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1
Introduction (version française)

1.1 Contexte

De nombreux domaines scienti�ques sont confrontés à l’observation de con�gurations de

points, comme par exemple la position d’arbres en Sylviculture, la position de patients malades

en Épidémiologie ou la position de particules en Mécanique Quantique. Beaucoup d’autres

exemples peuvent être trouvés dans la littérature, voir entre autres [33]. Les processus ponctuels

spatiaux sont les outils mathématiques utilisés pour modéliser ces con�gurations de points. Ils

peuvent être vus comme des points aléatoirement distribués dans l’espace, généralement un

compact de R2
. La statistique spatiale est la branche des mathématiques qui cherche à décrire,

modéliser et inférer le comportement de ces processus. En particulier, la dépendance entre les

positions des di�érents points est de première importance.

Beaucoup de modèles ont déjà été introduits pour représenter une grande variété de con�g-

urations de points. Dans ce manuscrit, nous nous limitons à l’étude de processus stationnaires,

pour lesquels la répartition des points est supposée invariante par translation. L’exemple le

plus simple est le processus ponctuel de Poisson. Un processus ponctuel X est un processus

ponctuel de Poisson sur Rd d’intensité ρ si, sur tout borné B de Rd, le nombre de points X(B)
dans B suit une loi de Poisson de paramètre ρ|B|, où |B| est le volume de B, et étant donné

X(B) = n, les n points sont répartis indépendamment et uniformément dans B. Si ρ = 1,

le processus de Poisson est dit standard. Ces processus modélisent des situations où aucune

interaction n’est observée et sont bien évidement trop restrictifs pour représenter n’importe

quelle con�guration. En fait, les processus ponctuels exhibent souvent de la répulsion ou de

l’attraction comme par exemple des particules en physique statistique qui se repousseraient en-

tre elles, ou au contraire s’attireraient pour former des amas de points. En pratique, les processus

ponctuels sont séparés en trois catégories, voir par exemple [33, Section 1] ou [3] : réguliers (ou

répulsifs, ou inhibitifs) si les points ne sont pas trop proches les uns des autres, aléatoires s’il n’y

a aucune interaction entre eux et attractifs s’il y a formation de clusters. Cette classi�cation est

illustrée sur la Figure 1.1, où de gauche à droite les con�gurations de points sont respectivement

régulière, aléatoire et attractive. Cette classi�cation est arbitraire et ne re�ète pas la complexité
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de tous les jeux de données mais reste cependant su�sante pour un grand nombre d’applications.

(a) (b) (c)

Figure 1.1 – Trois exemples de con�gurations de points : (a) Positions de 69 villes espagnoles

dans une région de 40 miles par 40 miles, (b) réalisation sur

[
0, 1
]2

d’un processus de Poisson

stationnaire d’intensité ρ = 100, (c) Positions de séquoias dans une forêt. Les jeux de données

représentés en (a) et (c) sont respectivement disponibles dans les packages R spatial et

spatstat.

Nous avons déjà mentionné le processus ponctuel de Poisson, utilisé pour modéliser des

situations où il n’y a aucune interaction entre les points. Pour modéliser de l’attraction, les

processus de Cox, aussi appelés processus de Poisson doublement stochastiques, sont générale-

ment utilisés. Ces processus sont dé�nis à partir d’un processus ponctuel de Poisson inhomogène,

c’est à dire un processus ponctuel de Poisson où l’intensité ρ est une fonction de Rd dans R+
.

Un processus ponctuel X sur Rd est un processus de Cox stationnaire dirigé par l’intensité

aléatoire stationnaire Z si, conditionnellement à Z(x) = ρ(x), X est un processus de Poisson

d’intensité ρ(x). Cela comprend par exemple les processus de Neyman-Scott et les processus

ponctuels à clusters, voir [49]. Parallèlement, il existe plusieurs modèles de processus ponctuels

pour représenter de la répulsion. Nous présentons les plus usuels en Section 1.2 et notamment

la classe importante des processus ponctuels de Gibbs. Récemment, une autre famille, les

processus ponctuels déterminantaux, a été considérée pour modéliser des con�gurations

de points répulsives. Ces modèles s’avèrent être une alternative intéressante aux processus de

Gibbs comme cela a été illustré sur di�érentes applications dont l’exemple de la Figure 2.1 (a),

voir [43]. Ce manuscrit est dédié à l’étude des DPPs.

1.2 Processus ponctuels répulsifs et processus ponctuels déter-
minantaux

1.2.1 Préliminaires sur les processus ponctuels

Pour d ≥ 1, nous munissons Rd de la tribu B
(
Rd
)

générée par les Boréliens et notons

B0(Rd) l’ensemble de tous les Boréliens bornés de Rd. Nous notons x := {x1, , x2, . . . , xn, . . .}
une con�guration arbitraire de points dans Rd et x(B) le nombre de points de x qui tombent

dans B pour un B arbitraire dans B0(Rd). Soit N := {x ⊂ Rd, x(B) < ∞, ∀B ∈ B0(Rd)}
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l’espace des con�gurations de points dans Rd localement �nies. Nous munissons N de la tribu

engendrée par les ensembles {x ⊂ Rd, x(B) = n} pour tout B ∈ B0(Rd) et tout n ∈ N ∪ {0}
où N est l’ensemble des entiers strictement positifs. Un processus ponctuel sur Rd est une

application mesurable d’un espace probabilisé (Ω,F , P ) dans l’ensemble N . Nous écrirons un

processus ponctuel par une lettre en gras, habituellement X, et nous identi�ons l’application

X et l’ensemble aléatoire de points associé. Pour indiquer qu’un point x appartient à X, nous

écrirons x ∈ X. De plus, nous supposerons toujours que les processus ponctuels sont simples,

i.e. presque sûrement, deux points d’un processus ne coïncident jamais. Pour une introduction

détaillée aux processus ponctuels, nous référons à [9, 10].

Les moments factoriels, dé�nis ci-dessous, �gurent parmi les quantités importantes pour

l’étude des processus ponctuels.

Dé�nition 1.2.1. La mesure moment factorielle d’ordre k (k ≥ 1) d’un processus ponctuel simple
X est la mesure sur Rdk , notée α(k), telle que pour toute famille de sous-ensembles D1, . . . , Dk de
Rd,

α(k) (D1 × . . .×Dk) = E

 6=∑
(x1,...,xk)∈Xk

1{x1∈D1,...,xk∈Dk}


où E désigne l’espérance par rapport à la distribution de X et le symbole 6= au-dessus du signe
somme indique que nous ne considérons que les k-uplets x1, . . . , xk mutuellement disjoints.

Les cas les plus importants sont la mesure moment factorielle d’ordre un, appelée la mesure

d’intensité, et la mesure moment factorielle d’ordre deux. Sous notre hypothèse de stationnarité,

la mesure d’intensité est proportionnelle à la mesure de Lebesgue sur Rd. Ceci signi�e qu’il

existe un ρ > 0 tel que pour tout S ⊂ Rd nous avons α(1)(S) = ρ|S|. Dans ce cas, ρ est appelé

l’intensité et représente le nombre moyen de points par unité de volume. Remarquons aussi que

ρ est la densité de la mesure d’intensité par rapport la mesure de Lebesgue. Si α(2)
admet une

densité par rapport à la mesure de Lebesgue sur R2d
, cette densité est notée ρ(2)

et est appelée

la fonction d’intensité d’ordre deux. Intuitivement, pour (x, y) ∈ R2d
et x 6= y, ρ(2)(x, y)

peut être vu comme la probabilité qu’un point du processus se trouve dans un petit voisinage

autour de x et qu’un autre point se trouve dans un petit voisinage autour de y. Remarquons que

sous notre hypothèse de stationnarité, ρ(2)(x, y) = ρ(2)(0, y − x) est une fonction symétrique

et dépend seulement de y − x.

En statistique spatiale, les propriétés de second ordre d’un processus ponctuel sont souvent

étudiées au travers de statistiques telles que la fonction de corrélation par paires (pcf) ou la

fonction de Ripley, dé�nies comme suit. La pcf est dé�nie, pour presque tout x ∈ Rd, par

g(x) =
ρ(2)(0, x)

ρ2
,

et pour tout t ≥ 0, la fonction de Ripley K est dé�nie par

K(t) =

∫
B(0,t)

g(x)dx,

où B(0, t) est la boule Euclidienne ouverte de centre 0 et de rayon t.
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Intuitivement, g(x) est le rapport entre la probabilité que deux points du processus se

trouvent séparé de x (en tenant compte de l’interaction entre les points induite par le processus)

et cette même probabilité pour un processus de Poisson (situation sans interaction). Il s’ensuit

que pour tout x ∈ Rd, une interprétation usuelle, voir [59], est que g(x) > 1 caractérise de

l’attraction tandis que g(x) < 1 caractérise de la répulsion. Concernant la fonction de Ripley

K , ρK(t) s’interprète comme le nombre moyen de points dans B(0, t) sachant que 0 est un

point du processus, voir [49] pour des détails supplémentaires.

Par exemple, pour le processus ponctuel de Poisson stationnaire sur Rd avec intensité

ρ > 0, la fonction d’intensité d’ordre deux existe et pour tout (x, y) ∈ R2d
tel que x 6= y, on a

ρ(2)(x, y) = ρ2
. Ainsi, pour tout x ∈ Rd \ {0},

g(x) = 1

et pour tout t ≥ 0,

K(t) =
π
d
2

Γ
(
1 + d

2

) td.
1.2.2 Bref catalogue des processus ponctuels répulsifs

Un premier exemple de processus ponctuel répulsif est la grille aléatoire dé�nie comme

suit, voir aussi [61, Section 14.4.2]. Soit x0 un point uniformément distribué dans le cube de Rd
centré en 0 et de coté de longueur a > 0. Les points de la grille aléatoire de maille de longueur

a > 0 sont les sommets de la grille carrée commençant en x0 et de maille de longueur a. Ce

processus exhibe une répulsion stricte puisque les points ne peuvent être à distance inférieure

à a les uns de autres. De plus la con�guration est très régulière puisque la distance entre les

points est nécessairement multiple de a.

Une généralisation de la grille aléatoire est la grille aléatoire perturbée. Elle est dé�nie à

partir d’une grille aléatoire de maille de longueur a > 0 mais où chacun des points est soumis

indépendamment à une translation aléatoire dont le vecteur est uniformément distribué dans

B(0, r) pour un r > 0 donné. Une réalisation sur [−5, 5]2 avec a = 1 et r = 0.2 est représentée

sur la Figure 1.2. Notons que dans cet exemple, l’intensité est égale à un. La grille aléatoire

perturbée est moins répulsive que la grille aléatoire avec même longueur de maille, mais reste

quand même très répulsive si r est petit par rapport à a. La grille aléatoire et la grille aléatoire

perturbée (si r < a/2) font en fait partie d’une classe plus générale de processus appelée les

processus hardcore.

Les processus hardcore sont l’exemple typique de processus strictement répulsifs. En e�et,

ils interdisent deux points d’être à distance inférieure à un certain R > 0 appelé le rayon

hardcore. Un premier exemple est le processus ponctuel de Matérn de type I qui est obtenu

à partir d’un processus ponctuel de Poisson où toutes les paires de points distants de moins de

R on été retirées. Il existe plusieurs généralisations de ce processus, obtenues par di�érentes

règles de piochage d’un processus de Poisson, ou en imposant un aléa sur le rayon hardcore,

voir par exemple [59], [48], [63] et [60]. La généralisation la plus connue est le processus
ponctuel de Matérn de type II, implémenté dans le package spatstat de R et que nous

avons représenté sur la Figure 1.2 avec le rayon hardcore maximale pour un processus ponctuel

de Matérn de type II d’intensité un. Cette simulation correspond à un processus ponctuel de
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Poisson sous-jacent d’intensité in�nie et notre simulation est seulement une approximation.

Beaucoup d’autres processus hardcore proviennent de la Physique, par exemple le modèle

RSA (random sequential absorption), le processus des feuilles mortes, ou le hard sphere
packing model, voir [33] pour une présentation de ces processus. Cependant, la répulsion

stricte est une condition restrictive qui ne permet pas toujours de représenter la réalité. A�n

d’avoir plus de souplesse, les processus de Gibbs sont généralement utilisés.

Les processus de Gibbs sont la classe de processus la plus utilisée pour modéliser des

con�gurations de points régulières. Un processus ponctuel X sur un borné S de Rd est un

processus ponctuel de Gibbs s’il admet une densité f par rapport au processus de Poisson

standard. Notons NS := {x ⊂ S, x(S) < ∞} l’espace de toutes les con�gurations �nies

de points dans S et σ (NS) la tribu engendrée associée, générée par tous les ensembles {x ⊂
S, x(S) = n} où n ∈ N. Nous avons, pour tout F ∈ σ (NS),

P (X ∈ F ) =
∑
n≥0

e−|S|

n!

∫
Sn

1{
{x1,...,xn}∈F

}f({x1, . . . , xn}
)
dx1 . . . dxn,

la seule con�guration avec zéro point étant l’ensemble vide. Habituellement, la densité f dans

la formule précédente s’écrit

f(x) =
1

c

∏
y⊂x

φ(y),

où x et y appartiennent à NS , φ est une fonction mesurable de NS dans R+
et c est une

constante normalisatrice, voir [49] pour plus de détails. Selon le choix de f , une très grande

variété d’interactions peut être proposée. Un premier exemple est le modèle hardcore avec

rayon hardcore R > 0, obtenu pour

f(x) ∝ βx(S)1{sR(x)=0},

où β ≥ 0, et sR(x) est le nombre de paires de points de x qui sont distants d’au plus R. Un

autre processus ponctuel de Gibbs bien connu est le processus ponctuel de Strauss dé�ni sur

tout borné S ⊂ Rd par la densité

f(x) ∝ βx(S)γsR(x),

où β ≥ 0, γ ∈ [0, 1] et R ≥ 0 sont des paramètres. Le paramètre γ est appelé le paramètre

d’interaction : si γ = 0 on retrouve le processus précédent avec rayon hardcore R, si 0 < γ < 1
le processus exhibe de la répulsion, et si γ = 1 c’est un processus ponctuel de Poisson. Une

réalisation dans le cas où S = [−5, 5]2, γ = 0.1, R = 1 et β = 110 est représentée sur la

Figure 1.2. Il existe beaucoup d’autres exemples de processus de Gibbs, tels que le processus

“area-interaction ” ou le processus de Lennard-Jones, voir par exemple [49] ou [65]. Remarquons

que nous n’avons dé�ni les processus ponctuels de Gibbs que sur des bornés. Il est toutefois

possible de les dé�nir sur Rd mais sous des hypothèses techniques supplémentaires, voir [49].

En conclusion, il existe déjà beaucoup de modèles de processus ponctuels répulsifs adaptés

à de multiples con�gurations de points régulières. Parmi eux, les processus ponctuels de Gibbs

sont les plus �exibles, dans le sens où ils peuvent modéliser une grande variété d’interactions.

Cependant, le modèle de Gibbs peut être di�cile à manipuler dans la pratique. La principale
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(a) (b) (c)

Figure 1.2 – Trois exemples sur [−5, 5]2 de con�gurations de points répulsives avec intensité

ρ = 1 : (a) est une grille aléatoire perturbée avec a = 1 et r = 0.2, (b) est un processus ponctuel

hardcore de Matérn de type II avec rayon R = 1/
√
π, (c) est un processus ponctuel de Strauss

avec R = 1, γ = 0.1 et β = 110. Notons que β a été calculé numériquement a�n d’avoir ρ = 1.

raison provient de la constante de normalisation c, qui apparaît dans la densité, et qui est

impossible à calculer dans la plupart des cas. Ainsi, certaines méthodes de Monte-Carlo par

chaîne de Markov sont nécessaires pour leur simulation. De même, l’inférence par vraisemblance

est impossible sans des méthodes MCMC compliquées, et d’autres méthodes moins e�caces

n’impliquant pas c, telles que la pseudo-vraisemblance, ont été développées pour estimer les

paramètres. En�n, les moments d’un processus ponctuel de Gibbs sont inconnus. Il s’ensuit que

des quantités telles que la mesure d’intensité, la pcf ou la fonction de Ripley sont inconnues et

doivent être approchées par simulation.

1.2.3 Les DPPs, une classe intéressante de processus ponctuels répulsifs

Les DPPs ont été introduits dans leur forme actuelle par Macchi dans [46], a�n de modéliser

la position de particules qui se repoussent entre elles. Ils ont la particularité d’être dé�nis par

leurs moments, et plus précisément par leurs intensités jointes.

Dé�nition 1.2.2. Si elle existe, l’intensité jointe d’ordre k (k ≥ 1) d’un processus ponctuel simple,
notée ρ(k), est la densité par rapport à la mesure de Lebesgue de la mesure moment factorielle α(k)

(voir Dé�nition 1.2.1).

Sous notre hypothèse de stationnarité, nous avons ρ(k)(x1, . . . , xk) = ρ(k)(0, x2−x1, . . . , xk−
x1). En particulier, l’intensité ρ et la fonction d’intensité du second ordre ρ(2)

introduites dans

la Section 1.2.1 correspondent respectivement à k = 1 et k = 2.

Dé�nition 1.2.3. Soit une fonctionC : Rd → R. Un processus ponctuelX surRd est un processus
ponctuel déterminantal stationnaire de noyau C , en abrégéX ∼ DPP (C), si pour tout k ≥ 1, les
intensités jointes d’ordre k véri�ent la relation

ρ(k)(x1, . . . xk) = det[C](x1, . . . , xk)

pour presque tout (x1, . . . , xk) ∈ Rdk , où [C](x1, . . . , xk) est la matrice avec entrées C(xi − xj),
pour 1 ≤ i, j ≤ k.
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L’existence d’un DPP requiert plusieurs conditions sur le noyau C . Nous renvoyons à [32]

pour une présentation détaillée de ces conditions. Pour simpli�er, nous donnons ci-dessous des

conditions su�santes d’existence d’un DPP stationnaire, basées sur la transformée de Fourier

et aisément véri�ables en pratique. Nous dé�nissons la transformée de Fourier d’une fonction

h ∈ L1(Rd) comme

F(h)(t) =

∫
Rd
h(x)e2iπx·tdx, ∀t ∈ Rd,

et nous prolongeons sa dé�nition aux fonctions L2(Rd) par le théorème de Plancherel, voir [58].

Ainsi, nous avons le résultat d’existence suivant.

Proposition 1.2.4 ([44]). Pour C une fonction symétrique, continue à valeurs réelles et dans
L2(Rd), DPP (C) existe si et seulement 0 ≤ F(C) ≤ 1.

Autrement dit, par la Proposition 1.2.4, toutes les fonctions de covariance C continue, à

valeurs réelles et qui sont dans L2(Rd) avec F(C) ≤ 1 dé�nissent un DPP. Dans ce manuscrit,

nous ne considérerons que des DPPs stationnaires avec noyau à valeurs réellesC . Il est toutefois

possible de considérer des noyaux à valeurs complexes et/ou des DPPs non stationnaires. Nous

renvoyons vers [32] pour une présentation sur les DPPs dans le cas général. Pour toute la suite,

nous supposerons la condition suivante véri�ée.

Condition K(ρ). Un noyau C véri�e la condition K(ρ) si C est une fonction symétrique,

continue, à valeurs réelles, dans L2(Rd), et telle que C(0) = ρ et 0 ≤ F(C) ≤ 1.

Remarquons que si X ∼ DPP (C) pour C véri�ant K(ρ) avec un ρ > 0 donné, alors

l’intensité de X est ρ. La conditionK(ρ) est véri�ée par de nombreuses fonctions de covariance,

rendant ainsi aisée la dé�nition de familles paramétriques de DPPs. Par exemple, nous pouvons

considérer la famille à noyaux Gaussiens

C(x) = ρe−|
x
α |

2

, x ∈ Rd, (1.2.1)

où |.| désigne la norme Euclidienne sur Rd, ρ > 0 et α ≤ 1/(
√
πρ1/d), la dernière contrainte

sur les paramètres étant une conséquence de la condition d’existence F(C) ≤ 1 dans K(ρ).

Nous introduisons de nouvelles familles paramétriques au cours du Chapitre 3, telles que la

famille de noyaux type Bessel, dé�nie par

C(x) = κ

Jσ+d
2

(
2| xα |

√
σ+d

2

)
(

2| xα |
√

σ+d
2

)σ+d
2

, x ∈ Rd, (1.2.2)

où ρ > 0, σ ≥ 0, α < αmax(ρ, σ) et Jσ+d
2

est la fonction de Bessel de premier genre d’ordre
σ+d

2 .

Les constantes κ et αmax(ρ, σ) sont données en Section 3.5. Cette famille est particulièrement

intéressante dans la mesure où elle peut couvrir toute la plage de répulsion des DPPs, du

processus ponctuel de Poisson stationnaire (la situation sans interaction) au DPP le plus répulsif

(tel que nous le déterminons dans la Section 3.3).
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D’un point de vue méthodologique, les DPPs possèdent de nombreuses propriétés intéres-

santes :

• des familles paramétriques peuvent facilement être dé�nies comme nous l’avons vu

précédemment,

• de par leur dé�nition, les moments de tout ordre sont connus. En particulier, la fonction

de Ripley K et la pcf sont explicitement connus,

• la densité des DPPs par rapport à un processus ponctuel de Poisson standard est connu

sur tout compact S ∈ Rd et la constante normalisatrice est explicitement connue, con-

trairement aux processus de Gibbs, pourvu qu’une représentation spectrale du noyau soit

accessible. Si cette dernière condition n’est pas remplie, une approximation e�cace de

la représentation spectrale via la transformée de Fourier de C a été proposée et étudiée

dans [44],

• en conséquence, la méthode du maximum de vraisemblance est faisable pour estimer les

paramètres (pourvu qu’une représentation spectrale de C soit connue ou approchée),

• une estimation par minimum de contraste basée K ou g peut aussi être utilisée pour

estimer les paramètres,

• la simulation des DPPs sur un compact peut être e�ectuée parfaitement (si une décompo-

sition spectrale de C est connue) et rapidement. Un algorithme de simulation est présenté

dans [44] et implémenté dans le package spatstat de R.

Pour ρ = 100, nous avons simulé et représenté sur la Figure 1.3 di�érentes réalisations sur

[0, 1]2 de : (a)-(c) DPPs avec noyaux (1.2.1) et α = 0.01, 0.03, 1
10
√
π

, (d)-(f) DPPs avec noyaux

(1.2.2), σ = 0 et α = 0.01, 0.03, 1
10
√
π

. La dernière valeur de α correspond à la valeur maximale

possible due à la restriction sur la transformée de Fourier du noyau dans K(ρ), voir Section 3.5.

De plus, les paramètres de ces modèles ont été estimés par minimum de contraste basé surK , sur

g et par maximum de vraisemblance (en utilisant l’approximation de la représentation spectrale

du noyau de [44]). Ces méthodes d’estimation sont disponibles dans spatstat. Par exemple,

nous donnons dans les Tableaux 1.1-1.2, l’erreur quadratique moyenne des trois méthodes sur

500 réalisations de DPPs, avec les mêmes noyaux et paramètres que les DPPs de la Figure 1.3,

mais simulés sur [0, 1]2, [0, 2]2 et [0, 3]2.

Pour toutes les méthodes d’estimation considérées dans les Tableaux 1.1-1.2, les estimateurs

semblent consistants, et la précision, au sens de l’erreur quadratique moyenne, augmente

avec la taille de la fenêtre. D’après ces résultats, l’estimation par maximum de vraisemblance

semble la meilleure méthode, ce qui con�rme les observations déjà faites dans [44]. Cependant,

l’estimation par minimum de contraste, particulièrement celle basée sur g, semble donner de bons

résultats. De plus, leur temps de calcul est bien plus court que pour l’estimation par maximum

de vraisemblance. Par exemple, l’estimation du paramètre α pour les DPPs sur [0, 3]2, avec

noyaux (1.2.1) ou (1.2.2), prend quelques minutes avec l’estimation par minimum de contraste,

contre plusieurs heures avec l’estimation par maximum de vraisemblance. Il semblerait en�n

que les estimateurs ont asymptotiquement un comportement Gaussien, comme on le voit sur la

Figure 1.4 où nous avons représenté l’histogramme obtenu à partir des estimations de α pour le

DPP avec noyau (1.2.2), sur 500 réalisations sur [0, 1]2 avec σ = 0 et α = 0.03.
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(a) (b) (c)

(d) (e) (f)

Figure 1.3 – Réalisations sur [0, 1]2 de (a)-(c) DPPs avec noyau (1.2.1) où, de gauche à droite,

α = 0.01, 0.03, 1
10
√
π

, (d)-(f) DPPs avec noyau (1.2.2) où σ = 0 et, de gauche à droite,

α = 0.01, 0.03, 1
10
√
π

. L’intensité ρ est égale à 100 pour tous les modèles.

[0, 1]2 [0, 2]2 [0, 3]2

K pcf ML K pcf ML K pcf ML

α = 0.01 2.026 1.039 1.032 0.848 0.309 0.220 0.521 0.175 0.096

α = 0.03 1.214 0.706 0.786 0.419 0.248 0.175 0.231 0.180 0.084

α = 1/(10
√
π) 0.356 0.588 0.225 0.113 0.258 0.061 0.051 0.176 0.022

Table 1.1 – Erreur quadratique moyenne de l’estimateur obtenu par minimum de contraste basé

sur K et g, tel que présenté dans Chapitre 5, et par maximum de vraisemblance (ML), comme

présenté dans [44]. L’estimation a été faite sur 500 réalisations de DPPs sur [0, 1]2, [0, 2]2 et

[0, 3]3, avec noyau (1.2.1) et ρ = 100. Toutes les entrées ont été multipliées par 104
pour rendre

le tableau plus compact.
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[0, 1]2 [0, 2]2 [0, 3]2

K pcf ML K pcf ML K pcf ML

α = 0.01 1.023 0.511 0.428 0.426 0.220 0.110 0.280 0.107 0.048

α = 0.03 0.441 0.403 0.322 0.164 0.162 0.068 0.090 0.110 0.029

α = 1/(10
√
π) 0.068 0.194 0.046 0.021 0.091 0.012 0.008 0.055 0.002

Table 1.2 – Erreur quadratique moyenne de l’estimateur obtenu par minimum de contraste basé

sur K et g, tel que présenté dans Chapitre 5, et par maximum de vraisemblance (MLE), comme

présenté dans [44]. L’estimation a été faite sur 500 réalisations de DPPs sur [0, 1]2, [0, 2]2 et

[0, 3]3, avec noyau (1.2.2), σ = 0 et ρ = 100. Toutes les entrées ont été multipliées par 104
pour

rendre le tableau plus compact.
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Figure 1.4 – Histogramme obtenu pour l’estimation du paramètreα des DPPs avec noyaux (1.2.2),

sur 500 réalisations sur [0, 1]2, avec σ = 0 et α = 0.03. De gauche à droite, les méthodes

utilisées sont : minimum de contraste basé sur K , minimum de contraste basé sur g, maximum

de vraisemblance.

En dépit de ces observations, il n’existe à notre connaissance aucun résultat théorique sur le

comportement asymptotique de l’estimation par maximum de vraisemblance ou de l’estimation

par minimum de contraste pour les DPPs. L’étude conduite au Chapitre 5 comble partiellement

ce vide en démontrant la consistance et la normalité asymptotique des estimateurs obtenus par

minimum de contraste basé sur la fonction de RipleyK ou la pcf g. Les propriétés asymptotiques

du maximum de vraisemblance demeurent un problème ouvert.

En conclusion, les DPPs sont une classe particulièrement intéressante pour simuler et

modéliser des con�gurations répulsives de points. Ils peuvent être une bonne alternative aux

processus ponctuels de Gibbs dans plusieurs cas, par exemple lorsque la connaissance des

moments est requise. Cependant, depuis leur introduction par Macchi dans [46], les DPPs

ont été largement étudiés en Probabilité mais en comparaison assez peu d’un point de vue

statistique jusqu’à récemment avec [44] et sa version longue [43]. D’autre travaux statistiques

ont également été e�ectués avec [11, 47] en télécommunication, [41] dans le cas discret pour

l’apprentissage statistique, [52] et [5]. Cette étude a pour ambition de fournir les bases théoriques

à certaines méthodes statistiques pour les DPPs.
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1.3 Contenu de la thèse

Le Chapitre 3 présente une étude détaillée de la répulsion possible pour un DPP stationnaire.

En particulier, nous introduisons dans ce chapitre de nouvelles familles paramétriques de

DPPs qui peuvent couvrir toute la plage de répulsion o�erte pas les DPPs, du processus de

Poisson stationnaire au DPP le plus répulsif. Dans le Chapitre 4, nous prouvons que les DPPs

sont Brillinger-mélangeants et donnons plusieurs applications statistiques de cette propriété.

Finalement, dans le Chapitre 5, nous prouvons la consistance et la normalité asymptotique

d’estimateurs paramétriques obtenus par une méthode de minimum de contraste basée sur le

fonction de Ripley K ou sur la fonction de corrélation par paires (pcf) g.

1.3.1 Chapitre 3

Dans ce chapitre, nous étudions la répulsion des processus déterminantaux stationnaires.

A�n d’y parvenir, nous introduisons deux dé�nitions de la répulsion pour un processus ponctuel

stationnaire, toutes deux basées sur la pcf g que nous nommons répulsion globale et locale.

Dé�nition. SoientX etY deux processus ponctuels stationnaires avec même intensité ρ et fonction
de corrélation par paires respectives gX et gY .

• Supposons que (1−gX) et (1−gY) soient intégrables, nous dirons queX est plus globalement
répulsif queY si

∫
(1− gX) ≥

∫
(1− gY).

• Supposons que gX est deux fois di�érentiable en 0 et véri�e gX(0) = 0, nous dirons queX
est plus localement répulsif que Y si gY(0) > 0, ou gY n’est pas deux fois di�érentiable en
0, ou gY est deux fois di�érentiable en 0 avec gY(0) = 0 et ∆gY(0) ≥ ∆gX(0).

Tandis que la répulsion globale considère le comportement de g sur tout l’espace Rd, la

répulsion locale ne considère que la courbure de g en l’origine (plus la courbe de g est plate,

plus le processus est répulsif). Par exemple, les processus ponctuels hardcore en sont le cas

extrême : en e�et, pour eux, g est nul sur un voisinage de l’origine.

La répulsion globale a déjà été introduite dans [44] où les auteurs trouvent une in�nité

de DPPs étant les plus globalement répulsifs. En considérant la répulsion locale, nous avons

prouvé la proposition suivante (voir Théorème 3.3.2 et Corollaire 3.3.3) qui exprime l’existence

de l’unique DPP stationnaire sur Rd qui est le plus localement répulsif. De plus, c’est également

l’un des plus globalement répulsifs. Pour ν un réel, nous notons Jν la fonction de Bessel de

premier genre à l’ordre ν.

Proposition. Le DPP avec noyau

CB(x) =

√
ρΓ(d2 + 1)

πd/4

J d
2

(
2
√
πΓ(d2 + 1)

1
d ρ

1
d |x|

)
|x|

d
2

, ∀x ∈ Rd,

est l’unique DPP avec noyau véri�ant K(ρ), qui est à la fois globalement et localement le DPP le
plus répulsif parmi tous les DPPs stationnaires d’intensité ρ.

En particulier, les DPPs stationnaires ne peuvent pas inclure de distance hardcore. Ainsi, ils

ne sont pas aussi �exibles que les processus ponctuels de Gibbs. Nous illustrons néanmoins

dans ce Chapitre 3 que les DPPs demeurent une classe de modèle relativement �exible.
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Nous étudions aussi dans ce Chapitre 3 la répulsion pour la sous classe des DPPs R-

dépendant. Nous disons qu’un processus X est R-dépendant, pour un R > 0 �xé, si X ∩ A
et X ∩ B sont indépendant pour tous A et B boréliens de Rd séparés par une distance plus

grande que R. Pour un DPP, cela est équivalent à supposer que son noyau C est de portée �nie,

i.e. C(x) = 0 pour |x| ≥ R. Cette étude s’est révélée délicate et nous n’avons obtenu que des

résultats partiels sur le plus répulsif des DPPs R-dépendant à R > 0 �xé.

Nous concluons ce chapitre en proposant de nouvelles familles paramétriques de DPPs. Pour

ces familles, nous donnons une forme explicite du noyau et de sa transformée de Fourier, ce qui

est particulièrement intéressant pour l’algorithme de simulation implémenté dans spatstat.

De plus, ces familles paramétriques sont su�samment �exibles par rapport à leurs paramètres

pour couvrir toute la plage de répulsion o�erte par les DPPs stationnaires, du processus ponctuels

de Poisson (la situation sans interaction) au DPP le plus répulsif tel que déterminé dans la

proposition précédente.

