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Introdution générale

Cette thèse porte sur l'étude de l'interation de deux espèes sujettes au himiotatisme. Ces deux

espèes produisent et onsomment les substanes himiques qui a�etent leur déplaement par le proes-

sus de himiotatisme. Les expérienes menées par l'équipe d'Axel Buguin de l'Institut Curie révèlent le

phénomène de synhronisation et de désynhronisation lors de la migration d'une population formée de

deux espèes di�érentes d'E.Coli. Les travaux de Vinent Calvez, Jonathan Saragosti, Benoît Perthame

et al. sur la migration d'une espèe d'E.Coli indiquent qu'elles ont un mouvement olletif de trajetoire

retiligne. Un tout autre phénomène est observé lorsqu'on met ensemble une population omposée de

deux espèes d'E.Coli nageant à des vitesses di�érentes. En fontion de la proportion de l'espèe la plus

rapide dans la population, les deux espèes dans la population se déplaent ensemble ou non.

Une interprétation de e phénomène par des modèles mathématiques est fournie ii, ainsi qu'une meilleure

ompréhension de l'impat des aratéristiques des deux espèes sur le omportement global de la popu-

lation. Un phénomène similaire est aussi observé pour un modèle à deux espèes sans substane nutritive.

Cette introdution redé�nit dans un premier temps le himiotatisme en insistant sur son r�le dans la

migration olletive de la batérie Esherihia Coli et présente les résultats dans le as d'une population

onstituée de deux espèes. Dans un deuxième temps, les modèles onnus à une espèe sont rappelés

ainsi que leurs résultats d'existene. Dans l'optique de bien simuler ertains modèles en l'absene de

solutions analytiques, il est indispensable que les shémas numériques possédent des propriétés ré�étant

ertains aspets du modèle théorique. Ces propriétés sont introduites et ertaines idées pour obtenir de

tels shémas sont proposées. En�n, les apports de ette thèse sont résumés.

1 Motivation biologique

Le himiotatisme, phénomène sous-jaent à la migration ellulaire est expliqué. La migration de la

batérie E.oli étudiée par Calvez et Saragosti dans [115℄ est revisitée et les résultats obtenus pour la

migration de deux espèes, point de départ de notre travail, sont exposés.

Chimiotatisme

Le himiotatisme est le méanisme par lequel les ellules se déplaent en réponse au hangement

himique de l'environnement. Il permet à ertains miro-organismes vivants de se mouvoir et s'adapter

à di�érents environnements. Parmi les miro-organismes vivants himiotatiques �gurent la batérie Es-

herihia Coli et l'amibe Dityostelium disoideum. Ceux-i réagissent di�éremment selon la nature du

signal himique extérieur (voir Figure 1) :

� Attration par exemple par la substane nutritive,

� Répulsion par exemple par les substanes noives.

La rihesse du himiotatisme se traduit aussi par la diversité du mode de loomotion des ellules hi-

miotatiques. Celles-i optent en général pour l'une des façons suivantes de se mouvoir.

1



Introdution générale

Figure 1 � Types de réponses au signal himique extérieur

� Nage ("swimming") : Elle est employée par les ellules munies de �agelles pour se déplaer en

milieu aqueux. La rotation des �agelles induit une propulsion de la ellule à une vitesse de l'ordre

de dizaines de miromètre par seonde (20− 60µm.s−1
). Certaines espèes omme Esherihia oli

ou Salmonella typhimurium avanent soit en ligne droite (phase de "run") ou bien tournent sur

elles-mêmes (phase de "tumble"). Ces deux phases de mouvement sont illustrées à la Figure 2.

� Essaimage ("swarming") : Il traduit l'invasion des ellules sur une surfae. Leurs �laments, organes

externes, leur servent à se déplaer sur une surfae dure. Cette struture d'essaim formée par les

ellules est montrée à la Figure 3.

� Rampage ("Gliding") : Les batéries non dotées d'organes externes omme les �agelles y reourent

pour se propulser sur une surfae.

Figure 2 � Phases du mouvement de la batérie E.Coli, image extraite de [19℄

Figure 3 � Swarming de la batérie Pseudomonas

La batérie E.Coli, sujet de notre étude, est omposée d'un orps ellipsoïdal muni de �agelles aléatoirement

réparties à sa surfae. Equipée de réepteurs de substanes himiques, elle est sensible à la variation du

gradient temporel du stimuli. Ces réepteurs transmettent un signal aux membranes internes qui modi�ent

le sens de rotation des �agelles et orientent la batérie vers les zones favorables en nutriments.

Dans la setion suivante, on montre que e mouvement aléatoire des batéries à l'éhelle mirosopique

engendre un mouvement olletif à l'éhelle marosopique.
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1. Motivation biologique

Du mouvement individuel d'E.Coli à la migration olletive

Comme vu préédemment, la batérie E.Coli alterne entre les phases de run et tumble pour se déplaer.

Ce mouvement peut être perçu omme une marhe aléatoire biasée : les longueurs des périodes de run

dans les diretions rihes en nutriments sont plus grandes que elles dans les diretions moins favorables.

La batérie préfère les diretions rihes en nutriments. Cei est à l'origine de la formation d'ondes de

onentration se propageant dans les miroanaux. Une telle expériene a été menée par l'équipe de

Pasal Silberzan de l'Insitut Curie sur une souhe de batérie E.Coli dans [115℄.

Les batéries sont initialement mises dans un miroanal de dimensions (500µm×100µm×1.8cm) rihe en

gluose et aides aminés. Celles-i sont marquées de substanes �uoresentes permettant leur observation

par un stéréomirosope. Le anal est ensuite fermé et entrifugé. Cette opération de entrifugation permet

de on�ner les batéries à l'extrémité gauhe du anal. Une fois la entrifugation terminée, le anal est

observé à intervalles de temps réguliers. La �gure 4 représente des images aolées du anal à di�érents

instants. A un instant donné, le niveau de �uoresene rose traduisant la onentration maximale en

batéries, se déplae vers la droite du anal à une vitesse onstante de quelques mirométres par seonde.

Ce mouvement d'E.Coli présente trois aratéristiques majeures :

Figure 4 � Migration d'E.Coli onstatée dans [115℄

� La onservation du nombre de batéries

� Le on�nement de la population durant la propagation

� L'asymétrie du pro�l des batéries : le nombre de batéries se situant à droite du point entral est

supérieur à elui à gauhe.

Cette asymétrie remarquable des pro�ls distingue le résultat de Vinent Calvez, Jonathan Saragosti,

Benoît Perthame et al. des travaux existants [2, 41, 85℄ sur la migration de batérie.

Emergene d'un nouveau phénomène dans le as de deux espèes d'E.Coli

Figure 5 � Migration séparée des batéries Cherry et Green

3



Introdution générale

Dans les onditions semblables à l'expériene dérite i-dessus, l'équipe d'Axel Buguin de l'Institut

Curie a observé qu'un phénomène intéressant se produit dans le as où la population est onstituée de

deux espèes de batérie E.Coli : Cherry et Green. La �gure 5 indique que séparément les batéries Cherry

forment une onde se déplaçant deux fois plus vite que les batéries Green. Cependant, lorsque les deux
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Figure 6 � Migration olletive de Cherry et Green pour φ = 10%

espèes sont présentes dans la population, elles se synhronisent et se déplaent à la même vitesse ou

séparément en fontion de la proportion de l'espèe la plus rapide ii Cherry. Lorsque la proportion de

batéries rapides (Cherry) est faible par exemple 10%, la population se déplae à la même vitesse omme

l'atteste la Figure 6. La vitesse ommume est prohe de la vitesse des Green. Cependant la �gure 7 montre

que pour une proportion de batéries Cherry élevée par exemple 90%, la population se sépare en deux. Les

batéries Cherry sont majoritairement dans le premier front et lesbatéries Green sont majoritaires dans

le deuxième front. Les préédents modèles développés dans le as d'une espèe de batérie ne permettent
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Figure 7 � Migration olletive de Cherry et Green pour φ = 90%

pas de mettre en lumière la synhronisation de la population, enore moins la séparation des deux espèes.

2 Présentation et analyse de modèles de himiotatisme à une

espèe

Dans la première partie, on a montré qu'individuellement les batéries dérivent une marhe aléatoire

biasée et qu'à l'éhelle de la population, un mouvement olletif émerge. Cei nous suggère deux points

de vue de desription du mouvement des ellules : mirosopique et marosopique. On distingue don

deux atégories de modèles. Dans ette partie, es modèles sont présentés et les résultats d'existene et le

phénomène d'explosion de leurs solutions sont enonés. Bien que di�érents de part le point de vue onsi-

déré, les modèles mirosopiques et marosopiques sont liés par les limites di�usive et hyperbolique. En

fontion du régime onsidéré, on peut préférer les modèles marosopiques aux modèles mirosopiques.

Un des avantages des modèles marosopiques réside dans une meilleure ompréhension de phénomènes
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2. Présentation et analyse de modèles de himiotatisme à une espèe

marosopiques. Par exemple, la reherhe d'onde de transport dans le modèle parabolique permet de

prédir et d'expliquer la migration olletive d'E.Coli. Même lorsque les solutions analytiques ne peuvent

pas être obtenues, omme dans la plupart des as, les modèles marosopiques sont moins oûteux à

simuler que les modèles mirosopiques (moins de variables). Cependant, es modèles marosopiques

ne oinident ave les modèles mirososopiques que dans un régime de validité des limites di�usives et

hyperboliques. En dehors du régime de validité des limites di�usive et hyperbolique, il faut reonsidérer

les modèles inétiques qui englobent le omportement des modèles marosopiques. La simulation de es

modèles onstitue un dé� de part le nombre de variables et la omplexité de l'équation. Nous présentons

quelques propriétés intéressantes qu'un bon shéma inétique doit avoir.

2.1 Modèle inétique

On introduit le modèle d'Othmer-Dunbar-Alt [99℄ qui dérit le mouvement mirosopique de run et

tumble de ertaines batéries. Dans e modèle, les ellules sont aratérisées par leur distribution f(x, v, t)
des ellules de vitesse v à la position x à l'instant t. Cette distribution f(x, v, t) évolue selon la dynamique :

∂tf + v · ∇xf︸ ︷︷ ︸
terme de run

=

∫

V

(
T [S](x, v, v′, t)f(x, v′, t)− T [S](x, v′, v, t)f(x, v, t)

)
dv′

︸ ︷︷ ︸
terme de tumble

, (1)

où V , un sous-espae borné de Rd
, est le domaine de vitesses admissibles et T [S] le noyau de réorientation

des ellules.

Les deux membres de ette équation portent des signi�ations di�érentes. Celui de gauhe omposé de la

dérivée temporelle et de la dérivée spatiale représente le transport libre et don la phase de run. Quant

au membre de droite, il s'agit d'un terme intégral onstitué d'un terme de gain et d'un terme de perte.

Le terme de gain symbolise le nombre de batéries qui passent de la vitesse v′ à la vitesse v durant la

phase de tumble. De même le terme de perte traduit le nombre de batéries qui prennent la vitesse v′. Le
noyau de réorientation T [S](x, v, v′, t) désigne la proportion de batéries dont la vitesse passe de v′ à v.
Il dépend de la onentration de substane himique (himioattrateur) S(x, t). Cette onentration en

himioattrateur satisfait une équation de réation-di�usion :

δ∂tS −∆S + αS = βρ, δ = 0, 1, (2)

ave δ, α, β des onstantes et ρ(x, t) :=

∫

V

f(x, v, t) dv.

Cette substane himique est produite par les ellules elles-mêmes et provoque leur regroupement. L'équa-

tion (2) indique aussi que la substane himique se di�use dans le milieu et est dégradée.

Le système (1)�(2) a été l'objet de plusieurs reherhes. Les questions d'existene des solutions sont

explorées et les onditions d'explosion en temps sont déterminées.

Quelques résultats d'existene globale des solutions

Les résultats d'existene du système (1)�(2) dépendent des hypothèses sur le noyau de réorientation

T [S], de la dimension d du domaine d'étude et de la nature de l'équation (parabolique ou elliptique) sur

S. Dans [28, 73℄, les auteurs hoisissent l'hypothèse suivante sur T [S]

0 ≤ T [S](x, v, v′, t) ≤ C (1 + S(x− v′, t) + S(x+ v, t)) , (3)

ave C une onstante positive.

Cette hypothèse traduit la sensibilité des ellules à la onentration de la substane himique. La tendane

des ellules de passer de la vitesse v′ à la vitesse v dépend des onentrations aux points x+ v et x− v′.
La ellule loalisée au point x mesure la onentration S le long de la future diretion donnée par v et si

elle-i est élevée, sa propension à hanger de diretion est forte. De même, la ellule au point x évalue la
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onentration S le long de l'atuelle diretion v′ et sa probabilité de se réorienter sera grande si elle-i

est faible.

A�n d'étudier le système (1)�(2), on le munit de la ondition initiale f ini
hoisie dans l'espae L1

+ ∩
L∞(Rd).
En dimension trois d'espae, dans le as où (2) est elliptique (δ = 0) ave β = 0, l'existene de solutions

globales en temps f ∈ L∞((0,∞), L1
+ ∩L∞(R3)) et S ∈ L∞((0,∞), Lp(R3) pour 2 ≤ p ≤ +∞ est établie

dans [28℄.

Ce résultat est étendu dans le as où (2) est parabolique (δ = 1) en dimension deux et trois d'espae dans

[73℄ sans auune restrition sur β.
Cependant, les ellules en réalité sont inapables de mesurer la onentration himique, par ontre elles

peuvent déteter les variations du gradient en substane himique. Ce qui pousse à substituer l'hypothèse

(3) par la suivante :

0 ≤ T [S](t, x, v, v′) ≤ C(1 + |∇xS| (x + v, t) + |∇xS| (x− v′, t)). (4)

Ces deux hypothèses (3)�(4) sur le noyau de réorientation T [S] peuvent se résumer en une seule.

0 ≤ T [S](t, x, v, v′) ≤ C1 + C2S(x+ v, t) + C3S(x− v′, t)

+ C4 |∇xS| (x+ v, t) + C5 |∇xS| (x− v′, t), (5)

où C1, C2, C3, C4, C5 sont des onstantes positives.

En rajoutant l'hypothèse supplémentaire sur ∇f ini ∈ (L1∩L∞)(Rd×V ), Angela Stevens et al. (voir [74℄)

montrent l'existene des solutions f ∈ (L1
+ ∩L∞)(Rd × V ) et ∇S ∈ L∞((0,∞), Lp(Rd)) pour 1 ≤ p ≤ ∞

en dimension deux d'espae pour le as elliptique ave β > 0 et le as parabolique ave β > 0.
Ce résultat en dimension deux peut être étendu à la dimension trois à ondition que C3 = C5 = 0.
Une amélioration de e résultat est fournie dans [18℄ dans le as où les oe�ients C1, C2, C3, C4 sont non

nuls et C5 = 0. Sous la ondition de petitesse de la donnée initiale f ini
, une existene des solutions peut

être obtenue dans le as où C1, C2, C3, C4, C5 sont non tous nuls.

D'autres formes plus réalistes du noyau de réorientation tiennent ompte de la dépendane en la dérivée

temporelle de la substane himique le long de la trajetoire des ellules. Cette forme du noyau suggéré

par [40℄ s'exprime de la façon suivante :

T [S](t, x, v, v′) = φ (∂tS + v′ · ∇xS) , (6)

où φ est une fontion déroissante et positive.

Sous ette hypothèse, Vauhelet prouve l'existene des solutions globales en temps dans [126℄ dans le as

d'un ouplage de l'équation inétique (1) ave une équation elliptique sur S.

Quelques résultats d'explosion en temps

Cependant pour ertaines expressions du noyau de réorientation, une existene loale en temps des

solutions régulières dans Lp
du système (1)�(2) est obtenue en dimension supérieure à 2. Après e temps,

on assiste à la formation des solutions mesures. On parle alors d'une phénomène de blow-up (explo-

sion). En dimension deux d'espae pour une donnée initiale f ini
à symétrie sphérique, pour le noyau de

réorientation donnée par

T [S](t, x, v, v′) = (v′ · ∇xS)
+, (7)

on assiste à l'explosion des solutions pour une masse totale des ellules grande et un moment d'ordre 2

en espae petit dans [17℄.

Extension à des modèles à variable internes

Dans la modélisation du signal himique extérieur, on peut inlure une variable interne y in�uant sur

le noyau de réorientation. Un exemple de e type de modèle est donné dans le as où V est onstitué de
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2. Présentation et analyse de modèles de himiotatisme à une espèe

deux vitesses ±v0 dans [117℄.





∂tf
+ = −∂x(v0f+)− ∂m(G(a)f+)− z(a)

2
(f+ − f−),

∂tf
− = ∂x(v0f

−)− ∂m(G(a)f−) +
z(a)

2
(f+ − f−).

Cette équation est ouplée à la dynamique du taux de méthylation m

dm

dt
= G(a) = kR

(
1− a

a0

)
,

où a(m,S) désigne l'ativité du réepteur dépendant du taux de méthylation m et de la onentration en

himioattrateur S.

a(m,S) = (1 + exp(NE))−1,

E = −α(m−m0) + ln

(
1 + S/KI

1 + S/KA

)
.

Le noyau de réorientation z des ellules dépend ette fois-i de l'ativité des réepteurs a

z(a) = z0 + τ−1(a/a0)
H .

Dans e modèle, v0,m0, a0, N,KI ,KA, kR, τ,H sont des onstantes positives. Ce modèle se généralise au

as d'un domaine ontinu en vitesses V

∂tf = −v · ∇xf − ∂m(G(a)f) +Q(f, z),

où Q(f, z) est dé�ni par

Q(f, z) =
1

|V |

∫

V

z(m,S, v, v′)f(x, v′,m, t)dv′ − 1

|V |

∫

V

z(m,S, v′, v)f(x, v,m, t)dv′.

D'autres modèles ontinus à variables internes sont proposés dans [40, 44℄. A partir de e modèle, on

retrouve le modèle inétique (1) dans le as d'une adaptation rapide.

∂tf
ε + v · ∇xf

ε +
1

ε
∂m(G(m− S)f ε) = Qε[m,S](f

ε),

ave Qε[m,S]

Qε[m,S](f
ε) =

∫

V

(
Λ(
m− S

ε
, v, v′)f ε(x, v′,m, t)− Λ(

m− S

ε
, v′, v)f ε(x, v,m, t)

)
dv′,

ave Λ une généralisation du noyau de réorientation T [S].
Il a été démontré dans [107℄ que lorsque ε tend vers zéro,

f ε =

∫

R

f εdm ⇀ f0 =

∫

R

f0dm onverge faible* dans L∞([0, T ]× R
d × V ),

où f0 = f0δ(m = S) satisfait l'équation inétique (1) ave le noyau de réorientation

T (u, v, v′) = Λ(− u

G̃(0)
, v, v′), ave G̃ = −G

y
∈ C1

b (R).

7



Introdution générale

2.2 Modèles marosopiques

Au lieu de regarder la distribution des batéries ayant une vitesse donnée, on herhe à aratériser

l'ensemble des ellules à une position donnée dans Rd
, la densité des batéries ρ. Pour e faire, on emploie

deux lasses de modèles marosopiques : modèle parabolique et modèle hyperbolique.

Le modèle parabolique le plus onnu est le modèle de Patlak-Keller-Segel ([102℄) ou Keller-Segel ([85℄)

dont la dynamique s'érit : {
∂tρ = ∆ρ− χ∇ · (ρ∇xS),

δ∂tS = ∆S + βρ− αS,
(8)

ave χ, δ, α des onstantes positives.

Ce modèle signi�e que les ellules di�usent dans l'environnement et se dirigent selon le gradient de la

substane himique S. Il permet d'interpréter la formation des agrégats dans [41℄. Les ellules présentes

à une position favorable séretent une substane himique qui attirent les autres ellules. Cei partiipe

à l'apparition d'une aumulation de ellules.

En dimension deux d'espae, Dolbeaut et Perthame dans [12℄ ont déterminé une ondition d'existene

globale des solutions dépendant de la masse totale M des ellules et du oe�ient de sensibilité χ . Si

χM < 8π, la solution existe en temps long. Par ontre, pour χM > 8π, on assiste à l'explosion en temps

�ni. En dimension supérieure, on peut iter les résultats d'existene de [21, 129℄ pour des données intiales

petites.

On peut aussi onsidérer des modèles paraboliques dont la vitesse est bornée. Ce qui prévient l'explosion

en temps des solutions (voir [32℄).

Une autre extension du modèle (8) est le rajout d'une substane himique extérieure aux ellules jouant

le r�le de nutriments. Le système (8) prend la forme suivante :





∂tρ = ∆ρ− χS∇ · (ρ∇xS)− χN∇ · (ρ∇xN),

δ∂tS = ∆S + βρ− αS,

∂tN = ∆N − γρN,

où χS , χN , α, γ, δ, β sont des onstantes positives.

Ces modèles interviennent dans les phénomènes de propagation des ellules attirées par la nourriture (voir

[115℄). Cependant, les modèles paraboliques ne permettent pas d'expliquer ertains méanismes observés

omme la formation de réseaux. Les modèles hyperboliques développés dans [66℄ rendent ompte de e

phénomène où ρ désigne la densité et u la vitesse moyenne. L'évolution de es quantités est donnée par

des équations de onservation.





∂tρ+∇ · (ρu) = 0,

∂t(ρu) +∇ · (ρu⊗ u) +∇xP (ρ) = ρ∇xS − τ0ρu,

δ∂tS −∆S + αS = βρ,

ave τ0 la onstante positive traduisant la frition et P le terme de pression.

La deuxième équation, elle sur ρu, onstitue le bilan des fores appliquées au système et indique que e

dernier est soumis aux fores de pression, frition et d'attration par la substane himique S . Ce type

de modèle est analysé numériquement par Natalini-Ribot dans [98℄. Il permet d'étudier la formation des

vaisseaux sanguins lors du développement embryonnaire.

Sous ertaines hypothèses sur la vitesse ρu, ette équation peut se réduire à l'équation suivante

∂tρ+∇ · (a[S]ρ) = 0,

ave a une fontion dépendant de la onentration S.
Dans e modèle, le phénomène d'explosion en temps est aussi présent (voir [23, 10℄). L'existene des

solutions mesures est prouvée dans [76, 23℄ par les méthodes de �ot-gradient et de dualité.
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2.3 Liens entre le modèle inétique et les modèles marosopiques

Dans ette partie, on e�etue le lien entre le modèle inétique et les modèles marosopiques par les

hangements d'éhelle parabolique et hyperbolique. Une fois le hangement d'éhelle réalisé, on passe à

la limite et on obtient les modèles parabolique et hyperbolique présentés i-haut.

Limite di�usive

E�etuons le hangement de variable suivant x̃ = εx, t̃ = ε2t ave ε un petit paramètre. Après

ommission des tildes sur les variables, on obtient

ε2∂tf
ε + εv · ∇xf

ε =

∫

V

(
T ε[Sε](x, v, v′, t)f ε(x, v′, t)− T ε[Sε](x, v′, v, t)f ε(x, v, t)

)
dv′,

δ∂tS
ε = ∆Sε − αε

ε2
Sε +

βε

ε2
ρε.

On onsidère que le noyau de réorientation T ε[S] est une petite pertubation d'un noyau onstant ψ :

T ε[S](x, v, v′, t) = ψ × (1 + εφ(v′ · ∇xS)), (9)

ave ψ une onstante positive et φ une fontion déroissante.

La dégradation et la prodution de la substane himique S sont supposées lentes et αε
et βε

peuvent

s'érire sous la forme suivante

αε = ε2α, βε = ε2β.

Dans es ironstanes, réalisons le développement asymptotique formel de f ε
et Sε

:

f ε = f0 + εf1 +O(ε2),

Sε = S0 + εS1 +O(ε2).
(10)

On remplae (10) dans l'équation de Sε
. Il en déoule que S0

est solution de

δ∂tS
0 = ∆S0 − αS0 + β

∫

V

f0(x, v, t)dv.

Injetons dès à présent (10) dans l'équation sur f ε
et omparons les deux membres de l'équation à

di�érents ordres. Il en résulte qu'au premier ordre f0
est donné par

f0 =

∫

V

f0dv

|V | =
ρ0

|V | ,

ave |V | la mesure du domaine V .

A l'ordre suivant, on obtient f1

f1 = ρ1 +
1

|V |

∫

V

φ(v · ∇xS
0)dv − v

ψ |V |2
· ∇xρ

0 − φ(v · ∇xS
0)

|V | ρ0.

Déterminer ρ0 néessite une équation de fermeture du système. Cette dernière est obtenue en intégrant

l'équation sur f ε
sur tout le domaine de vitesse V et en remarquant que le seond membre disparaît

∂tρ
ε +∇ · (Jε) = 0, (11)

ave Jε :=
1

ε

∫

V

vf εdv.

Comme le premier moment de f0
s'annule, l'expression de f1

nous indique que

Jε = −D∇xρ
0 + u[S]ρ0 +O(ε),

9
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ave

D =
1

ψ |V |2
∫

V

v ⊗ v dv, u[S] = −
∫

V

v

|V |φ(v · ∇xS
0) dv.

En passant à la limite dans l'équation de onservation de ρε (11), on s'aperçoit que ρ0 véri�e l'équation

de type Keller-Segel

∂tρ
0 = ∇ · (D∇xρ

0 − u[S]ρ0).

Cette dérivation formelle a été réalisée dans [100℄. Une justi�ation rigoureuse pour des formes de noyaux

T [S] plus générales est apportée dans [28, 73, 74℄ où un sens est donné à la onvergene de f ε
et Sε

.

Limite hyperbolique

Après le hangement d'éhelle t̃ = tε, x̃ = xε, (1) s'érit

ε∂tf
ε + εv · ∇xf

ε =

∫

V

(
T ε[Sε](x, v, v′, t)f ε(x, v′, t)− T ε[Sε](x, v′, v, t)f ε(x, v, t)

)
dv′.

Dans e as, on onsidère que le ouplage de l'équation sur f ε
ave une équation elliptique sur Sε

.

∆Sε − αε

ε2
Sε +

βε

ε2
ρε = 0.

En fontion de l'hypothèse sur T ε[S], on obtient soit un système d'équations satisfait par la densité limite

ρ0 et la vitesse moyenne u ou bien une équation que sur ρ. Considérons le modèle dans une dimension

d'espae et dans le as d'un domaine de vitesses V = {−1, 1}.
Supposons que les deux termes qui onstituent le noyau de réorientation T ε[S] sont du même ordre de

grandeur ontrairement à (9)

T ε[S](t, x, v′, v) = ψ × (1 + εφ(v′∂xS)).

En additionnant et soustrayant l'équation sur f ε
pour v = ±1, on obtient

∂tρ
ε + ∂xJ

ε = 0,

∂tJ
ε + ∂xρ

ε = −2
ψ

ε
(Jε + φ(∂xS

ε)ρε) .

On en déduit que Jε
admet le développement asymptotique :

Jε = −φ(∂xS0)ρ0 +O(ε).

Le passage à la limite dans la première équation donne

∂tρ
0 + ∂x(a[S

0]ρ0) = 0,

ave a[S] = −φ(∂xS).
Cette dérivation formelle est e�etuée rigouresement dans [76℄. Dans le as où les deux termes onstituant

le noyau de réorientation sont d'ordre di�érent omme dans (9), des aluls similaires montrent que le

système limite est formé de deux équations de onservation. La justi�ation théorique de e résultat se

trouve dans [50, 66, 40℄.

2.4 Ondes de onentration dans un modèle marosopique

Lors de l'analyse de modèle marosopique, on s'intéresse généralement aux solutions sous la forme

d'ondes de transport (�traveling waves�). Plusieurs travaux ([69, 97℄) onernent l'existene des solutions

d'ondes de transport dans les équations d'advetion-réation-di�usion. Ces ondes de transport sont au-

sées par le phénomène de roissane ou la présene de substanes nutritives. A�n d'expliquer la migration

10



2. Présentation et analyse de modèles de himiotatisme à une espèe

des batéries E.Coli dans les miroanaux, Saragosti, Calvez et al. ont proposé un modèle marosopique

à deux espèes himiques. 



∂tρ = D∆ρ−∇ · (u[S]ρ+ u[N ]ρ),

∂tS = DS∆S − αS + βρ,

∂tN = DN∆N − γNρ.

(12)

Dans ette équation, u[S] et u[N ] modélisent la réponse des ellules au signal himique induit par le

himioattrateur S et le nutriment N . Ce système d'équations peut être onsidéré omme la limite

di�usive d'un modèle marosopique. On exprime ainsi u[S] et u[N ] en fontion des aratéristiques

mirosopiques.

u[S] = −
∫

V

vφS(v · ∇xS)
dv

|V | , u[N ] = −
∫

V

vφN (v · ∇xN)
dv

|V | ,

ave φS , φN des pertubations du premier ordre du noyau de réorientation. Des solutions analytiques des

ondes de onentration ont été obtenues dans [115℄. pour des fontions u[S], u[N ] de la forme

u[S] = χS sgn∂xS, u[N ] = χN sgn∂xN,

où sgn est la fontion signe.

Dé�nition 1. On dit que ρ est une onde de onentration, s'il existe une fontion ρ̃ roissante pour

les valeurs négatives, déroissante pour les valeurs positives et nulle à l'in�ni tel que

ρ = ρ̃(x− σt),

où σ > 0 désigne la vitesse de l'onde.

Le modèle (12) admet des ondes de onentration :

ρ = ρ̃(x− σt), S = S̃(x− σt), N = Ñ(x− σt),

ave ρ, S des ondes de onentration données par

ρ̃ = ρ0





exp (λ−z), λ− =
χN + χS − σ

D
z < 0,

exp (λ+z), λ+ =
χN − χS − σ

D
z > 0,

, S̃ = K ∗ ρ̃,

où ρ0 est une onstante positive, K := exp

(
− σ

2DS
z −

√
σ2 + 4αDS

2DS
|z|
)

et Ñ est déterminé numérique-

ment.

La vitesse σ de l'onde est unique et donnée par la formule impliite suivante.

χN − σ = χS σ√
σ2 + 4αDS

.

Sur la �gure 8, les solutions théoriques traées en noir se superposent parfaitement aux ourbes expéri-

mentales en bleu, rouge et vert prises à trois instants di�érents.

2.5 Shémas numériques du modèle inétique

Après hangements d'éhelle dans le modèle inétique (1), e dernier prend la forme d'un modèle multi-

éhelle Fε
ave ε un paramètre prenant ses valeurs dans l'intervalle [0, 1]. Les solutions f ε

du modèle

Fε
admettent un omportement di�érent en fontion des valeurs de ε. Dans le as d'un hangement

d'éhelle parabolique, les solutions ont un omportement di�usif pour des valeurs petites de ε et un

omportement hyperbolique pour des valeurs modérées de ε. A�n de di�érenier es deux omportements

numériquement, les shémas de disrétisation de Fε
doivent posséder les deux propriétés suivantes :

11
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Figure 8 � Pro�ls expérimental et théorique des batéries dans [115℄

� La première préservant l'asymptotique retrouve le omportement di�usif théorique pour des valeurs

de ε petites.

� La deuxième préservant l'équilibre permet d'obtenir le omportement en temps long du système

pour ε = 1.

Shémas préservant l'asymptotique

Les shémas préservant l'asymptotique sont des méthodes numériques pour résoudre le problème Fε
.

L'hypothèse indispensable pour la onstrution de tel shéma est la onvergene de la solution f ε
vers

la solution f0
du problème limite F0

généralement véri�ée grâe aux théorèmes de onvergene dans

[28, 73℄. Cependant, une disrétisation naïve du problème Fε
imposerait des ontraintes très restritives

sur les pas de disrétisation temporel et spatial ∆t,∆x du type ∆t,∆x ∼ O(ε) ou bien ∆t,∆x ∼ O(ε2)
pour des raisons de stabilité. Cei s'avère oûteux numériquement et hors de portée en grande dimension

d'espae.

Ces shémas ont été introduits par Shi Jin dans [79, 81, 80℄ pour des modèles inétiques dans le régime

di�usif. Ils permettent une résolution du problème Fε
ainsi que elui de F0

ave une préision indépen-

dante de ε.
Avant de dé�nir un shéma préservant l'équilibre, quelques notations utilisées dans la dé�nition sont

rappelées.

� δ = (∆t,∆x) pas de disrétisation temporel et spatial du shéma numérique,

� Fε
δ : disrétisation du modèle Fε

,

� F0
δ : disrétisation du modèle limite F0

.

Dé�nition 2 ([79℄). On dit que le shéma numérique Fε
δ préserve l'asymptotique si et seulement s'il

satisfait les trois onditions suivantes

12



2. Présentation et analyse de modèles de himiotatisme à une espèe

� Fε
δ est une disrétisation onsistente de l'équation Fε

,

� Pour δ �xé, Fε
δ tend vers la disrétisation onsistente F0

δ quand ε→ 0,

� La ondition de stabilité du shéma Fε
δ est indépendante de ε.

Le diagramme de la Figure 9 résume bien ette propriété. A gauhe, �gurent les disrétisations onsistentes

des équations ontinues de droite. Les �èhes vertiales orrespondent aux limites d'éhelle.

L'idée prinipale pour onstruire de tels shémas onsiste à transformer le problème Fε
en un problème

équivalent AFε
dont la résolution numérique est plus aisée. Illustrons ette idée dans le as d'un modèle

inétique à deux vitesses v = ±1.

∂tu+
1

ε
∂xu =

1

ε2
(v − u) ,

∂tv −
1

ε
∂xv =

1

ε2
(u− v) .

Si on onsidére les variables d'intérêt ρ = u + v et J = (u − v)/ε, les nouvelles équations sur ρ et J
s'érivent

∂tρ+ ∂xJ = 0,

∂tJ +
1

ε2
∂xρ = − 2

ε2
J.

(13)

Dans le modèle préédent, le paramètre ε n'apparaît que dans la deuxième équation. Une étude théorique

de e modèle à deux vitesses indique que la limite de J , J0
, est donnée par

J0 = −∂xρ0,

où la limite de ρ, ρ0, est solution de l'équation de di�usion

∂tρ
0 − ∂xxρ

0 = 0. (14)

Construisons un shéma qui permet d'obtenir (14) à la limite ave la bonne limite du J orrespondant.

L'intégration de l'équation (13) sur J entre [tn, tn+1] au moyen d'un intégrateur exponentiel omme dans

[48℄ donne :

J(x, tn+1) = J(x, tn) exp

(
−2

∆t

ε2

)
− 1

ε2

∫ tn+1

tn
(∂xρ)(x, u) exp

(
2(u− tn+1)

ε2

)
du.

En e�etuant l'approximation (∂xρ)(x, u) ≈ (∂xρ)(x, t
n+1) pour tout u ∈ [tn, tn+1] au point xi+1/2 du

maillage en x, on obtient

Jn+1
i+1/2 = Jn

i+1/2 exp

(
−2

∆t

ε2

)
− (∂xρ)

n+1
i+1/2

(
1− exp

(
−2

∆t

ε2

))
, (15)

ave la notation gni+1/2 := g(xi+1/2, t
n).

Cette formule indique que lorsque ε tend vers zéro, on réupére la bonne limite du �ux J omme dans la

partie limite di�usive. Pour obtenir le shéma global, il su�t d'appliquer la méthode des volumes �nis à

la première équation

ρn+1
i − ρni

∆t
+
Jn
i+1/2 − Jn

i−1/2

∆x
= 0,

où le �ux Jn
i+1/2 est donné par (4.23).

Le passage à la limite quand ε→ 0 donne la disrétisation expliite de l'équation limite (14)

ρn+1
i − ρni

∆t
− ρni−1 − 2ρni + ρni+1

(∆x)2
= 0.

Pour des valeurs du paramètre ε prohes de zéro, la ondition de stabilité du shéma est donnée par

∆t <
∆x2

2
.

13
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Cette stratégie peut être étendue dans le as d'un modèle ave un domaine de vitesse ontinu grâe à la

formule de Duhamel qui donne une réprésentation de la solution du modèle inétique sous la forme d'une

intégrale en temps (voir [132, 95℄). Pour des modèles plus omplexes, l'intégration en temps ne peut se

faire analytiquement et on doit utiliser des shémas d'intégration en temps numériques. A�n d'éviter une

ondition de stabilité restritive, on emploie des shémas semi-impliites ([39, 80, 81, 79℄) dans lesquels

les termes en

1
ε ou bien

1
ε2 sont traités de façon impliite en temps.

Fε
δ

δ → 0 Fε

F0
δ F0

ε→ 0

Figure 9 � Propriétés des shémas préservant l'asymptotique

Shémas préservant l'équilibre

Le omportement en temps long d'un modèle susite autant d'intérêt que le omportement di�usif pour

des petites valeurs ε. Préserver l'état d'équilibre est don indispensable pour observer numériquement le

omportement orret en temps long du modèle.

Dé�nition 3. On dit qu'un shéma numérique préserve l'équilibre si en temps long la solution numérique

est prohe de la solution théorique.

Les shémas préservant l'équilibre ont été introduis pour les équations hyperboliques ave terme soure

omme les équations de Saint-Venant, Shallow-water par Greenberg-Leroux dans [62℄, Perthame-Siméoni

dans [103℄, Bouhut dans [15℄ et Gosse-Leroux dans [60℄. Dans ses réents travaux [58, 57, 61, 56℄, Laurent

Gosse a proposé une stratégie pour traiter les modèles inétiques issus du himiotatisme. La plupart de

es modèles se mettent sous la forme suivante

∂tf + v∂xf = T [S](f),

où T [S](f) est un opérateur.

Cette méthode pour développer des shémas préservant l'équilibre, s'appuie sur le alul des états station-

naires de l'équation. A haque itération, le problème stationnaire de l'équation est alulé sur la ellule

[xi, xi+1].

v∂xf̃ = T [S](f̃).
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3. Contributions de la thèse

On impose les onditions aux bords entrantes :

{
f̃(xi+1) = fn

i+1, v < 0,

f̃(xi) = fn
i , v > 0.

Ce problème stationnaire permet don de aluler f̃i+1/2 pour v < 0, v > 0 donné par

f̃i+1/2 = f̃(xi), v < 0

f̃i+1/2 = f̃(xi+1), v > 0.

Le shéma préservant l'équilibre est alors onstruit de la manière suivante





fn+1
i = fn

i − v
∆t

∆x

(
fn
i − f̃i−1/2

)
, v > 0

fn+1
i = fn

i − v
∆t

∆x

(
f̃i+1/2 − fn

i

)
, v < 0,

(16)

Remarque. Dans (16), on voit que si la solution à l'itération n, fn
est une solution du problème

stationnaire, alors les valeurs de f̃ sont données par

f̃i+1/2 = fn
i , v < 0

f̃i+1/2 = fn
i+1, v > 0.

Ce qui assure que fn+1
i = fn

i au moins si la méthode numérique de résolution du probléme stationnaire

est exate. En général, fn+1
i sera autant prohe de fn

i que la méthode numérique soit préise.

3 Contributions de la thèse

Cette thése s'intéresse à des modèles de himiotatisme à deux espèes. Elle met en lumière les phé-

nomènes qui se produisent lors de l'interation de ses deux espèes. Bien qu'on se limite aux espèes issus

de la même famille, leur interation fait apparaître des phénomènes de synhronisation ou de désynhro-

nisation. Selon les proportions des espèes dans la population, La population se omporte omme une

seule entité ou bien omme deux entités distintes.

Elle s'artiule autour de quatre axes. Dans le premier hapitre, on introduit un modèle mirosopique

de himiotatisme, vu omme une extension du modèle d'Othmer Dunbar et Alt. Le résultat d'existene

des solutions à un système formé d'équations inétiques ouplées à une équation parabolique est prouvé.

Les noyaux de réorientation des équations inétiques inorporent la dérivée temporelle en temps de la

substane himique. La dérivation rigoureuse de l'équation de Keller-Segel multi-espèes est e�etuée.

Dans le seond hapitre, la limite hyperbolique du modèle mirosopique de himiotatisme introduit

dans le hapitre 1 est réalisée. Cei nous permet de dé�nir les solutions au sens de dualité du modèle

hyperbolique à deux espèes en une dimension d'espae. On onstruit un shéma numérique onvergeant

vers la solution théorique a�n d'étudier la dynamique du système. Le phénomène de synhronisation

et de désynhronisation s'opére quand des espèes distintes allant en sens opposé se renontrent. Sous

ertaines onditions elluidées dans e hapitre, elles vont ensemble ou se séparent après la ollision. Le

troisième hapitre porte sur la reherhe d'ondes de onentration dans un modèle à deux espèes ave

nutriments. Le nutriment est à l'origine de la formation de l'onde. On montre théoriquement l'existene

d'une onde de onentration en deçà d'une proportion de l'espèe la plus rapide. Au delà de e seuil, les

deux espèes se séparent et on retrouve le omportement observé au hapitre préédent. Le résultat théo-

rique est onforté par les expérienes disutées dans l'introdution. Le dernier hapitre dé�nit des shémas

numériques qui préservent à la fois l'asymptotique et l'équilibre. Ces shémas sont appliables au modèle

inétique ouplé à une équation marosopique. De tels modèles se retrouvent dans le himiotatisme, le

transfert radiatif et plein d'autres domaines.
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Notations

Dans ette partie, on introduit les notations des espaes de fontions qui apparaitront dans les hapitres

de ette thèse.

� L1
+(R) est l'espae de fontions positives de L1(R).

� C0(R) est l'ensemble des fontions qui s'annulent à l'in�ni.

� M
lo

(R) est l'ensemble des mesures de Borel, M
b

(R) à variation totale bornée :

Mb(R) = {µ ∈ M
lo

(R), |µ| (R) < +∞} .

� SM = C([0, T ],M
b

(R) − σ(M
b

(R), C0(R))) est l'ensemble des mesures de Borel à temps ontinu

muni de la topologie faible.

� P2(R) est l'espae de Wasserstein d'ordre 2 :

P2(R) =

{
µ mesures de Borel positives de R tel que |µ| (R) = 1,

∫

R

|x|2 µ(dx) <∞
}
.

� Pour M ∈ C(R\{0}), on dé�nit M̂ :

M̂ =

{
M(x), pour x 6= 0,

0, autre.

Chapitre 1 : Existene et limite di�usive d'un modèle inétique

Dans e hapitre, on introduit le modèle inétique multi-éhelle à deux espèes. Dans e modèle, les

deux espèes se déplaent soit en ligne droite ou bien se réorientent sous l'in�uene d'une substane

ommune appelée himioattrateur produit par les deux espèes.

