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RESUME

La dynamique d'un difféomorphisme d’une variété compacte est essentielle-
ment concentrée sur I’ensemble récurrent par chaines, qui est partitionné en
classes de récurrence par chaines, disjointes et indécomposables. Le travail de
Bonatti et Crovisier [15] montre que, pour les diffécomorphismes C'-génériques,
une classe de récurrence par chaines ou bien est une classe homocline, ou bien
ne contient pas de point périodique. Une classe de récurrence par chaines sans
point périodique est appelée classe apériodique.

Il est clair qu'une classe homocline hyperbolique ni contient d’orbite péri-
odique faible ni supporte de mesure non hyperbolique. Cette thése tente de
donner une caractérisation des classes homoclines non hyperboliques en mon-
trant qu’elles contiennent des orbites périodiques faibles ou des mesures er-
godiques non hyperboliques. Cette thése décrit également les décompositions
dominées sur les classes apériodiques.

Le premier résultat [69, 71| de cette thése montre que, pour les difféomorphi-
smes C'l-génériques, si les orbites périodiques contenues dans une classe ho-
mocline H(p) ont tous leurs exposants de Lyapunov bornés loin de zéro, alors
H(p) doit étre (uniformément) hyperbolique. Ceci est dans 'esprit des travaux
sur la conjecture de stabilité, mais il y a une différence importante lorsque la
classe homocline H(p) n’est pas isolée. Par conséquent, nous devons garantir
que des orbites périodiques “faibles”, crées par perturbations au voisinage de la
classe homocline, sont contenues dans la classe. En ce sens, le probléme est de
nature “intrinséque”, et I'argument classique de la conjecture de stabilité est
impraticable.

Le deuxiéme résultat [29] de cette thése prouve une conjecture de Diaz
et Gorodetski [41] : pour les diffeomorphismes C'-génériques, si une classe
homocline n’est pas hyperbolique, alors elle porte une mesure ergodique non
hyperbolique. C’est un travail en collaboration avec C. Cheng, S. Crovisier, S.
Gan et D. Yang. Dans la démonstration, nous devons appliquer une technique
introduité dans [41], et qui améliore la méthode de [46], pour obtenir une
mesure ergodique comme limite d’une suite de mesures périodiques.

Le troisiéme résultat [70] de cette thése énonce que, génériquement, une dé-
composition dominée non-triviale sur une classe apériodique stable au sens de
Lyapunov est en fait une décomposition partiellement hyperbolique. Plus pré-
cisément, pour les diffecomorphismes C'-génériques, si une classe apériodique
stable au sens de Lyapunov a une décomposition dominée non-triviale £ & F',
alors, I'un des deux fibrés est hyperbolique: soit E contracté, soit F' dilaté.

Dans les démonstrations des résultats principaux, nous construisons des
perturbations qui ne sont pas obtenues directement & partir des lemmes de
connexion classiques. En fait, il faut appliquer le lemme de connexion un grand

i



nombre (et méme un nombre infini) de fois. Nous expliquons les méthodes de
connexions multiples dans le Chapitre 3.

MOTS CLES : Classe homocline, classe apériodique, ensemble hyperbolique,
ensemble partiellement hyperbolique, décomposition dominée, mesure ergodique,

st s
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Non-hyperbolic chain recurrence
classes of C'! diffeomorphisms

Xiaodong Wang (Mathematical science)
Supervisors: Professor Lan Wen and Professor Sylvain Crovisier

ABSTRACT

The dynamics of a diffeomorphism of a compact manifold concentrates es-
sentially on the chain recurrent set, which splits into disjoint indecomposable
chain recurrence classes. By the work of Bonatti and Crovisier [15], for C-
generic diffeomorphisms, a chain recurrence class either is a homoclinic class or
contains no periodic point. A chain recurrence class without a periodic point
is called an aperiodic class.

Obviously, a hyperbolic homoclinic class can neither contain weak periodic
orbit or support non-hyperbolic ergodic measure. This thesis attempts to give
a characterization of non-hyperbolic homoclinic classes via weak periodic orbits
inside or non-hyperbolic ergodic measures supported on it. Also, this thesis
gives a description of the dominated splitting on Lyapunov stable aperiodic
classes.

The first result [69, 71] of this thesis shows that for C'-generic diffeomor-
phisms, if the periodic orbits contained in a homoclinic class H(p) have all
their Lyapunov exponents bounded away from 0, then H(p) must be (uni-
formly) hyperbolic. This is in spirit of the works of the stability conjecture,
but with a significant difference that the homoclinic class H(p) is not known
isolated in advance. Hence the “weak" periodic orbits created by perturbations
near the homoclinic class have to be guaranteed strictly inside the homoclinic
class. In this sense the problem is of an “intrinsic" nature, and the classical
argument of the stability conjecture does not pass through.

The second result [29] of this thesis proves a conjecture by Diaz and Gorodet-
ski [41]: for C'-generic diffeomorphisms, if a homoclinic class is not hyperbolic,
then there is a non-hyperbolic ergodic measure supported on it. This is a joint
work with C. Cheng, S. Crovisier, S. Gan and D. Yang. In the proof, we have
to use a technic introduced in [41], which developed the method of [46], to get
an ergodic measure by taking the limit of a sequence of periodic measures.

The third result [70] of this thesis states that, generically, a non-trivial
dominated splitting over a Lyapunov stable aperiodic class is in fact a par-
tially hyperbolic splitting. To be precise, for C*-generic diffeomorphisms, if
a Lyapunov stable aperiodic class admits a non-trivial dominated splitting
E @ F, then one of the two bundles is hyperbolic: either E is contracted or F’
is expanded.

vi



In the proofs of the main results, we construct several perturbations which
are not simple applications of the connecting lemmas. In fact, one has to apply
the connecting lemma several (even infinitely many) times. We will give the
detailed explanations of the multi-connecting processes in Chapter 3.

KEY WORDS: Homoclinic class, aperiodic class, hyperbolic set, partially
hyperbolic set, dominated splitting, ergodic measure, Lyapunov exponent,
genericity, Lyapunov stability.
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Chapter 1

Introduction and statements of the
results

1.1 Introduction (Francais)

1.1.1 Contexte

L’un des objectifs des systémes dynamiques est de décrire la plupart des sys-
temes, c’est-a-dire un ensemble dense, résiduel, ou ouvert et dense. Dans les
années 1960, Abraham et Smale |5, 68] ont montré que l’ensemble des dif-
féomorphismes hyperboliques (c’est-a-dire satisfaisant I'axiome A et n’ayant
pas de cycle) n’est pas dense dans l'espace des systémes dynamiques. Par
conséquent, I'étude de la dynamique loin du cas uniformément hyperbolique
est devenue depuis lors un probléme majeur pour les dynamiciens. Le défaut
d’hyperbolicité peut étre caractérisé de différentes fagons. Soit M une variété
différentiable compacte sans bord de dimension d, et soit Diff" (M) 'espace de
difféomorphismes C” de M, pour tout r» > 1.

— Grace aux contributions de Liao, Mané, Aoki et Hayashi [53, 54, 6, 50|
sur la conjecture de stabilité C!, il est connu qu’un difféomorphisme non
hyperbolique peut étre perturbé pour obtenir une orbite périodique non
hyperbolique. En particulier, un diffeomorphisme C'-générique (c’est-
a-dire un difféomorphisme appartenant & un sous-ensemble G dense de
Diff* (M)) qui n’est pas hyperbolique a des orbites périodiques arbitraire-
ment “faibles”.

— La théorie de Pesin [60] affaiblit la notion d’hyperbolicité (en hyperbol-
icité non uniforme), et donne une approche possible pour caractériser le
comportement non hyperbolique par les mesures invariantes.

— Une autre obstruction a I'’hyperblicité globale vient des célébres bifurca-
tions homoclines, dans ’esprit des travaux de Poincaré : il s’agit des tan-
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gences homoclines ou des cycles hétérodimensionnels, qui sont également
relatifs aux orbites périodiques. Palis a conjecturé [58, 59] qu'un difféo-
morphisme peut étre C"-approché par un difféomorphisme hyperbolique
ou par un difféomorphisme qui présente une bifurcation homocline. Ces
bifurcations ont des conséquences dynamiques fortes, et peuvent parfois
étre renforcé pour aboutir & des obstructions robustes a I’hyperbolicité,
voir [20]. Plusieurs progrés ont été obtenus en direction de cette conjec-
ture (24, 33, 34, 37, 39, 64].

La discussion ci-dessus porte sur les obstructions globales & ’hyperbolicité.
Nous voulons également étudier le défaut “local" d’yperbolicité, c’est-a-dire le
défaut d’hyperbolicité d’une piéce élémentaire de la dynamique. La dynamique
est essentiellement concentrée sur I’ensemble des points qui ont des propriété
de récurrence, par exemple, l’ensemble récurrent par chaines, qui est parti-
tionné en classes de récurrence par chaines, disjointes et indécomposables,
voir [30]. Pour les diffeomorphismes C'-génériques, les orbites périodiques
sont denses dans I’ensemble récurrent par chaines, et la classe de récurrence
par chaines contenant un point périodique p coincide avec sa classe homocline,
i.e. avec l'adhérence de I'ensemble des points d’intersection transverse entre
les variétés stables et instables de Orb(p), voir [15, 32]. Ainsi deux classes ho-
moclines ou bien coincident, ou bien sont disjointes pour les difféomorphismes
C'-génériques. Mais cela n’est pas vrai en général. En outre, les classes ho-
moclines sont généralement en nombre infini, méme pour les difféomorphismes
O'-génériques. Une classe de récurrence par chaines sans point périodique est
appelée classe apériodique.

Cette these caractérise la non-hyperbolicité d’une classe homocline par
I'existence d’orbites périodiques faibles contenues dans la classe ou par les
mesures ergodiques non hyperboliques qu’elle porte. Nous énoncerons égale-
ment un résultat portant sur les classes apériodiques et discuterons de la con-
jecture de Palis.

1.1.2 Hyperbolicité versus orbites périodiques faibles

Nous étudions un probléme qui est dans I’esprit des travaux sur la conjecture
de stabilité, mais qui a une nature plus “intrinseque”. La conjecture de sta-
bilité formulée par Palis et Smale affirme que, si un difféomorphisme f est
structurellement stable, alors il est hyperbolique (c’est-a-dire qu’il satisfait
I'axiome A et n’a pas de cycle). Une version plus forte de cette conjecture
affirme que, si f est (2-stable, alors il est hyperbolique. Ces deux conjectures
remarquables ont été respectivement résolues par Mané [55] et Palis [57].
Durant la longue période d’étude des conjectures de stabilité, ’attention
s’est concentrée de plus en plus sur les orbites périodiques du difféomorphisme
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(non perturbé) f et de ses perturbations g. Liao [53] et Mané [54] ont indépend-
amment proposé une conjecture (plus précisément un probléme sans ébauche
de solution), connue sous le nom “conjecture étoile”. Elle affirme que si f n’a
pas d’orbite périodique non hyperbolique, méme aprés perturbation, alors f
est hyperbolique. Cette hypothése (la condition d’étoile) est clairement plus
faible que 1’Q-stabilité. Par conséquent, la conjecture étoile est considérée
comme une version forte de la conjecture de stabilité. Elle a été résolue par
Aoki et Hayashi [6, 50]. Afin de la comparer précisément avec notre résultat
énoncé ci-dessous, nous exposons une version générique de leurs résultats.

Rappelons qu’a chaque mesure invariante ergodique p d’un difféomorphisme
f € Diff'(M), le théoréme de Oseledets [56] associe d nombres x;(u, f) <
Xo(p, f) < -+ < xalp, f), tels que, pour p-presque tout point = € M et tout
v € T,M \ {0}, nous avons lim,_,  +log|Df"(v)| = x; pour un certain
i€ {1,2,---,d}. Les d nombres x;(u, f) sont appelés les exposants de Lya-
punov de la mesure . Nous disons qu'une mesure p est hyperbolique, si tous
ses exposants de Lyapunov sont non-nuls. En particulier, si v est une mesure
atomique distribuée uniformeément sur une orbite périodique Orb(p), les ex-
posants de Lyapunov de p sont aussi appelés les exposants de Lyapunov de
l'orbite périodique Orb(p) (ou du point périodique p).

Théoréme 1 ([6, 50]). Un difféomorphisme C'-générique f € Diff' (M) qui
n’est pas hyperbolique possede des orbites périodiques faibles : il existe une suite
d’orbites périodiques dont l'un des exposants de Lyapunov converge vers zéro.

Il est naturel de se demander si le Théorme 1 est vrai ou non pour les
ensembles élémentaires d’un difféomorphisme, c¢’est-a-dire pour ses classes ho-
moclines. Rappelons que deux points périodiques hyperboliques p et ¢ sont
homocliniquement reliés, st W*(Orb(p)) a des intersections transversales non
vides avec W#(Orb(q)) et vice versa. La classe homocline d’un point péri-
odique hyperbolique p est aussi égale a 'adhérence de ’ensemble des points
périodiques hyperboliques qui lui sont homocliniquement reliés. Voici un prob-
léme proposé dans [39].

Probléme (Problem 1.8 dans [39]). Considérons un difféomorphisme C*-
générique f € Diff'(M), et une classe homocline H(p). Est-il vrai que

e ou bien H(p) est hyperbolique,

e ou bien H(p) contient des orbites périodiques faibles qui sont homoclin-
iquement reliées avec p?

En fait, il est facile de prouver (en suivant la démonstration classique de
la conjecture de stabilité) qu’il doit y avoir des orbites périodiques faibles
arbitrairement prés de la classe H(p). Mais on ne sait pas si elles sont contenues
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dans la classe. Bien sir, si la classe homocline H(p) est supposée isolée, alors
“étre prés de” est égale a “étre contenu”. Mais nous ne savons pas en général
si H(p) est isolée (il peut y avoir un nombre infini de classes), méme pour les
diffeomorphismes C'-génériques. Nous exposons le premier résultat de cette

thése, qui donne une réponse positive a ce probléme, voir [69, 71].

Théoréme A. Pour un diffécomorphisme C'-générique f € Diff'(M), si une
classe homocline H(p) n’est pas hyperbolique, alors H(p) contient des orbites
périodiques faibles qui sont homocliniquement reliées avec p.

Remarquons que, contrairement aux arguments classiques portant sur la
conjecture de stabilité, Le théoréme A affirme qu’il doit y avoir des orbites
périodiques faibles qui sont non seulement prés de mais aussi contenues dans
la classe H(p). Ceci est la clé principale du Théoréme A. A chaque étape de
la démonstration, nous devons garantir que les orbites périodiques créées par
les perturbations appartiennent a la classe homocline. En ce sens, nous disons
que le probléme est de nature “intrinséque”, et les arguments classiques de la
conjecture de stabilité sont impraticables.

Dans [55|, Mané¢ a introduit un lemme (Theorem II.1) trés utile pour
obtenir des orbites périodiques faibles sous certaines hypothéses. Son énoncé
est trés technique et la preuve originale de Mané est difficile, donc nous ne
I'indiquons pas ici. En modifiant de la preuve de Mané, Bonatti, Gan et Yang
ont obtenu un résultat pour les classes homoclines, voir [25]. Nous remar-
quons ici que, a la différence du Théoréme II.1 de [55] et du résultat de [25],
le Théoreme A comporte une hypothése de généricité. Autrement dit, la con-
clusion du Théoréeme A est un résultat perturbatif et elle n’est peut-étre pas
valable pour tous les difféomorphismes.

Nous remarquons que I’hypothése de généricité est essentielle dans le Théor-
éme A. Un exemple est donné par [66, 28], montre que, en détruisant les
fers a cheval hyperboliques d’une famille & paramétres de difféeomorphismes de
surface, on peut obtenir un difféomorphisme qui appartient a la frontiére de
I’ensemble des difféomorphismes hyperboliques, et qui posséde une classe ho-
mocline présentant une tangence homocline. La classe homocline n’est pas hy-
perbolique en raison de I'existence de la tangence. En outre, tous les exposants
de Lyapunov de toutes les mesures ergodiques invariantes sont uniformément
bornés loin de zéro, et en particulier, tous les exposants de Lyapunov de toutes
les orbites périodiques contenues dans la classe sont uniformément bornés loin
de zéro.

Rappelons qu'une décomposition dominée E @ F sur un ensemble compact
invariant A est une décomposition Df-invariante de Th M telle que la norme de
Df le long du sous-fibré E est controlée par celle obtenue long du sous-fibré F'.
L’ensemble A est partiellement hyperbolique, si Ta M posséde une déomposition
dominée en trois sous-fibrés £° @ E°¢ @ E" telle que, les deux sous-fibrés extré-
maux sont hyperboliques et le fibré central est neutre (voir la Définition 2.6).
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Des exemples de classes homoclines non hyperboliques avec une décomposi-
tion dominée ont été trouvés dans [31, 40, 65|, mais les classes homoclines
dans ces exemples contiennent des orbites périodiques faibles. Pour les difféo-
morphismes C? sur les surfaces, les conclusions de [65] montrent que ’on ne
peut pas trouver de classe homocline non hyperbolique avec une décomposition
dominée non-triviale et sans orbite périodique faible. Ceci est inconnu dans le
cadre de la dynamique C*. Nous obtenons donc la question suivante.

Question 1. Ewiste-t-il un difféomorphisme f € Diff' (M) et une classe ho-
mocline non hyperbolique H(p) avec une décomposition dominée non-triviale,
tel que, tous les exposants de Lyapunov de toutes les orbites périodiques homo-
cliniquement reliées avec Orb(p) sont uniformément borné loin de zéro?

Il y a d’autres conjectures proposant des dichotomies pour la dynamique
globale. Rappelons qu'une tangence homocline d’un point périodique hyper-
bolique p est une intersection non transverse entre W"(p) et W#*(p). Un
difféomorphisme présente un cycle hétérodimensionnel, s’il y a deux points
périodiques hyperboliques d’indices (de dimension stable) différentes, tel que
We(p) N WH(q) # 0 et W(q) N W*(p) # 0. 11 est évident qu'un difféomor-
phisme avec une tangence ou un cycle hétérodimensionnel n’est pas hyper-
bolique. Palis [58, 59] a conjecturé que ces deux phénoménes sont les seules
obstructions a I’hyperbolicité. Cette conjecture a été résolue par [64] en di-
mension 2, et pour la dimension supérieure, les travaux de [34, 39, 37| ont
donné des réponses partielles : génériquement, les difféomorphismes loin des
bifurcations homoclines prsentent certaines formes faibles d’hyperbolicité (hy-
perbolicité partielle ou essentielle). Basé sur les résultats suivants, Bonatti
et Diaz ont conjecturé que I’ensemble des difféomorphismes qui sont hyper-
boliques et qui présentent un cycle hétérodimensionnel est dense dans 1’espace
de difféeomorphismes, voir [14, 20|.

A partir du lemme de Franks [42, 48], nous pouvons perturber des orbites
périodiques faibles pour obtenir des orbites périodiques d’indices différents.
Mais on ne sait pas si ces orbites périodiques sont encore contenues dans la
classe homocline non hyperbolique aprés la perturbation. Ainsi, nous énongons
la conjecture suivante, qui est une version intrinséque de la conjecture de Palis
pour les classes homoclines.

Conjecture 1 ([14, 17, 20, 34]). Pour un difféomorphisme C-générique f €
Diffl(M), une classe homocline H(p) qui n’est pas hyperbolique contient un
point périodique q € H(p) d’indice différent de celui de p.

1.1.3 Hyperbolicité versus mesures non hyperboliques

Il est clair qu'un diffeomorphisme possédant une mesure ergodique non hy-
perbolique ne peut pas étre hyperbolique (c’est-a-dire qu'il ne satisfait pas
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I'axiome A ou bien il présente un cycle). L’inverse n’est pas vrai en général,
voir [10, 28|, mais nous espérons que c’est le cas des systemes typiques, comme
'on conjecturé Diaz et Gorodetski dans [41].

Conjecture 2 (Conjecture 1 de [41]). Il existe un sous-ensemble ouvert et
dense U C Diff" (M) pour r > 1, tel que, chaque difféomorphisme f € U ou
bien est hyperbolique, ou bien posséde une mesure ergodique invariante non
hyperbolique.

Remarquons que la Conjecture 2 est vraie si nous remplagons ouvert et
dense par dense seul, ceci est un corollaire direct de la conjecture étoile. Une re-
formulation légerement différente et plus faible consiste a considérer les difféo-
morphismes génériques. Comme Corollaire du Théoréme 2 énoncé ci-dessous,
la version générique de la Conjecture 2 est vérifiée pour les difféomorphismes
modérés, i.e. pour ceux dont toutes les classes homoclines sont robustement
isolées , voir [41].

Théoréme 2 (Théoréme 1 de [41]). Pour les difféomorphismes C-génériques,
st une classe homocline contient des orbites périodiques dindices différents,
alors elle supporte une mesure ergodique non hyperbolique .

Comme nous 'avons mentionné dans la Section 1.1.2, en général, une classe
homocline n’est pas isolée, méme pour les difféomorphismes C!-génériques. Le
Théoréme 2 indique que, pour résoudre la version générique de la Conjecture 2,
il suffit de prouver que chaque difféeomorphisme sauvage (i.e. qui n’est pas
modéré) a une classe homocline qui contient des points périodiques d’indices
différents.

On aussi espére que le Théoréme 2 se généralise, comme il a été conjectué
dans [41].

Conjecture 3 (Conjecture 2 de [41]). Pour les difféomorphismes C*-génériques,
une classe homocline ou bien est uniformément hyperbolique, ou bien supporte
une mesure ergodique invariante non hyperbolique.

Nous remarquons ici que, la Conjecture 3 n’est pas vraie pour un difféomor-
phisme général. |66, 28| donne 'exemple d’une classe homocline qui n’est pas
hyperbolique en raison de l'existence de tangences homoclines, mais elle est
uniformément hyperbolique au sens de la mesure. Plus précisement, tous les
exposants de Lyapunov de toutes les mesures invariantes qu’elle supporte sont
uniformément bornés loin de zéro. Remarquons qu’une tangence homocline ne
persiste pas aux perturbations. Par conséquent, on peut s’attendre a ce que
la Conjecture 3 ait une réponse positive. Ceci est le prochain résultat de cette
thése. C’est un travail en collaboration avec C. Cheng, S. Crovisier, S. Gan et
D. Yang, voir [29].
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Théoréme B. Pour un difféomorphisme C'-générique f € Diff' (M), une
classe homocline H(p) qui n’est pas hyperbolique porte une mesure ergodique
non hyperbolique .

Soulignons que le méme résultat n’est pas valable pour les classes apériodi-
ques: [18] a construit un ensemble ouvert de difféomorphismes dont les élé-
ments Cl-génériques ont des classes apériodiques qui supportent seulement des
mesures ergodiques hyperboliques. Nous n’avons pas de réponse a la Conjec-
ture 2. Une approche possible serait de répondre au probléme suivant, voir |2,
Conjecture 1], [14, Conjecture 1| ou [36, Section 6.2.1a].

Conjecture 4. Un difféomorphisme C'-générique qui est mnon hyperbolique
posséde une classe homocline non hyperbolique.

Nous commentons a présent les techniques permettant d’obtenir des mesures
ergodiques ayant un exposant de Lyapunov nul.

Dans le cas particulier ot une classe homocline H(p) a une décomposition
partiellement hyperbolique E*@® E°® E", avec dim(E°) = 1, alors, la classe est
hyperbolique si et seulement si toutes ses mesures ergodiques ont un exposant
de Lyapunov central non nul, de méme signe ; chaque mesure hyperbolique
est alors approchée par des orbites périodiques hyperboliques de méme indice
(voir [34] et Proposition 2.45 ci-dessous).

Par conséquent, si H(p) n’est pas hyperbolique, soit elle supporte une
mesure ergodique non hyperbolique (comme souhaité), soit elle contient deux
orbites périodiques hyperboliques d’indices différents. Dans le second cas,
il est possible de construire une mesure non hyperbolique qui mélange les
deux orbites périodiques, en utilisant certaines propriétés de pistage. Ceci
a été développé dans de nombreux travaux, [46, 41, 22, 13| entre autres.
L’hyperbolicité partielle sur un sous-ensemble de la classe est suffisante pour
cet argument, voir par exemple le Théoréme 2.

La difficulté principale de la preuve du Théoréme B est d’obtenir des points
périodiques d’indices différents dans une méme classe homocline non hyper-
bolique. Ceci est réalisé sous de nouvelles hypotheéses, grace au Théoréme A
(qui produit des orbites périodiques faibles) combiné a [17] (pour les trans-
former en des cycles hétérodimensionnels). Il y a encore des cas ol nous ne
parvenons pas a obtenir ces points périodiques (voir les discussions dans la Sec-
tion 4.5 ci-dessous), mais l’existence de mesures non hyperboliques est assurée.

Nous discutons maintenant de différrentes propriétés de ces mesures non
hyperboliques.

Plusieurs exposants de Lyapunov nuls Pour les mesures ergodiques non
hyperboliques mentionnées ci-dessus nous ne pouvons que garantir ’existence
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d’un seul exposant de Lyapunov nul. L’exemple de [12] montre qu'il y a des
systémes de fonctions itérées (IFS) qui présentent robustement des mesures
ergodiques non hyperboliques avec tous leurs exposants de Lyapunov nuls.
Pour les classes homoclines, on peut se poser la question suivante :

Question 2. Sous quelle hypothese, existe-t-il une mesure ergodique non hy-
perbolique supportée sur une classe homocline et ayant plus d’un exposant de
Lyapunov nul ?

Le résultat de [41] dit que, génériquement, si une classe homocline contient

des points périodiques d’indices différents, alors, la classe supporte une mesure
ergodique non hyperbolique, voir le Théoréme 2. Inspiré par ce résultat, on
souhaite considérer la question suivante :
Si une classe homocline contient des orbites périodiques d’indices i et j re-
spectivement, ou 1 < j, est-ce qu’il existe une mesure ergodique supportée sur
la classe homocline, telle que les exposants de Lyapunov (i + 1) a j sont tous
nuls ¢

Evidemment, ce n’est pas vrai si la classe homocline a une décomposition
dominée F & F avec i < dim(FE) < j. Que se qui se passe-t-il s’il n’y a pas de
telle décomposition dominée ? Nous énongons un travail en collaboration avec
J. Zhang [72|, qui répond partiellement & la Question 2. Rappelons que pour
une décomposition dominée E @& F', nous appelons dim(FE) son indice.

Théoréme 3 ([72]). Pour un difféomorphism C'-générique f € Diff' (M),
considérons un point périodique hyperbolique p. Soit H(p) une classe homocline
satisfaisant les propriétés suivantes :

— la classe homocline H(p) contient deuz points périodiques hyperboliques
q1,q2 d’indices i et j respectivement, ot 1 < j,

— la classe homocline H(p) n’a pas de décomposition dominée d’indice k
pour tout k=1+1,---5 — 1.

Alors il y a une mesure ergodique i satisfaisant dont le k™ exposant de Lya-
punov est nul pour tout k =i+ 1,---j, et son support est H(p).

Nous ne donnerons pas la preuve du Théoréme 3 dans la thése.

Support Le Théoréme B et le Théoréme 2 permettent d’obtenir des mesures
ergodiques non hyperboliques supportées sur une classe homocline. On s’intéresse
a la question suivante:

Est-ce que les supports des mesures ergodiques non hyperboliques peuvent étre
la classe homocline tout entiére ¢

La réponse est connue dans certains cas, voir par exemple le Théoréme 3 ci-
dessus. Un résultat précédent [22] avait montré que, pour les difféomorphismes
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C'-génériques, si une classe homocline a une décomposition dominée en trois
fibrés E @ F @ G avec dim(F') = 1, et si elle contient deux orbites périodique
d’indices respectifs dim(F) et dim(E) + 1, alors il y a une mesure ergodique
non hyperbolique i, dont 'exposant de Lyapunov le long de le fibré F' est nul
et dont le support est la classe homocline toute entiére .

Nous donnerons un résultat plus général que celui proposé par [22] en la
Section 5.4 : il dit que, génériquement, si une classe homocline contient des
points périodiques d’indices différents, alors elle porte une mesure ergodique
non hyperbolique, dont le support est la classe homocline tout entiere. Ce
résultat généralise également le Théoréme 2.

Existence robuste On voudrait aussi savoir si 'existence de mesures er-
godiques non hyperboliques est une propriété robuste, comme pour la Con-
jecture 2. Une question similaire a été soulevée dans [12] pour les mesures
ergodiques comportant plus d'un exposant de Lyapunov nul.

Question 3. FEuxiste-t-il un ensemble ouvert U de difféeomorphismes possédant
une mesure ergodique ayant plus d’un exposant de Lyapunov nul ?

Autres questions D’autres questions concernant des mesures ergodiques
non hyperboliques supportées par des classes homoclines peuvent étre posées.
Bonatti a proposé les deux suivantes :

(1) Est-ce qu’il existe une telle mesure d’entropie positive?
Ceci a été obtenu dans [13] pour les classes homoclines contenant des points
périodiques d’indices différentes.

(2) Considérons l'adhérence de l’ensemble des mesures ergodiques dont le 1°™
exposant de Lyapunov s’annule. Est-ce un ensemble convere ¢

1.1.4 Décompositions dominées sur les classes apériodiques
stables au sens de Lyapunov

On souhaite aussi étudier les classes de récurrence par chaines qui admettent
une base de voisinages attractifs, par exemple [7, 19, 37, 62, 80]. Rappelons
qu'un ensemble compact invariant K est stable au sens de Lyapunov, si pour
chaque voisinage U de K, il y a un autre voisinage V', tel que (V) C U pour
tout n > 0. Et K est appelé bi-stable au sens de Lyapunov, si il est stable au
sens de Lyapunov pour f et f—1.

Par [34, 39, 81], pour les difféomorphismes C'-génériques loin des bifurca-
tions homoclines (ou des tangences homoclines seulement), une classe apériodi-
que est partiellement hyperbolique avec un fibré central de dimension 1. Les
travaux [37, 80] ont prouvé que, pour un difféomorphisme C'-générique loin
des bifurcations homoclines, une classe apériodique ne peut pas étre stable au
sens de Lyapunov. Mais dans [19], il est montré qu’il y a un ensemble ouvert
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U C Diff' (M), tel que, les difféomorphismes génériques f € U ont un nombre
infini de classes apériodiques qui sont bi-stables au sens de Lyapunov, et qui
n’admettent pas de décomposition dominée. Dans [62], Potrie a prouvé que,
pour les difféomorphismes C!-génériques, si une classe homocline est bi-stable
au sens de Lyapunov, alors elle admet une décomposition dominée non-triviale,
et sous certaines hypotheéses, elle coincide avec la variété tout entiére. Il y a
aussi beaucoup d’autres résultats pour des classes homoclines stables au sens
de Lyapunov dans [62, 7].

Nous exposons ici une conjecture sur les classes apériodiques par Crovisier
dans son rapport pour 'ICM 2015, qui implique la non-existence de classe
apériodique pour les difféomorphismes C'-génériques loin des bifurcations ho-
moclines (ou des tangences homoclines).

Conjecture 5 ([36]). Soit f € Diff' (M) un difféomorphisme C*-générique et
A une classe apériodique de f. Soit E° @& E°® E* la décomposition dominée
sur A telle que le fibré E* est le sous-fibré contracté mazimal et le fibré E* est
le sous-fibré dilaté mazimal. Alors le fibré E¢ a une dimension au moins égale
a deux et n’admet aucune décomposition dominée non-triviale.

Le Théoréme suivant est le troisiéme résultat de cette thése, voir [70]. Il
affirme qu'une décomposition dominée non-triviale sur une classe apériodique
stable au sens de Lyapunov est en fait une décomposition partiellement hy-
perbolique pour les diffeomorphismes C'-génériques. Ceci donne une réponse
partielle & la Conjecture 5.

Théoréme C. Pour un difféomorphisme C"-générique f € Diff' (M), si une
classe apériodique A stable au sens de Lyapunov de f admet une décomposition
dominée ThxM = E @ F, alors, ou bien le fibré E est contracté, ou bien le fibré
F est dilaté.

Comme conséquence du Théoréme C, pour les difféomorphismes C'-génériq-
ues, si on considére la décomposition dominée F*® E°@ E* sur une classe apéri-
odique stable au sens de Lyapunov, pour laquelle le fibré E?® est le sous-fibré
contracté maximal et le fibré £ est le sous-fibré dilaté maximal, alors le sous-
fibré E° n’admet aucune décomposition dominée non-triviale. En outre, par
les arguments de |36, 37|, en utilisant le “modéle central” construit dans [33],
on sait que la dimension du sous-fibré E° est au moins de deux. Par con-
séquence, la Conjecture 5 est valable pour les classes apériodique stables au
sens de Lyapunov.

