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Equations cinétiques et limites de diffusion anormale

L’objet de cette thése est I’étude de schémas asymptotic preserving pour les équations ciné-
tiques avec limite de diffusion anormale. Les équations cinétiques décrivent I’évolution d’une
distribution de particules qui dépend des variables de temps ¢t > 0, d’espace = € R? et de
vitesse v € V C R?, oul I'espace des vitesses V est supposé symétrique par rapport a l'origine.
Les modéles cinétiques correspondent & une échelle intermédiaire entre les modéles microsco-
piques, ol la description de la matiére est effectuée a ’aide d’un grand nombre d’équations
couplées, une par particule. Les modéles macroscopiques ou seules les variables macroscopiques
—qui font intervenir des variables mesurables expérimentalement, comme la densité du fluide,
qui ne dépendent que du temps et de ’espace— sont considérées. Cette échelle intermédiaire est
appelée échelle mésoscopique. L’étude théorique et numérique des modéles cinétiques posséde
de nombreuses applications en physique, chimie et biologie.

Comme les trois échelles peuvent étre utilisées pour modéliser un méme phénomeéne phy-
sique, il est naturel de rechercher une certaine cohérence entre eux. D’un point de vue mathéma-
tique, il est possible de dériver les modéles mésoscopiques a partir des modéles microscopiques.
Il en va de méme pour le passage de ’échelle mésoscopique a 1’échelle macroscopique, qui peut
étre justifié par une analyse asymptotique des modéles cinétiques quand le libre parcours moyen
des particules tend vers 0. Ainsi, il est par exemple possible de prouver qu’en utilisant un sca-
ling approprié et I'opérateur de Boltzmann pour modéliser les collisions, I’équation cinétique
dégénére en des équations fluides.

En notant ¢ € (0,1] le nombre de Knudsen, qui est défini comme le quotient du libre
parcours moyen des particules par une longueur caractéristique, nous considérons le rescaling
suivant de I’équation cinétique

O(e)0if(t,x,v) +ev -V f(t,z,v) = L(f)(t, z,v), (0.0.1)

avec une condition initiale donnée f(t = 0,x,v) = fin(x,v). La fonction O(e) utilisée pour le
scaling en temps vaut 1 pour € = 1 et tend vers 0 quand ¢ tend vers 0. Elle est choisie en
fonction des caractéristiques physiques du modéle pour permettre la dérivation des modéles
macroscopiques lors de I'analyse asymptotique de (0.0.1). Enfin, Uopérateur L du membre de
droite est choisi pour modéliser les collisions entre les particules et contient la physique du
modéle. L’opérateur L est linéaire et de moyenne en vitesse nulle, ce qui assure la conservation
de la masse au cours du temps. Dans cette thése, nous considérons

quzlxdmdﬁ@@—ddmﬁwnmﬂ (0.0.2)

ol o qui désigne la section efficace des particules, est une grandeur liée & la probabilité qu’une
particule ayant la vitesse v’ prenne la vitesse v. Sous certaines hypothéses pour o, qui seront
toujours vérifiées dans cette thése, le noyau de L est composé des fonctions de distributions
de la forme p(t,x)M (v), ou I'équilibre M est une fonction de la variable v, paire, strictement
positive, intégrable sur R? et de moyenne 1. La condition de parité pour M assure que son
moment d’ordre 1 est nul. L’existence des moments pairs d’ordre supérieur ou égal a 2 dépend
des propriétés de I’équilibre. Un exemple important est le cas des équilibres dits Mazwelliens
M(v) = #e_# v e R?
(27T)d/2 9 9y
pour lesquels, en notant

mm:Admwmc (0.0.3)
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la fréquence de collision, le coefficient de diffusion
VRV
D= / ——M (v)dv, (0.0.4)
v v(v)

est fini si o(v,v") = M(v). On peut alors montrer qu’en prenant le scaling ©(e) = £2, la solution
de (0.0.1) dégénére, quand e tend vers 0, vers une distribution a I’équilibre p(t,z)M (v) ou p
est solution de I’équation de diffusion

0p — Vs - (DVap) = 0,

avec condition initiale p(0,x) = (fin(x,v)) (|7, 3, 22]). Ici, et dans toute la suite, les crochets
désignent l'intégrale en vitesse.

Lorsque le coefficient de diffusion D donné par (0.0.4) n’est plus fini, la limite de diffusion ci-
dessus tombe en défaut. Pour faire apparaitre un modéle asymptotique non trivial pour (0.0.1),
il est alors nécessaire de se placer sur une échelle de temps différente et donc de considérer un
autre scaling O(e) dans Panalyse asymptotique. Lorsque celui-ci ne s’écrit pas comme une
puissance entiére de €, ce qui est le cas dans cette thése, on parle de scaling anormal. Le
choix d’un scaling anormal permet d’obtenir une équation de diffusion anormale quand ¢ tend
vers zéro. Nous considérons dans cette thése trois cas de limites anormales pour I'équation
cinétique : dans les deux premiers, I’équation cinétique dégénére, quand ¢ tend vers 0, en une
équation de diffusion fractionnaire alors que dans le dernier, le scaling anormal O(e) entraine
une équation de diffusion normale & la limite.

Schémas Asymptotic Preserving (AP)

La résolution numeérique de (0.0.1) est compliquée par les termes raides qui y apparaissent
quand ¢ tend vers 0. Pour étre valides dans ce contexte, les approches classiques de résolution
numérique des EDP nécessitent des conditions sévéres qui relient les paramétres de discrétisa-
tion & . Avec ces méthodes, les régimes asymptotiques sont donc difficilement accessibles car
ils nécessitent un temps de calcul qui explose avec la diminution de €. Les schémas Asymptotic
Preserving (AP) ont été introduits pour pallier a ce probléme ([37, 43, 44]). On peut expliquer
leur principe avec un schéma
P, 40> Py

e
o [e=)
T T
< <

sho ., g
e—0

qui s’interpréte ainsi : étant donné un probléme P. qui dégénére en un probléme Fy quand ¢
tend vers 0, le schéma AP noté S!}, dont les paramétres de discrétisation sont notés ici h, doit

e Etre consistant avec le probléeme P. quand h tend vers 0 et ¢ est fixé.

e Dégénérer en un schéma Sg consistant avec le probléme Py quand h est fixé et € tend
vers 0.

La contrainte supplémentaire de dégénérescence en un schéma consistant avec le probléme limite
permet & ces schémas d’étre efficaces a la fois dans le régime mésoscopique, pour € proche de
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1, et dans les régimes proches du régime macroscopique, quand ¢ est petit. Les schémas AP
peuvent, en outre, avoir la propriété supplémentaire d’uniforme précision (UA, pour Uniform
Accuracy), ce qui signifie que la précision du schéma est indépendante du paramétre €. La
propriété UA permet de résoudre le probléme du régime intermédiaire dans lequel le probléme
limite n’est pas valide, alors qu’il est déja raide.

De tels schémas existent pour le cas des limites diffusives de 1’équation cinétique ([12, 41,
58, 57]), mais ils ne peuvent pas étre appliqués tels quels au cas, plus compliqué, des limites
anormales. L’objectif de cette thése est de construire des schémas AP et UA pour les limites
anormales de (0.0.1). De tels schémas ont été construits dans le cas de la limite de diffusion,
mais pas dans le cas de limites anormales. En effet, dans les cas que nous considérons ’analyse
asymptotique formelle de (0.0.1) montre que les vitesses extrémes (grandes et petites) jouent
un role crucial dans la dérivation de I’équation limite. Pour assurer le caractére AP des schémas
que nous proposons, nous développons donc une stratégie pour assurer leur prise en compte
correcte dans les calculs numériques.

Organisation de la thése

Le premier exemple que nous considérons est le cas d’un opérateur de collision de type BGK

L(f)=pM — f, (0.0.5)
ot p = (f), et dont I’équilibre est une fonction a queue lourde

m

m:oo e’ (0.0.6)
ot m est un coefficient de normalisation et o € (0,2). Dans ce cas, la fréquence de collision v
qui intervient dans la définition de D est égale a 1 et le poids important des grandes vitesses
a l'infini rend le coefficient de diffusion (0.0.4) infini. En considérant le scaling ©(e) = ¢,
I'analyse asymptotique de (0.0.1) méne & une limite de diffusion fractionnaire (|55, 5]). Plus
précisément, la fonction de distribution solution de (0.0.1) dégénére, quand & tend vers 0,
vers une distribution a 1’équilibre p(t,z)M (v) ou p est solution de l’équation de diffusion
fractionnaire, qui s’écrit en variable de Fourier

up(k) + w|k|p(k) = 0, (0.0.7)

avec la condition initiale pi, (k) = <fin(k7, v)> et

" <1 f@e-)zv |v|?+a>’

ol e est un vecteur unitaire. Le laplacien fractionnaire qui y apparait est un opérateur non
local qui peut étre défini par son symbole de Fourier

(=807 p) () = 17500,
mais a aussi une formulation intégrale

plr +y) — p(x)
|y|dte ’

(—A)? p(x) = cgaPV.
Rd
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dans laquelle ¢4, est une constante de normalisation et P.V. désigne la valeur principale. Cette
limite de diffusion fractionnaire avec scaling anormal pour I’équation cinétique est une consé-
quence directe de I'importance des grandes vitesses de I’équilibre. D’un point de vue numérique,
il est donc crucial d’étre capable de capter leurs effets pour assurer aux schémas une dégénéres-
cence vers des schémas qui résolvent I’équation limite. En outre, la non localité de 'opérateur
de diffusion fractionnaire complique la résolution numérique du modéle asymptotique. Dans
ce cadre, nous proposons trois schémas pour (0.0.1). Le premier est basé sur une formulation
entiérement implicite de (0.0.1) en variable de Fourier. Pour le cas classique des limites diffu-
sives, un tel schéma posséde immédiatement le caractére AP. En revanche, la queue lourde de
I’équilibre implique qu’une discrétisation naive des vitesses fait perdre le caractére AP. Nous
proposons donc une stratégie pour prendre en compte les grandes vitesses, et donc assurer le
caractére AP du schéma. A partir de cette étude, nous sommes ensuite en mesure d’adapter
I’approche des schémas micro-macro, écrits en variable d’espace, a cette asymptotique particu-
liere ([50, 52]). Enfin, en utilisant une écriture intégrale de (0.0.1) en variable de Fourier, nous
proposons un schéma pour (0.0.1) qui est UA en plus de posséder la propriété AP. Toutes les
propriétés de nos schémas sont prouvées et illustrées par des tests numeériques. Ces résultats
ont été publiés dans [17].

Nous traitons ensuite un deuxiéme cas dans lequel (0.0.1) dégénére en une équation de
diffusion fractionnaire quand & tend vers 0. Cette fois, nous nous plagons sur un espace de
vitesses V = {v € R% |v| < vmax} borné et nous considérons le cas d'un équilibre constant
M(v) = m avec lopérateur de collision (0.0.2) dans un cadre simplifié dans lequel la section
efficace

o(v,v') = a(v)a(v' )M (v),

otta € L. (RY) vérifie a(v) = a(—v), est telle que la fréquence de collision (0.0.3) est fortement
dégénérée a l'origine
v(v) ~ wolo|T,
[v]—0

pour 5 > 0. Sous ces hypothéses, le coefficient de diffusion (0.0.4) est infini & cause de la
singularité en 0 de 'intégrande. Pour faire apparaitre un modéle asymptotique non trivial pour
(0.0.1), il est donc nécessaire de prendre en compte les effets importants des petites vitesses
dans Panalyse asymptotique. Il a été prouvé dans [4] que, sous ces hypotheéses, la fonction de
distribution solution de (0.0.1) tend vers une distribution a 1’équilibre p(¢, )M dans laquelle
la densité p vérifie (0.0.7) avec

s (v-e)? m
"= d+1—|—ﬁ<1—|—(v'e)2 v|d+a>'
Du point de vue des schémas numériques, il faut donc s’assurer que les petites vitesses sont
correctement prises en compte pour que les schémas dégénérent vers le bon modéle limite
quand ¢ tend vers 0. Comme dans le premier chapitre, nous adaptons les schémas implicites,
micro-macro et basé sur la formulation intégrale de (0.0.1) au cas de la fréquence de collision
dégénérée. Dans ce chapitre, bien que nous nous soyons placés dans un cadre simplifié, la non-
localité de I'opérateur de collision complique la résolution numérique de (0.0.1). Nous proposons
donc une stratégie pour contourner cette difficulté et pour prendre en compte les petites vitesses
de maniére adéquate. Nous prouvons ensuite que les schémas ont les mémes propriétés que ceux

du premier chapitre, ce que nous illustrons par des tests. Ces résultats ont été annoncés dans
[16] puis publiés dans [18].
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En revenant au cas d’un équilibre a queue lourde avec opérateur BGK (0.0.5), nous considé-
rons dans le troisiéme chapitre le cas limite « = 2 dans (0.0.6). Dans ce cadre, le coefficient de
diffusion (0.0.4) est encore infini. Il a été montré dans [55] qu’en considérant le scaling anormal
O(e) -~ €2 |In(¢)|, la fonction de distribution solution de (0.0.1) tend quand ¢ tend vers 0 vers

une distribution a 1’équilibre p(t,z)M (v) avec p solution de I’équation de diffusion
Op — camBDgp =0, (0.0.8)

ou ¢g ne dépend que de la dimension et prend les valeurs ¢; = 2,¢0 = 7 et ¢3 = 87/3. 11
s’agit d’un modeéle asymptotique de diffusion normale qui se distingue des limites diffusives
usuelles par le scaling O(g) anormal. Celui-ci est, encore une fois, une conséquence directe de
I'importance des grandes vitesses de 1’équilibre dans l’analyse asymptotique, ce qui impose
un traitement spécifique des vitesses dans les calculs numériques. De plus, nous prouvons
que la dégénérescence de (0.0.1) vers (0.0.8) est trés lente, en 1/ (1 + [In(e)]), ce qui rend le
modéle asymptotique a priori difficile & atteindre numériquement. Nous sommes cependant
en mesure de préciser le comportement asymptotique de (0.0.1) au cours de cette trés lente
dégénérescence. En effet, nous prouvons que la solution de (0.0.1) dégénére avec le taux bien
plus rapide e4/1 + | In(e)| vers une distribution a I’équilibre dont la densité vérifie, en variable
de Fourier,

Op + as(k)p =0, (0.0.9)

ot le coefficient a.(k) ne dépend que de € et de k et dégénére avec la vitesse 1/ (1 + |In(e)|)
vers le symbole en variable de Fourier de la diffusion (0.0.8) cgm|k|?. Nous adaptons les trois
schémas proposés dans les premiers chapitres pour que, en plus de posséder la propriété AP,
ils respectent la dynamique de cette convergence en dégénérant a la vitesse /1 + |In(e)|
en un schéma pour (0.0.9). Toujours en considérant le méme équilibre, nous nous plagons
ensuite dans le cadre d’un opérateur de collision non local (0.0.2) et, en nous basant sur [49],
nous proposons un schéma micro-macro relaxé possédant la propriété AP pour I'asymptotique
de diffusion anormale traitée dans ce chapitre. Les propriétés des schémas sont prouvées et
nous proposons de nombreux tests numériques pour les illustrer. Ces résultats seront soumis
prochainement [33].

Enfin, nous proposons dans le quatriéme chapitre une généralisation du cas de la limite de
diffusion fractionnaire pour ’équation cinétique du premier chapitre au cas d’un opérateur de
collision non local dont la section locale dépend de I'espace

L(f) = /Rd (o(z,0,0")f(V') = o(z,v,v) f(v)) dv.

Dans ce contexte, traité dans [53], I'analyse asymptotique de 1’équation cinétique ne peut
pas étre effectuée en variable de Fourier. Les schémas implicites et basés sur une formulation
intégrale de (0.0.1) ne peuvent donc pas étre écrits dans ce cas. Nous proposons une adaptation
du schéma micro-macro relaxé de la fin du troisiéme chapitre, qui posséde la propriété AP pour
I’asymptotique de diffusion fractionnaire. Des tests numériques sont ensuite présentés pour
valider I'approche.
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Introduction

We are interested in the construction of asymptotic preserving schemes for kinetic equations in
the anomalous diffusion limit. The anomalous asymptotic behavior of kinetic equations comes
from stiffness arising with the properties of the equilibrium, and of the collision frequency.
Three cases are considered: in the first one, we deal with a constant collision frequency, and an
heavy-tailed equilibrium leading to a fractional diffusion equation. Still in the case of a frac-
tional diffusion limit, we then consider the case of a degenerate collision frequency. Eventually,
a critical heavy-tailed equilibrium, for which the limit of the model is a diffusion equation, is
considered.

Anomalous diffusion limit of kinetic equations

Kinetic equations describe the evolution of a distribution function of particles depending on
the time, the space and the velocity. This corresponds to an intermediate model between the
microscopic description of a particles system, given by a large number of coupled equations
-one for each particle- and the macroscopic modeling where the unknowns only depend on
time and space. The theoretical and numerical study of kinetic equations is a very active field
of research and has major applications in plasma physics, galactic dynamic, chemotaxis and
biological models.
We are interested in the following scaling of the kinetic equation satisfied by the distribution
function f = f(t,z,v)
0(e)0if +ev-Vyuf =v(v)Lf, (0.0.10)

where v is a collision frequency and the operator L describes the interactions between particles,
is linear and acts only on the velocities. The distribution function f depends on the time ¢ > 0,
the space x € R? and the velocity v € V C R, with a symmetric velocity space V. It is well-
known that when (g) = 2, the asymptotic analysis of (0.0.10) leads to a diffusion asymptotic
(see [7, 3, 22]). In this limit, the distribution function f tends to an equilibrium p(t, z)M (v)
where p solves a diffusion equation. The diffusion coefficient in this equation is essentially
a second order moment in v of ¥~'M, which is finite in the particular case v constant, and
M Maxwellian. Unfortunately, for some equilibrium M, this moment may be infinite. This
happens for instance when v is constant and M is heavy-tailed

(v) " Be(dd+2), (0.0.11)

‘UI:—FOO ”U|ﬁ7
(d is the dimension of the space). In this case, the appropriate scaling is no longer 0(g) = &2,
but §(¢) = e#~¢. The asymptotic analysis when ¢ — 0 in this case leads to a fractional diffusion
equation (see [5, 55, 53|). A fractional diffusion limit also arises when the collision frequency v
is degenerated at v = 0, the equilibrium M being constant or Maxwellian ([4]). Note that the
critical case = d + 2, with a heavy-tailed equilibrium leads to a classical diffusion limit with
an anomalous scaling 0(g) = £2|In(e)| (see [55]).

In comparison to the usual diffusion limit, the numerical resolution of (0.0.10) in the anoma-
lous diffusion limits is complicated by the specificities of the collision frequency v, and of the
equilibrium M that are considered. In what follow, we detail the strategy we use to con-
struct asymptotic preserving schemes for (0.0.10) when the equilibrium is heavy-tailed, when
the collision frequency is degenerated at v = 0, and in the critical case of the heavy-tailed
equilibrium.
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Asymptotic Preserving (AP) schemes

The difficulties when numerically solving (0.0.10) with an anomalous diffusion limit come from
two stiffness of different nature. The first one is related to the scaling 6(¢), which tends to
0 when ¢ becomes small, and the second one comes from the infinite second order moment
of v“'M. Efficient numerical schemes have already been proposed for the diffusion limit of
(0.0.10) (see |37, 43, 44, 12, 41, 58, 57]). They are designed to deal with the difficulties arising
from the stiffness in e, but not to the ones linked to the infinite character of <v @ M >

To get rid of the first difficulty, numerical schemes which are uniformly stable when the
stiffness parameter € goes to 0 are constructed. The aim of an AP scheme is the following:
being consistent with the e-dependent problem for all fixed € and degenerating in a scheme
solving the limit equation when € goes to 0. An AP scheme can also enjoy the stronger property
of being Uniformly Accurate (UA), meaning that its precision does not depend on the stiffness
parameter . Because of the presence of an additional stiffness, the existing schemes for the case
of the diffusion limit cannot be applied to the more intricate case of the anomalous diffusion
limit. Up to our knowledge, no scheme exists in this framework; then, we started to find a
strategy to extend AP schemes for the diffusion case to the anomalous diffusion case. Indeed, in
the anomalous diffusion limit cases, difficulties arise since one has to take into account the large
(or small) velocities of the heavy-tailed equilibrium M (or the degenerate collision frequency).
The non locality of the fractional diffusion equation, as well as the complexity of the asymptotic
analysis are other difficulties of the problem.

Publications

About fractional diffusion limit of kinetic equation [17, 16, 18]

In the cases of the heavy-tailed equilibrium and of the degenerate collision frequency leading
to a fractional diffusion limit, we considered the BGK operator Lf = pM — f with p = [ fdv
and we constructed three numerical schemes solving (0.0.10) and enjoying the AP property.
In each of them, we managed to take into account the specificities of the anomalous diffusion
limits of (0.0.10), such as the effects of the large (or low) velocities of the problem. The first
one is based on a fully implicit scheme in time, using the Fourier variable in space. In this case
both the transport and the collision operator are considered implicit. It can be shown easily
that this fully implicit scheme is AP in the diffusion case, but not in the anomalous diffusion
case. Before discretization in v, we perform a suitable change of variables to capture the effects
of large velocities, and then to ensure the good behavior of the scheme when ¢ — 0. Although
this new scheme is AP, it has some drawbacks. Indeed, its fully implicit character may induce a
huge computational cost, especially when dealing with multi-dimensional problems. Therefore,
we proposed a strategy based on a suitable micro-macro decomposition of (0.0.10), in which
the transport operator becomes explicit in time. It is known that such a strategy directly leads
to an AP scheme in the diffusion case, but the fractional diffusion case requires more care to
capture the effects of the large and small velocities. The last strategy we proposed is based on
a Duhamel formulation of (0.0.10) in Fourier variable in space. The Duhamel formulation has
an interesting advantage: it provides a closed equation for the density p. Moreover, we proved
that this strategy ensures that the scheme enjoys the UA property.

The construction of our numerical schemes is based on adequate reformulation of the prob-
lem at the continuous level, in which transformations are made to make the fractional diffusion
operator appear in the reformulated model. These transformations have been also useful for us
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to derive the explicit convergence rate (in ¢) of (0.0.10) to the fractional diffusion limit. The
numerical tests we propose highlight this convergence rate. The case of the heavy-tailed equi-
librium is treated in [17] and the case of the degenerate collision frequency has been announced
in [16] and developed in [18| where all the properties of the schemes are proved and illustrated
by several tests.

About diffusion limit of kinetic equation with anomalous time scale [33]

The critical case f = d+2 in (0.0.11) leads to a classical diffusion limit with anomalous scaling
0(¢) = €2|In(e)|. In numerical computations, a numerical diffusion, which does not match
with the expected one, occurs when the classical AP schemes for diffusion are applied to this
problem. The derivation of AP schemes for this case brings the same difficulties as in the case
of the fractional diffusion equation coming from an heavy-tailed equilibrium. In addition, the
speed of the degeneracy of (0.0.10) towards the diffusion limit is very slow, in 1/(1 + |In(g)]),
which makes the asymptotic model hard to reach numerically. However, we proved that (0.0.10)
degenerates towards an intermediate model, still dependent of e, with rate e (1 4 [In(e)|). To
take into account the high velocities in the numerical computations, we use the strategy we
developed for the case of the fractional diffusion limit, and we adapt the three previous schemes
to this case of anomalous diffusion limit. We ensure that they enjoy an interesting property: in
addition to the AP property, they respect the dynamics of degeneracy towards the asymptotic
equation. Indeed, they degenerate with the proper rate € (1 4 |ln(¢)|) into schemes solving the
intermediate model, and into schemes for limit model with rate 1/ (1 + [In(e)]).

Still in the context of the normal diffusion limit with anomalous time scale, we then consider
the case of (0.0.10), supplied with a more general integral collision operator. We propose a
relaxed micro-macro scheme based on [49] which enjoys the AP property. These results are
presented in [33], where numerical tests enable to validate the approach are proposed.

Fractional diffusion limit and non local collision operator

The fourth chapter presents a generalization of the relaxed micro-macro scheme proposed in
the case of the diffusion limit with anomalous time scale, to the case of (0.0.10) with (0.0.11)
with a fractional diffusion limit and a general collision operator

L(f) = /Rd (o(z,v,0") f(v') = o(z,v',0) f(v)) dv'.

In this context, which has been treated in [53], the asymptotic analysis of (0.0.10) can not
be done in the Fourier variable. As a consequence, the numerical treatment of the fractional
laplacian has to be done in the space variable.
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Contexte général

L’objet de cette thése est la construction de schémas Asymptotic Preserving (AP) pour des
équations cinétiques, qui sont une classe d’équations aux dérivées partielles notamment utilisées
en théorie cinétique des gaz. La modélisation de I’évolution d’un ensemble de particules -comme
un gaz- peut étre réalisée a plusieurs échelles. La plus détaillée est 1’échelle microscopique, dans
laquelle chaque particule est étudiée séparément. On applique alors les lois de Newton & chacune
des particules, ce qui méne a ’étude de systémes d’équations couplées avec autant d’inconnues
que de particules. Cependant, le nombre de particules est souvent trés grand, de sorte qu’une
telle étude devient extrémement compliquée théoriquement et numériquement. L’échelle des
quantités observables expérimentalement du systéme physique est 1’échelle macroscopique. On
y considére des quantités physiquement mesurables associées au systéme, comme sa densité, sa
vitesse moyenne, sa température ou sa pression. Cela revient & considérer un ensemble continu
de particules décrit par des quantités macroscopiques, qu’on peut voir comme des moyennes de
leurs équivalents microscopiques et qui définissent ’état du systéme physique dans sa globalité.
Ces quantités dépendent des variables de temps et d’espace et ne peuvent donc différencier les
particules autrement que par leur localisation spatiale et temporelle. Une échelle intermédiaire
est I’échelle mésoscopique, qui consiste en une description continue des systémes physiques qui
prend en compte plus de paramétres que ceux qui sont effectivement observables physiquement.
Du point de vue de la modélisation, ce sont les modéles cinétiques qui sont utilisés & cette
échelle. Avec cette approche, c’est une distribution statistique des particules qui est considérée,
qui dépend non seulement du temps et de ’espace, mais aussi de la vitesse des particules. Les
quantités macroscopiques, et donc observables, du systéme peuvent étre obtenues comme des
moyennes en vitesse de quantités mésoscopiques.

Le choix d’une modélisation (miscroscopique, mésoscopique, macroscopique) dépend de
I’échelle & laquelle le probléme est considéré. D’autre part, les trois approches se doivent d’étre
cohérentes les unes avec les autres puisqu’elles sont supposées décrire des systémes physiques
identiques. D’un point de vue mathématique, la dérivation de modéles cinétiques & partir des
modeles particulaires a été étudié notamment par O. E. Lanford en 1975. Dans [47], un gaz
raréfié de sphéres dures est considéré et I’équation de Boltzmann en est dérivée pour des temps
courts. Ses résultats ont ensuite été précisés, notamment dans des travaux de Gallagher, Saint-
Raymond et Texier [29] et de Pulvirenti, Saffirio et Simonella [66]. Le passage de 1'échelle
mésoscopique & I’échelle macroscopique se fait en considérant la limite du modéle cinétique
lorsque le nombre de Knudsen, qui est proportionnel au libre parcours moyen des particules,
devient trés petit. Cette limite implique qu’il y a beaucoup de collisions entre les particules et
que la répartition en vitesse relaxe vers un équilibre. En 1912, Hilbert a proposé un développe-
ment formel de I’équation de Boltzmann en puissances du nombre de Knudsen dans le cas d’une
limite hydrodynamique. En 1917, Chapman et Enskog ont proposé une méthode perturbative
pour réaliser ce développement, ainsi qu’une méthode systématique pour dériver les quantités
macroscopiques & partir des interactions microscopiques. En fonction des propriétés du modéle,
de nombreuses limites macroscopiques peuvent étre considérées, les plus importantes d’entre
elles sont les limites hydrodynamiques et les limites diffusives. Les limites hydrodynamiques
de I’équation cinétique ont ensuite été prouvées rigoureusement et dans un cadre général par
Bardos, Golse et Levermore en 1991-1993 [1, 2|. Les limites diffusives pour les équations ci-
nétiques, qui sont plus proches de l'objet de cette thése, ont été étudiées d’abord d’un point
de vue physique, par exemple par Wigner [70] ou par Larsen et Keller [48|, puis d’un point de
vue mathématique par Bensoussan, Lions et Papanicolaou [7], Bardos, Santos et Sentis [3], ou
encore dans des travaux plus récents [22]. Mais d’autres limites existent, comme par exemple
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les limites de diffusion fractionnaire de I’équation cinétique, qui sont étudiées dans cette thése.
On peut citer les travaux de N. Ben Abdallah, A. Mellet, S. Mischler, C. Mouhot et M. Puel
[55, 4, 5, 53].

Dans toute la suite, nous considérerons le rescaling suivant de 1’équation cinétique

O(e)of +ev-Vuf = L(f). (0.0.12)

Il s’agit d’une équation aux dérivées partielles dont I'inconnue est une fonction de distribution
f qui dépend du temps t > 0, de la variable d’espace z € R¢ et de la vitesse v € V C
R?, ot Pespace des vitesses V est supposé symétrique par rapport a l'origine. La condition
initiale f(0,z,v) = fin(z,v) est donnée. Le paramétre € € (0, 1] désigne le nombre de Knudsen
et ©(e) est une fonction de € qui vaut 1 pour ¢ = 1 et tend vers 0 quand ¢ tend vers 0.
Le choix de ©(e) dépend des caractéristiques physiques du modele, et permet la dérivation
des modéles macroscopiques lors de I'analyse asymptotique de (0.0.12). Par exemple, le cas
des limites hydrodynamiques correspond a O(g) = ¢ et le cas des limites diffusives apparait
lorsque O(e) = 2. Ces deux fonctions de €, qui s’écrivent comme des puissances entiéres du
paramétre € sont opposées aux scalings dits anormauz, qui s’écrivent comme des fonctions plus
compliquées de e. La fonction ©(¢) est alors 1’échelle de temps a choisir pour obtenir un modéle
asymptotique non trivial pour (0.0.12). Dans la suite, nous considérerons des scalings qui ne
s’écrivent pas comme une puissance entiére de ¢ :

O) =% aec(0,2),

ou
2d+2+8

O(e) = e 17, >0,

et le cas
6(c) = (1 + |In(e)]).

Avec les propriétés du modéle considéré, les deux premiers choix de ©(e) permettent de faire
apparaitre une équation de diffusion fractionnaire comme modéle asymptotique de (0.0.12)
quand € tend vers 0. Le dernier cas correspond & une limite de diffusion normale, mais avec un
scaling anormal.

Le membre de droite dans (0.0.12) est un opérateur linéaire qui modélise les collisions
auxquelles sont soumises les particules et qui contient la physique du modéle. Le cas le plus
général traité dans cette thése s’écrit

L(f)(v) = / [o(0,9) (o)) — ot/ 0) f(0)] AV, (0.0.13)
\%
ol o, qui désigne la section efficace des particules, est une grandeur liée a la probabilité d’in-

teraction de la particule ayant la vitesse v avec celles ayant la vitesse v’. L’opérateur L est de
moyenne nulle, ce qui traduit la conservation de la masse

o, (-) désigne 'intégration en vitesse. Dans toute la suite, I'intégrale par rapport a la variable
v sur un domaine D sera notée par

U= [ swa,
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et la mention de ’ensemble d’intégration sera omise lorsqu’il s’agira de 'espace entier V. En
notant p la densité associée a la fonction de distribution f

p(t,a:) = <f(tvx7 )> )

la propriété de conservativité de ’équation cinétique, c’est & dire la conservation de la masse
au cours du temps

/ p(t,:v)dm:/ p(0, x)dz, Vt >0,
R R4

est une conséquence directe de la moyenne nulle de 'opérateur de collision L.
L’opérateur L peut étre réécrit sous la forme

L(f) = K(f) —vf,

ou

et

v(v) = /R 0!, )

Par la suite, on appellera v la fréquence de collision, qui sera supposée positive, localement
intégrable dans R? et telle que v(—v) = v(v), pour tout v € R? dans la suite. Sous des
hypothéses supplémentaires sur la section efficace o (voir [22]), le noyau de l'opérateur L est
composé des fonctions de distributions de la forme p(t, z) M (v), ou la fonction M est 1’équilibre
associé a l'opérateur de collision. Comme précisé dans [55], ces hypothéses sont notamment
satisfaites lorsque o vérifie le principe de micro-réversibilité, c’est a dire lorsqu’il existe une
fonction b € L (RQd), symétrique, telle que

loc
o(v,v') = b(v,v' )M (v),

ce qui est le cas traité dans ce manuscrit. L’équilibre M est une fonction de la variable v,
symétrique

M(—v) = M(v), Yv eV,

strictement positive, intégrable sur R? et de moyenne 1
(M) = 1.

La condition de symétrie assure le fait que ses moments d’ordre impairs sont nuls, en particulier
(vM) = 0. Par contre, I’existence de ses moments pairs d’ordre supérieurs ou égaux a 2 dépend
de l'équilibre M considéré. Parmi les équilibres utilisés dans les applications, on citera les

équilibres maxwelliens
1

M(U) — a7 e*‘”‘2/27 v E ]Rd7 (0014)

(2m)
qui sont utilisés dans ’écriture des noyaux de collisions lorsque, au niveau microscopique, les
mouvements des particules peuvent étre représentés par des mouvements browniens. L’opéra-
teur de collision L peut alors étre utilisé pour modéliser des applications du domaine de la
physique [51, 70|, de la biologie [67], ou des sciences économiques et humaines [62, 60]. Ce-
pendant, cette modélisation est insuffisante pour prendre en compte la diversité des situations
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physiques, et d’autres équilibres doivent alors étre considérés. Lorsque, au niveau microsco-
pique, le mouvement des particules est modélisé par un processus de Levy, des équilibres dits
a queue lourde apparaissent. Ce type d’équilibres interviennent physiquement dans ’étude des
milieux granulaires [8, 27, 9], des plasmas astrophysiques [68, 56] ou de problémes liés a la
modélisation des tokamaks [23|. Dans le domaine des sciences sociales et économiques, les équi-
libres & décroissance polynomiale ont été introduits au XIX®™® siécle par V. Pareto [63]. En
raison de 'importance qu’ils donnent aux événements extrémes (les grandes vitesses), ils sont
souvent préférés aux équilibres maxwelliens pour des applications a la modélisation de I’écono-
mie, des répartitions de richesse mais aussi pour la modélisation de comportements humains
et de mouvements collectifs. On pourra se référer a [60] pour de nombreux exemples.

Limite de diffusion pour I’équation cinétique

Les limites de diffusion anormale, diffusion fractionnaire ou diffusion usuelle avec un scaling
anormal O(g) qui sont étudiées dans cette thése, constituent un cas proche de la limite de
diffusion pour les équations cinétiques. Afin de mettre en lumiére les particularités inhérentes
aux limites anormales qui seront étudiées dans la suite, cette partie propose de rappeler le cas
de la limite de diffusion usuelle ©(¢) = 2. Pour cela, nous proposons une approche formelle
de l'analyse asymptotique de (0.0.12)-(0.0.13) quand € tend vers 0. Nous supposerons que la
section locale o vérifie
o(v,v") = a(v)a(v')M(v),

ot a € Li (RY) vérifie a(v) = a(—v), et M est une maxwellienne de la forme (0.0.14). L’opé-
rateur de collision L peut donc étre réécrit

L(f) = Ka(v) (paM — ), (0.0.15)
ou K = (aM), et
L eh)
© {aM)

La densité modifiée p, coincide avec la densité usuelle p = (f) lorsque la fonction de distribution
est & I’équilibre. Dans un cadre plus général, I’étude de la limite de la solution de (0.0.12) vers
une fonction de distribution a I’équilibre dont la densité résout une équation de diffusion peut
étre faite rigoureusement, par exemple dans |7, 22, 3]. Nous proposons ici une approche formelle
de la dérivation de cette asymptotique. Nous supposerons donc que a > 0 est suffisamment
régulier pour assurer que les quantités (aM), (af) et (v ®vM/a(v)) sont bien définies. Nous
allons montrer formellement que, quand € tend vers 0, la solution de (0.0.12)-(0.0.15) converge
vers une distribution a I’équilibre fo = pgM ou pg résout 1’équation de diffusion

Aipo — V- (DVapg) = 0, (0.0.16)

avec condition initiale po(0, ) = (fin(z,)), et ou le coefficient de diffusion est donné par

1 VU D)dw
D= () /Rd a(0) M (v)dw. (0.0.17)

Dans toute la suite, la transformée de Fourier par rapport a la variable d’espace de la fonction
de distribution f sera notée f. Elle est définie par

~

ft k,v) = /Rd e KT f(t 2 v)da,
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et les notations p, p, et pg seront utilisées pour désigner les transformées de Fourier des fonctions
P, Pa €t po. En variable de Fourier, ’équation cinétique (0.0.12)-(0.0.15) se réécrit

O(e)df +¢cik - vf = Ka (ﬁaM — f) , (0.0.18)

ce qui donne une expression de f

Ka o%f

b M — O()— M
O T

S 0.0.19
I = Kavar o ( )

Comme O(e) tend vers 0 quand e tend vers 0, en supposant que la dérivée 0, f est bornée (il
s’agit toujours de calculs formels), 'expression précédente montre que f tend vers p, M quand
e tend vers 0. Ainsi, & la limite, les densités usuelle p et modifiée p, de f coincident

P = pa- (0.0.20)

e—0

Intégrer (0.0.18) en vitesse permet de trouver une équation vérifiée par p quand e tend vers 0

Op + @15) <5il<: - vf> = 0. (0.0.21)

En injectant (0.0.19) dans (0.0.21) on obtient

A 1 eik - v . cik - vO, f
0 KaM ) p, — { =222\ 0.0.22
tp+@(€)<Ka+€ik‘v “ >p <Ka—|—€ik-v> ( )

Toujours en supposant que f est bornée, le dernier terme de 'égalité précédente tend vers
0 quand ¢ tend vers 0. Pour trouver la limite du second terme, I'intégrale en vitesse peut étre
transformée en utilisant la parité de M et a

1 eik - v 1 e2(k - v)?
KaM ) = KaM ).
O(e) <Ka+5ik-v “ > @(5)<(Ka)2+52(k:-v)2 “
Cette écriture implique qu’il faut choisir ©(g) = €2 pour que I'expression précédente ait une
limite finie non nulle quand e tend vers 0. Avec ce choix, qui correspond bien & un scaling

diffusif, on a alors
1 e2(k - v)? 1 /(k-v)?
KaM ) = — M
o(e) <(Ka)2 v2k-02 ) S0 K < a ’

ol les hypothéses faites sur a et la forme de M assurent qu’il s’agit d’une limite finie. Ainsi,
en utilisant (0.0.20), on obtient & partir de (0.0.22) une équation fermée sur p

. 2
am+1<(k v) M>ﬁ—0,

K v

qui correspond bien & ’écriture en variable de Fourier de (0.0.16).

Dans le cas des limites de diffusion anormale qui font 'objet de cette thése, les propriétés de
I’équilibre M et/ou de la fréquence de collision Ka n’assurent pas le caractére fini du coefficient
de diffusion (0.0.17). Ainsi, la limite de diffusion classique tombe alors en défaut et le scaling
O(e) doit étre adapté pour faire apparaitre une équation asymptotique non triviale pour p.
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Limites anormales pour I’équation cinétique

Les limites de diffusion anormale pour les équations cinétiques ont été introduites pour modé-
liser le comportement d’un gaz raréfié entre deux plaques métalliques rapprochées, dans [10]
puis [25, 30, 26]. Dans ce cas, comme le coefficient de diffusion classique (0.0.17) est infini, le
scaling ©(e) = &2 ne peut plus étre considéré. En utilisant le scaling anormal ©(g) ~ 2| In(g)|,
une équation de diffusion peut toutefois étre dérivée de I’équation cinétique quand ¢ tend vers
0. Les limites de diffusion fractionnaire pour les équations cinétiques ont été introduites bien
plus récemment, dans [55] et, avec des méthodes trés différentes, dans [36]. Ces travaux ont
ensuite été précisés dans [4, 5, 53|, et la limite de diffusion fractionnaire pour les équations
cinétique a aussi pu étre prouvée dans un cadre stochastique [20]. Mathématiquement, il s’agit
d’un domaine toujours trés actif, car de nombreux problémes restent ouverts comme la prise
en compte de conditions de bord, ou 'utilisation d’autres opérateurs de collision que ceux de
type intégral (0.0.13).