{
ε2∂tf

ε
i + εv · ∇xf

ε
i = −T ε

i [S
ε](f ε

i ),

f ε
i (x, v, t = 0) = f ini

i (x, v), pour i = 1, 2,
(17)

ave

T ε
i [S](f) :=

∫

V

(T ε
i [S](x, v

′, v, t)f(x, v, t) − T ε
i [S](x, v, v

′, t)f(x, v′, t)) dv′.

Dans l'équation (17), f ε
i représente la distribution en vitesses v des espèes i pour i = 1, 2 et ε > 0 un

paramètre du modèle. Les espèes se réorientent en fontion du noyau T ε
i [S] qui intégre la dépendane

temporelle en S

∀x ∈ R
d, v, v′ ∈ V, t > 0, T ε

i [S](x, v, v
′, t) := φεi (ε∂tS + v′ · ∇xS), pour i = 1, 2. (18)

où φεi pour i = 1, 2 sont des fontions déroissantes. Ce modèle inétique est ouplé au modèle maroso-

pique sur S 


δ∂tS

ε −∆Sε + Sε =

∫

V

f ε
1dv +

∫

V

f ε
2dv, δ = 0, 1,

Sε(x, t = 0) = 0, pour δ = 1.

(19)

Le permier résultat onerne l'existene des solutions du modèle (17)�(19).

Théorème 1. Soit ε > 0 et onsidérons des noyaux de réorientation T ε
1 , T

ε
2 de la forme (18) ave φε1, φ

ε
2

des fontions positives bornées et lipshitziennes.

Si les données initiales f ini
1 , f ini

2 sont dans L1
+(R

d × V ) ∩ L∞(Rd × V ), alors il existe une solution

unique globale en temps au système (17)�(19) tel que

f ε
1 , f

ε
2 ∈ L∞((0,∞), L1

+ ∩ L∞(Rd × V )),

Sε ∈ L∞((0,∞), Lp(Rd)), pour 1 ≤ p ≤ ∞.
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Ce résultat étend le résultat d'existene des solutions aux équations inétiques prouvées dans [126℄.

Dans notre as, le noyau de réorientation dépend de la dérivée temporelle en temps de Sε
. De plus, le

ouplage de l'équation sur f ε
i ave une équation parabolique sur Sε

est onsidérée.

Idée de la preuve :

La preuve de e résultat s'artiule en trois étapes :

1. Résolution expliite de l'équation sur Sε
(19) en fontion de (f ε

1 , f
ε
2 )

Sε
s'exprime omme une onvolution d'un noyauG dans le as elliptique etK dans le as parabolique

ave ρεi =

∫

V

f ε
i

2. Existene loale en temps des solutions (f ε
1 , f

ε
2 , S) par la méthode de point �xe de Banah

On onstruit itérativement des solutions d'un système �linéaire� prohe du système initial. La

ontrativité de l'appliation ainsi onstruite déoule du fait que φεi sont lipshitziens.

3. Existene globale obtenue grâe à des estimées uniformes en temps �ni sur f ε
i . L'existene loale

en temps est étendue à l'existene globale en temps grâe à des estiméees uniformes en temps �ni

sur f ε
i .

On s'intéresse à présent à la limite du système (17)�(19) quand ε tend vers zéro. On e�etue une

hypothèse supplémentaire sur la déomposition du noyau φεi pour des ε petit.

Hypothèse asymptotique sur les fontions φεi du noyau de réorientation T ε
i [S] pour i = 1, 2

On onsidère que les fontions φεi dans (18) admettent le développement suivant lorsque ε est petit :

φεi (z) = ψi

(
1 + εθi(z)

)
, pour i = 1, 2 (20)

ave ψi une onstante positive et θi ∈ C0,1(R)∩L∞(R) une fontion déroissante telle que ‖θi‖L∞(R) < 1.

On détermine formellement dans un permier temps les limites de (f ε
1 , f

ε
2 , S

ε) ainsi que les équations

satisfaites par es limites. Après, on justi�e rigoureusement es limites.

Dérivation formelle du modèle marosopique

Une dérivation formelle similaire au as une espèe indique que

f ε
i = ρ0iF (v) +O(ε), pour i = 1, 2,

Sε = S0 +O(ε),

où F est la distribution donnée par

F (v) :=
1v∈V

|V | ,

|V | est la mesure du domaine V .

Les limites ρ01, ρ
0
2, S

0
sont solutions du modèle marosopique à deux espèes type Keller-Segel





∂tρ1 = ∇ · (D1∇xρ1 − χ1[∇xS]ρ1) ,

∂tρ2 = ∇ · (D2∇xρ2 − χ2[∇xS]ρ2) ,

δ∂tS = ∆S − S + ρ1 + ρ2, δ = 0, 1,

(21)

où Di et χi[∇S] sont dé�nis pour i = 1, 2 par

Di =
1

|V |2 ψi

(∫

V

v21 dv

)
Id, χi[∇S] = − ∇xS

|∇xS|

∫

V

v1 θi(v1 |∇xS|)
dv

|V | , (22)

v1 est la première omposante de la vitesse v dans V et Id la matrie identité. La justi�ation rigoureuse

de e passage à la limite est donnée par le théorème qui suit.
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Théorème 2. Supposons l'hypothèse (20) vraie et que les données initiales f ini
1 , f ini

2 sont dans L1
+(R×

V ) ∩ L∞(R × V ). Alors, il existe une sous-suite de (f ε
1 , f

ε
2 , S

ε) de solution de (17)�(19) onvergente au

sens où

(f ε
1 , f

ε
2 )

∗
⇀ (ρ01F, ρ

0
2F ) dans L∞

lo

((0,∞), Lq(R× V )), 1 < q <∞,

(Sε,∇xS
ε) → (S0,∇xS

0) dans Lp
lo

(Rd × (0,∞)), 1 ≤ p ≤ ∞.

Idée de la preuve :

L'extension au as de deux espèes du Théorème 5 de [28℄ est prouvée ii. La démonstration de e

résultat s'e�etue en deux étapes.

1. Dérivation des estimées uniformes en ε de (f ε
1 , f

ε
2 , S

ε)
La onservation de la norme de f ε

i dans L1(R × V ) fournit une première estimation uniforme.

L'estimée uniforme sur Sε
déoule des estimées des solutions d'équations elliptiques ou parabolique

du type (19).

2. Lemme de ompaité d'Aubin-Lions

Ce lemme permet d'extraire des sous-suites fortement onvergentes en temps à partir des sous-suites

faiblement onvergentes.

Chapitre 2 : Dynamiques synhrones ou asynhrones dans un modèle d'agré-

gation à deux espèes

Le modèle hyperbolique d'agrégation à deux espèes onsidéré est l'analogue du modèle parabolique

(21).

∂tρα + χα∂x (a(ρ)ρα) = 0, pour α = 1, 2, (23)

ave

a(ρ) :=

∫

R

∂xK(x− y)ρ(t, dy), ρ := θ1ρ1 + θ2ρ2,

et θα, χα pour α = 1, 2 des onstantes positives.

Contrairement au as parabolique, on a une perte de régularité des solutions à ette équation ar le noyau

K irrégulier en zéro satisfait les hypothèses suivantes :

(H1) K ∈ C1(R\{0}).
(H2) ∀x ∈ R, K(x) = K(−x).
(H3) ∂xK ∈ L∞(R).

(H4) K est λ-onave ave λ > 0 'est-à-dire,

∀x, y ∈ R
∗, (∂xK(x)− ∂xK(y)) (x − y) ≤ λ(x − y)2.

Dans le as où ρα est une mesure, le produit a(ρ)ρα n'est pas dé�ni ar ∂xK peut être disontinu en 0.

Il est don primordial de donner un sens à e produit. De plus (23) est don une équation à oe�ients

disontinus. Nous utliserons don la théorie des solutions en dualité, développée dans [14℄ pour dé�nir

des solutions mesures.

Dé�nition 4. On dit que (ρ1, ρ2) ∈ C([0, T ],Mb(R)
2) est une solution au sens de la dualité de (23) s'il

existe â(ρ) ∈ L∞((0, T )× R) et γ ∈ L1
loc([0, T ]) satisfait ∂xâ ≤ γ au sens des distributions, tel que pour

0 < t1 < t2 < T ,
∂tρα + χα∂x(â(ρ)ρα) = 0, pour α = 1, 2, ρ = θ1ρ1 + θ2ρ2, (24)

au sens de la dualité dans (t1, t2) et â(ρ) = ∂xK ∗ ρ presque partout. On insiste que la donnée �nale de

(24) doit être t2 au lieu de T .

Le théorème suivant fournit l'existene et l'uniité des solutions en dualité.
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Théorème 3. Soit T > 0 et (ρini1 , ρini2 ) ∈ P2(R)
2
. Sous les hypothèses (H1)�(H4), il existe une unique so-

lution en dualité (ρ1, ρ2) ∈ C([0, T ],P2(R)
2) de (23) selon la dé�nition 4 ave (ρ1, ρ2)(t = 0) = (ρini1 , ρini2 )

tel que

â(ρ) :=

∫

R

∂̂xK(x− y)ρ(t, dy), ρ = θ1ρ1 + θ2ρ2. (25)

La solution au sens de la dualité est équivalente à la solution �ot-gradient dé�nie dans [36℄.

Idée de la preuve :

La di�ulté du problème vient de la singularité du potentiel ∂xK en zéro. Dans un premier temps,

on régularise le noyau ∂xK en onsidérant la suite de fontions ∂xK
n
ontinues oinidant ave ∂xK en

dehors de zéro et linéaire autour de zéro. De plus, on dé�nit an par

an(ρ) =

∫

R

∂xK
n(x− y)ρ(t, dx), (26)

On onsidère alors le problème approhé :

∂tρ
n
α + χα∂x (a

n(θ1ρ
n
1 + θ2ρ

n
2 )ρ

n
α) = 0, for α = 1, 2. (27)

La preuve s'e�etue en trois étapes :

1. Existene des solutions de dualité du problème approhé (27)

2. Calul de la limite an(θ1ρ
n
1 + θ2ρ

n
2 )ρ

n
α

Cette étape est importante dans la démonstration et fait l'objet du lemme entral du hapitre 2. Il

permet aussi le passage à la limite du modèle mirosopique au modèle hyperbolique.

3. Passage à la limite et stabilité des solutions de dualité.

Le lien entre modèle mirosopique et modèle maorsopique est étudié par la suite. On propose omme

modèle mirosopique une version simpli�ée du modèle inétique (17) introduit dans le permier hapitre.




∂tf

ε
α + v ∂xf

ε
α =

1

ε

∫

V

(Tα[S](v
′, v)f ε

α(v
′)− Tα[S](v, v

′)f ε
α(v)) dv

′, α = 1, 2, v ∈ V = {±1},

− ∂xxS
ε + Sε = θ1 (f

ε
1 (1) + f ε

1 (−1)) + θ2 (f
ε
2 (1) + f ε

2 (−1)) ,

(28)

où f ε
α(x, v, t) représente la distribution en vitesse de l'espèe α à l'instant t à la position x, Sε(t, x) la

onentration de l'espèe himique, Tα[S](v, v
′) le noyau de réorientation de la diretion v ∈ V à la

diretion v′ ∈ V et ε > 0 un paramètre.

On opte pour un noyau Tα[S] dépendant du gradient en la substane himique

Tα[S](v, v
′) = ψα (1− χαv∂xS) , (29)

où ψα est une onstante positive et χα est la sensibilité à la substane himique S.
La onvergene du modèle mirosopique (28) vers le modèle marosopique (23) est énonée par le

théorème suivant.

Théorème 4. Soit T > 0 et supposons que χα(θ1 + θ2) < 1 pour α = 1, 2. Soit (f ε
α, S

ε) la solution de

l'équation inétique (28) tel que f ε
α(t = 0) = f ini

α et f ini
α ∈ L∞ ∩ L1

+(R) et

∫

R

x2f ini
α dx <∞.

Alors, quand ε→ 0, (f ε
α, S

ε) onverges vers (ρα, S) au sens où :

ρεα := f ε
α(1) + f ε

α(−1)⇀ ρα faiblement dans SM , pour α = 1, 2,

Sε ⇀ S faiblement dans C([0, T ],W 1,∞(R)),

où ρα est l'unique solution de dualité de (23) et S = K ∗ (θ1ρ1 + θ2ρ2) donné par le Théorème 3.
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Idée de la preuve :

A partir de (28), on dé�nit les dynamiques de ρεα := f ε
α(1) + f ε

α(−1) et Jε
α := f ε

α(1) − f ε
α(−1). On

utilise le résultat du alul de la limite du produit â(θ1ρ
ε
1 + θ2ρ

ε
2)ρ

ε
α et on onlue par passage à la limite

dans les équations de ρεα et Jε
α.

Après avoir prouvé l'existene des solutions au sens de dualité de (23) et établi le lien entre e modèle

et le modèle mirosopique (28), on s'intéresse à la simulation numérique de (23).

Considérons une grille artésienne de pas de temps ∆t et d'espae ∆x dont les points sont xj =
j∆x, j ∈ Z, tn = n∆t, n ∈ N. La disrétisation de ρα(t

n, xj) notée ρnα,j est onstruite par la méthode

de volumes �nis dont le �ux Fn
α,j−1/2 est donné par la méthode de splitting de �ux. Etant donné (ρnα,j)

onnu au temps tn, on alule ρn+1
α,j par le shéma suivant :





ρn+1
α,j − ρnα,j

∆t
+
Fn
α,j+1/2 − Fn

α,j−1/2

∆x
= 0 pour α = 1, 2 et j ∈ Z,

Fn
α,j−1/2 = χα

(
(ânj−1)

+ρnα,j−1 + (ânj )
−ρnα,j

)
,

ânj =
∑

i6=j

∂xK(xj − xi)
(
θ1ρ

n
1,i + θ2ρ

n
2,i

)
,

(30)

où (·)+ := max{(·), 0} et (·)− := min{(·), 0} désignent respetivement la partie positive et négative de

(·).
Le shéma numérique assure la onservation de la masse des espèes et du entre de masses ponderés par

les sensibilités χα.

Théorème 5. Soient T > 0, ∆x > 0 et∆t > 0 tels que la ondition de stabilité max (χ1, χ2)‖∂xK‖L∞(θ1+
θ2)

∆t
∆x < 1 soit satisfaite et notons Nt =

T
∆t . Soit ρ

ini
α ∈ P2(R), on dé�nit

ρ0α,j =

∫ x
j+1

2

x
j− 1

2

ρiniα (dx), j ∈ Z.

On dé�nit ρα,∆x ∈ Mb([0, T ]× R) par

ρα,∆x(t, x) =

Nt−1∑

n=0

∑

j∈Z

ρnα,j1[tn,tn+1[(t)δxj (x), (31)

où (ρnα,j)j,n est alulé par (37).

Alors, on a

ρα,∆x ⇀ ρα onverge faiblement dans Mb([0, T ]× R) quand ∆x→ 0,

où ρα est la solution en dualité du Théorème 3 ave la donnée initiale ρiniα .

Idée de la preuve :

Dans ette démonstration, on s'appuie aussi sur le lemme de la limite du produit â(θ1ρ
n
1 + θ2ρ

n
2 )ρ

n
α.

Dans un modèle similaire à (23), on observe la formation en temps �ni d'un agrégat unique dont la

position est donnée par le entre de masse ponderés par les sensibilités χα. On présente deux situations.

Dans la première situation, on assiste à la formation des masses de dira des espèes. Ces masses de

dira se déplaent pour former l'agrégat ommun. Lors de leur déplaement, les masses de dira d'espèes

di�érentes se reontrent et se déplaent ensemble (voir Figure 10). On parle du phénomène de synhro-

nisation. Par ontre, dans la deuxième situation, après leurs ollisions, les masses de dira se déplaent

indépendamment l'une de l'autre (voir Figure 11). Dans e as, il s'agit plut�t d'une désynhronisation.
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Figure 10 � Phénomène de synhronisation après ollisions. ρ1 en rouge et en ligne et ρ2 en bleu et en

pointillés.

Chapitre 3 : Desription mathématique de la migration olletive de deux

espèes d'E.Coli

Ce hapitre étudie la migration d'une population de deux batéries di�érentes dans des miroanaux.

On propose un modèle à deux espèes de type Keller Segel semblable à (21). La di�érene ave le modèle

(21) est la présene d'une seonde substane himique onsommée par les batéries. Elle garantit la

formation d'une onde de onentration omme vu dans le as d'une espèe. Le modèle étudié se met sous

la forme suivante 



∂tρ1 = D1ρ1 −∇ · (ρ1 (u1[S] + u1[N ])) ,

∂tρ2 = D2∆ρ2 −∇ · (ρ2 (u2[S] + u2[N ])) ,

∂tS = DS∆S − αS + ρ1 + ρ2,

∂tN = DN∆N − γ1ρ1N − γ2ρ2N,

(32)

ave D1, D2, DS, DN , α, γ1, γ2 des onstantes positives.

Dans (32), ρ1, ρ2 dérivent respetivement les densités des batéries de type 1 et 2 dans la population. S
joue le r�le de la substane himique �attratative�. N est la soure nutritive des batéries.

On se restreint aux formes partiulières de ui[S], ui[N ] suivantes.

ui[S] = χS
i sgn(∂xS), ui[N ] = χN

i sgn(∂xN), i = 1, 2, (33)

ave χS
i , χ

N
i , les sensibilités himiotatiques de la sous-population i au himioattrateur S et nutriment

N . On prouve le théorème suivant sur l'existene et la non-existene d'ondes de onentration de (32).

Il démontre l'existene de deux régimes en fontion de la fration de la batérie la plus rapide dans la

population. Ce résultat fait ého aux observations numériques du hapitre 2.

Théorème 6. Supposons que séparément les deux sous-populations se déplaent en formant une onde

de onentration prédite par le modèle à une espèe de Saragosti-Calvez et al. Nommons σ1 la vitesse

de l'espèe la plus lente et σ2 elle de l'espèe la plus rapide. Soit Mi le nombre d'individus de la sous-

population i, φcherry = M2

M1+M2
le pourentage de la sous-population rapide et Ii l'intervalle [χN

i −χS
i , χ

N
i +

χS
i ] pour i = 1, 2.
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Figure 11 � Phénomène de désynhronisation après ollisions. ρ1 en rouge et en ligne et ρ2 en bleu et en

pointillés.

Si l'hypothèse suivante est satisfaite

I1 ∩ I2 6= ∅, et σ2, χ
N
2 − χS

2 6∈ I1 ∩ I2.

Alors il existe une fration φ∗cherry ∈]0, 1[ telle que

� Pour φcherry ≤ φ∗cherry, il existe une onde de onentration de vitesse σ omprise entre σ1 et σ2
solution de l'équation

(σ − χN
1 ) + χS

1

σ√
σ2 + 4αDS

+
φcherry

1− φcherry
H(σ)

(
(σ − χN

2 ) + χS
2

σ√
σ2 + 4αDS

)
= 0, (34)

où H est une fontion positive dé�nie dans ette setion.

� Pour φcherry > φ∗cherry, il n'existe pas d'onde de onentration.

Idée de la preuve :

Elle repose sur la onstrution des pro�ls de ρ1, ρ2 sous la forme de double exponentielle. On impose la

ondition selon laquelle le pro�l en S est maximal en zéro. On obtient ainsi la ondition que doit véri�er

la vitesse d'onde σ. L'étude de ette fontion permet d'exhiber une ondition dépendant de la φred sur

l'existene ou la non existene de σ.

La �gure 12 ompare les résultats théoriques aux simulations numériques du modèle pour des propor-

tions di�érentes. La �gure 13 représente la vitesse des deux sous-populations Cherry et Green en fontion

de la proportion φcherry. Cette �gure ompare les résultats expérimentaux aux résultats théoriques. On

observe que le modèle proposé est en adéquation ave les résultats expérimentaux.

Chapitre 4 : Shémas numériques asymptotiques et préservant les équilibres

pour les modèles inétiques

On propose un shéma numérique qui préserve à la fois l'équilibre et l'asymptotique pour les modèles

inétiques similaires à (1)�(2).

ε2∂tf
ε + εv∂xf

ε = T [S](f ε),

ave T [S](f ε) le terme intégral.

Ce shéma se déompose en deux étapes.
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Figure 12 � Kymographes illustrant le omportement de l'onde pour des proportions di�érentes. (A)

Résultat expérimental obtenu pour φcherry = 10%. (B) Résultat expérimental obtenu pour φcherry = 90%.

(C) Simulation numérique du modèle pour φcherry = 10% (D) Simulation numérique du modèle pour

φcherry = 90%. Le retangle en blan dans le oin gauhe orrespond à la taille des images A, B et C.

Pour l'image D, la simulation est réalisée pour des temps longs au delà du régime transitoire où les pis

sont bien séparés. Les pro�ls des espèes rouges et vertes sont représentés dans le arré blan de gauhe.

� Prédition : A ette étape, on impose la propriété de onservation de l'asymptotique. A partir de

la variable mirosopique fn
i et la variable marosopique ρni obtenus à l'itération préédente, on

en déduit la variable mirosopique f̃n+1
i et la variable marosopique ρ̃n+1

i en e�etuant un pas

d'un shéma préservant l'asymptotique.

� Résolution du problème stationnaire : Pour haque ellule [xi, xi+1], les états stationnaires

sont alulés en onsidérant le problème :

v∂xf̂ ε =
1

ε
T [S](f̂ ε). (35)

Cette équation (35) est munie des onditions aux bords entrantes

{
f̂(xi, v) = (1− α̃)fn

i + α̃f̃n+1
i , v > 0,

f̂(xi+1, v) = (1− α̃)fi+1 + α̃f̃n+1
i+1 , v < 0,

ave α̃ = min(1, ∆t
ε ) et f̃n+1

i donné par l'étape de prédition. On dé�nit alors f̂i+1/2 par :

f̂i+1/2 = f̂(xi+1, v), v > 0

f̂i+1/2 = f̂(xi, v), v < 0.
(36)
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Figure 13 � Vitesse de l'onde en fontion de la proportion φcherry : les résultats expérimentaux sont

représentés par leurs moyennes (erles) et leurs éarts types (barres d'erreur). On dispose d'au moins

une dizaine de points pour haque valeur. Les résultats expérimentaux sont omparés aux simulations

(ourbes rouge et verte). On observe une séparation des deux espèes autour de la valeur φcherry = 50%.

Le arré orrespond à la vitesse moyenne de l'onde verte observée à la �gure 12 D.

Le shéma numérique s'érit don :

fn+1
i − fn

i

∆t
+

v

ε∆x

(
(1 − α̃)fn

i + α̃fn+1
i − f̂i−1/2

)
= 0, v > 0,

fn+1
i − fn

i

∆t
+

v

ε∆x

(
f̂i+1/2 −

(
(1 − α̃)fn

i + α̃fn+1
i

))
= 0, v < 0,

(37)

où f̂i+1/2 est solution du problème (36).

Proposition 7. Lorsque le shéma préservant l'asymptotique est utilisé pour l'étape de prédition et le

shéma préservant l'équilibre employé pour la résolution du problème stationnaire,

alors le shéma numérique proposé en (37) préserve à la fois l'équilibre et l'asymptotique.

Cette méthode de dérivation des shémas qui présevent à la fois l'état d'équilibre et l'asymptotique

peut être employée à d'autres équations inétiques. Elle peut aussi être adaptée a�n d' obtenir des shémas

d'ordre élevé en temps.

4 Perspetives

La première perspetive de notre travail onerne l'étude de modèle hyperbolique à deux espèes ave

a(ρ) non-linéaire par rapport à ρ.
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4.1 Etude de modèles hyperboliques à deux espèes ave a non-linéaire

On onsidère maintenant uen généralisation de l'équation hyperbolique à deux espèes (23)

∂tρα + χα∂x (a(ρ)ρα) = 0, pour α = 1, 2, (38)

ave

a(ρ) := φ

(∫

R

∂xK(x− y)ρ(t, dy)

)
, ρ := θ1ρ1 + θ2ρ2,

φ est une fontion non-linéaire.

Ce as a été traité dans le as d'une espèe dans [76℄ où l'existene d'une entropie permet de dé�nir

le produit a(ρ)ρ et d'obtenir l'uniité des solutions de dualité. Dans le as de deux espèes, il n'existe

pas d'entropie et la tehnique employée dans le as d'une espèe est inappliable. De plus, les outils de

�ot-gradient sont inutilisables à ause de la non-linéarité de φ.
Si l'on suit l'approhe utilisée dans le as où φ est linéaire, on se heurte au problème du alul de la limite

de a(θ1ρ
n
1 + θ2ρ

n
2 )ρ

n
α. L'existene de solutions dans e as reste un problème ouvert.

4.2 Existene d'ondes de onentration à l'éhelle inétique

L'existene d'ondes de transport a déjà été étudiée au niveau marosopique. On se demande si e

type d'onde existe au niveau mirosopique dans le as d'un modèle à une espèe.





∂tf + v ∂xf =

∫

V

(T [S](v′, v)f(v′)− T [S](v, v′)f(v)) dv′ +

∫

V

(T [N ](v′, v)f(v′)− T [N ](v, v′)f(v)) dv′, v ∈ V,

∂tS = DS∆S − αS + ρ,

∂tN = DN∆N − γρN,
(39)

où DS , DN , α, γ sont des onstantes positives et les noyaux de réorientation T [S], T [N ] sont donnés par

T [S] = ψ
(
1− χS sgn(v∂xS)

)
,

T [N ] = ψ
(
1− χN sgn(v∂xN)

)
,

(40)

ψ, χS , χN
sont des onstantes positives.

Ce problème onsiste à prouver l'existene de σ > 0 et de pro�ls f(z, v) tel que





(v − σ)∂zf =

∫

V

(T [S](v′, v)f(v′)− T [S](v, v′)f(v)) dv′ +

∫

V

(T [N ](v′, v)f(v′)− T [N ](v, v′)f(v)) dv′,

− σS
′
= DSS

′′ − αS + ρ,

− σN ′ = DNN
′′ − γρN,

ave

T [S] = ψ
(
1− χS sgn(vz)

)
, T [N ] = ψ

(
1− χN sgn(v)

)
.

Dans le as où V se réduit à deux vitesses (V = {±1}), l'existene d'ondes de transport peut être obtenue
de la même façon que dans le as marosopique. En e�et, le alul analytique de f est rendu possible

par le hangement de variable ρ et J .
Cependant, e problème s'avère ompliquée dans le as d'un ontinum de vitesse ar on ne peut plus

aluler analytiquement la relation impliite que doit veri�er σ même après avoir fait des hypothèses de

déroissane exponentielle en x de f .
Même en s'inpirant de la méthode utilisée dans [22℄ pour démontrer l'existene des solutions stationnaires

(σ = 0 sans l'équation sur N), on se heurte à des di�ultés pour prouver la roissane et déroissane

du pro�l ρ assurant ainsi l'existene d'une onde de transport.

D'autre part, prouver la positivté de σ et en donner une borne supérieure demeure un éueil de plus à

surmonter.
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4.3 Extension du shéma numérique WB-AP au as 2D

On se demande si on peut généraliser la stratégie d'obtention des shémas numériques WB-AP en

dimension 2. Dans e as, on onsidérerait la version 2D des équations de himiotatisme.

ε2∂tf
ε + ε∇ · (vf ε) = T [S](f ε), (41)

ave T [S](f ε) le terme intégral.

On peut suivre la même démarhe. Cependant, on se doit de proposer des shémasWB en 2D. Les shémas

WB onstituent une extension du solveur de Riemannn des équations hyperboliques. Cependant, obtenir

un solveur de Riemmann s'avère déliat en 2D étant donné l'interation de plusieurs ondes. De même, la

onstitution de shémas WB s'avère ompliquée en 2D.
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Existene and di�usive limit of a

two-speies kineti model of hemotaxis

Ce travail est réalisé en ollaboration ave Luís Almeida et Niolas Vauhelet. Il in-

troduit le modèle inétique de himiotatisme à deux espèes permettant de dérire

le omportement individuel d'une population à deux espèes. Il étend les résultats

d'existene prouvés dans le adre d'une population à une espèe à une population à

deux espèes et pour des noyaux de réorientation présentant une dépendane tem-

porelle du signal himique. La limite di�usive du modèle onduit à des équations aux

dérivées partielles nonlinéaires et ouplées du type Keller-Segel.
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Chapter 1

Existene and di�usive limit of a

two-speies kineti model of hemotaxis

Abstrat

In this hapter, we propose a kineti model desribing the olletive motion by hemotaxis of two speies

in interation emitting the same hemoattratant. Suh model an be seen as a generalisation to several

speies of the Othmer-Dunbar-Alt model whih takes into aount the run-and-tumble proess of bateria.

Existene of weak solutions for this two-speies kineti model is studied and the onvergene of its di�usive

limit towards a marosopi model of Keller-Segel type is analysed.
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1.1 Introdution

Chemotaxis is the biologial mehanism by whih organisms sense their environment and reat to

hemial stimuli. It indues a motion towards the attratant (positive hemotaxis) or away from the

repellent (negative hemotaxis). One onsequene of positive hemotaxis is the formation of patterns and

aggregates as observed in [41, 101, 68, 84℄ for motile bateria Esherihia oli or Dityostelium disoideum

mold. Many mathematial models have been proposed to explain this aggregation phenomenon.Among

them, we an distinguish between mirosopi and marosopi models depending on the level of desrip-

tion.

In [99℄, Othmer, Dunbar and Alt hoose the mirosopi setting in whih ells are represented by

their veloity distribution f(x, v, t) and the hemial attratant (hemoattratant) by its onentration
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S(x, t). The dynamis of f is given by

∂tf + v · ∇xf =

∫

V

(
T [S](x, v, v′, t)f(x, v′, t)− T [S](x, v′, v, t)f(x, v, t)

)
dv′, (1.1)

with V a bounded domain of Rd
. This kineti equation points out the run-and-tumble proess whih

haraterises the individual motion of ells (see [72℄). The left-hand side is assoiated to the run phase

during whih ells move in a straight line at a onstant speed v. The right-hand side inludes loss and gain

terms resulting from the reorientation phase (tumble). Cells reorient from v to v′ with the probability

per unit of time T [S](x, v′, v, t)/
∫
V
T [S](x, v′, v, t) dv′. This justi�es why T [S] is alled the tumbling rate

or kernel. Many hoies of T [S] are possible.

Sine ells are able to respond to temporal hanges of the gradient of the hemial substane S along

their pathways, we opt for the form of T [S] proposed in [40℄:

∀x ∈ R
d, v, v′ ∈ V, t > 0, T [S](x, v′, v, t) := φ(∂tS + v · ∇xS), (1.2)

where φ is dereasing in order to take into aount the preferene for favourable regions. This model

has shown to be e�ient to desribe the traveling pulse behaviour of bateria observed experimentally

in [116℄. Finally, the hemoattratant is emitted by the ells themselves, di�uses into the medium and is

naturally degraded. Then, the hemoattrattant onentration S appearing in (1.1) solves the following

reation-di�usion equation:

δ∂tS −∆S + S =

∫

V

f(x, v, t) dv := ρ(x, t), δ = 0, 1. (1.3)

At a marosopi level, the dynamis of ells is desribed by their density ρ(t, x). The well-known Keller-

Segel [85℄ system has been widely used to desribe aggregation by hemotaxis. This model desribes the

dynamis of ells thanks to a paraboli equation with an oriented drift depending on the spatial gradient

of the hemoattratant: {
∂tρ = ∇ · (D∇xρ− χρ∇xS) ,

δ∂tS −∆S + S = ρ, δ = 0, 1,
(1.4)

where D and χ are positive onstants alled the di�usivity and the hemosensivity of the speies to the

hemoattratant.

In the mathematial literature both ellipti (δ = 0) and paraboli (δ = 1) ases are enountered.

Although the point of view of mirosopi and marosopi models is di�erent, it has been proved that

the Keller-Segel model (1.4) an be derived as the di�usion limit of the Othmer-Dunbar-Alt model (1.1)�

(1.3) (see [9, 8, 28, 74, 73, 115, 105℄). The hyperboli limit an also be onsidered [40, 50, 76℄ leading

to the same kind of marosopi model with small di�usion. As a onsequene, oe�ients D and χ of

(1.4) depend on mirosopi parameters whih an be measured. This allows one to �t the model with

experimental data as done in [115℄. Other advantages of (1.4) are understanding of olletive e�ets

emerging from individual behaviours and its simple simulation ompared to (1.1)�(1.3). However, the

mirosopi approah provides a general framework of hemotaxis models whih enompasses marosopi

models inluding hyperboli models obtained by a momentum method from kineti models (see e.g.

[63, 66, 67, 38℄). In this work, we fous on the modelling of the hemotati behaviour of two-interating

speies. Existing two-speies models (see e.g. [70, 130, 47, 37℄) onern the marosopi sale. For

instane, the following Keller-Segel two-speies model is onsidered:





∂tρ1 = ∇ ·
(
D1∇xρ1 − χ1ρ1∇xS

)
,

∂tρ2 = ∇ ·
(
D2∇xρ2 − χ2ρ2∇xS

)
,

δ∂tS −∆S + S = ρ1 + ρ2, δ = 0, 1,

(1.5)

where D1, D2 and χ1, χ2 are the di�usivities and hemosensivities of the two speies 1, 2 to the ommon

hemoattratant S. This an happen in ase we onsider two losely related types of ells. Many
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theoretial issues arise from (1.5). The question of global existene of solutions and understanding of the

blow-up are addressed in [?, 33, 45℄ in the two-dimensional ase. These results are validated by numerial

simulations arried out in [89℄. In addition, traveling wave solutions of a two-speies model like (1.5)

are studied in [93℄. In this paper, we address the question of the derivation of suh marosopi model

from a kineti point of view. We propose the following mirosopi model in whih the dynamis of

the distribution funtion fi(x, v, t) for the i-th speies, i = 1, 2, is governed by the two following kineti

equations:




∂tfi + v · ∇xfi =

∫

V

(Ti[S](x, v, v
′, t)fi(x, v

′, t)− Ti[S](x, v
′, v, t)fi(x, v, t)) dv

′,

fi(x, v, t = 0) = f ini
i (x, v), for i = 1, 2.

(1.6)

The position x ∈ Rd
, veloity v ∈ V (where V is a bounded set of Rd

) and time t ≥ 0. As previously, the
tumbling rate Ti[S] takes into aount temporal hanges of the hemoattratant onentration along the

path of ells and reads:

∀x ∈ R
d, v, v′ ∈ V, t > 0, Ti[S](x, v

′, v, t) := φi(∂tS + v · ∇xS), for i = 1, 2, (1.7)

where φi is a dereasing funtion.

We onsider the ase where speies 1 and 2 involved in (1.6) emit the same attrating hemial

substane S, whose dynamis is given by the paraboli (δ = 1) or ellipti (δ = 0) system:




δ∂tS −∆S + S =

∫

V

f1(x, v, t)dv +

∫

V

f2(x, v, t)dv := ρ1(x, t) + ρ2(x, t), δ = 0, 1,

S(x, t = 0) = 0, if δ = 1.

(1.8)

We determine the drift-di�usion limit of (1.6)�(1.8) by performing a di�usive saling of spae and time

x̃ = εx, t̃ = ε2t. After dropping the tilde, system (3.19) now reads

{
ε2∂tf

ε
i + εv · ∇xf

ε
i = −T ε

i [S
ε](f ε

i ),

f ε
i (x, v, t = 0) = f ini

i (x, v), for i = 1, 2,
(1.9)

with

T ε
i [S](f) :=

∫

V

(T ε
i [S](x, v

′, v, t)f(x, v, t) − T ε
i [S](x, v, v

′, t)f(x, v′, t)) dv′,

where we onsider as above

∀x ∈ R
d, v, v′ ∈ V, t > 0, T ε

i [S](x, v, v
′, t) := φεi (ε∂tS + v′ · ∇xS), for i = 1, 2. (1.10)

The di�erene of sale between terms ∂tS and v · ∇xS omes from the saling between spae and time.

Sine the prodution and degradation rates are slow, we an assume prior to the mirosopi saling that

the equation for S writes

{
δ∂tS −∆S = ε2 (ρ1 + ρ2 − S) , δ = 0, 1,

S(x, t = 0) = 0, if δ = 1.

By performing the di�usive saling, the equation for Sε
states now as

{
δ∂tS

ε −∆Sε + Sε = ρε1 + ρε2, δ = 0, 1,

Sε(x, t = 0) = 0, if δ = 1.
(1.11)

We �rst prove the global-in-time existene of solution (f1, f2, S) of (1.9)�(1.11).Then, we prove onver-

gene when ε → 0 of solutions to (1.9)�(1.11) towards a marosopi model of Keller-Segel type. The

proof relies on uniform estimates on f ε
1 , f

ε
2 , S

ε
whih allow us to use the Aubin-Lions-Simon ompatness
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Lemma [118℄. We only fous on the ase of bounded tumbling kernel T for whih no blow-up of solutions

in �nite time is expeted both at the mirosopi and marosopi levels. This non blow-up has been

proved in the one speies ase in [32℄. Bounded tumbling kernels might seem too restritive but they

are signi�ant for the appliations we have in mind sine they allow to obtain good agreement with ex-

perimental results (see [115, 116℄). In partiular, in [115℄ this hypothesis yields the orret experimental

pro�le of the baterial traveling pulses. For single speies, existene results for the kineti model were

shown in the ase of unbounded kernels in [74, 18℄.

The paper is organised as follows. The following setion presents the two main results: the global-

in-time existene theorem of solutions to (1.9)�(1.11) for �xed ε > 0 and the onvergene as ε → 0 of

this solution towards a marosopi model, i.e. the drift-di�usion limit of (1.9)�(1.11). We also formally

derive in this setion the equation veri�ed by the limit. By a �xed-point argument, global existene

of solutions to the kineti model is proved in Setion 1.3. Setion 1.4 is devoted to the proof of the

drift-di�usion limit stated in Theorem 1.2.3.

1.2 Main results

Before stating our main results, we introdue some notations. We denote Ω := Rd × V where V is a

bounded and rotationally invariant domain of Rd
.

We de�ne the following abbreviations whih are used throughout the paper:

f ε
i := f ε

i (x, v, t), f ′ε
i := f ε

i (x, v
′, t),

T ε
i [S] := T ε

i [S](x, v
′, v, t), T ∗,ε

i [S] := T ε
i [S](x, v, v

′, t), for i = 1, 2.

1.2.1 Main results

In this paper, we onsider tumbling rates T ε
i [S] of the form (1.10) whih meet the following requirement

for i = 1, 2

(H1) φεi (z) = ψi

(
1 + εθi(z)

)
, with ψi ∈ R∗

+ and θi ∈ C0,1(R) ∩ L∞(R) is noninreasing and satis�es

‖θi‖L∞(R) < 1.

Remark 1.2.1. This hypothesis is realisti sine it was observed experimentally in [116℄ that for bateria

E. Coli, an external stimulus modi�es their natural onstant tumbling kernel by adding an anisotropi

small term.

Note that the ondition on the L∞
-norm of θi ensures that T

ε
i is positive at least for ε smaller than

1, whih will always be the ase here sine we fous on the asymptoti limit ε → 0. The positivity and

the boundness of T ε
i [S] ome from its physial meaning.

If F denotes the uniform distribution on V

F (v) :=
1v∈V

|V | , (1.12)

with |V | the measure of the veloity set V , the symmetry assumption of V implies that

∫

V

F (v)dv = 1 and

∫

V

vF (v)dv = 0. (1.13)

As in [28℄, we de�ne the symmetri and anti-symmetri parts of T ε
i by

φS,εi [S] : =
T ε
i [S] + T ∗,ε

i [S]

2
= ψi

(
1 +

ε

2

(
θi(ε∂tS + v′ · ∇xS) + θi(ε∂tS + v · ∇xS)

))
,

φA,ε
i [S] : =

T ε
i [S]− T ∗,ε

i [S]

2
= ψi

ε

2

(
θi(ε∂tS + v′ · ∇xS)− θi(ε∂tS + v · ∇xS)

)
.

(1.14)
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From Assumption (H1), φS,εi and φA,ε
i satisfy the following inequalities whih are useful to derive uniform

estimates in ε:

φS,εi ≥ ψi

(
1− ε ‖θi‖L∞(R)

)
,

∫

V

(φA,ε
i )2

φS,εi

dv′ ≤ ε2ψi |V | ‖θi‖2L∞(R) .
(1.15)

The expansion of T ε
i [S] now reads:

T ε
i [S] = T 0

i + εT 1
i [S], (1.16)

with

T 0
i (f) := ψi (|V | f − ρ) ,

T 1
i [S](f) := ψi

(
|V | θi(ε∂tS + v · ∇xS)f −

∫

V

θi(ε∂tS + v′ · ∇xS)f
′ dv′

)
.

(1.17)

Our �rst result onerns the global-in-time existene of solution of (1.9)�(1.11).

Theorem 1.2.2. Let ε > 0 and assume that tumbling rates T ε
1 , T

ε
2 are given by (1.10) where φε1, φ

ε
2 are

positive, bounded and Lipshitz ontinuous funtions.

If the initial data f ini
1 , f ini

2 are in L1
+(Ω)∩L∞(Ω), then there exists a unique global solution of (1.9)�

(1.11) suh that

f ε
1 , f

ε
2 ∈ L∞((0,∞), L1

+ ∩ L∞(Ω)),

Sε ∈ L∞((0,∞), Lp(Rd)), for all 1 ≤ p ≤ ∞.

Then we establish the di�usive limit ε → 0 of these solutions. The limiting system is the following

two-speies Keller-Segel type equation:





∂tρ1 = ∇ · (D1∇ρ1 − χ1[∇S]ρ1) ,
∂tρ2 = ∇ · (D2∇ρ2 − χ2[∇S]ρ2) ,
δ∂tS = ∆S − S + ρ1 + ρ2, δ = 0, 1,

(1.18)

where Di and χi[∇S] are given for i = 1, 2 by

Di =
1

|V |2 ψi

(∫

V

v21 dv

)
Id, χi[∇S] = − ∇xS

|∇xS|

∫

V

v1 θi(v1 |∇xS|)
dv

|V | , (1.19)

with v1 the �rst omponent of the veloity v in V and Id the identity matrix. The intial onditions of

this system are

ρini1 =

∫

V

f ini
1 dv, ρini2 =

∫

V

f ini
2 dv and Sini = 0 if δ = 1.

