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Résumé

Les glioblastomes comptent parmi les cas les plus répandus et agressifs de tumeurs
cérébrales. Ils sont généralement traités avec une combinaison de résection chirur-
gicale, suivie de chimiothérapie et radiothérapie. Cependant, le caractère infiltrant
de la tumeur rend son traitement particulièrement délicat.

La personnalisation de modèles biophysiques permet d’automatiser la mise au
point de thérapies spécifiques au patient, en maximisant les chances de survie. Dans
cette thèse nous nous sommes attachés à élaborer des outils permettant de person-
naliser la radiothérapie des glioblastomes.

Nous avons tout d’abord étudié l’impact de la prise en compte de l’œdème va-
sogénique. Notre étude rétrospective se fonde sur une base de donnée de patients
traités avec un médicament anti-angiogénique, révélant a posteriori la présence de
l’œdème.

Ensuite, nous avons étudié le lien entre l’incertitude due à la segmentation de
la tumeur et la distribution de la dose. Pour se faire, nous avons mis au point
une méthode permettant d’échantillonner efficacement de multiples segmentations
réalistes, à partir d’une unique segmentation clinique.

De plus, nous avons personnalisé un modèle de croissance tumorale aux images
IRM de sept patients. La méthode Bayésienne adoptée permet notamment d’estimer
l’incertitude sur les paramètres personnalisés.

Finalement, nous avons montré comment cette personnalisation permet de
définir automatiquement la dose à prescrire au patient, en combinant le modèle
de croissance tumoral avec un modèle de réponse à la dose délivrée.

Les résultats prometteurs présentés ouvrent de nouvelles perspectives pour la
personnalisation de la radiothérapie des tumeurs cérébrales.

Mot clés: Imagerie médicale, modèle biophysique, personnalisation, radio-
thérapy, segmentation, incertitude
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Abstract

Glioblastomas are among the most common and aggressive primary brain tumors. It
is usually treated with a combination of surgical resection, followed with concurrent
chemo- and radiotherapy. However, the infiltrative nature of the tumor makes its
control particularly challenging.

Biophysical model personalization allows one to automatically define patient
specific therapy plans which maximize survival rates. In this thesis, we focused on
the elaboration of tools to personalize radiotherapy planning.

First, we studied the impact of taking into account the vasogenic edema into
the planning. We studied a database of patients treated with anti-angiogenic drug,
revealing a posteriori the presence of the edema.

Second, we studied the relationship between the uncertainty in the tumor seg-
mentation and dose distribution. For that, we present an approach in order to
efficiently sample multiple plausible segmentations from a single expert one.

Third, we personalized a tumor growth model to seven patients’ MR images. We
used a Bayesian approach in order to estimate the uncertainty in the personalized
parameters of the model.

Finally, we showed how combining a personalized model of tumor growth with
a dose response model could be used to automatically define patient specific dose
distribution.

The promising results of our approaches offer new perspectives for personalized
therapy planning.

Key words: Medical imaging, biophysical model, personalization, radiotherapy,
segmentation, uncertainty
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1.1 Context

The mathematical modeling of brain tumor growth has been the topic of many
studies in the last 30 years. With the most recent results came the hope that
personalizing such computational models on specific patients could help better un-
derstand the disease, predict the future behavior of the tumor, assess the impact of
therapy, and personalize therapy plans. With no less than 60, 000 patients newly
diagnosed with brain tumors each year in the United States [?], this could have
important beneficial impact [?].

With roughly 10, 000 new cases each year in the United States, glioblastoma is
the most common and aggressive sub-type of primary brain tumors. Despite the
recent advances in therapy planning, the prognosis remains very poor, with a 1 year
survival rate of 35%. The mathematical modeling of glioblastoma is made difficult by
the infiltrative nature of the disease; the relationship between the routinely acquired
Magnetic Resonance Images (MRIs) and the presence of tumor cells is not well
understood.

Radiation therapy is one of the most effective therapeutic course of action against
the progression of glioblastoma; it is proposed to every single patient. However, the
infiltrative nature of the disease, and the difficulty to analyze MRIs, make it hard
to define consistent and personalized radiotherapy plans. To try to alleviate this
issues, different guidelines have been issued by several organizations [?]. However,
most of the decision making is left at the discretion of the radiotherapist.

1.2 Objectives

In this thesis, we focus on modeling the growth of glioblastoma, the most virulent
primary brain tumor. We investigate the possibility of defining consistent, patient-
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specific radiotherapy plans based on the personalization of a tumor growth model.
The main questions we investigated are:

• What parts of the tumor is the MRI revealing ?

• How can we take into account the uncertainty in the tumor segmentation?

• Can we personalize brain tumor growth models to a patients MRI, while taking
into account the uncertainty in the parameters and the input of the model ?

• Can we use tumor growth models to automatically define consistent and per-
sonalized radiation therapy plans ?

1.3 Main Contributions and Organization of the
Manuscript

The main contributions of our work are the following:

• We present the problem of detecting the vasogenic edema, and its implication
on radiotherapy planning.

• We present a method to sample plausible segmentations from a single expert
one. This is used to assess the uncertainty in radiotherapy planning due to
the segmentation process.

• We present a method for the Bayesian personalization of a tumor growth
model. This method allows one to personalize a model to patients’ MRIs,
while providing a quantification of the uncertainty in the personalization.

• We present a method to propose automatic, consistent, and personalized ra-
diotherapy plans, which take into account the uncertainty in the parameters
of the model, as well as the uncertainty in the clinician segmentations of the
tumor.

The thesis is organized as follow:

Chapter 2 provides general information on brain tumors, and the processes
involved in tumor progression. We present the different MRI modalities which
are used to diagnose, grade, and describe brain tumors. An overview of current
therapeutic course of action is presented, with a focus on radiation therapy.

Chapter 3 presents the state-of-the-art in tumor growth modeling, and model
personalization. The emphasis is put on the presentation of the reaction-diffusion
model and its variations. The recent advances in glioblastoma modeling is presented
with the introduction of a complex multi-compartment model. We present the
different strategies that have been used in the model personalization communities,
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from direct optimization to Bayesian inference.

Chapter 4 formulates the problem of detecting the vasogenic edema of glioblas-
tomas. Distinguishing vasogenic edema from infiltrative tumor could have impact
on improving radiotherapy planning. In this chapter we study a data set of 17
glioblastoma patients treated with anti-angiogenic therapy for which a fast decrease
of T2 FLAIR hypersignal is observed, which indicates the resolution of vasogenic
edema. We investigate if multimodal MRI acquisitions including diffusion tensor
imaging can distinguish between vasogenic edema and tumor infiltration prior to
therapy. Using a random forest classifier, we show that, in this study, morphological
information based on the contrast enhanced T1 image explains up to 75% of the
extent of vasogenic edema. The information from different imaging modalities did
not significantly improve the classification. We then show that delineating the
vasogenic edema prior to therapy can have substantial impact on radiotherapy
target delineation, leading to smaller treatment volumes and reducing potentially
harmful radiation dose to normal brain tissue.

Chapter 5 presents a method to automatically produce plausible image segmen-
tation samples from a single expert segmentation. A probability distribution of
image segmentation boundaries is defined as a Gaussian process, which leads to
segmentations that are spatially coherent and consistent with the presence of
salient borders in the image. The proposed approach is computationally efficient,
and generates samples which are visually plausible. The sample variability is
mainly governed by a parameter which may be correlated with a simple DICE
score, or easily set by the user from the definition of probable regions of interest.
The method is extended to the case of several neighboring structures, but also to
account for under or over segmentation, and the presence of excluded regions. We
also detail a method to sample segmentations with more general non-stationary
covariance functions which relies on supervoxels. Furthermore, we provide some
insights on the plausibility of the generated segmentations by comparing them with
several manual clinical segmentations of a brain tumor. Finally, we show how this
approach can have useful applications in the field of uncertainty quantification of
radiotherapy planning, where segmentation sampling is applied to both the clinical
target volume and the organs at risk.

Chapter 6 presents our approach for the Bayesian personalization of a brain tumor
growth model, which is based on the reaction-diffusion equation model. Studies
suggests that the diffusion coefficient and the proliferation rate can be related
to clinically relevant information, namely the invisibility index and the speed of
growth. However, estimating the parameters of the reaction-diffusion model is
difficult because of the lack of identifiability of the parameters, the uncertainty in
the tumor segmentations, and the model approximation, which cannot perfectly
capture the complex dynamics of the tumor evolution. Our approach aims at ana-
lyzing the uncertainty in the patient specific parameters of a tumor growth model,
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by sampling from the posterior probability of the parameters knowing the magnetic
resonance images of a given patient. The estimation of the posterior probability is
based on: i) a highly parallelized implementation of the reaction-diffusion equation
using the Lattice Boltzmann Method (LBM), and ii) a high acceptance rate Monte
Carlo technique called Gaussian Process Hamiltonian Monte Carlo (GPHMC).
We compare this personalization approach with two commonly used approaches
based on the spherical asymptotic analysis of the reaction-diffusion model, and
on a derivative-free optimization algorithm. We demonstrate the performance of
the method on synthetic data, and on seven patients with a glioblastoma, the
most aggressive primary brain tumor. This Bayesian personalization produces
more informative results. In particular, it provides samples from the regions of
interest and highlights the presence of several modes for some patients. In contrast,
previous approaches based on optimization strategies fail to reveal the presence of
different modes, and correlation between parameters.

Chapter 7 combines a computational model of brain tumor growth with a dose
response model to optimize radiotherapy planning. The Bayesian personalization
of the growth model to patients’ magnetic resonance images (MRIs) takes into
account the uncertainty in the model parameters, together with the uncertainty
in the segmentations of the tumor on the different MRI modalities. We present
and compare three different scenarios. In the first one, we only consider one MRI
acquisition before therapy, as it would usually be the case in clinic. In the second
one, we use two time points in order to personalize the model and plan radiotherapy.
In the third one, we include the uncertainty in the segmentation process. Based on
those different scenarios, we proposed three principled approaches to compute the
prescription dose based on the probabilistic distribution of the tumor cell density.
First, we minimize the surviving fraction of tumor cells after irradiation in the
most probable case. Second, we minimize the expected survival fraction tumor cells
after irradiation. Third, we present an approach to correct the prescription dose
to take into account the presence of adjacent organs at risk. Finally, we present
Intensity Modulated Radiation Therapy (IMRT) of the three prescription doses.
This method allows to automatically generate prescription doses conformal to the
targeted tumor. We present the results of our approach on two patients diagnosed
with high grade glioma. We detail the results in terms of dose volume histograms
of the target volume and organs at risk.

Chapter 8 summarizes the main contributions of the thesis, and presents the
perspectives of this work.

Appendix A presents the details of the numerical discretization to implement the
complex multi-compartment model presented in Chapter 3.

Appendix B presents the details of the implementation of the Lattice Boltzmann
Method as well as some results on the precision of the algorithm.
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2.1 Biological Context

A tumor growth mathematical model is a phenomenological approximation of ex-
tremely complex biological mechanisms. Therefore, to understand the pros and cons
of the various mathematical approaches, we first provide a biological description of
the tumor growth process. The focus of this work is on modeling glioblastomas, the
most common type of brain tumors. For more detailed explanations, one can refer
to [?,?].

2.1.1 Gliomas

Contrary to metastatic tumors, which develop from one organ and spread to another,
primary brain tumors directly originate from brain cells. Over a hundred types of
primary brain tumors can be identified depending on the type of cells they come
from, their degree of malignancy, and the area of the brain they are invading [?].

Gliomas account for 30% of primary brain and central nervous system (CNS)
tumors (see Figure 2.1). The exact mechanisms at the origin of the glioma formation
are not well understood. Currently, two main theories are dominant: the mutational
theory and the cancer stem cell theory [?]. According to the mutational theory,
a cascade of mutations from glial cells leads to the uncontrolled development of
gliomas. Recently, the cancer stem cell theory has provided a new perspective
on the tumor development. Briefly, the mutation of a single stem cell may be re-
sponsible for the tumor. It leads to a population of cancer stem cells (self-renewable,
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asymmetrical division, potential for differentiation) and of tumor cells derived from
the cancer stem cells (ability to differentiate, but incapacity to initiate the tumor
growth).

In this work we will focus on modeling glioblastomas, which is a subtype of
astrocytomas. Astrocytomas represent the most common type of gliomas [?]. They
can either be low grade or high grade, and very well localized or extremely diffused.
These tumors can be described following the World Health Organization (WHO)
grade [?]:

Grade I: Pilocytic astrocytomas are well circumscribed and non-infiltrative. They
can be cured with complete surgical resection.

Grade II: Diffuse astrocytomas are relatively slow growing, usually considered be-
nign. These tumors are infiltrative and make surgery difficult, with high prob-
ability of recurrences.

Grade III: Anaplastic astrocytomas are undifferentiated and carry poor clinical
prognosis.

Grade IV: Glioblastomas multiforms (GBM) are the most common glioma - at
least 50% of the recorded cases (see Figure 2.2) and an incidence of 3.19 per
100,000 [?]. They grow extremely rapidly and extend to other parts of the
brain. This is the most malignant primary brain tumor.

Figure 2.1: Distribution of primary brain and central nervous system tumors by
histology (N = 311,202). Gliomas include astrocytoma, glioblastoma, oligoden-
droglioma, ependymoma, mixed glioma, malignant glioma, and other more rare
histologies. Picture taken from [?].
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Figure 2.2: Distribution of primary brain and central nervous system gliomas by
histology subtypes (N = 90,828). Picture taken from [?].

The first two grades are refered to as low grade while grade III and IV are
high grades. The median survival time for low grade astrocytomas is 7.5 years.
Patients with grade III astrocytoma have a median survival time of 18 months with
treatments. Individuals with GBM have a median survival time of 17 weeks without
treatment, 30 weeks with radiation, and 37 weeks with surgical removal followed by
radiation [?].

2.1.2 GBM Growth

Glioblastomas are characterized by a high heterogeneity of tumor cell population
which makes them "multiforme" (Figure 2.3). Tumor cell necrosis can be found
in the center of the tumor (Figure 2.4a) [?]. The proliferative cancerous cells are
at the periphery of the necrotic core, along with microvasculature proliferation,
called angiogenesis (Figure 2.4b). In every occurrence, tumor cells can be found
infiltrating the white matter tracts in the periphery of the tumor, in regions of the
brain parenchyma which appear normal on MRIs. Indeed, GBM is a highly diffusive
malignancy, which makes the complete surgical resection impossible.

Angiogenesis is a phenomenon specific to grade IV gliomas (Figure 2.5). This
sprouting of new blood vessels is required for the growth, progression and devel-
opment of the tumor [?]. Angiogenesis is extremely complex. It involves various
molecular signaling pathways triggered by the over-expression of angiogenic factors
or by hypoxia, the lack of oxygen. The involved events are the degradation of the
basement membrane, the proliferation and migration of endothelial cells, and the
reorganization into a functional but chaotic vascular network [?]. Briefly, a chem-
ical signal is sent by the tumor cells to the surrounding blood vessels. This signal
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consists of proteins - mainly the vascular endothelial growth factor, VEGF - which
stimulates the growth of blood vessels toward the tumor. This new vascular network
is chaotic and responsible for the disruption of the blood brain barrier.

Figure 2.3: Glioblastoma occupying a large portion of the right hemisphere. Foci
of necrosis and hemorrhage contributing to the "multiforme" appearance. Picture
from [?]

(a) (b)

Figure 2.4: a) GBM is characterized by necrosis with cells arranged around the
edge of the necrotic tissue. Hematoxylin and eosin staining. Vascular proliferation
is apparent at the top of the image. Picture from [?]. b) Complex small vasculature
(arrowheads) with numerous lumens and many nuclei within the walls. Hematoxylin
and eosin staining, ×20. Picture from [?].
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Figure 2.5: Overview of the angiogenesis process. Endothelial cells degrade the
basement membrane, proliferate and migrate following the VEGF gradient to form
a new chaotic vasculature. Picture from [?].

2.2 Treatment

Despite tremendous research efforts in the last decades, prognosis remains severely
dismal for GBM patients, with a median survival of 37 weeks under therapy. We
expose the main strategies for GBM management.

Figure 2.6: Typical therapy schedule with resection and concurrent radiation and
chemotherapy. Days after diagnosis are indicated as well as MRI acquisition visits
(thick vertical bars). The radiotherapy plan is set to 60 Gy on the clinical target
volume fractionated into 6 weeks of treatment, 2 Gy delivered per week day. The
chemotherapy is a Temozolomide cycle of around 200 mg/m2/d during a week.

Surgery: Surgery is at the core of diagnosis (biopsy) and tumor management (sub-
or gross total resection). Although biopsies are always performed to confirm
diagnosis, resection can be discarded. When the tumor has invaded eloquent
brain areas, one may advise against a craniotomy. It has been shown that gross
total resection leads to an increase in progression-free survival on a restrained
number of 416 GBM patients [?]. A craniotomy helps decrease the tumor
burden, the mass effect, and the requirement for steroids [?] (see Figure 2.7).
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(a) T2-FLAIR at diagnosis (b) T2-FLAIR after resection

Figure 2.7: T2-FLAIR images showing the resection of the tumor between the
diagnostic (Figure 2.7a) and the follow-up image (Figure 2.7b) after 15 days

Radiotherapy: This is usually the second step of treatment. Photons or charged
particles (e.g. protons, electrons, ions,...) are delivered to the tumor to kill
the malignant cells left after surgery. In the case of glioblastoma, the clinical
standard is photon external beam radiotherapy (see the operating room on
Figure 2.8). The dose is delivered using an external source of radiation, a linear
accelerator (LINAC) in the case of photon therapy. A clinical target volume is
defined based on the gross tumor volume observable on the different magnetic
resonance image modalities. 60 Gy (joule per kilogram) are delivered to the
clinical target volume in fractions of 2 Gy per week day over 6 weeks. The
benefit of radiotherapy for the management of malignant gliomas is strongly
supported by several clinical trials [?,?,?]. Since radiotherapy planning is at
the core of this work, more detailed explanations will be provided in Section
2.4.

Figure 2.8: Gantry and patient’s couch for photon therapy. Picture from [?].

Chemotherapy: Chemotherapy agents kill highly mitotic cells, one of the key char-



2.2. Treatment 11

acteristics of tumor cells. Several studies showed a significant improvement
of combined chemotherapy and radiotherapy followed by chemotherapy only
when compared to radiotherapy alone [?,?]. The most widely used chemother-
apy agent is Temozolomide (TMZ). TMZ is first administered during radio-
therapy (75 mg/m2/d 7 days per week during 6 weeks) followed by a TMZ
monotherapy (200 mg/m2/d 5 days per week every 28 days).

Anti-angiogenic therapy: Bevacizumab is a molecular therapy targeting the an-
giogenesis process. It blocks the molecular pathways triggered by brain tumor
to force the sprouting fo new blood vessels. Although the advantage of us-
ing Bevacizumab alone is not clear, a clear response from GBM patients has
been observed [?] (see a representative patient on Figure 2.9). When effective,
the therapy normalizes the newly formed blood vessels and leads to a large
resolution of the edema.

(a) (b)

Figure 2.9: T2-FLAIR images before (Figure 2.9a) and after 50 days of an-
tiangiogenic therapy (Figure 2.9b) .

Those procedures are the mainstream therapeutic acts to control tumor growth.
However, none of them are entirely satisfying. It is known that the surgical removal
of the tumor never allows for an entire extraction of tumor cells, due to their diffusion
ability. Furthermore, some tumor cells are radioresistant and will not be affected
by the radiotherapy. Finally, chemotherapy is an extremely severe therapy with
numerous side effects (depression of the immune system, fatigue,...). Other types of
therapies are being investigated. They mainly focus on finding the correct schedule
for the different types of existing therapies, or on blocking the molecular pathways
of the brain tumor progression.
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2.3 Glioblastoma Imaging

(a) T1 (b) T1Gd (c) T2

(d) T2-FLAIR (e) ADC (f) FA

(g) CBV

Figure 2.10: MRI sequences used for diagnosis and treatment planning co-registered
for one representative GBM patient. 2.10a: T1, 2.10b: T1 with contrast agent
(Gadolinium), 2.10c: T2, 2.10d: T2 Fluid Attenuation Inversion Recovery (FLAIR),
2.10e: Average Diffusion Coefficient (ADC), 2.10f: Fractional Anisotropy (FA),
2.10g: Cerebral Blood Volume (CBV),
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Although biopsy is the most reliable diagnosis tool, magnetic resonance images
(MRI) play a great role in the understanding of brain tumors. Macroscopic features
visible on the different sequences of MRI allow the grading, as well as the schedul-
ing of therapy. The main imaging sequences which are routinely acquired will be
presented. For further details on the physics behind the MRI, one can refer to [?].

The most common MRI sequences are T1 (Figure 2.10c) and T2 (Figure 2.10a)
weighted images. The GBM abnormality appears hypo-intense on T1 weighted im-
ages, and hyper-intense on T2 weighted images (Figure 2.11). Gadolinium contrast
agent can be administered to the patient in order to acquire T1 with contrast agent
weighted images (T1Gd on Figure 2.10b). This sequence reveals the hyper-intense
vasculature of the tumor while the rest of the tumor is hypo-intense. T2 weighted
FLAIR images (T2-FLAIR on Figure 2.10d) stands for Fluid Attenuation Inversion
Recovery T2 images. It is similar to T2 images but with a better contrast due to
the attenuation of the signal coming from the cerebro-spinal fluid (CSF) which then
appears hypo-intense.

For diagnosis and therapy planning, the usual delineated structures of the tu-
mor are the necrotic core, the proliferative rim and the edema. The necrotic core
and the proliferative rim are visible on the T1Gd MRI (Figure 2.12a). On the T2
FLAIR (Figure 2.12b), one can delineate the edema of the tumor. The Computa-
tional Tomography (CT) image is also usually acquired (Figure 2.14e middle). It is
particularly useful since the Hounsfield unit of the CT are related to the electron
density which is used for radiotherapy dose calculations.

Figure 2.11: Table of contrast for the healthy (cerebrospinal fluid, white matter,
gray matter) and cancerous (necrotic core, proliverative rim, edema) tissue. This
schematic view shows the specificity of the four main MRI sequences with 4 contrast
levels from hypo-intense (black) to hyper-intense (white).
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(a) T1 with contrast agent (b) T2 FLAIR

Figure 2.12: For therapy and diagnosis, the structures of the tumors are delineated.
2.12a: The necrotic core (green) and the proliferative rim (orange) are most visible
on the T1Gd. 2.12b: The edema red is most visible on the T2 FLAIR.

(a) FA axial slice (b) FA coronal slice (c) FA sagittal slice

Figure 2.13: FA maps on the three classic orientation. The color code corresponds
to the direction of the principal component of the diffusion tensor: green in the x
direction, red in the y direction and blue in the z direction.

Other sequences are routinely used. We can notably mention scalar maps coming
from diffusion tensor images. The average diffusion coefficient (ADC on Figure
2.10e) shows the areas of high diffusion as hyper-intense. It is considered as a
surrogate for cellular density: high ADC values (hyper-intense) correspond to low
cellular density. The fractional anisotropy (FA on Figure 2.10f) reveals area of
high anisotropy as hyper-intense. It is often anti-correlated to the ADC: high ADC
values result in low FA values. The DTI information also gives information about
the direction of the white matter fiber tracts. On Figure 2.13, one can see the
FA maps on the three different orientation color coded with the orientation of the
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principal component of the diffusion tensor.
Finally, advanced imaging techniques can also be used such as perfusion images

which reveal cerebral blood volume maps (CBV on Figure 2.10g), Positron Emission
Tomography (PET) images which shows metabolic information about the tumor, or
MR spectroscopy which reveals the coarse density of different metabolites.

