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Introduction générale

Cette thése porte sur I’étude de l'interaction de deux espéces sujettes au chimiotactisme. Ces deux

espéces produisent et consomment les substances chimiques qui affectent leur déplacement par le proces-
sus de chimiotactisme. Les expériences menées par ’équipe d’Axel Buguin de I'Institut Curie révélent le
phénomeéne de synchronisation et de désynchronisation lors de la migration d’une population formée de
deux espéces différentes d’E.Coli. Les travaux de Vincent Calvez, Jonathan Saragosti, Benoit Perthame
et al. sur la migration d’une espéce d’E.Coli indiquent qu’elles ont un mouvement collectif de trajectoire
rectiligne. Un tout autre phénoméne est observé lorsqu’on met ensemble une population composée de
deux espéces d’E.Coli nageant & des vitesses différentes. En fonction de la proportion de I'espéce la plus
rapide dans la population, les deux espéces dans la population se déplacent ensemble ou non.
Une interprétation de ce phénoméne par des modéles mathématiques est fournie ici, ainsi qu’une meilleure
compréhension de 'impact des caractéristiques des deux espéces sur le comportement global de la popu-
lation. Un phénoméne similaire est aussi observé pour un modéle & deux espéces sans substance nutritive.
Cette introduction redéfinit dans un premier temps le chimiotactisme en insistant sur son role dans la
migration collective de la bactérie Escherichia Coli et présente les résultats dans le cas d’une population
constituée de deux espéces. Dans un deuxiéme temps, les modéles connus & une espéce sont rappelés
ainsi que leurs résultats d’existence. Dans l'optique de bien simuler certains modéles en ’absence de
solutions analytiques, il est indispensable que les schémas numériques possédent des propriétés réflétant
certains aspects du modeéle théorique. Ces propriétés sont introduites et certaines idées pour obtenir de
tels schémas sont proposées. Enfin, les apports de cette thése sont résumés.

1 Motivation biologique

Le chimiotactisme, phénomeéne sous-jacent & la migration cellulaire est expliqué. La migration de la
bactérie E.coli étudiée par Calvez et Saragosti dans [115] est revisitée et les résultats obtenus pour la
migration de deux espéces, point de départ de notre travail, sont exposés.

Chimiotactisme

Le chimiotactisme est le mécanisme par lequel les cellules se déplacent en réponse au changement
chimique de ’environnement. Il permet & certains micro-organismes vivants de se mouvoir et s’adapter
a différents environnements. Parmi les micro-organismes vivants chimiotactiques figurent la bactérie Es-
cherichia Coli et I'amibe Dictyostelium discoideum. Ceux-ci réagissent différemment selon la nature du
signal chimique extérieur (voir Figure 1) :

— Attraction par exemple par la substance nutritive,
— Répulsion par exemple par les substances nocives.

La richesse du chimiotactisme se traduit aussi par la diversité du mode de locomotion des cellules chi-
miotactiques. Celles-ci optent en général pour 'une des facons suivantes de se mouvoir.
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Effect of chemoattractants
o J
Effect af chemarepellents

=
- i |

Figure 1 — Types de réponses au signal chimique extérieur

— Nage ("swimming") : Elle est employée par les cellules munies de flagelles pour se déplacer en
milieu aqueux. La rotation des flagelles induit une propulsion de la cellule & une vitesse de 'ordre
de dizaines de micrométre par seconde (20 — 60um.s~1). Certaines espéces comme Escherichia coli
ou Salmonella typhimurium avancent soit en ligne droite (phase de "run") ou bien tournent sur
elles-mémes (phase de "tumble"). Ces deux phases de mouvement sont illustrées a la Figure 2.

— Essaimage ("swarming") : Il traduit 'invasion des cellules sur une surface. Leurs filaments, organes
externes, leur servent & se déplacer sur une surface dure. Cette structure d’essaim formée par les
cellules est montrée a la Figure 3.

— Rampage ("Gliding") : Les bactéries non dotées d’organes externes comme les flagelles y recourent
pour se propulser sur une surface.

— OCW rotation Helical A 7 . =y
evemer bundie . ( f \
Movement Tumbling [ [ 4

random recrientation d
andom racnantation | CW retation

Figure 2 — Phases du mouvement de la bactérie E.Coli, image extraite de [19]

Figure 3 — Swarming de la bactérie Pseudomonas

La bactérie E.Coli, sujet de notre étude, est composée d’un corps ellipsoidal muni de flagelles aléatoirement
réparties & sa surface. Equipée de récepteurs de substances chimiques, elle est sensible & la variation du
gradient temporel du stimuli. Ces récepteurs transmettent un signal aux membranes internes qui modifient
le sens de rotation des flagelles et orientent la bactérie vers les zones favorables en nutriments.

Dans la section suivante, on montre que ce mouvement aléatoire des bactéries a ’échelle microscopique
engendre un mouvement collectif & ’échelle macroscopique.
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1. Motivation biologique

Du mouvement individuel d’E.Coli a la migration collective

Comme vu précédemment, la bactérie E.Coli alterne entre les phases de run et tumble pour se déplacer.
Ce mouvement peut étre per¢gu comme une marche aléatoire biasée : les longueurs des périodes de run
dans les directions riches en nutriments sont plus grandes que celles dans les directions moins favorables.
La bactérie préfére les directions riches en nutriments. Ceci est a lorigine de la formation d’ondes de
concentration se propageant dans les microcanaux. Une telle expérience a été menée par 1’équipe de
Pascal Silberzan de I'Insitut Curie sur une souche de bactérie E.Coli dans [115].
Les bactéries sont initialement mises dans un microcanal de dimensions (500um x 100um x 1.8¢m) riche en
glucose et acides aminés. Celles-ci sont marquées de substances fluorescentes permettant leur observation
par un stéréomicroscope. Le canal est ensuite fermé et centrifugé. Cette opération de centrifugation permet
de confiner les bactéries & I’extrémité gauche du canal. Une fois la centrifugation terminée, le canal est
observé & intervalles de temps réguliers. La figure 4 représente des images accolées du canal & différents
instants. A un instant donné, le niveau de fluorescence rose traduisant la concentration maximale en
bactéries, se déplace vers la droite du canal & une vitesse constante de quelques micrométres par seconde.
Ce mouvement d’E.Coli présente trois caractéristiques majeures :

« [1.8+0.1pm/s

Figure 4 — Migration d’E.Coli constatée dans [115]

— La conservation du nombre de bactéries
— Le confinement de la population durant la propagation

— L’asymeétrie du profil des bactéries : le nombre de bactéries se situant & droite du point central est
supérieur & celui a gauche.

Cette asymétrie remarquable des profils distingue le résultat de Vincent Calvez, Jonathan Saragosti,
Benoit Perthame et al. des travaux existants [2, 41, 85] sur la migration de bactérie.

Emergence d’un nouveau phénoméne dans le cas de deux espéces d’E.Coli
200

400

600

Lorgueur du canal en px
Longueur du canal an px

1000

1200

10 20 3o 40 50 60 70 80
temps en min Temps en min

Figure 5 — Migration séparée des bactéries Cherry et Green
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Dans les conditions semblables & ’expérience décrite ci-dessus, I’équipe d’Axel Buguin de I'Institut
Curie a observé qu’'un phénoméne intéressant se produit dans le cas o la population est constituée de
deux espéces de bactérie E.Coli : Cherry et Green. La figure 5 indique que séparément les bactéries Cherry
forment une onde se déplacant deux fois plus vite que les bactéries Green. Cependant, lorsque les deux

Figure 6 — Migration collective de Cherry et Green pour ¢ = 10%

espéces sont présentes dans la population, elles se synchronisent et se déplacent & la méme vitesse ou
séparément, en fonction de la proportion de ’espéce la plus rapide ici Cherry. Lorsque la proportion de
bactéries rapides (Cherry) est faible par exemple 10%, la population se déplace a la méme vitesse comme
I’atteste la Figure 6. La vitesse commume est proche de la vitesse des Green. Cependant la figure 7 montre
que pour une proportion de bactéries Cherry élevée par exemple 90%, la population se sépare en deux. Les
bactéries Cherry sont majoritairement dans le premier front et lesbactéries Green sont majoritaires dans
le deuxiéme front. Les précédents modéles développés dans le cas d’une espéce de bactérie ne permettent

Figure 7 — Migration collective de Cherry et Green pour ¢ = 90%

pas de mettre en lumiére la synchronisation de la population, encore moins la séparation des deux espéces.

2 Présentation et analyse de modéles de chimiotactisme a une
espece

Dans la premiére partie, on a montré qu’individuellement les bactéries décrivent une marche aléatoire
biasée et qu’a I’échelle de la population, un mouvement collectif émerge. Ceci nous suggére deux points
de vue de description du mouvement des cellules : microscopique et macroscopique. On distingue donc
deux catégories de modéles. Dans cette partie, ces modéles sont présentés et les résultats d’existence et le
phénomeéne d’explosion de leurs solutions sont enoncés. Bien que différents de part le point de vue consi-
déré, les modeéles microscopiques et macroscopiques sont liés par les limites diffusive et hyperbolique. En
fonction du régime considéré, on peut préférer les modéles macroscopiques aux modéles microscopiques.
Un des avantages des modéles macroscopiques réside dans une meilleure compréhension de phénomeénes

4



2. Présentation et analyse de modéles de chimiotactisme 4 une espéce

macroscopiques. Par exemple, la recherche d’onde de transport dans le modéle parabolique permet de
prédir et d’expliquer la migration collective d’E.Coli. Méme lorsque les solutions analytiques ne peuvent
pas étre obtenues, comme dans la plupart des cas, les modéles macroscopiques sont moins cotiteux a
simuler que les modéles microscopiques (moins de variables). Cependant, ces modéles macroscopiques
ne coincident, avec les modéles micrososcopiques que dans un régime de validité des limites diffusives et
hyperboliques. En dehors du régime de validité des limites diffusive et hyperbolique, il faut reconsidérer
les modéles cinétiques qui englobent le comportement des modéles macroscopiques. La simulation de ces
modéles constitue un défi de part le nombre de variables et la complexité de ’équation. Nous présentons
quelques propriétés intéressantes qu’un bon schéma cinétique doit avoir.

2.1 Modéle cinétique

On introduit le modéle d’Othmer-Dunbar-Alt [99] qui décrit le mouvement microscopique de run et
tumble de certaines bactéries. Dans ce modéle, les cellules sont caractérisées par leur distribution f(z,v,t)
des cellules de vitesse v & la position = a I'instant ¢. Cette distribution f(x,v,t) évolue selon la dynamique :

Of+v-Vuf = / (T[S)(,v,v",t) f (2,0, t) = T[S](x,v",v,t) f(z,v,t)) dv', (1)
—_— Jv

terme de run

terme de tumble

ot V, un sous-espace borné de RY, est le domaine de vitesses admissibles et 7'[S] le noyau de réorientation
des cellules.

Les deux membres de cette équation portent des significations différentes. Celui de gauche composé de la
dérivée temporelle et de la dérivée spatiale représente le transport libre et donc la phase de run. Quant
au membre de droite, il s’agit d’un terme intégral constitué d’un terme de gain et d’un terme de perte.
Le terme de gain symbolise le nombre de bactéries qui passent de la vitesse v’ & la vitesse v durant la
phase de tumble. De méme le terme de perte traduit le nombre de bactéries qui prennent la vitesse v’. Le
noyau de réorientation T'[S](z,v,v’,t) désigne la proportion de bactéries dont la vitesse passe de v’ & v.
Il dépend de la concentration de substance chimique (chimioattracteur) S(x,t). Cette concentration en
chimioattracteur satisfait une équation de réaction-diffusion :

00S — AS +aS=pp, 6§=0,1, (2)

avec 4, «, 8 des constantes et p(x,t) := / f(z,v,t) do.

Cette substance chimique est produite pa¥les cellules elles-mémes et provoque leur regroupement. L’équa-
tion (2) indique aussi que la substance chimique se diffuse dans le milieu et est dégradée.

Le systéme (1)—(2) a été l'objet de plusieurs recherches. Les questions d’existence des solutions sont
explorées et les conditions d’explosion en temps sont déterminées.

Quelques résultats d’existence globale des solutions

Les résultats d’existence du systéme (1)—(2) dépendent des hypothéses sur le noyau de réorientation
T'[S], de la dimension d du domaine d’étude et de la nature de I’équation (parabolique ou elliptique) sur
S. Dans [28, 73], les auteurs choisissent I’hypothése suivante sur T'[S]

0 < T[S](x,v,0",t) <C(1+ S(x —',t) + S(z +v,t)), (3)

avec C' une constante positive.

Cette hypotheése traduit la sensibilité des cellules & la concentration de la substance chimique. La tendance
des cellules de passer de la vitesse v’ & la vitesse v dépend des concentrations aux points © +v et © — v’.
La cellule localisée au point x mesure la concentration S le long de la future direction donnée par v et si
celle-ci est élevée, sa propension & changer de direction est forte. De méme, la cellule au point z évalue la
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concentration S le long de ’actuelle direction v" et sa probabilité de se réorienter sera grande si celle-ci
est faible.

Afin d’¢tudier le systéme (1)—(2), on le munit de la condition initiale f™* choisie dans I’espace L1 N
L>(RY).

En dimension trois d’espace, dans le cas ou (2) est elliptique (§ = 0) avec 8 = 0, l’existence de solutions
globales en temps f € L>((0,00), L N L>=(R?)) et S € L>((0,00), LP(R?) pour 2 < p < 400 est établie
dans [28].

Ce résultat est étendu dans le cas ou (2) est parabolique (§ = 1) en dimension deux et trois d’espace dans
[73] sans aucune restriction sur 3.

Cependant, les cellules en réalité sont incapables de mesurer la concentration chimique, par contre elles
peuvent détecter les variations du gradient en substance chimique. Ce qui pousse a substituer ’hypothése
(3) par la suivante :

0 < T[S](t,z,v,v") <C(A+ |V.S|(x+v,t)+ |V.S|(x — v, 1)). 4)

Ces deux hypothéses (3)—(4) sur le noyau de réorientation 7'[S] peuvent se résumer en une seule.

0 < T[S](t,x,v,v") < C1 + C2S(z +v,t) + C3S(z — ', 1)
+ Cy VS| (x4 v,t) + C5 |V S| (& = ', t), (5)

ou C1,Cs,C3,C4, Cs sont des constantes positives.

En rajoutant I’hypothése supplémentaire sur V£ € (L' N L>)(R% x V), Angela Stevens et al. (voir [74])
montrent P’existence des solutions f € (L1 NL®)(R? x V) et V.S € L>((0,00), LP(R?)) pour 1 < p < 0o
en dimension deux d’espace pour le cas elliptique avec 8 > 0 et le cas parabolique avec 8 > 0.

Ce résultat en dimension deux peut étre étendu a la dimension trois & condition que C5 = C5 = 0.

Une amélioration de ce résultat est fournie dans [18] dans le cas ou les coefficients C1, Cs, Cs, Cy sont non
nuls et Cs5 = 0. Sous la condition de petitesse de la donnée initiale f¥**, une existence des solutions peut
étre obtenue dans le cas ou C1, Csy, C3, Cy, Cs sont non tous nuls.

D’autres formes plus réalistes du noyau de réorientation tiennent compte de la dépendance en la dérivée
temporelle de la substance chimique le long de la trajectoire des cellules. Cette forme du noyau suggéré
par [40] s’exprime de la fagon suivante :

T[S)(t,z,0,0") = ¢ (0:S + 0" - VaS), (6)

ou ¢ est une fonction décroissante et positive.
Sous cette hypothése, Vauchelet prouve I’existence des solutions globales en temps dans [126] dans le cas
d’un couplage de I’équation cinétique (1) avec une équation elliptique sur S.

Quelques résultats d’explosion en temps

Cependant pour certaines expressions du noyau de réorientation, une existence locale en temps des
solutions réguliéres dans LP du systéme (1)—(2) est obtenue en dimension supérieure & 2. Aprés ce temps,
on assiste a la formation des solutions mesures. On parle alors d’une phénomeéne de blow-up (explo-
sion). En dimension deux d’espace pour une donnée initiale f & symétrie sphérique, pour le noyau de
réorientation donnée par

T[S](t, z,v,0") = (v - V.S)*, (7)

on assiste & ’explosion des solutions pour une masse totale des cellules grande et un moment d’ordre 2
en espace petit dans [17].

Extension a des modéles a variable internes

Dans la modélisation du signal chimique extérieur, on peut inclure une variable interne y influant sur
le noyau de réorientation. Un exemple de ce type de modéle est donné dans le cas oit V' est constitué de
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deux vitesses tvy dans [117].

z(a) _
T(f—i_*f )5
z(a)

Of ™ = Da(v0f ) = On(Gla)f7) + S0 (FF = 7).

atf+ = 7896('”0.]0—’_) - 8m(G(a’)f+) -

Cette équation est couplée & la dynamique du taux de méthylation m

dm

EG(a)l@(l@%),

ou a(m, S) désigne l'activité du récepteur dépendant du taux de méthylation m et de la concentration en
chimioattracteur S.

a(m,S)=(1+ exp(NE))_l,

E:—a(m—mo)+1n(1+S/KI).

14+ S/Ka
Le noyau de réorientation z des cellules dépend cette fois-ci de ’activité des récepteurs a
2(a) = 20 + 7 (a/ap)".

Dans ce modéle, vg, mg, ag, N, K;, Ka, kg, T, H sont des constantes positives. Ce modéle se généralise au
cas d’'un domaine continu en vitesses V'

8tf = —U- vzf - am(G(a’)f) + Q(f’ Z),

ou Q(f, z) est défini par

1 1
Q(f,2) = m /Vz(m, S,v,0") f(z, v, m, t)dv' — m Vz(m, S, v’ ) f(x,v,m, t)dv'.

D’autres modéles continus & variables internes sont proposés dans [40, 44]. A partir de ce modéle, on
retrouve le modéle cinétique (1) dans le cas d’une adaptation rapide.

Of +v- Vo f° + éam(am = 9)f%) = Qe[m, S1(f°),
avec Qa[ma S]

M e m ) — AT

Q.lm. 5157 = [ (A ) ) )

g

avec A une généralisation du noyau de réorientation T[S].
Il a été démontré dans [107] que lorsque € tend vers zéro,

fe= / fedm — f0 = / f%m  converge faible* dans L>([0,T] x R? x V),
R R

ol fO = f05(m = S) satisfait 1’équation cinétique (1) avec le noyau de réorientation

T(u,v,v") = A(—L,v,v'),avec G= ¢ € C{(R).
G(0) Yy
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2.2 Modéles macroscopiques

Au lieu de regarder la distribution des bactéries ayant une vitesse donnée, on cherche a caractériser
I’ensemble des cellules & une position donnée dans R?, la densité des bactéries p. Pour ce faire, on emploie
deux classes de modéles macroscopiques : modéle parabolique et modéle hyperbolique.

Le modéle parabolique le plus connu est le modéle de Patlak-Keller-Segel ([102]) ou Keller-Segel ([85])
dont la dynamique s’écrit :

{ Op = Ap—xV - (pV.S), ®)

008 = AS + Bp — S,

avec x, 0, a des constantes positives.

Ce modeéle signifie que les cellules diffusent dans ’environnement et se dirigent selon le gradient de la
substance chimique S. Il permet d’interpréter la formation des agrégats dans [41]. Les cellules présentes
A une position favorable sécretent une substance chimique qui attirent les autres cellules. Ceci participe
a l'apparition d’une accumulation de cellules.

En dimension deux d’espace, Dolbeaut et Perthame dans [12] ont déterminé une condition d’existence
globale des solutions dépendant de la masse totale M des cellules et du coefficient de sensibilité x . Si
xM < 8w, la solution existe en temps long. Par contre, pour yM > 8, on assiste a l’explosion en temps
fini. En dimension supérieure, on peut citer les résultats d’existence de [21, 129] pour des données intiales
petites.

On peut aussi considérer des modéles paraboliques dont la vitesse est bornée. Ce qui prévient ’explosion
en temps des solutions (voir [32]).

Une autre extension du modéle (8) est le rajout d’une substance chimique extérieure aux cellules jouant
le role de nutriments. Le systéme (8) prend la forme suivante :

Op=Dp— XV - (pV4S) = XNV - (pVN),
00:S = AS + Bp — S,
0N = AN — ~pN,

ott X%, xV,a,, 4, 5 sont des constantes positives.

Ces modéles interviennent dans les phénoménes de propagation des cellules attirées par la nourriture (voir
[115]). Cependant, les modeéles paraboliques ne permettent pas d’expliquer certains mécanismes observés
comme la formation de réseaux. Les modeéles hyperboliques développés dans [66] rendent compte de ce
phénoméne ou p désigne la densité et u la vitesse moyenne. L’évolution de ces quantités est donnée par
des équations de conservation.

Op+V - (pu) =0,
O(pu) + V- (pu @ u) + Vo P(p) = pV.S — 1opu,
00¢S — AS 4+ aS = fp,

avec Ty la constante positive traduisant la friction et P le terme de pression.

La deuxiéme équation, celle sur pu, constitue le bilan des forces appliquées au systéme et indique que ce
dernier est soumis aux forces de pression, friction et d’attraction par la substance chimique S . Ce type
de modéle est analysé numériquement par Natalini-Ribot dans [98]. Il permet d’étudier la formation des
vaisseaux sanguins lors du développement embryonnaire.

Sous certaines hypothéses sur la vitesse pu, cette équation peut se réduire & ’équation suivante

dp+V - (a[S]p) =0,
avec a une fonction dépendant de la concentration S.

Dans ce modeéle, le phénoméne d’explosion en temps est aussi présent (voir [23, 10]). L’existence des
solutions mesures est prouvée dans [76, 23] par les méthodes de flot-gradient et de dualité.

8
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2.3 Liens entre le modéle cinétique et les modéles macroscopiques

Dans cette partie, on effectue le lien entre le modéle cinétique et les modéles macroscopiques par les
changements d’échelle parabolique et hyperbolique. Une fois le changement d’échelle réalisé, on passe i
la limite et on obtient les modéles parabolique et hyperbolique présentés ci-haut.

Limite diffusive

Effectuons le changement de variable suivant & = ex,t = €%t avec € un petit parameétre. Aprés
ommission des tildes sur les variables, on obtient

20, f¢ +ev- Vo ft = / (T?[S%)(, 0,0, t) fo (2,0, t) — T°[S")(w, v, v, t) f*(z, v, 1)) dV,
v

O[E ﬂE
g __ g g £
5(9,55 —AS 75—2»5 +€—2p.
On considére que le noyau de réorientation T¢[S] est une petite pertubation d’un noyau constant 1) :

Te[S)(z,v,v",t) = x (1 +e¢p(v' - V,.9)), (9)

avec v une constante positive et ¢ une fonction décroissante.
La dégradation et la production de la substance chimique S sont supposées lentes et a° et 5° peuvent

s’écrire sous la forme suivante
of =e%a, [°=¢e%8.

Dans ces circonstances, réalisons le développement asymptotique formel de f€ et S :
o= +efl+ 0%,
5S¢ =80+ eS8t +0(?).

On remplace (10) dans I’équation de S¢. Il en découle que S° est solution de
5@50:A50—a§%+5/jﬂ@m¢mu
1%

Injectons dés a présent (10) dans ’équation sur f¢ et comparons les deux membres de ’équation a
différents ordres. Il en résulte qu’au premier ordre f0 est donné par

fOdv
£0 — /V — i
V] VI
avec |V| la mesure du domaine V.
A Tordre suivant, on obtient f!
o(v - V,S8°

(0-V.5) o

1 v
fl=p —l——/qﬁv-VISO)dv——-Vzpo—
AV GV v

Déterminer p° nécessite une équation de fermeture du systéme. Cette derniére est obtenue en intégrant
I’équation sur f€ sur tout le domaine de vitesse V' et en remarquant que le second membre disparait

p® +V - (J°) =0, (11)

€
Comme le premier moment de f° s’annule, I’expression de f! nous indique que

1
avec J® := —/ vfedv.
1%

Je = —DV,p" +u[S]p° + O(e),
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avec
v

1
D:—/v@vdv, ulS] = — | —¢(v-V,S°) dv.
V|V v 5] v V] (

En passant & la limite dans I’équation de conservation de p° (11), on s’apercoit que p° vérifie I’équation
de type Keller-Segel
Oip° =V - (DVp° — u[S]p%).

Cette dérivation formelle a été réalisée dans [100]. Une justification rigoureuse pour des formes de noyaux
T'[S] plus générales est apportée dans [28, 73, 74] o un sens est donné a la convergence de f¢ et S°.

Limite hyperbolique
Aprés le changement d’échelle t = te, 7 = ze, (1) s’écrit
e f+ev -V f* = / (T2 [S°)(, 0,0 ) f2(, 0", 8) = TE[S¥](2, 0", 0, 8) fE (2, 0, 1)) AV
1%

Dans ce cas, on considére que le couplage de ’équation sur f¢ avec une équation elliptique sur S¢.

£

1>
Aﬁf%$+§f:0

En fonction de ’hypothése sur T¢[S], on obtient soit un systéme d’équations satisfait par la densité limite
p° et la vitesse moyenne v ou bien une équation que sur p. Considérons le modéle dans une dimension
d’espace et dans le cas d’un domaine de vitesses V = {—1,1}.

Supposons que les deux termes qui constituent le noyau de réorientation T¢[S] sont du méme ordre de
grandeur contrairement & (9)

Te[S|(t, z,v",v) = x (1 4+ ep(v'0,.5)).
En additionnant et soustrayant ’équation sur f€ pour v = £1, on obtient

Bip° + 8, J° =0,
Y

OuT* + 0up® = —2= (J° + $(0:5°)p°)

On en déduit que J¢ admet le développement asymptotique :
JE = —3(9:5%)p" + O(e).
Le passage a la limite dans la premiére équation donne
0p° + 9:(a[S°)p%) = 0,

avec a[S] = —¢(0:5).

Cette dérivation formelle est effectuée rigouresement dans [76]. Dans le cas ou les deux termes constituant
le noyau de réorientation sont d’ordre différent comme dans (9), des calculs similaires montrent que le
systéme limite est formé de deux équations de conservation. La justification théorique de ce résultat se
trouve dans [50, 66, 40].

2.4 Ondes de concentration dans un modéle macroscopique

Lors de 'analyse de modéle macroscopique, on s’intéresse généralement aux solutions sous la forme
d’ondes de transport (“traveling waves”). Plusieurs travaux ([69, 97]) concernent ’existence des solutions
d’ondes de transport dans les équations d’advection-réaction-diffusion. Ces ondes de transport sont cau-
sées par le phénoméne de croissance ou la présence de substances nutritives. Afin d’expliquer la migration

10
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des bactéries E.Coli dans les microcanaux, Saragosti, Calvez et al. ont proposé un modéle macroscopique
& deux espéces chimiques.
Op=DAp =V - (u[S]p + u[N]p),
0S = DgAS — oS + Bp, (12)
0N = DyAN — yNp.

Dans cette équation, u[S] et u[N] modélisent la réponse des cellules au signal chimique induit par le
chimioattracteur S et le nutriment N. Ce systéme d’équations peut étre considéré comme la limite
diffusive d’un modeéle macroscopique. On exprime ainsi u[S] et u[N] en fonction des caractéristiques
microscopiques.

dv dv

— . u[N]=— [ vo" (v -V.N)=—,
T ul) /Vw VLN

avec ¢g, ¢ des pertubations du premier ordre du noyau de réorientation. Des solutions analytiques des
ondes de concentration ont été obtenues dans [115]. pour des fonctions u[S], u[N] de la forme

u[S]:f/vv(,bS(v-VzS)

u[S] = x° sgnd,S, u[N]=x"sgnd,N,
ou sgn est la fonction signe.
Définition 1. On dit que p est une onde de concentration, s’il existe une fonction p croissante pour
les valeurs négatives, décroissante pour les valeurs positives et nulle a l’infini tel que
p= ﬁ(.’I] - Ut)a
ot 0 > 0 désigne la vitesse de l'onde.
Le modéle (12) admet des ondes de concentration :
p=px—ot), S=5(x—ot), N=N(-—ot),

avec p, S des ondes de concentration données par

N S
+ -0
| e (A_z), A_= % z <0, _ B
p=pr N_S_, , S=Kx*p,
exp (A+Z>, A+ = % z > 0,
. Vo? +4aD ~ . .
ot p° est une constante positive, K := exp ( 2; z— g ;;) azs |z] ] et N est déterminé numeérique-
S S

ment.
La vitesse o de 'onde est unique et donnée par la formule implicite suivante.

N s g
—0 =X .
X X Vo2 +4aDg
Sur la figure 8, les solutions théoriques tracées en noir se superposent parfaitement aux courbes expéri-
mentales en bleu, rouge et vert prises a trois instants différents.

2.5 Schémas numériques du modéle cinétique

Apres changements d’échelle dans le modéle cinétique (1), ce dernier prend la forme d’un modéle multi-
échelle F= avec € un paramétre prenant ses valeurs dans l'intervalle [0, 1]. Les solutions f¢ du modéle
F¢ admettent un comportement différent en fonction des valeurs de €. Dans le cas d’'un changement
d’échelle parabolique, les solutions ont un comportement diffusif pour des valeurs petites de ¢ et un
comportement hyperbolique pour des valeurs modérées de . Afin de différencier ces deux comportements
numériquement, les schémas de discrétisation de F¢ doivent posséder les deux propriétés suivantes :

11
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Figure 8 — Profils expérimental et théorique des bactéries dans [115]

— La premiére préservant ’asymptotique retrouve le comportement diffusif théorique pour des valeurs
de € petites.

— La deuxiéme préservant 1’équilibre permet d’obtenir le comportement en temps long du systéme
pour € = 1.

Schémas préservant ’asymptotique

Les schémas préservant ’asymptotique sont des méthodes numériques pour résoudre le probléme F©.
L’hypothése indispensable pour la construction de tel schéma est la convergence de la solution f¢ vers
la solution fO du probléme limite F° généralement vérifice grace aux théorémes de convergence dans
[28, 73]. Cependant, une discrétisation naive du probléme F° imposerait des contraintes trés restrictives
sur les pas de discrétisation temporel et spatial At, Az du type At, Ax ~ O(e) ou bien At, Az ~ O(g?)
pour des raisons de stabilité. Ceci s’avére colteux numériquement et hors de portée en grande dimension
d’espace.

Ces schémas ont été introduits par Shi Jin dans [79, 81, 80] pour des modéles cinétiques dans le régime
diffusif. Ils permettent une résolution du probléme F¢ ainsi que celui de F° avec une précision indépen-
dante de ¢.

Avant de définir un schéma préservant 1’équilibre, quelques notations utilisées dans la définition sont
rappelées.

— § = (At, Ax) pas de discrétisation temporel et spatial du schéma numérique,

— F§ : discrétisation du modéle F*,

— FP : discrétisation du modeéle limite F°.
Définition 2 ([79]). On dit que le schéma numériqgue F5 préserve 'asymptotique si et seulement s’il
satisfait les trois conditions suivantes

12
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— F§ est une discrétisation consistente de ’équation F¢,
— Pour § fizé, Fi tend vers la discrétisation consistente Fy quand ¢ — 0,

— La condition de stabilité du schéma Fj est indépendante de €.

Le diagramme de la Figure 9 résume bien cette propriété. A gauche, figurent les discrétisations consistentes
des équations continues de droite. Les fleches verticales correspondent aux limites d’échelle.

L’idée principale pour construire de tels schémas consiste & transformer le probléme F° en un probléme
équivalent AF* dont la résolution numérique est plus aisée. Illustrons cette idée dans le cas d’un modéle
cinétique & deux vitesses v = £1.

1
Ou+ —0,u= = (v—u),
€ €

1 1
(%vfgazv:?(ufv).

Si on considére les variables d’intérét p = u+ v et J = (u — v)/e, les nouvelles équations sur p et J
s’écrivent
8tp + 81J = 0,
1 2 (13)
€ €

Dans le modéle précédent, le paramétre € n’apparait que dans la deuxiéme équation. Une étude théorique
de ce modéle & deux vitesses indique que la limite de J, J°, est donnée par

JO — _ IpO’
ot la limite de p, p°, est solution de I’équation de diffusion
0¢p° — 0pup® = 0. (14)

Construisons un schéma qui permet d’obtenir (14) & la limite avec la bonne limite du J correspondant.
L’intégration de 1’équation (13) sur J entre [t",¢" 1] au moyen d’un intégrateur exponentiel comme dans
[48] donne :

tn+1

At 1
J(z, t" ) = J(2,t") exp <2—2) — —/
9 tn

En effectuant 'approximation (9yp)(z,u) ~ (8zp)(x,t"*!) pour tout u € [t",¢"!] au point x;/5 du
maillage en x, on obtient

3

(Owp)(x,u) exp <2(u—72t"+1)) du.

n " At n At
Ji++11/2 = Ji1/2€xp (—2§> - (8Ip)ij11/2 (1 — exp (—2§)> , (15)

avec la notation Ji1y2 = 9(Tiq1/2,1").

Cette formule indique que lorsque € tend vers zéro, on récupére la bonne limite du flux J comme dans la

partie limite diffusive. Pour obtenir le schéma global, il suffit d’appliquer la méthode des volumes finis &
la premiére équation

pitt — pp n i1 =T,

At Az o

0,

ou le flux J7, , est donné par (4.23).

Le passage & la limite quand € — 0 donne la discrétisation explicite de I’équation limite (14)

Pt —pt P =24t
At (Ax)? '
Pour des valeurs du paramétre € proches de zéro, la condition de stabilité du schéma est donnée par
A 2
At < Tx
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Cette stratégie peut étre étendue dans le cas d’un modéle avec un domaine de vitesse continu grace a la
formule de Duhamel qui donne une réprésentation de la solution du modéle cinétique sous la forme d’une
intégrale en temps (voir [132, 95]). Pour des modéles plus complexes, I'intégration en temps ne peut se
faire analytiquement et on doit utiliser des schémas d’intégration en temps numériques. Afin d’éviter une
condition de stabilité restrictive, on emploie des schémas semi-implicites ([39, 80, 81, 79]) dans lesquels

les termes en % ou bien E% sont traités de facon implicite en temps.

FE 0—0 Fe

e—0

]:0

Figure 9 — Propriétés des schémas préservant I’asymptotique

Schémas préservant 1’équilibre

Le comportement en temps long d’un modéle suscite autant d’intérét que le comportement diffusif pour
des petites valeurs e. Préserver 1’état d’équilibre est donc indispensable pour observer numériquement le
comportement correct en temps long du modéle.

Définition 3. On dit qu’un schéma numérique préserve l’équilibre si en temps long la solution numérique
est proche de la solution théorique.

Les schémas préservant 1’équilibre ont été introduis pour les équations hyperboliques avec terme source
comme les équations de Saint-Venant, Shallow-water par Greenberg-Leroux dans [62], Perthame-Siméoni
dans [103], Bouchut dans [15] et Gosse-Leroux dans [60]. Dans ses récents travaux [58, 57, 61, 56|, Laurent
Gosse a proposé une stratégie pour traiter les modéles cinétiques issus du chimiotactisme. La plupart de
ces modéles se mettent sous la forme suivante

Ohf +vouf =TISI(S),

ou T1S](f) est un opérateur.

Cette méthode pour développer des schémas préservant ’équilibre, s’appuie sur le calcul des états station-
naires de ’équation. A chaque itération, le probléme stationnaire de ’équation est calculé sur la cellule
[ZEm $i+1]-

w0, f = TIS](f)-
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On impose les conditions aux bords entrantes :

Fxi) = fly, 0 <0,
fla)=f1 v>0.