Theorem 1.2.3. Let (H1) hold. Assume that the initial data f ini
1 , f ini

2 belong to L1
+(Ω)∩L∞(Ω). Then,

there exists a subsequene (f ε
1 , f

ε
2 , S

ε) of solutions of (1.9)�(1.11) that onverges when ε tends to zero

and we have

(f ε
1 , f

ε
2 )

∗
⇀ (ρ01F, ρ

0
2F ) in L∞

lo

((0,∞), Lq(Ω)), 1 < q <∞
(Sε,∇xS

ε) → (S0,∇xS
0) in Lp

lo

(Rd × (0,∞)), 1 ≤ p ≤ ∞,

where F is the equilibrium distribution de�ned in (1.12) and (ρ01, ρ
0
2, S

0) the solution of (1.18).

Remark 1.2.4. Note that Di is a diagonal and positive de�nite matrix, thanks to the symmetry as-

sumption on V , and χi[∇S] is bounded. This ensures that the marosopi equation (1.18) subjet to the

previous initial ondition admits a unique and global-in-time solution. We refer the reader to the appendix

for details.
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1.2.2 Formal derivation of drift-di�usion limits

For the sake of larity, we �rst derive formally the limit equation (1.18). We onsider Hilbert expan-

sions of f ε
1 , f

ε
2 :

f ε
i = f0

i + εf1
i + ε2f2

i + o(ε2), for i = 1, 2. (1.20)

Assume Sε = S0
is independent of ε and given by (1.11) with the right-hand side ρ01 + ρ02 and onsider

in this part that θi is smooth for i = 1, 2.

Injeting (1.20) into the equation for f ε
i (1.9)�(1.16)�(1.17) and identifying the terms in O(1) and

O(ε) leads to,

f0
i =

1

|V |

∫

V

f0
i dv = ρ0iF,

f1
i = ρ1i −

v · ∇xf
0
i

|V |ψi
+

1

|V |

(∫

V

θi(v
′ · ∇xS

0)f0
i (v

′)dv′ − |V | θi(v · ∇xS
0)f0

i (v)

)
,

for i = 1, 2. Replaing f0
i in the expression of f1

i yields

f1
i = ρ1i −

v · ∇xρ
0
i

|V |2 ψi

+
ρ0i
|V |

(∫

V

θi(v
′ · ∇xS

0)
dv′

|V | − θi(v · ∇xS
0)

)
, for i = 1, 2. (1.21)

Then for the O(ε2) term, we have that

−ψi(|V |f2
i − ρ2i ) = ∂tρ

0
i + v · ∇xf

1
i + ψiUi, for i = 1, 2, (1.22)

where

Ui(v) = |V |θi(v · ∇xS
0)f1

i −
∫

V

θi(v
′ · ∇xS

0)f1
i (v

′) dv′

+∂tS
0
(
|V |θ′i(v · ∇xS

0)f0
i −

∫

V

θ′i(v
′ · ∇xS

0)f0
i (v

′) dv′
)
.

We notie that

∫
V Ui dv = 0. Equation (1.22) admits a solution provided the integral over V of the

right-hand side vanishes. This implies the onservation law:

∂tρ
0
i +∇ · J1

i = 0,

where J1
i :=

∫

V

vf1
i dv, for i = 1, 2. Using (1.21) and formulas of Di and χi[∇S] (1.19), it follows that

J1
i = −Di∇xρ

0
i + χi[∇S]ρ0i , for i = 1, 2.

The formula of χi[∇S] follows from the invariant rotationally property of the domain V . This gives the
equation for ρ0i for i = 1, 2.

1.3 Global existene of solutions of the kineti model

The purpose of this setion is to prove the global existene for System (1.9)�(1.11). The Green

representation formula allows us to deouple (1.11) and (1.9). This gives a system whih depends only

on f ε
i . The �xed-point argument gives the uniqueness and loal existene in time of solutions. Thanks

to a-priori estimates on f ε
i , we reover global-in-time existene. Without loss of generality, and for the

sake of simpliity of the notation, we �x ε = 1 and denote φmax
i := maxφεi .
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1.3. Global existene of solutions of the kineti model

1.3.1 A-priori estimates

We reall that using Bessel potential (see [46℄), the solution S of ellipti/paraboli equation (1.8) is

given by

S(x, t) =

∫

Rd

G(y) (ρ1 + ρ2) (x− y, t) dy, δ = 0,

S(x, t) =

∫ t

0

∫

Rd

K(y, s) (ρ1 + ρ2) (x− y, t− s) dy ds, δ = 1,

(1.23)

with

G(x) :=
1

2
e−|x|, d = 1,

G(x) :=
1

4π

∫ ∞

0

exp
(
− π

|x|2
4s

− s

4π

)
s
2−d
2
ds

s
, d ≥ 2,

K(x, t) :=
1

(4πt)d/2
exp

(
− |x|2

4t
− t
)
, d ≥ 1.

(1.24)

We review some lassial results on the integrability of kernels G,K and their gradients.

Lemma 1.3.1 (Estimates on G and K). Let t > 0. If d = 1, then there exists a onstant C1 suh that

‖G‖L1(R) = 1,

∫ t

0

‖K(·, s)‖L1(R) ds ≤ 1, (1.25)

‖∇xG‖L1(R) = 1,

∫ t

0

‖∇xK(·, s)‖L1(R) ds ≤ C1 t
1
2 . (1.26)

For d ≥ 2, there exists onstants Cp, C
′
p suh that

‖G‖Lp(Rd) ≤Cp,

∫ t

0

‖K(·, s)‖Lp(Rd) ds ≤ Cp t
d(1−p)

2p +1, 1 ≤ p <
d

d− 2
, (1.27)

‖∇xG‖Lp(Rd) ≤C
′

p,

∫ t

0

‖∇xK(·, s)‖Lp(Rd) ds ≤ C
′

p t
d(1−p)+p

2p , 1 ≤ p <
d

d− 1
. (1.28)

Proof. For d = 1, simple omputations give the result for G and ∇xG. For ‖K(·, s)‖L1(R), the transfor-

mation y = x√
2s

leads to

‖K(·, t)‖L1(R) = e−t.

It follows that ∫ t

0

‖K(·, s)‖L1(R) ds ≤ 1.

By similar omputations, we show that

‖∇xK(·, s)‖1 =
1

4πd/2

∥∥∥∥y 7→ ye−
|y|2
2

∥∥∥∥
L1(R)

s−
1
2 e−s.

By integrating with respet to s in (0, t), we obtain the result.

We now suppose that d ≥ 2 and ompute Lp
-norms of G and K.

‖G‖Lp(Rd) =
1

4π

∫ ∞

0

∥∥∥∥x 7→ e−π |x|2
4s

∥∥∥∥
Lp(Rd)

e−
s
4π s

2−d
2
ds

s
.

Performing the hange of variable y =
√

π
2sx and simplifying yields

‖G‖Lp(Rd) =
2d(

2
p−1)

pd/2pπ
d
2 (1− 1

p )

∫ ∞

0

e−u u
d
2 (

1
p−1) du.
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After straightforward omputations, we dedue that for all 1 ≤ p < d
d−2

‖G‖Lp(Rd) ≤
2d(

2
p−1)

pd/2pπ
d
2 (1− 1

p )
Γ

(
1 +

d− dp

2p

)
.

A similar transformation applied to ‖K(·, s)‖Lp(Rd) gives

‖K(·, s)‖Lp(Rd) =
2d(

1
p−1)

π
d
2 (1− 1

p )
s

d
2 (

1
p−1)e−s.

We onlude that for all 1 ≤ p < d
d−2

K(·, s) ∈ Lp(Rd) and

∫ t

0

‖K(·, s)‖Lp(Rd) ds ≤ C t
d(1−p)

2p +1.

For the estimates on the gradients, we have

‖∇xG‖Lp(Rd) =
1

4π

∫ ∞

0

π

2s

∥∥∥∥xe−π |x|2
4s

∥∥∥∥
Lp(Rd)

e−
s
4π s

2−d
2
ds

s
.

We apply the two suessive transformations y =
√

π
2sx, t = s

4π and simplify. We see that for all

1 ≤ p < d
d−1

‖∇xG‖Lp(Rd) =
23d/2p−(2d+3)/2

πd/2
Γ

(
1/2− d

2
(1 − 1/p)

)∥∥∥∥ye−
|y|2
2

∥∥∥∥
Lp(Rd)

.

Similar omputations applied to ∇xK give

‖∇xK(·, s)‖Lp(Rd) =
2

d
2 (1/p−1)−d

πd/2

∥∥∥∥ye−
|y|2
2

∥∥∥∥
Lp(Rd)

s
d
2p−

d+1
2 e−s.

Integrating with respet to s leads to the result.

Lemma 1.3.2. Fix τ > 0 and v in V . Let φ be a Lipshitz ontinuous funtion and f, f̃ be in

L∞([0, τ), L∞(Ω) ∩ L1(Ω)) suh that f, f̃ oinide at the time t = 0 and satisfy in a weak sense

∂tρ(f) +∇ · J(f) = 0, (1.29)

where J is a linear and bounded operator on L∞(Ω). Let S and S̃ denote

S(x, τ) := G ∗ ρ(f), S̃(x, τ) := G ∗ ρ(f̃), for δ = 0,

S(x, τ) :=

∫ τ

0

K(·, s) ∗ ρ(f)(·, τ − s)ds, S̃(x, τ) :=

∫ τ

0

K(·, s) ∗ ρ(f̃)(·, τ − s)ds, for δ = 1.

Then, there exists a positive onstant C suh that

‖φ(∂tS + v · ∇xS)− φ(∂tS̃ + v · ∇xS̃)‖L∞(Ω)≤ C‖φ‖C0,1(R)‖∇xG‖L1(Rd) ‖(f − f̃)(·, τ)‖L∞(Ω)

for δ = 0, and

‖φ(∂tS + v · ∇xS)− φ(∂tS̃ + v · ∇xS̃)‖L∞(Ω)

≤ C‖φ‖C0,1(R)

∫ τ

0

‖∇xK(·, s)‖L1(Rd)‖(f − f̃)(·, τ − s)‖L∞(Ω)ds, for δ = 1.
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Proof. For δ = 0, realling the expression of S = G ∗ ρ(f), di�erentiating with respet to t and using the

onservation equation (1.29), we get from Green's formula

∂tS =

∫

Rd

∇xG(y) · J(f)(x − y, τ) dy.

We proeed in the same way for ∇xS. Putting together ∂tS and ∇xS terms, one obtains

∂tS + v · ∇xS =

∫

Rd

∇xG(y) · (J − vρ)(f)(x − y, τ) dy.

This formula ombined with the Lipshitz ontinuity of φ implies

∣∣∣φ(∂tS + v · ∇xS)− φ(∂tS̃ + v · ∇xS̃)
∣∣∣ ≤ ‖φ‖C0,1(R)

∣∣∣∂t(S − S̃) + v · ∇x(S − S̃)
∣∣∣

≤ ‖φ‖C0,1(R)

∣∣∣∇xG ∗ (J − vρ)(f − f̃)
∣∣∣ .

By applying Young's inequality and using either (1.26) or (1.28), it follows that

∣∣∣φ(∂tS + v · ∇xS)− φ(∂tS̃ + v · ∇xS̃)
∣∣∣ ≤ ‖φ‖C0,1(R) ‖∇xG‖L1(Rd) ‖(J − vρ)(f − f̃)‖L∞(Ω).

From the assumption, J is bounded on L∞(Ω). Sine V is a bounded domain, the linear operator ρ is

also bounded on L∞(Ω). Then, we onlude that

∣∣∣φ(∂tS + v · ∇xS)− φ(∂tS̃ + v · ∇xS̃)
∣∣∣ ≤ C‖φ‖C0,1(R) ‖∇xG‖L1(Rd) ‖(f − f̃)(·, τ)‖L∞(Ω).

The ase δ = 1 is treated similarly. The slight di�erene omes from the additional term appearing in

the expression of ∂tS :

∂tS =

∫

Rd

K(y, τ)ρ(f)(x − y, 0) dy +

∫ τ

0

∫

Rd

K(s, y)∂tρ(f)(x− y, τ − s) dy in a weak sense.

Then ∂tS + v · ∇xS beomes

∂tS + v · ∇xS =

∫

Rd

K(y, τ)ρ(f)(x− y, 0) dy +

∫ τ

0

∫

Rd

∇xK(y, s)(J − vρ)(f)(x − y, τ − s) dy ds.

The substration between ∂tS + v · ∇xS and ∂tS̃ + v · ∇xS̃ has the same form as in the ellipti setting

sine f(·, 0) = f̃(·, 0). Therefore,

∣∣∣φ(∂tS + v · ∇xS)− φ(∂tS̃ + v · ∇xS̃)
∣∣∣ ≤ C‖φ‖C0,1(R)

∫ τ

0

‖∇xK(·, s)‖L1(Rd)

× ‖(f − f̃)(·, τ − s)‖L∞(Ω)ds.

Lemma 1.3.3 (A-priori bounds on f1, f2). Let τ > 0 and (f1, f2) be a weak solution of (1.6) suh that

f1, f2 are in L1((0, τ), L1
+ ∩ L∞(Ω)). We assume that tumbling rates T1[S], T2[S] de�ned by (1.7) are

positive and bounded.

If the inital data (f ini
1 , f ini

2 ) belongs to L∞(Ω)×L∞(Ω), then there exists a onstant C > 0 suh that

for i = 1, 2 and t ∈ (0, τ), we have

‖fi(·, t)‖L1(Ω) =
∥∥f ini

i

∥∥
L1(Ω)

,

‖fi(·, t)‖L∞((0,τ),L∞(Ω)) ≤ C
∥∥f ini

i

∥∥
L∞(Ω)

e|V |φmax
i τ .
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Proof. By integrating the equation for fi (1.6) with respet to v, we see that ρi satis�es the onservation
law :

∂tρi +∇ · Ji = 0, (1.30)

with Ji :=

∫

V

vfi. It follows that the L
1
-norm of ρi is onserved. We show the seond inequality by using

the Duhamel representation formula and the Gronwall lemma. Sine eah equation for i = 1 and 2 an

be treated separately, the proof is idential to the single-speies ase. We refer the reader to [126℄.

1.3.2 Proof of Theorem 1.2.2

We now prove the global-in-time existene. It is standard that if they exist, the solutions f ε
1 and f ε

2

are nonnegative provided the initial data are nonnegative. Sine ρi satis�es the onservation law (1.30),

by the proof of Lemma 1.3.2, ∂tS + v · ∇xS is given for δ = 0 and δ = 1, respetively, by

∂tS + v · ∇xS =

∫

Rd

∇xG(y) · (J − vρ)(f1 + f2)(x− y, t) dy,

∂tS + v · ∇xS =

∫

Rd

K(y, t)ρ(f1 + f2)(x− y, 0) dy

+

∫ t

0

∫

Rd

∇xK(y, s)(J − vρ)(f1 + f2)(x − y, t− s) dy ds.

Replaing ∂tS + v · ∇xS in (1.6) yields in the ase δ = 0




∂tfi + v · ∇xfi =

∫

V

φi (∇xG ∗ (J − v′ρ)(f1 + f2)) f
′

idv
′

− |V |φi (∇xG ∗ (J − vρ)(f1 + f2)) fi,

fi(x, v, t = 0) = f ini
i , for i = 1, 2.

(1.31)

For δ = 1, we obtain





∂tfi + v · ∇xfi =

∫

V

φi
(
K ∗ ρ(f ini

1 + f ini
2 )

+

∫ t

0

∇xK(·, s) ∗ (J − v′ρ)(f1 + f2)(·, t− s)ds

)
f

′

idv
′

− |V |φi
(
K ∗ ρ(f ini

1 + f ini
2 )

+

∫ t

0

∇xK(·, s) ∗ (J − vρ)(f1 + f2)(·, t− s)ds

)
fi,

fi(x, v, t = 0) = f ini
i , for i = 1, 2.

(1.32)

Here, we de�ne the onvolution between two vetor-valued funtions M,H : R → Rd
as

M ∗H =
d∑

j=0

Mj ∗Hj ,

where Mj , Hj are omponents of M and H .

We �x τ > 0 and introdue the Banah spae (Xτ , ‖ · ‖Xτ ) given by

Xτ : = L1((0, τ), L∞(Ω))× L1((0, τ), L∞(Ω)),

‖f‖Xτ : =

∫ τ

0

(
‖f1(·, s)‖L∞(Ω) + ‖f2(·, s)‖L∞(Ω)

)
ds for f = (f1, f2) ∈ Xτ .

We build �xed-point operators F(f) = (F1(f),F2(f)) for Systems (1.31), (1.32) on Xτ
. Sine these

systems are di�erent, we need to onsider two ases and treat them separately.
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1.3.2.1 Proof of the ellipti ase, δ = 0

(F1(f),F2(f)) is the weak solution of the system:





∂tFi + v · ∇xFi =

∫

V

φi (∇xG ∗ (J − v′ρ)(f1 + f2))F
′

i dv
′

− |V |φi (∇xG ∗ (J − vρ)(f1 + f2))Fi,

Fi(·, t = 0) = f ini
i , for i = 1, 2,

(1.33)

with Fi := Fi(f)(x, v, t) and F ′
i := Fi(f)(x, v

′, t).

For f = (f1, f2) and g = (g1, g2) in X
τ
, we de�ne the mapping Ffg := F(f)−F(g) whose omponents

Ffg
i are de�ned by

Ffg
i := Fi(f)−Fi(g), for i = 1, 2.

Substrating equations for Fi(f) and Fi(g) and olleting terms leads to

{
∂tFfg

i + v · ∇xFfg
i + |V |φi(∇xG ∗ (J − vρ)(f1 + f2))Ffg

i = Gfg
i ,

Ffg
i (·, t = 0) = 0, for i = 1, 2,

(1.34)

where Gfg
i is de�ned by

Gfg
i (x, v, t) :=

∫

V

φi (∇xG ∗ (J − v′ρ)(f1 + f2))Ffg
i (v′) dv′

−Fi(g) |V | (φi (∇xG ∗ (J − vρ)(f1 + f2))− φi (∇xG ∗ (J − vρ)(g1 + g2)))

+

∫

V

Fi(g)(v
′) (φi (∇xG ∗ (J − v′ρ)(f1 + f2))

−φi (∇xG ∗ (J − v′ρ)(g1 + g2))) dv
′. (1.35)

By similar omputations performed at Lemma 1.3.2 and applying it to f = f1 + f2 and g = g1 + g2, we
�nd that

∣∣∣Gfg
1 (x, v, s)

∣∣∣ ≤ φmax
1

∫

V

∣∣∣Ffg
1 (x, v′, s)

∣∣∣ dv′

+ C‖φ1‖C0,1(R)‖∇xG‖L1(Rd)

(
|F1(g)|+

∫

V

|F1(g)|
) ∑

i=1,2

‖(fi − gi)(·, s)‖L∞(Ω) .

Hene,

∥∥∥Gfg
1 (·, s)

∥∥∥
L∞(Ω)

≤ φmax
1 |V | ‖Ffg

1 (·, s)‖L∞(Ω)

+ C
(
1 + |V |

)
‖φ1‖C0,1(R)‖∇xG‖L1(Rd)‖F1(g)(·, s)‖L∞(Ω)

∑

i=1,2

‖(fi − gi)(·, s)‖L∞(Ω) .

Thanks to the Duhamel formula, Ffg
i writes

Ffg
i (x, v, t) =

∫ t

0

exp

(
−
∫ t

s

φi(∇xG ∗ (J − vρ)(f1 + f2))(x − v(s− u), u)du

)

× Gfg
i (x − v(t− s), v, s) ds. (1.36)

Taking the L∞
-norm on Ω of both sides and using the fat that φ1 is nonnegative gives

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

≤
∫ t

0

∥∥∥Gfg
1 (·, s)

∥∥∥
L∞(Ω)

.

37



Chapter 1. Existene and di�usive limit of a two-speies kineti model of hemotaxis, published

Realling the estimate on

∥∥∥Gfg
1 (·, s)

∥∥∥
L∞(Ω)

above, it follows that

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

≤ φmax
1 |V |

∫ t

0

‖Ffg
1 (·, s)‖L∞(Ω)ds

+ C1

∫ t

0

‖F1(g)(·, s)‖L∞(Ω)

∑

i=1,2

‖(fi − gi)(·, s)‖L∞(Ω) ds.

The bound on ‖F1(g)(·, s)‖L∞(Ω) is similar to the one given by Lemma 1.3.3. By using this estimate, we

get

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

≤ φmax
1 |V |

∫ t

0

∥∥∥Ffg
1 (·, s)

∥∥∥
L∞(Ω)

ds

+ C
′

1e
φmax
1 |V |t

∫ t

0

∑

i=1,2

‖(fi − gi)(·, s)‖L∞(Ω) ds.

The Gronwall lemma asserts that

∫ τ

0

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

dt ≤ C
′

1

(
eφ

max
1 |V |τ − 1

) ∫ τ

0

∑

i=1,2

‖(fi − gi)(·, t)‖L∞(Ω) dt.

We obtain a similar estimate on Ffg
2 by replaing φmax

1 by φmax
2 . Summing the estimates on Ffg

i for

i = 1, 2, we dedue that
∫ τ

0

∑

i=1,2

‖Ffg
i (·, t)‖L∞(Ω)dt ≤ C

(
eφ

maxτ − 1
) ∫ τ

0

∑

i=1,2

‖(fi − gi)(·, t)‖L∞(Ω) dt,

with φmax = max (φmax
1 , φmax

2 ). Realling the de�nition of the Xτ
-norm, we onlude that

‖F(f)−F(g)‖Xτ ≤ C
(
eφ

maxτ − 1
)
‖f − g‖Xτ .

Therefore, there exists a su�iently small time τ0 > 0 suh that F is a ontration mapping on

Xτ0 = L1((0, τ0), L
∞(Ω)) × L1((0, τ0), L

∞(Ω)). Thus, Banah �xed-point Theorem gives the existene

and uniqueness of weak solution f = (f1, f2) of (1.9)�(1.11) in X
τ0
.

From the a-priori estimates of Lemma 1.3.3, we see that f(·, τ0) is bounded in L1(Ω) ∩ L∞(Ω). We

now onsider our problem with the initial ondition f(·, τ0), apply the same strategy and obtain the

existene up to the time 2τ0. By iterating this proedure, we extend the solution to L1((0, τ), L∞(Ω))×
L1((0, τ), L∞(Ω)).

1.3.2.2 Proof of the paraboli ase, δ = 1

In this ase, (F1(f),F2(f)) veri�es




∂tFi + v · ∇xFi =

∫

V

φi

(
K ∗ (ρini1 + ρini2 ) +

∫ t

0

∇xK(·, s) ∗ (J − v′ρ)(f1 + f2)(·, t− s) ds

)
F ′

idv,
′

− |V |φi
(
K ∗ (ρini1 + ρini2 ) +

∫ t

0

∇xK(·, s) ∗ (J − vρ)(f1 + f2)(·, t− s) ds

)
Fi,

Fi(·, t = 0) = f ini
i , for i = 1, 2.

(1.37)

Therefore, (Ffg
1 ,Ffg

2 ) satis�es



∂tFfg

i + v · ∇xFfg
i + |V |φi

(
K ∗ (ρini1 + ρini2 ) +

∫ t

0

∇xK(·, s) ∗ (J − vρ)(f1 + f2)(·, t− s) ds
)
Ffg

i = Gfg
i ,

Ffg
i (·, t = 0) = 0, for i = 1, 2,

38



1.3. Global existene of solutions of the kineti model

where Gfg
i is de�ned by

Gfg
i (x, v, t) :=

∫

V

φi(K ∗ (ρini1 + ρini2 ) +

∫ t

0

∇xK(·, s) ∗ (J − v′ρ)(f1 + f2)(·, t− s)ds)Ffg
i (v′)dv′

−Fi(g)

(
φi(K ∗ (ρini1 + ρini2 ) +

∫ t

0

∇xK(·, s) ∗ (J − vρ)(f1 + f2)(·, t− s)ds)

−φi(K ∗ (ρini1 + ρini2 ) +

∫ t

0

∇xK(·, s) ∗ (J − vρ)(g1 + g2)(·, t− s)ds))

)

+ Fi(g)(v
′)

(
φi(K ∗ (ρini1 + ρini2 ) +

∫ t

0

∇xK(·, s) ∗ (J − v′ρ)(f1 + f2)(·, t− s)ds)

−φi(K ∗ (ρini1 + ρini2 ) +

∫ t

0

∇xK(·, s) ∗ (J − v′ρ)(g1 + g2)(·, t− s)ds)

)
dv′.

By the same strategy as in the ellipti ase, one an show that

‖Gfg
1 (·, s)‖L∞(Ω) ≤ φmax

1 |V | ‖Ffg
1 (·, s)‖L∞(Ω) + C(1 + |V |)‖φ1‖C0,1(R)

× ‖F1(g)(·, s)‖L∞(Ω)

∫ s

0

‖∇xK(·, r)‖L1(Rd)

∑

i=1,2

‖(fi − gi)(·, s− r)‖L∞(Ω) dr. (1.38)

By the Duhamel formula, we obtain the expression of Ffg
i (x, v, t)

Ffg
i (x, v, t) =

∫ t

0

exp
(
−
∫ t

s

φi
( ∫ u

0

∇xK(·, r) ∗ (J − vρ)(f1 + f2)(x − v(s− u), u− r)dr
)
du
)

× Gfg
i (s, x− v(t− s), v) ds. (1.39)

As previously, from (1.39), we get that

‖Ffg
1 (·, t)‖L∞(Ω) ≤

∫ t

0

‖Gfg
1 (·, s)‖L∞(Ω)ds.

Using the bound on ‖Gfg
1 (·, s)‖L∞(Ω) (1.38) yields

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

≤ φmax
1 |V |

∫ t

0

∥∥∥Ffg
1 (·, s)

∥∥∥
L∞(Ω)

ds+ C1

∫ t

0

‖F1(g)(·, s)‖L∞(Ω)

×



∫ s

0

‖∇xK(·, r)‖L1(Rd)

∑

i=1,2

‖(fi − gi)(·, s− r)‖L∞(Ω) dr


 ds.

By using the estimate on ‖F1(g)(·, s)‖L∞(Ω) whih is the same as in Lemma 1.3.3, we have

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

≤ φmax
1 |V |

∫ t

0

∥∥∥Ffg
1 (·, s)

∥∥∥
L∞(Ω)

ds

+ C
′

1e
φmax
1 |V |t

∫ t

0

∫ s

0

‖∇xK(·, r)‖L1(Rd)

∑

i=1,2

‖(fi − gi)(s− r, ·, ·)‖L∞(Ω) dr ds.

We bound the integral over (0, s) by the integral over (0, t). By applying a hange of variable and the

Fubini Theorem, it follows that

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

≤ φmax
1 |V |

∫ t

0

∥∥∥Ffg
1 (·, s)

∥∥∥
L∞(Ω)

ds

+ C
′

1e
φmax
1 |V |t

(∫ t

0

‖∇xK(·, r)‖L1(Rd)dr

)

∫ t

0

∑

i=1,2

‖(fi − gi)(·, s)‖L∞(Ω) ds


 .
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By Lemma 1.3.1, ‖∇xK(·, r)‖L1(Rd) is integrable and we have

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

≤ φmax
1 |V |

∫ t

0

∥∥∥Ffg
1 (·, s)

∥∥∥
L∞(Ω)

ds

+ C
′

1e
φmax
1 |V |tt1/2

∫ t

0

∑

i=1,2

‖(fi − gi)(·, s)‖L∞(Ω) ds.

Applying the Gronwall Lemma gives a bound on

∥∥∥Ffg
1 (·, t)

∥∥∥
L∞(Ω)

and the rest of the proof is analogous

to the ellipti ase.

1.4 Rigorous proof of Drift-di�usion limit

In this setion, we investigate the di�usive limit of the kineti model, i.e we prove Theorem 1.2.3. We

start by giving estimates on S for given funtions ρ1, ρ2 and useful inequalities. Afterwards, we state a

proposition whih gives uniform estimates on f ε
1 , f

ε
2 , S

ε
. Finally, we onlude by using Aubin-Lions-Simon

ompatness lemma [118℄.

1.4.1 A-priori estimates

Lemma 1.4.1 (Estimates on Sε
). Fix τ > 0. Let p, q, α be suh that 1 < p < ∞, d < q < ∞, 0 < α <

1− d
q . Assume that ρε1, ρ

ε
2 ∈ L∞([0, τ ], L1(Rd) ∩ Lq(Rd)). Then, we have

� For δ = 0, Sε(·, t) is bounded in C1,α(Rd) for all t ∈ [0, τ ] and there exists a onstant c independent
of ε and t suh that

‖Sε(·, t)‖C1,α(Rd) ≤ c
(
‖(ρε1 + ρε2)(·, t)‖L1(Rd) + ‖(ρε1 + ρε2)(·, t)‖Lq(Rd)

)
.

� For δ = 1, Sε
is bounded in L∞([0, τ ], C1,α(Rd))∩L∞([0, τ ],W 1,p(Rd)) and there exists a onstant

cτ independent of ε suh that

‖Sε‖L∞([0,τ ],W 1,p(Rd)) + ‖Sε‖L∞([0,τ ],C1,α(Rd)) ≤ cτ
(
‖ρε1 + ρε2‖L∞([0,τ ],L1(Rd))

+ ‖ρε1 + ρε2‖L∞([0,τ ],Lq(Rd))

)
.

Proof. The result for the ase δ = 0 is lassial and follows from the ellipti regularity. We refer the

reader to [20, hapter 9℄ for details. We just give main arguments and derive bounds for Sε
. By the

ellipti regularity, we know that Sε(·, t) is bounded in W 2,q(Rd) and the following estimate holds.

‖Sε(·, t)‖W 2,q(Rd) ≤ C ‖(ρε1 + ρε2)(·, t)‖Lq(Rd).

By the Morrey theorem, W 2,q
is ontinuously embedded into C1,γ

with γ = 1− d
q .

W 2,q(Rd) →֒ C1,γ(Rd).

The interpolation between L1
and Lq

implies that for all d ≤ p ≤ q, (ρε1 + ρε2)(·, t) are bounded in Lp
and

by ellipti regularity Sε(·, t) is bounded in W 2,p
. Thus, the W 2,p

-norm of Sε
is bounded by Lp

-norms of

ρε1 and ρε2.
‖Sε(·, t)‖W 2,p(Rd) ≤ C ‖(ρε1 + ρε2)(·, t)‖Lp(Rd).

By the Morrey Theorem, we onlude that for all 0 < α < 1− d
q , S(·, t) belongs to C1,α

and we have the

estimate

‖Sε(·, t)‖C1,α(Rd) ≤ C ‖Sε(·, t)‖W 2,p(Rd),
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where p is given by 1− d
p = α.

We now deal with the ase δ = 1. We reall that S is given by the onvolution with the kernel K de�ned

in (1.24). Applying Young's inequality and using Lemma 1.3.1 yields for all t in [0, τ ]

‖Sε(·, t)‖L∞(Rd) ≤
(∫ τ

0

‖K(·, s)‖Lq′(Rd) ds

)
‖ρε1 + ρε2‖L∞([0,τ ],Lq(Rd)),

‖∇Sε(·, t)‖L∞(Rd) ≤
(∫ τ

0

‖∇K(·, s)‖Lq′(Rd) ds

)
‖ρε1 + ρε2‖L∞([0,τ ],Lq(Rd)).

Similarly, we have

‖Sε(·, t)‖L1(Rd) ≤
(∫ τ

0

‖K(·, s)‖L1(Rd) ds

)
‖ρε1 + ρε2‖L∞([0,τ ],L1(Rd)),

‖∇Sε(·, t)‖L1(Rd) ≤
(∫ τ

0

‖∇K(·, s)‖L1(Rd) ds

)
‖ρε1 + ρε2‖L∞([0,τ ],L1(Rd)).

By an interpolation argument, we dedue that Sε
is bounded in L∞([0, τ ],W 1,p(Rd)) for any p between

1 and ∞. Thanks to the Morrey theorem, Sε
belongs to L∞([0, τ ], C0,α(Rd)) with 0 < α ≤ 1− d

q .

Fix x and x′ in Rd
and set r := |x− x′|. For the sake of simpliity, we de�ne ρε := ρε1 + ρε2. Let us

prove that ∇Sε
is bounded in L∞([0, τ ], C0,α(Rd)). We split the integral into two parts I1 and I2.

∇Sε(x, t) −∇Sε(x′, t) =

∫ t

0

∫

Rd

(
∇K(x− y, t− s)−∇K(x′ − y, t− s)

)

× (ρε1 + ρε2)(y, s) dy ds

= I1 + I2,

with

I1 : =

∫ t

0

∫

Bx(2r)

(
∇K(x− y, t− s)−∇K(x′ − y, t− s)

)
(ρε1 + ρε2)(y, s) dy ds,

I2 : =

∫ t

0

∫

Rd\Bx(2r)

(
∇K(x− y, t− s)−∇K(x′ − y, t− s)

)
(ρε1 + ρε2)(y, s) dy ds.

We now estimate I1. Using the de�nition of ∇K and the triangle inequality, we get

I1 ≤ 1

2(4π)d/2

∫ t

0

∫

Bx(2r)

e−
|x−y|2
4(t−s)

−(t−s) |x− y|
(t− s)d/2+1

ρε(y, s) dy ds

+
1

2(4π)d/2

∫ t

0

∫

Bx(2r)

e−
|x′−y|2
4(t−s) −(t−s) |x′ − y|

(t− s)d/2+1
ρε(y, s) dy ds.

These two terms are idential and we will be treated in the same manner. We just arry out omputations

for the �rst one. Sine y belongs to Bx(2r), r = |x− x′|, we have
∫ t

0

∫

Bx(2r)

e−
|x−y|2
4(t−s)

−(t−s) |x− y|
(t− s)d/2+1

ρε(y, s) dy ds ≤ 2α |x− x′|α

×
∫ t

0

∫

Bx(2r)

e−
|x−y|2
4(t−s)

−(t−s) |x− y|1−α

(t− s)d/2+1
ρε(y, s) dy ds.

Therefore, I1 reads

I1 ≤ 2α−1

(4π)d/2
|x− x′|α

(∫ t

0

∫

Bx(2r)

e−
|x−y|2
4(t−s) −(t−s) |x− y|1−α

(t− s)d/2+1
ρε(y, s) dy ds

+

∫ t

0

∫

Bx(2r)

e−
|x′−y|2
4(t−s)

−(t−s) |x′ − y|1−α

(t− s)d/2+1
ρε(y, s) dy ds

)
.
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We onlude by bounding the integral over the ball Bx(2r) by the integral over the whole spae. We now

deal with I2. We �rst ompute the hessian D2
xK of the kernel K.

D2
xK(x, t) =

1

(4πt)d/2
(−Id

t
+
x⊗ x

t2
)e−

|x|2
4t −t.

We deompose D2
xK into two parts :

D2
xK(x, t) =

1

(4π)d/2

(
−Id +

x√
t
⊗ x√

t

)
e
− 1

8

∣

∣

∣

x√
t

∣

∣

∣

2

× e−
|x|2
8t −t

td/2+1
.

By using the hange of variable u = x√
t
, we notie that the �rst part of the rhs is bounded by a nonnegative

onstant C. Thus,
∣∣D2

xK
∣∣ (x, t) ≤ C

td/2+1
e−

|x|2
8t −t.

Moreover, we remark that for all y in Rd \Bx(2r) and u in [0, 1]

|x− y + u(x′ − x)| ≥ |x− y| − u |x− x′| ≥ (1− u/2) |x− y| .

We infer that for all y in Rd \Bx(2r) and u in [0, 1]

∣∣D2
xK
∣∣ (x− y + u(x′ − x), t− s) ≤ C

(t− s)d/2+1
exp

(
− |x− y|2
32(t− s)

− (t− s)

)
.

Hene,

I2 ≤ C |x− x′|
∫ t

0

∫

Rd\Bx(2r)

1

(t− s)d/2+1
exp

(
− |x− y|2
32(t− s)

− (t− s)

)
ρε(y, s) dy ds.

We dedue that

I2 ≤ C′ |x− x′|α
∫ t

0

∫

Rd\Bx(2r)

|x− y|1−α

(t− s)d/2+1
exp

(
− |x− y|2
32(t− s)

− (t− s)

)
ρε(y, s) dy ds,

≤ C′ |x− x′|α
∫ t

0

∫

Rd

|x− y|1−α

(t− s)d/2+1
exp

(
− |x− y|2
32(t− s)

− (t− s)

)
ρε(y, s) dy ds.

Then using Young's inequality, we have for any positive onstant c and any p ∈ (d, q),

∫ t

0

∫

Rd

e−(t−s)

(t− s)d/2+1
|x− y|1−α

e−
c|x−y|2

t−s ρε(y, s)dy ds ≤
∫ t

0

e−(t−s)

(t− s)d/2+1

‖ |y|1−α
e−

c|y|2
t−s ‖Lp′(Rd)‖ρε‖Lp(Rd)ds.

It is lear that

‖y 7→ |y|1−α
exp

(
− c |y|2
t− s

)
‖Lp′(Rd) ≤ C(t− s)

1−α
2 + d

2p′ .

This implies that for all α < 1− d
q and all d < p < q

∫ t

0

∫

Rd

e−(t−s)

(t− s)d/2+1
|x− y|1−α

e−
c|x−y|2

t−s ρε(y, s) dy ds ≤ C

(∫ τ

0

t
1−α
2 − d

2p′ e−tdt

)

× ‖ρε‖L∞([0,τ ],Lp(Rd)) <∞.

So, the C1,α
bound of Sε

follows.
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Lemma 1.4.2. Fix S ≥ 0 and let f be a veloity distribution and q > 1. Then, we have

∣∣∣φA,ε
i [S](f + f ′)(f q−1 − (f ′)q−1)

∣∣∣ ≤ 1

2
φS,εi [S](f − f ′)(f q−1 − (f ′)q−1)

+
φA,ε
i [S]2

2φS,εi [Sε]

(f + f ′)2(f q−1 − (f ′)q−1)

f − f ′ , (1.40)

where φS,εi [S], φA,ε
i [S] are the symmetri and anti-symmetri parts of T ε

i [S] de�ned in (1.14). There also

exists a onstant cq depending on q suh that

(f + f ′)2(f q−1 − (f ′)q−1)

f − f ′ ≤ cq(f
q + (f ′)q). (1.41)

Proof. For (1.40), we observe that

(
φS,εi [S](f − f ′)± φA,ε

i [S](f + f ′)
)2

≥ 0.

Expanding this inequality and dividing both sides by (f q−1 − (f ′)q−1)/(f − f ′) gives the result.

To prove (1.41), we show that for a ≥ 0, the following funtion A is bounded

A : a 7−→ (1 + a)2(1 − aq−1)

(1− a)(1 + aq)
.

In fat, we have lima→1 A(a) = 2(q − 1) > 0. Then A an be ontinuously extended to [0,∞[. Sine A
tends to 1 at in�nity and is positive, A is bounded by a positive onstant.

Proposition 1.4.3. Assume that the initial data f ini
1 and f ini

2 belong to L1
+(Ω) ∩ L∞(Ω). Under As-

sumption (H1), the solution of (1.9)�(1.11) admits uniform estimates in ε in the following spaes :





f ε
1 , f

ε
2 ∈ L∞

loc((0,∞), Lq(Ω)), 1 ≤ q <∞,

rε1, r
ε
2 ∈ L2(Ω× (0,∞)),

Sε ∈ L∞
loc((0,∞), C1,α(Rd) ∩W 1,p(Rd)), 1 ≤ p ≤ ∞, 0 < α < 1,

where rεi is given by

rεi :=
f ε
i − ρεiF

ε
.

We skip the proof of this result sine it is a straightforward adapation of the single-speies ase done

in [28, Theorem 2℄. The proof uses all lemmas shown below.

1.4.2 Proof of Theorem 1.2.3

We prove the theorem in the paraboli setting δ = 1. The proof in the ellipti one is analogous.

We �rst reall the following Aubin-Lions-Simon ompatness lemma.

Lemma 1.4.4 (Aubin-Lions-Simon, [118℄). Let τ > 0 and p, q be suh that 1 < p ≤ ∞, 1 ≤ q ≤ ∞.

Let V,E, F be Banah spaes suh that

V
c→֒ E →֒ F.

If A is bounded in W 1,p((0, τ), F ) ∩ Lq((0, τ), V ), then A is relatively ompat in Lq((0, τ), E).
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Proof of Theorem 1.2.3. Let us �x 1 < q <∞, 1 < p ≤ ∞ and τ > 0. We deomposed the proof into

three steps.

Step 1 : Uniform estimates for ∂t(∇Sε) and ∂t(S
ε). We di�erentiate the onservation law of ρεi with

respet to x.
∂tρ

ε
i +∇ · Jε

i = 0, (1.42)

with Jε
i :=

1

ε

∫

V

vf ε
i dv.

∂t∇xρ
ε
i +∇x∇ · Jε

i = 0.

Summing these equalities for i = 1, 2 gives

∂t∇x(ρ
ε
1 + ρε2) +∇x∇ · (Jε

1 + Jε
2 ) = 0.

By multiplying by the kernel K(t− s, x− y) and integrating by parts, one gets

∂t(∇xS
ε) +∇x(∇ · SJ,ε) = ∇x

(∫

Rd

K(t, y)(ρ1 + ρ2)(0, x− y) dy

)
, (1.43)

where SJ,ε
denotes

SJ,ε :=

∫ t

0

∫

Rd

K(t− s, x− y)(Jε
1 + Jε

2 )(s, y) dy ds.

From Proposition 1.4.3, rεi is uniformly bounded in L2(Ω × [0, τ ]). Sine Jε
i =

∫
V vr

ε
i dv, we dedue by

the Cauhy-Shwarz inequality that Jε
i is also bounded in L2(Ω× [0, τ ]).

The mathematial form of SJ,ε
implies that SJ,ε

satis�es the same paraboli equation as Sε
with the

right-hand side Jε
1 + Jε

2 . Using the paraboli regularity, we onlude that

SJ,ε ∈ L2((0, τ ], H2
lo

(Rd)).

Then, from (1.43), we get that

∂t(∇Sε) ∈ L2((0, τ ], L2
lo

(Rd)).

Moreover, we know the expression of ∂tS
ε
from Lemma 1.3.2.