2.4 Radiotherapy Planning

Radiotherapy is a milestone of glioblastoma management. It was shown that con-
current radiation and chemotherapy significantly improved median survival [?]. As
mentioned in Section 2.2, the usual standard of care for glioblastoma is photon ex-
ternal beam radiotherapy. We describe in more detail how MR images are used to
plan the dose distribution that is delivered to the patient. Even though the practice
vary among centers, we base our presentation on [?] which is a consensus of the
guidelines provided by the European Organization for Research and Treatment of
Cancer (EORTC) and the Radiation Therapy Oncology Group (RTOG). We can
note that, among other things, how the visible T2-FLAIR abnormality should be
taken into account, or how the infiltration margins should be designed, is left at the
discretion of the clinician.

The radiotherapy plan is based on the gross tumor volume (GTV) and the clinical
target volume (CTV). The GTV can be defined as the union of the abnormality
seen on the T1Gd MRI (necrotic core plus proliferative rim on Figure 2.14a) and
(potentially) the abnormality seen on the T2 FLAIR MRI (edema on Figure 2.14b).
The CTV is a 1-3 cm isotropic expansion of the GTV, trimmed by the clinician to
take into account the natural boundary of the tumor progression (ventricles, falx
cerebri, ...). It is advised to deliver 60 Gy in 2-Gy fractions every week day during
6 weeks. Alternative plans can define the GTV based on the T1Gd abnormality
only, or target a boost volume based on the T1Gd with 60 Gy, while the T2 FLAIR
abnormality plus a margin will be targeted with 46 Gy.

The radiotherapy plan is computed on the CT scan (Figure 2.14c) acquired
after surgery. Indeed, the Hounsfield unit can be related to the radiation absorption
capacity of the tissues. Once the CTV has been defined, the delivered dose is
optimized using a certain number of beam angles (often 9) in order to target the
tumor while sparing the critical structures of the brain: brainstem, chiasm, eyes,
optic nerves (Figure 2.14d). Other organs at risk can be defined depending on
the location of the tumor, such as the cochlea. The output of this optimization is
the dose delivered at each beam angle (fluence map) as well as the resulting dose
distribution that will be delivered to the patient (Figure 2.14e).



16 Chapter 2. Glioblastoma: Imaging and Therapy

(a) T1Gd (b) T2 FLAIR

(c) CT (d) Structures to spare

(e) Dose distribution in Gray

Figure 2.14: The pre-operative T1Gd (2.14a) and T2 FLAIR (2.14b) are used to
define the GTV. The CTV (2.14c) and the resulting dose distribution (in Gray)
(2.14e) are defined on the CT image. (2.14d) Important structures that the radiation
should spare outlined on a CT slice: eyes (red), optic nerves (blue), lacrimal glands
(green), chiasm (yellow) and brainstem (pink).
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3.1 Tumor Growth Models - State-of-the-Art

Clinical studies, petri dish experiments, describing complex phenomena with equa-
tions, implementing mathematical models... The area of research dedicated to the
modeling of tumor growth is vast! In this part, we focus on the long lasting work of
describing the complex behavior of brain tumors using mathematical formulation:
the so-called mathematical modeling of brain tumor growth. The variety of models
which have been developed can be classified into three main categories:

• Microscopic models describe the evolution of individual cells based on divi-
sion and invasion rules [?].

• Homogeneous Macroscopic models describe the temporal evolution of a
scalar associated with the tumor progression using a single or coupled ordinary
differential equations. Models usually focus on describing the evolution of the
volume or the mass of the tumor [?].

• Spatial Macroscopic models describe the spatio-temporal evolution of a
tumor cell density in the domain of interest, based on a single or coupled
partial differential equations [?].
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The variety of tumor growth models have been extensively described in different
books [?,?] or review papers [?,?]. The rest of this section will focus on describing
the state-of-the-art for macroscopic models based on reaction-diffusion equations.
The interesting features of the model will be described, as well as an example of a
complex multi-compartment model involving coupled partial differential equations.

3.1.1 Reaction-Diffusion Models

Spatial macroscopic models rely on single or coupled partial differential equation to
describe the proliferation and invasion of the tumor cell density in the brain domain.
The vast majority of these models are based on the reaction-diffusion equation,

∂u

∂t
= ∇(D.∇u)︸ ︷︷ ︸

Diffusion

+ f(u)︸︷︷︸
Reaction

(3.1)

D∇u.−→n ∂Ω = 0 (3.2)

Equation (3.1) describes the spatio-temporal evolution of the tumor cell density
u, which infiltrates neighboring tissues with a diffusion tensor D, and proliferates
according to the law defined with f(.). Equation (3.2) enforces Neumann boundary
conditions on the brain domain Ω.

In 1989, Murray et al. [?] pioneered on the use of mathematics applied to brain
tumor growth, using the reaction-diffusion equation with an exponential growth.
Assuming an isotropic diffusion in an infinite domain, he relates the velocity v of the
tumor growth to the proliferation rate ρ and the diffusion coefficient D, v = 2

√
ρD.

This work has lead the way to numerous other studies [?,?,?].
Improving the computational efficiency of tumor growth models has been the

topic of several studies. In 2010, Konukoglu et al. [?] introduced an approximation
of the asymptotic solution of the reaction-diffusion equation based on an Eikonal
equation, which can be solved with a Fast Marching algorithm, resulting in drasti-
cally reduced computation times. In 2012, Mosayebi et al. [?] introduced a similar
method to compute the tumor invasion in the brain parenchyma based on a geodesic
distance computed from DTI information.

The mass effect applied by the tumor to the surrounding tissues has been mod-
eled in 2005 by Clatz et al. [?]. They coupled the reaction-diffusion equation with
a mechanical model, to take into account the mass effect, i.e. the displacement of
adjacent brain tissue due to the growing tumor. They relate the diffusion tensor
D to the Diffusion Tensor Images (DTI), thus forcing the tumor cells to preferably
follow the white matter fiber tracts, much like the work of Jbabdi et al. [?]. In
2008, Hogea et al. [?] proposed another approach to include mass effect, using a
reaction-diffusion-advection model coupled with a Eulerian mechanical framework.

Finally, research efforts recently targeted the development of more complex mod-
els. In 2011, Swanson et al. [?] developed a model dividing the tumor cells into
sub-categories: the proliferative, the invasive and the hypoxic cells. This type of
complex models has been further developed by Saut et al. [?] in 2014, in which they
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developed a coupled PDE-based model to simulate the growth of high grade gliomas
seeded in real images. Finally, the models were extended to take into account the
apparition of edema during the growth [?,?].

3.1.2 Effect of Therapy

Using the reaction-diffusion model, the effect of therapy can be included using an
additional term,

∂u

∂t
= ∇(D.∇u)︸ ︷︷ ︸

Diffusion

+ f(u)︸︷︷︸
Reaction

− g(u)︸︷︷︸
Therapy

(3.3)

where g(u) is a death term describing the death of tumor cells due to the therapy.
This type of models have been used by Tracqui et al. to model the effect of

chemotherapy [?]. It has also been used to model and optimize the radiation dose
delivered to the patient [?, ?, ?, ?]. The effect of resection has been studied using
the reaction-diffusion model by removing tumor cells from the resected area [?,
?]. The impact of anti-angiogenic therapy has been modeled using complex multi-
compartment models [?, ?, ?]. More recently, [?] studied the impact of different
therapies targeting angiogenesis, tumor replication rates, or motility on so called
"computational trials" based on a complex model of brain tumor growth.

3.1.3 Reaction-Diffusion Equation

In this section, we describe in more details the interesting features of the reaction-
diffusion equation for the modeling of brain tumor growth. We consider the equation
with a logistic growth term with a net proliferation rate ρ, and Neumann boundary
conditions on the brain domain Ω,

∂u

∂t
= ∇(D.∇u)︸ ︷︷ ︸

Diffusion

+ ρu(1− u)︸ ︷︷ ︸
Logistic Proliferation

(3.4)

D∇u.−→n ∂Ω = 0 (3.5)

Because of the logistic reaction term, equation (3.4) does not have a closed
form solution. However, in an infinite domain, with constant proliferation rate and
diffusion coefficient, equation (3.5) admits solutions which asymptotically behave
like traveling waves with speed v = 2

√
ρD [?]. This solution has the asymptotic

form u(x, t) = u(x−vt) = u(ζ). Plugging it into equation (3.4), we get the ordinary
differential equation

n′Dn
d2u

dζ2
+ v

du

dζ
+ ρu(1− u) = 0 (3.6)

where n is the direction of motion in the infinite domain. Moreover, linearizing
equation (3.6) for small u << 1, meaning that u(1−u) ∼ u, we get the second order
linear equation
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n′Dn
d2u

dζ2
+ v

du

dζ
+ ρu = 0 (3.7)

which admits solutions of the form u(ζ) = (Aζ + B) exp(−x/λ) with A,B two
constants, and λ =

√
D/ρ. This equation shows that the parameter λ is of particular

importance: it is related to the spatial decay of the tumor cell density, and it is
referred to as the invisibility index [?].

Figure 3.1: 3D simulation of a tumor growth using the reaction-diffusion model with
logistic growth in the MNI brain atlas. The tumor cell density is overlaid on the
atlas with a segmentation of the white matter (white) and gray matter (gray).

Figure 3.2 presents different solutions of the 1D reaction-diffusion model with
different invisibility indexes λ =

√
D/ρ and same speed v = 2

√
Dρ. The slope

of the propagating front is correlated with the invisibility index: the greater the
invisibility index, the lower the slope, which also models a greater infiltration of
the tumor in the neighboring tissues. Figure 3.3 presents different solutions with
different speeds and same invisibility index. We show on Figure 3.1 the 3D evolution
of a tumor on a brain atlas. The diffusion is lower in the white matter than in the
gray matter. We see that this model automatically takes into account the boundaries
of the tumor progression (ventricles, falx cerebri), and the privileged pathways of
the tumor progression (falx cerebri). Finally, note that the solution of the reaction-
diffusion equation provides a tumor cell density over the whole domain. Clinically,
we observe abnormalities on acquired MRIs. A usual assumption is to relate the
visible abnormalities to threshold of tumor cell density (Figure 3.4). As such, the
T2-FLAIR abnormality which is larger than the T1Gd abnormality is often related
to a threshold τ2 larger than the threshold τ1 used for the T1Gd abnormality.
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Figure 3.2: 1D simulations of the reaction-diffusion model with a logistic growth.
The simulations present different invisibility indexes λ =

√
D/ρ and same speed

v = 2
√
Dρ.

Figure 3.3: 1D simulations of the reaction-diffusion model with a logistic growth.
The simulations present different speeds v = 2

√
Dρ and same invisibility index

λ =
√
D/ρ.
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Figure 3.4: Graphic explaining the usual hypothesis which relates a virtual tumor
cell density (thick gray line) to the abnormalities observed on the T1Gd and T2-
FLAIR abnormalities.

3.1.4 Multi-Compartment Models

We provide in this section an example of a complex multi-compartment tumor
growth model based on coupled reaction-diffusion equations. It is loosely based
on [?, ?]. The heterogeneous evolution of glioblastoma growth is modeled using
different types of cells:

• Proliferative cells abnormaly divide in the brain with a proliferation rate ρ,
and diffuse very slowly with a diffusion tensor DP .

• Quiescent cells diffuse more rapidly in the brain with a diffusion coefficient
DQ.

• Necrotic cells result from the death of proliferative and quiescent cells. They
neither diffuse nor proliferate.

This behavior is following the go-or-grow hypothesis: tumor cells either proliferate
or diffuse depending on local environmental factors. In this case, the transition
between proliferative, quiescent, and necrotic cells is govern by the local vasculature,
which is modeled with a nutrient concentration. The appearance of nutrients is
triggered by the proliferative cells: this models the creation of new bloods vessels
by the tumor called the angiogenesis. Nutrients disappear in the necrotic core. The
equations of the model are presented on Table 3.1. One can note that the diffusion
of the proliferative and quiescent cells is weighted by the complementary of the total
amount of cells. This is to avoid diffusion of a specific type of cell in a region of the
brain already saturated with another type of cells. The transitions from one type
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of cell to the other is governed by a parameter λ∗→∗ which is proportional to the
local nutrient concentration V . To model the lesser infiltration in the gray matter
compared to the white matter, the diffusion of tumor cells is set 100 times lower in
gray matter. This model was implemented using an implicit Crank-Nicolson scheme
described in Appendix A. A simulation using this growth model is shown on Figures
3.5, 3.6, 3.7. The parameters used for this simulation are on Table 3.2. One can
note the appearance of a proliferative rim, along with an increase concentration
of nutrients which models the neo-vasculature created by the tumor during the
angiogenic phase. At the later stage of the growth, a necrotic core appears at the
center of the tumor.

Most of the complex models found in the literature are variations of the pre-
sented model. Some put more emphasis on the creation of the neo-vasculature by
describing the signaling pathways involved in this process [?], some models refine
the displacement of tumor cells using advection terms [?]. These models present
a large number of parameters - 9 in the presented case - which make their study
difficult. Moreover, this model requires the initialization of each type of cells and
environmental factors, which is complicated and has a direct impact on the simula-
tion. However, there is hope that this type of model can be better suited to take into
account the information coming from more recent MRI modalities such as perfusion
images, PET images, spectroscopic MRI,...

Figure 3.5: Axial slice for the multi-compartment model simulation
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Figure 3.6: Coronal slice for the multi-compartment model simulation

Figure 3.7: Sagittal slice for the multi-compartment model simulation
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Cells Equations

∂P
∂t = ∇. (DP (1− T )∇P )︸ ︷︷ ︸

Diffusion

+ ρP (1− T )︸ ︷︷ ︸
Proliferation

−λP→QP − λP→NP + λQ→PQ︸ ︷︷ ︸
Transitions

∂Q
∂t = ∇. (DQ (1− T )∇Q)︸ ︷︷ ︸

Diffusion

−λQ→PQ− λQ→NQ+ λP→QP︸ ︷︷ ︸
Transitions

∂N
∂t = λP→NP + λQ→NQ︸ ︷︷ ︸

Transitions

where T = P +Q+N is the total amount of tumor cells.

Environmental Equations

∂V
∂t = αP (1− V )︸ ︷︷ ︸

Angiogenesis

−βNV︸ ︷︷ ︸
Degradation

Transitions

λP→Q = γP→Q(1− V )

λP→N = γP→N (1− V )

λQ→P = γQ→PV

λQ→N = γQ→N (1− V )

where γA→B is the transition factor between cells A and cells B.

Table 3.1: Equations of the complex multi-compartment model of brain tumor
growth.
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ρ (days−1) 0.03
DP (mm2.days−1) 0.001
DQ (mm2.days−1) 0.1
γP→Q (days−1) 0.005
γP→N (days−1) 0.003
γQ→P (days−1) 0.001
γQ→N (days−1) 0.001
α (days−1) 2
β (days−1) 9

Table 3.2: Parameters used for the simulation of the multi-compartment model.

3.2 Personalization - State-of-the-Art

The personalization of a tumor growth model is the problem of fitting a specific
model the the data of a specific individual. In computational biology, the person-
alization can be decomposed into two main parts. The first one is the anatomical
personalization: the model should be computed in the unique anatomy of the con-
sidered subject. The second one is the inverse problem: the free parameters of
the mathematical model should be set so as to reflect the behavior of the observed
pathology.

3.2.1 Anatomical Personalization

In MRI based models such as the ones considered in this thesis, the anatomical per-
sonalization corresponds mainly to the processing of the images in order to extract
the information relevant to the modeling. For brain tumor growth models, we are
interested in

• The segmentation of the white and gray matter: the tumor cells diffuse more
rapidly in the white matter, and this can be taken into account by setting a
larger diffusion coefficient in the white matter than in the gray matter.

• The segmentation of cerebrospinal fluid (CSF): glioma cells do not invade the
CSF. This has to be taken into account by the accurate segmentation of the
ventricles and the falx cerebri.

• The segmentation of the structures of the tumor such as the necrotic core, the
proliferative rim, and the edema. This information is crucial to compare the
model with the MRIs.

The literature on segmentation of medical images is extremely vast, and will not
be reviewed here. In this thesis, we mainly relied on the state-of-the-art segmenta-
tion software FSL [?] which allows to: extract the skull from the images, segment
the white matter, gray matter and CSF. The method is based on an expectation-
maximization algorithm with a hidden markov random field to regulate spatial
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smoothness. For the segmentation of the structures of the tumor, we relied on
manual clinician segmentations. Note that there is a growing community interested
in automatically segmenting the tumor; see [?] for a review of the state-of-the-art.
Figure 3.8 shows the segmentation of the structures of interest for a specific patient.

Figure 3.8: From top to bottom and left to right: T2-FLAIR MRI, extraction of
the brain, clinician segmentations of the edema and core of the tumor, probabilistic
segmentation of the white matter, gray matter and CSF.

3.2.2 Inverse Problem

Finding the best parameters to model the dynamics of a specific tumor is called the
inverse problem. In the case of the reaction-diffusion model with logistic prolifer-
ation, it corresponds to finding the diffusion parameter D, proliferation parameter
ρ, and initialization, which best fit the data of a given patient. In the specific
case of glioma growth, most methods rely on comparing the model output with the
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abnormalities visible on Magnetic Resonance Images (MRIs) at two different time
points.

A common approach to personalize reaction-diffusion equations is based on the
observation that they admit wave-like solutions whose parameters can be related
to the volume of the abnormalities observed on MRIs. In 2007, Harpold et al. [?]
described the personalization of a glioma growth model using the reaction-diffusion
equation with an exponential growth.

Another popular approach relies on solving the inverse problem using an opti-
mization strategy. Hogea et al. [?] formulated a PDE-constrained optimization prob-
lem to estimate the parameters of the model based on image registration. Konukoglu
et al. [?] used the derivative-free optimization algorithm BOBYQA (for bounded op-
timization by quadratic approximation) [?] to minimize the distance between the
tumor segmentations observed on the MRI, and the output of the model.

Finally, probabilistic approaches recently gained interest to solve complex inverse
problems. Menze et al. [?] was among the first to propose a Bayesian formulation
for brain tumor growth personalization, based on the approximation of the posterior
using sparse grids. In 2012, Gooya et al. [?] proposed a method for the segmentation
and registration of MRIs presenting glioblastoma based on the personalization of
a reaction-diffusion-advection model using a single time point acquisition. It is
interesting to note that Bayesian formulations have been used for a few years in the
field of cardiac modeling [?,?]. However, the methods usually rely on approximations
of the forward model using reduced order model, such as the polynomial chaos, to
make the estimation of the posterior using Markov Chain Monte Carlo (MCMC)
computationally tractable.
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Glioblastoma (GBM) is the most common type of primary brain tumor,
which is characterized by an infiltrative growth pattern. In current prac-
tice, radiotherapy planning is primarily based upon T2 FLAIR MRI de-
spite its known lack of specificity in the detection of tumor infiltration.
While hyperintensity on T2 FLAIR is widely considered to represent infil-
trative tumor, it may also be caused by the presence of vasogenic edema
(VE), caused by a leakage of fluid into the brain parenchyma. Distin-
guishing VE from infiltrative tumor could have impact on improving ra-
diotherapy planning. In this chapter we study a data set of 17 GBM
patients treated with anti-angiogenic therapy for which a fast decrease
of T2 FLAIR hypersignal is observed, which indicates the resolution of
VE. We investigate if multimodal MRI acquisitions including diffusion
tensor imaging can distinguish between VE and tumor infiltration prior
to therapy. Using a random forest classifier, we show that, in this study,
morphological information based on the contrast enhanced T1 image ex-
plains up to 75% of the extent of VE. The information from different
imaging modalities did not significantly improve the classification. We
then show that delineating the VE prior to therapy can have substantial
impact on radiotherapy target delineation, leading to smaller treatment
volumes and reducing potentially harmful radiation dose to normal brain
tissue.
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Figure 4.1: Response to anti-angiogenic therapy for two patients. The smallest
T2-FLAIR abnormality (middle) can be observed 42 days after the beginning of
therapy for the first patient (first row) and 100 days for the second patient(second
row). The VE corresponds to the responsive voxels (blue). The non responsive
voxels are tumor related (red).

4.1 Introduction

Glioblastoma (GBM) is an infiltrative brain tumor whose cells invade the adjacent
brain tissue which is only partially revealed by MRI [?]. Furthermore, the signal
abnormality on T2-FLAIR and contrast enhanced T1 (T1Gd) images is only a sur-
rogate for tumor invaded tissue but not per se indicative of the presence of tumor
cells. Indeed, the T2-FLAIR abnormality is a signal resulting from the combination
of the bulk of the tumor, tumor cell infiltration, and vasogenic edema (VE) [?]. VE
represents an increase in water content in the brain parenchyma, which is a conse-
quence of the disruption of the blood brain barrier. Despite its unspecific nature, for
lack of a more accurate tumor infiltration surrogate, clinicians use the T2-FLAIR
abnormality to define the treatment volume for radiotherapy. Therefore, discarding
VE from the T2-FLAIR abnormality could possibly result in a better surrogate for
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GBM cell infiltration and, as such, provide a better guide for radiotherapy planning
by eliminating targeting of radiation to neighboring regions of normal uninvolved
brain and other healthy tissues.

There has been a body of work on characterizing peritumoral edema through
different imaging modalities including MRI and PET. For example, it has been
investigated whether measures derived from diffusion tensor imaging (DTI) can dis-
tinguish between meningiomas and gliomas. The edema surrounding meningiomas
is considered to be purely vasogenic while the edema surrounding gliomas is partly
infiltrative tumor. It has been suggested that the relationship between the mean
diffusivity (MD) and the fractional anisotropy (FA) can help distinguish between the
two [?]. Axial and radial diffusivity (AD and RD respectively) were subsequently
shown to be alternative markers [?]. At the same time, PET imaging using FDG or
amino acid tracers proved to be quite successful in discriminating between menin-
giomas and gliomas [?]. In such diagnostic applications, the images as a whole are
used for tumor classification or staging. However, for radiotherapy planning, the dif-
ficulty consists in locally delineating VE from tumor infiltration. To our knowledge,
this is the first reported study with this aim.

A fundamental problem in this context is the definition of the VE ground truth.
To this end, we use the response of the edema to anti-angiogenic therapy in a dataset
containing 17 patients. The treatment is assumed to normalize blood vessels in the
tumor, thereby restoring the blood brain barrier. As a consequence, this leads to the
resolution of VE within a few weeks of treatment. Residual hyperintensity on T2-
FLAIR is assumed to represent infiltrative tumor. The alternative to reliably define
the ground truth would be to perform several biopsies, which would be invasive and
impractical.

Based on multimodal imaging and the delineation of VE, feature selection and
classification are performed to locally distinguish between VE and infiltrative tu-
mor prior to therapy. More precisely, we consider the following features: standard
MRI, morphological information (distance from the abnormalities), and DTI based
information. We show that, within the approach taken in this work, morphological
information is the most important input to define the VE. Surprisingly, DTI based
features did not refine the classification. Finally, we show how a segmentation of
the VE prior to therapy can change the radiotherapy plan: being able to detect VE
prior to therapy leads to smaller treatment volumes and reduce potentially harmful
radiation dose to normal brain tissue.