Ce probléme stationnaire permet donc de calculer fi_ﬂ /2 pour v < 0,v > 0 donné par
Jix12 = f(xs), v<0
fiv172 = f(xiz1), v>0.
Le schéma préservant 1’équilibre est alors construit de la maniére suivante
At ~
= VAL (fzn - fi71/2) , v>0

[t = o (fi+1/2*fi), v <0,

(16)

Remarque. Dans (16), on voit que si la solution & litération n, f™ est une solution du probléme
stationnaire, alors les valeurs de f sont données par

ﬁ+1/2:fina v <0

fivr2 = fiq, ©v>0.

Ce qui assure que fi"Jrl = f' au moins si la méthode numérique de résolution du probléme stationnaire
est exacte. En général, fi”le sera autant proche de f;* que la méthode numérique soit précise.

3 Contributions de la thése

Cette thése s’intéresse & des modéles de chimiotactisme & deux espéces. Elle met en lumiére les phé-

nomeénes qui se produisent lors de I'interaction de ses deux espéces. Bien qu’on se limite aux espéces issus
de la méme famille, leur interaction fait apparaitre des phénomeénes de synchronisation ou de désynchro-
nisation. Selon les proportions des espéces dans la population, La population se comporte comme une
seule entité ou bien comme deux entités distinctes.
Elle s’articule autour de quatre axes. Dans le premier chapitre, on introduit un modeéle microscopique
de chimiotactisme, vu comme une extension du modéle d’Othmer Dunbar et Alt. Le résultat d’existence
des solutions & un systéme formé d’équations cinétiques couplées & une équation parabolique est prouvé.
Les noyaux de réorientation des équations cinétiques incorporent la dérivée temporelle en temps de la
substance chimique. La dérivation rigoureuse de 1’équation de Keller-Segel multi-espéces est effectuée.
Dans le second chapitre, la limite hyperbolique du modéle microscopique de chimiotactisme introduit
dans le chapitre 1 est réalisée. Ceci nous permet de définir les solutions au sens de dualité du modéle
hyperbolique & deux espéces en une dimension d’espace. On construit un schéma numérique convergeant
vers la solution théorique afin d’étudier la dynamique du systéme. Le phénoméne de synchronisation
et de désynchronisation s’opére quand des espéces distinctes allant en sens opposé se rencontrent. Sous
certaines conditions ellucidées dans ce chapitre, elles vont ensemble ou se séparent aprés la collision. Le
troisiéme chapitre porte sur la recherche d’ondes de concentration dans un modéle & deux espéces avec
nutriments. Le nutriment est & ’origine de la formation de ’onde. On montre théoriquement ’existence
d’une onde de concentration en deca d’une proportion de I’espéce la plus rapide. Au dela de ce seuil, les
deux espéces se séparent et on retrouve le comportement observé au chapitre précédent. Le résultat théo-
rique est conforté par les expériences discutées dans l'introduction. Le dernier chapitre définit des schémas
numériques qui préservent a la fois ’asymptotique et I’équilibre. Ces schémas sont applicables au modéle
cinétique couplé & une équation macroscopique. De tels modeéles se retrouvent dans le chimiotactisme, le
transfert radiatif et plein d’autres domaines.
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Notations

Dans cette partie, on introduit les notations des espaces de fonctions qui apparaitront dans les chapitres
de cette thése.

— L1 (R) est Pespace de fonctions positives de L'(R).
— Cp(R) est 'ensemble des fonctions qui s’annulent & l'infini.

— Mioe(R) est 'ensemble des mesures de Borel, My (R) & variation totale bornée :
Mp(R) = {p € Mioc(R), | (R) < +o0}.

— Sm = C([0,T), Mp(R) — 0(Mp(R), Co(R))) est ’ensemble des mesures de Borel & temps continu
muni de la topologie faible.

— P2(R) est 'espace de Wasserstein d’ordre 2 :

P2(R) = {M mesures de Borel positives de R tel que |p| (R) = 1,/ |z|” p(dz) < oo} .
i

— Pour M € C(R\{0}), on définit M :
i {M(z), pour x # 0,

0, autre.

Chapitre 1 : Existence et limite diffusive d’un modéle cinétique

Dans ce chapitre, on introduit le modéle cinétique multi-échelle & deux espéces. Dans ce modéle, les
deux espéces se déplacent soit en ligne droite ou bien se réorientent sous l'influence d’une substance
commune appelée chimioattracteur produit par les deux espéces.

20, ff +ev-Vufi = —TF[S1(f5), @
fi(z,v,t=0) = fI"(z,v), pour i=1,2,

avec

T 1S10F) ;:/ (TF[S)(, v, v, 8) f (@, 0,8) = T [S](w, v, 0", 1) f (2,0, 1)) dv.

v

Dans ’équation (17), ff représente la distribution en vitesses v des espéces ¢ pour i = 1,2 et € > 0 un
paramétre du modeéle. Les espéces se réorientent en fonction du noyau T7[S] qui intégre la dépendance
temporelle en S

Ve eRY w0 €V, t >0, TF[S](z,v,0',t) := ¢5(e0,S +v' - V,S), pouri=1,2. (18)

ot ¢5 pour ¢ = 1,2 sont des fonctions décroissantes. Ce modéle cinétique est couplé au modéle macrosco-
pique sur S

58tS€fAS€+SE:/ffdv+/f;dv, §=0,1,
1% 1%

S¢(x,t =0) =0, pour 0 = 1.

Le permier résultat concerne 'existence des solutions du modéle (17)—(19).

(19)

Théoréme 1. Soit £ > 0 et considérons des noyauz de réorientation T, Ts de la forme (18) avec ¢5, ¢5
des fonctions positives bornées et lipschitziennes.

Si les données initiales fi™*, fi"* sont dans LY (R x V) N L>®(R? x V), alors il existe une solution
unique globale en temps au systéme (17)—(19) tel que

£, f5 € L=((0,00), L N L®(R? x V),
5 € L®((0,00), LP(R?)),  pour 1 < p < oc.
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Ce résultat étend le résultat d’existence des solutions aux équations cinétiques prouvées dans [126].
Dans notre cas, le noyau de réorientation dépend de la dérivée temporelle en temps de S¢. De plus, le
couplage de I’équation sur f; avec une équation parabolique sur S° est considérée.

Idée de la preuve :

La preuve de ce résultat s’articule en trois étapes :
1. Résolution explicite de I’équation sur S¢ (19) en fonction de (f%, f5)
S¢ s’exprime comme une convolution d’un noyau G dans le cas elliptique et K dans le cas parabolique

i~ |
14

2. Existence locale en temps des solutions (ff, f5,5) par la méthode de point fixe de Banach
On construit itérativement des solutions d’'un systéme “linéaire” proche du systéme initial. La
contractivité de ’application ainsi construite découle du fait que ¢; sont lipschitziens.

3. Existence globale obtenue grace & des estimées uniformes en temps fini sur f7. L’existence locale
en temps est étendue & ’existence globale en temps grace & des estiméees uniformes en temps fini
sur f7.

On s’intéresse & présent a la limite du systéme (17)-(19) quand e tend vers zéro. On effectue une

hypothése supplémentaire sur la décomposition du noyau ¢; pour des € petit.

Hypothése asymptotique sur les fonctions ¢ du noyau de réorientation 77[S] pour i = 1,2

On considére que les fonctions ¢5 dans (18) admettent le développement suivant lorsque € est petit :
#5(2) = ¥i(1+¢€6;(z)), pouri=1,2 (20)

avec 1; une constante positive et §; € C%!(R)N L (R) une fonction décroissante telle que 10ill £ (r) < 1.
On détermine formellement dans un permier temps les limites de (ff, f5,S5°) ainsi que les équations
satisfaites par ces limites. Aprés, on justifie rigoureusement ces limites.

Dérivation formelle du modéle macroscopique

Une dérivation formelle similaire au cas une espéce indique que
ff=p?F(v)+0(), pouri=1,2,
5S¢ =5+ 0(e),

ou F est la distribution donnée par
1171€V

F(v) := v

|V| est la mesure du domaine V.
Les limites pY, pJ, SY sont solutions du modéle macroscopique & deux espéces type Keller-Segel

Oip1 =V - (D1Vepr — x1[V2S]p1) 5
Orp2 =V - (DaVap2 — x2[VaS]p2), (21)
50,5 = AS — S+ p1 +pa, =01,

ou D; et x;[VS] sont définis pour i = 1,2 par

dv

v .

1 VS
D= —— v2dv>l, iIVS] = —="2 [ v10;(v1 | VS
v (L)t xwsi=—gEg [ 1v.s)

vy est la premiére composante de la vitesse v dans V' et I; la matrice identité. La justification rigoureuse
de ce passage a la limite est donnée par le théoréme qui suit.
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Théoréme 2. Supposons lhypothése (20) vraie et que les données initiales fi"*, fi** sont dans L (R x
V)N L>® (R x V). Alors, il existe une sous-suite de (f£, f5,5°) de solution de (17)—(19) convergente au
sens ot

(ff: f5) = (M F, p5F)  dans Li5,((0,00), LR x V)), 1<g< o0,

loc
(5°,V,5%) = (8°,V,S8%)  dans L¥ (R? x (0,00)), 1<p < oo.

loc

Idée de la preuve :

L’extension au cas de deux espéces du Théoréme 5 de [28] est prouvée ici. La démonstration de ce
résultat s’effectue en deux étapes.

1. Dérivation des estimées uniformes en € de (f%, f5,.5°)
La conservation de la norme de ff dans L'(R x V) fournit une premiére estimation uniforme.
L’estimée uniforme sur S¢ découle des estimées des solutions d’équations elliptiques ou parabolique
du type (19).

2. Lemme de compacité d’Aubin-Lions
Ce lemme permet d’extraire des sous-suites fortement convergentes en temps a partir des sous-suites
faiblement convergentes.

Chapitre 2 : Dynamiques synchrones ou asynchrones dans un modéle d’agré-
gation & deux espéces

Le modéle hyperbolique d’agrégation a deux espéces considéré est 1’analogue du modéle parabolique
(21).
9¢pa + Xa0z (a(p)pa) =0, pour a =12, (23)

avec

a(p) = / 0. K(z —y)p(t,dy), p:=01p1+ 02p2,
R

et 04, xXa pour a = 1,2 des constantes positives.
Contrairement au cas parabolique, on a une perte de régularité des solutions a cette équation car le noyau
K irrégulier en zéro satisfait les hypothéses suivantes :

H1) K € CY(R\{0}).

H2) VzeR, K(z)=K(—x).

H3) 0.K € L=(R).
)

(
(
(
(H4

s

K est A-concave avec A > 0 c’est-a-dire,
Yo,y €RY, (8K (z) — 0.K(y)) (z —y) < Mz —y)*.

Dans le cas ou p, est une mesure, le produit a(p)p, n’est pas défini car 9, K peut étre discontinu en 0.
Il est donc primordial de donner un sens & ce produit. De plus (23) est donc une équation & coefficients
discontinus. Nous utliserons donc la théorie des solutions en dualité, développée dans [14] pour définir
des solutions mesures.

Définition 4. On dit que (p1,p2) € C([0,T], My(R)?) est une solution au sens de la dualité de (23) s’il
eziste a(p) € L>((0,T) x R) et v € L}, ([0,T]) satisfait Opa <~ au sens des distributions, tel que pour
0<t1 <ta<T,

Otpa + XaOz(a(p)pa) =0, poura=1,2, p=~01p1 + O2p2, (24)

au sens de la dualité dans (t1,t2) et a(p) = 0, K * p presque partout. On insiste que la donnée finale de
(24) doit étre to au lieu de T.

Le théoréme suivant fournit 'existence et 'unicité des solutions en dualité.
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Théoréme 3. Soit T > 0 et (pi™, pi**) € P2(R)2. Sous les hypothéses (H1)-(HJ), il existe une unique so-
lution en dualité (py1, p2) € C([0,T], P2(R)?) de (23) selon la définition 4 avec (p1, p2)(t = 0) = (pi"?, pi*t)
tel que

(p) = [ GR (e~ y)oltsdy). =011+ bapn (25)
R
La solution au sens de la dualité est équivalente a la solution flot-gradient définie dans [36].

Idée de la preuve :

La difficulté du probléme vient de la singularité du potentiel J, K en zéro. Dans un premier temps,
on régularise le noyau 9, K en considérant la suite de fonctions 0, K™ continues coincidant avec 0, K en
dehors de zéro et linéaire autour de zéro. De plus, on définit a,, par

a"(p) = [ K"~ y)plt, o), (26)
R
On considére alors le probléme approché :
Otpey + XaOz (a”(01p] + O2p3)py) =0, for a=1,2. (27)

La preuve s’effectue en trois étapes :
1. Existence des solutions de dualité du probléme approché (27)

2. Calcul de la limite a™(01p} + 0205 )p2
Cette étape est importante dans la démonstration et fait I’objet du lemme central du chapitre 2. Il
permet aussi le passage a la limite du modéle microscopique au modéle hyperbolique.

3. Passage a la limite et stabilité des solutions de dualité.

Le lien entre modéle microscopique et modéle macorscopique est étudié par la suite. On propose comme
modéle microscopique une version simplifiée du modéle cinétique (17) introduit dans le permier chapitre.

05+ 000 = 2 | (TlSI o) o) = TSI )0 . @ = 1.2, v eV = {1},
— 0ua8° 4+ 57 = 00 (fE (1) + 5 (1) + 02 (51 + (1)),

(28)

ou fE(x,v,t) représente la distribution en vitesse de l’espéce a a l'instant ¢ a la position x, S°(¢,z) la
concentration de l’espéce chimique, T,[S](v,v") le noyau de réorientation de la direction v € V a la
direction v' € V et € > 0 un paramétre.

On opte pour un noyau 7,[S] dépendant du gradient en la substance chimique

Ta[S](Ua Ul) =a (1 - Xavams) , (29)

ol ¥, est une constante positive et y, est la sensibilité & la substance chimique S.
La convergence du modéle microscopique (28) vers le modéle macroscopique (23) est énoncée par le
théoréme suivant.

Théoréme 4. Soit T > 0 et supposons que X (61 + 02) < 1 pour o = 1,2. Soit (f<,5°) la solution de
Uéquation cinétique (28) tel que fS(t =0) = firt et firi € L N LY (R) et / 22 finidy < oo,
R

Alors, quand € — 0, (fS,5%) converges vers (pa,S) au sens ow :

p5, = fo(1)+ fo(—=1) = po faiblement dans Sy, pour a=1,2,
S¢ —~ S faiblement dans C([0,T], WH*°(R)),

0l po est Vunique solution de dualité de (23) et S = K * (61p1 + 02p2) donné par le Théoréme 3.
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Idée de la preuve :

A partir de (28), on définit les dynamiques de pf, := f5(1) + f5(—1) et J5 = f5(1) — f5(—1). On
utilise le résultat du calcul de la limite du produit a(6;p5 + 02p5) 05, et on conclue par passage a la limite
dans les équations de pf, et Jg.

Aprés avoir prouvé lexistence des solutions au sens de dualité de (23) et établi le lien entre ce modeéle
et le modeéle microscopique (28), on s’intéresse & la simulation numérique de (23).

Considérons une grille cartésienne de pas de temps At et d’espace Az dont les points sont x; =
jAz,j € Z,t" = nAt,n € N. La discrétisation de p,(t",z;) notée pl ; est construite par la méthode
de volumes finis dont le flux F” _1/2 est donné par la méthode de sphttlng de flux. Etant donné (p )

n+1

connu au temps ¢", on calcule p, ;" par le schéma suivant :

n+l o _ Fn .
Povj AL Pav + a’J+1/2A:C Gt T pour o« = 1,2 et j € Z,
Fyic1/2 = Xa (@) ph o1 + (@) pas) s (30)
= 0:K(x; — i) (0197, + 0205 ;) ,
i#]
ot (-)* := max{(-),0} et (-)~ := min{(-),0} désignent respectivement la partie positive et négative de
g g

Le schéma numérique assure la conservation de la masse des espéces et du centre de masses ponderés par
les sensibilités x.

Théoréme 5. SoientT > 0, Az > 0 et At > 0 tels que la condition de stabilité max (x1, x2)||0zK || Lo (014
02)RL < 1 soit satisfaite et notons N, = . Soit pi"* € P2(R), on définit

Tty .
- [, sen
x

i—

W=

On définit po az € Mp([0,T] x R) par

N¢—1

Pa, Az t -T Z Zpa ]]I[t" tnti] ( )6 (x) (31)

n=0 j€EZ

ot (ppy ;)jn est calculé par (37).
Alors, on a

Pa Az — Pa converge faiblement dans  My([0,T] x R) quand Az — 0,

ot po est la solution en dualité du Théoréeme 3 avec la donnée initiale pi™.

Idée de la preuve :
Dans cette démonstration, on s’appuie aussi sur le lemme de la limite du produit a(6;p} + 02p5)p".

Dans un modéle similaire & (23), on observe la formation en temps fini d’un agrégat unique dont la
position est donnée par le centre de masse ponderés par les sensibilités x,. On présente deux situations.
Dans la premiére situation, on assiste & la formation des masses de dirac des espéces. Ces masses de
dirac se déplacent pour former ’agrégat commun. Lors de leur déplacement, les masses de dirac d’espéces
différentes se recontrent et se déplacent ensemble (voir Figure 10). On parle du phénoméne de synchro-
nisation. Par contre, dans la deuxiéme situation, aprés leurs collisions, les masses de dirac se déplacent
indépendamment 1'une de 'autre (voir Figure 11). Dans ce cas, il s’agit plutot d’une désynchronisation.
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Figure 10 — Phénomeéne de synchronisation aprés collisions. p; en rouge et en ligne et py en bleu et en
pointillés.

Chapitre 3 : Description mathématique de la migration collective de deux
espéces d’E.Coli

Ce chapitre étudie la migration d’une population de deux bactéries différentes dans des microcanaux.
On propose un modéle & deux espéces de type Keller Segel semblable a (21). La différence avec le modéle
(21) est la présence d’une seconde substance chimique consommée par les bactéries. Elle garantit la
formation d’une onde de concentration comme vu dans le cas d’une espéce. Le modéle étudié se met sous
la forme suivante

Op1 = D1p1 — V- (p1 (wa[S] + wa[N])),
Op2 = DaAps — V- (p2 (u2[S] + u2[N]))
0¢S = DgAS — aS + p1 + pa,

atN = DNAN - ’ylplN — 'YQpQN,

(32)

avec D1, Do, Dg, Dy, o, 7v1, 72 des constantes positives.

Dans (32), p1, p2 décrivent respectivement les densités des bactéries de type 1 et 2 dans la population. S
joue le role de la substance chimique “attractative”. N est la source nutritive des bactéries.

On se restreint aux formes particuliéres de u;[S], u;[N] suivantes.

u;[S] = Xf sgn(0,5), w;[N] = Xﬁv sgn(0; N), 1=1,2, (33)

avec Xf , XV, les sensibilités chimiotactiques de la sous-population ¢ au chimioattracteur S et nutriment
N. On prouve le théoréme suivant sur I’existence et la non-existence d’ondes de concentration de (32).
Il démontre I'existence de deux régimes en fonction de la fraction de la bactérie la plus rapide dans la
population. Ce résultat fait écho aux observations numériques du chapitre 2.

Théoréme 6. Supposons que séparément les deuz sous-populations se déplacent en formant une onde
de concentration prédite par le modéle a une espéce de Saragosti-Calvez et al. Nommons o1 la vitesse
de lespéce la plus lente et oo celle de l'espéce la plus rapide. Soit M; le nombre d’individus de la sous-
population i, Geherry = ﬁ le pourcentage de la sous-population rapide et I; Uintervalle [xN —x7, xN +
xf] pour i =1,2.
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Figure 11 — Phénomeéne de désynchronisation apreés collisions. p; en rouge et en ligne et p2 en bleu et en
pointillés.
Si Uhypothése suivante est satisfaite
N S
Lhinh#92, etoy,xy —x5 €Nl

Alors il existe une fraction Penerry €]0, 1] telle que

— Pour ¢cherry < gbche”y, il existe une onde de concentration de vitesse o comprise entre o1 et oo
solution de ’équation

O— chernmr
(- 4xd 4 Peherry H(o><<ox§>+x§ —0. (34)

vV o2 + 4OZD5 1- ¢cher7‘y

ou H est une fonction positive définie dans cette section.

)
02 +4aDg

— Pour ¢cherry > gbzhewy, il n’existe pas d’onde de concentration.

Idée de la preuve :

Elle repose sur la construction des profils de p1, p2 sous la forme de double exponentielle. On impose la
condition selon laquelle le profil en S est maximal en zéro. On obtient ainsi la condition que doit vérifier
la vitesse d’onde o. L’étude de cette fonction permet d’exhiber une condition dépendant de la ¢,.q sur
I’existence ou la non existence de o.

La figure 12 compare les résultats théoriques aux simulations numériques du modéle pour des propor-
tions différentes. La figure 13 représente la vitesse des deux sous-populations Cherry et Green en fonction
de la proportion ¢cperry. Cette figure compare les résultats expérimentaux aux résultats théoriques. On
observe que le modéle proposé est en adéquation avec les résultats expérimentaux.

Chapitre 4 : Schémas numériques asymptotiques et préservant les équilibres
pour les modéles cinétiques

On propose un schéma numérique qui préserve & la fois ’équilibre et I’asymptotique pour les modéles
cinétiques similaires a (1)—(2).

200 f* + evd f° = T[S)(f°),

avec T[S](f¢) le terme intégral.
Ce schéma se décompose en deux étapes.
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Figure 12 — Kymographes illustrant le comportement de l'onde pour des proportions différentes. (A)
Résultat expérimental obtenu pour ¢cperry = 10%. (B) Résultat expérimental obtenu pour ¢cperry = 90%.
(C) Simulation numérique du modéle pour @eherry = 10% (D) Simulation numérique du modéle pour
Generry = 90%. Le rectangle en blanc dans le coin gauche correspond a la taille des images A, B et C.
Pour 'image D, la simulation est réalisée pour des temps longs au dela du régime transitoire ou les pics
sont, bien séparés. Les profils des espéces rouges et vertes sont représentés dans le carré blanc de gauche.

— Prédiction : A cette étape, on impose la propriété de conservation de 'asymptotique. A partir de
la variable microscopique f* et la variable macroscopique p’ obtenus & l'itération précédente, on

en déduit la variable microscopique i"“ et la variable macroscopique ﬁf“ en effectuant un pas

d’un schéma préservant ’asymptotique.

— Résolution du probléme stationnaire : Pour chaque cellule [z;,2;41], les états stationnaires
sont calculés en considérant le probléme :

N | .
w0 f* = ZTIS](F°) (39)
Cette équation (35) est munie des conditions aux bords entrantes

{f(:z:i,v) 1—a)fr+afft, v>0,

f(@iy,0) =1 —a)fim +afil', v<0,
avec & = min(1, %) et fi"H donné par ’étape de prédiction. On définit alors fi+1 /2 par :

fi+1/2 = f(ziz1,v), v>0

f ; 36
fiv1/2 = f(xi,v), v <O. (36)
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Figure 13 — Vitesse de 'onde en fonction de la proportion ¢cperry : les résultats expérimentaux sont
représentés par leurs moyennes (cercles) et leurs écarts types (barres d’erreur). On dispose d’au moins
une dizaine de points pour chaque valeur. Les résultats expérimentaux sont comparés aux simulations
(courbes rouge et verte). On observe une séparation des deux espéces autour de la valeur @eperry = 50%.
Le carré correspond a la vitesse moyenne de ’onde verte observée a la figure 12 D.

Le schéma numérique s’écrit donc :

ntl _ g ; ) o )
fl At . +5A(E ((1*a)ff+afi H*fi—ug) =0, v>0,
[ty (37)

At oy (e = (@@ +ar+)) =0, v<o,

ol fi+1 /2 est solution du probléme (36).

Proposition 7. Lorsque le schéma préservant l'asymptotique est utilisé pour ['étape de prédiction et le
schéma préservant ’équilibre employé pour la résolution du probléeme stationnaire,
alors le schéma numérique proposé en (37) préserve a la fois 'équilibre et ’asymptotique.

Cette méthode de dérivation des schémas qui présevent & la fois I’état d’équilibre et ’asymptotique
peut étre employée a d’autres équations cinétiques. Elle peut aussi étre adaptée afin d’ obtenir des schémas
d’ordre élevé en temps.

4 Perspectives

La premiére perspective de notre travail concerne I’étude de modéle hyperbolique & deux espéces avec
a(p) non-linéaire par rapport a p.
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4. Perspectives

4.1 Etude de modéles hyperboliques a deux espéces avec a non-linéaire

On considére maintenant uen généralisation de 1’équation hyperbolique & deux espéces (23)
Otpa + XaOz (a(p)pa) =0, pour a = 1,2, (38)

avec

a(p) == ¢ (/R 9K (z —y)p(t, dy)) s pi=01p1 + O2p2,

¢ est une fonction non-linéaire.

Ce cas a été traité dans le cas d’une espéce dans [76] ou l'existence d’une entropie permet de définir
le produit a(p)p et d’obtenir 'unicité des solutions de dualité. Dans le cas de deux espéces, il n’existe
pas d’entropie et la technique employée dans le cas d’une espéce est inapplicable. De plus, les outils de
flot-gradient sont inutilisables & cause de la non-linéarité de ¢.

Si 'on suit "approche utilisée dans le cas ol ¢ est linéaire, on se heurte au probléme du calcul de la limite
de a(01pT + 02p%)p". Lexistence de solutions dans ce cas reste un probléme ouvert.

4.2 Existence d’ondes de concentration a 1’échelle cinétique

L’existence d’ondes de transport a déja été étudiée au niveau macroscopique. On se demande si ce
type d’onde existe au niveau microscopique dans le cas d’'un modéle & une espéce.

Ouf + 00, f = /V (TSI, 0) F(t) — TS| (v, ') f (v)) A’ +/ (TINI(W, o) F(0') — TIN](0,0') f(0)) d/, v € V,

v
S = DsAS — aS + p,
0N = DNAN — vpN,
(39)
ou Dg, Dy, a,~y sont des constantes positives et les noyaux de réorientation T'[S], T[N] sont donnés par

T[S = (1 —x° sgn(v@zS)) ,

40
TIN) = & (1 - x¥ sgu(03, V) .
¥, x%, xV sont des constantes positives.

Ce probléme consiste & prouver l'existence de o > 0 et de profils f(z,v) tel que

(v—0)0:-f = /V (T[S](",v) f(v) = T[S](v, v') f(v)) dv” + /V (TIN](v',v) (") = T[N](v,0") f(v)) dv',
— 08 =DgS" —aS+p,
—oN' = DyN" —~pN,

avec
TS| =4 (1 - XS sgn(vz)) , T[N]=4v (1 —N sgn(v)) .

Dans le cas ou V se réduit & deux vitesses (V' = {£1}), l’existence d’ondes de transport peut étre obtenue
de la méme facon que dans le cas macroscopique. En effet, le calcul analytique de f est rendu possible
par le changement de variable p et J.

Cependant, ce probléme s’avére compliquée dans le cas d’un continum de vitesse car on ne peut plus
calculer analytiquement la relation implicite que doit verifier o méme aprés avoir fait des hypothéses de
décroissance exponentielle en = de f.

Meéme en s’inpirant de la méthode utilisée dans [22] pour démontrer 'existence des solutions stationnaires
(0 = 0 sans ’équation sur N), on se heurte & des difficultés pour prouver la croissance et décroissance
du profil p assurant ainsi I’existence d’une onde de transport.

D’autre part, prouver la positivté de o et en donner une borne supérieure demeure un écueil de plus a
surmonter.
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4.3 Extension du schéma numérique WB-AP au cas 2D

On se demande si on peut généraliser la stratégie d’obtention des schémas numériques WB-AP en
dimension 2. Dans ce cas, on considérerait la version 2D des équations de chimiotactisme.

20,f° + 2V - (0f%) = TISI(F9), (41)

avec T[S](f¢) le terme intégral.

On peut suivre la méme démarche. Cependant, on se doit de proposer des schémas WB en 2D. Les schémas
WB constituent une extension du solveur de Riemannn des équations hyperboliques. Cependant, obtenir
un solveur de Riemmann s’avére délicat en 2D étant donné I’interaction de plusieurs ondes. De méme, la
constitution de schémas WB s’avére compliquée en 2D.
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Chapter 1

Existence and diffusive limit of a
two-species kinetic model of chemotaxis

Abstract

In this chapter, we propose a kinetic model describing the collective motion by chemotaxis of two species
in interaction emitting the same chemoattractant. Such model can be seen as a generalisation to several
species of the Othmer-Dunbar-Alt model which takes into account the run-and-tumble process of bacteria.
Existence of weak solutions for this two-species kinetic model is studied and the convergence of its diffusive
limit towards a macroscopic model of Keller-Segel type is analysed.
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1.3.1 A-priori estimates . . . . . . . ... 33
1.3.2 Proof of Theorem 1.2.2 . . . . . . . . . . . . . . .. . 36
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1.4.2 Proof of Theorem 1.2.3 . . . . . . . . . . . . . . . 43

1.1 Introduction

Chemotaxis is the biological mechanism by which organisms sense their environment and react to
chemical stimuli. It induces a motion towards the attractant (positive chemotaxis) or away from the
repellent (negative chemotaxis). One consequence of positive chemotaxis is the formation of patterns and
aggregates as observed in [41, 101, 68, 84] for motile bacteria Escherichia coli or Dictyostelium discoideum
mold. Many mathematical models have been proposed to explain this aggregation phenomenon.Among
them, we can distinguish between microscopic and macroscopic models depending on the level of descrip-
tion.

In [99], Othmer, Dunbar and Alt choose the microscopic setting in which cells are represented by
their velocity distribution f(z,v,t) and the chemical attractant (chemoattractant) by its concentration
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S(x,t). The dynamics of f is given by
atf +v- vxf = / (T[S](ZL', v, v’,t)f(:c,v/,t) - T[S](SC,’U/, v, t)f(l', v, t)) d’l)/, (11)
v

with V' a bounded domain of R?. This kinetic equation points out the run-and-tumble process which
characterises the individual motion of cells (see [72]). The left-hand side is associated to the run phase
during which cells move in a straight line at a constant speed v. The right-hand side includes loss and gain
terms resulting from the reorientation phase (tumble). Cells reorient from v to v' with the probability
per unit of time T[S](z,v’,v,t)/ [, T[S](2,v',v,t) dv’. This justifies why T'[S] is called the tumbling rate
or kernel. Many choices of T[S] are possible.

Since cells are able to respond to temporal changes of the gradient of the chemical substance S along
their pathways, we opt for the form of T'[S] proposed in [40]:

Ve eRY v, €V, t >0, T[S|(x,v,v,t) == $(8:S +v-V.S), (1.2)

where ¢ is decreasing in order to take into account the preference for favourable regions. This model
has shown to be efficient to describe the traveling pulse behaviour of bacteria observed experimentally
in [116]. Finally, the chemoattractant is emitted by the cells themselves, diffuses into the medium and is
naturally degraded. Then, the chemoattracttant concentration S appearing in (1.1) solves the following
reaction-diffusion equation:

00¢S — AS+ S = / flx,v,t)dv = p(z,t), 6=0,1. (1.3)
v

At a macroscopic level, the dynamics of cells is described by their density p(¢,x). The well-known Keller-

Segel [85] system has been widely used to describe aggregation by chemotaxis. This model describes the

dynamics of cells thanks to a parabolic equation with an oriented drift depending on the spatial gradient
of the chemoattractant:

Op =V - (DVyp—xpViS),

{ 1P (DV2p = xpVaS) (1.4)

50,S—AS+S=p, §=01,

where D and x are positive constants called the diffusivity and the chemosensivity of the species to the
chemoattractant.

In the mathematical literature both elliptic (6 = 0) and parabolic (§ = 1) cases are encountered.
Although the point of view of microscopic and macroscopic models is different, it has been proved that
the Keller-Segel model (1.4) can be derived as the diffusion limit of the Othmer-Dunbar-Alt model (1.1)-
(1.3) (see [9, 8, 28, 74, 73, 115, 105]). The hyperbolic limit can also be considered [40, 50, 76] leading
to the same kind of macroscopic model with small diffusion. As a consequence, coefficients D and x of
(1.4) depend on microscopic parameters which can be measured. This allows one to fit the model with
experimental data as done in [115]. Other advantages of (1.4) are understanding of collective effects
emerging from individual behaviours and its simple simulation compared to (1.1)-(1.3). However, the
microscopic approach provides a general framework of chemotaxis models which encompasses macroscopic
models including hyperbolic models obtained by a momentum method from kinetic models (see e.g.
[63, 66, 67, 38]). In this work, we focus on the modelling of the chemotactic behaviour of two-interacting
species. Existing two-species models (see e.g. [70, 130, 47, 37]) concern the macroscopic scale. For
instance, the following Keller-Segel two-species model is considered:

Op1 =V - (D1Vep1 — x1p1V2S),

p2 =V - (D2Vaup2 — x2p2VS), (1.5)
00:S —AS+S=p1+p2, 06=0,1,

where D1, Dy and Y1, x2 are the diffusivities and chemosensivities of the two species 1, 2 to the common
chemoattractant S. This can happen in case we consider two closely related types of cells. Many
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1.1. Introduction

theoretical issues arise from (1.5). The question of global existence of solutions and understanding of the
blow-up are addressed in [?, 33, 45] in the two-dimensional case. These results are validated by numerical
simulations carried out in [89]. In addition, traveling wave solutions of a two-species model like (1.5)
are studied in [93]. In this paper, we address the question of the derivation of such macroscopic model
from a kinetic point of view. We propose the following microscopic model in which the dynamics of
the distribution function f;(z,v,t) for the i-th species, ¢ = 1,2, is governed by the two following kinetic
equations:

Ocfi +v-Vafi = / (T3[S)(z, v, 0", t) fi(w, ', t) — T;[S)(w, 0", v, t) fi(z, v, 8)) do',
%
fi(z,v,t =0) = fi"(x,v), fori=1,2.

(1.6)

The position 2 € R?, velocity v € V (where V is a bounded set of R?) and time ¢ > 0. As previously, the
tumbling rate T;[S] takes into account temporal changes of the chemoattractant concentration along the
path of cells and reads:

VeeRY v,0' €V, t >0, Ti[S](z,v,v,t) := ¢;(0S +v-V,.S), fori=1,2, (1.7)

where ¢; is a decreasing function.

We consider the case where species 1 and 2 involved in (1.6) emit the same attracting chemical
substance S, whose dynamics is given by the parabolic (6 = 1) or elliptic (§ = 0) system:

00:S — AS + S5 = / filz, v, t)dv + / falz, v, t)dv := p1(z,t) + p2(z,t), § =0,1,
v v
S(z,t=0)=0, ifs=1

(1.8)

We determine the drift-diffusion limit of (1.6)—(1.8) by performing a diffusive scaling of space and time
T =¢ex, t = e%t. After dropping the tilde, system (3.19) now reads

EOLf7 +ev- Vot = ~TFSVE), o)
ff(z,v,t =0) = fi"(x,v), for i=1,2, '
with
TESI) = [ (EAS)(w v .00, 0,t)  TE[S) (a2 ) (o' 1) 0
v
where we consider as above
Ve eRY w0 €V, t >0, TE[S](z,v,0',t) := ¢5(e0;S +v' - V,S), fori=1,2. (1.10)

The difference of scale between terms 0;.S and v - V.S comes from the scaling between space and time.
Since the production and degradation rates are slow, we can assume prior to the microscopic scaling that
the equation for S writes

§0;S — AS =€ (p1 +p2 — 9), 0=0,1,
S(z,t =0) =0, if §=1.

