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Introduction

Motivation et modéle

Dans cette thése, nous allons étudier des équations différentielles qui caractérisent
le déplacement d'un objet, dont la position et la vitesse sont des éléments de R?,
soumis a une force de frottement :

{vg — —1VU(vy),

Ty =y

ol U est une fonction de R? dans R? appelée potentiel et ot les conditions initiales
seront précisées plus tard.

L’action d’une force de frottement introduit deux hypothéses sur &. Tout d’abord,
si la vitesse de 'objet est nulle, il n’y a pas de force de frottement, ce qui se traduit
par VU(0) = 0. Deuxiémement, comme une force de frottement est toujours opposée
au vecteur vitesse de I'objet, il existe b : RY — R™ telle que, pour tout v € R?, si ||v]|
désigne la norme euclidienne de v, $VU(v) = morb(v). De plus, b(v) =0 < v = 0.
De ces deux hypothéses découlent deux propriétés fondamentales de ces équations :

e ( est un point stable donc la fonction vitesse identiquement nulle est solution
de ces équations ;

e 0 est un point attractif donc si v est une solution de ces équations alors
lim v, = 0.
t—+o00

Donnons ici quelques exemples de fonctions classiques que l'on peut trouver.

1) En théorie cinétique classique, les forces de frottement sont proportionnelles a
la vitesse donc b est de la forme b(v) = k||v|| avec k > 0.

2) En dynamique des fluides, Lord Rayleigh a introduit une force visqueuse
quadratique en considérant le cas b(v) = k||v||*.

3) En aérodynamique, on étudie parfois le modéle ou b(v) = kl|v][.

4) De facon générale, on peut considérer tous les b de la forme b(v) = k||v||® avec
B>1

5) Le cas b = 1p\ (o} est également intéressant puisqu’il correspond au cas ot la
force est constante mais toujours opposée au mouvement.



En 1908, Langevin introduit une équation ou le bilan des forces contient égale-
ment une force de perturbation, résultante des nombreux chocs subis par 1'objet,
qui sera donc supposée aléatoire et plus exactement brownienne :

dUt = —’Utdt + dbt,
dz; = v, dt

ol b est un mouvement brownien standard.

Cette équation peut étre généralisée de deux fagons différentes. Tout d’abord,
cette équation est écrite pour une force de frottement linéaire mais elle peut étre
écrite pour une force de frottement quelconque :

dxt = 'Utdt.

Ensuite, dans cette équation, la perturbation est supposée continue mais de
récents travaux, concernant certains systémes physiques, en chimie, en biologie, en
économie ou encore en finance s’intéressent a des perturbations avec des sauts de
type Lévy. Citons par exemple ’étude de 1’élargissement spectral dans les plasmas,
les articles de A. Chechkin, J. Klafter, V. Gonchar, R. Metzler et L. Tanatrov :
[9] et [10], ou encore les systémes avec interactions longues portées qui étudient le
comportement des albatros (Lévy flights). On peut également citer les travaux de
Barndorff-Nielsen et Shephard dans [5] sur les modéles de volatilité en finance. Nous
considérons donc le modeéle ot la perturbation ¢ est un processus de Lévy :

{dvt — — 11 (v)dt + dby,

dUt = —%u/(?}t)dt + dﬁt,
d:)jt = ’Utdt.

Résultats principaux

Dans la premiére partie de cette thése, nous rappelons les propriétés des processus
de Lévy qui permettent de donner un sens a cette équation. En particulier, nous
souhaitons étudier le comportement de la famille de solutions des eds suivantes

dvf = —sgn(vi)|vE|Pdt + ed,
dxf = vidt

ou 8 € R et £ est un processus de Lévy a-stable avec o € (0,2]. On adoptera la
convention sgn(0) = 0 pour que 0 soit un point fixe. Dans un premier temps, on
démontre qu’il existe une unique solution globale pour chacune de ces équations
différentielles stochastiques. Pour o = 2, le processus est un mouvement brownien
standard et ces équations différentielles stochastiques font 'objet de nombreuses
études, nous pouvons par exemple citer les ouvrages de [36], [22] et [37]. Dans le cas
B > 1, la dérive est localement lipschitzienne ce qui implique 'existence et 'unicité
d’une solution locale. Pour 8 € (—1,1), on peut obtenir le méme résultat par le
théoréme de Girsanov. Pour montrer que la solution est globale, on peut utiliser le
théoréme basé sur la fonction d’échelle et la mesure vitesse que 'on peut trouver
par exemple dans [23] ou dans [37]:



Théoréme. Supposons que X est solution de [’équation intégrale stochastique
t t
X, = Xy +/ b(X;)ds +/ o(Xs)dBs
0 0

ot o ne s’annule pas et telle que bo=? est localement intégrable. On définit alors la

fonction d’échelle
x y
s(x) ::/ exp (—2/ 6(2)02<Z)d2) dy
0 0

m(dz) = s (x)o *(x)d.

Alors une condition suffisante de non explosion est

[ [ mtnar = oo

Dans le cas a < 2, on ne peut plus utiliser cet argument. Toutefois, dans le
cas 0 > 1 ou la dérive est localement lipschitzienne, I’étude des eds dirigées par des
processus de Lévy faite dans [1] permet de démontrer I'existence et 'unicité d’une
solution locale. Pour g € (0,1), la dérive n’est plus localement lipschitzienne mais
elle reste continue et attractive ; le théoréme 170 dans [41] permet alors de montrer
I’existence et 'unicité de la solution. Pour étudier la non explosion de ces solutions,
on démontre la proposition suivante :

et la mesure vitesse

Proposition. Supposons que X est solution de

t
Xt = X() — / f(Xs)dS + 5&3
0

ot ¢ est un processus de Lévy a-stable avec o < 2 et ¢ > 0. Supposons que f est
localement lipschitzienne, f(0) = 0, f est croissante et lirin f(y) = £oo. Alors il
y—too

existe une unique solution globale et, de plus, pour tout § € (0,«) et tout T > 0,

IE[ sup ]Yt]‘s] < 0.
t€[0,T]

La preuve de cette proposition repose sur les propriétés des processus a-stables
comme la décomposition d’Tto-Lévy que l'on peut retrouver dans [40] et sur un
procédé d’entre-lacement décrit par exemple dans [15]. En effet, nous considérons
tout d’abord la solution de I’équation ou le processus de Lévy ne posséde plus de
"grands" sauts et nous montrons que dans ce cas la proposition est vérifiée. Nous
montrons ensuite que la contribution des "grands" sauts ne peut pas faire exploser
le processus. Dans le deuxiéme chapitre, nous nous intéressons au comportement

de la solution lorsque la perturbation aléatoire est symétrique et "petite". Plus
exactement, nous considérons la famille d’équations :

dvf = —sgn(v§)b(vi)dt + edly,
dxf = vidt
ou ¢ est un processus de Lévy symétrique a-stable. On peut voir ci-dessous deux

simulations des solutions v° et v de I’équation précédente et de I’équation détermin-
iste.
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Figure 1: Perturbation par un processus de Lévy symétrique 1.5-stable de coefficient
e = 0.01 et de force de frottement b(v) = v2.
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Figure 2: Perturbation par un processus de Lévy symétrique 1.5-stable de coefficient

e = 0.01 et de force de frottement b(v) = /|v|.



La premiére question que I’on peut se poser dans ce cas est : la famille de solutions
converge-t-elle vers la solution de ’équation déterministe 7 Si oui, peut-on donner
une vitesse de convergence ou des comportements extrémes 7 Dans le cas brownien,
cette question a été énormement étudiée. L’étude de convergence, de sortie d'un
compact, de grandes déviations ou encore de développement limité font 'objet de
nombreux articles. Sur ce dernier point, qui est celui que nous étudierons, on peut
citer les travaux de N. Ikeda et S. Watanabe (cf. [21] p. 532).

Dans le cas ot la perturbation est un processus de Lévy, on peut citer les travaux
de P. Tmkeller et I. Pavlyukevich [20] qui étudient également le temps de sortie de
familles de solutions d’équations en les comparant a la solution déterministe. Ils
démontrent le résultat suivant :

Théoréme (Imkeller-Pavlyukevich). Soit X¢ la solution de ’équation différentielle
stochastique

t
X, == —/ U'(XE)ds + &by,
0

ot x € R et l est un processus de Lévy, somme d’un mouvement brownien standard
et d’un processus de Lévy a-stable indépendant avec o € (0,2). On suppose que U
est C3 dans un voisinage suffisamment grand de 0 et vérifie U(0) = 0, U'(x) = 0
ssix =0, Ve € R, U(x)x > 0 et U"(0) > 0. De plus, pour garantir l’existence
et lunicité de la solution, on suppose que U’ est localement lipschitzienne et croit
a Uinfini plus vite que linéairement. Enfin, pour a > 0 et b > 0, on introduit
o(e):=inf{t >0 : X7 ¢ [—b,a|}. Il existe des constantes positives £y, 7y, 6 et C > 0
telles que, pour 0 < e < g9, on a

exp (—ugo‘g(l + 055>> (1-CE%) < Py(0(e) > u) < exp <—uga§(1 - Ceé)) (1+Ce?)

uniformément pour tout x € [—b+¢&7,a —&7] et u > 0 avec § = a% + bia
La preuve de ce résultat s’appuie sur le lemme suivant :

Lemme. Soit T > 0,¢c >0 ety = %Ta Alors, sous les hypothéses du théoréme, il
existe gy et C' tels que pour tous 0 < e < gg et x € [=b,al, on a

P, (sup | X7 — x| > ce”) < OTe+?
(0,T]

ot x est la solution de l’équation déterministe.

Remarquons que dans ces résultats, la régularité demandée a la force de frot-
tement est toujours strictement supérieure a l'ordre du développement que 1'on
souhaite obtenir. Dans le Chapitre 2, nous donnons le développement de la so-
lution autour de la solution déterministe mais nous utilisons la structure attractive
des forces de frottements pour avoir une regularité du méme ordre que celle du
développement. Notons enfin qu’étudier un processus de Lévy quelconque pose
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plusieurs difficultés. Dans les Chapitres 2 et 3, nous nous restreignons aux processus
a-stables symétriques et nous essayons d’enlever I'’hypothése de symétrie dans le
Chapitre 4. Donnons le résultat principal du deuxiéme chapitre :

Proposition. On considére la famille d’équations différentielles stochastiques

{dvf = edl, — sgn(vi)|vi|Pdt,  v5 = vy £ 0

7; = [y vids,
ou £ est un processus de Lévy symétrique a-stable.

e Pour § > 0, quand ¢ — 0, {vi : t > 0} (respectivement z¢) converge vers
v (respectivement x) en probabilité uniformement sur tout intervalle compact

(UCP).

e Pour B > 1, soit Z la solution de l'eds Z; = —fOtZ/l”(vs))sts + /4. Ona
T —v—eZ) et 2(a® —x —e [, Z,ds) convergent UCP vers 0, quand & — 0.
Remarquons que dans le cas a = 2, le premier résultat peut étre étendu a g =0
mais pour a < 2 et § = 0, on ne sait pas s’il y a existence d’une solution car la

dérive n’est plus continue.

La preuve du premier point est un peu différente suivant si « = 2 ou a < 2. Dans
le cas brownien, on applique la formule d’Ito a |vf — v,|P puis les inégalités BDG et
de Gronwall qui, griace au caractére attractif de la dérive, permettent de montrer la
convergence de v° vers v en norme LP. Dans le cas o < 2, on ne peut plus effectuer
directement les mémes étapes. On va donc utiliser un procédé d’entrelacement pour
s’y ramener. On considére en effet Y, solution de la méme équation que v* mais
ou on a retiré les "grands" sauts du processus de Lévy. On peut alors utiliser la
méme méthode que précédemment pour montrer que E|Y? — v,|P converge vers 0.
Il reste ensuite a montrer que la contribution des "grands" sauts est négligeable en
montrant que v® vers v en norme L” pour p < a.

Pour le deuxiéme point, la preuve est la méme dans les deux cas et repose sur
deux idées. On démontre tout d’abord que Z se comporte comme ¢ i.e. :

sup |Zs| < Cara, sup |
€[0T s€[0,7]

et on en déduit que €7 est bien une partie du développement au premier ordre.

Puis il faut montrer que le reste R, := v; — v, — €Z; est bien négligeable devant

e. On démontre en effet que, sur I’événement { sup |ely| < 20‘;?' }, on a presque
s€[0,T] 15v0

stirement

2
sup |Rs| < O/ﬁle( sup ]6€S\> :
5€[0,T] T N sefo,1)

Le résultat est alors prouvé en considérant la derniére inégalité et la probabilité du

complémentaire de I'événement { sup |el,] < A2l %
€l0,7] 2C8.100
s )
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La proposition précédente entraine donc que la solution perturbée va rester
proche de la solution déterministe lorsque la vitesse initiale n’est pas nulle en raison
du caractére attractif de ’équation. Il est donc naturel d’étudier, dans un second
temps, le cas ou la vitesse initiale est nulle. La solution déterministe est alors la
fonction nulle et on se demande si la solution va rester proche de 0. Plus précisé-
ment, 0 est un point d’équilibre stable et attractif. La question que 1’on va se poser
dans le troisiéme chapitre est : comment la perturbation aléatoire va-t-elle influ-
encer le mouvement de la particule en temps long si la vitesse initiale est nulle 7
En effet, 'accumulation de petites perturbations pourrait entrainer une déviation
de la vitesse et de la position de la particule par rapport a la vitesse et la position
déterministes. Plus exactement, si on introduit, pour ¢ > 0,

€ .__ £ E . ,,€
X, =zl o, and V1= a

quels sont les comportements de X° et de 7° quand ¢ tend vers 0 7 Dans le cas de
frottement linéaire (b(v) = |v]|), R. Hintze et I. Pavlyukevich ont montré dans [19]
que X converge en loi vers un processus de Lévy symétrique a-stable en utilisant
la structure linéaire et la connaissance de la solution exacte de cette équation. Mais
qu’en est-il dans les cas ot b n’est plus linéaire, la solution n’ayant plus de forme
explicite 7 Donnons quelques simulations pour représenter ce probléme.

0.0006
0.0004

0.0002 H

=0.0002
=0.0004 —-
-0.0006
=0.0008

=0.001

-0.0012 , ; ; ' ,

Figure 3: X° : perturbation en temps long par un processus brownien de coefficient
e = 0.01 et de force de frottement b(v) = Lg\(03(v).
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Figure 4: X¢ : perturbation en temps long par un processus brownien de coefficient
e = 0.01 et de force de frottement b(v) = v

En comparant ces deux graphiques avec le résultat de R. Hintze et I. Pavlyuke-
vich, on remarque qu’il semble y avoir convergence de la position vers un mouvement
brownien mais avec des changements d’échelle en espace. On montrera en effet dans
la premiére partie du Chapitre 3 :

Théoréme. Dans le cas gaussien, o = 2, et § > —1, si on pose O = alors il

existe une constante strictement positive kg g telle que le processus

2
Bl
{0t 0> 0) = {97V 1 > 0}

converge en distribution, lorsque e — 0, dans l’espace des fonctions continues C([0,00))
muni de la topologie uniforme sur les compacts, vers un mouvement brownien de
Variance Ky g.

On a donc un coefficient d’agrandissement ou de rétrécissement selon si g < 1
ou non. On peut alors se demander si ce résultat se généralise au cas o < 2.

13
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Figure 5: X® : perturbation en temps long par un processus de Lévy symétrique
1.5-stable de coefficient € = 0.01 et de force de frottement b(v) = Lg\ (o} (v).
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Figure 6: X° : perturbation en temps long par un processus de Lévy symétrique
1.5-stable de coefficient € = 0.01 et de force de frottement b(v) = v
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Sur le premier graphique, on observe une convergence vers un processus stable,
ce qui est cohérent avec le résultat de R. Hintze et I. Pavlyukevich mais dans le
deuxiéme cas, il semble que les sauts disparaissent et que 1’ordre de grandeur ne soit
plus le méme, ce qui serait alors plutét cohérent avec le cas brownien ot § > 1. On
montrera en effet dans la deuxiéme partie du Chapitre 3 :

Théoréme. Dans le cas a € (0,2), supposons que 3+ § > 2 et posons 0 = #M
Alors il existe une constante strictement positive ko g telle que le processus

{eB2=20p2 >0} = {P27D0x .t > 0)

converge en distribution, lorsque e — 0, dans l’espace des fonctions continues C([0,00))
muni de la topologie uniforme sur les compacts, vers un mouvement brownien de
variance Ko g.

La preuve dans les cas a = 2 et a < 2 est la méme, néanmoins, dans le cas a = 2,
la plupart des calculs sont explicites grace aux fonctions d’échelle et aux mesures
vitesse. Elle s’articule en 6 étapes.

1) Dans un premier temps, on pose

€

af
et V7= t‘; ,
€

Et E—(B—l)@
(B—1)0/
e

L; =

ouf = #M Par auto-similarité, L° a la méme loi qu’un processus de Lévy
a-stable et on a

t
XE = 2P /
0

Comme ¢ est supposé symétrique, V° l'est également donc EV,* = 0. Comme
V¢ ne dépend plus de € en loi, on peut relier notre probléme concernant I'étude
du comportement asymptotique de z° & un théoréme ergodique d’ordre deux.
En effet, dans le cas o = 2, les propriétés sur les fonctions d’échelle et les
mesures vitesse permettent de montrer que V° est ergodique. Dans le cas
a < 2, on utilise le théoréme de Kulik (voir [25]) :

E*&G

t
Vids et VP=Li- [ sV s
0

Théoréme (Kulik). Soit Y la solution de dY; = —f(Y;)dt + ¢;. On suppose

que f est localement lipschitzienne et que lim sup %

lyl—o0
plus que v, la mesure de Lévy de £, satisfait les conditions suivantes :

> 0. On suppose de

1. il existe ¢ > 0 : fIUI>1 |ul?v(du) < 400,
2. v(R\ {0}) #0.

Alors Y est exponentiellement ergodique, i.e. sa distribution invariante m
existe et est unique, et pour une certaine constante positive C', pour tout point
de départ x € R, st on note P, la lov de Y},

1P = mlluer =, O (exp[~C1]).

(e 9]
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2)

2 o .
On va démontrer la convergence de 2729 x¢ vers un mouvement brownien

en utilisant le théoréme de Whitt (voir [45]) :

Théoréme (Whitt). Soient n > 1 et M,, := (M1, ..., M) une martingale

locale dans D satisfaisant M, (0) = (0,...,0). Soit C = (¢;;) une matrice de

covariance de taille k x k, i.e. une matrice symétrique définie positive. On

définit enfin pour un processus a sauts x, J(x,T) = sup |z(t) — z(t—)|.
0<t<T

On suppose que M, est localement de carré intégrable et que ['on peut donc
définir le processus de covariation quadratique prévisible (M, ;, M, ;). On sup-
pose également que les trois propriétés suivantes sont satisfaites :

1. lim E[J((M,, M, ;),T)] =0 pour tous i, j et T,

n—-+oo

2. lim E[J(M?2,T)] =0 pour tout T,

n—-+00
3. lim (M,;, M, ;)(t) = ¢;jt pour tous i et j.
n—-+00
Alors M, converge en distribution vers un mouvement brownien centré de co-
variance C'.

