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SUR LE SECOND THEOREME FONDAMENTAL

Résumé

La conjecture de Kobayashi stipule qu'une hypersurface générique X; < P"*1(C) de de-
gré d = 2n+ 1 est hyperbolique complexe, un probléme qui a attiré une grande attention ré-
cemment, avec |'espoir de mettre au point une théorie de Nevanlinna compléte en dimension
supérieure.

Dans la premiere partie de cette thése, notre objectif est de construire des exemples d’hy-
persurfaces hyperboliques de I’espace projectif dont le degré soit aussi petit que possible. Tout
d’abord, en tenant compte du niveau de troncation dans le Second Théoréme Principal de Car-
tan, nous établissons I'’hyperbolicité de complémentaires de certaines configurations d’hyper-
plans avec points de passages, ce qui étend un résultat classique de Bloch-Fujimoto-Green.
Ceci nous permet d’amorcer un algorithme récent de Duval, basé sur la méthode de déforma-
tion de Zaidenberg, pour créer des sextiques hyperboliques dans P3(C), et de construire ainsi
des familles d’hypersurfaces hyperboliques X; c P"**1(C) de degré d = 2n+2 pour2 < n <5.
En adaptant cette technique aux dimensions supérieures, nous obtenons aussi des exemples
d’hypersurfaces hyperboliques de degré d = (42)? dans P"*!(C).

Dans la deuxiéme partie, nous étudions le probleme de diminuer le niveau de troncation
dans le Second Théoreme Principal de Cartan. Noguchi a conjecturé que dans ce théoréme,
pour une famille de 4 droites en position générale dans P2(C), si une courbe holomorphe en-
tiere f: C — P?(C) est supposée n’étre pas algébriquement dégénérée, alors le niveau de tronca-
tion peut étre abaissé a 1. En utilisation la théorie de recouvrement d’Ahlfors pour les surfaces,
nous proposons une réponse positive dans le cas ol la courbe f est proche d'une certaine
courbe algébrique % < P?(C), au sens oi1 'ensemble d’accumulation de f(C) a I'infini, le clus-
ter setde f

Clu(f):= rl:lo(f(C \Ar))

est contenu dans 6.

Mots-clefs : Théorie de Nevanlinna, Hyperbolicité complexe, Théorie de Ahlfors, Conjecture de
Kobayashi, Second Théoréme Principal, courbe holomorphe, Courant de Nevanlinna, Lemme
de Brody.
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ON THE SECOND MAIN THEOREM
Abstract

Kobayashi’s conjecture asserts that a generic hypersurface X; c P"*!(C) having degree d =
2n+1 is complex hyperbolic, a problem that has attracted much attention recently, also with
the hope of setting up a complete higher dimensional Nevanlinna theory.

In the first part of this thesis, our goal is to construct examples of hyperbolic hypersurfaces
in projective spaces of degree as low as possible. First of all, taking into account the trunca-
tion level in Cartan’s Second Main Theorem, we establish the hyperbolicity of complements of
some configurations of hyperplanes with passage points, extending a classical result of Bloch-
Fujimoto-Green. This allows us to launch a recent algorithm of Duval, based on the deforma-
tion method of Zaidenberg, on creating hyperbolic sextics in P3(C), hence to construct families
of hyperbolic hypersurfaces X; c P"*!(C) having degree d = 2n + 2 for 2 < n < 5. Adapting this
technique to higher dimensional cases, we also obtain examples of hyperbolic hypersurfaces
of degree d = (42)? in P"*1(C).

In the second part, we study the problem of decreasing the truncation level in Cartan’s Sec-
ond Main Theorem. It was conjectured by Noguchi that in this theorem, for a family of 4 lines
in general position in P2(C), if an entire holomorphic curve f: C — P2(C) is assumed to be alge-
braically nondegenerate, then the truncation level can be decreased to 1. Using Ahlfors'theory
of covering surfaces, we propose a positive answer in the case where the curve f is close to some
algebraic curve € c P?(C), in the sense that the set of accumulation points of f(C) at infinity,
the cluster set of f

Clu(f) := roo(f(C \Ap))

is contained in €.

Keywords : Nevanlinna Theory, Complex hyperbolicity, Ahlfors’ Theory, Kobayashi’s conjec-
ture, Second Main Theorem, holomorphic curve, Nevanlinna current, Brody’s Lemma.
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PRESENTATION DES RESULTATS

Soit X une variété complexe connexe. Pour deux points p, g de X, une chaine ho-

lomorphe allant de p a g est une suite {(f;, a;, b;)}}_;, ou f; sont des courbes holo-

morphes du disque unité A a valeurs dans X, et a;, b; sont des points de A tels que

p=fila), filh) = folay), ...... , fv-1(by-1) = fu(ay), fv(by) =q.

La pseudo-distance de Kobayashi est alors définie par

dx(p,q) = inf{ .

v
1=

p(ai, b;) },
1
ol p estla distance de Poincaré sur A, et I'infimum est pris sur toutes les chaines holo-
morphes de p a g. Cette pseudo-distance est la forme intégrée de la pseudo-métrique
infinitésimale de Kobayashi-Royden sur X, définie par

Fx(v) := inf{/l > 0:3f € Hol(A, X), f(0) = p, f(0) = %} (peX,veT,X).

Par définition, la pseudo-distance de Kobayashi possede la propriété de distance dé-
croissante, c’est-a-dire que pour toute application holomorphe ¢: X — Y entre deux
variétés complexes, pour tout couple (p, q) de points de X, on a

dx(p,q) = dy(p(p),p(q).



Grace au Lemme de Schwarz-Pick, la pseudo-distance de Kobayashi sur le disque unité
A coincide avec la distance de Poincaré. En général, la pseudo-distance de Kobayashi
peut-étre dégénérée. Par exemple, si X est le plan complexe ou une courbe elliptique,
alors dx = 0. Ceci nous conduit a la définition suivante :

Hyperbolicité au sens de Kobayashi. La variété complexe X est hyperbolique au sens
de Kobayashi si dx est une vraie distance, i.e. si pour tout couple (p, q) de points distincts
de X, dx(p,q) >0.

En dimension 1, nous avons une théorie compléete satisfaisante : une surface de
Riemann compacte est hyperbolique au sens de Kobayashi si et seulement si son genre
est = 2. En utilisant le critére de Brody rappelé ci-dessous, cela revient au Théoreme
classique de Picard. Dés la dimension 2, il est tres difficile de déterminer I’hyperbolicité
au sens de Kobayashi en termes de la géométrie des espaces.

Par une courbe entiére, nous entendons une courbe non constante f : C — X.
Comme la pseudo-distance de Kobayashi satisfait la propriété de distance décroissante
et comme d¢ = 0, une variété complexe hyperbolique au sens de Kobayashi ne contient
pas de courbe entiére. La réciproque n’est pas vraie en général, mais elle est également
vraie si X est compacte par un résultat de base de Brody [Bro78].

La production de courbes entiéres liées a la dégénérescence de la pseudo-métrique
infinitésimale de Kobayashi-Royden sur les variétés complexes compactes que nous
allons décrire maintenant est un outil efficace fondamental de la méthode de défor-
mation, dont I'objectif est de créer des exemples d’hypersurfaces hyperboliques. Une
courbe de Brody dans une variéte complexe compacte X munie d'une métrique hermi-
tienne | - || est une courbe entiére f : C — X dont la dérivée | f'| est bornée. Ces courbes
résultent de limites de suites d’applications holomorphes, comme suit (voir [Bro78]).

Lemme de reparamétrisation de Brody. Soit fi. : A — X une suite d’applications holo-
morphes du disque A a valeurs dans une variété complexe compacte X. Si || f; (0)|| — oo
lorsque k — oo, alors il existe un point a € A, une suite (ay) convergeant vers a et une
suite décroissante (ry) de réels positifs convergeant vers 0 tels que la suite d’applications

z— frlag+rrz)

converge uniformément sur tout compact de C vers une courbe de Brody, apres extraction
d’'une sous-suite.

Par conséquent, on a une caractérisation bien connue de ’hyperbolicité au sens de
Kobayashi.

Criteére de Brody. Une variéte complexe compacte X est hyperbolique au sens de Ko-
bayashi si et seulement si elle ne contient pas de courbe entiére.

Le probleme de la caractérisation de I'’hyperbolicité au sens de Kobayashi d'une
variété complexe X, dans le cas des variétés projectives, est motivé par la conjecture
suivante [Kob70].



Conjecture de Kobayashi. Une hypersurface générique X; < P"*1(C) dedegréd = 2n+1
est hyperbolique.

Bien qu'’il ait été affirmé que toutes les hypersurfaces suffisamment générales dans
I’espace projectif sont hyperboliques au sens de Kobayashi, peu d’exemples d’hyper-
surfaces hyperboliques ont été donnés. Nous limiterons notre ambition a trouver des
exemples d’hypersurfaces hyperboliques de degré le plus bas possible. Méme en pe-
tites dimensions, cette question est encore trés ouverte, car jusqu’a présent, personne
ne sait s'il existe une seule quintique hyperbolique dans P3(C).

Un outil tres efficace pour construire de tels exemples est la méthode de déforma-
tionintroduite par Zaidenberg [Zai88], [SZ02a], [SZ05], [Zai09], qui se compose de deux
ingrédients principaux. Le premier est le lemme de Brody qui doit étre utilisé sous la
forme suivante.

Suite de courbes entieéres. Soit X une variéte complexe compacte et soit (fi) une suite
de courbes entieres dans X. Alors il existe une suite de reparamétrisations ri. : C — C et
une sous-suite de (fi. o ry) qui converge uniformément sur tout compact de C vers une
courbe entiere (out courbe de Brody).

Le deuxieme ingrédient principal dans la méthode de déformation est la persis-
tance d’intersections qui s’énonce comme suit.

Stabilité des intersections. Soit X une variéte complexe et soit H c X une hypersurface
analytique. Supposons qu'une suite (f) de courbes entiéres dans X converge vers une
courbe entiere f. Si f(C) n'est pas contenue dans H, alors

f@nHc lim fi©nH.

Lidée générale de la méthode de déformation est de rechercher des hypersurfaces
hyperboliques dans le pinceau linéaire {Z.}. d’hypersurfaces de degré d dans P"*!(C)
engendré par Sp ={sp =0} et S={s=0}:

e ={sp+es=0},

ol Sy est une hypersurface singuliere et ou € est assez petit. Ici, on considére le cas le
plus singulier ou Sy est la réunion de d hyperplans génériques H; = {h; =0},..., Hg =
{ha = 0}. Supposons que les X., ne soient pas hyperboliques pour une suite (€x)
convergeant vers 0. Alors le critere de Brody assure qu’il existe des courbes entieres

Je, i C—Z,.

Par le lemme de Brody, aprés reparamétrisation et extraction, on peut supposer
que la suite (f,) converge vers une courbe entiere f: C — U?z  Hi. Par conséquent, on
déduit du principe d'unicité qu’il existe un sous-ensemble I c {1,...,d} de cardinalité
maximale |I| = n+1-n' tel que:

f©cNH = P (C) < P (C) A=n'<n).



Maintenant, nous voudrions analyser la disposition de la courbe limite f(C) par
rapport a la famille d’hyperplans H; n P" (C) dans P" (C) pour j ¢ I. Comme indiqué
dans [Zai09], 1a Stabilité des intersections donne un autre principe de dégénérescence :
la courbe limite f(C) ne peut pas passer par des points arbitraires de H; N P (C). Plus
précisément, il interdit f(C) de rencontrer H; (j ¢ I) en dehors des points de SN H; N
P" (C), car

f©)nH; clgirgoﬁk(C)mHj C,CIEEOZ%“HJ' < SNHj ~vjgD.

Par conséquent, la courbe limite f(C) doit atterrir dans

NE\U B |U|(0E)N(U)Ns| = 0\ (U H)\S).

i€l JjeI iel JjeI iel jeI

De cette analyse, '’hyperbolicité de suffisamment petites déformations de Sy exige

que tout complémentaire de la forme

N Hl'\ UH i

iel gl
devrait satisfaire la propriété de non-percolation hyperbolique [SZ02a] par une hyper-
surface appropriée S, c’est-a-dire ce complémentaire lui-méme est hyperbolique et si
I'on ajoute plus de points de passage comme N;e;H; N (UjgrHj) NS, 'hyperbolicité ne
soit pas perdue.

Pour I'hyperbolicité du complémentaire de la réunion de g hyperplans génériques
dans P™(C), il faut et il suffit de prendre g = 2m + 1 [Fuj72], [Gre72]. Cela donne a pen-
ser que I'hypersurface singuliere Sy devrait étre la réunion de d = 2n + 2 hyperplans
génériques. Maintenant, le probléme se réduit a trouver une hypersurface S satisfai-
sant la propriété de non-percolation hyperbolique. Il a été conjecturé [Zai03] que cette
propriété devrait étre valide pour des hypersurfaces génériques S, mais ici, une seule
hypersurface appropriée est suffisante pour donner un exemple d'une hypersurface
hyperbolique de degré d.

Duval [Duvl4] introduit un algorithme pour créer une telle surface S dans P3(C)
par déformation. En commencant par I’hyperbolicité de tous les complémentaires de
la forme H; \ Ujx; H; et une surface générique, chaque étape de cet algorithme donne
une surface qui autorise des points de passage sur une autre droite H; N H;, et apres
avoir épuisé tous les points de passage, on obtient une surface appropriée S.

En adaptant cette technique aux dimensions supérieures, la difficulté réside dans
le point de départ de I'algorithme, qui exige non selement ’hyperbolicité de tous les
complémentaires de la forme

N H,‘\ UH iz
iel el
mais aussi ’hyperbolicité de certaines configurations d’hyperplans décrites comme

suit.

Soit {Hj}1<i<y, U = 2v + 1 une famille d’hyperplans génériques dans P"(C). Par un
étoile-sous-espace de dimension k, nous entendons un complémentaires de la forme

Pk,Ik = ﬂ Hl\( U Hj),

i€l JjeIx



ou k est un nombre entier avec 0 < k < v —2, et ou I} = {ij,...,iy_;} €st un sous-
ensemble de 'ensemble d’indices {1, ..., u} ayant cardinalité v — k. Pour lancer 1’algo-
rithme, nous exigeons que tous les complémentaires de la forme

QIHi\(]LEJ]Hj\Am,n+1—III)

sont hyperboliques, ou I et J sont deux sous-ensembles disjoints de 'ensemble d’in-
dices{l,...,d} telsquel <|I|<n-1,et|J]|=d+m+1-2|I| pourcertains0 < m < |I|-1,
et ol Ay, n+1-1) €st une collection d’au plus m étoile-sous-espaces provenant de la fa-
mille d’hyperplans {n;c; H; N Hj} jey dans Nje H; = pr+1-lI(C),

La théorie de Nevanlinna dans I'espace projectif est un outil puissant pour étudier
I'hyperbolicité de ces configurations. Soit E = Yy, a, un diviseur sur C avec u, =0 et
soit k € NU {oo}. En résumant les degrés k-tronqué du diviseur sur les disques par

(1, E) := Z min{k, y} (t>0),

lay|<t
la fonction de comptage tronqué au niveau k de E est définie par
r n[k] t,E
N"™(r, E) ::f LniULIpY (r>1.
1 A
Quand k = oo, on écrit n(t, E), N(r, E) au lieu de n'*l (¢, E), N'*°(r, E). On note le divi-

seur des zéros d'une fonction méromorphe non-nulle ¢ par (¢)o.

Soit f: C — P"(C) une courbe entiere ayant une représentation réduite f = [fj :
-+ fu] dans les coordonnées homogenes [z : -+ : z,,] de P"(C). Soit D = {Q = 0} une
hypersurface dans P"*(C) définie par un polyn6me homogene Q € C[zy, ..., z,] de degré
d=1.Si f(C) ¢ D, alors on définit la fonction de comptage tronqué de f par rapport a
D par
N, D) := N¥ (1, Qo fo).

La fonction de proximité de f pour le diviseur D est définie par
o |fare™®]“1QI do
|Q(f)(rei®)| 2n’
ou || Q|| est la valeur absolue maximale des coefficients de Q et
| f(@| = max{lfo(2)],...,| fu(2)]}.

Comme |Q(f)| <Ql- ||f||d, on a mg(r, D) = 0. Enfin, la fonction ordre de Cartan de f
est définie par

mf(r,D) = fo

= [Toglrire® ] a0
o ogl| f(re

rdt
1 Ja,

Te(r):

ol w;, est la forme de Fubini-Study sur P"*(C).

Le noyau de la théorie de Nevanlinna se compose de deux théorémes.



Premier Théoréme Principal. Soit f : C — P"(C) une courbe holomorphe et soit D une
hypersurface de degré d dans P" (C) telles que f(C) ¢ supp(D). Alors, pour tout nombre
réelr >1,ona

my(r,D)+ N¢(r,D) =d T¢(r) + O(1),

donc
Ny¢(r,D) < dTp(r)+0Q).

Une courbe holomorphe f : C — P"*(C) est linéairement non-dégénérée si son
image n’est contenue dans aucun hyperplan. Pour deux fonctions ¢(r), y(r) a valeurs
dans [0,00), on écrit

pr) =0 ) |l

sil'inégalité est vraie en dehors d'un sous-ensemble borélien E de [0,00) de mesure de
Lebesgue finie.

Second Théoréme Principal de Cartan [Car33]. Soit {H;}1<i<q une famille d’hyper-
plans en position générale dans P (C). Si f : C — P"*(C) est une courbe holomorphe li-
néairement non-dégénérée, alors

q
(q-n=-1DTp(r) < ) NP0 H) + S5(r),
i=1

out S¢(r) est un terme petit par rapport a T¢(r)

S¢(r) = Ollog T¢(r) +logr) |

Maintenant, soit {H;}1<i<2n+1+m une famille de 2n + 1 + m avec m = 0 hyperplans
génériques dans I'espace projectif P”(C). En utilisant la théorie de Nevanlinna-Cartan
dans P"(C), en tenant compte du niveau de troncation dans le Second Théoreme
Principal et en utilisant certaines estimations de base sur les nombres de contact de
courbes entieres le long de cycles de codimension = 2, nous établissons que tous les
complémentaires de la forme

PO\ (W H A A, ), (0.0.1)

ol Amn est une
collection d’au plus m étoile-sous-espaces provenant de {H;} <i<2n+1+m, Sont hyper-
boliques dans les trois cas suivants

e n=2,m=<3,
en=3,m=<2,
en=4,m=<1.

Ceci nous permet d’amorcer 'algorithme en dimensions 2 < n < 5 pour créer
une hypersurface S ¢ P"**1(C) de degré d = 2n + 2 satisfaisant la propriéte de non-
percolation hyperbolique par rapport a une famille de d hyperplans génériques, ce qui
donne des exemples d’hypersurfaces hyperboliques de degré d = 2n + 2 dans P"*1(C).

Notre premier résultat, publié dans [Huy15], s’énonce comme suit.



Théoreme 1. Soit n un nombre entier dans {2,3,4,5}. Soit {H;}1<i<2n+2 une famille de
2n + 2 hyperplans génériques dans P"*'(C) définies par H; = {h; = 0}. Alors il existe une
hypersurface S = {s = 0} de degré 2n + 2 telle que l'ypersurface

Te={es+I15%%h; = 0}

est hyperbolique pour € # 0 assez petit.

Il est trés naturel de se demander si cette affirmation est encore vraie en dimen-
sions supérieures. Ce probleme se réduit a prouver 'hyperbolicité de toutes les confi-
gurations d’hyperplans sans restriction sur n et m, ce qui est encore trés ouvert.
Mais au moins I'algorithme peut étre amorcé a partir d'un point de départ restreint qui
exige que I'hypersurface singuliere Sy devrait étre la réunion de d = ("T”)z hyperplans.
Cela donne une légere amélioration du résultat de Shiffman et Zaidenberg [SZ02b], qui

ont donné des exemples d’hypersurfaces hyperboliques de degré > 4 n? dans P"**1(C).
Notre second résultat, publié dans [Huy16], s’énonce comme suit.

Théoréeme II. Soit {H;} <i<q une famille de d = (”T“Lg)2 hyperplans en position générale
dans P"1(C) oit H; = {h; = 0}. Alors il existe une hypersurface S = {s = 0} de degré d telle
que l'hypersurface

Te={es+ H?Zlhi =0}

est hyperbolique pour € # 0 assez petit.

La limite de notre technique actuelle basée sur le Second théoréme principal de
Cartan nous conduit au probleme de diminuer le niveau de troncation. Yamanoi
[YamO04] a établi un Second théoreme principal pour les courbes algébriquement non-
dégénérées dans les variétés abéliennes avec la troncation 1, en autorisant le petit
terme a étre € Tr(r). Noguchi, Winkelmann et Yamanoi [NWY08] ont obtenu un résul-
tat similaire pour les courbes algébriquement non-dégénérées dans les variétés semi-
abéliennes et comme application, ils ont obtenu une généralisation d’'une conjecture
de Green [Gre74] sur la dégénérescence de courbes holomorphes dans le complémen-
taire de deux droites et un cone dans le plan projectif.

Diminuer le niveau de troncation dans le Second théoréme principal de Cartan
semble étre un probléeme tres difficile, méme dans le cas le plus simple. Rappelons
que pour une famille de 4 droites en position générale {L;};<;<4 dans le plan projectif,
pour une courbe holomorphe linéairement non-dégénérée f : C — P?(C), le Second
théoreme principal de Cartan stipule que

4
Trr) <y N}Z] (r,Ly) +o(Tr(r) || . (0.0.2)
i=1
Les fonctions de comptage tronquées dans la partie droite de cette inégalité sont opti-
males dans le sens ol elles ne peuvent pas étre tronquées au niveau 1. Autrement dit,
il existe une certaine courbe holomorphe linéairement non-dégénérée f : C — P?(C)
telle que I'inégalité suivante n’est pas vraie
4

Tr(r)< ). N L +o(T(r) | - (0.0.3)
i=1



Exemple : Soit € la conique unique qui est tangente a Ly, Ly en A; = Ly N Ly, Az =
L, n L4 respectivement, et qui est tangente a L3 en un certain point As.

L3
Az

A Ay

Ly

Ly Ly

Comme €\{A;, Ay} = C* n'est pas hyperbolique, il contient une certaine courbe entiére
f.Parlechoixde 6, les fonctions de comptage tronquées de f par rapporta L; satisfont

N][?](r,Ll-) =0 (i#3),
NP (r,L;) = 2NM(r, Ly) (i=3)
f » M1 f y i -

En appliquant le Premier Théoréme Principal et le Second Théoreme Principal de Car-
tan, on obtient

IA

N (r,Ly) < Ny(r, Ls) < Ty(r) + O(1)
N][?](r, L)+ N][?](r,L,-) +S7(r).
i#3
=0

IA

Donc toutes les inégalités sont les égalités modulo S¢(r). En particulier, on a

T(r) = N{(r, Lg) + Sf(r)
= zN]L”(r, L) +S£(r)

4
=2 Zl N]L” (r, L) + S£(r),
l:

ce qui montre que I'inégalité 003 n’est pas vraie.

Dans I'exemple ci-dessus, la courbe f est linéairement non-dégénérée, mais son
image est contenue dans une courbe algébrique € < P?(C)). Les courbes entiéres sa-
tisfaisant cette propriété sont dites algébriquement dégénérées. Sinon, on dit que ces
courbes sont algébriquement non-dégénérées. Jusqu'a ce jour, il n'y a pas de contre-
exemple a la conjecture suivante de Noguchi.

Second Théoréme Principal de type Cartan avec troncation 1. Si f : C — P?(C) est
algébriquement non-dégénérée, alorsu3 est vrai.



Nous proposons une réponse positive dans un cas particulier ou la courbe f est
proche d'une certaine courbe algébrique € dans P2(C), au sens ol 'ensemble d’accu-
mulation de f(C) al'infini (le cluster setde f)

Clu(f) := TQO(M))

est contenu dans €.

Notre troisieme résultat s’énonce comme suit.

