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Résumeé

Ce mémoire de thése est consacrée a ’étude des problémes d’évolution ot la dy-
namique est régi par 'opérateur de diffusion de sous-gradient. Nous nous intéressons
a deux types de problémes d’évolution.

Le premier probléme est régi par un opérateur local de type Leray-Lions avec un
domaine borné. Dans ce probléme, 'opérateur est maximal monotone et ne satisfait
pas la condition standard de controle de la croissance polynomiale. Des exemples
typiques apparait dans ’étude de fluide non-Neutonian et aussi dans la description
de la dynamique du flux de sous-gradient. Pour étudier le probléme nous traitons
I’équation dans le contexte de 'EDP non linéaire avec le flux singulier. Nous utilisons
la théorie de gradient tangentiel pour caractériser ’équation d’état qui donne la
relation entre le flux et le gradient de la solution. Dans le probléme stationnaire, nous
avons l’existence de la solution, nous avons également 1’équivalence entre le probléme
minimisation initial, le probléeme dual et I'EDP. Dans I’équation de I’évolution, nous
proposons ’existence, 'unicité de la solution.

Le deuxiéme probléme est régi par un opérateur discret. Nous étudions
I’équation d’évolution discréte qui décrivent le processus d’effondrement du tas
de sable. Ceci est un exemple typique de phénoménes auto-organisés critiques
exposées par une slope critique. Nous considérons ’équation d’évolution discréte
ot la dynamique est régie par sous-gradient de la fonction d’indicateur de la
boule unité. Nous commencons par établir le modéle, nous prouvons existence et
I'unicité de la solution. Ensuite, en utilisant arguments de dualité nous étudions le

calcul numérique de la solution et nous présentons quelques simulations numériques.

Mots-clés : la diffusion de sous-gradient, 'opérateur de type Leray-Lions, flux sin-
gulier, gradient tangentielle, la dualité, équation elliptique, équation parabolique, la

contraction, sandpile effondrement, I’équation de I’évolution discréte.






Abstract

This thesis is devoted to the study of evolution problems where the dynamic is
governed by sub-gradient diffusion operator. We are interest in two kind of evolution
problems.

The first problem is governed by local operator of Leray-Lions type with a boun-
ded domain. In this problem, the operator is maximal monotone and does not sa-
tisfied the standard polynomial growth control condition. Typical examples appears
in the study of non-Neutonian fluid and also in the description of sub-gradient fows
dynamics. To study the problem we handle the equation in the context of nonlinear
PDE with singular flux. We use the theory of tangential gradient to characterize the
state equation that gives the connection between the flux and the gradient of the
solution. In the stationary problem, we have the existence of solution, we also get
the equivalence between the initial minimization problem, the dual problem and the
PDE. In the evolution problem, we provide the existence, uniqueness of solution.

The second problem is governed by a discrete operator. We study the discrete
evolution equation which describe the process of collapsing sandpile. This is a
typical example of Self-organized critical phenomena exhibited by a critical slop.
We consider the discrete evolution equation where the dynamic is governed by
sub-gradient of indicator function of the unit ball. We begin by establishing the
model, we prove the existence and uniqueness of solution. Then by using dual
arguments we study the numerical computation of the solution and we present

some numerical simulations.

Keywords : sub-gradient diffusion, Leray-Lions operator, singular flux, tangential
gradient, duality, elliptic equation, parabolic equation, contraction, collapsing sand-

pile, discrete evolution equation.
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Introduction

This thesis is devoted to the study of evolution problems where the dynamic
is governed by sub-gradient diffusion operator. We are interest in two kind of
evolution problems. The first problem is governed by local operator of Leray-Lions

type with a bounded domain and the second one is governed by a discrete operator.
Let 2 C R" be an open bounded set with Lipschitz boundary. Let us consider
the following evolution problem :

[ Ou(t) = V- = p(t)
in Q, fort e (0,7)
O(x) € O¢J(x, Vu(x))

u=0 on ¥ :=(0,T) x I,

u(0) = ug in

\

where 0;u denotes the partial derivative of u with respect to ¢, and J¢J(x, §) denotes
the subdifferential of J with respect to £. The functions uy = ug(x) and p = pu(t, z)
are given. This problem is well studied in the case where 0:J(x,&) is replaced by a
Leray-Lions operator a(x,&) . That is a is a Carathéodory function, i.e. a is a vector
valued mapping from Q x R" into IR", (Carathéodory mean continuous w.r.t. z € Q

and measurable w.r.t. £ € IR"), there exists 1 < p < oo, such that :

(L1) forany &, n € IR", £ #n

(a(z, &) —a(z, n)).(E—n) >0 ae. z€Q
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(L2) there exists C' > 0 such that, for any £ € R"
a(z, £).£ > C|£JP for a.e. x € 2

L3) there exists o > 0 and k € L” () where p' = L, for any ¢ € IR"
1
p R

la(,&)] < olk(z) +¢P) ae. o€

Leray-Lions type operators motivated many studies and new developments in the

theory of nonlinear elliptic and parabolic PDE.

In the case where 1 < p < 400, the existence and uniqueness of solution of this type
equation is studied widely. If i € L”(Q), uy € LP(Q) we can apply the Leray-Lions
theorem, there is a unique solution in LP(0,T, W, () (cf. Theorem 1.2 page 162
[70]). If p is a measure, the existence theorems for weak solutions have been given
[31]. More about the summability with respect to space and time of the gradients
of solutions are obtained [30].

To provide the uniqueness, the new concepts of solution have been defined. If
p € LYQ), up € L' (), the authors studied the existence and uniqueness of entropy
solution [6]. In the framework of renormalized solution, the notion was introduced
by Lions and Di Perna [71], the existence and the uniqueness has been proved, see
[27], [28]. And in [53], the author prove that the notion of renormalized solution

and entropy solution for parabolic equation of Leray-Lions type are equivalent.

The case where p = 1, the equation (1.2) appear as models for heat, mass
transfer in turbulent fluids or in the theory of phase transitions (see [|9]). Some
variant appears also in the context of image denoising and reconstruction (see
[9]). In this situations the equation (1.2) appears as a border case with respect to
the standard assumptions (L1-L3). Its study has developed many new theoretical
and numerical tools (see [9]) currently essential for nonlinear PDEs analysis in
the spaces BV, the set of function of bounded variation. Indeed, due to the linear
growth condition, the natural energy space to study (1.2) in this case is the space

of functions of bounded variation and the flux is a bounded function.



Typical examples for the opposite borderline case p — oo (p' = 1), appears
in the study of sub-gradient flow dynamics. In [16], the authors interpret the limit

problem as a simple physical model for growing sandpile.

The aim of the first part of this thesis is to study the case where J : ) x IR" —
[0,00]; J(x,&) is continuous with respect to x, l.s.c. with respect to &, and satisfies

J(z,0) =0, for any = € Q and, moreover

(J1) There exists M (x) in L*°(92) such that, the domain of J(x,.) C B(0, M(x))
for all z in Q.
This condition is equivalent to : for any p > 1, J(x,&) > ((|¢| — M (x))")P, for
any (z,§) € Q x R".

(J2) For any = € , J(z,.) is convex.

(J3) 0 € Int(D(J(x,.))), forany z € Q.

Where, the domain of J(x,.) is the set
D(z) =D(J(z,.)) ={{ € R": J(x,§) < oo}.

To understand our situations, we consider the stationary problem

—V-o=u } .
in Q
¢ € 0cJ(z, Vu(x))

u=0 on 0.

We start by minimizing the following integral functional, for 1 < p < 0o :

min [ [u] = uegli’g(m {/Q J(z, Vu)dr — /qudx} : (2)

where J : Q x R" — [0,+00); J(x,&) is continuous with respect to z, l.s.c. with
respect to &, f € L*(Q).

There exist many standard studies of this type equation. If we suppose that J(z,.)
is convex, satisfies the coercive inequality J(x, Vu) > «|Vul? — 3, then there exists

a solution of minimization problem. By using the standard duality argument we get
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the dual problem as the following :

max [*[¢] = max {—/J*(x,qf))dz :—V-gb:f}.
peL¥ ()" Q
In term of PDE, the Euler- Lagrange equation associated to this problem is elliptic

equation, with Dirichlet boundary condition :

Vo= in Q
o(x) € O (z, Vu) ’

u=20 on 0f),

Moreover, if we assume that J(z,.) satisfies the growth condition
sup{|w|;w € 9 J(x,€)} < C(1+ ¢, (4)

then we have "the equivalence between the three problems". (see section 2 of
chapter 1 for details).

In the case where the assumptions (L3) fails to be true, the operator A(z,.) may
grows rapidly with respect to £. In this situation, the flux is not a Lebesgue function
in general. It is a vector valued Radon measure. So we need to handle the equation
(1) in the context of nonlinear PDE with singular flux. The questions are, can we
apply the standard approach to solve this problem ? Even in the stationary case, an
elliptic equation, how can we define the solution and have the existence of solution ?
How can we characterize the singular flux 7 How can we get the equivalence between
the initial minimization problem, the dual problem and the PDE? The questions
are more difficult in the evolution problem. How can we get the uniqueness of

solution ? Those questions will be answered in chapter 1, chapter 2 and chapter 3.

The aim of the second part of this thesis is to study the evolution problem where
the dynamic is governed by a discrete operator. We study the discrete evolution
equation which describe the process of collapsing sandpile. This is a typical example
of Self-organized critical phenomena exhibited by a critical slop. We consider the
discrete evolution equation where the dynamic is governed by the indicator function

of the unit ball in IR" and we also give some numerical results. This is the aim of



chapter 4.

0.1 Chapter 1

In the section 1 of this chapter, we recall some useful tools that we use in the thesis.
In section 2, by starting from the minimization problem, we summarize the standard
Euler-Lagrange approach to solve the stationary problem. From this, we understand
the role of each assumption. Another approach to solve problem is using the dual
arguments and the PDE come from the extremality relations. At the end of this

chapter, we show why we can’t apply those approach to our situation.

0.2 Chapter 2

In this chapter, we consider the stationary problem associated with (1), with
Dirichlet boundary condition. Let p € M,;(€2) be a given Radon and g € C(0€2) be

given, we consider the following equation

—Vod=p } in Q

(P) ¢ € 0:J(z, Vu)

u=g on 0f).

where J : Q x R" — [0,00); J(z,§) is continuous with respect to x, and l.s.c. with
respect to &, and satisfies J(x,0) = 0, for any = € €. Moreover, we assume that J
satisfies the following assumptions
(J1) There exists M (z) in L*>(Q) such that D(z) C B(0, M (z)) for all  in Q.
(J2) For any z € Q, J(z,.) is convex.
(J3) 0 € Int(D(x))
The aim of this chapter is to prove existence of a solution to problem (P;). Moreover,
we give the connection between the PDE, the minimization problem and the dual
problem.
To solve the problem, we approximate the function J by Yosida approximation .Jy.

We consider the regularization problem in W'?(Q)) and we get the approximate



6 Introduction

solutions uy. We prove that uy in W'*°(Q). Using the compactness arguments we
get a solution u in W*(Q) and a flux ®. Actually, we show that the flux is a vector
valued measure. The regular part ®, (with respect to Lebesgue measure) leaves in
O¢J(x, Vu) and, the singular part @, is concentrated on the boundary of D(z) and
is connected to the tangential gradient of u, V|, ju where |®,| is the total variation
of @, through the support function of D(x). A reminder on all these tools is given

in chapter 2. To set our first main result, we denote by
K = {z e Wh*(Q); Vz(x) € D(z), ae. 1 €9, z =g in 69}

and
Hy = {u € W"P(Q) such that u = g on 9Q}.

For any x € Q, let us denote by Sp(,) the support function of D(x), given by
Sp(z)(¢) = sup {gb “q;qé€ D(m)}, for any (x,¢) € Q x R".

We consider the function ¢ in the following set :
G=1{gecC(09),3go € W"(Q) : Vgo € D(x); gy = g in OQ}.

Theorem 0.1. Assume that J satisfies the assumptions (J1)-(J2). For any p €
M,y(Q), g € G, the problem

(Py) min{/QJ(x,Vz(x))dx—/deu; ze?—[g}

has a solution u. If, moreover J satisfies (J3), then u is a solution of (Py) if and
only if u € K and, there exists ® € My(Q)" such that

O, (x) € O¢J(z, Vu(x)), L'a.e. x€Q (5)
é; (z) - Vio,ju(x) = Sp) <|$—z|(x)) ;| Py ace in Q (6)

and

/ O, -VEdx + / Vi, & dPs = / Edu,  for any £ € Cj(Q). (7)
Q Q Q



If Vig,ju(z) € D(x), |- a.e. x € , then (6) is equivalent to

@,
|®s

(ZE) S a][m(V|¢s|u($)) |<I>3|— a.e.x € (), (8)

where 8HW denotes the subdifferential of the indicator function of D(z). Roughly
speaking (6) with the fact that Vu(z) € D(z), L -a.e. x € (, is a generalized
formulation of the standard formulation (8). Formally, we can say that the problem

(Py) is governed by the following formulation

(

—V- D=y

o, in 0
O, € 8cJ(z, V), o

] Ol 50y (Viau)

(P1)

L u=yg on 0f2.

Throughout this chapter, the couple (u, ®) € W>(2) x M,(Q)™ given by Theorem
0.1 will be called the weak solution of (P;), and (P]) will be called the weak formu-
lation of (P;). As to the problem (P), thanks to Theorem 0.1, it is the minimization
problem associated with (P;).

In particular, by using the definition 8ﬂm, we can deduce the existence of a

solution for the variational formulation associated with the problem (P;)
/@-V(u—f)ﬁ/(u—ﬁ)du, for any ¢ € K, (9)
Q Q

as well as its equivalence with a weak formulation and the minimization problem.
The equivalence between the three formulations is summarized in the following Co-

rollary

Corollary 0.1. Under the assumptions (J1-J3), let u € My(Q2) and (u, ) € K x

My(Q2)" be given. The following propositions are equivalent :
1. (u,®) is a weak solution of (Py).
2. (u, ®,) is a variational solution of (Py).

3. u is a solution of the minimization problem (Py).



8 Introduction

Another important fact is the connection between (P;), (P,) and the dual pro-
blem for (P;). To this aim, we denote by J* :  x IR" — IR the Legendre-Fenchel
conjugate function of J(., &) which is defined by

J*(x,y") = sup {(y*,§> —J(z,8): € Bn}; for any = € Q.

We fix § € C*(Q) be such that § = g in 9 and we denote by

T(g,0) = /Q Vidi - /Q Gy

Remark 0.1. We will see that in our results, the value of T(g,v) not depends on
the choice of g inside € and depends only on the trace of g on OS2 which is equal to
g. Indeed, T(g,v) = / g ¥ -ndS. In this direction we can see the works of G.Q.

o0
Chen and H. Frid where the authors give directly a sense of the trace of a measure

) € My(Q)" such that div (1)) € My(Q) (see c.f. [42] [43], [44]).

We get the following theorem

Theorem 0.2. Let u € M,(Q). Under the assumptions (J1-J3), the problem

(F3)
Ys(z)

min{/ﬂj*(x,wr(x)) dx + /QSD“) (W) dls(z)| = T(g, ) ; ¥ € S(u)}

has a solution ® € S(u). Moreover, ® is a solution of problem (Ps) if and only if
there erxists u € K such that (u, ®) is a weak solution of the problem (P).

(See Section 1.1 for more details about definition of S(u)).



0.3 Chapter 3

In this chapter we consider the evolution equation

[ Ou(t) = V- (B(1) = u(t)
in Q, fort e (0,T)
® € 0. J(z, Vu)
(10)
u=0 on ¥ :=(0,7) x 09,

u(0) = g in Q.

\

where, 0 < T < 0o, @ = (0,T) x 2 and recall that J satisfies the following assump-

tions (the same as chapter 2)

(J1) There exists M (z) in L>(Q) such that D(z) C B(0, M (z)) for all  in Q.
(J2) For any z € Q, J(z,.) is convex.
(J3) 0 € Int(D(x)).

Here p in BV (0, T;w* — M,(Q)) which is a subspace of L'(0,T;w* — M(Q)) (for
more about this space, see 1.1.3). We denote by

K = {z e Wy™®(Q); Vz(z) € D(x), ae. x € Q}
Kr = {z € C([0,T); LA(2)) N L=(0, T; WrP(Q)) ; =(t) € K for any t € [o,T)}.

