N

N

Autour des singularités d’applications vectorielles en
physique de la matiére condensée

Xavier Lamy

» To cite this version:

Xavier Lamy. Autour des singularités d’applications vectorielles en physique de la matiére condensée.
Physique mathématique [math-ph]. Université Claude Bernard - Lyon I, 2015. Frangais. NNT:
2015LY 010085 . tel-01309329

HAL Id: tel-01309329
https://theses.hal.science/tel-01309329
Submitted on 29 Apr 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01309329
https://hal.archives-ouvertes.fr

Autour des singularités d’applications
vectorielles en physique de la matiére condensée

Xavier Lamy

Theése de doctorat

Université Claude Bernard






Université Claude Bernard Lyon 1
Ecole doctorale InfoMath, ED 512

Spécialité : Mathématiques
N. d’ordre 852015

Autour des singularités d’applications
vectorielles en physique de la matiére condensée

Theése de doctorat
Soutenue publiquement le 6 juillet 2015 par
Xavier Lamy

devant le Jury composé de :

M. John Ball University of Oxford

Mme Virginie Bonnaillie-Noél Ecole Normale Supérieure

Mme Lia Bronsard McMaster University

M. Bernard Helffer Université Paris-Sud

M. Radu Ignat Université Toulouse III

M. Petru Mironescu Université Lyon 1 Directeur de these
Mme Sylvia Serfaty Université Paris 6 Rapporteuse

M. Itai Shafrir Technion

aprés avis de :

M. Felix Otto Max Planck Institut, Leipzig
Mme Sylvia Serfaty Université Paris 6






Remerciements

Je remercie infiniment mon directeur de thése Petru Mironescu pour m’avoir
guidé a travers cette thése de la meilleure fagon possible. Ses enseignements,
ses conseils et son soutien m’ont permis de passer trois années passionnantes,
d’apprendre toujours plus de mathématiques et d’avoir envie d’en apprendre
encore.

L’accueil d’Itai Shafrir au Technion, puis celui — répété — de Stan Alama
et Lia Bronsard a McMaster, lors de séjours inspirants et fructueux, furent
extraordinaires. Je leur en suis extrémement reconnaissant.

Merci & Felix Otto et Sylvia Serfaty qui ont pris le temps d’écrire des rapports
détaillés sur mon manuscrit. Merci & tous les membres du jury d’avoir accepté
d’en faire partie.

Plusieurs travaux présentés ici sont le fruit de collaborations, qui furent
toutes passionnantes. Un grand merci & mes coauteurs : Stan Alama, Lia Bron-
sard, Andres Contreras et Petru Mironescu.

Pour leur amicale disponibilité et de fécondes discussions mathématiques :
merci & Pierre Bousquet, Haim Brezis, Mickaél Dos Santos, Olivier Druet, Al-
berto Farina, Tiziana Giorgi, Dmitry Golovaty, Maxime Ignacio, Radu Ignat,
Mihai Maris, Romain Petrides, Bruno Premoselli, Rémy Rodiac, Arghir Zar-
nescu. Pour avoir été un excellent professeur et m’avoir encouragé a me diriger
vers la recherche, merci & Denis Choimet.

Merci & mes compagnons de bureau pour I’ambiance chaleureuse qui y régna
durant ces trois années, aux autres doctorants — tout particuliérement ceux qui
firent de la pause de midi un moment agréable et animé —, et a tous les membres
de 'ICJ. Merci enfin a ma famille et mes amis, et & Laury.






Table des matiéres

Introduction
Avant-propos . . . ... ..
1.1 Cristaux liquides nématiques . . . . . . . .. ... ... ... ..
1.1.1 La contrainte de symétrie uniaxe . . . . . . ... ... ..
1.1.2  Fuite biaxe a basse température . . . . . . ... ... ..
1.1.3 Suspension colloidale . . . . . . ... ... ... ... ...
1.1.4  Une cellule nématique frustrée . . . ... ... ... ...
1.2 Supraconductivité . . . .. ..o
1.2.1  Un probléme non-compact : conditions semi-rigides . . . .
1.2.2  Fines coques superconductrices . . . . . . .. .. .. ...
1.2.3 Supraconductivité a symétrie ‘p’ : structure d’un vortex .
1.3 Noyaux de convolution peu réguliers . . . . . .. ... ... ...
1.4 Perspectives . . . . . . ..o e

Cristaux liquides nématiques

Symétrie uniaxe
2.1 Imtroduction . . . . . . .. .. ...
2.2 Description of themodel . . . . . . . .. ... ... ... ... ..
2.2.1  Order parameter and degrees of symmetry . . . . . . . ..
2.2.2  Equilibrium configurations. . . . . . ... .. .. ... ..
2.3 Uniaxial equilibrium . . . . . ... ... ... 00000
2.4 Inone and two dimensions . . . . . .. ... ...
2.5 In a spherical droplet with radial anchoring . . . . . .. ... ..
2.6 Conclusions and perspectives . . . . . . .. .. .. ... ... ..
2.6.1 Conclusions . . . . ... ... 0o
2.6.2 Perspectives . . . . .. ... oo

Fuite biaxe a basse température

3.1 Imtroduction. . . . . . .. ... ..

3.2 Properties of minimizing Q-tensors . . . . . .. ... ... ...
321 Rescaling . . ... ... o
3.2.2 Convergence . . . ... ...

3.3 Blowingup . .. ...

34 Blowingdown . . . . . ... o

3.5 Proof of Corollary 3.2 . . . . . .. ... ... .. ... ...

N B

10
12
14
15
17
19
20
22

25

27
27
29
29
30
31
34
39
50
50
o1



ii

4

II

6

TABLE DES MATIERES

Particule colloidale

4.1 Introduction . . . . . . . . . . ...
4.2 Existence and first properties of minimizers . . . . .. ... ...
4.3 Small particle: the Saturn ring . . . . . .. ... ... ...
4.4 Large particle: the dipole structure . . . . . . . ... . ... ...

Cellule nématique frustrée
5.1 Introduction. . . . . . . . . ... ... ...
52 Model . . .. o
5.3 Eigenvalue exchange configurations . . . . . . . ... .. .. ...
5.4 Very large and very small cell thickness . . ... ... ... ...
5.5 The special temperature § = -8 . . . . ... ... ... .. ...
5.5.1 The proof of Theorem 5.5 . . . . . ... ... .. .....
5.5.2  The proof of Theorem 5.6 . . . . . ... ... ... ....
5.6 The perturbed case 6 ~ —8 . . . . ... ... ... ... ...
Appendix 5.A  Principle of symmetric criticality . . . . ... .. ...
Appendix 5.B  Uniqueness of critical points for small A . . . . . . ..
Appendix 5.C Second variation of the energy . . . . . . ... ... ..

Supraconductivité

Conditions semi-rigides

6.1 Introduction. . . . .. .. ... .. ..o
6.2 Renormalized energies and canonical maps . . . . . . . . .. ...
6.3 Transport of formulas onto the unit disc . . . . . ... ... ...
6.4 Explicit formulas in the unit disc . . . . . .. .. ... ... ...
6.5 Nondegeneracy of Wisstable . . . . . ... ... ... ......
6.6 The Pacard-Riviére construction . . . . . . ... ... ... ...
6.7 Convergence of T, . . . . . . . ...
6.8 Existence of critical points in nondegenerate domains . . . . . . .
6.9 Nondegeneracy of domains isstable. . . . . .. ... ... ....
6.10 The radial configuration is nondegenerate . . . . . . ... .. ..
6.11 Genericity in degree one . . . . . . .. ... .o
Appendix . . . ..

Fines coques supraconductrices

7.1 Introduction . . . . . . . . ...

7.2 The obstacle problem . . . . . .. ... ... 0L
7.2.1 Derivation of the obstacle problem . . . .. ... .. ...
7.2.2 Basic properties . . . .. ... Lo oo

7.3 Thesmall g limit . . . . ... ... ... ... ... .. ...

7.4 Intermediate regimes . . . . . ... ..o
7.4.1 Detailed study of a symmetric case . . . . . .. ... ...
7.4.2 ‘Freezing’ of the free boundary . . . .. .. ... .. ...

Appendix 7.A  The mean field approximation . . . . . . ... .. ...

63
63
68
70
75

81
81
84
86
88
92
93
100
102
105
106
110

111

113
113
117
122
123
127
130
136
139
141
143
146
153



TABLE DES MATIERES

8 Supraconducteurs a symétrie p’

8.1 Introduction . . . . . . . . . .. ... ... ... ...,
8.2 [Existence of minimizers . . . . . . . .. ... ... .. ...
8.3 Entire vortex solutions . . . . . . . ... ... .. ... ...
8.4 Vortex structure for a perturbed model . . . .. ... ...

8.4.1 Main ingredients . . . . .. ... ... L.

8.4.2 Proof of Theorem 83 . ... ... ... ... ....
8.5 Asymptotics . . . . . ...

IIT Espaces de Besov et noyaux peu réguliers

9 Caractérisation d’espaces de fonctions

9.1 Introduction . . . . . . . . . . . . .. ...
9.2 Preliminaries . . . . . . .. .. ... o
9.2.1 Littlewood-Paley decomposition and B, , . . . . . .
9.2.2 Schur’s criterion . . . . .. ... ... L.
9.3 Proof of Theorem 9.1 . . . . . . .. ... ... ... .....
9.4 Proof of Theorem 9.3 . . . . . . . ... . ... ... .....
9.5 Further results . . .. ... .. ... .. ... ...
9.5.1 Proof of Proposition 9.4 . . . . . ... ... .....
9.5.2  Proof of Proposition 9.5 . . . . . ... ... ... ..
9.5.3 Proof of Proposition 9.6 . . . . . ... ... ... ..

il

185
185
189
191
196
196
201
203



v

TABLE DES MATIERES



Chapitre 1

Introduction

Avant-propos

Le manuscrit de cette thése de doctorat, effectuée sous la direction de Petru
Mironescu, se décompose en trois parties (auxquelles correspondent les trois
premiéres sections de I'introduction). Les deux premiéres parties ont en commun
I'étude de modeéles physiques faisant intervenir des systémes elliptiques dont
les solutions présentent des « singularités » : la premiére partie est consacrée
aux cristaux liquides nématiques, dans le cadre de la théorie de Landau-de
Gennes; la seconde partie rassemble quelques résultats obtenus autour de la
théorie de Ginzburg-Landau pour la supraconductivité. Enfin la troisiéme partie
est dédiée a certaines propriétés de la caractérisation « par convolution » des
espaces fonctionnels de Besov.

Les différents travaux rassemblés dans cette thése ont fait I'objet des publi-

cations suivantes.

— Chapitre 2 : Uniazial symmetry in nematic liquid crystals, Ann. Inst. H.
Poincaré Anal. Non Linéaire (& paraitre).

— Chapitre 3 : Biazial escape in nematics at low temperature, avec A. Contre-
ras, soumis.

— Chapitre 4 : Minimizers of the Landau-de Gennes energy around a sphe-
rical colloid particle, avec S. Alama et L. Bronsard, soumis.

— Chapitre 5 : Bifurcation analysis in a frustrated nematic cell, J. Nonlinear
Sci. (2014).

— Chapitre 6 : FEzistence of critical points with semi-stiff boundary condi-
tions for singular perturbation problems in simply connected planar do-
mains, avec P. Mironescu, J. Math. Pures Appl. (2014).

— Chapitre 7 : Persistence of superconductivity in thin shells beyond Hcl,
avec A. Contreras, Commun. Contemp. Math. (a paraitre).

— Chapitre 8 :  Vortex structure in p-wave superconductors , avec S. Alama
et L. Bronsard, soumis.

— Chapitre 9 : Characterization of function spaces via low regularity mol-
lifier, avec P. Mironescu, Discrete Contin. Dyn. Syst. Ser. A (& paraitre).
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1.1 Cristaux liquides nématiques

Les cristaux liquides correspondent a des états de la matiére intermédiaires
entre liquide isotrope et cristal. Contrairement aux gaz et aux liquides, leurs pro-
priétés physiques ne sont pas invariantes par tout déplacement (translation et
rotation) de I'espace : ils présentent une brisure de symeétrie. Toutefois cette
brisure de symétrie est moindre que dans les cristaux, qui ne sont invariants que
par des groupes discrets engendrés par certaines translations et rotations. Dans
les cristaux liquides, la symeétrie translationnelle (invariance par translation) est
conservée — au moins dans une direction. Dans les phases nématique et choles-
térique, seule la symeétrie orientationnelle (invariance par rotation) est brisée :
ces phases présentent un ordre d’orientation, mais pas d’ordre de position.
Dans les phases smectiques et colonnaires la symétrie translationnelle est brisée,
mais seulement dans une ou deux directions. Les propriétés optiques remar-
quables des cristaux liquides, dues & ces brisures de symétrie, sont a l'origine
de leurs nombreuses applications industrielles.

On s’intéressera ici exclusivement aux cristaux liquides nématiques. Ils se
composent de molécules allongées, qui tendent a s’aligner dans une di-
rection commune : c’est ainsi qu’apparait 'ordre d’orientation. Les centres de
gravité des molécules sont distribués « au hasard » : il n’y a pas d’ordre de po-
sition. La phase nématique (du grec vnua, fil) doit son nom aux textures « a
fils » qu'on peut y observer. Il s’agit de défauts optiques. L’ordre d’orientation
peut en effet présenter des singularités, linéaires ou ponctuelles. Comprendre
I’apparition et la structure de ces singularités est un des objectifs majeurs de
I’étude théorique des cristaux liquides nématiques. Trois principales théories ont
attiré lattention des mathématiciens : les théories d’Oseen-Frank, Ericksen et
Landau-de Gennes.

Les modéles d’Oseen-Frank et d’Ericksen

Pour un matériau nématique contenu dans un domaine 2 C R3, la théo-
rie d’Oseen-Frank décrit 'ordre d’orientation a ’aide d’un champ de directeur
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FIGURE 1.1 — Défauts optiques dans un cristal liquide nématique [77].

n:  — S?. Le vecteur unitaire n(x) représente la direction moyenne d’aligne-
ment des molécules autour du point z € €. Un cas simplifié du modéle d’Oseen-
Frank correspond au probléme des applications harmoniques & valeurs dans S?
— C’est-a-dire les applications minimisant I’énergie de Dirichlet [ |[Vn|? — et a été
trés largement étudié. Schoen et Uhlenbeck [123]| ont prouvé qu’une application
harmonique minimisante est analytique en dehors d’un ensemble discret de sin-
gularités. Brezis, Coron et Lieb [32] ont précisé la structure de ces défauts : ils
sont de degré topologique +1, et le champ de directeur y est approximativement
a symétrie radiale.

Remarque 1.1. Dans le cas général non simplifié, ’énergie élastique ne se réduit
pas a la fonctionnelle de Dirichlet. Hardt, Kinderlehrer et Lin [59] ont démon-
tré que l'ensemble singulier est alors de dimension de Hausdorff strictement
inférieure & un. La régularité optimale reste un probléme ouvert.

Pour une description plus précise du coeur des défauts, la théorie d’Ericksen
couple le champ de directeur n: Q — S? & un champ scalaire s: Q — R. Le
paramétre d’ordre scalaire s(x) est une mesure du degré d’alignement le long
de la direction moyenne n(z). Les défauts correspondent au lieu de « fusion
isotrope » {s = 0}, ot l'ordre d’orientation est détruit. Dans un cas simplifié du
modéle d’Ericksen, on est ramené & un probléme d’applications harmoniques &
valeurs dans un cone [63].

Le modéle de Landau-de Gennes

Une des limitations des modéles d’Oseen-Frank et d’Ericksen est de décrire
lordre d’orientation & travers une seule direction d’alignement. En pratique,
I’alignement des molécules est rarement & symétrie axiale autour d’une direction
principale, et il est nécessaire de préciser une direction secondaire d’alignement.
Pour prendre ce phénoméne en compte, la théorie de Landau-de Gennes décrit
l'ordre d’orientation & I'aide d’'un paramétre d’ordre tensoriel, le Q-tenseur, a
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valeur dans ’espace
So =1{Q € M3(R): Qij = Qyj, trQ =0},

des matrices symétriques 3 x 3 de trace nulle. Les vecteurs propres de () repré-
sentent les directions moyennes d’alignement, et les valeurs propres mesurent le
degré d’alignement : plus une valeur propre est grande, meilleur est I’alignement
dans la direction correspondante.

Remarque 1.2. Cette interprétation des vecteurs et valeurs propres de () corres-
pond & une définition microscopique du ()-tenseur comme moment statistique
d’ordre deux de la direction des molécules. Plus précisément, les directions des
molécules sont distribuées suivant une mesure de probabilité u sur la sphére S2,
et on a:

1
Q=/82p®pdu(p)—§1-

Le second moment est le premier moment non trivial (les molécules n’étant pas
orientées, on a du(p) = du(—p) et le premier moment [ p du(p) s’annule). La
matrice I/3 correspond au cas d’une distribution uniforme dug = (47) ~1dH?, de
sorte que @ est une mesure de la déviation de l'ordre d’orientation par rapport
au cas isotrope (ou il n’y a pas d’ordre d’orientation). Le Q-tenseur peut aussi
étre interprété — et mesuré — au niveau macroscopique : par exemple comme une
fonction affine de la susceptibilité magnétique du matériau [45].

Un Q-tenseur peut décrire trois phases différentes, correspondant a différents
degrés de symétrie :

— la phase isotrope, ou Q = 0;

— la phase uniaxe, ou ) a deux valeurs propres égales;

— enfin la phase biaxe, ou () a toutes ses valeurs propres distinctes.

VLY

(a) état isotrope (b) état uniaxe (c) état biaxe

\/

FIGURE 1.2 — Les différents degrés de symétrie dans Sy.

Une distribution des orientations p & symétrie axiale autour d’un directeur
n € S? correspondra a un état uniaxe. Les Q-tenseurs uniaxes peuvent s’écrire
sous la forme

1
Qs(n®n3l), seR, neS? (L.1)
Le nombre réel s est un paramétre d’ordre scalaire qui mesure le degré d’aligne-

ment le long du directeur. Le cas s = 0 correspond a l’état isotrope. On peut
interpréter le modéle d’Ericksen, ot I'ordre d’orientation est décrit par le couple
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(s,m), comme une restriction du modele de Landau-de Gennes a I’état uniaxe.
Le modéle d’Oseen-Frank correspond & un alignement uniaxe pour lequel le
paramétre d’ordre scalaire aurait une valeur fixe s = s, > 0.

La configuration d’un matériau nématique contenu dans un domaine 2 C R?
est décrite par une application @: 2 — Sy. A une telle configuration on associe
une énergie libre dépendant d’une constante élastique L > 0,

Q= 7@ = [ 5190+ f@)] (12

Le potentiel f: Sy — R est invariant par changement de référentiel, ce qui
implique qu’il soit de la forme f(Q) = ¢(tr(Q?),tr(Q?)).

Remarque 1.3. 11 serait pertinent de considérer dans I’énergie libre une contri-
bution élastique plus générale que L/2 |VQ|2, mais on s’attend a ce que I’énergie
simplifiée (1.2) fournisse déja une bonne description qualitative du matériau.

En pratique, on suppose que le potentiel est de la forme

F(Q) =~ (@) — 3 (@) + S (@) (1.3)
ot bc > 0 et a > 0 sont des coefficients dépendant du matériau et de la
température.

Un réle important est bien stir joué par 'ensemble des matrices @) € Sy qui
minimisent le potentiel f(Q). Il s’agit exactement des Q-tenseurs uniaxes de
paramétre d’ordre scalaire fixé s, > 0 :

U, ::argminf(Q)Z{s* <n®n—1[> :n682}7 (1.4)
QESy 3
_ bt VP T Olac

4c

*

En particulier, la théorie d’Oseen-Frank correspond & contraindre ) a prendre
des valeurs dans U, c’est-a-dire des valeurs minimisant f(Q).

Dans la suite, on considérera essentiellement des minimiseurs de ’énergie
libre F(Q), & donnée au bord fixée a valeurs dans U, : conditions d’ancrage
fort. Les équations d’Euler-Lagrange correspondantes sont de la forme

1
LAQ=V/(@ = -aQ-b(@* - pu(@)1) +em@)Q. (9
et leurs solutions dans H' sont analytiques.

La limite de London

A la limite de London L — 0, le potentiel f(Q) est le terme dominant dans
Pénergie F1.(Q) (1.2), et on s’attend donc a retrouver le modéle d’Oseen-Frank
(qui correspond & prendre des valeurs minimisant le potentiel). En effet, de toute
suite de minimiseurs )7, on peut extraire une sous-suite convergeant en norme
H' vers une application harmonique minimisante & valeurs dans U,. Dans un
domaine simplement connexe on peut identifier cette limite a une application
harmonique minimisante & valeurs dans S? [14], qui a un nombre fini de singu-
larités. La convergence est en fait uniforme loin de ces défauts [95, 105].
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On a donc une situation similaire au modeéle simplifié de Ginzburg-Landau
étudié par Bethuel, Brezis et Hélein [25] : dans leur cas, une suite d’applica-
tions réguliéres u.: B2 — R? converge vers u,: B> — S', et la convergence est
uniforme loin des singularités de la limite. Chaque singularité correspond a une
classe d’homotopie non triviale dans 71 (S!), ce qui force u. a s’annuler prés de
ce défaut.

Ici, la suite d’applications @ & valeur dans Sy converge vers n, a valeurs
dans S?. Une singularité de n, correspond a une classe non triviale de m2(S?).
Contrairement a la situation de Ginzburg-Landau, puisque Sy est de dimension
5, cette topologie non triviale ne force pas a priori QQ a s’annuler prés des
défauts.

En accord avec cette observation, la littérature physique prédit deux com-
portements possibles prés d'un défaut : la « fusion isotrope » (isotropic mel-
ting, évoquée plus haut en lien avec le modeéle d’Ericksen) et la « fuite biaxe »
(biaxial escape [130]). La fusion isotrope correspond & annulation du para-
meétre d’ordre au coeur du défaut (comme dans le cas de Ginzburg-Landau).
La fuite biaxe consiste a éviter cette annulation en s’éloignant fortement de la
contrainte d’uniaxie, tirant ainsi parti des degrés de liberté supplémentaires of-
ferts par l'espace Sp. Suivant les régimes — c’est-a-dire suivant les valeurs des
constantes matérielles a, b et ¢ qui caractérisent le potentiel f(Q) (1.3) — on
s’attend a observer 'un ou l'autre de ces deux comportements.

Le hérisson radial

Une premiére étape dans la compréhension de ce phénoméne consiste a étu-
dier le probléme « modéle » du hérisson radial. Dans une boule de rayon R avec
ancrage radial (donnée au bord a symétrie sphérique) les équations d’Euler-
Lagrange (1.5) admettent une solution symétrique de la forme

Q) = str)

T T I

2] ® 7] 3> . s(0) =0, s(R) = s..

Le profil radial s(r) satisfait une équation différentielle ordinaire. Cette solu-
tion fournit un example typique de fusion isotrope : I'ordre d’orientation reste
purement uniaxe, et le paramétre d’ordre scalaire s’annule au cceur du défaut.

On s’intéresse plus particuliérement au hérisson radial dans ’espace entier
R3 (correspondant au cas R = o), et on se pose la question de sa stabilité.
Différents régimes ont été identifiés, notamment suivant la valeur de a > 0. Pour
a — 400, le hérisson radial est instable : on peut exhiber une perturbation
explicite [53] qui induise dans Iénergie une seconde variation négative. Pour
a ~ 0, le hérisson radial est stable [73] : la seconde variation de I’énergie est
positive. Ce résultat de stabilité repose sur une habile décomposition permettant
de séparer les variables, alliée & de fines estimations du profil radial.

Pour a — +o0, le potentiel f(Q) dégénére (aprés une renormalisation adé-
quate) vers un potentiel de type Ginzburg-Landau f(Q) = (|Q]*> — 1)2. Des
techniques développées pour le modeéle de Ginzburg-Landau [99] peuvent alors
étre adaptées [67, 68] pour montrer que prés d'un défaut, un minimiseur de
Pénergie libre (1.2) a un profil radial. Ceci, a condition de supposer qu’on a un
minimiseur purement uniaxe, c’est-a-dire de la forme

Qz) = s(x) (n(a:) @ n(z) — ;)1) .
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L’instabilité du hérisson radial permet alors de conclure que les minimiseurs
de Pénergie libre (1.2) ne sont pas purement uniaxes [94]. Ce résultat fournit
une interprétation du phénomeéne de fuite biaxe lorsque a > 1. Toutefois la
contrainte de pure uniaxie est extrémement forte : elle surdétermine le probléme
(cf. § 1.1.1). Tl parait plus pertinent physiquement d’interpréter la fuite biaxe a
travers des régions de forte biaxie — approche mise en ceuvre par Canevari [33]
dans un cadre bidimensionnel (cf. § 1.1.2).

Autour de la biaxie et des défauts

Dans la suite de cette section, on présente les résultats obtenus durant cette
thése sur les cristaux liquides nématiques : la non-existence de solutions pu-
rement uniaxes non-triviales, dans différents contextes (§ 1.1.1); la fuite biaxe
pour a > 1 (§ 1.1.2); la configuration d’un matériau nématique autour d’une
particule colloidale (§ 1.1.3) ; enfin, 'analyse d’une cellule frustrée ot un méca-
nisme impliquant des états fortement biaxes est étudié en détail (§ 1.1.4);

1.1.1 La contrainte de symétrie uniaxe

Dans le chapitre 2, on s’intéresse aux solutions purement uniaxes des équa-
tions d’Euler-Lagrange (1.5), c’est-a-dire les solutions qui peuvent s’écrire sous
la forme

Q) = s(z) (n(x) 2 n(z) - ;1> . (1.6)

L’ansatz (1.6) correspond a une contrainte de symétrie locale. Le phénomeéne de
fuite biaxe peut étre interprété, a instar de [67, 94], comme la brisure de cette
symétrie.

Remarque 1.4. Dans [94] les auteurs démontrent que dans la limite a — +o00 les
minimiseurs ne peuvent pas étre purement uniaxe. Les résultats du chapitre 2
indiquent qu’en fait il n’y a en général pas de solutions purement uniaxes aux
équations d’Euler-Lagrange : et ce, indépendamment de la valeur de a et de la
minimisation de 1’énergie.

On connait deux types « triviaux » de solutions purement uniaxes :

— les solutions constantes, ou & directeur constant ;

— les solutions a symétrie radiale Q(x) = s(r)(e, ®e,. —1/3), on e, = z/|x|.

On démontre que ce sont essentiellement les seules : il n’existe pas en géné-
ral de solutions purement uniaxes non-triviales. Plus précisément, dans le cas
bidimensionel on sait classifier toutes les solutions uniaxes :

Théoréme. Si Q@ C R? est un ouvert connexe et Q € H} (Q;8y) est une
solution purement uniaze (1.6) des équations d’Euler-Lagrange (1.5) vérifiant

agQ = 07
alors Q est a directeur constant.

Pour des configurations tridimensionnelles, on sait traiter le cas modéle d'une
boule Br avec ancrage radial :
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Théoréme. Si Q € H'(Bgr;Sy) est une solution purement uniaze (1.6) des
équations d’Euler-Lagrange (1.5) vérifiant

Q(x) = so (x®x

1
2 Tl — 3[) pour x € 0Bg,

avec sg # 0, alors Q est a symétrie radiale.

Il est crucial de noter que ces résultats portent sur des solutions purement
uniaxes des équations d’Euler-Lagrange,

— sans aucune hypothése de minimisation d’énergie,

— et sans restriction majeure sur la forme du potentiel f(Q).

En particulier, ceci contraste fortement avec le résultat de symétrie radiale dé-
montré dans [67, 68] pour des solutions purement uniaxes minimisant ’énergie,
dans la limite a — co. Si une morale doit étre tirée de ces résultats, c’est que la
contrainte de pure uniaxie est extrémement rigide, et que 'interprétation de la
fuite biaxe comme violation de cette contrainte uniaxe parait donc limitée.

Les deux résultats de rigidité ci-dessus ont comme point de départ 1’écri-
ture des équations satisfaites par le parameétre d’ordre scalaire s(x) et le direc-
teur n(x). Un premier systéme d’équations peut étre obtenu comme équations
d’Euler-Lagrange de la fonctionnelle F(s,n) obtenue en injectant 1’ansatz uni-
axe (1.1) dans I’énergie libre F(Q). Ce systéme elliptique exprime la criticalité
par rapport aux perturbations préservant la symétrie :

1
As = 3|Vn|*s + Zf’(s),
sAn +2(Vs - V)n = —s|Vn|?n,

(5)

Pour certaines contraintes de symétrie, il arrive que la criticalité par rapport
aux perturbations brisant la symétrie n’apporte aucune information supplémen-
taire (principe de criticalité symétrique [108]). Il en va par exemple ainsi de la
contrainte de symétrie sphérique : un minimiseur parmi les configurations ra-
diales est automatiquement solution des équations d’Euler-Lagrange complétes.
Ici, aucune simplification n’a lieu, et la criticalité non symétrique fournit une
équation supplémentaire :

3
(SB) QZakn(X)@kn: Va2 (I —n®n).
k=1

Cette équation supplémentaire ne porte que sur le directeur n(x). Elle est d’ordre
un, et relativement dégénérée car quadratique en Vn. Malgré cette dégénéres-
cence, on s’attend intuitivement & ce que satisfaire a la fois () et (SB) soit un
probléme surdéterminé.

Dans le cas bidimensionnel, des manipulations algébriques de (S) et (SB)
alliées a I’hypothése 93n = 0 permettent en effet d’obtenir que

6171 . 82n = O, |81’I’L| = |82n| = Cp.

La constante ¢y ne saurait étre non nulle, car on obtiendrait alors une isométrie
locale n: R? — S? contredisant le theorema egregium de Gauss. On en déduit
donc que n est constant.



1.1. CRISTAUX LIQUIDES NEMATIQUES 9

Dans le cas d’une boule avec ancrage radial, la preuve de la symétrie radiale
repose sur 'analyticité des solutions. Dans l'esprit du théoréme de Cauchy-
Kovaleskaya, on tire profit des conditions de Dirichlet combinées aux équations
(S) et (SB) pour déterminer la donnée au bord « a l'ordre suivant ». Plus
spécifiquement, on détermine les dérivées radiales a la surface :

omn =0, 0.s=s sur 0BR.

De cette information on déduit la symétrie radiale. La dégénérescence de ’équa-
tion (SB) fait qu'on est précisément dans le cas ou le théoréme de Cauchy-
Kovaleskaya ne s’applique pas. Ainsi la détermination des dérivées radiale d’ordre
un requiert de prendre quatre dérivées radiales successives de (SB) et deux dé-
rivées de (S) pour obtenir assez d’information (ce qui rend la démonstration
relativement fastidieuse, bien qu’élémentaire).

1.1.2 Fuite biaxe a basse température (avec A. Contreras)

Rappelons que prés d’un défaut, deux comportements possibles sont suggé-
rés par la littérature physique : la fusion isotrope et la fuite biaxe. Ces deux
comportements correspondent a des topologies différentes pour ’ensemble V
(contenant U,) des valeurs prises par le paramétre d’ordre : suivant la forme
de V, on peut — ou non — étendre continiiment et sans point d’annulation une
donnée au bord correspondant a une classe non triviale de o (U).

Dans le cas des applications purement uniaxes, on autorise () a prendre ses
valeurs dans le cone uniaxe U := R-U, et toute extension continue d’une donnée
au bord topologiquement non triviale doit s’annuler, car mo (U \ {0}) =~ ma(Us).
Dans [33], Canevari remarque que cela est encore vrai méme si on autorise « un
peu » de biaxie.

Plus précisément, le paramétre de biaxie introduit dans [75],

5@):1—6%'?)2, 0<8Q) < 1,

est tel que : @ est uniaxe si et seulement si 5(Q) = 0. On interpréte alors
les -tenseurs maximalement biaxes comme ceux qui vérifient 3(Q) = 1.
La remarque cruciale de Canevari [33] concerne le cone C := {f < 1} des Q-
tenseurs non maximalement biaxes : on a mo(C \ {0}) =~ m2(U,). Ainsi, méme si
on autorise le Q)-tenseur a prendre ses valeurs dans C, toute extension continue
d’une donnée au bord topologiquement non-triviale devra s’annuler.

En conséquence, démontrer que la fusion isotrope n’a pas lieu fournit une in-
terprétation physiquement satisfaisante du phénomeéne de fuite biaxe : une don-
née au bord topologiquement non triviale force le paramétre d’ordre a prendre
des valeurs maximalement biaxes. Dans le chapitre 3 on s’intéresse au régime
a > 1, ou a est le coeflicient apparaissant dans le terme quadratique du potentiel
f(Q) (1.3), et on démontre le résultat suivant :

Théoréme. Pour a>> 1, si une configuration @ minimise ’énergie libre (1.2),
alors elle ne s’annule pas.

Ce résultat implique évidemment le fait précédemment connu [94] que les
minimiseurs ne peuvent étre purement uniaxes, mais va bien plus loin puisqu’il
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exclut aussi des minimiseurs & valeurs non maximalement biaxes. Dans [33], Ca-
nevari démontre un résultat similaire dans un cadre bidimensionnel. La preuve
du théoréme ci-dessus repose sur des arguments trés différents (qui pourraient
s’adapter au cas bidimensionnel).

La propriété essentielle de la limite a — 400 est la dégénérescence du poten-
tiel f(Q) vers un potentiel de type Ginzburg-Landau. Plus précisément, aprés
une renormalisation adéquate, on a

FQ~a(1QF 1) +Vag@. (a>0)

o le terme non-dominant ¢(Q) > 0 est nul exactement pour () uniaxe de
norme un. Ainsi f(Q) pénalise bien la biaxie, mais cette pénalisation est de
moins en moins forte lorsque a croit. Cette dégénérescence permet de relier
le profil d’un minimiseur autour d’un défaut, & une application harmonique
minimisante & valeur dans S* C Sp. Un blow-up & la bonne échelle « efface »
en effet le terme ¢(Q) du potentiel. Puis un blow-down fournit une application
harmonique & valeurs dans S*. La régularité des applications harmoniques [123]
permet alors d’écarter la possibilité d’un point d’annulation. L’étape cruciale de
la convergence du blow-down repose sur I'analyse délicate effectuée dans [97, 86].

1.1.3 Suspension colloidale (avec S. Alama et L. Bronsard)

L’immersion d’une particule étrangére dans un cristal liquide nématique
crée des défauts topologiques conduisant & de fascinants phénoménes d’auto-
assemblement [113, 104] aux nombreuses applications potentielles [125, 112].
Cette sensibilité a Iinclusion d’un corps étranger peut aussi étre exploitée a
des fins biomédicales [141], notamment pour concevoir de nouveaux capteurs
biologiques percevant en temps réel la présence de microbes [129, 66, 71].

L’ancrage du nématique a la surface des particules joue un role crucial dans la
structure d’une suspension colloidale. Dans le chapitre 4 on étudie une particule
sphérique avec ancrage homéotrope (i.e. normal), plongée dans un matériau
nématique uniformément aligné. Il s’agit d’un pas crucial vers la compréhension
de colloides nématiques plus complexes. Durant les deux derniéres décennies,
différents auteurs ont abordé ce probléme [136, 80, 91, 131, 115] a travers des
approximations heuristiques et des calculs numériques . La charge topologique
créée par I'ancrage homéotrope est compensée par I'apparition de défauts. Les
travaux cités distinguent deux types de configurations :

— quadrupolaire, avec défaut linéaire en « anneau de Saturne »,

— ou dipolaire, avec défaut ponctuel de degré —1.

La plupart de ces travaux [136, 80, 91, 131] utilisent le modeéle d’Oseen-Frank
qui présente I'inconvénient d’associer une énergie infinie aux défauts linéaire :
I’énergie d'une configuration quadrupolaire & anneau de Saturne doit donc étre
renormalisée.

Dans le chapitre 4 on justifie rigoureusement 1’observation numérique {131,
115] de configurations quadrupolaires pour les petites particules, et dipolaires
pour les grandes particules. Pour une petite particule on obtient de plus le rayon
exact de 'anneau de Saturne, pour lequel les différentes valeurs calculées dans
[136, 80, 91, 131, 115] ne concordaient pas.

On note rg > 0 le rayon de la particule colloidale : le matériau nématique
est contenu dans un domaine Q,, := R3\ B,,. Loin de la particule, I'alignement
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FIGURE 1.3 — Configurations dipolaire et quadrupolaire [131].

uniforme est supposé conservé :

lim Q(z) = Qoo := s (ez ®e, — 1[) , e, =(0,0,1).
Pour assurer I'existence de minimiseurs, on compléte cette condition par une
contrainte d’intégrabilité : Q — Qs € L2(|z| ™ dx).

L’ancrage homéotrope a la surface de la particule est imposé a travers 1’ad-
dition a lenergie libre F(Q) d’un terme d’énergie surfacique

_w

2 Jon,,

fs(Q) |Q3 - Q|2 dH27 QS = S« ( ; & i - II> )

|z [z 3

pour une certaine force d’ancrage W > 0. Cet ancrage homéotrope « faible »
est plus réaliste physiquement que I'ancrage fort (conditions de Dirichlet) cor-
respondant & W = +o0. Il induit les conditions au bord

L 0Q

W%ZQS*Q sur 897«0,

ot v est la normale extérieure a €2, et L la constante élastique apparaissant
dans I’énergie libre (1.2).

Dans le régime de petite particule r3 < L, les solutions d’énergie finie des
équations d’Euler-Lagrange convergent vers une limite explicite :

Théoréme. Lorsque 13/L — 0 et roW/L — w € (0, +00], on a

Qrur) = Quli) = o @t (1= 722 ) O

localement uniformément en x € Q.

On peut alors interpréter 'anneau de Saturne comme lieu uniaxe de Q) : la
plus grande valeur propre de Qq(x) est double si et seulement si 2 appartient a
un cercle horizontal, dont le rayon rayon r,, > 1 vérifie

3 w9 w

re — re — =
1+w 34+ w
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Ainsi pour un ancrage fort w = +o00, le rapport du rayon de 'anneau de Sa-
turne au rayon de la particule est r ~ 1,47. Ce rapport décroit avec la force
de 'ancrage, et sous la valeur critique w = /3 'anneau de Saturne disparait
complétement.

L’analyse du régime de grande particule 73 > L est plus délicate. On ob-
tient & la limite un probléme d’application harmonique a valeurs dans S?. On
se restreint au cas d’ancrage fort W = +oo : condition de Dirichlet radiale a la
surface de la particule. Le degré topologique impose alors & ’application harmo-
nique d’avoir au moins un défaut de degré —1. Déterminer le nombre exact de
défauts d’une application harmonique minimisante est en général un probléme
trés difficile, et il existe peu de situations ot 'on sait que ce nombre correspond
au degré topologique. C’est pourquoi on fait une hypothése simplificatrice sup-
plémentaire de symétrie axiale autour de axe vertical (en un sens précisé dans
le chapitre 4). On peut alors démontrer qu’il n’y a bien qu’'un seul défaut :

Théoréme. Soit QQ un minimiseur de [’énergie libre parmi les configurations a
symétrie axiale, avec condition de Dirichlet radiale Q@ = Qs sur 0. Lorsque
r3/L — 400, on a le long d’une sous-suite

1
Q(rox) — s (n(a:) ®@n(z) — 3[) ,
localement uniformément en x € Qy \ {po}, o po est lunique singularité de
Uapplication harmonique n(x).

Les applications harmoniques & symeétrie axiale ont été étudiées dans [60,
64]. Le point central du théoréme ci-dessus est la détermination du nombre de
défauts de 'application harmonique limite (en 'occurrence un seul), justifiant
I’observation de configurations dipolaires.

1.1.4 Une cellule nématique frustrée

On s’intéresse dans le chapitre 5 a une cellule hybride imposant une frus-
tration & un matériau nématique. Il s’agit de deux plaques paralléles, entre
lesquelles se trouve le cristal liquide. La frustration est créée par des conditions
d’ancrage antagonistes : le directeur spécifié a la surface de I'une des plaques
est orthogonal au directeur spécifié sur 'autre plaque.

Deux paramétres peuvent varier : une température réduite 6, et une lon-
gueur typique A\ proportionnelle & la largeur de la cellule. A température fixée,
et lorsque la largeur de la cellule varie, des études numériques [26, 109] ont
mis en évidence une bifurcation « fourche » avec deux types de solutions : a
échange de valeurs propres (EVP), et a directeur tournant (DT). Le mécanisme
d’échange de valeurs propres des solutions EVP n’est possible qu’a travers des
états fortement biaxes.

Le but de lanalyse contenue dans le chapitre 5 est de justifier rigoureu-
sement la forme du diagramme de la figure 1.4b. Les symétries du problémes
rendent naturelles les deux restrictions suivantes, déja imposées dans [26, 109] :
on considére des configurations ne dépendant que d’une coordonnée (perpendi-
culaire aux plaques); et on impose une direction propre du @-tenseur (ortho-
gonale aux directions d’ancrage au bord). Aprés une renormalisation adaptée,
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(a) Configurations EVP et DT : vecteurs propres (b) Bifurcation fourche décrite dans
de @ a travers la cellule, avec en exergue celui [26, 109].
correspondant a la plus grande valeur propre.

FIGURE 1.4 — Solutions EVP/DT et diagramme de bifurcation

on est ramené a I'étude d’applications @: [—1, 1] — Sy satisfaisant le systéme
d’équations différentielles ordinaires

1 " g 2 |Q‘2 1 2

s =5a-2(@-190) + Jere

Les conditions d’ancrage a la surface des plaques fournissent des conditions de
Dirichlet en z = +1.

Pour une cellule trés large (A > 1), les minimiseurs de 1’énergie convergent
vers deux configurations uniaxes correspondant a un directeur tournant dans
un sens ou dans l'autre. Pour une cellule trés étroite (A < 1), des considéra-
tions générales sur une classe de systémes elliptiques perturbés (cf. annexe 5.B)
permettent de montrer 'unicité de la solution, qui est nécessairement de type
EVP. On dispose alors d’une branche lisse (0, A,) A — x de solutions EVP,
pour un certain A, = A, ().

On montre ensuite I'apparition d’une bifurcation fourche, au moins dans un
certain intervalle de température autour de § = —8, température a laquelle
les calculs numériques dans [26] sont effectués car le systéme d’équations y est
simplifié.

Théoréme. Soit 0 ~ —8. Il existe Ao = Ac(0) € (0, \.) tel que la solution X est
stable pour A < A, instable pour X > A, et la perte de stabilité s’accompagne
d’une bifurcation fourche symétrique.

Dans le cas # = —8 on peut se ramener, pour 1’étude des solutions x,, &
une seule équation au lieu d’un systéme de deux équations. Cette simplification
permet une analyse trés précise de ces solutions EVP. On montre ainsi que :

— la branche de solutions A\ — x est définie pour tout A > 0,

— elle perd sa stabilité pour un certain A, > 0, et cette perte de stabilité
est non dégénérée (la plus petite valeur propre de 'opérateur linéarisé
change de signe avec une dérivée strictement négative).

La non-dégénérescence de la perte de stabilité permet ensuite d’appliquer un
théoréme de bifurcation classique [42]. De plus elle permet d’appliquer le théo-
réme des fonctions implicites pour traiter le cas perturbé 6 ~ —8.
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1.2 Supraconductivité

Dans le cadre de la théorie de Ginzburg-Landau, I’état d’un matériau su-
praconducteur est décrit par un paramétre d’ordre u & valeurs complexes. Ce
paramétre d’ordre peut-étre interprété comme une fonction d’onde, dont le mo-
dule au carré |u\2 est la densité de paires d’électrons supraconducteurs. Ainsi
létat supraconducteur correspond a |u| & 1, alors que ’état normal correspond
a |u| ~ 0.

L’application d’un champ magnétique H.,: R® — R? & un matériau supra-
conducteur S C R? induit un potentiel magnétique A: R?® — R3. L’énergie du
systéme dépend alors du potentiel A et de la fonction d’onde u: S — C. Cette
énergie est donnée par la fonctionnelle de Ginzburg-Landau

K2

6rua) = 5 [ {107 - i+ Sl 02} 4] [ fewt a1,
S R3

ol k > 0 est le paramétre de Ginzburg-Landau, qui dépend tu type de supra-
conducteur considéré.

Le cas d’un supraconducteur de forme cylindrique dans le régime x = 1/ >
1 a particuliérement attiré I’attention de la communauté mathématique. Suppo-
sons S = Q x R avec une section 2 C R?, et que le champ magnétique appliqué
Hep = hege, (her € R) est paralléle a 'axe du cylindre. On est alors ramené a
I’étude de la fonctionelle

1 . 1 1
GL?d(u,A) = 5/Q {|(V — zA)u|2 + @(|u|2 — 1)2}—|—2 /R2 |curl A — hew|2,

ot u: Q — Cet A: R? — R2. Un zéro isolé¢ du paramétre d’ordre u, avec un
degré topologique non nul, est appelé vortex.

Une large littérature a été consacrée a la description des vortex. Au début
des années 90, Bethuel, Brezis et Heélein [25] considérent un modéle simplifié
sans champ magnétique

B = [ {ivul+ o <17}

L’effet d’'un champ magnétique élevé y est remplacé par 'imposition d’un degré
topologique & travers une condition de Dirichlet g: Q2 — S' topologiquement
non triviale. Bien que cette condition n’ait pas de réalité physique, leur descrip-
tion des vortex correspond a des phénoménes observés par les physiciens. En
particulier, la vorticité est quantifiée par le degré de la donnée au bord, I’éner-
gie se concentre dans les vortex, et les interactions vortex-vortex et vortex-bord
sont décrites par une énergie renormalisée. Les phénoménes liés aux variations de
I’intensité du champ magnétique h., nécessitent bien str de s’intéresser au mo-
déle non simplifié GL??(u, A). Dans une série d’articles suivis du monographe
[119], Sandier et Serfaty démontrent rigoureusement ’existence de seuils cri-
tiques pour le champ magnétique he,, et analysent en détails la répartition des
vortex. Enfin I’étude de la disparition totale de supraconductivité lorsque le
champ magnétique est trés élevé, lie a 'analyse semi-classique du Laplacien
magnétique, est présentée dans [51].

Dans la suite de cette section, on présente les résultats obtenus durant cette
thése autour du modéle de Ginzburg-Landau : Uexistence de points critiques de
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Pénergie simplifiée E.(u) lorsque la condition de Dirichlet est remplacée par la
seule prescription d’un degré au bord (§ 1.2.1) ; la persistance de la supraconduc-
tivité dans une fine coque supraconductrice au-dela du premier champ critique
(§ 1.2.2); enfin la structure d’un vortex dans un modéle de supraconductivité
non conventionnelle couplant deux paramétres d’ordre complexes (§ 1.2.3).

1.2.1 Un probléme non-compact : conditions semi-rigides
(avec P. Mironescu)

Dans le modeéle simplifié E.(u) considéré par Bethuel, Brezis et Hélein [25],
c’est la condition de Dirichlet u|pq = g, ot g: 92 — S! a un degré topologique
non nul, qui entraine la formation de vortex. Plus précisément, il est démontré
dans [25] que les minimiseurs u. ont des zéros isolés a lintérieur de Q, qui
convergent lorsque ¢ — 0 vers les singularités d’une configuration limite .,
a valeurs dans S'. En I’absence de conditions de Dirichlet, on n’observe plus
de vortex : les minimiseurs de F. sont constants, et tout point critique v non
constant est instable pour € petit [126].

Il est naturel de considérer un modéle intermédiaire ot I'on prescrit seule-
ment le degré du parameétre d’ordre : on s’intéresse dans le chapitre 6 aux points
critiques de I'énergie E.(u) dans l'espace

Eai={ue H' (QC): |ul =1 sur 90, deg(u,00) =d}, deZ.

Cela revient & imposer une condition de Dirichlet sur le module, et une condition
de Neumann sur la phase du paramétre d’ordre : conditions au bord semi-rigides

lul =1 et u/\@:() sur 0.
v
La principale difficulté liée & ce modéle est le fait que les classes £; ne sont pas
stables par convergence faible H' : le probléme de minimisation correspondant
ming, F. est non compact.

La question de l'existence d’un minimiseur est liée a la forme du domaine
Q. Dans un domaine simplement connexe, 'infimum de E. dans £; n’est jamais
atteint [19] (pour d # 0). Dans un domaine multiplement connexe (o I'on pres-
crit alors le degré sur chaque composante du bord), Iexistence d’un minimiseur
dépend de la capacité du domaine [55, 19, 18], toutefois il est toujours possible
de construire des minimiseurs locaux pour € petit [21, 49]. Cette construction ne
semble pas pouvoir s’adapter au cas des domaines simplement connexes. Pour
e grand, l'existence de point critiques de E. dans &; dans un domaine sim-
plement connexe est démontrée dans [20] a 'aide d’une construction de type
min-max. Reste la question de I'existence de points critiques dans un domaine
simplement connexe pour ¢ petit, traitée dans le chapitre 6 par des techniques
de perturbation singuliére.

L’idée utilisée dans le chapitre 6 repose sur la construction par Pacard et
Riviére [107] de points critiques de E. avec condition de Dirichlet. Ces points
critiques u. sont construits comme perturbations d’une configuration limite u,,
supposée « non dégénérée ». De maniére similaire, nous obtenons ’existence de
point critiques de E. & degré prescrit, sous 'hypothése que le domaine §2 est —
en un certain sens — non dégénéré.

Rappelons [25] qu'une configuration limite wu, est une application harmo-
nique & valeurs dans S', ayant en aq,...,a, € € des singularités de degrés
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respectifs dy, ..., dy € Z (dont la somme est égale a d). Supposons les degrés d;
fixés. A toute condition de Dirichlet g € H'/2(9Q;S") on peut associer I'éner-
gie renormalisée Wy(a1,...,ax) de la configuration u, ayant une singularité en
chaque point a;, et valant g au bord. Pour la construction de Pacard et Riviere
[107], une configuration limite u, est non dégénérée si a = (aq,...,ar) est un
point critique non dégénéré de W,,.

Dans notre cas, on s’intéresse aux conditions au bord semi-rigides : la confi-
guration limite u, doit satisfaire la condition de Neumann pour la phase

ou,
Up N — = 0.
T ov
L’application wu, est uniquement déterminée (modulo S') par a = (a1, ...,azx),

le k-uplet de ses singularités. On note g := tr(u,, 092) la condition de Dirichlet
correspondante. Si on suppose que

(ND1) a est un point critique non dégénéré de Wy,

on peut définir, pour g ~ g, une application harmonique u, 4 ~ u, qui soit non
dégénérée au sens de Pacard et Riviére, et un opérateur

T,: CP(0;SY) /St — CP(OR), g uyy A gu*ﬁg,
v

qui soit C! et Fredholm d’indice 0. On dit alors que la configuration limite u,
est non dégénérée pour les conditions semi-rigides, si cet opérateur vérifie :

(ND2) DT, (g") est inversible.

S’il existe une configuration limite non dégénérée, il est possible de la perturber
pour obtenir des solutions & notre probléme :

Théoréme. Si d; € {£1}, et si le domaine simplement connexe Q0 est non
dégénéré, au sens qu’il existe une configuration limite vérifiant (ND1)— (N D2),
alors pour € assez petit l’énergie E. admet un point critique us & degré prescrit
d=dy+-+dg.

La démonstration de ce théoréme repose sur le fait qu’on peut rendre la
construction u. 4 de Pacard et Riviére localement uniforme en la donnée au
bord g, et ce dans un cadre fonctionnel assez faible pour que la dérivée normale
de la phase de u. 4 soit une perturbation compacte de la configuration limite (en
tant qu’opérateur appliqué & g). Il est alors possible de choisir une donnée au
bord g. telle que la solution u. correspondante vérifie les conditions semi-rigides.

Muni de ce résultat abstrait, on doit ensuite s’assurer qu’il est bien applicable
en pratique : existe-t-il des domaines non dégénérés? Dans le cas ot d = 1 et
ou il n’y a qu’une seule singularité, on montre en effet que « la plupart » des
domaines sont non dégénérés, et on obtient le

Théoréme. Supposons d = 1.
(i) Si€) est « assez proche » d’un disque, alors E. admet des points critiques
a degré prescrit 1 pour e petit.
(i) Tout domaine simplement connexe Q peut étre « approché » par des
domaines non dégénérés, dans lesquels E. admet donc des points critiques
a degré prescrit 1 pour € petit.

Ici la notion de domaines « proches » s’exprime & travers la proximité de
représentations conformes du disque dans ces domaines simplement connexes.
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1.2.2 Fines coques superconductrices (avec A. Contreras)

Lorsque le matériau supraconducteur est une fine coque fermée, on 'assimile
a une surface compacte M C R3 homéomorphe & une sphére. Etant donné un
champ de vecteurs A sur M, on considére la fonctionnelle de Ginzburg-Landau

Getw) = [ (1(Vaa = iha)l + 55 = 12) a1

Le paramétre h > 0 mesure Uintensité du potentiel magnétique hA, induit
par un champ externe appliqué hH,, dans R3. Cette réduction dimensionnelle
est justifiée rigoureusement par Contreras et Sternberg [41] qui obtiennent la
fonctionnelle G. comme I'-limite de I’énergie compléte GL2?. Contrairement au
cas de la réduction dimensionnelle cylindrique GL2?, ici le potentiel magnétique
est fixé. D’autre part, le champ magnétique induit H = curl A € C*(M;R) n’est
a priori pas constant, ni méme de signe constant, ce qui modifie et complique
I’analyse des vortex.

Dans [41, 40], la valeur asymptotique de h = h(e) a laquelle les vortex
commencent & apparaitre — le « premier champ critique » — est identifiée : h., ~
Ac|Inel, ou A. dépend explicitement du champ magnétique H. La topologie de
M implique que le degré global est nul : les vortex apparaissent par paires, un
vortex de degré positif contre-balangant un vortex de degré négatif.

Dans le chapitre 7 on étudie le régime h ~ X |lng| pour A > A.. Dans le cas
cylindrique étudié par Sandier et Serfaty [119], ce régime voit grandir une région
ou les vortex sont uniformément répartis, jusqu’a ce que la supraconductivité
ne persiste plus que dans une fine couche prés du bord pour A > 1. Dans notre
cas, la surface M n’ayant pas de bord, I'analogue de ce comportement n’est a
priori pas évident. Une autre différence cruciale est liée & la forme du champ
magnétique H : dans notre cas il peut s’annuler, et changer de signe. L’analyse
spectrale dans [102] suggére que la région ot la supraconductivité persiste soit
concentrée prés de Uensemble {H = 0}. Dans le cas du modéle bidimensionnel
champ magnétique externe peut varier et s’annuler, alors la supraconductivité
est en effet concentrée prés du lieu d’annulation du champ magnétique [110].

L’analyse du chapitre 7 repose sur la réduction & un modéle de champ moyen,
dont la démonstration rigoureuse dans [118] peut s’adapter au cas considéré ici.
La répartition des vortex pour ¢ < 1 est alors décrite par une mesure de vorticité
1, liée & un probléme d’obstacle bilatéral. Dans [118] le probléme d’obstacle est
unilatéral car le champ magnétique ne change pas de signe, mais ici les deux
obstacles doivent étre pris en compte.

Ce probléeme d’obstacle, et donc la mesure p, dépendent du parameétre

1 [Ine|
= — = lim ——.
p=3=lm=
La supraconductivité persiste dans la région SCg ot il n’y a pas de vortex, c’est
a dire en dehors du support de p. On démontre que pour 5 — 0, cette région
correspond génériquement & une voisinage de taille 5'/2 du lieu ot H s’annule :

Théoréme. Si H est non dégénéré, au sens ou VH ne s’annule pas sur {H =
0}, alors il existe C > 0 indépendant de 3, tel que la région supraconductrice
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SCs vérifie
{diSt{Hzo} < 071/81/3} - SCﬂ - {dlSt{Hzo} < Oﬂl/B} .

L’hypothése générique sur H implique que 'ensemble { H = 0} est une union
finie de courbe réguliéres disjointes. La démonstration du théoréme repose sur la
construction de fonctions de comparaison pour le probléme d’obstacle bilatéral.
Contrairement au probléme d’obstacle unilatéral [120, Annexe A], on ne peut
se contenter d’obtenir des sur- et sous-solutions de ’équation elliptique corres-
pondante. On utilise & la place un principe de comparaison pour les problémes
d’obstacles bilatéraux [44], et les fonctions de comparaison sont des solutions de
problémes d’obstacles modifiés.

On a ainsi une image relativement claire de la région supraconductrice lorsque
B ~ 0, et en particulier SC3 et {H = 0} ont le méme nombre de composantes
connexes. D’autre part lorsque 5 ~ 1/, et les vortex commencent a apparaitre,
SCp a génériquement une composante connexe. Si {H = 0} posséde strictement
plus d'une composante connexe, il existe donc nécessairement des régimes inter-
médiaires marqués par des transitions dans la nature topologique de SCpg.

L’étude de ces régimes intermédiaires semblant hors de notre portée en toute
généralité, on se concentre sur un probléme « modéle » & symétrie cylindrique : la
surface M est une surface de révolution, et { H = 0} est une union de cercles (en
nombre nécessairement impair). On fait de plus I'hypothése qu'’il y a exactement
trois cercles, premier cas non trivial ot ’on observe des transitions intéressantes.
(Cette hypothese simplifie les notations mais ne change pas le fond du probléme.)
On obtient alors l'existence de trois régimes séparés par des valeurs critiques
1/Ac > 7 > 85 > 0. Suivant la position de 3, la région supraconductrice SCg a
une, deux ou bien trois composantes connexes. Ce résultat (cf. Proposition 7.15)
est illustré dans la figure 1.5 ci-dessous.

