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In urban networks, straight-track corrugation is exposed as one of the most se-

rious defects appearing in wheel-rail contact, and affects the rail-way operation 

and maintenance. Straight-track corrugation is a periodical defect of rail sur-

face that occurs while wheel-rail contact undergoes transient conditions such 

as braking or acceleration. Train rolling on such defect, will induce structural 

vibrations as well as rolling noise, and expensive cost for the maintenance.  

According to the bibliographies, it is important to highlight that corrugation is 

not a single phenomenon with a unique cause and a unique solution or treat-

ment. In order to find out a more detailed observation of corrugation and to 

understand the important factors which affect corrugation growth, some exten-

sive and well documented surveys have been described since the end of 19th 

century. Many site tests were made and many surveys were conducted with a 

great variety of steel types, rail profiles, exploitation conditions, etc…[1] [2] 

[14]. In 1993, Grassie and Kalousek [3] presented a classification of corruga-

tion with their characteristics, causes and treatments on the basis of previous 

researches, and submitted them to a comparative study, taking into account the 

historical developments of the various assets and vehicles. 

Nevertheless, the process of corrugation evolving along the rail could not be 

observed directly on site observations or metallurgy studies. And the effects of 

tribological conditions such as the friction function, and the influence of mate-

rial properties could not be precisely quantified. Previously, tribological inves-

tigations of rails affected by track corrugation have highlighted periodical 

plastic deformations coupled with Superficial Tribological Transformation[4] 

[5] [6]. But it is difficult to identify the various factors affecting such rail de-

fect, and to quantify how the factor contributes to surface defect only on the 

basis of experiments. 

To overcome the limitation of experimental surveys, a lot of numerical meth-

ods are developed [40-55] to investigate corrugation defects. Although a lot of 

publications present the comparison between numerical and measurement re-
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sults, the generation mechanism of rail corrugation is still not completely un-

derstood. According to the literature [55][58][66][67], there are many works 

which try to constitute a more stable, less spurious oscillating numerical 

schemes. However, these studies are usually concerned about a solution in 

time discretization scheme, and many proposed strategies exhibit the draw-

backs such as neglected kinetic energy at the contacting nodes, spurious oscil-

lations introduced on the contact boundary or a small interpenetration.  The ex-

istence, uniqueness and stability of a numerical solution is still generally 

unknown for wheel–rail contact modelling.  

To better understand corrugation defect formation mechanism and to compen-

sate for these numerical modelling drawbacks, a researching work of thesis is 

constituted and descripted in the manuscript for three main parts: 

Part 1: The bibliographies are studied both on the metallurgy researches and on 

the numerical modelling researches. And the limitations to investigate the par-

ametric influence on corrugation defects and the drawbacks of numerical mod-

elling are presented. Therefore, an approach dealing with the local tribological 

analysis in wheel-rail contact is constituted and applied to the specific corruga-

tion defects on straight-track under transient conditions.  

Part 2: Through the numerical model, corrugation defects and the local contact 

dynamics between wheel-rail are analysed. The sensibilities of parameters 

which are applied under transient conditions and the influence of material 

properties on corrugation defects are going to be investigated. Not only the in-

fluence of a single wheel passing but also of multiple wheel passings are taken 

into account for the evolution of corrugation defects. Moreover, the influence 

of the geometric irregularity in the weld rail area are also considered about. 

The simulation results are highlighted that corrugation defect is not influenced 

by a unique cause. 

Part 3: Through a compare between the numerical results and the on-site 

measurements on corrugation defects, there is an unusual energy dissipation 
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problem in the wheel-rail dynamic contact modelling, and the results in numer-

ical model does not represent corrugation defects expected. As a more realistic 

corrugation defect on straight track is expected, a solution will be considered 

to improve the numerical modelling 

 

 

 

 

 

  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0019/these.pdf 
© [F. Duan], [2015], INSA de Lyon, tous droits réservés



 
 
 
Introduction 
 
 
 

 

 

10                                                             Duan Fangfang / Thesis 2015/ Institut national des sciences appliquées de Lyon                                                    
 
                  

  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0019/these.pdf 
© [F. Duan], [2015], INSA de Lyon, tous droits réservés



 

Part 1 
Introduction of corrugation in railway 
networks  
 

  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0019/these.pdf 
© [F. Duan], [2015], INSA de Lyon, tous droits réservés



Part 1 Introduction of the corrugation in railway networks 
 

12                                                             Duan Fangfang / Thesis 2015/ Institut national des sciences appliquées de Lyon                                                    
 
                  

 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0019/these.pdf 
© [F. Duan], [2015], INSA de Lyon, tous droits réservés



Part 1 Introduction of the corrugation in railway networks 
 

Duan Fangfang / Thesis 2015/ Institut national des sciences appliquées de Lyon                                                              13  
 
 

Chapter 1. State of the art 

1.1 Introduction  
Railway transport is generally acknowledged for its low cost, environmental 

friendliness, energy efficiency, and fast speed (over short and medium distanc-

es) compared with other means of transportation. Therefore, railway operators 

and maintainers need to keep train service punctual, relatively quiet, comforta-

ble, and low-cost. But defects of rail such as squats, cracks, corrugation, etc… 

appear in wheel-rail contact and affect railway operations in urban rail net-

works[7][12][13]; among these defects, rail corrugation is one of the most se-

rious problems experienced by transit systems.  

 

Figure 1.1 Sample of rail corrugation on a curved rail[14] 

Rail corrugation is a periodical phenomenon which mainly appears on the run-

ning surface of the rail (Fig1.1) [14] with typical wavelengths between 25mm 

and 1500 mm. On the surface of severely corrugated rails, the shiny crests and 

darker troughs are easily recognized. The amplitudes can reach values up to 

hundred micrometres (µm) (Fig.1.2)[15]. Rail corrugation, showed in Fig. 1.1 
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and 1.2, illustrates severe wear as well as plastic deformation on the surface of 

rails, especially on the active flange.  

 

Figure 1.2 Characteristic parameters of rail corrugation on tangent rail[15] 

Nowadays, the problems of rail corrugation with increasing axle loads and 

train speeds are apparent. These trends have led to an increased effort to un-

derstand the problem and to devise effective remedies. Indeed, these defects 

cause great changes in the rail profile and, therefore, strongly affect the run-

ning behaviour of railway vehicles, such as motion stability, riding comfort 

and derailment safety. 

There is a great awareness that these defects could extent to an environment 

noise problem. Corrugation gives rise to high frequency vibration, in the range 

of 200 to 1500 Hz, and to an increase of noise emission[16]. It also causes 

fierce vibrations of the structures of both railway vehicles and tracks[17], dis-

comfort for passengers and residents living near the tracks, damages for goods 

and reduction for structural parts lifespan [18][19]. Currently, the primary 

method for controlling corrugation is to grind the rail at regular intervals. 

However, corrugation develops so fast in some sections that the rail has to be 

frequently renewed because of this grinding procedure[20]. 
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In order to find out more detailed observations of corrugation and the im-

portant factors affecting corrugation growth, some extensive and well-

documented surveys are described in the following sections. 

1.2    Review on corrugation study 

1.2.1    Previous research from origin to the 1990s 

 

Figure 1.3 The Great Western Railway (GWR) - Iron Duke Class broad gauge 

locomotives[21] 

In order to prevent the generation of rail corrugation, many studies have been 

reported in the world since the end of the 19th century. Many site tests were 

made and many surveys were conducted with a great variety of steel types, rail 

profiles, exploitation conditions, etc… 

According to a review by K.H. Oostermeijer [1], the first report of corrugation 

in the literature dates back to 1889 on the Midland line in Great Britain. Then, 

in 1895, a report in the United States observed that corrugation gave rise to 

very poor ride comfort and high noise levels. In Germany, corrugation surveys 
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began as early as the 1930’s. In 1953, Fink published a review paper on rail 

corrugation, mainly considering short-wavelength rail corrugation up to 5 cm. 

The general situation on rail corrugation was discussed during a conference of 

the International Railway Congress Association (IRCA) in 1958. At the same 

time, possible causes of corrugation were investigated by Birmann[1]. In his 

paper, not only the vibrational behaviour of rail and wheelset was investigated, 

but also the prevention of corrugation growth, considering the aspects of rail 

material.  

Several new attempts started in the 1970s. In 1975, Johnson and Gray [2]  the-

oretically explained the self-generation of corrugations on metal surfaces in 

rolling contact on disc machines and validated it through experiments. They 

also distinguished the wavelength determined by the frequency of contact res-

onance and the formation and amplification of quasi-periodic pattern due to 

plastic deformation. According to the paper of Y.Sato[22], Mair in Australia 

investigated the cause of special long-wavelength corrugation related with the 

vertical dynamic behaviour of unsprung mass on a continuously supported 

track in 1977. In 1978, Eisenmann published a study on short-pitch corrugation, 

explaining that short-pitch corrugation was caused by the residual stresses in 

rail head. In 1979, Daniels et al. began their experimental investigation on the 

railway network of Pueblo, Colorado, establishing a test to provide an under-

standing of corrugation growth and corrugation mechanisms.  

In 1983, two symposia on rail corrugation took place at the Berlin Technical 

University and in London, where papers of Frederick and Budgen[23], Clark 

and Kalker[24] were presented. In another paper published in 1986[22], Fred-

erick showed how to quantify the dynamic response of wheel and rail to verti-

cal, lateral and longitudinal forces, and how to predict whether or not a small 

wave in the surface of the rail will be deepened or erased by passing vehicles. 

Valdivia (1988)[25] and Knothe and Ripke (1990) [26], suggested that corru-

gation formation can be explained as a feedback process between (a) wheel 
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and rail high frequency oscillations and (b) long-term wear phenomena. This 

work was continued in by Hempelmann and Knothe (1996) [27] and in Müller 

(1998)[28]. Through these results, corrugation is associated with a constant 

frequency, so that the wavelength varies in proportion to the predominant train 

speed. However, Müller in 1999[29] also introduced a wavelength-fixing 

mechanism for short-pitch corrugations besides frequency fixing mechanisms. 

If only considering the contact mechanical effects, there is a tendency to pro-

duce the corrugation in a wavelength range of 2cm to 8-10cm. 

Many studies have been reported from the end of the 19th century to 1990s. But 

the theories introduced above did not completely explain the mechanism of 

corrugation formation. For example, only the contact mechanism was consid-

ered, and the wear or damage mechanism was ignored [29]. 

In 1993, Grassie and Kalousek [3] presented a classification of corrugation 

with their characteristics, causes and treatments on the basis of these research-

es, after submitting them to a comparative study, taking into account the his-

torical developments of the various assets and vehicles. In the next section, the 

classification will be introduced. 

1.2.2    Classical classification of rail corrugation by Grassie and Kalousek 

Corrugation of rails occurs on nearly every railway networks. The phenome-

non is a more or less periodic irregularity on the running surface which gives 

rise to high dynamic loads between wheel and rail, degradation of the ballast 

and other track components, noises, etc...[29][30][31]. It is important to high-

light that corrugation is not a single phenomenon with a unique cause and a 

unique solution or treatment, and a better categorized study would help to un-

derstand the corrugation characteristics.  

According to Grassie and Kalousek [3], categorization of corrugations can be 

made through two mechanisms: the damaging of the rail (wear, plastic flow 

etc.) and the corrugation wavelength. Figure 1.4 illustrates a feedback loop of 
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these two mechanisms: the rail is initially uncorrugated, but the profile is com-

posed of the irregular roughness and combined with other factors such as trac-

tion, creep and frictions. These characteristics excite dynamic loads at the 

wheel-rail contact and lead to damages, thereby modifying the initial profile. 

Since the trains roll over the site at a similar speed, the wavelength varies 

similarly, thus corresponding to a wavelength fixing mechanism. The modified 

profile of the rail and the damages tend to exacerbate vibration of subsequent 

trains and leads to further damage.  

This diagram (see Fig. 1.4) helps to understand the formation of corrugation 

caused by the structural dynamics or material behaviour. Based on Grassie and 

Kalousek’s researching experience over the last decade [3], the corrugation is 

classified into six groups (Table 1.1) according to ‘wavelength fixing’. 

  

Figure 1.4 Feedback loop of structural dynamics and contact mechanics 

(wavelength-fixing mechanism) and damage mechanism [3] 

 

Wavelength-fixing  

mechanism  

Damage mechanism 

(Wear, plastic flow, head check) 

Dynamic loads 

Initial  

profile   

Change in  

Profile 

 

Traction, creep, friction 
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Type 
Wavelength 

(mm) 

Wavelength fixing 

mechanism 

Damage 

mechanism 

I Heavy haul 200-300 P2 resonance Plastic flow in troughs 

II Light rail 500-1500 P2 resonance Plastic bending 

III Booted 

45-60(RATP) 

51-57 

(Baltimore) 

Sleeper resonance 

Flexural resonance  

of wheel set 

Wear of troughs  

Lateral oscillation  

Plastic flow of peaks 

IV Contact  

fatigue 
150-450 P2 resonance latterly 

Rolling contact 

 fatigue  

V Rutting 

50(trams) 

200(RATP) 

150-450(FAST) 

Torsional resonance 

of  wheelset 

Peak vertical  

dynamic  

force 

Wear of troughs from    

longitudinal  

oscillation 

VI Roaring rails 25-80 Unknown 

Wear of troughs from  

longitudinal  

slip 

Table 1.1 Types and characteristics of corrugation[3] 

 

Table 1.1, proposed by Grassie and Kalousek[3], has proved to be a useful and 

less misleading means of classifying corrugations. There are six types of cor-
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rugation classified in Table 1.1, each type of corrugation has a particular com-

bination of wavelength-fixing and damage mechanisms. 

Table 1.1 makes several reference to “pinned-pinned resonance” (or “P2 reso-

nance”), which is a resonance in which the rail vibrates as a fixed beam, as if a 

beam was pinned between periodically-placed sleepers[32][33]. Table 1.1 

clearly shows the excitation of the P2 resonance is responsible not only for the 

variation in corrugation amplitude at sleeper pitch, that is commonly seen on 

main-line railways in Britain e.g.[32], but also contributes to the “wavelength 

fixing” mechanism for corrugation. In an investigation of causes and treat-

ments of corrugation encountered on metro railways in the United States, it 

was found that the principal wavelength-fixing mechanism for corrugation on 

these metro systems was the second torsional resonance of driven wheelsets, in 

which the main drive gear oscillates in anti-phase to the wheels [34]. In the 

meantime, the P2 resonance of the unsprung mass on track stiffness is a signif-

icant wavelength-fixing mechanism for many types of corrugations. The cor-

rugation was also excited by extremely severe and frequent discrete irregulari-

ties at joints[3][34].  

Figure 1.5 shows different types of resonances contributing to the formation of 

corrugation. As a result of dynamic resonances, several types of corrugations 

occur in both tangent rail and curved rail. The formation of corrugation is like-

ly to be exacerbated by conditions that result in different tractions by wheels 

that run on the high and low rails, particularly if one wheel is in full slip and 

the other not.  
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Figure 1.5 Different resonances of the coupled vehicle-track system[35] 

The classification defined by Kalousek and Grassie provides a summary of the 

previous studies, which helps understand whether structural dynamics or mate-

rial behaviour is mainly responsible for the formation of rail corrugations. In 

their paper [3][34], most types of corrugation are understood from both dam-

ages and wavelength fixing mechanisms. But the wavelength fixing mecha-

nism of roaring rail corrugation is unknown, and the tribological aspect of the 

corrugation still remains a mystery.  Therefore, in the next section, we will 

concentrate on the metallurgical study of short-pitch corrugation. 

1.2.3    Description of corrugation defects: Short-pitch corrugation 

1.2.3.1 Observation of superficial morphology 

The roaring rail corrugation is also called “short-pitch corrugation”, and main-

ly occurs on tangent tracks (or on curves with large radius of about a thousand 

meters). The short-pitch corrugation shows an undulation of the rail surface 

with typical wavelengths, between 25 - 80 mm. The amplitudes can reach val-

ues up to several hundred micrometres. 
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Figure 1.6 Surface topography of the rolling surface[4] 

In the paper of Wild [4], this phenomenon is described as ripples which pre-

sent a nearly regular succession of waves with shining wave hills (crest) and 

dark wave valleys (trough) on a rail rolling surface (Fig.1.6). A succession of 

polished shiny areas was found on rail running surfaces and contrasts with a 

duller base. The shiny patches are 25 to 80 mm apart and are generally quite 

regularly spaced. The shiny, raised parts correspond to the highest points of 

the bumps, the dark parts correspond to the lowest points and the dark parts are 

oxidised. Metallographic analyses reveal that the peaks have a hardened mar-

tensitic structure to a very slight depth (from a few hundredths of a millimetre 

to 0.05 mm). 

