to give the proof of the convergence of 85;’. We begin with the convergence

of the labels (X (*) 1) towards the Markov chain X.

Proposition 2.4. Fizr € N. For any continuous bounded function F from R" into R, we have

E[F(XxP XE) )] —— By [F(Xo, ..., Xoo1)].

00,17+ “roo,r
—00

Proof. Let k > r. The computations of Section 2.1 show that

EF(X® . x®)

00,17+ “Foo,r

=3 m;lEl [F(Xo,...,fgl)l . v, JWwE)

{Xm—lzk}
m>1
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Since k > r, the term I{Xm_lzk} is zero for m < r. Applying the Markov property allows us to

write E[F(X(glg)l, . ,ng?r)] as

m+1 N - 1
> o F(XO,...,XT,l)#MT,lEXM

m>r (erl)

. f(ffr_ Jw (k)

Lig
where X’ is an independent copy of the process X ,and for all j € N
f _ .

=0

Therefore, E[F (X (k) ng)r)] is equal to

00,17

E, Mr,lF(XO,...,XT,l)M S (m+r+1)Eg [{X, _k}M’}

Since X,_; < r a.s., we now have to estimate the sum Yomso(m+ 1+ 1E; [1{)2/ :k}Mq’n], for
all x < r. We first express this quantity using H}(k) and H(k):

Z(m+r+1)Er 1ok, k}an} = Z(m—f—r—l—l)ﬂ%()@n:k)

m>0 m>0

= H;(k)+ (r — 1)H,(k).
Now, the results of Lemmas 2.2 and 2.3 yield

3 (m+r+ DE, [1{%:“]\%] - m b (r—1- Cx)%(2k+ 3).

m2>0

As a consequence, we have

f(Mw(k) /
DE; (1,4, M| ——1
s 2y g o M|
uniformly in x < r, hence the result. O

Note that we have only used part of the results of Lemmas 2.2 and 2.3 (namely, the case
where x < k). The remaining expressions will play a role in the proof of the joint convergence.
The convergence of 9&’2) towards A can now be obtained by putting together the results of
Proposition 2.1 and Proposition 2.4. Indeed, letting I (k) denote the unique index i such that
7'(/)071- is infinite, conditionally on I*) >, we have that:

k)

OO’L

— The points 5i(9<(>]§)) and Xg;)l are the same for all i < r, hence the equalities Ri(Ggé))
and Li(Ggé)) = (72 )% for all i < r.

— As a consequence, (Si(H(k)))1<i<r converges in distribution to (X;)o<i<,_1 for Xo = 1.
— Conditionally on (S;(0%)))o<i<r, the subtrees L;(0%)), 0 < i < r and R;(6%)), 1<i<r

are independent random variables, with respective distributions Ps; ) and p(S 0%
Since
PU® <= | " r 0
( T) m(()l;)+1 “k+1 koo

this gives the desired convergence.
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3 Joint convergence of ((9(()’2)’ eggk:—i—l))

3.1 Explicit expressions for the joint distribution

As in the previous section, we first fix k, and use the convergence of (H%k), 97(1_’”1)) to study

(9&)), 95;’““)). Let n € NU {oo}. We introduce some new notation, summed-up in Figure 4.5.
To simplify what follows, we write eg, ek, e_r11 and vy instead of ey(6,,), ex(0y,), e_g+1(0n) and
Vi(0n).

We first deal with the branches between ey, e and e_giq1. Let a, = dp(vg,ex), bn =
dn(Vk,e_k+1) and ¢, = dy(eo, Vi), where d,, denotes the graph-distance on 6,. Let x,,0,...,Xn.a,
be the vertices on the path from e, to v, yn,0,.-.,¥np, the ones on the path from e_;4q to
Vi, and z,0,. .., %y, the ones on the path from v; to eg. For the corresponding labels, we use
capital letters: X, ; = l,(f) (xn,i)s Yni = l,(lk) (yn,i) and Z,; = lq(lk) (zn,i) for all .

We now add notation for the subtrees which are grafted on these branches. Again, we use
the orders < and < on the vertices of 6,, in these definitions, even if we think of these trees as
subtrees of 0% (in particular, they inherit the labels l,(lk)).

— Forallie{l,...,a, + ¢}, let 7,; be the subtree containing the vertices v such that :

— if i < ay, then x,; < v <xp-1,
— ifa,+1<i<a,+cp thenz,; g, <Vv<2Zpiq,-1.
— Forallie{l,...,b, +cp}, let ij- be the subtree containing the vertices v such that :
— if 4 < by, either v =yn, or yn; <V, yni-1 <V and yn;—1 AV,
— if by +1 <7 < by + ¢y, either v.= 2,4, Or 2,1, <V, Zpip,—1 < VvV and
Znyi—bp—1 A V-
— For alli € {0,...,an}, let 7, ; be the subtree containing the vertices v such that :
— if ¢ =0, then xg <X v,
— otherwise, either v =xy,;, or x,,; <V, Xpi—1 <V and Xy, ;—1 A V.
— For all i € {0,...,b, — 1}, let ?;m. be the subtree containing the vertices v such that :
— if 4§ =0, then yg < v.
— otherwise, y,; <V <yni-1,
As in section 2.1, for all these variables, there should be an exponent (*) in the notation, but we
omit this precision as long as k remains constant.

Fix a,b,c, N,N' >0, t = (t1,...,tare) € Fayen and ' = (t),..., 1, ) € Fyy o nv such that:

— the root of ¢1 has label 1, and all labels in ¢ are positive,

— the root of ¢} has label 2, and all labels in ¢’ are greater than 1,

— for all i < ¢, the labels of the roots of t,.—; and t2+c—i are the same.

Let

P,Sk)(a,b,c,z,ﬂ) =P(ay, =a,b, =b,cp, =¢,(T1,. .., Tate) zz,(T{,...,Té+c) =t).

We are once again interested in the behaviour of Pék)(a, b,c,t,t') as n — oo, for fixed k.
Lemma 3.1. Using the above notation, we have

at+b+1

k
P (a,b,e,t,t) ~nsoo GaTb ot NI

Proof. Recall that F,,,s denotes the number of well-labeled forests with m trees, n’ edges and
prescribed root labels. Since 6,, in uniform in T,,(0), we have

Fa+b+1,n—(a+b+c+N+N’)
#{(T,1) € T,(0) : miny ()1 < =k}’

P (a,b,c.t,t) =
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Tn,1

Tn,2
?n,O

Tn,an+cn Tn,an+cn—1 Tn,a,+2 Tn,an,+1 Tn,an,

€0 =Znc, k— XK — - — — — — —

! ! 7
Tnbn+cn Thn,bn4cn—1 Tnbn+2

Figure 4.5 — Notation for the vertices and subtrees of 6,,, with distinguished points e; and e_g1.