∂tS
ε =

∫

Rd

K(y, τ)(ρini1 + ρini2 )(x− y) dy +

∫ τ

0

∫

Rd

∇xK(y, s)(Jε
1 + Jε

2 )(x − y, τ − s) dy ds.

The same onlusion holds for ∂tS
ε
:

∂tS
ε ∈ L2((0, τ ], L2

lo

(Rd)).

Step 2 : Extration of subsequenes. By the Asoli Theorem, we have the following embeddings :

C0,α
lo

(Rd)
c→֒ Lp

lo

(Rd) →֒ L2
lo

(Rd), 2 ≤ p ≤ ∞.

From the Aubin-Lions-Simon Lemma 1.4.4, there exists subsequenes (Sε)ε and (∇Sε)ε that strongly

onverge in Lp
lo

(Rd × (0, τ ]). This result is extended to p between 1 and 2 by the ontinuous embedding

of L∞
lo

into Lp
lo

. The extration of weak-* onvergent subsequenes of f ε
1 , f

ε
2 and weak onvergent sub-

sequenes rε1, r
ε
2 follows from the separability or re�exivity property of Banah spaes L∞((0, τ ], Lq(Ω)),

L2(Ω× (0, τ ]).

We �nd a subsequene of (f ε
1 , f

ε
2 , S

ε) whih satis�es

f ε
1

∗
⇀ f0

1 , f ε
2

∗
⇀ f0

2 in L∞((0, τ ], Lq(Ω)),

rε1 ⇀ r01 , rε2 ⇀ r02 , in L2(Ω× (0, τ ]),

Sε → S0, ∇xS
ε → ∇xS

0
in Lp

lo

(Rd × (0, τ ]),
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for any p, q suh that 1 < q <∞ and 1 ≤ p ≤ ∞.

As a onsequene, ρεi onverges weakly-* in L∞((0, τ ], Lq(Rd)).

(ρε1, ρ
ε
2)

∗
⇀

(∫

V

f0
1dv,

∫

V

f0
2dv

)
in L∞((0, τ0), L

q(Rd)).

Step 3 : Passing to the limit. This step onsists in identifying limits f0
1 , f

0
2 , r

0
1 , r

0
2 . We now operate in

either L2
lo

((0, τ ], L2(Rd)) or L2
lo

((0, τ ], L2(Ω)). We pass to the limit in the relation f ε
i = ρεiF + εrεi to

get

f0
1 = ρ01F and f0

2 = ρ02F in L2
lo

((0, τ ], L2(Ω)).

We replae f ε
i by ρεiF + εrεi into T 0

i (f
ε
i ), the equation for f ε

i (1.9) now reads

ε∂tf
ε
i + v · ∇xf

ε
i = − |V |ψir

ε
i + ψi

(∫

V

θi(ε∂tS
ε + v′ · ∇xS

ε)f ε
i

′
dv′

− |V | θi(εSε + v · ∇xS
ε)f ε

i ) . (1.44)

From the previous study, we have

∂tS
ε
is uniformly bounded in L2((0, τ ], L2

lo

(Rd)),

and

∇xS
ε → ∇xS

0
in L2((0, τ ], L2

lo

(Rd)).

Sine θi is Lipshitz ontinuous, we dedue that

θi(ε∂tS
ε + v · ∇xS

ε) → θi(v · ∇xS
0) in L2((0, τ ], L2

lo

(Ω)).

We also know that

f ε
i ⇀ ρ0iF in L2((0, τ ], L2

lo

(Ω)).

The ombination of these arguments gives

∫

V

θi(ε∂tS
ε + v′ · ∇xS

ε)f ε
i

′
dv′ ⇀ ρ0i

∫

V

θi(v
′ · ∇xS

0)
dv′

|V | in L2((0, τ ], L2
lo

(Ω)),

θi(ε∂tS
ε + v · ∇xS

ε)f ε
i ⇀ ρ0i θi(v · ∇xS

0)
1v∈V

|V | in L2((0, τ ], L2
lo

(Ω)).

By passing to the limit in (1.44), we obtain r0i .

r0i = −v · ∇xρ
0
i

ψi |V |2
+

ρ0i
|V |

(∫

V

θi(v
′ · ∇xS

0)
dv′

|V | − θi(v · ∇xS
0)

)
.

We dedue that Jε
i onverges weakly in L2((0, τ ], L2

lo

(Rd)).

Jε
i =

1

ε

∫

V

v f ε
i =

∫

V

v rεi ⇀

∫

V

vr0i .

By passing to the limit in the onservation law (1.42), we �nd the equation for ρ0i .

∂tρ
0
i +∇ ·

∫

V

v r0i = 0.

Next, the equation for S0
is obtained by passing to the limit in (1.11).
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Synhronising and Non-synhronising

dynamis for a two-speies aggregation

model

Ce travail est réalisé en ollaboration ave Jie Liao et Niolas Vauhelet. Il est onsaré à l'analyse

de la limite hyperbolique du modèle inétique de himiotatisme à deux espèes présenté dans

le premier hapitre. Dans ette étude, on se restreint au as unidimensionnel et dans le as à

deux vitesses. La démarhe employée permet de prouver l'existene et l'uniité des solutions au

sens de dualité d'un modèle hyperbolique à deux espèes. On propose une méthode numérique qui

onverge vers la solution théorique et étudie la dynamique de formation d'agrégats dans e modèle.

Le phénomène de synhronisation ou de désynhronisation inexistant dans le as d'une population

à une espèe apparaît. Il traduit le omportement des masses de diras qui s'opère lors de leurs

ollisions. En fontion des paramètres du modèle, les masses de diras d'espèes di�érentes vont

ensemble ou se séparent.

Artile soumis





Chapitre 2

Synhronising and Non-synhronising

dynamis for a two-speies aggregation

model

Abstrat

This hapter deals with analysis and numerial simulations of a one-dimensional two-speies hyperboli

aggregation model. This model is formed by a system of transport equations with nonloal veloities,

whih desribes the aggregate dynamis of a two-speies population in interation appearing for instane

in baterial hemotaxis. Blow-up of lassial solutions ours in �nite time. This raises the question to

de�ne measure-valued solutions for this system. To this aim, we use the duality method developed for

transport equations with disontinuous veloity to prove the existene and uniqueness of measure-valued

solutions. The proof relies on a stability result. In addition, this approah allows to study the hyperboli

limit of a kineti hemotaxis model. Moreover, we propose a �nite volume numerial sheme whose

onvergene towards measure-valued solutions is proved. It allows for numerial simulations apturing

the behaviour after blow up. Finally, numerial simulations illustrate the omplex dynamis of aggregates

until the formation of a single aggregate: after blow-up of lassial solutions, aggregates of di�erent speies

are synhronising or nonsynhronising when ollide, that is move together or separately, depending on

the parameters of the model and masses of speies involved.
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2.1 Introdution

Aggregation phenomena for a population of individuals interating through an interation potential

are usually modelled by the so-alled aggregation equation whih is a nonloal nonlinear onservation

equation. This equation governs the dynamis of the density of individuals subjet to an interation

potential K. In this work, we are interested in the ase where the population onsists of two speies

whih respond to the interation potential in di�erent ways. In the one-dimensional ase, the system of

equations writes:

∂tρα + χα∂x (a(ρ)ρα) = 0, for α = 1, 2, (2.1)

with

a(ρ) :=

∫

R

∂xK(x− y)ρ(t, dy), ρ := θ1ρ1 + θ2ρ2,

where θα, χα for α = 1, 2 are positive onstants.

In this work, we are interested in the ase where the interation potential K in (2.1) is pointy i.e.

satis�es the following assumptions:

(H1) K ∈ C1(R\{0}).
(H2) ∀x ∈ R, K(x) = K(−x).
(H3) ∂xK ∈ L∞(R).

(H4) K is λ-onave with λ > 0 i.e.,

∀x, y ∈ R
∗, (∂xK(x)− ∂xK(y)) (x − y) ≤ λ(x − y)2.

The aggregation equation arises in several appliations in biology and physis. In fat, it is enountered

in the modelling of ells whih move in response to hemial ues. The veloity of ells a(ρ) depending
on the distribution of nearby ells represents the gradient of the hemial substane whih triggers the

motion. Cells gather and form aumulations near regions more exposed to oxygen as observed in [96, 115℄.

We an also desribe the movement of pedestrians using the aggregation equation as in [65℄ where the

veloity of pedestrians is in�uened by the distribution of neighbours. This equation an also be applied

to model opinion formation (see [121℄) where interations between di�erent opinions an be expressed by

a onvolution with the kernel K.

From the mathematial point of view, it is known that solutions to the aggregation equation with

a pointy potential blow up in �nite time (see e.g [36, 23, 10℄). Then global-in-time existene for weak

measure solutions has been investigated. In [23℄, existene of weak solutions for single speies model has

been obtained as a gradient �ow. This tehnique has been extended to the two-speies model at hand in

[36℄. Another approah of de�ning weak solution for suh kind of model has been proposed in [76, 75℄ for

the single speies ase. In this approah, the aggregation equation is seen as a transport equation with a

disontinuous veloity a(ρ). Then solutions in the sense of duality have been de�ned for the aggregation

equation.

Duality solutions has been introdued for linear transport equations with disontinuous veloity in the

one-dimensional spae in [14℄. Then it has been adapted to the study of nonlinear transport equations

in [16, 76, 75℄. In [76, 75℄, the authors use this notion of duality solutions for the one-speies aggregation

equation. Suh solutions are onstruted by approximating the problem with partiles, i.e. looking

for a solution given by a �nite sum of Dira delta funtions. Partiles attrat themselves through the

interating potential K, when two partiles ollide, they stik to form a bigger partile.
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In this work, we extend this approah to the two speies ase. To do so, we need to modify the strategy

to the problem at hand. Indeed, ollisions between partiles of di�erent speies are more omplex: par-

tiles an move together or separately after ollision. This synhronising or non-synhronising dynamis

implies several di�ulties for the treatment of the dynamis of partiles. In fat, partiles of di�erent

speies an not stik when they ollide. Then an approximate problem is onstruted by onsidering the

transport equation with the a regularized veloity. Then measure valued solutions are onstruted by

using a stability result.

An important advantage of this approah is that it allows to prove onvergene of �nite volume

shemes. Numerial simulations of the aggregation equation for the one-speies ase, whih orresponds

to the partiular ase of (2.1) when setting ρ2 = 0, have been investigated by several authors. In [27℄ the

authors propose a �nite volume method onsistent with the gradient �ow struture of the equation, but no

onvergene result has been obtained. In [34℄, a Lagrangian method is proposed (see also the reent work

[26℄). For the dynamis after blow up, a �nite volume sheme whih onverges to the theoretial solution is

proposed in [77, 24℄. In the two-speies ase, the behaviour is more omplex sine the interation between

the two speies an our and they may synhronise or not i.e. move together or separately depending on

the parameters of the models and the masses of speies. A numerial sheme illustrating this interesting

synhronising or non-synhronising dynamis is provided in Setion 6. In addition, a theoretial result on

the onvergene of the numerial approximation obtained with our numerial sheme towards the duality

solution is given. Suh omplex interations phenomena have been observed experimentally in [42℄.

System (2.1) an be derived from a hyperboli limit of a kineti hemotaxis model. In the ase of

two-veloities and in one spae dimension, the kineti hemotaxis model is given by




∂tf

ε
α + v ∂xf

ε
α =

1

ε

∫

V

(Tα[S](v
′, v)f ε

α(v
′)− Tα[S](v, v

′)f ε
α(v)) dv

′, α = 1, 2, v ∈ V = {±1},

− ∂xxS
ε + Sε = θ1 (f

ε
1 (1) + f ε

1 (−1)) + θ2 (f
ε
2 (1) + f ε

2 (−1)) ,

(2.2)

where f ε
α(x, v, t) stands for the distribution funtion of α-th speies at time t, position x and veloity v,

Sε(t, x) is the onentration of the hemial substane, Tα[S](v, v
′) is the tumbling kernel from diretion

v ∈ V to diretion v′ ∈ V and ε > 0 is a small parameter. This tumbling kernel being a�eted by the

gradient of the hemoattratant, is hosen as in [40℄

Tα[S](v, v
′) = ψα (1− χαv∂xS) , (2.3)

where ψα is a positive onstant alled the natural tumbling kernel and χα is the hemosensitivity to the

hemial S. This kineti model for hemotaxis has been introdued in [99℄ to model the run-and-tumble

proess. Existene of solutions to this two speies kineti system has been studied in [43℄.

Summing and substrating equations (2.2) with respet to v = ±1 for f ε
α yields

∂tρ
ε
α + ∂xJ

ε
α = 0, (2.4)

∂tJ
ε
α + ∂xρ

ε
α =

2ψα

ε
(χα∂xS

ερεα − Jε
α), α = 1, 2, (2.5)

where ρεα := f ε
α(1) + f ε

α(−1) and Jε
α := (f ε

α(1) − f ε
α(−1)). Taking formally the limit ε → 0 in (2.5), we

dedue that Jε
α ⇀ χα∂xS

0ρ0α in the sense of distributions. Injeting in (2.4), we dedue formally that ρ0α
satis�es the limiting equation:

∂tρ
0
α + χα∂x((∂xS

0)ρ0α) = 0, (2.6)

where S0
satis�es the ellipti equation:

−∂xxS0 + S0 = θ1ρ
0
1 + θ2ρ

0
2.

This latter equation an be solved expliitly on R and S0
is given by

S0 = K ∗ (θ1ρ01 + θ2ρ
0
2), K =

1

2
e−|x|. (2.7)

49



Chapitre 2. Synhronising and non-synhronising dynamis for a two-speies aggregation model, submitted

Then we reover system (2.1). This formal omputation an be made rigorous. The rigorous derivation

of (2.6) from system (2.2) will be proved in this work.

The paper is organized as follows. We �rst reall some basi notations and notions about the duality

solutions and state our main results. Setion 3 is devoted to the derivation of the marosopi veloity

used to de�ne properly the produt a(ρ)ρα and duality solutions. Existene and uniqueness of duality

solutions are proved in Setion 4, as well as its equivalene to gradient �ow solutions. The onvergene of

the kineti model (2.2) as ε→ 0 towards the aggregation model (2.6)-(2.7) is shown in Setion 5. Finally,

a numerial sheme that aptures the synhronising and non-synhronising behaviour of the aggregate

equation is studied in Setion 6, as well as several numerial examples showing the synhronising and

non-synhronising dynamis.

2.2 Notations and main results

2.2.1 Notations

We will make use of the following notations. Let T > 0, we denote

� L1
+(R) is the spae of nonnegative funtions of L1(R).

� C0(R) is the spae of ontinuous funtions that vanish at in�nity.

� M
lo

(R) is the set of loal Borel measures, M
b

(R) those whose total variation is �nite:

Mb(R) = {µ ∈ M
lo

(R), |µ| (R) < +∞} .

� SM = C([0, T ],M
b

(R)−σ(M
b

(R), C0(R))) is the spae of time-ontinuous bounded Borel measures

endowed with the weak topology.

� P2(R) is the Wasserstein spae of order 2:

P2(R) =

{
µ nonnegative borel measures in R s.t |µ| (R) = 1,

∫

R

|x|2 µ(dx) <∞
}
.

� For H ∈ C(R\{0}), we de�ne Ĥ:

Ĥ =

{
H(x), for x 6= 0,

0, else.

We notie that if K satis�es (H2) and (H4), we have by taking y = −x in (H4) and using (H2) that,

∀x ∈ R, ∂xK(x)x ≤ λx2. We dedue that (H4) holds for ∂̂xK i.e.:

∀x, y ∈ R, (∂̂xK(x) − ∂̂xK(y))(x − y) ≤ λ(x − y)2. (2.8)

We reall a ompatness result on M
b

(R)− σ(M
b

(R), C0(R)). If there exists a sequene of bounded

measures µn ∈ M
b

(R) suh that their total variations |µn| (R) are uniformly bounded, then there exists

a subsequene of µn
that onverges weakly to µ in M

b

(R).

2.2.2 Duality solutions

For the sake of ompleteness, we reall the notion of duality solutions whih has been introdued

in [14℄ for one dimensional linear salar onservation law with disontinuous oe�ients. Let us then

onsider the linear onservation equation:

∂tρ+ ∂x(b(t, x)ρ) = 0, in ]0, T [×R, (2.9)
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with T > 0. We assume weak regularity of the veloity �eld b ∈ L∞(]0, T [×R) and b satis�es the so-alled
one-sided Lipshitz (OSL) ondition:

∂xb ≤ γ(t), γ ∈ L1(]0, T [), in the sense of distributions. (2.10)

In order to de�ne duality solutions, we introdue the related bakward problem

{
∂tp+ b∂xp = 0,

p(T, ·) = pT ∈ Liploc(R).
(2.11)

We de�ne the set of exeptional solutions E as follows

E :=
{
p ∈ Liploc(]0, T [×R) solution to (2.11) with pT = 0

}
.

De�nition 2.2.1 (Reversible solutions to (2.11)). We say that p is a reversible solution to (2.11) if and

only if p ∈ Liploc(]0, T [×R) satis�es (2.11) and is loally onstant on Ve, where Ve is de�ned by

Ve := {(t, x) ∈]0, T [×R; ∃pe ∈ E pe(t, x) 6= 0} .

De�nition 2.2.2 (Duality solutions to (2.9), see [14℄). We say ρ ∈ SM is a duality solution to (??) in

]0, T [ if for any 0 < τ ≤ T , and any p reversible solution to (2.11) ompatly supported in x, the funtion

t→
∫

R

p(t, x)ρ(t, dx) is onstant on [0, τ ].

The following result shows existene and weak stability for duality solutions provided that the veloity

�eld satis�ed the one-sided-Lipshitz ondition.

Theorem 2.2.1 (Theorem 2.1 in [14℄).

1. Given ρini ∈ Mb(R). Under the assumption (2.10), there exists a unique ρ ∈ SM, duality solution

to (2.9), suh that ρ(0, ·) = ρini.

2. There exists a bounded Borel funtion b̂, alled universal representative of b suh that b̂ = b a. e.,

and for any duality solution ρ,

∂tρ+ ∂x(b̂ρ) = 0, in the distributional sense.

3. Let (bn)n∈N be a bounded sequene in L∞(]0, T [×R), with bn ⇀ b in L∞(]0, T [×R)− w∗. Assume

that ∂xbn ≤ γn(t), where (γn)n∈N is bounded in L1(]0, T [). Consider a sequene ρn ∈ SM of duality

solutions to

∂tρn + ∂x(bnρn) = 0, in ]0, T [×R,

suh that ρn(0, ·) is bounded in Mb(R), and ρn(0, ·)⇀ ρini ∈ Mb(R). Then ρn ⇀ ρ in SM, where

ρ ∈ SM is the duality solution to

∂tρ+ ∂x(bρ) = 0, in ]0, T [×R, ρ(0, ·) = ρini.

Moreover, b̂nρn ⇀ b̂ρ weakly in Mb(]0, T [×R).

2.2.3 Main results

Up to a resaling, we an assume without loss of generality that the total mass of eah speies is

normalized to 1. Then we will work in the spae of probabilities for densities.

The �rst theorem states the existene and uniqueness of duality solutions for system (2.1) and its

equivalene with the gradient �ow solution onsidered in [36℄.
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De�nition 2.2.3. (Duality solutions for system (2.1)) We say that (ρ1, ρ2) ∈ C([0, T ],Mb(R)
2) is a

duality solution to (2.1) if there exists â(ρ) ∈ L∞((0, T )× R) and γ ∈ L1
loc([0, T ]) satisfying ∂xâ ≤ γ in

the sense of distributions, suh that for all 0 < t1 < t2 < T ,

∂tρα + χα∂x(â(ρ)ρα) = 0, for α = 1, 2, ρ = θ1ρ1 + θ2ρ2, (2.12)

in the sense of duality on (t1, t2) and â(ρ) = ∂xK ∗ ρ a.e. We emphasize that the �nal datum for (2.12)

should be t2 instead of T .

Then, we have the following existene and uniqueness result:

Theorem 2.2.2 (Existene, uniqueness of duality solution and equivalene to gradient �ow solution).

Let T > 0 and (ρini1 , ρini2 ) ∈ P2(R)
2
. Under assumptions (H1)�(H4), there exists a unique duality solution

(ρ1, ρ2) ∈ C([0, T ],P2(R)
2) to (2.1) in the sense of De�nition 2.2.3 with (ρ1, ρ2)(t = 0) = (ρini1 , ρini2 ) suh

that

â(ρ) :=

∫

R

∂̂xK(x − y)ρ(t, dy), ρ = θ1ρ1 + θ2ρ2. (2.13)

This duality solution is equivalent to the gradient �ow solution de�ned in [36℄.

In our seond main result, we prove the onvergene of the kineti model (2.2) towards the aggregation

model.

Theorem 2.2.3 (Hydrodynamial limit of the kineti model). Assume that χα(θ1+θ2) < 1 for α = 1, 2.
Let T > 0 and (f ε

α, S
ε) be a solution to the kineti-ellipti equation (2.2) suh that f ε

α(t = 0) = f ini
α and

f ini
α ∈ L∞ ∩ L1

+(R) and

∫

R

x2f ini
α dx <∞.

Then, as ε→ 0, (f ε
α, S

ε) onverges in the following sense:

ρεα := f ε
α(1) + f ε

α(−1)⇀ ρα weakly in SM , for α = 1, 2,

Sε ⇀ S in C([0, T ],W 1,∞(R)) − weak,

where ρα is the unique duality solution of (2.6) and S = K ∗ (θ1ρ1 + θ2ρ2) given in Theorem 2.2.2.

The ondition χα(θ1 + θ2) < 1 in the previous theorem is needed to guarantee that the tumbling

kernel Tα[S] de�ned in (2.3) is positive.

To onlude this Setion on the main results, we emphasize that, a �nite volume sheme to simulate

(2.12) is proposed in Setion 6 and its onvergene towards duality solutions is stated in Theorem 2.6.3.

2.3 Marosopi veloity

In this setion, we �nd the representative â of a for whih existene and uniqueness of duality solutions

hold. To this end, we onsider the similar system of transport equations to (2.1) assoiated to the veloity

an whih onverges to a. Next, the limit of the produt an(ρnα)ρ
n
β for α, β = 1, 2 is omputed.

2.3.1 Regularisation

We build a sequene (an)n∈N whih onverges to a by onsidering the sequene of regularised kernels

∂xK
n
approahing ∂xK.
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Lemma 2.3.1. Let (∂xK
n)n∈N be the sequene of regular kernels de�ned by

∂xK
n(x) =





∂xK(x), for |x| > 1

n
,

n∂xK

(
1

n

)
x, else.

Then

∂xK
n ∈ C0(R), ∀x ∈ R, ∂xK

n(−x) = −∂xKn(x),

and

‖∂xKn‖∞ ≤ ‖∂xK‖∞, ∂xxK
n ≤ λ in the distributional sense.

Proof. From (H1), ∂xK ∈ C0(R\{0}) and sine ∂xK
n
is ontinuous at ± 1

n , we onlude that ∂xK
n ∈

C0(R). From (H2), we dedue that ∂xK is an odd funtion. Using the de�nition of ∂xK
n
and (H3),

we get that ‖∂xKn‖∞ ≤ ‖∂xK‖∞. From the onstrution of ∂xK
n
, we have that ∂xK

n = ∂xK outside

the interval [− 1
n ,

1
n ] and from (H4) one sees ∂xxK

n ≤ λ in R\(− 1
n ,

1
n ) in the sense of distributions. In

addition, if we take x = − 1
n and y = 1

n in (H4), we have that

n∂xK

(
1

n

)
≤ λ.

Sine ∂xxK
n = n∂xK

(
1
n

)
in [− 1

n ,
1
n ], we onlude that ∂xxK

n ≤ λ in [− 1
n ,

1
n ] in the sense of distributions.

Finally, we obtain that ∂xxK
n ≤ λ in the sense of distributions.

In the rest of the paper, the notation ∂xK
n
will refer to the regularised kernels of Lemma 2.3.1. Given

∂xK
n
, the veloity an is de�ned similarly to (2.13) as

∀ρ ∈ SM, an(ρ) :=

∫

R

∂xK
n(x− y)ρ(t, dy). (2.14)

In the following lemma, we show that if ρnα and ρnβ admit weak limits ρα and ρβ respetively in SM,

then the limit of the produt an(ρnα)ρ
n
β is â(ρα)ρβ . Contrary to [111℄ where the two-dimensional ase is

onsidered, this limiting measure does not harge the diagonal.

Lemma 2.3.2. For α = 1, 2, let {ρnα} ∈ SM be a sequene suh that ∀n ∈ N, ∀t ∈ [0, T ], |ρnα| (t,R) =Mα.

Suppose that there exists ρα in SM suh that

ρnα ⇀ ρα weakly in SM,

Then, we have

an(ρnα)ρ
n
β ⇀ â(ρα)ρβ weakly in Mb([0, T ]× R), α, β = 1, 2,

where an(·) and â(·) are de�ned in (2.13),(2.14) respetively. That is for φ ∈ C0([0, T ]× R),

∫ T

0

∫

R2

∂xK
n(x− y)ρnα(t, dx)ρ

n
β(t, dy)φ(t, x)dt →

∫ T

0

∫

R2

∂̂xK(x− y)ρα(t, dx)ρβ(t, dy)φ(t, x)dt.

Proof. Before starting the proof of the lemma, we �rst introdue some notations whih simplify the

omputations

µn(t, dx, dy) := ρnα(t, dx) ⊗ ρnβ(t, dy), En :=

{
(x, y) ∈ R

2, x 6= y, |x− y| ≤ 1

n

}
,

µ(t, dx, dy) := ρα(t, dx) ⊗ ρβ(t, dy).

(2.15)

For φ ∈ C0([0, T ]× R), we denote

An(t) :=

∫

R2

∂xK
n(x− y)µn(t, dx, dy)φ(t, x) −

∫

R2

∂̂xK(x− y)µ(t, dx, dy)φ(t, x),
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Step 1: Convergene almost everywhere in time of An(t).

Sine ∂xK
n(0) = 0, we have

An(t) =

∫

R2

∂̂xKn(x− y)µn(t, dx, dy)φ(t, x) −
∫

R2

∂̂xK(x− y)µ(t, dx, dy)φ(t, x),

= In(t) + IIn(t),

where In(t) and IIn(t) are de�ned by

In(t) :=

∫

R2

(
∂̂xKn(x− y)− ∂̂xK(x− y)

)
µn(t, dx, dy)φ(t, x),

IIn(t) :=

∫

R2

∂̂xK(x− y) (µn(t, dx, dy) − µ(t, dx, dy))φ(t, x).

From the de�nition of ∂xK
n
in Lemma 2.3.1, it follows that

In(t) =

∫

En

(∂xK
n(x− y)− ∂xK(x− y))µn(t, dx, dy)φ(t, x).

The estimate on ‖∂xKn‖L∞
in Lemma 2.3.1 and (H3) imply that

|In(t)| ≤ 2‖φ‖L∞‖∂xK‖L∞µn(t, En),

with µn
and En de�ned in (2.15).

Let ε > 0. Sine the set En onverges to the empty set, there exists N ∈ N suh that ∀n ≥ N ,

µ(t, En) ≤ ε. (2.16)

For all n ≥ N , we observe that En ⊂ EN , we have

µn(t, En) ≤ µn(t, EN ) ≤ (µn − µ)(t, EN ) + µ(t, EN ). (2.17)

From the weak onvergene of ρnα, α = 1, 2, we note that the sequene µn(t, ·) onverges weakly to µ(t, ·).
Sine the total variation of µn(t, ·) is onstant in n, the tight onvergene is ahieved. Then, there exists
N ′

suh that ∀n ≥ N ′ ≥ N
|µn − µ| (t, EN ) ≤ ε.

From (2.17) and (2.16), we onlude that ∀n ≥ N ′ ≥ N ,

µn(t, En) ≤ 2ε.

Hene, for all n ≥ N ′
, we get

|In(t)| ≤ 2‖φ‖L∞‖∂xK‖L∞µn(t, En) ≤ 4‖φ‖L∞‖∂xK‖L∞ ε. (2.18)

We dedue that In(t) −→ 0.

Next, we show that IIn(t) tends to zero.

IIn(t) =

∫

R2

(∂̂xK(x − y)− ∂̂xKR(x− y))φ(t, x)(µn(t, dx, dy)− µn(t, dx, dy))

+

∫

R2

∂̂xKR(x− y)φ(t, x)(µn(t, dx, dy) − µ(t, dx, dy)),

:= II

1
n(t) + II

2
n(t),

where R is an integer whih will be �xed later. From the onstrution of ∂xK
R
in Lemma 2.3.1, we get

II

1
n =

∫

ER

(∂xK(x− y)− ∂xK
R(x− y))φ(t, x)(µn(t, dx, dy)− µ(t, dx, dy)).
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Therefore, one has ∣∣
II

1
n(t)

∣∣ ≤ 2‖∂xK‖L∞‖φ‖L∞ (µn(t, ER) + µ(t, ER)) .

Let ε > 0. Using (2.17), by the same token as previously, there exists N suh that for all n ≥ N ,

µn(t, EN ) ≤ 2ε, µ(t, En) ≤ ε,

Setting R = N , we onlude that for all n ≥ N ,

∣∣
II

1
n(t)

∣∣ ≤ 6ε‖∂xK‖L∞‖φ‖L∞ .

For II

2
n(t), we notie that ∂xK

N(x−y)φ(t, x) is a ontinuous funtion that vanishes on the diagonal (x, x)
and we have

∫

R2

∂̂xKN (x− y)φ(t, x)(µn − µ)(t, dx, dy) =

∫

R2

∂xK
N(x− y)φ(t, x)(µn − µ)(t, dx, dy).

The tight onvergene of µn
to µ implies that there exists N ′′ > 0 suh that for all n ≥ N ′′

∣∣∣∣
∫

R2

∂̂xKM (x− y)φ(t, x)(µn − µ)(t, dx, dy)

∣∣∣∣ ≤ ε.

Therefore for all n ≥ max{N ′, N ′′}, one has

|IIn(t)| ≤ ε(1 + 6‖∂xK‖L∞‖φ‖L∞). (2.19)

This implies that IIn(t) onverges to 0.

Combining (2.18) and (2.19), we dedue that for almost every t ∈ [0, T ], An onverges to 0.

Step 2: Lebesgue's dominated onvergene theorem

For all t ∈ [0, T ], we have that

|An(t)| ≤ 2‖φ‖L∞‖∂xK‖L∞MαMβ.

Sine An onverges almost everywhere to 0,

∫ T

0 An(t)dt onverges to zero from Lebesgue's dominated

onvergene theorem.

2.3.2 OSL ondition on the marosoopi veloity

Proposition 2.3.3. Let T,M be positive onstants and ρ ∈ SM be a positive measure suh that ∀t ∈
[0, T ], |ρ| (t,R) = M . Let K be suh that assumption (H4) hold. Let â(ρ) and an(ρ) be de�ned in (2.13)

and (2.14) respetively. Then, there exists κ ∈ L1([0, T ]) suh that

∂xâ(t, x) ≤ κ(t), ∂xa
n(t, x) ≤ κ(t), in the sense of distributions.

Proof. For x, y ∈ R, we ompute:

(â(ρ)(t, x) − â(ρ)(t, y))(x − y) =

∫

R

(∂̂xK(x − z) − ∂̂xK(y − z))(x − y)ρ(t, dz).

Using the λ-onavity of K, we dedue from (2.8)

(â(ρ)(t, x) − â(ρ)(t, y))(x − y) ≤ λ(x − y)2
∫

R

ρ(t, dz) ≤ λM(x− y)2.

Sine Kn
is also λ onave from the proof of Lemma 2.3.1, we get the one-sided Lipshitz estimate on an

by the same token as for a.
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2.4 Existene and uniqueness of duality solutions

2.4.1 Proof of the existene of duality solutions in Theorem 2.2.2

The proof is divided into several steps. First, we onstrut an approximate problem for whih the

existene of duality solutions holds. Then, we pass to the limit in the approximate problem to get the

existene of duality solutions thanks to the weak stability of duality solutions stated in Theorem 2.2.1 and

reover Equation (2.12) from Lemma 2.3.2. Finally, we reover the bound on the seond order moment.

Step 1: Existene of duality solutions for the approximate problem

The marosopi veloity a is replaed by an approximation an de�ned in (2.14) and the following system

is onsidered:

∂tρ
n
α + χα∂x (a

n(θ1ρ
n
1 + θ2ρ

n
2 )ρ

n
α) = 0, for α = 1, 2. (2.20)

Sine ∂xK
n
is not Lipshitz ontinuous, we �rst onsider ∂xK

n,m
an approximation of ∂xK

n
obtained

by a onvolution with a moli�er. The solution ρn,mα to the following equation is investigated.

∂tρ
n,m
α + χα∂x (a

n,m(θ1ρ
n,m
1 + θ2ρ

n,m
2 )ρn,mα ) = 0, for α = 1, 2, (2.21)

where an,m is given by

an,m(ρ) :=

∫

R

∂xK
n,m(x− y)ρ(t, dy).

Applying Theorem 1.1 in [35℄ gives the existene of solutions ρn,mα in L∞([0, T ],Mb(R)) and |ρn,mα | (t,R) =∣∣ρiniα

∣∣ (R) = 1. Sine the veloity �eld an,m is Lipshitz, ρn,mα is a duality solution. In addition, for

φ ∈ C∞
c (R) we have for α = 1, 2 the following estimate:

d

dt

(∫

R

ρn,mα (t, dx)φ(x)

)
=

∫

R2

∂xK
n,m(x− y)(θ1ρ

n,m
1 (t, dy) + θ2ρ

n,m
2 (t, dy))ρn,mα (t, dx)∂xφ(x).

Then, ∣∣∣∣
d

dt

(∫

R

ρn,mα (t, dx)φ(x)

)∣∣∣∣ ≤ ‖∂xφ‖L∞‖∂xK‖L∞(θ1 + θ2). (2.22)

Using (2.22) and the density of C∞
c (R) in C0(R), we dedue that ρ

n,m
α ∈ SM. Moreover, the equiontinuity

of ρn,mα in SM follows from (2.22) and the density of C∞
c (R) in C0(R). Sine |ρn,mα | (t,R) =

∣∣ρiniα

∣∣ (R) = 1,
Asoli Theorem gives the existene of a subsequene in m of ρn,mα whih onverges to a limit named ρnα
in SM. We pass to the limit whenm tends to in�nity in Equation (2.21) and obtain that ρnα satis�es (2.20).

Step 2 : Extration of a onvergent subsequene of ρnα and existene of duality solutions.

As above, there exists a subsequene of ρnα in SM suh that

ρnα ⇀ ρα weakly in SM, for α = 1, 2.

Let us �nd the equation satis�ed by ρα in the distributional sense. Let φ be in C∞
c ([0, T ]×R). Sine ρnα

satis�es (2.20) in the distributional sense, we have

∫ T

0

∫

R

∂tφ(t, x)ρ
n
α(t, dx)dt+ χα

∫ T

0

∫

R

an(θ1ρ
n
1 + θ2ρ

n
2 )ρ

n
α(t, dx)φ(t, x)dt = 0.

Using Lemma 2.3.2, we an pass to the limit in the latter equation and obtain,

∫ T

0

∫

R

∂tφ(t, x)ρα(t, dx)dt + χα

∫ T

0

∫

R

â(θ1ρ1 + θ2ρ2)ρα(t, dx)φ(t, x)dt = 0.
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Thus ρα satis�es (2.12) in the sense of distributions. From Proposition 2.3.3, the marosopi veloity

an(ρn) satis�es an uniform OSL ondition. Then, by weak stability of duality solutions in (see Theo-

rem 2.2.1 (3)), we dedue that

∂tρα + χα∂x(â(ρ)ρα) = 0, for α = 1, 2, in the sense of duality in ]0, T [×R.

Step 3 : Finite seond order moment.

From Equation (2.12), we dedue that the �rst and seond moments satisfy in the sense of distributions

d

dt

(∫
|x| ρα(t, dx)

)
= −

∫
sgn(x)â(ρ)ρα(t, dx),

d

dt

(∫
|x|2 ρα(t, dx)

)
= −2

∫
â(ρ)ρα(t, dx), for α = 1, 2.

Sine ρiniα ∈ P2(R) and â(ρ) is bounded from ((H2)), we dedue that the �rst two moments of ρα are

�nite, then ρα(t) ∈ P2(R) for t > 0.

Remark 2.4.1. If we de�ne the weighted enter of mass of the system xc as follows:

xc(t) :=
θ1
χ1

∫

R

xρ1(t, dx) +
θ2
χ2

∫

R

xρ2(t, dx).

We remark from straightforward omputation that

d
dtxc = 0. Then the weighted enter of mass is onserved

for this system.

2.4.2 Proof of the uniqueness of duality solutions in Theorem 2.2.2

Uniqueness relies on a stability estimate in Wasserstein distane, whih is the metri endowed in

P2(R). This Wasserstein distane dW is de�ned by (see e.g. [127, 128℄)

dW (ν, µ) = inf
γ∈Γ(ν,µ)

{∫

R2

|y − x|2 γ(dx, dy)
}1/2

,

where Γ(µ, ν) is the set of measures on R2 × R2
with marginals µ and ν, i.e.,

Γ(ν, µ) =

{
γ ∈ P2(R× R), ∀ξ ∈ C0(R× R),

∫

R2

ξ(y0)γ(dy0, dy1) =

∫

R

ξ(y0)µ(dy0),

∫

R2

ξ(y1)γ(dy0, dy1) =

∫

R

ξ(y1)ν(dy1)

}
.

The Wasserstein distane dW takes a more pratial form in the one-dimensional setting. Indeed, in one

spae dimension, we have (see e.g [112, 127℄)

dW (ν, µ)2 =

∫ 1

0

∣∣F−1
ν (z)− F−1

µ (z)
∣∣2 dz,

where F−1
ν and F−1

µ are the generalised inverse of umulative distributions of ν and µ, de�ned by

F−1
ν (z) = inf

{
x ∈ R, ν((−∞, x)) > z

}
, F−1

µ (z) = inf

{
x ∈ R, µ((−∞, x)) > z

}
.

This Wasserstein distane an be extended to the produt spae P2(R)×P2(R). In the ase at hand, we

de�ne W2(ν, µ) by

W2(ν, µ)
2 =

∫ 1

0

∣∣F−1
ν1 (z)− F−1

µ1
(z)
∣∣2 dz + χ1θ2

χ2θ1

∫ 1

0

∣∣F−1
ν2 (z)− F−1

µ2
(z)
∣∣2 dz, (2.23)
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where ν =

(
ν1
ν2

)
, µ =

(
µ1

µ2

)
∈ P2(R) × P2(R) and F

−1
να , F−1

µα
are the generalised inverse of umulative

distributions of να and µα for α = 1, 2, respetively. Using W2 we prove a ontration inequality between

duality solutions of (2.1).

Proposition 2.4.2. Let µini =

(
µini
1

µini
2

)
and νini =

(
νini1

νini2

)
be in P2(R)

2
. We de�ne µ =

(
µ1

µ2

)
and

ν =

(
ν1
ν2

)
duality solutions of (2.1) with respetively the initial data µini, νini.

Then W2(µ, ν) de�ned in (2.23) is bounded and satis�es the estimate:

W2(µ, ν) ≤W2(µ
ini, νini) exp (2λ(χ1 + χ2)(θ1 + θ2)t).

Proof. Sine (µ, ν) ∈ P2(R)
2 × P2(R)

2
, W2(µ, ν) is bounded. For the sake of larity in the proof, we

denote

F−1
α := F−1

να , G−1
α := F−1

µα
, for α = 1, 2.

We also omit the argument t in notations F−1
α (t, x) and G−1

α (t, x). Computing the derivative ofW2(µ, ν)
2

with respet to time,

∂tW2(µ, ν)
2 = 2

∫ 1

0

(
F−1
1 (x)−G−1

1 (x)
)(
∂tF

−1
1 (x) − ∂tG

−1
1 (x)

)
dx

+ 2
χ1θ2
χ2θ1

∫ 1

0

(
F−1
2 (x) −G−1

2 (x)
)(
∂tF

−1
2 (x) − ∂tG

−1
2 (x)

)
dx.

Straightforward and standard omputations give that

∂tF
−1
α (x) = χαâ(t, F

−1
α (x)), ∂tG

−1
α = χαâ(t, G

−1
α (x)), for α = 1, 2.

From the de�nition of â in (2.13), we get

∂tF
−1
1 (x) = χ1θ1

∫ 1

0

∂̂xK(F−1
1 (x)− z)µ1(t, dz) + χ1θ2

∫ 1

0

∂̂xK(F−1
1 (x) − z)µ2(t, dz).

Setting z = F−1
1 (y) in the �rst integral and z = F−1

2 (y) in the seond one yields

∂tF
−1
1 (x) = χ1θ1

∫ 1

0

∂̂xK(F−1
1 (x)− F−1

1 (y))dy + χ1θ2

∫ 1

0

∂̂xK(F−1
1 (x) − F−1

2 (y))dy.

Similarly, we get

∂tG
−1
1 (x) = χ1θ1

∫ 1

0

∂̂xK(G−1
1 (x)−G−1

1 (y))dy + χ1θ2

∫ 1

0

∂̂xK(G−1
1 (x)−G−1

2 (y))dy.

Using the oddness of ∂xK, we an symmetrise the terms in the right-hand side of ∂tF
−1
1 , ∂tG

−1
1 . One

gets

∫ 1

0

(
F−1
1 (x)−G−1

1 (x)
)(
∂tF

−1
1 (x)− ∂tG

−1
1 (x)

)
dx =

1

2
χ1θ1

∫ 1

0

∫ 1

0

(
∂̂xK(F−1

1 (x) − F−1
1 (y))− ∂̂xK(G−1

1 (x)−G−1
1 (y))

)
×

(
F−1
1 (x)−G−1

1 (x) −
(
F−1
1 (y)−G−1

1 (y)
))
dx dy

+ χ1θ2

∫ 1

0

∫ 1

0

(
∂̂xK(F−1

1 (x) − F−1
2 (y))− ∂̂xK(G−1

1 (x)−G−1
2 (y))

) (
F−1
1 (x)−G−1

1 (x)
)
dy dx.
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Similar omputations an be arried out for

∫ 1

0

(
F−1
2 (t, x)−G−1

2 (t, x)
)(
∂tF

−1
2 (t, x)−∂tG−1

2 (t, x)
)
. Finally,

∂tW2(ν, µ)
2
reads

∂tW2(ν, µ)
2 = χ1θ1

∫ 1

0

∫ 1

0

(
∂̂xK(F−1

1 (x)− F−1
1 (y))− ∂̂xK(G−1

1 (x) −G−1
1 (y))

)
×

(
F−1
1 (x) −G−1

1 (x)−
(
F−1
1 (y)−G−1

1 (y)
))
dx dy

+
χ1θ

2
2

θ1

∫ 1

0

∫ 1

0

(
∂̂xK(F−1

2 (x)− F−1
2 (y))− ∂̂xK(G−1

2 (x) −G−1
2 (y))

)
×

(
F−1
2 (x) −G−1

2 (x)−
(
F−1
2 (y)−G−1

2 (y)
))
dx dy

+ 2χ1θ2

∫ 1

0

∫ 1

0

(
∂̂xK(F−1

1 (x)− F−1
2 (y))− ∂̂xK(G−1

1 (x) −G−1
2 (y))

)
×

(
F−1
1 (x) − F−1

2 (y)−
(
G−1

1 (x)−G−1
2 (y)

))
dx dy.