Crest       Trough       Crest 
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Figure 1.7 Short-pitch corrugation on tangent track[15][36] 

Figure 1.7 shows a typical example of a corrugated rail. Two morphologies can 

be distinguished at the corrugated rail surface (Fig.1.7): smooth and shiny 

crests, homogeneous and matt troughs. From the surficial observation on the 

corrugated rail, the shiny parts are parallel to the direction of train. According 

to Grassie[37], the sliding between wheel and rail would give rise to the corru-

gation defect in this zone. In the crest area, a blue zone is also locally found 

and corresponds to the sliding in contact, coming with the increasing tempera-

ture in this area. Unlike the crest appearance, the trough appearance (Fig.1.7) 

is similar to an uncorrugated rail surface. 

Besides the superficial observation of the two morphologies, the unknown mi-

crostructures of material in the rail subsurface also need to be investigated. 

1.2.3.2 Observation of subsurface microstructure 
In this section, a microstructure of corrugated rail is presented according to the 

research work of Wild [4], which describes corrugation raised under a track 

load between 10 and 20 tons, and under track speed between 50 and 120Km/h.  

Blue zone 

Shiny and parallel bands 
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 (a)  (b)  

Figure 1.8 (a) White etching layer in the cross-section of crest, (b) Microhard-

ness distribution beneath the surface of crest[4] 

The observation of microstructure on the crests does not show significant ori-

entation of the cementite lamellae (Fig.1.8(a)). There is no lateral material 

flow in the crests area, and this zone appears homogenous. However, under the 

observation with optical microscope, the cross section specimen reveals that 

there are some bright patches on the crests, called white etching layers or 

tribologically transformed structure (TTS) of the rails (Fig.1.8 (a))[38]. The 

thickness of the white etching layer varies between approximately 5 and 20 µm 

(Fig.1.8 (b)). The maximum hardness values appear in the bright patches on 

the crests. Usually, the appearance of such phases is attributed to the marten-

sitic transformation of steel and its fast cooling, carried out in a temperature of 

more than 700 °C (in atmospheric pressure). Yet, the temperature in a wheel-

rail contact rarely reaches more than 400 °C, which is not enough to begin 

martensitic formation[39]. So the increase of temperature on the surface of the 

rail is not the unique reason which affects the development of these white 

phases; high contact stress and shear stress also contribute to the microstruc-

tural transformation[40][41]. 

Microhardness determination on the crest area shows that the hardness in the 

white etching layers is considerably higher at the surface (about 800-900 HV) 

than in the areas under the surface (about 300 HV). The transformation to 

10µm 100µm 
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white phase appears to form on the crests of rail irregularities, where the con-

tact pressures and frictional force are highest. 

(a) (b) 

Figure 1.9 (a) Etching relief in the cross-section of trough, (b) Microhardness 

distribution beneath the surface of trough[4] 

On the troughs of corrugated rail surface, the superficial view on top of the rail 

does not show obvious material changes. But referring to the optical and scan-

ning electron microscopy images of the cross-section of the troughs[4] 

(Fig.1.9(a)), the microstructure of the material is severely modified from its 

original status. Optical and scanning electron microscopy shows that the de-

formation layer has a thickness of approximately 150 µm. Initially non-

orientated, cementite lamellae reach an orientation of approximately 45ₒ
 to the 

rail surface, and even become parallel to the rail surface. This indicates strong 

friction effects. The microstructure appears to have suffered from strong plas-

tic deformation undulated along the traffic direction and related to the sliding 

condition of wheel-rail contact.  

The hardness distribution on the troughs surface is uniform (Fig. 1.9.b), at a 

value of approximately 300 HV and the microhardness varies between 240 and 

311 HV in the depth of 150 µm (Fig. 1.9.b). It is inferred that the hardness of 

the deformation layer is influenced by tribological conditions, such as friction, 

pressure, etc… during the contact of rail and wheel.  

200µm 
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In general, there are several observations on short-pitch corrugation: 

• Corrugation exhibits severe plastic deformation along the direction of 

track, dependent on the location of the contact patch; 

• Steel Hardness at the crests is significantly higher than at the troughs; 

• Corrugation is essentially stationary in position. The crests and troughs 

do not translate as the trains pass. The plastic deformation seems 

stronger at the trough than at the crest, which progressively produces 

corrugation; 

• White etching layers (WEL) are often found on corrugation crests. 

The short-pitch corrugation is investigated with both the superficial and the 

microstructural morphologies. However, the process of corrugation evaluating 

along the rail could not be observed directly on metallurgy study. And the ef-

fects of tribological conditions could not be precisely quantified. It is thus nec-

essary to investigate this corrugation referring to the theoretical study. 

1.3    The wheel-rail contact theory 
Since the appearance of corrugation is one of the serious problems encountered, 

the need of the wheel-rail traction capabilities is becoming more and more ur-

gent. As a consequence, it is necessary to understand corrugation defect with a 

more precise tool and the influence of wheel-rail contact in both tangent and 

normal directions on these defects. Therefore, a model using the wheel-rail 

contact theory is proposed to study the corrugation defects. 

1.3.1    Normal contact theory - Hertzian theory 

Geometrical effects on local elastic deformation properties were considered as 

early as 1880 with the Hertzian Theory of Static Elastic Deformation [42]. This 

theory relates the circular contact area of a sphere with a plane (or more gener-

ally between two spheres) to the elastic deformation properties of the materials. 
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In this theory, any surface interactions, such as adhesive contact interactions, 

are neglected. According to the Hertzian Theory, the contact area and the nor-

mal stress carried by it can be calculated.  

 

Figure 1.10 Hertzian Static Contact Mechanical Models (fully elastic model) 

The Hertzian Theory leads to an elliptical contact area and a semi-ellipsoid 

contact pressure distribution in the contact area. Due to its efficiency and sim-

plicity, this theory has been extensively applied since its publication. However, 

there are two limiting conditions for the applications of this theory: 

a) The contact between elastic bodies should be frictionless, 

b) The significant dimensions of the contact area should be much smaller than 

the dimensions and the radius of curvature of the bodies in contact. 

According to this theory, the wheel-rail contact is considered as a two curved 

surfaces contact, and a simplified model of the wheel and the rail is used (see 

Fig.1.11) [42].  
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Figure 1.11 Assumption of distribution of normal and tangential stresses in the 

wheel-rail contact area[42][43] 

According the Hertzian Theory, the contact surface is elliptic in semi-axes de-

fined by[42][44]: 
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1.3.2    Tangent contact theory - Traction, Friction, and Adhesion 

1.3.2.1 Rolling/sliding wheel-rail contact model 

 

Figure 1.12 Rolling/sliding wheel-rail contact 

When it is said that wheel-rail contact is a sliding/rolling contact (Fig.1.12), it 

is implied that the peripheral velocity of the wheel is comparable within limits 

to the global velocity of the train. Consider a rail, see (Fig.1.13). A Cartesian 

coordinate system is attached to x-axis along the rail, the y-axis points to right 

when one looks along the direction of x-axis, the z-axis points vertically 

downwards stats. The wheel rolls to the direction of x-axis with a rolling ve-

locity Vtrain which we can call Velocity-advanced, and the wheel has a circum-
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ferential velocity Vwheel. If the wheel is regarded as a rigid body, the value 

Vtrain − Vwheel is called as the relative slip of wheel over the rail. So the longi-

tudinal creepage is derived as coefficient of sliding: 

−
Γ = train wheel

train

V V
V   

This relative sliding exists in the x-y plane of contact, and is composed of a 

translation velocity in the plane x-y, and rotation around the z-axis.  

 

Figure 1.13 Simplified 2D model of wheel-rail contact. [24] 

1.3.2.2 The quasi-static model of wheel-rail contact with friction 

The first theory of rolling contact with friction was developed by Carter in 

1926 [24]; it is a two-dimensional theory, which considers the wheel as a cyl-

inder, and the rail as a thick plate and in which only the sliding coefficient is 

taken into account. Figure 1.14 shows a typical local loading. 

There was also an unbounded half-space hypothesis to compute exact integral 

terms by Green kernel method, without computer, during 1920s [45]. 

 

wheel 
Vtrain 

rail 

y z 

x 

Vwheel 
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Figure 1.14 Local traction distribution according to Carter Theory (2D model:               

S is an area of slip; A is an area of adhesion.) 

In Kalker’s theory [42], the problem of wheel-rail contact is modelized in qua-

si-static scheme, without any consideration of the inertia effect. Owing to the 

elasticity of the wheel and rail, contact area between the two bodies is an ellip-

tic form, which respects the Hertzian Theory. The friction force between two 

bodies in contact during sliding is defined as the lateral applied force necessary to 

maintain constant motion. The coefficient of friction is defined as the friction 

force divided by the normal force, which loads the system. In simple sliding 

tribological systems, the coefficient of friction is often referred to as Coulomb 

type [46][47]. 

 

Figure 1.15 Division of the contact area (adhesion and slip) of a rolling/sliding 

contact after (a) Kalker [24] and (b) Haines and Ollerton. 

In rolling/sliding contacts, i.e. wheel-rail contact, the Coulomb model of fric-

tion is applied for static case and a more complex modelling is required due to 

so-called adhesion and interfacial slip areas which appear in the contact area 

(Fig. 1.15).  

From a tribological point of view[48], adhesion is the force required to sepa-

rate two surfaces that have been brought into contact. However, the term “ad-

herence” has become widely used in the wheel–rail research community to re-

fer to the tangential force exerted in the wheel–rail contact, for example, as 
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used by Fletcher et al.[49] and Lewis[48]. Friction force is defined as the re-

sistance encountered by one body moving over another. 

 

Figure 1.16 Schematic of a rolling–sliding contact under acceleration (X is the 

gravity centre; all forces in the figure are acting on either the block or the 

wheel) [48].  

Figure 1.16 [48]shows a cylinder rolling along a stationary plane surface. This 

is analogous to the case of a wheel rolling along a rail. The wheel is subject to 

normal force, FN, and travels along the rail at velocity V. The wheel is subject 

to torque, T, which maintains the angular velocity of the wheel, ω, and also 

causes a reactive tangential force, FT, at the wheel–rail interface. The tangen-

tial force of a driving wheel is known as traction, which ultimately propels the 

wheel along the rail. During deceleration, the tangential force, FT, opposes to 

the running direction due to the braking torque, T, applied anticlockwise. The 

tangential force FT in the longitudinal direction during both acceleration and 

deceleration is referred to as adhesion.  

The transmitted tangential force on the wheel refers to the adhesion and trac-

tion mentioned above, and the tractive force refers to the applied force. During 

acceleration or when overcoming losses while driving at constant speed, the 

tangential velocity at the wheel surface, ω, of a driven wheel will always be 

greater than its body velocity, V. The difference between the tangential veloci-

ty of the wheel, ω, and the body velocity, V, divided by the rolling velocity is 

referred to as creep[42]. 
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Since adhesion is the tangential force in the longitudinal direction, the creep 

discussed here refers to longitudinal creep and the contact refers to the wheel 

tread–rail head contact. In the railway literature, slip is sometimes used instead 

of creep. However, to distinguish slip from micro-slip, the term “creep” will be 

used throughout this thesis instead of “slip”. 

 

Figure 1.17. A creep curve showing the relationship between adhesion and 

creep[50]  

Fig.1.17 shows the relationship between creep and adhesion for a typical dry 

wheel–rail contact. This plot of adhesion versus creep is known as the creep 

curve. When the creep is zero, the whole contact area sticks and no tangential 

force is transmitted, in what is known as “free rolling”. However, zero creep 

does not exist in reality, since the inevitable deformation between two contact 

bodies results in a certain amount of creep. Slip occurs at the trailing edge and 

spreads forward through to the contact area as the adhesion increases. The slip 

area increases and the stick area decreases, resulting in a rolling–sliding con-

tact until pure sliding appears. In that state, the adhesion equals the friction 

force between two bodies under pure sliding conditions. When the creep is 
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small, the adhesion increases in an approximately linear fashion with increased 

creep. After that, the slope of the creep curve (the increasing rate of adhesion) 

decreases with increased creep. At approximately 1–2% creep, the slope of the 

creep curve and the stick area are extremely small, and the adhesion is very 

close to the friction. For a typical creep curve in the railway context, the adhe-

sion decreases after reaching its maximum [50], typically at 1–2% creep under 

dry and clean conditions. The adhesion at that point is considered the maxi-

mum tangential force that approximately equals the friction force.  

1.3.2.3 Stick-Slip mechanism in corrugation defect  

In any rolling motion, creep occurs due to the finite size of the contact patch. 

Creep may be caused by roll-slip behaviour, due to decreasing friction associ-

ated with increasing creepage. Roll-slip behaviour may be determined primari-

ly by geometrical characteristics such as contact patch dimensions, because 

short-pitch corrugation often has a wavelength that is relatively independent of 

vehicle speed, called geometric fixing mechanism. 

Grassie and Kalousek [3] indicate that short-pitch corrugation is further aggra-

vated by high contact forces at the peaks of corrugation and low contact forces 

resulting in slip at the troughs. Stick-slip effect as a corrugating mechanism is 

also supported by Grassie, et al. in a mathematical and experimental study of 

short-pitch corrugation [32]. Creep is predicted at corrugation crests due to an 

out-of-phase relationship between wheel-rail contact force and rail profile. 

Modelling of wheel-rail contact behaviour in the presence of contact separa-

tion or lateral and longitudinal slip is complicated by the non-linearity of the 

vertical contact load versus vertical displacement, and slip versus vertical dis-

placement. So the dynamic wheel-rail contact model is required to understand 

the corrugation formation process. 
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1.4   Numerical method applied to analyse corrugation defect 
Previously, tribological investigations of rails affected by track corrugation 

have highlighted periodical plastic deformations coupled with Superficial 

Tribological Transformation[5][4][6]. But it is difficult to identify the various 

factors affecting such rail defect, and to quantify how much the factor contrib-

utes to surface defect only on the basis of experiments. As a consequence, 

tribological investigations on real rails affected by such defect have to be 

completed with numerical modelling. So far, many works have been done to 

investigate the corrugation defect by numerical modelling.  

Several hypotheses were suggested to explain the development of short-pitch 

corrugation. Until now, however, no generally accepted explanation was given. 

Different phenomena are probably involved in creating corrugation of different 

wavelengths. One idea put forward by some authors is that the short-term dy-

namic behaviour of the train-track system causes long-term wear to develop. 

Other authors tried to refine dynamic models of wheels and tracks, trying to 

find a corrugation-initiating mechanism in terms of short-term behaviour of the 

wheel-track system. Thus, many authors tried many different hypotheses to 

explain the origin of rail corrugation.  

Clark and Foster (1983) [51] put forward that self-excited vibration character-

istics of a flexible wheelset and track system under high creepage conditions 

may provide possible explanations for the formation of corrugations on the 

running surface of the rails. But their model is very specific for the creep char-

acteristics on sharp curve. Suda and Iguchi (1989) [52] stated that the corruga-

tion growth conditions depend on the natural frequencies of the system. By ap-

propriate selection of the natural frequencies, it would be possible to reduce 

the development of corrugation of one wavelength without inducing growth of 

corrugation of other wavelengths. They also stated that rolling direction and 

speed have a great influence on corrugation growth. Then a linear model giv-

ing wear rate as a function of frequency was suggested by Tassilly and Vincent 

(1991) [53]. A transfer function between the initial wheel and rail roughness 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0019/these.pdf 
© [F. Duan], [2015], INSA de Lyon, tous droits réservés



Part 1 Introduction of the corrugation in railway networks 
 

36                                                             Duan Fangfang / Thesis 2015/ Institut national des sciences appliquées de Lyon                                                    
 
                  

and the wear rate spectrum in the contact patch was presented. Under some 

conditions, the initial roughness on the rail was shown to degenerate into cor-

rugation in some frequency bands. The model was used as a tool to design 

track modifications and to prevent corrugation growth. However these models 

focus on the structure of the vehicle system, the roughness of rails surface and 

the frequency of wheelset and track system, but the damage mechanisms, such 

as plastic flow, which influence the corrugation formation are neglected. 