En revenant aux calculs formels proposés dans la partie précédente pour mettre en évidence
la limite de diffusion de ’équation cinétique (0.0.12), dans le cas d’un équilibre a queue lourde,
montrons que la limite de diffusion peut tomber en défaut. En effet, en considérant le cas simple
de 'opérateur de collision

L(f)=pM — f, (0.0.23)
avec p = (f), qui s’écrit comme (0.0.15) avec a = 1, et un équilibre M tel que

m

~ )
o] oo |v]dH™

ol m est un coefficient de normalisation, le coefficient de diffusion (0.0.17) est infini dés que
a < 2. La condition d’intégrabilité de M impose de plus o > 0. Ainsi lorsque a € (0, 2],
I'étude de la limite de (0.0.12)-(0.0.23) quand ¢ tend vers 0 nécessite une analyse plus poussée.
De la méme maniére que dans le cas diffusion, I’écriture en Fourier de (0.0.12)-(0.0.23) donne
I’expression suivante pour f

R 1 R of
= = M -—0()—2t
U TN Oyt

qui indique que f tend vers une distribution a ’équilibre pM quand e tend vers 0. On peut
aussi en déduire une expression pour p

1 eik - v eik - v A
0 M)Yp—( —— = .0.24
atp+@(5)<1+eik:-v >p <1+sik-vatf> 0 (0.024)

dans laquelle le dernier terme s’annule & la limite si on suppose 0:f bornée. Le second terme
peut étre réécrit comme suit

1 aik‘- v - g2 (k-v)? )
O(e) \1+¢ik-v O(e) \1+¢e%(k-v)?
Cependant, comme <(k v)2M > est infini, la limite du terme ci-dessus quand ¢ tend vers 0 n’est

pas immédiate. Pour trouver un équivalent de cette expression quand ¢ tend vers 0, on peut
effectuer le changement de variables w = e|k|v dans I'intégrale en vitesse, on obtient alors

&2 (k . 0)2 o (w ) 6)2 m
M dv ~ “ 0.2
O(e) /Rd 1+e2(k-v)? dv =0 O(¢) k] /Rd 1+ (w-e)? |w‘d+adwv (0.0.25)
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ol e est un vecteur unitaire. Si v € (0, 2), 'intégrale est finie. Dans ce cas, en posant O(g) = ¢,
on observe formellement que lorsque € tend vers 0, f converge vers pM , ot la la densité p résout,
en variable de Fourier,

Oup + KK =0, p(0,k) = (funlk,")), (0.0.26)

" <1 (+w<%€-)«j>2 ‘U(ZZQ ’

est le coefficient de la diffusion anormale. L’équation (0.0.26) est appelée équation de diffusion
fractionnaire. Le laplacien fractionnaire qui y apparait par son symbole de Fourier est un
opérateur non local

ou

(=820%0) ) = Iriato)
mais il a aussi une définition intégrale

plx +y) — p()
|y|*e ’

(—Ar)? p(z) = caaPV.
Rd

ou P.V. désigne la valeur principale et c¢g, une constante de normalisation de la forme
d+
ol (5°)

arateT (1—9)

Cd,a =

dans laquelle I' désigne la fonction I' usuelle

+oo
I'(z) = / t*te~tde,
0

Une étude détaillée de cet opérateur est proposée dans [65]. Le cas d’un équilibre a queue lourde
avec a € (0,2) est traité dans [55, 5| et fait 'objet du premier chapitre de ce manuscrit.

Quand o = 2, le coefficient x défini précédemment est encore infini. En 1’état, I’expression
(0.0.25) ne fournit donc pas d’équivalent utilisable pour 'analyse asymptotique formelle de
I’équation cinétique. On peut cependant la transformer, par exemple en utilisant un changement
de variables en coordonnées polaires ou sphériques (selon la dimension) puis une intégration
par parties. On obtient 1’équivalent suivant pour le second terme de (0.0.24)

e’ (k - v) £2|In (¢)]
O(e) <1 + (k- v)2M> o0 W%m\kﬁ

ou m est la constante de normalisation de 1’équilibre et ¢y dépend uniquement de la dimension
(c1 = 2,co = m,c3 = 8m/3). Dans ce cas, en choisissant un scaling anormal O(g) tel que
O(e) ~ €2|In(e)|, l'équation vérifiée par la densité a la limite est une équation de diffusion

Bp + camlk|2p =0, p(0,k) = <f'in(k:, .)> .

L’étude théorique de ce cas est détaillée dans un cadre plus général dans [55], son étude numé-
rique fait 'objet du troisiéme chapitre de ce manuscrit.

Les limites de diffusion anormales pour ’équation cinétique ne sont pas uniquement le fait
des équilibres a queue lourde. En effet, dans [4], ’équation (0.0.12)-(0.0.15) dont 1’équilibre M
est une fonction constante sur V' (remarquons que la démarche de [4] peut étre adaptée pour
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le cas M maxwellien) est considérée et une limite de diffusion fractionnaire y est étudiée. En
supposant que 1’équilibre est constant égal & m sur V, mais en considérant la fréquence de
collision Ka fortement dégénérée & l'origine

Ka(v) ~ Klo|t2+8, (0.0.27)

|v]—0

ou S > 0, le coefficient de diffusion (0.0.17) est infini. Ceci est dii, a la non intégrabilité
de l'intégrande pour les petites vitesses. De la méme maniére que précédemment, ’analyse
asymptotique formelle de (0.0.12) conduit & chercher la limite quand ¢ tend vers 0 du deuxiéme
terme de (0.0.22). On a alors

7 e2(kw)?
1 eik Y gaM ) — 1 K§a2 M
O(e) \ Ka + ¢ik - v O(e) 1+€(’”) Ka

Pour trouver un équivalent quand e tend vers 0 du terme précédent, on peut effectuer le
changement de variables w = e|k|v/ (K|v|*"2*F) dans I'intégrale en vitesse. On a alors

52(]6.1))2 2d+2+p3 1— 9
1 TK2q2 M g d+1+8 K« |k’a (’U) . 6) m
O(e) 1+€2(’fv) Ka O) d+1+p 1+ (w-e)?|vjdte )’

2d+2+p
ce qui permet de trouver I’équation vérifiée par p a la limite, en posant ©(g) = g #1457 .

Le type de fréquences de collisions fortement dégénérées a 'origine qui sont considérées
ici intervient dans la modélisation de certaines chaines d’oscillateurs. Dans [54], les auteurs
considérent une chaine d’atomes dans un cristal uni-dimensionnel. Ils utilisent une modélisation
cinétique pour représenter les vibrations du réseau, responsables du transport de la chaleur
dans le cristal, dans laquelle une fréquence de collision dégénérée apparait, ce qui induit une
asymptotique de diffusion fractionnaire pour I’équation cinétique. Le chapitre 2 de ce manuscrit
traite du cas de I’'asymptotique de diffusion fractionnaire pour I’équation cinétique en se plagant
dans le cadre de [4].

Enfin, en suivant les idées développées dans [55], il est possible de considérer un opérateur de
collision dans lequel I’équilibre M est a queue lourde et la fréquence de collision v se comporte
comme une puissance & l'infini, mais est réguliére a 'origine. En fonction des poids respectifs de
M et de v, le comportement asymptotique de I’équation cinétique peut étre soit de la diffusion
normale, soit de la diffusion fractionnaire ou encore une diffusion normale avec scaling anormal.
Une approche numérique pour ce dernier cas est proposée a la fin du troisiéme chapitre de ce
manuscrit.

Ainsi, les asymptotiques de diffusion anormale pour les équations cinétiques qui sont consi-
dérées dans ce manuscrit se distinguent de "'asymptotique de diffusion classique par I'existence
de deux raideurs de nature distincte : € — 0 et <v & 1)1/_1M> = +00. D’un point de vue numé-
rique, la résolution de (0.0.12) dans ’asymptotique de diffusion anormale nécessite de gérer ces
deux raideurs en méme temps, ce qui n’avait jamais été réalisé auparavant. Comme la seconde
raideur vient du roéle important des grandes ou petites vitesses, il sera essentiel de capturer
numériquement les vitesses extrémes, qui interviennent naturellement dans I’analyse asympto-
tique formelle, pour qu’un schéma puisse respecter les limites de diffusion fractionnaire.
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Schémas Asymptotic Preserving (AP) pour les équations ciné-
tiques

Comme indiqué au début de I'introduction, 'objet de cette thése est la construction de schémas
numériques pour I'équation cinétique (0.0.12) qui respectent les asymptotiques de diffusion
anormales qui ont été introduites dans la partie précédente. Quelle que soit ’asymptotique
considérée, la construction de schémas numeériques pour (0.0.12) est compliquée si le paramétre
€ est amené & devenir petit. En effet, quand ¢ tend vers 0, I’équation cinétique devient un
probléme raide. D’un point de vue numérique, la résolution de tels problémes nécessite 1'uti-
lisation de méthodes spécifiques, puisque les méthodes naives font apparaitre des contraintes
fortes liant les paramétres de discrétisation et la raideur. Ainsi, si résoudre numériquement
I’équation cinétique est relativement aisé quand e est proche de 1, considérer des € plus pe-
tits impose la réduction des paramétres de discrétisation proportionnellement a e (voire a une
puissance de ¢), et donc 'explosion des temps de calculs quand e tend vers 0. A cette difficulté
s’ajoute 'apparition fréquente de phénomeénes de diffusion numérique dans les schémas, qui
viennent de 'utilisation de trop petits paramétres numériques qui entrainent la propagation
des erreurs numériques. Pour résoudre numériquement des problémes raides typiques, il est
commun d’utiliser des méthodes spécifiques, souvent basées sur une implicitation des termes
raides.Cependant, ’application de telles méthodes peut s’avérer insuffisante dans le cas des
équations cinétiques. La premiére raison a cela est que les méthodes implicites sont inadaptées
aux problémes en grande dimension, & cause du cotlit en temps de calcul des inversions. Or,
dans le contexte cinétique, la présence de la variable v en plus de la variable d’espace augmente
automatiquement la dimension des problémes & résoudre. D’autre part, il est nécessaire de
s’assurer que le modéle résolu par la méthode numérique quand € tend vers 0 est le modéle
limite voulu. En effet, si I'indépendance des parameétres numériques par rapport & € est assu-
rée, ’équation résolue par le schéma quand ¢ tend vers 0 n’est pas forcément 1’équation limite
attendue.

Dans le contexte des équations cinétiques, ot se posent & la fois des problémes liés au nombre
de variables et au respect de la limite du modéle par le schéma quand ¢ tend vers 0, ’écriture de
schémas aptes & respecter ces contraintes est donc cruciale. Les schémas Asymptotic Preserving
(AP) ont été introduits pour répondre & la question de la précision de la solution numérique
quand ¢ tend vers 0. Leur principe est souvent expliqué avec le diagramme suivant

P — B

e—0
=) =)
T T
< <
sho ., g
e—0

qui s’interpréte ainsi : étant donné un probléme P. qui tend vers un probléme Py quand ¢ tend
vers 0, le schéma AP noté S?, dont les paramétres de discrétisation sont notés ici h, doit

e Etre consistant avec le probleme P. quand h tend vers 0 et ¢ est fixé.

e Tendre vers un schéma 5’3 consistant avec le probléme Py quand h est fixé et € tend vers
0.

La contrainte supplémentaire de convergence vers un schéma consistant avec le probléme limite
permet & ces schémas d’étre efficaces a la fois dans le régime mésoscopique, pour € proche de
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1, et dans les régimes proches du régime macroscopique, quand € est petit. On peut demander
aux schémas AP d’avoir la propriété supplémentaire d’uniforme précision (UA, pour Uniform
Accuracy), qui implique alors que la précision du schéma est indépendante du paramétre e.
La propriété d’uniforme précision permet de traiter le régime intermédiaire pour lesquels le
probléme est déja raide mais pas encore proche du probléme limite. Par contre, en raison
des résonances entre les paramétres de discrétisation et e, un schéma AP mais pas UA peut
rencontrer des difficultés & approcher ce régime.

Des schémas respectant des asymptotiques de I’équation cinétique ont été proposés par A.
Klar dans [43, 44|, puis le principe des schémas AP a été introduit par S. Jin dans [37]. La
notion a ensuite été largement étudiée et appliquée aux différentes asymptotiques de I’équation
cinétique, comme la limite de diffusion [58, 41, 12, 52, 50, 57| ou les limites hydrodynamiques
[6, 49]. Il n’existait pas —a notre connaissance— de schémas AP pour les limites de diffusion
anormale des équations cinétiques lorsque cette thése a commencé. Une approche basée sur une
décomposition micro-macro de la fonction de distribution f et un calcul numérique précis des
intégrales a queue lourde a été proposée en 2016 par L. Wang et B. Yan dans [69] pour le cas
d’un équilibre M de type heavy-tail avec o € (1,2).

A cause de la raideur supplémentaire <U ®@uv M > = 400, les schémas AP de la littérature
pour la limite diffusive de (0.0.12) ne respectent pas les asymptotiques de diffusion anormale.
Par exemple, méme un schéma entiérement implicite écrit en variable de Fourier en espace ne
capture pas les limites de diffusion anormale de (0.0.12)-(0.0.23), alors qu’il posséde la propriété
AP pour la limite de diffusion. Pour assurer le caractére AP des schémas dans le cas des limites
de diffusion anormale, il faut s’assurer que les grandes (ou petites) vitesses qui sont responsables
de 'anormalité de 'asymptotique sont correctement prises en compte. En effet, les approches
numériques pour la limite de diffusion utilisent le plus souvent un espace numérique des vitesses
tronqué puisque I’équilibre Maxwellien (0.0.14) décroit exponentiellement vite vers 0. Dans le
cas d’un équilibre & queue lourde, tronquer ’espace des vitesses ne permet pas de capturer I'effet
des grandes vitesses. En effet, en se placant en dimension 1 et en considérant une discrétisation
vj,1 < j < N, a pas constant Av de I'espace des vitesses tronqué {v € V, |v| < vmax}, le
coefficient de diffusion (0.0.17) s’écrit,

No 2

Daiscret = Av Z Tij)M('Uj), (0028)

qui est une somme finie de termes finis. Ainsi, le coefficient de diffusion qui devrait étre infini
dans les cas de diffusion anormale devient fini, bien que grand, dans les calculs numériques. En
s’'inspirant des calculs formels proposés pour la dérivation des limites de diffusion et de diffusion
anormale, il apparait qu’en considérant cette discrétisation en vitesse I’équation cinétique tend
vers une équation de diffusion normale dont le coefficient de diffusion est Dgjscret quand e tend
vers 0. Le méme probléme se pose, en considérant les vitesses infiniment petites, dans le cas de
la limite de diffusion fractionnaire induite par une fréquence de collision fortement dégénérée a
I’origine. La prise en compte correcte des grandes et petites vitesses dans les schémas numérique
est donc cruciale pour assurer le caractére AP des schémas pour (0.0.12) considérée dans ses
limites de diffusion anormale.

L’approche développée dans ce manuscrit consiste a écrire tout d’abord des schémas semi-
discrets en temps-espace, mais continus en vitesse, & identifier les termes qui permettent d’ob-
tenir & la limite € — 0 la diffusion fractionnaire, et & modifier ces termes analytiquement avant
d’appliquer la discrétisation en vitesse. La modification analytique de ces termes est effectuée
de sorte que la consistance des schémas ne soit pas altérée.

Jj=1
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Par rapport a la limite de diffusion, une difficulté s’ajoute lorsque le cas des limites de
diffusion fractionnaires est considéré. FEn effet, comme il s’agit d’un opérateur non local, la dis-
crétisation de ’équation limite est relativement délicate, alors que la discrétisation de I’équation
de la chaleur ne pose a priori pas de problémes particuliers. Lorsque les schémas sont écrits
en variable de Fourier, la forme simple du laplacien fractionnaire permet de se libérer de cette
contrainte. Lorsque les schémas sont écrits dans la variable d’espace, ce qui peut éventuellement
étre nécessaire pour éviter ’augmentation des cofits de calcul numérique, nous avons choisi dans
un premier temps d’écrire tout de méme les termes correspondant & I’asymptotique de diffusion
fractionnaire en variable de Fourier dans les schémas. Avec des modifications mineures, qui sont
indiquées & chaque fois aux endroits concernés, il est possible de les remplacer par une discréti-
sation en variable d’espace du laplacien fractionnaire. Un schéma AP pour I’équation cinétique
avec limite de diffusion fractionnaire dans un cas ou l'opérateur de collision est non local est
proposé dans le quatriéme chapitre de ce manuscrit. Dans ce cadre, I’écriture du probléme en
variable de Fourier n’est pas plus simple que le probléme de départ, nous proposons donc une
méthode numérique utilisant la variable d’espace, en nous basant sur des méthodes numériques
existantes pour la discrétisation du laplacien fractionnaire [65].

En plus de la nécessité de la prise en compte des grandes et petites vitesses et du caractére
non local de I’équation de diffusion fractionnaire, une autre difficulté spécifique aux asympto-
tiques de diffusion anormale surgit lors de I’écriture de schémas AP pour (0.0.12) dans les cas
de diffusion anormale. En effet, nous avons mis en évidence, dans les trois cas considérés dans
ce manuscrit, que le taux de convergence de I’équation cinétique vers ’équation asymptotique
peut étre lent. Par exemple, dans le cas critique de 1’équilibre a queue lourde qui induit une
limite de diffusion normale avec scaling anormal, la convergence de la solution de (0.0.12) vers
la distribution limite se fait & la vitesse 1/|In(¢)|. Le taux, extrémement lent, rend difficile
I’exploration et la validation numérique du régime intermédiaire. Néanmoins, dans ce cas nous
avons pu mettre en évidence que la dynamique de la convergence vers 1’équation de diffusion
se fait en deux étapes :

e Une convergence rapide vers une distribution a I’équilibre dont la densité intermédiaire
est solution d’une équation plus simple que ’équation cinétique,

e Une convergence lente de cette densité intermédiaire vers la densité solution de ’équation
de diffusion limite.

Ainsi, pour capter la dynamique de cette convergence, nous proposons des schémas AP qui
ont de plus la propriété de résoudre le probléme intermédiaire dans 'intervalle de € concernés.
Comme pour les schémas AP, leur principe peut-étre résumé par le diagramme suivant

71 . Y2
P. € . ? P, € > B 0
e diminue e—0
o =) =)
T T T
= = <
h Y1 oh Y2 h
Ss —_— SE — SO
e diminue e—0

Cette fois, le probléme P: tend, avec le taux de convergence en temps v = € (1 + | In(¢)|), vers
un probléme P. lequel tend plus lentement, avec le taux 4o = 1/ (1 + |In(g)|), vers le modéle
asymptotique Fy. Pour respecter la dynamique de cette asymptotique, le schéma S? doit étre
consistant avec le probléme P. quand ¢ est fixé, et quand les paramétres de discrétisation (notés
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ici h) sont fixés, tendre, avec le taux 7 en €, vers un schéma 5’? consistant avec le probléme P..
Enfin, toujours quand les paramétres de discrétisation sont fixés, le schéma 5’? doit tendre avec
le taux o vers un schéma S(’} consistant avec Py quand ¢ tend vers 0. Dans le cas de la limite
de diffusion normale avec scaling anormal traité dans le troisiéme chapitre de ce manuscrit, les
schémas AP ont été améliorés pour respecter le diagramme. Ainsi, ils s’avérent plus performants
dans le régime intermédiaire ot ’équation cinétique est difficile & résoudre. Pour prendre en
compte les grandes vitesses & 'origine de I'asymptotique de diffusion anormale considérée, il
est ensuite nécessaire d’appliquer la méme méthodologie que dans les deux premiers chapitres
pour assurer la convergence du schéma en un schéma consistant avec ’équation limite et éviter
une limite de diffusion numeérique de coefficient (0.0.28).

Approche numérique

Les schémas AP pour ’équation cinétique (0.0.12) avec limite de diffusion anormale présentés
dans ce manuscrit ont été construits a partir de schémas possédant la propriété AP pour la
limite de diffusion. La prise en compte de conditions de bord pour les équations cinétiques
avec limite de diffusion fractionnaire étant toujours un probléme ouvert, nous avons choisi de
résoudre (0.0.12) sur le tore en x. Du point de vue des schémas numériques, ceci permet aussi
l'utilisation de la transformée de Fourier discréte. Comme les opérateurs de collision (0.0.23)
et (0.0.15) ont une écriture simple en variable de Fourier, considérer (0.0.12) munie de ces
opérateurs permet d’écrire des schémas AP utilisant la variable de Fourier.
Nous proposons trois schémas dans ce manuscrit :

e Un schéma entiérement implicite pour (0.0.12)-(0.0.23)-(0.0.15) en variable de Fourier en
espace, dont nous verrons qu’il nécessite une modification pour étre AP.

e Un schéma micro-macro qui permet de s’affranchir de 'utilisation de la variable de Fourier
en espace et qui peut étre adapté aux cas d’opérateurs de collision généraux (0.0.13).

e Un schéma basé sur une formulation intégrale de (0.0.12)-(0.0.23)-(0.0.15), dont nous
verrons qu’il est UA.

La premiére approche que nous proposons est basée sur une formulation entiérement impli-
cite de I’équation cinétique en variable de Fourier. Comme (0.0.12) s’écrit comme une équation
différentielle ordinaire

O()d,f + ik - vf = L(f),

ou L désigne (0.0.23) ou (0.0.15), il est possible d’écrire un schéma d’Euler implicite pour la ré-
soudre numériquement. Etant donnée la forme simplifiée de I'opérateur L que nous considérons,
I'inversion de 'opérateur peut étre réalisée analytiquement et ne pose donc pas de probléme
particulier. Dans le cas de la limite de diffusion classique, il est bien connu qu’un tel schéma
posséde la propriété AP. Néanmoins, comme indiqué dans la partie précédente, ce n’est pas vrai
dans le cas de la diffusion anormale et il est nécessaire de prendre en compte correctement 1'in-
fluence des grandes et petites vitesses pour assurer son caractére AP. Ceci est fait en modifiant
dans I'expression du schéma, le terme qui génére la diffusion fractionnaire quand ¢ tend vers 0,
qui s’exprime comme une intégrale en vitesse. L’idée consiste a faire apparaitre explicitement la
diffusion fractionnaire griace & un changement de variables dans I'intégrale en vitesse continue,
avant de discrétiser. Aprés cette manipulation, le schéma est d’ordre 1, conserve la masse et
posséde la propriété AP.
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Pour s’affranchir d’un schéma implicite pour le transport et de l'utilisation (restrictive) de
la variable de Fourier, il peut étre nécessaire de considérer un schéma AP utilisant la variable
d’espace pour (0.0.12). Dans ce manuscrit, nous proposons une deuxiéme classe de schéma basée
sur une décomposition micro-macro de la fonction de distribution f, comme dans [52, 50]. En
notant

f=pM+y,

ou p=(f) et g=f— pM vérifie (g) = 0, on peut écrire un systéme couplé vérifié par p et g

€
8tp+@£:€)<v‘vmg>:0 1
g + @(E)U VaepM + (e )(I ) (v-V.g) = %L(g%

ou II désigne la projection sur le noyau de L

La discrétisation en temps de ce systéme doit alors étre effectuée de maniére & assurer le carac-
tére AP du schéma. Dans le cas des opérateurs de collision simplifiés (0.0.23) et (0.0.15) pour
lesquels L peut étre inversé analytiquement, on procéde en implicitant les termes les plus raides.
Dans le cas le plus général, ot l'inversion de l'opérateur de collision (0.0.13) est plus compli-
quée, on applique une stratégie dite de relaxation pour ’équation sur g (voir[49]). L’équation
en p est aussi discrétisée en implicitant le terme (v - V,g), qui est le terme le plus raide de
I’équation. Cependant, assurer que p résout ’équation de diffusion anormale quand € tend vers
0 est moins immeédiat. En effet, réinjecter 'expression de g trouvée avec I’étape précédente ne
suffit pas & assurer le caractére AP du schéma, puisque les grandes et petites vitesses ne sont
pas prises en compte. D’autre part, 'opérateur de transport qui intervient de maniére cruciale
dans l'analyse, n’est pas inversé. Pour faire apparaitre I'inverse du transport, on procéde en in-
jectant une formulation implicite de (0.0.12) dans le flux macroscopique (v - V,g) = (v -V, f).
Ensuite, 'expression obtenue peut étre simplifiée de maniére consistante et le terme qui tend
vers la limite de diffusion anormale est traité comme indiqué dans la partie précédente pour
assurer la prise en compte correcte des petites et grandes vitesses. Une fois ces manipulations
réalisées, le schéma est toujours d’ordre 1, préserve la masse et posséde le caractére AP. De
plus, le transport y est traité explicitement.

Enfin, dans les cas d’opérateurs de collision simplifiés (0.0.23) et (0.0.15), nous proposons un
troisiéme schéma AP pour ’équation cinétique avec limite de diffusion anormale, qui posséde
de plus la propriété UA. Il est basé sur une formulation intégrale de (0.0.12) en variable de
Fourier et sa construction est proche de celle des schémas exponentiels proposés dans [34].
Pour expliquer plus simplement son principe, plagons-nous dans le cas de 'opérateur (0.0.23).
L’équation cinétique se réécrit

Ftkv) = Ao(t, k,v) + / O a1k 54— ©(e)s, k) M (v)ds, (0.0.29)
0

ott Ag est un terme de couche initiale donné par Ay = e t1+ickv) f (k,v). Une expression
fermée en p est obtenue en intégrant (0.0.29) par rapport a v

e<a> )
Ptns1, k) = (Ao(tnt1, K, v) +Z/ e AL (y )>P(tn+1 — O(e)s, k)ds,
7=0" ©(
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ot la discrétisation en temps est définie par t, = nAt,0 < n < N,NAt = T. A partir de
cette expression, un schéma numérique peut étre écrit en considérant dans chaque intégrale
en temps une quadrature d’ordre 2 de p(t,+1 — ©(€)s, k). En supposant que p et ses déri-
vées en temps sont réguliéres, 'erreur commise dans cette quadrature ne dépend pas de €, ce
qui indique que 'approximation effectuée est valide aussi bien dans le régime mésoscopique
que dans le régime macroscopique. Une fois cette quadrature effectuée, les intégrales en temps
peuvent étre calculées et il ne reste plus qu’a discrétiser les intégrales en vitesse qui appa-
raissent dans les coefficients de la somme. Pour assurer le caractére AP du schéma, on procéde
comme précédemment, en transformant analytiquement les termes qui tendent vers la limite
de diffusion anormale pour faire apparaitre explicitement leur limite, avant de discrétiser les
vitesses. En plus de fournir un schéma uniformément précis d’ordre 1, cette approche permet
d’écrire un schéma satisfait par p, ce qui allége les cotits de calcul en réduisant la dimension du
probléme. Néanmoins, la fonction de distribution peut étre calculée avec une approche similaire
sur (0.0.29) si nécessaire. Ce schéma et la preuve de son uniforme précision sont détaillés, dans
tous cas de diffusion fractionnaire que nous considérons, dans les trois premiers chapitres de ce
manuscrit.

Organisation du manuscrit

Le manuscrit est organisé en quatre parties dans lesquelles nous détaillons la construction
des schémas numériques présentées dans la partie précédente dans les trois cas de diffusion
anormale introduits dans la partie . Le premier chapitre est consacré au cas de la limite de
diffusion fractionnaire pour I’équation cinétique dans le cas d’un équilibre & queue lourde M

avec
m

|v\:oo e (0.0.30)
ot v € (0,2). En considérant le cas d’un opérateur de collision de type (0.0.23), nous proposons
une dérivation formelle de ’asymptotique de diffusion fractionnaire qui permet d’introduire le
principe des schémas numériques que nous construisons par la suite. Nous mettons ensuite en
place les trois approches numériques détaillées dans la section précédente : schéma implicite
en variable de Fourier, schéma basé sur une décomposition micro-macro et schéma basé sur
une écriture intégrale de (0.0.12) en variable de Fourier. Ces schémas sont tous trois d’ordre 1,
préservent la masse et possédent le caractére AP. Ces propriétés sont soigneusement prouvées
et nous montrons également que le dernier schéma posséde en outre la propriété d’uniforme
précision. Enfin, nous proposons des tests numériques pour illustrer les propriétés des schémas
dans le cadre que nous considérons. Ces résultats ont été publiés dans [17].

Dans la continuité du premier chapitre, nous étudions alors un autre cas d’asymptotique
de diffusion fractionnaire pour ’équation cinétique. En se plagant dans le cadre de [4], 'opé-
rateur de collision considéré est de la forme (0.0.15), avec une fréquence de collision fortement
dégénérée a origine, comme dans (0.0.27). Cette fois encore, nous proposons une analyse for-
melle de 'asymptotique diffusion fractionnaire qui prépare 1’écriture des schémas introduits
ensuite. Nous étudions aussi formellement le taux de convergence de I’équation cinétique vers
son modéle limite en fonction de e. Comme dans le premier chapitre, nous adaptons les schémas
implicites, micro-macro et basés sur la formulation intégrale de (0.0.12) au cas spécifique de la
fréquence de collision dégénérée. Par rapport au cas heavy-tail, des difficultés spécifiques a la
fréquence de collision dégénérée surgissent. En premier lieu, au lieu des grandes vitesses ce sont
les petites vitesses qui nécessitent une attention particuliére dans ce cas. Ensuite, 'opérateur de
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collision (0.0.15) fait intervenir une densité renormalisée, différente de la densité usuelle, qu'il
faut traiter spécifiquement. Enfin, nous montrons que le taux de convergence de I’équation
cinétique vers le modéle limite est lent, ce qui implique que le régime intermédiaire est étendu
et complique les calculs numériques. Nous proposons donc une stratégie pour contourner ces
difficultés, et nous prouvons ensuite que les schémas ont les mémes propriétés que ceux du
premier chapitre. Les tests numériques illustrent les propriétés des schémas et montrent que
la solution numérique de (0.0.12) tend vers la solution du modéle limite avec la vitesse de
convergence attendue. Ces résultats ont été annoncés dans [16], puis acceptés dans [18].

Le troisiéme chapitre est dédié a ’étude de la limite de diffusion normale avec scaling
anormal qui apparait dans le cas critique a = 2 des opérateurs de collision heavy-tail (0.0.30)
étudiés dans le premier chapitre. Dans ce cadre, il n’y a plus de difficulté liée au caractére non
local de 'équation limite. En revanche, la lenteur de la vitesse de convergence de (0.0.12) vers
le modéle limite implique qu’atteindre numériquement le régime asymptotique est difficile. En
considérant ’opérateur de collision (0.0.23), nous commengons par prouver que la convergence
vers le modéle asymptotique fait intervenir deux dynamiques : I'une rapide vers un modéle
intermédiaire et 'autre lente vers I’équation de diffusion limite. Nous adaptons les trois schémas
proposés dans les deux premiers chapitres pour que, en plus de posséder la propriété AP, ils
respectent la dynamique de cette convergence. Toujours en considérant le méme équilibre, nous
nous plagons ensuite dans le cadre d’un opérateur de collision non local de type (0.0.13). Nous
proposons alors, en nous basant sur les travaux précédents et sur [49], un schéma micro-macro
relaxé possédant la propriété AP pour I'asymptotique de diffusion anormale traitée dans ce
chapitre. Toutes les propriétés des schémas sont soigneusement prouvées, et nous proposons de
nombreux tests numériques pour les illustrer. Ces résultats seront soumis prochainement [33].

Enfin, nous proposons dans le quatriéme chapitre une généralisation du cas de la limite de
diffusion fractionnaire pour ’équation cinétique du premier chapitre au cas d’un opérateur de
collision non local dont la section locale dépend de I'espace

L(f) = /Rd (o(z,0,0") f(V') — o(z,v,v) f(v)) dv'.

Dans ce contexte, trait¢é mathématiquement dans [53|, 'analyse asymptotique de 1’équation
cinétique ne peut pas étre effectuée en variable de Fourier. Les schémas implicite et basé
sur une formulation intégrale de (0.0.12) ne peuvent donc pas étre écrits dans ce cas. Nous
proposons alors une adaptation du schéma micro-macro relaxé de la fin du troisiéme chapitre.
Le schéma ainsi obtenu posséde la propriété AP pour I'asymptotique de diffusion fractionnaire.
Des tests numériques sont ensuite présentés pour illustrer cette propriété.
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1.1 Introduction

The modeling and numerical simulation of particles systems is a very active field of research.
Indeed, they provide the basis for applications in neutron transport, thermal radiation, medical
imaging or rarefied gas dynamics. According to the physical context, particles systems can be
described at different scales. When the mean free path of the particles (i.e. the crossed
distance between two collisions) is large compared to typical macroscopic length, the system
is described at a microscopic level by kinetic equations; kinetic equations consider the time
evolution of a distribution function which gives the probability of a particle to be at a given
state in the six dimensional phase space at a given time. Conversely, when the mean free path
is small, a macroscopic description (such as diffusion or fluid equations) can be used. It makes
evolve macroscopic quantities which depends only on time and on the three dimensional spatial
variable. In some situations, this description can be sufficient and leads to faster numerical
simulations.

Mathematically, the passage from kinetic to macroscopic models is performed by asymptotic
analysis. From a numerical point of view, considering a small mean free path, the kinetic
equation then contains stiff terms which make the numerical simulations very expensive for
stability reasons. In fact, a typical example is the presence of multiple spatial and temporal
scales which intervene in different positions and at different times. These behaviors make the
construction of efficient numerical methods a real challenge.

In this work, we are interested in the time evolution of the distribution function f which
depends on the time t > 0, the space variable z € Q C R? and the velocity v € R%, with
d = 1,2,3. Particles undergo the effect of collisions which are modelized here by a linear
operator L acting on f through

L(f)(t,x,v) = p(t,x)Mp(v) — f(t,z,v),

where
p(t,x) = <f(t7 .CC,U)) = R f(t,a:, U)dv,

and where the equilibrium Mg is defined by

———exp (—|v]*/2) if 3=2+4d,
Ma(v) = 4 (2m)42 1.1.1
o(v) m if B € (d,d+2), (L11)

~  —
|v]—o0 |’U‘6

where m is a normalization factor. In the sequel, we will always denote by brackets the
integration over v. In order to capture a nontrivial asymptotic model, a suitable scaling has
to be considered. The good scaling of the kinetic equation (see [55, 53, 5]) satisfied by the
distribution function f is given by

O f +ev-Vuf =L(f), with a=p-de(0,2], (1.1.2)

where € > 0 is the Knudsen number (ratio between the mean free path and a typical macroscopic
length). With the equilibrium Mg defined in (1.1.1), the case o = 2 refers to the classical
diffusion limit whereas the case a € (0,2) refers to the anomalous diffusion limit. Although
our analysis could be applied to general operators L, we will consider for a sake of simplicity
a BGK type operator. We suppose that Mg given by (1.1.1) is an even positive function such
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that (Mg(v)) =1 and (vMp(v)) = 0. Equation (1.1.2) has to be supplemented with an initial
condition f(0,z,v) = fo(x,v) and spatial periodic boundary conditions are considered.

The main goal of this work is to construct numerical schemes for (1.1.2) which are uniformly
stable along the transition from kinetic to macroscopic regime (i.e. for all € > 0). More
precisely, we consider here the asymptotic of anomalous diffusion (o € (0,2)). We shall also
consider the asymptotic of diffusion (v = 2) to highlight the differences between the two
cases. For the diffusion limit, several numerical schemes have already been proposed but in
the anomalous diffusion limit, to the best of author’s knowledge, the only other approach was
proposed in [69] for the case a € (1,2) at the same time this paper was submitted. Here, we
deal with a € (0,2) and the method we propose is robust enough to deal with other cases
giving fractional diffusion, such as the case of a degenerate collision frequency which will be
detailed in [18]|. The results we present here were announced in [16].

Mathematically, the derivation of diffusion type equation from kinetic equations such as
(1.1.2) when o = 2 was first investigated in [70], 7], [48] or [22]. When Mgz decreases quickly
enough for large |v|, the solution f of (1.1.2) converges, when & goes to zero, to an equilibrium
function f(t,x,v) = p(t,z)Mg(v) where p(t,x) is solution of the diffusion equation

Op(t,x) — Vg - (DVgp(t,z)) =0, (1.1.3)

and where the diffusion matrix D is given, in the simple case of the BGK operator, by the
formula
D= v ®vMg(v)dv. (1.1.4)
R4
In particular, a crucial assumption on Mg for D to be finite is that

/ [v|* Mg (v)dv < +o0;
Rd

this is the case when Mpg is Maxwellian (first case of (1.1.1)).

Hence, if the equilibrium has no finite second order moment, the asymptotic of rescaled
kinetic equation with o = 2 is not able to capture a nontrivial dynamics and the value of «
should be tuned with Mg in order to recover this macroscopic equation when € — 0. Typically,
let Mg be a heavy-tailed distribution function, corresponding to the second case of (1.1.1). In
the sequel, we will consider as an example of such a distribution function Mg(v) = ﬁ with
m chosen such that (Mg(v)) =1 and 8 =d+ «a, a € (0,2).

In the case of astrophysical plasmas, it often occurs that the equilibrium Mg is a heavy-
tailed distribution of particles which typically generates an anomalous diffusion behaviour (see
[56, 68]). In particular, the diffusion matrix D is no longer well-defined and this requires to
adapt the value of « in terms of the tail decreasing rate (8, in order to capture a nontrivial
dynamics.

When € goes to 0, the solution of this equation with BGK operator converges to p(t, z) Mg(v)
where p is the solution of the anomalous diffusion equation which can be written in Fourier

variable

where p stands for the space Fourier variable of p, k is the Fourier variable and & is a constant
which depends only on the size of the tail of the equilibrium Mpg(v) and is defined by

— (-’ m (1.1.6)
" Rd 1—i—(w-e)2 |w\5 . o
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for any e € R? such that |e| = 1 (note that x does not depend on e). The anomalous diffusion
equation can also be written in the space variable

- ml(a+1)

Cd,x

n|R

atp(t,$) = (*AI) p(t,x), (1'1'7)

where m is the normalization factor of Mg in (second case in 1.1.1), I" is the usual function

defined by
+oo
I'(x) :/ t"le~tdt,
0

and cq o is a normalization constant given by

(1.1.8)

ol (45%)
C = .
T gpdter (1 9)

The fractional operator of the anomalous diffusion is easily defined by its Fourier transform

—

((=20)% p) (k) = kI p(k).

but has also an integral definition

(=A% p(z) = caaPV. plz+ yj — @)y, (1.1.9)
R |ylote
where P.V. denotes the principal value of the integral.

The anomalous diffusion occurs not only in astrophysical plasmas but also in the study of
granular media (see [27, 9, 8|), tokamaks (see [23]) or even in economy or social science: as
detailed in [46], the Pareto distribution is a power tail distribution that satisfies the second case
of (1.1.1). This kind of distribution is a common object used to modelise the repartition of sizes
in a given set (asteroids, cities, income, opinions...). At a microscopic level, these velocity
distributions arise when the motion of the particles is no longer governed by a brownian process
but by a Levy process (see [20], [21]).

In this work, we want to construct a numerical scheme over the kinetic equation using a
heavy-tailed distribution equilibrium, which is robust when the stiffness parameter € goes to
0. Asymptotic Preserving (AP) schemes already exist in the case of the diffusion limit where
the equilibrium is a Maxwellian (see [37, 11, 12, 40, 43, 52, 41, 58|) but the strategy used
to obtain them cannot be rendered word for word to the anomalous diffusion case. As in
the diffusion case, the difficulties when numerically solving the kinetic equation in the case of
anomalous diffusion come from the stiff terms which require a severe condition on the numerical
parameters. But in the anomalous diffusion case, there is an additional difficulty since one needs
to take into account the large velocities arising in the equilibrium Mg. Indeed, the role of these
high velocities is crucial and they have to be captured numerically in order to produce the
anomalous diffusion operator when ¢ — 0.