So, for any u € Ky and pu € L'(0,T;w* — M,(2)) the quantity // u dp is well
Q
defined.

Thanks to chapter 2, the weak formulation of this equation is given by :
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Dru(t) =V - (0,(t) + Dy(1) = u(t) )
O,(t) € 0cJ (x, Vu(t)), in (0,7) xQ,
iy V) =0 () (1)
u=0 on T, for (0,T)x 0%,
| w(0) = ug in Q.

For the existence, we consider the regularization problem and using the compactness
arguments, we get a weak solution of (10). Then we prove that this solution also
gives a variational solution. For the uniqueness, we use the doubling and dedoubling
variables techniques to get the quadratic contraction of variational solutions. By
passing to the limit in the approximate solutions, we prove the L'-contractions of
our solutions.

To begin with, we give our first main result is the coming of the existence and

uniqueness of variational solution.
Theorem 0.3. For any up € K and p € BV (0, T;w* — My(R2)), (10) has a varia-
tional solution (u, ®); i.e. u € Kz, u(0) = ug, ® € L*(Q)", and for any £ € K

s [l =¢F+ [ 00Vt -9 < [ -9 e w01 (12

Moreover, if (u;, ®;) is a variational solution of (P,,), fori € {1, 2}, then

%% /Q i (t) — us ()] < /Q(Ul(t) —uy(t)) d(pa(t) — pa(t))  in D'(0,T).

In particular, we have the uniqueness of u, such that (u, ®) is a variational solution
of (10).
For the weak formulation (11), we prove the following result

Theorem 0.4. Let vy € K and p € BV(0,T;w* — My()). Then, (u,®,) is the
variational solution of (10) if and only if w € Kr, u(0) = ugy, du € L=(0,T;w* —
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My(Q)), @, € L0, T;w* — Myp(Q)") ®,(t)L L, and for L' — a.e. t € (0,T) we
have

Q,.(t) € O¢J(.,Vu), L"-a.e. Q,

2:() . u(t) = D4(1) - a.e.in
.1 Vie,| (t)—SD(m)(’(I)S<t)’) |®,(t)| - a.e. in Q.

Moreover, for any £ € C5(Q), we have

d

RO / @, (1) - VE+ / Vi€ dO,(t) = / Edu(t), inD(0,T).

0.4 Chapter 4

In this chapter, we contribute to the study of the dynamic of a sandpile. We study
the discrete model for the collapse of a pile. We begin by establishing the model,
we prove existence and uniqueness of the solution. Then by using dual arguments
we study the numerical computation of the solution and we present some numerical
simulations.

We consider the surface of the pile to be divided into cubes of integer point ¢ € Z".
The model here consists in finding for each ¢ > 0 the application application u :
Z" — IR, where u(i) describes the density of cubes at the position i , satisfying the

following discrete equation
([ Qu(t,i)+ > o(ti,j)=0,1t>0,i€Z"
jijei

(DM) [ult, i) — ult, j)| < c(t) for i ~ j,

o(t,i,j) = —o(t,j,i) and support(c(t,.,.)) C Xew(u(t)).

\

where i ~ j means |i — j| < 1, the function ¢ : [0,7) — IR" satisfying 1thn% c(t)y=1
_>
and
X,(v):={(i,j) € Z" x Z" : |v(i) —v(j)| =r and ¢ ~ j}.

We get the unique solution of (DM) in the following theorem
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Theorem 0.5. Assume that c € W'°(0, T), ug € K(c(0)) and 0 < T < co. Then
the problem (DM) has a unique solution u € W' (O,T; E%Z”)) and u satisfies

ur(t) + Ol ey (u(t)) 30 for t € (0,7)

u(0) = uo.
Moreover, if uy is a \- approximate solution, then

uy —u in C([0,T); (*(Z")) as A — 0.

For the numerical computation, we attempt to discretize (DM) by the Euler implicit

scheme, we have the generic problem is given by
(@) + Y oli,g) = g(i) for any i € Z",
Jij~i

(DSP) veK(r), o(i,j) = —o(j,i) forany (i,5) € Z" x Z",

and support(o) C X, (v),

where r > 1 is a given constant and ¢ : Z* — IR is a given application.

For a given r > 0, we introduce the convex set
K(r)y={ze€(Z"):|z2(i) — z(j)| <r for i~ j}.

We prove the following main result

Theorem 0.6. Let g € (*(Z") and v € K(r). Then v = Px(g) if and only if,
there exists o € (*(Z"™ x Z"), such that the couple (v, o) satisfies (DSP).

Remember that v = Pk (g) if and only if v € K(r) and

1 .
Tw) = 5llv = gl iz = min J(2). (13)



0.4. CHAPTER 4 13

Let G: (NZ" x Z"™) — IR is defined by

G =5 (X ntii)=nG0) =32 ( 3 .5 -n0.) 90—+ Y- (i)l
i e i g i,j (14)
We denote by S, = {/l clt(Z" < Z") ;jli,j) =0 for |i — j| > 1}, where

Az x ) = {ji e M@ x Z) 1 ili.§) = (i), for any (i, j) € Z" x 2"

We prove that

Theorem 0.7. Let g € (*(Z") and v = Pvy(g). Then, there exists w € Sqs and
v € K(r) such that

G(w) = max G(n) = min J(z) = J(v).

NESas z€K(r)

Moreover, for any i € Z", v(i) = g(i) + Z (w(i,j) —w(7, z))
jijri
From this, we give the numerical method to minimize the functional G. Then we

get some numerical simulations for our model.
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Introduction




1 Preliminaries

1.1 Notation, spaces and basic tools

Let 2 C IR" be a bounded open domain. We denote by L™ the n—dimensional
Lebesgue measure of IR™. For 1 < p < 400, LP(Q), W'(Q) and W,?(Q) denote
respectively, with respect to £", the standard Lebesgue space, Sobolev space and
the closure of D(Q2) in W'?(Q). Otherwise, we denote by L%(9), the standard L”

space with respect to the measure pu.

1.1.1 Measure space

We denote by M(2) the space of Radon measures in Q. We recall that M(Q)
can be identified with the dual space of the set of continuous functions with compact
support in Q ; i.e. M(Q) = (CC(Q)) , in the sense that, every u € M(Q) is equal

f0 € € CQ) — / £ dp.

For p € M((?), we denote by p*, u~ and |u| the positive part, negative part
and the total variation measure associated with pu, respectively. Then we denote,
M, (§2) the space of Radon measures with bounded total variation |u|(€2). Recall
that M, (§2) equipped with the norm |u|(£2) is a Banach space.

We denote by M(£2)" the space of IR"-valued Radon measures of Q ; i.e. X €
M(Q)" if and only if X = (Xy,...,&,) with &; € M(Q2). We recall that the total
variation measure associated with X € M(2)", denoted again by |X|, is defined by

|X|(B) = sup {Z |X(By)| ; B=U2,B;, B;a Borel set}
1=1

15
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and belongs to M™(Q), the set of nonnegative Radon measure. The subspace
My(2)" equipped with the norm ||X|| = |X|(Q2) is a Banach space. It is clear that
M(2)" endowed with the norm || || is isometric to the dual of C.(©2)". The duality

is given by
X = idXiJ
(x.€) > | €
for any X = (&, .., &,) € M(Q)" and £ = (&1, ..., &) € Ce(Q)".

Theorem 1.1 (Lebegue-Radon-Nicodym decomposition). [Theorem 6.10 [82]] Let
i be a positive o-finite measure on a o-agebra M in a set X, and let A be a complex
measure on M

o There is unique a pair of complex measures A\, and g on M such that :
A=A, + A, Ao << [y As Lop

If \ is positive and finite, then so are \,, s
e There is unique h € L*(11) such that

Aa(A) = / hdy
A
for everay A € M

For any X € M,(Q)" and v € M,(Q)*, X is absolutely continuous with respect
to v ; denoted by X << v, provided v(A) = 0 implies |X|(A) = 0, for any A C Q.
Thanks to Radon-Nicodym decomposition Theorem, we know that for any X €
M,(Q)" and v € M, () such that X << v, there exists unique bounded IR"—valued

Radon measure denoted by o such that
v

dx
X(A):/Awdy for any A C Q ;

dx

T € M,y(Q2)" is the density of X with respect to v, that can be computed by
v

differentiating. In particular, it is not difficult to see that, for any X € M(Q)", we

ax dx
have X << |X| and —— € Lj(?)" and '

7] M =1, |X|-a.e. in § (see for instance



1.1. NOTATION, SPACES AND BASIC TOOLS 17

[82]). In connection with the polar factorization, in general, is denoted by

dvertX|
m. So, for any X € M,(Q2)", we have
X
:/—d|X|, for any A C Q,
a X

and, every X € M(Q)" can be identified with the linear application

€€ C( /|X| -€ d|X|.

For any X € M,(Q2)" and pu € M,(Q2), we say that —V - X = p in D'(Q) provided

X

[ Vel = /gdu for any € € D(Q) :

in particular this remains true for any ¢ € Cj(Q), where C3(Q) is the set of C*
function in €2, such that £ and V¢ are null on the boundary of €. In particular,

—V - X = pin D'(Q) is equivalent to —V - <|X| |X|) = win D'(Q). To simplify the

presentation we’ll use the notation
X
/ndX = / — -n d|X|, for any n € C.(Q)".
0 o ||
For a given p € M,(Q2), we say that X' € M, (Q)" satisfies the PDE
V- X=pu, in{ (1.1)

if and only if
/ VEdX = /fdu for any £ € C3(Q).
Q Q

We denote by S(u) the set of vector valued Radon measure X € M,,(Q)" satisfying
the PDE (1.1). For any X € M,;(Q)", we denote by X,.L" + X the Radon-Nicodym

decomposition of the vector valued measure X' with respect to £". So, X € S(u) is
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equivalent to say that

/V{-X,dx—i—/Vé“ dstff dp for any & € Cj(92).
Q Q 0

1.1.2 Sobolev embedding

Theorem 1.2 (Rellich-Kondrachov Theorem). [Theorem 9.16 [41]] Suppose that Q

is a bounded subset of IR™, class C'. We have the following compact injection :

1 1 1
WP (Q) — L1(Q) Vq € [1,p*], where o = i if p<n,
Whe(Q) < LUQ) Vg € [p, o], ifp=n,
WP(Q) — O(Q) if p > n.

Theorem 1.3 (Poincaré inequality). [5.8.1 [57]] Assume Q is bounded, connected,
open subset of IR" with a c! boundary 05) . Assume 1 < p < co. Then there exists
C(n,p, ), such that

Ju — UQ”LP(Q) <C HVUHLP(Q)

for each function u € WHP(Q)

1.1.3 Space involving time

For any 1 < g < oo, LY(0,T;V) is the space of measurable functions
v [0, T] =V

such that

1

T q
||w||m<o,m=(/o ||w<t>||qut> < oo

and L>(0,T;V) is
[0l ao.vy = supiomy 19 (D)]]v-
For any 1 < ¢ < oo, L(0,T; V') is Banach space. If V' is a dual space of V, separable

then the dual space of L(0,7; V) can be identified with qu(O, T;V").
Since My(Q) = (C.(2))" and C.(Q) is separable, then, for a given T' > 0, any weak*-
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measurable function ¢ : (0,7) — M,(Q2) is such that ¢t € (0,7) — |¢(¢)|(Q2) is
measurable (see [49]). So, for any 1 < g < oo, we define

T
L0, T; w* — My (Q)) = {¢: (0,T) = My(2) weak*-measurable ; /0 o (8)]9(Q)dt < oo}.

Recall that the space LY(0,T;w" — My(2)) equipped with the norm

| (f (el dt); if g < o0

esssupeon [(D|(Q) i g = o0

"¢|’Lq(O,T;w*— My () —

is a Banach space. If ¢ > 1, then (cf. [48]) LY(0,T; w* — M,(Q2)) can be identified
with (Lq (0,7 CO(Q))> the dual space of L7 (0,T;Cy(Q)), where ¢/ = % The

identification is given by the application

T+ 190, Tow — My(©) = (L7 (0.T:Co())) with Z(s / /g du(t)

The set BV (0, T;w* — M,(Q)) is the subspace of L'(0, T;w* — My(Q)) defined by
p € BV(0,T;w* — My(Q)) if and only if u € L*(0, T;w* — My(R)) and

T—h
V(u, T) := limsup %/0 (T + h) — w(T)|() dr < oo.

h—0

If o € BV(0,T;w" — M,y(Q)), then it is essentially bounded and has an essential
limit from the right, denoted by p(t+), for every t € [0, 7). We also use the notation

V(p, t+) = limsup — /|,u (T+h)—p(™)|(Q)dr for0<t<T.

h—0

We recall the following classical embedding result. Let H be a Hilbert space such
that :V — H — V',

0
Theorem 1.4. Let u € LY(0,T;V) be such that (9_1; (is defined in the distributional
sense) belongs to LY(0,T;V"). Then u belongs to C([0,T]; H).
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For more detailed proofs and general results, see Theorem 1 [Chapter XVIII [48]].

In our situation, we consider the embedding

WyP(Q) — L2(Q) — W (Q).

1.1.4 Parabolic equation of Leray-Lions type

We consider the following evolution equation

Ou(t) — V- (a(x, Vu(t)) = u(t) in Q, forte (0,7),
u=0 on ¥ :=(0,7) x T, (1.2)
u(0) = wug in €2,

where a is a Leray-Lions operator.
Under the conditions (L1, L2, L3), the problem (1.2) falls into the scope of the

abstract evolution problem

du
EﬂLA(U) =/

(1.3)

where A is a nonlinear operator from LP(0,T; Wy (Q)) to L” (0, T; W~ (Q)).

Theorem 1.5 (cf. Theorem 1.2 page 162 [70]). Let A nonlinear operator satisfies
o [14] < cllulf,
e A is monotone.
o (A(u),u) > allul|’ where o > 0, for all v € WyP(Q).
then there exists a unique solution u € LP(0,T; Wy P(Q)) of ( 1.3) for initial data ug
in WyP(Q).

We recall the following theorem which is useful for our regularization problem

Theorem 1.6 (see cf. Proposition 5.7 [21]). Let f € WH([0,T]; L*(Q)), uy €
Wy (Q) be such that V - ny € L*(Q) for ny € LYQ) and 1y € a(x, Vug) a.e. in
Q. Then there is a unique strong solution of (1.2) such that

©u€ L0, T; Wy () n Wh=([0, T); L*(2)),

. Ccll—tu(t) _ V() = (1) for all t € [0,T),
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where n € L>([0,T); L*(Q)), n(x,t) € a(z, Vu(x,t)) a.e. (z,t) €Q .

1.1.5 Chain rule differentiation

Theorem 1.7 (cf. Proposition 9.5 |[41]). Let G : IR — IR be a Lipschitz function
such that G(0) = 0. Then for every u € W'P(Q), we have G(u) € W"P(Q) and

VG(u) = G'(u)Vu a.e. Q.

Hence, we are able to consider the composition of functions in W'?(Q2) with some
useful function. One is the truncation function Ty(r) = max(—k, min(k,r)) and

another one is, for any r in IR

lifr >,

H.(r) = Zif—eg'r’ge,
€
—1if —e>r.

1.1.6 Variation calculus tools

Let J : Q x IR" — (—00, 40| be a function.
The domain of J(z,.) is the set :

dom(J(z)) :={¢ € R": J(x,§) < oo}.
The sub-level set of J(z,.) at level v € IR is defined by :
lev,J(x) :=={£ € R": J(x,&) <~}

J(z,.) is lower-semicontinuous a.e x € {2 if sub-level sets lev, J(z) are closed for any
v e R.

Definition 1.1. The function J(x,.) is called proper convez if it is not identically

equal to +oo and satisfies :

J(l‘,t& + (1 - t)y> < tj(x7§) + (1 - t)J(I,y)7
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for all & and y in IR" when 0 <t < 1.

Definition 1.2. A subgradient of J(z,.) at £ € IR" is a vector ¢ € IR" such that

J(l’,y) ZJ(£7§)+<¢73/_’£> fO?" allyERn

For each &, we denote by 0:J(x,€) the set of all subgradients of J(x,.) at . The
subdifferential of J(x,.) is a multi-valued mapping O¢J(x,.) which assigns the set
O¢J(x,&) to each &.

