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Abstract

This work is devoted to the problem of the construction of several goodness-
of-fit (GoF) tests in the case of some stochastic processes observed in continuous
time. As models of observations, we take “small noise” and ergodic diffusion
processes and an inhomogeneous Poisson process. Under the null hypothesis,
we treat the case where each model depends on an unknown one-dimensional
parameter and we consider the minimum distance estimator for this parameter.
Our goal is to propose “asymptotically distribution free” (ADF) GoF tests of
asymptotic size a € (0,1) in the case of the parametric null hypotheses for
the considered models. Indeed, we show that the limit of each studied statistic
does not depend on the model and the unknown parameter. Therefore, the tests
based on these statistics are ADF. The main purpose of this work is to construct
a special linear transformation. In particular, we solve Fredholm equation of
the second kind with degenerated kernel. Its solution gives us the desired linear
transformation. Next, we show that the application of this transformation to the
basic statistics allows us to introduce statistics with the same limit (the integral
of the square of the Wiener process). The latter is “distribution free” because
it does not depend on the models and the unknown parameter. Therefore, we
construct the ADF GoF tests which are based on this linear transformation for
the diffusion (“small noise” and ergodic) and inhomogeneous Poisson processes.
key Words : Goodness-of-fit tests, minimum distance estimator, asymptotically
distribution free tests, stochastic processes, diffusion processes, inhomogeneous

Poisson process.






Résumé

Ce travail est consacré au probléme de construction des tests d’ajustement
dans le cas des processus stochastiques observés en temps continu. Comme mo-
déles d’observations, nous considérons les processus de diffusion avec “petit bruit”
et ergodique et le processus de Poisson non homogéne. Sous ’hypothése nulle,
nous traitons le cas ot chaque modéle dépend d’un paramétre inconnu unidimen-
sionnel et nous proposons ’estimateur de distance minimale pour ce paramétre.
Notre but est la construction des tests d’ajustement “asymptotically distribution
free” (ADF) de niveau asymptotique « € (0, 1) dans le cas de cette hypothése pa-
ramétrique pour les modeles traités. Nous montrons alors que la limite de chaque
statistique étudiée ne dépend ni du modéle ni du paramétre inconnu. Les tests
d’ajustement basés sur ces statistiques sont donc ADF. L’objectif principal de ce
travail est la construction d’une transformation linéaire spéciale. Fn particulier,
nous résolvons I'équation de Fredholm du second type avec le noyau dégénéré.
Sa solution nous permet de construire la transformation linéaire désirée. Ensuite,
nous montrons que 'application de cette transformation aux statistiques de base
étudiées dans chaque modéle nous aide a introduire des statistiques ayant la
méme limite (I'intégrale du carrée du processus de Wiener). Cette derniére est
“distribution free” vu qu’elle ne dépend ni du modéle ni du paramétre inconnu.
Par conséquent, nous proposons des tests d’ajustement ADF en se basant sur
cette transformation linéaire pour les processus de diffusion avec “petit bruit” et
ergodique et le processus de Poisson non homogéne.

Mots Clés : Tests d’ajustement, estimateur de distance minimale, tests asymp-
totically distribution free, processus stochastiques, processus de diffusion, pro-

cessus de Poisson non homogéne.
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Introduction

Les tests d’ajustement (goodness-of-fit) jouent un role important dans les
statistiques théoriques et appliquées vu que leurs applications permettent de
vérifier si le modéle mathématique proposé correspond bien aux observations. Ce
probléme a été introduit depuis 1928 par Cramér [10], von Mises [60], Kolmogorov
[35] et Smirnov [57] et a été bien étudié par plusieurs statisticiens pendant les
années 50. Nous citons par exemple les travaux de Darling [13], [15], Anderson
& Darling [3] et Watson [61], etc.

Dans un premier temps, nous mentionnons le probléme de construction des
tests d’ajustement pour le modéle d’observations X" = (Xi,...,X,) des va-
riables aléatoires indépendantes et identiquement distribuées (i.i.d.) admettant
F(z) comme fonction de répartition continue. Notons que ce probléme a été large-
ment étudié par plusieurs auteurs par exemple dans les ouvrages de Durbin [18],
Greenwood & Nikulin [21] et Lehmann & Romano [16]. Dans ces travaux, les tests
proposés sont les tests de Chi-deuz, Kolmogorov-Smirnov, Cramér-von Mises et
Anderson-Darling.

Par la suite, nous rappelons le probléme de construction du test de Cramér-

von Mises de I’hypothése de base simple Hy contre ’alternative H;
Ho : F(z)=Fy(x), Hy o F (z) # Fy (x),

avec Fj (-) une fonction de répartition continue et connue.
Notre but est de construire un test ¥,, = Ili;4,-.,} de niveau asymptotique
a € (0,1), c’est a dire,

lim g0, = a,
n—oo

ou ¢, est la statistique de Cramér-von Mises, ¥, est la probabilité de rejeter

1
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I’hypothése Hy et Eq désigne 'espérance mathématique sous ’hypothése H,.
Les tests d’ajustement admettant une statistique limite qui ne dépend pas du
modéle, c’est & dire Fy(-), sont appelés “asymptotically distribution free” (ADF).
Ainsi, le choix du seuil ¢,, solution de I’équation Py (¢ > ¢,) = «, peut étre fait
une seule fois pour tous les problémes admettant la méme statistique limite ¢.
Par conséquent, ¢, est le méme pour toutes les fonctions Fy(-).
Rappelons que plusieurs tests d’ajustement ont été basés sur la propriété

suivante : sous I’hypothése Hg, la fonction de répartition empirique normalisée

Vit (B (@) - By ()

converge en loi vers un pont Brownien B (F,(x)),z € R. La fonction de répar-

tition empirique F), (-) est définie comme suit :
1 n
F, (I) = E Z ]I{Xj<:c}~
j=1

Le processus stochastique B (s),0 < s < 1 est un processus Gaussien avec
EB (s) =0 et EB (s1) B (s2) = $1 A\ s9 — $152. Par conséquent, sous I’hypothése
Ho, nous obtenons la convergence de la statistique de Cramér-von Mises

Op = n/oo (Fn (x) — Fy (x)>2 dFy ()

—00

— /:B(FO (2))? dFy (z) = /OlB<8)2dS = ¢,

ot nous utilisons le changement de variable s = Fj (). Ainsi, la statistique limite
¢ ne dépend pas de Fj (-) et donc le test de Cramér-von Mises W,, = Ty >} est
ADF et de niveau asymptotique « € (0, 1) (voir par exemple [10]).

Dans le cas de I'hypothése de base paramétrique, nous allons voir par la
suite que la situation va changer. Notons que ce probléme a été développé dans
plusieurs travaux par exemple Kac et al. [29], Babu & Rao [1], Khmaladze [31],
Nikabadze [55] et Martynov [50]. Nous sommes intéressés par la construction
d’un test ¥,, = H{&pda} basé sur la statistique de type Cramér-von Mises (//Bn de

I’hypothése H,

Ho F()e{F(@®,),9e0=/(ab)} (1)
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ot a > 0, b < co. Le paramétre ¥ est inconnu unidimensionnel et F' (9, ) est
une fonction de répartition connue et continue qui dépend de 1.

Une des méthodes proposées est de trouver un seuil d, = d, (9, F) tel que
Py (QAS > da> = a, ol ¢ est la statistique limite de ¢,, vérifier que d, (9, F) est
une fonction continue de ¥ par les simulations numériques et finalement poser
dy = d, (ﬁn, F) Notons que ¥J,, est un estimateur quelconque de ¥ qui peut étre
I'estimateur de maximum de vraisemblance (EMV). Ainsi, nous obtenons un test

U, = H{émd?x} de niveau asymptotique «, c’est a dire,

lim EyU, = a, for all ¥ € ©,

n—oo

ou Ey désigne I'espérance mathématique sous I’hypothése H,.
Par la suite, nous allons utiliser une autre méthode proposée par Khmaladze
[30] pour construire le test ADF. Nous introduisons alors la statistique de type

Cramér-von Mises

A

Gy = /_OO Uy (2)> dF(D,,2), U, () =/n (Fn () — F(én,x)) ,

o0

ot J,, est "TEMV du paramétre inconnu v. Sous les conditions de régularités, nous
mentionnons que 'EMV est consistant, asymptotiquement normale et admet en

plus la représentation suivante :

. 1 &KFW,X) * f(0,x)
ﬂ(ﬁn—ﬁ): 3 4 o(1), m):/ USRS
) 2 o %y o0 1O= ] Fa
Notons que 1(¥) et f (9, ) désignent I'information de Fisher et la densité, respec-
tivement. Ci-dessus et par la suite le point représente la dérivation par rapport
a .
En appliquant la formule de Taylor, nous obtenons pour la statistique U, (-)

la représentation suivante :

U, (z) = B, (z) — v (&n - 19) F(9,z) + o(1),

ou
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D’une part, nous avons
f f - * f(9.y)
= d .
v”E: SRR A T KU B 2 L

D’autre part, nous écrivons la fonction F (9, z) sous cette forme

Foa) = [ fo0) = [ i@ Py,
avec [ (J,y) = In f (¢, y). Donc, nous obtenons

wuﬁww()mzww

U, () = By (z) — /_ 0 s

Ainsi, sous 'hypothése H, la convergence B, (x) = B (F (9, x)) nous donne

thte) = Be0)- [ b an o [0

F9,y) +o(1).

dF(v,y) =u(x).

Ensuite, les changements de variables s = F (9,y) et t = F (9, z) impliquent

pour le processus limite u (+) la représentation suivante :

U(t):B(t)—/O h(¥,s)dB (s)/o h(v,s) ds, (3)

avec

h(ﬁ,s):w, /Olh(ﬁ,s)st:l.

Notons que Fj;'(s) est la fonction inverse de F (,y), c’est & dire s = F (¢, ).
Nous remarquons que la fonction A (-, ) apparait deux fois dans I'expression de
U (+) vu I'utilisation de PEMV.

Finalement, sous I’hypothése Hy, nous obtenons la convergence suivante :

/U 2 AF (D7) = ¢ = /U

Les détails de ce résultat et la représentation du processus limite U (-) ont été
introduits par exemple par Darling |[13]. Nous mentionnons dans un certain sens
que U(+) est une limite universelle qui apparait dans plusieurs problémes de tests
d’ajustement dans le cas de 'EMV [30], [34], [19] etc.

Nous remarquons que le test U, = ]I{J>n>da} n’est pas ADF et le seuil d,

défini comme solution de I’équation suivante :

Py <¢ > da) =
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dépend fortement du modéle F'(-,-) (connue) et du paramétre ¢ (inconnu). Par
conséquent, le choix du seuil d, = d, (F,9) est un probléme complexe.

Une des méthodes développées pour résoudre ce probléme a été introduite par
Khmaladze [30]. Elle consiste a construire une transformation linéaire L [-] pour
le processus U (-) défini par (3) telle que L[U](t) = W (t), avec W (t),0 <t <1
un processus de Wiener. Ainsi, sous 'hypothése Hg, nous avons la convergence

suivante :

o0

Oy = /_ L[U,] (z)* dF (D, z)

o0

:>/OOW(F(19,x))2dF(19,x) :/1W(t)2dtz@

et nous obtenons la statistique limite © qui ne dépend ni de F (-, -) ni de ¥.

Par conséquent, le test

q)n = ]I{’ﬁn>ka}7 Plg (@ > ]ﬂa) =«

est ADF et le seuil k, ne dépend ni de F'(-,-) ni de 9. En effet, le choix de
ko, ne pose plus de probléme. Le test ®,, est donc de niveau asymptotique a.
Plusieurs autres tests d’ajustement ADF ont été construits en se basant sur
cette transformation linéaire par exemple dans [16], [17] et [32].

Ce probléme existe aussi pour les processus stochastiques observés en temps
continu et il a été largement traité par de nombreux auteurs. Par exemple, Da-
chian & Kutoyants ont étudié dans [12] des possibilités de construction des tests
d’ajustement pour le processus de diffusion et le processus de Poisson non ho-
mogene dans le cas de 'hypothése simple. Ce probléme a été ensuite développé
dans [12] et [13] dans le cas de 'hypothése paramétrique. En particulier, Ku-
toyants a considéré le processus de diffusion avec “petit bruit” afin de construire
des tests d’ajustement ADF dans le cas de I'hypothése de base simple [10] et
paramétrique [11]. Le méme probléme a été étudié dans [56] pour les cas régulier
et singulier. Des résultats similaires pour les tests d’ajustement ADF ont été dé-
veloppés dans Kleptsyna & Kutoyants [34] et Kutoyants [39], Section 5.4 dans le
cas du processus de diffusion ergodique. Plusieurs autres tests d’ajustement ont

été construits dans le cas de ce processus, a savoir dans Gassem [23]|, Negri &
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Nishiyama [51], [52], Negri & Zhou [54] et Zhou [62]. Notons que le cas général du
processus de diffusion avec le paramétre de shift inconnu (unidimensionnel) a été
traité dans [541|. En effet, les auteurs ont prouvé que la limite de la statistique de
type Cramér-von Mises ne dépend pas du paramétre inconnu et par conséquent
le test d’ajustement basé sur cette statistique est asypmtotically parameter free
(APF). Par ailleurs, les test APF de type Kolmogorov-Smirnov ont été étudiés
dans [62]|. En outre, Kutoyants a proposé des tests d’ajustement APF de type
Cramér-von Mises dans [11] pour le processus de diffusion ergodique y compris

le processus d’Ornstein-Uhlenbeck.

Dans la littérature, de nombreux tests d’ajustement pour les processus de
Poisson homogeénes ont été proposés, par exemple, dans [17], [11] et [I]. Nous
mentionnons dans [I| qu’un test a été introduit pour vérifier si un processus
ponctuel est homogéne. En outre, dans [5], les auteurs ont développé un test
consistant basé sur la fonction génératrice empirique. Un autre test d’ajuste-
ment a été introduit dans [59], pour les distributions discrétes, basé sur une
caractérisation par des distances moyennes. Par ailleurs, des tests d’ajustement
basés sur les statistiques de Cramér-von Mises ont été proposés dans [58] pour la
distribution de Poisson. De plus, une comparaison a été introduite pour montrer
la puissance de ces tests. D’autres comparaisons entre le test de Pearson, le test

régulier et le test de Kolmogorov-Smirnov modifié sont données dans [9].

Dans le cas du processus de Poisson non homogéne et plus généralement
le processus ponctuel, les tests d’ajustement ont été étudiés par de nombreux
auteurs, par exemple, [2], [11], [25] et [19]. Dans [11], le cas de processus de
Poisson non homogéne avec le paramétre de shift (unidimensionnel) a été étudié
et 'auteur a montré que la distribution limite de la statistique de type Cramér-
von Mises est APF. Plus de problémes de construction des tests d’ajustement
dans le cas des observations en temps discret ont été largement étudiés par de
nombreux auteurs, par exemple Klar [33] et Negri & Nishiyama [53] pour le
processus de diffusion avec “petit bruit”. Dans [52], des tests ADF ont été proposés
dans le cas des observations en temps continu et discret pour les processus de

diffusion ergodiques.
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Cas des observations 1.1.d. avec un estimateur dif-

férent de ’'EMV

Soulignons que dans de nombreux travaux, ’estimateur utilisé pour le para-
meétre inconnu était toujours 'EMV et ceci est important pour la construction de
la transformation linéaire et du test ADF. Cependant, dans certains problémes,
il est impossible d’avoir une expression explicite pour 'EMV et donc il est parfois
préférable d’utiliser d’autres estimateurs qui peuvent étre facilement calculés. Par
exemple, il pourrait étre I'estimateur de distance minimale (EDM), I’estimateur
de méthode des moments ou 'estimateur de “trajectory fitting” etc. Dans tous
ces cas, 'expression des statistiques limites sera comme (3) (cas de 'EMV) mais
avec deux fonctions différentes h (-, -) et g (-,-) (voir (6) ci-dessous).

En effet, nous considérons le modéle d’observations X™ = (Xq,...,X,,) i.i.d.
et nous utilisons par exemple 'EDM pour la construction du test de I’hypothése
Ho donné par (1). Nous introduisons la statistique de type Cramér-von-Mises

b= [ awrareL, 6=V (kG- L), o

o

ou v} est 'EDM qui est solution de ’équation de distance minimale

/-i—oo (Fn (f) - F (ﬂi,x)) ) (197*1’55) dF (19;:7:1:) -0

—00

*

Nous définissons u’ = v/n (9% — ). Ainsi, 9% = :;"_ +1 et en utilisant la formule
n

de Taylor I’équation précédente admet la représentation suivante :

/:O <Fn (z) — F (9, ) — 3’% F(@,@) F (0%, 2)dF (9, 2) = 0,

Par conséquent, la variable aléatoire u est représentée comme suit :

ut = (/+OO F(&,I)F(ﬂ;,x)dF(ﬁ;,x)>_l/+o° Bo(2)F (9%, 2)dF (9", 7), (5)

o0 —00

ou B, (+) est défini par (2). Par le théoréme de Fubini, nous avons

/_ " Bo(w) F (9% 2) dF (9. 2)

[e.9]

+oo  pHo0 R .
i [ Byen [A5 ) - £ 0.) dy)] F (55,04 (0;.2)
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—va [ T[T R ar 0 [0 - 1 0.9) )

—/n _+°° H (9%, ) [an (y) — f (. y) dy] :

+oo
avec H (V5,y) = / F (9, 2)dF (9, ). En utilisant I’expression suivante :
Y

e * n 1 - *
j=1

—00

et le théoréme central limite, nous obtenons
+o0 .
| Bue) P (6,0 4F (7.0

S H @ X) Vi [ @) £0.) d

(e 9]

> (H (95, X;) - ByH (9}, X;)) = N (0,0(0)%) ,

ol

o(9)? = Ey (H (0, X,) — EyH (9, X1))> .

Ainsi, la variable aléatoire u) converge en loi vers la loi normale
) —2
uh = N (0,d(0)%),  d®)® = (Eﬁp (19,X1)2) ()2
De plus, grace a la consistance de I'EDM, le processus ) défini par (5) admet
la représentation suivante :

+o0 1 oo
u = </ F,x)? dF (Y, x)) HW,y)dB, (y) (1+0(1)),

ou B, (+) est défini par (2).

Maintenant, nous allons étudier le comportement asymptotique de la statis-
tique de type Cramér-von-Mises définie par (4). En effet, la formule de Taylor
et la convergence B, () = B (F (¥,x)), avec B (F (0, 2)) un pont Brownien,

nous donnent la représentation suivante :
&u(z) = By (2) — v (95 —9) F(zgl,x) +0o(1) = B(F (9,z))

- (/_MF(ﬁ,y)zdF (19,3/)) +OOH(ﬁ,y) AdB(F (9,y)) F (¥, x).

[e.9] —0o0
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Ensuite, si nous changeons les variables t = F' (¢, x) et s = F (J,y), nous obte-

nons

Eule) = B(t)—J ()" / H (9, F;" () 4B <3)/0 % "

oit B(t),0 < t < 1 est un pont Brownien, F},'(s) est la fonction inverse de
F(9,y) et
1
J (9) :/ F(9,F; " (s))* ds.
0

Alinsi,
§n(a:):>B(t)—/0 g(0.5) dB (s>/0 h(d,s) ds,

avec

1
2

009 =105 @) ([ 1@ 0P ) L [wsras=

et

h(ﬁ,s):J(ﬁ)—l% (/O H (9, F; <v))2dv>2.

Finalement, sous I’hypothése H,, nous avons cette convergence

1
Or = ¢* = /0 U(t)? dt,

ol
1 t
U(t):B(t)—/ g (9, 5) dB(s)/ hs)ds, 0<t<l  (6)
0 0
Maintenant, nous pouvons remplacer le pont Brownien B(t),0 < ¢t < 1 par

B(t) = W(t)—W(1)t, ou W(t) est un processus de Wiener. Ainsi, nous obtenons

_/019(19,5) dW(s)/Oth(ﬁ,s) ds+W(1)/019(19,8) ds/oth(ﬁ,s) ds

“wWO -3 [ (a9 ) [ hs) as

=1
avec hy (0,8) = g1 (0,s) = 1, ha (V,8) = hs (9,5) = h(V,s), g2 (V,8) = g(¥,s)

1
et g3 (v,s) = —/ g (9,s)ds, ce qui va augmenter la dimension des fonctions
0
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9(0,5) = (91 (0, 5),92(0,5) 95 (V,5)) et h(J,5) = (h1 (J,5) , ha (J,5) , b3 (I, 5)).
Alors, il est difficile de trouver une telle transformation linéaire pour ce proces-
sus limite, méme dans le cas ou le paramétre ¢ est unidimensionnel. Ceci est
probablement la raison pour laquelle ce probléme n’a pas été considéré jusqu’'a
maintenant.

Ainsi, cette thése est consacrée au probléme de construction d’une trans-
formation linéaire appliquée a un processus U (-) admettant la représentation

suivante :

U(t):W(t)—/Olg(ﬁ,s) dW(s)/Oth(ﬁ,s) ds, 0<t<1, (7

ou W(t),0 <t <1 est un processus de Wiener. Notons que cette représentation
peut étre obtenue pour une large classe d’estimateurs. La différence principale
avec le cas i.i.d. est di au processus de Wiener et donc la possibilité de construire
une transformation linéaire appliquée au processus limite (7). Par conséquent,
nous allons voir dans ce travail que nous obtenons la méme limite (7) en utilisant
I’EDM dans le cas des processus de diffusion avec “petit bruit” et ergodique et

dans le cas de processus de Poisson non homogene.

Résultats principaux

Le but principal de ce travail est la construction des tests d’ajustement pour
les processus de diffusion (avec “petit bruit” et ergodique) et le processus de Pois-
son non homogéne observés en temps continu. Sous I’hypothése nulle, nous consi-
dérons le cas ou chaque modéle dépend d’un parameétre inconnu unidimension-
nel estimé par ’EDM. Notre objectif est la construction des tests d’ajustement
“asymptotically distribution free” dans le cas de cette hypothése paramétrique
pour les modéles traités. La problématique générale de cette thése porte sur la
construction d’une transformation linéaire spéciale. En particulier, elle est obte-
nue a l’aide de la solution de I’équation de Fredholm du second type avec le noyau
dégénéré. Ensuite, nous montrons que 'application de cette transformation aux

statistiques de base étudiées dans chaque modéle nous permet d’introduire des



INTRODUCTION 11

statistiques ayant la méme limite (I'intégrale du carrée du processus de Wiener).
Cette derniére est “distribution free” vu qu’elle ne dépend ni du modéle ni du
parameétre inconnu.