1.3.2 Chapitre 4

Un processus ponctuel est dit Brillinger-mélangeant si, pour tout k ≥ 2, la variation totale

de la mesure cumulante factorielle réduite d’ordre k est �nie. Dans ce chapitre, nous rappelons

la dé�nition de ces mesures, et, pour les DPPs avec noyau C , nous l’exprimons en fonction de

C . Ainsi, nous avons été en mesure de prouver le théorème suivant (voir Théorème 4.2.2).

Théorème. Un DPP avec noyau véri�ant la condition K(ρ), pour un ρ > 0 donné, est Brillinger-
mélangeant.

En utilisant le mélange de Brillinger, nous avons prouvé un théorème limite central pour une

large classe de fonctionnelles d’ordre p ≥ 1 d’un processus ponctuel stationnaire, généralisant

ainsi un théorème donné dans [40]. En particulier, ce théorème s’applique aux DPPs avec noyaux

véri�ant K(ρ), et la variance asymptotique obtenue est explicitement connue. En application

de ce théorème quand p = 1, nous retrouvons un résultat bien connu sur l’estimateur naturel

de l’intensité, voir [57] et Corollaire 4.3.3.

Théorème. SoitX un DPP avec noyau véri�ant pour un ρ > 0 la condition K(ρ) et {Dn}n∈N
une famille d’ensembles réguliers qui tendent vers Rd quand n tend vers l’in�ni. Soit, pour tout
n ∈ N,

ρ̂n =
1

|Dn|
∑
x∈X

1{x∈Dn}.

Nous avons la convergence √
|Dn| (ρ̂n − ρ)

distr.−−−−−→
n→+∞

N(0, σ2)

où σ2 = limn→+∞ V ar
(√
|Dn|ρ̂n

)
= ρ−

∫
Rd C(x)2dx.

Plusieurs autres applications du mélange de Brillinger aux processus ponctuels stationnaires

peuvent être trouvées dans [26, 27, 29, 36, 37] et peuvent ainsi s’appliquer aux DPPs avec noyau

véri�antK(ρ) pour un ρ > 0 donné. Par exemple, nous déduisons plusieurs résultats concernant
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l’estimateur à noyau suivant de la pcf. Soit X un DPP stationnaire et isotrope, nous dé�nissons

l’estimateur avec noyau k et fenêtre {bn}n∈N de la pcf,

ĝn(t) =
1

σdtd−1ρ̂n2

∑
(x,y)∈X2

x 6=y

1{x∈Dn, y∈Dn}
1

bn|Dn ∩Dx−y
n |

k

(
t− |x− y|

bn

)

où σd = 2πd/2

Γ(d/2) est l’aire de la sphère unité en dimension d, {Dn}n∈N est une suite d’ensembles

dansRd, et pour tousn ∈ N et z ∈ Rd, on aDz
n := {u, u+ z ∈ Dn}. La normalité asymptotique

de cet estimateur est une conséquence de [27] et du fait que les DPPs sont Brillinger-mélangeants

(voir Proposition 4.3.4).

Proposition. Supposons que {Dn}n∈N soit une séquence de sous-ensembles réguliers de Rd tels
que b3n|Dn| → +∞ et b5n|Dn| → 0. Soit k une fonction symétrique, bornée, à support compact
inclus dans [−T, T ] pour un T > 0 donné et véri�ant

∫
R k(x)dx = 1. Soit également C un noyau

deux fois di�érentiable sur Rd \ {0}, véri�ant la condition K(ρ) pour un ρ > 0 donné et tel que
DPP (C) soit isotrope. En notant g la pcf deDPP (C), nous avons pour tout t > 0, la convergence√

bn|Dn| (ĝn(t)− g(t)))
distr.−−−−−→
n→+∞

N(0, τ2),

où τ2 = 2 g(t)
ρ2σdtd−1

√∫
R k

2(x)dx.

Une conclusion similaire sur la normalité asymptotique de l’erreur quadratique intégrée de

ĝn est aussi donnée au Chapitre 4 en utilisant certains résultats de [26].

1.3.3 Chapitre 5

Nous étudions dans ce chapitre les propriétés asymptotiques d’une méthode d’estimation

par minimum de contraste d’un DPP paramétrique. Nous considérons une famille paramétrique

de DPPs avec noyau Cρ,θ , où ρ = Cρ,θ(0) > 0 avec θ appartenant à un sous-ensemble Θρ de Rp
pour un p ≥ 1 donné, et tel que pour tout ρ > 0 et θ ∈ Θρ, Cρ,θ véri�e K(ρ). Nous supposons

que pour tout ρ > 0 et pour tout θ0 point intérieur de Θρ0 (cet intérieur étant supposé non

vide), nous observons X ∼ DPP (Cρ0,θ0) sur une séquence {Dn}n∈N de sous-ensembles de

Rd qui grossissent vers Rd dans toutes les directions.

L’estimation de ρ0 faite par ρ̂n est déjà discutée au Chapitre 4 et nous nous concentrons

ici sur l’estimation de θ0 par la méthode de minimum de contraste suivante. Pour ρ > 0 et

θ ∈ Θρ, dé�nissons J(., θ) une fonction de Rd dans R+
, qui est une statistique de DPP (Cρ,θ)

ne dépendant pas de ρ. Pour les DPPs, les cas les plus importants et naturels sont la fonction de

Ripley K et la pcf g.

Pour tout n ∈ N, considérons Ĵn un estimateur de J basé sur les observations de X sur Dn.

Dé�nissons la fonction de contraste

Un(θ) =

∫ rmax

rmin

w(t)
{
Ĵn(t)c − J(t, θ)c

}2
dt,

où rmax > rmin ≥ 0 et c 6= 0 sont des paramètres, et w est une fonction poids généralement

choisie pour être lisse sur (rmin, rmax), ou au moins intégrable. Finalement, nous dé�nissons
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l’estimateur de θ0 par

θ̂n = arg min
θ∈Θρ̂n

Un(θ).

Nous prouvons au Chapitre 5 un théorème général sur les propriétés asymptotiques de θ̂n
dans le cas d’un processus ponctuel stationnaire quelconque. Appliqué aux DPPs pour les cas

particuliers où J est la fonction de Ripley K ou la pcf g, nous obtenons le théorème suivant

(voir Théorèmes 5.2.2 et 5.2.3).

Théorème. Soit X un DPP avec noyau véri�ant Cρ0,θ0 pour un ρ0 > 0 donné et θ0 un point
intérieur de Θρ0 ⊂ Rp, où p ≥ 1. Supposons que pour tout θ ∈ Θρ0 , Cρ0,θ véri�e la condition
K(ρ) et est deux fois di�érentiable par rapport à θ. Si J = K ou J = g, nous avons, sous de faibles
hypothèses techniques supplémentaires, la convergence√

|Dn|(θ̂n − θ0)
distr.−−−−−→
n→+∞

N (0,Σ) ,

où Σ s’exprime en fonction de Cρ0,θ0 .
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2
Introduction (english version)

2.1 Background

Spatial point patterns arise from many areas of science, for instance in Forestry as the

location of trees, in Epidemiology as the location of diseased persons or in Quantum Mechanics

as the position of particles. Many other examples may be found in the literature, see for

instance [33]. Spatial point processes are the mathematical tool used to model these patterns.

They may be seen as points randomly distributed in space, generally a compact set of R2
.

Spatial statistics are concerned with the description, the modelling and the inference of these

distributions, in particular the dependence between the location of points is of main importance.

Many point process models have been introduced to represent a wide varieties of point

patterns. In this manuscript, we restrict our study to stationary point processes, i.e. the

distribution of points is assumed to be invariant by translation. The most simple example is

the Poisson point process. A point process X is a Poisson point process on Rd with intensity

ρ > 0 if on any bounded set B of Rd, the number of points X(B) in B follows a Poisson

distribution with parameter ρ|B|, where |B| denotes the volume of B, and given X(B) = n,

the n points in B are independently and uniformly distributed in B. If ρ = 1, the Poisson

point process is said to be standard. These processes model situations where no interaction is

observed and they are obviously too simple to model all datasets. In fact, point patterns often

exhibit repulsion or clustering as for example particles in statistical physics may repel each

others or conversely attract each others to form clusters of points. Point processes are usually

summarized in three categories, see for instance [33, Section 1] or [3]: regular (or repulsive,

or inhibitive) if points are not too close to each others, random if there is no interaction and

clustered if there is appearance of clusters. This classi�cation is illustrated in Figure 2.1 where,

from left to right, the point patterns are regular, random and clustered, respectively. Notice

that this categorization is arbitrary and does not re�ect the complexity of all datasets but is

su�cient for a wide variety of applications.

The already mentioned Poisson processes model the case of no interaction between the

points. To model attraction or clustering, Cox processes, also called doubly stochastic Poisson
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(a) (b) (c)

Figure 2.1 – Three examples of point patterns: (a) locations of 69 Spanish towns in a 40 mile by

40 mile region, (b) realization on

[
0, 1
]2

of a stationary Poisson point process with intensity

ρ = 100, (c) locations of California redwood trees. The datasets in (a) and (c) are available in

the R library spatial and spatstat, respectively.

point processes, are generally used. They are de�ned from inhomogeneous Poisson point

processes, i.e. Poisson point processes where the intensity ρ is a function from Rd to R+
. A

point process X on Rd is a stationary Cox process driven by the stationary random intensity Z
if conditionally to Z(x) = ρ(x), X is a Poisson point process with intensity ρ(x). This includes,

for example, the Neyman-Scott and clusters point processes, see [49]. On the other hand, there

exist several point process models for pure inhibition or repulsiveness. We review the usual ones

in Section 2.2 below, including the wide class of Gibbs point processes. Recently, another

class of point processes known as determinantal point processes (DPPs) has been studied to

model repulsiveness. They have shown to be, in some cases, a good alternative to Gibbs point

processes for the study of several regular point patterns, as the one in Figure 2.1 (a), see [43].

DPPs are brie�y presented in Section 2.2.3. This manuscript is devoted to their study.

2.2 Repulsive point processes anddeterminantal point processes

2.2.1 Preliminaries on point processes

For d ≥ 1, let Rd be equipped with the σ-algebra B
(
Rd
)

of Borel sets and B0(Rd) be

the class of bounded Borel sets on Rd. Denote by x := {x1, , x2, . . . , xn, . . .} an arbitrary

con�guration of points in Rd and by x(B) the number of points of x that belongs to B, for

an arbitrary B ∈ B0(Rd). De�ne N := {x ⊂ Rd, x(B) < ∞, ∀B ∈ B0(Rd)} as the space

of locally �nite con�gurations of points in Rd. We equipped N with the σ-algebra generated

by the sets {x ⊂ Rd, x(B) = n} for all B ∈ B0(Rd) and all n ∈ N ∪ {0}, where N is the

set of positive integers. A point process on Rd is a measurable application from a probability

space (Ω,F , P ) into the set N . We denote a point process by a bold capital letter, usually X,

and identify the mapping X and the associated random set of points. Then, to indicate that a

point x belongs to X, we write x ∈ X. Further, we always assume that the point processes are

simple, i.e. two points of the process never coincide, almost surely. For further details, we refer

to [9, 10].

24



Important quantities for the study of point processes are the so-called factorial moment

measures de�ned as follow.

De�nition 2.2.1. The factorial moment measure of order k (k ≥ 1) of a simple point processX
is the measure on Rdk, denoted by α(k), such that for any family of subsets D1, . . . , Dk in Rd,

α(k) (D1 × . . .×Dk) = E

 6=∑
(x1,...,xk)∈Xk

1{x1∈D1,...,xk∈Dk}


where E is the expectation over the distribution of X and the symbol 6= over the sum means that
we consider only mutually disjoints k-tuples of points x1, . . . , xk.

Cases of main interest are the factorial moment measure of order one, called the intensity

measure, and the factorial moment measure of order two. Under our stationary assumption,

the intensity measure is proportional to the Lebesgue measure on Rd which means that for

all S ⊂ Rd, α(1)(S) = ρ|S|, for a given ρ > 0. In this case, ρ is called the intensity of the
process and represents the expected number of points per unit volume. Note that ρ is the

density of the intensity measure with respect to the Lebesgue measure. If α(2)
admits a density

with respect to the Lebesgue measure on R2d
, this density is denoted by ρ(2)

and called second
order intensity function. Heuristically, for (x, y) ∈ R2d

and x 6= y, ρ(2)(x, y) may be viewed

as the probability that there is a point of the process in a small neighbourhood around x and

another point in a small neighbourhood around y. Note that under our stationary assumption,

ρ(2)(x, y) = ρ(2)(0, y − x) is a symmetric function and depends only on y − x.

In spatial statistics, the second order properties of a point process are often studied through

summary statistics such as the pair correlation function (pcf) or the Ripley’sK-function
de�ned as follows. The pcf is de�ned for almost every x ∈ Rd by

g(x) =
ρ(2)(0, x)

ρ2

and for all t ≥ 0, the K-function is de�ned by

K(t) =

∫
B(0,t)

g(x)dx

where B(0, t) denotes the Euclidean ball centred at 0 with radius t.

Intuitively, g(x) is the quotient of the probability that two points separate by x occur (taking

into account the interaction induced by the process) over the same probability for a Poisson

process (the case of no interaction). Consequently, for x ∈ Rd, a common interpretation,

see for instance [59], is that g(x) > 1 characterizes clustering while g(x) < 1 characterizes

repulsiveness. Regarding the K-function, ρK(t) is interpreted as the mean number of points in

B(0, t) assuming that 0 is a point of the process, see [49] for further details.

For instance, for the stationary Poisson point process on Rd with intensity ρ > 0, the second

order intensity function exists and for all (x, y) ∈ R2d
such that x 6= y, ρ(2)(x, y) = ρ2

. Thus,

for all x ∈ Rd \ {0},

g(x) = 1
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and for all t ≥ 0,

K(t) =
π
d
2

Γ
(
1 + d

2

) td.
2.2.2 Short catalogue of repulsive point processes

A �rst simple example of repulsive point process is the lattice point process de�ned as

follows, see also [61, Section 14.4.2]. Let a point x0 be uniformly distributed in the square of

Rd centred at 0 with side length equal to a given a > 0. The points of the lattice point process

with mesh width a are the vertices of the quadratic lattice with mesh width a starting at x0.

This process exhibits pure inhibition since the points cannot be closer than a distance a apart

and the associated point patterns are very regular since the interpoint distances are necessarily

multiple of a.

A generalization of the lattice point process is the jittered lattice point process. It is

de�ned from a lattice point process with given mesh width a > 0 where each point is subjected

to an independent random displacement with random vector uniformly distributed in B(0, r)
for a given r > 0. A realization in [−5, 5]2, with a = 1 and r = 0.2 is represented in Figure 2.2.

Note that for this example, the intensity equals one. The jittered lattice point process is less

regular than the lattice point process with same mesh width but remains strongly regular if r is

small with respect to a. Both the jittered lattice (if r < a/2) and lattice point processes are in

fact examples of a more general class of processes named the hardcore point processes.

The hardcore point processes are the typical examples of purely inhibitive point processes.

They are processes with interpoint distance at least greater than a given R > 0, named the

hardcore radius. A �rst example is the type I Matérn hardcore point process that is obtained

from a Poisson point processes where all R-close pairs of points are deleted. There exist several

generalizations obtained by a di�erent thinning of the Poisson process or randomization of the

hardcore radius, see for instance [59], [48], [63] and [60]. The most known generalization that is

implemented in the R library spatstat is the type II Matérn hardcore process represented

in Figure 2.2 with maximal hardcore radius that a type II Matérn hardcore process with unit

intensity can reach, see [33, Section 6.5]. It corresponds to an in�nite intensity of the underlying

Poisson process and our simulation is only an approximation. Other hardcore point processes

arise from Physics, for instance the RSA (random sequential absorption), dead leaves or hard
sphere packingmodels, see [33] for a review on these processes. However, the pure inhibition

condition is restrictive and does not always re�ect the reality. To introduce more �exibility,

Gibbs point processes are usually used.

Gibbs point processes are the most used class of models for regular point patterns. A point

process X on a bounded subset S of Rd is a Gibbs point process if it admits a density f with

respect to the standard Poisson point process. Denoting NS := {x ⊂ S, x(S) <∞} the space

of all �nite con�gurations of points in S and σ (NS) its associated σ-algebra generated by the

sets {x ⊂ S, x(S) = n} for all n ∈ N, we have for all F ∈ σ (NS),

P (X ∈ F ) =
∑
n≥0

e−|S|

n!

∫
Sn

1{
{x1,...,xn}∈F

}f({x1, . . . , xn}
)
dx1 . . . dxn,
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(a) (b) (c)

Figure 2.2 – Three examples of repulsive point patterns on [−5, 5]2 and with intensity ρ = 1:

(a) a jittered lattice point process with a = 1 and r = 0.2, (b) a type II Matérn hardcore point

process with radius R = 1/
√
π, (c) a Strauss point process with R = 1, γ = 0.1 and β = 110.

Note that β has been numerically calibrated in order to have ρ = 1.

the only con�guration with zero points being the null set. Usually, the density f in the last

formula writes

f(x) =
1

c

∏
y⊂x

φ(y)

where x and y belongs toNS , φ is a measurable function fromNS into R+
and c is a normalizing

constant, see [49] for further details. A large variety of interactions can be considered, depending

on the choice of f . A �rst example is the hardcore model with hardcore radius R ≥ 0 obtained

for

f(x) ∝ βx(S)1{sR(x)=0}

where β ≥ 0 and sR(x) denotes the number of R-close pairs of points in x. Another well

known Gibbs point process is the Strauss point process de�ned on a bounded set S ⊂ Rd by

the density

f(x) ∝ βx(S)γsR(x)

where β ≥ 0, γ ∈ [0, 1] and R ≥ 0 are parameters. The parameter γ is called the interaction

parameter: if γ = 0 we retrieve the previous purely inhibitive model with hardcore radius R, if

0 < γ < 1 the process shows inhibition and if γ = 1 it is a Poisson point process. A realization

in the case S = [−5, 5]2, γ = 0.1, R = 1 and β = 110 is represented in Figure 2.2. There are

many other examples of Gibbs models as the area-interaction or Lennard-Jones processes, see

for instance [49] or [65]. Note that we have only de�ned Gibbs point processes on a bounded

set but it is in fact possible to de�ne them on Rd under some technical assumptions on their

densities, see [49].

In conclusion, there already exist many repulsive point process models adapted to a large

variety of regular point patterns. Among them, the Gibbs point processes are the most �exible

in the sense that they can model a wide variety of interactions. However Gibbs models can be
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di�cult to handle in practice. The main reason is that the normalizing constant c involved in

the density of a Gibbs point process is unknown in most cases. Consequently, some Markov

chain Monte-Carlo methods (MCMC) are necessary for their simulations. Similarly likelihood

inference is infeasible without elaborate MCMC methods and some less e�cient procedures

that do not involve c, such as the pseudo-likelihood method, have been developed to estimate

the parameters. Further, the moments of a Gibbs point process are unknown. Hence, quantities

such as the intensity measure, the pcf or the Ripley’s K-function are unknown and can be only

approximated by simulations.

2.2.3 DPPs as an appealing class of repulsive point processes

DPPs have been introduced in their current form by Macchi in [46] to model the position of

particles that repel each others. They have the particularity of being de�ned by their moments,

namely the joint intensities de�ned as follow.

De�nition 2.2.2. If it exists, the joint intensity of order k (k ≥ 1) of a simple point process, denoted
by ρ(k), is the density with respect to the Lebesgue measure of the factorial moment measure α(k)

de�ned in De�nition 2.2.1.

Under our stationary assumption, we have ρ(k)(x1, . . . , xk) = ρ(k)(0, x2 − x1, . . . , xk −
x1). In particular, the intensity ρ and the second order intensity function ρ(2)

introduced in

Section 2.2.1 are the cases associated to k = 1 and k = 2 respectively.

De�nition 2.2.3. Let C : Rd → R be a function. A point process X on Rd is a stationary DPP
with kernel C , in short X ∼ DPP (C), if for all k ≥ 1 its joint intensity of order k satis�es the
relation

ρ(k)(x1, . . . xk) = det[C](x1, . . . , xk)

for almost every (x1, . . . , xk) ∈ Rdk, where [C](x1, . . . , xk) denotes the matrix with entries
C(xi − xj), 1 ≤ i, j ≤ k.

The existence of a DPP requires several conditions on the kernel C . We refer to [32] for a

detailed presentation of these conditions. For convenience, we give su�cient conditions in the

stationary case, based on the Fourier transform, that are easy to verify in practice. We de�ne

the Fourier transform of a function h ∈ L1(Rd) as

F(h)(t) =

∫
Rd
h(x)e2iπx·tdx, ∀t ∈ Rd

and extend this de�nition to L2(Rd) by Plancherel’s theorem, see [58]. We have the following

existence result.

Proposition 2.2.4 ([44]). Assume C is a symmetric continuous real-valued function in L2(Rd).
Then DPP (C) exists if and only if 0 ≤ F(C) ≤ 1.

In other words, by Proposition 2.2.4 any continuous real-valued covariance function C in

L2(Rd) with F(C) ≤ 1 de�nes a DPP. In the following, we consider only stationary DPPs

with real-valued kernel C but it is actually possible to consider complex-valued kernels and/or
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non-stationary DPPs. We refer to [32] for a review on DPPs in the general case. Henceforth, we

assume the following condition.

Condition K(ρ). A kernel C is said to verify condition K(ρ) if C is a symmetric continuous

real-valued function in L2(Rd) with C(0) = ρ and 0 ≤ F(C) ≤ 1.

Note that if X ∼ DPP (C) where C satis�es K(ρ) for a given ρ > 0, then the intensity

of X is ρ. The condition K(ρ) is veri�ed by numerous covariance functions, making easy the

de�nition of parametric families of DPPs. For instance we can consider the family with Gaussian

kernels

C(x) = ρe−|
x
α |

2

, x ∈ Rd (2.2.1)

where |.| denote the Euclidean norm on Rd, ρ > 0 and α ≤ 1/(
√
πρ1/d), the latter constraint

on the parameter space being a consequence of the existence condition F(C) ≤ 1 in K(ρ). We

introduce new parametric families in Chapter 3, as the Bessel-type family with kernels

C(x) = κ

Jσ+d
2

(
2| xα |

√
σ+d

2

)
(

2| xα |
√

σ+d
2

)σ+d
2

, x ∈ Rd (2.2.2)

where ρ > 0, σ ≥ 0, α < αmax(ρ, σ) and Jσ+d
2

is the Bessel function of the �rst kind of

order
σ+d

2 . The constants κ and αmax(ρ, σ) are given in Section 3.5. This family is particularly

interesting in that it can cover a large range of DPPs, from the stationary Poisson process (the

case of no interaction) to what can be considered as the most repulsive DPP (as determined in

Section 3.3).

From a methodological point of view, DPPs have numerous appealing properties:

• parametric families can easily be considered, as illustrated above;

• from the very de�nition, their moments of any order are known. In particular, important

summary statistics such as the K-function or the pcf g are completely known;

• the density of DPPs with respect to the standard Poisson point process is known on any

compact S ⊂ Rd without involving an incalculable constant as Gibbs point processes,

providing we know a spectral representation for the kernel. If the latter is unknown, an

e�cient approximation in the Fourier domain is proposed and studied in [44];

• consequently, the maximum likelihood method is available to estimate the parameters

(provided a spectral representation for C is known or approximated);

• minimum contrast methods based on summary statistics like K or g can also be used to

estimate the parameters;

• the simulation of a DPP on a compact set can be done perfectly (if a spectral representation

forC is known) and quickly. A simulation algorithm is presented in [44] and implemented

in the R library spatstat.

As an illustration, letting ρ = 100, we have simulated and represented in Figure 2.3

realizations on [0, 1]2 of: (a)-(c) DPPs with kernels (2.2.1) and α = 0.01, 0.03, 1
10
√
π

, (d)-(f)

DPPs with kernels (2.2.2), σ = 0 and α = 0.01, 0.03, 1
10
√
π

. The last value of α corresponds
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to the maximal possible value due to the restriction on the Fourier transform of the kernel in

K(ρ), see Section 3.5. Moreover, the parameters of these models have been estimated with

the minimum contrast method based on K , on g and with the maximum likelihood method

(using the approximation of the spectral representation of the kernel of [44]). These procedures

are also implemented in spatstat. For instance, we give in Tables 2.1-2.2 the mean squared

errors of the three mentioned methods over 500 realisations of DPPs with the same kernels and

parameters than DPPs in Figure 2.3 but simulated on [0, 1]2, [0, 2]2 and [0, 3]2.

(a) (b) (c)

(d) (e) (f)

Figure 2.3 – Realizations on [0, 1]2 of (a)-(c) DPPs with kernel (2.2.1) where from left to right

α = 0.01, 0.03, 1
10
√
π

, (d)-(f) DPPs with kernel (2.2.2) where σ = 0 and from left to right

α = 0.01, 0.03, 1
10
√
π

. The intensity is ρ = 100 for all models.
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[0, 1]2 [0, 2]2 [0, 3]2

K pcf ML K pcf ML K pcf ML

α = 0.01 2.026 1.039 1.032 0.848 0.309 0.220 0.521 0.175 0.096

α = 0.03 1.214 0.706 0.786 0.419 0.248 0.175 0.231 0.180 0.084

α = 1/(10
√
π) 0.356 0.588 0.225 0.113 0.258 0.061 0.051 0.176 0.022

Table 2.1 – Mean squared error of the estimators obtained by minimum contrast method based

on K and g as presented in Chapter 5 and by maximum likelihood method (ML) as presented

in [44]. The estimation is done over 500 realizations of DPPs on [0, 1]2, [0, 2]2 and [0, 3]3 with

kernel (2.2.1) and ρ = 100. All entries are multiplied by 104
to make the table more compact.

[0, 1]2 [0, 2]2 [0, 3]2

K pcf ML K pcf ML K pcf ML

α = 0.01 1.023 0.511 0.428 0.426 0.220 0.110 0.280 0.107 0.048

α = 0.03 0.441 0.403 0.322 0.164 0.162 0.068 0.090 0.110 0.029

α = 1/(10
√
π) 0.068 0.194 0.046 0.021 0.091 0.012 0.008 0.055 0.002

Table 2.2 – Mean squared error of the estimators obtained by minimum contrast method based

on K and g as presented in Chapter 5 and by maximum likelihood method as presented in [44].

The estimation is done over 500 realizations of DPPs on [0, 1]2 and [0, 2]2 and [0, 3]3 with

kernel (2.2.2), σ = 0 and ρ = 100. All entries are multiplied by 104
to make the table more

compact.
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Figure 2.4 – Histogram obtained for the estimations of the parameterα of DPPs with kernel (2.2.2)

over 500 realizations on [0, 1]2 with σ = 0 and α = 0.03. From left to right the methods used

are: minimum contrast based on K , minimum contrast based on g, maximum likelihood.

For all methods considered in Tables 2.1-2.2, the estimators seem consistent and the precision,

in the sense of the mean squared error, increases with the windows size. From these results,

maximum likelihood method seems to be the best method, which agrees with the observations
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made in [44]. However, minimum contrast methods, especially the one based on g, seem to

perform reasonably well. Moreover, their computation is faster than the maximum likelihood

method. For instance, the estimation of the parameter α for DPPs on [0, 3]2, with kernels (2.2.1)

or (2.2.2), takes some minutes by minimum contrast methods while it takes several hours by the

maximum likelihood method. Finally, it seems that each estimator has asymptotically a Gaussian

behaviour, as illustrated in Figure 2.4 where we have represented the histogram obtained from

the estimation of α for a DPP with kernel (2.2.2) over 500 realizations on [0, 1]2 with σ = 0 and

α = 0.03.

Despite these observations, to the best of our knowledge, no asymptotic results were

available on maximum likelihood or minimum contrast methods for DPPs. The study conducted

in Chapter 5 partially �lls this gap by proving the consistency and asymptotic normality of

the estimators obtained by minimum contrast method with the K-function or the pcf g. The

asymptotic properties of the maximum likelihood estimator still remain an open problem.

In conclusion, DPPs are very attractive to simulate and to �t repulsive point patterns. They

may present a good alternative to Gibbs point processes in several cases where, for instance,

the knowledge of moments is preferred. However, since their introduction by Macchi in [46],

DPPs have been largely studied in Probability but mostly unexplored from a statistical point

of view point until recently with [44] and its associated supplementary materials [43]. Other

statistical works include [11, 47] in telecommunication, [41] in the discrete case for statistical

learning, [52] and [5]. This study has for ambition to provide theoretical backgrounds of some

statistical methods for DPPs.

2.3 Contents of the PhD

Chapter 3 provides a detailed study of the possible repulsiveness of stationary DPPs. In

particular, we present in this chapter new parametric families of DPPs that cover a large range

of DPPs, from the stationary Poisson process to the most repulsive DPP. In Chapter 4, we

prove a mixing properties for DPPs, namely Brillinger mixing, and give some of its statistical

consequences. We �nally prove in Chapter 5 consistency and asymptotic normality of the

parametric estimators obtained by the minimum contrast method based on the Ripley’s K-

function and the pcf.

2.3.1 Chapter 3

In this chapter we study how repulsive stationary DPPs can be. To this end, we introduce

two de�nitions of the repulsiveness of a stationary point process, named global and local

repulsiveness, that are both based on the pcf.

De�nition. LetX andY be two stationary point processes with the same intensity ρ and respective
pair correlation function gX and gY .

• Assuming that both (1− gX) and (1− gY) are integrable, we say that X is globally more
repulsive thanY if

∫
(1− gX) ≥

∫
(1− gY).

• Assuming that gX is twice di�erentiable at 0 with gX(0) = 0, we say thatX is more locally
repulsive thanY if either gY(0) > 0, or gY is not twice di�erentiable at 0, or gY is twice
di�erentiable at 0 with gY(0) = 0 and ∆gY(0) ≥ ∆gX(0).
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While the global repulsiveness deals with the behaviour of g over the whole space Rd, the

local repulsiveness quanti�es the �atness of the pcf at the origin (the �atter, the more repulsive).

For instance, the hardcore point processes are the extreme cases where g equals to 0 on a

neighbourhood of the origin.

The global repulsiveness has been introduced in [44] where the authors �nd an in�nity

of DPPs that may be considered as the most repulsive DPP (in the global sense). By looking

at the local repulsiveness, we have proved the following proposition (see Theorem 3.3.2 and

Corollary 3.3.3) that gives the existence of a unique stationary DPP on Rd which is the most

locally repulsive. Moreover, it is one of the most globally repulsive DPPs. For ν real, we denote

by Jν the Bessel function of the �rst kind of order ν.

Proposition. The DPP with kernel

CB(x) =

√
ρΓ(d2 + 1)

πd/4

J d
2

(
2
√
πΓ(d2 + 1)

1
d ρ

1
d |x|

)
|x|

d
2

, ∀x ∈ Rd,

is the unique DPP with kernel verifyingK(ρ) which is, both globally and locally, the most repulsive
DPP among all stationary DPPs with intensity ρ.

In particular, stationary DPPs can not include a hardcore distance and so are not as �exible

as Gibbs point processes. We nonetheless illustrate in Chapter 3 that DPPs models still remain

quite �exible.

Additionally, we study in Chapter 3 repulsiveness for the particular class of R-dependent

DPPs. We say that a point process X is R-dependent, for a given R > 0, if X ∩A and X ∩B
are independent, for A and B two Borel sets in Rd separated by a distance larger than R. In the

DPP’s case, this is equivalent to DPP’s with �nite range kernels C , i.e. C(x) = 0 for |x| ≥ R.

This study has revealed to be challenging and we give only partial results on the most repulsive

R-dependent DPP, for a given R > 0.

We conclude this chapter by giving new parametric families of DPPs as the already men-

tioned Bessel-type family de�ned in (2.2.2). For these families, we provide a closed form

expression of the DPP’s kernel and of its Fourier transform. This is particularly convenient for

the simulation algorithm implemented in spatstat. Moreover these parametric families are

su�ciently �exible, with respect to their parameters, to cover a wide range of DPPs from the

Poisson point process (the case of no interaction) to the most repulsive DPP (as determined in

the last proposition).

2.3.2 Chapter 4

A stationary point process is Brillinger mixing if for any k ≥ 2 the total variation of the

reduced factorial cumulant measure of order k is �nite. In this chapter, we recall the de�nition

of these measures and in case of a DPP with kernel C , we relate them to C . This allows us to

prove the following theorem (see Theorem 4.2.2).

Theorem. A DPP with kernel verifying the conditionK(ρ), for a given ρ > 0, is Brillinger mixing.

As a consequence of the Brillinger mixing, we prove a central limit theorem on a wide class

of functionals of order p of a stationary point process, for a given p ≥ 1, generalizing a theorem
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given in [40]. In particular, this theorem applies to stationary DPPs with kernel verifying the

condition K(ρ) and the asymptotic variance is known in closed form. As an application of this

theorem when p = 1, we retrieve a well known result for the natural estimator of the intensity,

see [57] and Corollary 4.3.3.