Théoréme III. Soit{L;}1<;<4 une famille de 4 droites en position générale dans le plan
projectif P?(C) et soit f : C — P?(C) une courbe holomorphe algébriquement non-
dégénérée. Si l'ensemble d’'accumulation Clu(f) est contenue dans une courbe algébrique
€ <P?(C), alors

4
Tr(r) < i:ZIN}”(r,Li) +o(Tf(r) |-

Notre preuve se compose des trois ingrédients principaux suivants.

@® Courants positifs fermés associés a une courbe entiére.

Soit X une variété projective munie d’'une forme de Kéhler w. On peut associer
a une courbe entieére f : C — X dans X certains courants positifs fermés de bi-
dimension (1, 1), qui sont appelés courants de Nevanlinna. Ces courants appa-
raissent notamment dans la preuve par M. McQuillan de la conjecture de Green-
Griffiths pour les surfaces de type général dont les premiere et deuxiéme classes
de Segre satisfont cf —c2 >0 [McQ98] (voir également [Bru99]). Ils sont construits
en prenant la limite de certaines suites de courants positifs de masse bornée

{®,,}72,, ol
Tedt .
f— fn
o I Ja,

k=1’
"tdt ’
f, e
0

r Ja,

(Di‘k (T]) =

pour toute (1, 1)-forme lisse 7 sur X, et ol {r}?2 | est une suite de réels positifs
convergeant vers oo telle que (il en existe)

kdt
fo — Length (f(0A,))
lim

o I Ja,

=0.

@ Llintersection géométrique, l'intersection algébrique et leur relation. Lintersec-
tion géométrique du courant limite ® par rapport a un diviseur Z c X est alors
définie par

. Tk dr
ix(2) :f Card(f(A[)nZ)T,
0

(2
i(2) = liminf %%}
koo Trp, ()



ol Card (f(A;) N Z) estle nombre total de points d’intersection entre f(A,) et Z.
Avec les notations ci-dessus, le probleme se réduit a démontrer que

-

(L) =1.

i=1
Notons [®@], [Z] la classe d’homologie de @, Z dans H L1(X R). Lintersection al-
gébrique de [®] et [ Z] est alors définie par

(@] [Z] :=D(w_z),

ouwy estune (1, 1)-forme différentielle contenue dans la classe fondamentale de
cohomologie {Z}. La relation suivante [Bru99] entre I'intersection géométrique
1(Z) etl'intersection algébrique [®] - [Z] peut étre considérée comme une consé-
quence du Premier Théoréme Principal dans la théorie de Nevanlinna :

1(Z2) < [D]-[Z].

La théorie de recouvrement d’Ahlfors pour les surfaces.

Présentons d’abord quelques notations et définitions. Une surface a bord de type
fini est une région fermée sur une surface orientable compacte délimitée par un
nombre fini de courbes fermées simples. Pour une surface a bord X, notons >
son intérieur et 0 son bord. Une application f : X — Z; entre deux surfaces a
bord de type fini est dite holomorphesi f est holomorphe dans 3 et se prolonge
continiment jusqu’au bord. Supposons maintenant que X, est munie d'une mé-
trique hermitienne py. Notons p la métrique tirée-en-arriere de pg. On mesure
toutes longueurs et aires sur X et X par rapport a p et pg. Une courbe est appelée
réguliere si elle est lisse par morceaux. Une région est appelée réguliere si elle est
délimitée par un nombre fini de courbes régulieres. Supposons que X est une
région réguliere. Le nombre de feuillets moyen de f est défini par

. Aire(2)

T Aire(Zg)
De la méme facon, on définit le nombre de feuillets au-dessus d’'une région ré-
guliere D ou d’une courbe réguliere y sur X, par
Aire (f~1(D))

SD):= = e D)

Longueur (f~1(y)
S(y):= 8 =) :
Longueur(y)
Notons L = Longueur (02\ f~1(0Z)) la longueur du bord relatif. La théorie d’Ahl-

fors se compose des deux analogues suivants du Premier Théoreme Principal et
du Second Théoréme Principal dans la théorie de Nevanlinna classique.

Premier Théoréme Principal d’Ahlfors. Pour chaque région réguliere D et
chaque courbe réguliere y sur X, il existe une constante h qui est indépendante
deX et f pour laquelle :

IS=S(D)I<hlL, IS=S(y)I<hL.



Second Théoreme Principal d’Ahlfors. [l existe une constante h qui ne dépend
que de (g, po) pour laquelle :

min{0, y(2)} < S- y(Zp) + h L.

Donnons maintenant une esquisse de la preuve du Théoreme III. En nous ba-
sant sur @, nous construisons simultanément les courants positifs fermés associés a
la courbe holomorphe f et a ses relevements dans le processus de résolution de la
configuration de la courbe € et des quatre droites H;. Ensuite, en appliquant la théo-
rie d’Ahlfors décrite dans ®, qui est alors entierement valable pour les applications
quasiconformes 7o f, ou 7 est la projection définie dans un petit voisinage de certains
diviseurs dans I'arbre de résolution, on obtient une relation entre les intersections géo-
métriques et les masses du courant positif fermé le long de 'ensemble de certains divi-
seurs. Nous appliquons donc l'inégalité entre I'intersection algébrique et I'intersection
géométrique @ pour les diviseurs exceptionnels a chaque étape du processus de réso-
lution et et nous travaillons avec la combinatoire de I’arbre de résolution pour obtenir
la conclusion.



OVERVIEW OF THE MAIN RESULTS

Let X be a connected complex manifold. For two points p, g in X, a holomor-
phic chain connecting p and q is a sequence {(f;, a;, b;)};_,, where f; are holomorphic
curves from the unit disk A to X, and a;, b; are points in A such that

p=fila), filh) = folay), ...... , fv-1(by-1) = fu(ay), fv(by) =q.

The Kobayashi pseudodistance is then defined by

dx(p,q) = inf{ .

v
1=

p(ai, bi)},
1
where p is the Poincaré distance on A, and the infimum is taken over all holomor-
phic chains from p to g. This pseudodistance is the integrated form of the Kobayashi-
Royden infinitesimal pseudometric on X, defined by

Fx(v) := inf{/l > 0:3f € Hol(A, X), f(0) = p, f(0) = %} (peX,veT,X).

It follows from the definition that the Kobayashi pseudodistance enjoys the distance
decreasing property, namely for any holomorphic map ¢: X — Y between complex
manifolds, for all p, g in X, we have

dx(p,q) = dy(p(p),p(q).



Thanks to the Schwarz-Pick’s Lemma, the Kobayashi pseudodistance on the unit disk
A coincides with the Poincaré distance. In general, the Kobayashi pseudodistance may
not be a distance. For example, if X is the complex plane C or an elliptic curve, then
dx = 0. This leads to the following definition:

Kobayashi hyperbolicity. The complex manifold X is said to be Kobayashi hyperbolic
if dx is a true distance, namely dx (p, q) > 0 whenever p # q.

In the one-dimensional case, we have a beautiful and complete picture: a compact
Riemann surface is Kobayashi hyperbolic if and only if its genus is = 2. By Brody’s
criterion recalled below, this boils down to the classical Picard’s theorem. In higher-
dimensional cases, it is very difficult to determine the Kobayashi hyperbolicity in terms
of the geometry of the spaces.

By an entire curve in X, we mean a nonconstant holomorphic map f: C — X. Since
the Kobayshi pseudodistance satisfies the distance decreasing property and since d¢ =
0, a Kobayashi hyperbolic complex manifold must contain no entire curve. The con-
verse is not true in general, but it is true at least when the manifold is compact by a
basic result of Brody [Bro78].

The production of entire curves from the degeneracy of the Kobayashi-Royden in-
finitesimal pseudometric on compact complex manifolds that we are going to describe
now is fundamental to the deformation method, an effective tool to create examples of
hyperbolic hypersurfaces. A Brody curve in a compact complex manifold X equipped
with a hermitian metric | - || is an entire curve f : C — X whose derivative || f'| is
bounded. Such curves arise as limits of sequences of holomorphic maps as follows
(see [Bro78]).

Brody’s reparametrization lemma. Let fi. : A — X be a sequence of holomorphic maps
from the unit disk to a compact complex manifold X. If || f ()| — oo as k — oo, then
there exist a point a € A, a sequence (ay) converging to a and a decreasing sequence (1)
of positive real numbers converging to 0 such that the sequence of maps

z— frlag+rrz)

converges towards a Brody curve, after extracting a subsequence.

Consequently, we have a well known characterization of Kobayashi hyperbolicity.

Brody’s criterion. A compact complex manifold X is Kobayashi hyperbolic if and only
if it contains no entire curve.

The problem of characterizing the Kobayashi hyperbolicity of complex manifolds
X, in the case of projective varieties, is motivated by the following conjecture due to
Kobayashi [Kob70].

Kobayashi’s conjecture. A generic hypersurface X; < P"*1(C) having degreed = 2n+1
is hyperbolic.



Although it was asserted that all sufficiently general hypersurfaces in projective
space are Kobayashi hyperbolic, few examples of hyperbolic hypersurfaces were given.
We restrict our ambition to find examples of hyperbolic hypersurfaces of degree as low
as possible. This question is still wide open, even in low dimensional cases since until
now, nobody knows whether there exists a single hyperbolic quintic in P3(C).

A very effective tool to construct such examples is the deformation method intro-
duced by Zaidenberg [Zai88], [SZ02al, [SZ05], [Zai09], which consists of two main in-
gredients. The first one is Brody’s Lemma which shall be used under the following form.

Sequences of entire curves. Let X be a compact complex manifold and let (fi.) be a
sequence of entire curves in X. Then there exist a sequence of reparameterizations ry :
C — C and a subsequence of (fi o ri) which converges towards an entire curve (or Brody
curve).

The second main ingredient in the deformation method is the persistence of inter-
sections stated as follows.

Stability of intersections. Let X be a complex manifold and let H < X be an analytic
hypersurface. Suppose that a sequence (fi) of entire curves in X converges towards an
entire curve f. If f (C) is not contained in H, then

f@nHc lim fi©nH.

The general idea of the deformation method is to seek hyperbolic hypersurfaces in
the linear pencil {Z.} hypersurfaces of degree d in P"*!(C) generated by Sy = {sp = 0}
and S={s=0}:

Te={so+es=0},

where Sy is a singular hypersurface and where € is chosen to be sufficiently small. Here,
we consider the most singular case where Sy is the union of d generic hyperplanes
Hy ={h; =0},...,H; = {hg = 0}. Suppose that Z, are not hyperbolic for a sequence (¢x)
converging to 0. Then Brody’s criterion insures that there exist entire curves f¢, : C —
)y

€k

By Brody’s lemma, after reparameterization and extraction, we may assume that
the sequence (f;,) converges to an entire curve f: C — U?:l H;. Hence we deduce from
the uniqueness principle that there is a subset I c {1, ..., d} of maximal cardinality |I| =
n+1-n' such that:
f@©cNH = P"(C) < P*™1(C) A=n'zn).

Now we would like to analyse the disposition of the limit curve f(C) with respect to
the family of hyperplanes H; N P (©) in P (©) for j ¢ I. As pointed out in [Zai09], the
Stability of intersections yields a further degeneration principle: the limit curve f(C)
cannot pass through arbitrary points of H; N P" (C). More precisely, it prohibits f(C)

from meeting H; (j ¢ I) outside the points of SN H; N p (©), since

fO©nH; c ,}E{}oﬁk(c)“HJ c khj{.lozeanf c SN H; v jgn.



Consequently, the limit curve f(C) must land inside

0\ gl ()] = (0]

iel

From this analysis, the hyperbolicity of sufficiently small deformations of Sy re-
quires that any complement of the form

U H;
jel

0\
should enjoy the hyperbolic non—percolation property [SZ02a] through a suitable hy-
persurface S, namely this complement itself is hyperbolic and if one adds more passage
points like N;e; H; N (Uj¢r Hj) N S, the hyperbolicity is not lost.

For the hyperbolicity of the complement of a union of g generic hyperplanes in
P™(C), it is necessary and sufficient to take g = 2m + 1 [Fuj72|, [Gre72]. This sug-
gests that the singular hypersurface Sy would be the union of d = 2n + 2 generic hyper-
planes. Now the problem reduces to finding a hypersurface S satisfying the hyperbolic
non-percolation property. It was conjectured [Zai03] that this property should hold for
generic hypersurfaces S, but here, a single suitable one is enough to give an example of
a hyperbolic hypersurface of degree d.

Duval [Duv14] introduced an algorithm to create such a surface S in P3(C) by defor-
mation. Starting with the hyperbolicity of all complements of the form H;\Ux; H; and
a generic surface, each step of this algorithm gives a surface that allows passage points
on one more line H; N H;, and after exhausting all passage points, a suitable surface S
is obtained.

Adapting this technique in higher dimensional cases, the difficulty lies in the start-
ing point of the algorithm, which requires not only the hyperbolicity of all comple-
ments of the form

ﬂHi\

iel

U Hj,
jel

but also the hyperbolicity of some configurations of hyperplanes described as follows.

Let {H;}1<j<y, u = 2v + 1 be a family of generic hyperplanes in P”(C). By a star-
subspace of dimension k, we mean a complement of the form

P = H; U H;),
ool el (J'€1k ])

where k is an integer with 0 < k < v -2, and where I = {ij,...,i,_k} is a subset of the

index set {1,..., u} having cardinality v — k. To launch the algorithm, we require that all
complements of the form

N H; (

iel

U Hj\Am,n+1—|I|)
jeJ

are hyperbolic, where I and J are two disjoint subsets of the index set {1,...,d} such
that 1 < |I|<n-1,and |J| =d+m+1-2|I| with some 0 < m < |I| -1, and where



Am,n+1-11 18 a collection of at most m star-subspaces coming from the family of hyper-
planes {Ne; H; N Hj} jes in Nier H; = PH11(C).

Nevanlinna theory in projective space is a strong tool to study the hyperbolicity of
these configurations. Let E =) u,a, be a divisor on C with u, =0 and let k € N U {oo}.
Summing the k-truncated degrees of the divisor on disks as

n®(t,E) := Z min{k, iy} (t>0),

lay|<t

the truncated counting function at level k of E is defined by

rn®(t, E
N¥ (1, B ::f %dt r>1).
1

When k = oo, we write n(t,E), N(r, E) instead of n!®! (¢, E), N®l(r, E). We denote the
zero divisor of a nonzero meromorphic function ¢ by (¢)o.

Let f: C — P"(C) be an entire curve having a reduced representation f = [fp:---:
fnl in the homogeneous coordinates [z : --- : z,] of P"(C). Let D = {Q = 0} be a hy-
persurface in P"(C) defined by a homogeneous polynomial Q € C[zy, ..., z,] of degree
d=1.1f f(C) £ D, we define the truncated counting function of f with respect to D as

N, D) := N¥ (1, Qo fo)-
The proximity function of f for the divisor D is defined as

ar | fre®|?1Ql do
D) = I - —_—,
mf(r ) ](; og |Q(f)(re’9)| o7

where [|Q] is the maximum absolute value of the coefficients of Q and

| f(2)| = max{lfo(2)l, ..., fn(2)I}.

Since |Q(f)| <Ql- ||f||d, one has my(r, D) = 0. Finally, the Cartan order function of f
is defined by

o [T oglrire® | a0
o ogl| f(re

1t Ja,

where w,, is the Fubini-Study form on P"(C).

Tf(r) :

The core of Nevanlinna theory consists of two theorems.

First Main Theorem. Let f : C — P"*(C) be a holomorphic curve and let D be a hyper-
surface of degree d inP"(C) such that f(C) & supp(D). Then for every real numberr > 1,
the following holds

my(r,D)+ N¢(r,D) = d T¢(r) + O(1),

hence
Nf(r,D) < d Ty(r) +O(1).



A holomorphic curve f : C — P"(C) is linearly non-degenerate if its image is not
contained in any hyperplane. For functions ¢(r), ¥ (r) valued in [0,00), we write

e =0 ) |
if the inequality holds outside a Borel subset E of [0,00) of finite Lebesgue measure.

Cartan’s Second Main Theorem [Car33|. Let {H;}1<;<4 be a family of hyperplanes in
general position in P*(C). If f : C — P™(C) is a linearly nondegenerate holomorphic

curve, then
q

(g-n-1Tpr) < 3 N H) +Sp(1),
i=1

where S¢(r) is a small term compared with Tg(r)

S¢(r) = O(log T¢(r) +logr) || .

Now, let {H;}1<i<2n+1+m be a family of 2n + 1 + m with m = 0 generic hyperplanes
in the projective space P”(C). Applying Nevanlinna-Cartan theory in P”*(C), taking into
account the truncation level in Cartan’s Second Main Theorem and using some basic
estimates on the numbers of contacts of entire curves along cycles of codimension = 2,
we establish that all complements of the form

P\ (U HN Ay ), 0.0.5

in which A, , is a collection of at most m star-subspaces coming from {H;}1<;<2,+1+m»
are hyperbolic in the following three circumstances

e n=2,m=<3,
e n=3,m=<2,
en=4m=<1.

This allows us to launch the algorithm in dimension 2 < n < 5 to create a hyper-
surface S ¢ P"*1(C) of degree d > 2n + 2 satisfying the hyperbolic non-percolation
property with respect to a family of d generic hyperplanes, which yields examples of
hyperbolic hypersurfaces of degree d = 2n +2 in P"*1(C).

Our first result, published as [Huy15], states as follows.

Theorem1. Letn be an integer numberin{2,3,4,5}. Let {H;}1<i<on+2 be a family of2n+2
generic hyperplanes inP"*!(C) defined as H; = {h; = 0}. Then there exists a hypersurface
S ={s =0} of degree 2n + 2 such that the hypersurface

Te={es+ 115 %h; = 0}

is hyperbolic for sufficiently small complex e # 0.

It is very natural to ask whether this claim still holds in higher-dimensional cases.
This problem reduces to proving the hyperbolicty of all configurations of hyperplanes



005 without restriction on n and m, which is still very open. But at least, the algo-
rithm can be launched from a restricted starting point which requires that the singular
hypersurface Sy should be the union of d = (”T“LE‘)2 hyperplanes. This yields a slight
improvement of the result of Shiffman and Zaidenberg in [SZ02b], where examples of

hyperbolic hypersurfaces of degree = 4 n? in P"**1(C) were given.

Our second result, published as [Huy16], states as follows.

Theorem II. Let {H;}1<i<q be a family of d = ("‘T”’)2 hyperplanes in general position in
P"*1(C) where H; = {h; = 0}. Then there exists a hypersurface S = {s = 0} of degree d such
that the hypersurface

Te={es+ 0% h; =0}

is hyperbolic for sufficiently small complex e # 0.

The limit of our current technique based on Cartan’s Second Main Theorem leads
us to the problem of decreasing the truncation level as low as possible. Yamanoi
[YamO04] established a Second Main Theorem for algebraically nondegenerate curves in
abelian varieties with the truncation level 1, allowing the remainder term to be € T¢(r).
Noguchi, Winkelmann and Yamanoi [NWY08] obtained a similar result for algebraically
nondegenerate curves in semi-abelian varieties and as an application, they proved a
generalization of a conjecture of Green [Gre74] about the degeneracy of holomorphic
curves into the complement of two lines and one conic in the projective plane.

Decreasing the truncation level in Cartan’s Second Main Theorem seems to be a
very difficult problem, even in the simplest case. Recall that for a family of 4 lines in
general position {L;};<j<4 in the projective plane, for a linearly nondegenerate holo-
morphic curve f:C — P2(C), Cartan’s Second Main Theorem states that

4
INGEDY N][?] (r,Ly) +o(Tr(r) || . 0.0.6
i=1

The truncated counting functions in the right hand side of this inequality are optimal
in the sense that they can not be truncated to level one. In other words, there exists
some linearly nondegenerate holomorphic curves f : C — P?(C) such that the following
inequality does not hold

4
Tr) < Y NY L) +o(Tr(m) |l 0.0.7
i=1

Example: Let € be the unique conic which is tangent to L;, L, at A} = Ly N Ly,
Ay = Ly n Ly respectively, and which is tangent to L3 at some point As.



As

A1 AZ
Ly

Ly Ly

Since € \ {A;, A} = C* is not hyperbolic, it contains some entire curve f. By the choice
of €, the truncated counting functions of f with respect to L; satisfy

NZ L) =0 (i#3),
N L) = 2N (1, L) (i=3).
It follows from the First Main Theorem and Cartan’s Second Main theorem that
N}Z](r,Lg) < Nf(r,Ls) < Tr(r) + O(1)
< N}Zl(r, L)+ N}Z](r,L,-) +S£(1).
i#3
=0
Hence, all inequalities are equalities modulo S¢(r). In particular, we have
Ty(r) = N7 (r,Ls) + S7(r)
— (1]
= 2N (1, L3) + Sy (1)
4
=2) N L) +8p(n),
i=1
which shows that the inequality o7 does not hold.

In the above example, the curve f is linearly nondegenerate but its image is con-
tained in an algebraic curve € < P?(C)). Such entire curves satisfying this property are
said to be algebraically degenerate. Otherwise, they are said to be algebraically non-
degenerate. Up to date, there is no counterexample to the following conjecture due to
Noguchi.

Cartan’s type Second Main Theorem with truncation 1. If f : C — P?(C) is algebraically
nondegenerate, thenoz holds.

We propose a positive answer to the above conjecture in a special case, namely
when the curve f is close to some algebraic curve € in P2(C), in the sense that the set
of accumulation points of f(C) at infinity (the cluster set of f) defined by

Clu(f) := roo(m))
is contained in €.

Our third result states as follows.



Theorem IIl. Let {L;}1<;<4 be a family of 4 lines in general position in the projective
planeP?(C) and let f : C — P?(C) be an algebraically nondegenerate holomorphic curve.
Ifits cluster set is contained in an algebraic curve € < P?(C), then

4
Tr(r)< ) N L +o(T(r) | -
i=1

Our proof consists of the following three main ingredients.

@ Closed positive currents associated to holomorphic curves.
For a complex projective variety X equipped with a Kdhler form w, one can asso-
ciate to any nonconstant holomorphic curve f : C — X closed positive currents
of bidimension (1, 1), which are called Nevanlinna currents. Such currents have
been considered for instance by M. McQuillan in his proof of the Green-Griffiths
conjecture for surfaces of general type having second Segre class cf - >0
McQ98] (see also [Bru99]). They are constructed by taking the limit of some se-

quences of positive currents of bounded mass {®,,}37 ,, where

nedt ,
f — | fn
0

r Ja,

e dt ’
| L
o [ Ja,

for all smooth (1,1)-forms 7 on X, and where {ri}Z, is a sequence of positive
real numbers converging to oo such that

(Drk (n) =

edr
fo — Length (fAn)
lim

=0.
k—o0 dt %
- f w
0 A

A

@ Geometric intersection, algebraic intersection and their relationship. The geo-
metric intersection of the limit current ® with respect to a divisor Z c X is then
defined as

: Tk dr
lk(Z) = f Card(f(At)nZ)T,
0

(2
i(2) = limint %%}
koo Trp, ()

where Card (f (A7) N Z) is the total number of intersection points between f(A;)
and Z.

With the above notation, the problem reduces to proving that
4
Y i) =1.
i=1

Denote by [®], [Z] the cohomology classes of ®, Z in H'!(X,R). The algebraic
intersection of [®] and [Z] is then defined as

(D] [Z] :=D(wyz),



where wy is a differentiable (1,1)-form in the cohomology class {Z}. The follow-
ing relationship [Bru99] between the geometric intersection i(Z) and the alge-
braic intersection [®] - [Z] can be regarded as a consequence of the First Main
Theorem in Nevanlinna theory:

iI(Z2) = [D]-[Z].

® Ahlfors’ theory of covering surfaces.