To derive a numerical scheme which enjoys the AP property, different strategies are investi-
gated in this work. The first one is based on a fully implicit scheme in time (both the transport
and the collision term are considered implicit). Using this brute force strategy, the so-obtained
numerical scheme is obviously AP in the diffusion limit but not in the anomalous diffusion one.
Therefore, a suitable transformation of this implicit scheme is proposed in this work and leads
to a scheme enjoying the AP property in the anomalous diffusion limit.
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From a computational point of view, a fully implicit scheme may be very expensive espe-
cially if one deals with high-dimensional problems. To avoid this implicitation, we propose
another strategy which is based on a micro-macro decomposition. The distribution function
f is written as a sum of an equilibrium part pMpg plus a remainder g. A model equivalent to
(1.1.2) is then derived, composed of a kinetic equation satisfied by ¢ and a macroscopic equa-
tion satisfied by p. The macroscopic flux is then reformulated to obtain a numerical scheme
which enjoys the AP property and which does not require the implicitation of the transport
term.

The last strategy proposed in this work is based on a Duhamel formulation of the equation
from which a AP numerical scheme solving the kinetic equation is obtained, this approach
bears similarities with [34]. This numerical scheme is efficient for the diffusion case and has
to be adapted also to get an AP scheme in anomalous diffusion limit. Moreover, there are
two main advantages in using such strategy. First we derive a closed equation on p and the
computation of the full distribution function is not needed at any time. Second, this strategy
ensures that the numerical scheme has uniform accuracy in €. Eventually, it would be easier
to construct high order (in time) schemes on this formulation.

The paper is organized as follows. In the next section we shall start with formal compu-
tations recalling how the anomalous diffusion limit can be obtained from the kinetic equation.
Section 1.3 is devoted to the derivation of the different numerical schemes: a fully implicit
scheme, a micro-macro scheme and a scheme based on a Duhamed formulation of (1.1.2). Af-
ter the theoretical study of their properties, several numerical tests are presented in Section 1.4
in a one-dimensional case with periodic boundary conditions in space to illustrate and compare
the efficiency of the various numerical schemes.

1.2 A closed equation for the density and its diffusion asymp-
totics

This section is devoted to the derivation from (1.1.2) of a closed equation satisfied by p. This
equation will be the basic equation from which we formally derive the anomalous diffusion
equation. Of course, the formal derivation of anomalous diffusion equation is classical but,
for a sake of clarity, we present one way (among many others) to perform such derivation. In
particular, the formal computation below will drive the construction of a class of our numerical
schemes. We recall here the hypothesis on the equilibrium Mpg(v) introduced in (1.1.1): it is an
even function such that (Mg(v)) = 1, (vMg(v)) = 0. Then we will consider the two following
cases mentioned in (1.1.1): @ =2 and 0 < a < 2 with the following equilibrium functions

Case 1.1. (v ®vMg42(v)) < 400 and o = 2. We will consider

1 P2
May2(v) = We
Case 1.2. (v®vMg(v)) = oo and a € (0,2). We will consider the heavy-tailed function Mg
defined by
m

MB(U) = W»

B=d+a, (1.2.1)

with a positive normalization factor m ensuring (Mg) = 1.



6 CHAPTER 1: HEAVY-TAILED EQUILIBRIUM

1.2.1 Space Fourier transform based computations

Starting from (1.1.2), we propose here a method based on spatial Fourier transform to formally
derive the asymptotic equation in both diffusion and anomalous diffusion limits. It will also
be the basis of the numerical methods we set in Section 1.3.3.

Eventually, we remind that we denote by f(t,k,v) (resp. p(t, k))

f(t, k,v) —/ e_ik'xf(t,x,v)dx,
Rd

the space Fourier transform of f(¢,z,v) (resp. p(t,z)). We have
Proposition 1.1. 1. Equation (1.1.2) formally implies the following exact equation on p

_t
ot k) = <e—s%<1+i€k~v> f(0, k,v)> + /0 S <e_i€5k'”M5(v)> plt — %, k)ds.  (1.2.2)

2. In case 1.2 (anomalous diffusion scaling), when € — 0, p solves the anomalous diffusion
equation
Oup(t, k) = —k |k|* p(t, k),
Q.

with K defined by (1.1.6) and B —d =
Proof.

1. Formal derivation of the expression (1.2.2) from (1.1.2)
We start by taking the Fourier transform of (1.1.2)

atf+151*av-kf=6ia(ﬁMﬂ—f).

We solve in f (assuming p is given)

R ) . 1 [t sy
f(t k) = e OHHR (0, v) + / o 5 (k) 55 ) M (v)ds,
0

which can be written after a change of variables s — (t — s) /e

_t
za

f(tv ka U) = e_e%(1+i6k'v)f0 + /

0

es(HkY) 54 _ % k) Mp(v)ds.

Still denoting by brackets the integration over the velocity space, we can integrate the
previous expression with respect to v to get (1.2.2). Then, we can write it to make the
limit equation appear

i

p=Ag(t, k) + /E e’ <e_i€5k'”Mg> dsp
0

« 5% —s ﬁ(t - Easv k) - ﬁ(ta k) —iesk-w
+e /0 se oy <e Mg(v)> ds, (1.2.3)
where R ¢ ) .
Ao(t, k) = (emF ORI f) (1.2.4)

denotes the initial layer term.

Here, in case 1.1, Taylor expansions of the exponentials and of p with respects to ¢
formally leads to the asymptotic diffusion equation (1.1.3) in Fourier variable. In case 1.2
(anomalous diffusion case) a finer analysis must be done to find the asymptotic equation.
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2. The anomalous diffusion limit
Now we will show that when Mg fulfills the conditions of case 1.2 (anomalous diffusion
scaling), the solution of (1.1.2) converges to the solution of the anomalous diffusion
equation when € goes to zero.

At first, let us remark that the first term has exponential decay when & goes to zero,
Ay = o(e™), for all £ > 0. With assumptions of smoothness in time for p, we get the
following behaviour for the third term of (1.2.3)

t . o . .
/5 se—¢ p(t —evs, k) p(t, k) <e—1ssk;.vMB> ds ~ _at[)(t, k:) + 0(1)‘
0 e—0

e%s

We now have to make appear the fractional diffusion in the second term of (1.2.3). Since
the moment of order 2 of Mg is not finite, we cannot expand the exponential term into
a power series in € anymore. We decompose this term as

t B -
/5 o5 <efissk-vMB> ds = /5 e °ds + /E e’ <(eii58k.v o 1) MB> ds,
0 0 ’

and we focus on the second term on the right hand side of this last equality.

Here we still suppose that Mg(v) = where m is chosen to ensure that (Mg) = 1.

m
1+|v]#
Still, the general case dealing with Mg | ‘N —h’)'rﬁ is a bit more tedious but can be done

V|—00

similarly, the details of the computations are proposed in the supplementary materials of
this paper.

—iesk-v

We consider the integral <(e
of variables w = ¢|klv

e sk _q m > = (elk Bd/ eBmY 1) — " qu
<( ) 1+ |v]f (ElkD) Rd( ) (e|k)® + w|8

Since the last integral has rotational symmetry, for any unitary vector e of R% we have

emieshv 1) N (g|g)) P eisew 1) gy 2.
<< 1> 1+ Iv\ﬁ> (1) /Rd( ! (elk)” + ywyﬂd (1:25)
= (elk)?~"C(s) + (elkls)” ™ Rle, s, k),

— 1) M /3> and, for nonzero k, we perform the change

where
- m
C(s :/ e Y — 1) ——=dw, 1.2.6
0=/, ) o (120
and )
R(e,s,k) =—m (es]k:\)ﬁ/ (e_ie'w —1) dw.
R [wl? ((eslk])’” + lwl]?)

In particular, R(e, s, k) tends to 0 when € go to zero and is bounded. If we set R(e, s,0) =
0, equality (1.2.5) is also true for k = 0.

From (1.2.3) and (1.2.5), we have to set « = 5 —d to get the fractional diffusion equation
when € — 0 and then we get

m

+o0 .
p = p+ 60‘]]{0‘/ (/ (e7rwe —1) Bdw) e °dsp — e¥Op + o(e®), Vt > 0.
e—0 0 weRd ‘w’
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From the equality

400 ) Co)\2
/ (/ (e_ww'e — 1) mdw) e °ds = —/ (w-e) 5 TZ dw := —k,
0 weRd |wl? werd L+ (w-e)? lw|*+e

we derive, when € goes to 0, the fractional diffusion equation (1.1.5) given in [55, 5].

1.2.2 Computations in the space variable

The aim of this section is to generalize the previous computations to the original space variable.
We have the following proposition

Proposition 1.2. 1. Equation (1.1.2) formally implies the following exact equation on p
&
p(t,z) = <e_a%f0(x — el 7%, U)> + / e *(p(t —e%s,x — esv)Mp(v))ds. (1.2.7)
0

2. In case 1.2 (anomalous diffusion scaling), when € — 0, p solves the anomalous diffusion
equation
ml(a+ 1)

Cd,a

[N]1)

dp(t,z) = (—Az)2 p(t, x),

where I' is the usual Euler Gamma function, m the normalization constant appearing in
the expression of the equilibrium Mg, cqo is defined by (1.1.8) and f —d = «.

Proof.

1. Formal derivation of the expression (1.2.7) from (1.1.2)
As in the previous section, we can integrate (1.1.2) to get

t

p=Ag+ /s e *(p(t —e%s,x —esv)Mp) ds,
0

with .
Ao(t,z) = <e—raf0(x — oy, v)> . (1.2.8)
Once again, in case 1.1, the diffusion equation can be derived from the (1.2.7) with Taylor

expansions with respect to € in the expression of p, whereas in case 1.2 the asymptotic
equation is more complicated to obtain because of the infinite moment of order 2 of Mpg.

2. The anomalous diffusion limit
To find the limit equation in the case of the anomalous diffusion limit, we rewrite (1.2.7)
as follows

t —e%s,x —evs) — p(t,r —evs)

plt,z) = Ao(t, z) +aa/0;a se* <p( Mﬁ(v)>ds

e%s

+ / e *((p(t,x —evs) — p(t,x)) Mg(v))ds + /Ea e *ds (Mg(v)) p(t, x).
’ ’ (1.2.9)
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Under smoothness assumptions on p, the first integral of (1.2.9) becomes, for small ¢

/eta e <p(t—£as,:c —evs) — p(t,z — evs)
0

cog MB(U)> ds = —dp(t,z) + o(1).

Since the last term of (1.2.9) can be explicitly computed, let us focus on the second
integral of (1.2.9). As in the Fourier variable, we cannot expand p with respect to € since
Mpg has an infinite moment of order 2. Hence, we must refine the analysis to find the
limit of this term. We perform the change of variables y = x — evs in the integral over v
and exchanging the integrals in ¢ and y to get

[ e tottn = cos) = pltep Moy as = [ EEDZPET gy,
0 R4 lz —yl
(1.2.10)

ale, z) = /0; \z|ﬁ(§$;dMﬂ (i) ds. (1.2.11)

Now, we want to find an equivalent of a(e,z) for small values of . Here we consider
the equilibrium Mg(v) = Once again, the general case with Mpg satisfying (1.2.1)

where

1+| T+[o?
can be done similarly, we refer for the supplementary materials of this article for more

details. The integral a becomes

504 e—S
5 d 9
2 m/ 5 + 28 (e5)2""

and we consider, for a nonzero z, the following quantity

+oo B
B—d . ,3 dg—s (es)
ale,z) —me" I'(B—d+1) = m/ (es) P+ 1P s)5+|z]5d8
+oo )B e—s
— d .
m/ 6+ 2] (e5)7"

Then, for almost every z € R?, sﬁ%d (a(e, z) —meP~I(B — d + 1)) converges to 0 when
€ goes to zero. We also have the following estimation

‘a(s, 2) — mef(8 — d + 1)‘ <K (eﬁ—d + eﬁ—de—z%a) . (1.2.12)

Let us remark that for a reasonable regularity of p, the integral appearing in (1.2.10) is
well defined as a principal value because 5 € (d,d + 2)

py [ PGy —pt2) :/ p(t,y) — p(t,x) — (y —x) - Vap(t, x)dy_
re |y —xlf R ly — P

Hence, using (1.2.12) we obtain that for almost all y € R?

1 p(t,y) —plt,x) = (y — @) - Vap(t, z)
gh—d ly — =|°

(ale, 2) ~ me? (8 —d +1)) ' ,
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is dominated by an integrable function. We also obtained that for almost all y € R? it
tends to zero when e goes to zero, by using the dominated convergence theorem for this
function.

We have, from (1.2.10)

t

|7 ot = cs) = plt.)) Ms(o)) as

_ / p(t,y) — p(t,z) — (y — x) - Vap(t, x)
R |z —y|?

a(s, T — y)dya

where we used that a is even. So we have

t

|7 e ot = v = pt.)) 250 s

J— _ _ Vx ,
-~ msﬁ_dF(ﬁ —d+1) /]Rd p(ty) p(t,@ — Q(UZ‘/B x)Vap(t, )

t,y) — p(t
~ meP~I0(B — d+1)P.V. plty) — p(t, z)
e—0 re |y —z|f

dy

We remark that we have to set § — d = « to recover the limit equation, so we get

o @ «@ ,O(t, y) - p(ta .f) «@
p(t, ) =, ¢ op(t,z) + me“T'(a+ 1)P.V. /Rd Wdy + p(t,z) + o0 (%),

that is when € goes to 0

__ plt ) — p(t,y)
Op(t,z) = —mI'(a+ 1)P.V. /Rd [ — zjotd

)

which is the expected anomalous diffusion equation.

1.3 Numerical schemes

This section is devoted to the presentation of appropriate numerical schemes to capture the
solution of (1.1.2). We want these schemes to be Asymptotic Preserving (AP), that is, for
arbitrary initial condition fy

e to be consistent with the kinetic equation (1.1.2) when the time step At tends to 0, with
a fixed ¢,

e to degenerate into a scheme solving the asymptotic equation (here, anomalous diffusion)
when € goes to 0 with a fixed time step At.

In the sequel, three different numerical schemes are presented: a fully implicit scheme, a micro-
macro decomposition based scheme and a Duhamel based scheme. We will consider a time
discretization t, = nAt,n = 0,..., N such that NAt = T where T is the final time and we
will set f™ =~ f(ty).

As we used Fourier transform in the previous formal computations, we will consider a
bounded domain 2 for the spatial domain with periodic conditions. Hence, we will be able to



1.3 NUMERICAL SCHEMES 11

use the discrete Fourier transform in the algorithm. The schemes we present in this section are
semi-discrete-in-time schemes. However, in the section devoted to the numerical tests, we will
consider the following discretization for the space and velocity

e The space domain will be Q = [—1,1], discretized with N, points such that, denoting
Axr = N%c’
x;=—-14+(G—-1)Az, 1<i< Nuz. (1.3.1)

The discrete Fourier transform will be computed with the modes

Ny
2

Ny
<k <=
= = 27

ke Z. (1.3.2)
e For the velocities, we want to compute the integrals with very simple discretization.

Here, we consider the bounded velocity space V = [—vmaz, Umaz] and 2N, + 1 points of
discretization such that denoting Av = ”%—Zm, we define the points

Uj - */Umax +jAU; 0 S j S 2N’v) (]‘33)

to ensure the symmetry property of the discretization. The numerical integration in v
will be denoted by (-) y. . In the case d = 1 with (1.3.3), we will consider

2N,

(g()y, = Av > g(v;). (1.3.4)

J=0

1.3.1 Implicit scheme

The first idea to design a scheme for the kinetic equation (1.1.2) is to set an implicit scheme
over the Fourier formulation of the kinetic equation. It is known that in the case of the diffusion
limit, it preserves easily the asymptotic equation. But in the case of the anomalous diffusion
limit, the effect of large velocities must be taken into account to obtain the good asymptotic
and this needs a suitable modification of this fully implicit scheme.

We start with (1.1.2) written in the spatial Fourier variable and consider a fully implicit
time discretization

fn-i—l _ fn 1 . _— 1
(1 k- Tl — 5T M.
A Ttk f =P Mg
We have 1% \
fntl _ — fn Vi 1.3.
/ Ttk o) TTrmero” Mo (1.35)
with A

Note that 0 < A < 1,\ — 0 and that A — 1.
At—0 e—0

To compute f™! from (1.3.5), 5" has to be determined first. To do that we integrate
(1.3.5) with respect to v at the discrete level to get

M fr
L (BN il oz — L 1.3.
P <1+1Ask-v>mp U= TR . (1.3.7)
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that is

o _ [ " 1 (1.3.8)
P 1+idek - v Mg 1 /idekoMg\ o
No \TFAeRs /) . + 1= \ TFireko N,

In case 1.1 of the diffusion scaling, this scheme is consistent with the kinetic equation and
degenerates into a scheme solving the diffusion equation when € becomes small.

In case 1.2 of anomalous diffusion scaling, the equilibrium Mp is heavy-tailed and D =
(v®wvMg(v)) = 4o00. Hence, at the continuous level, the limit of

i)\Ek'UM/g _ 2/\2 (k-U)QM/B

1tinek-v/  © " \T+e2n2(k-v)2/"
which appears in (1.3.8) is not obvious but uses similar calculations as in proof of Prop. 1.1.
It reads

1 < e2 (k- v)? A2

i M snt+l a an+1
50 ea 1+ X\2e2(k - v)? B(v>>p IR "

with k defined in (1.1.6). Unfortunately, as we want to use a discretization of the velocities using
a bounded domain for v, a quadrature of the integral involved in this limit does not capture the
heavy tail of the equilibrium. It means that the effect of large velocities is completely missed.
Namely, once computed with (1.3.4), the above integral in velocity reads

2Ny k’z'UzAQ 2Ny
2-a J N\ o~ f2a 2 2 ]
Y g M) 5y A K oM ()
j= o

2N,
In fact, with a finite N,, the discretized coefficient Y v2Mpg(v) might be large but is finite.

7=0
Thus,
2N,
;i_r}(l) Ay kP Z U?Mg(vj) =0,
=0

and then, when € goes to zero the implicit kinetic scheme we wrote in (1.3.5)-(1.3.8) degenerates
into the following scheme

n+l _ an m+1 _ an+l
prT =", M = Mg,

which is not the correct asymptotics. Hence we have to transform its expression to make the
right limit clearly appear in the scheme. The scheme is presented in the following proposition.

Proposition 1.3. In the case 1.2 (anomalous diffusion scaling), we consider the following
scheme defined for all k and for all time index 0 <n < N, NAt =T by

4 f}n
. 1+idek-v N
~n—+ v
P (k) =
< My > L (AR m (v-e)
L+iXek-v/ N, 1-A (5)\|k|)o<+d+,U|a+d1+(v.e)2 N
. 1 . v
n+1 — 1— n An—i-lM
!/ 1+i/\6k~v[( A"+ Ap ’B}’

with A = At/(e% + At), where e is any unitary vector and with the initial condition FO(k,v) =
fo(k,v). This scheme has the following properties:
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1. The scheme is of order 1 for any fized € and preserves the total mass

vn € [1, N, 5"(0) = °(0).

2. The scheme is AP: for a fixzed At, the scheme solves the anomalous diffusion equation
when € goes to zero
ﬁn+1(k) _ ﬁn
At
where k, defined by (1.1.6), is computed with (1.3.4).

(k) _ — k| k| (R), (1.3.9)

Proof. As (i) is straightforward, let us prove (ii). We start by considering the expression of
"1 given in (1.3.8) with continuous integrations in v, and more precisely the integral

p
ieAk v M, 2\2 (K - v)?
15.1) 3 :/Mg(v) e“ N (k- v) do,
1+ieXk-v Rd 14202 (k-v)

As in the previous section, we perform the change of variables w = e|k|v to obtain

)2 w w - T i
/Rd M (v) 1 fj;)\(f(k: .)U)zdv = (eATk)™ /Rd Ms <5)\’k|> 1 _E (wl- Z)de, (1.3.10)

_ wkz!)‘d/Rd Mg (E;\Tk\> . f}(;‘);zdw,

with e = k/|k|; note that the last integral does not depend on this unitary vector e thanks to
its rotational invariance.
We consider explicitly the case Ms(v) = =57 with m such that (Mpg) = 1 and with

T+vjo7d
a €]0,2[. We have

e2X2 (k - v)? o m w-e)?
MB1 : (2 ) S ) = (eNK]) / ! . (w-e) _duw,
+e2X2 (k- v) R (eA|K))*T + Jw[etd 1+ (w - e)

where e is any unitary vector. Inserting this formula in (1.3.8) with discrete integration, we
get the expression for p"t1. The equation satisfied by f"*1 in (1.3.5) is unchanged, then the
numerical scheme of the proposition is derived. Now, it remains to show that this scheme
enjoys the AP property. From the following form of the equation on p"*!

ﬁn+1 n

— P IR AL m (U : 6)2 n+1
—_— = A%k 1.3.11
At i <(5/\\/<:])O‘+d+ |v\a+d1+(v-e)2>Nup ( )
) kv fn
1+idek - v At N ’

we easily observe that it degenerates when ¢ goes to zero to an implicit scheme for the
anomalous diffusion equation. This concludes the proof.

O
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1.3.2 Scheme based on a micro-macro decomposition

In the previous part, we constructed a fully implicit scheme enjoying the AP property. The
implicit character of the transport may induce a high computational cost. Therefore, we
propose another scheme, which is based on a micro-macro decomposition of the kinetic equation
and in which the transport part is explicit in time. In the diffusion case, such a scheme has
been set in [52]. We first recall here the way to derive it. Then, we consider more precisely
the case of the anomalous diffusion and show how to take into account the effect of the large
velocities induced by the heavy-tailed structure of the equilibrium Mg(v).
The distribution f is decomposed as

f=(fYMp+g=pMs+yg,
where (g) = 0. Injecting this decomposition into (1.1.2), we have
8tpM,g+8tg+%U'prMg—F%%ng: —iag. (1.3.12)
€ € €
To derive an equation on p, we integrate with respect to v to obtain

B + aia (v-Vag) = 0. (1.3.13)

Now we replace O;p in (1.3.12) to get an equation satisfied by ¢

€ € 1
Org + =V Vaep Mg + P (v Vag — (v~ Vag) Mp) = ~ (1.3.14)

From this formulation the semi-implicit scheme proposed in [52] writes

n+1 n

pt —p

At
Vg Myt S (0 Vag" — (0 Vg™ Mp) = — gt
ca xpP B ca x9 z9 )N, MB) = Eo‘g )

+ 5 (0 Vag™t )y, =0

gn+1 n (1315)

-9
At
which is of order 1 for any fixed ¢ and preserves the asymptotic of diffusion equation when
considered in case 1.1. However, as in the last section, when case 1.2 is considered, formulation
(1.3.15) does not work because the fractional laplacian does not appear when e goes to 0. We
then have to modify the micro-macro scheme. As Mp is even and the discrete velocities are
symmetrically spread around 0 we have

(0 Vag™) . = (0 Tap™ M)+ (- Tag™ )y = (0T
and so the first equation of (1.3.15) can be rewritten as
pn+1 _ pn € 1 _
Ar Toa (0 Val"y, =0,

Now we use an implicit formulation of the kinetic equation to express f*+!

oS = n+l _ ntl _ pntl
et ————+4cv-V,f =p"" Mg — f".
At
As we did in the previous part we introduce the variable A defined by (1.3.6) and write this
last equation as

(I+exv-Vy) " = p" Mg+ (1 - N7,
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that is
fHY= AT +ed Vo) o IMy 4+ (1= N (I +ehv-V,) ! o

As A AT O(At), we will use the following approximated expression for 1
ﬁ

FAY= AT +exv V) p" Mg+ (1—N) (I —edv-Vy) f* + O(AY),

to avoid a costly inversion of the transport operator. As we will use a bounded domain for the
velocities in the numerical computations, this approximation induces an error of order O(At).
However, since we are writing an order 1 scheme, its accuracy is not changed. In this expression,
the terms we removed also vanish when e goes to zero, independently of At. Scheme (1.3.15)
can be rewritten in the anomalous diffusion limit as

n+1 n

ptt—p € 1 gt
_ 7)\< -V, (I v -V, + M>
A7 —i—EEa v- VoI +elw- Vi) " p 8) x.
—i—g—a(l =N W-Ve (I —eXv-Vy) f")y, =0, (1.3.16)
n+1 n
g ) n n n n
v +5v-Vep" Mg+ 5% (U Vg™ — (v- Vg >N'u Mﬁ) = —E%g +1

We can make additional simplifications. First, we remark that,
(V- VoI —elv-Vyg) f")y, = (v Vo f")n, + O(AL) = (v Vg9") N, + O(At),

where we used (vMpg)n, = 0 and A = O(At) at fixed e. When performing this approximation,

we removed terms of order O(At). It is consistent with the kinetic equation, since the mag-
nitude of the numerical error is not changed. Moreover, this simplification is also valid when
considering the AP character of the scheme. Indeed, for a fixed At the terms we removed can
also be neglected in the small € limit. As the fractional diffusion limit of the scheme is now
ensured (at the semi-discrete level), all the other terms of order At can also be neglected with
no incidence on the precision and on the AP character of the scheme. Then, the last term
in the first line of the scheme (1.3.16) can be replaced by e=%(1 — \) (v - Vg")y,- Second,
we will reformulate the second term of the first line of the scheme (1.3.16) (which produces
the fractional diffusion when € goes to zero) in order to get the right limit when ¢ — 0 when
the integrals in v are computed with (1.3.4). To simplify the presentation, we present the
reformulation using the Fourier variable (because of the non-local character of the fractional
laplacian in the space coordinates, the case in these coordinates is more delicate). The second
term of (1.3.16) writes in the Fourier variable and with continuous integration in v

5 ik - v 1 €2)\2(k}‘7})2
— A ——F M ol = — M 5L ().
e <1+is)\kz-v 5>p () €a<1+€2A2(k,v)2 5 )" (k)

Here, as in the previous section, we remark that this term degenerates into the fractional
laplacian x|k|®p" ! (k) with & defined in (1.1.6) for small e. However, once again, the passage
to the numerical integration misses the high velocities effects. To make the fractional diffusion
appear in the scheme, we then make the change of variables w = eA|k|v in the above expression
before discretizing in velocity. Hence, denoting e any unitary vector and F~! the inverse of
the Fourier transform, the following proposition holds:
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Proposition 1.4. In case 1.2 (anomalous diffusion scaling), we introduce the following micro-
macro the scheme defined for all z € Q, v € R% and all time indez 0 < n < N,NAt =T

by

( n+1 n 2

1Y —pP aT—1 a (U.e) m sn+1

_ AYF k k

AT ( | <1+<v-e>2 <eArk\>ﬁ+rv|ﬁ>Nf "
V. — (1.3.17)
toag a0 Vedn, =0

gn+1_gn c UM c " _— M gn+1

| At Ve Mat 5 (00 Vag" = (v Vg, Mp) = ="

where e is any unitary vector, and where initial conditions are p°(z) = p(0,2) and ¢°(z,v) =
f(0,2,v) — p(0,2)Mg. This scheme has the following properties:

1. The scheme is of order 1 for any fized € and preserves the total mass

Vi € [1,N], 5" (0) = 5°(0).
2. The scheme is AP: for a fixred At, the scheme solves the diffusion equation when € goes

to zero
pr(k) — p" (k)
At
where K, defined by (1.1.6), is computed with (1.3.4).

= —lk|" (),

Proof.
Remark 1.5. In the macro part of (1.3.17), for a fixed e, we have

(v-e) m _ [ _we m g
(v P BT )y, ~ (T o ), *Oe

Hence, as 8 > 1, we could have replaced directly the term treated in Fourier variable by its
asymptotics for small € with no impact on the accuracy of the scheme neither on its AP property.
This rewriting permits to write a micro-macro scheme with no use of the Fourier variable. Since
the discretization of the fractional laplacian in the space variable is a consequent piece of work,
we decided, for a sake of simplicity, to present here the strategy in Fourier variable.

The proof of (i) is immediate, let us prove (ii). We have when ¢ goes to zero with a fixed
At, the scheme solves the anomalous diffusion equation. The equation on g gives, when € goes
to zero.

g™t = O(min(e, %)).
The equation on p gives, in the Fourier variable

An4-1 n 2
p—0r o). (v-e) m ~n+1 o2 _l4a
k = :

A T <1+<v-e>2 <sx|k|>ﬂ+v|ﬁ>mp Olmin(e, 7))

Thanks to the following relations,

m £+O(€O‘+d),

At «
R =1 @ _ =
A ( > TOE), and TP T o

e* 4+ At
we get the implicit discretization of the anomalous diffusion equation (1.3.9) when ¢ — 0.

Hence the scheme solves the anomalous diffusion equation when e goes to zero with a fixed At.
O
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1.3.3 Scheme based on an integral formulation of the equation

In the previous parts, we wrote two AP schemes solving (1.1.2) in the case of anomalous
diffusion limit, both of them were of order 1 in time. Here we present a scheme based on
a Duhamel formulation of (1.1.2) which has uniform accuracy in e. This approach bears
similarities with the UGKS scheme (see [71, 57]). As in the previous parts, the case of the
classical diffusion gives easily an AP scheme but the large velocities effects require a specific
treatment for the anomalous diffusion case.

Considering in a first time that the integrals in velocity are done continuously, we start
from (1.2.2)

_t
Pt k) = <e’e%(1+i€k'”)ﬁ(0, k,v)> + / T <e*i€sk'”MB(u)> At — s, k)ds,
0

hence evaluating at time t = ¢,,41 leads to

Pltnsr, k) = Ao(tnsr, k — i“k'”M5>,5(tn+1 %, k)ds, (1.3.18)

where Ag is defined by (1.2.4). We perform a quadrature of order 2 in the integrals. Assuming
that the time derivatives of p are uniformly bounded in €, we have:

vje LN - 1], ¥s € |4,

an 60(}7

Ptns1 — %8, k) = a;(e,8)p(tnp1 — tj k) + (1 — aj(e,8))p(tns1 — tiv1, k) + O(AL?), (1.3.19)
s) =

=1- EQZ?J'. Inserting (1.3.19) in the integral term of (1.3.18)

uniformly in e, with a;(e, s
leads to
L+l
/t Sl <e’153k'“M5> pltugs — €5, k)ds = cj (k) p(tuss — t;, k)
+bj(k)p(tnsr — tj+1, k) + O(AF?),  (1.3.20)
uniformly in €, where we used the following notations Vj € [0, N]

1
T g% ¢ :
bj(k):/tj EsAitJe—s <e_155k'”M5> ds, (1.3.21)

ex Qg t .
cj(k) = ﬂ (1 - E‘th) o= <e*‘“’“'“M5> ds. (1.3.22)

We use the quadrature (1.3.20) in (1.3.18) to write

n

Ptns1 k) = Ao(tns1 k) + Y (cjpltnsi—js k) + bjp(ta_j, k) + O (A)) (1.3.23)
j=0

and as nAt < T then > At? = O(At) and we get a first order scheme that writes
=0
(tnt1,k) + Z P (R) + 05" (K)) + bop" (k)

k) = . 1.3.24
P (k) T (1.3.24)
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In the case of diffusion or when the integrals in v of the coefficients b; and ¢; are computed
exactly, this scheme enjoys the AP property . However, always because the high velocities
cannot be taken into account in the numerical computations, it does not preserve the asymptotic
in the case of the fractional diffusion limit with discrete integrations in v. Therefore, we have
to suitably transform the integrals ¢; and b; before discretizing in velocity. We have

L €% —t; sk g — t;
L —s —ieskv —s
b = /tg A © <<e 1) M5> ds + /tj —Ar © ds,

tizl €a8 - tj iesk
Cf':/g (“m)e (e =) My ds
ti+1
e g% — tj _
+ /tfl <1 ~ AL ) e *ds,

and in the velocity integrations we set w = ¢|k|v before discretizing the velocities as in (1.2.5),
so when Mg(v) = m/ (1 + |[v|®) we have with (1.3.4)

tjiso‘ t
m e S — ts .
b, = aka - - 2 "] —s —1sw-e_1 d
s = &lH <<e|k|>ﬂ+\w|ﬁ R S>N

i+l

Teo €a8—tj _

+/t& A © Sds,
tit1
m e e%s —t; .

N ] 1— J —s (e—iswe _ 1) ¢
G = Ik <(6\kl)5+\w!5/fg; (1-=5") e )5>N

i+l ’

e e%s — tj _
+/tj <1 — At) (6] SdS,

e

with e any unitary vector. To ensure the AP property, the time integrations are computed
exactly to get

At
t. 1_e_€a At m
b — -% - ° = 1—e%kl¢( ——— 1.3.25
! © ( EAat ‘ ) ( =l <(5‘k’>ﬂ+‘U’B>Nv> ( )

e e_t?&rl (1+iv-e) e —t—j(l—i-iv-e) 1— e—%(l—‘riv.e) m
RO e T A Ativ-e2 | k) +pf/ -
Ny
t 1 -4
_Y —€ m
Cj = e ¢ (1 — At) <1 —_ Ea|k‘a <W>N ) (1326)
ex v
| e_i%(1+iv‘e) e —i(l-‘rivﬂ) 1- e_%(l—i_iv.e) m
M T e & (1tiv-e)? | ER)E + [of?

v

We have the following proposition
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Proposition 1.6. In case 1.2 (gnomalous diffusion scaling), with the notations b; and c;
defined in (1.3.25)-(1.3.26) and Ay defined in (1.2.4) and computed with (1.3.4), we consider
the following scheme defined for all k and for all time index 0 < n < N such that NAt =T by

o(tni1, k +Z PrHTI(E) 4+ b (K)) + bop™ (k)

1—cg
with the initial condition p°(k) = p(0, k). This scheme has the following properties:

1. The scheme is of order 1 and preserves the total mass

Vn € [[17 N]]”ﬁn(()) = ﬁo(o)

2. The scheme is AP: for a fized At, the scheme solves the anomalous diffusion equation
when € goes to zero

An+1 AN
P (k) - P (k) o an+1
= —klk k
Y Kl k| (R),
where k, defined by (1.1.6), is computed with (1.3.4).

3. Moreover, the semi-discrete-in-time scheme has uniform accuracy with respect to At, that
18
167(-) = p(nAL, )| < CAL,
with C' independent of €.

Remark 1.7. The numerical tests (see Fig. 1.6) suggest that, for all € > 0, this scheme is of
order 2 and degenerates into an order 1 scheme when € becomes small. However, we are only
able to prove the uniform order 1 of the scheme.

Proof. The conservation of the mass is obtained by induction, and the fact that it is of order 1
comes from the Taylor expansion we performed in the integrals. let us prove that for a fixed At
the scheme solves the anomalous diffusion equation when e goes to zero. From the exponential
decay of Ap and bj,cj,7 > 1 we have when € goes to zero

(1—co) p"* (k) = bo(k)p" (k) + (™).
On the one side we have

bo(k) = S + o=,

and on the other side we have

1 m e
— ak,a _1 1_7 «
@ = U (e ) G ) T
m  (v-e)? e
= gl L\ 1— =
“IH <|v|ﬂ1+<v~e>2>N o T
€O[
— oL 1— = ay
ek + At—l—o(s)

We deduce that when € goes to zero, the scheme degenerates into

An+1 N
P (k) — p" (k) _ asn+1
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where & is defined by (1.1.6) and computed with (1.3.4). This is an implicit scheme for the
anomalous diffusion equation (1.1.5).

Now, let us prove the uniform accuracy of the semi-discrete scheme. Here, we consider that
all the velocity integrations are done continuously. Firstly, we need to precise the remainder
O(A#?) in (1.3.20). Taylor expansions of p(t,+1 — €%s, k) leads to

P(tn1 —€%s, k) = aj(e, s)p(tnst1 — tj, k) + (1 —a;(e, 8))p(tnr1 — tjr1)

(€a8 — tj)

2
—aj(e, 5) 07 pltn+1 — e%€i(s), k)

a )2
— (1 —aj(e, 5))(55_2tj+1)3t2,5(tn+1 —e%a(s),k),

with s € [ﬁ%,t’;l} J1(s) € {%s} &(s) € [s, tﬂ;f] and a; = 1 — 554, Hence, (1.3.18)
rewrites

ﬁ(tn+17 k) = Ao(tn+17 k) + Z Cj,ﬁ(tn+1 — t]) + bij(tn+1 — t]+1) + At2F7 (1327)
7=0
where
1 n Lt e — t. 2
=3 t (“J'(573) (M) 07 p(tnr1 — e%61(s), k) (1.3.28)
j=0" &

tj+1 —e%s

2
+(1— aje, 5)) (At) O2p(tnsr — £Eo(s), k)> e~ <e_i55k'”M5> ds,

and with b; and ¢; defined in (1.3.21)-(1.3.22). As aj(e,s) > 0 and 1 — aj(e,s) > 0 for

t ot
s € [6—{1, Jefgl}, we have

n tit1 2 2
B €% —t; tiz1 —€e%s _
< s 7‘7 —_ . 'H_i S
‘F’ — C;:O\/tgt (a](578) ( At > + (1 a](g, S)) ( At ) > e dS

n L1 a
< (g% —t; €% —t;
<C ——)(1-——1L)e5d
—Z/ < At>< At )e ’
7j=0" e~
n ti+ o
e E78 — tj s
< CZ o < Az > e “ds,
jZO ex
where we denoted C = 1 sup ||07p|| and remarked that EQZ?J' € [0,1].

tk
Now, let us denote E,, = p(t,, k) — p"(k) and suppose that Ey = 0. From (1.3.24) and (1.3.27),
there is a relation linking the E;

n
(1= co) Bnt1 = boEn + Y (¢jEny1—j + bjEn_j) + AL’F, (1.3.29)
j=1
To obtain a bound of E, 1, we will need two different estimates of 1/(1 — ¢p). On the one
hand, we remark that with the expression of ¢y in (1.3.22) we have

At

g™ @
lco| < / (1 _ Z:) e—5ds. (1.3.30)
0
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At

On the other hand the inequality 0 < 1 — EADL—? <1 for s e [0, %] also gives [co| < 1 —e =@,
where we remark that in particular |c¢p] < 1. Eventually, the inequality |1 —co| > 1 — |co]
implies the two following bounds

1 1 1 1
< i and N (1.3.31)
1 —co = % 1 —co e =
1- / <1 — > e °ds
0 At

In (1.3.29) let us focus on the term containing F'. It writes

.
At n 367-(4;1 e% — t.
@ e\ _, Z/ <]> e °ds
R — | e %ds N t; At
e oy ()  10P0lle 51/

1.3.32
1—co| ™ 2 ‘1—Co| 2 ‘1—Co| ’ ( 33)
using (1.3.31) we find an upper bound for the first term of (1.3.32)
/ (EA:) e *ds / e *ds — / (1 - EA:) e *ds
0 < 2 4 <1, (1.3.33)

1= col - e a
1 —/ (1 _ 55) e—5ds
o At

and reminding that Eazztj <1 fors € [j—;, tj;gl], the second term of (1.3.32) reads, using
(1.3.31)

n tit1 e n Jt1 i
ex — ] s e s o0 s
Z/tj (At)e ds Z/tj e “ds /At e~ %ds
j=1"z% j=1"z% At
£ <1. 1.3.34
‘1—Co| - ’1—C0| - |1—Co‘ - ( )
Eventually, (1.3.33) and (1.3.34) give the following upper bound for ; £ -
< 2C. 1.3.35
‘ 1—col| ™ ( )

Let us focus now on the remaining term in the right hand side of (1.3.29) and denote &, =
max j—o-n |Ej|. We have from (1.3.21) and (1.3.22)

g€ (0,1]

At
@ g%g

—€
y At

g% —t;
1———J|es
(1-=57)

n
boE,, + Z (CjEn_H_j + bjEn_j) =8 ds

j=1

<

<e—i£sk'vMﬁ> En

L+l
e

n
2
j=1

. <efi€sk-vM6> En+1—j ‘ ds
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At a
= s
< — - -s
< (1 /0 (1 . ) e ds) En,

where we have used (Mpg) = 1. Hence, using (1.3.31), we get

n
boEn + > (¢jEnt1—j +bjEn—j)
j=1

< &,. 1.3.36
1— Cco = ( )

Eventually, we have the following estimate for E,; using (1.3.29), (1.3.35) and (1.3.36)
Eni1 < &, + 2CAL%.

