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1  !" #$%&"'($)*!"

+*()*#$,-.!"

 ! "#$%&'()$*&#

 !" #$%!&'($)*" +*()*#$,-." $"/$*&"!#" .!" '(!0#,(! f 1%!& .! 1()%,!" #$%!&'($)*

1,2*$"!# 1" &(! 1()%,!" 1" 1*3!,#,(! &/%#,%4"5 6! % &(.7"!# $"0(.$& %.8 #$%!&'($)*"&

+*()*#$,-."& /(.$ 1*#"$),!"$ 0"$#%,!"& 0%$%0#*$,&#,-."& 19.!" '(!0#,(! : /%$#,$ 1" &(!

1()%,!" #$%!&'($)*5 ;9"&# 1%!& 0" <.# -." 1" !()<$".&"& #$%!&'($)*"& (!# *#* /$(/(=

&*"& 1%!& 4% 4,##*$%#.$"5 >44"& 7%$,"!# &"4(! 4" <.# 1" 1*3!,#,(! "# 4"& 0%$%0#*$,&#,-."& -.,

4"& $*+,&&"!#5 ?(.#"'(,&@ "44"& &(!# #(.#"& '(!1*"& &.$ .!" <%&" )%#A*)%#,-." -., 4".$

/"$)"# 1" $"0(!&#$.,$" .!" '(!0#,(! f : /%$#,$ 1" &(! 1()%,!" #$%!&'($)*5 ;9"&# %,!&,

-.9.!" #$%!&'($)*" "&# 0(!&#,#.*" 1" 1".8 7(4"#&5 B" /$"),"$ 0(!&#,#." 4% #$%!&'($)*"

1,$"0#" -., /"$)"# 1" /%&&"$ 1. 1()%,!" &/%#,%4 %. 1()%,!" #$%!&'($)*5 B" 1".8,C)"

7(4"# 0(.7$" 4% #$%!&'($)*" ,!7"$&" -., %&&.$" 4% $"0(!&#$.0#,(! 1" f : /%$#,$ 1" &(!

1()%,!" #$%!&'($)*5 D%!& 0" 0A%/,#$"@ !(.& /$*&"!#(!& .!" *#.1" 1" -."4-."& #$%!&'($=

)*"& +*()*#$,-."&5 E(#$" (<F"0#,' "&# 1" 1(!!"$ .! %/"$G. +4(<%4 %3! 1" /(&,#,(!!"$

!(#$" #$%7%,4 /%$ $%//($# %.8 #$%!&'($)*"& "8,&#%!#"& 1%!& 4% 4,##*$%#.$"5

 !+ ,- $%-#./&%012 '2 3&(%*2%

>! HIJJ@ K(&"' L(.$,"$ % )(!#$* -.9.!" '(!0#,(! ,!#*+$%<4" /".# M#$" $"/$*&"!#*"

/%$ .!" &())" ,!3!," 1" '(!0#,(!& "8/(!"!#,"44"& 0()/4"8"& "# /*$,(1,-."& NL(.JJO5

B% #$%!&'($)*" 1" L(.$,"$ 0(!&,&#" %4($& "! 4% 1*0()/(&,#,(! 19.! &,+!%4 x(t) : /%$#,$

19.!" '%),44" 1" &,!.&(P1"&@ 0" -., /"$)"# 1" $"/$*&"!#"$ 4" &/"0#$" 1. &,+!%4 1%!& 4"
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56789:; <=>?@;:A9;B C#8D44E)

*8 A=8:F<6=7>; 5; -6@=9;=G D6@= @:; <=>?@;:H; f G H6:F9FA; I 9:A>J=;= B; F9J:8B

A;7D6=;B x(t) 7@BA9DB9> D8= B; A;=7; ;KD6:;:A9;B e−2iΠft
L

TF (f) =

∫ +∞

−∞
x(t)e−2iΠftdt M()(N

*; F9J:8B x(t) D;@A OA=; =>A8PB9 I A=8Q;=F BR9:A>J=8A96: 5; A6@A;F F;F H67D6F8:A;F

<=>?@;:A9;BB;F H677; F@9A L

x(t) =

∫ +∞

−∞
TF (f)e2iΠftdf M()SN

*8 A=8:F<6=7>; 5; -6@=9;= I 5;@K 597;:F96:F ;FA @:; J>:>=8B9F8A96: 5; H;BB; I @:;

597;:F96:)

+69A f(x, y) @:; <6:HA96: I 5;@K Q8=98PB;F) *8 A=8:F<6=7>; 5; -6@=9;= H6:A9:@; 5;

H;AA; <6:HA96: ;FA 56::>; D8= L

TF2D(u, v) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)e−2Πi(xu+yv)dxdy M()TN

*;F 5;@K Q8=98PB;F u ;A v =;D=>F;:A;:A =;FD;HA9Q;7;:A B;F <=>?@;:H;F FD8A98B;F 5; B8

<6:HA96: F;B6: B;F 59=;HA96:F Ox ;A Oy )

*R9:Q;=F96: 5; B8 A=8:F<6=7>; 5; -6@=9;= I 5;@K 597;:F96:F ;FA 56::>; D8= L

f(x, y) =

∫ +∞

−∞

∫ +∞

−∞
TF2D(u, v)e2Πi(xu+yv)dudv M()UN

3: FD;HA=; <=>?@;:A9;B 5>A;=79:; A6@A;F B;F <=>?@;:H;F ?@9 H67D6F;:A @: F9J:8B 89:F9

?@; B;F 87DB9A@5;F H6==;FD6:58:A;F MVJ@=; ()(N)  ;D;:58:AG H;AA; 5>H67D6F9A96: ;FA

95>8B; 58:F B; H8F 5;F F9J:8@K =>J@B9;=F 789F 9:8DA; D6@= B8 5>A;HA96: 5;F F9:J@B8=9A>F

58:F B;F F9J:8@K :6: FA8A96::89=;F) *; D=6PBW7; 5; H;AA; A=8:F<6=7>; ;FA ?@R;BB; :;

D;=7;A D8F @:; 79F; ;: H6==;FD6:58:H; ;:A=; @:; <=>?@;:H; 5>A;HA>; ;A F8 B6H8B9F8A96:

FD8A98B; C 85XYE)

"V: 5; =;7>59;= 8@ D=6PBW7; 5; B8 B6H8B9F8A96: A;7DFZ<=>?@;:H;G [;:9F 18P6= 8

D=6D6F> ;: (\U] @:; F6B@A96: P8F>; F@= BR95>; 5R8:8B^F;= B8 <6:HA96: f ;: @A9B9F8:A @:;

<6:HA96: g(t) B6H8B9F>; 58:F B; A;7DFG HR;FAZIZ59=; :@BB; F@= A6@A R F8@< F@= BR9:A;=Q8BB;

5R9:A>=OA)  R;FA B; D=9:H9D; 5; B8 A=8:F<6=7>; 5; -6@=9;= I <;:OA=; 6_ BR8:8B^F; 5; -6@=9;=



 !"#$%&' () *'+ %&",+-.&/0'+ 10./0%&$23'+ 4

 !"#$% &'& (  ! "#$%&'%()*)%+ ,-#./0+*)0110 "2/+0 +%*0 &/()$!10

567 89:;85<5=7 5>5:7?@5 6?A ?=5 B5=C7A5 DE;=;8F65 G8H66;=75 I-8;J4K) LH5= M?5 :5775

7A;=6B9A<@5 N5A<57 D5 <H5?O 89:;8H65A 856 BA@M?5=:56 D;=6 ?= 6HG=;8P 5885 ; ?= NA9Q8R<5

D5 A@698?7H9= 75<N6SBA@M?5=:5) 3=5 B5=C7A5 @7A9H75 D9==5 ?=5 Q9==5 A@698?7H9= D;=6

85 D9<;H=5 75<N9A58P <;H6 B;HQ85 D;=6 85 D9<;H=5 BA@M?5=7H58P 57 TH:5UT5A6; N9?A ?=5

B5=C7A5 8;AG5I ;DV4K )

 !" #$ %&$'()*&+,- .- /$.*'

*; 7A;=6B9A<@5 D5 &;D9= W%&X N9A75 85 =9< D5 Y9Z;== &;D9= W(44[U(J\]XP <;U

7Z@<;7H:H5= ;?7AH:ZH5= :9==? N9?A 656 7A;T;?O 6?A 8; 7Z@9AH5 D5 8EH=7@GA;7H9=) *; %&

N5A<57 D5 D@75A<H=5A ?=5 B9=:7H9= ^ N;A7HA D5 656 H=7@GA;856 85 89=G D56 8HG=56 DA9H756

D? N8;= I&;D([K) *; %& :9=6H675 ;89A6 ^ H=75GA5A ?=5 B9=:7H9= 85 89=G D56 DA9H756 D5

DH>@A5=756 9AH5=7;7H9=6) 3=5 NA9_5:7H9= D56 DA9H756 6?HT;=7 ?=5 9AH5=7;7H9= QH5= D@75AU

<H=@5 567 ;NN58@5 ?= NA9`85 D5 &;D9=) *E5=65<Q85 D5 NA9`856 567 D@=97@ N;A 85 D9<;H=5

7A;=6B9A<@ D5 &;D9=)
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 !"! #$%&'()*&+ ,'-./&'-)01+

,567 897:9;<65;7 8=6> ?5@ABC97A=7 89DE@=;:7 8= CB %& F5;:9;6= G%5?4HBI) *= J@=A9=@

8EK;9: C=7 8@59:=7 8B;7 C= 7L7:MA= 8= F55@85;;E=7 J5CB9@=7) $C =7: <E;E@BC=A=;: 6:9C97E

8B;7 C= 85AB9;= 8= @=F5;7:@6F:95; :5A5<@BJN9O6=) *= 8=6>9MA= 7= PB7= 76@ CQEO6B:95;

BR;= 8=7 8@59:=7 =: =7: 756S=;: =AJC5LE 8B;7 CB 7E97A5C5<9=T CB F5AJ@=7795; B9;79 O6=

C= 85AB9;= 8= @=F5;;B977B;F= 8=7 ?5@A=7)

#$%&'()*&+ 2$(')%+ ρ, θ

&B85; G&B8(UI 8EK;9: ?5@A=CC=A=;: CB %& F5AA= 769: V

+59: f(x, y) 6;= ?5;F:95; 8EK;9= 8B;7 CQ=7JBF= =6FC989=; W 8=6> 89A=;795;7 =:

TRf(ρ, θ) =7: 7B :@B;7?5@AE= 8B;7 C= 85AB9;= &B85; V

TRf(ρ, θ) =

∫ +∞

−∞

∫ +∞

−∞
f(x, y)δ(ρ− x cos θ − y sin θ)dxdy X()YZ

=

∫ +∞

−∞
f(ρ cos θ − s sin θ, ρ sin θ + s cos θ)ds.

.[ θ ∈ [0, π[T ρ ∈]−∞,∞[ =: δ(.) CB ?5;F:95; 8= 89@BF)

*Q=7JBF= (ρ, θ) =7: <E;E@BC=A=;: BJJ=CE CQ=7JBF= &B85; X'&Z 56 CQ=7JBF= 8=7 JB\

@BAM:@=7) *QEO6B:95; ρ = x cos(θ) + y sin(θ) @=J@E7=;:= CQEO6B:95; JB@BAE:@9O6= 8Q6;=

C9<;= 8@59:= =; F55@85;;E=7 J5CB9@=7) *QEO6B:95; ()Y 79<;9K= CQ9;:E<@B:95; 8= CQ9AB<= C=

C5;< 8=7 8@59:=7 8= JB@BAM:@=7 J5CB9@=7 ρ, θ) *= @E76C:B: 8Q9;:E<@B:95; =7: 7:5F]E 8B;7

CQ=7JBF= &B85; B6> F55@85;;E=7 (ρ, θ))

TRf(ρ, θ) @=J@E7=;:= CQ9;:E<@BC= 8= f C= C5;< 8Q6;= 8@59:= ∆ O69 =7: 5@9=;:E= 769SB;:

CQB;<C= θ + Π/2 =: :@B;7CB:E= 8= ρ 769SB;: CB 89@=F:95; 8= θ) *B K<6@= ()^ 9CC67:@= F=::=

@=J@E7=;:B:95; V
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 !"#$% &'( )  !"#$%!&'(')*& "*+()#! ,-.&! ,#*)'!

$5 678 9 :;86< =>6 5?@:86<AB556 C67 B:D567 C6 E<;F6G8@;: θ 678 <678<6@:8 9 [0,Π[) ':

6H68I 5?@:8JD<B56 C?>:6 C<;@86 9 >: B:D56 θ 68 9 >:6 C@78B:G6 ρ 678 J=>@AB56:86 9 G6556 C6

EB<BKL8<67 E;5B@<67 M θ +ΠI −ρN) ,;>7 BA;:7 B@:7@ O TRf(ρ, θ) = TRf(−ρ, θ +Π))

3: E;@:8 (j, k) C6 f 76 8<B:7P;<K6 6: >:6 G;><Q6 7@:>7;RCB56 6: '& J8B:8 C;::J

=>6 ρ = jcosθ + ksinθ =
√

j2 + k2 sin(tan−1(j/k) + θ))

 6G@ 678 @55>78<J CB:7 -@D)()S)B ;T 56 E;@:8 M(UI S4N C6 5?@KBD6 @:@8@B56 678 8<B:7P;<KJ 6:

>:6 G;><Q6 7@:>7;RCB56 C?J=>B8@;: ρ =
√
172 + 302 sin(tan−1(17/30) + θ)) *B <6E<J76:V

8B8@;: C6 5?6:76KQ56 C6 E<;F6G8@;:7 C6 5B %& 678 BEE65J6 W +@:;D<BKK6W)

 !"#$% &'* ) /.(+)'$% "*)&'0%)&.%*1,!2 34(5!0%)&*5#(44! 67)&89:

3: C67 BAB:8BD67 567 E5>7 @KE;<8B:87 C6 5B %& 678 7B GBEBG@8J C6 8<B:7P;<K6< >:6

C<;@86 CB:7 >:6 @KBD6 @:@8@B56 6: >: E@G M>: E;@:8 C6 P;<86 @:86:7@8JN CB:7 '& G;KK6
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 !" #$%&!'(  )" #$(*+!,( -!./0  1-"

 ," #! 2/3&( .4 +%, .!0* #$(*+!,( -!./0 &/0536 (0 78

 !"#$% &'( ) 9! 53!0*2/3&6( .( -!./0 .$40( %&!'(:

 !"#$%&'#( )*+( p, τ

 5 @7:6;4AB65 ; C9C A89:7D>A9 D;8B 45 D76;A85 D5 +CAB6747=A5 EFA4GHI) $4 BJ;=A9

DJA89C=:5: >85 @78K9A78 f(x, y) B>AL;89 D5B D:7A95B DJCM>;9A78 Ny = px + τ 7O p 5B9 45

K75PKA589 DA:5K95>: D5 4; D:7A95 59 τ 5B9 B78 7:D788C5 Q 4J7:A=A85) ,7>B R:CB58978B AKA
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56 789:;5<=:6 >98>8=? >;9 @A6;BCD E

TRf(p, τ) =

∫ ∞

−∞

∫ ∞

−∞
f(x, y)δ(y − px− τ)dxdy. F()GH

=

∫ ∞

−∞
f(x, px+ τ)dx. F()IH

3J >8<JK L6 M889L8JJ?6= (j, k) L;J= 56 L8:;<J6 L6 f 6=K K9;J=789:? >;9 5; %&

;NJ6 6J OJ6 L98<K6 L6 >;9;:PK96= −j 6K kQ −j ?K;JK =8J M86NM<6JK L<96MK6O9 6K k =8J
89L8JJ?6 R 5S89<T<J6) #;9 M8J=?UO6JKQ OJ6 <:;T6 4A 6=K K9;J=789:?6 6J OJ 6J=6:V56

L6 5<TJ6= LS8W 56 J8: L6 5<J?8T9;::6 UO< L?J8K6Q 6X;MK6:6JK M8::6 56 =<J8T9;::6Q

5S6=>;M6 &;L8J '& L6 f FYTO96 Z)ZH) ASOJ6 :;J<P96 =<:<5;<96 ;O 789:;5<=:6 (ρ, θ)Q

5; %& ;NJ6 K9;J=789:6 OJ6 5<TJ6 L98<K6 L6 >;9;:PK96= ;NJ6= p∗ 6K τ ∗ 6J OJ ><M L6

M889L8JJ?6= (p∗, τ ∗) L;J= 56 L8:;<J6 L6 &;L8J '&)

 !"#$% &'( )  !"#$%& '($)%*+,($%-. $/"0-*#$)&(0,"//- 12$)3456

 !"!# $%&'%()*)+

*; K9;J=789:?6 L6 &;L8J ; >5O=<6O9= >98>9<?K?= L8JK M69K;<J6= =8JK >69K<J6JK6= >8O9

5; 96>9?=6JK;K<8J L6= 789:6= @A6;BCD E
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() *567895:7 ; +<5=6: f =: g >=?@ A<6B:5<6CD c1 =: c2 >=?@ B<6C:86:=CD 8E<9C ;

TR(c1f + c2g) = c1TR(f) + c2TR(g)

F) +GH7:95= ; TRf(ρ, θ) = TRf(−ρ, θ ± π)

4) #795<>5B5:7 ; TRf(ρ, θ) = TRf(ρ, θ + 2kπ), k =6:5=9

I) &<:8:5<6 ; 36= 9<:8:5<6 >J?6 86KE= θ0 >= f 5HLE5M?= ?6 >7B8E8K= >= LN8C= =6

A<6B:5<6 >= θ0 : TRRot
θ0f(ρ, θ) = TRf(ρ, θ + θ0)

O) %986CE8:5<6 ; 36= :986CE8:5<6 >= f L89 −→u = (x0, y0) 5HLE5M?= ?6= :986CE8:5<6 >=

x0 cos θ − y0 sin θ ; TRf(ρ, θ) = TRf(ρ− x0 cos θ − y0 sin θ, θ)

P) 'BN=EE= ; ?6 BN86K=H=6: >J7BN=EE= 8Q=B α 6= 0 C?9 f =6:9856= ?6 BN86K=H=6:

>J7BN=EE= 8? 65Q=8? >= E8 :986CA<9H7=

1
|α|TRf(αρ, θ)

 !"#$%&' (' )* +#,-' +'./$*)'

*= :N7<9RH= >= E8 B<?L= B=6:98E= >7S65: ?6= 9=E8:5<6 M?5 =@5C:= =6:9= E=C L9<T=B:5<6C

>= f =: E=C A97M?=6B=C CL8:58E=C >= f ) *8 :986CA<9H7= >= -<?95=9 (U >J?6 L9<SE= >=

&8><6 >= f D TRfθD =C: 7K8E= V E8 :986CA<9H7= >= -<?95=9 FU >= f E= E<6K >J?6= >9<5:=

>J86KE= L<E859= θ =: L8CC86: L89 E= B=6:9= >? ><H856= >= -<?95=9 W-5K) I)PX)

+<5: E8 :986CA<9H7= >= A<?95=9 FU >= f C?5Q86:= ;

f̂(u, v) =

∫ ∞

−∞

∫ ∞

−∞
f(x, y) exp[−i2π(ux+ vy)]dxdy, W()YX

<Z u =: v 9=L97C=6:=6: E=C A97M?=6B=C CL8:58E=C) *= :N7<9RH= >= E8 B<?L= B=6:98E=

L=?: 8E<9C [:9= H8:N7H8:5M?=H=6: =@L95H7 B<HH= C?5: ;

ˆTRf(w, θ) =

∫ ∞

−∞
TRf(ρ, θ) exp[2iπwρ]dρ W()\X

=

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
f(x, y)δ(ρ− x cos θ − y sin θ) exp[2iπwρ]dxdydρ

=

∫ ∞

−∞

∫ ∞

−∞
exp[2iπ(xw cos θ + yw sin θ)]dxdy

= f̂(wcosθ, w sin θ).
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 !"#$% &'( )  !"#$%!&'(')*& +#(",)-.! /. ',$*#01! /! 2( 3*."! 3!&'#(2! 45)&678

 !"#!$%&% '( )* +",-").&$",

*5 6789:;<5 =5 >? @9AB5 @5C6:?>5 =9CC5 >D5A E AC5 ?A6:5 B:9B:D868 =5 >? %& @9CCA5

F9AF >5 C9< B:9B:D868 =5 @9CG9>A6D9C) *H9B8:?6D9C =5 @9CG9>A6D9C IJK f = g
⊗

hL

=8MCD5 @9<<5

f(x, y) =

∫ ∞

−∞

∫ ∞

−∞
g(a, b)h(x− a, y − b)dadb, N()(OP

B5A6 Q6:5 9R65CA E 6:?G5:F >? @9CG9>A6D9C (K =5 >? B:9S5@6D9C TRf BADFTA5

TRf(ρ, θ) =
∫∞
−∞ TRg(ρ− τ, θ)TRh(τ, θ)dτ.

/%-(!0$1$)$&%

*? %& 5F6 B?: =8MCD6D9C DCG5:FDR>5 =?CF >5 =9<?DC5 @9C6DCA) *HD<?U5 B5A6 Q6:5

:8@AB8:85 E B?:6D: =5 >H5FB?@5 &?=9C ?A <9V5C =5F W9:<A>5F FADG?C65F X,5:YZ[ \

f(x, y) =

∫ π

0

Q(x cos θ + y sin θ, θ)dθ

Q(ρ, θ) =

∫ +∞

−∞
S(ω, θ)|ω| expj2πωρ dω N()((P

S(ω, θ) =

∫ +∞

−∞
TRf(ρ, θ) exp

−j2πωρ dρ.

 5 TAD :5GD5C6 =H?R9:= E M>6:5: >H5FB?@5 =5 &?=9C '& =?CF >? =D:5@6D9C ρ ?A

<9V5C =HAC5 W9C@6D9C =5 6:?CFW5:6 H(f) = |f |L 56 BADF :86:9B:9S565: >5 '& M>6:8 FA:
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56 789:;<6 76 f ) =;6< >?6 @6A B8C9?56A D;6<<6<D 7:<A 5E6AF:@6 @8<D;<?G 5E;<H6CA;8< 76

5: %& 7;A@CID6 6AD J;6< F8AA;J56) #5?A;6?CA :FFC8@K6A 8<D LDL FC8F8AL6AG D6556A >?6 5:

C6@8<ADC?@D;8< :5MLJC;>?6 6D 5E;<H6CA;8< 76 -8?C;6C N=6<OPQ)

 !"!" #$$%&'()&*+, -. %( )/(+,0*/12. -. 3(-*+

*: %& 6AD :FF5;>?L6 7:<A ?< 5:CM6 LH6<D:;5 76 789:;<6A) 3<6 5;AD6 @89F5ID6 R?A>?ES

(TTU F6?D VDC6 DC8?HL6 7:<A NW6:TUQ)  6CD:;<A 76 @6A 789:;<6A @89FC6<<6<D X

 !"#$%&# X XYC:ZG γYC:ZG 5EL@K8MC:FK;6G DC:<A9;AA;8< F:C CLA8<:<@6 9:M<LD;>?6 <?Y

@5L:;C6 %89876<A;D89LDC;6 [ %\G  % F:C L9;AA;8< 76 FK8D8<A ?<;>?6A 6D  % F:C L9;AY

A;8< 76 F8A;D8<AG [+#' % 6D 56 #'%G C6AF6@D;H696<D\)

'()*+&+,%# X C6@8<ADC?@D;8< 76 5E;9:M6 7:<A 5: J:<76 76 <?9LC;A:D;8<G 5E:ADC8<89;6

C:7:C 6D 76A LD?76A 7E8@@?5D:D;8<)

 %$*+($+-%# !.#$)*+&%/0# X 5: C6@8<ADC?@D;8< 6< UYW 76A AFL@;96<A FC8H6<:<D 76

9;@C8A@8F;6 L56@DC8<;>?6)

1!+-23(%/0# X 56 @:5@?5 76 A;A98MC:996A AZ<DKLD;>?6AG 5: %& 76 5: HL58@;DL F;56 A;AY

98MC:996A F8?C 8JD6<;C 76A FC8]5A A;A9;>?6A)

4-)%/0# X FC8R6@D;8< 76A 78<<L6A 7E;<D6CBLC89LDC;6 ?D;5;AL6A F8?C C6@8<ADC?;C6 5: 7;AY

DC;J?D;8< 76 5E;<7;@6 76 CLBC:@D;8< 7:<A 76A 789:;<6A D65A >?6 5E:LC87Z<:9;>?6G 76A

L@8?5696<DA 76 ^?;76A 6D 5: FKZA;>?6 76A F5:A9:A)

'&5.3(# "#( $+&)*5%&)#( X 6<>?VD6A L5:AD8AD:D;>?6A 6D L5:AD87Z<:9;>?6)

6*5%)#,#&) "7%,58# X 7LD6@D;8< 76 5;M<6A 6D 76 @8?CJ6A 6< C6@8<<:;AA:<@6 76 B8C96G

76 DC:<A9;AA;8< 7E;9:M6 7:<A 56A @899?<;@:D;8<A)

W6F?;A (TTUG 5: F?;AA:<@6 76 @:5@?5 : FC8MC6AAL 6D ?< <89JC6 @C8;AA:<D 7E:FF5;@:Y

D;8<A 76 5: %& 7:<A 76 <89JC6?_ :AF6@DA 7? DC:;D696<D 76 5E;9:M6 8<D LDL FC8F8AL6A)

 6CD:;<6A 76 @6A :FF5;@:D;8<A @89FC6<<6<D 5: @89FC6AA;8< 7E;9:M6 N`;<O4QG 5: @5:AA;]@:Y

D;8< 76A 69FC6;<D6A 7;M;D:56A Na!/OPQG 5: 7LD6@D;8< 76A C8?D6A Na ObQ 6D 76A JcD;96<DA

Nd!OTQG 5: 7LD6@D;8< 7? A;55:M6 76A <:H;C6A N 8?O4QG N`%+OTQG N/.#TTQG 5: 7LD6@D;8<

76 98?H696<DA N/;5TTQ) "?AA;G 5: %& @89J;<L6 :H6@ 5: DC:<AB8C9L6 76 -8?C;6C [%-\ 8?