(2.24)

Applying inequality (2.8) to (2.24) and using Young's inequality yields

∂tW2(ν, µ)
2 ≤ 4χ1λ×

(
(θ1 + θ2)

∫ 1

0

(F−1
1 (x) −G−1

1 (x))2dx+ (θ2 +
θ22
θ1

)

∫ 1

0

(F−1
2 (x) −G−1

2 (x))2dx

)
.

By de�nition of W2 (2.23), we onlude

∂tW2(ν, µ)
2 ≤ 4λ(χ1 + χ2)(θ1 + θ2)W2(ν, µ)

2.

Then the result follows from Gronwall's Lemma.

Proof of uniqueness. From Proposition 2.4.2, it is lear that if µini = νini, then µ = ν. We dedue

uniqueness of duality solution in Theorem 2.2.2.

2.4.3 Equivalene with gradient �ow

We reall that µ ∈ AC2([0, T ],P2(R)×P2(R)) if µ is loally Hölder ontinuous of exponent 1/2 with

respet to the Wasserstein distane W2 in P2(R)× P2(R).

Proposition 2.4.3. Let assumptions of Theorem 2.2.2 hold. Given ρini =

(
ρini1

ρini2

)
∈ P2(R) × P2(R).

Let ρ =

(
ρ1
ρ2

)
and ρ̃ =

(
ρ̃1
ρ̃2

)
be respetively the duality and gradient �ow solution. Then, we have

ρ ∈ AC2([0, T ],P2(R)× P2(R)) and ρ = ρ̃.

Proof. We have that

(
â(ρ)
â(ρ)

)
∈ L1([0, T ], L2(ρ1⊗ρ2,R2)). This omes from the fat that ∂xK is bounded

and ∣∣∣∣
∫

R

∂̂xK(x − y)(θ1ρ1(t, dy) + θ2ρ2(t, dy))

∣∣∣∣ ≤ ‖∂xK‖L∞(θ1 + θ2).

From Theorem 8.3.1 in [5℄, we dedue that ρ ∈ AC2([0, T ],P2(R)×P2(R)). Sine ρ satis�es (2.12) in the

distributional sense, we dedue by uniqueness of suh solution that ρ̃ is a gradient �ow solution.

Conversely, we suppose that ρ̃ is a gradient �ow solution, we have that ρ ∈ C([0, T ],P2(R) × P2(R))
and ρ veri�es (2.12)�(2.13). By uniqueness of the solution in Theorem 2.2.2, we dedue that ρ = ρ̃.
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2.5 Convergene for the kineti model

The onvergene of the kineti model (2.2) towards the aggregation model is analysed in this setion.

Proof of Theorem 2.2.3. From the assumption χα(θ1 + θ2) < 1 for α = 1, 2, we obtain that Tα[S] de�ned
in (2.3) is positive. Sine Tα[S] is a bounded and Lipshitz ontinuous funtion, we get the global in time

existene of solutions to (2.2) and we have that f ε
α ∈ C([0, T ], L∞ ∩ L+

1 (R)) and
∫
x2f ε

αdx <∞.

To prove the onvergene result stated in Theorem 2.2.3, we onsider the zeroth and �rst order moments

of the distribution f ε
α(x, v, t) introdued previously.

ρεα := f ε
α(1) + f ε

α(−1), Jε
α := (f ε

α(1)− f ε
α(−1)), for α = 1, 2.

From (2.2), these moments satisfy the following equations

∂tρ
ε
α + ∂xJ

ε
α = 0,

∂tJ
ε
α + ∂xρ

ε
α =

2

ε
(χα∂xS

ερεα − Jε
α), for α = 1, 2.

(2.25)

From the �rst equation of (2.25), we dedue that ∀t ∈ [0, T ], |ρεα| (t,R) =
∣∣ρiniα

∣∣ (R). Therefore, for

all t ∈ [0, T ] the sequene (ρεα(t, ·))ε is relatively ompat in Mb(R) − σ(Mb(R), C
0
0 (R)). Sine Jε

α is

uniformly bounded in C0([0, T ], L1(R)), using the same token as in the proof of the existene, there

exists ρα ∈ SM suh that

ρεα ⇀ ρα weakly in SM, for α = 1, 2.

From the seond equation of (2.25), we have

Jε
α = χα∂xS

ερεα − ε

2
(∂tJ

ε
α + ∂xρ

ε
α) , in the distributional sense

:= Aε +Rε.

We have that Rε
onverges weakly to zero in the sense of distributions. From Lemma 2.3.2, one obtains

∫ T

0

∫

R

â(θ1ρ
ε
1 + θ2ρ

ε
2)φ(t, x)ρ

ε
α(t, dx)dt →

∫ T

0

∫

R

â(θ1ρ1 + θ2ρ2)φ(t, x)ρα(t, dx)dt.

We onlude that

Jε
α ⇀ χαâ(θ1ρ1 + θ2ρ2)ρα in the sense of distributions.

Passing to the limit in the �rst equation of (2.25), we dedue that ρα satis�es (2.12) in the sense of

distributions. We use uniqueness of duality solutions to onlude the proof.

2.6 Numerial simulations

This setion is devoted to the numerial simulation of system (2.12). We provide a numerial sheme

whih preserves basi properties of the system suh as positivity, onservation of mass for eah speies

and onservation of the weighted enter of mass. Moreover, we prove the onvergene of the numerial

approximation towards the duality solution de�ned in Theorem 2.2.2.

2.6.1 Numerial sheme and properties

Let us onsider a artesian grid of time step ∆t and spae step ∆x. We denote xj = j∆x, j ∈ Z, tn =
n∆t, n ∈ N. An approximation of ρα(t

n, xj) denoted ρ
n
α,j is omputed by using a �nite volume approah
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where the �ux Fn
α,j−1/2 is given by the �ux vetor splitting method (see [59℄). Assuming that (ρnα,j) are

known at time tn, we ompute ρn+1
α,j by the sheme:





ρn+1
α,j − ρnα,j

∆t
+
Fn
α,j+1/2 − Fn

α,j−1/2

∆x
= 0 for α = 1, 2 and j ∈ Z,

Fn
α,j−1/2 = χα

(
(ânj−1)

+ρnα,j−1 + (ânj )
−ρnα,j

)
,

ânj =
∑

i6=j

∂xK(xj − xi)
(
θ1ρ

n
1,i + θ2ρ

n
2,i

)
,

(2.26)

where (·)+ := max{(·), 0}, (·)− := min{(·), 0} are respetively the positive and negative part of (·). Then
we reonstrut

ρα,∆x(t, x) =

Nt−1∑

n=0

∑

j∈Z

ρnα,j1[tn,tn+1[(t)δxj (x),

where δxj is the Dira delta funtion at xj = j∆x. We �rst verify that this sheme allows the onservation

of the mass and of the weighted enter of mass.

Proposition 2.6.1. Let us onsider (ρini1 , ρini2 ) ∈ P2(R)
2
suh that for α = 1, 2, ρiniα =

∑
j∈Z

ρ0α,jδxj .

We assume that for n ∈ N∗
, (ρnα,j)j,n are given by the numerial sheme (2.26). Then the onservation

of the mass of eah speies and of the weighted enter of mass hold:

∀n ∈ N,
∑

j∈Z

ρn+1
α,j =

∑

j∈Z

ρnα,j for α = 1, 2, (2.27)

∀n ∈ N,
θ1
χ1

∑

j∈Z

xjρ
n+1
1,j +

θ2
χ2

∑

j∈Z

xjρ
n+1
2,j =

θ1
χ1

∑

j∈Z

xjρ
n
1,j +

θ2
χ2

∑

j∈Z

xjρ
n
2,j. (2.28)

Proof. Identity (2.27) an be obtained diretly by summing over j ∈ Z the �rst equation in (2.26).

We now show (2.28). Multiplying by xj the �rst equation in (2.26) and summing over j ∈ Z, one gets

1

χα

∑

j∈Z

xjρ
n+1
α,j =

1

χα

∑

j∈Z

xjρ
n
α,j −

∆t

∆x

∑

j∈Z

xj(â
n
j )

+ρnα,j +
∆t

∆x

∑

j∈Z

xj(â
n
j−1)

+ρnα,j−1

+
∆t

∆x

∑

j∈Z

xj(â
n
j )

−ρnα,j −
∆t

∆x

∑

j∈Z

xj(â
n
j+1)

−ρnα,j+1, for α = 1, 2.

Using a disrete integration by parts, one gets

1

χα

∑

j∈Z

xjρ
n+1
α,j =

1

χα

∑

j∈Z

xjρ
n
α,j +∆t

∑

j∈Z

(
(ânj )

+ + (ânj )
−) ρnα,j =

1

χα

∑

j∈Z

xjρ
n
α,j +∆t

∑

j∈Z

ânj ρ
n
α,j .

Finally, we get

θ1
χ1

∑

j∈Z

xjρ
n+1
1,j +

θ2
χ2

∑

j∈Z

xjρ
n+1
2,j =

θ1
χ1

∑

j∈Z

xjρ
n
1,j +

θ2
χ2

∑

j∈Z

xjρ
n
2,j +∆t

∑

j∈Z

ânj
(
θ1ρ

n
1,j + θ2ρ

n
2,j

)
.

From (2.26), we have that

∑

j∈Z

ânj
(
θ1ρ

n
1,j + θ2ρ

n
2,j

)
=
∑

i6=j

∂xK(xj − xi)
(
θ1ρ

n
1,j + θ2ρ

n
2,j

) (
θ1ρ

n
1,i + θ2ρ

n
2,i

)
.

Swapping indies i and j and using the oddness of ∂xK yields

∑

j∈Z

ânj
(
θ1ρ

n
1,j + θ2ρ

n
2,j

)
= 0.

Then (2.28) follows.
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Lemma 2.6.2. Let (ρini1 , ρini2 ) be in P2(R)
2
suh that ρiniα =

∑
j∈Z

ρ0α,jδxj with

∑
j∈Z

ρ0α,j = 1 and

ρα,j ≥ 0 for α = 1, 2. Assuming that for n ∈ N∗
, (ρnα,j)j,n are given by the numerial sheme (2.26). If

the following CFL ondition holds

max (χ1, χ2)‖∂xK‖L∞(θ1 + θ2)
∆t

∆x
< 1, (2.29)

Then for all n ∈ N, ρnα,j ≥ 0 and we have supj,n
∣∣ânj
∣∣ ≤ ‖∂xK‖L∞(θ1 + θ2).

Proof. This result is proved by indution. Let us assume that at time n, for all j ∈ Z, ρnα,j is positive

and supj
∣∣ânj
∣∣ ≤ ‖∂xK‖L∞(θ1 + θ2). From (2.26), it follows that

ρn+1
α,j =

(
1− χα

∆t

∆x

∣∣ânj
∣∣
)
ρnα,j + χα

∆t

∆x
(ânj−1)

+ρnα,j−1 − χα
∆t

∆x
(ânj+1)

−ρnα,j+1. (2.30)

Using the ondition (2.29) and the fat that supj
∣∣ânj
∣∣ ≤ ‖∂xK‖L∞(θ1 + θ2), we get that χα

∆t
∆x

∣∣ânj
∣∣ < 1.

Therefore ρn+1
α,j is positive as a linear ombinaison of positive numbers.

Then, realling the expression of ânj given in (2.26), using the fat that ρn+1
α,j , j ∈ Z, are positive and

the onservation of the mass, (2.27) yields

∣∣ân+1
j

∣∣ ≤ ‖∂xK‖L∞(θ1 + θ2).

2.6.2 Convergene of the numerial solution to the theoretial solution

In this part, we prove that the numerial sheme given in (2.26) onverges to the duality solution

obtained in Theorem 2.2.2.

Theorem 2.6.3 (Convergene of the numerial sheme). Let T > 0, ∆x > 0 and ∆t > 0 suh that

(2.29) is satis�ed and denote Nt =
T
∆t . Let ρiniα ∈ P2(R), we de�ne

ρ0α,j =

∫ x
j+1

2

x
j− 1

2

ρiniα (dx), j ∈ Z.

Let us de�ne ρα,∆x ∈ Mb([0, T ]× R) by

ρα,∆x(t, x) =

Nt−1∑

n=0

∑

j∈Z

ρnα,j1[tn,tn+1[(t)δxj (x), (2.31)

where (ρnα,j)j,n omputed by (2.26).

Then, we have

ρα,∆x ⇀ ρα weakly in Mb([0, T ]× R) as ∆x→ 0,

where ρα is the duality unique solution of Theorem 2.2.2 with initial data ρiniα .

Proof of Theorem 2.6.3. For the initial data, it is lear that when ∆x→ 0, we have ρα,∆x(t = 0)⇀ ρiniα

weakly. From Lemma 2.6.2, we get that for all j ∈ Z, n ∈ N, values of ρnα,j are positive.

Step 1: Extration of a onvergent subsequene

Equation (2.27) implies that the total variation of ρα,∆x is �xed and independant of ∆x.

|ρα,∆x| ([0, T ]× R) = T
∑

j∈Z

ρiniα,j .
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Therefore, there exists a subsequene of ρα,∆x that onverges weakly to ρα ∈ Mb([0, T ]× R).

Step 2: Modi�ed equation satis�ed by ρα,∆x

Let be φ ∈ C∞
c ((0, T )× R). From the de�nition of ρα,∆x in (2.31), we have

< ∂tρα,∆x, φ >= −
∫

[0,T ]×R

ρα,∆x∂tφ = −
Nt−1∑

n=0

∑

j∈Z

ρnα,j

∫ tn+1

tn
∂tφ(xj , t)dt,

Here and below we use < ·, · > to denote the dual produt in the sense of distributions. Disrete

integration by parts yields

< ∂tρα,∆x, φ >= −
Nt−1∑

n=0

∑

j∈Z

ρnα,j(φ
n+1
j − φnj ) =

Nt∑

n=1

∑

j∈Z

(ρnα,j − ρn−1
α,j )φnj ,

where we use the notation φnj := φ(xj , t
n). Using (2.30) and applying transformations to indies yields

< ∂tρα,∆x, φ >= χα
∆t

∆x

Nt−1∑

n=0

∑

j∈Z

(ânj )
+ρnα,j(φ

n+1
j+1 − φn+1

j ) + χα
∆t

∆x

Nt−1∑

n=0

∑

j∈Z

(ânj )
−ρnα,j(φ

n+1
j − φn+1

j−1 ).

Taylor expansions gives the existene of ζj in (xj , xj+1) and ζ̂
j
in (xj−1, xj) suh that

φn+1
j+1 = φn+1

j +∆x∂xφ
n+1
j +

(∆x)2

2
∂xxφ(ζ

j , tn+1),

φn+1
j−1 = φn+1

j −∆x∂xφ
n+1
j +

(∆x)2

2
∂xxφ(ζ̂

j , tn+1).

Putting together, one obtains

< ∂tρα,∆x, φ >= ∆tχα

Nt−1∑

n=0

∑

j∈Z

ânj ρ
n
α,j∂xφ

n+1
j + χαR

1
α(∆x,∆t),

where R1
α(∆x,∆t) is given by

R1
α(∆x,∆t) :=

∆t

∆x

Nt−1∑

n=0

∑

j∈Z

(ânj )
+ρnα,j

(
(∆x)2

2
∂xxφ(ζ

j , tn+1)

)

−∆t

∆x

Nt−1∑

n=0

∑

j∈Z

(ânj )
−ρnα,j

(
(∆x)2

2
∂xxφ(ζ̂

j , tn+1)

)
.

From (2.31) and the de�nition of â in (2.13), we have

â(θ1ρ1,∆x + θ2ρ2,∆x) =

Nt−1∑

n=0

∑

j∈Z

ânj 1[tn,tn+1[(t)δxj (x).

where ânj are de�ned in (2.26). We get that

< â(θ1ρ1,∆x + θ2ρ2,∆x)ρα,∆x, ∂xφ >= −
Nt−1∑

n=0

∑

j∈Z

ânj ρ
n
α,j

∫ tn+1

tn
∂xφ(xj , t)dt.

From the Taylor expansion of ∂xφ(xj , t):

∂xφ(xj , t) = ∂xφ(xj , t
n+1) + (t− tn+1)∂xtφ(xj , τ

n
t ),
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with τnt ∈ (t, tn+1), one sees that

< â(θ1ρ1,∆x + θ2ρ2,∆x)ρα,∆x, ∂xφ >= −∆t

Nt−1∑

n=0

∑

j∈Z

ânj ρ
n
α,j∂xφ

n+1
j +R2

α(∆x,∆t),

where R2
α(∆x,∆t) is de�ned as follows:

R2
α(∆x,∆t) := −

Nt−1∑

n=0

∑

j∈Z

ânj ρ
n
α,j

∫ tn+1

tn
(t− tn+1)∂xtφ(xj , τ

n
t )dt.

The modi�ed equation satis�ed by ρα,∆x in the distributional sense writes:

∫ T

0

∫

R

ρα,∆x∂tφ(t, x) + χα

∫ T

0

∫

R

â(θ1ρ1,∆x + θ2ρ2,∆x)ρα,∆x∂xφ = χαR
1
α(∆x,∆t) + χαR

2
α(∆x,∆t).

From Lemma 2.6.2, we dedue that the terms R1
α and R2

α satisfy the estimates:

∣∣R1
α

∣∣ ≤ CT∆x‖∂xxφ‖L∞ ,
∣∣R2

α

∣∣ ≤ CT∆x‖∂txφ‖L∞ ,

where C stands for a nonnegative onstant. Passing to the limit and using the tehnial Lemma 2.3.2,

we onlude that the limit ρα satis�es (2.12) in the distributional sense with the expression (2.13) for

the veloity. By uniqueness result in Theorem 2.2.2, we dedue that ρα is the unique duality solution of

(2.1).

2.6.3 Dynamis of aggregates and numerial simulations

In this part, we arry out simulations of Equation (2.12) obtained thanks to sheme (2.26). Before

numerially simulating the hydrodynami behavior of the hemotaxis model, we �rst larify the aggregate

dynamis of this model, espeially on the synhronising dynamis between aggregates of di�erent speies.

For the sake of simpliity, we hoose θ1 = θ2 = 1 and K =
1

2
e−|x|

in (2.12), whih orresponds to

the partiular ase of baterial hemotaxis (see (2.7)). To illustrate the synhronising dynamis of the

aggregates for (2.12), we onsider the initial data given by sums of aggregates

ρ01 =
∑

k

µkδx0
k
, ρ02 =

∑

k

νkδy0
k
,

and look for a solution in the form

ρ1(t, x) =
∑

k

µkδxk(t), ρ2(t, x) =
∑

k

νkδyk(t).

We denote by u1 and u2 antiderivatives of ρ1 and ρ2, respetively. Then the equation (2.12) reads

∂tuα + χαâρα = 0, α = 1, 2, (2.32)

in the sense of distributions. Diret omputation shows that

âρ1 =
∑

k,ℓ

µk(µℓ∂̂xK(xk − xℓ) + νℓ∂̂xK(xk − yℓ))δxk
,

âρ2 =
∑

k,ℓ

νk(µℓ∂̂xK(yk − xℓ) + νℓ∂̂xK(yk − yℓ))δyk
.
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Injeting these expressions into equation (2.32), the positions xk and yk satisfy the system of ODEs

x′k(t) = χ1

∑

ℓ

(µℓ∂̂xK(xk − xℓ) + νℓ∂̂xK(xk − yℓ)),

y′k(t) = χ2

∑

ℓ

(µℓ∂̂xK(yk − xℓ) + νℓ∂̂xK(yk − yℓ)).

We reover the same system for partile solutions as in DiFraneso and Fagioli [36℄ for two speies.

See also similar aggregate dynamis for single speies in [23, 76℄. In the ase of one single speies, the

system of ODEs is determinant before any ollision of aggregates, and after eah ollision, one an always

`restart' the partile system till �nal ollapse of all aggregates. However, the ase of ollisions between

partiles of di�erent speies is more omplex, sine it does not neessarily imply whether the partiles of

di�erent speies will synhronise or not after olliding. In fat, as observed in the following simulations,

both `synhronising'(olliding partiles of di�erent speies staying together) and `non-synhronising' ases

an our, and the transitions between the synhronising types may happen, depending on the weighted

attration of other aggregates ating on them.

For illustration, we assume that two points of di�erent speies ollide at a time t0. For instane, take
xk(t0) = yk(t0) for some k, then at this time t0 we have

x′k(t0) = χ1γk(t0), y′k(t0) = χ2γk(t0), γk =
∑

ℓ,k

(µℓ∂̂xK(xk − xℓ) + νℓ∂̂xK(xk − yℓ)). (2.33)

Note that γk haraterises external weighted attration on νk and µk, depending on hemo-sensitivities,

distanes to other aggregates and the masses of all other aggregates.

Thus if χ1 6= χ2 the veloity of speies 1 and 2 is not the same at this time t0. However, with the

speial ase at hand, K(x) = 1
2e

−|x|
, we have ∂xK(xk−yk) → 1

2 when xk
<−→ yk; and ∂xK(xk−yk) → − 1

2

when xk
>−→ yk. We dedue that when xk < yk and xk → yk we have

(yk − xk)
′(t) = −1

2
(χ1νk + χ2µk) + (χ2 − χ1)γk(t).

Obviously, in this ase, partiles µk and νk stay together if (yk − xk)
′(t) ≤ 0. On the other hand, when

yk < xk and yk → xk we have

(xk − yk)
′(t) = −1

2
(χ1νk + χ2µk) + (χ1 − χ2)γk(t).

In this ase, partiles µk and νk stay together when (xk − yk)
′(t) ≤ 0. Finally, to keep xk(t) = yk(t) for

t ≥ t0, we need the ondition

|(χ1 − χ2)γk(t)| ≤
1

2
(χ1νk + χ2µk), (2.34)

where γk(t) is de�ned in (2.33). This relation haraterises the weighted attration of other aggregates

ating on them. If the external weighted attration on νk and µk (the left hand side of (2.34)) is small,

they will stay together. When the external weighted attration is big, the attration between νk and µk

is relatively weak and they will move separately, the one with bigger motility will move faster than the

other.

We all (2.34) the synhronising ondition for µk and νk. Similarly, we an get the synhronising

ondition for any µi and νj , ∀i, j. If more than two aggregates ollide simultaneously, we an simply

replae them by two aggregates of eah speies, eah aggregate aumulating the total mass of eah

speies.

In onlusion, aording to the dynamis de�ned above, we an see that the initial aggregates will

ollapse suh that they eventually form a single aggregate of the two speies. The �nal aggregate an

not separate, whih is similar but illustrate more omplex behaviour as one speies ase disussed in [76℄.
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Now we give some numerial examples showing �synhronising�, �non-synhronising�, transitions between

�synhronising� and �non-synhronising� dynamial behaviours for the hydrodynami model (2.12).

Example 1: Synhronising dynamis. Take the hemosensitivity onstants χ1 = 10, χ2 = 1 in

(2.12), and onsider initial data

ρ01 = 4e−5000(x+0.5)2 + 2e−5000(x−0.5)2, ρ02 = 2e−5000(x+0.15)2.

It orresponds to small bumps loated at position x1(0) = −0.5, y1(0) = −0.15, x2(0) = 0.5, with mass

µ1 = 4m0, µ2 = 2m0, ν1 = 2m0, where m0 =
∫
R
e−5000x2

dx. Figure 2.1 displays numerial results
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Figure 2.1: Snapshots of ρ1 (red solid line) and ρ2 (blue dashdot). The evolution shows the synhronising

dynamis after �rst ollision.

obtained thanks to the sheme (2.26) de�ned above. We �rst observe the fast blow-up with the formation

of Dira deltas. Then, the numerial simulation shows that µ1 and ν1 ollapse for the �rst time at

t1 ≈ 0.947, with x1(t1) = y1(t1) ≈ −0.18, and x2(t1) ≈ 0.12. We hek the �synhronising ondition�

(2.34):

LHS = |(χ1 − χ2)γ1(t1)| = (10− 1)× 2× 1

2
e−(x2−x1) = 9e−(x2−x1) < 9, ∀x1, x2,

RHS =
1

2
(χ1ν1 + χ2µ1) =

1

2
(10× 2 + 1× 4) = 12.

Thus the �synhronising ondition� (2.34) is always satis�ed, then they will move together afterwards till

�nal ollapse with µ2. This evolutionary dynamis is shown in Figure 2.1. The numerial result on�rms

the synhronising dynamis of the aggregates.

Example 2: Non-synhronising dynamis. Take the hemosensitivity onstants χ1 = 10, χ2 = 1
in (2.12), and onsider initial data

ρ01 = 2e−5000(x+0.5)2 + 4e−5000(x−0.5)2, ρ02 = 2e−5000(x+0.15)2.

It orresponds to small bumps loated at position x1(0) = −0.5, y1(0) = −0.15, x2(0) = 0.5, with mass

µ1 = 2m0, µ2 = 4m0, ν1 = 2m0, where m0 =
∫
R
e−5000x2

dx. The numerial simulation in Figure 2.2
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2.6. Numerial simulations

shows that µ1 and ν1 ollapse for the �rst time at t1 ≈ 0.9, x1(t1) = y1(t1) ≈ −0.15, and x2(t1) ≈ 0.25.
Diret omputation shows that

LHS = |(χ1 − χ2)γ1(t1)| = (10− 1)× 4× 1

2
e−(x2−x1) ≈ 18e−0.4 ≈ 12.066,

RHS =
1

2
(χ1ν1 + χ2µ1) =

1

2
(10× 2 + 1× 2) = 11,

thus the �synhronising ondition� (2.34) is not satis�ed, then they will hange their order after interse-

tion and travel separately. The simulation shows µ1 will ollapse with µ2 at time t2 ≈ 1.61, and �nally

ollapse with ν1 at time t3 ≈ 1.85. This dynamis is shown in Figure 2.2. The numerial result on�rms

the non-synhronising dynamis of the aggregates.
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Figure 2.2: Snapshots of ρ1 (red solid line) and ρ2 (blue dashdot). The evolution shows the non-

synhronising dynamis after �rst ollision.

Example 3: Transition from synhronising to non-synhronising dynamis. Take the

hemosensitivity onstants χ1 = 10, χ2 = 1 in (2.12), and slightly modify the initial data of Exam-

ple 2 to

ρ01 = 2e−5000(x+0.5)2 + 4e−5000(x−0.5)2, ρ02 = 2e−5000(x+0.3)2.

It orresponds to small bumps loated at position x1(0) = −0.5, y1(0) = −0.3, x2(0) = 0.5, with mass

µ1 = 2m0, µ2 = 4m0, ν1 = 2m0. The numerial simulation displayed in Figure 2.3 shows that µ1 and

ν1 ollapse for the �rst time at t1 ≈ 0.47 with x1(t1) = y1(t1) ≈ −0.29, and x2(t1) ≈ 0.39. Diret

omputation shows that

LHS = |(χ1 − χ2)γ1(t1)| = (10− 1)× 4× 1

2
e−(x2−x1) ≈ 18e−0.68 ≈ 9.1191,

RHS =
1

2
(χ1ν1 + χ2µ1) =

1

2
(10× 2 + 1× 2) = 11,

thus the �synhronising ondition� (2.34) is satis�ed, then they will move together toward µ2. The

interesting phenomenon is that, as their distane to µ2 is dereasing, the LHS of the �synhronising

ondition� (2.34) is inreasing and �nally greater than the RHS. The simulation shows that, at t2 ≈ 1.04,
x1(t2) = y1(t2) ≈ −0.26, and x2(t2) ≈ 0.23, then

LHS = |(χ1 − χ2)γ1(t1)| = (10− 1)× 4× 1

2
e−(x2−x1) ≈ 18e−0.49 ≈ 11 = RHS,

then after this time t2, the interation type has been hanged: the �synhronising ondition� (2.34) is no

longer satis�ed, then they will travel separately. Further simulation shows that µ1 ollapses with µ2 at
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time t3 ≈ 2.037, and �nally ollapse with ν1 at time t4 ≈ 2.32. The full dynamis is shown in Figure

2.3. The numerial result shows the transition from synhronising to non-synhronising dynamis of the

aggregates.
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Figure 2.3: Snapshots of ρ1 (red solid line) and ρ2 (blue dashdot). From time t0 = 0 to t1 ≈ 0.47,
µ1 moves toward ν1. From time t1 ≈ 0.47 to t2 ≈ 1.04, µ1 and ν1 travel together. The synhronising

type hanged at t2. After time t2, µ1 overtakes ν1 and ollapse with µ2 at t3 ≈ 2.037, and �nally all

the aggregates ollapse at t4 ≈ 2.32. The evolution shows the transition from synhronising to non-

synhronising dynamis.

Example 4: More omplex transition. Take the hemosensitivity onstants χ1 = 10, χ2 = 1 in

(2.12), and onsider initial data

ρ01 = 3e−5000(x+0.8)2 + 1.5e−5000(x+0.02)2 , ρ02 = 3.5e−5000(x−0.02)2 + 8.5e−5000(x−0.5)2.

It orresponds to small bumps loated at position x1(0) = −0.8, x2(0) = −0.02, y1(0) = 0.02, y2(0) = 0.5,
with mass µ1 = 3m0, µ2 = 1.5m0, ν1 = 3.5m0, ν2 = 8.5m0. The snapshots of ρ1 and ρ2 are shown in

Figure 2.4. We observe that µ2 and ν1 meet for the �rst time at t1 ≈ 0.0459 and satisfy non-synhronising

ondition so they separate after t1. See the snapshot at t2 ≈ 0.4288 for evidene. They meet for the

seond time at t3 ≈ 0.9494 but the synhronising type has been hanged: now they satisfy synhronising

ondition thus they travel together afterwards. At time t4 ≈ 1.04, µ1 athes µ2 and ν1. Now we

treat them as (µ1 + µ2) and ν1: they satisfy non-synhronising ondition and separate, see snapshot at

t5 ≈ 1.256 for evidene. At time t6 ≈ 1.684, (µ1+µ2) ollapse with ν2, satisfying synhronising ondition
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Figure 2.4: Snapshots of ρ1 (red solid line) and ρ2 (blue dashdot).

and staying together till �nal ollapse with ν1 at t7 ≈ 2.756. The illustration shows the omplex hanging

of interation types for the aggregate dynamis of two speies hemotaxis model.
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Ce travail est réalisé en ollaboration ave Luis Almeida, Niolas Vauhelet, Axel Buguin, Char-

lène Gayrard de l'Institut Curie. Il traite de la reherhe d'ondes de onentration dans un modèle

parabolique à deux espèes. Le résultat prinipal est le phénomène de synhronisation et de désyn-

hronisation inexistant dans le as d'un modèle à une espèe. Dans une population omposée de

deux espèes ave des vitesses de nage di�érente, si la proportion de l'espèe rapide est minoritaire

alors la population se déplae à la même vitesse. Par ontre, si la proportion de l'espèe rapide

est dominante, alors les deux espèes se déplaent à des vitesses di�érentes. Ce résultat théorique

est en onformité ave les résultats expérimentaux obtenus sur des souhes de batéries E.Coli par

Axel Buguin et Charlène Gayrard de l'Institut Curie.

Artile soumis





Chapitre 3

Traveling pulses for a two-speies

hemotaxis model

Abstrat

Mathematial models have been widely used to desribe the olletive movement of bateria by hemo-

taxis. In partiular, onentration waves traveling in a narrow hannel have been experimentally observed

and an be preisely desribed thanks to a mathematial model at the marosopi sale. Suh model was

derived in [116℄ using a kineti model based on an aurate desription of the mesosopi run-and-tumble

proess through a kineti model. We extend this approah to study the behaviour of the interation

between two populations of E. Coli. Separately, eah population travels with its own speed in the han-

nel. When put together, a synhronisation of the speed of the traveling pulses an be observed. We

show that this synhronisation depends on the fration of the fast population. Our approah is based on

mathematial analysis of a marosopi model of partial di�erential equations. Numerial simulations in

omparison with experimental observations show qualitative agreement.
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Author Summary

The use of mathematial tools to desribe self-organization of baterial ommunities has raised a lot of

interest sine it permits a preise desription of experimentally observed phenomena. In the last 40 years

a hierarhy of mathematial models for the dynamis of a single baterial population has been proposed.

These models have progressively taken into aount more preise aspets of individual baterial behaviour

(like the run and tumble behaviour).

Nowadays, a natural and hallenging issue is to use suh models to desribe the interation between

di�erent populations of bateria. In this work, we onsider a marosopi system of equations derived from

the mesosopi sales to desribe the interation between two populations of bateria. The predition

obtained thanks to this model is ompared to experimental observations onerning the behaviour of

traveling pulses of bateria in a hannel.

3.1 Introdution

The ability of miroorganisms to sense their environment helps them to olonize regions by using

hemial ues to move towards favorable areas (e.g. with higher onentration in nutrients like in the

present study). This biologial proess alled hemotaxis has been extensively studied. Sine pioneering

works of Adler [2℄ (see also [41, 85℄), we know that many bateria like E.Coli may gather, feel the nutrient

(oxygen, gluose) and move towards it. Many models inluding the famous Keller-Segel system (see

[86, 66, 122, 106℄) were proposed to desribe mathematially this behaviour. In [115℄, Saragosti and

al. desribed the propagation of baterial onentration waves in mirohannels using a marosopi

model. This model (3.1) gives the dynamis of the density of ells ρ(x, t) and the onentrations in

hemoattratant S(x, t) and nutrients N(x, t)





∂tρ = D∆ρ−∇ · (ρ (u[S] + u[N ])) ,

∂tS = DS∆S − αS + ρ,

∂tN = DN∆N − γρN,

(3.1)

where u[S], u[N ] are given by

u[S] = χS sgn(∂xS), u[N ] = χN sgn(∂xN),

with D,DS, DN , χ
S , χN , α, γ positive onstants. Here sgn is the sign funtion:

sgn(x) =

{
1, if x > 0,

−1, if x < 0.

Initially put on the left of a hannel �lled with nutrients, the bateria onsume nutrients loated at

this side. This reates a gradient of nutrients (oriented) towards the right whih indues the motion of

bateria represented by the drift term u[N ] in the equation for ρ (see Figure 3.1). Figure 3.1 shows in A a

shemati view of a miro-hannel of height=100 µm, width = 500 µm and length = 1.5 m. The hannel

�lled with a homogeneous suspension of bateria is then entrifuged to aumulate bateria on the left

end. Few minutes after the entrifugation has been stopped, a onentration wave of bateria propagates

at onstant veloity from left to right. The onentration �wave� of E. oli hemotati bateria observed

by �uoresene mirosopy. is seen in Figure 3.1 B. The population migrates at a onstant veloity

(Vwave=2.2 µm/s for this partiular experiment). While traveling in the hannel, bateria stay together

thanks to the hemoattratant S they produe. In suh a model, the existene of traveling waves is
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Figure 3.1: Colletive migration of Esherihia oli in a PDMS miro-hannel

proved, analytial forms for ρ and S are provided and the speed of the wave σ satis�es the following

relationship

χN − σ = χS σ√
4DSα+ σ2

. (3.2)

This model predits the double asymmetri exponential shape of ρ and the speed σ as observed experi-

mentally. However, when we have two di�erent strains of bateria simultaneously, new behaviours emerge

and this model is no longer valid. For instane for the two strains we used in this study, we observed

that even if separately they travel at di�erent speeds, when they are in presene of eah other they may

form a single band and travel together.

In this work, we study the ase of a population omposed of two di�erent subpopulations of E.Coli that,

when they are alone, form bands traveling at di�erent speeds (subppopulation 1, green, being the one

traveling at a slower speed σ1 and subpopulation 2, red, being the one traveling at a higher speed σ2, see
Figure 3.2).The mean wave veloities obtained from about 15 experiments for eah olor, are respetively

Vgreen=1.9 µm/s and Vred=4.1 µm/s.

Our experiments show that when the ratio between the number of individuals of type 2 (fast subpopu-

lation) and the number of individuals of type 1 (slow subpopulation) is su�iently small, there is a single

band (i.e the two subpopulations travel together with an intermediate speed σ suh that σ1 < σ < σ2.
We provide a mathematial model to desribe this behaviour and handle the dependeny of the speed

of the wave on relative sizes of subpopulations. On the ontrary, when this ratio is big, our experiments

and our numerial simulations (Figure 3.3) show that the two subpopulations travel at di�erent speeds.

3.2 Results

3.2.1 Desription of the experiments

When on�ned at one end of a mirohannel, large enough populations of swimming bateria E.

Coli propagate as onentration waves. To perform suh experiments, we simply �ll a mirohannel,
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Figure 3.2: Wave veloity distribution for two di�erent bateria

mirofabriated using soft lithography [131℄, of typial size 100 µm and length 1 m with a homogeneous

solution of bateria grown up to the mid-log phase (5 × 108 bateria/mL). The hannel is then losed

at both ends using epoxy glue and gently entrifuged to aumulate motile bateria at one end of the

hannel. When the entrifugation is stopped a onentration wave propagates along the hannel at a

veloity of few µm/s. We use �uoresently labelled bateria and thus it is possible to haraterize the

onentration pro�le of the travelling pulse using �uoresene video mirosopy. These experiments are

reported in previous publiations [116, 115℄. If we start now from a mix of two baterial strains having

di�erent swimming speeds what happens? Do they swim together? How does one population a�ets the

other? This is the type of questions we want to address in the present paper. To do so we have used

two types of bateria: one arrying a plasmid expressing GFP (green) and the other arrying a plasmid

expressing mCherry (red). The onentration waves obtained with the red ones are two times faster

than the onentration waves of the green ones (see Figure 3.2). We propose to study and to interpret

the behavior of the onentration waves obtained for di�erent ratios of the two sub-populations keeping

onstant the total number of bateria. More details about the experiments are provided in material and

methods.

3.2.2 Desription of the model

We study the migration of a baterial population omposed of two subpopulations whih reat to two

ommon hemial substanes: the hemoattratant S and the nutrient N . These two hemial substanes

play di�erent roles sine bateria produe the same hemoattratant whih gathers the population and at

the same time they onsume the ommon nutrient whih triggers the motion. Eah speies is represented

by its density at position x ∈ Rd
and time t > 0, ρi(x, t) for i = 1, 2. The hemoattratant and the

nutrient are desribed respetively by their onentration S(x, t) and N(x, t). Dynamis of ρ1, ρ2, S,N
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Figure 3.3: Kymographs showing the wave behavior for di�erent baterial ompositions φred orresponds

to the ratio of red bateria over the total number of bateria at the beginning of an experiment. (A)

Experimental result obtained with φred = 10%. (B) Experimental result obtained with φred = 90%. (C)

Simulation based on our model with φred = 10%. (D) Simulation with φred = 90%.

are given by oupled advetion-di�usion-reation equations:





∂tρ1 = D1∆ρ1 −∇ · (ρ1 (u1[S] + u1[N ])) ,

∂tρ2 = D2∆ρ2 −∇ · (ρ2 (u2[S] + u2[N ])) ,

∂tS = DS∆S − αS + ρ1 + ρ2,

∂tN = DN∆N − γ1ρ1N − γ2ρ2N,

(3.3)

where D1, D2, DS, DN , α, γ1, γ2 are positive onstants.

The model is an extension to the two subpopulation ase of the single population model (3.1). The

starting point of the modelling is the Othmer-Dunbar-Alt model whih illustrates the run-and-tumble

proess haraterising the motion of individual bateria. Then, the marosopi equation is reovered by

drift-di�usion limits (see part 3.4.6). By this means, we derive our model (3.3) from kineti equations

desribing the phenomenon at the mirosopi sale (see [43℄) and obtain expressions for ui[S], ui[N ]

ui[S] = − 1

|V |

∫

v∈V

v φSi (v · ∇xS)dv, ui[N ] = − 1

|V |

∫

v∈V

v φNi (v · ∇xN)dv, i = 1, 2. (3.4)

where V is the set of admissible veloities and φSi , φ
N
i are dereasing funtions orresponding to the �rst

order pertubations of the tumbling kernel of subpopulation i.
Sine the phenomenon we are onsidering at is uni-diretional, we restrit our study to one dimension in

spae (d = 1) and for omputational purposes, we onsider the following partiular forms of ui[S] and
ui[N ]

ui[S] = χS
i sgn(∂xS), ui[N ] = χN

i sgn(∂xN), i = 1, 2, (3.5)

with χS
i , χ

N
i , the hemotati sensivities of subpopulation i to the hemoattratant S and the nutrient N .

We reall that sgn is the sign funtion.
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3.2.3 Bifuration theoretial result

Separately, the two subpopulations travel at di�erent speeds and we name σ1 the slow speed and σ2
the fast one. We denote Mi the size of the subpopulation i, φred = M2

M1+M2
the perentage of the fast

subpopulation (bateria mCherry) and Ii the interval [χ
N
i − χS

i , χ
N
i + χS

i ] for i = 1, 2.
We an prove our main result: if the following assumption holds

I1 ∩ I2 6= ∅, and σ2, χ
N
2 − χS

2 6∈ I1 ∩ I2, where Ii := [χN
i − χS

i , χ
N
i + χS

i ], (3.6)

Then there exists φ∗red ∈]0, 1[ suh that

� for φred ≤ φ∗red, there exist traveling pulses. Moreover, the speed of the wave σ is between σ1 and

σ2 and satis�es

(σ − χN
1 ) + χS

1

σ√
σ2 + 4αDS

+
φred

1− φred
H(σ)

(
(σ − χN

2 ) + χS
2

σ√
σ2 + 4αDS

)
= 0, (3.7)

where H is de�ned in (3.18).