En effet, nous construisons des tests d’ajustement ADF en se basant sur la
transformation linéaire spéciale L [-]. Cette méthode a été appliquée pour les
processus de diffusion avec “petit bruit” et ergodique et pour le processus de
Poisson non homogéne observés en temps continu. La construction de L] est
basée sur la solution de I’équation de Fredholm du second type avec le noyau
dégénéré (les étapes de cette construction sont dans Section 1.4). Pour ces trois
modéles, nous montrons que les limites des statistiques de base correspondantes

admettent la méme représentation

U(y):W(u)—/Og(ﬁ,r)dW(r)/Ouh(ﬁ,r)dr, /Og(ﬁ,r)zdrzl, (8)

ou W(v),0 < v <1 est un processus de Wiener et h(-,-) et g(-,-) sont des
fonctions qui seront définies dans la suite. Ainsi, le probléme se réduit a appliquer
la transformation linéaire L[-] au processus limite U (-) telle que L[U](v) = w,,
ol w,,0 < v <1 est un processus de Wiener. Par conséquent, 'application de
cette transformation linéaire aux statistiques de base initiale nous permet de
construire des tests d’ajustement ADF pour chaque modéle étudié.

Maintenant, nous considérons les trois modéles des processus stochastiques
observés en temps continu : diffusion avec “petit bruit”, diffusion ergodique et le
processus de Poisson non homogéne. Sous ’hypothése de base H, (paramétrique),
nous avons les processus suivants :

e Processus de diffusion avec “petit bruit”. Nous considérons le proces-

sus X° = (X;,0<t<T), avec
dXt = S(ﬁ,XQ dt+€th, X(] = X, 0<t< T,

ou W; est un processus de Wiener, S (9, z) est une fonction réguliére et
connue et ¢ — 0.
e Processus de Poisson non homogéne. Nous considérons X" = (Xt, 0<

t<T = m’) le processus de Poisson non homogéne et 7-périodique, ou
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7 > 0 est une période connue, n — 0o et on a
t
By X, = A (4,1) = / M@, 5) ds.
0

La fonction d’intensité A (1, s) est réguliére, périodique et connue.
e Processus de diffusion ergodique. Nous considérons le processus X7 =

(X;,0<t<T), avec
dX, = S0, X)) dt + o (X)) dW,,  Xo, 0<t<T,

ou S (¥, z) et o (x) sont deux fonctions réguliéres et connues et 7' — oo.

Le paramétre inconnu ¥ € © = (a,b) est unidimensionnel et nous proposons
I’EDM pour ce parameétre pour tous les processus définis précédemment. Le but
principal est la construction des tests d’ajustement ADFE de niveau asymptotique
a € (0,1) pour chaque modeéle d’observations. Ces tests sont construits en deux
étapes. En premier lieu, nous proposons des premiéres transformations pour les
limites des statistiques de base respectivement pour chaque modéle. Ainsi, nous
obtenons le processus U () admettant la méme représentation (8) pour les trois
processus étudiés. En second lieu, nous montrons que les statistiques considérées
ont la méme limite :

e Processus de diffusion avec “petit bruit” lorsque ¢ — 0
R 1
A, = / U(v) dv,
0
e Processus de Poisson non homogéne lorsque T'= n1t — 00
1 1
A, = / U (v) dv, O = / U (v) dv,
0 0
e Processus de diffusion ergodique lorsque 7" — oo
1
AL :>/ U (v)* dv.
0

Nous rappelons que les fonctions A (-,-) et g (-,-) sont différentes pour chaque
modele étudié. La deuxiéme étape qui est générale pour les trois modéles s’agit
d’appliquer une deuxiéme transformation linéaire L [-] (1.26) au processus limite

U (-) et obtenir un processus de Wiener tel que

/01 LU (v)*dv = /01 w? dv. (9)
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Cette propriété nous permet d’introduire les “versions empiriques” des statis-
tiques admettant la méme limite (9). Par conséquent, les tests d’ajustement
basés sur ces statistiques sont ADF.

Nous abordons ensuite en détails le contenu des trois chapitres de cette thése.

Dans Chapitre 1, nous traitons deux problémes. Le premier est la construction
d’une transformation linéaire spéciale. Tous les étapes de cette construction sont
développées dans Section 1.4. Nous considérons ensuite le deuxiéme probléme
dans Section 1.5 : la construction de test d’ajustement dans le cas du processus
de diffusion avec “petit bruit” observé en temps continu. Nous proposons un test
basé sur la transformation linéaire définie dans Théoréme 1.4.1 et nous montrons
qu’il est ADF.

Supposons que nous observons un processus X° = (X;,0 <t <T) en temps

continu, solution de ’équation différentielle stochastique suivante :
dX; = S(X;) dt + e dW;, Xo=x9, 0<t<T, (10)

ou Wy, 0 <t < T estun processus de Wiener, S(z) est une fonction inconnue
et réguliere et la valeur initiale xy est déterministe. Nous construisons le test

d’ajustement ADF de ’hypothése nulle paramétrique
Ho S(-) e {S(¥,-),¥ € © =(a,b)},

ol ¥ est un paramétre inconnu et unidimensionnel. Dans Section 1.2, nous pro-
posons ’EDM pour ce paramétre
sk .
U2 = argmin || X — z(9)]],
V€0

ot || - || est la norme L?[0,T] définie par

1X — 2()|? = / (X, — z(9))? dt.

Puis, nous étudions la statistique de base dans Section 1.3

X =y (U)

uf(t)_ ES(/I?:,Xt)’

0<t<T,

ou x; () est la solution de 'équation (10) lorsque € = 0. Notons que cette sta-

tistique a été proposée par Kutoyants [12] dans le cas de PTEMV. Nous montrons
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qu’elle converge en loi sous Hy et sous certaines conditions de régularités vers le
processus u (t),0 < ¢ < T défini par (1.15). Ensuite, la transformation (1.16) de
u (t) vers U (%) ,0 <t < T nous donne la représentation (8). Nous construisons
alors la transformation linéaire L [-] dans Théoréme 1.4.1 et nous prouvons que
LU](v) =w,, ot w,,0 < v <1 est un processus de Wiener.

Cela nous permet de construire un test d’ajustement ADF dans Théoréme

1.5.2. En effet, nous obtenons la convergence suivante :

A, = l/TL[UE] (t)* dt = /lwz dv,
T Jy 0
ot U.() est le processus défini par (1.45) dans Section 1.5. Par conséquent, nous
construisons le test ADEF 9. = lja.5.,) vu que la distribution limite ne dépend
nide S (-) ni de 9. Nous définissons ¢, comme le (1 —a)-quantile de la statistique

limite, c’est a dire, il est solution de I’équation suivante :

1
P(/ w?,dy>ca):oz, a e (0,1).
0

Nous mentionnons que le test 1. est de niveau asymptotique «, c’est a dire, nous

avons lorsque ¢ — 0
Ey. = a+ o(1), pour tous ¢ € O,

ou Ey est 'espérance mathématique sous I’hypothése nulle H,.
Finalement, dans Section 1.6, nous traitons le cas d’utilisation de 'EMV pour
le paramétre inconnu. En effet, la représentation du processus limite est comme

suit :

U(y):W(y)—/Olh(ﬁ,s)dW(s)/oyh(ﬁ,s)ds, /Olh(ﬁ,s)st:l

et notre transformation (1.26) coincide avec celle proposée dans [30)].

Dans Chapitre 2, nous sommes intéressés par la construction de deux tests
d’ajustement ADF basés sur les statistiques de type Cramér-von Mises et de
“score-function”. Cette construction est introduite en utilisant la transformation
linéaire L [-] définie par (1.26). En effet, nous observons un processus de Poisson

non homogéne périodique X" = (Xt, 0<t<T = m’) avec une période connue



INTRODUCTION 15

7 > 0. La moyenne A (t) et la fonction d’intensité A (¢) vérifient les relations

suivantes :

t
Ey X, = A(9,t), A(ﬁ,t):/ A0, s) ds
0

sous I’hypothése nulle paramétrique
Ho A() € {A(197 )aﬁ €0 = (0,7 b)}7

ol a > 0 et b < 0o. Nous introduisons dans Section 2.2 'EDM

0% = argmin ||A, (-) — A (9,
9c0
ou A, () est la fonction de moyenne empirique définie par (2.2) et ||-|| est la

norme Z2(0,7), c’est a dire,

Au()=A(0.)

- /OT (An (s) — A (9, 3)>2d3.

Dans Section 2.3, nous considérons la statistique de type Cramér-von Mises

n HAN 2
An:—/ (An P — A ﬂ;,r) A%, ) dr,
oo ()= Awn) A@
Notons que dans cette section nous obtenons (sous I’hypothése Hy) la convergence

suivante :

1
JAVS :>/ U (v)* dv,
0

ot le processus U (-) est défini par (8). Ensuite, dans Section 2.4, nous construi-
sons un autre test ADF pour le méme modéle d’observations en se basant sur la

statistique de “score-function”
1 o [PAW:0)
WE() = / MUns0) % (0) — A", v) du] .
\/ﬁ ; 0 A<19’>rkL? U) !

Nous mentionnons que cette statistique a été introduite par Kutoyants [13]. Ainsi,
nous montrons la convergence de v, () vers le processus u (-) défini par (2.38). Par
ailleurs, la transformation (2.39) nous donne la représentation (8) selon Lemme
2.4.5. Nous remarquons que dans les deux cas, c’est a dire, les statistiques de
type Cramér-von Mises et “score-function”, nous obtenons le méme processus

limite (8) avec deux fonctions A (-,-) et g (-,-) différentes. Nous passons alors a
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I'application de la transformation linéaire L[-] au processus U (-) (voir Théoréme
1.4.1) tel que :
LIU] (v) = w,, 0<v<1.

La présentation ci-dessus suggére la construction des tests d’ajustement ADF
en utilisant les “versions empiriques” U, (-, -) et U} () de U(+) (ces deux processus
sont définis respectivement par (2.12) et (2.43)) comme suit : Nous introduisons
les statistiques correspondantes aux statistiques de type Cramér-von Mises et

“score-function”

A;:/OT%A(%T) dr, 5n:/0 LU (v)? .

Ensuite, nous montrons la convergence pour ces deux statistiques (sous I'hypo-
these Ho)
. 1 R 1
AZ:/del/, 5n:>/w12,d1/
0 0
et par conséquent, les tests
. 1
O =Tpr. A, On = y; , P(/w2dy>c>:a
n {An>ca} n {5n>ca} 0 v a
sont ADF et de niveau asymptotique a € (0, 1).
Le Chapitre 3 est consacré a la construction d’un test d’ajustement ADF

dans le cas du processus de diffusion ergodique X7 = {X;,0 <t < T’} observé

en temps continu et solution de I’équation différentielle stochastique suivante :
dX, = S(Xy) dt + o (X;) dW;, Xo, 0<t<T.

Soulignons que W;, 0 <t < T est un processus de Wiener, S (z) est une fonction
inconnue, le coefficient de diffusion o (ae)2 > 0 est une fonction connue et X, est

la valeur initiale de X;. Supposons que I’hypothése de base est paramétrique
Ho S()e{S®,-),0 € ©®=(a,b)},
c’est & dire, le processus X7 est solution de I’équation suivante :
dX; =S50, X;) dt + o (X;) AW, Xo, 0Zt<T,

ou S (¥, ) est une fonction réguliére, connue et dépendante de 9.
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Nous proposons 'EDM %, pour le parameétre inconnu ¢} dans Section 3.3 :
2

U = awginf[R [fT () — f(0,2z)| da.

YeO

Notons que fr () est Pestimateur de temps local de la densité invariante f (9, z)
(définis par (3.9) et (3.8), respectivement). Dans Section 3.4, nous considérons
la statistique de type Cramér-von Mises
oo
= | i 0,2 AF (95.2),
—0o0

avec

i (0 0) = VT (fr (@) = £ (95,2))
F,y) — Miy>a)

=0 =20 [ = aw )
— 19y Ly>a) z) f z) dz (9,
2.7 (9 // St 0 ] (00) de AW () £0.2)

Une premiére transformation linéaire a été appliquée (voir Kutoyants [11])

L@ = [ o) £ 4|50 v @)

pour le processus limite 7 (-, -). Ainsi, nous obtenons dans Lemme 3.4.6 la repré-

sentation suivante :

U(t):W(t)—/Olg(ﬁ,s) dW(s)/Oth(ﬁ,s) ds, 0<t<1,

ou W(t),0 <t <1 est un processus de Wiener. L’étape suivante s’agit d’in-
troduire une seconde transformation linéaire L [-] (1.26) comme dans les sections

précédentes et obtenir I'égalité suivante :
Par conséquent, nous avons la convergence

(e’ 1
5y = / L[6r) ()2 AF (95, 2) = / w2 dt,

ot &7 (-, ) est le processus défini par (3.22) qui est asymptotiquement équivalent

a Ly 03] (+). Dong, le test ¢ = H{5;>ca} est de niveau asymptotique o € (0,1)
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et ADF vu que la distribution limite de §% ne dépend ni des fonctions S (-, -) et
o (+) ni du paramétre inconnu .

Dans les trois chapitres, nous avons considéré le probléme de construction
de quatre tests d’ajustement ADF de niveau asymptotique a € (0,1). Cette
construction a été basée sur la transformation linéaire spéciale L[] obtenue a
I’aide de la solution de I’équation de Fredholm du second type avec le noyau dé-
généré. En effet, nous avons introduit les statistiques de base pour les processus
de diffusion avec “petit bruit” et ergodique et le processus de Poisson non ho-
mogéne. Aprés les premiéres transformations, nous avons montré que les limites
de ces statistiques admettent la méme représentation U(-) (8). Nous pouvons
donc dire que cette représentation est universelle. Nous avons prouvé aussi que
L[U](v) = w,, o w, est un processus de Wiener. Par conséquent, nous en dédui-
sons que l'application de L [-] aux statistiques de base nous donne le processus de
Wiener w, comme une limite “distribution free”. Ceci nous a permis de construire

les tests d’ajustement ADF et de niveau asymptotique a € (0, 1).



CHAPTER 1

On GoF Test for Perturbed

Dynamical Systems

1.1 Introduction

We consider the problem of the construction of an asymptotically distribution
free test in the case of continuous time observations of a “small noise” diffusion
process. Under the null hypothesis, we suppose that the trend coefficient de-
pends on some unknown one-dimensional parameter. Therefore the basic (null)
hypothesis is parametric.

Goodness-of-fit tests play an important role in theoretical and applied statis-
tics. They allow to verify the correspondence between the proposed theoretical
models and real data. In fact, these tests are widely used as mathematic mo-
dels in many fields and studied very intensively in statistics since 1928 due to
the works by Crameér (1928), von Mises (1931), Kolmogorov (1933) and Smirnov
(1936) (see, e.g., [13] and [18]). Let us recall the well-known basic results for the
i.i.d. model. Suppose that the null hypothesis is simple. Denoting the continuous
distribution function under the null hypothesis by Fy (z), we have to check if the
i.i.d. observations X" = (X, ..., X,,) have this continuous distribution function.
Many GoF tests are based on the following property : under the null hypothesis,

the normalized empirical distribution function

Vi(Fue) - Bo@). Bue) = 23 e

19
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converges in distribution to the Brownian bridge B (Fy (x)). In particular, for the

Cramér-von Mises statistic we have (with the change of variable s = Fy(z))

(b":”/_m(ﬁn(w)_FO() dFo :>/ Y ds= ¢

o0

The limit ¢ does not depend on Fj (-) (distribution free). Therefore the Cramér-

von Mises test
v, = ]I{¢n>ca}7 P {¢ > ca} =
is ADF and has the asymptotic (n — o) size a € (0,1) (see, e.g., [10]).
In the case of the parametric null hypothesis
H(] . F(] () c {Fg (19,'),196 @Z (a,b)},
where ¢ is some unknown one-dimensional parameter, the similar limit

U, (z) = Vn (Fn (2) — Fo(dn, x)) — B(F,(9,7)) — CEy (9,7) = u ()

is no more distribution free and the choice of the threshold ¢, is much more com-
plicated. Here 9, is the maximum likelihood estimator (MLE) of the unknown
parameter ¥, Fy (9, ) is the derivative of Fy (¢,-) w.r.t. ¥ and ¢ is a Gaussian
variable. By the change of variables t = F, (9, z) and s = F (9, y), we have for
u (+) the representation (see, e.g., Darling [13])

U(t):B(t)—/o h(ﬁ,s)dB(s)/O h(9,5) ds. (1.1)

Note that the function h (-, -) appears here twice because we used the MLE.
For the minimum distance estimator (MDE) using the same arguments as in

the case of the MLE we obtain the limit

U(t):B(t)—/O g (9, 5) dB(s)/Oth(ﬁ,s) ds, /09(19,5)2015:1 (1.2)

with two different functions. In both cases, the corresponding tests are no more

ADF and the choice of the threshold from the equation

P{/OlU(s)2d3>ca}:a

can be a difficult problem.
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There are several possibilities to solve this problem in the case of the limit
(1.1). One of them is to find a linear transformation L [-] of the random function
U (+), such that L[U] (t) = W (t), where W () ,0 <t < 1 is some Wiener process.
Then the statistic

Oy = /oo LU (2)? dFy(0,, 2) = /UIW(t)2 dt =0

oo

and we obtain once more the distribution free limit ©. Therefore the test

~

d, = ]I{@n>da}7 P {f) > da} =«

is ADF. Such transformation was proposed by Khmaladze [30]. We have to em-
phasize that in [30] and in many other works (see, e.g., the paper Maglapheridze
et al. [19]) the estimator used was always the MLE and this is important for
the construction of this linear transformation. Many authors wrote that similar
transformation can be obtained in the case of other estimators with limit (1.2),
but as we know this work (construction of the linear transformation with other
estimators) was not done.

The problem of GoF testing for the model of continuous time observations
of “small noise” diffusion process, with a simple null hypothesis © = {1y}, was
studied in [12] and [10]. Suppose that the observed diffusion process under hy-

pothesis is
dXt = So(Xt) dt + o (Xt) th, X() = Xy, 0 S t S T, (13)

with deterministic initial value o, known diffusion coefficient 2o ()2 > 0, known
smooth function Syp(-) and W;,0 < ¢t < 1 is a Wiener process. Note that if the
functions Sy (x) and o (z) are Lipschitz w.r.t. z, then we have with probability 1
sup |X; — ay| < Ce sup |[Wy,
0<t<T 0<t<T
where C' is some constant. Therefore the process X; converges uniformly w.r.t.
t € [0,7] with probability 1 to z; = x:(Jy) (solution of the equation (1.3) as
e =0). We have as well

sup BE|X, — x> < Ce2.
0<t<T
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For the proof see [37], Lemma 1.13.
The GoF test was constructed on the basis of the normalized difference
e 1 (X; — z;) and the limit of this statistic is a Gaussian process. The latter

can be transformed into a Wiener process w,,0 < s < 1 as follows : Introduce

o= [ (Y] (e o

The following convergence

the statistic

1
55:>AE/ w? ds
0

was proved and therefore the test ¢, = M5~y with P (A > ca> =« is ADF.

The case of the ADF GoF tests for “small noise” diffusion processes with
parametric basic hypothesis was studied, for example, in |26], [56] and [12|— [13].
For the construction of the linear transformation and tests the estimator used
was always the MLE (see Kutoyants [30]). Moreover, there are several GoF tests
for the ergodic diffusion processes proposed, for example, in the works [51], [54]
and [34].

Note that in some problems it is not possible to have an explicit expression for
the MLE and therefore sometimes it is better to use other estimators, which can
be easily calculated. For example, this can be the MDE, a method of moments
estimator or a trajectory fitting estimator and so on. In all such cases, the limit
expression for the underlying statistics will be like (1.2) but with two different
functions A (+,-) and g (+,-) (see below).

In this Chapter, we are interested by two problems. We first deal with the
problem of the construction of a special linear transformation. All steps of this
construction are developed in Section 1.4. Then we consider the second pro-
blem in Section 1.5 : the construction of the ADF GoF test based on this linear
transformation in the case of the diffusion process with “small noise” observed in
continuous time. The main results are presented in Theorem 1.4.1 and Theorem
1.5.2, respectively. In particular, the linear transformation is defined in Theorem

1.4.1 and the ADF test is given below in Theorem 1.5.2.
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In this work, we observe a continuous time process X¢ = (X;,0<t<T),

which is the solution of the stochastic differential equation
dX, = S(Xy) dt + e dW, Xo=x9, 0Zt<T, (1.4)

where W, 0 <t < T'is a Wiener process, S(x) is some unknown smooth function
and xg is the deterministic initial value. We construct an ADF GoF test for the

parametric null hypothesis
7-[0 : S()E{S(ﬁ,),ﬁE@Z(C%b)},

where a > 0, b < oo and ¢ is an unknown and one-dimensional parameter and
we propose the MDE for this parameter

VI = argmin || X — z(9)]],
€O

where || - || is L?[0,T] norm defined by

IX — 2()|? = / (X, — z(9))? dt.

Here z; = x; (0) is the solution of the equation (1.4) as e = 0.
We realize the following program. First, we show that the basic statistic

Xt — xy (79:)

- 0<t<T
€5 (05X T

ue (t)

converges to the random process u (t),0 < t < T (see (1.15) below). Note that

this statistic was proposed by Kutoyants [12] in the case of the MLE. Then we
t

transform w (¢) in U (T) .0 <t <T (see (1.16) below). Therefore, we obtain

for U (-) the following representation

U(u):W(u)—/O g(q?,r)dW(r)/Ouh(ﬁ,r)dr, /Og(ﬁ,r)erzl. (1.5)

We will give later the definitions of the functions g (-,-) (1.20) and A (-,-) (1.19).
The last step is to apply the special linear transformation L [-] such that
LU](v) = w,,0 < v <1, where w, is a Wiener process (see Theorem 1.4.1).

The main contribution of this work is the form of this linear transformation.
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Then we realize similar transformation (1.44) with the “empirical” process
ue (+), apply the linear transformation L[] to U, (-) given by (1.45) and obtain

the convergence (under H,)
LU — LU](v) =w,, 0<v<1.

Moreover, we show the convergence

1 T 1
A, = —/ LU (t)* dt = / w? dv.
T Jo 0
The limit distribution of A, does not depend on S (-,-) and ¢. This allows us
to construct the ADF test ¢ = l{a.>c,} in Theorem 1.5.2. The threshold ¢, is

solution of the equation

1
P{/ w?,du>ca}:a, a€(0,1).
0

Note that the test 1. is of asymptotic size «, i.e., we have as ¢ — 0
Ey. = a+o(1), for all ¥ € ©,

where Ey is the mathematical expectation under the parametric hypothesis H,.
We shall mention that if in our problem we use the MLE of the unknown

parameter, then the limit representation is

U(I/):W(l/)—/o h(ﬂ,s)dW(s)/Oyh(ﬁ,s)ds, /0 h(9,s)?ds =1 (1.6)

and our transformation coincides with the one proposed in [30]. We discuss this
case in the Section 1.6.

We have to note that this linear transformation is rather cumbersome and
the realization of the test can be a computationally difficult problem too. We
suppose that the presented result is of theoretical interest and allows to “close
the gap” in this field.