(a) 1/Ae > B> B1 (b) BT >8> p3 (c) B5 >8>0

FIGURE 1.5 — La région SCp dans les trois régimes intermédiaires

Dans le régime o SCj3 a deux composantes connexes, on observe un inté-
ressant phénoméne de « gel » de la frontiére libre : une des deux composantes
ne dépend pas de 3. Ce phénoméne n’est pas particulier au cas symétrique, et
on identifie ensuite les propriétés qui conduisent au gel de la frontiére libre dans
un cadre général (cf. Proposition 7.17).
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1.2.3 Supraconductivité a symeétrie ‘p’ : structure d’un
vortex (avec S. Alama et L. Bronsard)

Certains matériaux supraconducteurs « non conventionnels » ne peuvent étre
décrits par la fonctionnelle classique GL3?. Ce phénoméne est lié aux proprié-
tés de symétrie de 'appariement des électrons supraconducteurs. Un exemple
de supraconductivité non conventionnelle est donnée par SroRuOy, dont 1'état
supraconducteur & symétrie ‘p’ (’p-wave’) est décrit par une fonction d’onde
17 = (n4+,n-) & deux composantes complexes [65]. La symétrie ‘p’ se traduit par
une fonctionnelle d’énergie fortement anisotropique, couplant les gradients des
deux composantes. Négligeons dans un premier temps le champ magnétique et
certains termes trés asymétriques. En notant I1. = 0, +id,, on considére alors
I’énergie simplifiée

B = [ levinln) + Kepn(n)] d,
ot epin(n) = Vi[> + V-] + (Lny) - (L),
1 1
et eporlm) = g1~ 12+ 5 (10— 1% + 2l Pl

Les équations d’Euler-Lagrange correspondantes sont données par

207 + 1129, = w2 (2777(|777\2 — 1)+ dn- |77+|2) :
20n, + 180 = &° (2n+(|n+\2 — 1) + 41y Infl2) :

Le terme « cinétique » e, (n) est positif, mais pas coercif : premiére indication
des difficultés de ce modéle. Le terme « potentiel » epo(n) est minimisé exac-
tement lorsque I'une des deux composantes est nulle, et 'autre de module un.
Ainsi, loin des vortex on s’attend a observer une composante « dominante » et
une composante « secondaire », par exemple |n_| ~ 1 et |n.| =~ 0.

Dans le chapitre 8 on étudie la structure des vortex isolés dans ce modéele
de Ginzburg-Landau & symétrie ‘p’. On montre tout d’abord que le manque de
coercivité de la fonctionnelle d’énergie peut étre compensé par certaines condi-
tions de Dirichlet (cf. Théoréme 8.1). En particulier on en déduit lexistence de
solutions aux équations d’Euler-Lagrange dans un disque, avec conditions de Di-
richlet n+ = axe™*% si ay # a_. Ceci permet ensuite de démontrer I’existence
de solutions entiéres « équivariantes » :

Théoréme. Les équations d’FEuler-Lagrange admettent une solution entiére de
la forme

e:i:ze,

Nt = f+(r) avec Emf_ =1, Li_mf+ =0.

De plus on a les développements asymptotiques

R T

2 4yt

1 13

T g T O(r=°),

lorsque r — +00.

On s’attend naturellement & ce que les fonctions fi(r) aient un signe fixé.
Au vu de leurs développements asymptotiques, on conjecture que f_ > 0 et
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f+ < 0. Toutefois le couplage des dérivées dans I’énergie cinétique (qui se traduit
dans les équations d’Euler-Lagrange par un couplage des termes d’ordre deux)
empéche d’invoquer les arguments classiques qui permettraient de démontrer
cette conjecture.

Pour obtenir un résultat dans cette direction, on s’intéresse & un systéme
perturbé, dans lequel un petit coefficient ¢ &~ 0 multiplie les termes de couplage
d’ordre deux :

Théoréme. [l existe ty > 0 tel que, pour tout t € (0,ty), le systéme perturbé

200 + 112y = k2 (20 (n-1* = 1)+ 4n- s )

w2 (201 (n+ = 1)+ dny - ).

2A77+ -+ t Ha_'f]_

admette une solution entiére n'. = f4 (r)e" avec f!(c0) =1 et f!(c0) =0, et
vérifiant de plus

0<f-(r)<l,  fi(r) <0,
pour tout r > 0.

Ces solutions sont obtenues comme perturbations d’une solution f° telle que
f& =0et fO est le profil radial du vortex de degré 1 dans le modeéle classique
de Ginzburg-Landau. La structure du systéme linéarisé autour de cette solution
permet d’obtenir les bornes 0 < f_(r) < 1, et fi(r) < 0, pour tout ¢ assez
petit. Pour obtenir des estimations uniformes en 7, on allie I’étude du systéme
linéarisé & un développement asymptotique a priori des solutions du systéme
perturbé.

1.3 Espaces de Besov et noyaux de convolution
peu régullers (avec P. Mironescu)

La régularité d’une fonction f: R™ — R peut étre caractérisée a travers la
vitesse de convergence de la convolution f * p. vers f, ou p. = e "p(-/e) pour
un noyau de convolution p assez régulier vérifiant [ p = 1. Par exemple, si le
noyau p appartient a la classe de Schwartz S des fonctions lisses & décroissance
rapide, on a alors, pour tout s > 0 non entier et tout p € [1,00), I'équivalence
des normes

1
, p, de
s~ W+ [ 07 = £ el

sur l'espace de Sobolev fractionnaire W*P(R™).

Quelles hypothéses minimales sur p assurent la validité d’une telle équiva-
lence ? C’est la question qu’on se pose dans le chapitre 9. On utilise pour y ré-
pondre des techniques relativement élémentaires reposant sur la décomposition
de Littlewood-Paley. Ces techniques sont naturellement adaptées & une classe
plus générale d’espaces fonctionnels, les espaces de Besov B, . Rappelons qu'une
décomposition de Littlewood-Paley (inhomogeéne) est de la forme f =3 >0 fi
ou les fonctions lisses f; « isolent » certains modes de Fourier : la transformée
de Fourier de fj;1 est a support dans un anneau {c2/ < |¢| < C2/F!}. Une
fonction f € L? est de classe B, si et seulement si (2% || f;]| )20 € 7.
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De maniére surprenante, on montre qu'un taux de convergence adapté de
[ * p implique bien la régularité¢ B,  , sans aucune hypothése de régularité sur
le noyau p :

Théoréme. Soit p € L' tel que [ p=1. Pour tous s >0, 1 < p,q < o0, on a

1
de

q q q
1y, SUSIE+ [ 1 =15 pele

Cette estimation repose sur le fait que les modes « assez hauts » peuvent
étre estimés en terme de (f — f * p.), tandis que les modes bas sont simplement
dominés par la norme LP.

L’estimation réciproque requiert bien, elle, une hypotheése sur le noyau. Une
condition nécessaire évidente est que pour tout n € S on ait

! q de
; 1 = 1% pellze gz < oo

On montre en fait qu’il suffit qu’une fonction 7 fixée vérifie cette condition avec
p = q =1 pour que p soit un « bon noyau » :

Théoréme. Soient p € L' tel que Jp=1,ets > 0. Les deux propositions
sutvantes sont équivalentes :

(i) Il existen € S, [n#0, vérifiant

! de
; m —n* pell 1 o1 <O

(ii) Pour tous 1 < p,q < oo,

1
de
g, ~ U1+ [ 07 =150l o (1.7)

Pour montrer que (7) implique bien (i7) on commence par élargir la validité
de (i) a toute fonction 7 € S, grace a des techniques classiques d’analyse har-
monique. On peut alors choisir une bonne fonction 7 qui permette d’estimer les
modes bas de (f — f *pe) en utilisant (7). On conclut ensuite par une estimation
générale sur la norme d’opérateurs a noyaux.

On attache un intérét particulier aux cas ot f * p. est particuliérement
simple & calculer, par exemple lorsque p est une fonction caractéristique. La
condition (i) permet alors d’expliciter le degré de régularité qu’un tel noyau
pourra caractériser :

Proposition. Soient s > 0, A C R™ un ensemble borné de mesure finie, et

—1 . s . .
p=|A|""1a. Le noyau p permet de caractériser les espaces B, , — i.e. p vérifie
(1.7) — si et seulement si :

1. Uensemble A est centré, i.e. [,ydy=0, et s <2,
2. ou l’ensemble A n’est pas centré et s < 1.
D’autre part, dans le cas d’'un noyau p général, il peut-étre intéressant d’avoir

un critére plus explicite que la condition (¢). Pour 0 < s < 1 on obtient une
condition suffisante simple :



22 CHAPITRE 1. INTRODUCTION

Proposition. Soient p € L* tel que [p=1, et 0 < s < 1. Si p vérifie

/ lyl* o) dy < oo,

alors p vérifie (1.7).

Cette condition suffisante est optimale en un certain sens : pour un noyau
positif p > 0 elle est aussi nécessaire (cf. Proposition 9.6). Pour caractériser des
degrés de régularité supérieurs s > 1 il n’existe pas condition suffisante aussi
simple, mais on peut requérir que le noyau ait ses premiers moments nuls (cf.
Proposition 9.10).

1.4 Perspectives

Les problémes étudiés dans cette thése soulévent un certain nombre de ques-
tions et conjectures naturelles. En voici quelques unes.

Solutions purement uniaxes

La rigidité des configurations nématiques purement uniaxes établie dans le
chapitre 2 suggére que dans le cas général tridimensionnel, les seules solutions
purement uniaxes & directeur non constant soient & symétrie radiale, et ce sans
avoir a préciser de conditions au bord.

Fuite biaxe

Dans le chapitre 3 on étudie le phénoméne de fuite biaxe dans un certain
régime asymptotique a — +oo. Qu’en est-il dans un régime plus général ? La
stabilité locale du hérisson radial pour a & 0 [73] n’apporte a priori aucune infor-
mation sur les minimiseurs globaux. Les calculs numériques dans [100] semblent
méme indiquer qu'une configuration fortement biaxe est énergétiquement favo-
rable pour tout a > 0.

Une autre question liée au comportement des minimiseurs prés d’un défaut
est celle de la symétrie des solutions entiéres : on sait qu’elles ne sont pas
nécessairement radiales, mais il serait intéressant de démontrer qu’elles sont
toutes a symétrie axiale.

Suspensions colloidales

L’étude de 'ordre nématique autour d’une particule colloidale dans le cha-
pitre 4 laisse ouvert le cas de I’ancrage faible pour une trés grande particule. 11
est clair que pour une force d’ancrage nulle w = 0 l'alignement sera uniforme,
mais peut-on décrire rigoureusement la transition entre configurations dipolaire
et uniforme ? Une premiére étape dans cette direction pourrait consister a éta-
blir un lien entre la force d’ancrage w et des estimations de régularité au bord.
Toujours dans le régime de trés grande particule, il serait intéressant de justifier
(ou d’infirmer) la contrainte de symétrie axiale.

Enfin ce probléme ouvre la voie a I’étude de suspensions colloidales plus
complexes composées de plusieurs particules. On pourrait par exemple s’atta-
quer a une description des interactions induites entre particules par la structure
nématique, dans le cas d’'un grand nombre de trés petites particules.
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Cellule nématique frustrée : symétrie des solutions

Le systéme elliptique étudié dans le chapitre 5 posséde une certaine symétrie
par rapport au centre de la cellule. Cette symétrie souléve la question générale
suivante. Soit deux fonctions u,v: [—1,1] — R minimisant une fonctionnelle

1
/ ()2 + ()2 + F(u,v)] da,

—1

avec conditions au bord u(£1) = 0, v(£1) = £1. Si 'on suppose que la fonction
f est paire par rapport a sa deuxiéme variable, et que (0,41) sont des points
critiques de f, a-t-on nécessairement : la fonction u est paire et la fonction v est
impaire ?

Conditions semi-rigides

Dans le chapitre 6 on construit, pour une équation de Ginzburg-Landau, des
solutions avec conditions au bord semi-rigides. Dans le cas d’un seul vortex, les
domaines simplement connexes « non dégénérés » dans lesquels notre construc-
tion s’applique sont génériques. La question de l'existence (et de la généricité)
de domaines non dégénérés dans le cas de plusieurs vortex reste ouverte.

D’autre part, les techniques développées dans le chapitre 6 pourraient servir
a construire dans des domaines multiplement connexes des solutions dont les
vortex ne s’échappent pas vers le bord, contrairement aux minimiseurs locaux
construit dans [21, 49].

Fines coques supraconductrices

Dans le chapitre 7 on décrit précisément, dans le cas d’une fine coque supra-
conductrice correspondant a une surface de révolution, différents régimes par
lesquels passe la persistance de la supraconductivité au-dela du premier champ
critique. Une description similaire est-elle possible pour des géométries plus gé-
nérales ? Il s’agirait dans un premier temps de comprendre quelles quantités
permettent d’identifier les valeurs critiques (du champ magnétique) séparant les
différents régimes.

Supraconductivité a symétrie ‘p’

Dans le chapitre 8 on s’intéresse, pour un modeéle de type Ginzburg-Landau a
deux composantes complexes, aux solutions entiéres de la forme 1 = fy (r)e’"=?.
On montre leur existence dans le cas n4 = £1, mais pour des exposants diffé-
rents cette question reste ouverte : la preuve repose sur une borne uniforme a
priori que nous n’avons pas su établir pour n # +1.

D’autre part on s’attend a ce que les fonctions f4 (r) aient un signe constant :
on établit un résultat dans ce sens pour un systéme modifié, mais la question
demeure pour le systéme original.

Espaces de Besov caractérisés par convolution

Dans le chapitre 9 on démontre, a s > 0 fixé, un critére pour qu’un noyau de
convolution p permette de caractériser la régularité By , pour tous p et g. Reste
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la question plus fine de déterminer, a s, p et ¢ fixés, quels noyaux caractérisent
BS .
P.q
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Symétrie uniaxe
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2.1 Introduction

Nematic liquid crystals are composed of rigid rod-like molecules which tend
to align in a common preferred direction. For a macroscopic description of
such orientational ordering, several continuum theories are available, relying on
different order parameters.

The state of alignment can be simply characterized by a director field n with
values in the unit sphere S?, corresponding to the local preferred direction of
orientation. Within such a description, topological constraints may force the
appearance of defects: regions where the director field is not continuous. To
obtain a finer understanding of such regions, one needs to introduce a scalar
order parameter s, corresponding to the degree of alignment along the director
n. However, the (s,n) description only accounts for uniaxial nematics, which
correspond to a symmetric case of the more general biaxial nematic phase. To
describe biaxial regions, a tensorial order parameter @) is needed. Biaxiality has
been used to theoretically describe defect cores [100, 78, 111, 130, 47, 46] and
material frustration [109, 26, 12|, and has been observed experimentally [93, 1].

The n and (s,n) descriptions can both be interpreted within the Q-tensor
description. The tensorial order parameter ) describes different degrees of
symmetry: isotropic, uniaxial or biaxial. The isotropic case Q = 0 corresponds

27
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to the full symmetry group G = SO(3). The uniaxial case corresponds to
a broken symmetry group H ~ O(2). And the biaxial case corresponds to a
further broken symmetry group with 4 elements. The (s,n) description amounts
to restricting the order parameter space to uniaxial or isotropic Q-tensor: only
Q-tensors which are ‘at least O(2)-symmetric’ are considered. The n description
arises in the London limit, since the space of degeneracy is G/H ~ S?/{+1}
(see for instance [137, Section 2] for more details).

In physical systems presenting some symmetry, existence of symmetric equi-
librium configurations is a common phenomenon: such configurations can be
obtained by looking for a solution with a special symmetrical ansatz. In some
cases this phenomenon can be formalized mathematically as a Principle of Sym-
metric Criticality [108]. In the present paper we investigate whether the same
principle applies to uniaxial symmetry in nematic liquid crystals: do there ex-
ist uniaxial @-tensor equilibrium configurations? or is the uniaxial symmetry
always broken?

We consider a Landau-de Gennes free energy. We do not work with the usual
four-terms expansion of the bulk free energy but with a general frame invariant
bulk free energy.

We start by considering the case of one- or two-dimensional configurations:
that is, configurations exhibiting translational invariance in at least one direction
of space [109, 26, 12, 78, 130]. In Theorem 2.9 we describe completely the one-
or two-dimensional uniaxial equilibrium configurations: these are essentially
only the configurations with constant director field n. In particular, even if the
boundary conditions enhance uniaxial symmetry, the uniazial order is destroyed
in the whole system, unless the director field is uniform.

The three dimensional case is more complex. While in one and two dimen-
sions the uniaxial configurations are essentially trivial, there does exist a non
trivial uniaxial configuration in three dimensions: namely, the so-called radial
hedgehog [100, 124], which corresponds to a spherically symmetric configura-
tion in a sperical droplet of nematic, with strong radial anchoring on the surface.
In Theorem 2.12 we show that any uniaxial equilibrium configuration must be
spherically symmetric, in this particular nematic system. Such a result con-
stitutes a first step towards a complete characterization of three-dimensional
uniaxial equilibrium configurations. We expect the radial hedgehog to be the
only non trivial uniaxial equilibrium.

Our main results, Theorem 2.9 and Theorem 2.12, bring out the idea that
the constraint of uniaxial symmetry is very restrictive and is in general not sat-
isfied, except in very symmetric situations. These results shed a very new light
on the phenomenon of ‘biaxial escape’ [130], and are fundamentally different
from the previous related ones in the literature. Indeed, biaxiality was always
shown to occur by means of free energy comparison methods, while we only rely
on the equilibrium equations. In particular our results hold for all metastable
configurations. Moreover, the appearance of biaxiality was usually related to
special values of parameters such as the temperature [100] — which affects the
bulk equilibrium —, or the size of the system [26] — which affects the director
deformation. We show instead that biaxiality occurs for any value of the tem-
perature (since the bulk energy density we work with is arbitrary) and any kind
of director deformation. In short: escape to biaxiality appears in all possible
situations, and the equilibrium equations themselves force this escape.

The plan of the paper is the following. In Section 2.2 we introduce the
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mathematical model describing orientational order. In Section 2.3 we derive the
equilibrium equations for a configuration with uniaxial symmetry, and discuss
the appearance of an extra equation corresponding to equilibrium with respect
to symmetry-breaking perturbations. Sections 2.4 and 2.5 contain the main
results of the paper: in Section 2.4 we deal with one- and two-dimensional
configurations and prove Theorem 2.9, and in Section 2.5 we focus on a spherical
nematic droplet with radial anchoring and prove Theorem 2.12.

The author would like to thank Petru Mironescu for many stimulating dis-
cussions and very helpful advice. He also thanks the anonymous referee for his
valuable comments.

2.2 Description of the model

2.2.1 Order parameter and degrees of symmetry

In a nematic liquid crystal, the local state of alignment is described by an
order parameter taking values in

S§=1{QeM;[R); Q="Q rQ=0}, (2.1)

the set of all symmetric traceless 3 x 3 matrices. The space S is naturally
endowed with the euclidean structure induced by the usual scalar product on
Mg(R)Z

(A A) =tr("AA) = ajay; VA, A € M3(R).
ij

The group G = SO(3) acts on the order parameter space S: we denote by
Isom(S8) the group of linear isometries of S, and the action is given by the group
morphism

p: G —Tsom(S), p(g)Q = 9Q.

Note that this action p is related to the natural action of G on R3: p(g)Q is the
order parameter one should observe after changing the coordinate frame by ¢
in R3.

In the order parameter space S we may distinguish three types of elements,
depending on their degree of symmetry. The degree of symmetry of an element
Q@ € S is given by its isotropy subgroup

H(Q):={g9€G, p9)Q =Q},

which can be of three different kinds:
— If Q =0, then H(Q) = G, and Q describes the isotropic phase.
— If @ has two equal (non zero) eigenvalues, then

1
Q:/\(n®n—31>, AeR*, neS?

and thus Q = A\p(g)Ag, where 4g = e, ® e, —1I/3 and g € G maps e, to
n. Therefore H(Q) is conjugate via g to

Doo := H(Ag) = ({re, 0}0er, e, =) = O(2),



30 CHAPITRE 2. SYMETRIE UNIAXE

where 7, ¢ stands for the element of G corresponding to the rotation of
axis n and angle 6. In this case, () describes the uniaxial phase.

— If @ has three distinct eigenvalues, and g € G maps the canonical or-
thonormal basis (ex, ey, e;) to an orthonormal basis of eigenvectors of
Q, then H(Q) is conjugate via g to

Dy = (TepmsTey n) ~ L/27 X L2

In this case, @@ describes the biazial phase.
Hence there is a hierarchy in the breaking of symmetry that ¢ can describe:

{0} cU CS,

where

U{s(n@néI);sER,nESQ}, (2.2)

is the set of order parameter which can describe a breaking of symmetry from
G to Do. Elements of U are characterized by their director n € S?> and their
scalar order parameter s € R.

Remark 2.1. Note that the scalar order parameter s of a uniaxial tensor Q) € U
is uniquely determined since s = 0 if @ = 0, and
tr(Q%)

QI

otherwise. On the other hand, the director is uniquely determined up to a sign
if @ # 0, and not determined at all if @ = 0.

s=3

2.2.2 Equilibrium configurations

We consider a nematic liquid crystal contained in an open set  C R3. The
state of alignment of the material is described by a map

Q: 02— S.

At equilibrium, the configuration should minimize a free energy functional of
the form

FQ) = /Q (o + f) dz.

where f¢; is an elastic energy density, and f; is the bulk free energy.
Here we consider the one constant approximation for the elastic term:

L
fel = E‘VQPa

and the most general frame invariant (i.e. invariant under the action p) bulk
term:

fo = o(tr(Q?), tr(Q?)),
for some function
p:RxR =Ry,

which we assume to be smooth.
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Remark 2.2. A fundamental property of the free energy density f(Q) = fo + f»
is its frame invariance: for any Q € H} (R3;S) it holds

loc
flg-Q)(x) = f(Q)(g~'z)  VgeQ,

where g - (Q denotes the natural action of G on maps @, given by

(9-Q)(=) =p(9)Qg~'z) = gQg~ " x)g~". (2.3)

More general elastic terms f.; are physically relevant, as long as the frame
invariance property is conserved.

An equilibrium configuration is described by a map Q € H'(Q;S) satisfying
the Euler-Lagrange equation

2
LAQ = 2019)Q + 3029 (@ - L1 ). (2.4

associated to the free energy F.

Classical elliptic regularity arguments ensure that any solution of (2.4) which
lies in H' N L™ is smooth. In fact, if in addition ¢ is analytic, any H' N L™
solution of (2.4) is actually analytic [103, Theorem 6.7.6].

In the sequel we will always consider smooth solutions. We discuss next a
very mild sufficient condition on ¢ which ensures boundedness — and therefore
smoothness — of solutions.

In a bounded regular domain €2, a natural assumption on ¢ which ensures
that any H' solution of (2.4) with bounded boundary data is in fact bounded
is the following one:

M > 0 such that (|Q| > M = 2|Q|*(d1¢) + 3(D2¢)tr(Q*) > 0). (2.5)

See [82, Lemma B.3] for a proof that assumption (2.5) on ¢ implies indeed that
any Q € H' solution of (2.4) satisfies

Q| L~ () < max(M, [|Q| L~ (a0))-
The fourth order approximation for f;, usually considered in the literature
f(Q) = —atr(Q?) — btr(Q°) + ctr(Q*), (2.6)
corresponds to
o(x,y) = —ax — by + ca?,

which satisfies indeed (2.5), as long as ¢ > 0 (and is obviously analytic).

2.3 Uniaxial equilibrium

In the sequel, we investigate the existence of purely uniaxial equilibrium
configurations, i.e. solutions @ of the equilibrium equations (2.4), which satisfy

Qx) el Vo € Q.
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In other words, a purely uniaxial equilibrium configuration is a solution of (2.4)
which can be written in the form

Q) = s(a) (n(o) @ 0a) - 31) (27)

for some scalar field s:  — R and unit vector field n: Q — S2.

Remark 2.3. Here we do not require a priori that the scalar field s and the unit
vector field n in ansatz (2.7) be smooth. Note that s is uniquely determined
(see Remark 2.1) by
3
o) — 3@
Q(x)[?
Therefore if @ is smooth, then s is smooth in the set {Q # 0} C Q of points
where @) does not vanish, and continuous in 2. On the other hand, n is not
uniquely determined (see Remark 2.1). However, in {Q # 0} one can choose
locally a smooth unit vector field n. More precisely, if @) is smooth and zy € Q
is such that Q(z¢) # 0, then there exists an open ball B C Q centered at z,
and a smooth map n: B — S? such that (2.7) holds. The local smooth n is
obtained through the implicit function theorem (see the proof of Theorem 2.9
below for more details).

Remark 2.4. Uniaxiality can be characterized through

Q el « |QI° =6 [tr(Q*)],

so that any analytic map @: 2 — S which is uniaxial in some open subset of 2
is automatically uniaxial everywhere [95]. Thus, for analytic ¢, Theorems 2.9
and 2.12 proved below are valid if we replace the assumption that @ be purely
uniaxial, with the assumption that @ be uniaxial in some open set.

Remark 2.5. The spherically symmetric radial hedgehog [100] provides an ex-
ample of purely uniaxial equilibrium (see also Section 2.5 below). However, in
the particular case of the radial hedgehog, uniaxial symmetry is a consequence
of spherical symmetry, for which Palais’ Principle of Symmetric Criticality ap-
plies [108]. The Principle of Symmetric Criticality is a general tool which allows
to prove existence of symmetric equilibria. Roughly speaking, if the free energy
and the space of admissible configurations are ‘symmetric’, then the Principle
asserts the following: any symmetric configuration which is an equilibrium with
respect to symmetry-preserving perturbations is automatically an equilibrium
with respect to symmetry-breaking perturbations also. Of course the mean-
ing of ‘symmetric’ needs to be precised: see [108] for a rigorous mathematical
framework in which this Principle is valid.

However, in general the Principle of Symmetric Criticality does not apply
to uniaxial symmetry, as is suggested by the following result (see Remark 2.7
below).

Proposition 2.6. Let w C R? be an open set. Let s:w — R and n: w —
S? be smooth maps such that the corresponding uniazial Q (2.7) satisfies the
equilibrium equation (2.4). Then s and n salisfy

As = 3|Vn|25 + %(258190 + 5262@)7 (28)

sAn +2(Vs-V)n = —s|Vn|n,
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and, in regions where s does not vanish, n satisfies the extra equation

3
QZakn(X)@kn: |Vn|> (I —n®n). (2.9)
k=1

Proof. Plugging the uniaxial ansatz (2.7) into the equilibrium equation (2.4),
we find, after rearranging the terms,

My + My + M3 =0,

where

1 1
My = [AS —3|Vnl*s — 3(283190 + 8252@} <n® n-— 31> )

My =2n® (sAn +2(Vs - V)n + s|Vn|*n),

Ms=s [QZakn®8kn+|Vn|2(n®nI)1 .
k

Here ® denotes the symmetric tensor product: the (z,j) component of n ®m is
Using the fact that |n|? is constant equal to 1, which implies in particular
n-9jn=0and n-An+ |Vn|? =0, we find that

1
M1€Span<n®n—31>,

Mo ESpan{n@v: venl},
Ms ESﬂSpan{v@w: v,wEnJ‘}.

Recall here that S is the order parameter space (2.1) of traceless symmetric
matrices. In particular, My, Ms and M3 are pairwise orthogonal (for the usual
scalar product on M3(R), recalled in Section 2.2.1), and we deduce that

M, = My = My = 0.
We conclude that (2.8) and (2.9) hold. O

Remark 2.7. The system (2.8) satisfied by (s,n) is nothing else than the Euler-
Lagrange equation associated to the energy

F(s,n) = F(Q) :/ B <§Vs|2 + 252|Vn|2> + ¢(25%/3,25%/9) | dz,

under the constraint |n|? = 1. In other words (2.8) expresses the fact that @
is an equilibrium of F with respect to perturbations preserving the symmetry
constraint ) € U. The minimization of the functional F' has been studied in
[88]. On the other hand, the extra equation (2.9) expresses the fact that Q is
an equilibrium with respect to symmetry-breaking perturbations. Since (2.9) is
not trivial, we see that Palais’ Principle of Symmetric Criticality does not apply
to uniaxial symmetry.
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Remark 2.8. The extra equation (2.9) is of the form M3 = 0, with M3 taking its
values in S of dimension 5: it contains 5 scalar equations. However, it has been
shown during the proof of Proposition 2.6 that, due to the constraint n € S?, it
holds in fact

Mge./\/l::SﬁSpan{v@w:v,wEnL}.

Since M and S? are two-dimensional, the information really carried by (2.9)
corresponds to a system of two first order partial differential equations, with two
unknown. Such a system should have, for generic Dirichlet boundary conditions,
at most one solution (this is heuristically motivated by Cauchy-Kovaleskaya’s
theorem). Therefore, system (2.8) coupled with Dirichlet boundary conditions
and the extra equation (2.9) is, heuristically speaking, overdetermined. We
expect solutions to exist only in very ‘symmetric’ cases. The results presented
in the sequel are indeed of such a nature.

2.4 In one and two dimensions

In this section we concentrate on one- and two-dimensional configurations,
which occur in case of translational invariance in at least one direction. Such
a symmetry assumption is actually relevant for many nematic systems that are
interesting both theoretically and for application purposes. For instance, in
nematic cells bounded by two parallel plates with competing anchoring, one
usually looks for one-dimensional solutions [109, 26, 12]. Such hybrid nematic
cells provide a model system for understanding the physics of frustration, and
this kind of geometry occurs in several nematic based optical devices. Another
relevant geometry is the cylindrical one, in which two dimensional configurations
can be considered [78, 130, 47, 46|, with applications to high performance fibers
[36, 34, 74].

Our conclusion (see Theorem 2.9 below) is that a one- or two-dimensional
equilibrium configuration can be purely uniaxial only if the director field is
constant. Thus in the translation-invariant case, the system (2.8) coupled with
(2.9) is so strongly overdetermined that it admits only trivial solutions.

Theorem 2.9. Let Q C R? be an open set and Q be a smooth solution of the
equilibrium equation (2.4). Assume that Q is invariant in one direction: there
exists vy € S? such that vy - VQ = 0.

(i) If Q is purely uniaxial (i.e. takes values in U) then @ has constant
director in every connected component of {Q # 0}. That is, for every
connected component w of {Q # 0}, there exists a uniform director ng =
no(w) € S? such that

Q(z) = s(z) <n0 ®ng — ;1> Vz € w.

for some scalar vector field s: Q@ — R.
(ii) If in addition Q is analytic and S is connected, then Q has constant
director in the whole domain Q: there exists ng € S® such that

Qz) = s(x) (no ®no — ;1) Vo € Q.
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Remark 2.10. The one-dimensional case is of course contained in the two-
dimensional one, but we find useful to present a specific, much simpler argument
here. In one dimension the extra equation (2.9) becomes

2n’ @n' = /|2 (I —n®n), (2.10)

which readily implies n’ = 0. Indeed, if n’ # 0 then the left hand-side of
(2.10) is a matrix of rank one, while the right-hand side has rank two. Thus in
one dimension the conclusion of Theorem 2.9 is achieved using only the extra
equation (2.9).

In two dimensions however, the proof of Theorem 2.9 is more involved. In
particular, the extra equation (2.9) does admit non trivial solutions. For in-
stance a cylindrically symmetric director field introduced by Cladis and Kléman
[39] and studied further in [22], which is given in cylindrical coordinates by

n(r,0,z) = cos(r) er +sint(r) e, with TCCiTiﬁ = cos v,
r

satisfies (2.9). But there cannot exist any scalar field s such that (s,n) solves
(2.8).

Proof of Theorem 2.9. Since the free energy density is frame invariant (see Re-
mark 2.2) we may assume that vy = e, so that 9;Q = 0.

We start by proving assertion (i) of Theorem 2.9. Fix a connected component
w of {Q # 0} and define the smooth map s: w — R by the formula

tr(Q°)
Q1>

Recall that s(x) is the scalar order parameter of Q(z) € U (see Remark 2.1). In
particular, s does not vanish in w. In the sequel we are going to show that the
smooth map @Q/s is locally constant in w, which obviously implies (3).

Let 29 € w. We claim that there exists an open ball B C w centered at xg
and a smooth map n: B — S? such that the formula for @ in terms of s and n
(2.7) holds in B (as announced in Remark 2.3).

Indeed, fix a director ng € S? of Q(wzg): it holds Q(x¢)ng = song, with
so = s(xg). Since the eigenvalue sq is simple and Q(x) maps ng to ng, the
implicit function theorem can be applied to the map

s=3

waxné‘ = R3 (2,5,0) = (Q(z) — s) (ng + v)

to obtain smooth maps v and § defined in a neighborhood of xy and solving
uniquely

Q(x)(no +v) = 3(ng +v) for 5~ sg, v~0€ng.

Since, for x close enough to xg, eigenvalues of Q(x) distinct from s(x) are far
from s, it must hold § = s. Therefore n = (ng + v)/|no + v| provides a smooth
map such that (2.7) holds in a neighborhood of z(, which we may assume to be
an open ball B.

To prove (i) it remains to show that n is constant in B, which obviously
implies that @/s is locally constant (since xg € w is arbitrary).



36 CHAPITRE 2. SYMETRIE UNIAXE

We start by noting that, since by assumption 93¢ = 0, it holds

O35 = gn (03Q)n =0, Osn = é(agQ)n =0.
Thus (2.9) becomes

A:=201n® O1n + 20:n ® don — (|Oin|* + [0on?) (I —n®@n) = 0.
We deduce that

o1 - Adyn = |Vn|?01n - Oon = 0,
which implies

Oin-0n=0 in B. (2.11)
Using this last fact, we compute

in - Adin = |oin|* (|01n]* — |02n]*) =0,
don - Adon = |0on|? (|0an|* — |01n]?) =0,

from which we infer
|01n)? = |02n]* in B. (2.12)

As a first consequence of (2.11) and (2.12), we obtain that
1
An-0in = 581 [|51n|2 — |827L|2} + 0o [6171 . 32n] =0,
_ 1 2 _ 2 _
An - Oyn = 232 [|82n| |81n| } + 01 [8171 . 82”] =0.

That is, the vector An is orthogonal to both vectors 01n and don. Therefore,
taking the scalar product of the second equation of (2.8) with d1n and den and
making use of (2.11) and (2.12), we are left with

015|Vn|? = 0ys|Vn|> =0 in B. (2.13)
We claim that (2.13) implies in fact
|Vn[? =0 in B. (2.14)

Assume indeed that (2.14) does not hold, so that [Vn|? > 0 in some open set
W C B. Then by (2.13) the scalar field s is constant in W, and the first equation
of (2.8) implies that |Vn|? is constant in W. Up to rescaling the variable, we
have thus obtained a map n mapping an open subset of the plane R? into the
sphere S? and satisfying

on-9on =0, |81n|2 = |82n|2 =1

That is, n is a local isometry. Since the plane has zero curvature while the
sphere has positive curvature, the existence of such an isometry contradicts
Gauss’s Theorema egregium. Hence we have proved the claim (2.14), and n
must be constant in B. This ends the proof of (i).



2.4. IN ONE AND TWO DIMENSIONS 37

Now we turn to the proof of assertion (ii) of Theorem 2.9. We start by
proving the following

Claim: for any open ball B C €2, @ has constant director in B: there exists
no € S? such that Q = s(ng ® ng — 1I/3) in B.

Note that this Claim is simply a consequence of (i) if B C {Q # 0}. The
additional information here is that B N {Q # 0} may not be connected.

If @ = 0 in B the Claim is obvious, so we assume Q(z) # 0 for some
zo € B. Let ng € S? be such that

Q(x0) = s(xo) (no ®ng — ;I> . (2.15)

We now prove the Claim by contradiction: assume that there exists z; € B
such that

Qa1) # s(z1) (no @ no — ;1> . (2.16)

In particular, Q(z1) # 0. Consider the segment S = [z, 2] contained in B and
therefore in 2. Since @ is analytic and does not vanish identically on S, the set
S N{Q = 0} must be discrete (and thus finite by compactness).

Since (2.16) holds, the (locally constant) director is not the same in the
respective connected components of 2y and 27 in SN{Q # 0}. As a consequence,
there must exist zo € S, ny € S?\ {£ne} and § > 0 such that:

{Q =0} NSN Bs(xa) = {z2},

Q(z) = s(x) (no ®mng — ;I) YV € [we, 0] N Bs(x2),

1
Q(x) = s(x) (nl ®@mng — 31) YV € [x2,x1] N Bs(x2).
Hence for small enough ¢, the analytic map

Q: (—e,8) 3t Qug +t(xg—a1)) €U

vanishes exactly at ¢ = 0, has constant director ng for ¢ > 0 and constant
director ny for ¢t < 0. The associated map 3(¢) is smooth in (—&,¢) \ {0} and it
holds

5'(0) = §(t) (no®ng — 3I) fort >0
IRELO! (n1®@ny — 3I) fort <0.
We deduce that [T := limg+ § and [~ := limg- § exist and satisfy

@/(0) =t <n0 Xng — ;I) =1 (nl Xny — ;I) .

Since ng # 4ny, it must hold [T =~ = 0. Thus 5 is in fact C! in (—¢,¢) and
satisfies §'(0) = 0.
For any integer k > 0 it holds

@(k)(t) _ 5(k) (t) (no @ ng — %I) fort >0
a g(k)(t) (nl Xny — %I) for t <0,
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and we may repeat the same argument as above to show by induction that s is
smooth in (—¢,¢) and all its derivatives vanish at 0. In particular we find that

QW)Y =0  Vk>0,

which implies that @ =0 on S, since @ is analytic: we obtain a contradiction,
and the above Claim is proved.

We may now complete the proof of assertion (%i) of Theorem 2.9. We assume
that @ does not vanish identically, and fix z¢ € 2 such that Q(z¢) # 0. There
exists ng € S? such that

Qo) = (o) <n0 & o — ;1) |

Let x € Q. Since Q is open and connected (and thus path-connected), there
exists a “chain of open balls” from xy to x. More explicitly: there exist points

L0y Tl IN_1,TN = X € §,
and open balls

By > x9,B1 > 21,...,By D zn,
such that

By N By #0 k=0,...,N—1.

In each ball By, the above Claim ensures that ) has constant director. In By,
since Q(xg) # 0, the constant director is uniquely determined up to a sign and
we may choose it to be ng. We denote by nj, € S? a constant director in Bj,.

In the intersection By N By41, the vectors ny and ngyq are both admissible
constant directors. Since @) is analytic and not uniformly zero, it can not be
uniformly zero in the non empty open set By N Byi1. Therefore the constant
director in BN By is uniquely determined (up to a sign): it holds ng = £ng41.
Hence we can actually choose the directors ny such that

Ng=mn1 ="N2 =+ =0NN,
and in particular we find

1

Qz) = s(z) (nN ®ny — 31> = s(z) (no ®ng — ;1> .

The proof of (ii) is complete. O

Remark 2.11. As already pointed out in Section 2.2.2, the assumption that @
is smooth is very natural, since physically relevant solutions are bounded and
therefore smooth. The additional assumption of analyticity in assertion (i) is
also natural, since it is satisfied whenever the bulk free energy is analytic (and
this is the case for the bulk free energy usually considered).
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2.5 In a spherical droplet with radial anchoring

In this section we consider a droplet of nematic subject to strong radial
anchoring on the surface. Droplets of nematic play an important role in some
electro-optic applications, like polymer dispersed liquid crystals (PDLC) devices
(see the review article [90] and references therein). Moreover, this problem is
important theoretically as a model problem for the study of point defects, due
to the universal features it exhibits [79].

The droplet containing the nematic is modelled as an open ball

Br = {z € R*: |z| < R},
and strong radial anchoring corresponds to Dirichlet boundary conditions of the
form

Q(z) = so (2 ® % - ;I) for |x| = R, (2.17)

for some fixed sy # 0.
In this setting, the equilibrium equation (2.4) admits a particular symmetric
solution of the form

r 1

Q(z) = s(r) <jf ®= - 31> Vz € B, (2.18)

where r = |z|, and s : (0, R) — R solves

2
% %% — %s = %(238130(232/3, 25°/9) + 5°02(25%/3,25%/9)), (2.19)
with boundary conditions s(0) = 0, s(R) = sg. We call such a solution radial
hedgehog.

As already mentioned in Remark 2.5, the existence of such a solution is
ensured by Palais’ Principle of Symmetric Criticality [108]. In fact, G = SO(3)
acts linearly and isometrically on the affine Hilbert space

H={Q € H'(Bg;S): Q satisfies (2.17)}

by change of frame: the action is given by formula (2.3). The free energy is
frame invariant (see Remark 2.2): it holds

Flg-Q)=FQ) VgeG, QecH.

Denoting by ¥ C H the subspace of symmetric configurations, i.e. of those maps
@ which satisfy g - @ = @ for all rotations g € G, the Principle of Symmetric
Criticality [108, Section 2| can be stated as follows: if @ € X is a critical point
of F|s, then @ is a critical point of F, i.e. @ solves the equilibrium equation
(2.4).

Since ¥ consists precisely of those @ which are of the form (2.18), and
since the existence of a minimizer of F|y is ensured by the direct method of
the calculus of variations [81], we obtain the existence of the radial hedgehog
solution of (2.4) described above by (2.18)-(2.19).

Spherically symmetric solutions are in fact the only purely uniaxial solutions
of this problem. This is the content of the next result.
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Theorem 2.12. Assume that ¢ is analytic and satisfies (2.5). Let Q € H'(Bg,S)
solve the equilibrium equation (2.4), with radial boundary conditions (2.17).

If Q is purely uniaxial (i.e. takes values in U), then Q is necessarily spher-
ically symmetric: it satisfies (2.18)-(2.19).

Remark 2.13. A recent result of Henao and Majumdar [67, 68] is a direct corol-
lary of Theorem 2.12. In [67, 68], the authors consider a spherical droplet with
radial anchoring, with a bulk free energy f;, of the form (2.6) and study the low
temperature limit ¢ — co. They assume the existence of a sequence of uniax-
ial minimizers of the free energy, and show convergence towards a spherically
symmetric solution.

Remark 2.14. As pointed out by the anonymous referee of this article, the
proof of Theorem 2.12 remains valid if the domain is an annulus instead of a
ball. Moreover, in the case of the ball and of the physical bulk potential (2.6),
the radial solution is known to be unique [72], so that Theorem 2.12 implies
that there is a unique purely uniaxial solution of (2.4)-(2.17).

Proof of Theorem 2.12: The assumption (2.5) on ¢ ensures that @ is bounded
and therefore analytic (see Section 2.2.2).

Since @ is smooth up to the boundary 0B, and does not vanish on the
boundary, we may proceed as in the proof of Theorem 2.9 to obtain, in a neigh-
borhood of each point of the boundary 0Bg, smooth maps s and n such that
the ansatz (2.7) holds (see also Remark 2.3). The locally well-defined map n is
determined up to a sign. We determine it uniquely via the boundary condition

n(x) = = for |x| = R.
Therefore we obtain, for some § > 0, smooth maps
S:BR\B(1_5)3—>R7 n:BR\B(l_(;)R—>Sz7

such that
1
Q(z) = s(x) (n(a:) ®@n(z) — 3[) for (1 -90)R < |z| < R.
The values of s and n on the boundary 0Bg are determined:

s(x) = s0, n(x)= % for |x| = R. (2.20)

We use the fact that s and n satisfy the system (2.8) and the extra constraint
(2.9), to determine in addition their radial derivatives on the boundary:

Lemma 2.15. It holds
on =0, O0Ops= sy, on 0Bg,

for some constant s; € R.

Lemma 2.15 constitutes the heart of the proof of Theorem 2.12. The proof of
Lemma 2.15 can be found below. We start by showing how Lemma 2.15 implies
the conclusion of Theorem 2.12.
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Let § be a local solution of (2.19) with Cauchy data

ds

S(R) = 50,

R) = S1,
where s is the constant value of 0,5 on Bp according to Lemma 2.15. We fix
1 > 0 such that § is defined on [R, R + 7], and define a map @ on Br., by

~ Q(z) if |z| < R,
r)(2@x—3I) ifR<|z|<R+n.

Lemma 2.15 ensures that the boundary conditions on d B match well at order
0 and 1: the map @ belongs to C*(Bp4,). Moreover, the matching boundary
conditions on OBpg ensure that C~2 is a weak solution of the Euler-Lagrange
equation (2.4) in Br4,. In particular, @ is analytic (see Section 2.2.2). Hence,
for any rotation g € GG, the map

z = Q(gz) — 9Q(x)'g

is analytic and vanishes in Bry, \ Br and must therefore vanish everywhere.
We deduce that @ is spherically symmetric and the proof of Theorem 2.12 is
complete. O

Proof of Lemma 2.15: During this proof we make use of spherical coordinates
(r,0,¢) and denote by (e, eq,e,) the associated (moving) eigenframe.

For simplicity we assume R = 1 (the general case follows by rescaling the
variable) and write B for By. We proceed in three steps: we start by showing
that, on the boundary 0B, it holds

— Oyn =0,

— then 92n = 0,

— and eventually 0y0,s = 0,0,s = 0.

Step 1: 9.n =0 on OB.

This first step is obtained as a consequence of the boundary condition (2.20),
and of the constraint (2.9). Indeed, on the boundary, (2.20) determines the
partial derivatives of n in two directions dyn and J,n, and (2.9) determines the
partial derivative in the remaining direction.

In spherical coordinates, (2.9) becomes

2 <8Tn ® Opn + %28(m ® Ogn + 21298¢n8¢n> = |Vn*(I -n®n), (2.21)
T

sin
and

1
\Vn\z = |6,ﬂn|2 + 72|39n|2 + |8¢n|2.

1
r2sin® 0
Since on the boundary 9B it holds

n = ey, Oyn = e, J,n = sinfbe,,

we deduce from (2.21) that

20,n @ O,n = |0,n|*(I —ep ®e;) forr =1,



42 CHAPITRE 2. SYMETRIE UNIAXE

which implies 9,n = 0 (as in Remark 2.10) and proves Step 1.

Step 2: 9?n =0 on OB.

This second step is obtained as a consequence of Step I and of the second
equation of (2.8), together with the boundary conditions (2.20). In fact, it holds

An = 0?n+ Ag2n = 9?n — 2e, forr =1,

since 0,n = 0 by Step 1 and n = e, for r = 1. Moreover, since s is constant on
the boundary, it holds

(Vs )n=0,89,n=0 forr=1.
Thus the second equation of (2.8) becomes, on the boundary,
50020 — 2spe, = —8o|Vn|’e, = —2spe, for r = 1.

Here we used again (2.20) and Step 1 to compute |Vn|? for r = 1. The last
equation completes the proof of Step 2.

Step 3: 0p0p5 = 0,0,5 = 0 on 0B.

To prove this third step, we consider Taylor expansions of s and n with re-
spect to r—1 ~ 0, and plug them into (2.8) and (2.9) to obtain more information
about higher order radial derivatives and find eventually that 0,s is constant
on the boundary.

Using Step 1 and Step 2, we may write, for r = |z| € [1—6,1] and w = a/r €
S?,

n=er+(r—153mi(w)+ (r—1)*ma(w) +O((r —1)°) (2.22)
s=s0+ (r—1)si(w) + (r— 1)%s2(w) + O((r — 1)*), (2.23)

where 6m; = 8371‘32, 24mo = 8;%71‘52, 51 = Op8|g2, and 25y = 838|S2 are smooth
functions of w € S?, and

O((r —1)*) = (r = 1)¥ x some smooth function of (r,w).

In the sequel, we plug the Taylor expansions above into (2.8) and (2.9) in
order to conclude that s; is constant. The computations are elementary but
tedious. In order to clarify them, we start by sketching the main steps without
going into details. The complete proof follows below.

Sketch of the main steps: Plugging (2.22) into (2.9) leads to an equation of
the form

0=(r—13A3+ (r—1D*A4 +O((r —1)%), (2.24)
where

A3 = A3(m1, 897711, 8¢m1),
Ay = Ay(myi,ma, Ogmy, Dpmy, Dgma, Dpms).

At this point, a first simplification occurs, since A4 is actually of the form

Ay = —2A3 + Ay(my, Ogma, Dpmsa),
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so that from (2.24) we deduce
;{4 (mg, 897)’12, apmz) =0. (225)

Next we make use of (2.8). Plugging (2.22) and (2.23) into (2.8), we obtain
equations of the form

{ 0=ay+O0(r—1) (2.26)

0=(r—Dv+(r— 1)21)2 +O0((r— 1)37
where

Qo = a0(80,81,82)7
v1 = v1(S0, M1, 0951, 0p51)
Vg = '02(80,81,m1,m2,3981,a¢31,5082,3<p82)-
The first equation in (2.26) implies that ag = 0. Solving «p = 0, we obtain

an expression of s, in terms of s; and sy, which we plug into vy. Here a new
simplification arises: it holds

vy = Ua(s0, $1, M1, ma) — 3v1.

Thus (2.26) implies that v; = 02 = 0. Solving 02 = 0 we find an expression
mo = ma(so, $1,M1),

which we plug into (2.25) to obtain an equation of the form
A (50,51, m1,0951,0,51,0gmy, 0pymy) = 0.

Using the equation A3 = 0 from (2.24), we are able to simplify the last expression
of A} into one which does not involve derivatives of my:

~

Ay(s0,51,m1,0951,0,51) = 0. (2.27)

Eventually we use the equation v; = 0 to express mj in terms of s, Jps1 and
0p51. Plugging that expression of m; into (2.27) leads us to a system of the
form

Ag(SQ, 8951, apsl) = 0

The above equation forces dps; = 0,51 = 0 and thus allows to conclude.
Complete proof: It holds

o = 3(r — 1)%*my +4(r — 1)3may + O((r — 1)*),

0?n = 6(r — L)my +12(r — 1)%mq + O((r — 1)?),

o = eg + (r —1)39gmy + (r — 1)*9pma + O((r — 1)°),

dpn = sinfe, + (r — 1)30,mq + (r — 1)*0,ma + O((r — 1)%),
Agen = —2e, + O((r — 1)%),
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and thus

An = 0?n + %&n + r—legzn
=92n+2(1+O0((r —1))9,n
+(1=2(r=1)+3(r—1)*+0((r —1)%) (—2e, + O((r — 1)*))
=6(r — V)my + 12(r — 1)*mg + 6(r — 1)%*my
—2e, +4(r —1)e, — 6(r — 1)%e, + O((r — 1)*)
= —2e, + (r — 1) [6my + de,] + (r — 1)? [12my + 6m; — Ge,]
+O0((r —1)%).

Hence we compute

sAn = —2spe, + (r — 1) [6sgmy + 4sper — 251€;]
+ (r — 1)? [1250my + 659my — 6sgey + 651m + 4s1€, — 250€;]
+O0((r—1)%).

Next we want to compute

1 1
(Vs-V)n = 0,s0,n+ T—Zagsa@n + m&ps&pn.

We calculate each term:

Ors0rm = (s1+2(r — 1)sa + O((r — 1)%)) (3(r — 1)*my + O((r — 1)?))
=3s1(r —1)*m1 + O((r — 1)),

%8955‘971 = 7“% ((r — 1)0ps1 + (r — 1)23952 +O((r — 1)3))
x (eg +O((r — 1)%))
=(1-2(r—1)+0(r—-1))
x ((r—1)0ps1eg + (r — 1)*9gsaeg + O((r — 1)*))
= (r—1)0ps1ep
+ (r —1)? [0ps2eg — 20gs1€q] + O((r — 1)?),

1 o 811051
———5—0,50,n = (r —1) 0

r2sin? 0
+0((r—1)%).

2 84/,82 84,31

: r—e
sinf 7 sinf ?

e, +(r—1)
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Thus it holds:

sAn+2(Vs-V)n = —2sper
+(r—1) [GSoml + 4spe, — 2s1€p

8 S1
20 ppad }
+ 20ps1€9 + Sineel’a
+ (r—1)? {12507712 + 6sgmy — 6sper

+ 12s1mq + 4s1ep — 2s9e, + 20y s2€eq
15) S92 0, S1
4 00052, 4% }
Ops1eg + e, Sine%

sin 6
+O((r—1)3).

Our next step is to compute the symmetric matrix
M =0 0 ! 0 0 : 0 0
= Orn ® T + ’[’72 (X ® (N —+ m g,n ® g,n.

We compute each term:

o @ Opn = 9(r — 1)*my @ my + O((r — 1)°),
1
—509m © Ogn = (1—2(r=1)+3(r—1)> —4(r —1)> +5(r — 1)*)

x (eg ®eg +2(r — 1)°9gmy © eg + 2(r — 1)*0gms © ey)
+O((r—1)°)

—ep®@eyp—2(r—1)eg@eg+3(r —1)%ep @ ey
+ (r — 1)® [~4ey @ eg + 20pm; © eq]
+(r— 1)4 [Dep @ eg — 40pm1 © ey + 20pma © €y)
+O((r—1)°),

1

2
m&ﬁn@@@n:e@@egp72(r71)e¢®e¢+3(r71) e, e,

2
+ (T — 1)3 |:—4ew ® eg@ + Sineagoml ®© e(p:|
4
4
+ (T — 1) |:5e¢ X ew — mawml [O) eso

2
* e @
+O0((r —1)%).

Hence we have

M=My+ (r—1)M; +-+ (r—1)*My +O((r — 1)%),
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where

My=eyReg+e,e,=1—e Qe
My =-2(I —e, ®e;),
My =3(1 —e, ®e;p),

2
Ms = 74(Ifer®er)+23gm1 @ngr 8 M1 © €,
4
My=9m1 @m1 +5( — e, @ep) —40gm1 © eg — g 8m1®e¢

2
+289m2®e9+ (9 T2 © €.

Using the fact that |Vn|? = tr M, we obtain in particular
|Vn? =2 —4(r — 1) 4+ 6(r — 1)°

2
+(r—1)3[—8+289m1 ee—i— Oml ecp}

4
+(r—1)* [9|m1|2+10 40gmy - eg — 6 mi - e,
sin 0

2
SR

+ 209mo - €g +
+0((r—1)%),
and
|Vn|?n = 2e, —4(r — 1)e, +6(r — 1)%e,
2
+(r—1)3 [(78 + 2041 - e + ——pmi - e )er + le}
4 2 4
+(r—1) [{9|m1| 4+ 10 — 40gmy - €9 — Ta mi - e,
2
+ 209ms - €g —|— 8 o2 - ew}er dmq + 2m2}
+O0((r - 1)°),
s|Vn|*n = 2sper + (r — 1) [251 — 480} e+ (r—1)? [650 — 451 + 282]153,r
+0((r— 1)),
IVn*’n@n =2e, @e, —4(r — e, @ e, +6(r — 1)%e, @ e,
2
+(r— 1)3 [(78 + 20pmy - €9 + m@,ml cey)er ® ey
+4m; © er]

+(r—1)* [{9|ml|2 +10 — 49pmy - g — —— Dy - €,

4
sin 6
2
+ 2897712 - €p =+ maLng . ew}er (24 €y
—8my ®epr+4my ® er]
+0((r—1)%),



2.5. IN A SPHERICAL DROPLET WITH RADIAL ANCHORING 47

|Vn2(I —n®n)
=2l —e,®e,) —4(r—1)I —e,@e;)
+6(r—1)*(I —e@e;p)
2
F(r— 1) [( 8+ 200m1 - €9+ = 0,m1 - e,)(I — e D)
—4m1 @er}

+(r—1)* {{9|ml|2 + 10 — 40¢m - ey — O,m1 - e,

4
sin
4 20gms - e9+ 2 8 My - ew}(l—er®er)
+8m; Oep —4ma © er]
+O((r —1)%).
Eventually, we have:

sAn +2(Vs - V)n + s|Vn|?n

B
—(r—1) [650m1 + 20ps1€0 + Qﬁ%}

+(r— 1)2 [1250m2 + 6sgm1 + 12s1m1 + 20y s2ey

— 40ps1€9 + 2?;15; e, — 4?;13; ew}
+0((r - 1)%),
and
—|Vn|*(I —n®@n)=(r—1)2A3+ (r—1)*As + O((r — 1)%),
where

4
Az = 40ymq ®e9+ 8 o1 © e,

2
[289m1 eg —|— 8 oM - e@} (I—e®ep)
+4my © ey,

8
Ay =18m1 @ mq — 89ymi © eyg — ——D,m © ey,

sinf *?
4
+ 409mo 660+ 8 o2 © e,
4
— [9|m1| — 40gmy - eg — m@,ml -e,

2
4+ 20pms - €y —|— 6 mQQeV,} (I—e ®ep)
—8m1 ®ep+4msy © ey

4
= —2A35+ 18m1 @ my +489m2®e9+ 8 o2 © e, +4ma © e

2
[9|m1| + 20gmsy - e9+ 8 mQQeW](I—er®er).
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Moreover, denoting by
P(s) = % (25010(25% /3,25 /9) + s*D2p(25% /3,257 /9))
the nonlinear term of order 0 arising in the first equation of (2.8), we have
As — 35|Vn|? — (s) = 28y + 251 — 659 + ¢(s9) + O(r — 1).

We conclude that the following equalities hold:

1
So = —81 + 3509 + §w<80), (2.28)

Qasl
=0 2.29
sinf ¥ ’ ( )

12s9gmo+6sgmy + 12s1mq

439951(3 Ly (2.30)

0ypS
+ 20gs9€9 — 40gs1€9 + 2 W 9 €, sng S =

4
489m1®e9+ 8m1®e¢+4m1®e,7
9 (2.31)
{2837711 ey + 0 my - e@} (I —e®ep),
n

18m1 ® my +489m2®e9+ 8 o2 @ e, +4ma © e;
(2.32)

[9|m1| + 20pms - €y + 8 My © ew} (I —er®eyp).

Equation (2.28) comes from the first equation in (2.8), equations (2.29) and
(2.30) come from the second equation in (2.8), and equations (2.31) and (2.32)
come from the extra equation (2.9).

Since (sp) is a constant, (2.28) implies that

0psa = —0ps1, Ops2 = —0,51,

so that (2.30) becomes

12sgmo 4+ 6sgmq + 12s1mq1 = <P €,
sin @

that is, using (2.29),
12507’)’12 + 24507711 + 1281m1 =0

from which we deduce an expression of mo in terms of sg, s1 and mq:

2
mo = —78084— 51 ma. (233)
0
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Thus we compute, using also (2.31),

4
4897712 ® €y —+ ﬂ&pmg [O) etp

2
— _M (489m1 ® ey +

——0,

4
né

1 1
- ((%slml ®ep + Snd 6 pS1m1 © eg;)

S0
250 + s1 2
= T [26977”&1 -ep + ﬁdaml : es(,] (I —er® er)
2
+ 4807—"_517711 ® er
S0

1 1
N <5‘9$1m1 ©ep+ 0 8 s1m1 © eg,)

50
2
= [209m - e + @&pmg ey (I — e ®ey)
1 1
+ E[%Slml ey + 7 8 os1my ey | (I — e ® e;)
—4ms ® ep

1 1
- — (aeslml ®ey+ 0 pS1M1 © eg,)
So sin @

We plug this last computation into (2.32), which gives:

18m1 ® mq — 9|m1|2(l —er® er) =
1

0 ©ep+ L 3 ©
% pS11M1 ) €g <ind S1m1 © ey (2.34)

1 1
,%[agslml ep + pr 5‘ simy - e@](IfeI.@er).