Using equations (4.5) and (4.6) yields

3n7(a+b+c+N+N/)(a +b+1)
Fatb+1,n—(atbtet N+N') Ton4+1— (a4 b+ 2c+ 2N +2N')
2n+1—(a+b+2c+2N +2N')
< n—(a+b+c+N+N) )

and

a+b+1 (2n+1>_1<2n+1—(a+b+20+2N+2N’)>

k /
R O R n—(a+ b+t N+ N

n

Stirling’s formula now gives

at+b+1
00 3utbtet N+ N/ Qatbt2ct2N+2N

P#)(a,b,c,t,t)

hence the lemma. O

Recall that for all m,z,2’ € N, T} (z) is the set of the labeled trees (T,1) € T,, such that
I > 0 and the root of T has label z, and M , is the set of the walks (z1,...,2,,) € Nt

m,x—T
such that z9 = x, z,,, = 2’ and for all i < m — 1, |z;41 — x;| < 1. Similarly, we let T, !(z)
be the set of the labeled trees (T,1) € T (z) such that I > 1, and M>* be the set of the

m,x—x’

walks (1,...,2m) € ./\/l;r1 »osq Such that xo, ...,z > 1. Also recall that p(,, . 4,.) denotes the
distribution of a “uniform infinite” forest with root labels xq, ..., Zpm.
For all a,b,c,k’ > 1, z € M:l_}k,, y € ./\/lb>%_>k,, z € ./\/lc>+11 Wk et Agf))(a, bc,z,y,2)

denote the event:

agz) = a, bgj}) = ba C(k) = (X(k) X(k)

e8] oo,17 oo,a)_gv
k)

v, aYoi’f?)) —y, (2%, 20 =z
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Corollary 3.2. For all a,b,c,k' > 1, x € M wo Y€ MbQ%k/, Z € MC>+11 s We have

a,l—
a b c+1
k a+b+1

P(aQ @bz y.2)) = e ([Twt) | {TTwt -0 ) { [TwEwe -1

=1 i=1 i=1
Moreover, conditionally on A(()IZ) (a,b,c,z,y, z), with the conventions xo = yo = 0:
— The forests (Too,i)lgiga-i—c, (Téo7i)1§i§b+c and (70070, ce ,?OO,a,7/0070, . 7?i>o,b—1) are inde-
pendent.

— The trees Too z, 1 < i < a+ c are independent random variables, respectively distributed
according to p( hY 1<i<a and p(taﬂ_), a+l1<i<a-+ec.

— The trees TOM, 1 <i < b+ c are independent random variables, obtained by adding 1 to
the labels of trees distributed according to pai_l), 1<i<band pZLZbH), b+1<i1<a+c,
respectively.

— The forest (Too,05- - - s Too,as Too 01+ + - » T p—1) JOUOWS the distribution fi(o .z, ...x0.041,...p0_1)-

Proof. We have

a

P <Ag’;)(a, b, c,g,g,g)) = a6j+l;1;c1 H Z 12n "1 (i) H Z 12” yZ)

i=1n;>0 i=1n;>0

c+1 c+1

13 e#mit | [ TT 3 g #Tale)
i=1n;>0 1=1mn;>0

Using equation (4.4) and the fact that #T>!(x) = #T.} (x — 1) for all m,z € N, this gives

b c+1
P (A(k)(a b.c,z,y, 2 )) = aﬁj’JZ;;Cl (H 2w(z; ) (H 2w(y; — 1)) <H dw(z)w(z — 1)>
=1 i=1
b c+1
— % (HM%)) (H w(y; — 1)) (H w(z)w(z — 1)> :
=1 i=1 i=1

hence the first part of the Lemma. The conditional distributions of the trees Toci, 74, ;5 Toosi
and ?()o,i are then obtained exactly as in the proof of Proposition 2.1. ]
3.2 Proof of the joint convergence

As in Section 2, the main step of the proof of the convergence is to show the convergence of
the labels on the branches x*). i > 1 and yg:)) 1> 1. Fix r € N. For all kK € N, and for all

00,1 KA
continuous bounded functions F', G from R" into R, we let

&(F,G) =B [Fx®,, . xE)60®, YL w0 0.,]-
Lemma 3.3. We have the convergence

gk(F, G) m} EﬂF(Xo, e Xr_l)]El[G(Xo +1,... 7Xr—1 + 1)]

Proof. As in the previous section, we introduce independent random walks X , Y and Z with
uniform steps in {—1,0,1}, and consider associated martingales MX, MY and MZ such that
for all j > 0,

DT i FOD T wis 97 T o7
MX; wX) MY, =L Tw®) Mz =2 v(Zi),
f(XO) i=0 ) f(Yo) g) ) 9(%) i=0 2
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where v(z) = w(z)w(z + 1) = x(z +4)/(z + 2)? and g(z) = x(x + 4)(52% + 20z + 17) for all
x € N. From now on, we work under the assumption 1 < r < k. With the above notation, we
can write

a+b+1 A A f(Dw(k +1)
E(F,G) = ZT > E|E [F(Xo, . 7XT—1)WMX‘1_11{X¢1—1:]€/+1}
a,b>r—1c>0 k'>1
- . fQw(k')
Eq {G(Yb +1,...,Y 1+ 1)WMYI>711{§@_1:I€'}
g(kv(k — 1)
o | e |

Using the Markov property and re-arranging the terms yields

f(Dw(k +1)

E(F,G)=> E |MX, 1F(Xo,..., X, )MV, 1G(Yo +1,..., Y1 + 1) Y

k>1
fw(k)

5 FTE) S latb+2r—VEg | |MX g | By | M1 ]

a,b>0

g(k")v(k —1)
T ;Bk, [Mzcl{zczk_l}} :

where X', Y’, MX', MY" are independent copies of X,Y, MX, MY. We already have the neces-
sary ingredients in Section 2 to study the first factors; the only additional quantity we need to
compute is

Hy(k) =3 Ey [Mch {Zc:k}] -3 Py (Z - k> ,

c>0 c>0

where Z is the image of Z under the measure-change given by the martingale MZ, i.e. the
Markov process such that E[¢(Z;)] = E[MZ;p(Z;)] for every continuous bounded function ¢.

