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PRESENTATION DES RESULTATS

En géométrie algébrique, la notion d’amplitude des fibrés en droites apparait naturellement pour
caractériser les variétés projectives.

Definition 0.1. Soient X un schéma, et .’ un fibré en droites sur X. Alors on dit que .Z est:

O trés ample, s’il existe un plongement quelconque i: X < PV a valeurs dans un espace
projectif PV tel que .Z = i*Opv(1);

O ample, s’il existe un nombre entier k > 1 tel que le fibré en droites .Z* est trés ample.

Il est un fait étonnant que 1’amplitude des fibrés en droites bénéficie de criteres divers, par exem-
ple, ceux cohomologiques via les théoremes d’annulations, ou celui numérique via le théoreme de
Nakai-Moishezon-Kleiman. De plus, sur le corps des nombres complexes, le célebre théoreme de
plongement de Kodaira affirme que, sur une variété complexe compacte lisse, un fibré en droites
holomorphe .Z est ample si et seulement s’il existe une métrique hermitienne de .’ dont la forme
de courbure est strictement positive.

Pour des fibrés vectoriels, on peut aussi introduire la notion d’amplitude comme suit. Soit £ un
fibre vectoriels sur une variété X. Notons m: P(E) — X le fibré projectif des quotients de E de
dimension 1, et notons Opg)(1) le fibré en droites de Serre sur P(E), i.e. le quotient tautologique
de m°E.

Definition 0.2. Le fibré vectoriel E est (trés) ample sur X si et seulement si le fibré en droites de
Serre Opg)(1) est (tres) ample sur P(E).

Sur une variété lisse X, le fibré vectoriel le plus naturel serait, soit le fibré cotangent Qy, soit
le fibré tangent Tx = Qy. Rappelons que, dans sa solution célebre de la Conjecture d’Hartshorne,
Mori a établi que les seules variétés lisses ayant un fibré tangent ample sont les espaces projectifs.
Par conséquent, un probleme naturel surgit: déterminer les variétés lisses dont le fibré cotangent
est ample.

Les variétés X a fibré cotangent ample jouissent de plusieurs propriétés intéressantes:

O toutes les sous-variétés de X sont de type général;

O il y a nombre fini d’applications rationnelles non constantes d’une variété projective fixée
vers X;

O si X est définie sur C, alors X est hyperbolique complexe au sens de Kobayashi, i.e. chaque
application holomorphe C — X doit étre constante.

De plus, si X est définie sur un corps de nombres K, alors I’ensemble des points K-rationnels de
X est conjecturé par Lang avoir un cardinal fini.

Dans le cas de la dimension 1, nous avons une compréhension complete des variétés a fibré
cotangent ample: ce sont les courbes algébriques lisses de genre > 2. Cependant, en dimension
supérieure, peu d’exemples étaient connus jusqu’a tres récemment, méme s’ils étaient censés étre
raisonnablement abondants.

Dans cet objectif, Debarre a conjecturé que I’intersection de ¢ > N/2 hypersurfaces génériques

de degrés élevés dans PX devrait avoir un fibré cotangent ample.
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Inspiré par les travaux de Debarre et Brotbek, dans cette these, nous établissons la Conjecture
d’amplitude de Debarre en toute généralité, et notamment, nous obtenons une borne effective in-
férieure sur les degrés des hypersurfaces.

Théoréme Principal. Le fibré cotangent Qx d’une intersection X = Hy N --- N H. C PY de
¢ > N/2 hypersurfaces génériques Hy, ..., H. de degrés élevés d,, ... ,d. > NN est ample.

En fait, au lieu de nous contenter de , nous allons montrer que ce résultat est valide pour chaque
corps algébriquement clos, sans restriction sur sa caractéristique.

Esquissons maintenant la preuve.

Tout d’abord, nous élaborons une interprétation géométrique des différentielles symétriques sur
les espaces projectifs. De cette maniere, nous reconstruisons les différentielles symétriques de
Brotbek sur X, lorsque les équations définissantes des hypersurfaces Hy, ..., H. sont de type Fer-
mat généralisé. De plus, nous dévoilons des familles nouvelles de différentielles symétriques de
degré inférieur sur toutes les intersections possibles de X avec des hyperplans de coordonnées.

Ensuite, nous introduisons ce que nous appelons la ‘Méthode des Coefficients Mobiles’ ainsi que
le ‘Coup du Produit’ afin d’accomplir une démonstration de la conjecture d’amplitude de Debarre.
De plus, nous obtenons une borne effective inférieure sur les degrés: d,, . ..,d. > NV ’ Enfin, grace
a des résultats connus au sujet de la conjecture de Fujita, nous établissons que Sym* Qy est tres

2
ample pour tout x > 64 ( Dic di) :
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Summary

In the first part of this thesis, we establish the Debarre Ampleness Conjecture: The cotangent bundle
Qyx of the intersection X = Hy N --- N H, of c > N/2 generic hypersurfaces H; C Pg of high degrees
di,...,d. > 1isample.

First of all, we provide a geometric interpretation of symmetric differential forms in projective spaces.
Thereby, we reconstruct Brotbek’s symmetric differential forms on X, where the defining hypersurfaces
Hy, ..., H, are generalized Fermat-type. Moreover, we exhibit unveiled families of lower degree symmetric
differential forms on all possible intersections of X with coordinate hyperplanes.

Thereafter, we introduce what we call the ‘moving coefficients method’ and the ‘product coup’ to settle
the Debarre Ampleness Conjecture. In addition, we obtain an effective lower degree bound: di,...,d. >

NV, Lastly, thanks to known results about the Fujita Conjecture, we establish the very-ampleness of
Sym* Qy for all x > 64( L5, di) -

In the second part, we study the General Debarre Ampleness Conjecture, which stipulates that, over an
algebraically closed field K with any characteristic, on an N-dimensional smooth projective K-variety P
equipped with ¢ > N/2 very ample line bundles .1, . ..,.Z,, for all large degrees dj,...,d. > d > 1, for
generic ¢ hypersurfaces H; € |fl®d", ..., H. € |.$C®d“
ample cotangent bundle Q.

On such an intersection variety X, we construct what we call ‘generalized Brotbek’s symmetric differen-
tial forms’, and we establish that, if .2, ..., Z. are almost proportional mutually, then the General Debarre
Ampleness Conjecture holds true. Our method is effective, and in the case where £ = --- = Z,, we obtain
the same lower degree bound d = NV * as in the first part.

These two works have been posted on arxiv.org.

, the complete intersection X := H; N --- N H, has

Keywords. Debarre Ampleness Conjecture, Complete intersection, Cotangent bundle, Symmetric differential form,
Moving Coefficients Method, Product coup, Cramer’s rule, Base loci, Fibre dimension estimate, Core Lemma, Gauss-
ian elimination, Formal matrices, Determinants, Complex hyperbolicity, Fujita Conjecture.

v



vi



Acknowledgments

First of all, I would like to express my sincere gratitude to my thesis advisor Joél Merker, whose
deep mathematical insights and liberal personality I admire a lot. During the past three years after
he supervised my Master 2 memoir, he has generously shared all his ideas in the subject of complex
hyperbolicity, and relevantly, he introduced me to the Debarre Ampleness Conjecture. Without his
constant encouragement and inspiring questions, I would never have realized this thesis with such
a joy. Notably, I am heartily grateful for his huge amount of time helping me on mathematical
writing, for instance — I would never forget that in my life — at the very begining of my progress,
we had ‘suffered’ several afternoons together in his nice apartment, each time analyzing just one
paragraph of mine within ten lines!

Next, it is my great honor to sincerely thank Jean-Pierre Demailly and Thomas Peternell for
accepting to be the referees of this thesis, and to sincerely thank Olivier Debarre, David Harari,
Claire Voisin for agreeing to serve on my thesis committee. In fact, they have always been my
teachers in Algebraic Geometry, by means of their remarkable books, lecture notes and articles.

Especially, I would like to thank Damian Brotbek, whose beautiful symmetric differential forms
constitute the cornerstone of my thesis. I would never forget 15 October 2014, the day of which he
gave an excellent talk in Orsay on his fundamental breakthrough, and the night of which I suddenly
came up with the idea of ‘moving coefficients method’. I deeply acknowledge Damian’s significant
role in my thesis, as well as his generosity and encouragement. Also, I am permanently grateful
to Olivier Debarre for his ampleness conjecture, for suggesting the title of my first paper (thesis),
and for patiently listening my major ideas of the proof.

I have been very lucky to meet many excellent professors in Orsay Mathematics Department,
and to them I would like to express my gratitude. In particular, I thank all regular participants
of the groupe de travail Opérateurs de Dirac. Besides, I thank the graduate school in Orsay for
nice working conditions, especially, I thank Frédéric Paulin and Valérie Blandin-Lavigne for their
administrative help. Also, I am grateful to Fondation Mathématique Jacques Hadamard for offering
me financial support during my Master 2 and during my Ph.D.

I would also like to thank my teachers in Tsinghua University. Especially, Zhiying Wen, Jiayan
Yao and Jacques Peyriere helped me to come in Orsay for Master 2 study.

During these four years since my Master 2, I have benefited from lectures of Nessim Sibony,
Yves Laszlo, Jean-Benoit Bost, Jo€l Merker, Jean-Michel Bismut, Frangois Charles, Frank Pacard,
Frédéric Paulin, Julien Duval, Huayi Chen, Sébastien Boucksom. Furthermore, Xiaonan Ma and
Pin Yu have provided me precious advices when I chose my Ph.D. subject. I am grateful to all
of them. I would also like to thank Shing-Tung Yau, Nessim Sibony, Junjiro Noguchi, Xiaojun
Huang for their interest in my thesis.

I would like to thank my ‘thesis brothers’ Lionel Darondeau, Dinh Tuan Huynh and Wei Guo
Foo for inspiring discussions and for constant encouragement.

I would like to thank my Chinese colleagues and friends: Xiaohua Ai, Yichang Cai, Junyan
Cao, Yang Cao, Yinshan Chang, Li Chen, Shaoyu Chen, Zhangchi Chen, Fusheng Deng, Ya Deng,

vi



Jie Ding, Yiwen Ding, Xin Dong, Hanlong Fang, Xin Fang, Yanbo Fang, Yangqin Fang, Lie Fu,
Yulong Fu, Jun Gao, Weichen Gao, Yueyuan Gao, Ziyang Gao, Weihua He, Weikun He, Haoyu
Hu, Yong Hu, Yi Huang, Zhizhong Huang, Xun Jiang, Zhi Jiang, Yunlong Jiao, Yang Lan, Jialun
Li, Rui Li, Yongqi Liang, Jie Lin, Shen Lin, Bingxiao Liu, Chunhui Liu, Jie Liu, Shinan Liu,
Ziyi Liu, Shaojun Luo, Yue Ma, Sai Ma, Jinzhao Pan, Wenyu Pan, Zicheng Qian, Peng Shan,
Guokuan Shao, Shu Shen, Xu Shen, Shenghao Sun, Wen Sun, Zhe Sun, Kun Tian, Zhiyu Tian,
Haoran Wang, Mingming Wang, Xiaodong Wang, Xufei Wang, Hao Wu, Bo Xia, Jian Xiao, Junyi
Xie, Daxin Xu, Disheng Xu, Gengtian Xu, Haiyan Xu, Shu Xu, Cong Xue, Jingzhi Yan, Wenyuan
Yang, Jianfeng Yao, Chenglong Yu, Yue Yu, Zhihui Yuan, Ming Zhang, Yeping Zhang, Yu Zhang,
Hui Zhu, Kefu Zhu, Yihang Zhu, Ying Zhu, Yingchuan Zhu.

Concerning my three hobbies which indeed stimulated my thesis, firstly, I thank Lu Gan for
introducing me to bridge, and I thank my partner Jianfeng Yao in Paris. The variety of coups
that I have learned in this game helped me to keep patient in research, for instance, it took me
quite a long time to prove the ‘Core Lemma’, and interestingly, the final solution turned out to
be like a ‘compound squeeze’ in bridge. Especially, here I thank David Harari for sharing with
me his experience that “bridge could disturb mathematics”, although none of us will ever regret.
Secondly, I thank Weichen Gao for sharing with me the information/tickets of hundreds of great
classical music concerts in Théétre des Champs-Elysées, in Salle Pleyel, and in Philharmonie de
Paris. Thirdly, I thank Tianyang Li for introducing me to the No Limit Hold’em game. Especially,
I thank all participants of the regular cash game organized by Yiwen Ding and by myself in Orsay.

In the end, I would like to dedicate this thesis to my parents for their endless love, support, and
encouragement. Also, I would like to thank my girl (friend) Tongnuo for her kindness. It was
in her pleasant company that I suddenly caught the inspiration of ‘hidden” symmetric differential
forms central to my thesis, and a wealth of other precious ideas.

viii



ON THE AMPLENESS
OF THE COTANGENT BUNDLES
OF COMPLETE INTERSECTIONS

SONG-YAN XIE

ABSTRACT. Based on a geometric interpretation of Brotbek’s symmetric differential forms, for the
intersection family 2~ of general Fermat-type hypersurfaces in P% defined over any field K, we
construct/reconstruct explicit symmetric differential forms by applying Cramer’s rule, skipping co-
homology arguments, and we further exhibit unveiled families of lower degree symmetric differential
forms on all possible intersections of .2~ with coordinate hyperplanes.

Thereafter, we develop what we call the ‘moving coefficients method’ to prove a conjecture made

by Olivier Debarre: for a generic choice of ¢ > N/2 hypersurfaces Hy,...,H, C ]P’g of degrees
di,...,d. sufficiently large, the intersection X := H; N ---N H, has ample cotangent bundle Qx, and
concerning effectiveness, the lower bound dy, ...,d, > NV works.

Lastly, thanks to known results about the Fujita Conjecture, we establish the very-ampleness of

2
Sym* Qy for all x > kg, with a uniform lower bound «y = 64 ( iy di) independent of X.

1. Introduction

In 2005, Debarre established that, in a complex abelian variety of dimension N, for ¢ > N/2
sufficiently ample generic hypersurfaces H,..., H., their intersection X := H; N --- N H, has
ample cotangent bundle (y, thereby answering a question of Lazarsfeld (cf. [18]). Then naturally,
by thoughtful analogies between geometry of Abelian varieties and geometry of projective spaces,
Debarre proposed the following conjecture in Section 3 of [18], extending in fact an older question
raised by Schneider [58] in the surface case:

Conjecture 1.1. [Debarre Ampleness Conjecture] For all integers N > 2, for every integer
N/2 < ¢ < N, there exists a positive lower bound:

d>1

such that, for all positive integers:

for generic choices of ¢ hypersurfaces:
H; C Pg (i=1-c)

with degrees:
deg Hl' = d,',

2010 Mathematics Subject Classification. 14D99, 14F10, 14M10, 14M12, 15A03, 32Q45.

Key words and phrases. Complex hyperbolicity, Fujita Conjecture, Debarre Ampleness Conjecture, Generic,
Complete intersection, Cotangent bundle, Cramer’s rule, Symmetric differential form, Moving Coefficients Method,
Base loci, Fibre dimension estimate, Core Lemma, Gaussian elimination.

This work was supported by the Fondation Mathématique Jacques Hadamard through the grant N° ANR-10-
CAMP-0151-02 within the “Programme des Investissements d’ Avenir”.
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the intersection:
X:=H/ N---NH,

has ample cotangent bundle Qy.

Precisely, according to a ground conceptualization due to Hartshorne [36], the expected ample-
ness is that, for all large degrees k > ky > 1, the global symmetric k-differentials on X:

' (X, Sym* Qy)
are so abundant and diverse, that firstly, at every point x € X, the first-order jet evaluation map:
I'(X, Sym*“Qy) - Jet; Sym* Q|
is surjective, where for every vector bundle E — X the first-order jet of E at x is defined by:
Jeti E| := OUE) [ (m,) 6.(E),
and that secondly, at every pair of distinct points x; # x, in X, the simultaneous evaluation map:
[(X,Sym‘Qy) -» Sym‘Qy| @ Sym* Qx|

is also surjective.
The hypothesis:
czn

appears optimal, for otherwise when ¢ < n, there are no nonzero global sections for all degrees
k>1:
I'(X,Sym*Qy) = 0,

according to Briickmann-Rackwitz [8] and Schneider [58], whereas, in the threshold case ¢ = n,
nonzero global sections are known to exist.

As highlighted in [18], projective varieties X having ample cotangent bundles enjoy several
fascinating properties, for instance the following ones.

e All subvarieties of X are all of general type.

e There are finitely many nonconstant rational maps from any fixed projective variety to X
([51D).

o If X is defined over C, then X is Kobayashi-hyperbolic, i.e. every holomorphic map C — X
must be constant ([20, p. 16, Proposition 3.1], [27, p. 52, Proposition 4.2.1]).

e If X is defined over a number field K, the set of K-rational points of X is expected to be
finite (Lang’s conjecture, cf. [38], [48]).

Since ampleness of cotangent bundles potentially bridges Analytic Geometry and Arithmetic
Geometry in a deep way, it is interesting to ask examples of such projective varieties. In one-
dimensional case, they are in fact our familar Riemann surfaces/algebraic curves with genus > 2.
However, in higher dimensional case, not many examples were known, even though they were
expected to be reasonable abundant.

In this aspect, we would like to mention the following nice construction of Bogomolov, which
is written down in the last section of [18]. If Xj,..., X, are smooth complex projective varieties
having positive dimensions:

dmX; >d > 1 (i=1-0),
2



all of whose Serre line bundles ﬁp(TXi)(l) — P(Ty,) enjoy bigness:

dimT (P(Tx,), Opry (k) = dimT (X;, Sym*Qy) > constant S
>0
then a generic complete intersection:

Y Cc Xix--- XX,

having dimension:
, dil+1)+1
dmY < —/———
2(d+1)
has ample cotangent bundle Qy.
In his Ph.D. thesis under the direction of Mourougane, Brotbek [5] reached an elegant proof of
the Debarre Ampleness Conjecture in dimension n = 2, in all codimensions ¢ > 2, for generic

complete intersections X> C P?*¢(C) having degrees:

d..ond, > 20FOE2
n+c—1
by extending the techniques of Siu [62, 63, 64], Demailly [20, 23, 22], Rousseau [56], Paun [52,
53], Merker [43], Diverio-Merker-Rousseau [26], Mourougane [50], and by employing the concept
of ampleness modulo a subvariety introduced by Miyaoka in [47]. Also, for smooth complete
intersections X" c P"*¢(C) with ¢ > n > 2, Brotbek showed using holomorphic Morse inequalities

that when:

n
di,....d. > [2"7'2n-2) —
e e (2n )n+c+1

2 (2n—1)+1](n)(2n+c)! (c—n)!

n 15]) (n+0)! c!

2

bigness of the Serre line bundle pt,,(1) — P(Tx) holds:
dim T (P(Tx), Opry)(k)) = dimT (X, Sym* Qy) 2 1 Yeuer(X, Sym* Qy)

> constant &>,
kS 0
>0
whereas a desirable control of the base locus of the inexplicitly given nonzero holomorphic sections
seems impossible by means of currently available techniques.

To find an alternative approach, a key breakthrough happened in 2014, when Brotbek [7] ob-
tained explicit global symmetric differential forms in coordinates by an intensive cohomological
approach. More specifically, under the assumption that the ambient field K has characteristic zero,
using exact sequences and the snake lemma, Brotbek firstly provided a key series of long injective
cohomology sequences, whose left initial ends consist of the most general global twisted sym-
metric differential forms, and whose right target ends consist of huge dimensional linear spaces
well understood. Secondly, Brotbek proved that the image of each left end, going through the full
injections sequence, is exactly the kernel of a certain linear system at the right end. Thirdly, by
focusing on pure Fermat-type hypersurface equations ([7, p. 26]):

N .
F; = 5| Z{ (=10, (1)
i=0
with integers ¢ > N/2, e > 1, where s{ are some homogeneous polynomials of the same degree

€ > 0, Brotbek step-by-step traced back some kernel elements from each right end all the way to
3



the left end, every middle step being an application of Cramer’s rule, and hence he constructed
global twisted symmetric differential forms with neat determinantal structures ([7, p. 27-31]).

Thereafter, by employing the standard method of counting base-locus-dimension in two ways in
algebraic geometry (see e.g. Lemma 8.15 below), Brotbek established that the Debarre Ampleness
Conjecture holds when:

4dc > 3N -2,

for equal degrees:
dy=---=d. > 2N +3, (2)

the constructions being flexible enough to embrace ‘approximately equal degrees’, in the same
sense as Theorem 5.2 below.

Inspired much by Brotbek’s works, we propose the following answer to the Debarre Ampleness
Conjecture.

Theorem 1.2. The cotangent bundle of the intersection in Pg of at least N |2 generic hypersurfaces
with degrees > NV * s ample.

In fact, we will prove the following main theorem, which coincides with the above theorem for
r = 0 and K = C, and whose effective bound dy = N will be obtained in Theorem 11.2.

Theorem 1.3 (Ampleness). Over any field K which is not finite, for all positive integers N > 1,
for any nonnegative integers c,r > 0 with:

2c+r =N,
there exists a lower bound dy > 1 such that, for all positive integers:
di,....de,desys. .. deyy > do,
for generic choices of ¢ + r hypersurfaces:
H; c P} (i=1-c+r)
with degrees:
deg H; = d;,
the cotangent bundle )y of the intersection of the first c hypersurfaces:
V=HnNn---NH,
restricted to the intersection of all the ¢ + r hypersurfaces:
X=Hn---NHNH. 1 N---NH,
is ample.
First of all, remembering that ampleness (or not) is preserved under any base change obtained
by ambient field extension, one only needs to prove the Ampleness Theorem 1.3 for algebraically
closed fields K.

Of course, we would like to have dy = dy (V, ¢, r) as small as possible, yet the optimal one is at
present far beyond our reach, and we can only get exponential ones like:

do = NV (Theorem 11.2),
4



which confirms the large degree phenomena in Kobayashi hyperbolicity related problems ([26, 2,
22, 16, 64]). When 2 (2¢ + r) > 3N — 2, we obtain linear bounds for equal degrees:

dy=---=d., > 2N+3,

hence we recover the lower bounds (2) in the case r = 0, and we also obtain quadratic bounds for
all large degrees:

di,....,der 2 BN +2)(3N +3).
Better estimates of the lower bound d, will be explained in Section 12.

Concerning the proof, primarily, as anticipated/emphasized by Brotbek and Merker ([7, 44]), it
is essentially based on constructing sufficiently many global negatively twisted symmetric differ-
ential forms, and then inevitably, one has to struggle with the overwhelming difficulty of clearing
out their base loci, which seems, at the best of our knowledge, to be an incredible mission.

In order to bypass the complexity in these two aspects, the following seven ingredients are
indispensable in our approach:

@ generalized Brotbek’s symmetric differential forms (Subsection 6.10);
global moving coefficients method (MCM) (Subsection 7.2);
‘hidden’ symmetric forms on intersections with coordinate hyperplanes (Subsection 6.4);
MCM on intersections with coordinate hyperplanes (Subsection 7.3);
Algorithm of MCM (Subsection 7.1);
Core Lemma of MCM (Section 10);
@ product coup (Subsection 5.3).

© 0@ ® 0 O

In fact, @ is based on a geometric interpretation of Brotbek’s symmetric differential forms ([7,
Lemma 4.5]), and has the advantage of producing symmetric differential forms by directly copying
hypersurface equations and their differentials. Facilitated by @, which is of certain combinatorial
interest, ® amazingly cooks a series of global negatively twisted symmetric differential forms,
which are of nice uniform structures. However, unfortunately, one still has the difficulty that all
these obtained global symmetric forms happen to coincide with each other on the intersections with
any two coordinate hyperplanes, so that their base locus stably keeps positive (large) dimension,
which is an annoying obstacle to ampleness.

Then, to overcome this difficulty enters ®, which is arguably the most critical ingredient in
harmony with MCM, and whose importance is much greater than its appearance as somehow a
corollary of ®. Thus, to compensate the defect of ®-@, it is natural to design @ which completes
the framework of MCM. And then, ® is smooth to be devised, and it provides suitable hypersur-
face equations for MCM. Now, the last obstacle to amplness is about narrowing the base loci, an
ultimate difficulty solved by ®. Thus, the Debarre Conjecture is settled in the central cases of al-
most equal degrees. Finally, the magical coup @ thereby embraces all large degrees for the Debarre
Conjecture, and naturally shapes the formulation of the Ampleness Theorem.

Lastly, taking account of known results about the Fujita Conjecture in Complex Geometry (cf.
survey [21]), we will prove in Section 13 the following

Theorem 1.4 (Effective Very Ampleness). Under the same assumption and notation as in the

Ampleness Theorem 1.3, if in addition the ambient field K has characteristic zero, then for generic
5



choices of Hy, ..., H.,,, the restricted cotangent bundle Sym* QV|X is very ample on X, for every
K = Ko, with the uniform lower bound.:

c+r

Ko = 16(2 di+ Y dY.
i=1 i=1

In the end, we would like to propose the following

Conjecture 1.5. (i) Over an algebraically closed field K, for any smooth projective K-variety P
with dimension N, for any integers c¢,r > 0 with 2¢ + r > N, for any very ample line bundles
A, ..., %Z.., onP, there exists a lower bound:

d = dy(P,Z) > 1
such that, for all positive integers:
di,....de,deiy,s ..., deyy > do,
for generic choices of ¢ + r hypersurfaces:
H cP (i=1-c+r)
defined by global sections:
F; € H (P, £2%),
the cotangent bundle Qy of the intersection of the first ¢ hypersurfaces:
V=Hn---NH,
restricted to the intersection of all the ¢ + r hypersurfaces:
X:=H,n---NH.NH., N---NH,.,,
is ample.
(ii) There exists a uniform lower bound:
dy =dy(P) > 1
independent of the chosen very ample line bundles .%,.
(iii) There exists a uniform lower bound:

kKo = kp(P) > 1

independent of d,, ..., d.,,, such that for generic choices of Hy, ..., H.,,, the restricted cotangent
bundle Sym* Qy|, is very ample on X, for every k > ko.
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2. Preliminaries and Restatements of the Ampleness Theorem 1.3

2.1. Two families of hypersurface intersections in P}. Fix an arbitrary algebraically closed field
K. Now, we introduce the fundamental object of this paper: the intersection family of ¢ + r
hypersurfaces with degrees di, . . ., d.,, > 1 in the K-projective space P} of dimension N, equipped
with homogeneous coordinates [zg : z; : -+ : zy].

Recalling that the projective parameter space of degree d > 1 hypersurfaces in P¥ is:

P(H'(PY, Op(d)) = P{ Y Au2": A, €K},

dime—(") o
we may denote by:
P( @t HO(PN, PN(d )) S Z Az a. A‘ c K}
dimy = et (N+d l=d;
the projective parameter space of ¢ + r hypersurfaces with degrees dj, ..., d..,. This K-projective
space has dimension:
< (N +d;
o::;( . )-1, ©)
hence we write it as:
Py = Proj K[{AL higcer]. 4)

where, as shown above, A! are the homogeneous coordinates indexed by the serial number i of
each hypersurface and by all multi-indices @ with the weight || = d; associated to the degree d;
monomials z% € K[z, ..., zy].

Now, we introduce the two subschemes:

X C ¥V C P xgPE,
where 2" is defined by ‘all’ the ¢ + r bihomogeneous polynomials:
2=V DAL A, D AT Y AT, (5)
|lal=d; lal=d. lal=dc+1 |lal=dcr
and where 7 is defined by the ‘first’ ¢ bihomogeneous polynomials:
V=V D AL ) AL, (6)
|or|=d la|=d.

Then we view 2°, % C P§, X P¥ as two families of closed subschemes of P} parametrized by

the projective parameter space Py
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2.2. The relative cotangent sheaves family of 7. A comprehensive reference on sheaves of
relative differentials is [42, Section 6.1.2].
Let pr,, pr, be the two canonical projections:

P% g PY (7

o N
Py Pg.
Then, by composing with the subscheme inclusion:
i V> Py xgPY,
we receive a morphism:
pryoi: ¥V — P,

together with a sheaf Qy/ e of relative differentials of degree 1 of ¥ over Py,.

Since pr, is of finite type and Py is noetherian, a standard theorem ([42, p. 216, Proposi-

tion 1.20]) shows that the sheaf Q! ¥ is coherent.

We may view Q! py 85 the family of the cotangent bundles for the intersection family 7, since

v

the coherent sheaf Q}j/ s is indeed locally free on the Zariski open set that consists of smooth

complete intersections.

2.3. The projectivizations and the Serre line bundles. We refer the reader to [37, pp. 160-162]
for the considerations in this subsection.
Starting with the noetherian scheme ¥ and the coherent degree 1 relative differential sheaf Q! -
K
on it, we consider the sheaf of relative &’y -symmetric differential algebras:

Sym* Q) .. := P sym'Q), ...
i=0

According to the construction of [37, p. 160], noting that this sheaf has a natural structure of
graded Oy -algebras, and moreover that it satisfies the condition () there, we receive the projec-

1.
tivization of Q X

P(Qv//w) = Proj (Sym* Q“I//P°) (8)

As described in [37, p. 160], P(Q!
ﬁP(Ql )(1) on lt.
2%

v /pO) is naturally equipped with the so-called Serre line bundle

Similarly, replacing ¥ by P§ xx P}, we obtain the relative differentials sheaf of P§, xx P} with
respect to pry in (7):
Q]

P xg Py /

p = = pr, Q!

PN’

and we thus obtain its projectivization:

P(Qlo ) := Proj(Sym* Qlo ) = P} xx Proj (Sym® QlN). 9)

xPY /P xPY /P

We will abbreviate Proj(Sym* Q! N) as P(Q1 N) and denote its Serre line bundle by ﬁp(gu )(1)
Then, the Serre line bundle Op

O
PK KPK /PS

)(1) on the left hand side of (9) is nothing but the line
8



bundle 7, ﬁp(glN)(l) on the right hand side, where 7, is the canonical projection:
Pg

T P Xg P(QI;%) - P(QI{P%).
Now, note that the commutative diagram:

Y = P xg PY

pri

Py
induces the surjection (cf. [37, p. 176, Proposition 8.12]):
= 1 1
! QP%xKPg/PfK - Q“///P%’
and hence yields the surjection:
o . 1 . 1
i" Sym QP%XKP% B Sym® Q,, BS

Taking ‘Proj’, thanks to (9), we obtain the commutative diagram:

P ,.) SRR P@;,)

| |

A —— N

(10)

(11)

Thus, the Serre line bundle Op (1) becomes exactly the pull back of ‘the Serre line bundle’
VP

P ﬁP(QILN)(l) under the inclusion :
K

ﬁp(gl <>)(1) = 7*(7?5 ﬁP(QlN)(l)) = (m 07)* ﬁP(QIN)(l)-
RS 24 Pr

2.4. Restatement of Theorem 1.3. Let 7 be the canonical projection:
T Py xx P(QLy) — Py xg P,
K

and let 1, r, be the compositions of 7w with pry, prs:

P, X P(QIIP%)

Let:
P:=74(2)NnPEQ

be ‘the pullback’ of:

) € P(Q)5.) C Py xg P(QL,)
K

1 1

v [Py [Py
4 N

X ¥V CPyxgPy

9
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under the map 7, and let:
Op(1) = ﬁp(gly/w)u)h, = 7 Opay (D] Isee (12)] (15)
P P

be the restricted Serre line bundle.
Now, we may view P as a family of subschemes of P(Q];N) parametrized by the projective pa-
K

rameter space P, under the restricted map:
m: P—Pp. (16)

Thus Theorem 1.3 can be reformulated as below, with the assumption that the hypersurface degrees
di,...,d.., are sufficiently large:

dy,...,d.., > 1.
Theorem 1.3 (Version A). For a generic point t € P%,, over the fibre:
P, :=n;'(H) NP,
the restricted Serre line bundle:
Op(1) := Gp(D), (17

is ample.
From now on, every closed point:
t = [(Abhicizenr| € PY
lf=d

will be abbreviated as:

t=[Fy: - Feyrl,
where:
F; = Z Al (i=1-c+n).
lal=d;

Then we have:
P, = {t} X¢ FoyoFor, PR Fo
for a uniquely defined subscheme:

F(:+ls~--sF(r+rPFl»~~-ch - P(Ql{pg)' (18)

Theorem 1.3 (Version B). For a generic closed point:
[FI: Tl Fc+r] € PO’
the Serre line bundle ﬁp(glN)(l) isampleon ., r.Pr.  p.
P:

K
To have a better understanding of the above statements, we now investigate the geometry behind.