The identity (2.34) is an equality of symmetric (traceless) matrices, so it amounts
to 5 scalar equalities. Actually only two of them are interesting (see Remark 2.8).
In the sequel we are going to make use of (2.34) applied — as an equality of bi-
linear forms — to (eg,eg) and (eq, e, ), which gives the two following equations:

1 1

2 2
18(my - eg)” — 9mq|* = %c%slml cep — m@ﬁﬂm e,
; ) (2.35)
18(m1 . eg)(ml . e@) = g@@Slml e@ + manglml - €p

Eventually we make use of (2.29) to transform (2.34) into equations involving
only the derivatives of s;.

Equation (2.29) may indeed be rewritten as

1
my = ———0ps1€g — ————0,51€,.
350 3sgsin® 77
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Hence we have the following identities:

mp - e fia s my-e, = L
1750 g, 1% 3spsinf 7Y
1 51)?
2 @1
=— (0
frma 9s2 <( bs1)”+ in% 6 >
which we plug into (2.34) to obtain:
2 1 (0,581)2 1 1
) 2 - o, 2_"_4,07 ———_() 2+ -~ () 2
5(2)( bs1) s3 (( bs1) sin” 0 63(2)( bs1) 652 sin29( o51)
2
b ) =—— (0, 0
s%sinf)( 051)(0p51) 38(2)SiH0( 051)(0p51)
ie.
2 1 2
(0ps1)" — —57(0p51)" =0
sin“ 6
1
m(@g&)(&p&) =0
Clearly, the last equations imply that
3981 = 89031 = 0,
which proves Step 3. 0

2.6 Conclusions and perspectives

2.6.1 Conclusions

We have studied nematic equilibrium configurations under the constraint of
uniaxial symmetry. The results we have obtained show that the constraint of
uniaxial symmetry is very restrictive and should in general not be satisfied by
equilibrium configurations, except in the presence of other strong symmetries.

We have shown that, for a nematic equilibrium configuration presenting
translational invariance in one direction, there are only two options: either it
does not have any regions with uniaxial symmetry, or it has uniform director
field. In particular, when the boundary conditions prevent the director field
from being uniform, as it is the case in hybrid cells or in capillaries with radial
anchoring, then at equilibrium uniaxial order is destroyed spontaneously within
the whole system. In other words, for translationally invariant configurations,
biaxial escape has to occur.

Biaxiality had in fact been predicted in such geometries [130, 109, 26], but
it was supposed to stay confined to small regions, and to occur only in some
parameter range. Here we have provided a rigorous proof that biaxiality must
occur everywhere, and for any values of the parameter: the configurations inter-
preted as uniaxial just correspond to a small degree of biaxiality. Our proof does
not rely on free energy minimization, but only on the equilibrium equations —
in particular it affects all metastable configurations. It is also remarkable that
our results do not depend on the form of the bulk energy density, whereas all
the previously cited workers used a four-terms approximation.
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For general three-dimensional configurations we have not obtained a com-
plete description of uniaxial equilibrium configurations, but we have studied the
model case of the hedgehog defect, and obtained a strong symmetry result: a
uniaxial equilibrium must be spherically symmetric. We believe in fact that, in
general, the only non trivial uniaxial solutions of the equilibrium equation are
spherically symmetric.

2.6.2 Perspectives

Many interesting problems concerning uniaxial equilibrium and biaxial es-
cape remain open. We mention here three directions of further research.

The first one is the complete description of three-dimensional uniaxial so-
lutions of (2.4). Techniques similar to the proof of Theorem 2.12 should allow
to prove that, in a smooth bounded domain with normal anchoring, uniaxial
solutions exist only if the domain has spherical symmetry. Such a result would
constitute a first step towards the conjectured fact that the only non trivial
uniaxial solution of (2.4) — whatever the form of the domain and the boundary
conditions — are spherically symmetric. For more general boundary conditions
however, other techniques would likely be needed.

Another open problem is to consider more general (and more physically rel-
evant) elastic terms (see Remark 2.2). The equation (2.9) corresponding to
equilibrium with respect to symmetry-breaking perturbations is more compli-
cated in that case (in particular it is of second order).

A third problem, which is of even greater physical relevance, is to investigate
“approximately uniaxial” equilibrium configurations. Hopefully, equation extra
could play an interesting role in such a study.
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3.1 Introduction

Nematic liquid crystals are composed of rigid rod-like molecules which tend
to align in a preferred direction. As a result of this orientational order, nematics
present electromagnetic properties similar to those of crystals. A striking feature
of nematics is the appearance of particular optical textures called defects. From
the mathematical point of view, the study of these defects is carried out using a
tensorial order parameter @ (introduced by P.G. de Gennes [45]). The Q-tensor
takes values in the five-dimensional space

S: {QERgxgi Qij :jSv tI‘Q:O}, (31)

of symmetric traceless 3 x 3 matrices. As a symmetric matrix, a QQ-tensor has an
orthonormal frame of eigenvectors: the eigendirections are the locally preferred
mean directions of alignment of the molecules, and the eigenvalues measure the
degrees of alignment along those directions. In this context, uniazial states are
described by Q-tensors with two equal eigenvalues, and biazial states correspond
to Q-tensors with three distinct eigenvalues.

593
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The configuration of a nematic material contained in a domain Q C R? is
given by a map Q: 2 — S. At equilibrium, @ should minimize the Landau-de
Gennes free energy given by

@ = [ (5170 +1r(@) de (32

Here L is an elastic constant and fr(Q) is the bulk free energy density, usually
considered to be of the form

T-T,)

i@ = T g P + Sl (3.3)

Above «a, b and ¢ are material-dependent positive constants, T' is the absolute
temperature and T, a critical temperature. For T' < T}, the bulk free energy
density fr(Q) attains its minimum exactly on the vacuum manifold Np C S
composed of uniaxial Q-tensors with a certain fixed norm:

NT:{QGSIQ:8*<n®n—;I>,neSQ},

b+ /0 —24a(T - T,)c
N 4c '

(3.4)

S« = 84(T)

Above, the notation n ® n denotes the matrix (n;n;). Note that Ny is diffeo-
morphic to the projective plane RP2. In this work we consider minimizers of
Fr(Q) subject to Dirichlet boundary conditions Qp7: 9Q — Np minimizing
the potential f7(Q):

Qb,1(2) = 5. (nb(x) ® np(z) — ;)I) , np: 00 — S2 (3.5)

In the London limit L — 0, a minimizing Q-tensor must be close to an Np-
valued harmonic map @, that is a minimizer of the Dirichlet energy among
maps with values in the manifold Nr. This is analogous to the case of the sim-
plified Ginzburg-Landau energy with prescribed topologically nontrivial bound-
ary conditions studied in [25]; in this setting it is proved that minimizers of the
corresponding energy converge to harmonic maps with values in S*, which are
then forced to have singularities, known in that context as vortices.

The singularities of the director field n, associated to the limit of minimizers
of Fr(Q) correspond to the optical defects observed in experiments. In the core
of a defect, two possible behaviors are considered in the physics literature. The
notion of isotropic melting refers to a Q-tensor vanishing in the core of the defect.
This is comparable to the behaviour observed in the core of Ginzburg-Landau
vortices, and can be achieved by remaining in a uniaxial state. Alternatively,
Q-tensors may take advantage of the additional degrees of freedom offered by
biaxiality: instead of vanishing in the core of the defect, the Q-tensor order
parameter may become strongly biaxial. This last behaviour is referred to as
biaxial escape [130].

Biaxial escape has been first proposed as a way to avoid singularities of
the director field by Lyuksyutov [92]. The corresponding mechanism has been
studied further by Penzenstadler and Trebin [111], followed by a number of nu-
merical studies of this phenomenon (see for instance [130, 101]). They conclude
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that biaxial escape is energetically favorable when the bulk free energy (3.3)
degenerates to a Ginzburg-Landau-like potential, which occurs for instance at
low temperature.

Our main result states that, at low temperatures, isotropic melting is indeed
avoided: the minimizing configurations do not vanish.

Theorem 3.1. Let Q C R3 be a smooth bounded simply connected domain. Let
ny: 00 — S? be a smooth director field and Qv O — Np the associated
boundary datum (3.5). Let Qr be a solution of the variational problem

min { Fr(Q): Q € H'(2:8), Q = Qur on 00},

where Fr is the Landau-de Gennes free energy (3.2). Then, there exists Ty =
To(Q, L,a, b, ¢) € R such that if T < Ty,

lgf ‘QT| > Oa

i.e. Qr does not vanish in ).

To prove Theorem 3.1, we use the fact that any zero zp of Q7 must converge,
as T — —o0, to a point zg € ; this follows from the analysis in [95]. After
this, we take advantage of the degeneracy of the bulk potential to a Ginzburg-
Landau potential in the low temperature limit. The Ginzburg-Landau potential
being minimized by S*-valued maps, we are able to relate Q7 to an S*-valued
harmonic map. This is done through a blow-up analysis of Q7 at x7 which in
turn leads to a local minimization problem in R? for a limiting map Q. Next,
thanks to the study in [97] based on the work of Lin and Wang [86], a blow-
down analysis of the limiting map using the minimality of () yields strong
convergence to a harmonic map with values in S*. The conclusion follows with
the help of a regularity result for minimizing harmonic maps by Schoen and
Uhlenbeck [123].

Next we explain how Theorem 3.1 is related to the phenomenon of biaxial
escape. Of course, Theorem 3.1 is only interesting if the boundary condition
ny is topologically non-trivial. In that case, a recent remark of Canevari [33,
Lemma 3.10] shows that the only way for Q1 to avoid isotropic melting is to
be strongly biaxial. To give a precise meaning to this statement, we recall the
definition of the biaxiality parameter for a Q-tensor,

(tr(@%))?
s’
introduced in [75]. It holds that 0 < 5(Q) < 1, and @ is uniaxial for 5 = 0,

biaxial for 8§ > 0 and is said to be maximally biazial for § = 1. Canevari’s
lemma implies the following corollary to our main result:

BQ)=1-6 (3.6)

Corollary 3.2. If the boundary datum ny,: 02 — S? is topologically non-trivial,
then for low enough temperatures T < Ty, any minimizing configuration Qr
must be strongly biaxial:

B(Qr(x0)) =1

for some xg € €.
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In fact, in [33] Canevari uses the aforementioned lemma to prove a theorem
similar to Corollary 3.2, in the case of a two-dimensional domain. Our result is
a three-dimensional analog of [33, Theorem 1.1], and could probably be adapted
to provide a simpler proof of [33, Theorem 1.1].

Corollary 3.2 generalizes a recent result by Henao, Majumdar and Pisante
[94]. In [94], the authors show that for low enough temperature, minimizers
can not be purely uniaxial (that is, can not satisfy 8 = 0 everywhere). Note
that such a result does not exclude the existence of approximately uniaxial
minimizers, while Corollary 3.2 does. Moreover the results of the second author
in [83] indicate that the uniaxiality constraint is very rigid: non-existence of
purely uniaxial solutions may not be specific to low temperature or energy
minimization. In contrast, Corollary 3.2 is really specific to the low temperature
limit.

The article is organized as follows. In Section 3.2 we reformulate the problem
and recall some basic convergence properties of minimizers of Frr. In Section 3.3
we study the blown-up problem, obtain a limiting map and derive its minimal
character. In Section 3.4 we conclude the proof of Theorem 3.1 with the aid of
a blow-down analysis. Finally, in Section 3.5 we prove Corollary 3.2 and make
some final remarks.
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3.2 Properties of minimizing ()-tensors

3.2.1 Rescaling

Introducing the reduced temperature ¢t and rescaled maps @:

 —a(T—TJ)e ~ 1\/§
te= p o 9=@

we see that, for some constant K = K(«,b,¢,T) which plays no role in the
sequel,

52b2

Fr(Q) = oy

/ (é’IV@lQ + 201 - 12+ 20 h@)) dr + K,

where L = 3¢L/b?,

V24t +1+1 t
t—4oo \ 6’

M=
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and
MQ) = ¢~ 22w(@) + 5101 (38)

It holds that hA(Q) > 0 for every @ € S, and the potential h vanishes exactly at

Nz{\/g(n®n—;l>:n682}. (3.9)

The limit T'— —oo corresponds to t — 4+o00. Therefore we may reformulate
the problem: show that minimizers @Q; of the energy functional

F@- [ <§IVQI2 + 2000 - 12+ 20 h(Q)) o (3.10)

subject to the boundary condition

Qi =Qp = \/§<nb®nb—;1) on 012, (3.11)

do not vanish for large enough t.
We prove Theorem 3.1 by contradiction: we assume the existence of se-
quences t; — 4oo and (x;) C Q such that @, minimizes (3.10)-(3.11) and

Q¢,;(x;) = 0. Note that any minimizer of F, is smooth thanks to standard ellip-
tic estimates (see e.g. [95, Proposition 13]), so that evaluation at x; makes sense.
Up to extracting a subsequence, we may assume in addition that z; — z, € Q.

In the sequel we study the behaviour of the sequence (Q;,) and obtain a
contradiction. To simplify the notations, we drop the subscript j: we write (Q;)
and (z;) and it is always implied that a subsequence is considered.

3.2.2 Convergence

Since the set H (2;S?) = {n € H'(S?): njgo = np} is not empty, we

ny
may use an N-valued comparison map and obtain the bound

F(Q) = /Q (’;IVQtF + 0@ =174 2) h(@)) de<C. (3.12)

In particular, we see that the sequence (Q;) is bounded in H'(Q;S). Up to
extracting a subsequence, we may therefore assume that @; converges weakly
to a limiting map Q. € H*(Q;S). Moreover, since the bound (3.12) implies

JRCIEORES c\/f,

we deduce that h(Q,) = 0 a.e., so that Q, is N-valued. From this point on, we
can proceed exactly as in [95, Lemma 3]. We conclude that Q; converges to Q.
strongly in H', and that

3 1
x — = * *_71 9
@ \E(" won 3)
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where n, € H'(Q;S?) is a minimizing harmonic map. In particular, @, is
smooth in ©\ X, where ¥ C Q is a finite set of interior point singularities
[121, 122].

As in the Ginzburg-Landau case [23], the convergence of Q; towards @, can
be improved away from the singularities . The arguments in [23] have been
adapted to the liquid crystal case in [95]. The asymptotic regime L — 0 in
[95] corresponds to the limit ¢ — +oo in the present work. The arguments in
[95, Proposition 4] and [95, Proposition 6] are straightforward to adapt, and we
obtain the convergence

1 2 2, Al . —

§(|Qt| - 1)+ - h(Q:) — 0, locally uniformly in Q\ X.
Since we have in addition, thanks to the maximum principle, |Q:| < 1 (cf e.g.
[95, Proposition 3] ), we deduce — using also (3.7) — that

|Q¢| — 1 locally uniformly in Q\ ¥. (3.13)

Recall that by assumption, Q(x;) = 0 for a sequence z; — x. € Q. The
uniform convergence (3.13) away from ¥ implies that z, € ¥. In particular z,
lies well inside €2. Our next step will consist in “blowing up” around x;.

3.3 Blowing up

We fix 6 > 0 such that B(xy,0) C € for all j. We consider the blown-up
maps

@t(iﬂ):Qt (mt+ji) 5 I'GB&\/E.

The map @, minimizes the energy functional

L ., 1 At)
<2VQ + 5 (e —1)2> S L

(3.14)

Ey(Q; Bs7) = /

Bsya

with respect to its own boundary conditions. Fix any R > 0. For large enough
t, Q, is defined in Bpr and solves the Euler-Lagrange equation

()

EA@t = 2('@75‘2 - 1)@t + TVh(@t)-

The uniform bound |@,| < 1 and standard elliptic estimates thus imply
|V@t| S CR in BR,

where Cp is a constant that may depend on R but not on t. Therefore, up to ex-
tracting a subsequence, we may assume that @, converges locally uniformly, and
weakly in H , to a map Qs € H{ (R S). Moreover, since the convergence
is locally uniform, @) is continuous and satisfies

Qoo (0) = 0. (3.15)

We claim that Q) locally minimizes a Ginzburg-Landau energy; this is a
very important simplification.
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Lemma 3.3. For all R > 0, the limiting profile Qo minimizes the energy
functional

E(Q; Br) :/

Br

<§|VQ|2 + (e - 1>2> dz, (3.16)

with respect to its own boundary condition.
Proof. Let P € H}(Bpg;S). Since @, is minimizing, it holds
0< Et(@t + P; Br) — Et(@t;BR)

~ _ L
=L VQt~VP+—/ |V P|?
Br

Br 2
T ARG (e
+ @ /BR [h(Q; + P) — h(Q,)] d.

Using the weak H'! convergence of @), (which implies also strong LS conver-
gence), we obtain in the limit ¢ — 400

. L
0<L VQOO-Vde+—/ VP

1 1
3 [ 0w+ PR3 [ (@ul 17
Br

2 /B,
= E(Qwx + P; Br) — E(Qw; Br).
Therefore Qoo minimizes (3.16), as claimed. O

Moreover, proceeding exactly as in the proof of [94, Theorem 1.(v)|, we
obtain the energy bound

E(Qo; Br) < CR. (3.17)

The bound (3.17) follows from two main ingredients: an energy monotonicity
inequality for minimizers of (3.14) [95, Lemma 2|, and an energy bound for S*-
valued minimizing harmonic maps near their singularities (following from the
energy monotonicity for minimizing harmonic maps, see e.g. [87, Lemma 2.2.5]).

3.4 Blowing down

Our last step consists in “blowing down” ()., around the origin, and even-
tually reaching a contradiction with (3.15). Let B; be the unit ball in R?. We
consider the blown-down maps

Q3<x) = Qoo(Rx), r € By.
Note that (3.15) implies that
Q,(0)=0, VR>0. (3.18)

By definition, @, € HY(By) for all R > 0. We have:
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Lemma 3.4. Up to a subsequence,
Q,—Q inH'(By;S),

for some S*-valued harmonic map Q. Moreover, |QR| stays bounded away from
zero uniformly in Bi.

Proof. Since Qo minimizes (3.16), the map @  minimizes the energy functional

Gr@- [ <§|VQ|2 + QP - 1>2> d. (319)

Moreover, the energy bound (3.17) implies the bound
Gr(Qp) <C, (3:20)

so that we may extract a subsequence R — +oco (indices are implicit), such that

Q,, — Q weakly in H'(By;S). (3.21)

The energy bound (3.20) also implies that @ is S*-valued. Now, thanks to
Lemma 3.3, we can appeal to Proposition 4.2 in [97] to conclude that the con-
vergence of @, to @ can be improved to strong convergence in H L In [97],
the proof relies on [86, Theorem C] in the case of R3-valued maps converging
to S%-valued maps. However, [86, Theorem C] is valid in greater generality and
applies to our case. Moreover, the analysis in [97] does not make use of the
dimension of the target space other than to provide an explicit constant in their
computations.

Next, the minimizing character of @ follows from Step 1 in [97, Corollary
4.1], which also applies to our case without modifications. From this we conclude
that @Q is an S*-valued minimizing harmonic map. As a consequence, Schoen
and Uhlenbeck’s regularity result [123, Theorem 2.7] ensures that @ is smooth
in Bl. o

Since the proof of [97, Proposition 4.2] also shows that the convergence of
Q R towards (@ is actually uniform away from the singularities of @, we obtain
in particular that

|Q,l — 1 uniformly in B, (3.22)
which is the desired conclusion. O

We note that (3.22) contradicts (3.18) and thus the proof of Theorem 3.1 is
complete. ]

3.5 Proof of Corollary 3.2

In [33], Canevari makes the crucial observation that if Q is almost uniazial,
ie.

max 3(Q) < 1,
Q

then the Q-tensor must vanish. More precisely, in our case the following result
holds.
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Lemma 3.5. [33, Lemma 3.10] Let Q € C'(; S) with uniazial boundary con-
dition of the form (3.5). If ny: 02 — S? is topologically non trivial, and Q is
almost uniazial, then

min |Q| = 0.
Q

In [33] the proof is carried out in the two-dimensional case but a careful
reading shows that the argument still holds in the three-dimensional setting,
the result depending only on topological considerations in the target space S.
Indeed, the crucial observation leading to [33, Lemma 3.10] is the fact that, for
any C' > 1 and 1 > 6 > 0, the set

(QeS:6<|QI<C, BQ <1-6}CS

is topologically equivalent to A ~ RP?.

As a consequence of Theorem 3.1 we see that, in light of Lemma 3.5, Qr
must be maximally biaxial at some point for sufficiently low temperature. The
proof of Corollary 3.2 is complete. O

We finish with a few remarks. Theorem 3.1 implies the existence of a point
where maximal biaxiality is achieved, however it does not provide a charac-
terization of the location of this (or these) point(s) in terms of the domain or
the boundary datum. Also the number of these points of biaxial escape cannot
be deduced from the topological conclusion in [33, Lemma 3.10]. To finish, a
more detailed description of the defect core is also an interesting matter worthy
of pursuit. In this last direction, we mention the stability study of the radial
hedgehog defect performed in [72].
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4.1 Introduction

Liquid crystals are well-known for their many applications in optical devices.
The rod-like molecules in a nematic liquid crystal tend to align in a common
direction: the resulting orientational order produces an anisotropic fluid with
remarkable optical features. This anisotropy also makes it highly interesting to
use nematic liquid crystals in colloidal suspensions. Immersion of colloid parti-
cles into a nematic system disturbs the orientational order and creates topolog-
ical defects, which enforce fascinating self-assembly phenomena [113, 104], with
many potential applications [125, 112]. This sensitivity to inclusion of small
foreign bodies also has promising biomedical applications [141]: for instance,
new biological sensors could detect very quickly the presence of microbes, based
on the induced change in nematic order [129, 66, 71].

In the present paper we investigate the structure of the nematic order around
one spherical particle, with homeotropic (i.e. normal) anchoring at the particle
surface, and uniform alignment far away from it. The homeotropic anchoring
creates a topological charge. This charge has to be balanced in order to match
the uniform alignment at infinity, which is topologically trivial. Therefore one
expects to observe singularities.

This particular problem is a crucial step in understanding more complex
situations, and it has received a lot of attention in the past two decades [136, 80,

63



64 CHAPITRE 4. PARTICULE COLLOIDALE

91, 131, 115]. These works rely on heuristically supported approximations, and
numerical computations. They point out two possible types of configurations,
with « dipolar » or « quadrupolar » symmetry (related to their far-field behavior
[132, § 4.1]). In a dipolar configuration the topological charge created by the
particle is balanced by a point defect, while in a quadrupolar configuration it is
balanced by a « Saturn ring » defect around the particle.

The aforementioned works use either Oseen-Frank theory [136, 80, 91, 131]
or Landau-de Gennes theory [115] to describe nematic alignment. In Oseen-
Frank theory, the order parameter is a director field n(z) € S?, which minimizes
an elastic energy. One drawback of that model is that line defects have infinite
energy. In particular, the energy of a quadrupolar configuration with Saturn
ring defect has to be renormalized. Moreover, Oseen-Frank theory only accounts
for uniaxial nematic states: it assumes local axial symmetry of the alignment
around the average director. On the other hand Landau-de Gennes theory
involves a tensorial order parameter that can also describe biaxial states, in
which the local axial symmetry is broken. This is the model that we will be
using here.

The order parameter in Landau-de Gennes theory is the so-called Q-tensor,
which belongs to the space

So:={Q € M3(R): Qi; = Qji, tr(Q) =0}, (4.1)

of symmetric traceless 3 x 3 matrices. The eigenvectors of ) represent the
average directions of alignment of the molecules, and the associated eigenvalues
measure the degree of alignment along these directions. Uniaxial states are
described by @Q-tensors with two equal eigenvalues, which can be put in the
form

1
st(n@n—31>7 seR, neS

Biaxial states correspond to the generic case of a QQ-tensor with three distinct
eigenvalues.

The configuration of a nematic material contained in a domain Q C R? is
described by a map @Q: Q — Sp. At equilibrium it should minimize the free
energy functional

7@ = [ [51ver + @) o+ 7@ (12

Here F,(Q) is a surface energy term which depends on the type of anchoring
(see (4.6) below), and the bulk potential f(Q) > 0 is given by

F@Q =2 (@) - L

5 5 (@) + ] (@) + o, (4.3)

for some material-dependent constants a > 0, b,¢ > 0. The constant Cj is
chosen to ensure that min f = 0. The set of ) € Sy minimizing the potential
(4.3) obviously plays a crucial role. It consists exactly of those Q-tensors which
are uniaxial, with fixed eigenvalues:

U*:z{fzo}:{s*(néén—;l):n682}7 (4.4)
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where s, = (b + Vb? + 24ac)/4c > 0.
We are interested here in the nematic configuration around a spherical par-
ticle:

Q=9Q,, =R*\B,,
where ry > 0 is the particle radius. We impose uniform U,-valued conditions at
infinity
. 1
‘ 1‘1m Q(x) = Quo == s (ez ®e, — 3I> , e, =(0,0,1). (4.5)
xT|—00

At the particle surface, weak radial anchoring is enforced through the surface
term Fs in the free energy functional (4.2). This surface contribution is given
by

W
F@=% [ 1Q.-QfF dA (1.6
9B,
where W > 0 is the anchoring strength, and Q) is the U,-valued radial map
Q Sep— g I (4.7)
s =Sk |lep®e.— =1, er = —. .

Denoting by v the exterior normal to €2,,, the corresponding boundary condi-
tions are

L oQ

W ov
We also include in this description the case of strong anchoring, corresponding
to W = +o00 and Dirichlet boundary conditions

Q=Q, for|z|=ro. (4.9)

In every case, the Euler-Lagrange equations

=Qs —Q for [z] =ro. (4.8)

LAQ =Vf(Q) = —aQ — b (Q2 — % |Q|21> +elQl*Q, (4.10)

are satisfied in D'(Q,.,; Sp) by any equilibrium configuration.

The existence of minimizers of the free energy functional (4.2) with the
uniform far-field condition (4.5) can be obtained if we replace the pointwise
condition (4.5) with the integrability condition

2
/ de < 0. (4.11)
Q

o |2l

The Euler-Lagrange equations (4.10) can then be used to see that the strong
condition (4.5) is in fact also satisfied. After establishing this existence result
in Section 4.2, we turn to studying the two asymptotics regimes of « small » or
« large » colloid particle.

According to the numerical computations in [131, 115], small particles favor
quadrupolar configurations with a defect ring, while large particles favor dipolar



66 CHAPITRE 4. PARTICULE COLLOIDALE

configurations with a point defect. In the present paper we obtain rigorous
justifications of these observations. In the small particle regime we also provide
exact information on the radius of the defect ring, for which the values computed
in {136, 80, 91, 131, 115] did not agree.

More precisely, whether the particle is small or large depends on the ratio
r3/L. In addition we have to pay attention to the ratio 7oW/L which affects
the anchoring at the particle surface. In Section 4.3 we investigate the small
particle regime, and prove:

Theorem 4.1. Consider (for any ro, W or L) a map Q, finite-energy solution
of (4.10)-(4.8)-(4.11). Let w € (0,+0o0] be the effective « limiting anchoring
strength ». Then, as

2
rg roW
(L7 L )—>(O7w)7

the rescaled maps x — Q(rox) converge to

w 1 1 w 1 1
o . a9 T 7‘_7‘[ *1_77 z 2_7] b)
3+wrs <e we 3)+s( 1+wr)<e we 3>

locally uniformly in Q.

QOZS*

While the proof of the convergence is quite standard, an interesting feature
of Theorem 4.1 is the explicit form of the limit: it provides a very precise
description of the quadrupolar configurations. The Saturn ring defect can be
interpreted as the locus of uniaxiality of the limiting map Q. This is consistent
with the « eigenvalue exchange » mechanism taking place in the biaxial core of
the line defect [115]. The ratio of the ring radius to the particle size is thus
found to be, for w > /3, the solution r > 1 of

3w "2 w
1+w 34+ w

r

For the strong anchoring w = oo, its value is r &~ 1.47. As the anchoring strength
decreases, the ring shrinks until it becomes a surface ring for w = /3. At very
weak anchoring w < /3 there is no defect ring anymore. This description
is consistent with [136, 80, 91, 131, 115], with the significant improvement of
providing exact values for the relevant quantities.

The large particle regime is more delicate to analyse. We restrict ourselves to
minimizers of the free energy, and to strong anchoring — that is, W = oo. For the
rescaled maps z + Q(roz), the regime r3/L > 1 corresponds to the vanishing
elastic constant limit studied in [95, 105|. There, the authors prove convergence
to a U,-valued map whose director is an S?-valued minimizing harmonic map. It
is well-known that such a map has a discrete set of singularities [123], and that
these defects carry topological degrees +1 [32]. Since the strong radial anchoring
imposes a degree +1 near the particle, while the uniform far-field condition
imposes a zero degree at infinity, there must be at least one defect of degree
—1. However the number of defects of a minimizing map does not necessarily
correspond to the minimal number of defects required by the topology [61].

There are very few cases in which the number of defects is actually known
to match the topological degree. This is true in a ball with radial Dirichlet
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boundary conditions, because then the energy of the radial map can be explicitly
computed and seen to coincide with a general lower bound [32], and this is true
also for geometries close enough to the radial one [62].

In our case we would like to show that there is exactly one defect, as predicted
by [91, 131, 115]. Since determining the exact number of defects is a very difficult
question in general, we restrict ourselves to axially symmetric configurations:
we impose invariance under any rotation of vertical axis, and that ey (horizontal
unit vector orthogonal to the radial direction) be everywhere an eigenvector of
the Q-tensor. This natural symmetry assumption seems to be supported by the
numerical pictures in [115].

In the limit we will therefore obtain an axially symmetric S?-valued harmonic
map. Such maps have been studied in [60, 64]. They are analytic away from a
discrete set of defects on the z-axis. For very particular symmetric boundary
data, it can be deduced from rearrangement inequalities that the number of
defects matches the topological degree [60, Theorem 5.1]. This result does not
apply to our case, but — using different arguments — we nevertheless manage to
show that there is exactly one defect, thus justifying the dipole configuration
predicted by [91, 131, 115]. More precisely, in Section 4.4 we prove:

Theorem 4.2. Let Q minimize the free energy (4.2) among azxially symmetric
maps satisfying the boundary conditions (4.9)-(4.11). Then, as r3/L goes to
+00, a subsequence of the rescaled maps x — Q(rox) converges to a map

Qu() = s«(n(z) @ n(z) — 1/3),
locally uniformly in Q1 \ {po}. Here n minimizes the Dirichlet energy in ),
among azially symmetric S?-valued maps satisfying the boundary conditions

(n1) + (n2)?

n =e. on 0B, and / 5 dr < oo,
Q1

|z
and n s analytic away from exactly one point defect pg.

The core of Theorem 4.2 is the fact that the minimizing harmonic map n
admits at most one defect. We achieve this by investigating the topology of
the sets {n3 > 0} and {n3 < 0} where n points « more upward » or « more
downward ». Using basic energy comparison arguments and the analyticity
of minimizers away from the z-axis, we show that these sets are connected.
Merging this with the observation that defects correspond to « jumps » between
upward- and downward-pointing n, we conclude that there cannot be more than
one defect.

The plan of the paper is as follows. In Section 4.2 we prove the existence of
minimizers and some basic properties. In Section 4.3 we investigate the small
particle regime and the quadrupolar « Saturn ring » configurations. In Sec-
tion 4.4 we study the large particle regime and the associated axially symmetric
harmonic map problem.

Acknowledgements: Part of this work was carried out while XL was visiting
McMaster University with a « Programme Avenir Lyon Saint-Etienne » doctoral
mobility scholarship. He thanks the Mathematics and Statistics Department of
McMaster University for their hospitality, and his doctoral advisor P. Mironescu
for his support and advice.
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Notations: We will use cylindrical coordinates (p, 0, z) defined by
r1 =pcosl, w9 =psinf, x3=z,

and the associated orthonormal frame (e, eg, ), where
ep, = (cosf,sinf,0), eg = (—sinb,cosb,0).

We will also use spherical coordinates (r, 6, ¢) with (r,¢) defined by

p=rsiny, z=1cosp.

4.2 Existence and first properties of minimizers

We start by remarking that, with @(z) = Q(rox), it holds

1 L ~ ~ w ~
Q= [ |55vaPr @) g [ j0.-GPaa
s Q, 1218 2ro Jan,

We may always work in this rescaled setting, and we assume from now on
that ro = 1: we consider the domain

91291:R3\§7

where B = Bj is the ball of radius 1. The size of the particle is then encoded
in the elastic constant L.

As mentioned in the introduction, an appropriate functional setting to es-
tablish the existence of minimizers is the affine Hilbert space

Hoo = Qoo +H,

QI (4.12)

H = {QEHlIOC(Q;SO): /Q|VQ|2+ — <oo}.

2
a |z

Note that the free energy functional (4.2) is not everywhere finite on the space
Hoo, since the potential term f(Q) > 0 may very well not be integrable in Q.
However, since f(Qo) = 0, we do know that

inf F < oo.
In fact, we show that the infimum is attained, and that the minimizer has a
limit at infinity:

Proposition 4.3. Let L > 0 and W € [0,+00]. Then there exists Q € Heo
such that
= inf F.
F(Q) ;_anf

Moreover, the far-field condition holds in the strong sense (4.5), and this is true
for any solution of the Euler-Lagrange equation (4.10) in Heo.

Remark 4.4. The case W = 400 has to be understood as the strong anchoring
case: it amounts to considering only maps @) € H., which satisfy the Dirichlet
boundary condition (4.9) in the sense of traces.
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Proof of Proposition 4.3: Existence follows from the direct method of the calcu-
lus of variations. Thanks to Hardy’s inequality, any minimizing sequence (Q,) is
bounded in H., and admits (up to taking a subsequence) a weak limit ¢ € Hoo.
We may also assume that the convergence @), — @ holds almost everywhere.
Convexity and Fatou’s lemma allow to conclude that F(Q) < liminf F(Q,) =
inf F.

The limit at infinity follows from estimates for solutions of the Euler-Lagrange
equation (4.10). From Lemma 4.5 below we know that @ € L>°(Q), and (4.10)
readily implies that AQ € L>°(§). Using standard elliptic estimates, we deduce
that VQ € L*°(Q), so that @ is uniformly continuous. Since on the other hand
Sobolev inequality implies that |Q — Q| belongs to L°(Q), we conclude that
|Q(z) — Qo] converges to zero as |z| goes to +oo. O

In the proof of Proposition 4.3 we used the following L°° bound for solutions
of (4.10), related to the growth of the potential f(Q).

Lemma 4.5. If Q € Ho solves (4.10), it holds
1@l L= () < 90,
for some qo > 0 that depends only on a, b and ¢ (but not on L and W ).
Proof. Let @ = Q — Qo, SO that @ € H solves
LAQ = Vf(Qw + Q) (4.13)

We may use as a test function in (4.13) any function ¥ € H with compact
support in €. Let us consider a test function

U =V(Q, forsomeV >0 with compact support in €.

Multiplying (4.13) by ¥ we find

~ -~ ~ 00
L/VQ.W}/VW<QOO+Q).Q+/ vg. 99, (4.14)
Q Q o v
Clearly there exists ¢y = go(a, b, ¢) > 0 such that
ViQw+Q)- Q>0 for|Q>d, and [Q— Qul < do-
Now let us take V' of the form
v=Up U=mnin((QF-@)M), 0<pecX@) (4.15)

Note that V' is non-negative and supported inside the set {|C~2| > Go}-

Thanks to the choice of ¢p, both terms in the right-hand side of (4.14) are
non-positive: for the first term this is clear, and the second term is zero in the
case of strong anchoring (4.9) and non-positive in the case of weak anchoring
(4.8) because |Q2 — Q - (Qs — Quo) > 0 for |Q| > Go. Thus we obtain

L/V@~V\If§0,
Q
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ie.
~ 1 o
/ ¢ <U|VQ|2 +3 |VU|2> < f/ UQ-vQ-Ve.
Q Q
Next we take ¢ = ¢ such that

1 for |z| <R, c
— N d v <=
or() {o for [of >2r, 4 IVeR@I= g

for some constant C' > 0 independent of R. We obtain
~ 1 ~ ~
[ on (VIVQE + 5 I9UT) < MCIV G2 |G

Since @ € H, the right hand side converges to zero as R goes to +oc and it
holds

/ <U|vc,§|2 41 |VU|2> =0
Q 2

Recalling the definition (4.15) of U, we conclude that |Q| < o a.e., and therefore
QL < o+ 541/2/3. H

Remark 4.6. It would be interesting to prove an explicit convergence rate for
the far-field behavior (4.5). The small particle limit (cf. Section 4.3) suggests
a bound of the form |Q(z) — Q| < C/ ||, for some C' = C(a,b,¢, L) > 0. An
indication that this bound could indeed be true is given by the estimate

st (Q(e).Us) < 1o
which holds for any solution () € H*° with finite potential energy fQ f(Q) < 0.
It can be proven using the ideas in [127] and estimates in [95]. More precisely,
consider the map Qr(z) = Q(Rz) for x € A := B3\ By. Then, as R — o0, Qg
converges towards Qo in H'(A) and R? [, f(Qg) converges to zero. Following
[95, § 4], this implies the estimate f(Qr) < C' R™2. Since on the other hand it
is not hard to see that dist(Q,U.)? < f(Q) for all Q € Sy, we deduce the bound
(4.16). Note that, as in [95, Proposition 7|, explicit bounds on |Q(x)| and the
eigenvalues \;(Q(z)) can be deduced from (4.16).

C =C(a,b,c,L) >0, (4.16)

4.3 Small particle: the Saturn ring

This section is dedicated to proving Theorem 4.1, and then studying the
limiting configuration )y, whose expression we recall here:

w 1 1 w 1 1
=s,—— e, s—=1 (1= —= ~ ., —=1]. (4.1
@o 3w (e we 3>+8( 1+wr)<e we 3) (4.17)

Proof of Theorem 4.1. Recall that we assume rg = 1, so that we are in fact
taking the limit (1/L, W/L) — (0,w). It is straightforward to check that the
map Qo (4.17) belongs to Hs and solves

AQO =0 in Q,

10 4.18)
—@:QS—QO on 0. (

w Ov
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In what follows we emphasize the dependence of Qo on the parameter w > 0 by
writing Qo = Qo - Consider the map Q := @ — Qo,w/r, which solves

AQ=7VF(Q) i
I 50 (4.19)
W@ig +Q=0 on 0N

Next we apply an analog of the interpolated estimate of [23, Lemma A.2| for
the oblique derivative problem (boundary conditions du/dv + au = 0) in Q: it
holds

Ival;~ <cllag] . @l (4.20)

This estimate can be proven exactly as in [23]: apply [23, Lemma A.1] which
does not need to be adapted, and then follow the proof of [23, Lemma A.2]
using elliptic LP estimates for the oblique derivative problem near 92 (see e.g.
[2, § 15] or [37]) instead of the homogeneous Dirichlet problem. The constant
C > 0 depends only on § > 0 such that w > §.

Since we can infer from Lemma 4.5 that |V f(Q)||,« < C (where C' > 0
depends only on a, b and ¢), the estimate (4.20) and the equation (4.19) imply
that

<
VL’

from which we deduce that for any compact K C €, it holds

VO, < (4.21)

diam(K)
\/z )

with the constant C' > 0 depending on a, b, ¢ and 6 > 0 such that w > §. On
the other hand it can be easily checked that, at any order k£ € N,

IRl sy < ©

|Qo.w/L — Qowl| o < cx 1/w—L/W,

so that Q — Qo = Q + Qo,w/L — Qo,w converges to zero locally uniformly in Q,
as (1/L,W/L) — (0,w). O

The main interest of Theorem 4.1 lies in the explicit expression for the limit
Qo. Next we investigate its most important features. We start by interpreting
the Saturn ring defect as a locus of uniaxiality. More precisely, let U,, be the
uniaxial locus of Qo = Qo (4.17) deprived from the z-axis (on which e, = *e,
and Qo is trivially uniaxial):

Uy :={z € 2\ Re,: Qo(x) is uniaxial} . (4.22)
Then we have:
Proposition 4.7. For w > V3 it holds

Up = {(21,22,0): 2% + 23 =13, }, (4.23)

w
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where 1y, 15 the unique solution r > 1 of

3 W, w
— — =0. 4.24
" 1+wr 34w ( )

The function w — 1y, increases from r 5 =1 to a finite value roc = 1.47, as w

increases from /3 to oo.
For w < \/3, U, is empty.

Proof. Using spherical coordinates (r, 6, ¢), the map Qg is of the form
Qo=a(r)(e,®@e. —1/3)+ B(r)(e. ®e, —1/3), (r>1),
where the functions a(r), 8(r) > 0 are given by
a(r) =

Using the fact that e, = cos¢ e. +siny e,, and defining

w 1 w 1

oc:=a+ 0, v:=af,
elementary computations show that the characteristic polynomial of Qg is

2
P(X) = (X+ %) <X2 - %X— 902—|—1/sin2g0>

o o o2 o o? . 9
_(X+§) <X—6— I—l/sm gp) (X_6+ Z—VSID <,0>~

Note that
o2

1
z*I/SiIPg&:* a—pB)2+vcosiyp >0,

4 (
so that the above square root is well defined. The eigenvalues A > \J > A} of
Qo are given by

—i—\/——usm ©,
[ o2
- ——ysm v,

We are looking for the points where Qo is uniaxial, i.e. either \) = \J or
AY =M. For 0 < ¢ <, it holds

m\q Q\Q

Ag =

M=)\ = wzganda:ﬂ,
M=) <= a=0o0rj3=0.

Since a, 3 > 0, only the first case (A} = A\J) can occur. Given the expressions
(4.25) of « and 3, we deduce that

Up = {(z1,22,0): 1 < 2] + 23 =1, p(w,r) =0},
where p(w,r) := 1 — 1 :_UwrQ - 3—|1f)w'
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It is straightforward to check that r — p(w,r) is increasing on (1,00) and
therefore p(w,-) = 0 has at most one solution in this interval. Since on the
other hand

(1+w)(3+w) - p(w,1) =3 —w?

there is a solution r,, > 1 if and only if w > v/3. The function w > 7, is easily
seen to be smooth, and its derivative has the same sign as
r? 3
z T 2
1+w)? ' (B3+w)

- wp<wa7ﬂ) = ( > 0,
so that r,, is an increasing function of w. As w increases to oo, r, increases to
Too > 1 such that r3, — 72 —1=0. O

Remark 4.8. Let us define the director ng of )y as a unit vector associated
to the largest eigenvalue A\{. This is well-defined up to a sign, at every point
where \{ is a simple eigenvalue: that is, everywhere but at U,,. Then one may
compute, for 0 < ¢ < 7/2,

1—u L+u a(l —2sin @) +
no = T6P+ 2 €z, Hoi= \/ )

a2 4 2 + 2aB(1 — 2sin? p)

with o, 8 asin (4.25). For m > ¢ > 7/2 the director field is obtained by reflecting

with respect to the horizontal plane : no(¢) = /(1 —p)/2e, — /(1 4+ p)/2e..

Note that this way ng is not continuous in Q \ U, but it is continuous as an
RP2-valued map : the map ng ® ng is continuous in 2 \ Uy

(a) w = o0. (b) w=3.

Figure 4.1 — The director field ng (integral curves).

Corollary 4.9. Let w > /3. There exists 6y > 0 such that, if
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then any solution Q € He of (4.10)-(4.8) admits a uniazxial ring near U,,. More
precisely, Q(x) is uniaxial for all x belonging to

U = {(pu(0) cos 0, pu(0) sind, z,(0)): 6 € R},
where the functions p,(0) and z,(0) satisfy

pu(0) = rw| + [2u(0)] < £(6) =0,
as 0 — 0.

Proof. Biaxiality can be quantified through the biaxiality parameter [75]

(@)
p@)=1-6 ar

which is such that : @ is uniaxial if and only if 5(Q) = 0. Let us fix R > ry,.
From Theorem 4.1 and Proposition 4.7 we infer that there exists §p such that
for § < §p it holds

B(Q)>0 in A:={z € Bg: dist(z,U, URe,) ><(d)},

for some (6) — 0 as § — 0. Let us write Yo, the characteristic polynomial of

QO» as
Xo = (X = A) P,

where Py = (X — AJ)(X — AJ). By continuity of the roots of a polynomial, it is
clear that the characteristic polynomial x of @ satisfies

X=X=M)P, |[AM=X|+|P—-P|<ci(6) inA4,

for some ¢1(6) — 0 as § — 0. The eigenvalue A\; and the coefficients of P depend
continuously on « € A. Note that Py(Qo)no # 0 in A, and define

1
v | Po(Qo)nol

Then Qu = Au, and |u — ng| < ¢3(d) — 0 in A, so that v # 0 and we may
define n = u/ |u|. It holds @n = A\yn and

Q)no.

[n(z) — no(x)| < cs(0) — 0.

Moreover the map n ® n is continuous in A.
Now fix # € R and denote by Hy the half plane corresponding to the az-
imuthal angle 6

Hy ={(pcos,psinf,z): p>0, z € R},

and by Dy the disc in Hy of radius €(d) and of center at the point where the
ring U, intersects Hy:

Dy = {(pcost,psinb, z): (p—ry)* + 2° <e(6)*}.
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We claim that for low enough § there exists x € Dy such that Q(z) is uniaxial
(which obviously proves Corollary (4.9)).

To prove the claim, note that when restricted to Hy, the director field ng
may be viewed as an S'-valued map since it takes values in S? N Hg. Then the
restriction of ng ® ng to 0Dy is topologically non trivial : it corresponds to a
non trival class of 7 (RP'), as can be seen by explicitly computing its degree.
Since for 0 low enough n(z) is arbitrarily close to ng(x), this implies that the
map n®mn, which is continuous in AN Hy, admits no continuous extension inside
Dy. Therefore () can not be biaxial everywhere in Dy : if it were the case, @
would have only simple eigenvalues and admit a differentiable eigenframe [106].
In particular there would be a differentiable vector field n defined in Dy, such
that n ® n extends n ® n. O

4.4 Large particle: the dipole structure

As mentioned in the introduction, the core of Theorem 4.2 is the fact that
the axially symmetric harmonic map obtained in the limit of a large particle
has exactly one singularity. In this section, we prove this result (Theorem 4.10
below) and then complete the proof of Theorem 4.2.

We define the axially symmetric S?-valued maps to be exactly the maps

€ H} .(9;S?) which can be written in cylindrical coordinates (p, 6, z) as

n = sinv(p, z) e, + cosY(p, z) e, (4.26)
for some real-valued function ¢ € H} () defined in the domain

Qeyi := {(p,z) € Ry x R: PP+ 22> 1}. (4.27)
We consider here strong anchoring conditions given by

n=e, for |z|=1, (4.28)

and the far-field conditions in integral form

/ ()" + () (4.29)

|

As in Section 4.2, the existence of an axially symmetric S? valued map n mini-
mizing the Dirichlet functional

By = [ (9P,

under the conditions (4.28)-(4.29) follows from the direct method of the calculus
of variations and Hardy’s inequality. Such a map is analytic away from a discrete
set of singularities on the z-axis [60]. Here we prove:

Theorem 4.10. Letn € H (Q;S?) be a minimizer of the Dirichlet functional
E among all axially symmetric S?-valued maps satisfying (4.28)-(4.29). Then n
is analytic away from exactly one point defect (0,0, zp).
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Proof of Theorem 4.10. Preliminaries. Let 1 € H} (Q,) be the function
associated to n through (4.26). Then ¢ minimizes the energy

1 .
B(y) = /Q [|ap¢|2+az¢|2+pgsm2w sdpdz,

among all functions ¢ € H} () such that the corresponding n satisfies
(4.28)-(4.29). Next we express these boundary conditions in terms of .

The strong anchoring condition (4.28) is more conveniently expressed using
spherical coordinates (r, 6, ¢):

Y =¢ forr=1 (4.30)

It holds in the sense of traces, which makes sense as soon as E(¢) < co. (In
fact we should have written ¢ = ¢ mod 27, but since any Z-valued function of
regularity H'/? is constant [28] we may reduce to the above.)

The far-field condition (4.29) becomes

2
sin“
/Q e pdpdz < oo. (4.31)

eyl

Hence the class of admissible functions consists exactly of the ¢ € H} (Qey1)
satisfying E(¢) < oo and (4.30)-(4.31).
The Euler-Lagrange equation satisfied by v is

1 1
Ry + 2 + ;ap@b =57 sin(2¢)  in Qey. (4.32)

Note that, by elliptic regularity, any solution of (4.32) is real-analytic away from
the z-axis {p = 0}. Also note that, since replacing ¢ by max(¢,0) or min(«, 7)
does not change the boundary conditions and decreases the energy, it holds

0<v<m.

The rest of the proof is divided into 3 steps.
Step 1. We claim that the open subsets of Q.,; N {p > 0},

Xi ={¢>m/2} and X_ = {¢p < 7/2},

are connected.
We split the half-circle 99,; N {p > 0} into two arcs:

Ar={r=1, o=n/2xt:t € (0,7/2)}.

The boundary conditions ensure that Ay C X4. We denote by w4 the connected
component of A4 in X4.
Let us show first that X = wy. Consider the function

1;' _ 1/} in Wy
| min(y, 7 — ) in Qe \ wy.

Then it can be checked that ¢ € H} (Qey1). Moreover, E(}) = E(¥) and ¢
clearly satisfies the boundary conditions (4.30)-(4.31). Therefore ¢ minimizes
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E, and is analytic away from the z-axis. In particular, min(¢, 7 — 1) is analytic
in Qcyl \w+

On the other hand, since X_ is open and non-void, there is an open subset
of Q¢y \ Wy in which ¢ < 7/2. In that open subset, the two analytic functions
1 and min(¢), ™ — ) coincide, so they must coincide in the whole Q.. \@,. We
deduce that

Yp<m—1 ie Y<7/2  in Qe \ Wy,

and therefore X = w, is connected.
To show that X_ is connected, consider

~ Jv inw_,
V= max (¢, T — 1) in Qe \ w_.

As above, E(¢) = E(¢) and we conclude that X_ = w_ is connected.
Step 2. There is at most one singularity.
We know [60] that n is analytic in  away from a set of isolated points

Zc{p=0, |z >1}.

In particular 1 is continuous in Qcyl \ Z, and since

2
/ S 77[}dpd,z < E() < oo,
Qeyr P

and 0 < <7, it follows that
Y e{0,7} on (0 N{p=0})\Z

At every point (0, zg) € Z, v must be discontinuous, because otherwise n would
be continuous around that point (and then real analytic). Therefore it must
hold

0 in (20—, 20), or ¢ = {Tl' in (20 — 6, 20),

ith =
either v {ﬂ in (20,20 +9), 0 in (29,20 + 0),

for some 6 > 0.
Let us argue by contradiction and assume that there exist two distinct points
(0,2’1), (072’2) S Z, 21 < 29, [21,22] NZ= {21722}.

There are three cases: either z; < zo < —1,0r2z; < -1 <1< 29,0rl1 < 21 < 29.
Note that the boundary conditions (together with the boundary regularity of n
[60]) ensure that ¢y = 7 in (=1 —§,—1) and » = 0 in (1,1 4 §) for some § > 0.
In all three cases, it is easy to see that there must exist four distinct points
0,2)) ¢ Z, 2 <2y < zy<zy,
such that
either 1(21) = ¥(23) = 0, ¥(23) = ¥(2}) =,
or Y(z1) =(z5) =7 =0.
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We may assume that we are in the first case (the second case can be dealt with
similarly). Then by continuity there exists ¢ > 0 such that

[B((O,z{),(S) ﬁﬁcyl] U [B((O,zg),é) ﬂﬁcyl] cX_,
(B0, 24),6) N 0eyt] U [B((0, 24),6) N 0yt] € X

Since the sets X4 are path-connected we deduce from the above that there is a
continuous path vy_ from 2] to z4 inside X_, and a continuous path -, from z}
to zj inside X . Since 2] < 2z < 2§ < 2}, these paths must intersect, but then
there intersection would belong to X_ N X, = (). This contradiction shows that
Z contains at most one point.
Step 3. There is at least one singularity.

Assume that Z is empty. Then n is continuous in Q, and therefore

1 [" .
deg(n,0B,) = 5 [ 0,0(r0)sin (v, ) de.
0
is independent of r > 1. We deduce that

1 = deg(n,0B;) = deg(n, 0B;)

1 T oin2 1 us
< */ wsﬁupdtp+ f/ 0 (r, )? sin pdep,
4 /o sin® ¢ 4 Jo
which implies E(¢) > 4floc dr = 00, a contradiction. O

Before turning to the proof of Theorem 4.2, we define rigorously the axially
symmetric @-tensor maps. They are the maps @) € H, which satisfy the two
following natural symmetry constraints:

— the map @ is invariant by rotation around the vertical axis:

Q(Rz) = 'RQ(z)R  for all rotations R of axis e, (4.33)
— the vector ey is everywhere an eigenvector of Q:
Q(z)es - e, =Q(x)eg - e. =0. (4.34)

These constraints are natural, in the sense that a minimizer of the free energy
(4.2) under those restrictions is still a solution of the complete (unconstrained)
Euler-Lagrange system (4.10) — as can be easily checked. We denote this class
of symmetric maps by H¥™ C Hoo.

Proof of Theorem 4.2. Recall that we assume ry = 1 and we are therefore con-
sidering the limit 1/L — oo. Since axial symmetry (4.33)-(4.34) is clearly
preserved by pointwise convergence, we may proceed exactly as in [23, Proposi-
tion 1] to obtain a subsequence (Q}) converging in H., to an axially symmetric
U,-valued map @, minimizing the Dirichlet energy [, IVQ|®. The estimates in
[95, 105] show that the convergence is in fact locally uniform in Q, away from
the singular set of Q..

Because 2 is simply connected, U,-valued H}, maps can be lifted to S*-
valued H}  maps [14]: for any U,-valued Q € Hoo, there exists n € H. (Q;S?)

loc

such that

Q=0Q, =s.(n@n—1/3).
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Therefore, the limiting map @, can be written as Q. = @, and the map n
minimizes the Dirichlet energy in the class

HY™ = {n € HL.(%S%): Q, € HEY™ with strong anchoring (4.9)} .

To conclude the proof, it remains to show that the class H:’™
corresponds to the class considered in Theorem 4.10.

Using the fact that |n|* = 1, we calculate

5;2 ‘Qn - Qoo| = 2(”% —l—ﬂ%),

actually

so that @, satisfying (4.11) translates into n satisfying (4.29).
The strong anchoring condition (4.9) for @,, is equivalent to

nNoB = T €Er,

for some {=£1}-valued function 7, which must be of regularity H'/? and therefore
constant [28]. Therefore, up to multiplying the map n by a sign, the strong
anchoring condition becomes (4.28).

The fact that Q,, admits ey as an eigenvector (4.34) is equivalent to

(n-eg)(n-e,) =(n-eg)(n-e.) =0 << n-e€{0,£1}.

Since the function n - e is H} ., it must therefore be constant. The boundary
conditions prevent it to be equal to +1, so that n - ey = 0.

The invariance by rotation (4.33) for @, is equivalent to n(Rz) = £Rn(x)
for any rotation R of axis e,. The sign +1 may depend on x and on R, but the
H! regularity implies that it does not depend on z. Therefore it holds, using

loc
cylindrical coordinates,

n(p,0,z) =7(0) Rogn(p,0,z), 7(0)==+1,

where Ry € SO(3) is the rotation of axis e, and angle . The function 7 is
easily seen to belong to H'/?(R/27Z): we conclude that 7 = 1.
Therefore the axial symmetry (4.33)-(4.34) of @, is equivalent to

n(p7972)=R9n(p707z), and 77,'60507
which implies that
n(p,07 Z) = Ul(p, Z) €p + u2(p7 Z)€z7 S Hlloc(Qcyl;Sl).

Since ., is simply connected, v can be lifted to a real-valued function ¢ €
H} (Qey1): up = sine, ug = cosp. Therefore n is of the form (4.26), and Hi¥™

loc
corresponds indeed (up to a sign) to the class of axially symmetric S?-valued

maps satisfying (4.28)-(4.29). O
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Chapter 5

Analyse de bifurcation dans
une cellule nématique frustrée
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5.1 Introduction

In a nematic liquid crystal, rigid rod-like molecules tend to align in a com-
mon preferred direction. To describe this orientational order, de Gennes [45]
introduced the so called Q-tensor: a 3x3 traceless symmetric matrix. The eigen-
frame of the @Q-tensor describes the principal mean directions of alignment, while
the corresponding eigenvalues describe the degrees of alignment along those di-
rections. A null Q-tensor corresponds to the isotropic liquid state. A Q-tensor
with two equal eigenvalues corresponds to the uniazial state, which is axially
symmetric around one eigenvector, called the director. The generic case of a
@Q-tensor with three distinct eigenvalues corresponds to the biazial state. There
exist other continuum theories for the description of nematic order. The Oseen-
Frank theory and the Ericksen theory make use of simpler order parameters
but do not account for biaxiality. The @Q-tensor description allows for a much
finer understanding of some phenomena, as defects (see e.g. [130]) and material
frustration [109].

81
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In the present paper we focus on a hybrid cell consisting of nematic mate-
rial confined between two parallel bounding plates, and subject to competing
strong anchoring conditions on each plate. Hybrid-aligned nematic cells are
interesting for technological applications [70, 96|, as is, in general, the effect
of confining geometries on liquid crystals [38]. Nematic systems similar to the
one considered here have been studied numerically in [26, 109] as a model for
material frustration. On each bounding plate, the prescribed boundary condi-
tion is uniaxial and parallel to the plate, with director orthogonal to the one
prescribed on the opposite plate. The numerics presented in [26, 109] bring
to light two different families of solutions: eigenvalue exchange (EE) and bent
director (BD) configurations. In an eigenvalue exchange solution, the Q-tensor
eigenframe remains constant through the whole cell, and only the eigenvalues
vary to match the boundary conditions. Therefore, inside the cell the material
is strongly biaxial. In the bent director configuration however, the eigenframe
rotates to connect the two orthogonal uniaxial states on the plates. Hence the
tensor remains approximately uniaxial, with director bending from one plate to
the other. Those two kinds of configurations are depicted in Figure 5.1.

| T R

1 /L /L 7» s~ BD

Figure 5.1 — Schematic representation of EE and BD configurations: variations of the
eigenframe of @ through the cell. Eigenvectors corresponding to the largest eigenvalues are
emphasized. In an EE configuration, as we move through the cell from the left to the right,
the eigenvalue associated to e, (the prescribed director on the left plate) decreases until, in
the middle of the cell, it becomes equal to the eigenvalue associated to ey (the prescribed
director on the right plate), which in turn increases to match the boundary condition. In
a BD configuration, as we move through the cell from the left to the right, the eigenframe
rotates, so that the eigenvector corresponding to the largest eigenvalue rotates from ez to ey.
Note that a similar eigenframe rotation could occur in the opposite way as the one pictured
here: there are two possible types of BD configurations.