Pour utiliser ce théoréme, il faut décomposer £/#+2~2x¢ sous la forme d’une
martingale locale et d’un terme de reste.

Soit A le générateur infinitésimal associé a I'eds
dVF = —sgn(V9)|VE|Pdt + dL.

On veut résoudre 1’équation de Poisson Ag = Id car la formule d’'Ito appliquée
a g et V° donne

ab

89(54’%*2))@5 — 67 [ga,ﬂ (‘/tgfag) — gang(‘/o)i| — 8%0Mt5—a6.

ou M est une martingale locale. Dans le cas a = 2, I’équation de Poisson est
une équation différentielle d’ordre deux dont on connait une solution explicite.
Dans le cas a < 2, on a une équation intégro-différentielle que I'on ne sait
pas résoudre directement. On utilise alors le théoréme de Glynn et Meyn (voir
[17]). En effet, si on trouve une fonction de Liapounov h satisfaisant de bonnes
conditions, I’équation de Poisson admet alors une solution g qui vérifie en plus
g <c(h+1).

On démontre alors que e |:ga7[3(‘/;5—a9) — ga’ﬂ(‘/()):| converge vers (0 uniformé-

ment sur tout compact, en utilisant I’expression de g dans le cas a = 2 et
en utilisant la majoration g < ¢(h + 1) et le fait que h soit une fonction de
Liapounov dans le cas a < 2.
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5) A l'aide du théoréme de Whitt, on démontre que —e¥ M .—a0 converge vers
un mouvement brownien. Dans le cas a = 2, il n’y a pas de saut, il suffit
de vérifier la convergence de (6% M. .—as)(t). Comme on connait la mesure
invariante de V¢ grace a la mesure vitesse, on peut vérifier directement que le
théoréme ergodique s’applique et ensuite conclure. Dans le cas a < 2, 'idée
est la méme mais on n’a plus de forme exacte pour la mesure invariante. On
démontre tout d’abord que les deux premiers points du théoréme de Whitt
sont vérifiés en utilisant le fait que h est une fonction de Liapounov (comme
dans 4)). On démontre ensuite que le théoréme ergodique s’applique, sous la
condition 3+ ¢ > 2, en utilisant la forme de / et 'estimation de la queue de la
mesure invariante donnée par le théoréme de Samorodnitsky et Grigoriu (voir

[38]) :

Théoréme (Samorodnitsky, Grigoriu). On considére Y, la solution de l’eds
Y, =Yy — fot f(Yy)ds + Ly. On suppose que la fonction [ est localement lips-

chitzienne, que f(0) = 0, que f est croissante sur R, qu’elle varie régulierement

a linfini avec un exposant > 1 i.e. for all a > 0, lim % =a’. De plus,
r—r—+00

pour certaines constantes A > 0 et 81, pour tout v < —1, —f(—x) > AxP. On

suppose que v, la mesure de Lévy de L, est symétrique et vérifie v([u, +00)) =

u=l(u) ou l est une fonction a variation lente a linfini i.e. for all a > 0,
l(ax)

liril o) = 1. Alors l'unique mesure invariante m de Y satisfait
T—r+00
U—00 h(u)

avec h(u) = fuoo —”(?(’;;))dy.

6) On peut conclure en utilisant le théoréme de Slutsky et le "continuous mapping
theorem". Notons que dans le cas a < 2, comme on travaille dans ’espace
de Skorokhod, I’addition n’est pas continue mais le résultat s’applique car la
limite est continue et la convergence a donc lieu dans l’espace des fonctions
continues.

On peut résumer les résultats obtenus ou connus sous la forme du graphique
suivant. Notons que le comportement de la position pour a <2, f+5 <2et 8 # 1
est une question ouverte et fait I'objet de travaux en cours.
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Figure 7: Graphique récapitulatif des résultats.



Dans le Chapitre 4, nous verrons comment étendre les résultats du Chapitre 3
lorsque la perturbation aléatoire n’est plus symétrique. On démontre en effet, avec
les mémes notations que dans le troisieme chapitre :

Théoréme. On suppose que B+ § > 2. Alors il existe une constante positive Kq,g
telle que le processus

{59(ﬁ+%—2) <$§_at — gG—Qt/;meﬁ(dx» it > O}

converge en distribution vers un mouvement brownien avec coefficient de diffusion
Ka,g, quand € — 0. mq g est la distribution invariante de V.

La preuve est exactement la méme que dans le cas symétrique, en tenant compte
de la dérive dans le générateur infinitésimal de V' et en changeant 1’équation de
Poisson en Ag = id — [ xm,g(dz). Néanmoins, le résultat de Samorodnitsy et
Grigoriu nécessite que le processus de Lévy soit symétrique. Nous avons étendu, dans
un certain sens, ce résultat pour le cas non symétrique. On démontre le théoréme
suivant :

Théoréme. On considére Y solution de l’eds Y; = Y —fot f(Yy)ds+ L;. On suppose
que la fonction f est localement lipschitzienne, que f(0) = 0, que f est croissante
sur R, qu’elle varie régulierement a linfini avec un exposant B > 1 i.e. for all

a >0, lim [aw) — 48, De plus, pour certaines constantes A > 0 et (1, pour tout
5400 1(2)

r < —1, —f(—x) > Az%. On suppose que L est un processus de Lévy a-stable non
symétrique (mais pas asymétrique). On note, pour tout u > 0

_ [T vlly,+o0))
h(u) .—/u W) dy .

Alors Py,
lim M =1,
uU—r+00 h(u)

uniformément en x € R et t > 1.
On déduit le résultat suivant :

Corollaire. Sous les mémes hypothéses que dans le théoréme précédent, on a

()

=1
U—>=+00 h(u)

La preuve de ce théoréme repose sur 'idée suivante : sur un intervalle de temps
fixé bien choisi, Y a plus de chance de dépasser la valeur u grace a une accumulation
9
de "petits" sauts et un "grand" saut plutét que par une accumulation seule de
"petits" sauts ou par I'occurrence de deux "grands" sauts. La preuve est donc
séparée en 4 parties :

1) on découpe d’abord astucieusement les "trés petits" sauts pour se ramener a
un processus centré ayant un nombre fini de sauts ;
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2) on utilise la structure de 1’équation pour démontrer que I’accumulation de
"petits" sauts sur un intervalle de temps bien choisi ne peut pas faire dépasser
un certain seuil dépendant de u ;

3) on démontre ensuite que la contribution des termes ne correspondant a aucun
"grand" saut ou a plus de deux "grands" sauts va étre négligeable ;

4) on estime enfin la contribution du terme dominant pour faire apparaitre le
résultat.

Enfin, dans le Chapitre 5, on utilise les résultats des chapitres précédents pour
étudier le cas ou la perturbation est la somme d’un mouvement brownien et d'un
processus de Lévy a-stable. On considére

{vtl =— f(f sen(v))[vi|Pds + eb + by, v =0

1 [to1
xt—fovsds,

ou £ est un processus de Lévy a-stable avec a € (0,2) (symétrique ou non mais
pas asymétrique) et b est un mouvement brownien standard. Les normalisations
obtenues dans les Chapitres 3 et 4 montrent que le bruit dominant va étre le processus
de Lévy. On va comparer cette solution avec celle du cas ou le bruit est seulement
un processus de Lévy a-stable. On démontre, qu’avec les mémes notations que dans

les Chapitres 3 et 4, e(#+2-2)9 <Xt1 — Xf) converge uniformément sur tout compact

vers 0 ol X! est associé a la solution z; et X? & la solution de 1’eds avec uniquement
un processus de Lévy. La preuve repose sur le fait que X! — X? est continue et sur
les majorations classiques obtenues avec la formule d’Ito et le lemme de Gronwall.

Dans une derniéere partie, nous commencerons a étudier le cas de la dimension
deux avec des dérives disjointes et des bruits browniens corrélés. On démontrera
dans ce cas, que l'on peut se ramener au cas de la dimension un pour toutes les
estimations et utiliser le théoréme de Whitt bi-dimensionnel.

Perspectives

Plusieurs directions d’étude pourront étre envisagées pour la suite. Dans un
premier temps, dans le Chapitre 3, nous avons obtenus des résultats pour a = 2
et pour a < 2 et §+ § > 2. On pourrait étudier le comportement du processus
position pour S+ § < 2 et a < 2. Les simulations numériques ainsi que les résultats
obtenus pour § = 1 permettent de conjecturer, dans le cas § + § < 2 et a < 2, une
convergence de x.-«; vers un processus de Lévy stable dont I'indice pourrait étre
ﬁ. Le cas de la droite § + § = 2 ressemble a une transition de phase. En effet,
la conjecture précédente pour la droite, donne une convergence vers un processus
de Lévy 2-stable donc un mouvement brownien. Le résultat que I'on a obtenu dans
le Chapitre 3 donnerait, sur la droite, la convergence du processus position vers un
mouvement brownien avec coefficient de normalisation 1 donc le méme processus.
L’intégrabilité d’ordre (5 + )~ du processus position pourrait étre a l'origine de
cette transition.
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Plusieurs autres problémes peuvent étre considérés dans le cadre de la dimension
un. Tout d’abord, le résultat du Chapitre 3 a été démontré dans le cas ou la force
de frottement est une puissance (entiére ou non) de la vitesse. Toutefois, tous les
résultats intermédiaires ne semblent utiliser que le comportement asymptotique de
la force de frottement. Peut- on alors étendre le résultat dans le cas ou la force
de frottement est supposée juste équivalente & une puissance de v a l'infini 7 Une
premiére piste de réponse a cette question est que le comportement de la force de
frottement au voisinage de l'infini va conditionner le retour en 0 et donc la régu-
larisation des grands sauts du processus de Lévy. Cependant, la régularisation des
"petits" sauts qui donne pour limite un mouvement brownien est conditionnée par
le comportement au voisinage de 0. La question est donc ouverte.

Dans une autre direction, le premier pas de la preuve du résultat du Chapitre 3
repose sur 'autosimilarité du processus de Lévy. Peut-on généraliser les résultats en
considérant un mouvement brownien fractionnaire qui est lui aussi autosimilaire ?
Dans ce cas, la disparition du caractére markovien risque d’étre problématique mais
certaines pistes utilisant la théorie des chemins rugueux peuvent étre envisagées.

La troisiéme question que 1’on peut se poser est : que se passe-t-il lorsqu’on
ajoute une fonction diffusive devant le processus de Lévy 7 Cette question semble
trés difficile car il y a peu de résultats concernant I'ergodicité dans ce cas.

Enfin, la derniére piste d’étude consiste a changer le type de forces. Que se
passe-t-il si on considére une force répulsive ? Différents articles sur le phénomeéne
de Péano (voir [3], [12], [13]) traitent de ce cas de figure. Le cas ou la force reste
attractive mais ne posséde plus un mais deux points fixes stables peut également se
poser. La simulation numérique semble suggérer que lorsque la perturbation tend
a disparaitre, la vitesse va tendre vers un des deux points fixes de facon aléatoire.
Dans Darticle [10], ce cas de figure est discuté.

Dans un second temps, 1’étude de la dimension deux n’est pas compléte. En
effet, I’équation de frottement classique est

dv, = —ﬁ“thﬁdt + dé,,

dz; = vdt,
ou £ est un processus dont les deux composantes sont des processus de Lévy indépen-
dants et on peut se demander s’il est possible d’étendre les résultats obtenus dans
les chapitres précédents. On peut noter que, dans ce cas, les propriétés d’ergodicité
et celles liées a la fonction de Liapounov restent vraies mais il faudrait généraliser
le résultat de Samorodnitsky et Grigoriu dans le cas de la dimension 2.

Pour finir, la question de la dimension supérieure a deux se pose puisqu’elle est
le cadre privilégié de la physique. Néanmoins, ne serait-ce que dans le cas brownien,
le fait que le mouvement brownien tri-dimensionnel ne soit pas récurrent risque de
poser de nombreux problémes.
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Chapter 1

SDEs driven by Lévy processes

One can find all the results on the Lévy processes, given in this chapter, in [40]
and [1], and the results on the Brownian motion in [36], [22] and [37].

1.1 Generalities on Lévy processes

1.1.1 Definition and properties of Lévy processes

In his article [27], Paul Lévy introduces stochastic processes that generalize the
Brownian motion, considering not only continuous processes but also processes with
jumps. He defines the Lévy process :

Definition 1.1.1. We consider a probability space (2, F,P), a time T € Ry and a
process { Ly, 0 < t < T} whith takes values in R. We say that L is a Lévy process if

1. Its increments are independent : for any 0 < t; < --- < t, < T, the family
(Lt,,, — Lt,)1<i<n—1 15 independent.

2. Its increments are stationary : for any 0 < s <t < T, Ly — Ly has the same
distribution as L,_s — Ly.

3. L is continuous in probability : for any 0 <t < T, ]llin% P(|Liyn— L] >¢) =0,
—
for all e > 0.

Often, one can find a definition where we replace the last item by "The pro-
cess is cadlag" (right continuous with limit on the left) but the two definitions are
equivalent. Let see some examples.

1. The Brownian motion is a Lévy process.
2. The simple Poisson process is a Lévy process.

3. The compound Poisson process is also a Lévy process.

More generally, we can see that, in a certain sense, we have only these processes.
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Theorem 1.1.2 (Lévy-Itd’s decomposition). For a Lévy process L, we define a
random measure on compact set A by N(t,A) := #{0 < s < t, Ly, — L,- € A},
for allt € [0,T]. For all A, the process N (-, A) is a Poisson process with intensity
v(A) :=E(N(1,A)) called the Lévy measure. Denote N(t, A) = N(t, A) — tv(A) its
compensated. Then, there exist b € R, 0 > 0 and a standard Brownian motion B
such that

L= Lo+ bt +0B, + / xN(t,dz) + / xN(t,dz).
|z|>1

lz|<1

This means that all Lévy processes are sum of a drift, a Brownian motion and a
Poisson process.

1.1.2 Markov’s property

One of the most important properties of Lévy processes is that a Lévy process
is a strong Markov process. Introduce the family of operators (P;):co,r] on L*(R)
defined for all f € L®(R) by P, f(z) = Ez[f(L:)]. (P)iejo,r) is the Markov semigroup
associated to the process L. It verifies the properties :

- P():[d
- forallt and s, P,o P, = Py,
- forall ¢, [[f|loe < 1= [|Pf]| < 1.

Lévy processes are even Feller processes. Define Cy(R) the subset of L>(R) of the
continuous function which have 0 for limit at infinity.

Proposition 1.1.3 (Feller’s property). Assume that L is a Lévy process, and denote
(P,) its semigroup then

- for all t, P,Co(R) C Cy(R)
- for all f € Cy(R), 1%||Rﬁf — flls = 0.

We can also define the infinitesimal generator, £, of L and using the Lévy-Itd
decomposition, one can write: for all g € C*(R) N L>(R)

Lala) = by @) + 0"@) + [ [o6o+9) = ale) =g (@) ] vl

2
2
1.1.3 Stable Lévy processes

We will study a particular class of Lévy processes: the a-stable processes.
Definition 1.1.4.

1. Let p be an infinitely divisible probability measure on R. It is called strictly
stable if, for any a > 0, there is b > 0 such that i(z)* = [1(bz).
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2. Let L be a Lévy process, it is called strictly stable if the distribution of Ly is
strictly stable.

This definition is closely related to the notion of self-similarity.

Definition 1.1.5. Let X be a stochastic process on R. It is called self-similar if,
for any a > 0, there is b > 0 such that { X4 : t > 0} < {bX;: t > 0}.

Theorem 1.1.6. Let L be a Lévy process, L is strictly stable if and only if L is
self-similar. In this case, there exists a € (0,2] such that b = a= and L is called
a-stable process.

Stable processes are interesting for two reasons. First, due to the self-similarity,
we will be able to study a process at different scaling. Secondly, the Lévy measure
and the Lévy-Itd decomposition is almost totally explicit for the one dimensional
case.

Theorem 1.1.7. Let L be an a-stable process.

1. If « = 2 then L is a Brownian motion (not necessarily standard), so without
Jump.

2. If a < 2 then L is a pure jump process (so without a Brownian part) with Lévy
measure v(dz) = 2|77 a; 1,50 + a_1,-9|dz and Lévy-Ité decomposition:

- L= fg Jg- xN(t,dz) if a € (0,1),
- L= [ [y oN(t,d2) if a € (1,2),
- Ly=bt+ [y [ @ Nt de) + fy [l @N(Ede) if a=1.

Remark 1.1.8. Ifa < 2, we can write L, = biH—f(;t f|z|<1 TN (t, dx)—l—f(fﬁ
but if a # 1, b is unique whereas if « = 1, b can take any value in R.

N(t,dz)

z|>1'r

Finally, we need a supplementary notion.

Definition 1.1.9. Let X be a one-dimensional stochastic process. X is called sym-
metric if the distributions of X and —X are the same.

Proposition 1.1.10.

1. If a = 2 then an a-stable Lévy process is always symmetric.

2. If « =1 then the Lévy measure of an a-stable Lévy process is always symmetric
(ap =a_).

3. Let a < 2 and L be a symmetric a-stable Lévy process, then Ly =0, a,. = a_
and b = 0 in the latter theorem.

We now have all what we need to start the study of stochastic differential equa-
tions driven by a-stable Lévy processes. Let us notice that there is a big difference
between the case o = 2 with a continuous process and a < 2 with pure jumps
processes so we will always distinguish both cases in the statement of results.
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1.2 Stochastic calculus and differential equations driven
by a-stable Lévy processes

1.2.1 Stochastic calculus

Assume that L is a Lévy process on a probability space (£, F,P) and that it
takes its values in R. Denote v its Lévy measure. We define the Lévy-type stochastic
integral.

Definition 1.2.1.

1. We define Pay(v) to be the set of all equivalence classes of mappings F : [0,T] x
QxR — R which coincide almost everywhere with respect to v x P and which

are predictable and satisfy P (fOT Jo |F(t, 2)Pr(dz)dt < oo> = 1.

2. We define Py to be the set of all equivalence classes of mappings F : [0, T]xQ —
R which coincide almost everywhere with respect to P and which are predictable

and satisfy P <f0T |F(t)2dt < oo) = 1.

3. We say that a process Y is a Lévy-type stochastic integral if it can be written
in the form:

¢ ¢
Y}:YO—{—/ G(s)ds+/ F(s)dB;
0 0
¢ ¢
+/ H(S,x)N(ds,dx)+/ K(s,z)N(ds,dx),
0 Jiz|<1 0 Jiz|>1

with, for all T, |G|z € Py, F € P, Hlg<1 € P2(v) and K only predictable.

For this kind of integral that generalizes It6’s integral, we can also extend the
[to’s formula.