We first introduce some notations and definitions. A bordered surface of finite
type is a closed region on a compact orientable surface bounded by finite many
simple closed curves. For a bordered surface X, we denote by 3 its interior and
by 0Z its boundary. A map f : £ — Z; between two bordered surfaces of finite
type is said to be holomorphicif f is holomorphic in ¥ and extends continuously
up to the boundary. Assume now X is equipped with a hermitian metric po. We
denote by p the pull-back of py. We measure all lengths and areas on X and X
with respect to p and pg. A curve is called regular if it is piecewise smooth. A
region is called regular if it is bounded by finitely regular curves. Assume now
that Z is a regular region. The average number of sheets of f is defined by

. Area(2)
" Area(Zg)’
Similarly, we define the average number of sheets over a regular region D or a

regular curve y on X as
_ Area(f~!(D))

S(D):=
Area(D)
_ Length(f'(y)
5= Length(y)

Let L = Length (02 \ f71(0%)) be the length of the relative boundary. Ahlfors’
theory consists of the two following analogues of the First Main Theorem and
the Second Main Theorem in classical Nevanlinna theory.

Ahlfors’ First Main Theorem. For every regular region D and every regular curve
Y on Xy, there exist a constant h which is independent of Z and [ such that

IS=S(D)I<hL, IS=S(y)I<hL.

Ahlfors’ Second Main Theorem. There exist a constant h depending only on
(20, po) such that
min{0, y(2)} < S- y(Zp) + h L.

We now give a sketch of the proof of the Theorem III. Based on @, we construct si-
multaneously closed positive currents associated to the holomorphic curve f and its
lifting curves in the resolution process of the configuration of the curve € and the four
lines H;. Next, Ahlfors’ theory described in ®, which is also valid for any quasicon-
formal mapping 7 o f, where 7 is the projection defined in a small neighbourhood of
some divisor in the resolution tree, yields a relationship between the geometric inter-
sections and the masses of the closed positive current along the set of certain divisors.
We then apply the inequality between algebraic intersection and geometric intersec-
tion in @ for exceptional divisors in each step of the resolution process and deal with
the combinatorics on the resolution tree to reach the conclusion.



Chapter 1

EXAMPLES OF HYPERBOLIC
HYPERSURFACES OF LOW DEGREE IN
PROJECTIVE SPACES

Abstract
We construct families of hyperbolic hypersurfaces of degree 2n in the projective
space P"*(C) for3<n<6.

11



12 INTRODUCTION AND THE MAIN RESULT

1.1 Introduction and the main result

The Kobayashi conjecture states that a generic hypersurface X; < P"(C) of degree
d = 2n—1 is hyperbolic. It is proved by Demailly and El Goul [DEGO00] for n = 3 and
a very generic surface of degree at least 21. In [Pau08], Paun improved the degree to
18. In P*(C), Rousseau [Rou07] was able to show that a generic three-fold of degree
at least 593 contains no Zariski-dense entire curve, a result from which hyperbolic-
ity follows, after removing divisorial components [DT10]. In P"(C), for any n and for
d = 2=V’ Diverio, Merker and Rousseau [DMRI0] established algebraic degeneracy
of entire curves in X;. An improvement of the effective degree bound in this result was
given in [Darl6]. Recently, for any dimension 7, a positive answer for generic hyper-
surfaces of degree d = d(n) > 1 very high was proposed by Siu [Siul5], and a strategy
which is expected to give a confirmation of this conjecture for very generic hypersur-
faces of degree d = 2n was announced by Demailly [Dem15].

Concurrently, many authors tried to find examples of hyperbolic hypersurfaces of
degree as low as possible. The first example of a compact Kobayashi hyperbolic mani-
fold of dimension 2 is a hypersurface in P3(C) constructed by Brody and Green [BG77].
Also, the first examples in all higher dimensions n —1 = 3 were discovered by Masuda
and Noguchi [MN96], with degree large. So far, the best degree asymptotic is the square
of dimension, given by Siu and Yeung [SY97] with d = 16(n — 1) and by Shiffman and
Zaidenberg [SZ02b] with d = 4(n — 1)2. In P3(C) many examples of low degree were
given (see the reference of [Zai03]). The lowest degree found up to date is 6, given by
Duval [Duv04]. Later, Ciliberto and Zaidenberg [CZ13] gave a new construction of hy-
perbolic surface of degree 6 and their method works for all degree d = 6 (hence, this
is the first time when a hyperbolic surface of degree 7 was created). There are not so
many examples of low degree hyperbolic hypersurfaces in P*(C). We mention here an
example of a hypersurface of degree 16 constructed by Fujimoto [FujO1]. Various ex-
amples in P°(C) and P°(C) only appear in the cases of arbitrary dimension mentioned
above.

Before going to introduce the main result, we need some notations and conven-
tions. A family of hyperplanes {H;}1<i<4 with g = n+1in P"(C) is said to be in general
position if any n + 1 hyperplanes in this family have empty intersection. A hypersur-
face S in P"(C) is said to be in general position with respect to {H;}<i<4 if it avoids all
intersection points of 7 hyperplanes in {H;};<;<4, namely if:

Sn(nierHi) =, VIcil,...,.qhIl=n.

Now assume that {H;}1<;<4 is a family of hyperplanes of P"*(C) (n = 2) in general
position. Let {H;};c; be a subfamily of n + 2 hyperplanes. Take a partition I = JUK
such that [/],|K| = 2. Then there exists a unique hyperplane H;g containing Nje;H;
and Niex Hi. We call Hj a diagonal hyperplane of {H;}e;. The family {H;}1<;<4 is said
to be generic if, for all disjoint subsets [, J, J1,..., Jy of {1,..., g} such that |I|,|J;| = 2 and
[I|+]];| =n+2,1<i<k, foreverysubset {iy,...,i;} of I, the intersection between the | J|
hyperplanes Hj, j € ], the k diagonal hyperplanes Hyy,,..., Hyj,, and the [ hyperplanes
Hj,,..., H;, is alinear subspace of codimension min{k + [, |I[} +|J|, with the convention
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that when min{k + [, |I|} + |J| > n, this intersection is empty. Such a generic condition
naturally appears in our constructions, and it has the virtue of being preserved when
passing to smaller-dimensional subspaces

Our aim is to prove that, for 3 < n < 6, a small deformation of a union of generic 2n
hyperplanes in P"(C) is hyperbolic.

Main Theorem. Let n be an integer number in {3,4,5,6}. Let {H;}1<;<2n be a family of
2n generic hyperplanes in P"(C), where H; = {h; = 0}. Then there exists a hypersurface
S = {s = 0} of degree 2n in general position with respect to {H;}1<j<2, such that the hy-
persurface

Te = {es+ 1157 h; = 0}

is hyperbolic for sufficiently small complex e # 0.

Our proof is based on the technique of Duval [Duv14] in the case n = 3. By the de-
formation method of Zaidenberg and Shiffman [SZ02a], the problem reduces to finding
a hypersurface S such that all complements of the form

ﬁieIHi\(Ujngj\S)

are hyperbolic. This situation is very close to the classical result of Fujimoto-Green
[Fuj72], [Gre72]. To create such S, we proceed by deformation in order to allow points
of intersection of S with more and more linear subspaces coming from the family
{Hi i<i<on-

1.2 Notations and preparation

1.2.1 Nevanlinna theory and some applications

We recall some facts from Nevanlinna theory in the projective space P"(C). Let
E =) py,a, be adivisor on C and let k € NU {oco}. Summing the k-truncated degrees of
the divisor on disks by

nM B = Y mintk,u) @0,

lay|<t

the truncated counting function at level k of E is defined by

r plkl t,E
N[k](r,E) ::f %dt (r>1).
1

When k = oo, we write n(t, E), N(r, E) instead of n!®! (¢, E), N®(r, E). We denote the
zero divisor of a nonzero meromorphic function ¢ by (¢),. Let f: C — P"(C) be an
entire curve having a reduced representation f = [fy:---: f;] in the homogeneous co-
ordinates [zg : - : z,] of P"*(C). Let D = {Q = 0} be a hypersurface in P"(C) defined by a
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homogeneous polynomial Q € Clzy,...,z,] of degree d = 1. If f(C) ¢ D, we define the
truncated counting function of f with respect to D as

N]Lk](r, D) := N™(r,(Qo f)o).
The proximity function of f for the divisor D is defined as

e ree] el do
QN (rei®)| 2n°

me(r,D) := f
! 0
where || Q|| is the maximum absolute value of the coefficients of Q and

If @] = max{lfo(@l,..., | fu(@}

Since |Q(f)| <|Ql- IIfIId, one has my(r, D) = 0. Finally, the Cartan order function of f
is defined by

Y i0
T¢(r) := ﬂfo log|| f(re')| d6.

It is known that [Erel0] if f is a Brody curve, then its order

:= limsu )
Pr= 0% logr

is bounded from above by 2. Furthermore, Eremenko [Erel10] showed the following.

Theorem 1.2.1. If f: C — P"(C) is a Brody curve omitting n hyperplanes in general
position, then it is of order 1.

Consequently, we have the following theorem.

Theorem 1.2.2. If f: C — P"*(C) is a Brody curve avoiding the first n coordinate hyper-
planes{z; = 0}?:_01, then it has a reduced representation of the form

1: Mt . L. pAn-1 24 1 gl

)

where g is an entire function and A;, |; are constants. If f also avoids the remaining
coordinate hyperplane {z,, = 0}, then g is of the form ehnZtiin,

The core of Nevanlinna theory consists of two main theorems.

First Main Theorem. Let f: C — P"(C) be a holomorphic curve and let D be a hyper-
surface of degree d inP"(C) such that f(C) & D. Then for every r > 1, the following holds

my(r,D) + Ny(r,D) = d Ty (r) + O(1),

hence
Nf(r,D) < d Ty (r) + O(1). 121
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A holomorphic curve f: C — P"*(C) is said to be linearly nondegenerate if its image
is not contained in any hyperplane. For non-negatively valued functions ¢(r), v (r), we
write

p(r) =y |
if this inequality holds outside a Borel subset E of (0, 4+00) of finite Lebesgue measure.
Next is the Second Main Theorem of Cartan [Car33].

Second Main Theorem. Ler f: C — P"(C) and let {H;}1<i<q be a family of hyperplanes
in general position in P"(C). Then the following estimate holds:

q
(G-n-DTsr) < ZIN}”](r,Hi) +S5(r),
1=

where S¢(r) is a small term compared with Ty (r)

Se(r) =o(Te() |-

The next three theorems can be deduced from the Second Main Theorem.

Theorem 1.2.3. Let {H;}1<i<n+2 be a family of hyperplanes in general position in P" (C)

withn=2. If f: C—P"(C)\ U?jlei is an entire curve, then its image lies in one of the

diagonal hyperplanes of {Hi}1<i<n+2-

The following strengthened theorem is due to Dufresnoy [Duf44].

Theorem 1.2.4. If a holomorphic map f: C — P"(C) has its image in the complement
of n+ p hyperplanes Hy, ..., Hy, in general position, then this image is contained in a

linear subspace of dimension [%J .

As a consequence, we have the classical generalization of Picard’s Theorem (case
n = 1), due to Fujimoto [Fuj72] (see also [Gre72]).
Theorem 1.2.5. The complement of a collection of 2n+1 hyperplanes in general position
inP"*(C) is hyperbolic.

For hyperplanes that are not in general position, we have the following result (see

[Kob98], Theorem 3.10.15).

Theorem 1.2.6. Let {H;}1<i<q be a family of q = 3 hyperplanes that are not in general
position inP"(C). If f: C — P"*(C)\ U?ZIH,- is an entire curve, then its image lies in some
hyperplane.

1.3 Starting lemmas

Let us introduce some notations before going to other applications. Let {H;}1<;i<q
be a family of generic hyperplanes of P"(C), where H; = {h; = 0}. For some integer 0 <
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k < n—1 and some subset I} = {ij,...,i,-;} of the index set {1,..., g} having cardinality
n — k, the linear subspace Py ;. = Njey H; = P*(C) is called a subspace of dimension k.
For a holomorphic mapping f: C — P"(C), we define

ng(t,Pr ) = > min ord, (h; o f) (t>0),

lzl<t,f@)ePyp, €1k
where we take the sum only for z in the preimage of Py ;,, and

"ng(t,Pk,1.)
Ny (r, Pr 1) ::f %dt (r>1). 1.3.1
1

We denote by P; I the complement Py ;, \ (U T Hi) which will be called a star-
subspace of dimension k. We can also define n(t, P;C‘ Ik) and N¢(r, P;C" Ik)' Assume now
q =2n+1+ mwith m = 0. Consider complements of the form

PO\ (U HA Ay ), 132

where A,,,, is a set of at most m elements of the form P* (0 < k < n-—2). We note that
if m =0, these complements are hyperbolic by Theorem -

In P?(C), a union of lines U | Hi is in general position if any three lines have empty
intersection, and it is generic 1f 1n addition any three intersection points between three
distinct pairs of lines are not collinear.

Lemma 1.3.1. InP?(C), if m < 3, all complements of the formL32 are hyperbolic.

Proof. Without loss of generality, we can assume that A, » is a set of m distinct points
belonging to Ui<;, <i,<5+m Hi, N Hj,.

When m =1, an entire curve f: C — P2(C) \ (U?lei \ A;2), if it exists, must avoid at
least four lines.

By Theorem [1.2.3} its image lies in a diagonal line, which does not contain the inter-
section point of the two remaining lines by the generic condition. Hence, f must be
contained in the complement of four points in a line. By Picard’s theorem, f is con-
stant, which is contradiction.
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When m = 2, Ay is a set consisting of two points A, B, where A= H; n H;,, B =
H;, n H;,. We denote by I the index set {ij, iy, i3, 14}, which has three elements if both A
and B belong to a single line H; and which has four elements otherwise.

Let f: C—P?(C) \ (U/_, H;\ Ay;) be an entire curve. If z€ f~!(A), we have
ord;(h; o f) =1,
ord;(hj,o f) = 1.

This implies

min {ord;(h;, o f),2} + min{ord;(h;, o f),2} < 3 1m.in2 ordz(hij of). 1.3.3
<j<

Hence, by summing this inequality

Y minf{ord;(h;of),2}+ )  minford;(h;of),2} <3 ) min ord, (h;;of).
lzl<t,f(2)=A lzl<t,f(2)=A lzl<t, f(2)=A1SI=?
1.3.4

Similarly for h;,, hj, and z € f~1(B), we have

Y min{ord;(hyof),2}+ ) minford;(h;ef),2} <3 ) min ord, (h;;of).
|lzI<t,f(2)=B lzI<t,f(2)=B \zl<t,f(z)=B3=/=4
135

By taking the sum of both sides of these inequalities and by integrating, we obtain

Y N/ Hy) < 3(Np(r, A) + Ny (r, B)). 136

i€l
Now, let £ = {¢ = 0} be the line passing through A and B. Since ¢ = a1 h;, + azh;, =
ash;, + ash;, for some ay,..., a4 € C, the following inequalities hold

1m.in2 ordz(hi]. of) <ord;(¢of) (ze f~1(A)),
<js

3m.in4 ordz(h,-j of) <ord;(¢of) (ze f7L(B)). 1.3.7
<j<

Since f1(A) and f~!(B) are two disjoint subsets of f~!(%), by taking the sum of both
sides of these inequalities on discs and by integrating, we obtain

Np(r,A)+ N¢(r,B) < Nf(r,jaf). 1.3.8

If f would be linearly nondegenerate, then starting from Cartan Second Main The-
orem, and using 35, 38, we would get

7
ATp(r) < ZIN}z] (r, Hy) + S5 (1)
1=
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= ZN][E](r, H) +Sg(r)

iel
< 3(Nf(r, A)+ N¢(r,B)) + S£(r)
< 3Nf(r,$)+8f(r)

[Use Izl =3Tr(r)+S¢(n), 1.3.9

which is absurd. Thus, any entire curve f : C — P?(C) \ (ULIH,' \ Az2) must be con-
tained in some line L. Furthermore, the number of points of intersection between L
and u?zl H;\{A, B} is at least 3 by the generic condition. By Picard’s Theorem, this con-
tradicts the assumption that f is nonconstant.

When m = 3, A3 is a set consisting of three points A, B, C, where A = H;, N H;,,
B = H;;nH;,, C= Hj;n Hj,. In this case, the index set J = {i1, i, i3, i4, I5, [g} May contain
4, 5 or 6 elements.

Suppose to the contrary that there is an entire curve f: C — P2(C) \ (u?le,- \ Az 2).
Similarly as above, cf. 33, we can show in all the four illustrated cases

ZN}Z]”’ Hj) < 3(Ny(r, A) + Nf(r, B) + Ny (r,C)).
ie]



1.2.1 - Nevanlinna theory and some applications 19

Next, let € = {c = 0} be the degenerate cubic consisting of the three lines AB =
{ap =0}, BC={lpc=0},and CA = {fc4 = 0}. Similarly as in[37, we have

2 1m'in2 ordz(hij of) <ord;(£apof)+ord;(fcaof)
<j<
= ord;(co f) (z€ f1(A)).

We also have two other inequalities for h;,, h;,, z € f‘1 (B) and for h,, hj;, z€ f‘l(C).
Summing these inequalities and integrating, we get

2(N¢(r, A+ N¢(r,B) + N¢(r,C)) < N(1,6).

If the curve f is linearly nondegenerate, then by proceeding as we did in 33, we
also get a contradiction.

8
5Tp(r) < ZiN}Z](r, Hp) +S5(r)
1=

< 3(Nf(r, A+ N¢(r,B) + N¢(r,C)) + S¢(r)

IA

ng(l‘,cg)+Sf(l‘)

IA

9
E Tf(l‘) + Sf(l’).

Thus the curve f must be contained in some line. By analyzing the position of this
line with respect to {H;}1<;<g \ {A, B, C} and by using Picard’s theorem, we conclude as
above. O

In P3(C), the generic condition for the family of planes {H;}1<;<4 excludes the fol-
lowing cases.

(1) There are three disjoint subsets I, J, K of {1,..., g} with | I| =3, |J| =2, |K| = 3 such
that the diagonal (hyper)plane Hj; contains the point Nex H.

(2) There are four disjoint subsets I, J, K, K> of {1,...,q} with |I| =3, |J| =2, |Kj| =
|Kz2| = 2 such that the three points (N, ex, Hk,) N Hij, (Nkyek, Hi,)NHyy and Njer H;
are collinear.

Nkyekp Hiy

Nkyeky iy

@ NierH;
eJ \
Nkex Hi Y

-

Hyj NierHj
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Lemma 1.3.2. InP3(C), if m < 2, all complements of the form[I32 are hyperbolic.

Proof. Without loss of generality, we can assume that A, 3 is a set of m elements be-
longing to:
(U15i1<i2S7+m (Hil N Hig)*) U (U15i1<i2<i3$7+m Hi] N Hig N Hig)'
Suppose to the contrary that there exists a Brody curve f: C — P3(C) \ (UZ‘;L{”Hi \Ap3).
When m = 1, the curve f must avoid at least five planes. By Theorem|1.2.4} its image
is contained in some line L. By the generic condition, the number of intersection points

between L and U?:l H;\ Ay 3isatleast 3. By Picard’s theorem, f must be constant, which
is a contradiction.

Next, we consider the case m = 2. If Ay3 = {I], 5} where I, [, are lines, then the
curve f avoids five planes, say {H;}1<;<5. By Theorems[1.2.4Jand[1.2.3} its image lands in
some line £, which is contained in a diagonal plane 22 of the family { H;};<;<5. We may
assume that the plane & passes through the point H; N H, N H3 and contains the line
Hyn Hs. If the line £ does not pass through the point H; n H» N Hs, then it intersects
{H;}1<i<3 in three distinct points, hence f is constant by Picard’s theorem. Thus £
must pass through the point H; n H,N Hs. In the plane £, the curve f can pass through
the points [; &2 and l,NZ2. But by the generic condition, cf. (2) above, the three points
HiNnHyNHz, [N, [N are not collinear. Hence, f(C) is contained in a complement
of at least three points in the line £, which is impossible by Picard’s theorem.

Two substantial cases remain:
(@) Az3=1{A, 1"}, where Aisapointand /is aline;

(b) the set Ay 3 consists of two points.

We treat case (a). If both A and [ are contained in some common plane H;, then
f avoids five planes. By Theorem|1.2.3] its image must be contained in some diagonal
plane, which does not contain the point A by the generic condition. Hence f must
avoid seven planes in general position, which is absurd by Theorem Thus, we
can assume that A = Hyn H, N Hs and [* = (Hy N Hs) \ U245 H;. Hence f avoids four
planes H; (6<i<9).

First, we show that f is linearly nondegenerate. Suppose to the contrary that f(C)
is contained in some plane £. If A ¢ &2, then f also avoids H;, H», Hs, which is impos-
sible by Theorem[1.2.5] Hence the plane & must pass through the point A. If f(C) is
contained in some line £ c &, then £ must also pass through A, for the same reason.
Note that the number of intersection points between £ and {H;}g<;<g is at least 2, and
itequals 2 only if either £ passes through some point H; NH;,NH;, (6<1i; <i» <i3<9)
or Z intersects two lines H;, N H;,, Hi; N H;, ({i1, 12,13, i4} = {6,7,8,9}). If £ has empty
intersection with Hy N Hs, then f avoids at least four points in the line £, hence it
is constant. If £ intersects Hy N Hs, then by considering the diagonal plane passing
through A and containing H, N Hs, the two cases where | ZN{H;}s<;i<9| = 2 are excluded
by the generic condition. Thus f always avoids three distinct points in .Z, hence it is
constant.
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Consequently, we can assume that f does notland in any line in the plane 2. There
are two possible positions of 22:

(al) itis a diagonal plane containing A and some line in Ug<;, <i,<9 Hj; N Hiy;

(a2) it does not contain any line in Us<;,<i,<9 H;, N Hi,.

In case (al), assume that &2 contains the line Hg N H;. Among {H; N %}, <i<9, tWO
lines HgNn %2, H; N 22 coincide, and dropping the line H; N 22, by the generic condition,
it remains seven lines {H; N 27}, 7 in general position in 2.

HgnN Hy

Letting B be the intersection point of the line ! = Hy n Hs with the plane 22, the curve
flandsin 2\ (U1<;<9 H;NZ?)\{A, B})). Asin39 f(C) is contained in some line, which
is a contradiction.

Next, consider case (a2).

Hg N H,
Hyn Hs Hgn H; 8 9
Hgn H; N Hg \
A . \
0] ! '
Aq '. \
P ' \

[ \

If 22 contains some pointin Ug<;, <i,<is<9 Hi; N H;, N Hj,, say HeN H7N Hg, then the curve
f avoids three lines H; N 22 (6 < i < 8), which are not in general position. By Theo-
rem f(€) must be contained in some line, which is a contradiction. Therefore, &2
does not contain any point in Ue<;, <i,<is<9 Hi, N Hj, N H;,. But then the curve f avoids a
collection of four lines { H; N 2?}<;<9, Which are in general position. By Theorem
its image must land in some diagonal line of this family, which is a contradiction.

Still in case (a), we can therefore assume that f is linearly nondegenerate. Assume
that the omitted planes Hg, H;, Hg, Hg are given in the homogeneous coordinates
[z0 : 21 : 22 : z3] by equations {z; = 0} (0 < i < 3). By Theorems f has a reduced
representation of the form

[1:eM et . ghaztiia . JAsztps) 1.3.10
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where A1;, y; are constants with A; #0 (1 <i<3and A; # 1; (i # j). Let @ be the
diagonal plane passing through the point A = H; n H» N H3 and containing the line
I = Hy N Hs. By similar arguments as in Lemmal|1.3.1] cf. 137, we can show that

N¢(r, A) + Ny(r,1*) < N¢(1,9). 1.3.11
From the elementary inequality

min {ord,(hyo f),3} + min{ord;(hso f),3} < 44m.in5 ord;(h;jo f) (ze f7L1*)),
<i<

by taking the sum on disks and then by integrating, we get

NEr, Hy) + NP, Hs) < 4 Np(r, 1), 1312

Next, we try to bound N][f] (r, H;) (1 =i <3) from above in terms of N¢(r, A). Since f
is of the form 310, for any z1, z; € f~1(A), we have

fP@) = Pz kem,
hence
ordg, (hjo f) = ordg, (h;o f) (1<i<3). 1.3.13
Thus, it suffices to consider the two cases:
(@3) ord;(hjof)<2foralll<i<3andforallze f‘l(A);
(a4) ord;(h;o f)=3forsomeiwithl<i<3andforallze f‘l(A).

