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Moireau, pour tout ce qu’ils m’ont apporté pendant ces trois années. Leur rigueur scientifique,
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1.4.1 Formulation forte de poromécanique . . . . . . . . . . . . . . . . . . . . . 17
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Chapitre 1

Introduction

Cette thèse s’inscrit dans un vaste projet de modélisation du coeur humain, entrepris depuis
une douzaine d’année par l’équipe MΞDISIM d’Inria Saclay. Elle a été co-dirigée par Dominique
Chapelle et Philippe Moireau, MΞDISIM.

1.1 Contexte

1.1.1 Paysage général

L’objectif de cette thèse est le développement de méthodes numériques pour la po-
romécanique et l’application à la perfusion du myocarde. Elle est motivée par la prise en compte
dans les modèles du couplage entre le flux coronarien et le comportement mécanique du myo-
carde au cours d’un cycle cardiaque. Elle se situe donc à l’interface entre plusieurs disciplines
et communautés scientifiques : les mathématiques appliquées et la modélisation numérique, la
mécanique, la biologie, la médecine et l’informatique. La médecine est un champ d’applica-
tion de plus en plus courant des mathématiques appliquées, et de nombreux efforts ont été
faits, notamment au niveau européen, pour encourager la recherche biomédicale, et mettre à
la disposition des médecins de nouveaux outils numériques pour mieux comprendre, soigner ou
anticiper le vivant. Le but est de leur fournir des outils de description et de simulation des
phénomènes physiques très complexes qui interviennent en biologie. Ces modèles, qui favorisent
une première compréhension, ont ensuite vocation à être couplés aux outils d’acquisition de
données et d’imagerie médicale non invasifs (scanner, IRM, échographie 3D. . . ) pour s’adapter
au mieux à chaque patient, et permettre d’assister les médecins dans leurs diagnostics et leurs
stratégies opératoires ou thérapeutiques.

Dans l’Union Européenne, les maladies cardio-vasculaires sont à l’origine de 40% des décès
(Nichols et al., 2014) et représentent un coût économique estimé à 196 milliards d’euros par an.
Leur compréhension constitue donc un réel enjeu social et économique à l’échelle mondiale, car
cette problématique concerne autant les pays développés que ceux en voie de développement
(Liu, 2007; Go et al., 2014).

C’est dans cette dynamique et ce contexte que s’inscrivent depuis plus d’une dizaine d’année
les travaux de l’équipe MΞDISIM, qui ont pour double objectif de mettre au point des modèles
numériques de coeurs humains, et de fournir des outils mathématiques permettant de les adapter
au mieux aux spécificités de chaque patient par acquisition de données. Le couplage de ces deux
volets de recherche permettrait par exemple à un cardiologue de simuler plusieurs traitements
ou stratégies opératoires à comparer, sur une réplique numérique du coeur de son patient, afin
de sélectionner celui qui fournirait à terme les meilleurs résultats.

Deux éléments sont donc nécessaires pour permettre le développement de tels instruments.
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Dans un premiers temps, il est nécessaire d’être capable de décrire précisément la physique et la
mécanique cardiaque dans toutes leurs complexités, de l’échelle cellulaire à l’échelle macrosco-
pique. Cela fait intervenir de nombreuses disciplines, de l’électrophysiologie, l’électrochimie et la
biologie, à la mécanique des fluides et des solides. Dans un second temps, il s’agit de paramétrer
ces modèles pour les ajuster à chaque patient par assimilation de données. Cela fait appel à un
autre champ de théorie mathématique.

Cette thèse s’inscrit dans le premier de ces deux volets, sur les aspects de description,
mise en équation et modélisation d’un cycle cardiaque. Le but étant de décrire au mieux les
différents phénomènes constitutifs d’un cycle cardiaque, il s’agit de transcrire en équations le
plus finement possible les interactions entre les différentes grandeurs physiques et mécaniques
(signaux électriques, flux et pressions sanguines, déformations du milieu musculaire).

1.1.2 Le coeur humain

Ventricule gauche
Ventricule droit

Oreillette gauche

Oreillette droite

Veine cave

Aorte

Myocarde

Valve aortique
Valve pulmonaire

Valves auriculo- 
ventriculaires

Artère pulmonaire

Figure 1.1 – Le coeur humain. Adapté de http ://www.howitworksdaily.com/inside-the-
human-heart/.

Le fonctionnement des différents organes du corps humain (cerveau, muscles, reins, foie,
etc) nécessite de l’oxygène et crée du dioxyde de carbone. Le sang achemine l’oxygène depuis les
poumons vers les organes, et évacue le dioxyde de carbone depuis les organes vers les poumons.
Le coeur joue le rôle central de � station de pompage �, et permet ainsi la circulation sanguine
au sein de l’organisme. Il assure cette fonction grâce à des cycles rythmés, de contraction et
relaxation de quatre cavités cardiaques : deux oreillettes et deux ventricules. Ces cycles sont
amorcés par la propagation d’une onde électrique qui active les tissus du muscle cardiaque (le
myocarde), et permettent le maintien d’une circulation grâce à un jeu de valves, qui s’ouvrent
ou se ferment en fonction des pressions sanguines des différents compartiments.

En fonction des phases de contraction et relaxation des différentes cavités, le cycle cardiaque
peut se décomposer en quatre étapes. Celles-ci ont lieu à peu près simultanément dans les deux
ventricules (droit et gauche).
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Poumons

Ventricule gauche

Oreillette gauche

Reste de l’organisme 
(cerveau, reins, foie, muscles…)

Oreillette droite

Ventricule droit

Aorte

Réseau coronarien

Veines caves

Artère pulmonaire Veine pulmonaire

Myocarde

Figure 1.2 – Le coeur et la circulation sanguine.
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SYSTOLE DIASTOLE

Cont 
isovol

Relax 
isovol

Contraction Relaxation

Pressions 
(mmHg)

Volume du  
ventricule  

(mL)

Flux 
dans 

l’aorte 
(mL/s)

0

500

0

120

120

50

ECG 1 mV

Temps (s) ≈0.05 ≈0.06≈0.21 ≈0.50

5

0.8

Flux  
dans les 

coronaires 
(mL/s)

Pventricule

Paorte

Poreillette

Figure 1.3 – Profil type des principaux indicateurs au cours d’un cycle cardiaque
(au repos) : ECG, pressions, volume de la cavité, flux dans l’aorte et dans le réseau
coronarien. Adapté de (Moireau, 2008).

10



• La contraction isovolumique : La systole commence lorsque le champ électrique atteint
les tissus myocardiques du ventricule et provoque leur contraction. Le réseau coronarien
qui assure la perfusion de ces tissus est alors en compression et son flux sanguin chute,
c’est le � flow impediment � (voir le paragraphe 1.2.3). D’un autre coté, la pression
ventriculaire augmentant, la valve auriculo-ventriculaire se ferme pour clore complètement
le ventricule. La pression s’élève très rapidement jusqu’à atteindre celle de l’aorte (ou de
l’artère pulmonaire), provoquant l’ouverture de la valve aortique (ou pulmonaire).

• L’éjection : Alors que la pression du ventricule continue de crôıtre, le sang est éjecté
dans le réseau artériel et le débit dans l’aorte atteint son maximum. Les tissus du myo-
carde restant en contraction, le flux sanguin dans le réseau coronarien reste bas. Ensuite,
l’excitation du myocarde cesse, la pression ventriculaire retombe et la valve aortique se
ferme.

• La relaxation isovolumique : Après le passage de l’onde électrique, c’est le début de la
diastole. Les tissus du myocarde se relaxent et le flux de perfusion coronarien se rétablit.
Les valves sont toutes fermées et l’oreillette est de nouveau chargée en sang. La pression
ventriculaire retombe, jusqu’à atteindre celle de l’oreillette, et permettre l’ouverture de la
valve auriculo-ventriculaire.

• Le remplissage : Dans un premier temps, le sang accumulé dans l’oreillette passe dans
le ventricule dont le volume augmente sous l’effet de la relaxation du myocarde. 80% du
ventricule est approvisionné en un quart de la durée de la diastole, c’est le remplissage
passif. Ensuite, l’activation du noeud sinusal relance la propagation de l’onde électrique.
Les tissus musculaires de l’oreillette sont les premiers touchés et leur contraction parachève
le remplissage du ventricule.

1.2 La modélisation cardiaque

1.2.1 Historique

L’objectif de mettre au point un modèle numérique prenant en compte l’ensemble de ces
phénomènes multi-physiques et reproduisant le comportement du coeur sur l’ensemble d’un
cycle est très ambitieux. Les grandeurs physiques qui interviennent au cours d’un cycle car-
diaque (déplacements, vitesses fluides et solides, champ électriques, pressions etc...) et les inter-
actions qui les lient sont très nombreuses et complexes. La démarche de modélisation consiste
à considérer dans un premier temps les plus importantes (les variables d’état du système), et
à faire des hypothèses sur les interactions qui les lient, pour parvenir à un premier modèle
numérique. Ensuite, l’enjeu est d’affiner ce modèle en y ajoutant de plus en plus d’éléments,
pour prendre en compte davantage de variables d’état et d’interactions, et être de plus en plus
fidèle à la réalité.

Parmi l’abondante littérature qui couvre ces sujets, on peut citer (Hunter, 1975) dès 1975
(mécanique du solide) et (Peskin, 1977; Peskin, 1982) en 1977 et 1982 pour décrire le flux sanguin
et le rôle des valves au cours d’un cycle. Plus récemment, (Watanabe et al., 2004) couplent ce
flux à un ventricule gauche hyper-élastique au sein d’un code élément finis en 3D. En 2001,
(Nash and Hunter, 2001) et (Costa et al., 2001) modélisent les comportements actifs et passifs
du ventricule. En 2006, un modèle 3D de myocarde hyperélastique électriquement activé est
proposé dans (Sainte-Marie et al., 2006). Celui-ci est complété par (Chapelle et al., 2012) qui
revisite les travaux de Huxley (prix Nobel de médecine en 1963) sur la contraction des muscles
(Huxley, 1957) pour présenter une modélisation des tissus musculaires cardiaques, via une loi
de comportement compatible avec une conservation de l’énergie aux niveaux continu et discret.
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D’autres modèles complexes multiphysiques de cycles cardiaques 3D voient le jour (Kerck-
hoffs et al., 2005; Niederer and Smith, 2009). Cependant, la complexité de la résolution de
formulations 3D rend difficile la calibration de modèles 3D, leur validation et leur exploitation
dans le cadre d’applications cliniques. Cela motive la démarche de (Caruel et al., 2014) qui
propose une stratégie de réduction dimensionnelle de modèle pour réduire les temps de calcul,
typiquement la durée nécessaire pour obtenir la simulation d’un cycle cardiaque. L’idée est de
simplifier la géométrie de l’organe, et de faire des hypothèses de symétrie de manière à réduire le
nombre d’inconnues et la complexité des équations à résoudre. Bien sûr, cela dégrade la précision
et la fidélité de la modélisation, mais cela permet en même temps une réduction drastique des
coûts de calcul. Typiquement, les cavités cardiaques et leur couplage peuvent être traités en 0D
en réduisant par exemple le déplacement à une inconnue scalaire en fonction du temps, et les
structures en élongation telles que les échantillons musculaires peuvent être modélisés en 1D.
Ce faisant, les temps de calcul passent typiquement de la journée à la minute, et ce genre de
réduction peut servir par exemple à la calibration des modèles 3D plus complexes, en simulant
plus rapidement davantage de cycles cardiaques à comparer aux données disponibles. Un autre
objectif de leur développement est également de les utiliser pour faire du monitoring : suivi de
patients dans le temps, avec assimilation régulière de données (pression en sortie de coeur, flux
sanguins, ECG, déformation cardiaque obtenue par SCG...).

Figure 1.4 – Le coeur humain, en coupe. Tiré de 3D Science.

1.2.2 Les différents ingrédients de la modélisation cardiaque

Voici, de manière très synthétique, les différentes briques constituantes que l’on retrouve
aujourd’hui dans un simulateur cardiaque (à l’échelle de l’organe) :

• Le principe des travaux virtuels régit la dynamique du déplacement solide y
s
. Elle fait

intervenir le tenseur des contraintes dans le milieu solide Σ comme une somme de deux
contributions : une contribution passive Σ

p
(fonction de y

s
) et une contribution active Σ

c

modélisant la contraction des fibres musculaires.
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• Modélisation du tissu cardiaque passif. Jusqu’à présent, le tissu cardiaque est
modélisé comme un solide, cette équation fait donc localement le lien entre Σ

p
et les

déformations e(y
s
) engendrées par le champ de déplacement solide. Typiquement, une

contribution de la loi de comportement dérive d’un potentiel hyperélastique anisotrope
(prenant en compte l’organisation géométrique des fibres musculaires), l’autre transcrit
les effets visqueux au sein du solide.

• Les contraintes actives. Un modèle de tissu musculaire relie les contraintes actives dans
le ventricule Σ

c
au potentiel électrique Vm qui se propage dans le milieu.

• L’électrophysiologie. Ici on modélise la propagation, depuis le noeud sinusal, du poten-
tiel électrique Vm dans les tissus cardiaques.

• Les valves. Elles séparent les différentes cavités cardiaques et les vaisseaux sortant du
coeur. Leur modélisation permet de faire le lien entre la pression intra-ventriculaire Pv, la
pression aortique Paorte (ou pulmonaire Ppul) et la pression de l’oreillette Pat.

• Modèles de circulation. Le coeur en lui même est un système ouvert, il faut donc savoir
quels sont les éléments (aorte, artère pulmonaire, réseau artériel et veineux) avec lesquels
il interagit et échange des flux physiques (débits, pressions, etc), pour fermer le système.
En effet, en plus du cycle de pompage effectué par le coeur, la propagation du sang dans
l’organisme résulte des interactions entre le sang (représenté par son flux et sa pression) et
la paroi des vaisseaux. Une modélisation de ces phénomènes permet par exemple d’évaluer
la pression en sortie du coeur Paorte. Plus généralement, les problèmes d’interactions fluide-
structure dans les vaisseaux sanguins font l’objet de nombreux travaux qui prendront une
importance particulière dans ce qui suit. Cependant, pour ce qui nous concerne, une
modélisation exhaustive de la circulation sanguine dans l’organisme étant impossible, il
s’agit en pratique de proposer des modèles simplifiés pour obtenir des liens entre les
différentes pressions qui interviennent.

Comme mentionné précédemment, à ces éléments s’ajoutent les méthodes de réduction di-
mensionnelle de modèle. Une modélisation 3D de tous ces phénomènes et de leurs couplages étant
très complexe et coûteuse, des hypothèses (simplification géométrique, invariances, symétries)
permettent de réduire la dimension des problèmes sur certains aspects du modèle, voire sur le
modèle complet (2D, 1D ou 0D). Par exemple, les modèles de circulations sont généralement
développés en 1D, ou bien utilisent des modèles de Windkessel (dits 0D), s’appuyant sur une
analogie entre circulation sanguine et réseaux électriques (l’intensité représente le flux et la
tension la pression).

1.2.3 Une brique supplémentaire : la perfusion du myocarde

Dans cette logique, cette thèse est motivée par l’ajout d’une nouvelle brique : la prise en
compte de la perfusion du myocarde par le réseau coronarien. Jusqu’à présent, on modélise le
comportement mécanique du myocarde comme la somme de deux contributions. La contribu-
tion passive, en plus de rendre compte des effets visqueux, est modélisée comme dérivant d’un
potentiel hyperélastique anisotrope (en fonction de la disposition géométrique des fibres). La
contribution active repose sur des modèles de tissus cellulaires et rend compte de la contraction
musculaire provoquée par la propagation de l’onde électrique.

Cependant, une fraction du sang qui s’engage dans l’aorte en sortie du coeur est directe-
ment redirigée vers le réseau coronarien (voir Figures 1.2 et 1.3) pour assurer l’oxygénation du
myocarde, indispensable à son activité. La finesse de ce réseau et la multitude de ses ramifi-
cations et de ses vaisseaux garantissent l’irrigation du muscle cardiaque. Cette perfusion vient
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Figure 1.5 – Une brique supplémentaire dans la modélisation cardiaque. Le réseau
coronarien qui part de l’aorte et irrigue le myocarde influence doublement son comportement
mécanique : 1 - il assure l’oxygénation indispensable à la contraction musculaire, 2 - la fraction
fluide perturbe le comportement de la matrice solide.

doublement influencer le comportement mécanique du myocarde. Premièrement, la fraction de
fluide sanguin qui se mêle à la matrice solide modifie le comportement mécanique passif, et rend
incomplète l’hypothèse d’un myocarde uniquement solide. Ensuite, le sang en question assure
l’oxygénation des tissus, sans laquelle l’activité musculaire est impossible.

Cela nous conduit, dans la logique détaillée ci-dessus, à introduire une nouvelle variable
d’état, la masse de sang par unité de volume localement au sein du myocarde mf ; et à affiner
les modèles existants en modélisant ces interactions (d’un côté avec la pression aortique, de
l’autre, avec le tenseur des contraintes du myocarde) avec les variables d’état préexistantes.

Lors de la contraction du myocarde, le réseau de coronaires intimement lié aux fibres mus-
culaires est mis en compression. Ce phénomène d’étranglement fait crôıtre la pression dans les
coronaires et chuter le flux de perfusion sanguine (voir Figure 1.3) : c’est le � flow impediment �

(Westerhof et al., 2006). Propre à la circulation coronarienne, il témoigne de sa situation critique
et de sa sensibilité par rapport à la qualité de l’écoulement, dont la dégradation engendre de
nombreuses pathologies vasculaires et ischémies. La dynamique du flux sanguin est très com-
plexe, (Davies et al., 2006) étudie par exemple le rôle de vagues d’aspiration remontant le flux
sanguin lors du remplissage diastolique des coronaires.

L’intégration de la perfusion à la modélisation cardiaque permettra typiquement d’obtenir
des informations sur le flux coronarien et de reproduire le � flow impediment �, pour mieux
comprendre l’origine des pathologies vasculaires, ce que les modèles existants ne sont pas encore
en mesure de faire.

1.3 Du réseau coronarien à la poromécanique

1.3.1 Le réseau coronarien

Un double enjeu incite à affiner le modèle dans les tissus cardiaques en remplaçant les lois
hyperélastiques par un modèle plus réaliste intégrant leur perfusion sanguine. C’est d’abord un
enjeu physiologique : la prise en compte du flux sanguin qui irrigue et approvisionne en oxygène
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le muscle cardiaque, au sein du réseau coronarien. Effectivement, cette oxygénation est capitale
pour l’activité musculaire du myocarde, et des pathologies apparaissent dès que l’écoulement
du sang est dégradé et que celle-ci est mise en défaut. Les maladies coronariennes sont à elles
seules à l’origine de 20% des décès dans l’Union Européenne (Nichols et al., 2014). L’infarctus
du myocarde est déclenché par l’obstruction d’une artère coronaire, ce qui lyse rapidement des
cellules musculaires sur une zone plus ou moins étendue du myocarde par ischémie, en les privant
d’oxygène. Les problèmes de contraction résultant menacent directement le cycle, et peuvent
conduire à un arrêt cardiaque.

Ensuite, d’un point de vue théorique, le couplage d’un écoulement fluide rapide de type
Navier-Stokes et d’une matrice solide hyperélastique anisotrope active en grandes déformations,
au sein d’un même domaine représente un réel enjeu de modélisation.

1.3.2 Arbre coronarien et perfusion - les approches multi-échelles

Figure 1.6 – Le réseau coronarien tiré de Netter (1969).

Lorsque l’on considère la perfusion du muscle cardiaque, la question se pose de comment
modéliser le flux sanguin provenant de l’aorte et irriguant le myocarde via le réseau coronarien
(Aharinejad et al., 1998). La modélisation précise des interactions entre le sang et les parois
des vaisseaux qui permettent la propagation d’ondes de pressions sanguines, et les méthodes
numériques associées, font l’objet de nombreux travaux (Figueroa et al., 2006; Fernández et al.,
2007; Astorino et al., 2009a; Xiong et al., 2011) (voir le paragraphe1.5). Dans (Formaggia et al.,
2003), les auteurs étudient la propagation de ces ondes grâce à des modèles 1D d’artères, avec
notamment l’enjeu de la modélisation des bifurcations. Dans cette lignée, on pourrait vouloir
modéliser l’arbre coronarien dans son ensemble, mais sa complexité, la multitude de ses rami-
fications et sa finesse en bout de châıne rendent irréaliste un tel objectif. Dans (Mynard and
Nithiarasu, 2008), un écoulement coronarien simplifié est intégré à un modèle 1D d’écoulement
artériel non linéaire avec pression ventriculaire et valve aortique. Plus tard, (Lee and Smith,
2012) propose une approche multi-échelle, avec un même algorithme qui combine, en fonction
du niveau de raffinement du réseau coronarien, des modèles 3D (vaisseaux épicardiques, les plus
gros), 1D puis enfin, en bout de châıne, poroélastiques (matrice solide et écoulement fluide sur
le même domaine). De nombreux travaux s’orientent vers ce genre de compromis entre affi-
nement et complexité de la modélisation. Cela motive les travaux qui suivent, qui proposent
des méthodes numériques permettant de décrire le comportement d’un milieu poreux où co-
habitent un écoulement de type Navier-Stokes incompressible et un solide représenté par un
potentiel d’énergie libre hyperélastique généralisé (permettant d’inclure la partie active), en
grandes déformations.

Les approches multi-échelles mentionnées posent la question des conditions de transmissions
entre les différents modèles, par exemple pour des raccords 3D-1D (Formaggia et al., 2001).
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Des travaux établissent des modèles 0D (de type Windkessel pression/flux sanguins, où capa-
citance et résistance sont à calibrer par expérimentations) à brancher sur du 3D (Quarteroni
and Veneziani, 2003; Vignon-Clementel et al., 2006) ou 1D (Fernández et al., 2005), pour trai-
ter les conditions de sorties du réseau coronarien (en bout de châıne, là où interviendrait la
poromécanique). Dans cette idée, des modèles réduits d’écoulement pourraient être branchés
en entrée d’un modèle de poromécanique, pour représenter l’apport massique fluide au sein du
milieu poreux. Ces termes sources pourraient être répartis en surface du domaine, ou intervenir
à l’intérieur du volume (voir θ dans ce qui suit), de manière homogène ou localisée.

Les problématiques liées aux approches multi-échelles pour coupler des réseaux complexes
d’écoulement à des modèles de poromécaniques sont partagées par ceux qui modélisent au
sein des poumons la circulation des gaz, qui contrairement au sang sont compressibles et non
visqueux (Sapoval et al., 2002; Berger, 2015; Berger et al., 2015; Baffico et al., 2010). Motivé
par le même objectif, une approche mathématique et numéricienne de la propagation d’ondes
dans des arbres fractals est proposée (Joly and Semin, 2011; Deheuvels, 2013).

1.3.3 La poromécanique

Discipline très active depuis quelques dizaines d’années (voir (De Boer, 2006)), elle nous vient
historiquement du génie civil (Biot, 1941; Biot, 1962; Bryant et al., 1975) et des géophysiciens,
avec la nécessité de comprendre comment le pétrole, le gaz ou l’eau interagissent avec la roche
dans les sols. Des théories s’appuient sur les principes fondamentaux de la physique et la ther-
modynamique (Bowen, 1980; Coussy, 2004; Coussy, 2011; Loret and Simões, 2005; Borja, 2006)
pour formaliser une approche macroscopique appelée théorie des mixtures, dans laquelle en tout
point du milieu poreux, supposé saturé, coexistent deux phases fluide et solide (en proportions
volumiques respectives φ et 1− φ).

Cependant, les outils développés dans un tel cadre satisfont à un cahier des charges très
différent du nôtre, et font des hypothèses (petites déformations, écoulements lents...) qui les
rendent non transposables au contexte cardiaque. En effet, le muscle cardiaque se déforme de
10% à 20% au cours d’un cycle, alors que le sang se déplace à des vitesses de pointe de 10 à 20
cm/s.

Un modèle de poromécanique est proposé (Chapelle et al., 2009), adapté à la description de la
perfusion du myocarde, et pouvant prendre en compte des lois de comportements générales com-
patibles avec la modélisation de tissus vivants (Fung, 2013; Ogden and Holzapfel, 2006). L’in-
compressibilité des constituants fluide et solide est considérée, mais l’inertie fluide est négligée.
Cette hypothèse est trop réductrice, notamment car les artères coronaires sont le lieu de grandes
accélérations du sang : les vitesses mentionnées ci-dessus (qui sont les mêmes pour le solide)
sont atteintes alternativement et à différents instants pour les deux constituants (Johnson et al.,
2008). En négligeant ainsi les échanges d’énergies cinétiques, il serait impossible, tant au niveau
continu qu’au niveau discret, de récupérer le bilan énergétique physique qui pourtant joue un
rôle primordial pour garantir la stabilité (voir le paragraphe 1.5) puis la convergence.

D’autres approches, double échelle, prennent en compte l’organisation détaillée du milieu
poreux au niveau microscopique et relient celle-ci au comportement macroscopique, par ho-
mogénéisation (Hornung, 2012; Cimrman and Rohan, 2010; Brown et al., 2014).

Les travaux qui suivent s’appuient sur (Chapelle and Moireau, 2014), plus adapté au développement
d’outils numériques de modélisation, et qui, destiné à la modélisation cardiaque, présente l’avan-
tage de faire un minimum d’hypothèses sur l’écoulement et la matrice solide. En effet, (Chapelle
and Moireau, 2014) utilise la théorie des mixtures et repart des principes thermodynamiques
pour coupler un écoulement poreux rapide à un solide hyperélastique dans un cadre général
et en grandes déformations. De plus, sont établis un bilan d’énergie au niveau continu, et un
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premier schéma en temps, monolithique et conservatif, qui, bien que difficile à implémenter,
donne des premiers éléments d’analyse numérique.

1.4 La formulation de poromécanique

1.4.1 Formulation forte de poromécanique

Dans l’optique notamment de modéliser la perfusion, (Chapelle and Moireau, 2014) reprend
les principes fondamentaux de la thermodynamique (conservations de la masse et des moments,
premier et second principes de la thermodynamique) pour établir un modèle général de po-
romécanique compatible avec ceux-ci. Ce modèle couple un écoulement poreux et un solide
hyperélastique et reste valide en grands déplacements et grandes déformations, avec une forte
inertie fluide. C’est un modèle de type mixture, dans lequel une phase solide et une phase liquide
(de fraction volumique notée φ) coexistent et interagissent en tout point. La phase solide, en
formalisme lagrangien, est représentée en tout point ξ du domaine de référence Ω0 (fixe) par
son déplacement y

s
(ξ, t). Celui-ci envoie le domaine de référence Ω0 sur le domaine déformé Ωt,

sur lequel est décrite la phase fluide en formalisme eulérien :

ξ ∈ Ω0 7→ x = ϕ(ξ, t) = ξ + y
s
(ξ, t) ∈ Ωt.

Le tenseur de déformation est noté

• •

@⌦t

⌦t

'(⇠, t)

@⌦0

⌦0

x x

Figure 1.7 – Carte de déformations du domaine.

F = 1 +∇
ξ
y

s
,

le tenseur des déformations de Cauchy-Green et le tenseur des déformations de Green-Lagrange
prennent respectivement les formes suivantes,

C = F T · F et e = 1
2(C − 1);

et le changement de volume de la mixture globale est localement donné par le jacobien J =
detF . Notons φ0 la fraction volumique fluide dans la configuration non déformée, et définissons
Js = J(1 − φ), alors le changement de volume du constituant solide est localement donné par
Js/(1− φ0).

L’écoulement fluide est décrit en tout point de Ωt par sa vitesse vf et sa pression p. Nous
supposons l’incompressibilité du fluide, de sorte que la masse de fluide par unité de volume ρf est
constante. Afin de décrire les apports de masse fluide au sein de la matrice, nous introduisons
enfin m, définie comme la quantité de masse ajoutée de fluide par unité de volume dans la
configuration de référence :

m = ρf(Jφ− φ0).
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ρs0 représente la masse de la phase solide par unité de volume dans la configuration de référence.
Pour représenter les contraintes de la mixture globale, le second tenseur des contraintes de

Piola-Kirchhoff (en configuration initiale) est donné en fonction du tenseur des contraintes de
Cauchy σ par la relation suivante

Σ = JF−1 · σ · F−T .
Sa contribution solide Σ

s
est donnée par

Σ
s

= Σ− φJF−1 · σ
f
· F−T = Σ− φΣ

vis
+ φpJC−1, (1.1)

où Σ
vis

= JF−1 ·σ
vis
·F−T représente la contribution visqueuse des contraintes du fluide supposé

Newtonien, et −pJC−1 leur contribution hydrostatique. Les éventuelles hypothèses portant sur
les lois de comportement et les énergies dont elles dérivent seront détaillées ultérieurement.

Nous introduisons k
f

un tenseur de perméabilité régissant les forces de friction entre les
phases fluides et solides au sein de la mixture, f la force volumique distribuée sur l’ensemble,
et θ le terme source de masse fluide par unité de volume et de temps dans la configuration
déformée.

Pour alléger et faciliter la lecture des équations, nous userons dans tout ce document d’un
abus de notation consistant à sous-entendre l’éventuelle composition par la carte de déformation
du domaine ϕ ou son inverse, et à utiliser ainsi les mêmes notations pour un champ de vecteur
défini sur Ω0 et Ωt.

La formulation forte de poromécanique de (Chapelle and Moireau, 2014) prend alors la forme
suivante :




ρs0(1− φ0)∂tvs −∇ ξ · (F · Σs
)+pJF−T · ∇ ξφ

−Jφ2k−1
f
· (vf − vs) = ρs0(1− φ0)f, in Ω0, (1.2a)

1

J
∂t(ρfJφ vf) +∇ x ·

(
ρfφ vf ⊗ ρf(vf − vs)

)
−θvf

+φ2k−1
f
· (vf − vs)−∇ x · (φσvis

) + φ∇ xp = ρfφ f, in Ωt, (1.2b)

1

J
∂t(Jρfφ)+∇ x ·

(
ρfφ(vf−vs)

)
= θ, in Ωt. (1.2c)

La première équation régit la dynamique de la déformation solide, la seconde l’écoulement fluide,
et la dernière la conservation de la masse fluide. Le couplage entre les constituants se fait via
le terme de friction volumique k

f
, ainsi que sur certaines portions du bord ∂Ω. En effet, pour

compléter ce système, considérons les conditions au bord suivantes. Avec t la traction totale sur
le bord du domaine Ωt, et t0 = J‖F−T · n0‖t sa contrepartie sur le domaine de référence Ω0,
(voir (Chapelle and Moireau, 2014)) :

• Des conditions de Dirichlet pour chacune des phases, c’est à dire un déplacement prescrit
pour le squelette et une vitesse fluide imposée

y
s

= ypr
s
, vf = vpr

f ,

sur une partie de la frontière notée Γ0
D dans la configuration de référence et ΓtD en confi-

guration courante ;

• Des conditions de Neumann pour chacune des deux phases, avec répartition proportionelle
de la traction au bord

σ · n = t ⇔ F · Σ · n0 = t0, σ
f
· n = t,

sur Γ0
N (ou ΓtN ) ;
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• Des conditions de Neumann pour la mixture globale, avec un flux fluide nul et une
répartition proportionnelle de l’effort surfacique tangentiel

σ · n = t ⇔ F · Σ · n0 = t0, πτ (σ
f
· n) = πτ (t), (vf − vs) · n = 0,

sur Γ0
Nnof (ou ΓtNnof), où πτ = 1− n⊗ n est la projection sur le plan tangent ;

• Des conditions de Neumann pour la mixture dans son ensemble, avec une égalité des
vitesses fluide et solide, sans glissement,

σ · n = t ⇔ F · Σ · n0 = t0, vf = vs,

sur Γ0
Nnos (ou ΓtNnos).

Notons que le même type de modèle poromécanique a été récemment pris en compte dans
(Vuong et al., 2015).

1.4.2 Parallèle avec l’interaction fluide-structure

Cette formulation présente de nombreuses similitudes avec le problème d’interaction fluide-
structure (IFS) traité dans (Fernández et al., 2007; Astorino et al., 2009a) et motivé par exemple
par la modélisation de l’aorte. Cette proximité a guidé grand nombre des développements
présentés dans ce document. Notons que les principaux éléments différentiateurs sont les sui-
vants :

• Dans le problème d’interaction fluide-structure, la résolution du problème fluide sur un
domaine qui évolue en fonction des mouvements de la structure requiert un formalisme
� Arbitrary Lagrangian Eulerian � (ALE). Dans notre cas, les deux constituants sont sur
le même domaine dont le mouvement est simplement décrit par le déplacement solide y

s
.

En pratique, la vitesse ALE du problème IFS est remplacé par vs.

• La description locale de la mixture nécessite l’introduction de φ(t) la fraction volumique
de fluide, (1− φ0) est alors la fraction de solide.

• En plus d’interagir au niveau de la frontière ΓNnos en échangeant comme en IFS vitesse
et effort, les deux constituants frictionnent désormais sur l’ensemble du domaine via le
terme dissipatif φ2k−1

f
· (vf − vs).

• Le terme de pression hydrostatique ∇ x(φp) est séparé en deux contributions φ∇ xp et
p∇ xφ ; la première s’intègre à l’équation solide, alors que la seconde intervient côté fluide.

• La relation d’incompressibilité du fluide en IFS est remplacé par (1.2c), dont le format en
formulation faible rappelle également largement la loi de conservation géométrique qu’il
faut supposer lors de la discrétisation temporelle avec ALE en IFS. On note au passage
le nouveau terme source θ comme apport de masse fluide au sein du volume.

Au delà de ces éléments, la proximité entre notre problème de poromécanique et celui d’IFS
rend légitime notre approche, qui consiste à s’inspirer des développements autour des méthodes
de discrétisation en IFS et à les étendre à notre cadre.
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1.4.3 Formulation faible en poromécanique

Pour un champ de vitesse w0
D dans V 0 = H1(Ω0)3, on définit l’espace de fonction

V 0(w0
D) = {v∗ ∈ V 0

∣∣∣ v∗|Γ0
D

= w0
D}.

En supposant suffisamment de régularité pour le déplacement y
s

qui envoie le domaine de

référence Ω0 sur la configuration déformée Ωt, on définit

Qt = L2(Ωt),

et, pour (wD, w) dans (V t)2 = (H1(Ωt)3)2,

V t(wD) = {v∗ ∈ V t
∣∣∣ v∗|ΓtD = wD},

V t(wD, w) = {v∗ ∈ V t
∣∣∣ v∗|ΓtD = wD, v

∗|ΓtNnos
= w|ΓtNnos

, (v∗ − w) · n = 0 on ΓtNnof}.

Après multiplication de (1.2) par des fonctions test et intégration en espace, on recherche
(vf , vs, ys

,m) dans V t(vpr
f , vs)×V (ẏ

s
pr)×V (ypr

s
)×Qt tel que pour tout (v∗f , v

∗
s , q
∗) dans V t(0, 0)×

V (0)×Qt, (61) dans (Chapelle and Moireau, 2014), vs = ∂tys
et





∫

Ω0

ρs0(1− φ0)
dvs

dt
· v∗s dΩ +

∫

Ω0

Σ
s

: dye · v∗s dΩ−
∫

Ωt

(vf − vs) · φ2k−1
f
· v∗s dΩ

+

∫

Ωt

p∇ xφ · v∗s dΩ =

∫

Ω0

ρs0(1− φ0)f · v∗s dΩ +

∫

Γ0
N

(1− φ)t0 · v∗s dS

+

∫

Γ0
Nnof

⋃
Γ0
Nnos

t0 · v∗s dS −
∫

ΓtNnof

φ(πτ t) · v∗s dS −Rcf (v∗s ) (1.3a)

P f
i (v
∗
f ) +

∫

Ωt

(vf − vs) · φ2k−1
f
· v∗f dΩ +

∫

Ωt

(
− p

ρf
∇ x · (ρfφv

∗
f ) + φσ

vis
: ε(v∗f )

)
dΩ

=

∫

Ωt

ρfφ f · v∗f dΩ +

∫

ΓtN
⋃

ΓtNnof

φ t · v∗f dS (1.3b)

∫

Ω0

dm

dt
q∗ dΩ +

∫

Ωt

∇ x · (ρfφ (vf − vs)) q
∗ dΩ =

∫

Ωt

θq∗ dΩ(1.3c)

avec la puissance virtuelle de l’inertie fluide

P f
i (v
∗) =

∫

Ω0

d

dt

(
Jρfφ vf

)
· v∗ dΩ +

∫

Ωt

∇ x · (ρfφvf ⊗ (vf − vs)) · v∗ dΩ−
∫

Ωt

θvf · v∗ dΩ,

et le résidu continu, représentant la contribution des efforts sur ΓNnos et des efforts de pression
sur ΓNnof que le fluide supporte,

Rcf (v∗s ) = P f
i (v
∗
s ) +

∫

Ωt

(vf − vs) · φ2k−1
f
· v∗s dΩ +

∫

Ωt

(
− p

ρf
∇ x · (ρfφv

∗
s ) + φσ

vis
: ε(v∗s )

)
dΩ

−
∫

Ωt

ρfφ f · v∗s dΩ−
∫

ΓtN

φ t · v∗s dS −
∫

ΓtNnof

φ(πτ t) · v∗s dS. (1.4)
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Notons que la substitution de (1.4) dans la conservation des moments pour le constituant
solide (1.3a) permet d’écrire la conservation des moments pour la mixture globale, (63) dans
(Chapelle and Moireau, 2014)





∫

Ω0

ρs0(1− φ0)
dvs

dt
· v∗s dΩ + P f

i (v
∗
s ) +

∫

Ω0

Σ : dye · v∗s dΩ

=

∫

Ω0

(ρ0 +m)f · v∗s dΩ +

∫

Γ0
N

⋃
Γ0
Nnof

⋃
Γ0
Nnos

t0 · v∗s dS (1.5a)

(1.3b)

(1.3c)

1.5 Analyse et méthodes numériques

Comme nous venons de le voir au paragraphe 1.4.2, d’importantes similitudes existent entre
notre formulation de poromécanique et celles rencontrées en interaction fluide-structure (IFS)
lors de la modélisation d’écoulement et de propagation d’ondes dans des vaisseaux sanguins.
Ainsi, donnons quelques éléments pour situer les efforts qui ont été faits pour développer des
méthodes numériques de modélisation d’IFS, notamment autour du coeur humain. Le sujet se
présente généralement comme le couplage d’un écoulement Navier-Stokes avec une structure
élastique. Citons par exemple les travaux concernant la modélisation de l’aorte (Moireau et al.,
2012), ou des valves aortiques régulant le flux sanguin en sortie du coeur (Astorino et al., 2009b).

Les méthodes énergétiques. Soulignons l’importance particulière que nous accordons aux
propriétés de conservation d’énergie discrète (ou stabilité énergétique). Le principe consiste
à exhiber une grandeur discrète contrôlant la solution numérique et faisant office d’énergie
discrète (généralement inspirée de l’énergie continue au sens de la physique), puis à s’assurer
qu’elle satisfasse un équivalent discret du bilan d’énergie. Il est établi que ce genre de propriété
garantit au moins la stabilité des solutions numériques, et la convergence dans un cadre linéaire
(Dautray and Lions, 1988; Le Tallec and Hauret, 2002; Le Tallec et al., 2005). Dans ce qui suit,
les analyses théoriques et numériques de nos schémas seront en grande partie guidées par la
recherche et l’exploitation de majorations énergétiques discrètes. Cette propriété est d’autant
plus intéressante que la dissipation numérique est faible. Cela justifie l’intérêt que l’on portera à
la méthode proposée par (Gonzalez, 2000; Le Tallec and Hauret, 2002) qui permet de conserver
exactement l’énergie discrète en élasticité non linéaire.

1.5.1 Discrétisation en temps

Méthodes monolithiques ou partitionnées - couplage fort ou faible. Il s’agit de
résoudre simultanément un problème de fluide visqueux et incompressible et un problème
d’élasticité, qui interagissent au niveau d’une interface surfacique. Avant toute chose, remar-
quons l’utilisation récurrente de formulations de type �Arbitrary Lagrangian Eulerian � (ALE)
(Bathe and Rugonyi, 2001; Heil, 2004), pour déplacer le domaine fluide en accord avec les mou-
vements de la structure. Pour imposer le couplage, la plupart des algorithmes se fondent alors
sur une stratégie appelée Dirichlet-Neumann : la condition à l’interface est vue côté fluide
comme une vitesse imposée, alors que côté solide l’action du fluide se traduit par l’applica-
tion d’une force. Une première catégorie de méthodes pour implémenter la résolution de tels
problèmes consiste à utiliser un unique � solver�, qui résout simultanément les deux problèmes :
ce sont les méthodes directes, ou monolithiques. Les exemples sont très nombreux (Bathe and
Rugonyi, 2001; Heil, 2004) et par construction, une résolution monolithique garantit que la
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contrepartie discrète de la condition d’interface soit respectée, on parle de couplage fort, cela
permet généralement de garantir au niveau discret une conservation d’énergie et une stabilité.
Cependant, ces méthodes présentent plusieurs inconvénients. En effet, elles ne permettent pas
à deux environnements distincts (fluides et solides) de fusionner leurs propres outils de cal-
cul pour résoudre un problème d’interaction. En outre, elles nécessitent le développement et
la mise à jour d’un logiciel qui leur soit propre, ce qui ne leur permet pas de bénéficier des
outils de calculs dernier cri développés indépendamment par les communautés de mécanique du
solide et du fluide. Enfin, la matrice du problème à inverser étant la concaténation des deux
sous-problèmes, ces méthodes sont très coûteuses en temps de calcul. Avec les méthodes par-
titionnées, les problèmes fluides et solides peuvent être résolus dans des codes différents. Cela
permet de faire évoluer la procédure en même temps que chacun d’entre eux, et garantit d’avoir
pour chacun des sous problèmes des méthodes de résolutions optimales et adaptées au mieux à
leurs spécificités mathématiques. Parmi ces techniques, certaines permettent un couplage fort,
alors que pour d’autres le couplage est faible : l’équivalent discret de la condition de couplage
interfacique n’est alors pas exactement imposée à chaque pas de temps, c’est généralement le
cas en partitionné. Notons qu’avec un couplage faible, en particulier entre deux codes de calcul,
des itérations peuvent permettre d’imposer avec précision la condition de couplage discrète.
Cela augmente considérablement les coûts de calcul et a motivé la mise au point de différentes
stratégies, par exemple de type point-fixe (Le Tallec and Mouro, 2001), Aitken (Mok and Wall,
2001; Mok et al., 2001), Newton (Fernández and Moubachir, 2005) ou pseudo-Newton (on uti-
lise un approché du Jacobien) (Gerbeau and Vidrascu, 2003). Pour de nombreux problèmes, la
résolution, la stabilité et la consistance peuvent être obtenues sans imposer un couplage fort,
par exemple en aéroélasticité (Farhat et al., 2006).