This implies that &,41 < &, + 2CAt?, which gives, knowing that & = 0,
Eny1 < 2C(n 4 1)At2

Denoting T the final time of the algorithm and N such that At = %, we have for all 0 < n <
N —1, n+1<T/At, and this ends the proof of the uniform accuracy.

O

Remark 1.8. The previous scheme of Prop. 1.6 can be modified into a numerical scheme which
degenerates into a second order time approximation of the asymptotic model. Indeed, we can
modify (1.3.23) to get the following scheme

P (k) = Ao(tusr, k) +bop" (k) + Y (50" (k) + 050" (k)

An+1]€ _i_Ank
+(Co+b0*1)p (k) + 7" (k)

+ (1 = bo) p(tnt1, k).

By construction, this scheme degenerates when e goes to zero, into a Crank-Nicolson numerical
scheme for the diffusion or anomalous diffusion equations.

Remark 1.9. The scheme of Prop. 1.6 is an expression closed on p. It implies that it is not
necessary to solve the equation for f to compute the approximated value of p at each time step.
Since p does not depend of the velocities, this improves the computational time. However, it
is still possible to recover the values of the distribution function f from p. As an example, this
can be done using the expression for f of the implicit scheme we described in the beginning of
this section.

Note that a very similar approach, based on an integration of (1.1.2) between the times ¢,, and
tn+1 provides a one-step first order scheme which enjoys AP property and that is of order 1
uniformly in €. With this scheme, the storage of all the previous values of the density p is no
longer necessary, but this gain of computational time is counterbalanced by the fact that it
is now necessary to solve the equation for f . Hence, the complexity coming from the number
of terms in the sum of the expression of p disappears but we must now deal with the velocity
space and perform numerical velocities integrations at each time step.
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1.4 Numerical results

In this part, we present the numerical tests for the implicit scheme, the micro-macro scheme and
the scheme based on the Duhamel formulation of the kinetic equation in the case of anomalous
diffusion. In the sequel, we will denote by ISD (resp. ISA) the implicit schemes set in (1.3.5)-
(1.3.8) (resp. in Prop. 1.3) in the diffusion case (resp. anomalous diffusion case); we will call
MMSA the micro-macro scheme in Prop. 1.4 in the anomalous diffusion case. Eventually, the
acronym DSA will refer to the scheme based on Duhamel Formulation in the Prop. 1.6. Finally,
adiff denotes the numerical scheme of the anomalous diffusion equation given in (1.3.9).
In this part, we will consider ¢t > 0,z € [—1,1],v € R and the following initial data

fo(z,v) = (1 +sin(mz))Ms(v),

and periodic boundary conditions are imposed in z. In the fractional diffusion case, we will

consider the equilibrium
m

MB(”) = W’

with m chosen such that (Mpg(v)),y = 1. In the sequel, unless other discretizations are men-
tioned, the following numerical parameters will hold:

1. time: the final time will be set T'= 0.1 and At = 1073.

2. space: we will consider a uniform mesh in z considering N, = 64 points. We will use
(1.3.2) for the Fourier variable and (1.3.1) for the original space variable.

3. velocity: an uniform velocity grid of the truncated domain [—vmax, Vmax] is considered,
with 2V, 4+ 1 points. Here, we will consider v,.x = 50 and N,, = 100. The discretization
(1.3.3) ensures that (vMg(v)), =0, with (), defined in (1.3.4).

In the tests for the anomalous diffusion, we will consider o« = 1.5.

As we are testing three different schemes, it is worth checking whether, at least for large ¢,
they all agree to give close numerical solutions of the kinetic equation. Indeed, in the case of
fractional diffusion, we plot the densities given by the three schemes at time T'= 0.1 for e = 1
and € = 0.1 with the previous parameters. The results in Fig. 1.1 show that the three scheme
give the same solution.

e=1 e=0.1

[—Implicit scheme

© Duhamel scheme

+ Micro-macro scheme
- Initial data

—Implicit scheme

© Duhamel scheme
161 + Micro-macro scheme
~Initial data

18-

02F

n i . . I . n L " . o : . , " . . .
o8 06 04 02 [] 02 04 05 08 1 E o8 06 04 02 [ 02 04 086 08

Figure 1.1: For At = 1073, the densities p(t = 0.1, 2) obtained with the three schemes. Left:
for e = 1. Right: for e = 0.1.

To get more precise results, in the sequel, we will be interested in the relative error. The
relative error is defined by the difference between a reference solution (obtained by a scheme
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using a refined mesh) and the solution obtained by the tested scheme through the following

formula

EI‘I‘OI’(T) _ ”preference(T> - pscheme(T)”Q’ (141)

Hpreference(T) HQ

where || - ||z denotes the discrete L? norm and the reference scheme will be precised in each
case.

1.4.1 The implicit scheme in the case of the anomalous diffusion limit

In this section, we test the ISA scheme. We check that it is of order 1 for a fixed value of ¢
and the AP property when ¢ goes to 0 for a fixed value of At.

Firstly, we remark that the scheme (1.3.5)-(1.3.8) does not preserve the asymptotic of
anomalous diffusion: the left hand side of Fig. 1.2 shows that for ¢ = 1075 the implicit scheme
returns a result very different from the result given by (1.3.9). Indeed, when ¢ << 1, (1.3.5)-
(1.3.8) produces a stationary solution. So it appears that the change of variables in the velocity
integrals is necessary to capture the anomalous diffusion limit, as shown in the right hand side
of Fig. 1.2.

Foe=1
6205
=01
- e=0.01
-e=107
e=107°

— Initial condition

+ Anomalous diffusion limit

=1 -08 -06 -04 -02 o 0.2 0.4 0.6 0.8 1
X

Figure 1.2: For At = 1073, the densities p(t = 0.1,x). Left: scheme defined in (1.3.5)-(1.3.8)
(with ¢ = 107°), by the adiff scheme and the initial data. Right: ISA scheme for different
values of ¢ and the adiff scheme.

The left hand side of Fig. 1.3 shows the error between the reference scheme (defined as
the adiff scheme) and the ISA scheme as a function of ¢, for o = 0.8,1,1.5. We observe that
the convergence of the kinetic equation to the anomalous diffusion when € goes to zero arises
with a speed «. Theorically, the convergence to the anomalous diffusion equation arises with
a speed e™in(@®2-@) hut as we consider a finite domain for v in the tests, the convergence rate
always appears to be ¢®. This result will be proved in [18§].

However the convergence in time of the ISA scheme to the DSA scheme is not uniform with
respect to €. Setting At = €% in the scheme and letting At go to 0 shows that the densities
does not converge to the density given by the anomalous diffusion equation. On the right hand
side of Fig. 1.3, we plot the error in time between the adiff scheme as reference and the ISA
scheme computed for different time steps satisfying At = ¢®. We observe that the error does
not converge to 0 when At goes to 0, illustrating the lack of uniformity.

1.4.2 The micro-macro scheme

In this part, we focus on the MMSA scheme in the case of the kinetic equation with anomalous
diffusion limit. As it does not use only the Fourier variable, we must consider a grid for the
space variable. Here we will take € [—1,1] discretized with N, = 32 points. Following
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slope =0.8 T ~

10° 107 10" 10 107 107! 10° 107 107 107 10° 107 107

2 Diea
Figure 1.3: Left: For At = 1072 and a = 0.8,1,1.5, the error as a function of ¢ between
the reference adiff scheme and the ISA scheme (log scale). Right: The error between the ISA
scheme for a range of At = ¢® and the adiff scheme as a function of At, which is fixed equal
to € (log scale).

Remark 1.5, we could have used (1.1.9) to compute the term giving the fractional diffusion for
small € in the macro part of (1.3.17) in the original space variable. For a sake of simplicity,
we decided to treat it in Fourier variable, using (1.3.2). All the other space derivatives in this
scheme are treated with a classical order 1 upwind scheme, using (1.3.1). Eventually, we use
(1.3.3) for the velocities. As we solve the transport of the micro part in an explicit way, a CFL
condition has to be imposed; then the time step is chosen small enough.

We start by testing the consistency of the scheme. We fix @ = 1.5 and for a decreasing
range of time steps, we compute the solution given by the MMSA scheme. Then, for e = 1,0.5,
we compare it to the reference solution given by MMSA with At = 1076, For ¢ = 107,108,
we compare to the solution given by the adiff scheme. Fig. 1.4 shows the error curves obtained
for different values of €. It appears that the MMSA scheme is of order 1 in time.

e=0.5
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Figure 1.4: For ¢ = 1,0.5,1077,1078, the error in time between the MMSA scheme computed
for a range of At and the reference scheme computed with At = 1075 (log scale).

Let us recall that the micro-macro scheme we propose enjoys the AP property but has no
uniform order 1 of accuracy. In order to show that the scheme preserves the asymptotic of
anomalous diffusion we compute the densities p(t = 0.1, x) obtained by the MMSA scheme for
a range of €; we compare them to the density obtained by the adiff scheme computed with the
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same At. In order to respect the CFL condition, we took At = 10~* for ¢ = 1,0.5,0.1,0.01
and At = 1073 for the smallest ¢.The left hand side of Fig. 1.5 shows these densities in the
case a = 1.5, we observe that they are very close to the anomalous diffusion limit for small
£. On the right hand side of Fig. 1.5, the errors associated to this latter study are displayed
in the cases @« = 0.8, = 1 and « = 1.5, the adiff scheme being considered as reference. We
observe that the convergence happens with speed «, as expected.

107
sww/f..
10" /

""'Mslope=1

Slope = 1.5

— Initial condition
+ Anomalous diffusion limit

Figure 1.5: The densities p(t = 0.1,z). Left: MMSA scheme for different values of ¢ and the
diff scheme. Right: For At = 1073 and a = 0.8,1, 1.5, the error with respect to € between the

reference adiff scheme and the MMSA scheme (log scale).

1.4.3 The integral formulation based scheme

In this section, we test the Duhamel formulation based scheme DSA in anomalous diffusion
regime. We put its properties of consistency, AP character and uniformity with respect to e,
written in Prop. 1.6, in evidence in this case.

The first thing we check is the convergence of the algorithm when At goes to zero. We
compare the results given by the DSA scheme to the results given by the DSA scheme computed
with a smaller time step, to make the consistency of the scheme appear. Considering different
values of €, we compute a reference solution with the scheme DSA with At = 1075 and we
compare it to the results given by the DSA scheme for some larger time steps. Fig. 1.6 show
error study of the convergence of the densities obtained. We observe that for ¢ = 1,0.5 the
scheme seems to be of order 2 whereas it is of order 1 for smaller values of ¢.
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Figure 1.6: For ¢ = 1,0.1,1074,107°, the error as a function of At between the DSA scheme
and the DSA scheme computed for At = 107° (log scale).

Then, we can study the AP character of the DSA scheme. The time step being fixed to
At = 1073, we check that the results given by the DSA scheme converge to the result given
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by the adiff scheme when € goes to 0. Fig. 1.7 presents the densities p(t = 0.1,z) obtained
by these two schemes for different values of € and then, the error as a function of € is plotted
for @« = 0.8,1,1.5. As previously, the expected numerical speed of the convergence to the
anomalous diffusion is recovered.

-1 | slope=0.8

|- slope = 1

slope = 1.5

‘e
-~-Initial condition
— Anomalous diffusion limit
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Figure 1.7: Left: For At = 10~3 the densities p(t = 0.1,) given by the DSA scheme for
different values of ¢ and the adiff scheme. Right: For At = 1072 and a = 0.8, 1, 1.5, the error
in € between the reference adiff scheme and the DSA scheme (log scale).

To highlight the fact that the scheme is first order in time uniformly in €, we compare
the results given by the DSA scheme with At = 1075 to the results given by the same DSA
scheme for a range of At. These errors are displayed in the left hand side of Fig. 1.8 as a
function of € where we observe that the error curves are stratified with respect to At, showing
the uniformity of the scheme with respect to . As for the case of diffusion limit, the right
hand side of Fig. 1.8 presents the error between the DSA scheme computed for At = & and
the limit adiff scheme computed for At = 10~". Since the DSA scheme is of order 1 uniformly
in €, this error tends to zero when At and ¢ go to zero.

€ Dt=ea

Figure 1.8: Left: The difference between the DSA scheme computed for At = 1075 and the
DSA scheme computed for a range of At as a function of € (log scale). Right: The difference
between the DSA scheme computed for At = e® and the DSA scheme computed for At = 1077
as a function of At (log scale).

1.5 Conclusion

In this paper, we have first presented a formal derivation of anomalous diffusion asymptotics
from a BGK kinetic equation. This analysis enables us to understand the role of the large
velocities induced by the heavy-tailed equilibrium in the anomalous diffusion asymptotics.
Moreover, this formal derivation paves the way to construct three different numerical schemes
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for the kinetic equation, which all enjoy the asymptotic preserving property in the anomalous
diffusion regimes.

The asymptotic preserving character in the case of anomalous diffusion comes from the fact
that we managed to take into account the effect of large velocities of the equilibrium. As we
saw in the simplest case of a direct fully implicit scheme, the asymptotic is not preserved when
these large velocities are truncated. The schemes using the micro-macro formulation as well as
the Duhamel formulation of the equations require the use of the same trick on the velocities.
Moreover, this last scheme enjoys a uniform accuracy property.

In the near future, we aim at extending this work to more general context, considering
higher dimensions, non periodic boundary conditions. The case of singular collision frequency
also may generate anomalous diffusion (see [4]) and this also deserves a numerical study that
we plan to do in a forthcoming work [18].
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1.6 APPENDIX 1
1.6 Appendix: General expression of the anomalous diffusion in

the Fourier variable

In this part, we will show the following proposition
Proposition 1.10. In case 2 (anomalous diffusion scaling), the equilibrium Mg satisfies

(elk)7~C(s) + (es|k])”~R(e, 5, k),

<<e—isskz.v _ 1) Mﬁ(v)> =

s
independently

n (1.6.1)

with C(s) defined by
C(s) = /Rd (e -1) de,

and where R(e, s, k) is bounded and tends to 0 for small € and s with an explicit form given by

Rt = [ ) (et () - ) 2o

Proof. Since we supposed that Mg(v) ~ %, there exists a continuous bounded function /¢
e—

and a positive constant K such that
m m
l — 0 and M, — —— =l(v)—= if |v]| > K. 1.6.2
(®) | 7. 0 and Ms(o) = g = ) i i o (162)
Hence we have .
((e7=k = 1) Ma(v)) = [+ Lo + I,
with
I = / (e_i‘“k'“ - 1) Mpg(v)dv,
[v|<K
) m
I, = / (eﬂgSk'“ - 1) (M (v) — > dv,
ol K T P

I3 = / (e*igsk'“ - 1) L
[v|>K ’v|ﬁ

In the sequel, we consider separately the equivalents of these three integrals to obtain the
fractional diffusion term. Using the fact that Mg is even, we can use a Taylor expansion for

the exponential in the integral Ij

|| = ‘/ (e_iESk'” - 1) Mpg(v)dv
lv|<K

<e_155k'” —1+iesk - v) Mpg(v)dv
lv|<K

2.2
£ (k - v)* Mg(v)dv

2 Jpizk
k2| K222
PIRPES )
2
For the integral Io, we perform the change of variables w = €|k|v for a nonzero k and use the

function ¢ in (1.6.2)
m —iesk-w m
v = e —1)4(v)—
> /U|>K ( ) ’v‘ﬁ

I = A}M{ (e7i=ke 1) (Mﬁ(v) P

dv
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g Lk w m
zskﬁ‘d/ o I 1 £<>dw
(€lkD |w|25Kk< ) elk| ) |w]?

_ B—d —iswpr ) g () T
e [ )¢ (G o
g Lk w m
+ (elk 5—d/ e YR — 1 £<) 7 dw.
R [ ) \) o

With the choice of 8 = a + d, we know that those two integrals are well defined; indeed in a
neighborhood of zero, the integrand is equivalent to C|w|?>~? and at infinity we can dominate

it by ﬁ. Since £(v) | |—> 0, the dominated convergence theorem enables to write
v|—00

IQ = 0(€B_d).

e—0

We perform the same changes of variables in the integral I3

. . k
Iy = / (eﬂ“"*” - 1) —mﬁdv = (slk!)ﬁ‘d/ (e—zsw.m B 1) mﬁdw
[v|>K v |w|>e K|k [w]
_isw- X m
= (elk ﬁ_d/ (e PR 1) —dw
L w]?

—isw- m
+(€|k!)6‘d/ (e " —1) ——dw.
|<eK|k| ) |w\ﬁ

|w
With the same arguments as for I, the second integral tends to zero as & goes to zero. The
first one has rotational symmetry with respect to k so, for any unitary vector e of R?, we have

~ ps—d —isw-e m
Iy ~ (clk) / (e 1) s

weR?

= Ad|g1Pde ().

We finally get

—ieskv ~ B=djp18-d —isw-e ﬂ — B—d|p.|8—d
<<e 1) Mg(v)> € K| /u)ERd (e 1) ‘w’ﬁdw e? U k|PT4C(s),

with C(s) defined in (1.6.1). We also need an estimation of the remainder in this equivalent
when ¢ tends to zero and when s is small (independently). We already have an upper bound
for I; in order to get one for all the terms smaller than the equivalent we must specify the
remainders in the integrals arising in the study of I and I3. Firstly, let us consider the second
term at the end of the computation of I,

—isw- & w m
(elk])? / Y <> W
lw|<eK|k| ( ) elk] ) Jwl?

—isw- -k m
< c(e\kwd/ (e sw gy _ 1) T Qw
|<eK|k| ’w|’3

|w
< cle]k|)P4s? / lw|?>~Pdw
|w|<eK|k|

eK|k|
< c(&t\k\)ﬁ*dSQ / rd=1p2=Bqy
0
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< sk,

where c is a constant depending on the upper bound of £, the constants m and 3, the dimension
d and K. We notice that the remainder in the integral I3 can be bounded exactly in the same
way, so it remains to consider the following term on which we perform the change of variable

w — ws
4 Lk w m
kﬁd/ PO 1) 4 == | —=d
Ll N C ) <s|k:|> P 4

o, ko w m
= kﬁ—d/ MR 1) 0 —— ) ——=dw.
(esle)™™ [ (e ) (w!k\) fu

Using the same argument of dominated convergence, the integral has null limit for small € and
s, hence we get

e—0

(7= —1) Mp)) = (el C(s) + (eslk) ™ Ree, 5, ),

s—0
independently

where R(e, s, k) is bounded and tends to 0 for small € and s with an explicit form given by

resm = [0 (Gt (S) ~ )

O

1.7 Appendix: General expression of the anomalous diffusion in
the original space variable

In this part, we will show the following proposition which enables to derive the anomalous
diffusion limit of the kinetic equation with the original space variable in the general case.

Proposition 1.11. Considering an equilibrium Mg(v) in the case 2 (anomalous diffusion
scaling), the following function a(e, z)

t

_ = 5iM ~ d
ale;2) /0 g (es)d 5(53) 5

+o0
a(e, z) ~ msﬁd/ sPde5ds,
0

e—0

satisfies

and
+00
a(e, z) msﬂ_d/ sPde™5ds < CePd,
0

e—0

where C' is a constant independent of €.

Proof. We start with the equality

—+o0 —s +o0 —s
_ B e a _ B_€ z
ale, 2) / 17 s () s / 1 s () s
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and as Mg is bounded by a constant C', we have

+oo -5
B_€ M (i)d
‘/ta I ey Mo (5) 4

Hence, we obtain
+oo —s
B m (i)d
/g ey (55) 40

and there exists a constant C'{ such that

+oo —s
BLM (i)d
‘/ta 12 (es)d” P \es 3

As we did in the previous appendix, we consider a function ¢(v) satisfying (1.6.2). Considering
that, for a nonzero z,
|

>K&es< —
eK’

5 1 400 e—s

_t S e—0
504

1

e — 0,

e—0

S Eﬁidcl.

ES

a(e, z) becomes

“+00 —S
— B (2 1.7.1
/g |z )’ 3 <gs) ds. (1.7.1)

Now we consider separately these five integrals of (1.7.1). The first one is exactly the equivalent

we are looking for
+o00o —s +o00
/ Bl ° i mﬁds = msﬁd/ sP~de™%ds,
0 (es) | ] 0

so we must prove that the other terms of (1.7.1) are small. For the second integral of (1.7.1),
we use the function ¢ introduced in (1.6.2)

=]

1z] —s & =
K g€ Fy__m — [T ppl =)=
/0 2| (gs)d (Mﬁ (55) |;‘ﬁ> ds = /0 |z (53)‘16 (ES) i‘,@ds
+00

As l(v) — 0, we have
|v]—+o0

and
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where the constant C' denotes the maximum of £. So, by the dominated convergence theorem
2]
1 K e S z m
. p (7) _
e~ Jy o (es)? (Mﬁ €s |z}6> ds 0 0,
ESs
and there exists a constant Cy such that
& e ® z m
K8
z M (—) ds
[P (e G- 125)
Then, we remark that the third and fourth integral in (1.7.1) are exponentially small
-5 +oo —5
[ g e [T
% w0 ()]

B —s +00
z e
C‘L/ —ds + ef=dm e * P
€ =zl s %

< 0285 d.

IN

= 0(e™),
where C' denotes the maximum of Mg. Hence, we deduce

1 oo e s oo e ® m
1 Ly, B pe” m_
o </' o e ()4 fu ¥ <es>dv\ﬁds>:50

eK eK s

and there exists a constant C's such that

—s +o0 —s
/ |5 © Mg (i> ds — / Bl © i mﬁds < ef~d0s.
El €S E\% (es) ‘i‘

ES

Since the last integral of (1.7.1) has already been treated, this conclude the proof.






Chapter 2

Numerical schemes for kinetic
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limit: the case of degenerate collision
frequency
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2.1 Introduction

The theoretical and numerical study of particle system equations has major applications in
plasma physics, galactic dynamics, chemotaxis or biological models. Depending on the physical
properties of the system, different scales can be considered to describe it. When the mean free
path of the particles is large compared to a typical length, a kinetic description of the system is
required. Kinetic equations describe the time evolution of a distribution of particles depending
on the time, the space and the velocity. This distribution of particles represents the probability
for a particle to be at a given point of the phase space (z,v) at the time ¢t. When the mean free
path of the particles is small, a macroscopic description can be used. In this regime, the former
distribution function is close to an equilibrium and can be averaged in the velocity variable.
The relevant quantity is then the density of the particles, which only depends on the time and
the space.

The passage from the microscopic to the macroscopic scale is mathematically performed by
asymptotic analysis. From a numerical point of view, the small mean free path limit corresponds
to a singular perturbation problem which is known to be difficult to simulate (although a lot
of works has already been achieved in this context). Indeed, this limit induces the presence of
multiple scales in the system, so that the numerical parameters have to solve the smallest ones
for stability reasons. As a consequence, the construction of efficient schemes in this context is
of great interest.

In this work, we are interested in the time evolution of the distribution function f which
depends on the time ¢ > 0, the space variable z € Q C R? and the velocity v € V C R? with
d=1,2,3. If f stands for a distribution of particles, they undergo the effect of collisions which
are modelized here by a linear operator L acting on f through

L(f)(tamv 1)) = V(U) (pu(tvw)M(U) - f(t,x,v)) s

where

) ft,z,v)y,  fyv)fta v)dv
WOM@)y, fv o)
is not the usual density p(t,x) = (f(t,z,v));, but has been modified to ensure the mass con-
servation for L: (L(f)),, = 0. In the sequel, we will always denote by brackets the integration
over v. The equilibrium M (v) will be taken constant on V' = {v, |[v| < ¢} (we choose § =1 in

the sequel)

pu(t,z) = (2.1.1)

M(v) = My, |v| <1, My >0, (2.1.2)
such that (M (v)),, = 1 and we will consider the case of a degenerate collision frequency
v(v) = lv|4T?HP, v <1, (2.1.3)
for a given 8 > 0. Hence, the second order moment of M is not finite

VRV

D=
lv|<1 v(v)

M (v)dv = +o0. (2.1.4)

In order to capture a nontrivial asymptotic model, a suitable scaling has to be considered (see
for instance [4]). We consider the kinetic equation

2d+2+ 3

e f +ev-Vuf = L(f), with a = 1150

€ (1,2), (2.1.5)
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where € > ( is the Knudsen number, which is proportional to the mean free path of the particles.
Equation (2.1.5) has to be supplemented with an initial condition f(0,z,v) = fo(x,v) and
spatial periodic boundary conditions are considered.

Considering a = 2, an equilibrium function M and a collision frequency v such that the
integral (2.1.4) is finite, (2.1.5) degenerates into a diffusion equation for p

Ap(t,x) — Vg - (DVy)p(t,x) =0,

when e goes to zero. There is a huge literature on this subject, we refer for example to [48,
70, 7, 22| for details. When the diffusion coefficient (2.1.4) is no longer finite, this asymptotic
breaks down which can be interpreted by saying that the time scale ¢t ~ =2 is too long. Then,
it is necessary to consider an appropriate scaling to get a nontrivial limit for (2.1.5). For
instance, it is known (see [55, 53, 5|) that when the collision frequency is not degenerated for
small velocities and when the equilibrium M is an heavy-tailed function (equivalent to a power
of v for large velocities) (2.1.5) degenerates into a fractional diffusion equation when € goes to
zero. As the scaling €® is not an integer power of ¢ this fractional diffusion limit is called an
anomalous diffusion limit. This scaling arises in the study of granular media (see [27, 9, §]),
plasmas (see [23]|) or even economy (|46]). The case with degenerate collision frequency we are
considering has been studied in [4]. It does not correspond to a particles dynamics physical
situation but rather to the modelization of some chains of oscillators, see [36, 54].

When e goes to 0, the solution of (2.1.5) converges to p(t,z)M (v) where p is the solution
of the fractional diffusion equation that can be written in Fourier variable

Bt k) = —klk[®p(t, k), (2.1.6)

where p stands for the space Fourier transform of p, k is the Fourier variable and x is a constant
which depends on M, v and « and is defined by

Moug—“< 1 (v-e) > ’ (2.1.7)
R

"Tdt1+8 jvjdte 1 4 (v-e)?

for any e € R? such that |e| = 1 (note that x does not depend on ¢). The fractional diffusion
equation can also be written in the space variable

1 Movy °T(a+1)
Cd,ox d+1+p

w[R

8tp(t7‘r) ==

(—Az)2 p(t, z), (2.1.8)

where T is the usual Gamma function defined by T'(xz) = 0+°° t*"le~tdt and ¢y, is a nor-
ol (%52)
25*“1“(1—%)

o3
2

malization constant given by cg, = . The fractional Laplacian (—A,)2 can be

defined with its Fourier variable
(82720 ) = Iriato)
but has also an integral definition

plx +y) — p()
v

(—AL)2 p(x) = cgaP.V.
R4

where P.V. is the principal value distribution.
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From a numerical point of view, the presence of € makes the numerical simulations chal-
lenging. Indeed, if one uses a naive approach, a relation linking the space and time numerical
parameters to the stiffness ¢ (typically At ~ %, where At is the time step) is required for
stability reasons, which implies a redhibitory cost when ¢ is small. The Asymptotic Preserving
(AP) schemes are designed to overcome this strong restriction on the numerical parameters.
Indeed, if we consider the continuous problem P. degenerating into Py when £ goes to zero,
we ask the scheme S’ to be consistent with the problem P. when the discretization parameter
h tends to 0 and to degenerate into a scheme S(’} solving the problem Py when ¢ — 0. An
AP scheme can also enjoy the stronger property of being Uniformly Accurate (UA). It means
that the accuracy in h of the scheme does not depend of . Note that it is very desirable for
an AP scheme to enjoyy the stronger property of being Uniformly Accurate but this is not
automatic and is a difficult issue in general. For kinetic equations, AP scheme has already
been developed (see [37]) and there is an important literature for the diffusion asymptotic,
for example [41, 58, 57, 50, 52, 43, 12, 3]. In the case of a fractional diffusion scaling, the
previous schemes do not enjoy the AP property. Indeed, as the velocities must be discretized
with a finite number of points, the diffusion coefficient (2.1.4), which is an infinite integral in
the case of the anomalous diffusion, appears to be always finite at the numerical level. Hence,
the effects of the low velocities are missed and the approaches for the classical diffusion show
only a numerical diffusion which does not match with the expected fractional diffusion.

In the case of the fractional diffusion induced by a heavy-tailed equilibrium, we set in a
previous work ([17]) three numerical schemes enjoying the AP property. As the fractional
diffusion limit did not naturally appear in the formulation of the schemes, we had to suitably
modify them to make the fractional diffusion arise numerically. Let us remark that when o €
(1,2), an alternative approach has been proposed in [69] for the case of heavy tail equilibria. In
this paper, we present an extension of the strategy presented in [17] when the fractional diffusion
comes from the degeneracy of the collision frequency. In addition to the technical difficulties
which are inherent to the velocity dependency of v there are many important differences with
the heavy-tail case that we have to face. First, to numerically capture the important effects of
the low velocities (instead of large velocities in the heavy-tail case). Second, in the present case,
the renormalized density p, defined in (2.1.1) is different from the usual density p while these
two quantities coincide in the heavy-tail case. This property induces an additional difficulty,
as we will see, and a specific treatment is required in order to cover an asymptotic preserving
property for the scheme. Lastly, the convergence rate to the fractional diffusion limit is very
slow, so that the intermediate regime involves a large range of €; as a consequence, the numerical
validation turns out to be more difficult.

We will present three different Asymptotic Preserving schemes. First, we consider a fully
implicit scheme for (2.1.5) in which Fourier space variable is considered. The delicate issue of
the velocity discretization is highlighted to explain how the fractional diffusion arises. Then,
a second scheme is proposed which allows to avoid, when desired, both the use of the space
Fourier transform and that of a fully implicit scheme. A micro-macro formulation of (2.1.5)
is then studied to write an semi-implicit scheme enjoying the AP property. Once again, the
terms giving theoretically the anomalous diffusion limit will have to be treated with care to
ensure the AP character of the scheme. Finally, a scheme based on a Duhamel formulation of
(2.1.5) is proposed, which enjoys the stronger property of being uniformly accurate (UA) with
respect to €. These results were announced in [16]. Moreover, a proof of the convergence of
the solution of (2.1.5) to the solution of (2.1.8) is given in [4]. We propose a formal derivation
of the convergence rate in € for this limit. This convergence rate is illustrated in the numerical
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tests that we present in the last part.

The paper is organized as follows. In the next section, we will start by establishing a formal
derivation of the fractional diffusion limit equation (2.1.8), and the rate of this convergence is
formally derived (the related computation is postponed in the appendix). Then, in Section 3,
we present the three asymptotic preserving schemes for (2.1.5). Eventually, we will present in
the last section some numerical tests to highlight the properties of our schemes.

2.2 Formal derivation of the fractional diffusion limit

In this section, we formally derive the fractional diffusion (2.1.6) from the kinetic equation
(2.1.5), where the computations are based on spatial Fourier transform. This will be the basis
of the numerical methods proposed in Section 3. The proof has been done in [4].

We remind that f(¢,k,v) (resp. p(t,k)) denotes the spatial Fourier transform of f(t,x,v)

(vesp. p(t,))

flt, ko) = /Rd e KT f(t 2 v)da.

Proposition 2.1. Let f be the solution of (2.1.5) in the Fourier variable for a given initial
condition fb. Then, when € — 0, f converges to pM with p solution of the fractional diffusion
equation

Orp(t, k) + K|k[*p(t, k) = 0,

with k defined by (2.1.7) and with initial condition p(0,k) = <f0(k, v)>v
Proof. Considering the Fourier transform (in space) of (2.1.5), we get

Of +e “(v+ick-v)f =e “vp,M. (2.2.1)
Integrating with respect to the velocity variable leads to

Op + i "k -vf)y = 0. (2.2.2)

From (2.2.1), we can write
v M . of

P Y N 2.2.3
/ v+iek - v v+iek-v ( )
so that f = Py M and with an integration in v, p -~ Py, then (2.2.2) becomes
vk-ovM
op+ict™( ———— ) p,=0("),y>0. 2.2.4
it (L) =060 (2:2.4)

The fact that the right hand side is negligible compared to the left hand side will be detailed
in the Appendix. Then, the fractional diffusion operator is obtained by considering the limit
€ — 0 in the second term of the left hand side. Let us focus on this term in the sequel. First,
since M and v are even, we write

. 1—o ) VE-OM o o/ vik-v)2M
1€ e = £ —_— .
v+iek-v/y, vi+eXk-v)?/y,
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We can remark that the limit € — 0 is not defined since the term into brackets goes to infinity
when € — 0 because of the degeneracy of v for small velocities. Then, to capture the effect of
small velocities, we perform the change of variable w = ¢|k|v/v with

B K]\ T K\ @i
_ € —(d+1+ _ € d+1+p _ 1 € d+1+p
lwl = < vl ( P, v=u (V()'w') , dv= g3 TRl T3P dw,

to get

ia/ vkeoM oMo [ (K/kw)? 1

lim ie — = lim 2 |l|d

c>0 vtick-v/y e=0d+ 148\ 1+ (k/[k| - w)* [w]™ w|>elk|/vo
LCT P
d+1+ﬁ ‘w|d+a1+(w.e)2 Rd

where e denotes any unitary vector, and x has been defined in (2.1.7). Moreover, since when
e — 0, we have p — p,, we then deduce the fractional diffusion asymptotic model from
(2.2.4). O

Furthermore, we have the following result for the convergence rate (at the formal level).
The proof is postponed to the Appendix.

Proposition 2.2. Let f be the solution of (2.1.5) in the Fourier variable for a given initial
condition fo. We get the following rate of convergence

f-pM =0 (75 ) + 0 (755 )

2.3 Numerical schemes

In this section, we present three different numerical schemes, based respectively on a fully
implicit scheme, a micro-macro formulation and an integral formulation of (2.1.5), designed
to approximate the solution of (2.1.5). We will denote ¢, = nAt,0 < n < N the time
discretization, such that NAt = T and we will set f* ~ f(¢,). The space domain € is
bounded and we consider periodic conditions, allowing the use of the Fourier variable. At the
discrete level, we will use the discrete Fourier transform. The computation of the numerical
solution requires the use of a velocity discretization. In the tests, we will consider a first order
quadrature method based on a uniform fixed set of IV, points v;, symmetrically distributed in
the domain [v] < 1. In the sequel, we will denote by (), p the discrete integration in v on a
domain D :

(Nxop=28v > fuy). (2.3.1)

JE1,Nv]
vjED

We want these schemes to be Asymptotic Preserving (AP), indeed that for any initial
condition fy

1. when ¢ is fixed, the solution given by the numerical scheme is consistent with the solution
of (2.1.5),

2. when the numerical parameters are fixed, the scheme degenerates into a scheme solving
the anomalous diffusion equation (2.1.8) when ¢ tends to 0.
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Since the fractional Laplacian of the asymptotic equation (2.1.6) comes from the small
velocities of the degenerate collision frequency, it is necessary to take it into account in the
schemes to ensure the AP property. One idea would be to consider an adaptive grid which
is refined around v = 0 but this will impose to link the velocity discretization to e, which
breaks down the AP property. We propose a method based on an analytical modification of
the terms degenerating into the fractional Laplacian in the scheme. This modification consists
into applying a change of variable in some integrals in v of the scheme before discretizing them.
Once it is done, we are able to show that the three schemes we propose preserve the asymptotic
of fractional diffusion for a fixed set of numerical parameters.

2.3.1 Implicit scheme

The first idea to write a scheme for (2.1.5) which has the AP property is to use a fully implicit
formulation of (2.1.5) in Fourier variable. It is well-known that in the case of the classical
diffusion limit, such a scheme preserves the asymptotics, but here in the case of the fractional
diffusion limit, it is not true, and a suitable modification of the scheme has to be performed to
ensure the AP property.

We start with (2.1.5) written in Fourier variable and we consider a fully implicit time

discretization »
fr f” ek - 1Yo
1 " P M,
At ti—— v f e P
that is 1 AW) A(v)
n-i-l — v An v ATL'f'].]\4 2 3 2
L V5 E TR A WY E i (232)

with A\(v) = Atv(v)/(e® + Atv(v)). Remark that 0 < A(v) < 1, A goes to 1 when £ — 0 and A
goes to 0 as At — 0. So when € — 0 with fixed At, we get

Frt = pri, (23.3)

which is the expected limit for f Now, it remains to find an expression for p?*!. To do so, we
multiply (2.3.2) by v and integrate in v to get

(2.3.4)

< =awVT" >
Pt 1+ iA(v) Vo with I— 1 <1/M)\(v)2 (5’”)2> ‘
< sgaw’M > LT v
1 +i\(v) e v
At the continuous level, the term I gives the anomalous diffusion limit when & goes to zero.

Indeed, the change of variable w = ¢|k|v/v(v) in I enables to capture the small velocity effects
so that liH(l) I = k|k|®, where k has been defined in (2.1.7). However, the situation is completely
E—

different at the numerical level, namely when a discretization in velocity with IV, points has to
be used. Indeed, a naive quadrature of I given by (2.3.4) would lead to

Ny Ny
a2 Z v(v;) M (v;) AL (k - v))? - 82—azz (k - Uj)QM(U.)
- (e + Atv(v)))? + e2At2(k - v5)? e-0 st v(vj) I
This implies that I goes to zero when ¢ goes to zero since the velocity discretization is fixed
(remember that o < 2). Therefore, the asymptotic numerical scheme becomes pnt! = pn
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when € — 0, which is not a consistent numerical scheme for the asymptotic model. To recover

the correct asymptotic behavior, the main idea is to transform the expression of I at the

continuous level before applying the discretization in order to make the anomalous diffusion

operator appear in it. To do so, we perform a Chang? ofAygrijblei] we:2 elklv/v(v) in I to get
e¥+Atp

k|evi=e My 1
0
d+1+ elk| w|dte A 2
B Jiw|> L |w| 1 (EMrww) (w-e)?

dw,

454
where e denotes any unitary vector and ¢ = vy(e|k|/(vo|w|)) &1+5. Note that I does not depend
on the choice of e. Once the change of variables has been done, the velocity discretization can
be performed so that we get

2
At 2
5 ykauol—aMO< 1 (aa+§w) (w-e)

d+1_|_6 wld+e At 2
| ‘ 1+<5°‘+Kt<p) (w‘e)Q

(2.3.5)

k
va‘wmax|2|w|2%ol

where (-)n, p has been defined in (2.3.1). Let us remark that I is of magnitude At? for fixed
¢ and that when € goes to zero, it degenerates towards
k| %y~ My 1 (w - e)?
d+ 146 \|w|®1+(w-€)*/ /<]
which is a consistent approximation of x given by (2.1.7). Let us remark that the numerical

integration is done up to a maximum discrete velocity [wmax|. Eventually, we have the following
proposition

—: R|k|%, (2.3.6)

Proposition 2.3. We consider the following scheme defined for all k and for all time indices
0<n<N,NAt=T by

1+iA(v)ek ) 1= M) ™ + M)t M
. R I (e (T 0/ TR

v - 1 ’ .
< =1awM > T 1 +i)\(v)€k v
. ek v
1+iX(v) NV

v

with I given by (2.3.5), p"tl = <f”+1> Av) = Atrv(v)/(e* + Atv(v)) and e is any

NV’
unitary vector and with the initial condition fO(k,v) = fo(k,v). This scheme has the following
properties:

1. The scheme is of order 1 for any fized € and preserves the total mass.

2. The scheme is AP: for a fized At, the scheme solves the anomalous diffusion equation
when € goes to zero

Pt (k) — p" (k)

N = —R|k|“p" T (k), with & given by (2.3.6). (2.3.8)
Remark 2.4. We can go further, modifying the approximation (2.3.5) of I by
2
I~ At R

Y

(60‘_% + At)?

where % is defined in (2.3.6). The so-obtained scheme enjoys the same properties stated in the
above proposition.
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Proof. The first point of (i) is a direct consequence of the use of a fully implicit Euler scheme
for (2.1.5). For the conservation of the total mass, let us write (2.3.7) for k£ = 0 and integrate
with respect to v

vM 1 v A
n — n 2.3.
<€a+Atu>Nv7Vp” (0) <aa+Atyf (0)>vav’ (2.3.9)
N Aty
" TL0) = p(0) — At Y 0 — M " T1(0). (2.3.10
O =0 =8 i I0) (R M) AT 2310

Injecting (2.3.9) in (2.3.10) leads to the result.
For the AP character of the scheme (ii), letting e to 0 with fixed At in the first equation of
(2.3.7) leads to

pAIT/LJrl — ﬁn = || an+1
Pv =P _ gk
A7 RIE| Py
and with (2.3.3) we have p" = p7,¥n > 1 when ¢ — 0. It implies that (2.3.7) degenerates into
(2.3.8). O

2.3.2 Micro-macro decomposition based scheme

In the previous part, we presented a fully implicit scheme designed to solve (2.1.5); however
the use of Fourier transform may be restrictive in some cases and one may have to use the
original space variable. Therefore, making the transport part implicit in time may induce high
computational cost especially in the multidimensional case. Here we write a scheme based
on a micro-macro decomposition of the distribution function f in which the transport part is
explicit. As for the previous scheme, suitable modifications have to be done to ensure the AP
character.