In case (a3), the elementary inequality

3
Y min{ord;(h;o f),3} < 51m.in3 ord;(hjof)  (zefly,
= <i<

yields
NP H) + NP (r, Ho) + N (r, Hs) < 5Np(r, A). 1.3.14

Since f is linearly nondegenerate, we can proceed similarly as in 33

9
5Tf(r) < ZlN}3](r, Hy) +S¢(r)
l:

< 5Nf(r, A +4N¢(r, 1)+ S¢(r)

=5(Ny(r, A+ N (r,1")) = Np(r, I") + Sf(1)

< 5N¢(1,2) — Np(r, 1) + S¢(r)

< 5Tp(r) = Nf(r,I") + Sp(r). 1.3.15

This implies
Np¢(r, 1) = S¢(r)

and hence, by 312, we have

NPl(r, Hy) + NP (r, Hs) = Sp(r).
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Therefore, the first inequality of 315 can be rewritten as
3 3
5T(r) < Zl NP, Hy) + Sy ().
i=

By the First Main Theorem, the right-hand side of the above inequality is bounded from
above by 3 T¢(r) + S¢(r). Thus we get

5Tf(r) = 3Tp(r)+Sp(n),

which is absurd.

Next, we consider case (a4). Assume thatord,(h;o f) =3 forallz€ f ~1(A). Since f
is of the form 310, we claim that

ord;(hjof) <2 (ze f71(A), 2<i<3). 1.3.16

Indeed, if ord;(h; o f) = 3 for some z € f‘l(A) and for some 2 < i < 3, say i = 2, then
(eM i eh2ztiz pAsZ+hs) g  solution of a system of six linear equations of the form

O=app+anu+apv+asw,

0= a11/11u+a1212v+a1313w,
0= an/lfu+a12/1§v+algﬂtgw,
0=apg+axyu+daxv+ axyw,

0= a21/11u+a2212v+aggﬂtgw,
0= 6l21/1%M+6l22A§V+6l23A§w,

where u, v, w are unknowns, and where a;; (0 < i < 3) are the coefficients of i; (1 <
i < 2) in the homogeneous coordinate [zy : 21 : zp : z3]. Since A; are nonzero distinct
constants, this forces the two linear forms h;, h, to be linearly dependent, which is a
contradiction.

It follows from that

min{ord;(hy o f),3} + min{ord;(hzo f),3} < 31rnjrg ord;(h;o f) (ze f~1(A).
<i<

By taking the sum on disks and by integrating, we get
NP (r, Hp) + NJ(r, Hy) < 3Ny (1, A). 1.3.17

We may therefore proceed similarly as in

9
5Tp(r) < ;N}Sl(n Hy) + S5 (r)
1=

< NP, Hy) +3Np(r, A) + 4Ny (1, 1) + S4(1)
< Np(r,H) +4(Np(r, A) + Np(r, 1)) = N¢(r, A) + S¢(r)
S Tr(r)+4N¢(, D) — Np(r, A) + S¢(r)
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< 5Tf(r)—Nf(r,A)+Sf(r). 1.3.18

This implies
N¢(r, A) = S¢(r).

By 317, we have
NP, Hp) + N (1, Hs) = S¢(1).

Hence we can rewrite the first inequality of and use First Main Theorem to get a
contradiction

5Tf(r) < Nj[f] (r, Hy) + N][S’] (r, Hy) + N][?] (r, Hs) + Sy (r)
<3 Tf(r) + Sf(r).

Let us consider case (b). Assume now A, 3 = {A, B}, where A, B are two points con-
tained in Uy<j,<j,<iy<9 Hi, N H;, N H;,. There are three possibilities for the positions of
A and B:

(bl) both Aand B are contained in some line H; N Hj;

(b2) both A and B are contained in some plane H; but they are not contained in any
line H, iNH jr

(b3) there is no plane H; containing both points A and B.

In case (bl), the curve f avoids a family of five planes and, therefore, its image is
contained in some diagonal plane of this family, which contains neither A nor B by the
generic condition. Hence f avoids all planes H;, which is absurd by Theorem

Next, we consider case (b2). Assume that A= Hy N HyN Hs and B = Hy N HyN H;,
hence f avoids the 4 planes H; (6 < i <9). Similarly as in case (a), the generic condition
allows us to assume that f is linearly nondegenerate.

Since f avoids four planes, it is of the form310in some affine coordinates on P3(C).
Since f has no singular point, we have

min ord;(hjo f) =1 (ze fH(A)),
i€{l,2,3}

min ord;(h;jof) =1 (ze f71(B)). 1.3.19
i€{1,4,5)

Hence by using these two equalities together with 315,

Z min{ordz(hiof),?’} <6=6 .min O]_‘dz(hiof), (ze f1(A)),
ief{1,2,3} i€{l,2,3

Y minford;(hio f),3} <6 =6 min ord;(h;o f), (ze f~1(B)).
i€{1,4,5} i€{1,4,5}

Thus, by taking the sum on disks of both sides of these inequalities and by integrating,

5
ZIN][S’](r, H)) < 6(Np(r, A) + N¢(r,B)).
1=
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Next, using again that f is of the form 310, one can find two planes &7 = {p; = 0},
%, = {p2 = 0} containing the line AB such that

ord;(p1of) =2 (ze f71(A),

ord;(pzo f) =2 (ze f1(B)).
Let £ = {q = p1p2 = 0} be the degenerate quadric £, U %%,. We have

3=3 ,r{I}izns} ordz(h;o f) < ordz(p1o f)+ordz(p2o f) = ordz(qo f)  (zef (4,
ie{l,2,

3=3 .I{I}{ps} ord;(hjo f) < ord;(pyo f) +ord;(pso f) = ord;(qo f)  (zef 'Y,
1€11,4,

which implies, by integrating, that
3(Nf(r, A+ Ny (r,B)) < Np(r,T).

We proceed similarly as above to get a contradiction

9
5Ty(r) < Zl NP, Hy) + S5 (r)
1=

< 6(Nf(r, A+ N¢(1,B)) + S£(r)
< 2N;(r,9T)+S¢(r)
< 4Tf(l’) +Sf(7’).

Now, we consider case (b3). Assume that A= H; n H, N H3, B = Hy N Hs N Hg, when
f avoids the three planes H7, Hg, Hy. If f(C) is contained in some plane 22, then it
is not hard to see that 2 must pass through both A and B. Furthermore, by using
Theorem|1.2.6, one can show that 2 does not pass through the point C = H; n Hgn Hy.
One can then always find 7 lines in general position in 22 among {H; N %?},<;<9. Hence
one can use similar arguments as in Lemma(1.3.1} case m = 2, to get a contradiction.
Thus, we can suppose that f is linearly nondegenerate.

Assume that the omitted planes H;, Hg, Hg are given in the homogeneous coordi-
nates [z : z1 : 22 : z3] by the equations {zg = 0}, {z; = 0}, {zp = 0}. Since {H;}1<ij<9 is a
family of planes in general position, the planes H; (1 <i < 6) are given by

3
h; = Zaijzj =0,
j=0

with a;j3 #0 (1 < i <6). Set lil,iz =H;nH;, 1<i1<i;=<3), ljl,jz = H]l ﬁsz 4=j1<
j2<6).Forl<i<j=<3or4<i<j<6,letR;;={r;;=0}be the plane containing the
lines AB, I; j and let T; j = {t; j = aj3 h; — a;3 hj = 0} be the plane passing through the
point C = [0:0:0:1] and containing the line /; ;. We note that all r; j, f; ; are linear
combinations of ; and h; with nonzero coefficients.

Since f avoids three planes, by Theorem it has areduced representation of the
form
[1:eMeth, phaztta, g1 1.3.20
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where Ay, Ay, p1, p2 are constants with Ay # A1y, 11,12 # 0 and where g is an entire
function. Since f has no singular point, we have

min ord,(h;jo f) =1 (ze f~1(A)),

1<i<3

min ord;(hjo f) =1 (ze f~1(BY). 1.3.21
4<j<6

Since f is of the form 320, we claim that

min{ord;(h;, o f),ord;(h;, o f)} <2 (ze f~HA) 1<ii<iz<3),
min{ord;(hj, o f),ord;(hj,o )} <2 (ze f7U(B), 4<ji1<j2<6). 1.3.22

Indeed, if one of these inequalities does not hold, say min {ord,(/; o f),ord;(hy0 f)} = 3
for some z € f~1(A), then z is a solution of the following system of equations

0 = (f120 f)(2),
0= (t120 ) (2),
0= (f120/)"(2).

ﬂ] Z+
’

Equivalently, (e eM27*12) ig a solution of a system of three linear equations of the

form

0 = (az3 @10 — 413 azo) + (azz a1y — arz az1) X + (ap3 a1p — ar3 azz)
0= (azz a1 — a3 az1) A x + (a3 aip — a1z aze) A2 y,

2 2
0= (azz a1l — ar3 az1) M| x + (az3 aip — a1z aze) A3 y,

where x, y are unknowns. Since A; # Ay, 11,12 # 0, this implies that the two linear
forms h,, h, must be linearly dependent, which is a contradiction.

It follows from I32nand that

in{ord;(h;o f),3} <6 (ze f7L(A)),

in{ord;(hjo f),3} <6 (ze f71(B)). 1.3.23

3
Y m
i=1
6
Y m
j=4
Now we prove the following equality

Claim 1.3.1.
Tf(r) = Nf(r,A)+Nf(r,B)+Sf(r). 1.3.24

Proof. Since f is of the form[3Z0and since #;, ; does not contain the term x3, we have

ordg, (¢;,,i, © f) = ordg, (t;,,i, © f) (z1,22€ f7HA), 1< i1 <ip <3),
ordg, (tj,,j,° f) = ordg, (), j,© f) (z1,22€ f71(B),4< j1 <j2 <6). 1.3.25

Thus, it suffices to consider the four cases depending on f and #; ;:
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(b3.1) ord,(t;,,,0f)=1foralll<ij <ip<3,forall ze f~(A) and ord,(¢},j, o f) = 1 for
alld<ji<j,<6,forallze f‘l(B);

(b3.2) ord,(#;,,;,of)=2forsomel<ij<iy=<3,forallze f‘l(A) and ord.(¢j,,j,° f) =1
forall4< j; < j, <6, forallze f~1(B);

(b3.3) ord,(t;,,0f)=1foralll<ij <ip<3,forallze f~'(A) and ord,(¢},j, o f) = 2 for
some4 < j; < jo<6,forall ze f~1(B);

(b3.4) ord.(t;,,;,of)=2forsomel=<ij<iy=<3,forallze f‘l(A) and ord, (¢, j,0 f) =2
forsome4 < j;<j,<6,forallze f‘l(B).

Consider case (b3.1). Since #; ; is a linear combination of h; and h; with nonzero
coefficients, we have
min{ord;(h;, o f),ord;(h;, 0 f)} =1 (ze f~HA) 1=<ij<i»<3),
min{ord;(hj, o f),ord;(hj,o f)} =1 (zef71(B), 4=j1<j2<6).

Using these equalities together with 32T, we get
in{ord;(hjof),3} <5=5 1m_in3 ord;(h;o f) (ze f71(A)),
<I<

in{ford;(h;o f),3} <5 = 54m,in6 ord;(h;o f) (ze f~1(B)). 1.3.26
<i<

3
Y m
i=1
6
Y m
i=4
By taking the sum on disks and by integrating these two inequalities, we obtain

NP, Hy) + NJ (1, Ho) + NP, Hy) < 5Np(r, A),

N][?] (r, Ha) + N}[?] (r, Hs) + N][f’] (r, He) < 5Ny (1, B).
Letting 98 be a plane passing through A and B, we proceed similarly as before

9
5Ty(r) < ZIN}?’](r, Hy) +S5(r)
1=

< 5N¢(r,A)+5N¢(r,B) + S¢(r)
< 5Nf(r,%)+8f(r)
< 5Tf(r)+Sf(r). 1.3.27

Here, S¢(r) = o(T¢(r)) is negligible, hence all inequalities are equalities modulo S¢(r).
This gives 324, as wanted.

Next, we consider case (b3.2). Let us set

Enp=1zeC:lzl<t, f(2) = A,
E} i =1zeC:lzl<t, f(2)= Aord (hjo f)=1}  as=isy),
EX% =1zeC:lzl<t, f(2) = Aord (hjo f)=2}  asisy),
E;p=1{z€eC:|z|<t, f(2) =B},
Eip;=1z€C:|zl<t,f(2) = B,ord (hio f) =1}  @s=ise),
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E7y;=1{z€C:|zl<t,f(2) =B,ord;(hiof) =2}  wusise).

Assume that ord;(f120 f) =2 forall z€ f ~1(A). Since f1,2, 11,2 are linear combinations
of h; and h, with nonzero coefficients, we have

=2 _ =2
Et,A,l - Et,A,Z’

ordz(r1 20 f) = 2 (z€EZ2 ). 13.28

For the same reason

which yields

3
Y minford (hjof),3} <5  zeE!,). 13.29
i=1

Letting 2 = {r = ri2ra5756 1,6 = 0} be the degenerate quartic R1 2 U Ry5U R56 U R
whose four components pass through A and B, we have

ord;(ro f) =4 (z€E; AUE; B). 1.3.30
Furthermore, it follows from that

ord;(rof) =5  (zeEZ ).

t,
Using this inequality together with[I323 and 32T, we get
3 6
Zmin{ordz(hiof),S} <6=6 1mln3 ord;(hjo f) < gordz(rof) (ze EZ2 ).
i=1 <i=< T

Combining 321 and 330, we receive

3
5
Y minford,(hjo f),3} <5 = 51r£1l_i£13 ord;(h;jo f) < L—Lordz(rOf) (ze B!

LA
i=1

Since ord(¢j, j,0 f) = 1forall4 < j; < j, <6, forall z€ f~!(B), by similar arguments as
in326 and by using 330, we also have

6

5
Y minford,(h;o f),3} <5 = 54rr1iin6 ord;(h;jo f) < L—Lordz(rOf) (z€ Ey p).
i=4 =i=

By taking the sum on disks and by integrating these three inequalities, we obtain

3 por ZZEEtZ/ZQI min {ord;(h; o f), 3} r ZzeEtzilminlsiﬁ ord;(h;o f)
== oo [ EE
1 1

dt
i=1 t ¢
6 [T Lzepz2 Ordz(ro f)
< —f LAl drt, 1331
5h t
3 or ZzeE}Al min {ord(h; o f),3} r ZzeE}Alminlsiﬁ ord;(hjo f)
= dt < 5[ = dt
lzzi‘[l 4 1 t
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SfrZzeE;Alordz(rOf)
1

< - de, 1.3.32
4 t
6 prry min{ord,(h;o f),3}
y [ =Ehe thio] dt < 5N¢(r,B)
i=4J1 l
5 sz ord,(ro f)
< - dr. 1.3.33
4 ) t

We then proceed similarly as before:
> (3]
5Tf(r) < i—ZiNf (r, Hy) + Sp(r)
< Z NP Hy) + Z NP Hy) + S5 (r)

ZzeEtAmln{ord (hiof), 3} ZzeEthln{ord (hjo f),3}

= Z » Z : dt+Sg(r)

d¢]

rZz€E>2 min{ord,(k; o f),3} rZZ6E1 min{ord,(k;o f),3}
= Z (f dt+[ LAl
i=1'J1 t 1 4

" ¥ zeE, s min{ordz(h; o f),3}
t

2]

+
i=47J1
r ZzeEzilordz(rof) r ZzeEl OI‘dZ(rOf)

f = dt+- f
1 r 1 t

fr ZzEEt,B ord;(ro f)

1 t
r ¥ zeE, ,0rdz(ro f) ¥ zeE, p Ordz(ro f)

(f z€Er A z f dt+f z€E; p z f d[)
1 A 1 t

(025 [ B

5 4 t
5 1 rZzeE_z ord,(ro f)
< —Nf(r,%) 20/ " dz+Sp(r)

1 rZzEE—z ord;(ro f)
< 5Tf(r)—%f1 " dr+ S¢(r). 1.3.34

dt+Sf(r)

»

< - dz

93]

_|_
sl Bl o

dt+Sf(T)

dt+Sf(I‘)

This implies

fr ZzeE—Z ordz(ro f)
1

" de=S¢(r) 1.3.35

and whence all inequalities in T332 become equalities modulo S¢(r), which gives

6
Y NP Hy) = 5Tp(r) +S(1), 1.3.56
i:l

Y zek, 4 01dz(ro f)

ZN[?’]( H;) = —f . dt+Sg(r), 1.3.37
1
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6 z€E; d(ro
Z ](I‘Hl)_4f L Bup O r f)dt+Sf(r).
1

1.3.38
i=4 t
It follows from 333 and 338 that
8 3
Z}LN}](r, H;) = 5Nf(r,B) + Sf(r). 1.3.39
1=
Owing to 1335, the two inequalities 331 become
3. pr Lgep=2 Minfordg(h;o f),3}
f - dr=S¢(r)
i=1Y1 4
r ZZEE—Z minj<;<3 ord (h;o f)
f dt = Sf(r).
1 t
Hence
r ZZEEI min{ordz(hi of),3}
ZNB](r H)) = Z n dt+Ss(r), 1.3.40
r ZzeEtlAl min;<;<g ord;(h;o f)
Ng¢(r, A) f - " di+Sg(r). 1.3.41
1
Combining 1332, 1340, 34T, we get
3 3
ZlN}](r, Hy) = 5N¢(r, A) + S£(1). 1.3.42
1=
The equality 322 follows from 322
Case (b3.3) can be treated by similar arguments as for case (b3.2).
Next, we consider case (b3.4). Assume that
ord;(fip0f) 22  (zef ),
ord;(f450 f) = 2 (ze f7L(B)).
By similar argument as in 328, we have EtA1 Etziz, E?%M Etzés, E}Al E;Az,
E}B 4= Et B5’ which implies
ord;(ripof) =2 (z€EF4 ), 1.3.43
ord;(rsy50f) =22 (zeEZ%), 13.44

L)

3
Y minford,(h;jof),3} <5  (zcE
i=1

6
Y minford;(hjo f),3} <5  (zcE

i=4

tB4)
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Letting ¥ = {s = r12 14,5 = 0} be the degenerate quadric R; » U R4 5, we see that
ord;(so f) = ord;(r120 f)+ord;(ra50 f) =2 (z€Ey AUE; B).
Furthermore, by using[343 and 344, we have
ord (so f) = ord;(ry 20 f)+ord (rs50 f) =3 (z€ EZ% | UEZS ).

Similarly as in the previous case, by using these inequalities together with 321 and
323, we receive

3 6
Y minford,(h;o f),3} <6 =6 1mln3 ord;(hijo f) < gordZ(SOf) (z€E22 ),
i=1 <i< ”

3 5
Zmin{ordz(hi 0f),3l<5=5 lrzlllil?) ord;(h;o f) < Eordz(sof) (Z€E] 4 1),
i=1 =is

6 6
Y min{ord,(hjo f),3} < 6 = 64211_123 ord;(hjo f) < gordz(sof) (z€E22 ),
i=4 =t=

6 5
Y minford,(h;jo f),3} <5=5 4312; ord;(hio f) < 5ordz(sof) (z€E} ).
i=4 =t=

By taking the sum on disks and by integrating these four inequalities, we obtain

A

3 r ZZEEZZ min{OI‘dz(hl Of), 3} r ZZEEEZ minlslsg OrdZ(hl Of)
ot orzo [ Eh
1

Y - dt
i=1J1 4 t
r Yepz2 Ordz(sof)
< Zf = ds,
1 t
3 or Toept minford.(hio ),3)  Toept | Milizizs ordz(hio f)
= dr < 5[ = dr
zzzifl r 1 t
- §fr ZZEE;AJ ord;(so f) dt.
21 t
6 prSoep minford; (o ),3) T eps2 Minyziss ordz(h;o f)
= dt =< 6[ = dt
i:4-[1 t 1 4
rZZgEZ§40rdz(5°f)
< zf dd dt,
1 t
6 pr Zz€E§B4min{0rdz(hi o f),3} r Zz€E§B4min4si56 ord(h;o f)
= dt < 5[ - dt
i:4f1 t 1 t

dr.

5 [ Extotieon
24 t
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Now, we proceed similarly as above

9
5Tf(r) < Y. N][?] (r, H) + S7(r)
=1

1=

3 pr ZzeEt,A min{ord(k; o f),3} 6 pr ZzeEt,B min{ord,(k;o f),3}
f - de+)_ :
1 i=4Y1

r ZzeElAlmin{ordz(hiof),S} r ZzeEzilmin{ordz(hiof),g}
= dt+f o
t 1

dt+Ss(r)

~
Il
—

Il
.Mw

~
1l
—
—_— —_—
—

- dt)

r Lzep! , min{ordz(h; o f),3} r Lzep=z  minford.(h; o f), 3}
f — dt+f =
1 t .
") zeE, ,0rdz(so f) Y sk, 50ordz(so f)
f z€E: A z f dl‘-l-f z€E; p z f dt)
1 L 1 t
_§)(/vr ZzeEzz,IZax,l Ol‘dz(SOf) dt+fr ZzeEtszM Ordz(sof)
1 1

+
Mo

- de)+ ;)

~
Il

—_——

IA
\CR &)

+
[\

- - t de) +8;(r)

Nf(r’y) _ 1 (fr ZZEE'?E:IZ‘M Ol‘dz(SOf) dt_i_fr ZZEEtEJZsA Ordz(sof)
21 t 1 t

Y p=2 ord;(sof) Y cp=2 ord;(sof)
<5Tf(r)— 1 ( f 7 SR dr+ f i Y
2 t 1 t

<

N o

de)+ ;)

de)+ 5.

This implies

rXzep=2 Ordz(so f)
f b dr = Ss(r),
1

r
fr ZZEEtsz“ ord;(so f)
1 t

dt = Sf(r),

Y NP H) = 5Ty(r) + 54(),

5 (7 XzeE, ,0rd;(ro f)
> NP, Hy) :Ef et - o] dt+S5(r),
i 1

r ZzeE,,B ord,(ro f)
t

0 3] 5
NB (& H) ==

By proceeding similarly as in 342, we receive

dt+Sf(r).

3
;N][?](r, H;) = 5N¢(r, A) + Sf(r),
1=
6

;N}?’](r,Hi) = 5N (r,B) + Sy (r).
i=

Hence, the equalityT324also holds in this case. Claim is thus proved. O

Next, since f is of the form 1320, one can find a plane % = {k = 0} passing through
A and C such that

ord;(ko f) =2 (ze f71(A)).
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Let 98; = {b; = 0} be the plane containing the two lines AB, H;n % (1 < i < 3). Since b;
is alinear combination of h; and k with nonzero coefficients, we have

ord;(bjof) =2 (z€EZ2 ),
which yields

3
Y ord;(bjof)=4  (zeUd EZ)). 1.3.45
i=1
Let € = {c = byjbybs = 0} be the degenerate cubic U;<j<3%;. It follows from 321
and 345 that

1
min ord;(h;jof) =1< —Zordz(b of) = Zordz(COf) (zeUl EZ50))

1<i<3 ll

1
m1n ord;(hjof) =1 < —Zord (bjof) = gordz(cof) (z€E,a\UT_ EZ4 ),

1<i<

1
min ord;(hjof) =1 < = Zord (bio f) = gordz(cof) (z€Ep ).