Un schéma semi-implicite avec projection. Cependant, dans de nombreux cas, un cou-
plage faible conduit à des instabilités numériques. C’est le cas notamment dans les écoulements
sanguins, à cause d’effets de masse ajoutée, lorsque la densité d’un fluide incompressible se rap-
proche de celle de la paroi solide. Cela motive la mise au point dans (Fernández et al., 2007) d’un
schéma partitionné adapté à un tel contexte et fournissant des résultats numériques satisfaisant
et stables. Ce schéma s’appuie sur deux idées. La première consiste à résoudre le Navier-Stokes
en deux temps, pour ne coupler implicitement au problème solide que la contribution en pres-
sion du fluide. Elle est suggérée par (Causin et al., 2005), qui montre qu’un couplage explicite
des termes de masse ajoutée introduit des instabilités. Par contre, les termes restant du Navier-
Stokes (dissipation, convection et non-linéarités géométriques) sont alors couplés explicitement
au solide. Cela permet une réduction considérable du coût du couplage, sans compromettre la
stabilité. La seconde idée consiste à profiter de la méthode de projection de Chorin-Temam
(Chorin, 1968; Chorin, 1969; Temam, 1968; Guermond et al., 2006) pour effectuer ce découpage
implicite-explicite : pour passer d’un pas de temps à celui d’après, on commence par appro-
cher la solution fluide en résolvant la partie ALE-advection-viscosité du Navier-Stokes sans se
soucier de la relation d’incompressibilité. Ensuite, la solution fluide (vitesse et pression) est
obtenue par projection sur l’espace satisfaisant la relation d’incompressibilité. Dans ce contexte
d’interaction avec une structure, cela permet un très intéressant compromis entre temps de
calcul et stabilité numérique : un couplage faible sur la partie non linéaire et coûteuse du
Navier-Stokes (ALE-advection-viscosité), mais fort sur la partie pression contenant les effets
de masse ajoutée, pour garantir la stabilité. Cet algorithme, relativement facile à implémenter,
donne dans de nombreuses situations une stabilité numérique et de très bons résultats, bien que
l’énergie discrète ne soit pas parfaitement conservée. Il présente néanmoins deux inconvénients :
la stabilité énergétique théorique est obtenue pour un schéma de type saute-mouton (dissipa-
tif) côté solide ; et est soumise à une condition de type CFL faisant intervenir le rapport des
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densités fluide et solide (voir Théoreme 1 (Fernández et al., 2007)), donc demeure liée aux ef-
fets de masse ajoutée. Ces deux limitations motivent (Astorino et al., 2009a), qui propose de
traiter la condition de couplage entre la structure et le fluide côté explicite par un terme de
Robin-Robin dérivé de la méthode de Nitsche (Hansbo et al., 2004; Becker et al., 2003; Bur-
man and Fernández, 2007; Burman and Fernández, 2009). Cette modification permet d’élargir
les résultats de stabilité à des plages de paramètres encore plus larges, en s’affranchissant des
effets de masse ajoutée, et à une discrétisation solide conservative de type Newmark, bien plus
répandue et compatible avec des solides non linéaires.

1.5.2 Discrétisation en espace - stabilité et convergence

La discrétisation spatiale. Le choix des espaces d’approximation des variables primitives est
déterminant pour la stabilité numérique lors de la résolution d’un Navier-Stokes par élément fi-
nis. L’analyse mathématique du problème de Stokes montre que les espaces éléments finis choisis
pour la vitesse et la pression fluide doivent généralement satisfaire une condition de compatibi-
lité, connue sous le nom de condition inf-sup et référencée dans la littérature comme la condition
de Ladyzhenskaya (Ladyzhenskaya and Silverman, 1969), Babuska (Babuška, 1973), et Brezzi
(Brezzi, 1974) (LBB). Numériquement, la violation de cette condition conduit généralement à
de fortes oscillations spatiales noeud-à-noeud du champ de pression. Des méthodes de stabi-
lisation permettent d’éviter ces phénomènes non physiques sans avoir à imposer la condition
inf-sup. Des techniques de projection s’appuient par exemple sur l’équation de Poisson pour la
pression (Guermond and Quartapelle, 1998; Badia and Codina, 2007). Les travaux qui suivent
n’explorent pas ces pistes, mais cherchent plutôt à déterminer la forme prise par ce type de
condition dans notre contexte, puis à établir des méthodes de discrétisation garantissant à la
fois la stabilité et une relative simplicité d’implémentation.

Existence et unicité de solutions - convergence totale. Les méthodes fondées sur des
arguments de conservation d’énergie permettent d’obtenir la convergence totale (du schéma
discrétisé en temps et en espace vers la solution continue) d’un problème IFS linéaire (fluide de
Stokes, sur un domaine fixe) (Le Tallec and Mani, 2000). Dans (Du et al., 2003), les auteurs
obtiennent l’existence et l’unicité de vitesse fluide et déplacement solide sur des problèmes
d’IFS couplant un fluide lineaire visqueux et incompressible à une structure élastique, ainsi
que l’existence d’une pression. Dans (Grandmont and Maday, 2000), les auteurs obtiennent
l’existence pour un fluide non linéaire et en ALE. Une analyse d’erreur du schéma semi-implicite
en projection (Fernández et al., 2007) permet d’étudier sa convergence totale (Astorino and
Grandmont, 2010).

1.6 Organisation et contributions de la thèse

En dehors de cette introduction, cette thèse est organisée en trois chapitres, relativement
indépendants, dont les principales contributions sont les suivantes.

1.6.1 Chapitre 2 – Intégrer la perfusion du myocarde à des simulations de
cycles cardiaques en modèle réduit

Ce projet a débuté avec l’encadrement du Projet de Recherche en Laboratoire de Magali
Bardon, étudiante à Polytechnique, auquel j’ai participé avec Dominique Chapelle, Philippe
Moireau et Radomir Chabiniok. Il comporte les contributions suivantes :
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Modèle de coeur 3D 
(Chapelle et al., 2012)

Formulation générale 
de poromécanique 

(Chapelle and Moireau, 2014)

Modèle de coeur 0D 
(Caruel et al., 2014)

Schéma semi-implicites pour  
l'interaction fluide-structure 

(Fernández et al., 2007; 
Astorino et al., 2009a)

Méthodes énergétiques 
(Le Tallec and Mani, 2000; 
Le Tallec and Hauret, 2002)

Chapitre 2 
Modèle coeur+perfusion 3D 
introduction formelle

Chapitre 3 
Schéma en temps 
Stabilité énergétique 
Illustrations numériques 2D 

Chapitre 4 
Discrétisation spatiale 
Convergence totale 
Illustrations numériques 2D

—discrétisation - méthodes numériques ——————————————————————————————————

Chapitre 2 
Modèle complet 0D  
Schéma en temps 
Simulations 0Dsimulations

cadre général :  
non linéaire, grandes déformations

cadre linéaire0D en espace

Organisation, contributions et éléments bibliographiques principaux.
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• Intégration formelle (en 3D), dans un modèle de coeur complet existant, d’un compar-
timent poreux (Chapelle and Moireau, 2014) à la place du solide hyperélastique pour
modéliser un myocarde hébergeant un écoulement coronarien couplé à la circulation san-
guine.

• Proposition d’une réduction dimensionnelle de modèle de la formulation de poromécanique
de (Chapelle and Moireau, 2014) pour intégrer la perfusion coronarienne au modèle 0D
existant (Caruel et al., 2014).

• Proposition d’une discrétisation temporelle du schéma de poromécanique 0D, satisfaisant
un bilan énergétique au niveau discret.

• Obtention de résultats numériques de cycles cardiaques avec perfusion : en plus des indi-
cateurs auparavant reproduits (volume, pression et débit dans l’aorte), nous simulons la
pression et la masse de sang dans les coronaires. On retrouve notamment le flow impedi-
ment dans les coronaires au moment de la systole.

• Simulations de phénomènes physiologiques spontanés (la vasodilatation et l’effet inotrope)
et pathologiques (la sténose), dont l’importance est cruciale en terme d’applications cli-
niques.

Les objectifs de ce projet étaient multiples :

• Proposer dans un cadre simplifié une première mise en oeuvre du couplage entre
l’écoulement coronarien et le comportement du myocarde.

• Compléter le modèle 0D (Caruel et al., 2014) pour y intégrer le réseau coronarien, afin
d’accéder à la masse et la pression de perfusion.

• Ce type de modèle réduit s’avère être un excellent compromis entre précision et temps
de calcul. Ils peuvent être utilisés pour la calibration de modèles plus complexes en 3D.
L’objectif à terme est également d’utiliser ce modèle pour faire du monitoring sur du
matériel de calcul ordinaire (téléphone portable par exemple) : suivi de patient dans le
temps avec acquisition régulière de données.

• La simplicité de mise en oeuvre et la rapidité de calcul de ce modèle permet de simuler
rapidement une grande variété de phénomènes physiologiques. Nous proposons ici quelques
résultats pour illustrer le vaste potentiel de ces travaux en terme d’applications cliniques.

• D’un point de vue pédagogique, ce projet a permis de faire toucher du doigt à une
élève de master des problématiques de recherches, entre défi scientifique et contraintes
opérationnelles.

• Enfin, il a également constitué pour moi une première expérience d’encadrement. Les
principales difficultés associées à ce travail, au delà de la gestion même du projet, furent
liées au nombre de disciplines scientifiques à l’intersection desquelles il se situait : théorie
mathématique de la réduction dimensionnelle de modèle, équations de poromécanique,
modélisation cardiaque, analyse numérique et schéma discret, implémentation. Dans un
tel contexte, il s’agissait de donner à Magali suffisamment d’éléments pour qu’elle puisse
être en mesure de comprendre et produire, mais pas trop pour ne pas la perdre dans
l’information et la complexité des problèmes traités.

Une difficulté réside également dans la calibration des modèles, en interaction avec des car-
diologues et par comparaison avec des données réelles, pour reproduire le plus fidèlement les
phénomènes physiologiques.
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1.6.2 Chapitre 3 – Proposer un schéma en temps qui respecte un bilan
d’énergie discret

Ce chapitre prend la forme d’un article rédigé avec Dominique Chapelle et Philippe Moireau
et accepté pour publication dans la revue Computers & Structures :

Effective and energy-preserving time discretization for a general nonlinear poromechanical
formulation.

S’inspirant des schémas d’IFS semi-implicite en projection (Fernández et al., 2007; Astorino
et al., 2009a), et de la démarche d’analyse numérique de (Le Tallec and Hauret, 2002) reposant
sur des arguments énergétiques, nous présentons les contributions suivantes :

• Etablissement d’un schéma en temps semi-implicite en projection adapté au problème de
poromécanique (1.3) non linéaire.

• Preuve théorique de la stabilité énergétique inconditionnelle de ce schéma de couplage au
niveau continu en espace en non linéaire.

• Validation numérique des bilans d’énergie discrets et présentation de résultats de simu-
lations sur des cas test classiques présents dans la littérature, dans l’environnement de
calcul éléments finis FreeFem++ (Hecht, 2012).

Les objectifs étant

• De proposer un schéma en temps efficace, réaliste et opérationnel pour l’implémentation
du problème de poromécanique.

• De garantir mathématiquement sa stabilité énergétique et ainsi sa légitimité.

• De l’implémenter pour le valider sur des cas pratiques.

En pratique, toutes ces étapes ont en premier lieu été effectuées dans un contexte d’IFS, avant
d’être adaptées à la poromécanique. Les principales difficultés eurent trait à la mise au point
du schéma en temps respectant le bilan d’énergie discret, puis à l’implémentation avec Free-
Fem++ de ce schéma numérique complexe. En effet, lors d’une itération en temps, chaque
sous-problème (non linéaire) de l’étape implicite est résolu par un algorithme de Newton, et
un troisième Newton est nécessaire pour les coupler. Dans un premier temps, de nombreuses
tentatives consistaient à utiliser des couplage de type Aitken, ou bien à simplifier les problèmes
par linéarisation.

1.6.3 Chapitre 4 – Etudier les problèmes liés à la discrétisation spatiale et
proposer un schéma stable

Une étude théorique et numérique des aspects de discrétisation spatiale nous permet de
présenter les contributions qui suivent.

• Linéarisation de la formulation de poromécanique (1.3) et de sa discrétisation spatio-
temporelle.

• Etablissement sous condition de la convergence totale de la solution discrète vers la solu-
tion continue de ce problème.
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• Mise en évidence avec FreeFem++ de l’apparition de perturbations numériques dans des
cas tests pratiques, et illustration de leur stabilisation lorsque les conditions établies sont
respectées, par observation et étude de convergence spatiale. Un solveur monolithique est
utilisé.

• Proposition d’une méthode numérique opérationnelle, compromis entre convergence et
complexité d’implémentation.

• Illustration de la pertinence de cette méthode pour régulariser des cas pathologiques, sur
des cas pratiques avec FreeFem++, d’abord dans le cadre linéaire, puis extension au cadre
non linéaire.

L’objectif de cette section est de déterminer des conditions suffisantes à la convergence totale,
pour proposer une méthode de discrétisation spatiale du problème de poromécanique à la fois
stable et opérationnelle, puis d’illustrer sa pertinence.

Une fois de plus, toutes ces étapes ont été dans un premier temps effectuées dans un cadre
d’IFS. Avec les questions liées à l’analyse mathématique, la difficulté principale eut trait à la
mise au point d’outils permettant l’obtention de courbes de convergence.

1.6.4 Annexe A – Analyse de stabilité du schéma en temps semi-implicite
en interaction fluide-structure non linéaire

Cette première annexe consiste à présenter dans un cadre non linéaire l’analyse de stabilité
énergétique du schéma semi-implicite pour l’interaction fluide-structure (Astorino et al., 2009a).
Chronologiquement dans ma thèse, ce fut la première étape vers son analogue en poromécanique
qu’est le Chapitre 3. Il est intéressant de noter que le schéma semi-implicite en projection
(Fernández et al., 2007) a directement inspiré le schéma en Robin (Astorino et al., 2009a). La
raison d’être du second est l’introduction à l’interface fluide-solide d’une dissipation qui permet
d’établir un résultat de stabilité énergétique (établi en en configuration linéaire dans (Astorino
et al., 2009a)). Cependant dans la pratique, le premier est largement utilisé, il plus simple à
mettre en oeuvre, et a démontré d’excellentes propriétés numériques. Afin de faciliter le passage
de l’un à l’autre dans les travaux théoriques et l’implémentation (pour écrire un code commun),
nous avons permuté les étapes explicite et implicite du schéma en Robin pour proposer une
écriture explicite-implicite cohérente avec le schéma initial (Fernández et al., 2007).

1.6.5 Annexe B – Convergence totale d’un schéma monolithique pour l’in-
teraction fluide-structure en linéaire

Cette seconde annexe présente la preuve de convergence totale sous conditions d’un schéma
monolithique avec un couplage en Robin pour l’interaction fluide-structure en linéaire. Là en-
core, j’ai commencé par ce travail en interaction fluide-structure, avant de l’étendre au cadre
plus complexe de la poromécanique. Cette preuve est donc l’équivalent en IFS du Chapitre 4.
Une analyse de convergence existe en IFS pour le schéma semi-implicite en projection (Astorino
and Grandmont, 2010) qui a inspiré le Chapitre 3. Cependant, le but de cette annexe ayant
été de constituer une première étape vers la prise en compte des difficultés associées à la po-
romécanique, nous nous inspirons de (Le Tallec and Mani, 2000), et étudions un schéma moins
complexe, monolithique avec un couplage en Robin.
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Chapter 2

Cardiac model with perfusion and
model reduction

The heart is supplied with a flow of about 1,3 mL/s at rest, which represents 5% of the left
ventricle output. This flow is considerably reduced in systole as stresses squeeze the subendo-
cardial vessels, this is the so-called “flow impediment”.

At rest, most of the tissues in the body remove approximately 40% of the oxygen contained
by the blood through the capillary bed. When activity increases and more oxygen is needed,
it can be taken directly from the capillaries. However, the situation is much less comfortable
in the coronary arteries, where the myocardium removes 80-90% of the arterial oxygen even at
rest! Therefore, as soon as the heart has higher oxygen demand, perfusion must increase; and
the heart function is regulated very sensitively according to the metabolic state of the body.

Understanding and reproducing in models the processes that allow this regulation requires
an ability to account for the interactions between the coronary circulation and the myocardium
contraction. For example, an increasing heart contractility can strengthen contraction and
increase the output flow, but in the same time it will reinforce the flow impediment and obstruct
the perfusion circulation necessary for cardiac activity. This motivated the work that follows,
in which we model the coronary network as a porous flow within the myocardium.

Dimensional reduction has proven to be very cost-effective in calculation and to reproduce
realistic cardiac cycles outputs (Caruel et al., 2014), therefore it was natural to explore first the
relevance of integrating the coronary circulation in a reduced geometry. Much easier to use, this
type of model allows to reproduce quickly very interesting physiological phenomena. It could
also be used for patient monitoring or for calibration of a more complex 3D cardiac model.

In this chapter, we propose to integrate our poromechanical formulation to model the per-
fusion of myocardium by the coronaries. First, a complete model is derived in 3D. Then, we
perform a dimensional reduction and propose an algorithm that enables us to run numerical
illustrations to provide preliminary validations for this model. This improvement enables us to
model the perfusion throughout the cardiac cycle, in particular observing flow impediment dur-
ing systole, and to reproduce physiological processes like vasodilatation, stenosis and inotropy.

2.1 3D cardiac model with perfused myocardium

The multi-scale cardiac model proposed in (Sainte-Marie et al., 2006) and (Chapelle et al.,
2012) uses a hyperelastic potential for the description of the myocardium passive behavior. The
purpose of this chapter is to modify this hypothesis and to integrate for the myocardium behavior
a poromechanical formulation, in order to take into account the blood perfusion permitted by
the coronary network.
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The cardiac tissue will be described by the general poromechanical model proposed in
(Chapelle and Moireau, 2014) and described in Section 1.4, to which we add an active stress
contribution.

In this first section, we present the cardiac model of (Chapelle et al., 2012) in 3D, inte-
grating a poromechanical formulation (Chapelle and Moireau, 2014) for the passive part of the
myocardium.

2.1.1 Active behavior and overall constitutive law

Let us give some elements on the active behavior of the solid matrix. The sarcomeres are the
contractile units of muscle fibers at the micro-scale. Their shortening, and the resulting macro-
scopic contraction, is the consequence of the creation of cross-bridges (when myosin molecules of
thick filaments periodically attach to surrounding thinner actin-made filaments) in the presence
of adenosine tri-phosphate (ATP). Previous works on muscles modeling (Chapelle et al., 2012)
have described the active stiffness kc and the tension generated in the tissue per unit area of
fiber cross-section (in the reference configuration) τc by the dynamical system

{
k̇c = −(|u|+ α|ėc|)kc + n0k0|u|+
τ̇c = −(|u|+ α|ėc|)τc + n0σ0|u|+ + kcėc,

where u denotes a variable reaction rate summarizing chemical activation (|u|+ its positive
values), ec is the sarcomere extension, σ0 is the maximum active stress, α|ėc| accounts for
bridges destruction upon rapid length changes, n0(ec) is a length dependence function and k0

a stiffness within the sarcomere.

Es µc

τc

Ψe

η

es (σs) ec (σc)

e

Figure 2.1 – Hill-Maxwell rheological model. Incorporation of the contractile unit into the
solid constituent of the myocardium tissue.

The forthcoming work (Caruel et al., 2016) uses a Hill-Maxwell rheological model (for strains
e and stresses σ) to incorporate the above contractile modeling into the overall behavior of the
solid constituent of the myocardium tissue, see Figure 2.1. The contractile element is placed in
parallel with a linear damping element of viscous parameter µc, so that the tension in a fiber
reads

τfib = τc + µcėc.
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This association is placed in series with a linear elastic element of Young’s modulus Es, satisfying
σs = Eses. This whole branch is assumed to produce stresses σ1Dτ1⊗τ1 along the fiber direction
and λσ1D along directions transverse to τ1, and is placed in parallel with the passive behavior
of the myocardium solid tissue (a viscous branch and a hyperelastic potential).

Then, we adopt the non-linear rheology model proposed in (Caruel et al., 2016) ; strains
and stresses of the first branch satisfy the following relations (extensions of the usual series-type
rheological identities) 




σ1D =
τfib

1 + efib

τfib = τc + µcėc = Eses = Es(efib − ec),
where the total (local) extension of a fiber efib = es + ec can be directly computed from the 3D
Green-Lagrange strain tensor

1 + efib =
√

1 + 2τ1 · e · τ1.

We assume here that the active stress σ1D along τ1 also produces stresses along directions
transverse to the fiber, with a factor λ. Then, according to (Chapelle and Moireau, 2014), and
integrating the active contribution, we consider a total second Piola-Kirchhoff stress tensor for
the mixture of the following form

Σ = φΣ
vis

+
∂Ψ(e,m)

∂e

∣∣∣
m

+
∂Ψdamp(e, ė)

∂ė
+ λσ1D1 + (1− λ)σ1Dτ1 ⊗ τ1,

with Ψ(e,m) the Helmholtz free energy of the mixture, and Ψdamp = η
2 tr(ė)2 a viscous pseudo-

potential. Assumed to be incompressible, the fluid cannot store any energy, and therefore we
have Ψ(e,m) = Ψs(e, Js) with Ψs the solid free energy, and Σ rewrites (see (Chapelle and
Moireau, 2014))

Σ = φΣ
vis

+
∂Ψs(e, Js)

∂e

∣∣∣
Js

− pJC−1 +
∂Ψdamp(e, ė)

∂ė
+ λσ1D1 + (1− λ)σ1Dτ1 ⊗ τ1, (2.1)

with a pressure

p = −
∂Ψs(e, Js)

∂Js

∣∣∣
e

= ρf

∂Ψ(e,m)

∂m

∣∣∣
e
. (2.2)

We assume that the free energy functional can be constructed in the following manner

Ψs(e, Js) = Ψe(e) + Ψbulk(Js), (2.3)

where Ψbulk describes how the energy depends on the solid phase volume changes, typically

Ψbulk(Js) = κs

[
Js

1− φ0
− 1− log

(
Js

1− φ0

)]
, (2.4)

and Ψe(J1, J2, J3, J4) is a transverse-isotropic (with the fiber as privileged direction given by
τ1) hyperelastic potential representing the constitutive behavior of the skeleton, function of the
classical reduced invariants of the Cauchy-Green strain tensor

J1 = I1I
−1/3
3 , J2 = I2I

−2/3
3 , J3 = I

1/2
3 , J4 = I4I

−1/3
3 ,

where the standard invariants Ii are

I1 = trC, I2 =
1

2

(
(trC)2 − tr(C2)

)
, I3 = detC, I4 = τ1 · C · τ1.
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The hyperelastic part of the skeleton passive stress is derived from the chain rule

∂Ψe

∂e
= 2

∑

i

(
∂Ψe

∂Ji

)(
∂Ji
∂C

)
, (2.5)

where the invariant derivatives are





∂J1

∂C
= I

−1/3
3

(
I − 1

3
I1C

−1

)

∂J2

∂C
= I

−2/3
3

(
I1I − C −

2

3
I2C

−1

)

∂J3

∂C
=

1

2
I

1
2
3 C

−1

∂J4

∂C
= I

−1/3
3

(
τ1 ⊗ τ1 −

1

3
I4C

−1

)
.

2.1.2 Poromechanical formulation for the myocardium modeling

The strong form (1.2) of the poromechanical model rewrites (see (58) in (Chapelle and
Moireau, 2014))





(ρ0 +m)γ −∇ ξ · (F · Σ) = (ρ0 +m)f, in Ω0, (2.6a)

ρfγf
+ φk−1

f
· (vf − vs) +∇ xp−

1

φ
∇ x · (φσvis

) = ρf f, in Ωt, (2.6b)

1

J

dm

dt
+∇ x · (ρfφ(vf − vs)) = θ, in Ωt (2.6c)

with

γ =
ρs(1− φ)∂tvs + ρfφ∂tvf

ρ0 +m
and ρ0 +m = ρs(1− φ) + ρfφ, (2.7)

and the notations introduced in Section 1.4.1.

We complement the above equations with the boundary conditions introduced in Sec-
tion 1.4.1, where we assume ΓNnof = ∅ (see Figure 2.2). Then, we multiply System (2.6) by

Figure 2.2 – Boundary conditions of the poromechanical formulation.

test functions (v∗s , v
∗
f , q
∗) and we integrate space-wise to get (see (63) in (Chapelle and Moireau,
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2014))




∫

Ω0

ρs0(1− φ0)
dvs

dt
· v∗s dΩ

︸ ︷︷ ︸
Ps
a(v∗s )

+P f
a(v
∗
s ) +

∫

Ω0

Σ : dye · v∗s dΩ

︸ ︷︷ ︸
Pi(v∗s )

=

∫

Ω0

(ρ0 +m)f · v∗s dΩ +

∫

Γ0
Nnos∪Γ0

N

t0 · v∗s dS
︸ ︷︷ ︸

Pe(v∗s )

(2.8a)

P f
a(v
∗
f ) +

∫

Ωt

(vf − vs) · φ2k−1
f
· v∗f dΩ +

∫

Ωt

(
− p

ρf
∇ x · (ρfφv

∗
f ) + φσ

vis
: ε(v∗f )

)
dΩ

︸ ︷︷ ︸
Pf
i (v
∗
f )

=

∫

Ωt

ρfφ f · v∗f dΩ +

∫

ΓtN

φ t · v∗f dS
︸ ︷︷ ︸

Pf
e(v
∗
f )

(2.8b)

∫

Ω0

dm

dt
q∗ dΩ +

∫

Ωt

∇ x · (ρfφ (vf − vs)) q
∗ dΩ =

∫

Ωt

θq∗ dΩ(2.8c)

with

P f
a(v
∗) =

∫

Ω0

d

dt

(
Jρfφ vf

)
· v∗ dΩ +

∫

Ωt

∇ x · (ρfφvf ⊗ (vf − vs)) · v∗ dΩ−
∫

Ωt

θvf · v∗ dΩ

and

dye · y∗ =
1

2
(F T · ∇y∗ + (∇y∗)T · F ).

2.1.3 Cardiac system

We will assume that there is no distributed force, f = 0. On the endocardium surface ΓNnos,

t0 will be typically −Pv F−Tne, with Pv the intraventricular blood pressure exerting forces on
the endocardium surfaces ΓNnos of outward unit normal ne, so that Pe becomes

Pe(v∗s ) =

∫

Γ0
N

t0 · v∗s dS −
∫

Γ0
Nnos

Pvv
∗
s · F−T · ne dS.

According to (Sainte-Marie et al., 2006), we model the opening and closure of the valves by the
following relation that links Pv to the cardiac outflow −V̇ = Q (with V the ventricular cavity
volume),

−V̇ = Q = q(Pv, Par, Pat),

with Par and Pat the aorta (or pulmonary) and atrium pressures and q a regularized version of
the ideal behavior 




Q ≤ 0 if Pv = Pat (filling),

Q = 0 if Pat ≤ Pv ≤ Par (isovolumic phases),

Q ≥ 0 if Pv ≥ Par (ejection),

approximated by




Q = Kat(Pv − Pat), if Pv ≤ Pat,
Q = Kp(Pv − Pat), if Pat ≤ Pv ≤ Par,
Q = Kar(Pv − Par) +Kp(Par − Pat), if Pv ≥ Par,
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where (Kat,Kp,Kar) are constants satisfying Kp ≤ min(Kat,Kar).

Par Pd
Psv

Pca

Psv

Cp Cd

Rp Rd

Rc

Cc

Ventricle

Myocardium

Q

p

1
kca

1
kcv

Figure 2.3 – Rheological model of the circulatory system plugged into the aorta. The
new branch in red models the coronaries.

In future works, the porous compartment will be coupled with 3D models of the largest
coronary vessels, but for now it will be assumed to be only fed by the distributed source term
θ according to (see also (Chapelle et al., 2009))

θ = ρfkca(Pca − p)− ρfkcv(p− Psv),

where kca (resp. kcv) is constant and characterizes the small coronary arteries (resp. veins)
conductance, Psv the small veins pressure, and the coronary artery pressure Pca is linked to the
global circulation within the following model.

Indeed, the system is closed by a two-stage Windkessel model that represents the external
circulation, and a Windkessel that links the aorta to the porous compartment, representing the
big coronary arteries circulation





CcṖca + (Pca − Par)/Rc + (Pca − p)kcaVmyo = 0,

CpṖar + (Par − Pd)/Rp + (Par − Pca)/Rc = Q,

CdṖd + (Pd − Par)/Rp = (Pvs − Pd)/Rd,

with Cp, Rp, Cd, Rd and Cc, Rc the capacitances and resistances of the proximal, distal and
coronary circulations Windkessel, Pd is the distal pressure, Vmyo the myocardium reference
volume and Pvs represents the venous system pressure, see Figure 2.3.
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All together, these elements give the following 3D cardiac system of equations





Ps
a(v
∗) + P f

a(v
∗) + Pi(v∗) = Pe(v∗) ∀v∗ ∈ V (2.9a)

P f
a(v
∗
f ) + P f

i (v
∗
f ) = P f

e(v
∗
f ) ∀v∗f ∈ V (2.9b)

1

J

dm

dt
+∇ x · (ρfφ(vf − vs)) = ρfkca(Pca − p)− ρfkcv(p− Psv) (2.9c)

p = −∂Ψbulk

∂Js
(2.9d)

Σ = φΣ
vis

+
∂Ψe

∂e
+
∂Ψdamp

∂ė
− pJC−1 + λσ1D1 + (1− λ)σ1Dτ1 ⊗ τ1 (2.9e)

σ1D = τfib/(1 + efib) (2.9f)

efib =
√

1 + 2τ1 · e · τ1 − 1 (2.9g)

τfib = τc + µcėc = Es(efib − ec) (2.9h)

k̇c = −(|u|+ α|ėc|)kc + n0k0|u|+ (2.9i)

τ̇c = −(|u|+ α|ėc|)τc + n0σ0|u|+ + kcėc (2.9j)

−V̇ = Q = q(Pv, Par, Pat) (2.9k)

CcṖca + (Pca − Par)/Rc + (Pca − p)kcaVmyo = 0 (2.9l)

CpṖar + (Par − Pd)/Rp + (Par − Pca)/Rc = Q (2.9m)

CdṖd + (Pd − Par)/Rp = (Pvs − Pd)/Rd. (2.9n)

2.2 Dimensional reduction of the cardiac model with porome-
chanics

2.2.1 0D cardiac model

R

d

Pv

iφ1

−iφ1

−iφ2 iφ2ir

Figure 2.4 – Spherical model of a ventricle

As proposed in (Caruel et al., 2014), let us perform a dimensional reduction of the above car-
diac model. A ventricle is represented by a sphere of radius R0 and thickness d0 in the reference
configuration Ω0. We assume that this spherical symmetry is shared by the constitutive proper-
ties, and we apply an internal pressure. As a consequence, for symmetry reasons, the deformed
configuration is described by a sphere of radius R and thickness d. We define (ir, iφ1

, iφ2
) a local

basis on Ω0, with ir radial, iφ1
= τ1 and (iφ1

, iφ2
) orthoradial, see Figure 2.4. In our framework,

the displacement with respect to the reference configuration writes y = yir = (R − R0)ir and
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the Cauchy-Green deformation tensor reduces to

C =



Crr 0 0
0 C 0
0 0 C


 .

Circumferential lengths are scaled by
√
C = 1 + y/R0 between the reference and deformed

configurations. Passing by, we note that, unlike in (Caruel et al., 2014), no incompressibility
is assumed due to perfusion, in particular, and therefore J = detC1/2 has no reason to be 1.
In addition, the relative thinness of the wall compared to the sphere radius combined to the
equality vf = vs on the endocardium surface justifies in this framework the assumption vf = vs

on the whole domain, and the introduction of v to denote velocities (then, Γ0
N = ∅). Therefore,

(2.7) becomes γ = ∂tv, (2.6b) is replaced by vf = vs, and multiplying (2.6a) by test functions
v∗ and integrating space-wise yields (assuming f = 0)

∫

Ω0

(ρ0 +m)
dv

dt
· v∗ dΩ +

∫

Ω0

Σ : dye · v∗ dΩ =

∫

Γ0
Nnos

t0 · v∗ dS (2.10)

Considering a radial virtual velocity v∗ = v∗ir with the assumed kinematic symmetry, we find
that

(dye · v∗)φ1φ1 = (dye · v∗)φ2φ2 = (1 + y/R0)(v∗/R0).

We neglect fluid viscous effects Σ
vis

. Thanks to the smallness of d/R, classical arguments of shell
theory enable us to neglect radial stress Σrr compared to the orthoradial components (Chapelle
and Bathe, 2010), and to explicitly infer p from Σrr = 0 in (2.1),

p =
Crr
J

[(
∂Ψe

∂e

)

rr

+

(
∂Ψdamp

∂ė

)

rr

+ λσ1D

]
=

J

C2

[(
Σ
p

)
rr

+ λσ1D

]
, (2.11)

where we define the 3D passive stress as

Σ
p

=
∂Ψe

∂e
(e) +

∂Ψdamp

∂ė
(e, ė). (2.12)

Therefore, we have

Σ : dye · v∗ =

(
1 +

y

R0

)
v∗

R0
Σsph,

with

Σsph = Σφ1φ1 + Σφ2φ2 =
(

Σ
p

)
φ1φ1

+
(

Σ
p

)
φ2φ2

− 2J2C−3
(

Σ
p

)
rr

+ σ1D(1 + λ− 2λJ2C−3),

and J that can be obtained thanks to the following combination of (2.2), (2.3) and (2.11)

−∂Ψbulk

∂Js
=

J

C2

[(
Σ
p

)
rr

+ λσ1D

]
.

Note that the passive stress Σ
p

is calculated with the chain rule (2.5), and that the invariants

and their derivatives reduce to




I1 = Crr + 2C = J2C−2 + 2C

I2 = C2 + 2CCrr = C2 + 2J2C−1

I3 = CrrC
2 = J2

I4 = C
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and 



∂J1

∂C
= J−2/3

(
1− 1

3
(J2C−2 + 2C)C−1

)

∂J2

∂C
= J−4/3

(
(J2C−2 + 2C)1− C − 2

3
(C2 + 2J2C−1)C−1

)

∂J3

∂C
=

1

2
JC−1

∂J4

∂C
= J−2/3

(
τ1 ⊗ τ1 −

1

3
J−2/3CC−1

)

while the viscosity within the skeleton gives

∂Ψdamp

∂ė
=
η

2
Ċ.

With this, the derivation of Σsph gives

Σsph = 4J−
2
3 (1− J2C−3)

(
∂Ψe

∂J1
+ J−

2
3C

∂Ψe

∂J2

)
+ 2J−

2
3
∂Ψe

∂J4

+ σ1D(1 + λ− 2λJ2C−3) + η
(
Ċ − 2J3C−6(J̇C − JĊ)

)

with σ1D given by (2.9f).

Now, using that d/d0 =
√
Crr = J(1 + y

R0
)−2, the virtual work of pressure force writes

∫

Γ0
Nnos

t0 · (v∗ir) dS = 4πPv

(
R− d

2

)2
(

1 + J
d0

R0

(
1 +

y

R0

)−3
)
v∗

= 4πPv

(
R0 + y −

√
Crr

d0

2

)2
(

1 + J
d0

R0

(
1 +

y

R0

)−3
)
v∗

= 4πPvR
2
0

(
1 +

y

R0
− Jd0

2R0

(
1 +

y

R0

)−2
)2(

1 + J
d0

R0

(
1 +

y

R0

)−3
)
v∗ (2.13)

Integrating over the sphere of radius R0 and thickness d0, we finally get the second order
ordinary differential equation (ODE) satisfied by the mixture displacement y,





d0(ρ0 +m)
d2y

dt2
+
d0

R0

(
1 +

y

R0

)
Σsph

= Pv

(
1 +

y

R0
− Jd0

2R0

(
1 +

y

R0

)−2
)2(

1 + J
d0

R0

(
1 +

y

R0

)−3
)

dm

dt
= Jθ

where




Σsph =
(

Σ
p

)
φ1φ1

+
(

Σ
p

)
φ2φ2

− 2
J2

C3

(
Σ
p

)
rr

+ σ1D(1 + λ− 2λJ2C−3) (2.15a)

and J such that − ∂Ψbulk

∂Js
=

J

C2

[(
Σ
p

)
rr

+ λσ1D

]
. (2.15b)
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Let us notice that unlike in (Caruel et al., 2014), y has to be completed by J , given by (2.15b),
to fully characterize the 3D displacement field y. Our set of dynamic variables for the mixture
mechanics is (y, v,m). Finally, the intraventricular volume writes in this context

V =
4π

3

(
R− d

2

)3

=
4π

3

(
R0 + y −

√
Crr

d0

2

)3

=
4π

3

(
R0 + y − Jd0

2

(
1 +

y

R0

)−2
)3

,

so that its variations and the valve law (2.9k) become

V̇ = 4πR2
0

(
1 +

y

R0
− Jd0

2R0

(
1 +

y

R0

)−2
)2 [

ẏ − J̇d0

2

(
1 +

y

R0

)−2

+
Jd0

R0
ẏ

(
1 +

y

R0

)−3
]

= −f(Pv, Par, Pat).

With these elements, the cardiac model with poromechanics (2.9) reduces to the following
system on (y, J,m, ec, kc, τc, Pca, Par, Pd)





d0(ρ0 +m)
d2y

dt2
+
d0

R0

(
1 +

y

R0

)
Σsph

= Pv

(
1 +

y

R0
− Jd0

2R0

(
1 +

y

R0

)−2
)2(

1 + J
d0

R0

(
1 +

y

R0

)−3
)

(2.16a)

1

J

dm

dt
= θ = ρfkca(Pca − p)− ρfkcv(p− Psv) (2.16b)

p =
J

C2

[(
Σ
p

)
rr

+ λσ1D

]
(2.16c)

−∂Ψbulk

∂Js
=

J

C2

[(
Σ
p

)
rr

+ λσ1D

]
(2.16d)

Σsph =
(

Σ
p

)
φ1φ1

+
(

Σ
p

)
φ2φ2

− 2pJC−1 + σ1D(1 + λ) (2.16e)

σ1D = τfib/(1 + efib) (2.16f)

τfib = τc + µcėc = Es(efib − ec) (2.16g)

k̇c = −(|u|+ α|ėc|)kc + n0k0|u|+ (2.16h)

τ̇c = −(|u|+ α|ėc|)τc + n0σ0|u|+ + kcėc (2.16i)

−V̇ = f(Pv, Par, Pat) (2.16j)

CcṖca + (Pca − Par)/Rc + (Pca − p)kcaVmyo = 0 (2.16k)

CpṖar + (Par − Pd)/Rp + (Par − Pca)/Rc = Q (2.16l)

CdṖd + (Pd − Par)/Rp = (Pvs − Pd)/Rd. (2.16m)

Remark 1
The following expressions of p and Σsph can be inferred in function of the derivatives of Ψe:

p =
4J1/3

3C2

(
1− C3

J2

)[
∂Ψe

∂J1
+

C

J2/3

∂Ψe

∂J2

]
+
∂Ψe

∂J3
− 2C

3J7/3

∂Ψe

∂J4
+ η

J2

C5
(CJ̇ − JĊ) +

J

C2
λσ1D

Σsph = 4J−
2
3 (1− J2C−3)

(
∂Ψe

∂J1
+ J−

2
3C

∂Ψe

∂J2

)
+ 2J−

2
3
∂Ψe

∂J4

+ σ1D

(
1 + λ− 2λJ2C−3

)
+ η

(
Ċ − 2J3C−6(J̇C − JĊ)

)
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Remark 2 (Solid incompressibility)
The limit κ → ∞ in (2.4) and (2.2) gives the following relation for J , that replaces (2.16d) in
the above system,

J = 1 +
m

ρf
. (2.17)

2.2.2 Energy balance at the continuous level in the reduced formulation

We recall that

e = 1
2(C − 1) and C(y, J) =




J2

C(y)2 0 0

0 C(y) 0
0 0 C(y)


 , with C(y) =

2y

R0
+
y2

R2
0

+ 1.