Proposition 1.1. (c¢f. Theorem A [80]) If J(z,.) is lower-semicontinuous proper

convez function then for any z, O¢J(x,.) is mazimal monotone in IR".

Definition 1.3. The Legendre-Fenchel conjugate associated with J is the function
J QO x IR" — IR defined by :

J(x,y") = sup {(¥*, &) — J(x,§): & €domJ(x)};  for any x € Q.

y*ERn

Proposition 1.2. (c¢f. [58]) For all ¢,£ € IR", we have (¢,&) < J*(x, ) + J(z,§).
Moreover, we get the equality if and only if ¢ € 0:J(z,¢§).

1.2 Minimization problem and PDE

1.2.1 Convex minimization problem
We start by the following definition

Definition 1.4. The function f : X — IRU {400} is coercive if

/() = +oo.

[|[| =00

Recall that, in the reflexive Banach space, every coercive function is weakly inf-

compact. So, we have the following theorem

Theorem 1.8. (c¢f. Theorem 3.3.4 [17]) Let X be a reflexive Banach space and
f: X = RU{+o0} be weakly — l.s.c. and coercive. Then there exist x* € X such
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that
fl@™) < f(x) forall x € X.

Specially, when a function is convex the [.s.c is equivalent to the weakly — [.s.c.
Then we also use the fact that every closed convex and bounded subset of a reflexive

Banach space is weakly compact, we get

Theorem 1.9. (c¢f. Theorem 2.11 [22]) Let X be a reflexive Banach space and
f: X = RU{+o0} is a ls.c., proper and convex function. If M is closed convex

subset of X and f satisfies the coercive condition

lim r) = 400,
zGM,HxH%Jroof( )

then there exist x* € M such that

fz®) < f(x) for all x € M.

1.2.2 Minimization of integral functionals

Let J:Q x IR" — (—o0,+0o0] be a convex, proper function. For 1 < p < oo and
e W_l’p/(Q), we consider the following integral functional :
T: W (Q)— [0,+00)
/ J(z, Vu)dr — / udp if J(z,Vu) € L*(Q)
Q

ur—  Z(u) = ¢

+00 otherwise

where 1 € W™17(Q).

We summarize the results related to the minimization problem
min{Z(z); z € A}, (1.4)

in the case where either A = Wy ?(Q) or A = {u € W'?(Q), / u = 0}.
Q

The direct method give us the way to obtain the minimizer, by proving the
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l.s.c. and the coercivity of Z with respect to a suitable topology. Among the tools,
the Ls.c. of the integral functionals play an important role and has been studied
wildly. For detail results, see [75], [76], [47], [72], [73].

The following definition and theorem give the necessary and sufficient condi-
tions for the l.s.c. of general integral functional. We recall here the definition of
quasi-convex functional, which is given the first time by Morrey (see [76]) then by
Meyers (see |75]).

Definition 1.5. Let g : RY*" — IR be a locally bounded integrand. g is called
quasi-convez if and only if for u(x) = Az + b, where a € RY and A € M™*", and

w e u+Wy>(e, RY), e is unitary cube in IR", we have

g(4) < / g(Vu(a))dz.

Theorem 1.10. (cf. see [73]) Let 1 < p < oo and f be a Caratheodory integrand
satisfying
0 < fla,u,§) < O+ [ul* + [£[)

np

for (u,€) € R" x RN*™, ¢ < if p<n and q > 1 if p > n. Then, the functional
F W (Q, RY) — [0,00) given by

F:Lﬂﬁmmvmmm.

is well defined. Moreover, F is weakly — l.s.c. in W'P(Q, R™) if and only if F is

quasi-conver with respect to the last variable &.

The quasi-convex notion restricted to the scalar case (N=1) is equivalent to convex
one. For N>1, it is very hard to check that a given function is quasi-convex or not.
Then Ball (|18]) introduced the polyconvexity (convex for all minors of a matrix) to
get sufficient condition for quasi-convexity.

In our situation, it is easier to get the l.s.c of Z, because we are in the scalar case
and the function J does not depend on u. Before giving the necessary condition
for l.s.c., we recall the Mazur’s Lemma. This is an important result that allows a

passage from weak to strong convergence.
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Lemma 1.1 (Mazur). (¢f. Theorem 2, section V [83]) Let (X, ||.||) is a normed
linear space and let x, — x in X. Then there exists a sequence {y.} of convex

combination of m;s i.e.

J J
_ k k_ k
Yk = E a;x; where 5 a; =1, a; >0
i=1 i=1

such that y, — x in X.

Theorem 1.11. (c.f. see [{7]) Let 1 < p < co. If J(x,.) be a Caratheodory function,

l.s.c, convex and bounded below. Then, T is weakly — l.s.c. in W"P(Q)

Remark 1.1. We see that the weak convergence in WP(Q)) can be replaced by
the weak™ convergence in W*°(Q). Therefore, the convezity of J(z,.) implies the
weakly* — l.s.c. of T in WH*(Q).

Another ingredient to get minimum is the coercivity, it depends on the space

and its topology
Definition 1.6. An integral funtional Z(u) satisfies the coercive condition in a subset

A C W(Q) if and only if

lim Z(u) = +oo.
uEA,HuHWLP—)oo

Remark 1.2. If we assume that
J(2,§) =2 C(L+[¢[) for £ € R". (1.5)

By using Poincaré’s inequality in A we get Z[u] > C ||Vul|7,q) = C llully1mq)- Then

Z(u) satisfies the coercive condition.

Now, we have the following theorem

Theorem 1.12. Let 1 < p < oo and J be a Caratheodory function,l.s.c., conver,

bounded from below satisfying the coercive condition, then I attains its minimum in

A .
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Proof : Set m = infZ[u]. If m = oo then we do nothing and we can suppose

m < oo. So, there exist {ug} such that
Flug] — m.

Using the coercive condition we have ||[Vugl||;, < M. So lucky, we can apply Poin-

caré’s inequality in A, then |ug||y1, < C. Therefore,
up — u in WHP(Q).

Finally, we have, u € A and Z[u] = m, which ends the proof. O

1.2.3 Euler-Lagrange equation

In this section, we want to connect the problem (1.4) with the partial differential

equation. This come very naturally from the following general result

Theorem 1.13. Let (X, |.||) be a Banach space and g : X — IR be a C* function,
bounded from below that satisfies the Palais-Smale condition, i.e. if {ur}tic, is a
sequence such that : {g(ug)}32, is bounded, and g'(uy) — 0, then it has a convergent
subsequence. Then, g attains the inf at some point T € X. Moreover, T is critical

point of g, i.e. Dg(z) = 0.

In the case where function J is "good" enough so that the integral functional

I[u] satisfies all the conditions of this theorem, the critical point of

Iul] :/QJ(QJ,Vu)dx—/qudx,

where u € C°(Q), will give us the Euler-Lagrange equation. Indeed, formally for
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any w € C'°(€2) we consider the real-value function, i(€) := I{u + ew]. We have

d

%I[u + ewle—g = E[/Q J(x,Vu+ eVw)dr — /Qf(u + ew)]e=o

_ /Qvgj(:c,Vu)-Vw—/ﬂfw
- _/Q(v-vgJ(:c,Vu)—f)w-

From 4'(0) = 0 we get the associated Euler- Lagrange equation of our problem is the

following elliptic equation
-V -VeJ(z,Vu)=f in Q. (1.6)

If 7 is not differentiable, the question is how does a solution of minimization problem
become a solution of Euler-Lagrange system ? Let us explain in the case of Dirichlet
boundary condition. In the standard Leray-Lions situation, it is usually assumed

that J has a derivative which satisfies the growth condition :
Ved (2,6)] < o(k(z) + [€fF7) where k(x) € L”(Q). (1.7)
Under that assumption we have :
Ve (2, V)" = Ve (z, Vu) |77 < o(k(z) + [VulP )i < o(|k(x)” +|Vul?).

So that VeJ(z, Vu) € LP (Q)", for any u in W?(Q). Then we have the following

definition :

Definition 1.7. We say that u € W"(Q) is a weak solution of Euler-Lagrange

equation if and only if

/V,EJ(I,VU)-Vde = / fudz,
0 0

for all v € WHP(Q).

Theorem 1.14. Suppose that J is convez, satisfies the growth condition (1.7), then
the minimizer of min{Z(z); z € W"P(Q)} is a weak solution of Euler-Lagrange
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equation (1.6).

Proof : In the following proof, we see that the growth condition plays an important
role to get the differential under the integration. First, J is convex and satisfies

condition (1.7), so
|J(z, Vu)| < |Ved (2, Vu)| |Vu| < o(k(z) + [VulP~)|Vu| < olk(z)||Vu| + [VulP.

This implies that the function I{u + ew] is well defined and is finite for all u, w in
Wt (Q).
If we denote

J(x,Vu+ eVw) — J(x,Vu)

ge(x) = P )

then

1 [“d
ge(x) = E/o EJ(x,Vu%—ti)dt

1

= E/ Ved(z, Vu+ tVw) - Vw dt.
0

Now, by using the growth condition we have

IN

1 €
9 @] < 7 [ olTus Vet k@) Val
0

IN

1 €

E/ o|Vu + tVw|P | Vuw| dt + o|k(z)| |Vl
0

< OVul | Vuw| + Coe? H[VwlP + olk(z)||Vw.

Since w,w in WYP(Q), k(z) in LF'(Q), this implies that |g.(z)] € L'(Q). Using

Dominated convergence theorem, we have

i(e) —i(0)

i 20 =10 J(x,Vu+ eVw) — J(z, Vu)dx B / fu
e—0 € =0 Jq € Q
_ /lim J(x,Vu—i—ve)—J(x,Vu)dx_/fw
Q e—0 € Q

= /VgJ(I,Vu)-detdx—/fw
Q Q

= — /(V -VeJ(z,Vu) — flw + 3Vg(](x,Vu)w
Q a0 On
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Using the fact that u is a minimizer, we have this limit is equal to 0, in another

words, u is a weak solution of Euler-Lagrange equation (1.6). O

Remark 1.3. See that under the assumption (1.7), setting a(x,§) = VeJ(x,§),
the problem (1.6) falls into the scope of Leray-Lions type elliptic equation. So, the

equation has a unique solution.

For f ¢ L*(Q), the problem is more difficult. In [31], by approximating f and
using the compactness arguments, the authors get the existence of weak solution
w e Wy (Q) for also f € LY(Q) and f € My(9).

In the case where f € L*(Q), the authors proved the existence and the uniqueness
of entropy solutions of (1.6) [26] . Review the author in |7] for more general results.
In the case where f € M,(f2) and if p > n we have the embedding M,;(Q2) in
W~ and solutions turn out to become continuous. Then the theory of entropy
solutions is easily adapted. The case where p < n, the authors introduced the
notation p — capacity of a set [32]. They considered space M7 () of all signed
Radon measure 1 € M;(£2) such that u(E) = 0 for all set E of p — capacity equal to
0. Then they decomposed this space as L'(Q) + W~ (Q). Finally, they obtained

the existence and the uniqueness of entropy solutions.

1.2.4 Maximal monotone type operator
Remark 1.4. We consider the following equation :
—V-.a=finQ (1.8)

when a is a multi-valued graph in (Q, IR") x IR". The conditions (L2) and (L3) can
be replaced by
(L3) there exists C > 0 such that, for any ((x,&);w) € a

w.& > C|E|P for a.e. x € Q
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(L%) there exists 0 > 0 and k € L (Q) where p’ = p%l; for any £ € IR"

sup{|wl;w € a(z,&) < o(k(x) + [EP7) ae z € Q.
We have the following theorem

Theorem 1.15. (c.f. theorem 2.17 [21]) Suppose that a is mazimal monotone graph,
satisfies condition (L3) and (L3). There is unique weak solution u € Wy (Q) of (1.8)

wn the following sense
/w - Voudzr = / fudzx,
Q Q

for all v € WyP(Q), where w(z) € a(z, Vu) a.e x in Q.

Remark 1.5. Let J : Q x IR" — (—o0, +00], we want to connect the hypothesis on
J and the hypothesis of Leray-Lions operator
o J(x,.) is convex, J(x,.) = 0.

We have O¢J(z,.) is a mazimal monotone operator, for any &, n € IR", £ #n
(Ocd(z, &) — e (x, n)).(E—n) >0 ae x €

e For any & € R", there exist C > 0 such that J(z,&) > C(1+ [£]").
By using the convexity of J and J(.,0) = 0 we have w - & > J(z,§), where
w € O¢J(x, &). This implies that

w.& > C(1+[¢]") a.e. x €.
o The O¢J satisfies the growth condition
sup{|w|;w € 9¢J(x,€) < o(k(z) + [£[P7) ae. x € Q. (1.9)
Finally, we get :

Theorem 1.16. Suppose that J is convex, satisfies the coercivity and the growth
condition (1.9). Then u is the minimizer of min {Z(2); z € Wy*(Q)} if and only if
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u 18 a weak solution of Euler-Lagrange equation
—V - 0:J(x,Vu) = f in Q.

(c.f. see [21] for more details)

1.2.5 Dual approach

Let V, Y are Banach space, in this section we denote by
I(u,p) = G(p) + F(u)
where p € Y and u € V| we consider the following optimize problem (P)
52€{G(Au) + F(u)}.
Using the standard duality argument (cf. [58]) , we get easily the dual problem (P*)

sup {—=G*(=p*) — F*(A*p")}.
p*EY*
Theorem 1.17. (¢f. Theorem 4.2 and Remark 4.2, Chapter III [58]) Let us assume
that V is reflexive Banach space, if F, G is conver and
(I) lim I(u,Au) =400,

[[uf| =00
(Iy) there ezist ug € V, F(ug) < +00 and G(Aug) < 400, the function G(Aug)
being continuous at Aug.
Then P and P* have at least one solution, inf P = sup P*. More over, u € V, the

solution of P, and p* € V* | the solution of P*, satisfy the extremality relations
A*p* € OF (u),
—p* € 0G(Au).

Remark 1.6.

e Condition [I,] is the coercive condition, with the convezity of F' and G are
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necessaries conditions to get the existence of solution of primary problem.

o [I3] is called stability criterion, is very important hypothesis, sometime can
be called the qualification hypothesis. This condition tmplies the existence of
solution of the dual problem.

See [58] for more detailed proofs, general results and examples.
Return to our situation, we have the following proposition

Proposition 1.3. Suppose J is convex, coercive, 0 € int(domJ) and satisfies the

growth condition (1.9), we denote by P

inf {/ J(a:,Vu)—/fu},
ueWwy?(Q) LJo Q

then, the dual problem is
sup { /J* z, Q) }
¢eLP <Q>n

Then Py and P; have at least one solution, respectively u and ¢. Moreover we

inf P, = sup P} an the extremality relation reads
¢ € O¢J(z, Vu). (1.10)

Proof : We have
G(p):/QJ( p) and F(u /fu

The operator A now is the gradient V, V' is L(Q2) and Y is LP(2)". Now we apply

the dual argument to calculate

G*(p*) = sup {<p*,p>—/QJ($7p)}

peELP(Q)™

= sup { p*-p—/QJ(ﬂf,p)}

peELP(Q)" JQ

= /QJ*(JJ,p*)-

+o00 otherwise .

0 if — A" =
N
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Finally, the dual problem is

sup {—/J*<x,¢>;—v-¢=f}
peLr () Q

Now we check the condition [I5], the more difficult one is the continuous of G at
Vug. We prove that G is continuous at 0. Using the fact that 0 € int(dom.J) then
J is continuous at 0. Let {p,} is a consequence convergent to 0. Using the growth

condition (1.9), we get

|/ (x, pa)l < alk(2)][pn] + |pnl”.

Since p,, in LP(Q)", k(x) in LP'(Q), this implies that |.J(z,p,)| € L'(€2). Then

ing [ (o) = /Q J(z,0).

e—0

This implies the continuous of G at 0. Finally, we easily get the extremality relations.

O
In the following examples, we have the equivalence between the PDE, the minimi-

zation and the dual problem
Example 1 (Dirichlet Problem) For f € L*(Q), the PDE is

—Au=f in ,
uw=0 on 0.