Denoting f(t,z,v) = p(t,x)M(v) + g(t, x,v) such that (g),, = 0, we insert this decomposi-
tion into (2.1.5) before integrating in v to get

Op+e " (v Vag)y = 0. (2.3.11)

Then we multiply this last equality by M and subtract it from (2.1.5) to write an expression
for g

1 M
g+ e VupM + 7% (v Vg — (v-Vaug)y M) = ——v (g — w9y M . (2.3.12)
gx (VM)

From (2.3.11) and (2.3.12) we can write the following semi-discrete micro-macro scheme (see
[52, 50])

T e v V") =0
n+l _ . n
% b VM e (0 Vg™ — (v Vg™ M) (2.3.13)
1
— —iy gn+1 — <V'gn7+>VM .
\ gx <VM>V

As previously, if the velocity integrations are done directly using the approximation (-),, =~
(), v where the discrete bracket (-) . 1 is given by (2.3.1), the so-obtained scheme does not
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n+1

enjoy the AP property. Indeed, as g goes to zero when € goes to zero, we have

<Vgn+1>NU,V

ev-Vgp"M = —v (g"+1 — i)
Ny,V

M) + o(e),
that is, for nonzero v

Vgn—i-l
wt Z N S G e o)
1%

Then, we insert this expression in the first line of (2.3.13), reminding that M is even, to get

n+1

P e /M G v _
A7 € <Vv Vi (v-Vap )>Nv7v—o(a).

As in the previous part, the term into brackets is finite although it is not finite at the continuous
level. Hence, when & — 0, (2.3.13) degenerates into p"*! = p" which of course does not solve
the fractional diffusion equation. To obtain the right asymptotic scheme, we must modify
(2.3.13) to make the anomalous diffusion limit appear. To do so, we first express the term
(v- ng"+1>v = (v- me”+1>v appearing in the first line of (2.3.13) with a semi-discrete
implicit formulation of (2.1.5)

A(v)

1

A(v)

—1 -1
fn+1 == )\(U) (I +e (U vx) PZHM + (1 - )\(U)) <I + ETU . Vz) fnv

with A(v) = Atv(v)/(e® + Atv(v)). The first line of (2.3.13) then reads

n+l _ n 1 -1
£_—rF - <5)\(v)v Vg (I + 6)\(@)@ : VQU) p3+1M>
At gx v

\%4

(I~|—s)\§j})v : Vx>_1f"]> =0, (2.3.14)
\%

and can be simplified in a consistent way. Indeed, since the scheme is first order accurate, it
is possible to remove terms of order At in (2.3.14) with no incidence on its global accuracy.
Hence, we decide to keep the first line unchanged, as it plays a role in the AP character of the

scheme and, in the second line of (2.3.14), the inverse of the transport operator is approximated
by

+el7@ <(1 —Av))v-V,

(I—I—EWU-V;E)_l:I—i—O(At),

1%

as A\(v) is of magnitude At for fixed . Eventually, the first line of (2.3.13) becomes

J—i—i eX(v)v -V [+5A(v)v \% - Vs
At e ’ z) P ,

+ 71 = Aw))v - Vig™)y =0, (2.3.15)

because ((1 —A(v))v-Vof™"), = (1= Av))v-Vag"), . As the anomalous diffusion limit
comes from the second term of (2.3.15), we have to rewrite it in order to make the fractional
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Laplacian appear. First, we have to express p, in terms of p; to do that, we inject the decom-
position f = pM + g in the definition of p,

_ Wy _ weM*g)y _ (vg)v
’ (v M)y, (vM)y, (VM)

Then, using space Fourier transform, we rewrite (2.3.15) as

<V§n+1>v

(VM)

n+1 n

P —p

1 (7 antl —1
AT + F (Ip )—i-]: (I

) + 71 = Aw)) v - Vg™ =0, (2.3.16)
where F~1 denotes the inverse Fourier transform and

7 aea /DK M@\ [ APy
14+i20g .y /o 1+ A(0)2 () )

v 14

Let us remark that for £ = 0, we have Z = 0. For k # 0, the change of variables w = ¢|k|v/v(v)
is performed in 7 before applying the discretization (-)y, 1, (using the definitions (2.1.2) and
(2.1.3) of M and v). Then, we have

AtVO|k|p 2(11) 6)2
B yk|aygaM0< 1 e (vo|w|)P + Atwo|k[P >

d+1+4 \ |w]dte Atvolk|P 2(w‘6)2+1
?(vo|w|)P + At k[P

k
valwmax|2|w|2%

where p = gﬁig and q = ﬁ. Since Z is of order At? when ¢ is fixed, it can be modified

consistently into

7o (At % ko v~ My 1 (w - e)?
T\ A AT+ B [T (W e+ 1/, gzt
>Ju|> <Lt

Note that this approximation conserves the degeneracy rate in € of Z to the fractional diffusion
coefficient % defined in (2.3.6).

To compute (p" 1, g" 1) recursively with the second line of (2.3.13) and (2.3.16), we need
to determine <Vg"+1>NU7V. To do that, we start with the with the second line of (2.3.13) which
n+1

(2.3.17)

gives an expression for g

n+l _ q" — %Tn . AtvM <1/g"+1>
1+ %y (VM) y, (6™ + Atv) Ny, V7

with
TP = cv - Vap"M + ¢ (v Vag" = (0-Vag") y v M) . (2.3.18)

Multiplying the expression for g"+!

for (vg"tt)

by v and integrating it using (-) Ny Vo We find an expression

vyt _ At/ Tt
n+1 e [y v SN
_ v v
(v >Nv,V - " ., :
1- n At
EO‘<VM>N1,,V +55v Ny V

Finally, we have the following proposition.

N,V
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Proposition 2.5. We consider the following scheme (discretized in time and velocity) defined
for all z € R4, v € V and all time indices 0 < n < N with NAt = T(T > 0), by

(#aw)
e + Atv
+1 _ N,V
<Vgn >NU,V - <VM>NU,V 1/2M
e 4+ Atv NV
+1
gn-l—l _gn N Tn _ _iy nbl <ygn >Nv,VM (2319)
At e <VM)NWV
ptt—pt —1 (7 n+1/2 ()
+€1—Oé ((1 - )\(U)) v - vx9n>Nu,V == 0,

with T defined in (2.3.18), A(v) = Atv(v)/(e® + Atv(v)), where F~1 denotes the inverse
Fourier transform in space and with the initial conditions p°(z) = p(0, ) = {(fo(z, V)N, v and
°(z,v) = folz,v) — p(0,2)M(v). The quantity p"T'/2 can be chosen equal to p™ or to pt!
depending on the desired asymptotic scheme (explicit or implicit in time) and I is given by
(2.3.17). This scheme has the following properties:

1. The scheme is of order 1 for any fized € and preserves the total mass.

2. The scheme is AP: for a fired At, it solves the anomalous diffusion equation when & goes
to zero +1( ) ")
P (k) = p(k .
A O]

where K is defined by (2.3.6).

Remark 2.6. Assuming that the space and velocity discretizations have been fixed, (p", g")
are computed recursively with (2.3.19). The first line of the scheme enables to compute
<1/g"+1> NV which is reported in the second and third lines to compute g"*! and p"*1.

As the term 7 defined in (2.3.17) has been precomputed to make the anomalous diffusion
operator clearly appear, the velocity discretization is not a difficult issue anymore. Once it
is defined, the integrals in v are computed with any quadrature method, such as rectangle
formula. Finally, a standard upwind scheme is used to approximate the spatial derivative
appearing in the term 7" defined in (2.3.18).

Remark 2.7. To guarantee the structure of the micro-macro model, it is important that the
scheme satisfies <g”+1>N v = 0. To do that, g™t is modified consistently as g"t! « ¢g"t! —

(9" )y, v M-
Remark 2.8. As in the fully implicit scheme, we can go further by approximating consistently
T given by (2.3.17) as

_ At?

AR 4 1At + £9)

7z

k| R,
where & is given by (2.3.6) and ¢ = d/(d + 1+ ). The so-obtained micro-macro based scheme
still enjoys the same properties stated in the above proposition.

Proof. The proof of (i) is immediate from the derivation of the scheme, let us prove (ii). At first,

we remark that 7™ goes to 0 as € — 0, then the first line of (2.3.19) gives that (v(v)g" ™) v
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goes to 0 as € — 0 because (g")y, = 0. After that, the second line of (2.3.19) implies that
g™ = 0(1). When reported in the fourth line of (2.3.19), as e!=%(1 — A(v)) = O(¢), we get

ptt —pn —1 ( An+1/2)
_ z =o(1).
NI S o(1)
Finally, 7 is equivalent to &|k|® for small €, with % given by (2.3.6). O

2.3.3 Scheme based on an integral formulation of the equation (2.1.5)

In the previous parts, we wrote two AP schemes solving (2.1.5). In this section, in the spirit of
[17], we present a scheme based on an integral formulation of (2.1.5). However, the presence
of the collision frequency v requires specific developments to ensure the AP property. In
particular, for general initial data, the strategy proposed in [17] leads to an AP scheme for
pv instead of p (which are different if f is not at equilibrium). Then, the present section is
decomposed into two parts: first, the case of equilibrium initial data is tackled, for which the
scheme is proved to be uniformly accurate, and second the more delicate case of general initial
data is studied, for which the scheme is proved to be AP.

Equilibrium initial data

We start from the Duhamel form for f

t
F(t, Kk, v) = ez WHR) ) 4y / T oemslvtisk) 5 (1 gog k)ds, (2.3.20)
0

which we multiply by v, integrate in v and evaluate at t = t"T! to get

tn+1
Kpy (1" k) = Ao (t7+1, k) +/ ) <V2Me_s(”+isk'”)>vﬁl,(t”H — %, k)ds,  (2.3.21)
0
where R . . )
K = (vM),, , and Ay(t, k) = <1/e_?a("+lak'”)f0(k, v)>v. (2.3.22)
Then, we get
Epu(tasi k) =3 [, <V2Me—8<”+i€k~v>>v po(tnit — s, k)ds + Ag(tnrs, k), (2.3.23)
j=0" @

where Ay and K are defined in (2.3.22). We perform a quadrature of order 2 in the integrals
in s. Assuming that the time derivatives of p, are uniformly bounded in &, we have Vj €

[0, N —1],%s € |4, 2],

. a 50‘3 — t] . €aS — tj N 2
po(tns1 —e%s, k) =1 — —Qx P (tns1—j, k) + pr(tn_j, k) + O (At%). (2.3.24)
Inserting this expression in the integral terms of (2.3.23) leads to

tit1
e

., <1/2Me_8(”+i5k'”)>Vﬁy(tn+1 — %, k)ds = ¢j(e, k) pu(tns1 — tj, k)
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+bi(e, k) pu(tns1 — tjs1, k) + O(A?), (2.3.25)

where the remainder is bounded independently of € and where we denoted

it
e g%g — ¢ .

bi(e, k) = /H ’Szit] <V2Me_5(”+1€k'”)>vds, (2.3.26)
ti+1
B @ — ts .

cje k) = /tj <1 - ezsAt]> <V2Me_5(”+lak'”)>v ds. (2.3.27)

Then, we use the quadrature (2.3.25) in (2.3.23) to write (using the obvious notations b; :=
bj(e, k)) and ¢; := ¢j(e, k))

n

R 1 R R 1 .

Pv(tnt1, k) = K z;) [ijl/(tn-i-l—j, k) + bjpy(tn—j, k) + O(At2)] + ?Aﬂ(tn-i-ly k).
]:

As NAt = T, then nAt?> < TAt and the last expression permits to write a first order scheme

for p, that writes

n

Ag(tusn, k) + 30 (5087 () + byl (k) + o (k)
o (k) = =

2.3.28
K c ( )
To ensure the AP property for this scheme, the discretization of the terms b; and ¢; is crucial:
as in the previous cases, their limit as € goes to zero makes the anomalous diffusion operator
appear, but when computed numerically it does not arise because of the effects of the low

velocities missed with the discretization. Indeed, we consider the velocity integration appearing
in (2.3.26)-(2.3.27)

<V2Mefs(1/+iek-v)>v _ <y2M (efs(quisk-v) _ efu(v)s)>v i <V2Mefu('u)s>v' (2.3.29)

At the continuous level, the first term in the right hand side gives the anomalous diffusion when
e goes to zero. Indeed, with M and v defined by (2.1.2) and (2.1.3), the change of variables
w = elk|v/v in the integral in v reads

<u2M <e—s(l/+iak~'u) _ e—z/(v)s>>

v
1—
_ 80“43‘&1/0 O‘]\40 © 1 (e—cps(]."riIU'e) _ e—sgp)> , (2330)
d+1+p |w|dte jwl> L4l
dt24p
with p = 1 (Vil"ﬂ)‘) 7 and where e denotes any unitary vector. Here, the fractional diffusion

limit clearly appears. We then inject (2.3.30) computed with discrete brackets (-) n, 1. 1> wl>elk]/vo
in (2.3.29) and eventually compute explicitly the integrals in s of (2.3.26)-(2.3.27) to get the
following expression of b; and c;

a ¢ t
bi(e, k) = E (Mo (1o v —{vMeEY
’ At No,V N,V

_ tip1 .
kv, O‘]\40< 1 tj+1 e~ e p(ltiwe)

T 2.3.31
d+1+2 |w|dte ¢ 1+iw-e ( )
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t ] . . t .
o efe%so(lﬂw-e) (1 _ e*%<p(1+1w-e)> efafja‘p (1 _ 67%30)

€
! At o(1+iw - e)? - »
Ny W
ts o .
o (o) 2 (e o)
N,v At N
.
k| 170‘M 1 —Zo(l+iw-e) ..
e k|*vy~* Mo o =Y _ oo (23.32)

5
N o(1+iw - e)? ")

t; . ) t.
o [ e Frelitive) (1 _ e—%w(mwe)) 1 (1 _ e—%w) >
)

Ny, W

with W = {w € R?, |wmax| > |w| > €|k|/1p}. The so-obtained scheme (2.3.28) for p, where
b;, ¢j are given by (2.3.31)-(2.3.32) enables us to find a way to recover the distribution function
f in Fourier variable. Indeed, with a Duhamel formulation of (2.1.5) integrated between ¢,
and ¢ty it is possible to write an expression for f(t,41,k,v)
At
¢ _—Al(vtiekw) § = —s(v+iek-v) » e
fltps1,k,v) =€ < ftn, k,v) + e Pu(tns1 —e%s, k)ds vM.  (2.3.33)
0

Then, the quadrature (2.3.24) leads to

A~

Fltnsr,k,v) = " FCHED f1 k 0) 4 UM (v, (tng1, k) + By (tn, k) + O(AL),

where
LS sttioka % ik
- iek-v —s(v+iekv
v = / (1 - ) e W qs B = / —e ds. (2.3.34)
0 At o At
This provides a first order scheme for f using the values pr determined with (2.3.28)
~ A . ~
fn—H _ e—g—cf(u—‘rlsk-v)fn +uM (’7ﬁ3+1 + ﬁﬁZ) ,

with the values of 5 and v computed exactly to ensure the AP property of the scheme

1 e 1 — e—%(ll—‘ri€k}"l}) e 1 — e—%(l/-{—iakm) e—%(v—i—ialmj)

T Ut ik-v At (v + iek - v)?2 ’ﬁ:Kt (v+ick-v)2  vtick-v

(2.3.35)

A simple integration of f*! with () N,.v 8ives an expression for prtt

the following proposition.

Eventually, we have

Proposition 2.9. We consider the following scheme defined for all k and for all time index
0<n<N,NAt=T by

n

Ag(tnsn k) + 22 (e300 (k) + byl (k) + bop (k)

=1
K — ¢ (2.3.36)

p (k) = ”

A

f:n+1 = ei €

zz+i€k-v)fn +uM (,.Y[)?l;LJrl + ﬁﬁﬁ) 7

with K, Ay, bj, cj, v and B defined in (2.3.22)-(2.3.31)-(2.3.32) and (2.3.35). For an initial data

fo(k, v) at equilibrium, this scheme enjoys the following properties:
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1. The scheme is first order in time and preserves the total mass.

2. The scheme is AP: for a fired At, it solves the anomalous diffusion equation when & goes

to zero +1( ) k)
ﬁn k _ﬁn k —17.| an+1
= —&lk k
Y Rk (K),
where p* = <f">NU y and R is defined by (2.3.6).

3. Moreover, the semi-discrete-in-time scheme enjoys the UA property: it is first order uni-
formly in e

aC > 07 sup ||fN(a ) - f(Tv ) )HL;OU < CAt.
€€(0,1] ’

Remark 2.10. The numerical tests (see Fig. 2.3) suggests that this scheme is of order 2 for a
fixed value of € and of order 1 uniformly in e.

Proof. For the mass conservation (i), we integrate (at the discrete level) with respect to v the
second equation of (2.3.36) and evaluate it at & = 0. For an initial data at equilibrium, we
have pO(k = 0) = p°(k = 0) so that

pt= <€7At/EaVM> PP (v M)y, v py + (WMB), v By, for k=0.

Ny,V
From the first equation of (2.3.36), we easily get pl(k = 0) = p°(k = 0) so that the previous
equation leads to p'(k = 0) = p°(k = 0). The mass conservation is deduced by induction,
assuming that pf(k =0) = p’(k =0) for £=0,...,n.

For the AP character (ii), let us remark that with (2.3.31) and (2.3.32), the formula for 5,
in (2.3.36) degenerates into
An+1 k) — o (k
Pv ( )At pu( ) _ E’k‘aﬁﬁJrl(k‘).

Moreover, the second line of (2.3.36) gives f*t1 = pr+1M(v) for n > 0 when e — 0, that
implies p"*! = p*t! for small e. As the initial condition is at equilibrium, we also have
p° = pV. Eventually, when e — 0, (2.3.36) degenerates into

~n+1 ~n
pPr(k) = p"(R) o aant

for all n < N, which proves the AP property.
Now, let us prove that the semi-discrete (in time) scheme is first order accurate uniformly
in e (iii). Using the notations (2.3.31)-(2.3.32), (2.3.23) writes

R I 1 . R At?
pr(tns1, k) = 2 Ao(tnt1, k) + D cibultniij k) + bipy(tnj, k) + B (2337
=0

where the remainder F' is given by

F:—li/ (1_Eas_tj> <€a$_tj>23%(t _coe(s) k) (2338)
2 2 At Ay ) Gipvinn —eihls) i

o
Ea

tj+1
E(X
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% — tj tj+1 — % _ _a 2 —s(v+iek-v)
+— < 7 > O py(tnia — € 52(5)77‘3)) <V Me >vd8’

with &1(s),&2(s) € (0,At/e*). As 1> (1 - gaZt ) >0and 1> S5 tJ >0 for s € [Q tjzl}j

X7 ¢
we have

N n ti+1 2
1025, || oo / % —t;\ (€% —t;
<L = _
7l < 2 ;} ] 1 At At
e%s — tj tj‘H — &% ? 2M —sv d
A At (V'Me™), ds
H°° Z/ ( ) (VP Me™)  ds. (2.3.39)

Now, let us denote E,, = p,(tn, k) — p):(k) and suppose that Ey = 0. From (2.3.28) and (2.3.37)
we have

c b 1 & At?
(1 - ?0) Bur1 = 2 Bu+ 2= > (¢ Buiig +biBuj) + S F. (2.3.40)
j=1

In the sequel, to get an estimate for F, 1, we will need two different bounds for (1 — ©)~! =
K/(K — ¢p). From the definition (2.3.27) of ¢p, we directly get

At
]co!S/OE <1_At>< Me™* Y), ds

from which we deduce the first estimate for |K /(K — ¢)|

K
- : (2.3.41)

<
e Eas —SV
(VM)V — /O' <1 — At) <I/2Me >V ds

Now, using 0 <1 — Eg—f <1forse€ [O, %} we get

2 % —sv —A—ny
lco| < ( v*M e ds) <K -—(vMe ¢ ,
0

v

‘K—CO

so that we deduce the second estimate for |K/(K — ¢p)|

_ap \ 1
§K<yMe sa”>v . (2.3.42)

K
K—Co

In (2.3.40) let us focus on the term containing F'. From (2.3.39), we have

At

e gaig 2 —sv
||atpu||oo/ (At)““ )y ds

2 K — co

L

|N\

‘K—Co
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e e%s —t;
= 2 —sv
M d
E Z & ( At )< i
t Prlloo = e
2.3.43
+ K o) : ( )
0,
Wbl
To find an estimate for 71, we use (2.3.41) to write
/ <1/2Me_5”(“)> ds—/ <1 — At> < 2Me_S”>Vd5
Ty <=2 v 0 , (2.3.44)

At
B e%s e
K —/(; <1 — At) <V2Me >V ds

that implies that the first line of (2.3.43) is bounded by [|02p,|c0/2. Now, using (2.3.42), Ty
can be estimated as

tn41

T <

(VPMe™)  ds|K —co| ' < 1. (2.3.45)

At

e

Eventually, (2.3.44) and (2.3.45) give

F .
- CO‘ < 1120 o (2.3.46)

Now, for the other terms in (2.3.40), we introduce &, = max |E;| . From the definition (2.3.31)
j=0m

e€ (0,1]

and (2.3.32), we have for the first two terms of the right hand side of (2.3.40)

1 n
% |oEn + Z(CjEn-i-l—j +0jEn—j)

At
< / h —Eas |(v2pems ity g
- K v "

b
g% —t; —s(v+iekv
+Z/ (1- ) [nreserssn) pfas

fit1
e e%s — t] 2 —s(v+iek-v)
Tl A ’<V Me >

e

At
1 e e” —Vvs
<% (K—/O <1—At>< *Me >Vds) En.-

Hence, using (2.3.41), we get

ds

v En_j‘ ds

n
00En + Y (¢jBni1—j + biEnj)| |K —col ' < & (2.3.47)
j=1
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Eventually (2.3.40) gives, using (2.3.46) and (2.3.47), Eny1 < &+ 1102y || o At?. Hence &,41 <
En + 102yl co AL, As we supposed & = 0, it writes

Ent1 < |07 ol TAL, (2.3.48)

where T = NAt is the final time. This proves that the scheme in p, is first order accurate
uniformly in €.

Now, to prove that the scheme in f is first order uniformly in & we consider the Duhamel
formulation for f

Fltnsr, b, v) = e = OHERD fg, g 0) + VM/ TR bty — €5, k)ds,
and with the same Taylor expansion as previously, we have

f(tn+1a k,v) =vM (vpu(tns1, k) + Bpu(tn, k) + vMAG + e~ s (vicke) f(tm k,v),
with § and ~ defined in (2.3.34) and

1 [e= “ °
o3 [0 5) (&) At ans

(6% 0% 2 .
T (Z:) (1 - Z:) O pu(tni1 — e%6a(s), k)] emsvHiekv) g g (2.3.49)

where &1(s),&2(s) € (0,At/e®) . As previously, we can estimate |[vMG|

At
e

1025 loc [ e%s ;) (%5~ 1\
<vM-—= 1-
lv MG| <vM 5 ; At At
+€a5 — 1 <5°‘s — tj+1>2] ’e,s(wrisk-v)
At At

2p, e
< VM’tgHOO/ e ds < C (1 — e_%”> .
0

ds

One can now look at the truncation error Fj = f(tn, k,v) — f*(k,v) which satisfies
Bl = SWHEO RS LN (YE, iy + BE,) + vMALG. (2.3.50)

The term vM (vE,+1 + fE,) can be estimated by (using definition (2.3.34))
AT;
}IAM('yE”+1 + BE")} < l/M/E e *Yds £y < C (1 - e_%") At,
0

where we used (2.3.48) for the last inequality. Hence, denoting A, = ma ]Ef | we get
v#£0,k,e€ (0 1]

from (2.3.50): Anir < e FVA, + € (1— e F¥) (A2 + At). With Ag = 0, it finally comes
that

A1 <C (1 _ e—%V) (A4 AP) S eI < CAL.
=0
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General initial data

In the previous subsection, we observed that the asymptotic scheme of (2.3.36) as ¢ — 0 writes

Pyt (k) — pp (k)
At

and moreover, we have p"t! = pnt! for all n > 0. But, for general initial data, since pY is

different from p°, the asymptotic scheme is not the correct one because of this initial mismatch.
Then when the initial data is not at equilibrium, the previous scheme is not AP and a suitable
modification has to be done to recover the AP property. To do so, we modify (2.3.36) to ensure
that the first step of the asymptotic scheme writes (when € — 0)

py(k) — p°(k)
At

— k|3 k), ¥ > 0,

— —RIK[*pL.

Hence, we have to find an expression for the term pY appearing in the first equation of (2.3.36)
for n = 0. Starting from (2.3.33) for n = 0, we get, up to first order

~1 _ —%(V—O—iek-v) 0 ~0
P (k) = (e 1)y AR

where d is given by

1— ef%(y+isk-v)
d= - vM . (2.3.51)
v+iek-v
Ny, V
Up to an error of order At, it is possible to replace p' by p° so that 5% becomes
1 INYT .
0 _ L0 [ —A(vtick) 0> . 9359
7 d<p (e f W) (2.3.52)

This expression is injected in (2.3.36) for n = 0 to compute p.. Then, for any e, (2.3.52) is
a consistent approximation and when & goes to zero, p2 tends to p° which ensures the AP
property for any initial data.

Another defect in the previous scheme (2.3.36) is that, for a general initial data, it does not
preserve the total mass. To overcome this, we add the following consistent step for f”“

Frote=0) - [k =0) = (f e =0)) M4+ (f'k=0)) M. (2353

vy N’U7V

Eventually, for a general initial condition, we have the following proposition

Proposition 2.11. We consider the scheme defined for all k and all time indices 1 < n <
N,nAt =T by (2.3.36)-(2.3.53) and for the first step by

1 . bo At . X
Hl — A 0 0 e (v+iek-v) £0
pu(k) = o= o [ ot k) + (P <e f >NU,V>]

Fl (ke v) = o™ @040 03 4y Ly M (vpl(k) + BRO(K)) (2.3.54)

F1o0) =100 = (o) M+ (f00) M,

vy vy

\

with K, Ay, bo, co, v, 8 and d defined in (2.3.22)-(2.3.31)-(2.3.32)-(2.3.35) and
(2.3.51). This scheme has the following properties:
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1. The scheme is first order in time and preserves the total mass.

2. The scheme is AP: for a fived At, the scheme solves the anomalous diffusion equation
when € goes to 0
P (k) — (k)
At

= K" (),
where F is defined in (2.3.6).

Remark 2.12. for a general initial data, the time derivatives at ¢ = 0 are not bounded uniformly
in €. Hence, the uniform accuracy of the scheme is not a relevant property to be considered.
However, the numerical tests tends to suggest that the consistency error is of order At uniformly
in €.

Proof. To prove that the scheme is first order in time, we have to show that when ¢ is fixed

”ﬁu(t17 ) - ﬁi()”oo < CeAt7

where C; is a constant when ¢ is fixed. We will then be able to use the proof of Prop. 2.9. At
the continuous level, (2.3.33) gives

At
A _ —%(V—i—iak%}) £ = —s(v+iek-v) A _ L«
p(t1, k) <e fo(k, v)>v + ; <1/Me >V Pty — e%s, k)ds.

Denoting by G(s) = fgl_a% O py(u)du and H = — fOAt O¢p(u)du the remainders of the Taylor
expansions of p,(t; —e%s, k) and p(t1, k), we have

At

plto, k) = <e—?x<v+i€k'”)f0(k, v)>v + dpy(to, k) + H

At

+ /Oea <VMe_s(”+iEk'”)>V G(s)ds,

with d defined in (2.3.51). Hence, the error made by replacing p,(to, k) by its approximation
(2.3.52) in the first iteration of (2.3.36) is of magnitude

At
1 = .
- —s(v+iek-v)
: <H + /0 <1/Me >V G(s)ds> .

Eventually, the error done in the first iteration of (2.3.54) writes

At
1 bo B _ .

- H M S(V—i—l&k"u) 23,
dK —c ( + /0 <1/ e >VG(s)ds (2.3.55)

F
K — ¢

Hﬁu(tla ) - pAzlz()”oo <

At?,

"

with K, by, co defined in (2.3.22)-(2.3.26)-(2.3.27) and F' in (2.3.38) for n = 0. The proof of
Prop. 2.9 gives estimates for 1/(K — ¢p) and F/(K — ¢p) in (2.3.42) and (2.3.46). Moreover,
since

At

/05“ <V2Me—s(1/+iek-v)>v ds

|bg| <

)
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an exact computation of this integral shows that when ¢ is fixed, the term by/d is bounded.
Assuming that the time derivatives of p and p, are bounded, there exists a constant C. de-
pending a priori of € such that ||, (t1,-) — pL(*)|lec < CcAt. The proof of Prop. 2.9 can then
be used to show that the scheme is of order 1.

To show that (2.3.54) enjoys the AP property, we freeze At and let £ go to 0 in the expression
of the scheme. The first iteration degenerates into

Al 50
pu(k) = p°(K) _ e X .
Puell) D) Rk abk), 7 (k) = AL(ROM,
then, when ¢ goes to zero p'(k) = pL(k) which ensures that the first iteration of the scheme

enjoys the AP property. As the following iterations are the same as in Prop. 2.9, this proves
(i). O

2.4 Numerical results

In this section, we present some numerical tests to validate the three schemes we proposed
in Section 2.3. For simplicity, we denote by IS the the implicit scheme, MMS the micro-
macro scheme and DS the scheme based on the Duhamel formulation of the kinetic equation.
Eventually, the implicit Euler scheme for the anomalous diffusion equation (2.3.8) is denoted
adiff. We use the equilibrium (2.1.2), the collision frequency (2.1.3) and the initial data

fo(w,v) = (1 4 sin(7z)) Mo, (2.4.1)

for z € [-1,1] and v € V = [-1,1] and wmax = 1 for the computation of the terms in (-)y ,,
of the schemes. The normalization constant My is chosen such that (M), y = 1 and vy is
fixed vy = 1. We consider periodic conditions for the space, then the discretization used for
the space variable uses IV, 4+ 1 points and is given by

x; =—14+1iAz, 0<1i< N, (2.4.2)

where Az = Nl This space discretization is linked to the Fourier modes we use for the

discrete Fourier transform in the numerical computations, that are the integers k£ such that
—N,/2 < k < N,/2. The uniform discretization of the velocities is done with N, = 2N/
points symmetrically distributed to ensure that the property (vM)y , = 0 is conserved at the

discrete level. Denoting Av = 1/N,,, we set

Av

5 Hidv, 0<j<2N] -1 (2.4.3)

v = —1+
Since the schemes do not require a refined velocity grid to enjoy the AP property, we fix
N} =10 in all the following tests. All the tests are performed using a final time 7' = 1 and
B =1, the time step At being specified in each case.

2.4.1 The implicit scheme (IS)

In this part, we test the properties of the IS scheme. To highlight its AP character, we present
in the left hand side of Fig. 2.1 the densities p(7T,x) obtained by IS for At = 107!, N, = 32
and a range of €. For this figure, we compare our results to the anomalous diffusion limit given
by the adiff scheme with the same time step. It appears that the densities converge slowly
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to the anomalous diffusion limit when e goes to 0. In the right part of Fig. 2.1, we plot the
L norm (in space) of the error between p(T,x) given by IS and p,qig(T, z) given by adiff
as a function of € (in log scale). Then, we can compare our numerical results to the rate of
convergence computed in Prop. 2.2. We observe that the numerical rate 0.334 is in a very good
agreement with the theoretical rate d/(d 4+ 1+ ) ~ 0.333. Let us remark that we showed in

. d 5
Prop. 2.2 that theoretically, the convergence happens rather with rate 5mm<d+1+ﬁ’d+1+ﬁ>, but

the terms (2.5.1)-(2.5.2) giving the O(sﬁ) do not arise numerically. Indeed, it is given by
a divergent integral multiplied by a power of . As we use a bounded domain for v and we did
not apply a specific treatment for these terms, this divergent integral is numerically finite and
then it vanishes when € becomes small.

vas - Anomalous ifusontin | d/(d+1+beta) = 0.33333
= 107 T T T T T
= o
=}
a
L
<
| 3,
S o_w’
0.9| -
0ss
g - B T B T ] i 0 r 5 5 ; v
X €

Figure 2.1: Left: For At = 107!, the densities given by IS for a range of ¢ and by adiff. Right:
For At = 107!, the error between the densities given by IS and by adiff as a function of ¢ (log
scale).

2.4.2 Micro-macro based scheme (MMS)

In this part, we test the properties of MMS. In the left hand side of Fig. 2.2 we present the
densities p(T,x) obtained with the MMS scheme for a range of ¢ and we compare it to the
anomalous diffusion limit given by adiff. We used N, = 32 points to discretize the space. We
use Fourier variable for the equation on p (macro part), but the space derivatives of the micro
part are discretized with a classical first order upwind scheme. Hence, a CFL condition has to
respected so that At = 1073. When € goes to zero, the densities obtained by MMS converges
towards the density obtained by adiff. On the right hand side of Fig. 2.2, we plot the L*>
norm (in space) of the error between p(T,z) obtained by MMS and p,q;(7, ) obtained by
adiff (using At = 1073), as a function of . We can observe that the convergence happens with

a rate 0.337 which is very close to the theoretical value 5d+(1i+ﬂ = 0.333.

2.4.3 The integral formulation scheme (DS)

In this section, we test the properties of the DS scheme. First of all, we remark that for e = 1
the scheme appears to be of second order, as suggested by Fig. 2.3. For this test, we consider
N, = 8 and we consider the L*™ norm (in space) of the error between the densities given by
DS for a range of At € [2 x 1073,0.5] and the density given by DS for At = 10~3 (which is the
reference).

Then, we study the AP character of the scheme, fixing At = 10~!, considering a range of
€. As previously, on the left hand side of Fig. 2.4, the densities p(T,z) obtained by DS and
by adiff (using At = 107!) are plotted as a function of space with N, = 32. On the right



58 CHAPTER 2: DEGENERATE COLLISION FREQUENCY

d/(d+1+beta) = 0.33333

[Ipeat—poatl

o8 06 04 02

Figure 2.2: left: For At = 1073, the densities given by the MMS scheme for a range of e
and the anomalous diffusion limit given by the adiff scheme. Right: For At = 1072, the error
between the MMS scheme and the DSA scheme as a function of € (log scale).

Error

At

Figure 2.3: For € = 1, the error between DS computed for At = 1073 and DS computed for a
range of At € [2 x 1073,0.5] (log scale).

hand side of Fig. 2.4, the L® norm (in space) of the error between p(T, z) obtained by DS and
padii(T, z) obtained by adiff (using At = 1071) is plotted as a function of ¢, for N, = 8. As in
the previous cases, we observe that the numerical convergence rate is close to the theoretical
one sﬁ.

d/(d+1+p3)=0.33333

3 slope =0.35
10

10
€

lIPe,at=po,atll

Figure 2.4: Left: For At = 107!, the densities given by DS for a range of € and by adiff. Right:
For At = 107!, the error between DS and the adiff as a function of e (log scale).

Eventually, we illustrate that DS is first order in time uniformly in . Indeed, the left hand
side of Fig. 2.5 displays the L error (in space)

(e, At) = [|p(T,) = pro-2 (T e (2.4.4)

where p%,_,o-s (T’ x) is obtained by DS with At = 1073 and p%, (T’ -) is obtained by DS using
larger At. The error E(e, At) is computed for a range of At € [5x1073,0.5] and of ¢ € [1077, 1].
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For this test, we fixed N, = 8. These errors are stratified with respect to At, confirming the
uniform accuracy of DS with respect to e.
We now consider the following non equilibrium initial data

folz,v) = (1 +sin(mz))e 1V, (2.4.5)

and the same numerical parameters as in the last test. As previously, we also look at (2.4.4)
(see the right hand side of Fig. 2.5). It turns out that even if the initial condition is out of
equilibrium, the Duhamel based scheme is uniformly accurate. As a consequence, considering
the maximum with respect to e € [1077,1] of E(g, At) enables to highlight that DS is of order
1 uniformly in € (obviously, the same occurs for the well-prepared initial data). Note that when
this test is applied to the IS and MMS methods, the resulting error curves are not stratified.

Error
Error

< At= 5107

10 =102
- At= 5107 M
10 . . . - - - :
)™ 10 107 10

10° 10° 10° 10 107 10 10° 10
€ €

Figure 2.5: The error between DS computed for At = 1072 and DS computed for a range of
At, as functions of € (log scale). Left: equilibrium initial data (2.4.1). Right: non equilibrium
initial data (2.4.5).

2.5 Appendix

In this section, we deal with the proof of Prop. 2.1.
The proof is a direct consequence of the following lemma:

Lemma 2.13. Let f be the solution of (2.1.5) in the Fourier variable for a given initial
condition fo and let t > 0 be fixred. Then its modified density p, satisfies formally

B (8, k) + |E|*Kpu (t, k) = O (Eﬁ) ) (5ﬁ> ,

with k given by (2.1.7) and with the initial condition p, (0, k) = <1/f0(k, v)>v /(vM),. Further-

more, the density and modified density p and p, satisfy formally p(t, k) = p,(t, k) + O (e*77),
forall0 <y <a.

Proof. (Lemma 2.13) The proof relies on the integral formulation (2.3.20) which gives the
expression (2.3.21) after an integration in v € V. Using the notations K and Aj defined in
(2.3.22), let us rewrite (2.3.21) at time ¢ as follows

t

Kpy(t, k) = Ag(t, k) + /OE“ (PMe ™), (po(t — e%s,k) — po (1, k) ds (2.5.1)

N /Oa <V2M (e—s(u+i5k-v) _ efus)>v (pu(t — e%s,k) — pu(t, k))ds (2.5.2)
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I /Oet" <I/2M <e—s(u+isk-v) _ eﬂfS) >v dsp, (t, k) (2.5.3)

Bl

+ / (VP Me™*), dspy(t, k), (2.5.4)
0

and consider each line separately. First of all, let us remark that in (2.5.4), the integral in s can
be directly computed and that the initial layer term Ag in (2.5.1) is exponentially small. Let us
denote Z; the integral term appearing in (2.5.1) and show that is equivalent to —e*9;p, (¢, k)

ad
for small € up to a rest of order O (5a+ d+2+p ) We rewrite Z; as

L t
T, = —/O (V*Me™*),, (/t ) 8t,6y(§,k)d§> ds

and we permute the integrals before computing exactly the integral in s to get

-/ it — & k) (M) de 0.