5: DC:<AB8C9L6 6< 8<7656DD6A @8<D;<?6 @8<AD;D?6<D ?< 8?D;5 DCIA F?;AA:<D F8?C 5E:<:5ZA6

7E;9:M6A)
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 !"!# $% &'%()*+',-. /. 0%/+( 1-(-'%23)-.

#567896:7 :9;<9:;<97 =>? @?@ A9>@97 B=6: C@>@:D5879: 597 ;=6:E97 F9 B:=G9;?8=> F9 5D

%&)  H97? D8>78 I69 5D %:D>7J=:A@9 F9 &DF=> C@>@:D587@9 K%&1L D @?@ F@M>89 ;=AA9

5H8>?@C:D59 FH6>9 J=>;?8=> 76: 6>9 JDA8559 F9 ;=6:E97 C@=A@?:8I697 D6?:97 I69 597 F:=8?97)

*D %:D>7J=:A@9 F9 &DF=> 1@>@:D587@9N F6 AOA9 B:8>;8B9 I69 5D %&N B9:A9? F9

?:D>7J=:A9: 6>9 ;=6:E9 FD>7 6>9 8ADC9 9> 6> B=8>? FD>7 5H'7BD;9 F9 &DF=> K'&L) *97

;==:F=>>@97 F97 B=8>?7 F9 5H'& :9B:@79>?9>? 597 BD:DAP?:97 F97 ;=6:E97 B:=G9?@97) #D:

9Q9AB59N 6>9 BD:DE=59 F9 BD:DAP?:97 a, b 9? FH@I6D?8=> y = ax2 + b 97? ?:D>7J=:A@9 9>

6> B=8>? F9 ;==:F=>>@97 (a, b) FD>7 5H97BD;9 F9 &DF=>)

3> J=:AD587A9 B:=B=7@9 F9 5D %&1 ;=>?8>6 97? B:=B=7@ BD: R9D>7 SR9DT(U)

R(ξ, p) =

∫ ∫

D

F (x, y)δ[p− C(x, y; ξ)]dxdy. K()(VL

=W F (x, y) B:@79>?9 5H8ADC9 VR 9? p = C(x, y; ξ) F@>=?9 5H@I6D?8=> FH6>9 JDA8559 F9

;=6:E97 FD>7 59 B5D> xy BD:DA@?:87@ 795=> 59 7;D5D8:9 p 9? 5H9>79AE59 F9 BD:DAP?:97

ξ1, ξ2, ......, ξn ;=AB=7D>? 59 X9;?96: ξ)

*H8>?@:O? B=:?@ Y 5D %&1 B:=X89>? F9 7=> 8ABD;? 76: 59 F=AD8>9 F9 :9;=>>D877D>;9

F9 J=:A97 X6 5D B=778E858?@ F9 ;=>;9>?:9: 597 8>?9>78?@7 FH6>9 ;=6:E9 9> 6> B=8>?)  9B9>Z

FD>?N 597 ?:DXD6Q B:B=7@7 FD>7 59 ;DF:9 F9 5H8>X9:78=> F9 5D %&1 =>? @?@ 9[9;?6@7 B=6:

I695I697 JDA85597 F9 ;=6:E97) ,=67 ;8?=>7 Y ?8?:9 FH9Q9AB59 5D ?:D>7J=:A@9 F9 &DF=>

;8:;65D8:9 K &%LN 5D %& D:;Z;8:;6D58:9K "&%L 9? *D %& 9> \Z58>9K%&\L)

3> F96Q8PA9 B:=E5PA9 F9 5D %&1 97? 5HDE79>;9 F9 5HD7B9;? A65?8ZF8:9;?8=>>95 F6

JD8? I6H=> >9 XD:89 BD7 597 D>C597 F9 B:=G9;?8=> FD>7 596: F@M>8?8=> K'I) V)]^)

 !" #$ %&$'()*&+,- -' .'/-0-%%-(

*D %:D>7J=:A@9 9> .>F959??97  =>?8>69 K%. L FH6>9 J=>;?8=> F9 ;D::@9 8>?@C:DE59

f ∈ L2(R) 97? 5H9>79AE59 F97 B:=F68?7 7;D5D8:97 F9 ;9??9 J=>;?8=> DX9; 597 A9AE:97 F9

5D JDA8559 FH=>F959??97 ;=>?8>697 ψa,b SR=>_TU) *D F@M>8?8=> F9 5D %. 97? F=>>@9 BD:

5H9QB:9778=> 768XD>?9 `

WT (a, b) =

∫ ∞

−∞
f(x)ψ∗

a,b(x)dx =
1√
a

∫ ∞

−∞
f(x)ψ∗(

(x− b)

a
)dx. K()(]L
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 !"#$% &'( )  !" #$%&'&((& %& )**+,  -" #$%&'&((& %.+/0.& 1+&2/3+& %& 4*566/&$$&,

 7" 8& 9:*1&*5 2&;/9*/$,  <" #$%&'&((& %& =&>&+

56 ψ∗
a,b 789:;<= >= ?5@A>=B= ?5<CD;D8 7= >E5<7=>=FF= ψa,b GH=? (a, b) ∈ R

∗
+ × R) 3<=

5<7=>=FF= 9:;<:I= D<= A=F:F= 5<7= JD: 9GF:9KG:F L >G ?5<7:F:5< 7EG7@:99:M:>:F8 9D:HG<F= N

CΨ =
∫

R

|Ψ̂(ζ)|2
ζ

dζ <∞

56 Ψ̂ =9F >G FOG<9K5O@8= 7= -5DO:=O 7= ψ)  =?: :@A>:JD=
∫∞
−∞ ψ(x)dx = 0)

3<= KG@:>>= 7E5<7=>=FF=9 ψa,b =9F 5MF=<D= AGO 7:>GFGF:5< =F FOG<9>GF:5< 7= >E5<7=>=FF=

@PO= ψ =< HGO:G<F 9=9 AGOG@PFO=9 7= KGQ5< ?5<F:<D= 9DO R RASTUV N

Ψa,b(t) =
1√
a
Ψ( t−b

a
)W GH=? (a, b) ∈ R

∗
+ × R

$> =9F ?>G:O JD= >=9 5<7=>=FF=9 I>>=9 HGO:=<F 9=>5< >=9 7=DB AGOG@PFO=9 9D:HG<F9 N

X #GOG@PFO= 7E8?Y=>>= a JD: =9F >E:<H=O9= 7= >G KO8JD=<?= 7= >E5<7=>=FF= =F JD: 78F=OZ

@:<= 9G >GO;=DO) 3<= KG:M>= HG>=DO 7= a 75<<= >:=D L D<= 5<7=>=FF= ?5@AO=998=)

$<H=O9=@=<FW GD;@=<F=O >G HG>=DO 7= G =<FOG:<= D<= 7:>GFGF:5< 7= >E5<7=>=FF=)

X #GOG@PFO= 7= FOG<9>GF:5< b JD: O=AO89=<F= >G A59:F:5< 7= >E5<7=>=FF= 9DO >EGB= 7=

F=@A9)

SG<9 >G >:FF8OGFDO=W :> =B:9F= A>D9:=DO9 K5<?F:5<9 7E5<7=>=FF=9) +DO >G I;DO= ()4W <5D9

AO89=<F5<9 JDGFO= =B=@A>=9 N 5<7=>=FF= 7= !GGOW 5<7=>=FF= 78O:H8= AO=@:PO= 7= 1GD9Z

9:=<<=W 78O:H8= 9=?5<7= 7= ;GD99:=<<= ?5<<D= AGO >= ?YGA=GD @=B:?G:< =F 5<7=>=FF= 7=

/=[=O)

*= 9:;<G> f A=DF \FO= O=?5<9FOD:F L AGOF:O 7= 9G FOG<9K5O@8= =< 5<7=>=FF=9 ?5<F:<D=

=< DF:>:9G<F >G K5O@D>= 7= >G FOG<9K5O@8= :<H=O9= N
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f(x) =
1

CΨ

∫

R∗×R

WT (a, b)Ψa,b(x)
dadb

a2
5()(67

89 CΨ :;< =>: ?8>;<@><: ABC>D: E@F G

0 < CΨ = 2Π

∫

R

|Ψ̂(w)|2 dw|w| <∞ 5()(H7

 !"! #$ %&$'()*&+,- -' .'/-0-%%-( +10%23,(*01%2*'

3>: A:; IB<J8A:; K:; EK=; FBE@>A=:; A@>; K@ KD<<BF@<=F: :;< ?:KK: EF8E8;B: :> (L4L

E@F +) /@KK@< M/@K4LN O=D @ E:FID; AP8=QFDF => ?J@IE AP:REK8D<@<D8> A: K@ <F@>;S8FIB:

:> 8>A:K:<<:; A@>; ADQ:F;:; @EEKD?@<D8>; :> <F@D<:I:>< APDI@T:;)  :<<: IB<J8A: ?8IU

VD>: KP@>@KW;: I=K<DFB;8K=<D8> :< K@ %.X E8=F @Q8DF =>: F:EFB;:><@<D8> AP=>: S8>?<D8>

>8> F:A8>A@><: :< ;@>; E:F<:)

*P">@KW;: /=K<DFB;8K=<D8> D><F8A=D<: A@>; M/@K4LN @ E8=F 8VY:?<DS AP@EEF8RDI:F

=>: S8>?<D8> Z =>: FB;8K=<D8> 2j) *: E@;;@T: AP=>: FB;8K=<D8> Z =>: @=<F: A8>>: =>:

F:EFB;:><@<D8> A: EK=; :> EK=; TF8;;D[F: A: K@ S8>?<D8> D>D<D@K: @D>;D O=: A: ;8> AB<@DK)

 :<<: AB?8IE8;D<D8> E:FI:< A: FB?=EBF:F K:; AB<@DK; AP=>: S8>?<D8> :< AP@Q8DF\ @D>;D\

=>: <F@>;S8FIB: FBQ:F;DVK:)

3>: @>@KW;: /=K<DFB;8K=<D8> A: L2(R) :;< V@;B: ;=F A:=R AB?8IE8;D<D8>; ?8IEKBU

I:><@DF:; @EE:KB:; F:;E:?<DQ:I:>< "EEF8RDI@<D8> :< XB<@DK) *P@EEF8RDI@<D8> AB?8IU

E8;: f Z =>: FB;8K=<D8> 2j E@F =>: S8>?<D8> APB?J:KK: ϕ(x)) 3> ?8:]?D:>< aj(k)\ Z =>:

B?J:KK: j\ :;< ABC>D E@F K: EF8A=D< ;?@K@DF: :><F: f(x) :< K@ S8>?<D8> APB?J:KK: ADK@<B:

:< <F@>;K@<B: ϕ(x)) " ?J@O=: S8D; O=: >8=; E@;;8>; AP=>: B?J:KK: Z =>: @=<F:\ A:; D>U

S8FI@<D8>; ;8>< E:FA=:;) /@KK@< I8><F: A@>; ;8> <F@Q@DK M/@K4LN O=: K: AB<@DK E:FA=

:><F: A:=R B?J:KK:; ?8>;B?=<DQ:; :;< FB?=EBFB E@F K@ AB?8IE8;D<D8> :> XB<@DK)  :<<:

AB?8IE8;D<D8> :;< :^:?<=B: E@F =>: V@;: AP8>A:K:<<:; 8F<J8T8>@K:; Ψj,k ABFDQB:; AP=>:

8>A:K:<<: I[F: Ψ ABC>D: ?8II: ;=D< G

Ψj,k(x) = 2
j

2Ψ(2jx− k)\ k ∈ Z

*:; ?8:]?D:><; A: K@ EF8Y:?<D8> ;=F K:; 8>A:K:<<:; Ψj,k ;8>< @EE:KB; ?8:]?D:><; A:

AB<@DK\ >8<B; E@F dj(k) :< ?@K?=KB; :> =<DKD;@>< K: EF8A=D< ;?@K@DF: dj(k) =< f,Ψj(k) >)

+) /@KK@< EF8E8;: =>: IB<J8A: A: ?@K?=K F@EDA: V@;B: ;=F A:=R CK<F:;) *P=> :;<

=> CK<F: E@;;:UV@;\ @EE:KB h :< KP@=<F: :;< => CK<F: E@;;:UJ@=< AB>8<B E@F g M/@KLLN)
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 !"#$% &'( )  !"#$%#&'('#) *) #)+*,*((*& #-(.#/#)0,*& +* (-#'& )'1*023 +* 4*))0

$5 6789:; <=; 5; >?5>=5 @;A >7;B>C;89A @D?EE:7FC6?9C78 @= 8CG;?= (j + 1)H aj+1[k]H

:;AE;>9CG;6;89 5;A >7;B>C;89A @; @I9?C5 dj+1[k]H @= ACJ8?5 7:CJC8?5 f(x) A; K?C9 E?: 5;

AC6E5; E:7@=C9 @; >78G75=9C78 ;89:; 5;A >7;B>C;89A Laj[k]M ;9 5; N59:; E?AA; O?A h H

:;AE;>9CG;6;89 ;89:; 5;A >7;B>C;89A Ldj[k]M ;9 N59:; E?AA; P?=9 g)

 !"! ! #$%$&'()*'+),% -% ./ 0 1' +&'%*2,&3$- 45,%4-(-++-* ./ ,&+6,7,8

%'(-* 39(+)&$*,(9+),%

*;A O?A;A @D78@;5;99;A QR 7:9P7J78?5;A A789 @I:CGI;A @; 9:7CA 78@;5;99;A I5I6;8S

9?C:;A ΨH
H ΨV

;9 ΨD
@I879?89 :;AE;>9CG;6;89 5;A 78@;5;99;A T @C:;>9C78 !7:CU789?5;H

V;:9C>5; ;9 RC?J78?5; W/#XYZ) *;A 78@;5;99;A @D?8?5[A; A789 7O9;8=;A E?: @C5?9?9C78

;9 9:?8A5?9C78 @;A O?A;A ΨH
H ΨV

;9 ΨD
) *? K78>9C78 @DI>P;55; ?C8AC <=; 5;A 9:7CA K78>S

9C78A @D78@;5;99;A OC@C6;8AC788;55;A A789 7O9;8=;A E?: 5;A E:7@=C9A AIE?:?O5;A A=CG?89A \

ϕ(x, y) = ϕ(x)ϕ(y)

ΨV (x, y) = ϕ(x)Ψ(y)

ΨH(x, y) = Ψ(x)ϕ(y)

ΨD(x, y) = Ψ(x)Ψ(y)

*? NJ=:; ()(X 6789:; 5? @I>76E7AC9C78 ;8 ] 8CG;?=F @; 5DC6?J; *;88? E?: 5;A
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Ψa,b,θ(x) = Ψa,b,θ(x1, x2) = a−1/2Ψ((x1 cos θ + x2 sin θ)− b)/a) ]()(^_
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Rf(a, b, θ) =

∫ ∫

f(x1, x2)Ψ∗
a,b,θ(x1, x2)dx1dx2 ]()(`_

*R>WC7>99@;8 ?> B5 67589:;7<=> C>D6 a67> ?=V8@> O C576@7 ?> B5 :;7<DB> ?> B5 67589Q

:;7<=> ?> &5?;8 \



 !"#$%&' () *'+ %&",+-.&/0'+ 10./0%&$23'+ 44

Rf(a, b, θ) =

∫

R(θ, t)a−1/2Ψ∗((t− b)/a)dt 5()(67

=

∫ ∫

f(x1, x2)a−1/2Ψ((x1 cos θ + x2 sin θ)− b)/a)dx1dx2.
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∂(w, θ)
dwdθ. <()(=

*> ?>34@96AA6 67: 4@:6A86 34556 789: ;

∂(u, v)

∂(w, θ)
=

∣

∣

∣

∣

∣

∣

∣

∣

frac∂(u)∂(w) frac∂(u)∂(θ)

frac∂(v)∂(w) frac∂(v)∂(θ)

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

cos θ −w sin θ

sin θ w cos θ

∣

∣

∣

∣

∣

∣

∣

∣

= w cos2 θ+w sin2 θ = w.

<()2=

#>B 34A7CD86A:E F> G4B58F6 HI9AJ6B794A H6J96A: 6A 8:9F97>A: 'D)K)L ;

f(x, y) =

∫ 2π

0

∫ ∞

0

ˆTRf(w) exp[2iπw(x cos θ + y sin θ)]wdwdθ. <()M=

': C:>A: H4AAC D86 TRf(ρ, θ+π) = TRf(ρ,−π)E F67 F959:67 H6 FI9A:CNB>:94A O68J6A:
P:B6 3Q>ANC67 34556 789: ;

f(x, y) =

∫ π

0

∫ ∞

−∞
|w| ˆTRf(w, θ) exp[2iπw(x cos θ + y sin θ)]dwdθ <()R=

=

∫ π

0

˜TRf(x cos θ + y sin θ, θ)dθ

4S

˜TRf(ρ, θ) 67: 8A6 OB4T63:94A UF:BC6 ;

˜TRf(ρ, θ) =

∫ ∞

−∞
|w| ˆTRf(w, θ) exp[2iπwρ]dw. <()V=

*> OB4T63:94A 67: 58F:9OF9C6 O>B 8A UF:B6 H6 B>5O6 H>A7 F6 H45>9A6 GBCD86A:96F) *67

Q>8:67 GBCD86A367 >W>A: 8A 95O4B:>A: NB>H96A: 74A: >5OF9UC67 6: F67 @>7767 GBCD86A367

D89 4A: 8A G>9@F6 NB>H96A: 74A: BCH89:67) $A:89:9J656A:E 36 UF:B>N6 H6 GBCD86A36 7O>:9>F

345O:6 O48B FI9A:CNB>:94A 78B θ H>A7 F6 OB4367787 H6 BC:B4XOB4T63:94A <'D) ()R=) YA6

58F:9OF93>:94A H67 G4A3:94A7 H>A7 F6 H45>9A6 GBCD86A:96F 34BB67O4AH Z 8A6 34AJ4F8:94A

H>A7 F6 H45>9A6 7O>:9>F) *67 OB4T63:94A7 D89 74A: UF:BC67 O>B F6 UF:B6 B>5O6 H>A7 F6

H45>9A6 GBCD86A:96FE

˜TRf E O68J6A: P:B6 >8779 4@:6A867 >8779 H>A7 F6 H45>9A6 7O>:9>F O>B

F> 34AJ4F8:94A H9B63:6 >J63 8A A4W>8 h C:>A: H4AAC D86 ;

˜TRf(ρ, θ) =

∫ ∞

−∞
TRf(ρ− τ)h(τ)dτ. <()[=
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.3

˜TRf(ρ, θ) = TRf(ρ, θ) ∗ h) $456 78 9:;<= >8 4:9?:7=@5:96 h6 A=5 38B3:>=5@ 7C8D8@ >8
E'A) ()FG6 8H@ I

h(τ) =

∫ ∞

−∞
|w| exp[i2πwτ ]dw =

−1

2π2τ 2
. E()JG

 !" #$% &'()*+$% +,%-./($% +$ .$-*0%(.1-(,*0 +$ 23

45 -23%%,61$ $73-($&$0( ,08$.%,92$

*8H KL@M:>8H >8 384:9H@3=4@5:9 B3LH89@L8H ><9H 7< H84@5:9 B3L4L>89@8 98 H:9@ B<H

8N<4@8K89@ 59?83H5O78H ><9H 78 >:K<598 >5H438@) *C59?83H5:9 PL9Q38 =98 5K<P8 <BB3:N5R

K<@5?8 S 7C5K<P8 :35P59<78) 18 B7=H6 7< A=<75@L >C59?83H5:9 >LB89> >= 9:KO38 >C<9P78H >8

B3:T84@5:9) #7=H 78 9:KO38 >8 B3:T84@5:9 8H@ L78?L6 B7=H 7C5K<P8 384:9H@3=5@8 8H@ B3:4M8

>8 7C5K<P8 :35P59<78)  8B89><9@6 ><9H 7< B3<@5A=8 78 9:KO38 >8 B3:T84@5:9H 8H@ H:=?89@

75K5@L) 1C<=@38H KL@M:>8H >5H43Q@8H >8 7< %& B3:B:H89@ >8H <7P:35@MK8H >C59?83H5:9

8N<4@8 :U 7C5K<P8 384:9H@3=5@8 8H@ LP<78 89 @:=@ B:59@ S 7C5K<P8 :35P59<78) 1<9H 48@@8

H84@5:96 9:=H B3LH89@:9H 78H >5DL389@8H KL@M:>8H >5H43Q@8H 8N<4@8K89@ 59?83H5O78H >8 7<

%&)

 !"!# $% &'%()*+',-. /. 0%/+( /1)2'3&. 45067

V8;7W59 < >LX95 =98 47<HH8 >8 @3<9HY:3KL8H >LH5P9L8 B<3 7< @3<9HY:3KL8 >8 &<>:9

>5H43Q@8 E1&%GZV8;J[\) *< 1&% 8H@ =98 KL@M:>8 >5H43Q@8 <7PLO35A=8 8N<4@8K89@ 59R

?83H5O78) '778 < L@L HBL45XA=8K89@ 4:9]=8 B:=3 7CL@=>8 HL5HK:7:P5A=8) *< B3:T84@5:9

8H@ O<HL8 H=3 7< K=7@5B754<@5:9 89@38 =98 K<@3548 >8 HL784@5:9 Rm 8@ 78H 4:7:998H >C=98

5K<P8 I(n)) *8H 89@3L8H >5DL389@8H >8 0 >C=98 K<@3548 >8 HL784@5:9 Rm B83K8@@89@ >8

HL784@5:9983 78H B5N87H >C=98 4:7:998 I(n) A=5 4:9@35O=89@ S =98 B3:T84@5:9 384@575P98)

,:5@ =98 5K<P8 I(n, l) >8 @<5778 N × (2L + 1) :U n >L9:@8 7C59>548 >C=98 4:7:998 >8

7C5K<P86 0 ≤ n < N 8@ l 8H@ 7C59>548 >8 H< 75P986 −L ≤ l ≤ L)

^98 4:7:998 I(n) >8 7C5K<P8 B8=@ _@38 <7:3H B3LH89@L8 <59H5 I
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I(n) =





























I−L(n)

.

.

I0(n)

.

.

IL(n)





























45 6789:;4 I 4<5 =>?854 >@994 AB C4>54A?I =





























I(0)

I(1)

.

.

.

.

I(N − 1)





























D()EF

GB4 >@BH858@B IA4 H@85 C=?8J4? 6789:;4 I 4<5 IA74664 <@85 K=?8@H8IA4 H4 K=?8@H4 N

H4 54664 <@?54 IA4

I(n) = I(n+N). D()LMF

*: 5?:B<N@?9=4 H8<>?O54 H4 P4Q6R8B 4<5 4SK?89=4 :8B<8 T

y(n) =
M
∑

m=−M

RmI(n+M) =





























y−J(n)

.

.

y0(n)

.

.

yJ(n)





























45 64 C4>54A? y =





























y(−L)
.

.

y(0)

.

.

y(L)





























D()LLF

M4<5 64 B@9U?4 H4 C4>54A?< H4 C@8<8B:;4 H4 >V:IA4 >W5= H4 I(n) @X 2M + 1 ≤ N ) Rm

4<5 6: 9:5?8>4 H4 H894B<8@B< (2J+1)× (2L+1) IA8 <=64>58@BB4 64< =6=94B5< HA C4>54A?