At the same time, we understand that this result is in some sense “negative”
and says that if we have no MLE it is better to seek another GoF test, which
is ADF. Note as well that in i.i.d. case, even if the estimated parameter is one-

dimensional, the reduction of the equation with Brownian bridge (1.2) to the
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equation (1.5), using the relation (B (t) = W (t) —t W(1)), leads to the corres-
ponding Fredholm equation (see (1.28) below) with three-dimensional g (-, -) and
h (-, -). The expression for the solution of this equation and the form of the linear
transformation become much more complicated. This is probably the reason why
this problem was not considered till now. Our results thus should be understood

as a constructive existence result for ADF tests based on the MDE.

1.2 Minimum distance estimator

Suppose that the continuous time observed process X¢ = (X;,0 <t <T) is

the solution of the stochastic differential equation
dXt = S(Xt) dt +é th, X() = Xy, 0 S t S ,_T’7 (17)

where Wy, 0 <t < T is a Wiener process, the initial value xy is deterministic
and the trend coefficient S(z) is some unknown smooth function.

We consider the composite basic hypothesis
Ho ¢ S()E{S(0,),0 €0 = (a,b)}.

where ¥ is the one-dimensional (unknown) parameter, against alternative #; :
not Hy, i.e., the trend coefficient S (x) in the observed diffusion process (1.7) does
not belong to the parametric family {S (¢, z),9 € ©}. Therefore the process has
the stochastic differential, under hypothesis H,,

dXt = S(ﬁ,Xt) dt +é th, XO = Xy, 0 S t S T. (18)

Here S (¥, z) is known smooth function.
We are interested in the properties of the test in the asymptotics of small
noise, i.e., as € — 0. Below and in the sequel the dot means derivation w.r.t. .
Let us introduce the regularity conditions.
R. The function S(9,x) is strictly positive and has two continuous bounded de-
rivatives with respect to ¥ and x.
In the presentation below we suppose that these conditions and the basic

hypothesis H, are always fulfilled.
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It is known that the solution X; converges uniformly in ¢ € [0,7] to the

solution x; = z;(v) of the ordinary differential equation

d
S, 1),  w, 0<t<T,
dt
where zg is the same as in (1.7) (see [22] or [37], Lemma 1.13 for the proof).

Recall the properties of the maximum likelihood and minimum distance es-
timators of the parameter . The likelihood ratio function in the case of obser-

vations (1.8) is

T T 2
o) = o] [1S0 0 [Pk e

where Py and Py are the measures induced respectively by the processes (1.8)
and

dXt:é'th, onl'o, OStST,

(see 18] for more details).

The MLE 4. is solution of the equation

sup £ (9, X°) = £(J., X°).
UISC)

This estimator is consistent and asymptotically normal (as ¢ — 0)
A T .
el —0) = N(0,I(0)7"), IV :/ S (9, x)% dt.
0

Here and in the sequel z; = z; (¥). For the proof see Kutoyants [37].
Introduce the MDE

92 = argmin | X — 2(9)]],
JEO

where || - || is L?[0,T] norm defined by

1X — ()] = / (X, — z,(9)" dt.

The properties of the MDE for this model were studied in [37]. The MDE satisfies

the minimum distance equation (MDEq)

/OT (Xt — 2 (97)) 44 (V7) dt = 0.
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Let us put uf = ! (9% — ¢J). Therefore the MDEq is as follows :
T
0

Then, by Taylor’s formula, we can write

/OT (Xt —2,(0) — e u? :m(&)) #(97) dt = 0,

where [ — 9| < |9* — 9| and for u* we obtain the following representation
T
ul = J(??)_I/ e (X; — m4(0)) 2(9) dt + o(1), (1.9)
0

where
J(9) = /T i (0)2dt. (1.10)

Let us consider the random process xil) defined as the derivative of X; w.r.t. ¢

at ¢ = 0, i.e., we have e (X; — z; (9)) — 2", Here the random process 2"

satisfies the linear equation
Azl = (0, z,) 2Vt + AW, 2V =0, 0<t<T.

Here and below the prime designates differentiation w.r.t. the variable x.

The process asgl) has the representation

t
1
0 s s

(see, e.g., Section 3.3 in [37]). Due to the above representation of 2V the equation

(1.9) becomes
T
W = Jw) / 2 W,(9) dt + o(1)
) OT t 1
= JW)” v ——— dW, 24(9) dt 1).
IOy [ St [ g aW. o) di+ ofn)
Here o(1) means the convergence in probability, i.e., for any v > 0, we have
lim P, (|u? — p(0)| > ) =0, (1.12)
E—r

where
1

p(9) = J(9)~ /OTSw’xt) /Ot S, xy)

AW, d(d) dt.
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Therefore, by Fubini’s theorem, ¥} admits the following representation,

-1 (19:—19):J(19)1/0 W/ S(9, 2,) 4(0) ds AW, + o(1).  (1.13)

Moreover, under conditions of regularity, the estimator ¥ is consistent and

asymptotically normal (see Chapter 7 in [37])

Lo{e™ (02 =)} = L{g} = N(0,0” (¥)),

o2 (9) = J () /OT m (/T S(9, 3,) i+ (9) ds)2 dv.

1.3 Basic statistic

where

Our goal is to find the GoF test, which is ADF, i.e., we seek the test statistic
whose limit distribution, under hypothesis, does not depend on the underlying
model given by the function S(¥J,z) and parameter 9.

Introduce the statistic

T X, — %) 72
o = / X — 2,(97) dt.
0 €S (19;7 Xt)
To study it we need the behavior of the difference X; — x(9%), which can be

described as follows :

0 02) = £ (= (0)) — &7 (02 = 0) ) +of1)
— W) — J(@)! / 20 5,(9) ds 34(9) + o(1)

toaw,
=S,z / °
( t) 0 S(Q?,l’v)

—J(z?)‘l/o ﬁ/ S(9, ) 5(9) ds AW, (V) + o(1),

where the process z\" is defined by (1.11) and the derivative ,(9) w.r.t. ¥
satisfies the equation

diy (V)

T S'(9, ;) &p(9) + S, 1), d0(9) = 0.

Its solution is the function (it can be found in [12])

19%

S(0,
%) Sﬁxv
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Here o(1) is the uniform convergence in probability w.r.t. ¢ € [0,T], i.e., for any

v > 0, we have

lim Py ( sup e (Xy — 2, (%)) — ()| > y) =0, (1.14)
e=0 te[0,T)

where

— Jw)! /0 m / S(9, 2,) 4(8) ds ATV, 3,(9).

For the details see [37], Chapter 7.

Hence we have the uniform convergence w.r.t. ¢ € [0,7] (in probability)

X — ﬁt( / dw,
e S (19* S0

— J()" /OT S(ﬁl,xv)/v S(0, z5) d5(9) ds dW/ ;dv

and it can be shown that
T
5= / u(t)? dt
0

(see in [12] the details in the similar problem where the MLE was used). Therefore

us(t) =
(1.15)

the test based on this statistic is not ADF. Hence to obtain an ADF GoF' test

we introduce the Gaussian process
U(t> ! /tsw Jdu(s), 0<t<T (1.16)
T = = y Ls uls), =V =4y .
T) VT J
where wu (+) is given by (1.15). Then, by the It6 formula,
d (S0, z5)u(s)) = dS(I, zs) u(s) + du(s) S(v, x)
and using the equality
dS(¥, xzs) = S'(9, xs) S(V,x,) ds, (1.17)
we have

S(0, xy) u(t) = /0 S'"(9,z5) S(V, x4) u(s) ds +/0 S(0, xs) du(s).
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Therefore the process U(-) given by (1.16) admits the following representation
(0<t<T)

t 1 o[,

U (T) = Nii S(9, xy) u(t) — 77 ) S'(¥,xs) S(0, xs) u(s) ds. (1.18)
Further we define two functions

h(9,7) = TJ(9) " 89,z (V) C (9)* (1.19)

and

g(9,7) = S(ﬁ,er(ﬁ))‘l/ S,z (9)) dur(9) dz C (9) V2. (1.20)

1
Here J (1) / tor(9)2dv and
0

1 1 2
C0) = / S(0, yr(9)) 2 ( / S(9, 2r(9)) Eur(9) dz) dv.
0 v
Observe that
1
/ g(¥,7)*dr = 1.
0
Lemma 1.3.1. We have the equality
1 v
U(v) = W(v) —/ g(9,7) AW (r) / W, r) dr, 0<v<l,  (121)
0 0
where W(v),0 < v <1 is a Wiener process.

Proof. By the It6 formula, we have, for 0 <t < T,

AU (i> = L4800,z u(®)

T VT
1 1
+ Wi S0, x) du(t) — 7T SN0, ) S(U, 3¢) u(t) dt.

Then by (1.17) and using the representation (1.15) of the process u(-), we obtain

U (%) _ %/Ot S(9, z.) du(s)
W,

= —J(ﬁ)il ! ! ! T) X s ' T v
- -t /0 Sw,%)/v S(9, ) #4(9) d de/O $(9, ) do.




CHAPTER 1. ON GOF TEST FOR PERTURBED DYNAMICAL
SYSTEMS 31

t
Hence, by the change of variables v = T and W(v) = TY2W,7,0 <v <1, we

have

. T T vT
) — [ Sy a0 dsaw, [ S0, dv
v v 0

Let us change the variablesr:%,z:%, W(r) =T"?W,p,0 <r < 1. Then
we can write
U(v) =W (v)
5 . 1 1 T v
—Jﬁ_/—/ SV, xg) T4(0 dder/Sﬁ,xr dr
7 [ g L S ) asaw(e) [ 5.a)
=W(v)
T 1 1 1 v
— = S, x.r) T (VY ddeT/Sﬂ,xr dr
51 ) sy SO gt e aw o) [ S0

1 v
— W) - / g(9,7) AW (r) / W, r) dr.
0 0
Therefore we obtain the representation (1.21) and this proves the Lemma 1.3.1.
Using the convergence of the “empirical version” U, () to U () (see proof of
Theorem 1.5.2 below) and due to the continuous mapping theorem, it can be

shown that we have the convergence

A, = % /OT </OtS(19:,XS) due(s))zdt — /01 U(v)2dv.

We remark that the test based on this statistic is not ADF. Hence we have to

find the transformation L[U](-) into the Wiener process such that

1 1
/ LIU)(v)*dv = / w? dv, 0<v<l,
0 0
where w,,0 < v <1 is a Wiener process. This property allows us to present the
“empirical version” of the test statistic with the same limit. Therefore the test

based on this statistic is ADF.

1.4 Linear transformation

Now the problem is to find such transformation L [-] of U(-) (see (1.21)) using
the MDE that L[U](v) = w,. Recall that for the limit process (1.1) such linear
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transformation and the corresponding ADF test were proposed by Khmaladze
|30]. Another (direct) proof of this result was recently obtained by Kleptsyna
and Kutoyants [34]. Note that in these works the estimator used was always the
MLE and in our work it is the MDE. The limit processes in these two cases are
quite different. That is why we have to present here a special modification of the
proof given in [34]. Our proof follows the main steps of the work [34]. Specifically,
we have to solve Fredholm equation of the second kind with degenerated kernel.
The solution of it gives us the desired linear transformation.

Denote
I = / 9(9,9%dq, I / B9, q) (9, q) dg, Ty — / W9, q) da,
0 0 0

. . (1.22)
I4=/ h(¥, q)*dq, 152/ 9(v, q) dq.
0 0

Below we omit ¢ and r for simplicity and put ¢ = ¢(J,7) and h = h(J,7r).

Introduce the functions

01(r) = g — h —3Lg + Ishg + I3g* + 2Ih — 21515g° + [ I2h + IIsg° — I3g
— Llyg + 3129 + L Ish* — 2I515hg — 21 Ioh + I21shg + 12 Ish* — Ik
+ 20 Iih — I Iyg + L I, 14g + I I, Ishg — I Ih + I h + 21,I5hg
— LILIsg* — Ish* 4 21, Ishg — 21, I, Ishg — 21, Ish? — I2h + Ish?

—2Ihg — IIshg — L L Ish? + I215g° + I Ish? + Lyg, (1.23)

©0o(r) = 1+ Ish — 3L,I5h + I Ish 4 Isg — 31,139 + I,1sg — Ish — 112 15g
+ 312139 — 21,1, 15g + 21 Ish — I3Ish + 113 13h — 3139 + 31315
+ LIsh — Ll dsh + 20 IsIyh + Islyg — I Islug + 12 4 2121, + I
+ LI dsh — IR I3Ih — Li31g + L b I31g — 1313h — 21, 131,
— 2L+ IFI; 421, — 2111y — 40y + AL 1, — 41, + I} 15g

+ B14Isg — 21 I Ish — I3Iuh + 613 — 413 — I I, 15h (1.24)
and

Uo(r) = h + Ishg — 2I,1,9 + Ish? — 31,h — 21513hg — I I, Ish? + Iug + 312h
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+ 319 + Ish? — I3h — I31hg + I g + Iih — I, I,h — 21, 15h?
— 11]4h + ]1]2[4h + ]1]3h2 + 131492 + Iglghz — ]3h2 + ]1]3]4hg

— LIz1yg° — 21,1, Ishg + 214Ishg + I31shg — L 179 + I Isg°.  (1.25)
The following Theorem is the main result of this work.

Theorem 1.4.1. Suppose that h(q) and g(q) are conlinuous functions such that
1

/ 9(¢)?dqg = 1 and @o(r) is a strictly positive function on [0,1). Then the equa-
0

lity

LIU|(v / / Pulr “)M NID i) dr=w,  (126)

holds. Here w,, 0 < v <1 is a Wiener process.

Proof. The proof will be done in several steps.

Step 1 : Introduce a Gaussian process
t
Mt:/ q(t,s) dU(s), 0<t<1,
0

where the function ¢(¢, s) is chosen as solution of Fredholm equation described

in the next step. Observe that
t 1 t
M= [ at) W ~ [ o) W) [ att.u) hw) du
0 0 0
Step 2 : For the correlation function of M,
R(t,s) = E[M;M,], t>s,
we have

E[MM,) =E Uotq(t w) AW (u
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= [(ats.ate = [ ate.o) o) a0 i)
_ /0 ' 4(t.0) h(v) dv g(u) + /O " 4(t0) h(v) dv h(u)} du
:Ayﬁmpwm—[amowwmw

+ h(v) g(u) — h(v) h(u)] dv} du.
Denote the kernel
K (u,v) = g(v) h(u) + h(v) g(u) — h(v) h(u).
Then
B[M,M,] = /0 4ls,u) [q(t, u) — /0 ot o) K(u, o) do|du. (1.27)

Therefore if we take ¢(¢,s) such that it solves the Fredholm equation of the
second kind (¢ is fixed)

t
ot.5) - [t Ko do=1, selod] (1.28)
0
then (1.27) becomes
E[MM,) = E [M2] = / o(s,u) du. (1.29)
0
Step 3 : The solution ¢(t, s) can be found as follows : We have
t
q(t,s) =1 +/ q(t,v) K(s,v) dv.
0

Denote
and

Then ¢(t, s) has the representation

q(t,s) =1+ B(t) h(s) + A(t) (9(s) — h(s)), (1.30)
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where the function A(t) itself is solution of the following equation (after multi-

plying (1.30) by h(s) and integrating)
t t
/ h(s) ds = A(t) — B(t) / h(s)2ds
0 0
t

— A(t) /Ot h(s) g(s) ds + A(t) i h(s)*ds.

(1.31)

The function B(t) is solution of the following equation (after multiplying (1.30)
by ¢g(s) and integrating)

[ ot s = 56 = BO) [ 16s) g(5) as

t t (1.32)
— A(t)/o g(s)2d8+A(t)/0 h(s) g(s) ds.
Using the notation (1.22), we can write (1.31)—(1.32) as follows :
A(t) = B(t) I, — A(t) I + A(t) 1, = I3 (1.33)
and
B(t) — B(t) I — A(t) I + A(t) I, = Is. (1.34)

Further, we have to find the expressions of A(t) and B(t). Therefore we obtain
from (1.34)
_ I+ A(t) (I — 1)
(1-1) '
Then we insert (1.35) in (1.33) and obtain
I3(1—1)+ 14 I5 Is(1+1,— L)+ I3(1; — 1)

At) = 5 B(t) = 3
(®) (1— 1)+ Iy I ®) (1— 1)+ I, I

B(t) (1.35)

where
1
Ig :/ g(s)* ds.
t
Therefore the solution ¢(t, s) of (1.28) is

L(l+ 1L — L)+ (L — L)
(1—L)+1I, I

(1= L)+ I, I
(1—L)’+1I, I

h(s) + (9(s) — h(s))-

q(t,s) =1+

The final expression of ¢(t, s) is

/Otg(s)ds (1 + /Ot h(s)*ds — /Oth(s)g(s) ds) h(s)
(1—/0t h(s)g(s) ds)Q—I—/Oth(s)?ds/tlg(s)?dS

q(t,s) =1+
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+Ah@®(£ﬁﬁ®—lﬂ%mmamﬁ

2

(1— /0 h()9(s) ds> + /0 h(s)ds /t o(s)ds

2 (9(s) — h(s))-

(1_ /0 th(s)g(s)ds) + /0 h(s)ds /t ' o(s)ds

Step 4 : To show that M, is martingale we need the following Lemma.

Lemma 1.4.2. We have the following equality

/th(t,s) ds = /th(s,s)st, 0<t<1. (1.36)
Proof. Show that
% th(t, s) ds = %/th(s,s)st — q(t, 1)
Denote
c =1 [ 1) gls) .
D(t):/otg(s) ds (1+/Oth(s)2ds—/0th(s) g(s) ds)
+/0th(s) ds (/Otg(s)st—/Oth(s) g(s) ds),
K(t) :C(t)2+/0th(s)2ds/tlg(s)2ds
and

N(#) = C(t) /0 "h(s) ds + /0 h(s)ds /0 "o(s) ds.

Then ¢(t, s) has the following expression

0(t.5) =1 ) W)+ T (als) = A,
Hence
© ") o =1+ 2LV 610 -0
(D’(t) K(t) — D(t) K’(t)> ‘ L
+ K(t)? /0 ils) ds 0

(N'(H)K(t) = N(t)K'(t)) [
+ K@) /0 (g(s) — h(s)) ds.
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Then we obtain the equalities

Ct) = 1-1,,
D) = I;(01+1L L)+ LI 1),
K(t) = 1-L)’+L(1-1),

Nt) = IL(1—-1L)+ 1, Is.

The derivatives of these functions w.r.t. ¢ have such expressions

C'(t) = —h(t) g(t),
D'(t) = g(t)+ L g(t) — L g(t) + I5 h(t)* = I5 h(t) ()
+ I h(t) — Iy h(t) + I3 g(t)* — I3 h(t) g(t),
K'(t) = —2h(t) g(t) + 21 h(t)g(t) + h(t)* — I h(t)* — 11 g(t)?,
N'(t) = —Ish(t) g(t)+ Iy g(t) + I h(t)* + h(t) — I, h(t).

Thus, (1.37) has the following representation
d [* Dy (t) + Do(t) + P3(2)

i) q(t,s)ds =1+ K0 , (1.38)
where

@ (t) = (D(t) h(t) + N(t) (g(t) — h(t))) K (1),

Dy(t) = (D'(t) K(t) — D(t) K'(t)) I3
and

@y(t) = (N'(1) K(1) — N(t) K'(1)) (I — Iy).

Then returning to initial notation we obtain the expressions

O (t) = 3I2I;h — 3IoI5h + I Ish — 31,1sg + I, I2Ish — I3 Ish + Isg — I 1sg
+ Lilsg — L1 Is1hg — Ish — I IsIih + 205 0sh + Ish — 1112159 — IhI514g
— 20 IhI3h + 31213g — 21,1, 159 + IiIsh — LI Ish + I I Is1,g + I3 1sg
+ 121059 — I21sh + 2L IsIhh — IsI;h — L4 Ish + Islyg + L L I Ish,

By(t) = L, I2h? + 215149 — 31,159 + Islshg + 1312 159° + 121497 + I, Ish

— 3131, + 313159 — LI3Ish® — 21,131shg + I2g* — I I2h?
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+ L1319 — Iy I3g + BI3Ish? + I3 1315hg + L3 Ish — 21, I I3h
— I2hg — 21,12¢% + I313g° + 213 Ish — 215131, Ishg — T2 1314h

+ IEI3hg + 3159 + I3l Ishg — 21 I, I3 hg + I 13h* — [ L I3 h?
— L1319 — L IsI2g + [ I, 1519 + L IsIyIshg — I L IsIsh* 4 Isg
+ LI21Lhg + L IsIsh? + Is1ylsg® + L IsIuh — I Ish — I 131,67

— L3I Isg* + 211 I3hg — [31,hg + L L I3 1h — LI3Ih — I3 Ish
and

®3(t) = I3Ishg + LIs1ih — I315h* — 31,Ish — I3} g — I3 13hg
—2L,I2h* + 3131sh + I3131shg — I3 1s1sh? + [3I2h? — I317 159
+ 2159 — 315 I3h — L1y Ish + I I31,Ishg — I3hg — L1 Isg
+ LI21G" + LIsIsh? + 31,0567 + L IsIsh? + Ish — 2151515hg
+ 21412 hg — 211412 hg + I212g* + I31,05g — Ish + I [, 14 Ish
+ 3L, 3h + 21, I3 hg + 21131,g + 21, I31sh* + I2h* — L 14Ish
— L1 + L I3h + I3 1Lhg + Lilsh — B Ish + I + Lilsg
— LI21thg + IR + L IsI2g + L IsIbh — IsIuh — Islyg
— I21,6° — LIZK? — I3Ish? — I I Is14h — L1314 Isg* — I I3R?
— 2131, I5hg + 21,131, I5hg — 21,1415 — I I I3Ish? — Is14Ishyg.
Denote
O(t) = Py (t) + Do(t) + P3(t),

then we can write

d(t) = h(t) (215 — 6105 + 20115 — 213 + 61315 — AL Iy I3 + 41515 + AL 131,
— 20305 + 21 I3 15 4 20405 — 2050y 15 — 21314 + 21, I, 1,05 — 217151,
L LI — 21313) +og(t) (213 L Iyly + 20 oIy Ly — 61505 + 21415
— 2L 15 + 61515 — AL 105 — 21513 + 215 1,05 + 21314 + 213 I
— 2121314> +h(t)g(t) (21315 — 212 — 4L, I315 — 2131, 05 + 21, I3 1,15

+ 20,15 + 21,12 + 21, I — 211 oI5 — 21, 1,12 + 2[22]3]5> + h(t)?
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@Agg—2555g—25@+@@—agg+zggg—zgg+@

+J§+ﬁ@)+g@V@§—2Q@+2@hg—25@hg+zﬁ§+@g>

Finally, (1.38) can be written as follows :

tq(t, s)ds=1+ (1) : (1.39)

dt Jo
Now the expression of q(t,t)? is

(e = (14200 0+ T a0 - )

Denote

M(t) = 2K(t)(D(t) - N(t),

t

O

= 2K(1) N(b),

)

)

t) = (D(t)-N(@®)",
)

)

&

(
(
L(
() = N,
H(

t) = 2N(t)(D(t)— N(1)).