Nous remarquons que ’énoncé du Théoréme C n’est pas valable pour les
classes homoclines, ce qui montre que l'apériodicité est une hypothése es-
sentielle. En effet, [27] a construit un difféomorphisme robustement transi-
tif de T*, pour lequel la variété entiére est une classe homocline stable au
sens de Lyapunov, et n’admettant qu'une décomposition dominée E & F avec

10



Introduction and statements of the results

dim(F) = dim(F) = 2. De plus, il y a des orbites périodiques de toutes les
indices possibles, ce qui implique que ni E est contracté, ni F' est dilaté.
Avec le Théoréme C, on peut obtenir qu'un (et seulement un) des deux sous-
fibrés E et F est hyperbolique, mais on ne sait pas lequelle. Pour un point x
contenu dans une classe de récurrence par chaines stable au sens de Lyapunov,
I'ensemble instable W*(z) = {y € M : lim, 0 d(f"(x), f7"(y)) = 0} est
aussi contenu dans la classe. Par conséquent, si le sous-fibré F' est dilaté,
par [51], la classe apériodique stable au sens de Lyapunov est feuilletée par les
variétés instables qui sont tangentes au sous-fibré F' ; par conséquent, elle ne
peut pas étre minimale. Nous conjecturons que ce cas n’est pas possible.

Conjecture 6. Pour un diffécomorphisme C"-générique f € Diff'(M), si une
classe apériodique A stable au sens de Lyapunov de f admet une décomposition
dominée T\M = E ® F, alors le fibré E est contracté.

Bonatti et Shinohara ont un programme pour construire des classes apériod-
iques avec une décomposition dominée non-triviale. Puisque les classes apériod-
iques ne sont pas isolées, ces exemples ne sont pas facile a construire. Méme
la construction des classes homoclines stables au sens de Lyapunov non isolées
est délicate, voir [26].

En fait, chaque classe apériodique bi-stable au sens de Lyapunov construité
dans [21] est un ensemble de Cantor minimal, et elle n’admet aucune décom-
position dominée non-triviale. Par conséquent, nous énongons une seconde
conjecture, qui est évidemment vraie si la Conjecture 6 est vraie.

Conjecture 7. Pour un diffécomorphisme C"-générique f € Diff'(M), si une
classe apériodique A de f est bi-stable au sens de Lyapunov, alors elle n’admet
pas de décomposition dominée non-triviale.

Un résultat [82] lié a la Conjecture 7, affirme que, si un difféomorphisme
est minimal (la variété entiére est alors une classe apériodique stable au sens
de Lyapunov), alors il n’admet aucune décomposition dominée non-triviale.

11
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1.2 Introduction (Chinese)
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1.3 Introduction (English)

1.3.1 Backgrounds

One of the goals of dynamical systems is to describe most of the systems,
i.e. a dense, residual, or open and dense subset. In the 1960’s, Abraham and
Smale [5, 68| found that the set of hyperbolic diffeomorphisms (i.e. satisfying
the axiom A and the no-cycle condition) is not dense in the space of dynamical
systems. Hence the study of dynamics beyond uniform hyperbolicity became
a major problem for dynamists since then. The lack of hyperbolicity may
be characterized in different ways. Let M be a compact smooth manifold
without boundary of dimension d and denote by Diff" (M) the space of C"-
diffeomorphisms of M for any r > 1.

— Thanks to the contributions of Liao, Mané, Aoki and Hayashi [53, 54, 6,
50] to the C''-stability conjecture, it is known that any non-hyperbolic dif-
feomorphism can be perturbed as a diffeomorphism with a non-hyperbolic
periodic orbit. In particular a C'-generic diffeomorphism (i.e. diffeo-
morphism in a dense G subset of Diff' (1)) which is not hyperbolic has
arbitrarily “weak” periodic orbits.

— Pesin’s theory [60] weakens the notion of hyperbolicity (non-uniform hy-
perbolicity), and gives a possible approach to characterize non-hyperbolic
behavior through the invariant measures.

— Another global obstruction to hyperbolicity is the famous homoclinic
bifurcation in the spirit of Poincaré: homoclinic tangency or heterodi-
mensional cycle, which are still related to periodic orbits. Palis conjec-
tured [58, 59| that any diffeomorphism can be C"-approximated by one
which is hyperbolic or by one which exhibits a homoclinic bifurcation.
These bifurcations have strong dynamical consequences and can some-
times be strengthened as robust obstructions to hyperbolicity, see [20].
Several progresses have been obtained in the direction of this conjec-
ture (24, 33, 34, 37, 39, 64].

The above discussions are about the global obstructions of hyperbolicity.
One also would like to study the “local” non-hyperbolicity, that is the non-
hyperbolicity on a basic set of the dynamics. The dynamics concentrates
essentially on the set of points that have some recurrence properties, for ex-
ample the chain recurrent set, which splits into disjoint indecomposable chain
recurrence classes, see [30]. For C'-generic diffeomorphisms, periodic orbits
are dense in the chain recurrent set and any chain recurrence class containing
a periodic point p coincides with its homoclinic class: the closure of transverse
intersections between the stable and unstable manifolds of Orb(p), see [15, 32].
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Hence two homoclinic classes either coincide or are disjoint for C''-generic dif-
feomorphisms, but this is not true in general. Also, homoclinic classes are
generally infinite in number, even for generic diffeomorphisms. A chain recur-
rence class without any periodic point is called an aperiodic class.

This thesis will characterize the non-hyperbolicity of a homoclinic class via
weak periodic orbits inside or via non-hyperbolic ergodic measures supported
on it. We also state a result for aperiodic classes and do some discussions
related to Palis’ conjecture.

1.3.2 Hyperbolicity versus weak periodic orbits

We study a problem that is in spirit of the works of the stability conjecture
but with an “intrinsic" nature. The stability conjecture formulated by Palis
and Smale claims that if a diffeomorphism f is structurally stable then it is
hyperbolic (i.e. satisfying the axiom A and the no-cycle condition). A stronger
version of the conjecture claims that if f is Q2-stable then it is hyperbolic. These
two remarkable conjectures are solved by Mané [55] and Palis [57], respectively.

During the long way of study of the stability conjectures, the attention
was more and more concentrated on periodic orbits of the (unperturbed) dif-
feomorphism f as well as its perturbations g. Liao [53] and Mané [54] raised
independently a conjecture (more precisely, a problem without a tentative
answer), known as the star conjecture, stating that if f has no, robustly, non-
hyperbolic periodic orbits then it is hyperbolic. Being an assumption, the star
condition is clearly weaker than the (2-stability. Hence the star conjecture is
regarded as another (strong) version of the stability conjecture. It has been
solved by Aoki and Hayashi [6, 50]. To compare more precisely with our result
below we state their results in a generic version.

Recall that, By Oseledets’ Theorem [56], for an invariant ergodic measure p
of a diffeomorphism f € Diff'(M), there are d numbers x1(u, f) < x2(p, f) <
-+ < xalp, f), such that, for p-a.e. point x € M, and for any v € T, M\{0}, we
have lim,,, o +log || Df"(v)|| = x; for some i € {1,2,--- ,d}. The d numbers
Xi(, f) are called the Lyapunov exponents of the measure u. We call p a
hyperbolic measure, if all its Lyapunov exponents are non-zero. In particular,
if 1 is an atomic measure distributed averagely on a periodic orbit Orb(p),
the Lyapunov exponents of p are also called the Lyapunov exponents of the
periodic orbit Orb(p) (or of the periodic point p).

Theorem 1 (|6, 50]). For generic f € Diff' (M), if f is not hyperbolic, then
there are weak periodic orbits: there exists a sequence of periodic orbits that
have a Lyapunov exponent converging to 0.

One would consider naturally whether Theorem 1 is true or not for the
basic sets of a diffeomorphism, that is for homoclinic classes. Recall that two
hyperbolic periodic points p and ¢ are homoclinically related, if W*(Orb(p))

23



PhD Thesis of Peking University & Université Paris-Sud 11

has non-empty transverse intersections with W?*(Orb(gq)) and vice versa. A
homoclinic class of a hyperbolic periodic point p also equals the closure of the
set of periodic points that are homoclinically related to it. Below is a problem
raised in [39].

Problem (Problem 1.8 of [39]). Is it true that for generic f € Diff'(M), and
any homoclinic class H(p), either

e H(p) is hyperbolic, or
e H(p) contains weak periodic orbits homoclinically related to p ¢

In fact, it is straightforward to prove (following the classical proof of the
stability conjecture) that, there must be a weak periodic orbit arbitrarily near
H(p). But one do not know whether the weak periodic orbits are contained
inside. Of course, if the homoclinic class H(p) is assumed to be isolated, then
being “near" will be equivalent to being “inside". The point is that here H(p)
is not known to be isolated (there may be infinitely many classes), even for
C'-generic diffeomorphisms. Now we state the first result of the thesis, which
gives a positive answer to this problem, see [69, 71].

Theorem A. For generic f € Diff'(M), if a homoclinic class H(p) of f is
not hyperbolic, then H(p) contains weak periodic orbits homoclinically related
to p.

Notice that, in contrast to the classical arguments of the stability conjec-
ture, here Theorem A claims there must be a weak periodic orbit not only
near, but actually inside H(p). This is the main point of Theorem A. At
each step of the proof, the periodic orbits created by perturbations have to be
guaranteed to lie strictly inside the homoclinic class. In this sense we say the
problem is of an “intrinsic" nature, and the classical arguments of the stability
conjecture do not pass through.

In [55], Mané introduced a very useful lemma (Theorem II.1) to get weak
periodic orbits under certain hypothesis. The statement is very technical and
the original proof of Mané is difficult, thus we will not state it here. Based
on a modification of Mané’s proof, Bonatti, Gan and Yang have a result for
homoclinic classes, see [25]. We point out here that, different from Theorem
I1.1 of [55] and the result of [25], there is a genericity assumption in Theorem A.
That is to say, the conclusion of Theorem A is a perturbation result and may
not be valid for all diffeomorphisms.

We point out here that the genericity assumption is essential in Theorem A.
There is an example given by [66, 28|, showing that, by destroying hyperbolic
horseshoes in a parameterized family of diffeomorphisms on surface, there is a
diffeomorphism which is on the boundary of the set of hyperbolic diffeomor-
phisms, and which has a homoclinic class containing a homoclinic tangency
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inside. Hence the homoclinic class is not hyperbolic because of the existence
of the tangency. Moreover, all the Lyapunov exponents of all ergodic measures
are uniformly bounded away from 0, and in particular all the Lyapunov expo-
nents of all periodic orbits contained in the class are uniformly bounded away
form 0.

Recall that a dominated splitting EE @ F on an invariant compact set A is
an Df-invariant splitting of Th M and the norm of Df along E' is controlled by
that along F, and A is partially hyperbolic if TA M splits into three bundles
E° & E° @ E" which is a dominated splitting such that the extremal bundles
are hyperbolic and the center bundle is neutral (see Definition 2.6). Examples
of non-hyperbolic homoclinic classes with a dominated splitting can be found
in like [31, 40, 65|, but the homoclinic classes in these examples contain weak
periodic orbits. For C? diffeomorphisms on surfaces, by the conclusions of [65],
one can not give a non-hyperbolic homoclinic class with domination and with-
out weak periodic orbits, which is unknown in the C' dynamics. Hence we
have the following question.

Question 1. Does there exist a non-hyperbolic homoclinic class H(p) with a
non-trivial dominated splitting for a diffeomorphism f € Diff'(M) satisfying
that all the Lyapunov exponents of all periodic orbits homoclinically related to
Orb(p) are uniformly bounded away from 0 ?

There are other conjectures aimed to give a dichotomy of global dynamics.
Recall that a homoclinic tangency of a hyperbolic periodic point p is a non-
transverse intersection between W*(p) and W*(p). A diffeomorphism exhibits
a heterodimensional cycle if there are two hyperbolic periodic points p and ¢
with different indices (i.e. stable dimensions) such that W#(p) N W¥(q) # 0
and W*(q) N W"(p) # (. Tt is obvious that any diffeomorphism with either
a tangency or a heterodimensional cycle is not hyperbolic. Palis [58, 59| con-
jectured that these two phenomenons are the only obstacles for hyperbolicity.
This conjecture was solved by [64] in dimension 2, and for higher dimension,
works by 34, 39, 37| got progress: generically, far from homoclinic bifurcations,
the systems has some weak hyperbolicity (partially hyperbolic or essentially
hyperbolic). Based on the results afterwards, Bonatti and Diaz conjectured
that the union of diffeomorphisms that are hyperbolic and those with heterodi-
mensional cycles is dense in the space of diffeomorphisms, see [14, 20].

By the Franks’ lemma [42, 48], we can perturb weak periodic orbits to
get periodic orbits with different indices. But it is not clear whether these
periodic orbits are still contained in the non-hyperbolic homoclinic class after
perturbation. Thus we have the following conjecture, which is an intrinsic
version of Palis conjecture for homoclinic classes.

Conjecture 1 ([14, 17, 20, 34|). For generic f € Diff'(M), a non-hyperbolic
homoclinic class H(p) contains a periodic point ¢ € H(p), whose index is
different from that of p.
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1.3.3 Hyperbolicity versus non-hyperbolic measures

Clearly if a diffeomorphism has a non-hyperbolic ergodic measure it can not be
hyperbolic (i.e. satisfying Axiom A and the no cycle condition). The converse
is not true in general, see [10, 28|, but we may expect that it is the case for
typical systems, as conjectured by Diaz and Gorodetski in [41].

Conjecture 2 (Conjecture 1 of [41]). There is an open dense subset U C
Diftf" (M) where r > 1, such that, every diffeomorphism f € U either is uni-
formly hyperbolic or has an ergodic non-hyperbolic invariant measure.

Notice that Conjecture 2 is true if we replace open dense by just dense,
which is a direct corollary of the star conjecture. An alternative (weaker)
slightly different reformulation is to consider generic diffeomorphisms. As a
corollary of Theorem 2 below, the generic version of Conjecture 2 holds for tame
diffeomorphisms: those such that all homoclinic classes are robustly isolated,
see [41].

Theorem 2 (Theorem 1 of [41]). For generic f € Diff' (M), if a homoclinic
class contains periodic points with different indices, then it supports a non-
hyperbolic ergodic measure fu.

As we have mentioned in Section 1.3.2, in general, a homoclinic class is
not isolated, even for C'-generic diffeomorphisms. Theorem 2 shows that to
settle the generic version of Conjecture 2, it is enough to prove that every wild
diffeomorphism (one which is not tame) has a homoclinic class which contains
periodic points with different indices.

One also expects that the generalization of Theorem 2 holds, as conjectured
in [41].

Conjecture 3 (Conjecture 2 of [41]). For generic f € Diff'(M), every homo-
clinic class either is uniformly hyperbolic or supports an ergodic non-hyperbolic
mvariant measure.

We point out here that, Conjecture 3 is not true for a general diffeomor-
phism. The example of [66, 28| is a homoclinic class which is not hyperbolic
because of the existence of homoclinic tangencies, but it is uniformly hyper-
bolic in the measure sense. To be precise, all Lyapunov exponents of all invari-
ant measures supported on the homoclinic class are uniformly bounded away
from 0. However, a homoclinic tangency is not persistent under perturbations,
hence one expects a positive answer to Conjecture 3, which is the next result
of this thesis. It is a joint work with C. Cheng, S. Crovisier, S. Gan and D.
Yang, see [29].

Theorem B. For generic f € Diff' (M), a homoclinic class H(p) which is not
hyperbolic supports a non-hyperbolic ergodic measure .
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Let us emphasize that the same result does not hold for aperiodic classes:
[18] builds an open set of diffeomorphisms whose C'-generic elements have
aperiodic classes which only support hyperbolic ergodic measures. We do not
have an answer to Conjecture 2. A possible approach would be to answer
the following problem, see [2, Conjecture 1|, [14, Conjecture 1] or [36, Section
6.2.1a).

Conjecture 4. Any C'-generic diffeomorphism which is not hyperbolic has a
non-hyperbolic homoclinic class.

Let us comment the technics for getting ergodic measures with one zero
Lyapunov exponent.

In the special case a homoclinic class H(p) has a partially hyperbolic split-
ting B° & E° @ E", where dim(FE°) = 1, then the class is hyperbolic if and
only if all its ergodic measures have a non-zero center Lyapunov exponent,
with the same sign; any hyperbolic measure is approximated by hyperbolic
periodic orbits in the class with the same index (see [34] and Proposition 2.45
below). Hence if H(p) is not hyperbolic, either it contains a non-hyperbolic er-
godic measure (as required), or it contains two hyperbolic periodic orbits with
different indices. In this second case, it is possible to build a non-hyperbolic
measure by mixing the two period orbits, using certain shadowing properties.
This has been developed by many works [46, 41, 22, 13| among others. The
partial hyperbolicity on a subset of the class is enough for this argument, for
example Theorem 2.

The main difficulty in the proof of Theorem B is to obtain periodic points
with different indices in a same non-hyperbolic homoclinic class. This is
achieved under new settings, thanks to Theorem A (which produces weak
periodic orbits) combined to [17] (in order to turn them to heterodimensional
cycles). There are still cases where we do not manage to get such periodic
points (see the discussion in Section 4.5 below), but the existence of non-
hyperbolic measures is ensured then.

Let us discuss more properties of these non-hyperbolic measures.

Several vanishing Lyapunov exponents The non-hyperbolic ergodic mea-
sures mentioned above can only be assured to have one vanishing Lyapunov
exponent. The example in [12] shows that there exist iterated function sys-
tems (IFS) persistently exhibiting non-hyperbolic ergodic measures with all
the Lyapunov exponents equal to zero. For homoclinic classes, one can ask the
following question:

Question 2. Under what kind of assumption, dose there exist a non-hyperbolic
ergodic measure supported on a homoclinic class with more than one vanishing
Lyapunov exponents ¢
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Results of [41] tell that, generically, if a homoclinic class contains periodic
points of different indices, then the class supports a non-hyperbolic ergodic
measure, see Theorem 2. Inspired by this result, we would like to consider the
question that:

If the homoclinic class contains periodic points of indices i and j respectively,
where © < j, does there exist an ergodic measure supported on the homoclinic
class such that all its (i + 1)th to 7™ Lyapunov exponents vanish ?

Obviously, it is not true if the homoclinic class admits a dominated splitting
E & F with i < dim(F) < j. What happens when there is no such dominated
splitting over the class? We state a recent joint work with J. Zhang [72|, which
partially answers Question 2. Recall that for a dominated splitting ' & F', we
call dim(FE) its index.

Theorem 3 ([72]). For generic f € Diff'(M), consider a hyperbolic periodic
point p. Assume the homoclinic class H(p) satisfies the following properties:

— there exist hyperbolic periodic points qy,qs contained in H(p) of indices i
and j respectively, where v < j,

— there is no dominated splitting of index k for any k =41+1,---5 — 1.

Then there exists an ergodic measure p whose support is H(p), such that the
k™" Lyapunov exponents of u vanish, for all k =i +1,---3.

We would not give the proof of Theorem 3 in the thesis.

Support Theorem B and Theorem 2 can obtain non-hyperbolic ergodic mea-
sures supported on the homoclinic class. One consider a question that:

Can the supports of the non-hyperbolic ergodic measures be the whole homo-
clinic class ¢

It is proved in some cases, for example Theorem 3 above. A previous
result by [22] proved that, for C''-generic diffeomorphisms, if a homoclinic class
admits a dominated splitting into three bundles E®F®G with dim(F') = 1 and
if it contains both hyperbolic periodic orbits of indices dim(E) and dim(F)+1,
then there is a non-hyperbolic ergodic measure p whose Lyapunov exponent
along the bundle F' vanishes and whose support is the whole homoclinic class.

We give in Section 5.4 a general result of [22|, which tells that, generically, if
a homoclinic class contains periodic points of different indices, then it supports
a non-hyperbolic ergodic measure with full support. This also generalized
Theorem 2.

Robustness of existence One also would like to see, whether the existence
of non-hyperbolic ergodic measures are robust, as one can see in Conjecture 2.
A similar question was raised in [12| for ergodic measures with more than one
vanishing Lyapunov exponents.
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Question 3. Does there exist an open set U of diffeomorphisms such that
any f € U has an ergodic measure with more than one vanishing Lyapunov
exponents ¢

Further questions Further questions about the non-hyperbolic ergodic mea-
sures supported on the class may be asked. Bonatti proposed the following
two:

(1) Is there such a measure with positive entropy ¢
This has been obtained in [13] for homoclinic classes containing periodic points
with different indices.

(2) Consider the closure of the set of ergodic measures whose i Lyapunov
exponent vanishes. Is it a conver set ¢

1.3.4 Dominated splitting over Lyapunov stable aperi-
odic classes

One also would like to study some special chain recurrence class that admits
trapping neighborhoods, for example |7, 19, 37, 62, 80]. Recall that an invariant
compact set K is called Lyapunov stable, if for any neighborhood U of K, there
is another neighborhood V' of K, such that f*(V) C U for all n > 0. And K
is called bi-Lyapunov stable, if it is Lyapunov stable both for f and f~!.

By [34, 39, 81], for C'-generic diffeomorphisms far from homoclinic bifurca-
tions (or just homoclinic tangencies), an aperiodic class is partially hyperbolic
with center bundle of dimension 1. The papers [37, 80| prove that any aperiodic
class of a C''-generic diffeomorphism that is far from homoclinic bifurcations
can not be Lyapunov stable. But in [19], it is showed that there is an open
set U C Diff'(M), such that for generic f € U, there are infinitely many bi-
Lyapunov stable aperiodic classes which admits no dominated splitting. In [62],
Potrie proved that for C'-generic diffeomorphisms, if a homoclinic class is bi-
Lyapunov stable, then it admits a non-trivial dominated splitting, and under
some more hypothesis, it is the whole manifold. There are also many other
results for Lyapunov stable homoclinic classes in [62, 7).

We state here a conjecture for aperiodic classes by Crovisier in his report to
ICM 2015, which implies the non-existence of aperiodic classes for C''-generic
diffeomorphisms far from homoclinic bifurcations (or homoclinic tangencies).

Conjecture 5 ([36]). Let f € Diff'(M) be a C'-generic diffeomorphism and
A be an aperiodic class of f. Assume that E*@® E°® E" is the dominated split-
ting on A such that E* (resp. E") is the mazimal contracted (resp. expanded)
sub-bundle, then E° has dimension at least two and admits no non-trivial dom-
inated splitting.

The following theorem is the third result of the thesis, see [70]. It claims
that a non-trivial dominated splitting on a Lyapunov stable aperiodic class is
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actually a partially hyperbolic splitting for C*-generic diffeomorphisms. This
gives a partial answer to Conjecture 5.

Theorem C. For generic f € Diff'(M), if a Lyapunov stable aperiodic class
A of f admits a dominated splitting T\M = E @& F, then one (and only one)
of the two cases happens: E is contracted or F' is expanded.

As a consequence of Theorem C, for C'-generic diffeomorphisms, if we
consider the dominated splitting £* @ E°® E* on a Lyapunov stable aperiodic
class, such that E* (resp. E"“) is the maximal contracted (resp. expanded)
sub-bundle, then the sub-bundle E¢ admits no non-trivial dominated splitting.
Moreover, with the arguments of [36, 37|, using the “central model” constructed
in [33], one knows that the dimension of E° is at least two. Hence Conjecture 5
holds for Lyapunov stable aperiodic classes.

We point out that the statement of Theorem C fails for homoclinic classes,
which shows that the aperiodicity is an essential assumption. The paper [27]
constructs a robustly transitive diffecomorphism of T*, hence the whole mani-
fold is a bi-Lyapunov stable homoclinic class, and it admits only one dominated
splitting £ @ F with dim(FE) = dim(F') = 2. Moreover, there are periodic sad-
dles of all possible indices, which implies that neither E' is contracted nor F' is
expanded.

By Theorem C, we can get that one (and only one actually) of the two
bundles £ and F' is hyperbolic, but we do not know which one it is. For any
point x contained in a Lyapunov stable chain recurrence class, the unstable
set W(x) ={y € M : lim,, oo d(f"(x), f™(y)) = 0} is also contained in
the class. Hence if the bundle F is expanded, by [51], the Lyapunov stable
aperiodic class is foliated by unstable manifolds that are tangent to F', and
thus it can not be minimal. We conjecture that such phenomenon can not
happen.

Conjecture 6. For generic f € Diff'(M), if a Lyapunov stable aperiodic
class A of f admits a dominated splitting TAM = E @® F', then the bundle E is
contracted.

Bonatti and Shinohara have a programme to construct aperiodic classes
with a non-trivial dominated splitting. Since aperiodic classes are not isolated,
such examples are not easy to construct. Even the construction of non-isolated
Lyapunov stable homoclinic classes is delicate, see [26].

Actually, each of the bi-Lyapunov stable aperiodic classes constructed in [21]
is a minimal Cantor set, and admits no non-trivial dominated splitting. Hence
we have the second conjecture that is obviously true if Conjecture 6 is true.

Conjecture 7. For generic f € Diff'(M), if an aperiodic class A of f is
bi- Lyapunov stable, then it admits no non-trivial dominated splitting.
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There is a result [82] related to Conjecture 7 stating that, if a diffeomor-
phism is minimal (and hence the whole manifold is a bi-Lyapunov stable ape-
riodic class), then it admits no dominated splitting.

Organization of the thesis In Chapter 2, we give the definitions and some
known results. Chapter 3 proves four multi-connecting propositions that we
need to apply in the proofs of the main theorems. We present the proof of
Theorem A, and give some applications in Chapter 4. The proofs of Theorem B
and Theorem C are given in Chapter 5 and Chapter 6 respectively.
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Chapter 2

Preliminaries

In this chapter, we give some definitions and some well known results. Denote
by Diff' (M) the space of C'-diffeomorphisms of M, where M is a compact
smooth manifold without boundary and dim(M) = d > 2.

2.1 Hyperbolicity

Definition 2.1. Consider a diffeomorphism f € Diff'(M). Assume K is an
invariant compact set and F is a Df-invariant sub-bundle of Tx M. For any two
constants C' > 0 and X € (0,1), we say that the bundle £ is (C, A)-contracted
if

1D S e | < CA",

for all x € K and all n > 1. We say that E is (C, \)-expanded if it is (C, \)-
contracted with respect to f~!. If the tangent bundle of A has an invariant
splitting Tk M = E* @ E", such that, E® is (C, \)-contracted and E" is (C, \)-
expanded for some constants C' > 0 and A € (0,1), then we call K a hyperbolic
set and dim(E?) the index of the hyperbolic splitting. Moreover, if a periodic
orbit Orb(p) is a hyperbolic set, then we call p a hyperbolic periodic point,
and the dimension of the contracted bundle E?® in the hyperbolic splitting is
called the indez of p, denoted by Ind(p).

Definition 2.2. For any point x € M and any number 6 > 0, we define the
local stable set and local unstable set of x of size § respectively as follows:

Wile) = {y:¥n 2 0.d(F(2). £"(5)) < and lim d(f"(). f"(4) = O}

Wi(x) ={y : vn = 0,d(f"(x), f"(y)) < 6; and lim d(f™"(z), f"(y)) = 0}.

n—-+00

We define the stable set and unstable set of x respectively as follows:

W*(x) ={y: lim d(f*(x), ["(y)) = 0};

n—-+0o
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W(x) = {y: lim d(f (), f"(y)) = O}.

n—+400

Remark 2.3. (1) It is obvious that, for any § > 0, we have
W2 () = Unsof (W5 (" ()

and
W*(x) = Upso f" (W5 (f"(2))).

(2) To belong to a same stable set is an equivalent relation, thus two stable
sets either coincide or are disjoint with each other. Similarly with the unstable
set.

For hyperbolic sets, the (local) stable (resp. unstable) set has the following
properties, see for example [51].

Lemma 2.4. If K is a hyperbolic set and Tk M = E* & E" is the hyperbolic
splitting, then there is a number 6 > 0, such that, for any x € K, the local
stable (resp. unstable) set WE(x) (resp. Wi(x)) is an embedding disk with
dimension dim(E?®) (resp. dim(E")) and is tangent to E* (resp. E") at x.
Moreover, the stable (resp. unstable) set W*(x) (resp. W"(x)) of x is an
immersed submanifold of M.

Definition 2.5. Assume that f is a diffeomorphism in Diff' (M) and p,q € M
are two hyperbolic periodic point of f, we say p and q are homoclinically related,
if W*(Orb(p)) has non-empty transverse intersections with W#*(Orb(q)), and
W#(Orb(p)) has non-empty transverse intersections with W*(Orb(q)), denoted
by W*(Orb(p)) h W*(Orb(q)) # ® and W*(Orb(p)) m W*(Orb(q)) # 0. We
call the closure of the set of periodic orbits homoclinically related to Orb(p)
the homoclinic class of p and denote it by H(p, f) or H(p) for simplicity.

Definition 2.6. Consider a diffeomorphism f € Diff'(M), an integer m > 0
and a constant A € (0,1). An invariant compact set K is said to have an
(m, \)-dominated splitting, if the tangent bundle has an Df-invariant splitting
TieM = E @ F such that

DS @ - 1DF " e ma | < A,

for any z € K. We call dim(F) the index of the dominated splitting. We say
K has a partially hyperbolic splitting, if the tangent bundle has an Df-invariant
splitting Tk M = E*@ E°@ E", which are both dominated splittings considering
(B @ E°) @ E* and E° @ (E° @& E*) satisfying that, the extreme bundles are
hyperbolic: the bundle F* is contracted and the bundle E* is expanded, the
central bundle E° is neither contracted nor expanded, and moreover, at least
one of £* and E* is non-trivial.
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We give another definition of dominated splitting by using one parameter.
One can see that the two definitions are equivalent.

Definition 2.7. Assume f € Diff'(M) and T is a positive integer. A T-
dominated splitting over an invariant compact set K is a continuous Df-invariant
splitting Tx M = E & F', such that,

IDf 1@l 1D lrgrapll < 3,

for any © € K. We say K has a dominated splitting, if K has a T-dominated
splitting for some 7. Moreover, the dimension of the bundle E is called the
index of the dominated splitting.

Remark 2.8. (1) We point out here that if an invariant compact set K has two
dominated splittings Tk M = Ey® F) = Ex® Fy such that dim(Ey) < dim(Ey),
then we have Fy C FEy. Hence two dominated splittings on an invariant com-
pact set with the same index would coincide.

(2) A T-dominated splitting (or (m, \)-dominated splitting) over an invari-
ant compact set K of f can be extended to the mazimal invariant compact set
of a neighborhood U of K for any diffeomorphism g in a neighborhood U of f.

By [47], there is always an adapted metric for a dominated splitting, that
is to say, an (m, A)-dominated splitting is a (1, \)-dominated splitting by con-
sidering a metric equivalent to the original one. Also, it is obvious that an
(m, A)-dominated splitting is always an (mN, \)-dominated splitting for any
positive integer N.

2.2 Lyapunov exponents

For an f-invariant measure u, we list all its Lyapunov exponents as xi(u, f) <
X2(, f) < -+ < xa(p, f). Denote by x;(p) if there is no ambiguity. We define
a function

Li(p, f)—hmlnflntL (x fdu(x),

where

L, f) = 10gH/\ D™ ()]l

Then x;(p, f) = La—iv1(p, f) — Ld_i(u, f). In particular, if u is ergodic, then
for p-a.e. x € M, we have

Li(p, f) = lim L™ (x, f),

m——00
and

Xi(p, f) = lim ( d— z+1( f) = d z(l’ 1))

m—»+0o0
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For an atomic measure p which is distributed averagely on a periodic orbit
Orb(p), we denote by x1(p, f) < x2(p, f) < -+ < xa(p, f) the Lyapunov
exponents of u, and also call them the Lyapunov exponents of the periodic
point p. A hyperbolic saddle p of index ¢ is said to be center-dissipative if

Xi(p, f) + xita1(p, f) < 0.

2.3 Decomposition of dynamics

The dynamics concentrates essentially on the set of points which has some
recurrence properties. In this section, we give some definitions of recurrence.

Definition 2.9. For a diffeomorphism f € Diff* (M) and a number € > 0, we
call a sequence of points {x;}°_, of M an e-pseudo orbit of f, if d(f(x;), xiy1) <
gforanyi=a,a+1,---,b—1, where —oo < a < b < co. An invariant compact
set K is called a chain transitive set, if for any € > 0, there is a periodic e-
pseudo-orbit contain in K and e-dense in K.

Definition 2.10. Assume f € Diff' (). We say a point ¥ is chain attainable
from z, if for any number € > 0, there is an e-pseudo orbit of f (xg,z1, -, z,)
such that xo = x and x,, = y, and we denote it by x 4 y. The chain recurrent
set of a diffeomorphism f € Diff'(M), denoted by R(f), is the union of the
point x such that z is chain attainable from itself.

It is well known that the chain recurrent set R(f) of f can be decom-
posed into a disjoint union of invariant compact "undecomposable" sets. More
precisely, we give the definition as the following.

Definition 2.11. Assume f € Diff' (). For any two points z,y € M, denote
by x Hy if x 4y and y 4 x. Obviously H is an equivalent relation on R(f),
and an equivalent class of H is called a chain recurrence class.

Definition 2.12. Assume f € Diff' (M) and A is an invariant compact set of
f. We say that A is shadowable, if for any € > 0, there is > 0, such that for
any d-pseudo orbit {z;}2_, C A of f, where —oo < a < b < oo, there is a point
y € M, such that d(f(y),z;) < e for all a <i <b.

Now we give another definition of a relation, denoted by <, that was first
introduced in [8] and [44], also see [32].