I(n+m) IA8 K:?58>8K4?@B5 Y 6: K?@Z4>58@B y(n)) 6: jO94 68;B4 H4 6: 9:5?8>4 Rm H=JB85

64< =6=94B5< H4 I(n + m) IA8 >@B5?8UA4B5 Y yj(n)) *: >@B<5?A>58@B H4 6: 9:5?8>4 Rm

<74[4>5A4 <46@B 67=IA:58@B <A8C:B54 T

Rm(l, j) = δ(m− (jl)modN),−L ≤ l ≤ L,−J ≤ j ≤ J D()L(F

*: J;A?4 ()L 866A<5?4 64 K?8B>8K4 H4 6: K?@Z4>58@B H4 6: 1&% T
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 !"#$% &'( )  ! "#$%&'( )*(#'+'!, !-(#! ,* )*(#'+! %! ./,!+('$- Rm !( &- 0!+(!&#

%! ,1')*2! "!#)!( %! .$))!# ,!. "'3!,. 4&' +$-(#'5&!-( 6 ,* "#$7!+('$- y(n) 89!:;<=>

*456789:;< ()== >?79 @9A? 5BA:9? C;7C D8 E;AF? G Y = RI ;H R ?C9 7<? F89A:B?

ID;BJKB:AB7D8<9? B;<9?<8<9 9;79?C D?C F89A:B?C Rm) *8 F89A:B? C7:L8<9? :DD7C9A? R >;7A

M = 2)

R =



















R0 R1 R2 R−2 R−1

R−1 R0 R1 R2 R−2

R−2 R−1 R0 R1 R2

R2 R−2 R−1 R0 R1

R1 R2 R−2 R−1 R0



















M()=2N

*? >A;O7:9 F89A:B:?D O:A?B9? Y = RI ?C9 O? B;F>D?P:95 .((2L + 1)(2J + 1)N2))

*4:<L?AC:;< ?P8B9? O? D8 F59Q;O? O? R?SDJ:< A?L:?<9 T A5C;7OA? 7< CSC9UF? O456789:;<C

D:<58:A?C Y = RI) *4:<L?AC:;< ?C9 I8C5? C7A D4:O?<9:95 C7:L8<9? G

(R∗R)−1R∗R = I M()=VN

*8 F89A:B? R∗
?C9 D8 F89A:B? B;<W7X75? 9A8<C>;C5? O? R) .AY :D <4?C9 >8C <5B?CC8:A?

O? A5C;7OA? D? D8AX? CSC9UF? D:<58:A? Y = RI)  ? CSC9UF? >?79 @9A? O5B;F>;C5 O8<C

D? O;F8:<? EA567?<9:?D ?< C;7CKCSC9UF?C D:<58:A?C >D7C >?9:9C) ,;:?<9 H = (R∗R) ?9

z = R∗y = HI)

Z<? B;D;<<? z(n) >?79 8D;AC C45BA:A? B;FF? C7:9 G

z(n) =
M
∑

m=−M

R∗
my(n+m) M()=3N

=
2M
∑

m=−2M

H∗
mI(n+m)
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45 Hm =
∑m′=M−m

m′=−M R∗
m′Rm+m′

67 Hm = H∗
m8 94:; 0 ≤ m ≤ 2M

<6=>?@A B<6=CDE F 9;4:GH I:6 J@ >F K4AL@7@4A ()MN 6J7 GH;@OH6 67 J@ z(n) 6J7 6P9;@QH6

J6>4A >RHI:F7@4A ()MS8 F>4;J T

ẑ(k) = Ĥ(k)Î(k). U()M3V

94:; 0 ≤ k ≤ N 45 ẑ(k) 67 Î(k) J4A7 >6J 7;FAJW4;QH6J L6 -4:;@6; L6 z(n) 67 I(n))

ẑ(k) =
n=N−1
∑

n=0

z(n) exp[2πi(nk/N)]. U()MDV

Î(k) =
n=N−1
∑

n=0

I(n) exp[2πi(nk/N)]. U()MCV

*6J QF7;@K6J Ĥ(k) J4A7 LHOA@6J K4QQ6 J:@7 T

Ĥ(k) =
m=2M
∑

m=−2M

Hm exp[−2πi(nk/N)]. U()MXV

"@AJ@8 J@ det(Ĥ(k)) 6J7 A4A A:> 94:; 0 ≤ k ≤ N − 18 F>4;J >R@AG6;J@4A L6 >F 1&% Y

9F;7@; L6J 9;4Z6K7@4AJ y(n) 6J7 :A@I:6 67 6PFK76) *6 9;4K6JJ:J L6 >R@AG6;J@4A J:@7 >6J [

H7F96J J:@GFA76J T

M) z(n)8 >F 7;FAJW4;QH6 FLZ4@A76 L6 y(n) 6J7 4\76A:6 Y 7;FG6;J >RHIF7@4A ()MS 94:;

n ∈ [0, N ])

() ']6K7:6; >F 7;FAJW4;QH6 L6 -4:;@6; L6 z(n) 94:; 4\76A@; ẑ(k))

2) &HJ4:L;6 >6 J=J7^Q6 >@AHF@;6 ()M3 94:; LH76;Q@A6; Î(k) 94:; k = 0...N − 1)

[) ']6K7:6; >F 7;FAJW4;QH6 L6 -4:;@6; @AG6;J6 L6 Î(k) 94:; 4\76A@; I(n))

<@6A I:6 K6776 7;FAJW4;QH6 96;Q67 :A6 ;6K4AJ7;:K7@4A 6PFK76 LR@QF_6J8 >F 9;4Z6K`

7@4A AR6J7 9FJ F:JJ@ J@Q9>6 I:6 >6J QH7a4L6J L@JK;^76J :J:6>>6J) 16 9>:J8 >F KF9FK@7H

QHQ4@;6 ;6I:@J6 6J7 @Q94;7FA76 G: >6 A4Q\;6 H>6GH L6J QF7;@K6J L6 JH>6K7@4A Rm) 1FAJ

>6J J6K7@4AJ J:@GFA76J8 A4:J 9;HJ6A74AJ :A6 J:@76 L6 QH7a4L6J 6PFK76Q6A7 @AG6;J@\>6J

W4ALH6J J:; L6J 49H;F7@4AJ F;@7aQH7@I:6J J@Q9>6J)
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*4 564789:6;<= >= &4>:7 ?7@= :A %&- B--C2D =85 A7= ;<5E:>= >@8F6G5= 8@;HI=

;4@8 HA@88475= JA@ 7= 6=JA@=65 JA= >=8 :H<645@:78 46@5E;<5@JA=8)  K=85 A7= ;<5E:>=

JA@ H=6;=5 A7= @7L=68@:7 =M4F5= 8478 I= 6=F:A68 N IK@75=6H:I45@:7 >=8 >:77<=8)

*4 %&- =85 4HHI@JA<= 4AM @;4O=8 F466<=8 >= 54@II= p× p :P p =85 A7 7:;Q6= H6=;@=6)

*4 %&- 8AHH:8= JAKA7= @;4O= =85 H<6@:>@JA= >= H<6@:>= p >478 I=8 >=AM >@6=F5@:78 x

=5 y =5 ><?7@5 IK@;4O= p× p 8:A8 I4 9:6;= >KA7 O6:AH= ?7@ ;A7@ >= IK4>>@5@:7 Z
2
p)

 :;;= p =85 H6=;@=6R @I =M@85= A7@JA=;=75 p+1 H6:S=F5@:78 6=F5@I@O7=8 H:88@QI=8 JA@

F:66=8H:7>=75 N p + 1 8:A8TO6:AH=8 A7@JA=8) *4 564789:6;<= >= &4>:7 ?7@= 6=O6:AH=

>=8 H6:S=F5@:78 E:6@U:754I=8 Rm =5 >=8 H6:S=F5@:78 L=65@F4I=8 R⊥
0 )

*=8 H6:S=F5@:78 Rm 8:75 ><?7@=8 F:;;= I4 8:;;= >=8 H@M=I8 4HH465=7475 N >=8

>6:@5=8 >K<JA45@:7 V x ≡ (my + t)( mod p)) *=8 H6:S=F5@:78 L=65@F4I=8 R⊥
0 H6<8=75=75

I4 8:;;= >=8 >6:@5=8 >= H6:S=F5@:78 >K<JA45@:7 V y ≡ 0x + t( mod p)) "@78@R H:A6 I=8

O64>@=758 0 ≤ m ≤ p− 1 =5 I=8 56478I45@:78 0 ≤ t ≤ p− 1R I=8 H6:S=F5@:78 8:75 ><?7@=8

F:;;= 8A@5 V

Rm(t) =

p−1
∑

y=0

I((my + t) mod p, y). W()(XY

R⊥
0 (t) =

p−1
∑

x=0

I(x, t). W()(ZY

[7 =M=;HI= >= F=8 H6:S=F5@:78 =85 H6<8=75< >478 I4 ?OA6= ()( :P I=8 H:@758 O6@8<8R

4HH465=7475 N A7= >6:@5=R 8:75 8:;;<8 H:A6 >:77=6 A7 8=AI <I<;=75 >= IK=8H4F= >=

&4>:7) *=8 H@M=I8 >= I4 >6:@5= x ≡ 2y + 3( mod 7) 8:75 8:;;<8 H:A6 >:77=6 R2(3)

W-@O ()(W4YY) 'O4I=;=75R I=8 H@M=I8 4HH465=7475 N y ≡ 0x + 3( mod 7) 8:75 8:;;<8

H:A6 >:77=6 R⊥
0 (3) W-@O ()(WQYY)
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 !"#$% &'& (  !"#$%"& '" '()*+"& '*&,(-+"& &.( ./" *#01" '" +0*%%" p× p 2334567

*456789:5;6 ;< => 98?;6:@9<?@5;6 A8 =45B>C8 565@5>=8 I(x, y) D E>9@59 A8 R <@5=5:8 =>

BFB8 BG@H;A8 I<8 E;<9 => E9;J8?@5;6) '6 8K8@L =;9: A8 => E9;J8?@5;6L ;6 :;BB8 =8:

E5M8=: A8 =45B>C8 565@5>=8 I(x, y) E;<9 AG@89B5689 ?H>I<8 G=GB86@ A8 R) 14<68 N>O;6 :5P

B5=>598L => 98?;6:@9<?@5;6 56789:8 :;BB8 =8: E;56@: A8 => E9;J8?@5;6 R E;<9 98?;6:@9<598

?H>I<8 G=GB86@ A8 I Q"$RST) $= :4>C5@ A48K8?@<89 => :;BB8 A8 @;<@8: =8: E9;J8?@5;6: Rm

8@ R⊥
0 A8: A9;5@8: A4GI<>@5;6 x ≡ my + t( mod p) I<5 E>::86@ E>9 =8 E;56@ I(x, y))

,>?H>6@ =8: ?;;9A;66G8: x 8@ y A< E5M8= D 98?;6:@9<598L 5= :4>C5@ >=;9: A8 :;BB89 @;<@8:

=8: E9;J8?@5;6: Rm(x −my( mod p)) 8@ R⊥
0 (y)) #;<9 m UM8 8@ E;<9 t 7>95>6@ 86@98 R

8@ p− 1L @;<: =8: E5M8=: A8 =45B>C8 :;6@ :G=8?@5;66G: <68 8@ <68 :8<=8 N;5: 7< I<8 p 8:@

E98B589) "56:5L => :;BB8 A8 => @;@>=5@G A8: E5M8=: A8 =45B>C8 Isum E8<@ F@98 ;V@86<8

?;BB8 :<5@ W

Isum =

p−1
∑

t=0

Rm(t). X()((Y

'6 ;<@98L E<5:I<8 p 8:@ E98B589L =45B>C8 98?;6:@9<5@8 I D => E;:5@5;6 (x, y) ?;6@586@ p+1

?;E58: A< E5M8= ;95C56>=8 I(x, y) X p ?;E58: :G=8?@5;66G8: E>9 =8: Rm(t) 8@ <68 :8<=8 ?;E58

E>9 R⊥
0 Y >78? <68 :8<=8 ?;E58 A8 ?H>I<8 G=GB86@ A< 98:@8 A8 =45B>C8 565@5>=8)

*> 98?;6:@9<?@5;6 8M>?@8 A< E5M8= I(x, y) 8:@ >56:5 E;::5V=8 86 :;<:@9>Z>6@ Isum A8

=> :;BB8 A8: E9;J8?@5;6: 8@ 86 A575:>6@ E>9 => :<5@8 =8 98:@8 E>9 p)

"56:5L =45B>C8 I 8:@ 98?;6:@9<5@8 :8=;6 =4GI<>@5;6 :<57>6@8 W
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 !"#$% &'( )  !"#$%" &" $'()"*+,(- ./0 12345#36" ,-,+,3%" I1 274 %"8 $'()"*+,(-8

Rm(t) &" I 9//:;<1

 !"#$% &'* ) =3 '"*(-8+'>*+,(- &" %?,#36" 5 &" /,61 @1; A $3'+,' &" 8"8 $'()"*+,(-8

&3-8 /,61 @1; 9//:;<1

I(x, y) =
1

p
(

p−1
∑

m=0

Rm(x−my(modp)) + R⊥
0 (y)− Isum) 4()(25

67 898:;<8 =8 ;>?@8ABC?7 DE> E78 C:FG8 DC:;<8 =8 BFC<<8 3×3 8DB ;>HD87BH =F7D -CG)

()2 ?I <8D ;C98<D D?E<CG7HD F;;F>BC87787B J <F =>?CB8 =8 G>F=C87B m = 1 8B =8 B>F7D<FBC?7

t = 1) *F >8A?7DB>EABC?7 =8 <KC:FG8 C7CBCF<8 J ;F>BC> =8 R 8DB C<<EDB>H8 =F7D -CG ()L)
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*4 56789:;<=> ?: 94 8@6A:5=<6B ?<@:5=: ?: 94 %&- 4<BC< DE: C6B <BF:@C<6B :C= ?:

9G6@?@: O(p3))  :==: 7>=H6?: ?: 56I= ?: 56789:;<=> J4<K9: :C= C<789:L B6B @:?6B?4B=:L

8:@7:= EB: @:56BC=@E5=<6B :;45=: DE< B: @:DE<:@= 84C EB: <B=:@8694=<6B ?: ?6BB>:C)

 :8:B?4B=L 5:==: 7>=H6?: B: CG4889<DE: DE: CE@ ?:C <74M:C 54@@>:C ?: =4<99: p × p

6N p :C= EB B67K@: 8@:7<:@) "<BC<L 89EC<:E@C 5H:@5H:E@C 6B= 8@686C> ?G4886@=:@ ?:C

76?<O54=<6BC CE@ 5:==: 7>=H6?: 86E@ 9G4889<DE:@ CE@ ?:C <74M:C ?: =4<99: DE:956BDE:)

 !"!" #$ %&$'()*&+,- ./(0&1%- 2,&/*./34- .- 5$.*' 67895:

*4 =@4BCJ6@7>: ?<C5@P=: 8>@<6?<DE: ?: &4?6B Q%1#&R S")T3UV :C= EB: 7>=H6?: ?<CW

5@P=:L :;45=:7:B= <BF:@C<K9:) '99: :C= 4889<DE>: CE@ ?:C <74M:C 54@@>:C ?: =4<99: pn × pn

4F:5 p EB B67K@: 8@:7<:@ (p >= 2) := n EB :B=<:@ 86C<=<J)  :==: 7>=H6?: 8@>C:B=: EB:

:;=:BC<6B ?: 94 7>=H6?: %@4BCJ6@7>: ?: &4?6B OB<: Q%&-RS--XYV 8@>C:B=>: ?4BC 94

C:5=<6B 8@>5>?:B=:)  :==: 7>=H6?: =@4BCJ6@7: 9G<74M: <B<=<49: :B (pn+pn−1) 8@6A:5=<6BC)

*4 8@6A:5=<6B 4<BC< DE: 9G<BF:@C<6B B: @:DE<P@:B= DE: ?:C 68>@4=<6BC 4@<=H7>=<DE:C) *4

%1#& :C= 56786C>: ?: ?:E; =Z8:C ?: 8@6A:5=<6BC [ H6@<\6B=49:C ?>B6=>:C 84@ R :=

F:@=<549:C Rs) #6E@ 9:C 8@6A:5=<6BC H6@<\6B=49:C Q@:C8:5=<F:7:B= F:@=<549:CRL 9:C <B=:@W

5:8=:C t CE<F:B= 9G4;: ?:C X Q@:C8:5=<F:7:B= 9G4;: ?:C Y R) ]B >9>7:B= ?: 8@6A:5=<6B

H6@<\6B=49 R(m, t) :C= ?>OB< 5677: 94 C677: ?:C 8<;:9C C: =@6EF4B= CE@ 94 9<MB: ?<C5@P=:

x ≡ my + t( mod N)) 1: 7^7:L EB >9>7:B= ?: 94 8@6A:5=<6B F:@=<549: R⊥
s (s, t) :C= 94

C677: ?:C 8<;:9C 4884@=:B4B= _ 94 ?@6<=: ?<C5@P=: y ≡ spx + t( mod N) 6N N = pn

S")T3UV) *:C >DE4=<6BC ?: 8@6A:5=<6B C6B= 9:C CE<F4B=:C [

Rm(t) =
N−1
∑

x=0

N−1
∑

y=0

I(x, y)δ(< x−my − t >N) Q()(2R

=
N−1
∑

y=0

I(< my + t >N , y), 0 ≤ m < N

R⊥
s (t) =

N−1
∑

x=0

N−1
∑

y=0

I(x, y)δ(< y − spx− t >N) Q()(`R

=
N−1
∑

x=0

I(x,< spx+ t >N), 0 ≤ s <
N

p
.

6N N = pn := < x >N ?>B6=: x( mod N))
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'4564 78669 :;< N = pn 5 7<= >5?4<;@= 5;4@<= :;< 1 <4 N AB)<) 6C<=4 D5= D@<EB<@FG

H5 D@8I<?4B86 1#&% D@8J8:;< 7<= @<786756?<=G ? K 7 7<= DBL<H= :;B =864 =9H<?4B8669=

DH;= :;C;6< >8B= D5@ H<= D@8I<?4B86=) $H =C5MB4 7<= DBL<H= 7< ?88@78669<= E;H4BDH<= 7<

p, p2, ..., pn N")OPQR

*5 E94S87< 7CB6J<@=B86 D@8D8=< ;6< ?8@@<?4B86 7< H5 @<786756?< 7<= DBL<H= <6 ?5H?;H564

H< 68ET@< 7< >8B= :;C;6 DBL<H <=4 D@9=<649 756= H<= D@8I<?4B86=) U6 D8B64 I(x, y) <=4 5H8@=

@<?86=4@;B4 =<H86 HC9:;54B86 ()(Q V

I(x, y) = ε0(x, y)−
n−1
∑

i=1

εi(x, y)−
p

N2

N−1
∑

t=0

Rm(t). A()(QF

8W

ε0 =
1
N
[
∑N−1

m=0Rm(< x−my >N) +
∑

N
p
−1

s=0 R⊥
s (< y − psx >N)]G

εi =
p−1
piN

[
∑

N

pi
−1

m=0

∑pi−1
j=0 Rm(< x−my >N

pi
+jN

pi
)+

∑

N

pi+1
−1

s=0

∑pi−1
j=0 R

⊥
s (< y− psx >N

pi

+jN
pi
)]

*5 @<?86=4@;?4B86 =< >5B4 5H8@= B49@54BJ<E<64) " ?S5:;< B49@54B86G H5 @<?86=4@;?4B86

<=4 @5X69< <6 =8;=4@5Y564 H<= J5H<;@= 7< DBL<H= @<7867564= I;=:;CK HC8T4<64B86 7C;6<

BE5M< @<?86=4@;B4< <L5?4<E<64 B7<64B:;< K HCBE5M< 8@BMB65H<) *5 ZM;@< 2)( BHH;=4@< H<=

7B[9@<64<= B49@54B86= 7< @<?86=4@;?4B86) *5 ZM;@< 2)(A5F D@9=<64< H< @9=;H454 7< @<?86=\

4@;?4B86 <6 ;4BHB=564 ;6B:;<E<64 ε0(x, y)− p
N2

∑N−1
t=0 Rm(t)) *5 ZM;@< 2)(ATF D@9=<64< H<

@9=;H454 <6 =8;=4@5Y564 ε1(x, y)) ZM;@< 2)(A?F E864@< H< @9=;H454 <6 =8;=4@5Y564 ε2(x, y))

*5 =8;=4@5?4B86 7< ε3(x, y) <4 ε4(x, y) D<@E<4 7C5DD8@4<@ 48;4<= H<= ?8@@<?4B86= 69?<=\

=5B@<= <4 @<D@87;B4 <L5?4<E<64 HCBE5M< 8@BMB65H< ZM;@< 2)(A7F N")OPQR)



 !"#$%&' () *" %&"+,-.&/0' 1' &"1.+ 2(

 !"#$% &'( )  !!"#$%&$'() *+# ,(%%+,$'()# +-+,$".+# / ,0&1"+ '$.%&$'() 2("% ')3+%#+%

!4'5&6+ *+ 7+)& *+ $&'!!+ 35 × 35 89:;<=>:

*3 456789:;<= >9 83 7?5@94<;5A %1#& 9B< >9 8C5?>?9 >9 O(N3)D <3A>;B EF9 8C;AG9?H

B;5A 9B< >9 8C5?>?9 >9 O(N3 logpN))  9<<9 6=<I5>9 79?69< FA9 ;AG9?B;5A 9:34<9 >9 83

<?3ABJ5?6=9 >9 &3>5A 9A =<9A>3A< 83 <3;889 >9 8C;63K9 L pn × pn)  979A>3A<D 83 7?5H

@94<;5A 9A<?3MA9 >9 83 ?9>5A>3A49 >9 >5AA=9B 49 EF; 3678;N9 89 <967B >C9:=4F<;5A >9

83 ?945AB<?F4<;5A) #5F? ?96=>;9? L 49 7?5O8P69D Q;AKB<5A 7?575B9 FA9 A5FG9889 O3B9

5?<I5K5A389 A5A ?9>5A>3A<9 >9 7?5@94<;5A R")QSTU)

 !"!# $% &'%()*+',-. /. 0%/+( 1-'2+/234. 52)6'7&. 8'&9+:+;

(%<. =>0158?

"NA >9 ?=>F;?9 83 ?9>5A>3A49 9< ?=>F;?9 9A 45AB=EF9A49 83 456789:;<=D *FA 9<) 38)

5A< 7?575B= FA9 O3B9 >9 7?5@94<;5A A5A ?9>5A>3A<9 L <?3G9?B 83 6=<I5>9 V %?3ABJ5?6=9

>9 ?3>5A 7=?;5>;EF9 >;B4?P<9 5?<I5K5A389 V R*!,SWOUR*!,SW3U) XA9 O3B9 5?<I5K5A389 3

45669 OF< >9 7?=B9A<9? <5F< 7;:98 >9 8C;63K9 FA9 9< FA9 B9F89 J5;B 73? 89B 7?5@94<;5AB)

*3 7?5@94<;5A 5?<I5K5A389 9B< 45675B=9 >9 <?5;B =8=69A<B EF; B5A< Xm D X⊥
s EF; B5A<

O3B=B BF? 89B 7?5@94<;5AB 1#&% RmD R
⊥
s 9< 83 7?5@94<;5A X1 V,73<;38 38;3B V 3Y3A< 89B

=EF3<;5AB BF;G3A<9B Z

75F? m ∈ ZN 9< s, t ∈ ZN/2

Xm(t) = Rm(t)−Rm(t+N/2), [()(\]
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X⊥
s (t) = R⊥

s (t)−R⊥
s (t+N/2), 4()(56

X1(x, y) = I(x, y) + I(x, y +
N

2
) + I(x+

N

2
, y) + I(x+

N

2
, y +

N

2
) 4()(76

*8 9:8;<=>:?@A A<9 A;<BC9A 8DDECFB@A <B: EA G ,D89C8E 8EC8< G X1(x, y) D>B: 8H>C:

(X1)mI (X
1)⊥s A9 X2

)  AJC A<9 :@D@9@ KB<FBLM E8 CN?A :@<>EB9C>; >O X i
PAHCA;;A PA

98CEEA 1 × 1 D:@<A;98;9 EA 9A:?A 1 PA ELC?8QA) *A PC8Q:8??A PA E8 RQB:A ()S ?>;9:A

EA D:>JA<<B< PA D:>KAJ9C>; D>B: N = 16)

 !"#$% &'( )  !"#$"%%& !''()*$"+* '& ,$-.&))() %('*! $/)-'(*!-+ 0& '" *$"+)1-$%/&

2 345 ",,'!6(/& )($ (+& !%"#& 0& *"!''& 24 × 24 789:;<"=>

*8 9:8;<=>:?@A A<9 C;HA:<@A M 9:8HA:< B; D:>JA<<B< ?BE9C :@<>EB9>C:A <C?CE8C:A) *A

9A:?A 1 Xn
A9 EA< D:>KAJ9C>;< (Xn−1)m A9 (Xn−1)⊥s <>;9 <>??@A< <BCH8;9 EL@FB89C>;

JCTPA<<>B< D>B: :AD:>PBC:A Xn−1
) 1A ?U?AI Xn−1

I (Xn−1)m A9 (Xn−1)⊥s <>;9 <>??@<

D>B: D:>PBC:A Xn−2
)  A99A >D@:89C>; A<9 :@C9@:@A KB<FBLM EL>V9A;9C>; PA X0 = I(x, y) )

*LC;HA:<C>; A<9 8<<B:@A D8: EL@FB89C>; ()3W <BCH8;9A X

Xk−1(x, y) =
1

22k
Xk(< X > N

2k
, < Y > N

2k
) +

1

2kN
[

N

2k
−1

∑

m=0

(X i)m(< y −mx > N

2k
)+

N

2k+1
−1

∑

s=0

(X i)⊥s (< x− 2sy > N

2k
)] 4()3W6
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34 56789:;<7= 4<=>< ?@9 3A<=B96><7= 7=; @=9 :7C539D<;E FA76F69 O(N3)) +7@> 7G>96B7=>

4376> ?@9 :9;;9 CE;H7F9 E3<C<=9 34 69F7=F4=:9I :9 ?@< 567F@<; @=9 6EF@:;<7= F9 34

:7C539D<;E 9= ;9C5> FA9DE:@;<7=)  959=F4=;I 39 57<=; J4<G39 F9 :9;;9 CE;H7F9 9>; 39

54>>4K9 =E:9>>4<69 546 34 56789:;<7= =7= 76;H7K7=439 1#&% 57@6 9L9:;@96 34 56789:;<7=

76;H7K7=439 .1#&%)

 !"!# $% &'%()*+',-. /. 0%/+( 12(2. 3-(-'%4. 560137

*4 %64=>J76CE9 F9 &4F7= -<=<9 ME=E6439 N%&-MO P"$QRS 9>; @=9 CE;H7F9 F<>:6T;9I

9D4:;9C9=; <=B96><G39 G4>E9 >@6 F9> 75E64;<7=> 46<;HCE;<?@9>) '339 9>; 4553<?@E9 >@6 F9>

<C4K9> :466E9> F9 ;4<339 N×N I 4B9:N @= 9=;<96 ?@93:7=?@9 ;93 ?@9 N = pn1

1 ×pn2

2 ×pn3

3 ...)