The minimization problem is

1
min /—|Vu\2dx—/fudx.
ueH} () Jo 2 Q

The dual problem is

1 2 . 3 _
¢€r£12%<)n {/9—5 |6|” dx; s.t. —div(¢) = f}.
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Example 2 (p-Laplace) For f € L” (Q), the PDE is

—V - (|VulP'Vu) = f in
u=>0 on 0,

The minimization problem

1
min /— |Vu|pdm—/fudx.
ueWwyP(Q) Jao P Q

The dual problem is

1 /
max {/ ——|¢|" dz; s.t. —div(¢) = f}.
e (@ LJa P



2 Sub-gradient Diffusion Leray-Lions
Operator

Let 1 € M,(Q2) be a given Radon and g € G be given. We consider the following

equation, with Dirichlet boundary condition

VD =
v K } in

) O(z) € 0cJ(x, Vu(z))

u=gq on 0f).

More precisely, we are interested in the case where, for any x € Q, ®(z,.) is a

maximal monotone graph in IR" given by

(D<x7€) :a€J<x7€)v (2‘1)

where J : Q x R" — [0,00); J(z,§) is continuous with respect to x, and l.s.c. with
respect to &, and satisfies J(z,0) = 0, for any x € Q. Moreover, we assume that .J

satisfies the following assumptions

(J1) There exists M (z) in L>(Q) such that D(z) C B(0, M (x)) for all  in Q.

(J2) For any z € Q, J(z,.) is convex.

(J3) 0 € Int(D(x)).

In the following section, we begin with some preliminaries, recalling the main
tools we use to handle a PDE with singular flux, like tangential measure and tan-
gential gradient. Then, we prove two technical results that will be useful for the proof
of our main result. In Section 3, we present our main results. Under the assumptions

(J1)-(J3), we begin with the characterization of the solution of the optimization pro-

35
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blem (P;) as a solution of the PDE (P;) with Dirichlet boundary condition. Actually,
we show that the flux is a vector valued measure. The regular part (with respect
to Lebesgue measure) leaves in ®(x, Vu) and the singular part is concentrated on
the boundary of D(x) and is connected to the tangential gradient of u through a
support function of D(x). Then, we present an equivalent characterization using
the notion of variational solution and duality. Then, we give the proof of our main
results. We consider a regularization of the problem (P,) by taking the Yosida ap-
proximation of J, and we use compactness arguments for the proofs. Finally, we give

some corollaries.

2.1 Tangential gradient

Nowadays, the Monge-Kantorovich equation which corresponds to the limit as
p — o0, in the p—Laplacien operator is extensively used in the study of optimal
mass transportation problem (cf. [13], [56]) as well as in the optimal mass transfer
problem (cf. [37]). It is also used in the description of the dynamics of granular mat-
ter like the sandpile (cf. [77], [56] and [51]) and also in the deformation of polymer
plastic during compression molding (cf. [15]). In this situation A(z, §) = 05 1)(§),-
Its study allowed the development of new useful tools like tangential gradient with
respect to a Radon measure. The pioneering work in this direction which opened a
possible way to manage the difficulties related to PDE with singular flux is [36],
where Bouchitté, Buttazzo and Seppecher introduced a new notion of tangent space
to a measure on IR". They use these tools in order to model the elastic energy
of low-dimensional structures. One can see also the paper [39] where these tools
was used for the first time in the study of the limit as p — oo in the p—Laplacien

equation.

As we notice in the introduction, the PDE (1) involves Lipschitz continuous func-
tions as an energy space and vector valued measure flux. So, the standard Sobolev
space as well as the standard gradient defined with respect to Lebesgue measure
is not enough to handle the state equation (2.1). To overcome this difficulties, we
will use the notion of tangentiel gradient introduced by Bouchitté, Buttazzo and
Seppecher in [36]. For a given ® € M,(Q)", let us consider v € M,(Q)* and
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o € LYQ,dy)" be such that ® = 0. Notice that this is always possible, since

one can take v = |®| and 0 = a Among the objective of the tangential gradient
theory is to give a sense to the variation of a Lipschitz continuous function in the
Lebesgue space with respect to 7, so that, if V- ® =: v € M,(2), the integration

by parts formula has a sense; i.e.

/uduz/”Vu”'adfy,

for a suitable "Vu". Thanks to [36], this is possible if the measure ® is a tangential
measure. That is o(z) € T,(x), y—a.e, where 7,(xz) C IR" is the tangential space
with respect to 7. In the case where ~ coincides with the k—dimensional Hausdorff
measure on a smooth k—dimensional manifold S C IR", 7,(z) coincides y—a.e. with
the usual tangent bundle T given by differential geometry. In general, it coincides
with
Ty(x) =~ —essU{o(x); o0 € LL(Q)", V-(07) € My(Q)}.

Here, the y—essential union is defined as a y—measurable closed multifunction given
by

—if o€ LL(Q)" and V - (07) € M,(Q), then o(z) € T,(x), for y—a.e. z € Q.

— between all the multi-functions with the previous property, the ~ essential

union is minimal with respect to the inclusion y—a.e.

Now, denoting by P,(z) the orthogonal projection on 7,(x), for y—a.e z € Q, we

have
Proposition 2.1 (cf. [38]). The linear operator u € C'(Q) — P,(z)Vu(x) €
LF(Q)" can be extended uniquely to a continuous linear operator :

V, : Lip(Q) = Vyu e L2(Q)",

where Lip(Q)) is equipped with the uniform convergence on a bounded subsets of
Lip(Q) and L ()" with the weak star topology. Then, V. u is called the tangential
gradient of u with respect to 7.

For the integration by parts formula, we have

Proposition 2.2 (cf. [38]). For any v € My(Q)*' and o € L*(Q,dy)" such that
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o(z) € Ty(z), v—a.e and V - (o 7) =: p € My(Q2), we have

/u dp = / o-Vyudy, foranyu e Lip(Q).
Q

The question now is to identify the set of vector valued Radon measure for which
the integration by parts formula is true. Thanks to the previous proposition, let us
define

M7r(Q) ={A=07;7ve M (Q),0(z) € T,(z), v — a.e}.

The so called tangential space of €.

Proposition 2.3. [cf. [38]] Let A € M,()" be given. Then, A\ € Mr(Q) if and
only if there exists ® € L'(Q)" such that V -\ =V - ® in D'(Q).

For any X € M,(2)", we denote by &, L" + X the Radon-Nicodym decomposi-
tion of the vector valued measure X with respect to £". So, X € S(u) is equivalent

to say that

/Vf-/‘(rdaﬂ—/Vf dst/fdu for any ¢ € Cj(9).
Q Q Q

Using the previous propositions, we have the following integration by parts formula

for the vector valued measure of S(u), which involves the singular part.

Lemma 2.1. Let p € My(2) and X € My(Q)" be given. Then, X € S(p) if and
only if

/ Vé(z) - X () dx + / Vix, € dXs = / Edu,  for any £ € C3(Q).
Q Q Q

2.2 Technical lemmas

Thanks to the assumption (J2), the set D(x) is convex for any x € Q. For any
x € Q, let us denote by Sp(,) the support function of D(z), given by

Sp@)(p) = sup {p g q€ D(w)}, for any (z,p) € Q x R".
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Recall that, for any = € €, the function { € IR" — Sp)(£) is a nonnegative,
convex and positively homogeneous function. So, thanks to [14] (see also [12]), for
any ¢ € M,(Q2)", the Radon measure Sp()(®) € M,(2) is well defined by the
following formula

500(@)(8) = [ Soeo(@.(o))ds = [ S (20 dles(o)],

for any Borel set B C ().

Moreover, if ® << ), for a given A € M,(Q)", then

Spy(®)(B) = / Sp(a) (le—q)(x)) dy(z) for any Borel set B C (.
B 2

In particular, for any ® € M,(Q2)", we have

Sp()(®)(B) = /

o
Sp(a) ( (z) ) d|®(x)| for any Borel set B C Q.
B

()]

Proposition 2.4. Let v € My(Q)", g € C(0) and o € L' (0, dy)" be such that
o(z) € T,(x), y—a.e x € Q. If u € WH®(Q), u =g, L *-a.e. on 9Q, and Vu(z) €
D(x), L"—a.e. x € 2, then

1. There exists a sequence (ue)eso in D(Q), such that Vu(z) € D(x), for any

z € Q and u. — u in W -weak.
2. We have
o(z) - Vyu(z) < Spey(o(x)), ~v—aex el (2.2)

Proof : First, let us prove the result for g = 0. Following the same idea of the proof
of Lemma 3.2 [68], for a given € > 0, we consider the application I, : R — IR,

defined by
0 if |r] <
I(r) = =
r—sign(r)e if [r| > e.

Then, we choose

te = I.(u), ae. in Q.

One sees that 4, is compactly supported in 2. Moreover, there exists 0 < a < 1 and
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€p > 0, such that
Ze = Ue % Poe € D(w), for any 0 < € < €,

where w CC (2. Now, for any = € IR", let us consider the dual function of Sp(,)
given by
Sh) (@) = max {q P Spa)(p) < 1}.

Recall that ¢ € D(z) if and only if S}, (¢) < 1. Now, arguing like in the proof of

Lemma 3.1 [25]) (see also the proof of Lemma 1 of [65]), we consider
w(6) = 5up {|Shey(A4) — S (A)] ; 12 — 9] < 8 and |A] < [Vullo}
the uniform modulus of continuity @ — Sp,)(A). Then, we set
U = ——2. € D(Q).
Then, it is not difficult to see that u. — u in W'*-weak. And, moreover
D) (Vue(2)) < 1.

Indeed, using Jensen inequality, we have

1
Spio(Vuce)) < sy [ poee = 9)Sbi (V) dy
1
< o [ e = S (Tulw) dy
g [ Pera =) (S (Vu(0) = Sy (Vu(w)) d
].+CL)(O[€> Pae\T — Y D(z) uly D(y) uly Y

IN
—
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Now, we see that, for any open subset B C €2, we have

/U-Vﬂ,udy

B

IN

IN

li_r)r(l) o - Vyue dy
B

lim [ o-Vu,dy
e—0
B

lim [ Spiay(0(2)) Spie)(Vue(2)) d (2)

[ Sowio@)i ),

Now, for general g, we take § € C'(Q2) be such that § = g in 9. Then i =u — § €

Wy (9).

Denote by D(z) := {¢ — Vg(z);¢q € D(x)}. Then, D(z) is convex and Vi € D(x).

It’s easy to see that

Sp(0(2)) +o(z) - Vg(z) = Spa)(a(z).

Apply the result when g = 0, there exists a sequence ()0 in D(Q2), such that
Vi (z) € D(x), for any = € Q and @, — @ in W™ -weak.

Now, take u, = 4. + g we get Vu.(x) € D(x), for any z € Q and u. — u in

Wh*_weak. Moreover,

/U-Vvudv

B

IN

m\m

lim [ o-Vu.dy
e—0
B

lim | o-(Va. + Vg) dy

e—0

B
lim 0~Vﬂ5dv+/a‘vgd7
e—0

B B

/ (Spia) (0(2)) + 0(2) - Vi) ) (a).

S (0(2))dy(x).
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This ends up the proof. O

Proposition 2.5. Let v € My(Q)* and o € L' (Q,dv)" be such that o(x) € T,(z),
y—a.ex € Q. Ifu € WH®(Q) and Vu(z) € D(z), L"—a.c. v € Q, then the following

assertions are equivalent :
1. o(x) - Vyu(z) = Sp) (0(x)), v-a.e. x €
2. /SD(I) (o(x)) dy(z) < /Vvu o dy.

Moreover, if Viu(x) € D(z), L"-a.e. x € Q, then 1) and 2) are equivalent to

o(z) € aﬂm(vvu(a:)) - a.e. x € Q.

Proof : The proof is a simple consequence of Proposition 2.4 and the definition of
oI O

D(x)

2.3  Main results

For any x € Q, let us denote by Sp(y) the support function of D(z), given by
Sp)(¢) = sup {gzﬁ ‘g q€ D(x)}, for any (z,¢) € Q x IR".
To set our first main result, we denote by
K= {z e WI(Q); Vz(z) € D(z), ae. 2 €Q; 2 =g in aQ}

and
Hy = {u € W"(Q) such that u = g on 9Q}.

See here that, in general K could be an empty set. Then it is important to assume

that the function g in the following set :
G=1{g€C(002),3go € W"°(Q) : Vgo € D(x); go = g in IN}.

This implies K # 0.

Remark 2.1. In general, G # (). Indeed, 0 € G.
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Remark 2.2. If D(x) is closed set then
G:=1{9€C(99),9(x) = g(y) < S,(y,2)}.

1
For any y,z € Q, we define S;(y,z) = min / Shiew ($(t))dt where
0

QYELy «
Ly, = {p €C"0,1],(0) = y, (1) = x}.

Thanks to [60], we know that S is quasi-metric. The nonempty of G is deduced from

the following proposition

Proposition 2.6. Let g € G, then function gy defined by
go(x) = mf {S(y. ) +9(y)}

satisfies
o go € WhHX(Q), go = g in ON.
e Vgo € D(z).

Proof : The proof of this Proposition follows by showing that go is a subsolution

of the Hamilton-Jacobi equation :

SD(I)(VU) =1,
u =g on 0S),

For the details we refer the reader to the Proposition 4.7 [60]. O

Remark 2.3. If D(x) is a open set, we do not know which kind of geometrical

condition characterize the element of G.

Theorem 2.1. Assume that J satisfies the assumptions (J1)-(J2). For any p €
My(2) and g € G, the problem

(P) min{/QJ(x,Vz(x))dx—/deu,; zEHg}

has a solution w. If, moreover J satisfies (J3), then u is a solution of (P2) if and
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only if u € K and, there exists ® € My(Q)" such that

(I)T(x) S 8§J(I,Vu<q;)>7 /J"a.e. T € Q (23)
g—;(x) - Vig,ju(x) = Sp) (g—;(x)) ;| Py ace. in Q (2.4)

and

/cpr-vg dz+/V|¢S|§ d@S:/gdu, forany €€ CLQ).  (2.5)
Q Q Q

If Vig,ju(z) € D(x), |®]- a.e. € €, then (2.4) is equivalent to

@
|Ps|

() € M55 (Via (@) [@s]- ner € Q. (2.6)

Roughly speaking (2.4) with the fact that Vu(z) € D(z), L -ae. x € , is a
generalized formulation of the standard formulation (2.6).
We fix g € C*(Q) be such that § = g in 9 and we denote by

7(9.0) = [ Vadi— [ gy

Theorem 2.2. Let p € My(Y), g € G. Under the assumptions (J1-J3), the problem
(P3)

min {/Q J*(x, (7)) dz + /QSD(;E) (@jg,) dls(x)| —T(g,9); ¥ € S(M)}

has a solution ® € S(u). Moreover, ® is a solution of problem (Ps) if and only if
there exists u € K such that (u, ®) is a weak solution of the problem (P).

Remark 2.4. Roughly speaking, the solution of (P3) depends only on the trace of

g on 02 which is equal to g. Indeed, T(g,v) = / g - ndS. See Remark 0.1 in
o9
Chapter 0 Introduction.
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2.4 Regularization problem and estimates

We fix p > n, we consider the Yosida approximation of J :

yeER™

. 1
nw.8) = mig { )+~ oo}

Lemma 2.2. We have Jy(z,.) is conver, C'-function and its gradient V¢Jy is Lip-

chitzs continuous. Moreover, for each § € IR" we have

lim Jy(z,d) = J(z,9) for all x € Q.

A—0

Proof : We consider

g<57y) = J('Tay)—i_ Hy_(SHP7

pAP!

for each 6, g(0,.) is a strictly convex function, so it has at most one minimum. Since

g(0,.) is 1-coercive and l.s.c, it has one minimum. There exists yi such that
In(z,8) = J(z y5)+LHy5—5H” (2.7)
ALy s I p/\p_l A ' :
Therefore, Jy(z,.) is differentiable and its gradient is

1 _
Ve(,0) = 1o 193 =3l (6 = o3,

(c.f. [63] Theorem 3.4.1 and the same argument as Example 3.4.4).