By performing the diffusive scaling, the equation for S¢ states now as

00:S° — AS® + 5° = p] S, 0=0,1,
{ t + p1+p2 (1-11)

S%(z,t = 0) =0, if§=1.
We first prove the global-in-time existence of solution (fi, f2,.5) of (1.9)—(1.11).Then, we prove conver-

gence when ¢ — 0 of solutions to (1.9)—(1.11) towards a macroscopic model of Keller-Segel type. The
proof relies on uniform estimates on ff, f5, S which allow us to use the Aubin-Lions-Simon compactness
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Lemma [118]. We only focus on the case of bounded tumbling kernel T for which no blow-up of solutions
in finite time is expected both at the microscopic and macroscopic levels. This non blow-up has been
proved in the one species case in [32]. Bounded tumbling kernels might seem too restrictive but they
are significant for the applications we have in mind since they allow to obtain good agreement with ex-
perimental results (see [115, 116]). In particular, in [115] this hypothesis yields the correct experimental
profile of the bacterial traveling pulses. For single species, existence results for the kinetic model were
shown in the case of unbounded kernels in [74, 18].

The paper is organised as follows. The following section presents the two main results: the global-
in-time existence theorem of solutions to (1.9)—(1.11) for fixed € > 0 and the convergence as € — 0 of
this solution towards a macroscopic model, i.e. the drift-diffusion limit of (1.9)-(1.11). We also formally
derive in this section the equation verified by the limit. By a fixed-point argument, global existence
of solutions to the kinetic model is proved in Section 1.3. Section 1.4 is devoted to the proof of the
drift-diffusion limit stated in Theorem 1.2.3.

1.2 Main results

Before stating our main results, we introduce some notations. We denote  := R? x V where V is a
bounded and rotationally invariant domain of R?.
We define the following abbreviations which are used throughout the paper:

ff=fi(@vt),  fF = fi(x,0)0),
TE[S] == T [S)(m, v, v, t),  T;°°[S] := T [S)(z, 0,0, 1), fori=1,2.

3 K2

1.2.1 Main results

In this paper, we consider tumbling rates T [S] of the form (1.10) which meet the following requirement
fori=1,2
(H1) ¢5(z) = ¥;i(1 + €6;(2)), with ¢; € R; and 6; € C*(R) N L>(R) is nonincreasing and satisfies
103l oo (my < 1.
Remark 1.2.1. This hypothesis is realistic since it was observed experimentally in [116] that for bacteria

E. Coli, an external stimulus modifies their natural constant tumbling kernel by adding an anisotropic
small term.

Note that the condition on the L°>°-norm of 6; ensures that 77 is positive at least for ¢ smaller than
1, which will always be the case here since we focus on the asymptotic limit ¢ — 0. The positivity and
the boundness of TF[S] come from its physical meaning.

If I denotes the uniform distribution on V

Tyev
F(v) := |;| ,

with |V the measure of the velocity set V, the symmetry assumption of V' implies that

/VF(v)dv =1 and /v vF(v)dv = 0. (1.13)

As in [28], we define the symmetric and anti-symmetric parts of 7.2 by

58] : = w =i (14 S (008 +0' - V.8) + 0:(c0,S +v- 7..5)) ).

ergr . TEIS1 =TS
gl =

(1.12)

(1.14)
- 1/11-% (0:(e0,S + 1 - V,.S) — 0:i(0,S + v - V,.5)).
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From Assumption (H1), gbf’s and (bf’g satisfy the following inequalities which are useful to derive uniform
estimates in e:

¢ > VYi(l—e¢ ||9i||L°°(]R))’

A,a 2 (1.15)
[ L < v e
Vo9

The expansion of 7;°[S] now reads:

TES1 =T + T (8], (1.16)
with
T2(f) =i (IVIf —p).

(1.17)

TAS](f) == Ui([V]0:(e0eS + v -V S) f — /Oi(EGtS + 0 - Vo S) ffdv').
v

Our first result concerns the global-in-time existence of solution of (1.9)—(1.11).

Theorem 1.2.2. Let ¢ > 0 and assume that tumbling rates T5,T5 are given by (1.10) where ¢5, ¢5 are
positive, bounded and Lipschitz continuous functions.

If the initial data f{™, f** are in L1 (Q)NL>(KY), then there exists a unique global solution of (1.9)-
(1.11) such that

£, f5 € L((0,00), LL 0 L>®(Q)),
S € L°°((0, 00), LP(RY)),  for all 1 < p < oo.

Then we establish the diffusive limit ¢ — 0 of these solutions. The limiting system is the following
two-species Keller-Segel type equation:

dpr =V - (D1Vp1 — xa[VS]p1),
)

8tp2 =V (ngpz — XQ[VS]pQ (1.18)
00:S =AS —S+p1+p2, 6=0,1,
where D; and x;[V.S] are given for i = 1,2 by
1 / , > V.S dv
D= ——— vidv | Iz, xi|VS]=——=—= [ v10;(v1|V.S|)—, 1.19
M%i(vl 98] =~ [ 010 9.81) 2 (119)

with v; the first component of the velocity v in V' and I; the identity matrix. The intial conditions of
this system are

pzim = / fli"idv, pém = / fémdv and S™ =0 ifé=1.
1% 1%

Theorem 1.2.3. Let (H1) hold. Assume that the initial data f{™, fi** belong to L1 (Q)NL>(Q). Then,
there exists a subsequence (f5, f5,5%) of solutions of (1.9)—(1.11) that converges when ¢ tends to zero
and we have

(ff, 5) = (PF.p5F) in Lig,((0,00), L)), 1< g <00

loc
(85,V,5%) = (S°,V,8%) in L? (R%x (0,00)), 1<p<oo,

loc

where F is the equilibrium distribution defined in (1.12) and (p?, p3, S°) the solution of (1.18).

Remark 1.2.4. Note that D; is a diagonal and positive definite matriz, thanks to the symmetry as-
sumption on V', and x;[VS] is bounded. This ensures that the macroscopic equation (1.18) subject to the
previous initial condition admits a unique and global-in-time solution. We refer the reader to the appendix
for details.
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1.2.2 Formal derivation of drift-diffusion limits

For the sake of clarity, we first derive formally the limit equation (1.18). We consider Hilbert expan-
sions of ff, f5:

Ji =0 +efl 4 to(e), fori=12. (1.20)

Assume S° = SV is independent of € and given by (1.11) with the right-hand side p{ + pY and consider
in this part that 6; is smooth for i =1, 2.

Injecting (1.20) into the equation for ff (1.9)—(1.16)—(1.17) and identifying the terms in O(1) and
O(e) leads to,

O —

) 0
f}ﬁﬂff +ﬁ ([ ot w2~ V100 9.5 20)).

for i = 1,2. Replacing f? in the expression of f} yields

v - vIpz p? (

9 0 0,(v-VaS®) ), fori=1,2. :
|V| o V] /( VS)|V| (v VS)) ori=1,2 (1.21)

v
Then for the O(g?) term, we have that
—pi((VIfE = pi) = 0up) +v- Vo f! +45U;,  for i=1,2, (1.22)

where

Uie) = V160 V28O = [ 030" 9u8O) (0 o
\%4

408" (V1010 V8012 = [ 00! - V.50 £ ')
1%

We notice that [i, Ujdv = 0. Equation (1.22) admits a solution provided the integral over V of the
right-hand side vanishes. This implies the conservation law:

o) +V - J! =0,
where J} := / vfldv, for i = 1,2. Using (1.21) and formulas of D; and x;[V.S] (1.19), it follows that
v

JH= =DVl +xi[VS)p?,  fori=1,2.

The formula of x;[VS] follows from the invariant rotationally property of the domain V. This gives the
equation for p? for i = 1,2.

1.3 Global existence of solutions of the kinetic model

The purpose of this section is to prove the global existence for System (1.9)—(1.11). The Green
representation formula allows us to decouple (1.11) and (1.9). This gives a system which depends only
on f7. The fixed-point argument gives the uniqueness and local existence in time of solutions. Thanks
to a-priori estimates on f7, we recover global-in-time existence. Without loss of generality, and for the
sake of simplicity of the notation, we fix ¢ = 1 and denote ¢;*** := max ¢5.
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1.3. Global existence of solutions of the kinetic model

1.3.1 A-priori estimates

We recall that using Bessel potential (see [46]), the solution S of elliptic/parabolic equation (1.8) is
given by

S(a.t) = /G<><p1+p2><x—y,t>dy, 5=0,

(1.23)
S(x,t) / Ky, (p1 + p2) (x —y,t —s)dyds, 6=1,
with i
G(zx) := Ee_m d=1
1 [ |z|> s, 2=dds
G - Lk B 2 —, d>2
(=) 47r/0 o (—ms s T ’ (1.24)
_ ||
K(z,t):Wexp( 4—t*t), d>1

We review some classical results on the integrability of kernels G, K and their gradients.

Lemma 1.3.1 (Estimates on G and K). Let t > 0. If d =1, then there exists a constant Cy such that
t

Gl =1 [ IKC )y ds < 1. (1.25)
t

IV Gl gy = 1. / VoK (- 8)l gy ds < C1 23, (1.26)

For d > 2, there exists constants Cy, C;, such that

t aG-p) d
Gl Lp ey <Cp, ”K('vS)HLp(]R'i) ds < Cpt 2 77, 1<p<——0, (1.27)

P) P d
19l o gy <C /nv K)oy ds < Ot # 1<p< 0o (128)

Proof. For d = 1, simple computations give the result for G' and V,G. For [|K (-, )| (). the transfor-
mation y = \/Lz_s leads to

KGO gy =€
It follows that

t
/0 1K) gy ds < 1.

By similar computations, we show that

VoK (-, 8)||, = —= |ly— ye = sT2e” ",
PRI 4 @)
By integrating with respect to s in (0,¢), we obtain the result.
We now suppose that d > 2 and compute LP-norms of G and K.
1 [ x| s 2-dd
||G||Lp(Rd) = —/ e e s T o
47T 0 Lp(]R'i) S
Performing the change of variable y = |/5-7 and simplifying yields
Qd(%_l) L 41
_ .« - —u, 5(z—1)
||G||Lp(]Rd) — pd/2pﬂ-%(1*%) /0 (& uz2'p du.

33



Chapter 1. FEzistence and diffusive limit of a two-species kinetic model of chemotazis, published

After straightforward computations, we deduce that for all 1 < p < d;fQ

2d(3-1) d—dp
S — .
1G] 2o ey < pd/2pr2(1=3) ( T )

A similar transformation applied to [[K(-, )| s ra) gives

2d(%_ ) d 1
1K G )ioey = —garys2 Ve
7-r2

We conclude that for all 1 < p < d;fQ

4 t aG-p)
K(,s) € LP(RY) and [ [|K(,5)|ppgeyds <Ct 2 .
0

For the estimates on the gradients, we have

1 [>7 I s 2-dds
V.G :—/ — ||lze” " e e it g 2 —.
1V ”LP(Rd) dr Jo  2s Lr(RY) 5
We apply the two successive transformations y = |/5-z,t = ;= and simplify. We see that for all
1<p<g%
” GH 23d/2p7(2d+3)/2 / d( / ) )2
2 LRdZ—F(12——1—1p)‘yeZ :
?(R4) rd/2 2 Lo (R4)
Similar computations applied to VK give
2%(1/1)_1)_‘1 y|? 4 d+1
IVeK 9l = g ||ye 5| st e,
e L (RY) /2 Lr(R4)
Integrating with respect to s leads to the result. O

Lemma 1.3.2. Fiz 7 > 0 and v in V. Let ¢ be a Lipschitz continuous function and f,f be in
L*([0,7), L>=(Q) N LY(Q)) such that f, f coincide at the time t = 0 and satisfy in a weak sense

Op(f) +V-J(f) =0, (1.29)
where J is a linear and bounded operator on L>°(Q). Let S and S denote
S(x,7) =G xp(f), S(x,7) :=G*p(f), foré=0,
(x,7) := /K (-, 7 — s)ds, S(z,7) ::/K(~,s)*p(f)(~,'rfs)ds, for 6 =1.
0
Then, there exists a positive constant C' such that
|68 + v+ 928) = (DS + v+ T8 (@) < Clbll o i IVa Gl gany 1F = P> ) ey
for 6 =0, and
[6(8:S + v - ViS) — (S +v - V9| 1=

< Cllollcor ) / IVe K Co8) | = PG 7 = 8)l|eeqoyds,  for 6= 1.
0
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Proof. For § = 0, recalling the expression of S = G x p(f), differentiating with respect to ¢ and using the
conservation equation (1.29), we get from Green’s formula

S = RdeG(y) ~J() (@ —y,7)dy.
We proceed in the same way for V,S. Putting together 0;S and V.S terms, one obtains

OS v Vo= | VaoG(y) - (J = vp)(f) (= —y,7) dy.

This formula combined with the Lipschitz continuity of ¢ implies
(005 + v+ V.a8) = 605 + v+ 9.8)| < Bl oo s

< l[@lloos ) |V2G + (J = vo)(f = D).

9i(S — S) + v Va(S — 5)‘

By applying Young’s inequality and using either (1.26) or (1.28), it follows that

(6015 + v+ Va8) = 605 + v+ V28)| < [16llcor @ VoGl gy 1] = 00)(f = Pl (on-

From the assumption, J is bounded on L*°(2). Since V is a bounded domain, the linear operator p is
also bounded on L*°(€2). Then, we conclude that

[6(0:5 +v- 928) = 9(8:8 + v V)| < Cllglicon @ VoGl ey I1(F = D)l e(-

The case § = 1 is treated similarly. The slight difference comes from the additional term appearing in
the expression of 9,5 :

8tS:/RdK(y,T)p(f)(x—y,O)dy+/OAf(s,y)8tp(f)(x—y,T—s)dy in a weak sense.

Then 0;S + v - V.S becomes
S +v-V,S = RdK(y,T)p(f)(:c—y,O)dy—i—/ RVIK(y,s)(J—Up)(f)(x—y,T—s)dyds.
0 d

The substraction between 9;S + v - V.S and (')tg 4+ v - Vzg has the same form as in the elliptic setting
since f(-,0) = f(-,0). Therefore,

OO + v+ VuS) = $(0i5 + v+ V)| < Clldllova ey /0 IV K (-, 8)] 22 ey

X ||(f - f)('vT - S)HLoo(Q)ds.
[l

Lemma 1.3.3 (A-priori bounds on fi, f2). Let 7 > 0 and (f1, f2) be a weak solution of (1.6) such that
f1, f2 are in L*((0,7), LY N L*>(Q)). We assume that tumbling rates T1[S], T»[S] defined by (1.7) are
positive and bounded.

If the inital data (fint, fi*%) belongs to L>°(Q) x L>=(Q), then there exists a constant C' > 0 such that
fori=1,2 and t € (0,7), we have

1fiC Ol o) = HfimiHLl(Q) ,

||f1(, t)||L°°((O,T)7LDO(Q)) S C’ ||fl’bn’b||Loc(Q) elv‘d);nam‘r.
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Proof. By integrating the equation for f; (1.6) with respect to v, we see that p; satisfies the conservation

law :
Oipi + V- J; =0, (130)

with J; := [ vf;. It follows that the L'-norm of p; is conserved. We show the second inequality by using

v
the Duhamel representation formula and the Gronwall lemma. Since each equation for ¢ = 1 and 2 can
be treated separately, the proof is identical to the single-species case. We refer the reader to [126]. O

1.3.2 Proof of Theorem 1.2.2

We now prove the global-in-time existence. It is standard that if they exist, the solutions f{ and f§
are nonnegative provided the initial data are nonnegative. Since p; satisfies the conservation law (1.30),
by the proof of Lemma 1.3.2, ;S + v - VS is given for § = 0 and § = 1, respectively, by

XS +v-V,8= [ V.Gy) - (J—vp)(fi + fo)(x —y,t)dy,
]R’i

05 +0-9.5 = | Kol + f)la = 9,0) dy
//V K(y,s)(J —vp)(fr + f2)(x — y, 1 — 5) dy ds.
R4
Replacing 0,5 + v - VS in (1.6) yields in the case § = 0

@ﬁ+v«hﬁ=/}mv4h«J—quy+ﬁ»ﬂM’

— V1 6i (VoG * (] —vp)(f1 + f2)) fi (1.31)
fi(z,v,t =0)= fi"  fori=1,2.
For § = 1, we obtain
Osrfi +v-Vyfi /qﬁz K*p Zm‘i‘f%"i)
+/%K&$*UMMﬁ+hX¢$%)ﬂM’
y (1.32)

— V] i (K * p(fi"™ + f3™)

+/0V1K(~,s) x(J—vp)(fi + fo)(-, t — s)ds> fi

fi(z,v,t =0) = fi"  fori=1,2.

Here, we define the convolution between two vector-valued functions M, H : R — R as

d
M«H=Y M;+H
=0

where M;, H; are components of M and H.
We fix 7 > 0 and introduce the Banach space (X7,|| - ||x-) given by
X7 = L((0,7), L=(Q)) x L((0,7), L=(9)),
I fllx-:= / (1G9 Lo (@) + 120 8) e (y) ds - for = (f1, f2) € X
0

We build fixed-point operators F(f) = (Fi(f), F2(f)) for Systems (1.31), (1.32) on X7. Since these
systems are different, we need to consider two cases and treat them separately.
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1.3. Global existence of solutions of the kinetic model

1.3.2.1 Proof of the elliptic case, § =0
(F1(f), Fa2(f)) is the weak solution of the system:

OFi+v- Vs = / 6: (VoG % (J — 0/ p)(f1 + f2)) F, dv/
%4

— |V i (VoG (J —vp)(f1 + f2)) T,
Bt =0) = %, fori= 12,

(1.33)

with F; := Fi(f)(z,v,t) and F, := Fi(f)(z, 0, 1).

For f = (f1, fo)and g = (g1, g2) in X7, we define the mapping F/9 := F(f)—F(g) whose components
F9 are defined by
FI9 = Fi(f) - Filg), fori=1,2.

K2

Substracting equations for F;(f) and F;(g) and collecting terms leads to

(1.34)

OF? v VoF |V 6i(VaG * (] —vp)(f1 + f2)) F = 61,
Flo(t=0)=0, fori=1,2,

where gfg is defined by

6/7(@.0.0) 1= | 04(VuGx (T =)y + ) FLP ')
= Fi(@) [V (¢i (V2 G x (J —vp)(f1 + f2)) — ¢i (VoG x (J —vp)(g1 + g2)))
/f ) (64 (VG * (J = V'p) (1 + f2))
—¢i (VoG * (J =2'p)(g1 + g2))) dv'. (1.35)

By similar computations performed at Lemma 1.3.2 and applying it to f = f1 + fo and g = g1 + g2, we
find that

‘g{g(z,v,s) Sdfln‘”/ ‘flfg(:c,v’,s) dv'’
%
+Clorllens 196l (15161 + [ 116 5 10 90 imie-
1=1,2
Hence,
lafecs)|| < ores VIIFEC )l
1 ’ L>(Q) — 1 ’
+ 1+ [V)lIgrllcor @I VGl ray | FLg) (-, 8)l| Lo 02) Z I(f » ) poe () -
1=1,2

Thanks to the Duhamel formula, ]-'Z-f 9 writes

Flo = t — t (V.G x(J—v z—v(s —u),u)du
; (z,vat)/oexp< i ¢i(V G (J —vp)(f1 + f2))( ( ), u)d )
xgifg(va(t—s),v,s)ds. (1.36)

Taking the L°°-norm on 2 of both sides and using the fact that ¢; is nonnegative gives

t
1= 10,
Hfl(’)mc(n)_ 0 G7 () L=(Q)
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above, it follows that

Recalling the estimate on Hg{%, s)
L= (Q)

H]—‘lfg(.,t)H < ¢maz|V|/ 1FL9(, 8) ]| Loy ds

e / 1F1 ) ey S N5 = 908 e s

i=1,2

L>=(Q)

The bound on || F1(g)(*, 5)|| = () is similar to the one given by Lemma 1.3.3. By using this estimate, we
get

|70

Lo (Q) Loo(Q)

t
<o) [ A
C ¢;naT|V‘t/ Z || )HLOC(Q) ds.

1=1,2

The Gronwall lemma asserts that

o6 de< o v /Zn Ol o

Loo(Q)

0

We obtain a similar estimate on }—2f 9 by replacing ¢ by ¢2**. Summing the estimates on }“if 9 for
i = 1,2, we deduce that

/ ST IFLC 1) et < O / Zn (o) e
=1,2

with ¢ = max (¢7"**, $5'°"). Recalling the definition of the X -norm, we conclude that

IF() = F@lx- <Cle? 7 =1)IIf = gllx--

Therefore, there exists a sufficiently small time 79 > 0 such that F is a contraction mapping on
Xm0 = L'((0,70), L>(Q)) x L*((0,70), L>°(R)). Thus, Banach fixed-point Theorem gives the existence
and uniqueness of weak solution f = (f1, f2) of (1.9)-(1.11) in X™.

d)maa:

From the a-priori estimates of Lemma 1.3.3, we see that f(-,79) is bounded in L'(Q) N L>(Q). We
now consider our problem with the initial condition f(-,7p), apply the same strategy and obtain the
existence up to the time 2. By iterating this procedure, we extend the solution to L((0,7), L>(2)) x
LY((0,7), L>®(R)).

1.3.2.2 Proof of the parabolic case, § =1

In this case, (F1(f), F2(f)) verifies
¢
OFi+v-VyFi= / bi ( (P + pi) + /VIK('7S) *(J =0 p)(fr + f2) (-t — S)ds) Fidv,!
1% 0

t
W1 (Koo )+ [ VLK) 5 (= o)+ o) ) ds )
Fi(,t=0)= ff"i, fori=1,2.

(1.37)
Therefore, (F/, F§9) satisfies

t

at‘/_'.ifg+v vxfzfg“i’ |V|¢1(K*( mlerzzm) /VIK(v‘S) * (J*’Up)(fl +f2)(7t75)ds)fzfg = gifgv
0

Flo(t=0)=0, fori=1,2,
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1.3. Global existence of solutions of the kinetic model

where gif 9 is defined by
Gl (x,v,t) = / i (K * (pi" + pi™) / VoK (- 8) % (J — V' p)(f1 + fo) (-t — 8)ds)F{9 (v')dv'
\%4 0
_ Filo) (@-(K )+ [ VLK) 5 (T = )i+ L)t~ s)ds)
0
i (P )+ / VLK (8) % (T — vp)(g1 + g2) (1 — s)ds>>)
+ Filg)) (@-(K e (O 4 ) + / VLK () (7 — 0 p)(f 4+ f2) (ot — 5)ds)

— i (K x (o 4 pi™) / V. K( ) (g1 + g) (et — s)ds>) v
By the same strategy as in the elliptic case, one can show that
1G9 (-, 8)l| e < @7 V] IIJ"f"(~ $)l|lzee (@) + CA+[Vlo1llcor(w)

% |1 F1(9) (- ) e / IV Kl S I ) ey A (1.38)

i=1,2

By the Duhamel formula, we obtain the expression of .ng(:z:, v, t)

F9 (g 0, 1) = teX — ti k K, r)x(J—wv 1 ) (x —v(s —u),u—r)dr)du
F9(a,0,1) / b /f(/OVK(’) (] —op)(fs + f2)(@ — v(s — u),u — r)dr)du)
X GI9(s,x —v(t — s),v)ds. (1.39)

As previously, from (1.39), we get that

I Ol s < /||g 5 8) || Lo (@) ds.

Using the bound on [|G{(., 8)|| Lo (0) (1.38) yields

Hflfg(" t)HLocm) sV /ot Hflfg(" S)Hmm) st G /ot IF1(9)C e

(/ VoK ()l L ra Z II(f *T)HLoo(Q) dT) ds.

1=1,2

By using the estimate on [[F1(g)(+, 8)[| e () Which is the same as in Lemma 1.3.3, we have

|70,y <ot 1 [ F)],

Hm)

+Cled’1 am‘wt/ / Ve K ()l 21 (may Z [(f *7’,',')||Lao(§z) drds.

1=1,2

Le=(Q)

We bound the integral over (0, s) by the integral over (0,t). By applying a change of variable and the
Fubini Theorem, it follows that

ds
Le=(Q)

+ce¢T“IIV't(/ V2K (7)1 ey ) / 2 (i =9 8)ll ey s

1=1,2

|Fecn], . <o (9)

Lee(@) —
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By Lemma 1.3.1, [[V,K(:,7)| L1 (ra) is integrable and we have

t
J’_'fg ',t H < pmaz |\ / ffg . d
|70, gy s ere vt [ |F )] a0
t
et [ (= 09l oy .
i=1,2
Applying the Gronwall Lemma gives a bound on H]-"lfg(~, t)H and the rest of the proof is analogous

Lo (Q

to the elliptic case.

1.4 Rigorous proof of Drift-diffusion limit

In this section, we investigate the diffusive limit of the kinetic model, i.e we prove Theorem 1.2.3. We
start by giving estimates on S for given functions p1, po and useful inequalities. Afterwards, we state a
proposition which gives uniform estimates on f§, f5, S¢. Finally, we conclude by using Aubin-Lions-Simon
compactness lemma [118].

1.4.1 A-priori estimates

Lemma 1.4.1 (Estimates on S¢). Fiz 7 > 0. Let p,q,a be such that 1 < p < 0c0,d < q < 00,0 < a <
- %. Assume that p5, p5 € L>([0, 7], LY (RY) N LY(RY)). Then, we have

— For § =0, S°(-,t) is bounded in C**(R?) for allt € [0,7] and there exists a constant c independent
of € and t such that

155G, t)llenaray < e (o5 + p2) (5 )l Lrqray + (PS5 + 05) ()l Laqray) -

— For 6 =1, 5% is bounded in L>=([0, 7], C»*(R%)) N L>([0, 7], W P(R?)) and there exists a constant
cr independent of € such that

1551 oe 0,m1, w1 R)) + 15N Low (0,71, 0110 Ry < €x (1105 + P5ll oo (0,71, 21 ()
+ 1105 + 051l Loe (10,71, Lara)) ) -

Proof. The result for the case § = 0 is classical and follows from the elliptic regularity. We refer the
reader to [20, chapter 9] for details. We just give main arguments and derive bounds for S¢. By the
elliptic regularity, we know that S¢(-,¢) is bounded in W%4(R?) and the following estimate holds.

15°C Dllw2.a@ey < C NPT+ p3) (5 D) Larey-

d

By the Morrey theorem, W21 is continuously embedded into C»Y with v =1 — o

W24RY) — C17(RY).

The interpolation between L' and LY implies that for all d < p < ¢q, (p5 + p5)(-,t) are bounded in LP and
by elliptic regularity S¢(-,¢) is bounded in W2P. Thus, the W2P-norm of S¢ is bounded by LP-norms of
pi and pj.

[15°( ) lw2r ey < C (o5 + p5) (- D)l Lo (ma)-

By the Morrey Theorem, we conclude that for all 0 < a < 1 — g, S(-,t) belongs to C1* and we have the
estimate

155 llcriamay < CIS(, ) lwzp (ray,
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1.4. Rigorous proof of Drift-diffusion limit

where p is given by 1 — % = a.

We now deal with the case § = 1. We recall that S is given by the convolution with the kernel K defined
n (1.24). Applying Young’s inequality and using Lemma 1.3.1 yields for all ¢ in [0, 7]

152 (, D) oo (mey < (/o 1K ()l Lot (may ds) 105 + P3| o= (j0,7], La(r?))>

IVSZ(, )| oo (ra) < (/O IVE(,8)l| Lo (ma) dS) 19T + P51l L 0,7, Lo (Ra)) -

Similarly, we have
155+ 8) Lo ey < < / VK G )22 gy ds> 165 + 95 L oe (0.r 21 0

IVSE(, D)l L1 ray < </0 IVEK(,8)lL1we) dS) 105 + P3ll o= ([0, 7], L1 (R4Y)-

By an interpolation argument, we deduce that S is bounded in L>(]0, 7], W'?(R%)) for any p between
1 and co. Thanks to the Morrey theorem, S° belongs to L>([0,7], C%*(R%)) with 0 < a <1 — 2.

Fix = and 2’ in R? and set r := |x — 2/|. For the sake of simplicity, we define p° := p§ + p5. Let us
prove that VS¢ is bounded in L*([0, 7], C%*(R9)). We split the integral into two parts I; and I.

VS (z,t) — VS (', t) = / » (VK (z —y,t —s) — VK(z' —y,t —s))

x (p + p5)(y,s) dy ds

=1 + I,
with .
— [ [ (VK@= b s) = VK~ yt = 9) (6 + 55) 0. 5) dyd,
2r

t
-/ (VE (& — gt — 5) — VE(' — y,t — ) (65 + p5)(w, 5) dy ds.
0 JRI\B,(2r)

We now estimate I;. Using the definition of VK and the triangle inequality, we get

1 ¢ _le—wl® |z — y|
I <—— iy ()10 J1 e dyd
' =20 d/Q//B (2T)e (t— )d/”lp(y’ #) dy ds

_eul? 2" —yl
sy —(t— 5)72/
47T BYZPRYIF) //B (27") = - )d/2+1P “(y,8) dy ds.

These two terms are identical and we will be treated in the same manner. We just carry out computations
for the first one. Since y belongs to B;(2r), r = |z — 2’|, we have

K —‘Ify‘Z—(t—s) |‘T _y| a /e
] P Ty Wp “(y,s)dyds < 2% |z — 2|

«(27)
x /t/ e s>%p £(y, ) dy ds
0/ B, (2r) (t =)zt

Therefore, I reads

207! ' Clei® g |z — gl
L< ———|z—2" eyl dyd
1= (47)d/2 |z — 2’| </O/Bm(2ﬂe (t— )d/2+1p “(y,s)dyds

‘ B R P L
JF/O/B (2T)e I—sy (= )Wp (y, )dyds .
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We conclude by bounding the integral over the ball B, (2r) by the integral over the whole space. We now
deal with I,. We first compute the hessian D2K of the kernel K.

1 | TR |2
2 d — gt
DIK ((E,t)—w(_7+t—2)€ t .

We decompose D?K into two parts :

2
2 _ 1=l
1| = e 8t
8 X

1 T T ‘
2 = — —_— \/?
DK (x,t) (im)i2 < Id+\/f®\/f)e e

By using the change of variable u = %, we notice that the first part of the rhs is bounded by a nonnegative
constant C. Thus,

—t

C | |2
2 — —t
|DIK| (z,t) < td/2+1 g

Moreover, we remark that for all y in R?\ B,(2r) and u in [0, 1]
z—y+u@ o) >z -yl —ule -2 = (1-u/2) -yl

We infer that for all y in R?\ B,(2r) and u in [0, 1]
|DZK|(x —y+u(@’ —x),t —s) < Lexp —M —(t—s)
* ’ = (t—s)d/2HL 32(t —s) '
Hence,
I <C|x—$’|/t/ ;exp —M—(t—s) 0% (y,s) dy ds
2= oJri\B, (2r) (t — 5)4/2+1 32(t —s) ’ -
We deduce that
L <Oz -2 // |zfy| exp —Mf(tfs) “(y, s)dy ds
2 R\ B, (27") (t— S)d/2+1 32(t — s) P \Y, )
: |z —y| o — y|® c
<o -2 //]Rd t_sd/2+leXp< 3205 (ts))p(y,s)dyds.

Then using Young’s inequality, we have for any positive constant ¢ and any p € (d, q),

e —(t—s) —a _c\z—y\Q . t 6—(t—s)
/ /]Rd t—s) T \d/2r1 lz -yl Y (y,S)ddeS/O m

1—a J\y\?

Iyl =

v &) 177 || Lo ey ds.
It is clear that
cly

)”LP ey S C(t— 5) Pt

1—
ly = Iyl exp (= 2

This implies that for all « < 1 — g and all d < p < ¢

e—(t=s) a 7C‘m7y‘2 B s < C TtliTafi, g,
//]Rd t—sd/2+1| — vl Py, s)dyds < /0 €

X HPEHL“’([O,T],LP(]R'i)) < 0.

So, the C'1® bound of S¢ follows. O
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Lemma 1.4.2. Fix S > 0 and let f be a velocity distribution and g > 1. Then, we have

GRISI + £~ (P < SoISIS - £ - ()Y

O[S (f + /21 = (f)77 Y
267 (5] f=r ’

(1.40)

where gbf’E[S], gbf’E[S] are the symmetric and anti-symmetric parts of TS| defined in (1.14). There also
exists a constant cq depending on q such that

(f+ 2 = ()
f=r

< cq(fT+ ()9 (1.41)

Proof. For (1.40), we observe that

(6541517 — ) £ 61817 + 1)) = 0.

Expanding this inequality and dividing both sides by (f9= — (f)9=1)/(f — f') gives the result.
To prove (1.41), we show that for a > 0, the following function A is bounded

(1+a)*(1 —a??t)

A:ar— =)+ a7

In fact, we have lim,—,; A(a) = 2(¢ — 1) > 0. Then A can be continuously extended to [0, co[. Since A
tends to 1 at infinity and is positive, A is bounded by a positive constant. O

Proposition 1.4.3. Assume that the initial data f{™" and fi™ belong to L' () N L>(Q). Under As-
sumption (H1), the solution of (1.9)—(1.11) admits uniform estimates in € in the following spaces :
s € L2 x (0,00)),
5% € Li2.((0,00), CH*(RHY N WP(RY), 1<p<o0,0<a<l,

loc
e .
where ¢ is given by
€ £
e fz — piF

rs =
' €

We skip the proof of this result since it is a straightforward adapation of the single-species case done
in [28, Theorem 2]. The proof uses all lemmas shown below.

1.4.2 Proof of Theorem 1.2.3

We prove the theorem in the parabolic setting 6 = 1. The proof in the elliptic one is analogous.

We first recall the following Aubin-Lions-Simon compactness lemma.

Lemma 1.4.4 (Aubin-Lions-Simon, [118]). Let 7 > 0 and p, q be such that 1 < p < 00,1 < g < oo.
Let V, E, F be Banach spaces such that

VS EwF
If A is bounded in WYP((0,7), F) N L4((0,7),V), then A is relatively compact in LI((0,7), E).
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Proof of Theorem 1.2.8. Let us fix 1 < ¢ < 00,1 <p <ooand 7> 0. We decomposed the proof into
three steps.

Step 1 : Uniform estimates for 9;(V.S¢) and 9;(S¢). We differentiate the conservation law of p$ with
respect to x.
Oups +V - JE =0, (1.42)

1
with J7 := —/ vfidv.
eJv
0:Vap; +V, V- J =0.

Summing these equalities for i = 1,2 gives
XV (p] +p3) + V.V - (Jf +J3) =0.

By multiplying by the kernel K(t — s,z — y) and integrating by parts, one gets

OV, 5°) + Vo(V - 57) =V, ( | Ks) o1+ 02 —) dy) , (1.43)

where S7¢ denotes .
=[] K= s =)0 + ) s dy s
Rd
From Proposition 1.4.3, r¢ is uniformly bounded in L?(Q x [0,7]). Since Jf = fv vr§ dv, we deduce by
the Cauchy-Schwarz inequality that J¢ is also bounded in L?(Q x [0, 7]).

The mathematical form of S”¢ implies that S”:¢ satisfies the same parabolic equation as S¢ with the
right-hand side J§ + J5. Using the parabolic regularity, we conclude that

S']’E S L2((07 T]ﬂ HIQOC(]RCI))'
Then, from (1.43), we get that
9 (VS®) € L*((0,7], L} (RY)).

Moreover, we know the expression of 0;5¢ from Lemma 1.3.2.

8tS€:/K(y,'r) P+ P (z —y dy+//V K(y,s)(J{ + J5)(x —y, 7 — s) dy ds.
Rd Rd
The same conclusion holds for 9;5° :

8:5° € L2((0,7], L} .(R%)).

Step 2 : Extraction of subsequences. By the Ascoli Theorem, we have the following embeddings :

Co(RY) S LP

loc loc

(Rd) — Lloc(Rd)a 2<p<oo.

From the Aubin-Lions-Simon Lemma 1.4.4, there exists subsequences (S¢). and (VS®). that strongly
converge in LIOC(]Rd x (0,7]). This result is extended to p between 1 and 2 by the continuous embedding
of LS. into L10C The extraction of weak-* convergent subsequences of f§, f§ and weak convergent sub-
sequences 75,75 follows from the separability or reflexivity property of Banach spaces L ((0, 7], L4(f2)),
L2(2 x (0,7]).