.U pi 9>; @= =7CG69 569C<96 9; ni 9>; @= 9=;<96 57><;<J ?@93:7=?@9)  9;;9 CE;H7F9

56E>9=;9 @=9 9D;9=><7= =4;@69339 F9 1#&% P"$QRS 4553<?@E9 >@6 F9> <C4K9> :466E9> F9

;4<339 pn × pn)

#7@6 9L9:;@96 34 56789:;<7=I <3 J4@; FEV=<6 39> K67@59> F9 56789:;<7= ΘN N#6789:;<7=

>9;O :7C57>E> F9 B9:;9@6> >@<B4=; 39>?@93>I 34 56789:;<7= 9>; 75E6E9) 57@6 N = pnI

@= K67@59 F9 56789:;<7=> Θpn :7=;<9=; 39> B9:;9@6> F9 G4>9 (m, 1) :7669>57=F4=; 4@D

56789:;<7=> H76<W7=;439> F9> F67<;9> FAE?@4;<7= X x ≡ my + t( mod pn) I 4B9: 0 ≤
m < pnI 9; (1, ps) 57@6 39> 56789:;<7=> B96;<:439> F9> F67<;9> FAE?@4;<7= y ≡ psx + t(

mod pn) I 0 ≤ s < pn−1
) "<=><I Θpn = {(m, 1), (1, ps)})

#7@6 N = pn1 × qn2
I p 9; q E;4=; F9> 9=;<96> 569C<96>I ΘN = (q × pn1 + p × qn2)

mod N ) Y= 9D9C539 F9 K67@59 F9 56789:;<7=> 57@6 N = 6 9>; Θ6 ?@< 9>; 7G;9=@ Z 546;<6

F9 F9@D K67@59> F9 56789:;<7= F9> F9@D 9=;<96> 569C<96> 2 9; 3 X Θ6 = 3Θ2 + 2Θ3 X

Y=9 56789:;<7= Rb,a(t) 9>; FEV=<9 546 34 >7CC9 F9> 5<D93> I(x, y) ;93 ?@9 ax ≡ by+t(

mod N)) *4 %&-M FEV=<9 >@6 F9> <C4K9> :466E9> F9 ;4<339 N ×N 9>; 9D56<CE9 :7CC9

>@<; X

Rb,a(t) =
N−1
∑

x=0

N−1
∑

y=0

I(x, y)δ(< ax− by − t >N), 57@6 (b, a) ∈ ΘN . N()[\O

.U < x >n 9>; Z \ 57@6 x ≡ 0( mod n) 9; Z Q ><=7=)

1@ C]C9 56<=:<59 ?@9 34 1#&% P")^Q_SI 69:7=>;6@<69 34 B439@6 76<K<=439 F@ 5<D93

I(x, y) 69B<9=; Z >7CC96 39> 56789:;<7=> F9> F67<;9> F<>:6T;9> ?@< 54>>9=; 546 :9 5<D93)

 9:< <=:765769 39 5<D93 (x, y) N J7<> 9; ;7@> 39> 4@;69> 5<D93> 4@ C7<=> @=9 J7<>) $3
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4567 89:; ;5<;6<=> <= :9?@>= 8= AB<=;7C9: 8D6: ECF=< E5> 7967=A <=A E>9G=;7C9:A)  =;C

E=>?=7 8= ;9>>CH=> <5 >=89:85:;= 8=A ECF=<A <9>A 8= <5 >B7>9E>9G=;7C9: 8BI:C= ;9??= A6C7

1/N
∑

(b,a)∈ΘN
Rb,a(< ay − bx >N)) *=A ECF=<A >=89:85:7A J6C >=J6CK>=:7 <5 ;9>>=;7C9:

<9>A 86 E>9;=AA6A 8= >=;9:A7>6;7C9: 9:7 <=A ;99>89::B=A BH5<=A 56F 45;7=6>A F 8= N ) #5>

=F=?E<=L E96> N = 35 = 45L <5 ;9>>=;7C9: 89C7 M7>= 45C7= N <DB;O=<<= 15× 15L 9× 9L 5× 5

=7 3× 3) P:= 49CA <5 ;9>>=;7C9: =Q=;76B= A6> <5 A9??= 8=A E>9G=;7C9:A J6C AB<=;7C9::=:7

I(x, y)L 9: A96A7>5C= Isum R<5 A9??= 8=A ECF=<A 8= <DC?5H=S =7 9: 8CTCA= <= >=A7= E5> N )

*5 >B7>9E>9G=;7C9: 56 :CT=56 8=A ECF=<A N <DB;O=<<= 8= F × F A= 45C7 A6CT5:7 <DBJ657C9:

A6CT5:7= U

ξNF (x, y) =
∑

(b,a)∈ΘN

N/F−1
∑

k=0

Rb,a(< ay − bx+ kF >N) R()V(S

*DBJ657C9: ()V( 8= <5 >B7>9E>9G=;7C9: 56 :CT=56 8= <DB;O=<<= F × F =A7 67C<CAB= E96>

;9>>CH=> <5 >=89:85:;= 8=A ECF=<A 56 :CT=56 8= <5 >BA9<67C9: F ×F R9× 9 E5> =F=?E<=S

?5CA 89C7 M7>= ?6<7CE<CB E5> <5 4>5;7C9: AF A6CT5:7= U

AF =
F

N

∏

p|N/F

−p AC gcd(p, F ) = 1L 1− p AC:9:. R()VVS

 =77= 7=;O:CJ6= =A7 5EE<CJ6B= E96> ;9>>CH=> <5 >B7>9 E>9G=;7C9: N ;O5J6= >BA9<67C9:

F 45;7=6> 8= N ) *DC:T=>AC9: A= 45C7 5<9>A A6CT5:7 <DBJ657C9: A6CT5:7= U

I(x, y) =
1

N

∑

F |N
AN

F ξ
N
F (x, y). R()V2S

P: =F=?E<= 8= >=;9:A7>6;7C9: =A7 C<<6A7>B E5> <5 IH6>= ()W)

*5 ;9?E<=FC7B 8= <5 E>9G=;7C9: 8C>=;7= =A7 8= O(N3) =7 <DC:T=>AC9: =A7 8= <D9>8>=

8= O(N4))  =77= ?B7O98= HB:B>5<CA= <5 7>5:A49>?B= 8= &589: -C:C= R%&-S E>9E9AB=

E5> /576A =7 -<6AA=> X--YVZ =7 <5 >=:8 5EE<C;5@<= A6> 8=A C?5H=A ;5>>B=A 8= 75C<<=

J6=<;9:J6=) +B5:?9C:AL ;=77= ?B7O98= =A7 >=A7>=C:7= 56F C?5H=A ;5>>B=A)

 !"!# $% &'%()*+',-. /+0.&&. 12/3

*5 7>5:A49>?B= /9G=77= X[+YWZ =A7 6:= T=>AC9: <C:B5C>= 8CA;>K7= =F5;7= 8= <5 7>5:A\

49>?B= 8= &589:)  D=A7 6:= ?B7O98= AC?E<= J6C := :B;=AAC7= J6= 8=A 9EB>57C9:A 8D58\

8C7C9: =7 8= A96A7>5;7C9:) *5 7>5:A49>?B= /9G=77= (1L 8B:97B= E5> Mf E>986C7 8=A
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 !"#$% &'( )  !!"#$%&$'() *+# ,(%%+,$'()# +-+,$".+# / ,0&1"+ '$.%&$'() #"% !2'3&4+

5+)& *+ $&'!!+ 175× 175 67 89:;

456789: 49 ;56<9=876> ? proj(p, q, b) ;6@5 49: A>BC9: θ = arctan(p/q) 6D C9 pgcd(p, q) = 1)

*EFG@A876> 49 CA ;56<9=876> /6<9889 9:8 CA :@7HA>89 ?

Mf(i, j) = proj(p, q, b) =
∑

i

∑

j

f(i, j)∆(b+ qK − pl). I()JKL

.D ∆ 9:8 C9 :MNO6C9 49 P56>9=Q95 98 O 9:8 CE7>47=9 4E@> ;67>8 49 CA ;56<9=876>) #6@5

@>9 7NAB9 49 8A7CC9 P ×QR C9 >6NO59 49 O7>: I;67>8: :FC9=876>>F: ;A5 @>9 ;56<9=876>L

BF>F5F: ;A5 @> H9=89@5 49 ;56<9=876> (p, q) 9:8 ?

Nombrebins(p, q) = (Q− 1)|p|+ (P − 1)|q|+ 1. I()J3L

#6@5 G@E@>9 7NAB9 49 8A7CC9 P×Q :678 59=6>:85@=87OC9R C9: 49@S =6>47876>: :@7HA>89:
467H9>8 T859 HF57UF9: ?



 !"#$%&' () *" %&"+,-.&/0' 1' &"1.+ 23

P ≤ ∑l
i=1 |pi| 45 Q ≤ ∑l

i=1 qi

67 4849:;4 <4 :=>?4@5A>7 BCADE75 ;4 D4@54C= (2, 1) 4B5 :=FB475F <E7B ;E GHC=4 ()I J

 !"#$% &'( )  !!"#$%&$'() *+ !& $%&)#,(%-.+ *+ /(0+$$+ &1+2 *+# 1+2$+"%# (pi, qi) +$

*+# &)3!+# θi456789:

*KA7D4=BA>7 <4 ;E 5=E7BL>=9F4 <4 />?4554 4B5 C7 BA9:;4 E;H>=A5M94 NCA @>7BAB54

O @M4=@M4= 45 9455=4 O ?>C= ;4B :=>?4@5A>7B)  4554 5=E7BL>=9F4 :4=945 O C74 BA9:;4

:=>@F<C=4 A5F=E5AD4 <4 =4@>CD=A= ;KA9EH4 A7A5AE;4) *KA7D4=BA>7 @>7BAB54 O @M4=@M4= ;4B
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R(ξ, p) =

∫ ∫

D

F (x, y)δ[p− C(x, y; ξ)]dxdy. 4()567
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F (x, y)δ[y − φ(x; ξ)]dxdy =

∫ ∞

−∞
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x = xm = xmin +m∆x;m = 0, 1, ...,M − 1.

y = yn = ymin + n∆y;n = 0, 1, ..., N − 1.
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∫
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∑
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AEHAB;E>@E D< F9:ATE CE HA9WEF@I9>U α1, ...., αk ;9>@ DE; k H<A<?Q@AE; CE ϕ

E@ t E;@ DE H<; CE @A<>;D<@I9> CE D< F9:ATE C<>; D< CIAEF@I9> G9AI^9>@<DE) .< %&3 F9??E

EKHAI?BE C<>; DVBJ:<@I9>)()[ HEA?E@ D< HA9WEF@I9> CV:>E L9>F@I9> f ;ED9> CE; F9:ATE;

J:EDF9>J:E;)  EHE>C<>@U FE@@E MB>BA<DI;<@I9> ;V<FF9?H<M>E CE HD:;IE:A; DI?I@E;U R ;<6

=9IA DVIAAB=EA;ITIDI@B E@ DV<T;E>FE CE DV<;HEF@ ?:D@ICIAEF@I9>>ED) '> E_E@U FE L9A?<DI;?E >E

HEA?E@ H<; CE =<AIEA DE; 9AIE>@<@I9>; CE; F9:ATE; CE HA9WEF@I9>) .E; F9:ATE; HA9WE@BE;

;9>@ H<A CBX>I@I9> 9AIE>@BE; ;:I=<>@ D< CIAEF@I9> G9AI^9>@<DE) 2E HD:;U D< @A<>;D<@I9>

CE; F9:ATE; E;@ <;;:ABE H<A DE H<A<?Q@AE CE @A<>;D<@I9> t J:I HEA?E@ CE CBHD<FEA DE;

F9:ATE; C<>; :>E CIAEF@I9> :>IJ:E J:I E;@ D< CIAEF@I9> G9AI^9>@<DE)  EFI I?HDIJ:EU J:VR

D< CI_BAE>FE CE D< %& FD<;;IJ:E J:I HEA?E@ CVEK@A<IAE CE; CA9I@E; C<>; >VI?H9A@E J:EDDE

9AIE>@<@I9>U D< %&3 >E CB@EF@E J:E DE; F9:ATE; 9AIE>@BE; ;:I=<>@ D< CIAEF@I9> G9AI^9>@<DE)

.< XM:AE()[ IDD:;@AE D< DI?I@E CE D< %&3 C<>; D< CB@EF@I9> CE; F9:ATE; 9AIE>@BE; ;:I=<>@

:> <>MDE θ 6= 0) .< XM:AE()[ ?9>@AE D< F<H<FI@B CE D< %& R CB@EF@EA CE; CA9I@E; CE

CI_BAE>@E; CIAEF@I9>; N0IM()[)< E@ 0IM()[)TO) '> F9>@AE H<A@IEU D< %&3 @EDDE J:E CBX>IE

FI6CE;;:;U >V< H<; CB@EF@B DE; H<A<T9DE; CE CIAEF@I9> >9> G9AI^9>@<DE 9: FEDDE; =EA@IF<DE6

?E>@ @A<>;D<@BE; N0IM()[)NEO E@ 0IM()[)NLOO)

.< 312&% E;@ HA9H9;BE F9??E >9:=EDDE <HHA9FGE CE D< %&3 J:I <;;:AE R D< L9I;

D< HA9WEF@I9> CE; F9:ATE; ;:I=<>@ CI_BAE>@; <>MDE; CV9AIE>@<@I9> E@ D< AEF9>;@A:F@I9>
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 !"#$% &'( )  !"#$%# &# '()"*#%+ ,-'+.&./#%+.0$$#' 1 ') 234

9:;<=9 >9 ?@AB;C9 ADA=A;?9 E F;G=AG >9 ?@9HF;<9 >9 &;>ID)
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 ! "#$%&'()%* +* ,& -$&.)/#$%0* +* 1&+#. 20.0$&3

'()0* +()4$5-* %6'-(3+($*4-(#..*''*

/89:; <==:8>?;@ A< 312&% B'0/"!C(D ;E9 FGE=F:H; I; A< 9:<GEJ8:KH; I; &<I8G

2FE>:L9; M2&%N ;O<>9;K;G9 FGP;:EFQA; I; R;SATFG BR;SUVD =:HE;G9H I<GE A; >?<=F9:;

=:H>HI;G9) /89:; 9:<P<FA WHGH:<AFE; A< 2&% =8X: =;:K;99:; XG; =:8Y;>9F8G KXA9F6

IF:;>9FGG;AA; EXFP<G9 I;E J8:K;E ;9 I;E >8X:Q;E <:QF9:<F:;E)

.< 312&% >8GEFE9; Z =:8Y;9;: XG; FK<W; [2 IFE>:L9; EXFP<G9 I;E >8X:Q;E =<6

:<KH9:H;E ϕ \XF E8G9 8:F;G9H;E E;A8G XG <GWA; θ ;9 9:<GEA<9H;E EXFP<G9 A;E I;XO <O;E

?8:F]8G9<A; ;9 P;:9F><A;)  ;>F =;:K;9 <XO >8X:Q;E I; =<:>8X:F: A< 989<AF9H I; A^FK<W;

I<GE 98X9;E A;E IF:;>9F8GE >8KK; FA ;E9 K8G9:H I<GE 0FW)()[)

 !"#$% &'( )  !"#$%&'"( )*'+,(& *($ %"*!-$ .,!,-"/'0*$ 1230*,&'"( ϕ(l) = l24

5,6 78$) %"*!-$) )*'+$(& /, 1'!$%&'"( 9"!':"(&,/$ $& )"(& &!,()/,&3$) 1,() /$) 1$*;

1'!$%&'"() 9"!':"(&,/$) $& +$!&'%,/$)45-6 7 8$) %"*!-$) )"(& "!'$(&3$) )*'+,(& /2,(</$

θ = π/4 $& &!,()/,&3$) 1,() /$) 1$*; 1'!$%&'"() 9"!':"(&,/$) $& +$!&'%,/$)4

+8F9 I(l, n) XG; FK<W; Z I;XO IFK;GEF8GE I; AFWG;E l,−L ≤ l ≤ L ;9 I; >8A8GG;E

n, 0 ≤ n ≤ N −1) 5G; >8A8GG; n I; A^FK<W; =;X9 _9:; :;=:HE;G9H; =<: XG P;>9;X: I(n) -



 !"#$%&' () "##&* !' #&*#*+,' - ." %&"/+0*&1,' 2' &"2*/

3,/,&".$+,' 2$+ &4%' 15.%$62$&' %$*//'..' 78

I(n) =



















I−L(n)

...

I0(n)

...

IL(n)



















9: ;< :=:<;>:? @9 ;A>B<C9 I =



















I(0)

I(1)

.

.

IL(N − 1)



















D()EF

*G HIJJ=H9 KI9 ;A>B<C9 I 9H: J?L>=@>KI9 @9 J?L>=@9 ?C<;9 M N ) .< N=G@>:>=G @9

J?L>=@>N>:? 9H: 9OJL>B?9 N=BB9 HI>: -

I(n) = I(n+N) D()(F

.< N=G@>:>=G ()( 9H: ;< BPB9 KI9 N9;;9 @9 ;< :L<GHQ=LB?9 @9 0=IL>9L 2>HNLR:9 D20%F

KI> 9H: @?SG>9 HIL @9H H?KI9GN9H J?L>=@>KI9H)

.< 312&% 9H: @?SG>9 J<L IG Q=LB<;>HB9 <;C?TL>KI9 9OJL>B<G: ;< JL=U9N:>=G H=IH

Q=LB9 @AIG 9GH9BT;9 @9 JL=@I>:H 9G:L9 @9H B<:L>N9H @9 JL=U9N:>=G 9: ;9H V9N:9ILH @9

;A>B<C9)

.9H B<:L>N9H @9 JL=U9N:>=G J9LB9::9G: @9 H?;9N:>=GG9L ;9H J>O9;H @9 ;A>B<C9 KI>

<JJ<L:>9GG9G: M IG9 N=ILT9 @9 JL=U9N:>=G ϕ) .9H 9G:L?9H @AIG9 B<:L>N9 @9 JL=U9N:>=G

H=G: <;=LH N=BJ=H?9H @9 1 9: 0)

5G9 BI;:>J;>N<:>=G @9 ;< B<:L>N9 @9 JL=U9N:>=G <V9N ;A>B<C9 $ 9G:L<>G9 KI9 ;9H J>O9;H

KI> H9 NL=>H9G: <V9N ;9H 9G:L?9H ?C<;9H M W H9L=G: N=BJ:<T>;>H?H @<GH ;< H=BB9 @9

JL=U9N:>=GX <;=LH KI9 N9IO KI> N=>GN>@9G: <V9N @9H 9G:L?9H GI;;9H H9L=G: 9ON;I9H)

29IO J=>G:H @9VL<>9G: P:L9 ?N;<>L?H J<L L<JJ=L: M ;< 312&%) #L9B>RL9B9G:X G=IH

@9V=GH B=G:L9L N=BB9G: IG9 @>HNL?:>H<:>=G @9 ;< %&3 BI;:>@>L9N:>=GG9;;9 J=ILL< P:L9

@?SG>9 H=IH ;< Q=LB9 @AIG JL=@I>: B<:L>N9YV9N:9IL) 29IO>RB9G:X G=IH @9V=GH B=G:L9L

N=BB9G: >GV9LH9L ;< 312&%)

/=IH JL=J=H=GH ;A9OJL9HH>=G HI>V<G:9 N=BB9 Q=LB<;>HB9 @9 ;< 312&% -

yθ(n) =
m=M
∑

m=−M

Rm,θI(n+m) D()ZF

=[ yθ(n) L9JL?H9G:9 ;< JL=U9N:>=G @9 312&% @A<GC;9 θ) M L9JL?HG:9 ;9 G=BTL9 @9

N=;=GG9H <I V=>H>G<C9 @I V9N:9IL I(n) >BJ;>KI? @<GH ;9 N<;NI; @9 yθ(n)) /=IH G=:=GH

KI9 N = 2M + 1)
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Rm,θ 9:; <= >=;?@A9 B9 C?DE9A;@DF B9 ;=@<<9 (2L+ 1)× (2L+ 1) BDF; <9: 9F;?G9: FDF

FH<<9: :G<9A;@DFF9F; <9: G<G>9F;: B9 I(n+m) IH@ ADF;?@JH9F; K <= C?DE9A;@DF yθ(n))

 L=IH9 <@MF9 j,−L ≤ j ≤ L B9 Rm,θ :G<9A;@DFF9 B9 I(n + m) <9: C@N9<: IH@

=CC=?;@9FF9F; K <= ADH?J9 ϕ B9 CD:@;@DF (j, n))

 L=IH9 9F;?G9 j BH O9A;9H? yθ(n)P −L ≤ j ≤ LP BGFD;9 <9 ?G:H<;=; BQHF9 C?DE9A;@DF B9

I C=? HF9 ADH?J9 ϕ CD:@;@DFFG9 K (j, n) 9; D?@9F;G9 :H@O=F; <Q=FM<9 θ)  Q9:; =@F:@ IH9 <9

O9A;9H? yθ(n) ?9C?G:9F;9 <Q9F:9>J<9 B9 C?DE9A;@DF: B9 I C=? <9: ADH?J9: ϕ CD:@;@DFFG9:

K <= AD<DFF9 n 9; D?@9F;G9: :H@O=F; θ)

yθ ?9C?G:9F;9 <Q9F:9>J<9 B9: C?DE9A;@DF: BQ=FM<9 θ :H@O=F; B9: ADH?J9: ϕ BGC<=AG9:

B=F: <= ;D;=<@;G B9 <Q@>=M9)

yθ(n) =



















yθ(−L, n)
..

yθ(j, n)

..

yθ(L, n)



















=FB yθ =



















yθ(0)

yθ(1)

..