In order to establish an energy conservation at the continuous level, we remove the loadings
f = 0 and Pv = 0, the active contribution σ1D = 0 and the solid damping η = 0. Our objective
is to derive an energy balance in which we propose to keep a fluid source θ. Substituting (2.16e),
the multiplication of (2.16a) by v = dy/dt gives

(ρ0 +m)v
dv

dt
+

(
1 +

y

R0

)
1

R0

dy

dt



(
∂Ψe

∂e

)

φ1φ1

+

(
∂Ψe

∂e

)

φ2φ2

− 2pJC−1


 = 0. (2.18)

The first term gives

(ρ0 +m)
dv

dt
v =

d

dt

(
1

2
(ρ0 +m)v2

)
− 1

2

dm

dt
v2 =

dEc
dt
− 1

2
Jθv2,

with Ec = 1
2(ρ0 + m)v2 the kinetic energy per unit volume of the mixture, and 1

2Jθv
2 its

increment brought by the source term θ.
About the second term, we introduce e = (e)φ1φ1 = (e)φ2φ2 = 1

2(C − 1) that depends only
on y in order to write

(
1 +

y

R0

)
1

R0

dy

dt
=

d

dt

(
y

R0
+

y2

2R2
0

)
=

de

dt
,

and the following expression for the derivative of the free energy

dΨ

dt
=
∂Ψe

∂e

de

dt
+
∂Ψbulk

∂Js

(
dJ

dt
− 1

ρf

dm

dt

)

=

(
∂Ψe

∂e

)

rr

derr
dt

+

(
∂Ψe

∂e

)

φ1φ1

de

dt
+

(
∂Ψe

∂e

)

φ2φ2

de

dt
+
∂Ψbulk

∂Js

(
dJ

dt
− 1

ρf

dm

dt

)
,

where err = (e)rr = 1
2

(
J2

C2 − 1
)

and

derr
dt

=
J

C2

dJ

dt
− J2

C3

dC

dt
=

J

C2

dJ

dt
− 2

J2

C3

de

dt
.

With this, and using (2.16c) we write

dΨ

dt
=



(
∂Ψe

∂e

)

φ1φ1

+

(
∂Ψe

∂e

)

φ2φ2

− 2pJC−1


 de

dt
+ p

dJ

dt
+
∂Ψbulk

∂Js

(
dJ

dt
− 1

ρf

dm

dt

)
.
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We now use (2.16b) and (2.16d) to rewrite the above equation as

dΨ

dt
=



(
∂Ψe

∂e

)

φ1φ1

+

(
∂Ψe

∂e

)

φ2φ2

− 2pJC−1


 de

dt
+
pJθ

ρf
.

Remark 3
In the incompressible solid limit the establishment of this expression rely on dJ

dt = 1
ρf

dm
dt = Jθ

ρf
.

Finally, (2.18) gives the following energy balance

d(Ec + Ψ)

dt
= Jθ

(
1

2
v2 +

p

ρf

)
,

where the right hand side stands for the internal and kinetic energy input due to the fluid source
θ.

2.2.3 Energy compatible time scheme

We propose here an energy-compatible time scheme. Instead of the scheme introduced in
(Gonzalez, 2000) and proposed in the heart model of (Chapelle et al., 2012) and the porome-
chanical model of (Chapelle and Moireau, 2014), we draw our inspiration from (Le Tallec and
Hauret, 2002) and use a mid-point Newmark scheme. We lose the exact energy conservation
property, but mid-point schemes are easier to handle and allow us to get a second-order energy
conservation. We propose the following time discretization of (2.14)





(ρ0 +mn+ 1
2 )d0

vn+1 − vn
∆t

+

(
1 +

yn+ 1
2

R0

)
d0

R0
Σ
n+ 1

2
]

sph = (ρ0 +mn+ 1
2 )d0f

n+ 1
2

+P
n+ 1

2
v


1 +

yn+ 1
2

R0
− Jn+ 1

2
]d0

2R0

(
1 +

yn+ 1
2

R0

)−2



2
1 + Jn+ 1

2
] d0

R0

(
1 +

yn+ 1
2

R0

)−3

 (2.19a)

yn+1 − yn
∆t

= vn+ 1
2 , (2.19b)

mn+1 −mn

∆t
= Jn+ 1

2
]θn+ 1

2 , (2.19c)

with, substituting (2.16c) into (2.16e), Σ
n+ 1

2
]

sph and Jn+ 1
2
] defined by the following two relations

(we recall that Js = J − m
ρf
− φ0)





Σ
n+ 1

2
]

sph =

(
∂Ψe

∂e

)

φ1φ1

(yn+ 1
2 , Jn+ 1

2
]) +

(
∂Ψe

∂e

)

φ2φ2

(yn+ 1
2 , Jn+ 1

2
])

−2(Jn+ 1
2
])2C(yn+ 1

2 )−3

(
∂Ψe

∂e

)

rr

(yn+ 1
2 , Jn+ 1

2
])

+σ
n+ 1

2
1D

(
1 + λ− 2λ(Jn+ 1

2
])2C(yn+ 1

2 )−3
)
, (2.20a)

−∂Ψbulk

∂Js
(Jn+ 1

2
] − mn+ 1

2

ρf
− φ0) = Jn+ 1

2
]C(yn+ 1

2 )−2

(
∂Ψe

∂e

)

rr

(yn+ 1
2 , Jn+ 1

2
])

+λJn+ 1
2
]C(yn+ 1

2 )−2σ
n+ 1

2
1D . (2.20b)
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Remark 4 (Solid incompressibility)

In the solid incompressibility limit, the use of Jn+ 1
2 is justified by the following relation that

replaces (2.20b):

Jn+ 1
2 = 1 +

mn+ 1
2

ρf
. (2.21)

In order to establish the compatibility of the scheme (2.19a) with the energy balance derived
in Section 2.2.2, we remove the loadings f = 0 and Pv = 0, the active contribution σ1D = 0
and the solid damping η = 0. We look for a bound of our discrete energy in function of the
fluid source term θ that we keep. Moreover, we perform the analysis in the specific case of an
incompressible solid constituent, hence using (2.21), where the notation Jn+ 1

2 instead of Jn+ 1
2
]

is justified by the explicit affine relation that now links the variables J and m. We multiply
(2.19a) by vn+ 1

2 . Using (2.19c), the first term gives

(ρ0 +mn+ 1
2 )

(
vn+1 − vn

∆t

)(
vn+1 + vn

2

)
= (ρ0 +mn+ 1

2 )
(vn+1)2 − (vn)2

2∆t

= (ρ0 +mn+1)
(vn+1)2

2∆t
− (ρ0 +mn)

(vn)2

2∆t
+
mn −mn+1

2

(vn+1)2

2∆t
− mn+1 −mn

2

(vn)2

2∆t

=
En+1
c − Enc

∆t
− 1

2
Jn+ 1

2 θn+ 1
2

(vn)2 + (vn+1)2

2
, (2.22)

with Enc = 1
2(ρ0 +mn

f )vn the discrete kinetic energy.
To make the following derivations simpler, we express e and C in function of J instead of

the variable state m, according to the relation (2.21). About the second term, we write that
thanks to (2.19b),

(
1 +

yn+ 1
2

R0

)
yn+1 − yn
R0∆t

=
1

∆t

[(
yn+1

R0
+

(yn+1)2

2R2
0

)
−
(
yn

R0
+

(yn)2

2R2
0

)]
=
en+1 − en

∆t
, (2.23)

with en = (e(yn, Jn))φ1φ1 = (e(yn, Jn))φ2φ2 that depends only on yn. With en = e(yn, Jn) and

en+ 1
2
] = e(yn+ 1

2 , Jn+ 1
2 ), we have the following Taylor expansions:

Ψn+1
e = Ψe(e

n+1) = Ψe(e
n+ 1

2
]) + (en+1 − en+ 1

2
]) :

∂Ψe

∂e
(en+ 1

2
])

+
1

2
(en+1 − en+ 1

2
])2 :

∂2Ψe

∂e2
(en+ 1

2
]) +O((en+1 − en+ 1

2
])3),

Ψn
e = Ψe(e

n) = Ψe(e
n+ 1

2
])− (en+ 1

2
] − en) :

∂Ψe

∂e
(en+ 1

2
])

+
1

2
(en+ 1

2
] − en)2 :

∂2Ψe

∂e2
(en+ 1

2
]) +O((en+ 1

2
] − en)3),

and

en+1 − en+ 1
2
] =dye(y

n+ 1
2 , Jn+ 1

2 ) · y
n+1 − yn

2
+ dJe(y

n+ 1
2 , Jn+ 1

2 ) · J
n+1 − Jn

2
+O(((Jn+1 − Jn), (yn+1 − yn))2),

en+ 1
2
] − en =dye(y

n+ 1
2 , Jn+ 1

2 ) · y
n+1 − yn

2
+ dJe(y

n+ 1
2 , Jn+ 1

2 ) · J
n+1 − Jn

2
+O(((Jn+1 − Jn), (yn+1 − yn))2).
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Assuming that dye and dJe are bounded, by subtraction,

Ψn+1
e −Ψn

e = (en+1 − en) :
∂Ψe

∂e
(en+ 1

2
]) +O(((yn+1 − yn), (Jn+1 − Jn))3).

From now on we assume that O(yn+1 − yn) = O(Jn+1 − Jn) = O(∆t), then

Ψn+1
e −Ψn

e

∆t
=
en+1
rr − enrr

∆t

(
∂Ψe

∂e

)

rr

(en+ 1
2
])

+
en+1 − en

∆t



(
∂Ψe

∂e

)

φ1φ1

(en+ 1
2
]) +

(
∂Ψe

∂e

)

φ2φ2

(en+ 1
2
])


+O(∆t2), (2.24)

with enrr = (en)rr so that

en+1
rr − enrr =

1

2

(
(Jn+1)2

C(yn+1)2
− (Jn)2

C(yn)2

)
.

Again, Taylor expansions give

(Jn+1)2

C(yn+1)2
=

(Jn+ 1
2 )2

C(yn+ 1
2 )2
·
(

1 +
Jn+1 − Jn

Jn+ 1
2

+

(
Jn+1 − Jn

2Jn+ 1
2

)2
)
·
[

1 +
C ′(yn+ 1

2 )

C(yn+ 1
2 )

(yn+1 − yn)

+

(
C ′′(yn+ 1

2 )

C(yn+ 1
2 )

+
C ′(yn+ 1

2 )2

C(yn+ 1
2 )2

)
(yn+1 − yn)2

4
+O(∆t3)

]−1

=
(Jn+ 1

2 )2

C(yn+ 1
2 )2

[
1 +

Jn+1 − Jn

Jn+ 1
2

− C ′(yn+ 1
2 )

C(yn+ 1
2 )

(yn+1 − yn) +

(
Jn+1 − Jn

2Jn+ 1
2

)2

− C ′(yn+ 1
2 )

Jn+ 1
2C(yn+ 1

2 )
(yn+1 − yn)(Jn+1 − Jn)

−
(
C ′′(yn+ 1

2 )

C(yn+ 1
2 )

+
C ′(yn+ 1

2 )2

C(yn+ 1
2 )2

)
(yn+1 − yn)2

4
+O(∆t3)

]
,

and similarly

(Jn)2

C(yn)2
=

(Jn+ 1
2 )2

C(yn+ 1
2 )2

[
1− Jn+1 − Jn

Jn+ 1
2

+
C ′(yn+ 1

2 )

C(yn+ 1
2 )

(yn+1 − yn) +

(
Jn+1 − Jn

2Jn+ 1
2

)2

− C ′(yn+ 1
2 )

Jn+ 1
2C(yn+ 1

2 )
(yn+1 − yn)(Jn+1 − Jn)

−
(
C ′′(yn+ 1

2 )

C(yn+ 1
2 )

+
C ′(yn+ 1

2 )2

C(yn+ 1
2 )2

)
(yn+1 − yn)2

4
+O(∆t3)

]
,

Using that C ′(yn+ 1
2 ) = 2e′(yn+ 1

2 ) and that

e′(yn+ 1
2 )(yn+1 − yn) = en+1 − en +O(∆t3),

this enables us to write

en+1
rr − enrr =

(Jn+ 1
2 )2

C(yn+ 1
2 )2

(
Jn+1 − Jn

Jn+ 1
2

− 2
en+1 − en

C(yn+ 1
2 )

+O(∆t3)

)
.
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Finally, (2.24) rewrites

Ψn+1
e −Ψn

e

∆t
=

en+1 − en
∆t



(
∂Ψe

∂e

)

φ1φ1

(en+ 1
2
]) +

(
∂Ψe

∂e

)

φ2φ2

(en+ 1
2
])− 2

(Jn+ 1
2 )2

C(yn+ 1
2 )3

(
∂Ψe

∂e

)

rr

(en+ 1
2
])




+
Jn+ 1

2

C(yn+ 1
2 )2

Jn+1 − Jn
∆t

(
∂Ψe

∂e

)

rr

(en+ 1
2
]) +O(∆t2).

Using (2.23) and (2.20a), the second term of the multiplication of (2.19a) by vn+ 1
2 rewrites

Ψn+1
e −Ψn

e

∆t
− Jn+ 1

2

C(yn+ 1
2 )2

Jn+1 − Jn
∆t

(
∂Ψe

∂e

)

rr

(en+ 1
2
]) +O(∆t2)

and, using also (2.22), (2.19c) and (2.21), we end up with the following discrete energy balance,
for En = Enc +Ψn

e – we recall that the incompressible solid does not store any energy in Ψbulk –

En+1 − En
∆t

= Jn+ 1
2 θn+ 1

2

[
(vn)2 + (vn+1)2

4
+
pn+ 1

2
]

ρf

]
+O(∆t2),

with the discrete pressure

pn+ 1
2
] =

Jn+ 1
2

C(yn+ 1
2 )2

(
∂Ψe

∂e

)

rr

(en+ 1
2
]).

This second-order energy conservation is consistent with (Le Tallec and Hauret, 2002) and
justifies our mid-point discretizations.

2.3 Numerical simulations

The cost-effectiveness of the 0D model and its relative simplicity of use makes it a very
interesting tool when trying to simulate various physiological situations. As a matter of fact,
calibration of complex dynamical models and initial state estimation requires the possibility to
run many tests with different sets of parameters. In addition to the wide clinical application
potential of the illustrations of this section, the results presented will also be very useful to
calibrate and estimate initial states in more complex 3D models.

We perform simulations of contraction and myocardial perfusion, first of a healthy heart.
Then, we introduce stenosis of a large coronary artery and assess typical physiological indicators
used in cardiology. Finally, we modify the properties of the porous medium to mimic diseases
affecting the microcirculation, and we simulate the inotropic effect.

This work was made in collaboration with Radomir Chabiniok.

2.3.1 Healthy heart simulation

We assume the incompressibility of the solid constituent, and the hyperelastic potential Ψe

is in the form

Ψe = C0 exp(C1(J1 − 3)2) + C2 exp(C3(J4 − 1)2) + C4(J3 − 1− ln J3).
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We use the time scheme of Section 2.2.3, and parameters of Table 2.6, that were calibrated to
reproduce a realistic simulation of a healthy heart at rest. We plot the cavity flux, the perfusion
mass m, the perfusion, cavity and coronary artery pressures and the coronary artery and venous
fluxes

Qca = Vmyo kca(Pca − p) and Qcv = Vmyo kcv(p− Psv).

Calibration is performed according to the following criteria:

• the volume fraction of perfusion blood within the myocardium is 12 to 15% (Spaan, 1985),

• clinical data show that the myocardial perfusion flux is typically 1mL/100g/s (and our
myocardium reference volume is 130mL),

• ejection fraction and aortic pressure and flux had been previously calibrated in the model
with respect to measured clinical data.
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Figure 2.5 – Cardiac cycle obtained with the 0D-model. Healthy case. In solid line,
Fmicro = 1, in dashed line are the results with vasodilatation F vd

micro = 4.
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∆t C0, C2 C1, C3 C4 ρ0, ρf R0 d λ
1e-3 500 0.6 26000 1000 0.02 0.014 0.44

kca, kcv Rp Cp Rd Cd Rc Cc Psv
2e-6 1.7e7 2.35e-10 1.55e8 1.1e-8 1.7e7 8.5e-11 500

σ0 k0 α η µc Kat Kp Kar

55e3 2.95e5 1.5 70 70 9e-6 5e-10 1.3e-5
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Figure 2.6 – Parameter table and Starling effect function n0. All units are SI.

In Figure 2.5, the perfusion mass and pressure show the systolic flow impediment (Westerhof
et al., 2006; Kajiya et al., 2007): blood is drained out of the myocardium during the contraction
(systole), and coronary circulation is reestablished during the relaxation (diastole).

Vasodilatation is a regulation process by which the organism adapts the amount of blood
perfusion to the physiological state (e.g. increased activity of heart). A decrease of vascular
resistance by vasodilatation of small arteries, arterioles, venules and small veins allows increas-
ing blood flow. In the case of the myocardial perfusion, this corresponds in our model to an
augmentation of kca (arterial vasodilatation) and kcv (venous vasodilatation). In order to re-
produce this phenomenon, we consider that the two micro-vascular coronary conductances kca
and kcv are multiplied by a factor that can cover the interval [Fmicro , F

vd
micro], with Fmicro = 1

for our healthy heart at rest, meaning that the conductances kca and kcv are calibrated to the
conditions at rest, and we assume F vd

micro = 4Fmicro for maximal vasodilation in a healthy heart
(Chilian et al., 1989).

Figure 2.5 reproduces the heart perfusion at baseline and at maximum vasodilatation, and
illustrates that the healthy heart can increase the perfusion flow by approximately factor 4 –the
so-called Coronary Flow Reserve (CFR) (Gould et al., 1990) defined by the ratio of the mean
coronary flow at baseline to the one at maximum vasodilatation, see Table 2.1.

We introduce the notation |ϕ| for the mean in time of a physical quantity ϕ.

2.3.2 Macro vascular stenosis

Stenosis 
Rc % and Cc &

Vasodilatation
kca, kcv %

Figure 2.7 – Coronary vasodilatation and stenosis. To model coronary vasodilatation, kca
and kcv are multiplied by factor F vd

micro > 1. To reproduce a macro-vascular coronary stenosis,
Rc (and C−1

c ) are multiplied by factor Fsten that goes to up to 100 in our model.
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Figure 2.8 – Stenosis simulations. On the left, Fsten = 40, on the right Fsten = 100. In
solid line, Fmicro = 1, in dotted line are the results with vasodilatation F vd

micro = 4.

A stenosis is an abnormal narrowing of blood vessel in coronaries, typically due to deposits
in endothelial parts and atherosclerosis (Mann et al., 2014). In the coronary network it leads
to ischemic heart disease. In the case of the coronaries, we distinguish two types of stenosis:
a macro-vascular stenosis (typically due to atherosclerosis) that affects large coronary arteries,
and micro-vascular diseases when smaller coronary vessels down to arterioles and capillary
bed are concerned. The first ones can be treated interventionally by percutaneous coronary
angioplasty (PTCA, e.g. by implanting stent), or surgically by coronary artery bypass grafting
(CABG), while these procedures would have a limited effect if the microvascular component is
predominant.

With our modeling, the microvascular stenosis corresponds in the model to Fmicro < 1. In
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order to reproduce macro-vascular coronary stenosis, we introduce a factor Fsten that multiplies
the resistance of large coronary arteries Rc –and C−1

c to keep the Rc −Cc time constant –, see
Figure 2.3. In our calibrated model, a healthy heart corresponds to Fsten = 1, whereas clinical
observation of significant stenosis show that the vessel effective radius can be divided by 10,
which, roughly speaking, would correspond to Fsten = 100.

To better assess the severity of stenosis than by a simple geometrical measurement (Fis-
cher et al., 2002), currently gold standard functional measurements rely on the ratio of its
downstream to upstream mean pressures assessed at maximum vasodilatation (with the use
of vasodilators): the so-called Fractional Flow Reserve (FFR) (Pijls et al., 1993). Typically,
FFR < 0.8 characterizes ischemia, and FFR < 0.75 suggests intervention (e.g. stenting) (Bech
et al., 2001; Pijls et al., 2007). In our case, it is of high clinical interest to calculate by post-
processing this ratio, that reads FFR = |Pca|/|Par|.

Table 2.1 summarizes our results. We can see for example that in our most severe stenosis
case, the patient’s vessels would have to dilate even at rest to keep a viable myocardium per-
fusion flux (around 1.3mL/s). Although this vasodilatation at rest is automatically regulated,
it decreases the potential of further dilatation at exercise (stress, etc...): the CFR is divided by
factor two compared to a healthy case. While FFR = 0.76 for Fsten = 40 signifies a borderline
stenosis, FFR = 0.56 for Fsten = 100 could suggest an intervention.

Fmicro, F
vd
micro Fsten ∆m (kg/m3) |Qa| (mL/s) FFR CFR

1 1 6.8 1.33
4 1 27 5.16 1 3.9

1 40 6.6 1.22
4 40 24 3.74 0.76 2.8

1 100 6.4 1.07
4 100 21 2.58 0.56 1.9

Table 2.1 – Numerical results corresponding to Figure 2.8 and 2.5. We compute the
increase of blood mass per cycle and the mean flow, for a virtual heathy patient and then in
the presence of stenosis. We also derive the indicator FFR and CFR, and see that a serious
stenosis can divide by factor 2 the CFR.

2.3.3 Micro and macro vascular diseases

Until now, we have considered that F vd
micro = 4, which corresponds to a healthy micro-

circulation in the coronaries. In the case of a micro-vascular stenosis, Fmicro < 1 and it actually
corresponds to a imaginary state, because even at rest the heart vessels are dilated to maintain
a viable coronary flux (about 1.33 mL/s in our case); but the important consequence is that
F vd

micro decreases and with it the CFR that measures the heart potential of vasodilation.

In figure 2.9, we plot the mean arterial flow in the coronaries (and the CFR), and the FFR
for different values of (F vd

micro, Fsten). Each curve corresponds to a micro-vascular state Fmicro

(with or without vasodilatation), and in abscises is the macro-vascular stenosis Fsten simulated.
For example, for a given micro-circulation state F vd

micro, moving along a curve to the left can be
interpreted as “virtual stenting”. This illustrates the limit of the single FFR indicator when
evaluating the relevance of stenting: for example, if the micro-vascular circulation is affected,
stenting can bring FFR to 1, but doesn’t always sufficiently improve the CFR.

To overcome the limit of simple functional index as FFR, the model of perfusion offers
other quantities such as |m|, see Figure 2.9, indirectly accessible by non-invasive imaging (e.g.
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Figure 2.9 – Main indicators for micro/macro vascular diseases. In function of Fsten,
we plot the mean arterial coronary flow (and CFR, on the left), the FFR (on the right) and
the mean fluid mass |m| (on the bottom), at maximal vasodilatation in thick lines, and at –
eventually virtual –“baseline” in thin lines. Each color corresponds to a microvascular state. In
orange are the flow necessary for cardiac activity at rest (assumed here to be 1.33 mL/s) –i.e.
CFR = 1 – on the left, and the limit case FFR = 0.75 on the right.

perfusion MRI or PET) (Morton et al., 2012).

2.3.4 Inotropic effect

Inotropy is a regulation process that intervenes to increase the cardiac output when needed.
It can be spontaneous in physiological situations (e.g. during exercise) or in pathophysiology
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to compensate decreased cardiac output in heart failure. Drugs with inotropic effect can be
considered in the therapy of some type of heart failure. Increasing stresses in the myocardium
will effectively strengthen the cardiac output flow. However, it is known from physiology that
the negative counterpart is that it also reinforces the flow impediment and disturbs the coro-
nary circulation, essential to the myocardium contraction activity. Since our model of porous
myocardium accounts for these interactions, it could be well-suited in targeting personalized
therapy.

Therefore, in this last section we perform the study the so called inotropic effect, increasing
the heart contractility.
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Figure 2.10 – Baseline (on the left) versus inotropic heart (i.e. contractility σ0 in-
creased by factor 1.5, on the right). We compare the mean fluid mass |m| (on the top)
and the coronary fluxes (on the bottom). In solid line, Fmicro = 1, in dashed line are the results
with vasodilatation F vd

micro = 4.

Comparison made on Figure 2.10 illustrates the flow impediment strengthening, and shows
that the mean fluid mass |m| decreases. Indeed, stronger stresses drain more blood out of the
myocardium.

We finally re-run the whole set of simulations of Section 2.3.3, see Figure 2.11, to cross-
compare the effect of contractility and micro/macro vascular stenosis onto our set of indicators.
This illustrates how the inotropic effect can compensate some microvascular diseases, strength-
ening the perfusion flow. For example, for F vd

micro = 3.2, a contractility increased by factor 1.5
almost re-establishes the output flow corresponding to F vd

micro = 4. In the meantime, a higher
flow and a better circulation reduce the mean fluid mass |m|.

Nevertheless, the flow increase permitted by stronger muscular activity is accompanied by
a boost in oxygen and nutriment demand within the myocardium. For further interpretation,
and in order to evaluate the efficiency of this process, we would need to counterbalance the gain
in output flow according to the rise in perfusion demand.

Our results show that the model gives promising qualitative reproductions of complex and
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Figure 2.11 – Main indicators for micro/macro vascular diseases, study of the in-
otropic effect. In function of Fsten, we plot the mean arterial coronary flow (and CFR, on
the left) and the mean fluid mass |m| (on the right), at maximal vasodilatation. Each color
corresponds to a microvascular state, solid lines represent a normal heart, whereas dashed lines
reproduce an inotropic heart.

coupled physiological phenomena, and this paves the way for future quantitative study using
clinical or experimental data.

2.4 Conclusion

To conclude, adapting (Chapelle et al., 2012), we have derived here a complete 3D cardiac
model that now takes into account the myocardium perfusion and links the coronary circulation
to the previous circulation model.

Drawing our inspiration from (Caruel et al., 2014), we then performed a dimensional reduc-
tion to write a 0D perfused heart model. It allowed us to model new physical quantities (the
perfusion mass and pressure) and to reproduce phenomena such as the flow impediment that
occur in systole, and the vasodilatation that enables cardiac activity adaptation. We ended
up illustrating the relevance of such improvements, reproducing coronary vascular diseases that
represent a wide majority of heart diseases, and that we could not explain with previous models.
The porous model accounts for the mechanical interactions between the coronary circulation
and the myocardium activity, and allows to illustrate qualitatively the inotropic effect.

As in (Caruel et al., 2014), this approach was motivated by the calculation efficiency of 0D
simulations, which have proven again to be very effective, reproducing quickly and faithfully
complex physiological phenomena. Indeed, a cardiac cycle is computed in about one minute,
and we can consider using this model for physiological monitoring over a period of time. Never-
theless, here the limiting factor in cost-efficiency was the first guess of the initial state. Indeed,
the heart cycle does not contain an equilibrium state, and the initial state cannot be calculated
as the solution of a static problem, as it is often made in dynamical resolution. Therefore,
the computation of numerous cycles (here about 50) is necessary in order to reach the actual
periodic cycle. Progress could be made in this direction. Again, the final periodic cycle that we
reach will be essential in future work for the calibration of more complex 3D models.
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Further perspectives could also include quantitative studies of these physiological processes
and others (e.g. chronotropy), and investigation of the dependance of the muscle cells activity
on the nutriments and oxygen supply permitted by blood.
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Chapter 3

Effective and energy-preserving time
discretization for a general nonlinear
poromechanical formulation

This chapter is in the verbatim form of a paper accepted for publication in Computers &
Structures.
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Effective and energy-preserving time discretization for a general

nonlinear poromechanical formulation

B. Burtschell, D. Chapelle∗, P. Moireau
Inria and Paris-Saclay University, France

Abstract

We consider a general nonlinear poromechanical model, formulated based on fundamen-
tal thermodynamics principle, suitable for representing the coupling of rapid internal fluid
flows with large deformations of the solid, and compatible with a wide class of constitutive
behavior. The objective of the present work is to propose for this model a time discretiza-
tion scheme of the partitioned type, to allow the use of existing time schemes – and possibly
separate solvers – for each component of the model, i.e. for the fluid and the solid. To
that purpose, we adapt and extend an earlier proposed approach devised for fluid-structure
interaction in an Arbitrary Lagrangian-Eulerian framework. We then establish an energy
estimate for the resulting time scheme, in a form that is consistent with the underlying en-
ergy principle in the poromechanical formulation, up to some numerical dissipation effects
and some perturbations that we have carefully identified and assessed. In addition, we pro-
vide some numerical illustrations of our numerical strategy with test problems that present
typical features of large strains and rapid fluid flows, and also a case of singular transition
related to total drainage. An example of challenging application envisioned for this model
and associated numerical coupling scheme concerns the perfusion of the heart.

1 Introduction

Recently, novel challenging applications such as cardiac modeling have required the in-
troduction of general formulations coupling porous flows and hyperelastic formulations, and
compatible with large displacements, finite strains and strong inertial effects both in the solid
and in the fluid. In this context, a general poromechanics formulation was proposed in [10]
based on fundamental thermodynamics principles, see also [41] where the same type of model
was subsequently considered. As inertia effects and large displacements are considered, the
final formulation is very similar to the coupling of hyperelastic dynamics for the skeleton – i.e.,
the solid constituent – with a conservative form of the so-called Arbitrary Lagrangian–Eulerian
(ALE) formulation of the compressible Navier–Stokes equations [15, 33] set on the same domain,
hence, with a domain velocity given by the skeleton physical velocity. The compressible anal-
ogy comes from the product of the fluid volume fraction with the fluid density that, together,
play the role of a varying fluid density. Finally, when compared with standard fluid-structure
interaction (FSI) problems, we have the additional distributed coupling term representing the
interaction between the two phases [6, 13, 14]. From this analogy, [10] introduced a time scheme
with an energy balance at the time-discrete level inspired from the work [32] initially devoted to
classical fluid-structure interaction problems. The proposed time scheme combined in a mono-
lithic formulation a mid-point energy-conserving extension of the mid-point Newmark scheme
and a second-order Crank–Nicolson scheme for the fluid– with an additional specific treatment

∗Corresponding author: dominique.chapelle@inria.fr
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of the Darcy term discretization in order to respect the energy balance in the fluid–skeleton
interaction. This scheme was proved in [10] to be second-order accurate and unconditionally
stable, similarly to its initial fluid-structure counterpart in [32].

However, this scheme has some drawbacks when considering its practical use in simulation
software – in industrial codes in particular – as it implies the use of a Newton-Raphson solution
procedure on a monolithic fluid+solid formulation. Therefore, we propose in the present article
an alternative time discretization inspired from state-of-the-art partitioned FSI time-schemes
[18, 19, 27]. Partitioned solvers aim at solving the interaction problem by coupling independent
solvers for the fluid and the solid [2, 3, 21, 28, 29, 35]. Therefore, they are much more modular
than monolithic approaches and allow the use of existing legacy software [30]. However, the
computational efficiency of partitioned approaches compared with a monolithic approach must
be assessed [4, 8, 27, 28]. Hence, the question of monolithic versus partitioned approaches has
already been raised in other specific poromechanics formulations, typically with Darcy flows
[34].

As we aim at relying on a classical Newmark scheme for the solid with an energy-conserving
extension for general hyperelastic laws [22, 25], we set out in this article to propose our time-
scheme based on the recent partitioned FSI scheme of [1]. This scheme combines a Newmark
scheme for the solid [22] with an effective Chorin-Temam projection scheme in the fluid [11,
23, 39]. The fluid viscous sub-step, taking into account the convective–viscous effects and the
geometrical non-linearities, is treated explicitly. Moreover, at each time step the projection
sub-step is implicitly coupled with the structure with Robin coupling conditions derived from
Nitsche’s interface method [7, 36]. The specificity of this coupling strategy is twofold. First,
it allows to prove stability independently of the added-mass effect typically present in blood
flow simulations, which in particular is known to compromise the stability of explicit coupling
– time-marching – schemes, see [8]. Note that this added-mass effect has also been evidenced
in poroelastic models with an impact that directly correlates with fluid fraction [5]. Secondly,
the coupling strategy of [1] is, to our best knowledge, the only time scheme that allows for
non-linear conservative time-stepping within a 3D general solid, as opposed to the more direct
Dirichlet-Neumann semi-implicit coupling [19]. From this starting point, we propose in the
present article a partitioned scheme adapted to the poromechanics formulation of [10], with
an adequate treatment of the additional fluid fraction variable, and a specific treatment of the
distributed coupling conditions. The resulting scheme is proved to satisfy a discrete energy
estimate, hence, to be unconditionally stable. Compared with [1] from which we draw the
inspiration of our time scheme, our major contributions lie in

• extending this time scheme to our more complex case of a two-phase poromechanical
problem;

• establishing the discrete energy estimate with the total free energy of the mixture, in a
general nonlinear framework.

Furthermore, as our proposed method has the same algorithmic complexity as that of [1], we
can similarly expect very significant gains in computational efficiency compared to a monolithic
approach, as already assessed numerically in [19], in particular.

The paper is organized as follows. In Section 2, we recall the formulation of the general
poromechanical model of [10] that we consider, with the associated energy balance. Next, in
Section 3 we introduce our proposed partitioned time discretization scheme, and we provide a
detailed stability analysis of this time scheme by establishing a discrete energy estimate. One
ingredient of this analysis is an adapted form of the so-called “geometric conservation law”
[16, 17, 38, 40], which in our case is shown to be satisfied by construction, up to perturbations
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induced by spatial discretization that we analyse in details. In Section 4, we provide some im-
plementation considerations, and several numerical illustrations for representative test problems
proposed in the recent literature [9]. In addition, we present a test case in which we precisely
monitor the energy balance and quantitatively assess the various sources of perturbations in-
duced by spatial discretization. Finally, we give some concluding remarks in Section 5.

2 Poromechanical formulation

2.1 Basic definitions

We consider the general poromechanical model proposed in [10]. This is a two-phase mixture
type model, in which a fluid phase and a solid phase are assumed to coexist and interact at
each point, φ denoting the volume fraction of the fluid phase – also called the porosity.

The solid phase is primarily described by the displacement field y
s
(ξ, t) defined at every

point ξ in the (fixed) reference domain Ω0, and at any time t in the time window considered.
We will use the corresponding velocity field

vs =
dy

s

dt
= ∂tys

(ξ, t).

The displacement field maps the reference domain Ω0 to the deformed domain Ωt, viz.

ξ ∈ Ω0 7→ x = ξ + y
s
(ξ, t),

and the associated deformation gradient tensor is

F = 1 +∇
ξ
y

s
,

with determinant J = detF . We point out that J represents the local change of volume of
the global mixture, whereas the change of volume of the solid phase itself is given by J(1 −
φ)/(1 − φ0), with φ0 the fluid volume fraction in the undeformed configuration, and we define
Js = J(1 − φ). We recall the definitions of the right Cauchy-Green deformation tensor and of
the Green-Lagrange strain tensor, i.e., respectively,

C = F T · F , e = 1
2(C − 1).

The mass per unit volume of the solid phase in the reference configuration is denoted by ρs0.
The internal fluid flow is represented by the velocity vf and pressure p, both fields being

naturally defined in the deformed domain Ωt. The fluid is assumed to be incompressible, hence,
the fluid mass per unit volume ρf is constant. The quantity m is defined as the added fluid
mass per unit volume of the reference configuration, i.e.

m = ρf(Jφ− φ0).

The fluid is assumed to be Newtonian, with the usual decomposition of the fluid Cauchy stress
tensor into viscous and hydrostatic contributions, i.e.

σ
f

= σ
vis

(vf)− p1.

Recalling the classical transformation rule from the Cauchy stress tensor to the second
Piola-Kirchhoff stress tensor

Σ = JF−1 · σ · F−T ,

3



here written for the global stress tensors of the mixture, we will denote by Σ
s

the contribution
of the solid in the second Piola-Kirchhoff stress tensor Σ, i.e.

Σ
s

= Σ− φJF−1 · σ
f
· F−T = Σ− φΣ

vis
+ φpJC−1, (1)

with Σ
vis

= JF−1 · σ
vis
· F−T , see Section 2.4 below for more detailed specifications of the

constitutive laws.

2.2 Strong formulation

The strong form of the poromechanical model reads [10]




ρs0(1− φ0)
dvs

dt
−∇ ξ · (F · Σs

) + pJF−T · ∇ ξφ

−Jφ2k−1
f
· (vf − vs) = ρs0(1− φ0)f, in Ω0, (2a)

1

J

d

dt
(ρfJφ vf) +∇ x ·

(
ρfφ vf ⊗ ρf(vf − vs)

)
− θvf

+φ2k−1
f
· (vf − vs)−∇ x · (φσvis

) + φ∇ xp = ρfφ f, in Ωt, (2b)

1

J

d

dt
(Jρfφ) +∇ x ·

(
ρfφ(vf − vs)

)
= θ, in Ωt (2c)

where k
f

denotes the so-called permeability tensor that governs the friction forces between the
solid and fluid phases (we will also use its inverse D

f
), f the applied distributed force per unit

mass, and θ the fluid mass input per unit volume in the deformed configuration that may be
used in some problems to model some specific inflow (θ > 0) or outflow (θ < 0) conditions.
This is a coupled system, albeit in essence the first equation governs the solid deformation, the
second the fluid flow, and the third the fluid mass conservation. Note in passing the slight abuse
of notation – that we will repeatedly use throughout the paper – by which we employ the same
notation for fields defined over the domains Ω0 and Ωt – e.g., for the velocity fields – which
means that composition by the deformation mapping or its inverse is implicitly used.

Remark 1 (Comparison with fluid-structure interaction)
From a formal standpoint the above system bears some interesting resemblance with a fluid-
structure interaction problem written in the Arbitrary Lagrangian-Eulerian (ALE) formalism,
see e.g. [1]. The main differences here are that the fluid and the solid interact everywhere
– and not only on boundaries – via the distributed friction term Jφ2k−1

f
· (vf − vs) and the

porosity gradient term pJF−T · ∇ ξφ, the ALE domain velocity is substituted with the physical
solid velocity, and the fluid mass conservation is made more complex due to the combination
of fluid and solid at every point (with fluid volume fraction φ). Nevertheless, the similarities
will allow us to draw some inspiration from a previously-proposed time scheme to design our
discrete problem, i.e. [1].

Of course, the above equations must be complemented with adequate boundary conditions.
Denoting by t the total traction on the boundary of the domain Ωt, and by t0 = J‖F−T · n0‖t
the transported counterpart on the boundary of the reference domain Ω0, as in [10] we will
consider:

• Dirichlet boundary conditions for both phases, i.e. prescribed skeleton displacements and
fluid velocities

y
s

= ypr
s
, vf = vpr

f ,

on the subpart of the boundary that we denote by Γ0
D in the reference configuration and

ΓtD in the current configuration;
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• Neumann boundary conditions – namely, prescribed forces – for both phases together,
with proportional repartition1 of boundary traction

σ · n = t ⇔ F · Σ · n0 = t0, σ
f
· n = t,

on Γ0
N (or ΓtN );

• Neumann boundary condition for the global mixture, but vanishing fluid flux and propor-
tional repartition of tangential boundary traction

σ · n = t ⇔ F · Σ · n0 = t0, πτ (σ
f
· n) = πτ (t), (vf − vs) · n = 0,

on Γ0
Nnof (or ΓtNnof), where πτ = 1 − n ⊗ n denotes the projection onto the tangential

plane;

• Neumann boundary condition for the global mixture with fluid velocity coinciding with
the solid velocity (no sliding)

σ · n = t ⇔ F · Σ · n0 = t0, vf = vs,

on Γ0
Nnos (or ΓtNnos).

2.3 Weak formulation

We consider test functions (v∗s , v
∗
f , q
∗) associated with the main unknowns (y

s
, vf ,m) and

satisfying similar Dirichlet boundary conditions, albeit in a homogeneous form, i.e.

v∗s |Γ0
D

= v∗f |Γ0
D

= 0,
(
(v∗f − v∗s ) · n

)
|Γ0

Nnof
= 0, (v∗f − v∗s )|Γ0

Nnos
= 0.

Multiplying System (2) by these test functions and integrating space-wise yields [10]





∫

Ω0

ρs0(1− φ0)
dvs

dt
· v∗s dΩ +

∫

Ω0

Σ
s

: dye · v∗s dΩ−
∫

Ωt

(vf − vs) · φ2k−1
f
· v∗s dΩ

+

∫

Ωt

p∇ xφ · v∗s dΩ =

∫

Ω0

ρs0(1− φ0)f · v∗s dΩ +

∫

Γ0
N

(1− φ)t0 · v∗s dS

+

∫

Γ0
Nnof

⋃
Γ0
Nnos

t0 · v∗s dS −
∫

Γt
Nnof

φ(πτ t) · v∗s dS −Rcf (v∗s ) (3a)

P f
i (v
∗
f ) +

∫

Ωt

(vf − vs) · φ2k−1
f
· v∗f dΩ +

∫

Ωt

(
− p

ρf
∇ x · (ρfφv

∗
f ) + φσ

vis
: ε(v∗f )

)
dΩ

=

∫

Ωt

ρfφ f · v∗f dΩ +

∫

Γt
N

⋃
Γt
Nnof

φ t · v∗f dS (3b)

∫

Ω0

dm

dt
q∗ dΩ +

∫

Ωt

∇ x · (ρfφ (vf − vs)) q
∗ dΩ =

∫

Ωt

θq∗ dΩ (3c)

with

P f
i (v
∗) =

∫

Ω0

d

dt

(
Jρfφ vf

)
· v∗ dΩ +

∫

Ωt

∇ x · (ρfφvf ⊗ (vf − vs)) · v∗ dΩ−
∫

Ωt

θvf · v∗ dΩ,

1proportionality is meant here according to the respective volume fractions of the two phases

5



and the residual representing the fluid reaction forces

Rcf (v∗s ) = P f
i (v
∗
s ) +

∫

Ωt

(vf − vs) · φ2k−1
f
· v∗s dΩ +

∫

Ωt

(
− p

ρf
∇ x · (ρfφv

∗
s ) + φσ

vis
: ε(v∗s )

)
dΩ

−
∫

Ωt

ρfφ f · v∗s dΩ−
∫

Γt
N

φ t · v∗s dS −
∫

Γt
Nnof

φ(πτ t) · v∗s dS.