Theorem. Let X be a DPP with kernel verifying the condition K(ρ) for a given ρ > 0 and
{Dn}n∈N be a family of regular sets tending to Rd as n→∞. De�ne for all n ∈ N,

ρ̂n =
1

|Dn|
∑
x∈X

1{x∈Dn}.

We have the convergence

√
|Dn| (ρ̂n − ρ)

distr.−−−−−→
n→+∞

N(0, σ2)

where σ2 = limn→+∞ V ar
(√
|Dn|ρ̂n

)
= ρ−

∫
Rd C(x)2dx.

Several other applications of Brillinger mixing for a stationary point process may be found

in [26, 27, 29, 36, 37] and may therefore be applied to DPPs satisfying K(ρ) for a given ρ > 0.

For instance, we deduce several results concerning the following kernel estimator of the pcf. Let

X be a stationary and isotropic DPP, we consider the estimator with kernel k and bandwidth

{bn}n∈N of the pcf,

ĝn(t) =
1

σdtd−1ρ̂n2

∑
(x,y)∈X2

x 6=y

1{x∈Dn, y∈Dn}
1

bn|Dn ∩Dx−y
n |

k

(
t− |x− y|

bn

)

where σd = 2πd/2

Γ(d/2) denotes the surface-area of the d-dimensional unit sphere, {Dn}n∈N is

a sequence of subset of Rd and for all n ∈ N and z ∈ Rd, Dz
n := {u, u+ z ∈ Dn}. The

asymptotic normality of this estimator follows directly from [27] and the Brillinger mixing of

DPPs (see Proposition 4.3.4).

Proposition. Assume that {Dn}n∈N is a regular sequence of subsets of Rd such that b3n|Dn| →
+∞ and b5n|Dn| → 0. Let k be a symmetric and bounded function with compact support included
in [−T, T ], for a given T > 0, and

∫
R k(x)dx = 1. Let C be a twice di�erentiable kernel on

Rd \ {0} such that it veri�es the condition K(ρ) for a given ρ > 0 and DPP (C) is isotropic.
Denoted g the pcf of DPP (C), we have for all t > 0 the convergence

√
bn|Dn| (ĝn(t)− g(t))

distr.−−−−−→
n→+∞

N(0, τ2)

where τ2 = 2 g(t)
ρ2σdtd−1

√∫
R k

2(x)dx.

A similar conclusion concerning the asymptotic normality of the integrated squared error

of ĝn is also given in Chapter 4, using some results of [26].
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2.3.3 Chapter 5

We study in this chapter the asymptotic properties of a minimum contrast procedure to

�t DPPs to a point pattern. We consider a parametric family of DPPs with kernel Cρ,θ where

ρ = Cρ,θ(0) > 0 and θ belongs to a subset Θρ of Rp for a given p ≥ 1 such that for any ρ > 0
and any θ ∈ Θρ, Cρ,θ satis�es K(ρ). We assume that for a given ρ0 > 0 and θ0 in the interior

of Θρ0 (provided this interior is non-empty) we observe X ∼ DPP (Cρ0,θ0) on a sequence

{Dn}n∈N of subsets of Rd that grows to Rd in all directions.

The estimation of ρ0 is carried out by ρ̂n discussed in Chapter 4 and we focus on the

estimation of θ0 by the following minimum contrast procedure. For ρ > 0 and θ ∈ Θρ, let

J(., θ) be a function from Rd into R+
which is a summary statistic ofDPP (Cρ,θ) that does not

depend on ρ. In the DPP’s case, the most important and natural examples are the K-function

and the pcf g. Then, for all n ∈ N, consider Ĵn an estimator of J from the observation of X on

Dn and de�ne the discrepancy measure

Un(θ) =

∫ rmax

rmin

w(t)
{
Ĵn(t)c − J(t, θ)c

}2
dt

where rmax > rmin ≥ 0 and c 6= 0 are parameters and w is a weight function generally chosen

to be smooth on (rmin, rmax) or at least integrable. Finally, we consider the following estimator

of θ0,

θ̂n = arg min
θ∈Θρ̂n

Un(θ).

We prove in Chapter 5 a general theorem dealing with the asymptotic properties of θ̂n for an

arbitrary stationary point process. Applied to the DPPs for the important particular cases when

J is the Ripley’s K-function or the pcf g, we obtain the following theorem (see Theorems 5.2.2

and 5.2.3).

Theorem. Let X be a DPP with kernel Cρ0,θ0 for a given ρ0 > 0 and θ0 an interior point of
Θρ0 ⊂ Rp, for p ≥ 1. Assume that for all θ ∈ Θρ0 , Cρ0,θ veri�es the condition K(ρ0) and is
twice di�erentiable with respect to θ. If J = K or J = g, we have under supplementary mild
assumptions, the convergence √

|Dn|(θ̂n − θ0)
distr.−−−−−→
n→+∞

N (0,Σ)

where Σ is completely known with respect to Cρ0,θ0 .
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3
Repulsiveness of stationary
determinantal point processes

This chapter is an article accepted for publication in Bernoulli journal so some considerations

and de�nitions are redundant with the introduction.

We consider two ways to quantify the repulsiveness of a point process, both based on its

second order properties, and we address the question of how repulsive a stationary DPP can

be. We determine the most repulsive stationary DPP, when the intensity is �xed, and for a

given R > 0 we investigate repulsiveness in the subclass of R-dependent stationary DPPs, i.e.

stationary DPPs with R-compactly supported kernels. Finally, in both the general case and the

R-dependent case, we present some new parametric families of stationary DPPs that can cover

a large range of DPPs, from the stationary Poisson process (the case of no interaction) to the

most repulsive DPP.

3.1 Introduction

Determinantal point processes (DPPs) were introduced in their general form by O. Macchi

in 1975 [46] to model fermions in quantum mechanics, though some speci�c DPPs appeared

much earlier in random matrix theory. DPPs actually arise in many �elds of probability and

have deserved a lot of attention from a theoretical point of view, see for instance [32] and [56].

DPPs are repulsive (or regular, or inhibitive) point processes, meaning that nearby points of

the process tend to repel each other (this concept will be clearly described in the following).

This property is adapted to many statistical problems where DPPs have been recently used,

for instance in telecommunication to model the locations of network nodes [11, 47] and in

statistical learning to construct a dictionary of diverse sets [41]. Other examples arising from

biology, ecology and forestry are studied in [44] and its associated on-line supplementary �le

[43].

The growing interest for DPPs in the statistical community is due to that their moments
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are explicitly known, parametric families can easily been considered, their density on any

compact set admits a closed form expression making likelihood inference feasible and they

can be simulated easily and quickly. Section 3.2 summarizes some of these properties and we

refer to [44] for a detailed presentation. These features make the class of DPPs a competitive

alternative to the usual class of models for repulsiveness, namely the Gibbs point processes. In

contrast, for Gibbs point processes, no closed form expression is available for the moments, the

likelihood involves an intractable normalizing constant and their simulation requires Markov

chain Monte Carlo methods.

However, DPPs can not model all kinds of repulsive point patterns. For instance, as deduced

from Section 3.3, stationary DPPs can not involve a hardcore distance between points, contrary

to the Matérn hardcore point processes, the RSA (random sequential absorption) model and

hardcore Gibbs models, see [33, Section 6.5]. In this paper, we address the question of how

repulsive a stationary DPP can be. We also investigate for a given R > 0 the repulsiveness in

the subclass of R-dependent stationary DPPs, i.e. stationary DPPs with R-compactly supported

kernels, which are of special interest for statistical inference in high dimension, see Section 3.4.

In both cases, we present in Section 3.5 some parametric families of stationary DPPs that cover

a large range of DPPs, from the stationary Poisson process to the most repulsive DPP.

To quantify the repulsiveness of a stationary point process, we consider its second-order

properties. Let X be a stationary point process in Rd with intensity (i.e. expected number of

points per unit volume) ρ > 0 and second order intensity function ρ(2)(x, y). Denoting dx
an in�nitesimal region around x and |dx| its Lebesgue measure, ρ|dx| may be interpreted as

the probability that X has a point in dx. For x 6= y, ρ(2)(x, y)|dx||dy| may be viewed as the

probability that X has a point in dx and another point in dy. A formal de�nition is given in

Section 3.2. Note that ρ(2)(x, y) = ρ(2)(0, y − x) is a symmetric function and depends only on

y − x because of our stationarity assumption.

In spatial statistics, the second order properties of X are generally studied through the pair

correlation function (in short pcf), de�ned for any x ∈ Rd by

g(x) =
ρ(2)(0, x)

ρ2
.

Since ρ(2)
is unique up to a set of Lebesgue measure zero (see [9]), so is g. As it is implicitly

done in the literature, see [33, 59], we choose the version of g with as few discontinuity points

as possible. It is commonly accepted, see for example [59], that if g(x) = 1 then there is no

interaction between two points separated by x, whereas there is attraction if g(x) > 1 and

repulsiveness if g(x) < 1. Therefore, when we below compare the global repulsiveness of two

stationary point processes we assume they share the same intensity.

De�nition 3.1.1. Let X andY be two stationary point processes with the same intensity ρ and
respective pair correlation function gX and gY . Assuming that both (1− gX) and (1− gY) are
integrable, we say thatX is globally more repulsive thanY if

∫
(1− gX) ≥

∫
(1− gY).

The quantity

∫
(1 − g) is already considered in the on-line supplementary material [43]

of [44] as a measure for repulsiveness. It can be justi�ed in several ways. First, it is a natural

geometrical method to quantify the distance from g to 1 (corresponding to no interaction),

where the area between g and 1 contributes positively to the measure of repulsiveness when

g < 1 and negatively if g > 1. Second, denoting K and K0 the Ripley’s K-functions of X and
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of the stationary Poisson process with intensity ρ respectively, see [49, De�nition 4.6], we have∫
(1− g) = limr→∞(K0(r)−K(r)). We also refer to [43] for an equivalent interpretation in

terms of the reduced Palm distribution. Finally, it is worth mentioning that for any stationary

point processes, we have

∫
(1− g) ≤ 1/ρ, see [42, Equation (2.5)].

Additional criteria could be introduced to quantify the global repulsiveness of a point

process, relying for instance on

∫
(1− g)p for a given p > 0, or involving higher moments of

the point process through the joint intensities of order k > 2 (see De�nition 3.2.1). However

the theoretical study becomes more challenging in these cases and we do not consider these

extensions.

Repulsiveness is often interpreted in a local sense: This is the case for hardcore point

processes, where a minimal distance δ is imposed between points and so g(x) = 0 whenever

|x| < δ where for a vector x, |x| denotes its Euclidean norm. As already mentioned, a DPP

can not involve any hardcore distance, but we may want its pcf to satisfy g(0) = 0 and stay as

close as possible to 0 near the origin. This leads to the following criteria to compare the local
repulsiveness of two point processes. We denote by∇g and ∆g the gradient and the Laplacian

of g, respectively.

De�nition 3.1.2. Let X andY be two stationary point processes with the same intensity ρ and
respective pair correlation function gX and gY . Assuming that gX is twice di�erentiable at 0 with
gX(0) = 0, we say thatX is more locally repulsive thanY if either gY(0) > 0, or gY is not twice
di�erentiable at 0, or gY is twice di�erentiable at 0 with gY(0) = 0 and ∆gY(0) ≥ ∆gX(0).

As suggested by this de�nition, a stationary point process is said to be locally repulsive if

its pcf is twice di�erentiable at 0 with g(0) = 0. In this case∇g(0) = 0 because g(x) = g(−x).

Therefore to compare the behavior of two such pcfs near the origin, speci�cally the curvatures

of their graphs near the origin, the Laplacian operator is involved in De�nition 3.1.2. As an

example, a stationary hardcore process is locally more repulsive than any other stationary point

process because in this case g(0) = 0 and ∆g(0) = 0.

We show in Section 3.3 that De�nitions 3.1.1 and 3.1.2 agree for the natural choice of what

can be considered as the most repulsive DPP. A realization of the latter on [−5, 5]2 is represented

in Figure 3.1 (d) when ρ = 1. For comparison, letting ρ = 1 for all plots, Figure 3.1 shows

realizations of: (a) the stationary Poisson process, which is a situation with no interaction; (b)-(c)

two DPPs with intermediate repulsiveness, namely DPPs with kernels (3.5.1) where σ = 0 and

α = 0.2, 0.4 respectively, as presented in Section 3.5.1; (e) the type II Matérn hardcore process

with hardcore radius
1√
π

. Notice that
1√
π

is the maximal hardcore radius that a type II Matérn

hardcore process with unit intensity can reach, see [33, Section 6.5]. It corresponds to an in�nite

intensity of the underlying Poisson process and our simulation is only an approximation. These

models are sorted from (a) to (e) by their ascending repulsiveness in the sense of De�nition 3.1.2.

Speci�cally g(0) = 1 for (a) while g(0) = 0 and ∆g(0) is 50, 12.5, 2π and 0 from (b) to (e)

respectively. This order is clearly apparent in Figure 3.1 (f), where the theoretical pcfs are

represented as radial functions, all aforementioned models being isotropic. Concerning global

repulsiveness, we have that

∫
(1 − g) is 0, 0.12, 0.50, 1 and 0.76 from (a) to (e) respectively.

The fact that the Matérn hardcore model is globally less repulsive than the DPP in (d) is due to

that its pcf can be larger than one. This shows the limitation of De�nition 3.1.1 in the study of

repulsiveness and the importance of introducing De�nition 3.1.2. Overall, Figure 3.1 illustrates

that even if stationary DPPs cannot be as (locally) repulsive as hardcore point processes, which
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may be an important limitation in practice, they nonetheless cover a rather large variety of

repulsiveness from (a) to (d).

(a) (b) (c)

0.0 0.5 1.0 1.5
0
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0
.4

0
.6

0
.8
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.2

(a)
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(d)
(e)

(d) (e) (f)

Figure 3.1 – Realizations on [−5, 5]2 of (a) the stationary Poisson process, (b)-(d) DPPs with

kernels (3.5.1) where σ = 0 and α = 0.2, 0.4, 1√
π

, (e) the type II Matérn hardcore process with

hardcore radius
1√
π

. (f) Their associated theoretical pcfs. The intensity is ρ = 1 for all models

and (d) represents the most repulsive stationary DPP in this case.

We recall the de�nition of a stationary DPP and some related basic results in Section 3.2.

Section 3.3 is devoted to the study of repulsiveness in stationary DPPs, both in the sense

of De�nition 3.1.1 and De�nition 3.1.2. In Section 3.4, we focus on repulsiveness for the

subclass of stationary DPPs with compactly supported kernels. Then, in Section 3.5, we present

three parametric families of DPPs which cover a large range of repulsiveness and have further

interesting properties. Section 3.6 gathers the proofs of our theoretical results. Further comments

and illustrations are provided in a supplementary material.

3.2 Stationary DPPs

In this section, we review the de�nition and some properties of stationary DPPs. For a

detailed presentation, including the non stationary case, we refer to the survey by Hough et al.

[32].

Basics of point processes may be found in [9, 10]. Let us recall that a point process X is

simple if two points of X never coincide, almost surely. The joint intensities of X are de�ned

40



as follows.

De�nition 3.2.1. If it exists, the joint intensity of order k (k ≥ 1) of a simple point processX is
the function ρ(k) : (Rd)k → R+ such that for any family of mutually disjoint subsetsD1, . . . , Dk

in Rd,

E

k∏
i=1

X(Di) =

∫
D1

. . .

∫
Dk

ρ(k)(x1, . . . , xk)dx1 . . . dxk,

whereX(D) denotes the number of points of X inD andE is the expectation over the distribution
of X.

In the stationary case, ρ(k)(x1, . . . , xk) = ρ(k)(0, x2−x1, . . . , xk−x1), so that the intensity

ρ and the second order intensity function ρ(2)
introduced previously become the particular

cases associated to k = 1 and k = 2 respectively.

De�nition 3.2.2. Let C : Rd → R be a function. A point process X on Rd is a stationary DPP
with kernel C , in short X ∼ DPP (C), if for all k ≥ 1 its joint intensity of order k satis�es the
relation

ρ(k)(x1, . . . xk) = det[C](x1, . . . , xk)

for almost every (x1, . . . , xk) ∈ (Rd)k, where [C](x1, . . . , xk) denotes the matrix with entries
C(xi − xj), 1 ≤ i, j ≤ k.

It is actually possible to consider a complex-valued kernel C , but for simplicity we restrict

ourselves to the real case. A �rst example of stationary DPP is the stationary Poisson process

with intensity ρ. It corresponds to the kernel

C(x) = ρ1{x=0}, ∀x ∈ Rd. (3.2.1)

However, this example is very particular and represents in some sense the extreme case of a

DPP without any interaction, while DPPs are in general repulsive as discussed at the end of this

section.

De�nition 3.2.2 does not ensure existence or unicity of DPP (C), but if it exists, then it

is unique, see [32]. Concerning existence, a general result, including the non stationary case,

was proved by O. Macchi in [46]. It relies on the Mercer representation of C on any compact

set. Unfortunately this representation is known only in a few cases, making the conditions

impossible to verify in practice for most functions C . Nevertheless, the situation becomes

simpler in our stationary framework, where the conditions only involve the Fourier transform

of C . We de�ne the Fourier transform of a function h ∈ L1(Rd) as

F(h)(t) =

∫
Rd
h(x)e2iπx·tdx, ∀t ∈ Rd. (3.2.2)

By Plancherel’s theorem, this de�nition is extended to L2(Rd), see [58]. If C is a covariance

function, as assumed in the following, we have FF(C) = C so F−1 = F and from [51,

Theorem 1.8.13], F(C) belongs to L1(Rd).

Proposition 3.2.3 ([44]). Assume C is a symmetric continuous real-valued function in L2(Rd).
Then DPP (C) exists if and only if 0 ≤ F(C) ≤ 1.
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In other words, Proposition 3.2.3 ensures existence of DPP (C) if C is a continuous real-

valued covariance function in L2(Rd) with F(C) ≤ 1. Henceforth, we assume the following

condition.

Condition K(ρ). A kernel C is said to verify condition K(ρ) if C is a symmetric continuous

real-valued function in L2(Rd) with C(0) = ρ and 0 ≤ F(C) ≤ 1.

The assumption 0 ≤ F(C) ≤ 1 is in accordance with Proposition 3.2.3, while the others

assumptions in condition K(ρ) are satis�ed by most statistical models of covariance functions,

the main counterexample being (3.2.1). Standard parametric families of kernels include the

Gaussian, the Whittle-Matérn and the generalized Cauchy covariance functions, where the

condition F(C) ≤ 1 implies some restriction on the parameter space, see [44].

By De�nition 3.2.2, all moments of a DPP are explicitly known. In particular, assuming

condition K(ρ), the intensity of DPP (C) is ρ and denoting g its pcf we have

1− g(x) =
C(x)2

ρ2
(3.2.3)

for almost every x ∈ Rd. Consequently g ≤ 1, and so we have repulsiveness. Moreover, the

study of repulsiveness of stationary DPPs, as de�ned in De�nitions 3.1.1 and 3.1.2, reduces to

considerations on the kernel C when condition K(ρ) is assumed.

3.3 Most repulsive DPPs

We �rst present the most globally repulsive DPPs in the sense of De�nition 3.1.1. They

are introduced in the on-line supplementary �le associated to [44], see [43], from which the

following proposition is easily deduced.

Proposition 3.3.1 ([44]). In the sense of De�nition 3.1.1,DPP (C) is the most globally repulsive
DPP among all DPPs with kernel satisfying condition K(ρ) if and only if F(C) is even and equals
almost everywhere an indicator function of a Borel set with volume ρ.

According to Proposition 3.3.1, the set of the most globally repulsive DPPs in the sense of

De�nition 3.1.1 is in�nite. This is illustrated in the supplementary material. A natural choice

is DPP (CB) where F(CB) is the indicator function of the Euclidean ball centered at 0 with

volume ρ. In dimension d, this gives CB = F
(
1{|·|d≤ρτd}

)
with τ =

{
Γ(d/2 + 1)/π

d
2

} 1
d

and

by [22, Appendix B.5],

CB(x) =

√
ρΓ(d2 + 1)

πd/4

J d
2

(
2
√
πΓ(d2 + 1)

1
d ρ

1
d |x|

)
|x|

d
2

, ∀x ∈ Rd, (3.3.1)

where J d
2

is the Bessel function of the �rst kind. For example, we have

• for d = 1, CB(x) = sinc(x) = sin(πρ|x|)
π|x| ,

• for d = 2, CB(x) = jinc(x) =
√
ρ
J1(2
√
πρ|x|)√
π|x| .

This choice was already favored in [44]. However, there is no indication from Proposi-

tion 3.3.1 to suggestCB instead of another kernel given by the proposition. This choice becomes

clear if we look at the local repulsiveness as de�ned in De�nition 3.1.2.
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Proposition 3.3.2. In the sense of De�nition 3.1.2, the most locally repulsive DPP among all DPPs
with kernel satisfying condition K(ρ) is DPP (CB).

Thus, from Propositions 3.3.1 and 3.3.2, we deduce the following corollary.

Corollary 3.3.3. The kernel CB is the unique kernel C verifying condition K(ρ) such that
DPP (C) is both the most globally and the most locally repulsive DPP among all stationary DPPs
with intensity ρ > 0.

Borodin and Serfaty in [8] characterize in dimension d ≤ 2 the disorder of a point process

by its "renormalized energy". In fact, the smaller the renormalized energy, the more repulsive

the point process. Theorem 3 in [8] establishes that DPP (CB) minimizes the renormalized

energy among all stationary DPPs. This result con�rms Corollary 3.3.3, that the most repulsive

stationary DPP, if any has to be chosen, is DPP (CB). However, a stationary DPP has a �nite

renormalized energy if and only if it is given by Proposition 3.3.1 [8, Theorem 1], which indicates

that most stationary DPPs have an in�nite renormalized energy. Hence this criteria is not of

practical use to compare the repulsiveness between two arbitrary DPPs.

3.4 Most repulsive DPPs with compactly supported kernels

In this section, we assume that the kernel C is compactly supported, i.e. there exists R > 0
such that C(x) = 0 if |x| > R. In this case X ∼ DPP (C) is an R-dependent point process

in the sense that if A and B are two Borel sets in Rd separated by a distance larger than R,

then X ∩A and X ∩B are independent, which is easily veri�ed using De�nition 3.2.2. This

situation can be particularly interesting for likelihood inference in presence of a large number of

points. Assume we observe {x1, . . . , xn} on a compact window W ⊂ Rd, then the likelihood is

proportional to det[C̃](x1, . . . , xn) where C̃ expresses in terms of C and inherits the compactly

supported property ofC , see [44, 46]. While this determinant is expensive to compute if C̃ is not

compactly supported and n is large, the situation becomes more convenient in the compactly

supported case, since [C̃](x1, . . . , xn) is sparse when R is small with respect to the size of W .

We are thus interested in DPPs with kernels satisfying the following condition.

Condition Kc(ρ,R). A kernel C or DPP (C) is said to verify condition Kc(ρ,R) if C veri�es

condition K(ρ) and C is compactly supported with range R, i.e. C(x) = 0 for |x| ≥ R.

The following proposition shows that any kernel satisfying conditionK(ρ) can be arbitrarily

approximated by kernels verifying Kc(ρ, r) for r large enough. We de�ne the function h by

h(x) = exp

(
1

|x|2 − 1

)
1{|x|<1}, ∀x ∈ Rd. (3.4.1)

For a function f ∈ L2(Rd), put ‖f‖ =
√∫
|f(t)|2dt and denote [f ∗ f ] the self-convolution

product of f .

Proposition 3.4.1. Let C be a kernel verifying condition K(ρ) and h be de�ned by (3.4.1). Then,
for all r > 0, the function Cr de�ned by

Cr(x) =
1

‖h‖2
[h ∗ h]

(
2x

r

)
C (x) , ∀x ∈ Rd, (3.4.2)
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veri�es Kc(ρ, r). Moreover, we have the convergence

lim
r→+∞

Cr = C, (3.4.3)

uniformly on all compact sets.

In particular, by taking C = CB in Proposition 3.4.1, it is always possible to �nd a kernel

Cr verifying Kc(ρ, r) that yields a repulsiveness (local or global) as close as we wish to the

repulsiveness of CB , provided that r is large enough. However, given a maximal range of

interaction R, it is clear that the maximal repulsiveness implied by kernels verifying Kc(ρ,R)
can not reach the one of CB , since the support of CB is unbounded and DPP (CB) is the

unique most repulsive DPP according to Corollary 3.3.3. In the following, we study the DPP’s

repulsiveness for a given range R > 0.

In comparison with condition K(ρ), the assumption that C is compactly supported in

condition Kc(ρ,R) makes the optimization problems related to De�nitions 3.1.1-3.1.2 much

more di�cult to investigate. As a negative result, we know very little about the most globally

repulsive DPP, in the sense of De�nition 3.1.1, under condition Kc(ρ,R). From relation (3.2.3),

this is equivalent to �nd a kernel C with maximal L2
-norm under the constraint that C veri�es

Kc(ρ,R). Without the constraint F(C) ≤ 1, this problem is known as the square-integral

Turán problem with range R, see for example [39]. For this less constrained problem, it is

known that a solution exists, but no explicit formula is available, cf. [12]. For d = 1, it has been

proved that the solution is unique and there exists an algorithm to approximate it, see [19]. In

this case, numerical approximations show that the solution with range R veri�es condition

Kc(ρ,R) only if R ≤ 1.02/ρ. This gives the most globally repulsive DPP verifying Kc(ρ,R) in

dimension d = 1, when R ≤ 1.02/ρ, albeit without explicit formula. Its pcf is represented in

Figure 3.2. For other values of R, or in dimension d ≥ 2, no results are available, to the best of

our knowledge.

Let us now turn to the investigation of the most locally repulsive DPP, in the sense of De�-

nition 3.1.2, under condition Kc(ρ,R). Recall that without the compactly supported constraint

of the kernel, we showed in Section 3.3 that the most locally repulsive DPP, namely DPP (CB),

is also (one of) the most globally repulsive DPP.

For ν > 0, we denote by jν the �rst positive zero of the Bessel function Jν and by J ′ν the

derivative of Jν . We refer to [1] for a survey about Bessel functions and their zeros. Further,

de�ne the constant M > 0 by

Md =
2d−2j2

d−2
2

Γ
(
d
2

)
ρπ

d
2

.

We have Mρ = π2/8 ≈ 1.234 when d = 1, Mρ1/2 = j0/π
1/2 ≈ 1.357 when d = 2 and

Mρ1/3 = π1/3 ≈ 1.465 when d = 3.

Proposition 3.4.2. IfR ≤M , then, in the sense of De�nition 3.1.2, there exists an unique isotropic
kernel CR such that DPP (CR) is the most locally repulsive DPP among all DPPs with kernel
verifying Kc(ρ,R). It is given by CR = u ∗ u where

u(x) = κ
J d−2

2

(
2j d−2

2

|x|
R

)
|x|

d−2
2

1{|x|<R
2 }, (3.4.4)
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with κ2 = 4Γ(d/2)

ρπd/2R2

(
J ′d−2

2

(j d−2
2

)

)−2

.

In this proposition CR is only given as a convolution product. Nonetheless, an explicit

expression is known in dimension d = 1 and d = 3, see [14]. On the other hand, the Fourier

transform is known in any dimension since F(CR) = F(u)2
. We get from the proof in

Section 3.6.3, for all x ∈ Rd,

F(CR)(x) = ρπd/2Rdj2
d−2
2

Γ

(
d

2

) J d−2
2

(πR|x|)

(πR|x|)
d−2
2

(
j2
d−2
2

− (πR|x|)2

)


2

. (3.4.5)

If R ≥ M , we have not been able to obtain a closed form expression of the most locally

repulsive stationary DPP. However, under some extra regularity assumptions, we can state the

following general result about its existence and the form of the solution.

ConditionM(ρ,R). A function u is said to verify conditionM(ρ,R) if u(x) = 0 for |x| > R
2 ,

u is a radial function and u ∈ L2(Rd) with ‖u‖2 = ρ.

Proposition 3.4.3. For anyR > 0, there exists an isotropic kernelCR such thatDPP (CR) is the
most locally repulsive DPP among allDPPs with kernel C verifyingKc(ρ,R). It can be expressed
as CR = u ∗ u where u satis�esM(ρ,R). Furthermore, if we assume that supx∈Rd F(CR)(x) =
F(CR)(0) and u is twice di�erentiable on its support, then u is of the form

u(x) =

(
β + γ

J d−2
2

(|x|/α)

|x|
d−2
2

)
1{|x|<R

2 }, (3.4.6)

whereα > 0, β ≥ 0 and γ are three constants linked by the conditionsM(ρ,R) and
∫
Rd u(x)dx ≤

1.

In the case R ≤ M , this proposition is a consequence of Proposition 3.4.2 where β = 0,

α = R/(2j d−2
2

) and γ = κ. When R > M , it is an open problem to �nd an explicit expression

of the kernel CR without any extra regularity assumptions. Even in this case, (3.4.6) only gives

the form of the solution and the constants α, β and γ are not explicitly known. In particular

the choice β = 0 does not lead to the most locally repulsive DPP when R > M , contrary to the

case R ≤ M . In fact, the conditionM(ρ,R) allows us to express β and γ as functions of α,

R and ρ, but then some numerical approximation are needed to �nd the value of α in (3.4.6),

given R and ρ, such that DPP (CR) is the most locally repulsive DPP. We detail these relations

in Section 3.5.3, where we start from (3.4.6) to suggest a new parametric family of compactly

supported kernels.

Contrary to what happens in the non compactly supported case of Section 3.3, the most

locally repulsive DPP is not the most globally repulsive DPP under Kc(ρ,R). This is easily

checked in dimension d = 1 when R ≤ 1.02/ρ implying R ≤M : In this case the most globally

repulsive DPP under Kc(ρ,R) is DPP (TR), where TR is the solution of the square-integral

Turán problem with range R, and the most locally repulsive DPP is DPP (CR) where CR is

given by (3.4.4). However, according to the results of Section 3.3 corresponding to R =∞, we

expect that DPP (CR) has a strong global repulsiveness even for moderate values of R. This is
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con�rmed in Figure 3.2, that shows the pcf of DPP (CR) when d = 1, ρ = 1 and R = 1.02,

R = M ≈ 1.234 and R = 2M , where in this case we take CR = u ∗ u with u given by (3.4.6)

and the constants are obtained by numerical approximations. The pcfs of DPP (T1.02) and

DPP (CB) are added for sake of comparison. Considering the behavior of the pcf near the

origin, we note that even if DPP (T1.02) is the most globally repulsive DPP under Kc(ρ,R)
when R ≤ 1.02/ρ, its local repulsiveness is not very strong. On the other hand, DPP (CR)
seems to present strong global repulsiveness for the values of R considered in the �gure.

Figure 3.2 – In dimension d = 1, comparison between the pcf of DPP (T1.02), DPP (CB) and

DPP (CR) for R = 1.02,M, 2M .
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3.5 Parametric families of DPP kernels

A convenient parametric family of kernels {Cθ}θ∈Θ, where Θ ⊂ Rq for some q ≥ 1, should

ideally:

(a) provide a closed form expression for Cθ , for any θ,

(b) provide a closed form expression for F(Cθ), for any θ,

(c) be �exible enough to include a large range of DPPs, going from the Poisson point process

to DPP (CB).

The second property above is needed to check the condition of existence F(Cθ) ≤ 1, but it is

also useful for some approximations in practice. Indeed, the algorithm for simulating DPP (C)
on a compact set S, as presented in [32], relies on the Mercer representation of C on S, which

is rarely known in practice. In [44], this decomposition is simply approximated by the Fourier

series of C where, up to some rescaling, the k-th Fourier coe�cients is replaced by F(C)(k).

The same approximation is used to compute the likelihood. This method has proved to be

accurate in most cases, both from a practical and a theoretical point of view, provided ρ is not

too small, and to be computationally e�cient, see [44].

In addition to (a)-(c), we may also require that Cθ is compactly supported with maximal

range R, following the motivation explained in Section 3.4, in which case the maximal possible
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repulsiveness is given by DPP (CR). Or we may require that F(Cθ) is compactly supported, in

which case the Fourier series mentioned in the previous paragraph becomes a �nite sum and no

truncation is needed in practice. Note however that Cθ and F(Cθ) can not both be compactly

supported.

Several standard parametric families of kernels are available, including the well-known

Whittle-Matérn and the generalized Cauchy covariance functions, where the conditionF(Cθ) ≤
1 implies some restriction on the parameter space, see [44]. Although they encompass a closed

form expression for both Cθ and F(Cθ), they are not �exible enough to reach the repulsiveness

of DPP (CB). Another family of parametric kernels is considered in [44], namely the power

exponential spectral model, that contains as limiting cases CB and the Poisson kernel (3.2.1).

For this reason this family is more �exible than the previous ones, but then only F(Cθ) is given

and no closed expression is available for Cθ. For all these families, none of Cθ and F(Cθ) is

compactly supported.