..

yθ(N − 1)



















.= RMH?9()( C?G:9F;9 R0,0 9; R1,0 IH@ BG;9?>@F9F; ?9:C9A;@O9>9F; K C=?;@? B9: AD6

<DFF9: I(0) 9; I(1)P <9: C@N9<: IH@ :9 A?D@:9F; =O9A B9: ADH?J9: C=?=JD<@IH9: BQGIH=;@DF

ϕ(l) = l2 9; BDF; <9: :D>>9;: :DF; CD:@;@DFFG: K <= AD<DFF9 BQ@FB@A9 0)
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 !"#$% &'& (  !" #$%&"'()%! *"+ '%,$-"+ #.$.-%/)0,"+ 1%$)2%!(./"+ 0,) +%!( 3"$()4

'./"5"!( ($.!+/.(6"+ 7 θ = 07 M = 17 L = 17 N = 37 n = 08

.9 :;<=>?@A :;? =< B@=< ?C? <=> C@DD<A> EFGA?H I<= D9>H?C<= E< BH@J<C>?@A Rm,θ

:;?K ;A< L@?= D;I>?BI?F<= B9H I<= M<C><;H= I(n)K BH@J<>><A> IN?D9O< =;?M9A> E<= C@;HP<=

@H?<A>F<= =<I@A θ Q':()RS)

.9 BH@J<C>?@A E< I9 312&% B<;> T>H< ?II;=>HF< B9H ;A< 9A9I@O?< 9M<C I< BH@C<==;=

EN9BB9H?<D<A> D@EUI< Q%<DBI9>< D9>CV?AOS) .< D@EUI< ?C? <=> I9 C@;HP< ϕ B?M@>F<

=;?M9A> θ <> I<= D9>H?C<= Rm,θ =@A> I<= BH@J<C>?@A= M<H>?C9I<= E; D@EUI< Q0?O) ()RS)
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 !"#$% &'( )  !"#$%&'$(!" )*# +(,"*# '*"$%-+*# )*# .-$%('*# )* #/+*'$(!"0 1-2 3

4- '!"#$%&'$(!" )*# +(,"*# '*"$%-+*# )*# .-$%('*# )* #/+*'$(!" R0,0 *$ R1,00 152 3 4-

'!"#$%&'$(!" )*# +(,"*# '*"$%-+*# )*# .-$%('*# R0,π/4 *$ R1,π/4

+9:; Tθ <= >=;?:@A BC >9BD<A BA ;=:<<A (2L+1)×(2M+1) B=EF <=GCA<<A E9CF ;?=H9EF

<= @9C?IA BA J?9KA@;:9E J:L9;MA FA<9E θ AE FA I=F=E; FC? <NMGC=;:9E FC:L=E;A -

Tθ(l,m) = δ(m′ − ϕ(l′)) O()PQ

9R

(l′,m′) = Rt−1
θ,(a,b)(l,m) = ([(l − a) cos θ + (m − b) sin θ + a], [−(l − a) sin θ + (m −

b) cos θ + b]).

.AF <:SEAF BA <= >=;?:@A Tθ F9E; :EBATMAF J=? l,−L ≤ l ≤ L A; <AF @9<9EEAF J=?

m,−M ≤ m ≤M =LA@ N = 2M + 1)

Rt−1
θ,(a,b) :EB:GCA <N9JM?=;AC? BA ?9;=;:9E J<=E=:?A =C;9C? BNCE J9:E; UTA (a, b) A; BN=ES<A

θ) .N9JM?=;AC? [.] =??9EB:; l′ A; m′
V <= L=<AC? <= J<CF J?9@WA B=EF ?AFJA@;:LA>AE; X6.Y

.Z A; X61Y 1Z)

(a, b) ?AJ?MFAE;A <AF @99?B9EEMAF GC: BME9;AE; ?AFJA@;:LA>AE; <A J=F BA ;?=EF<=;:9E

W9?:[9E;=<A A; LA?;:@=<A BA <= @9C?IA ϕ) .AF 0:SC?AF ()\)= A; ()\)I :<<CF;?AE; CE ATA>J<A

BNCEA >=;?:@A >9BD<A B=EF <=GCA<<A E9CF =L9EF ;?=@M CEA @9C?IA J=?=I9<:GCA)

.AF >=;?:@AF Rm,θ F9E; <AF J?9KA@;:9EF LA?;:@=<AF BA <= >=;?:@A >9BD<A Tθ) 5EA J?9KA@;:9E

LA?;:@=<A F:SE:UA GCA @W=GCA @9<9EEA m B=EF Tθ AF; MS=<A V <= <:SEA @AE;?=<A O:)A)Y <:SEA

0Q BA Rm,θ -
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Rm,θ(0, l) = Tθ(l,m), 9:;< − L ≤ l ≤ L =()>?

 @AB;C D:E:FFC m CF Tθ G9HDIJC ;FC KAL<IDC MC 9<:NCDLI:F Rm,θ) "IFGIO (2M + 1)

KAL<IDCG MC 9<:NCDLI:F GC<:FL D:FGL<;ILCG 9:;< D@AB;C Tθ) 5FC 9<:NCDLI:F PC<LIDAEC CGL

IEE;GL<HC MAFG EA 0IQ;<C ()R)

.SHB;ALI:F ()> FC MHJFIL B;C EA EIQFC DCFL<AEC MC EA KAL<IDC MC 9<:NCDLI:F Rm,θ DC

B;I FC 9C<KCL MC GHECDLI:FFC< B;C ECG D:;<TCG DCFL<AECG =I)C)O ECG D:;<TCG 9:GILI:FFHCG

U EA EIQFC 0?)

.A GHECDLI:F MC L:;LCG ECG D:;<TCG IFMH9CFMAKKCFL MC EC;<G 9:GILI:FG MAFG ESIKAQC

FHDCGGILC EA D:FGL<;DLI:F MC L:;LCG ECG EIQFCG MC EA KAL<IDC MC 9<:NCDLI:F Rm,θ)

2S;FC KAFIV<C IFL;ILIPCO L<AFGEALC< PC<LIDAECKCFL EA D:;<TC ϕ U EA 9:GILI:F j MAFG

EA KAL<IDC K:MVEC Tθ CL CWCDL;C< 9A< EA G;ILC EA 9<:NCDLI:F PC<LIDAEC G;< EA EIQFC j

U EA 9EADC MC EA EIQFC 0 MC EA KAL<IDC Rm,θO CFL<AXFC EA D:FGL<;DLI:F MC L:;LCG ECG EIQFCG j)

";L<CKCFLO EC KYKC <HG;ELAL 9C;L YL<C :TLCF; CF 9<:NCLAFL CF 9<CKIV<C HLA9C EA

EIQFC DCFL<AEC MC Rm,θ 9;IG CF L<AFGEALAFL ECG 9:IFLG MC EA EIQFC DCFL<AEC 9A< EC PCD6

LC;< (j, j) D:KKC IE CGL IEE;GL<H MAFG EA JQ;<C ()Z) .A D:FGL<;DLI:F MC Rm,θ 9C;L YL<C

AFAE[LIB;CKCFL MHD<ILC D:KKC G;IL -

Rm,θ(j, l) =















GI L < l − j ≤ 2L AE:<G Tθ(< l − j >−(2L+1),m)

GI − 2L ≤ l − j < −L AE:<G Tθ(< l − j >(2L+1),m)

GIF:FO Tθ(l − j,m)

=()7?

:\ −L ≤ j ≤ L CL −L ≤ l ≤ L)
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 !"#$% &'( )  ! "#$%&'("&)#$ *$!+, -, Rm,0 .  ,% /)0,+% '#(1,% %#$& 12$2'2% /!' +!

&'!$%+!&)#$ -( 3,"&,(' (j, j)4

'9 :;<=>=;?9= Tθ @?A :? BCAD;EF G?9: EHIJ;?=>C9 ()KL 9C;: @C;MC9: G>AFN=FDF9=

NC9:=A;>AF EF: D?=A>NF: Rm,θ :?9: EF AFNC;A: O E? NC9:=A;N=>C9 GF: D?=A>NF: DCGPEF: Tθ -

Rm,θ(j, l) = δ(m′ − ϕ(l′)) Q()RS

CT

(l′,m′) =



















Rt−1
θ,(a,b)(< l − j >−(2L+1),m):> L < l − j ≤ 2L

Rt−1
θ,(a,b)(< l − j >(2L+1),m):> − 2L ≤ l − j < −L,

Rt−1
θ,(a,b)(l − j,m):> − L ≤ l − j ≤ L

 !" #$%&'()*$ +& ,- .'-$(/*'01& +& 2-+*$ 31$1'-,)(1&

4)(5'6.& 78,.)94)'&5.)*$$&,,&

.F @AC<EPDF >9MFA:F GF E? 312&% F:= =A?>=I NCDDF I=?9= ;9 @AC<EPDF GH?EUP<AF

E>9I?>AF)
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'8 9:9;< =9 >?@AB=CDA9 E9 =B 312&% F?AA9 9GH@CAI EB8D 'J)()K H9L; M;@9 IF@C; D?LD

L89 >?@A9 F?AHBF;9 -

yθ = RθI N()OP

*Q Rθ 9D; L89 AB;@CF9 FC@FL=B8;9 HB@ R=?FD F?8;98B8; =S98D9AR=9 E9D AB;@CF9D Rm,θ

9; I 9D; =SCABT9 C8C;CB=9 98 9AHC=B8; D9D F?=?889D) .SIJLB;C?8 DLCUB8;9 C==LD;@9 Rθ H?L@

N = 3, L = 1 9; M = 1 -

Rθ =









R0,θ R1,θ R−1,θ

R−1,θ R0,θ R1,θ

R1,θ R−1,θ R0,θ









N()VWP

.B AI;X?E9 ESC8U9@DC?8 H@?H?DI9 F?8DCD;9 Y =B @ID?=L;C?8 EL DZD;[A9 =C8IBC@9 'J)()O

9; H@ID98;9 L8 FBD HB@;CFL=C9@ E9 =B AI;X?E9 ESC8U9@DC?8 9GBF;9 E9 \9Z=]C8 ^\9Z_7`

I;B8; E?88I JL9 Rθ 9D; HB@ EIa8C;C?8 L89 AB;@CF9 FB@@I9)

/?LD EIF?AH?D?8D F9 DZD;[A9 =C8IBC@9 98 L8 98D9AR=9 E9 H9;C;D DZD;[A9D =C8IBC@9D

EB8D =9 E?ABC89 >@IJL98;C9= E?8; =B @ID?=L;C?8 F?8ELC; <D?LD F9@;BC89D F?8EC;C?8D< Y

L89 C8U9@DC?8 L8CJL9 9; 9GBF;9)

+C =B H@?b9F;C?8 yθ(n) 9D; EIa8C9 HB@ 'J)()K 9; DC I(n) DB;CD>BC; Y =B F?8EC;C?8 ()(<

8?LD BU?8D B=?@D -

ŷθ(k) = R̂θ(k)× Î(k), k = 0, 1, ..., N − 1 N()VVP

?Q ŷθ(k) 9; Î(k) D?8; =9D ;@B8D>?@AI9D E9 0?L@C9@ ECDF@[;9D E9 @9DH9F;CU9A98; yθ(n)

9; I(n) -

ŷθ(k) =
n=N−1
∑

n=0

yθ(n) exp(2πink/N).

9;

Î(k) =
n=N−1
∑

n=0

I(n) exp(2πink/N).

.9D AB;@CF9D R̂θ(k) D?8; F?D;@LC;9D F?AA9 DLC; -
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R̂θ(k) =
m=M
∑

m=−M

Rm,θ exp(−2πimk/N)

.9:;<=>?@A ()BB CD> @E>CA<C CA =FFG?;<=A> G= >H=ADI@HJ:C KC 0@<H?CH KC G9:;<=>?@A

KC FH@LCM>?@A ()8 N MO=;<C MP>: KC G9:;<=>?@A ()8 M@JJC D<?> -

ŷθ(k) =
M
∑

m=−M

N−1
∑

n=0

Rm,θI(n+m) exp(2πink/N).

'A F@D=A> ñ = n+mQ A@<D =<H@AD -

ŷθ(k) =
M
∑

m=−M

Rm,θ exp(−2πimk/N)
ñ=N+m−1

∑

ñ=m

I(ñ) exp(2πiñk/N).

*HQ G= M@AK?>?@A ()( ?JFG?;<C ;<C -

ñ=m−1
∑

ñ=0

I(ñ) exp(2πiñk/N) =
ñ=N+m−1

∑

ñ=N

I(ñ) exp(2πiñk/N).

'> M@JJC A@<D =R@AD -

M
∑

m=−M

Rm,θ exp(−2πimk/N)
ñ=N+m−1

∑

ñ=m

I(ñ) exp(2πiñk/N)

=
ñ=N−1
∑

ñ=m

I(ñ) exp(2πiñk/N) +
ñ=N+m−1

∑

ñ=N

I(ñ) exp(2πiñk/N)

=G@HDQ

ŷθ(k) =
M
∑

m=−M

Rm,θ exp(−2πimk/N)
ñ=N−1
∑

ñ=0

I(ñ) exp(2πiñk/N).

;<? CD> G= JSJC ;<C G9:;<=>?@A ()BB)

.9?ARCHD?@A KC G= 312&% CD> =G@HD I@AK:C D<H G= H:D@G<>?@A KC FC>?>D DTD>UJCD

K9:;<=>?@AD G?A:=?HCD CVFH?J:D K=AD GC K@J=?AC IH:;<CA>?CG F=H G9:;<=>?@A ()BB)

W M@AK?>?@A ;<9=<M<AC KCD J=>H?MCD R̂θ(k) A9= <A K:>CHJ?A=A> :X=G N Y:H@Q G9?ARCHD?@A

CD> CV=M>C C> <A?;<C) .= FH@M:K<HC K9?ARCHD?@A KC G= 312&% D<?> GCD >H@?D :>=FCD

D<?R=A>CD -
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9) ':;<=>;? @A =?ABCDE?FG; H; DE>?I;? H; yθ(n) JE>? >B θ <KEICI)

L) #E>? =E>= k, 0 ≤ k ≤ N − 1M ?GCE>H?; @; CNC=OF; @IBGAI?; H; @PGQ>A=IEB()99 JE>?

ER=;BI? Î(k))

() ':;<=>;? @A =?ABCDE?FG; H; DE>?I;? IBS;?C; H; Î(k) JE>? =?E>S;? I(n))

 !" #$ %&$'()*&+,- .- /$.*' 0,',&$12(,- 32(4&5%-

671%2832&-4%2*''-11- &$92.-

.A 312&% ?AJIH; <EBCIC=; T HG=;?FIB;? @;C J?EU;<=IEBC yθ(n) T JA?=I? H> HEFAIB;

D?GQ>;B=I;@ ;B ;VJ@EI=AB= @A =?ABCDE?FG; H; 0E>?I;? ?AJIH; W@A 00%X) /E>C BE>C RACEBC

A@E?C C>? @PGQ>A=IEB H> CNC=OF; @IBGAI?; D?GQ>;B=I;@ ()99 HEB= @A ?GCE@>=IEB HEBB; ŷθ(k)M

@A =?ABCDE?FG; H; 0E>?I;? H; yθ(n))

#E>? HG=;?FIB;? >B; J?EU;<=IEB yθ(n)M BE>C J?E<GHEBC A@E?C <EFF; C>I= -

9) .A 00% H> S;=<;>? H; @PIFAY; I(n) JE>? HG=;?FIB;? Î(k)M @; BEFR?; HPEJG?A=IEBC

;C= H; @PE?H?; H; (2L+ 1)×N × log(N))

L) .A F>@=IJ@I<A=IEB ;B=?; @;C FA=?I<;C R̂θ(k) ;= @;C S;<=;>? Î(k) W()99XM @; BEFR?;

HPEJG?A=IEBC ;C= H; @PE?H?; H; (2L+ 1)× (2L+ 1)×N )

() .A 00% $BS;?C; H; ŷθ(k) JE>? HG=;?FIB;? yθ(n)M @; BEFR?; HPEJG?A=IEBC ;C= H;

@PE?H?; H; (2L+ 1)×N × log(N))

.A <EBC=?><=IEB H;C FA=?I<;C R̂θ(k) HEI= Z=?; J?G<GHG; JA? @A <EB=?><=IEB H;C FA6

=?I<;C H; J?EU;<=IEB Rm,θ <EFF; @; FEB=?; @PGQ>A=IEB ()99)

 ;J;BHAB=M I@ ;C= RI;B GSIH;B= Q>PI@ ;C= J@>C ?AJIH; H; HG[BI? @;C FA=?I<;C H; J?EU;<6

=IEB R̂θ(k) HI?;<=;F;B= HABC @; HEFAIB; D?GQ>;B=I;@ CABC JACC;? JA? @A <EBC=?><=IEB H;C

FA=?I<;C Rm,θ -

R̂θ(k)(j, l) = exp(−2πiϕθ(j, l)) W()9LX

E\ ϕθ ?;J?GC;B=; @A ?E=A=IEB H; ϕ JA? θ)
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 !" #$%&'()(% *+,$-./*0()&+

29:; <=>>= ;=<>?@:A :@B; >=;>@:; C=BD 9;E=<>; C= F9 312&%A G ;9H@?I FJ=D9<>?>BC= C=

FJ9FK@I?>LM= CJ?:H=I;?@: => F9 EIN<?;?@: C= I=<@::9?;;9:<= C= O@IM=;) PB9:> 9B C=BD?QM=

9;E=<>A :@B; 9H@:; =: EI=M?=I F?=B >=;>N F9 312&% ;BI C=; ?M9K=; ;R:>LN>?SB=; EIN;=:6

>9:> C=; O@IM=; ;?MEF=; => E9I F9 ;B?>= 9EEF?SBN F9 312&% ;BI C=; ?M9K=; ;9>=FF?>9?I=;

G L9B>= IN;@FB>?@: C9:; F= TB> C= CN>=<>=I C=; TU>?M=:>; C= O@IM= I=<>9:KBF9?I=)

 !"!# $%&'()*+%

/@B; 9H@:; >=;>N FJ=D9<>?>BC= C= FJ?:H=I;?@: C= F9 312&% ;BI C?VNI=:>=; ?M9K=;)

/@B; 9H@:; H9I?N E@BI <L9<B:= FJ9:KF= CJ@I?=:>9>?@: θ =:>I= 0 => 2π) /@B; 9H@:; NK96

F=M=:> EI@W=>N F=; ?M9K=; C= >=;> E9I EFB;?=BI; <@BIT=; C= EI@W=<>?@: - E9I9T@F=;A LR6

E=IT@F=; => <=I<F=;) " >?>I= CJ=D=MEF=A F=; XKBI=; ()8A ()7A ()Y M@:>I=:> F= IN;BF>9> C=

FJ?:H=I;?@: 9EEF?SBN= G C=; ?M9K=; C= >9?FF= 201× 201)

 !" #$!%& '(')'!*&  +" ,-.!/& 0& 1!02(3 θ = 90◦3 0&-

.!4!+2*&- 0& .425&/)'2( ϕ(l) = l2
 /" #$!%& 4&/2(-)46')&

 !"#$% &'( ) 1&/2(-)46/)'2( &7!/)&3 /264+& 0& .425&/)'2( 8 .!4!+2*& 09:;6!)'2(

ϕ(l) = l23 !(%*& 0& .425&/)'2( θ = 90◦
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 !" #$!%& '(')'!*&  +" ,-.!/& 0& 1!02(3 θ = 0◦3 0&- 456

.&7+2*&- 0& .728&/)'2( ϕ(l) = l3
 /" #$!%& 7&/2(-)79')&

 !"#$% &'( ) 1&/2(-)79/)'2( &:!/)&3 /297+& 0& .728&/)'2( ; 45.&7+2*& 0<=>9!)'2(

ϕ(l) = l33 !(%*& 0& .728&/)'2( θ = 0◦

 !" #$!%& '(')'!*&  +" ,-.!/& 0& 1!02(3 θ = 45◦3 0&-

.!7!+2*&- 0& .728&/)'2( ϕ(l) = l2
 /" #$!%& 7&/2(-)79')&

 !"#$% &'* ) 1&/2(-)79/)'2( &:!/)&3 /297+& 0& .728&/)'2( ; .!7!+2*& 0<=>9!)'2(

ϕ(l) = l23 !(%*& 0& .728&/)'2( θ = 45◦

 899: ;< :=> ;<<?=>@A BC@ <:= DE?@:= ()FG()7 :> ()HG <:= ;9CE:= @:I8J=>@?;>:= =8J> K;6

=?:<<:9:J> ;L:J>;M?:= C?N ;9CE:= ;J;>;C<:=) #8?@ >:=>:@ <O:NCI>;>?L: L: <O;JK:@=;8J L: <C

312&%G J8?= CK8J= I89BC@A <:= B;N:<= L: <O;9CE: ;J;>;C<: CK:I I:?N L: <O;9CE: @:I8J=6

>@?;>: :> J8?= CK8J= IC<I?<A <: B8?@I:J>CE: LO:NCI>;>?L: L: IPCM?: ;9CE: @:I8J=>@?;>:

QJ89R@: L: B;N:<= :NCI>:=S <C >8>C<;>A L:= B;N:<= L: <O;9CE:T)

+?@ 7 ;9CE:= >:=>A:= L: >C;<<: 201× 201G <OCBB<;IC>;8J L: <O;JK:@=;8J L: <C 312&%

@AKU<: ?J: :NCI>;>?L: >8>C<: V <O;9CE: @:I8J=>@?;>:)



 !"#$%&' () "##&* !' #&*#*+,' - ." %&"/+0*&1,' 2' &"2*/

3,/,&".$+,' 2$+ &4%' 15.%$62$&' %$*//'..' 78

 !"!# $%&'(()*++)(&% ,% -'./%+

/9:; :<=>=;9?; >@ 312&% A9:B CD<EF<EB CE; F9:BGE; A@B@HD<BDE; E< CE; 9GIE<; JD96

HD<B=K:E; E? >9F@>=;@?< CE H@?=LBE ABDF=;E >E:B; A9;=<=9?;M >E:B; A@B@HL<BE; E< >E:B;

@?J>E; CE B9<@<=9?) .E; F99BC9??DE; CN:? A9=?< C@?; >NE;A@FE <B@?;O9BHD CE &@C9? F9B6

BE;A9?CE?< P FE>>E; CE >@ A9;=<=9? CN:?E O9BHE 9B=E?<DE ;E>9? :? @?J>E θ C@?; >N=H@JE)

/9:; @Q9?; <E;<D ?9<BE @AAB9FRE ;:B CE:S =H@JE; ;T?<RD<=K:E; ;=HA>E; K:= BEABD;E?<E?<

BE;AEF<=QEHE?< CE; A@B@G9>E; E< CE; BEF<@?J>E; A=Q9<D; E< C=;<B=G:D; ;:=Q@?< CE; C=BEF6

<=9?; C=UDBE?<E; V0=J:BE ()WM 0=J:BE()XYZ)
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 !"#$% &'( )  !"#$%&%" '( $& )*+ , -.#/ $& '!%(0%1.2 '(" -&/&3.$(" '( '14!/(2%("

./1(2%&%1.2"5 6&7 89:&;( 121%1&$( 637 8 $<("-&0( '(  &'.2 0.//("-.2'&2% = $& -/.>(0%1.2

'(" -&/&3.$(" '<!?#&%1.2 ϕ(x) = y2 :1"(" (2 /.%&%1.2 "#1@&2% θ = 05 A(" 0../'.22!("

'(" -10" 0.//("-.2'(2% &#B -."1%1.2" '(" ".::(%" '(" -&/&3.$(" '&2" $<1:&;( 121%1&$(5

607 8 A<("-&0( '(  &'.2 0.//("-.2'&2% = $& -/.>(0%1.2 '(" -&/&3.$(" '<!?#&%1.2 ϕ(x) =

y2 :1"(" (2 /.%&%1.2 "#1@&2% θ = π/45 A(" 0../'.22!(" '(" -10" 0.//("-.2'(2% &#B

-."1%1.2" '(" ".::(%" '(" -&/&3.$(" '&2" $<1:&;( 121%1&$(5
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 !"#$% &'() *  !"#$%&%" '( $& )*+ , -.#/ $& '!%(0%1.2 '(" /(0%&23$(" '( '14!5

/(2%(" ./1(2%&%1.2"6 7&8 9 :;&3( 121%1&$(67<8 9 $(" -10" (2%.#/!" -&/ '(" /(0%&23$(" /.#3("

/!"#$%(2% '( $& -/.=(0%1.2 '( $>1;&3( 121%1&$( -&/ '(" /(0%&23$(" ;1" (2 /.%&%1.2 "#1?&2%

π/46 @(" -10" -/!"(2%(2% $(" 0../'.22!(" '# 0.12 3&#0A( "#-!/1(#/( '# /(0%&23$(6 708 9

$(" -10" (2%.#/!" -&/ '(" /(0%&23$(" /.#3(" /!"#$%(2% '( $& -/.=(0%1.2 '( 7&8 -&/ '("

/(0%&23$(" A./1B.2%&#C -/!"(2%&2% $(" 0../'.22!(" '(" '(#C /(0%&23$(" A./1B.2%&#C '(

$>1;&3( 121%1&$(6

 !"! #$$%&'()&*+ ,- %( ./012 345 ,-3 &6(7-3 3()-%%&)(&5-3 8

9(4)- 5:3*%4)&*+

/9:; <=9>; <??@AB:C @< 312&% ?9:D @EFGHD<IHA9> JF KLHAMF>H; DFIH<>N:@<ADF; O

?<DHAD JEAM<NF; P:AIQKADJ JF @< =A@@F JF +HD<;K9:DN JE:>F DC;9@:HA9> ;?<HA<@F CN<@F O 8RS

M T ?AGF@ U'!&

+
VWKX) '> :HA@A;<>H @< MCHY9JF 312&%R @EFGHD<IHA9> JF KLHAMF>H; F;H

DCJ:AHF O @< JCHFIHA9> JF ?AI; JF @EF;?<IF JF &<J9>) /9:; JCIDA=9>; @F; JAZCDF>HF; CH<?F;