Definition 2.13. Assume f is a diffeomorphism in Diff'(M) and W is an
open set of M. For any two points x,y € M, we denote by x < y if for any
neighborhood U of x and any neighborhood V' of y, there are a point z € M
and an integer n > 1, such that z € U and f"(z) € V. We denote = <y y
if for any neighborhood U of x and any neighborhood V' of y, there is a piece
of orbit (z, f(2),--+, f™(2)) contained in W such that z € U and f"(z) € V.
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Moreover, let K be a compact set of M, then we denote x < K (resp. x <y K)
if there is a point y € K, such that z < y (resp. = <y y). Similarly, one can
define x 4y y and = g y.

For the relation <, we have the following result, whose proof is similar to
the proof of Lemma 6 in [32].

Lemma 2.14. Assume that K is an invariant compact set. Then for any two
neighborhoods Uy C Uy of K and any point y € Uy satisfying y <y, K, there
is a point y' € Uy \ K, such that y <y, v’ <u, K and the positive orbit of y' is
contained in Us.

It is obvious that * < y implies z 4 y, but the two relations are not
equivalent. In [15], they have proved that for generic diffeomorphisms, the two
relations are equivalent, see Theorem 2.46 below.

Definition 2.15. Assume f € Diff'(M). An invariant compact set K C M
is Lyapunov stable for f, if for any neighborhood U of K, there is another
neighborhood V' of K, such that f"(V) C U for all n > 0. We say that K is
bi- Lyapunov stable, if K is both Lyapunov stable for f and for f—!.

2.4 Pliss points and weak sets

Definition 2.16. Assume there is a dominated splitting Tk M = E & F over
an invariant compact set K of a diffeomorphism f € Diff' (M) and 0 < X < 1.
A point = € K is called an (m, \)-E-Pliss point (resp. (m, \)-F-Pliss point),
if

n—1 n—1
TP sm@yl <A™ (resp. [T DS [p-m@pll < ")
i=0 i<0

holds for any n > 1. If x is both an (m, \)-E-Pliss point and an (m, \)-F-
Pliss point, then it is called an (m, \)-bi-Pliss point. Two (m, \)- E-Pliss points
(f¥(x), fl(x)) on an orbit Orb(x) are called consecutive (m, \)-E-Pliss points,
if k <l and f'(z) is not an (m, \)-E-Pliss point for any k& < ¢ < [. Similarly
we define consecutive (m, \)-F-Pliss points. In particular, when m = 1, we
just call A\-E-Pliss point, A-F-Pliss point or A\-bi-Pliss point for short.

Remark 2.17. It is well known that the stable manifold of a A\-E-Pliss point
has a uniform scale of dimension dim(E) which depends only on the diffeo-
morphism f, see for example [1].

Definition 2.18. Consider a diffeomorphism f € Diff' (M) and a constant
0 < A < 1. An invariant compact set K with a dominated splitting T M =
E @ F is called a A\-E-weak set (resp. A-F-weak set), if there is no A-E-Pliss
point (resp. A-F-Pliss point) contained in K.
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We have the following lemma stating that for an invariant compact set
admitting a dominated splitting, if one of the two bundles is weak enough,
then the other bundle is uniformly hyperbolic.

Lemma 2.19. Given a diffeomorphism f € Diff'(M), consider an invariant
compact set K which admits a (1, \*)-dominated splitting TxkM = E & F.
For any constant \' € (A, 1), assume that K is a N-F-weak set, then F|k is
uniformly contracted. Similarly, if K is a N'-E-weak set, then F |k is uniformly
expanded.

Proof. By Definitions 2.16 and 2.18, for any point y € K, there is an integer
ny > 1, such that

ny—l
LT 1IDF eyl > ()™
i=0

Then one has that

ny—1

AQ Ty .
[1 1Df1esi vl < <y) <A
=0

By the compactness of the set K, the integers n,, are uniformly bounded. Hence
by a standard argument, one can see that F|x is uniformly contracted. O]

One can obtain Pliss points by the following lemma given by V. Pliss,
see [61, 64].

Lemma 2.20 (Pliss lemma). Assume that K is an invariant compact set of a
diffeomorphism f in Diff' (M) and E is an invariant sub-bundle of Tx M. For
any two numbers 0 < \; < Ay < 1, we have:

1. There are a positive integer N = N (A1, Aa, f) and a number ¢ = c¢(A, g, f)
such that for any x € K and any number n > N, if

n—1

H D fleial < A",
=0

then there are 0 < ny < ns < -+ < m; < n such that | > cn, and, for
any j=1,---,l and any k =n; +1,--- ,n,

k—1
[T 1D Aol < A"

1=n;
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2. For any point x € K, and any integer m, if for all n > m,

n—1
[TIDf 5wl < A,
=0

then there is an infinite sequence 0 < n; < ng < ---, such that

k1
H IDf i || < A",

1=mn;
forallk >n; and all j =1,2,---.

Corollary 2.21. Consider a diffeomorphism f € Diff'(M) and an invariant
compact set K which admits a dominated splitting Tk M = E @& F. For any
r € K, we have that:

1. If © is an (m, \)-E-Pliss point, then there is a point y € w(x), such that
y 1s also a (m, \)-E-Pliss point.

2. If for any y € w(x), there is an integer n, € N, such that

ny—1

LT IDF ™ sesmanll < A™,
=0

then for any X' € (A, 1), there are infinitely many (m, \')-E-Pliss points
on Orb™ (z).

Proof. By considering the diffeomorphism f™ instead of f, we can assume that
m = 1. The proof of the general case is similar.

(1) By item 2 of Pliss lemma, for any N € (A1), there are infinitely
many \-FE-Pliss points on Orb™(z). Take a limit point of these \-E-Pliss
points, denote it by yy, then yy € w(x) is a N-E-Pliss point. We take a
sequence of numbers (A,),>1 such that A, € (A, 1) and A, — X when n goes
to infinity. Then for any n > 1, there is a A,-E-Pliss point y,, € w(x). Taking
a subsequence if necessary, we assume (yy, ),>1 converges to a point y € w(zx).
Then y is a \,-FE-Pliss point for any n > 1. Since A\, — A, the point y is a
A-E-Pliss point.

(2) By the compactness of w(x), there is an integer N, such that n, < N
for any y € w(x). There is a constant C' > 0, such that, for any y € w(x), we
have for any n > 1,

n—1
[T IDf gyl < CA™.
=0

Take a constant A" € (A,1). Take three constants Ay < Ay < A3 contained
in (A, \'). There is N € N, such that CA" < A} for any n > N. There
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is ¢ > 0, such that, for any two points xy,z, € K, if d(f(x1), f(z2)) < e,

IDflg izl . Sy .
th W < i—f, forall 2 =0,1,--- , N. By considering an iterate of x
B(fi(x2))

instead of x, we can assume that dy(Orb™(z),w(z)) < &, where dy(-,-) is the
Hausdorff distance. Then for any n > 1, we have

n 2 n
| | ID eyl < (CAY) (—)\1) < AoV,

=0

There is T > 0, such that, for any k > T, we have MV |[Df[[i < AN for
all j = 0,1,--- ;N — 1. Then for any n > T'N, assume n = kN + j, where
0 <j < N, we have

n kN
TPl < (H ||Df|E(fi<x>>||> IDFIF < XV [DFI < X3
1=0 1=0

Then by item 2 of Pliss lemma, there are infinitely many (m, \')- E-Pliss points
on Orb*(x). O

For Pliss-points, we have the following lemma. The technics of the proof
can be found in many papers, for example |64, 65].

Lemma 2.22. Assume K is an invariant compact set of a diffeomorphism
f € Diff'(M) with an (m, \?)-dominated splitting Txu M = E & F. We have
that, for any N € (A, 1):

1. If a sequence of consecutive (m,\)-E-Pliss points (f™(z;), f(x;))is0
satisfies that l; — n; — 400, then, take any limit point y of the sequence
(fl(x;)), we have that y is a (m, \')-bi-Pliss point.

2. If there are both (m, \')-E-Pliss points for f on Orb™(z) and (m, \')-F-
Pliss points on Orb™ (), then there is at least one (m, \')-bi-Pliss point

on Orb(x).

3. If v € K is an (m,N')-E-Pliss point and there are no other (m,\')-E-
Pliss points on Orb™ (x), then x is also an (m, \)-F-Pliss point. Thus x
is an (m, X')-bi-Pliss point.

We have the following selecting lemma of Liao to get weak periodic orbits
(see [52], [75]).

Lemma 2.23 (Liao’s selecting lemma). Assume f € Diff'(M). Consider an
invariant compact set A with a non-trivial (m, \)-dominated splitting TyM =
E®F, and \g € (A, 1), if the following two conditions are satisfied:

e The bundle E is not uniformly contracted.
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e For any invariant compact subset K G A, there is an (m, Xo)-E-Pliss
point x € K.

Then for any neighborhood U of A, for any Ay < Ay contained in (A, 1), there
is a periodic orbit Orb(q) C U with period 7(q) a multiple of m, such that, for
alln=1,--- ,7(q)/m, the following two inequalities are satisfied:

n—1

LTI @l < Ao"
=0

and
7(q)/m—1

I 1™ sgmayll = M@=
i=n—1
Particularly, one can find a sequence of periodic points that are homoclinic

related with each other and converges to a point in A. Similar assertions for
F hold with respect to f~*.

2.5 Perturbation technics

Consider a diffeomorphism f and a neighborhood U of f in Diff'(M). We
call two perturbations f; and f, have disjoint support, if fi|snv, = flam\o, for
i =1,2,and U1NU, = (). In general, the diffeomorphism g, where g|an v, u0,) =
ooy and gly, = fily, for @ = 1,2, is not contained in ¢/ any more.
However, there is a basis of neighborhoods U of f, such that if the element of
U is of the form f o ¢ with ¢ € V, where V is a C! neighborhood of Id, then
V satisfies the following property (F), see Section 2 of |63].

Definition 2.24 (Property (F)). Assume V is a C' neighborhood of Id. We
say V satisfies the property (F'), if for any perturbations ¢ and ¢’ of Id in V
with disjoint support, the composed perturbation ¢ o ¢’ is still in V.

We give some tools for Cl-perturbation. First is the famous Hayashi’s
connecting lemma, see [49, 77].

Theorem 2.25. Assume f is a diffeomorphism in Diff'(M). For any neigh-
borhood U of f, there is an integer N € N, satisfying the following property:

For any point x that is not a periodic point of f with period less than or equal
to N, for any neighborhood V, of x there is a neighborhood V! C V.., such that,
for any two points p,q ¢ U?:OI fi(V,), if p has a positive iterate fm(p) € V!
and q has a negative iterate f~"(q) € V., where ny,n, € N, then there is a
diffeomorphism g € U that coincides with f outside Uﬁi_ol (V) and q is on
the positive orbit of p. Moreover, assume g™ (p) = q, then m < n, + N +n,

and {p, g(p). - .g"(p) = a} C U ()} VUL Fi(Va) U f ()}
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Theorem 2.25 deals with a single diffeomorphism and a given neighbor-
hood. Here we give a uniform version that is valid to a neighborhood of a
diffeomorphism, see [74].

Theorem 2.26 (A uniform connecting lemma, Theorem A of [74]). Assume
that f is a diffeomorphism in Diff'(M). For any C' neighborhood U of f in
Diff' (M), there are three numbers p > 1, §o > 0 and N € N, together with a
C" neighborhood Uy C U of f in Diff' (M), that satisfy the following property:
For any f1 € Uy, any point z € M and any number 0 < § < dg, as long as the N
balls (f1(B(2,8)))o<i<n_1 are pairwise disjoint and each is of size smaller than
do (that is to say, fi(B(z,0)) C B(fi(2),d0)), then for any two points x and
y that are outside the set A = Uyesen_1 f1(B(2,0)), if there are two positive
integers n, and n, such that f1“(z) € B(z,0/p) and f; " (y) € B(z,8/p), then
there are a diffeomorphism g € U and a positive integer m such that g"(x) =y
and g = f1 off A. Moreover, the piece of orbit {z,g(z),---,¢g"(x) = y} is
contained in the set {x, fi(z), -, fi= (@) JUA ULy, ;7 (y), -, f1 " (y)} and
the number m is no more than ng, +n,.

To control the perturbing neighborhood when connecting two points that
are close, we have the following lemma, see [§8], also see [63, Theorem 6.1],
and [77, Lemma 2.1].

Lemma 2.27 (Basic perturbation lemma). For any neighborhood U of a dif-
feomorphism f € Diff' (M), there are two numbers @ > 1 and o > 0 satisfying:
for any two points x,y € M contained in a ball B(z,r), where r < ¢, there is
a diffeomorphism g € U, such that g(x) = f(y), and g coincides with f outside
the ball B(z,0-r).

Definition 2.28. For a chart ¢ : V — R? of M, a set C is called a cube of ¢
if p(C) is the image of [—a, a]? by a translation of R?, where a is the radius of
the cube. If a cube with radius (1 + ¢)a and the same center of p(C') is still
contained in ¢(V'), we denote by (1 + ¢)C its pre-image of ¢.

Definition 2.29. Consider a chart ¢ : V — R% A tiled domain according to
the chart of ¢ is an open set U C V and a family C of cubes of ¢ (called tiles
of domain), such that:

1. the interior of the tiles are pairwise disjoint;
2. the union of all tiles of C equals to U;

3. the geometry of the tiling is bounded, i.e.

— the number of tiles around each point is uniformly bounded (by 2¢), that
is to say, there is a neighborhood for each point that meets at most 27
tiles,
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— for any two pairs (C, C") of intersecting tiles, the rate of their diameters
is uniformly bounded (by 2).

By a standard construction, any open set U C V' can be tiled according to
the coordinates of ¢ (e.g. [15, 35]).

Definition 2.30. Assume f € Diff'(M). Consider a neighborhood U C
Diff'(M) and a number N. A tiled domain (U,C) is called a perturbation
domain of order N of (f,U), if the following properties are satisfied.

1. U is disjoint from its NN first iterates of f.

2. For any finitely many sequence of pairs of points {(z;,vi)}1<i<; in U,
such that for any ¢ = 1,2,--- [, the points z; and y; are contained in
the same tile of C, then there exist:

e adiffeomorphism g € U, that coincides with f outside Jy<;cx_; FHU),

e a strictly increasing sequence 1 = nyg < n; < --- < ni < [, such
that g% (2n,) = ™ (Yn,y,—1) for any i # k, and g (zn,) = [~ (1)

The union (Jyc;cny_y fi(U) is called the support of the perturbation domain
(U,C) and denoted by Supp(U).

Definition 2.31. A pseudo-orbit (zg,x1, - ,2;) is said to keep the tiles of
a perturbation domain (U,C) of order N of (f,U), if the intersection of the
pseudo-orbit and Supp(U) is a union of segments x,,,, Tp, 41, -+ , Tn,+n-1 Of the
form that x,, € U and forany j = 1,2,--- ,N—1, 2,,,+; = f’(yn,), where y,,, is
a point contained in the same tile of C as x,,. A pseudo-orbit (xg, 1, - ,zk)
is said to have jumps only in tiles of a perturbation domain (U, C) of order N
of (f,U), if it keeps the tiles and for any z; ¢ Supp(U), we have ;11 = f(z;).
For a family of perturbation domains (U, Cy)g>o of order Ni of (f,Uy) with
disjoint support, we say that a pseudo-orbit (xg,zq,--- , ;) has jumps only
in tiles of the perturbation domains (Uy,Cy)r>0, if it keeps the tiles of the
perturbation domains and for any x; ¢ |J, Supp(Uy), we have z,41 = f(x;).

By the proof of connecting lemma in [9], the perturbation domain always
exists (see also [15, Théoréme 2.1] and [35, Théoréme 3.3]).

Theorem 2.32 (Another statement of the connecting lemma). For any neigh-
borhood U of f, there is an integer N > 1, and for all point p € M, there is
a chart o : V. — R? such that any tiled domain (U,C) according to ¢ disjoint
from its N first iterates is a perturbation domain of order N for (f,U).

From the definitions above, we can get the following lemma easily.
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Lemma 2.33 (Lemme 2.3 of [15]). For a family of disjoint perturbation do-
mains (U, Cy) of order Ny, of (f,Uy) with disjoint support, if there is a pseudo-
orbit (p = po,p1,--+ ,Pm = q) that has only jumps in the tiles of (Uy,Cr)r>0
and po, pm € Up, U+ - U fN=YUY) for all k > 0, then for any i, there is g; € U;
and a new pseudo-orbit (p = pg, -+ , 0., = q) of g; that has only jumps in the
tiles of domains (U, Ck) k>0 kzi- Moreover, g; = f outside U; U --- U fNi=1(U)
and {pp, -, 0L, 3\ (Ui U---U fNHU)) C{po,p1,- sPm}, and m’ < m.

2.6 Topological towers

In this subsection, we introduce two lemmas of [15] that are useful to get a
true orbit by perturbing a pseudo-orbit. These two lemmas are the key tools
in the proof of Proposition 3.6. First we give the following lemma to choose
perturbation neighborhoods. In fact, it is a generalized result of Lemme 3.7
of [15], but one can get the conclusion from the proof in [15].

Lemma 2.34. There is a constant kg > 0 (which only depends on the dimen-
sion d of M ) satisfying the following property.

Consider an integer T > 0. Assume that W' and V' are two compact d-
dimensional sub-manifolds with boundary, satisfying V' is disjoint from its
kqT first iterates. Then for any neighborhood Uy of W' and any neighborhood
Us of V', there are two open sets W and V', satisfying the following properties.

1. W and V are two compact d-dimensional sub-manifolds with boundary;

2. W CWCW U and V' C UL f~(V);

(2

3.V is contained in Uy U f(Uy) U -~ U frT(Uy) and disjoint from its N
first iterates.

4 WU (V) =0.

Remark 2.35. (1) We point out here that, Lemme 3.7 of [15] assumes more
that W' is disjoint from its T first iterates, and in the conclusion the set
W UV s disjoint from its T first iterates. Moreover, the statement of Lemme
3.7 of [15] does not involve the two neighborhoods Uy and Us. But the proof
of Lemme 3.7 of [15] gives all the information stated in Lemma 2.34, see [15,
Page 61-62].

(2) In Lemma 2.34, if we assume more that W' is disjoint with its first T’
iterates where T" < T, then by taking Uy small enough, we can obtain that W
1s disjoint from its Ty first iterates, and the union W UV is also disjoint from
its T first iterates.

Then, we give a lemma of [15| for the construction of what they called
topological tower (see Théoréme 3.1 and Corollaire 3.1 in [15]). Denote by
Perr(f) the set of periodic orbits with period less than 7.
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Lemma 2.36 (Topological tower). There is a constant kg > 0 (which only
depends on the dimension d of M), such that, for any T € N, any constant
§ > 0, any compact set K of f € Diff'(M) that does not contain any non-
hyperbolic periodic orbits with periods less than kgN and any neighborhood U
of K, there exist an open set V and a compact set D C V', satisfying the
following properties:

1. The closure of V' is a compact d-dimensional sub-manifold with boundary.

2. For any point x € K with x ¢ UpGPerT(f) W§(p), there is n > 0, such
that f"(x) € Int(D).

3. The sets V, f(V), -+, fT (V) are pairwise disjoint.
4. The set 'V is contained in U U f(U)U---U fraT(U).

Moreover, the diameter of all connected components of V' can be arbitrarily
small.

Remark 2.37. (1) In [15], Théoréme 3.1 is stated for an invariant compact
set K, and the items 1 and 4 in the conclusion of Lemma 2.36 are not stated.
But from the proof (see [15, Page 62-63]), we can see that the conclusion is
also true for non-invariant compact sets and also the items 1 and 4 are true.

(2) We give a sketch of the proof of Lemma 2.36. Take kg4 to be the constant
m Lemma 2.34. First, one can take a compact sub-manifold Uy of M with
boundary that is disjoint from its first N iterates, such that, any point in a
small neighborhood O of Pery(f) that is not on the local stable manifold of
Peryp(f) has a positive iterate in the interior of Uy. Then one can take a
finite cover of the compact set K\ O by open sets {V;}o<i<, that are disjoint
from their first kT iterates (they are not disjoint from each other in general).
Moreover, for each 0 < i < r the closure of V; is a compact d-dimensional
sub-manifold with boundary. Then one can apply Lemma 2.3/ inductively to
T, =T, =T, U; and V;, considering U; and V; to be W' and V' respectively,
and obtain U;y1 as S in Lemma 2.34. Moreover, since in this setting, Uy is
disjoint from its first T iterates, one can obtain that U; is disjoint from its first
T iterates for each 1 <1 < r+1. Finally, one can take V to be the interior of
Ur11. For more details, the reader should refer to [15, Page 62-63/.

2.7 Suflicient conditions for existence of an er-
godic measure

We define a relationship called multiple almost shadowing between two periodic
orbits, which was called good approximation in [22, 41].
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Definition 2.38 (Multiple almost shadowing). Consider two periodic orbits
P and Q ofamap f: M — M and two numbers v > 0 and 0 < s < 1. Denote
by m(P) the period of P. We say P is (v, »)-multiple almost shadowed by @,
if there are a subset I' C ) and a map p : [' — P, that satisfy the following
properties.

_#T
4q = %

— #p (f?(p)) is constant, for any p € P.
- d(fj(Q)>f](p(Q))) <7, for any ¢ € I' and for any j =0,1,--- 77T(P> -1

One says a periodic point p has simple spectrum, if the d Lyapunov expo-
nents of Orb(p) are mutually different. The following lemma is standard, see
a similar statement in [22, Theorem 3.5].

Lemma 2.39. For generic f € Diff'(M), consider a periodic point p with
simple spectrum whose homoclinic class H(p) is non-trivial. Then for any
g,v7 >0, and any » € (0,1), there is a periodic point q with simple spectrum
homoclinically related to p, such that the following properties are satisfied:

1. Orb(q) is e-dense in H(p),

2. Orb(p) is (v, s)-multiple almost shadowed by Orb(q).

3. xi(q, [) is e-close to x;(p, f), for any i =1,2,--- . d.

In particular, if p s center-dissipative, then q can be chosen to be center-
dissipative.

Sketch of the proof. The properties in the statement are persistent under C*
perturbations. Hence we only show that one can obtain such a periodic point ¢
by C'-small perturbations, and by a standard Baire argument, the statement
holds for generic systems.

Since p has simple spectrum, there is a dominated splitting £ ® Eo®- - -B Ey
over Orb(p), such that, each E; is the one dimensional sub-bundle correspond-
ing to the i Lyapunov exponent of Orb(p). Take a transverse homoclinic
point & € W?*(p) N W*(p), such that Orb(z) U Orb(p) is 5-dense in H(p). By
similar technics to the proof of [34, Proposition 1.10, Page 689], arbitrarily
C'-close to f in Diff*(M), there is a diffeomorphism g, which coincides with
f on Orb(x) and outside a small neighborhood of the point z, such that the
dominated splitting 1@ Fy®- - -@ E4 can be spread to the set Orb(x)UOrb(p).
Since Orb(z) U Orb(p) is still a hyperbolic set with respect to g, by the shad-
owing lemma, there is a hyperbolic periodic point ¢ homoclinically related to
p, such that Orb(q) spends an arbitrarily large portion of time close to Orb(p),
and $-shadows Orb(z) U Orb(p). Then the items 1, 2 are satisfied. Since the
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dominated splitting Fy @& Fy @ --- & E4 with each bundle of dimension one
spreads to the set Orb(z) U Orb(q), each Lyapunov exponent x;(q, g) can be
presented as ——~— log || Dg™49)| g, ,)||. Then the item 3 can be obtained by the

7(q,9)
fact that Orb(q) spends most of the time close to Orb(p). O

The following lemma is proved in [22] to obtain ergodic measures, using
the method developed in [46], by taking the weak-*-limit of atomic measures
supported on periodic orbits.

Lemma 2.40 (Lemma 2.5 of [22]). Consider two sequences of numbers (Vn)n>1
in (0,400), and (5¢,)n>1 in (0,1], such that Y " v, < oo and [[°2, 26, >
0. Assume (pn)n>1 is a sequence of periodic points of a map f : M — M
with increasing periods w(py), and denote by p, the probability atomic measure
uniformly distributed on the orbit of p,. If Orb(py,) is (Vn, 6, )-multiple almost
shadowed by Orb(p,y1) for any n > 1, then the sequence of measures ()
converges to an ergodic measure pi and supp(p) = (o~ (Ure,, Orb(py)).

2.8 Perturbation lemmas about periodic cocy-
cles

Consider a family of linear maps A;,--- A, € GL(d,R). Denote by B =
A, o0---0A; and denote by A\(B),- -, As(B) the eigenvalues of B counted by
multiplicity such that || < --- < |\4]. Then the i Lyapunov exponent of B
is defined as x;(B) = = log|\:(B)].

The following statement follows from [11], which allows to modify only two
consecutive Lyapunov exponents of a cocycle, see also [17, Lemma 4.4]. A

similar result can also be found in [43, Theorem 1.2].

Lemma 2.41 ([11],Theorem 4.1 and Proposition 3.1). For any constants D >
1, e >0 and d > 2, there are two constants T' and ng satisfying the following
property.

Consider a family of linear maps Ay, -+ , A, € GL(d,R) with n > ng, such
that ||As||, [|A; || < D, and the linear map B = A,o---0A; has no T-dominated
splitting of index i for somei € {1,--- ,d—1}. Then there exist one-parameter
families of linear maps (Ap.t)ic,1) for any 1 < m < n, satisfying the following
properties.

1. A=A, foranyl <m <n.

2. || Aps — Anll < € and ||A}Y, — AN < e, for any t € [0,1] and for any
1 <m<n.

3. Consider the linear map By = A, ;0- - -0A; 4, then the Lyapunov exponents
of By satisfy the following properties.
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= X;(Bt) = x;(B) for any j #i,i+ 1,
Xi(Bt) + Xir1(Bi) = xi(B) + Xxi11(B),

— xi(By) is non-decreasing and x;1(By) is non-increasing, that is
Xi(Bt) < Xi(Br) < Xi+1(Br) < Xit1(By), for anyt <,
= Xi(B1) = Xit1(B).

We state a generalized version of Franks’ Lemma [42], which is proved
in [48].

Lemma 2.42 ([48]). Consider a diffeomorphism f € Diff*(M), a hyperbolic
periodic point q of period ™ and a constant € > 0. Assume that for any n =
0,1,--- ,m =1, there is a one-parameter family of linear maps (Ant)ico,1) in
GL(d,R), such that the following properties are satisfied:

~ Ao =Df(f"(a),

- I[\DJ](J“”(Q)) — Al <& and |DFTH(fg) — Al < e, for any t €
0,1],

— Ag_140---0Agy is hyperbolic for any t € [0,1],.

Then, for any neighborhood V' of Orb(q), any constant § > 0, and any pair
of compact sets K° C W§(q, f) and K* C W¥(q, f) that are disjoint from V,
there is a diffeomorphism g that is e-close to f in Diff' (M), and that satisfies
the following properties:

1. g coincides with f on M \'V and Orb(q);
2. K* C Wil(q,g) and K* C W§(q,9);

3. Dg(g™(q)) = Dg(f"(q)) = Apa for alln=0,--- 7 — 1.

2.9 Some previous results

In this section, we give some previous results, which are applied in the proofs
of the theorems.

The following result is a combination of Proposition 7.1 and Proposition
8.1 of [17].

Proposition 2.43. Consider a diffeomorphism f € Diff' (M), and a hyperbolic
periodic point p of index i, where 2 <1 < d—1. Assume the following properties
are satisfied:

— H(p) has no dominated splitting of index i — 1,
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— for any € > 0, there is a periodic point p. homoclinically related to the
orbit of p, such that x;(p:) € (—¢,0).

Then for any C'-neighborhood U of f, there is a diffeomorphism g € U
having a heterodimensional cycle associated with Orb(py) and a periodic point
qq of g of index i — 1.

The next result is a combination of |22, 41].

Theorem 2.44 (|22, 41|). For generic f € Diff'(M), assume that p is a
hyperbolic periodic point of index i. If the homoclinic class H(p) contains a
hyperbolic point q of index smaller than i, then there is an ergodic measure
supported on H(p) whose i Lyapunov exponent is 0. Moreover, if Ind(q) =
i — 1 and there is a dominated splitting Ty, M = E @& F © G such that
dim(E) =i—1 and dim(F) = 1, then, there is an ergodic measure j such that
supp(p)= H(p) and the i'™™ Lyapunov exponent of u is 0.

Recall that for a hyperbolic ergodic measure pu, there is a full y-measure
set A, such that, there is a splitting Ty M = £° & £ such that, the bundles
E% and &" are associated to the negative and positive Lyapunov exponents
respectively. We call this splitting the non-uniform hyperbolic splitting of u
and the dimension of £° is called the index of p. The following result claims
the support of a hyperbolic measure intersects a homoclinic class if the above
splitting is a dominated splitting.

Proposition 2.45 (Proposition 1.4 of [34]). Let u be a hyperbolic ergodic
measure of index i. If the mon-uniform hyperbolic splitting of 1 is a domi-
nated splitting, then there is a hyperbolic periodic point p of index i, such that
supp(p) N H(p) # 0. Moreover, if u is ergodic, then supp(u) C H(p).

2.10 Generic properties

A set R of a topological Baire space X is called a residual set, if R contains
a dense Gy set of X. We say a property is a generic property of X, if there
is a residual set R C X, such that each element contained in R satisfies the
property. We give some well known C'-generic properties of diffeomorphisms
in the following theorem. These results can be found in many papers like |3,
15, 21, 23, 32, 41, 62].

Theorem 2.46. There is a residual set R in Diff' (M) of diffeomorphisms,
such that any f € R satisfies the following properties:

1. The diffeomorphism f is Kupka-Smale: all periodic points are hyperbolic
and the stable and unstable manifolds of any two periodic orbits intersect
transversely. Moreover, every periodic point is center-dissipative with
respect to f or to f1.

49



PhD Thesis of Peking University & Université Paris-Sud 11

10.

The periodic points are dense in the chain recurrent set and any any chain
recurrence class containing a periodic point coincides with its homoclinic
class, hence two homoclinic classes either coincide or are disjoint.

For any two points x,y € M and any open set W, if x 4y then x < y,
and if x =y y, then © <y y.

. For a periodic point p of f, there exists a C'-neighborhood U, of f, such

that every g € Uy N'R is a continuity point for the map g — H(py, )
where py is the continuation of p for g, where the continuity is with
respect to the Hausdorff distance between compact subsets of M .

If H(p) is a homoclinic class of f, then there exists an interval [, 5] of
natural numbers and a C*-neighborhood Uy of f, such that for every g €
Us, the set of indices of hyperbolic periodic points contained in H(py, g)
is [a, B]. Also, all periodic points of the same index contained in H(p)
are homoclinically related.

If a homoclinic class H(p) contains periodic orbits with different indices,
then f can be C' approzimated by diffeomorphisms having a heterodi-
mensional cycle.

If a homoclinic class H(p) is Lyapunov stable, then there is a C' neigh-
borhood Us of f, such that for any g € Us N'R, the homoclinic class
H(py, g) is also Lyapunov stable.

Consider a periodic point p. If for any C'-neighborhood U of f, there is
a diffeomorphism g € U having a heterodimensional cycle associated with
pg and some periodic point q, then the homoclinic class H(p) contains a
periodic point whose index equals Ind(q).

Consider an invariant compact set K which is a Hausdorff limit set of a
sequence of periodic orbits O,. If for any neighborhood U of f and any
N > 0, there is g € U and n > N, such that O,, is a periodic orbit of
g of index i, then K is the Hausdorff limit set of a sequence of periodic
orbits of f of index 1.

Consider a non-trivial homoclinic class H(p) of f. For any e > 0, and
foranyi=1,2,--- ,d, the set

{q € Per(f): q has simple spectrum, and |x;(q) — x:(p)| < &}

is dense in H(p).
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Chapter 3

Multi-connecting perturbations

In this chapter, we give several propositions allowing to connect several (even
infinitely many) orbits at the same time. The proof of each proposition ap-
plies the connecting lemma several times. We point out here that, Propo-
sitions 3.1, 3.5 and 3.6 are applied to prove Theorem A in Chapter 4, and
Proposition 3.3 is applied to prove Theorem C in Chapter 6.

3.1 Statement of the propositions

Propositions 3.1 and 3.3 aim to obtain periodic orbits that spend certain long
time close to some invariant compact sets. Proposition 3.1 tells that for any
hyperbolic periodic orbit Orb(p) and any invariant compact set K of a dif-
feomorphism f linked by heteroclinic orbits, we can get a periodic orbit that
spends a given proportion of time close to Orb(p) and K by arbitrarily C*
small perturbation, see Figure 3.1 when p is a fixed point.

Proposition 3.1. Let f € Diff'(M). Consider a hyperbolic periodic point p
and an invariant compact set K, satisfying that all periodic point contained in
K are hyperbolic and p ¢ K. Assume moreover that there are two points x
and vy, satisfying that:

o z € W¥%p) and w(x) N K # 0,
e yc W*(p) and a(y) = K.

Then for any neighborhood U of f in Diff'(M), any neighborhood U, of
Orb(p), and any neighborhood Uy of K, there are two integers | and ng, such
that, for any integer Ty,

1. there is h € U such that:

e h coincides with f outside U,

e the point y is on the positive orbit of x under h,
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o #(Orb(z,h) NUk) > Tk and #((Orb(x,h) \ (Ux UU,)) < ny.
2. for any m € N, there is h,, € U such that:

e h,, coincides with h on Orb(p) and outside U,,

e h,, has a periodic orbit O, satisfying O \ U, = (Orb(z, h)) \ U,, and
#ONU,) e {l+mr,l+mr+1,--- I+ (m+1)7—1}.

p p p
W) . . .