Lemma 3.4. Fix k, k' > 2. We have the following equalities:
— i K <k,

3g(k')

S (k) = 35(k + 1)(k + 2)(k + 3)

— if k' >k,
g(kNv(k) ., 3g(k)
g(k) Hyy (k) = 35(K' + 1) (k' +2)(K' +3)°

We omit the technical detail of the proof of this result; the ideas are exactly the same as in
the proof of Lemma 2.2. Now

E(F,G) = Y | D Hayw (k) |Ea[MX, 1 F(Xo,.., Xo)1ig ]
1<z, y<r \k’'>1

Ei[MY, 1 G(Yo+ 1, Yo+ Dy ],
where
_fQwE +1) fOwE) g(F)v(k —1)
Mo W =T35 D) 370 gk—1)
x (H3 (K + 1) Hy(K') + Ho(K' + 1) H (K') + (2r — 5)Hy (K + 1) H, (k).

Hy,(k—1)
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Therefore, it is enough to show that ), Hz,w (k) converges to 1 as k — oo, uniformly in
T,y <.
Let us first treat the terms for which k' > k. We have

g(K vk —1) 3g9(k —1)
=2 H,(k—-1) = .
glk—1) °F ( ) 35(k" + 1) (K +2)(k' + 3)
Moreover, the results of Lemmas 2.2 and 2.3 show that, uniformly in y < r,
SQwE)
—— HNE) —— 1
3f(k‘/) y( ) k! =00
fQw) o, 2
et H (k) ~p —
3/ ) e

GOk
and that the same holds with &’ + 1 instead of &’ in the left-hand term. As a consequence, we
have

3g(k —1 4
Z Hx’yyk/(k‘) ~k—o00 9(35 ) Z (k’)5

k' >k k' >k
3k*1 3
~ho =2 4.12

uniformly in z,y < r.
In second, we consider the terms for which we have z Vy < k' <k — 1. Lemmas 2.2 and 2.3
yield the following estimates, uniformly in y < r:

FOwE) 3 h(K)
sy ) = S o) <Cy“‘ (“ hy) ))

and

k) 2

K" ~p oo .
() ) o oy
Putting this together with the result of Lemma 3.4, we get

k—2 3 k—1 9
"4
Z Hw,y,k’uf) ~k—o00 @ Z 2 x (k/)Q X 5(k)
k'=xzVvy+1 k'=xVvy+1
12 k3 4
~ —— = . 4.13
SRl TEIE T (4.13)
The remaining term is
zVy 1
> Mot =0 ().
k=1
Putting this together with (4.12) and (4.13), we obtain
3 4
’ —+=-=1
D Moy (h) 50 57 =1,
E>1
uniformly in z,y < r, hence the conclusion. O

To complete the proof of Theorem 1.4, we finally come back to the trees attached on the

branches Xg?i, 1> 1 and yggi, i > 1, putting together the above result and Corollary 3.2. Let
E®)(r) be the event that ag@),bg@) > r, and the trees (To0;)*) and (?go,i)(k) are finite for all

()

i < r. Conditionally on E®)(r), we have the following properties on the spines of 65 and

e(karl)‘
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— The points 52-(9&];)) and x*) are the same for all i < r, hence Ri(é?gé)) = % and

LZ-(Hgé)) = ?g;)z for all i < r.
— The points si(ngH)) and ygz)i are the same for all ¢ < r, hence Ri(Héng)) = (?/oo,i)(k)

and Li(ngH)) = (T(/)O’Z-)(k) for all i < r.
— As a consequence, the spine labels (Si(Hgé)), S,-(H(()g k+1)) —1)1<i<, converge in distribution
to (Xi,Yi)o<i<r—1, with Xo =Yy = 1.
Further conditioning on (Si(ﬁc(,lé)), Si(eég’““)))ogm, we get that:
— The subtrees LZ-(QC()?), 0 <i < rand Ri(eé’é)), 1 < ¢ < r are independent random

variables, with respective distributions Ps, 0 and pz;_(a(k>)).

— The subtrees Li(ngH)), 0<i¢<rand RZ-(O(()ZICH)), 1 <4 < r are independent random
variables, respectively obtained by adding 1 to the labels of trees distributed according
opt and p (k) .
(S:(68)—1) (Si(6ss))—1)
— The random forests (Li(eé’é), Ri(eé’é)))ogm and (L,-(Gc(x?kﬂ), Ri(eég’““)))ogm are inde-
pendent.
Therefore, it is enough to show that P(E(¥)(r)) converges to 0 as k — oo. Fix ¢ > 0. We have

B(EM(r)) < P(a) < ror b <r) + E |14 ot
ase + b +1

[e.e] o

1A

We know from Lemma 3.3 that the first term converges to 0. More precisely, for all ' € N, we
have

P(a® <+ or b < ') <e

for all k£ large enough, hence

o 49 o 49
ENVLA 5 rtk) =

for k large enough. Thus we can choose 7’ in such a way that for all k large enough, we have

P(E®)(r)) < 3e.

This concludes the proof.

4 Convergence of the associated quadrangulations

As indicated in the Introduction, the main step of the proof of Theorem 1.5 consists in
showing the following result. We use the conventions

o) =0, 0C™ = b,
d¥-dw QX -0n.

Proposition 4.1. For all r € N and € > 0, there exists h € N such that for all k large enough,
possibly infinite, we have

v (Bgw (M) cV (Byw (k) (4.14)
and
v (Bké’é’ <7')> cv (Beg;k+1>(h)) Ui s il <r} (4.15)

with probability at least 1 — €.
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Let us first see how this result allows us to prove the theorem.

Proof of Theorem 1.5. Using the Skorokhod representation theorem, we assume that the con-
vergence

(OB, 0CHD) s (00, b0),

oo 1 Yoo
k—o0

obtained in Theorem 1.4, holds almost surely. In particular, it also holds in probability: for all
h € N and € > 0, we have

—
NS

P (D) < [y and DOV < ) 21

1+h

for all k£ large enough, which means that
Bog)(h) = B@(h) and Be(fm(h) = B&(h) (4.16)

with probability at least 1 — ¢, for all k£ large enough.

For all » € N and € > 0, the above proposition shows that there exists h. such that the
inclusions (4.14) and (4.15) hold with probability at least 1 — ¢, for all k large enough. Putting
this together with (4.16) for h = h., we get that

Bg(r) = Bygoy(r)  and  Bg(r) = By (r)

with probability at least 1 — ¢, for all k large enough (possibly infinite). Therefore, we have the
convergence

(@Y. QW) — (. Q)
— 00
in probability, hence the joint distributional convergence. O

The rest of the section is devoted to the proof of Proposition 4.1. We first introduce conditions
on the “left-hand side” and “right-hand side” of the trees 95)]2), 9&3 kH), which are sufficient to
get the ball inclusions (4.14) and (4.15). This is done in Section 4.1 (see in particular Lemma
4.3). In Sections 4.2, 4.3 and 4.4, we then show that an “elementary block” of these conditions
holds with arbitrarily high probability, for all s and k large enough. The corresponding results

are stated in Lemmas 4.4 and 4.5. Finally, Section 4.5 concludes the proof of the proposition.