When working with dimensionless variables, two parameters influence the
behaviour of the system: a reduced temperature @, and a typical length A pro-
portional to the thickness of the cell. In [26, 109], a bifurcation analysis is
performed numerically as the cell thickness varies, at fixed temperatures. In
both studies, a symmetric pitchfork bifurcation diagram is obtained [26, Fig.
8], which can be described as follows (see Figure 5.2). When the parameter A
(and thus the cell thickness) is small, the only equilibrium is an eigenvalue ex-
change configuration, which is stable. Letting the cell thickness grow, a critical
value is attained, at which this eigenvalue exchange solution loses stability. At
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this point, bifurcation occurs and two new stable branches of solutions appear,
corresponding to bent director configurations, with their eigenframe rotating in
one way or the other. The results pictured in [26, Fig. 8] were obtained for a
special value of the reduced temperature, § = —8, at which computations are
simplified.

0 A by

Figure 5.2 — Shape of the pitchfork bifurcation described in [26, 109].

In the present paper, we aim at providing rigorous mathematical arguments
justifying the shape of the bifurcation diagram pictured in Figure 5.2. Thus we
fix the temperature and let the cell thickness vary.

In a first step, we study the limits of small and large cell thickness. For
a very large cell thickness, we check that energy minimizers converge towards
two possible limiting uniaxial configurations, corresponding to a rotation of
the director in one way or the other. On the other hand, when the cell is
sufficiently narrow, we prove indeed that the energy admits a unique critical
point. Symmetry considerations imply that this unique solution is an eigenvalue
exchange configuration — thus showing that Figure 5.2 is valid for small X\. The
method used to prove uniqueness applies to a quite wide class of problems, and
we prove a general uniqueness result for a class of perturbed quasilinear elliptic
systems in Appendix 5.B.

In a second step, we perform a bifurcation analysis and show that there is
indeed a symmetric pitchfork bifurcation, at least when the reduced temperature
0 is close to # = —8 (the special value at which [26, Fig. 8] was obtained). More
specifically, we prove the following result.

Theorem. Let 6 =~ —8. Consider, for small \, the unique solution x. The
branch of eigenvalue exchange solutions A — xx may be extended smoothly to
larger A\, and loses stability at a critical value .. At this point, a symmetric
pitchfork bifurcation occurs.

More precisely, we prove first the above Theorem in the case §# = —8. Then
we identify the properties that make this special case work, which leads to an
abstract result of the form: if f satisfies some properties, then bifurcation occurs.
And eventually we check that those properties are stable: if a 6y satisfies them,
they extend to nearby 6 ~ 6. In particular we obtain the above Theorem.

Similar nematic systems have also been studied using Oseen-Frank theory
[15] and Ericksen theory [11]. Oseen-Frank theory describes nematic order with
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help of a sole director field, while in Ericksen theory the degree of alignment
along the director is also accounted for. In both cases, only uniaxial states can
be described, so that there is no equivalent to the eigenvalue exchange solution
considered in the present paper. However the aforementioned works [11, 15| do
bring into light the existence of a critical cell width — as in our case — below which
the bent director solution is no longer valid. Within Oseen-Frank theory [15] the
boundary anchoring is relaxed and a uniform configuration is preferred below
the critical width. Within Ericksen theory [11] the strong boundary anchoring is
preserved, forcing the director field to have a discontinuity in the cell center. In
our case such a discontinuity is avoided by the eigenvalue exchange mechanism.

The plan of the paper is the following. In Section 5.2 we present the precise
model used to describe the cell. In Section 5.3 we discuss the existence and
some properties of eigenvalue exchange configurations. In Section 5.4 we study
the limits of large and small cell thickness. Then we concentrate on the unique
branch of eigenvalue exchange solutions starting from small A, and show that a
symmetric pitchfork bifurcation occurs. We treat the case 8 = —8 in Section 5.5,
and the perturbed case 6 ~ —8 in Section 5.6.

The author thanks P. Mironescu for his support and advice, P. Bousquet for
showing him the proof of Lemma 5.20, and A. Zarnescu for bringing this problem
and the article [26] to his attention. He also wishes to thank the anonymous
referees for their careful reviewing and many suggested improvements.

5.2 Model

The cell consists of nematic material confined between two parallel bound-
ing plates (of infinite size), with competing strong anchoring conditions on each
plate. In an orthonormal basis (EZ, @), e—z>), the bounding plates are perpendic-
ular to €, and parallel to the (y, z) plane. The width of the cell is 2d: one plate
at x = —d, the other at x = d. On the left plate (x = —d) the boundary condi-
tion is uniaxial with director €2, and on the right plate (z = d) the boundary
condition is uniaxial with director ¢, (see Figure 5.1).

Nematic order is described by means of de Gennes’ Q-tensor — a traceless
symmetric 3 x 3 matrix —, and Landau-de Gennes free energy density

Q) = ZIVQP + H(Q),

where the bulk energy density f; is given by

_a(T) b c
[o(Q) = T|Q|2 - gtr(QS) + Z|Q\4~

Here and in the sequel, the notation | - | refers to the usual euclidean norm
QF = tr(Q'Q) = X Qi; Qij-

In [26, 109], the numerical simulations are performed under two symmetry
restrictions : the Q-tensor depends only on z, and s is always an eigenvector.
These restrictions are natural, since the system is invariant in the z and y
directions, and since e, is an eigenvector of the boundary conditions. It is not
our goal here to justify rigorously the validity of these symmetry assumptions :
we will, from the beginning, consider Q-tensors depending only on x, with es as
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an eigenvector. The assumption on the eigenvector implies that the Q-tensors
considered here will always have four zero entries, as in (5.1) below.
More precisely, we will study maps

—2q1(z) 0 0
Q(l‘) = 0 (J1($) - (I2($) qg(.’t , TE [_d’ d} (51)
0 qs(x) 01(z) + q2(x)

minimizing the energy functional

p@= [ (Fer+a@)w.

when subject to boundary conditions

—2¢, 0 0 2, 0 0
Q= 0 -2 0 |, Q= 0 d¢ 0
0 0 4qy 0 0 -2

Here, ¢4 is such that the boundary conditions minimize f.

After an appropriate rescaling [26], we may actually consider a dimensionless
version of the problem, where we are left with only two parameters: a reduced
temperature § € (—oo, 1), and a reduced elastic constant 1/A\2. The parameter
A > 0 is proportional to d/ V'L : it accounts for the effects of the elastic constant
L, and of the distance between the plates d. From now on we will work with
the reduced free energy

5@ = [ (5t @) a (5:2)

-1

where

0 2 1
7(Q) = §lQP — (@) + L]QI" +¢(0)
0 1 (5.3)
= 30341 + a5+ 43) + 4o (4f — 5 — 43) + 5341 + 45 + 43)” + <(6).
Here the constant ¢(f) is choosen in such a way that min f = 0. Note that this
minimum is attained exactly [95] at uniaxial Q-tensors of the form

1
Q:6q+(n®n—31), nes? 6g.=1+V1-6.

Although we do not emphasize it in the notation, the free energy obviously
depends on 6.

The direct method of the calculus of variations applies to the energy func-
tional (5.2) in the natural space H'(—1,1)%. Hence minimizers always exist.
They are critical points of the energy, and as such they satisfy the Euler-
Lagrange equation

1

//_9 2 |Q‘2
2 —3Q‘2(Q "t

1
2 ) +51QPQ. (5.4)



86 CHAPTER 5. CELLULE NEMATIQUE FRUSTREE

Solutions of (5.4) are analytic, and they satisfy the maximum principle [95]

QI < 2v/6g-. (5.5)

In terms of ¢q1, g2 and g3 defined by (5.1), the Euler-Lagrange equation (5.4)
becomes the system

1 9 2

2 =30 §(q§ +a3 —3¢i) + (34f + a5 + 43)m

1 0

2% = 3% A+ (3¢t + 65 + a3)ae (5.6)
1 0

ﬁqé’ = 303 — 40103+ (3t + 5 +d3)q3

and the boundary conditions read

a(=1)=q, a(l)=q,
q2(—1) = 3q¢, q2(1) = =3¢, (5.7)
q3(—1) =0, g3(1) = 0.

In the sequel we will denote by H the space of all admissible configurations,
i.e. the space of H! configurations satisfying the boundary conditions. Thus H
is an affine subspace of H'(—1,1)3, consisting of all Q-tensors of the form (5.1),
which satisfy the boundary conditions (5.7).

5.3 Eigenvalue exchange configurations
Consider the group G defined as the subgroup of O(3) generated by the

matrices S, and S, of the orthogonal reflections with respect to the axes ]Re_y)
and Re;. Explicitly,

-1 0 O -1 0 0
Sy = 0 1 0 and S, = 0 -1 0
0 0 -1 0 0 1

As a subgroup of O(3), G acts naturally on symmetric traceless matrices, and
thus on H'(—1,1)3, via the following formula:

(R-Q)(z) = RQ(x)'R, R € G.

One easily sees that the affine subspace H C H'(—1,1)? of admissible con-
figurations is stable under this action: if @) satisfies the boundary conditions
(5.7) then R - Q satisfies them also, for R € G. Thus G acts on H.

Moreover, the free energy functional E is invariant under this action:

Ex(R-Q)=ENQ) VReG, QeH.

Therefore the principle of symmetric criticality [108] ensures that critical
points among G-invariant configurations are critical points of F, that is solu-
tions of the Euler-Lagrange system (5.6).
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More precisely, we denote by H® the affine subspace of H consisting of
all invariant configurations, and by E§® = Ej|yee the free energy functional
restricted to invariant configurations. It is straightforward to check that

Hee:{QeH;q3EO}7

and the principle of symmetric criticality simply asserts that critical points of
EX¢ correspond to solutions of (5.6) with g3 = 0. Of course this fact could also
be checked by a direct computation.

The elements of H°¢ are the eigenvalue exchange configurations, since y €
Hee corresponds to (q1,¢z2) via

—2q¢1 () 0 0
x(@) = 0 q1(2) — ga(x) 0 . zel-1,1].
0 0 a1(z) + g2(z)

The free energy of such a y € H*® is given by

ESf(x) = /_11 (2;2|x’|2 + f(x)> dx

1 1\2 /\2
:/ (3(%);(%) + §(3qf+q§) (5.8)

—1
1
+aq(af - a3) + 5 3¢i + 63)" + 0(9)> dz,

and critical points of E5° solve the boundary value problem

1 0 2

2 =30 - 5((15 —3q1) + (3¢ + 43) a1,

1 9

BE = 3%~ 4ne + B3d + 6)e, (5.9)
ql(:l:l) =4+,

g2(+1) = F3q4-

Since the direct method of the calculus of variations applies to E$®, there
always exists an eigenvalue exchange minimizer, which is an equilibrium config-
uration in H. This eigenvalue exchange equilibrium is stable in H¢, but need
not be stable as an equilibrium among all admissible configurations: in princi-
ple, symmetry-breaking perturbations may induce a negative second variation
of the total free energy E\. To study this phenomenon we need to understand
the structure of that second variation.

Consider a family xx = (qi1,x,¢2,x) of eigenvalue exchange configurations.
That is, x» is a critical point of E$°, and hence also of E). The principle of
symmetric criticality (see Appendix 5.A) ensures that the orthogonal decompo-
sition

Hy(—=1,1)* = Hy, @ Hy, = {(h1,h2,0)} © {(0,0, h3)},

corresponding to the decomposition into ‘symmetry-preserving’ perturbations
and ‘symmetry-breaking’ perturbations, is also orthogonal for the bilinear form
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D?E\(x»). Namely, for H € H}(—1,1)3,

D?Ex(x2)[H] = D*Ex(xx)[(h1, h2,0)] + D*Ex(x2)[(0,0, hs)]
= (I)A[hl, hz} + \I/)\[h;g].

Here ® = &) and ¥ = ¥, are quadratic forms defined on H}(—1,1)2, respec-
tively Hi(—1,1), by the above equality. Note that ®, is nothing else than
Dine(XA)7 the second variation of restricted free energy. From the computa-
tions in Appendix 5.C we obtain

1 1\2 7\2

6(h 2(h 0

‘I’[hhhz]:/ {( ) ; () +6(3+2q1+9q%+q§) h3
—1

0
+2 (3 —4q1 + 3q; + 3q§> h + 8¢2(3q1 — 2)h1h2}d$

(5.10)

and

-1

1 2 h/ 2 0
W[hs}:/ { ()\S) +2(3—4q1+3qf+q§> h2 bda. (5.11)

To the quadratic forms ®, and ¥,, we may associate bounded linear oper-
ators My : H}(—=1,1)2 - H-1(=1,1)? and £, : H}(-1,1) - H~'(-1,1) such
that

<M>\(h1, hg), (hl, h2)> = (I),\[hl, h2] and <£>\h3, h3> = \If)\[h3]. (512)

Of particular interest to us will be the first eigenvalues of these operators,
since they measure the local stability of the eigenvalue exchange equilibrium.
We will denote the first eigenvalue of M (respectively L) by v(\) (respectively
(A)). They are given by the following formulas:

O, [h1, ho)
J(hi+h3)’

U, [h]

I

v(A) = inf p#(A) = inf

(5.13)

5.4 The limits of very large and very small cell
thickness

So far, we know that there always exists an eigenvalue exchange solution.
However, as the cell thickness grows larger, the numerics in [109, 26] predict the
existence of a bent director solution, that is, a solution of (5.6) with ¢3 # 0.
In addition this solution should be approximately uniaxial. In Proposition 5.1
below we study the limiting behaviour of minimizers as A grows to infinity,
and obtain in fact a convergence towards a uniaxial tensor. In particular the
minimizer can not stay in H°°, thus for large A there do exist solutions other
than the eigenvalue exchange minimizer.

Before stating the result, we should remark that, due to the symmetry of the
energy functional, any solution with g3 # 0 automatically gives rise to another,
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distinct solution. Recall indeed from Section 5.3 that F is G-invariant, where
G is the subgroup of O(3) generated by the orthogonal reflections S, and S,
(with respect to the y-axis and to the z-axis). For a @Q-tensor associated to
(q1,92,q3) via (5.1), it holds

21 0 0
Sy Q= 0 a1 — 42 —q3
0 -3 q+q

Therefore, if ) is a solution of (5.6), then the Q-tensor with opposite g3 is also
solution of (5.6). Moreover, those two solutions @ and Sy - Q have same energy.
That is why, when studying the limit of minimizers of E) in Proposition 5.1
below, we will restrict ourselves to Q-tensors satisfying, say, ¢3(0) > 0, to ensure
the uniqueness of the limit.

The limit of a small elastic constant — which corresponds to a large A — has
already been studied in [95] in the three dimensional case, and in [16, 33, 56] in
the two dimensional case. The one dimensional case considered in the present
article is particularly simple and we obtain the following result.

Proposition 5.1. Let Qy be a minimizer of Ex, with q3(0) > 0. It holds
Qxr— Q. in H'(-1,1)°

as A tends to +oo, where

1 us us

Q«(x) = 6q4 (n*(x) Q@ ny(z) — 3[) . nu(z)=| cos (% — 7

1

Proof. One proves, exactly as in [95, Lemma 3|, that there exists a subsequence

1
@x, — Q« = 6q4 (n®n— 31> in H,

where Q. minimizes [ |Q’|* among maps in H which are everywhere of the form
Q = 6+ (n®n—1/3) — that is, maps @ in H which satisfy f(Q) = 0 everywhere.

Since Q. is continuous on (—1,1) it follows from [14, Lemma 3] that there
exists a unique continuous map n, : (—1,1) — S? such that

Qu(a) = 6. (@) @ n.l) = 37) (o1 =2
Moreover, by [14, Lemma 1], the map n, lies in H'(—1,1;S?).

Since Q. minimizes [|Q’|?, we deduce that n, minimizes [ |n’|> among
maps n € H*(—1,1;S?) satisfying the same boundary conditions as n.. It holds
n.(—1) = 2, and the boundary conditions on Q. imply that n.(l) = ae—y> for
some o = +1. Using the fact that the geodesics on the sphere S? are arcs of
large circles, we obtain

/|2

™

n.(z) = (0,0zcos(% - Zm),sin(% - Zz)) .

On the other hand, since the maps @ satisfy g3 »(0) > 0, the limiting map Q.
must satisfy also g3 .(0) > 0. Since the above formula for n, implies that

g3,5(0) = 6 cos(m/4) sin(m/4) = 3aq+,
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we conclude that o > 0, and thus « = 1. In particular, we obtain the formula
for n, in the statement of the theorem. Moreover we have shown that the limit

is uniquely determined, independently of the converging subsequence. Therefore
we do actually have

Q)\ — Q* in Hl»
as A\ tends to +oo. O

Now we turn to studying the case of a very narrow cell. That is, we in-
vestigate the limit A — 0. The numerics in [109, 26] predict that for small
there is only one solution, which is an eigenvalue exchange configuration. This
is indeed the content of the next result, which is in the same spirit as the similar
uniqueness result [25, Theorem VIIL.7] in a Ginzburg-Landau setting.

Proposition 5.2. There exists Ao > 0, such that for any A € (0, \o), Ex admits
a unique critical point x ) € HEE.

Proof. The uniqueness is a consequence of a more general result, stated as The-
orem 5.17 in Appendix 5.B. The fact that the unique solution belongs to H¢¢
is immediate from the considerations in Section 5.3, since there always exists a
solution y € Hee. O

Proposition 5.2 provides us with a family of solutions
(07>\0) SA—= Xy € Hee.

The next result gives further properties of this branch of solutions. Recall from
(5.13) the definitions of v(\) and u()): v is the first eigenvalue of D2E$%(x),
and p is the first eigenvalue of D?E) () restricted to symmetry-breaking per-
turbations.

Proposition 5.3. The map A — x» is smooth on (0, o) and can be extended
uniquely to a smooth map of eigenvalue exchange solutions

(0, M) = H, A= X,
where Ay € [Ao, +00] is determined by the following property:

(v(A) >0 VA€ (0,A)) and (A =400 orv(A)=0) (5.14)
Moreover, the map A — p(X) is smooth on (0, Ay).

Remark 5.4. Tt is not clear wether both alternatives in (5.14) can actually occur.
In Theorem 5.5 below we show that A\, = +oo provided § = —8. In general we
do not know if A\, could be finite.

Proof of Proposition 5.3: In the proof of Theorem 5.17, Ag is chosen in such a
way that E), is strictly convex around Y, and in particular D?E) () is positive
for A € (0, \g). In fact it is straightforward to check (using Poincaré’s inequality)
that the choice of \g in the proof of Theorem 5.17 ensures that D?E\(xy) is
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positive definite for A € (0, \g). In particular, D*E$¢(x,) is positive definite, or
equivalently, (A) > 0 for A € (0, \g).

Therefore x is a non degenerate critical point, and we may apply the implicit
function theorem to the smooth map

Fi(0,400) x H — H™H(=1,1)%, (\,x) = D*E5(x),

around a solution (A, x») of F =0, for A € (0, Ag). Since this solution is unique,
we deduce that A\ — x, is given by the implicit function theorem and as such,
is smooth.

As long as D?E, () stays positive definite, i.e. (\) > 0, we may apply the
implicit function theorem to smoothly extend the map A +— x), until we reach
a A, satisfying (5.14). Note that the extension is unique since for each A, x» is
a non degenerate — an thus isolated — critical point of E$°.

It remains to prove that A — u(X) is a smooth map. Recall that p()) is the
first eigenvalue of the bounded linear operator

Ly: Hy(=1,1) = HY(~1,1)

2 0 (5.15
h>—)—>\2h//—|—2<3—4Q1,>\+3qi)\—|—q§7)\> h, )
where (g1,x,¢2,x) = Xx. From the smoothness of A\ — x» we deduce easily that
L depends smoothly on .

Let us fix Ao € (0,A,). From the theory of Sturm-Liouville operators, we
know that p(A) is a simple eigenvalue of £y. In fact, in the terminology of [43,
Definition 1.2], ug is an i-simple eigenvalue of L£,, where i : H} — H~1 is the
injection operator. Indeed, since L), is Fredholm of index 0 and symmetric, if
we fix an eigenfunction hg € H{, Ik h3 = 1 associated to jg, then it holds

Ra‘n(‘c)\o - MOZ) = {f € Hﬁl; < f7 hO >= 0}7

so that ihg ¢ Ran(Ly, — pot) and the i-simplicity of pg follows easily.
Therefore we may invoke [43, Lemma 1.3] to obtain the existence of smooth
maps A — [a(A), A — hy defined for A &~ A, such that fi(\) is the unique
eigenvalue of Ly, close enough to po, and hy a corresponding eigenfunction.
On the other hand, it can be easily checked that A — p(A) is continuous:
upper semi-continuity is obvious since y is an infimum of continuous functions,
and lower semi-continuity follows from the inequalities

(o) < p(A) + 15 = Lallllhallzr < p(A) + CllLxg — La]l,

where hy € H} is a L?-normalized eigenfunction associated to p()), and A is
close to Ag. (Note that ||hy]| g is bounded since (Lyhy, hy) is bounded.)
Therefore, for A close enough to Ao, p(A) is close enough to py. Hence by
the uniqueness in [43, Lemma 1.3], ©(A) must coincide with fi(\). In particular,
1 is smooth. O

Although we did not emphasize this dependence in the notations, everything
we have done so far depends on the fixed parameter § € (—oo0,1). In the
next section, we choose a special value for this parameter, § = —8, at which
computations are simplified.
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5.5 The special temperature 6 = —8

Throughout the present section, we assume that § = —8. As already noticed
in [26], in that case the equations (5.9) admit a particularly simple solution, and
we are able to say a lot more about the branch of solutions A — x obtained in
Proposition 5.3.

First of all, we obtain more information about the maximal value A, of
definition of x,, and about the eigenvalue p(\) measuring the stability with
respect to symmetry-breaking perturbations. In fact we are going to prove the
following theorem, which is the first of two main results in the present section.

Theorem 5.5. Assume that 0 = —8. Then A\, = +o0o. That is, the unique
eigenvalue exchange solution x for small A, can be extended to a smooth branch
of eigenvalue exchange solutions

(0,400) = H™, A= X
with v(X) > 0 for all A > 0. Moreover, there exists A\c > 0 such that

p(A) >0 VAe (0,\), u(Ae) =0, and p'(A) <O0. (5.16)
In fact it holds p'(\) < 0 for all \, and lim o pu < 0.

In particular, Theorem 5.5 provides a rigorous justification for part of the
bifurcation diagram pictured in Figure 5.2. Namely, there is a smooth branch
of eigenvalue exchange solutions defined for all A and loosing stability at some
critical value of A.

The next natural step is to investigate what happens at the critical value
A¢, where the branch of eigenvalue exchange solutions looses stability. This is
the content of the second main result of the present section. Let h. € kerly,
(a perturbation responsible for the loss of stability at A.), and denote by ht C
HJ(—1,1)3 the space of perturbations orthogonal to (0,0, h.) € H}(—1,1)3.

Theorem 5.6. Assume 0 = —8. There exist §,& > 0 and a neighborhood 2 of
Xx. i H, such that the solutions of

DEX(Q) =0, (A Q) € (Ae =6, Ac +6) x 2, (5.17)
are exactly

A= A(t)

te(—ee) (518
Q= xx. +t(0,07h0) +t2Ht, for some ( ) ( )

where A(t) € (A\e — 8, A\c +6) and H; € h: are smooth functions of t € (—¢,¢).
Moreover, the following symmetry properties are satisfied:

)\(—t) = A(t), and h,l’ft = hl,t; hg’ft = hQ’t, h3’,t = —h,g’t, (519)
where Hy is identified with (hy ¢, hay, hs ) via (5.1).

The rest of the section will be devoted to the proofs of Theorems 5.5 and
5.6, which we decompose into several intermediate results.
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5.5.1 The proof of Theorem 5.5

We start by proving that the eigenvalue exchange solution branch y, ob-
tained in Proposition 5.3 has constant ¢;, and can be extended to all A > 0. In
particular we obtain the first part of Theorem 5.5.

Proposition 5.7. Assume § = —8. Then A\, = +00, and for every A € (0, +00),
Xx = (2/3,q2,1), where g2 = g2, solves

1
Sviche (5 —4) g2,

@2(—1) =2, ¢2(1) = 2.

Proof. When the value of the reduced temperature 6 is set to § = —8, then
g+ = 2/3. Let us define §; = ¢; — 2/3. For ¢y, the boundary conditions become
¢1(£1) = 0. The boundary conditions for ¢, are go(+1) = F2.

In terms of g1, the bulk energy density — for the eigenvalue exchange solution
(that is, with g3 = 0) — reads

(5.20)

o (3 1 .
fla1, q2) = 1647 (2 + (I1> + B (q% -4+ 3(1%)27 (5.21)

and the Euler-Lagrange equations become

1 - ~ -
2@ = (4486 + 3G+ 6) @,
1

2% = (6 —4430) o>

(5.22)

Therefore, there exists a solution with ¢; = 0, i.e. ¢1 = 2/3. Indeed, a constant
¢1 solves the first equation (for any ¢s2), and the corresponding ¢ is obtained
by minimizing the energy F5° in which ¢; is taken to be constant. That is, g2
minimizes
Y1 1
B = [ (a2 + 5 -7 @ (5.23)

-1

Hence g2 solves (5.20). From Lemma 5.8 below we know that (5.20) actually
admits a unique solution. Hence we may define for all A > 0, without ambiguity,
the eigenvalue exchange solution

Xx = (2/3,¢2,x), where ¢a x solves (5.20).

The uniqueness proven in Proposition 5.2 ensures that y, = x, for A €
(0,A0). On the other hand, Lemma 5.9 below ensures that x, is a smooth
extension of x satisfying v(A\) > 0 for all A > 0. Therefore we conclude, by the
uniqueness in Proposition 5.3, that A. = +o00 and xx = (2/3,q2.1)- O

In the proof of Proposition 5.7, we made use of two lemmas, Lemma 5.8 and
Lemma 5.9, that we are going to prove next. The first one gives properties of
the boundary value problem (5.20) satisfied by g2 x.

Lemma 5.8. The boundary value problem (5.20) has a unique solution, which
s odd and decreasing.
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Proof. Very similar results are classical in the study of reaction-diffusion equa-
tions (see for instance [50, Section 4.3.]). Since the present case is particularly
simple, we nevertheless give a complete proof here. Recall that the existence of
a solution follows directly from minimizing the energy I defined in (5.23).

We start by proving the bounds

—2< g <2 (5.24)

Assume that ¢2 attains its maximum in (—1,1). Then, at a point where the
maximum is attained, it holds
1
0> —
T 2)2
so that g3 < 4. Since this bound is satisfied (with equality) on the boundary,

(5.24) is proved.
Multiplying (5.20) by ¢4, we obtain the first integral

1
(63)" > e = (65 — )5,

1 D! '
] = [ -02] (5.25)
Integrating (5.25), we obtain
1 1 1
ﬁ(qg)g = Z(qg -4+ WQQ(—UQ- (5.26)

Since g4(—1) # 0 (otherwise go would satisfy the same Cauchy problem at —1
as the constant solution), it follows in particular that ¢5 does not vanish. On
the other hand, the bounds (5.24) ensure that ¢5(—1) is negative. Therefore ¢}
must stay negative:

@ <0, (5.27)

hence every solution of (5.20) is decreasing.

Now we prove that (5.20) has a unique solution. Assume g, and g, are
distinct solution. Then they must have distinct derivatives at —1 (otherwise
they would satisfy the same Cauchy problem). Say

4, (=1) <(-1) < 0. (5.28)

Since q,, and g take the same value at 1, we may consider

xo = min {x > —1; g,(2) zﬁg(:c)} € (—1,1].

At this point zg, q, and g, must have distinct derivatives, and since 9, < T in
(—1,xz0), it holds

q5(mo) < g;(xo) <0 (5.29)
From (5.28) and (5.29) we deduce that
7o(—1)% = g5(w0)* < Q;(—l)z - Q;($0)2,
which is obviously incompatible with the facts that ¢, and g, satisfy (5.25) and
coincide at —1 and zy. Therefore (5.20) has a unique solution.
Next we prove that g9 satisfying (5.20) must be odd. This is a direct con-

sequence of uniqueness: the functions g2(x) and —g2(—z) are both solutions of
the boundary problem (5.20), therefore they must coincide. O
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Now we turn to the proof of the second lemma used in the proof of Proposi-
tion 5.7, in which we show that the eigenvalue exchange solution with constant
q1 is non degenerately stable in H°°.

Lemma 5.9. Assume § = —8. Let g2\ be the unique solution of (5.20), and
Xx = (2/3,q2,0) € H®. Then v(N), defined as in (5.13), satisfies

v(A) >0 VYA>0. (5.30)

As a consequence, A\ — g\ is smooth.

Proof. First note that the smoothness of A — ¢z » follows from (5.30). Indeed,
(5.30) implies that D?I)(go.,) is invertible, so that near gs », a solution go of
DI,(g2) = 0 depending smoothly on A may be obtained by the implicit function
theorem. On the other hand, the uniqueness proven in Lemma 5.8 implies that
g2,» coincide with this smooth solution.

Now we turn to the proof of (5.30). Recall that v()) is the first eigenvalue
of the quadratic form ®, = D*E$°(x,). Since § = —8 and ¢; = 2/3, it holds

Y16 8
Oy [h1, ho 2/ {V(hﬁ)2+6<3+qg,x> h%}d@"
-1

1
+ / 1 {;(hgf +2(3¢5, —4) hg} dz.
That is, ) decomposes into a quadratic form in hy, which is obviously positive
definite, and a quadratic form in ho, which is nothing else than DQI)\(quA).
Therefore, to prove (5.30) we only need to show that D?I)(ge.) is positive
definite.

Let us define

NE inf D2I h
" hEHé(—llr,ll),fh2=1 A(g22)[h]

2
= . f - h/ 2 2 3 2 _4 h2 d .
hGHé(fllr,ll) fh2—1/{)\2( )"+ ( 42, ) T

We need to prove that n(A) > 0 for every A > 0. Since g2 » minimizes Iy, it
clearly holds n(A) > 0. To prove that n(\) can not vanish, we are going to
establish that A — 7()) is decreasing.

To this end, we remark that after a rescaling it holds

(5.31)

A
) = inf 2 h/ 2 2 372 4 h2 d ’
n(A) heHé(*i\I»l/\)affﬁzl /_)\{ ()" + ( a2\ ) } Y

where @ 5 is the rescaled map defined by

RAY) = exy/N), (5.32)
and extended to the whole real line by putting g = 2 in (—oo0,—\) and
Go.x = —21in (A, +00). In Lemma 5.10 below we show that g2 x(y) is a monotone

function of \.
Using Lemma 5.10, we prove that n(\) is decreasing: let A’ > X and consider
amap hy € Hi(—\,\) at which the infimum defining n()) is attained. Then h)
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is admissible in the infimum defining n(\'), and we obtain n(\") < n(\), since
@G .a < 3., With strict inequality on (=X,0) U (0,A). The latter fact follows
from Lemma 5.10 and the fact that g ) is odd.

We may now complete the proof of Lemma 5.9: since n(\) decreases, and in
addition n(A\) > 0 for all A, we must have n(\) > 0 for any . O

In the following lemma, we prove the monotonicity of A — ¢ .
Lemma 5.10. For anyy >0, (0,y) 2 A = g2 (y/A) = G2.A(y) is increasing.

Proof. The rescaled map g2,y minimizes the energy functional
7o Mo 1, 2
INg) = (3%)" + 5(‘12 —4)7| dy,
0

subject to the boundary conditions g2(0) = 0, g2(A\) = —2. Note that we were
able to restrict the integral to the positive half-line since g» is odd.

Let A > A > 0. Consider the respective minimizers o »» and g2, and
assume that it does not hold

B () > @aly) Yy e (O,X).

Then g2 (yo) = G2,x(yo) for some yo € (0,A), since in (A, \') it does hold
Q2,x" > q2,x-
Thus, the maps

G = @xly<y, T ©2aly>ye, G2 = @aLly<y, + @20 1y>y,

belong to H'(0,)), respectively H(0,)\). We claim that g minimizes I,.
Assume indeed that §»  has strictly higher energy than g» x: then g x» would
have strictly lower energy than g, /, which is absurd. In particular, g2 ) is
analytical (as a minimizer of I ), which is possible only if g2 » and gz, coincide.
But then the analytical function g y» would be constant on (A, '), and we obtain
a contradiction. O

So far we have proven the first part of Theorem 5.5, about the extension of
x» until A = 400. Now we turn to proving the second part, about the behaviour
of u(N). We split this second part into Propositions 5.11 and 5.12 below. We
start by showing that p(\) decreases, with non vanishing derivative.

Proposition 5.11. Assume 0 = —8. Then it holds
1A <0,
for all X > 0.

Proof. The fact that pu()\) decreases can be obtained quite easily as a conse-

quence of Lemma 5.10. The fact that its derivative does not vanish, however, is

not immediate. Our proof is very similar to the proof of [8, Proposition 5.18|.
First we show that

0

a[@g))\(x)] >0 forz e (0,
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Consider the smooth map
6:[0,+00) x R 5 R, (z,0) > 6(z, ),

defined as the solution of the Cauchy problem

(b:rx = (¢2 - 4)¢7
?(0,a) =0, ¢,(0,a) = av.

Clearly, for any A > 0, and for = € (0, \],

B (7) = d(z,ax)  with oy = g3 ,(0).
Notice that o\ solves

DA, an) = —2.

We claim that, for any « € (0, \], 0o é(x, ax) > 0. In fact, let h(z) = dnd(x, ay).
The function h solves

h// = (3(73,)\ - 4)h7
h0) =0, K(0)=1.

Assume that h(zg) = 0 for some zo € (0, A]. Then Al ,,) would be an admissi-
ble test function in the variational problem defining 7(\), and we would obtain
n(A) = 0, which is not true. Recall that n()\) was defined in (5.31), as the first
eigenvalue of the second variation of I, and that we have shown in Lemma 5.9
that n(\) > 0 for every A.

In particular, 9, ¢(\, ay) > 0 and we can apply the implicit function theorem
to obtain a smooth map A — a()\) such that

6\ a(N) = —2.

Then = — ¢(x, a(X)) solves the same boundary problem as g2 x. By the unique-
ness proven in Lemma 5.8, those two functions must be equal, and in particular
we have ay = a()). Moreover, differentiating the equation satisfied by a(\), we
obtain

_aw¢()‘7a)\) q/Z,)\(/\)

Db )~ Badnan)

In fact, the bounds (5.24) ensure that %7)\()\) < 0, and equality can not occur,
else g2,» would satisfy the same Cauchy problem as the constant map ¢ = —2.
Thus we have

9
1))
Let Ay > Ao > 0. Using the facts that (z,\) — g2,x(x) is smooth, that

G2,x < 0 on (0,+00), and that g5 ,(0) < 0 (else g2,» would coincide with the
constant solution ¢ = 0), we obtain

a'(\) =

(@2 (2)] = &' (N\)0ad(z, ) >0 for z € (0, A].

Gox(z) < —cx Vz €[0,A], X € [Aog, M,
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for some constant ¢ > 0. Similarly, we have
M@ (@)] >z Vo e[0,\], X € [Xo, \1].

Therefore we deduce from the mean value theorem the existence of a constant
C > 0 such that

(jg,,\(x) — (j;)\o (z) < —C(A—Xo)x® ¥z € (0,X0), A € Ao, M1 (5.33)

Note that, since gz, is odd, estimate (5.33) holds also for all x € (—\g, o).
We remark that, since § = —8 and ¢; = 2/3, formula (5.13) for () simplifies
to

e
A) =2 inf — (W) + (g3 —4)h* ) d
=2, it (002 @ - ) as

A
= 2 : f h/ 2 _9 . 4 h2 d .
heHé(—kr,lA) [ h2=1 [A (( )"+ (QQ,A ) ) Y

Let ho € HJ(—=X, ), [ hg =1, be a function at which the infimum defining
1#(Ao) is attained. Using the estimate (5.33), we compute, for A € [Ag, A1] :
A

A)=2 inf n)2 2 _nn2ld
ae hGHé(i\r,l)\)’fhz_l/_)\ [( )7+ (@) —4) ] x

Ao
gz/ ()2 + (@2 5 — B3] da
—Xo

< 1) — 200\ = Xo) / h2adz,

so that u'(A\p) < 0. O

To complete the proof of Theorem 5.5, it remains to show that, for large A,
the eigenvalue exchange solution is unstable with respect to symmetry breaking
perturbations. This is the content of the next result.

Proposition 5.12. Assume 0 = —8. Then it holds

lim p(X) <0.

A— 400

Proof. We start by studying the limit of the rescaled map g2 (y) = g2, (y/N)
(extended to (—oo, +00) by g2, = F2 near £00). This rescaled map ¢, mini-
mizes the integral

niw = [ (@ 3@ -17)a

subject to the boundary conditions gz(£A) = F2. For ' > X, g2 ) is admissible
in Jy/. Therefore we deduce that

A+ Jx(@2,n) is non increasing.
In particular, it holds

+oo 1
/ ((qg,,\)Q + 5@5”\ - 4)2) dr < C,

— 00
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and (g2,1)x>0 is bounded in H} (R), so that we may extract a weakly converg-
ing subsequence. On the other hand, we know from Lemma 5.10 that g2 x(y)
is a monotonic function of A, so that the whole sequence converges pointwise.
Therefore the weak H lloc limit is unique and we do not need to take a subse-
quence: there exists ¢ . € H}.(R) such that > \ converges to g« as A — +00,
on every compact interval, H'-weakly and uniformly. Using the differential
equation satisfied by g2 x, we see that the second derivatives converge uniformly
on every compact interval, so that we actually obtain convergence in CfOC(R).
In particular, the rescaled limiting map ¢a . € C?(R) solves the equation

Ty = (B = D2 (5.34)
Moreover, using Fatou’s lemma, we find that the map ¢ . has finite energy:
+oo 1
[ (@ 5@ - 07) dy < (539

Since @2, is obviously odd and non increasing, the finite energy property implies
that it satisfies the boundary conditions

G2, (—00) =2, @2x(+00) = —2.
Recall that, since § = —8 and ¢; = 2/3,
A
py=2, (002 @ - on) d
We claim that the convergence of ¢» ) towards ¢» . implies that
+o0

1' A = 2 3 f hl 2 —2 _ 4 h2 d ) '
1m N( ) heHl(]g)l’fhz_l/ (( ) +(QQ7* ) ) X (5 36)

A—~+o00 o

Indeed, for any € > 0, we may find hg € C°(R) such that

+oo
/ (W2 + (@2 — Hh3) di < m+ e,

— 00

where m denotes the infimum in the right hand side of (5.36). Choose A > 0
such that supp hg C [—A, A]. Then, for any A > A, it holds

—+oo
) <2 / ((h)? + (¢ — 4)h2) dar.

— 00

Since ¢z,» converges uniformly to G2 . on supp hg, we may pass to the limit in
the last inequality, and deduce that
li A <2 2e
Jm p(d) < 2m + e,
which proves (5.36) since ¢ is arbitrary.

In view of (5.36), to conclude the proof we need to find a function h € H*(R),
h # 0, such that

+o0
/ ((h)?+ (3. — 4)h?) dz < 0.

—00



100 CHAPTER 5. CELLULE NEMATIQUE FRUSTREE

We claim that h = @, , is a suitable choice. The fact that h # 0 is clear
in view of the boundary conditions satisfied by g .. The fact that h € HJ(R)
follows from the finite energy property (5.35). Indeed, (5.35) clearly implies
that h € L*(R), and also that (g3, —4) € L?, so that

W = (3. — 4)&2. € L*(R)

since o« € L.
Moreover, differentiating the equation satisfied by @2 ., we obtain

W' = (3., —4)h,

so that
—+o00 —+o0
/ ((F')? + (33, — Hh*) da = —2/ B h* dz <0,

and the proof is complete. O]

Now Theorem 5.5 is obtained directly by putting together the propositions
5.7, 5.11 and 5.12 above.

5.5.2 The proof of Theorem 5.6
We define the map

G:(0,+00) x Hy(=1,1)% — H(~1,1)?,

defined by

2
G\, Q) =DEx(x»+Q), where ) = <3,Q2,,\,0> :

By definition of the eigenvalue exchange solution, it holds
G(\,0) = 0.

From Section 5.3 we know that
DqG(A,0)[h1, ha, hs] = (M(h, h2), Lahs),

and M, is invertible since v(A) > 0. Recall indeed from Proposition 5.3 that
the branch x is defined only when v(\) > 0.

As for Ly, its first eigenvalue is p(\.) = 0 and it is simple. Therefore we
obtain

dimKer DgG(A¢,0) = 1 = codim Ran DgG (A, 0),

since DgG(A¢,0) is obviously Fredholm of index 0.
Next we show that, for all H € Ker DgG (A, 0), H # 0, it holds

6ADQQ()\C,O) -H % Ran DQQ(/\C, 0).
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To this end, we use an argument similar to one in the proof of [8, Theorem 5.24].
Recall that

Ker DG (A, 0) = Span (0,0, hy, ),

where h) is an eigenfunction associated with the first eigenvalue of £, and can
be chosen to depend smoothly on A (see the proof of Proposition 5.3).
Hence it suffices to show that

8,\£)\|>\=,\Ch,\c ¢ Ran ﬁ)\c.

We obtain this latter fact as a consequence of p/(A.) < 0. Indeed, assume that
there exists h € H} such that

a)\ﬁ)\|,\:>\ch)\c = ﬁACh.

Then we compute, using the facts that £, hy, = 0 and that £, is symmetric,

0> ul(/\c) < ﬁ)\hx,h,\ >]/\:/\c

_d
= a [
=< OLla=rhr, ha, >
=< Ly h,hy, >=0,

and we obtain a contradiction.

Thus, all the assumptions needed to apply Crandall-Rabinowitz’ bifurcation
theorem [42, Theorem 1.7] are satisfied: there exists a smooth function A(t)
defined for small ¢, with A(0) = X, and a regular family H; = (h1, ho, hs)
taking values in (0,0, hy, )t C H}(—1,1)3 with Hy = 0, such that, for any Q
close enough to xai.,

Q = xx

DE =0 <
Q) {or A= A(t) and Q = xxq) + (0,0, hy,) + t2H,.

One can say a little bit more about the new branch of solutions thus ob-
tained. Indeed, changing g3 to —gs leaves the equations (5.6) invariant. More

precisely, given @ = (q1, ¢2, q3) a solution of (5.6), the map Q= (q1,q2, —q3) is
automatically a solution of (5.6). In particular, to a solution

Q = Xx@) +1(0,0,hy,) + t?Hy,
corresponds a solution
Q = xa) — 1(0,0, hy,) + t2Hy.
Since both ) and @ are close to x,, we deduce that

/\(t) = /\(—t) and hl,—t = h1,t, h2,—t = h2,t7 h3,—t = —h3,t-

This ends the proof of Theorem 5.6.



102 CHAPTER 5. CELLULE NEMATIQUE FRUSTREE

5.6 The perturbed case 6 ~ —8

Now we turn back to the case of a general temperature 6 € (—oo, 1]. A closer
look at the proof in subsection 5.5.2 will convince us that a result similar to
Theorem 5.6 holds for any 6 satisfying some nondegeneracy assumptions. After
having checked that these non degeneracy assumptions are stable under small
perturbations of 8, we will obtain as a corollary a result similar to Theorem 5.6
in the perturbed case 0 ~ —8.

Theorem 5.13. Assume that 0 is such that the branch of eigenvalue exchange
solutions A\ — xx given by Proposition 5.3 has the following two properties:

(i) there exists A € (0, \.) such that p(\) < 0.

(ii) denoting by A. > 0 the infimum of all such \:

Ae =inf {\ € (0, \): p(N) <0},
it holds
W (Ae) <O0.

Then there exist §,¢ > 0 and a neighborhood A of xx, in H, such that the
solutions of

DE\(Q) =0, A Q) € (M=, A +0) x2,
are exactly

A=A(t)

te(—e¢,¢e
Q=xx+ t(0,0, hc) + 15217[)57 for some ( )

where \(t) € (A\e — 8, \c +6) and H; € h: are smooth functions of t € (—¢,¢).
Moreover, the following symmetry properties are satisfied:

)\(—t) = )\(t), and hl,ft = hl,t; hg’,t = hg’t, h37,t = —hg’t, (537)
where Hy is identified with (hy ¢, hay, hst) via (5.1).

Proof. Looking at the proof of Theorem 5.6 in subsection 5.5.2, we see that
we have really only used the facts that for 6 = —8, (i) and () are satisfied.
Hence the proof of Theorem 5.6 may be reproduced word for word to prove
Theorem 5.13. O

Theorem 5.13 is an abstract theorem: if 6 satisfies some conditions, then we
have a concrete result. But it does not tell us anything about the validity of
such conditions in general.

Let us say a few words about these conditions. In view of Proposition 5.3, A,
can be interpreted as the point where the eigenvalue exchange solution looses its
stability with respect to symmetry-preserving perturbations. Condition (i) asks
for p(X) to become negative before this point is reached. That is, condition ()
could be rephrased as: as A grows, starting from the unique solution for small
A, a symmetry-breaking loss of stability occurs before a possible symmetry-
preserving loss of stability. And condition (4) asks for the symmetry-breaking
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loss of stability to be non degenerate. Hence condition (7i) is typically a generic
condition.

Remark that in the special case = —8, we have shown (Theorem 5.5) that
symmetry-preserving loss of stability does not occur at all, and that symmetry-
breaking loss of stability does occur, in a non degenerate way. Now we are going
to show that these conditions propagate to nearby 6. This is the content of the
next result.

Proposition 5.14. If 6y < 1 satisfies conditions (i)-(ii) of Theorem 5.13, then
there exists € > 0 such that every 0 < 1 with |0 — 6| < € also satisfies (i)-(ii).

Proof. During this proof we will emphasize the dependence on 6 of the objects
we have been working with. For instance we will write Hg, Eg¢, A (0), and so
on.

Let us start by remarking that a value Ag (provided by Proposition 5.2),
under which there is uniqueness of the solution, may be chosen independently
of @ in a neighborhood of 6. Indeed, the proof of Lemma 5.17 shows that this
value of \¢ depends on the W2 norm of the bulk energy density f restricted
to values of @ satisfying the maximum principle (5.5). It is clear from the
expression of f and (5.5) that this W?2° norm depends at least continuously
on #. We may thus choose a \g that works for all § in a fixed neighborhood of
0o.

The idea of the proof is to use the implicit function theorem to define eigen-
value exchange solutions x) ¢ depending smoothly on A and 6. For 6 close
enough to 6y, this branch will look very much like the branch xy g,, and thus
will satisfy (7)-(ii).

To apply the implicit function theorem we need a fixed space, but Hg® de-
pends on . Thus we fix g € Hi® depending smoothly on € (for instance take
Xo to be affine), and we will work instead in the space Hj(—1,1)? after having
translated by xg.

Since we will apply the implicit function theorem near each A, but need
to obtain for each § a whole branch A — x» ¢, we will have to restrict A to
a compact interval. That is why we choose A1 € (A, \), where A\, = A.(6p)
(defined by (i1)) and Ax = Ai(6p).

We consider the smooth function F defined by

F(0.2,x) = DESS(xo + x) € H(=1,1)%,

for § <1, A >0 and y € Hi(—1,1)%. For all A € (0, \,), it holds
F (0o, A Xx.00 — Xo,) = 0,

and, since v(\) > 0, the partial differential
D, F (0o, A\, Xx,0, — X6,) is invertible.

Hence the implicit function theorems provides us with ey > 0 and 2 a neigh-
borhood of xx,9, — X0, such that the equation

.7:(9,)\/,)():07 |9*90|<6A, |)\I*)\|<€>\, XGQ[)\,

has a unique solution xx ¢ — xs depending smoothly on (X, ).
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Using the compactness of [A\o/2, A\1], we deduce the existence of € > 0 and 2
a neighborhood of 0 in Hg(—1,1)?, such that the equation

A
F(0.0x) =0, [0~ <e, T <A< ALX € Xag — Xop + 2,

has a unique solution xg » — xs which depends smoothly on (0, ). Hence, for
every 6 € (0p — €,00 + €), the unique smooth branch of eigenvalue exchange
solutions given by Proposition 5.3 is A — xg,x, defined at least up to A1, and it
depends smoothly on 6.

More precisely, we have just proven that xg  depends smoothly on (0, \) €
(0o — €,00 + &) x (Ao/2,A1). On the other hand, since A\ is choosen in such a
way that the unique solution yp » is non degenerate for A < A\ (see the proof
of Theorem 5.17), we may apply the implicit function theorem to obtain that
(0,)) — xo.n is smooth also for small \. Hence xy » depends smoothly on
(9,)\) S (90 —e,00+ E) X (0,)\1).

Recall that, for fixed 6, given a branch of eigenvalue exchange solutions x,
we have defined p(A) in (5.13), as the first eigenvalue of the free energy second
variation around yx, with respect to symmetry-breaking perturbations. Here
we emphasize the dependence on 6 by writing p(6,A). That is, u(0,\) is the
first eigenvalue of Ly », which is the linear operator associated to the quadratic
form D2E97 A restricted to the space Hyg, of symmetry-breaking perturbations
(see Section 5.3).

Since (0, A) — xp,x is smooth, we prove, exactly as in Proposition 5.3 for
A= u(A), that

(B — 2,00 +2) x (0, A1) 3 (8, ) = (6, \)

is smooth.
In particular, since — by (i) — there exists Ao € (A:(0p), A\1) such that
1(0o, A2) < 0, it follows that we may chose € small enough, so that

ILL(@,)\Q) <0 Ve (00 — 6,00 +€),

i.e. (4) is satisfied for 0 close enough to 6.
By definition of A. = A\.(6p), and since 6, satisfies (i7), it holds
op
B0, Ae) =0, —=—(6p, \c) > 0.
(00, Ac) 9 )\( 0, Ac)
Therefore the implicit function theorem ensures the existence of a smooth map
A(0) defined — up to choosing & small enough — for 6 € (0y — ¢, 0y +¢), such that
0
u(Bo A(9)) =0, SE(0.A(6)) > 0.
In order to complete the proof of Proposition 5.14, we need to show that this
A(0) is really the critical value A.(0) that appears in (7).
That is, we need to prove that (for € small enough),

w(@,X) >0 forfe (0y—e,0p+c¢), A€ (0,A(0)). (5.38)

We start by noting that the choice of \y in the proof of the uniqueness result
Theorem 5.17 can be such that

,U(G,/\) > Co V(@,/\) S (90 —¢,0) +5) X (0,)\0), (539)
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for some ¢y > 0. On the other hand, ¢ may be choosen in such a way that it
holds

—(0,\) >0 for (0,\) € (6p —¢€,00+¢) x (A\c— I, A\ +0). (5.40)

Using the compactness of [Ag, A\c — d] and the fact that u(6p,\) > 0 for all
A € (0, ), we may also choose ¢ such that we have

10,0 >0 Y(0,)) € (o — e, 00 + ) X Moy Ae — 4. (5.41)

Putting together (5.39), (5.6) and (5.41), we obtain (5.38). Therefore, A(f) is
really the infimum of those A for which ©(0,A) < 0, and 6 € (0y — ¢,0 + )
satisfies (ii). O

As we pointed out at the beginning of the present section, a corollary of
Theorem 5.5 and Proposition 5.14 is that the bifurcation result Theorem 5.13
applies to all 6 close enough to the special value § = —8.

Corollary 5.15. There exists € > 0 such that, for any 0 <1 with |0 +8| <¢, a
symmetric pitchfork bifurcation occurs from the branch of eigenvalue exchange
solutions starting at small A, in the sense that Theorem 5.13 applies.

Appendix 5.A Principle of symmetric criticality

Proposition 5.16. Let H be a Hilbert space, G a group acting linearly and
isometrically on H and ¥ = HC the subspace of symmetric elements (that is,
r €Y iffgr =x Vg €G). Let f: H— R be a G-invariant C function. It
holds:

(i) If x € ¥ is a critical point of fix, then x is a critical point of f.

(ii) If in addition f is C?, it further holds

D?f(x)-h-k=0 forheX, kext,

i.e. the orthogonal decomposition H = ¥ & X+ is also orthogonal for the
bilinear form D?f(x).

Ttem (i) of the above proposition is only a particularly simple case of Palais’
Principle of symmetric criticality [108]. Item (i) however does not seem to be
explicitly stated in the literature — as far as we know. Using the same tools as
in Section 2 of [108], it is not hard to see that an equivalent of (ii) is actually
valid if H is replaced by a Riemannian manifold M on which the group G acts
isometrically. In this case, 3 is a submanifold of M and, at a symmetric critical
point x, the orthogonal decomposition

TM=T,Ya (T,X)*
is also orthogonal for the bilinear form D? f(z).

Proof of Proposition 5.16. As already pointed out, item (i) is a particular case
of [108, Section 2|. We nevertheless present a complete proof of Proposition 5.16
here, since in the simple framework we consider, the proof of (i) is really straight-
forward.
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The fact that f is G-invariant means that it holds
flgz) = f(z) Yge G, xe€ H. (5.42)
Since the action of G on H is linear, differentiating (5.42) we obtain
Df(gx)-gh=Df(x)-h Vhe H. (5.43)
Applying (5.43) for a symmetric z, i.e. z € ¥, we have
< Vf(z),gh >=<Vf(x),h> VheH.

Note that here we distinguish between the differential Df(z) € H* and the
gradient Vf(z) € H. Similarly, below we will distinguish between the second
order differential D?f(x) € L(H, H*) and the hessian V2 f(z) € L(H). Since g
is a linear isometry, we conclude that

g 'Vf(x)=Vf(x) Vgeda, ie. Vf(x) e X. (5.44)

Therefore, if we know in addition that x is a critical point of f}x;, which means
that Vf(z) € 4, it must hold V f(z) = 0. This proves (3).
Now assume that f is C? and differentiate (5.43) to obtain

D*f(gx) - gh-gk = D*f(x)-h-k Yh,k € H. (5.45)

In particular, if 2 and h are symmetric (i.e. belong to X), and if we denote by
V2 f(x) the Hessian of f at z, (5.45) becomes

< g N (V2f(2)h),k >=< V*f(x)h,k > Yz ¥ heX ke H,

so that V2f(z)h is symmetric. Hence it is orthogonal to any k& € ¥+, which
proves (ii). O

Appendix 5.B Uniqueness of critical points for
small A

Let Q € RN be a smooth bounded domain, and f : R¢ — R a W2 map.
We are interested in critical points of functionals of the form

Ea(u) = /Q SalVul + /Q f(w), (5.46)

i.e. solutions u € H' ()¢ of the equation
Au= NV f(u) inD'(Q). (5.47)

Note that (5.47) implies in particular that V f(u) € L}, .
We prove the following:

Theorem 5.17. Assume that there exists C > 0 such that Vf(x)- -z > 0 for
any x € RY with |z| > C.

Let g € L™ N HY2(00)?. There exists \g = Mo(Q, f,g) such that, for any
A € (0,X0), Ex admits at most one critical point with tru = g on 0S).
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Theorem 5.17 is a direct consequence of Lemmas 5.18 and 5.19 below. In-
deed, Lemma 5.18 ensures that, for sufficiently small A\, E) admits at most
one critical point satisfying a given L* bound (independent of A). And in
Lemma 5.19 we prove that the assumption on f implies such a bound for criti-
cal points of F.

Lemma 5.18. Let C > 0. There exists \g = Ao(C, f,Q) such that, for any
A€ (0,\) and any g € HY?(00), E\ admits at most one critical point u
satisfying |u| < C a.e. and tru = g.

Proof. Let
X = {u € Hl(Q) Dul < C a.e.}.

We show that, for A small enough, F) is strictly convex on X.
Let u,v € X. Then u—v € H}(Q)?. Using Poincaré’s inequality, we obtain

utv) 1 9 U+
E,\(2)—8)\2/|Vu+Vv|+/f<2)
_ b 2 2 B
—4)\2/|Vu| +4>\2/|V’U| 8)\2/|Vu v)
u+v
“fo(5)

:%EA(UH ~E\(v) — W/\v u—v) (5.48)
() - §f<u>—2f<v>}
S NO %Ek(v) = Cig)llu o3

On the other hand, for any x,y € R? satisfying |z|, |y| < C, it holds

T+ 1 1
F(Z5) - 36 - 3500 < U flwaeiaole ~ ol (5.49)
Plugging (5.49) into (5.48) we obtain, for some ¢y = ¢2(, f,C) > 0,

u~+v 1 1 c
By (“51) < 3550+ 3EA(0) = Sxllu ol + callu ol

1 1 Cc1 C1

= iE/\(U) + §E/\(U) - ﬁ”u - U||%2 - C2(m = Dflu— UH%%

Hence, for A < A\ := /c1/(2¢2), it holds

Ey (u —2|— U) < %E,\(u) + %E,\(v) Yu,v € X, u #v.
Thus F), is strictly convex on X.

To conclude the proof, assume that for a A € (0, \g), there exist two solutions
uy and wug of (5.47), belonging to X. Then one easily shows that [0,1] > ¢ —
Ex(tu; + (1 — t)ug) is C* and that its derivative vanishes at 0 and 1, which is
incompatible with the strict convexity of Ej. 0
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Lemma 5.19. Assume that there exists C > 0 such that
lz| >C = Vf(z) -z>0.

Let g € L N HY2(00). Ifu e HL(Q)? is a critical point of Ex, then it holds
|u] < max(C, |lg]ls) a-e.

Proof. We may assume C' = max(C, ||g|loc) > 0.
Let ¢ € C*(R) be such that:
¢ >0,
¢ >0,
(t)=0 fort<C?
o(t)=1 fort>T, for some T > C2.