. Orbt (z, f tO h . . h/ tO h/m
. Orb™ (y, f) . . Orb(z, h) . . Orb(z, hm) .

Figure 3.1: Periodic orbits shadows a set and a hyperbolic fixed point

Remark 3.2. [t is obvious that, in the settings of the proposition, if we change
“Wr)NK # 0 and a(y) = K7 to “a(y)NK # 0 and w(x) = K7, the conclusion
still holds. In the proof of Theorem A, we will use the assumption that “a(y)N
K # 0 and w(z) = K.

Proposition 3.3 gives periodic orbits that spend most of the time close to an
invariant compact set and visit a small neighborhood of a point, see Figure 3.2
when p is a fixed point.

Proposition 3.3. For generic f € Diff'(M), assume K is a chain transitive
set of f and x € K. If x & a(x), then for any Cl-neighborhood U of f, any
neighborhood U of a(x), any neighborhood U, of x and any neighborhood W
of K, there is an integer L € N, with the following property. For any integer
m € N, there is a diffeomorphism g € U with a periodic point p € U, whose
orbit is contained in W, satisfying that:

e #(Orb(p,g) NU) > m,

e #(Orb(p,g9)\U) < L.

Remark 3.4. (1) Clearly, if we replace o(z) by w(x) in the hypothesis, the
conclusions are still valid. We point out here that, in the proof of Theorem C,
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Figure 3.2: Periodic orbits travel close to a set and a point

we use the assumption that x ¢ w(x). But to simplify the notations, we prove
Proposition 3.3 under the assumption x ¢ a(x).

(2) For the proof of Theorem C, we only have to consider the case where K
contains no periodic point. But to give a general statement of Proposition 3.3,
we will also prove the case when K contains periodic points.

Proposition 3.5 and 3.6 are in some sense doing an asymptotic connecting
process from a point to an invariant compact set. Proposition 3.5 tells that if
a point on the unstable manifold of a periodic orbit satisfies that its positive
limit set intersects an invariant compact set, then we can make its positive limit
set contained in this invariant compact set by a small perturbation. Moreover,
the perturbation will not change certain pieces of orbit. In fact, we can get
the first property directly by the conclusions of [32], but the second property
is not a direct consequence.

Proposition 3.5 (A modified case of Proposition 10 in [32]). Let f € Diff'(M).
Consider an invariant compact set K which contains no non-hyperbolic peri-
odic point and a point x € M with a(z) C K. Assume p is a hyperbolic
periodic point satisfying that p ¢ K and W*(p) N K # (.

Then for any neighborhood U of f in Diff'(M), there is a diffeomorphism

g € U, satisfying the following properties:
1. g coincides with f on Orb(p) U K;

2. g and Dg coincides with f and D f respectively on Orb™ (z), hence a(x, g) C
K;
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3. there is a point y € W"(p, g), such that w(y, g) C K.

In the assumptions of Propositions 3.1 and 3.5, the point and invariant
compact sets are linked by true orbits. However, Proposition 3.6 deals with
the case that they are linked by pseudo-orbits which is more complicated. We
use the technics of [15, 32].

Proposition 3.6. Assume f, is a diffeomorphism in Diff' (M). For any neigh-
borhood U of fy in Diff'(M), there are a smaller neighborhood U’ of fy with
U C U and an integer T, with the following properties.

For any diffeomorphism f € U’', considering an invariant compact set K, a
positively invariant compact set X and a point z € X, suppose that the follow-
ing conditions are satisfied:

e all periodic orbits contained in K are hyperbolic,
e all periodic orbits contained in X with pertod less than T' are hyperbolic,

o for any e > 0, there is an e-pseudo-orbit contained in X connecting z to
K,

then for any neighborhood U of X \ K and for any v > 0, there is a diffeomor-
phism g € U, such that: glany = flanw and w(z,g) C K. Moreover, the C°
distance between g and f is smaller than .

Remark 3.7. (1) Proposition 3.5 is not a direct corollary of Proposition 3.6,
because we wish to keep the megative orbit of a point that accumulates to the
wmwvariant compact set unchanged after perturbation in Proposition 3.5.

(2) In Proposition 3.6, we can see that X N K # 0. Thus X \ K is not
a compact set and we have that U N K # 0, where U is the neighborhood of
X\ K.

(3) In the proof, we will show that the perturbation neighborhoods can be
chosen to have very small diameters, hence the C° distance between g and f
can be small.

The following sections in this chapter give the proofs of the above proposi-
tions.

3.2 Periodic orbits shadowing a periodic orbit
and a set: proof of Proposition 3.1

In this section, we give the proof of Proposition 3.1. We consider the periodic
point p and the invariant compact set K satisfying that p ¢ K and K contains
no non-hyperbolic periodic point. Recall that the point =z € W*"(p) satisfies
w(x) N K # () and the point y € W#(p) satisfies a(y) = K.
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Taking a smaller neighborhood if necessary, we can assume that the element
of U is of the form f o ¢ with ¢ € V, where V is a C! neighborhood of Id and
satisfies the property (F) in Definition 2.24. By Theorem 2.25, there is an
integer IV associated to the neighborhood . By the Lemma 2.27, there are
two numbers 6 > 1 and ry > 0 associated to U.

It is easy to see that we only need to prove the proposition for U, and Uk
small. More precisely, we assume that U, NUg = ) and (Orb™ (z) UOrb™ (y))N
Ux = 0. Moreover, by the hyperbolicity of periodic orbits in K, we assume
that there are no periodic points with period less than or equal to N contained
in U, K \ K.

To simplify the notation, we assume that p is a hyperbolic fixed point of f,
and the proof of the general case is similar. The only difference is that, in item
2 of the conclusion, the condition #(ONU,) € {{+mr,l+m7+1,--- I+
(m + 1)7 — 1} should be #(O NU,) =+ m. In the general case, the number
#(0O N U,) cannot be chosen arbitrarily, but we can make sure it is contained
in an interval whose length is the period of p.

Now we fix the neighborhoods ¢, U, and Uk, and the numbers N, 6 and
To-

3.2.1 The choice of njy, the point z; and the perturbation
domain at z;.

Recall that the point x € W"(p) satisfies w(x) N K # 0.

Lemma 3.8. There is a point z; € Ug \ K, such that:
e for any neighborhood V,, of z1, there is n > 1 such that f™(x) € V,,;
e 2 <y, K and Orb™(z) C Ug.

Proof. The proof is similar to that of Lemma 2.14. We take a smaller open
neighborhood V' of K such that V' C Ug. Since w(z) N K # 0, then for
any k > 1, there is ny > 1, such that f™(z) € B(K, ;). Take the smallest
integer my, such that the piece of orbit (f™*(z), f™(z),--- , f*(x)) is con-
tained in V. Taking a convergent subsequence if necessary, we assume that
the sequence { f™ (x)}x>1 converges to a point z; € V C Uy and the sequence
{f™(x)}x>1 converges to a point zo € K. Then we have that z; <y, 29,
and the pieces of orbit that connects the neighborhoods of z; and zy are
(fme(z), freti(z), - -, f"(x))g>1. Since zo € K, we have that z; <y, K.
By the choice of my, we have that f™1(z) € M\ V. Since M \ V is com-
pact, and f71(z1) is a limit point of the sequence { f™~!(z)}1>1, we have that
f~Yz1) € M\ V. By the invariance of K, we have that z; ¢ K and ng — my,
goes to +o0o. Since (f™(x), f+(x), -+, f™(x)) is contained in Uy and by
the fact that f™* (x) converges to z;, we have that Orb™(z;) C V C Ug. Thus

95



PhD Thesis of Peking University & Université Paris-Sud 11

the second item is satisfied. The first item is a trivial fact by the choice of
Z1- ]

By the assumption on Uk, we have that z; is not a periodic point with
period less than or equal to N. Also, since y € W#(p) and Orb™(21) C Uk,
we have z; ¢ Orb(y). Moreover, by the fact that a(y) = K, we know z; ¢
Orb(y). Then there are two neighborhoods V,, C U,, of z; satisfying the
conclusion of Theorem 2.25 for the triple (f,U, N), and also satisfying the
following conditions:

o U21 Uf(U21)U"'UfN(Uz1) - UK\K7
d (Uzl U f(Uzl) U---u fN<Uzl)) ﬂOI‘b(y) =0.

By Lemma 3.8, there is n; € N such that f™(x) € V,,. Moreover, since
a(y) = K, there is ny € N, such that, for any n > ng, we have f~"(y) € Uk.
Let ng = n1 + no.

3.2.2 The choices of points and perturbation domains in
K and to get h.

Take any integer Tx. By Lemma 3.8, we have that z; <y, K, that is to say,
there is a point 2z, € K such that z; <y, 22. Now we consider two cases,
depending on whether there is such a point 2z, that is not a periodic point with
period less than or equal to V.

The non-periodic case

Assume that there is a point z5 € K which is not a periodic point with period
less than or equal to N, and z; <y, 22. Then there are two neighborhoods
V., C U,, of z, satisfying the conclusion of Theorem 2.25 for the triple (f,U, N)
and also satisfying the following conditions:

e U,Uf(U,)U---UfNU,) C Ug;

o (U UF(U) U UfYN(U:)) N Uz U f(Us) U+ U fN(U,)) = 0;
o [M(2) ¢ U, U f(Us,)U---U fN(U,), for any —oo <n <ny;

o [(y) ¢ U, U f(U,)U---UfNU,), for any n < ny + Tk.

Then there is ng > ny + Tk, such that f~"3(y) € V,,. Since we have the fact
that 2; <y, 22, there is a piece of orbit (w, f(w),- -, f¥(w)) contained in Uk,
such that w € V;, and f*¥(w) € V,,. Moreover, since U,, N Orb(y) = ( and
w e V,, CU,, we have that w ¢ Orb(y).
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Perturbations to get h in the non-periodic case. Now we do the perturbations
step by step to get the conclusion.

Step 1. From the choice of points and neighborhoods above, we can see
that the point = has a positive iterate f™ (x) € V,, and the point f*(w) has
a negative iterate w € V,,. Then by Theorem 2.25, there is a diffeomorphism
f1 €U, such that f; coincides with f outside U,, U f(U,,)U---U f¥(U,,) and
f¥(w) is on the positive orbit of z under f;.

Step 2. For the diffeomorphism f;, the point x has a positive iterate
f¥(w) € V,,, and the point y has a negative iterate f~™(y) € V.,. Since f;
coincides with f outside U, U f(U,,)U---U fN(U,,) and (U,, U f(U,,)U---U
ANU NN (U, U FU,)U---UfN(U,,)) =0, then by Theorem 2.25, there is
a diffeomorphism h € U, such that y is on the positive orbit of x under h and
h coincides with f; outside U, U f(U,,) U ---U fN(U,,).

By the constructions above, h coincides with f outside (U,, U f(U,,) U
U fNUL)) U (UL, U F(UL,) U+ U fN(U,,)). Hence h coincides with f on
Orb(p) UOrb™ () UOrb* (y) and outside Ug. Moreover, #(Orb(x, h) NUy) >
ng —ng > Tk and #(Orb(z, h) \ (Ux UU,)) < ny 4+ ny < ny.

The periodic case

Assume that any point 2, € K satisfying z; <y, 22 is a periodic point with
period less than or equal to N. We take such a point ¢ € K. In this case,
we cannot use Theorem 2.25 at the point ¢ since its period is small but we
can do perturbations at the stable and unstable manifolds of ¢ since it is
hyperbolic. To simplify the proof, we assume that ¢ is a hyperbolic fixed point
of f, but the general case is identical. We take a neighborhood U, of ¢ such
that U, C Ux \ (U,, U f(U,) U---U fN(U,,)), and such that for any point
w satisfying Orb*(w) C U, (rep. Orb™ (w) C U,), we have w € W?(q) (resp.
w e W(g).

Since 21 <y, ¢, by a similar argument as in Lemma 3.8, we can get that,
there is a point 2’ € Uy, such that 2; <, 2/ and Orb*(z) C U,. By the choice
of U,, we have that 2/ € W*(q) and 2/ ¢ U,, U f(U,,) U---U f¥(U,,). Notice
that, since 2’ is not a periodic point, we have 2’ ¢ K = a(y).

Since g € a(y), there is y' € W*(q) NU,, such that for any neighborhood U
of ¥/, there is an integer n > 1, such that f~"(y) € U. (In fact, if a(y) = {q},
we can choose ¢’ to be a negative iterate of y. If {¢} S a(y), we can choose 3’
to be contained in a(y) N W*(q)).

By the A-Lemma, there are two neighborhoods W, and W, of 2’ and g’ re-
spectively such that, for any two smaller neighborhoods W, C W, and W, C
W, of 2/ and ' respectively, there are a piece of orbit (2, f(2), -, f1(2'))
contained in Uy, such that 2’ € V., fi(2) € f~*(W,), f'(z) ¢ Uy for any
ie{l,2,---,t} and t > Tk.

Now we construct the perturbation domains at the points 2’ and 3/ re-
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spectively. Recall that 8 > 1 and ry > 0 are the two constants obtained by
Lemma 2.27 associated to U and f.

Perturbation domain at ' We can take two neighborhoods V,, C U, of 2’
that satisfy the conclusions of Theorem 2.25 for the triple (f,U, N), and also
satisfy that

i Ua:’ C WJ}’?
o Uy U f(Ux) U+, UfN(Ux) C Uy
o f(x) ¢ Uy U f(Uy)U---UfN(U,y), for any —oo < n < ny;

e U,NOrb(y) =0 and ¢ ¢ U,.

Then, there is a piece of orbit (w’,---, f*(w')) contained in Ug, such that
w € V., and f*(w') € V. Moreover, w' ¢ Orb(y).

Perturbation domain at y We take a number ' < 7y small enough, such
that: if we take the neighborhood U, = f(B(f~(y'),0r")) of v/, then the
following properties are satisfied:

o Uy CWieoryy

o Uy U~ (Uy) € U\ ({g} UUw U F(U) U+ UFN (U));
e Uy [ (Uy) = 0;

o (2) ¢ Uy U 7 (Uy), for any —00 < n < mi:

o {w, o fHW)}N(Uy UFHUy)) = 0.

Then by the choice of U, and Uy/, there is a piece of orbit (2/, f ( )
f™(2")) contained in Uy, such that 2’ € V,, f™(2') € B(f~*(y/),'), f'(z ) ¢
Uy for any i € {1,2,--- ,n4} and ny > Tx. By the choice of ¢/, there is a
negative iterate f"5(y) of y contained in B(f~!(y),r’).

Perturbations to get h in the periodic case. From the above constructions,
we can see that the perturbation domains are pairwise disjoint and contained
in Uk, and the pieces of orbits that connects two perturbation domains are
pairwise disjoint and disjoint from the other perturbation domains. Then we
can do the perturbations step by step as in Case 1.

Step 1. By Lemma 2.27, there is f; € U, such that, f; coincides with f
outside f~'(Uy) and fy(f7(2')) = f"*(y). Since f(z) ¢ Uy U Uy,
for any —oo < n < ny, we have that f; coincides with f on {f"(2)}_cocn<n,-

Step 2. For the diffeomorphism f;, the point y has a negative iterate
2" € Vy, and the point w’ has a positive iterate f¥(w') € V. Then by
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Theorem 2.25, there is fy € U, such that f, coincides with f; outside U, U
fU)U---U fN(Uy), and w' is on the negative orbit of y under fo. f"(z) ¢
Up U f(Up)U---U fN(Uy), for any —oo < n < ny, we have that f; coincides
with f on {fn(x)}—w<n§n1'

Step 3. For the diffeomorphism f5, the point y has a negative iterate w’ in
V., and the point  has a positive iterate f™ (x) € V,,. By Theorem 2.25, there
is h € U, such that, h coincides with f, outside U, U f(U.,)U--- U fN(U.,)
and y on the positive orbit of x under h.

By the constructions above, the diffeomorphism h coincides with f outside
(U, Uf(U,)U--- UfN(UZ1)) U(Up Uf(Up)U--- UfN(Ux’)) Ufil(Uy’)' Hence
h coincides with f on Orb(p) UOrb™ () UOrb™ (y) and outside Ux. Moreover,
#(Orb(z,h) NUk) > ny > Tk and #(Orb(z, h) \ (Ux UU,)) < ny + ng < ny.

Remark 3.9. We point out that, in the construction, each of the perturbations
supports are pairwise disjoint with each other. Since U = f o)V, where V is
a C* neighborhood of Id and satisfies the property (F) in Definition 2.24, the
perturbations fi, fo and h are still contained in U.

3.2.3 The choice of | and the perturbation domains at x
and y, and to get h,,.

From the constructions in section 3.2.2, we get the diffeomorphism A that sat-
isfies the first item of Proposition 3.1. In this section, we do the perturbations
to get the diffeomorphism h,,.

Assume h'(z) = y. By replacing x and y to a negative or positive iteration,
we assume that x,y € U, and Orb™(z,h) U Orb™(y,h) C U,. Assume that
#({ 1" (x) h<n<tNU,) = my. We take a number r < ry small enough, such that,
if we take the neighborhood U, = h(B(h~!(z),0r)) of x and the neighborhood
U, = B(y, 0r) of y, then, the four sets U,, h~'(U,), U, and h(U,) are contained
in U, and pairwise disjoint from each other and disjoint with {A"(z) }1<n<;. By
the A\-Lemma, there is [ € N, such that, for any m > 1, there is a piece of
orbit (h(z),h?(2),-- -, h'oT™=1(2)) contained in U, such that h(z) € B(y,r),
hlotm=1(z) € B(h~(x),r) and hi(z) ¢ U, Uh~(U,) for any i = 2,3,--- 1o+
m — 2. Let [ = Iy + my.

By Lemma 2.27 and the disjointness of U,, f~(U,) and Uy, there is h,, €
U, such that, h,, coincides with h outside U, U f~*(U,), and h,,(y) = h*(2),
B (flotm=1(2)) = hlotm=1(y) = z. Hence h,, coincides with h on Orb(p)
and outside U,. Moreover, the point x is a periodic point of h,,, and putting
O = Orb(zx, hy,), we have that O \ U, = Orb(z,h) \ U,, and #(ONU,) =
lo+mo+m=1+m.

This finishes the proof of Proposition 3.1.

Remark 3.10. We point out here that, in the periodic case, we cannot do the
same perturbations at x' to connect f¥(w') to f(2') just as at the points y' to

29



PhD Thesis of Peking University & Université Paris-Sud 11

connect f™(2') and f~"5+(y). Because the piece of orbit (w',--- , f¥ (w')) that
connects the neighborhoods V,, and Vy of z1 and x' respectively may enter into
the neighborhood U, many times before f¥ (w'). Thus if we use the basic per-
turbation lemma to connect f¥ (w') to f(2'), the piece of orbit (w',--- , f¥(w'))
may be modified and it is not clear if the negative orbit of y can intersect V,,
after such perturbation. Thus we can not get a periodic orbit.

3.3 Connecting a set and a point by periodic
orbits: proof of Proposition 3.3

In this section, we prove Proposition 3.3.

Consider a diffeomorphism f that satisfies the properties stated in Theo-
rem 2.46, a chain-transitive set K of f, a point x € K satisfying x ¢ a(x)
(hence z is not a periodic point) and a C'-neighborhood U of f. By taking a
smaller neighborhood if necessary, we assume that the elements of U are of the
form f o ¢ with ¢ € V, such that V is a C'-neighborhood of I'd which satisfies
the property (F). For the C''-neighborhood U of f, there is an integer N given
by Theorem 2.25.

We fix the triple (f,U, N), and fix the three neighborhoods U, of x, U of
a(xz) and W of K from now on. We consider two cases.

e The non-periodic case: there is a point z € «(z) such that z is not a
periodic point of f with period less than or equal to N.

e The periodic case: any point contained in a(x) is a periodic point of
f with period less than or equal to N, which in particular implies that
a(x) is a finite set.

3.3.1 The non-periodic case.

We construct three perturbation neighborhoods at three points, and choose
segments of orbits that connect them one by one and then we use the con-
necting lemma to get a periodic orbit by perturbations. We point out here
that the perturbation neighborhoods are pairwise disjoint and the segments
of orbits are also pairwise disjoint. Moreover, any perturbation neighborhood
is disjoint with the segment of orbit that connects the two other perturbation
neighborhoods.

Choice of points and connecting orbits

The perturbation neighborhoods at x. We take two small neighborhoods V] C
V., C U, of x, such that the following properties are satisfied:

o (Ulo f((Vo)na(z) =0,
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* Uﬁio f1(Ve) W,
o V! C V, satisfy Theorem 2.25 for the triple (f,U, N).

The point y. Since all periodic points of f are hyperbolic, then there are only
finitely many periodic points with period less than or equal to V. Hence there
is a small neighborhood V' C U of a(x), such that

e VCWand Vi (UY, F(Va) =0,
e there is no periodic point with period less than or equal to N in V' \ K.

Since K is a chain transitive set and « € K, we have that z 4x «a(z). By
item 3 of Theorem 2.46, we have that x <y a(x). By Lemma 2.14, there is
a point y € V '\ a(z), such that z <y y <y «a(z), and Orb*(y) C V. Since
x ¢V, we have that y ¢ Orb™ (z). Moreover, there is an integer ng, such that,
for any i > ng, f~i(x) C V.

The perturbation neighborhoods at y, the connecting orbit from x to y and the
number L. By the choice the neighborhood V', the point y is not a periodic
point with period less than or equal to N. By the facts that y ¢ Orb™ () and
Orb*(y) C V, there are two small neighborhoods V, C V, of y, such that the
following properties are satisfied:

o ULy £(V;) € V, which implies that (U2, f1(V;)) N (UiLy f'(V2) = 0,
e Orb™ (2)N(UY, £1(V,)) = 0, which implies that (Y, f1(V,))Ne(z) = 0,
o V, CV, satisfy Theorem 2.25 for the triple (f,U, N).

Since z <w y, there is a piece of orbit segment {wy, f(wy),- -, f"(wy)} C
W, such that w; € V] and f™ (w;) € V,. By the choice of V,,, one can see that
wy ¢ Orb™ (z). Take L = ng +ny + N. Then we take an integer m € N.

The point z and the perturbation neighborhoods at z. Now take z € «a(x) such
that z is not a periodic point of f with period less than or equal to N. Since
a(z) is a chain transitive set and y <y a(z), by item 3 of Theorem 2.46, we
know that y <y 2. By the fact that 2z € a(z) and (UL, f/(V,)) Na(z) = 0, we
can take two neighborhoods V! C V, of z, such that the following properties
are satisfied:

o UY, fi(V.) € V, which implies that (Y, f/(V2)) N (UX, fi(Vz)) = 0,
o (UL, Fi(V))n (UL, (V) =0,
o {wy, f(wr), -, f*(w)} N (Uil F1(V2)) = 0,
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o foi(x) ¢ UY, fi(V2), for any 0 <i < ng +m,

o V! C V, satisfy Theorem 2.25 for the triple (f,U, N).

The connecting orbits from y to z and from z to x. Since y <y z, there is a
piece of orbit segment {ws, f(wa),- -+, f*2(wa)} C V, such that wy € V, and
f"?(wz) € V. By the choice of V,, we have that wy ¢ Orb™ (z). By the choice of
the neighborhood V', we have that {wa, f(ws),-- -, f*2(ws)} N (U, Fi(V2)) =
0.

Since z € a(z), there is ng, such that f~"3(z) € V. Since V,NOrb™ (z) = 0,
we have that {f"3(x), f~ % (z),--- ,z} N (UL, f/(V,)) = 0. Moreover, by
the choice of V., we have that ng > ng + m.

To sum up, we have obtained three pairwise disjoint perturbation neigh-
borhoods UN , fi(Va), UN, f1(V,) and UL, f(V.), and three pairwise disjoint
pieces of orbit segment {wq, f(wq), -+, f™(wq)}, {we, f(ws), -+, f"(we)}
and {f~"(z), f~™ ! (z), - -+, x} that connect the perturbation neighborhoods
one by one. And all these perturbation neighborhoods and pieces of orbit
segments are contained in the neighborhood W of K, and each perturbation
neighborhood is disjoint with the piece of orbit segment that connects the other
two perturbation neighborhoods. Moreover, we have that ng > ng +m > m.

The connecting process

Now, by Theorem 2.25, we will do perturbations of f in I/ on the three pairwise
disjoint neighborhoods Y, fi(Va), U, f1(V,) and UY, fi(V.). By Remarque
4.3 of [15] and the Property (F), one can get a diffeomorphism in ¢ with the
composition of the three perturbations.

The perturbation at x. The point f~"3(z) has a positive iterate x € V. and
the point f™ (w;) has a negative iterate w; € V. By Theorem 2.25, there is a
diffeomorphism f; € U, such that:

e f, coincides with f outside Uf\io JHUAE
e the point f™ (w;) is on the positive orbit of f~"#(x) under f;.

Moreover, the piece of orbit segment {f~"3(x), fi(f~"(x)), ---, f™(w1)}
under f; satisfies the following properties:

e it is contained in U?:So{f_i(m)} U (Uf\:ol fZ(V;c)) U U?:lo{fi(wl)}7

e it intersect V, and has at most ng+n; points outside V', where ng+n; <
L,
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e it contains the piece of orbit segment { f~"0(x), f~"0 " (x), -+, f707™(2)}
under f.

We take a point p € V, N {f7"(z), fi(f~™(x)),--- f"(wy)}, then the point
f™(wy) is on the positive orbit of p and f~"3(x) is on the negative orbit of p
under f.

The perturbation at y. By the above construction, f; coincides with f in
Uﬁ\;o f%(V,). Hence the piece of orbit {wy, f(ws), -+, f™2(ws)} is not modified.
Under the iterate of fi, the point p has a positive iterate f™(w;) € V, and
the point f"2(ws) has a negative iterate w, € V,. By Theorem 2.25, there is
f2 € U, such that:

e f5 coincides with f; outside Uz']io 1(V,), hence f, coincides with f outside
(U F1(V2)) U (UL 1 (V)

e f"2(ws) is on the positive iterate of p under fo, and f~"3(z) is on the
negative of p under fs,

e the piece of orbit Segment {f—ng(x% f2(f_n3($)>v iy, Dy f2(p)7 )
f™?(wy)} under f; has at most L = ng + ny + N points outside V/,

e the piece of orbit segment {f~"(z), f~™ Y(z), .-+, f~™ ™ (z)} under
f is contained in the piece of orbit segment {f~"3(z), fo(f ™ (x)), - - -,
p, fa(p), -+, f"(wq)} under fo.

The perturbation at z. By the above constructions, f, coincides with f in
Uﬁ\io fH(V.), and, under the iterate of f;, the point p has a positive iterate
[ (wy) € V! and a negative iterate f~"3(x) € V. By Theorem 2.25, there is
g € U, such that:

e ¢ coincides with f5 outside UiJ\LO f4(V2), hence g coincides with f outside
(Uio F(Va) U (U £/V) U (Ui £(V2)),

e the point p € U, is a periodic point of g,

e the piece of orbit segment {f~™(z), f~"0~1(x), -, f7""™(x)} under f
is contained in Orb(p, ¢), hence Orb(p, ¢g) has at least m points contained
inV cU,

e Orb(p, g) has at most L = nyg + n; + N points outside V' C U.

This finishes the proof of Proposition 3.3 in the non-periodic case.
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3.3.2 The periodic case.

In this case, any point contained in «(z) is a periodic point with period less
than or equal to N. By the assumption that all periodic point of f is hyper-
bolic, we have that «(z) is a finite set. Since a(z) is chain transitive, this gives
the following claim.

Claim 3.11. In this case, a(x) is a hyperbolic periodic orbit Orb(q), and
x € W*(Orb(q)).

Choice of points and connecting orbits

By Claim 3.11, we have that x € W*(Orb(q)) \ {¢q} for a hyperbolic periodic
point ¢. To simplify the notations, we just assume that ¢ is a hyperbolic fixed
point of f, but the general case is identical. Now U is a neighborhood of

{¢} = a(x).

The perturbation neighborhoods at x.  We take two small neighborhoods V] C
V., C U, of x, such that the following properties are satisfied:

o ¢ ¢ UL f((Va),
b UZ]\;() fz(vx) cw,

e V! C V, satisfy Theorem 2.25 for the triple (f,U, N).

The neighborhood V' and the point y. By the hyperbolicity of the fixed point
q, there is a neighborhood V' of ¢, such that, if the positive orbit of a point
is contained in V, then this point is in W?*(q). Moreover, we can assume V
is small such that V N (UY, fi(Vz)) = @ and V C U. By the assumption, we
have that x -k ¢, hence by item 3 of Theorem 2.46, we have that x <y q.
By Lemma 2.14, there is a point y € V \ ¢, such that = <y y <y ¢, and
Orb*(y) C V. Then we can see that y € W?(q). Moreover, since ¢ V, we

have that y ¢ Orb™ ().

The perturbation neighborhoods at y, the connecting orbit from x to y and the
number L. We take two neighborhoods V) C V, of y, such that the followings
are satisfied:

o UY, fi(V,) € V\ Orb™(z), which implies that:
(UX, £V n (U f1(Va)) = 0,

o fily) ¢ UX, f1(V,), for any j > N +1,

o V, CV, satisfy Theorem 2.25 for the triple (f,U, N).
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Since x <w y, there is a piece of orbit segment {wy, f(wy),- -, f"(wy)} C
W, such that w; € V] and f™(w;) € V,. Since x € W"(p), there is an integer
no, such that f~%(z) € V for any i > ng. By the fact that Orb*(fV*1(y)) U
Orb™(f™(x)) ¢ V, and V N (U, f(V,)) = 0, we can see that the piece
of orbit segment {wy, f(wy),- -+, f™(w;)} is disjoint with Orb™(fN*1(y)) U
Orb™ (f~"(x)). Take L = ng +mn; + N.

The connecting process: to get a transverse homoclinic point

Now we do the perturbations by Theorem 2.25 and get a homoclinic point of
q contained in U,.

The perturbation at x. The point f~"°(z) has a positive iterate x € V. and
the point f™ (w;) has a negative iterate w; € V. By Theorem 2.25, there is a
diffeomorphism f; € U, such that:

e fi coincides with f outside [\, f*(Va),
e f™(w) is on the positive orbit of f~"°(x) under f,

Then there is a point z € V, such that f™(w;) is on the positive orbit
of z under f; and f~"°(z) is on the negative orbit of z under f;. Assume
that f"'(wy) = f"™(2) and f~"(x) = f; ™ (z), we have that m; + my <
ny + ng + N = L. Moreover, the negative orbit of f~"°(x) under f is still the
negative orbit of f~"0(z) under fi, hence z € W*(q, f1). Also, by the fact that

UY, (V) € V\ Orb (), one can see (UY, £(V;)) N Orb (2, 1) = 0.

The perturbation at y. By the above construction, f; coincides with f in
Uﬁio f4(V,), and, under the iterate of fi, the point z has a positive iterate
7"(p) = f™(w1) € V, and the point f¥*!(y) has a negative iterate y € V.
By Theorem 2.25, there is f € U, such that:

e f, coincides with f; outside Uij\io 1(V,), hence f5 coincides with f outside

(Uio F(Va) U (UL F1(V)),

e the point f¥*1(y) is on the positive iterate of z under f,.

By the fact that (UY, f(V,)) N Orb™(f¥+1(y), f) = 0, we can see that
the positive orbit of fN*1(y) under f is still the positive orbit of fN*1(y)
under f,. Hence z € W*(q, fo). Since (U, f(V,)) N Orb~(z, fi) = 0, we
have that Orb™(z, fi) = Orb™ (z, f2), hence z € W*"(q, f2). Then the point
z € W*(q, fo) NW*¥(q, f2) is a homoclinic point of the hyperbolic fixed point g
of f.

By perturbing f, to a diffeomorphism ¢ € U with an arbitrarily C* small
perturbation, we can assume that z is a transverse homoclinic point of the
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hyperbolic fixed point ¢ of g. Moreover, the orbit of z under g is the same
as that of fa, hence the number of points of Orb(z,g) \ V is no more than
my + mg, hence no more than L.

Periodic orbits shadowing the orbit of a homoclinic point: end of
the proof

Now we have obtained a diffeomorphism g € U, a hyperbolic fixed point ¢ and
a transverse homoclinic point z € W*(q,g) th W¥(q, g) whose orbit under g
has at most L points outside V. Then the set Orb(z, g) U {q} is a hyperbolic
set. By a standard argument with the A-lemma and the Smale’s homoclinic
theorem, for any integer m € N, there is a periodic point p € V,, of ¢, such that
Orb(p, g) has at most L points outside V' and has at least m points inside V.
The proof of Proposition 3.3 in the periodic case is finished by the fact that
VcU.

The proof of Proposition 3.3 is completed.