Theorem 1.2.2 (Ito-Lévy’s formula). Assume that Y is a Lévy-type stochastic in-
tegral and that f € C* then we have, for all t,

f(Yy)

s+ [ Posceas+ [ rooFes [ R
v [ [ 0% (s 2) = 0 ) de)

v t /| 0+ (o) = V) = Y s, )l

v [ [ 0 (e = XN s

The last important definition is the quadratic variation.
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Definition 1.2.3. Let Y be a Lévy-type stochastic integral, we define the quadratic
variation of Y by

t t t
Y], = / F?(s)ds +/ H?*(s, )N (ds, dz) +/ K?(s,z)N(ds,dz).
0 0 Jz|<1 0 Jlz|>1
Proposition 1.2.4. There is a direct relation with the Meyer angle bracket
W) == fy fyer (B2 (5, 0) Loz + K (5, 2)Lap) N (ds, do)
= [J F2(s)ds + [ [(H?(s,2)Lm<1 + K?(s,2)Ljpm1)v(da)ds.

1.2.2 Equations driven by a-stable Lévy processes

In this section, we will consider a Lévy-type stochastic integral Y solution of the
following equation

t t
Vi=Yo+ [bvyas+ [ oty )aB,
0 0
t t
+ / H(Y,-,z)N(ds,dz) + / K (Y, ,z)N(ds,dz).
0 Jlz|<1 0 Jlz|>1

To simplify the notation, we will always forget that the time in the equation are s~
and we will only note s.
We introduce two conditions

(GLC) Global Lipschitz condition There exists K; > 0 such that, for all ¥y, v,

\b(yl)—b(yz)|2+!0(y1)—0(y2)|2+/ | H (y1, 2)—H (y2, 2)[*v(dz) < Kilyi—yol”

|z|<1

(GGC) Global growth condition There exists K, such that, for all v,

b@)I* + o)l +/ [H(y, z)Pv(dz) < Ka(1+ Jyf*).

|lz<1

Theorem 1.2.5. Assume (GLC) and (GGC). Assume that, for all x > 1, the
function y — K(y,x) is continuous. Then there exists a unique solution to the later
stochastic differential equation.

We note that the condition on K is really weak but (GLC) and (GGC) are
strong and not always fulfilled. We have a local version of those conditions and
theorem.

Definition 1.2.6. Let T, be a stopping time and suppose that Y = (V3,0 <t < T,,)
is a solution of the latter equation. If Too < 00 a.s., we say that'Y is a local solution
and T, is called the explosion time for the SDE.
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(LLC) Local Lipschitz condition For all n € N, there exists K;(n) > 0 such that,
for all y1, yo with max(|y1], |y2|) < n,

Ib(yl)—b(y2)|2+|0(y1)—0(y2)|2+/ [H (y1,2) = H(yo, 2)|*v(dz) < Ky(n)lyr—ys/*.

lz|<1

(LGC) Local growth condition For all n € N, there exists K»(n) such that, for all
y with |y| < n,

B +lo)F+ [ 1 o)vidn) < Kon)(1+ o).
z|<1

Theorem 1.2.7. Assume (LLC) and (LGC). Assume that, for all x > 1, the

function y — K(y,x) is continuous. Then there exists a unique local solution Y

to the stochastic differential equation defined up to an explosion random time T.
Moreover, we have |Y—| = co.

In the Brownian case (H = K = 0), we can define the scale function and the
speed measure to extend results.
Definition 1.2.8. Assume that o is strictly positive and that bo >
grable then we define the scale function and the speed measure by

s(z) == /0 " exp (—2 /0 yb(z)a(z)_zdz) dy and m(dz) = [o(z)%s'(z)] " dz.
(1.2.1)

15 locally inte-

Theorem 1.2.9. Assume that o is strictly positive and that bo =2 is locally integrable.
Assume that [~ s'(x)m([0, z])dz = co. Then there exists a unique global solution to
the stochastic differential equation without jump.

It is not possible to define the scale function and the speed measure for a general
Lévy-type stochastic integral. To show the non explosion, we can use Lyapunov’s
function. In the case that we are studying, we give another result to obtain the non
explosion.

1.2.3 A special case

The proposition of this section is based on the interlacing procedure used in [15].
We consider the stochastic differential equation

¢
Yt:YO—/ f(Ys)ds + Ly,
0

where L is an a-stable Lévy process with o < 2.

Proposition 1.2.10. Assume that f is locally Lipschitz, f(0) = 0, f is nonde-
creasing and lirin fly) = xoo. Then there exists a unique global solution Y to the
Y—T0o0

stochastic differential equation. Moreover, we have, for all § € (0,a) and all T > 0,

]E[ sup ]Yt]‘s] < 00.
te[0,7)
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Proof. Using Theorem 1.2.7, there exists a unique local solution Y up to an explosion
time 7. Then we just have to show that, for all § € (0, «) and all T > 0,

]E[ sup ]Yt]‘s] < 00.
te[0,7)

By the Lévy-I1t6’s decomposition, there exist a Poisson process N, its compensated
N and a constant b such that

t t
L, = bt + / / zN(ds,dz) + / / zN(ds, dz).
0 Jz<1 0 Jlz>1

So the equation satisfied by Y, starting from a point x, is

Yt:x+/0t/|z<1 ZN(ds,dzH/ot LM zN(ds,dz)—/Otf(Ys)ds+bt. (1.2.2)

Firstly, we skip the big jumps term and show that the resulting process X has
moments of any order and, secondly, we use an interlacing procedure to handle the
process Y. In fact, we consider the equation

X, ==x +/0 /|z|<1 zN(ds,dz) — /0 f(Xs)ds + bt, (1.2.3)

and apply Ito-Lévy’s formula with  — 22, We obtain
t
X2 =2+ M+ / / (X4 2)* — X2 — 22X,]v(dz)ds
0 J|z|<1

t t
- 2/ X f (Xs)ds + 2b/ Xds
0 0
N t t
=2* + M, +t/ 22v(dz) — 2/ X f(X,)ds + Qb/ Xds, (1.2.4)
|z]<1 0 0
where the local martingale term is given by
t
M, ::/ / (X, +2)* — X2]N(ds,dz).
0 J|z|<1
The constants depending only on « (respectively on «a and b) will be denoted ¢,
(respectively k) and could change from line to line in this proof. Let us write the

third term in (1.2.4) as c4t, |1‘im (ca — 2y f(y) + 2by) = —00 50
y|—o0

X2 < 2%+ kot + M, (1.2.5)

By Kunita’s inequality (see for instance [1|, p. 265) and by our convention on
constants,

0<s<t

t
E [ sup Xf} < 2%+ kopt + ca/ / E[(X;+2)*— XﬂQ v(dz)ds
0 Jlz<1
t

t
< 2% + kapt + ca/ E[XZ]ds < 2° + kot + ca/ E [ sup Xi} ds. (1.2.6)
0 0

0<u<s
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Applying Gronwall’s inequality, we get

E [ sup Xi} < (2% + kapt)e. (1.2.7)
0<u<t
Hence M is a (true) square integrable martingale and, taking expectation in (1.2.5),
we obtain
E[X7] < 2° + kat. (1.2.8)
Re-injecting this in (1.2.6), we get that, for any 7" > 0, there exists a positive
constant C,;r depending also on 7, such that
E[ sup XE] < Copr(1+22). (1.2.9)
te[0,T
We proceed with the study of (1.2.2). Denote by 0 = Ty < 77 < Ty < ... the
jumping times of N restricted to {|z| > 1}, and by (Z,) the jumps which are
iid. random variables with distribution A~ 1.j5131(dz), where A := [, v(d2).
Therefore [, Jioo1 #N(ds, dz) = 3=, o Zulyr, <y and (1.2.2) coincides with (1.2.3)

on each time interval (7},, T,,11). Since Y is a solution of (1.2.3) on [0,7}), by using
(1.2.9),

E[ sup Yf‘g} < Copr(1+2?) as., with G:=0(T1,Ts,...).
te[0,T1AT)
By using the Jensen inequality and the classical inequality (Ja|+[b])° < cs(|a|’+]0]°),
we obtain
IE[ sup |Y}|5‘g} < Copsr(1+]2]°) as.
te0,T1AT)
Moreover, Yy, = Y7,_ 4+ Zy, hence |Yr,|® < ¢s(|Yry,—|° + | Z1|°). Since 6 < a, we have
E(|Z1]°) < co and consequently,
E[ sup |Y;|5‘g} < Copsr(1+]2]°) as.
te[0,ThAT)

By using the strong Markov property and the latter inequality on (7},,7,.1), but
starting from Y7, , we can show that, for any n > 0,

Uy = ]E[ sup Y[’ g] < Crs(1+ E[|Yz, ’|9).

teE[Tn AT, Ty 41 AT

Then the sequence (uy)n>o satisfies ug < C7 5 and u, 1 < Cp5(1 + u,,), implying
that there exists Crs > 1 such that u,, < C’;ﬁgl. We deduce that

Cn—i—l
5 T
]E[ sup |y ‘g} <ug+ ot U] < ———— a.s.
t€[0,T) AT Crs—1
Finally,
B[ sup V'] <3 B[tr,crer, B( swp Y/|G)]
t€[0,T] n>0 te[0,Tn AT
1 (AT)™
—0T75—1; To Tl ¢ >
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1.3 Ergodicity and invariant measure

We still consider Y solution of the stochastic differential equation

t t
n=%+/mm@+/amm&
0 0
t t
+/ H(Y,,z)N(ds,dz) +/ K(Y,,z)N(ds,dz).
lz|<1 |z|>1

We assume that we have a unique solution to this equation. Since a Lévy process
is a Markov process, we can show, using the uniqueness of the solution, that Y is
also a Markov process. We are interested in the ergodicity of the process Y.

In the Brownian case, we can still use the scale function and the speed measure.

Proposition 1.3.1. If s(c0) = 0o and m(R) < oo, the diffusion Y is regular and
15 a recurrent and ergodic process with the invariant distribution (R)m Therefore,

for all f € LY(m),

1
lim — f(Ys ds— /f m(dzx), almost surely. (1.3.10)

For general processes, the classical argument uses Lyapunov function but in the
case that we are looking for, there is an easier way to obtain the result. We consider
Y, the solution of

t
nzn—/fmmwmm
0

where L is a pure jump Lévy process.

Proposition 1.3.2 (Kulik). Assume that f is locally Lipschitz and lim sup % > 0.

ly|—o0
Assume that v satisfies the following conditions:

1. there exists ¢ > 0: flu\>1 lu|?v(du) < +oo,

2. v(R\ {0}) # 0.

Then'Y is exponentially ergodic, i.e. its invariant distribution m exists and is unique
and for some positive constant C, for all starting point x € R, if we denote by P,
the distribution of Y;,

||P)t - m||var - tgw(exp[_Ot])'

In the Brownian case, the invariant distribution is explicit and coincides with
the speed measure. But in the general Lévy case, the invariant distribution is not
explicit. However, in certain case, the asymptotic tail of the measure is known.

Theorem 1.3.3 (Samorodmtsky, Grigoriu). We consider Y solution of the differ-
ential equation Y; = fo Ys)ds + L;. We assume that [ is locally Lipschitz,
f(0)=0, f is nondecreasmg on ]R f 1s regularly varying at infinity with exponent
B > 1 and for some constants A > 0 and By, for all x < —1, —f(—x) > Az
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Assume that v is symmetric and satisfies v([u, +00)) = u=*l(u) where | is slowly
varying at infinity. Then the unique invariant distribution m of Y satisfies

i M([20))

=1
U—00 h(u) ’

with h(u) = [ A=y,

We will see in Chapter 4 how we can obtain the same result without the assump-
tion that the Lévy process is symmetric.
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Chapter 2

Stability of a differential equation
with small symmetric a-stable
perturbations

In this chapter, we will study the stochastic differential equation

dvi = edly — LU (v))dt, v§=1vy #0
x5 = [ovids,

where the potential is U(x) = ﬁmﬁﬂ with 5 > 0 and ¢ is a symmetric a-stable
Lévy process. Thanks to Theorem 1.2.7, Theorem 1.2.9 for a = 2 and Proposi-
tion 1.2.10 and Theorem 170 in [41] for a@ < 2, we know that this equation has a
unique global solution. Moreover, in the case a = 2, there exists a unique solution
for § = 0. The potential is attractive so we can prove that, when € will go to 0, the
solutions v* and x° will converge toward the solutions of the deterministic differential
equation

dv, = =3 U'(vy)dt,  v5 =y

Ty = fg vgds.

We can wonder what is the convergence’s rate of the solution v° (respectively )
toward v (respectively x). The proof follows the idea of [19] by doing a Taylor
expansion and using the attractive structure of the equation to assume less regularity

on .

2.1 Convergence of the speed and of the position
toward the solutions of the deterministic equa-
tion

We start by proving the convergence of v* toward v and of 2° toward . We split
the proof into two parts since the cases a = 2 and a < 2 behave differently.

Proposition 2.1.1. For > 0, ase — 0, {vf : t > 0} (respectively {z* : t > 0})

converges toward v (respectively x ) in probability uniformly on each compact intervall.
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Remark 2.1.2. In the Brownian case a = 2, we can generalize this result for 5 = 0.

Proof. We begin with the Brownian case. By Itd’s formula, we have

t
of — ol =2 [ (05 = v = )+ {1F ~ )
0

t t
_ / (05 — w3 ) (—U(oF) + U (0,))ds + 2¢ / (0 — v.)db, + £21.
0 0

Since U’ is increasing, (vE — vs)(—U'(v) +U'(vs)) < 0 so
t
vE — < zg/ (vF — v,)db, + 221, (2.1.1)
0

Fix T > 0. Since (a +b)? < 2(a? 4+ 1?) and |z|*> < 1+ |z|*, by using the Burkholder-
Davis-Gundy inequality, we can see that, for all ¢ < T, there exists a positive
constant Cy such that

2 u 2
E| sup |05 —uv,|?| <2e*T? + 852]E[ sup / (vs — vs)dbs]
0

0<u<t 0<u<t

t
< 2477 + 85202/ ]E[|U§ - vsﬂ ds
0

¢
< 2e'T? 4 8£2CHT + 88202/ E[ sup |v; — vuﬂ ds. (2.1.2)
0

0<u<s

So, if t € [0, T], using Gronwall’s lemma, we get

€ 4
E[ sup |v; — vy ] < 00,
0<u<t

SO fot (vS — v,)dbs is a true square integrable martingale. By taking expectation in
(2.1.1), we get

Elvf — v)* < &%, (2.1.3)
Injecting (2.1.3) in the second inequality of (2.1.2), we deduce the statement for v° :
E| sup |v; — vtﬂ < 2M? + 44O T, (2.1.4)

0<t<T

Since .
3 3
xp —x = / (v5 — vy)ds,
0

the proof is complete for the case & = 2, by using Jensen’s inequality and (2.1.4).
In the case @ < 2, we need to use an interlacing procedure as in the proof of

Proposition 1.2.10. By It6-Lévy’s decomposition, there exists a Poisson measure N
with intensity v(dz)ds = |z|717*dzds, and its compensated N such that

t t
0 :/ / 2N (ds, dz2) +/ / zN(ds,dz).
0 Jlz<1 0 Jlz[>1
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The equation satisfied by v, assuming that v° is starting from = +vg € R arbitrary,
can be written

¢ . ¢ 1t
vf :x+vg+5/ / zN(ds,dz)+5/ / zN(ds,dz)——/ U'(v:)ds. (2.1.5)
0 JJz<1 0 JJz>1 2 Jo

Consider another equation where we skip the third big jumps term

t B 1 t
Yi=24+v+ 5/ / zN(ds,dz) — 5/ U'(YE)ds, (2.1.6)
0 Jz|<1

0

and apply Ito-Lévy’s formula. We obtain, since U’ is increasing,
- t
Y7 — v, |? = 2® 4+ M? —I—/ / [(YE—v,+e2)? = (YE—v,)? —2e2(YE —v,)]v(dz)ds
0 Jyz1<1

+ /t(Yf —v) (U (YE) + U (vy))ds < 2% + M? + 5225/ 2v(dz), (2.1.7)

|2|<1

where the local martingale term is given by

M¢ = / / (Y, — vy 4+ 2)? — (Y, — v,)]]N(ds, dz).
0 Jz|<1

In this proof, the constants depending only on « will be denoted ¢, or ¢/, and could
change from line to line. There exists a positive constant ¢, such that, for all ¢ > 0,

Y7 — o )? < 2® + %cot + ME. (2.1.8)

By Kunita’s inequality (see for instance [1], p. 265),

t
E {sup (Y: — US)Q] < 12+520at+c’a/ / E (Y] — v +ez)?— (Y- vs)2]2 v(dz)ds
0 J|z|<1

0<s<t

t
< 2?4 et + c’a/ / E [2e*2" + 8%2° (Y] — v,)?)] v(d2)ds
0 J|z|<1
t
< 2?4 (2 + et)eat + 520;/ E[(YF — v,)*]ds
0

t
< 2?4 (2 + Yot + EQC'Q/ E { sup (Y — 'Uu)2:| ds. (2.1.9)
0

0<u<s

Applying Gronwall’s inequality, we get

E [ sup (Y — Uu)2:| < (2 4 (€ + e)eat)es ot

0<u<t

Hence M¢ is a (true) square integrable martingale and, taking expectation in (2.1.8),
we obtain
E[YS — v]? < 2® + ec,t.
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Re-injecting this in (2.1.9), we get that, for any 7" > 0, there exists a positive
constant C, r depending also on 7', such that

E| sup (Y7 —v)?| < Cor(e® + 22). (2.1.10)
te(0,7)

We proceed with the study of (2.1.5). Denote by 0 = Ty < 77 < Ty < ... the jumping
times of N restricted on {|z| > 1}, and by (Z,) the hight of the jumps which are
i.i.d. random variables with distribution A™'1,;>13v(dz), where A := f{‘z|>1} v(dz).

Therefore .
/ / zN(ds,dz) = Z Znlr, <ty
0 Jiz|>1

nelN

and (2.1.5) coincides with (2.1.6) on each time interval (7,,,7,+1). Since v° is a
solution of (2.1.6) on [0,77), by using (2.1.10),

Bl sup (v - u)?
te[0,ThAT)

g] < Cor(e +2%), with G:=o(T1,Th,...).

Fix § < a, by Jensen inequality and using the classical inequality (a+b)° < cs(a’+ b°),
we obtain
Bl sup |of = vl’|g] < Casr(e® + [of).
te[0,T1AT)
Furthermore, v5, — vy, = v§,_ — vp,— + €2y, hence [v5, —vp | < c5(|vf, - — vy +
e’|Zy|°). Since 0 < a, E(|Z1]°) < oo. Consequently, we have

E[ sup |vf — Ut\a‘g] < Capr (e + |z]).
te[0,T1 AT

Using the same inequality on (7}, T},+1), with starting point v5, — vz, , we can show
that, for any n > 0,

Uy 1= ]E[ sup lvf — vt|5‘g} < 0}75(85 + Efjvg, — an]‘5|Q]).
te[Tp AT, Tpy1 AT

Then the sequence (uy)n>o satisfies ug < O 5° and w41 < OF 5(€° + uy,), implying
that there exists Crs > 1 such that u, < 556’;?. We deduce that

n! Cn-i—l
E[ Sup |Ut€—vt|6‘g} SZuk§u0+...+un_1§56 To
te[0, T, AT — OT,& 1

Finally,

]E[ sup |vf — vtl‘s] < ZE[HTH<T<TH+1E( sup }|vf _'Ut‘é|g)]
T

te[0,T) n>0 te[0,Tn A

) n

€ (AT)™
<o AT (2111
SO 140 T C (2.1.11)
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with

1 ™
o1 ZC’%JEQ( ) e M < oo,
T8 >0

This gives the result for v°. Since

t
o == [ (= u)ds
0

the proof can be completed by using Jensen’s inequality and (2.1.11). U

2.2 Study of the oscillations around the determin-
istic solution

The study of the oscillations around the deterministic solution is the same for
all o € (0,2].