� for φred > φ∗red, there do not exist single-speed traveling pulses

We remark that the speed of the wave σ is given by an impliit equation depending on the parameters

of the model and the subpopulation sizes Mi. Note that in the ase of a single population (φred = 0), we
reover the single-speies equation for σ (3.2).

3.2.4 After the bifuration point : numerial insights

We omplete the theoretial analysis with numerial simulations. This allows us to see what happens

after the bifuration point. We learly observe in Figure 3.3 that the subpopulations 1 and 2 split. After

a transitory regime, they move separately at their own speed. We notie that it might take a long time for

the separation to be ompleted in order to have a well de�ned speed for eah pulse. Then, to de�ne these

speeds we onsider the density pro�les of the green and red subpopulations at eah later time and notie

that both subpopulations have a lear peak around their maximum density. It is the spatial position of

this maximum point at eah time that is used to de�ne the position of the orresponding subpopulation

pulse. This position is then used to ompute the speed of eah subpopulation pulse.

3.3 Disussion

3.3.1 Quantitative and qualitative onlusions

In this work we derive a marosopi model (3.3) from mirosopi assumptions on the run and tumble

motion of individual bateria (in the spirit of [115℄). This model extends the one proposed in [115℄ for the

one speies ase. The analytial study of the model enables us to determine the pro�les of the traveling

wave solutions and that they travel with a speed σ given by (3.7). Moreover, we prove the existene of a

ritial proportion φ∗red of the red subpopulation above whih the single traveling wave solution no longer

exists.

We disretise Equation (3.3) by a �nite di�erene semi-impliit sheme. The numerial simulations

(Fig 3.4) show that, for small values of φred, the two subpopulations travel together in a single wave of

speed σ given in Equation (3.7) as predited by our theoretial study. For higher values of φred there

is learly a bifuration at the proportion φ∗red beyond whih the two subpopulations travel in separate

waves with di�erent speeds. The experimental results (Figure 3.3) on�rm this separation of the two

subpopulations for high values of φred but our experiments are not su�iently preise to enable us to

look for the experimental bifuration point (for intermediate values of φred the experimental data on the

population density are di�use and do not have lear peaks).
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Figure 3.4: Mean wave veloity of red bateria as a funtion of baterial omposition φred: the experi-

mental results are represented by their means (open irles) and standard deviations (error bars). We use

at least ten values for eah point. These experimental results are ompared to the simulation (red and

green urves). One observes a separation of the two strains around φred = 50%. The square orresponds

to the mean veloity of the green wave observed in Figure 3D

In Figure 3.3, we notie that for φred = 0.9 the experimental point orresponding to the red subpop-

ulation is below the red urve and the one orresponding to the Green subpopulation is above the Green

urve. This should be due to the fat that our experimental hannel is probably not long enough. In

fat, in the simulation (see Figure 3.3D), the experimental setting orresponds to the white retangle

in the lower left orner, while the full separation of the pulses only happens for later times (further to

the right in Figure 3.3 D). Therefore, the experimental measurement might still be in�uened by the

transitory regime whih would lead to overestimating the speed of the green pulse (due to the presene

or interation with the red subpopulation).

3.3.2 Perspetives

Unfortunately, our present experimental setting does not allow us to do su�iently preise measure-

ments of the population density, in partiular for intermediate values of φred where the distribution we

obtain is very di�use. This prevents us from being able to experimentally study the bifuration and the

two branhes of solutions in detail. We hope that it will be possible to do the appropriate experiments

in the near future sine they would provide us with important information to support the preditions of

our model (and make it evolve if neessary).

As in [115℄, we ould do the analytial study only in the ase where the funtions ui[S], ui[N ] have
the partiular form (3.5). lt would be extremely interesting, but very hallenging, to be able to extend

this study to more general ases.
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3.4 Materials and Methods

3.4.1 Baterial Strain and Cell ulture

We used the strain RP437 onsidered wild type for motility and hemotaxis. The strains were trans-

formed by heat shok with PZE1R-GFP and PZE1R-mCherry plasmids. Cells were ultured in 3 mL LB

medium (Sigma) with ampiilin at 33

◦C, with shaking, up to mid-exponential phase (Optial density

OD600 = 0.5), and re-suspended after entrifugation in the medium used for the experiments: M9 Mini-

mal Salts, 5× supplemented with 1 g.L−1
Bato Casamino Aids (both from Difo Laboratories, Sparks),

4 g.L−1
D-Gluose, and 1 mM MgSO4. The two types of bateria were ultured independently before

being mixed at the desired ratio at a �nal onentration orresponding to OD600 = 0.5.

3.4.2 Miro fabriation and entrifugation

The miro-hannels were prepared using usual soft lithography tehniques [131℄. 100µm-high patterns

were mirofabriated on silion wafers using SU-8 100 resin (MICROCHEM). The PDMS was molded on

the wafer and peeled o� after uring. A lean glass slide and the miro patterned PDMS were plasma

treated for 30s and diretly plaed in ontat thereby forming an array of 8 PDMS/glass parallel miro-

hannels (width=500µm, height=100µm, length=1.8m). They were then �lled by apillarity with the

homogeneous suspension of motile bateria and sealed with a fast uring epoxy resin. The glass slide was

gently entrifuged (800rpm, rotor diameter 20m) at room temperature for half an hour. The bateria

aumulated at one end of the hannels and stayed motile.

3.4.3 Video Mirosopy

The hannels were then immediately plaed in a losed hamber maintained at onstant temperature

(33

◦C). Few minutes after entrifugation had been stopped the onentration waves of bateria started

to propagate inside the hannels (Figure 3.1). The observations were performed with a Leia MZ16F

stereomirosope equipped with two �uoresene sets: a green one, GFP2 (Leia) Ex480/Em510 and

a red one, G (Leia) Ex546/Em590. Images were reorded on a CCD amera (CoolSnapHQ, Roper

Sienti�) at a framerate of one image per minute for both �uoresene signals. The image staks were

then post-proessed using ImageJ and Matlab.

3.4.4 Analytial forms of ρi and S

Experiments show that bateria are onentrated loally in spae while traveling. Therefore, traveling

pulses (see [69, 97℄) are partiularly interesting to study. By de�nition, we say that Equation (3.3) admits

traveling pulses if and only if ρi, S,N are traveling waves i.e funtions satisfying the ansatz

ρ1(t, x) = ρ̃1(z), ρ2(t, x) = ρ̃2(z), S(t, x) = S̃(z), N(t, x) = Ñ(z), where z = x− σt,

with σ being the speed of the wave. The unknowns of the problem are σ and the one-variable funtions

S̃, Ñ , ρ̃1, ρ̃2, where ρ̃1, ρ̃2 are pulses as de�ned below.

De�nition

A pulse is de�ned as a real-valued funtion whih is inreasing for negative values of z, dereasing for

positive ones and deays to zero at in�nity.
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Plugging these expressions into Equation (3.3) and dropping the tilde over variables yields





−σ(ρ1)
′
= D1(ρ1)

′′
− (ρ1 (u1[S] + u1[N ]))

′
,

−σ(ρ2)
′
= D2(ρ2)

′′
− (ρ2 (u2[S] + u2[N ]))′ ,

−σS′
= DSS

′′ − αS + ρ1 + ρ2,

−σN ′
= DNN

′′ − γ1ρ1N − γ2ρ2N.

(3.8)

Looking for a pulse, we presribe the following boundary onditions

ρ1(±∞) = 0, ρ2(±∞) = 0, S(±∞) = 0. (3.9)

The fat that ρi are pulses implies that (see supplementary material 3.5.1)





(ρi)
′
(±∞) = 0, S′(±∞) = 0,

∂zS > 0 for z > 0, ∂zS < 0 for z > 0,

∂zN > 0 for z ∈ R.

(3.10)

Therefore, ui[N ] and ui[S] are given by

ui[S] = −χS
i sgn(z), ui[N ] = χN

i for i = 1, 2.

We integrate equations for ρi in (3.8) and use (3.10) to obtain

{
D1ρ1

′ = (u1[S] + u1[N ]− σ) ρ1,

D2ρ2
′ = (u2[S] + u2[N ]− σ) ρ2.

(3.11)

We dedue the analytial forms of ρi for i = 1, 2 and S.

ρi =





ρMi exp(λ−i z), λ−i =
χN
i + χS

i − σ

Di
> 0, for z < 0,

ρMi exp(λ+i z), λ+i =
χN
i − χS

i − σ

Di
< 0, for z > 0,

i = 1, 2. (3.12)

From the equation satis�ed by S, we dedue that

S(z) =

∫ +∞

−∞
K(z − y) (ρ1(y) + ρ2(y)) dy, (3.13)

where K is given by

K = exp

(
− σ

2DS
z −

√
σ2 + 4αDS

2DS
|z|
)
. (3.14)

3.4.5 Speed of the wave σ

Sine S is maximal at z = 0, by de�nition of a pulse, we should have S′(0) = 0. Di�erentiating S in

(3.13) gives

S′(0) =

∫ +∞

−∞
K ′(x)(ρ1(−x) + ρ2(−x))dx.

We split this integral into two parts S′
− and S′

+:

S′(0) =

∫ 0

−∞
K ′(x)(ρ1(−x) + ρ2(−x))dx +

∫ +∞

0

K ′(x)(ρ1(−x) + ρ2(−x))dx.

S′(0) =S′
− + S′

+.
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From the supplementary materials (see 3.5.2), S′
− and S′

+ are given by

S′
− = ρM1

−σ +
√
σ2 + 4αDS

−σ +
√
σ2 + 4αDS − 2DSλ

+
1

+ ρM2
−σ +

√
σ2 + 4αDS

−σ +
√
σ2 + 4αDS − 2DSλ

+
2

,

S′
+ = ρM1

σ +
√
σ2 + 4αDS

−σ −
√
σ2 + 4αDS − 2DSλ

−
1

+ ρM2
σ +

√
σ2 + 4αDS

−σ −
√
σ2 + 4αDS − 2DSλ

−
2

.

Putting together S′
− and S′

+ gives

S′(0) =ρM1
c1(

−σ −
√
σ2 + 4αDS − 2DSλ

−
1

) (
−σ +

√
σ2 + 4αDS − 2DSλ

+
1

)

+ρM2
c2(

−σ −
√
σ2 + 4αDS − 2DSλ

−
2

) (
−σ +

√
σ2 + 4αDS − 2DSλ

+
2

) ,

with ci given by

ci = 4
DS

Di

(
χS
i σ +

(
σ − χN

i

)√
σ2 + 4αDS

)
, i = 1, 2. (3.15)

Due to (3.10), S is maximal for z = 0, then S′
vanishes at 0 and we obtain the equation for σ

(
χS
1 σ + (σ − χN

1 )
√
σ2 + 4αDS

)
+
(
χS
2 σ + (σ − χN

2 )
√
σ2 + 4αDS

)
×

D1ρ
M
2

D2ρM1

(
−σ −

√
σ2 + 4αDS − 2DSλ

−
1

) (
−σ +

√
σ2 + 4αDS − 2DSλ

+
1

)
(
−σ −

√
σ2 + 4αDS − 2DSλ

−
2

) (
−σ +

√
σ2 + 4αDS − 2DSλ

+
2

) = 0. (3.16)

We reall that λ±i are given by (3.12). Unknowns ρMi are obtained thanks to the onservation of the

total subpopulation Mi. Indeed, from the onservative form of equations for ρi (3.3), it follows that for
all t ≥ 0

Mi =

∫ +∞

−∞
ρi(x, t)dx =

∫ +∞

−∞
ρinii (x)dx, i = 1, 2,

with ρinii = ρi(x, t = 0) the initial pro�le of ρi. We dedue

Mi =

∫ +∞

−∞
ρi(z)dz = ρMi

χS
i Di

(χS
i )

2 − (σ − χN
i )2

.

Replaing λ+i , λ
−
i by their values in (3.12) and using the previous relationship, (3.16) beomes

(σ − χN
1 ) + χS

1

σ√
σ2 + 4αDS

+
φred

1− φred
H(σ)

(
(σ − χN

2 ) + χS
2

σ√
σ2 + 4αDS

)
= 0, (3.17)

with

H(σ) =
χS
1D1

χS
2D2

(χS
2 )

2 − (σ − χN
2 )2

(χS
1 )

2 − (σ − χN
1 )2

h1(σ)

h2(σ)
,

hi(σ) = σ2(
DS

Di
− 1) + (1− 2

DS

Di
)σχN

i − χS
i

√
σ2 + 4αDS +

DS

Di
((χN

i )2 − (χS
i )

2)− αDi, i = 1, 2.

(3.18)

From the supplementary materials (see 3.5.3), we have that σ belongs to Ω = I1 ∩ I2 ∩ (σ1, σ2). Sine σ2
and χN

2 − χS
2 do not belong to Ω, then (3.17) rewrites

G(σ) =
φred

1− φred
,

where G is a positive funtion bounded over Ω given by

G(σ) = − χS
1 σ + (σ − χN

1 )
√
σ2 + 4αDS

H(σ)
(
χS
2 σ + (σ − χN

2 )
√
σ2 + 4αDS

) .
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The funtion G admits a maximum whih is �nite. Therefore, there exists φ∗red ∈ (0, 1) suh that

max
Ω

G(σ) =
φ∗red

1− φ∗red
.

For more details, we refer to parts 3.5.2, 3.5.3 in the supplementary material.

3.4.6 Derivation of the two-speies marosopi model

In this setion, we derive formally marosopi equations (3.3) from the kineti desriptions of indi-

vidual motion of bateria [100, 28, 73℄. This motion is a suession of run and tumble phases as observed

in [72℄. During the run phase, bateria move in straight lines and hange their diretion during the

tumble phase. The Othmer-Dunbar-Alt model (see [99, 3, 116℄) gives the mathematial desription of the

individual behaviour. It desribes the dynamis of the distribution density fi(x, v, t) of ells at position
x ∈ Rd

at time t having speed v ∈ V , where V is a bounded, symmetri and rotationally invariant domain

of Rd
. It reads

∂tfi + v · ∇xfi =
1

2

∫

V

(Ti[S](x, v, v
′, t)fi(x, v

′, t)− Ti[S](x, v
′, v, t)fi(x, v, t)) dv

′

+
1

2

∫

V

(Ti[N ](x, v, v′, t)fi(x, v
′, t)− Ti[N ](x, v′, v, t)fi(x, v, t)) dv

′, for i = 1, 2,

(3.19)

where Ti[S](x, v, v
′, t), Ti[N ](x, v, v′, t) stand for the amount of bateria reorienting from the diretion

v′ to v under the in�uene of the hemoattratant and the nutrient. They are usually alled tumbling

kernels.

From the de�nition of the tumbling kernels (see [40℄), we an onsider that Ti[S] and Ti[N ] are given by

{
Ti[S] = Φi[S](∂tS + v′ · ∇xS),

Ti[N ] = Φi[N ](∂tN + v′ · ∇xN),

We perform a di�usive saling (x̃ = εx, t̃ = ε2t) where ε > 0 is a small parameter and get

∂tf
ε
i +

v

ε
· ∇xf

ε
i =

1

2ε2

∫

V

Φε
i [S](∂tS + v′ · ∇xS)f

ε
i (x, v

′, t)dv′ − |V |Φε
i [S](∂tS + v · ∇xS)f

ε
i (x, v, t),

+
1

2ε2

∫

V

Φε
i [N ](∂tN + v′ · ∇xN)f ε

i (x, v
′, t)dv′ − |V |Φε

i [N ](∂tN + v · ∇xN)f ε
i (x, v, t).

Sine tumbling kernels are pertubations of onstant tumbling rates for E.Coli, we an assume that

{
Φε

i [S](∂tS + v · ∇xS) =ψi

(
1 + εφSi (ε∂tS + v · ∇xS)

)
,

Φε
i [N ](∂tN + v · ∇xN) =ψi

(
1 + εφNi (ε∂tN + v · ∇xN)

)
,

where φSi , φ
N
i are dereasing funtions.

We write expansions of f ε
i when ε tends to zero.

f ε
i = f0

i + εf1
i , for i = 1, 2.

Plugging these expansions in the equation for f ε
i gives at the order 1/ε2

f0
i (x, v, t) =

∫
V f

0
i (x, v

′, t)dv′

|V | =
ρ0i (x, t)

|V | , for i = 1, 2.

At the order 1/ε, we get

f1
i =

1

|V |

∫

V

f1
i (x, v

′, t)dv′ +
1

2 |V |

∫

V

(
φSi (v · ∇xS

0) + φNi (v · ∇xN
0)
)
f0
i (x, v

′, t)dv′

− 1

2

(
φSi (v · ∇xS

0) + φNi (v · ∇xN
0)
)
f0
i (x, v, t) −

v

|V |ψi
· ∇xf

0
i ,
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where S0
and N0

are leading order terms of asymptoti expansions of respetively S and N and are

solutions to equations (3.3) for S and N with ρi = ρ0i .
Integrating the equation for f ε

i over V yields the following onservation equation for ρεi =
∫
V f

ε
i dv

∂t

∫

V

f ε
i dv +

1

ε
∇ ·
(∫

V

vf ε
i dv

)
= 0.

From the asymptoti analysis arried out before, we have that

∫

V

f ε
i (x, v, t)dv → ρ0i (x, t).

Sine V is a symmetri bounded domain, we have the onvergene of the saled �rst moment

1

ε

∫

V

vf ε
i (x, v, t)dv →

∫

V

vf1
i (x, v, t)

with

∫

V

vf1
i (x, v, t) = −

(∫

V

v

2 |V |φ
S
i (v · ∇xS

0)dv

)
ρ0i (x, t)−

(∫

V

v

2 |V |φ
N
i (v · ∇xN

0)dv

)
ρ0i (x, t)

−
∫

V

v ⊗ v

|V |2 ψi

∇xρ
0
i (x, t).

We �nally obtain the equation for ρ0i in (3.3). This formal omputation has been rigorously established

by part of the authors in [43℄.

3.4.7 Parameter estimation

In this setion, we alibrate our model. This means �nding values of parameters DS , α, χ
N
i , χ

S
i , Di.

Note that DS and Di ould be measured experimentally (see [72, 114, 71℄). Other parameters are

determined as in [115℄. We remark that our dispersion formula (3.7) for the two speies extends the

single speies formula. The experimental observation of the double exponential shape gives λ±i , then
χS
i , χ

N
i , α are dedued.

α = (σi)
2 −λ+i λ−i
DS(λ

+
i + λ−i )

2
,

χN
i = σ +

Di

(
λ+i + λ−i

)

2
,

χS
i =

Di

(
λ+i − λ−i

)

2
.
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Tables

3.5 Supplementary material

In this part, we prove several tehnial results.
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Table 3.1: Table of the values of parameters

E�etive baterial di�usion of subpopulation 1 D1 1.79× 10−6
m

2.s−1
Experimental measurement

E�etive baterial di�usion of subpopulation 2 D2 3.29× 10−6
m

2.s−1
Experimental measurement

E�etive baterial hemosensivity of subpopulation 1 χS
1 6.49× 10−5

m.s−1
Experimental �t

E�etive baterial hemosensivity of subpopulation 2 χS
2 2.88× 10−4

m.s−1
Experimental �t

E�etive baterial hemosensivity of subpopulation 1 χN
1 2.57× 10−4

m.s−1
Experimental �t

E�etive baterial hemosensivity of subpopulation 2 χN
2 4.74× 10−4

m.s−1
Experimental �t

Chemial degradation α 5× 10−2
s

−1
Experimental �t

Chemoattratant di�usion DS 8× 10−6
m

2.s−1
[72℄

Nutrient di�usion DN 8× 10−6
m

2.s−1
[72℄

3.5.1 Proof of the result (3.10) on the signs of ∂zS and ∂zN

We prove that : if ρ1 and ρ2 are pulses, then S is also a pulse and we have

{
∂zS > 0, for z < 0,

∂zS < 0, for z > 0.

Futhermore, we have

∂zN > 0, for z ∈ R.

Let us prove this result. Equation (3.13) says that S = K ∗ (ρ1 + ρ2). Sine ρi deays to zero at in�nity,

we onlude that S also deays to zero at in�nity. The equation for S in (3.3) also implies that S′
admits

a limit at in�nity. This limit has to be zero otherwise S would not have a limit at in�nity. Sine limits of

S are equal to zero at in�nity, S′
vanishes at least one. Without loss of generality, let us suppose that

S′
vanishes at z = 0 if not, we an do a translation in z. Di�erentiating the equation for S in (3.3) yields

−σ∂zS′ = DS∂zz(S
′)− αS′ + ∂zρ1 + ∂zρ2

Sine ρi is a pulse, we have that ∂zρi is positive in (−∞, 0). We get that

−σ∂zS′ −DS∂zzS
′ + αS′ ≥ 0 in (−∞, 0).

Consider u = −S′
, then u satis�es

−σ∂zu−DS∂zzu+ αu ≤ 0, (−∞, 0).

Multiplying this equation by u+ := max(u, 0) and integrating by parts yields

−σ
∫ 0

−∞
∂zu

+u+ +DS

∫ 0

−∞
∂zu

+2
+ α

∫ 0

−∞
u+

2 ≤ 0.

Sine the �rst term is zero ∫ 0

−∞
∂zu

+u+ = [(u+)2]0−∞ = 0,

we get

DS

∫ 0

−∞
(∂zu

+)
2
+ α

∫ 0

−∞
(u+)

2 ≤ 0.

Sine we have the sum of two nonnegative terms, this implies that

∫ 0

−∞
(u+)

2 ≤ 0.
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We have proved that u+ = 0 for z ∈ (−∞, 0) whih by de�nition d of u means that ∂xS > 0.
By a similar argument, we show that ∂zS < 0 for z ∈ (0,∞).
Now, we prove that ∂zN > 0. By using the same tehnique, we an show that ρi, i = 1, 2 and N are

positive. Denoting u = −∂zN and using the positivity of ρi and N gives that

−σu−DNu
′ ≥ 0, in (−∞,∞).

By multiplying by u+ and integrating by parts, one has

σ

∫ +∞

−∞
(u+)2 ≤ 0 whih implies that ∂zN > 0, in (−∞,−∞).

3.5.2 Detailed omputation of S ′(0)

In this part, we provide missing omputations of S′
−, S

′
+, ci, hi whih are used to derive the dispersion

relation (3.7) in Setion 2.

3.5.2.1 Computations of S′
−, S

′
+

From the de�nition of K (3.14), K ′
reads

K ′ =





(
− σ

2DS
+

√
σ2 + 4DSα

2DS

)
exp

(
− σ

2DS
z +

√
σ2 + 4DSα

2DS
z

)
, for z < 0,

(
− σ

2DS
−

√
σ2 + 4DSα

2DS

)
exp

(
− σ

2DS
z −

√
σ2 + 4DSα

2DS
z

)
, for z > 0.

We have

∫ 0

−∞
K ′(x)ρi(−x)dx = ρMi

−σ
√
σ2 + 4αDS

2DS

∫ 0

−∞
exp

(
− σ

2DS
x+

√
σ2 + 4DSα

2DS
x− λ+i x

)
dx.

It follows that

∫ 0

−∞
K ′(x)ρi(−x)dx = ρMi

−σ+
√
σ2+4αDS

2DS

−σ+
√
σ2+4αDS

2DS
− λ+i

×
[
exp

(
− σ

2DS
x+

√
σ2 + 4DSα

2DS
x− λ+i x

)]0

−∞
.

We onlude that ∫ 0

−∞
K ′(x)ρi(−x)dx = ρMi

−σ +
√
σ2 + 4αDS

−σ +
√
σ2 + 4αDS − 2DSλ

+
i

.

In the same way, we an prove that

∫ +∞

0

K ′(x)ρi(−x)dx = ρMi
σ +

√
σ2 + 4αDS

−σ −
√
σ2 + 4αDS − 2DSλ

−
i

.

Finally, S′
− and S′

+ read

S′
− =

∫ 0

−∞
K ′(x)(ρ1(−x) + ρ2(−x))dx,

= ρM1
−σ +

√
σ2 + 4αDS

−σ +
√
σ2 + 4αDS − 2DSλ

+
1

+ ρM2
−σ +

√
σ2 + 4αDS

−σ +
√
σ2 + 4αDS − 2DSλ

+
2

,

S′
+ =

∫ ∞

0

K ′(x)(ρ1(−x) + ρ2(−x))dx

= ρM1
σ +

√
σ2 + 4αDS

−σ −
√
σ2 + 4αDS − 2DSλ

−
1

+ ρM2
σ +

√
σ2 + 4αDS

−σ −
√
σ2 + 4αDS − 2DSλ

−
2

.
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3.5.2.2 Computations of ci and hi

Coe�ients ci are de�ned in (3.15)

ci =
(
−σ +

√
σ2 + 4αDS

)(
−σ −

√
σ2 + 4αDS − 2DSλ

−
i

)

+
(
σ +

√
σ2 + 4αDS

)(
−σ +

√
σ2 + 4αDS − 2DSλ

+
i

)
.

Expanding ci yields

ci = (−σ +
√
σ2 + 4αDS)(−σ −

√
σ2 + 4αDS) + (σ +

√
σ2 + 4αDS)(−σ +

√
σ2 + 4αDS)

+ 2DS(σ −
√
σ2 + 4αDS)λ

−
i − 2DS(σ +

√
σ2 + 4αDS)λ

+
i .

Realling expressions of λ±i 



λ−i =
χN
i + χS

i − σ

Di
,

λ+i =
χN
i − χS

i − σ

Di
,

we an write

ci = 2DS(σ −
√
σ2 + 4αDS)

{
χN
i − σ

Di
+
χS
i

Di

}
− 2DS(σ +

√
σ2 + 4αDS)

{
χN
i − σ

Di
− χS

i

Di

}
.

After simpli�ation, we obtain

ci = −4
DS

Di
(χN

i − σ)
√
σ2 + 4αDS + 4

DS

Di
χS
i σ.

We now ompute the funtions hi de�ned by:

hi(σ) :=
(
−σ −

√
σ2 + 4αDS − 2DSλ

−
i

)(
−σ +

√
σ2 + 4αDS − 2DSλ

+
i

)
.

The expansion of hi leads to

hi(σ) =
(
−σ −

√
σ2 + 4αDS

)(
−σ +

√
σ2 + 4αDS

)

+ 2DSλ
+
i

(
σ +

√
σ2 + 4αDS

)
+ 2DSλ

−
i

(
σ −

√
σ2 + 4αDS

)
+ 4D2

Sλ
+
i λ

−
i .

Straightforward omputations give

hi(σ) = −4αDS + 4
DS

Di
σ(χN

i − σ)− 4
DS

Di
χS
i

√
σ2 + 4αDS + 4(

DS

Di
ρ

)2
(
(χN

i − σ)2 − (χS
i )

2
)
.

We obtain after further simpli�ations

hi(σ) = 4
DS

Di

(
σ2(

DS

Di
− 1) + χN

i σ(1 − 2
DS

Di
)− χS

i

√
σ2 + 4αDS +

DS

Di

(
(χN

i )2 − (χS
i )

2
)
− αDi

)
.

3.5.3 Complete analysis of traveling pulses

In this part, the study of the dispersion relation presented brie�y in the seond setion is detailed.

We suppose the existene of traveling pulses, whih implies the double exponential shapes of ρi as given
in (3.12) with 




λ−i =
χN
i − σ + χS

i

Di
ρ

> 0

λ+i =
χN
i − σ − χS

i

Di
ρ

< 0

⇒ χN
i − χS

i < σ < χN
i + χS

i
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The non-nullity of the intersetion of I1 and I2 in assumption (3.6) is the �rst ondition to have the

existene of traveling pulses. This gives the interval to whih σ must belong. The dispersion relation will

be studied in this interval. For σ in this interval, λ−i is positive and λ+i negative, then

hi(σ) =


−σ −

√
σ2 + 4αDS︸ ︷︷ ︸
<0

−2DSλ
−
i




−σ +

√
σ2 + 4αDS︸ ︷︷ ︸
>0

−2DSλ
+
i


 < 0.

Moreover,

χN
i − σ ∈ (−χS

i , χ
S
i ) ⇒ (χS

i )
2 − (χN

i − σ)2 > 0.

Therefore,

H(σ) =
χS
1D1

χS
2D2

(χS
2 )

2 − (χN
2 − σ)2

(χS
1 )

2 − (χN
1 − σ)2

h1(σ)

h2(σ)
> 0.

We reall the dispersion relation (3.7) obtained in the seond setion

(
(σ − χN

1 ) + χS
1

σ√
σ2 + 4αDS

)
+

φred
1− φred

H(σ)

(
(σ − χN

2 ) + χS
2

σ√
σ2 + 4αDS

)
= 0.

Denoting gi the mapping σ 7−→ (σ−χN
i )+χS

i
σ√

σ2+4αDS
de�ned over Ii. Then gi is an inreasing mapping

(gi)
′
(σ) = 1 +

4αDS

(σ2 + 4αDS)
√
σ2 + 4αDS

> 0.

Moreover

gi(χ
N
i − χS

i ) = −χS
i +

χN
i − χS

i

(χN
i − χS

i )
2 + 4αDS︸ ︷︷ ︸

≤1

χS
i < 0,

gi(χ
N
i + χS

i ) = χS
i +

χN
i + χS

i

(χN
i + χS

i )
2 + 4αDS

χS
i > 0.

By a monotoniity argument, there exists a unique σi ∈ Ii suh that gi(σi) = 0. This orresponds to the

individual speed of subpopulation i.
From the hypothesis that subpopulation 2 moves faster than subpopulation 1, we have σ1 < σ2 From

the dispersion relation (3.7), g1(σ) and g2(σ) are of opposite signs. Thus, from the monotony of gi, we
dedue that

σ ∈ (σ1, σ2).

Putting together the two onditions, we get

σ ∈ (σ1, σ2) ∩ (I1 ∩ I2).

If the two following onditions hold

χN
2 − χS

2 6∈ I1 ∩ I2
σ2 6∈ I1 ∩ I2

⇒ (σ1, σ2) ∩ (I1 ∩ I2) = (σ1, χ
N
1 + χS

1 ).

The dispersion relation (3.7) is equivalent to

G(σ) =
φred

1− φred
,

where G is de�ned by

G(σ) := −χ
S
2D2

χS
1D1

g1(σ)

g2(σ)

h2(σ)

h1(σ)

(χS
1 )

2 − (χN
1 − σ)2

(χS
2 )

2 − (χN
2 − σ)2

.

86



3.5. Supplementary material

Sine σ2 6∈ (I1∩I2), we have χN
2 +χS

2 6∈ (I1∩I2) and the denominator of G does not vanish on [σ1, χ
S
1 +χ

N
1 ].

We onlude that the funtion G is a bounded and positive ontinuous funtion over [σ1, χ
S
1 + χN

1 ]. G
attains its maximum over [σ1, χ

S
1 + χN

1 ] denoted λ∗ and we get

φred
1− φred

≤ λ∗ ⇒ φred ≤ φ∗red =
λ∗

1 + λ∗
.

This leads to the following onlusion

� φred ≤ φ∗red ⇒ Existene of a speed σ satisfying the dispersion relation (3.7)

� φred > φ∗red ⇒ Non-existene of a σ.
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Well-balaned and asymptoti

preserving sheme for kineti models

Ce travail est réalisé en ollaboration ave Min Tang de l'Institut de Sienes Naturelles de

l'Université de Shanghai Jiao Tong. Il propose une méthode pour onstruire des shémas

numériques de modèles inétiques qui préservent à la fois le omportement en temps long et le

omportement asymptotique (pour ε petit). Cette méthode a été appliquée aux modèles iné-

tiques de himiotatisme et de transfert radiatif.

Artile soumis.





Chapter 4

Well-balaned and asymptoti

preserving sheme for kineti models

Abstrat

In this hapter, we propose a general framework for designing numerial shemes that have both well-

balaned (WB) and asymptoti preserving (AP) properties, for various kinds of kineti models. We are

interested in two di�erent parameter regimes, 1) When the ratio between the mean free path and the

harateristi marosopi length ε tends to zero, the density an be desribed by (advetion) di�usion

type (linear or nonlinear) marosopi models; 2) When ε = O(1), the models behave like hyperboli

equations with soure terms and we are interested in their steady states. We apply the framework to

three di�erent kineti models: neutron transport equation and its di�usion limit, the transport equation

for hemotaxis and its Keller-Segel limit, and grey radiative transfer equation and its nonlinear di�usion

limit. Numerial examples are given to demonstrate the sheme properties.
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4.1 Introdution

Transport equations are important sine they arise in many important appliations, ranging from

neutron transport, radiative transfer, semiondutor devie simulation to E.oli hemotaxis. These models

desribe partiles that travel freely for a ertain distane and then hange their diretions by sattering,
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interating with bakground media or tumbling. The mean free path (the average distane a partile

travels between two suessive veloity hanges) is an important parameter, when it is small ompared

to the typial length sales, various marosopi model an be derived asymptotially or analytially

[28, 91, 100℄.

Let the dimensionless parameter ε denote the ratio of the mean free path and the typial length

sale. Numerial solutions to the transport equation are hallenging when ε is small, sine it requires the

numerial resolution of the small sale. To develop a multi-sale sheme whose stability and onvergene

are independent of ε refers to the asymptoti preserving (AP) property. When ε = O(1), the models

behave like hyperboli equations with soure terms. When the soure terms in the system beome sti�,

the usual numerial methods may give poor approximations to the steady state solutions [13, 92℄. To

maintain the steady states or to ahieve them in the long time limit with an aeptable level of auray

refers to the well balaned (WB) property.

In this work, we present a general framework to build shemes that have both properties. Two di�erent

kineti models are onsidered to illustrate the idea of our proposed framework

Transport equation for Chemotaxis and its Keller-Segel limit

Bateria undergo run and tumble proess as mentioned in [72, 115, 116℄. During the run phase, bateria

move along a straight line and hange their diretions during the tumble phase. This individual motion

is alled the veloity jump proess and modeled by the so-alled Othmer-Dunbar-Alt model [4, 99℄ whih

reads





∂tf
ε +

v

ε
· ∇xf

ε =
1

ε2

(
1

|V |

∫

V

(
1 + εφ(v′ · ∇xS)

)
f ε(v′)dv′ −

(
1 + εφ(v · ∇xS)

)
f ε(v)

)
,

∂tS
ε −D∆Sε + αSε = βρε(x, t) :=

1

|V |

∫

V

f εdv.

(4.1)

Here f ε(x, v, t) is the amount of ells with veloity v ∈ V (V is a sphere) at position x and time t > 0,
φ(u) is a dereasing funtion in u, Sε(x, t) is the onentration of the hemial substane. The parameters

D,α, β are positive onstants and ε is the ratio of the average run distane between two suessive tumbles

and the harateristi marosopi length.

When ǫ→ 0, the solution of (4.1) f ε(x, v, t) tends to ρ0(x, t), whih is independent of v and satis�es

the following Keller-Segel type equation [28, 43, 73, 85, 100℄ :




∂tρ =

1

3
∆ρ+∇

(( 1

|V |

∫

V

vφ(v∂xS)dv
)
ρ

)
,

∂tS −D∆S + αS = βρ.

(4.2)

Many numerial shemes have been proposed to study (4.1) [25, 52, 56℄.

Gray radiative transfer equation and its nonlinear di�usion limit:

The gray radiative transfer equation onerns photon transport and its interation with the bakground

material. It has wide appliation in astrophysis and inertial on�nement fusion. The system for the

radiative intensity I and the material temperature is





1

c
∂tI +

1

ε
v · ∇xI =

σ

ε2

(
1

|V |acT
4 − I

)
+ q(v),

Cv∂tT =
σ

ε2
(ρ− acT 4),

(4.3)

where ρ :=
∫
V
Idv, σ(x, T ) is the opaity and a, c, Cv are positive onstants represent the radiation

onstant, light speed and heat apaity respetively. Similar to the hemotaxis ase, when ε goes to
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zero, the radiative intensity I approahes a Plankian at the loal temperature

1
|V |acT

4
and the photon

temperature satis�es the following nonlinear di�usion equation:

a∂tT
4 + Cv∂tT = ∇x(

ac

3σ
∇xT

4) +

∫

V

q dv. (4.4)

It is important to preserve the steady state temperature distribution when t→ ∞.

A sheme for suh problems is AP if it preserves the limiting equation (4.2) or (4.4) when ε→ 0 at the

disrete level. AP shemes were �rst designed for the neutron transport equation to use unresolved ells

to apture the marosopi di�usion limit model [90, 91℄. It has been suessfully extended to a lot of

appliations, we refer to the review paper [78℄ for more disussions. In the literature, many papers have

been devoted to build AP shemes for di�usion limit of the transport equations, for example [1, 25, 38, 95℄.

WB shemes are developed for hyperboli equations with soure terms. They have been proposed for

various appliations, inluding the Saint-Venant system with a soure term, the non-isothermal nozzle

�ow equations, et. By balaning the numerial �ux with the soure term, WB shemes an apture the

steady state solutions exatly or with at least a seond order auray [83℄. A very limited list of suh

referenes inludes but not limits to quasi-steady sheme [92℄, kineti shemes [104, 133℄, entral shemes

[88℄, interfae sheme [83℄, and other referenes there in [11℄.

Reently designing shemes that are either AP or WB, or have both properties attrats a lot of

interests, both for kineti hemotaxi model [56, 58, ?℄ and grey radiative transfer equation [55, 120℄.

Generally, it is very hard to have a sheme that have both properties and this is the goal of our present

paper.

The paper is organized as follows: In setion 2, the sheme framework omposed of two steps: pre-

dition step and steady problem step, is desribed and we show that the AP and WB properties an be

ahieved. Setion 3 and 4 are respetively devoted to the onstrution of AP and WB shemes for the

transport equation for hemotaxis and the gray radiative transfer equation. In the predition step, we

�rst extend the uni�ed gas approah for neutron transport equation [95℄ to the hemotaxis model (4.1)

and onstrut a new AP sheme for E.oli hemotaxis, while, for the gray radiative transfer equation, the

sheme in [120℄ is employed. Then, in the steady problem step, we use the numerial results obtained

by an AP sheme for the steady state equation of (4.1) or (4.3) to modify the numerial �ux. The

performanes of the proposed shemes are presented in setion 5 and we onlude with some disussion

in setion 6.

4.2 The sheme framework and its WB and AP properties

In this part, we introdue a general framework of designing WB and AP shemes, while the details of

the disretization are given in setion 3 and setion 4. In the subsequent part of the paper, we onsider

the one dimensional problem and use a uniform grid with

xi = i∆x, i ∈ Z, tn = n∆t, n ∈ N.

Extensions to the two dimensional ase are straightforward.

To illustrate the idea, we onsider the following simplest one dimensional neutron transport equation

∂tf +
1

ε
v∂xf =

σT
ε2

(ρ− f)− σaρ+ q, (4.5)

with ρ := 1
2

∫ 1

−1
fdv. When ε → 0, the solution of the above equation tends to ρ0 whih satis�es the

following di�usion equation

∂tρ0 − ∂x
( 1

3σT
∂xρ0

)
+ σaρ0 = q.
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The formal derivation is standard by substituting the Chapman-Enskog expansion

f = f (0) + εf (1) + ε2f (2) + · · ·
into (4.5). When ε is small, the solution to (4.5) f an be approximated by

f = ρ(0) − ε

σT
v∂xρ

(0) +O(ε2). (4.6)

We are interested in ε ranging from O(1) to very small, the numerial sheme writes:

fn+1
i − fn

i

∆t
+

v

ε∆x

(
(1 − α̃)fn

i + α̃fn+1
i − f̂n

i−1/2

)
= 0, v > 0,

fn+1
i − fn

i

∆t
+

v

ε∆x

(
f̂n
i+1/2 −

(
(1 − α̃)fn

i + α̃fn+1
i

))
= 0, v < 0,

(4.7)

where fn
i are the approximation of the average f(x, tn) in the interval (xi−1/2, xi+1/2) = (xi−∆x/2, xi+

∆x/2) and

α̃ = min

(
1,

∆t

ε

)
. (4.8)

The determination of f̂n
i+1/2 onsists of two steps: the predition step and the steady problem step.

Predition step: The predition step is to evolve the equation (4.5) for one time step by an AP

sheme. Starting from fn
i obtained from the nth iteration, the preditions f̃n+1

i and ρ̃n+1
i = 1

2

∫ 1

−1
fn+1
i dv

an be found by any sheme that is AP. The requirement that, when ε → 0, the sheme preserves the

di�usion limit at the disrete level an only be ahieved when

f̃n+1
i ≈ ρ̃n+1

i +O(ε) (4.9)

and ρ̃ni is a disretization of the limiting di�usion equation. Here in this paper we use the uni�ed gas

approah developed in [95, 132, 120℄ for various kineti models.

Steady problem step: The seond step is devoted to the omputation of the steady state problem.

On eah ell [xi, xi+1], we solve the following stationary problem:

v · ∂xf̂ =
σT
ε

(
ρ̂− f̂

)
− εσaρ̂+ εq (4.10)

together with in�ow boundary onditions

{
f̂(xi, v) = (1 − α̃)fn

i + α̃f̃n+1
i , v > 0,

f̂(xi+1, v) = (1− α̃)fn
i+1 + α̃f̃n+1

i+1 , v < 0.
(4.11)

Here f̃n+1
i is determined by the predition step. Then f̂n

i+1/2 in (4.7) is given by the out�ow of the above

steady state problem in eah ell suh that

f̂n
i+1/2(v) = f̂(xi+1, v), v > 0 f̂n

i+1/2(v) = f̂(xi, v), v < 0. (4.12)

First of all, when ǫ is at O(1) or ∆x,∆t ≪ ε, i.e. α̃ = ∆t/ε, we show that (4.7) is a onsist

disretization for (4.5). We only onsider the ase when v > 0. Sine f̂n
i−1/2 is obtained from the steady

problem step, it an be approximated by

(1 −∆t/ε)fn
i−1 +∆t/εf̃n+1

i−1 +∆x∂xf̂
n(xi−1, v)

=(1 −∆t/ε)fn
i−1 +∆t/εf̃n+1

i−1 +
∆x

v

(σT
ε

(
ρ̂ni−1 − f̂n

i−1

)
− εσaρ̂

n
i−1 + εq

)

=fn
i−1 +

∆x

v

(σT
ε

(
ρni−1 − fn

i−1

)
− εσaρ

n
i−1 + εq

)
+O(∆t2) +

∆x

v
O(∆x).
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From the CFL ondition, ∆t < ǫ
max |v|∆x, (4.7) an then be approximated by

fn+1
i − fn

i

∆t
+

v

ε∆x

(
fn
i − fn

i−1

)
=
σT
ε2
(
ρni−1 − fn

i−1

)
− σaρ

n
i−1 + q +O(∆x).