4<i<6

By taking the sum on disks and by integrating these inequalities,

fr Zzeuf‘ E22 min<;<3 ord;(h; o f) r Zz€u3 Ezz ord;(co f)
di <~ f
1 1

i=17t,A dt,
t t
r Xze, 03, B2, Mii=i<3 0rdz (h; o f) : r Loer, ot g2 0rdz(co f) |
r<— t,
fl t 3[1 t
Ny B) = frZzeEt,B min4si:6 ord(h; o f) ar=1 f Y ek, Otrd z(co f)
1 1

By using these inequalities together with [[324, we receive
5T¢(r) =5N¢(r, A)+5N¢(r,B) + S¢(r)
r X zel? lEt22 min; <j<3 ordz(h; o f) r ZzeEt,A\US-_lEfi ‘minj<j<g ord;(h;o f)
:S(f - dt+f LI .
1 1

t d)

fr 2 zeE, y MiNa<i<e 0rdz (R o f)
+5
1

” dt+Sf(r)

3 §(fr Y zeE, , 0rdz(co f) dt+frzzeEt,30sz(C°f) dt)
3 t 1 t

r Zzeu?_lEEi ~ordz(co f)
(———)f e dr+Ss(r)
3 [ B, D

t

5 (" Zzeu?_lEfiiordz(cof)
SSTf(r)_E]; —

This implies

dt+Ss(r)

” dlf+Sf(I‘).

rXzeud p=2 ordz(co f)
f b ; dt = Sf(r). 1.3.46
1
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By using 323 and [[345, we get
3 3
Y minford(h;o f),3} <6 < EordZ(COf) (zeW3_ E

i=1 [Al)’
i=1

which yields

r Zzeu3 B, min;<;<3 ord;(h;o f) r Zz€U3 » >i‘ordz(cof)
- dt < —f ’ dt
fl 1

t t
[Use [36] = Sr(r). 1.3.47

Moreover, we also have

3
Y min{ord,(h;o f),3} =3 =3 1rnln3 ord (hjof)  (zeE 4\U3_ E?2 ),
<i<

i=1"t,A
i=1
which implies, by integrating, that

i=1

3 pr ZzeEt,A\u?’_lEfi.min{ordz(hi °f),3} . ZzeEtA\U3 E min<;j<3 ord;(h;o f)
f = dt < 3[
1

i=19J1 r t
1.3.48

By combining 337 and 348, we get

ZN[?»](r H) = Z r ¥ ze, ,minford, (h; o f), 3}

i=1 i=1Y1 L
=2 min{ord;(h;o f),3}

Z (fr ZZeEt,A\U?ﬂE{A,- z\1j , 4
= = t
i=1 Y1

t
fr ZzeU?ﬂEtzi . min {ord;(h; o f), 3}
1

+

t de)+S,(r)

r Xzek, s\ E=2 MiNi<i<s 0rdz(h; o f)
<3 —
1 t

dr+ Sf(l‘)
< 3Nf(r,A)+Sf(r).

By symmetry, we also have

Z N[3](r, Hy) < 3N¢(r,B)+ S5(1).
i=4

Hence we can rewrite[[327to get a contradiction:

9
5T(r) < Zl NP Hy) + S5 (r)
i=

< 3Ns(r,A)+3N¢(r,B) + S¢(r)
< 3Nf(r,B) +S¢(r)
= 3Tp(r)+Sp(r).

dr.
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In P*(C), by the generic condition for the family of hyperplanes {H;}1<;<4, when
q = 10, we see that, for all three disjoint subsets I, J, K of {1,...,q} with |I| = 2, | ]| = 2,
[I|+ ]| =6, |[K| =4, the diagonal hyperplane H;; does not contain the point Negx Hk.

Lemma 1.3.3. InP*(C), all complements of the formiL32 are hyperbolic if m = 1.

Proof. We can assume that A 4 is a set consisting of one element in
3
(Ur=iy<ip<10 (HiynH3,) ™) U (U1=iy<is<iz<10 Hiy " Hi,NHi,) ™ | (U1iy<ip<is<is<10 Hiy N\Hi, NHi;NH;, ).

Suppose to the contrary that there is an entire curve f: C — P4(C) \ (ull.g1 H;\ A1,4). If
Aj 4 is not a set of a point, then f avoids at least seven hyperplanes. By Theorem|1.2.4)
its image is contained in a line L and we can continue to analyze the position of L with
respect to u}gl H;\ A; 4 to get a contradiction. Consider the remaining case where A; 4
consists of a point, say m?zl H;. By Theorem the curve f lands in some diagonal
hyperplane of the family {H;}5<;<10, which does not contain the point ﬂ‘i‘:lHl- by the
generic condition. Hence, f must avoid all H; (1 < i < 10), which is impossible by
Theorem|[L.2.5] O

1.3.1 Stability of intersections

We will also invoke the following known complex analysis fact.

Stability of intersections. Let X be a complex manifold and let H c X be an analytic
hypersurface. Suppose that a sequence (f,) of entire curves in X converges toward an
entire curve f. If f (C) is not contained in H, then we have

f(C©)NnHclim f,(C)n H.

1.4 Proof of the Main Theorem

We keep the notation of the previous section. Let S be a hypersurface of degree
2n, which is in general position with respect to the family { H;}1<;<2,,. We would like to
determine what conditions S should satisfy for Z. to be hyperbolic. Suppose that X,
is not hyperbolic for a sequence (ex) converging to 0. Then we can find entire curves
fe,: € — Z¢,. By the Brody lemma, after reparameterization and extraction, we may
assume that the sequence (f;,) converges to an entire curve f: C — u?ﬁl H;. The curve
f(C) lands inside some hyperplane H;. Moreover, it cannot land inside any subspace
of dimension 1 (a line). Indeed, if f(C) < n;e;H; for some subset I of the index set
Q =1{1,...,2n} having cardinality n—1, then for all j € Q\ I, by stability of intersections,
one has

f@©)nHjclimfe, (C)nH;climX,, nH; = Sn H;.

Thus f(C) and H; have empty intersection by the general position. Hence the curve
f(©) lands in
NierHi \ (Ujeqr Hj).
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This is a contradiction, because the complement of n+ 1 (n = 3) points in a line is
hyperbolic by Picard’s theorem.

Now, let I be the largest subset of Q such that the curve f(C) lands in Nn;e;H;. We
have |I| < n— 2. By stability of intersections, f(C) n H; is contained in S forall /€ Q\ I.
Therefore the curve f(C) lands in

ﬂieIHi\(UjeQ\IHj\S). 1.4.1

So, the problem reduces to finding a hypersurface S of degree 2n such that all comple-
ments of the form [Cz1 are hyperbolic, where I is a subset of Q of cardinality at most
n —2. For example when n = 3 ([Duvl4]), we need to find a sextic curve S such that all
complements of the form H; \ (U;j%; H;\ S) are hyperbolic. In this case, we have the
complement of five lines in the hyperplane H; on which all points of intersection with
S are deleted.

We will construct such S by deformation, step by step. For2<l<n-1,let A; bea
finite collection of subspaces of dimension n— 1, in the sense of section[1.3] Let D; ¢ A,
be another subspace of dimension n — [, defined as D; = Nje Ip, H;. For a hypersurface
S = {s =0} in general position with respect to the family {H;},<;<2, and € # 0, we set

Se = {6‘8 + H,‘g[Dl h?i = 0},

where n; = 1 are chosen (freely) so that Ziﬂu, n; = 2n. It is not hard to see that the
hypersuiface Se is also in general position with respect to the family {H;},<;<2,. We de-
note by A; the family of all subspaces of dimension n—1 (2 < I < n) with the convention
An = ¢.

Lemma 1.4.1. Assume that all complements of the form
Nier Hi \ (Ujes Hj \ (A1 U A1) N S) U A i) 142

are hyperbolic where I, ] are two disjoint subsets of {1,...,2n} such that|I| <n-2, |J| +
2|11 z2n+1and m <|]J|+2|I|-(2n+1). Here, Ay, 1) IS a set of at most m star-subspaces
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coming from the family of hyperplanes {Nje;H; N Hj} jey in NjerH; = P"-UI(C). Then all
complements of the form

Nier Hi \ (Ujes Hi\ (AU Dy UA+1) N Se) U Amyni1) 1.4.3

are also hyperbolic for sufficiently smalle # 0.

Proof. By the definition of S, we see that Se¢ N ( Nmenr Hm) = SN (Nmem Hy) when
Mn(Q\Ip,) # @, hence

(AJUD;UA 1) NSe = ((AJUA 1) NS)U (DN Sy).

When |I| = [, using this, we observe that two complements 22, [.Z3 coincide.

Assume therefore |I| < [ - 1. Suppose by contradiction that there exists a sequence
of entire curves (f¢, (C)), €x — 0 contained in the complement

NierHi \ (Ujes Hj \ (((A;U Dy UA+1) N Se.) U Am,n-i1))-

By the Brody Lemma, we may assume that (f;,) converges to an entire curve f(C)
NjerH;. Our aim is to prove that the curve f(C) lands in some complement of the form
Let Nkxex Hi be the smallest subspace containing f(C). It is clear that K o I. Take
an index j in J\ K. By stability of intersections, one has

f©nHjclimf, (©)nH;
< ((AJUAL1) N S) U Apy ey ULIM(D; N S, ). 1.4.4

If the index j does not belong to Ip,, then Hj N D;N S, < Az N S. It follows from Iz
that _
f(([:)ﬂHjC((A[UAHl)ﬁS)UAm,n_m. 1.4.5

If the index j belongs to Ip,, noting that lim(D; N S, ) is contained in D; N (uingl H;),
again from[Z4, one has

FONH;<(AUD)NS)UAp oy U (DN (Vigrp, Hi)- 1.4.6

Assume first that K = I. We claim that 23 also holds when the index j € J\ I be-
longing to Ip,. Indeed, for the supplementary part in[LZ8, we have

f(C) N Hj N (Dl Uingl Hi) C Uingl (f(([:) N Hj N H;),
so thatmzz applies here to all i ¢ Ip,. Hence, the curve f(C) lands inside
NierH;\ (Ujel Hj\ (((A UA 1) NS U Amn—1)),

contradicting the hypothesis.

Assume now that [ is a proper subset of K. Let us set

Amn—1,k =X N (Nkex H)IX € Apyn— 11}
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This set consists of star-subspaces of Niex Hy = P IKI(C). Let B,k be the subset of
Am,n-11,x containing all star-subspaces of dimension n —|K| -1 (i.e., of codimension 1
in Nxex Hy), and let Cy;, x be the remaining part. A star-subspace in By, k is of the form
(Nkex Hx N Hj)* for some index j € J\ K. Then let R denote the set of such indices j, so
that

|R| = |Bm,kl-

We consider two cases separately, depending on the dimension of the subspace Y =
Nrex He N D

Case 1. Y is asubspace of dimension n—|K]|—1. In this case, Y is of the form (Nkex Hi) N
H), for some index y in Ip,. It follows from 123, rZze that the curve f(C) lands
inside the set

Nkex Hi \ (Ujegnmonrugn Hi \ (A UA1) NS UCh k).

Now we need to show that this set is of the form[z2 First, we verify the corre-
sponding required inequality between cardinalities

[J\K)\N(RU{yD| = [J\K| = |Bp,x| -1
= |JI-lUnKl-(JI+2/I1-2n-1—|Cpmkl) -1
=2n—|K)+|Cpxl+2|K\I|-|JNK]
=2(n—|KD)+1+|Cpkl,

where the last inequality holds because I and J are two disjoint sets and [ is a
proper subset of K. Secondly, we verify that the set K is of cardinality at most
n—2. Indeed, if |K| = n -1, then since S is in general position with respect to
{H;}1<i<2n, We see that

Nkex He\ (U jenionwugy) Hi \ (A 1UA 1:1)NS)UCom, k) = Nkex Hi\(Ujeniovruyy Hi\Cm k)

Owing to the inequality [(J\ K) \ (RU{y})| = 3 +|Cy, kI, the curve f lands in a
complement of at least three points in a line. By Picard’s theorem, f is constant,
which is a contradiction.

Case 2. Y is asubspace of dimension at most n—|K|—2. In this case, the curve f(C) lands
inside
Niex Hi \ (Ujegnionr Hi \ (((A1UA1) NS) UC, kU Y™).

This set is of the form [z since
{je UN\K\R} =2(n—|K)+1+|CpruY™|,

which also implies | K| < n — 2 by similar argument as in Case 1.

The lemma is thus proved. O

End of proof of the Main Theorem. We now come back to the proof of the Main Theo-
rem. Keep the notation as in Lemma We claim that {n;e;H; N Hj}jey is also a
family of generic hyperplanes in the projective space N;c;H; = P"1(C). Indeed, let .#,
£, #,..., Pk be disjoint subsets of J such that |.#|,| Z;| = 2, |[£|+]| Zi| = (n—|I]) +2,
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1<i<kandlet{i,...,i;} be asubsetof #. Let us setI = I U.#; then the intersection
between the | | hyperplanes Hj, j € ¢, the k diagonal hyperplanes Hy g1+ Hig
and the |I| + [ hyperplanes H; (i € I), H;,,..., H;, is a linear subspace of codimension
min{k+|I|+ 1[I} +|_#|, with the convention that when min{k +|I|+ 1, [I|} +|_#| > n, this
intersection is empty. Since

min{k +[I|+ LI} + | Z| =min{k + [, |.Z|} + || + | _Z|

we deduce that in the projective space N;c; H;, the intersection between the |_#| hyper-
planes Hj, j € ¢, the k diagonal hyperplanes H g1 Hg g, and the [ hyperplanes
Hj,,..., H;, is a linear subspace of codimension min{k + [,|-#|} +|_#|, with the conven-
tion that when min{k + [,|.#|} +|_#| > n—|I|, this intersection is empty.

Starting point of the process by deformation: We start with the hyperbolicity of all
complements of the forms

NierHi\ (Ujes Hi\ Apmn—i11),

where I, J, Ay -1 are as in Lemma More precisely,

 when n = 3, we start with the hyperbolicity of all complements H; \ (Ujx; H;),
which follows from Theoremin P?(C);

» when n = 4, we start with the hyperbolicity of all complements
Hi\ (i Hy),
Nier Hi\(Ujey Hi\ A1) (11=2,5+|A121<1]1<6),
which follows from Theorem in P3(C) and Lemma form=1;
» when n =5, we start with the hyperbolicity of all complements
H;\ (Ui Hj),
Nier Hi\ (Ujey Hi\ A13)  (11=2,7+A13]1)1<8),

Nier Hi \ (Ujej Hj \ AZ,Z) (H1=3,5+[A221=JI=7),

which follows from Theorem in P4(C), Lemma for m = 1, and
Lemma for m = 2;

» when 7n = 6, we start with the hyperbolicity of all complements

H;\ (Ui Hy),

Nier Hi\(Ujey Hi\ A14)  (11=2,9+|A141<1/1=10),
Nier Hi\(Ujey Hi\ Az3)  (11=3,7+|4231<1]1<9),
Nier H; \ (Ujej Hj \ Ag,z) (1I1=4,5+]A32]=<|J1=8),

which follows from Theorem in P?(C), Lemma for m =1, Lemmall.3.2
for m =2, and Lemmal|l.3.1|for m = 3.

Details of the process by deformation: In the first step, we apply inductively
Lemma for I = n—1 and get at the end a hypersurface S; such that all comple-
ments of the forms

Nier Hi\ (Ujes Hj \ (S1U Apmni1)) (I1=n-2),
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Nier Hi \ (Uj(_:] H]' \ ((Zn—l N Sl) U Am,n—l]l)) (IIl=n-3)

are hyperbolic. Considering this as the starting point of the second step, we apply in-
ductively Lemma|I.4.1]for / = n — 2. Continuing this process, we get at the end of the
(n—2)th step a hypersurface S = S,,_, satisfying the required properties. O

1.5 Some discussion

Actually, our method works for a family of at least 2n generic hyperplanes in P"(C).
We hope that the Main Theorem is true for all n = 3. As we saw above, the problem
reduces to proving the following conjecture.

Conjecture. All complements of the form[13.2 are hyperbolic.

We already know it to be true for n = 2, since Lemma holds generally, without
restriction on m.

Lemma 1.5.1. InP?(C), all complements of the form(L32 are hyperbolic

Proof. Assumenow m =4 and Ay, 2 = {Ay,..., Ay}, where A; = H; NnH;, (1 <i<m). We
denote by I the index set {i;: 1 <i < m,1 < j <2}. Suppose to the contrary that there
exists an entire curve f: C — P?(C) \ (u*:.’;’lmHi \ A;n2). By the generic condition, we
can assume that f is linearly nondegenerate. By similar arguments as in Lemma(1.3.1]
(cf.38), we have "

ZN]EZ](r, Hy) =3 Y Ne(r, A

iel i=1
Let €, = {c,, = 0} be an algebraic curve in P?(C) of degree d passing through all points
in A, » with multiplicity atleast k which does not contain the curve f(C). Starting from
the inequality

1
min ord;(h; o f) < —ord;(c0 f) (ze f7HAY)
1<j<2 / k

and proceeding as in[L338, we get
m 1
Y N¢(r,A) < — N¢(1,6m).
i=1 k

We may then proceed similarly as in 33

5+m
(m+2) Tp(r) < l:zl NZ (r, Hp) +Sp(r)

m
<3 Nf(r,A,-)+Sf(r)
i=1

IA

3
%Nf(r,‘gmHSf(r)

3d
TTf(r)+Sf(r). 1.5.1

IA

When m = 5, the following claim yields a concluding contradiction.
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Claim 1.5.1. Ifm =5, we can find some curve 6€,, which does not contain f (C) such that

3d
m+2

1.5.2

Indeed, the degree of freedom for the choice of a curve of degree d is

d+1)(d+2) B
2

1.

We want €, to pass through all points in A,, » with multiplicity at least k. The number
of equations (with the coefficients of €}, as unknowns) for this is not greater than

k(k+1)
m .
2

Thus, for the existence of €, it is necessary that

(d+1)(d+2) k(k+1)
f—l>m .

1.5.3

We try to find two natural numbers k, d satistfying 5.2 and 531 This can be done by
choosing d = (m+2)M and k = 3M + 1 for large enough M. Using the remaining free-
dom in the choice of 6, we can choose it not containing f(C), which proves the claim.

Next, we consider the remaining case where m = 4.

If there exists a collinear subset {A;,, A;,, A;;} of A4, then by the generic condition, it
must be contained in some line H;. Let A;, be the remaining point of the set A4 » and let
¢, be the degenerate quintic consisting of the three lines A;; A;, (1 < j <3) and of the
line H; with multiplicity 2. Since %€, passes through all points in A4 » with multiplicity
at least 3, the inequality[L52is satisfied. By using[51, we get a contradiction.

Now we assume that any subset of A4 > containing three points is not collinear. Let
Ei; =f{e;; =0} (1 =i =4, 1= j=2) be the eight conics passing through all points of
A4, tangent to the line H;, at thepoint A; (1<i<4,1<j<2). Let& ={e=0}be the
degenerate curve of degree 16 consisting of all these E;;. We claim that f does notland
in &. Otherwise, it lands in some conic E; i’ Since the number of intersection points
between E;; and U?:1 H;\ A4 is > 3 and since any complement of three distinct points
in an irreducible curve is hyperbolic, f must be constant, which is a contradiction.
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Letting z be a pointin f~!(A;), we have
ordz(ei].of) =1 (l<i<4,1<j=<2).
By the construction of El-j, if ordz(hij o f) =2 for some 1 < j < 2, then we also have

ordz(e,-j o f) = 2. Furthermore, if ordz(h,-j of)=2foralll<j<2,then ordz(e,-j of)=2
forall1 <i<4,1<i<2. Thus, the following inequality holds:

1 4 2
min{ord;(h;) o f,2} + min{ord,(h;,) o f,2} < 3 > D ordg(ej; o f)
i=1j=1
1
= gordz(eOf) (ze fH(A).

This implies
1
Y N Hy) < 3 N7 (8).
iel
We proceed similarly as before to derive a contradiction

6T(r) < ) N7, Hy) + Sy (r)

IA
I

IA

W+

Nf(1,8) + (1)

16
< Tr )+ 8.

I\

Lemma is thus proved. O

1.6 Examples of hyperbolic hypersurfaces in arbitrary
dimension

The first examples of hyperbolic hypersurfaces in any dimension n—1 = 3 were
discovered by Masuda and Noguchi [MN96], with high degree. Improving this result,
such examples with lower degree asymptotic were given by Siu and Yeung [SY97] with
d(n) =16(n-1)2%, and by Shiffman and Zaidenberg [SZ02b] with d(n) = 4(n— 1)2.

Adapting the technique in the previous part, we improve the result of Shiffman and
Zaidenberg [SZ02b] by proving that a small deformation of a union of g = (”TJ“Z)2 hy-
perplanes in general position in P”*(C) is hyperbolic.

Theorem II. Let {H;}1<i<q be a family of q = (”TJFZ)2 hyperplanes in general position in
P"(C), where H; = {h; = 0}. Then there exists a hypersurface S = {s = 0} of degree q in
general position with respect to {H;}1<i<q such that the hypersurface

Ze={es+M7_ h; =0}

is hyperbolic for sufficiently small complex e # 0.
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By similar arguments as in the first part, the problem reduces to finding a hyper-
surface S of degree g such that all complements of the form

ﬂieIH,'\(UjEQ\IHj\S). 1.6.1
are hyperbolic, where I is an arbitrary subset of Q having cardinality at most n — 2.

Starting point of the deformation process. Let {H;}1<i<4 be a family of hyper-
planes in general position in P"*(C). For some integer 0 < k < n— 1 and some subset
Iy =1{iy,...,in—k} of the index set {1,..., g} having cardinality n — k, the linear subspace
P1, = Nier, Hi = Pk (C) will be called a subspace of dimension k. We will denote by
Py ;, the complement Py, \ (Uigr, H;), which we will call a star-subspace of dimension
k. The process of constructing S by deformation will start with the following result,
which is an application of Theorem|1.2.5

Starting Lemma. Let{H;}1<;<q beafamily of g = (”T+2)2 hyperplanes in general position
inP"(C). Let I and ] be two disjoint subsets of the index set{1,...,q} such that1 < |I| <
n-2,andl|]| = q+ m+1-2|I| with some0 < m < |I| - 1. Then all complements of the
form

ﬁieIHi\(UjejHj\Am,n—|I|) 1.6.2
are hyperbolic, where A, -1 is a set of at most m star-subspaces coming from the family
of hyperplanes {njc;H; N Hj} jej in the (n —|I|)-dimensional projective space Njc;H; =
Pr-HI(C).

Proof. Suppose on the contrary that there exists an entire curve f:C — Nje H; \ (Ujeg
Hj\ Apn—1)- Since each star-subspace in A,y |y is constructed from at most n —|1|
hyperplanes in the family {n;e; H; N Hj} jej, the curve f must avoid completely at least
|J| — m(n —|I|) hyperplanes in the projective space N;c;H; = P"~(C). By the elemen-
tary estimate

[JI-mn—-1[I)=qg+1-2|I|-mn-1|11-1)

n+2\2
22(n—|I|)+1+[(T) —2n—(Il-D)(n-|I-1)

=2(n-II))+1,
and by using Theorem|1.2.5, we derive a contradiction. O

Deformation lemma. For 2 <1 < n—1, let A; be a finite collection of subspaces of
dimension n — I coming from the family {H;},<;<4, possibly with A; = @, and let D; ¢ A,
be another subspace of dimension n — [, defined as D; = Nj¢ Ip, H;. For an arbitrary
hypersurface S = {s = 0} in general position with respect to the family {H;},<;<4 and for
€ #0, we set

n;
Se= {€S+ Hingl hi = 0},

where n; = 1 are chosen (freely) so that} ;¢ Ip, i =4- Then the hypersurface S, is also in

general position with respect to {H;},<;<4. We denote by A; the family of all subspaces
of dimension n— [ (2 < [ < n), with the convention A, = . We shall apply inductively
the following lemma.
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Lemma 1.6.1. Assume that all complements of the form
Nier Hi\ (Ujes Hi\ (A1 UA1:) N S) U Ay 1)) 163

are hyperbolic where I and ] are two disjoint subsets of the index set {1,..., q} such that
1=<|ll=sn-2,and|]| = g+ m+1-2|I| withsome0 < m<|I|-1, and where Ay, -1 isa
set of at most m star-subspaces coming from the family of hyperplanes {nie1 H; N Hj} jey
in NjeH; =P 1(C). Then all complements of the form

Nier Hi \ (Ujes Hj \ ((A;UDUA141) N S) U Ayni)) 1.6.4

are also hyperbolic for sufficiently smalle # 0.

