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(u, v) u→ v

G G = (V,A V
A

d−

d+

d− = 0 d+ = 0

G = (V,A)
u v

n u v u � v

{p0, p1, ...pn} p0 = u pn = v k = 0, 1, ...n − 1 (pk, pk+1) ∈ A

u � u

�

{ }

w : A �→ R

a

X Y Y = head(a) X = tail(a)

X =

H1 Y =

H′ H′ = (V ′,A′) V ′ ⊆ V A′ ⊆ A
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A = {H1, H2, H3, H4} V =
{ }

Pst

H = (V,A)

Pst q H = (V,A
Pst = (v1 = s, ai1 , v2, ai2 , ..., aiq , vq+1 = t) s ∈ tail(ai1), t ∈ head(aiq)

vj ∈ head(aij−1
) ∩ tail(aij ) j = 2, ..., q

H S ⊂ V S �= ∅
t ∈ V ΠS,t = (VΠS,t

,AΠS,t
) H

t ∈ S AΠS,t
= ∅ k � 1 (a1, ..., ak)

∀ai ∈ AΠS,t
tail(ai) ⊆ S ∪ {head(a1), ..., head(ai−1)}

t ∈ head(ak)

ΠS,t S t H
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P , = ( , H1, , H2, , H3, )

ΠS= ,t=
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R C
subs ⊆ C prods ⊆ C

2

R1 : 1 Acetolactate+ 1 CO2 ⇐⇒ 2 Pyruvate

S |C| |R| S
sij i

j i j i sij i

j S
S

S R1 R2

R2 : Oxaloacetate⇐⇒ Pyruvate+ CO2

S =

R1 R2⎛
⎜⎝

⎞
⎟⎠

−1 0

2 −1 1
2 1
0 −1

⇐⇒

R1

ΔG ΔG > 0

ΔG < 0
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[X]

X sj X

j = 1, ..., n n = |R| j

X sj > 0 < 0 j X sj = 0 vj

j

X d[X]
dt

d[X]

dt
=

n∑
j=1

sj · vj = 0
d[X]

dt
=

∑
vproduction −

∑
vconsumption = 0.



Vmax Km

v =
[S].Vmax

[S] +Km
.

Vmax Km

S P

S + E
k1

�
k−1

SE
k2→ P + E.

S E

S.E

P

v1 = k1 · [S].[E] v−1 = k−1 · [SE] v2 = k2 · [SE],

vi i [S] [E]

[SE]

ES E + P k−1

k2

ki



Xi + Ei

vi,1

�
vi,2

XiEi

vi,3

�
vi,4

Xi+1Ei

vi,5

�
vi,6

Xi+1 + Ei.

i

Rij =
min(vi,2j−1, vi,2j)

max(vi,2j , vi,2j),

2j − 1 2j j



→
→

x x





FBA

μ

S

S.v = 0

v

c

Z

max /min Z = cT v

s.t S.v = 0

lbi � vi � ubi, ∀i ∈ {1, ..., n}

lbi ubi i i

n n
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vj

μ

S.v = 0

yj · lbj � vj � ubj · yj , ∀j ∈ R
yj = {0, 1}∑
j∈R

(1− yj) � K
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G = (B ∪W,A) B ∩W = ∅ B

W

G G′ = (B∪W
′,A′) G

W
′ ⊆W A′ ⊆ A w ∈W

′ w

d− > 0 d+ > 0
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Pst q H = (V,A
Pst = (v1 = s, ai1 , v2, ai2 , ..., aiq , vq+1 = t) j = 2, ..., q s ∈ tail(ai1), t ∈

head(aiq) vj ∈ head(aij−1
) ∩ tail(aij )

H = G(V,A) V = B ∪W B ∩W = ∅
H′ = G′(V ′,A′)

A′ sign : A′ �→ {−,+} A′ ⊆ A V ′ = B ∪W
′

W
′ ⊆W

v d−(v) = 0 d+(v) = 0

Ps,t s ∈ Red s ∈ Green t ∈ green

t ∈ Red



+ −
− +

Ht = G(V,At) H = G(V,A)
∀a ∈ A a ∈ At ā ∈ At ā head(ā) = tail(a) tail(ā) = head(a)