4.1 Conditions on the right-hand and left-hand part of a labeled tree

We first introduce some more detailed notation for the balls in a rooted tree T'. For all s > 0,
we let OBr(s) denote the “boundary” of the ball of radius s, defined as

OBr(s) = {v € T : v has height s}.

In what follows, the letter L will correspond to the “left-hand part” of a tree, and R will be
used for the “right-hand part”. All the following notations are given for the left-hand part, and
are also valid for the right-hand part (replacing L by R). Assume that 7' € S, and recall that
L;(T) denotes the subtree of the descendants of s;(T) that are on the left of the spine. We let

L(T) = | L(T),

120

and for all s > 0,

LBr(s) = Br(s) N L(T) = | J By (s —9),
=0
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labels > r

height h

height s

Figure 4.6 — An illustration of the conditions § € A (r,s,s’,h) (on the left) and 6 € Agy(r,s)
(on the right).

and
OLBy(s) = 0Bp(s) N L(T).

We also use the natural extensions of this notation to labeled trees.
We are interested in the following subsets of S, for all r,s,s’,h € N:

Ap(r,s,s',h) = {(T7 l)esS: LSJ L;i(T) C Br(h), and 3v € LSJ Li(T) s.t. I(v) = —r}
i=0 i=s+1
and
Apy(rys)={(T,l)eS:¥ve L(T)\ LBr(s), l(v) >r}.

Figure 4.6 illustrates these definitions. We give a sufficient condition for an inclusion between
the balls in 6 and in ®(6), in terms of these sets Ay (r,s, s h), Api(r,s), Ar(r,s,s’,h) and
AR+ (T7 S):

Lemma 4.2. Let r € N.
1. For all € §7 if there exists sequences (s(r'))o<r<r and (h(r"))1<y <, such that

e Ap(r',s(r' —1),s(r"),h(r")) N Agy(r', s(r")) vr'e {1,...,r},
then we have V(B¢,(9) (r)) € V(Bg(h(r))).

2. For all 0 € S if there exists sequences (s(r'))o<r<r and (h(r'))1<y <, such that
0 e Ar(r', s(r' —1),s(r'"),h(r")) N ALL(r', s(r")) vr'e {1,...,r},
then we have V(Bg (1)) C V(By(h(r))) U{Xi : [i| <7}

Proof. Let 6 € . We show by induction that for all > 0, if there exists sequences (s(r’))o<<r
and (h(r’))1<y <, such that

0eAp(r,s(r’ —1),s(r"),h(r")) N Agy(r', s(r")) vr'e{1,...,r},

then we have

V (Bag)(r)) €V | RBy(s UL
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This is enough to prove the first part of the Lemma. Indeed, since 6 belongs to A (r, s(r —
1), s(r), h(r)), we have ([ J3") L;(6) C By(h(r)) and s(r) < h(r), so

s(r)
V| RBy(s(r)) U |J Li(0) | € V(By(h(r))).
=0

The result is obviously true for » = 0. Assume that it holds for a given » > 0. We order
the corners of 6 by writing ¢, (0) < c¢,/(0) for all n < n'. For all ¥ < r + 1, let & denote the
largest corner incident to the vertex s,(). Note that for all r’ < r, for every corner c of 6,
we have ¢ < &, if and only if every corner ¢ incident to the same vertex as c verifies ¢ < &.
The induction hypothesis ensures that for every corner ¢ of 6 which is incident to a vertex of
By g)(r), we have ¢ < &.. (This is the case even if the corresponding vertex is in the right-hand
part of 6.)

Let v € V(f). The vertex v belongs to Bg)(r + 1) if and only if one of the following
conditions holds:

1. v belongs to By (r)-

2. There exist a vertex v/ of Bgg)(r), and two corners ¢ and c’, respectively incident to v
and v/, such that og(c) = ¢
3. There exist a vertex v/ of Bgg)(r), and two corners ¢ and ¢/, respectively incident to v
and v/, such that oy(c’) = c.
Respectively, in these three cases, it holds that:
1. Every corner ¢ incident to v is such that ¢ <&, < &.41.
2. We have ¢ < ¢/ <&, so every corner ¢ incident to v is such that ¢ < &, < &.41.

3. The corner c is the first corner with label I(v') — 1 after ¢’. Since v’ belongs to By (r),
the bound (4.1) ensures that

de9)(vo, v') > |I(vo) = I(¥))| = I(¥)

(where vg denotes the root of 6), so I(v') —1 > —r — 1. Moreover, we have ¢’ < &, and
since 6 belongs to Ar(r+1,s(r),s(r+1), h(r+1)), there exists a corner with label —r—1
between &, and &.41. As a consequence, we have ¢ < &1, and therefore every corner ¢
incident to v is such that ¢ < &,.44.

Thus, we get the inclusion

s(r+1)
V (Be@y(r+1) cV | ROU | Li0)
1=0

Finally, for every vertex v € R(6) \ RByg(s(r + 1)), since 6 belongs to Ar,(r + 1,s(r + 1)), we
have [(v) > r + 1, so v is at distance at least r + 2 of the root in ®(#). This yields

s(r+1)
V (Bo)(r+1)) €V | RBy(s(r+1))u | Li(6)
=0

<_
We now consider the case where § € S. Similarly, it is enough to show by induction that
for all » > 0, if there exists sequences (s(r’))o<y <, and (h(r’))1<, <, verifying the hypotheses,
then we have

s(r)

V (Boge)(r) \ A) C V[ LBy(s(r)) U | Ri(6)
=0
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(Indeed, equation (4.1) shows that V(Bg(r) N A) C {A;:]i]| <r}.) Assume that the result
holds for a given » > 0. For all ¥’ < r + 1, let {7{, denote the smallest corner incident to the
vertex sg(,y. For every corner c of 6 which is incident to a vertex of Bg)(r), we have ¢ > &,
We fix v € V(0), and study the same three cases as above. Respectively, we obtain that:

1. Every corner ¢ incident to v is such that ¢ > & > & ;.

2. The corner ¢ is the first corner with label I(v) —1 after ¢ (or a point of A, if such a corner
does not exist), and equation (4.1) gives that I(v) — 1 = [(v') > —r. Since 6 belongs to
Apr(r+1,s(r),s(r+1),h(r+1)), there exists a corner with label —r —1 which is (strictly)
between &, ; and &/.. So, if we had ¢ < &/, this would imply ¢’ < &, which is impossible
since v/ is in By () (7). Thus, we have ¢ > &/, and every corner ¢ incident to v is such
that ¢ > & .