Below, we present alternative families of parametric kernels. The �rst two ones, so-called

Bessel-type and Laguerre-Gaussian families, ful�l the three requirements (a)-(c) above and

the Bessel-type family has the additional property that the Fourier transform of the kernels is

compactly supported. Moreover we introduce new families of compactly supported kernels,

inspired by Proposition 3.4.1 and Proposition 3.4.3.

3.5.1 Bessel-type family

For all σ ≥ 0, α > 0, ρ > 0, we consider the Bessel-type kernel

C(x) = ρ 2
σ+d
2 Γ

(
σ + d+ 2

2

) Jσ+d
2

(
2| xα |

√
σ+d

2

)
(

2| xα |
√

σ+d
2

)σ+d
2

, x ∈ Rd. (3.5.1)

This positive de�nite function �rst appears in [53], where it is called the Poisson function. It has

been further studied in [17] and [18], where it is called the Bessel-type function. For obvious

reasons, we prefer the second terminology when applied to point processes. For any x ∈ R, we

denote by x+ = max(x, 0) its positive part.

Proposition 3.5.1. Let C be given by (3.5.1), then its Fourier transform is, for all x ∈ Rd,

F(C)(x) = ρ
(2π)

d
2αdΓ(σ+d+2

2 )

(σ + d)
d
2 Γ(σ+2

2 )

(
1− 2π2α2|x|2

σ + d

)σ
2

+

(3.5.2)

and DPP (C) exists if and only if α ≤ αmax where

αdmax =
(σ + d)

d
2 Γ(σ+2

2 )

ρ(2π)
d
2 Γ(σ+d+2

2 )
.

In this case, DPP (C) de�nes a stationary and isotropic DPP with intensity ρ. Moreover, if σ = 0
and α = αmax, then C = CB where CB is de�ned in (3.3.1). In addition, for any ρ > 0 and
α > 0, we have the convergence

lim
σ→+∞

C(x) = ρ e
−
(
|x|
α

)2
, (3.5.3)

uniformly on all compact sets.
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The Bessel-type family contains CB as a particular case and the Poisson kernel as a lim-

iting case, when α → 0. Moreover, F(C) is compactly supported, see (3.5.2). The plots in

Figure 3.1 (b)-(d) show some realizations of this model when σ = 0 and α = 0.2, 0.4, αmax,

respectively. The supplementary material includes more simulations and shows the behavior of

the pcf for di�erent values of the parameters.

3.5.2 Laguerre-Gaussian family

Let us �rst recall the de�nition of the Laguerre polynomials. We denote by N the set

{1, 2, . . .}. For integers 0 ≤ k ≤ m and numbers α, de�ne

(
m+α
k

)
= (m+α)...(m+α+1−k)

k if

k > 0 and

(
m+α
k

)
= 1 if k = 0.

De�nition 3.5.2. The Laguerre polynomials are de�ned for allm ∈ N ∩ {0} and α ∈ R by

Lαm(x) =

m∑
k=0

(
m+ α

m− k

)
(−x)k

k!
, ∀x ∈ R.

For all m ∈ N, α > 0, ρ > 0 and x ∈ Rd, we consider the Laguerre-Gaussian function

C(x) =
ρ(m−1+ d

2
m−1

)L d
2
m−1

(
1

m

∣∣∣x
α

∣∣∣2) e− 1
m
| x
α
|2 . (3.5.4)

This kernel already appears in the literature, see e.g. [16] for an application in approximation

theory. The following proposition summarizes the properties that are relevant for its use as a

DPP kernel.

Proposition 3.5.3. Let C be given by (3.5.4), then its Fourier transform is, for all x ∈ Rd,

F (C) (x) =
ρ(m−1+ d

2
m−1

)αd (mπ)
d
2 e−m(πα|x|)2

m−1∑
k=0

(π
√
m|αx|)2k

k!
(3.5.5)

and DPP (C) exists if and only if α ≤ αmax where

αdmax =

(m−1+ d
2

m−1

)
ρ(mπ)

d
2

.

In this case, DPP (C) is stationary and isotropic with intensity ρ. Moreover, for any ρ > 0 and
α > 0, we have the convergence

lim
m→+∞

C(x) = ρΓ

(
d

2
+ 1

) J d
2

(
2| xα |

)
| xα |

d
2

(3.5.6)

uniformly on all compact sets. In particular, for α = αmax,

lim
m→+∞

C(x) = CB(x) (3.5.7)

uniformly on all compact sets and where CB is de�ned in (3.3.1).

This family of kernels contains the Gaussian kernel, being the particular case m = 1, and

includes as limiting cases the Poisson kernel (3.2.1) (when α→ 0) and CB , in view of (3.5.7).

Some illustrations of this model are provided in the supplementary material, including graphical

representations of the pcf and some realizations.
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3.5.3 Families of compactly supported kernels

As suggested by Proposition 3.4.1, we can consider the following family of compactly

supported kernels, parameterized by the range R > 0,

C1(x) =
1

‖h‖2
[h ∗ h]

(
2x

R

)
CB (x) , ∀x ∈ Rd, (3.5.8)

where h is given by (3.4.1). The Poisson kernel (3.2.1) and CB are two limiting cases, when

respectively R→ 0 and R→ +∞. However this family of kernels has several drawbacks: No

closed form expression is available for C1, nor for F(C1). Moreover, when the range R is �xed,

DPP (C1) is not the most repulsive DPP, see Proposition 3.4.3 and the graphical representations

in the supplementary material. This is the reason why we turn to another family of compactly

supported kernels.

Following Proposition 3.4.3, we introduce a new family of compactly supported kernels

with range R, given as a convolution product of functions as in (3.4.6). Speci�cally, let R > 0,

ρ > 0 and α > 0 such that R/(2α) is not a zero of the Bessel function J d−2
2

and consider the

kernel C2 = u ∗ u with

u(x) =
√
ρ β(R,α)

1− R
d
2
−1

2
d
2
−1J d

2
−1( R2α)

J d
2
−1(
∣∣ x
α

∣∣)
|x|

d
2
−1

1{|x|≤R2 }, (3.5.9)

where

β(R,α) =

Rd−1πd/2

2d−1Γ
(
d
2

)
R
d
− 4α

J d
2
( R2α)

J d
2
−1

(
R
2α

) +
R

2

1−
J d

2
−2( R2α)J d

2
( R2α)

J2
d
2
−1

(
R
2α

)
− 1

2

.

Proposition 3.5.4. LetC2 = u∗u where u is given by (3.5.9), then its Fourier transform isF(u)2

where for all x ∈ Rd

F(u)(x) =
√
ρ β(R,α)

(
R

2|x|

) d
2
−1( R

2|x|
J d

2
(πR|x|)

+
π

J d−2
2

( R2α)

RαJ ′d−2
2

( R2α)J d−2
2

(πR|x|)− 2πRα2J d−2
2

( R2α)|x|J ′d−2
2

(πR|x|)

1− 4π2|αx|2

 .

Moreover, DPP (C2) exists if and only if α is such that |F(u)| ≤ 1. In this case, DPP (C2)
de�nes a stationary and isotropic R-dependent DPP with intensity ρ.

The choice of u in (3.5.9) comes from (3.4.6) where γ has been chosen such that u is

continuous at |x| = R/2 and where β is deduced from the relation C2(0) = ‖u‖2 = ρ. Given ρ
and R, the remaining free parameter in this parametric family becomes α. The restriction that

R/(2α) must not be a zero of J d−2
2

can be alleviated by setting in these cases β = 0 in (3.4.6)

and choose γ so that C2(0) = ρ. Then the most locally repulsive DPP (3.4.4) when R ≤ M
would be part of the parametric family. However, these kernels can be arbitrarily approximated
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by some kernel given by (3.5.9) for some value of α, so we do not include these particular values

of α in the family above.

The condition |F(u)| ≤ 1 on α, given R and ρ, must be checked numerically. In most

cases, the maximal value of F(u) holds at the origin and we simply have to check whether

|F(u)(0)| ≤ 1. No theoretical results are available to claim the existence of an admissible α, but

from our experience, there seems to exist an in�nity of admissible α for any R and ρ. Moreover,

while the most locally repulsive DPP when R ≤ M is known and corresponds to (3.4.4), the

most repulsive DPP when R > M in the above parametric family seems to correspond to the

maximal value of α such that |F(u)| ≤ 1, denoted αmax.

The parametric family given by C2 is mainly of interest since it covers a large range of

repulsive DPPs while the kernels are compactly supported. Moreover, the closed form expression

of F(C2) is available and this family contains the most locally repulsive DPP with range R,

in view of Proposition 3.4.3, at least when R ≤ M . Some illustrations are provided in the

supplementary material.

3.6 Proofs

3.6.1 Proof of Proposition 3.3.2

As the kernelCB veri�es conditionK(ρ), it de�nes aDPP with intensity ρ and its associated

pcf gB given by (3.2.3) vanishes at 0. By the analytic de�nition of Bessel functions, see [1,

Relation (9.1.10)],

CB(x) =

√
ρΓ(d2 + 1)

πd/4

+∞∑
n=0

(−1)n
(√

πΓ(d2 + 1)
1
d ρ

1
d

)2n

22nn!Γ (n+ 1 + d/2)
|x|2n.

Thus CB is twice di�erentiable at 0 and by (3.2.3), so is gB . By De�nition 3.1.2, any DPP having

a pcf g that does not vanish at 0 or is not twice di�erentiable at 0 is less locally repulsive than

DPP (CB). Consequently, we assume in the following of the proof that g(0) = 0 and g is twice

di�erentiable at 0. The problem therefore reduces to minimize ∆g(0) under the constraint that

g is the pcf of a DPP with kernel C verifying condition K(ρ).

According to condition K(ρ), the Fourier transform of the kernel C is well de�ned and

belongs to L1(Rd), as noticed below (3.2.2). Therefore, we can de�ne the function f = F(C)
‖F(C)‖1

where ‖F(C)‖1 =
∫
Rd |F(C)(x)|dx and consider it as a density function of a random variable

X = (X1, · · · , Xd) ∈ Rd. Denote by f̂(t) = E
(
eit·X

)
the characteristic function of X . We

have

f̂(t) =
C
(
t

2π

)
‖F(C)‖1

, ∀t ∈ Rd. (3.6.1)

Thus, f̂ is twice di�erentiable at 0, so by the usual properties of the characteristic function (see

[55]), X has �nite second order moments and

E(X2
i ) = −∂

2f̂

∂x2
i

(0) +

(
∂f̂

∂xi
(0)

)2

, i = 1 . . . d. (3.6.2)
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On the other hand, as already noticed in Section 3.1, ∇g(0) = 0 and so
∂C
∂xi

(0) = 0 for

i = 1, . . . , d. By di�erentiating both sides of (3.6.1),

∂f̂

∂xi
(0) =

1

2π‖F(C)‖1
∂C

∂xi
(0) = 0, i = 1 . . . d (3.6.3)

and

∂2f̂

∂x2
i

(0) =
1

4π2‖F(C)‖1
∂2C

∂x2
i

(0), i = 1 . . . d. (3.6.4)

Then, by (3.6.2)-(3.6.4),

E(|X|2) = E

(
d∑
i=1

X2
i

)
= −∆f̂(0) = − 1

4π2‖F(C)‖1
∆C(0).

Moreover,

E(|X|2) =

∫
Rd
|x|2f(x)dx =

∫
Rd
|x|2 F(C)

‖F(C)‖1
(x)dx.

Hence,

∆C(0) = −4π2

∫
Rd
|x|2F(C)(x)dx. (3.6.5)

By (3.2.3) and since∇C(0) = 0,

∆g(0) = ∆

(
1− C2

ρ2

)
(0) = − 1

ρ2

(
d∑
i=1

2C(0)
∂2C

∂x2
i

(0) + 2

(
∂C

∂xi
(0)

)2
)

= −2

ρ

d∑
i=1

∂2C

∂x2
i

(0) = −2

ρ
∆C(0). (3.6.6)

Finally, we deduce from (3.6.5) and (3.6.6) that

∆g(0) =
8π2

ρ

∫
Rd
|x|2F(C)(x)dx.

Thus the two following optimization problems are equivalent.

Problem 1: Minimizing ∆g(0) under the constraint that g is the pcf of a DPP with kernel C
satisfying condition K(ρ).

Problem 2: Minimizing

∫
R |x|

2F(C)(x)dx under the constraint that C is a kernel which is

twice di�erentiable at 0 and veri�es the condition K(ρ).

The latter optimization problem is a special case of [45, Theorem 1.14], named bathtub

principle, which gives the unique solution F(C) = 1{|·|d≤ρτd} in agreement with (3.3.1). This

completes the proof.
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3.6.2 Proof of Proposition 3.4.1

Notice that h is symmetric, real-valued, in�nitely di�erentiable and veri�es h(x) = 0 for

x ≥ 1, see [51, Section 3.2]. Thus, ‖h‖ is �nite and ‖h‖ 6= 0, so Cr is well-de�ned.

Since h ∗ h(0) = ‖h‖2, we have Cr(0) = ρ. By product convolution properties, h ∗ h is

symmetric, real-valued, in�nitely di�erentiable and compactly supported with range 2. Thus,

by (3.4.2), Cr is symmetric, real-valued, in�nitely di�erentiable and compactly supported with

range r. Then, Cr belongs to L1(Rd) ∩ L2(Rd). In particular, F(Cr) is well-de�ned pointwise.

By well-known properties of the Fourier transform, for all x ∈ Rd,

F(Cr)(x) =
rd

2d‖h‖2
[
F(h)2

(r
2
·
)
∗ F(C)(·)

]
(x). (3.6.7)

Since h is symmetric, F(h) is real valued, so F(h)2 ≥ 0. Thus, as F(C) ≥ 0 by conditionK(ρ),

we have F(Cr) ≥ 0. Further, since 0 ≤ F(C) ≤ 1,

rd

2d‖h‖2

∫
Rd
F(h)2

(
rt

2

)
F(C)(x− t)dt ≤ rd

2d‖h‖2

∫
Rd
F(h)2

(
rt

2

)
dt. (3.6.8)

By the substitution u = rt/2 and Parseval’s equality, the right-hand side of (3.6.8) equals 1.

Finally, (3.6.7) and (3.6.8) give F(Cr) ≤ 1, i.e. 0 ≤ F(Cr) ≤ 1.

It remains to show the convergence result (3.4.3), which reduces to prove that
1
‖h‖2 [h∗h]

(
2
r ·
)

tends to 1 uniformly on all compact set when r →∞. This follows from h ∗ h(0) = ‖h‖2 and

the uniform continuity of h ∗ h on every compact set.

3.6.3 Proof of Proposition 3.4.2

The proof is based on a theorem from Ehm et al. [14] recalled below with only slight changes

in the presentation.

De�nition 3.6.1. LetH denote the normalized Haar measure on the group SO(d) of rotations in
Rd and let C be a kernel verifying condition Kc(ρ,R). The radialization of the kernel C is the
kernel rad(C) de�ned by

rad(C)(x) =

∫
SO(d)

C(j(x))H(dj).

Note that for any isotropic kernelC ,C = rad(C). We say thatC1 = C2 up to a radialization

if C1 and C2 are kernels verifying condition Kc(ρ,R) and rad(C1) = rad(C2).

De�ne γd > 0 by γ2
d =

4jd−2
(d−2)/2

π
d
2 Γ( d2 )J2

d
2

(j(d−2)/2)
and set cd =

4j2d−2
2

4dπ
d
2 Γ( d2 )

where j(d−2)/2 is

introduced before Proposition 3.4.2.

Theorem 3.6.2 ([14]). Let Ψ be a twice di�erentiable characteristic function of a probability
density f on Rd and suppose that Ψ(x) = 0 for |x| ≥ 1. Then

−∆Ψ(0) =

∫
|x|2f(x)dx ≥ 4j2

(d−2)/2
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with equality if and only if, up to a radialization,Ψ = ωd∗ωd, whereωd(x) = γd
Γ( d2 )
j
(d−2)/2
(d−2)/2

J d−2
2

(2j d−2
2
|x|)

|x|
d−2
2

for |x| ≤ 1
2 and ωd(x) = 0 for |x| ≥ 1

2 . The corresponding minimum variance density is

f(x) = cdΓ

(
d

2

)2

 2
d−2
2 J d−2

2
( |x|2 )

|x2 |
d−2
2

(
j2
(d−2)/2 −

(
|x|
2

)2
)


2

.

According to De�nition 3.1.2 and by the same arguments as in the proof of Proposition 3.3.2

and (3.6.6), we seek a kernel C which is twice di�erentiable at 0 such that ∆C(0) is maximal

among all kernels verifying condition Kc(ρ,R).

In a �rst step, we exhibit a candidate for the solution to this optimization problem and in a

second step we check that it veri�es all required conditions.

Step 1. We say that a function C veri�es K̃c(ρ,R) if it veri�es Kc(ρ,R) without necessarily

verifying F(C) ≤ 1. Notice that a function C veri�es K̃c(ρ,R) if and only if the function

Ψ(x) =
C(Rx)

ρ
, x ∈ Rd, (3.6.9)

veri�es K̃c(1, 1). Therefore, we have a one-to-one correspondence between K̃c(ρ,R) and

K̃c(1, 1).

On the other hand, if a function Ψ veri�es condition K̃c(1, 1), it is by Bochner’s Theorem

the characteristic function of a random variable X . Moreover, the function Ψ is continuous

and compactly supported, so it is in L1(Rd) and the random variable X has a density f , see

[55]. Thus, by Theorem 3.6.2, any function Ψ twice di�erentiable at 0 and verifying condition

K̃c(1, 1) satis�es

∆Ψ(0) ≤ −4j2
(d−2)/2. (3.6.10)

By di�erentiating both sides of (3.6.9), we have

∆Ψ(0) =
R2

ρ
∆C(0). (3.6.11)

Thus, by (3.6.10)-(3.6.11), for any kernelC which is twice di�erentiable at 0 and veri�es K̃c(ρ,R),

∆C(0) =
ρ∆Ψ(0)

R2
≤ −

4ρj2
(d−2)/2

R2
. (3.6.12)

By Theorem 3.6.2, the equality in (3.6.12) holds if and only if Ψ = ωd ∗ ωd and we name CR the

corresponding kernel C given by (3.6.9).

Step 2. The kernel CR is the candidate to our optimization problem, however it remains to

prove that it veri�es condition Kc(ρ,R). We have seen in Step 1 that CR veri�es K̃c(ρ,R) and

is twice di�erentiable at 0. We must show that F(CR) ≤ 1. By Theorem 3.6.2, the function

Ψ = ωd ∗ ωd is the characteristic function of a probability density f . Thus, for all x ∈ Rd,

F (Ψ) (x) = (2π)df (2πx) = (2π)dcdΓ

(
d

2

)2
 2

d−2
2 J d−2

2
(|πx|)

|πx|
d−2
2

(
j2
(d−2)/2 − (|πx|)2

)
2

. (3.6.13)
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By (3.6.9) and the Fourier transform dilatation we thereby obtain (3.4.5).

Moreover, the Bessel functions are non-negative up to their �rst non-negative zero so

ωd ≥ 0, which implies that Ψ ≥ 0. Hence by (3.6.13),

F(Ψ)(x) =

∣∣∣∣∫
Rd

Ψ(t)e2iπx·tdt

∣∣∣∣ ≤ ∫
Rd

Ψ(t)dt = F(Ψ)(0) =
2dπdcd
j4
d−2
2

. (3.6.14)

Thus, by (3.6.9) and the Fourier transform dilatation,

F(CR)(x) ≤ F(CR)(0) =
2dRdρπdcd

j4
d−2
2

=
Rd

Md
. (3.6.15)

Since by hypothesis R ≤M , we have F(CR) ≤ 1.

3.6.4 Proof of Proposition 3.4.3

According to De�nition 3.1.2 and by the same arguments as in the proof of Proposition 3.3.2

and (3.6.6), we seek a kernel C which is twice di�erentiable at 0 such that ∆C(0) is maximal

among all kernels verifying condition Kc(ρ,R). By (3.6.5), this is equivalent to solve the follow-

ing problem A.

Problem A: Minimize

∫
Rd |x|

2F(C)(x)dx under the constraints that C is twice di�erentiable

at 0 and veri�es Kc(ρ,R).

The proof of Proposition 3.4.3 is based on the following three lemmas. In the �rst lemma,

the gradient ∇u has to be considered in the sense of distribution when u ∈ L2(Rd) is not

di�erentiable.

Lemma 3.6.3. A kernel CR is solution to Problem A if and only if there exists a function u such
that, up to a radialization, CR = u ∗ u where u minimizes

∫
Rd |∇u(x)|2dx among all functions u

verifyingM(ρ,R) and F(u)2 ≤ 1.

The existence statement in Proposition 3.4.3 is given by the following lemma.

Lemma 3.6.4. There exists a solution to Problem A.

By Lemma 3.6.3,CR = u∗uwhere u is the solution of the given optimization problem. Then,

under the additional constraint supx∈Rd F(C)(x) = F(C)(0), we have supx∈Rd (F(u)(x))2 =

(F(u)(0))2
. Since F(u)2(0) =

(∫
Rd u(t)dt

)2
, the constraint F(u)2 ≤ 1 in Lemma 3.6.3 be-

comes

(∫
Rd u(t)dt

)2 ≤ 1. Notice that −u is also a solution of the optimization problem.

Thus, we can assume without loss of generality that

∫
Rd u(t)dt ≥ 0, so that the constraint(∫

Rd u(t)dt
)2 ≤ 1 becomes

∫
Rd u(t)dt ≤ 1. In this situation, the optimization problem ad-

dressed in Lemma 3.6.3 can be solved by variational calculus. However, an explicit form of

the solution is available only if we assume that u ∈ C2(B
(
0, R2

)
), meaning that u is twice

continuously di�erentiable on its support. It is given by the following lemma, which completes

the proof of Proposition 3.4.3.
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Lemma3.6.5. If a functionuminimizes
∫
Rd |∇u(x)|2dx among all functionsu verifyingM(ρ,R),

u ∈ C2(B
(
0, R2

)
) and

∫
Rd u(x)dx ≤ 1, then u is of the form

u(x) =

(
β + γ

J d−2
2

(|x|/α)

|x|
d−2
2

)
1{|x|<R

2 },

whereα > 0, β ≥ 0 and γ are three constants linked by the conditionsM(ρ,R) and
∫
Rd u(x)dx ≤

1.

Proof of Lemma 3.6.3

Let C be a kernel which is twice di�erentiable at 0 and veri�es the condition Kc(ρ,R). This

implies that C is twice di�erentiable everywhere. Moreover, the quantity

∫
Rd |x|

2F(C)(x)dx
is invariant under radialization of the kernel C , see [14, Relation (44)]. Thus, we can consider C
as a radial function. Then, by [14, Theorem 3.8], there exists a countable set A and a sequence

of real valued functions {uk}k∈A in L2(Rd) such that

C(x) =
∑
k∈A

uk ∗ uk(x). (3.6.16)

Further, the convergence of the series is uniform and for each k ∈ A, the support of uk lies in

B
(
0, R2

)
. Thus,∫

Rd
|x|2F(C)(x)dx =

∫
Rd
|x|2

∑
k∈A
|F(uk)(x)|2 dx =

∑
k∈A

d∑
j=1

∫
Rd
|xjF(uk)(x)|2 dx

(3.6.17)

where xj denotes the j-th coordinate of the vector x. In addition, we note that uk ∈ L2(Rd) so

| · |F(uk)(·) ∈ L2(Rd) by (3.6.17). Then, by [45, Theorem 7.9],∇uk ∈ L2(Rd) where∇uk has

to be viewed in the distributional sense and

F (∂juk) (x) = 2iπxjF(uk)(x). (3.6.18)

Thus, from (3.6.17)-(3.6.18) and the Parseval equality,∫
Rd
|x|2F(C)(x)dx =

∑
k∈A

∫
Rd

|∇uk(x)|2

4π2
dx.

As every term in the sum above is positive and since this equality holds for every kernel C , the

minimum of

∫
Rd |x|

2F(C)(x)dx is reached if and only if this sum reduces to one term where

uk = u. Then we have C = u ∗ u and∫
Rd
|x|2F(C)(x)dx =

∫
Rd

|∇u(x)|2

4π2
dx. (3.6.19)

Therefore, minimizing

∫
Rd |x|

2F(C)(x)dx is equivalent to minimize

∫
Rd |∇u(x)|2 dx. Hence it

remains to see what the constraints on the kernel C means for the function u. Since C = u ∗ u,

where u is one of the function in the decomposition (3.6.16), u is a so-called real valued Boas-

Kac root of C , see [14]. Thus, since C is radial, we have by [14, Theorem 3.1] that u is

radial and veri�es u(x) = 0 for |x| ≥ R
2 . Since C veri�es Kc(ρ,R), we have C(0) = ρ and

0 ≤ F(C) ≤ 1. These constraints are equivalent on u to

∫
Rd u(x)2dx = ρ and F(u)2 ≤ 1,

respectively. Therefore, u veri�es conditionM(ρ,R) and F(u)2 ≤ 1.
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Proof of Lemma 3.6.4

According to Lemma 3.6.3, CR is a is solution to Problem A if and only if CR = u ∗ u where

u minimizes

∫
Rd |∇u(x)|2dx among all functions u verifyingM(ρ,R) and F(u)2 ≤ 1. We

prove the existence of such a minimum u.

Let Ω denote the open Euclidean ball B
(
0, R2

)
. Consider the Sobolev space

H1(Ω) =
{
f : Ω→ R, f ∈ L2(Ω), ∇f ∈ L2(Ω)

}
,

with the norm ‖f‖H1(Ω) =
(
‖f‖2 + ‖∇f‖2

) 1
2

. For a review on Sobolev spaces, see for example

[15] or [45]. For any f ∈ H1(Ω), we consider its extension to Rd by setting f(x) = 0 if x /∈ Ω,

so that f ∈ L2(Rd). Let us further denote E the set of functions f ∈ H1(Ω) verifyingM(ρ,R)
and F(f)2 ≤ 1.

If the minimum u above exists but u /∈ H1(Ω), then

∫
Ω |∇u(x)|2dx = ∞, which means

that E is empty, otherwise u would not be the solution of our optimization problem. But E is not

empty, see for instance the functions in Section 3.5.3, so if u exists, u ∈ H1(Ω). Let (wk)k∈N be

a minimizing sequence in E , i.e.∫
Ω
|∇wk(x)|2 dx −→

k→+∞
inf
v∈E

∫
Ω
|∇v(x)|2 dx, (3.6.20)

where for all k, wk ∈ E . By (3.6.20) and since for all k,

∫
Ω |wk(x)|2dx = ρ, the sequence {wk}

is bounded in H1(Ω). Then, by the Rellich-Kondrachov compactness theorem (see [15]), it

follows that, up to a subsequence, {wk} converges in L2(Rd) to a certain function w ∈ L2(Rd)
verifying ∫

Ω
|∇w(x)|2 dx = inf

v∈E

∫
Ω
|∇v(x)|2 dx. (3.6.21)

We now prove that w ∈ E , so that u = w is the solution of our optimization problem. First

w ∈ H1(Ω) as justi�ed earlier and so w ∈ L2(Rd). Second, as rotations are isometric functions

and since any wk is radial by hypothesis, we have for any j ∈ SO(d){∫
Rd
|w(x)− wk(x)|2 dx→ 0

}
⇔
{∫

Rd
|w(j(x))− wk(j(x))|2 dx→ 0

}
⇔
{∫

Rd
|w(j(x))− wk(x)|2 dx→ 0

}
.

Hence, by uniqueness of the limit, the functionw is radial and in particular, its Fourier transform

is real. Further, since w is the limit in L2(Rd) of wk, w veri�es the following properties:

• w is compactly supported in B
(
0, R2

)
, because wk ∈ E for all k.

• w ∈ L2(Rd) by Rellich-Kondrachov theorem.

•
∫
Rd |w(x)|2dx =

∫
Rd |wk(x)|2dx = ρ since a sphere in L2(Rd) is closed.

Therefore,w veri�esM(ρ,R). Third, for every k,wk being compactly supported and inL2(Rd),

wk ∈ L1(Rd) so we can consider F(wk)(x) for every x ∈ Rd and by the Cauchy-Schwartz

inequality

|F(w)(x)−F(wk)(x)| ≤ a

√∫
Rd
|w(t)− wk(t)|2 dt, ∀x ∈ Rd,
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where a is a positive constant. Thereby the convergence of wk to w in L2(Rd) implies the

pointwise convergence of F(wk) to F(w). Finally, from the relation

F(wk)(x) ≤ 1, ∀x ∈ Rd, ∀k ∈ N,

we deduce F(w) ≤ 1.

Proof of Lemma 3.6.5

We denote as before Ω = B
(
0, R2

)
. The optimization problem in Lemma 3.6.5 is a variational

problem with isoperimetric constraints. By [20, Chapter 2, Theorem 2], every solution must

solve

∆u+ λ1u−
λ2

2
= 0 on Ω,

u = 0 on ∂Ω.

(3.6.22)

In equation (3.6.22), λ1 andλ2 are the Lagrange multipliers associated to the constraints

∫
u2 = ρ

and

∫
u ≤ 1, respectively. By the Karush-Kuhn-Tucker theorem, see [31, Section VII], λ2 ≥ 0.

Moreover, a solution to the partial di�erential equation with boundary condition (3.6.22) is

obtained by linear combination of a homogeneous solution and a particular solution. By [15,

Section 6.5, Theorem 2], the Laplacian operator −∆ has only positive eigenvalues. Hence the

associated homogeneous equation ∆u+ λ1u = 0 can have a solution only if λ1 > 0.

In addition, the function u is radial by hypothesis, so there exists a function ũ on R such

that u(x) = ũ(|x|) for all x ∈ Rd. The partial di�erential equation (3.6.22) then becomes

ũ′′(t) +
d− 1

t
ũ′(t) + λ1ũ(t)− λ2

2
= 0, ∀t ∈

]
0,
R

2

[
,

ũ

(
R

2

)
= 0.

As λ1 is positive, we obtain from [67, Section 4.31, Relations (3) and (4)] that a solution to this

equation is of the form

ũ(t) =

(
λ2

2λ1
+ c1

J(d−2)/2(
√
λ1t)

t(d−2)/2
+ c2

Y(d−2)/2(
√
λ1t)

t(d−2)/2

)
1{0<t<R

2 }, (3.6.23)

where Y(d−2)/2 denotes the Bessel function of the second kind. By hypothesis, the function u is

continuous on Ω and so at 0. Since Y(d−2)/2 has a discontinuity at 0, see for example [1], and

the remaining terms in (3.6.23) are continuous, we must have c2 = 0. Then, by renaming the

constant c1 by γ and letting α = 1/
√
λ1, β = λ2/(2λ1), we obtain that if u is solution to the

optimization problem of Lemma 3.6.5, then u writes

u(x) =

(
β + γ

J(d−2)/2(|x|/α)

|x|(d−2)/2

)
1{x∈Ω}, (3.6.24)

where α > 0 and β ≥ 0.
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3.6.5 Proof of Proposition 3.5.1

Let C be given by (3.5.1). According to Proposition 3.2.3, DPP (C) exists and has intensity

ρ if C veri�es the condition K(ρ). By [1, Equation (9.1.7)], we have C(0) = ρ. It is immediate

that C is a symmetric continuous real-valued function. Since Bessel functions are analytic and

by the asymptotic form in [1, (9.2.1)], it is clear that C belongs to L2(Rd). It remains to obtain

F(C) and verify the condition 0 ≤ F(C) ≤ 1.

De�ne

pσ(x) =
Jσ+d

2
(|x|)

|x|
σ+d
2

, ∀x ∈ Rd. (3.6.25)

As pσ is radial, by [22, Appendix B.5],

F(pσ)(x) =
2π

|x|
d−2
2

∫ +∞

0
r
d
2 pσ(r)J d−2

2
(2πr|x|)dr.

By [21, Formula 6.575], we have for σ > −2

F(pσ) (x) =
2π

|2πx|
d−2
2

(1− |2πx|2)
σ
2
+|2πx|

d−2
2

2
σ
2 Γ(σ2 + 1)

= 2
d
2
−σ

2 π
d
2

(1− |2πx|2)
σ
2
+

Γ(σ+2
2 )

.

Since C(x) = ρ2
σ+d
2 Γ

(
σ+d+2

2

)
pσ

(
2 xα

√
σ+d

2

)
, we obtain (3.5.2) by dilatation of the Fourier

transform.

We have obviouslyF(C) ≥ 0. Since σ ≥ 0,F(C) attains its maximum at 0. ThusF(C) ≤ 1
if and only if

F(C)(0) =
ρ(2π)

d
2αdΓ(σ+d+2

2 )

(σ + d)
d
2 Γ(σ+2

2 )
≤ 1,

which is equivalent to αd ≤ (σ+d)
d
2 Γ(σ+2

2 )

ρ(2π)
d
2 Γ(σ+d+2

2 )
.