DFB:A;F; ?9:D @EFGHD<IHA9> JF KLHAMF>H;R O ;<=9AD - 'GHD<IHA9> JF I9>H9:D; R "??@AI<HA9>

JF @< 312&% FH 'GHD<IHA9> JF; M<GAM:M; @9I<:G)

 !"! !# $%&'()&*+, -. )+,&+/'0

.EAM<NF A>AHA<@F F;H HD<AHCF ?<D @F [@HDF M9D?Y9@9NAB:F M:@HA6CIYF@@F;)  F [@HDF

U1 8WX 9?\DF ?<D B:<HDF C@CMF>H; ;HD:IH:D<>H; JF JAZCDF>HF; CIYF@@F;)  F [@HDF < CHC :HA6

@A;C ?9:D C@MA>FD @F KD:AH ]@F; H<IYF; FH @F; @AN>F; [>F;^ H9:H F> ?DC;FD=<>H @F; _D9>HA\DF;

JF; KLHAMF>H;) 2F ?@:;R IF [@HDF ?FDMFH JF DCJ:ADF @< =<DA<HA9> ;?FIHD<@F O @EA>HCDAF:D

JF; DCNA9>; JF KLHAMF>H;) /9:; JCHFIH9>; @F; I9>H9:D; JF @EAM<NF JE9DANA>F <: M9`F>

JF @E9?CD<HF:D  <>>` U <>7SX B:A F;HAMF @F; I9>H9:D; JF @EAM<NF O @E<AJF JF @E9?CD<HF:D

ND<JAF>H ]0AN ()VV^)
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 !" #$!%& '()*+,)-.  ," /! *!-0& *1201(-

 !"#$% &'(( ) 340-!*0)12 .( *1201(-5

 !"! !# $%%&'()*'+, -. &) /0123

/9:; <=9>; ?@AB<@?=CDC>@ <EEF?G:A F< 312&% C> EB9HC@<>@ FI?D<JC K9>@9:B E<B

LC; 9MHC@; BCK@<>J:F<?BC;) " KN<G:C ?@AB<@?9>O :>C EB9HCK@?9> C;@ CPCK@:AC C> QR<>@

FC; E<B<DS@BC; <;;9K?A; ?)C)O FI<>JFC LI9B?C>@<@?9> θO F< F<BJC:B w C@ F< F9>J:C:B l LC;

BCK@<>JFC; LC EB9HCK@?9>)  9DE@C @C>: LC F< BA;9F:@?9> LC FI?D<JC C@ LC; K9>><?;;<>KC;

BACFFC; ;:B F< @<?FFC LC; MT@?DC>@;O >9:; <=9>; =<B?A F< F9>J:C:B l C@ F< F<BJC:B w L<>;

FI?>@CB=<FFC [19, 32] <?>;? G:C FI<>JFC θ L<>; [0◦, 180◦] <=CK :> E<; LC 5◦)

#<B K9>;AG:C>@O FC BA;:F@<@ LC F< 312&% BCK@<>J:F<?BC C;@ FIC>;CDMFC LC EB9QFC;

LC &<L9> yθ,l,w) 5> K9CUK?C>@ yθ,l,w(x, y) ?>L?G:C F< ;9DDC LC; ?>@C>;?@A; LC E?RCF;

<EE<B@C><>@ V :> BCK@<>JFC LC @<?FFC l × wO 9B?C>@A ;:?=<>@ θ C@ L9>@ FC K9?> ;:EAB?C:B

J<:KNC C;@ E9;?@?9>>A <: >?=C<: LC (x, y))

2C FIC;E<KC yθ,l,wO >9:; J<BL9>; :>?G:CDC>@ FC; K9CUK?C>@; ;:EAB?C:B; V :> ;C:?F s

AJ<F V F< D9WC>>C LC @9:; FC; K9CUK?C>@;) .C EB9KC;;:; LC ;C:?FF<JC AF?D?>C FC; X<?MFC;

K9CUK?C>@; ?>L?G:<>@ :>C X<?MFC EB9M<M?F?@A LC FICR?;@C>KC BACFFC LI:> MT@?DC>@)

 !"! ! 45*6)(*'+, -.7 8)5'8987 &+()95

yθ,l,w C;@ :> EB9QFC LC &<L9> V Y L?DC>;?9>; 9Z KN<G:C E?RCF ?>L?G:C FC BA;:F@<@

LC F< EB9HCK@?9> LI:> BCK@<>JFC LC E<B<DS@BC; l C@ w C@ LI<>JFC LI9B?C>@<@?9> θ) #<B

K9>;AG:C>@O :> E?K LA>9@C FC; E<B<DS@BC; <?>;? G:C FC; K99BL9>>AC; LC F< E9;?@?9> LI:>

MT@?DC>@)
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#9:; <=>?@>?; A?B CD@B <EFB A?B <DG=;?F>B C;9HA?B <? &E<9FI F9:B EJ9FB :>DADB= :F

HA>;? <? KELDK:KB A9@E:L) .E >EDAA? <: HA>;? E =>= HL=? M 21× 21 ?F >?FEF> @9KC>? <?

AE <DB>EF@? KDFDKEA? ?F>;? A?B NO>DK?F>B) "C;PB EJ9D; B=A?@>D9FF= A?B KELDK:KB A9@E:L

<EFB >9:B A?B C;9HA?B <? ;E<9FI F9:B J=;DH9FB A?B @99;<9FF=?B <?B CD@B B=A?@>D9FF=B)

+D CA:BD?:;B CD@B B9F> M AE KQK? C9BD>D9F 9: M <?B C9BD>D9FB >;PB ECC;9LDKE>DJ?BI A?

CD@ EREF> AE JEA?:; AE CA:B =A?J=? B?;E ;?>?F:? @9KK? =>EF> A? CDL?A <=A=SE>?:; <T:F

NO>DK?F>) 'FHFI AE ;?@9FB>;:@>D9F ?B> ;=EADB=? M CE;>D; <?B DFU9;KE>D9FB E@V:DB?B <? AE

A9@EADBE>D9F <?B NO>DK?F>BI A?:;B >EDAA?B ?> A?:;B 9;D?F>E>D9FB W0DS)()X8Y

 !" #$%&'!(% ')*+ *, +%(-!,./% 23× 20 %- θ = 20◦  0" #%& +1&*/-!-& ')*+ /%& 234%,&3),& 23×
20 %- θ = 20◦

 (" #%& +1&*/-!-& ')*+ /%& 234%,&3),& 21×
19 %- θ = 20◦

 2" #%& +1&*/-!-& ')*+ /%& 234%,&3),&

29× 19 %- θ = 105◦

 !"#$% &'() * #%& +1&*/-!-& 2$%5-+!(-3), 2%& 06-34%,-& %, *-3/3&!,- /! 789:;<
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 !"! !# $%&'()(*+%,

/89: ;<8=: >?:>@ =8>A? ;BBA8CD? :9A BE9:F?9A: G?=H>A?: I? EJFK;L? I? +>A;:M89AL)
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<CO<@NQC EC> Q<@]CI;H@=> X@<H`@=;:EC> :QQCEBC> Rm = {Rm(t), t ∈ Zp,m ∈ Zp} [NH
Q<B>C=;C=; E: >@AAC DC QHSCE> :QQ:<;C=:=; :NS D<@H;C> DMB[N:;H@= y ≡ mx+t( mod p))

%:=DH> [NC E: DCNSHJAC ?:AHEEC I@<<C>Q@=D :NS Q<@]CI;H@=> RC<;HI:EC> R⊥ = {R⊥(t), t ∈
Zp} [NH DB=@;C=; E: >@AAC DC> D<@H;C> QC<QC=DHINE:H<C> DMB[N:;H@= x ≡ t mod p) +@H;

I N=C HA:OC I:<<BC DC ;:HEEC p×p) .C> ?@<ANEC> DC Q<@]CI;H@=> Rm C; R
⊥
>@=; Q<B>C=;BC>

IHaDC>>@N> -

Rm(t) =

p−1
∑

x=0

p−1
∑

y=0

I(x, y)× δ(y− < mx+ t >p). K()9L

R⊥(t) =

p−1
∑

x=0

p−1
∑

y=0

I(x, y)× δ(x− t).

@\ E: =@;:;H@= < x >p >HO=HPC x mod p C; δ C>; E: ?@=I;H@= b<@=CIcC< DCE;:) #:<;:=;

DC EMXFQ@;XJ>C DC QB<H@DHIH;B DC EMHA:OC Q:< p C; C= <:H>@= DMN= C=>CAZEC DC Q<@Q<HB;B>

:<H;XAB;H[NC>_ E: %&0 C>; CS:I;CAC=; H=RC<>HZEC U008VW)

2MN=C A:=HJ<C >HAHE:H<C T E: %&0_ E: #2&% C>; :QQEH[NBC >N< DC> HA:OC> =NAB<H[NC>
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:; <=>??; p × p @A p ;B< CD D@EFG; HG;E>;G)  ;<<; G;B<G>I<>@D BCG ?= <=>??; :; ?J>E=K;

;D<G=>D; CD I;G<=>D D@EFG; :; HG@HG>L<LB =G><MEL<>NC;B :@DD=D< ?>;C O CD =?K@G><ME;

;P=I<;E;D< >DQ;GB>F?;) /L=DE@>DBR B> ?J@D Q;C< =HH?>NC;G ?= #2&% BCG CD; >E=K; :;

<=>??; =GF><G=>G; M ×N R ?= <=>??; :; ?J>E=K; H@CGG=>< S<G; L<;D:C; ;D =T@C<=D< :;B ULG@B

H@CG =<<;>D:G; ?= <=>??; ?= H?CB HG@IM; p× p @A p ;B< ?; H?CB H;<>< D@EFG; HG;E>;G NC>

QLG>V; p ≥ sup{M,N})

 !"!# $% &'()*+,-)% .% $* /(*0-&'()1% .% 2*.'0 .,-3(4/% 5'6

+70'),*+% 8592:;

 @EE; >D:>NCL H?CB M=C<R ?= #2&% KLDLG=?>B; ?= %&0 W'0/"!X) .= #2&% G;EY

H?=I; ?;B :G@><;B :JLNC=<>@D y ≡ (mx + t) mod p H=G :;B H@?ZD[E;B :JLNC=<>@D

y ≡ (mxn + an−1x
n−1 + an−2x

n−2 + .. + t) mod p @A m, an−1, an−2, ..., a1, t :;B I@Y

;\I>;D<B D@D DC?B) 2=DB ?= BC><; :C IM=H><G;R D@CB D; I@DB>:LG@DB NC; ?;B H@?ZD[E;B

:JLNC=<>@D y ≡ mxn + t( mod p) @A n > 1 ;< m ;< t B@D< :;B ;D<>;GB :; ZpR E=>B >?

;B< O D@<;G NC; ?= #2&% ;B< =HH?>I=F?; ;< ?;B HG;CQ;B B@D< Q=?>:;B H@CG DJ>EH@G<; NC;?

H@?ZD[E;)

.= #2&%R :LVD>; :=DB ?J;BH=I; :>BIG;<R =::><>@DD; ?;B Q=?;CGB :; H>P;?B :JCD;

>E=K; DCELG>NC; 92 ?; ?@DK :; I@CGF;B H@?ZD@E>=?;B) +@>< I(x, y) CD; >E=K; I=GY

GL; :; <=>??; p × p @A p ;B< CD D@EFG; HG;E>;G ;< x ;< y B@D< :=DB Zp) *D BCHH@B;

NC; I;<<; >E=K; ;B< HLG>@:>NC; :JCD; HLG>@:; pR :=DB ?;B :;CP :>G;I<>@DB x ;< y <;?B NC; -

I(x+ p, y + p) = I(x, y)

+@>< Q CD H@?ZD[E; :; :;KGL n > 1 :LVD> H=G ?JLNC=<>@D BC>Q=D<; -

Q(x) =< mxn + t >p

@A ?= D@<=<>@D < x >p B>KD>V; x mod pR m ∈ Zp ;B< ?; I@;\I>;D< HG>DI>H=? :; Q ;<

t ∈ Zp ;B< ?; H=B :; <G=DB?=<>@D M@G>U@D<=? BC>Q=D< ?J=P; :;B y) /@CB :LB>KD@DB H=G x

?J=P; Q;G<>I=? ;< H=G y ?J=P; M@G>U@D<=?) +@>< Am,t ?= ]@DI<>@D :; BL?;I<>@D NC> :L<;GE>D;

O H=G<>G :; ?J>E=K; I ?;B H@>D<B =HH=G<;D=D< O CD; I@CGF; H[?ZD@E>=?; Q :LVD>; H=G CD

I@;\I>;D< HG>DI>H=? m ;< CD H=B :; <G=DB?=<>@D M@G>U@D<=? t) Am,t ;B< ;PHG>EL; I@EE;
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:;<= -

Am,t(x) = (x,< mxn + t >p)

.> #2&% ?@;= >ABC: D=C@ @E?C<FG@ HBFF@ :;<= -

R(m, t) =

p−1
∑

x=0

p−1
∑

y=0

I(x, y)× δ(y− < mxn + t >p) I()JK

=

p−1
∑

x=0

I(x,< mxn + t >p)

=

p−1
∑

x=0

I(Am,t(x))

#B;C =B;= m L>M: ZpN A@ HB@OH<@M= t = 0 @:= LGPM< HBFF@ G=>M= A@ ?B<M= :<=;G @M

Q>;= R S>;HQ@ L@ AT<F>S@ I<)@) I(0, 0)K) .@ ?>: L@ =C>M:A>=<BM t ?>CHB;C= A@: HBABMM@: L@

S>;HQ@ R LCB<=@ IPS;C@ ()UK) < x >p V;< :<SM<P@ x mod p C@=B;CM@ t >; LGW;= L@ A>

x<XF@ A<SM@ R HQ>V;@ YB<: V;@ mxn + t LG?>::@ p) .> #2&% @:= H>C>H=GC<:G@ ?>C =CB<:

?CB?C<G=G: -

 !  Q>V;@ ?CBZ@H=<BM R(m, t) @:= A> :BFF@ L@ @E>H=@F@M= p ?B<M=: L<:=<MH=: L@ AT<F>S@

I)  @==@ ?CB?C<G=G @:= L[@ >; Y><= V;@ A> YBMH=<BM Am,tN V;< :GA@H=<BMM@ A@: ?B<M=: R

:BFF@C ?>C A> ?CBZ@H=<BMN @:= <MZ@H=<\@)

"! .T@M:@FWA@ L@ ?<E@A: :GA@H=<BMMG: ?>C Am,t @:= ;M<V;@ ?B;C HQ>V;@ m L>M: Zp)

'M @]@=N ?B;C t PEGN L@;E YBMH=<BM: L<:=<MH=@: L@ :GA@H=<BM Am1,t@= Am2,t B^

m1 6= m2 :@ HCB<:@M= ;M<V;@F@M= ?B;C x = 0) 'M LT>;=C@: =@CF@: -

#B;C m1 6= m2N < m1x
n + t >p 6=< m2x

n + t >p ?B;C =B;= x L>M: Zp − {0})

 !"#$" -

/B;: :;??B:BM: V;@ ?B;C m1 6= m2 -

< m1x
n + t >p=< m2x

n + t >p .

/B;: >\BM: >ABC: -

< m1x
n >p=< m2x

n >p
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#9:; x 6= 0 <= >:?@A:< p <@= >;<B?<;C D9:@ EF9D@ < xn >p <@= ?DF<;@?GH< I=ED=

J9DDI A:< < xn >p∈ Zp − {0})
'D K9D@IA:<DK<C D9:@ 9G=<D9D@ m1 = m2 K< A:? <@= EG@:;J<)

"?D@?C D9:@ >9:F9D@ JIJ:?;< A:< >9:; m1 6= m2 ∈ Zp -

Am1,t ∩ Am2,t = {(0, t)}, t ∈ Zp

 ! #9:; :D< FEH<:; LM< m JED@ ZpC =9:=<@ H<@ N9DK=?9D@ Am,t @IH<K=?9DD<D= J<@ >9?D=@

J?@=?DK=@ J< I) ?)<C -

#9:; :D< FEH<:; LM< m JED@ Zp <= >9:; t 6= t′ ∈ ZpC

Am,t ∩ Am,t′ = ∅

K<K? @?OD?L< A:< H<@ >9HPDQB<@ R9;?S9D=EH<B<D= >E;EHHTH<@ D< @U?D=<;@<K=<D= >E@)

 9B>=< =<D: J<@ >;9>;?I=I@ EV W <= GVWC D9:@ >9:F9D@ JIJ:?;< A:< >9:; t LM< <=

>9:; m EHHED= J< 0 X p − 1C =9:@ H<@ >?M<H@ JED@ I(x, y) D< @<;9D= KR9?@?@ A:U:D< @<:H<

N9?@ >E; H<@ N9DK=?9D@ J< @IH<K=?9D Am,tC X HU<MK<>=?9D J: >9?D= (0, t) A:? <@= :D >?M<H

K9BB:D <D=;< =9:@ H<@ <D@<BGH<@ J< >?M<H@ OIDI;I@ >E; Am,t)

"?D@?C >9:; t LM< JED@ ZpC =9:=<@ H<@ N9DK=?9D@ Am,t @IH<K=?9DD<D= <D =9=EH< p× (p− 1)

>?M<H@ J?@=?DK=@ J< I(x, y))

.<@ p >?M<H@ ;<@=ED=@ @9D= K<:M EPED= K9BB< EG@K?@@< x = 0 YKU<@= X J?;< H<@ >9?D=@ (0, t)

>9:; t EHHED= J< 0 X p− 1W)

2U:D< BED?T;< @?B?HE?;< X HE >;9Z<K=?9D %&0C H<@ p >?M<H@ JU?BEO< ;<@=ED=@ @<;9D= EJ[

J?=?9DDI@ >E; HE >;9Z<K=?9D F<;=?KEH< R⊥
0 A:? ><:= \=;< 9G=<D:< K9BB< HE @9BB< J< HE

K9:;G< >9HPDQB?EH< ><;><DJ?K:HE?;< JUIA:E=?9D - x =< 0yn + 0 >p K9BB< @:?= -

R⊥
0 (0) =

p−1
∑

y=0

I(0, y). Y()]W

.<@ >;9>;?I=I@ EVW <= KVW ?B>H?A:<D= A:< >9:; :D< FEH<:; m J9DDI<C =9:=<@ H<@

>;9Z<K=?9D@ R(m, t) >9:; t FE;?ED= <D=;< 0 <= p − 1 @IH<K=?9DD<D= =9:@ H<@ >?M<H@ J<

I(x, y) :D< <= :D< @<:H< N9?@) #E; K9D@IA:<D=C

p−1
∑

t=0

R(m, t) =

p−1
∑

x=0

p−1
∑

y=0

I(x, y) = Isum Y()(W



 !"#$%&' () "##&* !' #&*#*+,' - ." %&"/+0*&1,' 2' &"2*/

#*.3/*1$".' 2$+ &4%' '5" %'1'/% $/6'&+$7.' 89

*: Isum ;<=>?@A? BC >DEE? ADACB? F? ;GH?B> F? BIGECJ? I)

'@ DK>?<LC@A B?> =MNCAGD@> F? ;<DO?PAGD@ Q'M)()R ?A 'M)()STU @DN> ;DNLD@> F=FNG<?

MN? B?> PDN<K?> ;DBV@DEGCB?> >D@A N@GMN?E?@A F=;BCP=?> >NGLC@A BC FG<?PAGD@ WD<GXD@Y

ACB?) '@ PD@>=MN?@P?U B?> PDN<K?> @? ;C<PDN<?@A ;C> BC ADACBGA= F? BIGECJ? P? MNG <?@F

BC E=AWDF? G@CFC;A=? CN ;<DKBZE? F? <?PD@@CG>>C@P? F? [D<E?>)

"\@ F? ;CBG?< ] P? ;<DKBZE? ?A F? ;DNLDG< CG@>G A<C@>BCA?< L?<AGPCB?E?@A B?> PDN<K?>

;DBV@DEGCB?>U @DN> CLD@> CODNA= B? ;C<CEZA<? F? A<C@>BCAGD@ L?<AGPCB? v F=\@G FC@> Zp)

 ? @DNL?CN ;C<CEZA<? F=>GJ@? B? ;C> F? A<C@>BCAGD@ FN ;DBV@^E? >NGLC@A BICH? F?> x

FC@> BIGECJ? G@GAGCB?)

"G@>GU PWCMN? ;<DO?PAGD@ R(m, v, t) ?>A PD@>AGAN=? F? BC >DEE? F? ;GH?B> C;;C<A?@C@A ]

N@? PDN<K? ;DBV@DEGCB? Q F? PD?_PG?@A ;<G@PG;CB m ?A MNG ?>A A<C@>BCA= ] BC ;D>GAGD@

(v, t) -

R(m, v, t) =

p−1
∑

x=0

p−1
∑

y=0

I(x, y)× δ(y− < m(< x− v >p)
n + t >p) Q()9T

=

p−1
∑

x=0

I(x,< m(< x− v >n
p +t >p)

=

p−1
∑

x=0

I(Am,v,t(x)), v, t ∈ Zp

/DAD@> BC [D@PAGD@ F? >=B?PAGD@ Am,v,tU MNG >=B?PAGD@@? B?> ;GH?B> F? I PDEE? >NGA -

Am,v,t = (x,< m(< x− v >p)
n + t >p)

.C ;<DO?PAGD@ L?<AGPCB? ?>A F=\@G? PDEE? BC >DEE? F?> ;GH?B> F? BC PDN<K? ;DBV@DY

EGCB? ;?<;?@FGPNBCG<? FI=MNCAGD@ x =< 0yn + v >p -

R⊥
0 (v) =

p−1
∑

y=0

I(v, y). Q()`T

'@ A<C@>BCAC@A L?<AGPCB?E?@A B?> PDN<K?> ;DBV@DEGCB?>U ADNA?> B?> ;<D;<G=A=> CaTU

KaT ?A PaT >D@A ADNODN<> L=<G\=?> ?A ;?NL?@A CBD<> bA<? ?H;<GE=?> PDEE? >NGA -

 !  WCMN? ;<DO?PAGD@ >DEE? p ;DG@A> FG>AG@PA>)
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 ! #:;< =>? @AB>;<? CD>? => t >E vF B>? >G?>HIB>? => JKD>B? LMGM<M? JA< B>? =>;D N:GOEK:G?

=> ?MB>OEK:G Am1,v,t >E Am2,v,t ?> O<:K?>GE => NAP:G ;GKQ;> A; J:KGE (v, t)) OR>?E S

=K<> -

#:;< m1 6= m2F < m1(< x − v >p)
n + t >p 6=< m2(< x − v >p)

n + t >p J:;<

x ∈ Zp − {v})

"! #:;< =>? @AB>;<? CD>? m >E v =AG? ZpF E:;E>? B>? N:GOEK:G? Am,v,t ?MB>OEK:GG>GE

=>? J:KGE? =K?EKGOE? => $ )K)>) - #:;< m >E v CD>? =AG? Zp >E J:;< t 6= t′ ∈ ZpF

Am,v,t ∩ Am,v,t′ = ∅)

.A ?:HH> E:EAB> =>? JKD>B? => BRKHAL> J>;E TE<> =M=;KE> =>? J<:J<KMEM? AUV >E OUVF

O:HH> ?;KE -

p−1
∑

t=0

R(m, v, t) =

p−1
∑

x=0

p−1
∑

y=0

I(x, y) = Isum W()XV

.A 0KL;<> ()Y J<M?>GE> ;G> KBB;?E<AEK:G =>? J<:Z>OEK:G? #2&% AJJBKQ;M>? S ;G>

?KHJB> KHAL> $ => EAKBB> 3 × 3 - .A O:;<I> J<:Z>EM> KOK >?E ;G> JA<AI:B> =RMQ;AEK:G

y =< mx2 + t >3) 2AG? O>E >D>HJB>F G:;? A@:G? O[:K?K => @A<K>< B>? @AB>;<? => x =AG?