4.2 Material and Methods

Database. 40 patients were treated with the anti-angiogenic drug cediranib. Out
of those 40, 17 were considered as responsive patients, i.e. the T2-FLAIR abnor-
mality significantly shrinks during the early course of treatment. The remaining 23
patients were excluded because they appeared to not respond to the therapy. Figure
4.1 shows two responsive patients. The patient in the upper row shows extended
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edema surrounding the gross tumor which is almost completely resolved within 6
weeks. The patient in the bottom row shows both persistent hyperintensity (in the
contralateral hemisphere) and resolved VE anterior to the gross tumor. For each
patient, we have access to 5 structural images (T1, T1Gd, T1Gd High Resolution
(T1 HR), T2, T2-FLAIR); in addition DTI was available from which we derived 4
images (FA, ADC, axial diffusivity (AD) and radial diffusivity (RD)) (Figure 4.3).

Pre-processing of the data. Each patient went through the following pipeline:
bias field correction, rigid registration of the images on the pre-treatment T1Gd
MRI, extraction of the brain and segmentation of the white matter, gray matter
and cerebrospinal fluid. Structural images were normalized such that each modality
has the same manually fixed mean intensity in the white matter tissue across
patients.

Definition of the ground truth. For each patient and for each acquisition,
the T2-FLAIR and T1Gd abnormalities were manually segmented by clinicians.
The imaging time points corresponding to the largest and smallest T2-FLAIR
abnormalities were used to define the VE. The T1Gd abnormality was excluded
from these volumes. VE was defined as the voxels included in the largest T2-FLAIR
abnormality but not in the smallest T2-FLAIR abnormality. Accordingly, the class
of non responsive voxels was defined as all voxels that are within the T2-FLAIR
abnormality at both time points. (Figure 4.1).

Figure 4.2: The distribution of responsive (blue) and non responsive (red) voxels
among the 17 selected patients
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Feature Definition. For each voxel, we define 56 features. We use two morpholog-
ical features which are defined as the logit function of the signed distance from the
pre-treatment T2-FLAIR and T1Gd abnormalities (log-odds map) [?]. In addition,
we use 5 structural images (T1, T1Gd, T1 HR, T2, T2-FLAIR) and 4 DTI based
images (FA, MD, RD, AD). For each of these 9 images, we derive 6 features: the
image intensity, two Gaussian convolutions at two different scales as well as the frac-
tional anisotropy, the mean diffusivity and the determinant of the structure tensor
of the original image.
Experiments. We want to analyze the performance of a classification algorithm
in three different conditions: using all the features, using only morphological
information, and using only DTI based information. For these three experiments,
a random forest (RF) classifier [?] was used for the final classification. The design
of the experiments differs in the feature selection prior to training the RF:

Experiment 1. An l1-penalized support vector machine (l1-SVM) was trained
on a small bootstrapped training sample for a repeated number of times using the
56 features. The features that were selected by the l1-SVM at every iteration were
used for the classification. The regularization term of the l1-SVM was set such that
10 features were selected in the end.

Experiment 2. We restricted ourselves to using only the morphological infor-
mation, i.e. the 2 log-odds based features. In order to compare the results with
the first experiment (i.e. consider a set of 10 features for the subsequent random
forest classifier), 8 among the 54 remaining features were randomly selected. Those
features were then randomized: for each feature, we randomly permuted the value
of this feature among the different samples. This means that those features do not
contain any information anymore: the predictive power of the subsequent random
forest will be due to the morphological information.

Experiment 3. The 24 different DTI based features were used.

The training data set is imbalanced as 80% of voxels belong to the VE class,
while 20% are non responsive (Figure 4.2). We drew an equal number of samples
from each class to re-balance the data set for the l1-SVM. For the RF, the minority
class (non responsive voxels) was oversampled using bootstrap while keeping the
dominant class untouched. This ensures that the classification error do not lean
toward the minority class [?]. For each experiment, a leave-one-out approach was
used by running the experiments 17 times, each time leaving one patient out of the
training set.

Radiotherapy planning. We compare the radiotherapy plan based on the initial
T2-FLAIR image with the plan that discards VE from the tumor delineation. 9
equally spaced coplanar photon beams were used to compute the plans for intensity
modulated radiotherapy (IMRT). Dose calculation was performed with CERR [?],
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Figure 4.3: Example of some of the features used. From left to right, top to bottom:
T2 MRI, T2-FLAIR MRI, T1 MRI, T1 with gadolinium contrast agent MRI, high
resolution T1 with gadolinium contrast agent, Fractional Anisotropy, Mean Diffu-
sivity, Radial Diffusivity, Axial Diffusivity, Fractional Anisotropy of the structure
tensor of the T2-FLAIR MRI, Mean Diffusivity of the structure tensor of the T2-
FLAIR MRI, Determinant of the structure tensor of the T2-FLAIR MRI, LogOdds
of the T1Gd abnormality, LogOdds of the T2-FLAIR abnormality.
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and an L-BFGS quasi-newton method was used to optimized the IMRT treatment
plans [?].

4.3 Results

4.3.1 Comparison between the Three Experiments

ROC curves were computed by changing the voting threshold of the prediction out-
put of the RF. The areas under the curve were then averaged over all the iterations
of the leave-one-out process (Figure 4.4). The training set corresponds to 16 patients
while the testing set is the left out patient. When considering the training set, the
first experiment yields the best results since it involves all features. However, on the
testing set, experiment 2 yields comparable results with an AUC of 0.75, compared
to an AUC of 0.77 for experiment 1. The third experiment involving only DTI based
features yields the worst results with an AUC of 0.68 and 0.54 for the training and
testing sets, respectively.

Figure 4.4: Area under the ROC curve for the three different experiments for the
training and testing sets.

Figure 4.5: Feature importance measured as the mean decrease impurity of the RF
for all the features (left) and only the morphological features (right).

The morphological information based on the log-odds features gives results com-
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parable to using all 56 features defined via multimodal MRI images. This is sup-
ported through Figure 4.5 which shows the feature importance for the RF training
as the mean decrease impurity [?] at each node for experiment 1 and 2. It appears
that, regardless of using all the features, the log-odds are largely dominant. More
specifically, the distance from the T1Gd abnormality seems to be the single best
feature to segment the VE.

Figure 4.6: Distribution of the DICE coefficient for the four final VE segmentations.

To obtain a final segmentation, the threshold for the RF is selected by imposing
a cost of 2 for predicting tumor infiltration as VE and a cost of 1 for predicting VE as
tumor infiltration was set. This reflects the idea that the radiotherapy target should
be conservative and enclose all the tumor infiltration. DICE coefficient between RF
segmentations and ground truth were calculated (Figure 4.6). This confirms the
previous findings that DTI alone yields poor results with a mean DICE of 0.48.
Using the RF with all features gives similar results to using solely the morphological
features (mean DICE of 0.63 and 0.64).

For comparison, we analyzed how well the distance from the T1Gd abnormality
alone could be used to delineate the VE. To that end, we computed the median dis-
tance that encloses 90% of the persistent T2-FLAIR abnormality, which yields 4.8
mm for this subset of patients. VE was then defined as the voxels in the T2-FLAIR
abnormality that are further than 4.8 mm away from the T1Gd abnormality. The
mean DICE coefficient for this segmentation is 0.75, i.e. it outperforms the RF (Fig-
ure 4.6). Figure 4.7 shows the segmentation of the RF using all the features, and
the segmentation based on the distance from the T1Gd abnormality for one of the
patients. Using the distance from the T1Gd abnormality gives overall good results.
The RF output yields irregular contours and fails to improve on the distance based
segmentation. It should be noted that, while the distance from the T1Gd abnor-
mality yields comparatively good results on average, it fails to identify persistent
hyperintensity in some patients. For the patient shown in the bottom row of Figure
4.1, the hyperintensity in the contralateral hemisphere is classified as VE by this
method.
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Figure 4.7: Segmentation of VE using the RF with all features (left) and the distance
based criteria (right). The ground truth for tumor infiltration is shown in red, VE
in blue. The prediction is outlined in white.

One limitation of our work is the inability to decipher whether persistent T2-
FLAIR hyperintensity represents persistent disease, or VE without disease that was
unresponsive to anti-angiogenic therapy. In our study, these patients were excluded,
which introduced a patient selection bias.

4.3.2 Application to radiotherapy

In current clinical practice, the clinical target volume (CTV1) for radiotherapy is
often defined as a 2-2.5 cm isotropic expansion of the T2-FLAIR abnormality. Us-
ing the above result, we defined an alternative CTV2 based on a 2.48 cm isotropic
expansion of the T1Gd abnormality. Such a target would enclose the tumor infil-
tration with the 4.8 mm margin, to which we add a 2 cm expansion. The CTV2 is
then solely based on the delineation of the T1Gd abnormality. IMRT plans based
on the two targets have been calculated for the patient in figure 4.8.

The patient shows extensive edema, which extends posteriorly more than anteri-
orly (4.8, left). This leads to a large CTV1 and a high dose delivered to most of the
left parietal lobe (4.8, middle). The residual T2-FLAIR abnormality after resolu-
tion of the VE is located more symmetrically around the initial T1Gd abnormality.
This leads to a CTV2 that extends less far posteriorly, which translates into a lower
dose delivered to posterior region of the parietal lobe. The dose difference plot (4.8,
right) shows a dose reduction of more than 30 Gy in this region. In total, the plan
based on CTV2 delivers 24% less dose to the brain. Considering the reduction of
the T2-FLAIR abnormality after the resolution of VE, the inclusion of almost the
entire left parietal lobe in CTV1 does not seem warranted.
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Figure 4.8: Radiotherapy plans for one patient. The initial (blue) and residual
(green) T2-FLAIR abnormalities are outlined on the initial T2-FLAIR (first image)
and the T2-FLAIR after radiotherapy (second image). The dose distributions (in
Gy) based on CTV1 and CTV2 are overlaid on the CT image (third and fourth
images). The target is outlined in blue. The dose difference between the two plans
is shown on the right.

4.4 Conclusion

Many GBM patients present extensive T2-FLAIR hyperintensity on brain imaging
that is known in part to represent peritumoral edema and to less well understood
extent, represent infiltrative tumor cells. Excluding VE that does not harbor tu-
mor cells from the radiotherapy target delineation would enable reduction in target
volumes and with the potential of exposing less radiation to surrounding normal
brain tissue. This could lead to less toxicity and may leave more opportunity for
a possible re-irradiation after recurrence. Our dataset of patient treated with anti-
angiogenic therapy shows that a substantial part of the T2-FLAIR hyperintensity
disappears during the initial weeks of treatment, providing support for the idea of
excluding parts of the T2-FLAIR abnormality from the delineation of gross disease.
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We investigated if multimodal MR imaging can identify VE prior to radiotherapy.
In our approach, the distance from the contrast enhancing tumor is the single best
feature to segment the VE, reflecting the observation that for most patients, infiltra-
tive tumor is adjacent to the T1Gd abnormality. Improving on this distance based
segmentation is a difficult task. DTI measures and image intensity features did not
yield an improvement in conformal tumor target definition. Future improvements
may be possible by including MR spectroscopy data and more contextual as well as
texture features.
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In this chapter, we introduce a method to automatically produce plausi-
ble image segmentation samples from a single expert segmentation. A
probability distribution of image segmentation boundaries is defined as a
Gaussian process, which leads to segmentations which are spatially coher-
ent and consistent with the presence of salient borders in the image. The
proposed approach is computationally efficient, and generates samples
which are visually plausible. The sample variability is mainly governed
by a parameter which may be correlated with a simple Dice’s coefficient,
or easily set by the user from the definition of probable regions of inter-
est. The method is extended to the case of several neighboring structures,
but also to account for under or over segmentation, and the presence of
excluded regions. We also detail a method to sample segmentations with
more general non-stationary covariance functions which relies on super-
voxels. Furthermore, we compare the generated segmentation samples
with several manual clinical segmentations of a brain tumor. Finally,
we show how this approach can have useful applications in the field of
uncertainty quantification, and an illustration is provided in radiother-
apy planning, where segmentation sampling is applied to both the clinical
target volume and the organs at risk.
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5.1 Introduction

Medical image segmentation is a key technology for many medical applications,
ranging from computer aided diagnosis to therapy planning and guidance. Due
to its ill-posed nature, the quantification of segmentation uncertainty is crucial to
assess the overall performance of other applications. In radiotherapy planning for
instance, it is important to estimate the impact of uncertainty in the delineation of
the gross tumor volume and the organs at risk on the dose delivered to the patient.

A straightforward way to assess this impact is to perform Image Segmentation
Sampling (ISS), which consists of gathering several plausible segmentations of the
same structure, and estimate the variability of the output variables due to the
variability of the segmentations. In this chapter, a segmentation is said plausible if it
is spatially coherent and consistent with the presence of salient borders in the image.
For computer generated segmentations, ISS could simply be obtained by varying the
parameters or initial values of the algorithm producing the segmentations. However,
in many cases, parameters of the algorithms cannot be modified, and segmentations
are partially edited by a user. For manual or semi-manual segmentations, it is
possible to estimate the inter-expert variability on a few cases but it usually cannot
be applied on large databases due to the amount of resources required.

This is why it is important to automate the generation of plausible segmenta-
tions, which are "similar to" a given segmentation of a region of interest (ROI).
This is the objective of this chapter which, to the best of our knowledge, has not
been tackled before. It is naturally connected to several prior work in the field of
image segmentation. Indeed, A large amount of generative models have been devel-
oped to compute segmentations based on a single image. For instance, deformable
models [?] or Markov Random Fields (MRF) [?] have been extensively studied in
order to combine a data term and a smoothness prior term to compute realistic
segmentations. These models are usually used to infer the maximum a posteriori
segmentation, and rarely to sample from the model which can be computationally
expensive [?].

[?, ?] have proposed segmentation approaches based on Markov Chain Monte
Carlo where parameter sampling leads to an estimation of the posterior probability
of obtaining a segmentation given an image. In those approaches however, the
algorithm defines the likelihood and prior functions and then estimates the most
probable (or the expected) segmentation whereas in ISS the objective is to sample
directly from the posterior distribution, knowing only its mean or mode.

Other methods [?, ?] rely on sampling in order to find the most probable seg-
mentation. It is particularly useful when the object of interest is not clearly visible
or partially occluded. In this case, segmentation methods using segmentation sam-
ples have been developed in order to introduce prior knowledge on the shape of the
expected segmentation. This prior knowledge can for instance result from a point
distribution model defined using a database of previously segmented shapes. This
is not directly applicable in our case since we do not assume such a database is
available. Moreover, it may not necessarily be useful in the case of brain tumors for
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instance, which do not have a typical shape.
Other related approaches [?, ?, ?] aim at producing a consensus segmentation

given several expert segmentations, or several atlas segmentations. They define
probabilities of having a given segmentation based on a reference one, and their
generative nature makes them suitable for ISS. Typical examples are the STAPLE
algorithm [?], the log-odds maps [?] and their refinement [?]. However, as shown
in section 5.2, the segmentations generated from a single expert segmentation lack
plausibility, and the spatial regularity of the contours cannot be finely controlled.

In this chapter, a novel framework is introduced to sample segmentations au-
tomatically leading to visually plausible delineations. More precisely, the proposed
approach incorporates knowledge about image saliency of the ROI such that the sam-
pled contours’ variability may be greater at poorly contrasted regions, and smaller
near sharp image gradients. Furthermore, the proposed approach is mathematically
well grounded, and enforces the spatial smoothness of the contours, because it relies
on Gaussian processes defined on implicit contours. Finally, segmentation sampling
can be performed efficiently even on large medical images thanks to an algorithm
using the structure of the image and the covariance matrix. Variability in the sam-
ples is easily controlled by a single scalar. We also exhibit an application of the
method to radiotherapy dose planning.

5.2 Existing Generative Models of Segmentations

This section reviews relevant generative models of segmentations proposed in the
literature. Results are illustrated on a synthetic image (Figure 5.1) for which the
structure border is surrounded by regions of low and high contrast.

The probabilistic atlases [?] derived from log-odds of signed distance functions
assume that voxels are independently distributed with a Bernouilli probability den-
sity function of parameter b whose value depends on the distance to the structure
border. The STAPLE algorithm [?] is a region formulation for producing consensus
segmentations. Given a binary segmentation T and expert sensitivity p and speci-
ficity q, the algorithm is associated with a generative model for which a segmentation
D can be sampled knowing T as a Markov Random Field with the likelihood term

P (Di = 1) = pP (Ti = 1) + (1− q)P (Ti = 0) (5.1)

and a prior accounting for local spatial coherence. Segmentations are generated
by sampling independently the Bernoulli distribution at each voxel followed by a
number of Iterated Conditional Modes (ICM) relaxation steps. Various ISS results
are obtained in Figure 5.1 for the log-odds and STAPLE generative models with
specified parameters.

In all cases, the produced segmentations are not realistic for two reasons. First,
the variability of the segmentation does not account for the intensity in the image
such that borders with strong gradients are equally variable as borders with weak
gradient. This is counter intuitive as the basic hypothesis of image segmentation
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Figure 5.1: From left to right: synthetic image with region of interest outlined in
red; segmentation sampling based on log-odds; segmentation sampling based on
STAPLE without ICM steps (p = 97% and q = 97%); ISS based on STAPLE with
ICM steps (p = 97% and q = 97%). The ground truth is outlined in red, the samples
are outlined in orange.

is that changes of intensity are correlated with changes of labels. Second, borders
of the segmented structures are unrealistic mainly due to their lack of geometric
regularity (high frequency wobbling in Figure 5.1 (Right)). While anatomical or
pathological structure borders are not necessarily smooth (e.g. highly diffuse tu-
mors), the generated samples show irregular generated contours in the presence of
regular visible contours in the image, which is not plausible.

5.3 GPSSI

5.3.1 Definition

We propose a generative model of image segmentation that overcomes the two limi-
tations of the presented previous approaches. First, sampled segmentations do take
into account the image intensity by replacing the signed distance functions with
signed geodesic distance. Second, spatial consistency of the sampled segmentations
is enforced by describing a probabilistic segmentation with a Gaussian process with
a squared exponential covariance, which allows to easily control the spatial coher-
ence of the segmentation. The geodesic distance makes voxels far away from the
mean segmentation if they are separated from it by high gradient intensity regions.
Therefore, a random perturbation on the mean segmentation is unlikely to reach
those voxels with high contrast, and more likely to affect voxels with low geodesic
distance, i.e. voxels neighboring the mean segmentation with similar intensity val-
ues.

A novel probabilistic framework of image segmentation is introduced by defining
a level set function via a Gaussian process (GP). We name the method GPSSI
for Gaussian Process for Sampling Segmentations of Images. The mean of the
GP is given by a signed geodesic distance, and its covariance is defined with a
squared exponential driven by the Euclidean distance between voxels. Gaussian
process implicit surfaces have been introduced previously by [?] as a generalization
of thin plate splines and used recently by [?] for surface reconstruction. However,
our approach combining geodesic and Euclidean distance functions for the mean
and covariance is original, and specifically suited to represent probabilistic image
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Figure 5.2: (Top Left) Mean of the GP µ; (Top Middle) Sample of the level set
function ϕ(a) drawn from GP(µ,Σ); (Others) GPSSI samples. The ground truth is
outlined in red, the GPSSI samples are outlined in orange.

segmentations.

5.3.2 Geodesic Distance Map

Signed geodesic distance maps are computed as

G(a) = min
Γ∈Pseg,a

∫ 1

0

√
||Γ′(s)||2 + γ2

(
∇I (Γ(s)) · Γ′(s)

‖Γ′(s))‖

)2

ds (5.2)

where I is the input image, Pseg,a is the set of all paths between the voxel a and
the segmentation, and Γ one such path, parametrized by s ∈ [0, 1], with spatial
derivative Γ′(s) = ∂Γ(s)/∂s. The parameter γ sets the trade-off between Euclidean
distance (γ = 0) and gradient information. Its implementation is based on a fast
grid sweeping method as proposed by [?] and used in [?]. The gradient is computed
with a Gaussian kernel convolution controlled by parameter h. The signed geodesic
distance is set negative inside the segmentation, and positive outside.
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Figure 5.3: (Top row, from left to right) Computation time (seconds) for the sam-
pling of 3 M ×M Gaussian processes with ω0 = 10 and ω1 = 5, function of the
size M . Example of a 50 × 50 sample using periodic boundary conditions on the
image, circulant embedding of the Toeplitz matrix, and the Kronecker decomposi-
tion. (Bottom row, from left to right) Sample correlation between the point at the
top left corner (red circle) and the points of the first row (black circle) for 5000
Gaussian process samples of size 50 × 50. The red line is the expected correlation
f1(a) = ω0 exp

(
−a2/ω2

1

)
. Histogram of 5000 realizations of a point (red cross) of a

50×50 Gaussian process using periodic boundary conditions on the image, circulant
embedding of the Toeplitz matrix, and the Kronecker decomposition. The red line
represents the expected density f2(x) = 1/

√
2πω0 exp

(
−x2/(2ω0)

)
.

5.3.3 GPSSI

Gaussian processes (GP) are a generalization of multivariate Gaussian distributions,
and provide a framework to define probability distributions over functions. GP are
widely used in machine learning for solving inference problems [?] over spatially
correlated datasets. In this chapter, it is the generative nature of GP that is of
interest, since they naturally produce spatially smooth samples.

In GPSSI, a segmentation over a set Ω is defined via a level set function ϕ(a), a ∈
Ω such that its zero level set corresponds to the boundary of the ROI. Smoothness
in the level set function ϕ translates into the smoothness of the boundary Bϕ =

{a ∈ Ω| ϕ(a) = 0}. A GP is fully defined by its mean and covariance functions: its
mean value is set to the signed geodesic distance µ(a) = G(a) while its covariance
is chosen as the squared exponential function,

∀ a,b ∈ Ω, Σ(a,b) = ω0 exp

(
−‖a− b‖2

ω2
1

)
(5.3)

This choice of covariance enforces the smoothness of the segmentation, with
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parameter ω1 characterizing the typical correlation length between two voxels while
ω0 controls the amount of variability of the level set function.

5.3.4 Efficient Sampling

Sampling of a GP is simply performed through the factorization of the covariance
matrix at sample points. More precisely, let ΩM = {ai}, i = 1 . . .M be the set
of M discrete points ai where the level set function ϕ is defined. Typically, ΩM

may be the set of all voxel centers in the image. The covariance matrix ΣMM
ij =

ω0 exp(−‖ai − aj‖2/ω2
1) at sampled points is of size M ×M . To sample from a GP

GP(µ,Σ), a factorization of the covariance matrix ΣMM = LL> is required, such
that given normally distributed variables u ∼ N (0, I), GPSSI are simply computed
as the zero crossing of µ+ L(ω0, ω1)u ∼ GP(µ,Σ).