This weak formulation characterizes the main unknowns (y
s
, vf ,m), from which all other quan-

tities can be computed. In particular, we have φ = m/ρf+φ0
J(y

s
) , and the pressure p will be given by

a constitutive equation, see next section. Note that – as is usual in computational mechanics,
especially in a nonlinear framework – we do not dwell on the mathematical definition of the
functional spaces, typically considered to be Sobolev spaces of the form W 1,s with s sufficiently
large for all integrals in (3) to be well-defined, see e.g. [12, 31] and references therein for more
details.

In order to transform (3a) into a more compact form, we define the following pseudo-residual
based on the above-introduced residual

R̄cf (v∗s ) = Rcf (v∗s )−
∫

Ωt

(vf − vs) · φ2k−1
f
· v∗s dΩ +

∫

Ωt

p∇ xφ · v∗s dΩ

= P f
i (v
∗
s ) +

∫

Ωt

(
−pφ∇ x · v∗s + φσ

vis
: ε(v∗s )

)
dΩ−

∫

Ωt

ρfφ f · v∗s dΩ

−
∫

Γt
N

φ t · v∗s dS −
∫

Γt
Nnof

φ(πτ t) · v∗s dS,

where we have used the identity ∇ x · (φv∗s ) = φ∇ x · v∗s + ∇ xφ · v∗s . We infer the following
alternative form for (3a)

∫

Ω0

ρs0(1− φ0)
dvs

dt
· v∗s dΩ +

∫

Ω0

Σ
s

: dye · v∗s dΩ =

∫

Ω0

ρs0(1− φ0)f · v∗s dΩ

+

∫

Γ0
N

(1− φ)t0 · v∗s dS +

∫

Γ0
Nnof

⋃
Γ0
Nnos

t0 · v∗s dS −
∫

Γt
Nnof

φ(πτ t) · v∗s dS − R̄cf (v∗s ).

2.4 Constitutive laws and energy balance

We consider a total stress tensor given by [10]

Σ = φΣ
vis

+
∂Ψ(e,m)

∂e

∣∣∣
m

+
∂Ψdamp(e, ė)

∂ė

∣∣∣
e
,

with Ψ(e,m) the Helmholtz free energy of the mixture, and Ψdamp(e, ė) a viscous pseudo-
potential. Due to fluid incompressibility, Ψ(e,m) = Ψs(e, Js) with Ψs the solid free energy
– meaning that the fluid cannot store any energy – hence, we have

Σ = φΣ
vis

+
∂Ψs(e, Js)

∂e

∣∣∣
Js

+
∂Ψdamp(e, ė)

∂ė

∣∣∣
e
− pJC−1,

see [10]. Recalling (1), this gives for the solid contribution

Σ
s

=
∂Ψ(e,m)

∂e

∣∣∣
m

+
∂Ψdamp(e, ė)

∂ė

∣∣∣
e

+ φpJC−1 (4)

=
∂Ψs(e, Js)

∂e

∣∣∣
Js

+
∂Ψdamp(e, ė)

∂ė

∣∣∣
e
− (1− φ)pJC−1.
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In addition, we have

p = ρf

∂Ψ(e,m)

∂m

∣∣∣
e

= −
∂Ψs(e, Js)

∂Js

∣∣∣
e
.

Defining the total kinetic energy of the system

K =
1

2

∫

Ω0

ρs0(1− φ0)v2
s dΩ +

1

2

∫

Ωt

ρfφ v
2
f dΩ,

and the total Helmholtz free energy

W =

∫

Ω0

Ψ(e,m) dΩ,

we can now recall the following energy balance result, see [10, Theorem 7]

dK
dt

+
dW
dt

= −
∫

Ω0

∂Ψdamp

∂ė
: ė dΩ−

∫

Ωt

φσ
vis

: ε(vf) dΩ−
∫

Ωt

(vf − vs) · φ2k−1
f
· (vf − vs) dΩ

+ Ptotalext + JKb + JKθ + JWb + JGθ, (5)

the operator ε denoting the usual symmetrized gradient, and with

Ptotalext =

∫

Ω0

ρs0(1− φ0)f · vs dΩ +

∫

Ωt

ρfφ f · vf dΩ +

∫

∂Ωt

t ·
(
(1− φ)vs + φvf

)
dS

the total power of external forces,

JKb = −1

2

∫

∂Ωt

ρfφv
2
f (vf − vs) · ndS, JKθ =

1

2

∫

Ωt

v2
f θ dΩ,

the incoming rates of fluid kinetic energy due to the boundary flow and source term, respectively,
and

JWb = −
∫

∂Ωt

ρfφψm(vf − vs) · ndS, JGθ =

∫

Ωt

gmθ dΩ,

similar incoming rates of Helmholtz and Gibbs free energies. The physical interpretation of (5)
is that total energy variations correspond to dissipation losses – in the fluid and solid phases
separately, and in their interaction – and external source terms.

3 Effective and energy-preserving time discretization

In the sequel we use the standard mid-point notation

gn+ 1
2 =

gn + gn+1

2
,

except when otherwise specified for some specific quantities that we then denote by gn+ 1
2
], to

then emphasize that a discretization rule other than simple mid-point is being considered.
For any field w0

D in V 0 = H1(Ω0)3, we define

V 0(w0
D) = {v∗ ∈ V 0

∣∣∣ v∗|Γ0
D

= w0
D}.

Assuming a sufficiently regular mapping between the reference domain Ω0 and the deformed
configuration of time step n denoted by Ωn

f , we define

Qn = L2(Ωn
f ),
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and for any (wD, w) in (V n)2 = (H1(Ωn
f )3)2,

V n(wD) = {v∗ ∈ V n
∣∣∣ v∗|Γn

D
= wD},

V n(wD, w) = {v∗ ∈ V n
∣∣∣ v∗|Γn

D
= wD, v

∗|Γn
Nnos

= w|Γn
Nnos

, (v∗ − w) · n = 0 on ΓnNnof}.

As in the continuous framework, we will use the same notation for functions defined in Ω0 and
Ωn

f .
All the solution spaces considered here are implicitly assumed from now on to be discrete in

space, typically using a finite element type strategy, but we do not dwell on space discretization
in this paper. Nevertheless, we will denote by h the typical maximum diameter of all the finite
elements in the mesh.

3.1 Time-discrete partitioned coupling method

We now define our proposed partitioned method, drawing some inspiration from the method
previously proposed in [1] for fluid-structure interaction, see above Remark 1.

Given the solutions (yn
s
, vns ) and (vnf ,m

n) up to time step n, perform the following steps:

• Step 0. Mesh and porosity updates: Ωn+1
f = (IΩ0 + yn

s
)Ω0 and φn = mn/ρf+φ0

J(yn
s

) .

• Step 1. Explicit step: find ṽn+1
f ∈ V n+1(vpr

f (tn+1)) such that ∀ṽ∗f ∈ V n+1(0)

∫

Ωn+1
f

ρf

∆t
φnṽn+1

f · ṽ∗f dΩ−
∫

Ωn
f

ρf

∆t
φn−1vnf · ṽ∗f dΩ

+

∫

Ωn
f

∇ x ·
(
ρfφ

n−1ṽn+1
f ⊗ (vnf − v

n− 1
2

s )
)
· ṽ∗f dΩ + 2µ

∫

Ωn+1
f

φnε(ṽn+1
f ) : ε(ṽ∗f ) dΩ

+
γµ

h

∫

Γn+1
Nnos

φn(ṽn+1
f − vn−

1
2

s ) · ṽ∗f dS +
γµ

h

∫

Γn+1
Nnof

φn
[
(ṽn+1

f − vn−
1
2

s ) · n
]
ṽ∗f · ndS

= 2µ

∫

Γn+1
Nnos∪Γn+1

Nnof

φnε(ṽn+1
f ) · n · ṽ∗f dS +

∫

Ωn+1
f

θnṽn+1
f · ṽ∗f dΩ, (6)

where γ denotes a stabilization parameter, see Remark 2 below.

• Step 2. Implicit step (implicit coupling of two sub-steps, fluid and solid)

– Step 2a. Fluid projection sub-step (where pn+1=̂ρf
∂Ψ

∂m

∣∣∣
n+ 1

2
]
, see below)

Find (vn+1
f ,mn+1) ∈ V n+1(vpr

f (tn+1), v
n+ 1

2
s )×Qn+1 such that ∀(v∗f , q∗) ∈ V n+1(0, 0)×

Qn+1





∫

Ω0

mn+1 −mn

∆t
q∗ dΩ +

∫

Ωn+1
f

∇ x · (ρfφ
n (vn+1

f − vn+ 1
2

s ))q∗ dΩ =

∫

Ωn+1
f

q∗θn dΩ (7a)

∫

Ωn+1
f

ρf

∆t
φn (vn+1

f − ṽn+1
f ) · v∗f dΩ−

∫

Ωn+1
f

pn+1(∇ xφ
n) · v∗f dΩ

−
∫

Ωn+1
f

φnpn+1∇ x · v∗f dΩ +

∫

Ωn+1
f

(vn+1
f − vn+ 1

2
s ) · |φn|2D

f
· v∗f dΩ

=

∫

Ωn+1
f

ρfφ
nfn+1 · v∗f dΩ +

∫

Γn+1
N ∪Γn+1

Nnof

φntn+1 · v∗f dS

(7b)
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– Step 2b. Solid step (Newmark mid-point scheme)

Find (yn+1
s

, vn+1
s ) ∈ V 0(ypr

s
(tn+1))× V 0(ẏpr

s
(tn+1)) such that ∀v∗s ∈ V 0(0)





yn+1
s
− yn

s

∆t
=
vn+1

s + vns
2

(8a)
∫

Ω0

ρs0

∆t
(1− φ0)(vn+1

s − vns ) · v∗s dΩ

+

∫

Ω0

(
∂Ψ

∂e

∣∣∣
n+ 1

2
]

+
∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]
)

: dye
n+ 1

2
] · v∗s dΩ

+

∫

Ωn+1
f

φnpn+1∇ x · v∗s dΩ +
γµ

h

∫

Γn+1
Nnos

φn(v
n+ 1

2
s − vn−

1
2

s ) · v∗s dS

+
γµ

h

∫

Γn+1
Nnof

φn
[
(v
n+ 1

2
s − vn−

1
2

s ) · n
]
v∗s · ndS

=

∫

Ω0

ρs0(1− φ0)fn+1 · v∗s dΩ +

∫

Γ0
N

(1− φn)tn+1
0 · v∗s dS

+

∫

Γ0
Nnos∪Γ0

Nnof

tn+1
0 · v∗s dS −

∫

Γn+1
Nnof

φ(πτ t
n+1) · v∗s dS − R̄df (v∗s )

(8b)

Here, R̄df denotes the discrete version of R̄cf , such that for any v∗ in V n+1

R̄df (v∗) =

∫

Ωn+1
f

ρf

∆t
φn vn+1

f · v∗ dΩ−
∫

Ωn
f

ρf

∆t
φn−1vnf · v∗ dΩ

+

∫

Ωn
f

∇ x ·
(
ρfφ

n−1ṽn+1
f ⊗ (vnf − v

n− 1
2

s )
)
· v∗ dΩ−

∫

Ωn+1
f

θnṽn+1
f · v∗ dΩ

−
∫

Ωn+1
f

φnpn+1∇ x · v∗ dΩ + 2µ

∫

Ωn+1
f

φnε(ṽn+1
f ) : ε(v∗) dΩ

−
∫

Ωn+1
f

ρfφ
nfn+1 · v∗ dΩ−

∫

Γn+1
N

φntn+1 · v∗ dS −
∫

Γn+1
Nnof

φn(πτ t
n+1) · v∗ dS,

the strain-related quantities are discretized as follows

en+ 1
2
] = e(yn+ 1

2
s

), ėn+ 1
2
] =

en+1 − en
∆t

,

dye
n+ 1

2
] · v∗ =

1

2

(
F (yn+ 1

2
s

)T · ∇ ξv
∗ +∇ T

ξ v
∗ · F (yn+ 1

2
s

)
)
,

and the discrete solid stress tensor contribution is obtained using (4), with the following dis-

cretization choices for
∂Ψ

∂e

∣∣∣
n+ 1

2
]

(see [22]) and pn+1





∂Ψ

∂e

∣∣∣
n+ 1

2
]
=̂
∂Ψ

∂e
(en+ 1

2
],mn+1)

+

(
Ψ(en+1,mn+1)−Ψ(en,mn+1)

∆t
− ∂Ψ

∂e
(en+ 1

2
],mn+1) : ėn+ 1

2

)
ėn+ 1

2

ėn+ 1
2 : ėn+ 1

2

(9a)

pn+1

ρf
=̂
∂Ψ

∂m

∣∣∣
n+ 1

2
]
=̂

Ψ(en,mn+1)−Ψ(en,mn)

mn+1 −mn
. (9b)
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In the sequel, we will choose Ψdamp = ηd
2 tr(ė)2, with the discretization

∫

Ω0

∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · v∗s dΩ =

∫

Ω0

ηd dye
n+ 1

2
] · vn+ 1

2
s : dye

n+ 1
2
] · v∗s dΩ.

Remark 2 (Splitting and Robin boundary conditions rationale)
In essence, Step 1 takes care of the advection-diffusion part of the fluid problem, with an
explicit treatment of the advection term (linear problem), and no coupling with the solid part
other than via the Robin-type boundary conditions on the “fluid-proof” boundaries, namely,
Γ0
Nnof

⋃
Γ0
Nnos. Then, Step 2 corrects the velocity computed in Step 1 by taking into account

the coupling of the solid component with the pressure part of the fluid problem, including for

the distributed friction term. Eventually, the fluid inertia term

∫

Ω0

d

dt

(
Jρfφ vf

)
· v∗ dΩ of the

continuous problem is decomposed in the discrete problem into two contributions that appear
in Steps 1 and 2a, i.e., respectively,

∫

Ωn+1
f

ρf

∆t
φnṽn+1

f · v∗ dΩ−
∫

Ωn
f

ρf

∆t
φn−1vnf · v∗ dΩ and

∫

Ωn+1
f

ρfφ
n v

n+1
f − ṽn+1

f

∆t
· v∗ dΩ.

As for Robin boundary conditions, they are introduced in Steps 1 and 2b – with the associated
stabilization parameter γ – to take care of Dirichlet boundary conditions that relate the fluid and
solid velocities, while ensuring stability in the coupling, as will be demonstrated in the below
stability analysis. This combination of splitting strategy with Robin boundary conditions is
similar to that proposed in [1] for fluid-structure interaction, albeit here extended to a more
complex problem.

3.2 Stability analysis

Our objective in this section is to establish the stability of our proposed scheme, namely,
a discrete energy balance similar to (5) up to some numerical dissipation terms. We will then
naturally assume that there exists a solution (yn

s
, vns , v

n
f ,m

n) to the discrete equations (6)–(8)
up to time step n, and that this solution is admissible, which we characterize by

J(yn
s
) > 0, 0 < φn =

mn/ρf + φ0

J(yn
s
)

< 1,

everywhere, with obvious physical interpretations for these conditions. In fact, in the stability
analysis, for technical reasons we will make a stronger assumption on the jacobian J(yn

s
), i.e.

maxξ∈Ω0 J(yn
s
)

minξ∈Ω0 J(yn
s
)
< M, (10)

with M independent of n. This is in order to be able to invoke the following inverse inequality.

Lemma 1
Assuming that (10) holds, there exists a constant Cie such that

‖
√
φn ε(v∗) · n‖2

L2(Γn+1
Nnos)

≤ Cie
h
‖
√
φn ε(v∗)‖2

L2(Ωn+1
f )

, ∀v∗ ∈ H1(Ωn
f )3. (11)

This inverse inequality is obtained by a standard scaling argument when noting that

‖
√
φn ε(v∗) · n‖2

L2(Γn+1
Nnos)

= ‖φn(ε(v∗) · n)2‖L1(Γn+1
Nnos)

=
∥∥m

n/ρf + φ0

J(yn
s
)

(ε(v∗) · n)2
∥∥
L1(Γn+1

Nnos)
,
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where (mn/ρf + φ0)ε(v∗)2 is a polynomial – hence, in a finite dimensional space – due to the
spatial discretization of mn and v∗. By contrast, 1/J(yn

s
) is not a polynomial in general, which

leads to Condition (10).

Remark 3 (Inverse inequality and condition (10))
First of all, it should be noted that the inverse inequality (11) is rather “conservative” in itself,
due to the fact that only the mesh elements adjacent to the boundary Γn+1

Nnos are concerned in
the left-hand side, hence, in the starting point of the scaling argument. Moreover, in the course
of the scaling argument, Condition (10) could clearly be relaxed in the form

maxξ∈K J(yn
s
)

minξ∈K J(yn
s
)
< M,

for every finite element K in the mesh. A particular case arises when considering linear finite
elements for the solid displacements, in which case the Jacobian is constant within each element.

For the sake of simplicity in the stability analysis, we will assume that t = 0 on ΓNnos,
ΓNnof = ∅, f = 0, θ = 0 , ypr

s
= 0 and vpr

f = 0. We then have the following result.

Proposition 2
Assuming that (10) holds and that γ > Cie, the time scheme (6)–(8) satisfies

En+1 − En
∆t

+
γµ

2h
‖vn+ 1

2
s ‖2

φn,Γn+1
Nnos
− γµ

2h
‖vn−

1
2

s ‖2
φn,Γn+1

Nnos

≤
(
tn+1, vn+1

f

)
φn,Γn+1

N
+

(
tn+1
0 , v

n+ 1
2

s

)

1−φn,Γ0
N

−
∫

Ω0

∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

−
∫

Ωn+1
f

(vn+1
f − vn+ 1

2
s ) · |φn|2D

f
· (vn+1

f − vn+ 1
2

s ) dΩ− T1

− ρf

2∆t

∥∥ṽn+1
f − vnf

∥∥2

φn−1,Ωn
f
− ρf

2∆t

∥∥vn+1
f − ṽn+1

f

∥∥2

φn,Ωn+1
f

− Cµ
∥∥ε(ṽn+1

f )
∥∥2

φn,Ωn+1
f

− C µ
L
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos
, (12)

with C a positive dimensionless constant, L homogeneous to a length, En the total discrete
energy at step n, i.e.

En = Knf +Kns +Wn =
ρf

2
‖vnf ‖2φn−1,Ωn

f
+
ρs0

2
‖vns ‖21−φ0,Ω0 +

∫

Ω0

Ψ(en,mn) dΩ,

and T1 the discrete flux of outgoing fluid kinetic energy that crosses the domain borders

T1 =
1

2

∫

∂Ωn
f \Γn

Nnos

ρfφ
n−1|ṽn+1

f |2(vnf − v
n− 1

2
s ) · ndS.

Proof. Respectively evaluating the equations (6), (7b) and (8) with the test functions

ṽ∗f = ṽn+1
f , v∗f = vn+1

f − vn+ 1
2

s , and v∗s = v
n+ 1

2
s ,

we get, defining

Rp(v∗) =

∫

Ωn+1
f

ρfφ
n v

n+1
f − ṽn+1

f

∆t
· v∗ dΩ−

∫

Ωn+1
f

φnpn+1∇ x · v∗ dΩ−
∫

Γn+1
N

φntn+1 · v∗ dS

11



and using the weighted L2-scalar product notation (g, h)ψ,Ω =
∫

Ω ψ gh dΩ,

ρf

∆t

(
ṽn+1

f , ṽn+1
f

)
φn,Ωn+1

f
− ρf

∆t

(
vnf , ṽ

n+1
f

)
φn−1,Ωn

f

+

∫

Ωn
f

∇ x ·
(
ρfφ

n−1ṽn+1
f ⊗ (vnf − v

n− 1
2

s )
)
· ṽn+1

f dΩ + 2µ‖ε(ṽn+1
f )‖φn,Ωn+1

f

+
γµ

h

(
ṽn+1

f − vn−
1
2

s , ṽn+1
f

)

φn,Γn+1
Nnos

= 2µ
(
ε(ṽn+1

f ) · n, ṽn+1
f

)
φn,Γn+1

Nnos

, (13a)

ρf

∆t

(
vn+1

f − ṽn+1
f , vn+1

f

)
φn,Ωn+1

f
−
∫

Ωn+1
f

pn+1(∇ xφ
n) · (vn+1

f − vn+ 1
2

s ) dΩ

−
∫

Ωn+1
f

φnpn+1∇ x · vn+1
f dΩ +

∫

Ωn+1
f

(vn+1
f − vn+ 1

2
s ) · |φn|2D

f
· (vn+1

f − vn+ 1
2

s ) dΩ

=
(
tn+1, vn+1

f

)
φn,Γn+1

N
+Rp(v

n+ 1
2

s ), (13b)

ρs0

2∆t
‖vn+1

s ‖21−φ0,Ω0 −
ρs0

2∆t
‖vns ‖21−φ0,Ω0

+

∫

Ω0

(
∂Ψ

∂e

∣∣∣
n+ 1

2
]

+
∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]
)

: dye
n+ 1

2
] · vn+ 1

2
s dΩ +

∫

Ωn+1
f

φnpn+1∇ x · v
n+ 1

2
s dΩ

+
γµ

h

(
v
n+ 1

2
s − vn−

1
2

s , v
n+ 1

2
s

)

φn,Γn+1
Nnos

=

(
tn+1
0 · vn+ 1

2
s

)

1−φn,Γ0
N

− R̄df (v
n+ 1

2
s ). (13c)

For the first two terms of (13a), we use 2(a, b) = a2 + b2 − (a− b)2 to obtain

ρf

∆t

(
ṽn+1

f , ṽn+1
f

)
φn,Ωn+1

f
− ρf

∆t

(
vnf , ṽ

n+1
f

)
φn−1,Ωn

f

=
ρf

∆t

(
‖ṽn+1

f ‖2
φn,Ωn+1

f

− 1

2
‖ṽn+1

f ‖2φn−1,Ωn
f
− 1

2
‖vnf ‖2φn−1,Ωn

f
+

1

2
‖ṽn+1

f − vnf ‖2φn−1,Ωn
f

)
. (14)

Then, the next term in (13a) can be rewritten as in the proof of [10, Theorem 7]

∫

Ωn
f

∇ x · (ρfφ
n−1ṽn+1

f ⊗ (vnf − v
n− 1

2
s )) · ṽn+1

f dΩ

=

∫

Ωn
f

1

2
|ṽn+1

f |2∇ x · (ρfφ
n−1(vnf − v

n− 1
2

s )) dΩ + T1. (15)

Now, recalling φn = mn/ρf+φ0
J(yn

s
) we evaluate (7a) at time step n− 1 with q∗ = |ṽn+1

f |2 – assuming

this is allowed by the spatial discretization, see Section 3.3. This gives

1

2

∫

Ωn
f

|ṽn+1
f |2∇ x · (ρfφ

n−1 (vnf − v
n− 1

2
s )) dΩ = −1

2

∫

Ω0

mn −mn−1

∆t
|ṽn+1

f |2 dΩ

= −1

2

∫

Ω0

φnρfJ(yn
s
)− φn−1ρfJ(yn−1

s
)

∆t
|ṽn+1

f |2 dΩ

= − ρf

2∆t

(
‖ṽn+1

f ‖2
φn,Ωn+1

f

− ‖ṽn+1
f ‖2φn−1,Ωn

f

)
. (16)

12



Gathering (14), (15) and (16), we get

ρf

∆t

(
ṽn+1

f , ṽn+1
f

)
φn,Ωn+1

f
− ρf

∆t

(
vnf · ṽn+1

f

)
φn−1,Ωn

f
+

∫

Ωn
f

∇ x·
(
ρfφ

n−1ṽn+1
f ⊗(vnf −v

n− 1
2

s )
)
· ṽn+1

f dΩ

=
ρf

2∆t

(
‖ṽn+1

f ‖2
φn,Ωn+1

f

− ‖vnf ‖2φn−1,Ωn
f

+ ‖ṽn+1
f − vnf ‖2φn−1,Ωn

f

)
+ T1. (17)

Then, substituting this result in (13a) and summing with (13b) and (13c) while applying
the identity (a − b, a) = 1

2a
2 − 1

2b
2 + 1

2(a − b)2 to (vn+1
f − ṽn+1

f , vn+1
f )φn,Ωn+1 , we get (using

∆t v
n+ 1

2
s = yn+1

s
− yn

s
)

Kn+1
f −Knf

∆t
+
Kn+1

s −Kns
∆t

+

∫

Ω0

(
∂Ψ

∂e

∣∣∣
n+ 1

2
]

+
∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]
)

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

−
∫

Ωn+1
f

φnpn+1∇ x ·
(
vn+1

f − vn+ 1
2

s

)
dΩ−

∫

Ωn+1
f

pn+1(∇ xφ
n) · (vn+1

f − vn+ 1
2

s ) dΩ

+
ρf

2∆t

[∥∥ṽn+1
f − vnf

∥∥2

φn−1,Ωn
f

+
∥∥vn+1

f − ṽn+1
f

∥∥2

φn,Ωn+1
f

]
−2µ

(
ε(ṽn+1

f ) · n, (ṽn+1
f − vn+ 1

2
s )

)

φn,Γn+1
Nnos︸ ︷︷ ︸

T2

+
γµ

h

[(
v
n+ 1

2
s − ṽn+1

f , v
n+ 1

2
s

)

φn,Γn+1
Nnos

+

(
ṽn+1

f − vn−
1
2

s , ṽn+1
f

)

φn,Γn+1
Nnos

]

︸ ︷︷ ︸
T3

=
(
tn+1, vn+1

f

)
φn,Γn+1

N
+

(
tn+1
0 , v

n+ 1
2

s

)

1−φn,Γ0
N

− T1

− 2µ
∥∥ε(ṽn+1

f )
∥∥2

φn,Ωn+1
f

−
∫

Ωn+1
f

(vn+1
f − vn+ 1

2
s ) · |φn|2D

f
· (vn+1

f − vn+ 1
2

s ) dΩ. (18)

We used here the following identity that comes from (6) evaluated with ṽ∗f = v
n+ 1

2
s

R̄df (v
n+ 1

2
s )−Rp(v

n+ 1
2

s )

= 2µ

(
ε(ṽn+1

f ) · n, vn+ 1
2

s

)

φn,Γn+1
Nnos

− γµ

h

(
ṽn+1

f − vn−
1
2

s , v
n+ 1

2
s

)

φn,Γn+1
Nnos

.

Considering now

T3 =
γµ

h

[
(v
n+ 1

2
s − ṽn+1

f , v
n+ 1

2
s )φn,Γn+1

Nnos
+ (ṽn+1

f − vn−
1
2

s , ṽn+1
f )φn,Γn+1

Nnos

]

=
γµ

h

[
(v
n+ 1

2
s − ṽn+1

f , v
n+ 1

2
s − ṽn+1

f )φn,Γn+1
Nnos

+ (v
n+ 1

2
s − ṽn+1

f , ṽn+1
f )φn,Γn+1

Nnos

+ (ṽn+1
f − vn−

1
2

s , ṽn+1
f )φn,Γn+1

Nnos

]

=
γµ

h
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos
+
γµ

h
(v
n+ 1

2
s − vn−

1
2

s , ṽn+1
f )φn,Γn+1

Nnos
,

we have that

(v
n+ 1

2
s −vn−

1
2

s , ṽn+1
f )φn,Γn+1

Nnos
= (v

n+ 1
2

s −vn−
1
2

s , ṽn+1
f −vn+ 1

2
s )φn,Γn+1

Nnos
+(v

n+ 1
2

s −vn−
1
2

s , v
n+ 1

2
s )φn,Γn+1

Nnos
.

13



Using 2(a, b) ≤ ‖a‖2 + ‖b‖2 with the first term, and 2(a − b, a) = ‖a‖2 − ‖b‖2 + ‖a − b‖2 with
the second one, we obtain

(v
n+ 1

2
s − vn−

1
2

s , ṽn+1
f )φn,Γn+1

Nnos
≥ −1

2
‖vn+ 1

2
s − vn−

1
2

s ‖2
φn,Γn+1

Nnos
− 1

2
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos

+
1

2
‖vn+ 1

2
s − vn−

1
2

s ‖2
φn,Γn+1

Nnos
+

1

2
‖vn+ 1

2
s ‖2

φn,Γn+1
Nnos
− 1

2
‖vn−

1
2

s ‖2
φn,Γn+1

Nnos
,

hence,

T3 ≥
γµ

2h
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos
+
γµ

2h
‖vn+ 1

2
s ‖2

φn,Γn+1
Nnos
− γµ

2h
‖vn−

1
2

s ‖2
φn,Γn+1

Nnos
. (19)

For the term T2, we use Young’s inequality (a, b) ≤ 1
2L‖a‖2 + L

2 ‖b‖2, with L homogeneous to a
length here, to get

−T2 ≤ µ
[
L‖ε(ṽn+1

f ) · n‖2
φn,Γn+1

Nnos
+

1

L
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos

]
,

and the inverse inequality (11) then gives

T2 ≥ −µ
CieL

h
‖ε(ṽn+1

f )‖2
φn,Ωn+1

f

− µ

L
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos
. (20)

Using the bounds (19) and (20) in (18), we obtain

Kn+1
f −Knf

∆t
+
Kn+1

s −Kns
∆t

+

∫

Ω0

(
∂Ψ

∂e

∣∣∣
n+ 1

2
]

+
∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]
)

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

−
∫

Ωn+1
f

pn+1(∇ xφ
n) · (vn+1

f − vn+ 1
2

s ) dΩ−
∫

Ωn+1
f

pn+1φn∇ x · (vn+1
f − vn+ 1

2
s ) dΩ

︸ ︷︷ ︸
T4

+
ρf

2∆t

∥∥ṽn+1
f − vnf

∥∥2

φn−1,Ωn
f

+
ρf

2∆t

∥∥vn+1
f − ṽn+1

f

∥∥2

φn,Ωn+1
f

+
γµ

2h
‖vn+ 1

2
s ‖2

φn,Γn+1
Nnos
− γµ

2h
‖vn−

1
2

s ‖2
φn,Γn+1

Nnos

+ µ

(
2− CieL

h

)∥∥ε(ṽn+1
f )

∥∥2

φn,Ωn+1
f

+ µ

(
γ

2h
− 1

L

)
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos

≤ (tn+1, vn+1
f )φn,Γn+1

N
+ (tn+1

0 , v
n+ 1

2
s )1−φn,Γ0

N
− T1

−
∫

Ωn+1
f

(vn+1
f − vn+ 1

2
s ) · |φn|2D

f
· (vn+1

f − vn+ 1
2

s ) dΩ.

Now, using ∇ · (φvf) = ∇φ · vf + φ∇ · vf , and (7a) evaluated with
pn+1

ρf
– again, assuming this

is allowed by the spatial discretization, see Section 3.3 – we have

T4 = −
∫

Ωn+1
f

pn+1(∇ xφ
n) · (vn+1

f − vn+ 1
2

s ) dΩ−
∫

Ωn+1
f

pn+1φn∇ x · (vn+1
f − vn+ 1

2
s ) dΩ

= −
∫

Ωn+1
f

pn+1∇ x · (φn(vn+1
f − vn+ 1

2
s )) dΩ

=

∫

Ω0

pn+1

ρf

mn+1 −mn

∆t
dΩ

=

∫

Ω0

∂Ψ

∂m

∣∣∣
n+ 1

2
]mn+1 −mn

∆t
dΩ. (21)
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Furthermore, thanks to (9) we have

∂Ψ

∂e

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · vn+ 1

2
s +

∂Ψ

∂m

∣∣∣
n+ 1

2
]mn+1 −mn

∆t

=
∂Ψ

∂e

∣∣∣
n+ 1

2
]

:
en+1 − en

∆t
+
∂Ψ

∂m

∣∣∣
n+ 1

2
]mn+1 −mn

∆t

=
Ψn+1 −Ψn

∆t
.

Finally, we are led to

En+1 − En
∆t

+
γµ

2h
‖vn+ 1

2
s ‖2

φn,Γn+1
Nnos
− γµ

2h
‖vn−

1
2

s ‖2
φn,Γn+1

Nnos

≤
(
tn+1, vn+1

f

)
φn,Γn+1

N
+

(
tn+1
0 , v

n+ 1
2

s

)

1−φn,Γ0
N

−
∫

Ω0

∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

−
∫

Ωn+1
f

(vn+1
f − vn+ 1

2
s ) · |φn|2D

f
· (vn+1

f − vn+ 1
2

s ) dΩ− T1

− ρf

2∆t

∥∥ṽn+1
f − vnf

∥∥2

φn−1,Ωn
f
− ρf

2∆t

∥∥vn+1
f − ṽn+1

f

∥∥2

φn,Ωn+1
f

− µ
(

2− CieL

h

)∥∥ε(ṽn+1
f )

∥∥2

φn,Ωn+1
f

− µ
(
γ

2h
− 1

L

)
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos
, (22)

Therefore, we can have (12) provided we can find L such that 2− CieL

h
≥ 0 and

γ

2h
− 1

L
> 0,

i.e. when γ > Cie. �

Remark 4
Proposition 2 ensures the energy stability of our scheme provided γµ∆t = O(h). This CFL-like

condition and the interface term γµ
2h‖v

n+ 1
2

s ‖2φn,ΓNnos
, that could be incorporated to the numeri-

cal energy if ΓNnos was fixed, already appeared in the Robin based fluid-structure interaction
splitting scheme of [1].

Remark 5
All the physical dissipation terms already seen in the continuous energy balance (5) are present in

this discrete balance. In addition, as in [1], the terms
∥∥ṽn+1

f − vnf
∥∥2

φn−1,Ωn
f
,
∥∥vn+1

f − ṽn+1
f

∥∥2

φn,Ωn+1
f

and ‖ṽn+1
f − vn+ 1

2
s ‖2

φn,Γn+1
Nnos

bring numerical dissipation.

Remark 6
In line with Remark 1, let us mention that this stability analysis can easily be reduced to a fluid-
structure interaction problem in the ALE formalism. Nevertheless, one noticeable difference is
that (16) – a crucial ingredient of the stability analysis that rests here on (7a) and the definition
of φ – would then require a “geometric conservation law” (GCL), see e.g. Proposition 4.7.1 in
[37], or (9.53) in [20]. Indeed, this type of condition is classically used to ensure stability at the
discrete level with moving domains [16, 17, 20, 24, 38, 40].

3.3 Consistency considerations pertaining to spatial discretization

In this section, we provide some insight on consistency perturbations that may arise in the
above energy estimate due to spatial discretization. First of all, since the porosity is computed

15



explicitly at Step 0 of our algorithm, it is natural to compute it exactly as φn = mn/ρf+φ0
J(yn

s
) at

the quadrature points, and store these values for use in the next steps. Then, in order for (21)
to hold, we recall that the discrete spaces for the pressure and the mass need to coincide, a
reasonable choice that we will make. However, in this case we need to adapt the pressure law
at Step 2a into

pn+1=̂πm

(
ρf
∂Ψ

∂m

∣∣∣
n+ 1

2
]
)
, (23)

where πm denotes a projection operator onto the discrete space chosen for the fluid mass.
In our case we will consider L2-projection. Then, in our above stability analysis, the only
modification induced pertains to (16), for which we now have by testing (7a) at time step n− 1
with q∗h = πm(|ṽn+1

f |2)

1

2

∫

Ωn
f

|ṽn+1
f |2∇ x·(ρfφ

n−1 (vnf − v
n− 1

2
s )) dΩ

=
1

2

∫

Ωn
f

πm(|ṽn+1
f |2)∇ x · (ρfφ

n−1 (vnf − v
n− 1

2
s )) dΩ + S1

= −1

2

∫

Ω0

mn −mn−1

∆t
πm(|ṽn+1

f |2) dΩ + S1

= −1

2

∫

Ω0

φnρfJ(yn
s
)− φn−1ρfJ(yn−1

s
)

∆t
πm(|ṽn+1

f |2) dΩ + S1

= − ρf

2∆t

(
‖(πm(|ṽn+1

f |2))
1
2 ‖2

φn,Ωn+1
f

− ‖(πm(|ṽn+1
f |2))

1
2 ‖2φn−1,Ωn

f

)
+ S1

= − ρf

2∆t

(
‖ṽn+1

f ‖2
φn,Ωn+1

f

− ‖ṽn+1
f ‖2φn−1,Ωn

f

)
+ S1 + S2,

with the following consistency perturbations induced in (16), i.e. our specific version of the
GCL,





S1 =
1

2

∫

Ωn
f

(
|ṽn+1

f |2 − πm(|ṽn+1
f |2)

)
∇ x · (ρfφ

n−1 (vnf − v
n− 1

2
s )) dΩ

S2 =
ρf

2∆t

(
‖ṽn+1

f ‖2
φn,Ωn+1

f

− ‖ṽn+1
f ‖2φn−1,Ωn

f

− ‖(πm(|ṽn+1
f |2))

1
2 ‖2

φn,Ωn+1
f

+ ‖(πm(|ṽn+1
f |2))

1
2 ‖2φn−1,Ωn

f

)

Therefore, the final energy balance (22) is modified into

En+1 − En
∆t

+
γµ

2h
‖vn+ 1

2
s ‖2

φn,Γn+1
Nnos
− γµ

2h
‖vn−

1
2

s ‖2
φn,Γn+1

Nnos

≤
(
tn+1, vn+1

f

)
φn,Γn+1

N
+

(
tn+1
0 , v

n+ 1
2

s

)

1−φn,Γ0
N

−
∫

Ω0

∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

−
∫

Ωn+1
f

(vn+1
f − vn+ 1

2
s ) · |φn|2D

f
· (vn+1

f − vn+ 1
2

s ) dΩ− T1 − S1 − S2

+
ρf

2∆t

∥∥ṽn+1
f − vnf

∥∥2

φn−1,Ωn
f

+
ρf

2∆t

∥∥vn+1
f − ṽn+1

f

∥∥2

φn,Ωn+1
f

− µ
(

2− CieL

h

)∥∥ε(ṽn+1
f )

∥∥2

φn,Ωn+1
f

− µ
(
γ

2h
− 1

L

)
‖ṽn+1

f − vn+ 1
2

s ‖2
φn,Γn+1

Nnos
. (24)
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Remark 7 (Pressure discretization)
When the free energy Ψ is quadratic in m – a rather common assumption – the pressure and fluid
mass are linearly related by the pressure law, and therefore assuming that the corresponding
discrete spaces are identical we can drop the projection in (23). In addition, it should be pointed
out that specific numerical issues – namely, numerical locking and pressure instabilities – are
likely to arise when the solid constituent is considered as nearly incompressible – i.e. with a
large bulk modulus associated with Js in Ψs(e, Js) – due to the similarity of (7) with a Stokes
problem, but this topic lies beyond the scope of the present article.

4 Numerical illustrations

In this section, we present various numerical results to illustrate the behavior of the poroe-
lastic model under large deformations, simulated with our proposed method, namely, two test
problems inspired from [9] – see also [41] – and the detailed numerical monitoring of the energy
balance considered in the above stability analysis. The free energy considered in these examples
is given by

Ψ = Ψskel + Ψbulk + Ψpor,

where Ψskel is potential of Ciarlet-Geymonat type, i.e.

Ψskel = κ1(I1I
− 1

3
3 − 3) + κ2(I2I

− 2
3

3 − 3) + κ(
√
I3 − 1− log(

√
I3)),

with the classical invariants

I1 = tr(C), I2 =
1

2

(
(trC)2 − tr(C2)

)
, I3 = det(C).

The term

Ψbulk(Js) = κs

(
Js

1− φ0
− 1− log(

Js

1− φ0
)

)

governs the compressibility of the solid constituent, and the last term

Ψpor = −ηpor ln
(m
ρf

+ φ0

)

aims at preventing the porosity φ from taking negative values, see [10]. The parameter values
common to the three test problems are κ = κ1 = 2 103, κ2 = 33, ρs = ρf = 103, µ = 0.035,
φ0 = 0.1 and γ = 20 (all SI), while Table 1 gives the parameter values that differ. The same 2D
square geometry is considered in all test problems, albeit with different dimensions as specified
in the table. The mesh is obtained by a regular splitting of the domain into 72 triangular
elements, as shown in Fig. 1. As discretization spaces we use continuous-P1 elements for the
solid displacement and for the fluid mass, as well as for the pressure. For the fluid velocities, due
to the Stokes-like nature of Step 2a we use continuous-P1 with an additional internal “bubble”
degree of freedom.

Remark 8 (Calibration of stabilization constant)
Regarding the choice of the stabilization constant γ, the mathematical analysis of Proposition
2 has shown that it should be conditioned by the lower bound given by Cie, the constant in the
inverse inequality (11). For the latter constant, a rough estimate obtained by assuming linear
shape functions and constant fluid fraction would be 2 in 2D (3 in 3D). In practice, we have
chosen γ = 20 to be conservative – see also Remark 3 – and after numerically checking that in
this case the impact of the penalization term in the overall energy balance remains small.
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Parameter |Ω0| ∆t κs ηd ηpor D
f

Swelling 10−4 10−3 2 103 0 0 107I

Drainage 10−6 2 10−6 2 105 68 1.5 4 105I

Energy 10−4 10−4 2 103 0 0 107I

Table 1: Parameters with different values among test problems (SI units).