We find a subsequence of (f§, f5,5%) which satisfies
P B i D07, LY(9),
s =% s =) in L3(Q x (0,7]),

S 8% V.85 = v,S8% in LP _(R? x (0,7]),

loc
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for any p, ¢ such that 1 < ¢ < oo and 1 < p < co.
As a consequence, p5 converges weakly-* in L>((0, 7], LY(R%)).

mmaﬁ(AjmyAﬁm) in L°((0,70), L7(BY)).

Step 3 : Passing to the limit. This step consists in identifying limits f?, f9,79,79. We now operate in
either L2 ((0, 7], L2(R%)) or L3 .((0,7], L%(Q)). We pass to the limit in the relation ff = pfF + erf to
get

fl=plF and f)=p3F in Li,.((0,7], L*(2)).

We replace ff by pfF + er$ into T.2(fF), the equation for ff (1.9) now reads

K2

Eatff +v- vsz = |V| lﬂﬂf + (/ ei(gatsa +v' - vmsa)figldvl
14
V] 0i(eS° 4+ v- Vo S)fE).  (LAd)

From the previous study, we have
0;S¢ is uniformly bounded in L2((0,7], L2 .(R%)),
and

V.S5% — V.S in L2((0, 7], L2 .(R%)).

loc

Since 6; is Lipschitz continuous, we deduce that
0;(£0:S° +v - V4S%) = 0;(v - V8% in L*((0,7], L{ .(2)).

We also know that
ff N p?F in LQ((O,T];LIQOC(Q))'

The combination of these arguments gives

v
V]

1
0:(£0,5° + v - Vo S°) £ — p20;(v - V,5°) IXEIV in L2((0, 7], L. ().

[ ocost v Tus g < gt [ o 9.8 T in 22007, L)),
1% 1%

0

i

0 v-Vep) oY (/ , oy AV’ 0
A7 00 VSO B (0 7,5) ).
e V[P VI V|

By passing to the limit in (1.44), we obtain r

We deduce that J§ converges weakly in L2((0,7], L2 (R%)).

loc

1
£ __ e __ € 0
Jo==[ vfi= vry — ur, .

By passing to the limit in the conservation law (1.42), we find the equation for p?.
atp§?+v-/ vrd = 0.
v

Next, the equation for S is obtained by passing to the limit in (1.11).
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Synchronising and Non-synchronising
dynamics for a two-species aggregation
model

Ce travail est réalisé en collaboration avec Jie Liao et Nicolas Vauchelet. Il est consacré a 'analyse
de la limite hyperbolique du modéle cinétique de chimiotactisme & deux espéces présenté dans
le premier chapitre. Dans cette étude, on se restreint au cas unidimensionnel et dans le cas &
deux vitesses. La démarche employée permet de prouver l'existence et 1'unicité des solutions au
sens de dualité d’un modéle hyperbolique & deux espéces. On propose une méthode numérique qui
converge vers la solution théorique et étudie la dynamique de formation d’agrégats dans ce modéle.
Le phénomeéne de synchronisation ou de désynchronisation inexistant dans le cas d’une population
4 une espéce apparait. Il traduit le comportement des masses de diracs qui s’opére lors de leurs
collisions. En fonction des parameétres du modéle, les masses de diracs d’espéces différentes vont
ensemble ou se séparent.

Article soumis







Chapitre 2

Synchronising and Non-synchronising
dynamics for a two-species aggregation
model

Abstract

This chapter deals with analysis and numerical simulations of a one-dimensional two-species hyperbolic
aggregation model. This model is formed by a system of transport equations with nonlocal velocities,
which describes the aggregate dynamics of a two-species population in interaction appearing for instance
in bacterial chemotaxis. Blow-up of classical solutions occurs in finite time. This raises the question to
define measure-valued solutions for this system. To this aim, we use the duality method developed for
transport equations with discontinuous velocity to prove the existence and uniqueness of measure-valued
solutions. The proof relies on a stability result. In addition, this approach allows to study the hyperbolic
limit of a kinetic chemotaxis model. Moreover, we propose a finite volume numerical scheme whose
convergence towards measure-valued solutions is proved. It allows for numerical simulations capturing
the behaviour after blow up. Finally, numerical simulations illustrate the complex dynamics of aggregates
until the formation of a single aggregate: after blow-up of classical solutions, aggregates of different species
are synchronising or nonsynchronising when collide, that is move together or separately, depending on
the parameters of the model and masses of species involved.

Contents
2.1 Introduction . . . . . . . . @ @ i i i it i i e e e e e e e e e e e e 48
2.2 Notations and mainresults . . . . .. ... ... . 0. 50
2.2.1 Notations . . . . . . . . . e 50
2.2.2 Duality solutions . . . . . . . ... 50
223 Mainresults. . . . . . .. 51
2.3 Macroscopic velocity . . . . . . i L e e e e e e e e e 52
2.3.1 Regularisation . . .. ... ... L 52
2.3.2 OSL condition on the macrosocopic velocity . . . . . . .. .. .. ... ... .. 55
2.4 Existence and uniqueness of duality solutions . .. .. ... ... ...... 56
2.4.1 Proof of the existence of duality solutions in Theorem 2.2.2 . . . . . . .. ... 56
2.4.2 Proof of the uniqueness of duality solutions in Theorem 2.2.2 . . . .. ... .. 57
2.4.3 Equivalence with gradient flow . . . . . .. ... .o Lo 59
2.5 Convergence for the kinetic model . . . . . ... ... ... 000000 60
2.6 Numerical simulations . . . . .. .. ... . 00000 s e 60
2.6.1 Numerical scheme and properties . . . . . . .. . ... ... Lo 60

47



Chapitre 2. Synchronising and non-synchronising dynamics for a two-species aggregation model, submitted

2.6.2 Convergence of the numerical solution to the theoretical solution . . . . . . .. 62

2.6.3 Dynamics of aggregates and numerical simulations . . . . . . . ... ... ... 64

2.1 Introduction

Aggregation phenomena for a population of individuals interacting through an interaction potential
are usually modelled by the so-called aggregation equation which is a nonlocal nonlinear conservation
equation. This equation governs the dynamics of the density of individuals subject to an interaction
potential K. In this work, we are interested in the case where the population consists of two species
which respond to the interaction potential in different ways. In the one-dimensional case, the system of
equations writes:

atpoz + Xaaz (a(p)pa) =0, fora=1,2, (2'1)
with
a(p) == / 0:K(x —y)p(t,dy), p:=01p1+ 0ap2,
R

where 6,, xo for a = 1,2 are positive constants.

In this work, we are interested in the case where the interaction potential K in (2.1) is pointy i.e.
satisfies the following assumptions:

H1) K e CYR\{0}).

H2) VzeR, K(z)=K(—x).
H3) 9,K € L™(R).

1)

~ o~~~

o

K is A-concave with A > 0 i.e.,
Vi,y €R*, (0K (2) — 0K (y)) (x —y) < Mz —y)*.

The aggregation equation arises in several applications in biology and physics. In fact, it is encountered
in the modelling of cells which move in response to chemical cues. The velocity of cells a(p) depending
on the distribution of nearby cells represents the gradient of the chemical substance which triggers the
motion. Cells gather and form accumulations near regions more exposed to oxygen as observed in [96, 115].
We can also describe the movement of pedestrians using the aggregation equation as in [65] where the
velocity of pedestrians is influenced by the distribution of neighbours. This equation can also be applied
to model opinion formation (see [121]) where interactions between different opinions can be expressed by
a convolution with the kernel K.

From the mathematical point of view, it is known that solutions to the aggregation equation with
a pointy potential blow up in finite time (see e.g [36, 23, 10]). Then global-in-time existence for weak
measure solutions has been investigated. In [23], existence of weak solutions for single species model has
been obtained as a gradient flow. This technique has been extended to the two-species model at hand in
[36]. Another approach of defining weak solution for such kind of model has been proposed in [76, 75] for
the single species case. In this approach, the aggregation equation is seen as a transport equation with a
discontinuous velocity a(p). Then solutions in the sense of duality have been defined for the aggregation
equation.

Duality solutions has been introduced for linear transport equations with discontinuous velocity in the
one-dimensional space in [14]. Then it has been adapted to the study of nonlinear transport equations
in [16, 76, 75]. In [76, 75], the authors use this notion of duality solutions for the one-species aggregation
equation. Such solutions are constructed by approximating the problem with particles, i.e. looking
for a solution given by a finite sum of Dirac delta functions. Particles attract themselves through the
interacting potential K, when two particles collide, they stick to form a bigger particle.
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In this work, we extend this approach to the two species case. To do so, we need to modify the strategy
to the problem at hand. Indeed, collisions between particles of different species are more complex: par-
ticles can move together or separately after collision. This synchronising or non-synchronising dynamics
implies several difficulties for the treatment of the dynamics of particles. In fact, particles of different
species can not stick when they collide. Then an approximate problem is constructed by considering the
transport equation with the a regularized velocity. Then measure valued solutions are constructed by
using a stability result.

An important advantage of this approach is that it allows to prove convergence of finite volume
schemes. Numerical simulations of the aggregation equation for the one-species case, which corresponds
to the particular case of (2.1) when setting po = 0, have been investigated by several authors. In [27] the
authors propose a finite volume method consistent with the gradient flow structure of the equation, but no
convergence result has been obtained. In [34], a Lagrangian method is proposed (see also the recent work
[26]). For the dynamics after blow up, a finite volume scheme which converges to the theoretical solution is
proposed in [77, 24]. In the two-species case, the behaviour is more complex since the interaction between
the two species can occur and they may synchronise or not i.e. move together or separately depending on
the parameters of the models and the masses of species. A numerical scheme illustrating this interesting
synchronising or non-synchronising dynamics is provided in Section 6. In addition, a theoretical result on
the convergence of the numerical approximation obtained with our numerical scheme towards the duality
solution is given. Such complex interactions phenomena have been observed experimentally in [42].

System (2.1) can be derived from a hyperbolic limit of a kinetic chemotaxis model. In the case of
two-velocities and in one space dimension, the kinetic chemotaxis model is given by

8tf§¢ + Uaﬂcffu = %/V (Ta[S](UI,U)fé(UI) - Ta[S](U,UI)fg(U)) dvla a=12veV= {il}a

=02 ST+ 5% =00 (f1(1) + 1 (=1) + 02 (f5(1) + f5(=1)),

(2.2)

where f&(x,v,t) stands for the distribution function of a-th species at time ¢, position  and velocity v,
Se(t, x) is the concentration of the chemical substance, T,,[S](v,v’) is the tumbling kernel from direction
v € V to direction v € V and € > 0 is a small parameter. This tumbling kernel being affected by the
gradient of the chemoattractant, is chosen as in [40]

Ta[S](Ua 'U/) =a (1 - Xavams) , (2.3)

where 1), is a positive constant called the natural tumbling kernel and x,, is the chemosensitivity to the
chemical S. This kinetic model for chemotaxis has been introduced in [99] to model the run-and-tumble
process. Existence of solutions to this two species kinetic system has been studied in [43].

Summing and substracting equations (2.2) with respect to v = £1 for fZ yields

Bupf, + 0y JE = 0, (2.4)
29
0T+ 00ty = 2L (ae S~ JE), =12, (25)

where p¢, = f2(1) + f2(—1) and JZ := (f5(1) — fo(—1)). Taking formally the limit ¢ — 0 in (2.5), we
deduce that JS — x00:5%00 in the sense of distributions. Injecting in (2.4), we deduce formally that p?,
satisfies the limiting equation:

atpg + Xaaz((azso)pg) =0, (2.6)
where S satisfies the elliptic equation:

—0,05° + 8° = 0197 + 029.
This latter equation can be solved explicitly on R and S is given by

1
SO = K (0109 + 0:09), K = 56*@'. (2.7)
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Then we recover system (2.1). This formal computation can be made rigorous. The rigorous derivation
of (2.6) from system (2.2) will be proved in this work.

The paper is organized as follows. We first recall some basic notations and notions about the duality
solutions and state our main results. Section 3 is devoted to the derivation of the macroscopic velocity
used to define properly the product a(p)p, and duality solutions. Existence and uniqueness of duality
solutions are proved in Section 4, as well as its equivalence to gradient flow solutions. The convergence of
the kinetic model (2.2) as ¢ — 0 towards the aggregation model (2.6)-(2.7) is shown in Section 5. Finally,
a numerical scheme that captures the synchronising and non-synchronising behaviour of the aggregate
equation is studied in Section 6, as well as several numerical examples showing the synchronising and
non-synchronising dynamics.

2.2 Notations and main results

2.2.1 Notations

We will make use of the following notations. Let 7" > 0, we denote
— L (R) is the space of nonnegative functions of L'(R).
— Cp(R) is the space of continuous functions that vanish at infinity.

— Mioc(R) is the set of local Borel measures, Mp(R) those whose total variation is finite:
Mp(R) = {p € Mioc(R), |u| (R) < +o00}.

— Sm =C([0,T], Mp(R)—a (M5 (R), Co(R))) is the space of time-continuous bounded Borel measures
endowed with the weak topology.

— P2(R) is the Wasserstein space of order 2:

Pa2(R) = {u nonnegative borel measures in R s.t |u| (R) = 1,/ |lz|* p(dz) < oo} .
R

— For H € C(R\{0}), we define H:

- 0, else.

~ H(x), fo 0,

7 { (), forz #

We notice that if K satisfies (H2) and (H4), we have by taking y = —x in (H4) and using (H2) that,
Vo eR, 0, K(z)x < Ar?. We deduce that (H4) holds for 9, K i.e.:

Vo,y e R, (0, K(x) — 5K (y))(x —y) < Mz —y)>. (2.8)

We recall a compactness result on My (R) — (M (R), Co(R)). If there exists a sequence of bounded
measures " € Mp(R) such that their total variations |p"| (R) are uniformly bounded, then there exists
a subsequence of u” that converges weakly to p in My, (R).

2.2.2 Duality solutions

For the sake of completeness, we recall the notion of duality solutions which has been introduced
in [14] for one dimensional linear scalar conservation law with discontinuous coefficients. Let us then
consider the linear conservation equation:

Bip + du(b(t,x)p) =0, in]0, T[xR, (2.9)
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with T' > 0. We assume weak regularity of the velocity field b € L*°(]0, T[xR) and b satisfies the so-called
one-sided Lipschitz (OSL) condition:

9:b < ~y(t),y € L'(J0,T[), in the sense of distributions. (2.10)

In order to define duality solutions, we introduce the related backward problem

Oip + bO,p = 0,
{ th P (2.11)

p(Ta ) = pT € Liploc(R)-
We define the set of exceptional solutions £ as follows
& :={p € Lip1oc(0,T[xR) solution to (2.11) with p” = 0}.

Definition 2.2.1 (Reversible solutions to (2.11)). We say that p is a reversible solution to (2.11) if and
only if p € Lip;,.(]0, T[xR) satisfies (2.11) and is locally constant on V., where V. is defined by

Ve :={(t,z) €]0, T[xR; Ip, € Epe(t,x) #0}.
Definition 2.2.2 (Duality solutions to (2.9), see [14]). We say p € Sy is a duality solution to (??) in

10, T[ if for any 0 < 7 < T, and any p reversible solution to (2.11) compactly supported in x, the function

t— /p(t,z)p(t,dz) is constant on [0, T].
R

The following result shows existence and weak stability for duality solutions provided that the velocity
field satisfied the one-sided-Lipschitz condition.

Theorem 2.2.1 (Theorem 2.1 in [14]).

1. Given p™™ € My(R). Under the assumption (2.10), there exists a unique p € Spq, duality solution
to (2.9), such that p(0,-) = p™.

2. There exists a bounded Borel function l;, called universal representative of b such that b="b a. e.,
and for any duality solution p,

Op + 8I(l;p) =0, in the distributional sense.

3. Let (bp)nen be a bounded sequence in L*°(]0, T[xR), with b, — b in L*°(]0, T[xR) — wx. Assume
that 0,b, < Y"(t), where (Y")nen is bounded in L'(]0,T[). Consider a sequence p, € Sp of duality
solutions to

Otpn + Oz (bnpn) =0, in]0, T[xXR,

such that p,(0,-) is bounded in My(R), and p,(0,-) — p™ € My(R). Then p, — p in Sy, where
p € Spm is the duality solution to

Oip+ 0, (bp) =0, in]0,T[xR, p(0,-) = p™.

Moreover, by,p, — bp weakly in My(]0, T[xR).

2.2.3 Main results

Up to a rescaling, we can assume without loss of generality that the total mass of each species is
normalized to 1. Then we will work in the space of probabilities for densities.

The first theorem states the existence and uniqueness of duality solutions for system (2.1) and its
equivalence with the gradient flow solution considered in [36].
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Definition 2.2.3. (Duality solutions for system (2.1)) We say that (p1,p2) € C([0,T], M(R)?) is a
duality solution to (2.1) if there exists a(p) € L>((0,T) x R) and v € L}, .([0,T]) satisfying 0,4 < v in
the sense of distributions, such that for all 0 < t1 < to < T,

atpa + Xaam(&(p)pa) =0, fOT a=1,2 p= 91P1 + 92p2a (2'12)

in the sense of duality on (t1,t2) and a(p) = 0, K = p a.e. We emphasize that the final datum for (2.12)
should be to instead of T .

Then, we have the following existence and uniqueness result:

Theorem 2.2.2 (Existence, uniqueness of duality solution and equivalence to gradient flow solution).
Let T > 0 and (pi™, pi**) € P2(R)2. Under assumptions (H1)-(HJ), there exists a unique duality solution
(p1, p2) € C([0,T],Pa(R)?) to (2.1) in the sense of Definition 2.2.8 with (p1, p2)(t = 0) = (pi", pi*) such
that

o) = [ BR (e~ pp(t.dy), p =1+ bapn (213)
R
This duality solution is equivalent to the gradient flow solution defined in [36].

In our second main result, we prove the convergence of the kinetic model (2.2) towards the aggregation
model.

Theorem 2.2.3 (Hydrodynamical limit of the kinetic model). Assume that x,(01+62) < 1 for a =1,2.
Let T > 0 and (f5,S°) be a solution to the kinetic-elliptic equation (2.2) such that f<(t = 0) = " and

firt e LN LL(R) and / 22 fidr < oo.
R
Then, as € — 0, (f2,5%) converges in the following sense:

o= FE(1) 4+ F5(-1) — po weakly in  Say fora=1,2,
Se —~ 8 in C([0,T], WH>*(R)) — weak,

where po is the unique duality solution of (2.6) and S = K * (01p1 + 02p2) given in Theorem 2.2.2.

The condition x, (61 + 62) < 1 in the previous theorem is needed to guarantee that the tumbling
kernel T,[S] defined in (2.3) is positive.

To conclude this Section on the main results, we emphasize that, a finite volume scheme to simulate
(2.12) is proposed in Section 6 and its convergence towards duality solutions is stated in Theorem 2.6.3.

2.3 Macroscopic velocity

In this section, we find the representative a of a for which existence and uniqueness of duality solutions
hold. To this end, we consider the similar system of transport equations to (2.1) associated to the velocity
a™ which converges to a. Next, the limit of the product a"(pg)pg for a, = 1,2 is computed.

2.3.1 Regularisation

We build a sequence (a™),en which converges to a by considering the sequence of regularised kernels
0, K™ approaching 0, K.
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Lemma 2.3.1. Let (0, K™),en be the sequence of reqular kernels defined by

1
0. K(x), for |z| > —,
n
1
nd, K <—) xz, else.
n

0. K" € C°(R), VreR, 0,K"(—x)=—0,K"(x),

8, K" (x) =

Then

and
0. K oo < [|05K |0, OuaK™ < X in the distributional sense.

Proof. From (H1), 9, K € C°(R\{0}) and since 9, K™ is continuous at +<, we conclude that 0, K" €
C°(R). From (H2), we deduce that 0,K is an odd function. Using the definition of 9, K" and (H3),
we get that [0 K" ||eo < ||0:K||so. From the construction of 0, K", we have that 9, K™ = 0, K outside
the interval [—<, 1] and from (H4) one sees 0, K™ < X in R\(—%, 1) in the sense of distributions. In
addition, if we take x = f% and y = % in (H4), we have that

no, K (l) <A\
n

Since 0,, K" = nd, K (L) in [-1, 1], we conclude that 9,, K™ < Ain [-1, 1] in the sense of distributions.
Finally, we obtain that 0,, K™ < X in the sense of distributions. O

In the rest of the paper, the notation 0, K™ will refer to the regularised kernels of Lemma 2.3.1. Given
0. K™, the velocity a™ is defined similarly to (2.13) as

VpeSm, a"(p):= /RamK"(z —y)p(t,dy). (2.14)

In the following lemma, we show that if pj, and pjj admit weak limits p, and ps respectively in S,
then the limit of the product a”(pg)p} is a(pa)ps. Contrary to [111] where the two-dimensional case is
considered, this limiting measure does not charge the diagonal.

Lemma 2.3.2. For a =1,2, let {p2} € Spm be a sequence such that ¥n € N,Vt € [0,T7], |p2| (t,R) = M,.
Suppose that there exists p, in Sy such that

P — pa  weakly in Sp,

Then, we have
" (p)ps = alpa)ps  weakly in My((0,T] x R), a,8=1,2,

where a"(-) and a(-) are defined in (2.13),(2.14) respectively. That is for ¢ € Co([0,T] x R),
T T —
| ok = npidonistdnotta > [ [ 0K = ppat dnos (e dyot. e
0 2 0 2

Proof. Before starting the proof of the lemma, we first introduce some notations which simplify the
computations

1
u"(t, dz, dy) == po(t, dz) ® P’E(tad?/)a E, = {(m,y) eR*x #y, lv —yl < E} )

w(t, dz, dy) = po(t, dz) @ pa(t, dy).
For ¢ € Cy([0,T] x R), we denote

(2.15)

Ant) = [ 0K (= )"t dwdy)p(t,z) = | 0K (@ = yult, do, dy)ot,),
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Step 1: Convergence almost everywhere in time of A, (t).

Since 9, K™(0) = 0, we have
R2 2
= L,(t) + 1L, (¢),
where I,,(t) and I, (t) are defined by

—

L(t) == / (0K (@ = y) - 0K (@ — ) ) 1" (1, dy) o, ),

W(t):= | 0o K (x —y) (" (¢, dz, dy) — p(t, dz, dy)) 6(t, ).

From the definition of 0, K™ in Lemma 2.3.1, it follows that

(1) = /E (0uK"(z — ) — 0K (z — 4)) " (t, de, dy) (1, ).

n

The estimate on |0 K" | e in Lemma 2.3.1 and (H3) imply that
L) < 20|l oc |02 K || oo ™ (2, En),

with p” and E,, defined in (2.15).
Let € > 0. Since the set F,, converges to the empty set, there exists NV € N such that Vn > N,

u(t, ) <e. (2.16)
For all n > N, we observe that F,, C En, we have
p"(t, En) < p"(t En) < (0" = p)(t, En) + p(t, En). (2.17)

From the weak convergence of p”, @ = 1,2, we note that the sequence u™(¢,-) converges weakly to u(t,-).
Since the total variation of p™(t,-) is constant in n, the tight convergence is achieved. Then, there exists
N’ such that Vn > N' > N

" — il (t, Ex) < .

From (2.17) and (2.16), we conclude that Vn > N’ > N,
w(t, Ey) < 2e.
Hence, for all n > N’, we get
Ln ()] < 2([ )| oo 02K || oo p (2, En) < 4[] oo ]|0: K| Lo~ €. (2.18)
We deduce that I,(t) — 0.
Next, we show that II,(¢) tends to zero.

L) = [ (0K (e = 9) = KR = )t )"t dy) = " 1 d, )
+ | 0KR(x — y)olt,x)(u" (¢, dx, dy) — p(t, dz, dy)),

RZ
=1L, (1) + I15(1),

where R is an integer which will be fixed later. From the construction of 9, K® in Lemma 2.3.1, we get
Il = / (0. K (x —y) — 0. KT (x — ) b(t, x) (U™ (t, dx, dy) — pu(t, dx, dy)).
Er
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Therefore, one has
L, ()| < 20|02 K| < || 6]l = (4" (t, Er) + u(t, Er)) -
Let € > 0. Using (2.17), by the same token as previously, there exists N such that for all n > N,
p'(t, En) <2, pu(t,E,) <e,
Setting R = N, we conclude that for all n > N,
L, (8)] < 6|02 K || oo | ] e -

For IT2 (t), we notice that 8, KN (x —y)$(t, z) is a continuous function that vanishes on the diagonal (z, x)
and we have

5 0. KN (z — y)é(t, @) (" — p)(t, de, dy) = [ 0K (e = )0t 2) (" = o)1 i, dy).

The tight convergence of u™ to p implies that there exists N” > 0 such that for all n > N”

[ BT = o) )y < .

Therefore for all n > max{N’, N}, one has
T (8)] < e(1 + 6[|0 K| oo | #]] o< )- (2.19)

This implies that IT, (¢) converges to 0.
Combining (2.18) and (2.19), we deduce that for almost every ¢ € [0,T], A,, converges to 0.

Step 2: Lebesgue’s dominated convergence theorem

For all ¢ € [0, 7], we have that

|An ()] < 2[|l| Lo (|02 K || oo Mo M.

Since A, converges almost everywhere to 0, fOT A, (t)dt converges to zero from Lebesgue’s dominated
convergence theorem. |

2.3.2 OSL condition on the macrosocopic velocity

Proposition 2.3.3. Let T, M be positive constants and p € Syq be a positive measure such that Vt €
[0,7],|p| (t,R) = M. Let K be such that assumption (H4) hold. Let a(p) and a™(p) be defined in (2.13)
and (2.14) respectively. Then, there exists k € L1([0,T]) such that

Oza(t,x) < K(t), Ogza™(t,x) < k(t), in the sense of distributions.

Proof. For z,y € R, we compute:

— —

@p)t,z) — alp)(t.y)=z — vy = /R(axK(w - 2) = RK(y — 2))(= — y)p dz).

Using the A-concavity of K, we deduce from (2.8)

@(p)(t, ) — a(p)(t, ) (@ — ) < M — ) / plt,dz) < AM(z — y)>.

Since K™ is also A concave from the proof of Lemma 2.3.1, we get the one-sided Lipschitz estimate on a™
by the same token as for a. O
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2.4 Existence and uniqueness of duality solutions

2.4.1 Proof of the existence of duality solutions in Theorem 2.2.2

The proof is divided into several steps. First, we construct an approximate problem for which the
existence of duality solutions holds. Then, we pass to the limit in the approximate problem to get the
existence of duality solutions thanks to the weak stability of duality solutions stated in Theorem 2.2.1 and
recover Equation (2.12) from Lemma 2.3.2. Finally, we recover the bound on the second order moment.

Step 1: Existence of duality solutions for the approximate problem

The macroscopic velocity a is replaced by an approximation a™ defined in (2.14) and the following system
is considered:
Oepi + X0z (@™ (0197 + 02p5)ph) =0, for a=1,2. (2.20)

Since 0, K™ is not Lipschitz continuous, we first consider 9, K™™ an approximation of 9,K™ obtained
by a convolution with a molifier. The solution p'™ to the following equation is investigated.

Op™ + XaOz (@™ (0107 4 O2p5™ ) p™) =0, for a=1,2, (2.21)
where a™™ is given by
a™™(p) = / O K™ (x — y)p(t,dy).
R

Applying Theorem 1.1 in [35] gives the existence of solutions pj™ in L>°([0, 7, M(R)) and |pp™] (¢, R) =
] p””‘ (R) = 1. Since the velocity field a™™ is Lipschitz, p™ is a duality solution. In addition, for

[e3% [e3%

¢ € C°(R) we have for o = 1,2 the following estimate:

d
pr (/ P (t, dx)d)(x)) = [ 0. K" (& —y)(01p7" (t, dy) + O2p5™" (T, dy)) p ™ (t, dz) O P ().
R R2

Then,
d
& ([ oema.anow)| < 10,011 10.K 1= (01 + 02 (222

Using (2.22) and the density of C2°(R) in Cy(R), we deduce that p™™ € Srq. Moreover, the equicontinuity
of p™ in Sy follows from (2.22) and the density of C2°(R) in Co(R). Since |p2™| (t,R) = |pir| (R) =1,

[e3%

Ascoli Theorem gives the existence of a subsequence in m of p" which converges to a limit named p

in Spq. We pass to the limit when m tends to infinity in Equation (2.21) and obtain that p satisfies (2.20).

Step 2 : Extraction of a convergent subsequence of pl' and existence of duality solutions.
As above, there exists a subsequence of p? in Spq such that
P — po weakly in Spq, for a=1,2.

Let us find the equation satisfied by p, in the distributional sense. Let ¢ be in C2°([0, T] x R). Since p
satisfies (2.20) in the distributional sense, we have

T T
/ / Drb(t, )l (¢, o)t + xo / / A" (017 + Bopl ) (1, d)(t, x)dE = 0.
0 R 0 R

Using Lemma 2.3.2, we can pass to the limit in the latter equation and obtain,

T T
/0 /Ratgb(t, x)pa(t, dx)dt + Xa/o /R&(Hlpl + 02p2)pa(t, dz)p(t, z)dt = 0.
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Thus p, satisfies (2.12) in the sense of distributions. From Proposition 2.3.3, the macroscopic velocity
a™(p™) satisfies an uniform OSL condition. Then, by weak stability of duality solutions in (see Theo-
rem 2.2.1 (3)), we deduce that

Otpa + XaOz(@(p)pa) =0, for a«=1,2, in the sense of duality in ]0, T[xR.

Step 3 : Finite second order moment.

From Equation (2.12), we deduce that the first and second moments satisfy in the sense of distributions

4 (Jilsate.an) = = [sent@atolpa . o)
% </|z|2pa(t,dz)> = 72/ (p)pa(t,dr), for a=1,2.

Since pi" € P2(R) and a(p) is bounded from ((H2)), we deduce that the first two moments of p, are
finite, then p,(t) € P2(R) for ¢t > 0. O

Remark 2.4.1. If we define the weighted center of mass of the system x. as follows:

0 0
ret)i= = [ opi(tido) + 22 [ apat. o).
X1 Jr R

X2

We remark from straightforward computation that 4 2iZe = 0. Then the weighted center of mass is conserved
for this system.

2.4.2 Proof of the uniqueness of duality solutions in Theorem 2.2.2

Uniqueness relies on a stability estimate in Wasserstein distance, which is the metric endowed in
P2(R). This Wasserstein distance dy is defined by (see e.g. [127, 128])

1/2
dw ()= it {/|yﬂ“mMAw} ,
RZ

Y€l (v,p)

where I'(p1,v) is the set of measures on R? x R? with marginals o and v, i.e.,

) = {1 € PalR x R).vE € Co® x B), [ elon)(dm, ) = [ elun)utam),

/Rz&(yl)v(dyo,dyl) =/R€(y1)l/(dy1)}.

The Wasserstein distance dy takes a more pratical form in the one-dimensional setting. Indeed, in one
space dimension, we have (see e.g [112, 127])

1
2 :/ ’Fl,_l(z) - Fu_l(z)fdz,
0

where F ! and Fr 1 are the generalised inverse of cumulative distributions of v and p, defined by

Fl(2) = inf{x € R,v((—o0,x)) > z}, Fgl(z) = inf{x € R, pu((—o0,2)) > z}

This Wasserstein distance can be extended to the product space Pa(R) x P2(R). In the case at hand, we
define W (v, i) by

1
_ _ 2 x 0 _ 2
Wa? = [P ) = Bt (o) 102 j/ F () — Fol ()P d, (2.23)

X291
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where v = (Zl) = (Z 1) € P2(R) x P2(R) and F ', F,'! are the generalised inverse of cumulative
2 2

distributions of v, and u, for a = 1, 2, respectively. Using W5 we prove a contraction inequality between

duality solutions of (2.1).

o int o int
Proposition 2.4.2. Let p'™" = (Z}m) and V""" = (ﬁm) be in Pa(R)2. We define u = (Zl) and
2 2 2

l’nl zni

v= (1/ ) duality solutions of (2.1) with respectively the initial data p
2
Then Wa(u,v) defined in (2.23) is bounded and satisfies the estimate:

Wa(p, v) < Wa (™, v"™) exp (2A(x1 + x2) (01 + 02)t).

Proof. Since (u,v) € Pa(R)? x P2(R)?, Wa(u,v) is bounded. For the sake of clarity in the proof, we
denote
F;'=F, G.':=F,. fora=1.2.

We also omit the argument ¢ in notations F; (¢, z) and G '(¢,z). Computing the derivative of Wa(u, v)?
with respect to time,

OWa(ur? =2 [ (F7(@) = G @) (0P (@) - 167 (@) do

192/ oS (@) (0:F5 (@) — 0G5 (@) de.

X291

Straightforward and standard computations give that
OF N (x) = xoalt, F; N (2), 0:GLY = xoalt,G 1 (), fora=1,2.
From the definition of @ in (2.13), we get
o F! X191/ 9, K K(F, — 2)p1(t, dz) +x192/ O, K K(F7 Y (x) — 2)pa(t, dz).
Setting z = Fy '(y) in the first integral and z = F; '(y) in the second one yields
1 1
oy 2) = a0 [ BR(E @)~ @)y b [ 0K (@) Fy )y
0 0
Similarly, we get
1
2GT (@) = xifn / OR(GT (@)~ 67 W)y + xabe | 9K (G (@) - G5 (1)dy.
0

Using the oddness of 9, K, we can symmetrise the terms in the right-hand side of 9, F; ', 8;G;*. One
gets

/0 (F7 () — 67 Y (@) (O F, () — 0,67 (2)) dr =

ot [ [ (R @) = ) ~ 0K (67 ) - 6 )
@)~ G — (') — G () dedy

+ X192/0 /O (a}Y((Ffl(x) — Fy(y) — 0. K (G (z) — G;l(y))) (Fy ' (z) — G7' (2))dy da.
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Similar computations can be carried out for fol (F{l(t, z)—Gy'(t,z)) (0. Fy ' (t,2)— 0G5 ' (t,z)). Finally,
0:Wa (v, p)? reads

owa? = xats [ [ (R ) - B ) - RG @) - GT ) »
z)— Gyt

(F( ()

I
—
e

—
<
~—

I

Q
=
—
<
S~—"
S~—
S~—
U
8
U
<

(2.24)

Applying inequality (2.8) to (2.24) and using Young’s inequality yields

V(v < i ((02+02) [ (7 0) = 67 @) Pde + Gt ) [ (7 0) - G50 )

By definition of W3 (2.23), we conclude

O Wa (v, 1)* < 4Nx1 + x2) (01 + O2)Wa (v, 1)*.

Then the result follows from Gronwall’s Lemma. O

Proof of uniqueness. From Proposition 2.4.2, it is clear that if ;"™ = 1" then u = v. We deduce
uniqueness of duality solution in Theorem 2.2.2.

2.4.3 Equivalence with gradient flow
We recall that u € AC%([0, T], P2(R) x Po(R)) if p is locally Holder continuous of exponent 1/2 with
respect to the Wasserstein distance Wo in P2(R) x Pa(R).

Proposition 2.4.3. Let assumptions of Theorem 2.2.2 hold. Given p™ = (’;Jm) € P2(R) x P2(R).
2

Let p = (Zl) and p = (gl) be respectively the duality and gradient flow solution. Then, we have
2 2
p € AC?([0,T],P2(R) x P2(R)) and p = p.

Q>

Proof. We have that (agzg) € LY([0,T), L*(p1 ® p2, R?)). This comes from the fact that 9, K is bounded
and

/ 0K (x — y)(01p1(t, dy) + Oopo(t,dy))| < 0. K| 1o (61 + b2).
R

From Theorem 8.3.1 in [5], we deduce that p € AC?([0,T], P2(R) x P2(R)). Since p satisfies (2.12) in the
distributional sense, we deduce by uniqueness of such solution that p is a gradient flow solution.