A classical issue with GP sampling is that the factorization of ΣMM becomes
computationally expensive and ill-conditioned for large values of M . Since in prac-
ticeM ≈ 107, a regular matrix factorization - usually a Cholesky decomposition - in
O(M3) is computationally prohibitive. However, several methods exist to efficiently
sample high dimensional GPs when the sample points form a regular grid and the
covariance matrix is stationary (i.e. invariant by translation):

1. Periodic boundary conditions [?,?,?]. Assuming periodic boundary condi-
tions on the image, ΣMM is a Block Circulant with Circulant Blocks (BCCB)
matrix such that each row of ΣMM is a periodic shift of the first row of ΣMM ,
C ∈ RM . C can be seen as an image of M voxels, whose voxel value is the
evaluation of the square exponential covariance for every shift present in the
image. Theoretical results on the BCCB matrix spectral decomposition give
us

ΣMM = F−1diag(FC)F (5.4)

where the complex matrix F is the M ×M discrete Fourier transform matrix
[?]. Hence, the eigenvalues of ΣMM are the discrete Fourier transform of C.
As such, if u1, u2 ∼ N (0, I) i.i.d, then the real and imaginary part of

F
√

diag(FC)(u1 + iu2) (5.5)

are two independent samples from the GP [?]. This can be efficiently computed
using the Fast Fourier Transform without storing F. Samples can then be
generated in O(M log(M)) (Figure 5.3 Top Left).

2. Circulant embedding of the Toeplitz matrix [?,?,?]. If periodic bound-
ary conditions are not applied, ΣMM is a block Toeplitz with Toeplitz blocks
matrix. This matrix can be embedded in a larger Σ2M2M BCCB matrix.
Hence, as previously, samples can be drawn in O(M log(M)) (Figure 5.3 Top
Left).
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3. Kronecker product [?, ?, ?]. Another approach is to note that the chosen
covariance function is separable. In the 3-dimensional case,

∀ a,b ∈ Ω,

ΣMM (a,b) = ω0 exp

(
−(ax − bx)2

ω2
1

)
exp

(
−(ay − by)

2

ω2
1

)
exp

(
−(az − bz)

2

ω2
1

)
(5.6)

Then,

ΣMM = ΣMxMx ⊗ ΣMyMy ⊗ ΣMzMz (5.7)

where ΣMxMx ∈ RMx×Mx , ΣMyMy ∈ RMy×My , and ΣMzMz ∈ RMz×Mz are
the covariance matrices along the 3 dimensions, and ⊗ denotes the Kro-
necker product. This way, a Cholesky decomposition of ΣMM can be obtained
through the individual factorization of ΣMxMx , ΣMyMy , and ΣMzMz . Samples
can then be drawn in O(Mx log(Mx)), assuming Mx > My, and Mx > Mz

(Figure 5.3 Top Left). Moreover, leveraging matrice/vector products and prop-
erties of the Kronecker product, the full factorization of ΣMM needs not be
stored [?].

We first check the computation time (Figure 5.3 top left). We can see that
using the Kronecker product takes more time than the Circulant embedding of the
Toeplitz matrix, which in turn is more time consuming than assuming periodic
boundary condition on the image. However, we noticed that the Kronecker product
is more stable for large ω1. As such, we chose this method in the rest of the chapter
since the size of the images used was not computationally prohibitive. Examples of
samples using the three methods can be seen on Figure 5.3 (top). We further check
the samples against the ground truth. We compute the sample correlation between
the pixel on the top left and the pixels of the first row using 5000 samples. The
computed correlation is close to the theoretical correlation f1(a) = ω0 exp

(
−a2/ω2

1

)
.

We also plot the histogram of the 5000 samples of the pixel on the top left and
retrieve the density f2(x) = 1/

√
2πω0 exp

(
−x2/(2ω0)

)
.

5.4 Parameter Settings

In the proposed approach, segmentation sampling depends on the scale h of the
gradient operator, the parameter γ of the geodesic map, and the parameters ω0 and
ω1 of the covariance function. The parameter h depends on the level of noise in the
image (typically chosen as 1 voxel size) whereas γ controls the importance of the
geodesic term. In our experiments, we set γ = 100/E(I), where E(I) is the mean
of 5th to the 95th percentiles of the image intensity.
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The parameter ω1 controls the smoothness scale of the structure, and is chosen
as the radius of the equivalent sphere. In 3D, given the volume V of the ROI, we
set ω1 = (3/(4π)V )

1
3 .

The parameter ω0 controls the variability around the mean shape: the greater
ω0, the greater the variability. Such variability may be practically quantified for
instance in terms of mean inter-sample Dice’s coefficient between any pair of expert
segmentations. In such case, it is easy to find ω0 corresponding to a given inter-
sample Dice’s coefficient (see Figure 5.4 middle right). This approach offers an
intuitive way to semi-automatically set the parameter ω0. Another way of setting
the parameter ω0 is to relate it to the mean Dice’s coefficient between the samples
and the input segmentation (see Figure 5.4 middle left). Instead of Dice’s coefficient,
one could also use quantiles of histograms of symmetric distances between contours.

Figure 5.4: (Left) Segmentation of brain tumor active rim from T1 MR image with
Gadolinium contrast agent; (Middle Left) Relationship between the parameter ω0

and the mean Dice’s coefficient between 40 samples and the clinical segmentation;
(Middle Right) Relationship between the parameter ω0 and the mean inter-sample
Dice’s coefficient using 40 samples; (Right) Samples for different ω0. The clinician
segmentation is outlined in red, the GPSSI samples are outlined in orange.

Another approach is to let a user define a confidence region where the segmenta-
tions should lie. Let the user choose the two tightest isocontours ±D of the geodesic
distance which enclose this confidence region. Note that for a voxel a on the de-
fined isocontours, we have ϕ(a) ∼ N

(
µ(a) = ±D,σ =

√
ω0

)
. We can then define

ω0 based on the 95% confidence interval for the normal distribution that the sample
will not be negative (i.e. included in the segmentation),

D = 2σ =
√
ω0 =⇒ ω0 =

(
D

2

)2

(5.8)

Figure 5.5 shows an example where we set ω0 such that the samples most prob-
ably lie in a region delineated by the isocontours µ(a) = ±45.
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5.5 Segmentation Sampling

Samples of the 2D synthetic segmentation case can be seen on Figure 5.2 with
ω0 = 506 corresponding to a mean inter-sample Dice’s coefficient of 80%. Samples
are coherent with the visible image boundary since most samples do not include
highly contrasted (black) regions of the image but instead invade low contrast regions
of the image.

Segmentation sampling was also performed on a 3D T1 post contrast MRI (T1Gd
MRI) where the proliferative part (active rim) of a grade IV glioma was segmented by
an expert (Figure 5.4 left). The strong correlation between the covariance parameter
ω0 and the mean inter-sample Dice’s coefficient as well as the mean Dice’s coefficient
against the clinician segmentation was computed after generating 40 samples for each
value of ω0 (Figure 5.4 right). Thus the user may easily choose ω0 as a function of
the desired Dice’s coefficient.

Note that the likelihood of samples generated from GP(µ,Σ) is not very infor-
mative as it is computed over the whole image and not just the generated contour.

Figure 5.5: (Left) Signed geodesic distance µ(a) of the ROI with isocontours -45,
0, 45, 100, 200. (Right) One can check that the samples most probably lie in the
region delineated by the isocontours µ(a) = ±45 (in red). The sampled contours
are in orange.

5.6 GPSSI Extensions

5.6.1 Several Neighboring Structures

The presented method can directly be used to sample several ROIs. However, when
the structures are close to each other, the sampled structures may overlap. In
such case, it is important to sample them jointly to define no-overlapping segmen-
tations. Based on [?], the different ROIs can be defined using different level sets.
For two structures, one can define two Gaussian processes ϕ1 ∼ GP(µ1,Σ1) and
ϕ2 ∼ GP(µ2,Σ2), where µ1 and µ2 are the signed geodesic distances from the two
considered ROIs, and Σ1 and Σ2 are the corresponding covariance matrices. As
such, non-overlapping samples of the two ROIs S1 and S2 can be defined as the
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ensembles (Figure 5.6):

S1 = {a | ϕ1(a) ≤ 0 and ϕ1(a) ≤ ϕ2(a)} (5.9)

S2 = {a | ϕ2(a) ≤ 0 and ϕ2(a) < ϕ1(a)} (5.10)

Figure 5.11 shows examples of 2 structure samples: non-overlapping samples of a
glioma and brainstem segmented by a clinician on a T1Gd MRI were computed using
the parameters as defined in the previous section, and a manually set ω0 for a mean
inter-sample Dice’s coefficient of 83% for the glioma and 85% for the brainstem.
Unlike [?], one needs as many level sets as the number of neighboring ROIs for the
sampling, because a specific set of parameters ω0 and ω1 is associated with each
structure. The assignment of labels in the overlapping region is then assigned to the
minimum level set function.

Figure 5.6: Sampling two non-overlapping structures can be achieved using 2 differ-
ent level-sets ϕ1 ∼ GP(µ1,Σ1) and ϕ2 ∼ GP(µ2,Σ2).

5.6.2 Accounting for Under and Over Segmentation

Over or under segmentation can be one of the major differences between the per-
formance of two experts. This effect can be easily incorporated in this framework
by adding a variable ε such that the level set function ϕ ∼ GP(µ+ ε,Σ(ω0, ω1)). If
ε > 0, the samples will on average result in under segmentation, if ε < 0 the samples
will on average result in over segmentation. Examples of under and over segmenta-
tion can be seen on Figure 5.7 (Middle) where under segmentation is achieved with
ε = +20 and over segmentation with ε = −20. This parameter can be randomly
sampled around 0 when sampling segmentations in order to take under and over
segmentation into account.
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5.6.3 Inclusion or Exclusion of Structures

Figure 5.7: From top to bottom, left to right: clinician segmentation of a glioma on
a T2-FLAIR MRI; factor ω0 ω01 used to normalize the signed geodesic distance µ
to exclude the region in yellow; under segmentation samples (in orange and blue)
using ε = +20; over segmentation samples (in orange and blue) using ε = −20;
samples (in orange and blue) where regions around the brainstem and ventricle (in
green) were forced to be excluded by multiplying the signed geodesic distance µ by
the spatially varying factor ω0/ω01.

To provide anatomically consistent segmentation, it can be interesting to force spe-
cific regions of the image to stay excluded or included from the segmentation sam-
ples. For instance, it is expected that cerebrospinal fluid or skull regions would not
be included in any glioma segmentations. In the GPSSI approach, this could be
handled by making the ω0 parameter spatially varying. However, such a covariance
function would not necessarily be stationary nor positive definite. As such, using
the fast sampling methods exposed in Section 5.3.4 would not be possible. Instead
we propose to achieve a similar effect by keeping a stationary covariance function,
but modifing the mean of the Gaussian process µ. Indeed, we know that we have
ϕ(a) ∼ N (µ(a), ω0) for each voxel a by marginalizing over the rest of the voxels.
We want to force the voxel to stay outside or inside of the samples. This can be
done by forcing the variance to a lower value such that ϕ1(a) ∼ N (µ(a), ω01(a))

where ω01(a) < ω0. In other words, we are more confident about the labeling of a.
One can note that the probability of a to be inside the segmentation is

P (ϕ1(a) ≤ 0) = P

(
ϕ(a) + µ(a)

(
ω0

ω01(a)
− 1

)
≤ 0

)
(5.11)
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where

ϕ(a) + µ(a)

(
ω0

ω01(a)
− 1

)
∼ N

(
µ(a)

ω0

ω01(a)
, ω0

)
(5.12)

One can then "mimic" this spatially varying confidence that a voxel should
be included or excluded from the segmentation by simply normalizing the signed
geodesic distance µ with a spatially varying factor. In other words, a Gaussian
process with a normalized mean µ has the same voxel-wise marginalized distribution
as a Gaussian process with spatially varying ω0. Segmentation samples of a glioma
on a T2-FLAIR MRI are shown on Figure 5.7 (Right) where a region around the
brainstem and ventricles is forced outside of the samples by setting ω0/ω01 = 2.

5.6.4 General Covariance Matrix Using Supervoxels

In so far, we have detailed a method to efficiently compute segmentation samples
using the squared exponential covariance function. A stationary covariance function
was necessary in order to factorize the covariance matrix. However, one could be
interested in using more general covariance functions. In this section, we describe
how the use of supervoxels can help to sample Gaussian processes with more general
covariance functions.

Figure 5.8: From left to right: clinician segmentation of a liver on a CT image,
SLIC supervoxels used for the sampling, correlation length l1 = l2 = l3 = ld for two
different slices. For the liver, the correlation length is set to a lower value away from
the rib cage to account for the noisier aspect of the contour.

For instance, it can be of interest to sample segmentations whose smoothness is
spatially inhomogeneous, when a structure presents both a regularly shaped outline
and more irregular parts. To model this, the covariance function introduced by [?]
and detailed in [?] is of particular interest,
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∀ a,b ∈ Ω,

Σ(a,b) = ω0

D∏
d=1

(
2ld(a)ld(b)

l2d(a) + l2d(b)

) 1
2

exp

(
−

D∑
d=1

(ad − bd)
2

l2d(a) + l2d(b)

)
(5.13)

where D is the dimension of the input (D = 2 for an image and D = 3 for a volume),
and ld is any positive function defining a spatially varying correlation length. Note
that if ld = p is a constant, we retrieve the squared exponential covariance function,
Σ(a,b) = ω0 exp

(
−(‖a− b‖2)/(2p2)

)
.

However, for spatially varying ld, the covariance function is neither stationary
nor separable. To make the computations tractable, we propose to use supervoxels.
The method is as follow:

• Compute the signed geodesic distance as before.

• Decompose the image into supervoxels having roughly homogeneous intensity.
We use the SLIC algorithm developed by [?] as it provides realistic supervoxels
in linear time. We extended the algorithm such that the supervoxels respect
the input ROI boundary. This is done by limiting the nearest neighbor search
to voxels belonging to similar ROIs (ROI and background).

• Compute the covariance matrix defined on the set B of barycenters of the
supervoxels.

• Sample the Gaussian process defined over the set of supervoxels with covari-
ance matrix Σ by computing the Cholesky decomposition of Σ, and interpolate
it using a triangulation-based linear interpolation.

Figure 5.8 shows the clinician segmentation, the computed supervoxels, and the
correlation length ld for a 2D synthetic case, and one slice of a 3D liver CT scan. To
speed up the computation, only the supervoxels around the boundary are considered,
for a total of 4, 279 supervoxels for the synthetic image, and 14, 528 for the liver.
The spatially varying correlation length ld is set equal for every d = 1, 2, 3. A
smaller correlation length has been set on a region of the liver which is expected
to be less regular (away from the rib cage). Two examples of the resulting samples
are presented on Figure 5.9. To emphasize the spatial difference in regularity, we
also present the level set function variation around the mean ϕ − µ for the sample
ϕ ∼ GP(µ,Σ).
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Figure 5.9: (Top) Synthetic case; (Bottom) 3D liver segmentation. From left to
right: sample of a segmentation, corresponding level set variation ϕ1−µ with ϕ1 ∼
GP(µ,Σ), additional sample, corresponding level set variation ϕ2 − µ with ϕ2 ∼
GP(µ,Σ). For clarity, the region of low correlation length is outlined in red. Note
how the orange contours are more irregular inside the region outlined in red.

5.6.5 Plausibility of the Samples: Evaluation on multiple segmen-
tations

In this section, we present an assessment of the visual plausibility of the samples,
using tumor segmentations from the BraTS challenge [?]. In other words, we test
if the manual segmentations of the same structure could have been generated by
GPSSI if one of the segmentations was considered as the true one.

Algorithm 1 Sampling segmentations close to the target
Data: Source segmentation S0; target segmentation S; proposal distributions Q1,

Q2, and Q3; number of iterations K
Result: Samples close to the target segmentation
initialize ω0, ω1, and ε while r ≤ K do

ω̂0 = Q1(ω0) ω̂1 = Q2(ω1) ε̂ = Q3(ε) Sample Sr ∼ GP (µ(S0) + ε̂,Σ(ω̂0, ω̂1))

Compute the likelihood Lr = P (Sr|ε̂, ω̂0, ω̂1) Compute the acceptance ratio
A = min

(
1, Lr/Lr−1

)
Sample u uniform between 0 and 1 if u < A then

ω0 = ω̂0 ω1 = ω̂1 ε = ε̂

end
r+ = 1

end

Consider a tumor which has been manually segmented by k+ 1 experts (Figure
5.10). Noting Si the segmentation from expert i, for i = 0, ..., k, the goal is to
generate segmentations close to {Si}i=1,...,k from the input S0, assumed to be the
reference segmentation. More precisely, we assume that

for i = 1, ..., k Si ∼ GP
(
µ(S0) + εi,Σ(ωi0, ω

i
1)
)

(5.14)
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where ωi0 and ωi1 are the parameters of the squared exponential covariance func-
tion, εi is the parameter taking into account over or under segmentation, and µ(S0)

is the signed geodesic distance from S0. For clarity of the notations, we drop the i
index for the parameters in the rest of the chapter. Since ω0, ω1, and ε are unknown,
we resort to Markov Chain Monte Carlo (MCMC) sampling to produce samples close
to the target segmentation S. Following Bayes rule, and assuming independence of
the parameters, we have

P (ε, ω0, ω1|S) ∝ P (S|ε, ω0, ω1)P (ε)P (ω0)P (ω1) (5.15)

Figure 5.10: Patient 1 on top, Patient 2 on the bottom. From left to right: 4
clinician segmentations of a glioma on a T2-FLAIR MRI, the source segmentation
S0 is the red one; closest sample in terms of Hausdorff distance in black with the
corresponding target segmentation Si, i = 1, 2, 3, and normalized histogram of the
Hausdorff distance between the target segmentation and the 20,000 samples.

We use uniform priors on [−50, 50] for ε, [1, 10000] for ω0, and [1, 500] for ω1.
We use normal proposal distributions Q1, Q2, and Q3 for ε, ω0, and ω1 respectively
with a standard deviation of 2 for the three proposal distributions, set to reach an
acceptance rate of approximately 50%. We define the likelihood,
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P (Si|ε, ω0, ω1) = exp

(
−H(ε, ω0, ω1)2

σ2

)
(5.16)

where H(ε, ω0, ω1) is the 99th percentile of the symmetric Hausdorff dis-
tance between the boundary of Si and the boundary of a random sample from
GP

(
µ(S0) + εi,Σ(ωi0, ω

i
1)
)
, and σ is a noise level set to 4 mm. Note that this like-

lihood is handcrafted because we observe contours of the clinician segmentations,
and not level set functions. The algorithm is described in details in Algorithm 1.

Results are shown on Figure 5.10 for two glioma patients which were segmented
by k + 1 = 4 clinicians using 20000 samples. We randomly choose one of the four
segmentations as the source segmentation, and consider the three other as targets.
Figure 5.10 shows the samples which result in the lowest Hausdorff distance (i.e.
highest likelihood) among the sampled ones. The samples are close to the clinician
segmentations: but the fit between the best sample and segmentation Si depends
on how far Si is from S0. Based on the normalized histogram of Hausdorff distance,
one can see for instance, that for patient 1 S3 is clearly further from S0, whereas for
patient 2 it is S1. Note also that the parameter ω1 (contour smoothness) is not well
captured probably due to the nature of the Hausdorff distance. Although increasing
the number of samples could further improve the match between the best sample and
observed contours, this experiment show that GPSSI can release samples already
close to real observed ones.

5.7 Tumor Delineation Uncertainty in Radiotherapy

The proposed method is applied to the uncertainty quantification of radiotherapy
planning. The standard of care for grade IV gliomas (Figure 5.4) is the delivery
of 60 Gray (Gy) to the Clinical Target Volume (CTV) which is defined as a 2-3cm
extension of the Gross Tumor Volume (GTV) visible on a T1Gd MRI [?].

The following algorithm is applied to the patient shown in Figure 5.11:

• Sample a GTV and a brainstem segmentation sample from the clinician seg-
mentations visible on Figure 5.11 (top left).

• Compute the CTV from the GTV. In order to take into account the natural
boundaries of the tumor progression and its privileged paths of progression,
we compute the CTV using the tumor tail extrapolation algorithm developed
by [?], which models the infiltration of glioma cells in the brain parenchyma
on a single time point. It takes into account the fact that glioma cells invade
preferably white matter over gray matter, and that the cerebrospinal fluid
and falx cerebri are boundaries for the tumor progression. More precisely, we
compute the tumor cell density infiltration as the tail extrapolation from the
sampled GTV. It is based on a segmentation of the brain into white matter,
gray matter and cerebrospinal fluid. The CTV is then defined as the largest
volume enclosed by an isovalue of the tumor cell density, which is fully included
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in the 2cm isotropic extension of the GTV. Finally, the sampled brainstem is
excluded from the CTV.

• Compute the prescribed dose for the CTV as 60 Gy targeted inside the CTV
and 0 Gy elsewhere.

These steps were applied for 50 samples. Figure 5.11 shows the mean target dose
and its standard deviation. Several strategies could be applied to take into account
the uncertainty in the GTV delineation. Generally, radiotherapy planning has to
find a compromise between delivering radiation to the tumor, and avoiding dose to
radiosensitive tissues. Visualization of dose uncertainty may guide the physician in
this process. For example, the radiation dose could be reduced in regions of high
uncertainty if this allows for dose reductions in radiosensitive organs, and thereby
reduces the risk of side effects substantially. Technically, the standard deviation
of the target dose could be used in the optimization of the radiation beams to
weight differently voxels at the border of the CTV where the dose target is less
certain. Moreover, it is important to visualize areas that represent tumor with near
certainty and should be treated with the prescribed dose. In the long term, tumor
segmentation samples could be used for radiotherapy planning based on models of
tumor control probability (TCP).

Figure 5.11: In the red box: the gross tumor volume (GTV) and the brainstem
segmented by the clinician are in orange and blue respectively, the clinical target
volume (CTV) is shown in green. In the gray box: samples of the GTV and brain-
stem in orange and blue respectively, corresponding CTV in green. In the white
box, the average dose over 50 sampled GTV (top) and the dose standard deviation
(bottom).
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5.8 Conclusion

In this chapter, an original image segmentation sampling framework has been pro-
posed to generate plausible segmentations close to an input one. The approach leads
to spatially smooth contours that take into account the presence of salient features
of the ROI in the image. Samples are efficiently generated, with a variability around
a reference segmentation easily controlled by a single scalar. Several extensions have
been proposed such as the sampling of several neighboring structures, taking into
account under and over segmentation with a simple scalar parameter, and forcing
the inclusion or the exclusion of certain part of the image from the samples. We
provide a method to apply this sampling method to more general non-stationary
covariance functions using supervoxels. The plausibility of the sampled contours
originates from the inclusion of various contraints such as the intensity gradient, the
presence of anatomical regions to be included or excluded, or the varying level of
smoothness. To further improve the credibility, of the samples, one could further
restrict the choice of covariance functions based on observed multiple segmenta-
tions of the same structure as hinted in section 5.6.5. Furthermore, this work could
leverage the vast literature on Gaussian processes, imposing for instance convexity
constraints on the samples [?].