Theorem 2.2.1. For 3 > 1, we introduce Z, the solution of the differential equation

t
Zt = —/ Z/{”(US)ZSdS +€t
0

Then . | .
—(v*—v—¢eZ) and —(xa—x—e/ Zsds)
€ € 0
converge UCP toward 0, as e — 0 .

In order to prove the theorem, we need several lemmas.

Lemma 2.2.2. For all T' > 0, there exists a constant Cgr,, depending only on 3,
T and the initial point of v¢ such that

sSup |ZS| Scﬁ,T,vo sup |€s|
s€[0,T] s€[0,T]

Proof. 7 is a Lévy Ornstein-Uhlenbeck process starting from 0 so it can be ex-
pressed as

t
Zt:/ e—fst“”(vu)dudgs'
0

By integration by parts, we obtain:
t t
Ty =ty — / LU (vg)e™ Jou(wa)duq .
0
Therefore we get, for all t < T,

t
20 < sup [6l(1+ sup [0 (wole S 0as),
1J0

te[0,T] te[0,T
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Since U” is always non-negative, we get

e f:u”(vu)du S 1.

Since |vg| < |vg] and U” is continuous, we have
t
sup / [U" (vs)]e” Ju'waduqg < sup U"(y) := Caruy — 1.
t€[0,T] J 0o y€[0,v0]

The lemma is proved. UJ

Introduce the remainder process R; := v; — vy — £Z;.

Lemma 2.2.3. For all T > 0, there exists a constant Cé7T7U0 depending only on [,
T and the initial point of v¢ such that

sup |Rs| < Chry,
s€[0,T]

a.s. on the event

vz
sup |els| < ——1}.
{sE[O,T] 2C/B,T,vo }

Proof. By hypothesis, we know that for any ¢ € [0, T}, |vr| < |v] < |vg|. Moreover,

on { sup |els] < 2C|:TT| }, due to Lemma 2.2.2, we have

s€[0,T] ro

sup |eZ| < lvrl/a.
s€[0,T]

Recall that § > 1 so U’ increases at least linearly at infinity. This guarantees the

existence of C ., such that for any y € [~|vo|, [vol], z € [—@, @], we have :

~U'(y+ 2+ Chp,,) +U(y) +U"(y)z <0.
Hence, we get
—U' (v +eZy + Ch ) + U (v) + U (0)eZy < 0.

lor|
2CB,TW0

on the event { sup |ely| < }. Observe that R satisfies the integral equation

s€[0,T

t
R, = / —U' (vs +eZs+ Rs) + U (vs) + U" (vs)eZds.
0

So R is continuous and provided that there exists ¢; < T such that Ry, = C 1, ,
we have

dR / ! / "

a(tl) =-U (Utl + éTZtl + C,B,T,vo) +U (Uh) +U (Ut1>8Zt1 < 0.
We deduce that R decreases and is lower than C ., . A similar reasoning applies
for Ry, = —C} 7, and it completes the proof. O]
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Lemma 2.2.4. For all T > 0, there exists a constant C’gTv depending only on f3,

T and the initial point of v° such that, on the event { sup |els| < 3 |vT| }, for all
s€[0,T7]

e>0,alt<T, as. :

sup [Ry| < Ol ( sup [eti])
s€[0,T s€[0,T]

Proof. Using Lemmas 2.2.3 and 2.2.2, on the event { sup |el,| < 5 ‘UT| } for all

s€[0,T7]
t < T, we have

el <ol < ol ezl <2 R < Gy,
We have

t
R, = / —U'(vs +eZs+ Ry) + U (vs) + U" (vs)eZsds
0
t t
— —/ [L{’(vs+€ZS+RS)—Z/{'(vs—l—aZs)}ds—/ (U (vs+eZs)—U' (v,)—U" (v5)e Z,] ds.
0 0

Choose K = \UOH-@#—CZ;TUO Since U’ is C* on [~ K, K] and U’ is C* on [Z] o)+
|“T‘] for all s < T, there exist ! € [-K, K] and 62 € [‘UTI |vo| + Tl] such that

U (vs+eZ+ Ry) — U (vs +eZ,) =U" (0} R,

and
1
U (vs +eZs) — U (vs) —U"(vs)eZs = 52/{(3)(03)(523)2.
We deduce . c )
TL v 2
R < / L|Ry|ds + M( sup [ety] ),
0 2 5€[0,T]

where L = max | sup |[U"], sup U®)| |. Using Gronwall’s lemma, we com-

[-K.K] (2] oo+ 2]

TL(Cg 1 v, )?
( B8,T, 0) eTL‘ I:]

plete the proof by setting CB Ty = 5

Proof of Theorem 2.2.1. We have %(vf —0 —eZy) = %. If we fix T and 0,

R, R,
P sup || > P || >4 sup |ely| < [vr|
sel0,7] € sel0,7] € s€[0,T] 205,70,




Since { sup \€s|} is finite a.s., we deduce that

s€[0,7

P | sup |is| >46] — 0.
selo,T] € =0

1 t
]P( sup —mf—xt—s/ Zds
tefo,7] € 0

Finally,

1 3
> 5) < IP( sup —|vf — vy —eZy| > —)
tel0,T] € T

and the proof is complete.
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Chapter 3

Asymptotic stability for SDEs driven
by symmetric a-stable processes

A slightly different version of this chapter has been published in EJP (see [14]).

We consider the one-dimensional and non-linear Langevin type equation driven
by a symmetric a-stable Lévy process. Let us denote by zf the one-dimensional
process describing the position of a particle at time ¢ > 0, having the speed vy

t
xi = xg +/ vids, t > 0, (3.0.1)
0

such that vf is a small symmetric a-stable Lévy process in a potential U(z) :=
2 |.|B+1
5—+1|5L‘\ )

1
dv; = edl; — iu’(vf)dt, VG = o, (3.0.2)

in other words v; verifies the following integral equation
t
v = v+ el — / sgn(ve)|vi|Pds, t > 0. (3.0.3)
0

Here 8 > —1 and {¢; : t > 0} is an a-stable Lévy process, o € (0,2]. If a € (0,2)
the Lévy process is a pure jump process with cadlag paths and the jump measure
is given by v(dz) = |z|7'"*Lg\j03(2)dz. The 2-stable Lévy process is the standard
Brownian motion {b; : ¢ > 0} which is a path continuous process. In all cases,
using Theorem 1.1.7, the process has the property of self-similarity {¢; : ¢ > 0} and
{c™"/*4, : t > 0} have the same law, for all ¢ > 0.

The case of a harmonic potential (8 = 1, linear equation), when the speed is
an Ornstein-Uhlenbeck process, was already considered by Hintze and Pavlyukevich
[19]. Here, the authors study the asymptotic behaviour of the integrated Ornstein-
Uhlenbeck and prove that this process converges weakly, as € — 0, to the underlying
a-stable Lévy process. In particular, when the driving process is a Brownian motion
(v = 2), the asymptotic behaviour is Gaussian. Asymptotics of the first exit time
from an interval are deduced. Our goal is to answer the same question in the situ-
ation of a super-harmonic potential (non-linear equation): what is the asymptotic
behaviour of the the position process z;, as € — 0 7 On the one hand, the non-linear
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case introduces new technical difficulties, mainly since the solution is no longer ex-
plicit. Indeed, this fact was essential to prove weak convergence in the linear case.
On the other hand, different conditions on the two parameters o and § will generate
different asymptotics for the position process. The intuition suggests that the big
jumps should be compensated by a strong negative drift (for instance if 5 > 1)
and small jumps should have some regularizing effect. We answer the question by
showing that for @ and 8 in some unbounded domain, the position process xj will
behave as a Brownian motion when € — 0. In other words, we get Gaussian asymp-
totic behaviour even if « is smaller than 2, provided that £ is not very small, more
precisely if 5+ 5 > 2. When « and 3 are in somehow "small" the previous heuristic
fails. To get convergence toward a stable process, one needs to change the approach
and other technical difficulties appear (this case will be presented in a forthcoming
paper, see [18]).

To state the main result of the chapter, we will perform some scaling transforma-
tions. Without loss of the generality, we can assume that the initial position is the
origin o = 0. Moreover, we assume that the initial speed vanishes vy = 0 since we
want to study the asymptotic stability around 0 and the stability, when the initial
speed does not vanish, has been made in the Chapter 2. By using the self-similarity,
it is clear that the process {L; := el.-o; : t > 0} is also an a-stable process. Let us
denote, for t > 0,

X =l ., and V] =04, (3.0.4)
satisfying, respectively,
I I
X5 = —/ Veds  and V=L — —/ sgn(°)|9°| ds. (3.0.5)
% Jo e* Jo
To simplify the notations, all along the chapter we will set
0=0,5:= %5—1 >0, provided that a+ 8 —1> 0. (3.0.6)

Moreover we introduce

€ / 5
e . Ttead _ Yte—(6-1)0 e . Ttexd
L= 750 = S and V7= L (3.0.7)

By self-similarity again, L¢ is distributed as an a-stable Lévy process and we have

te—ad t
X; = 5(2_5)9/ Veds  and V7= L7 — / sgn(VE)|VE|Pds. (3.0.8)
0 0

Let us note that if a = 2, all previous computations hold true with ¢, £ or L replaced
respectively by b, B or B a standard Brownian motion.

Our main result is the following:

Theorem 3.0.5. 1. (Brownian driving noise) Assume that o =2, f > —1 and
recall that 6 = % There exists a positive constant kg g such that the process
{eB D002, >0} = {ePVxF .t >0} (3.0.9)
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converges in distribution, in the space of continuous functions C([0,00)) en-
dowed with the uniform topology on compact sets, to a Brownian motion process
with variance ke g, as € — 0. The constant Ky g has the integral representation
given in (3.1.9) below.

2. (symmetric stable driving noise) Assume that o € (0,2), 84 5 > 2 and recall

that 0 = a+%71' There exists a positive constant kqpg such that the process
{eB2=20pe >0} = {ePT272D0x .t > 0} (3.0.10)

converges in distribution, in the space of continuous functions C([0,00)) en-
dowed with the uniform topology on compact sets, to a Brownian motion process
with variance ko, as € — 0. The constant ko has the integral representation
given in (3.2.34) below.

Remark 3.0.6. 1. Hypotheses a € (0,2) and B+ § > 2 imply that 3 > 1, in
other words the drift is over-damped. In particular we have 6 € (0,1).

2. If the driving noise is the Brownian motion o = 2, the normalizing factor
behaves differently following with the position of 5 with respect to 1. If B =
1, the position process X° converges in distribution to a standard Brownian
motion, see also Remark 3.1.4 below.

3. The case when B + § = 2 should be considered as critical for some phase
transition from Gaussian to stable case. It should be reasonable that there is
some continuity but the proof seems more delicate since natural integrability
conditions are not fulfilled (see the method of proof described below).

4. As an application one can find asymptotics of the first exit time from an in-
terval: Corollary 2.1, p. 269, in [19] applies.

Let us explain the method of the proof and the organization of the chapter. It
is a simple observation that

t€7a6
a af
SOB+5-2) e _ 52/ Veds,
0

hence, since L? is a symmetric a-stable process, V¢ is zero mean and Theorem 3.0.5 is
a second order type ergodic theorem. Let us only note that in the asymmetric case, a
drift term appears in the Lévy-1td6 decomposition of the driving noise. Consequently,
the expression of the infinitesimal generator of V¢ will be different and finally a first
order term should appear in the limit. In this case, Theorem 1.3.3 will not apply and
we will see in Chapter 4 how to obtain a result. By using the stochastic calculus,
we will show that the latter quantity is the sum of a square integrable martingale,
provided that 3+ > 2 for the case a € (0,2), and a term which tends in probability
toward 0, as € — 0. The result is then obtained by using the functional central limit
theorem for martingales and the continuous-mapping theorem. In the critical case
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B+4+5 =2and a € (0,2), the L*integrability fails. We point out that the critical
case for the Brownian noise is the case studied in [19].

In the next section, we consider the case when the driving noise is the Brownian
motion: in this case computations are performed by using [t6’s calculus and are more
explicit. For instance, the constant sy g can be written in terms of the scale function
and the speed measure. In Section 2, we follow the same structure of the proof
for a pure jump driving noise. Computations are more technical and new ideas are
employed: for instance, we need to find and use a Lyapunov function which allows
to perform the same reasoning by using the It6-Lévy calculus.

3.1 Brownian case

Recall that in this case, {b; : t > 0} is a standard one-dimensional Brownian
motion, § > —1 and we set

Be b oa- Ve
Ba - ta4/(6+1> — t52(1 B)/a+1 and ‘76 — tg4/(ﬁ+1) (3 1 1)
t 2/(B11) B=1/(5+1) L ey o
€ €
Recall also that
teY(B+1)

2(2-5) . . . t S
X; = ¢ B / Vids and VS =B — / sgn(VE)|VEPds.  (3.1.2)
0 0
B¢ is distributed as a standard Brownian motion so, to simplify the notation, we
will suppress the index ¢, as well as for V©.

3.1.1 The speed process V*

If 8 > 1, the drift coefficient in (3.1.25) is a locally Lipschitz function hence by
Theorem 1.2.7, we get a pathwise unique strong solution V to equation (3.1.25),
whereas in the case —1 < # < 1, Girsanov’s theorem gives the existence of a weak
solution to equation (3.1.23). For both situations, the solution is defined until an
explosion time 7,. Introduce the scale function and the speed measure associated to
the diffusion

v 2
sg(x) ::/ e Wdy and mp(dz) :=2e%@dx,  where cs(z) = G 1|x|6+1.
0
(3.1.3)

Since [~ mg([0,2])e"#(®da = oo, by Theorem 1.2.9, the solution is global and
finally, there exists a pathwise unique strong solution V to the equation (3.1.25).

Convergence in probability of the Speed process

We study first the speed process.

Proposition 3.1.1. Ase — 0, {VF : t > 0} is convergent toward 0 in probability
uniformly on each compact interval.
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By (3.1.15), the relation between V¢ and V is V;* = 82/(5+1>‘2574/(ﬁ+1). To prove
Proposition 3.1.1, we need a preliminary result:

Lemma 3.1.2.

1. Fizp > 2. There exists a positive constant C, g such that, for any t > 0,
E(WD) < O, st. (3.1.4)
2. Fixp >4 and T > 0. There exists a positive constant C,, 5 such that

- p
IE( sup |‘/tsf4/(ﬂ+1)|) <Cls T2 e7%e+n, (3.1.5)

0<t<T

Proof of Proposition 3.1.1. Taking p > 4 in Lemma 3.1.2, we deduce that for any
T>0,ase — 0, supge,;<r | V7| converges to 0 in L?(€2), and the conclusion follows. [

Proof of Lemma 3.1.2. By using [t6’s formula and the equation (3.1.25), we can
write

t

t
VilP = p/ sgn(V4)| Ve[’ dB, +p/ ((1/2)(p — DIV, P2 - Iffslp”*ﬂ)ds
0 0
Since 8 > —1, there exists a constant C}, 3 > 0 such that
(/20 = DIal ™ = op4) < G, Vo € R

We deduce that .
VilP < Cypt +p / sen(V) [V, B, (3.16)
0

We show that [} sgn(V;)|Vi[P~'dB; is a martingale. Fix 7' > 0, for all ¢ < T, since
(a+0)* <2(a®+1?) and |x|*72 < 1+ |z|*, by using the Burkholder-Davis-Gundy
inequality, we can see that there exists a positive constant C such that

N2 " S 5\ 2
IE( sup ]Vu|p> < 205”3 T2+2p2]E( sup /0 Sgn(‘/sﬂvs’pildBS) < 203,5 T°

0<u<t 0<u<t

t t
+2p201/ ]E(|f/5|2p_2)ds§2pQC’{T—I—QC’§’BT2+2pQC’{/ E(|V;[*?)ds
0 0

t
§2p201T+205W3T2+2p2C{/ E( sup |Vu|”)2d5,
0

0<u<s

By Gronwall’s lemma, we get, for all t < T,

he 2 2 1
]E( sup |Vuyp> < (22O T +2C2 , T?)eX" T

0<u<t
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Hence fot sgn(V5)|V,|P~'d B, is a martingale and we get (3.1.4) by taking expectation
in (3.1.6).
It is now possible to improve this inequality. Using (3.1.4), we can see that

. P . 2
IE( sup |‘/ta’4/(ﬁ+1)|> :E< sup |Vt;4/<ﬁ+1) ’m)

0<t<T 0<t<T
2 te Y (B+1) N2
< P IE( sup / |‘/s‘p/271st) +2 03/2 517 g6
2 No<i<r Jo ’
2 T e~ %(B6+1)
< %C{ / E(|Vi[P~?)ds + 2C5, ; T 70
0
2
< %C{ Cpa g T2/ 4 2C2, (T2 ™Y0D,
. 2
Therefore (3.1.5) follows taking C 5 := 2-C] C, 95 + 203/2,ﬁ . O]

3.1.2 The position process X°

Let us now study the position process. Recall that we introduced the scale
function and the speed measure in (3.1.3). Since sg(00) = oo and mg(R) < oo, by

Proposition 1.3.1, the diffusion V' is regular and is a recurrent and ergodic process

with the invariant measure mmg. Therefore, for all f € L'(mg),

lim 1 Tf(‘v/s)ds = m/Rf(x)mﬁ(dx), almost surely. (3.1.7)

We recall that the infinitesimal generator of V is given by £y 5 = %;—; —sgn(z)|z|? L.

Introduce N .
gs(z) == / (/ —2zecﬁ(z)dz) e~ #Wdy, z € R, (3.1.8)
0 y

and note that (L5 95)(z) =z, for all x € R. Set

1 / 2 _ /
Kop = W/Rgﬁ(x) mg(dz) = —W/Rxgﬁ(x)mg(dx). (3.1.9)

We can give now the proof of the main result.

Proof of Theorem 3.0.5 in the case a = 2. By applying [t6’s formula, we can
see that

t t t t
95(V;) = / g,(V)dB, + / (Lo g5) (Va)ds = / o (V)dB, + / Vds,
0 0 0 0

and therefore

' —4/(B+1)
€

(B-1) 7)d 5 /
ST e —52/“’*”/ g5 (Va)dB, + 7 ga(V._—y50r)) -
0
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The continuous local martingale

-4
te /(B+1)

M= e [T g,
0

has the quadratic variation

te Y(B+1)
<M6>t — 54/(ﬂ+1)/ glﬁ(‘/s)st
0

As a consequence of (3.1.7), for all t, (M) — kg gt a.s. as € — 0, where ko g is given
by (3.1.9), and it is the constant in the statement of Theorem 3.0.5. Indeed, using
Whitt’s theorem (see Theorem 2.1(ii), p. 270 in [45]), we deduce that M® converges
in distribution (as a process) toward m;/ QBB.