Ideas including plastic deformation of the railhead are put forward by Cervoni 

and Vincent (1986) [54], Bogacz et al. (1987) [55], and Suda and Iguchi (1989) 

[52], and Böhmer and Klimpel [56] have provided a more complete research. 

They used mathematical models to study the influence of work hardening and 

residual stresses on corrugation and considered the influence of plastic defor-

mation as a possible saturation mechanism for corrugation growth. A plane 

strain finite element model in quasi-static is thus introduced.  

In the last 15 years, many numerical models were developed to investigate the 

formation and evolution of corrugation defect. The validation of the numerical 

model is applicable for analyses of loading condition of wheel-rail contact, 

plastic deformation, fatigue and corrugation [7][57][58]. Wen et al. combine 

the non-Hertzian three-dimensional rolling contact theory with the friction 

theory. They did a series of simulations about the formation and evolution of 

corrugation on a curved rail to investigate the effect of train speed and vibra-

tion of track on corrugation [59][60]. The concept of feedback between the 

corrugation development and the train-track dynamic are also considered in the 

simulation [14] [31] [57]. Meanwhile, a 2D-dynamic finite element model of 

wheel-rail contact was developed to reproduce such periodical defect [61]. Re-

sults show a specific contact dynamics consequence: the birth of periodical 

plastic deformation on the rail surface as well as periodical increase of local 

sliding and temperature-up to hundreds of Celsius degree [8][20][62]. Never-

theless, such simple 2D-modelling was performed only with a single pass of a 
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wheel. But several wheels are required to fully develop straight-track corruga-

tion. 

Although a lot of publications present the comparison between numerical and 

measurement results, the generation mechanism of rail corrugation is still not 

completely understood. 

1.5   Conclusion 
This part introduced the corrugation characteristics, the formation mechanism, 

the morphology and the consequence of these phenomena. Since the rail corru-

gation problem is getting severe, grinding or planning merely alleviates the 

symptoms. Investigating researches are necessary to help better understand the 

corrugation defect. In this part, the static and dynamic contact theories were 

presented to help understand the wheel-rail contact theory; and with referring 

to the previous numerical models developed by the researchers, dynamic im-

pact problems in the wheel-rail contact is still an open mathematical issue. The 

existence, uniqueness and stability of numerical solution is still unknown in 

general for wheel–rail contact modelling. Therefore, the following part is go-

ing to select an appropriate tool to constitute the dynamic wheel-rail contact 

model. 
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Chapter 2. Numerical modelling of 
wheel–rail contact dynamics 

The short-pitch corrugation defect is acknowledged as an important aspect to 

be studied; although the problem has been known and investigated for many 

years, a fully satisfactory explanation of the phenomenon has not yet been 

found. Experimental investigations in which corrugation evolves over thou-

sands of trains passings are very difficult to carry out. Instead, numerical simu-

lations have become a powerful tool in the search for understanding corruga-

tion evolutions by instrumenting the contact locally. In the following work, a 

proper numerical model will be selected to investigate the dynamic local con-

tact problem that deals with corrugation defect formation on straight track. For 

this purpose, it is necessary to constitute a wheel-rail contact model that is able 

to represent the corrugation raising process and simplified to save computa-

tional cost. 

2.1 Numerical model chosen to study the wheel-rail dynamic 
problem: the mechanical scale 

According to the previous introduction about the numerical methods applied to 

analyse the corrugation defects, the choice of numerical tools depends on the 

scale in which we investigate the phenomenon. At present, there is no perfect 

tool to fully describe the corrugation defect. 

To constitute the model, the first strategy is to use the coupling model of vehi-

cle-track interaction to investigate the material deterioration of the rail profile 

(Fig.2.1)[63]. This type of model mainly deals with the global influence of 

train speed, axle load, etc… and regards the wheelset or rail and track as rigid. 

The interactions between the bogie and the wheelset, and between the rail and 

the sleepers are highlighted in these models. But the local wheel-rail contact 

condition is not determined, and the dynamic impact problem of wheel-rail 
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contact is not well detailed. The multi-bodies model only considers the interac-

tion of rigid bodies, whereas the continuum mechanics that deals with the 

analysis of the kinematics and the mechanical behaviour of materials is ne-

glected. 

 

Figure 2.1 Coupling model of vehicle-track interaction[63]  

 

Figure 2.2 Discrete element method to present tribological triplet[64] 
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Another strategy deals with a microscopic aspect using the Discrete Element 

Methods (DEM) to investigate the divided feature of some media such as 

granular ones, masonries or 3rd body layer in the contact interface. Classically, 

DEM are based on the interactions between particles and their resulting influence at 

the macroscopic scale of the interfacial media (Fig.2.2) [64]. However, these dis-

crete element methods are relatively computationally intensive, which limits 

either the length of a simulation or the number of particles. It is a real hard 

challenge to transfer the mechanism interaction between the wheel-rail con-

tacts at this scale. 

 

 

Figure 2.3 FEM model of wheel-rail contact 

The third approach deals with the scale of the 1st body, the interaction local-

ized between the wheel and the rail using continuum mechanical model. The 

quasi-static or dynamic models using finite element method (FEM) are widely 

applied to describe the deformations and the local contact problem 

(Fig.2.3)[61]. This method has some limitations for not considering the global 

vehicle system, 3rd body layer, etc… Moreover, in dynamic contact problem, 

100 mm 

O 
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Wheelω
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models constituted in commercial FEM software are dissipative, imprecise 

with penalization method or unstable without artificial viscosity etc. But the 

convenient application, the well-developed integration scheme show the ad-

vantages to apply the FEM approaches. Especially, there are more and more 

commercial FEM software (Abaqus, ANSYS, etc.) which provide a fast hand-

ing-program work platform. Many scientific researchers are working on wheel-

rail contact problems using this method and they provide many examples to 

compare with and that could be better developed. Therefore, the FEM model is 

chosen primarily to investigate the dynamic local interaction of wheel-rail con-

tact problems. 

2.2 Description of the model 

2.2.1 A simplified wheel-rail dynamic contact model 

 

Figure 2.4 Simplified wheel-rail contact model 

Referring to the wheel-rail contact problem, the first strategy is to use a sim-

plified model of the frictional contact between two 2D-deformable bodies 

(Fig.2.4). The wheel is simplified as a disc with the interior radius as 70 mm 

and exterior radius as 430 mm (Table2.1) in 2D. The value corresponds to a 

real wheel geometry in French metro and tramways. A French audit measured 

the average speed of the metro and tramway at about 20km/h [65], and of ur-
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ban train from 50 to 200 km/h. Therefore, the translating velocity is chosen as 

Vwheel=17m/s, and an angular velocity ωwheel =39.5rad/s is applied at the centre 

of the wheel. Considering masses of trains and passengers, each car can weigh 

about a hundred tons and each wheel-set is loaded with about 80kN. When the 

data is transferred in the 2D wheel-rail contact model, the load Fnormal is de-

fined as 8kN and vertically applied at the centre of the wheel. 

As the wheel-rail contact model is going to represent the corrugation defect 

raising process, the rail body in the 2D model is described as elasto-plastic be-

haviour. In order to get closer to rail material property, a law of linear elasto-

plastic with isotropic linear hardening properties is used for the rail material: 

σep=455+250 ԑP, with σep being the equivalent plane stress and ԑp the 

equivalent plastic plane strain. Because the plastic flow is mainly localized in 

the rail body, the wheel is defined with elastic behaviour to save the computa-

tional cost (see Table 2.1). 

 
Rotating disc 

(wheel)  

Deformable body  

(rail) 

Young’s modulus E (MPa) 205,000 205,000 

Poisson’s ratio ʋ 0.3 0.3 

Density ρ (Kg/m3) 7850 7850 

Dimensions (mm) 
Rint

wheel=70 

Rext
wheel=430 

Lrail=2340 

Hrail=150 

Material behaviour Elastic Elasto-plastic 

Table 2.1 Characteristics of the deformable rotating disc (wheel) and the de-

formable body (rail) 
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2.2.2 Strategy applied to constitute the wheel-rail dynamic contact model  

The wheel-rail dynamic contact problem is a differential partial evolution 

equation under unilateral constraints. In Appendix 1, the mathematical model 

is briefly presented, using the continuous mechanical framework theory ac-

cording to the assumptions described in previous sections. Unfortunately, as it 

is well known, only a few existing results for the elasto-static problems with 

Coulomb friction have been mathematically proved, with some reasonable as-

sumptions on the regularity of the boundary and for a sufficiently small fric-

tion coefficient. The uniqueness of the solution for a small friction coefficient 

is an open problem. Examples of non-uniqueness were exhibited in for a large 

friction coefficient.  

Then, in order to solve numerically the continuous equations of wheel-rail dy-

namic contact problem, space and time discretization schemes are applied. 

Firstly, we discretized the problem in space with a finite element method: 2D-

stress 4-node linear plane strain quadrilateral element, and a structural mesh 

distributed along the wheel-rail profile. The numerical Abaqus model starts 

with a smooth contact surface and the standard μ-Coulomb’s friction law is 

applied at the contact with the friction coefficient μ=0.3. The influence of the 

friction coefficient will be studied later in the next chapters.  

The time integration code in Abaqus cannot be solved by using explicit Euler 

method, because it exposes a difficulty to complete the calculation and the La-

grange multipliers dealing with the contact and plasticity problems are not ap-

plicable. As far as numerical results are concerned, in this model, we mainly 

used Hilber-Hughes-Taylor-Newmark implicit schemes for the time discretiza-

tion of the problem. The Hilber-Hughes-Taylor (HHT) operator is an extension 

of the Newmark beta-method. Numerical parameters associated with the HHT 

operator are tuned differently for moderate dissipation and transient fidelity 

applications. The backward Euler explicit operator is used by default if 

the application classification is quasi-static.  These time integration operators 
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are implicit, which means the operator matrix must be inverted and a set 

of simultaneous nonlinear dynamic equilibrium equations must be solved at 

each time increment. This solution is done iteratively using Newton's meth-

od. It is an interesting scheme since it is energy-conserving on the linear part 

(elasticity's equations without constraint), but, of course, any other stable 

scheme can be applied. Let us recall that the use of an explicit (Euler centre 

differences) method requires impractically small time steps to keep the error 

acceptable in the result. Moreover the treatment of frictional contact and plas-

ticity’s conditions may lead to an ill-posedness of the fully explicit discrete 

problem whatever the length of the time step is. That is why we impose al-

pha=0 in the HHT scheme, and then we used a classical Newmark scheme. 

(See Appendix 2) 

The inequalities of the dynamic contact problem and plasticity problem are 

solved thanks to Lagrange multipliers [54][55]. For the dynamic contact prob-

lem we use one multiplier for the non-penetration normal condition, and one 

other for the standard μ-Coulomb’s friction law without penalization nor regu-

larization of the tangential stress with respect to the tangential velocity com-

ponent. Meanwhile, there is one multiplier for the plasticity problem. The fact 

that the Lagrange multipliers are under different constraints leads to practical 

difficulties for the numerical resolution. This is one of the reasons 

why augmented Lagrangian (“generalized Newton’s method”) are considered, 

following the pioneering work of P. Alart and A. Curnier [67]. 

2.2.3 Simulation protocol and parameters 

According to the previous researches, the corrugation defect is mainly high-

lighted while wheel-rail contact undergoes transient conditions such as braking 

or acceleration[1][22]. In a braking or acceleration process, the global slip ra-

tio between the wheel-rail contact is inferior to 10%. To highlight the influ-

ence of transient conditions on corrugation development, the slip ratio is de-

fined as high as 20% in the 2D-FEM wheel-rail contact dynamic model and the 
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time to apply the slip ratio is define as 0.1ms which is much shorter than the 

acceleration/braking time. The instability states are characterized as the conse-

quence of the sliding velocity imposed, shear stress at the contact and impacts. 

In order to study the wheel-rail contact instability in transient conditions, the 

global stiffness and the train-track system are not considered in this study.  

Sliding conditions are imposed through an increase of the angular velocity 

ωwheel at the centre of the disc while the translating velocity Vwheel remains 

constant. The resulting imposed global sliding ratio Г is calculated as followed: 

wheel wheelR V
V
ω −

Γ =
                 

The simulation process includes two main steps: the step with no transient 

conditions applied and the step with transient conditions applied. The latter 

step is the most important to reproduce corrugation. 

In the step with no transient conditions applied, the wheel is rolling in a con-

stant velocity while a constant value of normal load is progressively applied in 

the centre of the wheel. The model assures that the wheel is in pure rolling 

state, and that the whole system gets through with stability. This is why this 

step is called “stability step”. 

 

Figure 2.5 Evolution of normal load Fnormal and global sliding ratio Г imposed 

at the centre of the wheel 

Δt 

T0     T1                    T2     T3          T4            

              Phase A                     Phase B 

Time 

Time 

Fnormal 

Г 

Δt 
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In the step with transient conditions applied, see Fig.2.5, the simulation proto-

col shows the evolution of the global contact condition, and this step, with 

transient conditions applied, is divided into two parts:  

At the beginning of this step t=T0, the wheel rolls without sliding on the rail 

with a constant linear velocity V=Rwheel ωwheel=17m/s, then the angular velocity  

ωwheel imposed at the centre of the wheel is increased within a time period Δt 

[T0, T1], to create the global sliding conditions between the wheel-rail contact. 

The first part is defined as Phase A [T0, T2]. 

The second part is defined as Phase B [T2, T4]. The slip ratio Г is maintained 

constant until t=T2. Then, the sliding conditions are removed quickly, which 

leads to return to pure rolling conditions. 

These two parts are also called “instability steps”. The simulation parameters 

are shown in Table 2.2. 

Normal load at the centre of the disc, Fnormal (N) 8000 

Global sliding ratio, Г 20% 

Transient time to apply sliding condition, Δt(s) 0.1E-3 

Coulomb friction coefficient, µ 0.3 

Table 2.2 The simulation parameters 

2.3 Numerical tools to study the local wheel-rail contact 
dynamics: the indication of convergence 

2.3.1 Definition of the contact force and the frictional power 

In order to highlight instability states occurring in the contact patch, the tem-

poral evolution of the global tangential contact force Ftang
G, which is the sum 

of all the local tangential contact force Ftang
node(i) at the contact surface: 
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( )
tan tan  G node i

g g
i

F F= ∑
                      

The numerical tool of the local frictional power Pf
node(i) at each node(i) of the 

contact patch is used [36].  This can also help to determine whether or not the 

oscillatory state leads to surface degradation: 

( ) ( ) ( ) ( ) ( ) ( )
tan

node i node i node i node i node i node i
f shear contact sliding sliding gP S V V Fs= =

 

With ( )node i
contactS  being the elementary surface around each node(i) equal to the 

product of the unitary thickness of the wheel with the node spacing in the con-

tact patch, σshear
node(i) is shear stress at each node(i) and Vsliding

node(i) is the local 

relative sliding velocity between the wheel and the rail at node(i) in the contact 

patch. 

The sum of all Pf
node(i) at each node(i) of the contact is equivalent to the clas-

sical global frictional power Pf
G [4][6]: 

( )
tan

G G G node i
f g sliding f

i
P F V P= =∑

                 

With |Vsliding
G|=Γ|V| being the global relative sliding velocity between the rail 

and wheel. 

2.3.2 Definition of the contact status 

 

Figure 2.6 Nodes in wheel-rail contact surfaces 

Node(i)wheel 

Node(i)rail 
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The variable of contact status describes whether individual nodes on the wheel 

and rail surfaces are in contact or not; and if so, whether the surfaces are stick-

ing or slipping at that point. The goal is to compare the velocity in the 

node(i)wheel and the node(i)rail : if the velocity is different between the contact 

nodes, the surface is slipping at this node; if the velocity is the same between 

the contact nodes, the surface is sticking at this node. This approach helps to 

understand the local contact status within the instability states. 

2.4 Convergence tendency of numerical model 
Before studying the evolution of local contact dynamic problems in 2D-wheel-

rail model under transient conditions, the influence of the elements’ size and of 

different integration time steps have to be found out to get the model valid. 