Therefore the final expression for ¢(t,t)? is

(1.40)

where

M(t) = 2113 — 61305 — 205 + 61315 — AL Iy I3 + 41513 — 21515 + 21,15
+ 20 1313 — 212150, — 21515 — 2051415 + 215 — 2131, — 21, 1,15
+ 20 oIy I5 + AT I 1y,

Q(t) = 2I314 — 61513 + 61513 — 20513 + 21,15 — Al I I5 + 2151415
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+ 213 — 2LpI30y — 21, 10y + 21, Iy Is 1y + 21215 — 21, I2 15,
L(t) = IZ + 312 — 2,12 + 713 + I2 — 2015 + 20, 1315 — 21515
+ 260315 — 21 [, I3 15,
E(t) =I5 — 2015 + I315 + 112 + 2131,15 — 215131415,
H(t) = 21315 — Al 0315 — 2031, 15 + 21 15 + 21,17 + 2151315

— 20, 1,12 + 21, I3 1415 — 213 — 21, I, I3 + 21,12

The comparison of these expressions with (1.39)—(1.40) shows that the Lemma
is proved.
Step 5 : In the next step, we need the following Lemma to show that the

linear transformation is a Wiener process.

Lemma 1.4.3. If the Gaussian process My satisfies (1.29) and we have relation

(1.36), then

1s a Wiener process.

Proof. The proof can be found, e.g., in [34], Lemma 2.
Hence

t
Mt:/q(s,s)dws, 0<t<1
0

is a Gaussian martingale, where wg,0 < s < 1 is a Wiener process.

Therefore we have the equality

o= [ato. ot =0+ [t [ e as

where wy;, 0 <t <1 is a Wiener process (by Lemma 1.4.3).
Now we have to calculate the right side of the above expression. The derivative
q,(t,s) w.r.t. t can be written as follows :

(V1(t) = Pa(t)) h(s) + ¥a(t) g(s)
K(t)? ’

q:t(t’ 8) -

where
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and

dalt) = N'(8) K (1) — N(t) K'(0).

Returning to the initial notation we obtain the following expression :

U1(t) = g+ 2Lhg — 3Lg + Ishg + Lth — Lh + I I1Ishg + I1g + 3139
— LIsh* — 2L I5hg — 21 Ioh + 212k + 2159 — [ I, Ish? — Iig
+ I2Ishg + L I2h — I3h — 21,1,Ishg + I2Ish? — I I,15h? — Ishg
— LLih+ Ishg* — Islihg — L 1yg — L3 g + 113 1g — 21,159
+ LI Ih 4 LR + Idsg® + I2g + I21shg — I Ish? + I715¢
— LIysg® + 21 Ishg — 21 I, Ishg + 31,9 — I 14h + I, I3h?

— 12[3[492 - 3[2]49 + [22[5h2 + [1I4h -+ [1[3[4h,g + [4[5h,g -+ 1392.

The function 9(t) is defined by (1.25). Hence we obtain

G(t5) _ (a(t) = (1) h(s) + a(t) g(s)

q(t,t) K(t)2+ ®4(t)

Then if we put

p1(t) = ¥ (t) — va(t)
and

pa(t) = K()* + 1(t),
then this implies that

Gts) _ pult) h(s) + va(t) g(s)
) o2(0) |

with ¢1(t) and @o(t) are defined by (1.23)—(1.24). Finally, we obtain the expres-

sion

wy = /0 q(s,8)'dM, = U(t) —I—/O /OS 21(s) h(v;;;fﬂs) 9(v) dU(v) ds.

This is the linear transformation L[U](-) of the process U(-) into the Wiener
process w; and this proves the Theorem 1.4.1.

Remark. Let us present a sufficient condition for (s(t) > 0.
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Ro. Suppose that h(t) and g(t) are continuous strictly positive functions such
that g(t) > h(t) and

¢ 1
/ h(s) g(s) ds < 1, / g(s)*ds =1, 0<t<1,
0 0

then o(t) defined by (1.24) is strictly positive function on [0, 1).
Now we will verify that if the condition Ry is satisfied, then p,(t) is strictly

positive function. Remind that (4(¢) has the following expression :

©a(t) = K(t)* + ®(t), 0<t<l,

where
D, (t) = (D(t) h(t) + N(t) (g(t) = h(t))) K (1),
with
D(t) = /Otg(s) ds (1 + /Ot h(s)2ds — /Ot h(s) g(s) ds>
4 /Ot hs) ds </Otg(s)2ds _ /Oth(s) o(s) ds> |
N(t) = C(#) /0 "h(s) ds + /0 n(s)ds /0 "o(s) ds
and
K(t)=C(t)* + /Oth(s)st /tlg(s)2ds.

Here

t
Ct)=1- / h(s) gls) ds.
0
We shall mention that it is sufficient to check that ®;(¢) > 0 to obtain ps(t) > 0.

Recall that K (t) is strictly positive function. Then due to the following condition

/Oth(s) g(s)ds <1, (1.41)

we have C(t) > 0. Consequently, we obtain N(¢) > 0 by the conditions
h(t) >0 and g(t) > 0. (1.42)

1

Finally, we see that D(¢) > 0 by the conditions / g(s)*ds = 1 and (1.41)—(1.42).
0

We conclude that we have ¢,(t) > 0 if we suppose that g(t) > h(t).
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1.5 Test

Our objective is to test the composite parametric hypothesis Hy and to do
this we will propose a statistic based on the MDE 97. Recall that the starting

statistic
Xy — 2 (V)

v ()= 5 x)

(1.43)

converges to the random function

// 19:1:8205
19%

By the 1t6 formula, the linear transformation

U(%) :%/()tS(ﬂ,xS)du(s)

has the following representation

u(t) =

t 1 ,
U (?) = Nii S(9, xy) u(t) — \/_ S (9, z5) S(V, xs) u(s) ds

which leads to the random function

U(V):W(V)—/O g(ﬁ,r)dW(r)/Oyh(b‘,r)dr, 0<v<l1

The last step is to apply the transformation L [-] from Theorem 1.4.1 and to
obtain the Wiener process L[U](v) = w,. Now we have to realize the simi-
lar transformations with the “empirical” process u. (-) given by (1.43), i.e., we

(formally) calculate

. <f) \/_/ 2 du. (s). (1.44)

Then we apply the transformation L [-] to the process U (-) and we show
that this statistic converges in distribution to the Wiener process w,,0 < v < 1.

Therefore the test 1, = A, 5., With

1 T 1
AE:—/ L[Ue](t)th:>/ w? dv
T 0 0

will be ADF in view of the limit distribution of A, which does not depend on
S (-,-) and 9.
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Let us realize this program. We have for the process (1.44) the following

representation
t 1
Ue(—)z—s% X)) e ()
T
VT (1.45)
S’ (%, Xs) S (05, Xs) ue(s) ds.
\/_
Introduce the functions
. 1 L. T )
h(¥,v) =— J() S, xy), J19:/ Ts(0)*ds 1.46
()\/T()()()o() (1.46)
and
T
G (0,v) =S, x,)" T (¥,v), I(Y,v)= / S(0,xs) T5(0) ds (1.47)
and their “empirical versions”, respectively
1 .
he (97,0) = —= J.(95)71 S(9F, X,), (0%, 0) = S5, X)) HL(VF, v).
(a)ﬁ()()g()()()
Here

T
J.(0) = /0 &,(97)2ds,

Note that in the functions A (-,-) and § (-,

in the expressions of the functions h (-,

) and g <'7

) Z5(0%) ds.

/ S(

-) we omit the normalizing constants

-) defined by (1.19)—(1.20), for

simplicity of exposition, because the structure of the used statistic is such that

we can do this without changing the limit distribution of the statistic.

Then denote the “empirical versions”
L.=0C4 (T)/ Je (19:,21)2 dv,
0

L. = Cy (T) / he (97, 0) dv,
0

and

I = Gy (T) / he (92,0) g (9%, 0) do,
0

L. = Cu (T) / he (97, 0)? do
0

I; . =Cj (T)/ ge (0%,v) dv
0

of the integrals

I, =0, (T)/ §(9,v) do,
0

L =0C, (T)/ h(9,0)§ @0, v) do,
0
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Is = C4 (T)/ h(9,v) dv, I;=C, (T)/ h(9,v)* dv
0 0
and
I = Cs (T)/ g (9,v) do,
0

B 1

= =
1

Tz This allows us to introduce the “empirical versions” ¢ o(-), @2.(-) and 9 (+)

where Cy (T) Cy (T) = VT, Cs(T) = TVT, C4(T) = T* and C5 (T) =

of @1(-), $2(+) and ¢)y(-) defined respectively by (1.23)—(1.25), where we replace
1 . .
the functions g by § = ok (9, s) and h by h =TT h (9, s),

@1,5(5) = e — ha + 14,595 - 3[2,895 + [5,ah€ga + Il,aha + 2[2,£h5 + 1—2275[378952

= 2D Iyeg? = I b2 + Lyeg? — Dolicge + 313 g — 2I3.chege

— 2y I5 chege — I3 ge + I3 15 chege + 1 15 he — I3 .

+ 2N Luche — Delsege + I Iseh? + Delyelshege + Lo Is . h?

+ [1,515,ah? + 147515,593 - 11,812,8157517’3 — Iy h. — [2,8147515,893

+ 20 I3 chege — 211 Do I3 hege — 210 13 B2 — 214 (1o che

+ Lolodyege + 215 Is chege — Lycls chege + I3 hZ2 — I3 Iy che,
Poe(s) =1— 2[1,51.275 — 3l 15 he + 11 I3 he + I3.9. — 312 13.9.

+ 1y I5.9. — Ische + 3122,515,aha — 2L I I3 .h, — 211,5122,5[4,5

— 2Dy Iy I509- + 2Ds I5 che — I3 5 che + 10 05 T3 che — 210 Dy

— 13’613,595 + Lig + 1227514,515,595 + Ly lsche + 142,5[5,595

— Iy dycls he + 20 I3 Ty che 4+ I3 .14 cg: + 3[22,5[3,595

+ 2[22,6]4,5 + 20y — I dsche + 6]22,5 + L locda 1500,

— ]12,5]3,5—74,ehs —Lils dacge +Ische + 1 Do 3 1y ge

- 1.1,513,5[5,595 —helyelsche +4h Do clye — Iocl3clycge

— 122@[3,5}% + J;{E — 415’75 — 4l — ALy Iy + Iigfia (1.48)
and

¢2,s(3) = hs + [3,5h5gs + I4,€gs + [5,5}1? - 3[2,6h5 - [1,5[2,6[3,sh§

- 2]2,514,595 + [4,aha - 2[2,81576}1’? + 3[2275ha + ]2275[47898
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+ 1—22,515,8}1? - [ég,ahs — I3 1y chege + [Z,gge — Iy Iy h,
+ L I3y chege — ]1,5—72,595 — L dyche + 1 Iy 1y he
— I3 ch?+ L I3 b2 + I3 0y g2 + Lo Is hZ — 215 15 heg.
— 2L lyelschege + 2Lucls chege — Ioels o licg? + I3 15 chege
+ 12,515,893-
Here g. = g. (9%, s), he = h. (U%,s) and L1, Io., Is., I4., I5. are the “empirical
versions” of fl, fg, fg, f4, f5, respectively.
In the construction of the test we introduce one condition else.
Ry. We suppose that oo (1), r € [0,1) defined by (1.24) is strictly positive
function.

We have the uniform convergence in probability w.r.t. s € [0,7] (¢ — 0)

sup |pa(s) — @a(s)| — 0.
s€[0,7T

This convergence we obtain due to the consistency of the estimator and the
smoothness of the functions g. (-, -) and h. (-, -).

Therefore we can introduce the function

N 0o (8)"", if pac (s) >0,
s) —
0, else,
which asymptotically coincides with ¢(s)™* and therefore the limit distribution
does not change.

Hence we first consider (formally) the statistic
t
t)=U.| = 1.49
Wi v (1) (149
1 ! ° + * * q
7 [ ] PN (e (02 @) + AT ()9- (02, UL () ds,
0 Jo
1
where A\ (T) = T*VT, \(T) = T and U,(-) is defined by (1.45). If we prove that
W.(t) — L U] (v) = w,, 0<r<l1

then the test based on this statistic will be ADF. The main technical problem in

carrying out this program is to define the stochastic integrals

K.(0%,5) = /0 he (9%,q) dU. (%) (1.50)
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and

L9 = [ . 00) v (£ (151

Unfortunately we can not calculate them as they are written now, because
the integrand contains the MDE ¥} and this estimator depends on the whole tra-
jectory X¢ = (X;,0 <t <T). Therefore the corresponding stochastic integrals
K. (0%, s) and L. (V%, s) are not well defined.

To avoid this problem we use an approach based on the application of the Ito6
formula, i.e., we replace the corresponding stochastic integrals by the ordinary
ones. We shall mention that this approach was applied in the similar problem

in [14]. Introduce the statistic
s q 1 s
Kﬂ,s:/hﬁ, dU—:—/hﬁ, S (¥, x,) du(q), 1.52
W.9)= | h@.0) W0 (F) = 7= [ h0.0) SO.2)) dula),  (1.52)

where the process U (-) and the function & (-, -) are defined by (1.16) and (1.46),

respectively. Indeed the It6 formula gives us the following representation

d (A0, S, 2)u()) = (F0,0)S(,2,) + (9, 0)S' (9, 2,)S (0, 2,) ) u(q) dg

+h(9,q) S (¥,2,) du(q).

Here 1/ (9, q) is the derivative of i (9, q) w.r.t. ¢, given by the following expression

~

W (0,q) = —= J(0)7'S'(0,24(9)) S (0, 24(9)). (1.53)

S

Therefore the statistic K (1, -) defined by (1.52) can be written as follows :

K (9,s) = % h(9,8)S (0, 2)u(s)

-
-7 (

Hence we obtain for the process (1.50) the following representation

W 9,q)S (0, 2,) + h (9,q) S (9,24) S (9, xq)) u(q) dg.

1
VT
- %/ (hL(02, @) S(VZ, X,) + he(02, ) S' (2, Xg) S(VZ, X)) ue(q) dg

K.(92,8) = —= he (U2, 5) S (02, X) ue(s)

(1.54)
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and the integral is now well defined. Here

h/e (79:7 q) - Js(ﬁ:)_l‘s”(ﬂ:? XQ> S (79:7 XQ) .

1
VT
Similarly, the process (1.51) can be written as follows :

L, s) = % g (0%, ) S (97, X.) ue(s)

) (1.55)
1 / * * * ! (.Q% *
- \/T 0 (gs(ﬁ@ q)S(ﬂ@Xq) + 98(1957 Q)S (1957 Xq)S(ﬁwXq» UE(Q) dq?
where

G097, q) = —S(97, X,) 1S (07, X / (97, X,) &5(97) ds — i, (07)
is the “empirical version” of

§(9,0) = —S(0, 1,(9))"1 S (0, 34(9)) / S0, 2(9)) &4(9) ds — iy(0). (1.56)

Then the formal expression (1.49) for W_(t) can be replaced by

W.(t) = U. (%)

1t (1.57)
w7 | P ) T 1(6) B0209) + 2a(T) (o) Lo, 9)]) s

1
where A\ (T') = T*VT, \o(T) = 7 and the processes U.(-), K. (¥, -) and L. (97, -)
admit the representations (1.45), (1.54) and (1.55), respectively.

The test is given in the following Theorem.

Theorem 1.5.2. Suppose that the conditions of reqularity R and R4 are fulfilled,
then the test

Ve = LA >c0) P <A > Ca> = a,

1 T ) 1
:—/ W.(t)2dt, AE/ w? dv
T 0 0

is ADF and of asymptotic size a € (0, 1).

with

Proof. Under the hypothesis Hy, we have to show that the convergence

A= A (1.58)
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holds.
Recall that the process U.(-) has the following representation

S (02, X)) ue (1)

o
N
N[~
SN—

I
-

1/t,
—— [ ST, X,) S, X,) u.(s) ds.
I [ 808X S 05X u )

We shall mention that we have already the convergence in probability uniformly
w.rt. s € [0,7] (as € — 0)

sup |Xs —z5(0)] — 0, sup |ue (s) —u(s)] — 0.

s€[0,T] s€[0,T

Further, we can write

1S (02, Xs) = 5 (0, )] < |5 (02, Xs) = S (0, Xo)[ + [ (0, Xo) = S (0, z,)]
< 02 = II[S(9, X,)| + X, — ] [5'(0, X,).

Here |0 — 9| < |0* — 9| and
’Xs — X,| < s (07) — Xo| < g (07) — 25(9)] + |25(9) — X — 0.

This convergence is uniform w.r.t. s € [0, 7.

Then we know that the functions S(0,z) and S'(9,z) are bounded by the
regularity conditions R, the process X, converges uniformly w.r.t. s € [0, 7] to
zs (V) and due to the consistency of the estimator 9%, we obtain the uniform
convergence w.r.t. s € [0,7] (in probability)

sup |S (9%, Xs) — S (¥, z5)] — 0.

s€[0,7]
Moreover, similar arguments give the uniform convergence w.r.t. s € [0,7] (in
probability)

sup |S" (9%, X5) — 8" (9, z5)] — 0.

s€[0,7

Therefore, we obtain the uniform convergence w.r.t. t € [0, 7] (in probability)

U, (%) — % S, ) u(t) — %/0 S'(9, zs) S(V, z5) u(s) ds

t

_ % / ' S(0,2) du(s) = U (T) '
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Now we have to show that K. (9%, s) — K(¥,s), where

K02, s) (V2,5) S (U7, Xs) ue(s)

1
=— h.
VT
1 ° ! * * * 17 0% "
_ ﬁ/o (RL(07,q)S(07, X,) + ho(9%,¢)S' (97, X,)S(9F, X,)) u=(q) dgq

and

K (9, s) = % B (9, 5) S (9, 22) uls)

1
VT Jo
where h (-,-) and I/(-,-) are defined by (1.46) and (1.53), respectively.
We have

(0.0 S (.2,) + D (6.0) S (9,2,) S (9,2,)) u(a) g

+ )S(ﬁ,xs) ~ 509, 2)

S (I, Xs) — S (0, xs)

S ‘S(ﬁ;Xs) - S(ﬁaXs)

< [0 = 0|80, X,)| + 1 X, — ] |5'(9, X))
Sél ’19:—19’—|—C~’2|X5—1‘5‘

Here C; and C, are some constants. Due to the regularity conditions R, the
second derivative S(1, z) w.r.t. ¥ and S'(9, ) are bounded functions. Therefore

we obtain the convergence in probability

sup ‘S (0%, X,) — S (¥, z,)| — 0.
]

s€l0,T

Further, we have (as ¢ — 0)

J.(9%) — J(¥) = /OT T (9)%ds — /OT 7g(9)%*ds — 0.

Hence we prove the convergence in probability

sup |he (9%, ) — h (0, s)’ — 0.

s€[0,7T

In the same manner, it is shown that we have the convergence in probability

W (9%, s) — b (9,8)| — 0.

sup
s€[0,T]

Therefore, by the uniform convergence of u. (s) to u(s) w.r.t. s € [0, 7], we obtain

the convergence in probability

K. (V%,s) — K(9U,s).
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Now we have to show that L (0%, s) — L(¥, s), where

L.(925) = % go (92,8) S (92, X.) ua(s)
\/— (9( 5a)S(0L, Xy) + 9:(92,9)S'(92, Xo) S(UZ, X)) ue(q) dg
and
L(0.5) = = §(0.5) S 0.,) uls)
- = [ G 0.050.0) 430,05 0,2) 5 (0,3 u(a) da

where ¢ (-,-) and ¢'(+,-) are defined by (1.47) and (1.56), respectively.
Observe that for s € [0, 7], we have

L9 m;</ S(07, X,) (,(97) — &0(9))]| du
n / [, (0) (S(02, X,) — S(0, 2,(0)))] du
/ S0, X)) [0 (07) — 0 (9) | du

T 10— 0] / 5, (9)] 193, X,))dv
n / o (0)] [ X, — o (9)]|S'(0, X,)|dv

< <C~'3|19:—19|+é'4|19* 9+ Cs sup | X, —xs(ﬁ)|> (T —s),

s€[0,T

where Cs, Cy and Cj are constants. The estimator Y% is consistent, the process
X converges uniformly w.r.t. s € [0,7] to 25(J) and the derivatives are bounded
due to the conditions of regularity R. Therefore we obtain the convergence in
probability uniformly w.r.t. s € [0, 7]

sup |I.(V%,s) — I(¥,s)] — 0.
s€[0,T

Moreover, we proved already the uniform convergence w.r.t. s € [0,7] of u.(s)

to u(s) and S(U%, X;) to S(¥, zs). Hence, we have the convergence in probability

sup |g€( e’ ) g(1975)|_>0
s€[0,T]
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Similarly, by the regularity conditions R, it is shown that (in probability)

sup gz (97, 8) — ' (0, 5)] — 0.
s€[0,T

Therefore we obtain the convergence in probability
L. (V% s) — L (¥, s).

Due to the regularity conditions R and the consistency of the estimator 97,

similar arguments give the convergence in probability uniformly w.r.t. s € [0, 7]

sup |¢a.(s) — zﬁg(s) —0
s€[0,T

and
Sup |p1e(s) — ¢1(s)| — 0, sup [p2(s) — @a(s)| — 0.
s€[0,T s€[0,T]

Finally, the convergence mentioned in (1.58) is proved and using this result the

test 1. is ADF and of asymptotic size a € (0, 1), which completes the proof.

1.6 The case of MLE

This case was studied in [30]— [34]. The authors proposed a linear transfor-
mation, which yields the convergence of the test statistic to the integral of Wiener
process. Therefore they showed that the test based on this statistic is ADF. To
obtain the linear transformation mentioned in [31], we put h(J,7) = g(d,r) in

(1.22) and we obtain

L=L=I1= / h(V,q)*dg, I3=1I5= / h(¥,q) dg.
0 0
Therefore we can write

©1(r) = h —h+ Lih — 3L h + Ish? + Ish? + 21,h — IPh — 21, I3h* — I7Ish?
— Lh+ IFIsh? — Ih + 313k + I I3h* — 21, Ish® — 2I7h + 21, I3h?
+ LFI3h* + IPh + I3h* + Lih + 2I3h — IFh + I} h + I Ish? — 217 I3h?
— IPh + I Ish? + L Ish® + 21, Ish? — I?h — I?1sh* — Ish? — 21, I3h?