We will prove that the second term in the right hand side converges in probability
uniformly on compact sets to 0. At this level, we need a technical result:

Lemma 3.1.3. There exist two positive constants pig,vg such that for all x € R,

95(2)] < palel OO 4 v (3.1.10)

We postpone the proof of the lemma and finish the proof of Theorem 3.0.5 in the
case @ = 2. By using the classical inequality (a + b)*™ < 22"~ 1(g?™ + p*™), (m > 1
integer), we obtain

162/<5+1> 2m < 22m—1u%m€(4m)/<6+1>|f/t (2—,6’)V1)+22m—11/§m€<4m>/(ﬁ+1).

9,3(‘28*4/@“) )] P (CEs)) |2m(

By choosing the integer m > 2 such that p := 2m((2 — ) V1) > 4, we can use
Lemma 3.1.2 and we get for all T' > 0,

li E[ 4m/(p+1) 2m - ]: .
i 2] sup = 95" (V, _~y+n)| =0

We finish the proof of the theorem by employing the joint convergence theorem and
the simple continuous-mapping theorem (Theorem 11.4.5 p. 379 and Theorem 3.4.1,
p. 85 in [46]) on the space of continuous functions C([0, o)) endowed with the uni-
form topology. O

Proof of Lemma 3.1.3. We note that gz is an odd function. Let us introduce the
function pg(x) = — f;oo 2ye*Wdy. By the continuity of gz on [0, 1], it is sufficient
to prove (3.1.10) for x > 1. Assume that § € [1,00). Then, since z > 1,

o g 5 2 B+ too 5 2 Bt 2 841
wg(x) = z (—22 e A )dz > —22Pe"FH1Y dz = —e FHIT
x x

hence N
/ e ps(y)dy > 1 - a.
1
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(3.1.10) is true in this case. If § € [0,1), by integration by parts,

_ +oo
s(x) = —x' Pe _ﬁmﬂﬂ 1-5 5 ﬁ/ 272’6( — 22ﬁe_ﬁ25+1)dz

> _pl-Bem e %x 280 mr1?""
Hence,
/xeﬁ“yﬁ T s(y)dy > /m (—yl“’ B ‘M) dy,
1 1 2
and (3.1.10) follows. More generally, assume that 3 € [—15, 711—“) for an integer
n>0. Set dy = 1 and dj := 27" kl_[;((l —B) —j(1+ B)), for k > 1 integer. By the
=

choice of n, we can see that d,, > 0. If we iterate n times the integration by parts,
we get:

“+oo
dex (1-8)—k(1+p) o ﬂﬂ B+ 1+dn/ Z(1_5)—(n+1)(5+1)(_2266—%%#1)(12'

Since (1 —3) — (n+1)(8+1) <0, we can write

pp(z) 2 — (Z =D =RAHD) g 0 <n+1)(ﬁ+1)> e me
k=0

By integrating, we have

/ ATV o (1) dy >/ (dey K1+B) 4 g (1=~ 1)(5+1) ) dy,
1

and we easily deduce (3.1.10). The proof of (3.1.10) is complete for all 5 € (-1, c0).
[

Remark 3.1.4. Let us note that if 5 =1 (Ornstein- Uhlenbeck case), gs(v) = —x,
kog = 1 and the result of Theorem 3.0.5 coincides with the result of Proposition 2.1
in [19].

3.2 Pure jump case

We recall that L¢ is distributed as a a-stable Lévy process (see (3.0.71)) so, to
simplify the notation, we will suppress the index ¢, as well as for V¢ (see (3.0.83)).
The drift satisfies the condition of the Proposition 1.2.10 so there exists a global
path-wise unique strong solution V' for equation (3.0.85)

The ergodic feature of the process V' is a consequence of Theorem 1.3.2. Indeed,
provided that 8 > 1, the drift coefficient b(x) = —sgn(z)|x|® and the jump measure
v(dz) = |z|7'"*1R\joydz clearly satisfy the conditions in the cited result. Hence V'
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is an exponential ergodic and Harris recurrent process having an unique invariant
distribution which is symmetric, denoted by m, g. The measure m, g satisfies

2 v ([u, +o0
o[, +00)) x;“oo/ ([_’bz;) D o = xafﬁl : (3.2.11)

as it follows from Theorem 1.3.3.
Clearly, under the hypothesis of Theorem 3.0.5, 8 + § — 2 > 0, the identity
function id belongs to L' (m, ). By the classical ergodic theorem, for all f € L!(m,.s),

lim %/0 f(Vo)ds = | f(z)myp(dx), as. (3.2.12)

Recall that we are interested on the behaviour as € — 0 of

tsfae
fBr52ge | =% V.ds, (3.2.13)
0
where 6 is given by (3.0.6). In other words, we are studying a large time behaviour
of a functional of V', hence it is quite natural to perform the study in steady state.
This fact is contained in the following lemma:

Lemma 3.2.1. Assume that 3+ 5 —2 > 0 and that the process (60‘9/2 sze Vst)t>0

converges, as € — 0, in distribution to a Brownian motion, provided that V s
starting with my 5 as an initial distribution. Then the same process converges in
distribution to a Brownian motion when Vy = 0.

Proof. In this proof we will denote the process in (3.2.13) by Z. ¢(t), and for A > 0,

te= 1A
Z.a(t) =e% / V.ds.
A

Firstly, let us prove that Z. o(-) converges in distribution, as A — oo and ¢ — 0,
to a Brownian motion, when V5 = 0. Denoting by pa the distribution of Va, for
each bounded continuous real function ¥ on C([0,+0o0)), by the Markov property,
we have

Eo [@D(Za,A('))] =By, [w(Z&O('))] :

We can write, for all ¢ > 0,

By [9(Ze0()] = Bu, , [6(Ze0 ()]
= | [ B[220l D) (1) = )
< 1ol [ 98,0, = mys()] < [, 0. ) = ().
where p(t,z,dy) = P,(V; € dy) is the transition kernel of V' (and therefore we

have p(A,0,dy) = pa(dy)), and || - ||rv is the norm in total variation. Since V' is
exponentially ergodic, we get that

Aim (B [¥(Zeo(-)] = B, , [(Zeo(-)]| =0, uniformly in e.
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af .
/* we obtain

Secondly, by choosing A = A(e) = e~

oo te 0L A(e) » A(e) N 1 A(e)
sup{ ZE,A(E)(t)—52/ Vsds‘} < 52/ |Vilds = e+ / |Vs|ds.
>0 0 0 A(e) Jo

The right hand side term of the latter inequality tends to 0 almost surely, by using
the ergodicity (3.2.12). Therefore £*%/2 fo'g_aeJrA(E) V.ds converges in distribution, as
e — 0, to a Brownian motion when Vy = 0. Clearly, lim. ,o(t — A(e)e??) = t,
and applying a consequence of the continuous mapping theorem for the composition

function stated in Lemma p. 151 in [6], we can conclude. O

S

In the sequel, we will always assume that the initial distribution of V' is m, 3. Let
us recall that the infinitesimal generator of V' is given by

(Aa59)(x) = —Sgﬂ(ﬂf)|w\ﬂg’(x)+/ [9($+Z/)—9($)—yg/(x)]l‘y|§1 v(dy), (3.2.14)

R

with the domain Dy, ,. Also, denote by (Z):>o the semi-group associated to the
operator A4, 3 or to the process V. We collect in the following lemma some useful
properties of the process V.

Lemma 3.2.2.

1. The domain Da, , contains the space of bounded twice differentiable functions

Ci(R).
2. Forallp > 1, T; is a contraction semi-group on LP(m, g) and for each f € LP(my ),

lin 1 ~ flion, ) = 0. (3.2.15)

Proof. To prove the first point, we fix f € C}(R) and we show that 4,5 f is well
defined. Let us note that, —sgn(x)|z|?f'(x) is well defined for all x € R. Since
f € CiR), for any y € [—1,1],

fo+y) = f@) =y @] <y s |f(:)] < o0,

z€[z—1,z+1]

and we find

/qu [f(x +y) — f(x) — yf/(x)]u(dy) < [ sup |f”(z)|} /qu yA(dy) < oo

z€[z—1,z+1]

Since f is bounded, we can see that

/|y|>1 [f(x+y)—f(a:)}u(dy) §2||f||oo/ v(dy) < oo,

ly|>1

hence f € Dy, ,.
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We proceed with the proof of the second point. Fix f € LP(m, ) and we show
first that

| T fllLr(mas) < 1 flle(me s)-
Since

EA{— /R 95 ()P o 5 () = /R B (£(Vi) P (),

by Jensen’s inequality (p > 1), we get

| £ < /R Ex (| (VP e (da) = B, (1FVOP) = 11 B -

Finally, we prove (3.2.15). Since C3(R) is dense in L?(m, g), there exists f, € C;(R)
such that ||f — fy||Le(m, 5) < /3. Since 7; is a contraction semi-group and m, g is a
probability measure, we get

1S = Fllwen ) < 205 = Falliong o) + TSy = Folloo < GO+ Tty = Fylloo:

Clearly 7; is a Feller semi-group (see for instance [1], p. 151). Hence || f,— fylloo < /3,
for ¢t small enough, and we deduce (3.2.15). The proof is complete. ]

3.2.1 Properties of the speed process

One describes the behaviour of the speed process by using a Lyapunov function.
The statement of this important result is given below.

Proposition 3.2.3. Suppose that 3+ § > 2 and let p and v such that

p>1, m>272—6<v<%. (3.2.16)

Introduce the Lyapunov function
hpry(2) i= (1 + |2[P) /P (3.2.17)

Then, as e — 0, {e*/2h,,(e7°VF) 1 t > 0} converges to 0 in probability, uniformly
on each compact time interval. More precisely, there exists ¢ > 2 such that, for any

fixed T > 0,
o q o q
lii%E[(t;%I;f;hp”<€_0%a>> ] = ]E[(;Bl;]sfhw(wa_ae)> } =0. (3.2.18)

In order to prove this result, we need the following lemma. The first part of
the lemma collects some regularity properties and the asymptotic behaviour of the
Lyapunov function, while the second part contains the Foster-Lyapunov conditions
which allows to solve Poisson’s equations.

Lemma 3.2.4.

1. If py > 2, hy, is a twice differentiable function and there exists a positive
constant k such that for all (x,y) € R?,
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- if |x| <1 then
|hpr (@ +y) = hpa(2)| < E(ly[Lgy <y + [y Lgys1y);
- if |x| > 1 then
(4 ) = By ()] < K(lylla " Lgy<ion + 91 i) <ty
where i(zx) = (2]x[PT 4+ 1) — ||

2. Assume that py > 2 and 2 — B < v < «. There exist a continuous function
Ip.apy, @ compact set K and a constant d, depending only on p, o, B, v, such

that
Ve €R, fpapa(x) 2 1+]z],  frasq(2) | |N 7‘x|7+ﬂ_1> (3.2.19)
xT|—00
and
(A8 Ppr) (2) < = fpapn(2) +d g (3.2.20)

Proof of Lemma 3.2.4. Recall that h,.(z) = (1 + |z|??)"? and assume firstly that
|z| < 1. Since h,,, is continuously differentiable and equivalent to |z|?, as |z| — oo,
there exists k£ > 0 such that

|hpy (2 4 y) = hpq(2)] <yl S[UIZ)Q] oy (2) M gyi<1y + Ky gy
ze|—2,

The desired inequality is then clear. Secondly, assume that |z| > 1. It is a simple
computation to see that for all z > 0 and r > 0, there exists ¢, > 0, such that

(1+2)" 1< e (2lpeny + 2 1)

We deduce that, for all (u,v) € [0,00) x [0,00), there exist k, > 0 such that

() = = [(142) = 1] S k(o gy + 0 L) (32:21)
Since = # 0,
1 Y|P Ve 1 Yp
— — Y Z _
) = b)) = Ial” | (o + 1+ 7) = (i +1)

< |z {(pjm +(1+ %\)m)% - (‘;'m + 1)1/1 .

Applying (3.2.21) with u = % +1,v= (1 + |2

x|PY

Py L i
) —1landr = S, we obtain

|h:m($ +y) — h:m(xﬂ
1/p

y
< kel [((1 + 1) =1) "<

y 1 s
p
+ ((1 + ‘EDP'Y — 1) (|.1'|p7 + 1) ]l{|y<i(x)}:| .

o1



Since i(x) > |z|, we can use again (3.2.21) to estimate the first term in the bracket
on the right hand of the latter inequality. We let u =1, v = |%‘ and r = py and we
get

|y (2 +y) = Dy 5 (2))]
y
< Eypkp [y i<y + kwl%‘l”((l + 2D - 1) (

Since |z| > 1, i(#)/j2] is bounded, and since p > 1, (}/jzf>r + 1)*"/» < 1. Using that
py > 2 and the fact that 1¥//jz| is bounded, we obtain the existence of a k' > 0 such
that

1
’x|m

1—p
p
+ 1) Ljyi<iay-

|_y’ py /M
((a+ . 1) <k ol

Taking k = max(k,kpy, ki,k'), we get the second inequality of the first part of
Lemma 3.2.4.

We proceed with the second part and we note that, since py > 2, h,, is twice
differentiable with

hy (@) = |z [(y = D]a +py — 1 (1 + 7).
Moreover, since v < a < 2, h;’ﬁ € L. We split (4,5 h,,)(z) into three terms
’:E‘P'V-Fﬁ—l

1+ |x’p7)1*1/p

et o " /|y<1 [h’”(m +y) = hpa(2) - ?Jh;,w(x)} v(dy)
+ /y|>1 [hpn(I +y) — hpﬁ(x)] v(dy).

The first term on the right hand side is equivalent to —v|x[**#~! at infinity, while
for the second term, since |y| < 1, we have

hpy (2 +3y) = hpo () — yh;,v(fr)‘ <y’ Sup by (x4 2)] <y [|h0 oo

Hence
‘/||<1 |:hp7’)/(x y) — hp;y(l') yh,/ ’,Y([L'):| I/(dy)' <c ||hg7’y|| ,
Y= ! @ o0

where ¢, = f|y|<1 y’v(dy). We use the first part of the lemma to estimate the

third term on the right hand side of the expression of 4, gh,,(x). There are two
situations: if || > 1, we get

hpry (2 +y) — hpw(x)‘ < E(ylle ™ M gyi<iy + 1y i@<pn)-

Hence

[ ot 90 = b))

< [ vy o v()
{i(z)=y[>1} {max(1,i(x))<|y[}

< kol [ yli(dy) + ke,
{i(z)>|y|>1}
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where ¢, 1= f{|y‘>1} ly|"v(dy). Since i(z) = O(|z|), as |z| — oo,

WP [ fyluldy) = Ol )+ Ol ), as [o] = .
{i(z)=y[>1}

If |z| < 1, since |y| > 1,
|hpr (T +y) — hyy(2)] < Kyl
SO

[ et n) =@l < [ v < o

ly[>1

Denote by u the continuous function —4, gh,,. Putting together the previous esti-
mates we obtain that, since § > 1 and % <v<a,

u(z) ~ |z as |z — oo,
and since v > 2 — f3,

1+ Jz| = o(u(x)), as |z| = oo.
Set K = [k, k*], with

Efi=inf{z >0:y >z =uly) >y+1}, k- :=sup{z < 0:y <z = uly) > —y+1},

and
d:= —{igff(}(u(:ﬁ) —1—|z|), frapy(®) =u(@)lge + (14 |z])) 1k .
Then relations (3.2.19) and (3.2.20) hold true and the proof is complete. O

Proof of Proposition 3.2.3. By (3.0.73), we can write

af

a0 Ve a0
e hm(g—;) = %y (Vo) (3.2.22)

and the first equality in (3.2.18) is clear. Since 2 — < § and > 1, we can fix ¢
such that I%\/(Q—,B) <yY<2y<gy<aand 2 <qg< %—1—2. By noting that

hy(x)? = hgm(x), we can write

e[ s 1) =207 B[ (1))

te[0,T] t€[0,T]
Employing 1t6’s formula with h%ﬂ'yv we get
¢
hg,qv(v;) - h%,qw(%) =R+ / (Ao, h%m)(Vs)dSa (3.2.23)
0
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where .
Reim [ (hean(Veot 9) = s (V) ¥ ().

By Lemma 3.2.4 applied to the function hg
that, for all t € [0, T,

¢y, We see that there exists ¢ > 0 such

/Ot(za ho ) (Vi)ds < ct.

Moreover, let us note that he ¢, is continuous and that he g (z) ~ 2|7, as |z] — oo.
q

Hence, by the choice of g, We have hg 4 € L'(mgp). Taking the expectation in

(3.2.23), we obtain

1% E[( sup he g, <V;5_ae>>] < 1% ||h§7q7\|L1(ma,ﬂ) 1 eleF o

tefo,7] *

et ]E( sup Rts—aﬁ).
te[0,7T

Since ¢ > 2, the first and the second term converge to 0. For the last term, we use
the Kunita-Watanabe inequality (see for instance [1], p. 265). Since Vy ~ m, g, then
for all t, V; ~ m, g and there exists a positive constant C' such that

1/2
IE( sup Rtsfae) < IE( sup RY_ ae)

t€[0,T] t€[0,T]

<CVTe 5 //]R (T +9) = he gy (2)) v(dy) e 5 ().
It is sufficient to show that
//1112 (x+y)— he 7($))21/(dy)1n@,5(dx) < 00. (3.2.24)
This fact is obtained by using Lemma 3.2.4. If |z| > 1,

2 _
(he gy (@ + ) = he gy (2))” < By Pl Lyi<ien + 9P L <o)

hence
/R (hgm(:z: +y) — hquw(x)yu(dy) = O(|z]*7~*), as |z| — +oo,
and, since g < % + 2, we get (3.2.24). If |z| < 1,
(he g (2 +y) - hg,qw(x))Z <K (JyPLgy<ny + [P gy s1)

and [, (hgm(x +y) — h%qw(x))zy(dy) is finite independently of x. Since m, s is a
probability measure, (3.2.24) is verified again. O
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3.2.2 Results on the position process

We are ready to give the proof of our main result concerning the behaviour of
the position process. Recall that, thanks to Lemma 3.2.1, we assume that the initial
distribution of V' is the measure m, g.

Proof of Theorem 3.0.5 for the case a € (0,2). Thanks to (3.2.19), Theorem 3.2, p. 924
in [17] applies and we deduce that the Poisson equation 4, gg = id admits a solution
Ja,p satistying |ga g| < c(hp~+ 1), with ¢ a positive constant. Applying the Ito-Levy
formula with g, 3, we get

t
Fo8(Vi) = ga.s(Vo) =/ Vids + M, (3.2.25)
0

where

M, = /0 /R Wos (2 + V) = gas (VI N (ds, d2). (3.2.26)

Step 1) We prove that M, given by the latter formula, is a square integrable mar-
tingale. On one hand we have

Elgas(V2)?] = Elga,s(V0)’] = /Rga,g(x)Qm,g(dm) < 0.