Proof. By the definition of S, we see that Se¢ N (Nmem Hm) = SN (Nmem Hm) when
Mn(Q\Ip,) # @, hence

(AJUD;UA; 1) NSe = (AjUA;1) NS)U (DN Se).

When |I| = [, using this, we observe that the two complements 64 coincide.

Assume therefore |I| < [ - 1. Suppose by contradiction that there exists a sequence
of entire curves f;, (C), €x — 0, contained in the complement 64 for € = €. By the
Brody Lemma, we may assume that (f¢,) converges to an entire curve f(C) € N;erH;.
We are going to prove that the curve f(C) lands in some complement of the form 63l

Let Niex Hy be the smallest subspace containing f(C), so that I is a subset of K.
Take an index j in J\ K. By stability of intersections, we have

f©nHclimf,, (CnH;
< ((AJUAL1) N S) U Apy iy ULIM(D; N S, ). 1.6.5

If the index j does not belong to Ip,, then H;NnD;N S, < As+1 N S. It follows from 55
that _
fONH;c((AjUA)NS) U A1 1.6.6

If the index j belongs to Ip,, noting that lim(D; N S, ) is contained in D; N (U igIp, H;),
hence from 53

fONHj € (A UAL) NS U Ay U (Dr 0 (Uigry, Hi)). 167

Assume first that K = I. We claim thatrsgalso holds when the index j € J\I belongs
to Ip,. Indeed, for the supplementary part in[57 we have

f(([:) N Hj N (Dl Uingl Hi) C Uingl (f(([:) N Hj N H;),
so thatrss applies here to all i ¢ Ip,. Hence, the curve f(C) lands inside
NierHi \ (Ujes Hi\ (A1 UA 1) N S) U Ay nir),

contradicting the hypothesis.
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Assume now that [ is a proper subset of K. Let us set
Amn-11,k =X N (Nkex HOIX € Am,n—111}-

This set consists of star-subspaces of Nyex Hy = P*7IXI(C). Let B,, x be the subset of
Am,n—11,x containing all star-subspaces of dimension 7 —|K| -1 (i.e. of codimension 1
in Nxex Hy), and let Cyy, x be the remaining part. A star-subspace in By, k is of the form
(Nkex Hx N Hj) * for some index j € J\ K. Let then R denote the set of such indices j, so
that

|R| = |Bm,kl.

We consider two cases separately, depending on the dimension of the subspace Y =
Nrex Hie N Dj.

Case 1: Y is a subspace of dimension n—|K| - 1. In this case, Y is of the form (Ngex Hx) N
H), for some index y in Ip,. It follows from 63, m6.7that the curve f(C) lands
inside _

Nkex Hi \ (Ujegnioneopy Hi \ (AU A1) N S) U Cry x).
To conclude that this set is of the form 53, we need to show that
M) [U\K\N(RU{yDI=qg+ m' +1-2|K| with |C k| = m' <|K|-1;
) |IKlsn-2.

Consider (1). We need to verify the corresponding required inequality between
cardinalities

ICm,xl = [UVK)\(RU{YDI—g+2|K|-1=<|K|-1.
The right inequality is equivalent to
IUNKONRU{DI=IHL,..., g} \ K],
which is trivial. The left inequality follows from the elementary estimates

(UNK)N (RU{YDI =g +2IK| =1 = [J\K| = |Bpx| — g +2|K| -2
= JI=IJNK|=[Bmkl—g+2|K| -2
= (m—[Bmkl) + 2IKI=2/I|-|JnK|-1)
= |Cm x|,

where the last inequality holds because I and J are two disjoint sets and I is a
proper subset of K.

Consider (2). Suppose on the contrary that |[K| = n—1. Since S is in general
position with respect to { H;}1<;<25, We see that

Nikex He\(Ujenionrugy) Hi\ (A 1UA1:1)NS)UCh, k) = Nkex Hi\ (U jeniovruyy Hi\Cm k) -

Since |[J\K)\ (RU{yDl =2 g+3-2n+|Cpxl =3+ |Cpkl, the curve f lands in
a complement of at least 3 points in a line. By Picard’s Theorem, f is constant,
which is a contradiction.
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Case 2: Y is asubspace of dimension at most n—|K|—2. In this case, the curve f(C) lands
inside _
Nkex He \ (Ujeqniong Hj \ (AU A1) NS)UCp kU Y™)),

which is also of the form 53} since
IUNK\R| 2 g =2|K|+1+|CpxU Y7,
and since |K| < n — 2, by similar arguments as in Case 1.

The Lemma is thus proved. O

Inductive deformation process and end of the proof of Theorem Il. We may begin by
applying Lemmafor l=n-1 (with A, = @), firstly with A,,_; = @, and with some
D,_;¢€ Zn_l, since (A, UK,,) NS = @, hence the assumption of this lemma holds by
the Starting Lemma. Next, we reapply Lemma inductively until we exhaust all
Dy_1 € Ap_1. We get at the end a hypersurface S; such that all complements of the
forms

Nier Hi \ (Ujes Hj \ (S1U Apmyni1)) (11=n-2)
Nier Hi \ (Ujes Hi\ (B p=1 0 S) U A1) (I1<n-3)

are hyperbolic, since when |I| = n -2, two components N;erH; \ (Uj€] H;j\ ((Kn_l N
SDUAm,n-i1)) and NierHi\ (Ujey Hj\ (S1U A n—1))) are equal. Considering this as the
starting point of the second step, we apply inductively Lemma for /| =n-2and
receive at the end a hypersurface S, such that all complements of the forms

ﬂieIHi\(Uje]Hj\(SZUAm,n—|I|)) (n-3<|I|<n-2)
Nier Hi \ (Ujes Hj\ ((Ap—2nS2) U Apy i) (Il <n—4)

are hyperbolic, for the same reason as in above. Continuing this process, we get at the
end of the (n—2)™ step a hypersurface S = S,,_, such that all complements of the forms

NierHi \ (Ujes Hi \ (Sn-2U Apn—i11)) 1=|Il=n-2)

are hyperbolic. In particularly, by choosing m = |I| — 1, whence |J| = g —|I|, and by
choosing A, ,— 11 = @, all complements of the form[&Tare hyperbolic for S = S,,—,. O



Chapter 2

A GEOMETRIC SECOND MAIN
THEOREM

Abstract
Using Ahlfors’ theory of covering surfaces, we establish a Cartan’s type Second Main
Theorem in the complex projective plane P?(C) with counting functions truncated
to level 1 for entire holomorphic curves whose set of accumulation points at infinity
is contained in a non-hyperbolic curve € c P?(C).

47
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2.1 Introduction and Main Result

2.1.1 Nevanlinna theory in projective spaces

We recall some facts from Nevanlinna theory in the projective space P"*(C). Let
E =) py,a, be adivisor on C and let k € NU {oo}. Summing the k-truncated degrees of
the divisor on disks by

nM(,E):= Y min{k, u} (t>0),

lay|<t

the truncated counting function at level k of E is defined by

r n[k] t,E
N[k](r,E) ::f #dt (r>1).
1

When k = oo, we write n(t, E), N(r, E) instead of n!®!(¢, E), N!*!(r, E). We denote the
zero divisor of a nonzero meromorphic function ¢ by (¢). Let f: C — P"(C) be an
entire curve having a reduced representation f = [fp:---: f,] in the homogeneous co-
ordinates [2g: - : z,] of P"*(C). Let D = {Q = 0} be a hypersurface in P"(C) defined by a
homogeneous polynomial Q € Clzy, ..., z,] of degree d = 1. If f(C) ¢ D, we define the
truncated counting function of f with respect to D as

N}’“](r, D) := NM(r,(Qo f)o).
The proximity function of f for the divisor D is defined as

an e iel do
Q) (rei®)| 2x’

me(r,D) := f
! 0
where ||Q] is the maximum absolute value of the coefficients of Q and

If @] = max{lfo(2I,...,| fa(2)I}.

Finally, the Cartan order function of f is defined by

o [Trogl e a0
21 Jo &

"dt
1

Ay

Tf(r) :

where w;, is the Fubini-Study form on P"(C).

The core of Nevanlinna theory consists of two theorems.

First Main Theorem. Let f : C — P"(C) be a holomorphic curve and let D be a hypersur-
face of degree d in PN(C) such that f(©) & supp(D). Then for every real number r > 1,
the following holds

mg(r,D) + N¢(r,D) =d T¢(r) + O(1).



2.1.2 - The main result 49

A holomorphic curve f : C — P"(C) is linearly non-degenerate if its image is not
contained in any hyperplane. For functions ¢(r), v (r) valued in [0,00), we write

pr) = Oy ) |l
if the inequality holds outside a Borel subset E of [0,00) of finite Lebesgue measure.

Cartan’s Second Main Theorem [Car33|. Let {H;}1<;<4 be a family of hyperplanes in
general position in P*(C). If f : C — P"(C) is a linearly nondegenerate holomorphic
curve, then

q
(g-n-1Tpr) < 3 N H) +Sp(1),
i=1
where S¢(r) is a small term compared with Ty (r)

S¢(r) = O(log T¢(r) +logr) || .

2.1.2 The main result

In dimension n = 2, with the smallest possible number g =4 of lines {L;}<;<4, Car-
tan’s Second Main Theorem reads as

4
Tr(r) < ;N}Z](r,LiHo(Tf(r)) I, 211

where f : C — P?(C) is a linearly nondegenerate curve. The 2-truncated counting func-
tions in the right hand side of this inequality is optimal in the sense that they can not
be truncated to level 1.

Lemma. In P?(C), for any family of 4 lines {L;}1<;i<4 in general position, there exits a
linearly nondegenerate f : C — P?(C) such that the following inequality does not hold

4
Tr(r) < ;N}l](r,Li) +o(Tr() |- 212

Proof. Indeed, let € be the unique conic which is tangent to Ly, Ly at A} = L1 N Ly,
Ay = Lp N Ly, respectively and which is tangent to L3 at some point As.

L3
As

Ly

Ly Ly
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Since € \ {A;, A} = C* is not hyperbolic, it contains some nonconstant holomorphic
curve f(C). By the choice of €, it is not hard to verify the following equalities

N}Z](r,L,-) =0, (i#3)
N L) = 2N Ly (i=3)

Using these equalities together with the First Main Theorem, we obtain

Ty(r) = 2N, (r, Ly) + Sy (1)

4
=2, 1N]E”(r,L,-) +0(T¢(r)),
1=
which shows that the inequalityzT2/does not hold. O

In the above example, the curve f is linearly nondegenerate, but its image is con-
tained in an algebraic curve € < P?>(C). Such entire curves satisfying this property are
said to be algebraically degenerate. Up to date, there is no counterexample to the fol-
lowing

Conjecture. If f : C — P?(C) is algebraically non-degenerate, thenzI2 holds.

We propose a positive answer for the above conjecture with an additional assump-
tion on the cluster setof f :C — P2(C), defined to be

Clu(f) := rQO (fCc\Ap).

Main Theorem. Let {L;}1<;<4 be a family of lines in general position in the projective
plane. Let f : C — P?(C) be an algebraically nondegenerate holomorphic curve. If its
cluster set is contained in an algebraic curve € < P?(C), then

4
Tr(r) < ) N} L) + o(T¢ (1), 214
i=1

A curve f satisfying the condition in this theorem must approach € without being
contained in €. To confirm that this assumption is meaningful, we shall prove at the
end of this chapter that every nonhyperbolic curve € < P?(C) is the cluster set of some
algebraically nondegenerate holomorphic curve f: C — P?(C).

2.1.3 Strategy of the proof of the Main Theorem

First, we take a good resolution of singularities for the configuration € U Z of the
curve € and the family of four lines £ = {L;}1<i<4

P5(C) =~ P 1 (€) — -+ — PA(C) — -+ = P3(C) = P(C) =P*(O).
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We then construct simultaneously closed positive currents T; on P? (C) associated to

the initial curve f: C — P?(C) and the lifted curves f] C— IP? (C) at each step of the
resolution process. The total number of intersections between f(C) and £ is bounded
from below by the total number of intersections between the lifted curve f,,(C) and the
family of divisors in (0 0---00,) "} (€ U.%) consisting of the strict transforms of L; and
a collection of exceptional divisors in the resolution tree.

Next, we estimate the masses of the current T, along divisors in P2 (C) by apply-
ing Ahlfors’ theory and Riemann-Hurwitz’s formula. In the last step, we deal with the
combinatorics on the resolution tree and apply the inequality between geometric in-
tersections and algebraic intersections.

2.2 Abrief summary on Ahlfors’ theory

Topology of surfaces

A bordered surface of finite type is a closed region on a compact orientable surface
bounded by finitely many smooth simple closed curves bounding disks. For a bordered
surface X, we denote by 3 its interior and by 0X its boundary. The Euler characteristic
of X is

1(2)=2-2g—-k,
where g is the number of handles and k is the number of boundary components.

A map f:Z — Z between two bordered surfaces of finite type is said to be holo-
morphic if f is holomorphic on 2 and extends continuously up to the boundary. From
now on in this section, we assume that f is a non constant holomorphic map. A point
p on 3 is is a ramification point of f if the differential of f at p vanishes, namely if
%(p) = 0 with respect to some local coordinate z near p. With

ords(p) =min{n =1 :f(”)(p) # 0},

the ramification of f at p is
re(p) =ords(p) — 1.

When f(0%) c 0%y, f is a ramified covering. In this case, the function d(q) =
Y f(p)=q0rdf(p) on X is independent of g and called the degree of f, denoted by deg f.
The relationship between the Euler characteristics of Z and X is then given by the
Riemann-Hurwitz formula

x(Z) =degf-x(Zo)— ) r(p), 221
peX

from which follows the inequality
x(Z) < degf-x(Zo). 2.2.2
Ahlfors’ theory [AhI35] can be considered as a generalization of the above facts to

the case when f is not proper. Equivalently, we allow the relative boundary of f, de-
fined as 0% \ f~1(0Z), to be nonempty.
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Ahlfors’ theory

We keep the notation Z, X, f and we suppose that X is equipped with a smooth
conformal metric py. We denote by p the pull-back of py by f. We measure all lengths
and areas on X and X, with respect to p and py. The average number of sheets of f is
defined by

. Area(2)
" Area(Z)
When f is a ramified covering, S =deg f.

Aregion is called regular if it is bounded by finitely many piecewise smooth curves.
Generally, we define the average number of sheets over a regular region Dy c Z as

Area(f~1(Dy))

Dy) :=
S(Do) Area(Do)

with S = S(Z).

Let L = Length (0Z\ f~1(0Z¢)) be the length of the relative boundary. Ahlfors’ theory
contains two theorems corresponding to the First Main Theorem and the Second Main
Theorem in Nevanlinna theory. We would like to mention that Ahlfors’ theory can be
extended to quasi-conformal mappings (see [Sall4]) for further discussion).

Theorem 2.2.1. Given (X, po), there exists a constant h = h(Zy, pg) > 0 such that for
every X, for every f: £ — X, for every region Dy C X,

h
S(Zp) —S(Dy)| = ——— L. 2.
|S(Z0) — S(Do)l Area(Dy) 2.2.3
Theorem 2.2.2. Given (X, po), there exists a constant h = h(Zy, pg) > 0 such that for
every f: X — X,
X (X)) =Sy y(Zp)+hL, 224

where y~ (Z) denotes min{0, y (X)}.

The above theorem is interesting only when the surface X, has negative Euler char-
acteristic.

Let f : C — P!(C) be a nonconstant meromorphic function and let ay,...,a, be
g distinct points in the Riemann sphere P!(C). Nevanlinna’s Second Main Theorem
states that

q
(@-2Tp(r) =Y N]L” (r,a) +o(T(1) |l 225
i=1

Let us give a brief explanation how this classical result can be recovered by using
Ahlfors’ theory [Tsu59]. Let w be a complex coordinate on the affine part C c P!(C). All
lengths and areas on P!(C) are measured by using the conformal metric associated to
the Fubini-Study form

w1 =ddClog(l +|wl|?),
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f w1 = 1.
PL(C)

Now, let {D j}?zl be a collection of g = 3 open disks D; with disjoint closure such

so that

that a; € D; and let £y be the bordered surface in P!(C) obtained by removing from
PL(C) all D j» so that its Euler characteristic y (Zo) = 2 — ¢ is negative.

For a positive number ¢, a connected component Q of f~1(D ) NA; is called an
island over D; if it is relatively compact in Ay, otherwise it is called a peninsula.

Let {F ]’:thusu I {F ]’.9 Z}ISVSV i denote the families of islands and peninsulas over D,
respectively. It is clear that

A= U U U U U Fs U,

1sj=qlsvsv; IV 1<j<ql=spsp; IH
where the remaining part X consists of a finite number of connected surfaces:

Zt = L1.7J Zm

such that each X, is a covering surface of Zg. If FJ’Sﬂ is a simple connected island then
1= X(F]?Su ) = X—(F]lfs# )+1, otherwise 0 > X(FJZISM ) = X—(F]?Su ). Similarly, () =¥~ () +
1if and only if X; ; is simple connected.

Now, let k be the number of simple connected components of X; and let 72(¢, D) be
the number of simple connected islands over D;. For generic ¢, after removing from A,

all peninsulas, we receive the surface F; consisting of h = k disjoint simply connected
surfaces, so that its Euler characteristic is given by

q Hj .
h=x(F) =3 > x(Fji)+ 2 xCep
n

j=1p=1
q , Hj }
=Y (X x (FE) + A Dp)+ X~ S +k
j=1 "p=1 n
Consequently, one has
q q Hj )
> atD) ==Y 3 x (Fi) =X Eeg)+h—k
j=1 j=1p=1 n
Y o) 226
n

Since each X, is a covering surface of Zy, by applying the Ahlfors’ Second Main Theo-

rem for fls, ,, we receive
=X Ep) =2 (g-2)S(Zsy) —hL(Z: ),

where S(Z; ;) and L(Z;,;) denote the average number of sheets and the length of the rel-
ative boundary of X, ,, respectively. Taking the sum of both sides of these inequalities,
we get
DA Ee) = (-2)SE)—hY LEsy),
n 1
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where S(X;) is the average number of sheets of Z;. Since |S(Z;) — S(A;)| < hL(A;) by
Ahlfors’ First Main Theorem and since the total length of the relative boundaries
of all Z;; is bounded from above by L(A,), it follows from the above inequality and 228
that

q
Y 7t,Dj) = (g—2)S(A) — hL(A,)
j=1

= (L]—Z)fA ffw1—hL(AY.

Since each a; lies in the interiors of D; (1 < j < g) and since the restriction of f on an
island is a ramified covering over some D, it is evident that n?] (r,aj) = n(r,D;). Hence

q q
Y nilta) = ) at,D)) = (q_Z)fA fro1=hLAY. 227
= = f

Using Length-Area principle (see [Hay64]), one sees that the complex plane C is regu-
larly exhaustible in Ahlfors’ sense, namely it satisfies

Length (f(0A,))
m
r—oo  Area(f(Ar))

=0].

Hence the length of the relative boundary L(A;) is negligible compared with S(A;).
Therefore the inequalityZ27 can be regarded as an analog of the classical Second Main
Theorem of Nevanlinna without log integration.

Dividingzzzby ¢ and taking integration from 1 to r, we receive

q q. _ "dt
Y NUta) = Y ND)) = (g-2) Tf(r)—hfl 7 LA,
j=1 j=1

Hence, it suffices to control the error term
rdt
Sp(r) = hf — L.
1

Here we could obtain only a weaker result compared with the classical Second Main
Theorem, see [Din39], [Wil57], [Mil69] for concerned discussions.

2.3 Nevanlinna currents

2.3.1 Construction of Nevanlinna currents

Let (X,w) be a complex projective variety of dimension n equipped with a Kédhler
form w and let f : C — X be a nonconstant holomorphic curve. Our aim in this part is
to associate to f a closed positive current of bidimension (1,1). For any smooth (1,1)-

fOI‘n‘l T] on X, we deﬁne
’ 1 r Ay . -
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Let ALY (X) denote the set of smooth (1, 1)-forms on X. Consider the family of positive
currents of bounded mass {®,},-¢ defined as

Tf,r(n)

®,(n) = Tf,r(w)

(r>0,ne ALD(X)).

Theorem - Definition. There exist infinitely many sequences {ry} converging to oo such
that the sequence of currents {®,,} converges in weak topology to a closed positive current
® e AYY(X)'. Such limit currents are called Nevanlinna currents for f.

Proof. From any sequence {r;} converging to co, by Banach-Alaoglu’s theorem, we can
always find a subsequence {ry,} such that the sequence of currents {(Drkl} converges to
a positive current. We would like to determine which conditions {ry} must satisfy so
that the limit current ® = lim;_.o, q)rk, is closed.

For any smooth 1-form f on X, using Stokes’ formula and the compactness of X,
we receive

rdt
Tr,(d sf —f *
Terap)= [ 5[ i
r dr
< C(,B)f1 Length,, (f(GAt))T,

where C(f) is a positive constant which is independent of f, r. Set
r dr
Lfr(w) = f Length,, (f(dAt))T.
1
Then for the closedness of the limit current ®, it suffices to choose the sequence {ry}
such that L (@)
w
lim Zhne
k—o0 Tfy Tk (w)

For this, we use the following result presented in [Bru99]. O

Ahlfors’ lemma. Under the above assumptions and notations, for any positive number
€ >0, the set

{r>1: ;;:EZ; 26}

has finite Lebesgue measure.

Proof. Suppose that in the polar coordinate (p,0) of C, the pull-back of w by f is of the
form
f*w=F*p,0)pdpAndo,

where F?(p,0) is smooth and F(p,0) = 0 is at least continuous. Then for each ¢ > 0, the
length of f(0A;) and the area of f(A;) are given by

2n
Length,, (f(0Ap) = tf F(1,0)d0,
0
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t 21
Areaw(f(At)):fO pdpfo F(p,0)*do,

respectively. Using Cauchy-Schwarz’s inequality, we get

2r
Ly (w)= ff tF(tH)dH—

27 dr 1 21 dt 1
s(f d9— 2- f f tZF(t,B)ZdH—)z
1 Jo l‘ 1 t

<(2nlog r)% -(Area, (f(AR))

DN|—

1 rd
= (2nrlogr)?- (d—Tfr(w))

Dividing the above inequality by T, ., we obtain

Ly, (w) - (anlogr de,r(w))%'

= 2.3.2
Tfr@) ~ \Tp(@? dr

Since f is nonconstant, the order function Ty ; (w) is strictly increasing and has at least
a logarithmic growth rate. As a consequence, we have

f‘” 2nrlogrd Ty, (@) dr ( 1 1 )
= lim — < co. 233
1 Tprw? dr 2mrlogr R—oo\Tpi(w) Ty r(w)

Ahlfors’ Lemma follows from 232, 233 and the fact that

f°° dr
- -
1 2nrlogr

O

It is known that any Nevanlinna current is of mass 1. We would like to mention
that there is a basic version of these results without log integration [ % (-) described as
follows. For any non-constant holomorphic curve f: C — X, for any positive number
€ >0, the set

Length , ( f(0A})
{r >0: 28 (fon, )}
Atea, (£(8,))
has finite Lebesgue measure. As a consequence, there exist infinitely many sequences
of positive real numbers {r;} converging to oo such that

. Length,, (f(0A;))
rk—oo  Area,, (f(Ark)) B

For any such sequence {r¢}, the following sequence of positive currents

fArk fn
{—} (ne ATV (X))
fArk ffowlk

converges, after exacting a subsequence, to a closed positive current. This limit current
is called an Ahlfors current for f.
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2.3.2 Geometric intersections

Let Z be a divisor on X with f(C) ¢ Z. Summing without multiplicity the total
number of intersection points on disks and integrating, introduce

: Tk dz
i (2) :fl Card((f(At)mZ)T,

where {r¢}?2, is a sequence giving birth to a Nevanlinna current T for f. Then define
the geometric intersection of T with Z as

i (2)
ir(Z) = liminf 222
k—oo Tf,rk(w)

It is clear that i7(Z) = 0. When no confusion can arise, we often abbreviate it as i (~2).