Future work will also explore the incorporation of uncertainty in the radiotherapy
dose planning. The proposed method could have several additional applications for
instance to produce consensus segmentations from several expert ones. It could also
be used to assess the confidence of the performance of segmentation algorithms in
the context of segmentation challenges, by providing several likely segmentations
around the ground truth segmentations. Finally, this method could be included in
model personalization pipeline [?] where segmentation is a crucial input. This would
allow one to plan therapy based on personalized models which take into account the
uncertainty in the data.
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The mathematical modeling of brain tumor growth has been the topic
of numerous research studies. Most of this work focuses on the reaction-
diffusion equation model, which suggests that the diffusion coefficient and
the proliferation rate can be related to clinically relevant information.
However, estimating the parameters of the reaction-diffusion model is
difficult because of the lack of identifiability of the parameters, the uncer-
tainty in the tumor segmentations, and the model approximation, which
cannot perfectly capture the complex dynamics of the tumor evolution.
Our approach aims at analyzing the uncertainty in the patient specific
parameters of a tumor growth model, by sampling from the posterior
probability of the parameters knowing the magnetic resonance images of
a given patient. The estimation of the posterior probability is based on:
i) a highly parallelized implementation of the reaction-diffusion equation
using the Lattice Boltzmann Method (LBM), and ii) a high acceptance
rate Monte Carlo technique called Gaussian Process Hamiltonian Monte
Carlo (GPHMC). We compare this personalization approach with two
commonly used approaches based on the spherical asymptotic analysis of
the reaction-diffusion model, and on a derivative-free optimization algo-
rithm. We demonstrate the performance of the method on synthetic data,
and on seven patients with a glioblastoma, the most aggressive primary
brain tumor. This Bayesian personalization produces more informative
results. In particular, it provides samples from the regions of interest
and highlights the presence of several modes for some patients. In con-
trast, previous approaches based on optimization strategies fail to reveal
the presence of different modes, and correlation between parameters.



6.1. Introduction 63

Figure 6.1: (Left) The proliferative rim is outlined in orange on the T1Gd MRI at
two different time points; (Middle Left) The edema is outlined in red on the T2-
FLAIR MRI at two different time points. The edema encloses the proliferative rim;
(Middle Right) Tumor cell density computed with the reaction-diffusion model. The
black (resp. white) line is the threshold values τ1 (resp. τ2) corresponding to the
T1Gd (resp. T2-FLAIR) abnormality; (Right) Comparison between the clinician
segmentation and the contours from the model.

6.1 Introduction

6.1.1 Motivations

The objectives of the mathematical modeling of brain tumor growth are four fold.
First, it could help to better understand the mechanisms behind the disease progres-
sion. Second, the personalization of such models to specific patients could allow one
to quantify the aggressiveness of the tumor, which has been shown to be correlated
with clinically relevant information [?, ?]. Third, personalized models could help
predicting the future evolution of a given tumor. Fourth, personalized models could
lead the way toward objective and more efficient personalized therapy. For instance,
it has already been used in order to personalized radiotherapy plans [?].

In this chapter, we present a method to estimate the posterior probability of the
tumor growth model’s parameters in order to estimate the correlation between the
parameters of the model. Moreover, it gives valuable information on the confidence
one has in the parameters, and the ability of the model to explain the data. The
method is based on the Bayesian personalization of a tumor growth model. We
specifically apply it to the personalization of glioblastoma growth using a reaction-
diffusion model. We detail the results on one synthetic - but realistic - case, and 7
patients.
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6.1.2 Clinical Background

Gliomas account for 30% of primary brain and central nervous system tumors. They
are characterized by their infiltrative nature: malignant cells invade the tissue by
progressing along the white matter fiber tracts. They can either be low grade or high
grade, and very well localized or extremely diffused. We focus on grade IV gliomas
called glioblastomas multiformes (GBM). They are the most common glioma - at
least 50% of the recorded cases, and an incidence of 3.19 per 100,000 [?]. They grow
extremely rapidly, extend to other parts of the brain, and are the most malignant
primary brain tumor.

6.1.3 Modeling: Previous Work

The modeling of the tumor evolution can be done at different scales [?]. On the
microscopic scale, the model describes the evolution of individual cells based on
division and invasion rules. On the macroscopic scale, the model describes the
spatio-temporal evolution of the tumor cell density in the considered domain, based
on partial differential equations. Over the last 20 years, particular attention has
been given to the reaction-diffusion equation,

∂u

∂t
= ∇(D.∇u)︸ ︷︷ ︸

Diffusion

+ ρu(1− u)︸ ︷︷ ︸
Logistic Proliferation

(6.1)

D∇u.−→n ∂Ω = 0 (6.2)

θ = (D, ρ) (6.3)

Equation (6.1) describes the spatio-temporal evolution of the tumor cell density u,
which infiltrates neighboring tissues with a diffusion tensor D, and proliferates with
a net proliferation rate ρ. Equation (6.2) enforces Neumann boundary conditions
on the brain domain Ω, and θ denotes the parameters of interest of the model.

In 1989, Murray et al. [?] pioneered on the use of mathematics applied to brain
tumor growth, using the reaction-diffusion equation with an exponential growth.
Assuming an isotropic diffusion in an infinite domain, he relates the velocity v of the
tumor growth to the proliferation rate ρ and the diffusion coefficient D, v = 2

√
ρD.

This work has lead the way to numerous other studies [?,?,?].
Improving the computational efficiency of tumor growth models has been the

topic of several studies. In 2010, Konukoglu et al. [?] introduced an approximation
of the asymptotic solution of the reaction-diffusion equation based on an Eikonal
equation, which can be solved with a Fast Marching algorithm, resulting in drasti-
cally reduced computation times. In 2012, Mosayebi et al. [?] introduced a similar
method to compute the tumor invasion in the brain parenchyma based on a geodesic
distance computed from DTI information.

The mass effect applied by the tumor to the surrounding tissues has been mod-
eled in 2005 by Clatz et al. [?]. They coupled the reaction-diffusion equation with
a mechanical model, to take into account the mass effect, i.e. the displacement of
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adjacent brain tissue due to the growing tumor. They relate the diffusion tensor
D to the Diffusion Tensor Images (DTI), thus forcing the tumor cells to preferably
follow the white matter fiber tracts. In 2008, Hogea et al. [?] proposed another
approach to include mass effect, using a reaction-diffusion-advection model coupled
with a Eulerian mechanical framework.

Finally, research efforts recently targeted the development of more complex mod-
els. In 2011, Swanson et al. [?] developed a model dividing the tumor cells into
sub-categories: the proliferative, the invasive and the hypoxic cells. This type of
complex models has been further developed by Saut et al. [?,?] in 2014, in which
they developed a coupled PDE-based model to simulate the growth of high grade
gliomas seeded in real images, and study the impact of different therapies [?]. Fi-
nally, the models were extended to take into account the apparition of edema during
the growth [?,?].

6.1.4 Personalization: Previous Work

It is of particular interest to solve the inverse problem of estimating the model’s
parameter θ = (D, ρ), which can describe a specific dynamic observed for a patient.
As such, the modeling effort goes hand in hand with the personalization work. For
personalization, most methods rely on comparing the model estimation with the
abnormalities visible on Magnetic Resonance Images (MRIs) at two different time
points.

A common approach to personalize reaction-diffusion equations is based on the
observation that they admit wave-like solutions whose parameters can be related
to the volume of the abnormalities observed on MRIs. In 2007, Harpold et al. [?]
described the personalization of a glioma growth model using the reaction-diffusion
equation with an exponential growth.

Another popular approach relies on solving the inverse problem using an opti-
mization strategy. Hogea et al. [?] formulated a PDE-constrained optimization prob-
lem to estimate the parameters of the model based on image registration. Konukoglu
et al. [?] used the derivative-free optimization algorithm BOBYQA (for bounded op-
timization by quadratic approximation) [?] to minimize the distance between the
tumor segmentations observed on the MRI, and the output of the model.

Finally, probabilistic approaches recently gained interest to solve complex inverse
problems. Menze et al. [?] was among the first to propose a Bayesian formulation
for brain tumor growth personalization, based on the approximation of the posterior
using sparse grids. In 2012, Gooya et al. [?] proposed a method for the segmentation
and registration of MRIs presenting glioblastoma based on the personalization of
a reaction-diffusion-advection model using a single time point acquisition. It is
interesting to note that Bayesian formulations have been used for a few years in the
field of cardiac modeling [?,?]. However, the methods usually rely on approximations
of the forward model using reduced order model, such as the polynomial chaos, to
make the estimation of the posterior using Markov Chain Monte Carlo (MCMC)
computationally tractable.
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6.1.5 Contributions of the Chapter

In this chapter, we propose a Bayesian method for the personalization of a tumor
growth model based on the reaction-diffusion equation. We propose the use of the
Lattice Boltzmann Method (LBM) to implement the tumor growth model which
results in reduced computation times. This is combined with a high acceptance
rate Monte Carlo technique called the Gaussian Process Hamiltonian Monte Carlo
(GPHMC). Contrary to previous approaches, our method does not rely on approx-
imations of the forward model (resp. posterior probability) using reduced order
models [?, ?] (resp. sparse grid methods [?]). We compare our approach to two
methods adapted from the literature. The former is based on the spherical asymp-
totic analysis of the forward model, and is based on the work of Swanson et al. [?,?].
The latter is based on the gradient-free optimization method BOBYQA, and is used
in the work of Konukoglu et al. [?].

6.2 Model

6.2.1 The Reaction-Diffusion Model

Because of the logistic reaction term, equation (6.1) does not have a closed form
solution. However, in an infinite domain, with constant proliferation rate and dif-
fusion coefficient, equation (6.1) admits solutions which asymptotically behave like
traveling waves with speed v = 2

√
ρD [?]. This solution has the asymptotic form

u(x, t) = u(x − vt) = u(ζ). Plugging it into equation (6.1), we get the ordinary
differential equation

n′Dn
d2u

dζ2
+ v

du

dζ
+ ρu(1− u) = 0 (6.4)

where n is the direction of motion in the infinite domain. Moreover, linearizing
equation (6.4) for small u << 1, meaning that u(1−u) ∼ u, we get the second order
linear equation

n′Dn
d2u

dζ2
+ v

du

dζ
+ ρu = 0 (6.5)

which admits solutions of the form u(ζ) = (Aζ + B) exp(−x/λ) with A,B two
constants, and λ =

√
D/ρ. This equation shows that the parameter λ is of particular

importance: it is related to the spatial decay of the tumor cell density, and it is
referred to as the invisibility index [?].

In the case of GBM growth modeling, it is clinically admitted that tumor cells
have higher motility in white matter, compare to gray matter. Some work has
been conducted to relate the diffusion tensor D to DTI - see [?, ?] for a detailed
discussion. In this work, for simplification, we follow [?], and define the diffusion
tensor as D = dw I in the white matter, and D = dw/10 I in the gray matter,
where I is the 3x3 identity matrix, and dw a scalar parametrizing the diffusion
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tensor. We further identify the parameter D with dw. As such, the diffusion is
heterogeneous and locally isotropic. This model reproduces the infiltrative nature
of the GBM, takes into account anatomical barriers (ventricles, sulci, falx cerebri),
and the tumor’s preferential progression along white matter tracts such as the corpus
callosum.

6.2.2 Model and MRIs

Data driven GBM growth modeling is based on the acquisition of different MRI
modalities routinely acquired: T1 with Gadolinium contrast agent (T1Gd) and T2
Fluid-Attenuated Inversion Recovery (T2-FLAIR). They reveal different parts of the
tumor: the active part, or proliferative rim can be observed on the T1Gd, while the
T2-FLAIR reveals the disruption of the extacellular matrix, or edema. The T1Gd
abnormality is usually included inside the larger T2-FLAIR abnormality (Figure
6.1). The personalization of the growth of the tumor is based on two consecutive
time points, resulting in a total of four abnormalities segmented by the clinician.

We can immediately see one of the pitfalls of most models: the tumor cell density
is not directly visible on T1Gd and T2-FLAIR MRIs. They rather reveal the impact
of the tumor growth on the brain. In order to relate the tumor cell density u -
solutions of (6.1) - to the MRIs, the frontier of the visible abnormalities is assumed
to correspond to a threshold value of the tumor cell density u. We note τ1 the value
of the tumor cell density u corresponding to the frontier of the T1Gd abnormality,
and τ2 the value corresponding to the frontier of the T2-FLAIR abnormality. We
can already note that the invisibility index defined in the previous section is related
to the distance between the boundaries of the T1Gd abnormality and the T2-FLAIR
abnormality: the larger the distance, the larger the invisibility index is.
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6.3 Simulation

6.3.1 Preprocessing of the data

Figure 6.2: First row: Registration pipeline at time t1 of the T1Gd, T2-FLAIR,
and FA. Middle row: Registration pipeline at time t2 of the T1Gd, and T2-FLAIR.
Bottom row, from left to right: segmentation of the left and right hemispheres to
ensure the falx cerebri is labeled as CSF; gray matter segmentation; white matter
segmentation.

The pre-processing of the MRIs is of particular importance (Figure 6.2). The T1Gd
and T2-FLAIR abnormalities were segmented by a clinician, and the fractional
anisotropy (FA) MRI was extracted from the DTI. First, the segmentations of the
second time point t2 are mapped on the space of the first time point t1 as follows.
i) For each visit, the T2-FLAIR and FA MRIs are rigidly registered to the T1Gd
MRI [?]. ii) The T1Gd MRI at t2 is non-linearly registered to the T1Gd MRI
at t1 using the FNIRT function of the FSL software [?, ?]. The segmentation of
the tumor at t2 is used to exclude the tumor from the similarity criterion (sum-
of-squared difference) during the registration. As such, the intensity values in the
tumor are ignored, and the tumor is warped in accordance with the surrounding
(non-masked) tissues. iii) The resulting transformations are applied to transport
the T2-FLAIR abnormalities at t1 and t2, and the T1Gd abnormality at t2, on the
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T1Gd MRI at t1. Second, white and gray matter, and cerebrospinal fluid (CSF) are
extracted from MRIs at t1. The pipeline is the following i) Extract the brain from
the skull [?]. ii) Correct for the bias and segment the white matter, gray matter,
and CSF [?]. iii) Separate the left and right hemispheres [?], iv) The voxels at the
boundary between the two hemispheres are tagged as CSF, in order to prevent the
tumor from invading the contra-lateral hemisphere through the falx cerebri. The
voxels with high FA value (> 0.45) and which were tagged as white matter are not
affected by this process in order to ensure that the corpus callosum stays segmented
as white matter. The red circle on Figure 6.2 emphasizes the importance of the
hemisphere separation to label the falx cerebri as CSF, and the corpus callosum as
white matter.

6.3.2 Lattice Boltzmann Method

A typical approach to implement the reaction-diffusion equation is to discretize
the equation using the Crank-Nicolson scheme [?]. This requires the inversion of
a large sparse matrix n × n where n is the number of voxels in the image, using
a preconditioned gradient method like the biconjugate gradient stabilized method.
For 3D MRIs with n ∼ 106, this approach is computationally prohibitive. For our
approach, we use the more recent explicit method called the Lattice Boltzmann
Method (LBM). LBM has been successfully applied to implement the reaction-
diffusion equation in the fields of cardiac electrophysiology modeling [?, ?], and
liver tumor radiofrequency-ablation [?]. The idea is to model the reaction-diffusion
equation as a set of fictitious particles which collide and stream on the cartesian
grid. The details of the implementation can be found in Appendix B.

With a diffusion coefficient constant in time, the LBM does not require costly
inversion of matrices. The LBM is easily parallelized such that simulating 30 days
of growth, with δt = 0.1 day, takes approximately 50 seconds on a 2.3 Ghz 50 core
machine for a 1 mm isotropic 155× 182× 157 grid.

6.3.3 Initialization

The initialization of the tumor cell density u(t = t1, x) at the time of the first
acquisition is of particular importance, as it impacts the rest of the simulation.
In this work, the tumor tail extrapolation algorithm described in [?] is used. The
tumor cell density is computed outward (and inward) of the T1Gd abnormality
borders as a static approximation of the wave-like solution of equation (6.1) with
parameter θ. The algorithm is based on the recursive approximation of equation
(6.4) for current values of the solution u. It only depends on the invisibility index
λ =

√
D/ρ. The details of the implementation can be found in [?]. By construction

of the initialization, the T1Gd abnormality falls exactly on the threshold τ1 of the
tumor cell density at the first time point (Figure 6.1).
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Figure 6.3: 1D graphical explanation detailing how the measured radii are related to
the invisibility index and speed of growth of the tumor. (Left) Relationship between
the invisibility index and the speed of the tumor, and the parameters D and ρ of
the model. (Right) 1D tumor cell density at two different time points detailing how
the measured radii are related to the parameters of the model.

Figure 6.4: (Left) Example of simulations on a large cube with different parameters
D and ρ used to infer the relationship between the invisibility index and the mea-
sured radii. (Middle) Invisibility index (

√
D/ρ) function of rT2−FLAIR−rT1Gd. The

blue dots result from the LBM simulations in the square, the red line is the linear fit.
(Right) Asymptotic speed (2

√
Dρ) function of the measured radial growth speed.

The blue dots result from the LBM simulations, the red line is the first bisector.

6.4 Personalization

We describe in this section the personalization of the parameter θ = (D, ρ) of the
reaction-diffusion equation (6.1). Three different methods with increasing levels of
complexity are presented. The first two are adapted from the literature, and are
compared to the last one which we propose for the Bayesian personalization.

The first method (Section 6.4.1) is based on Swanson’s approach [?, ?]. The
spherical asymptotic analysis of the solution in a large domain is used to relate the
invisibility index to the measured radii of the T1Gd and T2-FLAIR abnormalities,
using multiple runs of the forward model.

The second method (Section 6.4.2) is based on [?] where the derivative-free
optimization method BOBYQA is used to infer the parameters D and ρ. We apply
it to the case of glioblastoma where two abnormalities are observable at each time
point. We do not optimize for the source point of the tumor since we initialize the
model with the contour of the first T1Gd abnormality.
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Finally, we propose to estimate the posterior probability of the parameters D
and ρ, knowing the clinician segmentations, using a MCMC method, the Gaussian
Process Hamiltonian Monte Carlo.

6.4.1 Spherical Asymptotic Analysis

The parameters D and ρ can be related to the asymptotic velocity v = 2
√
Dρ, and

the invisibility index λ =
√
D/ρ. The knowledge of the velocity and invisibility

index uniquely identifies D and ρ since D = vλ/2 and ρ = v/(2λ). As such, given
a patient and the segmented T1Gd and T2-FLAIR abnormalities, we want to infer
the parameters (v, λ) from the measured radius of the abnormality through their
measured volume. We hypothesize that there is a simple relationship between those
radii, and the velocity and the invisibility index [?]. We consider the special case
of an isotropic and homogeneous domain with a Gaussian initialization. The speed
of growth can be measured as the temporal variation of the radial expansion of the
abnormalities over time (see Figure 6.3 left). Since the distinct speed of growth of
the T1Gd and T2-FLAIR abnormalities can be measured (and can be different), we
use the geometric mean between the two, v =

√
v1v2, as an estimate. We propose

in this section to find a simple relationship between the invisibility index, and the
measured radii of the T1Gd and T2-FLAIR abnormalities (see Figure 6.3).

The tumor growth model was run on a large 201×201×201 1 mm isotropic grid,
with different parameters D and ρ, for 200 days, and initialized with a symmetric
Gaussian. Using 15 equally spaced values of D ∈ [0.02 1.5] mm2.day−1, and 15
equally spaced values of ρ ∈ [0.002 0.2] day−1, 225 simulations were performed,
keeping 11 time points per simulations. For each time point, we considered the
value of the radii of the T1Gd and T2-FLAIR abnormality (resp. rT2−FLAIR and
rT1Gd), using thresholds of τ1 = 80% and τ2 = 16%. We observe a good linear
relationship between the invisibility index λ, and the radius difference (rT2−FLAIR−
rT1Gd) (Figure 6.4),

λ =

√
D

ρ
= a (rT2−FLAIR − rT1Gd) + b (6.6)

with a = 0.13 and b = 0.23 mm for D in mm2.day−1 and ρ in day−1. We further
checked that the measured velocity corresponded to the asymptotic one (Figure 6.4).

In this chapter, we consider the personalization using two time points. Since
the invisibility index can be measured on both time points, similarly to the speed,
we use the geometric mean between the two as an estimate. This personalization is
based on volumetric consideration, and valid in large homogeneous domain, much
like Swanson’s approach [?,?].

6.4.2 BOBYQA Optimization

The previous method does not take into account the inhomogeneity and anisotropy
of the growth, and does not account for anatomical barriers such as CSF. In order



72
Chapter 6. MRI Based Bayesian Personalization of a Brain Tumor

Growth Model

to derive a finer estimation, we use an optimization method. We need to define
the error corresponding to a simulation with associated parameter θ. The simula-
tion is initialized at t1 using the first T1Gd abnormality, and simulated with the
LBM until the second time point t2 is reached. We extract the simulated contours
corresponding to the thresholds τ1 and τ2, at t1 and t2. The 95th percentile of the
symmetric Hausdorff distance between the borders of the clinician segmentation and
the extracted contours is computed for: i) the T2-FLAIR abnormality at time t1, ii)
the T2-FLAIR abnormality at time t2, iii) the T1Gd abnormality at time t2. The
mean of these distances Hmean is used as an error measure for the simulation. We
use this error measure because the Hausdorff distance is sensitive and independent
of the size of the abnormality. As such, the T1Gd and T2-FLAIR will be penalized
in a similar fashion. Other error measures could be considered such as the DICE
coefficient, which is however sensitive to the size of the abnormalities. We mini-
mize the error using the derivative-free optimization algorithm BOBYQA [?], using
the implementation of the library NLopt1. The algorithm is run 9 times with 9
different initializations to explore various local minima. We keep the best of the 9
solutions. This personalization is in the spirit of Konukoglu’s work [?], but applied
to glioblastomas.

6.4.3 Bayesian Personalization

We denote by S the set of clinician segmentations the model should fit. We are inter-
ested in the posterior probability of the model parameter θ = (D, ρ), knowing the ob-
servations S. To cast the problem in a probabilistic framework, we follow Bayes rule:
P (θ|S) ∝ P (S|θ) P (θ). The likelihood is modeled as P (S|θ) ∝ exp(−H2

mean/σ
2),

where the distance Hmean is the mean of the 95th percentile symmetric Hausdorff
distance between the border of the segmentations S and the isolines of the simulated
tumor cell density u using θ, and the thresholds τ1 and τ2. As such, the negative
log-likelihood H2

mean/σ
2 is the error term optimized during BOBYQA, normalized

with the noise level σ. P (θ) is the prior on the parameters of the model. We want
to estimate the posterior distribution P (θ|S). To do so, samples are drawn from
the posterior probability using the Gaussian Process Hamiltonian Monte Carlo [?].

Hamiltonian Monte Carlo (HMC). HMC is a Markov Chain Monte Carlo
algorithm which uses a refined proposal density function based on the Hamiltonian
dynamics [?]. The idea is to have a high acceptance rate while proposing points
relatively far from the current point. The problem is augmented with a momentum
variable p ∼ N (0, I). By randomly sampling p, we define a current state (θ,p).
The energy of the state is H(θ,p) = Epot + Ekin, with potential energy Epot =

− log(P (S|θ)P (θ)), and kinetic energy Ekin = 1/2 ||p||22. Using the Hamiltonian
dynamics for a certain period of time ∆tH ,

dθi
dt

=
∂H

∂pi
,

dpi
dt

= −∂H
∂θi

(6.7)

1Steven G. Johnson, The NLopt nonlinear-optimization package, http://ab-initio.mit.edu/nlopt
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Figure 6.5: (Left) Synthetic growth of a tumor in the MNI atlas during 30 days with
D = 1 mm2.day−1 and ρ = 0.18 day−1. The T2-FLAIR abnormality (isodensity of
τ2 = 16%) is outlined in red. The T1Gd abnormality (isodensity of τ1 = 80%) is
outlined in orange. (Right) Limits of the asymptotic personalization in presence of
boundaries. The infiltration length - proportional to rT2−FLAIR − rT1Gd - tends to
be under-estimated by considering the equivalent spherical volumes.

a new state (θ∗,p∗) is proposed, with energy H(θ∗,p∗). Using a Metropolis-
Hastings acceptance criterion, the new state (θ∗,p∗) is accepted with probability
A = min [1, exp(−H(θ∗,p∗) + H(θ,p))]. The conservation of the energy during the
Hamiltonian dynamics - up to the numerical discretization accuracy of the Leapfrog
scheme - insures a high acceptance rate A, which is the ratio of proposed samples
samples which are accepted. The boundary conditions on the bounded parameter
space θ are enforced using a bounce back condition [?] during the Leapfrog scheme
used for the time integration. More precisely, if during the computations, the pa-
rameter θ crosses a boundary, its moment p is reversed and projected on the normal
of the boundary.