[−(p − 1)/2, (p − 1)/2] A; BK>; => [0, p − 1])  >EE> H:=KCOAEK:G >?E >\>OE;M> @; Q;>

B>? JA<AI:B>? ?:GE =>? O:;<I>? ?]HME<KQ;>?) .>? E<:K? J<:J<KMEM? => BA #2&% <>?E>GE

@ABK=>? A@>O O> O[AGL>H>GE) B> JA<AH^E<> => E<AG?BAEK:G @><EKOAB> v ?RME>G= AB:<? =>

−(p − 1)/2 S (p − 1)/2) .A JM<K:=KOKEM => BRKHAL> >?E MLAB>H>GE J<M?><@M> => HAGK^<>

Q;>F ?K (x − v) =MJA??> (p − 1)/2 W<>?J>OEK@>H>GE −(p − 1)/2VF (x − v) ?><A <>E:;<GM>

A; =MI;E => BA O:B:GG> )K)>) S BA @AB>;< => −(p − 1)/2 W<>?J>OEK@>H>GE S BA CG => BA

O:B:GG> ?:KE (p− 1)/2VF OR>?E S =K<> -

+K (x− v) ∈]− p,−(p− 1)/2[FAB:<? BA O:B:GG> I(x− v) = I(< x− v >p))

+K (x− v) ∈](p− 1)/2, p[FAB:<? BA O:B:GG> I(x− v) = I(< x− v >−p))

" EKE<> =R>D>HJB>F J:;< m = 1, t = 1 >E v = 0F B>? JKD>B? ?:;BKLGM? 5, 3, 9 ?:GE

A==KEK:GGM? JA< R(1, 0, 1)) .:<?Q;> BR:G =MJBAO> [:<K_:GEAB>H>GE BA O:;<I> WOR>?E S =K<>

B:<?Q;> t = 2VF B> JKD>B 5 ?><A E<AG?BAEM> A; JKD>B 6 >E B>? JKD>B? 3 >E 9 ?><:GE <>E:;<GM?

JA< mod(3) <>?J>OEK@>H>GE A;D JKD>B? 1>E 7) .>? JKD>B? ?:HHM? JA< R(1, 0, 2) ?:GE =:GO

6, 1, 7) `;AG= :G E<AG?BAE> @><EKOAB>H>GE BA HTH> O:;<I> WOR>?E S =K<> J:;< v = −1VF BA
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:;<=>?=@=A; ?B CD=EFGB HI=JFKA CDFLB ?BH FMH@=HHBH :B<EBA FI :=LBC 8 ?DNA<B H;CB@A=>KK;)

.BH :=LBCH F??=A=>KK;BH :>I< R(1,−1, 1) H>KA FC><H 2, 6, 9)

 !"#$% &'( )  !" #$$%&'()'#*! +" $) ,-./ )00$#1%2" 3 %!" #4)5" +" ')#$$" 3× 36 )7

84)5" #!#'#)$" +" ')#$$" 3 × 36 97 :"& 0(*;"<'#*!& =*(#>*!')$"& "' ?"('#<)$"& +" $@#4)5"

#!#'#)$" &%#?)!' +"& <*%(9"& 0)()9*$#1%"& +@21%)'#*! y =< m(< x− v >3)
2 + t >3

 !" #$%&'()*$ +& ,- .'-$(/*'01& +& 2-+*$ 3*,4$*5

0)-,& +)(6'78& &9-68&0&$8 )$%&'():,&

.DFCG><=AOEB ?D=KJB<H=>K ?B CF #2&% <B@>KHA<I=A BLF@ABEBKA CD=EFGB =K=A=FCB P :F<A=<

?B CDBH:F@B ?B &F?>K) .F <B@>KHA<I@A=>K ?DIK :>=KA I ′(v, t) @>KH=HABQ ?FKH IK :<BE=B<

ABE:HQ P F??=A=>KKB< A>IABH CBH :<>RB@A=>KH R(m, v, t) BA R⊥
0 (v) SI= >KA ?;RP H;CBA=>KK;

BA H>EE; CB :>=KA I(v, t)) .F :<>:<=;A; MTU HA=:ICB SIB :>I< ?BH JFCBI<H VLBH t BA vQ

A>IABH CBH :<>RB@A=>KH R(m, v, t) F=KH= SIB CF :<>RB@A=>K JB<A=@FCB R⊥
0 (v) H>EEB ?BH
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:;<=>? @;?A;BCA? @= I =A ?= CDE;?=BA ?=F>=G=BA HF :E;BA I(v, t)) 'B EFAD=I CEG:A= A=BF @=

>H :DE:D;JAJ HKL MF; JBEBC= MF= CNHMF= :DEO=CA;EB ?EGG= p :E;BA? @;?A;BCA? @= >P;GHQ=

CHDDJ= @= AH;>>= p × pI BEF? :EFREB? ES?=DR=D MF= AEF? >=? :;<=>? @= >P;GHQ= ;B;A;H>=

B= ?EBA H@@;A;EBBJ=? MFPFB= ?=F>= TE;?I =<C=:A :EFD >= :E;BA I(v, t)I MF; =?A ?J>=CA;EBBJ

(p + 1) TE;? Up TE;? :HD >=? :DEO=CA;EB? R(m, v, t) =A FB= TE;? :HD >H :DEO=CA;EB R=DA;CH>=

R⊥
0 (v)L)

'B CEB?JMF=BC=I >H RH>=FD VBH>= @= I ′(v, t) CEBA;=BA p + 1 CE:;=? @= >H RH>=FD ED;Q;BH>=

@= $ W >H :E?;A;EB (v, t)I :>F? >H ?EGG= AEAH>= @=? ;BA=B?;AJ? @= >P;GHQ=) 'AHBA @EBBJ

MF= >H ?EGG= AEAH>= @=? :;<=>? @= >P;GHQ= =?A ESA=BF= :HD 'M)()XI H>ED? >PJMFHA;EB @=

D=CEB?ADFCA;EB :=FA YAD= @JVB;= CEGG= ?F;A -

I ′(v, t) = 1/p× (

p−1
∑

m=0

R(m, v, t) +R⊥
0 (v)− Isum) U()9L

 !" #$%&''()**('%$ +$ ,&-.$*

" #HDA;D @= >PJMFHA;EB ()ZI BEF? ES?=DREB? MF= >H #2&% H >H CH:HC;AJ @= CEBC=BAD=D

>=? :;<=>? @PFB :E>[B\G= =B FB :E;BA @EBA >=? CEED@EBBJ=? ?EBA >=? :HDHG]AD=? @F

:E>[B\G=) .= SFA @= C=AA= ?=CA;EB =?A @= @JA=CA=D HR=C :DJC;?;EB @=? TEDG=? CFDR;>;QB=?

MF; :=FR=BA YAD= H::DE<;GJ=? :HD @=? CEFDS=? :E>[BEG;H>=?)

"[HBA >H CEBBH;??HBC= W :D;ED; @=? :HDHG]AD=? @=? :E>[B\G=? @= :DEO=CA;EB

UCE=^C;=BA? =A @=QDJLI BEF? @EBBEB? >H :E??;S;>;AJ @= D=CEBBH_AD= W >H TE;? >PED;=BAHA;EB

=A >H :E?;A;EB @PFB :E>[B\G= U?P;> =<;?A=L @HB? >P;GHQ= @EBBJ=) /EF? DH::=>EB? MF=

>H @;D=CA;EB @=? >;QB=? @DE;A=? @= :DEO=CA;EB @HB? >H ADHB?TEDGJ= @= &H@EB C>H??;MF=

U%& L =?A @JVB;= :HD >PHBQ>= θ) %EFA=TE;?I >= BEGSD= =BA;=D m H??EC;J W >H GJANE@= %&0

`008ab :DJ?=BA= >H :=BA= @=? @DE;A=?) .H RHD;HA;EB @= >H :=BA= m CEB@F;A W >H RHD;HA;EB

@= >H @;D=CA;EB @=? >;QB=? @DE;A=?I C= MF; :DJ?=DR= >H :DE:D;JAJ GF>A;@;D=CA;EBB=>>= @= >H

ADHB?TEDGJ= @= &H@EB C>H??;MF=)

2HB? BEAD= CH?I >P=BA;=D m D=:DJ?=BA= >= CE=^C;=BA @F A=DG= :D;BC;:H> @F :E>[B\G=

=A :HD >H ?F;A=I >H RHD;HA;EB @= m =BADH_B= FB= RHD;HA;EB @= >PEFR=DAFD= @F :E>[B\G= =A

BPH HFCFB =c=A ?FD ?EB ED;=BAHA;EB)

"VB @=:EFRE;D =<ADH;D= >=? :E>[B\G=? ED;=BAJ?I =A @HB? >= SFA @= D=?:=CA=D >H :DEd

:D;JAJ GF>A;@;D=CA;EBB=>>= @= >H ADHB?TEDGJ= @= &H@EB C>H??;MF=I BEF? HREB? ;BADE@F;A
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9:;<=9> θ ?@AA> B< <@BC>;B D;E;AFGE> HBI JKL<IG 9:@EI><G;GI@< J> 9; DE@M>?GI@< D@N

9O<@AI;9>) Rθ >PG ;9@EP 9> EKPB9G;G J> 9; DE@M>?GI@< J> 9:IA;=> PBIC;<G J>P D@9O<QA>P

@EI><GKP P>9@< θ) R<> >SDE>PPI@< J> 9; #2&% AB9GIJIE?>GI@<<>99> >PG JKL<I> D;E 9:KHB;N

GI@< PBIC;<G> -

Rθ(m, v, t) =

p−1
∑

x=0

p−1
∑

y=0

I(x, y)× δ(y′− < m(< x′ − v >p)
n + t >p) T()8U

*V

(x′, y′) = Rt−1
θ (x, y) = ([x cos θ + y sin θ], [−x sin θ + y cos θ])

Rt−1
θ >SDEIA> 9; E@G;GI@< I<C>EP> J> (x, y) >G W)X D>EA>G J:;EE@<JIE B< EKPB9G;G Y 9:><N

GI>E 9> D9BP DE@?Z> J;<P [0, p− 1]) R<> DE@M>?GI@< Rθ(m, v, t) ;JJIGI@<<> 9>P DIS>9P J@<G

9; E@G;GI@< I<C>EP> 9>P PIGB> PBE B< D@9O<QA> Q J> D;E;AFGE>P m, v[ t JKPI=<;<G E>PD>?N

GIC>A><G 9> ?@>\?I><G DEI<?ID;9 >G 9>P D;E;AFGE>P J> GE;<P9;GI@< C>EGI?;9> >G Z@EI]@<G;9>)

" GIGE> J:>S>AD9>[ PI B<> ?@BE^> D@9O<@AI;9> >PG J:KHB;GI@< y = m′x2[ @EI><GK> P>9@<

θ >G GE;<P9;GK> C>EGI?;9>A><G Y v′ >G Z@EI]@<G;9>A><G Y h′[ 9; #2&% J@<<>E; =K<FE>E;

B< DI? J> ?@>\?I><G Rθ′(m
′, v′, t′))

 >D><J;<G[ 9:KHB;GI@< ()8 <> CKEIL> D9BP 9; DE@DEIKGK ?_U J> 9; #2&% DBIPHB> 9;

E@G;GI@< D>BG =K<KE>E J>P DIS>9P >< ?@AAB< ><GE> 9>P D@9O<QA>P Z@EI]@<G;9>A><G D;N

E;99F9>P) "I<PI[ 9:;9=@EIGZA> J:I<C>EPI@< <:>PG D9BP ?@EE>?G>) #@BE D;99I>E Y ?> DE@^9FA>[

<@BP DE@D@P@<P J> ?@<PIJKE>E 9:IA;=> DIC@GK> I−θ Y 9; D9;?> J> I ;L< J:KCIG>E 9> E>?@BEP

Y 9; E@G;GI@< J>P ?@BE^>P J> DE@M>?GI@< -

Rθ(m, v, t) =

p−1
∑

x=0

p−1
∑

y=0

I−θ(x, y)× δ(y− < m(< x− v >p)
n + t >p) T()`aU

.:;9=@EIGZA> J:I<C>EPI@< ><GE;b<> 9; E>?@<PGIGBGI@< >S;?G> J> 9:IA;=> DIC@GK> I−θ)

.:IA;=> I<IGI;9> I D>BG ;9@EP cGE> @^G><B> D;E 9; E@G;GI@< I<C>EP> J> I−θ)
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 ! "#$%&'()*+,+'-* )+ ".,/0,+'-*

2:;< =>??> <>=?@A;B ;AC< :DDE@FCA;< ;A?G> HI?JAK> DACG IL:EC>G EM>N:=?@?CK> K>

EM@;L>G<@A; >? E: DGI=@<@A; K> KI?>=?@A; K>< =ACGO>< DPEQ;AH@:E><)

 ! !" #$%&'()*$

/AC< :LA;< ?><?I EM:ERAG@?JH> KM@;L>G<@A; <CG DEC<@>CG< @H:R><) .M@;L>G<@A; ><? >N:=?>

DACG =J:FC> ?><?) " ?@?G> KM>N>HDE>B 0@RCG> ()S HA;?G> E> GI<CE?:? K> E: #2&% <CG C;>

@H:R> @;@?@:E> FC@ : I?I DGAT>?I> <C@L:;? K>< =ACGO>< D:G:OAE@FC>< KMIFC:?@A; y = x2)

.M@H:R> G>=A;<?GC@?> ><? @K>;?@FC> >; ?AC? DA@;? U EM@H:R> @;@?@:E>)

 !"#$% &'( )  !!"#$%&$'() *+ !,')-+%#'() +.&/$+0 1&2  3&4+ ')'$'&!+0 152 !,+#6&/+ *+

7&*() 48)8%8 6&% !& 9:7; +) 6%(<+$&)$ !,'3&4+ 6&% *+# /("%5+# 6&%&5!'="+# *+ 6&>

%&3?$%+# m = 1 +$ θ = 0◦ 0 1/2  3&4+ %+/()#$%"'$+0

 ! !+ ,&-*$$.)((.$-& /&( 0*'1&( 2 345&-5)*$ /& 6. 7*()5)*$ &5

/& 68*')&$5.5)*$ /&( 7*69$:1&( ; <

/AC< :DDE@FCA;< E: #2&% K:;< E> OC? K> KI?>=?>G E: DA<@?@A; >? EMAG@>;?:?@A; K><

DAEQ;PH>< U D:G?@G K> EM><D:=> K> &:KA;) .: VRCG> ()W G>DGI<>;?> E> GI<CE?:? K> E: #2&%

<CG C;> @H:R> K> <Q;?JX<> =A;?>;:;? K>CN JQD>GOAE><) /AC< :LA;< DGAT>?I EM@H:R>

@;@?@:E> D:G K>< =ACGO>< KMIFC:?@A; y = x3 >? ;AC< :LA;< L:G@I EM:;RE> K> DGAT>=?@A; θ

KMC; D:< K> 5◦ K:;< EM@;?>GL:EE> [0◦, 180◦]) Y; D@= ><? KI?>=?I K:;< =J:=C; K>< ><D:=><

K> &:KA; R0◦ >? R45◦ FC@ G>DGI<>;?>;? E> D:< K> ?G:;<E:?@A; K>< JQD>GOAE>< D:G G:DDAG?

U EMAG@R@;> (0, 0))
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 !"#$% &'( )  !"#$$%&''%$"! (!' )*+!,-#.!' +%, .% /0 12 3%4 56&7%8! &$&9&%.!

"#$9!$%$9 (!:; )*+!,-#.!' (6<=:%9&#$ y = x3
25! +,7!&!, % <9< 9,%$'.%9< +%, .! >!"9!:,

(v, t) = (10, 0) !9 .! (!:;&?7! % <9< +&>#9< +%, .6%$8.! θ = 45◦ 2 3-4 .6!'+%"! (!  %(#$

R0◦ 7#$9,! :$ +&" @ (10, 0)2 3"4 .6!'+%"! (!  %(#$ R45◦ 7#$9,! :$ +&" @ (0, 0)

2: ;< =>=: =<?@AB:C ;< DEFB:()( =G?HB: ;I:JHB<KH@G? L: ;< MGN@H@G? <@?N@ OF: ;IGB@:?P

H<H@G? L:N L:FJ M<B<QG;:N :J@NH<?H:N L<?N ;I@=<E:)
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 !"#$% &'& (  !"#$$%&''%$"! (!' )%*%+#,!' )%* ,% -. / 0%1 23&4%5! &$&6&%,! "#$6!7

$%$6 (!89 )%*%+#,!' (3:;8%6&#$ y = x2
<2! )*4!&!* % :6: 6*%$',%6: )%* ,! =!"6!8*

(v, t) = (10, 0) !6 ,! (!89&>4! % :6: )&=#6: )%* ,3%$5,! θ = 45◦ < 0+1 ,3!')%"! (!  %(#$

R0◦ 4#$6*! 8$ )&" ? (10, 0)< 0"1 ,3!')%"! (!  %(#$ R45◦ 4#$6*! 8$ )&" ? (0, 0)

.; <=>?@ ()A BCC>DE?@ C@ ?FD>CE;E G@ C; #2&% ;HHCBI>F@ J >K@ BL;=@ GM@LH?@BKE@

GB=BE;C@ ?F@CC@) /N>D ;ONKD GM;PN?G PBK;?BDF @E DI>@C@EEBDF CMBL;=@ BKBEB;C@ Q0B=)()A)PR)

/N>D ;ONKD ;HHCBI>F H;? C; D>BE@ C; #2&% @K H?NS@E;KE CMBL;=@ E?;BEF@ H;? G@D H;?;PNC@D

GMFI>;EBNK - ay = mx2) .; <=>?@()A)T H?FD@KE@ CM@DH;T@ G@ &;GNK TN??@DHNKG;KE ;>U

H;?;LVE?@D θ = 0, a = 50 @E m = 3)  C;B?@L@KEW >K HBT @DE NPE@K> J C; HNDBEBNK G>

DNLL@E G@ C; H;?;PNC@ HNBKEF@ H;? C; XVTY@ ?N>=@)

.; <=>?@ ()A)G H?FD@KE@ C@ ?FD>CE;E G@ C; #2&% GB?@TE@L@KE ;HHCBI>F@ J CMBL;=@ @K

KBO@;>U G@ =?BD) .@ ?FD>CE;E LNKE?@ C; H?FTBDBNK G@ C; GFE@TEBNK D>? G@D BL;=@D K@

D>PBDD;KE ;>T>K H?FE?;BE@L@KE)
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 !"#$% &'( )  !"#$$%&''%$"! ()!*+,!&$-!' (&.&-%/!' +%, /% 01 23 4%5 6$! &*%.!

()!*+,!&$-! (&.&-%/! !$ $&7!%89 (! .,&' #: /! '#**!- (! /% +%,%;#/! < &(!$-&=!, !'-

+#&$-> +%, 8$! ?@"A! ,#8.!3 4;5B)&*%.! ;&$%,&'>! !- 'C8!/!--&'>!34"5 B)!'+%"! (! ,%D

(#$ .>$>,> < +%,-&, (! /)%++/&"%-&#$ (! /% 01 2 '8, /)&*%.! ;&$%,&'>! !- 'C8/!--&'>!

*#$-,%$- 8$ +&" < /% *E*! +#'&-&#$ C8! /! '#**!- (!8 +%,%;#/!3 4(5 F B)!'+%"! (!

,%(#$ .>$>,> < +%,-&, (! /)%++/&"%-&#$ (! /% 01 2 '8, /)&*%.! &$&-&%/! !$ $&7!%89 (!

.,&' *#$-,%$- 8$ +&" < /% *E*! +#'&-&#$ C8! /! '#**!- (! /% +%,%;#/!3

/;<= >?;@= AB<CDA E> FGAHD=D;@ CI E> #2&% C>@= E> CABIHBD;@ CI= H;<GJI= F;EK@;L

MD>EI= =<G CI= DM>NI= >K>@B =<JD <@I CANG>C>BD;@ CI O<>EDBA F>G IPIB= CI HGA@IE>NIQ

CR>S;<B CI JG<DB IB CI G;B>BD;@) .R>FFEDH>BD;@ CI E> #2&% =<G <@I DM>NI H;@BI@>@B <@I

F>G>J;EI HGA@IEAI M;@BGI O<I EI FDH GA=<EB>@B T0DN)()U)CV I=B FE<= E>GNI O<I EI FDH W@

IB E<MD@I<X CI E> WN<GI ()U)J) /A>@M;D@=Q E> F;=DBD;@ C< =;MMIB CI E> F>G>J;EI FI<B

B;<S;<G= YBGI Z>HDEIMI@B CABIHBAI F<D=O<RDE =R>NDB CR<@ M>XDM<M E;H>E) /;<= >?;@= AN>L

EIMI@B >S;<BA C< JG<DB N><==DI@ IB CR><BGI= ;JSIB= F>G>=DBI= [ ERDM>NI D@DBD>EI T EDN@I=

W@I=V) .I GA=<EB>B FGA=I@BA C>@= E> WN<GI ()U)Z M;@BGI O<I E> MAB\;CI CABIHBI B;<S;<G=

E> F;=DBD;@ C< =;MMIB M>ENGA EI JG<DB >S;<BA NG]HI [ => H>F>HDBA CI H;@HI@BG>BD;@
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:;<=>?@A>) 2;BCD?> EB?DF =GCH BIG=H EAIGD< J;AKB@> :> JB L@C?> ()M)> HCAIB=D J;B=@J> :>

?GDBDAG= θ = 45◦ N0A@)()M)@O) .;>HEBP> :> ?B:G= PG??>HEG=:B=D E?<H>=D< :B=H JB L@C?>

()M)Q KG=D?> RC> J;>SD?BPDAG= :> JB EGHADAG= :C EGJT=UK> >HD A=IB?AB=D> EB? ?BEEG?D V

JB ?GDBDAG=) '= >W>DF JB #2&% E?GX>DD> J;AKB@> V EJCHA>C?H B=@J>H :> ?GDBDAG= P> RCA

E>?K>D J;>SD?BPDAG= :> JB EGHADAG= :C EGJT=UK> A=:<E>=:BKK>=D :> HG= G?A>=DBDAG=)

 !" #$$%&'()&*+ ,- %( ./01 2 %( 3-'*++(&44(+'- ,-4

-5$3-&+)-4 ,&6&)(%-4

/GCH BIG=H >HDAK< RC;C=> BEEJAPBDAG= EGHHAYJ> :> JB #2&% >HD JB ?>PG==BAHHB=P>

:>H >KE?>A=D>H :A@ADBJ>H) '= >W>DF C=> >KE?>A=D> :A@ADBJ> >HD PG=HDADC<> :>H HD?A>H

L=>H RCA B:GED>=D JB ZG?K> :>H PGC?Y>H EGJT=GKABJ>H :> :AW<?>=DH EB?BK[D?>H >D

G?A>=DBDAG=H) #B? PG=H<RC>=DF =GCH BIG=H B:GED< JB #2&% PGKK> C=> =GCI>JJ>

D>PQ=ARC> :> :<D>PDAG= :>H >KE?>A=D>H :A@ADBJ>H)

.B E?GP<:C?> :;A:>=DALPBDAG= H> YBH> HC? C= =GCI>BC :>HP?AED>C? PG=HD?CAD EB? JB

#2&%)  > :>HP?AED>C? H> E?<H>=D> HGCH JB ZG?K> :;C=> HA@=BDC?> RCA PB?BPD<?AH> PQBRC>

>KE?>A=D> :A@ADBJ>)  >DD> E?GP<:C?> E?<H>=D> J;BIB=DB@> :;\D?> A=H>=HAYJ> V JB D?B=H]

JBDAG=F V JB ?GDBDAG= >D BC Y?CADB@>) /GCH E?<H>=DG=H :B=H P>DD> H>PDAG= J>H :AW<?>=D>H

<DBE>H EGC? ?>PG==BAD?> C=> >KE?>A=D> :A@ADBJ> ^ V HBIGA? - E?<D?BAD>K>=DF >SD?BPDAG= :>H

PB?BPD<?AHDARC>H >D A:>=DALPBDAG=) .>H :AW<?>=D>H <DBE>H :> JB E?GP<:C?> :;A:>=DALPBDAG=

HG=D AJJCHD?<>H :B=H JB L@C?> ()_)
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 !"#$% &'( )  !" #$%&' &' (! )*+%,$',,' &' (! -./0 !%1  &" '2'$, &3!(4!,5  6" !%

+)%4$ !7*%$85  9" : (! )*$!$4*;<
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 !"#$% &'( )  !!"#$%& '()'&*+),$-+)#* '&. &/!"&)*+&. ')0)+-1&

 !"!# $%&'%()'*+*,'

.; <=>?=@A?;B;C? ;D? EFCD?A?G> HIGC ;CD;BJK; H; ?=@A?;B;C?D LGA FC? <FG= FJM;E?AN

HI@B>KAF=;= K@ LG@KA?> H; KIAB@O; ;? H; N@EAKA?;= K;D ?=@A?;B;C?D P DGAQ=;) $K ;D? J@D> ;C

<=;BA;=; >?@<; DG= GC; JAC@=AD@?AFC DGAQA; <@= GC; DLG;K;??AD@?AFC H; KIAB@O;)

 !"!#!# $%&'(%)'*%+&

.@ JAC@=AD@?AFC EFCDAD?; P =>HGA=; ;C CFA= K;D <AR;KD HFC? KIAC?;CDA?> ;D? ACN>=A;G=; P

GC D;GAK s ;? ;C JK@CE K;D <AR;KD H; Q@K;G= DG<>=A;G=; FG >O@K; P s )

 !"!#!, -./010**%)'*%+&

2@CD KIAB@O; JAC@=AD>;S K;D KAOC;D H; KI;B<=;AC?; DFC? JA;C EK@A=;D B@AD ;KK;D DFC? H;

?@AKK; ><@ADD;) K@ DLG;K;??AD@?AFC <;=B;? H; =>HGA=; KI;CD;BJK; H;D KAOC;D P H;D EFG=J;D
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;<=> ?@ABC ;<D?E@FFB=G) .E HI=GB ()J ?BGKBL ;<@CC=FLGBG C<DLE?B ;B ?GDLGE@LBKB>L F=G =>B

BK?GB@>LB ;@I@LECB)

 !"#$% &'( )  !"#!$%#&'&(# )& *+&',!&%(#& )%-%#$*&

 !"!# $%&'()&*+, -./ )('()&0'*/&*12./ 34+5(4./

M>B NOFBGPEL@N> ;BF FLG=QL=GBF ICNOECBF ;BF BK?GB@>LBF KN>LGB ;BF QN=GOBF R=@

?B=PB>L SLGB F@K=CDBF T ;BF ?EGEONCBF B>L@UGBF N= ?EGL@BCCBF) /N=F EPN>F ECNGF ?GNQD;D

T CE ;DLBQL@N> ;BF QN=GOBF ?EGEONC@R=BF T ?EGL@G ;BF BK?GB@>LBF ;@I@LECBF)

/N=F QN>FLG=@FN>F ?EG CE F=@LB =>B F@I>EL=GB ?N=G QVER=B BK?GB@>LB ;@I@LECB ;E>F CE

R=BCCB >N=F @>FQG@PN>F CBF QEGEQLDG@FL@R=BF ICNOECBF ;BF ?EGEONCBF ;DLBQLDBF)

#N=G CE GBQN>>E@FFE>QB ;BF ?EGEONCBFW CE #2&% LGE>FXNGKB C<@KEIB ;<BK?GB@>LB @>@L@ECB

B> C<BF?EQB ;B &E;N> ?NCY>NK@EC)  VER=B ?@Q ;E>F QB ;BG>@BG BF?EQB QNGGBF?N>;

T =>B ?EGEONCB ;E>F CE ?GBK@UGB @KEIB Z0@I)()[\) .BF QNNG;N>>DBF ;= ?@Q NOLB>=

@>;@R=B>L CBF QEGEQLDG@FL@R=BF ;B CE QN=GOB QNGGBF?N>;E>LBW T FEPN@G FN> NG@B>LEL@N>W

FBF ?EGEKULGBF BL FE ?NF@L@N>) "@>F@W C<B>FBKOCB ;B ?@QF ;DLBQLDF ?GDFB>LB ;BF ?N@>LF

?NGLB=GF ;<@>XNGKEL@N>F F=G CBF ?EGEONCBF BA@FLE>LBF ;E>F C<BK?GB@>LB ;@I@LECB)
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 !"#$% &'( )  !"#$"%&' (# (%)*!'"#+ $&,*-#+ ./*/-&0%1,#+ (/'+ ,'# #2.*#%'"#

(3%"/0#

#;<= >?@@? ABC B;<D EF;BD G=;H?@I JKLMEN? D<LFEB@ O?D >;<=P?D GE=EP;JLQ<?D OKIQ<ER

@L;B ay = bx2+d) /;<D EF;BD L@I=E@LF?M?B@ EGGJLQ<I JE #2&% D<= JK?MG=?LB@? OLNL@EJ?)