The following simulations are made with a 2D-FEM model constituted in 

Abaqus; 2D-stress 4-node linear plane strain quadrilateral element and struc-

tural meshes are used. The time integration code uses Hilber-Hughes-Taylor 

implicit schemes and the initial time stepping increment is 1e-5 s. The parame-

ters of wheel-rail contact model, material property and the simulation protocol 

are described in Tables 2.1 and 2.2. The first results are listed as followed: 

contact shear force (CSF), normal force (CNF), global frictional power (Pf
G), 

etc… 

To get a balance between a better presentation of the model and a less compu-

tational cost, the results obtained in the simulations will be compared. The 

subject is to study the rail-wheel contact, and a more compressed mesh is ex-

pected on the contact surface. Therefore, the following table (Table 2.3) is a 

comparison of different mesh sizes in the contact area.  
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Mesh 
Total elements number 

(wheel+rail) 

Elements’ size at the  

contact area(mm) 

Relative 

CPU time  

M1 30,631 1.0*1.0 0.2 

M2 70,168 04*0.4 0.3 

M3 108,703 0.2*0.2 0.7 

M4 171,342 0.1*0.1 1.0 

Table 2.3 Characteristics of different meshes in the 2D-wheel-rail model  

According to the results calculated with different mesh sizes (Table 2.4), val-

ues such as contact shear force (CSF), normal force (CNF), global frictional 

power (Pf
G), etc… show great differences between M1 and M2, comparing to 

M4, while results show little differences between meshes M3 and M4. With 

smaller mesh sizes in the 2D-model, the results seem to be more accurate but 

CPU time cost is also more important. 

Mesh  CSF CNF Vslid Pf
G CPRESS PEEQ 

M1-M4 10% 8% 16% 18% 45% 50% 

M2-M4 8% 7% 15% 15% 40% 42% 

M3-M4 5% 5% 5% 4% 5% 5% 

Table 2.4 Comparison of the results with different mesh sizes 

In the meantime, the convergence tendency of the model is observed with dif-

ferent increment times and different mesh sizes in the contact area. Table 2.5 

shows us that the model could be completed with very small time increment, 

which means that the model using automatic time integration (at the range of 

Δtmin =1e-7s and Δtmax=1e-4s) needs a smaller computational cost for simula-
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tion. So, the mesh type M4 using automatic time increment is satisfying, with 

accuracy and less consumption of computing time. Finally, the mesh type M4 

is chosen to do the numerical analysis. 

 Mesh Δt1(1e-5 s) Δt2(1e-6 s) Δt3(1e-7 s) Δtauto 

M1 √ √ √ √ 

M2 √ √ √ √ 

M3 √ √ √ √ 

M4 × √ √ √ 

× Calculation aborted                √ Calculation completed  

Table 2.5 Different time increments influence on the model convergence ten-

dency 

2.5 Conclusion 
In this part, a simplified 2D-finite element model is constituted to analyse the 

wheel-rail contact dynamic problem. A proper simulation protocol is chosen to 

apply the transient conditions in the wheel-rail contact and to study the wheel-

rail contact instabilities. The numerical tools are described to help understand 

the local contact dynamics between wheel and rail. And thanks to the study of 

the influence of different mesh sizes and integration times on the model con-

vergence tendency, an available mesh type and integration scheme is selected 

for the following simulation. Therefore, in the next part, the raising process 

and the evolution of corrugation defect under transient conditions will be rep-

resented by the transient parameters studies, etc…. 
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Chapter 3. Parametric sensibility of 
corrugation birth under transient 
conditions with single wheel 
passing 

According to the bibliographic studies (see chapter 1), the corrugation defect is 

becoming a severe problem that usually appears under transient conditions 

such as braking/accelerating. To better understand the origin of this defect, a 

2D-FEM wheel-rail contact dynamic model was constituted. A simulation pro-

tocol (see Fig. 2.5) is defined to represent the transient conditions in the 

wheel-rail contact model. In the following work, we expect to reproduce the 

birth of corrugation defect under transient conditions and to study the influ-

ence of parameters on the corrugation defect. 

3.1 Characterization of the instability states under transient 
conditions  

3.1.1 Characterization of the contact status 

Using the simulation protocol in Figure 2.5 and the parameters in Tables 2.1 

and 2.2, two phases are distinguished according to the simulation results:  

At first, in the so-called Phase A [T0, T2] (see chapter 2.2), the slip ratio Γ 

imposed at the centre of the wheel is increased within a time period Δt [T0, 

T1], to create the global sliding conditions between the wheel-rail contact. Ac-

cording to the observation of the wheel behaviour during this phase (0-0.01 s), 

we can see that all the nodes in the contact patch are in the sliding status (see 

Fig. 3.1). This is why this phase is called “slip state”. 

Secondly, in Phase B [T2, T4] (see chapter 2.2), the slip ratio Г is removed 

within the same period Δt [T2, T3], which leads the wheel to return to pure 
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rolling conditions. The results show that nodes in wheel-rail contact switched 

between sliding status and sticking status (0.01-0.02s). Therefore, this phase is 

called “stick-slip state”.  

 

Figure 3.1 Evolution of contact status  

3.1.2 Characterization of the frequency in modal analysis 

Modal analysis is applied to measure and analyse the dynamic response of 

wheel-rail contact model. Since contact status in the phase A is in fully sliding 

state, the first modal analysis (see Fig.3.2) deals with a free wheel constrained 

only through its centre. The natural frequencies of the free wheel ffree
1st-mode 

were 558 Hz, and the shape of this mode is a classical torsional movement of 

the wheel around its centre. 
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Figure 3.2 Modal analysis of a free wheel model and its first natural mode re-

sult 

 

Figure 3.3 Modal analysis of a couple wheel-rail model and its first natural 

mode result 

As the local contact conditions during phase B were characterized by the coex-

istence of both sticking and sliding areas, the wheel and rail were coupled for 

the modal analysis. Consequently, the nodes at the contact area were tied to-

gether to represent the sticking conditions in the contact patch (see Fig.3.3). 

Whereas the first mode had a frequency fcoupled
1st-mode=810 Hz, the shape of this 

mode remained a torsional movement of the wheel around its centre though 

Contact tied 

Nodes constrained 

Nodes constrained 
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perturbed by the tied contact conditions imposed at the interface between the 

two bodies.  

3.1.3 Characterization of the wheel-rail local contact dynamics 

Thanks to the results obtained in the simulation, two phases can be distin-

guished according to the evolution of global tangential contact force Ftang
G (see 

Fig.3.4 (a)). In slip state Phase A (from T0 to T2), Ftang
G increases to reach the 

maximum value of 2400N which is function of the constant Coulomb friction 

coefficient µ, in this case equal to 0.3, and the normal force Fnormal of 8000N. 

The instability state has a frequency of 527Hz, which corresponds to the fre-

quency of the first torsional mode of a free wheel. According to the compari-

son between the shape of the mode and the behaviour of the wheel during this 

state, the behaviour of the wheel during Phase A shows that frequency of the 

slip oscillatory state is fixed by the frequency of the first natural mode of the 

free wheel. While in Phase B (for t>T2), when the slip ratio is removed from 

the wheel, Ftang
G oscillates with a frequency of 743Hz decreasing to a mini-

mum value around zero. The nodes in contact switch between sliding status 

and sticking status, while the frequency of the first mode of coupled wheel-rail 

model turns out to be 870Hz; the difference between the simulation results and 

the modal analysis during stick-slip oscillatory state is caused by the nodes in 

the contact which are not all adhering to the surface.  

The global frictional power Pf
G for the slip state is present in Fig. 3.4(b). Re-

sult shows high oscillations with a frequency identical to Ftang
G

 (see Fig. 

3.4(a)). The mean value of Pf
G =8000W is very close to the theoretical global 

frictional power Pf
G

theory = Ftang
G

theory*Vsliding =8160W which is due to the theo-

retical maximum tangential contact force, and sliding velocity imposed at the 

centre of the wheel. In Phase B, the consecutive frictional power quickly 

reaches zero (see Fig. 3.4(b)); the stick-slip oscillatory state is not as energetic 

as the slip oscillatory state.        
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     (a) 

        (b) 

 

 

Figure 3.4 Evolution of (a) global tangential contact force Ftang
G and (b) global 

frictional power Pf
G 

3.1.4 Characterization of the plastic flow in the birth of corrugation defect  

In the step with no transient conditions applied, the wheel rolls without sliding 

on the surface of the rail. Figure 3.5(a) shows that nearly null plastic defor-

mation (about 0.009%) occurs. While transient conditions are applied, slip in-

stability state occurs. In Phase A, periodical plastic deformations are high-
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lighted on the rail surface (see Fig. 3.5(b)) with a wavelength of λA=30mm. 

And the maximum plastic deformation reaches about 0.1%. The plastic defor-

mation is produced consecutively as the transient velocity oscillates in the con-

tact path. During Phase B (stick-slip oscillatory state, see Fig. 3.5(c)), the pe-

riodical deformation is more obvious, maximum deformation reaches about 

0.16%, and the wavelength λB is about 23mm.  

According to the results obtained in Phases A and B, the consequence of the 

periodical plastic deformation is the formation of a waviness in the rail, which 

appears not only on the contact surface but also inside the rail. And the plastic 

deformation is produced as the transient velocity oscillates in the contact path. 

The wavelengths of these two phases correspond to the frequency of the two 

oscillatory states fA=527Hz, fB=743Hz as a function of the translating velocity 

V=17000mm/s. Compared with the undeformed rail head under pure rolling 

step (Fig. 3.5(a)), the periodical plastic deformations in Phases A and B 

(Fig.3.5 (b) and 3.5 (c)) show that the consequence of transient conditions is 

the reason why the rail deforms periodically. The simulation results (see 

Fig.3.4, Fig.3.5) match the previous work performed with a laboratory FEM 

code PlastD in Saulot’s thesis [61].  

 (a) 

  0.1 % 

0 % 

pε

20mm 
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(b) 

(c) 

Figure 3.5 Periodical Plastic deformation of (a) pure rolling state, (b) Phase A: 

slip state and (c) Phase B: stick-slip state in 20% sliding rate with friction co-

efficient 0.3 in 2D model 

3.2 Consequence of corrugation with different parameters 
applied under transient conditions 

The first result obtained in the previous section shows two instability states in-

vestigated under transient conditions. The slip ratio Γ imposed in transient 

time increment is believed to influence the instability states. For the following 

study, normal load F is kept equal to 8 kN, the influence of different parameters 

such as slip ratio Γ (from 1% to 20%), transient time for applying sliding con-

ditions Δt (from 0.1ms to 5ms), and Coulomb’s friction coefficient µ (from 0.1-

0.5) will be investigated in the oscillatory states. The sensibility of corrugation 

defect will be studied through different parameters under transient conditions. 
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3.2.1 Influence of different slip ratios Γ 

At first, the parameter studied deals with the influence of different slip ratios Γ. 

Three different values of Γ were chosen: 20%, 5%, and 1%. Figure 3.6 pre-

sents the temporal evolution of the global tangential force Ftang
G and of the 

global frictional power Pf
G for three sliding ratios Γ imposed (20%, 5% and 

1%). The figure shows that, at the begin of the transient phase in which the 

wheel is running under pure rolling conditions, the global tangential force 

Ftang
G  and the global frictional power Pf

G are equal to zero.   

 

 

 

 

Figure 3.6 Influence of different slip ratios Γ on the evolution of (a) global 

tangential contact force Ftang
G and (b) global frictional power Pf

G 
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Highlighted by the temporal evolution of Pf
G along Phase A (Fig. 3.6(b)), the 

slip oscillatory state remains with the same frequency fA whatever the sliding 

ratio is. The consequences of a decrease of the sliding ratio are twofold. On the 

one hand, both the mean values and the amplitude of Pf
G fluctuations decrease, 

while on the other hand, Pf
G delayed its increase at the beginning of Phase A. 

Indeed, since the sliding ratio is lower, the system needs more time to accumu-

late enough torsional energy to counterbalance the energy required to reach 

sliding conditions as a function of the normal load and friction coefficient. 

Highlighted by the temporal evolution of Ftang
G along Phase B (Fig. 3.6(a)), the 

stick-slip oscillatory state also remains and its frequency fB does not change. 

Decreasing slip ratio Γ lowers the amplitude of the oscillations and modifies 

the evolution of their mean value when too small (e.g., 1%). In this latter case, 

the system slowly releases the torsional energy accumulated during Phase A.  

 

Figure 3.7 Influence of different slip ratios Γ on the evolution of plastic de-

formation in the rail under slip instability state (Phase A) 
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Figure 3.8 Influence of different slip ratios Γ on the evolution of plastic de-

formation in the rail under slip-stick instability state (Phase B) 

According to the evolution of plastic deformation obtained in Phase A (see 

Fig.3.7), the plastic flow of the material does not show much difference within 

the different slip ratios Γ. Both the wavelength and peak value of plastic de-

formation are presented similarly. 

The results shown in Phase B (see Fig.3.8) differ from the different slip ratios 

Γ. As the slip ratio Γ decreases from the 20% to 1%, the plastic deformation 

seems to get lower and lower. We cannot observe the periodical deformation 

with Γ=1% in this phase.  

From the results obtained in both Phase A and Phase B, it could be concluded 

that the slip instability state is the main state that causes the birth of corruga-

tion defect. The different slip ratios do not affect this defect in slip state, while 
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the evolution of the corrugation defect in the slip-stick state is more sensitive 

to the slip ratio Γ. 

3.2.2 Influence of different Coulomb’s friction coefficients µ 

The same simulation protocol was used again for the study, except for the slid-

ing ratio Γ chosen as 20%, transient time Δt chosen as 0.1ms. The influence on 

the oscillatory states of three friction coefficients µ (0.1, 0.3 and 0.5) was stud-

ied.  

 

 

 

Figure 3.9 Influence of different friction coefficients on the evolution of (a) 

global tangential contact force Ftang
G and (b) global frictional power Pf

G 
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For the slip oscillatory state, the higher the friction coefficient was, the higher 

the mean value and the amplitude of Pf
G fluctuations were (Fig. 3.9(b)). As for 

the stick-slip oscillatory state, the mean value of Ftang
G was always around zero 

(Fig. 3.9(a)), whereas the amplitude of its oscillations decreased with the fric-

tion coefficient. Furthermore, the frequency of the oscillatory states remained 

unchanged for each phase. 

 

Figure 3.10 Influence of different friction coefficients µ on the evolution of 

plastic deformation in the rail under slip instability state (Phase A) 

Since the frequencies of the instability states are kept unchanged with different 

friction coefficients µ, the wavelength of the plastic deformation is supposed 

to be fixed. The results obtained in Figures 3.10 and 3.11 show the plastic flow 

in both slip state and slip-stick state. With different friction coefficients µ im-

posed in the wheel-rail contact, the frictional force in the contact strongly af-

fects the plastic deformation in rail (see Fig.3.10 and Fig.3.11). When friction 

coefficient µ is as small as 0.1, the plastic deformation εP is very weak as a 
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value of 0.01%; while when friction coefficient µ is increased to 0.5%, εP 

achieves a very high value of 1-2%. 

 

Figure 3.11 Influence of different friction coefficients µ on the evolution of 

plastic deformation in the rail under slip-stick instability state (Phase B) 

The parametric study with different friction coefficients µ indicates that the 

friction force has a big influence on the corrugation defects in both slip state 

and slip-stick state. 

3.2.3 Influence of different times Δt to apply transient conditions 

To study the influence of the time increment on the instabilities, the following 

analysis uses different time durations (Δt =0.1ms, 1ms, 5ms) to apply the 

wheel sliding ratio. 

Results in Figure 3.12.(a) show that the time increment Δt increases from 

0.1ms to 5ms, but the amplitude of Ftang
G is not affected in the two stability 
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states. The different tendencies of the tangential contact force raising to the 

maximum depend on the different time increments applied. And this effect is 

evident in global frictional power Pf
G (Fig. 3.12(b)): the system is more ener-

getic with smaller time increment. 

Naturally, we could expect that slip or stick-slip oscillatory state would not 

develop for very long transient values while applying sliding conditions (over 

1 s). 

(a)

 (b) 

 

 

Figure 3.12 Influence of different time increments on the evolution of (a) 

global tangential contact force Ftang
G and (b) global frictional power Pf

G 
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The results in Phase A (see Fig.3.13) show the plastic deformation is not influ-

enced by different time increments Δt. Same wavelength and amplitude are ob-

served in slip instability state with different time increments Δt.  