The derivation for v < 0 is the same.

Moreover, we have the following proposition:

Proposition 4.2.1. When AP shemes are used in the predition step and steady problem, the numerial

sheme given in (4.7) has both WB and AP properties.

Proof. AP property: When ε tends to zero, sine AP shemes are used for the predition step, we have

(4.9). From (4.8), when ε is small, α̃ = 1, then the boundary onditions for the steady state problem

(4.10) on eah ell beomes

f̂(xi, v) = ρ̃n+1
i +O(ε), v > 0, f̂(xi+1, v) = ρ̃n+1

i+1 +O(ε), v < 0.

When ε is small, at the leading order, the boundary onditions for the steady state problem (4.10) are

isotropi. Therefore we have

f̂ = ρ̂+O(ε)

and

f̂n
i+1/2 = f̂(xi+1, v) = ρ̃n+1

i+1 +O(ε), v > 0,

f̂n
i+1/2 = f̂(xi, v) = ρ̃n+1

i +O(ε), v < 0.

Then from (4.7),

fn+1
i =

f̂i− 1
2
+ ε∆x

v∆t f
n
i

1 + ε∆x
v∆t

= f̂n
i− 1

2
+O(ε) = ρ̃n+1

i +O(ε), v > v0,

fn+1
i =

f̂i+ 1
2
− ε∆x

v∆t f
n
i

1− ε∆x
v∆t

= f̂n
i+ 1

2
+O(ε) = ρ̃n+1

i +O(ε), v < −v0.

with v0 small positive value away from 0. Therefore, we get

ρn+1
i = ρ̃n+1

i +O(ε).

Sine ρ̃n+1
i satisfy the marosopi equation at the disrete level, i.e. the leading order of fn+1

i evolves

aording to a disrete di�usion equation, whih gives the AP property of the proposed sheme (4.7).

WB property: To prove the WB property, we assume that at time tn, fn
i = f(xi, v) where f(x, v)

is the solution to the steady state equation (4.10) with given in�ow boundary onditions on the whole

omputational domain. We need to show that when ∆x, ∆t are small enough, fn+1
i = fn

i + O(∆x∆t).
For the resolved ase under onsideration,

α̃ =
∆t

ε
.

Sine the sheme at the predition step is onsistent, onsider the simplest �rst order method, we have

f̃n+1
i = fn

i +O(∆x,∆t).

The in�ow boundary onditions in (4.11) beomes

{
f̂(xi, v) = (1 − α̃)fn

i + α̃f̃n+1
i = fn

i +O(∆x∆t), v > 0,

f̂(xi+1, v) = (1 − α̃)fn
i+1 + α̃f̃n+1

i+1 = fn
i+1 +O(∆x∆t), v < 0.
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Sine the steady state problem is solved in a ell of size ∆x, by the simplest Taylor expansion, the out

�ow an be approximated by at least seond order auray, so that

f̂n
i+1/2 = f(xi+1, v) +O(∆x∆t,∆x2), v > 0;

f̂n
i+1/2 = f(xi, v) +O(∆x∆t,∆x2), v < 0.

Thus, (4.7) yields

fn+1
i =

f̂i− 1
2
+ ε∆x

v∆t f
n
i

1 + ε∆x
v∆t

= f(xi, v) +O(∆x∆t,∆x2), v > 0,

fn+1
i =

f̂i+ 1
2
− ε∆x

v∆t f
n
i

1− ε∆x
v∆t

= f(xi, v) +O(∆x∆t,∆x2), v < 0.

(4.13)

Due to the CFL ondition, O(∆t) = O(∆x), the solution approximate the steady state f with a formally

seond order auray O(∆x2).

Remark 4.2.2. The framework in this setion does not depend on spei� AP methods for the time

evolutionary problem and the steady state problem, we an hoose any sheme in the literature that has

been proved to be AP for various kineti models.

Remark 4.2.3. The auray of preserving the steady state problem an be improved by using higher

order method in spae and time, or we an repeat one the steady problem step by replaing f̃n+1
i from

the predition step by fn+1
i obtained in (4.13).

4.3 The hemotaxis kineti model

In this setion, we apply the framework in setion 2 to the hemotaxis kineti model (4.1). Two

spei� AP shemes are respetively hosen for the time evolutionary problem and steady state problem.

We �rst extend the uni�ed gas kineti sheme (UGKS) in [95, 134, 132℄ to get an AP sheme for the time

evolutionary problem, then solve the steady state equation by extending the sheme in [82℄ whih was

originally designed for the isotropi neutron transport equation. In [25℄, the authors have proposed AP

shemes for the hemotaxis kineti model, our approah is di�erent. The details are desribed below.

As in [95℄, the UGKS is a �nite volume approah of integrating (4.1) over [xi−1/2, xi+1/2]× [tn, tn+1]×
V . Let

fn
i =

1

∆x

∫ xi+1/2

xi−1/2

f(x, v, tn) dx, ρni =
1

|V |

∫

V

fn
i dv.

ρn+1
i and fn+1

i are updated as follows

ρn+1
i − ρni

∆t
+
Fn
i+1/2 − Fn

i−1/2

∆x
= 0, (4.14)

fn+1
i − fn

i

∆t
+

Φn
i+1/2 − Φn

i−1/2

∆x
=

1

ε2
(
ρn+1
i − fn+1

i

)

+
1

ε

(
1

|V |

∫

V

φ(vσi+1/2)f
n
i − φ(vσi+1/2)f

n
i

)
. (4.15)

Here the numerial �ux

Φn
i+1/2 ≈ 1

ε∆t

∫ tn+1

tn
vf(xi+1/2, v, t) dt,

Fn
i+1/2 ≈ 1

|V |

∫

V

( 1

ε∆t

∫ tn+1

tn
vf(xi+1/2, v, t) dt

)
dv.

(4.16)
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Sine one dimensional problem is onsidered here, we use disrete ordinate method for the veloity

disretization. The most ruial step for UGKS is to determine Φn
i+1/2 and Fn

i+1/2. The details are as

below:

4.3.1 Determine Φn
i+1/2, F

n
i+1/2

In one dimensional spae, the hemotaxis model (4.1) an be rewritten as follows:

∂tf
ε +

1 + εφ(v∂xS
ε)

ε2
f ε +

v

ε
∂xf

ε =
1

ε2
T 1f, (4.17)

where (T 1f)(x, t) :=
1

|V |

∫

V

(
1 + εφ(v∂xS)

)
f(x, v, t)dv.

To approximate the �ux Fn
i+1/2 in (4.16), we �rst approximate ∂xS by a pieewise onstant funtion

suh that

∂xS ≈ ∂xS(xi+1/2) := σi+1/2, x ∈ [xi, xi+1).

It is important to note that σi+1/2 approximate ∂xS in the interval [xi, xi+1) while fn
i is the density

average over the ell [xi−1/2, xi+1/2). This hoie is important to preserve the advetion term in the

limiting Keller-Segel model when ε beomes small.

On the interval [xi, xi+1), multiplying both sides of (4.17) by exp
(

(1+εφ(vσi+1/2)

ε2 t
)
yields

d

dt

[
f(x+

v

ε
t, v, t) exp

(
(1 + εφ(vσi+1/2)

ε2
t

)]
=

T 1f(x, t)

ε2
exp

(
(1 + εφ(vσi+1/2)

ε2
t

)
.

Integrating the above equation over (tn, t) yields

f(xi+1/2, v, t) = f(xi+1/2 −
v

ε
(t− tn), v, tn) exp

(
− (1 + εφ(vσi+1/2)

ε2
(t− tn)

)

+
1

ε2

∫ t

tn
T 1f(xi+1/2 −

v

ε
(t− s), s) exp

(
− (1 + εφ(vσi+1/2)

ε2
(t− s)

)
ds.

(4.18)

This is an exat expression for f(xi+1/2, v, t) that will be used to determine Φn
i+1/2, F

n
i+1/2 in (4.16).

At this stage, we need to approximate f(x, v, tn) and T 1f(x, t) on the right hand side of (4.18). f is

approximated by a pieewise onstant funtion and T 1f by a pieewise linear funtion as follows:

f(x, v, tn) =

{
fn
i , x < xi+1/2,

fn
i+1, x > xi+1/2,

T 1f(x, t) =

{
T 1fn

i+1/2 + δLT 1fn
i+1/2(x− xi+1/2), x < xi+1/2,

T 1fn
i+1/2 + δRT 1fn

i+1/2(x− xi+1/2), x > xi+1/2.

Here T 1fn
i+1/2, δ

LT 1fn
i+1/2, δ

RT 1fn
i+1/2 are de�ned by:





T 1fn
i+1/2 :=

1

|V |

∫

V −
(1 + εφ(vσi+1/2))f

n
i+1 +

1

|V |

∫

V +

(1 + εφ(vσi+1/2))f
n
i ,

δLT 1fn
i+1/2 :=

T 1fn
i+1/2 − T 1fn

i

∆x/2
,

δRT 1fn
i+1/2 :=

T 1fn
i+1 − T 1fn

i+1/2

∆x/2
,
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with V + = V ∩R+
and V − = V ∩ R−

.

Substituting the above approximations into (4.18) yields an expression for f(xi+1/2, v, t) suh that:

For v > 0,

f(xi+1/2, v, t) = fn
i exp

(
− (1 + εφ(vσi+1/2)

ε2
(t− tn)

)

+
T 1fn

i+1/2

1 + εφ(vσi+1/2)

(
1− exp

(
− (1 + εφ(vσi+1/2)

ε2
(t− tn)

))
+ vε

δLT 1fn
i+1/2

(1 + εφ(vσi+1/2))2

·
[(

1 +
1 + εφ(vσi+1/2)

ε2
(t− tn)

)
exp

(
− (1 + εφ(vσi+1/2)

ε2
(t− tn)

)
− 1

]
,

(4.19)

and for v < 0,

f(xi+1/2, v, t) = fn
i+1 exp

(
− (1 + εφ(vσi+1/2)

ε2
(t− tn)

)

+
T 1fn

i+1/2

1 + εφ(vσi+1/2)

(
1− exp

(
− (1 + εφ(vσi+1/2)

ε2
(t− tn)

))
+ vε

δRT 1fn
i+1/2

(1 + εφ(vσi+1/2))2

·
[(

1 +
1 + εφ(vσi+1/2)

ε2
(t− tn)

)
exp

(
− (1 + εφ(vσi+1/2)

ε2
(t− tn)

)
− 1

]
.

(4.20)

Then the �ux Φn
i+1/2(v) in (4.16) an be approximated by

Φi+1/2(v) = Avfn
i+1 +BvT 1fn

i+1/2 + Cv2δRT 1fn
i+1/2, for v < 0,

Φi+1/2(v) = Avfn
i +BvT 1fn

i+1/2 + Cv2δLT 1fn
i+1/2, for v > 0,

(4.21)

where the oe�ients A(v, ε,∆t), B(v, ε,∆t), C(v, ε,∆t) an be determined expliitly suh that

A(v, ε,∆t) : =
ε

∆t
(
1 + εφ(vσi+1/2)

)
(
1− exp

(
− 1 + εφ(vσi+1/2)

ε2
∆t
))

,

B(v, ε,∆t) : =
1

ε(1 + εφ(vσi+1/2))

− ε

∆t(1 + εφ(vσi+1/2))2

(
1− exp

(
− 1 + εφ(vσi+1/2)

ε2
∆t
))

,

C(v, ε,∆t) : =
2ε2

∆t(1 + εφ(vσi+1/2))3

(
1− exp

(
− 1 + εφ(vσi+1/2)

ε2
∆t
))

− 1

(1 + εφ(vσi+1/2))2

(
1 + exp

(
− 1 + εφ(vσi+1/2)

ε2
∆t
))

.

(4.22)

Furthermore, Fn
i+1/2 in (4.16) is given by

Fn
i+1/2 =

1

|V |

∫

V −
Avfn

i+1dv +
1

|V |

∫

V +

Avfn
i dv +

1

|V |T
1fn

i+1/2

∫

V

vBdv

+
1

|V |δ
RT 1fn

i+1/2

∫

V −
Cv2dv +

1

|V |δ
LT 1fn

i+1/2

∫

V +

Cv2dv. (4.23)

and we omplete the onstrution of the sheme. We an prove that the sheme is AP by employing

similar approah as in [95℄.
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4.3.2 AP property

In this part, we give a formal derivation of the AP property for the UGKS proposed in (4.14)�(4.15).

When ε goes to zero, asymptoti expansions of A,B,C given in (4.22) read

A = O(ε), B =
1

ε
− φ(vσi+1/2) +O(ε), C = −1 +O(ε).

The leading order term of (4.15) yields fn+1
i = ρn+1

i +O(ε) and we only need to show that (4.14) satis�es

the equation for ρ in (4.2), at the disrete level. Suppose that fn
i = ρni +O(ε), then





T 1fn
i+1/2 =

1

2

(
ρni + ρni+1

)
+O(ε),

δLT 1fn
i+1/2 =

ρni+1 − ρni
∆x

+O(ε),

δRT 1fn
i+1/2 =

ρni+1 − ρni
∆x

+O(ε).

We dedue that the expansion of Fn
i+1/2 reads:

Fn
i+1/2 = −ρ

n
i + ρni+1

2 |V |

(∫

V

vφ(vσi+1/2)dv

)
− ρni+1 − ρni

3∆x
+O(ε).

Therefore,

Fn
i+1/2 − Fn

i−1/2

∆x

=− ρni+1 − 2ρni + ρni−1

3(∆x)2
+
(
−
( 1

|V |

∫

V

vφ(vσi+1/2)dv
)ρni + ρni+1

2

+
( 1

|V |

∫

V

vφ(vσi−1/2)dv
)ρni + ρni−1

2

)
+O(ε).

In the limit of ε→ 0, the disretization (4.14) beomes

ρn+1
i − ρni

∆t
=
ρni+1 − 2ρni + ρni−1

3(∆x)2

+

(
1

|V |

(∫

V

vφ(vσi+1/2)dv

)
ρni + ρni+1

2
− 1

|V |

(∫

V

vφ(vσi−1/2)dv

)
ρni + ρni−1

2

)
.

whih is a onsistent disretization of the equation for ρ in (4.2). The proposed sheme is AP.

4.3.3 Steady state problem for the hemotaxis kineti model

To solve the steady state problem, we start from the most used disrete ordinate method [29, 87℄. The

disrete ordinate method is to disretize the veloity spae V = [−1, 1] by a quadrature set {µm, ωm} (m ∈
Vm = {−N, · · · ,−1, 1, · · · , N}). In one dimensional ase, the most used and well aepted quadrature is

the Gaussian quadrature. In order to preserve the di�usion limit equation, the points µm and weights

ωm satisfy

µ−m = −µm, ω−m = ωm, m ∈ 1 · · ·N,
∑

m

ωm = 2,
∑

m

ωmµ
2
m =

2

3
.

The disrete ordinate method for the steady state hemotaxis kineti model on eah ell [xi, xi+1) writes

µm∂xfm =
1

2ε

∑

n∈V

ωn

(
1 + εφ(µnσi+1/2)

)
fn − 1

ε

(
1 + εφ(µmσi+1/2)

)
fm, m ∈ Vm. (4.24)
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This is a linear ODE system with onstant matrix oe�ient. Together with the in�ow boundary ondi-

tions, the exat solution an be obtained analytially. We use the following proedure to onstrut the

general solution on eah interval [xi, xi+1). We seek eigenfuntions of the form

lm exp(−ζ
ε
x). (4.25)

By substituting this form into (4.24), one obtains

[(
1 + εφ(µmσi+1/2)

)
− µmζ

]
lm =

1

2

∑

n∈V

ωn

(
1 + εφ(µmσi+1/2)

)
lm. (4.26)

The above equation holds for all m ∈ Vm whih indiates that ζ is the eigenvalue of the matrix

E = U−1
(
I − 1

2
W
)(
I + εφ(Uσi+1/2)

)
. (4.27)

Here U = Diag(µm)m∈Vm and φ(Uσi+1/2) = Diag

(
φ(µmσi+1/2)

)
m∈Vm

are diagonal matrixes,W is a rank

1 matrix whose rows are (ωm)m∈Vm . Due to (4.26), ζ is the root of

1

2

∑

m∈Vm

(
1 + εφ(µmσi+1/2)

)
ωm

1 + εφ(µmσi+1/2)− µmζ
= 1 (4.28)

and the eigenvetor assoiated to ζ an be given by

lm =
1

1 + εφ(µmσi+1/2)− µmζ
, m ∈ Vm. (4.29)

It is easy to hek that when ε 6= 0, ζ = 0 is a simple root if φ(u) = −φ(−u). Besides if νm =
1+εφ(µmσi+1/2)

µm
(m ∈ Vm) are di�erent from eah other, sine the sign of νm are determined by µm, the

funtional

1
2

∑
m∈Vm

(
1+εφ(µmσi+1/2)

)
ωm

1+εφ(µmσi+1/2)−µmζ tends to plus or minus in�nity when ζ approahes νm from left

or right. Therefore, (4.28) has 2N simple roots when ε is away from zero. However when ε → 0, E
beomes U−1(I −W/2) whose eigenvalues admit a zero double root [29, 82℄. The general solutions to

(4.24) are di�erent for these two di�erent ases, we disuss them separately in the subsequent part.

Case I: If (4.28) has 2N di�erent simple roots, we an �nd 2N linearly independent eigenfuntions

of the form lm exp(− ζ
εx). Then the general solution to (4.24) an be written as

fm(x) =
∑

ζn<0

Bnlnm exp
(
− ζn

ε
(x− xi+1)

)
+
∑

ζn>0

Anlnm exp
(
− ζn

ε
(x− xi)

)
,

The oe�ients Bn, An
an be determined by the in�ow boundary onditions

{
fm(xi+1) = fR

m, m < 0,

fm(xi) = fL
m, m > 0.

Then the out�ows are given by

fm(xi) =
∑

ζn<0

Bnlnm exp
(ζn
ε
∆x
)
+
∑

ζn>0

Anlnm, m < 0,

fm(xi+1) =
∑

ζn<0

Bnlnm +
∑

ζn>0

Anlnm exp
(
− ζn

ε
∆x
)
, m > 0.

Case II: We onsider the limiting ase when E = U−1(I−W/2), the eigenvalues for this matrix have

been proved in [82℄ to have the following propperty
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Theorem 4.3.1. The equation

1

2

∑

m∈Vm

ωm

1− µmζ
= 1

has 2(N − 1) simple roots appear in positive/negative paris while 0 is a double root.

We set the double zero eigenvalue ζN and ζ−N and rearrange eigenvalues ζn from the lowest to the

highest.

ζ1−N < · · · < ζ−1 < 0 < ζ1 < · · · < ζN−1.

For eigenvalues di�erent of zero, eigenfuntions are exponential funtions as in (4.25). Let us �nd eigen-

funtions orresponding to the zero eigenvalue. By using the same token as in [82℄, we are looking for

solution of the form αmx+ βm.

Injeting αmx+ βm into (4.24) gives two solutions

1

1 + εφ(µmσi+1/2)
,

x

1 + εφ(µmσi+1/2)
− εµm(

1 + εφ(µmσi+1/2)
)2 .

Finally the general solution of (4.24) writes

fm(x) =
cN

1 + εφ(µmσi+1/2)
+

c−N

1 + εφ(µmσi+1/2)

(
x− εµm

1 + εφ(µmσi+1/2)

)

+
∑

1≤|n|≤N−1

cnl
n
m exp

(
−ζn
ε
x

)
,

where cn (1 ≤ |n| ≤ N) are onstants to be determined by the boundary onditions. Sine ε an beome

very small, over�ow may our when evaluating exp
(
− ξnx/ε

)
. In order to have cn at the same sale as

fm(x), we rewrite the general solution in the interval (xi, xi+1) into

fm(x) =
c1

1 + εφ(µmσi+1/2)
+

c2
1 + εφ(µmσi+1/2)

(
(x− xi)−

µmε

1 + εφ(µmσi+1/2)

)

+
∑

n<0

Bnlnm exp
(
− ζn

ε
(x− xi+1)

)
+
∑

n>0

Anlnm exp
(
− ζn

ε
(x− xi)

)
,

(4.30)

with c1, c2, B
n, An

onstants. Then we an determine c1, c2, B
n, An

by the in�ow boundary ondition, so

that the out�ow.

4.4 The radiative transport equation

For the radiative transport equation (4.3), the same as in the previous setion, we an hoose two

spei� AP shemes respetively for the time evolutionary problem and steady state problem. For the

time evolutionary problem, the UGKS sheme proposed in [120℄ is employed, while similar disretization

as in subsetion 3.3 an be used to solve the steady state problem. We sketh the disretization used in

[120℄ in the subsequent part and for more details and the proof of AP, one an refer to [120℄.

4.4.1 The AP UGKS for the grey radiative transport equation

The idea is to �rst introdue ψ = acT 4
and rewrite the system (4.3) into





1

c
∂tI +

1

ε
v∂xI =

σ

ε2

(
1

|V |ψ − I

)
+ q(x, v),

ε2∂tψ = β(ψ)σ(ρ − ψ),

(4.31)
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where ρ :=
∫
V Idv is the total radiation intensity and β is a funtion of ψ given by

β(ψ) =
4ac

Cv

(
ψ

ac

)3/4

.

Then we take the integral with respet to v in (4.31) and get a system for ρ, ψ, with an advetion term

depending on

∫
V
vI dv. Similar as the UGKS for the hemotaxis model, the �rst step is to get a predition

for ρn+1
by





ρn+1
i = ρni +

∆t

∆x

(
Fn
i−1/2 − Fn

i+1/2

)
+
σc∆t

ε2
(ψn+1

i − ρn+1
i ) + c∆t

∫

V

qidv,

ψn+1
i = ψn

i +
σβn+1

i ∆t

ε2
(
ρn+1
i − ψn+1

i

)
,

(4.32)

where

Fn
i+1/2 :=

c

|V |

∫

V

( 1

ε∆t

∫ tn+1

tn
vI(xi+1/2, v, t) dt

)
dv, qi(v) :=

1

∆x

∫ xi+1/2

xi−1/2

q(x, v)dx.

After disretizing the veloity spae by disrete-ordinate method, the numerial �ux Fn
i−1/2 and soure

term are approximated by

Fn
i−1/2 ≈ A

N∑

m=−N

ωmµm(In−i−1/2,m1µm>0 + In+i−1/2,m1µm<0) +
2D

3∆x
(ψn+1

i − ψn+1
i−1 )

+B

N∑

m=−N

ωmµ
2
m(δxI

n
i−1,m1µm>0 + δxI

n
i,m1µm<0) + |V | ε2C

σ

∑

m∈Vm

ωmµmqi,m,

∫

V

qidv ≈
∑

m∈Vm

ωmqi,m =
∑

m∈Vm

ωmqi(µm).

Here 1µm<0, 1µm>0 are the harateristi funtions, δxI
n
i,m are the approximations to ∂xI(xi, µm, t

n) by

the slope limiters and In±i−1/2,m are given by

In−i−1/2,m = Ini−1,m +
∆x

2
δxI

n
i−1,m, In+i−1/2,m = Ini,m − ∆x

2
δxI

n
i,m.

The oe�ients A,B,C,D depend on ε and ∆t, whih will be spei�ed later.

After obtaining the marosopi variables ρn+1
i , ψn+1

i from (4.32), In+1
i,m are omputed by

In+1
i,m = Ini,m +

∆t

∆x

(
Φn

i−1/2,m − Φn
i+1/2,m

)
+
σc∆t

ε2

(
ψn+1
i

|V | − In+1
i,m

)
+ c∆tqi,m, (4.33)

where Φn
i−1/2,m are given by

Φn
i−1/2,m =Aµm

(
In−i−1/2,m1µm>0 + In+i−1/2,m1µm<0

)
+ Cµmψ

n+1
i−1/2

+D
(
µ2
mδxψ

n+1,L
i−1/2 1µm>0 + µ2

mδxψ
n+1,R
i−1/2 1µm<0

)

+B
(
µ2
mδxI

n
i−1,m1µm>0 + µ2

mδxI
n
i,m1µm<0

)

+Eδtψ
n+1
i−1/2 +

|V | ε2C
σ

µmqi,m,
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with ψn+1
i+1/2, δxψ

n+1,R
i−1/2 , δxψ

n+1,L
i−1/2 , δtψ

n+1
i−1/2 being de�ned by

ψn+1
i+1/2 =

1

2
(ψn+1

i + ψn+1
i+1 ). δxψ

n+1,L
i−1/2 =

ψn+1
i−1/2 − ψn+1

i−1

∆x/2
,

δtψ
n+1
i−1/2 =

ψn+1
i−1/2 − ψn

i−1/2

∆t
, δxψ

n+1,R
i−1/2 =

ψn+1
i − ψn+1

i−1/2

∆x/2
.

δxψ
n+1,L
i−1/2 and δxψ

n+1,R
i−1/2 are the same and we use di�erent notations in order to be onsistent with

notations in [120℄. In [120℄, di�erent notations are used for δxψ
n+1,R
i−1/2 and δxψ

n+1,L
i−1/2 in order to onsider

di�erent approximations for ψn+1
i−1/2. Some of them an lead to the ase when δxψ

n+1,R
i−1/2 and δxψ

n+1,L
i−1/2 are

di�erent.

Let ν = cσ
ε2 , the oe�ients A,B,C,D,E appeared in all above formula are given by

A =
c

ε∆tν
(1− exp−(ν∆t)) ,

C =
c2σ

|V | ε3∆tν

(
∆t− 1

ν
(1− exp (−ν∆t))

)
,

D = − c3σ

|V | ε4∆tν2
(
∆t(1 + exp (−ν∆t))− 2

ν
(1 − exp (−ν∆t))

)
,

B = − c2

ε2ν2∆t
(1− exp (−ν∆t)− ν∆t exp (−ν∆t)) ,

E =
c2σ

|V | ε3ν3∆t

(
1− exp (−ν∆t)− ν∆t exp (−ν∆t)− 1

2
(ν∆t)2

)
.

4.4.2 Steady states for the radiative transport equation

We use the disrete ordinate method similar as in subsetion 3.3 and refer to [55℄ for more details.

The one dimensional disrete ordinate steady state problem for (4.31) reads

µm∂xIm =
σ

ε
(
∑

m

ωmIm − Im) + εqm. (4.34)

We use the same AP sheme as in subsetion 3.3 and the above equation falls into the ategory of Case

II. The only di�erene is that there exists a soure term qm, whih an be easily built into the sheme by

onstruting an approximated partiular solution. The general solution with soure term qm an be given

by the summation of the general solution of the homogeneous problem and the approximated partiular

solution. Then the oe�ients in front of the general solutions of the homogeneous equation an be

determined by the ontinuity of solution at the ell edge. For more details, we refer to [82℄.

4.5 Numerial simulations

In this setion, we apply the well-balaned and AP sheme designed in Setion 2 to two test ases:

kineti hemotaxis and radiative transport models.

4.5.1 Chemotaxis model

The �rst simulation onerns the hemotaxis model (4.1). Simulations are set on x ∈ [−1, 1] and
v ∈ [−1, 1]. We take Nv = 32 points for the veloity and Nx = 500 points for the spae disretization.
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Figure 4.1: Convergene order with respet to ∆x. Here the log-log plot of the mesh sizes with respet

to the L1
norm of the probability density error in all diretions is displayed. The mesh sizes are 1/20,

1/40, 1/80, 1/160 and e∆x := maxx∈(−1,1) ‖f∆x(x, t) − f2∆x(x, t)‖1 are plotted for di�erent ε.

Parameters in (4.1) are hosen as in [58℄ suh that

χS = 1, D = 15, β = 60, α = 3.

and φ is of the form

φ(x) = −χS tanh
x

δ
, with δ = 1.

We impose speular boundary onditions for f ε
and Dirihlet onditions for Sε

. The initial ondition

is omposed of two bumps in x loated at ±0.65 suh that

f0(x, v) = 5 exp
(
−10(x− 0.65)2 − 10(x+ 0.65)2

)
exp

(
−20(v − 0.5)2 − 20(v + 0.5)2

)
.

To ensure the stability of the numerial sheme, the time step ∆t is hosen as follows

∆t =

{
∆x2, for ε < ∆x2,

ǫ∆x, else.

The requirement for the time step an be improved if the limiting disretization is impliit, the strategy

of onstruting an impliit limiting disretization has been disussed in [120℄. The goal of our present

paper is to illustrate the idea of the AP-WB framework and thus we keep using the simple sheme.

4.5.1.1 AP property

In order to verify the AP property of our sheme, we show that the onvergene order of the sheme

is independent of ε. In �gure 4.1, we plot e∆x := ‖f∆x(t) − f2∆x(t)‖1 with respet to ∆x for di�erent

values of ε and uniform onvergene with respet to ǫ an be observed numerially. This guarantees the

AP property.
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4.5.1.2 Model onvergene in ε

As predited by the theoretial analysis, when ε→ 0,

f ε → ρ01v∈V ,

where ρ0 is the solution to the limiting Keller-Segel equation. To verify the above onvergene, the

total densities ρε are displayed in Figure 4.2 for di�erent values of ε ranging from 10−1
to 10−6

. As a

omparison, we plot the solution of the limiting model in Figure 4.2 and an observe that ρε get loser

to ρ0 as ε goes to zero.

The onvergene order in ε an be seen in Figure 4.3, where we have plotted ‖f ε(x, v) − ρε(x)1v∈V ‖2
for di�erent ε in the logarithm sale. The numerial results indiate that the order of onvergene is lose

to 1.
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Figure 4.2: Plot of the marosopi density for di�erent values of ε. ε = 0 is the solution to the

marosopi Keller-Segel equation.
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Figure 4.3: Convergene order in ε of the hemotaxi model (4.1).

4.5.1.3 WB property

In order to hek the WB property, we alulate the long time behavior of the kineti sheme for

ε = 1. The steady state is haraterised by the vanishing of the marosopi �ux J . A way to measure

whether the steady state is reahed is to look at the evolution of the residues rn at a given time tn de�ned
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by

rn :=

∥∥∥∥∥
∑

m∈V

ωm

∣∣fn+1(µm)− fn(µm)
∣∣
∥∥∥∥∥
2

.

Figure 4.4 shows the derease of the residues and its stabilization when the steady state is reahed. In

addition, the �ux J is of order ∆x2 at this steady state as displayed in Figure 4.5.
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Figure 4.4: The evolution of residues with respet to time.
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Figure 4.5: The marosopi �ux J at time T = 100.

4.5.2 Test ase 2 : Radiative transport

We onsider the radiative transport equation (4.3) on x ∈ [0, 1] and v ∈ [−1, 1]. The soure term q is

given by

q(x, v) = v |v|+ σx

(
|v| − 1

2

)
. (4.35)

When ε = 1, we an have analytial nonzero steady state for this hoie of q(x, v). Though q(x, v) in

(4.35) an take negative values, whih is non-physial, it an be used to test the sheme performane. We

use uniform grids in x with Nx = 400 and 32 Gaussian quadrature for the veloity spae. The parameters

are set to be

σ = 1, a = 0.01372, c = 29.98, Cv = 0.01.
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Figure 4.6: Convergene order with respet to ∆x. Here the log-log plot of the mesh sizes with respet

to the L1
norm of the probability density error in all diretions is displayed. The mesh sizes are 1/10,

1/20, 1/40, 1/80 and e∆x := maxx∈(0,1) ‖I∆x(x, t)− I2∆x(x, t)‖1 are plotted for di�erent ε.

For I, Dirihelet boundary ondition on the left and speular re�etion on the right are presribed. To

guarantee the stability, the time step is given by

∆t =





0.95
∆x2

c
, for ε < 0.95∆x

c ,

0.95ε
∆x

c
, else.

4.5.2.1 AP property

In this part, we show that the onvergene order of the sheme is independent of ε. In Figure 4.7,

we plot e∆x := maxx∈(0,1) ‖I∆x(x, t)− I2∆x(x, t)‖1 with respet to ∆x for di�erent values of ε. Uniform
onvergene an be observed whih on�rms the AP property of the sheme.

4.5.2.2 Model onvergene with respet to ε

The theoretial analysis indiates that

Iε → ψ0

2
1v∈V , ε→ 0,

where ψ0 = ac(T 0)4 and T 0
is the solution to the limiting equation (4.4). To verify the above onvergene,

the total densities ρε are displayed in Figure 4.7 for di�erent values of ε ranging from 10−1
to 10−6

. As

a omparison, we plot the solution of the limiting model in Figure 4.2 and an observe that Iε get loser

to ψ0/2 as ε goes to zero.

The onvergene order in ε an be seen in Figure 4.8, where we have plotted ‖Iε(x, v) − ρε1v∈V ‖2, for
di�erent ε in the logarithm sale. The numerial results indiate that the order of onvergene is lose

to 0.6.
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Figure 4.8: Convergene order in ε of the grey radiative transport model (4.3).

4.5.2.3 WB property

For the soure term q as in (4.35), when ε = 1, the steady state is given by

I(x, v) = |v|x, ρ = x.

The time evolution of the residues rn is given in Figure 4.9, it derease and stabilize at T = 1. In

Figure 4.10, the aptured steady state is plotted.

4.6 Conlusion

A general framework of developing AP and WB shemes is proposed in this paper. Two parameter

regimes are onsidered: the (advetion) di�usion type (linear or nonlinear) limit when ε << 1 and the long

time behavior of the hyperboli equations with soure terms when ε = O(1). The framework is omposed

of two steps. We �rst alulate a predition with an AP sheme for the time evolutionary problem and

then use the predition to set up the in�ow boundary onditions for the steady state problem in eah

ell. The steady state problem in eah ell is solved by an AP sheme for the steady state equation, then

the obtained out�ows in eah ell are used for modifying the numerial �ux to ahieve WB.

The details of the disretizations for transport equations for hemotaxis and gray radiative transfer

are given. The numerial results in setion 5 verify the AP and WB properties of our proposed sheme.

106



4.6. Conlusion

Time

10 -5 10 -4 10 -3 10 -2 10 -1 10 0

re
s
id

u
e

s

10 -16

10 -14

10 -12

10 -10

10 -8

10 -6

10 -4

10 -2

Plot of the residues r in the logarithm scale
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Figure 4.10: The total density of the steady state at time T = 1 when ε = 1.

In partiular, the AP shemes for the time evolutionary transport equation for hemotaxis and the

orresponding steady state equation are new.

One may argue about the omputational ost of our proposed framework, the advantage is that, any

AP shemes for the time evolutionary problem and steady state problem are appliable, thus we an

hoose those simple ones. First of all, the key priniple underlying most WB shemes onsists of using

values onstruted from a loal disrete equilibrium, therefore if we are interested in unknown steady

states, it is hard to avoid the steady problem step. On the other hand, in the predition step, we an use

those AP sheme that an implement the impliit sti� terms expliitly as in [49℄, or at least more e�ient

than using the Newton type solvers for nonlinear algebrai systems. (4.7) an be updated expliitly

afterwards, the total omputational ost is omposed of some expliit alulations plus solving the steady

state problems.

The proposed framework an be extended to the hyperboli system with relaxations, we will pursue

more appliations in the future.
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Appendix A

Di�usion limit of the simpli�ed

Langevin PDF model in weakly

inhomogeneous turbulene

Abstrat

In this work, we disuss the modelling of transport in Langevin probability density funtion (PDF)

models used to predit turbulent �ows [109℄. Our fous is on the di�usion limit of these models, i.e. when

advetion and dissipation are the only ative physial proesses. In this limit, we show that Langevin

PDF models allow for an asymptoti expansion in terms of the ratio of the integral length to the mean

gradient length. The main ontribution of this expansion yields an evolution of the turbulent kineti

energy equivalent to that given by a k−ε model. In partiular, the transport of kineti energy is given by

a gradient di�usion term. Interestingly, the identi�ation between PDF and k−ε models raises a number

of questions onerning the way turbulent transport is losed in PDF models. In order to validate the

asymptoti solution, several numerial simulations are performed, with a Monte Carlo solver and also

with a deterministi ode.
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Sine the early work of Pope [109℄, the so-alled probability density funtion (PDF) approah has

proved to be an e�ient tool for prediting turbulent �ows. In this approah, one derives and solves a

modelled transport equation for the one-point PDF of the �utuating veloity �eld and, when neessary, of

additional variables desribing the state of the �ow, suh as onentration, temperature or density. In the

modelling proess of the �ow one-point statistis, losures must be applied to the turbulent aeleration
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as well as to moleular di�usion terms. Most of these losures yield a PDF transport equation of the

Langevin type [109, 108, 110, 53℄. In this work, we will only fous on this lass of models.

While mostly used to predit turbulent reative �ows, the PDF approah has also demonstrated its

utility for solving inompressible inert �ows. In this ontext, Langevin PDF models have been shown

[108℄ to be onneted to simpler turbulent models whih fous solely on the seond-order one-point

orrelation tensor of the veloity �eld, also alled Reynolds stress tensor. These Reynolds stress models

(RSM) revert to the well known k − ε model when turbulene is isotropi. The PDF/RSM equivalene

enompasses most physial proesses at work in inompressible �ows, inluding prodution, non-linear

redistribution and dissipation e�ets. However, strong di�erenes exist in the way both approahes deal

with the transport of the turbulent kineti energy and of its anisotropy.

In RSM, turbulent transport is usually modelled by a gradient di�usion assumption. Many variants

of this losure exist, but most are found to yield similar results in pratial situations [6, 124℄. In the

PDF approah, the situation is di�erent. The advetion term appearing in the Navier-Stokes equations

does not require any losure. In that sense, turbulent advetion is often said to be treated �exatly� or

�without assumption� [125, 53℄. However, suh statements might be somewhat misleading. Indeed, the

overall proess of turbulent transport is not exat sine the statistis of the veloity �eld are a�eted by

the Langevin losures used in the remaining parts of the PDF transport equation.

Thus, turbulent transport and Langevin losures are interating in PDF models. This interation is

�ow-dependent and annot be made expliit in the general ase. Yet, when non-equilibrium/prodution

e�ets beome negligible, the PDF equation is expeted to degenerate and to yield a gradient di�usion

formulation for the transport of Reynolds stresses. This is suggested by several works, for instane

[108, 64, 6℄, whih fous on triple veloity orrelations and on their expression in the absene of prodution.

As a onsequene, in this di�usion limit, a PDF/RSM equivalene should exist for the turbulent transport

term. Then, signi�ant knowledge ould be gained by omparing the two families of models, just as it

was done in the homogeneous ase by Pope [108℄.

However, the di�usion limit of PDF models has never been looked at thoroughly. The preise ondi-

tions under whih it ours have not been made expliit. Besides, the in�uene of dissipation proesses

are usually disarded while they are expeted to play a signi�ant role. Finally and more importantly,

the study of the di�usion limit has been limited to onsiderations on the sole triple veloity orrelations

and not on the PDF itself.

Thus, the purpose of this work is to study the di�usion limit of PDF Langevin models and to expliit

the onnetion with RSM models in that partiular ase. To this end, we onsider a simpli�ed setting

in whih di�usion and dissipation are the only ative physial mehanisms. Besides, we restrit our

attention to the simpli�ed Langevin model desribed for instane in [110℄. Then, we look for an asymptoti

expansion of the Eulerian Langevin PDF equation in terms of the ratio of the integral length to the mean

gradient length. The relevane of this expansion is veri�ed on several simulations. Finally, its impliations

in terms of physial models are disussed.

A.1 Simpli�ed Langevin PDF model applied to a turbulent zone

Throughout this work, we will onsider a anonial turbulent �ow onsisting in a 1D slab of turbulene

that deays and di�uses with time, and has no mean veloity. This �ow is skethed in Figure A.1 and will

be referred to as turbulent zone (TZ). The inhomogeneous diretion is denoted by x1 and the length of

the TZ by LTZ . Our interest lies in �nding the properties of the Eulerian PDF f(u;x1, t) of the veloity
�eld u = (u1, u2, u3) at point x1 and time t when modelled by the simpli�ed Langevin model (SLM)

[109℄. The PDF f is de�ned as:

f(u;x1, t) = δ(v(x, t)− u) ,

where v(x, t) is the instantaneous value of the veloity �eld, δ is the Dira delta funtion and where,

for any quantity a, a represents the averaging operator. Note that the PDF f depends on x1 instead
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A.1. Simpli�ed Langevin PDF model applied to a turbulent zone

Figure A.1: Sketh of a turbulent zone as studied in this work.

of x beause of the assumed statistial homogeneity of the �ow in the diretions x2 and x3. In the TZ

on�guration and with the SLM, the evolution of f is given by:

∂f

∂t
+ u1

∂f

∂x1
= − ∂

∂uj

[(
∂R1j

∂x1
− C1

2
ωuj

)
f

]
+
C0

2
ε

∂2f

∂uj∂uj
, (A.1)

where C0 and C1 are model onstants, Rij = uiuj is the Reynolds stress tensor, k is the mean turbulent

kineti energy, ω is the mean dissipation frequeny and ε is the mean dissipation rate. Note the presene

of the gradient of the Reynolds stress tensor in the right-hand side of Equation (A.1). This is due to

the fat that the mean veloity is null and that the �rst moment of f is zero:

∫
uif(u;x1, t)du = 0 (see

eq. (12.19) in [110℄). The Reynolds stress tensor Rij and k are obtained diretly from the PDF by the

relations:

k(x1, t) =
1

2
Rii(x1, t) =

1

2
uiui(x1, t) and Rij(x1, t) = uiuj(x1, t) =

∫

R3

uiujf(u;x1, t)du . (A.2)

In these expressions, the Einstein summation onvention on indies is used. The mean dissipation rate

and mean frequeny are linked by the relation:

ω(x1, t) =
ε(x1, t)

k(x1, t)
. (A.3)

An additional equation for the dissipation is required to lose the system. As in standard k − ε models,

this equation is obtained by diret analogy with the equation of k. The evolution of k dedued from the

PDF equation (A.1) is:

∂k

∂t
+

∂

∂x1

(
u1k
)
= −ε . (A.4)

The evolution of ε is then set to:

∂ε

∂t
+

∂

∂x1

(
Cεω u1k

)
= −Cε2ω ε , (A.5)

where Cε and Cε2 are model onstants and where uik is the following triple veloity orrelation:

uik =
1

2
uiupup .