+ IZIsh? — I, I3h* — 213h?
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=0,
©o(r) = 1+ Ish — 31 Ish + I Ish + Ish — 31 Ish + I Ish — Ish + 617 — 21}
+ 312 Ish — 212 13h + 21 Ish — I Ish + I3 Ish — I} 1sh + I? — 414
+ I Ish — IR 13h + 213 I3h + I Ish — [2I3h + 213 + I I3h — AT}
+ B Ish — L Ish — IP13h + P Ish — [2Ish + 417 + 317 1sh — I Ish
+ It =20} 4 I} 4 21 — 21 + I} Ish — 217 Ish — I, Ish — I?Ish — 417
=1+ Ish— I Ish+ I? — 21,

=1 -L)1+h—1)
and

Yo(r) = h+ Ish® + Lih + Ish? — 31 h — 21, Ish? — 2I2h — 21, Ish? — I?h
+ IPh+ I I3h* — ITh — LK + Ih + Ith — ITh — I3h* + 317 h
— IBh+ Lh+ LIsh? + L Ish? + I Ish* — I71sh? + 217 I3h?
— IPIsh* — 2I7Ish? + 21 Ish? + I?Ish?

= h (1+ Ish— 1),

where h = h(¢¥,r). Hence the linear transformation (1.26) will have the following

expression :

LU|(v)=U(v)+ /OV /OT h(r) N(r)~'h(q) dU(q) dr = w,, (1.59)
where N(r) = / h(q)*dq and

Uv) =W(v) — /0 1h(r) AW (r) /0 " h(r) dr,

with W (v) and w,,0 < v <1 are some standard Wiener processes.
The transformation L[] given by (1.59) of the limit process U(-) coincides
with the one proposed by Khmaladze [30].
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CHAPTER 2

On GoF Test for Inhomogeneous

Poisson Process

2.1 Introduction

This chapter is dedicated to the problem of the construction of two ADF GoF
tests based on the empirical and score-function basic statistics. Suppose that we
observe a periodic inhomogeneous Poisson process X" = (X;,0 <t < T = nr)
with known period 7 > 0. The mean A (¢) and intensity functions A (¢) satisfy

the relations
t
EX;, =A(t), A(t):/ A(s) ds.
0

Our aim is to construct two ADEF GokF tests for the parametric null hypothesis
Ho A() < {A<197 )719 €0 = (CL, b)}’ (21)

where a > 0 and b < co. These tests are based on the special linear transforma-
tion L[] (1.26) applied to the empirical and score-function basic statistics.

In the literature on the statistical analysis of point processes numerous GoF
tests for homogeneous Poisson processes were proposed, e.g., in [17], [11] and [1].
We shall mention that in |!]| a test procedure was introduced for testing wether
a point process is homogeneous : First whether the process is a mixed Poisson
process and then whether the process is a renewal process. Further, in [5], the
authors developed a test based on the empirical generating function which is

consistent. Another GoF test was given in [59] for discrete distributions based on

35
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a characterization by mean distances. Moreover, GoF tests based on the Cramér-
von Mises statistics were proposed in [58] for the Poisson distribution. Power
comparisons showed that these statistics give good overall tests of fit. Other
comparisons between the Pearson, smooth tests and a modified Kolmogorov-
Smirnov test are given in [1].

In the case of inhomogeneous Poisson process and more general point pro-
cesses, the GoF tests for parametric hypothesis were studied by many authors,
e.g., [25], [2, [19], [L1] and [12]— [13]. Note that the estimator used in all these
works is always the MLE and the proposed tests are ADF. In [12], the au-
thor proposed two linear transformations of the limit statistics, which allow the
construction of the ADF tests. However, in [13], it was shown that a special
change of time transformed the limit score-function processes into the Brownian
bridge and the ADF tests were constructed due to this property. The case of
inhomogeneous Poisson process with shift parameter (one dimensional case) was
studied in [11]. This work showed that the limit distribution of the Cramér-von
Mises statistic does not depend on the unknown (shift) parameter and there-
fore the statistic is asymptotically parameter free. In the case of the simple null
hypothesis, several results concerning the construction of the Cramér-von Mises
and Kolmogorov-Smirnov type goodness-of-fit tests for continuous time processes
were presented in [12]. As models of observations, the authors take a stochastic
differential equation with small noise, ergodic diffusion process, Poisson process
and self-exciting point processes.

Let us review some of the related results for the simple null hypothesis, i.e.,

© = {0} (see, e.g., [15] for more details)
Ho A(t) = A (V).

Introduce the Cramér-von Mises type statistic

n

i W/OT (Aulr) — A W0.)) A (00,7 dr.

Here An() is the empirical mean function on one period constructed as follows :

n

. 1 1 &
An(r) = = " [Xaovytr — Xoop) = - Y Xi(r), 0<r<m (2.2)
j=1

j=1



CHAPTER 2. ON GOF TEST FOR INHOMOGENEOUS POISSON
PROCESS 57

The following convergence (under H,)
. 1
n, = A= / w? dv
0

holds, where w,,0 < v < 1 is a Wiener process. It is clear that the limit statistic
A does not depend on the model A (-,-). Therefore, the test p* = Mg s,y with
p (A > ca) — a,a € (0,1) is ADF.

Let us recall what happens in the case of the parametric null hypothesis (2.1).
The details concerning this result can be found, e.g., in [12]— [15].

Introduce the MLE 1§n of the unknown parameter ¥/ constructed by the ob-
servations of a periodic Poisson process X". We suppose that U, is consistent
and asymptotically normal (as n — 4o00) under regularity conditions (see |38]

for more details)

NG (én - 19) — N (0,19, 1) = /OT % ds.  (2.3)

The GoF test is based on the Cramér-von Mises type statistic

o i ~'rL 1§n 2 2
V, = / M A(Dp,r) dr,
o AW, T)

where

Up(O,7) = O : (2.4)

The convergence follows immediately from the central limit theorem
Vi (Ba(r) = AW, 7)) = W (A@,7)) ~ N (0, A, 7)),

where W (+) is a Wiener process. Therefore we have the convergence, under the

hypothesis (2.1), (see, e.g., |12] for details)

1
f/n:>/ Uw)y’dv=V,
0
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and

AW, T)
h (9, s) Ty / h(9,s)® ds =

Here w(r),0 < v < 1 is a Wiener process and v(s) is the inverse function of

= A(9,v)A(W, 7)1 It is easy to see that the limit process V depends strongly
on the model A(:,-) and the unknown parameter ¢J. Hence the corresponding
test o, = My, -y is not ADF and the threshold ¢, defined as solution of the
equation

P(V>ca):oz, a€(0,1)

depends on A(-,-) (known) and ¥ (unknown), i.e., ¢, = ¢4 (A,¥). One way
to find the threshold is using numerical simulations to calculate the function
{ca (A,9),9 € ©} wor.t. 9. Then we choose the threshold &, = ¢, (A, J,), where
¥, is some consistent estimator of ¥ (say, MLE). Indeed it can be shown that,
for the test ¢, = Ly -, 4, we have

lim Eyp, = « for all ¥ € © = (a,b),

n—o0

i.e., the test ¢, is of asymptotic size a.

There is another possibility to obtain an ADF test. It is done by introducing
a linear transformation L[] of the random function U(-) defined by (2.5) such
that L[U](v) = w,, where w,,0 < v < 1 is a Wiener process. Consequently, we
obtain the convergence

T & 2 1
- / —L[U,}} (r) )\(19,1,7“) dr = / wﬁ dv = A,
o Ay, T) 0

where U, (-) given by (2.4) is the “empirical version” of U (-). Finally, we have
the distribution free limit A, the test

%Z;n:]:[{sn>da}7 P{A>da}:a

is ADF and of asymptotic size o € (0,1). For for more details we refer the reader
to [19].
In this chapter, we are going to construct two ADF GoF tests, for the em-

pirical and score-function basic statistics, based on the linear transformation
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defined in Theorem (1.4.1). The parametric null hypothesis is given by (2.1) and

in Section 2.2, we propose for the unknown parameter v the MDE

An () = A9,

* .
¥, = argmin
V€0

Y

where A, (+) is defined by (2.2) and ||-|| is -Z2(0, 7)-norm, i.e.,

Ay ()= A, .)H2 _ /0 ([\n (s) — A (9, s)>2ds.

In Section 2.3, we begin by introducing the Cramér-von Mises type statistic

n T 2
A, = W/o (Au(r) = A(@W,1) AW 7) dr
Under the hypothesis H, we first show in Lemma 2.3.4 that we have the conver-
gence
A, = /01 U (v)*dv,
where

Uv)=w() —/0 g (¥,s)dw (s) /Oyh(ﬁ, s)ds, /o g(¥,5)°ds =1. (2.6)

Then, in Section 2.4, we introduce for the same model of observations the

corresponding score-function statistic (formally) (can be found in [13])

P T EXNWE, ) (o) M o) do
un<t>—ﬁ;/0 S [4X0) = Ao du).

We say “formally” because the MDE )7 depends on the whole trajectory X" and

the corresponding stochastic integral

EA0E,v)
| S v

is not well defined. The correct definition will be given later using an approach
which was applied in the similar problem in Kutoyants [13|. The score-function
statistic u} (-) converges to the random function w (-) defined by (2.38) below.
Hence, the transformation (2.39) leads to the Gaussian process U (-) given by
(2.42) (see Lemma 2.4.5 below).

We shall mention that in both cases, i.e., the empirical and score-function

basic statistics, we obtain the same limit process U (-) with different functions
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h(-,-) and g (-,-). Now to obtain the ADF limit processes we apply the linear
transformation L[-] defined by (1.26) to the process U (-) such that

The above presentation suggests the construction of tests by introducing the
“empirical versions” U, (+,-) and U} (+) of U(-) (given by (2.12) and (2.43), respec-
tively below). Then, we apply the transformation L [-] to both statistics U, (-, -)

and U’ (-) and we show the convergence to the Wiener process (under Ho)

LU,|(r) = LIU] (v) = w,, LU (v) = LIU] (v) = w,, 0<v<1.

n

Introduce the corresponding statistics for the empirical and score-function basic

statistics, respectively
A T LU (r)? 3 /1 2
A = ——= A\ (¥, d Op = LU dv.
= | R A 1w av
Indeed, we will show that for both statistics we have the convergence (under H)
A 1 X 1
A;=>/ w? dv, (5n:>/ w? dv.
0 0

Therefore the tests

~

Un=Tiaset o=l 00
with the threshold ¢, satisfying the equation
1
P(/ wgdu>ca) = q,
0
will be of asymptotic size o € (0, 1), i.e., they belong to the class
Ko = {9257, : lim Ey¢, = o,V € © = (a,b)}
n—0o0

and will be ADF. We propose these tests in Theorem 2.3.3 and 2.4.4 below.

2.2 Minimum distance estimator

Suppose that we have continuous time observations of a periodic Poisson
process

X" =(X,0<t<T =n7) (2.7)



CHAPTER 2. ON GOF TEST FOR INHOMOGENEOUS POISSON
PROCESS 61

of known period 7 > 0. We have for 0 < s <tand k=0,1,2,...

A (s,1)" '
P{X,— X, =k} = % e M), A(s,t) = / A(v) dv.

We see that X;— X is a Poisson random variable with mean A (s, t). In particular,
the mean and intensity functions of X, are given respectively by A(¢) = A (0,¢)
and A (t + k1) = A (2).

Our goal is to construct GoF tests for the parametric null hypothesis
Ho © A()€{AW, )0 €O = (a,b)}

t

where A (0,t) = / A(9,v)dv is a known smooth function. We introduce the
0

MDE for the unknown parameter ¢

An () = A9,

* .
¥, = argmin
=e)

where A, (-) is defined by (2.2) and ||-|| is -£2(0, 7)-norm, i.e.,

. /OT (An (s) — A (9, 5)>2d5.

Introduce the regularity conditions R.

Au ()= A,

Ro. The intensity function \(t),0 <t < T of the observed process X" belongs

to the parametric famaily
[A@,0,0<t<T), 0 €0 = (a,b)},

i.e., there exists Uy € © such that \(t) = A\(Vo,t) for all t € [0,T].

R1. The intensity function A(0,t) is strictly positive, has two continuous
bounded derivatives w.r.t. O and the derivatives \(0,t) and N(9,t) are also 7-
periodic.

Ro. The Fisher information (2.3) is strictly positive.

Rs. The identifiability condition is as follows : for any v > 0 and ¥g € O

g(v) = ﬂ:wi_%folw /0 ' [A(D, 1) — A(Do, )] dt > 0.

We shall mention that conditions of this type appear in almost all statistical

problems of parametric estimation for regular case (see, e.g., in [10]). In the
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presentation below, we suppose that these conditions and the null hypothesis H,
are always fulfilled.

The properties and the asymptotic (n — 0o) behavior of the MDE for this
model were studied under regularity conditions R in [15]. The MDE ¢} satisfies

the minimum distance equation (MDEq) (can be found in [15])
/ (A () = A 8) ) A (9, 8) ds =0, (2.8)
0

Denote u** = v/n (9% — ). By Taylor’s formula, A(9%,s)—A(0,s) = —= A(Y, s),

the equation (2.8) becomes

/OT (An (s) = A(D,s) - 35 A9, s)) AW, s) ds =0,

where [J — 9| < |0% — 9. Indeed after replacing A, (-) by (2.2), we obtain

u;;*:(/TA(ﬁ* s) A(D,s)d ) \FZ/ 9,8)) A (0%, s) ds

(/A A, 5) ) IZ//dwj ,5) ds.

Here we define the centered Poisson process by 7;(v) = X;(v) — A (J,v). Using

Fubini’s theorem, the random variable u* admits the following representation :

u;;*:(/OTA(ﬂ;,s)A(ﬁs ) IZ// s) ds d;(v).

By the central limit theorem for stochastic integrals (see, e.g., [38]), we have the

convergence in distribution

\/_Z/ / s) ds dm;(v :>/ / (0,s) ds /A (9, v) dW,,
where W,,0 < v < 7 is some Wiener process. Therefore we obtain
Vv (95 —9) = J(ﬁ)l/ / A0, 5) ds /A (0,v) dW,, (2.9)
0 v

where

J (1) = /OTA (9,5)*ds. (2.10)
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Hence, under the regularity conditions R, we have the asymptotic normality
Lo{v/n (0, = 0)} = L{&} = N (0,0 (9)7).

Here the variance limit is as follows :

o (W)’ =J) /0 ([A(ﬁ,s) ds)Q/\(ﬁ,v) do. (2.11)

Our aim is to construct GoF tests, which are ADF, i.e., we seek the tests
statistics whose limits distribution under hypothesis Hy do not depend on the
underlying model given by the function A (-,-) and parameter ¢. Indeed, we
apply the special linear transformation (1.26) to the statistic U (-) (2.6) in order
to obtain the ADF GoF tests. We shall mention that we will treat the problem
of the construction of two tests. The first one is based on the empirical basic
statistic (Section 2.3) and the second one on the score-function statistic (Section

2.4).

2.3 Empirical basic statistic

We begin by constructing the ADF GoF test based on the empirical basic

statistic. Consider the Cramér-von Mises type statistic

T * 2
An:/ Mk(ﬁ:,r) dr.
0

A(7;,7)
Here
* _Cn<191*wr) * 0oy = /n (A (r) — *
Un(Ohor) = i G0 = Vi (R —A0n), @212

where 9% is the MDE and A, () is defined by (2.2).

Below it is shown that the limit statistic of A,, depends strongly on the model
and the parameter 0. Therefore, we introduce the linear transformation (1.26)
in order to obtain the ADF limit statistic.

Define the functions

g(¥,s)=Cy (ﬁ)—%/T A@,2) dz (2.13)
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L -1 )‘<197/U(8))
= 2 A — 2.14
b8 = Gt T A ) S (2.14)
where v(s) is the inverse function of s = A (9,v) A (9,7)"", J(9) is given by
(2.10) and

/Olg(ﬁ,s)st:L C, (V) :/01 (/U;)A(ﬁ’z> dz)st,

Let us denote the Gaussian process
1 v
U() = w(v) — / g(9,5) duw(s) / h(d,s) ds, (2.15)
0 0
where w(rv),0 < v <1 is a Wiener process. We have the following result.

Lemma 2.3.4. Let the regularity conditions R be fulfilled, then the convergence

A, = A= /1 U(v)*dv (2.16)
0
holds, under H,.
Proof. Let us first show that (under H,)
Up (05, r) = U(v), 0<v<l1. (2.17)

We prove this as follows. By Taylor’s formula, the process ¢, (-,-) defined by
(2.12) has the following representation

G (W) = Vi (Au(r) = A (9,7
_/n (An(r) N r)) — V(9% —9) A7) + o(1).

The central limit theorem yields the convergence in distribution
Vit (Aa(r) = A (W,7)) = W (A (@,7)) ~ N (0, A (9,7).

where W (-) is a Wiener process.

Under the regularity conditions R, we have the convergence

(95— 9) = J(©¥)" /0 ' / AW, 2) dz AW (AW, ) ~ N0, 0(9)?), (2.18)
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where J () and o (9)* are given by (2.10)—(2.11), respectively. Consequently,

under Hy, we get

Gul05r) WA .r)

U, (0),r) =
( ) VA7) VA (9, T) ' (2.19)
—1/0 / A, 2) dde(A(ﬁ,v))%zu(r).
Further, we can write
A@,r) = Orw,v) dv:/OT igii; dA (9, v).

Hence the limit process u () defined by (2.19) admits the following representation

w(r) = W (A (v, r))
IRV/NCER) (2.20)
W (A (¥, v)) )\(19,11) dA (9, v) '
AT / / VA, 7) /0 AW, v) A7)
Let us change the variables
AW, v) L A9, r) wly) = WA, 1)) w(s) — W(A(D,v))
TR T AWy ) NCE (5) AW, T (2.21)
Then,

Up (07, 1) = w(v)

_lA(ﬁ,T)/l/T A, 2) dz dw(s)/yM ds
0 Ju(s) o AW, v(s))
— w(v) —/Olg(ﬁ,s) duw(s) /Oyh(ﬂ, 5) ds = U(v),
where v(s) is the inverse function of s = A (9,v)A(0,7)"", g(-,-) and h(-,-)
are defined by (2.13) and (2.14), respectively. We finally obtain the convergence
(2.17) under H,.
Let Z, (+,-) and Z (-) be given by

Zy (0F,7) = Uy (9%,7)°, Z () =U(v).

Now in order to get the final result (2.16), we will prove the convergence of
the integrals, i.e., we have to verify the following properties : (see [27], Theorem

A1.22)
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1. For any ry,...,r and vy, ..., v, the convergence of the vectors

(Zp (O 11) oo Zy (U2

TL7

k) = (Z(n),....Z (n)) (2.22)

holds.

2. Forr,e|0,7],1=1,2,
Ey | Zo (0511) = Zo (0572)| < C |1y — 1), (2.23)

where C > 0 is some constant.

3. For any k > 0,

supEyZ, (¥:,r) < k. (2.24)
n,
By using the same arguments to prove (2.17), for any real numbers vy, ..., vy,
ri,...,7 and vy, ..., 1, we obtain the convergence of the vectors

k
ZU; Un (19:;,7’1) — ZU[ U(Vl)
=1

1=1
Therefore, by continuous mapping theorem, we have the convergence of finite-

dimensional distributions
(Zn (19:1771) ) '7Zn (19;;77%)) = (Z (V1> ) 7Z(Vk)) :
Moreover, using the Cauchy-Schwarz inequality, we can write

2
(Eo 120 (03m1) = Za (95,72 )
2
= (Bo[Un (972) = Un (03 72) [ |Un (83, 71) + Up (95,72)] )

< By |U, (9%,11) — Uy (95, 72) P Ey [Upn (0%, 71) + Uy, (9%, 75)]7.

For the first mathematical expectation, by applying Taylor’s formula, we get

2

E, ‘\/ﬁ <An(r1) —A (79;;,7»1)) —Vn (An(r2) —A (ﬁ;,rz))
:%EﬁZ/ [dX; (r) = A (0%, 7) dr]

2 Z/ [AX;(r) — A(9, r)dr]

IN
|
=

<

—|—E19

Z/ AW, r) = (W5, r))dr
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Z:: /dW] ;/ﬁﬁ*”)dr

- 2
/)\(19,7’)d7”+2nE79 (0 — (/ A0 )

By the regularity condition R,

2

19

IA
SN

IA
N

Ey|U, (97, r1) — U, (19;:,7“2)|2 <C |ri—1.

Similarly, for the second mathematical expectation, we have for r; € [0,7],i = 1,2

2

Eq [V (Ra(ri) - A(ﬁ;,rl)) +vn (A (2) = A (9},72) )
Z / [dX;(r) — A%, 7)dr] Z / [dX;(r) — A%, r)dr]

Z/ [dX;(r) — A0, r)dr] Z/ [dX;(r) — A, 7)dr]

> / 0= M) > / " 0 — 9 M)

r1 r2 L 2
§4/ A (9, 7) dr+4/ A (9, 7) d7~+4nE19(19,’;—19)2(/ >\(1977’)d7")
0 0 0

2

| /\

—qu + qu

2

| /\

—Eg + — qu

2

4 4
+— Ey —I——Eg
n n

e 2
+4nEy (0% —0) </ D, 7) dr) .
0
Hence, by regularity condition Ry,
Ey |Us (9}, 1) + Un (0, 72) < C.

From what has already been proved, it follows that the estimate (2.23) holds.
Now to check (2.24), we can write

2

By | Vi (A, (1) = A (0;,7))
< 2By v (Aa ()~ AW, 0)[ + 2B [va (A @0.r) A (0, 1)
<2Ey (X, (r) = A(@,7)* +2n Ey (05 —0)> A, r)?

<2A@,7)+C AW, r)%

We thus get (2.24) by the regularity condition R;.
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Finally, the convergence of finite-dimensional distributions (2.22), the esti-
mate (2.23) and the condition (2.24) allow us to verify the convergence (2.16)
and the Lemma is proved.

It is obvious that the limit

1
A= / U(v)? dv,
0

where U (-) is defined by (2.15), depends on the model A (+,-) and the unknown
parameter . By applying the special linear transformation L[-] (1.26) to the

studied process U(+), we obtain

/01 LIU(v)? dv = /01 w? dv. (2.25)

In view of the above property, we will introduce the “empirical version” of the

test statistic with the same limit (2.25). Indeed we will show that

A TL[Ln](T)Q /1 2
A* — ot 2 ANV *
. /0 ) A0y, r) dr = i w,, dv

and therefore the test ¢ = ]I{A*>ca} will be ADF.

Define the functions

§(0,0) = Gy (9)F / TAW,2) ds (2.26)
and
h(9,v)=CL(9)7 JW) " AW,7) iggzg (2.27)

Here J (¢) is defined by (2.10) and
Cy (v) = /0 (/;A(ﬁ, 2) dz)2 (;A(E:}q))'

) h(9,0)§(0,v) dA@®,v),

Then denote

g(ﬁ,vf dA(ﬂaU% j? -

g
I
i<
\.Q) —
2
c\

2=
\.QD =
2
o\,;

Ingw,T)/O B0, 0) dA(, v), [4:A(0’T)/0 (9, 0)2 dA(, v)

- 1 s~
[5:/\(19,7)/0 3 (9, v) dA(, v).
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This allows us to introduce the functions (;(-,-), @a(-,-) and (-, -) given by
(1.23), (1.24) and (1.25), respectively, where instead of g and h, we use § = g (9, s)
and h = h (9, s).