4.1 Implementation considerations

We implemented our proposed method in FreeFem++ [26], for the two-dimensional version
of the poromechanical model.

Three Newton algorithms are implemented in the code, namely,

1. for the solution of the fluid-pressure problem (7);

2. for the solution of the solid problem (8);

3. for coupling these two sub-steps within the implicit step.

We used the same convergence criteria for these three iteration loops, i.e. tolerance parameters
for the absolute and relative – with respect to initialization step – values of the residuals, set
to 10−7 and 10−13, respectively.

The FreeFem++ environment is very powerful, in particular for prototyping purposes, but
does not allow as much control as an in-house finite element software on the numerical operators
to be implemented. For this reason, we resorted to several simplifications in this numerical study,
namely:

• for
∂Ψ

∂e

∣∣∣
n+ 1

2
]

we used the simpler rule

∂Ψ

∂e

∣∣∣
n+ 1

2
]
=̂
∂Ψ

∂e
(en+ 1

2
],mn+1),

as already considered and assessed in [25], instead of the approach of [22] considered in
(9b);

• in addition, the convective term in (6) – namely, the third term – was computed on the
domain Ωn+1 instead of Ωn, which leads us to changing S1 into

S ′1 =
1

2

∫

Ωn+1
f

|ṽn+1
f |2∇ x · (ρfφ

n−1 (vnf − v
n− 1

2
s )) dΩ

− 1

2

∫

Ωn
f

πm(|ṽn+1
f |2)∇ x · (ρfφ

n−1 (vnf − v
n− 1

2
s )) dΩ;

• finally, the computation of φ at Step 0. is performed weakly by L2 projection in the finite
element space, instead of exactly at quadrature points as specified. This introduces an
extra consistency perturbation to be added to S1 and S2, viz.

S3 =
1

2

∫

Ω0

(
φnρfJ(yn

s
)− φn−1ρfJ(yn−1

s
)

∆t
− mn −mn−1

∆t

)
πm(|ṽn+1

f |2) dΩ.
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Nevertheless, we provide below a numerical assessment of the energy balance in order to check
that these simplifications do not significantly affect this balance. In what follows, we introduce
the following notation

S4 =
γµ

2h
‖vn+ 1

2
s ‖2

φn,Γn+1
Nnos
− γµ

2h
‖vn−

1
2

s ‖2
φn,Γn+1

Nnos
.
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Figure 1: Swelling under porous flow. Top row: geometry and boundary conditions – Bot-
tom row: (left) fluid pressure and mass at three points shown on top-right; (right) fluid velocity
and pressure at steady state on deformed configuration, with initial configuration contour in
white

4.2 Swelling test under porous flow

In the swelling test, no external force is applied to the system, and a gradual pressure
increase is prescribed on the inlet side, see Fig. 1, in the form pext = 103(1 − exp−t2/0.25)
as a Neumann boundary condition applied on the fluid only, while maintaining pext = 0 on
the outlet side (on the right of the sample). The top and bottom sides are assumed to be of
no-sliding type (vf = vs), and normal displacements are prevented for the solid on the left and
bottom sides. We have no volume-distributed fluid source nor sink. As expected, the system
is gradually filled with fluid until a stationary state is reached, in which the fluid pressure is in
equilibrium with elastic forces. The simulations results presented in Fig. 1 are consistent with
those given in [9].
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Figure 2: Drainage test. Pressure, fluid mass and jacobian of deformation in time

4.3 Drainage test

In the drainage test, geometry and solid essential boundary conditions are the same as in
the swelling test. An external pressure pext = 104(1 − exp−t2/0.04) is applied on all the sides
of the square. All sides are of no-sliding type, and a volume-distributed sink linearly related
to the pressure (θ = −ρfβ(p − psink), with psink = 0 and β = 0.01) allows the fluid to escape
the material. As shown in Fig. 2, in a first phase, the fluid is drained out of the system nearly
completely, until m/ρf approaches −0.1 (i.e. φ ≈ 0). Then, only the solid phase remains,
and the material behaves like a standard solid, that compresses according to its bulk modulus
κs. Solutions are here homogeneous in space, and we can verify that the solutions satisfy the
following identity that comes from (7a)

mn+1 −mn

ρf∆t
= −Jnβpn.

This illustrates how the penalization term Ψpor used in the energy is effective to prevent φ from
reaching negative values.

Remark 9
In the end of this simulation, m is stable and the denominator of (9b) vanishes. In an in-house
finite element software, a test could be performed at quadrature points in order to replace, when
it is not well defined, the finite difference definition of p (9b) by its asymptotic expression. As
FreeFem++ does not allow this, we used in this simulation for the pressure law the mid-point
rule

pn+1

ρf
=

1

2
πm

[
∂Ψ

∂m
(Jn,mn+1) +

∂Ψ

∂m
(Jn,mn)

]
.
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4.4 Energy balance monitoring

We consider here a test case that satisfies the assumptions of the stability analysis, with
no external loading, and no energy sources, but only an initial deformation prescribed on the
skeleton (of about 20%). Geometry and boundary conditions are the same as in the drainage
test, but the fluid remains in the skeleton as there is no volume-distributed fluid source nor sink.
The monitoring of the energy increment gives an illustration of Proposition 2 and of the various
perturbations induced in the energy balance by spatial discretization, see Fig. 3. We observe
that the departures from exact energy stability – namely, when the energy rate is positive – are
very limited, and appear to be primarily explained by the perturbation S3 induced in the GCL
due to computing φ by projection instead of exact expression at quadrature points. Of course,
this perturbation could be easily removed in an in-house finite element software.

2 · 10−2 4 · 10−2 6 · 10−2 8 · 10−2 0.1 0.12 0.14 0.16 0.18 0.2

−2
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0

Time(s)

En+1−En
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0.5

Time(s)
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−S2
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1
Figure 3: Energy balance monitoring in a homogeneous test case. Top: bound of the
energy increment by the consistency term −S ′1 − S2 − S3 − S4 in time, according to (24), and
−S3 alone – Bottom: plot of the separate contributions −S ′1, −S2, −S3 and −S4; note that S3,
and then S4, are an order of magnitude larger than S1 and S2

5 Concluding remarks

We have proposed an effective partitioned time scheme adapted to the poromechanics for-
mulation of [10], and established a discrete energy estimate for this time scheme. This energy
estimate is consistent with the continuous energy balance, up to some numerical dissipation
effects, and some perturbations that have been carefully identified and numerically assessed.
Among these perturbations, our assessment reveals that the major effect – albeit quite limited

21



quantitatively – lies in a departure from a GCL type property that can be easily treated by
evaluating the fluid fraction quantity at the Gauss quadrature points, when this is possible in
the finite element software.

In addition, we have provided some numerical illustrations of our numerical strategy by
reproducing some test cases proposed in [9], with typical features of large strains and rapid
flows as enabled by our general poromechanical formulation, and also a singular transition
related to total drainage in the second example.

Further work will focus on spatial discretization issues, and in particular on the treatment
of numerical locking – and associated pressure instabilities – phenomena that arise when the
solid behavior approaches incompressibility.

Acknowledgement: The authors are grateful to Miguel Angel Fernández (Inria) for some
insightful discussions on partitioned methods with Robin coupling conditions.
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Chapter 4

Total convergence analysis of a
monolithic scheme for linear
poromechanics

4.1 Introduction

In Chapter 3, we established an effective and energy-preserving time discretization of (1.3).
The purpose of this chapter is to study spatial discretization aspects of our poromechanical for-
mulation, in order to guarantee numerical stability. To that purpose, we establish in Section 4.2
a linearization of (1.3) and we perform its theoretical and numerical convergence study.

It is known that the discretization of a Stokes problem involves mixed finite elements, that
velocity and pressure must be approximated separately, and that the couple of spaces must
be compatible in the sense of an inf-sup condition, see (Ladyzhenskaya and Silverman, 1969;
Babuška, 1973; Brezzi, 1974). Numerically, the violation of this condition often leads to strong
node-to-node spatial oscillations in the pressure field. Our poromechanical model involves a
Stokes-like fluid sub-problem, coupled with a solid matrix. It is natural to thoroughly investigate
how this problem translates in our framework, and to perform both a theoretical convergence
analysis to see how numerical oscillations arise, and numerical tests to illustrate them. Our
approach is inspired from (Le Tallec and Mani, 2000) which establishes the total convergence
of a linearized fluid structure interaction problem, using an energy conservative scheme.

4.2 A linear porous flows and elastic coupling formulation - the
continuous problem

4.2.1 Linearization of the weak formulation for convergence analysis

We consider the poromechanical formulation introduced in Section 1.4 with a total stress
tensor given by

Σ = φΣ
vis

+
∂Ψ(e,m)

∂e

∣∣∣
m
,

with Ψ(e,m) the Helmholtz free energy of the mixture. Due to fluid incompressibility, Ψ(e,m) =
Ψs(e, Js) with Ψs the solid free energy – meaning that the fluid cannot store any energy – hence,
we also have

Σ = φΣ
vis

+
∂Ψs(e, Js)

∂e

∣∣∣
Js

− pJC−1,
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see (Chapelle and Moireau, 2014). Recalling (1.1), this gives for the solid contribution

Σ
s

=
∂Ψ(e,m)

∂e

∣∣∣
m

+ φpJC−1 =
∂Ψs(e, Js)

∂e

∣∣∣
Js

− (1− φ)pJC−1.

In addition, we have

p = ρf

∂Ψ(e,m)

∂m

∣∣∣
e

= −
∂Ψs(e, Js)

∂Js

∣∣∣
e
. (4.1)

We consider a linearization of (1.3) around the solution at rest : (ȳ
s
, v̄s, v̄f , m̄) ≡ 0 (then

p ≡ 0). Then φ will vary around φ0 = φ̄ 6= 0, and the Green-Lagrange strain tensor e reduces
to its linear expression ε. As in (Chapelle and Moireau, 2014), we construct the free energy
functional as follows

Ψs = Ψskel(ε) + Ψbulk(Js), (4.2)

with

Ψbulk(Js) =
κs

2

(
Js

1− φ0
− 1

)2

,

and Ψskel a quadratic form of ε. Furthermore, we assume the coercivity of Ψskel, that is, there

exists a λ > 0 such that Ψskel(ε) ≥ λ‖ε‖2L2(Ω), and we also assume that sufficient boundary
conditions are imposed on the structure to prevent any rigid body transformations. Therefore
the Korn inequality gives the equivalence between the norm defined by Ψskel and the H1 norm
on Ω. Let us notice that if we add the assumption of isotropy, it is known that Ψskel can be
written as the Saint-Venant-Kirchhoff constitutive law.

In our linear frame, J − 1 reduces to tr ε(y
s
), hence Ψbulk turns into

Ψbulk(Js) =
κs

2(1− φ0)2

(
tr ε(y

s
)− m

ρf

)2

,

and (4.1) gives the following relation between p, m and y
s
,

p =
κs

(1− φ0)2

(
m

ρf
− tr ε(y

s
)

)
or equivalently

m

ρf
=

(1− φ0)2

κs
p+ div(y

s
),

with which Ψbulk rewrites

Ψbulk =
(1− φ0)2

2κs
p2. (4.3)

Now we define the tensor σskel = ∂Ψskel

∂ε , independent of m and p in order to have

∂Ψ

∂ε

∣∣∣
m

= σskel +
κs

(1− φ0)2

(
tr ε(y

s
)− m

ρf

)
1 = σskel − p1,

and Σ
s

reduces to

σ
s

= σskel − (1− φ0)p1. (4.4)

We assume that the fluid viscosity tensor is given by σ
vis

= 2µε. When we keep only first order
terms, and we express m as a function of p, (1.3) becomes – Ωt, resp. a borders Γt, reduces to
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Ω0 that we will denote by Ω, resp. Γ, J to 1, and ALE terms disappear –




∫

Ω
ρs0(1− φ0)∂tvs · v∗s dΩ +

∫

Ω
σ

s
: ε(v∗s ) dΩ−

∫

Ω
(vf − vs) · φ2

0k
−1
f
· v∗s dΩ

+

∫

Ω
p∇ xφ0 · v∗sdΩ =

∫

Ω
ρs0(1− φ0)f · v∗s dΩ +

∫

Γ0
N

(1− φ0)t0 · v∗s dS

+

∫

ΓNnof
⋃

ΓNnos

t0 · v∗s dS −
∫

ΓNnof

φ0(πτ t0) · v∗sdS −Rc,lin
f (v∗s ) (4.5a)

∫

Ω
ρfφ0∂tvf · v∗f dΩ−

∫

Ω
θvf · v∗f dΩ +

∫

Ω

(
−pdiv(φ0v

∗
f ) + φ0 σvis

(vf) : ε(v∗f )
)
dΩ

+

∫

Ω
(vf − vs) · φ2

0k
−1
f
· v∗f dΩ =

∫

Ω
ρfφ0 f · v∗f dΩ +

∫

ΓN
⋃

ΓNnof

φ0 t0 · v∗f dS (4.5b)

∫

Ω

(
(1− φ0)2

κs
∂tp+ tr ε(vs)

)
p∗ dΩ +

∫

Ω
div(φ0 (vf − vs)) p

∗ dΩ =

∫

Ω

θ

ρf
p∗dΩ, (4.5c)

with

Rc,lin
f (v∗s ) =

∫

Ω
ρfφ0∂tvf · v∗s dΩ−

∫

Ω
θvf · v∗sdΩ +

∫

Ω

(
−p div(φ0v

∗
f ) + φ0 σvis

(vf) : ε(v∗s )
)
dΩ

+

∫

Ω
(vf − vs) · φ2

0k
−1
f
· v∗s dΩ−

∫

Ω
ρfφ0 f · v∗s dΩ−

∫

ΓN

φ0 t0 · v∗s dS −
∫

ΓNnof

φ0(πτ t0) · v∗s dS.

(4.6)

Remark 5
The corresponding strong formulation reads





ρfφ0∂tvf − div(φ0σvis
(vf)) + φ0∇ p+ φ2

0k
−1
f
· (vf − vs) = ρfφ0f + θvf , in Ω

ρf

(
(1− φ0)2

κs
∂tp+ div(vs)

)
+ div

(
ρfφ0(vf − vs)

)
= θ, in Ω

vf = vs, on ΓNnos





ρs0(1− φ0)∂tvs − div σ
s

+ p∇φ0 − φ2
0k
−1
f
· (vf − vs) = ρs0(1− φ0)f in Ω

vs = ∂tys
in Ω

(σs(y
s
) + σ

f
(vf , p))n = t0 on ΓNnos.

Remark 6 (Existence and uniqueness of a solution)
Existence and uniqueness of a solution of the continuous problem were established in a fluid-
structure interaction linear (Du et al., 2003; Boulakia, 2005) and non linear frame (Grandmont
and Maday, 2000). It would be interesting to propose an adequate treatment of the fluid portion
φ0 and of the volume friction term in order to translate these results to our frame.

4.2.2 Nitsche’s linear weak formulation

We define
Q = L2(Ω),

and for any (wD) in W = H1(Ω)3,

W (wD) = {v∗ ∈W
∣∣∣ v∗|ΓD = wD},
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We also introduce the state vector as

X =
[
vf , vs, ys

, p
]

that belongs to V = W (vpr
f )×W ×W (ypr

s
)×Q

and its corresponding test functions vector

X∗ =
[
v∗f , v

∗
s , y
∗
s
, p∗
]

that belongs to V 0 = W (0)×W ×W (0)×Q.

We consider Ωh (with borders ΓNnos,h, ΓNnof,h, ΓD,h and ΓN,h) a discretization of Ω of
refinement h –typically, the maximum diameter of all the elements in the mesh. We use a
finite element strategy and we assume that the solid displacement and the solid velocity are
discretized in the same space W s

h, the fluid velocity is chosen in W f
h and the pressure in Qh. For

any wf,D in W f
h and any ws,D in W s

h we define

W f
h(wf,D) = {v∗ ∈W f

h

∣∣∣ v∗|ΓD,h = wf,D},

W s
h(ws,D) = {v∗ ∈W s

h

∣∣∣ v∗|ΓD,h = ws,D}.

Then the finite element spaces associated with V and V 0 are

Vh = W f
h(vpr

f,h)×W s
h ×W s

h(ypr
s,h

)×Qh,
V 0
h = W f

h(0)×W s
h ×W s

h(0)×Qh,
for (vpr

f,h, y
pr
s,h) in W f

h ×W s
h.

We will use the elasticity and weighted L2-scalar product notations

(y, y∗)skel =

∫

Ω
σskel(y) : ε(y∗) dΩ, and (a, b)ζ,Ω =

∫

Ω
ζ ab dΩ.

As in the splitting time-scheme of Chapter 3, fluid and solid constituents are implicitly
and weakly coupled on ΓNnos through vf = vs with Robin coupling conditions derived from
Nitsche’s interface method (Nitsche, 1971; Burman and Fernández, 2007). Unlike in (4.5b), this
condition is weakly imposed in the fluid resolution, so the fluid test function v∗f has no reason
to vanish on ΓNnos. Therefore, the integration by part that leads to (4.5b) involves the new

term
(

(σ
vis

(vf)− p) · n, v∗f
)
φ0,ΓNnos

in the fluid equation right hand side (RHS). Furthermore,

we use that Rc,lin
f (v∗s ) =

(
(σ

vis
(vf)− p) · n, v∗s

)
φ0,ΓNnos

.

We can derive the following equation, satisfied by the solution of (4.5), X = (vf , vs, ys
, p) in

V , for any X∗ = (v∗f , v
∗
s , y
∗
s
, p∗) in V 0

ρf (∂tvf , v
∗
f )φ0,Ω

+
(
σ

vis
(vf), ε(v

∗
f )
)
φ0,Ω

+ ρs0 (∂tvs, v
∗
s )(1−φ0),Ω +

(
∂tys
− vs, y

∗
s

)
skel

−
(

(σ
vis

(vf)− p) · n, v∗f − v∗s
)
φ0,ΓNnos

−
(

(σ
vis

(v∗f ) + p∗) · n, vf − vs

)
φ0,ΓNnos

+
γµ

h
(vf − vs, v

∗
f − v∗s )φ0,ΓNnos

+ (vf − vs, v
∗
f − v∗s )φ2

0k
−1
f
,Ω

+ (p∗,div(φ0(vf − vs)))Ω − (p,div(φ0(v∗f − v∗s )))Ω

+
(
σ

s
, ε(v∗s )

)
Ω
− (p,div(v∗s ))φ0,Ω

+
1

κs
(∂tp, p

∗)(1−φ0)2,Ω + (p∗, div vs)Ω

=

∫

Ω
ρs0(1− φ0)f · v∗s dΩ +

∫

Γ0
N

(1− φ0)t0 · v∗s dS +

∫

ΓNnof
⋃

ΓNnos

t0 · v∗s dS −
∫

ΓNnof

φ0(πτ t0) · v∗sdS

+

∫

Ω
θvf · v∗f dΩ +

∫

Ω
ρfφ0 f · v∗f dΩ +

∫

ΓN
⋃

ΓNnof

φ0 t0 · v∗f dS +

∫

Ω

θ

ρf
p∗dΩ,
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where the fourth and sixth terms of the left hand side (LHS) are both consistent, and are here
respectively to impose weakly the solid velocity, and to bring some symmetry. We now use the
relation

(
σ

s
, ε(v∗s )

)
Ω
− (pdiv(v∗s ))φ0,Ω

=
(
y

s
, v∗s
)

skel
− (p,div(v∗s ))Ω

to get that the solution X in V of (4.5) satisfies, for any X∗ in V 0

ρf (∂tvf , v
∗
f )φ0,Ω

+
1

κs
(∂tp, p

∗)(1−φ0)2,Ω + ρs (∂tvs, v
∗
s )1−φ0,Ω

+
(
∂tys

, y∗
s

)
skel

+M(X,X∗)

=

∫

Ω
ρs0(1− φ0)f · v∗s dΩ +

∫

Γ0
N

(1− φ0)t0 · v∗s dS +

∫

ΓNnof
⋃

ΓNnos

t0 · v∗s dS −
∫

ΓNnof

φ0(πτ t0) · v∗sdS

+

∫

Ω
θvf · v∗f dΩ +

∫

Ω
ρfφ0 f · v∗f dΩ +

∫

ΓN
⋃

ΓNnof

φ0 t0 · v∗f dS +

∫

Ω
θp∗dΩ, (4.7)

where we introduced the bilinear form

M(X,X∗) = 2µ
(
ε(vf), ε(v

∗
f )
)
φ0,Ω

+
(
y

s
, v∗s
)

skel
−
(
vs, y

∗
s

)
skel

− (p,div(φ0v
∗
f + (1− φ0)v∗s )))Ω + (p∗,div(φ0vf + (1− φ0)vs)))Ω

−
(
σ

f
(vf , p)n, v

∗
f − v∗s

)
φ0,ΓNnos

−
(
vf − vs, σf

(v∗f ,−p∗)n
)
φ0,ΓNnos

+
γµ

h
(vf − vs, v

∗
f − v∗s )φ0,ΓNnos

+ (vf − vs, v
∗
f − v∗s )φ2

0k
−1
f
,Ω . (4.8)

Remark 7
Note that −

(
σ

f
(vf , p)n, v

∗
f − v∗s

)
φ0,ΓNnos

involves the trace of p and ε(vf) on ΓNnos, which is not

properly defined in the spaces considered. Nevertheless, when (vf , vs, ys
, p) is the continuous

solution, this term can be defined by duality as the residual of the fluid equation.

4.2.3 Time continuous energy balance

For the sake of simplicity in this section, we will assume that t0 = 0 on ΓNnos, ΓNnof and
ΓN , f = 0, θ = 0 , ypr

s
= 0 and vpr

f = 0. For any X, we define the following energy norm

‖X‖2E =
ρf

2
‖vf‖2φ0,Ω +

ρs

2
‖vs‖2(1−φ0),Ω +

1

2
‖y

s
‖2skel +

1

2κs
‖p‖2(1−φ0)2,Ω

where the first two terms are the fluid and solid kinetic energy, and the last two correspond to
the total Helmholtz free energy

∫
Ω Ψ dΩ.

Let us recall the trace inequality and, for discrete functions, the trace inverse inequality (see
Lemma 1 in Chapter 3).

Lemma 1 (Trace inequality)
There exists a constant Ctr depending only on Ω (a Lipschitz domain) and ΓNnos such that

‖v‖2
H

1
2 (ΓNnos)

≤ Ctr‖v‖2H1(Ω), ∀v ∈ H1(Ω)3. (4.9)

Lemma 2 (Trace inverse inequality)
If h is the typical maximal diameter of all the finite elements in the mesh, there exists a constant
Cie that depends on Ω, ΓNnos and the type of shape functions, such that

‖ε(vh) · n‖2L2(ΓNnos)
≤ Cie

h
‖ε(vh)‖2L2(Ω), ∀vh ∈W f

h. (4.10)
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Note that (4.7) comes down to a Cauchy problem, so existence and uniqueness of the solution
in the finite dimensional space Vh is guaranteed. Let Xh in Vh be the semi-discrete solution of
(4.7), for any X∗ in V 0

h . The energy of Xh becomes Eh = ‖Xh‖2E . Now, the evaluation of (4.7)
with the test functions X∗ = Xh gives:

∂tEh + 2µ‖ε(vf,h)‖2φ0,Ω + ‖vf,h − vs,h‖2φ2
0k
−1
f
,Ω

+
γµ

h
‖vf,h − vs,h‖2φ0,ΓNnos

− 4µ
(
ε(vf,h)n, vf,h − vs,h

)
φ0,ΓNnos

= 0.

Then, we use Young’s inequality (a, b) ≤ 1
2L‖a‖2 + L

2 ‖b‖2, with L homogeneous to a length here,
and the inverse inequality (4.10), to get

4µ
(
ε(vf,h)n, vf,h − vs,h

)
φ0,ΓNnos

≤ 2µ

[
L‖ε(vf,h) · n‖2φ0,ΓNnos

+
1

L
‖vf,h − vs,h‖2φ0,ΓNnos

]

≤ 2µ
CieL

h
‖ε(vf,h)‖2φ0,Ω + 2

µ

L
‖vf,h − vs,h‖2φ0,ΓNnos

. (4.11)

We end up with the following energy balance

∂tEh + 2µ

(
1− CieL

h

)
‖ε(vf,h)‖2φ0,Ω +µ

(
γ

h
− 2

L

)
‖vf,h− vs,h‖2φ0,ΓNnos

+ ‖vf,h− vs,h‖2φ2
0k
−1
f
,Ω
≤ 0

which ensures the stability of semi-discrete solution Xh provided that γ ≥ 2Cie.

4.3 The fully discrete problem

4.3.1 Time scheme

We consider in (4.7) a first-order backward Euler method in the fluid, for both vf and p, to

keep it as close as possible to the splitting scheme of Chapter 3 (otherwise pn+ 1
2 would have

been a natural choice to avoid numerical dissipation), and a midpoint scheme for the solid.

Using the notations an+ 1
2 =̂an+1+an

2 and Dτa
n+ 1

2 =̂an+1−an
∆t , we look for (vnf,h, v

n
s,h, y

n
s,h
, pnh)n≥0 in

V N
h such that, for any n in N and (v∗f , v

∗
s , y
∗
s
, p∗) in V 0

h ,

ρf

(
Dτv

n+ 1
2

f,h , v∗f

)

φ0,Ω

+ ρs

(
Dτv

n+ 1
2

s,h , v∗s

)

1−φ0,Ω

+
1

κs

(
Dτp

n+ 1
2

h , p∗
)

(1−φ0)2,Ω

+

(
Dτy

n+ 1
2

s,h , y∗
s

)

skel

+M((vn+1
f,h , v

n+ 1
2

s,h , y
n+ 1

2
s,h , pn+1

h ), (v∗f , v
∗
s , y
∗
s
, p∗))

=

∫

Ω
ρs0(1−φ0)fn+1 ·v∗s dΩ+

∫

Γ0
N

(1−φ0)tn+1
0 ·v∗s dS+

∫

ΓNnof
⋃

ΓNnos

tn+1
0 ·v∗s dS−

∫

ΓNnof

φ0(πτ t
n+1
0 ) ·v∗sdS

+

∫

Ω
θnvn+1

f,h · v∗f dΩ +

∫

Ω
ρfφ0 f

n+1 · v∗f dΩ +

∫

ΓN
⋃

ΓNnof

φ0 t
n+1
0 · v∗f dS +

∫

Ω
θnp∗dΩ, (4.12)

with adequate initial conditions.

4.3.2 Stability analysis in energy norm

In this section again, and for the rest of the document, we will assume that t0 = 0 on ΓNnos,
ΓNnof and ΓN , f = 0, θ = 0 , ypr

s
= 0 and vpr

f = 0 (as a consequence, V = V 0). The evaluation
of (4.12) with admissible test functions

v∗f = vn+1
f,h , v∗s = v

n+ 1
2

s,h , y∗
s

= y
n+ 1

2
s,h , and p∗ = pn+1

h
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gives

0 = ρf

(
Dτv

n+ 1
2

f,h , vn+1
f,h

)

φ0,Ω

+
1

κs

(
Dτp

n+ 1
2

h , pn+1
h

)

(1−φ0)2,Ω

+

(
Dτy

n+ 1
2

s,h , y
n+ 1

2
s,h

)

skel

+ ρs

(
Dτv

n+ 1
2

s,h , v
n+ 1

2
s,h

)

1−φ0,Ω

+ 2µ
(
ε(vn+1

f,h ), ε(vn+1
f,h )

)
φ0,Ω
− 4µ

(
ε(vn+1

f,h )n, vn+1
f,h − v

n+ 1
2

s,h

)

φ0,ΓNnos

+
γµ

h

(
vn+1

f,h − v
n+ 1

2
s,h , vn+1

f,h − v
n+ 1

2
s,h

)

φ0,ΓNnos

+

(
vn+1

f,h − v
n+ 1

2
s,h , vn+1

f,h − v
n+ 1

2
s,h

)

φ2
0k
−1
f
,Ω

.

We introduce the state vector Xn
h =

[
vnf,h, v

n
s,h, y

n
s,h
, pnh

]
and its energy Enh = ‖Xn

h‖2E at iteration

n. Then, we apply twice the identity 〈a− b, a〉 = 1
2 ||a||2 − 1

2 ||b||2 + 1
2 ||a− b||2 to vf and to p, to

get

En+1
h − Enh

∆t
+

ρf

2∆t
‖vn+1

f,h − vnf,h‖2φ0,Ω +
1

2κs∆t
‖pn+1
h − pnh‖2(1−φ0)2,Ω + 2µ‖ε(vn+1

f,h )‖2φ0,Ω

+ ‖vn+ 1
2

s,h − vn+1
f,h ‖2φ2

0k
−1
f
,Ω

+
γµ

h
‖vn+ 1

2
s,h − vn+1

f,h ‖2φ0,ΓNnos
− 4µ(ε(vn+1

f,h )n, vn+1
f,h − v

n+ 1
2

s,h )φ0,ΓNnos︸ ︷︷ ︸
T1

= 0,

(4.13)

using that

σskel

(
yn+1

s,h
− yn

s,h

∆t

)
: ε

(
yn+1

s,h
+ yn

s,h

2

)
+

(1− φ0)2

κs

pn+1
h − pnh

∆t
pn+1
h

=
σskel(yn+1

s,h
) : ε(yn+1

s,h
)− σskel(yn

s,h
) : ε(yn

s,h
)

2∆t
+

(1− φ0)2

2κs∆t

[
(pn+1
h )2 − (pnh)2 + (pn+1

h − pnh)2
]

=
Ψ(ε(yn+1

s,h
), pn+1

h )−Ψ(ε(yn
s,h

), pnh)

∆t
+

(1− φ0)2

2κs∆t
(pn+1
h − pnh)2.

In (4.13), the increment of Enh is followed by two terms of numerical dissipation, two terms of
physical dissipation, and the dissipative term in γµ

h that comes from Nitsche’s method. We

apply the bound (4.11) to vn+1
f,h and v

n+ 1
2

s,h to control the remaining term T1, and to get that for
any length L,

En+1
h − Enh

∆t
+ 2µ(1− CieL

h
)‖ε(vn+1

f,h )‖2φ0,Ω + µ(
γ

h
− 2

L
)‖vn+1

f,h − v
n+ 1

2
s,h ‖2φ0,ΓNnos

+
ρf

2∆t
‖vn+1

f,h − vnf,h‖2φ0,Ω +
1

2κs∆t
‖pn+1
h − pnh‖2(1−φ0)2,Ω + ‖vn+ 1

2
s,h − vn+1

f,h ‖2φ2
0k
−1
f
,Ω
≤ 0.

Therefore, the energy stability of the scheme is ensured provided that we can find L such that
1 ≥ CieL

h and γ
h ≥ 2

L , i.e. when γ ≥ 2Cie. We note here that the numerical perturbation
that appears in Chapter 3 (because of the splitting and the non-linearities) and the CFL-like
condition it introduces, do not intervene anymore.

4.3.3 Inf-sup property on the static problem

In order to establish the total convergence of our scheme, we will resort to the projection
P associated with the bilinear form M , see Section 4.3.4. The purpose of this section is to
establish for M an inf-sup condition that will provide a control of P − I, with I the identity.
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We introduce the following discrete norm, associated with the stabilisation,

‖X‖2h=̂‖vf‖2H1(Ω) + ‖vs‖2H1(Ω) + ‖y
s
‖2H1(Ω) + ‖p‖2L2(Ω) +

γµ

h
‖vf − vs‖2L2(ΓNnos)

+ ‖vf − vs‖2L2(Ω).

For physical reasons, φ0 is bounded by 0 and 1, and in what follows we will make the two
following assumptions,

inf
Ω
φ0 > 0 and sup

Ω
φ0 < 1

and
∃(α1, α2) ∈ (R+)2 | ∀(x, ω) ∈ Ω× R3, α1ω

2 ≤ ω · k
f
(x) · ω ≤ α2ω

2,

in order to ensure the equivalence between norms ‖·‖φ0,Ω, ‖·‖(1−φ0),Ω, ‖·‖(1−φ0)2,Ω, ‖·‖φ2
0k
−1
f
,Ω,

‖·‖L2(Ω) .
Our objective in this section is to establish a stability (inf-sup) property for M defined by

(4.8) for ‖·‖h.

We begin with establishing a lemma, that we will use in the following proof to construct virtual
fluid and solid velocity fields.

Let Vh andQh be finite dimensional subspaces of Hilbert spaces V andQ with scalar products
(·, ·)V and (·, ·)Q. Let a(·, ·) and b(·, ·) be continuous linear forms on V × V and V × Q, and f
and g linear forms on V and Q. We look for (vh, ph) in Vh ×Qh solution of

{
a(vh, v

∗) + b(v∗, ph) = f(v∗), ∀v∗ ∈ Vh,
b(vh, p

∗) = g(p∗), ∀p∗ ∈ Qh.
(4.14)

We can introduce operators Ah from Vh to V ′h and Bh from Vh to Q′h. B denotes the continuous
operator from V to Q′.
Lemma 3
Let us suppose that KerBt = {0}, and that a(·, ·) is elliptic on V, that is, there exists α0 > 0
such that

a(v, v) ≥ α0‖v‖2V , ∀v ∈ V.
If, moreover, b satisfies an inf-sup property, that is, there exists k0 > 0 independent of h such
that

inf
p∈Qh

sup
v∈Vh

b(v, p)

‖v‖V‖p‖Q
≥ k0, (4.15)

then, the system (4.14) has a unique solution (uh, ph). In addition. one has the bound





‖vh‖V ≤
1

α0
‖f‖V ′ +

(‖a‖
α0

+ 1

)
1

k0
‖g‖Q′

‖ph‖Q ≤
1

k0

(‖a‖
α0

+ 1

)
‖f‖V ′ +

‖a‖
k2

0

(‖a‖
α0

+ 1

)
‖g‖Q′ .

(4.16)

Proof. The inf-sup condition (4.15) ensures that KerBt
h = {0}, then Proposition 2.2, §II.2

in (Brezzi and Fortin, 2012) ensures that g ∈ ImBh. The ellipticity of a on Vh inherits from the
one on V, and the application of Theorem 1.1, §II.1 in (Brezzi and Fortin, 2012) on the discrete
problem gives the results. �

Remark 8
In the case of a Stokes problem, a(·, ·) is elliptic and it is known that KerBt = Ker(−grad) = {0}
when a Dirichlet condition is applied on a non-empty portion of the boundary, so the issue is
in checking (4.15), with b(v, q) =

∫
Ω q div v dΩ.
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Proposition 4 (Inf-sup property on M)
Let us make the following assumptions:

• there exists λf such that

inf
p∈Qh

sup
vf∈W f

h

(p,div(φ0vf))Ω

‖p‖L2(Ω)‖vf‖H1(Ω)
≥ λf > 0, (4.17)

• there exists λs such that

inf
p∈Qh

sup
vs∈W s

h

(p, div((1− φ0)vs))Ω

‖p‖L2(Ω)‖vs‖H1(Ω)
≥ λs > 0, (4.18)

• W f
h and W s

h have identical traces on ΓNnos, that is

{
vf |ΓNnos

, vf ∈W f
h

}
= {vs|ΓNnos

, vs ∈W s
h} , (4.19)

• the Robin coefficient satisfies

γ > 2Cie. (4.20)

Then the operator M defined by (4.8) satisfies an inf-sup property for ‖·‖h: there exists
β > 0 independent of h such that

inf
X∈Vh

sup
X∗∈Vh

M(X,X∗)
‖X‖h‖X∗‖h

≥ β,

or, equivalently

∀X ∈ Vh,∃X∗ ∈ Vh | ‖X∗‖h ≤ ‖X‖h and M(X,X∗) ≥ β‖X‖2h.

Remark 9
When φ0 is homogeneous in space, the condition (4.17) takes the following form

∃λf > 0 | inf
p∈Qh

sup
vf∈W f

h

(p, div vf)Ω

‖p‖L2(Ω)‖vf‖H1(Ω)
≥ λf > 0. (4.21)

In the numerical resolution, the condition (4.21) is easier to verify than (4.17) because it doesn’t
involve φ0, and comes down to a well known condition on W f

h × Qh for variables vf and p. In
practice, we will see (see Section 4.4) that the condition (4.21) plays a prominent role in the
stability of numerical scheme especially when the solid constituent approaches incompressibility
(κs →∞). In addition, perturbations induced by spatial variations of φ0 in the condition (4.17),
or by violations of conditions (4.18) or (4.19) are generally of secondary importance.

Proof. Let Xh =
[
vf,h, vs,h, ys,h

, ph

]
in Vh, we will build an X̄h in Vh and a β > 0 that

satisfies the above condition in several steps, in order to control the different terms that appear
in ‖·‖h.

1. We define X1
h =

[
0, 0,−vs,h, 0

]
, then M(Xh, X

1
h) ≥ α1‖vs,h‖2H1(Ω), with α1 > 0.
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2. We pick X2
h = Xh. The energy bound derived in Section 4.2.3 gives for any length L

M(Xh, X
2
h) = 2µ‖ε(vf,h)‖2φ0,L2(Ω) +

γµ

h
‖vf,h − vs,h‖2φ0,L2(ΓNnos)

+ ‖vf,h − vs,h‖2φ2
0k
−1
f
,L2(Ω)

− 4µ(ε(vf,h)n, vf,h − vs,h)φ0,L2(ΓNnos)

≥ 2µ

(
1− CieL

h

)
‖ε(vf,h)‖2φ0,L2(Ω) + µ

(
γ

h
− 2

L

)
‖vf,h − vs,h‖2φ0,L2(ΓNnos)

+ ‖vf,h − vs,h‖2φ2
0k
−1
f
,L2(Ω)

.

Thanks to the assumption on γ, and norm equivalences, we build α2 > 0 such that

M(Xh, X
2
h) ≥ α2

(
‖vf,h‖2H1(Ω) +

γµ

h
‖vf,h − vs,h‖2L2(ΓNnos)

+ ‖vf,h − vs,h‖2L2(Ω)

)
.

3. Thanks to (4.19), we define L(y
s,h

) a lifting of y
s,h
|ΓNnos

in W f
h satisfying

‖L(y
s,h

)‖H1(Ω) ≤ C‖ys,h
‖
H

1
2 (ΓNnos)

.

According to Remark 8 and thanks to (4.17), Lemma 3 ensures the existence of (w3
h, p

3
h)

in W f
h ×Qh such that for any (w∗, p∗) in W f

h ×Qh




(
ε(w3

h), ε(w∗)
)

Ω
+
(
p3
h,div(φ0w

∗)
)

Ω
= 0,

(
p∗,div(φ0w

3
h)
)

Ω
= −

(
p∗,div

[
(1− φ0)y

s,h
+ φ0L(y

s,h
)
])

Ω
,

w3
h|ΓNnos

= 0,
(4.22)

and for C and C ′ independent of h, see (4.16) and (4.9),

‖w3
h‖H1(Ω) ≤ C ′(‖ys,h

‖H1(Ω) + ‖L(y
s,h

)‖H1(Ω)) ≤ C‖ys,h
‖H1(Ω).

Now let us construct X3
h =

[
v3

f,h, ys,h
, 0, 0

]
, with v3

f,h = L(y
s,h

) + w3
h; then we have

‖v3
f,h‖H1(Ω) ≤ C‖ys,h

‖H1(Ω).

The purpose of this construction is to get v3
f,h such that

(
p,div(φ0v

3
f,h + (1− φ0)y

s,h
)
)

Ω
= 0

and v3
f,h = y

s,h
on ΓNnos, which finally allows to write that, for any (η1, η2, η3) in (R+)3

M(Xh, X
3
h) = 2µ

(
ε(vf,h) : ε(v3

f,h)
)
φ0,Ω

+
(
y

s,h
, y

s,h

)
skel
− 2µ

(
ε(v3

f,h) · n, vf,h − vs,h

)
φ0,ΓNnos

+
(
vf,h − vs,h, v

3
f,h − ys,h

)
φ2

0k
−1
f
,Ω
.

Using Young inequality we have

M(Xh, X
3
h) ≥ −µ

(
η1‖ε(v3

f,h)‖2φ0,Ω +
1

η1
‖ε(vf,h)‖2φ0,Ω

)
+ C‖y

s,h
‖2H1(Ω)

− µ
(
η2‖ε(v3

f,h)‖2φ0,ΓNnos
+

1

η2
‖vf,h − vs,h‖2φ0,ΓNnos

)

−
(

1

2η3
‖vf,h − vs,h‖2φ2

0k
−1
f
,Ω

+ η3‖ys,h
‖2H1(Ω)

)
.
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And the trace inverse inequality finally gives

M(Xh, X
3
h) ≥

[
C −

(
µη1 + µη2

Cie
h

+ η3

)]
‖y

s,h
‖2H1(Ω) −

µ

η1
‖ε(vf,h)‖2φ0,Ω

− µ

η2
‖vf,h − vs,h‖2φ0,ΓNnos

− 1

2η3
‖vf,h − vs,h‖2φ2

0k
−1
f
,Ω
.

Choosing for example

η1 =
C

4

(
µ+

Cie
γ

)−1

, η2 =
hη1

γµ
, η3 =

C

4
, and defining α3 =

C

2
and β3 = max

(
µ

η1
,

2

C

)

–α3 and β3 are obviously independent of h –, we end up with

M(Xh, X
3
h) ≥ α3‖ys,h

‖2H1(Ω)

− β3

(
‖vf,h‖2H1(Ω) +

γµ

h
‖vf,h − vs,h‖2L2(ΓNnos)

+ ‖vf,h − vs,h‖2L2(Ω)

)
. (4.23)

In addition, there exists γ3 > 0 such that

‖X3
h‖h = ‖v3

f,h‖2H1(Ω) + ‖y
s,h
‖2H1(Ω) + ‖v3

f,h − ys,h
‖2L2(Ω)

≤ ‖v3
f,h‖2H1(Ω) + ‖y

s,h
‖2H1(Ω) + ‖v3

f,h‖2L2(Ω) + ‖y
s,h
‖2L2(Ω) ≤ γ3‖ys,h

‖2H1(Ω) ≤ γ3‖Xh‖h.