Finally, when σ = 0 and α = αmax,DPP (C) exists and a straightforward calculation gives

C = CB . The convergence result (3.5.3) may be found in [17] and is a direct application of [53,

Relation (1.8)].

3.6.6 Proof of Proposition 3.5.3

De�ne, for all m ∈ N ∩ {0},

fm(x) = Ld/2m

(
|x|2
)
e−|x|

2
, ∀x ∈ Rd. (3.6.26)

This function is radial, thus by [22, Appendix B.5] we have

F(fm)(x) =
2π

|x|
d−2
2

∫ +∞

0
r
d
2L

d
2
m(r2)e−r

2
J d−2

2
(2πr|x|)dr.
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According to [38], we have

F(fm)(x) =
2π

|x|
d−2
2

(−1)m

2

(
|2πx|

2

) d−2
2

e−
|2πx|2

4 L−1−m
m

(
|2πx|2

4

)
= π

d
2 (−1)me−|πx|

2
m∑
k=0

(
−1

m− k

)
(−1)k|πx|2k

k!

= π
d
2 (−1)me−|πx|

2
m∑
k=0

(−1)m−k
(−1)k|πx|2k

k!
.

Therefore,

F(fm)(x) = π
d
2 e−|πx|

2
m∑
k=0

|πx|2k

k!
.

As C(x) = ρ

(m−1+ d2
m−1 )

fm−1( 1√
m
x
α), we obtain (3.5.5) by dilatation and linearity of the Fourier

transform.

Clearly, F(C) ≥ 0. Thus we investigate the condition F(C) ≤ 1 for the existence of

DPP (C). We notice from (3.5.5) that

F(C)(x) = ae−b|x|
2
m−1∑
k=0

bk|x|2k

k!
, (3.6.27)

where a and b are positive constants. Since F(C) depends on the variable x only through its

norm, we consider the function h de�ne for all r ≥ 0 by h(r) = F(C) ((r, 0, · · · , 0)), so that

for all x ∈ Rd, F(C)(x) = h(|x|). For every r > 0, h is di�erentiable at r and a straightforward

calculation leads to

h′(r) = ae−br
2

(
−2br

m−1∑
k=0

bkr2k

k!
+

m−1∑
k=1

2k
bkr2k−1

k!

)
= −2ae−br

2 bmr2m−1

(m− 1)!
.

Thus, the function h is decreasing on (0,+∞). Since h is continuous on R+
, its maximum is

attained at zero, so for every x ∈ Rd,

F(C)(x) ≤ F(C)(0) =
ρ (mπ)

d
2(m−1+ d

2
m−1

)αd.
Hence, F(C) ≤ 1 if and only if αd ≤ (m−1+ d2

m−1 )

ρ(mπ)
d
2

. Moreover C is radial and since L
d/2
m−1(0) =(m−1+ d

2
m−1

)
, see [1, Relation (22.4.7)], we have C(0) = ρ. Therefore, C veri�es the condition K(ρ)

and by Proposition 3.2.3, DPP (C) exists and is stationary with intensity ρ > 0.

It remains to prove the convergence results (3.5.6) and (3.5.7). An immediate application of

[62, Theorem 8.1.3] gives the convergence (3.5.6), see also [2, Proposition 1]. Moreover,

lim
m→+∞

αmax =
1

√
πΓ
(
d
2 + 1

) 1
d ρ

1
d

. (3.6.28)

Hence, by (3.5.6) and (3.6.28), we obtain the convergence (3.5.7).
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3.6.7 Proof of Proposition 3.5.4

By the discussion in Section 3.4, DPP (C) exists and is an R-dependent DPP with intensity

ρ if C veri�es Kc(ρ,R). Since u ∈ L2(Rd), the kernel C is continuous by [45, Theorem 2.20].

Moreover, u(x) = 0 for |x| > R
2 , so by product convolution properties, C(x) = 0 for |x| > R.

Hence C belongs to L2(Rd). Since u is radial, so is C . It remains to verify that 0 ≤ F(C) ≤ 1
and C(0) = ρ.

By product convolution properties, we have C(0) =
∫
Rd u(x)2dx. From the de�nition of u

in (3.5.9), we have∫
Rd u

2(x)dx

ρβ(R,α)2

=

∫
Rd

1− 2

(
R

2

) d
2
−1 J d−2

2
(
∣∣ x
α

∣∣)
J d−2

2
( R2α)|x|

d−2
2

+

(
R

2

)d−2 J2
d−2
2

(
∣∣ x
α

∣∣)
J2
d−2
2

( R2α)|x|d−2

1{|x|≤R2 }dx

=
2π

d
2

Γ(d/2)

∫ R
2

0

rd−1 − 2

(
R

2

) d−2
2 J d−2

2
( rα)

J d−2
2

( R2α)
r
d
2 +

(
R

2

)d−2 J2
d−2
2

( rα)

J2
d−2
2

( R2α)
r

 dr.

By properties of Bessel functions, see [1], we notice that for all b ∈ R, a primitive of xJ2
d−2
2

(bx)

is given by
x2

2

(
J2
d−2
2

(xb)− J d
2
−2(xb)J d

2
(xb)

)
. It follows from [22, Appendix B.3] that

∫
Rd u

2(x)dx

ρβ(R,α)2
=

πd/2Rd

d Γ(d2)2d−1
− 4

(
R

2

)d−1 π
d
2α

Γ(d2)

J d
2
( R2α)

J d
2
−1( R2α)

+

(
R

2

)d π
d
2

Γ(d2)

1−
J d

2
−2( R2α)J d

2
( R2α)

J2
d
2
−1

( R2α)

 .

Thus, by the de�nition of β(R,α), we obtain that

∫
Rd u(x)2dx = ρ.

We now calculate F(C). We have F(C) = F(u)2
. Since u is radial, F(u) is real valued

and so F(C) ≥ 0. In addition, we have by [22, Appendix B.5] and (3.5.9),

F(u)(x) =
√
ρβ(R,α)

2π

|x|
d−2
2

(∫ R
2

0
r
d
2J d−2

2
(2πr|x|)dr

− R
d
2
−1

2
d
2
−1J d

2
−1( R2α)

∫ R
2

0
rJ d−2

2

( r
α

)
J d−2

2
(2πr|x|)dr

 .

Since α > 0, we have by [22, Appendix B.3] and [21, Formula 6.521],

F(u)(x) =
√
ρβ(R,α)

2π

|x|
d−2
2

(
R
d
2

π2
d
2+1

J d
2
(πR|x|)
|x|

+
R
d
2
−1

2
d
2J d

2
−1( R2α)

RαJ ′d−2
2

( R2α)J d−2
2

(πR|x|)− 2πα2RJ d−2
2

( R2α)|x|J ′d−2
2

(πR|x|)

1− 4π2|αx|2

 (3.6.29)
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from which we deduce the Fourier transform of u in Proposition 3.5.4. Therefore, if α is such

that F(u)2 ≤ 1, then F(C) ≤ 1 and so C veri�es Kc(ρ,R).

3.7 Supplementary Material for “Quantifying repulsiveness of
determinantal point processes”

3.7.1 Non uniqueness of the most globally repulsive DPP

As seen in [7, Proposition 3.1], there exists an in�nity of DPPs that are the most globally

repulsive stationary DPPs. We give three examples in dimension d = 2. For R > 0, denote

B(0, R) the euclidean ball with radius R and for 0 < r < R, denote A(r,R) the annulus

B(0, R) \B(0, r). We consider the DPPs with kernels

• CI(x) = CB(x) = F
(
1
B
(

0, 1√
π

)) (x) = J1(2
√
πx)√

πx
,

• CII(x) = F
(
1A( 1

2
,R)∪B(0, 1

3
)

)
(x) =

6RJ1(2πRx)−3J1(πx)+2J1( 2πx
3 )

6x ,

• CIII(x) = F
(
1
A
(

1√
π
,
√

2
π

)) (x) =
√

2J1(2
√

2πx)−J1(2
√
πx)√

πx
,

whereR =
√

1
π + 1

4 −
1
9 and the formulas are deduced from [22, Appendix B.5]. Note that each

kernel above is the Fourier transform of the indicator of a set with unit volume, so that each

associated DPP has unit intensity and belongs to the most repulsive DPPs of [7, Proposition 3.1]

when ρ = 1 and d = 2.

Figure 3.3 show the pcf of these three DPPs, as radial functions since all kernels above

are isotropic. This representation con�rms the natural choice DPP (CB) among all globally

repulsive stationary DPPs, if we favor repulsiveness at small distances.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

gI

gII

gIII

Figure 3.3 – Comparison between the pcfs of DPP (CI), DPP (CII) and DPP (CIII) denoted

gI , gII and gIII respectively
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3.7.2 Bessel-type family of DPPs

In dimension d, for all σ ≥ 0, α > 0, ρ > 0, the Bessel-type kernel C is de�ned by

C(x) = ρ 2
σ+d
2 Γ

(
σ + d+ 2

2

) Jσ+d
2

(
2| xα |

√
σ+d

2

)
(

2| xα |
√

σ+d
2

)σ+d
2

, ∀x ∈ Rd, (3.7.1)

where for a vector x, |x| denotes its euclidean norm and Jσ+d
2

is the Bessel function of the �rst

kind of order
σ+d

2 . According to [7, Proposition 5.1], DPP (C) exists if and only if α ≤ αmax

where

αdmax =
(σ + d)

d
2 Γ(σ+2

2 )

ρ(2π)
d
2 Γ(σ+d+2

2 )
.

Examples of pcfs for this family are represented as radial functions (the kernels being

isotropic) in Figures 3.4-3.5. Figure 3.6 shows, when d = 2, six realizations of DPPs with

Bessel-type kernel, illustrating that this family covers a large range of DPPs, from the Poisson

point process when α→ 0, which induces no interaction, to the most repulsive stationary DPP

when σ = 0 and α = αmax. The local and global repulsiveness are increasing on each row

from left to right and each column from top to bottom. Note that Figure 3.6 (f) is a realization

of DPP (CB) with intensity ρ = 1 which, according to [7, Corollary 3.3], is the most globally

and the most locally repulsive DPP among all stationary DPPs with intensity ρ = 1 and kernel

satisfying the condition K(ρ) in [7].

0.0 0.5 1.0 1.5
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0
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0
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0
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0
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α=0.1

α=0.2

α=0.3

α=0.4

α=0.5

CB (α=αmax)

Figure 3.4 – Pcf’s of DPP (C) where C is a Bessel-type kernel given by (3.7.1), when d = 2,

ρ = 1, σ = 0 and di�erent values of α. The case α = αmax = 1/
√
π ≈ 0.56 corresponds to

C = CB .
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Figure 3.5 – Pcf’s of DPP (C) where C is a Bessel-type kernel given by (3.7.1), when d = 2,

ρ = 1, α = αmax, and di�erent values of σ. The case σ = 0 corresponds to C = CB .

(a) (b) (c)

(d) (e) (f)

Figure 3.6 – Realizations on [−5, 5]2 of DPPs with Bessel-type kernel (3.7.1) and parameters: (a)-

(c) ρ = 1, σ = 3 and from left to right α = 0.1, 0.3, αmax = 1√
π
≈ 0.56, (d)-(f) ρ = 1, σ = 0

and from left to right α = 0.1, 0.3, αmax = 1√
π
≈ 0.56.
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3.7.3 Laguerre-Gaussian family of DPPs

In dimension d, for all m ∈ N, α > 0, ρ > 0 and x ∈ Rd, the Laguerre-Gaussian kernel C
is de�ned by

C(x) =
ρ(m−1+ d

2
m−1

)L d
2
m−1

(
1

m

∣∣∣x
α

∣∣∣2) e− 1
m
| x
α
|2 , ∀x ∈ Rd, (3.7.2)

where L
d
2
m−1 denotes the Laguerre polynomial. According to [7, Proposition 5.3], DPP (C)

exists if and only if α ≤ αmax where

αdmax =

(m−1+ d
2

m−1

)
ρ(mπ)

d
2

.

The pcfs of DPPs with Laguerre-Gaussian kernels are represented in Figures 3.7 and 3.8 for

di�erent values of the parameters. Figure 3.7 illustrates the e�ect of the parameter α when m
is �xed while Figure 3.8 illustrates the convergence result: for α = αmax, limm→+∞C(x) =
CB(x). Six realizations of DPPs from this family are shown in Figure 3.9 when d = 2. In this

plot, the local and global repulsiveness are increasing on each row from left to right and each

column from top to bottom.
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Figure 3.7 – Pcf’s of DPP (C) and DPP (CB) where C is a Laguerre-Gaussian kernel (3.7.2)

with d = 2, ρ = 1, m = 1 and di�erent values of α from 0.1 to αmax ≈ 0.56.
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Figure 3.8 – Pcf’s of DPP (C) and DPP (CB) where C is given by (3.7.2) with d = 2, ρ = 1,

α = αmax ≈ 0.56 and di�erent values of m.

(a) (b) (c)

(d) (e) (f)

Figure 3.9 – Realizations on [−5, 5]2 of DPPs with Laguerre-Gaussian kernel (3.7.2) and param-

eters: (a)-(c) ρ = 1, m = 1 and from left to right α = 0.1, 0.3, αmax = 1√
π
≈ 0.56, (d)-(f)

ρ = 1, σ = 20 and from left to right α = 0.1, 0.3, αmax = 1√
π
≈ 0.56.
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3.7.4 Families DPPs with compactly supported kernels

This section illustrates some properties of the two parametric families of DPPs with com-

pactly supported kernels introduced in [7, Section 5.3].

The kernels of the �rst family are de�ned for R > 0 by

C1(x) =
1

‖h‖2
[h ∗ h]

(
2x

R

)
CB (x) , ∀x ∈ Rd,

where

h(x) = exp

(
1

|x|2 − 1

)
1{|x|<1}, ∀x ∈ Rd.

According to [7, Proposition 4.1], C1 de�nes a DPP for all ρ > 0 and R > 0.

The kernels of the second family take the form C2 = u ∗ u where

u(x) =
√
ρ β(R,α)

1− R
d
2
−1

2
d
2
−1J d

2
−1( R2α)

J d
2
−1(
∣∣ x
α

∣∣)
|x|

d
2
−1

1{|x|≤R2 },

and

β(R,α) =

Rd−1πd/2

2d−1Γ
(
d
2

)
R
d
− 4α

J d
2
( R2α)

J d
2
−1

(
R
2α

) +
R

2

1−
J d

2
−2( R2α)J d

2
( R2α)

J2
d
2
−1

(
R
2α

)
− 1

2

.

According to [7, Proposition 5.4],C2 is the kernel of a DPP if and only ifα is such that |F(u)| ≤ 1
where F(u) is given in [7]. Given R and ρ, this condition must be checked numerically. No

theoretical results are available to claim the existence of an admissible α, but from our experi-

ence, for any R and ρ, the set of all admissible α is in�nite and bounded. We denote by αmax

the maximal value of α such that |F(u)| ≤ 1.

Figure 3.10 illustrates that, when the range R is �xed, DPP (C2) is more repulsive than

DPP (C1). Figure 3.11 shows the pcfs of DPP (C2) for di�erent values of R in comparison

with the pcf of DPP (CB). Even if the behavior of the former when R = 3 seems close to

the later, C2 does not converge to CB when R tends to in�nity, contrary to C1. Figure 3.12

illustrates the e�ect of α on C2 when ρ and R are �xed. Finally we show in Figure 3.13 six

realizations of DPP (C2).
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Figure 3.10 – Pcf’s of DPP (C1), DPP (C2) and DPP (CB) when d = 2, ρ = 1, α = αmax for

C2 and di�erent values of R.
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Figure 3.11 – Pcf’s of DPP (C2) and DPP (CB) when d = 2, ρ = 1, α = αmax and di�erent

values of R (where M ≈ 1.357 is de�ned in [7]).
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Figure 3.12 – Pcf’s ofDPP (C2) andDPP (CB) when d = 2, ρ = 1,R = 3 and di�erent values

of α.

(a) (b) (c)

(d) (e) (f)

Figure 3.13 – Realizations on [−5, 5]2 of DPP (C2) with ρ = 1 and parameters: (a) R =
0.5, α = αmax, (b) R = 1, α = αmax, (c) R = M ≈ 1.357, α = αmax, (d)-(f) ρ = 1, R = 3
and from left to right α = 0.13, 0.28, αmax.
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4
Brillinger mixing of determinantal
point processes

The Brillinger mixing property is based on the moments of a stationary point process and

is used to study the asymptotic behaviour of some functionals of the process including usual

statistics, see for instance [25] or [40]. Several examples of Brillinger mixing point processes

are known, for instance Poisson cluster processes and Matérn hardcore point processes (of type

I, type II and some generalizations as in [60]), see [30] and [28]. To the best of our knowledge,

the Matérn hardcore models are the only repulsive stationary point processes that have been

proved to be Brillinger mixing. We show in this chapter that under the mild condition K(ρ),

DPPs provide a �exible class of Brillinger mixing point processes. As an application, we derive

the asymptotic behaviour of several quantities of interest as the estimators of the intensity and

of the pcf.

4.1 Preliminaries

In this section, we review the de�nition of the cumulant and factorial cumulant moment

measures of a point process X as well as their reduced version. These are at the basis of the

Brillinger mixing property de�ned in the following. The relations with the Laplace and the

probability generating functionals of X are also described. We assume that, for any bounded

set A, the random variable X(A) has moment of any order. This ensures that the quantities

introduced in this section are well de�ned. Further details may be found in [9, 10] and [40].

De�nition 4.1.1. For k ∈ N, the cumulant (or semi-invariant) of the k random variables
X1, . . . , Xk is, if it exists,

Cum(X1, . . . , Xk) =
∂k

∂t1 . . . ∂tk
logE

[
exp

(
k∑
i=1

tiXi

)]∣∣∣∣∣
t1=...=tk=0

.

The k-th order cumulant of the random variable X is Cumk(X) := Cum(X, . . . ,X).
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The notion of cumulant of random variables extends to point processes as follows.

De�nition 4.1.2. For k ∈ N, the k-th order cumulant moment measure γk of a point processX
is a locally �nite signed measure on Rdk de�ned for any bounded measurable sets A1, . . . , Ak in
Rd by

γk

(
k∏
i=1

Ai

)
= Cum

(∑
x∈X

1{x∈A1}, . . . ,
∑
x∈X

1{x∈Ak}

)
.

De�nition 4.1.3. For k ∈ N, the k-th order factorial moment measure α(k) of a point process X
is a locally �nite measure on Rdk de�ned by

α(k)

(
k∏
i=1

Ai

)
= E

 6=∑
(x1,...,xk)∈Xk

1{x1∈A1,...,xk∈Ak}


where E is the expectation over the distribution of X and the symbol 6= over the sum means that
we consider only mutually disjoints k-tuples of points x1, . . . , xk.

De�nition 4.1.4. For k ∈ N, the k-th order factorial cumulant moment measure γ[k] of a point
process with factorial moment measure α(r), for r ≤ k, is a locally �nite signed measure on Rdk
de�ned for any bounded measurable sets A1, . . . , Ak in Rd by

γ[k]

(
k∏
i=1

Ai

)
=

k∑
j=1

(−1)j−1(j − 1)!
∑

K1,...,Kj∈Pkj

j∏
i=1

α(|Ki|)

 ∏
ki∈Ki

Aki

 ,

where for all j ≤ k, Pkj denote the set of all partitions of {1, . . . , k} into j non empty sets
K1, . . . ,Kj .

Notice that the factorial cumulant measure is symmetric. In other words, in the last de�nition,

γ[k]

(∏k
i=1Ai

)
= γ[k]

(∏k
i=1Aσ(i)

)
for any permutation σ of {1, . . . , k}. Since we only

consider in this study stationary point processes, we can de�ne the so-called reduced version of

the previous measures.

De�nition 4.1.5. For any k ≥ 2, the reduced k-th order factorial cumulant moment measure
γred[k] of a stationary point process is a locally �nite signed measure on Rd(k−1) de�ned for any
bounded measurable sets A1, . . . , Ak in Rd by

γ[k]

(
k∏
i=1

Ai

)
=

∫
Ak

γred[k]

(
k−1∏
i=1

(Ai − x)

)
dx

where for i = 1, . . . , k − 1, Ai − x is the translation of the set Ai by −x.

We may de�ne similarly for any k ≥ 2, γredk the reduced k-th order cumulant moment

measure. An important property of signed measures is given by the following theorem allowing

the de�nition of the total variation of a signed measure.
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Theorem 4.1.6 (Hahn-Jordan decomposition, see [13, Theorem 5.6.1]). For any signed measure
ν, there exist two measures ν+ and ν− uniquely determined by ν such that at least one of them is
�nite and

ν = ν+ − ν−.

De�nition 4.1.7 ([13, p.179]). Let ν be a signed measure with Hahn-Jordan decomposition
ν = ν+ − ν−. The total variation measure |ν| of ν is de�ned by

|ν| = ν+ + ν−.

Following Theorem 4.1.6, for k ≥ 2, we denote the Hahn-Jordan decomposition of the

reduced k-th order moment factorial cumulant measure γred[k] = γ+red
[k] − γ−red[k] .

De�nition 4.1.8. A point process is Brillinger mixing if, for k ≥ 2, we have∣∣∣γred[k]

∣∣∣ (Rd(k−1)
)
< +∞.

Notice that the last de�nition remains the same if, for k ≥ 2, γred[k] is replaced by γredk . This is

an immediate consequence of Proposition 4.1.14 presented later, the factorial cumulant moment

measure being a polynomial function of the cumulant moment measures of lower order and

reciprocally.

The di�erent moment measures are related to the power series expansion of the Laplace

and the probability generating functionals of X.

De�nition 4.1.9. The Laplace functional LX of a point process X is de�ned for any bounded
measurable function f that vanishes outside a bounded set of Rd by

LX(f) = E
(
e−
∑
x∈X f(x)

)
.

De�nition 4.1.10. The probability generating functional of a point process X is de�ned for any
function h from Rd into [0, 1], such that 1− h vanishes outside a bounded set, by

GX(h) = E

(
exp

(∑
x∈X

log h(x)

))
.

Notice that for any function h de�ned as in De�nition 4.1.10 and taking values within a

closed subset of (0, 1], we have

GX(h) = LX(− log(h)).

Proposition 4.1.11 ([10, Section 9.5]). Let X be a point process with cumulant and factorial
cumulant moment measures, of order k ≥ 1, γk and γ[k], respectively. Let f and η be bounded
measurable functions on Rd that vanish outside a bounded set. Assume further that η takes value
in [0, 1]. Then, for all N ∈ N and for all s ∈ R+, we have the following power series expansion

logLX(sf) =

N∑
j=1

(−s)j

j!

∫
f(x1)f(x2) . . . f(xj)γj(dx1 × dx2 × . . .× dxj) + o(sN ),

logGX(1− sη) =
N∑
j=1

(−s)j

j!

∫
η(x1)η(x2) . . . η(xj)γ[j](dx1 × dx2 × . . .× dxj) + o(sN ).
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We conclude this section by giving the relations between the factorial cumulant moment

measure and the ordinary cumulant measure in Proposition 4.1.14. To this end, we recall the

de�nition of the Stirling numbers of the �rst and second kind and refer to [9, Section 5.2] for a

detailed presentation.

De�nition 4.1.12. For any integers n and k, the factorial powers of n, denoted by n[k] is de�ned
by

n[k] = n(n− 1) . . . (n− k + 1)1{0≤k≤n}.

De�nition 4.1.13. For n ≥ k ≥ j, the Stirling numbers of the �rst kind Dj,k and of the second
kinds ∆j,k are de�ned by the relations

n[k] =
k∑
j=1

(−1)k−jDj,kn
j ,

nk =
k∑
j=1

∆j,kn
[j].

Proposition 4.1.14. Let A be a bounded set of Rd. For k ∈ N, we have the relations

γ[k](A
k) =

k∑
j=1

(−1)k−jDj,k γj(A
j),

γk(A
k) =

k∑
j=1

∆j,k γ[j](A
j).

Proof. We denote by L and G the Laplace and probability generating functionals of a point

process with factorial cumulant moment and the cumulant moment measures, of order k ≥ 1,

γ[k] and γk, respectively. Let A be a bounded set. By Proposition 4.1.11, for all N ∈ N and any

non-negative real s, we have

logG(1− s1A) =
N∑
k=1

(−s)k

k!
γ[k](A

k) + o(sN ) (4.1.1)

As noticed after De�nition 4.1.10, we have

logG(1− s1A) = logL(− log(1− s1A))

= logL(− log(1− s)1A).

Note that s ∼ − log(1− s) as s→ 0. Thus, by Proposition 4.1.11, we have

logG(1− s1A) =
N∑
j=1

[log(1− s)]j

j!
γj(A

j) + o(sN ).
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Then, we deduce by [1, (24.1.3.I.B)] that

logG(1− s1A) =

N∑
j=1

γj(A
j)

j!
j!

N∑
k=j

(−1)k−jDj,k
(−s)k

k!
+ o(sN )

=
N∑
k=1

(−s)k

k!

k∑
j=1

(−1)k−jDj,kγj(A
j) + o(sN ). (4.1.2)

We conclude by identifying the coe�cients in (4.1.1) and (4.1.2). The proof of the second formula

is done in the same way by starting with the other powers expansion in Proposition 4.1.11 and

use [1, (24.1.4.I.B)] instead of [1, (24.1.3.I.B)]

4.2 Main result

In this section, we prove in Theorem 4.2.2 below that a DPP with kernel verifying the

condition K(ρ) is Brillinger mixing. We recall that this mixing property involves the factorial

cumulant moments of the DPP. By de�nition, if X is a stationary DPP then for any bounded set

A and k ≥ 1, E(X(A)k) is �nite. Hence, in this case, all moment measures introduced in the

last section are well de�ned. It is not easy to deduce the factorial cumulant measures from the

initial De�nition 4.1.4. However, the power series expansion of the log-Laplace functional in

Proposition 4.1.11, which is known for a DPP, allows us to derive a closed form expression as

stated in the following lemma.

Lemma 4.2.1. Consider a DPP with kernel C verifying condition K(ρ) and, for k ∈ N, denote its
k-th factorial cumulant moment measure by γ[k]. For every measurable bounded set A in Rd and
k ≥ 2, we have

γ[k](A
k) = (−1)k+1(k − 1)!

∫
Ak
C(x2 − x1) . . . C(x1 − xk)dx1 . . . dxk.

Proof. By [54, Proposition 3.9], we deduce that for any bounded setA ⊂ Rd and s small enough,

log (LX(s1A)) =
∞∑
j=1

(−s)j

j!

j∑
n=1

(−1)n+1
∑

j1+...+jn=j

j1,...,jn≥1

j!

n · j1!j2! · · · jn!∫
An
C(x2 − x1) . . . C(x1 − xn)dx1 . . . dxn.

Then, by Proposition 4.1.11, we have by the last equation that for all j ∈ N and any bounded

set A ⊂ Rd,

γj(A
j) =

j∑
n=1

(−1)n+1
∑

j1+...+jn=j

j1,...,jn≥1

j!

n · j1!j2! · · · jn!∫
An
C(x2 − x1) . . . C(x1 − xn)dx1 . . . dxn.
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Thus, by Proposition 4.1.14, we have for k ≥ 2,

γ[k](A
k) =

k∑
j=1

(−1)k−jDj,k

j∑
n=1

(−1)n+1
∑

j1+...+jn=j

j1,...,jn≥1

j!

n · j1!j2! · · · jn!∫
An
C(x2 − x1) . . . C(x1 − xn)dx1 . . . dxn. (4.2.1)

By [1, (24.1.2.I.B)], it is easily seen that for a given n = 1, . . . , k, we have∑
j1+...+jn=j

j1,...,jn≥1

j!

j1!j2! · · · jn!
=

∑
j1+...+jn=j

j!

j1!j2! · · · jn!
−

∑
j1+...+jn−1=j

j!

j1!j2! · · · jn−1!

= nj − (n− 1)j . (4.2.2)

By De�nition 4.1.12,

k∑
j=1

(−1)k−jDj,k(n
j − (n− 1)j) = n[k] − (n− 1)[k]

(4.2.3)

which is null for every n < k. Therefore, by (4.2.2) and (4.2.3), only the terms n = k is non null

in the sum (4.2.1).

We are now in position to prove the main result of this chapter that gives conditions on the

DPP’s kernel to ensure that the associated DPP is Brillinger mixing.

Theorem 4.2.2. A DPP with kernel verifying the condition K(ρ), for a given ρ > 0, is Brillinger
mixing.

Proof. For all t ∈ R+
, we have by taking f = 1{[−t,t]d} in De�nition 4.1.5,

γ[k]([−t, t]dk) =

∫
Rd

1[−t,t]d(x)γred[k]

((
[−t, t]d − x

)k−1
)
dx

where for a given A ⊂ Rd and x ∈ Rd, A − x is the translation of the set A by x. Then, by

Lemma 4.2.1 we have∫
Rd

1[−t,t]d(x)γred[k]

((
[−t, t]d − x

)k−1
)
dx = (−1)k+1(k − 1)! Ik(t) (4.2.4)

where for all k ≥ 1 and t ∈ R+
, Ik(t) :=

∫
[−t,t]dk C(x2 − x1) . . . C(x1 − xk)dx1 . . . dxk . Since

C veri�es the condition K(ρ), by Mercer’s theorem, see also [43, Section 2.3], we have for all

t ∈ R+
,

C(x− y) =
∑
n∈N

λn(t)φn(x)φn(y), ∀(x, y) ∈ [−t, t]d,

where for all n ∈ N, {φn}n∈N is an orthonormal basis of L2
(
[−t, t]d

)
and λn(t) belongs to

[0, 1] by [46, Theorem 4.5.5]. Then, by orthogonality of the basis {φn}n∈N, we have for all

t ∈ R+
and k ≥ 1,

Ik(t) =
∑
n∈N

λkn(t) ≤
∑
n∈N

λn(t) = I1(t). (4.2.5)
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Notice that I1(t) =
∫

[−t,t]d ρdx = O(td). Thus, by Theorem 4.1.6, (4.2.4) and (4.2.5), there exist

a constant κ > 0 and T ∈ R+
such that for all t ≥ T ,∣∣∣∣∫

Rd
1{[−t,t]d}(x)

[
γ+red

[k]

((
[−t, t]d − x

)k−1
)
− γ−red[k]

((
[−t, t]d − x

)k−1
)]

dx

∣∣∣∣ ≤ κtd.

(4.2.6)

Henceforth, we assume t ≥ T . By Theorem 4.1.6, at least one of the measure γ+red
[k] or γ−red[k] is

�nite. In a �rst time, assume that γ−red[k] is �nite. Thus, by (4.2.6) and the monotonicity of the

measure γ−red[k] , we have

∫
[−t,t]d

γ+red
[k]

((
[−t, t]d − x

)k−1
)
dx ≤ td

(
κ+ 2dγ−red[k]

(
Rd(k−1)

))
. (4.2.7)

By positivity of γ+red
[k] ,

∫
[−t2 ,

t
2 ]
d
γ+red

[k]

((
[−t, t]d − x

)k−1
)
dx ≤

∫
[−t,t]d

γ+red
[k]

((
[−t, t]d − x

)k−1
)
dx. (4.2.8)

Further, for all (x, y) ∈
[−t

2 ,
t
2

]2d
, y + x ∈ [−t, t]d, so for all x ∈

[−t
2 ,

t
2

]d
we have

[−t
2 ,

t
2

]d ⊂
[−t, t]d − x. It follows by (4.2.8) and the monotonicity of γ+red

[k] that

∫
[−t2 ,

t
2 ]
d
γ+red

[k]

([
−t
2
,
t

2

]d(k−1)
)
dx ≤

∫
[−t2 ,

t
2 ]
d
γ+red

[k]

((
[−t, t]d − x

)k−1
)
dx. (4.2.9)

Hence by (4.2.7)- (4.2.9), we have

γ+red
[k]

([
−t
2
,
t

2

]d(k−1)
)
≤
(
κ+ 2dγ−red[k]

(
Rd(k−1)

))
.

By letting t tend to in�nity in the last equation, we prove that γ+red
[k] is �nite and so is

∣∣∣γred[k]

∣∣∣ by

De�nition 4.1.7. Finally, the proof is done in the same ways if we assume that γ+red
[k] is �nite.

4.3 Statistical applications

Many applications of the Brillinger mixing property may be found in [26], [27],[29], [36]

and [37]. We present in this section two kinds of these applications to the DPPs. First, we prove

a general central limit theorem that is of main interest for the study of the asymptotic properties

of some estimators. For instance, we give in this section an application to the estimator of the

intensity and in the next chapter on some minimum contrast estimators. Second, we present

several properties of an estimator of the pcf. In particular, we state a central limit theorem for a

pointwise estimator of the pcf and for the integrated squared error of this estimator.
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4.3.1 Asymptotic behaviour of functionals of order p

We present an important consequence of the Brillinger mixing property, namely the asymp-

totic properties of a wide class of functionals of the process including a central limit theorem

and the convergence of its moments. A �rst theorem was mentioned in [40] and proved in [35].