While in Phase B (see Fig.3.14), the plastic deformation develops more slowly 

and more constantly both in the surface of and inside the rail when the transi-

ent conditions are applied in larger time increment (Δt=5ms). And the different 

time increments Δt do not influence the amplitude of the elastic deformation.  

Under transient conditions, the corrugation defect is more sensitive for the 

short time increment Δt =0.1ms comparing with Δt =5ms. 

 

Figure 3.13 Influence of different times increments Δt on the evolution of plas-

tic deformation in the rail under slip instability state (Phase A) 
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Figure 3.14 Influence of different transient times Δt on the evolution of plastic 

deformation in the rail under slip-stick instability state (Phase B) 

3.2.4 Conclusion about the study of transient conditions parameters  

These results obtained with different transient conditions parameters show that 

the birth of the plastic deformation depends on the transient conditions of the 

wheel behaviour. And thanks to the study of different slip ratios Γ, different 

friction coefficients µ and different time increments Δt, the sensibility of the 

corrugation defect is investigated.  
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3.3 Consequence of corrugation under different material laws 
In the stress-strain curve of a material (see Fig.3.14), stresses beyond the elas-

tic limit cause a material to yield or flow. For such materials, the elastic limit 

marks the end of elastic behaviour and the beginning of plastic behaviour.  

In order to approach wheel-rail contact reality, the strain-stress curve is 

represented in the 2D-FEM wheel-rail contact model as the rail material uses a 

law of linear elasto-plastic with isotropic linear hardening properties: 

σep=455+250 ԑP (MPa) [68][10], with σep being the equivalent plane stress and 

ԑp the equivalent plastic plane strain. 

 

Figure 3.15 Strain-stress curve of steel[56] 

As an initial definition, the elastic limit of rail material is set to 455MPa, and 

the strength index is set to 250MPa per 0.01% plastic deformation. To under-

stand the influence of the material law on the evolution of corrugation defect, 

both the various values of elastic limit and the strength index will be studied. 
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3.3.1 Influence of different values of elastic limit 

Figure 3.16 Different elastic limits of strain-stress curves 

At first, the influence of different elastic limits will be studied. The wheel-rail 

model still uses the same protocol (see Fig. 2.5): load Fnormal=8kN, slip ratio 

Γ=20% applied in transient conditions with Δt =0.1ms, which are the same pa-

rameters used in Tables 2.1 and 2.2. The different elastic limits are chosen 

with the values of 450MPa, 455MPa and 460MPa, which are in the range of 

steel yield stresses. 

The evolutions of global tangential contact force Ftang
G (see Fig. 3.17(a)) and 

global frictional power Pf
G (see Fig. 3.17(b)) show that the elastic limit of the 

material does not affect the amplitude nor the frequency. The slip oscillatory 

state remains with the same frequency fA and the slip-stick oscillatory state 

remains with the same frequency fB. 

The contact pressure only depends on the geometry of the contact bodies, the 

material property that includes the Young’s modulus E, and the Poisson ratio γ, 

etc… So the contact force and sliding velocity are not influenced by the small 

variation of elastic limit (5MPa difference). Results obtained in Figure 3.17 

show the gap between different elastic limits is inferior to 5%, and these re-
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sults show the elastic limit has a very weak influence on the wheel-rail contact 

dynamics.  

 

 

 

 

Figure 3.17 Influence of different elastic limits on the evolution of (a) global 

tangential contact force Ftang
G and (b) global frictional power Pf

G 
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Figure 3.18 Influence of different elastic limits on the evolution of plastic de-

formation in the rail under slip instability state (Phase A) 

Though the evolution of plastic deformation was influenced by the different 

elastic limits, the value does not much change. Figure 3.18 shows that, with 

the increase of elastic limit by 5 MPa, from 450MPa to 460MPa, the amplitude 

of the periodical plastic deformation has decreased from 0.12% to 0.8%. With 

the higher value of the elasticity limit, the deformation is less obvious. Same 

results are found in Phase B (slip-stick instability state): the plastic defor-

mation is not significant if the elastic limit is high (460 MPa) (Fig. 3.19). It 

could be assumed that the regimes of instabilities have not enough energy to 

seek material in its plastic domain, if the elastic limit is high (such as 460MPa).  
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A small difference (5MPa) of elastic limit will lead to obvious change in plas-

tic deformation. The corrugation defect is very sensitive to the small variations 

of the elastic limits. 

 

 

Figure 3.19 Influence of different elastic limits on the evolution of plastic de-

formation in the rail under slip-stick instability state (Phase B) 
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3.3.2 Influence of different values of strength index 

 

Figure 3.20 Strain-stress curves with different strength indexes   

In this second study, the influence of different strength index values will be 

studied (see Fig. 3.20). The wheel-rail model still uses the same protocol: load 

Fnormal=8kN, slip ratio Γ=20% applied in transient conditions with Δt =0.1ms 

which are the same parameters used in Tables 2.1 and 2.2. 

The evolutions of global tangential contact force Ftang
G (see Fig. 3.21(a)) and 

global frictional power Pf
G (see Fig. 3.21(b)) show that the strength indexes of 

the material does not affect the amplitude nor the frequency. The slip oscillato-

ry state remains with the same frequency fA and the slip-stick oscillatory state 

remains with the same frequency fB. The difference of global contact dynamic 

results between the three different strength indexes is inferior to 5%.  
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Figure 3.21 Influence of different strength indexes on the evolution of (a) 

global tangential contact force Ftang
G and (b) global frictional power Pf

G 

Figures 3.22 and 3.23 show that the wavelength of plastic deformation is not 

affected by the deformed ratio both in the slip instability state and in the slip-

stick instability state. With a higher strength index of the material, it turns to 

lower plastic deformation. 
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Figure 3.22 Influence of different strength indexes on the evolution of plastic 

deformation in the rail under slip-stick instability state (Phase A) 
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Figure 3.23 Influence of different strength indexes on the evolution of plastic 

deformation in the rail under slip-stick instability state (Phase B) 

The evolution of corrugation defects is very sensitive to the material property. 

Both the elastic limit and the strength index have a strong influence on plastic 

deformations. The material property is actually a prevailing factor for the evo-

lution of corrugation defects. 
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3.4 Consequence of corrugation under different mechanical 
factors  

 

Figure 3.24 Simplified model of railway vehicle and track 

In order to further investigate the corrugation defect under transient conditions, 

the previous model has been modify to take account for a simple modelling of 

the vehicle by introducing both an equivalent stiffness of equivalent springs 

and an equivalent damping between the car body and the wheel (see Fig. 3.24). 

In the simulation, we ignore the influence of the lateral motion of the vehicle 

and track on wheel-rail contact to pay more attention on the influence of the 

vertical motion on the corrugation defect. The coefficient of stiffness of equiv-

alent springs and the one of equivalent dampers are not considered in rail bal-

last and sleepers. So the parameters of stiffness of equivalent springs K and 

equivalent dampers C in the vertical direction are chosen as K= 1.15 ×106 N/m 

and C =2500 Ns/m [4][43][63]. The protocol and parameters are the same as 

the ones used in previous model (see Table 2.1 and Table 2.2). 
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(a) 

(b) 

 

Figure 3.25 Evolution of (a) Global normal contact force Fnormal
G and (b) Rela-

tive vertical displacement of the wheel Unormal under slip instability state 

The slip instability state is the condition that is closer to reality [1][22]. So the 

following simulation is done under slip instability state. The results are ob-

tained thanks to a wheel-rail contact model with stiffness and damper taken in-

to account. The global normal contact force Fnormal
G (see Fig. 3.25 (a)) shows 

that the frequency of the instability state remains the same. The amplitude of 

vibration slightly decreased (2%) in the wheel-rail contact that takes into ac-

count both the stiffness and the damper of the vehicle. The value of the relative 

displacement of the wheel Unormal in the vertical direction (see Fig. 3.25 (b)) 

indicates that the wheel is running in a less oscillating process (the amplitude 

of vibration decreases by 20%) when the stiffness and the damper are consid-

ered. The stiffness and damper have an influence on the contact behaviour in 
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vertical direction. The influence of the normal contact force is supposed to af-

fect the corrugation evolution, which will be studied later. 

Nevertheless, the oscillation of the instability state cannot be neglected. The 

global tangential friction force Ftang
G (see Fig. 3.26(a)) in both models, with 

and without taking into account spring and damper, shows that there is no big 

difference (inferior to 2%) between the two of them. Global frictional power 

Pf
G computed (see Fig. 3.26(b)) shows that the model which takes into account 

the spring and the damper is less dissipative than expected. Because the sliding 

velocity in the wheel-rail contact varies in an more stable amplitude, it leads to 

the energy of the model which is less disspative. 

(a) 

(b) 

Figure 3.26 Evolution of (a) global tangential contact force Ftang
G and (b) glob-

al frictional power Pf
G 

The result in Figure 3.5 shows that plastic deformation in the rail has two sig-

nificant layers which are identified both in the surface of and inside the rail. 
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Figure 3.27 shows plastic deformation measured both in the rail surface εP-I 

and the maximum deformed layer inside the rail εP-II (see Fig.3.27 (a)). The 

amplitude of plastic deformation ԑP-I on the rail surface (see Fig. 3.27 (a)) has 

no major influence on both models (with and without taking into account the 

spring and the damper). The value of plastic deformation varies in the range of 

0.10% to 0.15%. In the model that takes into account the stiffness of spring 

and the damper, a very slight influence is obtained on the rail surface plastic 

deformation. Meanwhile, the amplitude of ԑP-II (see Fig. 3.18 (b)) in the inte-

rior of the rail becomes less oscillating.  

As a consequence, the relative amplitude between crest and trough in corruga-

tion defect also decreases. This indicates that the periodical plastic defor-

mation inside the rail is becoming less obvious with the influence of the stiff-

ness of spring and the damper. The results show that corrugation defect is 

mainly affected by the tangential contact force, and that the stiffness of spring 

and the damper will decrease the oscillation of plastic flow inside the rail.  
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(b) 

Figure 3.27 Evolution of equivalent plastic deformation εP in (a) rail surface 

and (b) inside rail under slip instability state (Phase A) 

3.5 Conclusion 
At the beginning of this work, the potential origin of corrugation birth was 

studied and the sensibility of corrugation defect to a series of parameters was 

investigated. Results obtained in the finite element model highlight the origin 

of instability states occurring, and linked to wheel-rail contact under transient 

conditions. The study of different parameters’ influence on the birth of corru-

gation defect was presented. The wavelength and the frequencies of the two in-

stability states only depended on the mechanical behaviour of the contact. Ac-

cording to this study, parameters, such as slip ratio, friction coefficient, 

transient conditions applying time, etc..., do have an influence on both slip 

state and slip-stick state. The different consequences are summarized in Table 

3.1. Plastic deformation, which is linked to the corrugation defect, is mainly 

influenced by material property. Moreover, corrugation defect is not sensitive 

to the function of the stiffness of spring and the damper between the car body 

and the wheel. Thus, the parameters under transient conditions have a strong 

influence on the sensibilities of corrugation defect. 

 

0,00%
0,02%
0,04%
0,06%
0,08%
0,10%
0,12%

0 40 80 120 160

εP-II 

Distance(mm) 

Model without CK
Model with C2500 K1.15E6

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0019/these.pdf 
© [F. Duan], [2015], INSA de Lyon, tous droits réservés



Part 2 Investigation the origin and the evolution of straight track corrugation under transient conditions 
 

Duan Fangfang / Thesis 2015/ Institut national des sciences appliquées de Lyon                                                              85  
 
 

 

++ Important influence    + Little influence    – No influence 

Table 3.1 Summary of the influence of the different parameters 
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Chapter 4. Parametric sensibility of 
corrugation evolution under 
transient conditions with multiple 
wheel passings and geometric 
defect influence (welded rail) 

In the last chapter, results show a specific contact dynamics consequence on 

the birth of periodical plastic deformation on the rail surface, as well as peri-

odical increase of local sliding. Nevertheless, such 2D-modelling was per-

formed only with a single passing of a wheel, even if several wheels are re-

quired to fully develop straight-track corrugation. As a consequence, the 

previous dynamic finite element model of wheel-rail contact in 2D will be 

adapted to allow multiple wheel passings. 

4.1 Evolution of corrugation defect under multiple wheel 
passings 

The results of the previous study show the birth of periodical defect at the 

wheel-rail interface under transient conditions. According to researches [19], 

corrugation defect develops with several wheel passings. To study the evolu-

tion of corrugation defect with multiple wheel passings, the strategy applied in 

the simulation is defined as followed: 

• The instability states are expected in each wheel passing. 

• The same transient conditions are applied for each wheel passing in or-

der to compare the evolutions of corrugation defect on the rail. 

• The same simulation protocol (see Fig. 2.5) as described in Section 2.2 

is used for each wheel passing. 

 The following analysis was done in two different conditions (see Table 4.1): 

in TEST1, no slip condition is imposed in the two passings following the first 
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wheel passing; in TEST2, the slip condition is taken into account in two addi-

tional passings. The simulation parameters are summarized in Table 2.1 and 

Table 2.2. 

 

 

 

 

 

 

 Table 4.1 Transient conditions imposed in analysis 

4.1.1 Multiple wheel passings without slip 

In TEST1, after the first passing of a wheel with slip, the 2nd and 3rd wheel 

passings are in pure rolling conditions. In the results of TEST1, the 1st wheel 

runs in transient conditions, the global tangential contact force Ftang
G increases 

to reach the maximum value of Coulomb friction limit 2400N in slip state and 

oscillates severely in slip-stick state. When no slip ratio is imposed after the 

2nd passing, the global tangential contact force Ftang
G (see Fig. 4.1(a)) does not 

oscillate as the first wheel passes. The value of Ftang
G is less than 100N, which 

is less than the Coulomb friction limit of 2400N. The figure shows the same 

tendency in the 3rd passing. 

The global frictional power Pf
G of 2nd and 3rd passing has a value around zero 

(300-400W) comparing with Pf
G in the first passing with slip (see Fig. 4.1(b)). 

Since there is no slip ratio between the wheel-rail contact in the 2nd and 3rd 

passings, we suppose that the changed geometry of rail surface played a part in 

the contact dynamics which lead to the value Pf
G ≠ zero. 
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(a)

(b) 

 

 

Figure 4.1 Evolution of (a) global tangential contact force Ftang
G

 and (b) global 

frictional power Pf
G in TEST1 

Referring to the figure of the 1st wheel passing under transient conditions (see 

Fig. 4.2(a)), on the rail surface, the plastic deformation varies between the 0.10% 

and 0.15% in the slip instability state, and the maximum plastic deformation is 

produced when the sliding velocity reaches the maximum value. In the stick-

slip instability state, the plastic deformation varies severely and the value has a 

tendency of decrease to zero as function of the global frictional power decreas-

es. The value of plastic deformation shifts from 0.08% to 0.10% in the slip os-

cillatory state, and has a large variation with the peak deformation of 0.17% in 

stick-slip instability state. The plastic deformations measured in the 2nd and the 

3rd passings with no slip show that there is little change (inferior to 2%) in the 

plastic deformation. This slight change of εP shows that the small periodical 
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geometry (less than 5 micrometre height) created after the first wheel passing 

has little consequence (inferior to 2%) on the contact dynamics for the 2nd and 

the 3rd passings with no slip. The transient conditions are the reason why the 

oscillatory defect appears. 

 

(a) 

 (b)  

 

Figure 4.2 Plastic deformation of rail (a) on the rail surface and (b) inside the 

rail in TEST1 
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Figure 4.3 Profile of the deformed rail surface after each passing of wheel 

without slip 

The profile of the deformed rail surface (see Fig.4.3) is calculated after the 

wheel passing. From the curve in Figure 8, the geometry of both crest and 

though on the rail surface coincide with the evolution of the plastic defor-

mation in the contact surface. But even though the second passing without slip 

has no influence on the rail plastification, the rail surface is still deformed. The 

amplitude of profile decreases of about 0.2 µm. On the contrary, the deformed 

rail surface is recovered after the third passing. The amplitude of the surface 

profile increases by 5 µm. This figure indicates that the stable rolling contact 

conditions has no major effect on the rail geometry. And without transient 

conditions applied, the corrugation defect will not be developed within only 

three wheel passings. 