Let § € D(z), remark that J(z,£) > 0 and using (2.7) we get

1
ot 18 =0l < () < J(@,9),
which implies that ||y — 6]|” < J(z,§)pA*~". Then }\iII(l) y5 = d. So, using the Ls.c of
—
J(z,.) we get
J(x,0) <liminf J(z, yf\)
A—=0
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Moreover, from (2.7) we also have
J(x,3) < Ja(z,8) < J(x,9).

Then we can conclude that }\iH(l) Iz(z,0) = J(x,0).
_>

Let ¢ D(z), we prove that /l\in% Jr(z,0) = +oo. We argue by contradiction,
—
if we assume that there is a subsequence {\;} such that J,, (z,9) < C. Again, from

(2.7) we get lim y5 = 6. Then
>\k_>0 k
+00 = J(z,6) < liminf J(z,93 ) < liminf Jy, (z,0) < C.
)\k—>0 k )\k—>0
This is a contradiction. O

Now, we consider the functional

Tn: L*(Q) — [0,+00)

/ J(z, Vu)dx if Jy(., Vu) € L*(Q)
ur—  (u) = “

+00 otherwise

First, we begin with the regular minimization problem :

min{/ﬂ(],\(x,Vz)—/ﬂzdu; ze?—[g}. (2.8)

Lemma 2.3. For any A\ > 0, there exists uy € H, solution of the problem (2.8).
Moreover wy := VeJy(z, Vu) € L'(Q)" satisfies the PDE

V- wy=p ind (2.9)
Proof : Let us consider the functional

2 € WHP(Q) = Z(z2) = /

J,\(x,Vz)—/zd,u.
0 0

Since Jy is convex, C*, bounded below and is coercive, the functional z € W?(Q) —
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/ Ja(z,Vz(z)) dz is lower semi-continuous. Thus Z is L.s.c. Moreover, since H, is
Q

closed, the minimization problem (2.8) has a solution w, € #,. The function Jy
satisfies the growth condition then we have the second assertion in the thesis of
Lemma. See Theorem 1.14 . O

2.5 Compactness and passage to the limit

Lemma 2.4. The sequences (uy)aso and (wy)rso are bounded in W'P(Q) and

LY(Q)™, respectively. Moreover,

1. there exists C = C(, p, i, go) bounded as p — oo, such that

1
% Q(|Vu>\| — M(x))™ < C(,p, 1, go)- (2.10)

2. for any & € C(Q), such that {(x) € D(x), for any x € Q, we have

/di@ S/QJ(x,f) dw—i—/(u,\—go) . (2.11)

Q

Proof : First, let us see that

oy IEP < PN, €) + M ()P (2.12)
We see that .
D) 2~z (6] = M) (2.13)

Indeed, for a given x € Q, any £ € IR", there exist y € R", |y| < M(x), such that

1
pAr~!

Iz, &) = J(y) + & -yl
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Using the assumption (J1) and the fact that |y| < M(z), we get :

&) = (vl = M@) "+ = 1el = 1ol |
> |kl
1 +\p
> (el - M)y

Then (2.12) is simple consequence of (2.13) and the inequality :

ot €17 < (€] = M(2))7)" + [M ()"
Now, since Jy(z,.) is convex, for any = € €2, we have
Ia(x, Vuy) < Veda(z, Vuy) - Vuy,  for any A > 0.
Then
0< /QJ,\(Q:, Vuy) < /QV@A(SC, Vuy) - (Vuy — Vo) + /Q Ia(z, Vo)
< [m=mdu+ [ K Va) (2.14)

where go is in G. We have Vg in D(z) then / Jr(z,Vgo) is bounded. Moreover
Q

uy — go in WyP(Q), for C(€, p) the constant of Poincaré inequality and C(), the
constant of the continuous embedding of L>=(2) in WP(Q2), we get

/Q(UA —go)dp < fluy — gO||L°O(Q) 1(S2)
< C(9) ||lux — QOHWLP(Q) ()

< CQp)C(Q) [Vux = Vol o ().
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Hence
/ﬂ (wr—go)d < Cy(lIVar + [Vaolll ) (2.15)

where C), := C(Q,p)C(2)u(€2). Using (2.13) we get

g [, 09l =M@ < [ @) < [ ) dps [ e o)

then by using (2.15) and Young inequality we get

5 [ (V] = M)

IN

Cp ([[[Vurl + [Vgolll ) + C

IN

Cyp ([l = M) 7|, + [V 90] + Ml ) + C

Ep

1
< G| = [ (IVus| = M(2))™ 4+ — + [||[Vgo| + M|, | + C.
Q ' p

p
This implies that

1

rC
s |19l =My < S
Q

p

/Q (IVus| — M(z))*

1
+Cp (gp,p, +1|Vgol + MHL,,) +C.

o1 p=1
, we have e/ = 3 (L> and

Taking €’ =
aking e 2C,

b
2 C,

1 1 -1
5 [ (V= M@)*™ <, ( 1V +M|LP) e

2P Jq

1 p— 12t
3 L9l - @) <6, (< L +Vgo+MLp) e




50 2. Sub-gradient Diffusion Leray-Lions Operator

Since the Poincaré constant C'(§2,p) is bounded as p tend to +oo (cf. [45]) and
go € WH*(Q), we deduce that there exists C = C(Q, p, i, go) bounded as p — oo,
such that

3 | (Vil = M@)* < C@up.pogo) (216)
In particular, this implies that Vu, is bounded in LP(Q2)". Using the fact that uy = g,
L —a.e. 09, we deduce that wu, is bounded in W'?(Q). To prove that (wy)xso is

bounded in L'(Q)", recall that, for any ¢ € IR" and a.e. z € 2, we have

wy(z)- € < J(x,&) +wi(z) - Vup(z) — Ja(z, Vuy(x))

< (2,8 +wr(x) - Vup(z).

This implies that

/Qw,\(x)~£da: < /QJA(x,f) dx—l—/w,\(a:)‘Vu,\(x)dx

Q

< /QJA($7€> d$+/(ux—go) du.

Q

In one hand, using (2.15) and Vu, is bounded in LP(2)", we see that /(u,\—go)du is
0

bounded. On the other hand, we see that / J(x,&)dx is bounded for any £ € B(0, «).
Q
This implies that wy - £ is bounded in L'(Q), for any ¢ € B(0, ). Here thanks to

assumption (J3), o > 0 is given, such that B(0,«) C D(x) This implies that w, is

bounded in L'(Q)". Indeed, it’s enough to take £ = Ry

. This ends up the proof.
. 2w

Lemma 2.5. There exists (u, ®) € WHP(Q) x My(Q)" and a subsequence that we
denote again by A\ — 0, such that

uy —u, in WH(Q)- weak (2.17)

and
wy — @, in My(Q)"- weak™. (2.18)
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Moreover, u= g in 0X2 and we have
1. The measure ® satisfies =V -® =pu, in
2. For any € € IR", o € D(Q), z € C1() and X\o > 0, we have

[awoe = [ n@Tues [oe-vaies [ o6-ud

Q
+/ Vo (u—2)dd.
Q

3. Denoting the limit (u, ®) by (u,, @p), the sequence (up, ®;) -, satisfies
(a) for any p > 1,

1

= /Q(mp\ — M(@))*? < C@,p, 1 g0)- (2.19)
where C (), p, 1, go) is given by Lemma 2.4.

(b) for any £ € D(z),

/ £dd, < / J(x, &) dx + /(up — go) du. (2.20)
Q Q Q

Proof : Thanks to Lemma 2.4, there exist u in W'?(Q), ® € M;(2)" and a
subsequence such that (2.22) and (2.23) are fulfilled. Moreover, we see that for go as
in Lemma 2.4, we have (uy — go) in W,?(Q). Using the fact that W,(Q) is weakly
closed in WP(Q) we get u — go in Wy P(Q), which implies u = ¢ in 9.

By using the Rellich-Kondrachov Theorem [Theorem 9.16 [41]], we get

uy — u, in C(Q) strongly

/u,wlu—)/udu.
Q Q

Recall that for any ¢ € D(Q2) such that ¢ > 0, we have

and

/QJ(:C,f)(pZ/J,\((L’,VU)\)QO—F/W,\(f—VUA)gO.

Q

Since, for any (z,§) € Q x R", (Jx(7,)),5, is nondecreasing with respect to A, for
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any 0 < A < A\, we have :

/QJA(x,i)QO > /QJAO(%VUA)SOJF/WA'(ﬁ—VUA)SO

Q

> /QJAO(%VUA)SO+/QWA'(f—VZ)SOWL/QWA'V(SO (ux — 2))
+/QwA~Vg0(uA—z)

> /QJAO(%VUA)SOJF/QWA'(f—VZ)SO—/Q%O(UA—Z)de

—|—/Qw,\ -V (uy — 2). (2.21)

Moreover, since Jy,(., &) is convex, Ls.c. and nondecreasing, we have

/J)\O(J:,Vup)gog liminf/J,\O(m,Vu,\)gp.
Q A—=0 Q

So, letting A — 0 in (2.21), we get (2.19). The last part of the lemma follows by
using (2.16) and (2.11).
O

Lemma 2.6. Let n < ¢ < 00, and (uy, ®,),>, be the sequence given by Lemma 2.5.
There eists (u, ®) € WH®(Q) x My(Q)" and, a subsequence that we denote again
by p — oo, such that

u, = u, in WH(Q)- weak, (2.22)

and
O, — O, in My(Q)"- weak™. (2.23)

Moreover, we have
1. The measure ® satisfies =V - ® =pu, in
2. For any £ € IR", p € D(Q) and Ao > 0, we have

| w0 = [ n@ues [0 €= Vst [ o6 = Voo,

Proof : Thanks to (2.20), it is clear that the sequence (®,),>, is bounded
in M,(Q)" and (2.23) holds to be true. As to the sequence (u,),>4, using Holder
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inequality and (2.20) we have

1 1 q/p p—a
3 [07ul =y < (5 [(vul-ary) ol
(2.24)
S C(vananO)q/pKu%‘

Using the fact that C'(£2, p, i, go) is bounded as p — oo, we deduce that (uy),>, is
bounded in W4(Q) and (2.22) holds to be true. By using the Rellich-Kondrachov
Theorem [Theorem 9.16 [41]], we get

u, = u, in C(Q) strongly

/upd,u—>/ud,u.
Q Q

Moreover, letting p — 0o in (2.24) we get

and

5 (el =M@y < o)

This implies that u € W>()
Recall that letting A — 0 in (2.21), we get

[Iwoe = [ n@ T+ [ o€ ain,+ [ o

0
+/ Vo (u—2)dd,.
Q

In particular, taking z = u. where (u.) ., is a sequence of Lipschitz function which

converges uniformly to u, letting p — oo we get

[Iwee = [ e ae [ o0, €~ Voo +lin [ o€~ Vuya,

where ® = ¢,.L" 4+ ®, is the Radon-Nikodym decomposition of the measure ®. Now,
since 1 € My(Q) C {V-0,0 € L*(Q)"} and =V - &, = u + V - ®,, we deduce that
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o, € M7(22). So

D
sl

2,
— [ ear,~ti [ ot Py Vude,
Q =0 Jo |(I)8|

o,

= /QOéd(I)s—/QO v\@s\Ud‘q)s|
Q Q |(I)s|
= Aw(ﬁ—V|¢s|U)d¢s-

lim [ o(§ — Vu)dds = /gpfd@s—lim/go - Vued| Dy
Q =0 [

e—0 Q

This ends up the proof of the Lemma. O

Lemma 2.7. Under the assumptions of Lemma 2.6, let us consider the couple
(u, ®) € WH(Q) x My(Q)" given by Lemma 2.6. We have u € K and

1. &.(x) € 0J(x,Vu(x)) L"— a.e Q

D, B D,
2. |q)s’(9€) - Vie,ju(x) = Sp) (’(I)s| (x)) ;o |Ds|- ace. € Q.

Proof : Thanks to Lemma 2.6, for any £ € IR" and ¢ € D(Q), ¢ > 0 we have

| Jwe= [ he Vet [ o€ Vadn+ [ o= Vi uas.. (225

Q
This implies that

J(x,&) > Jy,(z, Vu(x)) + (£ — Vu(z)) - D, L' pp. Q.

Hence, for any x € Q, Jy,(x, Vu(x)) is bounded in © with respect to Ag. This implies
that
Vu(x) € D(x), forae. z¢€qQ. (2.26)

So, letting A\p — 0 in (2.25) and using Fatou lemma, we get

| Jwe= [ 1@ et [, 6= Ve + [ ole - Vouin., 220

for any ¢ € D(2),» > 0 and £ € IR". In one hand, this implies that, for any £ € R",
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we have
J(x,&) > J(x,Vu(z)) + (£ — Vu(z)) - @.(z) L"—ae z€Q;

so that ®,.(z) € 9J(z, Vu), L"- a.e. x € 2. On the other hand, thanks (2.27) we see
that for any £ € D(x)

@,
|Ps|

(6= Vigu) - == <0, |®,|-ae. inQ

0]
) > - ®,|- a.e. in Q
|q)8|(x) V‘@AU(Q]) = SD(J:) (’CI)S|(:E)> s | 5| a.e. In

Combining this with the result of Proposition 2.4, we deduce the second part of the
lemma.
O

2.6 Existence of solution
Now we have the definition of weak solution of stationary problem as we expect

Definition 2.1. The couple (u, ®) € K x My(Q)" is called the weak solution of (2)
if and only of
®,(x) € 0cJ(x, Vu(z)), L'a.e. x €,

P, - o,
@(l’) . V|<1>S|u(x) = SD(JC) <|<I)s| (SL’)) , |(I>S|— a.e. r € Q,

and

/ b, - VE+ / Vie,§ dPs = / Edp,  for any &€ € C3(Q).
Q Q Q

Lemma 2.8. For any u € My(Q2), the problem

min{/QJ(:lr,Vz(:v))d:B—i—%/Qf(x)da;—/deu; ZEHQ},

has at most one solution.
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Proof :
Z(2) :/QJ(I,Vz(x))dan%/QZQ(a:) dx—/gzd,u.

Suppose that u; and us are two solution of minimization problem. We denote by
Ul + Usg

U= 5 and we have :
1
IZ(v) = J(I,VUI +U2> d + _/(U1 +U2)2(:U) d _/ Uy + Uy "
Q 2 2 /g 9 0 5
< L) +I(up)
< 5 .
From this we get u; = us a.e. a

Proof of Theorem 2.1 : First, thanks to Lemma 2.7, the problem (P;) has a
solution (u, ®). For any ¢ € ‘H,, we have

Je=wan = [ @-ViE—u+ [ T - wao,
< /QJ(:L*,V@—J(x,Vu).

This implies that u is solution of (P).

For the converse part, let v be a solution of (P). Let us denote by h the measure
given by
h=pu+vL"

It is not difficult to see that v is also a solution of
1
min {/ J(x,Vz(zx)) de + 5/ 22(z) do — / zdh; z € Hg} , (2.28)
Q Q Q

Thanks to Lemma 2.8, the problem (2.28) has at most one solution. Thus v is the
unique solution. Now, following the same arguments of Section 2, let us consider the

regularization Jy and the regularization problem

mm{/QJA(x,vz(x))dH%/Q;ﬁ(a;) dx—/deh; ZEHQ}. (2.29)

Following the same arguments of Lemma 2.3, (2.29) has a solution u,, and w), :=
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O¢J (2, Vuy) satisfies
—divwy = h — uy in Q
Uy =g on 0f).

The sequence uy is bounded in L*(Q2), with implies that A — uy £" is bounded in
M,(Q). Thanks to Lemma 2.4, there exists (u,w) € WH®(Q) x M,(Q)™ and a

subsequence that we denote again by A, such that, as A — 0, we have
uy — u in WHP(Q)- weak

and

wy — w in My(Q2)"- weak™® .

Moreover, u € K and the measure w satisfies
—V-w=h—-u, in{.

And, setting w = ®,.L" + &g, we have ®,(x) € dJ(x, Vu(x)), L" —a.e. z € Q and
@9 q)s .

m(l’) - Vie,u(z) = Sp) (m(m‘)) , | ®s]- a.e. in . So, thanks to the first part
of the proof, it follows that u is a solution of the problem (2.28). By uniqueness, we
get u = v, so that h —u = p and we conclude that (v, @) is a weak solution of (Py).