Gaussian Process Hamiltonian Monte Carlo (GPHMC). In the HMC,
computing the Hamiltonian dynamics - equations (6.7) - requires a significant
amount of model evalutations. To circumvent this difficulty, Epot is approximated
with a Gaussian process [?]. During the initialization phase, the forward model is
evaluated on a coarse grid to initialize the Gaussian process. During the exploration
phase, the forward model is evaluated at locations of low Epot and high uncertainty
on the Gaussian process interpolation (details can be found in [?]). HMC is then
run using the Gaussian process interpolation of Epot to compute the Hamiltonian
dynamics. Given that the Gaussian process well captures Epot, the GPHMC benefits
from the high acceptance rate of the HMC, with far less model evaluations.

Parameters. The parameter θ is constrained such that D ∈
[10−4, 10] mm2/days, and ρ ∈ [10−5, 10] days−1, which encloses expected values for
glioblastomas [?]. The prior P (θ) is assumed log-uniform within this bounded box.
The Hamiltonian dynamics is run for ∆tH = 60 days. For the likelihood, the noise
level σ has been empirically set to 5 mm to provide a reasonable acceptance rate,
and a good acceptance rate. The noise level influences how peaked the estimated
posterior will be. For the GPHMC, the Gaussian process is defined with a squared
exponential covariance matrix C(θ1,θ2) = w0 exp(−||θ1−θ2)||22/w2

1) [?], where ||.||2
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is the l2 norm. These parameters are estimated with maximum likelihood [?]. Dur-
ing the GPHMC, the initialization is done with 49 forward model evaluations, while
50 evaluations are used for the exploratory phase, then 1000 samples are generated.

Figure 6.6: Comparison with a simple grid estimation of the posterior using 34×34 =

1156 model evaluations in the admissible domain for the synthetic case. The zoom
to the region of low potential energy ( i.e. high probability) proves the value of the
presented method. The color scale indicates the negative log-likelihood.

6.5 Results

6.5.1 Synthetic Case

We perform a thorough analysis of a synthetic - but realistic - case. A simulation is
run on the MNI atlas [?], with parameters D = 1 mm2.day−1 and ρ = 0.18 day−1,
for 30 days (Figure 6.5). The result of the 3 different personalization methods
can be seen on Figure 6.7. The result of the BOBYQA optimization is close to
the mode of the computed posterior density. However, the spherical asymptotic
analysis personalization is largely under-estimating the diffusion parameter D. The
asymptotic personalization method makes the assumption that the T1Gd and T2-
FLAIR abnormalities are growing concentrically in an infinite domain. The presence
of boundaries in realistic growth leads to the under-estimation of the difference of
the radius of the abnormalities, leading to the under-estimation of the infiltration
length (Figure 6.5). The acceptance rate during the GPHMC is 83%, reflecting the
fact that the Gaussian process is a good interpolation of the potential energy Epot

for the sampling.
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Figure 6.7: In the black box, (Left) i) Initialization of the Gaussian process inter-
polating the potential energy Epot with a a coarse 7 × 7 grid ii) Refinement of the
Gaussian process with points of low potential energy and high uncertainty (see de-
tails in [?]) (Right) Personalization of the tumor growth model for the synthetic case.
The result of the asymptotic personalization is at the intersection of the dashed red
lines, the result of the BOBYQA optimization is at the intersection of the full red
lines, and falls on the true parameters values at this scale. The color scale indicates
the negative log-likelihood. Outside of the black box, results of the GPHMC person-
alization for the synthetic case using (from left to right, top to bottom) a uniform
prior, a noise level σ =

√
5, and the median Hausdorff distance.

The impact of the different parameters is analyzed on the synthetic case (Figure
6.7). We can see that using a uniform prior - like in [?] - results in samples which
are more concentrated in the regions of high values of D and ρ. However, it does
not change much the shape and the location of the mode. On the other hand, using
a noise level σ =

√
5 mm instead of 5 mm (with a log-uniform prior) results in a

posterior which is much more peaked around the same mode. Finally, using the
median Hausdorff distance instead of the 95th percentile (with a log-uniform prior
and σ = 5 mm) results in samples which are more spread because this distance is
less discriminative. The effect is very similar to increasing the noise level σ. Finally,
the method is compared to a simple grid evaluation of the potential energy for the
synthetic case. The GPHMC automatically sample an extremely high density of
points in the region of high probability, compared to the simplest grid approach
(Figure 6.6).

6.5.2 Glioblastoma Patients

The method is applied to 7 patients. The T1Gd and T2-FLAIR abnormalities were
segmented by a clinician. A summary of the results can be found on Table 6.1.
The patients come from diverse clinical studies. We selected patients who were
not treated with resection, and where two time points with visible growth were
available. The patients were under chemotherapy, radiotherapy, and other specific
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type of therapies such as anti-angiogenic drug. This is one of the reasons why we
focus on personalization, and not on prediction. The complex therapy schedule
makes the prediction of the future behavior of the tumor difficult.

Figure 6.8: Maximum a Posteriori fit for Patient 1 (Top) and Patient 4 (Bottom).
For each patient: (Left) The proliferative rim is outlined in orange on the T1Gd
MRI at two different time points; (Middle Left) The edema is outlined in red on
the T2-FLAIR MRI at two different time points; (Middle Right) Tumor cell density,
the black (resp. white) line is the threshold value τ1 (resp. τ2) corresponding to the
T1Gd (resp. T2-FLAIR) abnormality; (Right) Comparison between the clinician
segmentation and the contours from the model.

The result of the estimation can be seen on Figure 6.9. The personalization based
on the asymptotic analysis tends to provide low values of D and ρ. We observe the
variety of behavior of the posterior for the different patients. Figure 6.9 shows the
best BOBYQA solution. The second and third best solutions are only shown if
they are distinguishable with the first one at this scale, or if they fall in regions of
low potential energy. The best BOBYQA solution always falls close to a mode of
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the posterior, but does not reflect the correlation between the parameters D and
ρ. Moreover, it is worth mentioning that for every patient, some of the differently
initialized BOBYQA solutions lead to very poor results.

Patients 1, 2, and 3 present only one mode. The BOBYQA solution gives good
results, while the asymptotic analysis always gives slightly off solutions. Patients 3,
6, and 7 present two modes. The two modes are very close to each other for patients
6 and 7 while they are far apart for patient 3. This reflects the fact that the model
cannot explain simultaneously the four available segmentations, and different sets
of parameters lead to equivalently plausible solutions. For patient 5, the BOBYQA
solution and spherical asymptotic analysis give completely false result. This seem to
be due to the fact that the solutions lie near the boundary of the domain, which lead
to false convergence of the BOBYQA algorithm. For this patient, the parameters
tend to lie at the edge of the admissible domain defined in Section 6.4.3.

The acceptance rate during the GPHMC is on average 72%. This high accep-
tance rate is an indication that the Gaussian process is a good interpolation of the
potential energy. However, for some patients, the interpolation is not as good re-
sulting in acceptance rate of 52% (Patient 3) and 56% (Patient 7). This is mainly
due to narrow regions of high probability, where there are relatively few points to
interpolate the potential energy. Note that the parameters of the GPHMC were the
same for the seven different patients.

For a given patient, we can gather the samples in a matrix X ∈ Rn×2, where n
is the number of samples. We can project the samples in the (log(λ), log(v)) space,
and compute the empirical covariance C,

C = cov

(
X

(
1
2

1
2

−1
2

1
2

))
(6.8)

We then compute the normalized variances σinv and σspeed of the posterior samples
along the speed and invisibility index axis respectively,

σinv =
C(1, 1)

Tr [C]
, σspeed =

C(2, 2)

Tr [C]
(6.9)

where Tr [ . ] refers to the trace of the matrix. This way, we can quantify which of
the invisibility index or speed is better captured by the model. For instance, patient
3 presents an extremely elongated posterior along the line of constant invisibility
index (σinv = 1%, σspeed = 99%), showing that the uncertainty on the fit is due to
the speed rather than the invisibility index. For patient 1, the posterior is not as
elongated, showing that the uncertainties due to the speed or the invisibility index
are more similar (σinv = 45%, σspeed = 55%). This is probably caused by the fact
that the two time points are 105 days apart for patient 1. As such the speed of
growth of the tumor is more identifiable resulting in a drop of the variance due to
the speed compared to the other patients. Similarly, the synthetic case presents a
larger growth which makes the identifiability of the speed easier.

We show the result of the simulation using the parameter θ corresponding to
the Maximum a Posteriori (MAP) of the samples (Figure 6.8) for two representa-
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t2 − t1 (days) Acceptance rate (%) σspeed ( %) σinv ( %)

Synthetic 30 83 23 77

Pat. 1 105 84 45 55

Pat. 2 29 87 74 26

Pat. 3 26 52 99 1

Pat. 4 31 72 98 2

Pat. 5 14 77 98 2

Pat. 6 28 74 82 18

Pat. 7 29 56 83 17

Table 6.1: Results on 7 patients: time span between the time points; acceptance
rate of the GPHMC; percentage of variance due to the speed; percentage of variance
due to the invisibility index.

tive patients. Furthermore, for each sample resulting from the GPHMC, one can
compute the corresponding segmentation for the T1Gd at the second time point,
and the T2-FLAIR at the first and second time points. We can then compute the
probability for each voxel to lie within one of those segmentations. We show on
Figure 6.10 the 10% (in blue) and 90% (in green) isolines of this probability mask
which allows to visualize the uncertainty in the MAP segmentation.

6.6 Discussion

In this work, we presented an efficient implementation of the reaction-diffusion equa-
tion for the brain tumor growth based on the Lattice Boltzmann Method. We fur-
ther presented estimation methods of the model’s parameters of different levels of
complexity. The simplest one is based on the asymptotic properties of the reaction-
diffusion equation. It does not require complex computations, but fails when the
growth is constrained by the brain boundaries. The second method is the optimiza-
tion of an error term using a derivative-free algorithm. In our experiments, the
method required on average 20 model evaluations per initialization, resulting in 180
model evaluation for a total of 9 different initializations. The third method is based
on an efficient Monte Carlo method called the Gaussian Process Hamiltonian Monte
Carlo, used to sample from a posterior, derived as the Boltzmann distribution of
the previous error term. It requires a total of 1100 model evaluations. As such,
the estimation of the posterior probability requires only 6 times more evaluations
than the direct optimization, and provides additional valuable informations about
the shape of the posterior. This reveals the possible presence of several modes, and
the correlation between the parameters due to the lack of identifiability of the speed
or the invisibility index.

Moreover, the samples of the posterior density could be used to estimate the
density in the whole domain using for instance kernel density estimation [?]. This
could be helpful to have access to other useful statistical indices such as the evidence
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Figure 6.9: Personalization of the tumor growth model for the 7 patients. The
result of the asymptotic personalization is at the intersection of the dashed red
lines, the result of the BOBYQA optimization is at the intersection of the solid red
lines. The presence of several BOBYQA solutions from different initializations is
indicated when the best three solutions were noticeably distinct. The color scale
indicates the negative log-likelihood of the posterior P (θ|S), which is equal to the
potential energy Epot.



80
Chapter 6. MRI Based Bayesian Personalization of a Brain Tumor

Growth Model

of the model, which can help answer questions about model selection [?,?].
In the future, we could consider the thresholds τ1 and τ2 as parameters of the

model to be sampled. This could also be the case for the noise level σ. Moreover,
the modeling of the mass effect could be useful in order to avoid the non-linear
registration between the second and the first time points.

Figure 6.10: (Top) Patient 2 (Bottom) Patient 4. From left to right: T1Gd for the
second time point, T2-FLAIR for the first time point, T2-FLAIR for the second
time point. The clinician segmentation are in orange for the T1Gd and red for the
T2-FLAIR.Â The blue outline (resp. green) encloses the voxels which were present
in at least 10% (resp. 90%) of the segmentations deduced from the samples.

6.7 Perspectives

In the future, we intend to apply the Bayesian personalization in order to explicitly
take into account the uncertainty in the expert’s segmentation. More specifically,
the segmentations used during each model evaluation could be sampled in the space
of plausible segmentations [?]. We also believe that this work could be used the
objective planning of personalized and more efficient therapy. Some work has already
been done on relating tumor growth models to radiation response models to better
define radiotherapy plans [?,?,?]. Such a method could provide personalized therapy
plans taking into account the uncertainty in the model’s parameters.
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In this chapter, we combine a computational model of brain tumor growth
with a dose response model to optimize radiotherapy planning. The
Bayesian personalization of the growth model to patients’ magnetic reso-
nance images (MRIs) takes into account the uncertainty in the model pa-
rameters, together with the uncertainty in the segmentations of the tumor
on the different MRI modalities. We present and compare three different
scenarios. In the first one, we only consider one MRI acquisition before
therapy, as it would usually be the case in clinic. In the second one, we
use two time points in order to personalize the model and plan radiother-
apy. In the third one, we include the uncertainty in the segmentation
process. Based on those different scenarios, we proposed three principled
approaches to compute the prescription dose based on the probabilistic
distribution of the tumor cell density. First, we minimize the surviving
fraction of tumor cells after irradiation in the most probable case. Second,
we minimize the expected survival fraction tumor cells after irradiation.
Third, we present an approach to correct the prescription dose to take
into account the presence of adjacent organs at risk. Finally, we present
Intensity Modulated Radiation Therapy (IMRT) of the three prescription
doses. This method allows to automatically generate prescription doses
conformal to the targeted tumor. We present the results of our approach
on two patients diagnosed with high grade glioma. We detail the results
in terms of dose volume histograms of the target volume and organs at
risk.
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7.1 Introduction

High grade glioma is one of the most common and aggressive types of primary
brain tumors. The treatment of high grade glioma usually involves resection when
possible, followed by concurrent chemotherapy and radiotherapy.

The use of computational growth models for gliomas have focused on modeling
response to chemotherapy, surgical resection, and radiotherapy. For instance, a sink
term can be added to the reaction-diffusion equation in order to model the impact of
chemo or radiotherapy [?,?]. The resection of a brain tumor can also be modeled by
suppressing the tumor cells present in the resection region [?], [?]. More advanced
therapy schedules using for instance anti-angiogenic drugs can also be studied with
more complex models [?].

In this chapter, we focus on the use of mathematical models to personalize
radiotherapy planning. Radiotherapy has been proven to be the single most effective
therapy in the management of high grade gliomas [?]. However, its planning is
made difficult by the infiltrative nature of the disease, and the uncertainty in the
abnormality revealed by the Magnetic Resonance Images (MRI). [?,?] personalized
a tumor growth model taking into account the effect of radiotherapy to high grade
glioma patients using imaging modalities such as T1 with Gadolinium contrast agent
(T1Gd), T2-FLAIR, and Positron Emission Tomography. They showed that the
personalization of such a model could help predicting the impact of therapy on
the progression of the tumor. [?, ?] used the previous model to optimize the dose
delivery so as to minimize the amount of surviving cells. They use a spherically
symmetric implementation of the tumor growth model in order to optimize the dose
and fractionation scheme of the planning. They showed that personalizing delivered
dose could improve therapy in terms of survival days gained by the patients. [?,?]
studied the optimization of the radiotherapy planning based on a tumor growth
model in order to automatically define a 3D prescription dose taking into account
the natural boundaries and privileged pathways of the tumor progression. They
studied the difference between this dose planning and the routinely defined plan, as
well as its impact on the Intensity Modulated Radiation Therapy (IMRT) dose.

In this chapter, we build on the previous works to develop a method to propose
prescription doses based on a personalized tumor extrapolation model. We utilize
a tumor growth model based on a reaction diffusion equation, which models the
infiltrative spread of tumor cells in the healthy appearing brain tissue. A Bayesian
approach is taken to estimate the posterior distribution over the model parameters
based on the MRIs of the patient, either from a single acquisition prior to therapy,
or from two time points before therapy. A recently proposed method to sample
plausible image segmentations is used to incorporate uncertainty in the segmentation
of the tumor in the MR images [?]. The tumor cell density simulated by those models
is then combined with an exponential cell survival model to describe the effect of
radiotherapy. The probability distribution over tumor cell densities, together with
the cell survival model, is used to define the prescription dose distribution, which is
the basis for subsequent IMRT planning. The pipeline is summarized on Figure 7.1.
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Figure 7.1: Summary of the method: the personalization of a tumor growth model
is combined with a dose response model to optimize the prescription dose. The
delivered dose is computed as the IMRT planning of the prescription dose. Different
scenarios are compared for the personalization of the model and the computation of
the prescription doses.

The chapter is divided as follow: i) the generation of different plausible seg-
mentations based on the clinical ones is presented in Section 7.2, ii) the forward
model of tumor growth is presented in Section 7.3, iii) the personalization method
is presented in Section 7.4, iv) the personalized dose response model to define the
prescription dose and the IMRT is detailed in Section 7.5. To our knowledge, this is
the first work using a personalized model of brain tumor growth taking into account
the uncertainty in the clinician segmentations in order to optimize radiotherapy
planning.

In this chapter, we consider three different scenarios. In the first one, we only
consider a single MRI acquisition of the T1Gd and T2-FLAIR MRI before therapy
planning. In the second, we consider two time points acquisition for a total of
four MRIs: the T1Gd at the first and second time point, the T2-FLAIR at the
first and second time point (see Figure 7.2). In the third scenario, we include the
uncertainty in the segmentation of the abnormality visible on the different MRIs to
the personalization strategy.

7.2 Segmentation Samples

The T1Gd abnormality, which is the active part of the tumor, and the larger T2-
FLAIR abnormality, which is usually called the edema, were segmented by a clini-
cian. In order to take into account the uncertainty in the segmentation, we propose
to randomly modify the original clinician segmentations. The method is based
on [?], where samples of such segmentations are generated from a high dimensional
Gaussian process, as the zero crossing of a level function. The samples are efficiently
produced on the regular grid using the separability and stationary properties of the
squared exponential covariance function (see Chapter 5). The samples take into
account the image intensity information using the signed geodesic distance as the
mean of the Gaussian process.
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Figure 7.2: (Left) The proliferative rim is outlined in orange on the T1Gd MRI at
two different time points; (Middle Left) The edema is outlined in red on the T2-
FLAIR MRI at two different time points. The edema encloses the proliferative rim;
(Middle Right) Tumor cell density computed with the reaction-diffusion model. The
black (resp. white) line is the threshold values τ1 (resp. τ2 ) corresponding to the
T1Gd (resp. T2-FLAIR) abnormality; (Right) Comparison between the clinician
segmentation and the contours from the model. The indices Si for i = 1, 2, 3, 4

identifying the clinical segmentations are overlaid on the corresponding figure.

Segmentation samples for the T1Gd and T2-FLAIR abnormalities at the first
and second time points are generated. We note S0

i for i = 1, 2, 3, 4 the clinical seg-
mentations for the T1Gd and T2-FLAIR abnormalities at the first and second time
points respectively (see Figure 7.2). We note Si for i = 1, 2, 3, 4 the sets of K plausi-
ble segmentations per modality and time point. In other words, Si =

{
Ski
}
k=1,...,K

where each Ski is a plausible sample from S0
i , the i-th clinician segmentation.

Figure 7.3 shows examples of such samples for K = 5. The samples automati-
cally respect boundaries of the tumor progression such as the ventricles, because of
the presence of large intensity gradients. The five presented samples per abnormality
correspond to an average DICE of 87%, which is comparable with the inter-expert
DICE measured in the BraTS Challenge for brain tumors delineation [?]. Com-
paring the output of the forward tumor growth model with these plausible noisy
segmentations allows to include the uncertainty we have in the original clinician
segmentation.

7.3 Tumor Growth Model

The tumor growth model is based on the reaction-diffusion equation,
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∂u

∂t
= ∇(D.∇u)︸ ︷︷ ︸

Diffusion

+ ρu(1− u)︸ ︷︷ ︸
Logistic Proliferation

(7.1)

D∇u.−→n ∂Ω = 0 (7.2)

Equation (7.1) describes the spatio-temporal evolution of the tumor cell density
u, which infiltrates neighboring tissues with a diffusion tensor D, and proliferates
with a net proliferation rate ρ. Equation (7.2) enforces Neumann boundary con-
ditions on the brain parenchyma domain Ω. Following [?], we define the diffusion
tensor as D = dw I in the white matter, and D = dw/10 I in the gray matter, where
I is the 3x3 identity matrix. We further identify the scalar parameter dw with D.

The solution of the reaction-diffusion equation (7.1) is a tumor cell density u

computed over the whole brain domain. In order to relate the tumor cell density u
to the MRIs, the frontier of the visible abnormalities is assumed to correspond to a
threshold value of the tumor cell density u. We note τ1 the value of the tumor cell
density u corresponding to the frontier of the T1Gd abnormality, and τ2 the value
corresponding to the frontier of the T2-FLAIR abnormality (see Figure 7.2).

The initialization of the tumor cell density u(t = t1, x) at the time of the first
acquisition is of particular importance, as it impacts the rest of the simulation. In
this work, the tumor tail extrapolation algorithm described by [?] is used. The
tumor cell density is computed outward (and inward) of one of the T1Gd abnormal-
ity segmentations, as a static approximation of the wave-like solution of equation
(7.1) with parameters (D, ρ). It only depends on the invisibility index λ =

√
D/ρ.

By construction of the initialization, the T1Gd abnormality falls exactly on the
threshold τ1 of the tumor cell density at the first time point.

The reaction-diffusion equation is solved using the Lattice Boltzmann Method
[?,?,?] which allows an easy parallelization and fast computations.

7.4 Personalization

The personalization of the tumor growth model will be combined to a dose response
model in order to define the radiotherapy planning. We compare three different sce-
narios. First we only use a single time point (the second acquisition) to personalize
the model such that the radiotherapy plan will be defined using a single acquisition,
similarly to what is being done in clinic. Second we use two time points in order
to take into account the temporal evolution of the two abnormalities, and not only
their extent at the second time point. The radiotherapy plan will then be defined
on the latest acquisition. Third, we use two time points and include the uncertainty
in the segmentations of the two abnormalities at the two instants.