3.4 Asymptotic approximation for true orbits:
proof of Proposition 3.5

In this section, we give the proof of Proposition 3.5. In fact, the proof is almost
the same as the proof of Proposition 10 in [32]. Recall that K is an invariant
compact set and a(x) C K. We consider the hyperbolic periodic point p ¢ K
with W(p) N K # (). We assume that for any point y € W¥(p, f), we have
w(y) \ K # 0, otherwise there is nothing needed to prove. Also we assume
that x ¢ K because the other case can be obtained directly if the proposition
is true under the assumption = ¢ K. We take two steps to get our purpose:

e we choose a sequence of non-periodic points (2, ),>0, such that:

20 <2 < <K, zp € W¥(p) and 2, ¢ Orb™ (z), for any n > 0,

e then we perturb at every z, to connect all the points together and avoid
Orb™(x).

In order to prove Proposition 3.5, we take a decreasing sequence of C'-
neighborhoods (U,,) of f that satisfies the following properties:

o Uy C U,

e the element of U, is of the form f o ¢ with ¢ € V,, where (V,) is a
decreasing sequence of C! neighborhoods of Id that satisfy the property
(F) in Definition 2.24, and N, V,, = {Id}.
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Then we have that N, U, = {f}. Theorem 2.25 associates to each pair (f,Uy)
a number N,.

Recall that a(x) C K and we have assumed that x ¢ K. We need the
following three lemmas for the proof of Proposition 3.5.

Lemma 3.12. For any neighborhood W of K, there is a point z € (W N

Wu(p)) \ K, such that, z <w K and Orb™(2) C W. Moreover, z ¢ Orb™(z).

Proof. The proof is similar to the proof of Lemma 3.8. We assume W is a small
neighborhood of K such that x ¢ W and p ¢ W. Take an open neighborhood
V C W of K, such that V C W. Since W¢(p) N K # 0, for any k > 1, there is
a point 7, € W(p) and a positive integer n(k), such that f"®(z;) € B(K, 1).
For k large, the set B(K, %) is contained in V. We consider the smallest integer
m(k) such that the piece of orbit (f™®)(z),---, f*®)(x;)) is contained in V.
By the assumption that w(zg) \ K # 0 for any k& > 1, we can see that both
m(k) and n(k) — m(k) go to infinity as k goes to infinity.

By taking convergent subsequence if necessary, assume that the sequence
{f™®)(24)} converges to a point z € V, and {f"®(z;)} converges to a point
2z € K. It can be obtained directly that z € W¥(p). By a similar argument
as in the proof of Lemma 3.8, we can obtain the fact that z ¢ K, and z <y
2. Then we have z <y K since 2/ € K. Since fm®)(x,), -, fr®(x) is
contained in V and n(k) — m(k) go to infinity, we have that Orb*(z) C W.

Then by the assumption x ¢ W, we have z ¢ Orb™(x). Hence z ¢ Orb™ (1)
because Orb™ (z) C Orb™ (z) U K. O

Lemma 3.13. There are a point y € W"(p), a sequence of points (z)k>1,
three sequences of neighborhoods (Ug)k>1, (Vi)k>1, (Wk)r>o0 and a sequence of
finite segment of orbits Yy, = (yr, f(yr); -+ > F™ %) (yx))xs0, such that:

1. Wk+1 C Wi and "W, = K;

2. Theorem 2.25 can be applied to z, € Vi, C Uy for the triple (f, Uk, Ni),
and fr(Uy) C Wi \ Wist for all 0 < n < Ny;

3. U,NOrb™(z) =0, for any k > 1;
4. 2k <w, 21 and zp <w, K, for any k> 1;

5. the points f™®)(y.) and yr1 are contained in Vi, for all k > 0 where
yo =1y, and Orb™ (y) N Wy = 0);

6. Vi C Wi\ Wisa for allk >0 and Y, N Orb™ (z) = 0, for all k > 0;

Proof. We build all the sequences by induction. Set Wy = M. We first choose
W17 21, ‘/17 Ul and YO
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Since all periodic orbits in K are hyperbolic, there is a neighborhood W,
of K, such that there is no periodic points with period less than or equal to Ny
contained in W; \ K. Also we can assume that p ¢ W;. By Lemma 3.12, there

is zy € Wi \ K, such that z; <w, K, z1 ¢ Orb™ (z), and 2, € W*(p). By the
choice of W; and by the fact z; € W7\ K, there is a neighborhood U; of 21, that
is disjoint from its /V; first iterates and f(U;) C Wy \ K for any 0 < n < Nj.
Moreover, because z; ¢ Orb™ (), we can assume U; N (Orb™ (2) UK) = ). By
Theorem 2.25, there is V; C U; associated to (f,U;, N7). Then there are a
point y € W*(p) \ W} and a positive integer m(0), such that f™©(y) € V;.
Moreover, by considering a negative iterate of y if necessary, we can assume
that Orb™(y) N Wy = 0. We take yo = y and Yy = (v, f(v), -, f™O(y)). To
sum up, we have obtained W7y, z, Vi, U; and Y.

Now we construct the sequences by induction on k. After Wy, 2z, Vi, Ug
and Yj_; have been built, there is Wy, C W} such that

e there is no periodic point with period less than or equal to Ny, contained

in Wiy \ K;

o [M(Upy) NWiyy =0, forall 1 <n < N
o Wit NYyy =0;
e Wi, is contained in B(K, %)

By Lemma 2.14, there is 2p41 € Wiy \ K, such that 2, <w, ze41 <w,, K
and Orb™ (2;11) C Wiy, Since Orb™ (211) C Wiyt and o € Wy, we have
that zx11 ¢ Orb™ (z). Moreover, by the fact that zz; ¢ K and a(x) C K,
we have that zx.; ¢ Orb™(x). By Theorem 2.25, there are neighborhoods
Vi1 C Ugyq of zgy1 associated to (f,Ugs1, Nkt1), such that:

« Ui N (Orb~(z) UK) = 0,

o ["(Upy1) C Wiy for all 0 <mn < Niyq.

Then thereis Yy, = (v, f(yx), -+, f™® (yr)), such that y;, € Vi and fm*®)(y,,) €
Vig1. Since U, N Orb™(z) = @, we have that y;, ¢ Orb™(z), and hence Y} is
disjoint from Orb™ (x).

Then we finish the proof of Lemma 3.13. O]

Remark 3.14. We point out here that, in Lemma 3.13, there is an open set
V' containing Orb™ (z), such that VN U, = 0 for all k > 1. In fact, since
x & K, for any integer n € N, there is ny, such that f~"(x) ¢ W,,. By the
fact that Uy, C Wy and Uy N Orb™ (z) = 0, for any n > 0, there is an open
neighborhood B, of f~™(z), such that B, N Uy = 0 for any k > 1. Then we
take V =, >0 Bn-
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Now we fix the point y € W*(p), the open set V' and the sequences (zg)x>1,
(Ur)k>1, (Vi)k>1, (Wi)k>o and (Y)k>o0 as in Lemma 3.13. We have the following
lemma.

Lemma 3.15. There are a sequence of perturbations (gi)x>0 of f and a strictly
increasing sequence of integers (ng)r>o, such that,

1. go=f and ng = 0;

2. there is Qbk < Vk, such that ¢k|M\(UkU~~Uka71(Uk)) = [d|M\(UkU"~Uka71(Uk))
and 9k = Jk—1© ¢k7 fO?" k > 17'

3. foranyl={0,1,---  k—=1}, the piece of orbit (g;' (), g (v), -+, 95" (1))
is contained in Wy \ Wi,s.

Proof. We build inductively the sequences (g;) and (ng) and another sequence
of integers (my)r>o which satisfy the conclusions and also the following prop-
erties:

o my > ny and ¢, " (y) € Vita;

e the piece of orbit (g% (y), g/* T (y), - - -, g* (y)) is contained in Wj,\ Wy

First, we take g0 = f and ng = 0. By Lemma 3.13, there is mq > 0,
such that g3 (y) € Vi and the piece of orbit (y = ¢5°(v), 90(y), -+ , g5 (y)) is
contained in Wy \ Wa.

Now assume that g, nx and my; have been built, we explain how to get
G415 Mg and my4q.

The forward orbit of g;*(y) has a positive iterate g, *(y) € Vii1, and the
backward orbit of f™**1(y,, ) has a negative iterate ys; € Viy1. Moreover,
these segments of orbit are contained in Wy \ Wjy.y3. Since g coincides with
f on the set Upyy U f(Upyr) U+ - U fV+1(Ugyq), one can apply Theorem 2.25
to (gr, Ur+1, Vi1, Ukr1) and get a diffeomorphism gy,1. The new diffeomor-
phism gjyq is of the form g o ¢py1, where ¢k+1|M\(Uk+1UmeNk+l71(Uk+1)) =
Id’M\(UkHu...qukH*1(Uk+1)) and f o ¢py1 € Uy, thus ¢py1 € Vi

Since ngrl’M\(Uk+lu"'Uka+1_I(UkJrl)) - gk|M\(Uk+1U"'Uka+1_I(Uk+1))’ the piece
of orbit (v, gx(v),-- -, 95" (y)) under g coincides with the one (y, gr+1(y), - -,
9r51(y)). By the new diffeomorphism g1, the forward orbit of g;%, (y) has an
iterate f™*+1)(y,, 1) under g, contained in V) 5. That is to say, there is an
integer my41 > ny, such that fm* ) (y., 1) = ¢;"*7" (y). Moreover, there exists
an integer nyyq with ng < ngy; < mgy1, such that:

~ the piece of orbit (g;%,(y), -+, geit'(y)) is contained in the union of
{g:%(y), -, g (y) } and Ugy1U- - -U fN+171(U; 1), hence it is contained

in Wi, \ Wia,
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— the piece of orbit (g4 (y), -+, gpsi (y)) is contained in the union of

U1 U -+ U fN0 7Y (Upy) and {yp, - S5 (yer1)}, hence it is
contained in W1 \ Wyys.

Then the conclusions are satisfied for k41. This ends the proof of Lemma 3.15.
O

End of the proof of Proposition 3.5. Since the supports U;U- - -U fVi=1(U;) and
U;U- - -UfNi=1(U;) of the perturbations ¢; and ¢; are disjoint for any i # j, and
(V,) satisfy the property (F), then the sequence g = fo¢0---0¢; converges
to a diffeomorphism g € Uy C U. By the constructions, g coincides with f o ¢y
in the set Uy U--- U fN1(U,) and with f elsewhere. We take V to be the
neighborhood of Orb™(z) in Remark 3.14, then it holds that g coincides with
f on the set Orb(p) U KUV UOrb™ (y) and w(y,g) C K. Since Orb™ (z) C V,
we have that Dg coincides with D f on Orb™ (z). Moreover, since g is the limit
of the sequence (gi), by Lemma 3.15, for any n > ng, ¢"(y) € Wy. Then we
have that w(y, g) C K. This finishes the proof of Proposition 3.5. m

3.5 Asymptotic approximation for pseudo-orbits:
proof of Proposition 3.6

To prove Proposition 3.6, we use the techniques of [15, 32| to get true orbits by
perturbing a pseudo-orbit. Similarly to the proof of Proposition 3.5, we have
to perturb infinitely many times in a special neighborhood to keep some part
of the initial dynamic unchanged. The proof refers a lot to [15] and Section
3.2 of [35].

We take several steps. First, we choose an open set that covers all positive
orbits of X that are not on the local stable manifold of periodic orbits with
small periods. Actually, we choose a special topological tower for X. Sec-
ond, we construct a sequence of disjoint perturbation domains containing in
their interior the special topological tower. Then, we choose an infinitely long
pseudo-orbit in X that goes from z to K, has jumps only in the perturba-
tion domains and accumulates to K in the future. Finally, we perturb in the
perturbation domains to construct a true orbit which goes from z to K and
accumulates to K in the future.

We take a C' neighborhood U, of the diffeomorphism f, with U, C U,
such that, the element of Uy is of the form f o ¢ with ¢ € V), where V, is a
C'-neighborhood of Id that satisfies the property (F) in Definition 2.24. Then
there is a smaller C! neighborhood U’ C U of f; and an integer N, associated
to (fo,Uy) by Theorem 2.26. Take the integer T'= 10k4d Ny where the integer
kq > 1 is the number given by Lemma 2.36.
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From now on, we fix the C! neighborhoods U’ C U, of f, and the integer
T. Consider a diffeomorphism f € U’, an invariant compact set K, a positive
invariant compact set X and a point z, satisfying the following properties:

— all periodic points contained in K are hyperbolic,

— all periodic points contained in X with period less than or equal to T'
are hyperbolic,

— for any € > 0, there is an e-pseudo-orbit contained in X that connects
from z to K.

Also we fix a neighborhood U of X \ K.

We take a decreasing sequence of C'-neighborhoods (U}, ),>1 of f such that,
Uy C Uy, and NU, = {f}. Moreover, the element of U, is of the form f o ¢
with ¢ € V,, where (V,) is a decreasing sequence of C!' neighborhoods of Id
that satisfy the property (F) in Definition 2.24. For any k > 1, Theorem 2.25
associates to each pair (f,U}) an integer Ni. We can assume that (Ny)g>o is
an increasing sequence. We assume also that z ¢ K, otherwise, there is noting
to prove. For an integer N, denote by Pery(f) the set of periodic points of f
whose period is no more than N. Fix a small number v > 0 (to determine the
CY distance between the new created diffeomorphism and f).

3.5.1 Choice of topological towers

In this section, we construct a family of special topological towers for the set
X with the properties stated in Lemma 3.16.

Lemma 3.16. For any d > 0, for any decreasing sequence of positive constants
(Vn)n>0, and for any increasing sequence of integers (Ly)g>o where Ly = 10d Ny,
there are a decreasing sequence of neighborhoods (Ug)k>0 of K, a sequence of
open sets (Wy)g>0, and a sequence of compact sets (Dy)g>0, such that, putting
X = X N (Ug \ Ugy1) for all k > 0, the following properties are satisfied.

o Uy=M, 2 ¢ U, andﬂkZOUk =K,
e Forany k >0,
1. there is no periodic orbit with period less than k2Lyy1 contained in
Uk \ K,
2. fi(Ups1) C Uy, for all —4k%3Lg <1 < 4K2L410,

3. the Ly sets Wy, f(Wy),- -, fi*Y(Wy) are pairwise disjoint, con-
tained in U \ K, and also contained in Uy_1 \ Uyyo, where we put
U,=Uy=M,

4 fiUp)N(Wo U -+~ UWy) =0, for any —4k2 Lo <1 < 4K%3 L5 2,
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5. foranyl <k, any 0 < i < L; and any 0 < 57 < Ly, we have that
frwy) 0 f1 (W) =0,

6. the set Dy is contained in Wy, satisfying that, any point in X \
(UpEPerLO(f) W3 (p)) has a positive iterate in Int(Dy), and for k > 1,
any point in Xy has a positive iterate in Int(Dy U Dy_1),

7. the diameter of every connected component of Wy is smaller than
V-

Remark 3.17. The set WyU- - -UWj can be seen as a special topological tower
for XoU---U Xy, from the items 3, 5, and 6.

Proof. We build inductively the sequences (Uy)i>0, (Wi)k>0 and (Dg)g>o from
a sequence of open sets (W} )r>0 and a sequence of compact sets (Dj,)x>0, which
satisfy the following additional properties: for any k > 0,

o 1'. the set Wy, is contained in a small neighborhood of W, and W, C Wi,

o 2. the sets W[, f(W]),---, fo=Y(W]) are pairwise disjoint, contained
in U\ K, and also contained in Uy_y \ Ugio, (notice that U_y = M),

o 3. forall —4k3 Ly o < i < 4K%Lgyo, we have f/(Up o)) (WU ---UW]) =
0,

o 4. foranyl < k, any 0 < i < L; and any 0 < j < Ly, we have
fiWwy) n fi(Wy) =0,

e 5. Dy=(D,UDj,,

) N Wy, where Dy € Wy and D, C W, UW,,,
o 6. any point in Xo\ (U,eper, (1) W5 (p)) has a positive iterate in Int(Dy)
0
and any point in Xy has a positive iterate contained in Int(Dy) for any
k>1,

o 7'.the diameter of every connected component of W is smaller than 4.
Put U_; = Uy = M. We construct inductively the sets Uyy1, W[, D}, Wi_1
and Dk—l'

The sets U, W{, and D|: the case where £ = 0. By the assumption of
hyperbolicity of periodic orbits in K, we can take a neighborhood U; C B(K, 1)
of K such that z ¢ U; and there is no periodic orbit with periodic less than
k2Ly in U; \ K. Notice that Uy = M. The properties 1 and 2 are satisfied.
Recall that X contains no non-hyperbolic periodic orbit with period less
than T, where T' = 10k4dNy = kqLo. Hence X, contains no non-hyperbolic
periodic orbit with period less than x;Ly. By Lemma 2.36, there are an open
set W, C U whose closure W is a compact d-dimensional sub-manifold with
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boundary and a compact set D}, C W, such that W} is disjoint from its
L iterates, which is the first property of item 2. Moreover, any point in
Xo\ (U,e Persy (f) W§(p)) has a positive iterate contained in Int(Dj) and hence

the item 6’ is satisfied. By the item 4 of Lemma 2.36, the set W is contained in
a small neighborhood of XoU f(Xo)U- - -U frelo(X,). Moreover, we can choose
W such that the diameter of every connected component of W is smaller than
%, which is the item 7. Hence we can assume that Uf:‘)o iV c U\ K,
since X is positively invariant. To make the sequences complete, we could put
D', =D_; =W_; =0. Notice that, we do not need to check other items for

the case k£ = 0.

The sets Uyi2, Wiy, Diyy, Wi and Dy.  Assume Ujyq, Wi, Dj, W;_ and
D;_; have been constructed for any 0 < j < k. Now we build the sets Ujo,
W];Jrl, D;chl? Wk and Dk

We take a neighborhood U9 C Uiy N B(K, k+r2) of K, such that:

e there is no periodic orbit with periodic less than H?lLk+2 in Ugyo \ K,
which is the property 1,

o [(Uita) C Upyy, for all —4k2Ly,0 < i < 4k%2Ly o, which is the prop-
erty 2,

o W/ N fi(Upz) = 0 for all —4k2L; 5 < i < 4K%Lyyo, which implies the
item 3’ and the last property of item 2’.

Consider the compact set Xy11 = X N Ugyq \ Ukso. Notice that Xy, con-
tains no periodic orbit of period less than or equal to k3L 1. By Lemma 2.36,
there is an open set V},; whose closure m is a compact d-dimensional sub-
manifold with boundary such that any point in X, has a positive iterate
contained in V}, ;. Moreover, the set m is disjoint from its first k;Lg4 first

- 12 ,

iterates and V/, ; is contained in a small neighborhood of Uiigk“ [ (Xks1). By
taking this neighborhood small, we can assume that V}, , satisfies the following
properties:

e Since f/(Uy11) C Uy for any —4k2 L1 < i < 4k5Lgy1, and Xgyq C Upyt,
we have that f'(V/, ;) C Uy, for any —2k3L541 <@ < 265L511.

e Since fH{(Up1)N(WoU---UWy_y) = 0 for any —4k3 L1 < i < 4650541,
we have that f'(V/ ;)N (WoU---UW;1UK) =0 for any —2k3Lj11 <
) S 2H§Lk+1.

Moreover, we can choose V; ; such that the diameter of all its connected
components is small enough, such that all the i** iterates of every connected

component of V//_; is of diameter smaller than 7’“3* L for any 0 <7 < kgLlgyq-
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Recall that W, and V/ 41 are two compact d-dimensional sub-manifolds

with boundary and V/,, is disjoint from its first kyLpy1 first iterates. By
Lemma 2.34, considering W/ and m as W’ and V', and considering the
integer L1 as the integer T, there is an open set Sy = W} U Vi, satisfying
the following properties:

e W, and Vi1 are two compact d-dimensional sub-manifolds with bound-
ary.

° WkUVk+1CU\K.

o W is a small neighborhood of W}, and hence W, is disjoint with its
first Ly iterates. Moreover, the properties 2/, 3/, 4’ of W, implies the
properties of 3, 4, 5 of W. The property 1’ is automatically satisfied.

o Vi, C UfioLkH F7(Sk),
o WiN fi(Vipr) =0 forall i = 0,41, +Lp,q,

e Vi1 is contained in a small neighborhood of V/,, U f(V{,;) U--- U
frakes (V] 1) and disjoint from its Ly, iterates. Thus we can assume
that K N Viy1 = 0, and for all —kgLpi1 < i < kqlpi1, we have
F Vi) N (Wo U -+ UWiy) = 0 and f/(Viia)) C Uy

Moreover, by the assumption of the diameter of every connected component of
Wy and V)., ,, we can take W}, and V;; such that every connected component
of Wy is of diameter less than ~; and every connected component of V. is of
diameter less than 77’“ Then the item 7 is satisfied.

By the fact that any point in Xj;,; has a positive iterate contained in
Vi, and Vi, C s+t f=i(Vi41), one can sce that any point in X has
a positive iterate contained in S,. By the compactness of Xj,q, there is a
compact set D), C Sk, such that all such iterates are contained in Int(Dj,_ ).
Put W, = Viq1 and D, = (D, U Dy ) N W,. Then we have D)., C S =
Wi, UW/ ;. From the construction of Vj;;, we can see that W), and Dj_,
satisfy the properties 6, 2/,3",4", 5,6/, 7.

This finishes the construction of the sets Uyio, Wi, , D). W) and Dy,

Notice that (50 Ur = K and z ¢ U, are obviously satisfied by the choice
of Uy. This finishes the proof of Lemma 3.16. O]

3.5.2 Construction of perturbation domains

We take L, = 10dN, for all £k > 0, and take a small number § > 0, such
that for any two different hyperbolic periodic points ¢, g2 € Pery,(f)NX, we
have W' (q1) N W¢2(q2) = 0, where o; € {u, s}. By Lemma 3.16, we get the
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sequences (Ug)r>0, (Wi )r>0 and (Dy)r>0. We still denote Xy = XN (U \ Ug11)
for all £ > 0.

Now we build the perturbation domains for the family (Xj). The techniques
are mainly from Section 4.1 and 4.2 of [15]. First, we build the perturbation
domains that covers the points which are not on the local stable manifolds of
periodic orbits with period less than or equal to Ny. The proof is essentially
due to Corollaire 4.1 of [15]. They deal with a family of perturbation domains
with the same order, thus the union forms a perturbation domain. Here we
have a sequence of perturbation domains with different orders, however, the
construction of each perturbation domain can be separated.

Lemma 3.18. There is a perturbation domain By of order Ny for (f,Uy) for
each k >0, such that the sequence (By)i>o satisfies the following properties.

1. The supports of the perturbations domains By are pairwise disjoint, con-
tained in U, and also contained in Uy_q \ Uyyo.

2. Any point OfXO\(UpePerNo(f) W$(p)) has a positive iterate in the interior
of one tile of the perturbation domain By and any point of X; has a
positive iterate in the interior of one tile of the perturbation domain

Bk—l U Bk fOT k Z 1.

In consequence, for any k > 0, there is a finite family of tiles Cy associated
to By, and a family of compact sets Dy contained in the interior of tiles of Cy,
such that:

e cach tile of Cy, contains exactly one element of Dy, for all k > 0 and each
element of Dy, is contained in a tile of Cy,

e any point of Xo\(U,cpery (1) Ws (P)) has a positive iterate in the interior
0
of one element of Dy and any point of X has a positive iterate in the
interior of one element of Dy_1 U Dy, for k > 1.

Moreover, the diameter of any connected component of By is smaller than ~.

Proof. Consider the sequence of open sets (Wj)r>o and the sequence of com-
pact sets (Dg)r>o obtained by Lemma 3.16. Moreover, by the item 7 of
Lemma 3.16, the diameters of components of each W, can be chosen small
enough such that all their first L iterates are contained in a perturbation
domain of order Ly by Theorem 2.32.

Assume W is a component of Wy, and put D = D,NW. By assumption, W
is contained in a chart of perturbation ¢ : W — R We can tile W with tiles
of proper size such that any cube that intersects p(D) is contained in @(W).
We do the same thing for all other components of Wj that has non-empty
intersection with D and we get a finite family Py of perturbation domains,
each of them being an open set, pairwise disjoint, contained in Wj, and the
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union of their closure contains Dy in its interior. Denote ®, the family of
perturbation charts in the construction of Py.

Repeat the construction for f2Ne(Wy) and f2Ne(Dy,), i € {1,---,5d — 1},
and we get the families P; of perturbation domains contained in f2%x(1},),
pairwise disjoint and the union of their closure contains f%~t(D,) in its inte-
rior. Denote ®; the family of perturbation charts corresponding to P;. Con-
sider the family f~2™¢(P;) contained in Wj. The union of the closure of all
cubes of f~%Nk(P;) contains Dy, in its interior. By a C'!' small perturbation of
®;, we can suppose that a point in D, can only be contained on the boundary
of at most d different cubes of all cubes contained in 2" f~2Nk(P;) 1. Since
there are at least 5d families of cubes, we get that any point of Dy, is contained
in the interior of at least 4d families of such cubes.

We replace every cube in R? by another one with the same center and
homothetic with rate p < 1 close to 1. Then we get the families P;, of
perturbation domains whose closures are pairwise disjoint. If we choose p
close enough to 1, then any point of Dy is still contained in the interior of a
cube of at least 4d families of (f~2**(P; ,))o<k<sa—1. By the compactness of
Dy, for each i, there is a finite family T'; of tiles of the domains f~*(P; ),
such that the union ¥; of the tiles of I'; satisfies: any point of Dy is contained
in the interior of at least 4d compact (f~2*(%;))o<k<5d_1-

By another C' small perturbation of ®;, we can suppose that any point
of Dy is contained on the boundary of the tiles of at most d families of
(f~2N%(T;))o<k<sd—1- Any point is contained in at least 4d families of tiles,
hence any point is contained in the interior of at least one of these tiles. De-
fine By and Cj, to be the union of the families P; , and the union of the families
I'; respectively.

Then the compact set Dy, is covered by the interior of the tiles of the family
f72Nk(T;). We can take all the components of the intersection of f*N+ (D))
and the elements of the family I';, and this is the family Dy.

Finally, by the assumption that L, = 10dN, and the choice of W} in
Lemma 3.16, the supports of perturbation domains (By)r>o are pairwise dis-
joint and are contained in U. Moreover, the support of the perturbation do-
main By, is also contained in Uj,_; \m This finishes the proof of Lemma 3.18.

O

We also have to construct perturbation domains that cover the stable and
unstable manifolds of periodic orbits contained in Xy N Pery,(f). By the
assumption of hyperbolicity of periodic orbits, Xy N Pery,(f) is a finite set.
By Proposition 4.2 in [15], we can construct in the following way.

Lemma 3.19 (Proposition 4.2 of [15]). For any periodic orbit Q@ C X N
Pery,(f), any neighborhood V' of Q, there are a neighborhood W of Q, two

'In [15], they call the sets of U%;* f=2"Nx(P;) on general position. We do not introduce
this definition in our paper. The reader can refer to Section 3.3 of [15] for more details.
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perturbation domains By and B, of order Ny for (f,Uy), two finite families
of tiles Cy and C, associated to By and B, respectively, two finite families of
compact sets Dy and D,,, and an integer ng(Q), such that:

1.V contains W and yc;<p,—1 f'(Bs U By).
2. fYBs) N fI(B,) =0 for all 0 <i,j < Ny — 1,

3. each element of Dy is contained in the interior of an element of Cs, and
each element of D, is contained in the interior of an element of C,.
Moreover, each tile of Cs and C, contains exactly an element of Dy U D,

4. for any two pairs Dy, € Dy and D, € D,, there isn € {0,--- ,no(Q)},
such that f*(Ds) N D, # 0.

5. for any point z € W\ Wi (Q), there isn > 0 and D € D, such that
f"(z) € Int(D) and f'(z) € V for all 0 < i < n. Moreover, if f(z) & W,
then n < ny(Q).

6. for any point z € W\ W.(Q), there ism > 0 and D € Ds, such that
f(2) € Int(D) and f~(z) € V for all 0 < i < n. Moreover, if
f7H(z) ¢ W, then n < no(Q).

3.5.3 Choice of a pseudo-orbit

By Lemma 3.18, we have the sequences of perturbation domains (Bj)g>o, tiles
(Ck)k>0 and families of compact sets (Dg)r>0. Since there are only finitely
many periodic orbits contained in Pery,(f) N X, and they are all outside U,
we can take for each periodic orbit Q C Pery,(f) N X an open neighborhood
V(Q) C U that are pairwise disjoint, disjoint from U, and disjoint from f?(By,)
forany 0 < i < Np—1 and any £ > 0. By Lemma 3.19, we have for each () the
open set W(Q), the perturbation domains B,(Q) and B,(Q), the families of
tiles C5(@) and C, (@), the families of compact sets Dy(Q) and D, (@) and the
number ny(Q). By the choice of V(Q), we have that f*(B,(Q)) N f/(By) =0
for any 0 = s,u, any 0 <¢ < N, — 1 and any k£ > 0.

We take the union of (Bs(Q),Cs(Q),Ds(Q)), (Bu(Q),Cu(Q),Dy(Q)) and
(Bo, Co, Dy). To simplify the notations, we still denote the union by (By, Cy, Dp).
By Remark 2.33, we know the modified (By,Cy, Dy) is still a perturbation do-
main of order Ny for (f,Uy). Denote D; the union of the compact sets of the
family Dy, for each k£ > 0. By a similar argument as in [15, Section 4.3], we
assume that z is not in any of the perturbation domains that we have choose.

Recall that the support of the perturbation domain By is Supp(Bg) =
Uo<n<n,—1 ["(Bk). From the above constructions, the supports of the pertur-
bation domains (By)x>o are pairwise disjoint and are contained in U. Moreover,
we have that Supp(By) C Uy_1 \ Upi2 for any k& > 0.
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Lemma 3.20. There is an infinitely long pseudo-orbit Y = (yo,y1,---) for
[ contained in X that has jumps only in tiles of (Ck)r>0 with yo = z and
d(yn, K) — 0 as n — oo. Moreover, for each k > 0, there is a minimal
number i, such that y; € Uy for all v > .

Proof. By the former constructions, any point z € X, has a positive iterate
contained in the union of the interior of the compact set D} and the open sets
W(Q) for all periodic orbits @ C X N Pery,(f). Any point x € X has a
positive iterate contained in the union of the interior of compact sets D;. for
k > 1. By the compactness of the sets X, there are integers T}, compact sets
Dy, C D}, and compact sets W(Q) € W(Q), such that

e all points € X, will enter the union of D, and W(Q) for all Q C
X N Pery,(f) in time bounded by Ty,

e all points z € X, will enter in ﬁk for £ > 1 in time bounded by Tj.

We can assume that Ty is larger than ng(Q), for any Q C X N Pery,(f) (recall
that no(Q) is obtained from Lemma 3.19).

Setting of the constants. For any k > 0, set 7 to be smaller than half of
the minimum of the distances between a point in the (Ugcxnpery (1) W(Q))U
0

(Uo<i< Di) and a point in the completement of the set (UQC)mPGTNO(f) w(Q))u
(Uo<i<k Di)- Moreover, we also assume that 7, is smaller than half of the min-

imum of the distances between a point in f(M \ Ug) to a point in Ugyq, and
smaller than the minimum of the distances between a point in a compact set
D € Dy, and a point on the boundary of the tile C' € Cy, that contains D. Then
for any k > 0, there is a number 0 < g < n, such that for any ex-pseudo-orbit
(zo,- -+ ,xr,), we have d(x;, f'(x0)) < iny, and d(z;, f~ "+ (2g,)) < 3nx for all
0 < i < Ty. For each ey, there is a number ¢ € (0, % er), such that, for any
two points z,y € M, if d(z,y) < &, then d(f(z), f(y)) < 3. Without loss
of generality, we can assume that the sequences (1x)r>0, (€x)k>0 and (x)r>o0
are strictly decreasing sequences.

’I~‘he sets Xk and the pseudo-orbits Zg. Now we take a finite d;-dense set
X, of X, for any k > 0, such that z € X,. For any k£ > 0, take a di-pseudo-
orbit (y¥,--- ,yfnk) in X \ K, such that y} = 2 and d(yﬁlk,K) < 0. Then we
project this pseudo-orbit to the set (J;-, X;: if yf € X; \ Xii1, then there is
2F e X;, such that d(y}, zF) < 6;. Then the pseudo-orbit Z, = (2f,--- , 2}, ) is
a pseudo-orbit contained in J,-, X; that connects z to K, where 28 = 2.
Recall that (Uy)g>o is a sequence of decreasing neighborhoods of K and
Xy = X N (Up \ Upga). Hence, if y¥,yF,, € U;, then we have d(f(2}),2},) <
d(f(25), Fi)+d(f(W))s yi)+d(yh s 2540) < 3 +0k+0; < 2 & +5 €. Thus

78



Multi-connecting perturbations

d(f(z;?), zfﬂ) < &; when k > i. For any k > 0, by cutting some part of Z,, we
can assume that z;C # zF for any j # I. Then for any k > 0, there is a minimal

integer [(m, k), such that z¥ € U, for all i > I(m, k).

The infinitely long pseudo-orbit Z. Since X, is a finite set for any k& > 0,
one can extract a subsequence (Z}) of (Z;), such that all pseudo-orbits in
this subsequence have the same piece before staying in Uy, that is to say,
(2, ,zf(l’k)) are equal to each other for any Z; € {Z}}. Similarly, there is a
subsequence (Z7) of (Z}), such that all pseudo-orbits in this subsequence have
the same piece before staying in U,;. We can continue this process, and finally,
by taking the limit, we can get an infinitely long pseudo-orbit Z = (21, 22, - - )
such that 2, = z, d(z,, K) — 0 as n — oo. Moreover, if z;, 2,11 € X;, then
d(f(zj), zj+1) < €, since Z is a limit set of (Zy).