4.1.2 Multiple wheel passings with slip 

As an analogy with TEST1 (the wheel passings without slip), to verify the in-

fluence of transient conditions on the evolution of corrugation defects, TEST2 

carries out a 2nd and 3rd wheel passings with a slip ratio imposed for each pass-

ing. The simulations are stepped from the previous passing in order to import 

the wheel and rail status to the following wheel passing. Simulation parameters 

remain the same (Fig 2.5, Table 2.1 and Table 2.2) where the slip ratio Г is 
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kept at 20%, imposed in Δt = 0.1ms , normal force Fnormal in the three wheels 

passings. 

The amplitude of the global tangential contact force Ftang
G (see Fig. 4.4 (a)) 

doesn’t change during the slip instability state after the first millisecond of 

simulation in Phase A. But in Phase B, for the following wheel passings (2nd 

passing and 3rd passing), the amplitude of Ftang
G does not oscillate much, as it 

does in the previous passing. Both slip state and slip-stick state in each passing 

remain with the same frequency described previously (See section 3.1).  

(a) 

(b) 

 

 

Figure 4.4 Evolution of (a) global tangential contact force Ftang
G

 and (b) global 

frictional power Pf
G in TEST2 

The amplitude of Pf
G (see Fig. 4.4 (b)) seems to slightly decrease after both 2nd 

and 3rd wheel passings; this evolution might be due to the accommodation of 

the slip velocity at the interface which is slightly modified due to the periodi-

cal geometry created after the 1st wheel passing. In Phase B, the amplitude of 
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Pf
G does not oscillate as high as during the 1st wheel passing, which means that 

sliding velocity in the contact nodes shifts quickly to zero as the slip ratio is 

removed.  

 

 

(a)

(b) 

 

Figure 4.5 Equivalent plastic deformation (a) on rail surface and (b) inside the 

rail in TEST2 

The amplitude of the plastic deformation ԑP-I on the rail surface (see Fig. 4.5 

(a)) does not change much (inferior to 5%) through the multiple wheel pass-

ings. The value of the plastic deformation varies in the same range from 0.10% 

to 0.15%, and the peak value of plastic deformation is about 0.01% different 

from one passing to another. The multiple wheel passings with slip have very 
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slight influence on the rail surface plastic deformation. The transient condi-

tions are supposed to be the main reason that leads to the development of cor-

rugation defect.  

On the contrary, the amplitude of ԑP-II (see Fig. 4.5 (b)) inside the rail increas-

es with the number of wheel passings while slip instability state occurs. As a 

consequence, the relative amplitude between crest and trough of corrugation 

defect, see Figure 4.5(b), also increases with the number of wheel passings. 

Indeed, this value rises from 0.018% for the first wheel to 0.021% for the sec-

ond wheel and finally reaches 0.028% for the third wheel. This indicates that 

the periodical plastic deformation inside the rail is becoming more and more 

evident with the repetition of such transient conditions. And there is no change 

in Phase B (stick-slip oscillatory state) in which the oscillatory consequence is 

very weak. The results of ԑP-II show that the plastic flow inside the rail has an 

important role on the corrugation defect development. 

 

Figure 4.6 Profile of the deformed rail surface after each wheel passing with 

slip 

The geometry of the rail surface measured after the wheel passing with slip 

(see Fig. 4.6) shows that the profile is decreased to 0.5 µm from the first pass-

ing to the second passing, and shows little change after the third passing.  
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4.1.3 Discussion of the results 

According to the analysis with the different transient conditions in each wheel 

passing, a summary table (see Table 4.2) shows the influence of transient con-

ditions on the results. From a qualitative point of view, these results coincide 

with on-site observation of real corrugation defect on rail surface[4].  

 

++ Important influence    + Little influence    0 No influence 

Table 4.2 Summary of the influence of different parameters on the multiple 

wheel passings analysis 
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In Table 4.2, the corrugation profile refers to the curve of plastic deformation 

observed on rail surface (see Fig. 4.4(a)), and the corrugation growth refers to 

the difference between each wheel passing. Through this Table, the influence 

of the contact dynamics is highlighted under transient conditions. And it is in-

dicated that the transient conditions influenced both plastic deformation and 

profile geometry of the rail. The corrugation defect is developed under transi-

ent conditions, the plastic flow inside the rail plays an important part in the 

corrugation defect development; indeed, such defect grows with both the num-

ber of wheel passings and the repeatability of contact conditions.  

4.2 Evolution of corrugation defect under wheel passing on the 
jointed rail area 

  

Figure 4.7 Welded rail joint[69] 

Railway rails are manufactured in sections of 25–120 m length. The method of 

joining rails has changed over the years. In the past, the most common method 

was to use bolting; however, it was found that bolted joints were also a cause 

of rail defects. As a consequence, new joining methods for rails were investi-

gated, and in the 1950’s, the first welded rails began to appear in tracks. The 
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use of the welding method for joining rails has since then been applied increas-

ingly, and it is now standard practice all over the world. The most important 

reasons to use continuous welded rails, in contrast to bolted rails, are the lower 

maintenance cost and the improved dynamic behaviour of the train–track–rail 

system.[12] 

The joints between the metal rails have always been recognized as a potential 

source of weakness in the construction of railways[70]. So if the use of contin-

uous welded rail (CWR) has showed its advantages, it has also showed its 

weak spots[63]. Small cracks or other defects can appear in the welded cross-

section[12]. And on the welded rail area, the stresses introduced in a rail by a 

passing train are very significant, and the influence of flexural action and local 

contact stresses from axle load and train speed are highlighted [63].  

In previous works, the wheel-rail dynamic contact model dealt with the corru-

gation defect evolution on the rail surface without taking into account the ge-

ometric irregularity. Therefore, the following work will deal with the influence 

of the geometric irregularity of the welded rail joint, which on-site measure-

ment is provided by RATP (see Fig. 4.8), on the corrugation defect observed in 

this welded rail area. 

  

Figure 4.8 Profile geometry of welded rail joint area 
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4.2.1 Birth of corrugation defect under influence of the welded rail joint 
irregularity 

To investigate the influence of the welded rail joint irregularity, the dynamic 

FEM model considers the wheel passing on the welded rail joint area with a 

constant velocity without sliding. The force Fnormal is 8kN, velocity Vwheel is 

17m/s.  The rail length is 2000mm, and the geometry of the rail surface uses 

the data in Figure 4.8. Though the material property of rail joint area is differ-

ent from the normal rail, the present model will only deal with the geometric 

irregularity and considers the material property homogeneous in the rail in or-

der to simplify the dynamic FEM model. The effect of material property in rail 

joint area will be studied in the future. 

4.2.1.1 Model without considering the mechanical factors 

In the first numerical simulation, only the interactions between wheel and rail 

are considered and simulated by contact elements. The results of the maximum 

contact pressure (see Fig. 4.9) show that the normal load has a large influence 

on the contact stresses under the condition of rail joints (from 500mm-700mm). 

The amplitude of contact pressure Pmax has increased by two times in the joint 

area compared with the value in normal rail (Pmax=850MPa). The amplitude of 

Pmax raises up to 1500 MPa where the wheel runs on the peak profile of the rail 

joint area. After the area of the rail joint, the contact pressure varies much 

more, which indicates that the contact dynamics between the wheel and rail is 

highlighted with the rail joint.  
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Figure 4.9 Distribution of maximum contact pressure Pmax along the rail sur-

face in original model 

4.2.1.2 Model with considering the mechanical factors 

In the following part, we consider that the influence of stiffness of equivalent 

springs K and equivalent dampers C in the vertical direction between wheel 

and rail. The parameters are chosen as K= 1.5160E+06 N/m and C =7160 Ns/m 

(data provide by RATP), respectively. The maximum contact pressure (see 

Fig.4.10) increased when the wheel was rolling on the rail joints but after pass-

ing the peak profile, the curve showed that the wheel was rolling without con-

tact with the rail surface. So the contact pressure became equal to zero which 

indicates that the wheel jumped over the rail joints. 

 

Figure 4.10 Distribution of maximum contact pressure P along the rail surface 

in the model with and without consideration of mechanical factors 
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(a) 

 (b) 

Figure 4.11 Evolution of (a) global tangential contact force Ftang
G and (b) glob-

al frictional power Pf
G 

As there is no sliding ratio defined in this model, both global tangential contact 

force Ftang
G and global frictional power Pf

G (see Fig 4.11) are very small ( ~0W) 

comparing to the instability states in previous results (see Chapter 3). But the 

irregularity of the rail joints slightly influenced the results. Without consider-

ing the mechanical factors, the global frictional power seems more various; 

and the value of Pf
G decreased much more in the model with mechanical fac-

tors. It shows that, with considering the mechanical factors, the model be-

comes more stable and the vibrations of the movement are reduced.  
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 (a)     

 (b) 

Figure 4.12 Equivalent plastic deformation εP in the rail with joints geometry 

(a) without considering mechanical factors, (b) with considering mechanical 

factors 

The equivalent plastic deformation εP in the rail with joints geometry (Fig.4.12 

(a)) shows that before the wheel passes the rail joints, there is no significant 

plastic deformation in the rail. After passing the rail joints geometry, the slight 

plastic deformation εP evolves periodically in the rail with a value about 0.1% 

and a wavelength about 20mm that is mainly distributed inside rail area. The 

corrugation defect is not yet produced on rail surface with joints geometry be-

cause there is no transient conditions or repetition of wheels passing, but the 

evolution of plastic deformation inside the rail shows that rail joint geometry 

contributes to the formation of plastic flow.  

Otherwise, considering the mechanical factors in the wheel-rail contact model, 

the increased contact pressure makes the deformation more obvious with a val-

ue about 0.3% before the wheel passed the rail joints (see Fig 4.12(b)). And 

the plastic deformation becomes null till the wheel rolls in contact the rail. The 
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results seem to differ from reality. In fact, the wheel will not jumped over the 

rail when it passes the rail joints area. So the model should consider the axle 

loads applying accurately. 

4.2.2 Evolution of corrugation defect under influence of the axle loads 

Under condition of velocity Vwheel of 17m/s, stiffness of equivalent springs K 

and equivalent dampers C in the vertical direction between the wheel and rail 

contact are chosen as K=1.5160E+06 N/m and C =7160 Ns/m. According to 

the data provided by RATP, the maximum contact stress usually reaches more 

than 1GPa in the rail joints areas, so an axle load of 16kN is chosen. In the fol-

lowing work, the influence of the axle loads of 8kN and 16kN on the maxi-

mum contact pressure will be shown in Fig.4.13. It was found that the investi-

gated results increase with the increased axle load. And with the higher axle 

load, the wheel rolls over the rail joints without losing contact with the rail 

surface. 

 

Figure 4.13 Distribution of maximum contact pressure Pmax along the rail sur-

face in the model with different axle loads 
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 (a) 

(b) 

Figure 4.14 Evolution of (a) global tangential contact force Ftang
G and (b) glob-

al frictional power Pf
G 

With different axle loads defined in the model, both global tangential contact 

force Ftang
G and global frictional power Pf

G (see Fig 4.14) increase with higher 

axle load. But after the wheel passed the rail joints area, the wheel lost in con-

tact with rail, leading the global tangential contact force Ftang
G and the global 

frictional power Pf
G to return to zero. With a higher axle load, it is expected to 

have more influence on the wheel-rail contact dynamics. 
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  (a) 

 (b) 

Figure 4.15 Equivalent plastic deformation in the rail joints with different axle 

loads of (a) 8kN and (b) 16kN 

The equivalent plastic deformation is also influenced by a higher axle load (see 

Fig.4.15). As the axle load increases from 8kN to 16kN, the maximum plastic 

deformation raises from 0.3% to 1%. The deformed area extends from the inte-

rior rail to the rail surface. These results indicate that the axle load has a large 

effect on the contacting force and stresses. With a higher axle load, the corru-

gation defect is still not evident on the rail surface, but the plastic flow is get-

ting severe, and extends to the rail surface. These results prove that the transi-

ent conditions are the main reason affecting corrugation birth, but the defect is 

also sensitive to the influence of the geometric irregularity and the axle load. 
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4.2.3 Evolution of corrugation defect under the rail joints between two 
sleepers 

 

Figure 4.16 Mechanical model of wheel and rail joint 

The analyses of the stresses in rail joint area, which take dynamic effects into 

account, were presented previously. The 2D elastic-plastic finite-element mod-

el is put forward to study dynamic stress when a wheel passes over a rail joint. 

The interactions between wheel and rail, between wheel and rail joint and the 

effects of train speed, axle load and mechanical factors have been investigated.  

In the following part, new simulation attempts to represent the influence of rail 

joints between the sleepers will be undertaken. The rail is periodically con-

strained through the sleepers and the rail joint area is left out of restraints. The 

wheel passes as a constant velocity of 17m/s, and with the axle load 16kN. 

Meanwhile, the stiffness of equivalent springs K and equivalent dampers C in 

the vertical direction (see 4.2.1.2) between the wheel and rail contact are also 

taken in account. 

The contact pressure Pmax (see Fig. 4.17) doesn’t show much difference before 

the wheel passes over the rail joint between two sleepers; it seems that the 

sleeper localized before the rail joint doesn’t affect the contact stresses. Then 

the pressure was increased by 500MPa when the wheel passes over the rail 
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joints area. When the wheel arrives over the latter sleeper, passes the rail area 

from a restraints-free condition to a fully-restrained condition. The contact ar-

ea is becoming smaller, and contact force higher, which lead to an increased 

contact pressure. The tendency is the same in the wheel-rail contact dynamics 

(see Fig.4.18). Although in the wheel passing process, the whole rail surface is 

in contact. The global frictional power is still null when the wheel passes on 

the rail joints area because there is no sliding between the wheel-rail contacts. 

 

Figure 4.17 Distribution of maximum contact pressure Pmax along the rail sur-

face in the model under different rail conditions 
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(b) 

Figure 4.18 Evolution of (a) global tangential contact force Ftang
G and (b) glob-

al frictional power Pf
G 

Thus, the change of contact stress influences the plastic deformation (see 

Fig.4.19). And over the two sleepers, the plastic deformation is really evident 

(see Fig.4.19 (b)).  Nevertheless, the plastic deformation is very small in the 

rail joint area between the two sleepers where the contact pressure is not equal 

to zero. Once the wheel passes after the rail joint area, the plastic deformation 

increases from null to 1% and keeps in longer distance comparing the results 

without considering the sleepers. 
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 (a) 

 (b) 

Figure 4.19 Equivalent plastic deformation in the rail (a) without sleepers (b) 

and with sleepers 

4.3 Conclusion 
This chapter dealt with the evolution of corrugation defect in multiple wheel 

passings and the influence of geometric irregularity in rail joints. 

At first, the influence of the contact dynamics was highlighted under transient 

conditions within multiple wheel passings. The corrugation defect is developed 

under transient conditions, the plastic flow inside the rail plays an important 

part in the corrugation defect development; indeed, such defect grows with 

both the number of wheel passings and the repeatability of contact conditions. 

Secondly, under the pure rolling state of the wheel-rail contact process, the ir-

regularity of the rail joints has much influenced the deformation of rail subsur-

face. The 2D elastic-plastic finite-element model is put forward to study dynam-
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ic effects when a wheel passes over a rail joint area. The interactions between 

wheel and rail, between wheel and rail joint and the effects of train speed, axle 

load and mechanical factors were investigated. And the axle load has a larger 

effect on the contacting force, stress and deformation than the other conditions. 

Actual demands on train traffic are heavier axle loads, higher train speeds and 

increased traffic density. To prevent accidents due to fracture of weld, and to 

lower maintenance costs, more detailed numerical analyses of rail joints are of 

great interest for the railway industry. The limitation of the computational cost 

to study the long rail model should be optimized and an improvement of the 

model should be proposed.  
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Chapter 5. Problem of the 2D dynamic 
FEM model and a suggested 
solution 

5.1 Numerical dissipation problem 
The results obtained in the slip phase (see Fig 5.1) show a problem of quick 

energy dissipation, which doesn’t coincide with the straight-track corrugation 

reality. According to the previous work (Chapter 3), the global frictional pow-

er, composed of tangential contact force and sliding velocity, plays an im-

portant part in the birth of corrugation defects under transient conditions. And 

the energy dissipation means the appearances of corrugation defects are pro-

gressively dissipative. According to Akira et al. [71], the corrugation defect 

would be quite constant in long term, and would lead to a change of geometry 

profile with hundreds or thousands of wheels passings (see Fig.5.2). Therefore, 

a method should be found to solve the unusual energy dissipation problem in 

the wheel-rail dynamic contact problems. 