7.4.1 Scenario 1: One time point only

In this section, we are interested in the posterior probability of the model parameter
θ = (D, ρ), knowing the clinical segmentations S0

3 on the T1Gd and S0
4 on the T2-
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FLAIR at the second time point. To cast the problem in a probabilistic framework,
we follow Bayes rule: P (θ|S0

3 , S
0
4) ∝ P (S0

3 , S
0
4 |θ) P (θ). The likelihood is modeled

as

P (S0
3 , S

0
4 |θ) ∝ exp

(
− H(D, ρ, S0

3 , S
0
4)2

σ2

)
(7.3)

where H(D, ρ, S0
3 , S

0
4) is the 95th percentile of the symmetric Hausdorff distance

between the border of the segmentation S0
4 , and the isoline at τ2 of the simulated

tumor cell density u using (D, ρ), and initialized with the segmentation S0
3 . We

further model the prior as log-uniform and independent between the parameters,

P (θ) = P (D)P (ρ) (7.4)

We sample from the posterior distribution using a Metropolis-Hasting algorithm.
Note that this section only uses the initialization algorithm (see Section 7.3) which
only depends on the invisibility index λ =

√
D/ρ.

7.4.2 Scenario 2: Two time points

In this section, we are interested in the posterior probability of the model parameter
θ = (D, ρ), knowing the clinical segmentations S0

i for i = 1, 2, 3, 4 on the T1Gd and
T2-FLAIR at the first and second time point respectively. In this case, the likelihood
is modeled as

P ({S0
i }i=1,2,3,4|θ) ∝ exp

(
− 1

σ2

(∑4
i=2Hi(D, ρ, S

0
1 , S

0
i )

3

)2)
(7.5)

where Hi(D, ρ, S
0
1 , S

0
i ) is the 95th percentile of the symmetric Hausdorff distance

between the border of the segmentation S0
i for i = 2, 3, 4, and the isoline of the

simulated tumor cell density u using (D, ρ), and initialized with the segmentation
S0

1 . We model the prior as described in Section 7.4.1.
We sample from the posterior distribution using the Gaussian Process Hamilto-

nian Monte Carlo (GPHMC) algorithm first described by [?], and used for tumor
growth personalization in [?].

7.4.3 Scenario 3: Two time points and segmentation uncertainty

In this section, we want to include the uncertainty in the segmentation to the person-
alization process. We denote the set of plausible segmentations by S = {Si}i=1,2,3,4

(see Section 7.2). We introduce the random variables Zi = (Zi1, ...,ZiK) for
i = 1, 2, 3, 4, which are one-hot binary vectors where P (Zij = 1|S) ∝ P (Sij),
and Zil = 0 for l 6= j when Zij = 1. The random variable Zi is a measure of the
plausibility of the samples. We are interested in the posterior probability of the
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model parameter θ = (D, ρ,Z1,Z2,Z3,Z4), knowing the observations S. We model
the likelihood as

P (S|θ) ∝ exp

(
− 1

σ2

(∑4
i=2Hi(D, ρ,Z1,Zi)

3

)2)
(7.6)

where Hi(D, ρ,Z1,Zi) is the 95th percentile of the symmetric Hausdorff distance
between the border of the segmentation indexed by Zi, and the isolines of the
simulated tumor cell density u using (D, ρ), and initialized with the contour selected
with Z1. We model the prior independent between the parameters, and log-uniform
for D and ρ,

P (θ) = P (D)P (ρ)
4∏
i=1

P (Zi) (7.7)

We sample from the posterior distribution using the GPHMC like in Section
7.4.2. The only difference is that at each iteration, we randomly sample segmenta-
tions from the prior P (Zi).

7.5 Radiotherapy Planning

In this section, we detail how we use the personalization of the tumor growth model
in order to define the best radiotherapy plan at the time of the second acquisition.
We start by coupling the estimated tumor cell density with a cell survival model
(Section 7.5.1). We then detail how to compute the prescription doses in Section
7.5.2, and how to compute the delivered dose in Section 7.5.3.

7.5.1 Cell survival

Cell survival after irradiation is often modeled using the linear-quadratic cell survival
model. In this chapter, we follow the derivations of [?], and consider the linear
approximation of the linear-quadratic model. In this framework, the density of
surviving tumor cells s after irradiation with a cumulative dose d in Gray (Gy =
Joules / kg) is given by

s = u exp(−ᾱd) (7.8)

where u is the tumor cell density before irradiation, and ᾱ is the radiosensitivity
parameter, corrected for the fact that we consider a linear approximation of the
linear-quadratic model.

7.5.2 Prescription Dose Optimization

A prescription dose can be defined as the dose minimizing the surviving fraction of
tumor cells. This is formally defined as the dose solving the following optimization
problem [?],
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minimize
d

f(d, u) =
∑
i∈I

ui exp(−αdi) (7.9)

subject to
∑
i∈I

di ≤ dint (7.10)

di ≥ 0 (7.11)

where I is the set of voxels in the image. Equation (7.9) aims at minimizing the
number of surviving tumor cells. Equation (7.10) constrains the integral dose to be
lower or equal to a user defined value dint, in order to avoid the trivial solution of
delivering an infinite dose. The parameter dint can be defined based on clinical con-
siderations related to the total dose a brain can tolerate. Equation (7.11) represents
the non-negativity constraint for the dose.

The optimal prescription dose can be found by setting to zero the derivative of
the corresponding Lagrangian, resulting in

di = max

[
0,

1

ᾱ
ln

(
uiᾱ

µ

)]
(7.12)

where µ is the Lagrange multiplier of the integral dose constraint. This solution
leads to a surviving tumor cell density s = µ/ᾱ when the dose is strictly positive, and
s < µ/ᾱ elsewhere. On the discrete grid formed by the image, we denote {t1, ..., tl}
the ordered list from which the tumor cell density u takes its value. To compute the
solution of the optimization problem, the voxels with highest value tl are targeted
with the dose needed to set the cell density to tl−1 (i.e. tl − tl−1 cells are killed
with the dose). In other word, we set the largest tumor cell density equal to the
second largest using a certain dose. This is done iteratively until the integral dose
constraint is activated (i.e. there is no dose left to use, see [?]). A local maximum
dose constraint of 60 Gy following clinical recommendation is also included.

The personalization of the tumor growth model provides samples {θi} from the
posterior distribution P (θ|S). We propose below three different principled methods
to compute prescription doses based on the computed samples.

7.5.2.1 MAP Dose

The MAP (Maximum A Posterior) dose is defined as the dose minimizing the sur-
viving fraction of the most probable tumor cell density noted u(θMAP) . This dose
does not take into account the uncertainty in the personalization.

7.5.2.2 Probabilistic Dose

The probabilistic dose is defined as the dose minimizing the expectation of the
survival fraction of tumor cell density. This expectation can be estimated using
samples from the posterior distribution as follows,
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Eθ [f(d, u(θ))] = Eθ

[∑
i∈I

ui(θ) exp(−αdi)

]
(7.13)

'
∑
i∈I

1

N

∑
θ

ui(θ) exp(−αdi) (7.14)

'
∑
i∈I

ûi exp(−αdi) (7.15)

' f(d, û) (7.16)

where û = 1
N

∑
θ u(θ) is the empirical mean of the tumor cell density. Computing

the probabilistic dose is then equivalent to minimizing the fraction of surviving
tumor cells using the empirical mean tumor cell density û.

7.5.2.3 Corrected Dose

The corrected dose is defined as the prescription dose corrected for the presence of
neighboring organs at risk (OARs). We minimize the surviving fraction of tumor
cell density minus the surviving fraction of the OARs cell density (i.e. we penalize
the death of OAR cells) as follows,

minimize
d

f(d, û)− δf(d, βc) (7.17)

where β(i) is the empirical standard deviation of the tumor cell density at the
ith voxel (Figure 7.7), c is the cell density of the OARs, and δ is a factor which
weighs the impact of the correction. The term βc translates the fact that we only
consider the impact of the OARs in the regions of high uncertainty in the tumor cell
density. Note that f(d, û)−δf(d, βc) = f(d, û−δβc). Hence taking into account the
OARs is equivalent to minimizing the original problem using the corrected tumor
cell density û− δβc.

7.5.3 IMRT Planning

We optimize an Intensity Modulated Radiation Therapy (IMRT) plan using 9
equally spaced coplanar 6MV photon beams and a piece-wise quadratic objective
function, following the formalism of [?,?]. The optimization problem is solved using
the L-BFGS quasi-newton method; dose-calculation is performed using the software
CERR 3.0 Beta 3 [?]. More specifically, we minimize the following objective function
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OAR ωo dmax

Brainstem 10 45
Optic nerves 10 30

Chiasm 10 30
Eye lenses 10 10
Eye balls 10 10

ωo ωu dgrad dlow

Target T 10 20 - -
Unclassified H 10 5 40 20

Table 7.1: Objective function parameters for the IMRT optimization.

g(d) =
∑
η

ωoη
Nη

∑
i∈Vη

(
di − dmax

η

)2
+

(7.18)

+
ωuT
NT

∑
i∈T

(dpres
i − di)2

+ (7.19)

+
ωoT
NT

∑
i∈T

(di − dpres
i )

2
+ (7.20)

+
ωuH
NH

∑
i∈H

(dpres
i − di)2

+ (7.21)

+
ωoH
NH

∑
i∈H

(di − dmax
i )2

+ (7.22)

The first term (7.18) denotes overdose objectives for the organs at risk (OAR).
The second term (7.19) denotes underdose objectives within a confined target volume
T . The third term (7.20) denotes overdose objectives within a confined target volume
T . The fourth term (7.21) aims at delivering the prescribed dose to voxels outside
of T ; and the fifth term (7.22) represents a conformity objective that penalizes dose
to unclassified voxels outside of T (including skull, brain tissue, ventricles). The
target volume T is defined as an isocontour of the average tumor cell density û

which encloses the same volume as the Clinical Target Volume (CTV) defined by
the clinician. Following [?] the conformity objective is defined at each voxel as

dmax
i = max

[
dlow,max

j

(
dpres
j − zijdgrad

)]
(7.23)

where zij denotes the Euclidean distance of the voxel i from another voxel j
which has a non-zero prescription dose dpres

j . The parameter dgrad is specified in Gy
per cm and describes the desired dose falloff in healthy tissue; dlow

i is a lower dose
threshold below which dose is not penalized. This conformity objective allows to
penalize reasonably regions such as the ventricles where the prescription dose dpres

is null. The parameters of the objective function are summarized in Table 7.1.
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7.6 Results

We present the results for a high grade glioma patient. This patient was not subject
to surgical resection, but was under a complex treatment of concurrent chemo- and
radiotherapy. We picked two time points separated by 28 days which revealed a
visible growth to conduct our experiments. The CT is used for the IMRT dose
calculations.

Figure 7.3: From top to bottom: segmentation samples for the T1Gd at the first
and second time points, and for the T2-FLAIR at the first and second time points.
The sample are generated independently for the different time points and modali-
ties. The different colors correspond to the different samples. The original clinical
segmentation S0

i for i = 1, 2, 3, 4 is in red on the different modalities. The yellow
bars are indications for Figure 7.6.
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The threshold for the T1Gd and T2-FLAIR abnormalities is set to τ1 = 80%

and τ2 = 16% respectively [?]. The log-uniform prior is bounded such that D ∈
[10−4, 10] mm2/days, and ρ ∈ [10−5, 10] days−1 which encloses clinically expected
values [?]. Following the previous chapter, the noise level is set to σ = 5mm for the
likelihood. For the scenario 1, 4000 samples are drawn from the posterior with a
normal distribution with standard deviation 0.3 for the proposal function, leading
to an acceptance rate of 30%. For scenarios 2 and 3, 2000 samples are drawn from
the posterior distribution, leading to an acceptance rate of 60%.

Figure 7.4 shows the histograms of the invisibility index λ =
√
D/ρ for the three

scenarios. Including the second time point, and the uncertainty in the segmentation,
increases the uncertainty in the invisibility index. Indeed, the histogram is rather
peaked when using a single time point, and it becomes less peaked when including
the second time point. Moreover, including the second time point changes the value
of the invisibility index to smaller values. Figure 7.5 shows the samples from the
posterior density of the parameters D and ρ knowing the considered segmentations
when using two time points (Left) and when including the uncertainty in the seg-
mentation (Middle). We can see that the presence of two close modes in the region
of high probability disappears when the uncertainty in the segmentation is consid-
ered. The samples reveal an asymmetric posterior distribution where the mode and
mean are different, hinting the fact the probabilistic and MAP dose distributions
will be different as well. Moreover, the histograms of the random variable Zi for
i = 1, 2, 3, 4 (Figure 7.5 Right) show that all the segmentation samples are equally
probable.

Figure 7.4: Normalized histogram of the distribution of the invisibility index λ =√
D/ρ. The distribution using a single time point t2 is more peaked (in black) than

using two time points (in red), or two time points and the segmentation uncertainty
(in blue). The mean value is greater using a single time point t2 than using two
time points, or two time points and the segmentation uncertainty.

Figure 7.2 (Right) shows the most probable tumor cell density taking into ac-
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count the uncertainty in the segmentation, along with the extracted contours for the
T1Gd and T2-FLAIR abnormalities. In the remainder of the chapter, we use 100
random samples from the posterior to compute the empirical mean and the standard
deviation of the tumor cell density for the different scenarios.

Figure 7.5: Posterior density of the joint probability P (D, ρ|S) using only the clinical
segmentations (Left) and taking into account the uncertainty in the segmentations
(Middle). The colorbar indicates the negative log likelihood of the samples (yellow
unlikely, blue very likely). The most probable sample is indicated with the crossing
solid red lines, the mean is indicated with the dashed red lines. The histograms of
the random variable Zi are on the right.

Figure 7.6 shows the personalized tumor cell density profile extracted along two
different lines at the second time point in the case of scenario 3, along with the
boundaries of the segmentation samples. This allows to visualize the uncertainty in
the computed tumor cell density. Figure 7.7 shows the axial, coronal, and sagittal
views of the 3D empirical mean and standard deviation of the tumor cell density at
the second time point for scenario 3. Those two figures highlights the two sources of
uncertainty for scenario 3: the uncertainty in the segmentation, and the uncertainty
in the infiltration of the tumor.

Figure 7.6: Visualization of the 3D tumor cell density profile extracted along 2 lines
(in orange on Figure 7.3, identified by an orange number). The empirical mean
of the tumor cell density is the solid black line, and the shaded area encloses the
10th to 90th percentiles. The colored crosses corresponds to the boundaries of the
different segmentations visible on Figure 7.3 with the same color code.
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Figure 7.7: MAP (Top), mean (Middle), and standard deviation (Bottom) of the
tumor cell density at the second time point computed with 100 random samples of
the posterior, when taking into account two time points and the uncertainty in the
segmentations. From left to right: axial, coronal, and sagittal views. The brainstem
is outlined in white, and the target volume T is outlined with a dashed white line.
The arrows indicate regions of varying uncertainty above the brainstem (see Figure
7.13).

The integral dose constraint is set equal to the total dose a patient would receive
during a treatment following standard guidelines [?]. For that, we simulate a clinical
target volume (CTV) by expanding with a 2cm margin the T1Gd abnormality visible
on the second time point. To respect the boundaries of the tumor progression - much
like a clinician would do - we define the CTV as the isoline of the average tumor
cell density using only the second time point which is totally included in a 2cm
expansion of the T1Gd abnormality. The clinical radiotherapy planning consists of
targeting 60Gy inside the CTV, and 0 elsewhere (see Figure 7.8 Top). We compute
the IMRT optimization of the clinical plan visible on Figure 7.9 (Top). We then
set dint = 4.4e+ 07 Gy.mm3 which corresponds to the IMRT dose delivered on the
brain tissues (i.e. excluding the skull and cerebrospinal fluid). The radiosensitivity
parameters ᾱ is set to 0.35 1/Gy.



96
Chapter 7. Personalized Radiotherapy Planning Based on a

Computational Tumor Growth Model

Figure 7.8: Prescription MAP doses in Gray for the clinical plan and the three
different personalized plans. From top to bottom: clinical plan, using only the
second time point, using the two time points, using the two time points and the
segmentation uncertainty. From left to right: axial, coronal, and sagittal views.
The arrows emphasize the difference of falloff between the different scenarios.

Figure 7.8 shows the prescription MAP doses in the three scenarios: i) using only
the second time point, ii) using the two time points, iii) using the two time points
and the segmentation uncertainty. In accordance with the histograms of invisibility
index (Figure 7.4), we can see that the MAP dose using a single time point is more
infiltrative compared to the doses using two time points (see the arrows on the
different views of Figure 7.8). Furthermore, there is almost no difference between
considering or not the impact of segmentation uncertainty (i.e. between scenario
2 and 3). Figure 7.9 shows the corresponding IMRT optimization of the MAP
doses. We can see that the differences between the doses is largely attenuated by
the smoothing effect of the IMRT optimization. This is confirmed by Figure 7.12
(Left) which shows the DICE coefficient of the 50Gy isolines of the different doses



7.6. Results 97

before and after the IMRT optimization: the DICE coefficient is greater (on average
95%) after IMRT than before (on average 91%).

Figure 7.9: IMRT MAP doses in Gray for the clinical plan and the three different
personalized plans. From top to bottom: clinical plan, using only the second time
point, using the two time points, using the two time points and the segmentation
uncertainty. From left to right: axial, coronal, and sagittal views.

Figure 7.10 shows the prescription probabilistic doses in the three scenarios. In
this case, the difference between the scenarios is not as important (see the DICE
coefficients on Figure 7.12 right). However, we can note that the infiltration of
the prescription dose is this time greater for the scenarios taking into account the
two time points, contrary to what happens using the MAP doses (see the arrows
on the axial view of Figure 7.10). This is because the larger uncertainty in the
invisibility index leads to a smoother falloff of the dose. Moreover, we can see the
effect of taking into account the uncertainty on the segmentations on the coronal
view (see the arrows on the coronal view of Figure 7.10). A part of the tumor near
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the cerebellum is more strongly targeted with the third scenario. This is because
this tumor is located near boundaries of the tumor progression and as such, the
delineation of the segmentation has a big impact. Figure 7.11 shows that this effect
is still very present after the IMRT optimization (see the arrows on the coronal view
of Figure 7.11).

Figure 7.10: Prescription probabilistic doses in Gray for the clinical plan and the
three different personalized plans. From top to bottom: clinical plan, using only
the second time point, using the two time points, using the two time points and
the segmentation uncertainty. From left to right: axial, coronal, and sagittal views.
The arrows emphasize the difference of falloff between the different scenarios.
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Figure 7.12: DICE coefficient of the dose binarized with a 50Gy threshold for the
different scenarios: using only one time point (OTP), using two time points (TTP),
using two time points and the segmentation uncertainty (TTPS). The DICE coeffi-
cient is presented for the MAP doses (Left) and probabilistic doses (Right), and for
the prescription doses (light blue) and the IMRT doses (light pink). One can note
that the TTP and TTPS scenarios are the closest, and that the IMRT optimization
reduces the differences between the doses.

Figure 7.13: Prescription (Top) and IMRT (Bottom) doses in Gray for increasing
values of δ (from left to right). We can see that with increasing δ, the dose around
the brainstem is re-distributed (see the arrows).

Figure 7.13 shows a sagittal view of the corrected dose (Top) for different values
of δ, and the corresponding IMRT dose (Bottom). The total amount of dose is
the same for the three presented dose distributions since they respect the dose
constraint. However, because of the correction factor, the dose prescribed inside
the brainstem (outlined in white) is being re-targeted in other regions of the brain
where the brainstem cell density and the uncertainty in the tumor cell density is
lower. The white arrows on Figure 7.13 and 7.7 (sagittal view) show how the part
of the dose where the tumor cell density is lower and the uncertainty higher (arrow
on the left) is reduced whereas the dose where the tumor cell density is higher
and the uncertainty lower (arrow on the right) is not redistributed. This translates
in reduced delivered dose after the IMRT optimization. This can be more clearly
observed by looking at the dose volume histograms on Figure 7.14. One can see



100
Chapter 7. Personalized Radiotherapy Planning Based on a

Computational Tumor Growth Model

that, with increasing values of δ, the dose delivered to the brainstem is reduced,
while the dose delivered to the target volume T as defined in section 7.5.3 remains
the same.

Figure 7.14: Dose volume histogram for the brainstem (solid lines) and the target
volume T (dashed lines) for different values of δ. The x axis is the dose and the y
axis if the percentage of volume targeted with this dose. Increasing the value of δ
reduces the dose delivered to the brainstem while keeping the dose delivered to the
target volume T approximately constant.

Finally, the knowledge of the delivered IMRT dose and the tumor cell density
allows one to compute the tumor cell density after the therapy. Figure 7.15 shows
the difference between the tumor cell density before and after therapy in the case
of using only the second time point (scenario 1). We can see the huge drop in
the tumor cell density as well as its standard deviation. Moreover, note that the
standard deviation in the tumor cell density before therapy is greater when taking
into account the two time points and the uncertainty on the segmentation (Figure
7.7).

Figure 7.15: Mean (Top) and standard deviation (Bottom) of the tumor cell density
before (Left) and after (Right) therapy in the first scenario (i.e. taking into account
only the second time point).
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7.7 Second Patient

Figure 7.16: From top to bottom: segmentation samples for the T1Gd at the first
and second time points, and for the T2-FLAIR at the first and second time points.
The sample are generated independently for the different time points and modali-
ties. The different colors correspond to the different samples. The original clinical
segmentation S0

i for i = 1, 2, 3, 4 is in red on the different modalities.

The same method was applied to a second patient. The different segmentation
samples used are on Figure 7.16. The histogram of the invisibility index on Figure
7.17 shows that, similarly to the previous patient, including a second time point
and the uncertainty on the segmentation increases the uncertainty on the invisi-
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bility index. The samples from the posterior probability are on Figure 7.18. The
mean and standard deviation of the tumor cell density are on Figure 7.19. Figure
7.20 and 7.21 shows the prescription and IMRT MAP doses. We can see that the
infiltration is larger on the dose using a single time point. Figure 7.22 and 7.23
shows the prescription and IMRT probabilistic doses. The difference is very small
between the different scenarios. Figure 7.24 shows the DICE coefficient between the
different scenarios for the prescription and the IMRT doses. We can see that the
IMRT smoothes out the differences between the prescription doses. The corrected
prescription dose and its corresponding IMRT optimized dose for different values of
δ are on Figure 7.25. The dose volume histograms of the IMRT corrected dose for
different values of δ for the target volume and the brainstem are on Figure 7.26.

Figure 7.17: Normalized histogram of the distribution of the invisibility index λ =√
D/ρ. The distribution using a single time point t2 is more peaked (in black) than

using two time points (in red), or two time points and the segmentation uncertainty
(in blue).

Figure 7.18: Posterior density of the joint probability P (D, ρ|S) using only the clin-
ical segmentations (Left) and taking into account the uncertainty in the segmen-
tations (Middle). The colorbar indicates the negative log likelihood of the samples
(yellow unlikely, blue very likely). The most probable sample is indicated with
the crossing solid red lines, the mean is indicated with the dashed red lines. The
histograms of the random variable Zi are on the right.



7.8. Conclusion 103

Figure 7.24: DICE coefficient of the dose binarized with a 40Gy threshold for the
different scenarios: using only one time point (OTP), using two time points (TTP),
using two time points and the segmentation uncertainty (TTPS). The DICE coeffi-
cient is presented for the MAP doses (Left) and probabilistic doses (Right), and for
the prescription doses (light blue) and the IMRT doses (light pink). One can note
that the TTP and TTPS scenarios are the closest, and that the IMRT optimization
reduces the differences between the doses.