4. As a consequence of (4.17), we can construct v4
f,h such that for a positive λ,





‖v4
f,h‖H1(Ω) ≤ ‖ph‖L2(Ω),

−
(
ph,div(φ0v

4
f,h)
)

Ω
≥ λ‖ph‖2L2(Ω).

(4.24)

Once again, (4.19) allows to introduce L(v4
f,h) a lifting of v4

f,h|ΓNnos
in W s

h such that

‖L(v4
f,h)‖H1(Ω) ≤ C‖v4

f,h‖H 1
2 (ΓNnos)

.

According to Remark 8 and thanks to (4.18), Lemma 3 ensures the existence of (w4
h, p

4
h)

in W s
h ×Qh such that for any (w∗, p∗) in W s

h ×Qh,





(
ε(w4

h), ε(w∗)
)

Ω
+
(
p4
h,div((1− φ0)w∗)

)
Ω

= 0,
(
p∗,div((1− φ0)w4

h)
)

Ω
= −

(
p∗, div

[
(1− φ0)L(v4

f,h)
])

Ω
,

w4
h|ΓNnos

= 0,

and for C, C ′ and C ′′ independent of h, see (4.16) and (4.9),

‖w4
h‖H1(Ω) ≤ C ′′‖L(v4

f,h)‖H1(Ω) ≤ C ′‖v4
f,h‖H1(Ω).

Finally, we build X4
h =

[
v4

f,h, v
4
s,h, 0, 0

]
with v4

s,h = L(v4
f,h) + w4

h; then

‖v4
s,h‖H1(Ω) ≤ ‖w4

h‖H1(Ω) + ‖L(v4
f,h)‖H1(Ω) ≤ C‖v4

f,h‖H1(Ω) ≤ C‖ph‖L2(Ω).

This construction gives a control on ph through the divergence term, neutralizing the v4
s,h

contribution. It also imposes v4
f,h = v4

s,h on ΓNnos, and finally allows to write that, for any

(η1, η2, η3, η4) in (R+)4,

M(Xh, X
4
h) = 2µ

(
ε(vf,h) : ε(v4

f,h)
)
φ0,Ω

+
(
y

s,h
, v4

s,h

)
skel
−
(
σ

vis
(v4

f,h) · n, vf,h − vs,h

)
φ0,ΓNnos

+
(
vf,h − vs,h, v

4
f,h − v4

s,h

)
φ2

0k
−1
f
,Ω
−
(
ph,div(φ0v

4
f,h)
)

Ω
.
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Young and trace inverse inequalities now give

M(Xh, X
4
h) ≥ −

(
η1C‖vf,h‖2H1(Ω) +

C

η1
‖ph‖2L2(Ω)

)
−
(
η2C‖ys,h

‖2H1(Ω) +
1

η2
C‖ph‖2L2(Ω)

)

−
(
η3
Cie
h
‖ph‖2L2(Ω) +

1

η3
C‖vf,h − vs,h‖2L2(ΓNnos)

)

−
(
C

η4
‖ph‖2L2(Ω) + η4C‖vf,h − vs,h‖2L2(Ω)

)
+ λ‖ph‖2L2(Ω).

We apply it to

η1 = η2 = η4 =
5C

λ
, η3 =

hλ

5Cie
, and we define α4 =

λ

5
and β4 = max

(
η1C,

5CieC

γµλ

)
,

α4 and β4 don’t depend on h and we end up with

M(Xh, X
4
h) ≥ α4‖ph‖L2(Ω)

− β4

(
‖vf,h‖2H1(Ω) + ‖y

s,h
‖2H1(Ω) +

γµ

h
‖vf,h − vs,h‖2L2(ΓNnos)

+ ‖vf,h − vs,h‖2L2(Ω)

)
.

We also have the following bound

‖X4
h‖h = ‖v4

f,h‖2H1(Ω) + ‖v4
s,h‖2H1(Ω) + ‖v4

f,h − v4
s,h‖2L2(Ω)

≤ ‖v4
f,h‖2H1(Ω) + ‖v4

s,h‖2H1(Ω) + ‖v4
f,h‖2H1(Ω) + ‖v4

s,h‖2H1(Ω) ≤ γ4‖ph‖2L2(Ω) ≤ γ4‖Xh‖2h.

Now, let us define the following positive coefficients, that don’t depend on h,

δ3 =
α2

α3 + 2β3
, δ4 =

α3δ3

2β4
, and β = min

(
α2

2
, α1,

δ3α3

2
, δ4α4

)

and let us introduce X̄h = X1
h +X2

h + δ3X
3
h + δ4X

4
h. By construction, we end up with

M(Xh, X̄h) ≥ α1‖vs,h‖2H1(Ω) + α2

(
‖vf,h‖2H1(Ω) +

γµ

h
‖vf,h − vs,h‖2L2(ΓNnos)

+ ‖vf,h − vs,h‖2L2(Ω)

)

+ δ3α3‖ys,h
‖2H1(Ω) − δ3β3

(
‖vf,h‖2H1(Ω) +

γµ

h
‖vf,h − vs,h‖2L2(ΓNnos)

+‖vf,h − vs,h‖2L2(Ω)

)
+ δ4α4‖ph‖L2(Ω) − δ4β4

(
‖vf,h‖2H1(Ω)

+‖y
s,h
‖2H1(Ω) +

γµ

h
‖vf,h − vs,h‖2L2(ΓNnos)

+ ‖vf,h − vs,h‖2L2(Ω)

)

≥ (α2 − δ3β3 − δ4β4)
(
‖vf,h‖2H1(Ω) +

γµ

h
‖vf,h − vs,h‖2L2(ΓNnos)

+ ‖vf,h − vs,h‖2L2(Ω)

)

+ α1‖vs,h‖2H1(Ω) + (δ3α3 − δ4β4)‖y
s,h
‖2H1(Ω) + δ4α4‖ph‖2L2(Ω)

≥ β‖Xh‖2h,

and
‖X̄h‖h ≤ (2 + δ3γ3 + δ4γ4)‖Xh‖h.

We conclude the proof with the following two inequalities
∥∥∥∥

X̄h

2 + δ3γ3 + δ4γ4

∥∥∥∥
h

≤ ‖Xh‖h and M

(
Xh,

X̄h

2 + δ3γ3 + δ4γ4

)
≥ β

2 + δ3γ3 + δ4γ4
‖Xh‖2h.

�
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4.3.4 Convergence in time and space of the fully discretized scheme solution

We introduce a new state function space with more regularity V + = (H2(Ω)3)3 × H1(Ω),
and denote as follows the two natural norms over V and V +:

‖X‖2V = ‖vf‖2H1(Ω) + ‖vs‖2H1(Ω) + ‖y
s
‖2H1(Ω) + ‖p‖2L2(Ω),

‖X‖2V + = ‖vf‖2H2(Ω) + ‖vs‖2H2(Ω) + ‖y
s
‖2H2(Ω) + ‖p‖2H1(Ω).

We also introduce V − = (L2(Ω)3)2×H1(Ω)3×L2(Ω), whose natural norm is equivalent to ‖·‖E .
We denote that under the assumptions of Proposition 4, existence and uniqueness of a

solution Xn+1
h to the discrete problem (4.12) results from the invertibility of the total operator –

both dynamical terms and static form M . It stems from the positivity of M – see the proof of
Proposition 4 – and from the following argument. For Xh in its kernel, we have

0 = ρf

(
1

∆t
vn+1

f,h , vn+1
f,h

)

φ0,Ω

+ ρs

(
1

∆t
vn+1

s,h , vn+1
s,h

)

1−φ0,Ω

+
1

κs

(
1

∆t
pn+1
h , pn+1

h

)

(1−φ0)2,Ω

+

(
1

∆t
yn+1

s,h
, yn+1

s,h

)

skel

+M((vn+1
f,h , vn+1

s,h , yn+1
s,h

, pn+1
h ), (vn+1

f,h , vn+1
s,h , yn+1

s,h
, pn+1
h ))

≥ ρf

∆t

∥∥∥vn+1
f,h

∥∥∥
2

φ0,Ω
+
ρs

∆t

∥∥∥vn+1
s,h

∥∥∥
2

1−φ0,Ω
+

1

κs∆t

∥∥pn+1
h

∥∥2

(1−φ0)2,Ω
+

1

∆t

∥∥∥yn+1
s,h

∥∥∥
2

skel
, (4.25)

hence Xh = 0.
The continuous solution X = (vf , vs, ys

, p) in V of (4.5) satisfies, for any (v∗f , v
∗
s , y
∗
s
, p∗) in

V , at any time t,

ρf (∂tvf , v
∗
f )φ0,Ω

+ ρs (∂tvs, v
∗
s )1−φ0,Ω

+
(
∂tys

, y∗
s

)
skel

+
1

κs
(∂tp, p

∗)(1−φ0)2,Ω

+M((vf , vs, ys
, p), (v∗f , v

∗
s , y
∗
s
, p∗)) = 0. (4.26)

The discrete solution (Xn
h = (vnf,h, p

n
h, y

n
s,h
, vns,h))n≥0 in (Vh)N is such that for any n ≥ 0, and

any (v∗f , v
∗
s , y
∗
s
, p∗) in Vh

ρf

(
Dτv

n+ 1
2

f,h , v∗f

)

φ0,Ω

+ ρs

(
Dτv

n+ 1
2

s,h , v∗s

)

1−φ0,Ω

+

(
Dτy

n+ 1
2

s,h , y∗
s

)

skel

+
1

κs

(
Dτp

n+ 1
2

h , p∗
)

(1−φ0)2,Ω

+M((vn+1
f,h , v

n+ 1
2

s,h , y
n+ 1

2
s,h , pn+1

h ), (v∗f , v
∗
s , y
∗
s
, p∗)) = 0. (4.27)

The purpose of this section is to establish the following convergence result.

Proposition 5 (Total convergence)
Assuming that conditions (4.17), (4.18), (4.19) and (4.20) are satisfied, that the solution X of
(4.5) belongs to C1(0, T, V +)∩C2(0, T, V −), with T the simulation time, and that (Xn

h )n≥0 is the
solution of (4.12). There exists a constant C depending only on ‖X‖L∞(0,T,V +), ‖∂tX‖L∞[0,T,V +]

and ‖∂2
tX‖L∞[0,T,E] such that, denoting

Xn
h −X(tn) =

[
vnf,h − vf(t

n), pnh − p(tn), vns,h − vs(t
n), yn

s,h
− y

s
(tn)

]
,

we have

‖Xn
h −X(tn)‖E ≤ C(h+ ∆t).
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Proof. Let us introduce the projection P =
[
P f
h, P

s
h, P

y
h , P

p
h

]
such that,

∀X∗ = (v∗f , v
∗
s , y
∗
s
, p∗) ∈ Vh, M(PX,X∗) = M(X,X∗) i.e.

M((P f
hvf , P

s
hvs, P

y
hys

, P p
h p), (v

∗
f , v
∗
s , y
∗
s
, p∗)) = M((vf , vs, ys

, p), (v∗f , v
∗
s , y
∗
s
, p∗)). (4.28)

We begin with establishing

Lemma 6
Under the hypothesis of Proposition 4, there exists a constant C independent of h such that,
for any X in V + satisfying X1 = X2 on ΓNnos,

‖PX −X‖E ≤ Ch‖X‖V + .

Remark 10
More generally, with shape functions of order k > 1 for PX we have that for any X in V k =
(Hk+1(Ω)3)3 ×Hk(Ω) satisfying X1 = X2 on ΓNnos,

‖PX −X‖E ≤ Chk‖X‖V k ,

with ‖·‖V k the natural norm on V k. To fix the ideas, we will restrict ourselves to the case k = 1.

Proof of Lemma 6. Under these assumptions, let us introduce the Clément (Clément, 1975)
interpolation IhX in Vh that satisfies





‖X − IhX‖V ≤ Ch‖X‖V + ,

‖IhX‖V ≤ C‖X‖V ,
(IhX)1 = (IhX)2 on ΓNnos,

‖(IhX −X)4‖L2(ΓNnos) ≤ Ch1/2‖X4‖H1(Ω),

‖(IhX −X)1‖H1(ΓNnos) ≤ Ch1/2‖X1‖H2(Ω).

For X∗ ∈ Vh, let us look at the terms of M(X − IhX,X
∗) that are not controlled by ‖·‖h.

Thanks to the above properties and the Cauchy-Schwarz inequality,

(p− Ihp, (v∗f − v∗s ) · n)ΓNnos
≤ h1/2‖p− Ihp‖L2(ΓNnos) ·

1

h1/2
‖v∗f − v∗s‖L2(ΓNnos)

≤ Ch‖X‖V +‖X∗‖h

The same argument enables us to control 2µ(ε(vf − Ihvf) · n, v∗f − v∗s )ΓNnos
, the Robin term

vanishes since by construction (X − IhX)1 = (X − IhX)2 on ΓNnos, and all other terms are
controlled with Cauchy-Schwarz. We end up with, for C independent of h,

M(X − IhX,X∗) ≤ Ch‖X‖V +‖X∗‖h. (4.29)

Now, Proposition 4 ensures the existence of X∗ in Vh such that

‖X∗‖h = 1 and M(PX − IhX,X∗) ≥ γ‖PX − IhX‖h,

and we recall that by definition of P ,

M(PX − IhX,X∗) = M(X − IhX,X∗),

therefore, using (4.29)

γ‖PX − IhX‖h ≤M(X − IhX,X∗) ≤ Ch‖X‖V + .
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Finally, using that ‖·‖E ≤ ‖·‖h, and by construction of IhX, the triangular inequality gives,
with C independent of h,

‖PX −X‖E ≤ ‖PX − IhX‖E + ‖IhX −X‖E
≤ Ch‖X‖V + + Ch‖X‖V + .

�
Proof of Proposition 5. The inclusion Vh ⊂ V enables us to choose discrete test functions in

(4.26) and by construction of the projectors we get, for any X∗ = (v∗f , v
∗
s , y
∗
s
, p∗) in Vh

ρf (∂tvf , v
∗
f )φ0,Ω

+ ρs (∂tvs, v
∗
s )1−φ0,Ω

+
(
∂tys

, y∗
s

)
skel

+
1

κs
(∂tp, p

∗)(1−φ0)2,Ω

+M((P f
hvf , P

s
hvs, P

y
hys

, P p
h p), (v

∗
f , v
∗
s , y
∗
s
, p∗)) = 0. (4.30)

We average the evaluations of (4.30) at time tn and tn+1, and gather consistency errors on
the right hand side, to get that for any X∗ = (v∗f , v

∗
s , y
∗
s
, p∗) in Vh,

ρf

(
(DτP

f
hvf)

n, v∗f
)
φ0,Ω

+ ρs

(
(DτP

s
hvs)

n+ 1
2 , v∗s

)
1−φ0,Ω

+
(

(DτP
y
hys

)n+ 1
2 , y∗

s

)
skel

+
1

κs

(
(DτP

p
h p)

n, p∗
)

(1−φ0)2,Ω

+M(((P f
hvf)

n+ 1
2 , (P s

hvs)
n+ 1

2 , (P y
hys

)n+ 1
2 , (P p

h p)
n+ 1

2 ), (v∗f , v
∗
s , y
∗
s
, p∗))

= ρf

(
(DτP

f
hvf)

n − (∂tvf)
n+ 1

2 , v∗f
)
φ0,Ω

+ ρs

(
(DτP

s
hvs)

n+ 1
2 − (∂tvs)

n+ 1
2 , v∗s

)
1−φ0,Ω

+
(

(DτP
y
hys

)n+ 1
2 − (∂tys

)n+ 1
2 , y∗

s

)
skel

+
1

κs

(
(DτP

p
h p)

n − (∂tp)
n+ 1

2 , p∗
)

(1−φ0)2,Ω
, (4.31)

where we defined for any function g continuous in time,

(Dτg)n+ 1
2 =

g(tn+1)− g(tn)

∆t
, (Dτg)n =

g(tn+1)− g(tn−1)

2∆t
, and (g)n+ 1

2 =
g(tn+1) + g(tn)

2
.

Now we introduce

X̃n
h = Xn

h − (PX)n with (PX)n =
[
(P f

hvf)
n− 1

2 , P s
hvs(t

n), P y
hys

(tn), (P p
h p)

n− 1
2

]

and we denote by A(v∗f , v
∗
s , y
∗
s
, p∗) the right hand side of (4.31) (the consistency terms). Then

the subtraction (4.27) - (4.31) gives, for any X∗ = (v∗f , v
∗
s , y
∗
s
, p∗) in Vh,

ρf

(
Dτ ṽ

n+ 1
2

f,h , v∗f

)

φ0,Ω

+ρs

(
Dτ ṽ

n+ 1
2

s,h , v∗s

)

1−φ0,Ω

+

(
Dτ ỹ

n+ 1
2

s,h , y∗
s

)

skel

+
1

κs

(
Dτ p̃

n+ 1
2

h , p∗
)

(1−φ0)2,Ω

+M((ṽn+1
f,h , ṽ

n+ 1
2

s,h , ỹ
n+ 1

2
s,h , p̃n+1

h ), (v∗f , v
∗
s , y
∗
s
, p∗)) = A(v∗f , v

∗
s , y
∗
s
, p∗). (4.32)

Following the steps of the energy stability analysis, we evaluate the previous equation with
the following functions that are admissible:

v∗f,h = ṽn+1
f,h , v∗s,h = ṽ

n+ 1
2

s,h , and y∗
s,h

= ỹ
n+ 1

2
s,h , p∗h = p̃n+1

h .

We introduce, for the evaluation of the right hand side of equation (4.32)

A = A(ṽn+1
f,h , ṽ

n+ 1
2

s,h , ỹ
n+ 1

2
s,h , p̃n+1

h )
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and the energy of the error at iteration n

Ẽn =
ρf

2
‖ṽnf,h‖2φ0,Ω +

ρs
2
‖ṽns,h‖21−φ0,Ω +

1

2
‖ỹn

s,h
‖2skel +

1

2κs
‖p̃nh‖2(1−φ0)2,Ω.

Then the same derivation as in Section 4.3.2 gives

A =
Ẽn+1 − Ẽn

∆t
+

ρf

2∆t
‖ṽn+1

f,h − ṽnf,h‖2φ0,Ω +
1

2κs∆t
‖p̃n+1
h − p̃nh‖2(1−φ0)2,Ω + 2µ‖ε(ṽn+1

f,h )‖2φ0,Ω

+
γµ

h
‖ṽn+ 1

2
s,h − ṽn+1

f,h ‖2φ0,ΓNnos
+ ‖ṽn+ 1

2
s,h − ṽn+1

f,h ‖2φ2
0k
−1
f
,Ω
− 4µ(ε(ṽn+1

f,h )n, ṽn+1
f,h − ṽ

n+ 1
2

s,h )φ0,ΓNnos︸ ︷︷ ︸
T1

,

(4.33)

with for any length L

T1 ≤ 2µ

[
L‖ε(ṽn+1

f,h )n‖2φ0,ΓNnos
+

1

L
‖ṽn+1

f,h − ṽ
n+ 1

2
s,h ‖2φ0,ΓNnos

]
.

We use the trace inverse inequality to get that ‖ε(ṽn+1
f,h )n‖2φ0,ΓNnos

≤ Cie
h ‖ε(ṽn+1

f,h )‖2Ω and

T1 ≤ 2µ
CieL

h
‖ε(ṽn+1

f,h )‖2φ0,Ω +
2µ

L
‖ṽn+1

f,h − ṽ
n+ 1

2
s,h ‖2φ0,ΓNnos

,

so that (4.33) turns into

Ẽn+1 − Ẽn
∆t

≤ 2µ

(
CieL

h
− 1

)
‖ε(ṽn+1

f,h )‖2φ0,Ω + µ

(
2

L
− γ

h

)
‖ṽn+1

f,h − ṽ
n+ 1

2
s,h ‖2φ0,ΓNnos

+A.

Now we must control A, which we decompose as follows:





A1 = ρf

(
(DτP

f
hvf)

n − (∂tvf)
n+ 1

2 , ṽn+1
f,h

)
φ0,Ω

,

A2 = ρs

(
(DτP

s
hvs)

n+ 1
2 − (∂tvs)

n+ 1
2 , ṽ

n+ 1
2

s,h

)

1−φ0,Ω

,

A3 =

(
(DτP

y
hys

)n+ 1
2 − (∂tys

)n+ 1
2 , ỹ

n+ 1
2

s,h

)

skel

,

A4 =
1

κs

(
(DτP

p
h p)

n − (∂tp)
n+ 1

2 , p̃n+1
h

)
(1−φ0)2,Ω

.

The linearity of P gives

(DτP
f
hvf)

n − (∂tvf)
n+ 1

2 = P f
h(Dτvf)

n − (Dτvf)
n + (Dτvf)

n − ∂tvf(t
n) + ∂tvf(t

n)− (∂tvf)
n+ 1

2 .

By assumption, (DτX)n belongs to V + and has equal first and second component, so Lemma 6
gives

‖P f
h(Dτvf)

n − (Dτvf)
n‖φ0,Ω ≤ ‖P f

h(DτX)n − (DτX)n‖E ≤ Ch‖(DτX)n‖V +

≤ Ch‖∂tX‖L∞[0,T,V +].

Then, thanks to Taylor-Lagrange inequality,

‖(Dτvf)
n − ∂tvf(t

n)‖φ0,Ω ≤ C‖∂2
tX‖L∞[0,T,E]∆t,
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and vf being C2,

‖∂tvf(t
n)− (∂tvf)

n+ 1
2 ‖φ0,Ω ≤ C‖∂2

tX‖L∞[0,T,E]∆t.

A final use of the Cauchy-Schwarz inequality gives

A1 ≤ C1(h+ ∆t)‖ṽn+1
f,h ‖φ0,Ω,

The same derivation gives the following bounds for A2, A3 and A4,

A2 ≤ C2(h+ ∆t)‖ṽn+ 1
2

s,h ‖1−φ0,Ω,

A3 ≤ C3(h+ ∆t)‖ỹn+ 1
2

s,h ‖skel,

A4 ≤ C4(h+ ∆t)‖p̃n+1
h ‖(1−φ0)2,Ω.

We note that the Ci’s depend on ‖∂2
tX‖L∞[0,T,E] and ‖∂tX‖L∞[0,T,V +]. We end up with, for

C ′A = max1≤i≤4Ci

Ẽn+1 − Ẽn
∆t

≤ 2µ

(
CieL

h
− 1

)
‖ε(ṽn+1

f,h )‖2φ0,Ω + µ

(
2

L
− γ

h

)∥∥∥∥ṽn+1
f,h − ṽ

n+ 1
2

s,h

∥∥∥∥
2

φ0,ΓNnos

+ C ′A(h+ ∆t)

(
‖ṽn+1

f,h ‖φ0,Ω + ‖ṽn+ 1
2

s,h ‖1−φ0,Ω + ‖ỹn+ 1
2

s,h ‖skel + ‖p̃n+1
h ‖(1−φ0)2,Ω

)
.

Again, the assumption γ > 2Cie enables us to choose L ∈ [2h/γ, h/Cie] in order to have

Ẽn+1 − Ẽn
∆t

≤ C ′A(h+ ∆t)

(
‖ṽn+1

f,h ‖φ0,Ω + ‖ṽn+ 1
2

s,h ‖1−φ0,Ω + ‖ỹn+ 1
2

s,h ‖skel + ‖p̃n+1
h ‖(1−φ0)2,Ω

)
,

or, with the triangular inequality,

Ẽ i+1 − Ẽ i ≤ C ′A∆t(h+ ∆t)
(√
Ẽ i+1 +

√
Ẽ i
)
,

i.e. √
Ẽ i+1 −

√
Ẽ i ≤ C ′A∆t(h+ ∆t).

We sum those inequalities for i from 1 to n+ 1 to obtain
√
Ẽn+1 ≤ C ′A(n+ 1)∆t(h+ ∆t) +

√
Ẽ0.

This gives a L2 convergence of ṽf,h, ṽs,h and p̃h and a H1 convergence of ỹ
s,h

, in (h,∆t), i.e.

‖Xn
h − (PX)n‖E ≤ CA(h+ ∆t), (4.34)

with CA dependent only on ‖∂2
tX‖L∞[0,T,E] and ‖∂tX‖L∞[0,T,V +]. In addition, by definition of

(PX)n, and thanks to the continuity of P and the C1 nature of X, we have

‖(PX)n − PX(tn)‖E ≤ C ′∆t‖∂tX‖L∞[0,T,E]. (4.35)

The triangular inequality and Lemma 6 conclude the argument:

‖Xn
h −X(tn)‖E ≤ ‖Xn

h − (PX)n‖E + ‖(PX)n − PX(tn)‖E + ‖PX(tn)−X(tn)‖E
≤ CA(h+ ∆t) + C ′∆t‖∂tX‖L∞[0,T,E] + Ch‖X‖L∞[0,T,V +].

�
Remark 11
The order of the time convergence is only 1 because of the specific choices we made on Sec-
tion 4.3.1 – namely a first-order backward Euler in the fluid and midpoint scheme for the solid –,
that aims at keeping a time scheme as close as possible to the splitting scheme of Chapter 3.
Naturally, avoiding the shifting between fluid and solid discretizations (choosing for example a
Crank–Nicolson method (Le Tallec and Hauret, 2002) for fluid) would give us a convergence in
∆t2.
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4.4 Spatial convergence - numerical illustrations

In this section, we present various numerical results to illustrate the relevance of the above
study and of Proposition 5 that ensures the total convergence of the numerical scheme (4.12)
when conditions (4.17), (4.18), (4.19) and (4.20) are satisfied.

Remark 12 (Solid discretization and the condition (4.18))
We see in the proof of Proposition 4, and in the construction of X4, that pressure is stabilized
by vf , therefore the inf-sup condition (4.17) plays a prominent role. In Section 4.4, solid velocity
and displacement are in the same finite element space, and both the discrete unknowns for fluid
pressure and solid velocity and displacement are in P1. Despite the violation of (4.18), the
numerical instabilities that we will observe when W f

h×W s
h×Qh is in P1×P1×P1 will disappear

in P b1 × P1 × P1. Of course, attempts to bring stabilisation through the solid, in P1 × P b1 × P1,
were unsuccessful. In any case, the condition (4.19) is satisfied. This leads to the conclusion
that when (4.19) and (4.20) are satisfied, (4.17) might be sufficient, and (4.18) not necessary.

The inf-sup condition (4.17) can be hard to impose in the numerical resolution, as it requires
a non natural variable for the discretization of the fluid velocity. Therefore, it is natural to try
to relax (4.17) into (4.21) and to study to what extent this simplification affects the numerical
stability.

We propose here different situations to illustrate how numerical perturbations appear, and
what is the relative importance of conditions (4.17), and (4.21).

First of all, let us notice that, compared with a classical Stokes mixed formulation, κs and
the dynamical term in ∂tp adds a diagonal term on the mixed formulation matrix and therefore
brings stability. For that reason, it is natural to look for numerical instabilities when this
dynamical term is neutralised, that is, when κs grows and the solid constituent approaches
incompressibility.

In Section 4.4.1, we illustrate the importance of (4.17) when φ0 is spatially constant. In
Section 4.4.2, we study the effect of spatial variations of φ0 on spatial convergence of the scheme,
for different discretization methods, and perform a numerical study of the relevance of (4.17)
compared to (4.21). In Section 4.4.3, we extend our study to check that our conclusions remain
relevant in the non-linear framework of Chapter 3.

We consider a linearization of the 2D swelling test case (Section 4.2 in Chapter 3) with
a prescribed fluid velocity, presented in Figure 4.1, with parameters given in Table 4.1, and
for Ψskel a Saint-Venant-Kirchhoff strain energy density of parameter λ = κ − 4(κ1+κ2)

3 and
µ = 2(κ1 + κ2).

Parameter |Ω| ∆t γ κ, κ1 κ2 ρs, ρf µ φ0 D
f

max(vpr
f )

Section 4.4.1 10−4 10−3 2 104, 2 105 2 103 33 103 0.035 0.1 107I 10−4

Section 4.4.2 10−4 10−3 2 104, 2 106 2 103 33 103 0.035 φnc
0 107I 10−3

Section 4.4.3 10−4 10−3 200 2 103 33 103 0.035 0.1 107I 0.05

Table 4.1 – Parameter table. All units are SI.
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Skeleton

sliding
traction free

Fluid

vpr
f

Poiseuille profil for vf
rough & fluid-proof
rough & fluid-proof (sec. 4.4.1, 4.4.3)
p = 0 (sec. 4.4.2)

Figure 4.1 – Swelling test boundary conditions

4.4.1 Inf-sup compatible finite element spaces for fluid pressure and velocity

First, we assume that φ0 is constant in space. Therefore, the inf-sup condition (4.17)
reduces to the classical condition (4.21), widely studied in the context of the resolution of
Stokes problems. It is well known that (4.21) is satisfied for example when W f

h × Qh is in
P b1 × P1, but is violated in P1 × P1.

The spatial step-length h will vary from 1/800 to 1/6400 and a reference configuration is
obtained with h = 1/7200, 5 quadrature points are used, and κs will take the values 2e2, 2e4
and 2e8. . The test case here is as follows (see Figure 4.1):

• vs · n = 0 on the bottom and left faces

• Horizontal fluid velocity is imposed with a Poiseuille profil of amplitude 10−4 on the left
face

• vs = vf on the bottom, top and right faces.

Figure 4.3 illustrates the pressure instabilities that appear for a non inf-sup-compatible
couple of finite element spaces.

We notice that these instabilities grow with γ. For smaller γ, they also appear, but disturb
less the actual solution, and in that case the interface condition cannot be imposed with as
much precision (see Figure 4.4).

Pressure perturbation is also more important when internal fluid-solid friction decreases
because friction brings stability, or when the regularity of the solution of the problem decreases.
More generally, for vf P1, they often appear, their amplitude depends on the regularity of the
actual solution, on the friction and on γ, and under certain circumstances, the perturbation
they introduce may override the actual solution. The conclusion of this section is that choosing
vf in P b1 definitely brings more robustness and stability.
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Figure 4.2 – Spatial convergence graph, relevance of inf-sup compatible finite element
spaces. On the top, γ = 2e4, on the bottom, γ = 2e5. We compare the L2 convergence of p
and vf for two finite element spaces choices for vf , and for increasing κs, at t = 2. Here, φ0

is chosen constant in space. For higher values of κs, P
b
1 discretization of vf , p converges in L2

better than P1.

Figure 4.3 – Pressure profil. vf is P1 on the left and P b1 on the right. Here, 1/h = 3200,
κs = 2e8 and γ = 2e5, pressure is disturbed when W f

h ×Qh isn’t inf-sup compatible.

98



103 104 105 106

10−5

10−4

10−3

10−2

10−1

γ

‖v
f
−
v

s
‖ L

2
(Γ

N
n
o
s
)

‖v
f
‖ L

2
(Γ

N
n
o
s
)

vf P1

vf P
b
1

Figure 4.4 – γ and the condition on ΓNnos. When W f
h × Qh isn’t inf-sup compatible, the

boundary condition vf = vs on ΓNnos cannot be imposed as precisely as when (4.21) is satisfied.
,

4.4.2 Discretization of a non-spatially-uniform φ

Then, we consider a non-spatially-uniform φ0,

φ0 = φnc
0 (x, y) = 0.5 + 0.4 sin

(
10πx

L

)
sin

(
10πy

L

)
,

and illustrate in Figure 4.5 the relevance of solving the fluid mixed problem with unknowns
(wf = φ0vf , p) in W f

h ×Qh, instead of (vf , p). We consider the same test as before, but with a
Poiseuille amplitude of 10−3 on the left side and p = 0 on the right side ; for κs = 2e4 (results
are similar for 2e8), with 5 quadrature points -which is common- and for γ = 2e4 (results are
similar for 2e6). We compare the spatial convergence curves of the following finite element
choices:

• Choice 1: according to the above study, and in order to satisfy (4.17), unknowns are
(wf = φvf , p) in P b1 × P1. Then, we get vf as a H1 projection of (φvf)/φ

• Choice 2: unknowns are (vf , p) in P b1 × P1, and φ is calculated at the integration points

• Choice 3: unknowns are (vf , p) in P b1 × P1, and φ is interpolated into P1.

In the second and third methods, (4.17) is violated but (4.21) is satisfied. We see in Figure 4.5
that even if (4.17) gives better spatial convergences for fluid pressure and velocities, satisfying
the relaxed conditions (4.21) gives converging algorithms and good numerical results. It’s
interesting to know as (4.17) is in most cases (especially in a non linear framework) much harder
to impose at the discrete level than (4.21), as it requires to choose w = φvf –as proposed in
(Berger et al., 1999) – as discrete unknown for the fluid velocity, which is not as natural as vf .

4.4.3 Extension to a non-linear framework

In this last section, we illustrate the relevance of this study for choosing adequate spatial
discretization in a non linear framework. We perform simulation on the test case of Section 4.4.1,
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Figure 4.5 – Spatial convergence graph, relevance of (4.17) vs (4.21). We compare the
L2 convergence of p and vf (or wf for Method 1), for Methods 1, 2 and 3, for κs = 2e4, at t = 2.
All method are effective, but the first gives a better spatial convergence than the 2 others. In
other words, ensuring (4.21) gives good results, (4.17) is even better. Each method is compared
to its own reference solution (gotten with 1/h = 7200).

using a splitting time scheme in the Arbitrary Lagrangian-Eulerian formalism. We consider a
Saint-Venant-Kirchhoff law for the solid, and the free energy considered in the Section 4 of
Chapter 3, with κs = 2e5, 1/h = 1600, and parameters of Table 4.1. We compare the pressure
that we obtained when discretizing vf in P1 and in P b1 .

In order to satisfy (4.17), our discrete variables in the implicit fluid projection substep
should be (φvf , p,m). Nevertheless, the H1 projection that enables us to go back from (φvf) to
vf (necessary for the explicit step) needs to reach φ at the integration points. The fluid portion
φ varies in time and space, and its definition calls function that are defined on different meshes.
Simulations are performed with FreeFem++ (Hecht, 2012), that present many advantages, but
doesn’t allow such manipulations. In the light of the relatively good results of the third method
of Section 4.4.2, it is legitimate to relax (4.17) into (4.21), which is much easier to verify in the
implementation. We illustrate in Figure 4.6 that the condition (4.21) is sufficient to prevent
pressure perturbations.

4.5 Conclusion

To conclude, we began this chapter with deriving a linear problem (4.5) close to the porome-
chanical formulation (1.3). In this context, at the discrete level, a monolithic solver directly
computes Xn+1

h in function of Xn
h . This simplified framework enabled us to establish conditions

under which the convergence of our numerical scheme in (h,∆t) is ensured, see conditions (4.17),
(4.18), (4.19) and (4.20), and Proposition 5. Nevertheless, satisfying all of these criteria at the
discrete level is generally very tedious. Therefore, we performed different numerical tests to
illustrate the relative importance of these conditions. We verified that (4.18) is in practise not
mandatory, and that (4.17) can be relaxed into (4.21) without affecting too much the stability
properties. Therefore, we propose to choose discrete variables (vf , vs, ys

, p) in P b1 ×P1×P1×P1,
as a good compromise between implementation difficulties and stability properties.

This choice allows to envision an adequate choice of spatial discretization for the non-linear
case as revealed by our numerical tests. This paves the way for further implementation of the
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Figure 4.6 – Pressure profil in non-linear, at t = 1, on the deformed configuration. In
white is the reference configuration. vf is P1 on the left and P b1 on the right. Pressure is
disturbed when finite element spaces for W f

h×Qh isn’t inf-sup compatible, and satisfying (4.21)
is enough to bring stability.

complete non-linear 3D poromechanical model of Chapter 3. We mention that 3D simulations
of pressure wave propagation through porous cylinder were recently obtained in (Vuong et al.,
2016).
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Chapitre 5

Conclusions et perspectives

Plus de la moitié des pathologies cardiovasculaires sont la conséquence de troubles de la
circulation dans le réseau de coronaires. Dans un contexte où de nombreux outils de modélisation
cardiaque avaient été développés, cette thèse est née de la volonté de l’équipe MΞDISIM de faire
un pas supplémentaire vers la prise en compte de la perfusion du tissu cardiaque par le réseau
coronarien, jusqu’à présent généralement absente dans les modèles. Compte tenu de la finesse
du réseau de capillaire en bout de châıne, et des objectifs de modélisation, le myocarde perfusé
peut être assimilé à un milieu poreux. Cela avait motivé l’élaboration d’une formulation de
poromécanique générale, adaptée au contexte cardiaque (Chapelle and Moireau, 2014). Nous
avons donc proposé dans cette thèse des outils mathématiques et numériques pour discrétiser
cette formulation de poromécanique dans le but de l’intégrer aux modèles de coeur. Ce dernier
chapitre présente les conclusions que l’on peut tirer de ces travaux, ainsi que les perspectives
que l’on imagine pour leur faire suite. Il est organisé en fonction des trois chapitres de la thèse.

Chapitre 2

Conclusions

Nous avons commencé par rappeler les différents éléments des modèles cardiaques existants
(Chapelle et al., 2012), en remplaçant le myocarde hyperélastique par un compartiment po-
reux (Chapelle and Moireau, 2014), pour prendre en compte sa perfusion par un réseau de
coronaires s’intégrant au modèle de circulation sanguine au niveau de l’aorte. Cela nous per-
met d’introduire formellement un modèle 3D de coeur perfusé. S’inspirant de (Caruel et al.,
2014), nous proposons ensuite une réduction dimensionnelle de modèle pour simuler en 0D un
ventricule sphérique perfusé. Nous proposons une discrétisation temporelle de la formulation de
poromécanique réduite compatible avec un bilan énergétique. Utilisant la librairie Matlab locale
CardiacLab et après calibration, ce schéma nous permet de simuler des cycles cardiaques avec
perfusion en 0D pour un coût de calcul très faible. Cette amélioration du modèle nous permet
de modéliser la perfusion (pression et masse sanguine), jusqu’à présent inobservable dans les
modèles, et de retrouver notamment le phénomène de flow impediment connu des physiologistes.
C’est une étape majeure vers la modélisation des maladies coronariennes. Nous terminons par
illustrer la pertinence de notre modèles dans un cadre d’applications cliniques, en reproduisant
le mécanisme de vasodilatation et en étudiant des cas de sténoses.

Remarques et Perspectives

• Les temps de simulations restent élevés (une heure) car une quarantaine de cycles sont
nécessaires avant d’atteindre un régime périodique. Cela est dû à l’état initial, trop loin
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du cycle ciblé, qui n’est probablement pas calculé de manière optimale. Des progrès sur
sa détermination permettraient facilement de réduire drastiquement les temps de calculs
(un cycle prend de l’ordre d’une minute).

• De nombreuses applications cliniques sont envisagées, afin de modéliser toujours plus fi-
nement les maladies micro et macro-vasculaires coronariennes. Un enjeu demeure dans le
couplage de ce modèles aux signaux accessibles sur des patients spécifiques, par acquisi-
tions de données.

• Parmi les pistes d’améliorations du modèle on peut citer une meilleure modélisation de la
circulation, notamment au niveau de l’aorte et le couplage de deux ventricule sphériques
0D pour un coeur complet.

• Ce modèle peut servir à la calibration de modèles plus complexes. L’enjeu est crucial
en terme d’efficacité de calcul. Sa facilité de mise en oeuvre et son efficacité permettent
également d’envisager de l’embarquer sur des systèmes de type smartphone, afin de le
coupler à des capteurs et de l’acquisition de données, pour faire du suivi de patient.

Chapitre 3

Conclusions

Nous inspirant des méthodes développées en IFS, nous avons proposé pour la formulation de
poromécanique un schéma en temps semi-implicite basé sur un couplage de Robin. La difficulté
majeure ayant été le traitement de la fraction volumique fluide φ qui intervient dans tous les
termes, et de sa dynamique. Nous avons établis un bilan d’énergie discret en grands déplacements
et grandes déformations, garantissant la stabilité énergétique inconditionnelle du schéma. Grâce
à un premier algorithme, implémenté en FreeFem++ (Hecht, 2012), basé sur ce schéma et ne
se souciant pas des problématiques liées à la discrétisation spatiale, nous avons reproduit avec
succès des simulations de gonflement et de drainage d’un milieu poreux carré en deux dimensions.
Nous avons également obtenu une illustration numérique du bilan énergétique théorique obtenu.

Remarques et perspectives

• Il est important de souligner qu’en IFS, la raison d’être du couplage de Robin est d’in-
troduire à l’interface fluide-structure une dissipation suffisante pour obtenir la stabilité
énergétique théorique du schéma, indépendamment du ratio des masses volumiques fluide
et solide, et sans avoir à considérer une discrétisation solide dissipative. Cependant, malgré
l’absence de résultat de stabilité sous de telles hypothèses, le schéma de projection semi-
implicite dont il est issu étant plus opérationnel (le couplage est imposé en dur), il est
en pratique largement plus utilisé et a démontré d’excellentes propriétés numériques dans
de nombreux cas. Dans notre cas, il est intéressant de souligner qu’un algorithme avec
couplage en dur à l’interface (sans Robin), nous a également permis de reproduire exacte-
ment toutes les simulations de ce chapitre. Nous avons donc de bonnes raisons de penser
que cette simplification, qui facilite considérablement la mise en oeuvre du schéma, ne
menacera pas trop ses performances numériques. C’est d’ailleurs une simplification que
nous avons commencé à utiliser lors de l’intégration de ce modèle de poromécanique à
l’environnement HappyHeart.