O

2.7 Dual problem and equivalences

Lemma 2.9. For any i € My(Q), if (u, ®) € W(Q) x My(Q)" is a weak solution
of the problem (Py), then ® is a solution of problem (P3).

Proof : Taking (u, ®) € Wh®(Q) x M,(Q)" is a weak solution of the problem (P;)
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and 1 € S(u). In one hand, thanks to (2.3) and (2.4), we have

[rw o)+ [y [ oo (220) @) - 760

= /<I>r~Vu+/V|¢s|udq)s—T(qu))
[¢) Q

= / udy.
Q

On the other hand, since ¥ € S(u), by using Proposition 2.4, we get

d — r'v v dS_ 9
/Quu /Qw “*/Q s udds — T(g, )
. Ys(x)
J ) ¥r J 7V SCE
< [rwo [+ [ s

|¥s(2)]
This implies that

/QJ*(:E,<1>T)+/QSD@ <|$zg§|)d|®s(x)| —T(g, ®)
< [+ [ soo (L0 o) - 76 0).

Since ¢ € S(u) and ¢ € S(u) is arbitrary, we deduce that

/QJ*(JC,@) +/SD(;B) (g Eg‘) d|®,(z)| — T(g, ®)

- e o (325) i}

)dws( )| = T(g,0).

Lemma 2.10. For any u € My(QQ), if O is a solution of (Ps), then exists u such

that the couple (u, ®) € Wh™(Q) x My(Q)" is a weak solution of (P).
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Proof : Let (u, ®) be the couple given in Lemma 2.7, we have

P, (z) _ -
e,V + [ o (e ) A (@)l - 7(s.9)

I = J*(x,<15r)+/

Q

- [ & v [ s (;:Eg') A\, (2)] — T(g, D)

— [ & Vu+ [V a8, - 1(.8),
Q

so that

I:/Qudu. (2.30)

On the other hand, assuming that ® is a solution of (P3), (2.30) implies that

/QJ*(x, <I>T)+/Q J(x,Vu)—i—/QSD(I) (|izgg|)d@s(w)\—T(9, D) g/Qudu. (2.31)

D
Using the fact that ® € S(u), @, - Vu < J*(z,P,) + J(x, Vu) a.e. in Q and B ‘(x) :

P
|Ps|

/ udp = / ®, - Vu + / Vie,ud®, —T(g, ®)
Q Q Q
O (x

< /QJ*(:E,(I)T)—1—/QJ(QZ,VU)+/QSD(;E) (W) d|®s(z)| — T(g, ®).
(2.32)

Vie,u(z) < Sp) ( (:L‘)) , |Ps|- a.e. in ©, we obtain

Thanks to (2.31) and (2.32), we have :

/Q(I)r-VUZ/QJ*(QJ,CI)T)—F/QJ(ZIZ,VU)

J v = [ sma (G ) 400

and
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Proof of Theorem 2.2 : Thanks to Theorem 1 there exists (u, ®) € W*°(Q) x
My(2)" a weak solution of (P;). The proof is a direct consequence of Lemma 2.9

and Lemma 2.10. O

2.8 Corollaries

Corollary 2.1. Assume that J satisfies the assumptions (J1) and (J2). Moreover,
if we assume that J(x,€) is symmetric, then u is a solution of (Pz) if and only if
u € K and there exists ® € My(Q)" such that (2.3), (2.5) and (2.6) are fulfilled.

Proof of Corolarry 2.1 : If J(z,.) is symetric, then we have

D(z) = B(0, R(z)), for any z € Q,
where R : € — [0, 00]. There fore,
IVu(z)| < R(x) L™ ae. ze€

Using Lemma 1 of [65], there exists u. a sequence in D(2) such that u. — u € C(Q)
and |Vu.(z)| < R(z) a.e. z € Q. In particular, this implies that

|Po, Vu| < R(z) |9, —a.e.
By using the L>(Q2, d|®,|)- weak™® continuity of the operator Vs, we get
Vie,u(z)| < R(z), || —a.e. in Q. (2.33)

This implies that Ve ju(z) € D(z) |®s| — a.e. in Q. This ends up the proof of
Lemma. a

Corollary 2.2. For any p € My(2), the problem (Py) has a weak solution (u, ®).

In particular, by using (2.4) we can deduce the existence of a solution for varia-
tional formulation associated with the problem (P;) as well as its equivalence with

a weak formulation and the minimization problem.
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Corollary 2.3. Under the assumptions (J1-J3), let p € My(2) and u € K be given.
Then, u is a solution of (Py) if and only if there exists ® € L'(Q)" such that

/ V(iu—¢&) - &dr < /(u —&)du,  for any & € K. (2.34)
Q

Q

The equation (2.34) will be called the variational formulation associated with
(Py) and (u,®) € K x L'(Q)" given by Corollary 2.3 is a variational solution of
(F1).

The equivalence between the three formulations is summarized in the following

Corollary

Corollary 2.4. Under the assumptions (J1-J3), let p € My(Q2) and (u, ®) € K X
M, ()" be given. The following propositions are equivalent :

1. (u,®) is a weak solution of (P).
2. (u,®,) is a variational solution of (P).

3. w is a solution of the minimization problem (Py).
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3 Evolution Problem

We consider the following equation

[ Ou(t) = V- (B(1)) = u(t)
in Q, forte (0,7),
¢ € 0 J(x, Vu)
(3.1)
u=0 on ¥ :=(0,7) x T,

u(0) = wug in Q.

\

where J : Q x R" — [0,00); J(z,§) is continuous with respect to x, and l.s.c. with
respect to &, and satisfies J(z,0) = 0, for any x € Q. Moreover, we assume that .J

satisfies the following assumptions

(J1) There exists M (z) in L*>(Q) such that D(z) C B(0, M (z)) for all x in Q.
(J2) For any x € Q, J(z,.) is convex.
(J3) 0 € Int(D(x)).

In following section, we begin with our main results. In Section 3.2 and 3.3, we
consider a regularization problem by considering Yosida approximation of J and we
use the compactness arguments to get the existence of weak solution. In Section 3.4,
we prove that the weak solution also gives us a variational solution. In Section 3.5,
we use the doubling and dedoubling variables technique to get the uniqueness of
variational solutions. By passage to the limit of approximate solutions, we prove a

contractions principle for our solutions. Then, we give the proof of our main results.

63
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3.1 Main results

Throughout this chapter, 0 < T < 00, Q@ = (0,7) xQ, ¥ = (0,7) xI". We denote
by
K = {z e Wy™(Q); Vz(z) € D(x), ae. z € Q}

Ky — {z e C([0,T); L2(Q)) N L=(0,T; W (9)): 2() € K for any ¢ € [0,T)}.
So, for any u € Kz and pu € L'(0,T;w* — My(2)) the quantity // u dp is well

Q
defined.

Definition 3.1. The couple (u, ®) is called a variational solution of (3.1) if u € Kr,
u(0) = up, ® € L'(Q)", and for any £ € K

3 |l =+ [ 20)- Vw0 -9 < [(@ -9 dut) inDO.T). 32

Definition 3.2. The couple (u,®) is called a weak solution of (3.1) if u € Ky,
uw(0) = ug, Qu € L=(0,T;w* — My(Q)), s € L=(0, T; w* — Myp(Q)"™) and moreover
we have

o for L'- ae. t €[0,T), ®s(t)L L™,

®,.(t) € O J (., Vu(t)), L"-ae. Q (3.3)
and
2l ut) = 2ul0) - a.e. in
@.(0)] Ve, u(t) SD(Z)(’(DS@)’) |D,(t)] - a.e. in Q. (3.4)

o for any & € Cy(Q),

% Qu<t)€+/§l ) - VE+ / Ve, )€ dd,( /fdpJ m 'D/(O,(Z—';)

Theorem 3.1. For any ug € K and p € BV(0,T;w* — My(QY)), (3.1) has a va-

riational solution (u, ®). Moreover, if (w;, ®;) is a variational solution of (P,,), for
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i€ {l, 2}, then

1d .

3 [ 1m® = a0 < [ (0t = wa®) du(®) - ) i DOT). (39
Q Q

Theorem 3.2. Let uy € K and pp € BV(0,T;w" — My(?)). Then, (u,®,) is the

variational solution of (3.1) if and only if there exist &5, € L™(0,T;w* — M,(2)")

O, (1)L L™ such that (u, ®) is a weak solution of (3.1)

3.2 Regularization problem

We denoted by W17 (Q) the dual space of Wy?(Q). When p > n, M,(Q) —
W=7 (Q) then for any pu € L*([0,T],w* — My(Q)), there exist {f;}",, such that
for any v € LP(Q2), we have

< p(t),v >:/Qfo(t)U+Z/in(t)aa_;

where f;(t) € L” (Q) (see Proposition 9.20 [41]). Using that fact u € L([0, T],w* —
My(Q2)) we get f; € L'([0, T], w* — My(Q2)). By taking

F(t) = Dot ) = pr = 3 SE () ),
i=1

where p, is a sequence of mollifiers, we have f\, € C®(Q) and f\(t) —
p(t) in My(2)- weak™ . Moreover,

0
AR — A1) Folt+h) — fo®)  palt) = B, Silt 1) = filt)) % pa(t)

— _ [

h h : h

Then we have

Pt +R) = f3(8) _ plt+h) = p(t)
h

in M, (Q)- weak* .

So if € BV(0,T,w x —M,(2)), we have V(fy,T) is bounded. O
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Lemma 3.1. For any fi € WU 0,T,L*(Q)); there ezists uy €
L([0, T); Whe(Q)) N Wh([0,T]); L*(?)) and wy = Veda(z,Vuy) €
L>([0,T),L*(Q)) such that wy is a solution of : Quy — V - wyx = frinQ
where  u\(0) =y € K.

Moreover for S € C', S conver and S(0) = 0 we have

d

dt Jq S(ux —vy)de < /Q(fA = g2)S" (ux — vx)de. (3.7)

In particular,

d
E/hb\_v)\l S /|f)\—g)\|dl‘. (38)
Q Q

Proof : The first part of lemma can be concluded by using the theory of parabolic

equation of divergence type (see Proposition 5.7 [21]), and the evolution equation of

1
type Leray-Lions (cf. 7.1 [41]). Remark that, we have V¢ Jy(z,¢) < C’FK]”_I.
We take S, € C? such that S, — S and S, — S. We have uy, — vy €
Whe(0,T; L*(2)), then take S’ (uy —vy) € C' as a test function of
8t(u,\ — ?))\) - V . VJ,\(.’[, VU)\) — V . V:],\(il’, VU,\) = f)\ — gx-

we get
/Qat(u,\ —un)Sh(uy —vy) + /Q(VJA(x, Vuy) — VJi(z,Vuy)) - VS (uy — vy)
= [ (= a)situn = o)
Using the fact that
(VJx(x, Vuy) — VIa(z, Vuy)) - (Vuy — Vua)S!(uy —vy) >0

we get

/Qat(w — ) S (un —uy) < /Q(fA — 925, (ux — va).
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Then,
/ Or(ux — vr)S (uy —vx) < /(fA — g2)S (un — vy)
0 0

which implies
d /
d_S(u)‘ —oy)dr < [ (fx—gx)5 (uy — vy)dx.
o at Q

The last part follows by taking S’ = H,, where

lifr>e
H.(r) = fif—eﬁrﬁe
€
—1if —e>r
and letting € — 0. O

Lemma 3.2. We suppose that p € BV (0,T,w* — My(Q)) and V - VJ(x,Vug) €
LY(Q), if uy is the solution in Lemma 3.1, then Oyuy is bounded in L™(0,T;w* —
M, (€2)).

Proof : We follow the same idea as Lemma 3.4 [68]. We see that uy(t + h) is the
solution of =V - VJy\(z, Vur(- + h)) = fo(- + h) — Qur(- + h) in (0,7 — h) x Q and
up = uy(h). Then we apply (3.8), we have

[ =uweenl < [ wo—unmi+ | t [ 1) = s ) s

We have vy is the solution of —V - VJy(x, Vu,(t)) = =V - VJ\(z, Vug) — dyuy. By
applying again (3.8) we have :

[ro=wwl < [ [ 195w - e

IN

| O 19T Vol -



68 8. Evolution Problem

Then we get :

/Q|U)\<t)—U)\(t+h)’ S A /|f)\(t)‘+h‘|vVJ)\<IL’,VUJ0)HL1(Q)

//ua ~ fa(s+ h)|ds.

Dividing by h and letting h — 0, we obtain

10eurll oo (0, 7w — My()) S IO ey +IIV - V(s VU0)||L1(Q)+V(fA7T)

(3.9)
Using the fact that V(fy,T) is bounded. We conclude that d;u, is bounded by C
and this constant not depends on p. O

Lemma 3.3. Under the assumption of Lemma 3.2, (ux)xso is bounded in
L0, T; WH(Q)) and (wy)xso is bounded in L>(0,T; L*(Q)™).

Proof : For a.e. t in [0, 7], using Sobolev embedding and inequalities as Lemma

2.4, we have

/Q wOAOd < ClIVurOll oy 10wy (3.10)

and

/Qu,\(t)d(atu)\(t)) < GolIVur®ll o 19Ol vty () (3.11)

where C, := C(2)C(2, p). Moreover, we have

s [ (V0@ =M@)7 < [ @ V@) < [ n@ho - [ ubdue

then by using (3.10) and (3.11) we get

s [ (V0] =M@ < GITuOls (1O + 100300

M (o
) \mv)

VAN

CpC ||(|VU)\| —

I

6, (5 [ (19wl =y

IN
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where C' = || full oo () + H@tu,\HLoo(Q Tiw* — My(Q)): This constant is bounded, not

depend on t, p. This implies that

1 eC,C
21 Q(!VUA(W—M(»’U))“ < pp

Kﬂvw@N—M@D”

1 1
+6,0 (5 + 19 )

1

’ 1 p—1
Taking ¥ = 2P£’p0’ e’ = 3 (ZC]':,C) and we have

(2p11 - 2—11,) /Q(|Vux(t)| — M(2))*

1 —1 1
< 0, =P M 1)
P o p [e'e)

Since the Poincaré constant C'(2, p) is bounded as p tend to +oo (cf. [45]) we deduce

that there exists C' = C'(£2, p, u) bounded as p — oo, such that

3 (90O = M@)* < C@.p.0)

In particular, this implies that Vu,(t) is bounded in L>°(2)". Then u,(¢) is bounded
in Wy () . Hence uy is bounded in L=([0,T]; Wy *°(€)). Recall that, for any

£ € R", and a.e. x €  we have

wy(z,t) - € < J(x, &) +wa(z,t) - Vur(z,t) — Jy(z, Vup(z,t))

< Iz, &) + wy(z,t) - Vup(z,t).

(3.12)
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So for a.e. t we have

/ka(x,t)fdx < /Q(]A(x,ﬁ) d$+/wA(x,t)-Vu,\(x,t)dx

Q

< /QJ,\(x,f) dx—l—/u,\(t) (Opux(t) — fa(t))dx.

Q

Using the same arguments as Lemma 2.4, we obtain that (w))a>o is bounded in
L*>(0,T; L*(Q)™). O

3.3 Existence of weak solution

Lemma 3.4. For any z € Ky, there exists (2.)es0 a sequence in L>=(0,T;Ca(Q)) N
Kr such that, as € — 0, for any ¢ > 1,

ze — 2 in LY0,T; Wy '(Q)) — weak

and

ze = 2z uniformly in Q.
Proof : The proof follows exactly the same ideas of the proof of Proposition 2.4. O

Lemma 3.5. Let ug € K. For any f € BV(0,T;w* — My(QQ)) there exists
(u, ®,, ®,) € Kz x LY(Q)" x L®(0, T; w* — My(2)")), such that :

uy — u in L0, T; WHP(Q))- weak
wa(t) = ®(t) = O, ()L™ + P, (t) in w* - My(Q)™ for L' — a.e. t €[0,T).