Indeed, recall that h? _ is continuous and it behaves as |z]*7, as || — co. Recalling
that v was chosen such that 4 V (4 —2p) < 27y < a, by using (3.2.11), we see that

/R By~ ()11 5(dz) < 0. (3.2.27)

We point out that the assumption § + § > 2 is essential for the latter condition of
integrability.
On the other hand, we can write

]E{(/Otvsdsﬂ //VVduds—2]E/0 ds/ duV,V,
<2E/ ds/ du | VL[V

Using the Markov property and that V,, and V; follow the invariant law, we get, for
u < s, E(|Vi]|Va]) = E(|Vi—u||Vo]). Therefore

Bl( [ vias)] <2 [ as [awrquidiel) =2 [ as [ aws(uiiv)

—2/tdsE(|V0|/S‘Z;|id|(Vb)du>. (3.2.28)
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Applying Theorem 3.2, p. 924 in [17|, we deduce that the Poisson equation 4, 3 g = |id]
admits a solution g, 3, This solution satisfies |g, 5| < ¢/(h,, + 1), with ¢ a positive
constant. Moreover

/ Tolid|(Vo)du = T2 s (Vo) — jus(Vi).
0

By injecting this equality in (3.2.28), we get

B[( [ vis) ] <2 [ B (VollTns(V6) ~ gostVi)) s
=1 ds [ l10a) — a5,

At this level, we need to apply the Holder inequality to conclude that
t 2
]E[/ Vsds} < . (3.2.29)
0

Firstly, if 8 < 2 then we choose y close enough to 2— 3 such that 7, 5 € L7/ (m, 4).
Since % > 1, using the second part of Lemma 3.2.2, we get

1T = ol a-r2-5) () < 2l el =25 (-

By the Holder inequality and the fact that |id| € L3 (m, 5), we get (3.2.29). Sec-
ondly, if 3 > 2, we choose 7 < 1 close enough to 0 such that [id| € LY (1, ).
Since g5 € LY (mq, ), using again Lemma 3.2.2, we get

1808 = Bl (e ) < 280,81l (-
Since |id| € LY0-"(mg, 5), we can apply the Holder inequality and get (3.2.29) again.

We conclude that M given by (3.2.26) is a square integrable martingale. More-
over, we can compute its quadratic variation

(M), = / /R o+ V) — g (Va) P (dly) s (3.2.30)

Hence
BT =t [[ lusle+9) = gas@Prdpmos(dn) <o (3231)

Let us remark here that for the step 1), we don’t use that ¢ is symmetric, we only
use the result 1.3.3.

Step 2) Performing a simple time change in (3.2.25), we see that the process in
(3.0.10) can be written

P52 s — % [ﬂa,ﬁ(‘/;ta*ag) —ﬂa,ﬁ(Vo)] — &% Myouo. (3.2.32)
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In this step, we show that the martingale term on the right hand side of the latter
equality converges to a Brownian motion by using Whitt’s theorem (see Theorem
2.1 (i) in [45], pp. 270-271). We need to verify the hypotheses of this result. Indeed,
since the function

- / o (& + ) = gap(@)20(dy) € L (i p),
R

by using (3.2.30) and the ergodic theorem (3.2.12), we deduce that

te af
lim(g%eM.E_ae>t — lime? / /@a,g(y + Vi) —ga,g(l/;)]zl/(dy)ds
0 R

=t [ laaie ) = g ) o))

The condition (6) in [45], p. 271 is fulfilled. Again by (3.2.30), we see that (M)
has no jump, hence the condition (4) in [45], p. 270 is trivial. Let us note also
that, by (3.2.25), the jumps of the martingale M, are J(M;) := go.s(Vi) — ga.s(Vie).
Therefore we deduce that the jumps of the martingale term on the right hand side
of (3.2.32) are

J(g%eMtg—zw) = 8%0 |:ﬂa,6 (‘é*agt) — Ho,8 (‘/E*O‘Gt—)}

< e [ty (Vo) + i (Vs )| 2] < 2% [ sup
t€[0,T

hp,y (5_9‘/tg> + 1} ;

by using the fact that |ga 5| < c(hy, + 1) and (3.2.22). By Proposition 3.2.3,

N 2
limE| sup J(STGMtE_ae> ] = 0.

e—0 |: tE[O,T}

Therefore we can apply Whitt’s theorem to deduce that {5<“9>/2Mt57ae t > O}

i 2BB , where B is the standard Brownian

@,

converges in distribution (as a process) to K
motion and

o = [ lgnsle+9) =gl Py () > 0, (3:23)

Let us explain why the constant x, g is positive. Indeed it suffices to note that v is
absolutely continuous with respect to the Lebesgue measure, that m, g has a non-
empty support, and that g, s could not be a constant function, since 4, gg, g = id.

Step 3) By using that |ga | < c(hy, + 1), we get

2
B, (V;‘/ s‘ae) +

2
hp~(Vo)| + 2) )

2
G5 (Vie—ao) _ﬂa,,ﬁ(%)‘ < 402<

Hence, by using Proposition 3.2.3,

2
il Lot s =0

e—0 te[0,T)
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Therefore, {5(“9)/2 anﬁ (‘/;87049) —gaﬁ(Vo)} tt > 0} converges in probability to 0,
uniformly on compact sets.

Step 4) Our processes are valued in the Skorokhod space of cadlag functions D([0, 00))
endowed with J; Skorokhod topology (see [46], §3.3). It is not difficult to see that
a sequence which converges in probability to 0, uniformly on compact sets, is also
convergent in probability for J; metric, hence in distribution in J; topology. Recall
that in the Skorokhod space, the summation is not a continuous map (see for in-
stance [46], p. 84). In our case, the limits of the terms on the right hand side of
equality (3.2.32) are, respectively, 0 and a Brownian motion, and have continuous
paths. By using the joint convergence theorem (Theorem 11.4.5, p. 379 in [46])
and the continuous-mapping theorem (Theorem 3.4.3, p. 86 in [46]), we obtain the
conclusion of Theorem 3.0.5. More precisely, the convergence in the theorem holds
in the space of continuous functions C([0,00)) endowed with the uniform topology.
Let us note that our situation is simpler than in [19] since the limit is a continuous
paths process. O

Proposition 3.2.5. Assume that o € (0,2) and B+ § > 2. The constant rkq3 of
the second part of Theorem 3.0.5, given in (3.2.33), satisfies

Ka,p = —2/ Lo 5(T) Mo, p(dz) > 0. (3.2.34)
R

Proof. Since, by (3.2.31) and (3.2.33), kap = TE[M?], for all t > 0, by taking
t =& and using (3.2.25), we get

Kap =c B [(ﬂaﬁ(vsa")_ﬂa,ﬁ(%)— /0 - Vsdsﬂ = &f*ag{]E [(ﬂa,a(‘éae)—ya,ﬁ(%))Q]

+E[(/06a9 Vsds>2] _ QE[(gaﬁ(vgae) —gaﬁ(vo)> /Osae Vsds]}. (3.2.35)

The first term on the right hand side of (3.2.35) can be written :

B (go(Viw) = 50.308)) | =2 [ 00 mp(d) = 2 [ (Voo (Vi)
=2 [ (o) m(d) — 2B [0 s (Vo) (g (Vs 1) |

=2 [ 0 5(00) = 28 V) (T ) ()

=2 [ g0 5(d0) = 260 5() (30 V0) + | " () (o)
= 2K [ﬂa,b’(v()) /Oaae({zs’id)(v())ds} = _2/5%3(37) o, 5(d7) /Oaao(%id)(x)ds

_ gt / g () s () — 2 / Jou () 1 5(dlz) /0 ((id) — id) (2)ds.
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By using the Hoélder inequality, we prove that,

E [(gaﬁ(vgae) —gavﬁ(vo)ﬂ ~ —25a9/xga,ﬁ(x)ma,ﬁ(dx), as € —» 0. (3.2.36)

We need to distinguish two cases following the position of g with respect to 2.
Indeed, if 2 - 5 < 3 <2,

(3-8)/(2—p) . . . .

Gop € LEED (1 5)  and lim [(Zid) — id||Ls-5(m, 4) = O

If 5> 2,
1 : . .
o € L7 (mq,5)  and Eg(l) 1(Zid) — 1d||L1/<1—w>(ma,ﬁ) = 0.

By using (3.2.29) and Fubini’s theorem, the second term on the right hand side of
(3.2.35) can be written

E[(/ Vds / ds/ (v;vu du—/ ds/
/ ds/ Vi (7,-,id) (V) ) du = / dUE<V6/u (sfulcw(vo)ds)

. / A E [Vo((Ter-a5) (V0) = 80.5() )|

/ du [ (o) = o ) @)mp(do).

Once again by the Holder inequality, we prove that

([ v
0

Indeed, if 2 — ¢ < 8 < 2 then id € L37?(m, 5), and we note that

E =o0(e*?), ase — 0. (3.2.37)

ll—r% oss;ugre)ae (oo —sio) = ﬂa’ﬁHL?’*B/Q‘B(%,ﬁ) =0.

Similarly, if 3 > 2 then id € LY~ (m, 5), and we see that

lim  sup || %eo—gas) ~dasl 2, =0

e—0 0§u§6a9 a,ﬁ)

Finally, the third term in (3.2.35) is analysed by using the Cauchy-Schwarz inequality
and the behaviour of the other terms. We get that

ab

—QE[(gaﬁ(Vsae) —gaﬁ(%)> /05 Vsds] =0(c™), as £ — 0. (3.2.38)

Putting together (3.2.35)-(3.2.37), we obtain that

s — —Z/I‘gaﬁ(x)ma,g(dx) +o(1), as & — 0.

and the result is proved. ]
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Chapter 4

Asymptotic stability for SDEs driven
by non symmetric a-stable processes

4.1 Introduction

The first goal of this chapter is to extend Theorem 1.3.3 obtained by [38]. One
considers the stochastic differential equation

where f is a quickly increasing to infinity function and L is a symmetric a-stable
Lévy motion and one studies the exact rate of decay of the tail probabilities of the
random variables X;, ¢ > 0. In Remark 3.2, p. 76, of [38], the authors conjecture
that their main result remains true without the assumption of symmetry of the Lévy
process. The first part of this chapter contains a proof of this conjecture by trying to
reduce the technical difficulties announced in the cited remark in [38] by assuming
that the Lévy process is a-stable.

In the previous chapter, one studied the dynamics of a particle whose speed sat-
isfies a one-dimensional stochastic differential equation driven by a small symmetric
a-stable Lévy process in a potential of the form a power function of exponent 5+ 1.
A scaling limit of the position process with this speed was studied and it was proved
that the limit in distribution is Brownian. More precisely, one considers the same
stochastic differential equation as in Chapter 3

1
dv; = edl, — §U'(vf)dt, vy =0, (4.1.2)

with the potential U(z) := ﬁmﬁﬂ and assume that ¢ is a non-symmetric a-stable
Lévy noise. By Proposition 1.1.10, a < 2 and the Lévy measure of ¢ is

v(dz) = 2|7 [a_Lcop + arLnoy] da.

If « =1, ay = a_ and we will not consider this case so o € (0,2) \ {1}. We have
ay # a_ and we assume that ay # 0 and a_ # 0.

In the second part of the chapter, one explains what are the differences in order
to obtain a similar result as in Chapter 3 when the driving noise for the speed is a
non-symmetric a-stable Lévy process. To get our result, one uses the exact rate of
decay of the tail probabilities for the speed process.
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4.2 Tails of invariant measure of the solution

4.2.1 Notations and results

In this section, we denote by L a non-symmetric a-stable Lévy process having
its Lévy measure given by

l/(dz) = |Z|_1_a [a_]l{z<0} + a+]l{z>0}} dz. (423)

with a € (0,2) \ {1} and a4 # a_. Moreover we will always suppose that a; # 0
and a_ # 0.

Let f : R — R be a non-decreasing function with f(0) = 0 and regularly varying
at infinity with exponent 5 > 1 : for all a > 0, lim Mj) = a”. Recall that the

z—o0 1(@)
process X satisfies

t
Xy =x+ L, — / f(Xs)ds, t > 0. (4.2.4)
0
The statement of our main result is the following:

Theorem 4.2.1. Denote, for all u > 0

_ [T vy, +o0))
h(u) = / . (4.2.5)
Then
lim LX) (4.2.6)

u—r+00 h(u)

uniformly with respect to x € R and t > 1.

As a consequence we obtain the behaviour of the tail for the invariant measure.
According to Theorem 1.3.2, and under the assumptions on the function f, the
exponential ergodicity of the solution X of (4.1.1) is insured. Moreover the unique
invariant measure m, g satisfies

Ve € R, ||[P! — mypslrv = O(exp(=Ct)), as t — oo, (4.2.7)

where || - ||ty is the norm in total variation and P! is the distribution of X; starting
from x. Therefore letting ¢ goes to infinity in Theorem (4.2.1), we get:

Corollary 4.2.2. Under the same assumptions as in Theorem 4.2.1, we have

Mo ((1,400))
U—~+00 h(u)

= 1. (4.2.8)

4.2.2 Proof of the main result
We split the proof of Theorem 4.2.1 in several steps.

Step 1. Introduce, for ¢ > 0 and some ¢ > 0 to be chosen, the Lévy process L)
with the following small jumps prescribed by the Lévy measure

V(")(dz) = ‘Z|7lia [a,]l{x_o} + a+]l{z>w}] dz. (4.2.9)
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The process L(?) has a finite number of jumps on each finite interval of time. Denote
by T; the time when the j-th jump occurs (with the convention 7 = 0) and by W]-(U)

its size. The random variables (Wj(a)) are i.i.d. We will choose the constant ¢ such

that, for all y and o,

E(W1 ) =0.

{—y<w{” <ey}

Since the probability density of Wl(o) is given by
Z %\lea [a-Tfcoy+aslpney]  with A, = %a(a +apc®). (4.2.10)

we deduce that

ylo _ gloa

= —) (a+cl_o‘ — a_) =0.

(o)
E<Wl ]1{—y§W1<U)§cy}> Aol —

Therefore the only possible value of the constant is

1/(1—a)
c= (a—‘> . (4.2.11)
a+

Let us point out that, for u > co > 0 by the definition of ¥(?)

V9 ((u, +00)) = v((u, +00)) =: p(u). (4.2.12)
Step 2. Let us denote
¢
X =g+ Ll - / FXYds, t > 0. (4.2.13)
0

According to Theorem 19.25 in [22], p. 385, X(°) converges in distribution to X, as
o tends to 0. To get (4.2.6) it is enough to prove that there exists o, such that,

P X(U)
% - 1‘ <o(l), asu— oo, (4.2.14)

uniformly in x € R, 0 < ¢ and t > 1.

Step 3. The ordinary differential equation

t
o) = —/ F(s))ds, t>0 (4.2.15)
has a unique solution. As in [38], p. 93, we introduce, for all u > 0
+o0 1
glu) = / —dy. 4.2.16
®) w S ( )

This function is clearly finite, non-negative, continuous and strictly decreasing for
large u. Let us fix 1 < s < t. It is no difficult to see that the solution of (4.2.15)
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satisfies g(z(t)) = g(x(s)) + t — s and in particular, for any u > 0, if z(¢) > u then
g(u) > g(x(t)) >t —s. We deduce that the solution of (4.2.15) on [t — g(u),t] will
end up, at time ¢, not higher than wu.

At this level let us recall an important result from [38] (see Lemma 5.1, p. 94).
Let A > 0 and denote by y, the solution of the deterministic equation (4.2.15) on
each interval of the form (S;_1,S5;) with 0 = Sy < --- < S, < A but with jumps at
time S; of a size j;. More precisely

y(t)=—fy®), on (Si1,%) and  y(S;) =y(S;) +ji, y(0) =z (4.2.17)

As previously, it is not difficult to see that y satisfies g(y(A)) = g(y(S,)) + A — S,
and in particular, for any v > 0, if y(A) > u, then A — S,, < g(u). Moreover, one
can compare the solution z of (4.2.15) with y:

n n

— max_ (23)_ <y(A) —z(4) < (e ( 2 j¢)+

In particular if we set, for a > 0, N(a) =sup{i <n: j;+ - -+ j, > a} (=0 if the
set is empty), then

for t € [Sn(a), A] such that y(t) <b, we have y(A) <a+b. (4.2.18)

Step 4. For t > 1, denote by Nt(g) the number of jumps of L{®) during the interval
[0,¢] and define, for all @ < 0 and b > 0,

M (a,b) := sup{j < N\ : VVj(U) ¢ [a,b]}, and =0 if the set is empty.
(4.2.19)
To simplify notations we will denote by 77 the time

= TMl(U) (—eu,ceu)”

We can write
P, (X" >u) =P, <Xt(g) >u, T <t— g(&u))+IPx (Xt(g) >u, T €[t — g(5u),t]>
= p1(u) + pa(u). (4.2.20)

Let us fix s <t and for ,7,9 > 0 and u > 0, introduce the event

Acr s = sup Z Wj(a)]l{—euSW;J)Scsu} >yu o (4.2.21)

1<i<N

L (o)
<3<
s—g(0u)<T;<s SIS

We can state the following lemma:

Lemma 4.2.3. If (1Vc)e < 7 then there exist ug(e,y,9), 0o and a positive constant
C(B,7) such that, for all u > ug(e,~,d) and o < oy,

Po(Acryss) < Cle,7)g(du)(p(u)) /4D, (4.2.22)
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Remark 4.2.4. Let us point out that all the constants here do not depend on t.

We postpone the proof of Lemma 4.2.3 and we proceed with the proof of our main
result.

Step 5. To begin with, we study the term p; in (4.2.20). We can write
Pr(1) S Po(Acrysae) + Po(AS 50 VX > u, 7 <t —g(ou)}).  (4.2.23)
By using (4.2.18) we get,
X < Su+~u on the event {AC suNm <t —g(ou)}.