We present here a more general version that yields in particular the asymptotic normality of

standard statistics as the natural estimator of the intensity of the process.

For a given set D of Rd, we denote by ∂D and |D| the boundary and the volume of the set

D, respectively.

De�nition 4.3.1. A sequence of subsets {Dn}n∈N of Rd is called regular if for all n ∈ N,
Dn ⊂ Dn+1, Dn is compact, convex and there exist constants α1 and α2 such that

α1n
d ≤ |Dn| ≤ α2n

d,

α1n
d−1 ≤ Hd−1 (∂Dn) ≤ α2n

d−1

whereHd−1 is the (d− 1)-dimensional Hausdor� measure.

Note that any sequence of subsets as above grows to Rd in all directions. For p ≥ 1, let fD
be a function from Rdp into R that depends on a given set D ⊂ Rd and de�ne for a stationary

point process X,

Np (fD) :=
∑

(x1,...,xp)∈Xp

fD(x1, . . . , xp).

By letting the set D in the last equation be a sequence of regular subsets {Dn}n∈N, we have

under some suitable conditions on the function fDn , the following central limit theorem on the

sequence {Np (fDn)}n∈N.

Theorem 4.3.2. Let {Dn}n∈N and {D̃n}n∈N be two sequences of regular sets in the sense of

De�nition 4.3.1 such that |D̃n||Dn|
n→+∞−−−−−→ κ for a given κ > 0. For all n ∈ N, let {fDn}n∈N be a

family of functions from Rdp into R. Assume that there exists a bounded function F from Rd(p−1)

into R+ with compact support such that for all n ∈ N and (x1, . . . , xp) ∈ Rdp,

|fDn(x1, . . . , xp)| ≤
1

|D̃n|
1{x1∈Dn}F (x2 − x1, . . . , xp − x1). (4.3.1)

Assume further that the point processX is ergodic, admits moment of any order and is Brillinger
mixing in the sense of De�nition 4.1.8. Then, for all k ≥ 2, we have

Cumk

(√
|Dn|Np (fDn)

)
= O

(
|Dn|1−

k
2

)
. (4.3.2)

Moreover, if there exists a real σ such that

Var
(√
|Dn|Np (fDn)

)
−−−−−→
n→+∞

σ2, (4.3.3)

we have the convergence√
|Dn| [Np (fDn)− E (Np (fDn))]

distr.−−−−−→
n→+∞

N (0, σ2) (4.3.4)

and the convergence of all moments to the corresponding moments of N (0, σ2).
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By (4.3.2), the variance given in (4.3.3) is uniformly bounded with respect to n ∈ N. If Dn

and fDn in (4.3.3) are su�ciently generic, the convergence of the variance holds true. However,

in the general case, it has to be checked. For this purpose, it is convenient to express the variance

in (4.3.3) in terms of the factorial cumulant moment measures of X. However, the calculus

becomes fastidious for large values of p. In appendix, we detail this expression for the important

situations p = 1 and p = 2 with fDn(x1, x2) = 0 for x1 6= x2, see Lemmas 4.6.1, 4.6.2 and 4.6.3.

Soshnikov in [56] proves that a stationary DPP is ergodic. Moreover, a DPP with kernel

verifying the condition K(ρ) admits, by de�nition, moments of any order and is Brillinger

mixing by Theorem 4.2.2. Hence, Theorem 4.3.2 holds for a DPP with kernel verifying the

condition K(ρ) provided the condition on the functions fDn is veri�ed. As a direct application

when p = 1, we retrieve with the following corollary, a result of [57] giving the asymptotic

normality of the estimator of the intensity of a stationary DPP.

Corollary 4.3.3. LetX be a DPP with kernel C verifying the condition K(ρ) for a given ρ > 0
and {Dn}n∈N be a family of regular sets. De�ne for all n ∈ N,

ρ̂n =
1

|Dn|
∑
x∈X

1{x∈Dn}.

We have the convergence √
|Dn| (ρ̂n − ρ)

distr.−−−−−→
n→+∞

N(0, σ2)

where σ2 = limn→+∞ V ar
(√
|Dn|ρ̂n

)
= ρ−

∫
Rd C(x)2dx.

The proof of the last corollary follows by taking p = 1 and, for x ∈ Rd and n ∈ N, fDn(x) =
1
|Dn|1{x∈Dn} in Theorem 4.3.2. In this case, the convergence (4.3.3) holds by Lemma 4.6.1 and a

straightforward calculus.

4.3.2 Applications to statistics of order two, the pair correlation function.

We adapt in this section some results of [26] and [27] on a kernel estimator of the pcf of

an isotropic point process. Note that in this case, the pcf g is a radial function. Thus, there

exists a function g̃ such that for all x ∈ Rd, g(x) = g̃(|x|). To shorten, we denote in this

section g in place of g̃ so the pcf is considered as a function from R+
into R+

. Let {Dn}n∈N
be a sequence of regular subsets of Rd in the sense of De�nition 4.3.1, {bn}n∈N be a positive

sequence of real, and k be a function from R into R. Further, de�ne for all n ∈ N and z ∈ Rd,

Dz
n := {u, u+ z ∈ Dn} = Dn − z. For an isotropic point process X with intensity ρ on Rd,

de�ne for all n ∈ N and t > 0, the following kernel estimator of the pcf,

ĝn(t) =
1

σdtd−1ρ̂ 2
n

∑
(x,y)∈X2

x 6=y

1{x∈Dn, y∈Dn}
1

bn|Dn ∩Dx−y
n |

k

(
t− |x− y|

bn

)
(4.3.5)

where ρ̂n is as in Corollary 4.3.3 and for d ≥ 2, σd = 2πd/2

Γ(d/2) denotes the surface-area of the

d-dimensional unit sphere. Further details about this estimator may be found in [49, Section

4.3.5] or [25] for instance. The following proposition gives the asymptotic normality of the

pointwise estimator ĝn(t) for t > 0. Its proof is given in Section 4.5.
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Proposition 4.3.4. Assume that {Dn}n∈N is a regular sequence of subsets of Rd such that
b3n|Dn| → +∞ and b5n|Dn| → 0. Let k be a symmetric and bounded function with compact
support included in [−T, T ], for a given T > 0, and

∫
R k(x)dx = 1. LetC be a twice di�erentiable

kernel on Rd \ {0} such that it veri�es the condition K(ρ) for a given ρ > 0 and DPP (C) is
isotropic. Denote g the pcf of DPP (C) and de�ne for all n ∈ N, ĝn as in (4.3.5). Then, for all
t > 0, we have the convergence√

bn|Dn| (ĝn(t)− g(t))
distr.−−−−−→
n→+∞

N(0, τ2)

where τ2 = 2 g(t)
ρ2σdtd−1

√∫
R k

2(x)dx.

In addition to the previous result, we state the asymptotic normality of the integrated squared

error of the estimator ρ̂ 2
n ĝn where ĝn is de�ned in (4.3.5). This is the basis of an asymptotic

goodness-of-�t test for stationary DPPs as presented in [26]. For all segment I ⊂ R+ \ {0} and

n ∈ N, denote ISEn(I) =
∫
I

(
ρ̂ 2
n ĝn(t)− ρ2g(t)

)2
dt.

Proposition 4.3.5. Assume that bn → 0 and {Dn}n∈N is a regular sequence of subsets of Rd
such that bn|Dn| → +∞. Let k be a symmetric and bounded function with compact support
included in [−T, T ], for a given T > 0, and

∫
R k(x)dx = 1. Let C be a twice di�erentiable kernel

on Rd \ {0} such that it veri�es the condition K(ρ) for a given ρ > 0 and DPP (C) is isotropic.
Denote g the pcf of DPP (C) and de�ne for all n ∈ N, ĝn as in (4.3.5). Then, for all segment
I ⊂ R+ \ {0}, we have as n tends to in�nity,

bn|Dn|E (ISEn(I)) = 2ρ2

∫
I

g(t)

σdtd−1
dt

∫
R
k(x)2dx+O (bn) +O(|Dn|b5n).

Proposition 4.3.6. Assume that in addition to the assumptions of Proposition 4.3.5, b5n|Dn| tends
to 0 as n tends to in�nity, then we have for all segment I ⊂ R+ \ {0} the convergence√

bn|Dn| (ISEn(I)− E (ISEn(I)))
distr.−−−−−→
n→+∞

N(0, τ2)

where τ2 = 8ρ4

∫
I

(
g(t)

σdtd−1

)2

dt

∫
R

(k ∗ k)2(s)ds.

Proposition 4.3.5 and 4.3.6 are direct applications in the DPP’s case of the results given in [26].

In addition to the Brillinger mixing and the properties of the sequences {Dn}n∈N, the authors

need two additional assumptions. Namely, these assumptions are the locally uniform Lipschitz

continuity of the �rst derivative of the pcf and a second assumption related to the densities

of the reduced factorial cumulant measure. As C is twice di�erentiable on Rd \ {0}, the �rst

derivative of the pcf is uniformly Lipschitz continuous on every compact sets in R+ \ {0} so the

�rst assumption holds. The second assumption is veri�ed by Lemma 4.3.7 below. Consequently,

Propositions 4.3.5 and 4.3.6 are proved by [26, Lemma 3.4] and [26, Theorem 3.5].

Lemma 4.3.7. Let be an isotropic DPP with kernel C verifying the condition K(ρ) and densities
of the reduced factorial cumulant moment measure of order 3 and 4, cred[3] and cred[4] , respectively.
For all compact setK ⊂ Rd and ε > 0, we have

sup
(u,v)∈R2d

(u,v)∈(K⊕ε)2

∣∣∣cred[3] (u, v)
∣∣∣ < +∞ (4.3.6)
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and

sup
(u,v)∈R2d

(u,v)∈(K⊕ε)2

∫
Rd

∣∣∣cred[4] (u,w, v + w)
∣∣∣ dw < +∞, (4.3.7)

whereK⊕ε := K +B(0, ε) and B(0, ε) is the Euclidean ball centred at 0 with radius ε .

Proof. By (4.6.2)-(4.6.3) in Section 4.6, we have for all (u, v, w) ∈ R3d
,

cred[3] (u, v) = 2C(u)C(v)C(v − u)

and

cred[4] (u, v, w) = −2 [C(u)C(v)C(u− w)C(v − w)

+C(u)C(w)C(u− v)C(v − w) + C(v)C(w)C(u− v)C(u− w)] .

Notice that K⊕ε is compact and since C veri�es the condition K(ρ), it is continuous. Therefore,

by (4.6.2), (4.3.6) holds immediately. Finally, (4.3.7) is veri�ed by Cauchy-Schwarz inequality

and (4.6.3).

4.4 Proofs of Theorem 4.3.2

4.4.1 Complement on the moments and cumulants of a point process

We present here the necessary background to prove Theorem 4.3.2. Let p and k be two

integers and X a point process that admits moments of any order. Consider, for 1 ≤ i ≤ k, the

random variables

Np (φi) =
∑

(x1,...,xp)∈Xp

φi(x1, . . . , xp) (4.4.1)

where for i = 1, . . . , p, φi is a function from Rdp to R.

For l, s ≤ kp , denote Pkpl (resp. Qls) the set of all partitions of {1, . . . , kp} (resp. {1, . . . , l})
into l (resp. s) non empty sets p1, . . . , pl (resp. q1, . . . , qs). For r = 1, . . . , s, denote β1, . . . , β|qr|
the elements of the set qr and |q| the cardinal of a given set q. Then, as proved by Jolivet in [35,

p121-122], we have

E (Np (φ1) . . . Np (φk)) =

kp∑
l=1

∑
Πl∈Pkpl

l∑
s=1

∑
χls∈Qls

Il(Πl, χ
l
s) (4.4.2)

where for all l, s ≤ kp,

Il(Πl, χ
l
s) =

∫
Rdl

l∏
m=1

∏
j∈pm

1{xm=θj} × . . .

×
k∏
i=1

φi(θ(i−1)p+1, . . . , θip)

s∏
r=1

γ|qr|(dxβ1 . . . dxβ|qr |). (4.4.3)
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The introduction of the term θ is not easy to understand at �rst sight. For the sake of clarity,

we give an example for p = k = 2 and Π2 := {p1, p2} a given partition of the set {1, 2, 3, 4}
into 2 non empty sets, namely p1 = {1, 4} and p2 = {2, 3}. In this case, we have

k∏
i=1

φi(θ(i−1)p+1, . . . , θip) = φ1(θ1, θ2)φ2(θ3, θ4).

Thus, by the last equation, we have

2∏
m=1

∏
j∈pm

1(xm = θj)

k∏
i=1

φi(θ(i−1)p+1, . . . , θip) = φ1(x1, x2)φ2(x2, x1)

and a similar calculus is done if, for l = 1, . . . , 4, we choose another partition Πl of {1, 2, 3, 4}.
We can now describe completely Cum(Np (φ1) , . . . , Np (φk)).

Theorem 4.4.1 ([35]). The cumulant moment Cum(Np (φ1) , . . . , Np (φk)) is equal to the sum
of integrals Il(Πl, χ

l
s) in Formula (4.4.2) that are indecomposable, i.e. that can not be decomposed

as a product of at least two integrals.

4.4.2 Proof of Theorem 4.3.2

It follows immediately from De�nition 4.1.1 that for all n ∈ N and k ≥ 1,

Cumk

(√
|Dn|Np (fDn)

)
= |Dn|

k
2 Cumk (Np (fDn)) . (4.4.4)

Further, by [55, Chapter II, Section 12, Equation (37)], for X and Y two independent random

variables, we have Cumk(X + Y ) = Cumk(X) + Cumk(Y ) and a straightforward calculation

proves that the cumulant of order k of a constant is null for k ≥ 2. Consequently, by (4.4.4), for

all k ≥ 2, we have

Cumk

(√
|Dn| [Np (fDn)− E (Np (fDn))]

)
= |Dn|

k
2 Cumk (Np (fDn)) .

We prove that Cumk (Np (fDn)) = O
(
|Dn|1−k

)
. In this case, (4.3.2) holds by the last equation.

Thus, for all n ∈ N, the cumulant of order 2 is �nite and for all k > 2 we have

Cumk

(√
|Dn| [Np (fDn)− E (Np (fDn))]

)
−−−−−→
n→+∞

0.

Further, if (4.3.3) holds, the convergence (4.3.4) is obtained by [34, Theorem 1]. By Theorem 4.4.1,

for every k ∈ N, Cumk (Np (fDn)) is a �nite sum of indecomposable integrals Il(Πl, χ
l
s) in

Formula (4.4.2) where we add the exponent t to indicate that these integrals depend of t. Thus, it

is su�cient to prove that for a given k ≥ 2, each integral

∣∣Il(Πl, χ
l
s)
∣∣ = O

(
|Dn|1−k

)
. By (4.4.3),

we have

Il(Πl, χ
l
s)

=

∫
Rdl

l∏
m=1

∏
j∈pm

1{xm=θj}

k∏
i=1

fDn(θ(i−1)p+1, θ(i−1)p+2, . . . , θip)

s∏
r=1

γqr(dxβ1 . . . dxβ|qr |).

(4.4.5)
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Then, by De�nition 4.1.7, we obtain from the last equation that

|Il(Πl, χ
l
s)| ≤

∫
Rdl

l∏
m=1

∏
j∈pm

1{xm=θj}

k∏
i=1

∣∣fDn(θ(i−1)p+1, θ(i−1)p+2, . . . , θip)
∣∣

s∏
r=1

|γqr | (dxβ1 . . . dxβ|qr |).

Thus, by (4.3.1), we have

|Il(Πl, χ
l
s)| ≤

1

|D̃n|k

∫
Rdl

l∏
m=1

∏
j∈pm

1{xm=θj}

k∏
i=1

1Dn(θ(i−1)p+1)

F
(
θ(i−1)p+2 − θ(i−1)p+1, . . . , θip − θ(i−1)p+1

) s∏
r=1

|γqr | (dxβ1 . . . dxβ|qr |). (4.4.6)

Let ||F ||∞ denotes the supremum of F on Rd(p−1)
. Since the function F is bounded and

compactly supported, there exist compacts K1, . . . ,Kp−1 such that

∀(x1, . . . , xp−1) ∈ Rd(p−1), F (x1, . . . , xp−1) ≤ ||F ||∞1{x1∈K1} . . .1{xp−1∈Kp−1}.

Then, we deduce from (4.4.6) that

|Il(Πl, χ
l
s)| ≤

(
||F ||∞
|D̃n|

)k ∫
Rdl

l∏
m=1

∏
j∈pm

1{xm=θj}

k∏
i=1

1{θ(i−1)p+1∈Dn}

p−1∏
η=1

1{θ(i−1)p+η+1−θ(i−1)p+1∈Kη}

s∏
r=1

|γqr |(dxβ1 . . . dxβ|qr |). (4.4.7)

Moreover, as already proved in [35, Section 4, Theorem 3], we have as n tends to in�nity,

∫
Rdl

l∏
m=1

∏
j∈pm

1{xm=θj}

k∏
i=1

1{θ(i−1)p+1∈Dn}

p−1∏
η=1

1{θ(i−1)p+η+1−θ(i−1)p+1∈Kη}

s∏
r=1

|γqr |(dxβ1 . . . dxβ|qr |) = O (|Dn|) . (4.4.8)

Since
|D̃n|
|Dn| −−−−−→n→+∞

κ, the right hand term of (4.4.7) is, by (4.4.8), asymptotically of order

|Dn|1−k. Therefore ∣∣∣Il(Πl, χ
l
s)
∣∣∣ = O

(
|Dn|1−k

)
.

4.5 Proof of Proposition 4.3.4

The proof is based on the following lemmas.
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Lemma 4.5.1. Assume that bn → 0 and {Dn}n∈N is a regular sequence of subsets of Rd such
that b3n|Dn| → +∞. Let k be a symmetric and bounded function with compact support included in
[−T, T ], for a given T > 0, and

∫
R k(x)dx = 1. Let C be a twice di�erentiable kernel on Rd \{0}

such that C veri�es the condition K(ρ) for a given ρ > 0 and DPP (C) is isotropic. Denote g
the pcf of DPP (C) and de�ne for all n ∈ N, ĝn as in (4.3.5). Then, for all t > 0, we have the
convergence

√
bn|Dn|

(
ρ̂ 2
n ĝn(t)− E(ρ̂ 2

n ĝn(t))
) distr.−−−−−→
n→+∞

N(0, κ2)

where κ2 = 2ρ2 g(t)
σdtd−1

√∫
R k

2(x)dx.

Lemma 4.5.2. Under the same assumptions as in Proposition 4.3.5, for all segment I ⊂ R+ \ {0},
there exists a constantM ≥ 0 such that

sup
t∈I

∣∣E (ρ̂ 2
n ĝn(t)− ρ2g(t)

)∣∣ ≤ b2nMρ2

∫
R
u2|k(u)|du.

The proofs of Lemmas 4.5.1-4.5.2 are postponed to the end of the section. Let us now prove

Proposition 4.3.4. For all n ∈ N and t > 0, we have

ρ̂ 2
n

√
bn|Dn|(ĝn(t)− g(t)) = An +Bn + Cn (4.5.1)

where

An =
√
bn|Dn|

[
ρ̂ 2
n ĝn(t)− E(ρ̂ 2

n ĝn(t))
]

Bn =
√
bn|Dn|

[
E(ρ̂ 2

n ĝn(t))− ρ2g(t)
]

Cn =
√
bn|Dn|g(t)

[
ρ2 − ρ̂ 2

n

]
.

By Lemma 4.5.1 we have the convergences

An
distr.−−−−−→
n→+∞

N(0, κ2) (4.5.2)

and since b5n|Dn| tends to 0 as n tends to in�nity, we have by Lemma 4.5.2,

Bn
P−−−−−→

n→+∞
0. (4.5.3)

By Corollary 4.3.3 and the delta method, we know that

√
|Dn|(ρ̂2

n−ρ2) converges in distribution.

Since bn → 0, we deduce that

Cn
P−−−−−→

n→+∞
0. (4.5.4)

Finally, by inserting (4.5.2)-(4.5.4) in (4.5.1), the proposition is proved by Slutsky theorem and

by the almost sure convergence of ρ̂ 2
n to ρ2

.
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4.5.1 Proof of Lemma 4.5.1

We need the following lemma.

Lemma 4.5.3. Let r > 0 and D a subset of Rd such that the Euclidean ball B(0, r) is included
in D. Then, for all x ∈ B(0, r), we have D�r ⊂ D ∩Dx.

Proof of Lemma 4.5.3. By de�nition, D ∩Dx = {u ∈ D, u+ x ∈ D} and

D�r = {u ∈ D, ∀v ∈ B(0, r), u+ v ∈ D} .

As x ∈ B(0, r), we have the inclusion D�r ⊂ D ∩Dx
.

De�ne for all n ∈ N and (x1, x2) ∈ R2d
,

fDn(x1, x2) = 1{x1∈Dn, x2∈Dn}
1

|Dn ∩Dx1−x2
n |

k

(
t− |x1 − x2|

bn

)
.

Notice by (4.3.5) that

bnσdt
d−1ρ̂ 2

n ĝn(t) =
∑

(x1,x2)∈X2

x1 6=x2

fDn(x1, x2). (4.5.5)

The support of k is included in [−T, T ] so for any (x1, x2) ∈ R2d
,∣∣∣∣k( t− |x1 − x2|

bn

)∣∣∣∣1{x2∈Dn} ≤ ∣∣∣∣k( t− |x1 − x2|
bn

)∣∣∣∣1{|x1−x2|<t+Tbn}
≤
∣∣∣∣k( t− |x1 − x2|

bn

)∣∣∣∣1{|x1−x2|<t+T}
as soon as bn < 1 which we assume without loss of generality since {bn}n∈N tends to 0. Then,

by Lemma 4.5.3 and since k is bounded, there exists M > 0 such that for all n ∈ N,

|fDn(x1, x2)| ≤
M1{x1∈Dn}

|D�t+T
n |

1{|x1−x2|≤t+T}.

Thus, by (4.3.2) in Theorem 4.3.2 and (4.5.5), we have for all k ≥ 3,

Cumk

(√
|Dn|bnσdtd−1ρ̂ 2

n ĝn(t)
)

= O(|Dn|1−
k
2 ).

Hence, for all k ≥ 3,

Cumk

(√
bn|Dn|ρ̂ 2

n ĝn(t)
)

= O

(
1

b
k/2
n |Dn|

k
2
−1

)

which tends to 0 when n goes to in�nity since b3n|Dn| → ∞. Further, the convergences of

Cumk

(√
bn|Dn|ρ̂ 2

n ĝn(t)
)

for k = 1, 2 are proved in [27] under conditions that we have already

veri�ed after Proposition 4.3.6. Finally, Lemma 4.5.1 is proved by [34, Theorem 1].
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4.5.2 Proof of Lemma 4.5.2

By (4.3.5), we have for all n ∈ N and t ∈ I ,

E
(
ρ̂ 2
n ĝn(t)

)
=

ρ2

σdtd−1bn

∫
Rd

∫
Rd

1{x∈Dn,y∈Dn}∣∣∣Dn ∩Dx−y
n

∣∣∣ k
(
t− |x− y|

bn

)
ρ(2)(x, y)

ρ2
dxdy

where ρ(2)
is the second order factorial product densities of DPP (C). Since we have assumed

that DPP (C) is stationary and isotropic, we have

E
(
ρ̂ 2
n ĝn(t)

)
=

ρ2

σdtd−1bn

∫
Rd

∫
Rd

1{x∈Dn,y∈Dn}∣∣∣Dn ∩Dx−y
n

∣∣∣ k
(
t− |x− y|

bn

)
g(|x− y|)dxdy.

To shorten, denote kbn(.) = 1
bn
k
(
.
bn

)
. By the substitution z = x− y and as y ∈ Dz

n ⇔ z ∈ Dy
n,

we obtain from the last equation that

E
(
ρ̂ 2
n ĝn(t)

)
=

ρ2

σdtd−1

∫
Rd

∫
Rd

1{y∈Dzn∩Dn}

|Dn ∩Dz
n|
kbn(t− |z|)g(|z|)dzdy

=
ρ2

σdtd−1

∫
Rd
kbn(t− |z|)g(|z|)dz.

Then, as k is symmetric, we have

E
(
ρ̂ 2
n ĝn(t)

)
= ρ2

∫ +∞

0

(r
t

)d−1
kbn(t− r)g(r)dr

= ρ2

∫ +∞

− t
bn

k (u)

(
t+ ubn

t

)d−1

g(t+ ubn)du.

For all n large enough, we have for all t ∈ I ,
t
bn
≥ T where T is such that [−T, T ] contains the

support of k. Hence, for all n large enough, we have

E
(
ρ̂ 2
n ĝn(t)

)
= ρ2

∫ T

−T
k (u)

(
t+ ubn

t

)d−1

g(t+ ubn)du.

Assume that I writes [tmin, tmax] for tmax > tmin > 0 and de�ne for s ∈ R+
, f(s) :=(

s
t

)d−1
g(s). Notice that I⊕Tbn := [tmin − Tbn, tmax + Tbn] ⊂ R+ \ {0} as soon as n is large

enough which we assume without loss of generality. Then g(.) is of class C2
on I⊕Tbn , so is

f(.). Thus, by Taylor Lagrange expansion, we have

E
(
ρ̂ 2
n ĝn(t)

)
= ρ2

∫ T

−T
k (u)

(
f(t) + f ′(t)ubn +

∫ t+ubn

t
f ′′(s)(ubn + t− s)ds

)
du. (4.5.6)

As k is symmetric, we have

∫ T
−T uk(u)du = 0. Moreover,

sup
s∈I⊕Tbn

∣∣f ′′(s)∣∣ ≤ 1

td−1
min

sup
s∈I⊕Tbn

∣∣∣∣(sd−1g(s)
)′′∣∣∣∣ .

Since (.)d−1g(.) is of class C2
on I⊕Tbn , f ′′(.) is, by the last inequality, uniformly bounded on

I⊕Tbn by a constant M . Further, for all n ∈ N and s ∈ [t, t + ubn], |ubn + t − s| ≤ |ubn|.
Finally, since

∫ T
−T k(u)du = 1, by (4.5.6), we have for n large enough,∣∣E (ρ̂ 2

n ĝn(t)− ρ2g(t)
)∣∣ ≤ b2nMρ2

∫
R
u2|k(u)|du, ∀t ∈ [tmin, tmax].

84



4.6 Appendix

We gather here some results useful to compute the asymptotic variance in Theorem 4.3.2

and Corollary 4.3.3.

For X a stationary point process on Rd, we denote cred[2] , cred[3] and cred[4] the densities of its

reduced factorial cumulant moment measures of order 2, 3 and 4, respectively, assuming they

exist. If X is a DPP with kernel C verifying the condition K(ρ), for a given ρ > 0, then we

deduce from De�nitions 3.2.2 and 4.1.4 that for all (u, v, w) ∈ R3d
,

cred[2] (u) =− C2(u) (4.6.1)

cred[3] (u, v) = 2 C(u)C(v)C(v − u) (4.6.2)

cred[4] (u, v, w) =− 2
[
C(u)C(v)C(w − u)C(w − v)

+ C(u)C(w)C(v − u)C(v − w) + C(v)C(w)C(u− v)C(u− w)
]

(4.6.3)

Lemma 4.6.1. Let f be a function from Rd into R that is bounded, measurable and compactly
supported. Then we have

Var

(∑
x∈X

f(x)

)
=

∫
R2d

f(x)f(x+ y)cred[2] (y)dxdy + ρ

∫
Rd
f2(x)dx.

Proof. Notice that

(∑
x∈X

f(x)

)2

=

6=∑
(x,y)∈X2

f(x)f(y) +
∑
x∈X

f2(x).

Then, denoting ρ(2)
the density of the second order factorial moment measure, we have by

De�nitions 4.1.3 and 4.1.4,

Var

(∑
x∈X

f(x)

)
=

∫
R2d

f(x)f(y)
(
ρ(2)(x, y)− ρ2

)
dxdy + ρ

∫
Rd
f2(x)dx

=

∫
R2d

f(x)f(y)c[2](x, y)dxdy + ρ

∫
Rd
f2(x)dx.

Finally, by De�nition 4.1.5, we have

Var

(∑
x∈X

f(x)

)
=

∫
R2d

f(x)f(x+ y)cred[2] (y)dxdy + ρ

∫
Rd
f2(x)dx.

Lemma 4.6.2. Let f be a function from R2d into R that is bounded, measurable and compactly
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supported. Then, we have

Var

 6=∑
(x,y)∈X2

f(x, y)


=

∫
R2d

(
f2(x, x+ y) + f(x, x+ y)f(x+ y, x)

)
cred[2] (y)dxdy

+ ρ2

∫
R2d

(
f2(x, y) + f(x, y)f(y, x)

)
dxdy

+

∫
R3d

[f(x, x+ y) + f(x+ y, x)] [f(x+ y, x+ u) + f(x+ u, x+ y)] cred[3] (y, u)dxdydu

+ 2ρ

∫
R3d

[f(x, y) + f(y, x)] [f(y, y + u) + f(y + u, y)] cred[2] (u)dxdydu

+ ρ

∫
R3d

[f(x, y) + f(y, x)] [f(y, x+ u) + f(x+ u, y)] cred[2] (u)dxdydu

+ ρ3

∫
R3d

[f(x, y) + f(y, x)] [f(y, u) + f(u, y)] dxdydu

+

∫
R4d

f(x, x+ y)f(x+ u, x+ v)cred[4] (y, u, v)dxdydudv

+ 4ρ

∫
R4d

f(x, y)f(y + u, y + v)cred[3] (u, v)dxdydudv

+ 2

∫
R4d

f(x, y)f(x+ u, y + v)cred[2] (u)cred[2] (v)dxdydudv

+ 4ρ2

∫
R4d

f(x, y)f(x+ u, v)cred[2] (u)dxdydudv.

Proof. This lemma is a generalization of [29, Lemma 5] for a function f non necessary symmetric.

The variance is �rst computed with respect to the factorial moment measure by De�nition 4.1.3.

Then, the factorial moment measure is written in terms of the factorial cumulant moment

measure by [9, Corollary 5.2 VII] and the result is found by using De�nition 4.1.5. We refer

to the proof of [29, Lemma 5] for the detailed calculus, the only change being the use of the

following decomposition in place of the original one, 6=∑
(x,y)∈X2

f(x, y)

2

=

6=∑
(x,y)∈X2

f2(x, y) + f(x, y)f(y, x)

+

6=∑
(x,y,u)∈X3

[f(x, y) + f(y, x)] [f(y, u) + f(u, y)]

+

6=∑
(x,y,u,v)∈X4

f(x, y)f(u, v).

Lemma 4.6.3. Let f be a function from R2d into R that is bounded, measurable and compactly
supported. Let h be a function fromRd intoR that is bounded, measurable and compactly supported.
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Then, we have

Cov

 6=∑
(x,y)∈X2

f(x, y),
∑
u∈X

h(u)

 =

∫
R3d

f(x, x+ y)h(u+ x)cred[3] (y, u)dxdydu

+ ρ

∫
R3d

f(x, y)h(u+ x)cred[2] (u)dxdydu

+ ρ

∫
R3d

f(x, y)h(u+ y)cred[2] (u)dxdydu

+

∫
R2d

f(x, y + x) [h(x) + h(y + x)] cred[2] (y)dxdy

+ ρ2

∫
R2d

f(x, y) [h(x) + h(y)] dxdy.

Proof. Notice that 6=∑
(x,y)∈X2

f(x, y)

(∑
u∈X

h(u)

)
=

6=∑
(x,y,u)∈X3

f(x, y)h(u) +

6=∑
(x,y)∈X2

f(x, y)(h(x) + h(y)).

Then, by the last equation and De�nition 4.1.3, we have

Cov

 6=∑
(x,y)∈X2

f(x, y),
∑
u∈X

h(u)

 =

∫∫∫
f(x, y)h(u)

(
ρ(3)(x, y, u)− ρρ(2)(x, y)

)
dxdydu

+

∫∫
f(x, y)(h(x) + h(y))ρ(2)(x, y)dxdy.

Finally, the proof is concluded by [9, Corollary 5.2 VII] and De�nition 4.1.5.

87





5
Asymptotic properties of minimum
contrast estimators

In this chapter, we study minimum contrast estimation for DPPs, based on the Ripley’s K-

function and the pcf g. This method is already widely used for inference of some Cox processes.

It is implemented for these models in the spatstat library of R, see [4], and asymptotic results

have been obtained in the stationary and non-stationary cases, see [23] and [66]. For DPPs,

the methodology is similar, as detailed in Section 5.1, and routines are also available in the

spatstat library but no theoretical results were available so far. We prove in Section 5.2 the

consistency and asymptotic normality of the minimum contrast estimator based on K and

g for stationary DPPs. In particular we obtain a closed form expression for the asymptotic

variance. These results are in fact derived from a more general theorem, dealing with asymptotic

properties of minimum contrast estimation of a stationary point process, that we state and

prove in Section 5.3, generalizing a result in [23].