Ht = G(V,At) V = B ∪W

B ∩W = ∅
A′ ⊆ At V ′ = B ∪W

′
W

′ ⊆W

Green

Red

White

a ∈ A′

• ∀x ∈ tail(a) ∃v ∈ Red ∃Pv,x

• ∀y ∈ head(a) ∃v ∈ Green ∃Py,v

W

• White



• Grey

W = White ∪Grey White ∩Grey = ∅

v Ht = G(V,At)

d−(v) = 0 d+(v) = 0





a ∈ A

• |tail(a)| = 0 |head(a) = 0|

• ∀v ∈ head(a), v ∈W d+(v) = 0

• ∀v ∈ tail(a), v ∈W d−(v) = 0

E 1, ...,m

X E T
T (X) = {t ∈ T |X ⊆ t} X

X |T (X)| ≥ α α ≥ 0

I(T (X)) = X S ⊆ T
I(S) =

⋂
T∈S T
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∼
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Homocysteine⇔ L Methionine.



β

Glutathione synthase : L γ glutamylcysteine + L glycine → glutathione

Glutamate cysteine ligase : L cysteine + L glutamate → L γ glutamylcysteine

Cystathionine β synthase : Homocysteine + L serine → cystathionine

γ



γ
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dX

dt
= S · v

X t S
v

i

dXi

dt
= Si· · v.

t0 tf

∫ tf

t0

dXi =

∫ tf

t0

Si· · v(t) · dt.



Xi,tf −Xi,t0 =

∫ tf

t0

j=n∑
j=1

sij · vj(t) · dt

⇔ ΔXi =

j=n∑
j=1

sij ·
∫ tf

t0

vj(t) · dt

⇔ ΔXi =

j=n∑
j=1

sij · ϕj

j 1 n sij

i j

ϕj =

∫ tf

t0

vj(t) · dt
j [t0, tf ] ϕ

v(t)

ΔX

ϕ

ΔX = S · ϕ.

R1
R2

ϕ
ΔA = ϕ −ϕ

ϕ > 0 ϕ = 0 A ϕ = 0
ϕ < 0

ϕ



Xi tk

xi,tk ± sd(xi,tk) xi,tk
sd(xi,tk)

• Δmax
Xi

= (xi,tf + sd(xi,tf ))− (xi,t0 − sd(xi,t0))

• Δmin
Xi

= (xi,tf − sd(xi,tf ))− (xi,t0 + sd(xi,t0))

Δ = [Δmin, Δmax]

Δ = [−ε, ε] ε ∈ R
+

ϕ

|ϕ|1
L1 |ϕ|1

ϕ

Δ ϕ

|ϕ|1



min
ϕ

f =

n∑
j=1

yj +

∑n
j=1 |ϕj |
K

s.t Δmin
X ≤ S.ϕ ≤ Δmax

X

lbj � ϕj � ubj , ∀j ∈ R
yj = 0↔ ϕj = 0, ∀j ∈ R
yj ∈ {0, 1}, ∀j ∈ R.

yj

j j

yj 1 yj j

yj ϕj ϕj lb

up

∑n
j=1 yj ϕ �= 0

∑n
j=1 yj

yj ∈ {0, 1}

ϕ
∑n

j=1 |ϕj | ϕj

K

0 ≤
∑n

j=1 |ϕj |
K < 1 K = 1000·n

n



∑
j∈Iy∗

yj ≤ |Iy∗ | − 1

(y∗, ϕ∗) Iy y

yj �= 0

ϕ

ϕ

(y∗, ϕ∗)

λ μ ·

λ



ruptake = λ

rg6pdh =
rmax · ·

( +K ) · (1 +
K

) · (K · (1 +
K

) + )

rpgdh =
rmax · ·

( +K ) · ( +K · (1 +
K

) · (1 +
K

))

rexport = μ ·

d

dt
= r − r

d

dt
= r − r

d

dt
= r − r

λ
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K
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μ
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λ · ·

λ
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ΔX

ΔX = −
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t0

r (t) · dt,
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r (t) · dt.
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t0 tf ϕ
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t0 = 0

tf

[0.01, 20]

[FCi ·WTmin,i, FCi ·WTmax,i]

i FCi WTmin,i

WTmax,i

FCi
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[0.382, 0.76] 0.0325 [0.0124, 0.0247]
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Δmax Δmin

Δmin
X = α Δmax

X = β Δmin
X = −β

Δmax
X = −α

α β

Δmin
Xi

=

{
α, i ≥ 1 (sij · j) ≥ 0

− β,

Δmax
Xi

=

{
− β, i < 1 (sij · j) < 0

− α,

i i j

j sij i

j

α = 10−4 β = 105

ϕ
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α β
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H
V