By the analysis of Lemma 4.6 in [15], the pseudo-orbit Z = (z1, 29, - - - ) has
the property stated in the following claim. We omit the proof here since it
follows exactly the proof of Lemma 4.6 in [15].

Claim 3.21. There is a strictly increasing sequence ty = 1,ty,---, such that
Jor j >0, 2, is contained in a compact set E; of Ukzo Dy.. Moreover, for any
720,

o if £, € Dy, then either t; —t;_y < Ty or there is Q C X N Pery,(f),
such that E;_1 € Ds(Q) and E; € D,(Q),

o if ; € Dy for some k > 1, then t; —t;_; <Tj.

Construction of the pseudo-orbit Y from Z. Now we replace some part
of Z to get an infinitely long pseudo-orbit that connects U to K, accumulates
to K in the future, and has jumps only in the tiles of the perturbation domains.
Using Claim 3.21, we construct Y as the following.

o If Ej € Dy and tj — tj—l < T or if Ej € D, where k > 17 we re-
place the piece of pseudo-orbit (2z;,_,11,-- -, z,) by the piece of true orbit

(f(ztj71)7 f2(ztj71)7 T ftjitjil(ztjfl))'

o If E; € Dy and t; —t;_1 > T}, we have that there is Q C X N Pery,(f),
such that E;,_; € Dy(Q) and E; € D,((). By Lemma 3.19, there is
a piece of true orbit (x, f(x),---, f'(x)) such that = € E;_y, f'(z) €
E; and t < ng(Q) < Tp. Then we replace the piece of pseudo-orbit

(24;_,+1,- -+, 2,) by the piece of true orbit (f(z), f*(z), -, f'(x)).

Then we get a new pseudo-orbit Y = (yo, 1, ).
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The property of the pseudo-orbit Y. From the construction of the pseudo-
orbit Y, we can see that two nearby points y;, ;11 satisfy the following prop-
erties.

o If y; ¢ Dy, for any k > 0, then f(y;) = yit1-

o If there exists k > 0, such that y; € Dy, then y; and f~1(y;41) are in a
same tile of C.

This implies that Y has jumps only in tiles of (Cp)g>o with yo = z and
d(yn, K) — 0 as n — oo. Moreover, there is a minimal number [, such
that y; € Uy for all ¢+ > [, and all k£ > 0.

This finishes the proof of Lemma 3.20. O]

Remark 3.22. In Lemma 3.20, we only need to guarantee that the pseudo-
orbit Y obtained has jumps only in the tiles of (Cy)r>0. We do not have to
consider the scale of jumps at each step.

3.5.4 The connecting processes

We take the infinitely long pseudo-orbit Y = (yo, 41, - - - ) with o = z contained
in X from Lemma 3.20. Recall that Y has jumps only in tiles of (Cy)r>o and
d(yn, K) — 0 as n — co. Moreover, for each k > 0, there is a minimal integer
I, such that y; € Uy, for all © > [,. We have the following lemma.

Lemma 3.23. For each k > 0, there are a diffeomorphism fi, an infinitely
long pseudo-orbit Yy, = (y§,y¥,-+) of fx with y& = z, and two sequences of
positive integers (my)r>o0 and (ng)k>o, such that for any k > 0, the following
properties are satisfied.

1. There is ¢, € Vi, such that ¢p|ansupp(By) = Id|ansupp(sy), and fr =
Je—10 ¢r, where we put f = f_y.

2. The integer my, is the smallest positive integer, such that f;"% (2) € Uy.
Moreover, we have my < my.y1.
3. The piece of pseudo-orbit (yi™ y¥t ... ,yﬁfkl,l) of fri1 coincides with

(2 fenr(2)s 5 fi (2))-
4o g < lega, and Yl = Yupris for all i > 0.
5. The pseudo-orbit Yy, of fr has jumps only in the tiles {Cyy1,Cri2, -}

Proof. We build the sequences by induction. We construct frr1, Yii1, nga1
and my, after fi, Yi, ni and my_;1 has been built.
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The constructions of f,, Yy, ng: the case n = 0. Recall that the pseudo-
orbit Y of f has jumps only in tiles of (Cy)r>0 and I, is the minimal integer,
such that y; € Uy, for all ¢ > .

We consider the finite pseudo-orbit (yo,y1,- - , ¥, ), which also has jumps
only in titles of (Cy)r>o since it is a piece of Y. Moreover, we have that yo = z
and yo, vy, ¢ Supp(Boy) by the former constructions. By Lemma 2.33, there
are a diffeomorphism fy € Uy, a positive integer ny and a new pseudo-orbit
Yy = (99,91, -+ . 9n,) of fo, satisfying the following three properties.

® o =yo=2zand g2 =y,

e The diffeomorphism f; coincides with f outside Supp(Bjy), hence there is

qf)o < Vo, such that ¢O|M\Supp(Bo) = ]d|M\Supp(Bo)7 and fO = f @) gbg, which
is the item 1.

e The pseudo-orbit Y has only jumps in the tiles {C;,Cs," - }.
® T S 12.

Now we consider the infinitely long pseudo-orbit Yy = (39,99,---) of fy
which is a composition of Y and (y,, y,11---). That is to say y? = 79 when
0 <i<ngand y) = yj,1in, when i > ny. Then the diffeomorphism f,, the
pseudo-orbit Yy and the integer ng satisfy the following properties.

e Y, has jumps only in the tiles {Cy,Cs, -}, which is the item 5.
o ng <lyand ¥ ;= y,4; for any i > 0, which is the item 4.

Notice that we do not have to check the items 2 and 3 for the case k = 0.

The constructions fi.1, Yii1, npr1 and my: the case n = k+ 1. We
assume that fi, Y., mi_1 and n, have been built. Then we have that the
infinitely long pseudo-orbit Yy = (y& y¥, ---) of fr with y¥ = 2z, has only

jumps in the tiles {Cyy1,Cri2,---}. Moreover, the piece of the pseudo-orbit
mk_l—l

(e, y%, -+ yk, _ _y) coincides with (z, fi(2), -, fy. (z)) and the piece of
the pseudo-orbit (?/fik, y,’ikﬂ, -+ ) coincides with (i, ., Y, 0t1, )
Similarly to the construction in the case & = 0, we consider the finite

pseudo-orbit (y&, y¥, -, yﬁk, cee yﬁk+lk+34k+2) of fi which also has only jumps

in the tiles {Cg+1,Cri2, - - } since it is a piece of Y. Notice that y§k+lk+3_lk+2 =

Yty s and Supp(By11) NUkys = 0. By Lemma 2.33, there are a diffeomorphism

fr41, a positive integer ny1 and a new pseudo-orbit Y2, = (957, 9i ™, -+,

Qﬁ:jl) of fri1, satisfying the following three properties.
° @g-&-l = 7 and gﬁ:jl = Ylpis-
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e The diffeomorphism fi;; coincides with f outside Supp(Bg1), hence

there is ¢k+1 € Vk+1, such that ¢k+1’M\Supp(B‘k+1) = IdlM\Supp(Bk+1)7 and
fr+1 = fx © @41, which is the item 1.

e The pseudo-orbit Y}, ; has only jumps in the tiles {Cy12,Cs,- - - }.

® Npp1 < s

Similarly to the case when k = 0, we consider the infinitely long pseudo-

orbit Yii1 = (it yr™,-++) of fri1 which is a composition of Y, and
(Yig 15> Yinst1 -+ ). That is to say yf™' = ¢F™" when 0 < i < nyyy and
yf“ = Yl s+i-npy, When 7 > nyy . Then the diffeomorphism fi, 1, the pseudo-

orbit Y;,1 and the integer n;q satisfy the following properties.

e Y1 has jumps only in the tiles {Cgi2,Crys, - - - }, which is the item 5.

® Ny < lpi3 and ygkﬂﬂ = Yl ,5+i for any ¢ > 0, which is the item 4.

Then we take the smallest integer my, such that f,""(2) € Ugsq. To be
precise, we take my, in the following way:

e we take mg =1,

e when k£ > 1, we take my, such that f,?ffl(z) € Ups1, and for all 0 < i <
m+k+ 1, we have fi,,(z) ¢ Uy.

Since Supp(Biy1) C Ui \ Urys, the diffeomorphism f,; coincides with f; on
the piece of orbit (z, fx(2),-- -, ;n’“‘l_l(z)). By the item 2 of Lemma 3.16, we
have that mj_; < my, which is the property 2. The property 3 is satisfied by
the choice of my. This finishes the proof of Lemma 3.23.

O

End of the proof of Proposition 3.6. Now we consider the sequences (fx)r>o0,
(Yi)k>0, (my)e>o and (ng)g>o from Lemma 3.23. Recall that Uy = f o Vg
where V. satisfies the property (F) in Definition 2.24. Then the sequence of
diffeomorphism f, = f o ¢y o --- o ¢ converges to a diffeomorphism g € U.
And since the diameters of the pairwise disjoint perturbations domains can
be chosen arbitrarily small by Lemma 2.36, we can take g to be arbitrarily
(C%-close to f. Moreover, since the supports of all perturbation domains of
(Bk)r<o are contained in U, we have that g = f|yn\v.

Since Supp(Byi1) C Ug \ Ugys, by the items 2 and 3 of Lemma 3.23, the
piece of orbit (z, fi(2), -, ,Zn’“’l_l(z)) is also a piece of orbit of f,, when
n > k4 1. This implies that the limit of the sequence of pseudo-orbits Y} is
the positive orbit of z under g since the sequence (myg)x>o is strictly increasing.
By the item 4 of Lemma 3.23, we can see that Orb™ (2, ¢g) has only finitely many
points outside Uy, for any & > 0 (bounded by ny), hence w(z,g) C K. This
finishes the proof of Proposition 3.6. m
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Chapter 4

Weak periodic orbits inside
non-hyperbolic homoclinic classes

In this chapter, we give the proof of Theorem A and some applications in
Section 4.4 and Section 4.5. To make it convenient, we state again Theorem A.

Theorem A. For generic f € Diff'(M), if a homoclinic class H(p) of f is
not hyperbolic, then H(p) contains weak periodic orbits: there exists a sequence
of periodic orbits homoclinically related to p that have a Lyapunov exponent
converging to 0.

4.1 A more general version of Theorem A

In this section, we give a more general result than Theorem A.

Theorem D. For generic f € Diff' (M), assume that p is a hyperbolic periodic
point of f. If the homoclinic class H(p) has a dominated splitting ThpyM =
E® F, with dim E < Ind(p), such that the bundle E is not contracted, then
there are periodic orbits in H(p) with index dim(FE) that have the mazximal
Lyapunov exponents along E arbitrarily close to 0.

Remark 4.1. In the assumption of Theorem D, if dim E = Ind(p), then the
weak pertodic orbits obtained have the same index as p. Thus by the genericity
assumption, they are homoclinically related with Orb(p).

We give an explanation how Theorem D implies Theorem A. We assume
that all Lyapunov exponents of periodic orbits that are homoclinically related
to Orb(p) are uniformly away from 0. Then by the genericity assumption, H(p)
has a dominated splitting Ty, M = E® F', with dim E = Ind(p), (see [45] and
Proposition 4.8 of [17]). By the conclusion of Theorem D and the assumption
of no existence of weak periodic orbits homoclinically related to Orb(p), we
get that the bundle E is contracted. With the same argument for f!, we get
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that the bundle I is expanded for f. Hence T,y M = E @ F is a hyperbolic
splitting and we get the conclusion of Theorem A.

4.2 Norm of products and product of norms: re-
duction of the proof of Theorem D

Theorem D essentially follows from the theorem below.

Theorem E. For generic f € Diffl(M), assume that p s a hyperbolic peri-
odic point of f and that the homoclinic class H(p) has a dominated splitting
TupyM = E® F, with dim E < Ind(p), such that the bundle E is not con-
tracted. Then there are a constant \g € (0,1), an integer mg € N, satisfying:
for any m € N with m > mq, any constants A\i, Ay € (Xo, 1) with Ay < Ay,
there is a sequence of different periodic orbits O = Orb(qy) with period T(qx)
contained in H(P), such that

AT < T I g | < AT,

0<i<t(gx)/m

From Theorem E, we can get periodic orbits that have certain controls of
the product of norms along the bundle £. To control Lyapunov exponents of
the periodic orbits, we have to control the norm of products along the bundle
E. We have to use the following perturbation lemma for matrixes to control
exponents, see |35, 61] (also see [52, 54]).

Lemma 4.2. For any integer n > 1, K > 1, any constant € > 0 and A\ > 0,
there are two integers N and Ty, such that for any Ay,---, A, in GL(n,R)
with T > 79, and mazi<;<,{|| A, [|A; )} < K, if

H AN - AinpoAinia || = AT,
0<i<r/N
then, there are By,---, B, in GL(n,R), with ||B; — A;|| < ¢ and |B;* —
Ai_lH <eg, foralli=1,---,7, such that the maximal norm of eigenvalue of

B, o---0Byo By is bigger than .

Remark 4.3. In [35], it is presented for the constant A\ = 1. If X # 1, then
by considering A, = A\"'Id o A; and applying the special case for the constant
1, we can get the general statement as above.

Corollary 4.4. For any integer n > 1, K > 1, any constant € > 0 and
A1 < A9, there are two integers N and Ty, such that for any Ay,--- , A, in
GL(n,R) with T > 19, and maz << {|| A, | A7 ]} < K, if

Al < H | Agrnyn - AivpaAinga || < A3,

0<i<t/N
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then, there are By,---, B, in GL(n,R), with ||B; — A < ¢ and ||B;' —
A7l < e, foralli = 1,--- 7, such that the mazimal norm of eigenvalue of
B, o---0 Byo By is in the interval (A1, \2).

Proof. We take ¢ small enough such that, for any A € GL(d,R), if ||[A7}|| < K,
then B(A,¢) € GL(d,R), where B(A,¢) is the ¢ ball of A. By the assumption
of A;, we have that the maximal norm of eigenvalue of A, 0---0A50A4; is smaller
than \,. By Lemma 4.2, we can get BY,--- , BY in GL(d,R) that satisfies the
conclusion for the number A;. We take a path A;|o<:<1 contained in B(A;,¢)
that connects A; to BY. We have that the maximal norm of eigenvalue of
Blo---0BYo B} is bigger than ;. Then there must be a time 0 < ¢ < 1, such
that the maximal norm of eigenvalue of A;;0---0 Ay, 0 A;, is in the interval
(A1, A2). We take B; = A;; and get the conclusion. O

Now we give the proof of Theorem D from Theorem E.

Proof. By Theorem E, we get two constants Ao € (0,1) and my € N. We prove
that for any A\g < Ay < Ay < 1 and any € > 0, there is a diffeomorphism g that
is e-C"! close to f and g has a periodic orbit Orb(q) homoclinic related to p,
such that the largest Lyapunov exponent along E of Orb(g) is in the interval
(log A1,log A2). Then by the genericity assumption and Lemma 2.1 of [45], f
itself has such periodic orbits. Since A\; can be taken arbitrarily close to 1, we
get the conclusion of the Theorem D.

Take d = dim(M) and K = max{||Df|],||Df~*||}. Now we fix the con-
stants € > 0 and A\; < Ay in (Ag, 1). Since £ @ F is a dominated splitting, the
two bundles F and F' are transverse with each other, thus the angle between E
and F" has a lower bound. As a result, the perturbation of f along the periodic
orbit Orb(g) can be realized by the perturbation restricted to the derivative
of f along the two bundles £ and F'. That is to say, for the constant ¢ > 0,
there is &’ > 0, such that any &’ perturbation of Df on the bundles E and F
independently gives an ¢ perturbation of f. For ¢’ > 0, we get two integers N
and 1y by Corollary 4.4.

By Theorem E, there is a periodic orbit Orb(q) of f with period 7 > 7
that is homoclinically related to Orb(p), such that,

/\17— < H ||Dfm|E(fzm(q))|| < )\27—,

0<i<t/m

where m > my is a multiple of N. Denote A; = Df|si(g for i =0,--- 7 — 1.
Since E @ F' is a dominated splitting, the two bundles ¥ and F are transverse
with each other, thus there is a lower bound of the angle between E and F'.
By Corollary 4.4, there are By, --- , B,_1 in GL(d,R), with ||B; — A;|| < € and
|B; ' =AY < e, foralli=0,---,7—1, such that, B; coincides with A; along
the bundle F' and the maximal norm of eigenvalue of B, _;0---0 By o By along
the bundle F is in the interval (A], A]). We take a path A, ;|o<;<1 contained
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in B(A;,¢) that connects A; to B; such that A;; coincides with A; along the
bundle F for all i =0,--- ,7 — 1 and all ¢ € (0,1). If there is a time ¢ € (0,1)
such that A,_;,0---Ap, is not hyperbolic, then there must be a time ¢, < ¢,
such that A, ;40 --- Ay, is hyperbolic for all 0 < s < t;, and the maximal
norm of eigenvalue of A;_;, o--- A, along the bundle E is in the interval
(AT, A]). Otherwise, we can take ¢ty = 1

Take a small constant § > 0, since Orb(g) is homoclinically related to
Orb(p), there exist two points x € Wg(Orb(q)) m W*(Orb(p)) and y €
W#(Orb(q)) h W*5(Orb(p)). We take the pair of compact sets {x} C W§(Orb(q))
and {y} C W(Orb(q)). Then we take a neighborhood V' of Orb(q) such that
z,y ¢ V and VN (Orb™(z) UOrb™ (y)) = 0. By Lemma 2.42, considering the
one-parameter family of linear maps (A;;)i—o,... r—15tc[o0,to], there is a diffeomor-
phism ¢ that is C'-¢ close to f, such that:

— ¢ coincides with f on Orb(gq) and outside V/;
— x € W§(Orb(g), g) and y € W§'(Orb(q), 9);
~ Dg(g'(q)) = Dg(f'(q)) = Aiyg, forall i =0,--- , 7 — 1.

Then we have that x € W3 (Orb(q), g)N"W*(Orb(p), g) and y € W3 (Orb(q), g)N
W#(Orb(p), g), and by another small perturbation if necessary, we can assume
that the two intersections are transverse. Then the two periodic orbits Orb(q)
and Orb(p) of g are still homoclinically related with each other, and the largest
Lyapunov exponent of Orb(q) along the bundle £ under the diffeomorphism
g is in the interval (log A1, log A2). This ends the proof of Theorem D. O

4.3 Existence of weak periodic orbits: proof of
Theorem E

This section will give the proof of Theorem E. We assume that R is the residual
set of Diff'(M) stated in Theorem 2.46 and f € R is a diffeomorphism that
satisfies the hypothesis of Theorem E. Later we will assume also that f belongs
to another two residual subsets R and R, defined below.

Since E @ F' is a dominated splitting and dim £ < Ind(p), we have that:
there are Ay € (0,1) and mg € N, such that, for any m > m, the splitting
E & F is (m, \})-dominated, and, for the hyperbolic periodic orbit Orb(p),

||DfT(p)|E(p)H < )\g(p)’
where 7(p) is the period of Orb(p). In the following, we fix m > mq. In order

to simplify the notations, we will assume that m = 1 and that p is a fixed
point of f, but the general case is identical.
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4.3.1 Existence of weak sets

Lemma 4.5. For any A € (Ao, 1), there is a \-E-weak set contained in H(p).

Proof. Since FE is not contracted, the first assumption for the bundle £ in
Lemma 2.23 is satisfied.

Assume by contradiction that there is a constant A € (Ag, 1), such that
there is no \-FE-weak set contained in H(p). Thus the seconde assumption in
Lemma 2.23 is satisfied for the bundle F and the constant A. Hence, for any
A, A2 € (A1) with Ay < Ay, there is a sequence of periodic orbits Orb(gy)
with period 7(gy) that are homoclinically related with each other and that
converges to a subset of H(p) such that for any k£ > 0, the following properties
are satisfied:

MW < T I lsgiall < 27,

0<i<7(qx)

Then H(p) = H(qx) by item 2 of Theorem 2.46, hence g, € H(p). It is obvious
that Orb(gx) is a A;-FE-weak set contained in H(p), thus is also a A\-E-weak
set. This contradicts the assumption that there is no A-F-weak set contained
in H(p). O

4.3.2 Existence of a bi-Pliss point accumulating back-
ward to an F-weak set

From now on, we fix any two numbers A\; < Ay in (Ao, 1). Then there is a
Ao-E-weak set contained in H(p). By Lemma 2.19, any Ao-E-weak set K is
(C, X, F')-expanded for some constant C' > 0 depending on K. By [51], any
point € K has a uniform local unstable manifold W} (x) with a uniform size
depending on K.

We extend the dominated splitting £’ F' to the maximal invariant compact
set of a small neighborhood U of H(p) and denote it still by £ & F. We take
a constant A3 € (A, 1).

Lemma 4.6. There are a \o-FE-weak set K, and a \3-bi-Pliss point x € H(p)\
K satisfying: a(x) = K.

It is obvious that any compact invariant subset of a \y-F-weak set is still
a Ao-F-weak set. So we only have to prove that: there are a \o-E-weak set K,
and a A3-bi-Pliss point v € H(p) \ K satisfying: a(z) C K.

Proof. By Lemma 4.5, there exists a Ao- E-weak set in H(p). To prove Lemma 4.6,
we consider two cases: either all the \o-F-weak sets are uniformly FE-weak or
not. More precisely, if we take the closure of the union of all \y-FE-weak sets
contained in H(p), and denote it by K, then there are two cases: either K is
still a A\y- E-weak set or not.
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The uniform case: K is a Ao-E-weak set
In this case, K is the maximal Ap- E-weak set in H (p) and we will take K = K.

Claim 4.7. K is locally mazimal in H(p).

Proof. We prove by contradiction. Assume that K is not locally maximal in
H(p). Take a decreasing sequence of neighborhoods (U, ),>o of K, such that
N,U, = K. Then for any n > 0, there is a compact invariant set K, C
Un, N H(p) such that K G K,. Since K is the maximal \,-E-weak set in
H(p), we have that K, is not a Ay- E-weak set, thus there is a Ao- E-Pliss point
yn € K,. Take a converging subsequence of (y,), and assume y is the limit
point. Then we have that y € K and y is a A\o-E-Pliss point. This contradicts
the fact that K is a \o-E-weak set. O

Since K is locally maximal in H(p), there is a neighborhood U of K such
that K is the maximal compact invariant set contained in U N H(p). Then
there is a point z € (UN H(p)) \ K, such that a(z) C K.

Claim 4.8. There ezists at least one \y-E-Pliss point contained in w(z).

Proof. We proof this claim by absurd. If w(z) contains no As- E-Pliss points,
by item 1 of Corollary 2.21, Orb(z) Uw(z) contains no Ay-E-Pliss points. Then
K UOrb(z) Uw(z) is a Ag-E-weak set, which contradicts the maximality of
Ao-E-weak set K since z ¢ K. Thus w(z) contains at least one A\p- E-Pliss
point. O]

Since K is a Ag-F-weak set, by the domination, for any point w € K, there

is an integer n,,, such that [ " 1D~ (il < </A\_§) " < Ao™. By item
2 of Corollary 2.21, considering the bundle F', there are infinitely many A\;-F-
Pliss points for f~! on Orb™(z). We take all the \;-F-Pliss points {f"(z)}

with 1,41 > n; on Orb(z) and consider the following two cases:

e (a) either the sequence (n;) has an upper bound or (n;.; — n;) can be
arbitrarily large;

e (b) the sequence (n;) has no upper bounds and (n;;; — n;) is bounded.

Claim 4.9. In case (@), there exists a Ao-E-Pliss point y € H(p), such that,
for any § > 0, there is n; € Z, satisfying d(y, f"(z)) < 6. Thus, by taking §
small enough, we can take x € W*(f™ (2))NW?(y), such that x is a A3-bi-Pliss
point.

Proof. 1f the sequence {n;} has an upper bound, we take the maximal n;. That

is to say, fi(z) is a A\;-F-Pliss point for f~!, and, there is no \;-F-Pliss point
for f=1 on Orb*(f"i(z)). By item 3 of Lemma 2.22, we have that f™i(z) is also
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a A\-FE-Pliss point, thus f™(z) is a A;-bi-Pliss point. We take z =y = f"i(2)
in this case.

Otherwise, the sequence {n;} has no upper bounds but (n;1; — n;) can
be arbitrarily large. By item 1 of Lemma 2.22, we can take a subsequence
of {n;} such that f"(z) converges to a A;-bi-Pliss point y € w(z). Then
for any § > 0, we can take n; large enough, such that d(y, f*(z)) < 0, and
moreover, we can take x € W¥(f"z) N W*(y), such that, d(f/(x), f(y)) < &
and d(f~7(z), f7(f"z2)) < 4, for all > 0. Thus by taking J small enough, =
is a A3-bi-Pliss point. O]

Claim 4.10. In case (b), there is a A\y-E-Pliss point y € w(z), such that,
there is n € N, satisfying W*(f"(z)) N W*(y) # 0. Thus we can take a point
x € WU(f"(2)) N W*(y), such that Orb(z) contains some A3-bi-Pliss point.

Proof. In this case, there are infinitely many \;-F-Pliss points for f~! on

Orb*(z), and the time between any consecutive \;-F-Pliss points for f~! on

Orb*(2) is bounded. Then for any point w € Orb™(2), there is an integer
n, € N, such that T/ IDfp(r-iwy |l < A™. Hence Orb(z) is a positive
invariant F-expanded compact set, and any point w € Orb™(z) has a uniform
unstable manifold. By Claim 4.8, there is a Ay- E-Pliss point y € w(z). For any
d > 0, there is n € N, such that, d(y, f"(z)) < J, and W*(f"(z)) N W*(y) #
. We take z € W*(y) N W*(f™(z)). Then a(x) = a(z) and by item 2 of
Corollary 2.21, there are \3-F-Pliss points for f~! on Orb™(z). Also by taking
§ small enough, d(f*(z), fi(y)) can be small for all 7 > 0. Since y is a Ay-
E-Pliss point, we can take x to be a A3-FE-Pliss point. Then, by item 2 of
Lemma 2.22 there exists a As-bi-Pliss point on Orb(x), we assume that z is
such a point. O

From the above two claims, we get a A3-bi-Pliss point x € H(p), such that
a(x) C K. We have to show that z ¢ K. Notice that in the two cases, we both
have w(x) = w(y) where y is a A\o-E-Pliss point. By item 1 of Corollary 2.21,
w(zx) contains some Ay-F-Pliss point. Since K contains no Ay-F-Pliss point,
we have that = ¢ K.

The non-uniform case: K is not a \,-F-weak set

To prove the non-uniform case, we take a constant X € (A, A3). We have the
following claim.

Claim 4.11. For any number L > 0 there are a A\o-E-weak set K and a point
2 € K, such that z is a \{-F-Pliss point for f=%, and, for any1 <n < L, one
has

n—1
LTIDf el < V)
=0
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Proof. Since K is not a A\p- E-weak set, there is a \o- - Pliss point in K. Hence
for any number L > 0 there is a \y-E-weak sets K, and a point z € K, such
that, for 1 <n < L,

n—1
LTI f el < ()
=0

We only have to show that we can choose z to be a \;-F-Pliss point for
L. Since K is a \y-E-weak set, similarly to the arguments above, by item 2
of Corollary 2.21, there are A\;-F-Pliss points for f~! on Orb™(z). If z is not
a A\-F-Pliss point for f~!, we can take the minimal number [ € N such that
w = f7!(2) is a A\;-F-Pliss point for f=1. We claim that for 1 <n < L,

n—1
LTIDf gl < (W)™
=0

Hence if we replace z by w, we get the conclusion of the claim. To proof this,
we only have to show that for any 1 <n </,

n—1
TTIDf eyl < A5 < ()™
=0

We prove this by absurd. If the above statement is not true, then there is an
integer k € {1,2,---,1}, such that

k—1
[TID Al wyll > A5,
=0

and for any 1 < n <k,

n—1
H IDfleiwyll < Az
i=0

Thus, we have, for any 1 <n < k,

n k—1 k—n—1
LTIDf syl = (HHDf\E(fi(w))H> /( 11 HDf\E(fi(w))H> > A
i=1 i—0

i=0
By the domination of E & F, we have, for all 1 <n <k
TTIDf epescapll < ()\—2)" < AT
i=0

Moreover, since w is a A\;-F-Pliss point for f=!, we will have, for any n > 1,

n—1
TIPS sl < AT
=0
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Thus f*(w) = f~"*(2) is a A\;-F-Pliss point, contradicting the choice of w.
This finishes the proof of Claim 4.11. O]

By taking L large enough, the point z in Claim 4.11 is close to a Ay-E-Pliss
point y ¢ K. Since z has a uniform local unstable manifold and y has a
uniform local stable manifold, we have that W(y) N W*(z) # 0 if we take
these two points close enough. We take the proper L, z and K, satisfying
this property. Let K = K. We explain that the A\y-F-weak set K satisfies
Lemma 4.6.

By similar arguments as in the proof of Case (b) in the uniform case, we
can take a point z € W*(y) N W"(z) satisfying that Orb(z) contains a As-
bi-Pliss point # € H(p). Then we have that a(z) = a(z) C K. Moreover,
since y is a A\p-E-Pliss point, we know that w(y) contains Ay- E-Pliss points
by item 1 of Corollary 2.21. Hence w(z) contains Ag-E-Pliss points because
w(z) = w(y). This implies z ¢ K since K is a A\y-E-weak set. To sum up,
we have obtained a Ay-FE-weak set K and a A3-bi-Pliss point = € H(p) \ K,
satisfying thata(x) C K. This finishes the proof of Lemma 4.6. O

4.3.3 Continuation of Pliss points

Denote by M the space of all compact subsets of M, associated with the
Hausdorff topology. Denote by S the space of all finite subsets of M x M
associated with the Hausdorff topology. For any positive integer N € N, and a
diffeomorphism g € Diff' (M), denote by Pery(g) the set of periodic points of g
with period less than or equal to N, and denote by C(q, g) the chain recurrence
class of a periodic point g of g. It is well-known that for any N > 1, there
is a dense and open subset Uy C Diff' (M), such that, for any ¢ € Uy, the
set Pery(g) is a finite set and any point g € Pern(g) is a hyperbolic periodic
point.

We define a map @y : Uy — S, sending a diffeomorphism ¢ to the set of
pairs (¢, Px,(q, 9)), where ¢ € Pery(g), and Py,(q, g) is a compact set contained
in C(q, g) defined as following:

e 1f C(q, g) has a A3-dominated splitting & F' such that dim(E) = Ind(q),
then the set Py,(q, g) is the set of A3-E-Pliss points contained in C(q, g).

e Otherwise, Py,(q,g) = 0.

Lemma 4.12. For each positive integer N € N, the set of continuity points of
dy, denoted by By, is a residual subset of Diff' (M).

Proof. Assume g € Diff' (M) and p, is a hyperbolic periodic point of g. There
is a C'-neighborhood U of g, such that, for any h € U, the point p, has a
continuation py,. For any neighborhood V of C(q, g), there is a C''-neighborhood
Uy C U of g, such that C(q,h) C V for any h € U;.
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If C(q,g) has a A\3-dominated splitting, then it is a robust A3-dominated
splitting. More precisely, there is a C'-neighborhood Uy C U of g, such that
C(qn, h) has a A3-dominated splitting for any h € U. Hence by the choice of
Uy, there is an open and dense subset Uy, C Uy, such that, for any g € Uy,
any ¢ € Pery(g), the chain recurrent class C(q,g) either has a robust A\2-
dominated splitting or has no A-dominated splitting robustly. Moreover, if
there is a sequence of diffeomorphisms {g,},>0 such that g, converges to g,
and g, has a A3-E-Pliss point x, € C(qp,h), then, any limit point = of the
sequence {x,} is a A\3-FE-Pliss point of g.

By the above arguments, we can see that ®y is an upper-semi-continuous
map restricted to Uj. It is known that the set of continuity points of a semi-
continuous map is a residual subset. Then By contained a residual subset of
U} Since Uy is open and dense in Uy, we know that By is a residual subset
of Uy. Hence By is a residual subset of Diff' (M), since Uy is open and dense
in Diff' (M). O

Denote by Ry = Ny>1Bn, then Ry is a residual subset of Diffl(M). In the
following we take f € Ry N'R.

4.3.4 The perturbation to make W"(p) accumulate to K

We take the A\y-F-weak set K C H(p) of f obtained by Lemma 4.6. By
Proposition 3.5, one can obtain a heteroclinic orbit connecting p to K by a
C! perturbation, since K C H(p). Hence the set K is still a \y- E-weak set if
the perturbation is C! small. Moreover, using the continuation of Pliss points
(Section 4.3.2 and 4.3.3), we can guarantee that the set K is contained in the
chain recurrence class of p after the perturbation.

Lemma 4.13. Assume f € Ro N'R, then for any neighborhood U of f in
Diff' (M), there are a diffeomorphism g1 € U and a point y € M, such that,

e (1) g1 coincides with f on the set K U Orb(p), and y € W"(p, g1),
o (2) w(?/,gl) - K;
e (3) K is contained in C(p, g1).