5.1 Framework

We consider a parametric family of DPPs with kernel Cρ,θ where ρ = Cρ,θ(0) > 0 and θ
belongs to a subset Θρ of Rp, for a given p ≥ 1. To ensure the existence of DPP (Cρ,θ), we

assume that for all ρ > 0 and any θ ∈ Θρ, the kernel Cρ,θ veri�es K(ρ), which explains the

indexation of Θρ by ρ. We assume further that for a given ρ0 > 0 and θ0 in the interior of

Θρ0 (provided this interior is non-empty) we observe a point process X ∼ DPP (Cρ0,θ0) on a

regular sequence {Dn}n∈N of subsets of Rd in the sense of De�nition 4.3.1. Subsequently, we

are interested in the asymptotic properties of the estimators of ρ0 and θ0 de�ned as follows.

For all n ∈ N, ρ0 is estimated on the set Dn by

ρ̂n =
1

|Dn|
∑
x∈X

1{x∈Dn}. (5.1.1)
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By the ergodic theorem, this estimator is strongly consistent, see for instance [25], and by

Corollary 4.3.3, it is asymptotically normal. Hence, in the following, we focus our attention

on θ0. As explained in [43], likelihood inference is in theory feasible if we know a spectral

representation of Cρ,θ on Dn. Unfortunately no spectral representations are known in the

general case and some approximations are necessary, see [43]. To the best of our knowledge,

the asymptotic properties of likelihood inference for DPPs is still an open question, even when

a spectral representation is assumed to be known. In this chapter we consider another option

to estimate θ0, namely a minimum contrast method. This procedure, described below, does not

require to know any spectral representation of the kernel.

For ρ > 0 and θ ∈ Θρ, let J(., θ) be a function from Rd into R+
which is a summary statistic

of DPP (Cρ,θ) that does not depend on ρ. In the DPP’s case, the most important and natural

examples are the K-function and the pcf g. Then, for all n ∈ N, consider Ĵn an estimator of

J from the observation of X on Dn. Further, let c ∈ R be a parameter such that Ĵn(t)c and

J(t, θ)c are well de�ned for all n ∈ N, t ∈ R and θ ∈ Θρ0 . Finally, de�ne for rmax > rmin ≥ 0
and c 6= 0, the discrepancy measure

Un(θ) =

∫ rmax

rmin

w(t)
{
Ĵn(t)c − J(t, θ)c

}2
dt (5.1.2)

where w is a weight function. We present the necessary assumptions on w in the following but

in most cases, w is chosen to be smooth on (rmin, rmax) or at least integrable. The case c = 0
is not of interest and is not considered. We denote

θ̂n = arg min
θ∈Θρ̂n

Un(θ) (5.1.3)

and study the consistency and asymptotic normality of the estimator θ̂n of θ0. For all ρ > 0 and

θ ∈ Θρ, de�ne the function Rθ as Rθ = Cρ,θ/ρ that we assume does not depend on ρ but only

on θ. Note that this is the case for all parametric families considered in Section 3.5 as well as for

the Whittle-Matèrn and the Generalized Cauchy families, see [44]. For r > 0, we denote by

B(0, r) (resp. B(0, r)) the open (resp. closed) Euclidean ball centred at 0 with radius r and by

Θ⊕rρ0 := Θρ0 + B(0, r) the r-dilation of Θρ0 . Further, for all x ∈ Rd, denote R
(i)
θ (x), the i-th

derivative with respect to θ. We make the following assumptions.

(H1) For all ρ > 0, Θρ is a compact convex set with non-empty interior and the mapping

ρ → Θρ is continuous with respect to the Haussdor� distance on the compact sets.

Further 0 ≤ rmin < rmax, c 6= 0 and {Dn}n∈N is a sequence of regular subsets of Rd in

the sense of De�nition 4.3.1.

(H2) For all θ ∈ Θρ0 , Cρ0,θ veri�es the condition K(ρ0) and there exists ε > 0 such that

Cρ0,θ ∈ L2(Rd) and F(Cρ0,θ) ≥ 0 for all θ ∈ Θ⊕ερ0 .

(H3) There exists ε > 0 such that for all x ∈ B(0, rmax), the function θ 7→ Rθ(x) is of class

C2
on Θ⊕ερ0 . Further, for i ∈ {1, 2}, there exists M > 0 such that for all x ∈ B(0, rmax)

and θ ∈ Θ⊕ερ0 ,

∣∣R(i)
θ (x)

∣∣ ≤M .

The �rst assumption is needed to handle the fact that the minimisation (5.1.3) is done

over the random set Θρ̂n in place of Θρ0 . These three assumptions are veri�ed by most usual

parametric families of DPPs.
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5.2 Minimum contrast estimation based on the K and g func-
tions

In this section, we present the minimum contrast method introduced in Section 5.1 in its two

most common versions. In Section 5.2.1 the statistic J in (5.1.2) corresponds to the K-function

and in Section 5.2.2, J is the pcf g. The proofs of this section are postponed to Sections 5.4-5.5.

5.2.1 The Ripley’s K-function

De�nition 5.2.1. The Ripley’s K-function of a stationary point process with pair correlation
function g is de�ned for all t ≥ 0 by

K(t) =

∫
B(0,t)

g(x)dx.

Note that for a given ρ > 0 and θ ∈ Θρ, the K-function of DPP (Cρ,θ) depends only

on Rθ. In particular, it does not depend on ρ. Consequently, we denote for all θ ∈ Θρ0 ,

K(., θ) the K-function of DPP (Cρ0,θ). For a subset Dn of Rd, we de�ne for any t ≥ 0,

D�t
n := {x, B(x, t) ∈ Dn}. We consider the estimator of the K-function de�ned for all t ≥ 0

and n ∈ N by

K̂n(t) :=
1

ρ̂n2

6=∑
(x,y)∈X2

1{x∈Dn}1{y∈D�t
n }

1{|x−y|≤t}

|D�t
n |

(5.2.1)

where ρ̂n is as in (5.1.1). For all t ∈ [rmin, rmax], denote K(i)(t, θ) the i-th derivative with

respect to θ. We consider the following assumptions.

(HK1) w is a positive and integrable function in [rmin, rmax].

(HK2) If rmin = 0, then c ≥ 2.

(HK3) For θ1 6= θ2, there exists a set A ∈ [rmin, rmax] of positive Lebesgue measure such that∫
x∈B(0,t)

Rθ1(x)2dx 6=
∫
x∈B(0,t)

Rθ2(x)2dx, ∀t ∈ A.

(HK4) The matrix

∫ rmax
rmin

w(t)K(t, θ0)2c−2K(1)(t, θ0)K(1)(t, θ0)Tdt is invertible.

Assumption (HK1) is not restrictive. The constraint on c implied by (HK2) in the case

rmin = 0 tends to con�rm the practice, which consists in the choice rmin > 0. (HK3) is

an identi�ability assumption and (HK4) turns out to be the main assumption. De�ne for all

t ∈ [rmin, rmax],

jK(t) := w(t)K(t, θ0)2c−2K(1)(t, θ0).

The following theorem is proved in Section 5.4.

Theorem 5.2.2. Let X be a DPP with kernel Cρ0,θ0 = ρ0Rθ0 for a given ρ0 > 0 and θ0 an
interior point of Θρ0 . For all n ∈ N, let Un be de�ned as in (5.1.2) with J = K and Ĵn = K̂n.
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Assume that (H1)-(H3) and (HK1)-(HK4) hold. Then, the minimum contrast estimator θ̂n de�ned
by (5.1.3) exists and is strongly consistent for θ0. Moreover, it satis�es√

|Dn|(θ̂n − θ0)
distr.−−−−−→
n→+∞

N
[
0, B−1

θ0
Σρ0,θ0{B

−1
θ0
}T
]

with

Bθ0 :=

∫ rmax

rmin

w(t)K(t, θ0)2c−2K(1)(t, θ0)K(1)(t, θ0)Tdt (5.2.2)

and

Σρ0,θ0 =

∫ rmax

rmin

∫ rmax

rmin

h(t1, t2)jK(t1)jK(t2)dt1dt2

where h can be expressed in terms of Cρ0,θ0 . Speci�cally, for all (t1, t2) ∈ [rmin, rmax]2,

h(t1, t2) := 2

∫
Rd

1{0<|x|≤t1}1{0<|x|≤t2}

(
cred[2] (x) + ρ2

0

)
dx

+ 4

∫
R2d

1{0<|x|≤t1}1{0<|y−x|≤t2}

(
cred[3] (x, y) + ρ0c

red
[2] (y)

)
dxdy

+ 4ρ0

∫
R2d

1{0<|x|≤t1}1{0<|y|≤t2}

(
2cred[2] (y) + ρ2

0

)
dxdy

+

∫
R3d

1{0<|x|≤t1}1{0<|z−y|≤t2}c
red
[4] (x, y, z)dxdydz

+ 4ρ0

∫
R3d

1{0<|x|≤t1}1{0<|z−y|≤t2}c
red
[3] (y, z)dxdydz

+ 2

∫
R3d

1{0<|x|≤t1}1{0<|x+z−y|≤t2}c
red
[2] (y)cred[2] (z)dxdydz

+ 4ρ2
0

∫
R3d

1{0<|x|≤t1}1{0<|z−y|≤t2}c
red
[2] (y)dxdydz

− 4ρ0

∫
R2d

1{0<|x|≤t1}K(t2, θ0)
(
cred[3] (x, y) + 2ρ0c

red
[2] (y)

)
dxdy

− 8ρ0

∫
Rd

1{0<|x|≤t1}K(t2, θ0)
(
cred[2] (x) + ρ2

0

)
dx

+ 4ρ2
0K(t1, θ0)K(t2, θ0)

(
ρ0 −

∫
Rd
Cρ0,θ0(x)2dx

)
where cred[2] , c

red
[3] and cred[4] are given with respect to Cρ0,θ0 in (4.6.1)-(4.6.3) in Section 4.6.

Notice that the �niteness of the integrals involved in the last expression follows from

the Brillinger mixing property of the DPPs with kernel verifying the condition K(ρ0), see

Theorem 4.2.2.

5.2.2 The pair correlation function

We assume in this section that all DPPs of the parametric family are isotropic. In this case,

for all ρ > 0 and θ ∈ Θρ, there exists R̃θ such that Rθ(x) = R̃θ(|x|) for all x ∈ Rd so the pcf

of DPP (Cρ,θ) writes, for any x ∈ Rd,

g(x, θ) = 1− R̃θ(|x|)2
(5.2.3)
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and does not depend on ρ. Hence, there exists a function g̃ such that for all (x, θ) ∈ Rd ×Θρ,

g(x, θ) = g̃(|x|, θ). In the following, to alleviate the notation, we omit the symbol tilde and for

all θ ∈ Θρ, we view Rθ(.) as a function from R+
into R and g(., θ) as a function from R+

into

R+
. Moreover, for all θ ∈ Θρ, we extend by symmetry the domain of de�nition of Rθ(.) on R.

Denote, for all d ≥ 2, the surface area of the d-dimensional unit ball,

σd :=
2πd/2

Γ (d/2)
.

The pcf is usually estimated via kernel estimation method. For n ∈ N and t ∈ R+ \ {0}, we

consider the estimator, see [49, Section 4.3.5],

ĝn(t) :=
1

σdtd−1ρ̂n2

6=∑
(x,y)∈X2

1{x∈Dn, y∈Dn}
1

bn|Dn ∩Dx−y
n |

k

(
t− |x− y|

bn

)
(5.2.4)

whereDz
n := {u, u+ z ∈ Dn} for any z ∈ Rd, ρ̂n is as in (5.1.1) and bn and k are the bandwidth

and the kernel to be chosen according to the assumptions below. For all t ∈ [rmin, rmax], denote

by g(i)(t, θ) the i-th derivative of g with respect to θ. We consider the assumptions:

(Hg1) rmin > 0.

(Hg2) The kernel k is positive, symmetric and bounded with compact support included in

[−T, T ] for a given T > 0. Further,

∫
R k(x)dx = 1.

(Hg3) {bn}n∈N is a positive sequence, bn → 0, bn|Dn| → +∞ and b4n|Dn| → 0.

(Hg4) There exists ε > 0 such that for all θ ∈ Θ⊕ερ0 , Rθ(.) is of class C2
on R \ {0}.

(Hg5) w is a positive and continuous function on [rmin, rmax].

(Hg6) For θ1 6= θ2, there exists a set A ∈ [rmin, rmax] of positive Lebesgue measure such that

|Rθ1(t)| 6= |Rθ2(t)| , ∀t ∈ A.

(Hg7) The matrix

∫ rmax
rmin

w(t)g(t, θ0)2c−2g(1)(t, θ0)g(1)(t, θ0)Tdt is invertible.

The �rst four assumptions are easy to satisfy by appropriate choices of rmin, bn and k. (Hg6) is

an identi�ability assumption and as in the previous section, the main assumption is in fact (Hg7).

The proof of the following theorem is postponed to Section 5.5. Let

jg(t) := w(t)g(t, θ0)2c−2g(1)(t, θ0), t ∈ [rmin, rmax].

Theorem 5.2.3. LetX be an isotropic DPP with kernel Cρ0,θ0 = ρ0Rθ0 for a given ρ0 > 0 and
θ0 an interior point of Θρ0 . For all n ∈ N, let Un be de�ned as in (5.1.2) with J = g and Ĵn = ĝn.
Assume that (H1)-(H3) and (Hg1)-(Hg7) hold. Assume further that for all θ ∈ Θρ0 , Rθ(.) is
isotropic. Then, the minimum contrast estimator θ̂n de�ned by (5.1.3) exists and is consistent for
θ0. Moreover, it satis�es√

|Dn|(θ̂n − θ0)
distr.−−−−−→
n→+∞

N
[
0, B−1

θ0
Σρ0,θ0{B

−1
θ0
}T
]
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with

Bθ0 :=

∫ rmax

rmin

w(t)g(t, θ0)2c−2g(1)(t, θ0)g(1)(t, θ0)Tdt

and

Σρ0,θ0 = 2

∫
Rd

1{rmin≤|x|≤rmax}
jg(|x|)jg(|x|)
σ2
d|x|2(d−1)

(
cred[2] (x) + ρ2

0

)
dx

+ 4

∫
R2d

1{rmin≤|x|,|y−x|≤rmax}
jg(|x|)jg(|y − x|)
σ2
d|x|d−1|y − x|d−1

(
cred[3] (x, y) + ρ0c

red
[2] (y)

)
dxdy

+ 4ρ0

∫
R2d

1{rmin≤|x|,|y|≤rmax}
jg(|x|)jg(|y|)
σ2
d|x|d−1|y|d−1

(
2cred[2] (x) + ρ2

0

)
dxdy

+

∫
R3d

1{rmin≤|x|,|z−y|≤rmax}
jg(|x|)jg(|z − y|)
σ2
d|x|d−1|z − y|d−1

cred[4] (x, y, z) dxdydz

+ 4ρ0

∫
R3d

1{rmin≤|x|,|z−y|≤rmax}
jg(|x|)jg(|z − y|)
σ2
d|x|d−1|z − y|d−1

cred[3] (y, z) dxdydz

+ 2

∫
R3d

1{rmin≤|x|,|z−y+x|≤rmax}
jg(|x|)jg(|z − y + x|)
σ2
d|x|d−1|z − y + x|d−1

cred[2] (y)cred[2] (z) dxdydz

+ 4ρ2
0

∫
R3d

1{rmin≤|x|,|z−y|≤rmax}
jg(|x|)jg(|z − y|)
σ2
d|x|d−1|z − y|d−1

cred[2] (y) dxdydz

− 4ρ0

(∫ rmax

rmin

g(t, θ0)jg(t)dt

)
∫
R2d

1{rmin≤|x|≤rmax}
jg(|x|)
σd|x|d−1

(
cred[3] (x, y) + 2ρ0c

red
[2] (y)

)
dxdy

− 8ρ0

(∫ rmax

rmin

g(t, θ0)jg(t)dt

)∫
Rd

1{rmin≤|x|≤rmax}
jg(|x|)
σd|x|d−1

(
cred[2] (x) + ρ2

0

)
dx

+ 4ρ2
0

(∫ rmax

rmin

g(t, θ0)jg(t)dt

)2(
ρ0 −

∫
Rd
Cρ0,θ0(x)2dx

)
where cred[2] , c

red
[3] and cred[4] are given with respect to Cρ0,θ0 in (4.6.1)-(4.6.3) in Section 4.6.

5.3 A general result for minimum contrast estimation
method of stationary point processes

We present in this section two theorems about consistency and asymptotic normality of the

estimator de�ned by (5.1.3). Contrary to the results in Section 5.2.1-5.2.2, these theorems hold

for an arbitrary stationary point process and an arbitrary statistic J , generalizing a study by

Sherman and Guan in [23].

5.3.1 Statements

Let X be a stationary point process belonging to a parametric family indexed by, among

possibly other parameters, θ ∈ Θ where Θ ⊂ Rp, for a given p ≥ 1. For any t ∈ [rmin, rmax],
let J(t, θ) be any real valued summary statistic of X that depends on θ (speci�c assumptions
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on J are listed below). For any t ∈ [rmin, rmax], let Ĵn(t) be an estimator of J(t, θ0) where θ0

is the true parameter ruling the distribution of X.

We denote by J (i)(t, θ), the i-th derivative with respect to θ. De�ne for all θ ∈ Θ,

B(θ) :=

∫ rmax

rmin

w(t)J(t, θ)2c−2J (1)(t, θ)J (1)(t, θ)Tdt, (5.3.1)

and for all t ∈ [rmin, rmax],

j(t) = w(t)J(t, θ0)2c−2J (1)(t, θ0).

We consider the following assumptions.

(A1) Θ is a compact set with non-empty interior, 0 ≤ rmin < rmax, c 6= 0 and {Dn}n∈N is a

regular sequence of subsets of Rd in the sense of De�nition 4.3.1.

(A2) w is a positive and integrable function in [rmin, rmax].

(A3) J(., .) and J(., .)c are well de�ned continuous functions on [rmin, rmax]×Θ. Moreover,

there exists a set A ∈ [rmin, rmax] such that [rmin, rmax] \A is of Lebesgue measure null

and for all t ∈ A, θ ∈ Θ, we have J(t, θ) > 0.

(A4) For all n ∈ N, Ĵn(.) is almost surely bounded on [rmin, rmax] and so is Ĵn(.)c for all n
large enough.

(A5) There exists a set A ∈ [rmin, rmax] such that [rmin, rmax] \ A is of Lebesgue measure

null and

sup
t∈A

∣∣∣Ĵn(t)− J(t, θ0)
∣∣∣ P−−−−−→
n→+∞

0.

(A6) For θ1 6= θ2, there exists a set A of positive Lebesgue measure such that

J(t, θ1) 6= J(t, θ2), ∀t ∈ A.
(A7) For all t ∈ [rmin, rmax], J (1)(t, θ) and J (2)(t, θ) exist, are continuous with respect to θ

and uniformly bounded with respect to t ∈ [rmin, rmax] and θ ∈ Θ.

(A8) There exists M > 0 such that for all (t, θ) ∈ [rmin, rmax]×Θ and a ∈ {c− 2, 2c− 2},∣∣J(t, θ)
∣∣a ≤M .

(A9) The matrix B(θ0) is invertible.

(T CL) There exists m ∈ R and a covariance matrix Σ such that√
|Dn|

∫ rmax

rmin

[
Ĵn(t)− J(t, θ0)

]
j(t)dt

distr.−−−−−→
n→+∞

N (m,Σ).

Further, de�ne (A5)′ as the assumption (A5) with the convergence in probability replaced by

the almost sure convergence.

Theorem 5.3.1. Let X be a stationary point process with distribution ruled by a given θ0, an
interior point of Θ. For all n ∈ N, let Un be de�ned as in (5.1.2). Assume that(A1)-(A6) hold. Then,
the minimum contrast estimator θ̃n de�ned by

θ̃n = arg min
θ∈Θ

Un(θ)

exists almost surely, is consistent for θ0 and strongly consistent if (A5)′ holds.
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Theorem 5.3.2. Let X be a stationary point process with distribution ruled by a given θ0, an
interior point of Θ. For all n ∈ N, let Un be de�ned as in (5.1.2). Assume that (A1)-(A9) and
(T CL) hold. Then, the minimum contrast estimator θ̃n de�ned as in Theorem 5.3.1 veri�es√

|Dn|(θ̃n − θ0)
distr.−−−−−→
n→+∞

N
(
m,B(θ0)−1Σ

(
B(θ0)−1

)T)
where B is de�ned as in (5.3.1) and Σ comes from (T CL).

5.3.2 Proof of Theorem 5.3.1

For a sequence {θm}m∈N belonging to Θ, we have for all n ∈ N,

|Un(θm)− Un(θ)| ≤∫ rmax

rmin

|w(t)|
(∣∣2Ĵn(t)c

∣∣ |J(t, θm)c − J(t, θ)c|+
∣∣J(t, θm)2c − J(t, θ)2c

∣∣) dt. (5.3.2)

Denote A the intersection of the sets de�ned in (A3) and (A5). By (A3), J(., .)c is continuous

on [rmin, rmax]×Θ which is compact by (A1). We deduce that

sup
t∈[rmin,rmax]

|J(t, θm)c − J(t, θ)c| ≤ K.

By (A3)-(A4), for all θ ∈ Θ, J(t, θ)c and Ĵn(t)c are almost surely bounded on [rmin, rmax], for

all n large enough. Further, by (A2), w is integrable on [rmin, rmax] thus, by (5.3.2) and the

dominated convergence theorem, we have the convergence

|Un(θm)− Un(θ)| a.s.−−−−→
θm→θ

0.

Therefore, for all n ∈ N, Un is almost surely continuous so the almost sure existence of θ̃n
follows by (A1). De�ne for all θ ∈ Θ,

U∗n(θ) = Un(θ)− Un(θ0). (5.3.3)

By (5.1.2) and (5.3.3),

U∗n(θ) = 2

∫ rmax

rmin

w(t)
[
Ĵn(t)c − J(t, θ0)c

][
J(t, θ0)c − J(t, θ)c

]
dt

+

∫ rmax

rmin

w(t)
[
J(t, θ0)c − J(t, θ)c

]2
dt.

Note that from (5.3.3) U∗n(θ̃n) ≤ U∗n(θ0) = 0, so∫ rmax

rmin

w(t)
[
J(t,θ0)c − J(t, θ̃n)c

]2
dt

≤ 2

∫ rmax

rmin

w(t)
∣∣Ĵn(t)c − J(t, θ0)c

∣∣∣∣J(t, θ0)c − J(t, θ̃n)c
∣∣dt. (5.3.4)
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By (A3)-(A4), J(., .)c is continuous on [rmin, rmax]×Θ and for n large enough, Ĵn(.)c is almost

surely bounded on [rmin, rmax] so by (A5), the right-hand term in (5.3.4) tends in probability to

0. Hence, we have ∫ rmax

rmin

w(t)
[
J(t,θ0)c − J(t, θ̃n)c

]2
dt

P−−−−−→
n→+∞

0.

It follows by (A2) and (A6) that θ̃n converges in probability to θ0. Finally, by a similar argument,

we prove by (5.3.4) that this last convergence is almost sure if (A5)′ holds.

5.3.3 Proof of Theorem 5.3.2

DenoteA the intersection of the sets de�ned in (A3) and (A5). Then, by (A3), (A7) and (A8),

we see that Un is almost surely twice di�erentiable on Θ and that we can di�erentiate twice

under the integral sign. Thus, by the mean value theorem, for all j = 1, . . . , p, there exists

s ∈ (0, 1) such that cj = θ0 + s(θ̃n − θ0) and

∂jUn(θ̃n)− ∂jUn(θ0) =
(
∂2
ijUn(cj)

)
i=1,...,p

(
θ̃n − θ0

)
.

To shorten, denote ∂θUn the gradient of Un and ∂2
θθT

Un(θ∗n) the Hessian of Un at θ∗n with θ∗n
taking the value cj on the line j = 1, . . . , p. We have then

∂θUn(θ̃n)− ∂θUn(θ0) = ∂2
θθTUn(θ∗n)(θ̃n − θ0), (5.3.5)

∂2
θθTUn(θ∗n) = 2c2B(θ∗n)− En (5.3.6)

where B is as in (5.3.1) and

En := 2c(c− 1)

∫ rmax

rmin

w(t)
[
Ĵn(t)c − J(t, θ∗n)c

]
J(t, θ∗n)c−2J (1)(t, θ∗n)J (1)(t, θ∗n)Tdt

+ 2c

∫ rmax

rmin

w(t)
[
Ĵn(t)c − J(t, θ∗n)c

]
J(t, θ∗n)c−1J (2)(t, θ∗n)dt.

Since Un is minimal at θ̃n, ∂θUn(θ̃n) = 0 and by (5.3.5), we have

∂2
θθTUn(θ∗n)(θ̃n − θ0) = 2c

∫ rmax

rmin

w(t)
[
Ĵn(t)c − J(t, θ0)c

]
J(t, θ0)c−1J (1)(t, θ0)dt (5.3.7)

Note that by (A3) and (A8), J(., θ0)c−1
is bounded on A and strictly positive. Thus, by (A4),

we can use the Taylor expansion of the function x 7→ xc so, for all t ∈ A,

Ĵn(t)c − J(t, θ0)c = cJ(t, θ0)c−1
(
Ĵn(t)− J(t, θ0)

)
+ o

(
Ĵn(t)− J(t, θ0)

)
.

Then, by (A5), (5.3.7) and the last equation,√
|Dn|∂2

θθTUn(θ∗n)(θ̃n − θ0) = 2c2An(θ0) + o(An(θ0)) (5.3.8)
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where

An(θ0) =
√
|Dn|

∫
A

[
Ĵn(t)− J(t, θ0)

]
j(t)dt.

By (T CL), we have 2c2An(θ0)
distr.−−−−−→
n→+∞

2c2N(m,Σ). Hence, by Slutsky’s theorem and (5.3.8),

we have √
|Dn|∂2

θθTUn(θ∗n)(θ̃n − θ0)
distr.−−−−−→
n→+∞

2c2N(m,Σ). (5.3.9)

Moreover, by Theorem 5.3.1, θ̃n
P−−−−−→

n→+∞
θ0 so, θ∗n

P−−−−−→
n→+∞

θ0. Then, by (A7)-(A8), En tends in

probability to 0. Note that by continuity of J(., θ) for all θ ∈ Θ, the integrability on [rmin, rmax]
of w(.)J(., θ)c−2

implies the one of w(.)J(., θ)c−1
. Further, we deduce by (A3), (A7) and (A8)

that (t, θ) 7→ J(t, θ)2c−2J (1)(t, θ)J (1)(t, θ)T is continuous with respect to θ ∈ Θ and uniformly

bounded for t ∈ [rmin, rmax]. Thus, by the dominated convergence theorem,

B(θ∗n)
P−−−−−→

n→+∞
B(θ0).

By (A9), B(θ0) is invertible so by (5.3.6) and Slutsky’s theorem,

∂2
θθTUn(θ∗n)B(θ0)−1 P−−−−−→

n→+∞
2c2. (5.3.10)

Since the group of invertible matrix is an open set, it follows from the last convergence that, for

n large enough, ∂2
θθT

Un(θ∗n) is invertible so we have

B(θ0)
√
|Dn|(θ̃n − θ0) = B(θ0)

[
∂2
θθTUn(θ∗n)

]−1
∂2
θθTUn(θ∗n)

√
|Dn|(θ̃n − θ0).

Hence, by (5.3.9)-(5.3.10) and Slutsky’s theorem,

B(θ0)
√
|Dn|(θ̃n − θ0)

distr.−−−−−→
n→+∞

N(m,Σ).

Finally, it follows from the last equation that√
|Dn|(θ̃n − θ0)

distr.−−−−−→
n→+∞

N
(
m,B(θ0)−1Σ

(
B(θ0)−1

)T)
.

5.4 Proof of Theorem 5.2.2

Since Cρ0,θ0 veri�esK(ρ0), ρ̂n converges almost surely to ρ0, so by (H1), for all ε > 0, there

exists N ∈ N such that for all n ≥ N , Θρ̂n ⊂ Θ⊕ερ0 almost surely. Henceforth, without loss of

generality, we let ε > 0 and assume that Θρ̂n ⊂ Θ⊕ερ0 for all n ∈ N. We prove below the strong

consistency and asymptotic normality of the estimator θ̃n de�ned in Theorems 5.3.1 and 5.3.2

with Θ = Θ⊕ερ0 , J = K and Ĵn = K̂n. As a consequence, almost surely, there exist r > 0 such

that B(θ0, r) ⊂ Θρ0 and Nr ∈ N such that for all n ≥ Nr, θ̃n ∈ B(θ0, r). The next lemma

shows that for n su�ciently large, B(θ0, r) ⊂ Θρ̂n . Hence, almost surely, for n large enough,

the minimum of Un is attained in Θρ̂n ⊂ Θ⊕ερ0 so θ̃n = θ̂n and the proof is completed.
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Lemma 5.4.1. For p ≥ 1, let Θ be a convex compact set in Rp and {Θn}n∈N be a sequence of
convex compact sets in Rp that converges to Θ with respect to the Hausdor� distance. Let r ≥ 0
and x be an interior point of Θ such that B(x, r) belongs to the interior of Θ. Then, there exists
N ∈ N such that for all n ≥ N ,

B(x, r) ⊂ Θn.

Let us now prove the strong consistency and asymptotic normality of θ̃n. To that end, we

verify all the assumptions of Theorems 5.3.1-5.3.2 using a series of lemmas stated below. The

assumptions (H1) and (HK1) imply directly (A1)-(A2). For all θ ∈ Θ, we have

K(t, θ) = σdt
d −

∫
x∈B(0,t)

Rθ(x)2dx (5.4.1)

where F(Rθ) ≥ 0 by (H2). Further, by [51, Corollary 1.4.13], for all θ ∈ Θ, if for a given x 6= 0,

|Rθ(x)| = 1, then Rθ is invariant by translation of x. Since for all θ ∈ Θ, Rθ(.) ∈ L2(Rd),

this is impossible so, for all x 6= 0 and θ ∈ Θ, |Rθ(x)| < 1. Hence, by (5.4.1), K(t, θ) > 0
on (rmin, rmax]×Θ and K(., .) is continuous on [rmin, rmax]×Θ. Consequently, K(., .)c is

continuous for all c ∈ R if rmin > 0 and for all c > 0 if rmin = 0. Therefore, under (H1)-(H3)

and (HK2), (A3) holds. By the same arguments, K(., .)c−2
and K(., .)2c−2

are continuous for

all c ∈ R if rmin > 0 and for all c ≥ 2 if rmin = 0. Thus, by (H1)-(H3) and (HK2), (A8) holds.

For all t ∈ [rmin, rmax], K̂n(t) is bounded by K̂n(rmax) and it follows from the ergodic theorem

that K̂n(rmax) is almost surely �nite as soon as n and so Dn is large enough. Moreover, by

Lemma 5.4.2, K̂n(t) is almost surely strictly positive for t > 0 and n large enough. Hence,

under (H1)-(H3) and (HK2), (A4) holds. We have for all θ ∈ Θ and t ∈ (0, rmax)

K(1)(t, θ) = − ∂

∂θ

∫
x∈B(0,t)

Rθ(x)2dx.

By (H3), the function (x, θ) 7→ R
(1)
θ (x) is continuous with respect to θ and bounded for all

x ∈ B(0, rmax) and θ ∈ Θ. Thus by the dominated convergence theorem,

K(1)(t, θ) = −2

∫
x∈B(0,t)

Rθ(x)R
(1)
θ (x)dx. (5.4.2)

We obtain similarly

K(2)(t, θ) = −2

∫
x∈B(0,t)

(
R

(1)
θ (x)R

(1)
θ (x)T +R

(2)
θ (x)Rθ(x)

)
dx.

By (H3), the terms inside the integral in the last equation are bounded uniformly with respect

to (x, θ) ∈ B(0, rmax)×Θ. Therefore, K(1)(t, θ) and K(2)(t, θ) are continuous with respect

to θ and uniformly bounded with respect to t ∈ [rmin, rmax] and θ ∈ Θ so (A7) holds. The

assumption (A5)′ is proved by Lemma 5.4.2 while (A6) and (A9) are directly implied by (HK3)

and (HK4), respectively. Finally, (T CL) follows from Lemma 5.4.5.

Lemma 5.4.2. Let K be the Ripley’s function of a DPP with kernel C verifying K(ρ0) and K̂n

the estimator given by (5.2.1). Then, for all rmax > rmin ≥ 0,

sup
t∈[rmin,rmax]

∣∣∣K̂n(t)−K(t)
∣∣∣ a.s.−−−−−→
n→+∞

0,
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Lemma 5.4.3. If (HK1)-(HK2) and (H3) hold, then for all rmax > rmin ≥ 0,∫ rmax

rmin

|jK(t)| dt < +∞.