(5.50)

Let w = ¢(|u|?). The assumptions on ¢ ensure that w > 0, and w = 0 in
{lul <C}.

Therefore, taking the scalar product of (5.47) with wu and using the as-
sumption that V f(u) - u > 0 outside of {|u| < C}, we obtain

1
P Au=wVf(u)-u>0 ae. (5.51)

Since wu € H}(Q)¢, we may apply Lemma 5.20 below, to deduce
/ Vu - V(wu) <0. (5.52)
Q
On the other hand, it holds

Vu - V(wu) Z/Qw\VU| +/(222k:(u'3ku) @' ([ul?),

Q

so that we have in fact
/ w|Vul? <0. (5.53)
Q

Finally we may choose an increasing sequence ¢ of smooth maps satisfying
(5.50) and converging to 1,5~ ¢2. Then wy, = ¢ (|ul?) is increasing and converges
a.e. to 1>, and we conclude that

/ [Vul* =0,
lu|>C

so that |u| < C a.e. O

The following result, which we used in the proof of Lemma 5.19, is due to
Pierre Bousquet.

Lemma 5.20. Let u € H(Q)? and assume that Au = g € L}, (Q)?. Then, for
any ¢ € HY(Q)4,

(-g>0a.e. :>/V§-Vu§0. (5.54)
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Proof. We proceed in three steps: first we show that (5.54) is valid for ¢ €
H' N L*°(Q)? with compact support in (2, then for ( € H} N L>(Q)¢, and
eventually for ¢ € H}(Q)%.

Step 1: ¢ € H: N L.

Since ¢ is bounded and compactly supported, there exists a sequence (j of
C2*° functions, a constant C' > 0, and a compact K C €, such that

supp (x C K, ||Gklloo < C, and ¢ — ¢ in H' and a.e..

Since (i, € C°(2)4, it holds, by definition of the weak laplacian,

/Ck'g:*/VCk'V%

and we may pass to the limit (using dominated convergence on the compact K
for the left hand side) to obtain

/Cg— /VCVU

which implies (5.54).
Step 2: ( € Hi n L.
Let 0, € C°(£2) be such that

C

< < =1i d(z.90)
0 <0k <1, Ox(x) = 1if d(z,090) > d(z,09)’

1
o and |VO(z)| <
and define ¢, = 0,¢ € H! N L>(Q)%.

Assuming that ¢-g > 0 a.e., we deduce that (i -g > 0 a.e., and thus we may
apply Step 1 to (j: it holds

02/VCk~Vu:/9kVC-Vu+/V9k-Vu-C. (5.55)

The first term in the right hand side of (5.55) converges to [ V(- Vu, by
dominated convergence. Therefore we only need to prove that the second term
in the right hand side of (5.55) converges to zero. To this end we use the
following Hardy-type inequality:

2
y gﬂm 5 < c/ IVC]2, V¢ € HHRQ). (5.56)

Using (5.56) and the Holder inequality, we obtain

2

< CIVCIRa / Vul? — 0,
d(z,00)>1/k

’/V9k~Vu'(

which concludes the proof of Step 2.
Step 3: ¢ € H}.
We define ¢, = P;,(¢), where Py : R? — R? is given by

Pux) = x if |z| <k,
= if |z| > k.

k
Ta[*
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Then ¢, € H} N L*°(Q) and ¢ — ¢ in H'.
If (- g > 0, then it obviously holds (i - g > 0, so that we may apply Step 2
to (i and obtain

/VCk~Vu§O.

Letting k£ go to co in this last inequality provides the desired conclusion. O

Appendix 5.C Second variation of the energy
At amap Q € H'(—1,1)3, the second variation of the energy reads
D25Q = [ (552 + D1(@)1])
where
D{(@QH] = JIHP 4@ H? +(@- HY + LQPIH[*

If we take Q = x = (¢1,¢2,0), and consider separately perturbations H), =
(h1,h2,0) and Hg, = (0,0, hs), we have

|H,,|? = 6h3 + 2h3 |Hy|? = 2h3
X - Hszp = 2q1(h§ — 3h%) =+ 4(]2h1h2 X - Hszb = 2q1h§
X - Hsp = 6q1h1 + 2q2ha X Hg =0,

so that we can compute

0
D2 (0[] =6 (5 + 20+ 902 + 3 ) 12

3
+ 8QQ(3Q1 — Q)hlhg

0
D*f(X)[Ha) =2 ( —4q; + 33 + q%) h3.

0
+2(—4q1+3q%+3q§> h3

3
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Existence de points critiques
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dans des domaines
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6.1 Introduction

Let Q C R? be a smooth bounded simply connected domain. Let a map u
belong to the space

E:={ue H (,C); [tru| =1},

where tru denotes the trace of u on the boundary 9€). Then the trace tru
of u on 99 belongs to the space H'/2(9Q;S"), and therefore we can define its

113
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winding number or degree, which we denote by deg(u,d2) (see [30, Appendix];
see also [20, Section 2] for more details). This allows us to define the class

Ea={ue H' (%C); [tru| =1, deg(u,09Q) = d} .

In this paper we study the existence of critical points of the Ginzburg-Landau
energy functional

1 1
B = 3 [ 1Val + 5 [ 0=y

in the space &g, i.e., of critical points with prescribed degree d. More specifically,
we are interested in non trivial critical points, that is critical points which are
not constants of modulus one.

The prescribed degree boundary condition is an intermediate model between
the Dirichlet and the Neumann boundary conditions. The asymptotic of min-
imizers of the Ginzburg-Landau energy FE. with Dirichlet boundary condition
was first studied by Bethuel, Brezis and Hélein in their classical work [25]. In
particular, it was shown in [25] that minimizers u. have zeros « well-inside »
Q, and that these zeros approach the singularities (vortices) of the limit wu, of
the u.’s as € — 0. In contrast, the only minimizers of E. with no boundary
condition are constants. The same holds even for stable critical points of E.
with Neumann boundary conditions [126]. The analysis of the prescribed de-
grees boundary condition (in domains which may be multiply connected) leads
to a richer global picture [17], [55], [19], [18], [21], [49], [20]. More specifically,
in multiply connected domains minimizers of E, may exist [55], [19] or not [18].
However, in such domains critical points of E. always exist [21], [49]. In simply
connected domains, minimizers never exist [19]. More involved is the study of
the existence of critical points in simply connected domains; this is our purpose.
Typical methods in absence of absolute minimizers consist in constructing local
minimizers, or in constructing critical points by minimax methods. Construc-
tion of local minimizers proved to be successful in multiply connected domains
[21], but the arguments there do not adapt to our case. Minimax techniques
led in [20] to the proof of the existence of critical points in simply connected
domains for large €, but again these techniques do not seem to work for small
€.

The present paper is devoted to the existence of critical points for small
¢ and thus complements [20]. Our approach relies on singular perturbations
techniques, in the spirit of Pacard and Riviére [107]. We explain this approach
in the special case where the prescribed degree is d = 1. We first recall the
main result in [25]. Consider the minimization of E. with Dirichlet boundary
condition:

min{ E (u); tru = g on 9Q}.

Here, g : 02 — S! is smooth, and we assume that deg(g, Q) = 1. Then there
exists some a € €) such that, possibly up to a subsequence, minimizers u,. satisfy
Us — Uy, With

Z—a g

Us (2) = Uy q,9(2) e, with H = H, 4 harmonic. (6.1)

T e —d
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In (6.1), the function H is uniquely determined (mod 27) by the condition
Uy = g on 0f2. (6.2)

The point @ is not arbitrary: it has to be a critical point (actually, a point of
minimum) of the « renormalized energy » W (-, g) associated with g.

In order to explain our main results in the case of prescribed degree bound-
ary condition, we perform a handwaving analysis of our problem when d = 1.
Assume that wu. is a critical point of E. in & . Then u. has to vanish at some
point a., and up to a subsequence we have either

(i) ae > a€Q

or

(ii) ac — a € O9.

Assume that (i) holds. Assume further, for the purpose of our discussion, that
ac is the only zero of u.. Then the analysis in [25] suggests that the limit u, of

the u.’s should be again of the form wu.(z) = S a| eV, Formally, the fact that

ue is a critical point of E. leads, as in [25], to the conclusion that the limiting
point a is a critical point of a suitable renormalized energy ﬁ/\() Some basic
properties of the energy W are studied in [85]; we will come back to this in
Section 6.2. Of interest to us is the fact that W is smooth and does have critical
points. .

Let a be a critical point of W, and let u, be as in (6.1)-(6.2). We plan to con-
struct critical points u. of E. in & such that u. — u, as € — 0. Our approach
is inspired by the one of Pacard and Riviére [107]. In [107], critical points of
E. with Dirichlet boundary condition g are constructed under a nondegeneracy
assumption for the corresponding renormalized energy W (-, g). We encounter a
similar situation in our problem: we are able to construct critical points of F.
under some nondegeneracy assumptions that we explain below.

To start with, we will see in Section 6.2 that we may associate with each
point a €  a natural boundary datum g%, solution of the minimization problem

min{W(a, g); g : 0Q — S, deg(g,0Q) = 1}.

It turns out that, if a is a critical point of W, then a is also a critical point of
W(-,9%) (Section 6.2). Since W has a global maximum (Section 6.11), W has
critical points, and thus there exists some a € ) critical point of W (-, g%). Our
first nondegeneracy assumption is

(ND1) there exists some a €  nondegenerate critical point of W (-, g%).

Assuming that (ND1) holds, set go := ¢g®. Then we may prove that, for each
g «close » to go in a suitable sense, W (-, g) has a critical point a(g) close to a
(Section 6.5). Thus, to such g € C1#(99Q;S!) we may associate the function
Oy

ov’

where u. = U, 4(q),q is given by (6.1)-(6.2). One may prove that the map
g+ T.(g) is C! near gg, and that its differential L at g is a Fredholm operator
of index one (Section 6.10). Our second nondegeneracy assumption is

(ND2) L is onto.

T.(g) € CP(O%R), Tulg) := . A

We may now state our first result.
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Theorem 6.1. Assume that (ND1) and (ND2) hold. Then, for small e, E. has
critical points u. with prescribed degree one.

A similar result holds for an arbitrary prescribed degree d.

The conditions (ND1) and (ND2) seem to be « generic ». ! However, it is not
clear whether the assumptions (ND1) and (ND2) are ever satisfied. Therefore,
our next task is to exhibit nondegeneracy situations.

Loose Theorem. Assume that d =1 and that ) is « close » to a disc. Then
(ND1) and (ND2) hold. In particular, for small €, E. has critical points of
prescribed degree 1.

The above theorem applies to the unit disc D. However, no sophisticated ar-
gument is needed for a disc. Indeed, when 2 = D it is possible to construct
explicit hedgehog type critical points of E. by minimizing F. in the class of the
maps of the form f(|z|)i

2]

Concerning the existence of critical points of E. in arbitrary domains, we
do not know whether (ND1) and (ND2) do always hold. However, we have the
following result.

Loose Theorem. Assume that d = 1. Then every £ can be approzimated with
domains satisfying (ND1)-(ND2).

Our paper contains the proof of the three above theorems, as well as gener-
alizations to higher degrees d and a discussion about the « generic » nature of
our results. The plan of the paper is the following. In Section 6.2, we recall the
definition and the main properties of the renormalized energies corresponding
to either Dirichlet or prescribed degree boundary condition, and establish few
new properties. In Sections 6.3 and 6.4, we derive new useful formulas for the
renormalized energies. In Section 6.5, we prove that nondegeneracy of critical
points of W (-, g) is stable with respect to small perturbations of g. Section 6.6
is devoted to the proof of a variant of the Pacard-Riviére [107] construction
of critical points with Dirichlet condition; this is a key step in our proof. We
prove Theorem 6.1 (for arbitrary degrees d) in Section 6.8. The proof relies
on a Leray-Schauder degree argument, and the corresponding key estimate is
obtained in Section 6.7. In Section 6.9, we prove that the couple of conditions
(ND1)-(ND2) is stable with respect to small perturbations of the domain. This
and the fact that Q = D satisfies (ND1)-(ND2) (Section 6.10) implies (a rig-
orous form of) the first Loose Theorem. We finally discuss in Section 6.11 the
« generic » nature of our results, and establish (a rigorous form of) the second
Loose Theorem.

Notation

1. Points in R? are denoted z in the Sections 6.3 and 6.4 relying on complex
analysis techniques, and = or y elsewhere.

2. D(z,7), D(2,r) and C(z,r) denote respectively the open disc, the closed
disc and the circle of center z and radius r. We let D = ID(0, 1) denote the
unit disc and set D, = D(0, 7). S* is the unit circle.

1. Critical points of smooth functionals are « generically » nondegenerate, and Fredholm
operators of index one are « generically » onto.
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3. A stands for the vector product of complex numbers or vectors. Examples:
(uy 4+ 2u2) A (v1 +1w2) = ugve — ugvy, (ug +1ug) A (Vo +1Vug) = w3 Vg —
UQV"Ul, (V’ul —+ ZVUQ) AN (Vv1 + ZVUQ) = Vu1 . VUQ — VUQ . Vvl.

4. If Ais a set and k an integer, then we let
Ab ={a = (a1,...,a) € A¥; a; # a;,Vj #1}.

5. When k = 1, we identify a collection a = (a;) with (the point or number)
ai.

6. Additional indices emphasize the dependence of objects on variables. E.g.:
Ya = 1a,q Tecalls that ¢ depends not only on a, but also on g.

6.2 Renormalized energies and canonical maps

In the first part of this section, we follow [25] and [85].

We fix k € N and a collection d = (dy,...,dy) € ZF, and we let d :=
di + -+ -+ dg. The bounded domain  C R? is assumed to be simply connected
and C1F,

We consider a collection of mutually distinct points in Q, a = (aq,...,ax) €
QF (the prescribed singularities), and also a boundary datum g € Hl/z(ﬁﬂ; Sh,
of degree d. We denote by B, the space of all such boundary data. Thus

By = {g € H'/*(09;S"); deg(g,00) = d}.

For small p > 0, we define the open set 2, = Q\ Ule D(a;,p), and the classes
of functions

Fpg={v e H (Q,;S"); trv =g, deg(v,C(a;,p)) =d;}, (6.3)
F,={ve H'(Q,;SY); deg(v,dQ) = d, deg(v,C(aj,p)) = d;}. (6.4)

The functions in these classes have prescribed winding number d; around each
a;, and prescribed boundary condition g (respectively prescribed degree d) on
09. Of course, although we do not make this dependence explicit, the above
classes depend not only on p and g, but also on a.

In [25] and [85], minimization of the Dirichlet energy 1/2 [ |Vv|? over these
spaces is studied, and the following asymptotic expansions are obtained as p —
0:

k
1 1
inf{Z/ |Vv2;v€]-"p,g}—7r E d? log;+W(a,g)+O(p), (6.5)
QP

Jj=1

k
inf{;/ |w2;veﬁp}—7r S log%-kW(a)—kO(p). (6.6)
QP

=1

In the above expressions, W (a, g) and W(a) are the so-called renormalized en-

ergies. These quantities depend not only on a and g, but also on d and Q.
Explicit formulae for the above renormalized energies can be found in [25]

and [85], and involve the functions ®, , and ®, defined as follows. ®, 4 is the
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unique solution of

while &)a is the unique solution of

(6.8)

AT, =27Y % djds,  inQ
‘5,1 =0 on 0N

For further use, let us note that, if & € S, then ®, , = ®,.4,. Therefore, we
may naturally define ®, , when g is an equivalence class in H'/2(9€;S')/S!.

We also define the regular parts R, , and éa of ®,, and EI;a as follows:

k
Ry g(x) = @ q4(z) — Zdj log |z —aj|, YzeQ, (6.9)
j=1
respectively
R R k
Ry(x) = Oy(x) — Zdj log |z —aj|, Vae. (6.10)
j=1

The expressions of W and W are

k
1 g
Wia,g) = —dejdl log |a; —al|—|—§/ . (g A 87) —ﬂZdea’g(aj),
j=1

A o8
(6.11)
respectively
— k) -~
W(a) = —ﬂZdjdl log|a; — a —ﬂ'Zdea(aj). (6.12)
L j=1
The next result was proved in [85].
Proposition 6.2. We have
W (a) = inf {W(a,g); g € Ba}, (6.13)

and the infimum is attained in (6.13).

Recall that By := {g € H'/?(0Q;S"); deg(g,00Q) = d}.
We present here an alternative proof of Proposition 6.2, in the course of
which we exhibit a formula of the form

Wi(a,g) = W(a) + non negative terms ,

which will be useful in the sequel.
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Proof of Proposition 6.2. We identify a map v € H'/2(9Q;R) with its harmonic
extension to €, still denoted v. Given ¢ € HY/?(9%;R), we define its (normal-
ized) harmonic conjugate 1»* € H/?(9€; R) as follows. The harmonic extension
of ¢* (still denoted ¥*) is the unique solution of

1 4 11p* is holomorphic in €,
/ b =0 (6.14)
2Q

Note that the Cauchy-Riemann equations imply

o oy oY
% — oy and 9 o (6.15)
. . 1 2 . . . 6w 81/)*
at least when 1 is smooth. When v is merely H'/?, the distributions 5 op €

H~'/2 are respectively defined as the trace on 99 of the normal derivatives of
¥ and ¥*, and the equalities in (6.15) are to be understood as equalities of
distributions in H~1/2.

We consider the space

HY2(00;R)/R ~ HY? (9% R) := {¢ e H'2(00;R); | ¢ = o} , (6.16)
o

which is endowed with the natural norm

o* 0
W"?{l/z :/Q|V¢|2:/Q|V7/J*|2: ) i P =— L (6.17)

Q 81/ aQE '

If 1) not smooth, then the two last integrals are to be understood as H~1/2—H/2
duality brackets.

Given a € QF, we define the canonical boundary datum associated with a as
the unique element g = g* € H'/2(9Q;S")/S! such that deg(g, Q) = d and

dg* 0D,
or v’

a

(6.18)

Our first observation is that g% is well-defined and smooth. (It would be more
accurate to assert that every map in the equivalence class defining g* is smooth.)

Indeed, existence of a smooth g : 92 — S! satisfying g A % = h (with given h)
T

is equivalent to A smooth and

/ h = 2md. (6.19)
o0

9P
In addition, g (if it exists) is unique modulo S!. In our case, we have h = 3 z,
v
which is smooth (since @, is smooth near 9€). In addition, using the equation
(6.8), we see that (6.19) holds. If we compare the definition of g* to the one of
®, 4, we see that the canonical datum g% is the unique ¢ (modulo multiplication

by a constant in S') such that

P, =D, (6.20)
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Given g € H'Y2(0Q;S') with deg(g,09Q) = d, we have deg(g/g®, ) = 0.
Therefore, we may find ¢ = 9,4 € H'2(0Q;R), unique modulo a constant,
such that [29]

g = g = gietbus, (6.21)
Thus we have

Al@u, -] =0 im0

0 ~ 0

2 [@a,q -3 } = aﬂ on 99 | (6.22)

0 : e T
f (cba,q . %) —0
0 ’

Combining the above with the definition of the harmonic conjugate, we find
that

D,y =Dy — " =D, — V" (6.23)

a,g*

Plugging (6.23) into the expression of W (a, g) given by formula (6.11), we find

3 dg* 0
W(a,g) **WZd dilogla; —ai| + = / (‘Dafili*) <ga ag 877/_1)

J#l
k
3y (Rala) — 4 (a7)
J=1
— 1 ag® 1 0
- [ v (en) -5 [ v i”dejw (a)).

(6.24)

In the last equality we used the fact that </I5a = 0 on 0N2. Furthermore, using
the definition of ¢g® and the fact that ¢* is harmonic, we obtain

* a aga _ *860‘
/mw (g : 87-)_/Bﬂw v

" (6.25)
/m ch +/ Y AD, = 27erj¢*(aj).
Jj=1
Using (6.17), (6.24) and (6.25), we finally obtain
= 1
W(a,g) = W(a) + 5 [Yaglip/2 - (6.26)

In particular, we recover the conclusion of Proposition 6.2 in the following
stronger form: the minimum of W (a, -) is attained (exactly) when g = g* (mod-
ulo S1). O

Remark 6.3. The canonical boundary datum ¢® will play a crucial role in our
subsequent analysis. We emphasize here the fact that g* is the (unique modulo
St) solution of

dg" 0%,
or v

a

on 0f). (6.27)
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The limit (as p — 0) of the variational problem (6.5) is also connected to
the so-called canonical harmonic map . 4,4 associated to prescribed singular-
ities @ € QF and to the Dirichlet condition g € HY?(99Q;S"). In fact, in [25,
Chapter I] it is proved that the unique solution u, 4 of the minimization problem
inf { [ |Vul?; u € F, 4} tends to u, 44, in CF (2 {a;}) as p — 0.2

The canonical harmonic map is defined by the formula

k z—a; \%¥
u:u*ag:e’HH J in Q
s &y |Z_a‘
j=1 J

AH =0 in
uU=g on 0f2

(6.28)

The fact that deg(g,0) = d = > d; guarantees that H = H, is well defined.
Indeed, there exists ¢ € H'/?(9;R) such that

and then we can simply let H be the harmonic extension of ). On the other
hand, we note that H is uniquely defined up to a multiple of 2.
Equivalently, w in (6.28) is characterized by [25, Chapter I]

uf = 1
ou 0P, 4
N e T o
N a“zl 3‘I>a,92 . (6.29)
“ 8$2 a 8331
u = g on 0f)

In particular, we have

Qsag _3(I>a,g
o or

Usa,g N on 09 (6.30)

and

Oy a
Usgg N —22 = 0. (6.31)
‘/69 g 31/

Remark 6.4. For the minimization problem (6.6), the situation is similar. As
established in [85], the solution v, to inf {f |Vu|?;v e .7?,,} converges (in an

appropriate sense) as p — 0, t0 Uy q 1= Ui q,g0. Since ¢g* is defined modulo
St, v, 4 is also defined modulo S!. Therefore, in this context the convergence
actually means that subsequences of (v,) converge to representatives (modulo
S1) of v, q.

We end this section with the definition of the following quantity, which will
play a very important role in what follows. For a € QF and g € H1/2(6Q;Sl),
we set

8u*,a,g _ _8q>a,g c H_l/Q(OQ;R)- (632)

N = Usog.q N
(aag) u say9 ay 87'

2. Actually, in |25, Chapter I] the map g is supposed smooth, but the argument adapts to
a general g € H'/2(9%;Sh).
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6.3 Transport of formulas onto the unit disc

Let f : D — Q be a conformal representation. The assumption Q € CH#
ensures that f and its inverse ¢ := f~1 : Q — D are C"# up to the boundary.

The goal of this section is to understand how the objects defined in Sec-
tion 6.2 are transported by ¢ and f.

We will stress the dependence on the domain by using superscripts (e.g. W =
W), For a € D¥, the notation a = f(a) stands for a := (f(a1),..., f(ax)) €
k.

First of all, for a € QF, we have

o, =D

p(a),gof o+ Ov (633)

where C = C(a,g,f) = — [ @ (a),gof|f/|- Indeed, (6.33) is justified as follows.
By a direct calculation, both sides of (6.33) satisfy the same Poisson equation,
with the same Neumann boundary condition. The constant C' comes from the
normalization condition |, 90 Pa,g = 0. The same argument applies to show that

OF =07, 0. (6.34)

Here there is no renormalization constant since &)a satisfies a Dirichlet boundary
condition.

Normal and tangential derivatives transform in the following way. If v : D —
C, then

ol () =P (I (o(2)), 2 €9, (6.35)
2 oul() = I ()l on (o), =€ o0 (6.36)

Using (6.34), (6.35), (6.36) together with formula (6.18) characterizing g°,
we find, for a € QF,

go f=g?". (6.37)
On the other hand, we claim that

u?’a’g = u]f)’@(a)’gof o p. (6.38)

Indeed, this follows from the observation that the two sides of (6.38) agree on
0%, combined with (6.28) and with the fact, when H is harmonic in D, we may
write

Memw"(z) = Qem('z), with K harmonic in €.

|p(2) = p(a) |z —al

As a consequence of (6.38) and (6.36), we obtain, recalling the definition (6.32)
of N,

N%(a,g) = |¢'| N®(¢(a), g o f)o . (6.39)

The formulas of the renormalized energies W and W transport in a more
complicated way.
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Lemma 6.5. Let o € D¥, a:= f(a) and g : 9Q — S'. Then
Wa,g) = WP(ago f) + 7Y d}log]| (o), (6.40)
J

Wa) = WP(a) + ’ﬂ'Zd? log | f'(evj)]. (6.41)

Proof. Using definition of R, , (6.9), together with (6.33), we compute, for
z €D,

Rg,g(f(z)) ,gof Zdl IOg |f f(al)‘ +C

agof Zdl 1og

(6.42)

f(Oél) Lc

The above is well-defined when z # «;, and extends by continuity at z = a;.
In particular,

flay) = flew)
%

Oéj—

Riz,g(f(aj)) = RE7gof((1j)—Z d; log
I#j

—dj log |f’(a])|+C (643)

Finally, we plug (6.33) and (6.43) into formula (6.11) expressing W in terms of
@, , and R, ,. We obtain, using also the fact that deg(g,0Q) =d=3"d;,

0
W%(a, g) —ﬂdellog|a]—al|+ /OQCPEQOfocp(g/\ai>
J#l

1
+5C g/\——ﬂ'ZdC’ deRagof a; +7er210g|f ()]
oQ

0
:—ﬂ'Zd diloglay —ay| + = /D(I)E)gof(gof)/\a(gof)

J#l
k
- WzdeE,gof(Oéj) +7y dilog|f' (o)
j=1 =1

=WP(a,g0 f) + Wzd? log | f'(cv;)]-
J

Formula (6.41) can be proved following the same lines (the calculations are even
simpler than for (6.40)). Alternatively, we can obtain (6.41) via the relation

W(a) = W(a, g%). O

6.4 Explicit formulas in the unit disc

In this section we derive explicit formulas for W\D, WP and NP.
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We start by recalling the explicit formulas for @2 and WP [85]: for v € DX,
we have

k
0(2) = Zdj (log |z — aj| —log |1 —@;z|), VzeD, (6.44)
j=1
/V[?D(Oé) = —WZ d;d;log|a; — ay| + ﬂ'Zdjdl log |1 — @y (6.45)
J#l J#l

+7 Z d7log(1 — |ay;[?).
J
The formulas for W and N are more involved.
Lemma 6.6. Let o € DF be fized, and ¢° := go‘0 : S' = S! be an associated
canonical boundary map. (Recall that g° is defined up to a multiplicative con-

stant.) Then it holds:
(i) For a € D* and for ) € HY/?(S4;R),

WP (a, g%*) = WP(a) + % /D |V (05 g0 +¢7) ? (6.46)

and, for z € D,

i B _
Z ( —@;2) a?(l _O‘?Z)> e C ~ R2 (6.47)

11 —a@;z? 1 —a)z)?

(i) For o € D¥ and for ¢» € HY?(SY;R),

: QZd AT (6.48)

aA
“J)
NP(a, g% —|—2E dj| e

Proof of (i). Since we will always work in the unit disc, we drop the superscript
D.
We know from (6.26) that for g € H'/?(S';S"),

W (0,6) = W(a) + 3 gl (6.49)
where 9 4 is defined (modulo a constant) in (6.21) by

g =gree. (6.50)
Taking g = ¢%¢", and using ¢° = g®e"Va.s®, we find

g = gPeVaide = gt (Va0 V). (6.51)
so that it holds

Ya,g = PVa,g0 + Y. (6.52)
This leads to

—~ 1 — 1
W(a,goelw) =W(a)+ 9 |wa,g° + wﬁ{l/z = W(a)+ 9 /]D) ’V (#’Z,go + w*) |2 )
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(6.53)

, (6.46) holds. In order to complete the proof of (i), it remains to compute

VIZ)
Recall that 1/1* 90 is characterized by

qu* o =0 in D

L

Since e™a.s® = ¢ /g®, we have

31#01’90 _go/\aigo_ a/\@ga

Yago on St (6.54)

= . 6.55
or ar 9 or (6.55)
By definition of g® and ¢° = ¢°°, and using (6.44), we obtain
o ) 99° _
/\W_ Z log\z aj;| —log |1 —az]],
50 5% 5 (6.56)
g af
gO/\E 5 Zd]@ [log|z—a0\—1og|1—a z|}
We also note the identity
0 _
1=—log|l —@z|+log|z —a|], VaecD. (6.57)

ov
Combining (6.55))-(6.57), we obtain
87/’;90 0tq, g0 0

_ a0 , S0 loell — o
2 - T - 2;dj(log|1 a%z| —log|1 ajz|) . (6.58)

Therefore, there exists a constant ¢(«) € R such that

Vo go(2) = 2Zdj (log |1 —afz| —log |1 — @;z[) +c(a), Vz eD. (6.59)
J

Indeed, the right-hand side of (6.59) satisfies (6.54), and so does 17, o. The

constant ¢(«) is determined by the normalization condition [ ¥y g0 = 0. From
(6.59) we immediately obtain (6.47). O

Proof of (i7). In view of formula (6.28), we have
OH* 0
0,29 i I - L — o
N(a,g%") = + Zda = ;d](%uog\z ajll,
(6.60)
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where H* is the harmonic conjugate of H, characterized (up to a constant) by

AH* =0 inD
OH __OH (6.61)
oy or U

On the boundary S!, we have

oHo_ =Gy _ =Gy 0 ) 6.62
‘ 1;[(|z—aj|) ’ I}(Z_W) s (662

so that
OH 0y 0. 0g° 0 -
o =ar TN g T L ig; )

W 9B, 0 _
= o o 2 Mol ol

aw d
+Zdja [log|z — af] — log|1 — @%z]] Zdja[log\zfaﬂ.]
J

(6.63)

Here we have used the definition of ¢° = ga0 and the explicit formula (6.44) for
®,,. Using (6.57), we obtain

OH 0 | . 0 _
i (0 +zj:dj(210g\l—a‘jz|—10g|1—ajz|) . (6.64)

We deduce that there exists a constant ¢ = ¢(1), ) such that
H* ="+ d;(2log|1 —afz| —log|1 — @;z|) + c. (6.65)
J
From (6.65) and (6.60) we obtain

N(a, %) = ——&—Z 210g|1—a z| —log |1 — @;z| — log |z — o] -

(6.66)

Using the fact that for every o € D we have

0 0 _ aAz 1
we finally obtain
op* ANz a; Nz
N(a,¢’e¥)=——+2Y d,——— -2 d,——"_ 6.68
(a ge ) or + zj: ‘]|Z_a?‘2 zj: J|Z—Oéj|27 ( )

as claimed. ]
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6.5 Nondegeneracy of IV is stable

In this section we show that, if a® € (Q0)* is a nondegenerate critical point
of W(- go), with go : 9Qg — S!, then for Q « close to » €, and for g :
00 — S «close to » gg, there exists a unique nondegenerate critical point a of
WE(., g) «close to » a’. Unlike the analysis we perform in subsequent sections,
smoothness (of the domain or of the boundary datum) is not crucial here. In
order to emphasize this fact, we first state and prove a result concerning rough
boundary datum (Proposition 6.7). We next present a « smoother » variant of
the stability result (Proposition 6.9).

The notion of closeness will be expressed in terms of conformal representa-
tions. Let us first introduce some definitions. Let X be the space

X = {f et (@; (C) ; f is holomorphic in D} , (6.69)
which is a Banach space with the || - [|c1 norm. In X we will consider the open
set

V:={f € X; [ is bijective and f ' € X} . (6.70)

Every f € V induces a conformal representation f : D — Q := f(D), which is
C" up to the boundary. In what follows, we denote by f~! both the inverse of
f:D— Qand of fig: : S' — 9.

Similar considerations apply to the space

Xg = {f eCP (ﬁ; (C) ; [ is holomorphic in ]D)} , (6.71)
and to the open set

Vs :={f € X; [ is bijective and fte Xs}. (6.72)
Here, 0 < g < 1.

Proposition 6.7. Let Qg be a smooth bounded simply connected C*P domain
and fo : D — Qo be a conformal representation. Assume that there exists
a® € DF and g9 € HY?(SYSY) such that a® := fo(a®) is a nondegenerate
critical point of W (-, g o fo_l).

Then there exist a neighborhood V of (fo,0) in V x HY?(SY;R), a smooth
map a =V — DF, and some § > 0, such that the following holds.

Let (f,v) € V and consider the domain Q) := f(D) together with the boundary
datum g := (goe*¥) o f=1 € HY?(9%;SY). Then W(-,g) admits a unique
critical point a € QF satisfying |f~(a) — a®| < §. This a is given by the
map a(f,v) = f(a(f,¥)). Furthermore, a is a nondegenerate critical point of
WQ('7.9)'

Before proving Proposition 6.7 we state as a lemma the following smoothness
result.

Lemma 6.8. The map W : D¥ x V x H'?(SY;R) — R, defined by

W(a, f.) = WH®) (f(a), (goe™) o f71), (6.73)

18 smooth.
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Simalarly, the map Wh DF x Vg x CLP(SHR) — R, defined by

W, f.) = WP (f(a), (goe™) 0 f71) (6.74)
is smooth.

Proof of Lemma 6.8. The idea is to rely on the formulas derived in Sections 6.3
and 6.4 in order to obtain an explicit formula for W, from which it will be clear
that W is smooth.

To start with, formula (6.40) gives

W (o, f,1) = WP (e, goe') + 7Y d2 log | f(a;)]. (6.75)
J

Using the fact that for holomorphic f all derivatives can be estimated locally
using only || f|l, it can be easily shown that the maps

DY x V 3 (a, f) = log | f(ay)] (6.76)

are smooth.
Therefore the second term in the right-hand side of (6.75) is smooth, and in
order to complete the proof of Lemma 6.8 it suffices to prove that

DF x HY2(SYR) 3 (a, ) = WP(a, goe™) := Py, (a, 1)) (6.77)

is smooth. Clearly, if g € H'/?(S';S') is such that deg(g,S') = deg(go,S),

then we may write g = gpe*¥° for some 1)y € Hl/Q(Sl;R), and then we have

Py(a,%) = Py (a,v + 1p). This implies that the smoothness of P, does not
. 0

depend on the choice of gg. Therefore, we may assume that gy = ¢g¢ for some

a’ € D¥. This assumption allows us to use Lemma 6.6. Using (6.46), we obtain

— 1 . 1 .
W2, g0e™) =W2(@) + 5 [ (905, 4+ 5 [ 1967
D D
(6.78)
+/V1/J;go - V™.
D

We examine the smoothness of the four terms on the right-hand side of (6.78).
The first term depends only on « and is smooth thanks to formula (6.45). The
second term depends only on « and is smooth thanks to formula (6.47). The
third term depends only on v and is a continuous quadratic form, hence it is
smooth. The fourth and last term depends linearly on v and is smooth thanks
to formula (6.47) again.

Hence the map (6.77) is smooth, and the proof of the H'/? part of the lemma
is complete.

The proof of the C1# part of the follows the same lines and is left to the
reader. O

Proof of Proposition 6.7. Let us first remark the following fact. Fix f € V and
Y € H'/?(9D;R) and consider the domain Q = f(ID) together with the boundary
datum g = (goe'¥)o f~1. Then, for any a € D¥, f(a) is a nondegenerate critical
point of W*(-, g) if and only if « is a nondegenerate critical point of W(, ).
This is a simple consequence of the fact that f induces a diffeomorphism from
D* into QF.
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We consider the map F : D¥ x V' x H'/2(SY;R) — R,
F (o, f,9) = VaW(a, f,9). (6.79)

Lemma 6.8 ensures that F' is smooth. Moreover, the assumption that a° is a
nondegenerate critical point of W (-, goo f~1) ensures that a° is a nondegener-
ate critical point of W(, f0,0). Therefore F(a', f5,0) = 0, and D, F(a®, fo,0)
is invertible.

This enables us to apply the implicit function theorem: there exist of a
neighborhood V of (fy,0) in V' x H'/2(S*;R), a smooth map «a : V — D¥, and
§ > 0, such that, for (f,7v) € V and |a — a®| < 4,

F(a, f,) =0 <= a=a(f,v). (6.80)

We may also assume that D, F(a(f, ), f,) is invertible, so that a(f,v) is a
nondegenerate critical point of W(, fy1). This implies that a := f (a(f, %)) is a
nondegenerate critical point of W*(-, g), where Q = f(D) and g = (goe™¥)o f~1.
In view of (6.80), a is the unique critical point of W*(-, g) satisfying |f~'(a) —
| < 6.

The proof of Proposition 6.7 is complete. O

In what follows, we will use the following smoother version of Proposition
6.7.

Proposition 6.9. Let Qg be a smooth bounded simply connected C*P domain
and fo : D — Qo be a conformal representation. Assume that there exists
a® € DF and go € CHP(SY;SY) such that a® = fy(a®) is a nondegenerate
critical point of W (-, gg o fo_l).

Then there exist a neighborhood V of (fo,0) in Vs x CHP(SLR), a smooth
map o : YV — DF, and some § > 0, such that the following holds.

Let (f,v) € V and consider the domain Q2 := f(D) together with the boundary
datum g := (goe'¥)of~1 € CTP(0Q;SY). Then W(-, g) admits a unique critical
point a € QF satisfying |f~1(a)—a®| < §, given by the map a(f,) = f (a(f,v¥)).
Furthermore, a is a nondegenerate critical point of W(-, g).

Here, V3 is given by (6.72). The proof of Proposition 6.9 is identical to the one
of Proposition 6.7 and is left to the reader.

We will need later the following special case of Proposition 6.9, where € is
fixed.

Corollary 6.10. Let a® € QF be a nondegenerate critical point of W (-, go), for
some go € CYP(0Q;8Y). Then, for g in a small C*P-neighborhood A of go,
W(-,g) has, near a®, a unique nondegenerate critical point a(g). In addition,
the map 1 — a(goe'¥), defined for v in a sufficiently small neighborhood of the
origin in C*#(0Q;R), is smooth.

We note here that Corollary 6.10 allows us to define a map
O a(g) 6

ov
(6.81)

T* = TQ (A — Cﬁ(aﬂvR)v T*(g) = Nﬂ(a(g)ag) = u*,a(g),g/\

*,a°,go
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Since W(-,g) does not depend on the class of g modulo S!, neither do a(g)
and T.. Moreover, in view of (6.30) and (6.31) we have

8 *,q 8@11
a0 ) ov o) or

We find that the map T\ induces a map, still denoted T, from 2A/St into
CP(0Q;R). Here, we define

CP (O R) = {¢ e CPOR); | o = o} .
o0

It is also convenient to consider, in a sufficiently small neighborhood B of the
origin in C1#(9€;R), the maps (both denoted U,)

Uo=Ulw 0 B — CPONR), U, () = Tu(goe™) (6.82)
and
Uo =Ulwo g, B/R = CP(O4R), Ul(¢) = Tu(goe™). (6.83)

The above U,’s are smooth. Indeed, this is obtained by combining (6.39) with
(6.48) and with the fact that v + a(goe'?) is smooth.

6.6 A uniform version of the Pacard-Riviére con-
struction of critical points

We start by explaining how the results established in this section compare
to the existent literature.

Let us first briefly recall the Bethuel-Brezis-Hélein analysis of critical points
of the Ginzburg-Landau energy F. with prescribed Dirichlet boundary condition
g € C>(0Q;S') [25, Chapter X|. Consider a fixed boundary condition g €
C>(9€;S), with deg(g,00Q) = d = 25:1 dj. Given a critical point a € QF of
W(-,dy,...,d,g), consider the canonical harmonic map given by (6.28). The
fact that a is a critical point of W (-, dy,...,dg,g) is equivalent to the fact that
the harmonic function Hj, defined near a; by

dj
uy = et (ZGJ> , (6.84)

z = a4

satisfies VH,(a;) = 0 [25, Chapter VII].

The main result in [25, Chapter X] asserts that, when (2 is starshaped critical
points of E. converge, as ¢ — 0 (up to subsequences and in appropriate function
spaces), to a canonical harmonic map . = u. 4,4 associated with a critical point
ac€QF of W(-,dy,...,dy,g).

Granted this result, one can address the converse: given a critical point
a € QF of W(-,dy,...,dy,g), does there exist critical points u. of E. with
prescribed boundary condition g, such that uw, — u, 4,4 as € — 07 Here we
will be interested in the answer provided by Pacard and Riviere [107].
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Theorem 6.11 ([107, Theorem 1.4]). Let 0 < B,y < 1. Assume that g €
C2P(0Q;SY) and dj € {£1}. Let a € QF be a nondegenerate critical point of
W('v dl> s 7dkag)‘

Then there exists g > 0 such that for every € € (0,e¢), there exists u. a
critical point of E. with u. = g on 0S), and

Ue — Uy q(g),g aSE— 0 (6.85)

in C2T(Q\ {ay,...,ar}).

loc

The purpose of this section is to establish a variant of Theorem 6.11, in
which ¢ is assumed to be merely C'# and is not fixed anymore. In addition, we
will obtain a uniform existence theorem, and uniform convergence rate. More
specifically, we fix integers di,...,d;. Since these integers do not depend on
the boundary datum g we consider, we will omit the dependence of W with
respect to dy, ..., d: we write W(-, g) instead of W (-, dy,...,dy,g). We consider
ap € QF a nondegenerate critical point of the renormalized energy W (-, go)
associated with gy € C1#(95;S'). By Corollary 6.10, we know that, for g in a
small C'P-neighborhood 2 of gy, W (-, g) has, near ag, a unique nondegenerate
critical point a(g).

In this section, we establish the following variant of Theorem 6.11.

Theorem 6.12. Let 0 < 8,7 < 1. Let go € CYB(0Q;SY). Let dy,...,d; €
{=1,1}. Let ag be a nondegenerate critical point of W (-, go). Then there exist
§ > 0 and g9 > 0 such that the following holds. For every g € C1P(0Q;S!)
satisfying |lg — gollcre < 0, and for every € € (0,eq), there exists ue = uc 4 a
critical point of E. with prescribed boundary condition g, such that

Ue,g — Us a(g)g GSE—0 (6.86)

in C21(Q\ {ay,...,a1}).

loc

As announced, the difference with Theorem 1.4 in [107] is that we merely
assume that g € C'1?; in addition, we prove that £y can be chosen independent
of g. Theorem 6.12 allows us to define a map F; : g — u. 4 for every e € (0,¢).

Theorem 6.12 is obtained by following the proof of Theorem 6.11 in [107].
All we have to check (and we will do in what follows) is that the estimates in
[107] are uniform in g; we also have to modify some arguments relying on the
regularity assumption g € C?75.

Proof of Theorem 6.12. For the convenience of the reader, we recall the main
steps of the proof of Theorem 6.11 in [107], and examine the crucial points where
the estimates depend on g, respectively where the regularity of g plays a role.

The general strategy in [107] is to construct an « approximate solution » U,
of the Ginzburg Landau equation

U

N-(u) =0, where N_(u) = Au+ 5—2(1 — |ul?), (6.87)
using the fairly precise knowledge we have of the form of solutions for small €.
Then, using a fixed point argument, one can prove that some perturbation of
U is in fact an exact solution of (6.87). The main difficulty lies in finding the
good functional setting that makes the linearized operator L. = DN around
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U, invertible, uniformly with respect to e. This is achieved in [107] in the frame
of appropriate weighted Holder spaces.

In [107] the proof of Theorem 6.11 is divided into five chapters: Chapters 3
through 7. In what follows, we detail the content of these chapters and explain
how to adapt the arguments for the need of Theorem 6.12.

Chapters 3 and 4 in [107]

[107, Chapter 3] is devoted to the study of the radially symmetric solution
u(re?) = f(r)e of the Ginzburg-Landau equation in C satisfying lim, . f(r) =
1. In particular, [107, Chapter 3| characterizes the bounded solutions of the lin-
earized equation about this radial solution. This characterization is used in
[107, Chapter 4] in the study of the mapping properties of the linearization of
the Ginzburg-Landau operator (at the radial solution) in the punctured unit
disc D\ {0}. In particular, it is shown that the linearized operator is invertible
between appropriate weighted Holder spaces.

These two chapters (3 and 4) are independent of the boundary condition g,
so that they can be used with no changes in the proof of Theorem 6.12.

Chapter 5 in [107]

The next step, in [107, Chapter 5|, consists in constructing and estimating
the approximate solution u.. This approximate solution looks like u. = t, g q(g)
away from its zeros (which are close to the singularities of w, ), and like the radial
solution studied in [107, Chapter 3] near its zeros. Since . is built upon u.,
the estimates satisfied by u. involve u,, and thus g.

More specifically, in [107, Chapter 5], various quantities are estimated in
terms of constants ¢(u.) depending on w, and its derivatives. An inspection of
the proofs there combined with (6.28) shows that these constants depend only
on a(g), on the harmonic function H = H, and on the derivatives of H,.

We claim that the constants ¢(u,) can be chosen independent of g satisfying

g — gollcr.s(a0) < 0. (6.88)

Here, ¢ is sufficiently small in order to have the conclusion of Corollary 6.10.
Indeed, the key observation is that there exists a constant C' > 0 independent
of g such that

[Hll 1.0 < C; (6.89)

this follows from the fact that H is harmonic and [|H||c1.5(90) < C.
In particular, we have

|H |y < Clk,w) for k€N andw C Q. (6.90)

Estimate (6.90) implies that all the interior estimates in [107, Chapter 5] are sat-
isfied uniformly in g € C'# satisfying (6.88). This settles the case of estimates
(5.8), (5.9), (5.33), (5.42) and (5.43) in [107, Chapter 5].

It remains to consider the global and boundary estimates (5.29), (5.32) and
(5.41) in [107]. These estimates rely on bounds on the solution & of the problem
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,, 11— .
AL = [Vu,[*§ + 75 =0 in Q55
§ =8 +wj, ondDs(a;) - (6.91)
& =1 on 0f)

Here, Qy := Q\ ;Do (a;) (for sufficiently small o > 0), and § := e2. The
auxiliary function S. is independent of g and is defined in [107, Section 3.6].
Finally, w, ., defined in [107, (5.7)], depends only a(g) and on the restriction of
Hj to compacts of §2; therefore, the estimates involving w; , are uniform in g.

In [107, Lemma 5.1] the following estimates (numbered as (5.29) in [107])
are shown to hold:

l—ce2<€E<1 inQ,, (6.92)
1—ce?r;?2<¢<1 inDg(ay) \ Dsja(ay), (6.93)
IVFE < ere®r7®7% in Dog(a) \ Ds(ay) (k> 1). (6.94)

Here o > 0 is fixed, and r; = r;(x) denotes the distance from « to a;. Estimates
(6.93) and (6.94) are interior estimates, and therefore they hold uniformly in
g € CYP satisfying (6.88), as explained above. We claim that the same conclu-
sion applies to (6.92). Indeed, an inspection of the proof in [107] shows that
the constant ¢ in (6.92) is controlled by supg_[Vu.|. The latter quantity is
uniformly bounded, thanks to (6.89), whence the conclusion. This settles the
case of the estimate (5.29) in [107].

We next turn to the estimate (5.32) in [107, Lemma 5.2]. Under the assump-
tion that g € C?#, this lemma asserts that

sup |[VR¢| < ee? %, k=1,2. (6.95)
Qo

In our case, we only assume g € C1%. The corresponding estimates are given
by our next result.

Lemma 6.13. Assume that (6.88) holds. Then we have

sup |V€| < ce and V€|, < ce'7P. (6.96)
Qo

Here, |- |g,0, denotes the C* semi-norm in €,:

|t]a,0, = sup {W @,y € Qa} :
yl

|z —

Proof. We apply Lemma 6.27 in the Appendix with w = § — 1 in G := Q,/s,
and find that

1/2 1/2

sup [Ve| < O (Jwlli2 o, 10wl 0, + lwllerson,) ) (6.97)
1/2—8/2 1/2 2

Velpa. < C (Il 2@ Iawl /257 + lwllensn,)) - (6.98)

The conclusion then follows by combining (6.97)-(6.98) with the equation (6.91)
and with with estimates (6.92) and (6.94). O
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Finally, we examine estimate (5.41) in the last section of [107, Chapter 5];
this is a global estimate for N:(u.). Recall here that A is the Ginzburg-
Landau operator, and that u. is the approximate solution of (6.87) constructed
in [107, Chapter 5|. The estimate [107, (5.41)] involves an interior estimate and
a boundary estimate. As above, the interior estimate is settled with the help of
(6.90). We now turn to the boundary estimate, which is the following:

INz ()| o g,y < ce™ P (6.99)

The proof of (6.99) in [107] relies on the estimates (6.95) above (see[107, Proof
of Lemma 5.2]). In our case, (6.95) need not hold, since we only assume that
g € 1P, However, we still obtain (6.99) as follows. We note that

N () = 2Vu, - V€ in Q, (6.100)
(this is formula (5.46) in [107]). By (6.100), we have

IN= () les o,y < cllVuslles @) IVEIles @,y (6.101)

We obtain (6.99) as a consequence of (6.89) and of Lemma 6.13.

As a conclusion of this inspection, we find that all the estimates in [107,
Chapter 5] are uniform in ¢ satisfying (6.88); the arguments there need only
minor changes. The most relevant change is that [107, Lemma 5.2] has to be
replaced by Lemma 6.13.

Chapter 6 in [107]

We now turn to [107, Chapter 6], which deals with the conjugate linearized
operator /38 around the approximate solution. The main result of this chapter
is [107, Theorem 6.1], which states that L. is invertible for € € (0,¢q), with the
norm of its inverse bounded independently of €. In order to adapt this theorem
to our situation, we need to check that this ¢, and the bound on £_1, can be
chosen independently of g satisfying (6.88).

The proof of [107, Theorem 6.1] is divided into three parts:

(a) The « interior » problem, consisting in the study of the linearized operator
L. near the zeros of @, [107, Section 6.2].

(b) The « exterior » problem, requiring the study of the linearized operator L.
away from the zeros of . [107, Section 6.3].

(¢) The study of the Dirichlet-to-Neumann mappings [107, Section 6.4]. (These
mappings are used later in order to « glue » the two first steps together.)

The interior and the exterior problem rely on the estimates obtained in [107,
Chapter 5]. An inspection of the proofs shows that all the estimates obtained
there are uniform in g, with one possible exception: the estimates in [107,
Proposition 6.2]. Indeed, these estimates rely on [107, Lemma 5.2], and more
specifically on (6.95) (which does not hold in our setting). However, a closer look
to [107, Proof of Proposition 6.2] shows that the conclusion of [107, Proposition
6.2] still holds if we replace (6.95) by Lemma 6.13. In conclusion, the first two
steps can be carried out with uniform estimates, provided (6.88) holds.
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The third step (Dirichlet-to-Neumann mappings) requires more care. In
[107, Section 6.4], the following two operators are defined, for fixed small { > 0
and for sufficiently small e:

k k
DNint,aa DNert,s : H 02”8 (C(C7 CL]')) — H Cl’ﬂ (C(C7(IJ)) . (6102)

Jj=1 J=1

(These are the interior and exterior Dirichlet-to-Neumann mappings.) The cru-
cial result in part (c) is [107, Proposition 6.5], which states the existence of some
o such that DN;ps . — DNeyt o is an isomorphism for € € (0,&¢). The proof of
this fact goes as follows. First the convergence

DNint.e = DNegte — DNipro — DNegro ase — 0 (6.103)

is shown to hold in operator norm. The proof of (6.103) relies on the interior
estimate (6.90). Therefore, the convergence in (6.103) is uniform in ¢ satisfying
(6.88).

We now return to the proof in [107, Chapter 6]. Once (6.103) is established,
it remains to prove that the limiting operator DNy, o — DNegt 0 is invertible.
This is done in [107, Proposition 6.5]; this is where the nondegeneracy of a as a
critical point of W (-, g) comes into the picture. In order to extend the conclusion
of [107, Proposition 6.5] to our setting, and to obtain a uniform bound for
the inverse of DNjp e — DNeyy e, it suffices to check that DN o — DNeat o
depends continuously on g. Indeed, this will lead to a uniform bound for the
inverse of DNjpt e — DNege e provided e is sufficiently small, uniformly in g
satisfying (6.88) (possibly with a smaller §). For this purpose, we examine the
formulas of DNyt o and DNjy 9. The definition of DNy is given in [107,
Proposition 6.4, and it turns out that that DN, o does not depend on g. As
for DNipt 0, it is a diagonal operator of the form

DNipnto(¢1,- .-, ¢x) = (DNjy o(61), ..., DNF, o(é0)) (6.104)

with DN, o : %7 (C(C,a5)) — CLP(C(C, a5)), Vi € [1, K]
Furthermore, from [107, Proposition 6.3] we know that DNijnt,O further splits
as

j:ln@}

T : span {e®"? — span qe
DN}, o=T1 ©Tp, with { 1 span { }nZQ pan {

+120 }

n>2
T5 : span {eile} — span {e

(6.105)

Here, the operator 77 does not depend on g. Therefore, we only need to check
that 75 depends continuously on g. As a linear operator on a two-dimensional
space, T5 is represented by a 2 x 2 matrix. It is clear from [107, Proposition 6.3]
that the coefficients of this matrix are smooth functions of V2H(a;). In turn,
V?2H (a;) depends smoothly on g, by Corollary 6.10.

Hence DN;pt0 — DNeat o depends continuously on g, as claimed.

This allows us to choose &¢ independent of g satisfying (6.88) in [107, Propo-
sition 6.5] and in [107, Theorem 6.1], and to obtain a uniform estimate for the
inverse of ZE.
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Chapter 7 in [107]

Finally, in [107, Chapter 7] the results and estimates in [107, Chapters 3-6]
are combined in order to prove Theorem 6.11. Our above analysis shows that
these estimates are uniform, and therefore lead to the uniform version Theorem
6.12 of Theorem 6.11.

Conclusion
As a conclusion of our analysis, Theorem 6.12 holds. O]

For further use, we record two additional properties of the maps u. 4; these
properties are immediate consequences of the construction in [107]. Let § be as
in Theorem 6.12. We consider the set

2:={g € CP(O%8"); g — gollcrs <3} (6.106)

Lemma 6.14. Let K € Q\ {a;}. Then we have |uc 4| — 1 as e — 0, uniformly
i K and in g € 2.

Proof. This follows by an inspection of the construction in [107]. Formulas
(5.36) and (5.37) in [107] ensure that, for small ¢, the approximate solution .

satisfies |u.| = |£] in K. The convergence then follows from the estimates on
¢, and from formula (7.1) in [107] connecting the approximate solution to the
exact solution. O

For the next result, it may be necessary to replace § by a smaller value.
Lemma 6.15. Let g € A and w € S'. Ifwg € A, then uc g = Wuc 4.

Proof. We have W(-,g) = W(-,wg). Therefore, if a is a nondegenerate critical
point of W(-,g), then a is also a nondegenerate critical point of W (-,wg). By
Corollary 6.10, we find that a(wg) = a(g). Using this equality, an inspection of
the construction in [107] shows that

Ue g = Wile 4. (6.107)

Thanks to (6.107), we obtain that wu. 4 has all the properties satisfied by the
solution wu. .4 constructed from . .4 via the inverse function theorem. Since
the solution provided by the inverse function theorem is unique, we find that
Ue wg = Wlle g, as claimed. O

6.7 Convergence of the normal differentiation op-
erators

In this section, we fix integers di,...,d; € {—1,1} as in Section 6.6. We
assume that a° is a nondegenerate critical point of W (-, go). Let g € 2, where 2
is given by (6.106), and let 0 < € < g¢. For such g and ¢, we define u, = u. 4 as
in Section 6.6. We also define u. 4 := u, 4(4),q, Where a(g) is the unique critical
point of W(-, g) close to ag (see Corollary 6.10). We consider the operators

Oy g

o

Te, Ty : A — CP (O R), To(g) = ue gy A age’g and T (g) = ey A
14

The main result of this section is the following
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Proposition 6.16. Let 0 < v < 1. Then (possibly after replacing 6 by a smaller
number) we have

g sup | 7 9) ~ 7.(6) - oy = 0. (6.108)

e—0 g€

In particular, given > 0 there exists some €9 > 0 such that, for 0 < & < gq,
T. — T, : A — C?(0R) is compact and satisfies

1T-(g) — Tu(9)llceon) < 1, Ve <eo, VgeiU

Proof. The last part of the proposition follows from the fact that the embedding
C7(0Q;R) — CP(9%; R) is compact when vy > 3.

Whenever needed in the proof, we will replace § by a smaller number. Let
a=a(g), g € A, be such that V,W(a,g) =0 and a is close to a® = (af,...a?).
Let t > 0 be a small number and set

W= {xEQ; |x—a?|>t7 Vje[[l,k]}}.

We may assume that |a(g) — a®| < t/2, Vg € 2. In view of Theorem 6.12, we
have u. ; — Uy 4 in C?7(K) as € — 0, for every g € 2 and for every K compact
set such that K C @\ 0Q. In addition, by Lemma 6.14 we have |u. 4| — 1 as
€ — 0 uniformly in @ and in g € 2A.

Let 6 = 6, be the multi-valued argument of

2o ] (z — aj(g))dv .
J
i=1 |z —a;(g)]
We note that V0, is single-valued and that we have
VOyllcrew) <C, Yge (6.109)

For small ¢ (independent of g), we have deg(uc 4) = deg(ux 4) = d; on C(af, 1),
and thus we may write, locally in @,

Uy = P = e getPes = petOHd) = p_ 1Bstves)
and similarly

U g = e0HP) = 10stves)
We may choose 1, 4 in order to have

[thugllcrsw) <C, Vge, (6.110)
and we normalize 1. 4 by the condition

Ve,g =i,y on . (6.111)
In terms of p, ¢ and 1, the Ginzburg-Landau equation reads

div(p*V) = div(p*(0 + 1)) =0

1
—Ap = 5p(1=p%) = pl Vel
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Step 1. We have

Ve gllirw) < Cp, ,Ve<eVged, V1< p < oo.

Indeed, we start by noting that we have ||[VOg| 1r(,) < Cp; therefore, it suffices
to prove that [|[Vipe g||1r(w) < Cp. Using the equation div(p*Ve) = 0, we see
that v 4 satisfies

At g =div ((1 - pgg) Vb, + (1 - pg,g) Vipey) inw. (6.112)
‘We obtain

Ve gllrw) < C (IWeglwi-irmnow + 11 = 02 ) Vgl o) + 11 = P2 ) Vibe gl o)
< Cp+ Ol = 92 gll Lo (@) Ve gl Lo () -

Since p.,y — 1 as € — 0 uniformly in @ and in g € A, the second term in the
right-hand side of the above inequality can be absorbed in the left-hand side
and we obtain the announced result.