Proof. By Lemma 4.6, we obtain that, for the diffeomorphism f, there is a
A3-bi-Pliss point x € H(p) \ K satisfying: «(z) = K. Since K C H(p), we
have that K C W¥(p). By Proposition 3.5, for any neighborhood U of f
in Diff* (M), there are a point y € W*(p, f) and a diffeomorphism ¢, € U,
such that w(y,¢1) C K, and y € W*(p, g1). Moreover, the diffecomorphism ¢,
coincides with f on the set Orb™ (x) U K U Orb(p) and Dg; coincides with D f
on Orb™(z). Thus items (1) and (2) are satisfied, and z is a A3-F-Pliss point
for g;*.
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Since p is a hyperbolic fixed point and and = € Py,(p, f), by Lemma 4.12
and the fact that f is a continuity point of ®1, if we choose g; close enough to
f (by taking the neighborhood U small), then there is a A3-E-Pliss 2’ close to
x, such that ' € C(p,g1). Moreover, if 2’ is close enough to z (by taking ¢
close to f), then W*(x, g1)NW*(2', g1) # (. Hence K C C(p, g1). This finishes
the proof of Lemma 4.13. O

4.3.5 The perturbations to connect p and K by true or-
bits

In this subsection, we prove that we can get heteroclinic connections between
the hyperbolic fixed point p and the weak set K for a diffeomorphism C* close
to f. In the former subsection, we have got a diffeomorphism g, that is C* close
to f, and an orbit Orb(y) that connects p to K. Moreover K is still contained
in the chain recurrence class of p for g;. We take two steps to get heteroclinic
connections between p and K. First, since K C C(p, g1), by Proposition 3.6,
we can connect K by a true orbit to any neighborhood of p by a C! small
perturbation. Then, by the hyperbolicity of p, we use the uniform connecting
lemma to “push” this orbit onto the stable manifold of p. We will see that in
these two steps, the orbit Orb(y) that connects p to K is not changed.

Lemma 4.14. Assume f € Ro N'R, then for any neighborhood U of f in
Diff* (M), there are a diffeomorphism gy, € U and two points y,y' € M, such
that,

o (1) ye W¥(p,g2) and w(y, g2) C K,

o (2) y/ S Ws(pa 92) and a(y/7.g2) - w(y792>7
o (3) g2 coincides with f on the set w(y, g2) U Orb(p).

Proof. We take several steps to prove the lemma.

Choice of neighborhoods. For any any neighborhood U of f in Diff* (M),
there are a neighborhood U; C U and three numbers p > 1, §o > 0 and
N € N that satisfy the uniform connecting lemma (Theorem 2.26). And we
can assume that the fixed point p has a continuation for any g € U;. For
the neighborhood U, there are a smaller neighborhood U’ C U; of f and an
integer T satisfying the conclusions of Proposition 3.6. By the hyperbolicity of
periodic orbits of f, for the integer T, there is a neighborhood U, C Diff' (M)
of f, such that, for any diffeomorphism h € Us, any periodic point of A with
period less than or equal to T is hyperbolic. Take a neighborhood U3 of f in
Diff' (M), such that Us C Uy NU'.
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The connection from K to a neighborhood of p by pseudo-orbits.
By Lemma 4.13, there are a diffeomorphism ¢g; € Us and a point y € M, such
that:

e ¢ coincides with f on the set KU Orb(p) U Orb™ (y),

e yc W¥p,g1) and w(y,g1) C K C C(p, g).
Denote Ky = w(y, g1)-

Claim 4.15. For any neighborhood V' of p, there are a g, negative invariant
compact set X and a point z € VN X, satisfying that

o the pointp ¢ X,

o for any ¢ > 0, there is a g,--pseudo-orbit Yz = (yo, - ,Ym) contained
in X such that yo € Ky and y,, = z.

Proof. For any neighborhood V' of p, take a smaller neighborhood V4 of p,
such that V; € V. For any k > 1, there is a gl———pseudo orbit X, =
{af, 2f,- -+ xy, }, such that, X, N Ky = {z{}, and X, NV = {x}, }. Take
a subsequence of { X} },>1 if necessary, we assume X} converges to a compact
set X and xfnk converges to a point z € V; C V as k goes to +00. Obviously,
X is a gj-negative-invariant set, p ¢ X and X N Ky # 0.

Now we prove that for any ¢ > 0, there is a g;-e-pseudo-orbit contained
in X from Ky to z. By the continuity of gl, for any € > 0, there is k > %,

such that for all z,y € M, if d(z,y) < , then d(g:(x),91(y)) < 5. Then
,ak }, such that 2§ € Ko and
xmk, eV for a number k" > k. By choosing k' large enough, we can assume
that dy (Xp, X) < 1 and there is a point yo € X N K such that d(yo, zf ) < 1
and d(z,xm ) < %

y; € X, such that d(z¥ y;) < n. Denote Y. = (yo,- - - s Ym, = %), We prove
that Y; is a e-pseudo-orbit of ¢;. In fact, for any 0 < i < my — 1,

d(g1(Yi), yir1) < d(91(vi), g1 (¥ )) + d(gl( x; )7xf-li-1) + d(mﬁpyiﬂ) <
st k/ + 1 7 <E.

we take a ——pseudo orbit X, = {a:o ,xl/, e

By the assumption, for any 1 < ¢ < my — 1, there is

Hence Y. C X is a e-pseudo-orbit of g; from the set K; to the point z. n

The perturbation to connect K to a neighborhood of p. We take a
local stable manifold W} .(p, g1) of p, and take a compact fundamental domain
Iy, of Wi .(p, g1). Then there is a number § < dy, such that, for any point w €
I,,, the N balls (g (B(w, 20)))o<j<n-1 are each of size smaller than dy, pairwise
disjoint and disjoint with the set K UOrb(y, g1) UOrb(p). By the compactness
of I,,, there are finite points wy, ws, - - - ,wy, € I, such that (B(w;,d/p))i<i<z
is a finite open cover of I, . There is a number n > 0 such that, for any

diffeomorphism h € U; that is 7-C? close to g;, we have that:
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o (a) Wic(pn,h) is C7 close to Wi, .(p, g1),

o (b) (B(w;,d/p))1<i<r is still a finite open cover of a fundamental domain

Ih of VVlsoc(pfw h)

e (c) for any 1 <i < L, the N balls (h?(B(w;,20))o<j<n-1 are each of size
smaller than dy, pairwise disjoint and disjoint with the set KUOrb(y, g;)U
Orb(p, g1).

Since y € W*(p,q1), p ¢ X and X is negative invariant, we have that
Orb(y,g1) N X = 0. By the choice of g1, we have that all periodic orbits of
g1 contained in X with period less than or equal to T" are hyperbolic. Under
all these hypothesis, (X \ Ky) N Orb(y, g1) = 0, then there is a neighborhood
Up of X \ K such that Uy N Orb(y,g1) = 0. By Proposition 3.6, there is
a diffecomorphism h € U; which is 7-C° close to g;, such that h = g, =
flpuorb)uk,s and a(z,h) C Ky. Thus the above items (a), (b) and (c) are
satisfied for such a diffeomorphism h.

The perturbation to get a heteroclinic connection between p and K.
By the hyperbolicity of the periodic point p, if we take the neighborhood V' of
p small enough, then the diffeomorphism h and the point z chosen above would
satisfy that the negative orbit of z under h intersect B(wj;, d/p) for some i €
{1,2,---,L}. Since a(z,h) C Ky and B(w;,0/p)NKy = 0, there is a point w =
h7*(z) for some integer ¢ > 0, such that Orb™ (w) N B(w;,d/p) = 0 and w has
a positive iterate under h contained in B(w;,d/p). By the item (b), there is a
point ¥ € W*(p, h), such that Orb™ (y/, h) N (Up<j<n_1h*(B(w;, d/p))) = B and
y' has a negative iterate under h contained in B(w;, d/p). By Theorem 2.26,
there is a diffeomorphism g, € U, such that 3’ is on the positive iterate of w
under go. Moreover, go = g1 on the set Ky U Orb(y) U Orb(p) U Orb™ (w) U
Orb* (y'), hence g, = f on the set Orb(p) UKy, where Ky = w(y, g1) = w(y, ga)-
Thus the three items of the lemma are satisfied for g,. This finishes the proof
of Lemma 4.14. O

4.3.6 Last perturbation to get a weak periodic orbit

The following lemma estimates the average contraction along the bundle £ on
periodic orbits.

Lemma 4.16. Assume f € Rog N'R. Then for any neighborhood U of f in
Diff* (M), for any integer L > 0, any neighborhood U, of p, there is g € U,
which coincides with f on Orb(p), satisfying that, g has a periodic point ¢ € U,
with period T > L such that, Orb(q) has the \3-dominated splitting E® F, and

M< T IDgleg@ll < 27

0<i<r—1
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Proof. We take several steps to prove the lemma. We take the \o- E-weak set
K C H(p) of f obtained by Lemma 4.6. Take two numbers \| and X,, such
that A\; < A] <A, < .

Choice of neighborhoods and constants. There is a neighborhood V' of
H(p) and a neighborhood V C Diff' (M) of f, such that, for any h € V, the
following properties are satisfied.

e The maximal invariant compact set of h in V' has a dominated splitting
which is a continuation of £ @ F. To simplify the notations, we still
denote this domination by F & F'.

e The fixed point p has a continuation p, € V for h, and || Dh|gg,)|| < Ao

e The chain recurrence class C(pp, h) of pj, is contained in V.

Moreover, since K is a Ay-E-weak set for f, there are a neighborhood
Ug C V of K and a number N, such that, for any point z whose orbit is
contained in V/, if the piece of orbit (z, f(z), -+, f*(2)) is contained in Uy
with n > Nk, we have:

IT IDflegenll > A"

0<i<n—1

To simplify the proof, we just assume that Nx = 1, but the general case is
identical.

We can take the neighborhoods V and U, small, such that for any diffeo-
morphism h € V, the following additional properties are satisfied.

e For any point z € U, whose orbit under A is contained in V', we have

A | DAl gl A
that &+ < < 22,
Aj IDflEmll Ab

e For any point z € Ux whose orbit under A is contained in V', we have
that || Dhls| > .

We can assume more that Ux N 7,, = () and Ug U Fp C V. And moreover,
we can assume that U C V.

By Lemma 4.14, there are a diffeomorphism g € U and two points y,y’ €
M, satisfying that:

e y € W¥(p,g) and w(y, g2) C K,
hd y/ € Ws(pa 92) and a(y/792) C w(y792)7
e ¢ coincides with f on the set w(y, g2) U Orb(p).

We denote Ky = w(y, g2). Since all periodic points of f are hyperbolic and
g2 = f|k,, then by a C! small perturbation if necessary, we can assume that
K\ contains no non-hyperbolic periodic point of gs.
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Choice of time. Now we fix the neighborhoods U, and Ug,. Then there are
two integers [ and ng satisfying the conclusion of Proposition 3.1 for g, and
the neighborhood . Then we take Ty, > L large, such that for any h € V,
the inequality

m(h>l+no )\2TK0 > ()\/Q)TKOHJrno

holds.
By the first item of Proposition 3.1, there is a diffeomorphism h € U, such
that

e h coincides with g, on Orb(p) U Orb™ (y) U Orb™ (y') and outside Ug;

e the point ¢/ is on the positive orbit of y under h, with ng, = #(Orb(y, h)N
Uk,) > Tk, and n. = #((Orb(y, h) \ (Ux UU,)) < ny.

Hence by the choice of Tk, and the neighborhoods, we have that

LI DRIl > (X))o tme.
hi(y)¢Up

Claim 4.17. There is an integer m > 0, such that:

) ot <Dl T DRy | < () so™ewm,
hi(y)gUp

Proof. We assume that

[T 108l syl = Ao,
hi(y)QUp

then A > \,. The inequality in the claim is equivalent to

(nk, + ne)log %, (ng, + ne)log /\i,
v Z<l+m< 7 L

2 1

log 157127 log 157

By the choice of Tk, and ng, > Tk,, we have that

(nKo + nC) log )\%

Ay
108 15 7m T
So we only need that
(nk, + n.)log % (nk, + n.)log %
7 L — 7 2 > 1
log # log #
IDflEml IDfleml
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It is equivalent to

1 1 _
R P VR D VS O
BTl 8 TDfleg] 8 Dl 8 TDfem]

log \f log A - 1
' Ny + Ne’
Since A > \,, and ng, > Tk,, it is sufficient to acquire that

Ty, (log Xy — log \)) o1

A/
IDf 2@l

By taking T, large enough, the above inequality is satisfied. O

Choice of the diffeomorphism g. We take ¢ = h,, € U from item 2 of
Proposition 3.1, then g has a periodic orbit O = Orb(q), such that, O\ U, =
(Orb(y, h) \ U,, and #(O NU,) = I + m. Hence the period 7 of O equals
nk, + ne. +m—+ (. By the choice of the neighborhood ¢/ and the constants, we
have

II 1Dglewayl= I IPglew@ll T] DA sw @yl

0<i<r—1 g‘(q)€U, hi(y)¢Up

By the choice of the neighborhoods V and U, and the constants A} and
A, we have that

() 10se™ < T IDdswapll < (52) 107l
1 2

9'(9)€Up

Then by the estimation in Claim 4.17, we can see that

M< T 1Pglegiall < A7

0<i<r—1

This finishes the proof of Lemma 4.16. O

4.3.7 The genericity argument

In this subsection, we do the genericity argument to get the conclusion of
Theorem E, see like [44].

Take a countable basis (V},),>1 of M, and take the countable family (U, ),>1,
where each U, is a union of finitely many sets of (V},),>1. Take the countable
pairs (M, Yn)n>1 of rational numbers contained in (Ao, 1) with 1, < 7, for each
n > 1.

Let H,,,, be the set of C' diffeomorphisms h such that, every h; in a
C" neighborhood V € Diff* (M) of h has a hyperbolic periodic point ¢ € U,
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satisfying that the hyperbolic splitting £*@® E* of Orb(g, hy) is a A3-dominated
splitting and

(@)

an(Q) < H ||Dh1 < ,ymﬂ' 7

0<i<7(q)—1

B2 (h)

where 7(g) is the period of q. Let N, be the set of C* diffeomorphisms h
such that every h; in a C* neighborhood V C Diff* (M) of h has no hyperbolic
periodic point ¢ € U, satisfying that the hyperbolic splitting E®* & E* of
Orb(q, hy) is a A3-dominated splitting and

N @ < H | Dhy

0<i<(q)—1

< fymT(Q)’

Be(hY)

where 7(q) is the period of g.
Notice that N, = Diff'(M) \ H,.m. Hence Hypm U Ny is C* open and
dense in Diff'(M). Let

Ri1= mnzl,m21<Hmm U Nn,m)

Then R, is a residual subset of Diff' (M), and Ry N R; N'R is also a residual
subset of Diff!(M).

Claim 4.18. Assume f € RoNR1NR. Then for any two numbers A\ < Ay €
(Mo, 1), for any neighborhood U, of Orb(p), and any integer L > 0, there is a
periodic point q € U, with period T > L such that Orb(q) has the \}-dominated
splitting E & F, and

M< T IDFlsgiall < 2™

0<i<r—1

Proof. We take two rational numbers 7;,v; € (Ao, 1), such that \y <n; <v; <
A2, and take U; from the countable basis of M, such that U; C U,. Then by
Lemma 4.16, there is a diffeomorphism ¢ arbitrarily C* close to f, such that
g has a periodic point ¢ € U, with period 7 > T such that the A2-dominated
splitting F' @ F' is the hyperbolic splitting on Orb(g, g), and

"< I IDgle@@nll < 7"

0<i<r—1
Then f ¢ Nj,;, thus f € H;,; and f satisfies the conclusion of Claim 4.18. [
Claim 4.19. Theorem E holds for any diffeomorphisms in Ro N R1 NR.

Proof. Assume f € RyNR1NR and f satisfies the assumptions of Theorem E.
By Claim 4.18, we get a sequence of periodic orbits Orb(gx) of f, such that
qr — p with 7(gx) — 00, and

/\17'(%) < H ||Df|E(fi(qk))|| < )\QT(Qk)'

0<i<(qr)—1
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Hence by the A\3-domination of E & F, we have that

[T 1Df el < A7,

0<i<7(qx)—1

Then by item 2 of Lemma 2.21 and item 2 of Lemma 2.22; there is a Ag-bi-
Pliss point r, on Orb(gy) for each k. Taking a subsequence if necessary, we
assume (71) is a converging sequence. Then there is [ > 0, such that for any
m,n > [, the stable and unstable manifolds of r,, and r,, intersect respectively,
since 7, has uniform stable and unstable manifolds. Hence (Orb(gy,))m>; are
homoclinically related together, thus p € H(qx). By item 2 of Theorem 2.46,
we have that g, € H(p). This finishes the proof of the claim. O

The proof of Theorem E is now completed.

4.4 Some applications of Theorem E

4.4.1 Structural stability and hyperbolicity

Recall that a diffeomorphism f € Diff' (M) is structurally stable, if there is a C*
neighborhood U of f, such that, for any g € U, there is a homeomorphism ¢ :
M — M, satisfying ¢o f = go¢. The orbital structure of a structurally stable
diffeomorphism remains unchanged under perturbations. Mané proved that
the chain recurrent set of a structurally stable diffeomorphism is hyperbolic,
see [55]. Here we give a local version about this result.

It is known that a hyperbolic periodic point has a continuation. More
precisely, for a hyperbolic periodic point p of a diffeomorphism f with period
7, there is a neighborhood U of Orb(p) and a C' neighborhood U of f, such
that, for any ¢ € U, the maximal invariant compact set of g in U is a unique
periodic orbit with period 7 and with the same index as p. We denote this
continuation of p by p, for such a diffeomorphism g, and denote the homoclinic
class (and chain recurrence class resp.) of p, by H(p,) (and C(p,) resp.).
Thus we say that a homoclinic class H(p) of a diffeomorphism f is structurally
stable, if there is a C! neighborhood U of f, such that, for any g € U, there is
a homeomorphism ¢ : H(p) — H(p,), satisfying ¢ o f|up) = g © ¢|u(p), where
Dy is the continuation of p. Similarly we can define the structurally stability
for a chain recurrence class C'(p) of a hyperbolic point. One asks naturally
the following question, which can be seen as a “local" version of the stability
conjecture.

Question 4. Assume p is a hyperbolic point for a diffeomorphism, if H(p) (or
C(p)) is structurally stable, then is it hyperbolic?

There are many works related to this question, see for example [45, 67, 76,
79]. In [76] and [79], they prove that structural stability implies hyperbolicity
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for the chain recurrence class and the homoclinic class respectively of a hyper-
bolic periodic point, under the hypothesis that the diffeomorphism is far away
from tangency, or that the stable or the unstable dimension of this periodic
point is 1. With the conclusions of Theorem A, we can give a complete answer
to Question 4.

Corollary 4.20. Assume f is a diffeomorphism in Diff'(M) and p is a hy-
perbolic periodic point of f. If the homoclinic class H(p) is structurally stable,
then H(p) is hyperbolic. The conclusion is also valid for C(p).

To prove Corollary 4.20, we use some of the results in [67, 76, 78, 79]. We
take two steps: first, we prove that the statement is true for a residual subset
of Diff'(M), and then we prove it for all diffeomorphisms in Diff'(M).

Assume that H(p) is the homoclinic class of a hyperbolic periodic point p
of a diffeomorphism f € Diff'(M). We state two properties as follows:

e (P1) There are m € N, C' > 0 and 0 < A < 1, such that H(p) admits
an (m, A)-dominated splitting Ty M = E @ F with dim(E) = Ind(p).
And for any periodic point ¢ homoclinically related to p, denote by 7(q)
the period of ¢, then the followings are satisfied:

T D™ egm@ll < CA,

0<i<7(q)/m

IT  1DF ™ egmall < CX@.

0<i<7(q)/m

e (P2) H(p) is shadowable and every periodic pseudo-orbit can be shad-
owed by a periodic orbit.

Now we state the following two Lemmas, whose proofs will be omitted.

Lemma 4.21 (Theorem 1.1 of [79]). Assume that f is a diffeomorphism in

Diff' (M). If a homoclinic class H(p) is structurally stable, then the property
(P1) is satisfied for H(p).

Lemma 4.22 (Proposition 4.1 of [79]). Assume that f is a diffeomorphism in
Diff' (M) and p is a hyperbolic periodic point. If the two properties (P1) and
(P2) are satisfied, then H(p) is hyperbolic.

Lemma 4.23 (Proposition 2.4 of [78] and Proposition 3.3 of [78|). The conclu-

sions of Lemma 4.21 and Lemma 4.22 are also valid for the chain recurrence
class C(p).
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Proof of Corollary 4.20. By Theorem D, for any diffeomorphism f contained
in a residual subset B C Diff' (M), if the property (P1) is satisfied for a
homoclinic class H(p) of f, then H(p) is hyperbolic. We can take B such that
B C R, where R is the residual subset in Theorem 2.46. Hence by Lemma 4.21,
for any diffeomorphism f € B, if a homoclinic class H(p) is structurally stable,
then it is hyperbolic.

Now we assume that f is an arbitrarily diffeomorphism in Diff' (M). If a ho-
moclinic class H(p) of f is structurally stable, then there is a C! neighborhood
U of f, such that, for any h € U, there is a homeomorphism ¢ : H(p) — H(py),
satisfying ¢ o f|u(p) = h o ¢|u). Since B is residual in Diff* (M), we can take
a diffeomorphism g € BNU. Therefore, H(p,) is structurally stable, where U
is the neighborhood of ¢ in the definition of structurally stable. Then H(p,)
is hyperbolic by the argument above, hence H(p,) satisfies the property (FP2).
It is easy to see that the property (P2) is unchanged under conjugacy, thus
is satisfied by H(p) since f € U. The property (P1) is satisfied by H(p) by
Lemma 4.21. Then by Lemma 4.22, we have that H(p) is hyperbolic. This
finishes the proof for homoclinic classes.

For chain recurrence classes of a hyperbolic periodic point, we only have to
show that Corollary 4.20 is valid for f € B, and then with the same argument as
above, we can get the conclusion. Assume f € B and p is a hyperbolic periodic
point of f. By item 2 of Theorem 2.46, C(p) = H(p). By Lemma 4.23, the
property (P1) is satisfied for C'(p) and hence for H(p). Thus C(p) = H(p) is
hyperbolic. This finishes the proof of Corollary 4.20. O]

4.4.2 Partial hyperbolicity

Next result is that for a homoclinic class with a dominated splitting of a C*-
generic diffeomorphism, if the dimensions of the two bundles in the splitting
satisfy certain hypothesis, then the splitting is a partially hyperbolic splitting
(at least one bundle is hyperbolic).

Corollary 4.24. For generic f € Diff'(M), if a homoclinic class H(p) has
a dominated splitting TypyM = E @ F, such that dim(E) is smaller than
the smallest index of periodic orbits contained in H(p), then the bundle E is
contracted. Symmetrically, if dim(E) is larger than the largest index of periodic
orbits contained in H(p), then the bundle F is expanded.

Proof. We just prove when dim(F) is smaller than the smallest index of peri-
odic orbits contained in H(p), thus dim(F) < Ind(p). Assume E is not con-
tracted, by the conclusion of Theorem A, we can get a sequence of periodic or-
bits Orb(g,) C H(p) with arbitrarily long periods such that Ind(g,) = dim(E),
which contradicts to the assumption that dim(F) < Ind(g,). O

As another consequence of Theorem A, we can give a proof of Theorem
1.1 (2) in [39] with a different argument. More precisely, we can prove that
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for a C'-generic diffeomorphism far from tangency, a homoclinic class has a
partially hyperbolic splitting whose center bundle splits into 1-dimensional
subbundles, and the Lyapunov exponents of the periodic orbits along each
the center subbundle can be arbitrarily close to 0. Denote H7T the set of
diffeomorphisms of Diff'(M) that exhibit a tangency.

Corollary 4.25 ([39]). For generic f € Diff'(M) \ HT, a homoclinic class
H(p) has a partially hyperbolic splitting TypmM = E°® Ef® --- ® Ef & E*
such that each of the center subbundles Ef is neither contracted nor expanded
and dim(Ef) = 1, for all i = 1,--- k. Moreover, the minimal index of peri-
odic points contained in H(p) is dim(E*) or dim(E®) + 1, and symmetrically,
the mazximal index of periodic points contained in H(p) is d — dim(E") or
d—dim(E") — 1. For each i = 1,--- |k, there exist periodic orbits contained
in H(p) with arbitrarily long periods with a Lyapunov exponent along Ef arbi-
trarily close to 0.

Proof. We assume that f satisfies the properties in Theorem 2.46 and Theorem
A. For a homoclinic class H(p) of f, we denote by j > 1 and | < d — 1 the
smallest and the largest index of periodic point contained in H(p). By item 4
of Theorem 2.46 (Theorem 1 of [3]), for any j < i <[, there are periodic orbits
of index ¢ contained in H(p). Moreover, for any j < ¢ < [, the hyperbolic
periodic points with index i are dense in H(p). By Theorem A of 73|, H(p)
admits a dominated splitting with index i. By Remark 2.8, we have that H(p)
admits a dominated splitting Ty, M = E“ ® Ef ® --- @ E, © E*, where
dim(E*) = j, n =1 — 7, and dim(Ef) = 1 for all 1 < ¢ < n. Since H(p)
contains hyperbolic periodic points with index ¢ for all j < i <[, we can see
easily that the central bundle EY is neither contracting nor expanding, for any
1< <n.

Now we consider whether the two bundles F° and E* are hyperbolic.
Here E is hyperbolic means it is contracting and E* is hyperbolic means it
is expanding.

Case 1: both £ and E“ are hyperbolic In this case, the splitting
TypyM = E“ @ E{ @ ---® E, @ E® is a partially hyperbolic splitting. We
put E* = E and E* = E“*. Then the the smallest and the largest index of
periodic orbits contained in H(p) are dim(E*) and d — dim(E") respectively.

Case 2: only one bundle of £ and E“ is hyperbolic We only prove
the case where F is not contracting and EF° is expanding. The other case is
symmetric. We put E* = E“*. Since E* is not contracting, by Theorem D,
there are periodic orbits with arbitrarily long period and index j, whose largest
Lyapunov exponent along E“ converges to 0. Moreover, such periodic orbits
form a dense set in H(p). Since f is far away from tangency, the other Lya-
punov exponents of such periodic orbits along £ are uniformly controlled by
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the largest one. Thus by the Franks’ Lemma, there are periodic orbits with
index j — 1 in any neighborhood of H(p) by C' small perturbations. Then by
a genericity argument like in Section 4.3.7, for the diffeomorphism f, H(p) can
be accumulated by periodic orbits with index j — 1. Therefore, by Theorem
A of [73] and Remark 2.8, E* has a dominated splitting £ = E* @ E§ with
dim(E§) = 1. By Corollary 4.24, we have that E® is contracting. Then the
splitting TyyM = E“ @ EC & - G ECGE" = B GBSO E @ - -- & ES & B
is a partially hyperbolic splitting with everything center bundle of dimension
one. The smallest index of periodic orbits contained in H(p) is dim(E*) + 1
and the largest one is d — dim(E").

Case 3: neither of F“ and E“ is hyperbolic In this case, we have
that £ is not contracting and E° is not expanding. With similar arguments
in Case 2, both the two bundles have a better dominated splitting F® =
E° @ E§ and B = E;; | @ E*. Moreover, the bundle E® is contracting, the
bundle E" is expanding and dim(£§) = dim(£;,,) = 1. Then we have that
TypyM =E“®FE®- - @EOE*=F OFE0F®---®FE ®E,, ®E"
is a partially hyperbolic splitting with everything center bundle of dimension
one. The smallest and largest index of periodic orbits contained in H(p) are
dim(E*) + 1 and d — dim(E") — 1 respectively.
This ends the proof of Corollary 4.25.

4.4.3 Lyapunov stable homoclinic classes

The following results are about C''-generic Lyapunov stable homoclinic classes.
First, for C''-generic Lyapunov stable homoclinic classes, we can get a similar
conclusion of Corollary 4.24 under a weaker hypothesis.

Corollary 4.26. For generic f € Diff'(M), if a homoclinic class H(p) is
Lyapunov stable and has a dominated splitting Typ,yM = E @© F such that
dim(FE) is larger than or equal to the largest index of periodic orbits contained
in H(p), then the bundle F is expanded.

Proof. From Corollary 4.24, we only have to prove the case where dim(FE)
equals the largest index of periodic orbits contained in H(p). The idea of the
proof follows from [62] and Section 3 of [7]. We just give an explanation here
and for more details, the reader should refer to [62] and Section 3 of [7].
Assume f € R satisfies Theorem D where R is the residual set in The-
orem 2.46. There is a neighborhood U of f, such that the items 3, 4 and
6 stated in Theorem 2.46 are satisfied for (f, H(p),U). We can assume that
p has the largest index among the periodic points contained in H(p), hence
dim(F) = Ind(p). Assume that the bundle F' is not expanding, then by the
conclusion of the Theorem D, we can get a sequence of periodic orbits Orb(g,)

104



Weak periodic orbits inside non-hyperbolic homoclinic classes

homoclinically related to Orb(p) with arbitrarily long period such that the
smallest Lyapunov exponent of Orb(g,) along the bundle F' can be arbitrar-
ily close to 0. By Lemma 2.3 of [45], we can assume that all the eigenvalues
of ||[Df| along Orb(g,) are real. Then by Theorem 1 of [48] (Theorem 2.5
in |7]) and a proper construction of a path of diffeomorphism (see [7]), there
is a diffeomorphism ¢ € U and a periodic point ¢ of g with index larger than
dim(E) such that W*(q) N W*(p,) # 0. By C' small perturbation, we can
assume that W*(q) intersects W*(p,) transversely. This property is persistent
under C' perturbation, since Ind(q) > Ind(p,). Hence there is a neighborhood
V C U of g, such that for any h € V, we have W*(q,) m W*(p,) # 0. Take
a diffeomorphism A € V NR, we have that H(py) is Lyapunov stable by the
item 6 of Theorem 2.46. Then W*(py) is contained in H(pp). By the fact
W*(qn) h W*(p) # 0, we have that g, € H(ps). This contradicts the item 4
of Theorem 2.46 by the choice of U, since Ind(gs) > Ind(pp) = Ind(p).

O]

With the conclusion of Corollary 4.26, we can give a positive answer to
Conjecture 1 for bi-Lyapunov stable homoclinic classes.

Corollary 4.27. For generic f € Diff'(M), where M is connected, if a ho-
moclinic class H(p) is bi-Lyapunov stable, then we have:

e cither H(p) is hyperbolic, hence H(p) = M and [ is Anosov,

e or f can be C' approximated by diffeomorphisms that have a heterodi-
mensional cycle.

Proof. We assume that the second item does not happen. By Theorem 2.46,
all periodic orbits contained in H(p) have the same index. By [62], H(p) has
a dominated splitting Ty, M = E'® F such that dim(F) = Ind(p). By Corol-
lary 4.26, we have that the bundle F' is expanded. With the same argument to
=1 and the bundle E, we get that E is contracted for f. Hence the splitting
TupyM = E @ F is hyperbolic. Then H(p) is a hyperbolic chain recurrence
class by item 2 of Theorem 2.46. Hence by a standard argument using the
shadowing lemma, H(p) is an isolated chain recurrence class. By Theorem 5
of [4], since M is connected, the homoclinic class H(p) is in fact the whole
manifold, hence f is Anosov. O

From [39] (or Corollary 4.25), we know that for C'-generic diffeomorphisms
far away from tangencies, a homoclinic class has a partially hyperbolic splitting
with all central bundles dimension 1. We have the following result about the
index of periodic orbits for Lyapunov stable homoclinic classes. It is a direct
corollary of Corollary 4.26 and we omit the proof.

Corollary 4.28. For generic f € Diff'(M)\HT, if a homoclinic class H(p) is
Lyapunov stable and assume Ty M = E*Q E{®--- @ Ly © K" 1s the partially

105



PhD Thesis of Peking University & Université Paris-Sud 11

hyperbolic splitting, then the largest index of periodic points contained in H (p)
equals d — dim(E®).

4.5 Classification of non-hyperbolic homoclinic
classes

In this section, we do some discussions related to Palis’ conjecture and the local
version of the generalized Palis’ conjecture by Bonatti-Diaz (Conjecture 1). Re-
call that Palis’ Conjecture claims the union of hyperbolic systems and systems
with homoclinic tangencies or heterodimensional cycles are dense in Diff! (M),
and Bonatti-Diaz Conjecture states that the union of hyperbolic systems and
systems with heterodimensional cycles are dense in Diff' (M). Note that since
on surfaces there is no heterodimensional cycle, Bonatti-Diaz Conjecture im-
plies “Smale’s” conjecture: hyperbolic systems are dense in the space of C*
surface diffeomorphisms.

We discuss partial results known in this direction. The next two statements
are consequences of the results in [17] and Theorem A.

Proposition 4.29. For any generic f € Diff' (M), and for any non-hyperbolic
homoclinic class H(p) associated to a hyperbolic saddle p of index i, with 2 <
1 < d—2, one of the following two possibilities holds:

— H(p) contains a periodic point with different index,

— H(p) has a partially hyperbolic splitting E* & E¢, dim(E*®) = i — 1, or
Ec® B, dim(E°) =i+ 1.