Hence, up to an exponentially small error in e, Z; reads

_t

Iy = —€%0pu(t, k) — /Sa <VM€_V(U)§>V (Ot (t — %€, k) — Oppu(t, k)) dE.
0

It remains to show that the second term appearing in Z; is smaller that £*. Indeed in the
1

brackets we do the change of variables w = (1§)@+2+% v to make appear a fractional time
derivative. Then with the change of variables £ — ¢*£ in the integral in £, Z; writes

Ty = =0y (t, k) + O (%)
B Ea<2ddrzzjff>M0V p ) /t <|w‘d+2+ﬁef‘w‘d+2+ﬁ> Opy(t — &, k) — Oupy(t, k) de
0

< 24218
|w] <6 £ ar2tB

1 B
where 6 = ('%E) T and ()|w|<5 denotes the integration in w on the domain |w| < 0. The

term into brackets is integrable on R? an T = =1+ ﬁ € (1,2). Supposing that p,, is
regular, the integral in £ is well defined and is bounded by a constant for any fixed t. Hence

ag at—-2d
T = —e%9py(t, k) + O (5 d+2+s) . (2.5.5)
Now, let us denote Z5 the term (2.5.2) and remark that it vanishes for £ = 0. We want to show
d
that it is of magnitude O (5a+ d+1+ﬁ) when € goes to 0. For nonzero k we apply the change of

1
3 _ elkv _ elk| d+1+p . 1 elk| d¥118
variable w = o) such that v = (W w and dv = TFITB \ ofw] 2P dw,

to make the limit appear in the brackets. Then, with a Taylor expansion of p,, Zo writes

t
— _5a0/ < e—S(p(1+iW'e) . e—SgD > </ a[)y €7k dé—) dS
i ( ) RV

d+2+8
k|o Moyt =@ a1+
where C' = H70%7 =1 ( <[k ) PN = EW and where e denotes any unitary vector.

d+1+p5 vo|w|
As for Z;, we permute the integrals before computlng the integral in s to get the following
expression of 7y

Ty = 20T + e“COp, (t, k) I3 + O (), (2.5.6)
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with

= [ (o U e (Dupu(t — <€, k) = Dpu (1, k) A€ (2.5.7)
0 lw|dte \ 14+iw-e wlzA ’ 7

t 1 efi%np(lJriw-e) ¢
75 = —e ¥ d¢. 2.5.8
? /0<|w‘d+o‘< 1+iw-e ¢ ¢ ( )
[w|=A

The exact computation of the integral in £ leads to

2=0 (gﬁ) , (2.5.9)

and we now focus on Z3. In the brackets we do the change of variables

., _d+14p 1
v =ik (Evp) 4+2+F such that £ = —z77, to get

|v] d+1+B

1 efs%ap(1+iw-e) e
|w|d+a 1tiw-e
wl>A

s (14 (w)-e)

A

I ] 1 e wi%Es =
= - — e [v]
T g \ o | 1) e ’
G
) || d+1+8 d+
with ¢(v) = =~ (vo) 27 v and A = (EVO) T28 A, This last expression gives the

following upper bound for Z3

a 0 l/t_5 k Oipu(t, k
‘E 2"2‘ <C/ ‘ tP €d+)1+6 tp( )‘df,

Gices

we then apply the change of variables ¢ — %€ to get e*Z4 = O (5d+05i5) , which combined
with (2.5.9) in (2.5.6) leads to

Iy =0 <5a+ﬁ> +0 (S‘Hﬁ) =0 (sa+ﬁ> : (2.5.10)

It remains to consider (2.5.3), let us denote

_t
Ty = /E <I/2M (efs(l/%»isk-v) - efus)> ds,
0 \%4

that writes after the change of variables w = iléj;} and an exact integration in s

T3 =—

e k| vy~ My < 1 (w-e)? >
+0(E%),
d+1+p [wltte 1+ (w-€)? / 5a

where we see the anomalous diffusion coefficient appear. Eventually, we get the following
equivalent for 73

B
Ty = —%% 4+ 0 (eo‘+d+1+ﬁ) : (2.5.11)
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with x given by (2.1.7). Finally replacing the lines (2.5.1)-(2.5.2)-(2.5.3)-(2.5.4) with their
equivalents leads to the result

B
Oupy + k| p, = O (757 ) 4 O (7177 ) (25.12)

O]
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3.1 Introduction

The modeling of a large amount of particles, from a theoretical or numerical point of view, is a
very active field of research. The direct application of Newton’s laws leads to a large system of
coupled equations, one for each particle of the system. Since such a huge number of unknowns
is beyond the reach of numerical computations, the so-called microscopic scale is not adapted
to the numerical analysis of these systems. Instead, an approach based on statistical physics is
preferred, where the distribution function of particles f.(¢,x,v) depending on the time ¢ > 0,
the position 2 € R?, and the velocity v € R? is considered. The parameter € € (0, 1] denotes
here the Knudsen number, which is proportional to the mean free path of the particle.
Provided an initial condition f(0,z,v) = fin(z,v), we consider the following kinetic equa-
tion for f.
()0 fe +ev-Vaufe = L(f:). (3.1.1)

The quantity ©(e) = €2 (1 +1n(e)), is a suitable scaling parameter to be chosen according
to the nature of L, in order to capture a non-trivial dynamic when € goes to 0. The linear
operator L describes the collisions of the particles. We will consider the particular case of the
BGK operator

L(f.) = p-M — f., (3.1.2)

with

pe(t, ) = /Rd fe(t,z,v)dv =: (fe) (¢, x).

Here, the equilibrium function M is even, positive and normalized to 1
M(—v) = M) >0 forall veR? and (M) =1.

In the last part of this chapter, we will extend our numerical methods to the case of a more
general collision operator. In what follows, the integral in v of f on a domain D will always be
denoted (f)p. The integral is on the whole space R? when no domain is specified.

The asymptotic analysis of (3.1.1) when € — 0 can be found in [55]. Our aim in this paper
is to construct numerical schemes for (3.1.1) that fits with this asymptotic analysis. The prop-
erties of the equilibrium function M, and the scaling ©(e) of (3.1.1) make various asymptotic
behaviors arise. For instance, considering the scaling O(e) = ¢ with a local Maxwellian equi-
librium in (3.1.1) and the Boltzmann operator instead of the linear collision operator L, leads
when e goes to 0 to a fluid limit for (3.1.1) (see [1, 2]). With the BGK collision operator, the
scaling ©(¢) = 2, and a global Maxwellian equilibrium M (v) = (27)~%2¢=*/2, the solution
fe of (3.1.1) degenerates when € — 0 to a distribution at equilibrium f = pM, where p solves
a diffusion equation

Oip — V- (DVgp) =0,

with initial condition p;, = (fin). A rigorous derivation of diffusion-type equations in this
last case was first investigated in [70, 3, 7, 22]. When M is a Maxwellian and ©(¢) = &2, the
diffusion coefficient D is finite because of the exponential decay of M for large v, and is given
by

D={(weuM). (3.1.3)

However, for non Maxwellian equilibrium, it may happen in many situations that the coeffi-
cient D becomes infinite. An important example is the case of a so-called heavy-tailed function
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M (v) ~ 1/|v|%* for large v, a € (0,2). In this case, the scaling ©(c) = €2 is not the suitable
choice and does not lead to a non trivial dynamics when € goes to 0. It is well-known that, in
this case, the time scale O(e) should be modified according to « in order to capture a non-trivial
dynamics, which turns out to be a fractional diffusion model [55, 5]. Heavy-tailed equilibria
arise in the study of granular media (see [27, 9, 8]), astrophysical plasmas (see [56, 68]), toka-
maks (see [23]) or in economy (see [46]). Usually, the fractional diffusion equation describes
the motion of the particles driven by a Levy process (see |21, 20]), while the classical diffusion
is governed by a Brownian process.

From a numerical point of view, the case a € (0,2) has been treated in [17, 16, 69]. In
this paper, we consider the so-called critical case o = 2, of the above heavy-tailed equilibrium,
which induces a different asymptotic behavior when ¢ goes to 0. For a sake of simplicity we
will consider here the following particular case

[ m lv| <1
M<”)‘{m/|v|d+2 o] > 1, (8.14)

where m is such that (M) = 1. With this assumption, it has been shown in [55] that if
O(e) ~ €%|In(e)] in (3.1.1) the solution f. of (3.1.1) converges weakly when ¢ — 0 to poM,
where pg solves a classical diffusion equation

{ Oipo — camOApg = 0,
pO(va) = pm(SC) = <fm> (x)

Here ¢, is a coefficient that only depends on the dimension d (¢; = 2,¢o = 7, and ¢3 = 87/3).
To have a non-vanishing of ©(¢e) for € = 1, we shall consider

(3.1.5)

O(e) = 2 (1 + |In(e)]) - (3.1.6)

In this work, we prove that when the initial data f;, is at equilibrium, the convergence
when € — 0 of the solution f; of (3.1.1) to the solution of (3.1.5) is very slow. However, we
will show that f. approaches much faster an intermediate equilibrium p.M, where p. is the
solution of the following equation (in Fourier variable)

Ope +ac(k)p. =0, t>0keRd (3.17)
p=(0,k) = pin(k), k€RY o
and 2(k )2
1 € -V
ac(k) = 50 <1 +52(k-v)2M>’ (3.1.8)

where p, is the space Fourier transform of ..

The main goal of this work is to construct numerical schemes for (3.1.1) which do not need
to be refined in order to capture the right asymptotic behavior, when ¢ goes to 0. There are, in
fact, some stiffness in the problem (3.1.1). First, the smallness of € imposes severe conditions on
the numerical parameters, if a naive approach is used. We will follow an Asymptotic Preserving
(AP) strategy [37, 43, 44] to overcome this difficulty. Namely, if we consider a problem P
which degenerates into a problem Py when ¢ tends to 0, then an AP scheme S” should enjoy
the following properties:

1. at fixed ¢, S? must be consistent with P. when the discretization parameter h tends to
0.
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2. Sif must degenerate into a scheme S(’} consistent with Py when ¢ goes to 0.

An AP scheme can even enjoy the stronger property of being Uniformly Accurate (UA), mean-
ing that its accuracy does not depend on €.

The construction of AP schemes for the case of classical diffusion with classical time scale
O(e) = &2 has been widely investigated (see [37, 40, 40, 41, 43, 11, 12, 52, 50]), but the heavy-
tail of the equilibrium brings an additional stiffness, which is not usual in the classical cases.
Indeed, the anomalous time scale (3.1.6) in (3.1.1) is designed to capture the effect of the high
velocities in the asymptotic analysis. From a numerical point of view, taking into account these
high velocities is then crucial to ensure the AP property of the scheme. In previous works (see
[16, 17, 18]), we investigated AP schemes for kinetic equations in the fractional diffusion limit.
In the critical case, the same methodology can not be applied since the resulting schemes do
not respect the dynamics of the convergence towards the diffusion equation (3.1.1). This is due
to the slow convergence in this critical case, and a specific study will be performed to capture
the right asymptotic behavior.

Three numerical schemes will be investigated in this paper. The first one is based on a fully
implicit in time scheme for (3.1.1) using a Fourier variable in space. A suitable modification is
introduced in this case, and its AP behavior is proved. Then, a scheme based on a micro-macro
decomposition of the distribution function f. is presented. It allows to avoid, if needed, the use
of the Fourier transform and of the time implicit character of the previous scheme. Moreover,
it can be adapted to deal with more general collision operators in (3.1.1). Once again, the
convergence towards (3.1.7) has to be treated with care to ensure the good asymptotic behavior
of the scheme. Eventually, we propose an approach based on an integral formulation of (3.1.1)
in Fourier variable, which enjoys the stronger UA property. To summarize, we will show that
(3.1.1) approaches (3.1.7) with a rate e4/1 + |In(e)|, while (3.1.7) approaches the limit model
(3.1.5) with the slower rate 1/ (1 + [In(¢)|), and we will construct numerical schemes which
respect this asymptotic behavior. This can be illustrated by the following diagram

P.:(3.1.1) P.: (3.1.7) Py: (3.1.5)
ey/1+]In(e)] 1/(1+|In(e)])
1 1 1 (3.1.9)
Sh Sh Sk

ey/1+In(e)] 1/(1+|In(e)])

The schemes Sf and 5’? are respectively consistent with the problems P. and P. when e > 0
is fixed, and S{ is consistent with Py. The scheme S” approaches S with rate e/1 + [In(e)]
while S" approaches Sy with rate 1/ (1 + [In(¢)|) when the discretization parameter h is fixed
and when e goes to 0. The asymptotic behavior P. — P. — Py will be proved in suitable
functional spaces and illustrated by several numerical tests.

The paper is organized as follows. In the next section, we will start by establishing the
convergence rates of (3.1.1) towards (3.1.5), and of (3.1.7) to (3.1.5). Then, in Section 3.3,
we present an asymptotic preserving scheme for (3.1.7), and the three asymptotic preserving
schemes for (3.1.1), which are tested in Section 3.5. Eventually, we will present in the last
section an extension of the micro-macro scheme to the case of more general collision operators.
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3.2 Degeneracy to the diffusion limit in the case of a BGK op-
erator

In this section, we show that the convergence of (3.1.1) towards the diffusion limit (3.1.5) can
be quantified by two steps as described by the diagram (3.1.9). This will be the basis of the
numerical methods proposed in Section 3.3. In what follows, the space Fourier transform will
be often used. We will denote f(t,k,v) (resp. p(t,k)) the space Fourier transform of f(t,z,v)

(resp. p(t,z))
f(t,k,v) :/ e R f(t x,v)da.
Rd

We will use the following weighted L? norm

1f (@, v H / /Rd z,v) ( )dvdx (3.2.1)

where M is given by (3.1.4). We have the following propositions:

Proposition 3.1. Let f. € L™ (O,T; L?\/[,l) be the solution of (3.1.1) with initial condition
fin(z,0) = pin(x)M(v), with pyn € HY? (R?) (N1 = 3, Ny = N3 = 6), where HV4 (RY) denotes
the usual Sobolev space, and let T' > 0. Then, there exists a constant C' such that

Ife = P=MI|, . (or2,_,) S CTeVLF W ()l pin | gra (3.2.2)

where p. € L™ (0, T; L2) solves (3.1.7) with initial condition pj,, and with M defined in (3.1.4).

Proposition 3.2. Assume that the previous assumptions hold, and let p. € L™ (O,T; LQ(Rd))
be the solution of (3.1.7) with py, € HMa (RY) (My =2, My = M3 =4), and let T > 0. Then,

there exists a constant C such that

cT
( )| HpinHHMda (3.2.3)

1P = pollie o722 (%)) < T3 (e

where py € L™ (0,T; L*(R?)) solves (3.1.5), with initial condition ps,.

These two propositions establish that the convergence ¢ — 0 of (3.1.1) makes appear two
dynamics with very different rates in . Indeed, in a first step, the solution f. approaches
(relatively) quickly a distribution function at equilibrium p.(¢,2)M (v), with pe solution of
(3.1.7). Then, in a second step, this density p. goes much more slowly to the solution pg of the
limit diffusion equation (3.1.5). Hence, the approximation of f. by its diffusion limit (3.1.5)
is valid only for very small . At the numerical level, it implies that a large range of € may
stay out of reach if no appropriate strategy is used in the numerical schemes. The next parts
present numerical methods for (3.1.1) degenerating when ¢ to 0 into numerical methods solving
(3.1.7). In particular, the schemes enjoy the AP property that is

e when ¢ is fixed, the scheme is consistent with (3.1.1),

e the difference between the numerical scheme S” for (3.1.1) and the numerical scheme 5’?
for (3.1.7) converges to 0 when ¢ goes to 0.
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Afterwards, letting £ go to zero in the scheme S’é‘ for (3.1.7) makes it degenerate in a scheme
S(})Z solving the limit diffusion equation (3.1.5). This approach enables to capture numerically
the two scales of convergence of the solution of (3.1.1) to its diffusion limit, as described by
(3.1.9).

The proofs of Prop. 3.1 and Prop. 3.2 follows the ideas developed in [5] in the case of a
fractional diffusion limit for kinetic equation, coming from a heavy-tailed equilibrium function.
We start by proving the following lemma, which gives the limit of a. when ¢ goes to 0.

Lemma 3.3. Considering a. defined in (3.1.8), there exists a constant C' such that, Yk € R?

1. Ifd=1,
—omk? < ——— (1 +k%). 2.4
|lac (k) — 2mk?| < T+ (o] (1+ &%) (3.2.4)
2. Ifd=2,3,
k) — k2l < ——— (1+ |k[* 3.2.5
|a’€( ) Cdm’ ‘ ’— 1+‘h’l(€)‘( +’ ‘ ) ( )
with cg = 7™ and 03:%”.

Proof of Lemma 3.3. In the 1-dimensional case, with the change of variables w = ev, the
coefficient a. reads

m k202 m Ew? 1
(k) = ¥ : 3.2.6
az (k) 1+ |In(e)] <1 + e2k202 >|,U|<1 1+ |In(e)] <1 + k2w? w3 >|w|25 ( )

where the last term in (3.2.6) can be computed for nonzero k with the change of variables
u=1/w

m Fw? 1 ok 4 2mk? L 2 1 )
= — —n — —
T+ \ T+ k2w [wf /e, T+ 20 " TR ’

and the first term is bounded by Ck?/(1 + |In(¢)|). Eventually the inequality In(z)/2 <1+ x
for x > 0, gives (3.2.4).
When d = 2,3, with the change of variables w = ¢|k|v for nonzero k, (3.1.8) reads

om (k- v)? mlk|? (w-e)* 1
= T (T30 ), TR T ) O

where e denotes any unitary vector. The first term is lower than C|k|?, it remains to consider
the second one. Depending on the dimension, a change of variables in polar or spherical
coordinates can be applied in it. Since no additional difficulty arise when d = 3, we treat here
the case of polar coordinates, when d = 2. Choosing e such that w - e = |w|cos(f), it can be
rewritten as

(w-e)? 1
<1+(we)2 ‘w’d—f—Q :Il+I2+I37
[w|>e|k|

with

2m 1 1
L :/ / 7 COSQ(O)—gdrdH, (3.2.8)
0=0 Jr=clk| r
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1 1
I -1 = 2.
2 = /0 /T o r? cos? (1 7 cos?(0) ) 3 drdé (3.2.9)

7% COoS 1
I drdé. 3.2.10
T /9 /r11+7’2c0829)r3 " ( )

At this stage, the last two mtegrals can be bounded
r* cos*
Is </ / drd9</ / rcos®(9)drdd < C(1 + |k
‘ | 0=0 Jr= 5|k| 1+T200S2 0=0 Jr=c¢lk| ( ) ( ‘ | )

21
|13|§/ / —3drd9§0,
0 r=1T

and the first one can be computed explicitly

I = —wn(|k]) — wln(e).
Eventually, the inequality In(|k|) < |k| yields (3.2.5). O

Remark 3.4. The proof of Lemma 3.3 provides, for nonzero k, a rewriting of a. in which the
diffusion limit clearly appears. In dimension 1, it is

d=1 9 m k202 2mk? 1 5 1
k) = 2mk _emh (L 2
ae (k) =2mk"+ =) <1+52k2v2>|v|<1+ T+ (e 2 \& Tz ’

(3.2.11)

and in dimension 2 it reads

_ B m (k-v)? m|k|?
ad=2(k) = mml|k|? + T ) <1 20 >U>1 — mw (1+1In(|k])) (3.2.12)

m|k|? T COS cos?
drdf fd de
+1+\1n < /9 /Tgkl—i—rzcos2 +/9 /T 11+r2c052 0)r )

Eventually, a change of variables in spherical coordinates provides the case of dimension 3

=3 (k) = T2 4 — " (k )" _ ST ) 1) (3213
(k) = Sl ( ) (n(K) +1) (3213)

e 1+ ()| 1+52(l<:-v)2 1+ [ln(e)] 3

2mm|k|?
L ikl | / / rsin® e / / S0 1)
1+ |In(e) 0=0 Ta‘k‘l—i—ﬂsm 0=0Jr 11+r251n 0)r

Proof of Prop. 3.2. Denoting o and p. the solutions of (3.1.5) and (3.1.7) in space Fourier
variable, with initial condition p;,, and ag(k) = cqmk?, po and p. satisfy

55(t,k) =e€ tas(k)ﬂm(k)
po(t,k) = e "W p. (k).

Since a.(k) > 0 and ag(k) > 0, the inequality |[e™* —e Y| < |z —y| for > 0,y > 0 yields

P — pel < (L+E) [pimn|  ifd=1,

Ct
1+ |In(e)]

o — el < 1
PO — Pe|l = 1+ |1H(€)|
and gives (3.2.3). O

1+ k%) g if d=2.3,
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The convergence of the solution of (3.1.7) to the solution of (3.1.5) is very slow in &, but
Prop. 3.1 states that the degeneracy of (3.1.1) to (3.1.7) happens much faster. The proof
of Prop. 3.1 is based on the proof of the similar result stated in [5] for the case of a kinetic
equation with heavy-tailed equilibrium degenerating to a fractional diffusion equation. It uses
the following properties of the collision operator, established in [22] and [55] in a more general
case:

Proposition 3.5. The collision operator L given by (3.1.2) has the following properties
1. The operator L is bounded in L?\/[_I(Rd x RY).

2. There exists a constant C > 0 such that
erLMl,/ L(f) dv<—/ |f — MP

8. For h € L3,_,, the equation L(g) = h has a solution if and only if (h) = 0. If (9) =0,
this solution is unique.

Proof of Prop. 3.1. Asin [5], the proof relies on the following Hilbert expansion of the solution
fe of (3.1.1)

fe=pM+g1+g2+r,

where p, g1, go and r solve

(I14+ev-Vy)g1 = —cv-Vyp-M (3.2.14)

(92) M — g2 = — (g1) M + O(£) 0 p- M (3.2.15)
1

oyr + @(E)U Var = o) ((ry M — 1) — Orgr — (&gg + @(z-:)v ngg> (3.2.16)

with initial condition p(0,2) = pin(x), g1(0,z,v) = g2(0,z,v) = r(0,2,v) = 0. Considering
(3.2.14) in Fourier variable leads to

iek-v
hH=——pM. 3.2.17
n= e ( )

Furthermore, the left-hand side of (3.2.15) is such that ((g2) M — g2) = 0. Still in Fourier
variable, (3.2.15) then reads — (g1) + ©(€)0:p. = 0, that is using (3.2.17) and the symmetry of
M

8t5€(t7 k) + aa(k)5€<tv k) =0,

with a. defined in (3.1.8). Note that solving this equation leads to
pe(t, k) = e %R p (k), Oipe(t, k) = —ac(k)e™=®) 5 (k). (3.2.18)

As p solves (3.1.7), the proof of the proposition relies on establishing estimates for ||g1 | o (o 7.1,
lg2llzooo,riz2 ) and ||7[[peeorip2 ) Since az > 0, (3.2.18) and the expression of g1 in
I’ ) 1\4— K b A{—

(3.2.17) give
dv .
/ 912 S < Okl

with O(e) defined in (3.1.6). The estimation of a. given by Lemma 3.3 yields

lg1ll oz, ) < Cev 1+ [n(E)llpin gva, (3.2.19)

) ?\/[71)’
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with N1 =1, and Ny = N3 = 2.
The solution g2 of (3.2.15) is unique if (go) = 0. It can be rewritten as

—g92 = —(91) M + ©(€)01p M,

and (3.2.17) and (3.1.7) imply g2 = 0. The estimation of r can be done with (3.2.16) integrated
on the characteristic curves, multiplied by r/M and integrated in velocity. Since g2 = 0 and
the term in (r) M — r gives a negative integral with the second point of Prop. 3.5, it reads

LA [P0 XO0) g, o [ oy, 1, x(0),0) TEE D)

-2 d
20dt Jpu M i M0

where X (t) = x + %tv. After an integration in time and space, and using a Cauchy-Schwarz
inequality, it eventually writes

1
Slrle@riez, ) < 10lloriez )

so that an upper bound for the right-hand side is needed to complete the proof of the propo-
sition. A differentiation in time of (3.2.17), together with (3.2.18), gives

H@tng%z ) < @(5)/ aE(k)3e—a5(k)t|pAm‘2dk,
M~ Rd

hence, using Lemma 3.3

9u1 3 0rsz2, ) < CT=V/ T+ T il

which completes the proof. O

3.3 Numerical schemes in the case of the BGK operator

This section presents three numerical schemes designed to approximate the solution of (3.1.1),
and to respect the asymptotic behavior of Prop. 3.1 and Prop. 3.2 when e becomes small.
These schemes are based respectively on an implicit formulation of (3.1.1) in Fourier variable,
a micro-macro decomposition, and an integral formulation of (3.1.1). These three strategies
have been investigated in [17, 18| in the case of the fractional diffusion limit of the kinetic
equation, « € (0,2). Here we extend them to the case « = 2. In this critical case, we required
that not only the limit equation (3.1.5), but the asymptotic behavior (3.1.7) of the numerical
solution is prescribed.

In what follows, we will denote by t, = nAt,0 < n < N, such that NAt = T the
time discretization, and we will set f™ ~ f(¢,). All the numerical tests will be performed at
time T' = 0.1, the time step At being specified in each case. The schemes require a velocity
discretization, we will denote

Ny
Fwyp =80 D f(v7), (3:3.1)
IS
the quadrature formula for the integration in velocity on the domain D. When no domain

is specified, the integration is for all the index 1 < j < N,. In the tests, we will consider a
uniform discretization of the domain |v| < 10, with NV, points symmetrically distributed on
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both sides of the origin to ensure that (vM), = 0. Namely, we will consider N, = 2N, with
N] =100 and use the grid

A
vj = —10+ 7” +jAv, 0<j<2N, -1, (3.3.2)

with Av = 10/N]. The normalization constant m of the equilibrium M is chosen such that
(M) n, = 1. The space domain is bounded, and we consider periodic conditions, allowing the
use of the Fourier variable. At the discrete level, the discrete Fourier variable will be used. In
the tests, we will consider = € [—1, 1], discretized with N, points such that

zi=—1+(—-1)Az, 1<i<N,, (3.3.3)

where Az = 2/N,. This space discretization is linked to the Fourier modes we use for the
computation of the discrete Fourier transform, that are the integers k such that —N,/2 < k <
N, /2. At the discrete level, the usual L? norm in space, and the norm L2 _, defined in (3.2.1)
will be computed using the space and velocity discretization

N,
: - If:v,v
ol = Aa> Il 113 -~ aeary S Ul T (3:3.4)
’ i=1 et i=1 j=1

Eventually, in the following numerical tests, we will take N, = 32 and consider the initial
condition

fin(z,v) = (1 + sin(7zx)) M (v). (3.3.5)

We want our schemes to enjoy a stronger property than the AP one. Indeed, they respect
the two steps of the convergence of (3.1.1) towards (3.1.5) following the diagram (3.1.9).

The peculiar asymptotic behavior of (3.1.1) comes from the effect of the high velocities in the
equilibrium function M. Indeed, its heavy-tailed character makes the usual diffusion coefficient
(3.1.3) be infinite. The anomalous scaling O(¢) is chosen to counterbalance the weight of M for
large velocities. It is then necessary to take them into account in the numerical computations.
One idea would be to consider an adaptive grid for large velocities, to use as much large
velocities as needed. However, linking the stiffness € and the discretization parameters is not
in the spirit of AP strategies. We propose a method based on analytical modifications of the
terms degenerating into (3.1.8) in the schemes. These modifications are done consistently in
the schemes, and (3.1.8) is carefully discretized to ensure the degeneracy to the limit equation
(3.1.5). Once it is done, we are able to prove that the schemes respect the asymptotic behavior

of (3.1.1).

3.3.1 Discretization of a.

Since the degeneracy of (3.1.1) to the diffusion limit (3.1.5) goes through the equation (3.1.7),
it is necessary to handle the degeneracy of (3.1.7) to (3.1.5) numerically to design AP schemes
for (3.1.1). In Fourier variable, both (3.1.5) and (3.1.7) are differential equations, which can
be solved analytically, and that can also be solved with classical schemes. For instance, a
semidiscrete-in-time implicit scheme for (3.1.7) reads

“n+1 “n

Pe — Pe n41 _

Pe  —Fe 4 o (k , 3.
; ac(k) =0 (3.3.6)

and it degenerates into a scheme solving (3.1.5) if a. (k) — ao(k) = mcy|k|* when ¢ goes to 0. If
the velocity integrations are done continuously, this is ensured thanks to (3.2.4). Unfortunately,
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the discrete velocity integration breaks this property. Indeed, with (3.3.1) the discrete version
of a.(k) writes

1 2k Av Ny k22
M) = LM (v 33.7
O(e) <1 + e2k2v? >Nv 1+ [In(e)] ; 1+ 2207 (v5) (3.3.7)

Since the quadrature uses a finite number of points, the sum above is finite whilst its continuous
version is infinite. Then, the naive numerical version of a.(k) tends to 0 when ¢ — 0, which
is not satisfactory. Consequently, it is necessary to modify analytically a. before applying the
discretization (3.3.1), to ensure the correct asymptotic behavior of a.. In Remark 3.4, the
expressions a. (k) rewritten in (3.2.11)-(3.2.12)-(3.2.13) make the limit behavior of a. clearly
appear. Hence, at the discrete level, we rather use a discrete version of these terms, where the
integrals are computed with an usual quadrature (3.3.1). It ensures the discrete version a of
a. to degenerate to the expected diffusion coefficient when € tends to 0. To do so, in dimension
1, we use the following discrete version of a., from (3.2.11)

1 1
m k2’U2 ln (6 + T)
fomlk? 142 , k#0
ao (k) ={ 1+ |In(e)| <1 + e2k20? >Nv w|<1 mlkl 14 [In(e)| 7

0, k=0,
(3.3.8)
which respects the estimates (3.2.4) at the discrete level. Eventually, with o, the Euler
scheme for (3.1.7) degenerates when € goes to 0, to a Euler scheme for (3.1.5).

The numerical tests highlight this behavior. Indeed, Fig. 3.1 displays the solutions given by
the scheme (3.3.6), with a. computed with the discretizations (3.3.7) and (3.3.8). The solutions
are computed with At = 1072, for a range of . We also plot the numerical solution of the
limit model approximated by

~n—+1 A~
Py — P

A7 + 2m|k[* o0t = 0. (3.3.9)

When a. is computed directly with (3.3.7), we observe that the solution of (3.3.6) does not
tend to the limit diffusion when e goes to 0, but to the initial condition p;, = (fin) N, With
fin defined in (3.3.5). Conversely, the solution of (3.3.6) with a. computed with (3.3.8), comes
close to the solution of (3.3.9) when e goes to 0. Moreover, Fig. 3.2 suggests that this
convergence in € happens with the speed 1/(1 + |In(¢)|), proved in Prop. 3.2. To obtain this
figure, we computed the solution p. a; of (3.3.6) with (3.3.8), and the solution pa; of (3.3.9),
with At = 1072, Then, we plotted the relative error

08— paelz,

B —
o) = sl

with || - ”L?v defined in (3.3.4), as a function of € € (0, 1).
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---Initial data

18l ---Initial data 18k
— Diffusion limit —Diffusion limit
18- o-e=10-2 180 =102
——e=10~4 —-e=10"*
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v e=10-%0

--e=10710
=102

Figure 3.1: For At = 1072, the solutions of (3.3.9) and (3.3.6) at time T' = 0.1 for different
values of €. Left: when a. is computed with (3.3.7). Right: when a. is computed with (3.3.8).
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Figure 3.2: For At = 1072, the relative error between the solution of the scheme (3.3.6) and
the limit scheme (3.3.9) at time 7" = 0.1, in function of ¢ (log scale).
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3.3.2 Implicit scheme (IS)

The first idea to write a scheme for (3.1.1) which enjoys the AP property is to use a fully
implicit scheme for (3.1.1) written in Fourier variable. Indeed, it is well-known that in the case
of the classical diffusion limit, such a scheme degenerates when € — 0 into a scheme solving
the limit equation. In our case, such an approach does not work, due to the effects of large
velocities. Then, it is necessary to suitably write the scheme to make this degeneracy appear.
We start with (3.1.1) written in space Fourier variable, and we consider a fully implicit time
discretization

e A . il _ 1
A7 + 18] (1+ick-v) f = %P M, (3.3.10)

"+1 has been omitted to simplify the notations.

where the dependance in e of f"*1, f* and p
This scheme degenerates when € — 0 into

f'n-i-l — ﬁn+1M.

Therefore, provided that the density p"*! is known, the scheme (3.3.10) enjoys the AP property,
and f"“‘l reads

O(e)f™ + At prtI M
Oe) + At +ieAtk-v’

frt = (3.3.11)

An expression for p"*! is given by a fully implicit time discretization of (3.1.1) integrated in
velocity
ﬁn—i-l _ pAn 1 < 1
+ iek - v > =0,
At O(e) /

which writes, using the expression of f**! in (3.3.11)

sn+l _ an : n :
o —p ick-vf At iek-vM il
=0. (3.3.12
At +<@(E)+At+iAt5k‘v>+@(€) <@(E)+At+isAtk-v P 0. ( )

Using the symmetry of M, the last term of the previous expression can be rewritten as

At < iek - oM > gl At? < e2(k - v)? > J——
0(c) \O(e) + At +icAth-v/” T O(e) (O(e) + At)? + 2A82 (k - v)? P

(3.3.13)

_ 1 e2 (k- 0)2 -
9 < <%)2 +e2 (k- v)2M> B

The expression (3.3.13) indicates that the term is of order At? for fixed €, and thus can be
removed or modified with no incidence on the accuracy of the scheme. The expression (3.3.14)
shows that it degenerates into the coefficient a. (k) when € decreases. Since the second term of
(3.3.12) vanishes for small ¢, if the integrations in velocity are done continuously, the scheme
degenerates when ¢ to 0 into a scheme solving (3.1.7). To ensure the AP property at the fully
discrete level, (3.3.14) can be approximated by

(%)Ai At)2 @%s) <1 fg;(}:.)i)zM > e = (e(eﬁmy ac(k)pmH12,
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n+1/2 ~n+1

where p can be taken equal to p" or p"*", depending on the desired limit scheme (implicit
or explicit). Then the coefficient a. is numerically approximated as in Section 3.3.1 to ensure
the AP property. Eventually, we have the following proposition

Proposition 3.6. We consider the following scheme defined for all k and all time indices
0<n<N,NAt=T by

fn+1_fn+ (1_|_igk-v)f"+1=LA"+lM
At o(2) CIOK
- (3.3.15)

p

L ich /" (A 2aN“(k)ﬁ”“/2 —0
At O(e) + At +iAtek - v N At + 0O(e) c 7

with ©(¢) and av defined in (3.1.6) and (3.3.8), and with initial condition fO(k,v) = fin(k,v), p°(k) =
<f0(k, )>N . The quantity p"/2 can be chosen equal to P or ptL depending on the desired

v

asymptotic scheme (implicit or explicit in time). This scheme has the following properties:
1. The scheme is of order 1 for fized € > 0 and preserves the total mass.

2. The scheme is AP: for a fized At, the scheme solves the diffusion equation (3.1.5) when

€ goes to 0

n+1 __ »n
% +meglk2p"TY2 = 0, (3.3.16)

with ¢y = 2,c9 = 7, c3 = %’r and where m has been defined in (3.1.4).
Remark 3.7. The degeneracy of (3.3.15) to a scheme solving (3.1.5) respects the two dynamics
discussed in the diagram (3.1.9). Indeed, the numerical tests show that (3.3.15) degenerates
with speed €4/1 + |In(g)] to

n+l _ ~n
% + o (k)2 = 0, (3.3.17)

which solves (3.1.7). Then letting ¢ going to 0 in the previous scheme makes it degenerate to
(3.3.16) with speed 1/(1 + [In(¢)]).

Proof. The first point of Prop. 3.6 is a direct consequence of the fact that we used an Fuler
scheme for (3.1.1), and that the modifications we applied to it were done consistently. Taking
k = 0 in the second line of (3.3.15) yields the conservation of the total mass. Eventually, with
the modification of the term (3.3.14), the AP character is straightforward. Indeed, letting
becomes small with fixed At in (3.3.15) leads to

fn+1 — ﬁn+1M
n+1 _ sn

P p L AT
ar o etk =0,

which degenerates into a scheme solving (3.1.5) when ¢ — 0. O
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3.3.3 Micro-macro scheme (MMS)

In the previous part, we proposed an implicit scheme for (3.1.1), which has the same behavior
as the solution of (3.1.1) when & goes to 0. However, the use of the Fourier variable may be
restrictive in some cases, and its extension to more general collision operators seems difficult.
Moreover, the implicit treatment of the transport operator induces high computational cost,
especially in multi-dimensional cases. We propose here a scheme based on a micro-macro
decomposition of the distribution function f., which respects the behavior of f. when ¢ — 0.
It treats the transport terms explicitly, and can be extended to the case of general collision
operators of [55] with a strategy similar to [49].

Denoting p. = (fz), we consider the decomposition f.(t,z,v) = p(t,z)M(v) + g-(t,x,v),
such that (g.) = 0. Inserting it in (3.1.1) and integrating in velocity gives

€
(915,05 + W&“) (’U : nge> =0. (3318)

Then, we multiply (3.3.18) by M and we subtract it from (3.1.1) to get an equation for g.

1

9 13
8tgs + ——v-VepeM + —— ('U “Vige — <U : vzgs> M) = _%ga

O(e) O(e)

A semi-discrete-in-time numerical scheme can be designed following 52|, in which we implicit
the stiffest terms

(3.3.19)

gn+1_gn+ ° v-Vgep"M + ° (v-Vzg" —(v-Vag") M) = — ! gt
At O(e) * O(e) * * O(e) (3.3.20)
pn+1 B pn € V n+1 0 o
At * O(e) (v Vag™™)

Here, the dependence in € of p™ and g™ is omitted to simplify the notations. For fixed ¢, it is
a consistent scheme, it remains to check wether it preserves the correct asymptotic. With the
first line of (3.3.20), "' = O(e) when At is fixed, and then ¢"*! = —ev - V,p"M + o(e).
When reported in the second line of (3.3.20), this gives the following limit scheme for p

anrl _ pn 1
At 1+ |In(e)]

(v-Vg(v-Vgp"M)) =0, (3.3.21)

which does not corresponds to the expected diffusion limit. Indeed, the term into brackets is
infinite when the integration in velocity is done continuously, but it is finite when the discretiza-
tion (3.3.1) is applied. Hence, in this latter case, when € — 0, the limit scheme is p"*! = p",
which is not consistent with (3.1.5). It is then necessary to modify (3.3.20) to ensure the correct
asymptotic behavior. To do so, we modify the macro equation by making appear the inverse
of the transport operator. We first remark that <U . ng"+1> = <U . fon+1>, we then use a
semi discrete implicit formulation of f as in the previous part (see (3.3.10) for instance)

O(e) -t At At
O(c) + At <I+ O(c) + At v”‘“) P e+ At <I+ O(c) + At

-1
f’ﬁr‘rl _ eV - vx> pn+1M.

This expression is injected in the flux of the macro equation of (3.3.20) to get

p__=P £ At -t
At () + A <“'Vfﬁ <<”@(€)+At€v'vx> f >> (3.3.22)
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3 At At -1 .
T oE 66 + At < Ve ((I HCOEY N Vw) p “M>> =0. (3.3.23)

Since the scheme is first order in time, the bracket in (3.3.22) can be simplified consistently
in (v-V,f") to avoid the inversion of a differential operator. For the same reason, we could
remove (3.3.23) with no incidence on the consistency of the scheme; however, it degenerates
when & — 0 to the diffusion of (3.1.5). Therefore, this term is kept to ensure the AP property
of the scheme, but it must be treated with care to take correctly the effects of the high velocities
into account. In Fourier variable, and using the evenness of M, (3.3.23) reads

1 At 2 e2(k-v)? a1
O(e) <®(€)+At> <1+ <@(§iAt)252(k.U)2M>p .

This term is of order At? when ¢ is fixed, and it degenerates to a.(k)p"t! (with a. defined
in (3.1.8)) when ¢ becomes small with At fixed. Thus, (3.3.23) can be modified consistently
in At?/(0(e) 4+ At)%a.(k)p"+/2, which ensures both the AP character of the scheme, and the
fact that the numerical solution solves (3.1.7) when & belongs to the intermediate regime in
which the solution f. of (3.1.1) solves (3.1.7). Here, "'/ can be chosen equal to p" or p"*1.

The passage from the semi-discrete-in-time scheme to the fully discretized scheme can then
be done with the quadrature (3.3.1), and the suitable discretization of a. defined in (3.1.8),
as in section 3.3.1. The derivatives in space are treated with a classical first order upwind
scheme; for a sake of simplicity in the notations, we still write here the spatial derivatives as
continuous. Eventually, we have the following proposition.