• Notons que dans la Section 4, les erreurs de consistance introduites sont la conséquence de
l’usage de FreeFem++ en particulier, mais que dans un code élément finis plus complet,
la définition de φ aux points d’intégration ne représente aucune difficulté.
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• D’après la Remarque 6, la transposition de notre analyse permet d’obtenir la stabilité
énergétique inconditionnelle du schéma pour un problème d’IFS en formalisme ALE, en
grands déplacements et grandes déformations. Notons alors que la conservation de la masse
fluide doit être remplacée par une loi de conservation géométrique pour obtenir le résultat.

• Toujours en IFS, l’équation fluide de l’étape implicite peut être traité comme un problème
de Poisson pour la pression, ce qui apporte un effet stabilisateur intéressant. Bien que cela
semble difficile en gérant la dynamique de la masse fluide, il serait pertinent de voir si cela
est transposable à notre contexte, pour simplifier l’algorithme.

• Conformément à la Remarque 5, l’inconvénient majeur du couplage de Robin est qu’il est
consistent en γ∆t/h, ce qui impose typiquement de choisir ∆t en O(h2). Des pistes sont
à explorer pour améliorer cela : par extrapolation et correction, ou bien par une méthode
Nitsche non-symétrique sans pénalisation (Burman and Fernández, 2014).

Chapitre 4

Conclusions

Nous avons linéarisé la formulation de poromécanique aux niveaux continu et discret, et
avons établi un résultat garantissant dans ce cadre la convergence totale, sous conditions, de
la solution discrète vers la solution continu. Cela nous a permis de mettre en évidence les rôles
de l’incompressibilité solide et de la discrétisation spatiale dans l’apparition de perturbations
numériques, que nous avons illustrés avec FreeFem++ (Hecht, 2012). Une étude de convergence
spatiale nous a ensuite permis de déterminer un algorithme de discrétisation spatiale facile à
mettre en oeuvre et gardant de bons résultats numériques lorsque le solide est incompressible.
Enfin, un retour sur l’algorithme du Chapitre 3 accrédite dans un cadre non linéaire la méthode
proposée.

Remarques et Perspectives

• De nouveau, la transcription au cadre non linéaire avec FreeFem++ ne permet pas de
définir φ aux points d’intégration, ce qui oblige à l’interpoler dans P1. Cette limitation
n’aura plus lieu d’être dès lors que l’algorithme sera implémenté dans un code éléments
finis plus souple.

• Ce cadre linéaire serait propice à l’étude des questions d’existence et d’unicité de solutions
pour le problème de poromécanique. Une source d’inspiration étant une fois de plus l’IFS :
notamment (Du et al., 2003; Du et al., 2004) ; ou bien (Le Tallec and Mani, 2000) qui
obtient ces résultats en linéaire grâce à des arguments de conservation d’énergie ; ou encore
(Grandmont and Maday, 2000) (existence pour un fluide non linéaire et en ALE).

• Ces travaux, et les validations numériques des choix de discrétisation spatiale en confi-
guration non-linéaire, ouvrent la voie vers l’implémentation du modèle complet de po-
romécanique non-linéaire du Chapitre 3. Notons que des simulations 3D de propagation
d’onde de pression dans un cylindre poreux ont récemment été obtenues (Vuong et al.,
2016).
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Perspectives générales

Au delà des perspectives énoncées ci-dessus par chapitre, l’intégration d’un modèle de po-
romécanique pour modéliser le myocarde perfusé continue de présenter de nombreux défis.
Par exemple, le couplage de ce flux poreux avec des modèles éventuellement multi-échelles
représentant la circulation sanguine dans les artères et les veines coronariennes les plus larges
posera la question d’où situer la frontière et de comment traiter les conditions de transmission
(via le terme source volumique θ ou via les bords du modèle poreux). Encore, un effort reste à
faire pour prendre en compte dans l’activité musculaire cardiaque l’indispensable approvision-
nement en nutriments et en oxygène, via les coronaires. Enfin, afin de pouvoir mieux modéliser
davantage de situations et de pathologies, les modèles doivent être validés, calibrés et couplés à
des données cliniques.
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Appendix A

Stability analysis of a Robin based
semi-implicit coupling time scheme
for non-linear fluid-structure
interaction

As mentioned in this thesis, methods and results were first derived in a fluid-structure
interaction (FSI) framework. This appendix presents what constituted a first step toward
Chapter 3, that is a stability analysis of the Robin based semi-implicit time scheme (Astorino
et al., 2009a) in a non-linear FSI framework. The scheme (Fernández et al., 2007) directly
inspired (Astorino et al., 2009a). A stability and a convergence results of the first one were
established (Fernández et al., 2007; Astorino and Grandmont, 2010) but only for a Leap-Frog
time discretization scheme on the structure. The second introduces dissipation at the fluid-solid
interface that allows the establishment of a stability result with a more natural conservative
Newmark scheme on the structure (in a linear configuration in (Astorino et al., 2009a)), that
will therefore remain valid for non-linear solid. In order to establish a stability result in non-
linear and with a Newmark discretization, we propose here an adaptation of the Robin based
version. Nevertheless, the first one is easier to implement, it is widely used and has shown very
good numerical properties. Therefore, to facilitate the switching between both in analysis and
implementation, we begin with permuting the explicit and implicit steps of the Robin based
version to rewrite it in compliance with the explicit-implicit initial version.

A.1 Fluid-structure interaction strong formulation

Let us consider, for instance within a blood vessel, the coupling between a Navier-Stokes
fluid on a domain Ωf and a hyperelastic solid on Ωs (see Figure A.1). They both interact on
an interface Σ = Ωf ∩ Ωs, where their velocity and stresses coincides. The solid is described in
a Lagrangian frame by its displacement y

s
: Ωs × R+ → Rd (d = 2, 3), that governs the fluid

domain displacements. The fluid is then represented in a ALE (Arbitrary Lagrangian Eulerian)
formalism (see (Formaggia et al., 2010), Chapter 3): the current fluid domain Ωf(t) = A(Ωf , t)
is given by the ALE mapping

A = IΩf
+ y

f

where, in practise,

y
f

= Ext(y
s
|Σ) : Ωf × R+ → Rd
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Figure A.1 – Fluid-structure interaction modeling. Blood wave propagation within a tube.

is the fluid domain displacement, with Ext(·) a reasonable lifting operator from the reference
interface Σ to the fluid reference domain Ωf (e.g. a harmonic lifting). We denote by Σ(t) =
∂Ωs(t) ∩ Ωf(t) the current position of the fluid-solid interface, ∂t|A the ALE time derivative,
σ

f
(vf , p) = −p1 + 2µε(vf) the fluid Cauchy stress tensor that derives from a Helmholtz free

energy Ψ, µ the dynamic fluid viscosity, ε(v) = 1
2(∇ v + ∇ vT ) the linearised deformation

tensor, Π
s

the first Piola-Kirchhoff solid stress tensor, F f = ∇A the fluid domain deformation

gradient, and J f = detF f the Jacobian; and finally respectively nf and ns the outgoing fluid
and solid normals.

We denote ∂Ωf = Γin-out ∪Σ and ∂Ωs = ΓD ∪ ΓN ∪Σ fluid and solid borders partitions (see
Figure A.1), p̄ a given pressure on Γin-out ; ρf and ρs the fluid and solid densities,

The non-linear fluid-structure interaction problem considered writes as follow, (Astorino
et al., 2009a): Find vf : Ωf × R+ → Rd, the pressure p : Ωf × R+ → R, the solid displacement
y

s
: Ωs × R+ → Rd and the solid velocity vs : Ωs × R+ → Rd such that:





ρs∂tvs −∇ · (Πs
(y

s
)) = f, in Ωs,

ρf∂tvf |A + ρf∇ ·
(
vf ⊗ (vf − w)

)
−∇ · (σ

f
(vf , p)) = 0, in Ωf(t),

∇ · vf = 0, in Ωf(t),

(A.1)

With vf(0) = vf,0, y
s
(0) = y

s,0
, vs(0) = vs,0, and the following limit conditions





y
f

= Ext(y
s
|Σ), w = ∂tyf

, in Ωf(t) = (IΩf
+ y

f
)(Ωf),

∂tys
= vs, in Ωs,

vf = vs, in Σ(t),

Π
s
(y

s
)ns = −J fσ

f
(vf , p)(F

f)−Tnf , on Σ,

σ
f
(vf , p)nf = t = −p̄nf , on Γin-out,

y
s

= ypr
s
, on ΓD,

Π
s
(y

s
) = 0, on ΓN .

(A.2)

We denote that a field defined on the fluid reference domain Ωf is evaluated on the current
domain Ωf(t) by composing with A−1(·, t).

Remark 13 (FSI vs poromechanics strong form)
In order to enhance the similarities between these two problem, that motivated our approach,
we propose here to write in red the terms of in the strong form of the poromechanical model
(1.2) that are added to the non-linear FSI strong form in the ALE formalism (A.1) (where the
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ALE velocity field w is replaced by the solid physical velocity vs):





ρs0(1− φ0)
dvs

dt
−∇ ξ · (F · Σs

)+pJF−T · ∇ ξφ

−Jφ2k−1
f
· (vf − vs) = ρs0(1− φ0)f, in Ω0, (A.3a)

1

J

d

dt
(ρfJφ vf) +∇ x ·

(
ρfφ vf ⊗ ρf(vf−vs)

)
−θvf

+φ2k−1
f
· (vf − vs)−∇ x · (φσvis

) + φ∇ xp = ρfφ f, in Ωt, (A.3b)

1

J

d

dt
(Jρfφ)+∇ x ·

(
ρfφ(vf−vs)

)
= θ, in Ωt. (A.3c)

A.2 Time-discrete partitioned coupling method

In the sequel we use the standard mid-point notation

gn+ 1
2 =

gn + gn+1

2
,

except when otherwise specified for some specific variables that we then denote by gn+ 1
2
]. For

the solid part, we adopt a mid-point Newmark scheme given by

yn+ 1
2

s
=
yn+1

s
+ yn

s

2
,

v
n+ 1

2
s =

vn+1
s + vns

2
=
yn+1

s
− yn

s

∆t
,

and

en+ 1
2
] = e(yn+ 1

2
s

), ėn+ 1
2
] =

en+1 − en
∆t

,

dye
n+ 1

2
] · v∗ =

1

2

(
F (yn+ 1

2
s

)T · ∇ ξv
∗ +∇ T

ξ v
∗ · F (yn+ 1

2
s

)
)
,

Assuming a sufficiently regular mapping between the reference domain Ωf and the deformed
configuration of time step n denoted by Ωn

f , we define

Qn = L2(Ωn
f ),

V n
f = H1(Ωn

f )3,

Vs = H1(Ωs)
3,

V n
f (ϕ) = {v∗ ∈ V n

f

∣∣∣ v∗|Σn = ϕ|Σn}, ∀ϕ ∈ L2(Σn)3,

Vs(ϕ) = {v∗ ∈ Vs

∣∣∣ v∗|ΓD = ϕ|ΓD}, ∀ϕ ∈ Vs.

As in the continuous framework, we will use the same notation for functions defined in Ω0
f and

Ωn
f .

All the solution spaces considered here are implicitly assumed from now on to be discrete in
space, typically using a finite element type strategy, but we do not dwell on space discretization
in this paper. Nevertheless, we will denote by h the typical maximum diameter of all the finite
elements in the mesh.

The partitioned method proposed in (Astorino et al., 2009a) writes as follow:

Given the solutions (yn
s
, vns ) and (vnf , p

n) up to time step n, perform the following steps:
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• Step 0. Mesh update: Ωn+1
f = (IΩnf

+ ∆twn+1)Ωn
f with

{
wn+1 = Ext(vns )

wn+1|Γin-out = 0
.

• Step 1. Explicit step: find ṽn+1
f ∈ V n+1

f such that ∀ṽ∗f ∈ V n+1
f

∫

Ωn+1
f

ρf

∆t
ṽn+1

f · ṽ∗f dΩ−
∫

Ωnf

ρf

∆t
vnf · ṽ∗f dΩ

+

∫

Ωn+1
f

∇ x ·
(
ρf ṽ

n+1
f ⊗ (vnf − wn+1)

)
· ṽ∗f dΩ + 2µ

∫

Ωn+1
f

ε(ṽn+1
f ) : ε(ṽ∗f ) dΩ

+
γµ

h

∫

Σn+1

(ṽn+1
f − vn−

1
2

s ) · ṽ∗f dS = 2µ

∫

Σn+1

ε(ṽn+1
f ) · nf · ṽ∗f dS. (A.4a)

• Step 2. Implicit step (implicit coupling of two substeps, fluid and solid)

– Step 2a. Fluid projection substep

Find (vn+1
f , pn+1) ∈ V n+1

f (v
n+ 1

2
s )×Qn+1 such that ∀(v∗f , p∗) ∈ V n+1

f (0)×Qn+1

∫

Ωn+1
f

ρf

∆t
(vn+1

f − ṽn+1
f ) · v∗f dΩ−

∫

Ωn+1
f

pn+1∇ x · v∗f dΩ

+

∫

Ωn+1
f

p∗∇ x · vn+1
f dΩ =

∫

Γn+1
in-out

tn+1 · v∗f dΩ (A.4b)

– Step 2b. Solid step

Find (yn+1
s

, vn+1
s ) ∈ Vs(y

pr
s

(tn+1))× V 0(0) such that ∀v∗s ∈ Vs(0)




∫

Ωs

ρs

∆t
(vn+1

s − vns ) · v∗s dΩ +

∫

Ωs

(
∂Ψ

∂e

∣∣∣
n+ 1

2
]

+
∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]
)

: dye
n+ 1

2
] · v∗s dΩ

+
γµ

h

∫

Σn+1

(v
n+ 1

2
s − vn−

1
2

s ) · v∗s dS =

∫

Ωs

ρsf
n+1 · v∗s dΩ−Rf(Ln+1(v∗s ))

v
n+ 1

2
s =

yn+1
s
− yn

s

∆t
in Ωs

(A.4c)

Here, the lifting operator Ln+1 satisfies that, for any v∗s in Vs, Ln+1(v∗s ) =

{
v∗s on Σn+1

0 on Γn+1
in-out

is a function of V n+1
f , Rf denotes the fluid discrete residual, such that for any v∗ in V n+1

f

Rf(v
∗) =

∫

Ωn+1
f

ρf

∆t
vn+1

f ·v∗ dΩ−
∫

Ωnf

ρf

∆t
vnf ·v∗ dΩ +

∫

Ωn+1
f

∇ x ·
(
ρf ṽ

n+1
f ⊗ (vnf −wn+1)

)
·v∗ dΩ

−
∫

Ωn+1
f

pn+1∇ x · v∗ dΩ + 2µ

∫

Ωn+1
f

ε(ṽn+1
f ) : ε(v∗) dΩ−

∫

Γn+1
in-out

tn+1 · v∗ dS,

and we make the following discretization choice for
∂Ψ

∂e

∣∣∣
n+ 1

2
]

(see (Gonzalez, 2000))

∂Ψ

∂e

∣∣∣
n+ 1

2
]
=̂
∂Ψ

∂e
(en+ 1

2
]) +

(
Ψ(en+1)−Ψ(en)

∆t
− ∂Ψ

∂e
(en+ 1

2
]) : ėn+ 1

2

)
ėn+ 1

2

ėn+ 1
2 : ėn+ 1

2

. (A.5)

In the sequel, we will choose Ψdamp = ηd
2 tr(ė)2, with the discretization

∫

Ωs

∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · v∗s dΩ =

∫

Ωs

ηd dye
n+ 1

2
] · vn+ 1

2
s : dye

n+ 1
2
] · v∗s dΩ.
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A.3 Stability analysis

Our objective in this section is to establish the stability of the above nonlinear scheme,
namely, a discrete energy balance similar to the one established in a linear framework in (As-
torino et al., 2009a). We will then naturally assume that there exists a solution (yn

s
, vns , v

n
f , p

n)
to the discrete equations (A.4) up to time step n.

Lemma 7
There exists a constant Cie such that

‖ε(v∗) · nf‖2L2(Σn+1) ≤
Cie
h
‖ε(v∗)‖2

L2(Ωn+1
f )

, ∀v∗ ∈ H1(Ωn
f )3. (A.6)

This inverse inequality is obtained by a standard scaling argument when noting that

‖ ε(v∗) · nf‖2L2(Σn+1) = ‖ε(v∗) · nf)
2‖L1(Σn+1 .

For the sake of simplicity in the stability analysis, we will assume that f = 0 and ypr
s

= 0.
We then have the following result.

Proposition 8
Assuming that we have a Geometric Conservation Law

∫

Ωn+1
f

ρfp
∗dΩ−

∫

Ωnf

ρfp
∗dΩ +

∫

Ωn+1
f

p∗∇ · (ρf(v
n
f − wn+1))dΩ = 0, with p∗ =

1

2
|ṽn+1

f |2, (A.7)

and that

γ ≥ Cie, (A.8)

then, the time scheme (A.4) satisfies

En+1 − En
∆t

+
γµ

2h
‖vn+ 1

2
s ‖2Σn+1 −

γµ

2h
‖vn−

1
2

s ‖2Σn+1

≤
(
tn+1, vn+1

f

)
Γn+1
in-out
−
∫

Ωs

∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

− T1 −
ρf

2∆t

∥∥ṽn+1
f − vnf

∥∥2

Ωnf
− ρf

2∆t

∥∥vn+1
f − ṽn+1

f

∥∥2

Ωn+1
f

− Cµ
∥∥ε(ṽn+1

f )
∥∥2

Ωn+1
f

− C µ
L
‖ṽn+1

f − vn+ 1
2

s ‖2Σn+1 , (A.9)

with C a positive dimensionless constant, L homogeneous to a length, En the total discrete
energy at step n, i.e.

En = Knf +Kns +Wn =
ρf

2
‖vnf ‖2Ωnf +

ρs

2
‖vns ‖2Ωs

+

∫

Ωs

Ψ(en) dΩ,

and T1 the discrete flux of outgoing fluid kinetic energy that crosses the domain borders

T1 =
1

2

∫

Γn+1
in-out

ρf |ṽn+1
f |2vnf · nf dS.

Proof. Respectively evaluating the equations (A.4a), (A.4b) and (A.4c) with the test func-
tions

ṽ∗f = ṽn+1
f , v∗f = vn+1

f − Ln+1(v
n+ 1

2
s ), and v∗s = v

n+ 1
2

s ,
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we get, defining

Rp(v∗) =

∫

Ωn+1
f

ρf
vn+1

f − ṽn+1
f

∆t
· v∗ dΩ−

∫

Ωn+1
f

pn+1∇ x · v∗ dΩ−
∫

Γn+1
in-out

tn+1 · v∗ dS

and using the weighted L2-scalar product notation (g, h)Ω =
∫

Ω gh dΩ,

ρf

∆t

(
ṽn+1

f , ṽn+1
f

)
Ωn+1

f
− ρf

∆t

(
vnf , ṽ

n+1
f

)
Ωnf

+

∫

Ωn+1
f

∇ x ·
(
ρf ṽ

n+1
f ⊗ (vnf − wn+1)

)
· ṽn+1

f dΩ + 2µ‖ε(ṽn+1
f )‖Ωn+1

f

+
γµ

h

(
ṽn+1

f − vn−
1
2

s , ṽn+1
f

)

Σn+1

= 2µ
(
ε(ṽn+1

f ) · nf , ṽ
n+1
f

)
Σn+1 , (A.10a)

ρf

∆t

(
vn+1

f − ṽn+1
f , vn+1

f

)
Ωn+1

f
−
∫

Ωn+1
f

pn+1∇ x · vn+1
f dΩ +

∫

Ωn+1
f

pn+1∇ x · vn+1
f dΩ

=
(
tn+1, vn+1

f

)
Γn+1

in-out
+Rp(Ln+1(v

n+ 1
2

s )), (A.10b)

ρs

2∆t
‖vn+1

s ‖2Ωs
− ρs

2∆t
‖vns ‖2Ωs

+

∫

Ωs

(
∂Ψ

∂e

∣∣∣
n+ 1

2
]

+
∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]
)

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

+
γµ

h

(
v
n+ 1

2
s − vn−

1
2

s , v
n+ 1

2
s

)

Σn+1

= −Rf(Ln+1(v
n+ 1

2
s )). (A.10c)

For the first two terms of (A.10a), we use 2(a, b) = a2 + b2 − (a− b)2 to obtain

ρf

∆t

(
ṽn+1

f , ṽn+1
f

)
Ωn+1

f
− ρf

∆t

(
vnf , ṽ

n+1
f

)
Ωnf

=
ρf

∆t

(
‖ṽn+1

f ‖2
Ωn+1

f

− 1

2
‖ṽn+1

f ‖2Ωnf −
1

2
‖vnf ‖2Ωnf +

1

2
‖ṽn+1

f − vnf ‖2Ωnf
)
. (A.11)

Then, the next term in (A.10a) can be rewritten as in the proof of (Chapelle and Moireau, 2014,
Theorem 7)

∫

Ωn+1
f

∇ x · (ρf ṽ
n+1
f ⊗ (vnf − wn+1)) · ṽn+1

f dΩ

=

∫

Ωn+1
f

1

2
|ṽn+1

f |2∇ x · (ρf(v
n
f − wn+1)) dΩ + T1, (A.12)

because wn+1 satisfies wn+1 = vnf on Σn+1 and wn+1 = 0 on Γn+1
in-out; and the use of (A.7) gives

1

2

∫

Ωn+1
f

|ṽn+1
f |2∇ x · (ρf (vnf − wn+1)) dΩ = − ρf

2∆t

(
‖ṽn+1

f ‖2
Ωn+1

f

− ‖ṽn+1
f ‖2Ωnf

)
. (A.13)

Gathering (A.11), (A.12) and (A.13), we get

ρf

∆t

(
ṽn+1

f , ṽn+1
f

)
Ωn+1

f
− ρf

∆t

(
vnf · ṽn+1

f

)
Ωnf

+

∫

Ωn+1
f

∇ x ·
(
ρf ṽ

n+1
f ⊗ (vnf − wn+1)

)
· ṽn+1

f dΩ

=
ρf

2∆t

(
‖ṽn+1

f ‖2
Ωn+1

f

− ‖vnf ‖2Ωnf + ‖ṽn+1
f − vnf ‖2Ωnf

)
+ T1. (A.14)
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Then, substituting this result in (A.10a) and summing with (A.10b) and (A.10c) while applying
the identity (a − b, a) = 1

2a
2 − 1

2b
2 + 1

2(a − b)2 to (vn+1
f − ṽn+1

f , vn+1
f )Ωn+1

f
, we get (using

∆t v
n+ 1

2
s = yn+1

s
− yn

s
)

Kn+1
f −Knf

∆t
+
Kn+1

s −Kns
∆t

+

∫

Ωs

(
∂Ψ

∂e

∣∣∣
n+ 1

2
]

+
∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]
)

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

+
ρf

2∆t

[∥∥ṽn+1
f − vnf

∥∥2

Ωnf
+
∥∥vn+1

f − ṽn+1
f

∥∥2

Ωn+1
f

]
−2µ

(
ε(ṽn+1

f ) · nf , (ṽ
n+1
f − vn+ 1

2
s )

)

Σn+1︸ ︷︷ ︸
T2

+
γµ

h

[(
v
n+ 1

2
s − ṽn+1

f , v
n+ 1

2
s

)

Σn+1

+

(
ṽn+1

f − vn−
1
2

s , ṽn+1
f

)

Σn+1

]

︸ ︷︷ ︸
T3

=
(
tn+1, vn+1

f

)
Γn+1

in-out
− T1 − 2µ

∥∥ε(ṽn+1
f )

∥∥2

Ωn+1
f

. (A.15)

We used here the following identity that comes from (A.4a) evaluated with ṽ∗f = Ln+1(v
n+ 1

2
s )

(where we remind that Ln+1(v
n+ 1

2
s )|Σn+1 = v

n+ 1
2

s |Σn+1)

Rf(Ln+1(v
n+ 1

2
s ))−Rp(Ln+1(v

n+ 1
2

s ))

= 2µ

(
ε(ṽn+1

f ) · nf , v
n+ 1

2
s

)

Σn+1

− γµ

h

(
ṽn+1

f − vn−
1
2

s , v
n+ 1

2
s

)

Σn+1

.

Considering now

T3 =
γµ

h

[
(v
n+ 1

2
s − ṽn+1

f , v
n+ 1

2
s )Σn+1 + (ṽn+1

f − vn−
1
2

s , ṽn+1
f )Σn+1

]

=
γµ

h

[
(v
n+ 1

2
s − ṽn+1

f , v
n+ 1

2
s − ṽn+1

f )Σn+1 + (v
n+ 1

2
s − ṽn+1

f , ṽn+1
f )Σn+1

+ (ṽn+1
f − vn−

1
2

s , ṽn+1
f )Σn+1

]

=
γµ

h
‖ṽn+1

f − vn+ 1
2

s ‖2Σn+1 +
γµ

h
(v
n+ 1

2
s − vn−

1
2

s , ṽn+1
f )Σn+1 ,

we have that

(v
n+ 1

2
s − vn−

1
2

s , ṽn+1
f )Σn+1 = (v

n+ 1
2

s − vn−
1
2

s , ṽn+1
f − vn+ 1

2
s )Σn+1 + (v

n+ 1
2

s − vn−
1
2

s , v
n+ 1

2
s )Σn+1 .

Using 2(a, b) ≤ ‖a‖2 + ‖b‖2 with the first term, and 2(a − b, a) = ‖a‖2 − ‖b‖2 + ‖a − b‖2 with
the second one, we obtain

(v
n+ 1

2
s − vn−

1
2

s , ṽn+1
f )Σn+1 ≥ −1

2
‖vn+ 1

2
s − vn−

1
2

s ‖2Σn+1 −
1

2
‖ṽn+1

f − vn+ 1
2

s ‖2Σn+1

+
1

2
‖vn+ 1

2
s − vn−

1
2

s ‖2Σn+1 +
1

2
‖vn+ 1

2
s ‖2Σn+1 −

1

2
‖vn−

1
2

s ‖2Σn+1 ,

hence,

T3 ≥
γµ

2h
‖ṽn+1

f − vn+ 1
2

s ‖2Σn+1 +
γµ

2h
‖vn+ 1

2
s ‖2Σn+1 −

γµ

2h
‖vn−

1
2

s ‖2Σn+1 . (A.16)

For the term T2, we use Young’s inequality (a, b) ≤ 1
2L‖a‖2 + L

2 ‖b‖2, with L homogeneous to a
length here, to get

−T2 ≤ µ
[
L‖ε(ṽn+1

f ) · nf‖2Σn+1 +
1

L
‖ṽn+1

f − vn+ 1
2

s ‖2Σn+1

]
,
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and the inverse inequality (A.6) then gives

T2 ≥ −µ
CieL

h
‖ε(ṽn+1

f )‖2
Ωn+1

f

− µ

L
‖ṽn+1

f − vn+ 1
2

s ‖2Σn+1 . (A.17)

Using the bounds (A.16) and (A.17) in (A.15), we obtain

Kn+1
f −Knf

∆t
+
Kn+1

s −Kns
∆t

+

∫

Ωs

(
∂Ψ

∂e

∣∣∣
n+ 1

2
]

+
∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]
)

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

+
ρf

2∆t

∥∥ṽn+1
f − vnf

∥∥2

Ωnf
+

ρf

2∆t

∥∥vn+1
f − ṽn+1

f

∥∥2

Ωn+1
f

+
γµ

2h
‖vn+ 1

2
s ‖2Σn+1 −

γµ

2h
‖vn−

1
2

s ‖2Σn+1

+ µ

(
2− CieL

h

)∥∥ε(ṽn+1
f )

∥∥2

Ωn+1
f

+ µ

(
γ

2h
− 1

L

)
‖ṽn+1

f − vn+ 1
2

s ‖2Σn+1

≤ (tn+1, vn+1
f )Γn+1

in-out
− T1.

Furthermore, thanks to (A.5) we have

∂Ψ

∂e

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · vn+ 1

2
s =

∂Ψ

∂e

∣∣∣
n+ 1

2
]

:
en+1 − en

∆t
=

Ψn+1 −Ψn

∆t
.

Finally, we are led to

En+1 − En
∆t

+
γµ

2h
‖vn+ 1

2
s ‖2Σn+1 −

γµ

2h
‖vn−

1
2

s ‖2Σn+1

≤
(
tn+1, vn+1

f

)
Γn+1

in-out
−
∫

Ωs

∂Ψdamp

∂ė

∣∣∣
n+ 1

2
]

: dye
n+ 1

2
] · vn+ 1

2
s dΩ

− T1 −
ρf

2∆t

∥∥ṽn+1
f − vnf

∥∥2

Ωnf
− ρf

2∆t

∥∥vn+1
f − ṽn+1

f

∥∥2

Ωn+1
f

− µ
(

2− CieL

h

)∥∥ε(ṽn+1
f )

∥∥2

Ωn+1
f

− µ
(
γ

2h
− 1

L

)
‖ṽn+1

f − vn+ 1
2

s ‖2Σn+1 , (A.18)

Therefore, (A.8) ensure the existence of L such that 2 − CieL

h
≥ 0 and

γ

2h
− 1

L
> 0, and

concludes the establishment of (A.9). �

Remark 14
Proposition 8 ensures the energy stability of our scheme provided γµ∆t = O(h). This CFL-

like condition and the interface term γµ
2h‖v

n+ 1
2

s ‖2Σ, that could be incorporated to the numerical
energy if Σ was fixed, already appeared in the linear version of this stability analysis (Astorino
et al., 2009a).

Remark 15
As in (Astorino et al., 2009a), in addition to the physical dissipation terms in this discrete

balance, the terms
∥∥ṽn+1

f − vnf
∥∥2

Ωnf
,
∥∥vn+1

f − ṽn+1
f

∥∥2

Ωn+1
f

and ‖ṽn+1
f − vn+ 1

2
s ‖2Σn+1 bring numerical

dissipation.
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Appendix B

Total convergence analysis of a
monolithic scheme for linear
fluid-structure interaction

In Appendix A, we present an effective and energy-preserving time discretization of (A.1).
The purpose of this chapter is to study spatial discretization aspects of this fluid-structure inter-
action formulation, in order to guarantee numerical stability. To that purpose, we established
in Section B.1 below a linearization of (A.1), and we perform its theoretical and numerical
convergence study.

It is known that the discretization of a Stokes problem involves mixed finite elements, that
velocity and pressure must be approximated separately, and that the couple of spaces must
be compatible in the sense of an inf-sup condition, see (Ladyzhenskaya and Silverman, 1969;
Babuška, 1973; Brezzi, 1974). Numerically, the violation of this condition often leads to strong
node-to-node spatial oscillations in the pressure field. Our FSI model involves a Stokes-like
fluid sub-problem, coupled with a solid matrix. It is natural to thoroughly investigate how this
problem translates in our framework, and to perform both a theoretical convergence analysis
to see how numerical oscillations arise and numerical tests to illustrate them. Our approach is
inspired from (Le Tallec and Mani, 2000) which establishes the total convergence of a linearised
fluid structure interaction problem, using an energy conservative scheme. A convergence analysis
was also performed on the semi-implicit scheme of (Fernández et al., 2007) in (Astorino and
Grandmont, 2010). Here, we perform it on a monolithic problem using a Robin interface
coupling.

B.1 A linear flows and elastic coupling formulation - the con-
tinuous problem

B.1.1 Linearisation of the formulation for convergence analysis

We consider the FSI formulation introduced in Section A.1 with a solid stress tensor given
by

Σ =
∂Ψ(e)

∂e
,

with Ψ the Helmholtz free energy of the solid quadratic in ε. Furthermore, we assume the
coercivity of Ψ, that is, there exists a λ > 0 such that Ψ(ε) ≥ λ‖ε‖2L2(Ωs)

, and we also assume
that sufficient boundary conditions are imposed on the structure to prevent any rigid body
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transformations. Therefore the Korn inequality gives the equivalence between the norm defined
by Ψ and the H1 norm on Ωs. Let us notice that if we add the assumption of isotropy, it is
known that Ψ can be written as the Saint-Venant-Kirchhoff constitutive law.

In our linear frame, J − 1 reduces to tr ε(y
s
), and we define the reduced tensor σ

s
= ∂Ψ

∂ε .

We assume that the fluid viscosity tensor is given by σ
vis

= 2µε. When we keep only first order
terms, the weak formulation of FSI writes –Ωf(t) and Ωs(t) (resp. a borders Γ(t)) reduces to
Ωf(0) and Ωs(0) that we will denote by Ωf and Ωs (resp. Γ), J to 1, and ALE terms disappear –





∫

Ωs

ρs0∂tvs · v∗s dΩ +

∫

Ωs

σ
s

: ε(v∗s ) dΩ =

∫

Ωs

ρs0f · v∗s dΩ−Rc,lin
f (L(v∗s )) (B.1a)

∫

Ωf

ρf∂tvf · v∗f dΩ +

∫

Ωf

(
−p div v∗f + σ

vis
(vf) : ε(v∗f )

)
dΩ +

∫

Ωf

p∗ div vf dΩ

=

∫

Γin-out

t0 · v∗f dS (B.1b)

with L a lifting operator from functions on Ωs to functions on Ωf , whose restrictions to Σ is the
identity, and with the linear fluid residual

Rc,lin
f (v∗) =

∫

Ωf

ρf∂tvf ·v∗ dΩ+

∫

Ωf

(
−p div v∗f + σ

vis
(vf) : ε(v∗)

)
dΩ−

∫

Γin-out

t0 ·v∗ dS. (B.2)

Remark 16
The corresponding strong formulation reads





ρf∂tvf − div(σ
vis

(vf)) +∇ p = 0, in Ωf

div vf = 0, in Ωf

vf = vs, on Σ




ρs0∂tvs − div σ
s

= ρs0f in Ωs

vs = ∂tys
in Ωs

(σs(y
s
)ns + σ

f
(vf , p)nf) = 0 on Σ.

Remark 17 (Existence and uniqueness of a solution)
Existence and uniqueness of a solution of the continuous problem were established (Grandmont
and Maday, 2000; Du et al., 2003).

B.1.2 Nitsche’s linear weak formulation

We define

Q = L2(Ωf),

W f = H1(Ωf)
3,

W s = H1(Ωs)
3,

W f(ϕ) = {v∗ ∈W f
∣∣∣ v∗|Σ = ϕ|Σ}, ∀ϕ ∈ L2(Σ)3,

W s(ϕ) = {v∗ ∈W s
∣∣∣ v∗|ΓD = ϕ|ΓD}, ∀ϕ ∈W s.

We also introduce the state vector as

X =
[
vf , vs, ys

, p
]

that belongs to V = W f(vpr
f )×W s ×W s(ypr

s
)×Q
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and its corresponding test functions vector

X∗ =
[
v∗f , v

∗
s , y
∗
s
, p∗
]

that belongs to V 0 = W f(0)×W s ×W s(0)×Q.

We consider Ωf,h, Ωs,h (with borders Σh, ΓD,h and Γin-out,h) discretizations of Ωf and Ωs

of refinement h (typically, the maximum diameter of all the elements in the mesh). We use a
finite element strategy and we assume that the solid displacement and the solid velocity are
discretized in the same space W s

h, the fluid velocity is chosen in W f
h and the pressure in Qh. For

any wf,D in L2(Σh)3 and any ws,D in W s
h we define

W f
h(wf,D) = {v∗ ∈W f

h

∣∣∣ v∗|Σh = wf,D},

W s
h(ws,D) = {v∗ ∈W s

h

∣∣∣ v∗|ΓD,h = ws,D}.

Then the finite element spaces associated with V and V 0 are

Vh = W f
h(vpr

f,h)×W s
h ×W s

h(ypr
s,h

)×Qh,
V 0
h = W f

h(0)×W s
h ×W s

h(0)×Qh,

for (vpr
f,h, y

pr
s,h) in W f

h ×W s
h.

We will use the elasticity and weighted L2-scalar product notations

(y, y∗)skel =

∫

Ωs

σ
s
(y) : ε(y∗) dΩ, and (a, b)Ω =

∫

Ω
ab dΩ.

As in the splitting time-scheme of Section A.2, fluid and solid constituents are implic-
itly and weakly coupled on Σ through vf = vs with Robin coupling conditions derived from
Nitsche’s interface method (Nitsche, 1971; Burman and Fernández, 2007). Unlike in (B.1b),
this condition is weakly imposed in the fluid resolution, so the fluid test function v∗f has
no reason to vanish on Σ. Therefore, the integration by part that leads to (B.1b) involves

the new term
(

(σ
vis

(vf)− p) · nf , v
∗
f

)
Σ

in the fluid equation RHS. Furthermore, we use that

Rc,lin
f (L(v∗s )) =

(
(σ

vis
(vf)− p) · nf , v

∗
s

)
Σ

.

We can derive the following equation, satisfied by the solution of (B.1), X = (vf , vs, ys
, p)

in V , for any X∗ = (v∗f , v
∗
s , y
∗
s
, p∗) in V 0

ρf (∂tvf , v
∗
f )Ωf

+
(
σ

vis
(vf), ε(v

∗
f )
)

Ωf

+ ρs0 (∂tvs, v
∗
s )Ωs

+
(
∂tys
− vs, y

∗
s

)
skel

+
(
y

s
, v∗s
)

skel

−
(

(σ
vis

(vf)− p) · nf , v
∗
f − v∗s

)
Σ
−
(

(σ
vis

(v∗f ) + p∗) · nf , vf − vs

)
Σ

+
γµ

h
(vf − vs, v

∗
f − v∗s )Σ + (p∗, div vf)Ωf

− (p,div v∗f )Ωf
=

∫

Ωs

ρs0f · v∗s dΩ +

∫

Γin-out

t0 · v∗f dS,

where the fourth and seventh terms of the LHS are both consistent, and are here respectively
to impose weakly the solid velocity, and to bring some symmetry. We get that the solution X
in V of (B.1) satisfies, for any X∗ in V 0

ρf (∂tvf , v
∗
f )Ωf

+ ρs (∂tvs, v
∗
s )Ωs

+
(
∂tys

, y∗
s

)
skel

+M(X,X∗)

=

∫

Ωs

ρs0f · v∗s dΩ +

∫

Γin-out

t0 · v∗f dS (B.3)
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where we introduced the bilinear form

M(X,X∗) = 2µ
(
ε(vf), ε(v

∗
f )
)

Ωf
+
(
y

s
, v∗s
)

skel
−
(
vs, y

∗
s

)
skel

+ (p∗, div vf)Ωf
− (p,div v∗f )Ωf

−
(
σ

f
(vf , p)nf , v

∗
f − v∗s

)
Σ
−
(
vf − vs, σf

(v∗f ,−p∗)nf

)
Σ

+
γµ

h
(vf − vs, v

∗
f − v∗s )Σ . (B.4)

Remark 18
Note that −

(
σ

f
(vf , p)nf , v

∗
f − v∗s

)
Σ

involves the trace of p and ε(vf) on Σ, which is not properly

defined in the spaces considered. Nevertheless, when (vf , vs, ys
, p) is the continuous solution,

this term can be defined by duality as the residual of the fluid equation.

B.1.3 Time continuous energy balance

For the sake of simplicity in this section, we will assume that t0 = 0 on Γin-out, f = 0 and
ypr

s
= 0 . For any X, we define the following energy norm

‖X‖2E =
ρf

2
‖vf‖2Ωf

+
ρs

2
‖vs‖2Ωs

+
1

2
‖y

s
‖2skel

where the first two terms are the fluid and solid kinetic energy, and the last corresponds to the
Helmholtz free energy

∫
Ωs

Ψ dΩ.
Let us recall the trace inequality and, for discrete functions, the trace inverse inequality (see

Lemma 1 in Section A.3).

Lemma 9 (Trace inequality)
There exists a constant Ctr depending only on Ω (a Lipschitz domain) and Σ such that

‖v‖2
H

1
2 (Σ)
≤ Ctr‖v‖2H1(Ω), ∀v ∈ H1(Ω)3. (B.5)

Lemma 10 (Trace inverse inequality)
If h is the typical maximal diameter of all the finite elements in the mesh, there exists a constant
Cie that depends on Ω, Σ and the type of shape functions, such that

‖ε(vh) · nf‖2L2(Σ) ≤
Cie
h
‖ε(vh)‖2L2(Ω), ∀vh ∈W f

h. (B.6)

Note that (B.3) comes down to a Cauchy problem, so existence and uniqueness of the solution
in the finite dimensional space Vh is guaranteed. Let Xh in Vh be the semi-discrete solution of
(B.3), for any X∗ in V 0

h . The energy of Xh becomes Eh = ‖Xh‖2E . Now, the evaluation of (B.3)
with the test functions X∗ = Xh gives:

∂tEh + 2µ‖ε(vf,h)‖2Ωf
+
γµ

h
‖vf,h − vs,h‖2Σ − 4µ

(
ε(vf,h)nf , vf,h − vs,h

)
Σ

= 0.