The values of the di�erent onstants appearing in the above equations are given in table A.1. These

values are taken from the literature [109, 108, 110, 53℄.
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C0 C1 Cε Cε2
2
3 (C1 − 1) [1.5, 5] 1 1.9

Table A.1: Model onstants

Note that C0 and C1 are not independent: in order to ensure that ε is the dissipation rate of k one must

have C0 = 2
3 (C1 − 1). As noted in [108℄, the value of C1 varies signi�antly in the literature. It mostly

depends on whether the SLM is used to model both the non-linear redistribution of energy and the rapid

ontribution of the pressure gradient, or whether it is assoiated with an additional omponent modelling

the rapid pressure part. In the former ase, the value of C1 is usually set to higher values, typially

C1 = 4.15. In the latter ase, it is set to lower values, typially C1 = 1.8. In the absene of prodution,

as in the TZ ase onsidered here, there is no rapid pressure term and both low and high values of C1

are aeptable.

A.2 Weakly inhomogeneous limit and di�usion regime

A.2.1 Main assumption

Two main lengths haraterize the turbulent �eld in the TZ on�guration, the integral length ℓ and
the gradient length L. They are respetively de�ned as:

ℓ =
k
3/2

ε
and L =

[
1

k

∂k

∂x1

]−1

.

The integral length ℓ is representative of the size of the turbulent eddies present in the turbulent zone,

while L measures the inhomogeneity of the turbulent �eld. Its maximum is expeted to be roughly on

the order of the turbulent zone size LTZ .

We now make the assumption that the �ow is weakly inhomogeneous, i.e. that turbulent eddies are

muh smaller than L. More preisely, we assume that:

ℓ

L
≤ ǫa ≪ 1 , (A.6)

where ǫa is a onstant. Antiipating on a on�guration where the PDF remains lose to a Gaussian,

this assumption an be inorporated in Equations (A.1) and (A.5) by introduing a resaled spatial

oordinate:

z =
x1
ǫa
.

With this de�nition, Equations (A.1) and (A.5) an be rewritten as:

∂f

∂t
+ ǫau1

∂f

∂z
= − ∂

∂uj

[(
ǫa
∂R1j

∂z
− C1

2
ωuj

)
f

]
+
C0

2
ε

∂2f

∂uj∂uj
, (A.7)

∂ε

∂t
+ ǫa

∂

∂z

(
Cεω u1k

)
= −Cε2ω ε . (A.8)

A.2.2 Asymptoti expansion

We look for a solution of Equations (A.7) and (A.8) as an expansion of the small parameter ǫa:

f =f (0) + ǫaf
(1) + ǫ2af

(2) + ... , (A.9)

ε =ε(0) + ǫaε
(1) + ǫ2aε

(2) + ... , (A.10)

114



A.2. Weakly inhomogeneous limit and di�usion regime

where we impose

∫

R3

f (0)(u; z, t)du = 1 and ∀i ≥ 1,

∫

R3

f (i)(u; z, t)du = 0, without loss of generality.

The zero

th
order of the expansion for f obeys the following Fokker-Plank equation:

∂f (0)

∂t
=

∂

∂uj

[
C1

2
ω(0)ujf

(0)

]
+
C0

2
ε(0)

∂2f (0)

∂uj∂uj

with ω(0) = ε(0)/k(0)
. Besides, the zero

th
order kineti energy and its dissipation evolve aording to:

∂k
(0)

∂t
= −ε(0) ,

∂ε(0)

∂t
= −Cε2

ε(0)
2

k
(0)

.

From these equations, it an be shown that the long-time solution of the PDF f (0)
is an isotropi Gaussian

of variane σ2 = 2k
(0)
/3. We hereafter assume that time is large enough so that this long-time solution is

reahed. Equivalently, we an assume that the initial ondition of f is an isotropi Gaussian and that we

look at the development of a perturbation around this initial state. In either ase, we hereafter onsider

that:

f (0)(u; z, t) =
e−

uiui
2σ2

(2πσ2)3/2
with σ2 =

2

3
k
(0)
.

The derivation of the �rst order of the expansion is detailed in appendix .1. The entral result is that,

for large times, f (1)
takes the following form:

f (1) = Cg
σ

ω

∂zσ
2

σ2

u1
σ

(
5− uiui

σ2

)
f (0)

with Cg =
1

3C1 + 2Cε2 − 6
. (A.11)

The �rst order perturbation f (1)
does not ontribute to the Reynolds stresses:

uiuj
(1) = 0 .

However, it yields the main ontribution to the third order moments. From the previous formula, one

has:

uiujuk
(1) = −2Cg

σ2

ω

∂σ2

∂z
(δ1iδjk + δ1jδik + δ1kδij) . (A.12)

In partiular, the �ux of kineti energy is given by:

uik
(1)

= −5Cg
σ2

ω

∂σ2

∂z
δi1 . (A.13)

The seond order is not detailed here. It yields an anisotropi ontribution to the Reynolds stresses and

an even ontribution to the PDF, with a dependeny on the gradient of σ2
and on its Laplaian.

A.2.3 Main result: approximate PDF solution in the weakly inhomogeneous

regime

A.2.3.1 Main result

We now ollet the zero

th
and �rst orders of the expansion. Besides, we also go bak to the original

spatial oordinate x1 = ǫaz. Then, we obtain that:

For

ℓ

L
≪ 1 , f(u;x1, t) =


1 +

√
2/3Cg ℓ

1

k

∂k

∂x1

u1√
2k/3

(
5− uiui

2k/3

)
 e

−uiui/(4k/3)

(4πk/3)3/2
, (A.14)
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where k is solution of a k − ε-like system:

For

ℓ

L
≪ 1 ,

∂k

∂t
=

∂

∂x1

(
Ck

k
2

ε

∂k

∂x1

)
− ε , (A.15)

∂ε

∂t
=

∂

∂x1

(
CεCk

k
2

ε

(
∂ε

∂x1
− k

∂ω

∂x1

))
− Cε2ω ε , (A.16)

with:

Ck =
20

9
Cg =

20

9 (3C1 + 2Cε2 − 6)
.

To obtain these expressions, we used the relations ℓ = k
3/2
/ε =

√
3/2 σ/ω and σ2 = 2k/3. We also injeted

relation (A.13) into the evolution Equations (A.4)-(A.5) of k and ε.

Equations (A.14)-(A.16) are the main result of this work. They show that, in the weakly inhomo-

geneous regime, the simpli�ed Langevin PDF model behaves as a standard k − ε model. In partiular,

turbulent transport is given on �rst order by a di�usion term whih oe�ient depends expliitly on two

model onstants: C1 and Cε2 . The physial impliations of this �nding will be disussed in setion A.4.

A.2.3.2 Comment on the domain of validity of the main result

The asymptoti expansion of the PDF eq. (A.14) and the ensuing k − ε system (A.15)-(A.16) are

valid in weakly inhomogeneous turbulene, i.e. for ℓ/L≪ 1. Let us assume that this ondition is indeed

veri�ed on the whole spatial domain. Then, when Cε = 1, the k − ε system (A.15)-(A.16) admits a self-

similar solution, �rst found by Barenblatt & o-workers [7℄ and later by Cher�ls & Harrison [31℄. This

solution is reahed for asymptotially large times for arbitrary initial onditions. For initial onditions

that are ompatible with the self-similar solution, the self-similar regime is immediately reahed. It is

given by:

k(x1, t) = k0 (1 + t/τ0)
−2+2β

(
1− [x1/Λ(t)]2

)
, ε(x1, t) = ε0 (1 + t/τ0)

−3+2β
(
1− [x1/Λ(t)]2

)
, (A.17a)

with Λ(t) = Λ0 (1 + t/τ0)
β

and β =
2Cε2 − 3

3(Cε2 − 1)
. (A.17b)

The values of k and ε at t = 0 and x1 = 0 are related to the two free parameters de�ning the initial

length of the pro�le Λ0 and the initial turbulent time τ0:

τ0 =
1

Cε2 − 1

k0
ε0

, Λ0 =

√
2Ck

β(Cε2 − 1)

k
3/2

0

ε0
. (A.18)

From this analytial solution, we an ompute the small parameter on whih the asymptoti expansion

is based: ℓ/L = (k
3/2
/ε)(∂x1k/k). We �nd that:

ℓ

L
=
√
2β(Cε2 − 1)/Ck

x1/Λ√
1− (x1/Λ)2

.

This ratio is equal to 0 at the enter of the mixing zone and grows to in�nity at the edges of the mixing

zone. The ondition ℓ/L≪ 1 is met only for:

|x1|
Λ

≪ x10
Λ

=
1√

1 + 2β(Cε2 − 1)/Ck

,

where the value of

x10/Λ is on the order of 1.

As a result, we dedue that the initial hypothesis of this reasoning, aording to whih the weakly

inhomogeneous limit ℓ/L ≪ 1 is met on the whole spatial domain, annot be ful�lled. Beause of this,
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di�erenes will exist between the solution of the atual f and ε equations (A.1)-(A.5) and the solution

of the approximate system (A.14)-(A.16), when applied to the whole domain, instead of being restrited

to is domain of validity.

The question that follows is whether these di�erenes will a�et signi�antly the overall dynamial

evolution of the mixing zone or not. In partiular, it is important to know whether the evolution of

k and ε obtained from the initial equations (A.1)-(A.5) di�ers substantially or not from the evolution

of the approximate k-ε model (A.15)-(A.16) applied to the whole domain. If the two remain lose, the

weakly inhomogeneous asymptoti expansion will not only yield a loal approximation of the PDF and

its moments, but also provide a global approximation of the evolution of the mixing zone.

The answer to these questions annot be determined beforehand with the present analysis. Instead,

numerial simulations are performed in the next setion to give elements of disussion.

A.3 Numerial simulations

The purpose of the simulations is two-fold. First, when the parameter for the asymptoti expansion

is small (eq. (A.6)), we want to orroborate numerially the analytial asymptoti expansion of the PDF

(eq. (A.14)). Seond, we would like to hek whether or not the atual evolution of the mixing zone

given by Equations (A.1) and (A.5) remains lose to the approximate evolution given by System (A.14)-

(A.16). Indeed, as noted in setion A.2.3.2, the weakly inhomogeneous ondition (A.6) and the ensuing

approximation (A.14)-(A.16) annot apply on the whole spatial domain, but fail lose to the mixing zone

edges.

To ahieve those objetives, we propose two types of numerial referene solutions for the PDF equa-

tions (A.1) and (A.5). On the one hand, we onsider a Eulerian Monte Carlo (EMC) solver. EMC

methods have been introdued for salar PDFs in [123, 113℄ and have been extended to inlude the ve-

loity �eld in [119℄. They are desribed in appendix .2. On the other hand, we use a diret deterministi

solver based on �nite volume approximations, desribed in appendix .3. Given the high number of di-

mensions of Equation (A.1), the omputational ost of a deterministi method is too expensive. Hene,

we deide to apply the deterministi method to a simpli�ed version of Equations (A.1) and (A.5). This

simpli�ed system is desribed in setion A.3.2.

In all simulations, we will restrit our attention to the ase Cε = 1 whih allows for the analytial

solution (A.17).

A.3.1 Eulerian Monte Carlo simulations

First, we solve Equations (A.1) and (A.5) with the Eulerian Monte Carlo (EMC) solver whih priniple

is detailed in appendix .2. The parameters of the simulation are the following. The omputational domain

[xmin, xmax] is set to [−80, 80]. It is disretized with Nx = 256 points. The number of stohasti �elds is

set to Nf = 16000. The initial onditions are set aording to the expeted solution (A.17):

k(x1, t = 0) = k0

(
1−

[
x1
Λ0

]2)
, ε(x1, t = 0) = ε0

(
1−

[
x1
Λ0

]2)
,

where we set the values Λ0 = 10 and k0 = 1.5 and where the values of τ0 and ε0 are given by Formula

(A.18). Two alulations are done: one with C1 = 4.15 and one with C1 = 1.8. For C1 = 1.8, one has

τ0 = 2.0 and ε0 = 0.84 and for C1 = 4.15, one has τ0 = 3.6 and ε0 = 0.47.

A.3.1.1 Validity of the asymptoti expansion

The �rst point we examine is whether the validity onditions of the asymptoti expansion are met

and, if it is the ase, whether the asymptoti expansion is indeed obtained. Figure A.2 shows the pro�les
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of ℓ/L at t/τ0 = 10. It an be seen that this ratio is ℓ/L = O(1) at 1/2 . x/Lk(t) . 1, and falls lose

to zero at x/Lk(t) = 0. It an also be seen that ℓ/L slowly goes bak to zero at the edges of the mixing

zone for ℓ/Lk(t) ≥ 1. The length Lk is de�ned as:

Lk(t) =
3

4

∫
k(x1, t)dx1

maxx1∈R

(
k(x1, t)

) .

It is equal to Λ(t) when k and ε obey the self-similar solution (A.17). While other de�nitions are possible,

we will hereafter onsider that Lk de�nes the size of the mixing zone: LTZ = Lk.
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Figure A.2: ℓ/L as a funtion of x1/Lk at time t/τ0 = 10

The estimate of the PDF obtained from the EMC ode is too noisy to be ompared diretly to the

analytial form (A.14). Diret omparisons will be made with the deterministi ode. However, we an

ompare predited and omputed moments. In partiular, Figure A.3 shows a omparison of the third

order moment u1k against its predited value given by Equation (A.13). More preisely, Figure A.3 shows

the quantity:

∆F =

∣∣∣u1k + Ck
k
2

ε
∂k
∂x1

∣∣∣

k
3/2

The main observation is that predited and omputed third order moments are lose to one another

in the entral part of the mixing zone, approximately for |x1|/Lk ≤ 0.5. Their di�erene is maximum

for |x1|/Lk ≈ 1 and dereases slowly beyond this point. These observations are in agreement with the

expeted domain of validity of the asymptoti expansion, as ommented from Figure A.2.

A.3.1.2 Evolution of the mixing zone

We now turn our attention to the question asked at the end of setion A.2.3.2: whether the evolution

of k and ε di�ers substantially or not from the analytial predition (A.17). To do so, we �rst assess the

self-similarity of the solution. In addition to Lk, we introdue the following two parameters:

kmax(t) = max
x1∈R

(
k(x1, t)

)
, εmax(t) = max

x1∈R

(ε(x1, t)) .

We �rst onsider the time evolutions of the three parameters kmax(t), εmax(t) and Lk(t) and ompare

them against their predited values given by the self-similar solution (A.17). To this end, we introdue
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Figure A.3: ∆F as a funtion of x1/Lk at time t/τ0 = 10

the three ratios Rk, Rε and RL de�ned by:

Rk =
kmax

k0 (1 + t/τ0)
−2+2β

, Rε =
εmax

ε0 (1 + t/τ0)
−3+2β

, RL =
Lk

Λ0 (1 + t/τ0)
β
.

If the solution remains lose to the self-similar solution (A.17), then Rk, Rε and RL should beome

independent of time. Besides, given that the initial ondition was hosen lose to a self-similar solution,

one should have Rk = Rε = RL ≈ 1. A strit equality is not expeted sine the asymptoti expansion is

not valid on the whole domain and sine the initial ondition is not fully oherent with the self-similar

state. In partiular, the initial PDF is a Gaussian, whereas the self-similar PDF deviates from Gaussianity.

The three ratios Rk, Rε and RL are displayed in Figure A.4. It an be seen that they indeed remain

approximately onstant and stay lose to one for the two simulations respetively performed with C1 = 1.8
and C1 = 4.15.
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Figure A.4: Evolution of Rk, Rε and RL as a funtion of time.

We now onsider the ratio k/kmax taken at di�erent times is displayed in Figure A.5 as a funtion of

x1/Lk and for two values of C1. It an be seen that the respetive pro�les of the two ratios fall approxi-

mately on a single urve. This indiates that k is lose to a self-similar state. Besides, the ollapsed urves
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remain lose to parabolas as predited by solution (A.17). The main di�erene with this solution ours at

the edges of the turbulent zone : while Equation (A.17) predits a ompatly supported turbulent kineti

energy k, the simulation yields a non-ompat one. Compatly supported initial onditions indeed lead

to ompatly supported solutions for the system (A.15)-(A.16). The departure of the simulation results

from the self-similar ompatly supported solution an be explained by the high values of the expansion

parameter ℓ/L at the edges of the TZ. At these loations, the asymptoti expansion eases to be valid

and k and ε ease to be governed by Equations (A.15)-(A.16).
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Figure A.5: k/kmax as a funtion of x1/Lk at di�erent times from t/τ0 = 2 to t/τ0 = 10

The existene and properties of the self-similar solution arise in part from the approximation of the

�ux of kineti energy given by Formula (A.13). This approximation has been heked diretly in Figure

A.3. Here, we would like make an additional omparison against the self-similar predition orresponding

to Equation (A.17). To this end, we introdue the non-dimensional �ux :

F ∗(x1, t) =
u1k

k
3/2

max

√
2βCk(Cε2 − 1)

.

Aording to Formula (A.13) and (A.17), F ∗
should be equal to x1/Lk(1 − [x1/Lk]

2). The omparison

between the two funtions is displayed at Figure A.6 for di�erent times. It an be seen that both simulation

and predition are in good agreement in the entral part of the mixing zone, for x1/Lk ∈ [−0.5, 0.5].
Outside, the gradient di�usion assumption eases to be relevant: the predited �ux of kineti energy

beomes muh smaller than the simulated �ux. This observation is onsistent with the one made on the

non-ompatness of the k − ε supports observed in Figure A.5.

As a onlusion, the simulation results appear to be in good agreement with the self-similar solution

(A.17) of the k-ε system (A.15)-(A.16). Thus, these simulations suggest that the asymptoti expansion

of the PDF eq. (A.14) and the ensuing k − ε system (A.15)-(A.16) o�er a good estimate of the overall

evolution of the mixing zone given by the full PDF system (A.1) and (A.5).

A.3.2 Deterministi �nite volume simulations

The Eulerian Monte Carlo method has allowed to study some properties of the seond and third order

moments of the veloity �eld. However, its intrinsi noise is too high to diretly study the PDF. To

irumvent this de�ieny, we propose to use a deterministi solver desribed in appendix .3.
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Figure A.6: F ∗
as a funtion of x1/Lk at di�erent times from t/τ0 = 2 to t/τ0 = 10.

A.3.2.1 Simpli�ation of System (A.1)-(A.5)

The basi on�guration studied hereafter is the same TZ on�guration introdued in setion A.1 and

governed by Equations (A.1)-(A.5). As explained above, Equations (A.1)-(A.5) have a high number of

dimensions : 1 in time and 4 in veloity and physial spae. The omputational ost of a deterministi

method is too expensive so that we propose to simplify these equations in order to redue their dimen-

sionality. More preisely, we fous on the marginal PDF f1 of u1. By integrating Equation (A.1) over u2
and u3, one obtains that f1 evolves as:

∂f1
∂t

+ u1
∂f1
∂x1

= − ∂

∂u1

[(
∂u21
∂x1

− C1

2
ωu1

)
f1

]
+
C1 − 1

2
ε∗

∂2f1
∂u1u1

, (A.19)

where ε∗ = 2
3ε is the dissipation of u21. This equation is losed provided the evolution of ε∗ is known in

terms of the statistis of u1. This is not the ase of Equation (A.5) whih is related to k. Hene, we

propose to simplify this equation. Namely, we assume that the Reynolds stresses are stritly isotropi.

Then, the turbulent frequeny an be related to u21 aording to: ω = ε/k = ε∗/u21. Besides, we assume

that u1uiuj is also an isotropi tensor, whih yields u1k = 3u31/2. With these assumptions, one dedues

from Equation (A.5) the following simpli�ed evolution for ε∗:

∂ε∗

∂t
+

∂

∂x1

(
Cεω u31

)
= −Cε2ω ε

∗ . (A.20)

Equations (A.19)-(A.20) are three dimensional and an be solved with the deterministi solver. They share

the same properties as Equations (A.1)-(A.5) but present a slight variation in the weakly inhomogeneous

limit. The limit of f1 is, as expeted, the integral of the limit of f (A.14) over u2 and u3:

f1(u1;x1, t) =
e−u2

1/(2u
2
1)

√
2πu21


1 + Cg


 1√

u21ω

∂u21
∂x1


 u1√

u21

(
3− u21

u21

)
 , (A.21)

However, the value of u31 is not given by Formula (A.12) but by:

u31 = −Ck
u21
ω

∂u21
∂x1

,

with Ck = 6Cg. The notation Ck has been retained here beause in the di�usion limit, u21 and ε∗ obey a

k−ε like system similar to Equations (A.15)-(A.16). The solution of this system is then obtained diretly

from Equations (A.17) by replaing k by u21 and ε by ε∗.
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A.3.2.2 Set-up

The omputational domain is de�ned by [xmin, xmax] = [−30, 30] and [umin, umax] = [−6, 6]. It is

disretized with (nx, nvx) = 2562 points and the time step is set to dt = 2 · 10−3
. The initial onditions

are set aording to

u21(x1, t = 0) = k0

(
1−

[
x1
Λ0

]2)
+ kmin , ε∗(x1, t = 0) = ε0

(
1−

[
x1
Λ0

]2)
,

where k0 = 1 and Λ0 = 10 and where the values of τ0 and ε0 are given by Formula (A.18). The

additional parameter kmin is set to kmin = 10−2
. It is required beause Diras annot be represented in

a deterministi method. They are here replaed by a Gaussian with a su�iently small variane for the

PDF to approximate a Dira, and su�iently large to obtain a numerial resolution of the PDF with a

reasonable number of veloity points. The oe�ient of the model is set to C1 = 2.73, in order to reover

Ck = 1.

A.3.2.3 Validity of the asymptoti expansion

The value of the small expansion parameter stabilizes at ℓ/L = 5.10−3
at the enter of the TZ, and

ℓ/L = 0.8 at the edge of the TZ. As expeted, the validity range of the expansion is therefore not veri�ed

a posteriori at all points of the domain, but only in the bulk of the mixing zone. This is similar to what

was observed in the EMC simulation.

Then, we an analyse the anisotropi odd part of the PDF, with respet to the analytial one (denoted

as ǫaf
1
in Setion A.2.2). The omparison between the numerial and analytial PDF is shown in Figure

A.7, respetively at the enter and at the edge of the TZ. It an be seen that the predited and simulated

PDF shapes are lose to one another. This gives on�dene in the asymptoti expansion derived in setion

A.2.2.
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Figure A.7: Odd part of the PDF. Comparison between the numerial PDF and the solution obtained

from the asymptoti development, at t/τ0 = 5.

A.3.2.4 Evolution of the mixing zone

For the TZ on�guration desribed in setion A.3.2, we �rst ompare the di�usion solution (A.17),

and the numerial solution of Equations (A.19)-(A.20). In Figures A.8(a) and A.8(b), we observe a good

agreement between the numerial and the analytial solutions, for the seond and third moments of the

PDF. Moreover, in Figure A.9, the self-similarity of the solution is heked, with respet to the quantities
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Rk, Rǫ and RL (that are de�ned in Setion A.3.1.2). This shows that the PDF solution operates lose

to the di�usion regime, for whih asymptoti PDF solutions have been derived in Setion A.2.2.
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Figure A.8: Comparison between Barenblatt analytial solution (A.17) and the numerial PDF solution

from t/τ0 = 1 to t/τ0 = 5. The TZ support inreases as time inreases.
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A.4 Disussion and onlusions

In setion A.2, we showed that, in the weakly inhomogeneous limit, the simpli�ed Langevin model

(SLM) gives rise to di�usion approximation for turbulent transport and behaves as a standard k−εmodel.

In setion A.3, we performed numerial simulations of a turbulent mixing zone and showed that the weakly

inhomogeneous limit and the di�usion approximation were relevant to desribe the di�usion and deay

of turbulene in this on�guration. These results have been obtained for the SLM. However, they should

also apply to a broader lass of Langevin models, inluding most of those desribed in [108, 110℄ and

alled Generalized Langevin models (GLM). Indeed, in the turbulent mixing zone on�guration, these

models only di�er from the SLM by orretion due the anisotropy tensor. In the weakly inhomogeneous

expansion, this quantity is of order 2. Consequently, it will not modify the orders 0 and 1 on whih the

present disussion is based.

The results obtained in setions A.2 and A.3 raise a number of questions onerning the way turbulent

transport is e�etively modelled in Langevin PDF models. First, the transport of kineti energy is given

on �rst order by a gradient di�usion approximation. The orresponding di�usion oe�ient Ck is found

to depend expliitly on two model onstants: C1 and Cε2 . We reall that the onstant Cε2 is set in
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order to reprodue the orret deay of kineti energy in homogeneous isotropi turbulene. As for

the onstant C1, it is set in order to speify the deay of the anisotropy tensor bij = Rij − 2k/3δij in

homogeneous turbulene. Hene, one is faed with an apparent ontradition : the oe�ient ontrolling

turbulent transport in Langevin PDF methods is set by observations and reasonings made in homogeneous

turbulene, whih by de�nition is devoid of turbulent transport.

Seond, the value of C1 varies in the literature and so does the value of the di�usion oe�ient Ck.

For C1 = 1.8, one has Ck = 0.7 and for C1 = 4.15, one has Ck = 0.22. These values have to be ompared

with the usual value retained in k − ε models Ck−ε
k = 0.15 − 0.22. Thus, if one wants to obtain results

lose to a standard k − ε model in the di�usion-dissipation regime, one should rather hoose a value

of C1 = 4.15. However, as explained in setion A.1, higher values of C1 are usually assoiated with

simpler models disarding the rapid ontribution of the pressure gradient. For more realisti models, it

is the value C1 = 1.8 whih is relevant. Hene, one is left to hoose between a value of C1 that aptures

orretly turbulent transport and a value that is ompatible with the presene of a rapid pressure model.

In addition to the �rst omment, this seond remark tends to indiate that the de�nition of C1 and the

term it ontrols in the simpli�ed Langevin model is overloaded. It looks as if the C1 term in Equation

(A.1) had to represent two distint physial mehanisms: return to isotropy and turbulent transport.

Finally, a last remark must be made. While the Langevin PDF and k − ε models behave alike

in the di�usion limit, there is still a fundamental di�erene between the two. In the k − ε model,

the gradient di�usion term models turbulent advetion and also turbulent transport by the pressure:

−Ck−ε
k

k
2

ε ∂xik = uik + uip. By ontrast, in the simpli�ed Langevin PDF model, pressure transport is

negleted. This an be seen in Equation (A.4) where only the �ux of k appears. For the simpli�ed

Langevin model, one has: −Ck
k
2

ε ∂xik = uik. This relation ould be justi�ed if uip was negligible.

However, this is not the ase. In isotropi turbulene, one has exatly: uip = −2/5uik [94℄. Therefore,

an important part of turbulent transport is missing in PDF models. Still, the fat that uip and uik
are proportional allows for an e�etive de�nition of Ck whih aounts for the missing term and give

an overall orret transport in the di�usion regime. In that ase, the value of uik is overestimated by a

fator 5/3 ≈ 1.7.

All these remarks point to some de�ienies in the way turbulent transport is represented in PDF

models. We hope to address some of these de�ienies in a forthoming paper.

.1 Derivation of the �rst order of the asymptoti expansion

First of all, we note that k
(1)

and ε(1) obey a system of equations independent of higher orders:

∂k
(1)

∂t
= −ε(1) ,

∂ε(1)

∂t
= −Cε2ω

(0) ε(0)

(
2
ε(1)

ε(0)
− k

(1)

k
(0)

)
.

Zero being a partiular solution of it, we an set, without loss of generality:

k
(1)

= 0 and ε(1) = 0 .

Then, the equation for f (1)
beomes:

∂f (1)

∂t
− ∂

∂uj

[
C1

2
ω(0)ujf

(1)

]
− C0

2
ε(0)

∂2f (0)

∂uj∂uj
= −u1

∂f (0)

∂z
− ∂

∂u1

[
∂σ2

∂z
f (0)

]
.

A partiular form f (1) = f (0) u1

ω(0)
g
(
‖u‖2

/σ2
) 1

σ2

∂σ2

∂z
is injeted in this equation (we reall that σ2 =

2k
(0)
/3). We �nd that the funtion g(y) is solution of the following seond order ODE:

2y
d2g

dy2
(y) + (5 − y)

dg

dy
(y)− Cε2 + C1/2 − 2− Γ

C1 − 1
g(y) = −1

2

5− y

C1 − 1
,
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where Γ =
[

1
ω(0)

∂ω(0)

∂z

]
/
[

1
σ2

∂σ2

∂z

]
. The solution of this equation is:

g(y) =
5− y

3C1 + 2Cε2 − 6− 2Γ
,

so that we obtain:

f (1) = C̃g
σ

ω

∂zσ
2

σ2

u1
σ

(
5− uiui

σ2

)
f (0)

with C̃g =
1

3C1 + 2Cε2 − 6− 2Γ
.

The evolution of Γ is given by:

∂Γ
∂t = ω(0)Γ2 − (Cε2 − 1)ω(0)Γ, whih solution is:

Γ =
Γ0(Cε2 − 1)

Γ0 + (Cε2 − 1− Γ0)e
(Cε2−1)

∫

t
0
ω(0)(s)ds

,

with Γ0 the initial ondition of Γ. For physial reasons, we are only interested in solutions for whih k
(0)

and ε(0) have approximately the same spatial pro�les. In that ase, Γ0 remains small. In this work, we

will more spei�ally restrit our attention to ases for whih Γ0 is smaller that (Cε2 − 1). Then, Γ tends

to 0, so that, for long times, we an neglet its ontribution in the �nal expression of C̃g. The PDF f (1)

is then given by Equation (A.11). Note that the ase Γ0 larger than (Cε2 − 1) would yield an in�nite

value of Γ whih is not physially relevant in the present ontext. The only other relevant ase would be

(Cε2 − 1) = Γ0, whih is a speial limit not treated in this work.

.2 Eulerian Monte Carlo solver

Following [119℄, a statistial equivalene an be found between the PDF equation (A.1) and the

following system of stohasti partial di�erential equations (SPDE):

∂r

∂t
+

∂

∂x1
(ru1) = 0 , (.22a)

∂vi
∂t
dt+ v1

∂vi
∂x1

dt =
∂R1i

∂x1
dt− C1

2
ωvidt+

√
C0εdWi , (.22b)

where Wi are independent Wiener proesses. More preisely, the weighted PDF:

f̃ =
r(x1, t)δ(v(x1, t)− u)

r(x1, t)

has an evolution equation idential to equation (A.1). Then provided the right boundary and initial

onditions are hosen, system (.22) will allow to solve PDF equation (A.1).

From a numerial point of view, the main di�ulty lies in solving the advetion part of the equation:

∂vi
∂t + v1

∂vi
∂x1

. In the PDF equation the equivalent of this term orresponds to purely linear advetion

and this property should be preserved in the interpretation of the SPDEs. Thus, the latter should be

interpreted as quasi-linear hyperboli equations: harateristi urves of the SPDEs an ross, whih

results in a multivalued solutions. At points where the solution of the veloity is multivalued, the

orresponding density also beomes a multivalued funtion. This kind of properties also arises in di�erent

ontexts. See for instane [30℄.

Traditional numerial shemes whih satisfy an entropy inrease ondition are not appropriate for the

desription of multivalued solutions. Instead, one an use a level-set based method as in [30℄. Alter-

natively, given the stohasti nature of our problem, on an devise a variation on the Random Choie

Method (RCM) [54℄. The details of the derivation of these methods will be given in a forthoming artile.

We only give here its �nal expression.
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Spae is disretized with a uniform mesh xj = j∆x, j = 1 · · ·Nx. Time is disretized on intervals

[tn, tn+1 = tn + ∆t]. Ns stohasti �elds are solved simultaneously. They are eah indexed by the

supersript (s). For the sake of simpliity, we will only use this index when neessary. For a given

stohasti �eld, the numerial sheme is the following:

rn+1
j =rnj − ∆t

∆x

[∣∣(v1)nj
∣∣ rnj − v−j+1r

n
j+1 − v+j−1r

n
j−1

]
,

vi|n+1
j =Sn

i + vi|nj+1η
+
j + vi|nj−1η

−
j + vi|nj η0j ,

where v+j−1 = max(v1|nj−1, 0), v
−
j+1 = −min(v1|nj+1, 0) and where η

{+,−,0}
j are random numbers de�ned

by:

(
η+j , η

−
j , η

0
j

)
=





(1, 0, 0) , with probability P+
j

(0, 1, 0) , with probability P−
j

(0, 0, 1) , with probability P 0
j = 1− P+

j − P−
j

.

The probabilities P 0
j , P

−
j and P+

j de�ne the random hoie method. They are given by:

P+
j =

rnj+1

rn+1
j

v+j+1

∆t

∆x
,

P−
j =

rnj−1

rn+1
j

v−j−1

∆t

∆x
,

P 0
j =

rnj

rn+1
j

(
1− |(v1)nj |

∆t

∆x

)
.

To guarantee that the probability P 0
j is positive, one must enfore the following CFL ondition:

|(v1)nj |
∆t

∆x
≤ 1 .

Finally, the soure term Sn
i is de�ned as:

Sn
i = −C1

2
ωnvni ∆t+

√
C0ε

n∆tξni −
〈
vi|nj+1η

+
i + vi|nj−1η

−
i + vi|nj η0i

〉
Ns

, (.23)

where ξni are random independent Gaussian noises with variane 1 and mean 0 and where, for any quantity
q, 〈q〉Ns

represents the weighted mean on the stohasti �eld:

〈q〉Ns
=

∑Ns

s=1 r
(s)q(s)

∑Ns

s=1 r
(s)

.

The last term in equation (.23) is a disretization of

∂R1i

∂x1
that guarantees that advetion has a zero

ontribution to the evolution of the mean, as should be the ase.

The numerial sheme desribed here an be shown to be �rst order in time and in spae when

stohasti onvergene is ahieved.

.3 Deterministi diret method

We propose here a Finite Volume numerial method to disretize the equation (A.19), where the spae,

veloity �utuation and time dimensions are disretized to yield a unique value of the PDF f1(u1;x1, t).
This numerial sheme should allow to satisfy the following onstraints:

f1(u1;x1, t) ≥ 0 , (.24)∫

R

f1(u1;x1, t)du1 = 1 , (.25)

∫

R

u1f1(u1;x1, t)du1 = 0 . (.26)
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To simplify notations, we will hereafter drop the index 1 from x1 and f1.

We introdue a Cartesian, uniformmesh, de�ned by the ontrol volumes Ci,j =
[
xi−1/2, xi+1/2

] [
uj−1/2, uj+1/2

]
,

where (i, j) ∈ I×J ⊂ N×Z. We de�ne ∆x and ∆v as the sizes of the spae and veloity ontrol volumes,

respetively. xi = i∆x and uj = j∆v here refer to the ell entres, whereas xi+1/2 = (i + 1/2)∆x and

uj+1/2 = (j + 1/2)∆u refer to the volume ontrol boundaries.

Let fn
i,j be an average approximation of the PDF on the ontrol volume at time tn = n∆t, n ∈ N,

fn
i,j =

1

∆x∆v

∫

Ci,j

f(x, u, tn)dudx . (.27)

We start from the Finite Volume sheme originally derived in [51℄. We reall the basi steps leading to

its onstrution on the simpli�ed advetion equation

∂f

∂t
+ u

∂f

∂x
= 0 , u > 0 , (.28)

for the sake of simpliity. Its extension by symmetry to the negative veloity spae is straightforward. Its

appliation to the right-hand side, veloity drift terms, in Equation (A.19), will be disussed hereafter.

First, a time expliit Euler sheme is employed to disretize the Equation (.28) as

fn+1
i = fn

i + u
∆t

∆x

(
Fn
i+1/2 − Fn

i−1/2

)
, (.29)

where Fn
i+1/2 = F (xi+1/2, t

n) stands as a disrete onservative approximation of f(x, t) on the boundary

of the ontrol volume

[
xi−1/2, xi+1/2

]
. Seond, following [51℄, a seond order MUSCL reonstrution

tehnique (by primitive), leads to the approximation

F (x, tn) =

[
fn
i + ǫ+

x− xi
∆x

(
fn
i+1 − fn

i

)]
, ∀x ∈

[
xi−1/2, xi+1/2

]
. (.30)

The slope limiter ǫ+ is introdued in order to reover the maximum priniple 0 ≤ fn
i ≤ ‖f‖∞ under the

CFL ondition u∆t
∆x ≤ 1. Its expression, given by

ǫ+ =





0 , if
(
fn
i+1 − fn

i

) (
fn
i − fn

i−1

)
< 0

min

(
1,

2 (‖f‖∞ − fn
i )

fn
i − fn

i+1

)
, if
(
fn
i+1 − fn

i

)
< 0

min

(
1,

2fn
i

fn
i+1 − fn

i

)
, else

(.31)

leads to a non-linear expression for the numerial �ux.

This approximation proedure an be further extended to evaluate the veloity drift term in the right

hand side of Equation (A.19), whih involves the veloity variane gradient

∂u2

∂x
. This drift term should

balane with the advetion term in the left hand side of Equation (A.19), in order to guarantee the zero

mean veloity onservation (.26). At the disrete level, this requirement is met with a re-de�nition of

∂u2

∂x

∣∣∣∣∣

n

i

as a funtion of the disrete, reonstruted, numerial �ux obtained for the advetion term (left

hand side of Equation (A.19))

∂u2

∂x

∣∣∣∣∣

n

i

=
∑

j

u2j
Fn
i+1/2,j − Fn

i−1/2,j

∆x
∆v

/
−

∑

j

uj
Fn
i,j+1/2 − Fn

i,j−1/2

∆v
∆v


 , (.32)

whih is the analogous of the ontinuous relation, obtained by integration by parts,

∂u2

∂x
=

∫

R

duu2
∂f

∂x

/(
−
∫

R

duu
∂f

∂u

)
. (.33)
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The hosen disrete de�nition (.32) mimis the integration by part (.33) required to satisty the zero mean

veloity onservation (.26), that is u = 0.
A similar proedure is now applied to the C1 term in the right hand side of Equation (A.19), whih is

rewritten as

∂

∂u

(
C1

2
ωuf

)
→ ∂

∂u

(
C1

2
ω (u− u) f

)
. (.34)

An extension of the Finite Volume sheme (.29)-(.30)-(.31) is employed here, to the more general ase

where the �uxes depend on the drift variable u. This dependene is treated with a onservative entered

disretization of the veloity variable in the �ux uf . A disrete de�nition for u is required at this point

in (.34). We introdue an approximation that satis�es the zero mean veloity onservation in a disrete

manner on the disrete analogous of the Equation (.34)

uni =
∑

j

uj
Fn
i,j+1/2 − Fn

i,j−1/2

∆v
∆v

/
∑

j

uj
uj+1/2F

n
i,j+1/2 − uj−1/2F

n
i,j−1/2

∆v
∆v


 , (.35)

whih is the disrete analogous of the ontinuous expression

u =

∫

R

duu
∂f

∂u

/∫

R

du
∂

∂u
(uf) = 0 . (.36)

We �nally obtain an unsplit disretization for all the advetion terms in Equation (A.19). The disrete

analogous of the probability density onservation (.25) is satis�ed if the slope limiters are not ative for

the advetion term u
∂f

∂x
. In this ase, we indeed obtain a entered disretization whatever the sign of

the veloity is. We aept a small deviation from the probability density onservation, where the limiters

are ative to guarantee the maximum priniple.

We now turn to the disretization of the C0 operator in the right hand side of Equation (A.19). This

term is splitted and disretized with an entered, impliit sheme, with net �ux boundary onditions on

the veloity spae. This ensures the respet of the onservations (.25) and (.26), at the disrete level.

Moreover, we obtain a M-matrix with a positive right hand side, leading to a positive PDF.

Finally, we remark that the splitting of the C0 operator is onvenient in the sense that it allows both the

impliitation of this term and an easy implementation of a parallelisation on the spae dimension x with

good expeted salability. We have made use of the MPI parallelisation protool to do so.
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Résumé

Cette thèse s'intéresse à la migration ellulaire d'une population omposée de deux espèes qui inter-

agissent par le biais de signaux himiques. Ces signaux himiques auxquels sont soumis les deux espèes

sont de nature di�érente. Ils sont soit intérieur (produit par les deux espèes) ou bien extérieur (apporté

par le milieu et onsommé par les deux espèes). On observe le phénomène de synhronisation et de

désynhronisation lors de la migration d'une population omposée de deux espèes di�érentes d'E.Coli.

Séparément, les batéries rouges d'E.Coli se déplaent deux fois plus vite que les batéries vertes. Cepen-

dant dans le as d'une population mixte omposée de rouges et de vertes, les batéries rouges et vertes se

déplaent ensemble ou séparément en fontion de la proportion de la batérie la plus rapide rouge dans

la population. Cette observation expérimentale est interprétée par un modèle marosopique parabolique

de himiotatisme à deux espèes pour lequel l'existene et la non-existene des ondes de onentration

sont prouvées. Ce modèle marosopique parabolique à deux espèes est onstruit à partir des modèles

mirosopiques qui traduisent le mouvement individuel des ellules. Ce phénomène de synhronisation

et de désynhronisation est aussi présent dans la dynamique des masses de dira des deux espèes après

l'explosion des solutions lassiques dans un modèle d'agrégation à deux espèes ave une seule substane

himique. Nous proposons aussi dans ette thèse une méthode pour obtenir des shémas numériques

préservant à la fois l'équilibre et l'asymptotique. Cette méthode est testée aux modèles inétiques de

himiotatisme et de transfert radiatif.

Abstrat

This thesis is onerned about ellular motion of a population omposed of two speies in intera-

tion through hemial ues. The hemial ues to whih the two speies are subjet are of di�erent kind.

They an be internal (produed by the two speies) or external (present in the meduim and onsommed

by the two speies). Synhronising and non-synhronising e�ets are observed during the migration of the

population formed by two di�erent strains of E.Coli. Although separately, red bateria E.Coli travel twie

as fast as green bateria E.Coli, put together, they travel or split depending on the perentage of the

faster bateria in the population. This experimental result is explained by a two-speies paraboli maro-

sopi hemotaxis model for whih the existene and non-existene of traveling pulses are showed. The

paraboli marosopi model is derived from mirosopi models whih desribe the individual motion of

ells. The synhronising and non-synhronising e�et is also enountered in dynamis of the two-speies

dira masses after blow-up of lassial solutions in a two-speies model for aggregation. A method to

design both well-balaned and asymptoti preserving shemes is proposed. This method is tested to

hemotaxis and radiative transport kineti models.