 

Figure 5.1 Evolution of global frictional power Pf
G in slip state (Chapter 3.1) 
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Figure 5.2 Wear growing process of rail head [71] 

Usual space-time discretization for this rail-wheel contact problem combine fi-

nite element space approximation and time-stepping schemes. In this frame-

work, most methods exhibit spurious oscillations and/or poor behaviour in 

long time. The common method used to avoid the instability problem is to ap-

ply the numerical damping in the FEM model, which usually refers to damping 

parameters introduced through a numerical algorithm. This numerical damping 

is also called as "artificial viscosity". In Abaqus/Standard, implicit FEM inte-

grators in the wheel-rail dynamic model is used, and the Hilber-Hughes-Taylor 

operator is also used as an extension of Newmark-beta methods. Numerical pa-

rameters associated with the Hilber-Hughes-Taylor operator are tuned differ-

ently for moderate dissipation and transient fidelity applications[72], given as 

followed: 

β=1/4*(1-α)2; 

γ=1/2-α; 

This relation provides control of the numerical damping associated with the 

time integrator while preserving desirable characteristics of the integrator. The 

numerical damping grows with the ratio of the time increment to the period of 

vibration of a mode. Negative values of α provide damping; whereas α=0 re-

sults in no damping (energy preserving) and is exactly the trapezoidal rule 
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(sometimes called the Newmark beta-method, with β=1/4 and γ=1/2). Allowa-

ble values of α, β, and γ are: -1/2≤α≤0, β>0, γ≥1/2. 

The modified mass method proposed in [73], [74]and [75] is a space semi-

discrete formulation overcoming these two difficulties: the mass term is 

modified (the mass associated with the normal d.o.f. at the contact boundary is 

set to zero), then inertial forces can not trigger spurious oscillations, and guar-

antee the well-posedness of the semi-discrete elasto-dynamics contact problem 

with Coulomb friction. As a consequence, the previous dynamic finite element 

model of wheel-rail contact in 2D will be adapted to take into account modi-

fied mass method to increase its accuracy and solve the energy dissipation 

problem. The following work will present an improvement to reproduce more 

realistically both birth and evolution of straight-track corrugation under transi-

ent conditions by taking into account both an improved method to solve rail-

wheel contact problem in finite element modelling, and multiple wheel pass-

ings. 

5.2 Introduction of Mass Redistribution Method 
According to the literature[55][58][66][67], there are many works which try to 

constitute a more stable, less spurious oscillating numerical schemes. However, 

these works are usually concerned about a solution in time discretization 

scheme, and many proposed strategies exhibit the drawbacks such as neglected 

kinetic energy at the contacting nodes, spurious oscillations introduced on the 

contact boundary or a small interpenetration. To overcome these drawbacks, 

the works according to Carpenter et al. [64], Ligursky and Renard [75], Renard 

[76] have studied the numerical instabilities caused by spatial semi-

discretization for linear elasto-dynamics frictionless contact problems in the 

small deformations framework. It was shown that the main cause of ill-

posedness is due to the inertia of the nodes on the contact boundary. Then a 

method which consists in the redistribution of the mass near the contact 
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boundary is proposed in order to recover the well-posedness of the semi-

discrete problem and ensures the solution to be energy-conserving. Moreover, 

the semi-discrete problem in space reduces to a differential inclusion with a 

unique Lipschitz continuous solution (not to measure differential inclusion as 

in the standard semi-discretization), and this solution can be easily approxi-

mated by a numerical time scheme. Finally the redistributed mass matrix con-

serves the total mass, the centre of gravity and the inertia momenta is built so 

that there is no inertia for the contact nodes. Furthermore, the MRM eliminates 

spurious oscillations on the contact boundary and respects the non-penetration 

constraint. 

The method proposed in the following part is to apply on the rail/wheel model 

the redistribution mass method introduced in [75]. The mass matrix terms are 

set to zero only on the node corresponding to the unilateral contact condition 

(normal component), but not on the friction one (tangential component). In-

deed the well-posedness of the fully discrete problem fails when the mass re-

distribution method is applied both to unilateral contact and to friction condi-

tions.  

Now we describe the strategy to construct the new mass matrix. Let N: = span 

{ν1, . . . , νnc} and N⊥ denote the space spanned by νi (normal contact boundary 

on elements in wheel edge) and its orthogonal complement, respectively. We 

shall consider the redistributed mass matrix Mr ∈ Mnp(R) satisfying: 

(i) Mr = MT
r ; 

(ii) Ker(Mr) = N; 

(iii) wTMrw>0 ∀w∈N⊥, w ≠ 0; 

i.e. being symmetric, positive semi-definite with the kernel equal to N. In[73] 

a simple algorithm is proposed to build the redistributed mass matrix preserv-

ing the main characteristics of the mass matrix (total mass, centre of gravity 

and moments of inertia). 
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In the following part we are going to apply the mass redistribution method in 

2D wheel-rail contact model to solve the energy dissipation problem and re-

produce a more realistic corrugation raising process.  

5.3 Mass Redistribution Method (MRM) applied to 2D wheel-rail 
contact model 

5.3.1 Convergence tendency of the model with MRM 

At first, convergence tendency of the model with MRM is studied with differ-

ent time increments and different mesh sizes. Table 5.1 shows that the model is 

convergent within very little time increments (1e-7s) in MRM compared with 

original model (OM), which means that the model using MRM costs more 

CPU time for the simulation to be completed. The case with Δtauto (Δtmin=1e-7s, 

Δtmax=1e-5s) means that time incrementation is automatically adjusted by 

Abaqus Standard from an initial incremented time. The size of subsequent time 

increment adjusted is based on how quickly the solution converges. 

  
Δt1(1e-5 s) Δt2(1e-6 s) Δt3(1e-7 s) Δtauto 

OM MRM OM MRM OM MRM OM MRM 

Mesh0.1-0.1(mm) × × √  × √  √  √ √ 

Mesh0.2-0.2(mm) √ × √ × √ √ √ √ 

Mesh0.4-0.4(mm) √ × √ × √ √ √ √ 

× Calculation aborted                √ Calculation completed 

Table 5.1 Different time increments influence on the model convergence ten-

dency 
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According to the results computed with different mesh sizes (Table 5.2), val-

ues such as contact shear force (CSF), normal force (CNF), Pf
G, contact pres-

sure (CPRESS), or plastic deformation (ԑP ) have great differences between the 

three sizes of mesh in the original model. On the contrary, results obtained 

with MRM are not much influenced. Therefore, MRM helps the model to con-

verge quickly according to mesh size. As a consequence, the results presented 

afterward will use a mesh size of 0.1 mm length and automatic time incremen-

tation to optimize both computation time and accuracy of the obtained results. 

  CSF CNF Vslid Pf
G CPRESS ԑP 

OM 

Mesh0.2-

mesh0.1 
+ + ++ ++ ++ ++ 

Mesh0.4-

Mesh0.1 
+ + ++ ++ +++ +++ 

MRM 

Mesh0.2-

mesh0.1 
0 0 0 0 ++ ++ 

Mesh0.4-

Mesh0.1 
0 0 + + +++ +++ 

0 Relative value inferior to 1%                  + Relative value inferior to 10% 

++ Relative value inferior to 20%            +++ Relative value inferior to 50% 

         Mesh size impact 

Table 5.2 Comparison of the results in different mesh sizes  
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5.3.2 Local results obtained with both OM and MRM             

Figure 5.3 Nodes at the wheel-rail contact 

First, with the original model, the local frictional power in the contact is 

calculated (Fig. 5.4). Results show that the nodes both at the entrance and at 

the exit of the contact have very small frictional power; values vary in a range 

of 400 – 600W with a fixed frequency of 527 Hz (Fig. 5.4(a), 5.4(c)). On the 

opposite, the node at the centre of the contact is affected by a higher value of  

frictional power which amplitude reaches about 1100 W (Fig. 5.4(b)) but with 

a tendency of decay within the 0.01 seconde of simulation. More precisely, the 

amplitude decreases from 1100 W to 900 W (Fig. 5.4(b)). These 3 sub-figures 

(Fig. 5.4) show the frictional power is mainly localized at the centre of the 

contact; the energy dissipated by the nodes at the centre of the contact is 

higher than elsewhere of the contact. 

Secondly, with the mass redistribution method, the value of frictional power 

both at the entrance and at the exit of the contact does not much change (Fig. 

5.4(a), 5.4(c)). Whereas there are not much influence on the entry node and 

exit node, frictional power at the centre node has been evidently influenced. 

The decay of the amplitude seems to be minimized, and the peak value of each 

period is kept at about 1100 W - 1050 W (1100W – 900W in original model) .  
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Figure 5.4 Comparison of the local frictional power between the original 

model (OM) and the mass redistribution model (MRM) at a) entrance node, b) 

centre node and c) exit node of the contact 

5.3.3 Global results obtained with both OM and MRM 

Global frictional power computed with both OM and MRM (Fig. 5.5) shows 

that MRM is less dissipative than the OM, which is what was expected. 

Abaqus doesn’t need to use extra and artificial numerical damping to help the 

model to converge. The energy injected in the model through the transient 

condtions is thus better conserved with the MRM applied than with OM. The 

local contact conditions and consequences will be more realistic. Indeed, the 
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equivalent plastic deformation reproduced on the rail surface (Fig. 5.6) is 

much more constant along time with MRM. The plastic deformation goes from 

0.15% to 0.13% over the 150mm length of simulated rail with the original 

model, whereas this value is much more constant with the MRM which better 

coincide with straight-track corrugation reality. 

 

Figure 5.5 Comparison of the global frictional power between the original 

model (OM) and the mass redistribution model (MRM) 

 

Figure 5.6 Comparison of the plastic deformation on the rail surface between 

the original model (OM) and the mass redistribution model (MRM) 

As the MRM is successfully applied in the 2D wheel-rail dynamic model, the 

problem of energy dissipation is solved and the corrugation defect is 

represented in a wheel passing under slip. The defect reproduced in multiple 

wheel passings is expected with MRM. 
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5.4 Additional wheel passings with slip in Mass redistribution 
model 

The results of the previous part (Chapter 5.3) show the birth of the periodical 

defect on the rail surface with OM for single wheel passing with MRM. The 

use of both MRM and multiple wheel passings will be really helpful to repro-

duce realistically both the birth and the evolution of corrugation defect. As a 

consequence, the previous 2D finite element model with MRM was extended 

to allow two additional wheel passings. Each additional passing uses the same 

simulation protocol (see Fig. 2.5) such as presented in Section 2.2. Before 

transient conditions are applied, the wheel-rail contact is in rolling state with-

out sliding conditions and undergoes constant loading. Then, the transient con-

ditions are applied to reach rolling state with sliding conditions in the contact 

with the same time for each wheel. Simulation parameters are described as in 

Tables 2.1 and 2.2. The same elasto-plastic law is used for the rail material: 

σep=455+250ԑP. 

With the same simulation protocol, the multiple wheel passings under slip in-

stability state are reproduced with MRM. Both global tangential contact force 

and frictional power are investigated. The amplitude of the global tangential 

contact force Ftang
G (see Fig. 5.7(b)) in slip oscillatory state does not change 

much compared with the results obtained in original model (see Fig. 5.7(a)). 

On the contrary, unlike the decreased amplitude and dissipative energy in orig-

inal model (see Fig. 5.7(c)), the peak value of Pf
G (see Fig. 5.7(d)) is kept con-

stant in the value of 16000W in MRM and the energy is not lost in the first 

three wheel passings.  
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Figure 5.7 Evolution of global tangential contact force Ftang
G

 in (a) OM (b) 

MRM; and global frictional power Pf
G in (c) OM (d) MRM 

The amplitude of the plastic deformation on the rail surface (see Fig. 5.8(b)) 

and inside the rail (see Fig. 5.8 (d)) shows no major change in the three wheel 

passings compared with the results obtained in original model. The value of 

the plastic deformation ԑP-I varies in the same range from 0.10% to 0.15% in 

the rail surface, and the peak value of plastic deformation on each wavelength 

is kept as 0.15% and does not decay after three passings. Inside the rail, the 

amplitude of ԑP-II (see Fig. 5.8(d)) is higher than in previous passings in slip 

oscillatory state. These curves coincide with the results obtained in original 

model. Therefore, the model with MRM reproduces more realistic corrugation 

defects. 
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Figure 5.8 Equivalent plastic deformation on rail surface in (a) OM (b) MRM; 

and interior rail in (c) OM (d) MRM 

5.5 Conclusion 
Both the origin and the generation of the corrugation defect are represented in 

MRM in the 2D wheel-rail contact dynamic model. The numerical dissipation 

problem was solved by Mass Redistribution Method (MRM) and a more realis-

tic corrugation defect is reproduced. The 2D dynamic wheel-rail contact model 

using MRM superposes each wheel passing in the same phase which explains a 

better development of corrugation defect than the one obtained with the previ-

ous model (OM). But the huge computational cost with application of MRM is 

really a drawback, we would like to find a proper model to apply MRM; oth-

erwise, it would be difficult to develop the wheel-rail contact dynamic model 

in 3D. 
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Since the rail corrugation problem is getting severe, grinding or planning 

merely alleviates the symptoms. To better understand the corrugation defect, 

the corrugation characteristics, the formation mechanism, the morphology and 

the consequence of these phenomena are studied according to the bibliog-

raphies. And the complex stick-slip phenomenon exciting tangential vibration 

may be the root of short-wave corrugations on straight track. 

From an experimental point of view, it is difficult to identify the various fac-

tors affecting such rail defects, and to quantify the influence of each factor on 

the birth and development of straight-track corrugation. As a consequence, 

tribological investigations on real rails affected by such defects have to be 

completed with numerical modelling. So the numerical modelling research is 

necessary to better understand the corrugation defect.  

At first, an appropriate tool was found to constitute the dynamic wheel-rail 

contact model. The implicit dynamic finite element code Abaqus Standard was 

chosen to investigate the dynamic local contact problem. The standard µ-

Coulomb’s friction law is applied at the contact, and the inequalities of dynam-

ic contact problem are solved thanks to Lagrange multipliers. The rail model is 

described using a law of linear elasto-plastic with isotropic linear hardening 

properties, and the wheel is regarded as elastic behaviour. The influence of the 

elements size and of the different integration times were found out to get the 

model valid. 

Afterwards, the influences of different physical parameters on the birth of cor-

rugation defects are studied. Results obtained in the finite element model high-

light the origin of instability states occurring linked to wheel-rail contact under 

transient conditions. And the wavelength is related to the wheel frequency be-

haviour. Physical parameters such as slip ratio, friction coefficient, transient 

conditions applying time, etc… do have an influence on both slip state and 

slip-stick state. Plastic deformation, which is linked to the corrugation defect, 

is mainly influenced by material property. And considering the function of the 
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stiffness of spring and damper between car body and wheel cannot be neglect-

ed in the birth of corrugation defect the parameters under transient conditions 

have a strong influence on the sensibilities of the corrugation defect. 

Then, based on the valid 2D dynamic finite element model, the evolution of 

the corrugation defect is represented under multiple wheel passings. From a 

qualitative point of view, these results with multiple wheel passings coincide 

with on-site observation of real corrugation defect on rail surface. Indeed, such 

defect grows with both the number of wheel passings and the repeatability of 

contact conditions. Rails affected by straight-track corrugation are mostly ur-

ban networks, which are characterized by a great homogeneity of train types, 

traffic conditions (stops, crossings, etc.) that really imply reproducible global 

contact conditions for each train. 

With the simulation of wheel-rail contact dynamics, the tribological conse-

quence of the corrugation was evaluated. Both the origin and the generation of 

the corrugation defect are represented. Corrugation grows while the contact 

behaviour is in slipping. The results obtained in the slip phase show a very im-

portant problem of quick energy dissipation, which doesn’t coincide with the 

straight-track corrugation reality. In this framework, most methods exhibit 

spurious oscillations and/or poor behaviour in long time. The numerical dissi-

pation problem was solved by Mass Redistribution Method (MRM) and a more 

realistic corrugation defect is reproduced. The 2D dynamic wheel-rail contact 

model using MRM superposes each wheel passing in the same phase, which 

explains a better development of corrugation defect than the one obtained with 

the previous model (OM).   