Moreover (u, ®) is a weak solution of (3.1)

Proof. By using the definition of w), for any ¢ € D(Q) such that ¢ > 0, we have

/Q I, €)p > /Q I Tun)e+ [ wne (€= Vure,

Q
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Since for any £ € R", x € Q, (J\(2,£))x>0 is nondecreasing, we get :

/J(x,{)gOZ/JAOx Vuy)p + | wy- (&= Vuy)p
Q

S~ —

/JAOx Vuy)p+ | wy-(£—Vz) go—f—/w,\-V((p(uA—z))
Q Q
—I—/wA Vo (uy— 2)

/J)\O X, VU)\ Q0+

S

rl€= V= [ (hr=Bun)e (n— 2
Q
+/wA-Vg0(uA—z).
Q
Thank to Lemma 3.3, by using Rellich-Kondrachov Theorem we get
uy — win L]0, T]; Co(Q2))- weak .

wa(t) = ®(t) = D (1) L" + D, (t) in w* - My(Q)" for L' —a.e. t €[0,T).

where ®(t) = ®,.(t)L" + P,(t) is the Radon-Nikodym decomposition of the measure
®(t) for a.e. t € [0, 7).
Moreover, we have u € L>([0, T]; Wy ™°(2)).
Since
Oyuy — Oyu in L>(0, T w* — Mp(R2))- weak *

and
fr— fin L0, T; w* — My(Q))- weak * |

passing to the limit in the same way as Lemma 2.6 and Lemma 2.7, we obtain

LJ@£M 2‘/JM%VW¢+/¢@~@—VW

+hm/ / (& — Vu(t))dd,(t)dt
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Then for any £ € D(z) and ¢ € D(Q) we have

T
[ r@oez [ s vwes [ ercovue [0 ot Voo, mi
This implies first that,

J(Z" 6) > J(l’, Vu(t7 .CE)) + (f - Vu(t> .CE)) ’ (I)r(t> .I) a.e. 1in Q;

hence
®€dJ(.,Vu) L' —a.ein Q.

On the other hand, for any £ € D(x)

(& = Via,mu(t)) -

this implies that

O, (t)
|4 (t)]

) v@s(tﬂu(t) = SD(x) (|$zg§|> |q)s(t)| - a.e. in (2

As to the equation (3.5), this follows by taking & as a test function in Jyuy(t) — V -
wy(t) = fa(t) then passage to the limit A — 0.

We have W, ?(Q) — L*(Q) < W=7 (Q) and the fact that if u € LI(0,T; W,"(Q))
be such that 8—1; € LI(0,T; W1 (Q)). Then u belongs to C([0, T]; L*(Q)) (cf. Theo-
rem 1 page 473 [48]). O

3.4 Variational solution

Lemma 3.6. If (u,®,,®,) is a weak solution of problem (3.1) then (u,®,) is a

variational solution.

Proof. For any h > 1 and € > 0, let us consider

1 t+h
ul(t,r) = %/ ue(s,x)ds for any (t,z) € Q.

t—h
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where u, is a sequence given by Lemma 3.4. It is not difficult to see that u”

Wh4(0,T; W, °(Q)) and, for any t € (0,7)

S

1 t+h
ul(t) — ﬁ/ w(T)dr =: up(t), uniformly in Q, as €¢—0.
t—h

Taking ou” as a test function we get :

//UVuhdq) //avu / /o—tuu +/ / t+h>2—h“e(t—h)
+/0 o) [ bttty

Since u € C([0,T); L*(Q)) we get :

h—0e—0 2h
_ lim/ / u(t+h) —u(t—h)
h—0 2h
_ —lim/ / o(t+h)—o(t—nh)
h—0 2h

1
= ——/ /u20-t.
2 /o Ja
Then we have

hmhm// oVuld®, —// —ou +//audu //UVU D,.
h—0 e—0

Using the definition of Sp(,), we have

lim lim //Q o 1)Vl (1), (1)dt < //Q o(1)Soi (@:&)d@s(tﬂdt-

Using the fact that u satisfying (3.4), for a.e. t € [0,7T),

|<1>s(t§| - Ve, u(t) = Spa) (é:&) |®,(t)| - a.e. in Q
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We deduce

// SD(x)<|q) i ) // Lo +//aud,u //gvu o (3.13)

Another hand, let £ € K, we can take £ as in Lemma 3.4, and o € D(0,T). Then

taking o€, as a test function in (3.5) we get

//Qotuer//Qafdu—//Qavg.CD, — //Uvésfd@s(t)dt
JL oo (s ) et

IA

Using (3.13) we get

//Qatué—l-//cgaﬁdﬂ—//QJVﬁ@rﬁ//Q%atu2+//Qaud,u—//QaVu«<br.

This ends up the proof. m

3.5 Contraction

Lemma 3.7. If (uy, ®1) and (uz, ®2) is the variational solution of problem (P,) then

U1 = Uy

Proof: We use the doubling and dedoubling variable technique. Let o = o(t1,ts) €
D(0,7)* and u; = uy(t1), us = us(ts) we have :

_% /0 /Q 00y (b1, £2) s (£1) — wa (b)) P ddty
n /0 /Q o (tr, 1)1 (1) (Vun (1) — Vus(ts))dedts
S/O /QO'(t17t2)(ul(t1)—Ug(tg))d,u(tl)dtl
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and

N —

/O /Q oo (b1 1) s (1) — ua(t) 2ty
n /0 /Q 0 (tr, 12)Ba(ts) (Vur (1) — Viug(ts))dadt
< /0 /Q ot 1) (s (1) — ta (b)) dpu(t) .

Integrating the first equality w.r.t ¢5, the second one w.r.t. ¢;, adding them together,
and using the fact that

(q)l(tl) — (I)Q(tg)) (Vul(tl) — VUQ(tQ)) Z 0, a.e. in

we get

1 T T 2
_5/0 /o /Q(Utl(tl’ ta) + 0, (t1, t2))[ur(t1) — ua(te)|"ddtdts
: /0 /0 /Qa“l’ ta) (ur (tr) — ua(t2))(dpa(ts) — dpalts))dtydts.

Let £ € D(0,7T), £ > 0 and p, be a modifier function in IR. We take

U(tl,tz) = Pe (h;tz) § (tl ;t2)

i —t i1+t
01, (i, t2) + 0, (11, ) —pe( = )s( - )

and we have

We get

T T _
_%/0 /0 /Qpe (tl . t2) ¢ (tl —;b) un(t1) — us(t)|Pdadtdts  (3.14)

<[] Lo (B () e = wataate) — duteat
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Let € — 0 first term of (3.14) converge to

_%/OT/Q|ul(t)—u2(t)|2§tdt.

Now, let us prove the last one converge to 0. To that aim, we set

W@=Am®W®; mmzémwww.

Then we get
t1 —t t+1
= [ o (M) € (M) bt — ottt — . 0) + St
t1 —1
Setting z = L2 we have

1= o[ et =)ot + gltn -2
+f(ty — 2z, t1) — f(t1 — 22, t1 — 22)]dz)dt;

- —c/ tl,tl/ ()t — 2)d=)dn
+0A[A p(2)E(tr — 2)glts b1 — 22)dz]dt,
+cAﬂAT&@Kuy—@ﬂm—2@mm4ﬁl
—CAﬂATm@M@y—@ﬂh—2&h—2@MMH

When € — 0 we have the right hand side I converge to 0. Then we can conclude that

1" )
—5 | [ 1m0 - woPsd <o

%Awmn_mwﬁgompmﬂy

This implies that

Since u € C([0,T); L*(Q)) and u;(0) = uy(0), then u; = ug, L — a.e in Q. O
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Lemma 3.8. If (u1, ®1) and (ug, Ps) are the variational solutions of the problem

(P,,) and (P,,) respectively, then

1d

mfglul(t) —up(t)* < /Q<u1(t) —up(t)) d(pr(t) — pa(t))  in D'(0,T). (3.15)

Proof : Using the uniqueness of u; and uy (see Lemma 3.7), it is enough to

prove for u7 and 4 instead, and pass to the limit by letting A — 0 in (3.7). We get

- /OT/QS(ul — up) gy < /OT/QS'(M — uz)d(p1 — pi2)ep(t).

We denote by Ti(r) = max(—k,min(k,r)) and taking S'(r) = Ty(r) and letting
k — oo we get

T 1 9 T
_/ /5 luy — usl? @y g/ /(m — up) d(p1 — p2)p,
0 Q 0 Q

which imply (3.15).

3.6 Proof of theorems

Proof of Theorem 3.1 : The proof is a direct consequence of Lemma 3.5, Lemma
3.6 and Lemma 3.8 O
Proof of Theorem 3.2 : Thanks to Lemma 3.5 there exists (u, ®,, ®5) € Kr X
LY Q)" x L=(0, T; w* — My(Q)™)) such that (u, ®) is a weak solution of (3.1). The

proof is a direct consequence of Lemma 3.6 and Lemma 3.7. O



78

8. Evolution Problem




4 Discrete Collapsing Sandpile Model

The dynamics of granular materials has been studied quite intensively due to
their importance in various naturally occurring phenomena such as landslides, rock-
falls, desert dunes evolution, sediment transport in rivers, ... and engineering trans-
portation applications. The description of such flows still represents a major chal-
lenge for the theory. In the last decade, several studies have been devoted to the ma-
thematical and numerical studies of granular system. Different models have been pro-
posed using kinetic approach (cf. [23, 24]), cellular automata (cf. [50, 55, 64, 78]) or
partial differential equations (cf. [8, 10, 16, 19, 20, 29, 46, 51, 52, 54, 59, 62, 66, 77]).

Granular materials are complex objects and it is important to understand their
behavior by using simple prototypes. Actually, it is known that one of the approach
that may be relevant for their study is based on modeling the dynamics of pile
of cubes. That is, to imagine that the matter at the microscopic level consists of
particles similar to cubes (in some cases, a particle can be linked to a certain volume
of material) arranged on a regular grid. The principle after consists in establishing
simple rules across the unit cell and repeat until the interplay between cells occurs
by itself coherent structures or organized forms at the macroscopic scale. Of course,
the elementary constituents of a material are so numerous that the study at the
microscopic level needs probabilistic methods. However, appropriate scaling of time
enables a transition to deterministic models of nonlocal type (see for instance [55]
and [67]). These rescaling takes into account rigorously the fact that there is a very
large number of particles and there is a significant gap between the time scales of

microscopic and macroscopic.

A typical example is the growing pile of cubes (cf. [55]) which corresponds to the
evolution of stack of unit cubes resting on the plane when new cubes are being added

to the pile. In [55], Evans and Rezakhanlou introduce a stochastic description of the

79
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dynamics and proved that, if we randomly add more and more, smaller and smaller
cubes, we obtain an interesting continuum limit, which is an evolution governed by
the sub differential of a convex functional that is very connected to Prigozhin model
for sandpile [77]. To that aim, they introduce an intermediate nonlinear discrete
dynamics of nonlocal type at the level of cubes. By using Partial Integro-Differential
Equation, N. Igbida shows in [67] that this discrete nonlocal equation gives a right
deterministic description of the dynamics of a growing pile of granular structure
when the component are not very small. Our aim here is to show how to use this
kind of discrete equation to model the collapsing of an unstable pile of cubes.

The chapter is organized as follows : in the next section we establish our discrete
model and study the existence and uniqueness of the solution. In section 3 we develop
a numerical study of the model based on duality argument. At last, we give numerical

simulations showing the stabilization of unstable discrete structures.

4.1 The discrete model for the collapse of a pile

It is well known by now, that the collapsing phenomena in granular materials
can be described by nonlinear evolution equations governed by nondecreasing critical
angles. In the continuous case, recall that combining the continuity equation of fluid
dynamics and phenomenological equation N. Igbida introduce in [66] (see also |54]
and [52]) a sub-gradient flow for variational problems with time dependent gradient
constraints. The gradient constraints are interpreted as critical angle of sandpile. In
particular, the continuous model [66] produces an evolution in time of avalanches
in a drying of a sandpile, rather than instantaneous collapse. Our aim here is to

introduce a discrete non local model that we can associate with such phenomena.

4.1.1 The discrete model.

We consider the surface of the pile be divided into cubes of integer point i €
Z",n =1 or 2. So, a stack of cubes can be described by an application u : Z" — IR,
where u(i) describes the density of cubes at the position 7.

The collapse is produced when the slope of the surface exceeds an angle of sta-

bility. In the discrete case the stability condition for a profile u reads (cf. [55] and
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[67)
u(i) —u(j) <1 for i~ (4.1)

where we use i ~ j to describe |i — j| < 1. Assume that, we start with un unstable

configuration represented by ug : Z" — IR such that
lup(i) — up(j)| > 1 for some i~ j.

To reach a stable configuration, we assume a suitable of various avalanches are
produced, so as to stabilize the pile. More precisely, we assume that the pile tends to
stabilizes itself by taking a continuous sequence of intermediate profile characterized
by

u(@) —u(f)] < c(t) for in~j, (4.2)

where ¢ : [0,T) — IRT is a given non increasing function satisfying

lim ¢(t) = 1.

t—=T

Here, the stability constraint, forces the pile to rearrange itself to reach a stable
profile. So, a suitable of various unstable configurations are produced with non

increasing angle of stability that converges to 1, as t — 1" < oo.

The dynamics of the height u(¢,4) of the pile at a fixed point i € Z", can be

derived as follows. For a small time At, the evolution of u is given by :
u(t + At i) ~ u(t,i) + At Q(t,1),

where Q)(t,1) is the rate of material arriving at the position 7. We can express Q) as

follows
Q(t,i) = I(t,1) — O(t,1),

where, I(t,7) records the material arriving to the position ¢ from the neighborhood
positions and O(t,i) records the material leaving the position i towards neighbo-

rhood positions. We have

I(t,i) =Y a(t,ji) and  O(ti)= Y alti,j),

Jijri gt



82 4. Discrete Collapsing Sandpile Model

where a(t, 7, j) records the material arriving to the position j from the neighborhood

positions ¢. This implies that

u(t + AtZi —ult,i) > (alt,i,j) — alt,j,i) = 0.

Jijri

At each time ¢t > 0, we put
o(t,i,j) = alt,i,j) — alt, j,i).
Obviously, ¢ is anti-symmetric, i.e
o(t,i,j) = —o(t,j,i).

Letting At — 0, we obtain

Ouult, i)+ > olti,j) =0.

Jijri

To complete the model we have to give the connection between o and wu. Since the
dynamics is induced by the discrete constraint (4.2), we can assume that the cubes
move only when the limiting condition is turning to be exceeded. So, the dynamics

in turn is concentrated on the set X ) (u(t)), where
Xp(v) =A0,7) € Z" X Z" : |v(i) —v(j)| = r and i ~ j}
for a given r > 0 and a given application v : Z" — IR, so that

support(o(t,.,.)) € Xew (u(t)).



4.1. THE DISCRETE MODEL FOR THE COLLAPSE OF A PILE 83

Finally, our model is the following system :
([ u(t,i)+ Y olti,j)=0,t>0,icZ",
jijri

(DM) Ju(t, i) — u(t, )| < c(t) for i ~ j,

o(t,i,5) = —o(t, j,i) and support(o(t,.,.)) C Xew(u(t)).

\

In the case where ¢(t) = 1, for any t € [0,7), and the equation is subject to a
non null source term. This model describes a growing sandpile with respect to an
external source of cube. Indeed, in this case the system (DM) is the discrete model
that we can associate with the continuous nonlocal model for discrete structures in
IR? (see |67] for more details).

To study this problem, we recall the infinite-dimensional ¢¥ spaces defined by

1/
{7]: zZ" — R |Inl, ::(Z |n(i)\p) p<oo}, for 1 <p<oo
iezn

vz =

{77 2 Z" — R ; ||n||eo := max

Sy/AL

77(2')|<oo}, for p =00 .
For a given r > 0, we introduce the convex set

K(r)y={z€*(Z"):|2(i) — 2(j)| <r for i~ j}.

4.1.2 Existence and uniqueness of a solution.

For A > 0, we consider <tl) a A— discretization of [0,7"), that is tg = 0 <
h<..<t,1<T=t, For angf:&; 0, we say that u) is a A—approximate solution
of (DM), if there exists <tl)l:1,...n a A— discretization of [0,7"), such that

up fort € [0,t],
u(t) = (4.3)
w  fortelti,t], [=2,..n
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and v solves the Euler implicit time discretization of (DM)

\

(w(i)+ Y oulig) =wa(i), i€z

jiji
w € Ket), ali.j)=—ai), ijezr ( =hon o (@4)
and support(o;) € X, (w), )
See that the generic problem is given by
( v(i) + Z o(i,7) = g(1) for any i € Z",

Jigevi

(DSP) ve K(r), oli,j) = —o(j,i) forany (i,§) € Z" x Z",

and support(o) C X,.(v),
where 7 > 1 is a given constant and g : Z* — IR is a given application. In this

chapter, we prove

Theorem 4.1. Let g € (*(Z") and v € K(r). Then v = Pxy(g) if and only if,
there exists o € ('(Z" x Z"™), such that the couple (v,o) satisfies (DSP).