3. The background geometry

Since K is an algebraically closed field, throughout this section, we view each scheme in the
classical sense (cf. [37, Chapter 1]), i.e. its underlying topological space (K-variety) consists of all

the closed points.
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3.1. The geometry of P} and ﬁpg(l). Recall that, the projective N-space PY is obtained by pro-
jectivizing the Euclidian (N + 1)-space KV*!, i.e. is defined as the set of lines passing through the

origin:
PY := P(KM*!) := KV*N\{0} / ~, (19)
where the quotient relation ~ for z € KN*1\{0} is:

z~ Az (Y 1€KX).

On P§, there is the so-called tautological line bundle ﬁpg(—l), which at every point [z] € P} has
fibre:

Opx(-1)|, = K-z ¢ KM,

[z]
Its dual line bundle is the well known:

O (1) := Opy(=1)".

3.2. The geometry of P(Q},) and Opq (1). Forevery point [z] € Py, the tangent space of P at
K 2
[z] is:

TP£§| =K"™/K-z,

[z]
and the total tangent space of P} :
Tpy := ThorK"/ ~, (20)

is the quotient space of the horizontal tangent space of KV*! \ {0}:
Thor K" o= {2 [€]) : z€ K™\ {0} and [£] € KV /K -, 1)

by the quotient relation ~:

(z, [€D) ~ (A2, [A€]) (V 1eKX).
7%




Now, the K-variety associated to P(Q1 N) is just the projectivized tangent space P(Tpg), which is

obtained by projectivizing each tangent space Tpv| . at every point [z] € P}:

|[]

P(TPN)|[ . P(TPN|[Z]

And the Serre line bundle ﬁP(QIN)(l) on P(Q! N) corresponds to the ‘Serre line bundle’ ﬁP(TPN)(l)
Pr K

on P(Tpg), which after restricting on P(Tpg)| becomes Ot ol »(1). In other words, the Serre line
bundle O%r (1) is the dual of the tautologlcal line bundle ﬁ’p(TpN)(—l), where the latter one, at
every point ([ (I 1,[€]) € P(TPN) has fibre: ‘

ﬁP<TPg>(‘1)|<[z],m> = K-[¢] € Tpy|, =K"" /K 2.

3.3. The geometry of P(Q
Py, X PY is:

V/IP’°)’ P and P,. Recalling (6), the K-variety V associated to ¥ C
V = {([Fl,-..,Fc+r]9[Z]) EP%XP% : Fi(2)=0,VYi= 1---0}.

Moreover, recalling (11), the K-variety:

P(Typ;) € Py X P(Tzn)

associated to P(Q), ) C Py xx P(Q1,) is:
VB Py

B(Tyjss) = (((Froveo s Feo (G LED)  Fi2) = 0.dF| (€)= 0.V i=1---c].

Similarly, the K-variety:
P C P(Typs)

associated to P ¢ P(Q! /PO) 1s:

Poi= {([F1, s Forr, (2L [ED) - Fil@) = 0,dF | () =0Yi=1---c+nV¥j=1-c},
and the K-variety:
FerteFer L P pe © P(Tpy)
associated to (18) is:
P Brore = (LIED 1 Fi@) = 0,dF{(© =0Yi=1-cHnVj=1-c} (2
Now, the K-variety P, of P, is:

P =t} X F..,..r.., PF,...F.-

4. Some hints on the Ampleness Theorem 1.3

The first three Subsections 4.1-4.3 consist of some standard knowledge in algebraic geometry,
and the last Subsection 4.4 presents a helpful nefness criterion which suits our moving coefficients

method.
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4.1. Ampleness is Zariski open. The foundation of our approach is the following classical theo-
rem of Grothendieck (cf. [33, I11.4.7.1] or [40, p. 29, Theorem 1.2.17]).

Theorem 4.1. [Amplitude in families] Ler f : X — T be a proper morphism of schemes, and let
Z be a line bundle on X. For every point t € T, denote by:

Xo=f10, L=

Assume that, for some point 0 € T, £, is ample on Xy . Then in T, there is a Zariski open set U
containing 0 such that £, is ample on X,, for all t € U.

Note that in (13), 7, = pr, ox is a composition of two proper morphisms, hence is proper, and so
is (16). Therefore, by virtue of the above theorem, we only need to find one (closed) point ¢ € P}
such that:

Op,(1) is ample on P,. (23)
4.2. Largely twisted Serre line bundle is ample. Let:
m: PQL) - Py
K

be the canonical projection. [37, p. 161, Proposition 7.10] yields that, for all sufficiently large
integer £ ', the twisted line bundle below is ample on P(QHIDN):
K

ﬁp(gnlxg)(l) ® m, ﬁpg({’). (24)
Recalling (10) and (13), and noting that:
Ty = Tp © T, (25)
for the following ample line bundle .72 on the scheme P§, Xy PY:
A = pr| Op; (1) ® pr; Opn(1),
the twisted line bundle below is ample on P§, xx P(QIIP)%):
fs ﬁP(Q;%)(l) T H =T, ﬁP(Qzlpg)(l) ® %*(Prl*ﬁp%(f) ® Prz*ﬁpg(f))
=T ﬁp(gﬂlﬁg)(l) ® (pri Oa*ﬁp%(f) ® (pra Oﬁ*ﬁpg(f)
[use (13)] =T, ﬁp(%%])(l) ® 7 ﬁpﬁK({’) ® nzﬁpg(é’) (26)
[use (25)] =T, ﬁmﬂ;g)(l) ® 71 Op; (€) ® T, (1 O (D))

=7} O5:.(0) T (Opa (1) ® 75 Oy (0)).
~—— Pg
ample

ample on P(Qllp N)
K
In particular, for every point ¢t € P2, recalling (15), (17), restricting (26) to the subscheme:
P, = 7,'t) NP,

'In fact, £ > 3 is enough, see (222) below.
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we receive an ample line bundle:

Op (1) ® 7} 0p: (£) @1y 0px(£) = Op,(1) ® T3 03y (0). 27)
trivial line bundle

4.3. Nefness of negatively twisted cotangent sheaf suffices. As we mentioned at the end of
Subsection 4.1, our goal is to show the existence of one such (closed) point ¢ € P§, satisfying (23).
In fact, we can relax this requirement thanks to the following theorem.

Theorem 4.2. For every point t € Py, the following properties are equivalent.

(i) Op,(1) is ample on P,.
(ii) There exist two positive integers a,b such that Op(a) ® i} ﬁpg(—b) is ample on P,.

1
1 such that Op(a) ® 1, ﬁpg(—b) is nef on P,.

VoV

(iii) There exist two positive integers a, b

Proof. 1tis clear that (i) = (ii) = (iii), and we now show that (iii) = (i).
In fact, the nefness of the negatively twisted Serre line bundle:

S (=b) := Op(a) ®7r§ﬁpg(—b) (28)
implies that:
(27)°" ® (28)% = Op(b+al) = Op(1)®¢+D
ample ne: ample ! ample

1s also ample, because of the well known fact that “ample ® nef = ample” (cf. [40, p. 53, Corollary
1.4.10]). O

By definition, the nefness of (28) means that for every irreducible curve C C P,, the intersection
number C - .%(=b) is > 0. Recalling now the classical result [37, p. 295, Lemma 1.2], we only
need to show that the line bundle .#“(—b) has a nonzero section on the curve C:

H(C, #(~b)) # {O}. (29)
To this end, of course we like to construct sufficiently many global sections:
Sly..nsSm € H'(P;, S%(=b))

suffices to con-

such that their base locus is empty or discrete, whence one of s; Cr e sm| c

clude (29).
More flexibly, we have:

Theorem 4.3. Suppose that there exist m > 1 nonzero sections of certain negatively twisted Serre
line bundles:

s; € HO(P,, Z(=by)) (i=1-mapbi>1)
such that their base locus is discrete or empty:

dim N, BS(s;) < 0,

then for all positive integers a, b with:

Q

;—)’>max{Z—i,...,ﬁ},

the twisted Serre line bundle ./ (—D) is nef.
14



Proof. For every irreducible curve C C P,, noting that:
C ¢ n,BS(s) ,

dim=1 dim<o
there exists some integer 1 < i < m such that:
C o BS (Si)-

Therefore s; c is a nonzero section of ., (—b;) on the curve C:

si € H(C,.7"(=b) \ {0},
and hence:

C- 7 (-b;) = 0.
Thus we have the estimate:
0 < C-(SA"(=bi)™ [=a C b
C-Op(a;a)®m, ﬁpg(—b,- a) [see (28)]
a;C - (Op,(a) ®7T;ﬁp%/(_b)) — (bja—a;b) C - nﬁﬁpg(l)
a; C- (L (=b)) — bb;(a/b—a;/b;) C - ﬂ;ﬁpg(l).
>0

Noting that ﬁp%(l) is nef and hence is 7} ﬁpg(l) (cf. [40, p. 51, Example 1.4.4]), the above estimate
immediately yields:

N

C-(7b) 3 22 @lb—aby €m0l > 0. O
a; ‘,K_/
>0

Repeating the same reasoning as in the above two theorems, we obtain:

Proposition 4.4. For every point t € P2, if Op(£)) ® ﬂ-;ﬁ]pg(_£2) is nef on P, for some positive
integers €1,{, > 1, then for any positive integers €|,C, > 1 with )/} < €,/ the twisted line
bundle Op (€} ® 1, ﬁpg(—fé) is ample on P,. O

4.4. A practical nefness criterion. However, in practice, it is often difficult to gather enough
global sections (with discrete base locus) to guarantee nefness of a line bundle. We need to be
more clever to improve such a coarse nefness criterion with the help of nonzero sections of the
same bundle restricted to proper subvarieties. First, let us introduce the theoretical reason behind.

Definition 4.5. Let X be a variety, and let ¥ C X be a subvariety. A line bundle . on X is said

to be nef outside Y if, for every irreducible curve C ¢ X with C ¢ Y, the intersection number
C-Z=>0.

Of course, .Z is nef on X if and only if .Z is nef outside the empty set § C X.

Theorem 4.6 (Nefness Criterion). Ler X be a noetherian variety, and let £ be a line bundle on
X. Assume that there exists a set V of closed subvarieties of X satisfying:
) 0eVand X e V;
(ii) for every element Y € ¥ with Y # 0, there exist finitely many elements Z,, . ..,Z, € ¥ with
Zy,...,2Z, S Y such that the restricted line bundle $|Y is nef outside the union Z,U- - -UZ,.

Then £ is nef on X.
15



Proof. For every irreducible curve C C X, we have to show that C - .Z > 0.

Assume on the contrary that C - .Z < 0. Then introduce the subset .4~ C 7 consisting of all
subvarieties Y € ¥ which contain the curve C. Clearly, .4/ 3 X, so .4 is nonempty. Note that
there is a natural partial order ‘<’ on .4 given by the strict inclusion relation ‘G’. Since X is
noetherian, .4 has a minimum element M > C. We now show a contradiction.

In fact, according to (ii), there exist some elements ¥ > Z,,...,Z, & M such that .Z | Y is nef
outside Z; U - - - U Z,. Rembering that:

0>C-$:C-$M,

the curve C is forced to lie in the union Z; U - - - U Z,, and thanks to irreducibility, it is furthermore
contained in one certain:

Z; € N ,
~——
M
which contradicts the minimality of M! |

Now, using the same idea as around (29), we may realize (ii) above with the help of sections
over proper subvarieties.

Corollary 4.7. Let X be a noetherian variety, and let £ be a line bundle on X. Assume that there
exists a set V of closed subvarieties of X satisfying:

D) 0eVandX e V;

(ii’) every element O + Y € ¥V is a union of some elements Yy, ...,Yx € ¥ such that the union
of base loci:

Uil ( Nseroy., iy 15 = 0})

is contained in a union of some elements V' 3> Z,,...,7Z, & Y, except discrete points.
Then £ is nef on X. O

5. A proof blueprint of the Ampleness Theorem 1.3

5.1. Main Nefness Theorem. Recalling Theorem 4.2, the Ampleness Theorem 1.3 is a conse-
quence of the theorem below, whose effective bound dy(®) for ® = 1 will be given in Theorem 11.2.

Theorem 5.1. Given any positive integer ® > 1, there exists a lower degree bound dy(®) > 1 such
that, for all degrees d,, . ..,d.., > dy(®), for a very generic* t € Py, the negatively twisted Serre
line bundle Op,(1) ® r} ﬁp%(—v) is nefon P,.

It suffices to find one such ¢ € P}, to guarantee ‘very generic’ (cf. [40, p. 56, Proposition 1.4.14]).

We will prove Theorem 5.1 in two steps. At first, in Subsection 5.2, we sketch the proof in the
central cases when all ¢ + r hypersurfaces are approximately of the same large degrees. Then, in
Subsection 5.3, we play a product coup to embrace all large degrees.

2re IP’% \ U2, Z; for some countable proper subvarieties Z; & ]P’%.
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5.2. The central cases of relatively the same large degrees.

Theorem 5.2. For any fixed ¢ + r positive integers €, ...,€.., > 1, for every sufficiently large
integer d > 1, Theorem 5.1 holds withd;, = d+¢€,i=1---c+r.

When ¢ +r > N, generically X is discrete or empty, so there is nothing to prove. Assuming
c+r < N -1, we now outline the proof.

Step 1. In the entire family of ¢ + r hypersurfaces with degrees d + A;,...,d + A.4,, Whose
projective parameter space is Py (see (3)), we select a specific subfamily which best suits our
moving coefficients method, whose projective parameter space is a subvariety:

P c Pg [see (140)].

For the details of this subfamily, see Subsection 7.1.
Recalling (5) and (7), we then consider the subfamily of intersections % C 2":

pri' (PY) N 2 = & c Pt xc P} = pry' (BY).

Recalling (13), (14), we introduce the subscheme of P:
P =7 (Z)NP C Py xx PQLy),
K

which is parametrized by %. By restriction, (13) yields the commutative diagram:

P’ (30)
T =pry on
Pri
Py
Introducing the restricted Serre line bundle Op (1) := ﬁp(1)|P, over P’, in order to establish

Theorem 5.2, it suffices to provide one such example. In fact, we will prove

Theorem 5.3. For a generic closed point t € P2, the bundle ﬁ’p;(l) Q7 ﬁpg(_') isnefon P, :=P,.

Step 2. The central objects now are the universal negatively twisted Serre line bundles:
Ov(a,b,—c) := Op(a) ®m ﬁp%(b) ® 75 ﬁpg(—c),

where a, ¢ are positive integers such that c/a > ®, and where b are any integers.
Taking advantage of the moving coeflicients method, firstly, we construct a series of global
universal negatively twisted symmetric differential n-forms:

S, € T(P, Op(n,N,-y)) (=1-%), (3D

where n := N —(c+r) > 1 and all 9;/n > ®, and where we always use the symbol ‘*’ to denote
auxiliary positive integers, which vary according to the context.
Secondly, for every integer 1 < 1 < n — 1, for every sequence of ascending indices :

O<vi<---<y, <N,
17



considering the vanishing part of the corresponding 7 coordinates:

.....

=ty .4..,"TI]P)N
we construct a series of universal negatively twisted symmetric differential (n — 17)-forms on it:

WP Op(n =1, N —=1,—, ,90) =1, (32)

.....

.....

This step will be accomplished in Sections 6 and 7.

Step 3. From now on, we view every scheme as its K-variety.
Firstly, we control the base locus of all the global sections obtained in (31):

BS := Base Locus of {S/}i<«<x < P
In fact, on the coordinates nonvanishing part of P’:
P =P Nmlzay # 0},
we prove that:
dim BS N P’ < dim P%. (33)
Secondly, we control the base locus of all the sections obtained in (32):

P /
vy BS 1= Base Locus of {,, _,, Schcecs € 0, P

--------------- n

.....

where:
(P oo sy} = (000 uNY\ i vy) s (34)
we prove that:

dim ., BS N, v,,f" < dim P§. (35)

This crucial step will be accomplished in Sections 9 and 10. Anticipating, we would like to em-
phasize that, in order to lower down dimensions of base loci for global symmetric differential forms
(or for higher order jet differential forms in Kobayashi hyperbolicity conjecture), a substantial
amount of algebraic geometry work is required, mainly because some already known/constructed
sections have the annoying tendency to proliferate by multiplying each other without shrinking
their base loci (0 x anything = 0). Hence the first main difficulty is to devise a wealth of inde-
pendent symmetric differential forms, which the Moving Coefficients Method is designed for, and
the second main difficulty is to establish the emptiness/discreteness of their base loci, an ultimate

difficulty that will be settled in the Core Lemma 9.5.
Step 4. Firstly, for the regular map:
Ty P — PH’{’

noting the dimension estimates (33), (35) of the base loci, applying now a classical theorem [35,
p. 132, Theorem 11.12], we know that there exists a proper closed algebraic subvariety:

T ¢ P
18



such that, for every closed point ¢ outside X:

t € PL\ I,

(i) the base locus of the restricted symmetric differential n-forms:
BS, := Base Locus of {S () := Sg|l,;}1<€@j£¢ c P
is discrete or empty over the coordinates nonvanishing part:
dim BS, N P, < 0, (36)

where:

o

P, =P n '),
(ii) the base locus of the restricted symmetric differential (n — n7)-forms:
Py— /
o1y BS; 1= Base Locus of {m ,,,,, Se(t) ==y, g| P }1<[<$ C ey P
is discrete or empty over the corresponding ‘coordinates nonvanishing part’:

WP <0, (37)

......
where:
P = P 0 ).
Secondly, there exists a proper closed algebraic subvariety:
Y ¢ P
such that, for every closed point ¢ outside X':
t € PL\Y,
the fibre:
Y =% nopr' (1)

is smooth and of dimension n = N — (¢ + r), and it satisfies:

dim % N pr;' (.., PY) = 0 O <) <<V, <N), (38)

.....

i.e. the intersection of %, — (under the regular map pr,) viewed as a dimension n subvariety in PV

— with every n coordinate hyperplanes:
V1 VnPN = {ZVI == Zvn = O}

.....

v C v PV (39)

..........

Now, we shall conclude Theorem 5.3 for every closed point ¢ € Pk \E U ).
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Proof of Theorem 5.3. For the line bundle . = Op/(1) ® 7} ﬁpg(—v) over the variety P;, we claim
that the set of subvarieties:
Vo= {07 P;, V] v,,P;} 1<n<n

..... (USUECE SN
satisfies the conditions of Theorem 4.6.

Indeed, firstly, recalling (36), the sections {S /(¢)},-1.. have empty/discrete base locus over the
coordinates nonvanishing part, i.e. outside UN ;jP;. Hence, using an adaptation of Theorem 4.3,
remembering ®/1 < min {Q;/n};<,<s , the line bundle ﬁpf (1) ® 7, Opn(—") is nef outside UN =0 P

Secondly, for every integer n = 1---n — 1, recalhng the dimension estimate (37), agaln by
Theorem 4.3, rememberlng v / 1 < min {Vl v, ¢/ (n = Mhi<ecs, the line bundle Op, (1) ® 75 Opv (—*)

isnefon,, , P outside Up _0 Vg Er (s€€ (34)).
Lastly, for n = n, noting that under the projection n: P; — %/, thanks to (38), every subvari-
ety ,,..., P; contracts to discrete points ,, _ ,, %, we see that on ., P;, the line bundle Op/(1) ®

T ﬁpg (- V) = Op, (1) is not only nef, but also ample!
Summarizing the above three parts, by Theorem 4.6, we conclude the proof. O

5.3. Product Coup. We will use in an essential way Theorem 5.2 with all ¢ equal to either 1 or
2. To begin with, we need an elementary

Observation 5.4. For all positive integers d > 1, every integer dy > d* + d is a sum of nonnegative
multiples of d + 1 and d + 2.

Proof. According to the Euclidian division, we can write d as:
dy=pd+1)+gq
for some positive integer p > 1 and residue number 0 < g < d. We claim that p > q.
Otherwise, we would have:
p<q-1<d-1,
which would imply the estimate:
d=pd+1)+g<d-Dd+D+d=d*+d-1,

contradicting our assumption.
Therefore, we can write d; as:

do=(p-qd+1)+q(d+2),
>0

which concludes the proof. 0

Proof of Theorem 5.1. Take one sufficiently large integer d such that Theorem 5.2 holds for any

integers ¢ € {1,2}, i = 1---c + r. Now, the above observation says that all large degrees

di,...,d.y > d*> + d can be written as d; = p;(d + 1) + g; (d + 2), with some nonnegative in-

tegers piq; > 0,i=1---c+r. Let Fi := fi---f, f, ., -+ f;., be aproduct of some p; homo-

geneous polynomials f], ..., fl’;i each of degree d + 1 and of some ¢; homogeneous polynomials
i .. each of degree d + 2, so that F; has degree d;.

/ zl;,-+1’ wro it
Recallmg (22), a point ([z], [£]) € P(Tpy) lies in f,,,....r.,, Pr,...F. if and only if:

.....

Fi(z) =0, a’Fj|Z(§) =0 (Vi=1-ctn¥ j=1-0).
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Note that, for every j = 1--- ¢, the pair of equations:

Fi2) =0, dFj| (¢)=0 (40)
is equivalent to either:
A1 < vy <pj+q; st fl@=0,df]] (41)
or to:
A1 <wh<w)<pj+gq st fv{}(z) =0, fvg(z) = 0. (42)

Therefore, ([z], [£]) € F.,,...F..,Pr,..r 1s equivalent to say that there exists a subset {i},..., i} C
{1,...,c} of cardinality k (k = 0 for Q) such that, firstly, for every index j € {i;---i}, (z,€) is a
solution of (40) of type (41), secondly, for every index j € {I,..., q} \ iy ik (2,6) 18 a solution
of (40) of type (42), and lastly, forevery j=c+1---c+r,oneof f/,..., flfj +q; Vanishes at z. Thus,
we see that the variety ¢, r...Pr, _r. actually decomposes into a union of subvarieties:
FestrnFer L FrFe = Uk=0mc Ul <ocizee Yl<v <py+ay; Virreid=LcMinig Ulsu<p g

j=l-k 1<wy, <w} <prtay, j=c+lctr
I=1-c—k

I I T, P
R R R e I

Uep]?
w w wl ct
n n Te—k

Similarly, we can show that the scheme 5, .
schemes:

(+r ~~~~~ c

Pr..F. = Ukeoc Uiii<osivge Ytsn<py iy, Yinre d=(lecMin.ig Yl<u<pi+g;
j=1k 1<w}[<w,2[<p,[+q,[ Jj=ct+lctr

I=l-c—k (43)
frl frl .... fr —k fc —k f¢+1 ,,,,, u(:frPf\j . ﬁlk.

u
c+1
M’I

FertosFeyr

Note that, for each subscheme on the rlght hand 31de, the number of polynomials on the lower-left
of ‘P’ is #, = 2(c—k)+r, and the number of polynomials on the lower-right is #z = k, whence 2#z+
#, = 2c+r > N. Now, applying Theorem 5.2, we can choose one {f; }. . such that the twisted Serre

line bundle ﬁp(gl )(1)®7r0 ﬁ’PN( ¥) is nef on each subscheme P e fE frc —k porl i P. .,

Upq] 22 Uetr f”l : f"k
and therefore is also nef on their union ¢, _r. Pr,  r. Since nefness i 1s a Very generic property
in family, we conclude the proof. O

w
r r| rl

6. Generalization of Brotbek’s symmetric differentials forms

6.1. Preliminaries on symmetric differential forms in projective space. For a fixed algebraically
closed field K, for three fixed integers N,c,r > O suchthat N > 2,2c+r> Nandc+r < N — 1,
for ¢ + r positive integers d, . .., d.,, let:

H; C Pg (i=1-c+r)
be ¢ + r hypersurfaces defined by some degree d; homogeneous polynomials:
F; € Klzp,...,2n],
let V be the intersection of the first ¢ hypersurfaces:
Vi=Hn---NH,

={lz]€P} : Fi(e)=0,Yi=1---c},
21
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and let X be the intersection of all the ¢ + r hypersurfaces:
X:=HnN-NHNH. N NH,.,,
=v r more hypersurfaces (45)
={[z]€P}: Fi(x)=0,Yi=1---c+r}.

It is well known that, for generic choices of {F;}(f], the intersection V = N, H; and X = N7 H,
are both smooth complete, and we shall assume this henceforth. In Subsections 6.1-6.4, we fo-
cus on smooth K-varieties to provide a geometric approach to generalize Brotbek’s symmetric
differential forms, where the ambient field K is assumed to be algebraically closed. In addition,
in Subsection 6.5, we will give another quick algebraic approach, without any assumption on the
ambient field K.

Recalling (19), let us denote by:

r: KY\ {0} — PE

the canonical projection.
For every integer k, the standard twisted regular function sheaf ﬁpg(k), geometrically, can be

defined as, for all Zariski open subset U in Pf, the corresponding section set I'(U, ﬁpg (k)) consists

of all the regular functions fon a(U) satisfying:
f(ﬂz) = f(z) (Vzer \(U), AeK). (46)
For the cone V := 77 1(V) of V:
V=1{ze KM\ {0} : Fi(x)=0,Yi=1---c},

recalling (20),/\(21), we can similarly define its horizontal tangent bundle Thorv which has fibre at
any pointz € V:

—

ThorV z

={l¢] € KN”/K-Z : dF,»|Z(§) =0,Vi=1--cl
Its total space is:
TooV = 1@ [€) : z€ V. (€] € KV K -2, dF)| ) =0, Vi=1---c} 7
Then similarly we receive the total tangent bundle Ty of V as:
Ty = TooV/ ~,  where (z,[€]) ~ (12, [€]), ¥ 1 € K*.

Let Qy be the dual bundle of Ty, i.e. the cotangent bundle of V, and let Qhorv be the dual
bundle of ThorV. For all positive integers / > 1 and all integers © € Z, we use the standard notation
Sym'’ Qy to denote the symmetric /-tensor-power of the vector bundle Qy, and we use Sym' Q,(9)
to denote the twisted vector bundle Syml Qy @ Oy(Q).

Proposition 6.1. For two fixed integers | > 1, © € Z, and for every Zariski open set U C V together
with its cone U = n~'(U), there is a canonical injection:

T(U, Sym' Qy(®)) < T(U, Sym' Qu, V),
whose image is the set of sections ® enjoying:
D(Az, [A£]) = 7 O(z, [£]), (48)

,and for all A € K*.
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Proof. Note that we have two canonical injections of vector bundles:
7Sym’' Q, < Sym'Qu., V,
7t Oy(9) — O,

since the tensor functor is left exact (torsion free) in the category of K-vector bundles, the tensoring
of the above two injections remains an injection:

7°Sym! Qy ® 1 Oy(V) <= Sym'Qye V ® 0.
Recalling that:
Sym' Qy(v) = Sym' Qy ® (),
we can rewrite the above injection as:
7 Sym’ Qu(9) = Sym'Qy,, V.

With U c X Zariski open, applying the global section functor I(U, -), which is left exact, we
receive:

[(U, 7*Sym' Qy(©)) < (U, Sym'Qu,, V).
Lastly, we have an injection:

T(U, Sym' Qu(9)) < (U, 7°Sym’ Qu(v)),
whence, by composing the previous two injections, we conclude:

T(U, Sym' Qy(9)) < [(U, Sym'Qy,, V).
To view explicitly the image of this injection, notice that in the case / = 0, it is the standard
njection:
T (U, 6y(9)) — T(U, 6y)
ferf,

whose image consists of, as a consequence of the definition (46) above, all functions ]?on U

satisfying f(ﬂz) = A”f(z), for all z € U and for all 2 € KX,
Furthermore, in the case © = 0, the image of the injection:

T(U, Sym' Qy) < (U, Sym' Q. V)

W T,

consists of sections w on U satisfying:

(2, [€]) = w Az, [4£]),
forall z € U, all [£] € Ty V|, and all A € K*.

As Sym' Qu(9) = Sym' Qy ® 0y(¥), composing the above two observations by tensoring the
corresponding two injections, we see that any element ® in the image of the injection:

T(U, Sym' Qy(v)) < [(U, Sym' Qo V), (49)

automatically satisfies (48). On the other hand, for every element ® in I'( ﬁ, Sym' QhorV) satisfying

(48), we can construct the corresponding element ¢ in T'(U, Sym’ Q,(¥)), which maps to ® under

the injection (49). O
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Let Y c V be aregular subvariety. Replacing the underground variety V by Y, in much the same
way we can show:

Proposition 6.2. For two fixed integers | > 1, © € Z, and for every Zariski open set U C Y together
with its cone U := n=1(U), there is a canonical injection:

I(U, Sym' Qu(9)) = T (U, Sym' QuorV),
whose image is the set of sections ® enjoying:
DAz, [A€]) = 7 O(z, [£]), (50)

forall z € U, forall [£] € ThorV . and for all A1 € K*. O

In future applications, we will mainly interest in the sections:
(Y, Sym' Qu(9)),
where ¥ = XorY = XN{z, =0 n---ni{z, = 0} for some vanishing coordinate indices

0<v <---<v, <N.

6.2. Global regular symmetric horizontal differential forms. In our coming applications, we
will be mainly concerned with Fermat-type hypersursurfaces H; defined by some homogeneous
polynomials F; of the form:

N
F;, = Z AzJ ij @i=1+c+r), (5D
j=0
where A, ..., Ay are some positive integers and where A{ € Klzo,z1,...,2y] are some homoge-
neous polynomials, with all terms of F; having the same degree:
degA{ +Aj=degF;=:d; (i=1lwc+r j=0-N). (52)
Differentiating F;, we receive:
N
_ j A1
dFi= > Bz, (53)
=0
where: . ' '
B/ :=z;dA] + A; Al dz; (i=1ctr: j=0-N). (54)
To make the terms of F; have the same structure as that of dF;, let us denote:
A=Az, (55)
so that:
N
_ NJ A;—1
F; = Z A; z]’
=0

Recalling (45), we denote the cone of X by:
X ={zeK""\{0}: File)=0,Vi=1---c+r}.
For all z € X and [£] € Thorv

o by the very definition (47) of ThorV, we have:

Z]JYZO K,J Zj-j_l (@)=0 (i= 1 ct+n),
N pJ Aj-1 _ (56)
Zj:O Bi(Z9§)ZJ~ (2)=0 (i=1-c).
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For convenience, dropping z, &, we rewrite the above equations as:

N 7xj 4-1
Yo AT =0 (i=1-c4+r),

N i Ai—1
Zj:o Blj Zj/ = 0 @i=1-0),

and formally, we view them as a system of linear equations with respect to the unknown variables

ng‘l, .. ,zf\,”_l, of which the associated coefficient matrix, of size (¢ + r + ¢) X (N + 1), is:

A0 ... AV
A0 ... AN
C:= c+r ctr | (57)
B ... BV
B BY
so that the system reads as:
Ao-1
Zy
C| : |=0. (58)
A1
bav

Recalling our assumption:
n=N-(c+r)=1,
~———
=dimx
since2c+r > N,wehavel <n<ec.
Let now D be the upper (¢ + r + n) X (N + 1) submatrix of C, i.e. consisting of the first (¢ + r + n)

=N
rows of C: _ .
AY . AV
A0 ... AN
D:= c+r c+r | . (59)
B ... BV
B ... BV
For j=0---N,let D ; denote the submatrix of D obtained by omitting the (j + 1)-th column:
A - A LAY
~ A AL AN
D, = Acgr A’C:, AC;, ’ (60)
J
Bl -~ By ... Bj
B - B .. B

and let D; denote the (j + 1)-th column of D.
25



Denote:

W;:={z;#0} c PY (j=0-N) (61)
the canonical affine open subsets, whose cones are:
W, = '(W)) c KM\ (0). (62)
Denote also:
Ui=W;nX (63)

the open subsets of X, whose cones are:
Uj:=n'(U) c X. (64)
Recalling the horizontal tangent bundle of KV *!:
ThorK¥* = (2, [€]) © z € K\ {0} and [¢] € KY*! /K - 2},
now let Q. KV*! be its dual bundle.
Proposition 6.3. For every j =0---N, on the affine set:
W, =1{z; # 0} c KM\ {0},
the following affine symmetric horizontal differential n-form is well defined:

_ Y
wj = ;-1

J

det(D;) € (W) Sym” QuKV). (65)

The essence of this proposition lies in the famous Euler’s Identity.