A a

(a) (a) a

A′ ⊆ A V (A′)
A′

A′ A′

(V (A′),A′) A′

a

b b = | (a)| > 1

H(V,A)
H

T

Ow

X Oo

T |Oo| = 0



N1, . . . , Nk Ow

V1, . . . , Vk

T

Ni wworker

i

wworker

Oo

Ao

H = (V,A)

N1, . . . , Nk H H =

N1 ·∪ . . . ·∪Nk V = V1 ·∪ . . . ·∪Vk A = A1 ·∪ . . . ·∪Ak Ni

a ∈ Ao Ni

Ni H a ai Ai Vi

V Ni

wother wother > wworker

vi ∈ Vi vj ∈ Vj i, j ≤ k i �= j

vi vj

wtransition

wtransition > wworker

T

ti,j i j

t′i (ti,j , t
′
i)

t′i ti,j

> 0

| (a)| > 1

a ∈ A | (a)| = 1 | (a)| > 1

ua

1 + |tgt(a)| ( (a), ua)

v ∈ (a) (ua, v)

Oo Ow

Ow
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1 u′

2

A′
s

H ′
tHH

C → E +H B +G→ C +D

H′ = (V ′,A′) S ⊆ V ′

(a1, ..., am) i ≤ m (ai) ⊆ S ∪ ({a1, . . . , ai−1})

H = (V,A, w) w

A S T

H′ = (V ′,A′) S V ′ ⊆ V A′ ⊆ A
T ⊆ (A′)

s s

s



G = (V,A,w) w

A s T

A′ A T ⊆ A′(s)

H = (V,A)

X X ⊆ V A′ A′ ⊆ A A′(X)

C ⊆ V X ⊆ C a ∈ A′ (a) ⊆ C (a) ⊆ C

A′(X) X

A′

A′ X

|A′|
(A′) |T | |S| A′

|T | = 1 A



k

2kk!

H = (V,A)

G(H) H (x,X)

G(H) x X

M := (a1, ..., ak) H

A′ M

M

i ≤ k (ai) ⊆ (A′) ∪ S (M)

T ′ := T ∪ (M)

t ∈ T ′ LayerT (t) := min{i ≤ k : t ∈ (ai)} t ∈ T \ (M)

LayerT (t) k + 1 X ⊆ T ′ LayerT (X) := min{LayerT (t) : t ∈ X}
M (M)

S′ := S ∪ (M) LayerS(s) := min{i ≤ k : s ∈ (ai)}
s ∈ (M) \ S LayerS(s) := 0 s ∈ S M

ai ∈ M

ai M Y ⊆ T ′ SY := {s ∈ S′ | LayerS(s) < LayerT (Y )}
A′ G(A′)

S′

T ′

F V (F ) (F )

F t (F, t)

F t t ∈ V (F ) t

F (F, t) = t t

Y ⊆ T ′ F G(H) Y (F ) ⊆ Y

(F, t) ∈ St t ∈ Y

A′ (H, S, T )

A′ M G(A′)
T ′

A′ G(A′)
x A′ a a′ a

a′ A′ a′



M = (a1, a2, a3)
A′ M G(A′) T ′

t ∈ T ′ t

x /∈ T ′ G(A′) a x

T ′ a

T ′

t ∈ T ′ s = (F, t) s t

A′

s

t s ∈ S s ∈ St

M F T ′

A′ (H, S, T )

A′ M G(A′) = F

A′ (a1, . . . , ak) M

F

D1, . . . , Dp F

s1, . . . , sp T ′ si

(F, t) t ∈ T ′ si ∈ S′ LayerS(si)

j 1 ≤ j < k j = 0 j = k aj

aj+1 a1 ak Di LayerS(si) = j

t ∈ T t A′

t = (F, t) t F t /∈ V (F ) t ∈ (ai)

ai ∈M ⊆ A′ t ∈ (A′)

t ∈ (a) a F a ∈ A′ t ∈ (A′)

x ∈ (a) a ∈ A′ x ∈ S x

a



a ∈ F x Di

A′ a

a ∈ F x Di x = si x /∈ S LayerS(x) > 0

x aLayerS(x) a

a F x ∈ T ′ a = aj

j > LayerT (x) si = (F, x) LayerS(si) + 1 ≤ LayerT (x)

x aLayerS(si)+1

aLayerT (x) a = aj

(H, S, T ) M

G(A′) = F

A′ (H, S, T ) A′

M

G(A′) T ′

F = G(A′) weight(F ) =

weight(A′)− weight(M) F ′ w′ T ′

weight(F ′) + weight(M) weight(A′)
w′ ≥ weight(F ) F

Y ⊆ T ′ SHM (Y ) F Y

M A′

(H, S, T ) weight(M) + SHM (T ′) M

A′

(H, S, T )