Proposition 3.8. We consider the following scheme (discretized in time and velocity) defined
for all z € RY, vj,1 < j < Ny and all time indices 0 <n < N,NAt =T >0 by

n+1 n

3

O(e)

9

_ - 1
A v-Vyp" M+ (v-Veg" — (v-Vag")y, M) = — gt

At O(e)
prtt =" € n At ? —1 ( Ny an+1/2
A tem i Vet <@(5)+At> F (alpr12) <o,

(3.3.24)
with ©(g) and a defined in (3.1.6) and in (3.3.8), where F~1 denotes the inverse of the
Fourier transform, and with initial condition p° = <fm>Nv, and ¢° = fi, — pP M. The quantity
ﬁ"+1/2 can be chosen equal to p"™ or p"+1 depending on the desired asymptotic scheme (implicit
or explicit in time). This scheme has the following properties:

1. The scheme is of first order in time for any fired € > 0 and preserves the total mass.

2. The scheme is AP: for a fived At, the scheme solves the diffusion equation (3.1.5) when

€ goes to 0
n+1 __ »n
P TP L megk)2p? =, (3.3.25)
At
with ¢1 = 2,c9 = T, c3 = %’r, and where m has beed defined in (3.1.4).

Remark 3.9. As in the case of the implicit scheme, this scheme enjoys a property stronger
than being AP, since it respects the diagram (3.1.9). Hence, it respects the dynamics of the
convergence to the solution of the diffusion equation (3.1.5) when ¢ — 0. Indeed, the numerical
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tests show that (3.3.24) degenerates with speed €4/1 4+ |In(e)| to the scheme (3.3.17), which
solves (3.1.7). The degeneracy to the limit scheme (3.3.25) happens much more slowly, with
speed 1/(1 + |In(g)]).

Remark 3.10. If we want to avoid the use of Fourier variable, we can replace F~! (a )
by —mecqA,p" /2. This modification is consistent with (3.1.1), and still enjoys the AP prop-
erty, but the convergence to the limit scheme does not make a scheme for (3.1.7) arise in the
intermediate regime in €.

Ny An+1/2)

Proof. Since the first point comes immediately from the derivation of the scheme, let us prove
the second point. The first line of (3.3.24) gives that ¢"*! = o(1) when € — 0. Once injected
in the second line, it yields

ptt—pr ( An+1/z>
L — o1
At + “F p 0( )7
which is a consistent approximation of (3.1.7). Finally, a2 tends to mcy|k|?> when & — 0,
which concludes the proof. O

3.3.4 Integral formulation based scheme (DS)

In the previous parts, we proposed two numerical schemes solving (3.1.1), which in addition
respect the asymptotic behavior of the continuous solution when € goes to 0. They enjoy the
AP property, but their precision is not uniform in . In this section, we propose a scheme
based on an integral formulation of (3.1.1) in Fourier variable. This approach was investigated
in [17]-[18] in the case of the fractional diffusion limit. This scheme was shown to be uniformly
accurate (UA) : its precision does not depend on the stiffness parameter €. A similar strategy
is performed here, to deal with the diffusion case with an anomalous scaling.
We start from the Duhamel form for fs, solution of (3.1.1) in space Fourier variable

2 #g) —s(1+iek-v) »
Je@t, b v) = Ao(t, k,v) + e Pe(t — O(e)s, k)M (v)ds,
0
where . X
Ag(t, k,v) = e tIHER) £ v). (3.3.26)
Evaluating at time ¢,41 and integrating in velocity, we get

ti+1

O(e)
pelbst, k) = (Ao(tnrt, b, +Z / ’S(HIE’”)M> peltust — O(e)s, k)ds.  (3.3.27)
7=0" ©(c

To write a scheme on p., we perform a quadrature of order 2 in the integral in s; we have

t.
Vj e [0,n],Vs € [ (6),&’;)}

R O(e)s — t; Oe)s —t; |
peltnss — O(E)s, k) = (1 - “m) bt — 1)+ 2Tl 1y 1) 4 O(AP),

(3.3.28)
Assuming that the time derivatives of p. are uniformly bounded in €, the remainder is uniformly
bounded by a term of magnitude O (AtQ) independently of . Inserting (3.3.28) in (3.3.27)
yields the following scheme for /.

P = (Ao(tnsr, b, —I-Zb]pE I pepttta (3.3.29)
7=0
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where the coefficients bj,c;,0 < j < n are given by

Livl

bj = / o© Ble)s —t; <e_s(1+i€k'”)M> ds

tj At

- [FE O(e)s — t; —s(1+ick-v)
C]—/tj (1_At><e M>d8

The consistency of this scheme comes directly from its derivation, but the discretization of
the integrals in velocity appearing in b; and ¢; is crucial to ensure the AP property. Indeed,
as in the previous parts, their continuous limit when e goes to 0 makes the diffusion (3.1.5)
appear. But the effects of the high velocities are not captured if (3.3.1) is used. Therefore, it
is necessary to modify analytically b; and c; before applying the velocity discretization. The
velocity integration of b; and ¢; can be rewritten as

<e_5(1+i€k'v)M> —e 5 4+ <(e—8(1+i5k.v) _ e—S) M>|v|<1 + <(e_5(1+i€k~v) — e—S) M>|v|21 )

because (M) = 1. After that, the change of variables w = ev is performed in the last term to
capture the high velocity effects, and the integrals in s of b; and ¢; are computed exactly to
get

t

. , , — 2 (14iekv)
sl O(e) i _ At BT ot
b; = —e ©6) + Lo 80 (1 — e<s>> o) — —————— 3.3.30
J ¢ + At © ¢ +m<e 1+iek-v o<1 ( )
v
At :
‘. ) . 7%(1+1€k-v) s
4 (")A(i)m <e—®(]€)(]_+15k‘~’v) 1 (1e+ — )2 _ e_ @(JE) (1 — e_%>
iek - v
lv]<1
SRR T
+e'm [w[d+2 ¢ T T 1tik-w
|lw|>e
At :
O(e 1 Yogipan 1 — e e@ IFRW — AL
+ A(t)€2m<|uI\d+2 (e%)(mkw) Atik-w?  °© *O(1—e o) )
lw|=e
t: ts
cj = Q_WJE) — @A(i)e_@ge) (1 — e_%) (3331)
At :
b ) . —®(1+15k~v) b
B @(e)m ooy (1Hick) 1—e . _ o5 <1 7 efﬁ>
At (1+iek - v)?
lv]<1
e_%(lﬂw'”) _% 9 1 e_%(lﬁk'w) _%
m 1tick-v Tem |w|d+2 1+ik-w
lv]<1 |w|>e
(3.3.32)
AL (14ik-w)

O(e) 4 1 — ol (14ikw) L —e O _Y ( _ At
_ (e) _ o) (1 — @(s)) .
At S\ w2 | © Atik-w)?  ° ¢
lw|>e

However, it is still not sufficient to ensure the AP character of the scheme when the integrals
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are discretized since, when j = 0, the term (3.3.32) reads

m (k- v)? m 1 (k - w)?
o (1 T A3 oo >|v|<1 I T w>2>|w|25> |

which is equal to ©(¢g)ae, with a. defined in (3.1.8) and rewritten in (3.2.6) (note that the
equality (3.2.6) is valid for any dimension). In Section 3.3.1, we established that the discretiza-
tion of this term is crucial to ensure the AP property of our schemes. Following the strategy
presented previously, we then replace (3.3.32) by an appropriate discretization ©(g)aX* defined
in (3.3.8) when j = 0. Eventually, ¢y rewrites

O(e) sy B(e)  [1-e BlgHiEky) Ac
CO:@(E)aévv(k)+1— (1_e_(—)(s)> — m< ( _1+e_(-)(5)>
lv]<1

At At +iek - v)?2

o) ,/ 1 [1-e om0ty e
A\l \ T Ok e oy '
|w|>e

The expressions b; (7 > 0), ¢; (j > 1) and ¢y, defined in (3.3.30)-(3.3.31)-(3.3.33), computed
with the discretization (3.3.1) make the scheme (3.3.29) AP. Moreover, let us remark that the
scheme only uses p and not f. It implies that the computation of the whole distribution f
is not necessary, which represents a gain of computational cost, since the problem for f is of
higher dimension than the problem on p. Let us note that f can even so be computed in
Fourier variable with a scheme similar to (3.3.29). Indeed, Duhamel formula of (3.1.1) between
the times ¢,, and ¢, leads to

(3.3.33)

~

Fltnst, kyv) = e B THFD py gy / 55 e stk s O(e)s, k)M (v)ds. (3.3.34)
0

As in the scheme for p, we apply the quadrature (3.3.28) in the integral in s, and the scheme
for f reads

frt = e—%(l—i—isk.v)f.n 4 B M 4~ M,

with
. /e(s) O(e —s(ltickv) 3 _ _© ~ gy (k) N Ofe)1—e “et ek (3.3.35)
- 1+ick-v At (1+iek-v)? -
0 O(e)s\ _ (1tick: 1 O)l—e — 515 (1+iek-v)
o 1— s(1+ie v)d — _ . L.
v = /0 < At )e S 1—|—1€k’U At ( —{—15k"’U)2 (3336)

Eventually, we have the following proposition.

Proposition 3.11. Provided the initial condition (fo(k,vj)> ‘
j

= (fin(k7vj)) .

=1,...,Ny j=1,...,Ny
(k) = <f0( )> , we consider the following scheme, defined for all k and all time indices
0<n< N,NAt=T, by
(Ao(tns1,k,0)) y, + bop™ (k) + Z (0" (k) 4 c;p" 1 (k)]
~n+1 o Jj=1
P (k) = T (3.3.37)

Frtl = e (k) fndl | ganpr sty
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with Ao, 5,7 defined in (3.3.26)-(3.3.35)-(3.3.36), and bj(j > 0),c;(j > 1) and co defined in
(3.3.30)-(3.3.31)-(3.3.33) and computed with (3.3.1). This scheme has the following properties:

1. The scheme is first order in time and preserves the total mass.

2. The scheme is AP: for a fized At, it solves the diffusion equation (3.1.5) when & goes to

zero .
An+l _ an
P N P + mcd|k‘\2ﬁ”+1 — 0,

with ¢1 = 2,c9 = T, c3 = %”, and where m has been defined in (3.1.4).

3. Moreover, the semi-discrete-in-time scheme enjoys the UA property: it is first order uni-
formly in e

c¢ >0, Sl(lp} ”fN(a )= f(Tv K )HLZOH < CAt.
e€(0,1 ’

Remark 3.12. The UA property of the scheme ensures that it respects the dynamics of the
convergence towards the diffusion equation (3.1.5).

Proof. The conservation of the mass can be proved by induction on the expression of p"*!
for k = 0. Moreover, since the proof of the third point of Prop. 3.11 is very similar to the
one presented in [17]-[18] in the case of the fractional diffusion limit, we just prove the AP
character of the scheme (3.3.37). First of all, let us remark that Ag,b; and ¢; (j > 1) defined
in (3.3.26)-(3.3.30)-(3.3.31) are exponentially small when € goes to 0. The expressions (3.3.30)
and (3.3.33) then give the following equivalents for by and ¢

O(e)
At

+0()o(1), c=0()a + o) + O(e)o(1).

by =
0 At

Hence the scheme for p degenerates when ¢ goes to 0 into

n+l _ ~n
P et~

The asymptotic behavior of a®* has already been studied, it remains to consider the limit of
the expression of f"*! when ¢ goes to 0. From (3.3.35) and (3.3.36), we have

B =0(0()), v=1+0(6()),

and eventually the scheme for f"! degenerates for small € into f*+1 = pn+1Af. O

3.4 Numerical tests

In this section, we propose numerical tests in dimension 1 to validate the schemes of the
previous parts. For simplicity, we will denote IS the implicit scheme of Prop. 3.6, MMS the
micro-macro scheme of Prop. 3.8, and DS the integral formulation based scheme of Prop. 3.11.
The implicit Euler scheme (3.3.17) for the equation (3.1.7), with a. computed with (3.3.8),
will be denoted quasi-diff. Eventually, the scheme (3.3.16) for the limit diffusion equation
(3.1.5) will be denoted diff. To highlight the consistency of the schemes, we will compare their
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solutions to the solution of a reference scheme which is an explicit Euler scheme in Fourier
variable for (3.1.1)

fn+l_fn 1 ) o 1 "

Al +@(5) (1+ickv) f* = @(a)p M .
n+1l _ [/ rn+l 4.
" _<f+>Nv

fo(kvv) = fin(k7v)'

As detailed in the beginning of Section 3.3, all the tests are performed at time 7" = 0.1, the
time step being specified in each case. We will consider N, points in space on the interval
[—1,1] with periodic boundary conditions, and the velocities are discretized with N, = 199
points symmetrically distributed on the interval [—10, 10]. The initial condition is (3.3.5). In
the DS scheme, the velocity integrations with the variable w in (3.3.30)-(3.3.31)-(3.3.33) are
computed with the same grid as the integrals with the v variable.

3.4.1 Implicit scheme (IS)

In this section, we test the properties of the IS scheme. First of all, its consistency is tested.
The left part of Fig. 3.3 shows that, for € = 1, its solution coincides with the solution of the
explicit scheme (3.4.1). For this figure, the two solutions are computed with the time step
At = 1072, Then, the solution pa; of the IS scheme for a range of At is compared to the
solution PAt,op=10-5 of the IS scheme for At,.; = 1076 at time 7" = 0.1. The relative error
between these densities

Hpreference - pAtHL?\/
€T

Errorconsistency (At, 5) = s (34 2)

Hpreference || L?Vz

with || - HL?V defined in (3.3.4), is displayed in the right-hand side of Fig. 3.3 in function of
At. As it is a line with slope 0.98, the numerical order of the method is 1.

—Initial data
—Explicit scheme
- IS

Figure 3.3: Left: for At = 1072 and ¢ = 1, the solutions of the IS scheme and of the explicit
scheme (3.4.1). Right: The relative consistency error (3.4.2) for the IS scheme (log scale).

Then, the AP character of the IS scheme is tested. The dynamics of the convergence towards
the diffusion limit (3.1.5) is highlighted in the left part of Fig. 3.4, where the densities obtained
with the IS scheme are presented for a range of €, and compared to the densities given by quasi-
diff and diff schemes. These solutions are computed with At = 10~2. For intermediate ¢, the
solution of the IS scheme sticks to the solution of quasi-diff, and the two densities goes together
to the solution of diff when € tends to 0. The convergence towards the solution of quasi-diff
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happens with speed €4/1 + |In(g)|, as suggested by the error study presented in the right-hand
side of Fig. 3.4. Denoting by f the distribution function obtained with the IS scheme, and
Pquasi—diff the density obtained with the quasi-diff scheme for At = 1072, the quantity

EI“I“OI“AP(E-I) = ||f - pquaSi_diffMHL?w—l,Nz,Nv7 (3.4.3)
with ||« [| 2 defined in (3.3.4), is displayed in function of . This numerical quantity

M~1 Ny, Ny
decreases with the expected rate e1/1 + [In(e)| stated in Prop. 3.1. Note that the numerical
results of section 3.3.1 assure that the convergence of the solution of IS to the solution of diff

happens with the speed 1/(1 + [In(e)|) proved in Prop. 3.2.

£=0.01 €=0.001

---Initial data
oIS

S ——Quasi-diffusion
05 0 | Diffusion limit | -

& (log scale)

Figure 3.4: Left: for At = 1072, the solutions of IS, quasi-diff and diff schemes for different
values of €. Right: for At = 1072, the error (3.4.3) between the solution of IS and quasi-diff
scheme in function of ¢ (log scale).

3.4.2 Micro-macro scheme (MMS)

In this section, we focus on the MMS scheme and we highlight its properties with the same
tests as in the previous section. As the transport operator is treated with a classical upwind
scheme in the MMS scheme, the CFL condition imposes to take time steps smaller than in
the previous section. The left-hand side of Fig. 3.5 shows that the solutions of the MMS and
explicit schemes with At = 1074 and € = 1 coincide. The numerical order of the MMS scheme
is studied in the right-hand side of Fig. 3.5, where the consistency error (3.4.2) for € = 1 is
displayed in function of At. For this figure, the density preference is the density obtained with
the MMS scheme for At = 107% and pa; are densities obtained with the MMS scheme for a
range of At. As expected, the numerical order of the method is 1.

Concerning the AP character of the MMS scheme, the left-hand side of Fig. 3.6 shows, for a
range of ¢, the densities obtained with the MMS, quasi-diff and diff schemes with At = 1074,
Once again, the solution of the MMS scheme first joins the solution of the quasi-diff scheme
when € becomes small and the two reach the solution of diff scheme together when ¢ tends
to 0. The speed of the convergence towards the solution of quasi-diff scheme is €1/1 + |In(e)|
stated in Prop. 3.1. Indeed, the right-hand side of Fig. 3.6 displays the error (3.4.3), where
Pquasi—dif f» and the solution f given by the MMS scheme are computed with At = 1074,

3.4.3 Integral formulation based scheme (DS)

In this section, we test the integral formulation scheme DS. For € = 1, we check in the left-hand
side of Fig. 3.7, that the solutions of the explicit and DS schemes are close. This figure was
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slope = 1.15

10°
At

Figure 3.5: Left: for At = 107* and ¢ = 1, the solutions of the MMS scheme and of the explicit
scheme (3.4.1). Right: The relative consistency error (3.4.2) for the MMS scheme (log scale).

€=0.01 » €=0.001 » 10°

——Error
- e llog(e)["?

% & ~~-Initial data
RTT > MMS
o -—Quasi-diffusion | 0

— Diffusion limit

Error (log scale)

g . .
0 05 0 ey o o
x & (log scale)

Figure 3.6: Left: for At = 10%, the solutions of MMS, quasi-diff and diff schemes for different
values of . Right: for At = 1074, the error (3.4.3) between the solution of MMS and quasi-diff
scheme in function of ¢ (log scale).
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obtained with At = 1072. The order of accuracy of the DS scheme is studied in the right-hand
side of Fig. 3.7. For ¢ = 1, it displays the error (3.4.2) between pyeference defined as the
solution of the DS scheme for At = 5-107°, and the solution of the DS scheme pa; for a range
of At. In a logarithmic scale, the slope of the line obtained is close to 1, as expected.

slope = 1.05

At

Figure 3.7: Left: for At = 1072 and € = 1, the solutions of the DS scheme and of the explicit
scheme (3.4.1). Right: The relative consistency error (3.4.2) for the DS scheme (log scale).

Then, we can study the AP character of the DS scheme. The dynamics of the convergence
towards the diffusion limit (3.1.5) is highlighted in the left-hand side of Fig. 3.8. It presents
the densities obtained with the DS, quasi-diff and diff schemes for At = 1072, The solution
of the DS scheme has the right behavior, since it is very close to the solution of quasi-diff for
intermediate e, and remains stuck to it as it goes to the solution of diff when ¢ goes to 0. The
right-hand side of Fig. 3.8 displays the error study of the convergence in ¢ of the solution of
the DS scheme to the solution of the quasi-diff scheme. The error (3.4.3) is displayed in a
logarithmic scale in this figure, where both pgyasi—aiff and the solution f of the DS scheme are
computed with At = 1072, The convergence happens with the expected £4/1 + |In(¢)| rate.

e=0.01 £=0.001

T T
——Error
- e llog(e)["?

---Initial data

Error (log scale)

107 107 10°

107 107
& (log scale)

Figure 3.8: Left: for At = 1072, the solutions of DS, quasi-diff and diff schemes for different
values of e. Right: for At = 1072, the error (3.4.3) between the solution of DS and quasi-diff
scheme in function of ¢ (log scale).

To highlight the fact that the DS scheme is of order 1 uniformly in €, we compare the results
given by the DS scheme for At,.; = 5-107° to the results given by the same DS scheme for
different values of At and e. With these densities, the error (3.4.2) is displayed in Fig. 3.9 as
a function of . We observe that the error curves are stratified with respect to e, showing the
uniformity of the scheme with respect to ¢.
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Figure 3.9: The error (3.4.2) as a function of e. The density preference is the density given
by the DS scheme for At,.p =5 - 107°, and pa; are the densities given by the DS scheme for
different values of At (log scale).

3.5 Numerical schemes in the case of a more general collision
operator

In the previous sections of this chapter, we proposed numerical schemes for (3.1.1) in the case of
the BGK operator (3.1.2). With this particular collision operator, we were able to design three
numerical schemes enjoying the AP property to solve (3.1.1). Two of them are based on the
use of the spatial Fourier transform and strongly use the simple form of the collision operator.
However, more general collision operator may have to be used. In this part, we propose an
adaptation of the micro-macro scheme to the case of a general linear collision operator, as in
[55]. Using a relaxation type method (as proposed in [49]) we will derive an AP scheme without
requiring a costly inversion of L.

Provided an initial condition f;,(z,v), we consider the kinetic equation (3.1.1). The linear
operator L describes the collisions of the particles. Following the framework of [55] we consider

L(f.) = /]Rd [a(v, V) fe(v) — a(v/,v)fa(v)] do’ (3.5.1)
= K(fz—:) —vfe,
with
K(f.) = /Rd o(v, ) f-(v")dv', v(v) = /Rd o(v',v)dv'. (3.5.2)
To fit with [55] and [5], we make the following assumptions

1. The cross section ¢ is locally integrable on R??, non negative and the collision frequency
v is locally integrable on R? and satisfies

v(—v) = v(v) > vy > 0 for all v € R%

2. There exists a function M > 0 in L!(v) such that |v|?v(v) ™M is locally integrable and
such that ker L is spanned by M

v(v)Mv) = K(M)(v) = / o(v,v" )M ()dv'.
Rd
Furthermore, the function M is even, positive and normalized to 1

M(—v) = M(v) >0 forall veR? and M(v)dv = 1.
Rd
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3. We could have made the same assumptions of |55] concerning the behavior of M and v for
large |v| but for a sake of simplicity in the computations we will consider the particular
case

m vl <1 ():{VO <y ca<a (353)

M(v) =
®) { mlolte o] 2 1 wloe ol =1
4. We assume that there exists a constant C such that

~v()M©w) |, M) o(v,v)? ,1/2
y M(v)((j()v’vg))dv —i—( y y((v’)) y(v()QM()v)de) < C, forall veR%

(Note that this assumption is fulfilled with the choice of o(v,v") made for the numerical
applications of the last part.)

Under these assumptions, it has been shown in [55] that if ©(g) ~ £2|In(g)|, the solution f. of
(3.1.1) converges weakly when ¢ — 0 to pgM where pg solves a classical diffusion equation

Cq m
—Apg=0 3.5.4
1 o 0o ) ( )

atPO -
«

with initial condition p;, = (fin). Here ¢4 is a coefficient that depends only on the dimension
(c1 = 2,c9 = m,c3 = 87/3) and m is the normalization coefficient of the equilibrium M. To
avoid the cancellation of ©(¢) for € = 1, we shall consider ©(g) = &2 (1 + [In(¢)|) defined in
(3.1.6) in what follows.

3.5.1 Micro-macro scheme

We want to adapt the micro-macro scheme proposed in Section 77 to the case of the linear
collision operator (3.5.1). As in section 3.3.3, we consider the decomposition f.(t,z,v) =
pe(t,x) M (v) 4+ g-(t,z,v), such that (g.) = 0. Inserting it in (3.1.1) gives the macro equation

€
Ope + % (v-Vzge) =0, (3.5.5)
and the micro equation
€ 1
0 VepeM + —— (I —1I) (v-Vy9:) = ——L(g:), 3.5.6
t9e + @(g)v VapeM + @(6) ( ) (v Vige) @(6) (9:) ( )
where II denotes the orthogonal projection on the kernel of L
(f) = () M. (3.5.7)

The micro equation
In the BGK case, the discretization of the micro equation was not a difficult issue. The
strategy was to implicit the stiffest terms, i.e. the right hand side of the equation. Here the

semi-discrete-in-time scheme would read
n+1 n
—g € € 1
-V p"M -Veg" —(v-Vog" Y M) =
+ v p +®(€) (v g" —(v-Vyg™y M) 18]

At O(e)
where the dependence in ¢ of p and g is omitted to simplify the notations. Nevertheless, in this
case, it is necessary to invert the operator I — At/O(¢)L to compute g" !, which may induce a

9

L(g"th),



3.5 NUMERICAL SCHEMES IN THE CASE OF A MORE GENERAL COLLISION OPERATOR 89

huge computational cost. To avoid such an inversion, we propose to use a relaxation strategy.
It is based on the following rewriting of (3.5.6)

1 1

Orge + %ga = E15)

[L(gs) +ge —ev-VepM — ¢ (I —1I) (U : nga)] )

that can be integrated in time between t,, and t,11

tn+1 tpa1—s
g(tnt1,x,v) _@za) / S [L(g) +9g—ev-VepM —e(I —1I) (v-Vyzg)] (s,z,v)ds
t

(3.5.8)

N
+e 9@ g(ty,z,v).

We approximate the terms into brackets at time t" to get

1 _ At tn41 _lpg1-—s
gt =e PE g (/ e ©°6 d8> [L(g") +g" —ev-Vup"M —e(I — 1) (v Vag")],
tn

(3.5.9)
which is consistent with (3.5.8) for all fixed ¢ > 0. To ensure the AP character of the scheme,
¢ must vanish when & goes to 0, so the remaining integral in time in (3.5.9) is approximated
by a quadrature on the mid-point of the integral. This transformation is still consistent with
(3.5.8), and in addition this ensures ¢"*! to go to zero as ¢ becomes small. Eventually, we
have a semi-discrete-in-time scheme for the micro equation (3.5.6)

O(e)

_ At At __at
gl =e B g + %e 266) [L(g") + g™ —ev-Vgp"M —e (I —1II) (v- Vzg™)] . (3.5.10)

The discretization in velocity is done by the use of (3.3.1) applied to the operators L and II.
It defines the numerical collision operator and the numerical projection on its kernel of L

Ny

Ly, (f)(vi) = &v Y (0(vi05) f(05) = o (05, 03) f(03)s Tnvo(f)(@3) = (f), M(vi).  (3.5.11)

j=1

The discretization in space is done with a classical upwind scheme for the gradient.

The macro equation

It remains to find a scheme for p from the macro equation (3.5.5). As in the BGK case, we
implicit the must stiff term, which yield a semi-discrete-in time scheme for p

n+1 n

—p € . n+1 — 12
At e (v-Vag"™) =0, (3.5.12)

p

but injecting directly the expression (3.5.10) in it does not ensure the AP character of the
scheme. Indeed, as in the last parts, the numerical diffusion coefficient (3.1.3) is finite, which
implies that the limit scheme for p is p"*! = p™ and not a scheme for (3.5.4). As in Section
3.3.3, we remark that (v-Vzg) = (v V,f) and we rather inject an implicit formulation of f.
Considering only a discretization in time, an implicit formulation of (3.1.1) writes

fn—i—l o fn

@(E)T +ev- vzfnJrl - K (fn+1) N I/fnJrl7 (3513)
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where K and v have been defined in (3.5.2). This provides an expression for fm*!

~1
= eV - Vx} (Atp"+1VM + AtK (g"“) + @(E)f") ,

O(e) + Atv O(e) + Aty

that is injected in (3.5.12) to obtain

pn+1 _ pn e At At . )
A 66 < N <@<>+At [” EIEFUN Vx} p +lvM>> (3.5.14)
: o) At o
+ @(5) <U -V <@(€)—|—Atl/ |:I + WE’U . Vx:| f > > (3.5.15)
° 1 At o
+ At@ <v -V <@(5) + At |:I+ o) + Atygv . VI:| K (g +1))> —0.
(3.5.16)

As in Section 3.3.3, this scheme for p can be simplified. Indeed, as (3.5.16) is of magnitude At
in a scheme of order 1 in time, it can be removed. The line (3.5.15) can also be simplified in

. fon+1> = : vx9n+1> )

with the same argument. The second term of (3.5.14) could be removed as well, but it degen-
erates into the diffusion limit when & goes to 0, it is then necessary to keep it. Moreover, it
must be numerically treated with care to ensure the AP property of the scheme, since its naive
numerical version degenerates to 0 when € becomes small, as in the first parts of this chapter.
Indeed, the second term of (3.5.14) writes, in Fourier variable

1 [ oeiaw dkvvM\ AR 2(k - v)2M -
O(e) \ 1+ 2L k.o T 00e) \(O(e) + At)2 + A22(k - v)2 )P

O(e)+Aty (
_ 1 < e*(k - v)*vM >[)n+1
= 5 .
O(e) (—GA(? + 1/) +e2(k - v)?

The first line indicates that it is of magnitude At?. Therefore, any modification can be applied
to it with no loss of consistency if it remains of the same order. The second line indicates that
it is close from
1 2(k-v)2vM il
o(e) <y2 +e2(k - v)? > P

when € goes to 0. As a consequence, we replace it consistently by At2/(At+0(e))? a.(k)p+1/?

with
1 < e2(k-v)’vM >

k) =55 \vr 206 02

(3.5.17)

n+1/2 n+1

and where p can be chosen equal to p"™ or p depending on the desired asymptotic
scheme. Eventually, we have the following semi-discrete-in-time scheme for p

2
€ ) n+1 At -1~ nt+1/2) _
N <®(€) At Vel > + <At T @(a)) F ()i 1) <o,
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where F~! stands for the inverse Fourier transform. To set the AP property of this expression,
it remains to remark that the continuous version of @. degenerates when ¢ — 0 to the diffusion
coefficient of (3.5.4), and to find a numerical expression of a. respecting this degeneracy. First
of all, using (3.5.3) let us rewrite a. as

2
I (k- 0)? L k) m
ac(k) = 15 [m(e)] <l/o+€2 (k_v)zuom>|v<1+@( ) <1+( %:)21/0”'2 ‘Ud+a> ;

2
T o] >1

and apply the change of variables w = ev/ (1/0\1)|2_0‘) in the second term, with

Vo % o % 1 12 il 2—a
o= (2)7 = (Rl) T dv= — ()"
€ € a—1\¢

to get

Go(k) = 1 < (k- ) Vm> n I m 1 < (k- w) 1 >
© 1+ () \vo+e2 (k-v)2 et @ Lo T+ @ \T+ (k- w) fwld2 /),
>L

In the 1-dimensional case, it is -up to a constant- the same expression as (3.2.6). Then, a.
writes for nonzero k

d— 2 m 1 (k- v)?
d=1 k2 +
I 3.5.18
a. ( ) = a—_1 Vo‘ | 1 |1n(5)| <V3 52(k . U)g l/om>v|<1 ( )

pozm Wy (e 6
a—1yyl+|n(e)| \ 2 |k|? '

When the dimension is 2 or 3, the change of variables u = |k|w yields an expression close to
(3.2.7). In both cases, computations similar to the ones done in the proof of Lemma 3.3 give
the following rewriting for a.(k), when k # 0

2
=2y = My 1 ko) o (3.5.19)
< ’ >v|<1

c a—1y 1+ In(e)| \ 3 +e%(k - v)?
2
R, (I
a—1191+|n(e)|
™ m |k / 7 cos*(6)
— — —————5 —~drdd
a—1vy1l+|In(e)| Joy—o elbl 1+ r2 cos?(0) :
™ m |k]? cos”(0)
— drdf
a—11y1+ [In(e) ao/rlrl—i—r?cos?(@)r ’

and, with a change of variable in spherical coordinates

= 8t 1 m 1 (k-v)?
d=3 2
a k)= — — k| + 3.5.20
(k) 3 Oz—lV[)‘ | 1+ |In(e)] <y§+52(k-v)2yom>v<1 ( )

8 1 m  |k? |k
- = In(— ) -1
3 a—1vyl+|n(e)| vy

9 2 s 1 s 5
B iy e TR
a—1vg 14 |In(e)] Jg—o Jr=zlkl 1+ rZsin?(0)
Yo
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2
L 2 m_ K / / sind LY}
a—1vyl+|In(e)| Jy—o Tlrl—l—ﬂsm(@)

This yields the limit of a. when € tends to 0

with ¢; = 2, ¢y = m,c3 = 87/3, that is the expected diffusion coefficient. To ensure the scheme
enjoy the AP property, it is crucial to use a discretization of a. that respects this limit. As in
Section 3.3.1, the use of a naive quadrature of (3.5.17) does not ensure @’ to degenerate into
the numerical diffusion coefficient when € goes to 0. Indeed, it would write

1 (k-v)? , N 1 (k-v)?
1+ |In(e)] <I/2 + (k- v)? M>Nv e=0 1+ |In(e)] < v M>NU ’

and since the discretization uses a finite number of points, the last term into brackets is finite
instead of infinite. In this way, the naive numerical version of a. tends to 0 when & becomes
small. We then use a quadrature based on the expressions (3.5.18)-(3.5.19)-(3.5.20), that
respects the asymptotic behavior of a.. In the numerical tests in dimension 1, we will use the
following discrete version of a.

. 2 m 1 (k- v)?
N 2
. 3.5.21
ac (k) = T IR+ 1+ [In(e)] <V3+62<k-v)2yom>zvv,|v<1 o

n 2 m kP 11 2y Vg 1
m “1n 20 ) _
a—1yyl+]n(e)| \ 2 \k|2 ’

when k # 0, and 0 otherwise. Eventually, we have the following proposition

Proposition 3.13. We consider the following scheme (discretized in time and velocity) defined
for all z € R, v € R? and all time indices 0 <n < N,NAt =T >0 by

¢ A
CION 0 Ly, (9") + g" — v Vap"M — & (I — Iy, ) (v - Vug™)]
At

2
¢ . n+1 —1 (ANy (1) snt1/2)
NI <@(5) A Ve >Nv * (At n @(5)) F (@ pt?) <o,

(3.5.22)
with ©(g), Ly, , Iy, in (3.1.6)-(3.5.11), where F~! denotes the inverse of the Fourier transform,
and where aXv has been defined in (3.5.21). The quantity p”+1/2 can be chosen equal to p"
or p’”rl depending on the desired asymptotic scheme. Provided an initial data f°(k,v) =
fin(k,v) = <f0 > N, and ¢g° = O — pPM, the scheme has the following properties:

At
gn+1 = Q_W‘S)gn +

1. The scheme is of order 1 for fized €, and preserves the total mass.

2. The scheme is AP: for a fized At, the scheme solves the diffusion equation (3.5.4) when

€ goes to 0
prtt—p" 42 g,
At a—1y

Remark 3.14. If one must use the space variable, it is possible to avoid the use of the Fourier
transform in (3.5.22) by replacing F~! ( p”+1/2) by — - m A t1/2,

a— lllo
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Proof. The first point comes immediately from the construction of the scheme. For the second
point, we remark that the expression for ¢g"*! in the first line of (3.5.22) ensures that g"*! is
exponentially small when ¢ tends to 0 with fixed At. Then, the term in ¢"*! in the second
line of (3.5.22) vanishes when ¢ is small. As we chose the quadrature of @X¥* to ensure that

~N, Cd 2
H _
RGN a—11y | %

the scheme for p degenerates into

1
p L — ot L7l ( Cd |k’2m+1/2) =0,

At a—1y

which solves (3.5.4). O

3.5.2 Numerical tests

In this section, we test the properties of the micro-macro scheme presented in Prop. 3.13 with
the collision operator (3.5.1). The equilibrium M and collision frequency v we consider are
written in (3.5.3), and the collision kernel o we consider is given by o(v,v") = a(v)a(v") M (v),

where
w={1 if o] < 1
R R !

We will take o = 1.5 in what follows. As in Section 3.4, we will denote by diff the implicit Euler
scheme in Fourier variable for the limit diffusion equation (3.5.4). All the tests are performed
with the numerical parameters detailed in the beginning of Section 3.3, and the initial condition
(3.3.5). Due to the CFL condition coming from the upwind scheme for the space derivatives
in the micro-macro scheme, we will consider At = 10~4
To test the consistency of the micro-macro scheme, we compare its solution to the solution

of an explicit Euler scheme for (3.1.1) with (3.5.1)

n+1 n

f _f + € ’Uva;fnzilz(fn)

At O(e) O(e)
ol = <fn+1> , (3.5.23)

v

f0<k v) = finlk,v)

where the space derivatives, written continuously here in a sake of simplicity, are discretized
with an upwind scheme. For ¢ =1 and N, = 128, the densities obtained with this scheme and
with the micro-macro scheme are presented in the left-hand side of Fig. 3.10, showing that
the two densities are very close. The right-hand side of Fig. 3.10 is a numerical order study of
the micro-macro scheme. The error (3.4.2), where preference is the density obtained with the
micro-macro scheme with At = 1075, is plotted in function of At. The slope of the line we
obtain is close to 1, as expected for a first order in time scheme.

To test the AP character of the micro-macro scheme, we fix At = 1074, N, = 32, and we
compare the obtained results with the result of the diff scheme. In the case of the general
collision operator, the comparison with the results of the equation (3.1.7) is a priori not
relevant. Indeed, the proof of the result of the rate of degeneracy of the solution of (3.1.1) to
the solution of (3.1.7) in Prop. 3.1 is not valid in the case of the general collision operator.
In addition, the rate of the degeneracy of the numerical solution of the micro-macro scheme
towards the numerical solution of (3.1.7) is not conserved with the relaxation strategy used in
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~-Initial data
—Explicit scheme
-+ MMS

[] 02 04 06 08 1 10° 10° 10"
X At

Figure 3.10: Left: for At = 10™* and € = 1, the solutions of the micro-macro scheme and of
the explicit scheme (3.5.23). Right: The relative consistency error (3.4.2) for the micro-macro
scheme, computed with At,.; = 107¢ (log scale).

the micro equation. Actually, with this method, g has an exponential decrease in &, which does
not even match with the degeneracy expected in the case of the BGK operator. The left-hand
side of Fig. 3.11, presents the densities obtained with the micro-macro and diff scheme for a
range of €. It turns out that the degeneracy to the diffusion limit is slow. This is highlighted
in the right-hand side of Fig. 3.11 where the error

micro-macro __ diff
[Voviet Par Iz
Error(e) = A z (3.5.24)
dif f
oA HL?VI

is displayed in function of €. The numerical degeneracy rate we obtain is 1/(1 + |In(g)]), as in
the case of the BGK operator.

e=0.01 €=0.001

——Error
--- 1/(1+log(ep)|)

---Initial dat:
—+—micro-macro
— Diffusion limit

Error (log scale)

10 107
€ (log scale)

Figure 3.11: Left: for At = 1074, the solutions of the micro-macro and diff schemes, for a
range of e. Right: for At = 1074, the error (3.5.24) between the solution of the micro-macro
and diff scheme in function of ¢ (log scale).
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4.1 Introduction

We are interested in numerical schemes for kinetic equation with fractional diffusion limit. Let
f(t,x,v) be the solution of the following kinetic equation

e, f +ev-Vaof = L(f), (4.1.1)

with ¢ > 0, z € R? and v € R% and an initial condition f(0,2,v) = fo(x,v). The linear
operator L models the collisions the particles are subject to, and is given by

L(f) = / [o(z,0,0") f(V) = o (2,0, v) f(v)] dV/, (4.1.2)
Rd
where o is the cross-section. This relaxed collision operator can be rewritten as
L(f) = K(f) ~ v}, (4.1.3)
with
K(f) :/ o(z,v,v")f()dv', v(z,v) :/ o(z, v, v)dv. (4.1.4)
Rd Rd

We make the same assumptions as in [53, 5], that is: there exists a unique equilibrium function
M, which is even, depends only on v, and such that

L(M)=0, (M(v))=1, (4.1.5)

where the integral in velocity is denoted (-) such that

(M(v)) = M (v)dw.
R4

The L? (dﬁv)-orthogonal projection on the kernel of L is defined by
() = (f) M. (4.1.6)

We suppose that M is a heavy-tailed equilibrium

M a e (0,2), (4.1.7)

~ )
o] oo |v]dH

where m is a normalization coeflicient. Moreover, the cross section o is supposed non negative
and locally integrable on R?¢ for all x. It satisfies the following inequality

M (v) < o(x,v,v") < M), Yz € RY, Yo e RY, Vo' € RY,
with 0 < 11 < 1. The collision frequency v is then bounded
0< v <v(z,v) <vy, VreREVoeR? (4.1.8)

we suppose that v(z,v) = v(z, —v) for all z € R?, v € R, and that there exists a function v
such that
v(z,v) — wy(x). (4.1.9)
|v]—+o0
When the equilibrium M is a Maxwellian equilibrium and the collision frequency v does
not vanish at the origin, it has been shown that if @ = 2, the solution of (4.1.1) converges
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when ¢ goes to 0 to an equilibrium distribution pM, where p solves a diffusion equation (see
for instance [7, 3, 22, 64]). In the case of the heavy-tailed equilibrium (4.1.7) we are considering
here, this limit is not relevant. Indeed, the heavy-tail of the equilibrium makes the diffusion
coefficient be infinite. The use of another scaling €%, with 0 < a < 2, is then necessary to make
an asymptotic regime arise for (4.1.1). Under the assumptions that are done here, it has been
shown in [53, 5] that under regularity conditions on the initial condition fy, the solution f of
(4.1.1) converges, when ¢ tends to 0, to an equilibrium distribution pM with p(¢, z) solution of

Op +mL(p) =0, (4.1.10)

where m is defined in (4.1.7), with initial condition p(0,x) = (fo(x,v)). The operator L is
given by

L(p)(t,z) = PV /Rd (s — ) 28D @ﬁi” —Yyy, (4.1.11)

where P.V. stands for the principal value of the integral, and with
+o0 1
v(z,y) = vo(z)ro(y) / 20 Jo vo((I=s)atsy)dsq ;. (4.1.12)
0

For v = 1, the operator £ reduces to a fractional Laplacian

(=A% p(z) = —cg0 PV /Rd plz) @Zg — gy, (4.1.13)

where the normalization constant ¢4 ., which depends only on the dimension and «, is given
by

—1p (a+d

a2°”'T' (239)

Cd7a = 7rd/2F (Q,Ta) ) (4114)

where I' denotes the usual Gamma function. When the cross-section o in (4.1.2) does not
depend on z, it has been shown in [55, 5| that (4.1.1) converges when € goes to 0 to a fractional
diffusion equation, written with the fractional Laplacian (4.1.13). Such a fractional diffusion
limit also arises when the equilibrium M is Maxwellian, and the collision frequency vanishes
at the origin (see [4]).