By choosing 6 + v < 1, the second term on the right hand side of (4.2.23) is equal

to 0. Furthermore, assuming that (1V c)e < I, using Lemma (4.2.3), we see that

there exist ug(e,~,d) and oq such that, for all u > wuy(e,7,d) and o < oy,

pr(u) < Po(Aeysur) < Cle,7)g(0u) (plu)) =070
We turn now to the term p in (4.2.20). Let us introduce, for all a < 0 and b > 0,
M2(U)(CL7 b) :=sup{j < Ml(a)(a, b) : I/Vj(a) ¢ [a,b]}, (4.2.24)
and, to simplify again, we denote

T2 = TM2(U) (—eu,ceu)”

We can write

pa(w) = P, (X[ > u, 71 € [t = g(0u), 1))
SP(t—m <g(du), 71— 72 < g(du))
+ P, (Xt(g) >u, t—71 < g(0u), 7 — T2 > g(éu))
=: po1(u) + poo(u). (4.2.25)

Step 6. First, we estimate po;. Recalling that [, is the number of jumps of L7 in
the interval [t — g(0u),t], we get

P(r <t - g(u) = P(¥j € I LI, —eu < W < ceu).
By using the independence between [, and the Wi(o), we deduce

P(r <t—g(du)) = e~ Aog(0u) f (Asg(du))"

n=0

= e 90 (1 - P(—eu < W7 < ceu)) = e MOIP(W ¢ [—eu, ceul).

o P(—cu < W < ceu)”

Since
clfa + cfa

P(W ) ¢ [—eu, ceu]) = .

pleuw),
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we get
P(r <t — g(du)) = e~ e Dgl0uplew)

By using the fact that ¢ — 7 and 71 — 75 are independent and have the same distri-
bution, we obtain

—a —a 2
p21<u> _ (1 . e*(cl +c )g(éu)p(su)) < (lea + 070)2(p(5u))29(5u)2.
To estimate pog, we fix 1 that will be chosen later. We can write

paa(u) < P, (Xt(g) >u, t — 11 < g(du), X < nu)
1
+ P, (t — 7 < g(ou), X9 > pu, 1 — 1> g(5u)>
™1
= P221 (u) + pQQQ(U,). (4226)

Step 7. We begin with the study of pso;. We have

paz1(u) < P(Acqsut) + Py (Ag}w;’u’t N {Xt(a) >u, t—71 < g(ou), Xi? < nu})
= P(Acy5ut) + Pmain ().
By using Lemma (4.2.3), for all u > ug(e,,d) and o < oy,
P(Azsu0) < Cle,7)g(6u) (plu)) 40V, (42.27)

Furthermore, by the definition of g and (4.2.18), for all u > ug, on the event
AL e N {Xt(a) >u, t — 11 < g(du), Xi? < nu} ,

the magnitude WIE((,) of the jump at time 71 should satisfy
1

(—eu,ceu)

t—7+glnu+ W), ) < g((1=7)u).

fa)(—su,ceu

Hence, since g is positive and decreasing, we get

t—7 <g((l-7)u) and W7 ) =9 (g((L=y)u) = (t = 71) = nu.

fa)(fsu,csu

At this level, we need to assume that (1Ve)e+v+n < 1. Forall s € (0, g((1—7)u)),

(Wi ooy 2 9 (91 = 7)w) = (¢ =) =)
=P(WT > g7 (g((1 = )u) = (t = m) —nu | WY ¢ (—eu, ceu))
_POWY = g7 g((L = y)u) — (t = 71) — nu))
P(WY ¢ (—eu, ceu))

p(g~ (g((1 = y)u) = 5) — )
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, are independent and t — 71 ~ E((c!™* + ¢ *)p(eu)),

Since t — 7 and W7,
M;" (—eu,ceu

we obtain

9((1=7)w) L
pmain<u> < / (Cl—a + C_a)p(au)e_(c +c )p(eu)s
0

plg " (g((1 =)u) —s) — )

(e pleu)

By doing the change of variable y = ¢g7'(g((1 — v)u) — s) and by using that
ef(clfo”rc*o‘)p(su)s < 1’

we get

g((1=)u)
Prmain (1) < /0 (g (g((1 = y)u) = s) — qu))

[ ply —nu) o p(y(L—n/(1—7)))
Aﬂuf@ @SAMU O

() g

_ (1 - L) (1= ). (42.28)

[
Putting together (4.2.27) and (4.2.28), we deduce, for all u > ug(g,~,d) and o < oy,

pa21(u) < (1 - &) h h((1 = Y)u) + Cle, 7)g(0u) (p(w))/A=tve),

It remains to estimate pogs. Since 7y — 75 and ¢ — 7 are independent, we get

paze(u) = P(t — 1 < g(0u)) x IPx(X(‘Z) > nu, T — T > g(du)).

1

We can write
P, <X(i) >nNu, T4 — T > 9(5U)) < ]P(Asm&um)

1
+ P, < embum N {X(i) > nu, T — Ty > g(éu)}) )

1

Choosing v, 0 and e small enough, we can assume that § +~ < n and so by the same
argument as for p;, we obtain

P, ( 27%5,%7'1 N {X(U) >nu, T — Ty > g(5u)}> =0.

1

So, by using Lemma (4.2.3) and the distribution of t—7, we get, for all u > ug(g, d,7)
and o < oy,

pans() < C(e, 8,7, m) (p(w)) 1 70552) g (w)?.
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Step 8. Finally, summarizing all the inequalities, for ¢, v, 6 and n such that § +v <
n<1 (I1Vece < Tand (1Vc)e+vy+n <1, there exist ug(e,v,d,m) and oy such
that, for all u > ug(e,v,0,n) and o < oy,

PL(X > ) < (1 - ﬁ) M = ) + (0 P plen) g (6u)?

+ Cley,6.m)g(u) (plw) TV
Since h is regularly varying at infinity with exponent 1 —a — f3, g is regularly varying
at infinity with exponent 1— /3 and p(u) is regularly varying at infinity with exponent

—a, choosing ¢, 7, 6 and 1 small enough, we get that for all £ > 0, there exists (&)
such that, for all u > uy(€), all z € R and all ¢t > 1,

P, (X" > u)

hence we have established the upper bound of the main result.

<1+¢,

Remark 4.2.5. At this level we note that, if instead of a reqular variation at infinity
of the function f, we made only the assumption f(z) > f(x) for all z > A for some
function f which 1s reqularly varying at infinity with exponent greater than one, we
would still have the upper bound, for all & > 0, there exists ug(§) such that, for all
u>ug(§), allx € R and allt > 1,

IPI(Xt(G) > u) . 7 _
—ﬁ(u) <1+4+¢& with h(u) = /u

oo v((y, +00))
f()

Step 9. We proceed with the proof of the lower bound. For all e < 1, § < 1 and
n < 1, we get, by the strong Markov property and (4.2.18)

dy.

P (X7 > u) > Po(X\" > u, 7 > t = g(u(1+0)), X' > —nu)
1
9(u(1+5)) N
>/ (Cl—a +C—a)p(€u)€—(c +c )p(au)slPx(X(U) B Z _nu)
0

= (t—s)
i cu v(dy)
: / From = 0 e

Observe that X(?) has, under P, the same distribution as —X (@) under the distri-
bution P_, but with a drift f(z) = —f(—x) and a Levy process where a, and a_
are inverted. So by using the hypothesis on f and Remark (4.2.5), we obtain that
for all u > wy, for all o < gy, all z € R and all s < g(u(1 +9)),

P, (X > —npu)>1-r(u),

(t—s) =

where r is a function converging to zero. In the sequel, the function r can change
from line to line.
Observe that, according to (4.2.18) (and as we have done for p;), if

y>nu+ g H(g(u(l+96)) — s) (4.2.29)
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then, under the distribution P,_,,,, the event { X" > u} contains, up to an event of
probability zero, the event A ;.5 .. Hence, for all s and y satisfying (4.2.29), we
get

Inynu(Xssu > U) > 1 - P(A5,5,1+5,u,t)-

Therefore, by using Lemma (4.2.3), for all 0 < g and u > ug(e, 9),
Py (X3 > u) 21— r(u),

for all s and y satisfying (4.2.29), as long as ¢ is small relatively to d. So, for all
e <1, <1andn < 1such that € is small relatively to ¢, for all ¢ < oy and all
u > (e, 6),

( g9(u(1496)) el
IPw(XtU) > u) > / e (e e )p(w)SIPx(X((ZZ)S), > —nu)
0
+oo
X / Py (X" > w)r(dy)ds
nu+g~ (g(u(1+4))—s)

gwOre)
> (@) [T e g (g(u(1 + ) - 5)ds
0
2_—(c'= 4 p(eu)g(u(1+6)) e p(nu + y)
> (1 - () AL,
u(14-6)

f()
o [ Py A0/ +9)))
2 (1 () /u(1+5) f() v

= (1—r(u)? (1 + 1%5)  h(u(1+ ).

We conclude that, for all £ > 0, choosing 7, € and § small enough, there exist uq(§)
and o¢(&) such that

(o)
IPx(AX:t >U) Z 1_57
h(u)

for all u > up(§), all 0 < 0p(€), all z € R and t > 1. O

Proof of Lemma 4.2.3. For simplicity we will skip the index o. Recall that we
denote p(u) = v((u, +o0)). Set

- a_
= F apc @
and recall that
0.*&
Ao = —(a_ +ac™?).
«Q

Let us note that, for all €, u and o, 0 is a quantile of order ¢ for the random variable
Wl]l{—augwlgcau}‘ Indeed, by using (4210)7

IPx(Wl]l{—auSW1§cau} < 0) = IPI(—HLL S Wl S _U) =
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and

IPx(Wl]l{feugwlgcsu} < 0) = IPx(Wl < _0) + IP:):(Wl > CEU)

1 _
=5 (a_o™+a,c(eu)™®) > a-9
o

Denote by I,, the number of jumps of L7 in [s— g(du), s]. By using Theorem 2.1 p. 50
in [32], we get

I
1 u

IPx(As,’y,é,u,s> < 5Px( E VVi]l{—suSWigceu} > P)/u)
i=1

I, is a Poisson distributed random variable of parameter \,g(du) and is independent
of the W;, hence by conditionning, we obtain

(Agg(éu))n

1
Py (Asoitus) < | exp(=Arg(3u)) >

n>1

]Pm ( Z Wi]l{—sugwigcsu} > 7u> .
i=1

(4.2.30)
Since Wil{_cu<w,<ceuy are ii.d. centered random variables, bounded by (1 V c)eu,
we can use Theorem 1 in [33], p. 201. We get

T
2e(1Ve)

IPUU( Wz]l—u icuz U)SGXP -
; {—eu<W;<ceu} = 7 [ nVal"(Wﬂl{fguSwlgcgu})

arcsinh ( yute(l V) )] :

By using that Wil{_.u<w,<ceu) is a centered random variable, we deduce

Var (Wl]l{—augwl gcau}) = E(W%]l{—eugwl gceu})

1 —0 CcEU 11—« 2—q
- >\_a (/z—:u a_|Z|1_adZ * /ca a+21_adz) S a(ia(2t0a> )82_auzp(U)‘

(1ve)(2—a)

Setting C = (e ey, We can write

i Cf a—1 /\a
IP33<Z I/Vi]l{—auﬁwiﬁcau} > ’7“) < exp [_ arcsinh (E—,}/)] .
=1

2¢(1Ve) np(u)

Since arcsinh(x) ~ log(z) when x — 400, there exists a > 0 such that for all z > q,

arcsinh(z) > £ log(z). Therefore, if n < 05:;—(117))\07 we get

- v
IPz ( Z Wi]l{—augwigceu} > ’Yu) < €xp [_ 48(1 V C) lOg <

i=1
_( np(u) )7/(45(1VC))
CA'eEO‘_W)\U '
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By injecting this result in (4.2.30), we obtain

1 v/ (4e(1Ve)) 1 N _a—1 A
]Px(Aa,fy,é,u,s) S - ( _ p(u> ) E([J/(lla(l\/c))) + _IPI [u > Ce VA .
¢ \Ce>"1y), q ap(u)

(4.2.31)
It is no difficult to see that, if ¢ is a Poisson distributed random variable, for all
p > 1, there exists C, such that

E(€) < G(E(§) + E(€)).

Since (1 V ¢)e < 1, we can apply this result to I, and we deduce

ol
4
<[7/(4s (1ve)) ) < C;ﬁ ()\Ug((M) + ()\gg((M))'y/ 45(1Vc)))'

We obtain an estimate for the first term on the right hand side of (4.2.31): there
exists C(e, ) such that

1 p(u) v/ (4e(1Ve))
p (ﬁ) B (100 ) < Ce,7)g(0u) (p(w)) /) (4.232)
To study the second term on the right hand side of (4.2.31), we denote

There exists ug(g, 7, d) such that for all u > wy(e,7,d), 0 is strictly positive. We get,
for all u > (e, 7, 9)

N _a—1 N _a—1
ap(u) ap(u)
N _a—1
< exp <<e9 — )Ag(ou) - 0M> |

ap(u)

by using Markov’s inequality. By using the expression of  and choosing C'(e,~y) and
uo(g,7,9) large enough, we obtain

A a—1 by
P, (1> ) < e, ) (g(6u)p(u)) O o) (4.2.33)
ap(u)
Replacing (4.2.32) and (4.2.33) in (4.2.31), we get (4.2.22). O

4.3 Proof of Gaussian Asymptotic stability for SDEs
driven by non symmetric a-stable processes

Recall that we consider the equation

v = el — f; sgn(ve)|ve|Pds
= [ivids,
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where ¢ is an a-stable Lévy process with o €]0;2[\{1}. It is a pure jump process
with cadlag paths and the Lévy measure is given by :

v(dz) = |z|_1_°‘ [a_IL{Z<0} + a+]l{z>0}} dz.

Denote
g . __ 1> e . ___ 13
X, =20, and V=0,

satisfying

1 t 1 t
X = [ and o op = gi- o [

5a

To simplify, denote

0=0,3:=————>0, if —1>0.
B ot 5 1 I o+ ﬁ
Finally, we introduce
[E 0, s 3
€ . texd Yt (B—1)6 € . teal
L; = = efﬁ_l)% et V7= s (4.3.1)

Since (¢ is self similar, L® is an a-stable Lévy process with the same Lévy measure
and we have

—af

te t
X =l [ Vs and VE= i [ sa(vIvPs
0 0

We will skip the index € in L and V for the rest of the proof.

Theorem 4.3.1 (The non symmetric case). Assume that 3+ § > 2 and recall that
0 € (0,1). Then there exists a positive constant kq g such that the process

{59(6+%*2) (ngat — g"at/azma,g(dx» it > 0} (4.32)

converges in distribution toward a Brownian motion with diffusion coefficient ko g,
when ¢ — 0. Here mqpg ts the invariant measure of V.. The constant k.3 has an
integral representation.

4.3.1 The speed process

The drift still satisfies the condition of the Proposition 1.2.10 so there exists a
global pathwise unique strong solution V' for equation (4.3.1s).

The ergodic feature of the process V' is a consequence of Theorem 1.3.2. Indeed,
provided that 8 > 1, the drift coefficient —f(x) := —sgn(z)|z|® and the jump
measure v(dz) = |z [a_1.cop + as1i50] dz clearly satisfy the conditions in
the cited result. Hence V is an exponential ergodic and Harris recurrent process
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having an unique invariant distribution, denoted, as in Chapter 3, by m, 3. Using
Corollary 4.2.2 with f, m, g satisfies

Oa fa_
o5 (2, +00))  ~ (Wfﬁ_l) and - mys5((—00, —1)) ~ (W) :
(43.3)
Clearly, under the hypothesis of Theorem 4.3.1 and $+ 5§ —2 > 0, the identity func-
tion belongs to id € L!(m, ) . By the classical ergodic theorem forall f € L'(myp),

T—o0 1’

lim —/ f(V. ds—/f T)my g(dz), a.s. (4.3.4)

SO

e

¢
: ab o
ll_{r(l)&? /0 Vids = t/]Rmma,g(dx).

Recall that we are interested on the behaviour as € — 0 of

te— 0
gfP+e 2)< -y ea_o‘t/:xmm,g(dx)) =Y (50‘9/ Vsds—t/ :Bmaﬁ(dx)>.
0 R
(4.3.5)
In other words, we are studying a large time behaviour of a functional of V', hence
it is quite natural to perform the study in steady state as in Chapter 3. This fact
is contained in the following lemma (see also 2|, Theorem 2.6, p. 194) which proof

follows the same idea as in Chapter 3:

Lemma 4.3.2. Suppose that 8+ 5 —2 > 0. Assume that the process

te—o?
% (5“/ Vids — t/ xma,g(dx)> t>0
0 R

converges, as € — 0, n distribution toward a Brownian motion, provided that V
is starting with my g as an initial distribution. Then the same process converges in
distribution toward a Brownian motion when Vo = 0.

Proof. In this proof we will denote the process in (4.3.5) by Z. o(¢), and for A > 0,

te=*04+A
Zoa(t) := e (5"‘0/ Vids — t/]Rxma’g(dx))

A

First, let us prove that Z. A(-) converges in distribution, as A — oo and ¢ — 0,
toward a Brownian motion, when Vj = 0. Denoting by pa the distribution of Va,
for each bounded continuous real function ¢ on C([0, +00)), by the Markov property,
we have

Eo[¢¥(Z-a()] = Epuu [0(Z20())].

We can write, for all ¢ > 0,
|Bys [$(Zeo())] = B s [¥(Zeo ()]
[ B (Ze)] (1) = )|

< HwHoo/Rlp(A,O,dy) — a,5(dy)| < 11¢]lsc]IP(A, 0, dy) — ma,5(dy)]| v
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where p(t,z,dy) = P.(V; € dy) is the transition kernel of V' (and therefore we
have p(A,0,dy) = pa(dy)) , and || - ||pv is the norm in total variation. Since V' is
exponentially ergodic, we get that

dim {8y, [¥(Zeo(-)] = B, , [¥(Zeo(-)]| =0, uniformly in e.

/4 we obtain

Ae)
Vsds—t/ xmag(dx))‘} < 529/ |Vs|ds
R 0

w1 /A(a)
=cd—— |Vs|ds.
NEPAG

The right hand side term of the latter inequality tends to 0 almost surely, by using
the ergodicity (4.3.4). Therefore

e~ 9L A(e)
e~ (8a9/ Vsds—o/ xmaﬁ(dx))
0 R

converges in distribution, as ¢ — 0, toward a Brownian motion when Vj; = 0. Clearly,
we see that lim._,(t—A(g)e*?) = t, and by applying a consequence of the continuous
mapping theorem for the composition function stated in Lemma p. 151 in [6], we
have that

Second, by choosing A = A(e) = ¢

Zz—:,A(s) (t) _8_%9 (Eae /
0

te= 0L A(e)

sup {
>0

e <£°‘9 /O-E“’G Vids — (o — A(e)e™) /IRa:maﬁ(dx))

converges in distribution, as ¢ — 0, toward a Brownian motion when 1V = 0. Since
ab
A(e)ez [, xmq p(dz) converges, as e — 0, toward 0, we can conclude. O

In the sequel, we will always assume that V' is starting with m, s as an initial dis-
tribution. Let us recall that there exists b € R such that the infinitesimal generator
of V' is given by

(1,,99)(2) = (~sen(a)lal* + D' () + [

A [g(x +y) — g(x) —yg' ()l <1 |v(dy)

(4.3.6)
with the domain D, ,. Also denote (7;);>o the semi-group associated to the operator
A, or to the process V. The following lemma contains some useful properties of
the process V.

Lemma 4.3.3.

1. The domain Da, , contains the space of bounded twice differentiable functions

Ci(R).
2. Forallp > 1, T; is a contraction semi-group on LP(m, ) and for each f € LP(my ),
i (|7 f = flleem, 5) = 0- (4.3.7)

Proof. The proof is exactly the same as in Chapter 3, Lemma (3.2.2) by replacing
the drift by —sgn(z)|x|® + b. O
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Convergence in probability

The main result of this section concerns the behaviour of the speed process which
is the same as in Chapter 3 and is described by using the same Lyapunov function.