Conversely, we suppose that p is a gradient flow solution, we have that p € C([0,T], P2(R) x P2(R))
and p verifies (2.12)—(2.13). By uniqueness of the solution in Theorem 2.2.2, we deduce that p =p. O

59



Chapitre 2. Synchronising and non-synchronising dynamics for a two-species aggregation model, submitted

2.5 Convergence for the kinetic model
The convergence of the kinetic model (2.2) towards the aggregation model is analysed in this section.

Proof of Theorem 2.2.3. From the assumption x*(6; + 62) < 1 for o = 1,2, we obtain that T, [S] defined
in (2.3) is positive. Since T,[S] is a bounded and Lipschitz continuous function, we get the global in time
existence of solutions to (2.2) and we have that fS € C([0,7],L> N LT (R)) and [ 2?f5dx < oc.

To prove the convergence result stated in Theorem 2.2.3, we consider the zeroth and first order moments
of the distribution fZ(z,v,t) introduced previously.

g = fo(1) + fo(=1), 2= (f2(1) = fo(~1)), fora=1,2.
From (2.2), these moments satisfy the following equations

OpS, + 0, J5 =0,
2 (2.25)
O + Ozp, = E(Xaazsgpz —J8), fora=1,2.

From the first equation of (2.25), we deduce that V¢ € [0,77], |p|(t,R) = |pi"| (R). Therefore, for
all t € [0,7T] the sequence (p(t,-))e is relatively compact in My(R) — o(M,(R), CJ(R)). Since JZ is
uniformly bounded in C°([0,T7], L'(R)), using the same token as in the proof of the existence, there
exists po € Sp such that

05, — pa  weakly in Spq, for a=1,2.

From the second equation of (2.25), we have

JE = xa0:5p5, — % (0+JE + Oxpt,), in the distributional sense
= A + R°.

We have that R® converges weakly to zero in the sense of distributions. From Lemma 2.3.2; one obtains

T T
| [ s+ it o t.dnat [ [ a(0rp1 + bapott,z)pa e, doi.
0 R 0 R

We conclude that
JS = xa@(01p1 + 02p2)ps  in the sense of distributions.

Passing to the limit in the first equation of (2.25), we deduce that p, satisfies (2.12) in the sense of
distributions. We use uniqueness of duality solutions to conclude the proof. O

2.6 Numerical simulations

This section is devoted to the numerical simulation of system (2.12). We provide a numerical scheme
which preserves basic properties of the system such as positivity, conservation of mass for each species
and conservation of the weighted center of mass. Moreover, we prove the convergence of the numerical
approximation towards the duality solution defined in Theorem 2.2.2.

2.6.1 Numerical scheme and properties

Let us consider a cartesian grid of time step At and space step Az. We denote z; = jAx,j € Z,t" =
nAt,n € N. An approximation of p, (", z;) denoted py, ; is computed by using a finite volume approach
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where the flux F7,_, , is given by the flux vector splitting method (see [59]). Assuming that (o7 ;) are

n+1

known at time t", we compute p; "~ by the scheme:

Paj N ~ Pa,j + a,]-‘rl/QAx onj=1/2 _ 0 fora=1,2andj€Z,
F i1 =Xa ((@5-1)"Ph ;-1 + (@5) " pa ) » (226)
= ST 0K (1 — x) (610} + 020%)
i#]

where (-)T := max{(-),0}, (-)” := min{(-), 0} are respectively the positive and negative part of (-). Then

we reconstruct
N¢e—1

Pa, Az t .Z' Z Zpa g]l[t" tntl] ( )6 (x)a

n=0 jEZ

where d,; is the Dirac delta function at x; = jAz. We first verify that this scheme allows the conservation
of the mass and of the weighted center of mass.

Proposition 2.6.1. Let us consider (pi™, pi*') € P2(R)? such that for a = 1,2, pin* = djez pgdézj.
We assume that for n € N*, (pgﬁj)j,n are given by the numerical scheme (2.26). Then the conservation
of the mass of each species and of the weighted center of mass hold:

Vn € N, Zp"“ Zpg,j fora=1,2, (2.27)
JEZ JEZ
01
Vn € Na N Z Lip ?jl Z‘ijgjl = Zx]p’i] Z‘TJPQ,] (228)
Ljez X2 Sz X1 5ez 2 ez

Proof. Identity (2.27) can be obtained directly by summing over j € Z the first equation in (2.26).
We now show (2.28). Multiplying by z; the first equation in (2.26) and summing over j € Z, one gets

At . At N
v Z JPZ,JT Zzﬂpa,a Az sz(a;?ﬁng T A Zzi(a?—1)+ﬁ'g,j—1

< jez ¢ jez JEZ JEZ
At s At N _
Az > (@) e — Az > (@) ph g, fora=1.2.
JEZ JEZ
Using a discrete integration by parts, one gets
1 . .
LSt = L et + A (@) 4 @) 0y = o Tt + & agl
Xa JEZ * jew JEZ @ jez JEZ
Finally, we get
DSt Nt IS BN A A (6107, + 00,
Y1 LjP1,j o P2 = X P15+ 2 ]p2] 1/)13 2/)2J
JEL JEL JEL JEL JEZ
From (2.26), we have that
D@y (01p7 + 0205 ;) = > 0uK (x5 — m:) (6197 ; + 0295 ;) (6107, + 0205 ,) -
JEZ i#]
Swapping indices ¢ and j and using the oddness of 9, K yields
> ay (01p7 ; + 0205 ;) = 0.
JEZ

Then (2.28) follows. O
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Lemma 2.6.2. Let (p'™, pi*") be in P2(R)? such that pi*' = ZjeZ PY 0z, with > ez P =1 and
Pa,j > 0 for a =1,2. Assuming that for n € N* (pa,_])Jﬂl are given by the numerical scheme (2.26). If
the following CFL condition holds

At
max (X1, X2)||0: K || (01 + 02)— < 1, (2.29)

Az

Then for alln € N, pj, ; > (01 + 62).

Proof. This result is proved by induction. Let us assume that at time n, for all j € Z, p, ; is positive
< |0, K || (01 + 62). From (2.26), it follows that

AT

and sup, |a

n At n At an n At ~n - n
pa—zl - (1 _XOtA ‘a ’) ,j+XQM( j— )era,_] 1 Xaﬂ(a’j-l-l) Pa,j+1- (230)

< 1.

Using the condition (2.29) and the fact that sup; |a ay

n+1

(01 + 02), we get that Xa

Therefore p,,"" is positive as a linear combinaison of posmve numbers.
n+1

aj » J € Z, are positive and

Then, recalling the expression of aj given in (2.26), using the fact that p
the conservation of the mass, (2.27) yields

At < (|0, K || Lo (61 + 62).

2.6.2 Convergence of the numerical solution to the theoretical solution

In this part, we prove that the numerical scheme given in (2.26) converges to the duality solution
obtained in Theorem 2.2.2.

Theorem 2.6.3 (Convergence of the numerical scheme). Let T > 0, Az > 0 and At > 0 such that
(2.29) is satisfied and denote Ny = +~. Let pi™* € Pa(R), we define

0 REas- R .
Pa,j = Py (dzx),  jEL
X .

Let us define po,ny € Mp([0,T] x R) by

Ny —1

pana(t,®) = > > ph Apgn puir ()0, (2), (2.31)

n=0 j€EZ

where (py, ;)jn computed by (2.26).
Then, we have
Pa, Az — Pa weakly in Mp([0,T] xR) as Az — 0,

where po is the duality unique solution of Theorem 2.2.2 with initial data pi™.

Proof of Theorem 2.6.3. For the initial data, it is clear that when Az — 0, we have p, a.(t = 0) — pi™
weakly. From Lemma 2.6.2, we get that for all j € Z,n € N, values of pj, ; are positive.

Step 1: Extraction of a convergent subsequence
Equation (2.27) implies that the total variation of p, Ay is fixed and independant of Ax.

|Pa,a0l ((0,T] x R) =T pih.
JEZ
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Therefore, there exists a subsequence of p, A, that converges weakly to p, € Mp([0,T] x R).

Step 2: Modified equation satisfied by po Az
Let be ¢ € C°((0,T) x R). From the definition of py A, in (2.31), we have

Ny—1 gt

< atpa,Am; ¢ >= _/ pa,Amat¢ = Z Zpa j / at¢(xjﬂt)dt
[0,T) xR =0 jez
Here and below we use < -,- > to denote the dual product in the sense of distributions. Discrete
integration by parts yields
Ne—1
< atpa,Ama¢ >= — Z Zpg,j(¢?+l - (bn Z Z pa,_y - paj ;‘La
n=0 j€Z n=1j€Z

where we use the notation ¢7 := ¢(x;,t"). Using (2.30) and applying transformations to indices yields

Nt 1 At N —1
1 1 1 1
< atpoz,AIa (b >: XO( Z Z pa,_] ;li_l - ¢7+ Z Z pa,_] ""F ¢7+1)
n=0 j€EZ n=0 jEZ

Taylor expansions gives the existence of ¢7 in (z;,z;4+1) and {7 in (zj—1,x;) such that

(Az)?

O = 05! + Dad, gt +

Jj+1 —

D d(¢7, "),

Ax)? s
ot = o = dangy+ Sk o 00 ),

Putting together, one obtains

Ny —1

< atpa Az, @ >= Atxq Z Za Pa,] m(b;‘wrl +XaRi(Az;At);
n=0 jEZ

where RL(Ax, At) is given by

1 Nt ' An + n A‘T)Q 7 4n+1

n=0 ]EZ
p Nal
An n (A:L')2 Fioan
OIS ( 2 o0
n=0 j€EZ
From (2.31) and the definition of @ in (2.13), we have
N—1
(011,80 + O2p2.00) = D D @M o ((B)6s, ().
n=0 jEZ
where a7 are defined in (2.26). We get that
Ny—1 ¢gntl
< a’(elpl,Az + 92p2,Am)pa,Ama O >= — Z Zdnpgd / 8x¢(1'j, t)dt'
n=0 jEZ

From the Taylor expansion of d,¢(x;,1t):
8I¢(zjﬂ t) = 8I¢(zjﬂ thrl) + (t - tn+1)azt¢(zjﬂ Ttn);
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with 7' € (t,#"*1), one sees that

Ny—1
< a(01p1,ax + 0202, 00) Pa A, Oed >= —At YY" apl 0,87 + R (A, At),
n=0 jEZ
where R2 (Ax, At) is defined as follows:
Ny—1 g+l
R2(Az,At) ==Y Zanpgj/ (t — " YDy, 71 dt.

n=0 j€Z

The modified equation satisfied by pa.a in the distributional sense writes:

T T
/ / pa,Amat¢(t7 SC) + Xo / / d(olpl,Ax + 92p2,Az)pa,Azaz¢ = XaRé(AZE, At) + XaRi(ASC, At)
0 R 0 R

From Lemma 2.6.2, we deduce that the terms R} and R? satisfy the estimates:

|RY| < CTAz||0p0d|| L=, |RZ| < CTAx|| 0400l Lo~
where C' stands for a nonnegative constant. Passing to the limit and using the technical Lemma 2.3.2,
we conclude that the limit p, satisfies (2.12) in the distributional sense with the expression (2.13) for

the velocity. By uniqueness result in Theorem 2.2.2; we deduce that p, is the unique duality solution of
(2.1). O

2.6.3 Dynamics of aggregates and numerical simulations

In this part, we carry out simulations of Equation (2.12) obtained thanks to scheme (2.26). Before
numerically simulating the hydrodynamic behavior of the chemotaxis model, we first clarify the aggregate
dynamics of this model, especially on the synchronising dynamics between aggregates of different species.

1
For the sake of simplicity, we choose #; = #; = 1 and K = —e~1®| in (2.12), which corresponds to

the particular case of bacterial chemotaxis (see (2.7)). To illustrate the synchronising dynamics of the
aggregates for (2.12), we consider the initial data given by sums of aggregates

=D _mibg, P2 =D iy,
k k
and look for a solution in the form

T) = Zuk%k(t), pa(t, x) vayk
k

We denote by u;1 and us antiderivatives of p; and po, respectively. Then the equation (2.12) reads
Ot + Xalpa =0, a=1,2, (2.32)

in the sense of distributions. Direct computation shows that

apy = Zuk(ue@(:ﬂk — 20) + 0o K (1, — Y1)y

Kl
aps = Z Vk(ﬂéa/m?((yk —x0) + Véa/m?{(yk — Yr))0y,-
Kl
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Injecting these expressions into equation (2.32), the positions xj and yy satisfy the system of ODEs
, — _
2 () = x1 > (0 K (wy, — x0) + 000, K (2 — y0)),
[

Ve(t) = x2 Y (10 K (yi — x4) + veda K (i — ye))-
V4

We recover the same system for particle solutions as in DiFrancesco and Fagioli [36] for two species.
See also similar aggregate dynamics for single species in [23, 76]. In the case of one single species, the
system of ODEs is determinant before any collision of aggregates, and after each collision, one can always
‘restart’ the particle system till final collapse of all aggregates. However, the case of collisions between
particles of different species is more complex, since it does not necessarily imply whether the particles of
different species will synchronise or not after colliding. In fact, as observed in the following simulations,
both ‘synchronising’(colliding particles of different species staying together) and ‘non-synchronising’ cases
can occur, and the transitions between the synchronising types may happen, depending on the weighted
attraction of other aggregates acting on them.

For illustration, we assume that two points of different species collide at a time ty. For instance, take
x(to) = yr(to) for some k, then at this time tg we have

h(to) = x1k(to),  wh(to) = xam(te), vk =D (edoK (1 — x0) + V0o K (w, — ye)).  (2.33)
2,k

Note that ~; characterises external weighted attraction on vy and uyg, depending on chemo-sensitivities,
distances to other aggregates and the masses of all other aggregates.

Thus if x1 # x2 the velocity of species 1 and 2 is not the same at this time ¢q. However, with the
special case at hand, K (z) = 2e~1*l, we have 0, K (z, —yx) — 5 when xy, =5 yr; and 8, K (v —y) — -1
when x;, 2 yr. We deduce that when x; < yr and zr — yx we have

1
(ye = 21)'(8) = =5 Oave + xop) + Oxz = x1)w(8)-
Obviously, in this case, particles ux and vy stay together if (yx, — 21)'(¢t) < 0. On the other hand, when
Yk < xx and yr — x we have

(zr —yr)'(t) = —%(xmc + X2pk) + (x1 — x2) k(1)

In this case, particles pp and vy stay together when (zx — yx)’(¢) < 0. Finally, to keep x(t) = yx(t) for
t > tg, we need the condition

|1 = x2)(0)] < %(lek + X2hk), (2.34)

where i (t) is defined in (2.33). This relation characterises the weighted attraction of other aggregates
acting on them. If the external weighted attraction on vy and py (the left hand side of (2.34)) is small,
they will stay together. When the external weighted attraction is big, the attraction between v, and
is relatively weak and they will move separately, the one with bigger motility will move faster than the
other.

We call (2.34) the synchronising condition for u; and vg. Similarly, we can get the synchronising
condition for any p; and vj, Vi,j. If more than two aggregates collide simultaneously, we can simply
replace them by two aggregates of each species, each aggregate accumulating the total mass of each
species.

In conclusion, according to the dynamics defined above, we can see that the initial aggregates will
collapse such that they eventually form a single aggregate of the two species. The final aggregate can
not separate, which is similar but illustrate more complex behaviour as one species case discussed in [76].
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VY EN1Y

Now we give some numerical examples showing “synchronising”, “non-synchronising”, transitions between
“gynchronising” and “non-synchronising” dynamical behaviours for the hydrodynamic model (2.12).

Example 1: Synchronising dynamics. Take the chemosensitivity constants y; = 10, y2 = 1 in
(2.12), and consider initial data

—5000(z+0.5)2 + 26—5000(ac—0.5)2 0 __ 26—5000(%0.1&2
, = .

pl = 4de P2

It corresponds to small bumps located at position x1(0) = —0.5, y1(0) = —0.15, 22(0) = 0.5, with mass
p1 = 4mo, p2 = 2mg, 1 = 2mg, where mg = [, ¢=50002 7. Figure 2.1 displays numerical results

6 t=0 5 t=5.211184e-01 o t= 9.474879e-01
T
5 5 { 5
4 4 i 4
3 3 { 3
2 . 2 i 2
1 i 1 | 1
il i
0 L 0 : 0
1 0.5 0 0.5 1 1 0.5 0 0.5 1 1 0.5 0 0.5 1
6 t= 1.089611e+00 o t= 1.231734e+00 6 t= 1.373857e+00
5 5 5
4 4 4
3 3 3
2 2 2
1 1 1
0 0 0
1 0.5 0 0.5 1 -1 0.5 0 0.5 1 1 0.5 0 0.5 1

Figure 2.1: Snapshots of p; (red solid line) and py (blue dashdot). The evolution shows the synchronising
dynamics after first collision.

obtained thanks to the scheme (2.26) defined above. We first observe the fast blow-up with the formation
of Dirac deltas. Then, the numerical simulation shows that p; and v; collapse for the first time at
t1 = 0.947, with z1(¢t1) = y1(t1) = —0.18, and z3(t1) =~ 0.12. We check the “synchronising condition”
(2.34):

1

LHS = |(x1 — x2)m(t1)] = (10 = 1) x 2 x 5e—@ﬂz—”ﬂl) =9~ (2721 9 Vi, o,
1 1

RHS = 5(){11/1 —i—Xgul) = 5(10 X 24+1x 4) =12.

Thus the “synchronising condition” (2.34) is always satisfied, then they will move together afterwards till
final collapse with ps. This evolutionary dynamics is shown in Figure 2.1. The numerical result confirms
the synchronising dynamics of the aggregates.

Example 2: Non-synchronising dynamics. Take the chemosensitivity constants y; = 10, x2 =1
in (2.12), and consider initial data

—5000(z+0.5)? + 46—5000(z—0.5)2 0 _ 26—5000(1-{-0.15)2
, = .

Pl =2e P2

It corresponds to small bumps located at position z1(0) = —0.5, y1(0) = —0.15, 22(0) = 0.5, with mass
p = 2mo, p2 = 4mg, v1 = 2mg, where mo = [, ¢~50002 73 The numerical simulation in Figure 2.2
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shows that p; and vy collapse for the first time at ¢1 &~ 0.9, z1(¢1) = y1(t1) =~ —0.15, and z5(¢1) =~ 0.25.
Direct computation shows that

1
LHS = |(x1 — x2)n(t1)] = (10 = 1) x 4 x 5e—@w—ﬂh) ~ 18¢ %4 x~ 12.066,
1 1
RHS = 5(){11/1 +X2[},1) = 5(10 X 24+1x 2) = 11,
thus the “synchronising condition” (2.34) is not satisfied, then they will change their order after intersec-
tion and travel separately. The simulation shows w1 will collapse with us at time ¢ ~ 1.61, and finally

collapse with 14 at time t3 &~ 1.85. This dynamics is shown in Figure 2.2. The numerical result confirms
the non-synchronising dynamics of the aggregates.
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Figure 2.2: Snapshots of p; (red solid line) and ps (blue dashdot). The evolution shows the non-
synchronising dynamics after first collision.

Example 3: Transition from synchronising to non-synchronising dynamics. Take the
chemosensitivity constants xy; = 10, x2 = 1 in (2.12), and slightly modify the initial data of Exam-

ple 2 to

—5000(z+0.5)2 + 46—5000(95—0.5)2 pg _ 26—5000(ac+0.3)2
, .

It corresponds to small bumps located at position z1(0) = —0.5, y1(0) = —0.3, 22(0) = 0.5, with mass
w1 = 2myg, po = 4mg, v1 = 2mgy. The numerical simulation displayed in Figure 2.3 shows that u; and
v1 collapse for the first time at ¢; ~ 0.47 with z1(¢t1) = y1(t1) = —0.29, and x2(¢1) =~ 0.39. Direct
computation shows that

Pl =2e

1
LHS = |(x1 — x2)71(t1)] = (10 — 1) x 4 x 56_(12_“) ~ 18¢7%%8 ~ 9.1191,
1 1
RHS = §(X1V1 +X2M1) = 5(10 X2+1x 2) = 11,

thus the “synchronising condition” (2.34) is satisfied, then they will move together toward us. The
interesting phenomenon is that, as their distance to w2 is decreasing, the LHS of the “synchronising
condition” (2.34) is increasing and finally greater than the RHS. The simulation shows that, at t5 & 1.04,
ml(tg) = yl(tg) ~ —0.26, and mg(tg) ~ 0.23, then

1
LHS = |(x1 —x2)n(t1)] = (10— 1) x 4 x 5e—@”rﬂh) ~18¢ %% ~ 11 = RHS,

then after this time to, the interaction type has been changed: the “synchronising condition” (2.34) is no
longer satisfied, then they will travel separately. Further simulation shows that p; collapses with ps at
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time t3 = 2.037, and finally collapse with v; at time ¢4 =~ 2.32. The full dynamics is shown in Figure
2.3. The numerical result shows the transition from synchronising to non-synchronising dynamics of the
aggregates.

6 t=0 6 t= 2.842464e-01 6 t=4.737440e-01
5 5 5
4 4 4
3 3 3

N —

o = N

O P
o = N
o

1 05 0 05 1 1 05 0 05 1 1 05 0 05 1
. t= 8.053647e-01 6 t= 1.042237e+00 . t= 1.610729e+00
5 5 5 |
4 4 4 l
3 3 3
2 2 2
1 1 1 |
0 0 0 !
1 05 0 05 1 -1 05 0 05 1 1 05 0 05 1
. t= 1.847601e+00 6 t= 2.037099e+00 . t= 2.321345+00
I !
5 | 5 | 5
4 I 4 l 4
| |
3 | 3 | 3
2 = 2 s 2
1 | 1 i 1
1 i
0 0 0
1 05 0 05 1 -1 05 0 05 1 -1 05 0 05 1

Figure 2.3: Snapshots of p; (red solid line) and py (blue dashdot). From time ¢y = 0 to t; =~ 0.47,
p1 moves toward v;. From time ¢; ~ 0.47 to t5 =~ 1.04, u; and v; travel together. The synchronising
type changed at t5. After time ¢y, 1 overtakes v and collapse with ps at t3 &~ 2.037, and finally all
the aggregates collapse at t4 ~ 2.32. The evolution shows the transition from synchronising to non-
synchronising dynamics.

Example 4: More complex transition. Take the chemosensitivity constants y;3 = 10, y2 = 1 in

(2.12), and consider initial data
p(lJ _ 36—5000(ac+0.8)2 + 1-56—5000(z+0.02)2, pg _ 3_56—5000@—0.02)2 + 8_56—5000(z—0.5)2_

It corresponds to small bumps located at position 1 (0) = —0.8, z2(0) = —0.02, y1(0) = 0.02, y2(0) = 0.5,
with mass pu1 = 3mg, po = 1.5mg, v1 = 3.5mg, vo = 8.5mg. The snapshots of p; and py are shown in
Figure 2.4. We observe that ps and v; meet for the first time at ¢; ~ 0.0459 and satisfy non-synchronising
condition so they separate after ¢;. See the snapshot at to =~ 0.4288 for evidence. They meet for the
second time at t3 ~ 0.9494 but the synchronising type has been changed: now they satisfy synchronising
condition thus they travel together afterwards. At time t; =~ 1.04, u; catches ps and vi. Now we
treat them as (u1 + p2) and vq: they satisfy non-synchronising condition and separate, see snapshot at
t5 =~ 1.256 for evidence. At time tg ~ 1.684, (11 + p2) collapse with vs, satisfying synchronising condition
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Figure 2.4: Snapshots of p; (red solid line) and p (blue dashdot).

and staying together till final collapse with 14 at t7 &~ 2.756. The illustration shows the complex changing
of interaction types for the aggregate dynamics of two species chemotaxis model.
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Traveling pulses for a two-species
chemotaxis model

Ce travail est réalisé en collaboration avec Luis Almeida, Nicolas Vauchelet, Axel Buguin, Char-
léne Gayrard de I'Institut Curie. I traite de la recherche d’ondes de concentration dans un modéle
parabolique & deux espéces. Le résultat principal est le phénoméne de synchronisation et de désyn-
chronisation inexistant dans le cas d’un modéle & une espéce. Dans une population composée de
deux espéces avec des vitesses de nage différente, si la proportion de I’espéce rapide est minoritaire
alors la population se déplace & la méme vitesse. Par contre, si la proportion de I'espéce rapide
est dominante, alors les deux espéces se déplacent a des vitesses différentes. Ce résultat théorique
est en conformité avec les résultats expérimentaux obtenus sur des souches de bactéries E.Coli par
Axel Buguin et Charléne Gayrard de IInstitut Curie.
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Chapitre 3

Traveling pulses for a two-species
chemotaxis model

Abstract

Mathematical models have been widely used to describe the collective movement of bacteria by chemo-
taxis. In particular, concentration waves traveling in a narrow channel have been experimentally observed
and can be precisely described thanks to a mathematical model at the macroscopic scale. Such model was
derived in [116] using a kinetic model based on an accurate description of the mesoscopic run-and-tumble
process through a kinetic model. We extend this approach to study the behaviour of the interaction
between two populations of E. Coli. Separately, each population travels with its own speed in the chan-
nel. When put together, a synchronisation of the speed of the traveling pulses can be observed. We
show that this synchronisation depends on the fraction of the fast population. Our approach is based on
mathematical analysis of a macroscopic model of partial differential equations. Numerical simulations in
comparison with experimental observations show qualitative agreement.
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Author Summary

The use of mathematical tools to describe self-organization of bacterial communities has raised a lot, of
interest since it permits a precise description of experimentally observed phenomena. In the last 40 years
a hierarchy of mathematical models for the dynamics of a single bacterial population has been proposed.
These models have progressively taken into account more precise aspects of individual bacterial behaviour
(like the run and tumble behaviour).

Nowadays, a natural and challenging issue is to use such models to describe the interaction between
different populations of bacteria. In this work, we consider a macroscopic system of equations derived from
the mesoscopic scales to describe the interaction between two populations of bacteria. The prediction
obtained thanks to this model is compared to experimental observations concerning the behaviour of
traveling pulses of bacteria in a channel.

3.1 Introduction

The ability of microorganisms to sense their environment helps them to colonize regions by using
chemical cues to move towards favorable areas (e.g. with higher concentration in nutrients like in the
present study). This biological process called chemotaxis has been extensively studied. Since pioneering
works of Adler [2] (see also [41, 85]), we know that many bacteria like E.Coli may gather, feel the nutrient
(oxygen, glucose) and move towards it. Many models including the famous Keller-Segel system (see
[86, 66, 122, 106]) were proposed to describe mathematically this behaviour. In [115], Saragosti and
al. described the propagation of bacterial concentration waves in microchannels using a macroscopic
model. This model (3.1) gives the dynamics of the density of cells p(z,t) and the concentrations in
chemoattractant S(x,t) and nutrients N(z,1)

dip = DAp—V - (p (u[S] + u[N)))
OS = DsAS — aS + p, (3.1)
OtIN = DNAN — vpN,

where u[S], u[N] are given by
U[S] = XS Sgn(aibs)v U[N] = XN Sgn(amN)v

with D, Dg, Dy, x°, X", a, vy positive constants. Here sgn is the sign function:

1, ifz >0,
() = a0

Initially put on the left of a channel filled with nutrients, the bacteria consume nutrients located at
this side. This creates a gradient of nutrients (oriented) towards the right which induces the motion of
bacteria represented by the drift term u[N] in the equation for p (see Figure 3.1). Figure 3.1 showsin A a
schematic view of a micro-channel of height=100 ym, width = 500 ym and length = 1.5 cm. The channel
filled with a homogeneous suspension of bacteria is then centrifuged to accumulate bacteria on the left
end. Few minutes after the centrifugation has been stopped, a concentration wave of bacteria propagates
at constant velocity from left to right. The concentration “wave” of E. coli chemotactic bacteria observed
by fluorescence microscopy. is seen in Figure 3.1 B. The population migrates at a constant velocity
(Vwave—2.2 um/s for this particular experiment). While traveling in the channel, bacteria stay together
thanks to the chemoattractant S they produce. In such a model, the existence of traveling waves is
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Figure 3.1: Collective migration of Escherichia coli in a PDMS micro-channel

proved, analytical forms for p and S are provided and the speed of the wave o satisfies the following
relationship

N s g
X oc=x T (3.2)
This model predicts the double asymmetric exponential shape of p and the speed o as observed experi-
mentally. However, when we have two different strains of bacteria simultaneously, new behaviours emerge
and this model is no longer valid. For instance for the two strains we used in this study, we observed
that even if separately they travel at different speeds, when they are in presence of each other they may
form a single band and travel together.

In this work, we study the case of a population composed of two different subpopulations of E.Coli that,
when they are alone, form bands traveling at different speeds (subppopulation 1, green, being the one
traveling at a slower speed o7 and subpopulation 2, red, being the one traveling at a higher speed o5, see
Figure 3.2).The mean wave velocities obtained from about 15 experiments for each color, are respectively
Vgreen—1.9 pym/s and Vred=4.1 pm/s.

Our experiments show that when the ratio between the number of individuals of type 2 (fast subpopu-
lation) and the number of individuals of type 1 (slow subpopulation) is sufficiently small, there is a single
band (i.e the two subpopulations travel together with an intermediate speed o such that o1 < o < os.
We provide a mathematical model to describe this behaviour and handle the dependency of the speed
of the wave on relative sizes of subpopulations. On the contrary, when this ratio is big, our experiments
and our numerical simulations (Figure 3.3) show that the two subpopulations travel at different speeds.

3.2 Results

3.2.1 Description of the experiments

When confined at one end of a microchannel, large enough populations of swimming bacteria E.
Coli propagate as concentration waves. To perform such experiments, we simply fill a microchannel,
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Figure 3.2: Wave velocity distribution for two different bacteria

microfabricated using soft lithography [131], of typical size 100 pum and length 1 cm with a homogeneous
solution of bacteria grown up to the mid-log phase (5 x 10® bacteria/mL). The channel is then closed
at both ends using epoxy glue and gently centrifuged to accumulate motile bacteria at one end of the
channel. When the centrifugation is stopped a concentration wave propagates along the channel at a
velocity of few um/s. We use fluorescently labelled bacteria and thus it is possible to characterize the
concentration profile of the travelling pulse using fluorescence video microscopy. These experiments are
reported in previous publications [116, 115]. If we start now from a mix of two bacterial strains having
different swimming speeds what happens? Do they swim together? How does one population affects the
other? This is the type of questions we want to address in the present paper. To do so we have used
two types of bacteria: one carrying a plasmid expressing GFP (green) and the other carrying a plasmid
expressing mCherry (red). The concentration waves obtained with the red ones are two times faster
than the concentration waves of the green ones (see Figure 3.2). We propose to study and to interpret
the behavior of the concentration waves obtained for different ratios of the two sub-populations keeping
constant the total number of bacteria. More details about the experiments are provided in material and
methods.

3.2.2 Description of the model

We study the migration of a bacterial population composed of two subpopulations which react to two
common chemical substances: the chemoattractant S and the nutrient N. These two chemical substances
play different roles since bacteria produce the same chemoattractant which gathers the population and at
the same time they consume the common nutrient which triggers the motion. Each species is represented
by its density at position z € R? and time ¢t > 0, p;(z,t) for i = 1,2. The chemoattractant and the
nutrient are described respectively by their concentration S(z,t) and N(z,t). Dynamics of p1, p2, S, N
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Figure 3.3: Kymographs showing the wave behavior for different bacterial compositions ¢,..q corresponds
to the ratio of red bacteria over the total number of bacteria at the beginning of an experiment. (A)
Experimental result obtained with ¢,..q = 10%. (B) Experimental result obtained with ¢,..q = 90%. (C)
Simulation based on our model with ¢,..q = 10%. (D) Simulation with ¢,..q = 90%.

are given by coupled advection-diffusion-reaction equations:

9ep1 = D1Ap1 = V- (p1 (u1[S] +wa[N])),
O¢p2 = D2Apz — V- (p2 (u2(S] + u2[N])),
0:S = DgAS — aS + p1 + p2,

O¢N = DNAN — v1p1 N — 202N,

(3.3)

where D1, D2, Dg, Dy, a, 71,72 are positive constants.

The model is an extension to the two subpopulation case of the single population model (3.1). The
starting point of the modelling is the Othmer-Dunbar-Alt model which illustrates the run-and-tumble
process characterising the motion of individual bacteria. Then, the macroscopic equation is recovered by
drift-diffusion limits (see part 3.4.6). By this means, we derive our model (3.3) from kinetic equations
describing the phenomenon at the microscopic scale (see [43]) and obtain expressions for u;[S], u;[N]

ui[S]:fL/ vé7 (v- Vi S)dv, ui[N]:—L/ v (v-VoN)dv, i=1,2. (3.4)
|V| veV |V| veV

where V is the set of admissible velocities and ¢7, ¢V are decreasing functions corresponding to the first
order pertubations of the tumbling kernel of subpopulation 1.
Since the phenomenon we are considering at is uni-directional, we restrict our study to one dimension in
space (d = 1) and for computational purposes, we consider the following particular forms of w;[S] and
ui[N]

UZ[S] = X;’g Sgn(aws)a UZ[N] = Xﬁv Sgn(awN)v i1=1,2, (35)
with xiS , XY, the chemotatic sensivities of subpopulation i to the chemoattractant S and the nutrient N.
We recall that sgn is the sign function.
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3.2.3 Bifurcation theoretical result

Separately, the two subpopulations travel at different speeds and we name o7 the slow speed and o9
the fast one. We denote M; the size of the subpopulation i, ¢req = Mlj\sz the percentage of the fast
subpopulation (bacteria mCherry) and I; the interval [xY — x7, x¥ + x7] for i = 1, 2.

We can prove our main result: if the following assumption holds

LNL#@, andoy,xY —x5 €L NIy, whereI; := XN — xf,xfy +xf], (3.6)

Then there exists ¢}, €0, 1] such that

— for ¢req < @74, there exist traveling pulses. Moreover, the speed of the wave o is between o; and
o9 and satisfies

N s g Pred N s g
— )+ + H — X+ X ——
(c—x1)+xi 5% + 4aDg | 1 — bred (o) ((0 X2') + X3 /2 & daDe +4aD5)
where H is defined in (3.18).

— for ¢req > @) .4, there do not exist single-speed traveling pulses

—0, (3.7)

We remark that the speed of the wave o is given by an implicit equation depending on the parameters
of the model and the subpopulation sizes M;. Note that in the case of a single population (¢,.q = 0), we
recover the single-species equation for o (3.2).

3.2.4 After the bifurcation point : numerical insights

We complete the theoretical analysis with numerical simulations. This allows us to see what happens
after the bifurcation point. We clearly observe in Figure 3.3 that the subpopulations 1 and 2 split. After
a transitory regime, they move separately at their own speed. We notice that it might take a long time for
the separation to be completed in order to have a well defined speed for each pulse. Then, to define these
speeds we consider the density profiles of the green and red subpopulations at each later time and notice
that both subpopulations have a clear peak around their maximum density. It is the spatial position of
this maximum point at each time that is used to define the position of the corresponding subpopulation
pulse. This position is then used to compute the speed of each subpopulation pulse.

3.3 Discussion

3.3.1 Quantitative and qualitative conclusions

In this work we derive a macroscopic model (3.3) from microscopic assumptions on the run and tumble
motion of individual bacteria (in the spirit of [115]). This model extends the one proposed in [115] for the
one species case. The analytical study of the model enables us to determine the profiles of the traveling
wave solutions and that they travel with a speed o given by (3.7). Moreover, we prove the existence of a
critical proportion ¢, of the red subpopulation above which the single traveling wave solution no longer
exists.