Lemma 6.4. [Euler’s Identity] For every homogeneous polynomial P € K[z, ..., zy], one has:
i Z—j~zj:degF~F,
=0 0%
where using differential writes as:
dF | (2) =t dF(z,2) = deg F - F(2), (66)
at all points z = (2, . . ., 2n) € KN*L, O

Proof of Proposition 6.3. Without loss of generality, we only prove the case j =0.
Recalling the notation (55) and (54) where all A/ are regular functions and all B/ are regular
1-forms on K¥*!, we can see without difficulty that:
1

@y = —— det (Do)
2o
Al ... A]1v
U alB o AUl o e sy i
= o1 det BC‘{'V Bc]—\l—/r e F(V(), Sym QK +)
2y 1 1
B ... BV

is a well defined regular symmetric differential n-form. Now we need an:
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Observation 6.5. Let N > 1 be a positive integer, let L be a field with Card L = oo, and let F be a
polynomial:

F e Llz,...,zv].
Then F is a polynomial without the variable z:
F e llzy,...,zv] € Llzo,...,2n]

if and only if the evaluation map:

evp: LV — L
(x0, ..., xn) F> F(xo,...,xn)
is independent of the first variable x, € L. O

For the same reason as the above Observation, in order to show that w, descends to a regular
symmetric horizontal differential n-form in T'(V,, Sym” Q;,,,K¥*!), we only have to show, at every
point z € Vy, for all £ € T.KN*! = KN*1 1 € KX, that:

Wo(z,€ + A12) = Wy(z, ). (67)
In fact, applying Euler’s Identity (66) to the above formula (54), we receive:
B/(z,2) = 4, A)(2) dz(z, 2) + dAl(z,2) 7(z)
= 1;Al(2) 2(2) + deg A} - Al(z) 2(2)
= (4; + deg A)) Al(2).
Since B{ are 1-forms, we obtain:
B/(z,¢ +12) = B](z.é) + 1B/(z,2)
= B/(z,6) + 1(4; + deg A)) Al(2).
‘constant’

Therefore, the matrix:

Al AY
A, - AV
c+r c+r (Z,§+ /lZ)
Bl ... BY
Bl ... gV
not only has the same first ¢ + r rows as the matrix:
Al ... AV
A, - AV
c+r c+r (Z’ é‘-‘)’
Bl ... BY
Bl ... BV
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but also for £ = 1---n, the (¢ + r + £)-th row of the former one equals to the (¢ + r + €)-th row of
the latter one plus a multiple of the ¢-th row. Therefore both matrices have the same determinant,
which verifies (67). O

Inspired by the explicit global symmetric differential forms in Lemma 4.5 of Brotbek’s paper [7],
we carry out a simple proposition employing the above notation. First, let us recall the well known
Cramer’s rule in a less familiar formulation (cf. [39, p. 513, Theorem 4.4]).

Theorem 6.6. [Cramer’s rule] In a commutative ring R, for all positive integers N > 1, let:
A% A AV eRY

be (N + 1) column vectors, and suppose that zy, 2, . ..,2y € R satisfy:
Azg+A'z 4+ AV zy = 0. (68)
Then for all index pairs 0 < i < j < N, there holds the identity:
(—1) det (A°,...,AJ,...,A)z = (1) det (A°,... AL,... AY)z; (69)

Proof. By permuting the indices, without loss of generality, we may assume i = 0.
First, note that (68) yields:

N
A== alz, (70)
=1

Hence we may compute the left hand side of (69) as:

(1) det (A% AY,...,AJ,...,AN) 2 = (=1)/det (A%zp, A, ..., Al,...,AY)

N
[substitute (70)] = (=1)/ det ( - Z Alz, AL L AL ,AN)
=1

N
= (-1 ) det (AL AL, AT, AN) S
=1

[only £ = j is nonzero] = (-1)"' det (Aj,Al, .. ,AT/', e ,AN) 7
= (=1)°det (A9, A",..., AY) 7,
which is exactly the right hand side. |

Proposition 6.7. The following (N + 1) affine regular symmetric horizontal differential n-forms:
— (-1

Wi =70
J

det (Bj) € F(ﬁj, Sym" QhorV) (j=0-N)

glue together to make a regular symmetric horizontal differential n-form on X:
w € F(Y , Sym” QhorV).

Proof. Our proof divides into two parts.

—

Part 1: To show that these affine regular symmetric horizontal differential n-forms wy, ..., wy
are well defined.
Part 2: To show that any two different affine regular symmetric horizontal differential n-forms

w;, and w;, glue together along the intersection set U;, N Uj,.
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Proof of Part 1. The Proposition 6.3 above shows that the:
~ (= 1)

a)j.

D)) eT(Wj, Sym" Qu,K"*') (j=0--N),
j
are well defined, where: _
W;={z; #0} ¢ KM\ {0}
Thanks to the canonical inclusion embedding of vector bundles:

(ﬁj» Thor/‘;) — (Wj’ ThorKN+l),
a pullback of w; concludes the first part.

Proof of Part 2. Recalling the equations (58), in particular, granted that D consists of the first
(¢ + r + n) rows of C, we have:
20
Dl : |=0.
Ay-1
N
Now applying the above Cramer’s rule to all the (N + 1) columns of D and the (N + 1) values

Ao—1 P i
AR o for every index pair 0 < j; < j, < N, we receive:

(- det(D,) 7" = (1) det (D) z)"
When z;, # 0,z;, # 0, this immediately yields:
=Hr 1) i

Z

et (@) =

J 1 ij

- det(D),),

=wj =Wj

thus the two affine symmetrlc horizontal differential n-forms w;, and w;, glue together along their
overlap set U, N U, i |

By permuting the indices, the above Proposition 6.7 can be trivially generalized to, instead of
the particular upper (¢ + r + n) X (N + 1) submatrix D, all (¢ + r + n) X (N + 1) submatrices of C
containing the upper ¢ + r rows, as follows.

For all n ascending positive integers 1 < j; < --- < j, < ¢,denote G;, _; the (c+r+n)xX(N+1)
submatrix of C consigting of the first upper ¢ + r rows and the rows ¢ +r + ji,...,c +r+ j,. Also,
for j = 0---N, let C;,_j.; denote the submatrix of C;, ; obtained by omitting the (j + 1)-th
column.

Proposition 6.8. The following (N + 1) affine regular symmetric horizontal differential n-forms:

R

Wiy eosjnij

det (CJl i) € F(UJ, Sym” QhorV) (j=0-N)
j
glue together to make a global regular symmetric horizontal differential n-form on X. O
One step further, the above Proposition 6.8 can be generalized to a larger class of (¢ + r + n) X

(N + 1) submatrices of C, as follows.
For any two positive integers [y > [, with:

Lh+bh=c+r+n,
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for any two ascending sequences of positive indices:

1<ij<---<i;, <c+r,

< <
Il<ji<---<j,<c

satisfying:

W/ /% S | ST 9 8
denote Ci '''''''' JI; the (¢ + r + n) X (N + 1) submatrix of C con51st1ng of the rows iy, ...,i, and the
rows c+r+ ji,...,c+r+ j,. Also,for j =0,...,N,let C """ denote the submatrix of C """ g

obtained by omitting the (j + 1)-th column.
By much the same proof of Proposition 6.7, we obtain:

Proposition 6.9. The following N + 1 affine regular symmetric horizontal differential l,-forms:

- de t(C """ ) € F(U], Sym?® QhorV) (j=0-N)

.]] ----- .]2]

glue together to make a global regular symmetric horizontal differential l,-form:
ot e F(if, Sym"” QhorV). O
)

6.3. Global twisted regular symmetric differential forms. Now, using the structure of the above
explicit global forms, and applying the previous Proposition 6.2, we receive a result which, in the
case of pure Fermat-type hypersurfaces (1) where all 1y = --- = Ay = € are equal, with also equal
deg Fy =--- =deg F. = e + ¢, coincides with Brotbek’s Lemma 4.5 in [7]; Brotbek also implicitly
obtained such symmetric differential forms by his cohomological approach.

Proposition 6.10. Under the assumptlons and notation of Proposition 6.9, the global regular sym-

..... iy

metric horizontal differential l,-form @ w . s the image of a global twisted regular symmetric

differential l,-form:

.....

WM e T(X, Sym” Qy(9))

Jlseens]ly

under the canonical injection as a particular case of Proposition 6.2:
I(X, Sym" Qy(9)) = I(X, Sym" Oy V),

where the degree:

I 153 N
O:deegFip+Z;degqu—Z(; Aj+N+1. (71)
pP= q= J=

For all homogeneous polynomials P € T(PY, Opv(deg P)), by multiplication, one receives more
global twisted regular symmetric differential l,-forms:

"' e (X, Sym” Qy(deg P + 9)). O

Jseees Jip

It is worth to mention that, again by applying Cramer’s rule in linear algebra, one can construct
determinantal shape sections concerning higher-order jet bundles on Fermat type hypersurfaces, as

well as on their intersections.
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Proof. According to the criterion (50) of Proposition 6.2, it is necessary and sufficient to show, for
all z € X, for all [£] € TyoV|. and for all 2 € K*, that:

,\i],..‘,i[1 _ Q —~I150mes i1|
@, (A2, [8]) = w0, (2, [€]). (72)

..........

We may assume 7 € Us = {zo # 0} for instance. Now, applying Proposition 6.9, we receive:

;3,0 [A€1) = @7 (A2, [4D)

~~~~~~

Al ... AN
i i1
1 Klll .. K{:’ (73)
= /10_] Bl.] . B[\} (/lZ7 /l§)~
) Ji Jt
[V
i Jn

Forall j=0---N,forall p=1---1;,and forall g = 1-- -1, recall the degree identity (52) which
shows that the entry A{p = z; A} is a homogeneous polynomial of degree:

degA] +1=degF;, - 4;+1,

and therefore satisfies:

Al (1) = %27 A (), (74)

Recalling also the notation (54), the entry Bj:q is a 1-form satisfying:

B) (12, l€]) = **""' B (2. [€)

deg Fj,~A;+1 RJ (75)
— degFj,—4+1 gJ
= /l Jg 1 qu(Z, [é‘:])
Now, let us continue to compute (73), starting by expanding the determinant:
Al ... AN
1 131
A A Ac() | pol)goli+]) (1+h)
L, L, : o o ol + ol +
B{I ce B/?} (/lza /lf) = Z sign(o) Ah o Ait, l le e lezl : (/lZ, /lf) (76)
Ji J TgeSy
i N
lez o lez

With the help of the above two entry identities (74) and (75), each term in the above sum equals to:

. Fo()  Rol)poli+l) o(l+h)
sign(o) A} "'Aizl le ---lez (z,€)
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multiplied by A°, where:

l] 12
?7 = Z (degF[p —/lg-(p) + 1) + Z (degqu — /10'(11‘*'(]) + 1)
Iy ) h b
= Z degFip + Z deg qu - (Z /l(r(p) + Z /10(11+q)) +1+1
p=1 q=1 p=1 q=1 =N
le+lz /10(1)
1 b N
= Z deg F;, +Z deg F, —Z A+ N
p=1 g=1 j=1
[Use (71)] =Q+49—1,
therefore (76) factors as:
Al AY
1] 11
1 o) | () peti+1) | (h+h) AL AA:N
O+A9— : [ Aoy a-1+ o(li+ — 9+2-1 i, 1}
A9+ ZS“ sign(o) A7 -+ ATVBY B H(@g) = AT Bila Bf.f (z,8),
! BY
Ji Jip
and thus (73) becomes:
A, AY Al AV
131 1] 1 1
1 LAY 1 |AlL ... AV
/1@+Ao—1 i i, (Z, 5) — /1@ iy i, (Z, f)
(Azg)0! B_}l B?{ Z(A)o—l B}l Bj}{
1 e N 1 . BN
Jn Jn Jn I
= 27 @ (16D
= @ (1)),
which is exactly our desired equality (72). O

Now, let K be the (¢ + ¥ + ¢) X (N + 1) matrix whose first ¢ + r rows consist of all (N + 1) terms
in the expressions of F,..., F.,, in the exact order, i.e. the (7, j)-th entry of K is:

A;
K _AI ! Jl 11 (i=1-ctr; j=1--N+1), (77)

and whose last ¢ rows consist of all (N + 1) terms in the expressions of dF,...,dF,. in the exact
order, i.e. the (¢ + r + i, j)-th entry of K is:

Jj-1 /1 1 . )
Kc+r+l] (A A ) (i=1-c;j=1--N+1).

The j-th column K; of K and the j-th column C ; of C are proportional:

K;=C; z" b e, (78)
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In later applications, we will use Proposition 6.10 in the case:
li=c+r, IL=n,

and in abbreviation, dropping the upper indices, we will write these global symmetric differen-
tial forms a) """ as wj, ;- Since we will mainly consider the case where all coordinates are
nonvamshmg

ZOiO,...,ZN #0,
the corresponding symmetric horizontal differential n-forms w;, __;.; of Proposition 6.8 read, in
the set {zo---zy # 0}, as

. (— )’

Wiy,jnij = det (le ,,,,, Jns ])
z.
J
(1) 1 =
[Use (78)] = ( n —) det (K, ._j.:)) (79)
T 0<isNi#j %
(_1)j —~
T R Y det (K., 7) (j=0--N),
ZO . ZN

where K;, ;. is defined as an analog of c j1.jn: j 10 the obvious way.

.....

6.4. Regular twisted symmetric differential forms with some vanishing coordinates. Investi-
gating further the construction of symmetric differential forms via Cramer’s rule, for every integer
1 <n < n-1,for every sequence of ascending indices:

O<vi<---<y, <N,
by focusing on the intersection of X with the n coordinate hyperplanes:
vy X = X0z, = 01NN {z, =0},
we can also construct several twisted symmetric differential (n — n)-forms:
l"(vl ,,,,, vy X> Sym” ™" QV(?)) (?are twisted degrees)

as follows, which will be essential ingredients towards the solution of the Debarre Ampleness
Conjecture.
For every two positive integers [/, > [, with:
L+hLh=c+r+n—-n=N-n,
for any two sequences of ascending positive integers:
I<ip<---<i,<c+r
I<ji<---<j,<c
such that the second one is a subsequence of the first one:
{Ji.ooint < iy,

let us denote by ,, . C;‘l’ _______ ;i the (N —n) X (N —n + 1) submatrix of C determined by the (N — 1)

rows iy,...,i,c+r+ ji,...,c +r+ j, and the (N —n + 1) columns which are complement to
the columns v; +1,...,v, + 1. Also, for every index j € {0,..., N} \ {vi,...,v,}, let,, an~
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denote the submatrix of ,, Clj'I """ ; . obtained by deleting the column which is originally contained
..... .

in the (j + 1)-th column of C. Analogously to (61)-(64), we denote:
Vi V,,Wj = {Zvl =0}ﬂ"‘ﬁ{zv,, :O}Q{Zj;t()} C PN,

.....

whose cone is:

Viyeees v,,Wj =n 1(\1| ..... V”W]) - KN+1 \ {O}’
and we denote also:
Ve v,,Uj = Vi v,,Wj NXc Viseoss ana
whose cone is:
ViseensVy Uj T 1(vl ..... vy Uj) C oy an =T l(vl ..... an)-
Now we have two very analogs of Propositions 6.9 and 6.10.
First, write the (N — 1 + 1) remaining numbers of the set-minus:
Y AR
in the ascending order:
ro<ri <--- <Iy_y. (80)

It is necessary to assume that A, ..., Ay > 2.

Proposition 6.11. For all j = 0---N — n, the following (N + 1 — n) affine regular symmetric
horizontal differential l,-forms:

VUE """ " )EF(

...........

.....

~~~~~~

Proposition 6.12. Under the assumptions and notation of the above proposition, the regular sym-

i1 5ensi]
metric horizontal differential l,-form , _,, W ji on ,,
1o X

symmetric differential l-formon ,, .., X:

,,,,,

X is the image of a twisted regular

.......

...........

under the canonical injection:

T (i, X SYM? Quyy 0, @50 )) 5 Ty, X, Sym® Qi V)
where the twisted degree is:
N U
O = Z deg F; + Z deg Fj, = (). ;- Z A,)+(N =)+ 1. (81)
j=0 u=1

Furthermore, for all homogeneous polynomials P € T(PV, Opv(deg P)), by multiplication, one
receives more twisted regular symmetric differential l,-forms:

X, Sym” Qu(deg P+ ..., 0" ). 0
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In our coming applications, we will use Proposition 6.12 in the case:
li=c+r, L=n-n,

and in abbreviation we write these symmetric differential forms ,, ., w":" as ., @j .. j.,-
----- n-n

Since we will mainly consider the case when all coordinates but z,,, .. ., z,, are nonvanishinig:

.....

Z #0,...,2, #0,

.....

read, in the set {z,, - - “Zry, # 0}, as:

_ e

. Rilsenll)
e @iiigiry = 3o 40 G, G )
Zr;
(-1 ! -
[Use (78)] = /]rj_l ( rl /lri_l ) det (Vl ----- Y Kjla---yjn—q;rj) (82)
2y 0<i<N-n,i#j Zr;
-1y -
=1 Ayl det (.. VnKJ'h---sJ'n—n:rj) (j=0--N=m),
Zr() ' YN-n

—

,,,,,,,,,, wju:r; 1IN the obvious way.

The two formulas (79), (82) will enable us to efficiently narrow the base loci of the obtained
symmetric differential forms, as the matrix K directly copies the original equations/differentials of
the hypersurface polymonials Fy,..., F.,,. We will heartily appreciate such a formalism when a
wealth of moving coeflicient terms happen to tangle together.

6.5. A scheme-theoretic point of view. In future applications, we will only consider symmetric
forms in coordinates. Nevertheless, in this subsection, let us reconsider the obtained symmetric
forms in an algebraic way, dropping the assumption ‘algebraically-closed’ on the ambient field K.
Recalling (3), (4), we may denote the projective parameter space of the ¢ + r hypersurfaces in
(51) by:
P} =P 'K[A!' =1 ]
¢ = P e[ ]
|[Z|:d,'—/lj
so that the hypersurface coeflicient polynomials A{ are written as:
Alf = Alja il (i=1-ctr, j=0-N). (83)
lal=d;i-;

Now, we give a scheme-theoretic explanation of Proposition 6.3, firstly by expressing @, in
terms of affine coordinates.
For every index j = 0--- N, in each affine set:

W; = {z; # 0} ¢ KM\ {0},
the ¢ + r homogeneous hypersurface equations (51) in affine coordinates:
(2 g )

Zj’ "Z‘j" ’Zj
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become:

N
Tk \ A
(F); = > @Ah; (%)
k=0 J
N ~ 2 \A—1
55 = AY (),
[see (55)] Z( i j(Zj)
=0
where for any homogeneous polynomial P, we dehomogenize:
P
(P)j = degP*
%
Differentiating (84) fori = 1--- ¢, we receive:
N A1
— ko (<k\HT
d(Fi); = Bw(;) ’
k=0 J
where:
ko._ Zk ! k %k _
Bi, = —d(A)); + 4 (A}),;d|— (ik=0-N).
Ty ! Ty
Computing z; d (A}),, we receive:
Ak
ky i
zd(4); = de( d__ﬂk) [use (52)]
Z;
Tk dAk Ak
[Leibniz’s rule] = W di = &) 7 ] dz;
J <j
k
[use (53)] = (Bf — 4 Al dzy) — — (di - /lk) =y =
J J

therefore (85) become:

k k k 1 Ak L
B, = Bl —&Aidz) = — [di— W) 5 T dzj + A (A9, d( )
z; Z
k k de k ‘
= —oi -4 (A);, — - (di - /11«)(14) d +/lk(A)(
1 j Z
Z] <j j
1 2
= —o Bl —di 5 dz; (AD),
: z;
J
1 d; —
= A B} - d j (A
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Recalling the matrix C in (57), which is obtained by copying the homogeneous hypersurface

equations Fy,...,

F .., and the differentials dF1, ...

,dF ., we define the matrix:

(A, (AY)
A A
(C), (Bca—r) (Bcl-i\—,r) ,
B;) . B}V.
GJ GJ

which is obtained by copying the dehomogenized hypersurface equations (F) I
,d(F);. Recalling the matrices (59), (60), in the obvious way we also

the differentials d(F'1);, ...
define (D), (Bk)j as:

(A?), (AV),
A r AC r
(D), := (B‘S) (BXV) ’
0 N
B B
and:
(K?>, (Kb, (A),
(Bk)j = (Acgr) (Acl-:r) (Ac;r) (k=0--N).
Bl,j B L,j Bl,j
0 k N
B, B B,

Recalling w ; of Proposition 6.3, now thanks to (86), we have the following nice:

Observation 6.13. For every j=0---N, one has the identity:
— (- l)f

B = det(@) = 1)

det((D,),).

where for the moment < is defined in (71) for “’1 ..... .

.....

ct+r

Q?-Zd +Zd Z/l + N+ 1.

The proof is much the same as that of Proposition 6.10, hence we omit it here.
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Now, let pr,, pr, be the two canonical projections:

* N
PK XK PK

Then thanks to the formula (90), we may view w; as a section of the twisted sheaf:
Sym” Q;P% ceryyes. ® DI Ot (N) ® pry Oy (V)
over the pullback:
pry (W) C P§ xx P}
of the canonical affine scheme
W; := D(z;) c P}.
Using the same notation as (5), (6), recalling (51), (83), we now introduce the two subschemes:
X ¥V c P} xg Py,

where 2" is defined by ‘all’ the ¢ + r bihomogeneous polynomials:

N
2 =v() AL ZAC'Z',Z L2 ZAC+,Z
j=0 Jj=0 =0 Jj=0

and where 7 is defined by the ‘first’ ¢ b1hom0geneous polynomials:

N N
Vo= V(Z A{zjj,...,z Agzjj).
=0 =0

Now, we may view each entry of the matrix (87) as a section in:
T (2 npy'(W)), Sym® QW, ® pr} p:.K(l)),

where the symmetric degrees are O for the first ¢ + r rows and 1 for the last n rows. Noting that the
N + 1 columns C?,--- ,CV of this matrix satisfy the relation:

N -1
k <k

Z ¢ -1
k=0 Z;

in particular, so do the columns of the submatrix (88). Now, recalling the submatrices (89) of (88),

an application of Cramer’s rule (Theorem 6.6) yields:
Zlkz /lkl -1
(-1)" det ((Dy,), ) = (-1)® det((Dy,), )
j J

el (‘% npr; ' (W)), Sym” Q“I//]P‘ ® pry ﬁpl’((N)) (k=0 N).

O

Now, recalling (90), we may interpret Proposition 6.7 as follows. First, for j =0--- N, we view
each:

®; = (; Y det((D;),)
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as a section in:
r (3&” N pry (W ), Sym" Q /P. ® pr; ﬁp‘ (N) ® pr; PN(O))
Then, thanks to an observation below, for every different indices j; < j,, over the open set:
Z np;' (W, NnW,,) ¢ 2,

the twisted sheaf:
Sym” QWP, ® pr ﬁpk(N) ® pr; Opv (V)

has the two coinciding sections:

( 1)]1

wj, = = de t((D,l) ) [Observation 6.13]
J1
/1 -1
(-1 =
[use (91)] = = A det((Djz)j,)
J1 ZJ2
. /1]‘2—1 @+/1j2—1
(-2 Z;°  z _
[ Observation 6.14 below ] == fl], — ;2+/lj2—1 det((Djz)jz)
I J2 J1
(- 1)2
= - de t((DJZ) )
Jz
= w;

J2

Thus, the N + 1 sections wy, ..., wy glue together to make a global section:
@ eI (2, sym" Qm. ® prj Op (N) ® prs Opy(9)).

Observation 6.14. For all distinct indices 0 < jy, j» < N, one has the transition identities:

O+4j,-1
Z
det((Dy,),,) = = det((D}),,)-
Z]l
The proof is but elementary computations, so we omit it here. O
Next, repeating the same reasoning, using the obvious notation, we interpret Propositions 6.9
and 6.10 as:

Proposition 6.15. Each of the following N + 1 symmetric forms:
i -1y il 1)/ i
w7 = D det(C.l’ ’1.1..) = - ) de t((C]’ o ) ) (j=0--N)
5 ! J
—_—

JlsesJlys ] A;—1 Jesdips )] =0 LN T T Jiys 1/

guess what?

can be viewed as a section of:
T (pry' (W), Sym" Qv e ® P} Ora(N) ® pr Ooy(9),

with the twisted degree:

5 [ N
Q= Z; deg F;, +Z; deg F), —Z(; A+ N+ 1.
p= q= J=
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Moreover, restricting on 2, they glue together to make a global section:

@, eI (2,sym*Q) ee ® Pri e (N) © pr Oy (9)). 0

Jiseensly

We may view Propositions 6.11 and 6.12 in a similar way.

7. Moving Coefficients Method

7.1. Algorithm. As explained in Subsection 4.3, we wish to construct sufficiently many nega-
tively twisted symmetric differential forms, and for this purpose we investigate the moving coeffi-
cients method as follows. We will be concerned only with the central cases that all ¢ + r hypersur-
faces are of the approximating big degrees d + €,...,d + €.,, where €,..., €., are some given
positive integers negligible compared with the large integer d > 1 to be specified.

To understand the essence of the moving coefficients method while avoiding unnecessary com-
plexity (see Section 12), we first consider the following ¢ + r cumbersome homogeneous polyno-
mials F,..., F.,,, each being the sum of a dominant Fermat-type polynomial plus an ‘army’ of
moving coeflicient terms:

N N ! o _
R IR YD YD M e
=0 I=c+r+1 0<jo<<j)<N k=0
where all coefficients A?, Ml.';' € K[z, ..., zy] are some degree € > 1 homogeneous polynomials,
and all integers u** > 2, d > 1 are chosen subsequently by the following Algorithm, which is
designed to make all the twisted symmetric differential forms obtained later have negative twisted
degrees.

The procedure is to first construct u** in a lexicographic order with respect to indices (1, k), for
l=c+r+1---N,k=0---1, along with a set of positive integers ;.

Recall the integer ® > 1 in Theorem 5.1. We start by setting:

5c+r+l 2> max {61, cees Ec+r}- (93)
For every integer [ = ¢ + r + 1 --- N, in this step, we begin with choosing ; that satisfies:
Mo 216+ 10+ D+ 1+ (U—c—r)e, %94)

then inductively we choose p;; with:
k=1
,ul,k>z lpj+U=k)6+1(0ctrn + D+ 1+(U-c—r)® (k=1-1). (95)
Jj=0
If I < N, we end this step by setting:

Ore1 := Ly (96)
as the starting point for the next step / + 1. At the end / = N, we demand the integer d > 1 to be
big enough:

d>(N+1)unn. 97)
Roughly speaking, the Algorithm above is designed for the following three properties.

(i) For every integer / = c+r+1---N, in this step, ;. (¢ = 0---[) grows so drastically that
the former ones are negligible compared with the later ones:

Mo << i < -0 <<y (93)
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(ii) For all integer pairs (/;,/,) withc +r+1 <[, <, <N, all the integers y, ., chosen in the
former step /; are negligible compared with the integers y;, ., chosen in the later step /»:

Moy <K Uiye, (VO<e; </1;0<e2<h). (99)

(iii) All integers u; are negligible compared with the integer d:

i < d (Y cr+1 <ISN;0<k<). (100)

7.2. Global moving coefficients method. First, foralli=1:--c + r, we write the polynomial F;
by extracting the terms for which / = N:

Jd Jowndtidi ik Hk ik _d=lu
Fi = ZA4+Z 3, kg T gt

I=c+r+1 0<jo<<ji<N k=0

0,...N:k _MNk THng Nk _d—N Uk
+ZMI' Z’é ZZ Z/;v z, ,
=0

(101)

and now this second line consists of exactly all the moving coefficient terms which associate to all

variables zo, . .., zy, namely of the form M 2y
To simplify the structure of the first hne, assomatmg each term in the second sums:
Joses ik Mk ik L MLk A=l
Mi Z}J"O lel'k 2?1 <ji
with the ‘corresponding’ term in the first sum:
Jk d
i Lje
and noting a priori the inequalities guaranteed by the Algorithm:
d—1lug>d—(N—-1)uy-1.n-1 7 c+r+1 <ISN-1;0<k <),

= oy [By (90)]

we rewrite the F; as:
N N .
| _d=5 0, Nk _pN, , « _d=Npy,
= DOl Y M e, (102)
Jj=0 k=0
where the homogeneous polynomials C; are uniquely determined by gathering:

N-1
J A=0N _ AJ . d JOsewonJilsJk MLk ik Lk _d—lpik
Cla™=alde 3N MR e o)
I=c+r+1  0<jo<<ji<N
Jik=j for some O<k<!

d—oNn

namely, after dividing out the common factor z; ™ of both sides above:

J e AJ 0N E E Joredtik k| ik ik Sn—luik
Ci T Ai Zj + Mi Z?o Z?k Z?I ij : (104)
I=c+r+1  0<jo<<ji<N
Ji=Jj for some 0<k<!/

Next, we have two ways to manipulate the (N + 1) remaining moving coeflicient terms in (102):

0,....N:k _UNk Nk Nk _d—N pnk
Mi Zl(; ZI]: Z‘;V Zk (k=0--N),

in order to ensure the negativity of the symmetric differential forms to be obtained later.
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The first kind of manipulations are, for every chosen index v = 0--- N, to associate all these
(N + 1) moving coefficient terms:

N

0,....N;k _UNnk TNk Nk _Ad—N unk
ZMi e g
k=0

with the term C? zf,l_‘SN by rewriting F; in (102) as:

N

F; = Z ClZ + 17 2, (105)
=0
J#EV

where T is the homogeneous polynomial uniquely determined by solving:
N
T,-V Zl;N’O _ C;, Z,L,i_éN " Z M?,...,N;k ZHON,k . Z:N,k . Zl}:]N,kZZ—N#N,k; (106)
k=0

in fact, guided by properties (98), (99), (100), our algorithm a priori implies:
Uno < d—=0N, png d—Nuyg — k=0-N),

thus the right hand side of (106) has a common factor 2.
The second kind of manipulations are, for every chosen integer 7 = 0--- N — 1, for every chosen
index p = 7+ 1:-- N, to associate each of the first (7 + 1) moving coeflicient terms:

: “UNK d—N py i
Ml() ..... Nk ZI(;N,k . .ZI];N,k . .lelvzv,kzk HN Kk (k=0-7)

with the corresponding terms C* z{ ™%

terms:

and to associate the remaining (N — 7) moving coeflicient

N
0..Nij JNj N N.j_d—N
D O o TV

j=1+1

with the term C? zg_‘s’v by rewriting F; as:

T N
d-N i d— .
Fi= ) EfgMw Yl v Prog, (107)
k=0 j=r+1
J#p

where E¥ and P]* are the homogeneous polynomials uniquely determined by solving:

k _d—N pnk k _d—6 0,....N;k _HUNk & k A—=N pnk
Eiz "M =Cig M+ M, A A A

k
Plf,p ZﬂpN,Hl — Cf Zz—éN + ZN: MZO ..... N;j Z/éN,j . ?]N\, . Z};/N,jZ?—NHN.j’ (108)
j=r+l
which is direct by the inequalities listed below granted by the Algorithm:
d—Npuyp <d-oy (k=0-1),
HNz+1 S HNjs (109)
Hnze1 Sd =Ny (j=1+1-N).
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Now thanks to the above two kinds of manipulations (105), (107), applying Proposition 6.8,
6.10, we receive the corresponding twisted symmetric differential forms with negative degrees as
follows.