In the sequel we replace the unknown parameter ¢ by the MDE ¢* in g (-, -),
B2, @1(-,-), @a(-,-) and hy(-, ) and we define the “empirical versions” g, (-, -),
B (-5 ), P1a( ), Pon(-, ) and (-, -), respectively.

The consistency of the estimator ¢} and the regularity condition R, give us
the uniform convergence (n — o)

S B2 (05,, 8) = Ga(V, 5)] — 0.

Hence we consider the function

Do (0%, 8) 71, if Go (0%, 5) > 0,
G3n (U5, 8) = P (05 ) P2 (2,5) (2.28)
0, else.

We shall mention that this function coincides asymptotically with @5(¢, s)~! and
therefore the limit distribution does not changed.

Let us introduce (formally) the following statistic

Walr) = Ul r) + 55 //%n 9. 5) [G1a(9%, 5) Fon (07, ) 0]
09 3 @) |dUL(;, @) A (9, 5) ds.

Here the process U, (-, -) is defined by (2.12).
In order to get the ADF GokF test, it will be necessary to prove the convergence

A

W, (r) = L[U](v) = w,.
Thus the test based on Wn() will be ADF. It is easily seen that the process
A 035) = [ 50 (0500) AU (7510
0

has the following representation

Ap (07, 8) = X; (a)

AT
‘W/OW

(2.30)
A (7, q) dg.
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It is clear that we can not calculate this process directly, because in the first inte-
gral the integrand contains the MDE ;. which depends on the whole trajectory
X" = (X;,0 <t <T =nr). Therefore the corresponding stochastic integral

/0 5 (05, ) dX, () (2.31)

is not well defined. Indeed, to avoid this problem, we use an approach, which
is based on some preliminary consistent estimator ¥Un. Note that this approach
was applied in the similar problem in [13]. Hence we can consider two different
estimators in the calculation of the process A, (-, -) as follows : For the stochastic
integral (2.31), it is sufficient for 9 to be consistent and for the second ordinary
integral
s
JRCRCR
we need the asymptotic normality of ;.

Let us introduce the preliminary estimator constructed by the first N = [\/n]
observations XV = (X1,..., Xy)

_ T 2
Jy = arg min / [AN () — A (m)] dt. (2.32)
JEO 0
Here N is the entire part of \/n and AN (+) is the empirical mean function
L X
N(t) = > X5(),
j=1

where X;(t) = X (j_1)++ — X7(j—1),t € [0,7]. It can be shown that this estimator
is consistent and asymptotically normal under regularity conditions R (see |15]
for more details).

Consequently, we modify the statistic A4, (-,-) given by (2.30) as follows :

= \/_\/T / (In,q) dX;(q)
woT) = (2.33)
- —_ gn (N, q) A (0}, q) dg.
A /A (19]\[, T) /0 ’

Now the preliminary estimator Jy and the processes (X;(-),j = N +1,...,n)

A 19N7

are independent and the stochastic integral w.r.t. the Poisson process

/0 i (Isq) dX; (9)
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is well defined. We shall mention that this stochastic integral is called Stieltjes
integral and its definition and properties can be found in Liptser and Shirayev

[18], Section 18.4.

In the same manner, we can see that

Bn (1§N, S) =

—jﬁ%ﬁlﬁmm@Ammdq

is the modified version of the process

(2.34)

Bw%@:/ﬁm%@awﬁm.
0

Therefore, we introduce

. T W* 2 ~ 1
= #)\(ﬁ;,r) dr, AE/ w? dv,
0 A(ﬁruT) 0
where w,,0 < v < 1 is a Wiener process and the formal expression (2.29) is

replaced by the following statistic

. 1 r _ _ o
W*(r) = U, (9" — [ o5 (9 p1.n(Un,8) Bn (U,
10 = U0+ 57— [ B0 ) [0, B ()
+z/;2,n(1§1\/78) An (1§N,5)i| )\(?§N,S) ds.
Here the processes U, (-,-), A, (-,-) and B, (-,-) are given by (2.12), (2.33) and

(2.34), respectively. The first test is given in the following Theorem.

Theorem 2.3.3. Suppose that the conditions of reqularity R and R4 are fulfilled,
then the test

z/;;kl:‘l[{A*>ca}7 P<A>Ca> =«

is ADF and of asymptotic size o € (0,1).
Proof. The main idea of the proof is to show the convergence
A= A (2.35)

under hypothesis H,.
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For the first term of W*(-), we already proved the convergence
Un (0y,7) = U(v), 0<v<l,

where U(+) is defined by (2.15) (see proof of Lemma 2.3.4).
We now apply Taylor’s formula and the regularity condition R4, to obtain

/UTA(ﬁN,z)dz—/UTA(ﬂ,z)dz

where C' is some positive constant. Therefore, the consistency of the preliminary

' A(&,z)‘dzg C iy — v

SWN—

estimator 9y gives the uniform convergence (as n — oo) w.r.t. v € [0, 7]

sup }gn (@N,v) —Q(@?,v)| — 0.

v€E[0,7]

By using the same arguments, we have the uniform convergence w.r.t. v € [0, 7]

sup |hn (D, v) —ﬁ(ﬂ,v)‘ =0, sup |J,(In) = J(W)| =0,

vel0,7] v€[0,7]
Sl[lp] 1;2,11(61\/'7,0) _1;2(1971})’ _>07 Sl[lp]}gpln 19N7 ) 951(1971})‘ — 0.
ve(0,T ve(0,T

Then, we proceed to show that A, (ﬁN,s) — A(ﬁ, s), where A, (+,-) is

defined by (2.33) and
Aws) = [(a0.0aulo) - / (g TUEEY
79 T dW (A (9, q)) A(Y, ) dA (¥, q)
/ / A(J,7) /0 §(59) AW,q) AW, 7)

Here the process u (+) is defined by (2.20) and the function g (¢, q) given by (2.26)

is continuous w.r.t. q.

By Taylor’s formula, the process (2.33) has the following representation

_— / gn 19]\[, dﬂ—j
\/_\/ (I, 7) j=N+170

—/n (9, — /gn In,q)
\/ 19]\/ T

where dm;(q) = dX;(¢) — A (¥, ¢q)dq. Using the central limit theorem for sto-

A 19]\77

()

A(D, q) dg,

chastic integrals and the representation given by (2.18), we obtain directly the

convergence in distribution

~

A, (Un,s) = A(J,s).
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Now by the change of variables

it is obvious that

where

A(ﬁ,r):/org(ﬁ,v) dw(v)—/0 g (¥, v) dw(v)/org(ﬂ,v) h(9,v) dv.

Here the functions g (-, -) and h (-, -) are defined by (2.13) and (2.14), respectively
and w(-) is some Wiener process.

Further, by the same arguments, we show that B, (ﬁN, s) — 3(19, s), where
B, (-,-) is given by (2.34) and

Blo.s) = [ h0q)dule) - /Osﬁw,@ e

19 T dW (A (¥,q)) AW, q) dA(Y,q)
/ / A9, 7) /0 h(0,9) AW,q) A7)

Note that the function & (¢, q) defined by (2.27) is continuous w.r.t. g.

Using Taylor’s formula, it is easily seen that

_f\/TV, N/
o JT/

Moreover, we have by the change of variables (2.36)

19N7 19N7q dﬂ']()

» (Un,q) N9, q) dg.

B(9,s)=B(,r),
where

B(ﬁ,r):/orh(ﬁ,v) dw(v)—/olg(ﬁ,v) dw(v)/oTh(ﬁ,v)zdv.

Finally, the convergence in distribution (2.35) holds, and the Theorem is proved.
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2.4 Score-function basic statistic

Our objective is to construct the ADF GoF test under hypothesis Hy. To do

this, we introduce (formally) the score-function process (can be found in [13])
1w [PA(W,0)
wi(t) = — / — L [dX(v) — A (9%, v) du], (2.37)
Vn ; o A(W5v)

which converges to u (-) defined below by (2.38).

Then the transformation for the limit process w ()

/ Y A Y, ) du(v), 0<v<l1
<v

\/_

has the following representation

U(V):W(V)—/O g (v,s) dW(s)/OVh(ﬁ,s) ds.

The last step is to apply the transformation L [-] from Theorem 1.4.1 and to

obtain the Wiener process
LU](v) = w,, 0<v<1.

Below we realize this program with the empirical process v (-), apply the linear

transformation L [-] and obtain the convergence

1 1
O = / LU (v)* dv = / w? dv.
0 0

Therefore the test ¢, = ]I{Sn>ca} will be ADF in view of the distribution free
limit statistic.
It is obvious that the process (2.37) has the following representation (for-

mally)

) ax(o) - LS5 [
2 ax; (v ﬁ;/Ow

Here we shall mention that the problem is about the definition of the stochastic

integral w.r.t. the Poisson process (X, (-),7=1,...,n)

PAWE, )
| S )
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because the integrand depends on the future, i.e., the MDE ¢} depends on the
whole trajectory X™. The correct definition of this integral will be given later.
The task is now to find (as well formally) the limit of the process v}, (-).

Using Taylor’s formula, the formal expansion of v (-) provides us the following

expressions :

ut ( Z/ ; [dX;(v) = X (0, 0) dv — (A (0%, 0) — A (9, 0)) dv]
2/ “; drm;(v) — \/ﬁ(z?;—ﬁ)/o i\\g%:z;)\(@,v) dv + o(1).

The central limit theorem for stochastic integrals implies the convergence in

distribution

VU, v) PX(,0)
S — = dm;(v) = Y dW,,
\/ﬁ;/o A@,v) 0 VA (0,0)
where W, is some Wiener process. Then, by the representation (2.9), we obtain

the convergence in distribution

! )\(19 v)

aw,
VAW, 0) » , (2.38)

_1/0 /U A0, s) ds

It is easily seen that the limit process u(-) depends on A (+,-) and the unknown

un(t) = u(t) =

parameter ¢). Therefore the test constructed on the base of this statistic is not
ADF. Indeed to obtain the ADF GoF test we propose a transformation for the

process (2.38) as follows : We introduce the Gaussian process

f/m)

Y

0<v<l1 (2.39)

and the functions

A (0, s7)
A (0, sT)

N

h(0,s) = Cy(9)2 J (V)" (2.40)

and

g (¥, s)=Cy(¥)” %/TA(ﬁ,r)dr X (9, s7). (2.41)

T
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Here

j(ﬁ):/ol)\(z?,sﬂ ds, /Olg(ﬁ,s)zds:l

02(19):/01)\(19,747) </TZA<19,Z) dz)2dr.

Lemma 2.4.5. We have the equality

and

1 v
Uv)=W(v) —/ g (v, s) dW (s)/ h(9,s) ds, 0<v<1, (242)
0 0
where W (v),0 < v <1 is a Wiener process.

Proof. Let us first show that

s - [

A (¥, 2) dz /A (D, v)

dW/m

By the change of variables s = Y and W (v) = 77Y2W,,.,0 < v < 1, we can
T

write

U(y):%/yd%
// (9, 2) dz /A (0, s7) dW,, VMds

A (0, sT)

=W (v) — / (19,5)dW()/ h(9,s) ds.

0 0
Therefore, the process U () has the expression (2.42) and the proof of the Lemma
is completed. We shall mention that we obtain once more the same representation
of the limit process given by (2.15) in Section 2.3.

Using the convergence of the “empirical version” U} (-) (defined below by
(2.43)) to U (+) (see proof of Theorem 2.4.4 below) and the continuous mapping

theorem, we show that the following result

/(/ Vom 19:“ U)> du:>65/01U(u)2du

is satisfied. One can see that the test constructed on the base of this statistic

¢:; = ]I{én > ca}> P (5 > Ca) =, Q€ (Oa 1)
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is not ADF. To avoid this problem we will apply the linear transformation L [-]
defined by (1.26) to the process (2.42) to get the Wiener process, i.e,

1 1
/ LU (v)? dl/:/ w? dv, 0<v<1
0 0

Our next goal is to construct the ADF GoF test which is based on this property
using the “empirical version” of the test statistic with the same above limit.

Indeed we calculate (formally)

= \/_/ L 19:“ wl (v), 0<v<l, (2.43)

n

where the process v (-) is given by (2.37 ) Further, we apply the transformation
L] to the process U;(-) and we show that this statistic converges to the Wiener

process

LU (v) = w,, 0<v<I.
Therefore, the test ¢, = L5 - ., with (under hypothesis)
X 1 1
On :/ LU (v)? dy:>/ w? dv
0 0

will be ADF because the limit distribution does not depend on A (-, -) and 9.
To do this let us proceed as follows : We have for the statistic U} (-) (formally)

D=zl 5 % s ()

f/” et [fZ/ X() = A0} 5) ds]

\/ﬁ *,v) dv
)—7/0 VAW, v) do.

7L

1
:%?:}ﬁ/o —\Wd){j(

Remark that the corresponding stochastic integral

vT 1
— dX;(v)
/o VAW )
is not well defined. To solve this difficulty we introduce the preliminary estimator

Yy given by (2.32) and constructed by the observations XV = (X;,..., Xy).

Hence, we consider the statistic

o = YT A e dw
\/_ ZN:H\/_/ \/TN, ﬁ/o VAW v)du (2.44)
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and the stochastic integral is well defined.

Below we insert the preliminary estimator Uy in the functions A (-,-) and
g (+,-) defined by (2.40) and (2.41) in order to obtain the “empirical versions”
hy (+,-) and g, (-, -), respectively :

_ 1. A (0
b (,5) = Ca () o (i) ™ 7).
)\(19N,ST)
and
gn (s ) = C () 2 / A () dr /X (D, 7).
Denote
]l,n:/ gn (On,q)" dg, Iz,nz/ he (Un,q) g (On,q) dg,
0 0
[3,n = / ha, (19]\7, Q) dQ7 [4,71 = / h, (1§N7 Q)2dq
0 0
and put

I5,, Z/ dn (&N,Q) dq
0

the “empirical versions” of (1.22). This allows us to introduce the “empirical ver-
sions” @1.,(+, ), 2.n(-, ) and ¥y, (-, ) of the functions ¢y (-, ), ¢a(+,-) and a(-,-)
given by (1.23), (1.24) and (1.25), respectively.
Due to the consistency of the preliminary estimator Oy and the regularity
condition Ry, we have the uniform convergence (as n — o0)
ril[%ﬁ) }gpgm(@]\,,r) — o(, T)| — 0.

We can introduce the function

- n 1§ ) _17 f n 1§ ’ 07
80;7” (19]\[,7“) _ P2, ( N 7“) 1I Yo ( N 7“) > (2.45)
0, else,

which asymptotically coincides with ¢o(¢,7)™! and therefore the limit distribu-
tion does not change.

Namely, as a suitable statistic to base the testing procedure on we will take

1 1
Op = / W, (v)* dv, A= / w? dv,
0 0
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where w,,0 < v <1 is a Wiener process and

A

= Un(v)
/ / SOM (U, ) 901n(191v, 7) hy (1§N7Q) + QLQ,n(ﬁNaT) In (gN,Q)] dUn(Q) dr.
Here U,,(-) is defined by (2.44). The second test is given in the following Theorem.

Theorem 2.4.4. Suppose that the conditions of reqularity R and R4 are fulfilled,
then the test

b=y, P(A>c)=a

is ADF and of asymptotic size o € (0,1).
Proof. The main idea of the proof is to verify the convergence
0 = A (2.46)

under hypothesis H,.
Note that due to the regularity condition R; and the consistency of the
preliminary estimator Uy, we have the uniform convergence (as n — 00) w.r.t.

s € [0,1]

sup ‘gn (@N,s) — g (v, s)| — 0, sup ‘hn (1§N7s) — h(ﬁ,s)‘ — 0,

s€[0,1] 5€[0,1]
sup [J,(On) — j(ﬁ)‘ — 0, sup |¢2,n(7§N,3) — 1o(0, s)’ — 0
s€[0,1] s€[0,1]

and

sup }(pln In,s) — <p1(19,5)‘ — 0.
s€[0,1]

Moreover, the process Uy (-) given by (2.44) can be written as follows

0, (v) \/_Z f/ \/T — AW, v) dv]
A = M)
VT Jo AUy, )
1
\/_ ZN:H\/_/ \//\(5]\;,1)) d; (v)
- [ A ko), (2.47)

VT Jo /AWy, v)
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where 7;(v) = X;(v) — A (9, v) is the centered Poisson process. By the central
limit theorem for stochastic integrals, we first obtain the convergence in distri-

bution

1 vT
drj (v) = / dW,,.
N 0

\/_Jg+1 0 \/)\(19 v)

Then using the representation (2.9), the change of variables s = 2 and W (v) =
T

7712W,,.,0 < v < 1, we get the second convergernce

A

1 vT
UnV:>—/ dw,
) VT Jo
1 -

T/\(ﬁz 2 /A ( 19vdW/\/T

:W(V)—/O g(v,s) dW(s)/Oyh(ﬁ,s) ds=U (v),

where W,,0 < v <7 and W (v),0 < v <1 are some Wiener processes.

Now we have to prove the convergence

K, (D) = /Orgn (,q) d0nlq) — K (9,1),

where

K(ﬁ,r):/org(ﬁ,s) dW(s)—/o 9 (9,5) dW(s)/OTg(ﬁ,s) h(d,s) ds.

h (9, q) and g (9, q) defined by (2.40)—(2.41) are continuous functions w.r.t. q.
By (2.47), it is easily seen that K, (-,) can be written as follows :

1

_ C. 19 2
K, () = 220 / / (i, 2) dz dr (q7)
=N+1

- \/5(192 — 1) Cy (@N)_% \/7_'/ / Ay, 2) dz A0, q7) dg

CQ ﬁN éZ// A(Dy, 2) dz dm; (v)

=N+1
e 19 )2
— VR — Ca () * / / (Iw, 2) dz A(9,v) dv,

where we use the Taylor formula and the change of variable ¢ = —. By the central
T

limit theorem for stochastic integrals and the representation (2.9), we obtain

) 5/”/;1'\(19,2)012\/%(1%

_ Cy
K, (19]\[,7”) — T ;
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5///\192 de//AﬁzdzAﬁv)d

Let us change the variables s = Y and W(s) = T W, Therefore, we have the
T

convergence

K, (On,r) = Cy (9 // (0, 2) dz /A(D, 57) AW (s)

—j // (9, 2) dzy/A (0, s7) AW (5) // (9, 2) dz A(¥, s7) ds
K (9, )

Similarly, we have to show that
Ly (1) = [ o (Fw.0) d0(0) = L(0,0),
0
where

L(ﬁ,r)_/orh(ﬁ,s) dW(s)—/Olg(ﬁ,s) dW(s)/OTh(ﬁ,s)Q ds.

Using the expression (2.47), Taylor’s formula and the change of variable ¢ = 2,
-

the process L, (+,-) has the following representation

-~ Cz 7§N %jn 7§N - N,qT
NOPRCICIVIERS oy TV s

=N+1 ﬁN’qT

— W =) Co () T (T) /0 ' Wf(fé ;(jf)m) »

Cy (In)* T (0n) ™ Z /M ' ﬁN,

G )
e (19N) : (&N)‘1 ™A@, v) A(Dy, v)
IR /0 )

Further, by the central limit theorem for stochastic integrals and the represen-

tation (2.9), we obtain

Cy (ﬁ)% T 7 M)

0 VAW, )

o [

L, (I, 1) =
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Therefore using the change of variables s = Y and W (s) =772 W,,,0< s <1,

we can write
Ly (Oy,7) = Cy (9)2 J ()" OT \?% dW (s)
— 0y ()7 j(ﬁ)*/0 /TA(ﬁ,z) dz /N (0, s7) AW (s) /OT% ds

Finally, the convergence (2.46) is proved and using this result the test ¢, is ADF.



CHAPTER 3

On GoF Test for Ergodic Diffusion

Process

3.1 Introduction

This chapter is devoted to the problem of the construction of the GoF test
for the parametric basic hypothesis in the case of the ergodic diffusion process.
We propose an ADF' test, which is based on two linear transformations applied
to the normalized deviation of the empirical density.

Remind what happens in the case of the simple basic hypothesis (see [11] for
more details) :

Ho : the observed diffusion process satisfies the stochastic differential
dXt = S()(Xt) dt + ag (Xt) th, XO, O S t S T,

where W, is a Wiener process, So(+) is some known function and X, is the initial
value of X;.

In this statement, the diffusion process is supposed to be ergodic with the
density of invariant law fg, (x). We denote by Fg, (x) the corresponding distri-
bution function. The Cramér-von Mises type statistic based on the empirical

density fr (x) (will be defined by (3.9) below) given by

= [ @ dFs @), Grta) = VT (frle) - fs ()

83
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admits the following limit (under the hypothesis H,)

6 (Sy) = /oo ¢ (So, )’ dFy, (z).

Here

(o) =2 fs, () [ 2 W)~ Tioa) gy,

~so 0(Y)V fs, (¥)
where W (-) is double-sided Wiener process and the limit process 6 (Sy) depends

on the model (the proof can be found in [39]). To avoid this problem, a linear
transformation L; [(r] (+) of the random function {r(-) was proposed (see [11] for
more details) such that

o= [ el 4 @ = [ utas (31)

o
where w,,0 < s < 1 is a Wiener process. Then, after transformation, the test

statistic is as follows :

5 = /_ Z {\/17 /O ' ]Ef);)} (X, — S (X.) ds]] QdFSO (z)

with the same limit (3.1). Note that this statistic was introduced in the similar

problem to construct the Kolmogorov-Smirnov type ADF test in [51]|. Therefore,

the test

1
1 = Tigescy p (/ w; ds > Ca) =«

0

is ADF under the simple basic hypothesis H,.

This problem was also studied in [31] in the case of the parametric null

hypothesis H, that
dXt:S(197Xt) dt‘f“O'(Xt) th, XO, 0 StST, v e = (a,b),

i.e., the trend coefficient S (¢, x) is some known function which depends on the
unknown parameter 9. Let us denote by fr (x) the local time estimator (empirical
density) of the invariant density f (¥, x) which will be defined by (3.9) and (3.8)
below, respectively.

The statistic is given by

Ar = /OO ir(Vr,x)* dF(Ip,2),  fr(Vr,2) = VT (fT () — f(ﬁTafE)> )

oo
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where U7 is the MLE of the parameter 9. Unfortunately, the immediate use of
the test o = ]I{AT>da} leads to the same problem as in the i.i.d. case.

Indeed, the limit distribution of this statistic (as T — oo) under Hy de-
pends on the model, i.e, S(-,-),0 (-) and the unknown parameter . To solve
this problem, a first linear transformation L [fir] () of the statistic jir(-,-) was
proposed in [34] and [11]. Moreover, it was shown that this linear transformation

is asymptotically equivalent to the statistic

s A 1 (7 Mix, <o) 3
= = X — X
(i) = == [ 2 (X, $(r. X,) ds
with the same limit (as 7' — o)
1 ¢
Ut)=W(t) —/ h(9,s) dW (s)/ h (9, s)ds, 0<t<1 (3.2)
0 0

Here W (s),0 < s < 1 is a Wiener process. The limit process U (-) is not dis-
tribution free. Hence, the ADF test was based on a second linear transforma-
tion L[] (can be found, e.g., in [30] and [31]) of the statistic &7(-,-) such that
Ly [U] (t) = wy and the convergence

/_OO Lo [éT(lgT, )] (z)? dF (U7, 2) = /01 w? dt

o0

was proved. Here wy,0 <t <1 is a Wiener process.