We discretise Equation (3.3) by a finite difference semi-implicit scheme. The numerical simulations
(Fig 3.4) show that, for small values of ¢,..q, the two subpopulations travel together in a single wave of
speed o given in Equation (3.7) as predicted by our theoretical study. For higher values of ¢,.q there
is clearly a bifurcation at the proportion ¢ , beyond which the two subpopulations travel in separate
waves with different speeds. The experimental results (Figure 3.3) confirm this separation of the two
subpopulations for high values of ¢,.q but our experiments are not sufficiently precise to enable us to
look for the experimental bifurcation point (for intermediate values of ¢,.q the experimental data on the
population density are diffuse and do not have clear peaks).
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Figure 3.4: Mean wave velocity of red bacteria as a function of bacterial composition ¢,.q4: the experi-
mental results are represented by their means (open circles) and standard deviations (error bars). We use
at least ten values for each point. These experimental results are compared to the simulation (red and
green curves). One observes a separation of the two strains around ¢,.q = 50%. The square corresponds
to the mean velocity of the green wave observed in Figure 3D

In Figure 3.3, we notice that for ¢,..q = 0.9 the experimental point corresponding to the red subpop-
ulation is below the red curve and the one corresponding to the Green subpopulation is above the Green
curve. This should be due to the fact that our experimental channel is probably not long enough. In
fact, in the simulation (see Figure 3.3D), the experimental setting corresponds to the white rectangle
in the lower left corner, while the full separation of the pulses only happens for later times (further to
the right in Figure 3.3 D). Therefore, the experimental measurement might still be influenced by the
transitory regime which would lead to overestimating the speed of the green pulse (due to the presence
or interaction with the red subpopulation).

3.3.2 Perspectives

Unfortunately, our present experimental setting does not allow us to do sufficiently precise measure-
ments of the population density, in particular for intermediate values of ¢,.q where the distribution we
obtain is very diffuse. This prevents us from being able to experimentally study the bifurcation and the
two branches of solutions in detail. We hope that it will be possible to do the appropriate experiments
in the near future since they would provide us with important information to support the predictions of
our model (and make it evolve if necessary).

As in [115], we could do the analytical study only in the case where the functions w;[S], u;[/N] have
the particular form (3.5). 1t would be extremely interesting, but very challenging, to be able to extend
this study to more general cases.
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3.4 Materials and Methods

3.4.1 Bacterial Strain and Cell culture

We used the strain RP437 considered wild type for motility and chemotaxis. The strains were trans-
formed by heat shock with PZE1R-GFP and PZE1R-mCherry plasmids. Cells were cultured in 3 mL LB
medium (Sigma) with ampicilin at 33 °C, with shaking, up to mid-exponential phase (Optical density
ODgoo = 0.5), and re-suspended after centrifugation in the medium used for the experiments: M9 Mini-
mal Salts, 5x supplemented with 1 g.L~! Bacto Casamino Acids (both from Difco Laboratories, Sparks),
4 g.L=! D-Glucose, and 1 mM MgSO4. The two types of bacteria were cultured independently before
being mixed at the desired ratio at a final concentration corresponding to ODggo = 0.5.

3.4.2 Micro fabrication and centrifugation

The micro-channels were prepared using usual soft lithography techniques [131]. 100um-high patterns
were microfabricated on silicon wafers using SU-8 100 resin (MICROCHEM). The PDMS was molded on
the wafer and peeled off after curing. A clean glass slide and the micro patterned PDMS were plasma
treated for 30s and directly placed in contact thereby forming an array of 8 PDMS/glass parallel micro-
channels (width=500um, height=100xm, length=1.8cm). They were then filled by capillarity with the
homogeneous suspension of motile bacteria and sealed with a fast curing epoxy resin. The glass slide was
gently centrifuged (800rpm, rotor diameter 20cm) at room temperature for half an hour. The bacteria
accumulated at one end of the channels and stayed motile.

3.4.3 Video Microscopy

The channels were then immediately placed in a closed chamber maintained at constant temperature
(33 °C). Few minutes after centrifugation had been stopped the concentration waves of bacteria started
to propagate inside the channels (Figure 3.1). The observations were performed with a Leica MZ16F
stereomicroscope equipped with two fluorescence sets: a green one, GFP2 (Leica) Ex480/Em510 and
a red one, G (Leica) Ex546/Em590. Images were recorded on a CCD camera (CoolSnapHQ, Roper
Scientific) at a framerate of one image per minute for both fluorescence signals. The image stacks were
then post-processed using ImageJ and Matlab.

3.4.4 Analytical forms of p, and S

Experiments show that bacteria are concentrated locally in space while traveling. Therefore, traveling
pulses (see [69, 97]) are particularly interesting to study. By definition, we say that Equation (3.3) admits
traveling pulses if and only if p;, S, IV are traveling waves i.e functions satisfying the ansatz

p1(t,x) = p1(z), pa(t,z) = pa(z), S(t,x)=S(z), N(t,x)=N(z), wherez=z—dt,

with o being the speed of the wave. The unknowns of the problem are o and the one-variable functions
S, N, p1,p2, where p1, pa are pulses as defined below.

Definition
A pulse is defined as a real-valued function which is increasing for negative values of z, decreasing for
positive ones and decays to zero at infinity.
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Plugging these expressions into Equation (3.3) and dropping the tilde over variables yields

~o(p1) = Di(pr) = (pr (wi[S]+ [N,
—0’(/32) = D2N(/)2) — (p2 (ua[S] + u2[N]))’,
—0S =DgS —aS+ p1 + po,

—oN' = DNN” —v1p1 N — y2p2N.

Looking for a pulse, we prescribe the following boundary conditions
p1(£00) =0, pa(too) =0, S(£oo)=0.
The fact that p; are pulses implies that (see supplementary material 3.5.1)

(pi) (£00) =0, §'(d00) =0,
0,5>0 forz>0, 0.5<0 forz>0,
O,N >0 for zecR.

Therefore, u;[N] and u;[S] are given by
ui[S] = —x7sgn(z), wi[N]=xY fori=1,2.

We integrate equations for p; in (3.8) and use (3.10) to obtain

Dipr’ = (ua[S] + u1[N] = o) pu,
Daps’ = (u2S] + u2[N] - o) po.

We deduce the analytical forms of p; for i = 1,2 and S.

N s
pﬁw exp(\; 2), A\ = Xi tXi—0

>0, f <0,
y D, or z

pi = g i=1,2.

N _ S _
pM exp(\[2), A = XZD# <0, forz>0,
i

From the equation satisfied by S, we deduce that

+oo
S(z) = K(z—y) (p1(y) + p2(y)) dy,
where K is given by
o Vo2 +4aDg
K=exp|— z— 2] ) .
9Dg 9Dg

3.4.5 Speed of the wave o

(3.8)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Since S is maximal at z = 0, by definition of a pulse, we should have S’(0) = 0. Differentiating S in

(3.13) gives
—+o0

§'(0) = K'(z)(pr(=2) + p2(—2))dz.

— 00

We split this integral into two parts S and S :

—+oo

/ K'@)(pr(=2) + pa(—2))dz + [ K'(@)(p1(=) + pa(—2))da.

0
S5'(0) =S_ + 57,
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From the supplementary materials (see 3.5.2), S’ and S’ are given by

, M —0++Vo?2+4aDg M —0++Vo?2+4aDg
S_=p > il 5] > T
—o0++Vo?+4aDg — 2Dg)] —o0++Vo?+4aDg —2Dg);
o+ Vo2 +4aD o ++Vo?+4aD
Sf‘r :p]\/f S +pM S

' —6— Vo2 +4aDg — 2Dg)]

Putting together S’ and S, gives

* —6 — 02 +4aDg —2Dg);

S'(0) =p}! -
(=0 — Vo2 +4aDg — 2Dy ) (=0 + V02 + 4aDg — 2Dg\})
+py! — ’
(=0 — Vo2 +4aDgs — 2Dg); ) (=0 + Vo2 + 4aDg — 2Dg)])

with ¢; given by
D
6 =47 (Xfa +(o—xM) Vo2 + 4aD5) . i=1,2. (3.15)

Due to (3.10), S is maximal for z = 0, then S’ vanishes at 0 and we obtain the equation for o

(Xlsa + (0 — XMoo + 4aD5) + (XQSO' + (o — X3V o2 + 4aD5) X
DipM (=0 — o2 ¥ 4aDs — 2DsAT) (—o + Vo2 + 4aDgs — 2DsA)
Dsp! (~o — v/o? + 4aDs — 2DsA; ) (—o +v/o? + daDs — 2DsA])
We recall that )\l:.t are given by (3.12). Unknowns pM are obtained thanks to the conservation of the

total subpopulation M;. Indeed, from the conservative form of equations for p; (3.3), it follows that for
allt >0

=0. (3.16)

+oo +oo
M= [ patde= [ @ =12

— 00

with pi™ = p;(x,t = 0) the initial profile of p;. We deduce

+oo S
Xi Di
M; = / pi(2)dz = pM L .
—oo (F)? = (o = x{")?

Replacing A}, A by their values in (3.12) and using the previous relationship, (3.16) becomes

N s a Pred N s o
o — + + H(o g — + P — 0, 3.17
( X1 )+ X1 Vo2t daDs 1 — brea (o) (( X2 ) + X5 m) ( )
with
() = X D1 (65 = (0= x3)* In(o)
X5 D2 (x7)? = (0 = x1)? ha(0)’
2 DS DS N S ) DS N\2 512 .
hi(o) = (371)+(172D-)0Xi —X;i VO +4O‘DS+D,((X1') — (X)) —aD;, i=1,2.
Z Z l (3.18)

From the supplementary materials (see 3.5.3), we have that o belongs to Q = I; NIy N (01, 02). Since o4
and x5 — x5 do not belong to €2, then (3.17) rewrites

¢Ted
Glo) = ———,
( ) 1- ¢red
where G is a positive function bounded over ) given by
x$o + (0 — xV)Vo? + 4aDg
H(o) (Xgo + (0 — xY)Vo? + 404D5) '

G(o) =—
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The function G admits a maximum which is finite. Therefore, there exists ¢%., € (0, 1) such that

*

max G (o) = —rd
Q 1-97.,

For more details, we refer to parts 3.5.2, 3.5.3 in the supplementary material.

3.4.6 Derivation of the two-species macroscopic model

In this section, we derive formally macroscopic equations (3.3) from the kinetic descriptions of indi-
vidual motion of bacteria [100, 28, 73]. This motion is a succession of run and tumble phases as observed
in [72]. During the run phase, bacteria move in straight lines and change their direction during the
tumble phase. The Othmer-Dunbar-Alt model (see [99, 3, 116]) gives the mathematical description of the
individual behaviour. It describes the dynamics of the distribution density f;(z,v,t) of cells at position
x € R? at time ¢ having speed v € V, where V is a bounded, symmetric and rotationally invariant domain
of RZ. It reads

atfi +v- vxfz = %/ (Ti[S](SC,U,’U/,t)fi(ZL',’U/,t) - Ti[S](ZE,’U/,’U,t)fi(l',’l),t)) dv’
1%
(3.19)
+ %/ (T;[N)(z, 0,0, t) fi(z, 0", t) = T;[N](z,v",v,t) fi(z,v,t)) dv', fori=1,2,
1%

where T;[S)(z,v,v',t), T;[N](z,v,v’,t) stand for the amount of bacteria reorienting from the direction
v’ to v under the influence of the chemoattractant and the nutrient. They are usually called tumbling
kernels.

From the definition of the tumbling kernels (see [40]), we can consider that T;[S] and T;[N] are given by

T,[S] = ©;[S](8,S + v’ - V,.5),
T,IN] = ®[N|(@.N + o - V,N),

We perform a diffusive scaling (z = ex,t = e2t) where € > 0 is a small parameter and get

1
Ocfi + g -Vaff = Yo DS[S)(OeS + v - Vi S) fi (w0, t)dv — [V ®F[S])(OrS + v - VS f5 (x, v, 1),
v
1
+ 222 DE[N|(O:N + v - Vo N) ff(x, v, t)dv" — V| PF[N](O:N + v - Vi N)fi(z,v,t).
v

Since tumbling kernels are pertubations of constant tumbling rates for E.Coli, we can assume that
BE[S](0:S +v - Vi S) = (1 + €47 (€0S + v - V..9))
PE[NJ(ON +v - VoN) =tp; (1 + ¢} (€0, N +v - V,N)),

where gbf , ¢ are decreasing functions.
We write expansions of f7 when ¢ tends to zero.

fzg:fzo+€f117 fori:172'
Plugging these expansions in the equation for ff gives at the order 1/¢?

_ Jy (v t)do' _ p9(z,t)
\4 14

f(x,v,t) for i = 1,2.

At the order 1/e, we get

ﬁﬁ/ﬁ@“w“ﬁﬁicmww%+wwvm%ﬁ@mwu
1% 1%

v

V. f?,
V] s

L (650 D) 4 6 (0 TN fr0,) —
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where SY and NO are leading order terms of asymptotic expansions of respectively S and N and are
solutions to equations (3.3) for S and N with p; = p?.
Integrating the equation for f{ over V' yields the following conservation equation for p; = fv fidv

(9t/ ffdv+lv~</ vffdv) =0.
% € 1%

From the asymptotic analysis carried out before, we have that

/ FE (0, )do — Pz, 1),
\%

Since V is a symmetric bounded domain, we have the convergence of the scaled first moment

1 £ 1
E/vai (.T,’U,t)d’l}%/v’l)fi (.’L',’U,t)
with
1 - Y 4S. 0 0 _ Y 4Ny 0 0
/vai (x,v,t) = (/V 2|V|¢Z (v-V.S )dv) p; (2,t) (/V 2|V|¢Z (v-VyN )dv) pi (z,1)
B v Rv 0
v |V|27/)ivzpz (:E,t).

We finally obtain the equation for p? in (3.3). This formal computation has been rigorously established
by part of the authors in [43].

3.4.7 Parameter estimation

In this section, we calibrate our model. This means finding values of parameters Dg, o, x, Xf , D;.
Note that Dg and D; could be measured experimentally (see [72, 114, 71]). Other parameters are
determined as in [115]. We remark that our dispersion formula (3.7) for the two species extends the
single species formula. The experimental observation of the double exponential shape gives )\ft, then
X7, xY, a are deduced.

2 AN
=) Ds(AT +A7)%

+ _
N70+Di(>\i +A; ),
2

Di (A7 =)
= 5 i
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Tables

3.5 Supplementary material

In this part, we prove several technical results.
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Table 3.1: Table of the values of parameters

Effective bacterial diffusion of subpopulation 1 D; 1.79 x 10~ %cm?.s~! | Experimental measurement
Effective bacterial diffusion of subpopulation 2 D5 3.29 x 10~%cm?.s~! | Experimental measurement
Effective bacterial chemosensivity of subpopulation 1 x7 | 6.49 x 10 °cm.s™! Experimental fit
Effective bacterial chemosensivity of subpopulation 2 x5 | 2.88 x 10~%*cm.s™! Experimental fit
Effective bacterial chemosensivity of subpopulation 1 xI¥ | 2.57 x 10~%cm.s~! Experimental fit
Effective bacterial chemosensivity of subpopulation 2 x&¥ | 4.74 x 10~ %cm.s~! Experimental fit
Chemical degradation o 5x 1072571 Experimental fit
Chemoattractant diffusion Dg 8 x 107 %m?.s7! 72
Nutrient diffusion Dy 8 x 10 %m?.s! 72

3.5.1 Proof of the result (3.10) on the signs of 0,5 and 0. N

We prove that : if p; and po are pulses, then S is also a pulse and we have

0,8 >0, forz<0,
0,58 <0, forz>0.

Futhermore, we have
0,N >0, forzeR.

Let us prove this result. Equation (3.13) says that S = K * (p1 + p2). Since p; decays to zero at infinity,
we conclude that S also decays to zero at infinity. The equation for S in (3.3) also implies that S’ admits
a limit at infinity. This limit has to be zero otherwise S would not have a limit at infinity. Since limits of
S are equal to zero at infinity, S’ vanishes at least once. Without loss of generality, let us suppose that
S’ vanishes at z = 0 if not, we can do a translation in z. Differentiating the equation for S in (3.3) yields

—00,8" = Dgd,,(S") — S’ + d.p1 + 0.p2
Since p; is a pulse, we have that 0, p; is positive in (—o0,0). We get that
-00,58" — Dgd,,8" +aS" >0 in (—o0,0).
Consider u = —S’, then u satisfies
—00,u — Dg0,,u+ au <0, (—o00,0).

Multiplying this equation by «* := max(u, 0) and integrating by parts yields

0 0 0
—a/ dutut + DS/ 6zu+2 + a/ ut? <0.

Since the first term is zero

O.utut =[(uh)?° =0,
we get
0 2 0 2
Ds/ (@.ut) + a/ (W) <0,

Since we have the sum of two nonnegative terms, this implies that
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We have proved that u™ = 0 for z € (—o0,0) which by definition d of 4 means that 9,5 > 0.

By a similar argument, we show that 9,5 < 0 for z € (0, c0).

Now, we prove that 0,IN > 0. By using the same technique, we can show that p;,« = 1,2 and N are
positive. Denoting uw = —0,N and using the positivity of p; and N gives that

—ou— Dyu' >0, in (—00,00).

By multiplying by u* and integrating by parts, one has

+oo
O’/ (uT)?> <0 which implies that 9,N >0, in (—o0, —o0).

— 00

3.5.2 Detailed computation of S’(0)

In this part, we provide missing computations of S’ , S, ¢;, h; which are used to derive the dispersion
relation (3.7) in Section 2.

3.5.2.1 Computations of S’ , S’

From the definition of K (3.14), K’ reads

o Vo2 +4Dgo o Vo2 +4Dga
_ — , f <0,
o ( 5Ds 2D ) xp ( oDs T aps ¢ or
o Vo2 +4Dga o Vo2 +4Dgsa . 50
— — ex — Z — z or z .
9Dg 9Dg P\ 72Dy 9Dg ’

We have

v —oVo? +4aDg /0 . < o Vo2 +4Dga
—ove TS xp | —

0
K'(2)pi(—z)dz = p]
| K@pade = pl TS0 [ ey (T YO

It follows that

T — )\:rx) dzx.

0 70'+\/20[2)+4QD5 o \/m 0
"(2)ps(— = oM s - —\F

/_Oo K'(z)pi(—z)dz = p; _U+‘/2"[2)J“17“D5 Y X [exp ( 2DS$ + 5Ds T — A x)} -

S

We conclude that

%

0 o+ VoTFIaDs
| K @p(a)de =l —— 0T
oo —0++Vo?+4aDg —2Dg)]

In the same way, we can prove that

400 K/(x)p_(iz)dz _ pM o+ o+ 4aDg
o ’ ' —0 — 0?2 f4aDg — 2Ds\;

Finally, S’ and S’, read

0
s = / K'(2)(pr(~2) + pa(—2))d,
M —0++Vo?+4aDg LM —0++Vo?+4aDg
U 1 Vo? tdaDs — 2DsAt 2 To 4 /o t daDs — 2D\
st = [T K @0+ pa(-a)ds
0

Y o++vVo?+4aDg
" 6 — Vo2 ¥ 4aDg — 2Dg\]

o+ +Vo?+4aDg
—0 — 0?2 +4aDg —2Dg)\;

+p3!
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3.5.2.2 Computations of ¢; and h;

Coefficients ¢; are defined in (3.15)

¢ = (—a + oo+ 404D5) (—a — Vo2 +4aDg — 2D5)\Z-_)
+ (O’ +Vo2+ 4aD5) (fo + Vo2 +4aDg — 2Ds)\zr) .
Expanding ¢; yields

¢i=(—oc++o?+4aDg)(—0 — o2+ 4aDg) + (6 + /o? + 4aDg)(—o + Vo2 + 4aDg)
+2Dg(0 — /0% +4aDg)\; —2Dg(o + /o2 + 4aDg)\; .

Recalling expressions of )\Et

Xt oo
7 Di ?
X mx—o
K D'L ?

we can write

N s N s
ci2DS(J\/02+4aDS){XZ U+X—Z}2DS(U+ O'2+4OAD5){X1 JX—Z}.

D; D; D; D;

After simplification, we obtain

D D
ci=—4 Dj(va —0)vo?+4aDg +4DZS-XiSU'

We now compute the functions h; defined by:

hi(o) == (—a — /0% + 4aDs — 2DSA;) (—a + /o2 + 4aDs — 2DSAj) .

The expansion of h; leads to

hi(o) = (—J —Vo?+ 404D5) (—J +VoZ+ 4aD5)

+2DgAt (a o2+ 4aDS) +2DgA” (a — o2t 4aD5) +4D2AF AT

Straightforward computations give

D D D
hi(0) = —4aDs + 4220 () — o) = 472X Vo2 +daDs +4(357)* (Y — o) = (7)),
7 T P

We obtain after further simplifications

D D D D
M@=g§@%;—w+ﬁdha;wwfﬂ+mm+bﬂuW—uW%wm)

3.5.3 Complete analysis of traveling pulses

In this part, the study of the dispersion relation presented briefly in the second section is detailed.
We suppose the existence of traveling pulses, which implies the double exponential shapes of p; as given
in (3.12) with

N S
_ .—o'+ .
A= TN = Xi o

v s =X <o<xN X7
=X TITXN
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The non-nullity of the intersection of I and Iy in assumption (3.6) is the first condition to have the
existence of traveling pulses. This gives the interval to which ¢ must belong. The dispersion relation will
be studied in this interval. For o in this interval, A, is positive and )\:r negative, then

hi(o) = | —o — /02 +4aDgs —2Dg\; —0 + o2 +4aDg —2DS)\;r < 0.

<0 >0

Moreover,
Xt —oe(=xx)) = () - (' o)

Therefore,
XiD1 (x5)* = (Y —0)? hi(o)
X5 D2 (x7)? = (X{ — 0)? ha(0)

We recall the dispersion relation (3.7) obtained in the second section

a )+ ¢red g )
VTt 1aDs) | 1- Greq Jo% t daDs

Denoting g; the mapping o — (o —x) +xfﬁ defined over I;. Then g; is an increasing mapping

H(o) = > 0.

(0=t (o) (fo )+ -

’ 4CYDS
i) (o) =1+ >0
(9:) () (02 +4aDg)v/o? +4aDg

Moreover
N s s Xi = x; s
(N ) = S 1 > <0,
g’L(XZ Xz) Xi (Xiv 7x;s>2+4OéDS Xi
<1
N S
Xi; +Xi
gy +x7) =x5 + 2 x; >0,

(XN +x7)?2 + 4aDg

By a monotonicity argument, there exists a unique o; € I; such that g;(o;) = 0. This corresponds to the
individual speed of subpopulation 3.
From the hypothesis that subpopulation 2 moves faster than subpopulation 1, we have 01 < o9 From
the dispersion relation (3.7), g1(o) and g2(c) are of opposite signs. Thus, from the monotony of g;, we
deduce that

o € (01,02).

Putting together the two conditions, we get
(S (0‘1,0‘2) n (11 n IQ).
If the two following conditions hold

XéV_ngllﬂIQ

= (01,0 ﬁIﬁI:J,NJrS.
oo & I N I (1 2) (1 2) (1X1 X1)

The dispersion relation (3.7) is equivalent to

where G is defined by
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3.5. Supplementary material

Since o9 ¢ (I1NI2), we have xY +x5 ¢ (I1N12) and the denominator of G does not vanish on [oq, x5 +x1].
We conclude that the function G is a bounded and positive continuous function over [o1, x5 + xV]. G
attains its maximum over [o1, X7 + x| denoted \* and we get

_Ored X

<A = red < Prog = .
17¢red_ ¢ d_(bTed 14 A%

This leads to the following conclusion
— Prea < ¢r.qg = Existence of a speed o satisfying the dispersion relation (3.7)

— Pred > ¢reqg = Non-existence of a o.
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preserving scheme for kinetic models

Ce travail est réalisé en collaboration avec Min Tang de I'Institut de Sciences Naturelles de
I’Université de Shanghai Jiao Tong. Il propose une méthode pour construire des schémas
numériques de modéles cinétiques qui préservent & la fois le comportement en temps long et le
comportement asymptotique (pour ¢ petit). Cette méthode a été appliquée aux modéles ciné-
tiques de chimiotactisme et de transfert radiatif.
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Chapter 4

Well-balanced and asymptotic
preserving scheme for kinetic models

Abstract

In this chapter, we propose a general framework for designing numerical schemes that have both well-
balanced (WB) and asymptotic preserving (AP) properties, for various kinds of kinetic models. We are
interested in two different parameter regimes, 1) When the ratio between the mean free path and the
characteristic macroscopic length e tends to zero, the density can be described by (advection) diffusion
type (linear or nonlinear) macroscopic models; 2) When ¢ = O(1), the models behave like hyperbolic
equations with source terms and we are interested in their steady states. We apply the framework to
three different kinetic models: neutron transport equation and its diffusion limit, the transport equation
for chemotaxis and its Keller-Segel limit, and grey radiative transfer equation and its nonlinear diffusion
limit. Numerical examples are given to demonstrate the scheme properties.
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4.1 Introduction

Transport equations are important since they arise in many important applications, ranging from
neutron transport, radiative transfer, semiconductor device simulation to E.coli chemotaxis. These models
describe particles that travel freely for a certain distance and then change their directions by scattering,
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interacting with background media or tumbling. The mean free path (the average distance a particle
travels between two successive velocity changes) is an important parameter, when it is small compared
to the typical length scales, various macroscopic model can be derived asymptotically or analytically
[28, 91, 100].

Let the dimensionless parameter ¢ denote the ratio of the mean free path and the typical length
scale. Numerical solutions to the transport equation are challenging when ¢ is small, since it requires the
numerical resolution of the small scale. To develop a multi-scale scheme whose stability and convergence
are independent of e refers to the asymptotic preserving (AP) property. When ¢ = O(1), the models
behave like hyperbolic equations with source terms. When the source terms in the system become stiff,
the usual numerical methods may give poor approximations to the steady state solutions [13, 92]. To
maintain the steady states or to achieve them in the long time limit with an acceptable level of accuracy
refers to the well balanced (WB) property.

In this work, we present a general framework to build schemes that have both properties. Two different
kinetic models are considered to illustrate the idea of our proposed framework

Transport equation for Chemotaxis and its Keller-Segel limit
Bacteria undergo run and tumble process as mentioned in [72, 115, 116]. During the run phase, bacteria
move along a straight line and change their directions during the tumble phase. This individual motion
is called the velocity jump process and modeled by the so-called Othmer-Dunbar-Alt model [4, 99] which
reads

1
atf€+§-vmf8= (

2

1

1 [, (U0l Va8 £’ — (14 2000 T8) 1))

(4.1)
0pS® — DAS® 4+ aS® = Bp°(x,t) :== ﬁ/ fedv.
v

Here f¢(z,v,t) is the amount of cells with velocity v € V' (V is a sphere) at position z and time ¢ > 0,
¢(u) is a decreasing function in u, S€(z,t) is the concentration of the chemical substance. The parameters
D, «, B are positive constants and € is the ratio of the average run distance between two successive tumbles
and the characteristic macroscopic length.

When e — 0, the solution of (4.1) f¢(x,v,t) tends to p°(x,t), which is independent of v and satisfies
the following Keller-Segel type equation [28, 43, 73, 85, 100] :

1 1
Op==A \Y% — 0:5)d ,
=500+ (g7 [ votansi)o) (12)
0,5 — DAS + S = Bp.

Many numerical schemes have been proposed to study (4.1) [25, 52, 56].

Gray radiative transfer equation and its nonlinear diffusion limit:
The gray radiative transfer equation concerns photon transport and its interaction with the background
material. It has wide application in astrophysics and inertial confinement fusion. The system for the
radiative intensity I and the material temperature is

1 1 1
-0 +—v VI = % (—acT4 - I) +q(v),
¢ € g2 \|V] (4.3)

o
Cyo T = 5—2(/) — acTh),

where p = fv Idv, o(z,T) is the opacity and a, ¢, C, are positive constants represent the radiation
constant, light speed and heat capacity respectively. Similar to the chemotaxis case, when & goes to
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zero, the radiative intensity I approaches a Planckian at the local temperature |71‘acT4 and the photon
temperature satisfies the following nonlinear diffusion equation:

ad T4+ C,0,T = vz(;—;va‘*) n /V qdv. (4.4)

It is important to preserve the steady state temperature distribution when ¢ — oco.

A scheme for such problems is AP if it preserves the limiting equation (4.2) or (4.4) when € — 0 at the
discrete level. AP schemes were first designed for the neutron transport equation to use unresolved cells
to capture the macroscopic diffusion limit model [90, 91]. It has been successfully extended to a lot of
applications, we refer to the review paper [78] for more discussions. In the literature, many papers have
been devoted to build AP schemes for diffusion limit of the transport equations, for example [1, 25, 38, 95].

WB schemes are developed for hyperbolic equations with source terms. They have been proposed for
various applications, including the Saint-Venant system with a source term, the non-isothermal nozzle
flow equations, etc. By balancing the numerical flux with the source term, WB schemes can capture the
steady state solutions exactly or with at least a second order accuracy [83]. A very limited list of such
references includes but not limits to quasi-steady scheme [92], kinetic schemes [104, 133], central schemes
[88], interface scheme [83], and other references there in [11].

Recently designing schemes that are either AP or WB, or have both properties attracts a lot of
interests, both for kinetic chemotaxi model [56, 58, ?| and grey radiative transfer equation [55, 120].
Generally, it is very hard to have a scheme that have both properties and this is the goal of our present

paper.

The paper is organized as follows: In section 2, the scheme framework composed of two steps: pre-
diction step and steady problem step, is described and we show that the AP and WB properties can be
achieved. Section 3 and 4 are respectively devoted to the construction of AP and WB schemes for the
transport equation for chemotaxis and the gray radiative transfer equation. In the prediction step, we
first extend the unified gas approach for neutron transport equation [95] to the chemotaxis model (4.1)
and construct a new AP scheme for E.coli chemotaxis, while, for the gray radiative transfer equation, the
scheme in [120] is employed. Then, in the steady problem step, we use the numerical results obtained
by an AP scheme for the steady state equation of (4.1) or (4.3) to modify the numerical flux. The
performances of the proposed schemes are presented in section 5 and we conclude with some discussion
in section 6.

4.2 The scheme framework and its WB and AP properties

In this part, we introduce a general framework of designing WB and AP schemes, while the details of
the discretization are given in section 3 and section 4. In the subsequent part of the paper, we consider
the one dimensional problem and use a uniform grid with

r; = iAzx, 1 €7, t" =nAt, neN.
Extensions to the two dimensional case are straightforward.

To illustrate the idea, we consider the following simplest one dimensional neutron transport equation
1 ar
O f + E'Uazf = 5_2 (P - f) — 0ap + ¢, (4'5)

with p := %fil fdv. When ¢ — 0, the solution of the above equation tends to pg which satisfies the
following diffusion equation

1
Otpo — 8I(Eazp0) + 0apo = q-
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The formal derivation is standard by substituting the Chapman-Enskog expansion
F=F0 4@ 2@ 4.

into (4.5). When ¢ is small, the solution to (4.5) f can be approximated by

f=p0 - ivalp(o) + O(e?). (4.6)
or

We are interested in ¢ ranging from O(1) to very small, the numerical scheme writes:

fl,"+1 —fr v e .
(@ AT = ) =0, v>o, (4.7)

At ok (e = (=85 +507)) =0, w<o

where f;* are the approximation of the average f(z,t") in the interval (x;_q /9, 2i11/2) = (s — Az /2, 2; +

Az/2) and
& = min (1, %) . (4.8)

The determination of f;ﬁrl /2 consists of two steps: the prediction step and the steady problem step.

Prediction step: The prediction step is to evolve the equation (4.5) for one time step by an AP
scheme. Starting from f/* obtained from the nth iteration, the predictions ﬁ”ﬂ and ﬁf“ = % fil fz-”"’ldv
can be found by any scheme that is AP. The requirement that, when ¢ — 0, the scheme preserves the
diffusion limit at the discrete level can only be achieved when

Frrl = 5t 4 0(e) (4.9)

and p} is a discretization of the limiting diffusion equation. Here in this paper we use the unified gas
approach developed in [95, 132, 120] for various kinetic models.

Steady problem step: The second step is devoted to the computation of the steady state problem.
On each cell [x;,z;4+1], we solve the following stationary problem:

v~8mf:?(ﬁff)fsoaﬁ+€q (4.10)
together with inflow boundary conditions

{ fl@nv)=Q—=a)fr+afi*', v>o,

4.11
f(xip,v) =1 —a)fff, +a i’f:il, v < 0. ( )

Here fi"H is determined by the prediction step. Then ff+1/2 in (4.7) is given by the outflow of the above
steady state problem in each cell such that

fliae) = f@i,v), v>0  fi ) = f(zi,0), v<O0. (4.12)

First of all, when € is at O(1) or Az, At < &, i.e. & = At/e, we show that (4.7) is a consist

discretization for (4.5). We only consider the case when v > 0. Since f;ﬂl /2 is obtained from the steady
problem step, it can be approximated by

(1— At/e)f | + At/efrH + Azd, f™ (xi-1,v)
m Az (o ~n rn n
=(1-At/e)fi, + At/gfi:il + o (?T (pifl - fifl) —E0qp;_1 t EQ)

Az so Az
=f 22 (T (e = 1) — 20wply + 20) + O(A) + =20(A).
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From the CFL condition, At < Az, (4.7) can then be approximated by

max |v

e
2

f;ﬂ v n n g n n
At an (T = ) = o (o = S = daply + g+ O(Aa).

The derivation for v < 0 is the same.

Moreover, we have the following proposition:

Proposition 4.2.1. When AP schemes are used in the prediction step and steady problem, the numerical
scheme given in (4.7) has both WB and AP properties.

Proof. AP property: When ¢ tends to zero, since AP schemes are used for the prediction step, we have
(4.9). From (4.8), when ¢ is small, @ = 1, then the boundary conditions for the steady state problem
(4.10) on each cell becomes

flei,v) =pi ™ +0(), v>0,  flzi,v) =55 +0(), v<0.

When ¢ is small, at the leading order, the boundary conditions for the steady state problem (4.10) are
isotropic. Therefore we have

f=p+0G)
and . .
fﬁH/Q:f(xi-i-la v) = p1+1 +0(g), v>0,
Flirjs = Flaiw) = 7+ 0(), v <.
Then from (4.7),

fiy t ST

= T = [l i +0@E) = +0(e), v >,
vAt

n flfifjiifn rn ~n

ffl:ﬁ: L1+ 0(E) =51+ 0(), v< —w.
vAt

with vy small positive value away from 0. Therefore, we get

pitt =Pt 4+ 0(e).

Since [)’f“ satisfy the macroscopic equation at the discrete level, i.e. the leading order of ff“ evolves

according to a discrete diffusion equation, which gives the AP property of the proposed scheme (4.7).

WB property: To prove the WB property, we assume that at time ¢*, f* = f(z;,v) where f(x,v)
is the solution to the steady state equation (4.10) with given inflow boundary conditions on the whole
computational domain. We need to show that when Az, At are small enough, f/"*' = fI' + O(AzAt).

For the resolved case under consideration,
- At

a=—.
€
Since the scheme at the prediction step is consistent, consider the simplest first order method, we have
FrH = [+ O(Az, A).
The inflow boundary conditions in (4.11) becomes
{ flav) = (=@ +af*" = [+ 0(AxAL), v >0,
f(xip1,0) = (1 —@) S+ oszEl = fi1 + O(AzAt), v <O.
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Since the steady state problem is solved in a cell of size Az, by the simplest Taylor expansion, the out
flow can be approximated by at least second order accuracy, so that

(zi41,v) + O(AzAL, Az?), v >0;
(z;,v) + O(AzAt, Az?), v < 0.

z'n+1/2 = 7
z'n+1/2 = 7

Thus, (4.7) yields

£ A
iy + RS

fi""'1 = L= f(xi,0) + O(AzAt, Az?), v >0,
s (4.13)
f‘ 1 — eAx n i
fi"Jrl = % = f(xi,v) + O(AzAt, Az?), v <O0.
T WAt

Due to the CFL condition, O(At) = O(Az), the solution approximate the steady state f with a formally
second order accuracy O(Az?). O

Remark 4.2.2. The framework in this section does not depend on specific AP methods for the time
evolutionary problem and the steady state problem, we can choose any scheme in the literature that has
been proved to be AP for various kinetic models.