Firstly, for every index v = 0--- N, applying Proposition 6.8, 6.10 with respect to the first kind

of manipulation (105) on the hypersurface polynomial equations Fi,..., F.,,, for every n-tuple
1 <j; <--- < j,<c,wereceive a twisted symmetric differential n-form:
..o € TX Sym" Qu (@5, ), (110)
whose twisted degree ©% ., according to the formula (71), is negative:
[Usedeg F; =d+ 6 < d +06uipi1] iy SN+ 0cri1) — [N(d—-6n)+punol +N+1
=NOy+NOerrs1 + 1)+ 1 —punp
[Use (94) for [ = N] <-—ne.

Secondly, for every integer 7 = 0---N — 1, for every index p = 7 + 1 --- N, applying Proposi-
tion 6.8, 6.10 with respect to the second kind of manipulation (107) on the hypersurface polynomial
equations F1y,..., F ., for every n-tuple 1 < j; < --- < j, < ¢, we receive a twisted symmetric
differential n-form:

Yol e T(X,Sym" Qu(vT’ ), (111)

.....

whose twisted degree ©7"

.....

O SN@+0eiri) = ) ([d =Ny = (N =7 = 1)(d = 63) = psr + N + 1
k=0

= > Npng+ (N =7 =16y + N Georar + 1)+ 1= finzes
k=0
<-—ne [use (95) for =N, k=1+1].

7.3. Moving coefficients method with some vanishing coordinates. To investigate further the
moving coeflicients method, for all integers 1 < n < n— 1, for every sequence of ascending indices

O<vi<---<y, <N,

take the intersection of X with the 7 coordinate hyperplanes:

.....

Applying Proposition 6.12, in order to obtain more symmetric differential (n — n7)-forms having
negative twisted degree, we carry on manipulations as follows, which are much the same as before.
First, write the (N — 17 + 1) remaining numbers of the set-minus:

{0,....,N}\ {vi,..., v}
in the ascending order:
ro <-+- <IN

Note that in Proposition 6.12, the coefficient terms associated with the vanishing variables z,,, ..., z,,

play no role, therefore we decompose F; into two parts. The first part (the first two lines below)
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is a very analog of (101) involving only the variables z,, . .. s Zry_ys while the second part (the third
line) collects all the residue terms involving at least one of the vanishing coordinates z,,, .. ., Ty,

N-n-1
i d Tjgse T il . 1k, A= l,ulk
Fi= ZA ) + Z Z Z M rfo ’Jk Zf‘l/l Zrj,
I=c+r+1 0<jo<-<jiISN-n k=0
N-n
705--s"'N=1p 3Tk N-nk N-— I]A N- r]k d—(N-1) un- n.k 112
+ E M . z*r‘ + ( )

N-n r

.....

+ (Res1due Terms)

negligible in the coming applications
Since every power associated with the vanishing variables z,,, ..., z,, is > 2 thanks to the Algo-
rithm in subsection 7.1, all the (Residue Terms);l""’v’7 lie in the ideal:

2 2
@,....22) CKlzo,. ... 2n).

Moreover, using for instance the lexicographic order, we can write them as:

1
seeesV V]seers ViV
(Residue Terms),' E R zij, (113)
where R; 1"V are the homogeneous polynomials uniquely determined by solving:
N l _
VieesVsVi 2 AVid JoseesJisJk Mk Lk 1k A=l
R; 5, = A a,+ Z Z Z M; Gy GG
I=c+r+1 0<jo<<ji<N k=0

min (ljo ..... JNWV15ens v,,}):w

Observing that the first two lines of (112) have exactly the same structure as (101), by mimicking
the manipulation of rewriting (101) as (102), we can rewrite the first two lines of (112) as:

N-n N—-

rj _d—o, 1Qseee N=p3Tk k| ANk K _d—(N—n) un—n.k
" G S M e B w11
J=0 k=0

where the integer oy, was defined in (96) for [ = N —n — 1:
Ony=(N—n—1)unp1N-n-15

and where the homogeneous polynomials ,, ., C i’ are obtained in the same way as Cl.] in (104):
N-n-1
_— chl A”/ ZéN "4 Z Z le’jo ’’’’ Pirie Mik . Zl;lk (N=n=DUN-p-1.N-p-1— lﬂlk

Tjy rjA I r/k
I=c+r+1  0<jo<<ji<N-n
Jk=j for some 0<k</

Now substituting (114), (1 13) into the equation (112), we rewrite F; as:

N-n
_ 2 rj d —0N-n T0sees FN=p3 Tk v N k| Nonk d (N ) UN-n.k
Fi= vl,...,vnc Zr; + M ' Z/:N n +
=

n
Veers Vi3V
+ E R/ 2
l Vj

J=1

(115)

negligible in the coming applications
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Now, noting that the first line of F; in (115) has exactly the same structure as (102), we repeat
the two kinds of manipulations, as briefly summarized below.

The first kind of manipulations are, for every chosen index v = 0 --- N —n, to associate all these
(N + 1 — ) moving coeflicient terms:

E TOseees'N=p3Tk _AN—1.k N- k N-nk _d—(N=1) in-nk
M -n -nk . -, lenr 1.

F'N-n

. d=Gn- o
with the term V],,,.,V,IC? Z,, " by rewriting (114) as:
N-n
Cll Zf o T e 116
ViV i er + VigerisV ) ( )
J=0
J#EV
where ,, __,, T;” is the homogeneous polynomial uniquely determined by solving:
=, d—o, 1 Y Y Y d—(N—-
. v,,T,'rV rVN 0 _ _— VUC:"V oy N-n Z Mro TNy Pk N 0k N nA Z}:,C/,;k o (N—=1) pn-, k- (117)

The second kind of manipulations are, for every integer 7 = 0---N —n — 1, for every index
p=1+1---N —n, to associate each of the first (z + 1) moving coefficient terms:

105 'N=p3sTk _MN-n.k N r]k N-n.k d—(N-1) pn- -n,k
Mi ro o Z/;N,, Zr (k=0--7)

. . d-s, . .. .
with the corresponding term v1,-..,v,]Crk Z,, " and to associate the remaining (N —  — 7) moving
coefficient terms:

N-
rOs SIN-p3Fj Nr]]-._/N?,j._' N7]jd(N n)ﬂNnj
) r/- FN— n }’j
7, d— - ..
with the term ,, WG Zr, ¥ by rewriting (114) as:
T -1
d—(N=1) pUN-pk rj _d—0n-, rr.1 N-n,t+1
Tk 1 J 1 14 15

E vl,...,vﬂE,' Zrk + v1,...,v,,C,' er + vl,...,vUP,' Ty s (118)
k=0 Jj=t+1

J#p

where ,, ., E;* and ,, Pr”rp are the homogeneous polynomials uniquely determined by solving:

Vn

e
re A—(N-m) pn-nik _ re d—0n— FQseees'N=p 3Tk _AN=-k N-mk N-nk _d—(N=1) N
Viseers V,,E,' Tk T Ve V,,Cl' Zrk + M,‘ Zl:g Tk ZIJN n -rk )
N-y (119)
Feulp  JN-pr+l rp _d=6n_y FOseees N- i) _HN-n.j TN N-n.j _d—(N=11) pin- ;,,
Vigeoss VnPi Z;:'p T Vi VnCi er + Mi Z/;o er‘j Zﬁ’lN n r,
Jj=t+1

which is possible by the Algorithm in subsection 7.1.
To summarize, taking the two forms (116), (118) of the first line of (115) into account, we can
rewrite F; in the following two ways. The first one is:

n
_ rj d=0n-y ry N0 VisesViVi 2
Fi - v1,...,v,,C,‘ er + Vi T + Ri Zvj- > (120)
J=1
JEV ~———— —

negligible in our coming applications
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and the second one is:

T N-n n
E d—(N=1) in-nk rj _d=ON-, Telp  MN-prtl ViseosVysVj 2
— Tk 7, J U P 15 nvj
Fi - V]yees "in Zrk + Vseens v,,Ci Zr/ + V] yeues v,,Pi erlp + R,‘ Zv_,- . (121)
k=0 Jj=1+1 j=1
J#p

negligible in our coming applications
Firstly, applying Proposition 6.12 to (120), for every (n — n)-tuple:
1<]1 <"'<jn—77<ca

we receive a twisted symmetric differential (n — n7)-form:

v €T X SYM™TQy (o, P )), (122)
whose twisted degree ,, .., 9" o according to the formula (81), is negative:

0 iy SN =M (@ + Ocsri) = [(N = 1) (d = On—y) + pin—yo] + (N = 1) + 1
=N =m0Nn-y+ N =1 Gcsrs1 + 1D+ 1 = pinono
[use (94) for I = N — 7] <—-(m-ne.

Secondly, applying Proposition 6.12 to (121), for every (n — n)-tuple:
1< ji<- < jup<cg,
we receive a twisted symmetric differential (n — n7)-form:

T.p - T.0
Voo V'I"bjl,...,jnﬂ, € Iﬂ(vl v,,X, Sym" 7 QV(V] ..... V']Q7j1 ..... jn*?l))’ (123)

.....

whose twisted degree ,, _,, ©7”

_____ 209 according to the formula (81), is negative also:

2 SN -md+0bcire1) - Z d—=(N-=mpn-—ye) —(N-n-7-1)(d - 6n-y)—
k=0

ViV ¥ s iney

— MUN-n7+1 +N - n+ 1

= 3 N =D ptnegsc + NV == 7= DSy + (N = 1) Gerrar + D)+ 1= fiy_yra
k=0

<S-(m-ne [use (95) for =N -n, k=1+1].

8. Basic technical preparations

8.1. Fibre dimension estimates. The first theorem below coincides with our geometric intuition,
and one possible proof is mainly based on Complex Implicit Function Theorem. Here, we give a
short proof by the same method as [59, p. 76, Theorem 7].

Theorem 8.1. (Analytic Fibre Dimension Estimate) Ler X,Y be two complex spaces and let
f: X — Y be a regular map. Then the maximum fibre dimension is bounded from below by the
dimension of the source space X minus the dimension of the target space Y:

maxy ¢ y dimg 1) > dimc X — dimc Y.

Equivalently:
dimg X < dim¢ Y + max, ¢ y dimc f_l(y). (124)
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Proof. For every point x € X, let f(x) =: z € Y, and denote the germ dimension of Y at this point
by:

d, = dimc (Y, 2).
Then we can find holomorphic function germs g, ..., g4. € Oy vanishing at z such that:
Y,2)Nn{gi=---=g4 =0} = {z}.
Pulling back by the holomorphic map f, we therefore realize:
X, x)N{giof==gsof=0=(f,x).
Now, counting the germ dimension, we receive the estimate:
dime (f7'(2), x) > dime (X, x) — d. = dimc (X, x) — dime (¥, 2),
hence:
dime (X, x) < dimc (¥, 2) + dime (£ (2), x)
< dimg Y + max, ¢ y dimc f_l(y).
Finally, let x € X vary in the above estimate, thanks to:
dimc X = max, ¢ x dime (X, x),

we receive the desired estimate (124). O

With the same proof (cf. [54, p. 169, Proposition 12.30; p. 140, Corollary 10.27]), here is an
algebraic version of the analytic fibre dimension estimate above, for every algebraically closed field

K and for the category of K-varieties in the classical sense ([37, §1.3, p. 15]), where dimension is
defined to be the Krull dimension ([37, §1.1, p. 6]).

Theorem 8.2 (Algebraic Fibre Dimension Estimate). Let X, Y be two K-varieties, and let f: X —
Y be a morphism. Then the dimension of the source variety X is bounded from above by the sum
of the dimension of the target variety Y plus the maximum fibre dimension:

dim X < dim Y + max,cy dim £~ (). (125)

In our future applications, f will always be surjective, so one may also refer to [59, p. 76,
Theorem 7]. The above theorem will prove fundamental in estimating every base locus involved
in this paper.

Corollary 8.3. Let X, Y be two K-varieties, and let f: X — Y be a morphism such that every fibre
satisfies the dimension estimate:

dim f_l(y) < dmX —dmY (Vyev).
Then for every subvariety Z C Y, its inverse image:
@ cx
satisfies the transferred codimension estimate:

codim f~(Z) > codim Z. O
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8.2. Matrix-rank estimates. This subsection recalls some elementary rank estimates in linear
algebra.

Lemma 8.4. Let K be a field and let W be a finite-dimensional K-vector space generated by a set
of vectors . Then every subset B, C A that consists of K-linearly independent vectors can be

extended to a bigger subset 8, C 98 which forms a basis of W. O
Lemma 8.5. Let K be a field, and let V be a K-vector space. For all positive integers e, k,l > 1
withk =21, letvi,...,Ve,Vesls. .., Verk be (e + k) vectors such that:

(i) vi,...,v, are K-linearly independent;

(ii) for every sequence of | ascending indices between e + 1 and e + k:
e+l<ij<---<ij<e+k,
there holds the rank inequality:
rankg {Vi, .. .s Ve, Vipy o5V} S e+ 11— 1.
Then there holds the rank estimate:
ranki {Vi, ..., Ve, Verls v +sVerk} S €+ 1—1.
Proof. Assume on the contrary that:
ranki {Vi, ..., Ve, Verls s Vesk} =. €+ 1y = € + 1,

that is, lp > [.
Now applying the above lemma to:
W= SpanK {Vl, ceesVes Verls oo ,Ve+k} >
=B

By =i, ., Veh
we receive a certain basis of V:
PBr = {vy,.. .,ve,vil,...,vi,o}.
In particular, as [y > [, the first (e + ) vectors in %, are K-linearly independent:
rankg {Vi, ..., Ve, Vijs oo Vi) = e+ 1,

which contradicts condition (ii). O

Let K be a field, and let p, g, e, [ be positive integers with:

min{p,q} > e+ [.
Let M € Mat,,(K) be a p X g matrix. For all sequences of ascending indices :
1<ip<---<ip<p,

let us denote by M;, _; the k X g submatrix of M that consists of the rows ij,..., i, and for all
sequences of ascending indices:
I<ji<--<ji<g,

let us denote by Mfll ....... l {: the k x [ submatrix of M;, _; that consists of the columns jj, ..., j.
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Lemma 8.6. If the first e rows of the matrix M are of full rank:

.....

...........

then there holds the rank estimate:
rankg M <e+1-1
Proof. For every fixed sequence of ascending indices:
e+l<ij<---<i<p,
the rank inequalities (126) yields:
rankg My_ciiy<e+1—1

Now applying the previous lemma to the rows of the matrix M, we conclude the desired rank
estimate. O

Lemma 8.7. Let K be a field and let e,m be positive integers. Let H € Mat,,,(K) be an e X m
matrix with entries in K such that the sum of all m columns of H vanishes:

Hi+---+H,=0, (127)

where we denote by H; the i-th column of H. Then for every integer j = 1---m, the e X m submatrix
H; of H obtained by omitting the j-th column still has the same rank:

—

rankg H; = rankg H.
Proof. Note that (127) yields:
Hi=-H;+---+Hj.y +Hjp +--- + H,p),
therefore H; lies in the K-linear space generated by the columns of the matrix H j» thus we receive:
Spang {Hy, ..., I—TJ ..., Hy} =Spang {Hy,...,H,}.

Taking the dimension of both sides, we receive the desired rank equality. O

8.3. Classical codimension formulas. In an algebraically closed field K, for all positive integers
p,q > 1, denote by:

Mat,,»,(K) = K™
the space of all p X ¢ matrices with entries in K. For every integer 0 < ¢ < max{p, g}, we have a
classical formula (cf. [31, p. 247 exercise 10.10, and the proof in p. 733]) for the codimension of
the subvariety:

279 C Mat ., (K)
which consists of all matrices with rank < £.
Lemma 8.8. There holds the codimension formula:

codim Z7"? = max {(p — €) (g — 0), O}. |

In applications, we will use the following two direct consequences.
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Corollary 8.9. For every integer 0 < £ < max{p, g — 1}, the codimension of the subvariety:
02‘?7‘] - 2?#]’

which consists of matrices whose sum of all the columns vanish, is:

codim OZ‘Z”I =max{(p—-€)(g—-1-10), 0} +p. |
Proof. Since every matrix in OZ‘Z”’ is uniquely determined by the first (¢ — 1) columns, thanks to
Lemma 8.7, the projection morphism into the first (g — 1) columns:

. Oyps g1
T Z‘? T _ E? 4
is an isomorphism. Remembering that:
dim X! = dim Z?’q_l +p,

now a direct application of the preceding lemma finishes the proof. O

8.4. Surjectivity of evaluation maps. Given a field K, for all positive integers N > 1, denote the
affine coordinate ring of K¥*! by:

(KN =Kz, . .., zx].
For all positive integers A > 1, also denote by:
A(EY) € o (N
the K-linear space spanned by all the degree 4 homogeneous polynomials:

%(KN+1) = @ao+~“+a1\/:/l K - ZZ)IO e Zﬁv o K(N;/l)
Q,...,an=0
For every point z € KV*!, denote by v, the K-linear evaluation map:
v, (K" — K
f— [,
and for every tangent vector & € T,KV*! = KV*!| denote by d,(¢) the K-linear differential evaluation
map:
d(&): (K" — K
f = df.©.

For every polynomial g € &/ (KN*!), for every point z € K¥*!, denote by (g - v). the K-linear
evaluation map:
(g-v):: ZE) — K

f— (€N,

and for every tangent vector ¢ € T,KV*! = KV*! denote by d.(g-)(&) the K-linear differential
evaluation map:
d(g)&) : ZE) — K

[ — d@h|.@.

The following Lemma was obtained by Brotbek in another affine coordinates version [7, p. 36,

Proof of Claim 3].
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Lemma 8.10. For all positive integers A > 1, at every nonzero point z € KN\ {0}, for every
tangent vector & € T.KN*! = KN*! which does not lie in the line of z:

E¢ K-z
restricting on the subspace:
JZZ{(KNH) C ,Q{(KNH),
the evaluation maps v, and d,(¢) are K-linearly independent. In other words, the map:
i)
is surjective.

Proof. Step 1. For the case A4 = 1, this lemma is evident. In fact, now every polynomials ¢ €
7| (KN*1) can be viewed as, by evaluating £(z) at every point z € K¥*!, a K-linear form:

£ e (KN,
thus there is a canonical K-linear isomorphism:
(KN = (RN,
Moreover, it is easy to see:
de| (&) = ().

Since z,& € KM*! are K-linearly independent, now recalling the Riesz Representation Theorem in

linear algebra:
RN+ ~ ((KNH)V)V, (128)
we conclude the claim.
Step 2. For the general case A > 2, first, we choose a degree (4 — 1) homogeneous polynomial

g € o (KN with g(z) # 0 (for instance, one of z3™',...,z5 ! succeeds), and then we claim,

restricting on the K-linear subspace obtained by multiplying .27 (K¥*!) with g:
g AE) c AE,

that the evaluation maps v, and d,(¢) are K-linearly independent.
In fact, for all f € o7 (KV*!), we have:

& v):(f) =Nk
=g f(2)
= g@)v.(f),

and by Leibniz’s rule:
d(g)() (f) = d (gf)].€)
= g(2)d f| (&) + f) d g| (£)
= 2(2) (&) (f) + d g| (&) v.( ),

(g ' V)z _ 8 (Z) 0 Vv,
(dz<8- Xf)) B (d 8.¢6) g(z>) (dz(é))' (129)
—
invertible, since g(z) #0
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Now, restricting (129) on the K-linear subspace:
JM](KN-H) c d(KN-H),

and recalling the result of Step 1 that the evaluation maps v, d.(£) are K-linearly independent, we
immediately see that the evaluation maps (g - v),, d.(g- )(£) are K-linearly independent too. In other
words, restricting on the K-linear subspace:

g AE) c K,
the evaluation maps v, d,(¢) are K-linearly independent. O

Lemma 8.11. For all positive integers A > 1, for all polynomials g € o7/ (KN*"), at every nonzero
point z € KN*1\ {0} where g does not vanish:

g(@) # 0,
and for every tangent vector & € T,KN*! = KN*! which does not lie in the line of z:
c¢ K-z
restricting on the subspace:
%(KNH) C JZf(KN+1),
the evaluation maps (g - v), and d,(g- )(&) are K-linearly independent. In other words, the map:
e i) e —

is surjective.
Proof. This is a direct consequence of formula (129) and of the preceding lemma. O

8.5. Codimensions of affine cones. Usually, it is more convenient to count dimension in an Eu-
clidian space rather than in a projective space. Therefore we carry out the following lemma (cf.
[37, p. 12, exercise 2.10]), which is geometrically obvious, as one point (dimg = 0) in the projective
space P corresponds to one K-line (dimg = 1) in KN*!.

Lemma 8.12. In an algebraically closed field K, let m: KNt — PY be the canonical projection,
and let:
Y cPY

be a nonempty algebraic set defined by a homogeneous ideal:
I c Klzo,...,zy]-
Denote by C(Y) the affine cone over Y:
C(Y):=n'(Y)u{0} c KM

Then C(Y) is an algebraic set in KN*' which is also defined by the ideal I (considered as an
ordinary ideal in K|z, ..., zn]), and it has dimension one more than Y :

dmC(Y) =dimY + 1.
In other words, they have the same codimension:

codim C(Y) = codim Y. mi

The essence of the above geometric lemma is the following theorem in commutative algebra (cf.

[42, p. 73, Cor. 5.21]):
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Theorem 8.13. Let B be a homogeneous algebra over a field K, then:
dim Spec B = dim Proj B + 1. O

8.6. Full rank of hypersurface equation matrices. In an algebraically closed field K, for all
positive integers N > 2, for all integers e = 1--- N, for all positive integers €,...,€ > 1 and
d > 1, consider the following e hypersurfaces:

Hy,...,H, c PY,

each being defined as the zero set of a degree (d + ¢€) Fermat-type homogeneous polynomial:
N .
F; = Al zj? (i=1-e), (130)
=0

where all A{ € . (KN*1) are some degree € homogeneous polynomials.
Now, denote by H the e X (N + 1) matrix whose i-th row copies the (N + 1) terms of F; in the
exact order, i.e. the (i, j)-th entries of H are:

Hij = A{_l Z?—l (i=1lwe;j=1+N+1),
so H writes as:
Adzd o AN
He=) oo (131)
AY Zg o AV

which we call the hypersurface equation matrix of Fy, ..., F,. Passim, remark that by (130), the
sum of all columns of H vanishes at every point [z] € X := H; N --- N H,.
Also introduce:

B(M) = B( @) A (EN))

<j<N

=M
the projectivized parameter space of (A{ ) 1<i<e € M.

0<j<N
First, let us recall a classical theorem (cf. [59, p. 57, Theorem 2]) that somehow foreshadows

Remmert’s proper mapping theorem.
Theorem 8.14. The image of a projective variety under a regular map is closed. O

The following lemma was proved by Brotbek in another version [7, p. 36, Proof of Claim 1],
and the proof there is in affine coordinates (3, ... 4 2

’Zj""’

KN ~ {z;#0} C Pg (j=0-N).

Here, we may present a proof by much the same arguments in ambient coordinates (2o, . .., Zy):
K\ {0} — PY
(205 +-wsan) V> 2o -+ zwl]

Lemma 8.15. In P(#), there exists a proper algebraic subset:

LG P(A)
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such that, for every choice of parameter outside X:

|(4)) 1<

sle zons
on the corresponding intersection:

X=Hn---NnH, c PY,
the matrix H has full rank e everywhere:

rankg H(z) = e (V[z]€X).

Sharing the same spirit as the famous Fubini principle in combinatorics, the essence of the proof
below is to count dimension in two ways, which is a standard method in algebraic geometry having
various forms (e.g. the proof of Bertini’s Theorem in [37, p. 179], main arguments in [18, 7], etc).

Proof. Now, introduce the universal family 2~ < P(.#) x P} of the intersections of such e
Fermat-type hypersurfaces:

2 ={([AL[2)) € Pa)xPY : B gAlZl =0, fori=1---e},
and then consider the subvariety # C 2" that consists of all ‘bad points’ defined by:
rankg H < e — 1. (132)

Let 7y, m, below be the two canonical projections:

P(A) x PY
P(A) P.

Since P(.#) x Py > 4 is a projective variety and 7, is a regular map, now applying Theorem 8.14,
we see that:

m(B) c P(A)
is an algebraic subvariety. Hence it is necessary and sufficient to show that:

m1(B) + P(A). (133)

Our strategy is as follows.

Step 1. To decompose PY into a union of quasi-subvarieties:

PY = UYL, (134)
where kﬁP’g consists of points [z] = [zo: z1: -+ : zZv] € P% with exactly k vanishing homogeneous
coordinates, the other ones being nonzero.

Step 2. For every integer k = 0--- N, for every point [z] € kﬁ)g, to establish the fibre dimension

identity:
dim ;' ([z]) N B = dmP(A) — (max {N —k — e + 1,0} + e). (135)
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Proof of Step 2. Without loss of generality, we may assume that the last Kk homogeneous coordi-
nates of [z] vanish:

INks1 = =2y =0, (136)

and then by the definition of kaN , none of the first (N — k + 1) coordinates z, . .., Zy—x vanish.
Noting that:

B (DN B = m(n'dhnB) x {0} ,

by Theorem 8.14 is an algebraic set °1¢ point set

and considering the canonical projection:
T M\ — P(A),

we receive:

dim7;' ([z]) N 2 = dimmy(m;' ([z]) N ) 13,
7
[use Lemma 8.12] = dim?—l(m(ﬂgl([z]) N 93)) U {0} - 1.

Now, observe that whatever choice of parameters:

(A,J) i<i<e € M,
0<j<N
the vanishing of the last k coordinates of [z] in (136) makes the last k columns of H(z) in (131)
vanish. It is therefore natural to introduce the submatrix V*!=%H of H that consists of the remaining
nonvanishing columns, i.e. the first (N + 1 — k) ones. Since the sum of all columns of H(z) vanishes
by (130), the sum of all columns of ¥*'=*H(z) also vanishes.
Observe that the set:

M ST (mi(m ([2) N ) U {0}

= {(AZJ ) i<i<e € .# : sum of all the columns of N ”_kH(z) vanishes,
0<j<N

and rankg Y FH(z) < e — 1}

from ( 1 32)

is nothing but the inverse image of:
Ozi’ﬁﬂ_k C Mat,xy+1-1)(K) [use notation of Lemma 8.9]
under the K-linear map:
NI, o — Mats1-1(K)
A= "HE),

which is surjective by Lemma 8.11.
Therefore we have the codimension identity:

codim?l(m(ﬂgl([z]) N %’)) U {0} = codim 02?’_1\?1_1‘ [V-*+TH_ is linear and surjective] (138)

[use Lemma (8.9)] =max{N—-k—e+1,0} +e,
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and thereby we receive:

dim7,'([z]) N 2 = dim@ (w173 ([2]) N ) U {0} - 1 [use (137)]
[by definition of codimension] = dim .#Z — codim?l(m(ng 'z2hn %’)) ui{o} -1
[exercise] = dim P(./) - codm 7' () (3 (12]) N %)) U {0}
[use (138)] =dmP(AZ)— (max{N —k—e+ 1,0} + e),
which is exactly our claimed fibre dimension identity (135). O

Step 3. Applying Lemma 8.2 to the regular map:
Ty ﬂ;l(kimg)m% — kaN,
remembering:
dim kag =N-k (k=0--N),

together with the identity (135), we receive the dimension estimate:

dimngl(ka{g) NAB < dimkﬁDﬁg+dimP(///) —max{N —k—e+ 1,0} —e
S(N-k)+dmP(#Z)-(N—-k—-e+1)—e (139)
=dmP(Z) - 1.

Note that Z can be written as the union of (N + 1) quasi-subvarieties:
B=n'PYHNAB
=m' (U (B N 2
= (U ™' (kfpg)) n%#
= Ul (' (B2 0 2).
each one being, thanks to (139), of dimension less than or equal to:
dmP(AZ) -1,
and therefore we have the dimension estimate:
dm B < dmP(AZ) - 1.
Finally, (133) follows from the dimensional comparison:
dimm(#) < dm B < dmP(AZ) — 1. |

In the more general context of our moving coefficients method, we now want to have an every-
where full-rank property analogous to Lemma 8.15 just obtained.
Observing that in (92), the number of terms in each polymonial F; is:

N

N+D+ > (]Zjll)(m ),

t=c+r+1
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and recalling that the K-linear subspace o7 (K" 1 ¢ Kl[zo, . .., zn] spanned by all degree € homo-
geneous polynomials is of dimension:
N + ¢
dimg o7, (KV*!) = ( N )
we may denote by P% the projectivized parameter space of such ¢ + r hypersurfaces, with the
integer:

ctr

0= [(N+1)+ ZN: (Z:ll)(£+l)]Z(N;ei). (140)
i=1

{=c+r+1
Now, by mimicking the construction of the matrix H in (131), employing the notation in Sub-
section 7.2, for every integer v = 0--- N, let us denote by H” the (¢ + r) X (N + 1) matrix whose
i-th row copies the (N + 1) terms of F; in (105). Also, for every integer 7 = 0--- N — 1, for every
index p =7+ 1---N, let us denote by H™* the (¢ + r) X (N + 1) matrix whose i-th row copies the
(N + 1) terms of F; in (107).

Lemma 8.16. In P}, there exists a proper algebraic subset:
T c Py

such that, for every choice of parameter outside X:

[AL,M]] € BR\Z,
on the corresponding intersection:

X=HN---NH.,, CP§,
all the matrices H', H™* have full rank c:
rankg H'(z) = c+r, rankg H*(2) =c+r (¥ [2]€X).

We can copy the proof of Lemma 8.15 without much modification and thus everything works
smoothly. Alternatively, we may present a short proof by applying Lemma 8.15.

Proof. Observation 1. We need only prove this lemma separately for each matrix H” (resp. H™),
1.e. to show that there exists a proper algebraic subset:

Y (resp. ™) ¢ P}
outside of which every choice of parameter succeeds. Then the union of all these proper algebraic

subsets works:

T:=UV Y UUrgnva X% & PR
p=1+1--N

Observation 2. For each matrix H” (resp. H™), inspired by the beginning arguments in the proof
of Lemma 8.15, especially (133), we only need to find one parameter:
[ALM] € PR\Z

with the desired property.
Observation 3. Now, setting all the moving coefficients zero:

M =0,
57



thanks to (103), (106), the equations (105) become exactly the equations (130), and therefore all
the matrices H” become the same matrix H of Lemma 8.15 (with e = ¢ + r). Similarly, so do all the
matrices H™.

Observation 4. Now, a direct application of Lemma 8.15 clearly yields more than one parameter,
an infinity! O

Once again, by mimicking the construction of the matrix H in Lemma 8.15, employing the

..........

i-th row copies the (N + 1) terms of F; in (120) (resp. (121)).

Lemma 8.17. In Pﬂ‘g, there exists a proper algebraic subset:

.....

on the corresponding intersection:

X=H N---NH.,, CP§,

..........

yH' @ =c+r, rankg,, ., HP@) =c+r (v [z2]€X). O

..........

The proof goes exactly the same way as in the preceding lemma.