Furthermore, to continue to improve both birth, evolution and prediction of 

wheel-rail contact, the future work has to switch to the 3D model which will 

details the corrugation defect more realistically (see Fig.6.1), and wheel-rail 

contact dynamics in both lateral and longitudinal directions. 
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Figure 6.1 Corrugation geometry produced in 3D model 

   Mesh 
Elements size at the  

contact area(mm) 
 Relative CPU time  

   2D       0.1*0.1            1.0 

   3D       0.1*0.1*0.1            4.5 

Table 6.1 Comparison of CPU time in 2D and 3D models 

Considering that the current model needs a large computational time to com-

plete the simulation (Table 6.1), a Coupled Eulerian-Lagrangian (CEL) method 

would be employed in the wheel-rail contact model to make the calculation 

more efficient. In this case, the wheel is described as an Eulerian body and the 

rail is kept in Lagrangian behaviour to realize the optimization of both compu-

tational cost and accuracy results. Meanwhile, the discrete element model 

(DEM) is also considered to represent the corrugation wear. 
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Elasto-plastic rolling frictionnal contact

1 Mechanical model

1.1 Rolling frictionnal contact

Let Ω ⊂ R2 be a bounded open cylinder with smooth boundary Γ := ∂Ω. Ω represents the reference configura-
tion of an elastic wheel of mass density ρ. The coordinate system is chosen such that the center of gravity of the
wheel has zero coordinates (i.e.,

∫
Ω ρdΩ = 0). Moreover, we first consider the rail as a fixed obstacle occupying

the domain Ω2 with piecewise smooth boundary Γ2 := ∂Ω2. The boundary of the wheel Ω is divided into two
disjoint open sets, as Γ = ΓN ∪ ΓC . Neumann conditions are prescribed on ΓN . The set ΓC is the boundary
region of the body where contact with the obstacle can occur. Let φ : Ω × [0, T ] −→ R2 be the deformation
mapping and d := φ− x be the corresponding field of displacements. The deformation gradient is denoted by
F = ∇φ, and the Green-Saint Venant. To express contact conditions, we define the normal pressure σν and the
tangential force στ by

σν = (σν).ν, στ = (σν)− σνν (1)

respectively, and the normal and tangential displacements by

dν = d.ν, dτ = d− dνν (2)

Above, ν stands for the outer normal vector of the deformed domain φ(Ω). In order to formulate the non-
penetration condition between the two bodies, we introduce a gap function

γC : ΓC −→ R, γC := (πν(φ)− φ).ν, (3)

that models the distance between the deformed location of a point belonging to ΓC and its projection onto Γr
along the normal ν, where πν is the projection onto Γr along the normal vector to Ω. Thus contact is formulated
by inequalities constraint (complementarity or Karush-Kuhn-Tucker conditions)

γC ≥ 0, σν ≤ 0, γC .σν = 0 (4)

To model the presence of Coulomb’s friction with friction coefficient F , we impose inequalities constraint
on the tangent force

|στ | ≤ F|σν |, ḋ= − β2στ , ḋτ (|στ | − F|σν |) = 0. (5)

Let us now formulate the evolution equations of the rolling contact problem. The body is subjected to
volume forces and to boundary tractions g on ΓN . We denote by λ the Lagrange multiplier representing the
contact forces −σν . V stands for the space of displacements, and the spaceM of Lagrange multipliers (dual
space of the trace space V restricted to ΓC). The mixed formulation of the problem reads:

Find(d, λ)such that for almost every timet ∈ [0, T ], d(t) ∈ V, λ(t) ∈M such that

m(d̈, v) + a(d, v) + b(v, λ) = l(v), v ∈ V,
bτ (ḋ, µ− λ) ≤ 〈γC , µν − λν〉, µ(t) ∈M.

(6)

We have used the following notation for the mass and stress operators

m(d̈, v) :=

∫
Ω
ρd̈.vdΩ, a(d, v) :=

∫
Ω

(
∂W

∂E
(E(d)) : (Id+∇d)t∇vdΩ, (7)
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We have denoted the frictionnal contact operator by

b(µ, v) := bν(µ, v) + bτ (µ, v) =

∫
ΓC

µν .vνdΓ +

∫
ΓC

µτ .vτdΓ. (8)

And finally the load operator is

l(v) :=

∫
Ω
f.vdΩ +

∫
ΓN

g.vdΓ (9)

1.2 Corotational formulation

In the case of large rotations with respect to a single axis of a fixed direction δ, the deformation reeds

φ(x, t) = T (u) +Rθ(t)(x+ ũ(x, t)) = +Rθ(t)(x+ u(x, t)) (10)

where Rθ is a global rotation of axis δ and angle θ, T is the global translation, and u (resp. ũ) the field of (resp.
small) displacements with respect to the rotated configuration. In order to guarantee the uniqueness of u free
from elementary rotation,

Since the large rotation part has been filtered out of d, the rotated field of displacements u has small
amplitude, up to the addition of a uniform translation. It follows the following approximation:

E(d)=̃ε(u) (11)

It becomes possible rewrite the weak mixed formulation (6) with the new variables large rotation θ, and
small local displacement u. In particular the assumption of small local displacement (i.e. u << x) leads to
linearisations and simplifications. The velocity is approximate by

s(x, t) = u̇(x, t) + θ(t)Π(x+ T (u(x, t))). (12)

Then the elastic operator is now express with the linear Saint Venant-Kirchhoff elastic tensor, denotes by
C, and becomes

a(u, v) :=

∫
Ω
σ(u) : ε(v)dΩ =

∫
Ω
Cε(u) : ε(v)dΩ (13)


Find(u,λ, θ)such that for almost every timet ∈ [0, T ],u(t) ∈ V,λ(t) ∈M, θ(t) ∈ R such that

m(u,Πx) = 0

m(ṡ+ θ̇Πs, v) + a(u, v) + b(v, λ) = lθ(v), v ∈ V,
bτ0(s, µ− λ) + bν0(u, µ− λ) ≤ 〈γC,θ, µν0 − λν0〉, µ(t) ∈M.

(14)

where lθ(v) := lθ(Rθv), and γC,θ = (πθν0(x)− x).ν0 with πθν0 the projection onto Rθ(Ω) in direction ν0.

1.3 Plastic constitutive law of the rail

We now, consider the rail as an elasto-plastic material, occupying, in its initial state, a domain Ωr with piecewise
smooth boundary Γ2 := ∂Ω2. The characteristic feature of elastoplastic materials is that they behave as elastic
media within a certain stress range, termed the elastic region; if the stress reaches the boundary of this region,
plastification takes place. As long as the stress is below a given yield stress σy > 0, the relationship between
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strain and stress is linear. But if the strain is increased further, the stress value is bounded from above by
σy for the case of perfect plasticity or by the value of a so-called yield function if hardening is present. The
irreversibility of this process can be seen from the fact that there is some remaining plastic strain after unloading
to the stress-free state. From thermodynamic considerations, one can deduce that the total strain εr as well as
the internal energy Wr of the rail can additively be decomposed into an elastic part and a plastic part by

ε2 = εel2 + εpl2 ,W2 = W el
2 +W pl

2 . (15)

Using the quadratic function for the elastic energyW el
2 = W el

2 (εel2 ), one obtains that the Cauchy stress depends
only on the elastic part of the strain.

The plastic part W pl
2 of the energy describes the hardening behaviour of the material. In the folling we

consider the case of linear kinematic and isotropic hardening, where the inner variables are given by the plastic
strain tensor εpl and the equivalent plastic strain α:

W pl
2 = (α, εpl) =

1

8
K‖εpl‖2 +

1

2
Hα2 (16)

The two constants K, H for the kinematic and isotropic hardening are assumed to be nonnegative. One can
define the inner variable χ conjugate to α by

χ := −∂W
∂α

= −Hα. (17)

This quantity is used to describe the plastification process by means of the yield function p which defines
the elastic region consisting of those sets of generalized stresses. From the principle of maximum plastic
dissipation it follows that the set Epl is convex as well as that the evolution of the plastic inner variables satisfies
an associative flow rule, i.e.,

Epl := {(χ, σ) ∈Mpl / p(χ, σ) ≤ 0} (18)

Their derivatives with respect to time are determined by the yield function:

ε̇plr = λpl
∂p(χ, σ)

∂σ
(19)

α̇plr = λpl
∂p(χ, σ)

∂χ
(20)

Above, λpl is a nonnegative variable called the plastic multiplier which can only be nonzero if the generalized
stresses are on the boundary ∂Epl of the elastic region. This fact leads to the complementarity or Karush-Kuhn-
Tucker (KKT) conditions

p(χ, σ) ≤ 0, λpl ≥ 0, λpl.p(χ, σ) = 0. (21)

For cases like metal plasticity, one observes that the plastic deformation barely inflicts a change in the
volume. In this case, it is assumed that the plastic strain εpl has no volumetric part, i.e.

εpl = Dev(εpl) := εpl − 1

2
(Tr(εpl)Id), with Tr(εpl) = 0. (22)

Introducing the relative deviatoric stress
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σD = Dev(σ)− 1

4
K(εpl), (23)

we define the yield function by

p(χ, σ) := ‖σD‖ − 1

2
(σy − χ)− 1

2
(σy − χ) = ‖σD‖ − 1

2
(σy +Hα) (24)

1.4 Complete formulation: frictionnal rolling wheel on an elasto-plastic rail

The most common approach to treat the contact between two deformable bodies is known as the master/slave
formulation. Let us briefly recall what it consists in. Consider two deformable bodies whose reference config-
urations are two bounded open Ω` ⊂ R2 with smooth boundary, such that Ω1 = Ω and Ω2 = Ωr and of mass
density ρ1 = ρ and ρ2 = ρr. Γ2 = ∂Ω2 is decomposed into disjoint open sets, as Γ2 = ΓD ∪ ΓF ∪ ΓC . The
boundary ΓD is fixed set of positive measure. On ΓD, the value of the displacement is fixed to zero, whereas
a free loading surface is denoted by ΓF . The boundary conditions on ΓC are determined by the possibility of
frictional contact with the wheel Ω1. We assume that deformations of the rail are small, then we can still use
the non-penetration conditions (3) and (4), and the Coulomb’s friction inequalities (5). Here, the Green-Saint
Venant strain tensor of the rail is replaced by its linearized version

ε2 = ε2(u2) =
1

2
(∇u2 +∇ut2) (25)

and the corresponding stress tensor is denoted by the Cauchy stress σ2 = C2ε
el
2 .

We denote the mass and stress operators associated to the rail by

m2(u, v) :=

∫
Ω2

ρ2ü.vdΩ, a2(u, v) :=

∫
Ω2

σ2(u) : εel(v)dΩ, (26)

We set the plastic operator

bpl(ε, ζ) := −
∫

Ω2

C2ε : ζdΩ. (27)

V2 := {v ∈ V / v = vD on ΓD} stands for the space of displacements of the rail. For F > 0, the weak
formulation has the structure of a quasi-variational inequality:

Find(d1, d2, λ)such that for almost every timet ∈ [0, T ], d` ∈ V`, λ(t) ∈Msuch that∑
`=1,2m`(d̈`, v`) + a`(d`, v`) + b(v, λ) + bpl(ḋ2, ζ) = l(v2), v` ∈ V`,

b(ḋ, µ− λ) ≤ 〈γC , µν − λν〉, µ(t) ∈M,

bpl(C−1
2 (ζ − η), ˙εpl) ≤

∫
Ω2
Hα̇(β −α), ζ ∈ Epl,

(28)

Remark 1 The existence of solution of (28) is still considered as an important open problem.

1.5 Numerical model and discretisation

Referring to the contact problem of wheel-rail, the implicit dynamic finite element code Abaqus Standard is
used to reproduce the frictional contact between two bodies: a deformable rotating disc (a wheel) and a de-
formable body (a rail) with elastic-plastic behavior. The instability states are characterized as the consequence
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of the sliding velocity imposed and shear stress at the contact. The contact problem is solved thanks to La-
grange Multiplier method with standard Coulombs friction without regularization of the tangential stress with
respect to the tangential velocity component. Sliding conditions are imposed through an increase of the angular
velocity ω wheel of the center of the disc while the translating velocity Ṫ1(G) of the gravity center remains
constant. In order to study the instability in transient conditions, the global stiffness and the train-track system
are not considered in this study. And before the sliding step applied, the wheel is rolling in a constant velocity
while a constant value of normal load applied in the wheel center, the model is assured that the wheel is in pure
rolling state, and the whole system:

γs =
|Rθω − Ṫ1(G)|

Ṫ1(G)
(29)

Discretizations of solids (wheel and rail) are based on linear quadrilateral elements (of type CPE4R) and on
linear triangular elements (of type CPE3 in the need of mesh). Within such a finite element model the master
segment is given by a four-node isoparametric surface element which comes into contact with one slave node.
We denote hj the thickness of the j-element, and h = maxj hj .Ãl’l

In order to highlight oscillatory states occurring in the contact patch, the temporal evolution of the global
tangential contact force λτ , which is the sum of all the local tangential contact force at each node i in the
contact surface SC approximated by the discret contact surface ShC :

λhτ =
∑
i∈Sh

C

λhτ,i (30)

By definition the global frictionnal dissipation power is

Pf =

∫
SC

λτ .ṪsdS (31)

With |Ṫs| = γs|Ṫ1| being the global relative sliding velocity between the rail and wheel. The local frictional
power P hf,i at each node i of the contact patch is used to approximate Pf . This can also help to determine
whether or not the oscillatory state leads to surface degradation :

P hf,i = λhτ,iṪ
h
s,i = σhs,iSC,iṪ

h
s,i (32)

where σs,i is the local shear contact sliding at each node i, SC,i being the elementary surface around each i,
and Ṫs is the local relative sliding velocity between the wheel and the rail at each node i in the contact patch.
The sum of all P hf,i at each node i of the contact is equalvalent to the classical global frictional power sliding:

P hf =
∑
i∈Sh

C

λhτ,iṪ
h
s,i =

∑
i∈Sh

C

P hf,i (33)

Remark 2 The question of the convergence (when h tends to zero) of the discretization of (28), (30), (32) and
(33) is still open.
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2 Approximation and resolution of the frictional elasto-plastic contact prob-
lem

In the previous section the equation of motion has been formulated as week variational inequalities. In order
to obtain a numerical solution, (28) is dicretized thanks to FEM for the space variable, and an HHT time-
integration scheme. In the Abaqus/implicit, equations (28) are solved iteratively under appropriate initial con-
ditions, where the discretized contact model serves as a boundary condition. The nonlinear equations with
lagrangian multipliers are solved using a generalised Newton’s method.
In the following, we briefly recall some basic facts about HHT time-integration schemes in linear elastody-
namics. The Hilber-Hughes-Taylor (HHT) method is widely used in the structural dynamics community for
the numerical integration of a linear set of second Ordinary Differential Equations (ODE). This problem is ob-
tained at the end of a finite element discretization. Provided the finite element approach is linear, the equations
of motion assume the form

Mü(t) + Cu̇(t) +Ku(t) = F (t).

The mass, damping, and stiffness matrices, M , C and K, respectively, are constant, the force F depends on
time t, and u is the set of generalized coordinates used to represent the configuration of the system. The HHT
method reads :


Find un+1, u̇n+1, ün+1 ∈ RN , such that

Mün+1 + (1− α)
(
Cu̇n+1 +Kun+1

)
+ α

(
Cu̇n +Kun

)
= (1− α)Fn+1 + αFn,

un+1 = un + ∆tu̇n + ∆t
2 [(1− 2β)ün + 2βün+1],

u̇n+1 = u̇n + ∆t[(1− γ)ün + γün+1],

(34)

where α, β, γ are parameters linked by the relation γ = (1 − 2α)/2 and β = (1 − α)2/4. This method is
implicit and stable provided γ ≥ 1/2 and β ≥ (γ + 1/2)2/4. We remark that u̇n+1 and un+1 are functions of
the acceleration term ün+1, which remains the sole unknown quantity that is obtained as the solution of a linear
system.

Note that in the limit, the choice α = 0 leads to the Newmark method with no numerical damping. The
particular choice β = 1/4, γ = 1/2 yields an implicit, unconditionally stable, and second-order scheme. It is
energy-conserving in the sense that

En+1 − En =T Fn+1(un+1 − un).
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