Remark 4.2.3. The accuracy of preserving the steady state problem can be improved by using higher
order method in space and time, or we can repeat once the steady problem step by replacing fi"+1 from
the prediction step by """ obtained in (4.13).

4.3 The chemotaxis kinetic model

In this section, we apply the framework in section 2 to the chemotaxis kinetic model (4.1). Two
specific AP schemes are respectively chosen for the time evolutionary problem and steady state problem.
We first extend the unified gas kinetic scheme (UGKS) in [95, 134, 132] to get an AP scheme for the time
evolutionary problem, then solve the steady state equation by extending the scheme in [82] which was
originally designed for the isotropic neutron transport equation. In [25], the authors have proposed AP
schemes for the chemotaxis kinetic model, our approach is different. The details are described below.

As in [95], the UGKS is a finite volume approach of integrating (4.1) over [z;_1 2, T;41/2] X [t", " 1] x

V. Let
1 Tit1/2 1

fi :E/z flz,v,t") dz, ol :m/vfz dv.

i—1/2

p?“ and fi"Jrl are updated as follows
p?H*p?Jrﬂ%/Q_F"n‘l/Q -0 (4.14)
At Az ’ '

finJrl - fzn (I)?+1/2 - (I)?—l/Q _ 1 n+1 n+1
At + Az = (pi - i )

171
+ z <m/‘/¢(vaz‘+1/2)f? - ¢(U0i+1/2)fin) - (415)

Here the numerical flux

1
?+1/2 ~ E i Uf(l'i+1/2,’(),t) dtv (4 16)

tn+1

. 1 1
FHUQNM/V(E/M vf(xi+1/2,v,t)dt) dv.

2
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Since one dimensional problem is considered here, we use discrete ordinate method for the velocity
discretization. The most crucial step for UGKS is to determine @7, /2 and F] /2 The details are as
below:

4.3.1 Determine @7, 5, F},

In one dimensional space, the chemotaxis model (4.1) can be rewritten as follows:

oufe 4 TS e Vg pe = Ty, (4.17)

where (T'f)(x,t) := ﬁ /v (1 +e¢(v0,9)) f(z,v,t)dv.

To approximate the flux F | /2 in (4.16), we first approximate 9,5 by a piecewise constant function
such that

0,8 ~ azs(xiJrl/Q) ‘= 0iy1/2, T E [T, Tit1)-
It is important to note that ¢;,;/, approximate 9,5 in the interval [x;,z;;1) while f* is the density

average over the cell [x;_;/0,%;11/2). This choice is important to preserve the advection term in the
limiting Keller-Segel model when € becomes small.

On the interval [z;, z;4+1), multiplying both sides of (4.17) by exp (%Wt) yields

£

wtﬂ _ Tlf(Qz, D exp ((1 + €¢(v0i+1/2)t>_

g2 € g2

% {f(qu gt,v,t)exp <

Integrating the above equation over (¢",t) yields

1 s
f(@iz1y2,v,t) = f(Tig1/2 — g(f —t"),v,t") exp (—M@ - tn))

i (1.18)
4.18
1 t v (1 +€¢(’U0’i 1 2)
+ —2/ Tlf(.riJrl/Q — —(t—s),8)exp (——2 +1/ (t—s) |ds.
g2 Jin 3 €
This is an exact expression for f(x;y1/2,v,t) that will be used to determine q)?+1/2’ Fﬁu/z in (4.16).

At this stage, we need to approximate f(z,v,t") and T'f(z,t) on the right hand side of (4.18). f is
approximated by a piecewise constant function and 7' f by a piecewise linear function as follows:

n
i T<Tit1/2,
n
i+1s T > Tig1/2,

fzyv,t") =

n

T i+1/2 T 5LTlff+1/2(iE —Tiy1/2), T < Tip1)2,

n

T i+1/2 T 5R7-1fﬁ+1/2(95 —Tiy1/2), T>Tip1)a-

T f(x,t) = {

Here 7! T2 oLt T2 5R’Tlfl7fﬂ/2 are defined by:

1 1
T flaye = —/ (I +edp(voirry) it + 707 | (L +ed(voipiy2))fi
VI Jv- VI Jv+
T T
Ax/2 ’
T i1~ Tlfﬁkl/Q

Ax/2 ’

ST g =

ST R g =
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with VT =V NRT and V- =V NR".
Substituting the above approximations into (4.18) yields an expression for f(z;41/2,v,t) such that:
For v > 0,

(1 + Ed)(’UO'i+1/2) (t _ tn))

f(iy1y2,v,t) = fi"exp < =2

Tl Tz’i-l/Q (1 + €¢(’UO"+1/2) 5LT1 .+1/2
¢ 1— A S e o7 A I ¢ 4.19
1T ep(voiy1/2) < P ( g2 ( )>) " A ed(writ12))? (419

. [(1 PR G t”)) o (_ (L+ed(viyys) t”)) - 1} |

g2 g2

and for v < 0,

2

f($i+1/2, v, t) = fﬁH exp (M(t _ tn))

Tl n ) 5}?,7“1 !
P ISV, (1 Cexp (_w@ _ tn)>) e T2 (4.90)
1 +€¢(’U0'i+1/2) 3 (1 +€¢(’l}0’i+1/2))

. [(1 J LEebloiny) t")) exp (——(1 eplvoinye) t”)) - 1} .

g2 g2

Then the flux o7

i+1/2(v) in (4.16) can be approximated by

D 12(v) = Avffy + BuT [l o + COP6 T L o, for v <0,

n 1 rn 2¢L1 n (421)
(biJrl/Q(’U) = A’Uf,L + B'UT i+1/2 + C’U 6 T i+1/2’ fOr v > 0,
where the coefficients A(v, e, At), B(v, e, At),C(v,e, At) can be determined explicitly such that
1 .
A(v,e,At) : = c (1 — exp ( — MAQ) ,
At(1+e¢(voit1)2)) e
1
B(v,e,At) : =
( ) e(1+ed(voit1y2))
I 1 + €¢(U0i+1/2)
- 1- - 1A
At(1 +ep(voit12))? ( exp ( g2 1) (4.22)
2¢2 1+ e¢p(voit12)
C At) 1 = 1- - A
(,U, & ) At(l + Ed)(’UO'H_l/g))S ( eXp ( 52 )
1 1 + EQ&(’UU,H,l/Q)
- 1 - A .
(1+¢e9(voit1/2))? ( +exp &? )

Furthermore, F/, , in (4.16) is given by

n 1 n 1 n 1 1 ¢n
F;+1/2ZM/VfAUfinU—FM/\HAUfi dv—l—mT fH_l/Q/VUde

1 RA1 pn 2 1 L1 pn 2
+m5 T i+1/2/‘/7 CU dv+m5 T i+1/2 - CU d'U. (4.23)

and we complete the construction of the scheme. We can prove that the scheme is AP by employing
similar approach as in [95].
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4.3.2 AP property

In this part, we give a formal derivation of the AP property for the UGKS proposed in (4.14)—(4.15).
When e goes to zero, asymptotic expansions of A, B, C given in (4.22) read

A=0(e), B:§f¢(vai+1/2)+0(€), C=—140().

The leading order term of (4.15) yields f/"™! = pI'"™' +O(¢) and we only need to show that (4.14) satisfies
the equation for p in (4.2), at the discrete level. Suppose that f* = p? + O(e), then

1
T 12 =5 (! + pit1) + O(e),

2
5L7~1 z'n+1/2 — % + O(€>,
n Piv1 — Pi
sttt i+1/2 = ?T + O(e).

We deduce that the expansion of Fi /2 reads:

n pi + P Piv1 — PP
i+1/2 = *W (/V U¢(00i+1/2>dv) T T 3Ar + O(e).

Therefore,
Fz'7-l|-1/2 - Fz‘n—1/2
Ax
Pit1 — 207 + iy ( ( 1 ) P+ Pia
— N . do) 2L il
3(A(E)2 + |V| Vv¢(v01+1/2) U 5

1 PPt i
Y L =8 i
+ (|V| /Vvqﬁ(va 1/2)dv 5 +0(¢)
In the limit of ¢ — 0, the discretization (4.14) becomes

n+1

0 Py Piv1 — 207+ piy

I 3(Ba)?
1 P+ P 1 / [
— )y ) P 2 )y ) BT
+<|V| </v“¢(“““/2> > 2 |V|<v”¢(”‘” 1/2) > 2 )

which is a consistent discretization of the equation for p in (4.2). The proposed scheme is AP.

4.3.3 Steady state problem for the chemotaxis kinetic model

To solve the steady state problem, we start from the most used discrete ordinate method [29, 87]. The
discrete ordinate method is to discretize the velocity space V' = [—1, 1] by a quadrature set { i, wm} (m €
Vin ={=N,---,—1,1,--- | N}). In one dimensional case, the most used and well accepted quadrature is
the Gaussian quadrature. In order to preserve the diffusion limit equation, the points pu,, and weights
Wy, satisfy

Hem = —fm, W_m = Wmn, mel---N,

;wm =2, ;wmufn = %

The discrete ordinate method for the steady state chemotaxis kinetic model on each cell [z;, ;1) writes

1 1
:U/mazfm = 2_5 Z Wn (1 + 5¢(Nn0i+1/2)) fn - E (1 + E¢(um0i+1/2)) fm’ me V’m (424)
neVv
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This is a linear ODE system with constant matrix coefficient. Together with the inflow boundary condi-
tions, the exact solution can be obtained analytically. We use the following procedure to construct the
general solution on each interval [x;,z;1+1). We seek eigenfunctions of the form

Im eXp(—gx). (4.25)
By substituting this form into (4.24), one obtains
1
[(1 + €¢(Hm0i+1/2)) — ‘U,mC:I lm = 5 Z W, (1 + €¢(Mm0i+1/2)) lm (426)
nev

The above equation holds for all m € V,,, which indicates that ( is the eigenvalue of the matrix
1
E=U"'1- 5W) (I+ep(Uoit1y2)). (4.27)

Here U = Diag(tim)mev,, and ¢(Uc;y1/2) = Diag(d(tmit1/2)),, oy, are diagonal matrixes, W is a rank
1 matrix whose rows are (W, )mev,,. Due to (4.26), ¢ is the root of

+ Z 1 + Ed) Mmo—z+1/2))wm

=1 (4.28)
2 &1 + EO(UmTiv1/2) — HmC
and the eigenvector associated to ¢ can be given by
1
Iy = . mE V. (4.29)
1L+ ed(tm0it1/2) — pmC
It is easy to check that when ¢ # 0, ( = 0 is a simple root if ¢(u) = —¢(—u). Besides if v, =
% (m € V,,) are different from each other, since the sign of v, are determined by p,,, the
functional % Zmevm 1(-1:;?;5#7;?;2/)2));1 tends to plus or minus infinity when ( approaches v, from left

or right. Therefore, (4.28) has 2N s1mple roots when ¢ is away from zero. However when ¢ — 0, E
becomes U~1(I — W/ 2) whose eigenvalues admit a zero double root [29, 82]. The general solutions to
(4.24) are different for these two different cases, we discuss them separately in the subsequent part.

Case I: If (4.28) has 2N different simple roots, we can find 2N linearly independent eigenfunctions
of the form [, exp(—éx). Then the general solution to (4.24) can be written as

nn Cn nn Cn
fm(z) = Z B"I7 exp (— ?(:I: —Tip1)) + Z A exp (— ?(x —z;)),
(n<0 (n>0
The coefficients B™, A™ can be determined by the inflow boundary conditions
fm(zig1) = fi, m <0,
fm(l'l) = fr‘“ m > 0.

Then the outflows are given by

=Y B exp + > A", m <O,

¢n<0 Cn>0
— nin nin Cn
fm(ig1) = Z BT + Z A exp (— ?A:c), m > 0.
(n<0 (>0

Case IT: We consider the limiting case when E = U~!(I — W/2), the eigenvalues for this matrix have
been proved in [82] to have the following propperty
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Theorem 4.3.1. The equation
1 Wm
P Y e
2 meVm 1 N Mmc

has 2(N — 1) simple roots appear in positive/negative paris while 0 is a double root.

We set, the double zero eigenvalue ( and (_n and rearrange eigenvalues ¢, from the lowest to the
highest.
C1_N<"'<C_1 <0<<1 <"'<CN—1-
For eigenvalues different of zero, eigenfunctions are exponential functions as in (4.25). Let us find eigen-

functions corresponding to the zero eigenvalue. By using the same token as in [82], we are looking for
solution of the form a,,x + B,.

Injecting a,z + By, into (4.24) gives two solutions

1 T Elbm,

Lt e(pmoirnye)’ 140(moin1/2) (14 ep(imois)

Finally the general solution of (4.24) writes

fnlr) = (e
" 1+ ep(pm0iziy2) 1+ ed(pm0it1/2) L+ ed(pm0iv1/2)

+ Z cnly, exp <%x) ,

1<|n|<N-1

where ¢, (1 < |n| < N) are constants to be determined by the boundary conditions. Since € can become
very small, overflow may occur when evaluating exp ( — &/ 5). In order to have ¢, at the same scale as
fm(x), we rewrite the general solution in the interval (x;, 2;11) into

fm ()

_ 1 + C2 ((x—ac-)— HmE€ )
L+ ep(umoiz1y2) 1+ ed(pmoiy1/2) Y 1+ ed(pmis1)2)

nn Cn nn Cn
+7;)B I exp (— ?(x—ziJrl)) +nz>:0A I exp (— ?(zf:cz)),

(4.30)

with ¢1, co, B™, A™ constants. Then we can determine ¢y, co, B", A by the inflow boundary condition, so
that the outflow.

4.4 The radiative transport equation

For the radiative transport equation (4.3), the same as in the previous section, we can choose two
specific AP schemes respectively for the time evolutionary problem and steady state problem. For the
time evolutionary problem, the UGKS scheme proposed in [120] is employed, while similar discretization
as in subsection 3.3 can be used to solve the steady state problem. We sketch the discretization used in
[120] in the subsequent part and for more details and the proof of AP, one can refer to [120].

4.4.1 The AP UGKS for the grey radiative transport equation

The idea is to first introduce ¥ = acT* and rewrite the system (4.3) into

1 1 o 1
I 4+ v, = = | =
¢ +5v g2 <|V|

20 = B(W)a(p — ),

v I) +al@v), (4.31)
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where p := fv Idwv is the total radiation intensity and g is a function of ¥ given by

4 3/4
5 = & (aﬂ) -

Then we take the integral with respect to v in (4.31) and get a system for p, 9, with an advection term
depending on fv vl dv. Similar as the UGKS for the chemotaxis model, the first step is to get a prediction
for p"*1 by

n o At n " ocAt, n
pitt = pi + s (Fifl/Q - i+1/2) + 5—2(% i+ CAt/ qidv,
AL (4.32)
Ut =g TS (- ),
where
tntt 1 Tiy1/2
z+1/2 = |V| / EAt i I(xi+1/27vvt) dt) d’U, %(U) = A_.’L' S q(:C,’U)dSC.

After discretizing the velocity space by discrete-ordinate method, the numerical flux F;* | /2 and source
term are approximated by

N
. °oD , . .
FZ.’Zl/QzA Z Wmﬂm([i—1/2,m1um>0+1 1/2m1um<0) 3AL o (W i Q/szl)
m=—N

N
C
+B Z wm/’[’m(é I —1m /"‘7n>0 + 6 1Hm<0) + |V| 52; Z wm/’[/mqiam’

m=—N meVm
/ quU ~ Z WmGi,m = Z Win(Mm)-
meVm, meVm

Here 1, <0, 1,, >0 are the characteristic functions, 6, )", are the approximations to 9, (x;, fm,t") by

the slope limiters and Il"i1 J2,m aTe given by
Ax
n— n n n+ _n n
Iz 1/2,m — =1 1m 6 IiZ 1mo Iz 1/2,m — Izm_T(SmIi,m'

The coefficients A, B, C, D depend on ¢ and At, which will be specified later.

After obtaining the macroscopic variables pf ™', 97! from (4.32), I7;"! are computed by

A
I = I+ e (

n n ocAt Q/J"H n
g \Zi1/2m — ‘I)i+1/2,m) +— ( — I H) + cAtg; m, (4.33)

52 |V| ?,m

where ®7 | /2,m are given by

1
i1 jom =Abm ( im1/2,mLim>0 + I —-1/2, mlum<0) + Cﬂmd’?fuz

+D (Mm(sﬂ/’?t/é L0 + Hin O 1/’?+11/2R um<0)

+B (Mmé Iz 1,m #m>0 +Mm5 I 1#m<0)

n V|erC
+ES I, + ||U Loni,m s
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with 7/’?:11/2, 511/1?:1/2]% , 511/)?;1/’; , 5t1/1?f11/2 being defined by

1 1/}n+1/ o ,l/)n+11
n+1 n+1 n+1 n+1,L i—1/2 -
Q/Ji_:_l/g = 5(% Ty %:1 )- 596%‘—1/2 =

Ax/2 ’

n+1 n n+1 n+1

5 1/}n+1 N wi—l/Q T Vi-1/2 5 ’l/)n+17R . v; - wi—l/Q
t¥i—1/2 — At ) z¥i—1/2 — A:z:/2

5961/)?:1/; and 5961/1?:1/2]% are the same and we use different notations in order to be consistent with

notations in [120]. In [120], different notations are used for 5z1/1?f11/f and 51¢?f11/2L in order to consider
different approximations for w?_*ll/Q. Some of them can lead to the case when 8,%" 1% and 511/1?:1/; are

i—1/2
different.

Let v = 27, the coefficients A, B, C, D, E appeared in all above formula are given by

c
- (- exp— ().
¢= 7 (ar- Lo e van)
- V]eAty v Py 7
Do C7 A1+ exp (—vAl) — 2(1 — exp (—vAl)
- V]etAn? P v exp (=vAb) |,
2
= —ﬁ (1 — exp (—vAt) — vAtexp (—VAL)),
v
E = 0270 1 —exp (—vAt) — vAtexp (—vAE) — 1(Z/At)2
= V[eBAL P P 2 '

4.4.2 Steady states for the radiative transport equation

We use the discrete ordinate method similar as in subsection 3.3 and refer to [55] for more details.
The one dimensional discrete ordinate steady state problem for (4.31) reads

Lt O Iy = g(z Wil — Im) + EGm. (4.34)

We use the same AP scheme as in subsection 3.3 and the above equation falls into the category of Case
II. The only difference is that there exists a source term g¢,,, which can be easily built into the scheme by
constructing an approximated particular solution. The general solution with source term g, can be given
by the summation of the general solution of the homogeneous problem and the approximated particular
solution. Then the coefficients in front of the general solutions of the homogeneous equation can be
determined by the continuity of solution at the cell edge. For more details, we refer to [82].

4.5 Numerical simulations

In this section, we apply the well-balanced and AP scheme designed in Section 2 to two test cases:
kinetic chemotaxis and radiative transport models.

4.5.1 Chemotaxis model

The first simulation concerns the chemotaxis model (4.1). Simulations are set on z € [—1,1] and
v € [—1,1]. We take N, = 32 points for the velocity and N, = 500 points for the space discretization.
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-0.5

-1

—©6—¢e=0.5
—v—¢=0.05
—&—¢=0.005
First Order

Figure 4.1: Convergence order with respect to Az. Here the log-log plot of the mesh sizes with respect
to the L' norm of the probability density error in all directions is displayed. The mesh sizes are 1/20,
1/40, 1/80, 1/160 and ea, := max,e(—1,1) || fae(®,t) — foae(2,t)[|1 are plotted for different e.

Parameters in (4.1) are chosen as in [58] such that
xs=1,D=15,5=60a=3.
and ¢ is of the form

¢(x) = —xs tanh %, with § = 1.

We impose specular boundary conditions for f¢ and Dirichlet conditions for S¢. The initial condition
is composed of two bumps in z located at £0.65 such that

£2(z,v) = 5exp (—10(z — 0.65)% — 10(z + 0.65)*) exp (—20(v — 0.5)> — 20(v + 0.5)?).
To ensure the stability of the numerical scheme, the time step At is chosen as follows

Az?, for e < Az?,
At =
eAx, else.

The requirement for the time step can be improved if the limiting discretization is implicit, the strategy
of constructing an implicit limiting discretization has been discussed in [120]. The goal of our present
paper is to illustrate the idea of the AP-WB framework and thus we keep using the simple scheme.

4.5.1.1 AP property

In order to verify the AP property of our scheme, we show that the convergence order of the scheme
is independent of . In figure 4.1, we plot ea, := ||faz(t) — foaz(t)|]1 with respect to Az for different
values of ¢ and uniform convergence with respect to € can be observed numerically. This guarantees the
AP property.
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4.5.1.2 Model convergence in ¢
As predicted by the theoretical analysis, when ¢ — 0,
fg — polvEVv

where p? is the solution to the limiting Keller-Segel equation. To verify the above convergence, the
total densities p° are displayed in Figure 4.2 for different values of ¢ ranging from 107! to 1075. As a
comparison, we plot the solution of the limiting model in Figure 4.2 and can observe that p° get closer
to p° as e goes to zero.

The convergence order in ¢ can be seen in Figure 4.3, where we have plotted || f¢(x,v) — p*(2)1yev ||,
for different ¢ in the logarithm scale. The numerical results indicate that the order of convergence is close
to 1.

Figure 4.2: Plot of the macroscopic density for different values of . ¢ = 0 is the solution to the
macroscopic Keller-Segel equation.

Plot of log(error) versus log(<)

Figure 4.3: Convergence order in ¢ of the chemotaxi model (4.1).

4.5.1.3 WB property
In order to check the WB property, we calculate the long time behavior of the kinetic scheme for
¢ = 1. The steady state is characterised by the vanishing of the macroscopic flux J. A way to measure

whether the steady state is reached is to look at the evolution of the residues ™ at a given time t" defined
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by

r’ =

Z Wm, ‘fn-H(Mm) - fn(um)‘

meV

2

Figure 4.4 shows the decrease of the residues and its stabilization when the steady state is reached. In
addition, the flux J is of order Az? at this steady state as displayed in Figure 4.5.

Macroscopic flux at time T=100

Figure 4.5: The macroscopic flux J at time 7" = 100.

4.5.2 Test case 2 : Radiative transport

We consider the radiative transport equation (4.3) on = € [0,1] and v € [—1,1]. The source term q is
given by
1
q(z,v) =v|v| +ox (|U| - 5) . (4.35)
When e = 1, we can have analytical nonzero steady state for this choice of ¢(z,v). Though ¢(x,v) in
(4.35) can take negative values, which is non-physical, it can be used to test the scheme performance. We

use uniform grids in z with N, = 400 and 32 Gaussian quadrature for the velocity space. The parameters
are set to be

o =1,a=0.01372,c = 29.98,C, = 0.01.
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Ak 4

-25F

—6—¢e=0.5
—%— ¢=0.05
—&—¢=0.005 q
First Order

Figure 4.6: Convergence order with respect to Az. Here the log-log plot of the mesh sizes with respect
to the L' norm of the probability density error in all directions is displayed. The mesh sizes are 1/10,
1/20, 1/40, 1/80 and ey := maxge(o,1) [[{az(2,t) — Iaaz(,t)||1 are plotted for different e.

For I, Dirichelet boundary condition on the left and specular reflection on the right are prescribed. To
guarantee the stability, the time step is given by

A 2
0.95=—, for e < 0.9522
At = ¢

09527 clse.
C

4.5.2.1 AP property

In this part, we show that the convergence order of the scheme is independent of . In Figure 4.7,
we plot ea, 1= max,e(0,1) [1az(7,t) — Tons(z,t)|[1 With respect to Ax for different values of €. Uniform
convergence can be observed which confirms the AP property of the scheme.

4.5.2.2 Model convergence with respect to ¢

The theoretical analysis indicates that

,lpO
IF — 711,6‘/, e —0,
where 10 = ac(T°)* and T is the solution to the limiting equation (4.4). To verify the above convergence,
the total densities p® are displayed in Figure 4.7 for different values of ¢ ranging from 107! to 1075, As
a comparison, we plot the solution of the limiting model in Figure 4.2 and can observe that I¢ get closer
to Y /2 as € goes to zero.

The convergence order in ¢ can be seen in Figure 4.8, where we have plotted [|1°(x,v) — p°1,ev||,, for
different ¢ in the logarithm scale. The numerical results indicate that the order of convergence is close
to 0.6.
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Plot of macroscopic density rho for radiative equation at T=0.1
0.25 T T T T

Figure 4.7: Total density for different values of €. ¢ = 0 corresponds to the limiting nonlinear diffusion
model (4.4).

Figure 4.8: Convergence order in € of the grey radiative transport model (4.3).

4.5.2.3 'WB property

For the source term ¢ as in (4.35), when € = 1, the steady state is given by
I(z,v) = vz, p==x.

The time evolution of the residues 7™ is given in Figure 4.9, it decrease and stabilize at 7' = 1. In
Figure 4.10, the captured steady state is plotted.

4.6 Conclusion

A general framework of developing AP and WB schemes is proposed in this paper. Two parameter
regimes are considered: the (advection) diffusion type (linear or nonlinear) limit when ¢ << 1 and the long
time behavior of the hyperbolic equations with source terms when e = O(1). The framework is composed
of two steps. We first calculate a prediction with an AP scheme for the time evolutionary problem and
then use the prediction to set up the inflow boundary conditions for the steady state problem in each
cell. The steady state problem in each cell is solved by an AP scheme for the steady state equation, then
the obtained outflows in each cell are used for modifying the numerical flux to achieve WB.

The details of the discretizations for transport equations for chemotaxis and gray radiative transfer
are given. The numerical results in section 5 verify the AP and WB properties of our proposed scheme.
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Plot of the residues r in the logarithm scale

Figure 4.9: Evolution of residues with respect to time.

Plot of the macroscopic density pattime T
T T

Figure 4.10: The total density of the steady state at time 7" =1 when € = 1.

In particular, the AP schemes for the time evolutionary transport equation for chemotaxis and the
corresponding steady state equation are new.

One may argue about the computational cost of our proposed framework, the advantage is that, any
AP schemes for the time evolutionary problem and steady state problem are applicable, thus we can
choose those simple ones. First of all, the key principle underlying most WB schemes consists of using
values constructed from a local discrete equilibrium, therefore if we are interested in unknown steady
states, it is hard to avoid the steady problem step. On the other hand, in the prediction step, we can use
those AP scheme that can implement the implicit stiff terms explicitly as in [49], or at least more efficient
than using the Newton type solvers for nonlinear algebraic systems. (4.7) can be updated explicitly
afterwards, the total computational cost is composed of some explicit calculations plus solving the steady
state problems.

The proposed framework can be extended to the hyperbolic system with relaxations, we will pursue
more applications in the future.
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Appendix A

Diffusion limit of the simplified
Langevin PDF model in weakly
inhomogeneous turbulence

Abstract

In this work, we discuss the modelling of transport in Langevin probability density function (PDF)
models used to predict turbulent flows [109]. Our focus is on the diffusion limit of these models, i.e. when
advection and dissipation are the only active physical processes. In this limit, we show that Langevin
PDF models allow for an asymptotic expansion in terms of the ratio of the integral length to the mean
gradient length. The main contribution of this expansion yields an evolution of the turbulent kinetic
energy equivalent to that given by a k— e model. In particular, the transport of kinetic energy is given by
a gradient diffusion term. Interestingly, the identification between PDF and k —& models raises a number
of questions concerning the way turbulent transport is closed in PDF models. In order to validate the
asymptotic solution, several numerical simulations are performed, with a Monte Carlo solver and also
with a deterministic code.
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A.1 Simplified Langevin PDF model applied to a turbulent zone .. ... ... 112
A.2 Weakly inhomogeneous limit and diffusion regime. . . . . . ... ... ... 114
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Since the early work of Pope [109], the so-called probability density function (PDF) approach has
proved to be an efficient tool for predicting turbulent flows. In this approach, one derives and solves a
modelled transport equation for the one-point PDF of the fluctuating velocity field and, when necessary, of
additional variables describing the state of the flow, such as concentration, temperature or density. In the
modelling process of the flow one-point statistics, closures must be applied to the turbulent acceleration
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as well as to molecular diffusion terms. Most of these closures yield a PDF transport equation of the
Langevin type [109, 108, 110, 53]. In this work, we will only focus on this class of models.

While mostly used to predict turbulent reactive flows, the PDF approach has also demonstrated its
utility for solving incompressible inert flows. In this context, Langevin PDF models have been shown
[108] to be connected to simpler turbulent models which focus solely on the second-order one-point
correlation tensor of the velocity field, also called Reynolds stress tensor. These Reynolds stress models
(RSM) revert to the well known k — ¢ model when turbulence is isotropic. The PDF/RSM equivalence
encompasses most physical processes at work in incompressible flows, including production, non-linear
redistribution and dissipation effects. However, strong differences exist in the way both approaches deal
with the transport of the turbulent kinetic energy and of its anisotropy.

In RSM, turbulent transport is usually modelled by a gradient diffusion assumption. Many variants
of this closure exist, but most are found to yield similar results in practical situations [6, 124]. In the
PDF approach, the situation is different. The advection term appearing in the Navier-Stokes equations
does not require any closure. In that sense, turbulent advection is often said to be treated “exactly” or
“without assumption” [125, 53]. However, such statements might be somewhat misleading. Indeed, the
overall process of turbulent transport is not exact since the statistics of the velocity field are affected by
the Langevin closures used in the remaining parts of the PDF transport equation.

Thus, turbulent transport and Langevin closures are interacting in PDF models. This interaction is
flow-dependent and cannot be made explicit in the general case. Yet, when non-equilibrium /production
effects become negligible, the PDF equation is expected to degenerate and to yield a gradient diffusion
formulation for the transport of Reynolds stresses. This is suggested by several works, for instance
[108, 64, 6], which focus on triple velocity correlations and on their expression in the absence of production.
As a consequence, in this diffusion limit, a PDF/RSM equivalence should exist for the turbulent transport
term. Then, significant knowledge could be gained by comparing the two families of models, just as it
was done in the homogeneous case by Pope [108].

However, the diffusion limit of PDF models has never been looked at thoroughly. The precise condi-
tions under which it occurs have not been made explicit. Besides, the influence of dissipation processes
are usually discarded while they are expected to play a significant role. Finally and more importantly,
the study of the diffusion limit has been limited to considerations on the sole triple velocity correlations
and not on the PDF itself.

Thus, the purpose of this work is to study the diffusion limit of PDF Langevin models and to explicit
the connection with RSM models in that particular case. To this end, we consider a simplified setting
in which diffusion and dissipation are the only active physical mechanisms. Besides, we restrict our
attention to the simplified Langevin model described for instance in [110]. Then, we look for an asymptotic
expansion of the Eulerian Langevin PDF equation in terms of the ratio of the integral length to the mean
gradient length. The relevance of this expansion is verified on several simulations. Finally, its implications
in terms of physical models are discussed.

A.1 Simplified Langevin PDF model applied to a turbulent zone

Throughout this work, we will consider a canonical turbulent flow consisting in a 1D slab of turbulence
that decays and diffuses with time, and has no mean velocity. This flow is sketched in Figure A.1 and will
be referred to as turbulent zone (TZ). The inhomogeneous direction is denoted by x; and the length of
the TZ by Lrz. Our interest lies in finding the properties of the Eulerian PDF f(u;z1,t) of the velocity
field u = (uy,u2,u3) at point 27 and time ¢t when modelled by the simplified Langevin model (SLM)
[109]. The PDF f is defined as:

fla;z1,t) = 6(v(x,t) —u)

where v(x,t) is the instantaneous value of the velocity field, § is the Dirac delta function and where,
for any quantity a, @ represents the averaging operator. Note that the PDF f depends on z; instead
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Figure A.1: Sketch of a turbulent zone as studied in this work.

of & because of the assumed statistical homogeneity of the flow in the directions x5 and x3. In the TZ
configuration and with the SLM, the evolution of f is given by:

of of d [(ORy; C1_ Co_ O*f
Ty = ——— — Lo, =0 Al
8t +UI 8501 8uj |:< 8501 2 WUJ> f:| + 2 Eaujﬁuj ’ ( )

where Cy and C; are model constants, R;; = u;u; is the Reynolds stress tensor, k is the mean turbulent
kinetic energy, @ is the mean dissipation frequency and Z is the mean dissipation rate. Note the presence
of the gradient of the Reynolds stress tensor in the right-hand side of Equation (A.1). This is due to
the fact that the mean velocity is null and that the first moment of f is zero: [, f(u;z1,t)du =0 (see
eq. (12.19) in [110]). The Reynolds stress tensor R;; and k are obtained directly from the PDF by the
relations:

1 1
k(:z:l, t) = §Rii($1, t) = iuiui(xl,t) and Rij(xl, t) = uiuj(xl,t) = / uiujf(u; xl,t)du . (AQ)
R3
In these expressions, the Einstein summation convention on indices is used. The mean dissipation rate
and mean frequency are linked by the relation:

?(:cl,t)
(£C1, t) .

w(l'l, t) =

(A.3)

=

An additional equation for the dissipation is required to close the system. As in standard k — & models,
this equation is obtained by direct analogy with the equation of k. The evolution of k£ deduced from the
PDF equation (A.1) is:

- k) = —%. A4
ot t o, (Wh) =F (A-4)
The evolution of Z is then set to:
0z 0 _— __
E + a—[L'l (ng Ulk) = *05264} (SR (A5)

where C. and C., are model constants and where u;k is the following triple velocity correlation:

uk = iuiupup .

The values of the different constants appearing in the above equations are given in table A.1. These
values are taken from the literature [109, 108, 110, 53].
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CO Cl CE CEz
2(C;—1) [155 1 1.9

Table A.1: Model constants

Note that Cy and C; are not independent: in order to ensure that Z is the dissipation rate of k one must
have Cyp = 2(Cy — 1). As noted in [108], the value of Cy varies significantly in the literature. It mostly
depends on whether the SLM is used to model both the non-linear redistribution of energy and the rapid
contribution of the pressure gradient, or whether it is associated with an additional component modelling
the rapid pressure part. In the former case, the value of Cy is usually set to higher values, typically
C1 = 4.15. In the latter case, it is set to lower values, typically C; = 1.8. In the absence of production,
as in the TZ case considered here, there is no rapid pressure term and both low and high values of C4
are acceptable.

A.2 Weakly inhomogeneous limit and diffusion regime

A.2.1 Main assumption

Two main lengths characterize the turbulent field in the TZ configuration, the integral length ¢ and
the gradient length L. They are respectively defined as:

The integral length ¢ is representative of the size of the turbulent eddies present in the turbulent zone,
while L measures the inhomogeneity of the turbulent field. Its maximum is expected to be roughly on
the order of the turbulent zone size L.