There are several GoF tests for the continuous time diffusion and inhomo-
geneous Poisson processes proposed, for example, in the works [56], [44], [12]
and [L1]. See also [12] where some GoF tests for diffusion and inhomogeneous
Poisson processes with simple basic hypothesis were proposed. It was shown
that these tests are ADF. The Kolmogorov-Smirnov statistic for ergodic diffu-
sion process was studied, e.g., in [20] and [21]. In [39], Section 5.4, the author
discusses some possibilities of the construction of the Kolmogorov-Smirnov and
the Cramér-von Mises tests when the ergodic diffusion process is observed on
continuous time. The same problem was considered in [23] but for the hypo-
thesis with sign-type trend coefficient. In this case, two Cramér-von Mises GoF
tests based on empirical distribution function and empirical density function were

studied. More about GoF tests for the ergodic diffusion process can be found,
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e.g., in Kleptsyna & Kutoyants [31] for the parametric hypotheses and Negri &
Nishiyama [51] for the simple hypotheses.

We shall mention that the general case of ergodic diffusion process with unk-
nown shift (one dimensional) parameter was studied in [54]. The authors showed
that the limit distribution of the Cramér-von Mises type statistic does not depend
on the unknown parameter and therefore is asymptotically parameter free (APF).
Moreover, the APF Kolmogorov-Smirnov type tests were studied in [62]. Similar
results for the APF tests of the Cramér-von Mises type have been obtained by
Kutoyants [11]. The author studied the case of the composite basic hypothesis
with a parametric class of diffusion processes including the Ornstein-Uhlenbeck

and simple switching processes.

More problems of the construction of the GoF tests for the discrete time
observations were widely studied by many authors, e.g., Negri & Nishiyama [53]
in the case of the small diffusion process. In [52], the proposed ADF GoF tests
were based on continuous time observations, on discrete time observations and

on the so-called tick time sampled data for ergodic diffusion processes.

We have to emphasize that in [34] and in many other works, e.g., [19] the
estimator used was always the MLE and this is important for the construction of
the linear transformation. In all such cases, the limit expression for the underlying
statistics was always like (3.2). However, in some problems the MLE is not given
in an explicit form and therefore sometimes it is better to use other estimators like
the MDE. Later, we will get the limit process (3.3) with two different functions
h(-,-) and g (-,-) in the case of the MDE.

The main contribution of this chapter is to construct an ADF test based on
the linear transformation (1.26) when the basic model is a continuous time ergo-
dic diffusion process X7 = {X;,0 <t < T’} solution of the stochastic differential

equation

dXt = S(Xt) dt + 0o (Xt) th, )(07 0 S t S T.

Here W;, 0 <t < T is a Wiener process. The trend coefficient S (-) is an unknown

function, the diffusion coefficient ¢ (2)> > 0 is known and X is the initial value
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of X;. We consider the parametric null hypothesis
Ho S(-)e{S®,-),0 €O =(a,b)},
i.e, the process X7 is solution of the following equation :
dX, = S, Xy) dt + o (X;) dW, Xo, 0Zt<T,

where S (9, x) is known smooth function. Suppose that the stochastic process
X7 is recurrent positive, i.e., it has ergodic properties in Section 3.2. In Section
3.3, we propose for the unknown parameter ¥ the MDE
. 2
U = arginf/ [fT () — f(0,2z)| da.
vee Jr
We consider the Cramér-von Mises type statistic
> 2
r= | i 0,2)" AF (95.2)
—00

and under hypothesis H,, we have the convergence

i (05, 2) = VT (fr (2) = £ (05, 2))

— n(V,x) =2 f 0, x) / ) F(,(Z;)y) ;(i{y;)w}

— 19y ]I{y>x} z) f (9, 2) dz (9,
2.7 (9 // St 0 ] (0,0) de AW () £0.2),

A first linear transformation (can be found in [11])

dW (y)

L@ = [ o) 0. d [%ﬂy))] _U(F(9,2))

will be applied for the limit process 7 (-, -). Then we show that the above trans-

formation admits the following representation

U(t):w(t)—/olg(ﬁ,s) dw(s)/oth(ﬁ,s) ds,  0<t<1, (3.3

where w (t),0 <t <1 is some Wiener process. The next step is to introduce the

second linear transformation L [-] (1.26) and to obtain

Lo [U] () = w,, 0<t<1. (3.4)
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Now, we have to realize the similar transformation with the process &7 (-, -)

and then we show the convergence in distribution to the Wiener process
Ly [é7] () = Ly [U] (t) = wy, 0<t<1.

Note that the process &7 (-, -) defined by (3.22) below is asymptotically equivalent
to L1 [n%] (+). Hence, we have

[e'e) 1
5 = / Lo [6r] ()2 AF (95, 7) — /0 w? dt.

Therefore, the test ¥} =1 [53>ca} will be ADF because the limit distribution of
d% does not depend on S (-, -), o () and 9.

3.2 Preliminaries

Suppose that we have continuous time observations X7 = {X,, 0 <t < T}

of a diffusion process, which is solution of the stochastic differential equation
dXt = S(Xt> dt + o (Xt) th, Xo, 0 S t S T, (35)

where Wy, 0 < ¢t < T is a Wiener process. The trend coefficient S (-) is an
unknown function, the diffusion coefficient o (x)2 > 0 is known and X is the
initial value of X;.

We consider the problem of testing the parametric (composite) hypothesis
Ho S()e{S®,),0 € ©=(a,b)},
where 0 < a < b < 00, i.e., the process X7 is solution of the equation
dX; = S, Xy) dt + o (X;) dW, Xo, 0<t<T. (3.6)

Here S (9, x) is known smooth function depending on the unknown parameter ¥.
We suppose that the functions S (+) and o (+) of the observed diffusion process
satisfy the conditions £S (existence of the solution), A, and RP (recurrent

positive)(ergodicity) :
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ES. The function S (-,-) is locally bounded, the function o (-)* is continuous

and positive and for some C' > 0, the condition
xS (0,z) + 0 (z)* < C (1+2?)

holds.
By this condition, the stochastic differential equation (3.5) has a unique weak
solution for all ¥ € © (see for instance [19]).
Denote by P the class of locally bounded functions with polynomial majorants
(p>0)
P={n(): [yl <CQQ+Iy")}.
Let us introduce the following two conditions (see [39] for more details) :

Ag. The functions S (-,-), o ()" € P and for all ¥

lim sup sgn (y) a (197%)
lyl—o0 9o o (y)

< 0.

RP. Note that if S(-,-) and o (-) satisfy Ao, then we have

T y 9
V(ﬁ,x):/ exp{—Q/ L’?dz}dy%ioq as T — Foo
0 0

7 ()

G (9) = /+Ooa(x)26}<p {2/0 59.9) dy} dz < co. (3.7)

oo o (y)’
If both conditions are fulfilled then the stochastic process X7 is recurrent po-

and

sitive, i.e., it has ergodic properties. Then there exists an invariant distribution

with the density function (see, e.g., [39], Theorem 1.16)
1 TS
f,2)=—— eXp{Q/ (—’yz)dy}, z € R, (3.8)
G (0)o (x) o o(y)

where G (V) defined by (3.7) is the normalizing constant. We denote by F' (9, x)
the corresponding distribution function.

Introduce the regularity conditions R. (can be found in Kutoyants [39])

R1. The invariant density function f (0, x) is differentiable w.r.t. ¥ for all

x € R and the derivative f(ﬁ,x) € P is uniformly continuous in the following

sense : for any Vg € © and v >0

F0.) = @0, =0,

lim sup sup
=090 [9—do|<v
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Ro. The identifiability condition is

inf f(3,) = f (Do, )| > 0.

"19—190|>I/

. 2
Rs. The function J () = Hf (0, )H is positive uniformly in 0. Here || || is the
L%-norm :
) 2 .
[f@o] = [ fw.0ra
R
In the presentation below we suppose that these conditions and the null hypo-

thesis Hy are always fulfilled.

3.3 Minimum distance estimator

The MDE can be constructed with the help of the invariant density function
(3.8) and the empirical density fr (x) defined by the relation
a B 2AT (33)

fT (‘/E) O'(ZL')2T ) (39)
where Ar (z) is the local time of the observed diffusion process (see, e.g., [39]
Chapter 1, Section 1.1.3 for the definition).
The MDE is defined as a solution of the problem
fr ()= £ 05| = it || fr () = £ ] (3.10)

where ¥ € © = (a,b) is the one-dimensional (unknown) parameter. Note that
the properties and the asymptotic (T' — oo) behavior of the MDE for this model
were studied under regularity conditions R in [39].

The MDE 97, can be written as well as follows :

¥ = arginf | [fr ()~ 1 (0 x)r dz (3.11)
JEeO R

and it satisfies the minimum distance equation (MDEq) (can be found in [39])
[ [ir@) - £ 03.0)] F 07.2) dz o
R

Let us put uh = /T (9% — ). Then, by Taylor’s formula, f (9%, x) = f (9, ) +
(9% —9) f(9,x), where |0 — 0| < |0% — 9|, the MDEq becomes as follows :

/R VT (@) = f (0.2)] = ui f(0,2)] f (9.2) dz = 0.



CHAPTER 3. ON GOF TEST FOR ERGODIC DIFFUSION
PROCESS 91

Using the consistency of the MDE, we can write

wh = Mf'w,x)?dxr/Rﬁ{fT(x)—f(ﬁ,x)] F(®,2) dz + o(1).

Remind that we have the convergence

VI fr@) - 1 0.0)] = 2700 [ F;f)wf(]f;y;} W (), (312)

where W (+) is double-sided Wiener process. For the proof see [39].

Therefore, by Fubini’s theorem, ¥ admits the following representation

VT (05 —19) = 2J(¥ / / v, y H{y>)x} F9,2)f (9, 2)dx AW (y). (3.13)

Here
:/f(ﬁ,x)de. (3.14)
R

Moreover, under regularity conditions R and Ay, the MDE 9% is consistent and

asymptotically normal (for more details see Chapter 2, Section 2.2 in [39])

Ly{VT (97 = 0)} = L{&} = N (0.0° (9)),

o (0) = J ()2 / / £ (9,2) F(9,2) Dy (2.9) £ (9,9) f (9, 9) da dy.

Here

[F (9,8) = Teomy] [F (9,6) = Tieoyy]
o (&) f (0,6

Dy (xz,y) =4 Ey

3.4 Cramér-von Mises type statistic

We are going to study the ADF GoF test based on the Cramér-von Mises

type statistic
= | i 0,2 AF (95.2),

—00

where

T W5, 0) = VT (fr @) =  (97,2)). (3.15)
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Here 97 is the MDE defined by (3.11). Introduce the Gaussian function

+oo
w0 =2 [ 5 W (1)
ST 516)
(0, y) — Tgyss : : '
200 [ [E00 T 0.0) 0.0) e aW ) J0.2),
It can be shown that we have this convergence (see Theorem 3.4.5 below)
or = / ny (95, 2)° dF (95, 2) => 6 = / n(¥,2)?dF (9,2).

Remark that the limit statistic 0 depends strongly on the model, i.e., f ()
and the unknown parameter ). Therefore the test based on this statistic is not
ADF. To avoid this difficulty we propose a first transformation for 7 (-, -) given

as follows :

T

U (F (9,2)) = / (3.17)

—00

o(y) f(¥,y) d[n(ﬁﬂy) }

2f (0, y)

Remind that the above transformation was introduced in the similar problem
in [11]. Further, let us define the functions

S, F~1 (¥, s))
o(F~1(0,s))

h(9,s)=2JW) " CW):? (3.18)

and

g(05) =yt [ L2~ L]

e b, s | G @) (319)

where a (9,s) = o (F71 (0, 9)), b(9,5) = f (9, F1(,s)),

_ ! ' [U_]I{wt}} ; —1 i
0(19)_/0 [/O a(ﬁ,v)b(ﬁ,v)fw’F (ﬁ,t))dt] dv (3.20)

/ v 19 F ) s)))) ds, /Olg(ﬂ,S)st:l_

Here F'~1(9, s) is the inverse function of F'(1J,y), i.e., y is solution of the equation

= F(¥,y).

Then, we show that the transformation (3.17) has the following representation

and

U(t):w(t)—/olg(ﬁ,s) dw(s)/oth(ﬁ‘,s) ds, 0<t<1, (3.21)
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where w (s),0 < s <1 is some Wiener process.
Moreover, we show that the transformation (3.17) of 0. (-, -) defined by (3.15)

gives us a statistic which is asymptotically equivalent to

* - 1 T ]I{Xs<1’} *
e (0, 2) = \/T/o LU SR R CED

i.e., both statistics have the same limit process (3.21). We shall mention that the
statistic (3.22) was introduced in [31] where the MLE was used for the unknown
parameter. Therefore, our ADF test will be based on the statistic &7 (-, ) for
simplicity of calculus.

The last step is to apply the second transformation Ly [-] to the limit process

(3.21) (from Theorem 1.4.1) and to obtain the Wiener process

Then we can construct the ADF GoF test which is based on this transformation.

Below we realize this program. We have the following result.

Theorem 3.4.5. Let the conditions R, ES and Ay be fulfilled, then

e he) — 1 (0,2), & (Whe) — U(F(W,2)  (323)
and
vE)= [ o) 10 d[%]

Proof. The statistic 7. (+,-) defined by (3.15) has the following representation
wi (0,2) = VT (fr (@) = f (9,2)) = VT (0 = 9) f(0,2) + 0 (1).

Remind that the normalized difference v/T'(fr (z) — f (9, x)) has the asymptotic
behavior (3.12) and the MDE 9% admits the representation (3.13). Therefore,

the following convergence (under hypothesis H)

400 _
np (U7, 2) = n (0, 2) =2 f (9, 2) / F;&y) 7 (1119{3,;;}

— ?93] ]I{y>$} s : i i . xXr
2 (9 // st 00 f 0,2) de dW () f0,2)

W (y)
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holds. Here

: G S
f(0,2) =2 f (9,2) (— 5 G( (;) + /0 (f(y’)%) dy).
Below, we show that the transformation (3.17) admits the representation (3.24).
Lemma 3.4.6. We have the equality
U (1) :w(t)—/olg(ﬁ, s) dw (s) /Oth(ﬁ,s) s, (3.24)
where w (t),0 <t <1 is a Wiener process.

Proof. We have following (3.17) :

U(F(ﬁ,x)):/lg(y) £(9,y) d[n(ﬂ,y)]

2f (9,y)
/Oo F (7972) - ]I{Z>y} dw (z)]
so 0(2)\/ [ (Y, 2)
—2J(9 // ¥ y ]I{y>””}f 9,z) dF(®, ) dW (y )/x SOY) gp@.y).

Further,

~ [ o) s

/I o (y) f(9y) d

/OO F (197 Z) - ]I{Z>y} dw (Z)]
—o 0(2)y/ [ (¥, 2)

Therefore, we obtain
U(F (9,x)) :/ V0, y) dW (y)

20 / / M H{y”} F(0,2) AF (0, ) AW (1) /_ ' S{g?gﬁ)d]?(ﬁ,y).

Let us change the variables t = F(9,x), s = F(9,y), a(¥,s) = o (F~1(9,s)),
b(9,5) = f (9, F~(9, 5)) and

F~1(9,s)
=/ V. (0y) dW (y)
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where w (s),0 < s <1 1is a Wiener process. Hence, we can write

U(t) =w(t)

! [S I[{5>t} -1 ! S<197 F_1<197 S))
/0 /0 " f(19,F (9,1)) dtdw(s)/0 S (F1(0.5) ds

(¥,
1 ¢
—w - [ g0 dus >/ h0.s) ds.
0 0
Therefore, the process U (-) has the representation (3.24) and the Lemma is
proved.

Now, we show that the linear transformation (3.17) of 1 (-,-) gives us a

statistic which is asymptotically equivalent to (3.22). Indeed, we have

R T U5
§T(19T,x)—ﬁ/o S 4X, -5 (0.X,)

. 1 T]I{Xs<ac} % . s
\/T/O O’(Xs) [S (ﬁTaXs) S<79>Xs)} d

1 T
= ﬁ/o ]I{X5<J:} dWs
1 r ]I{X <x}S(1§7Xs)
— VT (95 —9) = = 1).
VT (¥ 19)T/0 ey ds ()

Using central limit theorem, the first stochastic integral is asymptotically normal

= | M . — | VT aw ) ~ N 0. F 0.0

and by the law of large numbers, we have for the second integral (as T'— o)

1 T ]I{XS<I}S (ﬂaXs) ¢ S (197y)
T/O o) /_oo oy OV

Therefore, using (3.13) and the above convergence results, one can write
e (r.0) = [ V@)W )

B 19y ]I{M} i i v S50, y)
20 (0 // o F(0, ) AP (0, 2) AW (y )/_Oo el ar.y)

—U(F(,

Hence, we have the asymptotic equivalence between the linear transformation
(3.17) of n% (-,-) and the statistic (3.22). Finally, we obtain the convergence
(3.23), which proves the theorem.
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Due to Theorem 3.4.5, one can write

A—/: (/;a(w £(0.9) d{%bng(ﬁ,x)—/olU(t)th.

It is easily seen that

o= [ ([ ot rr) d[%}fdﬂﬁ;,x)

and the statistic
o0
* * 2 *
AT = / &r (ﬁTax) dr (ﬂTax)
—00
have the same limit process A. Then, it is obvious to see that the test constructed

on the base of this statistic
wT:]I{A*T>Ca}7 P(A > Ca):Ck, S (O,l)

is not ADF. So we introduce the linear transformation Ly[-] defined by (1.26)
such that

1 1
/ Lo[U] (t)2dt:/ w? dt, 0<t<l.
0 0
Here the process U (+) is defined by (3.24). Finally, we can construct the ADF

GoF' test which is based on this transformation using the “empirical version” of

the test statistic with the same limit.

3.5 Test

In this Section, our purpose is to test the parametric hypothesis Hg. Thus, we

will propose a statistic based on the MDE ¢}.. Recall that the starting statistic

e (0 2) = VT (fr (2) = f (95, 2)) (3:25)

converges to the random function 7 (¢, z) defined by (3.16).
Then the linear transformation
i n (Y, y)
Lnx:/ o(y) [,y d{—}
leads to the random function U (-) defined by (3.24) which is the same limit of
the process (3.22).
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To finish, we apply the transformation Ls [-] from Theorem 1.4.1 such that
Ly [U] () = wy, 0<t<1.

Now, we have to realize the similar transformation with the process &7 (-, ) given
by (3.22) and then we show that this statistic converges in distribution to the

Wiener process
LQ [éT] ([L‘) - W, 0<t< 1.

Therefore the test 7. =1 [55>ca} with

00 1
5;:/ Lo [¢7) (m)2dF(19*T,x):>/0 w? dt

o0

will be ADF because the limit distribution of 6. does not depend on S (+,-), o (+)
and 9.

Let us realize this program. Denote the functions

h(9,2)=2J0)" C0)? '

o (3.26)
and
ma@:éw>{éFg3&fj“fmmfmwdy (3.27)

Here J (¢) is defined by (3.14) and

~ o F (197 Z) - ]I{Z>y} ¢ ? Vdz
cw—AJA S ﬂawﬂaw@ﬂfw»d. (3.28)

Introduce

L=/mmaawawm A:/yM&@M&aﬂmam,

—0o0 —0o0

fgz/y B0, 2) F (9, 2) de, f4:/y B, 27 f (9, 2) dz

—00 —00

and put
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Indeed, we define the functions ¢1 (-, -), $s (-, -) and by (-, -) given by (1.23), (1.24)
and (1.25), respectively, where we replace g (-,-) and h(-,-) by ¢ = ¢ (¥,y) and
h = h(¥,y). Then we introduce

Wp,z) = U(F (V,7)) (3.29)

/ / B2(0,4) (310, )A(D, 2) + $a(0, )30, 2)] AU (F (9, 2)) £(9, ) d.

To construct the test, we have to replace U(F (9, z)) by & (%5, x) defined by
(3.22) and the functions A (-,-), § (-,-), ¢1 (,+), @2 (,+) and by (-, -) by their “em-
pirical versions” based only on the observations. In fact, we insert the estimator
V7% given by (3.11) instead of the unknown parameter ¥ in the expressions of the
above functions.

In the construction of the test, we need to introduce an additional condition.

Rs. The function S (¥, x) has two continuous derivatives w.r.t. ¥ such that
S,z), SW,x)eP

and the functions S (¥, z) and o (x) have continuous derivatives w.r.t. x such
that
S'(0,x), o (z) € P.

Moreover, due to the consistency of the MDE, we have the convergence (as

T — o0)
@2 (U7,y) — 2 (V,y) — 0.
Hence, we can introduce the function

@2 (19}73/)71 ) if @2 (19}7 y) > Oa

0, else,

53 (U7, y) =

which asymptotically coincides with ¢, (0, y)_l and therefore the limit distribu-
tion does not changed.

We construct the ADF GoF test based on the following statistic :
W;( ) fT 19;"7 / / 19;“7 901(19;’7y) B (19;"7 Z)

+ 0(05,9) § (95, 2) |dr (9, 2) AF (95, 9)

(3.30)



CHAPTER 3. ON GOF TEST FOR ERGODIC DIFFUSION
PROCESS 99

Then we have to show that
Wi(x) = Ly [U] (t) = wy.

The main technical problem in the realization of this program is the definition

of the following stochastic integrals :

N (5,y) = / R, 2) der (05.2) (3.31)
and
)
M (9, y) = / § (05, 2) der (95, 2) (3.32)

Remark that we cannot compute these integrals directly because the integrands
contain the MDE 9. which depends on the whole trajectory X7 = {X;,0 <t <
T'}. Therefore, the corresponding stochastic integrals (3.31) and (3.32) are not
well defined.

To avoid this problem we replace the corresponding stochastic integrals by
the ordinary ones using the Ito formula. We shall mention that this approach
was introduced in the similar problem in [34] and [14].

Let us suppose that (+,-) and g (-, -) are piece-wise continuous functions and

consider the calculation of the integrals

b b
[ i) dero.2), [ 30.2) der(0.2).

For any partition a = 21 < 29 < - -+ < z,,, = b, we can write

m— 1

1 [T& b
19 zk 5T 19 Zk—H) &r (19 Zk:)] = T/ z_: J ]3> ]I{ZkSXs<Zk+1} d.X

k=1
T m— 1

Z

Therefore as max |zx11 — 25| — 0, we obtain the limit

]I{Zk<Xs<Zk+1} 5(19 X ) ds.