3. Note that since v is a vertex of 8, we cannot have v/ € A. Thus, we have ¢ > ¢ > £/, so
every corner ¢ incident to v is such that ¢ > & > & ;.

This yields the inclusion

s(r+1)
V (Booy(r+ D\A) cV (LOU | RO |,
i=0
and the same argument as above concludes the proof. O
Our goal is now to obtain similar conditions on the trees eé’f) and 95; kH), sufficient to get

the ball inclusions (4.14) and (4.15). Note that we cannot apply th(g above result directly, since
o) and 057 are elements of S* (0) and S*(1) instead of S and §. Moreover, for example in

0(()’3), we are not interested in all the vertices which are on the right of the spine, but only in those
which are on the right of the segment [ex (0 ), €0(0)]. Informally, the others are “cut-oft” from
the root when we split the quadrangulation (), along the maximal geodesic, so they do not

belong to the neighbourhood of e;(0) in 6&?

Therefore, for all k € N, we further decompose the trees 9&’2) and 0; kH). Recall the notation
introduced in Section 3.1. We let

RO
RO =) % and  R®(s)=RONBu(s) Vs>0,
i=1
and similarly,
b k)
L(();k:—i—l) _ U (Téo,i)(k) and ng"?“)(S) = Lgk—i-l) N Le("““)(s) Vs > 0.
=1

Note that we have, for example, R%) ¢ R(Qgé)) and Rg’é)(s) C RB,wx (s). We consider the
following events:

— .A%J)r (r,s): “every vertex v € RrY) \ ( g;)(s)) has label greater than r in 9&’2)”,

— A(L:_kH)(T, s): “every vertex v € LGk \ (L(()gk—’_l)(s)) has label greater than r in

9(*k+1)77

For k = oo, we complement this notation by setting
o — -
AS;H_)(T, s) = {900 € Apy(r, s)} and A(L+ )(r, s) = {@) € Ary(r, 3)}

*)

We can now adapt Lemma 4.2 to s’ in the following way:

Lemma 4.3. Let v € N, and consider two sequences of positive integers (s(r'))o<p <, and
(h(r"))1<r<r. For all k € NU{oo}, we have that:
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labels > r

Figure 4.7 — Illustration of the event Agy(s(r)) (on the left), and of the additional condition
So(r)+1 (95,]2)) < e0(fs0) in o) (on the right). The second figure emphasises the fact that under the

condition 5s(r)+1(9((>]§)) < e9(fx), the spine S, does not intersect the set RrY (s(r))UUfgg Li(é?gé))
(and in particular, it does not contain ey (6 )). This will be used in the proof of Lemma 4.3.

1. Conditionally on SS(T)+1(9g€>)) < ep(fs0) in 0% and on the event

T

N (eg{g) e Ap(r,s(r' —1),s(r'), h(r’))) NAW) (', 5(r")), (4.17)

r'=1

we have

V (Bgw () <V (Byw (h(r))

almost surely.

2. Conditionally on ES(T)H(G&THI)) < ep(fs0) in 05" and on the event

ﬁ (eggk+1) € Ap(r, s(r' — 1), 5(+"), h(r’))) N AT s()), (4.18)

r'=1

we have
V (Bgw () €V (Bycu (h(r)) U{xi s il < 7}
almost surely.

Figure 4.7 illustrates the “new” conditions which appear, compared to the conditions of
Lemma 4.2 (both are shown for the first case). Note that the condition on the left-hand side of

9&’2) is exactly the same as in Lemma 4.2, already illustrated in Figure 4.6.

Proof. The case where k = oo is a direct application of Lemma 4.2. From now on, we fix k € N.

Let Soo = {8i(f) : @ > 0} be the spine of O, and Ty, = {e}, : K > 1} be the “copy” of the
infinite geodesic ray we introduced in the definition of the split quadrangulation Sp(Q«) (see for
example Figure 4.2). The construction of Sp(Q~) ensures that there are no edges between the
vertices of (I, U R(0x)) \ Ss and the vertices of L(0) \ Soo- As a consequence, any geodesic
from a point of (I',, U R(fx)) \ Sxo to a point of L(A) \ Sec contains a vertex of Seo.
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Note that we have the following equalities:
R(6x) = R(6%)\ R®) = R(CFD) U LD
L(0ss) = L(OW) U R®) = L(gTF+Dy\ L.

In the first case, the same induction as in the proof Lemma 4.2 shows that conditionally on
(4.17), we have

s(r)
V (Bgw () NV (L) < V [ RE(s(r) u | L) | - (4.19)
i=0
Indeed, the first step of the induction shows that there are no vertices belonging to the ball
Ba(k) (1) after sy, (0(()’2)) in the clockwise order, or equivalently

14 (Bagg)(r)> nv (L(G((jé))) cVv SL(jLi(Hgé)) ,
=0

and since the vertices in R%) \Rg’é)(s(r)) all have labels greater than r, we also have
v (Bam(r)) nv (Rg@) cv (Rg’?(s(r))) .

Noting that L(Qgé)) URY = L(6) yields inclusion (4.19).

To conclude the proof of the first point, we only have to show that the vertices of R(fx )\ Soo
are at distance at least r + 1 from e () in 5&? Let v € V(R(0x) \ Sx), and let v be a
geodesic path from v to ex(f) in 6&'2) The condition 55(,,)“(9(()}3)) =< €0(fx) now has two
consequences, as noted in the caption of Figure 4.7:

— First, ex(fs) belongs to L(0x)\Sso. Thus the geodesic 7y goes from a point of R(fx)\ Seo

to a point of L(Reo) \ Sxo, S0 there exists a vertex v/ of v which belongs to the spine Sy
(see the remark we made at the beginning of the proof).
— Second, the set

()
RE(s(r)) U | Li(0%)
=0

does not intersect Sy, so inclusion (4.19) implies that

Vv <Ba(k) (r)) NV (Sw) = 0. (4.20)
Putting these two facts together, we get that
dgm (V,er(Bo)) 2 dgoo (Vs ex(00)) 2 7+ 1.

Similarly, in the second case, conditionally on (4.18), we have
s(r)
V (Bgw () NV (ROx) v | LB (st u | Ri6D) |,
i=0
and conditionally on 58(”“(0((; k+1) ) < e0(fxo), the latter set does not intersect S, S0 equation
(4.20) still holds. Thus we only have to show that the vertices of L(0) \ Seo are at distance at
least 7 + 1 from e}, in 55,]2) As above, for every such vertex v, any geodesic path from v to e,

<_
in Q(o]f)) intersects S, hence

dguc) (v,ex(foo)) > 7+ 1.
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From now on, we fix r € N. The goal of the next sections is to show that the above
conditions hold with arbitrarily high probability, for k large enough. For condition (4.17), the
main ingredients are the following lemmas:

Lemma 4.4. Let s € N and ¢ > 0. There exists s;, = sp(r, s,€) such that for all s > sy, there
exists hp(s',€) such that for all k large enough, possibly infinite, we have

P (0<(>]§>) ¢ AL(Tv S S,, hL(Sl,g))> <e.