To shorten, de�ne for all n ∈ N and t ∈ [rmin, rmax],

Hn(t) := ρ̂ 2
nK̂n(t)− 2ρ0K(t, θ0)ρ̂n.

Lemma 5.4.4. If (H1)-(H3) and (HK1) hold, for all s ∈ Rd, we have

lim
n→+∞

|Dn|Var
(∫ rmax

rmin

Hn(t)sT jK(t)dt
)

=

∫
[rmin,rmax]2

h(t1, t2)sT jK(t1)sT jK(t2)dt1dt2

where h is de�ned as in Theorem 5.2.2.

Lemma 5.4.5. If (H1)-(H3) and (HK1)-(HK2) hold, then√
|Dn|

∫ rmax

rmin

[
K̂n(t)−K(t, θ0)

]
jK(t)dt

distr.−−−−−→
n→+∞

N (0,Σρ0,θ0)

where Σρ0,θ0 is de�ned as in Theorem 5.2.2.

5.4.1 Proof of Lemma 5.4.1

Since B(x, r) belongs to the interior of Θ, there exists δ > 0 such that

B(x, r + δ) ⊂ Θ. (5.4.3)

Assume that the lemma is wrong, then for all N ∈ N, there exists n ≥ N such that B(x, r) *
Θn. Denote y a point in B(x, r) that does not belong to Θn. By Lemma 5.4.6 stated below,

B(y, δ) * Θ⊕δn . But by (5.4.3), B(y, δ) ⊂ Θ so Θ * Θ⊕δn which contradicts the convergence of

the sequence {Θn}n∈N to Θ.

Lemma 5.4.6. For all p ≥ 1, let Ξ be a compact convex set in Rp. Then, for all y ∈ Rp \ Ξ and
δ ≥ 0, B(y, δ) * Ξ⊕δ .

Proof. Since Ξ is a closed convex set, the projection of y onto Ξ, denoted by pΞ(y), is the unique

element belonging to Ξ that, for all u ∈ Ξ, veri�es

(y − pΞ(y)).(u− pΞ(y)) ≤ 0. (5.4.4)

For all δ ≥ 0, the line (y, pΞ(y)) intersects ∂B(y, δ) at two points, one inside the segment

[y, pΞ(y)] and the other, that we denote by v, outside the segment. Thus, there exists t > 1 such

that v = pΞ(y) + t(y − pΞ(y)). Notice that for all u ∈ Ξ,

(v − pΞ(y)).(u− pΞ(y)) = t(y − pΞ(y)).(u− pΞ(y)).

Thus, as t > 1, we deduce from (5.4.4) and the last equation that pΞ(y) is the projection of

v onto Ξ. It follows that d(v,Ξ) = d(y,Ξ) + δ and as y /∈ Ξ and Ξ is closed, d(v,Ξ) > δ.

Therefore, v /∈ Ξ⊕δ but v ∈ ∂B(y, δ) by construction so B(y, δ) * Ξ⊕δ .
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5.4.2 Proof of Lemma 5.4.2

Since a stationary DPP is ergodic by [56, Theorem 7], we have

ρ̂n
a.s.−−−−−→

n→+∞
ρ0 (5.4.5)

and

sup
t∈[rmin,rmax]

∣∣∣ρ̂ 2
nK̂n(t)− ρ2

0K(t)
∣∣∣ a.s.−−−−−→
n→+∞

0, (5.4.6)

see for instance [25, Section 4.2.2]. Further, as K is an increasing function, we have

ρ̂ 2
n sup
t∈[rmin,rmax]

∣∣∣K̂n(t)−K(t)
∣∣∣

≤ sup
t∈[rmin,rmax]

∣∣∣ρ̂ 2
nK̂n(t)− ρ2

0K(t)
∣∣∣+K(rmax) sup

t∈[rmin,rmax]

∣∣ρ̂ 2
n − ρ2

0

∣∣ .
Hence, by (5.4.5)-(5.4.6) and the last equation, we have the convergence

sup
t∈[rmin,rmax]

∣∣∣K̂n(t)−K(t)
∣∣∣ a.s.−−−−−→
n→+∞

0.

5.4.3 Proof of Lemma 5.4.3

By (5.4.2), we have∫ rmax

rmin

|jK(t)| dt = 2

∫ rmax

rmin

∣∣∣∣∣w(t)K(t, θ0)2c−2

∫
x∈B(0,t)

Rθ0(x)R
(1)
θ0

(x)dx

∣∣∣∣∣ dt. (5.4.7)

By (H3), the function de�ned for all t ∈ R+
by

t 7→
∫
x∈B(0,t)

Rθ0(x)R
(1)
θ0

(x)dx

is continuous so bounded on [rmin, rmax] for rmax > rmin ≥ 0. As already noticed below (5.4.1),

K(t, θ) > 0 on (rmin, rmax]×Θ. Consequently, if rmin > 0, the lemma is proved since w is

integrable on [rmin, rmax] by (HK1). Finally, if rmin = 0, the integrability at 0 of the function

t 7→ |jK(t)| follows from (HK2).

5.4.4 Proof of Lemma 5.4.4

By (5.2.1), we have∫ rmax

rmin

Hn(t)sT jK(t)dt =
∑

(x,y)∈X2

fn(x, y)−
∑
x∈X

hn(x)

where for all n ∈ N,

fn(x, y) := 1{x∈Dn}

∫ rmax

rmin

1

|D�t
n |

1{y∈D�t
n }1{0<|x−y|≤t}s

T jK(t)dt.
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and

hn(x) =
2ρ0

|Dn|
1{x∈Dn}

∫ rmax

rmin

K(t, θ0)sT jK(t)dt.

Notice that for all n ∈ N and x ∈ Rd, fn(x, x) = 0. Thus, we have from the last equation,

Var

(∫ rmax

rmin

Hn(t)sT jK(t)dt

)

= Var

 6=∑
(x,y)∈X2

fn(x, y)

+ Var

(∑
x∈X

hn(x)

)
− 2Cov

 6=∑
(x,y)∈X2

fn(x, y),
∑
x∈X

hn(x)

 .

Lastly, by Lemmas 4.6.2-4.6.3, the limit is obtained by a standard but fastidious calculus.

5.4.5 Proof of Lemma 5.4.5

For all n ∈ N, we have

ρ2
0

√
|Dn|

∫ rmax

rmin

[
K̂n(t)−K(t, θ0)

]
jK(t)dt

=
√
|Dn|

∫ rmax

rmin

[
ρ2

0 − ρ̂ 2
n

]
K̂n(t)jK(t)dt

+
√
|Dn|

∫ rmax

rmin

[
ρ̂ 2
nK̂n(t)− ρ2

0K(t, θ0)
]
jK(t)dt. (5.4.8)

Since X is ergodic by [56, Theorem 7], ρ̂n converges almost surely to ρ0, see [25]. Then, by

Taylor expansion of the function x→ x2
at ρ0, we have almost surely[

ρ2
0 − ρ̂ 2

n

]
= 2ρ0 [ρ0 − ρ̂n] + o (ρ0 − ρ̂n) . (5.4.9)

Further,

2ρ0

√
|Dn|

∫ rmax

rmin

[ρ0 − ρ̂n] K̂n(t)jK(t)dt

= 2ρ0

√
|Dn|

∫ rmax

rmin

[ρ0 − ρ̂n]
[
K̂n(t)−K(t, θ0)

]
jK(t)dt

+ 2ρ0

√
|Dn|

∫ rmax

rmin

[ρ0 − ρ̂n]K(t, θ0)jK(t)dt. (5.4.10)

Using the notation

An = 2ρ0

√
|Dn| [ρ0 − ρ̂n]

∫ rmax

rmin

K̂n(t)jK(t)dt,

Bn = 2ρ0

√
|Dn| [ρ0 − ρ̂n]

∫ rmax

rmin

[
K̂n(t)−K(t, θ0)

]
jK(t)dt,

Cn =
√
|Dn|

∫ rmax

rmin

(
[ρ0 − ρ̂n] 2ρ0K(t, θ0) +

[
ρ̂ 2
nK̂n(t)− ρ2

0K(t, θ0)
])
jK(t)dt,
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we have by (5.4.8)-(5.4.10),

ρ2
0

√
|Dn|

∫ rmax

rmin

[
K̂n(t)−K(t, θ0)

]
jK(t)dt = Bn + Cn + o (An) . (5.4.11)

We prove that Bn + o(An) tends in probability to 0 and Cn tends in distribution to a Gaussian

variable. Then, the proof is concluded by Slutsky’s theorem and (5.4.11). By (H1)-(H2) and

Corollary 4.3.3, we have the convergence√
|Dn| (ρ0 − ρ̂n)

distr.−−−−−→
n→+∞

N(0, σ2) (5.4.12)

where σ2 = ρ0 −
∫
Rd Cθ0(x)2dx. Further, by Lemma 5.4.2,

sup
t∈[rmin,rmax]

∣∣∣K̂n(t)−K(t, θ0)
∣∣∣ a.s.−−−−−→
n→+∞

0

so ∫ rmax

rmin

K̂n(t)jK(t)dt
a.s.−−−−−→

n→+∞

∫ rmax

rmin

K(t, θ0)jK(t)dt. (5.4.13)

FurtherK(., θ0) is continuous on [rmin, rmax] so

∫ rmax
rmin

K(t, θ0)jK(t)dt is �nite by Lemma 5.4.3.

Hence, by (5.4.12)-(5.4.13) and Slutsky’s theorem, Bn
P−−−−−→

n→+∞
0 and o(An)

P−−−−−→
n→+∞

0.

Notice that

Cn =
√
|Dn|

(∫ rmax

rmin

Hn(t)jK(t)dt−
[
−
∫ rmax

rmin

ρ2
0K(t, θ0)jK(t)dt

])
. (5.4.14)

We prove the normal convergence of Cn by Cramer-Wold device, see for instance [6, Theorem

29.4]. For all t ∈ [rmin, rmax] and s ∈ Rp, we have

sTCn =
√
|Dn|

(∫ rmax

rmin

Hn(t)sT jK(t)dt−
[
−
∫ rmax

rmin

ρ2
0K(t, θ0)sT jK(t)dt

])
.

By (5.2.1), we have ∫ rmax

rmin

Hn(t)sT jK(t)dt =
∑

(x,y)∈X2

fDn(x, y) (5.4.15)

where

fDn(x, y) := 1{x∈Dn}

∫ rmax

rmin

(
1{y∈D�t

n }

|D�t
n |

1{0<|x−y|≤t} − 2ρ0
K(t, θ0)

|Dn|
1{x−y=0}

)
sT jK(t)dt.

Notice that for t ∈ [rmin, rmax], sT jK(t) ≤ |jK(t)||s| and K(t, θ0) ≤ K(rmax, θ0) so we have

|fDn(x, y)|

≤ |s|
|D�rmax

n |
1Dn(x)

(
1{0<|x−y|≤rmax} + 1{x−y=0}2ρ0K(rmax, θ0)

) ∫ rmax

rmin

|jK(t)| dt.

(5.4.16)
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The right-hand term in (5.4.16) is compactly supported and is bounded by Lemma 5.4.3. More-

over,

E
(∫ rmax

rmin

∣∣Hn(t)sT jK(t)
∣∣ dt)

≤ |s|
[
E
(∣∣∣ρ̂ 2

nK̂n(t)
∣∣∣)+ 2ρ0K(rmax, θ0)E (|ρ̂n|)

] ∫ rmax

rmin

|jK(t)|dt.

Further, for n ∈ N and t ∈ [rmin, rmax], ρ̂ 2
nK̂n(t) and ρ̂n are positive and unbiased estimator

of ρ2
0K(t, θ0) and ρ0, respectively, see for instance [25, Section 4.2.2]. Thus,

E
(∫ rmax

rmin

∣∣Hn(t)sT jK(t)
∣∣ dt) ≤ 3|s|ρ2

0K(rmax, θ0)

∫ rmax

rmin

|jK(t)|dt,

which is �nite by Lemma 5.4.3. Then, by Fubini’s theorem, (5.4.15) and the last equation, we

have

E

 ∑
(x,y)∈X2

fDn(x, y)

 = −
∫ rmax

rmin

ρ2
0K(t, θ0)sT jK(t)dt.

Moreover, by (5.4.15) and Lemma 5.4.4,

lim
n→+∞

V ar

√|Dn|
∑

(x,y)∈X2

fDn(x, y)

 = sTΣρ0,θ0s.

Therefore, by (5.4.14)-(5.4.16), the last two equations and Theorem 4.3.2, we have

sTCn
distr.−−−−−→
n→+∞

N(0, sTΣρ0,θ0s).

Finally, by Cramer-Wold device,

Cn
distr.−−−−−→
n→+∞

N(0,Σρ0,θ0).

5.5 Proof of Theorem 5.2.3

As in the proof of Theorem 5.2.2, we consider, without loss of generality, a given ε > 0 such

that Θρ̂n ⊂ Θ⊕ερ0 , for all n ∈ N. We prove below the consistency and asymptotic normality of

θ̃n de�ned in Theorems 5.3.1 and 5.3.2 with Θ = Θ⊕ερ0 , J = g and Ĵn = ĝn. Then, for r ≥ 0
such that B(θ0, r) ⊂ Θρ0 , we have

P (θ̃n ∈ B(θ0, r)) −−−−−→
n→+∞

1.

Thus, by Lemma 5.4.6, with probability tending to one θ̃n ∈ Θρ̂n so

P (θ̃n = θ̂n) −−−−−→
n→+∞

1.
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Therefore, θ̂n has the same asymptotic behaviour than θ̃n.

Let us now determine the asymptotic properties of θ̃n by application of Theorems 5.3.1

and 5.3.2. The assumptions (A1), (A2), (A6), (A7) and (A9) are directly implied by (H1)-(H3),

(Hg1), (Hg5), (Hg6) and (Hg7). Moreover, rmin > 0 by (Hg1) so, (A4) is directly implied by

(5.2.4), (Hg2), (Hg3) and the ergodic theorem, see [50] or [25]. By (H2), Rθ0(.) is continuous on

[rmin, rmax] so is g. By [51, Corollary 1.4.14], for all θ ∈ Θ, if for a given t > 0, |Rθ(t)| = 1, then

Rθ is periodic of period t. This is incompatible with (H2) so, for all t > 0 and θ ∈ Θ, |Rθ(t)| < 1.

Consequently, by (5.2.3) and (Hg1), g(t, θ) is strictly positive for all (t, θ) ∈ [rmin, rmax]×Θ.

Thus, for all c ∈ R, g(., .)c is well de�ned and strictly positive on [rmin, rmax] × Θ so (A3)

holds. By the same arguments, it follows that (A8) holds. Finally, the assumptions (A5) and

(T CL) are proved by Lemmas 5.5.1 and 5.5.5, respectively while the other lemmas are auxiliary

results used in the following.

Lemma 5.5.1. If (H1)-(H3) and (Hg1)-(Hg3) hold then, for all rmax > rmin > 0, there exists a
set A verifying |[rmin, rmax] \A| = 0 such that

sup
t∈A
|ĝn(t)− g(t, θ0)| P−−−−−→

n→+∞
0.

Lemma 5.5.2. If (H1)-(H3), (Hg1) and (Hg5) hold then jg(.) is continuous on [rmin, rmax].

To abbreviate, we de�ne for all n ∈ N and t ∈ [rmin, rmax],

Hg
n(t) := ρ̂ 2

n ĝn(t)− 2ρ0ρ̂ng(t, θ0).

Lemma 5.5.3. If (H1)-(H3) and (Hg1)-(Hg5) hold, we have for all s ∈ Rd,

lim
n→+∞

|Dn|Var

(∫ rmax

rmin

Hg
n(t)sT jg(t)dt

)
= sTΣρ0,θ0s

with Σρ0,θ0 de�ned as in Theorem 5.2.3.

Lemma 5.5.4. Assume that (H1)-(H3), (Hg1)-(Hg3) and (Hg5) hold. For a given s ∈ Rd and all
n ∈ N, let fDn be a function from R2d into R such that for all (x, y) ∈ R2d,

fDn(x, y)

:= 1{x∈Dn}

∫ rmax

rmin

k
(
t−|x−y|
bn

)
1{|x−y|>0,y∈Dn}

σdtd−1bn|Dn ∩Dx−y
n |

− 2ρ0g(t, θ0)

|Dn|
1{x−y=0}

 sT jg(t)dt.

Then, there existsM > 0 such that for all (x, y) ∈ R2d,

|fDn(x, y)| ≤
|s|M1{x∈Dn}

|D�rmax+T
n |

(
1

σdr
d−1
min

1{0<|x−y|≤rmax+T} + 2ρ0||g||∞1{x−y=0}

)
.

Lemma 5.5.5. If (H1)-(H3) and (Hg1)-(Hg5) hold, then√
|Dn|

∫ rmax

rmin

[ĝn(t)− g(t, θ0)] jg(t)dt
distr.−−−−−→
n→+∞

N (0,Σρ0,θ0)

with Σρ0,θ0 de�ned as in Theorem 5.2.3.
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5.5.1 Proof of Lemma 5.5.1

By (H2) and Theorem 4.2.2, DPP (Cρ0,θ0) is Brillinger mixing. Then, as (Hg2), (Hg3) and

(H3) hold, we have by Proposition 4.3.5,

E
[∫ rmax

rmin

(
ρ̂ 2
n ĝn(t)− ρ2

0g(t, θ0)
)2
dt

]
=

2ρ2
0

bn|Dn|

∫ rmax

rmin

g(t, θ0)

σdtd−1
dt

∫
R
k(x)2dx+O

(
1

|Dn|

)
+O(b4n). (5.5.1)

By (Hg1), (Hg2) and (H3) we have

∫ rmax
rmin

g(t,θ0)
σdtd−1dt

∫
R k(x)2dx < +∞. Hence, with (Hg3),

the right-hand term in (5.5.1) tends to 0 as n tends to in�nity. Moreover, the term inside the

expectation in (5.5.1) is positive so there exists a set A as in Lemma 5.5.1, such that

sup
t∈A

∣∣ρ̂ 2
n ĝn(t)− ρ2

0g(t, θ0)
∣∣ P−−−−−→
n→+∞

0. (5.5.2)

We have

ρ̂ 2
n sup
t∈A
|ĝn(t)− g(t, θ0)| ≤ sup

t∈A

∣∣ρ̂ 2
n ĝn(t)− ρ2

0g(t, θ0)
∣∣+

(
sup
t∈A

g(t, θ0)

) ∣∣ρ̂ 2
n − ρ2

0

∣∣ .
By (H1)-(H2), it follows from Corollary 4.3.3 that ρ̂n converges in probability to ρ0. Further,

by (H3) and (5.2.3), g(., θ0) is bounded on [rmin, rmax]. Therefore, we have by (5.5.2) the

convergence

sup
t∈A
|ĝn(t)− g(t, θ0)| P−−−−−→

n→+∞
0.

5.5.2 Proof of Lemma 5.5.2

By (5.2.3), we have for all t ∈ [rmin, rmax]

|jg(t)| = 2
∣∣∣w(t)

(
1−Rθ0(t)2

)2c−2
Rθ0(t)R

(1)
θ0

(t)
∣∣∣ .

By (H3), Rθ0(.) and R
(1)
θ0

(.) are continuous on [rmin, rmax]. Further, by (Hg1), rmin > 0 and

as noticed at the beginning of the proof of Theorem 5.2.3, for all t > 0, |Rθ0(t)| < 1. Thus

by (H3), the function t 7→
(
1−Rθ0(t)2

)2c−2
is well de�ned and continuous on [rmin, rmax].

Finally, by (Hg5), w is continuous on [rmin, rmax] so the lemma is proved.

5.5.3 Proof of Lemma 5.5.3

Similarly to the proof of Lemma 5.4.4, we have by (5.2.4),∫ rmax

rmin

Hg
n(t)sT jg(t)dt =

∑
(x,y)∈X2

fn(x, y)−
∑
x∈X

hn(x)

where for all n ∈ N,

fn(x, y) := 1{x∈Dn}

∫ rmax

rmin

k
(
t−|x−y|
bn

)
1{|x−y|>0,y∈Dn}

σdtd−1bn|Dn ∩Dx−y
n |

sT jg(t)dt
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and

hn(x) =
2ρ0

|Dn|
1{x∈Dn}

∫ rmax

rmin

g(t, θ0)sT jg(t)dt.

For all n ∈ N and x ∈ Rd, fn(x, x) = 0. Thus, by the last equation,

Var

(∫ rmax

rmin

Hg
n(t)sT jg(t)dt

)

= Var

 6=∑
(x,y)∈X2

fn(x, y)

+ Var

(∑
x∈X

hn(x)

)
− 2Cov

 6=∑
(x,y)∈X2

fn(x, y),
∑
x∈X

hn(x)

 .

Then, the proof follows from the assumptions (Hg1)-(Hg5), (H1)-(H3) and Lemmas 4.6.2-4.6.3,

by a fastidious but straightforward calculus.

5.5.4 Proof of Lemma 5.5.4

By (Hg2), for any t ∈ [rmin, rmax] and (x, y) ∈ R2d
,∣∣∣∣k( t− |x− y|bn

)∣∣∣∣1{|y−x|>0, y∈Dn} ≤
∣∣∣∣k( t− |x− y|bn

)∣∣∣∣1{0<|y−x|<t+Tbn}
≤
∣∣∣∣k( t− |x− y|bn

)∣∣∣∣1{0<|y−x|<t+T}
as soon as bn < 1 which, by (Hg3), we assume in the following without loss of generality. Thus,

for any t ∈ [rmin, rmax] and (x, y) ∈ R2d
,∣∣∣∣k( t− |x− y|bn

)∣∣∣∣1{|y−x|>0, y∈Dn} ≤
∣∣∣∣k( t− |x− y|bn

)∣∣∣∣1{0<|y−x|<rmax+T}. (5.5.3)

Further, by Lemma 5.5.2, jg is bounded on [rmin, rmax] by a constant M so by (5.5.3) and

Lemma 4.5.3, we have∣∣∣∣∣∣1{x∈Dn}
∫ rmax

rmin

k
(
t−|x−y|
bn

)
1{|x−y|>0,y∈Dn}

σdtd−1bn|Dn ∩Dx−y
n |

sT jg(t)dt

∣∣∣∣∣∣
≤ 1{x∈Dn}

|s|M
|D�rmax+T

n |
1{0<|x−y|≤rmax+T}

σdr
d−1
minbn

∫ rmax

rmin

∣∣∣∣k( t− |x− y|bn

)∣∣∣∣ dt.
Finally, the result follows by Lemma 4.5.3, the last inequality, (H2) and (Hg2).

5.5.5 Proof of Lemma 5.5.5

The arguments of this proof are similar the the ones of the proof of Lemma 5.4.5. Notice

that

ρ2
0

√
|Dn|

∫ rmax

rmin

[ĝn(t)− g(t, θ0)] jg(t)dt =
√
|Dn|

([
ρ2

0 − ρ̂ 2
n

] ∫ rmax

rmin

ĝn(t)jg(t)dt

+

∫ rmax

rmin

[
ρ̂ 2
n ĝn(t)− E

[
ρ̂ 2
n ĝn(t)

]]
jg(t)dt+

∫ rmax

rmin

[
E
[
ρ̂ 2
n ĝn(t)

]
− ρ2

0g(t, θ0)
]
jg(t)dt

)
(5.5.4)

107



and√
|Dn| [ρ0 − ρ̂n]

∫ rmax

rmin

ĝn(t)jg(t)dt =

√
|Dn| [ρ0 − ρ̂n]

∫ rmax

rmin

[ĝn(t)− g(t, θ0)] jg(t)dt+
√
|Dn| [ρ0 − ρ̂n]

∫ rmax

rmin

g(t, θ0)jg(t)dt.

(5.5.5)

Denote

Tn = 2ρ0

√
|Dn| [ρ0 − ρ̂n]

∫ rmax

rmin

ĝn(t)jg(t)dt

Un = 2ρ0

√
|Dn| [ρ0 − ρ̂n]

∫ rmax

rmin

[ĝn(t)− g(t, θ0)] jg(t)dt

Vn =
√
|Dn|

∫ rmax

rmin

[
E
[
ρ̂ 2
n ĝn(t)

]
− ρ2

0g(t, θ0)
]
jg(t)dt

Wn =
√
|Dn|

∫ rmax

rmin

[
ρ̂ 2
n ĝn(t)− 2ρ0ρ̂ng(t, θ0)−

(
E
[
ρ̂ 2
n ĝn(t)

]
− 2ρ2

0g(t, θ0)
)]
jg(t)dt.

Therefore, by using (5.4.9) in the proof of Lemma 5.4.5, (5.5.4) and (5.5.5),

ρ2
0

√
|Dn|

∫ rmax

rmin

[ĝn(t)− g(t, θ0)] jg(t)dt = Un + Vn +Wn + o (Tn) . (5.5.6)

We prove that Un + Vn + o(Tn) tends in probability to 0 and we conclude by proving that Wn

tends in distribution to a Gaussian variable. We may use again (5.4.12) so by Slutsky’s theorem

and Lemmas 5.5.1-5.5.2 we have Un
P−−−−−→

n→+∞
0. Further, since g is continuous on [rmin, rmax] so

bounded, we have by Lemma 5.5.1 that ĝn is uniformly bounded in probability on [rmin, rmax],

see [64, Prohorov’s theorem]. Thus, by (5.4.12) and Lemma 5.5.2, o(Tn)
P−−−−−→

n→+∞
0. Further,

under (H1)-(H2) and (Hg1)-(Hg4), we may apply Lemma 4.5.2 so by Lemma 5.5.2, Vn
P−−−−−→

n→+∞
0.

We prove the normal convergence of Wn by Cramer-Wold device. To shorten, denote for all

n ∈ N and s ∈ Rp,

Xs
n :=

∫ rmax

rmin

Hg
n(t)sT jg(t)dt.

By Lemma 5.5.2, jg is bounded on [rmin, rmax] by a constant M . Then, since for all t ∈
[rmin, rmax] and n ∈ N,

Hg
n(t) = ρ̂ 2

n ĝn(t)− ρ2
0g(t, θ0) + (ρ0 − ρ̂n)ρ0g(t, θ0)− ρ0ρ̂ng(t, θ0),

we have

E
(∫ rmax

rmin

∣∣Hg
n(t)sT jg(t)

∣∣ dt) ≤ |s|ME
∫ rmax

rmin

(∣∣ρ̂ 2
n ĝn(t)− ρ2

0g(t, θ0)
∣∣) dt

+ |s|M [E(|ρ0 − ρ̂n|) + E(ρ̂n)]

∫ rmax

rmin

|ρ0g(t, θ0)|dt. (5.5.7)
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By (H3), g(., θ0) is bounded on [rmin, rmax]. Denote ||g||∞ its maximum so by Cauchy Schwartz

inequality, Jensen inequality and (5.5.7), we have∫ rmax

rmin

E
∣∣Hg

n(t)sT jg(t)
∣∣ dt ≤ |s|M(rmax−rmin)

1
2

(
E
∫ rmax

rmin

(
ρ̂ 2
n ĝn(t)− ρ2

0g(t, θ0)
)2
dt
) 1

2

+ |s|M(rmax − rmin)ρ0||g||∞ (E(|ρ0 − ρ̂n|) + E(ρ̂n)) . (5.5.8)

By the same arguments as in the proof of Lemma 5.5.1, we have

E
[∫ rmax

rmin

(
ρ̂ 2
n ĝn(t)− ρ2

0g(t, θ0)
)2
dt

]
=

2ρ2
0

bn|Dn|

∫ rmax

rmin

g(t, θ0)

σdtd−1
dt

∫
R
k(x)2dx+O

(
1

|Dn|

)
+O(b4n).

Thus by (Hg3), E
(∫ rmax

rmin

(
ρ̂ 2
n ĝn(t)− ρ2

0g(t, θ0)
)2
dt
)

tends to 0. Moreover, as noticed in [24],

ρ̂n converge in L1
to ρ0 so E(|ρ0 − ρ̂n|) + E(ρ̂n) converges to ρ0. Hence, by (5.5.7)-(5.5.8)

E
∫ rmax
rmin

∣∣Hg
n(t)sT jg(t)

∣∣ dt is bounded. Then, by Fubini theorem,

E(Xs
n) =

∫ rmax

rmin

E (Hg
n(t)) sT jg(t)dt

which implies that

sTWn =
√
|Dn| (Xs

n − E(Xs
n)) .

By (5.2.4), we have

Xs
n =

∑
(x,y)∈X2

fDn(x, y), (5.5.9)

where

fDn(x, y)

:= 1{x∈Dn}

∫ rmax

rmin

k
(
t−|x−y|
bn

)
1{|x−y|>0,y∈Dn}

σdtd−1bn|Dn ∩Dx−y
n |

− 2ρ0g(t, θ0)

|Dn|
1{x−y=0}

 sT jg(t)dt.

By Lemma 5.5.4,

|fDn(x, y)| ≤
|s|M1{x∈Dn}

|D�rmax+T
n |

(
1

σdr
d−1
min

1{0<|x−y|≤rmax+T} + 2ρ0||g||∞1{x−y=0}

)
. (5.5.10)

The right-hand term in (5.5.10) is bounded and compactly supported. Therefore, by Lemma 5.5.3

and Theorem 4.3.2, we have the convergence√
|Dn| (Xs

n − E(Xs
n))

distr.−−−−−→
n→+∞

N(0, sTΣρ0,θ0s).

Finally, we deduce from the last convergence that

Wn
distr.−−−−−→
n→+∞

N(0,Σρ0,θ0).
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Thèse de Doctorat

Christophe A. N. BISCIO

Contribution à la modélisation et à l’estimation paramétrique des processus
ponctuels déterminantaux

Contribution to the modelling and the parametric estimation of determinantal
point processes

Résumé
Ce manuscrit est dédié à l’étude des processus ponctuels
déterminantaux (DPPs) ainsi qu’à leur estimation
paramétrique. Ces processus sont connus pour modéliser
des phénomènes répulsifs (le cas où les points ont tendance
à se repousser entre eux). Dans la première partie, nous
étudions la richesse de ce modèle en proposant deux
définitions de la répulsion, basées sur les moments d’ordre
deux du processus, plus précisément la fonction de
corrélation par paires (pcf) g. Cela nous conduit à la
détermination du DPP le plus répulsif. Nous présentons
ensuite de nouvelles familles paramétriques de DPPs
couvrant toute la plage de répulsion offerte par cette classe.
Dans la seconde partie, nous démontrons que les DPPs
stationnaires sont Brillinger-mélangeants. Cette propriété
basée sur les moments du processus permet d’obtenir des
résultats asymptotiques sur différentes statistiques. En
particulier, nous démontrons un théorème limite central sur
une large classe de fonctionnelles d’ordre p et nous
adaptons au cadre des DPPs certains résultats déjà connus
sur les estimateurs à noyaux de la pcf g d’un processus
Brillinger-mélangeant. Finalement, dans la dernière partie,
nous étudions l’estimation d’un DPP paramétrique par
minimum de contraste, basée sur les fonctions de Ripley K
et la pcf g. Nous prouvons la consistance et la normalité
asymptotique de ces méthodes et en particulier, nous
obtenons une forme explicite de la variance asymptotique.
Ces résultats sont en fait des cas particuliers d’un théorème
plus général sur les propriétés asymptotiques des
estimateurs par minimum de contraste d’un processus
ponctuel stationnaire que nous énonçons et prouvons dans
ce chapitre.

Abstract
This manuscript is devoted to the study of determinantal
point processes (DPPs) and their parametric estimation.
These processes are known to be well adapted to inhibitive
point patterns, where the points tend to repel each others. In
the first chapter, we study the flexibility of this model by
suggesting two definitions of the repulsiveness, both based
on the second order moments of the process, namely the
pair correlation function (pcf) g. This leads us to identify the
most repulsive DPP. Then, we introduce new parametric
families of DPPs that cover a large range of DPPs, from the
stationary Poisson process to the most repulsive DPP. In the
second chapter, we prove that stationary DPPs are Brillinger
mixing. This property allows us to deduce asymptotic results
on several statistics. Namely, we prove a central limit
theorem for a wide class of functionals of order p of the
process and we adapt to DPPs some results already known
on kernel estimators of the function g of Brillinger mixing
point processes. Finally, in the last chapter we study the
minimum contrast estimation based on the Ripley’s
K-function and the pcf g. We prove the consistency and the
asymptotic normality of these methods for stationary DPPs.
In particular, we obtain an explicit form of the asymptotic
variance. These results are in fact particular cases of a more
general theorem dealing with the asymptotic properties of
minimum contrast estimation for stationary point processes
that we state and prove in this chapter.

Mots clés
processus ponctuel déterminantal, fonction de
corrélation par paires, mélange de Brillinger,
fonction de covariance, estimation par minimum
de contraste.

Key Words
determinantal point process, pair correlation
function, Brillinger mixing, covariance function,
minimum contrast estimation.
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