9. Controlling the base locus

9.1. Characterization of the base locus. Now, we are in a position to characterize the base locus
of all the obtained global twisted symmetric differential n-forms in (110), (111):

BS := Base Locus of {¢), 4%  }7T¢ C P(TV|X), (141)

""" Tt 1€ J1 <0< fnSe

where P(TV| W) € P(Tyy) is given by:

P(Ty|,) == {([z].[€]) : FiR) =0,dF| () =0,Yi=1--c+r¥j=1--c

To begin with, for every v = 0--- N, let us study the specific base locus:

’’’’’’

associated with only the twisted symmetric differential forms obtained in (110).
For each sequence of ascending indices:

1<ji<---<j,<c,

,,,,,

dance with the first kind of manipulation (105), we construct the (¢ + r+¢) X (N + 1) miltrix K” in
the obvious way, i.e. by copying terms, differentials, and then we define the analogous K% . .
First, let us look at points ([z], [£]) € BS” having all coordinates nonvanishing:

20z # 0. (142)
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For each symmetric horizontal differential n-form 5;. _ which corresponds to ¢,
of Propositions 6.10, 6.9, for every j = 0--- N, we receive:

i in the sense
,,,,, n

0=¢) ;. @& fsince ((z]. [€]) < BS']
(=1) v
[use (79)] = —— det(K, ;. )@,
ZO N ZN g SN
#0

where all integers x are of no importance here. Indeed, we can drop the nonzero factor Z(Ilii and
0 N

obtain: R
v —
det(Kj . )& =0.
~——
NXN matrix
In other words:

rankKR;l ..... i@ SN -1
Now, letting the index j run from O to N, we receive:
rankg K‘J'-1 o @HSN-T, (143)
-

where K;l

way.
Note that the first ¢ + » rows of K‘J’.l

that for a generic choice of parameter:

...........

.....

rankg H'(z) = c + r.

Now, in (143), letting 1 < j; < --- < j, < c vary, and applying Lemma 8.5, we immediately
receive:
rankg K" (z,&) < N — 1.

Conversely, it is direct to see that any point ([z], [£]) € xP(Ty) satisfying this rank inequality lies
in the base locus BS".

Note that a point ([z],[£]) € P(Tex) lies in P(Ty|,) if and only if the sum of all columns of
K” (z,£) vanishes. Summarizing the above analysis, restricting to the coordinates nonvanishing
part of P(Te):

B(Tpy) == B(Ten) N {20+ 2w # O},
we conclude the following generic characterization of:
BS” N P(Tx),

where the exceptional locus X just below is defined in Lemma 8.16.
Proposition 9.1. For every choice of parameter outside X.:

[ALM] € PEAX
a point:

(I2). [€]) € B(Tpy)

lies in the base locus:

(lz],[¢]) € BS”
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if and only if:
rankg K" (z, &) < N — 1, and the sum of all columns vanishes. O

Now, for every integer 7 = 0--- N — 1 and for every index p = 7+ 1 - - - N, the base locus:

.....

associated with the twisted symmetric differential forms obtained in (111) enjoys the following
generic characterization on the coordinates nonvanishing set {z, - - - zy # 0}. Of course, the matrix
K™ is defined analogously to the matrix K” in the obvious way. A repetition of the preceding
arguments yields:

Proposition 9.2. For every choice of parameter outside X:
[AL,M:] € PR\Z
a point:
(Iz). [€]) € B(Tp)

lies in the base locus:

(lz].[¢]) € BS™
if and only if:

rankg K™ (z,&) < N — 1, and the sum of all columns vanishes. O

It is now time to clarify the (uniform) structures of the matrices K”, K™,

Thanks to the above two Propositions 9.1, 9.2, we may now receive a generic characterization
of:

BS N P(Ten).

Firstly, we construct the (¢ + r + ¢) X (2N + 2) matrix M such that, fori=1---c+r,j=1---c,
its i-row copies the (2N + 2) terms of F; in (102) in the exact order, and its (¢ + r + j)-th row is the
differential of the j-th row. In order to distinguish the first (N + 1) ‘dominant’ columns from the
last (N + 1) columns of moving coefficient terms, we write M as:

M= (A |- |Ay|Bo|---|By).
For every index v = 0- - - N, comparing (105), (106) with (102), the matrix K” is nothing but:

N
K= (Aol 1A |- | Ay A+ ) B)). (144)
j=0

Similarly, for every integer 7 = 0---N — 1 and for every index p = 7 + 1 --- N, comparing (107),
(108) with (102), the matrix K is nothing but:

N
K = (Ag+By |- | Ac+ B [ At | [ A, [ [ Ay | A+ Y B)). (145)

Jj=t+1
Secondly, we introduce the algebraic subvariety:
Moy, Matoesxows 1K) (146)
consisting of all (¢ + 7 + ¢) X 2(N + 1) matrices (g | @y | --- | an | Bo | B1 | -+ - | Bn) such that:
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(i) the sum of these (2N + 2) colums is zero:
ay+a+-+ay+Bo+Pi+ - +Bn=0; (147)
(ii) for every index v = 0--- N, replacing «, with @, + (By + 1 + - - - + By) in the collection of
column vectors {ag, @1, ..., ay}, there holds the rank inequality:
rankg {@g, ..., @ys ..., an, @+ (Bo+B1 + -+ By} S N-1; (148)
(iii) forevery integert = 0---N—1, forevery index p = 7+1 - - - N, replacing @, with @, +(B-+1+

-+ -+By) in the collection of column vectors {ay+PBo, . . ., ¥z +B7, Arst, .. ., Qp, . .., an}, there
holds the rank inequality:

rankK{ao +ﬁ0,a1 +ﬁ1,...,aT+ﬁ,,a,+1,...,&\p,...,aN,ap+(,BT+1 +"'+ﬁN)} <N-1.

(149)
Proposition 9.3. For every choice of parameter outside X:
[ALM:] € PE\Z
a point:
(Iz], [€]1) € P(Tev)
lies in the base locus:
(Iz1,[€]) € BS
if and only if:
M(z,&) € A\, O

Furthermore, for all integers 1 < n < n — 1, for every sequence of ascending indices:
O<vi<---<y, <N,
we also have to analyze the base locus of the twisted symmetric differential forms (122), (123):

vy BS := Base Locus of {,, ., &} . ., ¥ (150)

.......... J1seessJn-n seeey jl’---’]’nﬂ] 1<j|<~~-<j,,_,7<c

Vi v,]P(T[PN) =P(Tpv) N {Zvl ==z, = 0},

.....

...........

.....

as the matrix M, whose i-row (i = 1--- ¢ + r) copies the (2N + 2 — 2n) terms of (114) in the exact
order, and whose (¢ + r + j)-throw (j = 1---¢) is the differential of the j-th row.
Secondly, in correspondence with ,///21\6’ .,» by replacing plainly N with N — 5, we introduce the
algebraic variety:
.///21\:;7 C Matoerryxow—nen(X. (151)

Thirdly, let us recall the exceptional subvatiety:

defined in Proposition 8.17.

By performing the same reasoning as in the preceding proposition, we get:
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.....

.....

a point:
lies in the base locus (150):