Then, we use Young’s inequality (a, b) ≤ 1
2L‖a‖2 + L

2 ‖b‖2, with L homogeneous to a length here,
and the inverse inequality (B.6), to get

4µ
(
ε(vf,h)nf , vf,h − vs,h

)
Σ
≤ 2µ

[
L‖ε(vf,h) · nf‖2Σ +

1

L
‖vf,h − vs,h‖2Σ

]

≤ 2µ
CieL

h
‖ε(vf,h)‖2Ωf

+ 2
µ

L
‖vf,h − vs,h‖2Σ. (B.7)

We end up with the following energy balance

∂tEh + 2µ

(
1− CieL

h

)
‖ε(vf,h)‖2Ωf

+ µ

(
γ

h
− 2

L

)
‖vf,h − vs,h‖2Σ ≤ 0

which ensures the stability of semi-discrete solution Xh provided that γ ≥ 2Cie.
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B.2 The fully discrete problem

B.2.1 Time scheme

We consider in (B.3) a first-order backward difference discretization in the fluid, for both

vf and p, to keep it as close as possible to the splitting scheme of Section A.2 (otherwise pn+ 1
2

would have been a natural choice to avoid numerical dissipation), and a midpoint scheme for
the solid.

Using the notations an+ 1
2 =̂an+1+an

2 and Dτa
n+ 1

2 =̂an+1−an
∆t , we look for (vnf,h, v

n
s,h, y

n
s,h
, pnh)n≥0

in V N
h such that, for any n in N and (v∗f , v

∗
s , y
∗
s
, p∗) in V 0

h ,

ρf

(
Dτv

n+ 1
2

f,h , v∗f

)

Ωf

+ ρs

(
Dτv

n+ 1
2

s,h , v∗s

)

Ωs

+

(
Dτy

n+ 1
2

s,h , y∗
s

)

skel

+M((vn+1
f,h , v

n+ 1
2

s,h , y
n+ 1

2
s,h , pn+1

h ), (v∗f , v
∗
s , y
∗
s
, p∗)) =

∫

Ωs

ρs0f
n+1 · v∗s dΩ +

∫

Γin-out

tn+1
0 · v∗f dS, (B.8)

with adequate initial conditions.

B.2.2 Stability analysis in energy norm

In this section again, and for the rest of the document, we will assume that t0 = 0 on Γin-out,
f = 0 and ypr

s
= 0 (as a consequence, V = V 0). The evaluation of (B.8) with admissible test

functions

v∗f = vn+1
f,h , v∗s = v

n+ 1
2

s,h , y∗
s

= y
n+ 1

2
s,h , and p∗ = pn+1

h

gives

ρf

(
Dτv

n+ 1
2

f,h , vn+1
f,h

)

Ωf

+ρs

(
Dτv

n+ 1
2

s,h , v
n+ 1

2
s,h

)

Ωs

+

(
Dτy

n+ 1
2

s,h , y
n+ 1

2
s,h

)

skel

+2µ
(
ε(vn+1

f,h ), ε(vn+1
f,h )

)
Ωf

− 4µ

(
ε(vn+1

f,h )nf , v
n+1
f,h − v

n+ 1
2

s,h

)

Σ

+
γµ

h

(
vn+1

f,h − v
n+ 1

2
s,h , vn+1

f,h − v
n+ 1

2
s,h

)

Σ

= 0.

We introduce the state vector Xn
h =

[
vnf,h, v

n
s,h, y

n
s,h
, pnh

]
and its energy Enh = ‖Xn

h‖2E at iteration

n. Then, we apply twice the identity 〈a− b, a〉 = 1
2 ||a||2 − 1

2 ||b||2 + 1
2 ||a− b||2 to vf and to p, to

get

En+1
h − Enh

∆t
+

ρf

2∆t
‖vn+1

f,h − vnf,h‖2Ωf
+ 2µ‖ε(vn+1

f,h )‖2Ωf

− 4µ

(
ε(vn+1

f,h )nf , v
n+1
f,h − v

n+ 1
2

s,h

)

Σ︸ ︷︷ ︸
T1

+
γµ

h
‖vn+ 1

2
s,h − vn+1

f,h ‖2Σ = 0, (B.9)

using that

σ
s

(
yn+1

s,h
− yn

s,h

∆t

)
: ε

(
yn+1

s,h
+ yn

s,h

2

)
=

Ψ(ε(yn+1
s,h

))−Ψ(ε(yn
s,h

))

∆t
.

In (B.9), the increment of Enh is followed by a term of numerical dissipation, a term of physical
dissipation, and the dissipative term in γµ

h that comes from Nitsche’s method. We apply the

bound (B.7) to vn+1
f,h and v

n+ 1
2

s,h to control the remaining term T1, as that for any length L,

En+1
h − Enh

∆t
+ 2µ(1− CieL

h
)‖ε(vn+1

f,h )‖2Ωf
+ µ(

γ

h
− 2

L
)‖vn+1

f,h − v
n+ 1

2
s,h ‖2Σ +

ρf

2∆t
‖vn+1

f,h − vnf,h‖2Ωf
≤ 0.
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Therefore, the energy stability of the scheme is ensured provided that we can find L such that
1 ≥ CieL

h and γ
h ≥ 2

L , i.e. when γ ≥ 2Cie.

B.2.3 Inf-sup property on the static problem

We introduce the following discrete norm, associated with the stabilisation,

‖X‖2h=̂‖vf‖2H1(Ωf)
+ ‖vs‖2H1(Ωs)

+ ‖y
s
‖2H1(Ωs)

+ ‖p‖2L2(Ωf)
+
γµ

h
‖vf − vs‖2L2(Σ).

Our objective in this section is to establish a stability (inf-sup) property for M defined by
(B.4) for ‖·‖h.

We begin with establishing a lemma, that we will use in the following proof to construct
virtual fluid and solid velocity fields.

Let Vh andQh be finite dimensional subspaces of Hilbert spaces V andQ with scalar products
(·, ·)V and (·, ·)Q. Let a(·, ·) and b(·, ·) be continuous linear forms on V × V and V × Q, and f
and g linear forms on V and Q. We look for (vh, ph) in Vh ×Qh solution of

{
a(vh, v

∗) + b(v∗, ph) = f(v∗), ∀v∗ ∈ Vh,
b(vh, p

∗) = g(p∗), ∀p∗ ∈ Qh.
(B.10)

We can introduce operators Ah from Vh to V ′h and Bh from Vh to Q′h. B denotes the continuous
operator from V to Q′.

Lemma 11
Let us suppose that KerBt = {0}, and that a(·, ·) is elliptic on V, that is, there exists α0 > 0
such that

a(v, v) ≥ α0‖v‖2V , ∀v ∈ V.
If, moreover, b satisfies an inf-sup property, that is, there exists k0 > 0 independent of h such
that

inf
p∈Qh

sup
v∈Vh

b(v, p)

‖v‖V‖p‖Q
≥ k0, (B.11)

then, (B.10) has a unique solution (uh, ph). In addition. one has the bound





‖vh‖V ≤
1

α0
‖f‖V ′ +

(‖a‖
α0

+ 1

)
1

k0
‖g‖Q′

‖ph‖Q ≤
1

k0

(‖a‖
α0

+ 1

)
‖f‖V ′ +

‖a‖
k2

0

(‖a‖
α0

+ 1

)
‖g‖Q′ .

(B.12)

Proof. The inf-sup condition (B.11) ensures that KerBt
h = {0}, then Proposition 2.2, §II.2

in (Brezzi and Fortin, 2012) ensures that g ∈ ImBh. The ellipticity of a on Vh inherits from the
one on V, and the application of Theorem 1.1, §II.1 in (Brezzi and Fortin, 2012) on the discrete
problem gives the results. �

Remark 19
In the case of a Stokes problem, a(·, ·) is elliptic and it is known that KerBt = Ker(−grad) = {0}
when a Dirichlet condition is applied on a non-empty portion of the boundary, so the issue is
in checking (B.11), with b(v, q) =

∫
Ω q div v dΩ.

Proposition 12 (Inf-sup property on M)
Let us make the following assumptions:
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• there exists λf such that

inf
p∈Qh

sup
vf∈W f

h

(p,div vf)Ωf

‖p‖L2(Ωf)‖vf‖H1(Ωf)
≥ λf > 0, (B.13)

• W f
h and W s

h have identical traces on Σ, that is
{
vf |Σ, vf ∈W f

h

}
= {vs|Σ, vs ∈W s

h} , (B.14)

• the Robin coefficient satisfies
γ > 2Cie. (B.15)

Then the operator M defined by (B.4) satisfies an inf-sup property for ‖·‖h: there exists
β > 0 independent of h such that

inf
X∈Vh

sup
X∗∈Vh

M(X,X∗)
‖X‖h‖X∗‖h

≥ β,

or, equivalently

∀X ∈ Vh,∃X∗ ∈ Vh | ‖X∗‖h ≤ ‖X‖h and M(X,X∗) ≥ β‖X‖2h.

Remark 20
In the numerical resolution, condition (B.13) comes down to a well known condition on W f

h×Qh
for variables vf and p.

Proof. Let Xh =
[
vf,h, vs,h, ys,h

, ph

]
in Vh, we will build an X̄h =

[
v∗f,h, v

∗
s,h, y

∗
s,h
, p∗
]

in Vh

and a β > 0 that satisfies the above condition in several steps, in order to control the different
terms that appear in ‖·‖h.

1. We define X1
h =

[
0, 0,−vs,h, 0

]
, then M(Xh, X

1
h) ≥ α1‖vs,h‖2H1(Ωs)

, with α1 > 0.

2. We pick X2
h = Xh. The energy bound derived in Section 4.2.3 gives for any length L

M(Xh, X
2
h) = 2µ‖ε(vf,h)‖2L2(Ωf)

+
γµ

h
‖vf,h − vs,h‖2L2(Σ) − 4µ

(
ε(vf,h)nf , vf,h − vs,h

)
L2(Σ)

≥ 2µ

(
1− CieL

h

)
‖ε(vf,h)‖2L2(Ωf)

+ µ

(
γ

h
− 2

L

)
‖vf,h − vs,h‖2L2(Σ).

Thanks to the assumption on γ, and norm equivalences, we build α2 > 0 such that

M(Xh, X
2
h) ≥ α2

(
‖vf,h‖2H1(Ωf)

+
γµ

h
‖vf,h − vs,h‖2L2(Σ)

)
.

3. Thanks to (B.14), we define L(y
s,h

) a lifting of y
s,h
|Σ in W f

h satisfying

‖L(y
s,h

)‖H1(Ωf) ≤ C‖ys,h
‖
H

1
2 (Σ)

.

According to Remark 19 and thanks to (B.13), Lemma 11 ensures the existence of (w3
h, p

3
h)

in W f
h ×Qh such that for any (w∗, p∗) in W f

h ×Qh




(
ε(w3

h), ε(w∗)
)

Ωf
+
(
p3
h,divw∗

)
Ωf

= 0,

(
p∗,divw3

h

)
Ωf

= −
(
p∗, divL(y

s,h
)
)

Ωf

,

w3
h|Σ = 0,

(B.16)
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and for C and C ′ independent of h, see (B.12) and (B.5),

‖w3
h‖H1(Ωf) ≤ C ′‖L(y

s,h
)‖H1(Ωf) ≤ C‖ys,h

‖H1(Ωf).

Now let us construct X3
h =

[
v3

f,h, ys,h
, 0, 0

]
, with v3

f,h = L(y
s,h

) + w3
h; then

‖v3
f,h‖H1(Ωf) ≤ C‖ys,h

‖H1(Ωf).

The purpose of this construction is to get a v3
f,h that satisfies

(
ph,div v3

f,h

)
Ωf

= 0 and

v3
f,h = y

s,h
on Σ, which finally allows to write that, for any (η1, η2, η3) in (R+)3

M(Xh, X
3
h) = 2µ

(
ε(vf,h) : ε(v3

f,h)
)

Ωf
+
(
y

s,h
, y

s,h

)
skel
− 2µ

(
ε(v3

f,h) · nf , vf,h − vs,h

)
Σ
.

Using Young inequality we have

M(Xh, X
3
h) ≥ −µ

(
η1‖ε(v3

f,h)‖2Ωf
+

1

η1
‖ε(vf,h)‖2Ωf

)
+ C‖y

s,h
‖2H1(Ωs)

− µ
(
η2‖ε(v3

f,h)‖2Σ +
1

η2
‖vf,h − vs,h‖2Σ

)
.

And the trace inverse inequality gives

M(Xh, X
3
h) ≥

[
C −

(
µη1 + µη2

Cie
h

)]
‖y

s,h
‖2H1(Ωs)

− µ

η1
‖ε(vf,h)‖2Ωf

− µ

η2
‖vf,h − vs,h‖2Σ.

Choosing for example

η1 =
C

2

(
µ+

Cie
γ

)−1

, η2 =
hη1

γµ
, and defining α3 =

C

2
and β3 =

µ

η1

– α3 and β3 are obviously independent of h – we end up with

M(Xh, X
3
h) ≥ α3‖ys,h

‖2H1(Ωs)
− β3

(
‖vf,h‖2H1(Ωf)

+
γµ

h
‖vf,h − vs,h‖2L2(Σ)

)
.

In addition, there exists γ3 > 0 such that

‖X3
h‖h = ‖v3

f,h‖2H1(Ωf)
+ ‖y

s,h
‖2H1(Ωs)

≤ γ3‖ys,h
‖2H1(Ωs)

≤ γ3‖Xh‖h.

4. As a consequence of (B.13), we can construct v4
f,h such that for a positive λ,





‖v4
f,h‖H1(Ωf) ≤ ‖ph‖L2(Ωf),

−
(
ph, div v4

f,h

)
Ωf

≥ λ‖ph‖2L2(Ωf)
.

(B.17)

Once again, (B.14) allows to introduce v4
s,h = L(v4

f,h) a lifting of v4
f,h|Σ in W s

h such that

‖L(v4
f,h)‖H1(Ωf) ≤ C‖v4

f,h‖H 1
2 (Σ)

,

and we have, see (B.5), for C and C ′ independent of h

‖v4
s,h‖H1(Ωs) = ‖L(v4

f,h)‖H1(Ωf) ≤ C ′‖v4
f,h‖H1(Ωf) ≤ C‖ph‖L2(Ωf).
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Finally, we build X4
h =

[
v4

f,h, v
4
s,h, 0, 0

]
. This construction gives a control on ph through

the divergence term. It also imposes v4
f,h = v4

s,h on Σ, and finally allows to write that, for

any (η1, η2, η3, η4) in (R+)4,

M(Xh, X
4
h) = 2µ

(
ε(vf,h) : ε(v4

f,h)
)

Ωf
+
(
y

s,h
, v4

s,h

)
skel

−
(
σ

vis
(v4

f,h) · nf , vf,h − vs,h

)
Σ
−
(
ph,div v4

f,h

)
Ωf

Young and trace inverse inequalities now give

M(Xh, X
4
h) ≥ −

(
η1C‖vf,h‖2H1(Ωf)

+
C

η1
‖ph‖2L2(Ωf)

)
−
(
η2C‖ys,h

‖2H1(Ωs)
+

1

η2
C‖ph‖2L2(Ωf)

)

−
(
η3
Cie
h
‖ph‖2L2(Ωf)

+
1

η3
C‖vf,h − vs,h‖2L2(Σ)

)
+ λ‖ph‖2L2(Ωf)

.

We apply it to

η1 = η2 =
4C

λ
, η3 =

hλ

5Cie
, and we define α4 =

λ

4
and β4 = max

(
η1C,

4CieC

γµλ

)
,

α4 and β4 don’t depend on h and we end up with

M(Xh, X
4
h) ≥ α4‖ph‖L2(Ωf) − β4

(
‖vf,h‖2H1(Ωf)

+ ‖y
s,h
‖2H1(Ωs)

+
γµ

h
‖vf,h − vs,h‖2L2(Σ)

)
.

We also have the following bound

‖X4
h‖h = ‖v4

f,h‖2H1(Ωf)
+ ‖v4

s,h‖2H1(Ωs)
≤ γ4‖ph‖2L2(Ωf)

≤ γ4‖Xh‖2h.

Now, let us define the following positive coefficients, that don’t depend on h,

δ3 =
α2

α3 + 2β3
, δ4 =

α3δ3

2β4
, and β = min

(
α2

2
, α1,

δ3α3

2
, δ4α4

)

and let us introduce X̄h = X1
h +X2

h + δ3X
3
h + δ4X

4
h. By construction, we end up with

M(Xh, X̄h) ≥α1‖vs,h‖2H1(Ωs)
+ α2

(
‖vf,h‖2H1(Ωf)

+
γµ

h
‖vf,h − vs,h‖2L2(Σ)

)

+ δ3α3‖ys,h
‖2H1(Ωs)

− δ3β3

(
‖vf,h‖2H1(Ωf)

+
γµ

h
‖vf,h − vs,h‖2L2(Σ)

)

+ δ4α4‖ph‖L2(Ωf) − δ4β4

(
‖vf,h‖2H1(Ωf)

+ ‖y
s,h
‖2H1(Ωs)

+
γµ

h
‖vf,h − vs,h‖2L2(Σ)

)

≥ (α2 − δ3β3 − δ4β4)
(
‖vf,h‖2H1(Ωf)

+
γµ

h
‖vf,h − vs,h‖2L2(Σ)

)

+ α1‖vs,h‖2H1(Ωs)
+ (δ3α3 − δ4β4)‖y

s,h
‖2H1(Ωs)

+ δ4α4‖ph‖2L2(Ωf)

≥β‖Xh‖2h,

and
‖X̄h‖h ≤ (2 + δ3γ3 + δ4γ4)‖Xh‖h.

We conclude the proof with the following two inequalities
∥∥∥∥

X̄h

2 + δ3γ3 + δ4γ4

∥∥∥∥
h

≤ ‖Xh‖h and M

(
Xh,

X̄h

2 + δ3γ3 + δ4γ4

)
≥ β

2 + δ3γ3 + δ4γ4
‖Xh‖2h.

�
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B.2.4 Convergence in time and space of the fully discretized scheme solution

We introduce V + = H2(Ωf)
3 × (H2(Ωs)

3)2 ×H1(Ωf) a new state function space with more
regularity, and denote as follows the two natural norms over V and V +,

‖X‖2V = ‖vf‖2H1(Ωf)
+ ‖vs‖2H1(Ωs)

+ ‖y
s
‖2H1(Ωs)

+ ‖p‖2L2(Ωf)
,

‖X‖2V + = ‖vf‖2H2(Ωf)
+ ‖vs‖2H2(Ωs)

+ ‖y
s
‖2H2(Ωs)

+ ‖p‖2H1(Ωf)
.

We also introduce V − = L2(Ωf)
3×L2(Ωs)

3×H1(Ωs)
3×L2(Ωf), whose natural norm is equivalent

to ‖·‖E .
The continuous solution X = (vf , vs, ys

, p) in V of (B.1) satisfies, for any (v∗f , v
∗
s , y
∗
s
, p∗) in

V , at any time t,

ρf (∂tvf , v
∗
f )Ωf

+ ρs (∂tvs, v
∗
s )Ωs

+
(
∂tys

, y∗
s

)
skel

+M((vf , vs, ys
, p), (v∗f , v

∗
s , y
∗
s
, p∗)) = 0. (B.18)

The discrete solution (Xn
h = (vnf,h, p

n
h, y

n
s,h
, vns,h))n≥0 in (Vh)N is such that for any n ≥ 0, and

any (v∗f , v
∗
s , y
∗
s
, p∗) in Vh

ρf

(
Dτv

n+ 1
2

f,h , v∗f

)

Ωf

+ ρs

(
Dτv

n+ 1
2

s,h , v∗s

)

Ωs

+

(
Dτy

n+ 1
2

s,h , y∗
s

)

skel

+M((vn+1
f,h , v

n+ 1
2

s,h , y
n+ 1

2
s,h , pn+1

h ), (v∗f , v
∗
s , y
∗
s
, p∗)) = 0. (B.19)

The purpose of this section is to establish the following convergence result.

Proposition 13 (Total convergence)
Assuming that conditions (B.13), (B.14) and (B.15) are satisfied, and that the solution X of
(B.1) belongs to C1(0, T, V +)∩ C2(0, T, V −), with T the duration of the simulation , then there
exists a constant C depending only on ‖X‖L∞(0,T,V +), ‖∂tX‖L∞[0,T,V +] and ‖∂2

tX‖L∞[0,T,E] such
that

‖Xn
h −X(tn)‖E ≤ C(h+ ∆t),

where (Xn
h )n≥0 is the solution of (B.8) and we remind that

Xn
h −X(tn) =

[
vnf,h − vf(t

n), pnh − p(tn), vns,h − vs(t
n), yn

s,h
− y

s
(tn)

]
.

Proof. Let us introduce the projection P =
[
P f
h, P

s
h, P

y
h , P

p
h

]
such that,

∀X∗ = (v∗f , v
∗
s , y
∗
s
, p∗) ∈ Vh, M(PX,X∗) = M(X,X∗) i.e.

M((P f
hvf , P

s
hvs, P

y
hys

, P p
h p), (v

∗
f , v
∗
s , y
∗
s
, p∗)) = M((vf , vs, ys

, p), (v∗f , v
∗
s , y
∗
s
, p∗)). (B.20)

We begin with establishing

Lemma 14
Under the hypothesis of Proposition 12, there exists a constant C independent of h such that,
for any X in V + satisfying X1 = X2 on Σ,

‖PX −X‖E ≤ Ch‖X‖V + .

124



Remark 21
More generally, with shape functions of order k > 1 for PX we have that for any X in V k =
Hk+1(Ωf)

3 × (Hk+1(Ωs)
3)2 ×Hk(Ωf) satisfying X1 = X2 on Σ,

‖PX −X‖E ≤ Chk‖X‖V k ,

with ‖·‖V k the natural norm on V k. To fix the ideas, we will establish it here in the case k = 1.

Proof. Under these assumptions, let us introduce the Clément (Clément, 1975) interpolation
IhX in Vh that satisfies





‖X − IhX‖V ≤ Ch‖X‖V + ,

‖IhX‖V ≤ C‖X‖V ,
(IhX)1 = (IhX)2 on Σ,

‖(IhX −X)4‖L2(Σ) ≤ Ch1/2‖X4‖H1(Ωf),

‖(IhX −X)1‖H1(Σ) ≤ Ch1/2‖X1‖H2(Ωf).

For X∗ ∈ Vh, let us look at the terms of M(X − IhX,X
∗) that are not controlled by ‖·‖h.

Thanks to the above properties and the Cauchy-Schwarz inequality,

(p− Ihp, (v∗f − v∗s ) · nf)Σ ≤ h1/2‖p− Ihp‖L2(Σ) ·
1

h1/2
‖v∗f − v∗s‖L2(Σ)

≤ Ch‖X‖V +‖X∗‖h

The same argument enables us to control 2µ(ε(vf−Ihvf) ·nf , v
∗
f −v∗s )Σ, the Robin term vanishes

because by construction (X − IhX)1 = (X − IhX)2 on Σ, and all other terms are controlled
with Cauchy-Schwarz. We end up with, for C independent of h,

M(X − IhX,X∗) ≤ Ch‖X‖V +‖X∗‖h. (B.21)

Now, Proposition 12 ensures the existence of X∗ in Vh such that

‖X∗‖h = 1 and M(PX − IhX,X∗) ≥ γ‖PX − IhX‖h,

and we recall that by definition of P ,

M(PX − IhX,X∗) = M(X − IhX,X∗),

therefore, using (B.21)

γ‖PX − IhX‖h ≤M(X − IhX,X∗)
≤ Ch‖X‖V + .

Finally, using that ‖·‖E ≤ ‖·‖h, and by construction of IhX, the triangular inequality gives,
with C independent of h,

‖PX −X‖E ≤ ‖PX − IhX‖E + ‖IhX −X‖E
≤ Ch‖X‖V + + Ch‖X‖V + .

�
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We can now proceed with the proof of Proposition 13. The inclusion Vh ⊂ V enables us to
choose discrete test functions in (B.18) and by construction of the projectors we get, for any
X∗ = (v∗f , v

∗
s , y
∗
s
, p∗) in Vh

ρf (∂tvf , v
∗
f )Ωf

+ ρs (∂tvs, v
∗
s )Ωs

+
(
∂tys

, y∗
s

)
skel

+M((P f
hvf , P

s
hvs, P

y
hys

, P p
h p), (v

∗
f , v
∗
s , y
∗
s
, p∗)) = 0. (B.22)

We average the evaluations of (B.22) at time tn and tn+1, and gather consistency errors on the
right hand side, to get that for any X∗ = (v∗f , v

∗
s , y
∗
s
, p∗) in Vh,

ρf

(
(DτP

f
hvf)

n, v∗f
)

Ωf

+ ρs

(
(DτP

s
hvs)

n+ 1
2 , v∗s

)
Ωs

+
(

(DτP
y
hys

)n+ 1
2 , y∗

s

)
skel

+M(((P f
hvf)

n+ 1
2 , (P s

hvs)
n+ 1

2 , (P y
hys

)n+ 1
2 , (P p

h p)
n+ 1

2 ), (v∗f , v
∗
s , y
∗
s
, p∗))

= ρf

(
(DτP

f
hvf)

n − (∂tvf)
n+ 1

2 , v∗f
)

Ωf

+ ρs

(
(DτP

s
hvs)

n+ 1
2 − (∂tvs)

n+ 1
2 , v∗s

)
Ωs

+
(

(DτP
y
hys

)n+ 1
2 − (∂tys

)n+ 1
2 , y∗

s

)
skel

, (B.23)

where we defined for any function g continuous in time,

(Dτg)n+ 1
2 =

g(tn+1)− g(tn)

∆t
, (Dτg)n =

g(tn+1)− g(tn−1)

2∆t
, and (g)n+ 1

2 =
g(tn+1) + g(tn)

2
.

Now let us introduce

X̃n
h = Xn

h − (PX)n with (PX)n =
[
(P f

hvf)
n− 1

2 , P s
hvs(t

n), P y
hys

(tn), (P p
h p)

n− 1
2

]

and let us denote by A(v∗f , v
∗
s , y
∗
s
, p∗) the right hand side of (B.23) (the consistency terms).

Then the subtraction (B.19) - (B.23) gives, for any X∗ = (v∗f , v
∗
s , y
∗
s
, p∗) in Vh,

ρf

(
Dτ ṽ

n+ 1
2

f,h , v∗f

)

Ωf

+ ρs

(
Dτ ṽ

n+ 1
2

s,h , v∗s

)

Ωs

+

(
Dτ ỹ

n+ 1
2

s,h , y∗
s

)

skel

+M((ṽn+1
f,h , ṽ

n+ 1
2

s,h , ỹ
n+ 1

2
s,h , p̃n+1

h ), (v∗f , v
∗
s , y
∗
s
, p∗)) = A(v∗f , v

∗
s , y
∗
s
, p∗). (B.24)

Proceeding as in the energy stability analysis, we evaluate the previous equation with the
following functions that are admissible:

v∗f,h = ṽn+1
f,h , v∗s,h = ṽ

n+ 1
2

s,h , and y∗
s,h

= ỹ
n+ 1

2
s,h , p∗h = p̃n+1

h .

Let us introduce, for the evaluation of the right hand side of equation (B.24)

A = A(ṽn+1
f,h , ṽ

n+ 1
2

s,h , ỹ
n+ 1

2
s,h , p̃n+1

h )

and the energy of the error at iteration n

Ẽn =
ρf

2
‖ṽnf,h‖2Ωf

+
ρs
2
‖ṽns,h‖2Ωs

+
1

2
‖ỹn

s,h
‖2skel.

Then the same derivation as in Section B.2.2 gives

A =
Ẽn+1 − Ẽn

∆t
+

ρf

2∆t
‖ṽn+1

f,h − ṽnf,h‖2Ωf
+ 2µ‖ε(ṽn+1

f,h )‖2Ωf
+
γµ

h
‖ṽn+ 1

2
s,h − ṽn+1

f,h ‖2Σ

− 4µ(ε(ṽn+1
f,h )nf , ṽ

n+1
f,h − ṽ

n+ 1
2

s,h )Σ︸ ︷︷ ︸
T1

, (B.25)
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with for any length L

T1 ≤ 2µ

[
L‖ε(ṽn+1

f,h )nf‖2Σ +
1

L
‖ṽn+1

f,h − ṽ
n+ 1

2
s,h ‖2Σ

]
.

We use the trace inverse inequality to get that ‖ε(ṽn+1
f,h )nf‖2Σ ≤ Cie

h ‖ε(ṽn+1
f,h )‖2Ω and

T1 ≤ 2µ
CieL

h
‖ε(ṽn+1

f,h )‖2Ωf
+

2µ

L
‖ṽn+1

f,h − ṽ
n+ 1

2
s,h ‖2Σ,

so that (B.25) turns into

Ẽn+1 − Ẽn
∆t

≤ 2µ

(
CieL

h
− 1

)
‖ε(ṽn+1

f,h )‖2Ωf
+ µ

(
2

L
− γ

h

)
‖ṽn+1

f,h − ṽ
n+ 1

2
s,h ‖2Σ +A.

Now we must control A, which we decompose as follows:





A1 = ρf

(
(DτP

f
hvf)

n − (∂tvf)
n+ 1

2 , ṽn+1
f,h

)
Ωf

,

A2 = ρs

(
(DτP

s
hvs)

n+ 1
2 − (∂tvs)

n+ 1
2 , ṽ

n+ 1
2

s,h

)

Ωs

,

A3 =

(
(DτP

y
hys

)n+ 1
2 − (∂tys

)n+ 1
2 , ỹ

n+ 1
2

s,h

)

skel

.

The linearity of P gives,

(DτP
f
hvf)

n − (∂tvf)
n+ 1

2 = P f
h(Dτvf)

n − (Dτvf)
n + (Dτvf)

n − ∂tvf(t
n) + ∂tvf(t

n)− (∂tvf)
n+ 1

2 .

By assumption, (DτX)n belongs to V + and has equal first and second component, so Lemma 14
gives,

‖P f
h(Dτvf)

n − (Dτvf)
n‖Ωf

≤ ‖P f
h(DτX)n − (DτX)n‖E ≤ Ch‖(DτX)n‖V +

≤ Ch‖∂tX‖L∞[0,T,V +].

Then, thanks to Taylor-Lagrange inequality,

‖(Dτvf)
n − ∂tvf(t

n)‖Ωf
≤ C‖∂2

tX‖L∞[0,T,E]∆t,

and the belonging of vf to C2 gives

‖∂tvf(t
n)− (∂tvf)

n+ 1
2 ‖Ωf

≤ C‖∂2
tX‖L∞[0,T,E]∆t,

Finally, with Cauchy-Schwarz, we end up with

A1 ≤ C1(h+ ∆t)‖ṽn+1
f,h ‖Ωf

,

The same derivation gives the following bounds for A2 and A3,

A2 ≤ C2(h+ ∆t)‖ṽn+ 1
2

s,h ‖Ωs ,

A3 ≤ C3(h+ ∆t)‖ỹn+ 1
2

s,h ‖skel.

Let us note that the Ci’s depend on ‖∂2
tX‖L∞[0,T,E] and ‖∂tX‖L∞[0,T,V +].
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We end up with, for C ′A = max1≤i≤4Ci

Ẽn+1 − Ẽn
∆t

≤ 2µ

(
CieL

h
− 1

)
‖ε(ṽn+1

f,h )‖2Ωf
+ µ

(
2

L
− γ

h

)∥∥∥∥ṽn+1
f,h − ṽ

n+ 1
2

s,h

∥∥∥∥
2

Σ

+ C ′A(h+ ∆t)

(
‖ṽn+1

f,h ‖Ωf
+ ‖ṽn+ 1

2
s,h ‖Ωs + ‖ỹn+ 1

2
s,h ‖skel

)
.

Again, the assumption γ > 2Cie enables us to choose L ∈ [2h/γ, h/Cie] in order to have

Ẽn+1 − Ẽn
∆t

≤ C ′A(h+ ∆t)

(
‖ṽn+1

f,h ‖Ωf
+ ‖ṽn+ 1

2
s,h ‖Ωs + ‖ỹn+ 1

2
s,h ‖skel

)
,

or, with the triangular inequality,

Ẽ i+1 − Ẽ i ≤ C ′A∆t(h+ ∆t)
(√
Ẽ i+1 +

√
Ẽ i
)
,

i.e. √
Ẽ i+1 −

√
Ẽ i ≤ C ′A∆t(h+ ∆t).

We sum those inequalities for i from 1 to n+ 1 :

√
Ẽn+1 ≤ C ′A(n+ 1)∆t(h+ ∆t) +

√
Ẽ0.

This gives a L2 convergence of ṽf,h, ṽs,h and p̃h and a H1 convergence of ỹ
s,h

, in (h,∆t), i.e.

‖Xn
h − (PX)n‖E ≤ CA(h+ ∆t), (B.26)

with CA dependent only on ‖∂2
tX‖L∞[0,T,E] and ‖∂tX‖L∞[0,T,V +]. In addition, by definition of

(PX)n, and thanks to the continuity of P and the C1 nature of X, we have

‖(PX)n − PX(tn)‖E ≤ C ′∆t‖∂tX‖L∞[0,T,E]. (B.27)

The triangular inequality and Lemma 14 conclude the argument:

‖Xn
h −X(tn)‖E ≤ ‖Xn

h − (PX)n‖E + ‖(PX)n − PX(tn)‖E + ‖PX(tn)−X(tn)‖E
≤ CA(h+ ∆t) + C ′∆t‖∂tX‖L∞[0,T,E] + Ch‖X‖L∞[0,T,V +].

�

Remark 22
Order of time convergence is only 1 because of the specific choices we made on Section B.2.1,
that aims at keeping a time scheme as close as possible to the splitting scheme of Section A.2.
Naturally, avoiding the shifting between fluid and solid discretizations (choosing for example a
midpoint scheme for fluid) would give us a convergence in ∆t2.

B.3 Conclusion

To conclude, we began this section with deriving a linear problem (B.1) close to the FSI
formulation (A.1). In this context, at the discrete level, a monolithic solver directly computes
Xn+1
h in function of Xn

h . This simplified framework enabled us to establish conditions under
which the convergence of our numerical scheme in (h,∆t) is ensured, see conditions (B.13),
(B.14) and (B.15), and Proposition 13.
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Annexe C

Résumé substantiel

Cette thèse est dédiée au développement de méthodes numériques pour la poromécanique, et
à leur application dans un contexte de modélisation cardiaque. L’intérêt croissant des cliniciens
pour la simulation numérique a stimulé la mise au point de modèles multi-physiques de plus
en plus complets, notamment du coeur humain. Notre démarche est motivée par la prise en
compte dans les modèles existants du réseau coronarien qui perfuse le myocarde, jusqu’à présent
absent de la plupart des modèles, afin de mieux décrire les maladies vasculaires coronariennes.
L’enjeu clinique est crucial alors qu’elles représentent à elles seules 20% des décès. Du point de
vue de la modélisation, le réseau de coronaires introduit un couplage supplémentaire entre la
circulation sanguine en sortie du coeur et le comportement mécanique du myocarde. Sa finesse,
rendant impossible une modélisation détaillée, légitime une approche de type mixture consistant
à modéliser le muscle cardiaque comme un milieu poreux, où coexistent en tout point les fibres
musculaires et l’écoulement sanguin.

Nous appuyant sur des travaux existants, nous commençons par introduire formellement un
modèle de coeur perfusé. La nouveauté consiste à remplacer les lois hyperélastiques représentant
le muscle cardiaque par un milieux poreux, soumis à de grandes déformations, hébergeant un
écoulement coronarien rapide interagissant avec la circulation sanguine. La difficulté de la mise
en oeuvre de ce modèle réside dans les hypothèses de notre cadre de travail, et notamment la
non-linéarité des équations.

Nous effectuons alors une réduction dimensionnelle de modèle permettant de reproduire en
0D, à moindre coût de calcul, un cycle cardiaque réaliste avec en plus des indicateurs déjà
accessibles (volume, pression et débit dans l’aorte) la masse et la pression de perfusion dans
les coronaires. Cela nous permet de reproduire des phénomènes physiologiques d’une grande
importance pour des applications cliniques et auparavant invisibles dans les modèles, tels que
la vasodilatation et certaines pathologies coronariennes.

L’implémentation et l’intégration du compartiment poreux pour représenter le myocarde per-
fusé dans les modèles 3D représente un défi technique d’un autre ordre. Nos travaux présentent
donc ensuite l’analyse numérique d’une formulation de poromécanique valide dans un cadre
général.

Nous inspirant de schémas en temps de type splitting établis en interaction fluide-structure
pour modéliser les vaisseaux sanguins, nous proposons une discrétisation temporelle semi-
implicite de notre système, valide en non-linéaire. Des arguments énergétiques nous permettent
alors d’établir la stabilité inconditionnelle de ce schéma de couplage dans un cadre non-linéaire.
La difficulté réside dans le traitement de la fraction volumique de fluide présente dans toutes les
équations, des déplacements du maillage fluide, et dans la non-linéarité de notre système. Afin
d’illustrer et valider notre démarche, l’environnement de calcul éléments finis FreeFem++ nous
permet de reproduire des cas-tests classiques de gonflement et de drainage de milieux poreux
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en 2D, puis de vérifier le bilan d’énergie satisfait au niveau discret.
Enfin, motivés par l’étude de la discrétisation spatiale de notre problème, nous établissons

dans un cadre linéaire (petites déformations) un résultat de convergence totale (temps et espace)
du schéma, sous conditions. Notre couplage fait intervenir un problème fluide en pression vitesse
de type Navier-Stokes qui demande une attention particulière afin d’éviter tout verrouillage
numérique et instabilités de pression. Nous proposons en particulier un traitement adéquat de la
fraction volumique de fluide, ainsi qu’un choix d’espaces éléments finis pour les variables fluides
et solides du problème couplé. Notre analyse nous permet ainsi de proposer une méthode de
discrétisation spatiale facile d’implémentation, malgré la complexité du système, et présentant
de bons résultats de stabilité. FreeFem++ nous permet à nouveau de valider notre démarche,
par une étude de convergence spatiale, puis en illustrant les pathologies numériques associées à
l’incompressibilité, et leur traitement efficace par les stratégies proposées, d’abord dans le cadre
linéaire puis dans une situation générale (grandes déformations).
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Modélisation mécanique et méthodes numériques pour la poromécanique
Application à la perfusion du myocarde

Résumé : Cette thèse est dédiée au développement de méthodes numériques pour la poromécanique, et
à leur application dans un contexte de modélisation cardiaque. Elle est motivée par la prise en compte,
dans les modèles de coeur humain, du réseau coronarien qui perfuse le myocarde, afin de mieux décrire
les maladies vasculaires coronariennes.
Nous appuyant sur des travaux existants, nous proposons un modèle de coeur perfusé, ainsi qu’une
réduction 0D permettant de reproduire, à moindre coût de calcul, un cycle cardiaque réaliste avec masse et
pression de perfusion. Le modèle mis au point nous permet de reproduire des phénomènes physiologiques
auparavant inaccessibles dans les modèles, et d’une grande importance pour des applications cliniques,
tels que la vasodilatation et les pathologies coronariennes.
L’intégration d’un compartiment poreux pour représenter le myocarde perfusé dans les modèles 3D
représente un défi technique d’un autre ordre. Nous inspirant des schémas en temps de type split-
ting établis en interaction fluide-structure pour modéliser les vaisseaux sanguins, nous proposons une
discrétisation semi-implicite d’une formulation générale de poromécanique, satisfaisant un bilan d’énergie
au niveau discret. Afin d’illustrer et valider notre démarche, l’environnement de calcul élément finis
FreeFem++ nous permet de reproduire des cas tests classiques de gonflement et de drainage de milieux
poreux en 2D, puis de vérifier le bilan énergétique discret.
Enfin, motivés par l’étude de la discrétisation spatiale de notre problème, nous établissons dans un cadre
linéaire un résultat de convergence totale du schéma sous conditions. Cela nous permet de proposer
une méthode d’implémentation facile à mettre en oeuvre et présentant de bons résultats de stabilité.
FreeFem++ nous permet à nouveau de valider nos résultats en illustrant les pathologies numériques
associées à l’incompressibilité, et leur traitement efficace par les stratégies proposées, dans le cadre
linéaire puis dans une situation générale.

Mots-clés : Poromécanique ; Analyse numérique ; Modélisation cardiaque ; Réduction dimensionnelle

Mechanical modeling and numerical methods for poromechanics
Application to myocardium perfusion

Abstract: This thesis is dedicated to the development of numerical methods for poromechanics, and to
their application in a cardiac modeling context. It is motivated by the introduction into existing cardiac
models of the coronary network that perfuses the myocardium, to better describe coronary vascular
diseases.
Drawing our inspiration from existing works, we propose a perfused heart model, and a 0D reduction
allowing the cost-effective reproduction of a realistic cardiac cycle with perfusion mass and pressure. The
model derived illustrates physiological phenomena inaccessible in former models, and with great clinical
application potential, such as vasodilatation and coronary diseases.
The integration of a porous compartment to represent the perfused myocardium within 3D models is
more challenging. Relying on splitting time schemes established for fluid-structure interaction to model
blood vessels, we propose a semi-implicit discretization of a general poromechanics formulation, satisfying
a discrete energy balance. In order to illustrate and validate our approach, we reproduce in the finite
element software FreeFem++ classical swelling and drainage 2D test cases, and we monitor the discrete
energy balance.
Finally, motivated by the study of spatial discretization aspects of our problem, we establish in a linear
framework a conditional total convergence result. This allows us to propose a computational method
easy to implement and presenting good stability results. FreeFem++ enables us again to validate our
results, illustrating numerical pathologies associated with incompressibility, and their efficient treatment
with the proposed strategies, first in a linear framework and then in a general situation.

Keywords: Poromechanics ; Numerical analysis ; Cardiac modeling ; Dimensional reduction
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