We now make the assumption that the flow is weakly inhomogeneous, i.e. that turbulent eddies are
much smaller than L. More precisely, we assume that:

14
- S €a < 1 3 (A6)
L

where €, is a constant. Anticipating on a configuration where the PDF remains close to a Gaussian,

this assumption can be incorporated in Equations (A.1) and (A.5) by introducing a rescaled spatial
coordinate:

Tl
z=—.
6(1
With this definition, Equations (A.1) and (A.5) can be rewritten as:

of of 0 ORy; Ch_ Co_ O°f
- == - —wu; — A.
ot +cath 0z Ou; {(Ga 0z 2 wuj) f] + 2 Eauj[?uj ’ (A7)
g 0 _— __
o + 6,1& (ng ulk) =-C,WE. (A.8)

A.2.2 Asymptotic expansion

We look for a solution of Equations (A.7) and (A.8) as an expansion of the small parameter ¢,:

F=fO+eafP+e2f®+ .., (A.9)
g =20 pegW 4 28 ¢ | (A.10)
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where we impose / f(o)(u;z,t)du =1 and Vi > 1,/ f(i)(u;z,t)du = 0, without loss of generality.
R3 R3

The zero'” order of the expansion for f obeys the following Fokker-Planck equation:

Co ) 92 £(0)
=00 2
2 811,]'(9’&]'

8t o 8uj

af© 9 [01
2

Cizo,, f<o>} n

with @@ = 5(0)/?0). Besides, the zero” order kinetic energy and its dissipation evolve according to:

%“J) _ o O =(0)?

ot R X Ol

From these equations, it can be shown that the long-time solution of the PDF £(®) is an isotropic Gaussian

. —(0 L . . -
of variance 02 = Qk( ) /3. We hereafter assume that time is large enough so that this long-time solution is
reached. Equivalently, we can assume that the initial condition of f is an isotropic Gaussian and that we
look at the development of a perturbation around this initial state. In either case, we hereafter consider
that:

O (e » ) = & 27 s o 2-(0)
P 2,t) = Rrot)i2 with o° = Sk .
The derivation of the first order of the expansion is detailed in appendix .1. The central result is that,
for large times, f (1) takes the following form:

1
3C; +2C., — 6

1 0 0,0% w Ui UG 0 . B
foO=c2 —(5—?)]”() with €, =

w o2 o

(A.11)

The first order perturbation f(!) does not contribute to the Reynolds stresses:
uiuj(l) =0.
However, it yields the main contribution to the third order moments. From the previous formula, one
has:
29 2
o° do
uiujuk(l) = —QCQEE (61i6jk + 61j5ik + 61k6ij) . (A.IZ)

In particular, the flux of kinetic energy is given by:

25 2
—(1) o° do

ik =-5C,——
Y % 0z

The second order is not detailed here. It yields an anisotropic contribution to the Reynolds stresses and
an even contribution to the PDF, with a dependency on the gradient of o2 and on its Laplacian.

5t . (A.13)

A.2.3 DMain result: approximate PDF solution in the weakly inhomogeneous
regime

A.2.3.1 Main result

We now collect the zero?” and first orders of the expansion. Besides, we also go back to the original
spatial coordinate 1 = €,z. Then, we obtain that:

10k w <Uzuz) e i/ /3 (A.14)

l
For 7 <1, flwar,t) = |1+ V3sC lz o0 2k/3 (4nk/3)3/2

k Oz, \/{/3
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where k is solution of a k — Z-like system:

— _2 —
¢ ok 0 ok _
Forz<<1 s aTm(Ck?Tm)E s (A15)
-2
o 0 B[ 0F 0w
- |cor(=-—)|-c,wE , Al
ot~ o (CC’“g (8:01 k8z1)> CeWE (4.16)
with: 50 50
C’“Zﬁcgzg(sclwcgfﬁ)‘

To obtain these expressions, we used the relations ¢ = ES/Z/E_: \/3/2 7/z and 0% = 2k/3. We also injected
relation (A.13) into the evolution Equations (A.4)-(A.5) of k and Z.

Equations (A.14)-(A.16) are the main result of this work. They show that, in the weakly inhomo-
geneous regime, the simplified Langevin PDF model behaves as a standard k& —  model. In particular,
turbulent transport is given on first order by a diffusion term which coefficient depends explicitly on two
model constants: C7 and C¢,. The physical implications of this finding will be discussed in section A.4.

A.2.3.2 Comment on the domain of validity of the main result

The asymptotic expansion of the PDF eq. (A.14) and the ensuing k — Z system (A.15)-(A.16) are
valid in weakly inhomogeneous turbulence, i.e. for ¢/L < 1. Let us assume that this condition is indeed
verified on the whole spatial domain. Then, when C. = 1, the k — & system (A.15)-(A.16) admits a self-
similar solution, first found by Barenblatt & co-workers [7] and later by Cherfils & Harrison [31]. This
solution is reached for asymptotically large times for arbitrary initial conditions. For initial conditions
that are compatible with the self-similar solution, the self-similar regime is immediately reached. It is
given by:

Rz, t) =Fo (14 4m) > (1= [/a]?) o e(or,t) =20 (L) (1= [my/nel) | (A7a)
with A(t) = Ag (1 + /)" and ﬂ%. (A.17b)

The values of k and € at t = 0 and ;1 = 0 are related to the two free parameters defining the initial
length of the profile Ag and the initial turbulent time 7y:

_ —3/2
1 ko B 2C, ko
T0 = CEZ — 1 EO 5 AO = B(C&-Z — 1) go . (A].S)

From this analytical solution, we can compute the small parameter on which the asymptotic expansion
is based: £/L = (k' /2)(84, k/F). We find that:

II/A
VI= (/a2

This ratio is equal to O at the center of the mixing zone and grows to infinity at the edges of the mixing
zone. The condition ¢/L < 1 is met only for:

+ = VRO, ~ 1[G

|1 | Ti0 _ 1
A A /T+28(C., —1)/Cy

Y

where the value of =10/ is on the order of 1.

As a result, we deduce that the initial hypothesis of this reasoning, according to which the weakly
inhomogeneous limit ¢/L < 1 is met on the whole spatial domain, cannot be fulfilled. Because of this,
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differences will exist between the solution of the actual f and  equations (A.1)-(A.5) and the solution
of the approximate system (A.14)-(A.16), when applied to the whole domain, instead of being restricted
to is domain of validity.

The question that follows is whether these differences will affect significantly the overall dynamical
evolution of the mixing zone or not. In particular, it is important to know whether the evolution of
k and Z obtained from the initial equations (A.1)-(A.5) differs substantially or not from the evolution
of the approximate k-2 model (A.15)-(A.16) applied to the whole domain. If the two remain close, the
weakly inhomogeneous asymptotic expansion will not only yield a local approximation of the PDF and
its moments, but also provide a global approximation of the evolution of the mixing zone.

The answer to these questions cannot be determined beforehand with the present analysis. Instead,
numerical simulations are performed in the next section to give elements of discussion.

A.3 Numerical simulations

The purpose of the simulations is two-fold. First, when the parameter for the asymptotic expansion
is small (eq. (A.6)), we want to corroborate numerically the analytical asymptotic expansion of the PDF
(eq. (A.14)). Second, we would like to check whether or not the actual evolution of the mixing zone
given by Equations (A.1) and (A.5) remains close to the approximate evolution given by System (A.14)-
(A.16). Indeed, as noted in section A.2.3.2, the weakly inhomogeneous condition (A.6) and the ensuing
approximation (A.14)-(A.16) cannot apply on the whole spatial domain, but fail close to the mixing zone
edges.

To achieve those objectives, we propose two types of numerical reference solutions for the PDF equa-
tions (A.1) and (A.5). On the one hand, we consider a Eulerian Monte Carlo (EMC) solver. EMC
methods have been introduced for scalar PDFs in [123, 113] and have been extended to include the ve-
locity field in [119]. They are described in appendix .2. On the other hand, we use a direct deterministic
solver based on finite volume approximations, described in appendix .3. Given the high number of di-
mensions of Equation (A.1), the computational cost of a deterministic method is too expensive. Hence,
we decide to apply the deterministic method to a simplified version of Equations (A.1) and (A.5). This
simplified system is described in section A.3.2.

In all simulations, we will restrict our attention to the case C. = 1 which allows for the analytical
solution (A.17).

A.3.1 Eulerian Monte Carlo simulations

First, we solve Equations (A.1) and (A.5) with the Eulerian Monte Carlo (EMC) solver which principle
is detailed in appendix .2. The parameters of the simulation are the following. The computational domain
[Zrmin, Tmaz] 18 set to [—80, 80]. It is discretized with N, = 256 points. The number of stochastic fields is
set to Ny = 16000. The initial conditions are set according to the expected solution (A.17):

E(ml,t:O):E()(l—[i—;r) , E(ml,t:O):%(l—[i—;r) ;

where we set the values Ag = 10 and ko = 1.5 and where the values of 7y and &, are given by Formula
(A.18). Two calculations are done: one with C; = 4.15 and one with C; = 1.8. For C; = 1.8, one has
70 = 2.0 and y = 0.84 and for C; = 4.15, one has 79 = 3.6 and g9 = 0.47.

A.3.1.1 Validity of the asymptotic expansion

The first point we examine is whether the validity conditions of the asymptotic expansion are met
and, if it is the case, whether the asymptotic expansion is indeed obtained. Figure A.2 shows the profiles
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of ¢/L at t/790 = 10. It can be seen that this ratio is //L = O(1) at 1/2 < z/Li(t) < 1, and falls close
to zero at x/Li(t) = 0. Tt can also be seen that £/L slowly goes back to zero at the edges of the mixing
zone for /Ly (t) > 1. The length Ly is defined as:

3 fE(ml, t)dl‘l
4 max,, er (E(zl, t)) '

Li(t) =

It is equal to A(t) when k and Z obey the self-similar solution (A.17). While other definitions are possible,
we will hereafter consider that Ly defines the size of the mixing zone: Lyyz = L.

1 1
01 01
~ ~
~ ~
= =
001 001
0.001 0.001
-1.5 -1 -0.5 0 0.5 1 1.5 -1.5 -1 -0.5 0 0.5 1 1.5
x1/Ly x1/Ly
(a) C1 =138 (b) C1=4.15

Figure A.2: ¢/L as a function of x1 /Ly at time ¢/79 = 10

The estimate of the PDF obtained from the EMC code is too noisy to be compared directly to the
analytical form (A.14). Direct comparisons will be made with the deterministic code. However, we can
compare predicted and computed moments. In particular, Figure A.3 shows a comparison of the third
order moment u;k against its predicted value given by Equation (A.13). More precisely, Figure A.3 shows
the quantity:

urk+ G e

1> 631

AF =

—3/2
!
The main observation is that predicted and computed third order moments are close to one another
in the central part of the mixing zone, approximately for |z1|/L; < 0.5. Their difference is maximum
for |x1|/Lk ~ 1 and decreases slowly beyond this point. These observations are in agreement with the

expected domain of validity of the asymptotic expansion, as commented from Figure A.2.

A.3.1.2 Evolution of the mixing zone

_We now turn our attention to the question asked at the end of section A.2.3.2: whether the evolution
of k and g differs substantially or not from the analytical prediction (A.17). To do so, we first assess the
self-similarity of the solution. In addition to Ly, we introduce the following two parameters:

Emaz(t) = max (k(z1,t)) . Emas(t) = max (Z(x1,1)) .

We first consider the time evolutions of the three parameters k,qz (), Emaz(t) and Li(t) and compare
them against their predicted values given by the self-similar solution (A.17). To this end, we introduce
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Figure A.3: AF as a function of x1/Lj at time ¢/79 = 10
the three ratios Ry, R. and Ry, defined by:
Emaz Emazx Lk

Ry = = — R, = — =—.
%o (1 + t/T()) 2+28 7 %o (1 + t/m) 3+28 Ao (1 + t/T())B

If the solution remains close to the self-similar solution (A.17), then Ry, R. and Ry should become

independent of time. Besides, given that the initial condition was chosen close to a self-similar solution,

one should have Ry = R. = Ry = 1. A strict equality is not expected since the asymptotic expansion is

not valid on the whole domain and since the initial condition is not fully coherent with the self-similar

state. In particular, the initial PDF is a Gaussian, whereas the self-similar PDF deviates from Gaussianity.

The three ratios Ry, R. and Ry, are displayed in Figure A.4. It can be seen that they indeed remain
approximately constant and stay close to one for the two simulations respectively performed with C; = 1.8

and Cl =4.15.
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(a) C1 =18 (b) C1 =4.15

Figure A.4: Evolution of Ry, R. and Ry as a function of time.

We now consider the ratio E/ kmaz taken at different times is displayed in Figure A.5 as a function of
x1/ Ly and for two values of Cy. It can be seen that the respective profiles of the two ratios fall approxi-
mately on a single curve. This indicates that k is close to a self-similar state. Besides, the collapsed curves
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remain close to parabolas as predicted by solution (A.17). The main difference with this solution occurs at
the edges of the turbulent zone : while Equation (A.17) predicts a compactly supported turbulent kinetic
energy k, the simulation yields a non-compact one. Compactly supported initial conditions indeed lead
to compactly supported solutions for the system (A.15)-(A.16). The departure of the simulation results
from the self-similar compactly supported solution can be explained by the high values of the expansion
parameter ¢/L at the edges of the TZ. At these locations, the asymptotic expansion ceases to be valid
and k and  cease to be governed by Equations (A.15)-(A.16).

Simulation
Analytical solution s

Simulation
7, Analytical solution e

0.8 0.8

0.6

0.6

0.4

0.4

0.2 0.2

0.5 1 15 -15 -1 -0.5 0.5 1 15

0 0
x1/Lg x1/Lg

(a) Cl =1.8 (b) Cl =4.15

Figure A.5: k/kmae as a function of 2, /Ly, at different times from ¢/ = 2 to t/79 = 10

The existence and properties of the self-similar solution arise in part from the approximation of the
flux of kinetic energy given by Formula (A.13). This approximation has been checked directly in Figure
A.3. Here, we would like make an additional comparison against the self-similar prediction corresponding
to Equation (A.17). To this end, we introduce the non-dimensional flux :

- wk
2 \/2BCh(Cs, — 1)

According to Formula (A.13) and (A.17), F* should be equal to x1/L(1 — [x1/Lg]?). The comparison
between the two functions is displayed at Figure A.6 for different times. It can be seen that both simulation
and prediction are in good agreement in the central part of the mixing zone, for 1 /Ly € [—0.5,0.5].
Outside, the gradient diffusion assumption ceases to be relevant: the predicted flux of kinetic energy
becomes much smaller than the simulated flux. This observation is consistent with the one made on the
non-compactness of the k& —  supports observed in Figure A.5.

F*(21,t)

As a conclusion, the simulation results appear to be in good agreement with the self-similar solution
(A.17) of the k-Z system (A.15)-(A.16). Thus, these simulations suggest that the asymptotic expansion
of the PDF eq. (A.14) and the ensuing k — & system (A.15)-(A.16) offer a good estimate of the overall
evolution of the mixing zone given by the full PDF system (A.1) and (A.5).

A.3.2 Deterministic finite volume simulations

The Eulerian Monte Carlo method has allowed to study some properties of the second and third order
moments of the velocity field. However, its intrinsic noise is too high to directly study the PDF. To
circumvent this deficiency, we propose to use a deterministic solver described in appendix .3.
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Figure A.6: F* as a function of 1 /Ly at different times from t/79 = 2 to t/7p = 10.

A.3.2.1 Simplification of System (A.1)-(A.5)

The basic configuration studied hereafter is the same TZ configuration introduced in section A.1 and
governed by Equations (A.1)-(A.5). As explained above, Equations (A.1)-(A.5) have a high number of
dimensions : 1 in time and 4 in velocity and physical space. The computational cost of a deterministic
method is too expensive so that we propose to simplify these equations in order to reduce their dimen-
sionality. More precisely, we focus on the marginal PDF f; of u;. By integrating Equation (A.1) over ug
and ug, one obtains that f; evolves as:

ofr ofp 9 (0w Ci_
8t +U1 81'1 B aul [( wu fl

Ci—1_, 0*h
9

+ 2 aulul ’

(A.19)

where £ = %E is the dissipation of u?. This equation is closed provided the evolution of £* is known in
terms of the statistics of u1. This is not the case of Equation (A.5) which is related to k. Hence, we
propose to simplify this equation. Namely, we assume that the Reynolds stresses are strictly isotropic.
Then, the turbulent frequency can be related to u? according to: @ = g/k = £*/u?. Besides, we assume
that wiu;u; is also an isotropic tensor, which yields ulk = 3u$/2. With these assumptions, one deduces
from Equation (A.5) the following simplified evolution for £*:

Og* 0 _—3 -
Equations (A.19)-(A.20) are three dimensional and can be solved with the deterministic solver. They share

the same properties as Equations (A.1)-(A.5) but present a slight variation in the weakly inhomogeneous
limit. The limit of f is, as expected, the integral of the limit of f (A.14) over uy and ug:

—u}/(2u?) 1 o2 2
Al t) = 140, | — a—ul “os-4) ), (A.21)
\/27‘(’(,&% \/u%w 1 u%

However, the value of u3 is not given by Formula (A.12) but by:

2 94,2

ui Ou
194

up = -—Cr——

w 0z

with C) = 6Cy. The notation C has been retained here because in the diffusion limit, u_% and £* obey a
k —Z like system similar to Equations (A.15)-(A.16). The solution of this system is then obtained directly

from Equations (A.17) by replacing k by u? and Z by &*.
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A.3.2.2 Set-up

The computational domain is defined by [Zmin, Tmaz] = [—30,30] and [wmin, Umaz] = [—6,6]. It is
discretized with (n,,n.,,) = 2562 points and the time step is set to dt = 2-1073. The initial conditions
are set according to

2 2
ui(z1,t = 0) = ko (1 [%} ) +Emin , E(x1,t=0) =% (1 [%} ) ,
0 0

where kg = 1 and Ag = 10 and where the values of 79 and &, are given by Formula (A.18). The
additional parameter k., is set t0 kmin = 1072, Tt is required because Diracs cannot be represented in
a deterministic method. They are here replaced by a Gaussian with a sufficiently small variance for the
PDF to approximate a Dirac, and sufficiently large to obtain a numerical resolution of the PDF with a
reasonable number of velocity points. The coefficient of the model is set to C; = 2.73, in order to recover
Cr=1.

A.3.2.3 Validity of the asymptotic expansion

The value of the small expansion parameter stabilizes at £/L = 5.1072 at the center of the TZ, and
¢/L = 0.8 at the edge of the TZ. As expected, the validity range of the expansion is therefore not verified
a posteriori at all points of the domain, but only in the bulk of the mixing zone. This is similar to what
was observed in the EMC simulation.

Then, we can analyse the anisotropic odd part of the PDF, with respect to the analytical one (denoted
as €, f! in Section A.2.2). The comparison between the numerical and analytical PDF is shown in Figure
A.7, respectively at the center and at the edge of the TZ. It can be seen that the predicted and simulated
PDF shapes are close to one another. This gives confidence in the asymptotic expansion derived in section
A.2.2.
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Figure A.7: Odd part of the PDF. Comparison between the numerical PDF and the solution obtained
from the asymptotic development, at t/79 = 5.

A.3.2.4 Evolution of the mixing zone

For the TZ configuration described in section A.3.2, we first compare the diffusion solution (A.17),
and the numerical solution of Equations (A.19)-(A.20). In Figures A.8(a) and A.8(b), we observe a good
agreement between the numerical and the analytical solutions, for the second and third moments of the
PDF. Moreover, in Figure A.9, the self-similarity of the solution is checked, with respect to the quantities
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Ry, Re and Ry, (that are defined in Section A.3.1.2). This shows that the PDF solution operates close
to the diffusion regime, for which asymptotic PDF solutions have been derived in Section A.2.2.
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Figure A.8: Comparison between Barenblatt analytical solution (A.17) and the numerical PDF solution
from ¢/79 = 1 to t/79 = 5. The TZ support increases as time increases.
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Figure A.9: Evolution of Ry, R., and Ry as a function of time.

A.4 Discussion and conclusions

In section A.2, we showed that, in the weakly inhomogeneous limit, the simplified Langevin model
(SLM) gives rise to diffusion approximation for turbulent transport and behaves as a standard k—2 model.
In section A.3, we performed numerical simulations of a turbulent mixing zone and showed that the weakly
inhomogeneous limit and the diffusion approximation were relevant to describe the diffusion and decay
of turbulence in this configuration. These results have been obtained for the SLM. However, they should
also apply to a broader class of Langevin models, including most of those described in [108, 110] and
called Generalized Langevin models (GLM). Indeed, in the turbulent mixing zone configuration, these
models only differ from the SLM by correction due the anisotropy tensor. In the weakly inhomogeneous
expansion, this quantity is of order 2. Consequently, it will not modify the orders 0 and 1 on which the
present discussion is based.

The results obtained in sections A.2 and A.3 raise a number of questions concerning the way turbulent
transport is effectively modelled in Langevin PDF models. First, the transport of kinetic energy is given
on first order by a gradient diffusion approximation. The corresponding diffusion coefficient C}, is found
to depend explicitly on two model constants: C; and C.,. We recall that the constant C., is set in
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order to reproduce the correct decay of kinetic energy in homogeneous isotropic turbulence. As for
the constant C, it is set in order to specify the decay of the anisotropy tensor b;; = R;; — 2k/ 30;; in
homogeneous turbulence. Hence, one is faced with an apparent contradiction : the coefficient controlling
turbulent transport in Langevin PDF methods is set by observations and reasonings made in homogeneous
turbulence, which by definition is devoid of turbulent transport.

Second, the value of C; varies in the literature and so does the value of the diffusion coefficient Cy.
For C; = 1.8, one has C;, = 0.7 and for C; = 4.15, one has Cj, = 0.22. These values have to be compared
with the usual value retained in k — £ models C,’jfg = 0.15 — 0.22. Thus, if one wants to obtain results
close to a standard k — Z model in the diffusion-dissipation regime, one should rather choose a value
of Cy = 4.15. However, as explained in section A.1, higher values of C; are usually associated with
simpler models discarding the rapid contribution of the pressure gradient. For more realistic models, it
is the value C7 = 1.8 which is relevant. Hence, one is left to choose between a value of C; that captures
correctly turbulent transport and a value that is compatible with the presence of a rapid pressure model.
In addition to the first comment, this second remark tends to indicate that the definition of C; and the
term it controls in the simplified Langevin model is overloaded. It looks as if the C; term in Equation
(A.1) had to represent two distinct physical mechanisms: return to isotropy and turbulent transport.

Finally, a last remark must be made. While the Langevin PDF and k — & models behave alike
in the diffusion limit, there is still a fundamental difference between the two. In the k& —  model,
the gradient diffusion term models turbulent advection and also turbulent transport by the pressure:

—C’“EE2 8%% = u;k + T;p. By contrast, in the simplified Langevin PDF model, pressure transport is
neglected This can be seen in Equatlon (A.4) where only the flux of k appears. For the simplified
Langevin model, one has: fC’k—(? 'k = usk. This relation could be justified if %;p was negligible.

However, this is not the case. In isotropic turbulence, one has exactly: @;p = —2/5u;k [94]. Therefore,
an important part of turbulent transport is missing in PDF models. Still, the fact that w;p and u;k
are proportional allows for an effective definition of C} which accounts for the missing term and give
an overall correct transport in the diffusion regime. In that case, the value of u;k is overestimated by a
factor 5/3 ~ 1.7.

All these remarks point to some deficiencies in the way turbulent transport is represented in PDF
models. We hope to address some of these deficiencies in a forthcoming paper.

.1 Derivation of the first order of the asymptotic expansion

First of all, we note that E(l) and 1) obey a system of equations independent of higher orders:

—(1) (1 1 —(1)
ok _ oy &Y o 50 50 (95 2FC)
ot oot :® O

Zero being a particular solution of it, we can set, without loss of generality:

E(l) =0andz =
Then, the equation for f(!) becomes:
2 £(0 0
or® Cl—(o g f0] = Cogo 2SO 07D 0 007 )]
ot 8uj 2 8uj8uj 0z Ouy | 0z
o2
A particular form f®) = f( ) u1 g (Iul*/s?) _—z is injected in this equation (we recall that o2 =

k(o)/3). We find that the functlon g(y) is solution of the following second order ODE:

d?g dg C.,+C/2—2-T 15—y

2yd—y2(y)+(5 )dy(y)* Ci -1 9(y) = — 20 =1
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.2.  Eulerian Monte Carlo solver

where I' = [ (10) ag(o)] / {0—12 66;‘22] . The solution of this equation is:

w z

v) = i

I =36, 120, —6—2r0 °

so that we obtain:
W_@ 280 2(57%%) (0) ith O — 1 .
/ 1% 02 o P with G = e —6—ar

The evolution of I is given by: ‘?3—1; =wOr? — (C., — 1)@OT, which solution is:

FO(C€2 - 1)
T'o+ (CEQ —1- Fo)e(CEZ_l) Jo W@ (s)ds

r=

)

with T’y the initial condition of I'. For physical reasons, we are only interested in solutions for which E(O)
and £(°) have approximately the same spatial profiles. In that case, I'g remains small. In this work, we
will more specifically restrict our attention to cases for which I'g is smaller that (Ce, — ) Then, I' tends
to 0, so that, for long times, we can neglect its contribution in the final expression of C The PDF (V)
is then given by Equation (A 11). Note that the case I'g larger than (C., — 1) would yleld an infinite
value of I which is not physically relevant in the present context. The only other relevant case would be
(C., — 1) =Ty, which is a special limit not treated in this work.

.2  Eulerian Monte Carlo solver

Following [119], a statistical equivalence can be found between the PDF equation (A.1) and the
following system of stochastic partial differential equations (SPDE):

or 0

5% +— P (rup) =0 (.22a)
8’01 a’Ui - 8R11 Cl _

5 dt + v P dt = . dt — wvzdt + /CoedW,; (.22b)

where W, are independent Wiener processes. More precisely, the weighted PDF:

= r(a,t)d(w(x1,t) —u)
f= (a1, 1)

has an evolution equation identical to equation (A.1). Then provided the right boundary and initial
conditions are chosen, system (.22) will allow to solve PDF equation (A.1).

From a numerical point of view, the main difficulty lies in solving the advection part of the equation:
+uig avl. In the PDF equation the equivalent of this term corresponds to purely linear advection
and this property should be preserved in the interpretation of the SPDEs. Thus, the latter should be
interpreted as quasi-linear hyperbolic equations: characteristic curves of the SPDEs can cross, which
results in a multivalued solutions. At points where the solution of the velocity is multivalued, the
corresponding density also becomes a multivalued function. This kind of properties also arises in different
contexts. See for instance [30].

avl

Traditional numerical schemes which satisfy an entropy increase condition are not appropriate for the
description of multivalued solutions. Instead, one can use a level-set based method as in [30]. Alter-
natively, given the stochastic nature of our problem, on can devise a variation on the Random Choice
Method (RCM) [54]. The details of the derivation of these methods will be given in a forthcoming article.
We only give here its final expression.
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Appendiz A. Diffusion limit of the simplified Langevin PDF model in weakly inhomogeneous turbulence, accepted

Space is discretized with a uniform mesh z; = jAz,j5 = 1-.-N,. Time is discretized on intervals
[t", ¢+t = " + At]. N; stochastic fields are solved simultaneously. They are each indexed by the
superscript (s). For the sake of simplicity, we will only use this index when necessary. For a given
stochastic field, the numerical scheme is the following:

At
1 _
=i - Ax [OF 7] = vgarfn —oaria]
Ui|?+1 =5; + Ui|;'1+177;'r + Ui|?7177j7 + Ui|?77? )
where v;r = max(v1|}_1,0), v;;; = —min(v1|};;,0) and where 77{Jr O are random numbers defined

(1,0,0), with probability Pj+
(7 m; »mj) = € (0,1,0),  with probability P} .
(0,0,1),  with probability P =1— P} — P
The probabilities PJQ, P and Pj+ define the random choice method. They are given by:

n
Y1+ At

+ _
P T?+1UJ+1A$ ’
p-— T;l 1 At

J T;ﬂ YN

o T} At
P = (1 o015

J

To guarantee that the probability PJQ is positive, one must enforce the following CFL condition:

At
(1)l <1

Finally, the source term S} is defined as:

C —’rL ’rL n
SP = ! TAL + /Coe™ AtE! <vl J_Hm +vilj_gm; 4wl 771> , (:23)

where £ are random 1ndependent Gaussian noises with variance 1 and mean 0 and Where, for any quantity
q, (q) . represents the weighted mean on the stochastic field:

Zivzsl 7‘(5) q(s)
Ziv—s1 r()

aRh

<Q>NS =

The last term in equation (.23) is a discretization of that guarantees that advection has a zero
contribution to the evolution of the mean, as should be the case.

The numerical scheme described here can be shown to be first order in time and in space when
stochastic convergence is achieved.

.3 Deterministic direct method

We propose here a Finite Volume numerical method to discretize the equation (A.19), where the space,
velocity fluctuation and time dimensions are discretized to yield a unique value of the PDF f(uy;x1,t).
This numerical scheme should allow to satisfy the following constraints:

fi(uiszi,t) > 0, (-24)

/f1(ul;$1,t)du1
R

/U1f1(U1;~T1,t)du1
R

1

, (.25)

I
o

(.26)
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.8.  Deterministic direct method

To simplify notations, we will hereafter drop the index 1 from z; and f;.

We introduce a Cartesian, uniform mesh, defined by the control volumes C; j = [@;_1/2, Tiy1/2] [Wj—1/2,Uj11/2],
where (i,7) € I xJ C NxZ. We define Az and Awv as the sizes of the space and velocity control volumes,
respectively. x; = iAx and u; = jAv here refer to the cell centres, whereas z;1/2 = (i +1/2)Ax and
ujy1/72 = (j +1/2)Au refer to the volume control boundaries.

Let f['; be an average approximation of the PDF on the control volume at time {" = nAt, n € N,

1
I = AzAs /Cij flz,u, t™)dudz . (.27

We start from the Finite Volume scheme originally derived in [51]. We recall the basic steps leading to
its construction on the simplified advection equation

of  of

- —=0,u>0, .28

ot +u8:c “ (:28)
for the sake of simplicity. Its extension by symmetry to the negative velocity space is straightforward. Its
application to the right-hand side, velocity drift terms, in Equation (A.19), will be discussed hereafter.
First, a time explicit Euler scheme is employed to discretize the Equation (.28) as

At
10 = b u (Fliage = Flbag) (29)
where F7' | /2= F(x;41/2,t") stands as a discrete conservative approximation of f(x,t) on the boundary

of the control volume [zi_l/g,ziﬂ/g] Second, following [51], a second order MUSCL reconstruction
technique (by primitive), leads to the approximation

T —
F(z,t") = [fin"'EJr Ar ~ (fly _fin):| , Vo € [zi1/2, it y2] - (.30)
The slope limiter € is introduced in order to recover the maximum principle 0 < f/* < || f|lco under the
CFL condition uﬁ—; < 1. Its expression, given by

0.1 (fi = f1) (U7~ 1) <0

i+1

9fn
min <1,%) ,else
i — Ji

leads to a non-linear expression for the numerical flux.

This approximation procedure can be further extended to evaluate the velocity drift term in the right
ou2
hand side of Equation (A.19), which involves the velocity variance gradient Y This drift term should

x
balance with the advection term in the left hand side of Equation (A.19), in order to guarantee the zero
mean velocity conservation (.26). At the discrete level, this requirement is met with a re-definition of
pu— )

ou?

e as a function of the discrete, reconstructed, numerical flux obtained for the advection term (left
x

hand side of Equation (A.19))

n

aﬁ 2Fi11/2,j - Finfl/Q,j Fz'7,lj+1/2 - Fz'7,lj71/2

J

which is the analogous of the continuous relation, obtained by integration by parts,

ou? 2 Of of
B = /Rduu %/ (/}Rduu%> . (.33)



Appendiz A. Diffusion limit of the simplified Langevin PDF model in weakly inhomogeneous turbulence, accepted

The chosen discrete definition (.32) mimics the integration by part (.33) required to satisty the zero mean
velocity conservation (.26), that is @ = 0.
A similar procedure is now applied to the C; term in the right hand side of Equation (A.19), which is

rewritten as 5 /0 5 /0
1 1 —

An extension of the Finite Volume scheme (.29)-(.30)-(.31) is employed here, to the more general case
where the fluxes depend on the drift variable u. This dependence is treated with a conservative centered
discretization of the velocity variable in the flux uf. A discrete definition for @ is required at this point
n (.34). We introduce an approximation that satisfies the zero mean velocity conservation in a discrete
manner on the discrete analogous of the Equation (.34)

FFr — B i F
ar = Zuj z,J+1/2AU z,Jl/QAU/ ZUJ J+1/2 J+1/2Av j—1/247 j— 1/2AU ’ (.35)

J J

which is the discrete analogous of the continuous expression

a— [t //du— (uf) =0 . (.36)

We finally obtain an unsplit discretization for all the advection terms in Equation (A.19). The discrete
analogous of the probability density conservation (.25) is satisfied if the slope limiters are not active for

the advection term u——. In this case, we indeed obtain a centered discretization whatever the sign of

x
the velocity is. We accept a small deviation from the probability density conservation, where the limiters
are active to guarantee the maximum principle.

We now turn to the discretization of the Cy operator in the right hand side of Equation (A.19). This
term is splitted and discretized with an centered, implicit scheme, with net flux boundary conditions on
the velocity space. This ensures the respect of the conservations (.25) and (.26), at the discrete level.
Moreover, we obtain a M-matrix with a positive right hand side, leading to a positive PDF.

Finally, we remark that the splitting of the Cjy operator is convenient in the sense that it allows both the
implicitation of this term and an easy implementation of a parallelisation on the space dimension x with
good expected scalability. We have made use of the MPI parallelisation protocol to do so.
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Résumé

Cette thése s’intéresse a la migration cellulaire d’une population composée de deux espéces qui inter-
agissent par le biais de signaux chimiques. Ces signaux chimiques auxquels sont soumis les deux espéces
sont de nature différente. Ils sont soit intérieur (produit par les deux espéces) ou bien extérieur (apporté
par le milieu et consommé par les deux espéces). On observe le phénoméne de synchronisation et de
désynchronisation lors de la migration d’une population composée de deux espéces différentes d’E.Coli.
Séparément, les bactéries rouges d’E.Coli se déplacent, deux fois plus vite que les bactéries vertes. Cepen-
dant dans le cas d’une population mixte composée de rouges et de vertes, les bactéries rouges et vertes se
déplacent ensemble ou séparément en fonction de la proportion de la bactérie la plus rapide rouge dans
la population. Cette observation expérimentale est interprétée par un modéle macroscopique parabolique
de chimiotactisme & deux espéces pour lequel ’existence et la non-existence des ondes de concentration
sont prouvées. Ce modéle macroscopique parabolique & deux espéces est construit a partir des modéles
microscopiques qui traduisent le mouvement individuel des cellules. Ce phénoméne de synchronisation
et de désynchronisation est aussi présent dans la dynamique des masses de dirac des deux espéces aprés
I’explosion des solutions classiques dans un modéle d’agrégation & deux espéces avec une seule substance
chimique. Nous proposons aussi dans cette thése une méthode pour obtenir des schémas numériques
préservant & la fois 1’équilibre et ’asymptotique. Cette méthode est testée aux modéles cinétiques de
chimiotactisme et de transfert radiatif.

Abstract

This thesis is concerned about cellular motion of a population composed of two species in interac-
tion through chemical cues. The chemical cues to which the two species are subject are of different kind.
They can be internal (produced by the two species) or external (present in the meduim and consommed
by the two species). Synchronising and non-synchronising effects are observed during the migration of the
population formed by two different strains of E.Coli. Although separately, red bacteria E.Coli travel twice
as fast as green bacteria E.Coli, put together, they travel or split depending on the percentage of the
faster bacteria in the population. This experimental result is explained by a two-species parabolic macro-
scopic chemotaxis model for which the existence and non-existence of traveling pulses are showed. The
parabolic macroscopic model is derived from microscopic models which describe the individual motion of
cells. The synchronising and non-synchronising effect is also encountered in dynamics of the two-species
dirac masses after blow-up of classical solutions in a two-species model for aggregation. A method to
design both well-balanced and asymptotic preserving schemes is proposed. This method is tested to
chemotaxis and radiative transport kinetic models.