2.3.3 Singularities of Nevanlinna currents

Throughout this subsection, let (X,w) be a smooth complex projective surface
equipped with a Kdhler form w and let f : C — X be a nonconstant holomorphic curve.
The singularities of Ahlfors currents for f were studied in [Duv06], which extends to
Nevanlinna currents.

Theorem 2.3.1. Ifan irreducible algebraic curve € < X is charged by some Nevanlinna
current (or Ahlfors current), then its genus is equal to0 or 1.

Now, let D = UleDi be a divisor of simple normal crossing type on X, namely
{Dith<i<q is a collection of pairwise transverse smooth curves, any three curves hav-
ing empty intersection. Denote by D the complement D;\ Ujz;D;. The following
application of Riemann-Hurwitz’s formula and Ahlfors’ theory shall play an important
role in the proof of the Main Theorem.

Proposition 2.3.1. Let T be a Nevanlinna current for f. If T is supported in D, namely

T =

q
Ai[Dil,

i=1

whered; =0 (1<i<q), then

q
Ai (D7) < i(D). 2.3.4
i=1

Proof. An intersection point between two curves in {D;}1<i<4 is called a double point.
Let {A,},e1 be the set consisting of all double points. For each index i, denote by x; the
number of double points in the divisor D;. The Euler characteristic of D is then given
by

x(D;) =2-2g;—x;,
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where g; is the genus of the curve D;. If y(D;) <0, then D; is said to be stable. If
)((D;.k) =1, then D; is said to be free. It is not hard to check that D; is free if and only if
gi =0and x; = 1. Denote by &, the set consisting of all free divisors, by & 4p1e the set
consisting of all stable divisors, and by &,,,—srapie the set consisting of all non-stable
divisors.

Let {U; ¢}e (0 < € < 9) be a family of neighbourhoods of D; such that there exists the
projection 7;: U; . — D; whose composition with f is a quasi-conformal mapping. Let
{V,e}e be a family of neighbourhoods of the double A,. Set

I/Ve = (Uiegstable Ui,e) \ (( UEeéanon—stable Ui,e) U (Ule[ ‘/L,e))r
Wﬁ‘c = (UE(':)non—smhle Ui"—') U (ULEI ‘/L,e‘)-

Now, for each £ >0, set Z; . ; = f‘l(Ui,e) NA; and denote by ¢, ;: Zi¢ — D; the
restriction of ;o f on Z; . ;. Let Cyy,,; be the set of all components of f(A;) in W, and
denote by b ; the total number of all boundary components of all € € Cy, ;. We sep-
arate Cy, ; into two disjoint subsets, depending on the properness of the projections
;.

Let Cp,w,,: be the subset of Cy,,; consisting of all components € such that the re-
striction on € of some projection 7; is proper. Since the Euler characteristic of a com-
ponent € € C,, ., such that 7;|¢ is proper is given by

where bg is the number of all boundary components of €, it follows from Riemann—
Hurwitz’s formula that
be =2+ (x; +2g;—2)deg(m;le) (CeCp,we,0)-

Denote by by, ¢ ; the total number of all boundary components of all € € C, ;. Taking
the sum of both sides of the above equalities, we obtain

Y be=2IChw i+ Y. (x;+2gi—2)deg(mile). 235
Q:ECp,Wg,t QECp,We,t
N———

bp,e,t

Now, let C;,, w,: be the complement of Cp, ., in Cy,,;. Denote by by, ¢ ; the total num-
ber of all boundary components of all € € C,, w,,;. We are going to apply Ahlfors’ theory
for ¢; ¢ ; to estimate the number of all non-proper components by ¢ ;. First, we show
that there exists a positive number € satisfying the following two properties.
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(a) Firstly, the length of the image under the map f of 0%; . ; is negligible (compared
with the order function):

Tk dr
f Length (f(0%;e,1) — = o(Tf,r, (). 2.3.6
1
(b) Secondly, the Euler characteristic of Z; . ; is also a negligible quantity:

Tk dt
f —X(Zie,r) i o(Ts,r, (). 237
1

Consider the first required property. Fix a positive real number é > 0 so that in
any neighbourhood U; 35, we always have the projection 7;. Starting with the co-area
formula and using the fact that the current T is supported in D, we obtain

e, 26 dr i dt
fl (fé Length(f(At)mOUi,S)ds)7:f1 Area(f(A) N (Uips\Uis)) —

t
= O(Tfrrk(w))’
which implies
20 Tk dt
fa (fl Length (f(az,-,s,[))T) ds = (T, ().

Hence, by choosing € € [§,26] such that

r T
f kLength (f(0Zie1) % = inf{f kLength (f(0Zi50) %,5 <s< 25},
1 1

3.5 is satisfied.

Now, we consider the second required property. Each connected component Zf ;
of Z; ¢ ; is the complement of a union of finite small disks in a large disk, namely it is of
the form:

¢ —
2=\ LY @)
where Qiig is a disk, Q; (1 = 7 < a;;¢) are open disks such that Q, c Q; ;¢ and
f(0Q;) cU;,. The Euler characteristic of Zf ; is then computed by counting the num-
ber of small disks:

X(Zf’t) =1- a;t¢-

f(Q)
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The total number of such small disks is approximately equal to the number of inter-
section points between f and dU; .. Since each small disk Q, with f(Q;) c U; 35 will
be projected onto D;, we don't take into account these disks when compute y(Z;¢ ;).
Hence, y(Z;¢,;) is approximately equal to the number of small disks Q; such that f(Q;)
intersects with 0U; and 0U; 3s. A small disk that satisfies this property is called a
counting disk. To estimate the number of these disks, we first note that each count-
ing disk Q; contains a domain Q/ such that

fQL) cUiss\ U,
f0QL) c0(U; 35\ Uje).

Since the current T is supported in D, the total sum of areas of images of all such Q’,
under f is a negligible quantity. By Lelong’s Theorem, for each above Q, there exists a
positive constant ¢ depending only on (X, w) such that

Area(f(Q))) = c(36 €)%
Hence the total number of such Q! is negligible, so is the total number of counting
disks. Thusz37is also satisfied.

We now comeback to the proof of the proposition. Denote by Cy,, ; ,r the set of non
proper components over divisor E and by by, ; ¢ ; the total number of boundary com-
ponents of all € € C;,p,; ¢,r. Applying Ahlfors’ theory for the map ¢; ¢ ; and for Cy,p ; ¢,1,
there exists a constant /; > 0 such that

bupiet= D, (Ki+2gi—2)/€ﬂ§‘wDi+min{0,x(2i,e,t)}—hi Length (f(0Z;e,1),

CeChpie,r

where wp, is the Kédhler form on D;. Taking the sum of both sides of these inequalities,
we receive

Z bnp,i,e,z‘2 Z Z (Ki+2gi—2)Lﬂ?wDi

iegsmble ie‘gsmhle Q:Ecnp,i,e,t

+ Y [min{0,x(Z;e,)} — hi Length (f(0Z;,0)],

ieé‘asmhle

or equivalently

buperz ). (Ki+2gi—2)f¢n;‘w[,i+ Y [min{0, ¥(Z;e )} —h; Length (f(0Z;i . ))]-

CeChnp,We,t i€Estaple
2.3.8

Summing both sides ofZ35 and 233, we obtain
be,r = Z (ki+2gi—2) fe:ﬂr wp, +2|Cpw,,¢:| +b(2), 2.39

QECWC‘[

where
b= ). [min{0,x(Zic )} — hi Length(f(0Z;ic )]

iegstuble
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satisfies

o di
f1 h(0)— = o(Tp,, @),

Next, let Cyy¢ ; be the set consisting of all components of f(A;) in W, having some
boundary components counted in be,;. A component € € Cyyc , is said to be simple if
it has only one boundary component, otherwise it is said to be multiple. Denote by
Se,t» Me,¢ the number of all simple, multiple components of Cyy¢ ;, respectively. It's clear
from the definition that

be,r = Se,r +2mg ;. 2.3.10

Now, let G, ; be the undirected graph defined by
o Avertex of G ¢ is an element of Cp w,,; U Cye 1,

» There is an edge between two vertices €;, €; if they have a common boundary com-
ponent.

We claim that G ; is a tree. Indeed, suppose to the contrary that there is a simple cycle
defined by the sequence of vertices ¢y,...,&, in G¢;. By gluing all two consecutive
vertices, we receive a bordered surface X with a handle on it. This is a contradiction
since X is contained in a disk.

Since G ; is a tree, the number of its edges is bounded from above by the number of its
vertices:
be,r < 1Cp,w,, ¢l +Se,c + M,z 2.3.11

It follows from 2310, Z310 that me , < |Cp w,,¢| and therefore, by using again Z31T, we get

21Cpw,, el +5¢,t = be . 23.12

Now we would like to estimate the total number of simple components s, ;. Let
i¢,t(D) be the number of intersection points in W, between f(A;) and D. Let Cye ¢, rree
denote the set consisting of all complements in Cy,¢ , over some free divisors. Since
each simple component either intersects with D or contributes to the mass of the cur-
rent T along some free divisors, one has

Se,t = ie,t(D) + Z f 7'L';f< wp;.
ceCWEC,t,free
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Using this inequality together with 239, 2312 and noting that x; + 2 g; —2 = —1 for each
free divisor D;, we obtain

Z (1<,-+2gl-—2)f€n;‘w1)i+h(t) < ie,t(D).

€€CWevl‘UCWEC,t,free

Since (7;)« (1y, T) = A;[D;], after integrating, dividing by T¥,;, (w) and taking the limit
both sides of the above inequality, we receive z34 O

2.4 Resolution of singularities

Let .# is a smooth complex surface and let P be a point in .. A blowing up of .
at P is a smooth surface J together with a holomorphic map ¢: 9 — .% such that
E= (/b_l(P) = P1(C) is a smooth rational curve and 9\ E is isomorphic to .# \ {P}. The
surface J is unique up to isomorphism. The curve E is called the exceptional divisor
of the blowing up.

Now, let € be a reduced curve in .. The strict transform € of € with respect to the
blowing up (7, ¢) of . at P is the closure of (/)‘1 (E\{P})IinT

G :=p L€\ (P}).

When P ¢ €, the strict transform € = ¢_1(<€) coincides with the inverse image. But
when P € €, the exceptional divisor must be added

¢ L(€)=€UE.
Now, assume that P is a point of multiplicity m in €. The total transform ¢* (€)
with respect to the blowing up (9, ¢) of . at P is the divisor in 9 defined as
¢*(€):=%6+mE,
whose support is contained in ¢! (6).

For a divisor E c 9, we denote by [E] its homology class in H;,;(9,R). The follow-
ing well-known result shall be repeatedly used to compute algebraic intersections.

Theorem 2.4.1. Let € be a curve in a surface . and let P € € be a point of multiplicity
m. Ifp: S — & is the blowing up at P with the exceptional divisor E, then

[E]-[E] =—1.
Furthermore, for any two curves %, %9 in.%
[p*F]-[E]=0,
(" F]- [P Y] = [F]-[4].
Consequently, with F =4 = € so that € = ¢*(€) - mE
[€]-[E] =m,
[€)-[€] - €] €] = - m*.
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A resolution of singularities for a curve € in a smooth surface . is a smooth surface
9 together with a holomorphic map ¢: 9 — . isomorphic outside the singularities

Pla\¢1(singeg) =\ SIng(€),

such that the total inverse image ¢~ (%) is of normal crossings type. It is known (see
[Wal04]) that resolutions of singularities exist for every plane curve by means of a finite
sequence of blowing ups.

2.4.1 The genus formula for plane curves

Let € < P2(C) be a plane curve and let Py be a singular point of €. Let (ﬁz((t),(,b)
be a resolution of singularity for € by repeatedly blowing up. Assume that {o;};<;j<k
be the sequence of blowing ups starting at the point Py, where g;+; (0<i < k—1) is
the blowing up at the point P; in the strict transform ¢’ of €¢~! with the convention
that €° = €. Denote by E; the exceptional divisor of the blowing up o;. For simplicity
of notation, we write E; to denote its strict transformations in the next blowing ups o';
(j =i+ 1). A point of the exceptional divisor E; is said to be an infinitely near point of
the i—order to Py.

The following formulas shall be used in the sequel. The reader is referred to [Wal04,
Chapter 6, 7] for proofs.

Theorem 2.4.2. The Milnor number of a curve € < P?(C) at a singular point P € € is
given by

Mﬂp :ZWLQ(WLQ—I)—TP-I-I,
Q
where rp is the number of local branches of € passing through P, where the sum is ex-
tended over infinitely near points Q in some strict transform of € at which the multi-
plicity mq is at least 2.
Theorem 2.4.3. Let € < P?(C) be a plane curve of degree d. For a given point P in€, set
5p = Mllp +rp—1.

Then the normalisation € of € has Euler characteristic

x=3d-d*+ Y &p.
PeSing€

In particular, when the curve € is irreducible, the Riemann surface € has genus

1 1
g:E(d—l)(d—Z)— ) Eap.
PeSing€
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2.5 Proof of the Main Theorem

2.5.1 Resolution of singularities and constructions of close positive
currents

Suppose that the cluster set of f is contained in a reduced algebraic curve € c
P2(C), then any Nevanlinna current (or Ahlfors current) for f is supported on €. We
can further assume that these currents charge all irreducible components of €. By
Theorem these components must be rational or elliptic. Let €; (1 < j < m) be
the irreducible components of the curve €, let d; be the degrees of ¢ and let g; be the
genus of €;. Let

P2C) P2 (€) — - = P2(C) L5 P2 (C) — --- — P2(C) Z- P3(C) = P2(C)

be a resolution of singularities for the configuration of the curve € and the family £ =
{Li}1=i=a, where oy: PZ(C) — P2_|(C) are the blowing ups of P2_, (C) at some points
Py_1. Denote by €¥ c P2(C) the strict transform of €1, by <€]K the strict transform of
<€]I.<‘1, by %X c P2(C) the strict transform of the family #*~!, and by fi: C — P2(C) the
lifted curves, with the convention that €° =€, ¥° = % and fy = f. Let Ex = 0 (Px_1)
be the exceptional divisor of the blowing up o. For simplicity of notation, we continue
to write Ex to denote its strict transforms in the next blowing ups o, (¢ = K+ 1).

Now we would like to construct simultaneously closed positive currents T associ-
ated to fx by similar arguments as in the previous section. We firs recall the following
standard result.

Lemma 2.5.1. Let (X,w) be a Kéhler surface. If ¢: X — X is a blowing up of X at some
point P with the exceptional divisor E = ¢~ (P), then there exists a Kihler form @ on X
such that

O=¢p"w—-€0Oy,, 2.5.1

where Oy, is the curvature of some hermitian metric hg on the line bundle O (E) and
€ >0 is a positive constant. O

Now, for a non-constant holomorphic curve g : C — X whose image is not con-
tained in the critical value of ¢, we always have the lifted curve g : C — X. Based on the
First Main Theorem, we obtain:

Observation 2.5.1.
Tg,r (@) < Tg,r(w) + O(1).

Proof. We follow the proof of [Bru99, Lemma 1]. Taking pull-back by g, dividing by ¢
and integrating from 1 to r the equality 251, we receive

Tgyr(a) = Tg'r((l)*a)) —€ Tg,r(G)hE)
=Tgr(w)—€Tg,(Op). 252
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Let s of be a section of G(E) with E = {s = 0} and ||s|| < 1. Using Poincaré-Lelong’s
formula, we get
O, = 6 —dd°log|sl?,

where 0 is the current of integration over E and the equation is in the sense of cur-
rents. Now, taking pull-backs by g, dividing by # and integrating from 1 to r, we obtain

dr dr 1
T5,(0 ):f —f ~*E+2f —f dd‘|lo — .
grh 1t Atg 1 Ja, [ g||sog||]

Using Jensen’s formula, we rewrite the above equality as

Ts5 -(©4.) f’dtf o'E+ ! 27[1 ! deo ! 2ﬂl ! do
& = — — og——————— - og———————
grome) = | L E P on )y Blsegre® C  2nde “Elsoge

25.3
rdt s
f—f g'E=0
1t Ja,

and since ||s]| < 1, it follows from 252 and Z53 that

Since

Ts () < T, (a))+if2”10 ;dg
grit)=teri T or Jo 8 lseg@0)]

= Ty, (@) + O(1).

O

Lemma allows us to construct inductively Kahler forms w5 on P2(C) satisfying
(1) o) =w,,
(2) for 1<K <N, the pull-back of wg‘l expresses as

* K—-1_ K
(0x) W, —w2+€K®hEK,

where Oy, _is the curvature form of some hermitian metric ig, on the line bundle

O (Ex) and e > 0 is a positive constant.
For 1 <K <N, we infer from Observation that

Tf ,(@3) < Tp (@3 ) +00)
<.

< Ty, (@2) + O(1).

Hence, by using similar arguments as in the proof of Ahlfors’ Lemma, we deduce that
for each € > 0, the set

Lz (0¥
{r>O:M2€,0SKSN}
Tf,r(wz)

is of finite Lebesgue measure. This implies
Lz, (w3)

lim ———=0| (0<K<N).
r—co Tt r(w2)
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[e.0]

Consequently, there exist infinitely many sequences of positive numbers {ry} 1 tend-

ing to oo and giving simultaneously closed positive currents associated to ﬁ:

Tz (n)
Te(m) = lim _fore
k—o0 Tf,rk (w2)

(neA“'”(@ﬁ(C)), OSKSN).
When n = 0, Ty is a Nevanlinna current for f, hence it is of mass 1. Since Tj is
supported on ¢ and charges all irreducible component €6, it is of the form

m

To= ) pilé;l,
j=1

m

where u; > 0 are positive real numbers such that . i=

currents T (0 < K < N) are of the form

| Mjdj = 1. By construction, the

where A, = 0.

2.5.2 Geometric intersections and algebraic intersections

Let Z be a divisor on P2(C) with f<(C) ¢ Z. Similarly as in the previous section, we
can define the geometric intersection of the closed positive current Ty with Z as fol-
lows. First, taking the sum without multiplicity the total number of intersection points
on disks and integrating, introduce

. "k ~ dt
iz, (2)= fl Card ((f(Ap N Z)T,
where {rk}‘,’;’:1 is a sequence giving birth to closed positive currents Ty,..., Ty. Then
define the geometric intersection of Ty with Z as
1z (2)
i7.(Z) = liminf 22—
k—o0 Tf,rk (w2)
When it is understood that Z c @%(C), often we will abbreviate it as

1(Z)=0.

Proposition 2.5.1. In order to prove the Main Theorem, it suffices to show that for any
sequence of positive numbers {r}7 | satisfying

- K
. LfK!rk (wz)
—_— = (0=K=N),
k=00 Tg r (w2)
that defines closed positive currents Ty as in the previous subsection, we have
4
Y (L) = 1. 2.5.4

i=1
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Proof. Indeed, for such above sequence {rk}%"zl, it follows form the definition of geo-

metric intersection that . .
- N (rg, Ly)
liminf == L
k—o0 Tr(rg)

Hence

4
> NW(re, L) = Ty (r) — o( Ty (i),
i=1

for all sequence ri — oo outside a set E of finite Lebesgue measure, or equivalently

4
Y NU L) = Tr(r) = o(Tr(0) |l
i=1

O

Now, denote by [Tx], [Z] the cohomology classes of T, Z in H"!(P2(C),R), respec-
tively. The algebraic intersection of [T] and [Z] is then defined as

[Tx]-[Z] = Tk (w2),

where w is a differentiable (1,1)-form in the cohomology class {Z}. The following
relationship between i(Z) and [Tx] - [Z] can be regarded as a consequence of the First
Main Theorem in Nevanlinna theory.

Proposition 2.5.2. The geometric intersection is bounded from above by the algebraic
intersection:
0<i(2) = [Tx]-[Z]. 2.5.5

Proof. Our arguments are similarly as in the proof of Observation Fix a hermitian
metric /2 on the line bundle & (Z) and denote by ©, its curvature form. Taking a section
sof 6(Z) with Z = {s =0} and | s|| < 1. Using Poincaré-Lelong’s formula, we get

0, = 6, —dd log| s|?,

where 6 7 is the current of integration over Z and the equation is in the sense of cur-
rents. Taking pull-backs by f, dividing by ¢ and integrating from 1 to r¢, we obtain

Tedt [ =« Tedt 1
T+ (@):f— Z+2f —fddclo — |.
for 2T Ath 1 1 Ja, [ gllsolel]
Using Jensen’s formula, we rewrite the above equality as

dt [ ~« 1 [27 1 1 [%" 1
Tf r (@h) :f —f fK Z+— 10g~—d9—— 10g~—d6
Tk 1t 21 Jo Iso fx(rieid)] 2n Jo so fi(e®®)]]

This yields

1 1 27 1
g ~—9 - IOg ~—9 d@,
Iso fi(rie )l 27 Jo Iso fi(e)ll
by definition of the geometric intersection. Using the assumption | s|| < 1, after divid-

ing by Ty, (w2) and taking the limit of both sides of the above inequality, we obtain
255l O

vark

) 1 21
TfK,rk(@h) >z (Z)+gf0 lo
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2.5.3 Applications of Riemann-Hurwitz formula and Ahlfors’ theory

In the resolution tree

| U & |U] U 2 |U|, U E

1<jsm / 1<i<4 1<K<N

cP%(0),

an intersection point between two divisors is called a double point. Let x p denote the
number of double points in the divisor D. Proposition|2.3.1|still holds when we replace
the Nevanlinna current T by the closed positive current Ty. Using this fact together
with Proposition[2.5.2} we obtain:

Proposition 2.5.3. In the resolution tree, we have

m N N
Y By +28;—2) + Y (kg —2) Ak S ULN) +iI(E™) + ) i(Ey) 25.6
j=1 =

K=1 k=1

N
<IN+ I[N [EN)+ ) i(E). 257

K=1

2.5.4 Some examples

Before giving proof of the Main Theorem, we would like to treat some special cases.
Recall that from the very definition of the geometric intersection, it suffices to prove
thati(Z)=1.

1. Consider the case where € is the diagonal line passing through A; = Ly N Ly,
Ay = L3 n Ly. After blowing up the two points A;, A, with exceptional divisors
E1, E,, we receive the resolution tree containing the strict transforms 6?2, %2 =
{L?}15i54 of €, £, respectively and the exceptional divisors Ej, E>. The closed
positive current associated to the lifted curve f> constructed in the first part is of
the form

T, = [6%] + M [E1] + A2 E),

for some non-negative constants 11,1, = 0.

E
Ly Ly !

7NN

E>

2 2
L3 L4

We first use Theorem to compute the intersection numbers [‘62]2 =
([€2)° - 1€12) +[6)2 = —2+1 = -1, [€?] - [E;] =1 (1 < i < 2). Next, by apply-
ing Proposition[2.5.3} we obtain

(L) +i(Ey) +i(Ep) + [To] - [€%] = Ay + Ao,
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Now, note that for any z € C, if fg(z) € E; then f(z) = A;. One can deduce from
this fact that

4
Y i(Ly) = i(L) +i(Ey) +i(Ey).
i=1

Combining the two above inequalities, we get

4
Y i) = A+ A~ (T2 - (67
i=1

= /11 +/12 - ([ng]z +/11[Cg2] - [Eq] +Ag[((902] . [Ez])
:/11 +/12—(—1+/11+/12)
=1.

2. We comeback to the counter example in the first part of this note, where € is
the conic which is tangent to Ly, Ly at A} = Ly N Ly, A2 = Ly N Ly, respectively
and which is tangent to L3 at some point A3. We have a good resolution for this
configuration after six blowing ups described as follows. First, we blow up at the
three points A; with exceptional divisors E;. We then continue to blow up at the
three intersection points between E; and the strict transform of the conic € with
exceptional divisors F;. After this process, we receive a resolution tree containing
the strict transforms €%, #% = {L?}15i54, respectively and six exceptional divisors
E, F,(1< i<3).