" >SEQ<? L@I=E@L;BC <B? G=;H?>@L;B GE=EP;JLQ<? ?D@ ?T?>@<I? D?J;B <B EBNJ? OK;=L?B@ER

@L;B θ AUI OEBD JKLB@?=FEJJ? [0◦, 180◦]) /;<D EF;BD LB>=IM?B@I JKEBNJ? OK;=L?B@E@L;B OEBD

>?@ LB@?=FEJJ? ?B >;BDLOI=EB@ <B GED O? 5◦)

#;<= >SEQ<? ;=L?B@E@L;BC B;<D EGGJLQ<;BD JE G=;H?>@L;B GE=EP;JLQ<? ?B FE=LEB@ J? >;?VR

A>L?B@ O< @?=M? G=LB>LGEJ O? GE=EP;J?C p = b
a
) 2? GJ<DC J? GE=EMW@=? d ?D@ LMGJL>@?M?B@

FE=LI G<LDQ<? JE #2&% G=;H?@@? GE= OIABL@L;B J?D >;<=P?D ?B J?D @=EBDJE@EB@ OEBD J?D

O?<U OL=?>@L;BD S;=LX;B@EJ? ?@ FE=@L>EJ?)

'@EB@ O;BBI Q<? >SEQ<? G=;H?>@L;B ?D@ ?T?>@<I? D<LFEB@ J?D O?<U GE=EMW@=?D AUID θ ?@

pC J? =ID<J@E@ O? B;@=? EJN;=L@SM? O? G=;H?>@L;B ?D@ <B ?BD?MPJ? OK?DGE>?D O? &EO;B
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Rθ,p) ;< =>?@=A?<B Rθ,p(x, y) CD<>B? EF G>HH? C? IAJ?EG CKL<? IFMFN>E? >MA?<BD? GLAOF<B

θP CKL< =>?@=A?<B IMA<=AIFE p ?B C><B E? G>HH?B ?GB I>GABA><<D Q (x, y))

2? =RFSL? ?GIF=? C? &FC>< BM>LOD Rθ,pP <>LG <? TFMC><G SL? E?G =>?@=A?<BG E?G IELG

ELHA<?LJ FU< C? <? CDB?=B?M SL? E?G IFMFN>E?G E?G IELG CDB?MHA<F<B?G) .? G?LAE FIIEASLD

?GB =FE=LED =>HH? GLAB -

Seuil = e+ (max− e)/α

>V e ?GB EF H>W?<<? C?G A<B?<GABDG C? IAJ?EG C? EK?GIF=? Rθ,pP max ?GB GF OFE?LM

HFJAHFE? ?B α ?GB L<? OFE?LM C? I><CDMFBA>< =>HIMAG? ?<BM? 9 ?B 8)

.?G IA=G M?B?<LG C? B>LG E?G ?GIF=?G C? &FC>< Rθ,p G><B ?M?TAGBMDG CF<G L< ?GIF=?

(θ, p) A<BABLED GAT<FBLM?) .K>NX?=BAY IMA<=AIFE C? EF =><GBML=BA>< CKL<? GAT<FBLM? ?GB C?

=FMF=BDMAG?M =RFSL? ?HIM?A<B? CATABFE? IFM L< ?<G?HNE? C? I>A<BG M?IMDG?<BFBAYG)  ?BB?

GAT<FBLM? ?GB M>NLGB? =><BM? E? NMLABP EF M>BFBA>< ?B EF BMF<GEFBA><) .?G GAT<FBLM?G CK?HZ

IM?A<B?G CATABFE?G G><B LBAEAGD?G CF<G EF IRFG? CKAC?<BAU=FBA>< SLA DBFNEAB E? BFLJ C?

GAHAEFMABD ?<BM? E?G CA[DM?<B?G ?HIM?A<B?G CATABFE?G) .F UTLM? ()89 IMDG?<B? SL?ESL?G

GAT<FBLM?G CK?HIM?A<B?G CATABFE?G TD<DMD?G)
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 !"#$% &'() *  !" "#$%&'()!" *+!,-)!#%'!" *#$#'&.!"

 !"!# $%&'()*+,()-'

#:;< =>?=;?@< ?@ A>;B C@ DEFE?><EAG @HA<@ ?I@FJ<@EHA@ K EC@HAEL@< @A =@??@D C@ ?> M>D@ C@

C:HHG@DN H:;D >O:HD ;AE?EDG ;H@ >JJ<:=P@ C@ DG?@=AE:H J>< O:A@)  @AA@ >JJ<:=P@ =:HDEDA@

K EC@HAEL@< ?I@FJ<@EHA@ C@ ?> M>D@ C@ C:HHG@D Q;E <@=;@E??@ ?@ J?;D R<>HC H:FM<@ C@ O:A@D)

#:;< =@A :MS@=AETN =P>Q;@ JE= C@ ?> DERH>A;<@ CI@HA<G@ @DA >U@=AG K ;H@ :; J?;DE@;<D

DERH>A;<@D C@D @FJ<@EHA@D DA:=VG@D C>HD ?> M>D@) .I>U@=A>AE:H @DA <G>?EDG@ @H F@D;<>HA

?> CEDA>H=@ @;=?ECE@HH@ @HA<@ ?@ JE= @H Q;@DAE:H @A =@;B C@D DERH>A;<@D @H<@REDA<G@D C>HD

?> M>D@ C@ C:HHG@D) "EHDEN H:;D O:A:HD >;B DERH>A;<@D Q;E =:HAE@HH@HA ;H JE= C@ FWF@D
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9::;<:==>?@ :A <? 9::;<:==>?@ B;:9C?@) .D @EF=DGA;? >HA? ?@G 9?HH? IAE D ;?JA H? BHA@

CDAG B:A;9?=GDF? <? K:G?@ -

per =
n

m
× 100

*L n ?@G H? =:MN;? <? BE9@ DO?9G>@ ?G m ?@G H? =:MN;? G:GDH <? BE9@ <D=@ HD @EF=DP

GA;?) Q=? ?MB;?E=G? <EFEGDH? ?@G E<?=GER>? <D=@ HD ND@? <? <:==>?@ A=EIA?M?=G @E @:=

B:A;9?=GDF? <? K:ES ?@G @AB>;E?A; T A= @?AEH <>G?;ME=>) 2D=@ H? 9D@ 9:=G;DE;?U ?HH? ?@G

;?V?G>?)

 !"! #$%&'()(% *+,$-./*0()&+

#:A; G?@G?; HD B?;W:;MD=9? <? HD M>GC:<? B;:B:@>?U =:A@ DK:=@ AGEHE@> HD ND@? <?

<:==>?@ X QB?YR=F?;B;E=G 2DGDND@? X)  ?GG? ND@? 9:=GE?=G 8Z B?;@:==?@ [?MB;?E=G?@

E=<?S>?@ <? 8 T 8Z\) !AEG EMB;?@@E:=@ <EO>;?=G?@ BD; B?;@:==? @:=G <E@B:=ENH?@) 'HH?

9:=GE?=G DH:;@ DA G:GDH 8]^ ?MB;?E=G?@ <EFEGDH?@) .?@ EMDF?@ :=G >G> D9IAE@?@ BD; A=?

9DM>;D <EFEGDH? ?G HD GDEHH? <? 9CD9A=? ?@G 248 × 338) /:A@ B;>@?=G:=@ <D=@ HD RFA;?

()88 <?@ ?MB;?E=G?@ <EFEGDH?@ IAE @:=G 1_2, 3_4, 8_6, 10_8, 14_2 ?G 1_7) .?@ EMDF?@

<`?MB;?E=G?@ <EFEGDH?@ 1_2 ?G 1_7 ;?B;>@?=G?=G <?AS D9IAE@EGE:=@ <? HD MaM? B?;@:==?

E=<>S>? BD; 1)
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 !"#$% &'(( )  !"#$!"% "&'(")*+"% ,)-)+.#"% ," #. /.%" ," ,0**1"%

#:;< =>?@;A< @AB <=B;@C?CB DA E:C<A ?FF@GH?CG:EI E:;B ?>:EB AJAHC;= C<:GB CABCB AKL

F=<GMAEC?;K) .A F<AMGA< CABC N<ABFAHCG>AMAEC @A DA;KGOMA AC C<:GBGOMAP ? =C= <=?@GB=

AE <ACAE?EC D?EB @? Q?BA DA D:EE=AB ;EGR;AMAEC 2 GMF<ABBG:EB F?< FA<B:EEA N<ABFAHCGL

>AMAEC ( AC S GMF<ABBG:EB F?< FA<B:EEAP) 2?EB HT?R;A ABB?GI @AB GMF<ABBG:EB <ACAE;AB

:EC =C= HT:GBGAB ?<QGC<?G<AMAEC) .? FA<U:<M?EHA D; BVBCOMA DWGDAECGXH?CG:E ABC =>?@;=A

AE MAB;<?EC @A C?;K DWGDAECGXH?CG:E $& N$DAECGXH?CG:E &?CAPI @A C?;K DA U?;K F:BGCGUB

01& N0?@BA 1?CHTGEY &?CAP AC @A C?;K DA U?;K E=Y?CGUB 0/1& N0?@BA /:E 1?CHTGEY

&?CAP)

.A C?;K DWGDAECGXH?CG:E N$&P ABC @A F:;<HAEC?YA DWAMF<AGECAB DGYGC?@AB H:<<AHCAMAEC

GDAECGX=AB D?EB @? Q?BA DA D:EE=AB)

IR =
/:MQ<A DA FA<B:EEAB H:<<AHCAMAEC GDAECGX=AB

/:MQ<A C:C?@ DA FA<B:EEAB

.A C?;K DA U?;K F:BGCGUB N01&P ABC @A C?;K DWAMF<AGECAB DGYGC?@AB R;G :EC =C= U?;BL

BAMAEC ?FF?<G=AB F?< @A BVBCOMA Z ;EA AMF<AGECA DGYGC?@A DA @? Q?BA DA D:EE=AB)

FMR =
/:MQ<A DA FA<B:EEAB GEH:<<AHCAMAEC GDAECGX=AB

/:MQ<A C:C?@ DA FA<B:EEAB
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.: ;<=> ?: @<=> ABC<;D@E 0/1& :E; F: ;<=> ?G:HIJ:DA;:E ?DCD;<F:E :>DE;<A;:E ?<AE

F< K<E: ?: ?LAAB:E H<DE M=D AGLA; I<E B;B D?:A;DNB:E I<J F: EOE;PH:)

FNMR =
/LHKJ: ?: I:JELAA:E ALA D?:A;DNB:E

/LHKJ: ;L;<F ?: I:JELAA:E

#L=J F: IJLQ:EE=E ?GD?:A;DNQ<;DLAR F: E:=DF ?= IL=JQ:A;<C: ?: SL;:E :A ?:EEL=E ?=T

M=:FR F< I:JELAA: :E; J:U:;B: < B;B QVLDED :>IBJDH:A;<F:H:A; W XRYZ) .: ;<KF:<=> ()8

HLA;J: F:E JBE=F;<;E LK;:A=E I<J F:E ;JLDE ;:E;E [2R 4R 6 DHIJ:EEDLAE J:;:A=:E I<J I:JT

ELAA:\)

 !"#$!% &'( )  !" #$"%&'('" )*'!+%" ,!" '#)-" '!"'" .2/ 4/ 6 -01#!""-)+" #!'!+%!"

1(# 1!#")++!2 ,(+" &( *("! ,! ,)++$!"

$& 0/1& 01&

%:E;8 ]9)^Z_ 8X_ (_

%:E;` ]Y)9_ ])^_ Z_

%:E;9 ]^)Z_ ])^Z_ 9)^Z_

2G<IJPE Q:E ;:E;ER AL=E IL=SLAE QLAQF=J: M=: F:E JBE=F;<;E ?: AL;J: <IIJLQV: ELA;

IJLH:;;:=JE)  :I:A?<A;R F< IJBQDEDLA ?GD?:A;DNQ<;DLA ?BI:A? ?= ALHKJ: ?GDHIJ:EEDLAE

I<J I:JELAA: E;LQaB:E ?<AE F< K<E: ?: ?LAAB:E :; ?: F< M=<FD;B ?:E DH<C:E) /L;LAE

;L=;:@LDE M=: F< K<E: ?: ?LAAB:E M=: AL=E <SLAE =;DFDEB IL=J F:E ;:E;E A: QLA;D:A; M=:

8Y :HIJ:DA;:ER Q: M=D A: I:JH:; M=: ?: JBSBF:J F< @<DE<KDFD;B ?: F< J:QLAA<DEE<AQ: ?:E

:HIJ:DA;:E ?DCD;<F:E W ;J<S:JE AL;J: <IIJLQV:) $F :E; <FLJE DA?DEI:AE<KF: ?: ;:E;:J AL;J:

HB;VL?: E=J =A: K<E: ?: ?LAAB:E IF=E F<JC: <NA ?: QLANJH:J F:E JBE=F;<;E LK;:A=E)

 !"!" #$%&$'()(*

/L=E <SLAE B;=?DB F< JLK=E;:EE: ?: F< #2&% @<Q: W ?:E ;J<AE@LJH<;DLAE QLHH: F<

;J<AEF<;DLAR F< JL;<;DLA :; FG<UL=; ?= KJ=D;) #L=J Q: @<DJ:R AL=E <SLAE H:E=JB F: ADS:<= ?:

EDHDF<JD;B :A;J: F< EDCA<;=J: ?: FGDH<C: LJDCDA<F: :; QV<Q=A: ?:E EDCA<;=J:E ?:E DH<C:E

;J<AE@LJHB:E)
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 !"!"!# $%&'( '( )* +,-&.%(..( '( /,%+( *00+,12( *& -+&3%

#9:; <=>?:@; ?> ;9A:BC@BB@ D@ E9C;@ >FF;9GH@ >: A;:ICJ E9:B >=9EB C@BC< @E F;@KI@;

?I@: ?> F;<GIBI9E D@ ?> D<C@GCI9E D@B F>;>A9?@B D>EB :E@ IK>L@ DM@KF;@IEC@ DILIC>?@ 9N

:E A;:IC L>:BBI@E > <C< >O9:C<) 2IP<;@ECB +/&B Q+ILE>? C9 /9IB@ &>CI9 QD7RR 9EC <C<

F;IB @E G9EBID<;>CI9E) .> SL:;@()8T K9EC;@ ?> BC>AI?IC< D@ ?> D<C@GCI9E F9:; DIP<;@ECB

EI=@>:U D@ A;:IC) $? @BC V E9C@; W:@ ?@ ;<B:?C>C D@ D<C@GCI9E @BC B@EBIA?@ V D@B +/&B

E<L>CIXB W:I G9;;@BF9ED@EC V :E EI=@>: <?@=< D: A;:IC Q0IL)()8TR) /9C9EB W:@ G@ C@BC >

<C< >FF?IW:< V D@B @KF;@IEC@B DILIC>?@B B>EB W:M@??@B B:AIBB@EC >:G:E F;<C;>IC@K@EC)

 !"#$% &'() *  !"#$ #$ %& '()*+,+-. #$ #)!$*!+-. #$ '&(&/-%$, 0&*$ &" /("+! &1-"!)

/9:B >=9EB <L>?@K@EC C@BC< ?> ;9A:BC@BB@ D@ E9C;@ >FF;9GH@ @E >O9:C>EC :E A;:IC D@

CYF@ B@? @C F9I=;@ >:U IK>L@B DM@KF;@IEC@B DILIC>?@B) .> SL:;@ ()8Z K9EC;@ ?@ F9:;G@ECL@

D@ ?> BIKI?IC:D@ @EC;@ ?> BILE>C:;@ DM:E@ @KF;@IEC@ IEICI>?@ @C G@??@ A;:IC<@) .@B ;<B:?C>CB

X9EC F;@:=@ D@ ?> ;9A:BC@BB@ G9EC;@ ?M>O9:C D: A;:ICJ V ?M@UG@FCI9E D@B A;:ICB D@ H>:C@

D@EBIC<) 2@ F?:BJ L;[G@ V B> G>F>GIC< D@ G9EG@EC;>CI9E DM<E@;LI@J ?> #2&% D9EE@ D@

A9E ;<B:?C>CB D@ D<C@GCI9E >:U IK>L@B AIE>I;@B G9KK@ >:U IK>L@B @E EI=@>:U D@ L;IBJ

G@ W:I F@;K@C DM<F>;LE@; ?@ G9\C D@ F;<C;>IC@K@ECB)
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 !"#$% &'() *  !"#$ #$ %& '()"*!$**$ #$* *+,-&!"'$* .&/$ &" )'"+!

 !"!"!# $%&'()'%*+ ,+ -' .)/%'01(+ 2 -' 0('%.-'0)3% +0 2 -' (30'0)3%

:;< =>?;@A?=BC; D< AE<FG><B;=< ;E<;=>?H;< ?IJI;< K?>B?=BC; @I> @? @BL;?=I><) ';

JCFG?>?;= A? @BL;?=I>< DEI;< <FG><B;=< <= D< @? =>?;@A?=M<N ;CI@ JC;@=?=C;@ I;< OI?@B

@BFBA?>B=M <;=< <AA<@) .? @BL;?=I>< <@= ?AC>@ B;K?>B?;=< P A? =>?;@A?=BC;) 2< FQF<N I;<

>C=?=BC; D< θ0 D< AE<FG><B;=< <;=>?B;< I;< =>?;@A?=BC; D< θ0 D< A? @BL;?=I>< @IBK?;= AE?R<

SC>BTC;=?A D<@ θ) .? ULI>< ()8( FC;=>< A< GCI>J<;=?L< D< KC=<@ <;=>< I;< @BL;?=I>< DEI;<

<FG><B;=< B;B=B?A< <= J<AA< =>?;@A?=M< <= GBKC=M<)
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 !"#$% &'(& )  !!"#$%&$'() *+ !,')-&%'&).+ *+ !& /012 3 !& $%&)#!&$'() +$ 3 !&

%($&$'()

 !" #$%&'%%$()

/:;< =>:?< @:?ABC D;E F= #2&% E<A ;?E =GGB:HIE JE &=J:? KC?CB=FL<CE D;L GEBM

@EA N F= O:L< ;?E L?>EB<L:? EP=HAE EA ;?E JCAEHAL:? JE H:;BQE< G:FR?:@L=FE< J=?< ;?E

L@=KE) /:;< =>:?< CK=FE@E?A @L< E? C>LJE?HE FSL?ACBTA JE F= #2&% J=?< FE J:@=L?E

JE BEH:??=L<<=?HE JE O:B@E< N AB=>EB< ;?E =GGFLH=AL:? JE BEH:??=L<<=?HE JSE@GBEL?AE<

JLKLA=FE<) U?E H:@G=B=L<:? E?ABE F= #2&% EA F= @CAI:JE J:?A ?:;< <:@@E< L?<GLBCV F=

%&0 W00XYZV @:?ABE D;E F= #2&% E<A GF;< H:[AE;<E E? AE@G< JE H=FH;F) '? E\EAV E?

<E Q=<=?A <;B FSCD;=AL:? ()]V F= H:@GFEPLAC JE F= #2&% E<A JE FS:BJBE JE O(p5) H:?ABE

O(p3) G:;B F= 0&% W00XYZ) .SL?>EB<L:? JE F= #2&% E<A JE FS:BJBE O(p3) >< O(p3) G:;B

F= 0&%)  :@G=BCE N F= ^12&%V F= #2&% E<A CK=FE@E?A GF;< FE?AE @=L< EFFE :HH;GE

@:L?< JE @C@:LBE D;E F= ^12&%) 6; F= H=G=HLAC JE F= #2&% N JCAEHAEB FE< H:;BQE<

G_FR?:@L=FE<V ;?E H:@G=B=L<:? =>EH F= AB=?<O:B@CE JE !:;KI `!%a KC?CB=FL<CE <SL@M

G:<E) F= #2&% = FE @T@E H:[A JE H:@GFEPLAC E? AE@G< JE H=FH;F EA E? @C@:LBE D;E

F= !%)  EGE?J=?AV F= #2&% = FS=>=?A=KE JSTABE EP=HAE@E?A L?>EB<LQFEV HE D;L ?SE<A

G=< >B=L G:;B F= !%) /:;< G:;>:?< A:;AEO:L< QC?CbHLEB JE< AB=>=;P :GAL@L<=?A F= !%
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:;31<9=>;#$?<(=> ;@A<9=>;...BC=D EFGH IJKLMFHNH LI ENHOFHJIPQN RN LI #2&%)

 !" #$%&'()*$%

2IPS QNTTN KTGRN> PFGS IUFPS EHFEFSK GPN PFGUNLLN IEEHFQVN WGM XKPKHILMSN LI THIPSY

OFHJKN RN HIRFP QLISSMWGN EFGH EHFZNTNH RNS QFGH[NS EFL\PFJMILNS SGMUIPT RNS RMHNQTMFPS

RM]KHNPTNS) .^MPUNHSMFP N_IQTN> LI PITGHN JGLTMYRMHNQTMFPPNLLN RN LI THIPSOFHJITMFP NT LNS

HKSGLTITS EHFJNTTNGHS RIPS LN RFJIMPN RN LI HNQFPPIMSSIPQN RNS OFHJNS S^IU`HNPT GTMLNS
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