if and only if:
Vi V”M(Zaé:) € %N—n O

~~~~~ 2c+r”

9.2. Emptiness of the base loci. First, for the algebraic varieties (146), (151), we claim the fol-
lowing codimension estimates, which serve as the engine of the moving coefficients method. How-
ever, we will not present it here but in the next section.

Lemma 9.5 (Core Lemma of MCM). (i) For every positive integers N > 1, for every integers
c,r = 0with2c+r > N, there holds the codimension estimate:

codim 4" > dimP(Tey) = 2N — 1.

2c+r

(ii) For every positive integern =1---N — (c + r) — 1, for every sequence of ascending indices:
O<vi<---<yv, <N,

there holds the codimension estimate:

codim.ZN" > dim,, ,B(Tew) = 2N —n— 1. o

2c+r T T Ve

Now, let us show the power of this Core Lemma.
Bearing Proposition 9.3 in mind, by mimicking the proof of Proposition 8.15, it is natural to
introduce the subvariety:

MN

2c+r

< P x P(Tan),
which is defined ‘in family’ by:
MY, = {(TA M:); 2, [€]) € PEXP(Ten): M(z,6) € A4, ).
Proposition 9.6. There holds the dimension estimate:
dim M}

. ¢
2c+r < dim PK

Proof. Let my, m, be the two canonical projections:

P% X P(Tew)

24 P(Tsw).

By mimicking Step 2 in Lemma 8.15, for every point ([z], [£]) € }%(TPN), we claim the fibre dimen-
sion estimate:

dim ;' ([z], [€]) N MY, = dim P} — codim .43\, (152)
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Proof. Noting that:
75 (). [€D) 0 MY, = (75 (). [€D) 0 MY,) % {([2). [€D),

one point set

by Theorem 8.14 is an algebraic set

and considering the canonical projection:
7 K*\ {0} — P¢,
we receive:
dim 75 (121, [€) 0 M., = dim (w3 ([, [€]) 0 M3, 153
[use Lemma 8.12] = dim7 ! (m1 (73 ([2]. [€) 0 M3,,,)) U {0} - 1.

Now, notice that the set:
K* 57 (m(my (2], [€) N MAL.,)) U {0)
= (AL M) X Mz.6) € .4,
is nothing but the inverse image of:
My, C Matoes oK)

under the K-linear map:
M. K* — Mate, o) (K)
(AL M) — MGz, 9),
which is surjective by the construction of M — see (102), (103), and by applying Lemma 8.11 —

sincezop #0,...,zv#0and £ ¢ K - z.
Therefore, we have the codimension identity:

codim7 " (1 (5 ([2], [£1) N M.,,)) U {0} = codim .y, M. islinear and surjective],  (154)
and thereby we receive:
dim ;" ([2], [€]) N M3, = dm7" (m (3" (2], [€]) N M3.,,)) U {0} - 1 [use (153)]
[by definition of codimension] =dimK* - codim?‘(nl (3 (2], [€D) N M., ) ui{o} -1
[why?] = dim P} — codim 7 (1 (3 (I21, [£]) N M3).,)) U {0}
[use (154)] = dim P} — codim ./, .,
which is exactly our claimed fibre dimension identity. O

Lastly, by applying the Fibre Dimension Estimate 8.2, we receive:

< dim I%(TPN) + dim Pk — codim AN

dim MY, . eir [use (152)]
[use Core Lemma 9.5] < dimP(Tpr) + dim Pk — dimP(Tpvr)
L oe
= dim Pg,
which is our claimed dimension estimate. O
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Now, restricting the canonical projection 7, to Mé\’C -

m: MY, — P,
according to the dimension inequality just obtained, we gain:
Proposition 9.7. There exists a proper algebraic subset ¥’ & P% such that, for every choice of
parameter outside X' :

P=[A,M] € PL\Y,
the intersection of the fibre ;' (P) with M5, _is discrete or empty:

dimz;'(P) N MY, <O. O

Combining Propositions 9.3 and 9.7, we receive:

Proposition 9.8. Outside the proper algebraic subset:
TUY ¢ P,
for every choice of parameter:
[AL,M]] € PR\ (ZUY),
the base locus in the coordinates nonvanishing set:
BSN{z---zy # 0}
is discrete or empty. O

Moreover, bearing in mind Proposition 9.4, by repeating the same reasoning as in the preceding
proposition, consider the subvariety:

v MY S BE X B(Tew)

""" V" 2¢+r o

which is defined ‘in family’ by:

ey MBy 1= (AL BI: 121, [€]) € PE Xy P(Ten): o0, M(2.8) € e},
and hence receive a very analog of Proposition 9.6.
Proposition 9.9. There holds the dimension estimate:

dim .., Mo < dim P§. 0

""" Yt 2c+r

. . . . . . N—)] .
Again, restricting the canonical projection 7 to ,, ., M,

. N-n ¢
TS vy, v,,M26+r PK,

according to the dimension inequality above, we receive:

.....

.....

.....

the intersection of the fibre ;' (P) with Mévc " is discrete or empty:

dimz7'(P) N M2 < 0. O

2c+r

Combining now Propositions 9.4 and 9.10, we receive:
64



Proposition 9.11. Outside the proper algebraic subset:
,,,,, wE & Py

for every choice of parameter:

.....

is discrete or empty. O

10. The Engine of MCM

10.1. Core Codimension Formulas. Our motivation of this section is to prove the Core Lemma 9.5,
which will succeed in Subsection 10.6.

As an essential step, by induction on positive integers p > 2 and 0 < £ < p, we first estimate the
codimension (C, of the algebraic variety:

gXp - Matpxzp(K) (155)
which consists of p x 2p matrices X, = (@, ...,@,,B1,...,B8,) such that:

(i) the first p column vectors have rank:

rankK{al,...,al,} < ¢ (156)

(ii) for every index v = 1--- p, replacing a, with a, +(8; +- - - +f3,) in the collection of column
vectors {«1, . .., @,}, there holds the rank inequality:

rankg {@1, ..., &y, @p &+ B+ + B} < p—1; (157)

(iii) for every integer7 =1---p—1,foreveryindexp = 7+1--- p, replacing a, with a,+(B..1 +

-+ ++f,) in the collection of column vectors {a; +f1, ..., @+, Ars1, ..., Ap, .. ., @}, there

holds the rank inequality:
rankg {@) +B1,. .., @ + B, Urity ooy Qpye o, Ay U+ (Brir + -+ B)) < p— L. (158)

Let us start with the easy case £ = 0.

Proposition 10.1. For every integer p > 2, the codimension value C,, for € = 0 is:

oCp=p>+1. (159)
Proof. Now, (i) is equivalent to:
ap=-=a,=0 .
codim = p?

Thus (ii) holds trivially, and the only nontrivial inequality in (iii) is:
rankg {0 +81,...,0+8,} <p-1,

codim=1 by Lemma 8.8

which contributes one more codimension. O

For the general case £ = 1--- p, we will use Gaussian eliminations and do inductions on p, {.

First, let us count the codimension of the exceptional locus of Gaussian eliminations.
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Proposition 10.2. For every integer p > 2, the codimensions [;Cg of the algebraic varieties:

{CY] +,81 = 0} N (Xp - Matpxzp(K)

read according to the values of € as:

. {p +2 (€=p-1,p),

C, =
p+(p-07* (=0 p-2).

The following lemma is the key ingredient for the proof.

Lemma 10.3. In a field K, let W be a K-vector space. Let p > 1 be a positive integer. For any

(p + 1) vectors:
a,...,apB € W,
the rank restriction:
rankg {@1, ..., %, ...,ap &, +B} < p—1 v=1-p),

is equivalent to either:
rankg {aq,...,ap, B} < p—1,
or:
rankg {@1,...,@,} = p, (a1 +-+a,)+B=0.

Proof. Since ‘<’ is clear, we only prove the direction ‘=".
We divide the proof according to the rank of {a/, ..., a,} into two cases.

Case I: rankg {@1, ..., @,} < p — 1. Assume on the contrary that:
rankg {1, ..., ap, B} = p.
Since we have the elementary estimate:

rankg {1, ..., @,, B} < rankg {ai,...,@,} + rankg {3}

<
<(p-D+1
=p,
the inequalities ‘>’ or ‘<’ in (161) and (162) are exactly equalities ‘=", and thus we have:

B ¢ Spangl{ai,...,a,},

rankg {@1,...,a,} = p—1.
Consequently, it is clear that we can find a certain index v € {1,..., p} such that:

rankg {@1,...,Q,...,ap} =p—1,
whence the above rank inequality (160) implies:
@, +B € Spangf{ai,...,q,...,a,},

which contradicts the formula (163).

(160)

(161)

(162)

(163)

(164)

Case 2: rankg {1, ..., a,} = p. Here, inequalities (160) also yield (164) for every v, whence:

B+ (a)+--+a, € Spang {ay,...,a,...,a,}.
Now, letting v run from 1 to p, and noting that:
N Spang {ai,...,a,,...,a,} = {0},

we immediately conclude the proof.
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Proof of Proposition 10.2. For every matrix X, = (ay,...,@,,B1,...,B8,) such that:
a; + B =0, (165)
————
codim=p

the conditions (158) in (iii) is trivial, and the restriction (157), thanks to the lemma just obtained,
is equivalent either to:

rankK{a/l,...,ap,ﬁl+---+,Bp} < p—l, (166)
or to:
rankg {@1,...,a,} = p, Pi+-+p, = —(a;+--+a,). (167)
Now, since a; + 8; = 0, adding the first column vector of (166) to the last one, we get:
rankK{al,...,ap,,B2+~-+ﬁp} < p—l ,

codim =2 by Lemma 8.8
and similarly, (167) is equivalent to:

rankg {a1,...,@,} = p, (x+--+a,)+Bo+---+B,) =0.

codim=p

Therefore, when € = p — 1 or £ = p, we obtain the codimension formulas:
p-1C) = p+2,
ng =min{p+2, p+pl=p+2.

When € = 0--- p — 2, the restriction (ii) is a consequence of (i):

rankg {1, ..., @y, ..., @p, @y + (B1 + -+ 5))}
Srankg {@1, ..., @y, ..., @y} + rankg {a, + (B + - + B,)}
<rankg {ay, ..., @,) + 1
<l+1
<p-1.

Lastly, applying Lemma 8.8, restriction (i) contributes codimension (p — £)*. Together with (165),
this finishes the proof. O

Now, we claim the following Codimension Induction Formulas, the proof of which will appear
in Subsection 10.5. In order to make sense of ,,C,_; in (170) when ¢ = 1, we henceforth make a
convention:

—1Cp—1 = 00,

Proposition 10.4 (Codimension Induction Formulas). (i) For every positive integer p > 2, for
t = p, the codimension value ,C, satisfies:

,Cp=min{p, ,_1C,}. (168)
(ii) For every positive integer p > 3, for € = p — 1, the codimension value ,C,, satisfies:
p1Cp 2 min{,1C0, 1 1Cpoy +2, p2Cpoi + 1, 3Cpy). (169)
(iii) For all integers € = 1---p — 2, the codimension values ,C), satisfy:

¢C, = min {ng, Coror+2(p-0-1, (1Cpiy +(p—0), 2Cpi}. (170)
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In fact, all the above inequalities ‘>’ should be exactly equalities ‘=". Nevertheless,
already adequate for our purpose.

Now, let us establish the initial data for the induction process.
Proposition 10.5. For the initial case p = 2, there hold the codimension values:
0C2 =5, 1C2 =3, 26 = 2.

Proof. Recalling formulas (159) and (168), we only need to prove ;C, = 3.
For every matrix:

(a1, @2,B1,62) € 1Xo\0Xy,
we have:

b

rankg {a'l’ a/z}

rankg {@; + (81 + B2), @2}

rankg {a1, as + (B + B2)}
rankg {1 + B1, @2 + B>} <

Either @, or «; is nonzero. Firstly, assume a; # 0. Then (171) yields:

2

1
1,
1

NN

N

a, € K-a,
and (173) yields:
@+ Bi+p) € K-a,
whence by subtracting we receive:
Bi+p € K-a.
Next, adding the second column vector of (174) to the first one, we see:
rankg {a@; + @z + (B1 + B2), ax + B} < 1.
By (175) and (176):
a+ta+ B +p) € K-ay,
therefore (177) yields two possible situations, the first one is:
a+a+pi+p=0,
and the second one is a; + a; + 1 + B> # 0 plus:
a+pB € K-a.
Recalling (175), the latter case immediately yields:
B € K-a,
and then (176) implies:
B € K-ay,
thus:
rankg {a1, @z, B1, B2} = 1.

Summarizing, the set:

(1X2\ 0X2) N {a; # 0}
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is contained in the union of two algebraic varieties, the first one is defined by (175), (176), (178),
and the second one is defined by (179). Since both of the two varieties are of codimension 3, we
get:

codim (1 X2 \ 0X2) N {a; #0} > 3.

Secondly, by symmetry, we also have:

codim (1 X2 \ 0X2) N {az £ 0} > 3.

Hence the union of the above two sets satisfies:
codim 1X2 \ 0X2 P 3.

Now, recalling (159):
codimoX, = 5 > 3,
we immediately receive:
codim X, = 3.

Finally, noting that X, contains the subvariety:

{rank{al’a27ﬁ15ﬁ2} < 1} - Mat2X4(K)a

codim =3 by Lemma 8.8

it follows:
codim 1 X, < 3.

In conclusion, the above two estimates squeeze out the desired codimension identity. O
Admitting temporally Proposition 10.4, it is now time to deduce the crucial

Proposition 10.6 (Core Codimension Formulas). For all integers p > 2, there hold the codimen-
sion estimates:

Cp 2 L+ (p-0°+1 (t=0-p-1y, (180)
and the codimension identity:
»Cp=Dp. (180")

Proof. The case p = 2 is already done by the previous proposition.

Reasoning by induction, assume the formulas (180) and (180") hold for some integer p — 1 > 2,
and prove them for the integer p.

Firstly, formula (159) yields the case £ = 0.

Secondly, for the case £ = p — 1, thanks to Proposition 10.2 and to the induction hypothesis,
formula (169) immediately yields:

f 0
p_lcp > min {p_lcp, p_le_l + 2, p—ZCp—l + 1, p—3Cp—l}

>mn{p+2, (p-D+2, (p-D+12+1+1, (p-3)+22+1) (181)
=p+1
=(p-D+12+1.

Similarly, for £ = 1--- p — 2, recalling formula (170):

¢C, > min {gC?,, Cora+2(p=0-1, (1Cpy +(p—0), 2Cpi},
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and computing:
«Cy=p+ (=07
=l+(p-0"+(p-0,
e
Coa+2(p -0 =12[t+(p-1-0"+1]+2(p-0) -1
=l+(p-00*-2p-0O+1+1+2(p-0-1
=(+(p-0*+1,
the desired lower bound!
Cra+(p=0O2[=-D+(p-0+1]+(p-0)
=l+(p-0"+(p-10),
2Cp 1 2 (=2 +(p—-C+1)+1
=(-D+[(p-0*+2(p-0O+1]+1
=l+(p-0"+2p-0),
~—

>4

we distinguish the desired lower bound without difficulty.
Lastly, the formula (168) and (181) immediately yield (180"):
»Cp =D
which concludes the proof. O

“__9

Remark 10.7. In fact, the above estimates “>” in (180) are exactly identities . By the same
reasoning, in Section 12, we will generalize the Core Codimension Formulas to cases of less
number of moving coeflicients terms, and thus receive better lower bounds on the hypersurfaces
degrees.

10.2. Gaussian eliminations. Following the notation in (155), we denote by:
Xp = (alla R aalhﬁl’ oo ’1817)
the coordinate columns of Mat,,,(K), where each of the first p columns explicitly writes as:
a; = (- a/p,i)T,

and where each of the last p columns explicitly writes as:

Bi= B Bpi)
First, observing the structures of the matrices in (157), (158):
X0 = (ay |1 | Ly oy + B+ + ),
XpPi=(ar+pil - lar+Belama |- 1@ |- [ap | @+ Besi + -+ +Bp)),

where, slightly differently, the second underlined columns are understood to appear in the first
underlined removed places, we realize that they have the uniform shapes:

0,y _ 0,v
X’,’,p = X, |£p, (152
X1 = X, I,
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where the 2p X p matrices I?;V explicitly read as:

P
1
P
R L
1
: P
1
lf y-th column

the upper p X p submatrix being the identity, the lower p X p submatrix being zero except its v-th
column being a column of 1, and where lastly, the 2p X p matrices |,” explicitly read as:

p
1 .
1
1 p
1
1 .
1
1
. oot
1
7-th column lf p-th column

the upper p X p submatrix being the identity, the lower p X p submatrix being zero except T copies
of 1 in the beginning diagonal and p — 7 copies of 1 at the end of the p-th column.

Observation 10.8. Forallp >3, t=1---p—1,p = 7+ 1--- p, the matrices |’ transform to

I;ill’p ! after deleting the first column and the rows 1, p + 1. O

Next, observe that all matrices X™” have the same first column:

T
ar+pr=(a +Bua |l la, +B,1) .
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Therefore, when a1 + 1,1 # 0, operating Gaussian eliminations by means of the matrix:
1

_@mith 1
a1+l

G:=| ™ L (183)

_ap.l"',Bp,l 1
a1+l

these matrices X™ become simpler:
@ +fig ¢ -

0
GX) = . ST (184)

*

0 *x e+ K
where the lower-right (p — 1) X (p — 1) star submatrices enjoy amazing structural properties. At
first, we need an:

Observation 10.9. Let p > 1 be a positive integer, let A be a p X 2p matrix, let B be a 2p X p
matrix such that both its 1-st, (p + 1)-th rows are (1,0,...,0). Then there holds:

zeros

(A B)l — AII BIN’

where (A B) means the (p — 1) X (p — 1) matrix obtained by deleting the first row and column of
A B, and where A" means the (p — 1) X 2(p — 1) matrix obtained by deleting the first row and the
columns 1,p + 1 of A, and where B""" means the 2(p — 1) X (p — 1) matrix obtained by deleting the
first column and the rows 1, p + 1 of B. O

Now, noting that:
GX) =G (X, I;’p) =(GX,) 157,
thanks to the above two observations, the (p — 1) X (p — 1) star submatrices enjoy the forms:

* 0 %

_ ywG m-1lp-1
= Xp Ip_1 ,

: (185)

* e+ K
where XS is the (p — 1) X 2(p — 1) matrix obtained by deleting the first row and the columns 1, p+ 1
of GX,.

Comparing (185) and (182), we immediately see that the star submatrices have the same struc-
tures as Xg’v, X3,?, which is the cornerstone of our induction approach.

10.3. Study the morphism of left-multiplying by G. Let us denote by:
D(ay) +p1,1) € Mat,y,(K)

the Zariski open set where @ + 1,1 # 0. Now, consider the regular map of left-multiplying by

the function matrix G:
Lag: D(ay; +p11) — D(ay +p1,1)

X, — GX,.
Of course, it is not surjective, as (184) shows that its image lies in the variety:

N, {a@iy + Biy = 0).
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In order to compensate this loss of surjectivity, combing with the regular map:
€. D(ay; +B11) — Mat, ) (K)
X, > (aa +Bor |- laps +Bo1),

we construct a regular map:

Le®€: Dlan +Bi1) — (mg;z (@ + B = 0} N Dlar, +,81,1)) ® Maty_ 1 (K) .

58

which turns out to be an isomorphism. In fact, it has the inverse morphism:

(ﬂ§=2 {ai1 +Bi1 =0} N D(ay, +ﬁ1,1)) ® Mat, 1)« (K) — D(ai1 +B11)

=
Y ® (s2,...,5,)" — 'G -,

where the matrix ~'G is the “inverse” of the regular function matrix G in (183):

1

5
ai1,1+B1,1

: . (186)
Sp 1

ai1,1+B1,1

Now, let us denote by:
mp: Mat,(K) — Mat(,_iyo-1nK)
the projection map obtained by deleting the first row and the columns 1, p + 1. Let us denote also:
L5 :=m,0Lg.
It is worth to mention that there is a natural isomorphism:
R: I — D(ay, + B,
Y @ (sz,...,sp)T — ?

where ? is Y but replacing (b, 1, ... ,bp,l)T by (s2,..., sp)T, and thus we obtain a commutative
diagram:
Lg®€

D(ay; +Bi) H——"—— D(ay, +f11) (187)
Ln,;@(i/
7 Tp
Mat,— 1yx2(p-1)(K),

where the horizontal maps are isomorphisms, and where the right vertical map is surjective with
fibre:

kerm, N D(aiy+ B
S~——
K-linear space

Recalling the end of Subsection 10.2, we in fact received the following key observation.
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Observation 10.10. For every positive integer p > 3, for every integer € = 0---p — 1, the image
of the variety:
Xp N Dl +Bi1) € D(ayg +Bra)
under the map:
Za: D(ai +B11) — Mat,_i)xop-1(K)
is contained in the variety:
X,o1 C Matg-1xop-nX). O

10.4. A technical lemma. Now, we carry out one preliminary lemma for the final proof of Propo-
sition 10.4.

For all positive integers p > 3, for every integer { = 0---p — 1, for every fixed (p — 1) X (p - 1)
matrix J of rank ¢, denote the space which consists of all the p X p matrices of the form:

2111212 Zlp

by ;S ¢ = K*~!. For every integer j = ¢, + 1, denote by ;S ;} ¢ € 7S p¢ the subvariety that consists
of all the matrices having rank < j.

Lemma 10.11. The codimensions of ;S é care:

: 2p-1-0+1 (=0
codim ;S ; ;=
’ p—1-¢ (j=0+1).
Proof. Step 1. We claim that the codimensions of ;S ;} . are independent of the matrix J.
Indeed, choose two invertible (p — 1) X (p — 1) matrices L and R, which normalize the matrix J
by multiplications on both sides:

LJR = =t Jo,

1

where all the entries of J, are zeros except the last £ copies of 1 in the diagonal. Therefore, we
obtain an isomorphism:

LR: ;S ,0 — 1Sy

st

whose inverse is:



Since the map LR preserves the rank of matrices, it induces an isomorphism between ;S ;} , and

S j’ ,» Which concludes the claim.

Step 2. For Jy, doing elementary row and column operations, we get:

AL ottt Zp
K 22,1 :
rankg | .|
N J()
Zp,l 1
% vZe L Zp=t, Lp=tel T Zp
|
21
=rankg | Zpen
! 1
Zp—t+1,1 | ‘
. | 0 |
| |
i1 | 1
» : :
21,1 —'zik:p_{+1 k1 21k 1 21,2 Zpe 0 - 0
,,,,,,,,,,,,,,, it B & A
22,1 \
z 0 0
|
=fankg | Lp=tl_ e o __ .
0 | 1
M | 0 |
* | |
0 ! ! 1
» :
U T 2kt WA D0k 22 0 Tl
k 2l ‘ 0 + ¢
= rankg . |
|
Zp—[,l 1
Step 3. In the K-Euclidian space K*"~! with coordinates (z;1,z12, ...
algebraic subvariety defined by the rank inequality:
» :
21,1 —'}Skfp_{+1 1k 1 212 0 Zpt
b Shempotel SRITLE L2 e
22,1 |
rankg ) | 0 <0 (resp. <1)
|
p-tl j

has codimension 2(p — 1 =€) + 1 (resp. p — 1 = {).

s ZI,N>Z2,15 « +

. ZN,l), the

O

10.5. Proof of Proposition 10.4. Recalling the definition (155), and applying Lemma 10.3, we

receive:

Corollary 10.12. For every integers p > 1, the difference of the varieties:

X, \ pX, C© Mat,o,(K)
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is exactly the quasi-variety:

{a1+---+ap+,81+---+ﬁp:0} N {rankK{al,...,ap} = p},

codim=p & det(aq]|la2)#0

whose codimension is p.

Proof. For every p X 2p matrix:

oXp \ paiX, 2 X, =(ar,...,ap,B1,....0p),
applying now Lemma 10.3 to condition (157):

rankg (@1, ..., @y, ..., @p @y + B+ +6,)} <p-—1 v=1-p),
———
:;’B
since:
rankg {Ozl, . ,ap} = p,

we immediately receive:
ap+-ta,+pi++6,=0.
On the other hand, for all matrices:
Xp = (cxl, . .,ap,,Bl, e ’ﬂp)

satisfying the above identity, (ii) holds immediately. Noting that the p X p matrix in (158) has a
vanishing sum of all its columns, it has rank < p — 1, i.e. (iii) holds too. O

Now, we give a complete proof of the Codimension Induction Formulas.
Proof of (168). This is a direct consequence of the above corollary. O
Proof of (169). By Observation 10.10, under the map:
Za: D(ai; +Bi1) — Mat-i)xp-1K),

the image of the variety:
-1X, N D(ay; +PB11)
is contained in the variety:
p1Xp1 © Mat, 1)1y (K.
Now, let us decompose the variety ,_;X,,_; into three pieces:

p—lXp—l = p—SXp—l U (p—ZXp—l \ p—3Xp—1) U (p—lXp—l \ p—ZXp—l)’ (188)
where each matrix (@i, ...,@,-1,B1,...,B8,-1) in the first, (resp. second,, third,) piece satisfies:
rankg (@1, ..., @,-1) < p—?)1 (resp. = p—27, =p- 13). (189)

Pulling back (188) by the map %5, we see that:
-1X, N D(ay; +B11)
is contained in:
L5 GoaXpo) U L5 (oXpot \ poaXpot) U 25 (ai Xt \ paXpmi). (190)
Firstly, for every point in the first piece:

Y € p—SXp—la
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thanks to the commutative diagram (187), we receive the fibre dimension:
dim Z5'(Y) = dim kerm, N D(ay; + B1.1)
= dim Mat ., (K) — dim Mat,_1)x2(p-1)(K).

Now, applying Corollary 8.3 to the regular map . restricted on:

L5 (3X,m1) C Mat g, (K)
we receive the codimension estimate:

codim éfG—l (p-3X,-1) = codim , 3X,_; .
Secondly, for every point in the second piece:
Y € 00X, 0\ 53X,

to look at the fibre of £ 1Y), thanks to the commutative diagram (187), we can use:

Z5'=(Ro(Lg®€)) " o,
an isomorphism
and obtain:
D%G_I(Y) N (,-1X, N D(ai +Bi1))
=Ro(Lg®€) %' (Y) N Ro(Lg®€)(,-1X, N D(a1; +Bi1))
=1 (Y) N Ro(Lg®€)(,-1X, N D(ary +B11)  luse (192)].

=&

Observe now that every matrix:

(@i [---Tap|Bil---1By) € &

satisfies the rank estimate:
rankg (@ |-+l @,) < p—1.

(191)

(192)

Moreover, noting that the lower-right (p — 1) X (p — 1) submatrix J of (e; | --- | @,) — which is

the left (p — 1) X (p — 1) submatrix of Y — has rank:
rankg J = p—2 [see (189)],
by applying Lemma 10.11, we get that:
» c m,'(Y)
has codimension greater or equal to:
codimJSglul_2 =p-1-(p-2)=1.
In other words:
Z5'Y) 0 (X, N Dy, +B11) © Z5NY)
has codimension > 1. Thus, applying Corollary 8.3 to the map %5 restricted on:
ge—l (p—ZXp—l \ p—3Xp—1) N (p—lXp N D(al,l +:81,1)) - MathZp(K)’

=:1I
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we receive the codimension estimate:
codimII > codim (,—2X,-1 \ p-3X,-1) + 1
> codim , X, + 1. (193)

p2Cp-1+1

Thirdly, for every point in the third piece:
Y € X\ p2Xp,
thanks to the diagram (187):
L5 = (Lie/a_@“ o (m,®0)", (194)

we receive:
Z5' () 0 (-1X, N D(ay +Bry)
=(La®€) Z5'(Y) N (L ®€)(,-1X, N D(ay; +pB11))
= (m,®0)7'(Y) N (La®€) (,-1X, N D(ar; +B11))  luse (194)].

=4

Recalling Corollary 10.12, the sum of all columns of Y — the bottom (p — 1) rows of (a; | --- |

ap | B2 |- |By) —1s zero. Thus, every element:
(@ |- lap|Bil--1B) & (s2.....5,)" € &
not only satisfies:
rankg (@ |-+ |@,) < p—1, (195)

but also satisfies:

T
a+-ta,+Bh+ B, =(p+ -+, + Pt +61,,0,...,0).
p ﬁ ﬁp » 7p ﬁ b ﬁ 7p
only this first entry could be nonzero (p—1) copies
Remembering that:
T
a+ 1 = (a1 +B1,1,0,...,0),
N
(p—1) copies
summing the above two identities immediately yields:

a @, Pt By = e, H B+ + B 0,00 (196)
(p—1) copies

Now, note that (157) (‘matrices ranks’) in condition (ii) are preserved under the map Lg (‘Gaussian
eliminations’), in particular, for v = 1, the image satisfies:

rankg {@) + (B1 + -+ By) a2, ..., @, < p—1,
which, by adding the column vectors 2 - - - p to the first one, is equivalent to:
rankg {@) + -+ @, + B+ +Bpar...,a,) <p-— 1
Remember (196), and recalling Corollary 10.12:

the bottom (p — 1) X (p — 1) submatrix of (as | --- | @,) is of full rank (p — 1), (197)
78



we immediately receive:
apteta, P+ B, =0.

codim=1
Therefore, by applying Lemma 10.11, the restrictions (195) and (197) contribute one extra codi-
mension:

codim JSZ;I_I =1.
Thus, we see that ‘the fibre in fibre’:
m,e0 ' Y)nas c (m,®0)7'(Y)
has codimension greater or equal to:
I1+1=2.
Now, applying once again Corollary 8.3 to the map Z5 restricted on:
L5 a1 Xpot \ p2Xpo1) N (o1 X, N D@y +B11) C Mat,x,(K),

=1II

we receive the codimension estimate:
codim III codim (p_1Xp_1 \ p_sz_l) + 2
codim ,_1 X,,_; + 2. (198)

p*lcpfl +2

AR\

Summarizing (190), (191), (193), (198), we receive the codimension estimate:

codim ,_1X, N D(a;; + B1,1) > min{codim ,_3X,_;, codim ,,X,_; + 1, codim ,_; X, + 2}.
By permuting the indices, we know that all:

—1X, N D(ai; +Bi1) C Mat,,n,(K) (i=1-p)
have the same codimension, and so does their union:
p-1Xp, N D(ay + 1) = UL, (,-1X, N D(a;; +B:1) € Mat,,(K).
Finally, taking codimension on both sides of:
p-1Xp = (X, N Ve +61)) U (,-1X, N D(a; +B1)),
Proposition 10.2 and the preceding estimate conclude the proof. O
Proof of (170). If € > 2, decompose the variety /X,,_; into three pieces:
Xpo1 = 2Xp1 U (21 X1\ e2Xm1) U (0 Xpor \ a1 Xpm1);
and if £ = 1, decompose the variety ,X,_; into two pieces:
Xpo1 = a1 Xpo1 U ((Xpor \ a1 X-1).

Now, by mimicking the preceding proof, namely by applying Lemma 10.11 and Corollary 8.3,

everything goes on smoothly with much less effort, because there is no need to perform delicate

codimension estimates such as (198). O
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10.6. Proof of Core Lemma 9.5. If N = 1, there is nothing to prove. Assume now N > 2.
Comparing (146) and (155), it is natural to introduce the projection:

Terrn:  Matoenxow+1)(K) — Matyson(K)
(a’o,. . ,a’p,ﬁo,. .. ’:817) > (b?l,. . ,b?p,ﬁl, .. .,ﬁp),

where each widehat vector is obtained by extracting the first N rows (entries) out of the original
2c¢ + r rows (entries).
Now, for every point:

(@02 @p, Bos - Bp) € Moy, € Matoerrxow+1)(K),
in restriction (148), by setting v = 0, we receive:
rankg {@1,...,an, a0+ (Bo+B1+ - +By)} S N-1.
Dropping the last column and extracting the first N rows, we get:
rankg {@1,...,ay} < N - 1.

Similarly, in restriction (149), by dropping the first column and extracting the first N rows, for all
7=0---N—-1landp=71+1---N, we obtain:

rankg {@) + 81, ..., @ + B, Wpats .| A | .., AN, A + (Brrt + -+ By)} S N -1,
where we omit the column vector b?p in the box. Summarizing the above two inequalities, (@, ..., Efp, Bis-.B8p)

satisfies the restriction (156) — (158):

TocrrN (@05« @, o, -, Bp) € No1Xy C Maty,on(K).

=500 67p;B\l sssss B, p)
Therefore:
N
Tocsrn (Mey,) € n1 X

c+r

Moreover, for every point Y € y_; Xy, the ‘fibre in fibre’:
ﬂgcl+r,N(Y) N %2]Z+r c ﬂgcl+r,N(Y)’
thanks to (147), has codimension > 2¢ + r. Thus a direct application of Corollary 8.3 yields:

codim .4}y, > codim y_ Xy +2c + 1
[use (180)] > N+1+2c+r.

Repeating the same reasoning, we obtain:

codim ,///21:’37 > codim y_p-1 Xy_y +2¢ + 7
[use (180)] >N-n+1+2c+r.
Remembering 2¢ + r > N, we conclude the proof. O
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10.7. ‘Macaulay?2’, ‘Maple’ et al. vs. the Core Lemma. Believe it or not, concerning the Core
Lemma or the Core Codimension Formulas, ‘Macaulay2’ — a professional software system devoted
to supporting research in algebraic geometry and commutative algebra — is not strong enough to
compute the precise codimensions of the involved determinantal ideals, even in small dimensions
p > 4. And unfortunately, so do other mathematical softwares, like ‘Maple’...

This might indicate some weaknesses of current computers. Since the Core Lemma or a variation
of it should be a crucial step in the constructions of ample examples, the dream of finding explicit
examples with rational coefficients, firstly in small dimensional cases, could be kind of a challenge
for a moment.

11. A rough estimate of lower degree bound
11.1. Effective results. Recalling Subsection 5.3, we first provide an effective

Theorem 11.1. For all N > 3, for any €, ..., €., € {1,2}, Theorem 5.2 holds for ® = 1. and for
alld > NV'/2 - 1.

Proof. Setting 6..,+1 = 2 in (93), and demanding all (94) — (96) to be equalities, we thus receive
the desired estimate:

[see (97)] (N+ Duyy <NV - 1.

For the sake of completeness, we present all computational details in Subsection 11.2 below. O
Hence, the product coup in Subsection 5.3 yields
Theorem 11.2. In Theorem 5.1, for ® = 1, the lower bound dy(—1) = NY works. O

11.2. Computational details. We specify (94) — (97) as follows. Recalling that §.,,+; = 2 and
v =], forevery integer / = c+r+ 1--- N, we choose:

o = 16+ 41+ 1, (199)

and inductively we choose:
k=1
g = Z L+ (=K 6 +41+1 k=11 (200)
=0

Actually, we take the above values in purpose, because they also work in the degree estimates in
our coming paper.
For every integer [ =c+r+1--- N, for every integer k = 0--- [, let:

k

Sic = Yy (201)
j=0
Fork=1---1, we have:
[see (200)] Sl,k - Sl,k—l = lSl,k—] +(I-k)o,+41+1.
————
= Uik

Moving the term ‘—S -, to the right hand side, we receive:

Sl,k = (l+ I)Sl,k—l +(l—k)5l+4l+ 1.
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Dividing by (I + 1)* on both sides, we receive:
Stk _ S
I+ DF ~ (+ !

1 5k
I+ Dk A+ DF

+ (16,+4l+1)

Noting that the two underlined terms have the same structure, doing induction backwards k- - -1,
we receive:

(+1) 0 Z (1+1)J

Su_ _ _Siw (16, +41+1) Zk:
G+0F vy " £

Now, applying the following two elementary identities:

1 1 1
4 (I+ 1) 7(1 1+ 1)k)’

M- 1M

j _ l+1(1+ k 1+k)
(l+1)J R I+ DL (I + DR
and recalling (199):
S0 = Mo = 16;+41+1,
we obtain:
Sk 1 1 [+1 k 1+k
— =16 +41+1 16;+41+1)=(1- - - .
R R +(larval+1) 7 ( (1+1)k) = U e (l+1)")

Next, multiplying by (I + 1)* on both sides, we get:

k
T D)= @+ ) k= (4 R (4 D)

S = (16 +41+1)(U+ 1D+

(+D 1, & (202)
:(15,+4l+1)(f—7)—l—2’((1+1)’<+1+k—(1+k)(l+1)).

Recalling (96), we have:
01 = Ly

-1
I(Z lpgj+41+ 1)

7=0
PSS +1@41+1)
(151+41+1)(1(1+ 1)1—1)—5,((1+ 1)1+1—1—1(1+1))

+1@1+1)

5 (12 A+ 1) =+ 1)+ 1) + @I+ DI+ 1), (203)

[use (200) for k = 1]

[use 201) for k =1-1]

[use (202) for k =1 - 1]

>0

Throwing away the first positive part, we receive the estimate:

S1 > @I+ DI+ D (204)
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Therefore, for all [ > ¢ + r + 2, we have the estimate of (203):

5l+1

B+1)6 - ((l+ 1) - 1)51 + @1+ DI+ 1)
[use (204)] <Pl+1)s - ((1+ 1) - 1)(4(1— D+DA-DI" + @i+ DI+ 1)
P+1)6 - 4[((1+ 1) - 1)(1— D2 - P+ 1)’]

1

- [((z+ D' =1)a-DI - 10+ 1)’]

2

Since 2c +r > N > 1, ¢, r cannot be both zero, hence [ > ¢ + r + 2 > 3 above, thus we may realize
that the first underlined bracket is positive:

(@0 =1)e- D =B ] = Pas ) (1= o) -0 - l]
2 l 2 73-3
> PI+1) (1—(3+1)3)(3—1) 3 —1]
> 0,

and that the second underlined bracket is also positive:

[(@+ 1 =)= = 1@+ 1] = 1a+ 1) |(1- 0 1)l)(l— D12 - 1]
> 1+ 1)'|(1- (3“)3)(3—1)33-2 - 1]
> 0.

Consequently, we have the neat estimate suitable for the induction:
O < P+ a=crrea-n-n, (205)

which for convenience, we may assume to be satisfied for / = N by just defining dy+; := Nuy .
In fact, using these estimates iteratively, we may proceed as follows:

N+1
N

(N + 1D uyn N unn
———

=0N+1

N+ 1

=~ Ons (206)

N+1
[use (205)] < T(S”HZ n Pd+1).

l=c+r+2

Noting that (203) yields:

Serrsr = |1(PU+ 1 =+ D' +1) + @41+ DI+ 1)

I=c+r+1

[recall 6..,.1 = 2] <6P1+1)

2
I=c+r+1
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thus the above two estimates yield:

N

P ]_[ P +1). (207)

I=c+r+1

(N+ Duyy <

For the convenience of later integration, we prefer the term (I + 1)"! to (I + 1)/, therefore we firstly
transform:

N N

l
2 I _ I+1
]—[ P(+1) = ]_[ o la+
I=c+r+1 I=c+r+1
N l N N
= — l I+ D!
ll:lﬂ [+1 D 1—[
c+r+1
TN+ n n 1,

I=c+r+1  I=c+r+l

whence (207) becomes:

1 N
s D < 6 T 0 [T @

I=c+r+1  Il=c+r+1

N N
[recall c + r < N - 1] <6 n ) n I+ D
I=c+r+1

I=c+r+1

(208)

Now, we estimate the dominant term:

N N
]_[ I ]_[ (L + 1),

I=c+r+1  I=c+r+1

as follows.
Remembering 2¢ + r > N, we receive:

c+r =z 2c+r)/2 = NJ/2,

and hence for N > 2 we obtain:

N N-1
In I=InN + Z Inl
I[=c+r+1 I=c+r+1

A
=3
=
+

N
f In x dx
c+r+l

N
<InN + f In x dx
N/2+1
N
=InN+ (xInx—-Xx)
N/2+1
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Similarly, when N > 4, noting that N > N/2 + 2, we get the estimate:

N N-1
In ﬂ G+ =N+ D) In(N+1) + NInN + Z Iln !
I=c+r+1 l=c+r+2
N
<(N+1)ln(N+1)+NlnN+f xIn x dx
N/2+2
1 x2 N
=(N+DI@N+)+ NInN+ (52 mx- =) .
2 47 \nps2
Summing the above two estimates, for N > 4 we receive:
N N
In ]—[ [ +1n ]_[ (1 + 1)
I=c+r+1 I=c+r+1
N 1 x2 N
<InN+ (xlnx—x) +(N+1)ln(N+1)+NlnN+(—x2lnx——)
Nj2+1 2 4 7\Nj2+2
1 1 3
= EN2 InN — 5(N/2+2)2 In(N/2 +2) — (1—6N2—2) ~ (N/2+ D In(N/2+ 1)+
+(N+D)In(N+1D + @N+1)InN (209)
3
= gN2 In N — O(N%), as N — oo. (210)

In order to have a neat lower bound, we would like to have:
(N + Duyy < NV -1, 211)

In fact, using the estimates (208), (209), when N > 48, we can show by hand that (211) holds
true. For N = 14 ---47, we can use a mathematical software ‘Maple’ to check the above estimate.
Finally, for N = 3--- 13, we ask ‘Maple’ to compute dy,; explicitly, and thereby, thanks to (206),
we again prove the estimate (211).

12. Some Improvements of MCM

12.1. General core codimension formulas. In order to lower the degree bound dy of MCM, we
will modify the hypersurface constructions. Of course, we would like to reduce the number of
moving coefficient terms, and this will be based on the General Core Lemma 12.6 below.

For every integers p > g > 2, for every integer 0 < ¢ < g, we first estimate the codimension
¢C,4 of the algebraic variety:

[Xp,q C Matpxzq(K)
which consists of p X 2¢ matrices X, , = (ay, ..., @B, . ..,B,) such that:
(i) the first g column vectors have rank:
rankg {@1, ..., a,} < ¢,

(ii) for every index v = 1--- g, replacing a,, with @, + (8, +- - - + ,) in the collection of column
vectors {«1, . .., @,}, there holds the rank inequality:

rankg {@1, ..., @y, ..., @, +(Br+ -+ B} < p—1;
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(iii) for every integer7 =1---g—1, foreveryindex p = 7+1--- g, replacing @, with a;, + (B, +

-+ -+f,) in the collection of column vectors {a; +51, ..., ¥+ B, Qri1, ..., Ay, - . ., @y}, there
holds the rank inequality:
rankg {@) + B, ..o s Qe + Bry Qraty oo Qoo Uy @+ By + -+ B} < g — 1.

Repeating the same reasoning as in Section 10, we may proceed as follows. Firstly, here is a
very analogue of Proposition 10.1:

Proposition 12.1. For every integers p > q > 2, the codimension value ;C, , for £ = 0 is:
0Crg=prPg+p—q+1. O
Next, we obtain an analogue of Proposition 10.2:
Proposition 12.2. For every integers p > q > 2, the codimensions {;Cg’q of the algebraic varieties:
{CZ] +ﬁ] = 0} N [Xp# C Matpxzq(K)

read according to the values of € as:

p+min{2(p-qg+1), p} (=9,
gC?w =p+2p—gqg+1) (t=g-1),
p+(p-0@G-0 (€=0-g-2).
The last two lines are easy to obtain, while the first line is a consequence of Lemma 10.3. O

Now, we deduce the analogue of Proposition 10.4:

Proposition 12.3 (General Codimension Induction Formulas). (i) For every positive integers
p = q =2, for { = q, the codimension value ,C, , satisfies:

Cpqg = min{p, ,1Cp.}.
(ii) For every positive integers p > q > 3, for { = q — 1, the codimension value (C, , satisfies:
. 0
q_lcp,q Z min {q_lCm, q_lC,,_l,q_l +p—q-+ 2, q—ZCp—l,q—l +1, q_3C,,_1,q_1}.

(iii) For all positive integers p > q > 3, for all integers € = 1---q — 2, the codimension values
¢Cp.q satisfy:

¢Cpq = min {fC,‘ﬁ,q, Cotg+(p=0+(@q@-0-1, 11Cpoigu1 + (@ =0, ¢22Cp_14-1}- O
Similar to Proposition 10.5, we have:
Proposition 12.4. For the initial cases p > q = 2, there hold the codimension values:
0Cp2=3p—1, 1Cpr=2p—1, 2Cpo = p. O
Finally, by the same induction proof as in Proposition 10.6, we get:

Proposition 12.5 (General Core Codimension Formulas). For all integers p > q > 2, there hold
the codimension estimates:

Cpqg 2 p-0@-0O+p-—gq+I1+1 €=0-g-1),

and the core codimension identity:
¢Cpq = P- =

Actually, we could prove that the above estimates are identities, yet it is not really necessary.
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12.2. General Core Lemma. Similar to (146), for every integer k = 1--- N — 1, we introduce the
algebraic subvariety:
MYE Mat et s+ 1)(K)

2¢+r

consisting of all (c +r+c¢) X (N+ 1 +k+ 1) matrices (g | @y | -+ | an | Bo | B1 | - -+ | Br) such that:
(i) the sum of these (N + 1 + k + 1) colums is zero:
a+a+-+ay+Bo+Bi+ - +6=0; (212)

(ii) for every index v = 0-- -k, replacing «, with «, + (By + 51 + - -+ + B¢) in the collection of
column vectors {ag, @1, ..., ay}, there holds the rank inequality:

rankg {@g, ..., @y ..., an, @+ Bo+B1+ -+ B} SN -1,

(iii) for every integer 7 = 0---k—1, forevery index p = 7+1 - - - k, replacing a, with @, + (B, +

-+ ++py) in the collection of column vectors {ay+fo, . . . , @z +B7, Uri1s . . ., @, . .., @y}, there
holds the rank inequality:
rankK{on +ﬁ0,a/1 +,81,...,G’T +,BT,0!T+1,...,C/U;,. s N, @p t+ (ﬂﬂ_l + .- +ﬁk)} <N-1.

Lemma 12.6 (Sharp Core Lemma of MCM). For every positive integers N > 3, for every in-
tegers c,r > 0 with 2c + r > N, for every integer k = 1---N — 1, there holds the codimension
estimate:

codim ..

rerr 2 kr1Cocir-Nikr1 1 + (2 + 1)

=
>2Q2c+r)-N+k+1.

The term (2¢ + r) comes from (212). When k = N — 1, there is nothing to prove. When
k < N — 1, noting that all matrices in (ii) and (iii) have the same last column ay, we may do

Gaussian eliminations with respect to this column, and then by much the same argument as before,
we receive the estimate. O

Actually, these two estimates are identities.
12.3. Minimum necessary number of moving coefficient terms. Firstly, letting:

codim ™% > dimP(Ter) = 2N — 1,

2c+r
we receive the lower bound:
k>3N-2Qc+r)-2,

which indicates that at the step N, the least number of moving coefficient terms, if necessary,
should be:

AN -2QR2c+r)—-2+1.
When 3N — 2 (2c + r) — 2 < 0, no moving coefficient terms are needed, thanks to the following:
Lemma 12.7. (Elementary Core Lemma) Let:

‘//2]:]-:;1 C  Matges w1 (K)
consist of all (¢ +r + ¢) X (N + 1) matrices (ay | @y | - -+ | ay) such that:
(i) the sum of these (N + 1) colums is zero:
apt+a;+---+ay=0; (213)
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(ii) there holds the rank inequality:
rankK{GfQ,...,&;,...,aN}<N—1 (v=0--N).
Then one has the codimension identity:

codim . Z" "1 = 22¢c +r) = N + 1. |

2c+r

Next, forn =1---n— 1, in the step N — n, letting:

codim ///i’f *> dim " V”I?P(TPN) =2N-n-1,

we receive:
2Q2c+r)-(N-mp+k+1>2N-n-1,
that is:
k>3N—-2Qc+r)—-2-2n,

which indicates that, at the step N — 5, the least number of moving coeflicient terms, if necessary,
should be:

3N =-2Q2c+r)-2-2n+1.

When 3N-2 (2c+r)-2-2n < 0, no moving coefficient terms are needed, thanks to the Elementary
Core Lemma.

12.4. Improved Algorithm of MCM. When 3N -2 (2c+r)—-2 > 0, in order to lower the degrees,
we improve the hypersurface equations (92) as follows.

Firstly, when 3N —2 (2c + r) — 2 = 2p is even, the following hypersurface equations are suitable
for MCM:

N
:ZAZ +

,_.

p- 2p-2n
<JN 1]< k=0

j=0 7=0 0<jo<-- N (214)
MJO ]N s ]k ZPN nk Z}‘N ka . N-n.k d—(zl’_zﬂ)ﬂNw,k—2(N+77_2P) 2 . Z2
i 0 Ji "L apean L J2p-2+1 JN-n®

Secondly, when 3N — 2 (2c +r) —2 = 2p + 1 is odd, the following hypersurface equations are
suitable for MCM:

N )4 2p+1-2n
DN LD IND VDY
Jj=0 n=0 0<jo<<jn—p<N k=0
MjOs---stﬂ];jk Z/‘Nfr],k . Z}m Z,“N 1.k d (2P+1—277)#N7q,k—2(N+77—2P—1) 2 . Z2
i l l Jop+1-24 ]k J2p-2n+2 JN-n"

(215)
Of course, all integers p, . and the degree d are to be determined by some improved Algorithm,
so that all the obtained symmetric forms are negatively twisted. And then we may estimate the

lower bound d, accordingly. We leave this standard process to the interested reader.
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12.5. Why is the lower degree bound d, so large in MCM. Because we could not enter the
intrinsic difficulties, firstly of solving some huge linear systems to obtain sufficiently many (nega-
tively twisted, large degree) symmetric differential forms (see [7, Theorem 2.7]), and secondly of
proving that the obtained symmetric forms have discrete base locus. What we have done is only
focusing on the extrinsic negatively twisted symmetric forms with degrees < n, obtained by some
minors of the hypersurface equations/differentials matrix.

Our tool is coarse, based on some robust extrinsic geometric/algebraic structures, yet our goal
is delicate, to certify the conjectured intrinsic ampleness. So a large lower degree bound dy > 1 is
a price we need to pay.

13. Uniform Very-Ampleness of Sym“Qy
13.1. A reminder. In [34], Fujita proposed the famous:

Conjecture 13.1. (Fujita) Let M be an n-dimensional complex manifold with canonical line bun-
dle 7. If .Z is any positive holomorphic line bundle on M, then:

(i) for every integer m > n + 1, the line bundle .Z®" ® # should be globally generated;
(ii) for every integer m > n + 2, the line bundle .£®*" ® %" should be very ample.

Recall that, given a complex manifold X having ample cotangent bundle Qy, the projectivized
tangent bundle P(Ty) is equipped with the ample Serre line bundle Op(r,)(1). Denoting n := dim X,
one has:

dimP(Tx) = 2n— 1.
Anticipating, we will show in Corollary 13.3 below that the canonical bundle of P(Ty) is:
Ty = Operyy(—n) @ H 2,

where m: P(Tx) — X is the canonical projection. Thus, for the complex manifold P(Ty) and the
ample Serre line bundle O%t,)(1), the Fujita Conjecture implies:

(i) for every integer m > 2n, the line bundle Opr,\(m —n) ® n* 2. ggf®2 is globally generated;
(ii) for every integer m > 2n + 1, the line bundle Opt,\(m —n) @ n* - 227 s very ample.

In other words, we receive the following by-products of the Fujita Conjecture.

A Consequence of the Fujita Conjecture. For any n-dimensional complex manifold X having
ample cotangent bundle Qy, there holds:

(i) for every integer m > n, the twisted m-symmetric cotangent bundle Sym"Qy ® 4%/X®2 is
globally generated;

(ii) for every integer m > n + 1, the twisted m-symmetric cotangent bundle Sym™Qy ® 422 is
very ample.

13.2. The canonical bundle of a projectivized vector bundle. In this subsection, we recall some
classical results in algebraic geometry.

Let X be an n-dimensional complex manifold, and let E be a holomorphic vector bundle on X
having rank e. Let P(E) be the projectivization of E. Now, we compute its canonical bundle 7,
as follows.

Let 7 be the canonical projection:

. P(E) — X.
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First, recall the exact sequence which defines the relative tangent bundle T,:

0 —> T, — Tppy — 7Ty — 0, (216)
and recall also the well known Euler exact sequence:
0 — Oy — Opp(l)@m"E — T, — 0. (217)
Next, taking wedge products, the exact sequence (216) yields:
A Ty = AT T, ® i A" Ty, (218)
and the Euler exact sequence (217) yields:
Opp)(e) ® " N°E = Oppy ® ATy = AT (219)

Thus, we may compute the canonical line bundle as:
Koy = A QIIP(E)
(A T
[use the dual of (218)] = (AT, @ (7 A" Ty)"
(Cepy(e)” @ (n° A°E)’ ® (1" A" Ty)'
Opp(—e) ® n° A°EY ® m* A" Q)
= Oppy(—€) @ T NEY ® n* Ay,
where ¥ is the canonical line bundle of X.
Proposition 13.2. The canonical line bundle 75y of P(E) satisfies the formula:
How) = Opp(—e) @ ° AEY @ n* Hy. O

In applications, first, we are interested in the case where E is the tangent bundle Ty of X.

[l

[l

[use the dual of (219)]

[l

Corollary 13.3. One has the formula:
Koy = Opry(—n) @ Hy 2. O
More generally, we are interested in the case where X C V for some complex manifold V of
dimension n + r, and E = TV|X‘
Corollary 13.4. One has:
%(Tﬂx) = ﬁp(TV|X)(—n—r) ® a e%{yx ® T e/nt{//ﬁ” O

In our applications, X, V are some smooth complete intersections in PY, so their canonical line
bundles 7y, #y have neat expressions by the following classical theorem, whose proof is based
on the Adjunction Formula.

Theorem 13.5. For a smooth complete intersection:
Y:=Dn---nDy c P}

with divisor degrees:
deg D; = d; (i=1-k),
the canonical line bundle %y of X is:
k

Ji&sﬁx(—N—l+Za’,~). O
i=1
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13.3. Proof of the Very-Ampleness Theorem 1.4. Assume for the moment that the ambient field
K = C. Recall that in our Ampleness Theorem 1.3, V=H Nn---NH.,and X = HyN---NH.,,
with dimc X = n = N — (¢ + r). Then the above Corollary 13.4 and Theorem 13.5 imply:

At = Oeo(-n=n @ 13 0p (2N + D+ ) di+ ) dy).

Also, recalling Theorem 5.1 and Proposition 4.4, for generic choices of Hy,..., H.,, for any
positive integers a > b > 1, the negatively twisted line bundle below is ample:

ﬁp(]‘vb{)(a) & ﬂ; ﬁp% (—b)

Recall the Fujita Conjecture that, by subsequent works of Demailly, Siu et al. (cf. the sur-
vey [21]), it is known that #®™ ® .#®? is very ample for all large m > 2 + (3”;1). Consequently,
the line bundle:

c c+r
Oeayp(ma—-2n=2r) @ 1y Opy (~mb—4(N+ 1)+2 > d;i+2 ) di) (220)

i=1 i=1
is very ample.
Also note that, for similar reason as the ampleness of (24), for all large integers ¢ > {y(N):
ﬁIP(TPg)(l) ® m, ﬁpg(f)
is very ample. Consequently, so is:
ﬁ]P’(TVIX)(l) ® ﬂ; ﬁpﬁ (5) (221)
Now, recall the following two facts:
(A) if Opry 1K) ® 75 Opy (%) is very ample, then for every x” > %, Oty |y)(K) ® 75 Opy (X')
is also very ample;
(B) the tensor product of any two very ample line bundles remains very ample.
Therefore, thanks to the very-ampleness of (220), (221), we can already obtain the very-ampleness
of Op(r,),) (k) for all large integers k > ky, for some non-effective ky. In other words, the restricted

cotangent bundle Sym* QV| 4 18 very ample on X for every k > k. But to reach an explicit o, one
may ask the

Questions. (i) Find one explicit £y(N).
(ii) Find one explicit .

Answer of (i). The value {,(N) = 3 works. One can check by hand that the following global
sections:

- Zi
adtd(Z) Gik=0-Niz) (222)
Zj
guarantee the very-ampleness of Op(r (1) ® 7 ﬁpg ).
K

Answer of (ii). The second fact (B) above leads us to consider the semigroup ¢ of the usual
Abelian group Z @ Z generated by elements (£, {,) such that Opr, ) (£1) ® T ﬁpg (6y) is very
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ample. Then, the following elements are contained in ¢, for all m > 2 + (3 "’:1):

(& c+r
[see (220), Vb > l,a> b+ 1] (ma—2n—2r, -mb—4(N + 1)+22 d; +2Z di),
i=1 i=1

[see (221), £ > £o(N) = 3] (1,0).

Also, the first fact (A) above says that if (£;,(,) € ¥, then (£1,{3) € & for all {3 > ¢,. Thus,
Question (ii) becomes to find one explicit ; such that (k, 0) € ¢ for all « > .
Paying no attention to optimality, taking:
C c+r
b=1,a=2m=-4N+1)+2) di+2) di+3,
i=1 i=1
we receive that (ma — 2n — 2r, -3) € 4. Adding (1,3) € ¢4, we receive (ma —2n—-2r+1,0) € 4.
Now, also using (ma — 2n — 2r,0) € ¢, recalling Observation 5.4, we may take:

ko = (ma—=2n-2r—1)(ma-2n-2r) < a*m?,

or the larger neater lower bound:

Ky = 16(2 d,.+§i dy.
i=1 i=1

Thus, we have proved the Very-Ampleness Theorem 1.4 for K = C. Remembering that very-
ampleness (or not) is preserved under any base change obtained by ambient field extension, and
noting the field extensions Q — C and Q <— K for any field K with characteristic zero, by
some standard arguments in algebraic geometry, we conclude the proof of the Very-Ampleness
Theorem 1.4.

When K has positive characteristic, by the same arguments, we could also receive the same
very-ampleness theorem provided the similar results about the Fujita Conjecture hold over the
field K.
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GENERALIZED BROTBEK’S
SYMMETRIC DIFFERENTIAL FORMS
AND APPLICATIONS

SONG-YAN XIE

AssTrRACT. Over an algebraically closed field K with any characteristic, on an N-dimensional smooth
projective K-variety P equipped with ¢ > N/2 very ample line bundles .43, ..., .%,, we study the
General Debarre Ampleness Conjecture, which expects that for all large degrees d, ...,d. > d > 1,
for generic ¢ hypersurfaces H; € |.Zl®d‘ |, ..., H € |.§4®d"|, the complete intersection X := H; N
-+ N H, has ample cotangent bundle Qy.

First, we introduce a notion of formal matrices and a dividing device to produce negatively twisted
symmetric differential forms, which extend the previous constructions of Brotbek and the author.
Next, we adapt the moving coefficients method (MCM), and we establish that, if .Z,...,.%. are
almost proportional to each other, then the above conjecture holds true. Our method is effective: for
instance, in the simple case .%; = --- = .Z,., we provide an explicit lower degree bound d = NV :

1. Introduction

Smooth projective varieties having ample cotangent bundle suit well with the phenomenon/phil-
osophy that ‘geometry governs arithmetic’, in the sense that, on one hand, over the complex num-
ber field C, none of them contain any entire curve, on the other hand, over a number field K, each
of them is expected to possess only finitely many K-rational points (Lang’s conjecture). For in-
stance in the one-dimensional case, the first property is due to the Uniformization Theorem and
the Liouville’s Theorem, while the second assertion is the famous Mordell Conjecture/Faltings’s
Theorem.

For a long time, few such varieties were known, even though they were expected to be reasonably
abundant. In this aspect, Debarre conjectured in [4] that the intersection of ¢ > N/2 generic
hypersurfaces of large degrees in PY should have ample cotangent bundle.

By introducing the moving coefficients method (MCM) and the product coup, the Debarre Am-
pleness Conjecture was first established in [5], with an additional effective lower degree bound.

Theorem 1.1 ([5]). The cotangent bundle Qx of the complete intersection X := HiN---NH,. C Pg
of c > N/2 generic hypersurfaces Hy, ..., H. with degrees d,,...,d. > NY s ample.

The proof there extends the approach of [2], by adding four major ingredients as follows.

(1) Generalizations of Brotbek’s symmetric differential forms [2, Lemma 4.5] by means of a
geometric approach, and also by a scheme-theoretic approach.

2010 Mathematics Subject Classification. 14M10.
Key words and phrases. Debarre Ampleness Conjecture, Cotangent bundle, Symmetric differential form, Mov-
ing Coefficients Method (MCM), Product coup, Almost proportional, Formal matrices.
This work was supported by the Fondation Mathématique Jacques Hadamard through the grant N° ANR-10-
CAMP-0151-02 within the “Programme des Investissements d’ Avenir”.
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(2) Make use of ‘hidden’ symmetric differential forms constructed over any intersection of
Fermat-type hypersurfaces with coordinate hyperplanes:
Hn---NnH. N {Zvl ==z, = O} (¥n=1-N-c=1; 0<v| <<y, <N).
——————
=X

(3) ‘Flexible’ hypersurfaces designed by MCM, which produce many more negatively twisted
symmetric differential forms than pure Fermat-type ones.

(4) The product coup, which produces ample examples of all large degrees d, ..., d..

Recently, Brotbek and Darondeau [3] provided another approach to the Debarre Ampleness Con-
jecture, by means of new constructions and deep theorems in algebraic geometry. As mentioned
in [3, p. 2], it is tempting to extend the Debarre Ampleness Conjecture from projective spaces to
projective varieties, equipped with several very ample line bundles.

General Debarre Ampleness Conjecture. For any smooth projective K-variety P of dimension
N > 1, for any positive integer ¢ > N/2, for any very ample line bundles .7}, . .., .Z. over P, there
exists some lower bound:
d=d®P, %4,....%) > 1
such that, for all large degrees d, ... ,d. > d, for ¢ generic hypersurfaces:
Hy e|Z®,... H |£>%

the complete intersection X := H; N --- N H, has ample cotangent bundle Qy.

9

Sharing the same flavor as [5, p. 6, Conjecture 1.5], this general conjecture attracts our interest.
To this aim, we develop further our previous method in [5], and generalize several results.

We work over an algebraically closed field K with any characteristic. First of all, by adapting
the techniques in [5], we can confirm the General Debarre Ampleness Conjecture in the case

L= =L=2

Theorem 1.2. Let P be an N-dimensional smooth projective K-variety, equipped with a very ample
line bundle .£. For any positive integer ¢ > N/2, for all large degrees d,,...,d. > NV, for ¢
generic hypersurfaces H, € |.$1®d‘ ,...,H. € |,%®d"|, the complete intersection X := HiN---NH,
has ample cotangent bundle Q.

In fact, we will prove a stronger result, in the case that the ¢ rays:
R, -[Al ..., R, - [Z.] c Ample Cone of P
have small pairwise angles. More rigorously, we introduce the

Definition 1.3. Let P be an N-dimensional projective K-variety, and let .Z, .% be two ample
line bundles on P. Then . is said to be almost proportional to .Z, if there exist two elements
a€eR,-[LlandBeR, - [L]suchthat B < a < (1 + &)p,i.e. botha —B,(1 + ¢)B — a lie in the
ample cone of P, where ¢ := 3/(NV'/2 - 1),

The value ¢ is due to the effective degree estimates of MCM, see Proposition 6.1.

Theorem 1.4. Let P be an N-dimensional smooth projective K-variety, equipped with a very ample
line bundle £. For any integers ¢, r > 0 with 2c + r > N, for any c + r ample line bundles
A, ..., L., which are almost proportional to £, there exists some integer:

d = d("%a"~,$‘+r’$) > 1
2



such that, for all large integers dy, . ..,d.,d..1,...,d.., > d for generic c + r hypersurfaces:
Hy €| L2, .. Hepr € | L35

c+r
the cotangent bundle Qv of the intersection of the first ¢ hypersurfaces V := HyN---NH, restricted
to the intersection of all the c + r hypersurfaces X .= H,N---NH.NH. 1 N---NH., is ample.

)

We will see that in our proof, the lower degree bound d = d(.Z,...,.%..,,.Z) is effective. In
particular, when r = O and all &} = --- = Z. = Z coincide, we will obtain the effective degree
bound NV of Theorem 1.2. See Subsection 6.8 for the details.

This paper is organized as follows. In Section 2, we outline the general strategy for the Debarre
Ampleness Conjecture, which serves as a guiding principle of our approach. Next, in Section 3, we
introduce a notion of formal matrices, and use their determinants to produce symmetric differential
forms. Then, for the purpose of making negative twist, we devise a dividing trick in Section 4, and
thus generalize the aforementioned ingredient (1). Consequently, we are able to generalize (2)
in Section 5. Thus, by adapting the ingredients (3), (4) as well, we establish Theorem 1.4 in
Section 6, by means of the moving coeflicients method developed in [5]. Lastly, we fulfill some
technical details in Section 7.

It is worth to mention that, by means of formal matrices, we can also construct higher order
jet differential forms. Therefore, we can also apply MCM to study the ampleness of certain jet
subbundle of hypersurfaces in PY, notably when N = 3. We will discuss this in our coming paper.

Acknowledgments. I would like to thank Damian Brotbek and Lionel Darondeau for inspiring
discussions. Also, I thank my thesis advisor Jo€l Merker for valuable suggestions and remarks.

2. General Strategy

It seems that, up to date, there has been only one strategy to settle the Debarre Ampleness Con-
jecture. To be precise, for fixed degrees di, .. ., d. of hypersurfaces, the strategy is firstly to choose
a certain subfamily of ¢ hypersurfaces, and then secondly to construct sufficiently many negatively
twisted symmetric differential forms over the corresponding subfamily of intersections, and lastly
to narrow their base locus up to discrete points over a generic intersection. Thus, there exists one
desirable ample example in this subfamily, which suffices to conclude the generic ampleness of the
whole family thanks to a theorem of Grothendieck.

Following this central idea, the first result [1] was obtained in the case ¢ = N — 2 for complex
surfaces X = HiN---NH, C Pg , by employing a method related to Kobayashi hyperbolicity
problems, in which the existence/quantity of negatively twisted symmetric differential forms was
guaranteed/measured by the holomorphic Morse inequality. Such an approach would fail in the
higher dimensional case, simply because one could not control the base locus of the implicitly
given symmetric forms.

To find an alternative approach, the key breakthrough happened when Brotbek constructed ex-
plicit negatively twisted symmetric differential forms [2, Lemma 4.5] by a cohomological ap-
proach, for the subfamily of pure Fermat-type hypersurfaces of the same degree d + € defined
by:

N .
F; = Z Al d=1eo,

=0
3



where d, € > 1, and where all coefficients A{ are some homogeneous polynomials with deg Al’ =
€ > 1. Then, in the case 4c > 3N — 2, Brotbek showed that over a generic intersection X, the
obtained symmetric forms have discrete base locus, and hence he established the conjectured am-
pleness.

However, when 4c¢ < 3N — 2, this approach would not work, because the obtained symmetric
differential forms keep positive dimensional base locus, for instance in the limiting case 2¢ = N,
there is only one obtained symmetric form, whereas dmP(Qx) = N —1 > 1.

To overcome this difficulty, the author [5] introduced the moving coeflicients method (MCM),
the cornerstone of which is a generalization of Brotbek’s symmetric differential forms for general
Fermat-type hypersurfaces defined by:

N
F;, = Al zj" (i=1-0), (1)
=0

where A, ..., Ay > 1 and where all polynomial coefficients A{ satisfy deg A{ + A; = deg F;. Then,
by employing the other major ingredients (2), (3), (4) mentioned before, the Debarre Ampleness
Conjecture finally turned into Theorem 1.1.

Recently, Brotbek and Darondeau [3] discovered a new way to construct negatively twisted
symmetric differential forms for a certain subfamily of hypersurfaces, using pullbacks of some
Pliicker-embedding like morphisms, and they successfully controlled the base loci by means of
deep theorems in algebraic geometry. Their approach together with the product coup gives another
proof of the Debarre Ampleness Conjecture. Also, it is expected to achieve an effective lower
bound on hypersurface degrees, which would ameliorate the preceding bound NV * of Theorem 1.1.

3. Formal Matrices Produce Symmetric Differential Forms

Aiming at the General Debarre Ampleness Conjecture, and following the general strategy above,
we would like to first construct negatively twisted symmetric differential forms. Recalling the
determinantal structure of Brotbek’s symmetric differential forms [2, Lemma 4.5], in fact, we can
take any formal matrices for construction, regardless of negative twist at the moment.

Take an arbitrary scheme P. For any positive integers 1 < n < e, for any e line bundles
A, ..., 7%, over P, we construct an (e + n) X (e + n) formal matrix K such that, for p = 1---eits
p-th row consists of global sections F !1,, e, F;*” e HO(P, ), and for g = 1---nits (e + g)-th row
is the formal differential — to be defined — of the g-th row:

F} .. FTM
FI .. Fen
K := : 2)
alFll e dF‘f*”
dF,i <o dFST

We will see later that the determinant of K produces a twisted symmetric differential form on P.
First of all, we define the above formal differential entries d F’ l’ in a natural way.

Definition 3.1. Let . be a line bundle over P, with a global section S. For any Zariski open set
U c P with a trivialization .¥ y = Oy - s (s € HY(U, ) is invertible), denote S /s for the unique
4



s € Op(U) such that § =5 5. Also, define the formal differential d S in the local coordinate (U, s)
by:

dsS (U,s) := d(S/s)-s € H(U, Qp ® %),
where ‘d’ stands for the usual differential.

Let us check that the above definition works well with the usual Leibniz’s rule. Indeed, let .¥,
%, be two line bundles over P, with any two global sections S, S, respectively. For any Zariski
open set U C P with trivializations .7 |U = Oy - s and Y2| y = Oy - s, we may compute:

d(S1®8)(U,s1®s3) = d(S1/s1-52/52)51®5,
=d(Si/s1)-S2/s2 - 51 @52 + d(S2/82)-S1/51 - 51® 82
[identify S 1 ®S,=S5,®95] = d(S]/Sl) -5 ® Sz/Sz - Sy + d(Sz/Sz) 5 & Sl/Sl - 8]
= dS] (U,Sl) ® Sz + dSz(U,Sz) ® S].
Dropping the tensor symbol ‘® and coordinates (U, sy, 52), we abbreviate the above identity as:
d(Sl Sz) = dSl 'S2+dSZ'S1.

Now, let us compute the determinant of (2) in local coordinates. For any Zariski open set U C P
with trivializations 5”1|U = 0Oy si,..., 7|, = Ovy - s, writing f] = Fl/s; € Op(U), we may

factor:
fll TS le+n -8 51 fll f+"
fel S8, e fee+n - S, 5. fel f:+n
KU,sy,..., Se) = . = . . . 3
dfl'Sl dff+"'S1 S1 dfl dle+n
dfl s, - dfenes, S/ \dfy e dfe
= Tg/l renSe = ([()U

S smsSe

detK (U, sy,...,5) = detTy - det(K),
U 0 . (4)
= sy s s, - det(K)y € HO(U, Sym" Qp @ 7(9)),
where for shortness we denote:
L(Q) = (®_ ) ® (& F) )

Proposition 3.2. The local definition:
detK|, := detK (U,s1,....5) € H' (U, Sym" Q) ®.7(v))
does not depend on the particular choices of invertible sections sy, ..., s, over U.

R

Proof. Assume that s, ..., s, are any other invertible sections of .}
p-th row of the formal matrix K by F,, we may compute:

,- Abbreviating the

Fp/s;, = sp/s;, - Fylsp (p=1-e),
[Leibniz’s rule] d(Fy/sy) = d(sg/sy) - Fylsqg + sq/sy - d(Fy/sy) (= 1-n).
5



Thus we receive the transition identity:

(K)o o, = T% (K)Y (6)

]St K} s S15eee58e”
where T2 is an (e +n) X (e +n) lower triangular matrix with the diagonal entries s1/s’, ..., s./ s,
S seeesSe 1 e
s1/8%, ..., 8,/s, in the exact order. Taking determinant on both sides of (6) thus yields:

det(K), , = det % - det(K). |
e 5 D] 5eee59e

,/
........... e

— U -1 U U
= (det Ts’l,...,s;) - (det Ty, ) - det(K),
N ereerereeee’

—_————

—( ’ o 7 \—1 =851Se S1°°S
—(51"‘5e51“'5n) 17°8e 51°°5n

Multiplying by det Tg{ . on both sides, we conclude the proof. O

.....

Consequently, we receive
Proposition 3.3. The determinant of the formal matrix (2) is globally well defined:
detK € H° (P, Sym" Qp ® Y(Q?)). O
To grasp the essence of the above arguments, we provide another wholly formal

‘Smart Proof’. Suppose that we do not know the meaning of formal difterential dF, for any global
section F of a line bundle . over P. Nevertheless, we still try to compute the determinant of the
formal matrix (2).

First of all, we would like to extract some useful information out of the ‘mysterious’ dF. A
priori, we may assume that the formal differential satisfies the Leibniz’s rule in a certain sense,
and also that when . = 0p it coincides with the usual differential d. Thus, starting with any local
section z of ., we would have:

F =z-F/z,
dF =dz -F/z+z-d(F/2),
that is:
F) (z O F/z
[r)= (= Y latiio) g

where x = dz is meaningless/negligible in our coming computations. Indeed, all we need is that
the above underlined 2 X 2 formal matrix is lower triangular, with meaningful diagonal.
Back to our formal proof, we abbreviate every row of K as Fy,...,F,,dF,...,dF,, and for
convenience we write:
K = (F,...,F,,dF,,...,dF,)".

Over any Zariski open set U C P with invertible sections zi, ...,z of .7,...,.7, respectively,
using identity (7), we can dehomogenize K with respect to zy, ..., z, by:
T

K =T (Fi/ore.. Felzed(Fi/2).....d (Fu/2,) (8)

= (K)Zl,....Ze

where T,, . isalower triangular (e+n)x(e+n) formal matrix with diagonal entries z,, ..., 2., 21, ..., 2

.....

in the exact order. Now, it is desirable to notice that, on the right-hand-side of (8), the matrix

(K);,..... and the diagonal of the formal matrix T, . are well-defined, thus all the ‘mysterious
6



differentials’ of the matrix K appear only in the strict lower-left part of T,
mediately disappear after taking determinant on both sides of (8):

det K|, = det T, ., - det(K)

..» which would im-

.....

=21 222 - det(K), € HO(U, Sym"Qé,@ﬂ(@)).

Bien siir, it is independent of the choices of zj,...,z., since the left-hand-side — a formal
determinant — is. O

Remark 3.4. The formal differential d is much the same as the usual differential d, in the sense
that both of them can be defined locally, and both of them obey the Leibniz’s rule. These two facts
constitute the essence of Proposition 3.3.

Next, we consider e sections:

et+n

Fi= ) Fl e H®.%) =100, ©)

J=0

each F; being the sum of e + n + 1 global sections of the same line bundle .. Let V be the
intersection of the zero loci of the first n sections:

V.={F=0n---n{F,=0} C P,
and let X be the intersection of the zero loci of all the e > n sections:
X ={F=0n---n{F,=0} c V CcP.

Let K be the (e + n) X (e + n + 1) formal matrix whose e + n rows copy the e + n + 1 terms of
F,,...,F, dF,,...,dF, in the exact order:

F? F;’+n
« FS Fz:+n
C|dFe - dFer|
dF°% .- dF¢™

Also, for j =0---e+n,let Rj denote the submatrix of K obtained by omitting the (j+ 1)-th column.
Since the restricted cotangent sheaf Q; |, is formally defined by the e + n equations:

N
F,=0,...,F,=0,dF, =0,...,dF, =0,
i.e. the sum of all e + n + 1 columns of K vanishes, by Observation 3.6 below, we may receive
Proposition 3.5. Forall j=0---e+n, the e + n + 1 sections:
y; = (1Y det K; € H(P, Sym" @} ® 7(9)),
when restricted to X, give one and the same section:
y € H(X, Sym" Q}, 8.7(9)).
7



Observation 3.6. In a commutative ring R, for all positive integers N > 1, let A°, A, ..., AN € RV
be N + 1 column vectors satisfying:

AY + A 4 AV =0
Then for all 0 < ji, j» < N, there hold the identities:
(1) det (A°,..., A0, ... AY) = (=) det (A%, ...,An,...,AY). O
Proof of Proposition 3.5.AUsing the same notation as in (4), for j = 0:---e + n, we obtain an

.....

KWU,si,...,58,) = Tffl s - (KY

..... e S15eees8e?
where the (e + n) X (¢ + n + 1) matrix (K)ZMZE satisfies that, for j = 0-- - e + n, the matrix (Rj)g
is obtained by omitting the (j + 1)-th column of (K)gjl ’’’’’ 5.0
We may view all entries of (K)g’1 _as sections in H(U N X, Sym*® Q{,), where:

yeeesSe

Sym® Q; := &y, Sym* Q.

Thus the sum of all columns of (K)g _ vanishes, and hence Observation 3.6 yields:

...... S

(—1Y' det(K;DY . = (=D det(K,)Y . € HUNX,Sym" QL) (i ja=0-esn.