Since the fractional Laplacian (4.1.13) has a very simple expression in Fourier variable,

F (=202 p| (k) = k12 F 1] (k), (4.1.15)

where F [p] denotes the Fourier transform in space of a given function p, the study of the
convergence of (4.1.1) to the fractional diffusion limit writes more easily in Fourier variable.
Roughly, it consists in taking account for the effects of the high velocities in the asymptotic
analysis. However, in the case we are considering here, the operator £ defined in (4.1.11) has
no simple form in Fourier variable. Therefore, one has to consider the problem in the original
space variable to perform the asymptotic analysis of (4.1.1), in addition to the effects of the
high velocities that still have to be dealt with.

In the numerical computations, (4.1.1) becomes stiff when e goes to 0, which complicates the
resolution of (4.1.1). Indeed, a relation between the stiffness parameter € and the discretization
parameter often arises if a standard method is employed. From a computational time point of
view, such schemes then become very costly when ¢ gets smaller, which makes the asymptotic
regime unattainable. The Asymptotic Preserving (AP) schemes have been introduced in [43,
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44, 37| to overcome this difficulty. Such schemes are consistent with (4.1.1) when ¢ is fixed
and degenerate into schemes solving the limit model when e goes to 0 with fixed discretization
parameters. In the case of the classical diffusion limit, many AP schemes have been proposed
(see for instance [58, 59, 41, 52, 50, 12, 28, 38, 39, 42, 45, 31, 32, 19, 11, 24]). However, they do
not enjoy the AP property in the case of the fractional diffusion limit, since they do not deal
correctly with the high velocities the slow decreasing equilibrium. In the case of a heavy-tailed
equilibrium, and a simplified collision operator of BGK type, we proposed in [17] a strategy to
construct AP schemes for (4.1.1) with fractional diffusion limit, by taking correctly into account
the effect of high velocities. We then applied a similar method to construct AP schemes in the
case where the anomalous diffusion limit comes from the degeneracy of the collision frequency
at the origin (see [16, 18]). We also extended this study to the critical case « = 2 in (4.1.7),
in which the time scale * in (4.1.1) should be replaced by ?|In(e) (see [33]). In this case,
the asymptotic model is classical diffusion equation (see [55]). In all these studies, the use
of the space Fourier variable in the numerical computations simplified the method, since the
discretization of the limit equation was not a difficult issue. Here, as the limit operator (4.1.11)
has no simple expression in Fourier variable, the discretization of the limit equation must be
done in the original space variable, which induces an additional difficulty. Moreover, from a
computational point of view, the collision operator L is costly to inverse numerically since it is
a nonlocal operator. The strategy we present avoids this inversion by the use of a relaxation
strategy, as in [49].

The chapter is organized as follows: in a first part, we write a scheme for (4.1.1) based on
a micro-macro decomposition of the distribution function, and that enjoys the AP property
for (4.1.10). The discretization of the operator £ is then discussed in the second part, and
eventually numerical tests are proposed to highlight the properties of the micro-macro scheme.

4.2 Micro-macro scheme

In this section, we propose a numerical scheme for (4.1.1) able to capture the solution of (4.1.10)
when ¢ goes to 0. This scheme enjoys the Asymptotic Preserving (AP) property, that is that
for any initial condition fy

e it is consistent with the kinetic equation (4.1.1) when ¢ is fixed,

e it degenerates into a consistent numerical scheme solving the asymptotic equation (4.1.10)
when the discretization parameters are fixed and € tends to 0.

In the sequel, we will consider a time discretization ¢, = nAt,n =0, ..., N such that NAt =T,
where T is the final time, and we will set f™ = f(¢,). The theoretical results of [53, 5| are
valid on the whole space domain R?, and since the case of a bounded space domain generates a
different limit equation (see [14]), we consider here the space domain x € [—1, 1] and periodic
boundary conditions. In the numerical tests, the space domain will be discretized with N,
points

r;=—-14+iAz, 0<i< N, —1, (4.2.1)

where Az = 2/N,. Eventually, we will solve the problem for the velocities |v| < 10, with N,
points symmetrically distributed around the origin. We will consider N,, = 2N point, with
N/ =100 and the grid

A
vj = 10+ 7“ +jAv, 0<j<2N, - 1. (4.2.2)
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The discrete integrations in velocity will be denoted () , with

2N/ -1
(fhy, =0Av > f(v)). (4.2.3)
=0
For a sake of simplicity in the computations, we consider the equilibrium
m
Mw)= —— 4.2.4
) = T (124

with m chosen such that (M) = 1, and « € (0,2). Note that our strategy also works for any
M satisfying the general assumptions (4.1.5)-(4.1.7).

We first decompose the solution of (4.1.1) as f = pM + g with p = (f) and (g) = 0.
Inserting this decomposition in (4.1.1) leads, after an integration in velocity, to the following
macro equation

e*Op+e(v-Vyg) =0. (4.2.5)
Applying the operator I — II, with IT defined in (4.1.6), to (4.1.1) leads to the micro equation

€09 +ev-VepM +e(I —1I) (v- Vazg) = L(g). (4.2.6)

4.2.1 The micro scheme

To write a AP numerical approximation of (4.1.1), a suitable discretization of the micro-macro
system (4.2.5)-(4.2.6) has to be derived. In this section, we discuss the discretization of the
micro equation (4.2.6). Since we require the scheme to enjoy the AP property, the numerical
approximation of g must vanish when e goes to 0. In a first step, we construct a semi-discrete-
in-time scheme for (4.2.6). To ensure the AP property of the scheme, one strategy would be to
make implicit the stiffest term of the equation. Denoting ¢" ~ g(t,), the semi-discrete-in-time
scheme would read

n+1l _ gn

g i n+1
At aL (g ) :

9 9
-I—g—avvxp"M—i-e—a(I—H)(vig"):e

Unfortunately, solving this equation in g"*! requires the inversion of the operator I — At/e*L,
which is non local. This inversion may induce a high computational cost in its numerical
evaluation. To overcome this inversion, we follow the strategy of [49], and rewrite (4.2.6) as
1 1
09+ 9= 2 [Llg) +9—ev-VapM —e(I —1I) (v Vag)].
We then integrate this equality between the times ¢, and t,4+1 to obtain an expression of
g (tn+1’ €, U)

_At
g(tn+1,$7v) =e €O‘g(tn,$,’[})
1 lnt1 tpyi-s

+— e = [L(g)+g—ev-VuypM —e (I —1I) (v- Vz9)] (s,z,v)ds.

«
9 tn

This allows to write a scheme for ¢ in which the inversion of L is not necessary. Indeed, we
use a suitable quadrature on the time integral, and we get the scheme

_tn+lfs

1 tn+1
gt = e_%g” + </ e ds) [L(g")+g" —ev -V p"M —e (I —1I) (v-V.g")].
tn

Ea
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To ensure that ¢"*! converges to 0 as e goes to 0, we approximate the remaining integral by
e~At/2% which corresponds to a midpoint approximation. The fully discrete scheme is obtained
by applying the discretization (4.2.1) in the space variable and using an upwind scheme for the
transport terms in space. The velocities are discretized with (4.2.2) and the integrals in v are
computed with (4.2.3). Eventually, still writing the gradients in x continuously for a sake of
simplicity, the micro scheme writes

At
gt = e*%g" + e—ae*% [Ln, (¢") +¢" —ev-Vup"M —e (I —n,) (v-Vzg™)], (4.2.7)

where Ly, and Iy, denote the operators L and II computed with the discrete integral (4.2.3)

2N/ —1
Ly, (f)(vi) = Av Z (o(z,vi,v5) f(vj) — o(z,v5,v) f(v3)) , (4.2.8)
j=0
Iy, (f)(vi) = (f)n, M(vi).

v

4.2.2 The macro scheme

In this section, we propose a discretization of the macro equation that is able to capture the
limit (4.1.10) of (4.1.1). The simpler strategy, which consists in making implicit the stiffest
term of the equation, is not sufficient to ensure the AP property of the scheme. Indeed, such

a scheme would read

pn—i-l _ pn
At

and, since the expression of ¢g"*! in (4.2.7) has exponential decay in ¢ when ¢ goes to 0, the

scheme degenerates into p"*! = p" when & becomes small. Instead, we remark that because of

the symmetry of M we have

+ 5% (v-Vag™)y =0, (4.2.9)

(v-Vag"™) = (v- Vo "), (4.2.10)

and we inject a fully implicit formulation of f in the above expression, to make appear ex-
plicitely the limit operator £ arise in (4.2.9). More precisely, we proceed as follows We first
write an implicit formulation of (4.1.1)-(4.1.2)

fn+1 _ fn

saT + (v tev- V) = K (),

where the decomposition (4.1.3)-(4.1.4) of L is employed. Since K(M) = vM, we have
K (f**) =vp"™'M + K (g"*1), and the expression of f"*1 writes

= eaiaAtV <I+6Q+Aw5v'vx>1fn
+ 5aitgty ( + 50‘+AtAty€U'vx>lpn+lM
" saftAtu ( - mftmyf” ' Vx) K (g")
and it can be injected in (4.2.9)-(4.2.10) to get
anA;pn * 6% <U Va o iaAtu (I * £x ftAtyw ' v””) " fn] > (4.2.11)




102 CHAPTER 4: NON LOCAL COLLISION OPERATORS

£ At At R
+ 8705 <U Vz m <I + mﬁ’l] . Vx> P M (4212)
€ At At o

Now, we shall make some simplifications by removing some terms in the fluxes which are of
order At. First of all, since (4.2.13) is of magnitude At, it can be removed with no incidence
on the accuracy of the scheme. Moreover, since

o 1
c <I+ Al ev-Vx) f"]>— (V") +O(A)

e* 4+ Atv e + Atv e 4+ At

13
=—— (v-Vug" At),
5Q+At<v V.g") + O (At)

the bracket in (4.2.11) can be replaced by e (v-V;g") / (¢* + At) up to terms of order At.
However, we do not remove (4.2.12) although this term is also of order At. In fact, when &
goes to 0, it converges to £(p" ). Indeed, we have

Atv (. A v - Aw L Aw v -
e* + Aty e¥ + Aty U Ve e+ Aty g + Atv U Ve .

which can be approximated by
(v+ev-Vy) tu,

when € goes to 0,up to £* terms. We make the following approximation that

Aty At -1 At .
v + Aty < * et Aty Vac) v 4+ At (vtev-Ve) v

This latter term produces the fractional Laplacian when & goes to 0. The macro scheme can
then we rewritten as

pn+1_pn €
At Taagar v Ves')
at 1 \Y, V) tvp"t M) =0 4.2.14
st Arza \7Y7 z(Vtev-Va) vp =y (4.2.14)

where <sv Ve(v4ev V)t l/p”+1M> converges to L(p"*!) when e goes to 0. The formal

proof of this convergence is proposed in Appendix. Since (4.2.14) is of magnitude At and
converges to L (p”“) when € goes to 0, it is then possible to replace it by

At n
o AL
where £ has been defined in (4.1.11), and where we replaced p"*! by p" to simplify the

numerical computations. Eventually, a semi-discrete-in-time scheme for p writes

n—+1 n

At
e + Atm

P —p

g
At T zo g At

(v Vag™ + L(p") =0, (4.2.15)

and we have the following proposition
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Proposition 4.1. We consider the scheme discretized in time and velocity, defined for all
r € R v e R and all time indices 0 <n < N,NAt =T >0, by

At
g = e H g+ e Ly, (¢") + 9" — v Vg "M — e (I~ Ty,) (v Vag™)]
pn+1 _pn c " At
: — = L (p") =0
A Taagar Ve v T R mer) =0

(4.2.16)
with Ly, , Iy, defined in (4.2.8), and with the initial data f° = fo(z,v), p° = <fO>N and
g" = O — p"M. The scheme has the following properties:

1. The scheme is of order 1 for any fized € > 0.

2. The scheme is AP: for a fized At, the scheme solves the limit equation (4.1.10) when e
goes to 0
anrl _ pn
At
where L has been defined in (4.1.11).

+mL(p") =0, (4.2.17)

Proof. The first point comes immediately from the derivation of the scheme, since all the
manipulations we applied to the schemes were done consistently. For the second point, let
us remark from its expression in the first line of (4.2.16), that ¢g"*! has exponential decay in
e. Since ¢"*! vanishes when € goes to 0, f*t! = p"t1M + ¢g"*! tends to a distribution at

equilibrium where p"*! solves the limit scheme of the second line of (4.2.16)
pn+1 o pn
—_— L(p")=0.
A T mL(")

As the asymptotic scheme is first order in time, we conclude that the scheme (4.2.16) enjoys
the AP property. O

Remark 4.2. The proposition above holds for the semi-discrete scheme in time and velocity.
The discretization of the space variable can be done with a classical upwind scheme for the
gradients, but in addition, a discretization in the real space of the operator £ is necessary.

4.3 Discretization of the limit equation

In the previous section, we proposed a semi-discrete scheme in time and velocity which solves
(4.1.1) and enjoys the AP property. However, the fully discrete scheme requires a discretization
of the operator £ defined in (4.1.11). From the expression of the integral, two difficulties arise
when numerically computing it. First of all, since p and 1y are periodic functions, the integrand
has a slow decay to 0. Therefore, it is necessary to truncate the integral far from the origin,
to ensure that the discretization has a good accuracy. The second difficulty comes from the
singularity of the integrand at the origin, that must be treated with care.

The discretization of heavy-tailed integrals arising in the integral formulation of the frac-
tional Laplacian is an independent question from the derivation of AP schemes for (4.1.1). In
the case of the fractional Laplacian, some efficient methods are presented in |65, 35]. However,
because of the coefficient 7 defined in (4.1.12) appearing in £, they cannot be rendered word
for word in our case. We propose here a very simple approach for the discretization of £ in
dimension d = 1, when a > 0.5, based on a method proposed in [65]. The development of
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an efficient numerical methods for £ in the general case would be the topic of an independent
task, and is not our main concern in this work.

To deal separately with the two difficulties arising in the numerical computation of £, let
6 and A be such that 0 < § < A < +00. We decompose L as follows

L(p)(z)=PV. / . (@, x — y)/)(x) ’?—J‘i(i - y)dy (43.1)
+ /6<y|<A v(z, 2z — y)p(x) ‘;ﬁiﬁ ) d £32)

p(x) — p(z —y)
+ /|y>A y(x,z —y) PED dy, (4.3.3)

where 7 has been defined in (4.1.12). A discretization of these three integrals must be chosen
to ensure that £ is computed with a good accuracy. First of all, A must be chosen large enough
to ensure that (4.3.3) can be removed in the approximation of £. As vy and p are bounded
functions, there exists a constant C' such that

p(z) — p(r —y)

It is then possible to choose A large enough to ensure that the error done when removing
(4.3.3) in the computation of L£(p) can be neglected. Therefore, we fix

A= C(aAz)~Ve, (4.3.5)

1 2C
Ayt !

with C chosen independently of the discretization parameters such that the estimate (4.3.4)
is smaller than Az. We will consider C' = 10 in all the following numerical tests. Note that
the value of A tends to infinity when « is small, that is why we consider only o > 1/2 in the
sequel.

The discretization of (4.3.2) can be done with a standard quadrature, such as the Simpson
method. We propose to use a discretization of the intervals [—A, —¢) and (d, A] with step Az.
The values of v can be numerically computed on this grid, and those of p are interpolated with
a good accuracy, from the values of p on the space grid (4.2.1), using the periodic boundary
conditions of p. Note that it is necessary to use a quadrature precise enough, since the inte-
gration interval is large. Indeed, with the choice @ > 1/2, the integration interval can be of
magnitude C/Ax?. A quadrature of order at least 3 is then needed to ensure that (4.3.2) is
computed with precision at least O (Az). In addition, the choice of § plays an important role
in the accuracy of the approximation of (4.3.2). Indeed, the error in the quadrature method is
bounded by the derivative of the integrand. In the case of (4.3.2), this derivative may be large
when y goes to 0. Hence, if § is too small, the error done in the approximation of (4.3.2) is
important because of the bound of the derivative.

Eventually, the discretization of the integral (4.3.1) yields the problems associated with the
discretization of the integrals defined as principal values. To take into account the symmetry
of the integral which is necessary to define the principal value, we expand the integrand

V(@ z —y) lp(x) — ple —y)],

around the origin. It reads

Y,z —y) [px) = ple —y)] = =D ey’ + R, (4.3.6)
j=1
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where the remainder R is such that |R| < C|y|9™!, and with

J
=3 (-1 (i) (i) ().

Once injected in (4.3.1), the decomposition (4.3.6) reads
q 5 5
Y R
- ¢ ———dy + / ——dy,
j; ’ /5 ly[t+e syt
where the integrals can be explicitly computed, and vanish when j is odd. Eventually, denoting
p = |¢/2], we have

p
plx) —plx —y 2 i—a —a
/|y|<§v(w,x—y) ( )|y|1£a )dy=—202j2j_a523 +O0(8%P ). (4.3.7)
> j=1

Since § cannot be chosen too small because of the computation of (4.3.2), the accuracy of this
approximation depends on the number of terms considered in the Taylor expansion.

To check the accuracy of this numerical method for £, we test it on the simple case of the
fractional Laplacian, when v = ¢; o is constant and we fix o = 1.5. As the fractional Laplacian
of the function p can be computed easily and with a good accuracy in Fourier variable, this
provides a reference solution to which the current discretization can be compared. In the test
presented in Fig. 4.1, we consider the periodic function defined by

plx) = e e [—1,1], (4.3.8)

and N, = 64 points for the discretization (4.2.1). The fractional Laplacian of p is computed
with (4.1.15), where the Fourier modes k are chosen as the integers such that —N,/2 < k <
N, /2. Using the discretization of £ explained above with ¢ = 0.3, and A defined in (4.3.5)
with C' = 10, Fig. 4.1 presents the quantities £(p) with (4.3.1) approximated up to the order 2
and 4 in . We observe that the solutions are close from the reference solution computed with
the Fourier transform, and that the approximation with the order 4 in § is more precise.

-

P
—-Lylp)
—L4p)
< 8%

Figure 4.1: For N, = 64 and p defined in (4.3.8), the function p, (—A)*/% p and £(p) computed
up to the order 2 and 4 in ¢.

However, we observed that the use of a larger order in ¢ in the approximation of (4.3.1)
makes instabilities arise on the border of the domain. In what follows, we will use the above
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approximation of £ up to the order 2 in § in the approximation of (4.3.1). The function ~
defined in (4.1.12) is computed once for all, independently of ¢ with a fine quadrature of the
integral in the exponential. After this quadrature, v can be expressed in terms of an usual I'
function, which avoids another numerical computation of an integral. When the function ~ is
non constant, there is -up to our knowledge- no reference solution to which we can compare
the discretization of L. In the following numerical tests, we will highlight that the micro-macro
scheme degenerates into a scheme for (4.1.10) when € goes to 0, with the operator £ computed
with the method we proposed in this part. If a better discretization of £ is available, one will
just have to put it in place of £ in the macro equation of the scheme (4.2.16), and observe that
it is conserved in the limit equation.

4.4 Numerical tests

In this section, we test the properties of the micro-macro scheme of Prop. 4.1, using the
discretization of £ discussed in the previous part, with A defined in (4.3.5), and C' = 10. In
the discretization of £, we fix § = 0.3 since this choice of § made the method be precise for the
fractional Laplacian. In the sequel we will consider the following cross-section

o(,0,0) = F1(@) fo0) o (') M (v), (14.1)
where M has been defined in (4.2.4). The function f; is periodic and defined on [—1, 1] by
h@) = e +epq,

and the function fs is given by

1
=14 -—.
fa(v) + 1+ |v|dte
We will consider the following initial data for f
fo(z,v) = (1 +sin(nz)) M(v), (4.4.2)

and the time, space and velocity variables will be discretized as explained in the beginning of
Section 4.2, with Ve, = 10 and NV, = 200 for the velocities. All the computations will be done
up to the final time T" = 0.1, the number of time steps and space points will be specified in
each case.

First of all, we compare the solution of the scheme (4.2.16) to the solution of a conventional
scheme in time for (4.1.1). When € = 1, since (4.1.1) is not stiff, it can be numerically solved
with an explicit scheme, that writes

afn-}—l _ fn n__ n
e +ev- Ve f" =L, (f") (4.4.3)

pn+1 — <fn+1>N ,

where Ly, and (). are defined in (4.2.8)-(4.2.3), and with the gradient computed with an
upwind scheme. The densities obtained with the schemes (4.2.16) and (4.4.3) for At = 1073 and
N, = 64 are displayed in Fig. 4.2. We observe that the density obtained with the micro-macro
scheme is very close from the one obtained with the explicit scheme.
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Figure 4.2: For T' = 0.1, At = 1073, N, = 64, and € = 1, the densities obtained with the
scheme (4.2.16) and (4.4.3).

To highlight the fact that the micro-macro scheme (4.2.16) is of order 1 when ¢ is fixed, we
present in Fig. 4.3 a numerical order study of this scheme. To obtain this figure, we fixed the
number of points in space N, = 64 and we computed a reference solution with (4.2.16) and
At = 10~*. We then compared this reference solution with the solutions of (4.2.16) obtained
with a range of larger At. The relative error

E(At) _ Hpref - pAtHoo
||P7“efHoo

is displayed as a function of At in Fig. 4.3. As it draws a line of slope slightly larger than 1,
we conclude on the first order accuracy in time for the micro-macro scheme.

slope = 1.2

Figure 4.3: For T'= 0.1, N, = 64, and € = 1, the relative error between the scheme (4.2.16)
computed with At = 10~ and (4.2.16) computed with a range of larger At, in function of At
(log scale).

To highlight the AP character of the micro-macro scheme, Fig. 4.4 displays the density
obtained with the micro-macro scheme with N, = 64, At = 1072, and ¢ = 1074, and the
density obtained with the limit scheme (4.2.17) with the same parameters. As the two densities
coincide, it shows that the micro-macro scheme degenerates into the scheme (4.2.17) when ¢
goes to 0.

Moreover, it is possible to show numerically that the solution of the micro-macro scheme
converges with speed €® to the solution of the limit scheme (see [5]). To highlight this property,
we fixed N, = 64 and At = 1073, and we computed the relative error between the solution
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+ Micro-macro
—Limit scheme

Figure 4.4: For T = 0.1, At = 1073, and N, = 64 the densities obtained with the limit scheme
and with the micro-macro scheme for e = 10~

Plimit of the limit scheme (4.2.17) and p. of the micro-macro scheme (4.2.16) for a range of €.
The error is defined by

( _ Hpa _plimitHoo
leimitHoo

and is displayed in Fig. 4.5 in function of €. In logarithmic scale, it is a line of slope «, which

shows that the numerical decay rate of the micro-macro scheme towards the limit scheme is

501

slope = 1.49

Figure 4.5: For T = 0.1, At = 1073, and N, = 64, the relative error between the scheme
(4.2.16) computed for a range of ¢ and the limit scheme (4.2.17) (log scale).

Remark 4.3. Tt is worth mentioning that the approximations we performed to design the micro-
macro scheme make it less efficient in the intermediate regime compared to the regime € = 1 and
€ << 1. This is a common feature of AP schemes, which may suffer from order reduction when
At ~ e” (see Chapters 1 and 2). This is highlighted in Fig. 4.6, where the densities obtained
with the schemes (4.2.16) and (4.4.3) for ¢ = 1072 are displayed. We fixed N, = 64, and the
micro-macro schemes uses a time step At = 10~% while the explicit scheme is computed with a
finer time step At = 1076, Contrary to the previous Figures, the density are not superimposed
which emphasizes the lack of uniform accuracy of our scheme. However, since it is consistent,
considering smaller At enables to recover the reference solution.
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Figure 4.6: For T = 0.1, e = 1072, and N, = 64 the densities obtained with the explicit scheme
for At = 1079 and with the micro-macro scheme for At = 1074

4.5 Appendix

In this appendix, we formally prove that for a given density p, the quantity

1

e <6U-vx (u+5v-Vx)71 I/M> 05 (4.5.1)

converges to L (p) when e goes to 0, with M given by (4.2.4), where £ has been defined in
(4.1.11), and v fulfills (4.1.9). The inverse of the transport operator can be analytically solved.
Indeed, following the computations of [5, 53|, the solution x of the equation

(v+ev-Vy)x =vpM,

has an integral formulation
+o0 -
x(x,v) = / e~ Jo va=evs0)ds (0 ez 0)p(z — evz) M (v)dz, (4.5.2)
0

that can be easily computed by solving the equation with the characteristics. The brackets in
(4.5.1) makes the quantity ev - V,x appear, which satisfies the equality

ev-Vax = v (pM = x),
and that can be rewritten using (4.5.2)
+0o0 .
pM — x = pM — / e~ Jo vla—evs)ds (0 iz v)p(a — ev2)dz M
0
+o0 .
= / e o vie—evs)dsy (g vz, 0) [p(z) — plz — evz)] dzM,
0
because (4.1.8) implies that
+oo P
/ e~ Jovle—evs)ds (0 cyr v)dz = 1.
0

This provides an expression of ev - V,x that makes the fractional diffusion limit appear once
injected in (4.5.1). Indeed, (4.5.1) rewrites

1

+o0 -
s </ e~ Jovl—evso)dsy (0 cys ) [p(x) — p(x — evz)] dle/> , (4.5.3)
0
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and the change of variables w = evz in the integral in v makes the limit operator appear. Using
(4.2.4), it writes

+o0o «
w mz WY =z [y v(z—ws,2)ds
v e, — vie—w,—)e *Jo ez
/Rd/o ( ’ 52) gdtazdta 4 |y|dta ( ’ sz)
[o()

— plx — w)] dzdw,

and using (4.1.9), it formally converges to

+o0 _ _
m PV/ l/(](.’L’)Vo($ _ w)/ Zae—zfol Vo(m—ws)dsdz P(fU) p(l’ w) dU},
R 0 jwldte

when e goes to 0, which is the expression of the limit operator (4.1.11) applied to p.
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Dans cette thése, nous avons construit plusieurs schémas numériques pour 1’équation ciné-
tique qui possédent la propriété Asymptotic Preserving (AP) pour trois cas d’asymptotiques
de diffusion anormale. En considérant une équation cinétique dont I'opérateur de collision a
un équilibre a queue lourde, nous avons tout d’abord proposé trois schémas capables de capter
la limite de diffusion fractionnaire de I’équation. Aprés avoir dressé le constat qu’une approche
basée sur une formulation complétement implicite en temps de 1’équation cinétique ne possé-
dait pas la propriété AP pour la limite de diffusion fractionnaire, nous avons mis en place une
stratégie pour prendre en compte les grandes vitesses dans les calculs numériques et assurer
ainsi la propriété AP du schéma. En utilisant cette méthode, nous avons ensuite pu constru-
ire un schéma AP basé sur une décomposition micro-macro de la fonction de distribution qui
est écrit en variable d’espace et ou le transport est traité explicitement. Enfin, nous avons
construit un schéma basé sur une formulation intégrale de ’équation cinétique en Fourier qui
posséde la propriété UA (pour Uniform Accuracy), plus forte que la propriété AP puisque la
précision d’un tel schéma ne dépend pas de €. Pour ces trois schémas, une attention particuliére
a été portée a la discrétisation en vitesse, puisqu’il est crucial de prendre en compte le poids &
I'infini de I’équilibre dans les calculs numériques pour assurer la convergence des schémas vers
des schémas qui résolvent 1’équation de diffusion fractionnaire quand ¢ tend vers 0.

Nous avons ensuite appliqué cette méthodologie & un deuxiéme cas de limite de diffu-
sion fractionnaire pour I’équation cinétique. En considérant un opérateur de collision dont
la fréquence de collision présente une dégénérescence en v = 0, ’équation cinétique tend en
effet vers une équation de diffusion fractionnaire quand e tend vers 0. Nous avons adapté les
trois schémas écrits pour le cas de I’équilibre & queue lourde en faisant en sorte que les petites
vitesses soient correctement prises en compte dans les schémas numériques, et en adaptant la
stratégie de construction des schémas a l'opérateur de collision.

N

En considérant le cas critique o = 2 des équilibres a queue lourde de la premiére partie,
nous avons adapté les trois schémas (implicite, micro-macro et basé sur une formulation in-
tégrale de 1’équation) a ce cas de limite de diffusion normale avec scaling anormal. En plus
de 'importance des grandes vitesses dans le modéle asymptotique, la difficulté de I’écriture de
schémas pour ce cas réside dans la lenteur de la convergence vers le modéle limite. En effet,
nous avons montré que le modéle tend vers ’équation limite avec le taux 1/(1+4|In(e)|). Comme
nous avons prouvé que cette convergence se fait en passant par un modéle intermédiaire vers
lequel le modele cinétique tend avec le taux e (1 + |In(e)|), nous avons construit les schémas
de maniére & ce qu’ils respectent la dynamique de la convergence. Cette stratégie permet de
limiter ’étendue du régime intermédiaire. Nous avons ensuite écrit un schéma micro-macro
pour I’équation cinétique avec un opérateur de collision général qui posséde la propriété AP
pour cette asymptotique de diffusion fractionnaire. Il utilise une stratégie dite relaxée pour
I’équation micro, ce qui évite I'inversion de 'opérateur de collision.

Les trois familles de schémas (implicite, micro-macro et basé sur la formulation de Duhamel
de I'équation) qui sont mises en place dans ce manuscrit sont d’ordre 1, donc de précision
équivalente. Cependant, chacune posséde des avantages particuliers par rapport aux autres.
Grace a leur simplicité, les schémas implicites peuvent facilement étre mis en oeuvre. FEn
dimension 1 leur coiit de calcul est raisonnable, mais pas en dimension supérieure. Il est &
noter que, du fait de la non-uniformité de la précision en €, les régimes intermédiaires sont
plus cotliteux que les régimes € = 1 et ¢ << 1. En termes de cofits de calcul, d’ordre et de
comportement dans les régimes intermédiaires, les schémas micro-macro se comportent de la
méme maniére. En revanche, le passage en dimension supérieure se fait a priori plus facilement
que pour les schémas implicites. Un autre intérét de I’approche micro-macro est qu’elle peut
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s’adapter a des opérateurs de collision plus généraux que 'opérateur BGK, alors que les schémas
implicite et Duhamel sont restreints a ce cas. En dernier lieu, comme les schémas basés sur la
formulation de Duhamel de I’équation sont uniformément précis en ¢, ils deviennent compétitifs
en termes de coftits de calcul dans les régimes intermédiaires. De plus, comme il est possible de
n’écrire qu’un schéma sur la densité macroscopique p, le passage en dimension supérieure se
fait a priori de maniére moins cofiteuse que pour les deux précédentes classes de schémas, car
il n’y a pas de stockage en vitesse nécessaire.

Enfin, nous avons traité dans la derniére partie le cas d’une limite de diffusion fractionnaire
lorsque 'opérateur de collision est non-local en v avec la fréquence de collision dépendant de x
et ’équilibre est & queue lourde. Dans ce cadre, inadapté & 'utilisation de la variable de Fourier
en espace, nous avons construit un schéma micro-macro pour I’équation cinétique, dans lequel
I’équation micro est traitée avec une approche relaxée qui permet de ne pas inverser I’opérateur
de collision non local, et le caractére AP est assuré par la prise en compte des grandes vitesses
et de I'inverse de 'opérateur de transport dans I’équation macro.

Pour continuer ce travail, il serait tout d’abord intéressant de réaliser des tests numériques
des schémas écrits dans la thése en dimension supérieure & 1. De plus, les schémas basés sur la
formulation intégrale de I’équation cinétique nécessitent le calcul d’une convolution discréte a
chaque pas de temps. Pour améliorer le temps de calcul, il faudrait optimiser son traitement,
puisqu’elle est pour I'instant calculée avec une méthode directe. Une autre perspective de travail
est d’utiliser les approches mises en place dans cette thése pour construire des schémas d’ordre
plus élevé en temps. Pour les schémas implicite et micro-macro, il faudrait utiliser un schéma,
semi-discret en temps d’ordre élevé avant de reprendre 'analyse préalable & la discrétisation
en vitesse. En revanche, il semble qu’augmenter 'ordre de I’approche basée sur la formulation
intégrale de I’équation cinétique est plus compliqué, puisque l'ordre de la discrétisation du
modéle asymptotique peut étre inférieur a 'ordre du schéma.

Concernant le dernier cas traité dans cette thése, la limite de diffusion fractionnaire lorsque
Iopérateur de collision est non local avec la section locale qui dépend de x, une discrétisation
plus efficace et robuste de 'opérateur limite permettrait d’améliorer la résolution du systéme
micro-macro. Ce probléme, indépendant des questions liées & la discrétisation des équations
cinétiques, est crucial pour disposer d’un schéma AP efficace pour I’équation cinétique dans ce
cadre.

L’étude que nous proposons dans ce manuscrit pourrait étre prolongée a la prise en compte
d’autres opérateurs de collision, comme l'opérateur de Fokker-Planck avec équilibre & queue
lourde [13] ou lopérateur de Vlasov-Fokker-Planck fractionnaire [15] qui permettent d’établir
une limite de diffusion fractionnaire pour I’équation cinétique. Notons cependant que la limite
des modéles cinétiques lorsque 1’équilibre de 'opérateur de collision est une fonction & queue
lourde n’est pas connue pour tous les opérateurs de collision. Par exemple, dans des travaux
récents, E. Nasreddine et M. Puel ont montré que ’équation cinétique avec opérateur de Fokker-
Planck pouvait, sous certaines conditions sur ’équilibre a queue lourde, avoir une limite de
diffusion normale [61]. Avec d’autres hypothéses sur 1’équilibre & queue lourde, une limite de
diffusion fractionnaire ou une limite de diffusion normale avec scaling anormal dans un cas
critique apparait [13]. En revanche, lorsque ces hypothéses ne sont pas vérifiées, I'analyse
asymptotique du modéle est bien plus complexe. La généralisation des schémas proposés dans
cette thése a des opérateurs de collision plus généraux n’est envisageable que dans les cas pour
lesquels la dérivation théorique des modéles asymptotiques a été effectuée.

Enfin, I’étude proposée dans cette thése pourrait étre prolongée a plus long terme en adap-
tant les schémas pour prendre en compte des conditions de bord autres que périodiques.
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D’un point de vue mathématique, I’analyse asymptotique dans ce cadre est compliquée par
la présence du bord et reste un probléme ouvert dans bien des cas. En considérant I’équation
cinétique munie d’un opérateur de Vlasov-Fokker-Planck fractionnaire sur un domaine borné
avec des conditions de réflexion spéculaire aux bords, L. Cesbron a établi une limite de diffu-
sion fractionnaire pour I’équation cinétique dans [14]. Cette limite s’écrit avec un opérateur
intégral proche du laplacien fractionnaire, mais dont I’écriture prend en compte les conditions
de bord imposées. Ainsi, comme les conditions imposées au bord changent la nature du modéle
asymptotique, une étude spécifique est donc nécessaire pour établir des schémas AP dans ce
cas.
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Resumé

L’objet de cette thése est la construction de schémas numériques pour les équations cinétiques
dans différents régimes de diffusion anormale. Comme le modéle devient raide en s’approchant
du modéle asymptotique, les méthodes numériques standard deviennent cotiteuses dans ce ré-
gime. Les schémas Asymptotic Preserving (AP) ont été introduits pour pallier a cette difficulté.
Ils sont en effet stables le long de la transition du régime mésoscopique au régime microscopique.

Dans le premier chapitre, nous considérons le cas d’une distribution d’équilibre qui est
une fonction a queue lourde et dont le moment d’ordre 2 est infini. Le poids important des
grandes vitesses de 1’équilibre fait tomber la limite de diffusion usuelle en défaut, et on montre
que le modéle asymptotique est une équation de diffusion fractionnaire. En nous basant sur
une analyse asymptotique formelle de la convergence vers le modéle limite, nous construisons
trois schémas AP pour le probléme. La discrétisation en vitesse est discutée afin de prendre
en compte correctement les grandes vitesses, et nous montrons que le troisiéme schéma est en
outre uniformément précis au cours de la transition vers le régime microscopique.

Dans le chapitre 2, nous étendons ces résultats au cas d'une fréquence de collision dégé-
nérée en 0 qui méne aussi & une équation de diffusion fractionnaire. Nous adaptons ensuite
ces méthodes numériques au cas d’une limite de diffusion normale avec scaling en temps anor-
mal dans I’équation cinétique dans le chapitre 3. Dans ce cadre, la lenteur de la convergence
vers le modéle asymptotique rend nécessaire une adaptation de I'approche AP des chapitres
précédents. Enfin, le chapitre 4 présente un schéma AP pour I’équation cinétique dans le cas
heavy-tail du chapitre 1 lorsque I'opérateur de collision est non-local.

Abstract

In this thesis, we construct numerical schemes for kinetic equations in some anomalous diffu-
sion regimes. As the model becomes stiff when reaching the asymptotic model, the standard
numerical methods become costly in this regime. Asymptotic Preserving (AP) schemes have
been designed to overcome this difficulty. Indeed, they are uniformly stable along the transition
from the mesoscopic regime to the microscopic one.

In the first chapter, we study the case of a heavy-tailed equilibrium distribution, with infinite
second order moment. The importance of the high velocities in the equilibrium makes the
classical diffusion limit fail, and one can prove that the asymptotic model is a fractional diffusion
equation. We construct three AP schemes for this problem, based on a formal asymptotic
analysis of the convergence towards the limit model. The discretization of the velocities is then
discussed to take into account the high velocities. Moreover, we prove that the third scheme
enjoys the stronger property of being uniformly accurate along the convergence towards the
microscopic regime.

In chapter 2, we extend these results to the case of a degenerated collision frequency, also
leading to a fractional diffusion limit. In chapter 3, these methods are then adapted to the
case of a classical diffusion limit with anomalous time scale in the kinetic equation. In this
case, an adaptation of the AP approach of the previous chapter is needed, because of the slow
convergence rate of the kinetic equation towards the limit model. Eventually, a AP scheme
for kinetic equation with heavy-tailed equilibria and non local collision operator is presented
in chapter 4.