Figure 7.25: Prescription (Top) and IMRT (Bottom) doses in Gray for increasing
values of δ (from left to right). We can see that with increasing δ, the dose around
the brainstem is re-distributed. The arrows indicate the parts of the brain where
the dose is re-distributed.

7.8 Conclusion

We presented a method to combine a computational model of tumor growth and a
dose response model in order to optimize radiotherapy planning, which takes into
account the uncertainty in the model parameters and the clinical segmentations. We
presented and compared three different scenarios. In the first one, we only consider
one MRI acquisition before therapy, as it would usually be the case in clinic. In
the second one, we use two time points in order to personalize the model and plan
radiotherapy. In the third one, we include the uncertainty in the segmentation pro-
cess. Based on those different scenarios, we proposed three principled approaches in
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order to define patient specific dose planning, and discussed the difference between
them. The MAP dose minimizes surviving tumor cells after irradiation of the most
probable situation, while the probabilistic dose allows to take into account the un-
certainty by minimizing the expected surviving tumor cells. The proposed density
are automatically conformal to the T1Gd and T2-FLAIR abnormalities. We showed
that including a second time point increased the uncertainty in the invisibility index
and resulted in less peaked probabilistic doses. However, the difference between the
prescription doses are partly smoothed out by the IMRT optimization. We also
showed that including the uncertainty in the segmentation did not change the re-
sults much. We also proposed a proof-of-concept method in order to redistribute the
dose to take into account the uncertainty in the tumor cell density, and the presence
of neighboring OARs such as the brainstem. We believe that this method could be
beneficial in risky situations, when the tumor is close to an organ at risk.

In the future, the inclusion of the fractionation scheme of the delivered dose could
be optimized. In this case, the personalization on two different time points before
therapy would be crucial in order to estimate the speed of growth of the tumor, and
simulate its progression during radiotherapy. The impact of the presented planning
should also be further investigated on a larger cohort of patients. To that end, the
model should be further extended in order to take into account the complex therapy
the patient is undergoing. As such, the model could be applied to any presented
patient given the therapy schedule. Finally, in order to make the personalization
of the prescription dose more impactful on the delivered dose, one could use more
conformal dose delivery techniques such as proton therapy.

Figure 7.26: Dose volume histogram for the brainstem (solid lines) and the target
volume T (dashed lines) for different values of δ. The x axis is the dose and the y
axis if the percentage of volume targeted with this dose. Increasing the value of δ
reduces the dose delivered to the brainstem while keeping the dose delivered to the
target volume T approximately constant.
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Figure 7.11: IMRT probabilistic doses in Gray for the clinical plan and the three
different personalized plans. From top to bottom: clinical plan, using only the
second time point, using the two time points, using the two time points and the
segmentation uncertainty. From left to right: axial, coronal, and sagittal views.
The arrows emphasize the difference of falloff between the different scenarios.
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Figure 7.19: MAP (Top), mean (Middle) and standard deviation (Bottom) of the
tumor cell density computed with 100 random samples of the posterior. From left
to right: axial, coronal, and sagittal views. The brainstem is outlined in white, and
the confined target volume T is outlined with a dashed black line.
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Figure 7.20: Prescription MAP doses in Gray for the clinical plan and the three
different personalized plans. From top to bottom: clinical plan, using only the
second time point, using the two time points, using the two time points and the
segmentation uncertainty. From left to right: axial, coronal, and sagittal views.
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Figure 7.21: IMRT MAP doses in Gray for the clinical plan and the three different
personalized plans. From top to bottom: clinical plan, using only the second time
point, using the two time points, using the two time points and the segmentation
uncertainty. From left to right: axial, coronal, and sagittal views.
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Figure 7.22: Prescription probabilistic doses in Gray for the clinical plan and the
three different personalized plans. From top to bottom: clinical plan, using only
the second time point, using the two time points, using the two time points and the
segmentation uncertainty. From left to right: axial, coronal, and sagittal views.
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Figure 7.23: IMRT probabilistic doses in Gray for the clinical plan and the three
different personalized plans. From top to bottom: clinical plan, using only the
second time point, using the two time points, using the two time points and the
segmentation uncertainty. From left to right: axial, coronal, and sagittal views.
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The main objective of this thesis was the development of tools in order to per-
sonalize radiotherapy planning based on computational models of tumor growth. To
that end, we investigated the relationship between the available images and the ra-
diotherapy plan, the uncertainty in the tumor segmentation, the personalization of
a tumor growth model, and its combination with a dose response model to automat-
ically define patient-specific radiotherapy planning. In this chapter, we summarize
the main contributions of our work, and detail the perspectives which should be the
topic of future research.

8.1 Main Contributions

8.1.1 Analysis of the Vasogenic Edema

In current practice, radiotherapy planning is primarily based upon T2 FLAIR MRI
despite its known lack of specificity in the detection of tumor infiltration. While
hyperintensity on T2 FLAIR is widely considered to represent infiltrative tumor, it
may also be caused by the presence of vasogenic edema. We investigated if multi-
modal MR imaging can identify vasogenic edema prior to radiotherapy [?]. In our
approach, the distance from the contrast enhancing tumor is the single best feature
to segment the vasogenic edema, reflecting the observation that for most patients,
infiltrative tumor is adjacent to the T1Gd abnormality. We showed how excluding
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the vasogenic edema - which does not necessarily harbor tumor cells - from the
radiotherapy target delineation would enable reduction in target volumes, with the
potential of exposing less radiation to surrounding normal brain tissue.

8.1.2 Segmentation Sampling for Uncertainty Quantification

Medical image segmentation is probably the task most often required in computer
aided diagnosis or therapy planning and guidance. Due to its ill-posed nature,
the quantification of segmentation accuracy and uncertainty is crucial to assess
the overall performance of other applications. Usually, this uncertainty is assessed
by estimating inter-expert variability on a few cases, but it cannot be applied on
large databases due to the amount of resources required. We presented an original
image segmentation sampling framework to generate plausible segmentations close
to an input one [?,?]. The approach leads to spatially smooth contours which take
into account the presence of salient features of the region of interest in the image.
Samples are efficiently generated, with a variability around a reference segmentation
easily controlled by a single scalar. Several extensions have been proposed such
as the sampling of several neighboring structures, taking into account under and
over segmentation with a simple scalar parameter, and forcing the inclusion or the
exclusion of certain part of the image from the samples. We provide a method to
apply this sampling method to more general non-stationary covariance functions
using supervoxels.

8.1.3 Bayesian Personalization of a Tumor Growth Model

Estimating the parameters of a tumor growth model is difficult because of the lack
of identifiability of the parameters, the uncertainty in the tumor segmentations, and
the model approximation, which cannot perfectly capture the complex dynamics of
the tumor evolution. We presented an approach to analyze the uncertainty in the
patient specific parameters of a reaction-diffusion tumor growth model, by sampling
from the posterior probability of the parameters knowing the magnetic resonance im-
ages of a given patient [?,?]. Our method is based on an efficient implementation of
the reaction-diffusion equation based on the Lattice Boltzmann Method, and a high
acceptance rate Monte Carlo technique called Gaussian Process Hamiltonian Monte
Carlo. We compared this personalization approach with two commonly used ap-
proaches based on the spherical asymptotic analysis of the reaction-diffusion model,
and on a derivative-free optimization algorithm. We demonstrated the performance
of the method on synthetic data, and on seven patients with a glioblastoma. This
Bayesian personalization produces more informative results. In particular, it pro-
vides samples from the regions of interest and highlights the presence of several
modes for some patients. In contrast, previous approaches based on optimization
strategies fail to reveal the presence of different modes, and correlation between
parameters.
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8.1.4 Personalized Radiotherapy Planning

We presented a method to combine a computational model of tumor growth and a
dose response model in order to optimize radiotherapy planning, which takes into
account the uncertainty in the model parameters and the clinical segmentations. We
presented and compared three different scenarios. In the first one, we only consider
one MRI acquisition before therapy, as it would usually be the case in clinic. In
the second one, we use two time points in order to personalize the model and plan
radiotherapy. In the third one, we include the uncertainty in the segmentation pro-
cess. Based on those different scenarios, we proposed three principled approaches in
order to define patient specific dose planning, and discussed the difference between
them. The MAP dose minimizes surviving tumor cells after irradiation of the most
probable situation, while the probabilistic dose allows to take into account the un-
certainty by minimizing the expected surviving tumor cells. The proposed density
are automatically conformal to the T1Gd and T2-FLAIR abnormalities. We showed
that including a second time point increased the uncertainty in the invisibility index
and resulted in more shallow probabilistic doses. However, the difference between
the prescription doses are partly smoothed out by the IMRT optimization. We also
showed that including the uncertainty in the segmentation did not change the re-
sults much. We also proposed a proof-of-concept method in order to redistribute
the dose to take into account the uncertainty in the tumor cell density, and the
presence of neighboring OARs such as the brainstem. We believe that this method
could be beneficial in more risky situations, for instance when the tumor is close to
the cochlea.

8.2 Perspectives

8.2.1 Segmentation Sampling

The segmentation sampling method proposed in Chapter 5 could have several ad-
ditional applications. For instance, it could be used in order to produce consensus
segmentations from several expert ones. Indeed, the probabilistic model could be
reversed in order to assume that several expert segmentations are samples from
a "real" latent segmentation. Algorithms such as expectation-maximization could
then be used to compute the consensus. However, this is currently limited because
we only observe a single contour of the hypothesized level-set. Moreover, the pro-
posed algorithm could be used in order to assess the confidence of the performance
of segmentation algorithms in the context of segmentation challenges, by providing
several likely segmentations around the ground truth segmentations.

8.2.2 Imaging Gliomas

The study of less conventional MR modalities could be beneficial to study the va-
sogenic edema and improve the tumor growth model. It was noted on the study
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of the vasogenic edema that the T1Gd and T2-FLAIR MRI are not always predic-
tors of the presence of tumor cells. Other MRI modalities such as spectroscopic or
PET images are better predictors for the presence of tumor cells. However, these
modalities are not as standard in clinical settings. Moreover, spectroscopic images
currently present very coarse resolutions which do not make them easily usable in
our case.

8.2.3 Tumor Growth Model Improvements

The proposed reaction-diffusion model is a fairly simple one which could be improved
in several ways. First, the mass effect of the tumor could be explicitly modeled [?,?].
This would avoid registering the images which is a source of uncertainty. Second, the
observed heterogeneity of the tumor could be explicitly modeled using for instance a
multi-compartment model as presented in Chapter 3. Third, the model could include
the impact of different kinds of therapy, such as chemotherapy [?]. This would allow
one to apply the model to any patient given the applied therapy. Related to Section
8.2.2, the model should be extended in order to take into account other imaging
modalities. This could be done either by providing the information coming from
the additional MR images to the model, or by modifying the likelihood in order
to include them. Although the reaction-diffusion model of tumor growth and the
linear-quadratic dose response model are fairly standard, further validation should
be investigated. This could be attained by comparing personalized models on large
cohort of patient with histologic slices, or more specific MR such as spectroscopic
images.

8.2.4 Personalization Strategies

The proposed personalization strategy is agnostic to the used model. As such, model
extension should not pose any problem to the personalization method. However, the
extension of the model could increase the dimension of the problem with additional
parameters. This would require a more thorough initialization in order to have
enough information to build a reasonable proposal function for the Monte Carlo
algorithm. Moreover, extending the model could make it computationally heavier.
Methods based on surrogate or reduced order models could be adapted to be apply
in the proposed framework [?,?].

8.2.5 Dose Response Model Improvements

There is a vast body of work on trying to understand the microscopic effect of the
delivered dose to the different tissues depending on their type, location, vascular-
ization,... These different aspects could be included in the dose response model in
order to more finely define the prescription dose. Moreover, the effect of dose frac-
tions should be further investigated. Finally, in order to make the personalization
of the prescription dose more impactful on the delivered dose, one could use more
conformal dose delivery techniques such as proton therapy.
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Appendix A

Complex Tumor Growth Model
Implementation

I describe the numerical scheme used for the implementation of the multi-
compartment model, which is based on coupled reaction-diffusion equations with
transitions between the different types of cells. The method is presented in the one
dimensional case. The extension to 3 dimensions is straightforward.

A.1 Diffusion

Consider the diffusion equation,

∂u

∂t
= ∇. (D∇u) (A.1)

where u is the considered cell density, and D is the diffusion coefficient. The solution
u of the equation is discretized on a ∆x × ∆t lattice at location x = i and time
t = n,

uni = u (i∆x, n∆t) (A.2)

The time derivative on the left-hand side of equation A.1 is discretized with a forward
scheme. The interior derivative of the right-hand side is discretized with a first order
centered Crank-Nicolson. The exterior derivative of the right-hand side is discretized
with a first order centered scheme.
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which is a linear problem of the form

Bun+1 = f (un) (A.4)

The geometric mean is used to compute Di+ 1
2
,

Di+ 1
2

= 2
DiDi+1

Di +Di+1
(A.5)

Neumann boundary conditions are enforced by setting a null diffusion outside of the
brain domain.
Note that discretizing after computing the derivatives leads to an unstable numercial
scheme in the presence of steep diffusion. Moreover, the arithmetic mean

Di+ 1
2

=
Di +Di+1

2
(A.6)

is not accurate enough: it lets the cell density u leak into the non-zero diffusion
domain.
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A.2 Proliferation

Consider the proliferation equation.

∂P

∂t
= ρP (1− T ) (A.7)

This equation is solved using an explicit Euler scheme, using previous notations,

Pn+1
i = Pni + ∆tρPni (1− Tni ) (A.8)

A.3 Transitions

Consider the transition equations between cells,

∂P

∂t
= −λP→QP − λP→NP + λQ→PQ (A.9)

∂Q

∂t
= −λQ→PQ− λQ→NQ+ λP→QP (A.10)

∂N

∂t
= λP→NP + λQ→NQ (A.11)

Using an exponential scheme, we have

Pn+1
i

Qn+1
i

Nn+1
i

 =

PniQni
Nn
i

 exp (∆tA) (A.12)

where A =

−λP→Q − λP→N λQ→P 0

λP→Q −λQ→P − λQ→N 0

λP→N λQ→N 0


The exponential scheme ensures that the cell density are always positive.

A.4 Vascularization

Consider the vascularization equation,

∂V

∂t
= αP (1− V )− βNV (A.13)

(A.14)
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The time derivative is discretized using a forward scheme,

∂V

∂t
=

V n+1
i − V n

i

∆t
(A.15)

and a Crank-Nicolson scheme is used for the right-hand side of the equation,

[αP (1− V )− βNV ]ni =

αP −
V n
i + V n+1

i

2
(αP + βN) (A.16)

Then, we can get,

V n+1
i =

V n
i + ∆t

(
αP − V ni

2 (αP + βN)
)

1 + ∆tαP+βN
2

(A.17)

A.5 Algorithm

The final algorithm to solve the multi-compartment model is as follow:

1. Solve for the diffusion of the proliferative and quiescent cells.

2. Solve for the proliferation of the proliferative cells.

3. Solve for the transition between the proliferative, quiescent, and necrotic cells.

4. Solve for the vascularization.



Appendix B

Lattice Boltzmann Method

B.1 Reaction-Diffusion Equation

The reaction-diffusion equation with Neumann boundary condition can be written
as follow,

∂u

∂t
= ∇(D.∇u)︸ ︷︷ ︸

Diffusion

+ ρu(1− u)︸ ︷︷ ︸
Logistic Proliferation

(B.1)

D∇u.−→n ∂Ω = 0 (B.2)

Equation (B.1) describes the spatio-temporal evolution of the tumor cell density u,
which infiltrates neighboring tissues with a diffusion tensor D, and proliferates with
a net proliferation rate ρ. Equation (B.2) enforces Neumann boundary conditions
on the brain domain Ω. In our case, the diffusion tensor is defined as D = dgI in
the gray matter and D = dwI in the white matter, with I ∈ R3×3.

B.2 The Lattice Boltzmann Method

The reaction-diffusion equation is solved using the Lattice Boltzmann Method
(LBM). The method was described in [?]. It was succesfully applied to cardiac
electrophysiology [?], and liver tumor resection [?]. We use the Neumann boundary
condition described in [?] and [?]. The chosen algorithm is called the multiple-
relaxation-time (MRT) method, which can be used for anisotropic diffusion coeffi-
cient.

In the LBM, the scalar of interest u is projected along the considered velocity
directions {eα} such that u =

∑
α uα. The D3Q7 (see Figure B.1) scheme refers to

the 3D case with 7 velocity directions {eα}6α=0,

[e0, e1, e2, e3, e4, e5, e6, ] =

 0 1 −1 0 0 0 0

0 0 0 1 −1 0 0

0 0 0 0 0 1 −1

 (B.3)

The weight vector

w = {wα}6α=0 =
[

1
4

1
8

1
8

1
8

1
8

1
8

1
8

]
(B.4)

is defined according to the connectivity of the grid. The algorithm is made of 4
steps :
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1. Initialization

ui = wiu (B.5)

2. Collision

u∗i = ui −Ai,juj + ∆t wi ρu(1− u) (B.6)

where A = M−1SM ∈ R7×7 is the collision matrix. M projects a vector on
the moment space, and S is the relaxation time matrix,

M =



1 1 1 1 1 1 1

0 1 −1 0 0 0 0

0 0 0 1 −1 0 0

0 0 0 0 0 1 −1

6 −1 −1 −1 −1 −1 −1

0 2 2 −1 −1 −1 −1

0 0 0 1 1 −1 −1


(B.7)

(B.8)

S−1 =



τ0 0 0 0 0 0 0

0 τxx τxy τxz 0 0 0

0 τxy τyy τyz 0 0 0

0 τxz τyz τzz 0 0 0

0 0 0 0 τ4 0 0

0 0 0 0 0 τ5 0

0 0 0 0 0 0 τ6


(B.9)

with τij = 1
2δij + ∆t

ε∆x2
Dij , τk = 1.33, ε = 1

4 and D is the diffusion tensor.

3. Streaming

ui(x+ ∆x ei, t+ ∆t) = u∗i (x, t) (B.10)

4. Neumann boundary condition

uĩ(x, t+ ∆t) =
1

2∆
ui(x, t) +

2∆− 1

2∆
uĩ(x, t), if ∆ >

1

2
(B.11)

uĩ(x, t+ ∆t) = 2∆ui(x, t) + (1− 2∆)ui(x−∆x ei, t), if ∆ ≤ 1

2
(B.12)

where ∆ is the distance between the particle and the boundary, which can be
approximated with a level set [?] (see Figure B.2).
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Figure B.1: Illustration of the seven velocity directions used for the D3Q7 LBM
scheme. Picture taken from [?].

Figure B.2: Layout of the regularly spaced lattices and curved wall boundary. Pic-
ture adapted from [?]

B.3 Comparison with Analytic Solution

The LBM was checked against the analytic solution of the diffusion equation,

∂u

∂t
= ∇(D.∇u)

We set u0(r) = u(r, t = 0) the initial distribution,

u0(r) =

{
N0 if r = 0

0 else
(B.13)
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In 3D, the solution of the equation with initial distribution u0 is

u(r, t) =
N0

(4πDt)
3
2

exp(− r2

4Dt
) (B.14)

We note uD(r, t) the solution of Equation (B.3) function of the diffusion coeffi-
cient D. For a range of values of D, the LBM simulation was run for 30 days with
∆t = 0.1 day, ∆x = 0.5 mm and N0 = 1000 on a 100 mm × 100 mm × 100 mm
grid with initial distribution uD(r, t0 = 50). On ten regularly spaced time points,
we compute the validity of the simulation as follows:

1. For each time point, select 50 regularly spaced threshold values between the
minimum and the maximum of the tumor.

2. For each time point, for each threshold value, for the simulation and the
ground truth, define a binary mask corresponding to the thresholded tumor
cell density u. When u is greater than the threshold, the mask is equal to one,
when u is lower than the threshold, the mask is equal to zero.

3. Compute the Dice score between the two computed masks.

4. Average the Dice score for the different threshold values and time points.

Figure B.4 (Left) shows the results for different values of D. We can see that
the mean value of the Dice score for the different simulations is really good as it
never goes below 90%. However, the plotted standard deviation shows that for fairly
low (≈ 10−2 mm2.day−1) or high (≈ 1 mm2.day−1) values of D, the average Dice
coefficient minus the standard deviation can decrease to 70%.

We can see on Figure B.3 the results of the 3D simulation for a fairly low value
of D = 0.01 mm2.day−1. The error comes from the peak of the cell density. Indeed,
the lower D, the steeper will be the initialization uD(r, t0). The value of the cell
density computed at the peak is underestimated at the beginning of the simulation,
because of the sharpness of the peak. This leads to errors in Dice coefficient in this
area. However, we can note that the simulation still leads to good results. The
results of the simulation for D = 0.3 mm2.day−1. The simulation for D = 0.3 leads
to very good results and it is not distinguishable with the ground truth (Figure B.3).
For D = 1.8 mm2.day−1, the value of the cell density is slightly over-estimated by
the simulation at the peak. Moreover, with higher diffusion coefficient value, the
boundary begins to have some impact on the difference between the simulation and
the ground truth.

Overall, we can see that the simulations are visually extremely close to the
analytic solution. The decrease in the Dice coefficient can be explained by some
numerical imprecision at the peak, or the very bottom of the distribution. To
emphasize this effect, we computed the mean Dice coefficient by excluding the first
10 and the last 10 threshold values ordered from the smallest to the greatest. This
means that we focus the study on the front of the cell density, excluding the very



B.3. Comparison with Analytic Solution 127

low values of cell density, as well as the values at the peak. We can see on Figure
B.4 (Right) that this leads to much better results, for low and high diffusion values.
The value of the Dice coefficient minus the standard deviation does not go below
85%.

Figure B.3: Simulation (black dashed line) and ground truth (thick red line) for
D = 0.01, 0.3, 1.8 mm2.day−1 (resp. from top to bottom). We show one line
extracted from the 3D simulation at the center of cube.
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(a) Using all thresholds (b) Using thresholds of the propagating front

Figure B.4: Mean Dice coefficient function of the diffusion coefficient D (thick black
line) using all the thresholds (Left) or the threshold of the propagating front (Right).
The red area corresponds to the first mode of variation.



Brain Tumor Growth Modeling, Application to Radiotherapy

Abstract.
Glioblastomas are among the most common and aggressive primary brain tu-

mors. It is usually treated with a combination of surgical resection, followed with
concurrent chimo- and radiotherapy. However, the infiltrative nature of the tumor
makes its control particularly challenging.

Biophysical model personalization allows one to automatically define patient
specific therapy plans which maximize survival rates. In this thesis, we focused on
the elaboration of tools to personalize radiotherapy planning.

First, we studied the impact of taking into account the vasogenic edema into
the planning. We studied a database of patients treated with anti-angiogenic drug,
revealing a posteriori the presence of the edema.

Second, we studied the relationship between the uncertainty in the tumor seg-
mentation and dose distribution. For that, we present an approach in order to
efficiently sample multiple plausible segmentations from a single expert one.

Third, we personalized a tumor growth model to seven patients’ MR images. We
used a Bayesian approach in order to estimate the uncertainty in the personalized
parameters of the model.

Finally, we showed how combining a personalized model of tumor growth with
a dose response model could be used to automatically define patient specific dose
distribution.

The promising results of our approaches offer new perspectives for personalized
therapy planning.

Key words: Medical imaging, biophysical model, personalization, radiotherapy,
segmentation, uncertainty
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