Step 2. For 1 < p < oo we have Vp, , — 0 in LP(w) as € — 0, uniformly in
g e
This is obtained as follows. Let n:=1n. 4 :=1 — p. 4 € [0,1], which satisfies

1 .
—An+ p(L+p)n = p|Vel* inw

(6.113)
n=0 on Jf.
Moreover, we have
1
121 < 2P+ o =plVel + Ap < € on 9w\ 0, (6.114)

since ue g — Ui,y in C*7(K) for any compact K C @\ 992, uniformly in g € 2.
We may assume that p > 2. Multiplying (6.113) by n?~! and using Step 1,
Holder’s inequality and (6.114) we find that, for small e, we have

1 1
472/77”3;2/0(1+p)77”
_ _4,0n _
= [overr e [ ey [ e
w Ow\ O v w

on (=1)/p
= / P|V90|277p_1 +/8 \ o2 np_la =¢ (/ np) " 062(17_1)7

and thus
17,9l r(w) < Cpe®, Ve <eo, VgeEA, Vp < oo (6.115)

Inserting (6.115) into (6.113), we find that A7 is bounded in L?(w), Vp < co. By
standard elliptic estimates, we find that n (and thus p) is bounded in WP (w),
Vp < oo. We conclude via the compact embedding W2P — WP and the fact
that, by Lemma 6.14, we have p — 1 uniformly in @.



6.8. EXISTENCE OF CRITICAL POINTS IN NONDEGENERATE DOMAINS139

Step 3. For every v < 1, we have ¢. ; — 1. , in C17(@) as € — 0, uniformly in
g e A
Indeed, v, 4 — 1. 4 satisfies

2 .
A(q/}s,g - w*,g) = *Tvps,g : V(eg + 1/’5,9) m w
€,9

oy — ey =0 onda (6.116)
Veg — Pug — 0 in C? on dw \ 99

the latter convergence being uniform in g. By Steps 1 and 2, we have

A (s g — w*vg)HLp(w) — 0 as e — 0, uniformly in g.
Using (6.116), we find that ¢, ; — ¢. g — 0 in W?P(w). We conclude via the
embedding WP (w) — O (w), valid when p > 2 and v = 1 — 2/p.

Step 4. Conclusion.
We have

o 6Us,g o a@a,g o % 8¢8,g
Tel9) = ey A v v v ow

0 x
and similarly T\ (g) = % + ag} Y Using Step 3, we find that
14 14

T.(g)-Tu(g) = W

— 0in C7(09) as e — 0, uniformly in g € A.0C0

6.8 Existence of critical points in nondegenerate
domains

Before stating the main result of this section, let us recall the definition
(6.83) of the operator U, in Section 6.5. Given a’ a nondegenerate critical point
of W (-, g), we first define, in a C*# neighborhood of g, the operator T, = Ty 00,g-
Then U, is defined in a neighborhood 9B of the origin in C*#(9Q;R) by

U*(¢) = U*,ao,g(w) - T*(ge“p) = T*,ao,g(gelw)'

We still denote by U, the induced map U, : B/R — C’B(BQ; R), and recall that
U, is smooth.

Theorem 6.17. Let dy,...,dx € {—1,1} and set d:=dy + ...+ d.

Let Q be a bounded simply connected C™* domain satisfying the two following

nondegeneracy conditions:

(ND1) There exists a® € QF such that a° is a nondegenerate critical point
of W(-,g°) = W(-,dy,...,dg,g°), with g° = g% the canonical boundary
data associated with a° and dy, . .., ds.

(ND2) The corresponding operator U, 40 40 : B/R — CP(OQ;R) is a local
diffeomorphism at the origin, i.e., the differential

DU, (0) : CYA(0Q;R)/R — CP(0Q; R)

1s invertible.
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Then there exists g > 0 such that, for e € (0,g0), there exists ue € E4 a critical
point of E. with prescribed degree d.

Remark 6.18. It will be clear from the proof of Theorem 6.17 that the non-
degeneracy condition (ND2) can actually be replaced by the following weaker
condition:
(ND2’) U, is a local homeomorphism near the origin.

However in what follows it will be more convenient for us to consider the
condition (ND2). The main reason for this is that (ND2) is stable under small
perturbation of the domain, while it is not clear that (ND2’) is stable.

Remark 6.19. We connect here the hypothesis (ND2) in Theorem 6.17 to the
hypothesis (ND2) presented in the introduction. As we will see in Section 6.11,3
DU, (0) is a Fredholm operator of index zero. Thus the above hypothesis (ND2)
is equivalent to the fact that DU, (0) is onto. It is not difficult to see (but will
not be needed in what follows) that the surjectivity of DU, (0) is equivalent to
the hypothesis (ND2) in the introduction, and that the index of the operator L
that appears in the introduction is ind L = ind DU, (0) + 1 = 1.

Proof of Theorem 6.17. Since () satisfies (ND1), the results of Section 6.6 and
6.7 apply. We consider, as in Section 6.7, the operators

T., T, : %A — CP (O R)
and
U, :B/R — CP (0% R),
where 2 = {g € C7(Q,8"); [lg — ¢°|| < 6} and B = {y € CHP(IYR); |9 <

d}. Here, § and ¢ are sufficiently small. We note that 7. takes its values in
CP (0 R). Indeed, u = u. , satisfies

2
—1
/ u/\@:/div(u/\Vu):/u/\Au:/ [ul s—uAu=0.
2Q v Q Q Q ¢

By Lemma 6.15, we may also consider the induced operators

Us: B/R = CH(O%R), Ue($) = Te(g%"™).
By definition of the canonical boundary datum, it holds

811,*1(10_’90 B aq)ao,go o 8<I>ao

U+(0) = ths.a0,90 A ov or or

= 0. (6.117)

Thanks to (ND2), by considering a smaller ¢ if necessary, we may assume that
U, is a homeomorphism onto its image. By (6.117), there exists some 7 > 0
such that

U.(B/R) > {6 € CF (0 R); Illcs o0 < 1} = By (6.118)

3. In the special case where d = 1 and k = 1, but the arguments there adapt to the general
case.
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Recall the result of Proposition 6.16: for sufficiently small e, U, — U, is compact
and we have

tim sup { U () — U ()l omy: ¥ € B} = 0. (6.119)

Using (6.118), (6.119) and standard properties of the Leray-Schauder degree,
we find that

U-(B/R) > {¥ € CPOUR); [Wllosony < 3} = Buszs (6.120)

for sufficiently small . Indeed, the argument goes as follows. We start from

U.(B/R) = (Id + (U. — U,) o U ") (U(B/R)) D (Id + (U — Us) o U V) (By).
(6.121)
Here, Id denotes the identity map in C?(9Q;R).

Let L. := (U. — U,) o U;'. Then L. : B, — C?(99;R) is compact and, by
(6.119), there exists g9 > 0 such that

sup {[|Lc ()| cs00); ¥ € By} <n/2, Ve € (0,&). (6.122)

We complete the proof of (6.120) by showing that B, ,, C (Id + Lc)(B,) for
e € (0,e0). For this purpose, we let ¢y € B,/ and consider the compact

operator T : B, — CP(I%R), T(¢) := L.(v) — 1. We claim that
(Id+sT) () #0, Vse[0,1], Vo € 0B,,. (6.123)

Indeed, (6.123) is obtained by contradiction. Otherwise, using (6.122), we ob-
tain, for some ¢ such that [[1[|csa0) = n:

n/2 <n—sl|Le(¥)||cron) < 1Y+ sLe(®)]loson) = lIstollcsaa) < n/2.

By (6.123), the Leray-Schauder degree deg(Id + sT', B,),0) is well defined. By
homotopy invariance, we find that

deg(Id + sT', B,),0) = deg(I1d, B,,,0) = 1.

As a consequence, the equation (Id 4+ T')(¢)) = 0 admits at least a solution
1 € B,. This ¢ satisfies (Id + L. )(v) = . The proof of (6.120) is complete.

Let € € (0,60). Then, by (6.120), there exists some 1 € B such that
U.(¢)) = 0. Let g = g°e*¥. Then u. = Ue,g € Eq is a solution of the Ginzburg-
Landau equation, and it satisfies the semi-stiff boundary condition

Oue
ue A = To(g) = U.() =0 on 9.
v
Therefore, u. is a critical point of E. with prescribed degree d. O

6.9 Nondegeneracy of domains is stable

In this section we show that, if a domain ) satisfies the nondegeneracy
conditions (NDI)-(ND2) required in Theorem 6.17, then a slightly perturbed
domain = () still satisfies these nondegeneracy conditions.
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Theorem 6.20. Assume that Qg satisfies (ND1)-(ND2). Fix a conformal rep-
resentation fo : D — Qg. There exists 6 > 0 such that, for every holomorphic
map f € CYB(D) satisfying ||f — follcrs < 0, the domain Q := f(D) satisfies
(ND1)-(ND2).

Proof. Let Vi be as in (6.72). We let g° € C*#(S';S!)/S! denote the canonical
boundary datum associated with a® := f;*(a®), so that g° = ¢° o fo.

Since Qg satisfies (ND1), we know from Proposition 6.9 that there exist: a
neighborhood V; of fy in Vg, a neighborhood Vs of the origin in C1#(SY;R),
and a smooth map a : V| X Vo — ]D)f, such that the following holds. For f € )
and ¥ € Vs, let Q@ = f(D) and g = (§%*¥) o f=1. Then a(f, ) := f (a(f,)) is
a nondegenerate critical point of W(-, g).

By the above, we may define, as in (6.81), the smooth operator U, ; =

Us,a(f,0),5%f 1

Ut (¥) = N (a(f, 0 f), (G o f1)e)  for small i € CHF (9 R)/R.
(6.124)

The spaces between which U, ; is defined vary with f. In order to deal with
fixed spaces, we consider the linear isomorphisms

05 : CP(O%R) = CP(SLR), ¢ = |l o f, (6.125)

Ep: CYP(OR)/R — CHP(SLR) /R, b+ 9o f, (6.126)
and we let

U(f, ) =OfoU.;oEr (¢) for (f,4) € Vi x (V2/R), (6.127)

so that U, ; is a local diffeomorphism if and only if U(f,-) is a local diffeomor-
phism.
Moreover, if we express N using (6.39), then we obtain

U(f,¢) = N?(a(f,¢), Goe’”). (6.128)

By combining (6.128) with the explicit formula (6.48) for NP, we find that
U: Vi x (Va/R) = CP(SY;R) is smooth.

On the other hand, using the definition (6.18) of the canonical boundary
datum, we have

3u*,a7ga - 8@a’ga - 85; -0

oo or  or
so that U(fp,0) = 0.

Moreover, since € satisfies (ND2), U(fo,-) is a local diffeomorphism near
the origin, i.e., DyU(fo,0) is invertible. By the implicit function theorem,
possibly after shrinking V), for every f € V; there exists 1(f) € V5 such that

U(f,4(f)) =0. (6.129)

In addition, the map f — ¢(f) is smooth and we can assume that Dy U(f, ¥(f))
is invertible.

Us,a,g0 N
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Let f € V; and set  := f(D). We claim that Q satisfies (ND1)-(ND2).
Assuming the claim proved for the moment, we complete the proof of Theorem
6.20 by taking any § > 0 such that

{f € Xs; |If = follgrs < 8} C V1.

We next turn to the proof of the claim. Let go := (goe'¥))of~ € CH#(09Q;SY),
and aq = a(f,¥(f)) € QF. By the definition (6.129) of 1(f) and the definition
(6.127) of U, we obtain

Ues((f)o f7H) =0. (6.130)

By combining (6.130) with the definition (6.124) of U, ;, we find that

au*,ag,gg — aq)amgn

= 0. 131
ov or 0 (6.131)

NQ(GQ,QQ) = Usx,aq,g0 N

The normalization condition in (6.7) combined with (6.131) implies that ®
0 on 99, and thus

ag,90 —

Dy g0 = Pug- (6.132)

In turn, (6.132) implies that go = ¢g*¢ is the canonical boundary data associated
with ag. Since, by definition of the map (f,v) — a(f, %), the configuration aq
is a nondegenerate critical point of W (-, gq), we find that the nondegeneracy
condition (ND1) is satisfied by .

On the other hand, since DyU(f,¢(f)) is invertible, U, s is a local diffeo-
morphism near ¢ (f)o f~!, which means that U, ., 4, is a local diffeomorphism
near the origin. We find that ) satisfies (ND2).

The proof of Theorem 6.20 is complete. O

6.10 The radial configuration is nondegenerate

In this section we let d = 1, k = 1, d; = 1, and prove that the unit disc D
satisfies (ND1)-(ND2). As a consequence, domains close to the unit disc satisfy
the nondegeneracy conditions when d =1, k=1, d; = 1.

Proposition 6.21. Assume Q =D, k=1, d=1. Then a =0 is a nondegen-
erate critical point of W (-, ¢"), and DU, o ,0(0) is invertible.

Proof. Step 1. 0 is a nondegenerate critical point of W (-, g%).

Indeed, by combining (6.27) and (6.44), we easily obtain that the canonical
boundary datum ¢° : S' — S! corresponding to a = 0 is given by ¢%(z) = z.
From (6.53) we know that

W(a,g°) = W(a) + %/D Ve ol (6.133)

On the other hand, (6.59) leads to

a(ar — 1)
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and therefore

1 2 2 dx
= * =2 _— 6.135
D) /]D) |v¢a,90’ |a‘ /I;) |1 —61'|2 ( )

Thanks to the |a|? factor, if we differentiate (6.135) with respect to a, and next
let a = 0, we obtain

1
ALY
D

If we differentiate twice (6.135) with respect to a, and next let a = 0, then we
are left with only one non zero term (thanks to the |a|? factor again). More

specifically, we obtain
d
00 p |1 —az|

1 . 12
V23 [l

By combining (6.133) with (6.136) and (6.137), we find that

—0. (6.136)

a=0

.[2 :4/d$.[g :47TI2.
a=0 D

(6.137)

VW (0,¢°) = VIV(0), V2W(0,¢°) = V>W(0) + 4dr L. (6.138)

We next compute VW(O) and Vz/W(O). When k =1 and d = 1, formula (6.45)
reads

W(a) =log (1 —la|?), VaeD. (6.139)

Identifying the complex number a with a vector in R2, the two first derivatives
of W are respectively given by:

VW (a) = a€R? (6.140)

la|> —1
2 47

97
= I —
\Y% W(a) |a|2 1 2 (‘a|2 _ 1)

50 ® a € My(R). (6.141)
In particular, we obtain VW(O) =0 and V2W(O) = —27l,. Plugging this into
(6.138) yields

V.W(0,6°) =0, V2W(0,¢%) =271y, (6.142)

so that a = 0 is indeed a nondegenerate critical point of W (-, ¢°).

Step 2. DU, (0) is invertible.
In our case, formula (6.48) becomes

oY* alz
0 1y __ _
N(a,g"e"™) = 5y af (6.143)
Therefore
*(w)_&/) _q a(P) Az (6.144)

or  lz—a(@)P’
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where ¢ — a(1)) is smooth, a(0) = 0 and a(v) is a nondegenerate critical point
of W (-, g%").
Using (6.144) together with the fact that a(0) = 0, we obtain that
op*

DU, (0)y = 5 2(Da(0)y) A z. (6.145)
In (6.145), 1 is either a function in C*#(S%;R), or a class in C# (S R)/R.
Thus the linear operator DU, (0) : C*#(SY;R)/R — CA(S';R) can be written
DU, (0) = L — K, where

_oyr

L(1) = 5 and K (%) :=2(Da(0)y) Az, Y€ CHP(SLR)/R.

The operator L is an isomorphism, and K is compact since it has finite range. As
a consequence, DU, (0) is Fredholm of index zero and, in order to complete Step
2, it suffices to prove that DU,(0) is injective. For this purpose, we compute
Da(0) using the implicit equation

F(a(y),v) = VoW (a(¥), %) = 0 (6.146)

satisfied by a. By differentiating (6.146) with respect to ¢ we obtain (via
(6.142))

DyF(0,0) = —V2W(0,¢")Da(0)y = —2w Da(0)). (6.147)
Let us compute Dy F(0,0). Recalling (6.46), we find that

F(a,v) :V/W(a) + V. B/ |V¢ngo + V¢*|2}
v (6.148)

— 1 * 2 * . *
=VW(a) + Vaq [2 /D |V ol } +Va [ /D Vi go - Vi }

The two first terms do not depend on v, and the last term depends linearly on
1. Hence we obtain

DyF(a,0)) =V, [ /D VYL o w*} . (6.149)

Integrating by parts, using the explicit formula (6.59) for ¢
that

405 and the fact

*
a,

W _ [ o,
st v N st or -

we find that
/Dvwa,go VYt = _2/31 log |1 — @z|—~. (6.150)

If we first plug (6.150) into (6.149) and next let a = 0, then we obtain

Dy F(0,0)) = 2 /S 2661/:’ (6.151)
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and finally, using (6.147),

Da(0)y = —+ /S za;’/ . (6.152)

™

We are now in position to prove that DU, (0) is injective. Let ¢ € ker DU, (0).
Then, recalling (6.145), we have

881/: =2(Da(0)Y) Nz =a Az, (6.153)
where
a:—i/glzaad: e C. (6.154)
Since 9* is harmonic and has zero average on S!, we may write
Pr(re?) =Y apre™. (6.155)
n#£0

Hence (6.153) yields

_ 0"
%e“g - %6_’9 = a—qf_(e’g) = Z ma, e, (6.156)

Identifying the Fourier coefficients, we obtain

an =0for |n| >1, a; = fg, a_, = fg, (6.157)
2 2
so that (6.155) becomes
Y*(re?) = ~Zpe? — Lyt (6.158)
2 2
By (6.158), we have
O™ 1 2r
/S1 Z&% = —5/0 e @e + ae™?)df = —ra. (6.159)

Plugging (6.159) into (6.154) we obtain o = 2« so that o = 0 and consequently
* = 0. Therefore, we have ¢ = 0 modulo R, and thus DU, (0) is invertible. [

Corollary 6.22. If a domain 2 is sufficiently close to the unit disc, in the
sense that there exists a conformal representation f : D — Q such that || f —
Id||c1.s < & for sufficiently small 0, then, for small e, E. admits critical points
with prescribed degree one.

6.11 In degree one, « most » of the domains are
non degenerate
In this section, we assume that £ = 1 and d = 1, and we prove that ev-

ery domain can be approximated with domains satisfying the nondegeneracy
conditions (ND1)-(ND2). More specifically, we establish the following result.



6.11. GENERICITY IN DEGREE ONE 147

Theorem 6.23. Assume that k =1 and d = 1. Let Qo C R? be a simply con-
nected bounded domain with CY8 boundary, and fix a conformal representation
fo :D— Qo.

Then, for every n > 0, there exists a conformal representation f: D — Q =
f(D) such that ||fo — fllcre < n and such that the corresponding domain
satisfies (ND1)-(ND2).

The main idea of the proof of Theorem 6.23 is to use transversality. Among
other ingredients, we will rely on the following abstract transversality result
[114, Theorem 3].

Theorem 6.24. Let X, A, Y be smooth separable Banach manifolds. Let ® :
X x A=Y be a smooth map.

Assume that:
1. for every A € A, @ := ®(-,\) : X =Y is Fredholm.*
2. @ is transverse to {0}, i.e., for every (x,\) such that ®(z,\) = 0, the
differential D®(xz, \) is onto.

Then the set {\; ®y is transverse to {0}} is dense in A.

Note that, if X and Y are finite dimensional, then condition 1. is automat-
ically satisfied.

Another ingredient of the proof is the following fact, which relates non de-
generate critical points of W to non degenerate critical points of W (-, g%).

Proposition 6.25. Assume that k = 1 and d = 1. Let ag € Q be a non

degenerate critical point of W9, Then ag 18 a non degenerate critical point of
W('a gao ) .

Proof. Let us first remark that ag is automatically a critical point of W0 (., g%).>
Indeed, using (6.26), in which each term is smooth thanks to the formulas in
Sections 6.3 and 6.4, and the fact that (by definition) we have ¢, g« = 0, we
find that

VW (a,g)|g—ge = VW (a). (6.160)

It remains to prove that ag is non degenerate as a critical point of W* (-, g®).
Let f: D — Q be a conformal representation and set ag := f~!(ag). Then

£(0) = ag, where
For=1 ().

1+ apz

Therefore, by replacing f with ]7, we may actually assume that f(0) = ap. In
view of (6.37) and of the fact that, in the unit disc, we have g° = Id, we obtain

g™ o f=g"=1d. (6.161)
Recall that, by Lemmas 6.5 and 6.6 and by (6.45) we have

W(f(a)) = WP(a) + P(a, f), (6.162)
W(f(a),g*) = WP(a,g") + P(a, f), (6.163)

4. That is, the linearized operator D, ®(x,\) is Fredholm for every x and every .
5. This is not specific to the case where k = 1 and d = 1, but holds for arbitrary k and
degrees dj, j € [1,k].
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where

WP(a) = wlog(1 — |af), P(a, f) :=wlog|f'(c)] (6.164)
and

WP(a, ¢°) is given by (6.46) with ¢ = 0. (6.165)

By (6.162)-(6.165) and the discussion at the beginning of the proof of Propo—
sition 6.7, the assumption that ag is a non degenerate critical point of W is
equivalent to the fact that 0 is a non degenerate critical point of WP 4+ P, f).
Similarly, the desired conclusion (that ag is a nondegenerate critical point of

WE(-,g™)) is equivalent to the fact that 0 is non degenerate as a critical point
of WP(-, %) + P(, f).

Since
— —27a f”(a)
v WP+ P(., a) = e C ~R? 6.166
[ (D] (@) = T op + T (6.166)
and since 0 is a critical point of WP + P(-, f), we have f”(0) = 0.

In order to calculate the Hessian of P(-, f) at the origin, we find the second
order Taylor expansion of P(-, f):
2)

— P(0, f) + glog <1 +2Re ( ) + o(|a|2)) (6.167)

- P00+ 5 (20 ( jf ) o(aP))

(3)
=P0O,f)+~ (f i (O)a> ~a+o(|al?).

P(a, f) = log

'(0) + P (0)a® + ofjaf?)|

0 ,
/(0

:ﬂlog\f’(O)\—i—glog (‘1—1— o + of|al?)

f"(0)

In the last equality, z - w stands for the real scalar product of the complex
numbers z and w (identified with vectors in R?). As a consequence, we have

VaP(0, f) = TM ) (074 (0)s (6.168)

where, for a complex number z € C, M, denotes the matrix corresponding to
the R-linear map

T:C—C, &5 28,

ie.,

Rez —Imz
MZ_(—Imz —Rez)'

Recall that, from (6.141) and (6.142), it holds

V2WP(0) = —2nL, and V2W(0,¢°) = 2r L. (6.169)
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By combining (6.168) with (6.169), we obtain

V2 |:/V[7D + P(7 f):| (0) = 7TMf(3)(O)/f’(O) - 27’(’[2, (6170)
VQ [WD(',QO) + P(, f)} (O) = Ter(3>(O)/f’(O) + 271'[2. (6171)

We claim that the two Hessian matrices (6.170) and (6.171) have the same
determinant. In fact, for every z € C, we have

Rez—2 —Imz

= — _ 2
—Imz —Rez—2 —(2 RGZ)(R62+2) (Imz)

det (M, — 2I,) = ‘

:’2+Rez —Imz — det (2, + M)

—Imz 2-—Rez

The Hessian matrix in (6.170) being non degenerate by assumption, so is the
Hessian in (6.171). Therefore 0 is a non degenerate critical point of WP(-, ¢%) +
P(-, f), which means that ag is a non degenerate critical point of W*(-, g%). [

Before proceeding to the proof of Theorem 6.23, we introduce some notation.
For o € D and f € Vg, let

Pl f) = Vo [WP(a) + mlog| £ ()] (6.172)

so that F : D x Vs — R? is smooth (thanks to the computations in Lemma 6.8),
and, by Lemma 6.5, a point a = f(a) € Q = f(D) is a non degenerate critical
point of W if and only if o is a non degenerate zero of F(-, f).

Similarly, go € C1#(S;S!) being fixed, we define, for a € D, f € Vj and
¢ € CHP(SLR),

F(o, 4, f) = Vo [WP(a, goe™) + wlog | /()] , (6.173)

so that F : D x CYA(S,R) x V3 — R? is smooth. By Lemma 6.5 and the
discussion at the beginning of the proof of Proposition 6.7, a point a = f(«) €
Q = f(D) is a non degenerate critical point of W (-, (goe™¥) o f~1) if and only
if « is a non degenerate zero of F (-, %, f).

Using (6.46), we may split

F(a, f) = Fi(a) + Fa(a, f) (6.174)
and

Fla, ¥, ) = Fi(a) + Fa(a, f) + Fa(o, ¢), (6.175)
where the smooth maps Fy, Fy and F3 are respectively given by

Fi(a) = VWP(a), (6.176)

Fales f) = Ve [rlog /' (a)]] = 7122 e C ~ B2, (6.177)

7@
Fata) = Va5 [ [V, + 00 (6.175)
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Proof of Theorem 6.23. The proof is divided into two steps. In each step we
apply the abstract transversality result (Theorem 6.24) in order to prove that a
certain nondegeneracy is generic.

Step 1. We may assume that W has a non degenerate critical point ag € €.
Indeed, we claim that F' is transverse to {0}. This will follow if we prove that
D fﬁ (a, f) is surjective for every (a, f). In turn, surjectivity is established as
follows. For every h € Xz we have

7 77 — 7
T =@ e
f'(a)
If f”(«) # 0, then the choice h(z) = —Az (with A € C arbitrary constant) leads
to

DyF(a, f)-h = Dy Fy(a, f) (6.179)

[ ()
()

S0 Dfﬁ(a, f) is surjective. If f”(a) = 0, then we take h(z) = A\z? and obtain

e XerangeDfﬁ(aaf)7

~

27
f'(a)
and thus the claim is proved.

Therefore we can apply the transversality theorem: we can choose f ar-
bitrarily close to fp, such that F(-, f) is transverse to {0}. Thus, by slightly
perturbing fy, we may actually assume that F (-, fo) is transverse to {0}.

Since

W (fo(a)) = WP (a) + 7 log | fo(e)]
= mlog(1 — |af?) + wlog | f}(a)] — —oc0 as |a| — 1,

A € range Dfl?(a7 ),

(6.180)

there exists some ag € €, such that we (ap) = maxq, W2, Hence ap is a critical
point of /WQ", which is equivalent to the fact that ag := fo_l(ao) is a zero of
ﬁ(~, fo). Since the map ﬁ(, fo) is transverse to {0}, its differential is surjective
at ag. Therefore, g is a non degenerate zero of ﬁ(, fo), which means that ag
is a non degenerate critical point of W, The proof of Step I is complete.
Step 2. There exists f arbitrarily close to fp, such that Q = f(D) satisfies
(ND1)-(ND2).

Thanks to Step I and Proposition 6.25, possibly after slightly perturbing fy, we
may assume that there exists some ag = fo(ap) € Qo, which is a non degenerate
critical point of both W and WS (-, go) (with go = g).

Since ﬁ(ao, fo) = 0, and since Daﬁ(ao, fo) is invertible, we can apply the
implicit function theorem to F. There exists an open neighborhood V; of fy
in V3, and a smooth function o : V; — D, such that, for every f € V; and for
every « sufficiently close to ag, we have

Fla, f) =0 <= a = a(f). (6.181)

By Proposition 6.9 and by the invertibility of Dy F (v, fo), we may choose the
open neighborhood V; such that, for every f € Vi, the point a = a(f) =
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fla(f)) € Q = f(D) is doubly non degenerate, that is: non degenerate as a
critical point of W and non degenerate as a critical point of W*(-,g%). In
particular, every domain 2 = f(D), with f € Vy, satisfies (ND1).

Again by the second nondegeneracy property of every f € V;, we may con-
sider the map U, 4 4o, defined as in (6.83), and corresponding to a = a(f). In
order to complete Step 2, we have to find some f arbitrarily close to fy, such
that the map U, 4 ¢« is a local diffeomorphism at the origin. To this end we will
again rely on the transversality theorem. More specifically, we define, exactly
as in formula (6.127) in the proof of Theorem 6.20, the smooth map

U:V; x Vo/R — CP(SL;R). (6.182)

Recall that V; is an open neighborhood of fy in V3, that Vs, is an open neigh-
borhood of the origin in C*#(S';R), and that

U(f, ) = NP(@(¥, f), goe’?) ¥V (f,0) € V1 x Va/R. (6.183)
Here, a is the smooth implicit solution of
F(a(, ), ¢, f)=0 (6.184)

obtained in Proposition 6.7. We recall the following fact established in the proof
of Theorem 6.20: the map U, ,(y) 4ot is a local diffeomorphism at the origin if
and only if U(f,) is a local diffeomorphism at —ts(), g,

Recalling the formula (6.48) for NP, we obtain the following explicit formula
for U:

%Jr ANz a(, fYNz
or -] lz—a(y, )P

Hence, for every (f,v¢) € Vi x Vo /R, we have
O (Dl S) O Az

U(f,¢) = (6.185)

DyU(f,v) ¢ or |z — a(y, f)I?
= f) - (Dpa(, f) - Q) - z
4 |z — a(y, f)]* s

In particular Dy, U(f,) is a Fredholm operator of index zero, since it can be
written as L — K, where

L:CY(SYR)/R - CP(SLR), ¢ %C
-

is invertible and K has finite range. Hence U(f,-) is a smooth Fredholm map
for every f € V.

We want to apply the transversality theorem to U. We already know that
assumption 1. of the transverality theorem is satisfied. It remains to check that
U is transverse to 0. To this end we compute the differential of U at some point

(f,1), using (6.185):

¢ (D, f) - () A=

or 2 —a(w, )P

(= — @, f)) - (Daw, ) - (h,€))
o —a(w, )]

DU(f,¢) - (h,() =
(6.186)
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Let us show that DU(f, ) is onto. Let ¥ € C#(S';R). Then there exists some
¢ € CHP(SY;R)/R such that
o
or

0. (6.187)

We claim that there exists h = h¢ € Xjg such that

DAY, f) - (he, ¢) = 0. (6.188)

Then, plugging (6.188) and (6.187) into (6.186), we obtain

DU(f,’(/))(hg,C) =V,

and thus DU(f,) is onto.

In order to complete Step 2, it remains to prove the existence of h¢. From
the implicit equation (6.184) satisfied by &, we obtain

Da(y, f) - (h, C)

= —DoF (@, f),%, /)" [DfF(@, ), %, f) - b+ Dy F(@(, )4, f) - ¢
(6.189)

Since Dy F(a, 1, f) = Dfﬁ(a, f) is surjective (by Step 1), we may clearly choose
h¢ such that (6.189) holds.

Therefore we can apply the transversality theorem to U: the set of f such
that U(f,-) is transverse to {0} is dense.

Let n > 0. We can choose [ € V, such that ||f — fol|cr.s < n, and U(f, ")
is transverse to {0}. In particular, the differential of U(f,-) at —ta(s)4, 18
onto, which implies that the differential is invertible (since it is a zero index
Fredholm operator). Hence U (-, f) is a local diffeomorphism at —t,) g,, Wwhich
is equivalent to U, ,(f 4e(s) being a local diffeomorphism at the origin, i.e. =
f(D) satisfies (ND2).

Step 2 and the proof of Theorem 6.23 are complete. O

Remark 6.26. In Theorem 6.23 we have established that nondegeneracy of the
domain is generic in the case of prescribed degree d = 1. Some, but not all,
of the ingredients of our proof can be generalized to arbitrary d. For example,
it is possible to adapt our arguments and obtain the transversality of F' to 0
when d is arbitrary. However, this does not lead to the conclusion that (ND1)
is generically true. The reason is that when d # +1, we cannot rely on (6.180)
anymore, and we actually do not know whether W does have critical points.
A similar difficulty occurs in Step 2. Indeed, the first ingredient in Step 2 is
Proposition 6.25, yielding the existence of a non degenerate critical point ag of
W(-,g%). Clearly, our proof of Proposition 6.25 is specific to the case d = 1.

However, it is plausible the the transversality arguments extend to an ar-
bitrary degree d, and thus the main difficulty arises in the existence of critical
points of W*. It would be interesting to investigate, e.g. by topological methods
in the spirit of [10], whether such points do exist.
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Appendix
The following is a C# variant of [23, Lemmas A1, A2|.
Lemma 6.27. Let G C R" be a bounded open set of class C1P. Assume that

{A“’ =/ inG (6.190)

w =¢ ondG
Then
1/2 1/2 1/2
sup [Vaw| < O (112 (Jholl 2 + el 2 o) + Nellerscos) . (6:191)

1/2 2 1/2—-p8/2 1/2 2
Vuwlosa < C (A2 (Il 2722 + el 208 ) + lellors o))
(6.192)

for a constant C' depending only on G. In addition, when G = Q,, where
o1 < o < oy and o1, 09 are fived small numbers, we may take C' independent

of o.

Proof. We write w = u + v, where

(a0 e o
and

(& f e, o
By standard elliptic estimates [54, Theorem 8.33] we have

lullers < cllellcrs. (6.195)
Therefore we only need to prove that v satisfies the estimates

sup Vel < CJf12 el 2, (6.196)

Vologe < CIFILE el 277 (6.197)

Estimate (6.196) is proved in [23, Lemma A.2] by combining an interior estimate
with a boundary estimate. Estimate (6.197) can be obtained following exactly
the same lines. In order to see this, we detail for example the proof of the
interior estimate corresponding to (6.197). Proceeding as in [23, Lemma A.1],
we first show that

L/246/2)11/2-B/2 1
Volsas < C (AL P10/27 + s lolis ). (6.198)

where, for d > 0, we let G4 := {x € G; dist(z,0G) > d}. In order to prove
(6.198), we let 29 € G4 and A € (0, d], and define

ua(y) :=v(xo + Ay), vy € B1(0). (6.199)
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Then the function vy satisfies the equation
Avy = fy in B1(0), with fy(y) := A2 f(xo + \y). (6.200)
Standard elliptic estimates [54, Theorem 8.33] yield

NFEIV0l0,5.8, o (20) = V00,658,500 < C (Joallze + | £l =)

(6.201)
< C (vl + X[ fllz=) -

We next discuss the two following cases.

Case 1. vl < d2.
[ £l
In this case, we apply (6.201) with A\ = (||v||z /|| f||z)"/?. We find that

V00,585 5w0) < 2000l Z27 72172777, (6.202)
so that (6.198) is satisfied.
Case 2. Gl > d2.
£l

In this case, we apply (6.201) with A = d. We obtain

V000,88, (w0) < C (AP0l +d =7 fll =)

—1- 1/2—8/2) ¢11/248/2 (6.203)
< C (47 ol + oI
so that in both cases (6.198) is satisfied.
Once (6.198) is established, we easily obtain the interior estimate corre-
sponding to (6.197). Indeed, standard elliptic estimates [54, Theorem 3.7] imply
[[v][nee < O f]lLoe, so that from (6.198) we obtain

1/2 2 1/2—3/2
Volos.x < CIAIZZ 20l 272, (6.204)

for every compact set K C G.

The proof of the boundary version of (6.204) is also a straightforward adap-
tation of the corresponding estimate established in [23, proof of Lemma A.2],
and we omit it here. O
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7.1 Introduction

Let M be a compact surface homeomorphic to S?, embedded in R3. For
Kk, h > 0and A a vector field on M, we consider the Ginzburg-Landau functional
g/\/l,f-ﬂ : Hl(MaC) — R+a

o) = [ (19— inaf+ 5 (0P -1) ) i) ()
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The functional Guq,, arises as the I'-limit (see [41]) of the full 3d Ginzburg-
Landau energy

[ (10wt 5 (w8 -1)) o

€

Gen(th A) = - [
(7.2)

+/VXAHmEm1
R3

where for all ¢ > 0 sufficiently small, €2, corresponds to a uniform tubular
neighborhood of M. In (7.2) He,; is the external magnetic field. As ¢ — 0, the
field completely penetrates the sample which then implies that in the I'-limit A
is prescribed to be equal to A, the tangential component of a divergence free
vector field A€ such that V x hA® = H.,;.

A central question in Ginzburg-Landau theory is the determination of the
so-called critical fields. The first critical field corresponds to the appearance
of zeros of i carrying non-trivial degree — called vortices in this context — in
minimizers of the energy.

The analysis in [41] includes the computation of the first critical field of a
thin shell of a surface of revolution subject to a constant vertical field which
turns out to be surprisingly simple and depending only on an intrinsic quantity,

in the Kk — oo limit: .
T
H., ~|———F—|nk.
“ (Area of./\/l) n

This result is extended in [40], to general surfaces and magnetic fields. For
a fixed field H¢, an external magnetic field of the form H.,; = h(k)H® =
h(k)V x A€ is considered. Then the first critical field is

1
Ink

H -
max g *F — minpg xF ’

e

where d*F = *d *x F = A and % denotes the Hodge star-operator. In fact,
the study shows also that, somewhat remarkably, not all fields H¢ give rise to
a first critical field. This phenomenon is related to the geometry and relative
location of M with respect to H®. For H® that yield a finite H.,, the topological
obstruction imposed by M implying that the total degree of % is zero is used
in [40] to show that there is an even number of vortices in minimizers of Gy,
half with positive degree, half with negative degree concentrating respectively
on the set where *F' achieves its minimum and maximum. The optimal number
2n and location of vortices and anti-vortices in M is established in [40] for values
of h(k) slightly above H,, and in addition it is shown that if the minimum and
maximum of xF is attained at finitely many points then the two sets of vortices
minimize, independently, a renormalized energy.

The results in [40] and [41] cover only a moderate regime; in these works the
intensity of the applied field is H., + O(Inln x) and thus the number of vortices
remains bounded as x goes to infinity.

Once the value of h becomes much larger than H. , that is there is a constant
C > 0 such that h — H., > C'lnk, then the number of vortices in minimizers
diverges as k — oo. For even larger h, superconductivity persists only in a
narrow region in the sample.
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In the case of an infinite cylinder whose cross section is a domain  C R?
and for constant applied fields parallel to the axis of the cylinder a reduction
to a two-dimensional problem is possible. In this case it is known that as
the intensity increases superconductivity is lost in the bulk and only a thin
superconductivity region near 92 persists (see Chapter 7 in [119]). For much
higher values still, superconductivity is completely lost: this value is known as
H., and is estimated by a delicate spectral analysis of the magnetic Laplacian
operator as in the monograph [51].

In our setting, corresponding to the above functional Gaq, (7.1) on the
compact surface M, there is no boundary, so what happens to the supercon-
ductivity region is not obvious. Another crucial difference lies in the behaviour
of the (normalized) magnetic field H induced on M, which is the normal com-
ponent of H¢, or equivalently H d"HiA = dA (viewing A as a 1-form). Namely,
in our case, H vanishes and changes sign. The spectral analysis in [102] there-
fore suggests that superconductivity should persist near the set { H = 0}, where
the external magnetic field is tangent to the surface M. In [110] the authors
study the case of a vanishing magnetic field in the infinite cylinder model, and
observe indeed nucleation of superconductivity near the zero locus of the mag-
netic field, for very high values of the applied field (near the putative H,,) under
the condition that the gradient of the magnetic field does not vanish on its zero
locus. The problem of the determination of the upper critical field for vanishing
fields remains largely open otherwise. Here, we are concerned with much lower
values of the applied field: a main motivation of this work is to understand the
transition from the vortexless to normal state regimes.

Another interesting difference is the fact that in the infinite cylinder model
only positive vortices exist and so the location and growth of the vortex region
is always ruled by the competing effects of mutual repulsion, and confinement
provided by the external field. In the present setting, this is no longer the
case. Vortices of positive and negative degree must coexist and so repulsion and
attraction are common features of the relative placement of vortices in M, this
without taking into account the external field.

In this way, the shrinking of the superconductivity region is a multifaceted
phenomenon. Moreover, the problems mentioned in the characterization of this
region are present even in the most emblematic case of a constant external field
He¢: the region of persistence of superconductivity does not only depend on the
field and on the topology of M, but also on extrinsic geometric properties of the
surface; the relative position of M with respect to H¢ affects H and therefore
the zero locus of the induced field.

In the present work we address the question of identifying the region where
superconductivity persists in the x — oo limit, when

Hcl

h

is small; we show that as this quantity gets small superconductivity persists
in a small neighborhood of the place where the applied field is tangential to
the sample, provided the field satisfies a generic non-degeneracy condition(see
(7.14) below). Another thrust of this work is aimed at uncovering some new
intermediate regimes only present in this setting, when the normal component of
the external field changes sign multiples times. In the model problem of a surface
of revolution and constant vertical field, we identify several structural transitions
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undergone by the superconductivity region. Furthermore, we observe a new
phenomenon which we refer to as freezing of the boundary, where a component
of the vortex region stops growing even after increasing the intensity of the
external field. This phenomenon holds in great generality (not only in the
surface of revolution case), as is shown at the end of section 7.4.

To carry out our analysis we start by using a reduction to a mean field model,
first derived rigorously in [118]. More precisely, if we write a critical point ¥ of
GM s in polar form ¢ = pe’®, variations of the phase yield d(p?(d¢—hd*F)) = 0,
and because H} (M) = 0 this implies there is a V such that xdV = p?(d¢ —
hd*F). Taking V = hW, the function W is expected to minimize

/ |VMW|2d’Hﬁ,t+1nT’€/ |[—AMW + Apg x FldHZ,. (7.3)
M M

The details of this mean field reduction can be found in [118] in the case
of a positive external field applied in a bounded planar domain. However, the
analysis in [118] does not handle the additional restriction of total zero mass
which affects the construction of an upper bound in this setting. The steps
needed to extend the proof to the present case are included in Appendix 7.A.

The measure —A (V' +A % F can be interpreted as the normalized measure
generated by the vortices. On the other hand, we observe that

Apm* FdHA, = d*d* F = dA = HdH3,,

where the function H is the normal component of the external magnetic field
He relative to M. In what follows we refer to H simply as the magnetic field,
and we assume that H € C1(M). Moreover, we drop the explicit dependence
on M in expressions like A, V.

Before we state our main result we make the following assumption: there
exists 8 > 0 such that

lim — = 3. (7.4)

Once the connection to the mean field problem (7.3) is established we proceed
to locate very precisely the region of persistence of superconductivity, that is,
the region SCj3 where the vorticity measure —AV + H vanishes. We find that
this region corresponds to a 3 3 neighborhood of the set where H vanishes, in
the § — 0 limit. More precisely,

Theorem 7.1. Under the nondegeneracy assumption that VH is nowhere van-
ishing on {H = 0}, there exists C > 0 independent of B such that the super-
conductivity region SCp is contained in {x € M : d(z,{H = 0}) < CB3}, and
contains {x € M : d(z,{H = 0}) < C~133}, for B sufficiently small.

The nondegeneracy assumption on H implies that the set {H = 0} is a finite
union of smooth closed curves. It is the same assumption as the one made in
[102, 110] for the study of the third critical field H,,.

To prove Theorem 7.1 we reformulate the mean field approximation as an
obstacle problem, and construct comparison functions. We note that a con-
struction in the same spirit was carried out in [120, Appendix A] for the planar
Ginzburg-Landau model in a different context. In our case however the con-
struction is not immediate, because our obstacle problem is two-sided and our
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magnetic field H changes sign. Indeed, our proof makes use of a comparison
principle for two sided obstacle problems proved in [44] which allows to com-
pare solutions to obstacle problems corresponding to different data H. Hence
the comparison functions will not be merely “super- or sub-solutions” of our
problem, but actual solutions of modified problems. In particular they have to
be quite regular. As a consequence, we cannot use functions of the distance
to {H = 0} as comparison functions. We have to use a particular coordinate
system near each component of {H = 0} and explicitly build local functions
satisfying local obstacle problems with appropriate modifications of H. Pasting
these constructions we are able to appeal to [44] to obtain the desired estimates.
In so doing we note a key feature of the proof, related to the fact that the obstacle
problem is two-sided: the barriers thus obtained cannot be used independently
to get neither the inner nor the outer bound separately, but together they yield
the conclusion of the theorem. This is explained in more detail in section 7.3.

Thanks to Theorem 7.1, we have a clear picture of the superconductivity
region for § — 0: it is a union of tubular neigborhoods of the connected com-
ponents of {H = 0}. In particular, the superconductivity region has at least as
many connected components as {H = 0}. On the other hand, we also have a
clear picture of the superconductivity region as 8 — ., where positive (resp.
negative) vortices are concentrated near the points where *F achieves its maxi-
mum (resp. minimum). In particular, the superconductivity region has, gener-
ically, one connected component. In the last part of this work, we investigate
the intermediate regimes. If {H = 0} has more than one connected component,
transitions have to occur: when [ crosses some critical value, the number of
connected components of SCy changes.

Studying such transitions, and determining the values of g at which they
occur, seems out of our reach in all generality. That is why we concentrate
first on a simple model problem. We consider a surface of revolution around
the vertical axis e,, and assume that the external magnetic field H® = e, is
vertical and constant. (In fact in Section 7.4.1, more general magnetic fields
are considered.) In that case, the induced field H on M is just H = e, - v,
where v is an outward normal vector on M. The set {H = 0} consists exactly
of the points where e, is tangent to M, and it is a union of circles. Note
that H has to change sign an odd number of times, since H = —1 at the
‘south pole’ and +1 at the ‘north pole’, thus there are an odd number of those
circles. As explained above, interesting transitions happen when {H = 0} has
more than one connected component. Therefore we focus on the simplest non-
trivial situation, which corresponds to {H = 0} consisting of three circles. We
state loosely here the result that we obtain for that simple model problem in
Section 7.4.1 (see Figure 7.1).

Proposition 7.2. Let M be a surface of revolution of the form (7.39) with
constraints specified in 7.4.1 below. Assume the induced magnetic potential is
rotationally symmetric. Then there exist B. > Bi > 5 > 0 such that

— for B € (B7,B:), SCs has one connected component,

— for B € (B5,87), SCs has two connected components,

— for € (0,55), SCg has three connected components.
Moreover, for § € (85, 87), one connected component of SCg remains constant.

The most striking part of Proposition 7.2 is the appearance of an interme-
diate regime in which one connected component of SCj3 remains constant: one
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(a) B € (81, Be) (b) B € (B5,87) (c) B €(0,53)

Figure 7.1 — The region SCjp in the three regimes of Proposition 7.2

part of the free boundary is frozen. In [6] a similar ocurrence is observed in an
explicit solution to a two-sided obstacle problem arising in the study of almost
planar thin films in the presence of strong parallel fields. In Section 7.4.2 we
identify the features responsible for such ‘freezing of the boundary’ phenomenon
depicted in Proposition 7.2 and prove a similar ‘freezing property’ in a general
(non-symmetric) setting (see Proposition 7.17). We note that since our proof
relies on a general comparison principle, it is likely that it could be adapted to
include the setting in [6].

An other interesting outcome of the precise version of Proposition 7.2 (Propo-
sition 7.15 in Section 7.4.1) are the expressions of the critical values 57 and
B3, in terms of integral quantities involving A and the parametrization of M.
Transfering these conditions to a general non-symmetric setting seems far from
obvious and constitutes an interesting challenge.

The plan of the paper is as follows. In the next section we collect some basic
properties of solutions to an obstacle problem that serves as the starting point
in our analysis. In section 7.3 we identify the thin region of superconductivity
when (3 is small. In section 7.4 we turn to the symmetric situation and identify
in Proposition 7.15 the further transitions as 3 decreases to zero from (. =
max(xF) — min(xF'). We also prove the ‘freezing of the boundary’ property at
the end of section 7.4.
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7.2 The obstacle problem

This preamble is devoted to the derivation of the obstacle problem dual to
the mean field approximation. We also prove some basic results we will need
later on. We think it is worthwhile recording these properties because in our
setting, even in the by now classical application of the duality theorem which
allows for the obstacle problem formulation, there is an inherent degeneracy we
have to account for which is not present in other similar results in the literature.

In the first part of this section we show that — as in [119, Chapter 7| — the
minimizer of

Es(V) :/M|VV|2+B/M|—AV+H| (7.5)

is the solution of an obstacle problem, and then we study general properties
of the contact set. There are two main differences with the obstacle problem
arising in [119, Chapter 7].
— In our case there are no boundary conditions and the minimizer is well-
defined only up to a constant. We need to deal with this degeneracy.
— While in [119, Chapter 7] the obstacle problem is one-sided, we have to
consider a two-sided obstacle problem. This is due to the fact that, in
our case, the magnetic field H changes sign.
The functional Ejg is, under assumption (7.4), the limit of the sequence of
energies considered in (7.3). The link between Ejs and the superconductivity
region is, as mentioned in the introduction, proved in appendix A.

7.2.1 Derivation of the obstacle problem
Proposition 7.3. Let 8 > 0. A function Vo € HY (M) minimizes Eg (7.5) if
and only if Vo minimizes

F(V)= /M (Vv +2mV) (7.6)

among all V€ HY(M) such that (esssupV —essinf V) < j3.

Remark 7.4. Since the functional F(V') is translation invariant, V; coincides,
up to a constant, with any minimizer of the two-sided obstacle problem

min {/M (|W|2 n 2Hv) Ve (M), V] < g/z} .

Moreover, recalling that H = Ax F', this obstacle problem can also be rephrased
as

min {/MW(V —xF)]?: Ve H' (M), [V| < ﬁ/Q} . (7.7)

The fact that minimizers coincide only up to a constant does not matter, since
the physically relevant object is the vorticity measure —AV + H. Moreover,
it is easy to check that, if the obstacle problem (7.7) admits a solution V that
‘touches’ the obstacles, i.e. satisfies maxV — minV = f3, then this solution is
unique because any other solution differs from it by a constant, which has to be
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zero. On the other hand, a solution satisfying maxV — min V' < § would have
to be V' = xF + « for some constant «. Therefore, for f < max*F — min *F
the solution is unique.

The proof of Proposition 7.3 relies on the following classical result of convex
analysis (easily deduced from [116] or [31, Theorem 1.12]).

Lemma 7.5. Let H be a Hilbert space and ¢ : H — R U {+o00} be a convex
lower semi-continuous function. Then the minimizers of the problems

. 1 2 . 1 2 *
min (2 l|lz||5, + tp(x)) and i <2 yll3 + (—y))

coincide, where ©* denotes the Fenchel conjugate of p,

" (y) = sup(y, z)u — p(2).
zEH

Proof of Proposition 7.3: We apply Lemma 7.5 in the Hilbert space
H:=H'(M) = {V € H'(M): / vo},
M
endowed with the norm ||V||> = [|VV]?, to the function

V) =s(v) =5 [ mave . (79)

In formula (7.8), it is implicit that ¢(V) = +o00 if 4 = —AV + H is not a Radon
measure. Note that, when p ¢s a Radon measure, it must have zero average
[ =0, since p = A*F —V).

We compute the Fenchel conjugate of . It holds

FV) — Ry
@ (V)—glelg{/MVV VU 2/M| AU+H|}

=— HV + sup {/ (—AU—!—H)V—E/ |—AU+H}
M vern L m 2 Jm

- ;7))
- [ mgv pv - 2P L.
M +.fsggo{/m< 2| |

In the last equality, the supremum may — by a density argument — be taken over
all L? functions P with zero average.
If (esssup V —essinf V') < B, then |V + a| < 8/2 for some « € R, so that

/M (PV— 4 IPI) = /M ((V+a)P— §|p|) <0,

and in that case
e (V) = 7/ HV.
M

On the other hand, if (esssup V — essinf V') > 3, then up to translating V we
may assume that {V > 8/2} and {V < —j3/2} have positive measures. It is
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then easy to construct a function P supported in those sets, such that [P =0,
JIP| =1, and [PV > (/2. Using AP as a test function for arbitrary A > 0,
we deduce that ¢* (V) = +o0.

From Lemma 7.5 it follows that Vy € H! (M) minimizes Eg if and only if Vj
minimizes

1
f/|VV|2+/HV
2/m M

among V € Hl(./\/l) such that esssup V' — essinf V' < . Since both problems
are invariant under addition of a constant, the restriction to the space H'(M)
can be relaxed to obtain Proposition 7.3. O

7.2.2 Basic properties

In this section we concentrate on the obstacle problem

min {/M (|VV|2 n 2HV) Ve H (M), V] < ﬁ/2} . (7.9)

We recall the classical interpretation of (7.9) as a free boundary problem, and
establish a monotonicity property of the free boundary.

The first step to these basic properties is the reformulation of the obstacle
problem (7.9) as a variational inequality: a function V € H'(M) solves (7.9) if
and only if |[V| < 8/2 and

/ VV.-V(W-V) / HW-V) VW e H"M), |W|< /2. (7.10)

The proof of this weak formulation is elementary and can be found in many
textbooks on convex analysis. See for instance [117].

Next we recall the standard reformulation of (7.10) as a free boundary prob-
lem.

Lemma 7.6. A function V. € HY(M) with |V| < B/2 solves (7.9) or equiva-
lently (7.10) if and only if

VeW?P(M), 1<p< oo,
AV =H in{|V]<B8/2},
0>H n{V=_3/2}
0<H in{V=-8/2}

(7.11)

In particular V € CH%(M), so that at every regular point of the free boundaries
O{V = £3/2}, the function V satisfies the overdetermining boundary conditions
V ==£p5/2 and OV/ov = 0.

The only non-elementary part of Lemma 7.6 is the W?2? regularity of the
solution. For the one-sided obstacle problem, it is proven for instance in [52,
Theorem 3.2|. The proof adapts easily to our two-sided obstacle problem: see
e.g. [52, Problem 2, p.29].

Recall that in our case, u = —AV + H represents the vorticity measure. In
light of Lemma 7.6, this measure is supported in {V = £43/2}. In that region,
vortices are distributed with density H.
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For g > B., where
Be = max(xF) — min(xF), (7.12)

the function xF + « solves the obstacle problem (7.9), as long as the constant
« satisfies max(xF) — /2 < o < min(xF) + /2, and the vorticity measure
—AV + H is identically zero.

For 8 < S, the solution V' = V3 of the obstacle problem (7.9) must satisfy

max Vg —min Vg = 3,

and therefore is unique (see Remark 7.4). Recall that the superconductivity
region SCp is defined as the set where the vorticity measure —AV 4 H vanishes.
According to Lemma 7.6, that region is exactly

SCs = {|V3| < B/2}. (7.13)
A first basic property of the superconductivity region SCp is its monotonic-
ity.
Proposition 7.7. For any 0 < 1 < f2 < f3., it holds
SCs, C SCa,.

In other words, increasing the intensity of the applied magnetic field shrinks
the region of persisting superconductivity, which consistant with physical intu-
ition. Since we have to deal with a two-sided obstacle problem, this monotonicity
property is not as obvious as in [119, Chapter 7]. To prove it, we use a compar-
ison principle for two-sided obstacle problems [44, Lemma 2.1]. We state and
prove here a particular form that will also be useful later on.

Lemma 7.8. Let Hy > Hy be bounded, real-valued functions on M. Let also
a1 < az and By < B be real numbers. For j = 1,2, let V; € H' (M) solve
respectively the obstacle problems

min {/ (IVVP +2H;) 05 <V < BJ} .
M
Then either Vi — V5 is constant, or Vi < V5.

Proof. For the convenience of the reader, we provide here the elementary proof,
which consists in remarking that

W1 = min(Vq,Vs) and Wy = max(Vy, Va)

are admissible test functions in the variational inequalities
/ VVJ'V(WJ*V;')Z*/ Hj(W; =V;), YW € H', ay <W; < ;.
M M
Substracting the resulting inequalities, we obtain

/ |v<v1—v2>+\2s/ (Hy — H)(Vi — Vo) <0,
M M

where (V4 —Va) 4 = max(V; — V5,0). We conclude that (V; —V3) 4 is a constant
function. O]
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With Lemma 7.8 at hand, we may prove the monotonicity of the supercon-
ductivity region.

Proof of Proposition 7.7: Let V1 and Va denote the solution of the obstacle prob-
lem (7.9) corresponding respectively to 8 = 81 and 5 = (. Let

Vi=Vi+51/2, and Vi=Vs+ /2,

so that for j = 1,2, ‘7] solves the obstacle problem

min{/ (|VV|2+2HV) : ogvSﬁj}.
M

Therefore, applying Lemma 7.8 with Hy = Ho = H, a3 = a3 = 0 and 1 < fa,
we deduce that

Vi+B1/2 < Va4 B2/2.

(If ‘71 — 172 is constant, then 85 = maxV; — minV; = f$;.) In particular, we
obtain that

{(Vi > =B1/2} C {Va > —B/2}.
By a similar argument, we show that

(Vi <B/2} C{Va < fa/2},
and conclude that SCjs, C SCp,. O

Remark 7.9. Tt follows from the above proof that

Vi = Va| < (B2 — f1)/2,

thus proving the continuity of 3 +— V3 for 0 < 3 < ..

7.3 The small S limit

In this section we study what happens to the superconductivity set when
the intensity of the field is high enough to confine it in a narrow region. We
make the (generic) non degeneracy assumption that

|H|+|VH| >0 in M. (7.14)

In other words, VH # 0 in {H = 0}. This implies in particular that the set
¥ := {H = 0} where the magnetic field vanishes is a finite disjoint union of
smooth closed curves. We also note that condition (7.14) also implies that we
are not in the situation where not even the first critical field is defined(see [40],
Theorem 3.1).

Let us say a few words here about the nondegeneracy assumption (7.14).
This is the same nondegeneracy assumption that has been considered in works
on the spectral analysis of the magnetic Laplacian [102] and on higher applied
magnetic fields in Ginzburg-Landau [110, 13]. Moreover, we emphasize that
(7.14) is a generic assumption, in the following sense.
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Lemma 7.10. Let X = {H € C'(M): JuH= 0}. The functions satisfying
(7.14) form and open and dense subset of X.