Lemma 4.5. For all € > 0, there exists sg = sg(r,e) such that for all k large enough, possibly
infinite, we have

P <A%€_)~_(r, SR)> <eg,

where Ag)

+(r,sR) denotes the contrary of the event A%:)_(r, SR)-

The proofs of these results are,| given in Sections 4.3 and 4.4, respectively. A first step consists
in studying the spine labels of f,: this is what we do in Section 4.2. In Section 4.5, we finally
put all these ingredients together to complete the proof of Proposition 4.1.

4.2 Two properties of the spine labels

%
In this section, we show two lemmas on the spine labels S;(6,). The first one gives an upper
bound which holds almost surely, for all ¢ large enough. The second one gives a lower bound
which holds with high probability.

Lemma 4.6. There exists a constant K such that almost surely, for all i large enough, we have

Si(00) < K\/iln(i).

H
Proof. Recall that the distribution of (S;(0s))i>0 is given in Theorem 1.4. Let K > 0 and i > 1.
Recall that

— ; -
P (Si(eo@) > K©\/i ln(z)> ~E [Mil{f(px\/m} ,
where X is a random walk with uniform steps in {—1,0,1} and M is the martingale defined by

FE) T1. ¢
Mz’ = = w(X;).
i L%

f
Note that M; < f(X;) almost surely. Thus, for all A > 0, we have
P (Sz(e—oz) > K\/M) <E [Mie*)‘K iln(i)e)\f(l}
cormmR [,

where C' denotes a constant such that f(x) = x(x + 3)(2z + 3) < Cz?* for every x > 0. Now
E [Xfe)‘xi} is the fourth derivative of E [e)‘Xi], and we have

E [ex)@} — )

)

where 1(\) denotes the Laplace transform of a uniform random variable in {—1,0,1}. Now we

have
Y(A) =1In (HQC?)OSh(A)) < e\’
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for a suitable constant ¢ > 0, and that the first four derivatives of ¢ are bounded. Therefore,
there exists a positive constant C’ such that

CE [X;*e”ﬂ < Ot P) < Ot YA > 0.
Putting this together with (4.21), we get
P (SZ-(GZ:) > K\/iln(i)) < C'ite¥ - MVIBE gy s q,
Choosing the optimal value A = K\/F/ 2¢\/1) gives
P( ) > K\/ZIT) < O'ide—(K?/20)In(i) _ cv;4-K?/2¢

As a consequence, for all K large enough (such that 4—K?2/2c < —1), the sum of the probabilities
—
P (Si(eoo) > K\/i ln(i)> is finite. Applying the Borel-Cantelli lemma concludes the proof. [

Lemma 4.7. For all n > 0, there exists 6 > 0 such that for all s large enough, we have
_>
P (3i = ns] s Sil0) < 0V5)) <

H ~ ~
Proof. Since (Si(0))i>0 has the same distribution as (X;);>o with Xy = 1, it is enough to show
that

P, (3@2 Ins]| : X; < L(S\/EJ) <n

Recall that, as stated in the introduction, we have the convergence

n—oo

1 - d
(ﬁXWODO L (Zat/3)t=0,

where Z denotes a seven-dimensional Bessel process. As a consequence, there exists constants
61 > 0 and s1 € N such that, for all s > s1, we have

Py (Xmsj < \/%'51) < g

Fix s > s;. Using the Markov property at time |ns], for any § > 0, we can now write

P, (37; > ns] : X; < {5\/@) < "27+I>;ml Pi(X s = )P, (32‘ >0:X; < L(S\/ED

<! , . §
5 + Z P XL??SJ = )P, <E|Z >0:X; < 61\/7733)
r>,/Ns-61
n - -
~ 2 * Z P1(X|ys) = 7)Ps (wa/(sl\/m < oo> ; (4.22)

o> /7581
where T, denotes the first hitting time of 2’ for X. It was shown in the proof of Lemma 2.2
that for all z > 2/, we have
h(z")
h(z)’
for a given non-constant polynomial h. Thus there exists constants do and xs such that for all
T > x9, we have

]P’x(Tx/ < OO) =

= n
P (Ttégmj < OO) 5
>s

Putting this together with (4.22), for 6 = d21/d11 and s A (23/(n6?)), we get
. n v _
P1(5|2>L ik X<L6\fj) 1 X Py =) ] <n
SN
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4.3 Proof of the left-hand condition

In this section, we give the proof of Lemma 4.4. This result mainly uses the upper bound
on the spine labels of 6, and the explicit expressions of the distribution of L;(0), for ¢ > 0.

Proof of Lemma 4.4. Since for all s,s',h, S\ Ap(r,s, s, h) is a closed set, we have

lim sup P (9(()]2) ¢ Ap(r,s, s, h)) <P (@Z ¢ Ap(r,s, s, h)) ,

k—o0

%
so it is enough to show that the Lemma holds with 6., instead of 9(()]2). For all s,s',h € N, we
have

P (@Z ¢ Ar(r,s, s, h)) < Prss +P (Eli < &' : Liy(T) has height greater than h — s’) ,

where

Drss =P (W € {5 +1,.. .,s'}, min | l:;(x) > —7") .
x€L;(00)
Sinc_e_> for all s/, t_ll;ere exists h such that the maximum of the heights of the Galton—Watson trees
Ly(0), ... Ly (0s0) is less than h — s’ with probability greater than 1—¢/2, it is enough to prove
that the probabilities p, s ¢+ converge to 0 as s’ — oo.
We first rewrite p, s ¢ using the spine-labels 51(92_:)

Pr.s,s' = E H p(SZ(GTo))) {(T, l) eT:l> —7’}]
Li=s+1

=E| I rpisazy (T) | =E

Li=s+1

I wor+ s,-(e’;))] .

i=s+1

The above product is almost surely decreasing as s’ — oo. Therefore, we only have to show that

[1 wir+Si(60)) — o,
i=s+1

or equivalently that

sl

Z —In (w(r + 51(9_0;))) —— 400 (4.23)

. s'—o00
i=s+1

_-)
almost surely. Since S;(0-) — +00 almost surely, we can use the estimate

This yields

1 (w(r + 5i(8))) ~isoo —————5-
(7“ + 5&@2))

Lemma 4.6 now ensures that the right-hand term is a.s. larger than 2/(K?%iIn(i)) for all i large
enough, hence the a.s. divergence (4.23). O
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4.4 Proof of the right-hand condition

This section is devoted to the proof of Lemma 4.5. Note that the structure of the proof
is close to Ménard [52]. More precisely, the lower bound we already proved in Lemma 4.7
corresponds to a result Ménard obtains by putting together Lemma 2 and Proposition 5 of [52],
and Lemma 4.10 corresponds to Lemma 5 of [52].