7T

6
A 4
3 6
)( B 8
3 2
Ly | /_
F F.
Ly € Ly %5

The closed positive current associated to the lifted curve f; is of the form

1
Ts = 3 [€°] + A1 E1] + A2l Ea) + A3 Es] + vi[F1] + V2 Fol +v3[Fsl,

for some non-negative constants A;, v;. Note that Ej is a free divisor and all F; are
stable divisors. Applying Proposition [2.5.3} we get

{(L0) +i(E)) +1(Ep) +i(E3) +i(F) +1(F) +i(F3) +([Ts] - [6°] 2

=y iy

+V1+V2+V3—Ag,

N =

which yields
4

> (L) +[T) - [6°] =

1
—+V1+V2+V3—A3,
i-1 2
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by similar arguments as in the first example. Next, we compute the intersection num-
ber [T;] - [€°] and use Proposition to estimate A3:

1 1
(To) - (6°1= 5 ([6°]° ~ 161°) +v1 [6°] - [F1] + v2[ €°] - [Fa] +v3[6°] - [Fa) + 5 [6)°
[Use Theorem [2.4.1] :%-(—6)+V1+Vz+vs+%.4

:V1+V2+V3—1,

0=([T3]-[E3]

1
= (5 [€°]+ MIEW + Ao Ex) + Aol Ea)) - [ Es)

1
=——A3.
5 s

Combining the three above estimates, we receive Z‘;:l i(L;) =1, as wanted.

2.5.5 Estimations of intersections numbers - end of the proof

In general case, we can not estimate directly Z?:l i(L;) from Proposition be-
cause of the complexity of the resolution tree. The key technique to overcome this
difficulty is to view this quantity locally, site by site in the resolution tree near singular
points of the configuration € U £. First, we rewrite the inequality2z5.7as follows

m

N m
LN+ IE)+)Y puj2-2g)+[Tol-[€1= ) piKegy+
=1

k=1 j=1 j

N
(kg —2) A= ([T ]- [N [To)-[6]),
=1

¢ 2.5.8

where the quantity [Ty] - [€N] — [To] - [¥] can be viewed locally. Let Sing 4y ) denote
the set of singular points of the configuration € U Z. Let

Sing ¢, &) = Sing, U Sing, USing,
be the partition of Sing, , &, determined by
Sing,, = {Q € Sing ¢, &) : there are v lines of & passing through Q} (0=v=2).

Note that locally in any site near some singular point, we always have Z‘l.‘zli(L,-) >

i(ZN). For a point Q € Sing,, for a divisor E in the site near Q, for any z € C, if ﬁ(z) €eE

then f(z) = Q. Hence for any site near some point in Sing,, the local contribution to
?:1 i(L;) is = the sum of the local contribution to i(£Y~) and all i(E), where E are ex-

ceptional divisors in this site. Note also that for any exceptional divisor Ey, one has

L(Ey) < [Tx] - [Ex] by Proposition Thanks to these remarks, we deduce from 253

that

4 m m N

YLD+ Y uj@-2g)+[Tol- 161 Y (X pxer + Y (ke DAk = (T4 [€"] = [To)- [‘61))0

. . K=1

i=1 j=1 QESing(%Ug) j=1

- ¥ (i[TNHEK])

’ 2.5.9
QeSing, USing; k=1 Q

where </ denotes the local contribution of o/ near Q.
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Lemma 2.5.2. For a point Q € Sing, &, denote by Mil{2 the Milnor number of € at Q
and by ré the number of branches of €; at Q. Set

b _gd d
6Q—M11Q+rQ 1,

then the local contribution of the right hand side of at Q is bounded from below by

m

m . m
Do HiGH+ Y p Y (GGt Y k(- Lo
=1 =1 kA =1

Proof. Without lost of generality, we may assume that {Ex, 1 < K < N} is the set consist-
ing of exceptional divisors starting from the point Q = Py in the resolution tree. We first
introduce some notations and basic properties. For two indexes Ki, Ky with K; > K,
the exceptional divisor Ey, is said to be proximate to Ex, if Ey, intersects Ex, when Ex,
appears in the resolution tree. It is clear that Ey is always proximate to Ex_;. Further-
more, if Ey, is proximate to E, for some K, < K; — 1, then Ey, _; is also proximate to Ej,.
Set
Proxg, := {¢ <K—1: Exis proximate to E/},

Childg, :={¢ =K+ 1: E,is proximate to Ex}.

Denote by px the cardinality of Proxg, . If Ex appears in the resolution tree by blowing
up an intersection point of two exceptional divisors, then px = 2. Otherwise px = 1. Let
ax denote the self-intersection [Ex] - [Ex]. Note that at its first appearance, Ex has self-
intersection number —1 and this is diminished by 1 each time a point on Ey is blown
up. Hence,

|Childg, | = -1 - ax. 2.5.10

Now, in the resolution tree, let nx be the number of intersection points between Ex and
the other exceptional divisors E; (¢ # K). Its relationship to py is described as follows.

Observation 2.5.2. One has

2-ng=2-px— Y. (2-po).
¢eChildg,

Proof. The quantity 2 — ng can be computed inductively by tracing Ey, form the first
time it appears until the end of the resolution process. When Ey appears, it intersects
with the other exceptional divisors at pg points. Hence we set 2 — ng g = 2 — px. Next,
when a point A; in Ex is blown up with exceptional divisor E,,, we determine 2—rny ; as
follows. If A; does not belong to any other exceptional divisor E, u < K, then after the
blowing up, Ex still intersects with all old exceptional divisors. Since Ey also intersects
with Ey, we set 2 — nx1 = 2 —ngp — 1. Note that in this case py, =1, hence 2 - ny; =
2—ngo—1=2-px—(2-pg). If Ay = ExnE, for some y < K, then the number of
intersection points between Ex and the other exceptional divisors does not change,
since it intersects with the new exceptional divisor Ey , but has empty intersection with
Ey,. Hence we set 2—ny 1 = 2—ny 0. Note that in this case py, =2, thus2—ng 1 =2—-ngo =
2—px— (2= py¢,). Continue this process until the end, we obtain 2— ng = 2— ng |childg, | =
2 — px — Xrechildg, (2 — pe), as wanted. O
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Next, let {B; y}1<v<r j be the collection of branches of the component €; at Q. Sim-
ilarly as in the first part of this section, we use the notation B;? , to denote the strict

transform of B;.(;l, with the convention that B? v = Bjv. Let Eq;, be the exceptional
divisor in the resolution tree that intersects B;I?/. The number of double points x Ea;,, is
then given by

KE, ~=Na;,+1+|Eq, N LNe|, 2.5.11

aj,v

Let m¥, m§ (1=K = Nq) be the multiplicity of <€I.<‘1, B;‘;l at Px_1, respectively. Note

-1
that the sequence {mK J Ql is of the form m] o j’vv ,1,0,---,0. Note also that
Rj
K _ K
mj = «/Zl ms . 25.12

The following equality is a basic property of the proximity relation (see [Wal04, Propo-
sition 3.5.1]):

m].,v = Z mj,v (1=Kk=a;y-1).
0=K+1, {€Proxgy

As a consequence, one has

Observation 2.5.3.
m:. = Z mjliv+1 (l1sjsm;1<v<Rj).

Proof. Taking the sum of both sides of the a;, above equalities, we receive

ajy—1 ajy—1

KZI m]I?rV: Z Z mi,v’

K=1 ¢=K+1,€Proxg,

which yields
ajy—1
1 _ l K+1
m;, = m;., mjyv)+1
K=1 " ¢=K+1, eProxgy

_ K

= m;., + 1
K=2, px=2

O

Now we are ready to prove Lemma Using Theorem and Theorem [2.4.2]
the local contribution of ([TN] [€EN - [T - [<€]) at Q can be computed as follows

([Tx]- €™ = [Tol - [<€])

(Zlujvg[B Q]+ZAK [Ex]) (]iVRZ]l[B )—(éu;i[@,d)-(éi[}em)

m

I (DSID NG IS V(3D VD W AR XA RITMETN)

j=1 v=1 v=1 <ks=m,k#j v2=

=
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o(Z ace)-(£ 5 15)2)

ST P (E TN EE I S (I N B RT)

j=1 v=1 1=v<n<R;

WD ZZ([BMJ (B2, ]~ By ) [Bes))]

j=1 1<ksm,k#j vi=1va=1

]:1V=1
m Rj Ng 2
= Z/“LJ(_ (mfv) -2 Z Zm m]Kn)
j=1 v=1K=1 lsv<n=RrjK=1
m Rj Rk No « ‘ m Rj
+ ZIJ’]( Z Z Z (_ mj,Vlmk,Vg))+ Z A’aj,v
j=1 1<sksm, k#j vi=1vz=1 k=1 j=1v=1
m NQ , Rj . 2 m Rk N m Rj
:_ZufZ(ij,v) _Z:uj Z Z(Z m]vl)(z mk,v2)+z A“j,v
j=1 K=1 "v=1 j=1 1<k=<m, k;é] K=1 "vi= =1 j=1v=1
m Ng wz O m Bj
== iy (m) = X Z Dm)+ X 3 Aa,
j=1 k=1 j=1  1<ks=m,k#jX=1 Jj=1v=1
m NQ oz « m Rj
== 1 ) [(m}) —mj]—ZMJ 2 Z( PDme)+2 2 Ag, Z#JZ"’I
j=1 K=1 j=1 1sksm, k#j k=1 j=1v=1 =
m m m Nq
:—ij(uQ+r —1)=) ;) (6; %k)Q+ZZ/1a”—Z j 2 mi. 2513
j=1 j=1 k#j j=1lv=1 j=1 k=1

Next, by very definition of ay, ny, the local contribution of Zgzl [Tx] - [Ex] at Q is given
by

N m ] N@ No
(L m-t0) = (s 3. 185+ 3 Actia)-( 3, 1)

-(Lwxl > B:%])- (Z[Eld) (ZQAK[EH)(%[EK])
j=1 v:l K=1 k=1
m Rj NQ N

=3 1 2 (B3] [Eay, ]+ Z AclBd?+ Y MclEdl-( Y (B
j=1  v=1 = K=1 0=1,0#K

= i UjRj+ Z Axax + % Axng. 2.5.14
j=1 K=1

We consider three cases depending on the position of Q with respect to the family Z.

Case 1: the point Q is contained in Sing,. Since any exceptional divisor in the site
near Q does not intersect £~, we infer frompsInthat the local contribution of the right
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hand side of z53 at Q is given by

m Rj m N@ N
ZZ Aagy + 3 1R = Y 2= ndde— ((ITal- 16" = [Tol - [61) + + YT EK1)Q
j=1v=1 j=1 K=1 k=1

which is equal to
m . m
Z,uj6{2+ Z Z(Cg Cgk)Q+Zu] Z m - Z(2+aK)/1K,
j=1 izl k#j j=1 k=1

by using 2513, 2514 Since Z;ﬂ: L 1j(Ej- L) =0, it suffices to verify the following in-
equality

N@ m N@ «
Z(2+aK)/1K§Z,u]-ij. 25.15
k=1 j=1 K=1
For each 1 < K < N, by applying Proposition|2.5.2} we get

0= [T]- [Ex]

:(i“fi[ ]+Z[Ez) (Edl

™Mz TMS

[Use Theorem [2.4.1]

CeProxgy

[Use 2514 = ,u]m] + Z Ao — Ak,

j=1 C€eProxgy

or equivalently

C€eProxgy

Summing both sides of these 1nequa11tles, we receive

NQ

it X Ao

N@ N@
Z Hid m
K=1 K=1 K=1 ¢eProxg,
No
Z

||'[\/]§

m N@
= Z £+ Y |Childg, A«
j=1 K=1
m NQ Ng
: K= K=

which yields 2513,

Case 2: the point Q is contained in Sing,, i.e. there is only one line L of the fam-
ily & containing the point Q. Assume that in the resolution tree, LNQ intersects the
exceptional divisor E,, . We first observe that

Rj

ZF‘J(%J L))o= Zﬂjz (Bjyv-L)

Jj=1 j=1 wv=1
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m
_ , K
= Z wj ) mh. 2.5.16

Usingz5ITand noting that x Eqp = Nap + 1+|E4 N€N], the local contribution of the right
hand side of at Q is given by

m N
> Z Aoy, + Z 1R — Z @ oA~ ((IT] - 1€ - [To] - [1) + Y. [Tl [EK1)Q + Ay,
j=lv= K=1
which is equal to

m . m N@ NQ

N TR WIS %k)Q+Zp]Zm =Y @+ a) A+ g,

j=1 J=1  k#j j=1 k=1 k=1

byes13, 2514 Hence, using this fact together with 2515, it’s enough to prove that

N@ m Ng m ar,
Y R+addc—Ag =) p Z DN m;( 2.5.17
k=1 j=1 k=1 j=1 k=1
Since K — 1 € Proxg,, Ax =0 (1 =K =<Ng), we have
m m
AK+(Z,ujmJK—/1K+)LK_1)5Z,ujm]’?+ Y A (1<k<ay),
j=1 j=1 £€Proxg,

with the convention that Ay = 0. For each index K > a;, applying Proposition for
T« and Ey, we receive
m
Adcs Y pmi+ Y A (ap+1<K<ng),

j=1 feProxgy

as in Case 1. Summing both sides of these inequalities, we obtain

Ng m ar m No No
KZI/IK+ .Zl'quzlmJK_/l“L = le.lj Z m]K_I;l(_l_aK)/lK)
= j= = Jj= =

which yields the inequality 2517

Case 3: Q is contained in Sing,, i.e. Q is the intersection point of two lines in £, says
L; and L,. Assume that in the resolution tree, L} (1 < u < 2) intersects the exceptional
divisors Eq, . Since each branch B; , intersects transversally with L, or L,, we observe

that
j 14
Bjy- &L= m] + Z m”,
K=
where L; , is the remainingline that B, may not intersect transversally. Consequently,

one has

m m R;
D 1€ Lro=) i) Bjv-Z)
=1 =1 wv=l
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m Rj ALjy

_ , 1 K

_2 ,u]§ (mj’v+ E m].,v). 2.5.18
j=1 v=1 K=1

Similarly as in the two above cases, the local contribution of the right hand side of
at Q is given by

Rj m Ng
Z ajy+ ZlujRj _KZI(Z_ ) Ak~ ([Tw) - [€N) = [Tol - [6)) g + Aay, + Aay,-
v=1 ]: =

|| Ms

If follows from 513 that this quantity is equal to

m .oom R;j N@
N TSN IDMNCIE %k)Q+Zu,ZZm +ZMRJ Z(Z ) A+ Aay, + Ay, -
j=1 j=1  k#j j=1 wv=1k=1 =1

2.5.19
Using this fact together with 2518, the problem reduces to proving that

NQ m Rj m m Rj No
21(2— ) Ax = Aay, = Aay, + Zluj Y m})v— Zl/,LjRj < Zluj o) m?v 2.5.20
K= Jj= Jj= Jj=

v=1 K=ay . +1
v

First, we infer from Observation that

No
> C=nA—Aay, = Aay, = 2= nA + 2(2 Ak = Aay, = Aay,
K=1 K=2

No
=@-mh+ Y (@-po- Y @-po)i-Aa, ~Aa,
K=2 £eChildgy

=(e-m+ ¥ @-po)h-da, ~Aa,
¢eChildg,

No
+ Z(z_pK)(AK_ Z AZ)
K=2 leProxgy
=201 =Aay, =My, ¥ ), k=Ax1)
K=2,px=1

aLl uLz

=- Z Ak = Ak-1) — Z Ak —Ak-1) + Z Ak — Ak-1)
K=2 K=2

K=2,px=1

= Z (Ax = Ak-1)

m J
[Use Proposition [2.5.2] = Z Uj Z Z m?v. 2.5.21

2.5.20|as:
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m Rj
— . K
- Z Hj Z m] v
Jj=1 v=1 K=2, px=2

m
- Z 1 Y m?,w 2.5.22

where the last equality holds since px = 1 forall 1 < K < ay;,. The inequality 2520
follows directly fromz5znand 2522

O

We now come back to the proof of the Main Theorem. It follows from Proposi-
tion2.5.3land Lemmal[2.5.2] that

4

Zz(L)+Zu](2 28)) +[To) - (€] = |
i=1 j=1

(% )Q). 2.5.23

The algebraic intersection of Ty and ¥ is given by

m

11191 = 3 13 130)-( 3 14,)

Jl 1 Jo=1

=3 ( > Hindy, )

J2=1"j1=1

zid

Hence, using Theorem [2.4.3
Zl“f%% = Zlﬂj((dj -1d;j-2)-2g;)
J= J=

m m
= Zluj(d]?—gde Zl,uj(z—zgj),
J= J=

and noting that

> ﬂsz %(‘gj “Gr)g=)_ 1 ) didr,
oy

j=1 J=1 k#j
m m
2 12 (6 Llo=4) wid;,
j=1 Q j=1
the inequality 2523 can be rewritten as

4 m m
Zi(Li)ZZ/Jj( 3d)+Z,LL]dek+4Z,U]d] Zdj
i=1 =1 =1

JE =y j=1
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78 GIVEN NONHYPERBOLIC CURVE
m m
ZNJdJZJFZNJZdek_ZdJ“‘I S)Zu]d]
j=1 Jj=1 k#j j=1 j=

m m
= (X wiaj)( L 4))- Zd+1
j=1 j=1
m m
=1 (Zdj)—Zd]H
Jj=1 j=1
=1

The Main Theorem is thus proved.

2.6 Construction of algebraically nondegenerate curve
having cluster set contained in a given
nonhyperbolic curve

In this section, we will give an example of holomorphic curve satisfying the condi-
tion on the main theorem. When %€ is a line, such an example was given by Da Costa in
[dC13], and its method can be generalized to arbitrary nonhyperbolic curves.

Theorem 2.6.1. Let € = P?(C) be an irreducible nonhyperbolic curve. Then there ex-
ists an algebraically nondegenerate holomorphic curve f : C — P?(C) having cluster set
contained in 6.

Proof. Let [zy: z; : z2] be the homogeneous coordinates of P2(C) and let |]3>C1>o (OC):i={zg =
0} be the line at infinity. Fix a point A ¢ lPéo (©)andletqg:¥¢ — I]J’Cl,o (C) be the restriction
to € of the projection from A to the line P} (C). Since € is not hyperbolic, its universal
cover is either P! (C) or an elliptic curve C/ A, where A = Z x Z is alattice in C. Hence, us-
ing any doubly periodic elliptic function C/A — P!, we can always find a nonconstant
holomorphic mapping p:C/A — 6.

Let L be the pull-back by g o p of the line bundle &(1) on IPéO(CC) andletn:C— C/A
be the canonical projection.

'L ——=L=(gop)* (@) — g* (@ (1)) O (1)¢ P2(C)
| | 1] 27|
C . C/A P ¢ 1 - pL (C)—P2(C)

Since the line bundle L has a metric of strict positive curvature, its Chern number is
strict positive. Hence it admits a hermitian metric 4’ such that its curvature cohomolo-
gous to & dd® (|z|?) for some a > 0, namely their different is of the form d d® ¢ for some
smooth real function ¢ on C/A. Thus, after replacing the initial metric k' by h'e™%, we
receive the hermitian metric s having the associated curvature of the form

0, = add’(|z%).
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For a section k trivializing the line bundle 7*L, using Lelong-Poincaré equation, one
has
dd(loglkl%) = —a dd®(|z%),

which implies that log | k||§l + a|z|? is a harmonic function. Therefore, we can write
logllkll + alz* = Reg,

for some holomorphic function g. Hence by taking the exponential both sides of the
above equation, we obtain
2
Ikl e = 1e8],

or equivalently )
le 8" klj, = e™ .

Thus, one can find a trivial section s; of 7*L such that | s; IIfZ = ealz?, Now, since the
line bundle &(1) — P (C) can be regarded as the pencil of lines though the point 4, the
embedding j: € — @(1) < P?(C) induces a section c: € — g*(@(1)). Let s, be the sec-
tion of 7*L induced by c in the diagram. The section s = s; + s, induces an algebraically
nondegenerate holomorphic curve f: C — P?(C) having the cluster set contained in €,
since for r — oo, the image f(C\A,) is contained in the e™*" 2—neighboulrhood of€¢. O
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Résume : La conjecture de Kobayashi stipule qu'une hy-
persurface générique X; < P"*1(C) de degré d = 2n+1
est hyperbolique complexe, un probleme qui a attiré une
grande attention récemment, avec 'espoir de mettre au
point une théorie de Nevanlinna complete en dimension
supérieure.

Dans la premiére partie de cette these, notre objectif
est de construire des exemples d hypersurfaces hyperbo-
liques de 'espace projectif dont le degré soit aussi pe-
tit que possible. Tout d’abord, en tenant compte du ni-
veau de troncation dans le Second Théoréme Principal
de Cartan, nous établissons I'hyperbolicité de complé-
mentaires de certaines configurations d’hyperplans avec
points de passages, ce qui étend un résultat classique de
Bloch-Fujimoto-Green. Ceci nous permet d’amorcer un
algorithme récent de Duval, basé sur la méthode de dé-
formation de Zaidenberg, pour créer des sextiques hy-
perboliques dans P3(C), et de construire ainsi des fa-
milles d’hypersurfaces hyperboliques X; < P"*1(C) de
degréd =2n+2pour2<n<>5.

En adaptant cette technique aux dimensions supé-
rieures, nous obtenons aussi des exemples d’hypersur-
faces hyperboliques de degré d = (”TH)2 dans P"*1(C).
Dans la deuxiéme partie, nous étudions le probleme de
diminuer le niveau de troncation dans le Second Théo-
réme Principal de Cartan. Noguchi a conjecturé que dans
ce théoréme, pour une famille de 4 droites en posi-
tion générale dans P?(C), si une courbe holomorphe en-
titre f: C — P?(C) est supposée n'étre pas algébrique-
ment dégénérée, alors le niveau de troncation peut étre
abaissé a 1. En utilisation la théorie de recouvrement
d’Ahlfors pour les surfaces, nous proposons une réponse
positive dans le cas ou la courbe f est proche d'une
certaine courbe algébrique € < P2(C), au sens ol l'en-
semble d’accumulation de f(C) al'infini, le cluster set de
f .
Clu(f):= rQO(f(cr: \Ap))

est contenu dans 6.
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Abstract : Kobayashi’s conjecture asserts that a generic
hypersurface X; c P"*1(C) having degree d = 2n +1 is
complex hyperbolic, a problem that has attracted much
attention recently, also with the hope of setting up a
complete higher dimensional Nevanlinna theory.

In the first part of this thesis, our goal is to construct
examples of hyperbolic hypersurfaces in projective
spaces of degree as low as possible. First of all, taking
into account the truncation level in Cartan’s Second
Main Theorem, we establish the hyperbolicity of com-
plements of some configurations of hyperplanes with
passage points, extending a classical result of Bloch-
Fujimoto-Green. This allows us to launch a recent algo-
rithm of Duval, based on the deformation method of Zai-
denberg, on creating hyperbolic sextics in P3(C), hence
to construct families of hyperbolic hypersurfaces X; c
P"*1(C) having degree d =2n+2for2<n<5.

Adapting this technique to higher dimensional cases, we
also obtain examples of hyperbolic hypersurfaces of de-
gree d = (£2)% in P"*1(C).

In the second part, we study the problem of decreasing
the truncation level in Cartan’s Second Main Theorem.
It was conjectured by Noguchi that in this theorem, for
a family of 4 lines in general position in P?(C), if an en-
tire holomorphic curve f: C — P2(C) is assumed to be al-
gebraically nondegenerate, then the truncation level can
be decreased to 1. Using Ahlfors'theory of covering sur-
faces, we propose a positive answer in the case where the
curve f is close to some algebraic curve € < P?(C), in the
sense that the set of accumulation points of f(C) at infi-
nity, the cluster set of f

Clu(f) := VQO(M))

is contained in 6.
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