Proof. The fact that (7.14) is an open condition is clear. For the density, it
suffices to show that any H € X N C>°(M) can be approached by functions
satisfying (7.14). This follows from a simple transversality argument : recall
(see e.g. [48, § 3.7]) that a smooth function ® is transverse to {0} if and only
if @ is a submersion on {® = 0}. In particular (7.14) is equivalent to H being
transverse to {0}. Fix Hy, Hy € X N C°°(M) such that {H; = Hy = 0} is void.
Then the smooth function

P:R*x M =R, (\z)— H(z) + M\ Hy(x) + Ao Hy (),

is transverse to {0}, and therefore ®(\, ) = H + Ay Hy + A2 H> is transverse to
{0} for A arbitrarily small [48, Theorem 3.7.4]. O

We are interested in the behavior, as 8 — 0, of the superconductivity region
SCps (7.13). We let d: M — Ry denote the distance function to the set ¥ =
{H = 0}, that is

d(x) = dist(x, {H = 0}). (7.15)

In this context we characterize the behavior of SCj in terms of the function d,
as follows (this is a more explicit version of Theorem 7.1).

Theorem 7.11. Under the non-degeneracy assumption (7.14) on the magnetic
field, there exists By > 0 and C' > 0 such that, for 8 € (0, By),

1
{d < 051/3} c SCys C {d < 051/3}, (7.16)

where SCpg is the superconductivity region (7.13), and d denotes the distance to
the zero locus of the magnetic field (7.15).

In the proof we construct explicit solutions to modified obstacle problems, in
order to apply the comparison principle Lemma 7.8. The comparison functions
are constructed locally near each component I" of { H = 0}, and then we need to
extend and paste these functions and the associated modified obstacle problem
data. Although the construction looks local, it is worth noting that we really
need to make it near every component I' of {H = 0}. Otherwise the pasting
would not provide us with obstacle problems comparable to the original one,
because a solution has to change sign near every curve I'.

Remark 7.12. Another natural approach to proving Theorem 7.11 would be to
construct separate comparison functions in {H > 0} and {H < 0}. In those
regions, the obstacle problem becomes one-sided, so that more standard con-
structions with a classical comparison principle can be made. On the other hand,
there is no boundary conditions in those regions, so that such a construction
would only provide us with the outer bound

SCy c {d < CpY?Y. (7.17)

To obtain the bounds (7.16) which show that the superconductivity set extends
to both sides of the zero locus of H by a 6% margin, it seems that we really have
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to appeal to the comparison principle for two-sided obstacle problems. However,
if we would just content ourselves with showing that the superconductivity set
had ‘thickness’ proportional to (8 %, namely

dist({V = 8/2}.{V = =8/2}) = c8'/%, (7.18)

there would be a simpler and elegant way. In fact (7.18) can be directly inferred
from (7.17). This is a simple consequence of the interpolated elliptic estimate
(see [24, Appendix A])

IVVIZ < CHAV] o V] - (7.19)
which implies, since |V| < 8 and |AV| = |H1gc,| < CBY/3, that
IVV| < CB*3 in M. (7.20)

Hence, for any x4 € {V = £/3/2} and any arc-length parametrized curve v(s),
(0 < s <) going from x_ to x4, it holds

V4
B=V(e) - Vi) = [ TV 7(5)ds < O,

so that the length of 7 satisfies £ > ¢3/3, which proves (7.18). Let us emphasize
again that (7.17)-(7.18) really is weaker than (7.16), since (7.18) does not prevent
vortices from coming arbitrarily close to one side of {H = 0}.

Next we turn to the proof of Theorem 7.11.

Proof of Theorem 7.11: We will construct, for small enough 3, bounded func-
tions H; < H < H,, and comparison functions V; and Va of regularity W2,
satisfying for j = 1,2,

AV; = Hjl v, |<p/2

Vil <B/2, H;>0in {V;=—8/2}, H; <0in{V;=p/2}, (7.21)
and the bounds
1

By Lemma 7.6, (7.21) implies that V} solves the obstacle problem (7.9) with H =
H;. Therefore we may apply the comparison principle for two-sided obstacle
problems (Lemma 7.8) to conclude that V3 >V > V5. In view of the bounds
(7.22) satisfied by V; and V3, this obviously implies that the superconductivity
region satisfies the bounds (7.16).

The rest of the proof is devoted to constructing V; and V5. To this end we
introduce good local coordinates in a neighborhood of ¥ = {H = 0}. Recall
that, thanks to the nondegeneracy assumption (7.14), ¥ is a finite union of
closed smooth curves. Let us fix one of them, I', together with an arc-length
parametrization of it:

I = {y(2): s €R/IZ}, |y()| =1
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Let us also fix a smooth normal vector v(z) to I' on M, that is
v(z) € TymyM, |v|=1, v+ =0,

and impose that v(x) points in the direction of {H > 0} (since H < 0 on one
side of T" and H < 0 on the other side). We introduce Fermi coordinates along
I': for small enough §, the map

R/Z x (=6,6) = M, (z,y) = exp, ) (yv (7)),

is a diffeomorphism. It defines local coordinates (z,y) on M in a neighborhood
of I', in which the Laplace operator has the form

A= % (0 fy + Duf 10, , (7.23)

where f(z,y) = 1—yr(x,y) for some smooth function k. Note that y is nothing
else than the signed distance to I', and in particular |y| = d in a neighborhood
of I While this is a coordinate system that follows well the geometry of a
neighborhood of «, we actually need one where the Laplacian allows us to reduce
our construction to a 1d problem. To that end let (z, z) be the local coordinates
where

1
2=y + 5y R(,y). (7.24)

Clearly the map (z,y) — (z, 2) is a diffeomorphism for small enough y, so that
(x, z) define indeed local coordinates on M. The reason for using the coordinates
(z, z) is that the Laplace operator is then approximately

A= 02+ 02,

which will allow us to obtain nice bounds for functions depending only on z.

Note that, since we choose the normal vector v to point in the direction
of {H > 0}, and since |[VH| > ¢ > 0 in a neighborhood of T' thanks to the
nondegeneracy assumption (7.14), it holds

0,H>c>0, |z|<o.
On the other hand, VH is bounded, so that there exist C' > ¢ > 0 such that
Czl,co+czl,no < H <czl,g+ Czl,~, |z| < 0. (7.25)

Next we concentrate on the construction of Vi (H; will be defined accord-
ingly). Away from the set X, we simply define

Vi = —sign(H)8/2 in {d>5/2}. (7.26)

The interesting part is of course what happens near . Near each of the smooth
curves I' C %, we will look for V; in the form V; = v(z), where v is a W2
function satisfying

~]B/2 for z < —n_,
v(z) = {—6/2 for z > ny, (7.27)
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for some parameters 7+ > 0 that will depend on 5. A straightforward compu-
tation using (7.23) and (7.24) shows that

AVy =0"(2) + 2 (g1 (2, 2)0" (2) + g2(, 2)0'(2)) , (7.28)

where g; and go are bounded functions. We are going to define in (—n_,n;)
the function v so that

v <2C21,<0 + 521»0, || = o(B), |v"| = o(B). (7.29)

We then define Hy in (—n_,n, ) simply as AVj. Thus, recalling (7.25), we will
have, for small enough 5 > 0,

AV = Hlj]-\V1|<ﬁ/2 with H; < H in {—’I’], <z < 77+} (730)

It is then straightforward to extend H; to a function defined on M, such that
H, < H, and having the same sign as H outside of {—n_ < z < ny}. The
resulting Hy and V; satisty (7.21).
Thus it remains to show that we can indeed define v(z) in {—n_ < z <y},
satisfying the bounds (7.29). We look for v in the form
v(z) = {U_(Z) for =n- <z<0, with vy (z) polynomial. (7.31)
vi(z) for 0 <z <y,

First of all, for v to be of class W2 around the points £7., we should impose

v_(=n-)=B/2, wvi(ny)=-B/2, vL(-n-) =2\ (n+)=0. (7.32)
Thus we take v+ to be of the form
v_(2)=(z4+n_)*(A_z+B_) + g
=A 2+ (B_+20-A )22+ (2n-B_ +n> A )z +n:B_ + g,
8 (7.33)
vi(2) = (2= 13)*(Ayz + By) — )
_ 4.3 2 2 2 B
= A+Z + (B+ — 277+A+)Z -+ (*277+B+ -+ 77+A+)Z + 77+B+ — 5
For v to be of class W2 around z = 0, we have to impose
2p 40 _pp, 0
=Bty SO G (7.34)
29-B_ +n2A_ = -2n,B; +n7 A
We also need to ensure that
v <2021, + §Z12>0’ (7.35)

So we impose

6A_ =2C, 6A, = g B_+2_A_ =B, — 2, A, =0, (7.36)
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so that we even have an equality in (7.35). Plugging (7.36) into (7.34), we find

c 5 2C
¢

G n’ =B, 4Cn* =i, (7.37)

which leads us to choose

ne = ax B3 (7.38)
where a4 > 0 are the solutions of

c

2C
6 Oé3 =1.

4Ca® =ca?, —at+ 5
With A4, By and n4 chosen as in (7.36)-(7.38), the function v is of class W2

and satisfies (7.35). Moreover, it is straightforward to check that
o[+ | < BV in (=, my),

so that (7.29) is satisfied, which concludes the construction of V; satisfying
(7.21). On the other hand V; obviously satisfies (7.22) since

{vil < B/2} = {-=n- <=z <n:}.

We omit the construction of Vs, which is completely similar to the one just
performed. O

7.4 Intermediate regimes

As discussed in the introduction (Section 7.1), in the present section we want
to understand the transitions occurring as 3 decreases from . to 0, when the
set {H = 0} has more than one connected component.

In Section 7.4.1 we study in detail a special case with rotational symme-
try along a vertical axis, to provide some insight into the transition from the
vortexless state to the zero solution. The reason to restrict to this setting is
that it encapsules, what we believe are, the most interesting changes in the
superconducting set that can occur.

On the one hand, once we drop the assumption of rotational symmetry,
changes in H inside the sample could lead to arbitrarily intricate solutions to the
obstacle problem for different values of 3, so a general theorem is not available.
On the other hand the symmetries we consider highlight many model situations
with remarkable properties. One of these is the striking phenomenon that some
parts of the free boundary may freeze: that is, remain constant with respect to
B, for 5 in some interval. In Section 7.4.2 we generalize this observation to the
general, non-symmetric case.

As mentioned earlier, a generalization of the other properties is precluded
due to the wide variety of solutions one could construct, having the freedom to
choose both H and M. Nevertheless, we believe that under some more restrictive
assumptions, in particular fixing the topology of the level sets of H, one could
extend the result on existence of the transitions observed in Proposition 7.15,
however the role of the integral conditions on I, J is not so easily transferable
or even identifiable anymore.
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7.4.1 Detailed study of a symmetric case
Here we consider a surface of revolution of the form
M ={(p(¢) cos0,p(¢)sinb,z(¢)): ¢ € [0,7], 6§ € [0, 2]}, (7.39)
where p and z are smooth functions linked by the relation
z(¢) tan ¢ = p(¢),
and satistying p(0) = p(7) =0, p > 0 in (0,7), 2’(0) = 2/(7) = 0, and
vi= V()P H () 2 e >0

The volume form on such M is dH%, = pydfde.
The induced magnetic potential A on M is also assumed to be symmetric,
of the form

A =a(p)dd =

and we make the following assumptions on the functions a:
(al): a(0) = a(m) =0, and @ > 0 in (0, 7).
(a2): o’ > 01in (0,¢1) and (¢, ¢3) and o’ < 0 in (¢1,¢P2) and (¢p3, ), for
some 0 < 1 < o < 3 < 7.
The function a(¢) hast two local maxima a1 = a(¢1) and as = a(¢s), and
one local minimum as = a(¢2). To simplify notations to come, we assume in
addition that aq < as. See Figure 7.2.

a' <0

0 o1 ®2 ®3 ™
Figure 7.2 — The shape of a(¢).

Remark 7.13. The case, presented in the introduction (Section 7.1), of a uniform
external magnetic field H® = e, corresponds to a = p?/2.

In that setting, the functions H and %F' are also axially symmetric: they
depend only on ¢ , and are given by

li
H=2, F)=d’.
Py P
By uniqueness (up to a possible additive constant), the solution of the ob-
stacle problem (7.9) is also rotationally symmetric: it holds V' = v(¢). Since

V € C'(M), the function v should satisfy
ve CH[o,7]), v'(0)=1v(r)=0.
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Moreover, the free boundary problem (7.11) becomes

|U| < 6/2 in [0,7'('],

(v "' —a)' =0 in{lul < B/2}, (7.40)
a >0 in {v=-p3/2},
a <0 in {v=j/2}.

We investigate, for 8 < f3., the changes in the shape of the superconducting
set SCs = {|v| < B/2}. The critical values at which that shape changes depend
on the values of integrals [ avp~'d¢ on some intervals related to the level sets
of a(¢). That is why we start by fixing some notations concerning the level sets
of a(¢). There are three different cases, depicted in Figure 7.3:

— For a € (0,a2), {a=a} ={¢- < d4}.

— For o € (az,a1), {a=a} ={é_- <9 <¢_ < P, }.

— For a € (a1,a3), {a =a} ={¢Y_ < o4}

The functions ¢4 (a), ¥4 () are continuous on their intervals of definition.

For a € (a2, a1), we define

L b+
L= [ @-ald L=/ @l
- - (7.41)
P
ﬂ@:—/ @-@%m.

by

Those integrals corresponds to “weighted” areas of the regions depicted in
Figure 7.4, with respect to the measure yp~'d¢. Note that both the integrands
and the intervals of integration depend on «.

We identify a critical value of o with respect to these integrals.

Lemma 7.14. There exists o, € (aa,a1) such that:
— foras < a < ay, J < min(Iy).
— for a, < a<ap, min(Iy) < J.

Proof. Tt follows from the obvious facts that J is increasing, I+ are decreasing,
J(az) =0, I_(a;) =0, and the functions are continuous. O

Now we may give the precise version of Proposition 7.2.

Proposition 7.15. Let 5. > 7 > 55 > 0 be defined by
B1 :=max(I(a¥)), B3 :=min(Iy(a”)).

Then the conclusion of Propostion 7.2 holds:
— For . > B > Bf, SC3 is an interval.
— For 87 > 8 > 35, SCjs is the union of two disjoint intervals, one of them
independent of (3.
— For 5 > B >0, SCs is the union of three disjoint intervals.

Remark 7.16. It may happen that I_(a*) = I (o). In that case, 57 = 55 and
the second regime predicted by Proposition 7.15 never happens.
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(a) a € (0,a2) (b) a € (az,a1)

Y- o
(c) a € (a1, a3)

Figure 7.3 — Level sets {a = a}

N

o (o [ (oxs
Figure 7.4 — The integrals I+ and J.

Proof of Proposition 7.15: By uniqueness (see Remark 7.4), it suffices to ex-
hibit, for each regime listed in Proposition 7.15, a solution of (7.40) satisfying
the desired properties.

Case 1: 5 € (87, 8c). The function

NS
I() ::/ (a—a)%dfb, a € (0,a1),

is continuous, decreasing and satisfies 1(0) = . and I(a*) = S7. Therefore
there exists a unique « € (0, ™) such that I(a) = 8. We define

7ﬂ/2 fOI‘ (rb € (O7¢)—)7
(@) =14 —B/2+ [] (a—a)2dp for ¢ € (¢, ¢1),
B/2 for ¢ € (¢4, 7).

The shape of the function v is sketched in Figure 7.5.
The function v is clearly continuous since 8 has been chosen accordingly.
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B2

—B/2
Figure 7.5 — The shape of v for 8 € (57, S.)

Moreover, it holds
V(94) = (a(64) — )5 =2(6-) =0,

since by definition a(¢4) = a(¢_) = . Hence v is in fact C! in [0,7]. Also by
definition, @’ > 0 in (0,¢_) and @’ < 0 in (¢4, 7). In addition, we clearly have
(py ' —a) =01in (¢_, ). To prove that v solves (7.40), it only remains to
show that |v| < £/2 in (¢4, ¢—). We consider two different cases, depending on
whether a € (0, az] or « € (az,a™).

If @ € (0,as), then (see Figure 7.3a)
v =(a-— oz)% >0 in (¢_, ),
so that v is increasing on (¢_, ¢ ) and it clearly holds |v| < 8/2. For a = as

the derivative v’ only vanishes at one point and the same conclusion is valid.
If, on the other hand « € (a2, a*), then (see Figure 7.5)

>0 in (¢—,¢+)7
y’:(a—a)% <0 in (Y4, ),
>0 in (Y, d4).

Therefore it suffices to check that v(¢4) < £/2 and v(v_) > —3/2. We have,
since I(a) = 8 and by definition of I+ and J (see Figure 7.4),

o(thy) — B/2 = I_(a) - 8= I_(a) — I() = J(a) — L4 (),
v(U) + B/2 = I_(a) - J().

Since o < a* we find indeed (by definition of o*) that v(v1) < /2 and v(¢p_) >
—/3/2, and in that case also we conclude that v solves the free boundary problem
(7.40).

Case 2: (8 € (B3,57). We treat the case where min(Iy(a*)) = I_(a*).
Thus 87 = I (a*) and 85 = I_(a*). The other case can be dealt with similarly.
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The function I;(«) is continuous and decreasing on (ag,as3) and satisfies
I (a*) = Bf and I;(a3) = 0 < 5 (see Figure 7.4). Therefore there exists
a > o such that I (8) = a. We denote by ¥_ and ¢, the two points of
{a =a}nN(¢2,m), and by ¢* < % < o the three points of {a = a*} N (0, ¢3)
(as in Figure 7.6 below). Note that, since o > a*, ¢* < ¢)_. Next we define

—8/2 for ¢ € (0,9%),
—B/2+ [{ (a—a*)2dp for ¢ € (¢ 7).
v(¢) = —B/2 for ¢ € (", 9-),
~B/2+ [ (a—a)Fdd  for g€ (o, dy),
B/2 for ¢ € (¢, 7).

The shape of the function v is sketched in Figure 7.6.

oL (s (CRCE b 872

—B/2
Figure 7.6 — The shape of v for 8 € (55, 57)

Continuity of v at ¢* is ensured by the fact that I_(a*) = J(a*). Con-
tinuity at ¢, by I, (a) = B. The function v is C! because the facts that
a(@* ) =a(¥*) = a* and a(v_) = a(¢y) = « guarantee that v'(¢* ) = o' (¢*) =
v () = v'(¢4) = 0. The sign of @’ is positive in (0,¢* ) and (¢¥*,9_) and
negative in (¢4, 7). In the two intervals (¢*,¢*) and (¢, ¢4 ), the equation
(py~1v" —a)’ = 0 is obviously satisfied, and it remains to check that |v| < 3/2
in those intervals.

Since v’ = (a—a)yp~! > 0in (¢_, ¢ ), it clearly holds |v| < 3/2in (¢_, ¢ ).

In the interval (¢* ,¢* ), the sign of v/ shows that v attains its minimum at
the boundary and its maximum at 7 , and it holds

v(Yr) = B/2=—B+1_(a")=—B+B; <0.

We conclude that v solves the free boundary problem (7.40). Moreover, the
interval (¢* ,9*) clearly does not depend on .

Case 3: $ € (0,55). Since I_ is continuous and decreasing, I_(a*) > /5
and I_(ay) = 0, there exists a3 > a* such that I_(a;) = 8. Similarly, there
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exist as < a* and a3 > a* such that J(ag) = It (a3) = 8. We denote by
0< ol <ol <9f <y <y <¢3 <7
the points such that (see Figure 7.7)

{a=0a1}N(0,¢2) = {¢-, ¥} },
{a=as}N(¢1,03) = {1, ¥},
{a= a3} N (2, 7) = {¥3, 97 }.

TN \

N

o T A 3 PP

B2

—B/2
Figure 7.7 — The shape of v for 8 € (0, 53)

Then we define

—B/2 for ¢ € (0,4L) or ¢ € (¥2,9%)
—B/2+ [ (a—a1)2dd  for ¢ € (1, 0}),

v(¢) = < B/2 for ¢ € (V},93%) or ¢ € (4%, 7),
5/2+fj2 (a—a)2dp  for € (¥?,9?)
75/2+f¢3 —ag)l d¢ for ¢ € (43, 3).

The shape of the function v is sketched in Figure 7.7.

As above the C' regularity of v follows from the definitions of a;, ap and as.
The sign of a’ is positive in (0, ¢L )U (12, 9 ) and negative in (¢, 93 )U(¢2, 7).
The equation (py~'v’ — a)’ = 0 is satisfied in the three intervals (¢l ,l),
(1/)17 ¥?) and (¢2, ¢i) Moreover in those intervals, the function v is monotone,

hence |v| < /2. Therefore v solves the free boundary problem (7.40). O

7.4.2 ‘Freezing’ of the free boundary

Proposition 7.17. Assume that, for some By € (0, S.), one connected compo-
nent w of the superconductivity set SCg, is such that V3, takes the same value
on each connected component of Ow. Then there exists § > 0 such that

SCsNw = 9Cg, Nw = w, (7.42)
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for all B € (Bo — 4, Bol-

In Figure 7.8 we show a situation corresponding to Proposition 7.17, with
V = —3/2 on every connected component of dw.

Figure 7.8 — An example of the situation of Proposition 7.17

Remark 7.18. The assumption on Sy in Proposition 7.17 corresponds exactly to
what happens in the symmetric case (Proposition 7.15) in the regime 8} > 8 >

B3, where v(¢%) = v(¢*) = —3/2 (Figure 7.6).
Proof of Proposition 7.17: We present the proof in the case where V' = —f(/2
on every connected component of dw. The case V = y/2 on dw can be dealt
with similarly.
Since V' < fp/2 in w and V = —f3/2 on dw, it holds
m:=maxV < 5y/2,
and we define
1
0= 750 —m > 0.
2
Let 5 € (Bo — 6, Bo], and define

T := Vi, + 360 — ). (7.43
The definitions of m and ¢ ensure that it holds

~B/2< Vo< 5ho— 6+ 5(Bo—B) < /2 B, (7.44)
We claim that

Vs=V, ind@, (7.45)

which obviously implies (7.42).
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Note that the proof of Proposition 7.7 implies that it always holds
Vi<V, in M. (7.46)
Let wg = SCsg Nw, and
U:=Vy—Vz>0. (7.47)
Note that U € C**(@), and U = 0 on dw (since, by definition of w, Vo = 0 on
ow).
Let w’ := w N SCp. It holds
AU = Hl,\,y inw. (7.48)
From (7.44) and (7.46) it follows that
Vi < 5/2 in .

Therefore, recalling the free boundary formulation (7.11), we have H > 0 in
w\ . In particular (7.48) implies that

AU >0 inw.
Let € > 0 and consider
¢ :=max(U —£,0) € H'(w).

Recalling that U € C'(@w) and U = 0 on w, we know that ¢ has compact support
inside w. Thus we may integrate by part (without knowing anything about the
regularity of dw) to obtain

/|V¢\2=/V@-VU:—/<pAU§O7

and we deduce that ¢ = 0 in w, which implies that U < € in w. Letting ¢ — 0,
we conclude that U < 0 in w, which, together with (7.47), shows that (7.45)
holds. O

Appendix 7.A The mean field approximation

Recall we assume M C R? is a closed compact surface homeomorphic to a
sphere, A a 1-form on M such that A = d*F' = xd % F' for some smooth non
constant 2-form F', and G, the Ginzburg-Landau energy

Grn) = [ (V=AW + 5 [ (-1

The parameter £ > 0 is going to tend to 400, as is the strength of the applied
field h(x) > 0.
If 4 is a critical point of Gy ., written locally as 1) = pe’®, then it holds

d(p*(dp — hd*F)) = 0.
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We deduce that there exists a function V' such that
*dV = p?(hd*F — dp).

The function V is uniquely defined up to an additive constant, which we may
fix by imposing [,V = 0. The function

p=—A(V-—hxF)=-AV+H

is the vortex density.

In this paper we appeal to a mean field approximation result proved by
Sandier and Serfaty in [118]. In our case we also have to handle positive and
negative measures p4, u— with total zero mass py (M) — p— (M) = 0. In this
appendix we verify that under the additional constraints present in our context,
we still have such a reduction. For an intensity h(x) comparable to Ink, the
mean field approximation consists in approximating the problem of minimizing
Gm, by a limiting problem on the vorticity measure. The result also relates
the
Proposition 7.19. Assume that 8 := lim,_, o ,llr(‘—:) >0 and h(k) = o(k?). Let
Y. be a minimizer of Gaq ., and the corresponding V,, be defined as above. Then,
up to a subsequence, as k — 00,

v
h(/:) converges to W,
weakly in H (and strongly in WH4 for q < 2) where W, minimizes the energy

B
2

1
Eg(W) = /M VW2 dH? +

B H*AW+H”TV7

over the set of all W € H*(M) such that (—AW + H) is a Radon measure.
Here |||y = |u|(M) denotes the total variation norm of the Radon measure
L.

Moreover, it holds G (V) = h(K)?Eg (W) + o(h(k)?).

We impose the normalization conditions fM WdH? = fM *FdH? = 0.

Then with some slight abuse of notation Eg(W) can be expressed in terms
of u=—-AW + H, as

BoW) = Balu) = Gl + 5 [ Gloddl— H)adln— H)o)

where G(z,y) is the Green’s function satisfying

1

-AmG(,y) =6, — M)

Here i has to be a Radon measure of zero average since it comes from p =
—A(W — +F), hence [, du=0.

Note that Eg(p) may not be well-defined for every measure p, but at the
end we will only need it to be well-defined for the particular u., associated to W,
solving the obstacle problem (7.9), and this follows from the regularity theory
for the obstacle problem (see Lemma 7.6).
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Sketch of the proof of the upper bound in Proposition 7.19

The proof of the lower bound and compactness for minimizers follows directly
from Theorems 7.1 and 7.2 in [118]. We note that a by product of the analysis

in [118] is that M converges to —A (% — *F) in the sense of measures
and in WP, for p < 2.

The upper bound on the other hand is a little more delicate to adapt. Next
we provide the details. The main tool to derive the upper bound in [118] is
a construction of measures u, which approximate the measure p, minimizing
I3, and which are concentrated in balls of size k=1 each carrying a weight 2.
Before stating the precise result, we introduce the functional J = Jg

J(w) = Bllpllrv + / G(z,y)dp(z)du(y). (7.49)

MXM
The following result then corresponds to Proposition 2.2 in [118].

Proposition 7.20. Let it = py — p— be the minimizer of Ig. Then, for k large
enough, there exist points af 1, 1 < j < ni(k), such that

h(k)ps (M)

o , d(af ., af ) > 47",

(k) ~
and, letting u:* be the uniform measure on 0B(aj 1,k ) of mass 2w, the
measure

ny (k) n— (k)
1 1
Ly 1= h— E h— E converges to [,

in the sense of measures as k — +00. Moreover it holds fM dus =0, and

lim sup /M Gl )i ()diny) < T (1), (7.50)

K— 00
where J = Jg is defined in (7.49).

Above, d denotes geodesic distance and 9B denotes a geodesic circle accord-
ingly. The zero average property [ du,, = 0 is needed later to solve —A(V —xF) =
. It actually amounts to asking ny (k) = n_ (k). The upper bound (7.50) is
crucial to estimate the energy of the testing configuration constructed with help
of the measures fi,;, and requires great care in the way the points af are dis-
tributed.

In [118], the authors consider non-negative measures defined on a domain in
the plane, with no average constraint. Here we are dealing with measures on
a surface having positive and negative parts, and, more importantly, satisfying
the zero average constraint.

Next we state a lemma that can be directly adapted from [118, Proposi-
tion 2.2], which deals only with positive measures with support inside a coor-
dinate neighborhood. Then we will explain how to use this lemma to obtain
Proposition 7.20 above.
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Lemma 7.21. [118, Proposition 2.2] Assume that p is a non-negative Radon
measure on M, absolutely continuous with respect to the 2-dimensional measure
on M, and with support contained inside a coordinate neighborhood. Then, there
exist points af, 1 < j < n(k), with

and d(af,ay) > 4k

such that, with ul. the uniform measure of mass 2w on 0B(aj, k1), it holds

n(k)

1 )
e = m ; Wl converges to u,

and the upper bound (7.50) is satisfied.

The proof of Lemma 7.21 is just a straightforward adaptation of [118, Propo-
sition 2.2|, using the coordinate chart to transport their construction from the
plane to our surface and general properties of the Green’s function of the Lapla-
cian on a compact surface.

Next we explain how to deal with non-negative measures whose support does
not lie inside a coordinate neighborhood.

Lemma 7.22. Assume that p is a non-negative Radon measure on M, abso-
lutely continuous with respect to the 2-dimensional measure on M. Then the
conclusion of Lemma 7.21 holds.

Proof. Step 1: We reduce to the case where the support of p is a finite disjoint
union of compact coordinate neighborhoods. Assume indeed that the conclusion
of Lemma 7.22 holds for such measures. It is possible to construct a sequence
1y of such measures, such that 0 < u, < p and p, converges to pu. Indeed,
just define p,, = 1k, pt, where K, is a finite disjoint union of compact subsets
of coordinate neighborhoods, and u(M \ K,) — 0. Such a sequence K,, exists
because M is compact and the measure p is inner regular. For each u, we
obtain a sequence uf tending to p, with the good properties. After a diagonal
process, we obtain a sequence u, converging to u, such that

lim sup/ G(z,y)dp,(x)dp,: (y) < liminf J(u,).
K—>00 MxM
It remains to show that the right-hand side is less than J(u), which follows from
0<pu, <pandG>0.
Step 2: We prove Lemma 7.22 for p that can be decomposed in the form

P=p1t-+UN,

where the supports of the y; are inside disjoint compact coordinate neighbor-
hoods, and each p; is non-negative and absolutely continuous with respect to
'H%A Then one can apply Lemma 7.21 to each 11 to obtain sequences ;. with
the good properties. Then, defining j,, = 1,5 + - - + i, One obtains

timsup [ G, y)dpn (@) () < 3 Juy)+limsup 3 [ G, y)dis ()i 0)
J AL
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Since the supports of distinct p; are disjoint and G(z,y) is continuous outside
the diagonal {x = y}, it holds

[ 6@ @dents) > [ Glodis@duaty)  forj £ 6
and we conclude that

timsup. [ G, y)dion(0)dins) < 3 Huy)+ 3 [ Gy @)datu) = T,

J J#L
The proof is complete. O

Finally we deal with measures having positive and negative parts, and sat-
isfying the zero average constraint.

Lemma 7.23. Let pu be a zero-average Radon measure on M, absolutely con-
tinuous with respect to ’Hi/l. Then the conclusions of Proposition 7.20 hold.

Proof. Step 1: Tt suffices to construct measures p,; satisfying all the conclusions
of Proposition 7.20, except for the zero average constraint. Assume indeed
that we have such a sequence. Since p satisfies the zero average constraint, it
holds p1y (M) = p_ (M) and we deduce that ny (k) — n_(x) = o(h(x)). Up to
considering a subsequence, we may assume that either n, (k) > n_ (k) for every
k (or the opposite, but this is completely symmetric). We fix a compact K
such that py(K) > 0 and K is disjoint from the support of . Since ;! (K)
converges to 4 (K), the number of points a7 | that are contained in K for large
k is larger than ¢ h(k) for ¢ > 0. In particular it is larger that n, —n_, and we
may define a measure fi obtained from p by removing (ny —n_) points ai .
that lie inside K. The measure ji, = i} — p, now satisfies the zero average
condition, and since n. — n_ = o(h) the convergence fi,, — p still holds. Tt
remains to prove that the upper bound (7.50) is satisfied also by fi.. Since
G >0and 0 < jif <pf, it holds

/ G, y)djin (2) i () < / G, )y () dpn ()
+2 / G, y)d(ut — i) (@)du (v).

The last term converges to zero since G is continuous outside the diagonal and
wt — it converges to zero and has support inside K which is disjoint from the
support of . Hence we conclude that (7.50) holds.

Step 2: As in Step 1 of Lemma 7.22, we reduce to the case of a mea-
sure g such that py and p_ have disjoint compact supports. Assume indeed
that Lemma 7.23 holds for such measures, and consider, by truncating, mono-
tone approximations u of p, with disjoints compact supports and such that
0 < puf < ps. For each n there exist measures p with the good properties,
converging to fi,, := put — p. After a diagonal process, one obtains a sequence
1 such that

lim sup/ G(z,y)dp(x)dp, (y) < liminf J(u,).
MxM

K— 00
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Since G > 0, by monotone convergence (or dominated convergence) terms of
the form [ Gdudut converge to [ Gdu*du™*, so that

/ G, y)dpn () dpan () — / G, y)du()duy),

and we also have ||u,| — ||u||, so that J(u,) — J(u) and we conclude that
(7.50) holds.

Step 3: We assume now that py and p— have disjoint compact supports.
Applying Lemma 7.22 to each of these non-negative measures, we can proceed
exactly as in Step 2 of Lemma 7.22 to obtain the conclusion. O

With Lemma 7.23 at hand, the proof of Proposition 7.20 simply follows from
the regularity theory for the obstacle problem (see Lemma 7.6), which ensures in
particular that the minimizing measure pu, is absolutely continuous with respect
to H3,.

Then the upper bound is obtained by constructing test configurations with
vortices at the af , as in the proof of [118, Proposition 2.1]. Those test config-
urations are obtained by solving —A(V,, — h x F) = hu, and constructing the
corresponding ¢, which has modulus 1 outside the balls B(a} ., 2k71)’s, and
phase given by dy, = hd*F — xdV/;. O
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Structure d’un vortex dans les
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8.1 Introduction

With the discovery of high temperature superconductors physicists have in-
vestigated many new and unusual families of superconducting materials, many
with properties which are quite different from the metal superconductors which
were originally studied a century ago. Among these is Sro RuOy, which (al-
though it is not a high temperature superconductor) has a layered perovskite
crystalline structure which is very similar to the cuprate high T materials.
This material is special, however, in that it has a different electronic struc-
ture from conventional “s-wave” superconductors described by the microscopic
BCS model, but instead exhibits a “p-wave” electron pairing symmetry (see [3]).
Superconductors with p-wave pairing develop such unconventional properties
as spontaneous magnetization and surface currents[65, 84|, and square vortex
lattices in certain parameter regimes [3].

In this paper we consider a Ginzburg-Landau model for p-wave supercon-
ductors in two dimensions. The state of the superconductor is described by a

185
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pair of complex wave functions, n = (n_,n4): 2 C R? — C? and the magnetic
vector potential, A :  — R2?. The p-wave symmetry is encoded in the kinetic
energy by means of an anisotropic gradient term,

ﬂmm:/@mwm+ﬁ%mwwmmm,
where

ekin(1, A) = [Dn|? + [Dn—* + (1 4+ v) [Dany - Dan— = Dyny - Dyn-]
+ (1 = v) [Dan— A Dyny — Dany A Dyn-_]

and
1 1
epot (1) = §(|77+|2 -1+ §(|77—\2 — 12+ 2 Pln- P +v(n?) - (n?). (8.1)

Here « is the Ginzburg-Landau parameter, v € (—1,1) is an anisotropy pa-
rameter, and the operator D = V — iA. The dot and wedge product on C are
calculated by treating z = z + iy € C as a real vector (z,y) € R?, and applying
the usual definitions.

By writing the potential energy in the form,

1 1
€pot = 5+ §(|77+|2 + =P = 1) + (1= v P ?
+ V] [Ins Pl + sign(v)(n}) - (n2)] ,

we note that for —1 < v < 1, the minimum of the potential e,,; is attained
exactly at

(77—777+) = (170) or (Oa ]-)

Thus, we expect that energy minimizers will have this form away from any

vortices, with one "dominant" component, which we take to be n_, [n_| ~ 1,

and one “admixed” component [65] 7o which is small in the bulk of the sample.
Also note that E is gauge invariant: for smooth enough ¢,

E(ns, A) = E(e"ns, A+ V).

The goal of this paper is to study isolated vortices in this p-wave Ginzburg—
Landau model, and thus we concentrate on energy minimizing solutions with
given degrees imposed on the boundary of a disk or at infinity, in the case of
entire solutions (defined on = R%) As in the classical Ginzburg-Landau
functional, in questions concerning isolated vortices the role of the magnetic
field h = curl A is secondary, and so we neglect the vector potential A in this
paper. We expect that our results should extend to the full system with vector
potential with some minor technical adjustments. With this simplification, the
energy functional takes the form:

szkkm@+ﬁ%mmm
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with e, as before, and

erin(n) = [V * + V- > + (1 +v) [0ens - Oon— — Oyny - Oyn_]
+ (1 =) [0en— A Oyny — Oony AOyn-]

= |V P+ V- + (Mony) - yn-) + v(lyng) - (Mon_), 52

with operators Il = II = 0, + i9,, II_ = —II* = 0, —i0,. As we will see
shortly, the kinetic energy is nonnegative, but not coercive: it vanishes along
a nontrivial linear subspace of functions n. This is an early indication of the
difficulties involved in the analysis of the p-wave functional. Energy minimizers
solve a system of Euler-Lagrange equations, which are coupled in the second
derivative terms:

2An- + 12 + vI Iy = K% (20-(In-|* = 1) + 4n_|ny > + 20m_n3) 53)
2004 + [ + vI2]n- = &% (204 (In4 > = 1) + 40 In-|? + 207,92

Our first result concerns the existence of energy minimizing solutions in any
smooth bounded simply connected domain € C R2?. Consider the Dirichlet
boundary condition

Ntloo = g+, (8.4)
where g1 : 02 — C are given smooth functions.

Theorem 8.1. Let g» € H'/?(99) and define
W ={ne H' (QC?) : (84) is satisfied}.

Assume that (cq + az,c —az) € W for any constants o, c+ € C. Then, there
exist a minimizer of E(n) in W.

In particular, there exists a minimizer in ) = B for g+ = aye
that one of ne # +1 or ay # —a_.

0 provided

We recall that the potential energy is minimized with [n_| =1, |n4| =0 (or
vice-versa,) and hence a natural choice of boundary condition is

n-log ="’ Nt loa =0, (8.5)
with n € N; in analogy with Ginzburg—Landau vortices but recognizing the bulk
states preferred by epo:. Theorem 8.1 is proved in section 8.2. There we show
that the restriction on the boundary data can compensate for the general lack
of coercivity in the whole space H' ().

As in the classical Ginzburg—Landau model, it is to be expected that the
symmetric (equivariant) vortex solutions, o = f(r)e?"=? play a special role.
Here we already see the effect of the p-wave symmetry, as radial solutions do
not exist in general, but only for certain choices of the parameters. Indeed, in
section 8.3 we show that equivariant solutions cannot exist for anisotropy v # 0,
and that for v = 0 there is a restriction on the degrees, ny =n_ + 2.

Assuming v = 0 and ny = n_ + 2, the equivariant ansatz reduces the
problem to finding real-valued functions (f_(r), f1(r)), r € (0, 00), which solve
the Euler-Lagrange equations, a system of two coupled second-order ordinary
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differential equations (see (8.10) below.) As with the classical Ginzburg-Landau
model, entire solutions (in all R?) with nontrivial degree at infinity must have
infinite energy. We thus adopt the strategy of passing to the limit in balls Bp
of increasing radius, in which we minimize the energy subject to the boundary
condition (8.5) on 9 = dBg. Even in this simpler context, there are significant
obstacles to overcome. Although the existence of solutions in the balls Bg is
guaranteed by Theorem 8.1, for general n € N the coupling of the system at
highest order prevents us from obtaining the necessary a priori estimates to
pass to the limit R — oo, except when n = —1. For n = —1, which is the most
physically relevant case [65], we prove:

Theorem 8.2. There exists a smooth entire equivariant solutionn = (n-,n4) =
(f—(r)e™® fi(r)et®) to the Ginzburg-Landau system (8.3), with f_(r) — 1
and f+(r) — 0 as r — oo. Moreover it holds

1 7

fle—ﬁ—@‘FO(T_ﬁ)a fr=—

1 13
2r2 4t

+0(r %,  (8.6)

as r — +o00.

The existence of entire equivariant solutions with degrees (n,n+2), n # —1,
is an open problem, as is uniqueness.

Given the usual interpretation of fi (r) as a local density of superconduct-
ing electrons, we would expect that these solutions have fixed sign. This is a
nontrivial question, as the coupling of the two components in the kinetic energy
term precludes the usual arguments used in Ginzburg-Landau vortices, and
even the methods developed for semilinear Ginzburg-Landau systems [7] fail
in this context. To obtain a result in this direction we introduce an additional
parameter into the model, and employ perturbative methods. For ¢ € [0, 1], we
consider the family of functionals,

Ei(n; R) = /B (V0 P+ IVn- P + t(Tn-) - (TT-ny) + epot)- (8.7)

When ¢ = 0 the system couples only through the potential energy term. Vortices
in a two-component model with similar potential energy were studied by Lin
& Lin [89], and with an applied magnetic field by Alama & Bronsard [5, 4].
With the equivariant ansatz n = (n_,n.) = (f—(r)e=%®, f1(r)e*?), the Euler—
Lagrange equations take the form

Arfom g4 G = ) = (2~ 1) +2f £,

1 ¢ 1 (8.8)
Arfr = Sfr+5Anfo =5 f) = Fr(FE =) +2f 2.
When ¢t = 1, this is exactly the system satisfied by the physical p-wave func-
tions with the equivariant ansatz and n = —1. On the other hand, when
t = 0 the system (8.8) partially decouples, and admits a solution of the form
0= (f° f2) = (f,0), with f(r) the radial degree-one Ginzburg-Landau vor-
tex profile. We verify that f° gives a nondegenerate locally minimizing solution
to the system (8.8) at ¢ = 0, and the solutions for ¢t > 0 are obtained via the
Implicit Function Theorem. In section 8.4 we prove:
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Theorem 8.3. There exists tg such that for all t € (0,ty) there exist smooth
bounded solutions (f*, 1) of (8.8) such that:

(a) fL(0)=0= f1(0);
(b) fr(r)—1, fi(r) =0 asr — oo;
(¢) 0< fr(r) <1, fL(r) <0 forallr € (0,00);

(d) Asr — o,
1 5249 1 13
t:l—i— O —6 t:t oY O —6
/- 2r2 8r4 +O0r™, I+ 2r2 4t +00™)
Note that 0 > fi(r) = —[n4|, and so the components of the equivariant

solution incorporate a relative phase shift of 7, in addition to having conjugate
phases. The asymptotic estimate in (d) may be made uniform for » > R and
t € (0,tp); see Theorem 8.10 for a more precise statement. We note that it is
thanks to the uniform bounds on the asymptotic error that we may obtain the
global control of the signs of the components in (¢). Our result does not preclude
the possiblity that one or both of f{ vanishes or changes sign at some value of
t € (0,1]. If this were to occur at some ¢, the solution 7+ = ffe** would still
be a valid solution to the system of equations, but with a very unconventional
profile for vortices. We conjecture that in fact (c¢) remains valid for all ¢ € (0, 1],
but again this question is open.

The methods employed in this paper extend various techniques used to
study vortices in Ginzburg-Landau systems. In particular, the perturbation
arguments rely on the extensive analysis of the linearization of the classical
Ginzburg-Landau functional by Mironescu [98]. The asymptotic expansion fol-
lows the basic strategy followed in [9], based on [35]. The use of perturba-
tive methods to study entire vortex solutions to the d-wave symmetric coupled
Ginzburg-Landau system were also introduced by Kim & Phillips [76] and Han
& Lin [58], although their approach was different from ours.
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8.2 Existence of minimizers

We begin with the existence of minimizers for the general functional

E(n) = /Q (erin(n) + K%epor(n)) da

with e, as in (8.2), eyt as in (8.1), and with Dirichlet boundary condition
(8.4). The existence of minimizers, even in a bounded domain Q C R2, is not
obvious, since the kinetic energy is not coercive:



190 CHAPITRE 8. SUPRACONDUCTEURS A SYMETRIE 'P’

Proposition 8.4. For any given ne € H(Q), it holds that exin(n) > 0, with
equality if and only if

Ny =cy +az, n.=c.—az
for some cy,c_,a € C.

Proof. The kinetic energy may be rewritten as

1+v 1+v
€kin = 5 |am7]+ + a:c77—|2 + T|6y77+ - ay777|2

+ 1_Ty|ayn+ +i0m—|* + %\8937% + i0yn—|*.
In particular it is non-negative, and ey;, = 0 implies
Oy +n-1=0, Oylny —n-]=0, and (0 +i0y)ny = 0.
Thus there exist one-dimensional distributions u,v € D'(R) such that
Ny =uly) +o(@), - =uly) —ov(x), i(y)+v'(x) =0.

Differentiating the last equation, we deduce that v’ = v = 0. Therefore u and
v are affine functions with v’ = iv":

u=ug+iay, v=vy+ar, forsomeaeC,
and we obtain the desired conclusion with ¢y = ug +vp and c— = ug —vg. O

As a consequence of Proposition 8.4, there is no hope for a general inequality
of the form [ egin > ¢||Vn||2, to be valid. However, we have the following:

Lemma 8.5. Let Q2 be an open subset of R%. Let W C H'(2)? be a closed
affine subspace such that

Wn{(ey +az,c. —az): ce,a € C} =0.
Then there exists ¢ > 0 (depending on Q2 and W) such that

/Q exin(n) > cllnlZn

for everyn € W.

Proof. We argue by contradiction. If the conclusion does not hold, then (using
the homogeneity of the involved quantities) there exists a sequence (n*) ¢ W
such that

¥ s = 1, / ekin (1) — 0.

Up to considering a subsequence, and since W is weakly closed, we may assume
that n* converges H'-weakly to n € W. On the other hand, since the kinetic
energy is convex (as a non-negative quadratic form), it holds

/ekm(n) < lim inf/ekm(nk) =0,

so that by Lemma 8.4, ne = cx + a(y £ ix), thus contradicting the assumption
on W. 0
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In particular, we may impose Dirichlet boundary conditions ensuring that
the assumption of Lemma 8.5 is satisfied. For instance, the following result will
allow us to construct — in Section 8.3 below — physically relevant ‘radial vortex’
solutions.

Proof of Theorem 8.1. The first assertion follows from Proposition 8.4 and Lemma 8.5.
In the case Q = By, g+ = a+e™=? it suffices to show that for any c4,a € C,

Ny = cq £+ are™ ¢ W,

which follows from the uniqueness of Fourier decomposition on dBg. O

8.3 Entire vortex solutions

In this section we study symmetric vortices, that is, solutions of the form
ni(rei‘g) = fi(r)emie, ny €7,

where f4 are real-valued functions. However, because of the coupling term in the
kinetic energy, and in contrast with other coupled systems of Ginzburg-Landau
equations [9], not all values of ny € Z are natural.

Indeed, the existence of such symmetric solutions is related to invariance
properties of the energy. More specifically, for any n4 € Z, one may define an
action of S' on functions 74 (2):

-1

(w-nz)(z) =w™¥nw™'z), weSh

A straightforward computation shows that
B~ Bw ) = [(1=w™ 2 - (W)
T K S WR NS
oty (1wt (),
Hence we see that, in the case v = 0, the energy is invariant if and only if

ny =n_+2.

In the case v # 0, the energy can not be invariant, and the only invariance that
can be expected is for the subgroup U, C S!, which explains why vortices with
square symmetry are predicted [65, 128].

In view of the above discussion, we consider from now on the case v = 0.
Moreover, since we will be interested in solutions defined in the whole plane R?,
the parameter s can be scaled out, and we assume also x = 1. In that case the
Euler-Lagrange equations read

1
An-+ STy = n-(In-[* = 1) + 2n-[n

1
Any + §Hi77— =0y (Ine > = 1) + 20y [n-|*.

(8.9)
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in terms of fi defined by (8.11), and using the notation A,.f = r=(rf’) =
"+ r~Lf’, the system (8.9) takes the form,

2
ATl (Am gty nd 2)f+)
=f-(f-P =1 +2f 13,

2
e | (AL L o vy

=+ P =)+ 214 12

In the following we will show the existence of entire solutions of (8.10) with
n = —1, that is equivariant solutions of the form

no(ré®) = f_(re 0, qa(re®) = £ (r)et?, (8.11)

where fy are real-valued functions. This is the choice of degrees made in [65],
in the expectation that these solutions are the “most stable”. In fact, the choice
n = —1 simplifies the equations by eliminating a troublesome first order cross
term in each equation. Existence of entire equivariant solutions for n # —1
remains an open problem.

With the choice n = —1, the kinetic energy becomes

(8.10)

cuin = \f'P + g1+ (724 20 ) (#0744 ) (312

where |f'[? = (fL)* + (f1)* and |f|* = f2 + fZ. Moreover, the system (8.9)
reads

Aofo= Gty (M= fe) = F05P =D +2f 2,

. (8.13)

Ay fy — T%er +% <Arf— - TQf—) = fr(|f+? =1 +2f. 2.

Note that the continuity of 7y forces fi to satisfy homogeneous boundary
conditions at the origin:

f-(0) = f+(0) = 0. (8.14)

In fact these conditions (8.14) are automatically satisfied by any bounded solu-
tions of (8.13). As for boundary conditions at oo we impose, in agreement with
(8.5),

lim (f_, f1) = (1,0). (8.15)

r—00

The strategy to obtain entire solutions of (8.13)-(8.15) is standard: we first
obtain solutions in balls By by direct minimization, and then let R — co. We
denote by Hp the admissible energy space for vortex configurations in Bp:

Hr = { real-valued (f_, fy): ns = f(r)e® e H'(Bgr)}
R 8.16
= { real-valued (f_, f4+): /0 <|f’|2+:2|f2) rdr<oo}. (8.16)
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We also denote by H% the vortex configurations in B, having the right bound-
ary conditions at R, and by H% the admissible perturbations, i.e. with zero
boundary conditions at R:

Hy ={(f~. f+) € Hr: f-(R) =1, f1(R) =0}, (8.17)
Hy = {(p-,v+) € Hr: p-(R) = 4 (R) = 0}. (8.18)
To obtain entire solutions of (8.13)-(8.15), we will need two kinds of a priori

estimates on solutions in Hp: an L° bound, and a bound on the potential
energy.

Lemma 8.6. Let fi € HY solve (8.13) in (0, R), with f_(R) =1, f+(R) = 0.
Then it holds

R
2/ epot Tdr < 1. (8.19)
0
and
2+ <3 in(0,R). (8.20)
If in addition we know that f_ >0 and fy <0 in (0, R), then we have
2+ <1 in(0,R). (8.21)

Proof of the L™ estimate (8.20) and (8.21): We use the weak formulation of
the system (8.13). That is, for any test functions ¢4 € H%, it holds

R
1 1
/0 {f’_tp’_ sl floly + ol

UL E + r) + 3+ L)+ i¢_>}rdr (5.22)

R
=5 | Dol el
where
Depl) o= Q2+ Voot @2 4 2~ Divpr  (823)

We apply that weak formulation to test functions of the form ¢ = fL V| where
V' > 0 will be chosen appropriately later on. We find

R
/O {ekin(f)v + %(ﬁ + )V if+f_V’}rdr

R
:_%A V(Depot(f)‘f)’rdr'

Integrating by parts, we rewrite that last equation as

R
/ { (ekin - i(fer)l) V+ %(fz +f7+ f+f)lV/}7“d7"
0 (8.24)
1

R
=5 | VOeuls)- e
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Next we notice that

Deyor(f) - f=(f2+ 3 - D2+ 1) +212 13

8.25
>0 i 241>, (8:29)

and

Chin — %(f—f+)’ = (O + (D) +Lf + %2 (ZHLat 110 (506
> 0.

Now we can choose the function V. We define, for an arbitrary M > 0,
U=max(f2 + f} + f+f- —3/2,0) and V = min(U, M). (8.27)

It is easy to check that ¢ = fLV € Hp are indeed admissible test functions
(8.18). Plugging (8.27) into (8.24), and using the inequalities (8.25) and (8.26),
we obtain

R
/ (V')2rdr <0, (8.28)
0

and therefore V = 0 a.e. We deduce that

2412+ fof- <3/2,

which obviously implies the L estimate (8.20).
In case that f_ > 0 and fy <01in (0, R), let W = f2 + f2 —1. If W attains
a positive maximum at r € (0, R), we easily compute

0= ATW(T) 2 2f—ATf— + 2f+Arf+
SO+ 1)+ Af2FE — ff B3 -2+ (2 )
>2W(W +1) >0,
thus proving (8.21). O

Proof of the potential energy estimate (8.19): The potential energy estimate is
classically proven using a Pohozaev identiy. The Pohozaev identity is obtained
by multiplying the first line of (8.13) by r?f” and the second line by r?f/ , and
adding them. The resulting equality can be rewritten as

[P+ (PP 2 ffl = 12 = 1 = S (5.29)
2 / 2 / ’
=1r°lepot] = [r epot] — 21 (epot)-

Integrating (8.29) from 0 to R and using the boundary conditions f4(0) = 0,
f+(R) = (0,1), we obtain

R
2 /0 (epot)rdr =1 —R*[f (R)* + fL(R)’ + f-(R) [+ (R)] <1, (8.30)

thus proving (8.19). O
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With the a priori estimates of Lemma 8.6 at hand, we are ready to prove
Theorem 8.2.

Proof of Theorem 8.2. We prove here the existence part of Theorem 8.2. The
asymptotic expansion (8.6) is then a consequence of Theorem 8.10, which is
proven in Section 8.5.

We proceed in three steps: first we show the existence of solutions in finite
balls, then let the radii tend to 400 and obtain entire solutions of (8.13) , and
eventually we show that those solutions satisfy the boundary conditions (8.15).
The first two steps are fairly standard after the preliminary work in Section 8.2
and the uniform bound of Lemma 8.6. The last step classically relies on the
potential energy bound of Lemma 8.6, but requires an extra argument that was
not needed in previous related works (as e.g. [9]).

Step 1: Existence of solutions f1¥ in (0, R) with ff(R) = (0,1).

By Lemma 8.5, the kinetic energy functional is coercive on the closed affine
(real) subspace

{ne = fe(r)e™: f e M} c H'(Bgr). (8.31)

Therefore the direct method of the calculus of variation ensures the existence of
a minimizer ny = f&(r)e*?. The functions fi solve (8.13) in (0,R). Moreover,
f+ € H% and Lemma 8.6 applies: it holds

R
2 <3, 2/ epot(f) redr < 1.
0

Note that the L> bound (8.20) ensures that A, fy € L., and therefore by
elliptic regularity fi are smooth.

Step 2: Taking the limit as R — oc.

We regard f£ as being defined on (0,00) by setting f£ = (0,1) in (R, ).
Thanks to the L bound |f|?> < 3, elliptic estimates ensure that (f£)’ is uni-
formly bounded in any compact interval of (0,00). Hence we may extract a
converging subsequence

fn — fi locally uniformly in (0, R).

It follows that fi are smooth bounded solutions of (8.13).

Step 3: Boundary conditions (8.15).

From the bound on the potential energy (8.19) and Fatou’s lemma, we obtain
that

oo
/ €pot Tdr < 00.
0

We claim that this finite energy property implies that lim, ,. epot = 0. To
this end, remark that it holds |f} ()] < C(1 + r), which is easily established
using the uniform bound |fi| < 3 together with the differential system (8.13)
satisfied by fi+. Now assume that there exists a subsequence r,, — oo such that
epot() > € > 0. We may assume in addition that r, 41—, > 1. From |fy| <3
and |fL| < C(1+r) we obtain that |e],,,| < C(1+7), and we deduce that there
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exists § > 0 such that ey, > /2 on (r, — §/ry,rs + 0/r,). But this would
imply

0o e rt+6/rn c
/0 epotTdT2§Z/7 rdr:izl%:oo,

n n _6/7'n
which contradicts the finite energy property. Therefore it holds
Jin e =0

On the other hand, recall that e, = 0 exactly at the points (0,1) and (1,0).
As a consequence, any converging subsequence fi(r,) must converge to either
(0,1) or (1,0).

In fact only one of these two points can be such a limit: if there exists
sequences f4(rl) — (0,1) and fi(r2) — (1,0), then using the continuity of fi
one easily constructs a sequence r3 — oo such that

diSt(f:I:(T?L)v {(07 ]-)v (170)}) > 1/2

But then one could extract a subsequence fi(r3,) — ¢+ ¢ {(0,1),(1,0)}, con-
tradicting the fact that lim ey = 0.

Therefore there is a unique possible limit for converging subsequences f4 (ry,),
and we conclude that the limit fy(co) exists and is either (0,1) or (1,0). Up
to exchanging fy with f_ (the equations are symmetric), we have the right
boundary conditions at oco. ]

Now that we have the existence of entire vortices, we would like to investigate
qualitative properties of the radial profiles fi. The first natural question is
whether or not they have a sign. In the classical one-component Ginzburg-
Landau setting [25], as in other two-component models [9], existence of the
radial profile components with a sign follow from a simple energy argument:
replacing f with |f| or —|f| does not increase the energy. In the present case
however, this argument does not work, because of the coupling term in the
kinetic energy.

If there do exist radial profiles with a sign, it is clear that f_ should be
positive since f_(oo) = 1. On the other hand, due to the asymptotic expansion
(8.6), f+ should be negative. This is in agreement with numerical computations
performed in [128]. In the next section we give arguments supporting the con-
jecture that f_ >0 and f; < 0. We consider a perturbed model and prove the
existence of vortices with such signs.

8.4 Vortex structure for a perturbed model

This section is devoted to proving Theorem 8.3. We start by presenting and
proving the main tools needed in the proof.

8.4.1 Main ingredients

Recall that we consider the family of perturbed functionals (8.7) and we look
for radial vortex solutions of the form

e = fr(r)e?, no=fo(r)e””.
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Then the energy (8.7) becomes

" 12 1 2 / 1 / 1
0= [ Qf|+ﬂf|+mf+foh+rﬁwﬂ%grmw&w>

where |f/|> = (f.)? + (f})? and |f|* = f2 + f2, and the corresponding Euler-
Lagrange equations are (8.8).

The solutions f* are obtained by perturbation of a solution f° of (8.8) for
t = 0, given by

fL=1f 1=,
where f is the classical Ginzburg-Landau radial vortex profile solving
1
Acf=5f=ff=1),  f(0)=0, f(o)=1 (8.33)

More specifically, the solution f* will be of the form
ff=1"+g"  gli(oc)=0.

Perturbed solutions will be obtained through the implicit function theorem, and
to this end we need a stability result. The space of admissible perturbation is

H={ps € H. (0,00): 1= ps(r)e e H'(R?)}. (8.34)

Although the entire solution f° does not have finite energy Iy in (0,00), it
makes sense to consider variations with respect to compact perturbations: for
vt € C°(0,00), such that supp ¢t C (0, Rp), it holds

Io(f° + ¢; Ro) — Io(f% Ro) = Qole] + o(llell3,),

where

Qole] = /OOO {(90')2 + T%go% + (3% - 1)<p2} rdr

- (8.35)
ECEE ) 2 2
+ . (Pl )"+ oL +(2f° = 1)p3 p rdr.
Note that Qo] is well-defined for any ¢ € H.
Lemma 8.7. There exists § > 0 such that
Qole] > 5 Il (8.36)

for all p € H.