We begin by computing the probability P(Rg’é)(s) = 0*), and some conditional probabilities
on this event, for all suitable trees §*. More precisely, let Tﬁ] denote the set of the labeled trees
(T,1) € T(0) such that:

— The root of T has exactly one offspring.

— All labels in T are positive, except the root-label.

— The height of T is s.

— There are no vertices on the left of the path from the root to x4, where x; denotes the
leftmost vertex having height s. In other words, if xq, ..., X are the vertices on the path
from the root to xs, then for all x € T* \ {xo,...,xs}, we have x > x5 (where < denotes
the depth-first order).

Fix 6* € Tﬁ]. We let xs = y1 < ... < yp« denote the vertices of 8* which have height s. For all
i€{0,...,s—1}, we let 7 denote the subtree formed by the vertices x € T™ such that x; < x
and x;41 A x (note that 7§ = {x¢}). Finally, for all suitable i, we let 2;; = I*(x;) and y; = I*(y;).
We have the following results:

Lemma 4.8. Let k > s+ r. With the above notation, we have

n*—1 n*
P (R((),;)(S) = 0*) = Wi(y1, k)m w(yj), (4.24)
j=2
where
_ f(l‘) Cx —s+1
Ws(m’k)_f(l)<1_10(kz+1)(k5+2)> Vo < s <k.

Moreover, this yields the conditional probabilities

. We(yr — 1k —1)
P min I¥)>rR¥(Gs)=6"| = : 4.25
UiZs Té(’f,)z ( ) Ws(yl’ k) ( )
and
P ( min i%) (v) > »|R¥) (s :0*>:w(yj—7“) Vie{2,...,n"}. 4.26
(1nin 1w (5) Bor e ) (4.26)

Note that it is easy to see that these equations also hold for k = oo, with RBQ—>(S) instead
of Rg’é)(s) and Ws(x,00) = f(x)/f(1) for all z < s.

Proof. Note that we have x5 = y1; in the first two steps of the proof, it is more natural to use

the notation xs. The characterization of the distribution of 9&’2) given in Proposition 2.1 yields

s—1
P(RY(s)=07) =P (XL XE) = (@1, 20)) [T o6 0 Bols —i) = 7). (4.27)
i=1
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Furthermore, the computations of Section 2.1 show that

P (X(k) — o Vi< s) _ mz>s m3—is— 1 Hw(l‘z) E., Zl;[ w(Xi)l{Xmsk}]
s—1
o s wlx w(k)f(l‘s) m s —
_3 (Hl ( Z)) P m§20( 5+ DPy, (X =)

Using the expressions obtained in Lemma 2.2 and Lemma 2.3, and the hypothesis s < k, this
gives

s—1
Cp, —s+1
P X(k) =x; Vi < — 3—s+1 ; f(x ) 1_ Ts )
( oo — T V1= S) gw(‘r ') T 10(k + 1)(k + 2)
Besides, for all © < s — 1, we have
1

pa“i) (0:By(s—i)=1;) = W H 2w(y;).

Jiviers
Equation (4.27) can now be rewritten as

s—1

_ o) _ f(=s) Cp, —s5+1 w(z;)
P(R£’§>(s)—9 > 6 (1 10(k+1)(k+2)>}_[1 W HT 2w(y;)

— f(xs) CIS —s+1 gn*—1 n* |
a f(1) <1 a 10(k+ 1)(k + 2)) 65—112/T*|—s jl;[Qw(y])7

hence the first result of the lemma.
To get the conditional probability (4.25), we have to compute

P (Rgg)(s) = 9*) N min 1) > r

Ui> e,
Using the same decomposition as above, this probability can be written as

m+1 (5= s |
Z S 3m (E w(%)) Z (E) Pa;) ((T,l) : rr%nl > r))

mz2s z'eMT

Hp (0:By(s—1i)=1),

or equivalently,

n*

+s+1 - 2!
Z% Z gw(x;) WHW(%)-

m>0 Q/EM+

m,rs—r—k—r
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Thus, we get

(e.9]

P <R(k)(s) = 9*) N min(k) 15 >

Uiss Tooli
_wlk—r)f(@s —1) 2"~
- 3f(k - 7“) (Hxé—r(k - T‘) + (8 - 1)HIS*T(I£ - ) 65— 112\T*| s H’LU yJ

n*

Gt Coyer — 5+ 1 g1
B f(l) (1_ 10(k—T+1)(k—r+2)> 657112\T*|7S j]lw(yj)~

This completes the proof of equation (4.25).
Finally, for all j* € {2,...,n*}, we have

P((ﬂ@@y:m)m<g£ﬂ>()>r>>

s—1 s—1
_ 1
=37 ([ we) | W) [] === | [ 2w | 2wy —r)
L - L L 2w ()12l
i=1 =1 VE VJET
J#5*
2n*71
= Ws(yl,k)mw(yj* —) H w(y;),
2<j<n*
i3
hence equation (4.26). O

The second step consists in studying the vertices of Ré’é) which are exactly at height s: we

give an upper bound on the expectation of the number of such vertices, and show that with
high probability, for k large enough, these vertices have labels greater than s, for « € (0,1/2).
Precise statements are given in Lemmas 4.9 and 4.10 below. Note that for all k, we have

ORY)(s) := {v € RY : v has height s} C ORB,)(s).
Lemma 4.9. For all s > 1 and k € N, we have
E [#aRgé)(s)} <s.

Proof. For all s > 1 and k € N, we have

E[#0R®(s)] = ZE [#68 w (s = z)]

_ZE{

where 7 denotes a Galton—Watson tree with offspring distribution Geom(1/2). For all h > 0,
we have E[#0B.(h)] = 1. As a consequence, the above equality gives

%) Sgl‘s'

BB (s~ i)

s

E [#aRg@(s)} -3 E [w

i=1

We now consider the set

Agy(r,s,a) = {(T,1) €S:¥v € RBr(s), I(v) > [s“]}.
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Lemma 4.10. Fiz o < 1/2. For all s large enough, there exists k1(s) such that for all k > ki(s),
possibly infinite, we have

P (9&’2) ¢ Apy(r, s,a)) <e.
Proof. First note that since S\ Apy (r,s,a) is a closed set, we have

limsup P (9&@) ¢ Ap,(r,s, a)) <P (@Z ¢ AR+(T, s,a)) )

k—o0

so it is enough to show that the property holds for k = co. Moreover, the same arguments as in
the proof of [52, Lemma 5] show that for all n € (0,1/2), for all s large enough, we have

P (3 < lns]—1: Ri(6) N 0By (s) # 0) < 4.