SHM (T ′) + weight(M) M SHM

Y ⊆ T ′

SHM (Y ) = min(min{ (s, Y ), s ∈ SY }, min
Y ′⊂Y

{SHM (Y ′) + SHM (Y \ Y ′)})

F Y s ∈ SY

SHM (Y ) = (s, Y ) = min{ (s, Y ), s ∈ SY }
F Y ′ := (F1) F1

F F1 F weight(F ) =

weight(F1) + weight(F \ F1) F1 Y ′ F \ F1

Y \ Y ′

Y SHM (Y ) = SHM (Y ′) + SHM (Y \ Y ′)
SHM (Y ) ≥ min

Y ′⊂Y
{SHM (Y ′)+SHM (Y \Y ′)}) Y ′ ⊆ Y

SHM (Y ) > SHM (Y ′)+SHM (Y \Y ′) F ′ F ′′ Y ′

Y \Y ′ F ′∪F ′′ Y weight(F ′∪F ′′) ≤ SHM (Y ′)+SHM (Y \
Y ′) < F F SHM (Y ) = min

Y ′⊂Y
{SHM (Y ′) + SHM (Y \ Y ′)})



|T |

SHM (T ′) M

k

2kk! M

SHM (T ′)
SHM (Y ′) Y ′ T ′

T ′ k + |T | 2k+|T |

s Y ′ ⊆ T ′ (s, Y ′) |Y ′| ≤ |T ′| ≤ k + |T |
k + |T ′|

a ∈ A | (a)| = 0

a ∈ A | (a)| = 0

a ∈ A
| (a)| = 0 | (a)| = 0

S T

v ∈ V d−(v) = 0 d+(v) = 0 d−(v) = 0

d+(v) = 0 a ∈ A
v ∈ (a) v |src(a)| = | (a)| = 1

v (a) = (a) \ v



S → G + H

u′ (S, u′), (u′, G), (u′, H ′)
A C F

A+S → B E → F B → C+D B → D

D →
S → E

I → F → I

wworker wworker

u′ → G u′ → H wpseudo

k

M

wpseudo = 0 wpseudo = 10−6





wworker = 1 wother = 100 wtransition =

100

528





δ

2

wworker = 1

wother = 100 wtransition = 100

110



wtransition = 50
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wtransition = 50
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wacetate = 0.5
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k
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|A′| (A′) |T | |S| A′

k G = (V,E) V = V1 ∪ V2 ∪ . . . ∪ Vk

k G V ′ = {v1, . . . , vk} vi ∈ Vi i
{vi, vj} ∈ E {i, j} i �= j

k
Vi

(
k
2

)
Ei,j Ei,j = E ∩ (Vi×Vj)

G = (V,E)

k = 3

W

W ={s}
∪ {xv | v ∈ V }
∪ {ti,j | 1 ≤ i < j ≤ k}



G
S = {s} T = {ti,j | 1 ≤ i < j ≤ k}

A

A ={av = ({s}, {xv}) | v ∈ V }
∪ {ae = ({xu, xv}, {ti,j}) | e ∈ E, e = {u, v} ∈ Ei,j}

av xv

(H = (W,A), S, T ) k +
(
k
2

)
G k

|S| |T |
k

k K G E ′ (
k
2

)
K

A′ = {av | v ∈ K}∪ {ae | e ∈ E ′}
s xv v ∈ K av ∈ A′

1 ≤ i < j ≤ k e = {u, v} {i, j} E ′ xu

xv ae ti,j
k +

(
k
2

)
A′ (H, S, T ) K = {u ∈ V | au ∈ A′}

E ′ = {e ∈ E | ae ∈ A′}
H A′ (K,E ′)
|K|+ |E ′| ≤ k+

(
k
2

)
1 ≤ i < j ≤ k ti,j ∈ T A′ ti,j E ′

e {i, j} |E ′| ≥
(
k
2

)
|K| ≤ k

{u, v} e ∈ E ′ xu xv H
au av A′ u, v ∈ K

E ′ K

E ′ (
k
2

)
k

G

|T | = 1 A

G = (V,A) s ∈ V T ⊆ V
H G t h T

{t} (H, {s}, {t})
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