Part of Lemma 8.7, namely the fact that Qg is non-negative, will be otained
as a consequence of Mironescu’s stability result [98] for the classical one-component
Ginzburg-Landau equation. To obtain the positive definiteness we will need an
extra argument.

With Lemma 8.7 at hand, we will be able to construct the map ¢ — f! as in
Theorem 8.3. The next step will be to obtain information on the sign of f% for
t > 0. This will be done mostly by examining the equation (8.38) satisfied by

hie % AR (8.37)

We will prove the following crucial result:
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Lemma 8.8. Let h be a smooth function in [0,00), satisfying the boundary
value problem

Aph— %h =22 -1)h+ %f(l — %), (8.38)
h(0) =0,  lim h(r) =0. (8.39)

Then h < 0 in (0,00). In addition, h'(0) < 0.
We now present the proofs of Lemma 8.7 and Lemma 8.8.

Proof of Lemma 8.7: We first remark that it suffices to establish the weaker
estimate

Qolel > dllel o gary Vo EH. (8.40)

Assume indeed that (8.40) holds, but that (8.36) does not. Then there is a
sequence @y such that |¢rll,, = 1 and Qof[pr] — 0. Using (8.40), it follows
that ||90k||L2(Tdr) — 0. Since f is uniformly bounded, this clearly implies that
Qoler] = ll@klly + o(1), which is absurd.

In view of the decoupled expression of Qg (8.35), it is enough to show that,
for every ¢ € H} (0,00;R) s.t. n = ¢(r)e? € HY(R?), it holds

Qly] = /O {(w’)Q + %2902 +(2f% - 1)<P2} rdr = 6@l agan - (841)

We appeal to Mironescu’s stability result [98], which implies that, for any ¢ €
H'(R*C),

Plol = [ {1907 + (£ = IvP + 22 )%} = 0. (842

On the other hand, @ can be rewritten as

Qly] = P[icp(r)ew] + /000 22 rdr. (8.43)

Of course the second term in the right-hand side of (8.43) is, by itself, not enough
to make @) positive definite, since there exist sequences ¢y, with ||¢g|[;. = 1 and

R
/ froirdr — 0.
0

However, such sequences have their mass concentrated near zero, which makes
the first term in the right-hand side of (8.43) large. In other words, the com-
petition between the two terms in the right-hand side of (8.43) will ensure the
positive definiteness of é

Let us assume that (8.41) does not hold: there is a sequence ¢j, such that

||<Pk||L2(rdr) =1, Qlpr] — 0.

Since Q[¢] is bounded, the sequence 7, = ¢y (r)et? is bounded in H*(R?) and
therefore weakly compact: up to extracting a subsequence, 7, converges a.e.,
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and strongly in L? . Hence there is a function ¢ € L?*(0,00) such that ¢ — ¢
a.e., and strongly in L?(0,1). Since, by (8.43) and (8.42),

/ Po2rdr < Qlgy),

we deduce, using Fatou’s lemma, that [ f2p?*rdr = 0, and therefore ¢ = 0. In
particular, it holds

1
/ goi rdr — 0,
0

from which we infer that
@[Wk} > / fPoirdr = / 2% rdr + o(1)
0 . 1
> JQ)? [ phrdr+o(1) = F(1 + o),
1

contradicting the fact that Q[ox] — 0. O

Proof of Lemma 8.8: Tt is well known [69] that f > 0 in (0, 00). Hence we may
write

h=fg

for some function g which is smooth in (0, 00) and continuous up to 0. In fact
g is smooth up to 0, since f(r) = rf(r) and h(r) = rh(r) for some functions f
and h which are smooth on [0,00) and f does not vanish on [0, oc).

The idea of decomposing h as h = fg is reminiscent of Mironescu’s method
[99] to show the radial symmetry of entire vortices of degree one in the classical
one-component Ginzburg-Landau framework.

Let us compute the differential equation satisfied by g. It holds

/_(h>'_h’_hf’

v =\F) "7
9 h// f/h/ hf// h f/ 2
SF et (fS)'

Therefore we find
f29// _ h//f _ hf// 72f/h/+29(f/)2

1 11,
= [(2f2—1)h+2f(1—f2)+rzh—Th]f

S G YR LT RV e
= PRt 3120 ) = W+ R 2 2()?
= flgt 3P0 = ) = 2 =2 (F'g+ o )+ 2

=— (ifQ + 2f’f) g+ flg+ %f2(1 - ).
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Hence g satisfies the differential equation
1 ! 1— f?
g//+(+2f)gl:f29+ f ,
r f 2

and the boundary condition

g(R) =0.

Recall that it holds 0 < f < 11in (0, 00). Therefore the equation implies that
g can not admit a positive maximum in (0, 00), and it holds

g < max(0,9(0)).

Next we prove that ¢(0) < 0. To this end we show that ¢’(0) = 0 and ¢”(0) > 0.
Therefore ¢ is initially increasing. In particular, if we assume that g(0) > 0,
then to match the boundary condition g(co) = 0, g would have to attain a
positive maximum inside (0, c0) which is impossible.

To show that ¢’(0) = 0 and ¢”(0) > 0, we perform a Taylor expansion near
Zero: write

g—go+g1r+2r +00®), f= fr+f22+0()

so that
9/:91+92T+O(T2) g”:ngrO(r) £:,+£+O()
’ L 2f1
1 f/ / f2 2 3
<r+2f)g < +E ())(91+92r—|—0(r ) = —+3g2+91f
1 ! 17 2 3 1
g//_|_(r—|—2{;)g/_f2g_ 2f £+42+91§—*+0()

Hence it holds g1 = 0 and g, = 1/8 > 0.
As explained above, it follows that ¢(0) < 0. In particular, max(0, g(0)) =0
and g <0 in [0,00). We claim that in fact this inequality is strict: it holds

g <0 1in [0,00).

Assume indeed that g(rg) = 0 for some rg € (0,00). Then ry is a point of
maximum of g, so that ¢”(ryp) < 0. But on the other hand it holds 2¢”(rg) =
1 — f(ro)? > 0, so that we obtain a contradiction. We conclude that g < 0 in
[0,00) and therefore h < 0 in (0, 00). Moreover, h'(0) = f/(0)g(0) < 0. O

Also of use will be the fact that the space H is embedded into the space of
continuous maps vanishing at zero and infinity.

Lemma 8.9. It holds

HC {w € [0(0,00)] : p(0) = 0, lim (r) = o} ,

r—00

and ||¢||Lee < |||l for all ¢ € H.

fl—l—O()
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Proof. Let ¢ € H. Then ¢ is absolutely continuous in (0,00). So are 3, and
(@i)/ = 2p1 ¢’ . For any 1 > ro it holds

T2
s (r1)? — pu(ra)?| < 2/ o || dr

1

"2 [l 12
< / {TQ + (%) ] rdr,
T1

so that 2 is Cauchy at 0 and co. Obviously the corresponding limits must be
zero. The estimate on the supremum norm follows by choosing 71 = 0 in the
inequality above. O

Finally, we require an asymptotic expansion of solutions which is uniform in
the parameter ¢. The following result is proven in section 8.5:

Theorem 8.10. Let [f;—, fi.+] be solutions of (8.8), and assume that for every
0 > 0 there exists Ry > 0 and 0 < T7 < T <1 such that for every R > Ry and
t e [Tl, TQ],

|f5(r)| < t6, |fL(r) 1] <4, (8.44)
for allr > R. Then we have

1 13

1 5t°+9 _ -
+O(’I“ 6)7 ft,+ =t |:_27°2 - m + O(T 6) , (845)

foo=1-

22 8t

as r — oco. More precisely, there exist positive constants Cx,C’.,R > 0 such
that

fr,—(r) — <1 - % - 5@;9>‘ < % (8.46)
fe(r) +1 {212 + ii} < t% (8.47)
fi-(r)+ T% < % (8.48)
fla(r) + Tig < t%, (8.49)

hold for all r > R and all t € [T1,T5].

8.4.2 Proof of Theorem 8.3

Step 1: Construction of the family ¢ — f*.
We denote by N;(f) the quasilinear differential operator such that

(DI(f; R), ) (#9) 9, = Ni(f), @) L2(rar) -

for ¢ € C2°(0, R). In other words, the system (8.8) is exactly N;(f) = 0.
Using the fact that Ao(f°) = 0, one may check that

Ni(f°+g) e H* Vg € H.
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Moreover, the map

Fr(=L1)xH—=H  (t,g) = Ne(f° +9),
is smooth. Since

(DygF(0,0)p,0)2+ 1 = Qole],

Lemma 8.7 and Lax-Milgram theorem imply that D,F (0, f°) is invertible. Ap-
plying the implicit function theorem, we find that there exists tg > 0, 9o > 0
and a smooth map

(—to,to) Dt—g' €H, g¢°=0,
such that, for |t| <ty and ||g||,, < do,
Flt,g) =0 <= g=4g" (8.50)

In particular, f* = f°+ g* solves (8.8). Elliptic regularity ensures that for every
t, ft is a smooth function.

Step 2: The map t ~— f' € C*([0, R]) is smooth, for any integer k and
R > 0.

In fact we consider spaces of differentiable functions which are more appro-
priate to our problem: let

C*(0,R) = {f+ € C**(0,R): ns = fu(r)e*® € CF*(Bg)}.

Let t1 € (—to,tp). Since (by Lemma 8.9) H is embedded in a space of
continuous functions, the map t — g¢*(R) is smooth, and we may fix a smooth
map t — ' € C¥+2(0, R) such that

=0, (@' +g")(R)=g""(R)
Next we consider the smooth map
Fi(-e,6) x CM2(0,R) = CHO,R), - (t.9) = Noyss(f +0' +9)-
The small constants ¢y and dg in Step 1 may be chosen so that
(DgF(t,9)p, hme = clielly,, It <to, llgll < o,

for some ¢ > 0. It is then easy to check, using elliptic regularity, that Dg]? (0,0)
is invertible. Therefore the implicit function theorem provides us with a smooth
family ¢ — §* € C**2(0, R) defined for small ¢ and solving

Nose(fr + 9 +3") =0.
For small enough ¢, the function

gt _ gtl + ¢t +§t in (O7R)7
ghtt in (R, o0),

satisfies [|g']|;, < do. Moreover, it holds F(t; +t¢,§") = 0, so that by (8.50) we
deduce that §* = ¢g**t. In particular, the map t — g* € C¥+2(0, R) is smooth.
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Step 3: It holds fL <0 and 0 < f <1 in (0, 00) for small enough ¢.

Let ¢! = 2 f*. By Step 2, the map ¢ — ¢' is smooth in % N CF_ for each k,
and hence ¢’ solves the system obtained by differentiating the equations (8.53)
with respect to t. As ¢! is continuous at t = 0, a computation reveals that
¢ = (¢%,9%) € HNCF ., with ¢J = h, the solution of (8.38) and ¢° solving
the linearized radial Ginzburg-Landau equation, A, ¢° — T%gﬁ(i =¢° (3f2 1),
and thus, ¢ = 0. As the map t + f* is smooth in H N Cl’f)c, it follows that
ft=f94+t¢ + O(t?), with error term uniform in supremum norm on [0, co),
by Lemma 8.9. Since ¢9.(r) — 0 as r — oo, for any § > 0 we may find Ry > 0
such that |99 (r)| < g for all » > Ry. By the Taylor expansion of f* we may
then conclude that for any R > Ry, there exists 7' > 0 for which

|fi(r)| <t6, and |fL(r) —1| <6,

for all » > R and t € [0, 7.
The solutions f! thus satisfy the hypotheses of Theorem 8.10, therefore we
may choose R > 0 such that for all ¢ € (0,7],

fi<0 and 0<fL <1 in[R,o0).

Thus it only remains to show that f{ < 0 and 0 < f£ <1 in (0, R) for small
enough t.

It is well-known [69] that ()" = f’ > ¢ > 0in (0, R), so that Step 2 ensures
that (f£)’ > 0in (0, R) for small enough ¢, and we deduce that 0 < f* <1 in
(0, R).

Next we show that fi < 0. We recall that h = £ [fi],_, solves (8.38).
In view of Lemma 8.9, h is bounded and satisfies h(0) = h(oco) = 0. Elliptic
regularity ensures that h is smooth in [0,00), and we may apply Lemma 8.8.
Thus it holds & < 0 in (0,00), and h’(0) < 0. There exists ro > 0 and n > 0
such that

Kik
ot
0)

B'(r) < —n in [0,7¢], h(r) < —n in [ro, R].

Using Step 2, we infer that for all small enough ¢,

SIS 02 <0 mO0nl, SIS -2 n o, Bl

which obviously implies, since f =0, that f{ < 0in (0, R]. O

8.5 Asymptotics

We derive the asymptotic behavior of solutions f4(r) as r — oo by means of
the sub- and super-solutions method. We recall the notation for the Laplacian
of radial functions in R%, A,u(r) := 1(ru/(r))’. This we accomplish thanks to

o

the following comparison lemma, which is an adaptation of Lemma 3.1 in [9]:

Lemma 8.11. Let A;B,C,D be bounded functions on [R,00), with A,D > 0,
B,C < 0, and such that the quadratic form defined by A,B,C,D satisfies the
bound

A(r)z® + (B(r) + C(r))ay + D(r)y? > 6(2* + v?), (8.51)
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for all v € [R, ), (z,y) € R?, and constant § > ﬁ. Then, if u,v satisfy:

1
—Ayu+ —u+ Au+ Bov <0,

r2
1
—Ayv+ —QUJrCquDv <0,
T
forr € (R,0), with
u(R) <0, wv(R)<0, u(r),v(r) =0 asr— oc.

we have that w <0 and v <0 in [R, 00).

Proof. Let u®™ = max(+u,0) and v* = max(4v,0), the positive and negative
parts of each component. We set ng(r) = e~ "~%)/E r ¢ [R, 00), multiply the
first equation by uTng and the second equation by v ng, integrate over [R, o0),
and add the two resulting inequalities, to obtain:

0o +12 +)2
/ {—u+Aru — v A+ )"+ ) —Z @) +
R T
A(ut)? + Butv 4+ Cotu + D(vT)? }UR rdr <0. (8.52)
Applying (8.51), all but the first two terms in (8.52) may be bounded as follows:
00 [ (0 4)2 +32
/ [(u);(v) + A(u™)? —|—IB%u+v—|—(Cv+u—|—]D)(v+)2] nrrdr
R

> / [A)? +Butvt —uto™) + Clvtut —vTu™) + D(wt)?] nrrdr
R

> /Oo [Au)?+ B+ C)otut +D(v")?| nrrdr
R
za/R [(wh)? + ()] nrrdr.

Integrating the first term by parts, using the hypothesis u(R) < 0 and the
explicit form of nr, we obtain:

o0

—/ nrutAyurdr = ut (R)np(R)Ru'(R) +/
R R

1 [ 1 o
>5[ el Prar = i [l Prar

{aeltt P 4 G

An analogous computation may be made for the second term (involving v™T),
and inserting in (8.52) we conclude that

02 [P+ @2+ (5- g ) WP+ 00 e an

As nr > 0 on [R,0), we conclude that ut,v" = 0 on [R, ), and the lemma
is proven. L]
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The proof of the asymptotic formulae in Theorem 8.10 thus relies on the
construction of appropriate sub- and super-solutions for the system (8.8). By
taking linear combinations of the equations (8.8) we can rewrite the system in
‘diagonalized’ form:

2
(1- %) (Arf - Tﬂf) =fQefE+2-1)- §f+<2f3 +2-0,

g (8.53)
=5 (8- 1) = P 4 £ -1 - Jr R+ 2 1),

which will be more convenient to work with during the proof of Theorem 8.10.
Proof of Theorem 8.10. For simplicity of notation, we denote fi = fi in the
proof, suppressing the dependence on t. We also denote by 7:=1 — % € [%, 1).

Step 1: Construction of subsolution/supersolution pairs. We begin with su-
persolutions. Let

a4 b+ R6
w+:t ﬁ—’—’rj—’—c—’—riﬁ s (854)
a_  b_ RS
w_:1+r—2+ 1 +C_76, (855)
where a4, by, ce and R are to be chosen so that
_ t
E_:=[-TAgw_ + %} +w_ (2w +w? — 1) — §w+(2w2_ +w? —1) >0,
(8.56)
t
E, :=[-TArw, + %] +wi (2w +wi —1) - 5w7(2w3 +w? —1) >0,
(8.57)
for all » > R, and
w_(R)= f-(R),  wi(R)> fi(R). (8.58)

Expanding (8.57) and (8.56) yields terms which are polynomials in even
powers of 7!, of the form:

9

9
1 1
By =ty Mj—p,  BEo=) My,
k=1 k=1

where MQik = Mi(t,R, ay,by,cy) is a polynomial in each of its arguments.
The expansion is quite horrific, but may be explicitly evaluated with the help
of a symbolic algebra program such as Maple. First, we choose a1 in order to
force the lowest order coefficients M2i to vanish: indeed, the expansion yields

t2
M2_z2a_—§a++7':0, My =—a_+ay =0,

which gives the coefficients of =2, a_ = —1 = ay, as in (8.45).
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Similarly, we fix the values of the coefficients b in order that the r=* terms
vanish,

t2
M, =2b_ — §b+ —3ra_ +3a® —2t%a a_ + 2t2a3_ =0,
3
M} =by —b_ —3ra; — §a2_ —t*a% +4daja_ = 0.

Thus, b_ = 75752%9, by = 714—3 are the coefficients of r—* given in the expansion
(8.45).

The values of a4, by may then be substituted into the expansions of (8.57)
and (8.56), and the expressions for M;; may be viewed as functions of R. The
exact form of the coefficients M;k is very complex, but they are all polynomials
in R, t, and c+. As we will choose R large, we are only interested in the leading
order of each. We obtain:

2
M6+ = (—c_ + c+)R6 +0(1), Mg = (20 - 20+> R®+ o(1),
Mg =O(R%),  Mj =O(R%),

/2
M}, = <4c+c_ — 5(
My, = (—2t%cyc_ + 2t2c3 + 3¢ )R + O(R®),
MEZO(R®), M= O(RY)

2¢% + 302_)) R + O(RY),

1

Ml—g = (Ci_tQ — C_C?‘_tz + 20+C2_ - 203_> Rlsv
1.

Mg = (Ci + 2cic_t2 — c+c2_t2 — 2c‘j_t4> R'®,

In each expression, the lower terms are uniformly bounded for ¢ € [0, 1].
Let ¢ = and ¢ = 26, with § > 0 to be chosen later. With this definition,

Mg =6RC+0(1), Mg =62—1)R°+0(1),

where the remainder terms are uniformly bounded for ¢ € [0,1]. As Mg are the
leading order terms in r, this will ensure that we obtain the correct sign in each
equation, and the value of 6 will be fixed in order that the r—% terms indeed
dominate the others in the expansion. By choosing R1 = R;(J) sufficiently
large, we may then ensure that when R > Ry,
My Mg | M
8 r10 rld

+ 6 6
M| B OE
716 r8 T 4967

n (8.59)
for all r € [R, 00), with constant C' chosen independent of ¢ € [0,1]. Next, with
our choice of ¢4+, we have

|M5| < 78°R"? + O(R®) < 85°R'?,

for all R > Ry, making R; larger if necessary. Hence we may fix § with 0 < § <
3—12, we have:

+
My,

852R'?2 G RS
ri2 <

< < =
rl2 4767
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holds for all r € [R,00) with R > R;. Finally, we note that
7 - .
M = (2 + 4t2) 8%, Mg = (1+6t> —4t*)5°,

and for t € [0,1] each has the same sign as ¢, and thus these terms contribute
with the desired sign in the evaluation of (8.57), (8.56), and may be neglected.
Putting these estimates together, it follows that for all R > Ry,

8

+,.—2k
E Mr
k=4

for all r € [R,00), and uniformly in ¢ € (0,1]. Thus, (w_,w;) indeed satisfy
the supersolution conditions (8.56) and (8.57) for R > Ry, as desired.
It remains to consider the behavior at the endpoint, » = R. Since

6 6
ZMgET_G—éR— R

+, .—6
Ee 2 Mgr - 576 ~ 470

>0,

w_(R)=1+0+0(R?%), wy(r)=2t6+0(R?),

with 0 < § < 35, by the hypothesis (8.44) we may fix R > R such that
f-(R) < w_(R) and f+(R) < w4(R) holds for all ¢ € [T},T]. Thus (8.58)
holds as well, and we have completed the construction of supersolutions.

We also require a subsolution pair, (z_, z4) for which £y <0 and E_ <0
for all r € [R,0) and z_(R) < f_(R), z+(R) < f+(R), for R sufficiently large
proceeds in exactly the same way as for the supersolution pair above, except
the coefficients %c+ =c_ = —§ < 0. This completes Step 1 in the proof.

Step 2: We apply the comparison Lemma 8.11 to the pair (h_,hy) =
(f-—w_, fr —wy). Denote by Lu := —A,u-+r~2u Then, an explicit calculation
together with the construction of Step 1 shows that, for any sufficiently large
Ra

Lh_ + Ah_ +Bh, <0
{ = (8.60)

Lh, +Ch_ +Dhy <0

for r € [R,0), with hy(R) < 0. The coeflicients are functions of r, but have
uniform limits as » — oo,

A=F2 4 frw_ +w? +2f2 1 %(2w+(f_+w_)) o,

L t
B =2w_(fy +wy)— i(fi + frwy er_Q,r +2f2 1) — 3
t
C=2wi(f-+w )= 5(f2+ fw +wl+2ff 1) — —,

t
DZfi+f+w++wi+2fE—1—5(2w_(f++w+)) — 1.

Thus (taking R larger if necessary) we may assume the positivity condition
(8.51) is satisfied in [R, 00) with § = %, for example. Lemma 8.11 applies, and
we conclude that hy(r) < 0 on [R,o0), that is f1(r) < w4 (r).

Taking (h—,hy) = (z— — f—, 24 — f4), with (z_, z) the subsolution pair, we
may repeat the above computations to arrive at the same system (8.60), with
coefficients A, B, C, D satisfying the same asymptotic conditions as above. Thus,



208 CHAPITRE 8. SUPRACONDUCTEURS A SYMETRIE 'P’

by Lemma 8.11 we may also conclude that fi(r) > z4(r) for all » € [R, 00),
for R sufficiently large. Using the explicit form of z1, w4 from Step 1, we may
conclude that the estimates (8.46) and (8.47) both hold.

Step 3: The derivative estimates. Here we follow the method of Chen,
Elliot, and Qi [35]. Let

s =100 (1+ 54 5) =10 - w0+ 5,
52 = 1) = (%425 ) = £20) - walr) + .

where a4, b, cy are as in Step 1. By Step 2, we thus know that g4 (r) = O(r—°).
A calculation then yields

Arg- =55+ Ag +Bgs +0(7) = ("),
Args = 15 +Cg- +Dgs + 06 = O(°),

uniformly for ¢ € [Ty, Ts], with A;B, C,D as in Step 2.
For each k € R there exists r € (k,2k) such that

ol = P9 _ o) — oy,

Integrating the estimate on A,.g+, we have, for all r > R,
Tk 4C'
<C / r5dr < I
” r

with constant C' > 0. We now let & — oo, and use 74¢/, (1) — 0, to obtain
rg’y ()] < 4¢, and hence |f4 (r) + 20k | < %, which gives (8.48), (8.49). O

r3

rgl(r) = rig(ri)| =

Tk
/ Apge(r)rdr
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Chapter 9

Caractérisation d’espaces de
fonctions via convolution par
des noyaux peu réguliers

(avec Petru Mironescu)

9.1 Introduction

The smoothness of a function f : R™ — R can be measured by different decay
properties, for example via the decay properties of its harmonic extension, or
the ones of its Littlewood-Paley decomposition, or the ones of its coefficients in
an appropriate wavelets frame. See [139, Chapter 2| for a thorough discussion
on this subject. Another characterization is related to the rate of convergence
of fx pe to f, where p is an appropriate mollifier. For example, for non integer
s>0and 1 <p < oo we have

1
1 1 T
11 ~ 1R+ / il f = Fepcll de, where po(a) = <0 () (0)

provided

pe S and /p =1. (9.2)

Here S denotes the Schwartz class of smooth, rapidly decreasing functions.

We address here the question of the validity of (9.1) under assumptions as
weak as possible on p. This is a « continuous » (vs « discrete ») counterpart of
the analysis of Bourdaud [27] concerning the minimal assumptions required on
the (father and mother) wavelets appropriate for the characterization of Besov
spaces.

Usually, the assumption p € S is weakened as follows. First, validity of (9.1)
is established for some p € S. Next, one expresses an arbitrary p in the form

p= an * po—i [134, Lemma 2, p. 93]. (9.3)
j=0

211
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Then, using (9.3) and the validity of (9.2) for p, it follows that property (9.1)
holds for p provided the 7’s decay sufficiently fast. Finally, decay of n’ is
obtained by requiring a sufficient decay of the Fourier transform p of p. With
more work, spatial conditions on p (of Fourier multiplier’s theorem type) ensure
the decay of p and thus lead to (usually suboptimal) sufficient conditions for
the validity of (9.1).1 Alternatively, in standard function spaces one can rely
on the decomposition of functions in simple building blocks (e.g. atoms) and
obtain almost sharp spatial sufficient conditions. For such an approach in the
framework of the Hardy spaces, see [135], [133].

In what follows, we will obtain, using very little technology, necessary and
sufficient conditions on p in order to have (9.1), and simple sufficient spatial
conditions on p, close to being optimal.

Of special interest to us will be the validity of (9.1) when fxp. is particularly
simple to compute. A typical example consists in taking p the characteristic
function of a unit cube, e.g. Q@ = (0,1)" or Q = (—1/2,1/2)". We will determine
the spaces W*P which can be described via such a p.

It turns out that our techniques are adapted not only to the Sobolev spaces
with non integer s, but more generally to the Besov spaces B, , with s > 0,
1 <p<ooandl<qg<oo. Recall that this scale of spaces includes the one of
fractional Sobolev spaces, since W*? = By  for non integer s [139, Chapter 2].
For simplicity, we will write all our formulas and statements only when ¢ < oco.
However, our results hold also when ¢ = oo, and the corresponding results are
obtained by straightforward adaptations of the formulas and arguments.

Our first result is a one sided estimate, which surprisingly requires no smooth-
ness of p.

Theorem 9.1. Let p € L' be such that [p = 1. Then for every s > 0,
1<p<ooandl <qg< oo we have

1
1
155, S U1+ [ gl = £ el e (9.4)

Remark 9.2. Tt is tempting to extend Theorem 9.1 to finite measures, but the
example p = ¢ (the Dirac mass at the origin) shows that Theorem 9.1 need not
hold for a measure. We do not know how to characterize the finite measures of
total measure 1 satisfying (9.4).

We next discuss what is needed in order to obtain the reverse of (9.4). For
this purpose, we fix some n € S. Assuming that the reverse of (9.4) holds, we
have

1
1
/ g = pellfp de < oo. (9.5)
0

It turns out that (9.5) with p = ¢ = 1 is also sufficient.

Theorem 9.3. Let p € L' satisfy [p=1. Let s > 0. Then the following are
equivalent.

1. A typical result for which this approach is followed is the fact that the norm on the
Besov spaces Bf , does not depend on the choice of the rapidly decreasing mollifier; see [138,
Section 2.3, p. 168] and the use of the Fourier multipliers theory [138, Section 2.2.4, p. 161].
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1. There exists some n € S such that [n # 0 and

1
1
/ sor =% pellp de < co. (9.6)
0

2. For every 1 < p < oo and every 1 < g < oo we have

1
1
g, ~ 110+ [ gl = £ el e (9.7

An additional equivalent characterization of p satisfying the above properties
will be provided in Section 9.4.

We now turn to the case where p is the characteristic function of a set A. In
that case, the range of values of s for which the equivalent characterizations of
Theorem 9.3 are satisfied depends only on whether or not the set A is centered:

1
Proposition 9.4. Let p = WJIA, where A C R™ is a bounded measurable set

of positive Lebesque measure. Then p characterizes all the spaces By, , for fized
s (that is, (9.7) is valid) if and only if:

1. Either [,ydy =0 and s < 2.

2. Or [,ydy#0 and s < 1.

Finally, we provide sufficient spatial conditions for the validity of (9.7) when
0<s<l

Proposition 9.5. Let p € L' satisfy [p=1, and 0 < s < 1. If p satisfies the
moment condition

/IyIS\p(y)I dy < oo, (9.8)

then p characterizes all spaces B, . That is, (9.7) is valid.

For s > 1, the exemple of p = 1 4 with uncentered A shows that there is no
such simple sufficient finite moment condition. In order to obtain the validity
of (9.7) for higher s, one would need to ask for the vanishing of moments, as in
the case of p = 1 4. For more details see Proposition 9.10 below.

The sufficient spatial condition (9.8) turns out to be optimal, in the sense
that for non negative p it is also necessary:

Proposition 9.6. Let s > 0. Let p € L' satisfy [ p=1 and p > 0. If (9.7) is
valid, then p necessarily satisfies the moment condition (9.8).

The plan of the paper is as follows. In Section 9.2 we introduce some prelim-
inary notation, definitions and tools required in the sequel. In Sections 9.3 and
9.4 we prove our two main results, Theorems 9.1 and 9.3. Eventually, Section 9.5
is devoted to proving Propositions 9.4, 9.5 and 9.6.
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9.2 Preliminaries

9.2.1 Littlewood-Paley decomposition and B, ,

We will make use of the (inhomogeneous) Littlewood-Paley decomposition
of a temperate distribution. Let ¢, € S(R™) be as follows:

— suppZC B(0,2) and ZE 1 in a neighborhood of B(0, 1),

= Ciya— G, 0 that @ = C(-/2) — C and supp @ C B(0,4)\ B(0,1).
The (inhomogeneous) Littlewood-Paley decomposition of a temperate distribu-
tion f € §'(R™) is then given by

f= ij, where fo = f*( and f; = f * g1, for j > 1. (9.9)
j=0

See for instance [134, Section VI.4.1].

The Littlewood-Paley decomposition can be used to characterize the space
B, [139, Section 2.3.2, Proposition 1, p. 46], and this is the definition we adopt
here:

By =1 felrIflE, =D 29fl1, <oop. (9.10)
720
The norm on B , is defined by

£

L =%+ IS, (9.11)

Different choices of ¢ yield equivalent norms [140, Section 2.3|. See also [140,
Chapter 3| for other equivalent characterizations of B .

9.2.2 Schur’s criterion

We will also make use of the following Schur-type estimate for kernel oper-
ators; see e.g. [57, Appendix IJ.

Lemma 9.7. Let (X, pn) and (Y,v) be two (o-finite) measure spaces, let 1 <
p <00, and k: X XY — C a measurable kernel. If the quantities

M, = esssupw/|/<a(a:,y)|du(y) and M; = esssupy/|f£(:v,y)\du(x),

are finite, then the formula

Tulz) = [ wta,y)uty) dv(y)
defines a bounded linear operator from LP(Y') to LP(X), with norm
Il < 2y 2.

Here p' = p/(p — 1) is the conjugate exponent of p.
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9.3 Proof of Theorem 9.1

The proof of Theorem 9.1 relies on the following ingredient.
Lemma 9.8. Let p € L', and let o) € L' satisfy [ =0. Then
lim [|p * .|| L1 = 0.
e—0
More generally, for p and ¥ as above we have the following uniform estimate:
lim sup |ps * ¥e||pr = 0. (9.12)
€20 9 9<5<1

Proof of Theorem 9.1. We are going to prove a discrete version of (9.4). We
start from the inequalities

e ! de
Z2sjq /1/2 1f = f*pa-scllfs de S/O 1f = f*pellfs Zsatl

Jj=0

1
- QSqHZQsjq/ 1f = F # pa-sclldn de.
>0 1/2
(9.13)
In view of (9.13), it suffices to establish the estimate
1%, < Clspea) (IS0 + 290 = frpa sl | (914)

j=0

uniformly with respect to e € (1/2,1). Integrating (9.14) and using (9.13), we
obtain indeed the desired inequality (9.4).

To simplify the notation, we will establish (9.14) for ¢ = 1, which amounts
to considering p = p. instead of p. It will be clear at the end of the proof that
all estimates are indeed uniform with respect to € € (1/2,1).

We introduce a function ¢ € § satisfying the following:

¥ =1 on supp p, and 1,2(0) =0. (9.15)

Recall that ¢ is the function used in the definition of the Littlewood-Paley
decomposition (9.9). Since the support of ¢ is contained in the annulus {1 <
|€] < 4}, it is indeed possible to choose 1) satisfying (9.15).

We need to estimate the By , semi-norm of f, hence the sum

> 27 £
720

where f =" y f; is the Littlewood-Paley decomposition (9.9). We introduce an
integer k > 0, to be fixed later, and split the sum into two parts:

q sjq 14 sjq 114
I, <29 f11 + D0 299 £, (9.16)

i<k i>k
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Using the fact that

1fllze = I[f * or-ille < flleollollLr, Vi =1,
and |[follr = [If * Clle < [[fllze KLt

we simply estimate the first sum in the right-hand side of (9.16) by

> 295508 S I (9.17)

J<k

We next turn to estimating the second sum. In the remaining part of the
proof, we will use the notation

P =iy 9 = pais Y= o

Taking advantage of the fact that ¢ * ¢ = ¢ (and thus 7 * ¢ = ¢J) we
write, for j > k,

fimi=(f=Fxp "+ fxp ™) xgd
=(F=Fxp ™) xl 4 frp T a gl x ]
= (F =T ™) e + fia = (o 0ty
We deduce the estimate
Wisallzr < Nolliillf = £ 5 27 Flleo + o5 0¥l U s o (9.15)
Since 1;(0) = 0, we can apply Lemma 9.8 above: it holds
lp ™ |[px = llp*wa-rlpr =0, as k — oc. (9.19)

Thus for sufficiently large £ we may absorb the last term of the right-hand side
of (9.18) into the left-hand side. For such k, we have

1 fisallee SIF—fxp"Fle forj >k (9.20)

Plugging (9.20) into (9.16) and recalling (9.17), we obtain

/]

(113;[1 S ”f”%p + Z:OQsquf — fx p27j||%p, (9.21)
-

The latter estimate is exactly the desired estimate (9.14) with ¢ = 1. The
corresponding estimate for 1/2 < e <1 is found by replacing p with p = p. in
the proof of (9.21). The resulting estimate is uniform with respect to e € (1/2,1)
(by formula (9.12) in Lemma 9.8). This concludes the proof of Theorem 9.1. [

Proof of Lemma 9.8. We introduce a parameter R > 0. Taking advantage of
the fact that [ =0, we may write

p*Ye(x) = Ein/ (p(y) - ][BRE@) p>¢ <x€y> dy

- //lz_ME(p(y) — o) (x;y) dydz, -
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where B, () is the open ball of center 2 and radius Re, and w,, is the Lebesgue
measure of the unit ball. We then have

/|p>(<1/}5(a:)|dx < /MR(;U) d:n—i—/NR(:c) da, (9.23)
where

Male) = // e |\w< )\dydz, (9.24)

Ni(e) = g // o0+ e (722) v (025

To estimate | Mg(x)dx, we perform the change of variable x ~» w = (z —
y)/e and find

[ Mnterde < g [ wlaw [ o) — (o) dys

H’(/)||L1 /
< p(-+h) —pllL dh,
R"s”wn |h|<2Re || ( ) H

and thus

[ Mr@)de <2l sup o+ )~ pls (9.26)
|h|<2Re

Note that, for any fixed R, the right-hand side of (9.26) converges to 0 as ¢ — 0.
We next estimate [ Ng(z)dz. To this end we compute

RnEan ///z z|<Rs (y)| ’1/1 (l‘ y)‘ dZCdde
—z|>Re (927)
En //y z|>R6

-y B )
il (25) | dody = loller [ o] au.

and
71 dxdyd
Rre?ny, \2—96I<HE 20 rayes
|ly—x|>Re
g
S w)] duw // Adadz = olls [ fotw)]do.
R'e"wy, Jjw|>R |2— a:|<R£ t |w|>R
(9.28)
Plugging (9.27) and (9.28) into formula (9.25), we obtain
| Vataydo < 20l /| el (9.29)
w|>R

Combining (9.23), (9.26) and (9.29) we obtain

lim sup [lp el < Cllolls / ()] do,
e—0

lw|=R
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and complete the proof of the first assertion in Lemma 9.8 by letting R — oo.
Estimate (9.12) follows from the following calculations:

lim sup [lps* el =lm  sup  (p* dhess)slli = lim
e—0 1/2<6<1 e—0 1/2<6<1 e—0

= lim ||p * || L2
e—0

sup [|p* e sl
2<5<1

1/ O]

9.4 Proof of Theorem 9.3

Proof of Theorem 9.3. We clearly have « 2 = 1 », and it remains to prove
that « 1 = 2 ». For the convenience of the reader, we start by establishing
a consequence of property 1, and then we proceed to the proof of the desired
implication.

Step 1. A discrete-uniform version of 1.
Assume that property 1 holds. Then we claim that for every ¢ € S we have

sup Z?Sngo — @ po—ic|lpr < C < oo. (9.30)

1/2<e<1 53

In order to prove (9.30), we start from the following fact. We fix a function
A € S such that [ A # 0. Then every function ¢ € .%(R") may be written as

b= 3 g (9.31)

k>0

Here ()\1’2) r C S is a sequence that decays rapidly as k — oo, in the following
sense: if 1 belongs to a bounded subset Z C S, then for every M > 0 there
exists a constant C' such that

NGz <

see [134, Lemma 2, p. 93|. In particular, if we fix ¢ € S then we may write

pr=> At d,i, Ve (1,2, (9.33)
k>0
with
C
AR < i k20, Vte 1,2]. (9.34)

We now choose an appropriate A € S. In view of (9.13), if property 1 holds
then we may find some ¢ € [1/2,1] such that A := 7, . satisfies

ST 2 A= Ak ppnllns = 322l — % pyselln < o (0.35)
k>0 k>0
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By combining (9.33)-(9.35) we find that, with e € [1/2,1] and ¢ := 1/e € [1, 2],
we have

D 29l p— o po-scllir =D 2% |lor — ¢u % pa-sllin

j=0 j=0
<D 2993 AR w gk — A Xgk % pys [
j=0 k>0
= Z Z 2% NS Lo [ Ak = Mg pas |
Jj=0k>0
<O Y 29NN
j20k>j
A0S T2 N I = Xk pgrs | o
j>0k<j
<Oy 3 izt
j>0k>j
3 DE x PU P PRSP
>0 j>¢
<CH+CY Y 2927 GO N = Xk pyee |
>0 >0
SC+CY 2N =A% pyt|pr < C,
>0

with constants independent of ¢, i.e., (9.30) holds.

Step 2. Proof of « 1 = 2».
As we proved in the previous step, we may assume that there exists some n € S
such that

n=1in B(0,4), (9.36)
and such that 7 satisfies the following uniform and discrete version of (9.6):

Se = 299|lp — % ppscllr < C, Ve € [1/2,1], (9.37)
j=0

with C independent of € € [1/2,1].
Let f € LP. We will establish the estimate

D 29U~ frpoicln < C (L4 5) I, Ve e[1/2,1], (9.38)
>0

with C independent of e € [1/2,1]. We obtain (9.7) by integrating (9.38) in ¢
and using (9.37).
In turn, estimate (9.38) is obtained as follows. Set

Qe = 2%|n—n%pasc|/rr, which satisfies Z:aj’E <C,\Vee[1/2,1]. (9.39)
Jj=0

Let f = >,5( f¢ be the (inhomogeneous) Littlewood-Paley decomposition
of f € LP, defined in Section 9.2.1. By (9.36), for every £ we have fy = fr*1y-+,
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and thus
f=Fxpase =Y _(fr— fo*pa-sc)
£>0
= (fo—foxpric)+ > (fe— foxpa-se)
= -~ (9.40)
= Z(fé — fex pa-ic) + Z fox (na-e —na—e % pa-ic)
> 0<j
=Y (fe—fexpaic)+ > for (n—m%pyic)ar.
>j <j
Using (9.40), we find that
1f = f o pamselle SO M el +D 270 ol fell oo, (9.41)

0>j 0<j

ie.,

29\ f = frp2-scllr S [23”_“1{42]'}(@ + gLy (O] 2| fello- (9-42)
L

We obtain (9.38) by combining (9.39) with (9.42) and with Schur’s criterion
(Lemma 9.7) applied to:

X =Y =74, i =v = the counting measure on Z,,
and k(j,0) = 28(317@)]].{@2]'}([) + aj74151{4<j}(£), Vi leZy. O

We continue with another characterization of the kernels p satisfying the
equivalent properties 1 and 2 in Theorem 9.3. For simplicity, the main results
of our article were stated for inhomogeneous Besov spaces. It turns out that the
homogeneous version of our next result is easier to understand than the inhomo-
geneous one, so that we start by presenting (without proof) the homogeneous
cousin of Theorem 9.9 below.

In order to avoid subtle issues concerning the realization of homogeneous
Besov spaces as spaces of distributions, we consider only temperate distributions
f such that

o~

f is compactly supported in R™ \ {0}. (9.43)

Any such f is smooth, and we have f =3, ; f; in &', where (in the spirit of
(9.9)) f; = [ *pa1-5, Vj € Z. For f satistying (9.43), we set

IF1%, =299 4114,
P,q jeZ

with the obvious modification when ¢ = oco. Let us note that, the series ) jez fi
containing only a finite number of non zero terms, we actually have

BS, = {f € LP(R"); f satisfies (9.43)},

but that the norm we consider is not equivalent to the LP norm.
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As in the inhomogeneous case considered in this article, we may try to char-
acterize the L! kernels p such that

|f

>~ 1
%’i o /0 Esqﬁ”ff [ *pe||%, de, for every f satisfying (9.43). (9.44)

The homogeneous counterpart of Theorem 9.3 consists of the following equiv-
alence: for a fixed s (not necessarily positive) (9.44) holds if and only if for a
function ¢ as in the Littlewood-Paley decomposition we have

|
/O Syl =@ xpellnn de <co. (9.45)

Necessity of (9.45) comes from the fact that (9.44) holds with p = ¢ = 1.
Let us now examine what is required in order to have (9.44) when p = ¢ = cc.
If (9.44) holds and if |f|z. < oo, then the distribution

f*f*ﬂs:(fs*/))s*f

is well-defined (as the convolution of a finite measure with a smooth bounded
function).? Moreover, ||f — f * p||L= is controlled by the norm |f|5.  (since

(9.44) holds). A moment thought shows that in particular § — p is an element of
the dual of B;OOO Remarkably, this necessary condition is also sufficient, and
is equivalent to the property (9.45).

Theorem 9.9 is the inhomogeneous counterpart of the above fact. In order
to state this result, it is convenient to define ad hoc norm and function space.
Fix ¢, ¢ as in the Littlewood-Paley decomposition (9.9). In order to simplify
the proof of Theorem 9.9, we make the (unessential) assumption that

© is even. (9.46)

Our appropriate function space is defined starting from the identity

f=0—-f=Q+ Z f*po-i = ijﬁ, V f € 8 satisfying (9.43). (9.47)

j<—1 J<0

We define the appropriate norm

k.. =D 20510, (9.48)

<0

with the corresponding modification when ¢ = oo. Let X  be the space of
temperate distributions satisfying (9.43) and such that [f]x: < oco. 3

Theorem 9.9. Let s > 0. Then property (9.6) is equivalent to
d—pe (X)) (9.49)

Proof.

2. Here, 6 stands for the Dirac mass at the origin.
3. This space is {f € LP(R"™); f satisfies (9.43)}, but not with the L? norm.
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«(9.6) = (9.49) ». Let ¢ be as in the Littlewood-Paley decomposition and let
¥ be as in (9.15). We may assume that ¢ is even. If f € &’ and € > 0 are such
that f % . € L, then we have

(6= D)(F ) = (5 p)(f %0 #162) = (6 — p) ] (f * 02)
- / (6 — p) % e (2)] [f * 02 (2)] da

In particular, if j <0 and f € X3 then

00,007

[CEPIHIE ] [t @) @) do| < 5=ppeva s L. (950

On the other hand, for j = 0 we have fg € C*® N L™ (in view of (9.43) and
of the definition of X5, ) and thus

00,00

(6= 2] < W+ ol Il (9.51)

We next note that (9.30) (applied to ¢ instead of ¢), which is a consequence
of (9.6), implies that

227G = p) ol = 32 s = px s

Jj<0 j<0
:Z2isj||¢*¢*l’2ﬂ'”ﬂ (9.52)
J<0
= 2%y — g # poi| 1 < 0.
k>0

By combining (9.50)—(9.52), we obtain
G = 2)AIS D] =2 D] SNl + D16 = p) v lna
J<0 3<0
<N fllzee +sup 2| llze D 27706 — p) * sl S IF lxs s
7<0 X
7<0
and thus (9.49) holds.

«(9.49) = (9.6) ». We start by noting that an equivalent formulation of (9.49)
is

{f = Zf]ﬁ, with ff as in (9.47) and J C Z_ finite
jeJ
(9.53)

= |0—p) [ D | Ssup 2| ] 1.
jeJ =

Step 1 in the proof of Theorem 9.3 implies that, if we find some A € S such
that ['A # 0 and

D 29N = Ak pos || 11 < 00, (9.54)
Jj20
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then (9.6) holds.

Let ¢, ¢ be as in the Littlewood-Paley decomposition. We will prove that
(9.54) holds with A = (.

Set

o = @i — pai xpllpr = [[(@ =@ * pa-i)aillLr = [[(¢ —@*pa-i)llr, Vi > 0.

We divide the proof of (9.54) into two steps.
Step 1. It suffices to prove the key estimate

D 290 < 0. (9.55)
7>0
Granted (9.55), we prove (9.54) for A = ¢. Indeed, using the fact that

]\}i_f?m lCar — Car * pllor = Mh_fPOC 1€ = ¢ *prymllr =0,

we find that, in L', we have

14
lim Z (21 — poi x p) = 515’30 [(Cor — Car * p) — (Cor — Coe * p)]

= o (9.56)
= Cor — Cor * .
By (9.56), we have
Gar = Gor pllpr < D . (9.57)

j>k+1
By combining (9.55) with (9.57), we obtain
Z2Sk||C*C*P2*k||L1 = ZQS}CHCQIC —Gorxpl[1 < Z Z 2% < ZQSjOéj < 00,
k>0 k>0 k>0 j>k+1 7>0

and thus (9.54) holds.

Step 2. Proof of (9.55) completed.
For ¢ < 0, let ¢* € C2°(R™) be such that |¢¢| < 1 and

1 1
J16 = preesdut 2 516 =) x e-els = e (9.58)
Let J C Z* be a fixed arbitrary finite set, and set

f= Z 2750t « Po—t.

leJ

By (9.58), we have (using (9.46))

Yo2vsta Y 2 / [(6 = p) % pa-e] ¥ = (5—p) (Z 27 902“) '

leld led led
(9.59)
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By (9.53) and (9.59), we have

22_360@4 < sup QSij}iHL‘X’a (9.60)
e JjeM

where M C Z_ is finite and such that fg =0 when j & M.*
We next note that, when j,¢ < 0, we have

po—t % pa—j = 0 when |j — €| > 1. (9.61)
By (9.61), when j < 0 we have

=27 (yt pame)’ = D 27 oy v pp

J

teg teg
_ 9.62
- Z 27 ooty (9-62)
Led
[e—jl<1
and thus
IF o= S D 27l S 279, (9.63)
ted
[e—jl<1
By (9.60) and (9.63), we have
22—%,@ < C < 0, (9.64)
leJ
with C independent of J.
We obtain (9.55) by taking, in (9.64), the supremum over J. O

9.5 Further results
This section is devoted to the proofs of Propositions 9.4, 9.5 and 9.6.

9.5.1 Proof of Proposition 9.4

Proposition 9.4 is a direct consequence of the following more general result.

Proposition 9.10. Let p € L' satisfy [p = 1 and let n € S be such that
[ n#0. Assume that p has finite moments of any order:

/\y|k|p(y)| dy < oo for all k € N.

Then

1
1
/ ESTH?] —n % pellpide < oo if and only if s < ko, (9.65)
0

where kg € N* U {oo} is the smallest non-zero moment of p:

ko = min{k >1: /y®kp(y) dy # 0}.

Here y®* denotes the k-th order tensor (Yj1 = Yje )1<jn,ju<n-

4. Existence of such M follows from the identity (9.62).
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Note that Proposition 9.10 implies indeed Proposition 9.4 since for a bounded
set A of positive measure the second moment [, y®? dy is always non zero.
We now turn to the

Proof of Proposition 9.10. We first treat the case of a finite kq. Since it holds

n(@) — 0 % pe(a) = / (n(z) — n(z — ey))oly) dy,

we find, applying Taylor’s formula,

(=1)kott ko+1
U(x)—ﬁ*ﬂs(x) = TE Z Q.. ;Jkoajl o 'ajkon(x)+€ Rf(x)a
o 1<t eenr g <n
where
i = [ Ui 0l0) (9.66)
and
|Dk ot |l 1
1Rl < e [ i ot .

Therefore it holds

ko

1 ko+1
[n—n*pellzr = HE , Z ajl;-n’jkoajl "'ajkon"Ll+O(5 oF ), (9.67)

as € — 0.
We next claim that
= H Z aj17'~~7jkoaj1 ’ ]konH # 0.

1<d1,- 0k <n

Indeed, assume that ¢ = 0. Then we have

S g G 16 =0 VEER™

1<ji,sdkg <n

Since 7j(0) # 0 we deduce that

Z o‘j17---,jk0§j1 "'gjko =0

1<j1,dkg <

for all sufficiently small £, and thus by homogeneity for every £. This is absurd
since, by assumption, at least one of the coeflicients a;, . j, - is non zero.
Therefore ¢ # 0 and the Taylor expansion (9.67) provides the equivalent

¢
ln —nx*pellpr ~ kT)!EkO

as € — 0, which readily implies (9.65). This concludes the proof of Proposi-
tion 9.10 when kg is finite.
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When ky = oo, the Taylor expansion shows that
n —n % pellzr = O(*)  for all k € N,
so that it holds indeed
|
| = ool de < o0
for every s > 0. O

9.5.2 Proof of Proposition 9.5

We fix p € L! with [p=1and 0 < s < 1, and assume that p satisfies the
moment condition (9.8):

/ lyl*1p(v)| dy < oo.

We consider an arbitrary test function n € S and are going to show that
condition (9.6) is satisfied (so that, by Theorem 9.3, the norm equivalence (9.7)
is valid). To this end we compute

> de de
/ ||77*ﬂ*ps|\L1m_/ [ =t = epllmlot)ldy 5
0 - 1
:/|y|9p(y)/ [n—n( —ey)llL %dy
0 ley|® €

— 1wt [ =t — oLy 2
= [wrot) [ n=nt =52l sz v

On the other hand, for every w € S"~! we have the estimate

> ds bds > do
| In=nt=d)les s < WPl [ G2lnlon [ o = O < o

and therefore we conclude that

(oo}
| =i <55 < 0 [l dy < .

which finishes the proof of Proposition 9.5. (I

9.5.3 Proof of Proposition 9.6

Let s > 0 and let p € L' satisfy [p =1 and p > 0. We assume that the
norm equivalence (9.7) is valid. Then by Theorem 9.3 (and Step 1 in its proof),
it holds

! de
o ||77*77*Pe||L188ﬁ < o0

for every n € S. We fix such a function n > 0, n # 0, with support in the unit
ball:

n(x) =0 for |z| > 1.
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We are going to show that

1
de s
/0 ln=n*pellrr 7 2 C\InHLl/IyI p(y) dy=C(lnll s +linllze<llpllL1), (9.68)

for some constants ¢ = ¢(s),C' = C(s) > 0. Obviously (9.68) implies the con-
clusion of Proposition 9.6: the function p satisfies the finite moment condition

/Iylsp(y) dy < oo.

We now turn to the proof of (9.68). Note that

> 1 * de
[ wtn=nsodude< [ Znlos + ol

Hence it suffices to show that
> 1
| = ol de = el [ lotp(w) .
0

Since n(x) = 0 for |x| > 1, and since  and p are non negative, it holds

n—mn*pellzr > //w1 n(x —ey)p(y) dy = //lmy|>1 n(z)p(y) dydz.

Thus we obtain

> 1 P(y)
— % pel 1 de > dydzd
/0 Sl = pelle 6_///|z+€y|2177(2)65+1 ydzde
pr)lyl®
= n(z)—:; dydzdo.
///|z+6y/y|>1 ot

[16] > 2 and |z| < 1] = |2+ dy/|y|| > 1.

(9.69)

Note that it holds

Therefore, the domain of integration in the last integral in (9.69) contains the
set

{(y,2,0); y#0, 2] <1, > 2}.

We find that

S S .
| st =nsodude =l [ 52 [ ot an,

which completes the proof of (9.68). O
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Singularities of vector-valued
maps in condensed matter physics

Abstract: The present thesis is devoted mainly to the mathematical analysis of models arising in the
physics of liquid crystals and superconductivity. A common feature of these models is that one has to
deal with elliptic systems whose solutions have singularities: optical defects in liquid crystals, vorticity
defects in superconductivity.

The rod-like molecules in a liquid crystals, while being (as in a liquid) “randomly” distributed, tend to
align in a common direction: this “orientational order” enhances crystal-like optical properties, which are
responsible for their many industrial applications. The orientational order can be “isotropic” (no preferred
optical axis), “uniaxial” or “biaxial”. Transitions between these states create singularities: optical defects
which can be observed in practice. Some models consider only the uniaxial phase, but near the defects this
approximation does not seem to be valid: a “biaxial escape” phenomenon is expected to occur. The results
of this thesis bring a new light on the structure of defects and the mechanisms of biaxiality: rigidity of the
pure uniaxial constraint, biaxial escape at low temperature (with A. Contreras), dipolar and quadrupolar
configurations around a colloidal particle (with S. Alama and L. Bronsard), strongly biaxial solutions in
a frustrated hybrid cell.

We also present some results related to the Ginzburg-Landau model for type II superconductivity, and
to “vortices”: isolated points at which superconductivity is destroyed. Understanding the formation and
distribution of vortices is a fundamental question which triggers fascinating nonlinear analysis problems,
and a very large literature has been devoted to it. In a joint work with P. Mironescu, we study the
existence of solutions to a simplified model introduced by Bethuel, Brezis and Hélein, in which we replace
the Dirichlet boundary condition by a mere topological degree constraint (making the variational problem
non-compact). In collaboration with A. Contreras, we look into the proliferation of vortices in a thin
superconducting shell, a natural sequel to previous works by Contreras and Sternberg. And a joint
work with S. Alama and L. Bronsard is devoted to describing the vortex profile in a strongly coupled
two-component Ginzburg-Landau model.

The last part of this thesis addresses regularity characterization for a function f through the convergence
rate of f * p., for some kernel p. In a joint work with Petru Mironescu we study the minimal regularity
of p that allows such characterization. We prove a necessary and sufficient condition to characterize WP
regularity and draw some consequences, in particular in the case where p is a characteristic function.
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Résumé : Cette thése est consacrée principalement a ’analyse mathématique de modéles issus de la
physique des cristaux liquides et de la supraconductivité. Ces modeéles ont en commun de faire intervenir
des systémes elliptiques dont les solutions présentent des singularités : défauts optiques dans les cristaux
liquides, défauts de vorticité en supraconductivité.

Les cristaux liquides se composent de molécules allongées qui, tout en étant distribuées « au hasard »
comme dans un liquide, tendent & s’aligner dans une direction commune : cet « ordre d’orientation » leur
confére des propriétés optiques similaires a celles d’un cristal, a 'origine de leurs nombreuses applications
industrielles. L’ordre d’orientation peut étre « isotrope » (pas d’axe optique privilégié), « uniaxe » ou
« biaxe », et les transitions entre ces différents états créent des singularités : défauts optiques qui sont
observables en pratique. Certains modéles ne considérent que la phase uniaxe, mais pres des défauts cette
approximation ne semble plus étre valide : on s’attend a observer un phénomeéne de « fuite biaxe ». Les
résultats démontrés dans cette thése apportent un éclairage nouveau sur la structure des défauts et les
mécanismes liés a la biaxie : rigidité de la contrainte de pure uniaxie, fuite biaxe a basse température (avec
A. Contreras), configurations dipolaire et quadrupolaire autour d’une particule colloidale (avec S. Alama
et L. Bronsard), solutions fortement biaxes dans une cellule hybride frustrée.

On présente aussi dans cette these différents résultats liés au modéle de Ginzburg-Landau pour les supra-
conducteurs de type II, et aux « défauts de vorticité » : points isolés autour desquels la supraconductivité
est détruite. Comprendre 'apparition, la structure et la répartition des ces « vortex » est une question
fondamentale liée & de fascinants problémes d’analyse non linéaire, et une trés large littérature lui est
consacrée. Dans un travail commun avec P. Mironescu, on étudie 'existence de solutions a un modéle
simplifié proposé par Bethuel, Brezis et Hélein, en remplacant la condition de Dirichlet par une simple
contrainte de degré topologique (ce qui rend le probléme non compact). Dans un travail en collaboration
avec A. Contreras, on s’intéresse a la prolifération des vortex dans une fine coque supraconductrice, suite
naturelle a des travaux de Contreras et Sternberg. Enfin, un travail en commun avec S. Alama et L. Bron-
sard est consacré a I’étude du profil d'un vortex dans un modeéle de Ginzburg-Landau a deux composantes
fortement couplées.

Une derniére partie de cette thése traite de la caractérisation de la régularité d’une fonction f a travers la
vitesse de convergence de f * p. pour un certain noyau p. Dans un travail commun avec Petru Mironescu,
on s’intéresse a la question de la régularité des noyaux p qui permettent une telle caractérisation. On
démontre une condition nécessaire et suffisante pour caractériser la régularité W*P et on étudie certaines
conséquences, notamment dans le cas ot p est une fonction caractéristique.

Mots clés : Analyse non linéaire ; Calcul des variations ; Systémes elliptiques ; Défauts ; Ginzburg-Landau ;
Cristaux liquides.
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