Thus, letting I,,(s) = {|ns],...,s}, we have

e

P (0—; ¢ ARJr(r,s,a)) <4n+P (31’ € I,(s) : min l:g < Ls‘ﬂ) .

Lemma 4.7 now ensures that for § > 0 and s large enough, this probability is less than

R; (‘900)

5+ P ((m € I(s): min In < m) n(vie L, (), Si(f0) > L&/EJ)) . (4.28)

For all (z;)|,|<i<s, We have

P (Eli € I(s) : min l:z < |s%]

SZ(Q—CZ) =g, Vi e IU(S)
R;(0)

Si(e—o?) = xz)

< Z p?f_ri) <(T,Z) cTt: mzinl < I_SO‘J)
i=|ns]
< Z w(z;) — w(x; — LSQJ)_

w(w;)

i=[ns]

Furthermore, if we choose the integers x; in such a way that x; > [§/s] for all i, we have

w(g) —w(z; — |s%]) _ 4ls?] (s”‘) < 4503/2 L <5a73/2) ’

w(x;) 3 3 93
so
- — 480471/2
P(3iel,(s): min Iy < [5%]]Si(0o) =2 Vi€ [ < a-l/z)
( i€ Ip(s) Rr:(lt%)l < [8%]1Si(0) = x5 Vi € n(s)) <5 —I-O(s )

Putting this together with (4.28), we finally get

P (9—00> ¢ Apy(r, s,a)) < 5n+ 86:531/2 +o (so‘_l/Q) < 67

for all s large enough. O
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We are now ready to give the proof of Lemma 4.5.

Proof of Lemma 4.5. Fix a € (1/3,1/2). Lemma 4.10 show that for all s large enough and
k > ki(s) (possibly infinite), we have

(AR+(T s)) <2 4P (AR+(T 5) N (eij € Api(r s, a))) .

Letting
— R . : e
O(s,a) = {(T,l) € Tjg .angl?s)l > |s J},

we get that

(Am(r s ) <%+ Y

0*€O(s,a)

((R(’c 5) = ) ﬁARJr(rs)> (4.29)

Fix 6* € O.(s,a), and let y1,...,y,+ denote the labels of the vertices of height s (from left to
right) in 6*. Note that the condition * € O.(s, a) means that we have |s*| < y; < s for all
i€{l,...,n"}. Moreover, equations (4.25) and (4.26) show that

*)(g) = * _Ws(yl—r,k—r) " _w
Roo()—0>§1 AN +]Z;<1 ‘ )

P <A%2r (r,s)

For all y < s, we have

Cy—_r—s+1 Cy—s+1
Wily—rk—r) _fly=r) (| OCEr0G—r32 ~ 0EDED | o FH =)
- Cy—s+1 = ?
Wi(y, k) f(y) 1 — TG fy)
SO
OS]._WS(y_T’k:_T)S]_—f(y_r)§€
Wi(y, k) f(y)
for all s large enough and y € {|s%],...,s}. Besides, uniformly in y > |s®|, we have
w(y —r) 4r T
B U G — .
1 w(y) — g3 +O<53a>

This yields

P(W ’ RW(s) —0*) <ec+4nt (4 +o (S§a>>

Putting this into (4.29), we obtain

P (W) <3e+ (4 Yo (g@)) S #0Bye(s)P (Rg’g>(s) - 9*)

0*€O(s,a)

= 5o+ (S +o (o) ) E[#0RO0)

Lemma 4.9 now implies that
x) 4r T
P AR (r,s) ) <3e+ Ba 1 +o <7s30‘—1> :

Since we took a > 1/3, this concludes the proof. O
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4.5 Proof of Proposition 4.1

We can now prove Proposition 4.1 by putting together the results of Lemmas 4.4, 4.5 and
4.3, and using the symmetry between the definitions of 9&? and 9&; ")

Proof of Proposition 4.1. Let r € N. For all ¢ > 0, we consider the sequences (s¢(r’))>0 and
(he(r"))rr>1 defined by s.(0) = 0, and for all »' > 1:
s:(r') = sp(, 277 " Ye) Vsp(r, s.(r —1),277 " Le)
he(r') = hy (s ('), 27" " Le),

where sz, sg and hg are the quantities introduced in Lemmas 4.4 and 4.5. Note that for all 7/,
we have Ar, (1, 5:(r")) € Ay (', sr(r', 27"~ '¢)). Thus, Lemmas 4.4 and 4.5 show that for all
r’ € N, for all k large enough, we have

P ((09) ¢ sl sct” = 1).5u07). 1) DAL 7)) < 27

and as a consequence,

P (U (eg';;) ¢ AL(r,so(r — 1), s-(r"), hs(r’))> UAW (, 85(7“/))> <e

r—1

for all k large enough. Moreover, recalling the notation of Proposition 2.1, we have
Ss.(r) +1(9( ) % eo(fs0)

if and only if I < s, (r), which happens with probability at most s.(r)/(k + 1). Therefore, for
all k large enough, the conditions stated in the first part of Lemma 4.3 hold with probability at
least 1 — 2¢.

Finally, we can see from the symmetry between the definitions of 05,]2) and (9(()5 ") that for all
', 5,8, h € N, we have

P(0CHD ¢ Ap(rs, o', 1)) =P (04D ¢ Ar(r' +1,5,5' 1))

and

P (A(le“)(r’, s)> —p <A§§;”(r/ 1, s)> .
Thus, letting 5.(0) = 0 and, for all v’ > 1,
56(7'/) = SR(T/ — 1, 277"/715) \Vi SL(T/ +1, 55(7’/ _ 1)7 27r’71€)
BE(T’I) _ hL(gg(Tl), 2—7«/_18)7
the probability

(ﬂ( —k+1) ¢AR(7’ ss(r —1),5.(r ),ﬁ( ))) A( k+1)( 7sg(r’))>

is equal to

r—1

P (ﬂ (91(312_1) ¢ AL(T, + 1>§€(7"/ - 1)’56(7"/)’ ﬁs( ))) N A}é:_ 1)( -1 56( /))> <e.
Similarly as above, this implies that the conditions stated in the second part of Lemma 4.3 hold
with probability at least 1 — 2¢.

Therefore, Lemma 4.3 shows that for A = he(r) V he(r), the inclusions (4.14) and (4.15) hold
with probability at least 1 — 4¢, for all k large enough. O
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