In the Theorem Pg(y(g) denote the standard projection onto the convex set
K (r). Remember that v = Pk, (g) if and only if v € K(r) and

1 .
Iw) = 5llv =gl = min J(:) (45)

Now, let us consider I, the convex indicator function of K'(r) given as

0 if z € K(r)
I (2) =

+o00 otherwise.

As a consequence of Theorem 4.1, the characterization of Ol x in terms of a discrete
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equation is given by the following Corollary :

Corollary 4.1. Let g € (*(Z") and v € K(r). Then, g € 0l (v) if and only if
there exists o € (Y(Z"™ x Z"), such that the couple (v, o) satisfies

( Z o(i,j7) = g(i) for any i e Z",

g

veK(r), o(i,j)=—o(j,i) for (i,j) € Z" x Z",

and support(c) C X, (v).

In particular, this corollary gives the connexion between the evolution problem (DM)

and the nonlinear dynamics

u(t) + M ey (u(t)) 3 0 for t € (0,7)

(4.6)
u(0) = up.
Again, for any A > 0, we say that u, is a A—approximate solution of (4.6), if there
exists (tl> a A— discretization of [0,7), such that
I=1,..n

Ug fort € [O, tl],
ux(t) =
g for ¢t € ]tlfl,tl], l = 2,..n

and w; solves the Euler implicit time discretization scheme of (4.6), that is
u; = PK(C(tl))ulfla for [ = 1, .n.
It is clear that this problem is a particular case of the stationary problem

v+ 0 ke (v) 29 i.e. Z (9 —v) v = max (g —v)&. (4.7)

1EZL™

Applying Corollary 4.1, for any g € (*(Z™), there exists a solution u of the problem
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(DSP) in the sense that v € K(r) and

S (g(i) - u(z’)) (u(i) - 5(2’)) >0 for any € € K(r).

i

For the existence and uniqueness of the solution of (DM), we prove the following

results

Theorem 4.2. Assume that c € W(0, T), ug € K(c(0)) and 0 < T < oo. Then
the problem (DM) has a unique solution u € W' (O,T; KZ(Z”)> and u satisfies

w(t) + 8][K(c(t))(u(t)) 50 fort e (0,7)
(4.8)
u(0) = up.

Moreover, if uy is a \- approrimate solution, then

uy —u in C([0,T); (*(Z"™)) as A — 0.

Proof : It is not difficult to see that u is a solution of (4.8) if and only if v(t) :=
u(t)/c(t) is a solution of

vr(t) + Oy (v(t)) + F(t,v(t)) 3 0 for t € (0,7)
(4.9)

v(0) = uo/c(0),
c(t)

where F(t,r) = WT. It is clear that, F' is measurable in ¢ and Lipschitz continuous
c
/
t
with respect to r. Since (1)
c(t)
problem (4.9) has a unique solution v € Wh™ <O,T; KQ(Z”)>. Then, using simi-

lar arguments of [66] combining v and u,, one can prove that the A—approximate

€ L*>(0, T), thanks to Proposition 3.13 of [40], the

solution converges to u and this ends up the proof of the theorem. O

Proposition 4.1. Assume that, there exists (o,v) such that (o,v) € ("(Z" x Z™) x
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K(r) satisfying

([ v(i) + Z_a(@',j) = g(i) forie Z",
o(i,j) = —o(j,i) for (i,j) € Z" x Z", (4.10)
[ and o(i,j) #0=|v(i) —v(j)| =1 for(i,j) € Z" x Z",
then v is solution of the problem (4.7).
Proof : Let z € K(r). First we see that
I = Z(g(i) — (@) (v(@) = (7))
=303 atii)leti) = =)
=303 i D)00) = v) + o) = 20) + 2() = 2(0)
=3 el e~ vli) 2 +ZZ o(i, $)(0() — =)
=3T3 )00 = 00)+ 20) = 20) = 323 o3 feli) 20
Since (o,v) € {Y(Z" x Z") x K(r) and using Fubini’s theorem, we have
2.2 oG @G) = 2() = > Y oG i)() = 2().
Then
I —ZZ o (i, 5)( () + 2(5) ZZ o (1) 2(7))
—ZZ o (i, j)( () + 2(4) — 2(i) = I,

which implies that

2[—220 i,7)( v(7) + 2(j) — 2(4)).

i i
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Now, using the condition o(i,j) # 0 = |v(i) — v(j)| = r, then we obtain
— Ifv(i) —v(j) =r we get v(i) —v(j) + 2(j) —2(¢) >0 and o(i,j) > 0, then

a(i,7)(v(i) = v(j) + 2(4) = 2(2)) = 0.

— If v(i) —v(j) = —r we have v(i) —v(j) + 2(j) — 2(:) <0 and o(i,j) <O,
then
o(i,j)(v(i) —v(j) + 2(j) — 2(2)) = 0.

Consequently, I > 0 and this completes the proof of Proposition. O

This proposition gives a first part of the proof of Theorem 4.1. The second and final
part of the proof is given at the end of Section 4.2.1.

4.2 Numerical study

Now, our aim is to study numerical approximation of Pk(,g. Thanks to theorem

4.1, the problem (DSP) has a unique solution v satisfying
v+ 0k (v) 3 g. (4.11)

To give a numerical method for the approximation of the solution of (4.7), we use

dual arguments. Thanks to Theorem 4.1, a solution of (DSP) is given by

v = PK(r)97 (4.12)

4.2.1 Dual formulation

To study the numerical approximation of Pk (g, we use dual arguments. To this
aim, we introduce the set of anti-symmetric bounded sequence defined on Z" x Z"
by :

02" x 27 = L (2" < 27) 10, §) = ), for any (i) € 2" x 2"
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and the set S,,(Z" x Z") of sequences of (> (Z" x Z™) concentrated on the set
{(i,j)e%”x%”; :iwj} e,

Sus = {,1 e L (Z" % Z") ; (i, 5) = 0 for |i — j| > 1}.
Considering the operator A : (2(Z") — Co(Z"™ x Z™) defined by

Az: Z"xZ" — RT

o o z2(2) — 2(g ifi~7
(Zvj) —>AZ(Z7.]) = () ( ) .
0 otherwise,

the problem (4.5) can be rewritten as

min {J(z) + H(Az)}, (4.13)

2€02(Z™)

where the function H : Co(Z"™ x Z") — IR" is given by

0 if [Az]|eo <7

400 otherwise .

H(A2)= {

Using standard duality argument (cf. |58|), we compute the dual problem associated

to (4.5). This is the aim of the following proposition :

Proposition 4.2. Let g € (*(Z"). Then, the dual problem of (4.5) is given by

a G(n),
et 4 C0)

where G : (N Z" x Z") — IR is defined by

G =3 3 (X ntii)=nG.0) =S (32 0.0 -n.0) o) —r Y- i)l
i g i gujei i, (4.14)

Proof : Thanks to Theorem 4.2 of [58], the dual problem of (4.13) can be written

h max { ~TH(A) — H*(—n*)}, (4.15)
n*e(co(anzn))
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where J*, H* and A* are the conjugate of J, H and A, respectively. Recall that
(CO(Z” X Z")) = (NZ" x Z"). First, we see that, for any n € ((Z" x Z"), we

have

(A*n, z)

= (n,Az2)

= D> i j)Ax(i,j)
DN (<z<z> - ().

- Zji (i, j)z ZZ"? J,1)
- ZZ (n.3) n(jfwi;w(]i),

where we have used the fact that (7,7) — n(i, j)2(j) is in £1(Z" x Z™). This implies

that

NSV AR Y 4

*(z")
W)@ =3 (nG.5) = n0.).

g

—

n —

On the other hand, for any 2* € (*(Z™), we have

J(z") =

At last, for any p* € £1(

H*(p")

and the proof is complete.

(i)=(i) 12 2(i) -
__Z|
——Z\y \2+Zz

|2+Z

) — g(i

Z" x Z"), we have

sup E p*(i,5)p(i, j) — H(p)
pECN (L X Z™)

sup gpzy (i, 7) if |[pllee < 7
pELYN(Z"XZ™) ) H H

r Y i),
12
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Moreover, we have

Lemma 4.1. Assume that, there exists w € (*(Z" x Z") such that

G(w) = G
(w) e (n),

then w € S,.

Proof : We assume, by contradiction, that the maximum w of G satisfies w(ig, jo) #

0 at a point (ig ~ jo), and take
oY if (4,7) # (i0, Jo)
0 if (o, jo).
A simple calculation, gives
1 o o0\ 2 . . . .
Glw) = =33 (Do wlii) = w(i.i) =D (D wlin) = wiii)) g6) —r Y fwli.j)
i juei i i i
= G(w) — rfw(io, jo)|,

then G(w) > G(w) and we get the contradiction with the maximality of G at w.
Now, taking w € S, as the following :

NN YA -

(i, j) = P(ww ~w(j,0))

(3,1) = 5 (w(,i) = i) ).

we see that w(i,j) — w(j,7) = w(i,j) — w(7,7). On the other hand, we have
N I I
(i, J)| < Slw(@, )l + Sl (i, 7)1,
then — Z lw(i,5)] > — Z |w(i, j)| and we deduce that
G(w) > G(w).

From this, we get

G(n) = G(n).
e (1) max (n)
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This completes the proof of Lemma. O

As consequence of Proposition 4.2 and Lemma 4.1, we have the following result :

Theorem 4.3. Let g € (*(Z") and v := Px(g). Then, there ezists w € S,s and
v € K(r) such that

G(w) = max G(n) = min J(z) = J(v).

NESas 2€K(r)

Moreover, for any i € Z",

o) = g(0) + Y (w(i.5) = wii)).

Jijei

Proof : Thanks to proposition 4.2, we have

J(v) = min J(z) = G(n).
(v) Join (2) e (n)

Using lemma 4.1, we obtain

max  G(n) = max G(n) = G(w).

nel (Z"xZ™) NESas

Thanks to the extremality relation between v and w, we have
(Aw, —w) € (aJ(m, 8H(Av)) . (4.16)
Since A*w € 0.J(v), then we have

> w(i, j) — w(j,i) = v(i) — g(i), foranyie Z".
jij~i
We deduce, that
v(i) = g(i) + Z (’w(i,j) —w(7, 2)), for any 1 € Z".
jij~vi

and the proof is finished. O
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Proof of Theorem 4.1 finished : Thanks to Proposition 4.1, we know that, if
there exists (o,v) such that (o,v) € (*(Z" x Z") x K(r) satisfies (4.10), then
v = Pg((g). Now, taking g € (*(Z") and v € K(r) satisfies v + 0l (v) 3 g.
Thanks to Theorem 4.3, we have

v(7) + Z o(i,j) =g(i), forieZ",

g

where o(i,j) = w(i,7) — w(j,i) = 2w(i, 7). Now we prove that, if o(i,j) # 0 then
[v(i) — v(j)| = r for any (i,j) € Z" x Z". Indeed, thanks to (4.16), we have
—w € 0H(Av), then we get

H(Av)+ H* (—w) =< —w, Av >

which implies that

P>l = =30 30 wid) (v) - o).

i i
and therefore, we have w(i,j) = 0 for i »~ j and
i, )] = —w(i j) (o) = o(j)) fori
Consequently
o(i,j) # 0= |v(i) —v(j)| =r for (i,j) € Z" x Z"

and the proof is finished. O

4.2.2 Numerical results and simulations

To compute numerically the solution of the problem (4.6), we attempt to discre-
tize it by the Euler implicit scheme. Let us denote by At the time step and u" (%)
the approximate solution at time t = nAt for n € IN. Then the study of the problem

4.6) becomes to solve a sequence of stationary equations. Starting with «°, we need
( q y eq g 7
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to compute u"! satisfying :
u T+ Ol ey (W) D Ut 4+ AL = g (4.17)

where f"(i) = f(nAt) for n = 0,1,2,..., K; where K € IN is given. The problem
(4.17) can be rewritten as

Y = mj . 4.1
J(u") Zg}gg)J(z) (4.18)

1
where J(z) = §||z - g"||§2(12). Thanks to Theorem 4.3, it is clear that the problem

is equivalent to find a numerical method to minimize the functional G S, — IR
defined by

G =5 S (S 6.0 -nG0) + 3 (S 0 iy-nG.)g @t X Inti. )l

i€AN  Jijri i€AN i~ (1,J)EANXAN

for a given ¢" (i), where Ay := {z = (i1,13) € Z* such that — N < ij,iy < N}
with N is a given large (enough) integer.

Thanks to the fact that o € S, the functional can be rewritten as

@(77) =2 Z ( Z n(i1,ia, 01 + Kk, i2) + Z U(il,iQ,i1>i2+Z)>2

—N<i1,i2<N  ke{—1,1} le{-1,1}

2 Y ( " iviseis Fkiin) £ > 0(in s i is + l))g”(il,ig)
—N<i1,io<N  ke{-1,1} le{-1,1}

+r Z ( Z In(i1,i2, 11 + K, i2)| + Z |a(i1,i2,i1,i2+l)|>
—N<i1,is<N  ke{-1,1} le{-1,1}

and for convenience taking 7(i1, ia, j1, j2) = 0 for max{j1,jo} > N or min{j;, jo} <
—N.

Since, the functional G is non-differentiable, we use a relaxation algorithm (cf.
[61]). Denoting the cartesian basis vectors by e; for j = 1,..., M with M = 8 N?;

the algorithm can be written as follows :

1. Initiate the algorithm with w°, set k =0
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2. For j =1,..., M, we solve the one-dimensional subproblems rgnlﬂr%l U,(€) where
S

Uy, is defined as :

\I’jki R — IR

£ — G(uw* + Zglk + e;).
i<j
Since Wj; is the sum of a polynomial of degree two and an absolute value,
we are used a Newton algorithm to find & when Wj; is differentiable, and
computing directly & otherwise. After, taking &, = & e;.
3. Take w*t = wk + X Z &k, where A € (0,2) is an over-relaxation para-

j=1,..M
meter.

4. As stopping criterion we use : ||w® —w* ! |2(rMy < tol, for a given convergence

tolerance tol.
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Forme 2d, d=
%42 Forme 2d, d= %4.2

(a) Initial unstable structure (b) intermediate profile

Forme 2d, d= %4.2¢ Forme 2d, d= 224 2|

(c) intermediate profile (d) Final stable structure

FIGURE 4.1 — Stabilization of unstable discrete structure.
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Forme: 2d, £=1.00 Forme 2d,t=1.00

(a) Initial unstable structure (b) intermediate profile

Forme 2d,t=1.00 Forme 2d,t=1.00

(c) intermediate profile (d) Final stable structure

FIGURE 4.2 — Stabilization of unstable discrete structure.
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Our numerical algorithm enables us also to simulate the growing of a discrete
structure when we have a source of distribution of materials. Recall that in this case,

the problem may be written as :

u(t) + Mgy (u(t)) > f for t € (0,7)

u(0) = uyp,

where f modeling the source term.

The idea is to keep the stability condition; i.e. ¢ = 1 and using the time

discretization of the problem, we compute successive projection of terms inclu-
ding the material that the source add per time. We present some numerical
experiments of a growing pile of cubes. In all the simulation below, we have
chosen relaxation parameter A\ = 1.2, and convergence tolerance tol = 107%. The

first case is devoted to the constant source term f(¢,4) distributed on the subdomain.
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Forne 2d,t=0.05% Forne 2d,t=0.25

(a) Initial structure (b) intermediate profile

Forme 2d,t=0.85 Forrne 2d,t=2.45

(c) intermediate profile (d) Final structure

FIGURE 4.3 — Growing discrete structure with central source.
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Forne 2d,t=0.05% Forne 2d,t=0.35

(a) Initial structure (b) intermediate profile

Forrne 2d,t=1.95 Farrne 2d,t=2.40

(c) intermediate profile (d) Final structure

FIGURE 4.4 — Growing discrete structure with moving source.
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