Proof. We will assume that every periodic point contained in H(p) has index i,
since otherwise the first case in the statement holds. We consider the following
two possibilities.

Assume that there is a dominated splitting Tw )M = E®F with dim(F) =
1—1, then by Corollary 4.24 and the fact that every periodic point contained in
H (p) has index 4, the bundle E is contracted by D f, hence F'@& F' is a partially
hyperbolic splitting £° @ E°. Similarly if dim(F) = i + 1, we have that F is
expanded by Df and E & F' is a partially hyperbolic splitting £ & E*. The
second case stated in Proposition 4.29 holds.

Assume otherwise that H(p) admits neither domination of index ¢ — 1 nor
domination of index i + 1. Since H(p) is not hyperbolic, by Theorem D and
the fact that every periodic point contained in H(p) has index ¢, for any € > 0,
there is a periodic point ¢ € H(p), such that x;(q) € (—¢,0) or x;+1(q) € (0,¢).
Then by Proposition 2.43, the diffeomorphism f can be C'-approximated by
diffeomorphisms with a heterodimensional cycle in the homoclinic class. By
the items 5, 8 of Theorem 2.46, there is a periodic point of different index
contained in H(p), which contradicts the assumption. O
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Proposition 4.30. Assume dim(M) = d > 3. For any generic f € Diff' (M),
and for any non-hyperbolic homoclinic class H(p) associated to a hyperbolic
saddle p of index d — 1, one of the following three possibilities holds:

— H(p) contains a periodic point with different indez,
— H(p) has a partially hyperbolic splitting E* ® E¢, dim(E*) = d — 2,
— H(p) is the Hausdorff limit of periodic sinks.

Proof. We will assume that all periodic points contained in H(p) have the
same index d — 1, otherwise the first case in the statement holds.

Assume that there is a dominated splitting T, M = E®F with dim(E) =
d — 2, then by Corollary 4.24 and the fact that every periodic point contained
in H(p) has index d — 1, the bundle £ is contracted by Df, hence £ & F
is a partially hyperbolic splitting £° & E°, which is the second case in the
statement.

Assume otherwise that H(p) admits no domination of index d — 2. Since
H(p) is non-hyperbolic, by Theorem D and the fact that every periodic point
contained in H (p) has index d — 1, there is a sequence of periodic points (g,)
contained in H(p), such that x4_1(¢,) — 0~ or x4(¢.) — 07 as n — +o0.
Moreover, one can choose ¢, to converge to H(p) in the Hausdorff topology.
If xa—1(gn) — 0~ occurs, then by Proposition 2.43 one can get a heterodimen-
sional cycle in the homoclinic class by arbitrarily C'-small perturbation. By
the items 5, 8 of Theorem 2.46, there is a periodic point of different index con-
tained in H(p), which contradicts the assumption. If otherwise xq(g,) — 0T,
then for any N and for any neighborhood U of f in Diff'(M), there is g € U
and n > N, such that ¢, is a periodic sink of g. By the item 9 of Theorem 2.46,
there is a sequence of sinks converges to H(p), which is the third case in the
statement. O

Proposition 4.30 has to be compared to a similar statement on surfaces:

Theorem (Pujals-Sambarino [64]). For a generic surface diffeomorphism, any
non-hyperbolic homoclinic class s the Hausdorff limit of periodic sinks or
sources.

Based on these propositions and on the previous known results [13, 16,
17, 20, 34, 38, 71], one can list the different possibilities of a non-hyperbolic
homoclinic class and discuss Conjecture 1 in each case.

Non-hyperbolic homoclinic classes H(p) for C'-generic diffeomor-
phisms

Case a — There exist two periodic points of different indez.
This is the case satisfied on examples and which corresponds to Conjecture 1.
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Case b — All periodic points have the same index i and the class H(p) has a
dominated splitting TypyM = E° @ Ef @ E5 ®© EY, with dim(E$) € {0, 1}, and
i =dim(E*® @ EY). Maybe E* and/or E" is trivial.

This is exactly the case which occurs [34] when f is far from homoclinic tan-
gencies and heterodimensional cycles, hence it is the case in the spirit of Palis
conjecture.

Case ¢ — All periodic points have the same index i, the class H(p) has a
dominated splitting Ty M = E°®E® E*, with dim(£°) = 2, and dim(E*) =
1—1, the bundle E° does not split, and there exist periodic points which contract
and others which expand the volume along E°. Maybe E* and/or E" is trivial.
Periodic points which expand the volume along E° are dense in the class, it is
thus possible to turn them into points of index ¢ — 1. Since the class has only
points of index i (even after perturbation), the strong stable manifold of such
a periodic point has to intersect H(p) only at the periodic point itself. One
may then expect that for any point x in the class W**(z) N H(p) = {z}. In
this case by [16] the class is contained in a submanifold tangent to E° & E".
Arguing in a same way with periodic points which contract the volume along
E*¢, one deduces that H(p) is contained in a locally invariant surface tangent
to E¢. We are thus reduced to Smale’s conjecture.

Case d — All periodic points have the same indez i, the class H(p) has a
dominated splitting ThpyM = E @© E*, with dim(E) = i + 1, there is no
dominated splitting corresponding to index i and along any periodic orbit the
volume of planes in E is contracted (sectional dissipation in F ).

As in case (c), one can expect that the class is contained in a locally invariant
submanifold tangent to E. We are thus reduced to the case of a homoclinic
class whose periodic points have one-dimensional unstable spaces and sectional
dissipative and has no domination corresponding to index dim(M) — 1. We
are thus reduced to a generalized Smale’s conjecture for higher dimension, as
described in [14, Conjecture 8§|.

Case d’ — Similar to case (d) but for f~1.

Here again, one may expect to reduce to the generalized Smale’s conjecture.

We have the following result:

Proposition 4.31. For a generic diffeomorphism f € Diff'(M), any non-
hyperbolic homoclinic class has to satisfy one of the cases above.

Proof. We consider a generic diffeomorphism f € Diff' (M) which satisfies
Theorem 2.46, and a non-hyperbolic homoclinic class H(p) associated to a
hyperbolic periodic point p of index i. We assume that Case (a) does not
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occur, which means that all periodic points contained in H(p) have the same
index 7. We consider the following possibilities.

Assume that there is a dominated splitting Ty, M = E®F with dim(E) =
1. If the bundle F is not uniformly contracted, then the bundle E has a domi-
nated splitting £*® F¢ with dim(E£®) = ¢—1. Otherwise, using Proposition 2.43
and Theorem D, one can get a heterodimensional cycle by arbitrarily C!-small
perturbation and by the items 5, 8 of Theorem 2.46, there is a periodic point
of different index contained in H(p), which contradicts the assumption. More-
over, by Corollary 4.26, the bundle E* is uniformly contracted. Symmetrically,
if the bundle F' is not uniformly expanded, then it can be split as ES & E,
where dim(E§) = 1 and E* is uniformly expanded. Hence in this case, the ho-
moclinic class has a partially hyperbolic splitting T,y M = E*® E7® E5® EY,
with dim(E$) € {0,1}, and i = dim(E* @ EY). This is Case (b).

Assume now that the homoclinic class H(p) admits no domination of index
i. Consider the finest dominated splitting over H(p). Combine all the con-
tracted (center and expanded resp.) bundles and denote it by E* @ E° @ E,
such that F® and E" are uniformly contracted and expanded bundles respec-
tively and E° is the center bundle. By Proposition 4.29 and Proposition 4.30,
we have that i = dim(E®) + 1 or i = dim(E* @ E°) — 1. We then consider the
following two subcases.

If there exist both periodic points which contract and others which expand
the volume along E°, then there are both periodic orbits whose i exponent
arbitrarily close to 0, and those whose (i + 1) exponent arbitrarily close to
0. Then the homoclinic class H(p) admits both a domination of index ¢ — 1
and a domination of index ¢ + 1. Otherwise, using Proposition 2.43, one can
get a heterodimensional cycle by arbitrarily C'-small perturbation, and get
a periodic point of different index in H(p). Then we have that Ty M =
E* @ E°@ E*, with dim(E®) =i — 1 and dim(E°) = 2, and there is no finer
dominated splitting along E°. This is Case (c).

If there exist only periodic points which contract the volume along E°, then
arguing as in the previous case, the homoclinic class H(p) admits a domination
E & E* where dim(E) =i+ 1. This is Case (d). Symmetrically, if there exist
only periodic points which expand the volume along E°, then it is Case(d’). [
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Chapter 5

Non-hyperbolic ergodic measures
on homoclinic classes

In this chapter, we give the proof of Theorem B, and we give a proposition that
under some assumptions, one can get a non-hyperbolic ergodic measure whose
support is the whole homoclinic class. We state Theorem B again below.

Theorem B. For generic f € Diff' (M), a homoclinic class H(p) which is not
hyperbolic supports a non-hyperbolic ergodic measure .

5.1 Reduction of Theorem B

Theorem B follows immediately from the following two theorems, considering
whether the homoclinic class admits a dominated splitting corresponding to
the index of p or not. The proofs of Theorem F and Theorem G are given in
Section 5.2 and Section 5.3 respectively.

Theorem F. For generic f € Diff'(M), if the homoclinic class H(p) of a
periodic point p of index i admits a dominated splitting E @ F with dim E = i,
and if the bundle E is not uniformly contracted, then there exists an ergodic
measure supported on H(p) whose i™ Lyapunov exponent equals 0.

Theorem G. For generic f € Diff'(M), if the homoclinic class H(p) of a
periodic point p of index i does not admit a dominated splitting E & F with
dim E = 1, then there exists a non-hyperbolic ergodic measure j such that
supp(p) = H(p). Moreover, if the i™ and (i +1)" Lyapunov exponents x;,
Xit1 of p satisfy xi + Xiy1 < O, then the (i +1)" Lyapunov exponent of u
vanishes.

5.2 The dominated case

In this section we complete the proof of Theorem F.
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Lemma 5.1. For any diffeomorphism f € Diff'(M), consider a non-trivial
homoclinic class H(p) having a dominated splitting TypyM = E & F such
that dim(F) = Ind(p) = 1. If the bundle E is not contracted, then there is an
ergodic measure p supported on H(p), whose first Lyapunov exponent vanishes.

Proof. Since the bundle E' is not contracted, by Claim 1.7 of [34], there is an
ergodic measure p supported on H(p), such that y;(u) > 0, where x;(u) is
the Lyapunov exponent of u along the bundle F.

If x1(x) = 0, then the ergodic measure p which is supported on H(p) is
non-hyperbolic.

If x1(p) > 0, then all Lyapunov exponents of p are positive by the dom-
inated splitting £ @& F. Then u is supported on a periodic source, which
contradicts the fact that supp(u)C H(p) and that H(p) is non-trivial. This
finishes the proof of Lemma 5.1. O

Now will manage to prove Theorem F.

Proof of Theorem F. Now we consider a generic diffeomorphism f € Diff! (M)
which satisfies Theorem 2.46, a hyperbolic periodic point p of index i, where
1 <i<d-1, and a dominated splitting Ty, M = E @ F where dim(E) =i
and F is not contracted. By Theorem 2.44, we can assume that all periodic
points contained in H(p) have index larger than or equal to i, otherwise, there
is an ergodic measure supported on H(p) whose i'" Lyapunov exponent is zero
and there is nothing need to prove.

If dim(E) = 1, then the conclusion can be obtained from Lemma 5.1. Hence
we can assume that dim(E) > 2. We consider two subcases whether the bundle
E has a dominated splitting £y @ Fy with dim(F3) = 1 or not. Equivalently,
we distinguish whether the homoclinic class H(p) has a dominated splitting of
index ¢ — 1 or not.

Case 1: H(p) has a dominated splitting of index i — 1. In this case,
the bundle E has a dominated splitting into two bundles £ = E° & E° such
that dim(E°¢) = 1. By Corollary 4.24, the bundle E* is contracted by Df.
The bundle E° is not contracted, since the bundle E is not contracted. By
Claim 1.7 of [34], there is an ergodic measure p supported on H(p), such that
Xi(p) > 0, where x;(u) is the Lyapunov exponent of p along the bundle E°.

If x:(p) = 0, the conclusion of Theorem F holds.

If xi(1) > 0, then p is a hyperbolic measure because the bundle E° is
contracted by D f. Moreover, the non-uniform hyperbolic splitting of u is a
dominated spitting £ @ (E° @ F'). By Proposition 2.45, there is a hyperbolic
periodic point ¢ of index i — 1, such that supp(u) C H(g). By the item 2 of
Theorem 2.46, ¢ belongs to H(p), which contradicts the assumption that all
periodic points contained in H(p) have index larger than or equal to .
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Case 2: H(p) has no dominated splitting of index i—1. By Theorem D,
since the bundle E is not contracted, for any € > 0, there is a periodic point
p- homoclinically related to p, such that y;(p.) € (—¢,0). Since H(p) has no
dominated splitting of index ¢« — 1, by Proposition 2.43, there is an arbitrarily
small perturbation g of f, such that H(py, g) has a heterodimensional cycle
associated to Orb(p,) and Orb(g,) with Ind(g,) =i — 1. Then by the item 8
of Theorem 2.46, there is a periodic point ¢ € H(p) whose index equals i — 1,
which contradicts the assumption that all periodic points contained in H(p)
have index larger than or equal to 7.

The proof of Theorem F is now complete. O

5.3 The non-dominated case

In this section we prove Theorem G.

5.3.1 Multiple almost shadowing of Orb(p) with a weak
Lyapunov exponent

The following proposition states that, for generic f € Diff' (M), if a homoclinic
class H(p) has no dominated splitting of index Ind(p), then by a C'-small
perturbation, arbitrarily dense in H(p), there is a periodic orbit that multiple
almost shadows the orbit of p and that has a Lyapunov exponent close to 0.

Proposition 5.2. For generic f € Diff'(M), consider a center-dissipative
hyperbolic periodic saddle p of index i which has simple spectrum. Assume
that the homoclinic class H(p, f) has no dominated splitting of index i. Then
for any e,y > 0, for any » € (0,1), and for any C*-neighborhood U of f, there
are a diffeomorphism g € U, and a hyperbolic saddle q of f, such that:

1. the saddle q is homoclinically related to p with respect to f and g,

2. the orbit of p is (v, »)-multiple almost shadowed by the orbit of q,

3. the Hausdorff distance between Orb(q) and H(p, f) is less than ¢,

4. g coincides with f on Orb(q) and outside a small neighborhood of Orb(q),
5. the saddle q has simple spectrum with respect to g,

6. Xi+1(¢,9) € (0,¢).

Proof. We assume that f satisfies the properties stated in Lemma 2.39 and
Theorem 2.46. Without loss of generality, we can assume that ¢ > 0 is small
such that any diffeomorphism h that is e-close to f in Diff' (M) is contained
in U and such that € < |x;|, where j = 7,7 + 1. Then there are two positive
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integer T" and 7 that satisfy the conclusion of Lemma 2.41 associated to the
constant .

By the definition of dominated splitting, there is n > 0, such that, any
invariant compact set that is n-close to H(p) in the Hausdorff distance has no
T-dominated splitting of index i. Moreover, we can assume that n < e.

By Lemma 2.39, there is a center-dissipative periodic saddle Orb(g) with
simple spectrum homoclinically related to p such that,

— the orbit of p is (7, s)-multiple almost shadowed by the orbit of g,
— the Hausdorff distance between Orb(q) and H(p, f) is less than 7,
— the Lyapunov exponents of Orb(q) are close to those of Orb(p).
Hence the items 2, 3 are satisfied. Moreover, the periodic point ¢ can be chosen

such that its period 7(q) is larger than 7.

Now we do a perturbation to get a diffeomorphism ¢ that satisfies the
item 1, 4, 5, 6.
Consider the hyperbolic periodic orbit Orb(g, f). By the choice of 7, one
can see that Orb(q) has no T-dominated splitting of index i.
By Lemma 2.41, for each n = 0,1,--- ,m(q) — 1, there is a one-parameter
family of matrices (A, ;)icjo1] in GL(d,R), such that, denote by By = Ar(g)—1.0
-0 Ag, for t € [0, 1], the following properties are satisfied.

~ Ano = Df(f"(q)),
= [ An: = DF(f" (@)l < e and [[Az; = Df'(f(q))ll < e, for any ¢ € [0,1],

- Xi+1 S (07€)a
— x;j(Bt) = x;j(By), for any t € [0, 1] and for any j € {1,2,--- ,d}\{i,i+1},
— B is hyperbolic for any ¢ € [0, 1],

Take a small constant § > 0, such that the local manifolds W¢(Orb(g), f)
and W¥(Orb(q), f) of size 0 are two embedding sub-manifolds of dimension
1 and d — ¢ respectively. Then there are two transverse homoclinic points
z € Wg(Orb(q), f) h W¥(p, f) and y € W§(Orb(q), f) h W*(p, f) since the
periodic orbit Orb(q) is homoclinically related to p with respect to f. Consider
the two small compact sets {z} and {y} as K* and K“. There is a small
neighborhood V' of Orb(q), such that V is disjoint with Orb™ (2, f), Orb™ (y, f)
and Orb(p). By Lemma 2.42; there is a diffeomorphism g that is e-close to f
in Diff' (M), and that satisfies the following properties:

a). g coincides with f on the orbit of Orb(g) and outside V/;

b). z € W3(Orb(q),g) and y € Wy (Orb(q), g);
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c). Dg(¢9™(q)) = Dg(f"(q)) = Apq foralln=0,--- ,7(q) — 1.

Then we have that z € W?*(Orb(q),g) N W*(p,g) and y € W*(Orb(g),g) N
W4(p, g), and by an arbitrarily small C'-perturbation if necessary, we can as-
sume that the intersections are transverse. Hence Orb(q) is still homoclinically
related to p under g, which is the item 1 in Proposition 5.2. The item 4 is
automatically satisfied by the item a. The items 5, 6 are satisfied by the item
c and the properties of the one-parameter families (A, +):c[0,11:n=0,1,- ,x(q)—1-
The proof of Proposition 5.2 is now complete. O]

5.3.2 Construction of sequences of weak periodic orbits

The following proposition gives a sequence of periodic orbits that have some
shadowing properties for C''-generic diffeomorphisms.

Proposition 5.3. For generic f € Diff'(M), assume that p is a center-
dissipative hyperbolic saddle of index i with simple spectrum whose homoclinic
class H(p) has no dominated splitting of index i. Then, there is a sequence of
center-dissipative periodic points (g, )n>1 with simple spectrum, together with a
sequence of positive numbers (Yn)n>1, such that, for any n > 1, the followings
are satisfied.

1. g, is homoclinically related to p.

2. Orb(qn, f) is 1=-dense in H(p).

8. Yn < 29n—1 and the orbit of ¢,—1 is (Y1, 1 — 55— )-multiple almost shad-

owed by the orbit of q,,.

4. There exists a positive integer N, > 7(qy,), such that for any point
x contained in the 2v,-neighborhood of Orb(g,), we have Lfﬁ?)(x) -
L\ (w) € (0. 5%).

Proof. Since f is a C'-generic diffeomorphism, by the item 4 of Theorem 2.46,
for a diffeomorphism g close to f in Diff' (M), the homoclinic class H(py, g)
is close to H(p, f) in the Hausdorff topology. Hence one can see that the
items 1, 2, 3, 5, 6 in Proposition 5.2 are persistent under C'-perturbations.
Therefore by a standard Baire argument, the following statement holds.

For generic f € Diffl(M), assume p 1s a center-dissipative hyperbolic saddle
of index © which has simple spectrum, if the homoclinic class H(p) has no
dominated splitting of index i, then for any e,y > 0, and any » € (0, 1), there
18 a center-dissipative periodic saddle q with simple spectrum homoclinically
related to p, such that:

— Orb(p) is (v, s)-multiple almost shadowed by Orb(q),
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~ Orb(q) is e-dense in H(p),
- xi+1(g, f) € (0,¢).

One may assume that the diffeomorphism f in the statement of Proposi-
tion 5.3 satisfies the property above and the properties of Lemma 2.39 and
Theorem 2.46. Now we construct the sequence of periodic orbits. To make it
complete, we take go = p and vy = 1.

Assume Orb(g,) and 7, have been taken to satisfy the properties stated
in the proposition for any n < k — 1. We construct Orb(g), 7x and Ni. We
have that H(qy_1) = H(p). Consider the periodic point gx_1, since H(qx_1)
has no domination of index ¢, and by the choice of R, there is a periodic point
qr with simple spectrum homoclinically related to gi_i, such that, Orb(gx_1)
is (Y%—1,1 — 3= )-multiple almost shadowed by Orb(gx), Orb(gy) is f-dense
in H(p), and x;11(qx, f) € (0, 4%) Hence the items 1, 2, 3 are satisfied. By the
fact that Y1 (2. f) = iy soo (L") (2, )~ LY (2, f)), there is Ny > 7(qs),
such that for any = € Orb(g;), we have Lg’;)(x) - Lg’;ll(x) € (0, 5¢). Then

there is a constant vy, € (0, %2), such that for any = contained in the 27;-

neighborhood of Orb(gy), we have that Lfﬁ’;)(x) - Lﬁljf’i)_l(x) € (0,5¢). Then
the item 4 is satisfied.
The proof of Proposition 5.3 is now complete. m

5.3.3 End of the proof of Theorem G

Now we can prove Theorem G. By the item 1 and 10 of Theorem 2.46, we can
assume that the periodic point p is center-dissipative and has simple spectrum.
Then there is a sequence of center-dissipative hyperbolic periodic orbits (g,)
that satisfies the properties in Proposition 5.3.

By Lemma 2.40, denoting by p,, the probability atomic measure uniformly
distributed on the orbit Orb(g,) for each n, the weak-*-limit of y,, is an ergodic
measure /1, whose support is:

supp(p) = (o=, (Us=, Orb(gn)) = H(p).

It only remains to show that u is a non-hyperbolic measure, which is from
the following claim.

Claim 5.4. For the ergodic measure p, we have that x;41(p, f) = 0.

Proof. Since the orbit of ¢, is a (y,,1 — %)-multiple almost shadowed by the
orbit of ¢,41, there are a subset I',, C Orb(g,) and a map p,, : ', = Orb(g,—1)
for each n > 2 from Definition 2.38. Take Y, = p, 1 o--- 0 p;'(Orb(q)), we
can see that Y,, is well-defined. Take the upper topological limit

Y =limsupY,,.

n—-+00
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Since Y is a compact set and p is the limit measure of u,, we have that

n—1

p(Y) > limsup g, (Yy) > H(l

n—400 k=1

1
——)>0.

2”>
By the fact that v,41 < %’yn, we can see that the set Y is contained in the

27,-neighborhood of Orb(g,) for every n > 1. Then for any = € Y, and any
n > 1, we have that Lg’;)(az) - L((ijj’;)_l(x) € (0, 5+) for the strictly increasing
sequence (N, ),>1. By the facts that p is ergodic and p(Y) > 0, we have that

for u-a.e. €Y,

Xist () = lim (L (e, f) = L")y (x, f))

= lim (%@, f) - L™ (2, )

n—-+00

=0.

]

5.4 Non-hyperbolic ergodic measures with full
support

We state a result in this section, which shows that one can obtain a non-
hyperbolic measure with full support under certain assumptions. This gener-
alizes a previous result of [22].

Proposition 5.5. For generic f € Diff' (M), if a homoclinic class H(p) con-
tains periodic points with different indices, then there is a non-hyperbolic er-
godic measure p with supp(u) = H(p).

Proof. By the items 2, 5 of Theorem 2.46, we can assume that there is a peri-
odic point ¢ such that H(q) = H(p), and p, ¢ have indices i, + 1 respectively.
We consider the following two cases.

If H(p) has no dominated splitting of index 7 or of index 7 + 1, then by
Theorem G, there is a non-hyperbolic ergodic measure p such that supp(u) =
H(p).

If otherwise, the homoclinic class H(p) has both a dominated splitting of
index ¢ and a dominated splitting of index ¢ + 1, then by Theorem 2.44, there
is a non-hyperbolic ergodic measure p such that supp(p) = H(p). O

117



PhD Thesis of Peking University & Université Paris-Sud 11

118



Chapter 6

Dominated splitting on Lyapunov
stable aperiodic classes

In this chapter, we give the proof of Theorem C, which we restate below.

Theorem C. For generic f € Diff'(M), if a Lyapunov stable aperiodic class
A of f admits a dominated splitting T\M = E @ F, then one (and only one)
of the following two cases holds: E is contracted or F is expanded.

6.1 The predefined settings

First, we take f € R, where R is a residual subset in Diff' (M) that satisfies the
conclusions of Theorem 2.46 and the properties stated in Proposition 3.3. Later
we will assume also that f belongs to another residual subset R, of Diff' (M),
which will be defined below. We consider a Lyapunov stable aperiodic class A
of f admitting a dominated splitting ThAM = E & F.

By taking an adapted metric [43], we assume that T\M = E®F is a (1, \?)-
dominated splitting for a constant 0 < A < 1. To simplify the notations, we call
E®F a \?-dominated splitting. By Remark 2.8 we can take a neighborhood V}
of A and a C'-neighborhood U of f, such that, for any g € Uy, the invariant
compact set [,z 9" (Vo) has a A\>-dominated splitting that is the extension
of TA\M = E @& F. To simplify the notations, we still denote this dominated
splitting by £ @ F.

To prove Theorem C, we assume that neither E|, is contracted nor F|, is
expanded. Then we show that one can obtain a periodic orbit that intersects
the aperiodic class A, which leads a contradiction. Take two numbers A\; < Ay
in the interval (\, 1).
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6.2 Existence of a bi-Pliss point whose w-limit
set 1s F/ contracted

Similar to Lemma 4.6, we have the following lemma.

Lemma 6.1. There is a Ao-bi-Pliss point x € A, such that w(x) is a A\;-F-weak
set and x ¢ w(x).

Lemma 4.6 is for homoclinic classes and for the assumption that the bundle
E is not contracted. By considering the diffeomorphism f~! and the bundle
F', one can see that Lemma 6.1 follows exactly the same arguments. Hence we
do not give the proof here.

6.3 Existence of I/-contracted periodic orbits by
perturbations

We take the A-bi-Pliss point € A from Lemma 6.1. Then we have that
w(z) is a A-F-weak set and = ¢ w(z). We have the following lemma to get
E-uniformly contracted periodic orbits close to A by C*-small perturbations.

Lemma 6.2. For any C'-neighborhood U of f, any neighborhood V of A, and
any neighborhood U, of x, there are a diffeomorphism g € U and a periodic
point q € U, of g with period T, such that Orb(q,g) C V', and

T—1
H 1Dglegi@nll < M7
i=0

Proof. Take a C'-neighborhood U of f, a neighborhood V of A and a neigh-
borhood U, of x. Without loss of generality, we assume that U C Uy, V C Vj
and U, C V.

By Lemma 2.19 and the compactness of w(x), there is an integer T > 1,
such that, for any y € w(x),

T-1

[T 1Dl < AT
=0

Then there are a neighborhood U C V of w(z), and a C*-neighborhood V C U
of f, such that, for any point y with Orb(y,g) C V, if ¢'(y) C U for any
0 <¢ <T, then it holds that

T-1

L1109l < A"

=0
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Take C' = sup{||Dyg|| : ¢ € V}. Take a small neighborhood U, C V
of . Considering the diffeomorphism f~!, by Proposition 3.3, there is an
integer L associated to (f,V,U,U,,V). Take an integer k € N, such that
AT CETHT o \nTHETHT for any n > k. Take m = kT + LT + T, then by
Proposition 3.3, there are a diffeomorphism g € V C U and a periodic point
q € U, of g, such that Orb(gq,g) C V satisfies #(Orb(p,g) N U) > m, and
#(Orb(p,g) \ U) < L. Denote by 7 the period of ¢ under the iterate of g.
It can be written as 7 = nT + LT + r, where 0 < r < T. Then by the
distribution of the points of Orb(g, g), there are at least n pieces of segments
{£5(q), fi(q), -, fiTT7(q) }1<i<n that are pairwise disjoint and contained
in U. Hence we have that

T—1 n Li+T-1
[T1Dgleg@l <" -TT T 1Pgle@i@l
i=0 J=1 =l

S )\nT . NLT+T < )\1nT+LT+T < )\17"

This finishes the proof of Lemma 6.2. O

6.4 Generic existence of E contracted periodic
orbits

From Lemma 6.2, we obtain some FE contracted periodic orbits close to the
aperiodic class A that has a point close to the Ao-bi-Pliss point x € A by
Cl-small perturbations of f. Then, with a standard Baire argument (see for
example [44]), we can obtain such periodic orbits for the generic diffeomor-
phism f itself.

Lemma 6.3. There is a residual subset Ry C Diff' (M), such that, if f € Ry,
then for any neighborhood V' of A, and any neighborhood U, of the A\s-bi-
Pliss point x, there is a periodic point q € U, of f with period T, such that
Orb(q) C V, and

7—1

[TI1DAe @l < M7
1=0

Proof. Take a countable basis (U, )m>1 of M. Denote by (V},),>1 the countably
collection of sets such that each V, is a union of finitely many sets of the basis

(Um)mZI-

Let Hpn; be the set of C diffeomorphisms h, satisfying the following
properties.
There is a hyperbolic periodic orbit Orb(q, k'), such that

e Orb(q, 1) C V,, and Orb(q, W) N U,, # 0,

121



PhD Thesis of Peking University & Université Paris-Sud 11

o there is a dominated splitting TowqnwyM = E®F with dim(E) = j, and,
denoting by T the period of q, then

T—1
TP | Ew @l < M7
=0

Notice that H,, . ; is an open subset of Diff'(M). Take N, ; = Diff' (M)\
Upn.n j, then the set Hp, ., j UN,, 5 is an open and dense subset of Diff* (M).
Let

— Ll

where R is taken from Theorem 2.46. Then the set R is a residual subset
of Diff' (M). We now prove that the conclusion of Lemma 6.3 is valid for the
residual subset R;.

Take any diffeomorphism f € R;. For any neighborhood V of A, and any
neighborhood U, of x, there are two integers m and n, such that V,, C V
and x € U,, C U,. By Lemma 6.2, for any neighborhood V of f, there is
a diffeomorphism g € V such that ¢ € H,,,  ;, where j = dim(£). This
means that f € H,,, ;. Then f ¢ N, ,;, and thus f € H,,, ;. The proof of
Lemma 6.3 is finished by the construction of H,, ;. O

6.5 Proof of Theorem C

We have the following lemma, which shows that under certain conditions, there
is a point whose unstable manifold touches the stable manifold of a periodic
orbit.

Lemma 6.4. Given three constants 0 < A < A\ < Ay < 1. For a diffeo-
morphism f € Diff'(M), consider an invariant compact set K admitting a
(1, \?)-dominated splitting Ty M = E® F. Assume that x € K is a \y-bi-Pliss
point. Assume that for any neighborhood V' of K, and any neighborhood U, of
x, there is a periodic point q € U, of f with period T, such that Orb(q) C V,
and

T—1

H ||Df‘E(fi(q))|| <A\

i=0
Then there is a point y € K and a periodic point q of f, such that W*(y) )
We(q) # 0.

Proof. By the assumption, there is a sequence of periodic points {¢, },>1 which
converges to x such that Orb(g,) accumulates to a subset of K, and

Tn—1

LT IPf el < A7,
1=0
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where 7, is the period of ¢,, for any n > 1.

By the Pliss Lemma, there are A;-E-Pliss points on Orb(g,). Consider
all pairs of consecutive \;-E-Pliss points (%' (¢,), f% (qn))1<i<m, on Orb(q,).
We consider whether the sequence of numbers (17! — k') ,>1,1<i<m, is uniformly

1
bounded or not.

Case 1. If there is a number N such that 0 < ' — k' < N, for all 7 and
all n > 1, then the set |J,-, Orb(g,) is an E-contracted set. Hence any
¢ has a uniform stable manifold with dimension dim(E) by Remark 2.17.
Since = is a Ag-bi-Pliss point, when ¢, is close enough to x, we have that

W (z) N W5(q,) # 0. Then we take y = x and ¢ = g,,.

Case 2. We consider the case where the sequence (II' — k}')p>11<i<m, 1S
not uniformly bounded. By considering a subsequence if necessary and to
simplify the notations, we assume that the sequence of consecutive A\;-F-
Pliss points (f*1'(q,), f'1 (¢.)) satisfies 17 — k7 — +oo0 as n — +oo. By
item 1 of Lemma 2.22, any limit point y € A of the sequence {f%(q,)} is
a A\;-bi-Pliss point. Hence when f'%(g,) is close enough to y, we have that
We(y) N We(f%(gn)) # 0. Then we take ¢ = f1'(q,).

The proof of Lemma 6.4 is now completed. O

Let Rp = {f € RNRy : and f satisfies Proposition 3.3}. Then Ry is a
residual subset of Diff'(M). We prove that Theorem C is satisfied for all the
diffeomorphisms in R.

End of the proof of Theorem C. We prove Theorem C by contradiction. If nei-
ther F is contracted nor F' is expanded, then by Lemma 6.4, we have that
Wh(y) N W#(q) # () for some y € A and some periodic point g. Since A is
a Lyapunov stable aperiodic class, we have that W*(y) C A, hence ¢ € A,
which contradicts the fact that A contains no periodic point. This concludes
Theorem C. O
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