I 1 (Th,X,
n%grcl)o z; h (197 Zk) [gT (19’ Zk-l—l) —&r (197 Zk)] = \/T /0 ; (Xs)) ]I{aSXs<b} d.X,

k=

1 [Thw, X,
— 21 ¥, X,) d
\/T/O o (XS) {a§X5<b} S( ) ) S
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and for a = —oo and b = y (our case), we have the equality

v, 1 (Th(v, X,
[ i ae .= o S p ax,

—00

1 [Thv X,)
_ ﬁ/@ Gy Mo S0.X.) ds

By using the same argument, we obtain

X,)

/y g0, z) dép (¥, 2) = \/IT/O ga(lz’Xs)S
B ;T /0 géf’é;) Lix,<y) S (9, X,) ds.

Now, we introduce the function

]I{Xs<y} dXs
(3.33)

F,y,x) =/ R(9,y,z) dz,

Xo

where

S (9, z)
o (2)”

Here C () and J (9) are defined by (3.28) and (3.14), respectively. By the Ito

R(0,y,2) =2J(0)" C(9)2 Tiocyy.

formula,
1
dF (0,y.X.) = F; (0,9, X,) dX, = 5 F, (9,9, X,) 0 (X,)ds,

we can write

X

T 1 T
| rewx) = [T RO a5 [ R00X) o (X s
0 0

Xo
Indeed, we obtain
v 1 Xr
/_ooh(ﬁ,z) dér (¥, 2) :ﬁ . R(9,y,2) dz
1 T
VT o

Hence, we have no more stochastic integral and we can substitute the MDE 97

[R (0,9, Xs) S (0, X,) + % R.(V,y,X,) o(X,)*| ds.

given by (3.11). Now, the process (3.31) is well defined and has the following

expression
IR
N (07.y) = —= R(07,y,2) dz
VT Jx,
3.34
1 (3.34)

T
* * 1 *
- ﬁ/{) [R (19T7 vas) S (Q9T7 Xs) + 5 R; (0T7y7Xs) 9 (XS)Q ds.
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Using once more the It6 formula, the representation (3.33) becomes as follows :

Y 1 X7
/ §(0.2) der (9.2) = —— [ Q.y,2) dz

—o0 N \/T Xo
1 T 1, 2
— ﬁ i {Q (V,y, Xs) S (09, Xs) + 3 Q. (0, y,Xs) o(Xs)"| ds.
Here
B 6(19)7% F(z?,z) — ]I{Z> 1 .
@0.y2) = o(z) /R o(2)f (9,2) S0 0) dy B,

where C (1) is given by (3.28). Therefore, the process (3.32) is well defined and

has the following representation

1 X
M 19*7y = T = Q 19*;1/72 dz
)= [ T Q.2)
- — Dy, Xs) S (0, X)) + = QL (5, y, X aXSQ] ds.
7 [ QWX 5.0+ 5 QL0 x) o (X
Now, using the representations (3.34) and (3.35), the statistic (3.30) becomes
as follows :
T R A 1 Xr
Wit@) = (o) + [ 65 0rpai0p)| 7= [ ROz s
> \/T Xo
1 r * * ]' / * 2 *
~ 77, R(07,y, Xs)S(07, Xo) + 5 By (97, y, Xs)o (X,)7| ds | dF (I, y)
T N R 1 Xr
+ Dy (U7, P y) | —= Py, z) dz
| e 0| = [ w2
1 g * * ]' / * 2 *
_ﬁ o Q(ﬁTuvas)S(ﬂT’Xs)_F§Q:p(19T7y7XS>O-(XS) ds dF(ﬁTay)
(3.36)
Let us put

5 = / Wi (2)? dF (9%, 1).

The main result of this chapter is given in the following Theorem.

Theorem 3.5.6. Suppose that the conditions £S, Ay, R, R4 and Ry are fulfilled,
then the test

1
vr = Z[{6;“>Ca}’ P (/0 wt2 dt > Ca) =

is ADF and of asymptotic size o € (0,1).
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Proof. It is enough to verify the convergence
5 / W) AF (9, 7) = & (3.37)

under hypothesis Ho. Here wpy ) is given by (3.29).
Note that due to the consistency of the MDE 9%, we have the convergence

(as T — o0)
h(9p,2) — h(0,2) G0 2) — §(9,2),

J (19;) —J (Q9> ’ 1&2(79;7 Z) — 1&2(07 Z)
and

¢1(07,2) — 410, 2),  pa(U7,2) — &2(¥, 2).
Remind that we proved the convergence (in Theorem 3.4.5)
¢r (O, x) = U (F (9,2)).
Then we have to show that
N (U7,y) = N (9,9), (3.38)

where N (¥4, y) is defined by (3.34) and

N(q?,y):/y B (0, 2) dU (F (8, 2))

—00

- J(ﬁ)—lé(m% / ’ "‘9 2) \/ )W (2 (3.39)

% 192 ]I{Z>y} v S0, 2)
o Lt i mawte) [T o, 2

Here the function ﬁ(ﬁ,z) is defined by (3.26). The process N (¢%,y) has the

following representation

W)= = [ RO

N (V5 y) = — R (9%,y,2) dz

T \/T X T
1 T * * 1 / * 2

- ﬁ 0 R(ﬁTay>Xs> S<19T5Xs) + 5 Rz (ﬁTaans) g (Xs> ds
I

= — R (0%, y,z) dz
\/T = (T )
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1 T{Rw* X)) S0, X)) + = B, (05,9, X) o (X.)?| ds
- y Yy s s “Xg s T Y, Asg) O s
VT Jo Y 2 Y
1 T * * * * * *
- R (79T7 Y, Xs) [S (19T7 Xs) -5 (197 Xs)] ds = IT (19T7 y) - KT (ﬁTa y) :
VT Jo
Combining It6’s formula and the central limit theorem for stochastic integrals,
we obtain
)= [ R
17 (05,y) = — R(0%,y,2) dz
r (V1 Nl T
1

T
1
2 [R (07,9, X.) 80, X)) + 5 R, (95,9, X.) o (X,)?| ds
0

v
1 T

:ﬁ/o R(9,y,X,) o(X,) dW, + o(1)

_ / R(,y,2) o (=) /T (0,2) dW (2)

where W (-) is double-sided Wiener process. Further, by Taylor’s formula, the

law of large numbers and using the representation (3.13), we can write
1 (7
Ky (07,y) = — R (U7, y, Xs) |[S (U7, Xs) — S (¥, Xy)] ds
P09 == [ ROL.X) 1805, X) - 5 (0.X)
17 .
= VT (05— 0) 7 / R0, X,) S0, X,) ds
(9, 2) — 1y, .
— 270 // T2 T O] () dyaw
/ R(W,y,2) S(,2) f(9,2) dz.

Therefore, we obtain N (¢%,y) = N (¥,y), where N (,y) is given by (3.39).

In the same manner, we show that we have the convergence
M (Fy,y) = M (9,y), (3.40)

where M (U%,y) is defined by (3.35) and

- .

g F(¥,2))
%/ / H{”y}fwy f(@0,9)dy /T (0,2) dW(2)
R 1 2 . (3.41)
4T Ew) // ﬁ H{”)y}fw y) f (9.y) dy div (2)
F

! (0, 2) — ﬂ{z>y}
/OO/R o(2)2f (9, 2) f(@0,y) f(ﬁ y) dy 5(19 z) f(¥,2) dz.
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Here the function g (19, z) is defined by (3.27). For the process M (9%, y), we have

Xr
M) = = [ Q) a:
T
- [ ewnuxy s w50+ 5 @050 0 (07
1 XOT
:ﬁ . Q(19§3y7’2> dz
T
- [Qw;,y,m S0.X) + L Q. >a<X5>2} ds
/ Q (954, X) [S (95 X,) — S (0, X,)] ds

= I; (97.y) — K7 (07, y) -

For the first integral, due to the Ito6 formula and the central limit theorem for

stochastic integrals, we can write
XT

1
VT Jx,
]- r * 1 / * 2
y— Q (ﬁTv Y, XS) S (197 XS) + 5 Qx (ﬁTa Y, XS) g (XS) ds
0

I (93, y) = Q(V7.y,z) dz
VT
1 T
— ﬁ/o Q (9, y,Xs) o (X,) dW, +0(1)
. / Q(W,y,2) o(2) VI (0,2) dW (=)

Further, we have for the second integral
[k * 1 g * *
R (F,y) = 7 | QX (5 05X - 8 (0.X) s

— VT (05 - /@ﬁi},y, $(J,X,) ds

(¥, 2) ]I{z>y} ;
oW // Tt F 0 0) dy W ()

/_ Q(0,y,2) S0, 2) f(D,2) ds.

Therefore M (¥%,y) = M (9,y), where M (¥,y) is defined by (3.41). Finally,
(3.23), (3.38) and (3.40) give us the convergence

Wi () = wr z)-

Now, to obtain (3.37), we will prove the convergence of the integrals by che-

cking the following three conditions : (see [27] and [34])
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1. For any xq,...,xx
(Wj*w* (5131) ey W;* (.%’k)) - (wF(ﬁ@l), e ,wF(lg@k)) ,

where Wi* (x) and wre.z) are defined by (3.36) and (3.29), respectively.

2. For|z;| < L,i=1,2
1
E79 ‘Wj*w* (.Cl,’l) - Wj*w* (332)’2 S C ‘1’1 — T2|?, (342)

where C' and L are some positive constants.

3. For any k > 0 there exist L > 0 such that
/ By Wi (2)? f (95 0) do < k. (3.43)
|z|>L

The first convergence of finite-dimensional distributions follows from (3.23),
(3.38) and (3.40) for any z1,...,x.

Then, in order to obtain the estimate (3.42), we write
By (Wi (21) = Wi (2a)[* < 3 By [&r (97, 21) = &r (9, 22)[°

+3Ey

o - * A * 1 Xr *

¢y (07, y) 1 (95, y) | —= R (9, y,2) dz
VT Jx

T2 0

1 [T ’

VT s
T . 1 X7
/ @3(19?7@/)%(19?,@[ Q(V7,y,2) dz

1
RO75, XS0, X) + G070 X)X, | ds [P (07.)

+ 3 Ey —
T2 ﬁ Xo

1 [T ?
VT )

Further, by Cauchy-Schwarz inequality, we have

1 T
ﬁ/ ey x, <oy AW,
0

1 (TS0, X,)
T (95 — 9) = LI |
\/_(ﬁT 19) T/O pu (XS) {Zo<Xs<z1} ds

QW 9, XS0, X.) + Q403 . X.)o(X,)lds | dF(95. )

2
Ey & (O, 11) — & (95, 22)|? < 2 Ey

—|—2Eg

<2 [ s dy+z(m)ﬁ<ﬁ;—v>\4f | 20 ) a
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32/:f(19,y) dy +C (/mmy)fw,y) dy)é.

z2
Here for any measurable function [ (+), we use the following relation (can be found

in [39], Section 1.1.3)

%/OTZ(Xt) dt:/Zl(x) Fr(2) da,

where fr () is the local time estimator given by (3.9) of the invariant density
f(,x).

Remind that by the conditions Ay and Rs, the functions S(¢,-) and o (-)='
have polynomial majorants P (y). In addition, the invariant density has expo-
nentially decreasing tails by condition Ay, i.e., there exist the constants C; > 0
and A > 0 such that

f@,x) <Oy e

Therefore,
1 1
Ey & (0, 1) — & (05, 29)[° < C' |y — 20| + C |21 — 29]? < Oy — 22
Then, we have

T XT
E79 / @;r (79;"7y) @1(19;“7y) [ R(ﬁ;,y,z) dz

T2 \/_ XO

1 [T ’

VT o
1

Z2

1
RO075, X807, X) + G050 X)a (X0 | ds [ dF(07,)

1 [Xr

VT Jx,

<2Ey R(9,y,z) dz

2

1
VT Jo

| ) 2 VT 97— 0 [% | i) 0

Xo

r 1
[R(ﬂ, y, X)S (0%, X,) + 5R;(ﬁ, y,Xs)g(Xs)Q} ds |dF (9%, y)

—|—2E79

2
dF (97, y)

1. -
=9 { (3,9 X805 X.) + R0, X)a (X2 s

2
T

\/_m

T
<2Ey|l— @3 (0,y) ¢1(9, y)/ R(0,y, X,) dW, dF(9,y)
0
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2

+2E§ +0(1).

1 x1 R . T .
\/17(?9?—79)?/ @19,?/)901(79,?;)/ R(¥,y, X, )dWdF (9, y)
0

€2

Indeed, here we used the Itd6 formula

Xr T 1
[ R o [ RO XIS0.K) + R0 X)X ds
0

Xo

T
= / R<79>ans) dW;
0

and

XT | rr. . 1. -
[ i) as = [ R X080, + SR Ko (2] s
0

Xo

T
= / R, y, X,) dW,.
0

Additionally, by Fubini’s theorem and Cauchy-Schwarz inequality,

2
T1

— | ¢35 (9,y) (Y, y)/o R(¥,y, X,) dW, dF (1, y)

2

2

< Ey

1 T x1
— R(W,y, Xs) ¢3 (0,y) ¢1(9,y) dF (9, y) dW,
ﬁ/ [ RO X 65 0.0) 610.0) dF,)

1 /7 2
SEﬁT/
0

ds
SEﬂ/

< [F(¥,x1) — F(U, x9)]
/ / R0y, 2)¢7 (0,9) 1 (0,9)]> £ (9, 2) dz AF (9, y).

2 A
fr(z) dz

Therefore, using the conditions Ay and Rs5, we obtain

2
T

—= @y (0, ) p1(0, y)/o R, y, Xs) dW, dF (9, y)

z2

< Clxy — a9

Then, we have

2
1

T T .
T =) 7 [ G0 a0) [ R..X) W, dFO.y)
To 0

2

<Ey

. 1 T Tr A .
0 T2
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< Eﬁ‘ﬁ(ﬁ; -

211 [T ) )
T /0 / ) R(0,y, Xs) @5 (0,y) ¢1(9,y) AF (0, y) AW,

4)

4
ds)

4

fr(2) dz)

/ / R(9,y,2)¢5 (0, y) @1(197y)‘4f(79, z) dz dF(M/)) <

< (Eﬂ VT (0 —19)\4);

- (v
<
=/

([F(z?,:cl) — F(ﬁ,xg)]3

[N

T 1
0 x9

=

/ (9,9, X,) 65 (0, ) 1 (0, y) AF(D,3)

2

VI

IN

/ R0, ) @F (0,9) ér (9, ) AF(0,y)

€2

HlIQ HIA

IN

~IQ

Similarly, we obtain the following estimate

Ey
T2 \/_ Xo

€1 R X
/ 55 (9 y) w;,y)[ Q W5y, 2) dz

1 [T ’

VT

§O|ZE1—JZ2|.

1
QU5 XS5 X.) + QLR 1 K)o X7 ds | 4F (07,0

Now, we have to check the condition (3.43). Indeed,
E, [W7* (2)” < 3 Eg [ér (07, )|

+3Ey N
—00 Xo

‘ ~ * ~ * 1 xr *
/ ng(ﬁTvy)gpl(ﬁTvy)[_ R(V7,y,2) dz

2
1

VT o
T R Xr
/ ¢2+ (19;“7y)w2(79;7y> [\/— Yo Q(ﬁ},y,z) dz

— 00

4 1
R(05 3 XS5 X.) 4 R X)o (X, s [P (05.)

+3 Ey

2

1 T
dF (07, y)| -

1
- ﬁ 0 [Q(ﬁ}a Y, XS)S(ﬁ;W XS) + 5@;(19;“7 Y, XS)U(XS)2]d8
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We can write

2

Ey |§T (19T7 q})|2 <2Ey ﬁ/o ]I{X5<x} dW,
.o~ 2
178, X,)
2FE T (9% — — — 21
+ 9 \/_(19T 19) T/O U<Xs) {X <z} ds

1 /T S0, X,)

T o (Xs)

<2 F(¥,x)+2 (Eﬁ)ﬁ(ﬁ}—ﬁ)r)% (Eﬁ =

1

<2reoc ([ Purona) <c

— 0o
Moreover, using the same representation as above, we have

1 [Xr

E _
v VT Jx,

R (V7,y,2) dz

/ ot (95 y) @w;,y)[

2

<C

1 T
VT o

and

* * 1 / * *
[R(§T7y>XS)S<79T7Xs) + §Rx<19T7y7Xs)o-<Xs>2]d5 dF(rﬁTvy)

1 [Xr

E _
! VT Jx,

Q (U7, y,2) dz

—0o0

/ 5 ) @(ﬂ;,y)[

2
1

VT Jo
<C.

4 * * 1 / * *
QU35 XS5 X.) + QU051 K)o (X ds| 4F 0.

Finally, the convergence (3.37) is proved and the test ¢4 is ADF.
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Conclusion

The main purpose of this work is the construction of the goodness-of-fit (GoF')
tests for the parametric null hypotheses in the case of some stochastic processes
observed in continuous time. In particular, we consider three models of observa-
tions : diffusion process with “small noise” X© = (X;,0 <t < T) (¢ — 0), ergodic
diffusion process X7 = {X;,0 <t < T} (T — oo0) and inhomogeneous T-periodic
Poisson process X" = (Xt,() <t<T-= m') (n — o0). Under the basic hypo-
theses, we assume that the models depend on some unknown one-dimensional
parameter.

For all these processes, we construct “asymptotically distribution free” (ADF)
GoF tests 9., @/3;, ¢ and Y% of asymptotic size a € (0, 1) based on the special
linear transformation L [-]. The form of this transformation is the main contri-
bution of this work. It is based on the solution of the Fredholm equation of the
second kind with degenerated kernel.

The tests are constructed in two steps. First, we introduce the basic statistics
ue (+), uX (+) and n5 (-, -) and we use the minimum distance estimator for the unk-
nown parameter. Then we show that these statistics converge to the processes
(u(t),0<t<T), (u(t),0<t<7)and (n(Y,z),z € R), respectively. Then, we
propose the (first) transformations of these limits which lead to the same Gaus-

sian process (0 < v <1)

U(y):W(y)—/Olg(ﬁ,s) dW(s)/oyh(ﬁ,s) ds, /Olg(ﬁ,s)gds:l.

In addition, we consider in Section 2.3 the empirical basic statistic U, (-, -) which
admits the same limit U (-) and this shows the universality of this limit process.

Note that the functions h (-,-) and g (-, -) in different models are different.
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The second step (general for all models) is to apply the (second) linear trans-
formation L [-] to the process U (-) such that L[U|(v) = w,, where w,,0 <v <1
is a Wiener process. Based on the above property, we introduce the “empirical
versions” U. (+), Uy (+,+), U (-) and &7 (-, -) of the process U (-) and we have the

convergence of the corresponding statistics to the same limit :

1 [t 2 A A T L[Ln](T)Q A
g T € t ) . A *’ b

1 00 1
b, = / LU (v)*dv = A, 65 = / L&) (@) dF (05, 2) = A = / wdv.
0 — 0

o0

Therefore we propose the ADF GoF tests of asymptotic size a € (0, 1) for each

studied model

~
~

Ve =Tasay  Yn=Taney  n=Tgoy ¥r=Tno )

where, P(A > ¢,) = a.

We emphasize that the founded linear transformation in this work is rather
cumbersome and its application in real problems can be not so easy. At the
same time, we understand that this result is in some sense “negative” and says
that if we have no MLE it is better to seek another GoF' tests, which are ADF.
Nevertheless this study has to be done to cover the gap which exists in this
well-known statistical problem.

So the further work will be concentrated on doing numerical simulations. Our
starting point is proving that the proposed test 1/3; in the case of the inhomoge-
neous Poisson process is of asymptotic size a but we do not obtain the desired
result till now. Due to the universality of the special linear transformation, we
shall mention that it can be applied to many other statistical models to construct
ADF GoF tests, e.g., nonlinear time series. This is an interesting problem but not
yet been treated. In addition, as we mentioned before, the linear transformation
is constructed in the case of other (non MLE) estimators and in our work we
used the minimum distance estimator to construct the ADF GoF tests. It will

be important to construct ADF GoF tests with other estimators.
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Résumé

Ce travail est consacré au probléme de construction des tests
d'ajustement dans le cas des processus stochastiques observés
en temps continu. Comme modeles d'observations, nous
considérons les processus de diffusion avec « petit bruit » et
ergodique et le processus de Poisson non homogene. Sous
I'hypothése nulle, nous traitons le cas ou chaque modele
dépend d'un paramétre inconnu unidimensionnel et nous
proposons  l’estimateur de distance minimale pour ce
parameétre. Notre but est la construction des tests d'ajustement
« asymptotically distribution free » (ADF) de niveau
asymtotique a € (0,1) dans le cas de cette hypothése
paramétrique pour les modeles traités. Nous montrons alors
que la limite de chaque statistique étudiée ne dépend ni du
modele ni du parameétre inconnu. Les tests d'ajustement basés
sur ces statistiques sont donc ADF.

L'objectif principal de ce travail est la construction d'une
transformation linéaire spéciale. En particulier, nous
résolvons I'équation de Fredholm du second type avec le
noyau dégénéré. Sa solution nous permet de construire la
transformation linéaire désirée. Ensuite, nous montrons que
I'application de cette transformation aux statistiques de base
étudiées dans chaque modele nous aide a introduire des
statistiques ayant la méme limite (l'intégrale du carrée du
processus de Wiener). Cette derniere est « distribution free »
vu qu'elle ne dépend ni du modele ni du parameétre inconnu.
Par conséquent, nous proposons des tests d'ajustement ADF
en se basant sur cette transformation linéaire pour les
processus de diffusion avec « petit bruit » et ergodique et le
processus de Poisson non homogeéne.
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Tests d’ajustement, estimateur de distance minimale,
tests asymptotically distribution free, processus
stochastiques, processus de diffusion, processus de
Poisson non homogeéne.

Abstract

This work is devoted to the problem of the construction of
several goodness of-fit (GoF) tests in the case of some
stochastic processes observed in continuous time. As models of
observations, we take “small noise” and ergodic diffusion
processes and an inhomogeneous Poisson process. Under the
null hypothesis, we treat the case where each model depends
on an unknown one-dimensional parameter and we consider
the minimum distance estimator for this parameter. Our goal is
to propose “asymptotically distribution free” (ADF) GoF tests
of asymptotic size « € (0,1) in the case of the parametric null
hypotheses for the considered models. Indeed, we show that
the limit of each studied statistic does not depend on the model
and the unknown parameter. Therefore, the tests based on these
statistics are ADF.

The main purpose of this work is to construct a special linear
transformation. In particular, we solve Fredholm equation of
the second kind with degenerated kernel. Its solution gives us
the desired linear transformation. Next, we show that the
application of this transformation to the basic statistics allows
us to introduce statistics with the same limit (the integral of the
square of the Wiener process). The latter is “distribution free”
because it does not depend on the models and the unknown
parameter. Therefore, we construct the ADF GoF tests which
are based on this linear transformation for the diffusion (“small
noise” and ergodic) and inhomogeneous Poisson processes.
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Goodness-of-fit tests, minimum distance estimator,
asymptotically  distribution free tests, stochastic
processes, diffusion process, and inhomogeneous
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