Proposition 4.3.4. Suppose that 3+ § > 2 and let p and v such that

p>1, m>272—ﬁ<7<%. (4.3.8)

Introduce the Lyapunov function
hpo(2) = (1 + |[P7) /7. (4.3.9)

Then, as € — 0, {e*?h,(e7°VF) : t > 0} converges to 0 in probability uniformly
on each compact time interval. More precisely, there exists ¢ > 2 such that, for any

fized T > 0,
. a0 —0.,e)\? ab E
hm]E[( sup €2 hm<5 ‘Vt)> ] = ]E[( sup € 2 hpﬁ(‘/;afae)> } =0. (4.3.10)
=0 te[0,T] t€[0,7]
Let us recall that, by (4.3.12), we can write

5?0hm<6—2> = ey (Vieao). (4.3.11)
The proof is exactly the same as in Chapter 3 by using Lemma (4.3.3) instead of
Lemma (3.2.2) and it is essentially based on the fact that b, is a Lyapunov function.
Assume that py > 2 and 2 — 8 < v < a. There exist a continuous function f, 4 3.,
a compact set K and a constant d, depending only on p, «, 3, 7y, such that

Ve €R, frapo(@) 21 lal, fpapa(e) ~ Y|z, (4.3.12)
T|—00
and
(’qaﬁ hpﬁ)(x) S _fp,oz,ﬁ,'y(x) + d]lK<l') (4313)

4.3.2 The position process X°

We are ready to prove our main result concerning the behaviour of the position
process. Recall that, thanks to Lemma 4.3.2, we assume that V' is starting with
mq g as an initial distribution. The proof follows the same ideas as in Chapter 3 but,
since the Poisson’s equation changes, new terms will appear in the computations.

Proof of Theorem 4.3.1. Thanks to (4.3.12), Theorem 3.2, p. 924 in [17] applies
and we deduce that the Poisson equation 4, sg = id— [ mq g(dz) admits a solution

Fop satistying |ga s < c(hy,~ + 1), with ¢ a positive constant. Applying Ito-Levy’s
formula with g, 3, we get

t
Jas(V2) — gas(Vo) = / Vids — t/xma,g(dm) + M;, (4.3.14)
0
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where
Moo= [ [ lgusle +V0 = VO (d5,02), (4:3.15)

Step 1) We prove that M given by the latter formula is a square integrable true
martingale. On one hand we have

Elgo5(Vi)?] = Elg s (Vo)?] = /R s (@) s(d) < oo.

Indeed, recall that A2 _ is continuous and it behaves as |z|** in the neighbourhood
of the infinity. Recalhng that v was chosen such that 4 V(4—-26) <2y <a,by
using (4.3.3), we see that

/thﬁ(x)Qmaﬁ(dx) < 0. (4.3.16)

We point out that the assumption 3 + § > 2 is essential for the latter condition of
integrability.
On the other hand, we can write

]E{(/;V;@)} //VVduds—2]E/0 ds/ duV,V,
<2E/ ds/ du | VL[V

Using Markov’s property and the fact that V,, and Vj follow the invariant law, we
get, for u < s, E(|Vi||Va|) = E(|Vi—u||Vo]). Therefore

]E[(/(:V;ds>2] §2/Otds/osdu]E(|V;_u||V0|) :2/Otds/osdu]E(|Vu|]V0|)
=2 [“asm(al [ mlia i)

Applying again Theorem 3.2, p. 924 in [17], the Poisson equation 4,59 = |id|
admits a solution g, s satistying |g. 5| < ¢(h,, + 1) with ¢ a positive constant.
Moreover

/ Tolid|(Vo)du = T2 s (Vo) — jus(Vi).
0

Replacing in the latter inequality

B[( [ vias)] <2 [ B1%l1%a0s05) - gasio)) as
=2 [ s [ 111T0sts) ~ ) ),

At this level, we need to apply the Holder inequality to conclude that

]E[/tvsdsr < . (4.3.17)
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First, ifﬁ < 2 then we choose 7 close enough to 2— 3 such that g, 5 € L /@9 (m, 4).
Slnce > 1, using the second part of Lemma 4.3.3, we get

1T = ol a=r2-5) () < 2l el =235 (-

By the Hélder inequality and the fact that |id| € L3~ (m, ), we get (4.3.17). Second,
if 3 > 2, we choose v < 1 close enough to 0 such that |id| € L0~ (m, ). Since
Jop € L (my 5), using again Lemma 4.3.3, we get

1808 = Fos L (me ) < 2M80,8 1L (-
Since |id| € LY0~" (mg 5), we can apply the Holder inequality and get (4.3.17) again.

We conclude that M given by (4.3.15) is a square integrable true martingale.
Moreover, we can compute its quadratic variation

M), = / /R o+ V2) — g (Vo) Po(dly)ds, (4.3.18)

hence
E[(M)] = t/w [o,5(2 +Y) = gop(2)]v(dy) ma 5(da) < 00, (4.3.19)

Step 2) Performing a simple time change in (4.3.14), we see that the process in
(4.3.2) can be written

f(b+3-2) (xf — ao_at/xma,ﬂ(da:» =% |:ga7ﬂ(‘/;5—a9) —ga”g(Vo)] — 5%9]\/@5_@6.
(4.3.20)
In this step, we show that the martingale term on the right hand side of the latter
equality converges to a Brownian motion by using Whitt’s theorem (see Theorem
2.1 (ii) in [45], pp. 270-271). We need to verify the hypotheses of this result. Indeed,
since the function

T / Gos(T +Y) — gop(@)’v(dy) € L' (map),
R

by using (4.3.18) and the ergodic theorem (4.3.4), we deduce that

11m<€%9M ec—a0 t = hme 2 / /wozﬁ ?J+V ﬂa,@(v)] V(dy)ds
e—0 250
=1 /R2 Maﬁ(x + y) _ﬂa,ﬁ<l‘>]2l/(dy)ma’ﬂ(dx).

The condition (6) in [45], p. 271 is fulfilled. Again by (4.3.18), we see that (M)
has no jump, hence the condition (4) in [45], p. 270 is trivial. Let us note also
that, by (4.3.14), the jumps of the martingale M, are J(M;) := go.s(Vi) — ga.s(Vie).
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Therefore we deduce that the jumps of the martingale term on the right hand side
of (4.3.20) are

J(g%"Mts_w) =¥ [ga,ﬁ(vs_agt) - ga,ﬂ(v;_aet,)}

<ce¥ [}hp,y(‘/;*a9t)| + ‘hpﬁ(‘/gfaet_)‘ + 2} < 2ce? [ sup
t€[0,T]

By (579‘/1‘?) + 1} ;

by using the fact that |g 5| < c(hy~ + 1) and (4.3.11). By Proposition 4.3.4,
o 2
lim]E[ sup J(aTGMtE_ae> ] = 0.
=0 Licjo,1

Therefore we can apply Whitt’s theorem to deduce that {5(0‘9)/ Moo 1 1 > O} con-

verges in distribution (as a process) toward /1;/1258 , where B is a standard Brownian
motion and

s / /}R Lo+ ) — s (2) Py () > 0 (4.3.21)

The constant k, g is positive by noting that v is absolutely continuous with respect
to the Lebesgue measure, that m, 3 has a non-empty support, and that g, could
not be a constant function, since 4, ggo s = id — [ amq g(dz).

Step 3) By using that |ga 5| < c(hp~ + 1), we get

2 2
+ |V +2)

Py (Vi emao))

2
oo (Vie—o) —ﬂa,ﬁ(Vo)’ < 4c2(

hence, using Proposition 4.3.4,

2
1imE[5“9 sup ﬂa,ﬂ(vta*“") — gas(Vo) } =0

e—0 te[0,7)

hence {e*”2[g, 3(Vie-a0) — ga,5(Vo)] : ¢ > 0} converges in probability toward 0,
uniformly on compact sets.

Step 4) Our processes are valued in the Skorokhod space of cadlag functions D(]0, o0))
endowed with J; Skorokhod topology (see [46], §3.3). It is not difficult to see that
a sequence which converges in probability toward 0, uniformly on compact sets, is
also convergent in probability for J; metric, hence in distribution in J; topology.
Recall that in the Skorokhod space, the summation is not a continuous map (see for
instance [46], p. 84). In our case, the limits of the terms on the right hand side of
equality (4.3.20) are, respectively 0 and a Brownian motion which have continuous
paths. By using the joint convergence theorem (Theorem 11.4.5, p. 379 in [46])
and the continuous-mapping theorem (Theorem 3.4.3, p. 86 in [46]), we obtain the
conclusion of Theorem 4.3.1. More precisely, the convergence in the theorem holds
in the space of continuous functions C([0,00)) endowed by the uniform topology.
Let us note that our situation is simpler than in [19] since the limit is a continuous
paths process.

O
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Proposition 4.3.5. Assume that o € (0,2) and § + § > 2. The constant rkqp of
the second part of Theorem 4.3.1, given in (4.3.21), satisfies

Kapg = —2 /]R(x — /xmawg(d.:v))gaﬂ(x)ma,[g(dx) > 0. (4.3.22)

Proof. Since, by (4.3.19) and (4.3.21), ko3 = tE[M?], for all ¢ > 0, by taking
t =& and using (4.3.14), we get

ab

Fop = €_a9E[<ﬂa,ﬁ(Vsa9) — Jo.s(Vo) — /OE (Vs = /fcma:ﬁ(dx))ds)z]

= B (g 0) ~ o) ] B[ [ Vi [emastaeas)’]

_QE[@aﬁ(\@ae) —ga,ﬁ(vo)> /O (%—/xmaﬂ(dx))ds]}. (4.3.23)

The first term on the right hand side of (4.3.23) can be written :

B (g (Vir) = 80.00)) | =2 [ 0 mp(d) = 2 o (Voo (Vi)
=2 [ (0 s (00) — 28 sV (g (Vo) | 5

=2 / o ()2 g(dz) — 2F [g]a,ﬁ(%)(%aeﬂa,ﬁ)(%)}

ab

=2 [ g0 05) ~2B g0 sV0) (50V6) + [ G [ omas(de)) Vo)

= 9B [g5(V0) / " [ maatde)(vajas]

0

=2 [ sty ms(a) [ mid = [mastaa@as
=262 [~ [ m0.5(00))gs(0)m ()

ab

_ 2/5,1,5(1:) e, 5(dz) /OE ((Zid) — id) (z)ds.

By using the Hélder inequality, we prove that,

2
E | (3 (Vi) = ) | ~ =220 [ (= [y st@ipaste)mos(e), as = =0
(4.3.24)
We need to distinguish two cases following the position of 5 with respect to 2.
Indeed, if 2 — 5 < 8 < 2,

(3=8)/(2— 3 1 1 =
fop € L (ima)  and - lim [(Tid) — id 5o, ) = 0.
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Itp =2,

1 . . .
g € L (map) and T [(Tid) = il s, ) =0

Ma,g)

By using (4.3.17) and Fubini’s theorem, the second term on the right hand side
of (4.3.23) can be written

b

B[( [ i [omapanas) ]
:/O ds/OS]E<(V;—/:Umaﬂ(dx))(Vu—/xmaﬁ(dx))>du
[ s[5 [ttt [ amsany)an

_ /0 s /0 SIE)((VO— / 1 5(d2)) T, (id — / e 5(d2))(V5) )

af

:/06 duE((%—/xmaﬁ(dx))/j Ts_u@d—/mmaﬁ(dx))(vo)ds)

0

- /Oaa duE {(Vo - /asma,g(dfr))<(‘1;a9uﬂa,6)(‘/b) _ﬂa,ﬁ(vo)ﬂ
— /0 B du / (z — / yma,g(dy))((‘l‘eae-uya,ﬂ) —ﬂaﬁ> (), 5(d).

Once again by the Holder inequality, we prove that

(f vy
0

Indeed, if 2 — ¢ < 3 < 2 then id € L*~#(mq, ), and we note that

E = 0(c*), ase — 0. (4.3.25)

lim  sup [|(Zeo_yfo,5) _ﬂaﬁHLi*—ﬁ/%B(ma’ﬂ) = 0.

e—0 0<u<e®®

Similarly, if 8 > 2 then id € LY0~"(m, 5), and we see that

lim  sup ||(Ziet—ofo.g) — Jasll. 1 = 0.

e=0 g<y<eat L7 (o)

Finally, the third term in (4.3.23) is analysed by using the Cauchy-Schwarz inequality
and the behaviour of the other terms. We get that

0

_QEK!;%B(VEQQ) —gawg(%)) /06”‘ (Vs — /xmayg(da:))ds] = o(5a9)’ as € — 0.

(4.3.26)
Putting together (4.3.23)-(4.3.25), we obtain that
Ko,p = —2/(x - /xmavﬁ(dx))gaﬁ(x)maﬂ(dx) +o(1), as ¢ = 0.
and the result is proved. O
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Chapter 5

Some extensions

5.1 Asymptotic stability of SDEs driven by the sum
of the Brownian motion and a pure jump o-
stable Lévy process

In this section, we want to study the asymptotic behaviour of the solution of a
similar equation as in Chapter 4, starting from 0, but driven by a small noise which
is the sum between the Brownian motion and a pure jump a-stable Lévy process.
Consider

v = — f(f sen(v))|[viPds + ebg + by, v =0
x% = fot vgds,

where ¢ is a a-stable Lévy process with a € (0,2) (not totally asymmetric). We will

compare this solution with the solution of the equation driven by a noise which is a

pure jump a-stable Lévy process. We will show that the Brownian motion part has
no contribution to the asymptotic behaviour. Introduce

{vg = — [Tsgn(vA)[V2Pds + eby, VE=0

2 _ [t 2
Ty = fo vids,
and perform the time change
1 1 1 1
‘/t = Us*at and Xt = Xe*at

2 _ 2 2 _ 2
Vi =via, and X{ =X of.

We obtain
Vil =~ [Tsgn(VH[VHPds + €75 B, + L,
X} =e [ V]ds
V2 =~ [sgn(V2)[V2[ds + L
XP = [1V2ds
with

Bt - E%bgfozt and Lt - Egefoct.
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Theorem 5.1.1. Assume that 8+ § > 2, and recall that 0 := 35— € (0, 1). Then
there exists a positive constant ko g such that the process

{59(/#%—2) (x;_at - gﬂ—at/xmaﬁ(dxﬁ > 0} (5.1.1)

converges in distribution toward a Brownian motion with diffusion coefficient ko g,
when & — 0. Here mq, 5 is the invariant measure of the rescaled process of V? defined
in the preceding Chapters 3 and 4.

Proof. The result has been already obtained for X? in Chapter 4, we only need to
prove that e(#+2-2)¢ (th — Xf) converges UCP toward 0 to conclude. The process

V! — V2 has continuous paths and verifies
Ve =2 [ VsV + VIV
0
+ 2172 /t(v,; — V2B, + &2t
0
<2'7? / t(VJ — V2)dB, + &,
0

since (V! — V) (—sgn(VH|VL]? + sgn(V2)|V2|f) < 0. Using Gronwall’s lemma,
BDG'’s inequality and the fact that a? < a* + 1 for all a € R, we get

2
E( Sup |‘/;,1_‘/1§2|4> — E|:( Sup |‘/tl_‘/;2|2> ] S (264—4OLT2+86282—QT) exp(80252_aT).
0<t<T 0<t<T
We deduce that
T4
E( sup |Xt1_Xt2|4> S T]E< sup |‘/tl_‘/;2|4> S (284—8aT6+86262—5aT5) exp(802€2_aT),
0<t<T g 0<t<T

and the result follows. O

5.2 Some introduction to the dimension 2

In this section, we present a simple generalization of the equations studied in
Chapters 3 and 4 in dimension 2. Again, we study the asymptotic behaviour of the
solutions. We consider only the Brownian case:

it = b} — fot sgn(vo) e |Pds, vi' =0
op? = ebf — [ysen(v?)|e?|’ds,  v5® =0
xf’l = fot volds,
xf’Q = fot veids,
where b, := (b},b?) is a 2-dimensional centered Brownian motion with covariance
. 1 . T
matrix ¢ < ) ? >, p € [-1,1] and 8 > 1. By using the self-similarity, we can see
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that the process {Bf := eb.-2; : t > 0} is also a Brownian motion with the same
distribution as b. Let us denote, for ¢t > 0,

X, =2l and V=0l
satisfying, respectively,
Vil = B = & [y sen(ve)| Vo Pds

VP = 85 = & Jlsen(vi) |12 ods
_ 1 gt
X = A J1 veds,

To simplify the notations, we set

h.= = >0,
B+1

and we introduce

£

L%
e . te20
and V= 5

B oo bya-pe
g gB-Do27

By =

Recall that

2(2-8) e+
XF =g 3D / Veds
0
and
Vit = BPt - [y sen(VEh)[VEtPds
Vf,Q _ Bf,Q _ f(; Sgn(‘/:’Q)H/;E’QWdS-

The distribution of B° does not depend on ¢ so, to simplify the notation, we will
suppress the index e, as well as for V©.

All the results in one dimensional case stay true for V! and V? by considering
each process separately. Recall that we set

x +o0
gs(z) == / (/ —2ze‘ﬂ(z)dz) e #Wdy, z € R,
0 y

2

—m|x|5“. The infinitesimal generator of V' is defined by,

with ¢z(z) =

0 0
A (a.y) = —sen(@)lal” 5 (2.9) = sen(w)lyl* 5 (2.0)

1[02f 02 f o f
b g+ 200 0w+ G| Wiz 1 e cm),

Introduce, for all (z,y) € R?, h(z,y) = 2* + y*. Since B > 1, there exist a constant
d > 0 and a compact set C' such that, for all (z,y) € R?,
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By Theorem 6.1 in [31] p. 536, V is exponentially ergodic. There exists a unique
invariant measure mﬁ(dx dy), with the marginal measure mg(dx) := 2¢%@dz which
we normalize by ( R Define

K L f]Rng Z mﬁ( ) pf]}pﬂﬁ gﬁ(y)mﬁ(dxvdy) (5 9 2)
20 prQgg g5 ()ms(de, dy) oy [pgb (W) ms(dy) ) -

Thanks to the result in Chapter 3, we already know that [, g5(z)*ms(dz) < oo and
by Cauchy-Swartz’s inequality, we have

/ g5(2)gb (y)ms(dr, dy) < — / ()P ms () < oo,
R2 R

mg
SO Kap is well defined.

Theorem 5.2.1. Assume that o =2, B > —1 and recall that 6 = ﬁ There exists
a matriz kg g such that the process

{eBD0z2 . >0} = {P Vx5 . ¢ >0} (5.2.3)

converges in distribution, ase — 0, in the space of continuous functions C([0, 00), R?)
endowed by the uniform topology, toward a 2 dimensional Brownian motion process
with covariance Kag.

Proof. By applying Itd’s formula, we can see that
(V') = oyg(V )dB} +f0 Vids
g5(V2) = [ gh(V2)AB? + [ V2ds,
and therefore
810 xe — —e’ (f I g5(VHAB; + %5 (VL o) '
= [37 T g5 (VH)ABE + < gs(V2 )

For all ¢ > 0, the continuous local martingale

has the quadratic variation

e—20 e—20
o= [ e BV e [T (Vg (Vs
pe? [0 g (VIgh(VAds ¥ [1° 7 gh(V2)ds

Since V' is exponentially ergodic, for all ¢ > 0,

Hm(M®); = ko gt as.

e—0

Using Whitt’s theorem and the continuous mapping theorem, we obtain the
result.
m
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