~~~~~ S1seees

By multiplication of det TY . on both sides, we conclude the proof. O

..... S,

Remember that our goal is to construct negatively twisted symmetric differential forms. One
idea, foreshadowed by the constructions in [2, 5], is to find some e + n + 1 line bundles %, ...,
Z,.» with respective global sections t, ..., f.,, having empty base locus, such that the line bundle:

SO I e T, = L) <0,

et+n
is negative, and such that:
. . 1)/ —
wj = lﬁj = ( ) det Kj S HO (D(l‘j), Sym” Qll) ®¢7(Q7,)) (j=0--e+n) (10)

foTosn fo: - tern

have no poles. Then, these e + n + 1 sections, restricted to X, would glue together to make a global
negatively twisted symmetric differential form:

w € H' (X, Sym" Q) & 7(v)).

For the purpose of (10), we may require that every f,...,?., subsequently ‘divides’ the cor-
responding column of K in the exact order. With some additional effort, we shall make this idea
rigorous in our central applications.

4. A Dividing Trick

Let .Z be a line bundle over P such that it has N + 1 global sections (j, ...,y having empty
common base locus. Let ¢ > 1, r > 0 be two integers with 2c + r > N and ¢ + r < N. Let
A, ..., bec+ rauxiliary line bundles to be determined. Now, we consider ¢ + r Fermat-type
sections having the same shape as (1):

N .
Fi=Y Alfy € 0 290.2Y = @ L% -1-cm, (11)
—i>J e —_—
Jj=0 =

8



where Eii ,Aj,d; > 1 are integers satisfying el'.’ + A; = d;, and where every Al’ is some global section

of the line bundle <7, ® .Z< .
For the first ¢ equations of (11), a formal differentiation yields:

N N
dF, = ) d@Alg) = 3 &7 GdAl+ ,Aldg) - (12)
j=0 j=0 .
=B/

i

Now, we construct the (¢ + 7+ ¢) X (N + 1) matrix M, whose first ¢ + r rows consist of all (N + 1)
terms in the expressions (11) of Fy, ..., F.,, in the exact order, and whose last ¢ rows consist of all
(N + 1) terms in the expressions (12) of dF,...,dF. in the exact order:

A e Al AlG AV

M A(c)+; (/)lo A1cv+r' 1/\l/N Ag+r (/)l0 Aiv+r 1/\lIN (13)
O I O I T
d(A2gy) - d@AYy) Bl e BY G

Denote n := N —c — r, observe that 1 < n < c¢. Forevery 1 < j; < --- < j, < ¢, denote by
i, the (¢ + 7 +n) X (N + 1) submatrix of M consisting of the first upper ¢ + r rows and the

selected rows ¢ + 7 + ji,...,c+r+ j,. Also, for j =0---N, denote by M;, ., the submatrix of
,,,,, ;, obtained by omitting the (j + 1)-th column.

Let V C P be the subvariety defined by the first ¢ sections Fi,...,F., and let X C P be the
subvariety defined by all the ¢ + r sections Fy, ..., F.,,. Now, applying Proposition 3.5, denoting:

%.I ..... C'+r ::M@"'®%+r®’%l®"'®f%j",
we receive

Proposition 4.1. Forevery1 < j; <---< j, <c, forall j=0---N, the N + 1 sections:

Wi = (1Y detMj, ;. € H (P, Sym" Qg ®£fj} """ C+r®$””1""*’”),

~~~~~~ Jn

when restricted to X, give one and the same symmetric differential form:

...........

with the twisted degree:

(14)



Observe in (13) that the N + 1 columns of M are subsequently divisible by {30_1, ces ,f,”‘l.

Dividing out these factors, we receive the formal matrix:

AL - AV
A
g ... BV [
1 1
B0 ... gV

.....

.....

Now, we interpret Proposition 4.1 in terms of the matrix C, starting by the formal computation:

J——

. — . _ —1 _ -
(=1 det M.y = (CIY g0 oo g7 g7 det C g

LseeesJi J
_CY s e e
1 Jtesinid * 50 N -
5
Dividing by (/)10—1 e ;},N_l on both sides above, we receive the following N + 1 ‘coinciding’ forms:

(-1YdetM; .., (=1) = =
Ao—1 jAN_{ ! = pp det Gj, j.j (j=0-N). (15)
0 e o N g]

independent of j have no pole over D({;)

This is the aforementioned dividing trick.

Proposition 4.2. Forall j =0--- N, the formal symmetric differential forms:

N =

~ (=1)/ det Mjl ..... niJ

Wijjnij = -1 An—1
o

are well-defined sections in:

,,,,,

with the twisted degree:

c+r n

N
Vs = D Ao+ D iy = ) (=),
p=1 q=1 k=0

Moreover, when restricted to X, they glue together to make a global section:

..........

While the formal identity (15) transparently shows the essence of this proposition, it is not yet
a proof by itself, since both sides are to be defined. Indeed, to bypass the potential trouble of

divisibility, the rigorous proof below is much more involved than one would first expect.
10



Proof. Without loss of generality, we only prove the case j; = 1,...,j, = n, and we will often
drop the indices j, ..., j,, since no confusion could occur. Here is a sketch of the proof.

Step 1. Over each Zariski open set U C D({;) with trivializations ,5371| v = Oy -ai, ..., D, U

Oy - Gq4r, We compute the expression of @; := w;, ;. ; in coordinates (U, ay, . .., deir, {)).

.....

Step 2. We show that the obtained symmetric form w j| y 1s independent of the choices of trivializa-
tions ay, . . ., d..r, whence we conclude the first claim.

Step 3. For any distinct indices 0 < ¢1, ¢, < N, over any Zariski open set U C D({;,) N D({g,) with
trivializations 27 v = Oy -ay, ..., Doyr v = Oy - aq.r, We show that:

Zu}l = Zu}z e HO (U’ Symn Q%/(X)JZ{; ..... j':—r®$<7;-]ﬂ..,,jn) (16)

.....

by computations in coordinates. Thus we conclude the second claim.

Proof of Step 1. Recalling (3), by trivializations:

o Q@ L |U = Oy- aq; {;.1" (i=1-c+r),
— SN——

=I5
.....

K= ngl ..... derr (Fl/sl,~'-,Fc+r/sc+r’d(F1/Sl)’-n’d(Fn/Sn))

T
’

(17)

KV
= (K)al seensdCtr

where Tg’]'wam is an N X N diagonal matrix with the diagonal sy,..., Sy, S1,..., S,, and where
like (8) we abbreviate the first ¢ + r rows of Kby F1, ..., F.,,. Further computation yields:

Fif s = (A4 AN ) [ si= (AYa? - (Lo/dp™. . AVl - @ /E)™)  a=0wcon,

where a{ =aq;- {;"J . ‘Dividing’ every column of (K)i{ ,,,,, o, SUbsequently by ({o/)" Y oo (/L™
we obtain an N X (N + 1) matrix (C)g’]", . For every £ = 0--- N, we denote by (’C})i;‘,”qaﬁr the
submatrix of (C)g’]' ,,,,, ., obtained by deleting its (¢ + 1)-th column. Now, formula (4) yields:

wsletr

c+

det My, jj = St Serr St 80 (/)" - (el &)™ det (CE] ., (18)
Thus, in coordinates (U, ay, . . ., dcr, {;), We obtain/define:

5. = (—1)/ det Mj]’“_,j";j . (—1)j S1
J = Ao—1 Ay—1 . (Ao=D)++(An=1)
5 Ly é’j

cec Serr STt Sy

=
det (Cj)ajl,...,a(.ﬂ

< G (19)
= (War e aray - 4 det €5,

e H' (U, Sym" Q@ o7 @ £ i),

~~~~~ Jn

Proof of Step 2. We only need to show that:

ay Qe dp - a, - det (C,)ﬁﬂ ,,,,, 0., € HO(U, Sym” Qé@d,ﬁ::ﬁj’)

is independent of the choices of ay, ..., dq,.
11



Letay,...,a.,, be any other choices of invertible sections of <7 |U, e Aoy - Accordingly, we

) — pr — i .
obtain the matrices (C);Z:’] = (Cj),ill = and we denote cx{ =aq; - {; Then, fori=1---c+r,

the i-th row of the matrix (C)éi _is:

seeeslotr

[af/al =a/@]  (AY/@)- o/, AVIEY - UnIE)) = aifai - (AY)a? - (Go/), - AY [al - (En1E)).

the i-th row of the matrix (C)¢) ..,
Also, fori=1---n,k=0---N, using:
d(Af/a}) = d(AY/a} - aif@) = aifa; - d(AF /@) + AY ot - d (ai/ay),
(G/L) - d(AS[@E) + A (AFJ@d) - d &/ )
= a;/a; - [(G/ ) - d(AF)a) + A (Af[ab) - d (/D] +d aifa) - Ak - (Gl ). (20)
il oke))

= (i, k+1)-th entry

=the (c+r+i, k+1)-th entry of (C)i/i S Getr
Hence we receive the transition identity:

(C)Ej — ng: ..... g c+r o, (C)Zjl

= venslogr?
A1 5eeey Aetr  Alseeny de+r [t

Zerr s a lower triangular matrix with the product of the diagonal:

+
~~~~~ c+r

al"'ac+r'al"'an

det Til ----- g cHr —

Al yeenslotr El .. .Ec+r .El . 'Féil’l :
In particular, we have:
~ N\ _ A 5eey Ae+r ~ NS
©)F = Tt € it var

A 5eeey Ae+tr

hence, by taking determinant on both sides above, we obtain:

ap - Aeyr-dy---ay - det(Cj)'le —~ =dyp-ccAeyrdy - dy det(Cj)ajl

venslotr?
..... Aoty seenslletr

which is our desired identity.
Proof of Step 3. First of all, we recall the famous

Cramer’s Rule. In a commutative ring R, for all positive integers N > 1, let A°,A', ... AN ¢ RN
be N + 1 column vectors, and suppose that 2y, 71, ...,y € R satisfy:

AOZO +A1Z1 + .- +ANZN = 0.
Then for all indices 0 < €y, €, < N, there hold the identities:
(=D det (A°,... A0, ..., ANz, = (=D det (A°,...,AL,... AN)z,. O

as elements

---------- Adetr

vanishes:

----- Ac+r

Lo\o-1 N -1
Co (2 et Oy (2 =0,
(2 (8
where we denote the (i + 1)-th row of (C)i’; by C;. Applying Cramer’s rule, we receive:
A
gj

seeslotr
— X Ap,—1 — . A, —1
(=D det(Ce)ia, - (Z2) 7 = (-D" det(Cp)3...., - (ii) e H(UNX. Sym" Q) o<e.nem. 21)
J

12



Lastly, we can check the desired identity (16) by the following computation:

Wy = (_1)51 ajp--Qeyp-ay---ay - Z:g]jl ‘‘‘‘‘ " - det (Cé’l [USG (19)]

----- Aer

-1
use @Dfor j=6] = (=12 a)--aeer-ar--a, - £, - detCp)5! o, - (@) ?
! &e,
v \(6) . Ay -1
[use Proposition 4.3 below] = (=D)2ay e ay - ay, - L (z«l) D det (Cmiﬁ ’’’’’ - (%) 6
2 A
[O(6) = _jy + A = 1] = (=D%ay @y ar-ay - 4}2“ ''''' " det (Cf’z e Gesr
[use (19)] = wy, [@].
Thus we finish the proof. O

An essential ingredient in the above proof is to compare the same determinant in different trivi-
alizations y,, {z,- Now we give general transition formulas.

Proposition 4.3. For all 0 < j, {1, {» < N, for any Zariski open set U C D({;,) N D(¢,) with

trivializations < | v = Oy-ai, ..., Doypr v = Oy - 4y, there hold the transition formulas:

= (%)W det C )%,

4

det (C)51 e H'(U, Sym" Q}). (22)

“e+r Ae+r

with 9(j) =&+ ;- 1.

Proof. Our idea is to expand the two determinants and to compare each pair of corresponding
terms. Without loss of generality, we may assume j = 0.

Fori=1---N,k=1---N, we denote the (i, k)-th entry of (Co)
(resp. c?,j). First of all, we recall all the entries:

14 1
! sy (reSP (CO)al ..... aHr) by Ci,j

=12, p=1--ctr;q=1-n;k=1-N).

5o A NI '—d( Alz;k) Q_Hlk Ay d(g_k)
s

pk - ek é’ c+r+q.k * T ¢ é’ £k
ol L, D L, e
ap gﬂ ’ dq gfﬁ ’ Gq by,

S

By much the same reasoning as in (20), we can obtain the transition formulas:

e = (Ll )T,
1 _ 2 k41 2 k €k
Cc+r+q,k - Cc+r+q,k . (gfz /(f]) 4 + Cq,k : (Eq + /lk) (gfz /gﬁ) 4 d (g[z /gf] )'
Recalling that e’[j + Ax = d,,, we thus rewrite the above identities as:

1 2 dy—(A—1
Cp,k Cp,k ' ((&/{[1) b s )’
1 2 d,—(A4—1 2 d,—A
Cotrvgh = Cotriqk * (e /Le)™ Wy Cok dq (Lo, /L) d (Lo, / &2

)
|

(23)

Now, comparing (23) with the desired formula (22), we may anticipate that, the underlined
terms would bring some trouble, since no terms d ({;,/{;,) appear on the right-hand-side of (22).
Nevertheless, we can overcome this difficulty firstly by observing:

c! c! C2 C2
k k _ k Jk dy—(Ag, —1) dy—(Ag, —1)
Cl G Cl + - C2 o 2 +r2 '({t’z/gﬁ) K k1 '(é/fz/{fl) K k2 (g=1-n;ki,kp=1--N),
c+r+q.k c+r+q.ky c+r+q.k c+r+q.ky

(24)
13



and secondly by using a tricky Laplace expansion of the determinant:

‘!
‘s k' q,k2

ct+r

c! (25)

pokp?

C+r+qk1 c+r+qk

p=n+1

where the sum runs through all choices of N = 2n + (¢ + r — n) indices k| < ki, ..., k) <
kfl, kut1s - - - > keyr such that their union is exactly {1, ..., N}, and where Sign(=) is either 1 or —1
uniquely determined by the choices of indices. Now, using (24), we see that each term in (25) is

equal to:
c? c+r
1 2
Sign(z) - "k "" e,
I_] c+r+qk] c+r+qk p=n+1 e
multiplied by (£, /)", where:
n c+r
0= > |dg = =) +dy = (2 - D] + > (- 1)
q=1 p=n+1
c+r n N
=Y dy+ Y dy= Y (-1
p=1 g=1 k=1
= (?;] ..... n +'ﬂo - 1.

Thus (25) factors as:

c? c+r

& q.ki 2
det (Coley'.ar., = L0/t Sign(+) - c Cok,
=1 c+r+qkq c+r+qu p=n+1
[use Laplace expansion again] = (L /&))" - det (Co)%,m,aw,
whence we conclude the proof. O

5. ‘Hidden’ Symmetric Differential Forms

Comparing the two approaches in [5, Section 6], the scheme-theoretic one has the advantage in
further generalizations, while the geometric one is superior in discovering the ‘hidden” symmetric
differential forms [5, Proposition 6.12]. Skipping the thinking process, we present the correspond-
ing generalizations of these symmetric forms as follows.

We assume that Ay, ..., Ay > 2 in this section. Forany n = 1---n — 1, for any indices 0 < v; <

<vy,<Nand1< j <- < juy <, write {0,...,N}\ {vl,...,vn} in the ascending order
ro < ry < --- < ry, and then denote by ,, ., M; _;  the (N —n) X (N —n+ 1) submatrix of
M determined by the first ¢ + r rows and the selected rows ¢ + r + ji,...,c +r + j,_, as well as
the (N — 5+ 1) columns ry + 1,...,ry_, + 1. Next, for every index j € {0,..., N} \ {vi,..., v},
let ,, . vnﬂ/l\ Jtminy:j denote the submatrlx of ,..,,Mj.. .., obtained by deleting the column which
is originally contalned in the (j + 1)-th column of M. Lastly, denote by ,, v, P C P the subvariety
defined by sections ¢, , ..., {,, (‘vanishing coordinates’), and denote ,, __,, X := XN, _, P. Setting:

.....

bel ----- 4271 '®$Z{c+r®”(2%j1®”'®£{”_”’

JseeesJn— n

,,,,,

by much the same reasoning as in Proposition 4.1, we have
14



Proposition 5.1. Forall j=0---N —n, the following N + 1 —n sections:

Wiy 1= (<1 et W)
e H° <v1 P Symn UQI ®%1 ..... CH @ PVnin- ”)

""" Jlseeesfin— n

.....

with the twisted degree:

c+r

Moreover, playing the dividing trick again, we obtain an analogue of Proposition 4.2.

Proposition 5.2. Forall j =0---N —n, the formal symmetric differential forms:
— ( 1) det (Vl ----- jn r]Q”j)

W ;i =
VeV 15 By - s Fj { é/er 7

are well-defined sections in:
HO (D(gr,) N Voo vnP, Sym"_” Q{) ® JZ%I """ c+r ®$H o /1 Jn= 11)

with the twisted degree:

------

.....

6. Applications of MCM

6.1. Motivation. Recall [5, Section 7] that the moving coefficients method is devised to produce
as many negatively twisted symmetric differential forms as possible, by manipulating the deter-
minantal structure of the constructed symmetric differential forms. Since Propositions 4.2, 5.2
exactly share the same determinantal shape, it is possible to adapt MCM for the aim of Theo-
rem 1.2, which coincides with Theorem 1.1 in the case that P = Pg, Z = ﬁ%(l). Indeed, by
introducing ¢ auxiliary line bundles <7, ..., <. ~ trivial line bundle, we can even treat the case of
¢ ample line bundles .Z + 7, ..., < + <. ~ £, and eventually we will obtain Theorem 1.4.

6.2. Adaptation. Let P be a smooth projective K-variety of dimension N, equipped with a very
ample line bundle .Z. By Bertini’s theorem, we may choose N + 1 simple normal crossing global

sections ¢y, . .., {y of .Z, and we shall view them as the ‘homogeneous coordinates’ of P. Thus, we
may ‘identify’ (P,.%) with (P, ﬁpg(l)) in the sense that locally they have the same coordinates
[Eo: -1 ¢n] = [z0: - : zy], and therefore we can generalize local computations of the later one

to the former one, like what we perform in Section 4. This treatment is also visible in [3].
15



Letc > 1, r > 0 be two integers with2c + r > Nandc+r < N,and let &/,..., 9., bec+r
auxiliary line bundles to be determined. Now, we start to adapt the machinery of MCM. First of
all, introduce the following ¢ + r ‘flexible’ sections which copy the major ingredient (3):

j J0seenjis ,Ulk “Hik i pd—Iug
ZAK + Z Z ZMO a 'é/jk ..'gjz {jk (26)

I=c+r+1 0<jo<<ji<N k=0

e HHP, @290 L%)  (=1-cn,

where all coefficients A?, Ml.';' are some global sections of <7 ® £ for some fixed integers €; > 1,
and where all positive integers u*, d are to be chosen by a certain Algorithm, which is designed
to make all the symmetric differential forms obtained later have negative twist. For better com-
prehension, we will make the Algorithm clear in Subsection 6.4 below, and for the time being we
roughly summarize it as:

I < max{€liztcor << Hesri10 << 00 << fepriterrsl <K< vmeee Kpyo < - <uyy <d.  (27)

He+r+1,0 grow exponentially UN,e grow exponentially

Let V c P be the subvariety defined by the first ¢ sections Fy,..., F., and let X C P be the
subvariety defined by all the ¢ + r sections Fy,..., F..,. A priori, we require all the line bundles
o7 ® £ to be very ample, so that for generic choices of parameters:

A7, Ml.';' e H (P, o7 @ %) (i=1-c+r),

both intersections V, X are smooth complete (the proof is much the same as that of Bertini’s
Theorem, see Subsection 7.2).

6.3. Manipulations. Now, we apply MCM to construct a series of negatively twisted symmetric
differential forms. For shortness, we will refer to [5, Section 7] for skipped details, in which the
canonical setting {Pg, ﬁpg(l), (20, - - - »zn)} there plays the same role as that of {P,.Z, ({o,...,{n)}
in our treatment here.

To begin with, we rewrite each section F; in (26) as (cf. [5, p. 43, (104)]):

N N-1 N
_ J od JosesJ13Jk pHK ik i od—lpk 0,...N:k slink I1Nk ,UNk -N Mk
Fi = Z(Ai§j+ Z Z M é‘Jn ' gjk ..'gjz {Z« ) ZM ( B {d
Jj=0 I=c+r+1  0<jo<<ji<N k=0

Jji=Jjfor some O<k<l for each k=0 N, we view it as one section

for each j=0- N, we view this whole bracket as one section

(28)
Thus, we view each F; as the sum of 2N + 2 = Z?’:O 1+ Y, 1 sections of the same line bundle,
as indicate above.
Next, we construct a (¢ + r + ¢) X (2N + 2) formal matrix M such that, foreveryi = 1---c +r,
Jj = 1---¢, its i-th row copies the 2N + 2 sections in the sum of F; in the exact order, and its
(c + r + j)-th row is the formal differential of the j-th row.
Write the 2N + 2 columns of M as:

M=(Ag|---|Ay|By|---|By). (29)
For every v = 0--- N, we construct the matrix:
K" := (Ao 1A |- |AN|A+Z : (30)

16



where the last column is understood to appear in the ‘omitted” column. Also, foreveryr =0--- N—
1 and every p = 7+ 1--- N, we construct the matrix:

N
K™ = (Ao+Bo |+ | Ac+Be | At |- [ Ay |- [ Av | A+ )" B)). 31

Jj=1+1
Now, fix a positive integer ® > 1 such that:
ALY <0 (i=1-c+r). (32)
Recalling the rough Algorithm (27), observe in (28), (30) that the N + 1 columns of K” are subse-

quently divisible by:

d—6y d—on {d—rSN s
0 s+ by st 06N ’gv B

where 0y := (N — 1) uy_1n-1. Thus, applying Proposition 4.2, forevery 1 < j; <--- < j, < ¢, we
obtain a global symmetric differential form:

Bin € HO(X, Sym" Qy ® 42%]1 """ j:r ® L itin ) (v=0--N),
<0, because of (32),(33)

c+r n N
. jn=Z(d+ep)+ d+€;,) - Z d-6y—1)= (uno — 1)
p=1 g=1 J=0,j#v
c+r n (33)
= —HN,O+N5N+Z e,,+z €,+N+1

p=1 g=1
[by Algorithm (27)] < =Ne.

Similarly, observe that the N + 1 columns of K"# are subsequently divisible by:

d-N d-N -5 ~d—oN d-5 :
é«o #N,O’..”é‘r MN,T,§T+1N,..', : N’.."{N N’gilN}Hl,

thus by Proposition 4.2 we obtain:

v, € HXSym Qye ot @ 2T ) o peritm,

<0, because of (32)(34)

c+r n T N
O L= dre)+ ) (dre) =Y d=Nung=1= D (d=dy=D=(uner = 1)
p=1 g=1 k=0 Jj=T+1,j#p
T c+r n
= —UN7+l +ZN,uN,k+(N—T— 1)6N+Z ep+z €,+N+1
k=0 p=1 g=1

[by Algorithm (27)] < =No.
(34)

Recalling the notation in Section 5, for any n = 1---n — 1, for any ‘vanishing’ indices 0 <
vi < --- < v, < N, by applying Proposition 5.2, we can construct a series of negatively twisted
symmetric differential forms over the ‘coordinates vanishing part’:

v, X, Sym™ " Qy ® negative twist) (£=1,2,..).
17
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The procedure is much the same as before. First, we rewrite each section F; in (26) as:

N-7 N-n ! —
o Fiqyenny ri st d—1 ..
F;= E A} g;’/_ + E E E M g g G + neglligible terms,
=0

k.
I=c+r+1 0<jo<-<ji<N-n k=0

so that F; has the same structure as (26), in the sense of replacing:
N & N -1, {0,....N} e {ro,....rny).

Thus, we can repeat the above manipulations. For shortness, we skip all details (cf. [5, Subsection
7.3]) and only state the results.
Forevery 1 < j; <--- < j,-y < ¢, forevery v = 0---N — 7, we obtain a symmetric differential
form:
won®i i € Doy, X, SYM™ Qy @ oS4 @ M i),

<0, because of (35)
with negative twist (set Oy—, := (N =0 — 1) in—y-1.N=p-1):

c+r n-n

bty = —MN_n,0+(N—n)5N_,7+Z €,~+Z €, +(N-m+1 < —(N-me. (35
i=1 =1

Also, foreveryr=0---N—-n—1landeveryp =7+ 1---N — 1, we obtain:

.....

T,0 n— 1,....,c+r o O P
Viseeos V1]¢jl ..... jn—r] € F(Vl qu, Sym g QV ® JMJ eees] ® g‘l M sine )’

<0, because of (36)

with negative twist:

T c+r n-n
w50 = —uN,,,,m+kZ(;(N—n>uN,n,k+<N—n—r—1>6N,,7+Z]] e,~+; €, +(N=m+1 < —(N-p)®. (36)

6.4. A Natural Algorithm. We will construct p** in a lexicographic order with respect to indices
(l,k),forl=c+r+1---N,k=0---[, together with positive integers ¢;.
For simplicity, we start by setting:
6c+r+l 2> max {61 PR €c+r}- (37)
Forevery/=c+r+1---N,in this step, we begin with choosing y; that satisfies:

[see (35), (33)] Mo 2101+ 10ckr +1+1+10+1, (38)

then inductively we choose p; satisfying:
k=1
[see (36), (34)] Uik = Z lpj+U=k) 6+ 10 +1+1+19+1 (k=1-1). 39)
=0
If I < N, we end this step by setting:
Ore1 := Ly (40)
as the starting point for the next step / + 1. At the end [ = N, we require that:

d> N+ 1Duyn

be large enough.
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6.5. Controlling the base loci. We will provide some technical preparations in Section 7.
By adapting the arguments in [5, Section 9], we can show that, for generic choices of parameters
A2, MY, firstly, the:

y - Y, T, 0 .
Base Locus of {qﬁjl Y P jn} =: BS 41

""" ey T
is discrete/empty over the ‘coordinates nonvanishing part’ {(; - --{y # 0}, and secondly, for every
I<np<n-1,forevery0<v, <---<v, <N, the:
v, T, p

\ P —.
Base Locus of{v1 ,,,,, @i Vi qujl,_”’jn_”} =1y, BS 42)

Jn=n 1< 1 << ey <€

is discrete/empty over the corresponding ‘coordinates nonvanishing part’ {Zy, - - - £y, # O}.
For the sake of completeness, we sketch the proof in Subsection 7.3 below.

6.6. Effective degree estimates. In the Algorithm above, we firstset ® =2, ¢ = --- = €., = 1,
and next we demand all inequalities (37) — (40) to be exactly equalities. Thus we receive the
estimate (cf. [5, Section 11]):

(N+Duyy < NV2 = do (VN>3).
Now, recall the value ¢ = 3/d, in Definition 1.3. In fact, the motivation is the following

Proposition 6.1. Let .2, .7 be two ample line bundles on P. Then . is almost proportional to £
if and only if there exist some positive integers d > dy, 5,1 > 1, such that * = o ® L' @ L9,
where the line bundle </ satisfies that o/ ® " is very ample and that o7 ® £~ < 0 is negative.

Proof. “<" Wecantakea = s-[.¥]and B = ld - [.L], sothata — 8 = [«/ ® %] > 0, and that
l+e)f-a>(1+3/d)p-a=-[o®.L>]>0.

“=" Since Q, is dense in R,, we may assume that @ € Q, - [¥’] and B € Q, - [.Z]. Next, we
can choose a sufficiently divisible integer m > O such thatm - @ = so- [“]and m - 8 = [y dy - [-Z]
for some positive integers sy, /) > 0. Set the line bundle &% = /% ® (L ® £"%)~! hence
S0 = oy ® L@ L% Now, using B < a < (1 + €) 5, we receive:

O<m-(@=B=m-a-m-B=s50-[L1-lody-[L] =[5 ® L] = [ ® L],
0>m-[a-(I+e&)Bl=m-a-(1+3/d)ym-B=s-[L1-(1+3/do)lodo - [L] = [ ®L>"].
The first line above implies that (% ® £")®™ is very ample for some positive integer m’ > 0.
Thus we can set s := som’, [ := lym’, & := &)", then /* = &/ ® L' ® L'% satisfies that &/ ® £
is very ample and that &7 ® £ %! < 0 is negative. O

Remark 6.2. In the above proof, we see that the second assertion holds for d = dy. In fact, it holds
for any positive integer d’ < d, since we have:

L) (of @ IO 1 g pl(+d) g (pl ey
where:
M1+d/ ®$l(l+d) — (%®$l)l+d' ®$l(d—d')
very ample

is very ample and where:
%1+d’ ®Z_21(1+d) — (d®g—21)l+d’ ®$—2[(d—d’) < 0.
———
negative

Thus the second assertion holds not only for (d, s, I) but also for (d’, s (1 + d’), (1 + d)).
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6.7. Proof of Theorem 1.4. Summarizing the above Subsections 6.2 — 6.6, we can obtain

Theorem 6.3. Let P be a smooth projective variety of dimension N, and let £ be a very ample
line bundle over P. For any integers c,r > 0 with 2c + r > N, for any integer d > d,, for any ¢ +r
line bundles <, (i = 1---c + r) such that <7, ® £ are very ample and that </, ® £~ * < 0, setting:

DZ = M®g®gd (i=1--c+r),
then, for generic c + r hypersurfaces:
Hl €|°%|,---,Hc+r€|°%c+r

the cotangent bundle Qy of the intersection of the first ¢ hypersurfaces V.= H;N---N H, restricted
to the intersection of all the ¢ + r hypersurfaces X =H,N---NH.NH.,y N---NH.,, is ample.

2

Denote the projectivization of the cotangent bundle Qp of P by:
P(Qp) := Proj( @0 Sym" Qp),

and denote the associated Serre line bundle by Opq,)(1). For any integers a,b > 0, for any a + b

global sections Fy, ..., F,, Fuy1, ..., Fayp of arbitrary a + b line bundles over P, denote by:
FartFars PP, F, © P(Qp).
the unique subscheme defined by equations F1i,..., Fu;,dFy,...,dF,. Thus, we reformulate the

above theorem as:
Theorem 6.3’. For generic c + r sections:

FieH' (P, ), ... Ferp € H' (P, L),
the Serre line bundle Opq, (1) is ample over the subvariety ., . r.. Pr,

Proof of Theorem 6.3. We may assume that N > 3 and ¢ + r < N, otherwise there is nothing to
prove. Setn = N — ¢ —r, observe that 1 < n < ¢. Since ampleness is a Zariski open condition in
family (Grothendieck), we only need to provide one ample example Hy, ..., H.,,. In fact, we will
construct ¢ + r sections Fy,..., F.,, of the MCM shape (26) to conclude the proof.

Step 1. Since d > dy, by the effective degree estimates in preceding subsection, we can construct
integers {u"*} that satisfy the Algorithm in Subsection 6.4. Now, the structure of (26) is fixed, and
we will choose some appropriate coefficients A}, M** fori=1---c+r.

Step 2. For generic choices of parameters A2, M, both X, V are smooth complete, and moreover,
forall1 <np<n=N-c—r,forallindices 0 <v; <--- <v, <N, the further intersection varieties

.....

sake of completeness, we provide a proof in Subsection 7.2 below.

Step 3. For generic choices of parameters A%, M., all the constructed negatively twisted symmetric
differential forms have discrete based loci outside ‘coordinates vanishing part’, see Subsection 6.5
for details. This is the core of the moving coeflicients method.

Step 4. Choose any generic parameters A2, M that satisfy the properties in the above two steps.
We claim that the corresponding sections F1, ..., F,, constitute one ample example.

Proof of the claim. Abbreviate P := ¢, p Pp p and, WP = e FW{‘,W,%PFI ,,,,, r,. Let

.....

L), (43)
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.....

.....

still negative. Then we claim that A" := Opqp (1) ® 1*.7 7! is nef over P.
Indeed, for any irreducible curve C C P, if C lies in at least n ‘coordinate hyperplanes’ defined

by {,,,...,{,,, then by Step 2 we see that C must contract to a point by =, thus JV|C =] ﬁp(gp)(1)|c 1S
not only nef but ample. Assume now that C lies in at best < n ‘coordinate hyperplanes’ defined
by &5 .., ¢, (n could be zero). Since the base locus of all sections in (43) is discrete over the

‘coordinates nonvanishing part’ {{,, - -+ ¢, # 0}, and CN{{,, - - - &, # O} is one-dimensional, we

..........

..........

Lastly, since . > 0 over P, there exists some large integer m > 1 such that & := Opq,)(1) ®
7" > 0is positive over P(Qp). In particular, it is also positive over P. Since ‘nef+ample=ample’,
we have m .4 + &7 > 0 over P, that is ﬁp(gp)(l)hp > 0. O

Thus we conclude the proof. O
Finally, using the product coup, we obtain

Proof of Theorem 1.4. For every i = 1---c + r, since .Z; is almost proportional to .Z, by Propo-
sition 6.1, there exist some positive integers s;,[; > 1, d; > d, such that .,2”1.” = QLo L,
where the line bundle .27 satisfies that .« ® .£" is very ample and that .7, ® .2/ < 0 is negative.
In order to apply Theorem 6.3, first of all, we need an

Observation 6.4. There exist some positive integers s, ..., Seir, € = 1 and d > d, such that:

where g:: L is very ample, and where TQZ ®.Z, % ® L are very ample, and where TQZ ®.L2
B; @ L7? are negative.

Proof. First, by Remark 6.2, we may assume thatd; = --- =d.,, =d > d,.
Next, we may assume that /; = --- = [, = [. Otherwise, we can choose a positive integer /
which is divisible by 11, .. ., l..,, then we receive/rewrite:

L = (o L e LY = e Lo L1 iz,

while &7 ® £ = (o, ® £")"" remains very ample and also <7/ ® £ ! = (o ® L 72)"" < 0.

Lastly, we can choose one large integer m > 1 such that, for all i = 1---¢ + r, not only
L@ (A, ® L™ are very ample, but also .%; ® (27, ® £ ~>!)™ < 0 are negative. Thus, the following
data:

{=ml, 5 =ms;, A =" % = Zed" (i=1-c+r)

1

satisfy the claimed observation. O
Now, we can set:
d = d4,..., L L) = maXicicerr {?z (si — 1)}- (44)
For any integers d,...,d.,, > d, all of them can be written as:
di = pisi+qi(si+1) (i=1-ctr)
for some integers p;, ¢; > 0. Let every:
Fiim flofl fi oo fi EHO(P,QZLI,')

piJpi+l " pitg
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be a product of some sections:

i i 0 5 i i 0 5i+1
Jiseosfy € HU®, L), friisee s Sy € H (P L)
to be chosen, then the product coup reveals the decomposition:
Fc+lv~~-,Fc+rPF1 ,,,,, Fo = Uk=0-c Yigij<<ip<e U1<Vij<pvj+qvj Uttt = e\ it} Y1 <uj<p+g
=1k 1<wy, <w} <prtay, j=c+lctr
I=1-c—k

FULY 5 gt B e
erl l/trl ner‘*k w —k 11 lk
Now, applying Theorem 6.3’, for generic choices of {f;'}, the Serre line bundle Opq,)(1) is ample

on every subscheme PP fek ek perd e P., . ,and therefore is also ample on their union
1l > W%I ----- W}c—k’ W%Ek, Uy > Jucer f"i] ooy

FoiroFor, Pry.F.. Since ampleness is a generic property in family, we conclude the proof. O

Wy

6.8. Effective lower degree bound NV of Theorem 1.2. Now, we provide an effective degree
estimate of Theorem 1.4 inthe case & =--- =%, = Z.

When N = 1,2, Theorem 1.4 holds trivially for d = NV ’. When N > 3, denote the trivial line
bundle on P by 0p. Note that in Observation 6.4 we can take s; = -+ = 5.4, = dg+ 1, € = 1, s0
that:

LYt = 0p 0 L @ LY, LY = Lo LRLY

satisfy the requirements. Thus by (44) we can set:
d = d(.2) = maxiciees, (5 Gi = D} = do(do + 1) = W2 = NV < NV,

In particular, when r = 0, we recover Theorem 1.2.

7. Some Technical Details

7.1. Surjectivity of evaluation maps. Recalling the notation in Definition 3.1, at every closed
point z € P, for every tangent vector & € Tp|z, we can choose any local trivialization (U, s) of the
line bundle .¥ near point z, and then evaluate S, dS at (z,£) by:

S@U,s) = S/s@@) € K,
dS(z,€) (U, s) := d(S/s)(z,¢) € K

If (U, s’) is another local trivialization of .&, then we have the transition formula:

S ' 0 S /
(dS) (2.6 (U,s) = (d R /S) - (dS) (& U,s) (45)
————

invertible
Thanks to the above identity, in assertions which do not depend on the particular choice of (U, s),
we can just write S (z), dS (z, &) by dropping (U, s).

Proposition 7.1. Let .7 be a very-ample line bundle over a smooth K-variety P. Then one has:
(i) at every closed point 7 € P, for any nonzero tangent vector 0 # £ € Tp|z, the evaluation
map:

V; . 0 s 2
(dz(g)) . HOP,.9) K

S — (S@,dS @ 8)"
is surjective;
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(ii) at every closed point z € P, for any N = dimP linearly independent tangent vectors

&,...,6n €Ty E the evaluation map:
Ve
R T
d.(En)

S s (S(2),dS(z,&),....dS (e

is surjective.

Proof. We have the following three elementary observations.

(1) By transition formula (45), property (i) is independent of the choice of local trivialization
(U, s) of . near z, so it makes sense.

(2) In any fixed local trivialization (U, s) of .% near z, by basic linear algebra, properties (i),
(ii) are equivalent to each other.

(3) Property (i) is the usual property of ‘very-ampleness’.
Thus we may conclude the proof by the reasoning ‘very-ampleness’ = (i) < (ii). O
Proposition 7.2. Let . be a very ample line bundle over a smooth K-variety P, and let </ be any

line bundle over P with a nonzero section A # 0. Then, at every closed point 7 € D(A) C P, for any
nonzero tangent vector 0 # ¢ € Typ| , the evaluation map:

Z

A'vz . 0 — 2
@mm)“mﬁ) K

S — ((A-$)@.dA-$)@9)
is surjective.
Proof. 1t is a direct consequence of the formula:
A-v, A(2) 0 Vv, o
(@M»@J:ﬁM@f>A@)«@@J (Leionizs rule]

——
invertible since A(z) # 0 surjective

and of the preceding proposition. O

7.2. Bertini-type assertions. Recalling (26) and that foralli = 1 - - - c+r the line bundles .«7,® ¢
are very ample, we now fulfill the step 2 in the proof of Theorem 6.3. We start with

Observation 1. ‘Smooth complete’ is a Zariski open condition in family.

Observation 2. We only need to prove that, for generic choices of A}, M]™, the hypersurface
H, = {F, = 0} c P is smooth complete.

Proof. Indeed, replacing P by H,, we can repeat the same argument to choose A3, M>’*, and so on.
Thus we know that there exists at least one choice of parameters A2, M;** such that X, V are both
smooth complete. Immediately, by Observation 1 above, it holds for generic choices of parameters.

..........

P, and use the same reasoning to conclude the proof. O
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Observation 3. We can first set all M}** = 0, and then thanks to the following proposition, we can
find some appropriate A} such that H; is smooth complete. Thus we finish the proof of step 2.

Proposition 7.3. Let P be a smooth K-variety of dimension N, and let <7, 9 be two line bundles
over P. Assume that <7 is very ample, and that 9 has N + 1 global sections B, ..., By having
empty common base locus. Then, for generic choices of parameters A, ...,Ay € H'(P, %), the
section:

N
F =) A;B; e H®, o o5
=0
defines a smooth complete subvariety.

Proof. Denoting .4 := EB?’: 0 HO(P, .o7), then P(.#) stands for the projective parameter space of
t = (Ayp,...,Ay). Now we introduce the universal subvariety:

S = (11,9 Fi)=0,dF,(§)=0, V¢ € Te| | ¢ P(A)xP

consisting of singular points. We claim that dim S < dimP(.#). It suffices to show that, for every
closed point z € P, the fibre S, C P(.#) X {z} = P(.#) over z satisfies that codim S, > dim P.

Indeed, choose N linearly independent tangent vector &, . . ., &y at point z, and then consider the
formal K-linear map:

ev: # — KNI
t — (Fi(2),dF,(z,€),...,dF, (z, &))"

By Proposition 7.2, ev is surjective. Note that S, C P(.#) consists of points [¢] € P(.#') such that
ev(r) = 0. Thus we see that:

codm$S, = codim ({0} c K¥*') = N+1 > N = dimP. O

We will see in the proof of Proposition 7.6 that the Core Lemma of MCM plays the same role
as that of the above underlined codimension equality/estimate.

7.3. Emptiness of the base loci. Recalling (41), (42), in order to characterize the base loci
we introduce the following subvarieties (cf. [5, p. 62, (148)]):
A Matyxo e (K) (V2<a<b)
consisting of all b X 2(a + 1) matrices (ag | @y |-+ | @, | Bo | B1 | -+ | Ba) such that:
(i) the sum of all 2a + 2 colums is zero:
oyt +-+a,+Po+BI+ - +B.=0; (46)
(ii) for every v = 0-- - a, there holds the rank inequality:
rankg {@o, ..., @yy .o s Ay @y + (Bo+B1 + -+ B} <a-—1; 47)
(iii) foreveryt=0---a— 1, forevery p = 7+ 1---a, there holds:

ranky {@o + Bo, @1 + B1, . .., A + Brr Urls - e @, ..., Qo @+ Brr1 +--+ B} <a- 1. (48)



From now on, we only consider the closed points in each scheme. For instance, we shall regard:
P(Qp) = (@ [€) : YzeP £ Tyl ).
By the same reasoning as in [5, Proposition 9.3], we get:
Proposition 7.4. For generic choices of parameters A2, M.°, a point:
(z, [£]) € P(Qp) \ {o--- v # 0}

lies in BS if and only if:
[recall 29)]  M(z,&) € A\, O

Now, we introduce the engine of MCM (slightly different from the original [5, Lemma 9.5]):
Core Lemma. For all positive integers 2 < a < b, there hold the codimension estimates:

codim.Z, > a+b—1. O

‘Naive proof’. First of all, the equation (46) eliminates the first variable column:
@ = —(a1+-+a,+Bo+pi+-+ L)

so it contributes codimension value b. Next, denoting S; := }_; B, fori = 0---a, we may rewrite
the restriction (47) as:

rankg {@g, ..., @y ..., @, @, + St <a—1 v=0-a).

By (46), the sum of all columns above vanishes, hence we can drop the first column and state it
equivalently as:
rankg {@1, ..., @y, ..., Qe @, + Sol <a-1 (v=0-a). (49)

Similarly, we can reformulate (48) equivalently as:

rankg {a1 + 81 = So, .o, @ + St =St Qrits oo s Qpy oo U@y + Sy <a—1 (50)
(r=0--a-1, p=1+1--a).
Observe in (49), (50) that the variable columns Sy, ...,S, have distinct status, and moreover that
fori = 1---a, subsequently, each variable §; satisfies nontrivial new equations involving only the
former variables a,,S,...,S,;_1. Thus, the restrictions (49), (50) shoud contribute at least a + 1
codimension value. Summarizing, we should have:
codm.Z, > b+(a+1) > a+b-1. O

Remark 7.5. However, a rigorous proof (cf. [5, Subsection 10.6]) is much more demanding and
delicate, because of the unexpected algebraic complexity behind (cf. [5, Subsection 10.7]).

Thereby, we can exclude positive-dimensional base locus in Proposition 7.4.

Proposition 7.6. For generic choices of parameters A%, M,*, the base locus over the ‘coordinates
nonvanishing part’:

BS\{¢--- v # 0}

is discrete or empty.
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Proof. The proof goes much the same as that of Proposition 7.3, in which the underlined codimen-
sion estimate is replaced by:

codim //ﬁw > N+2c+r—-1 [by the Core Lemma]
[use 2¢ + r = N] >N+N-1
[exercise] = dimP(Qp)
[©] = dim (P(Qp) \ {{o- - {v # 0)).
For the remaining details, we refer the reader to [5, Propositions 9.6, 9.7]. O

This is exactly the first emptiness assertion on the base loci in Subsection 6.5. By much the
same reasoning, we can also establish the second one there (cf. [5, Proposition 9.11]).
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ON THE AMPLENESS
OF THE COTANGENT BUNDLES
OF COMPLETE INTERSECTIONS

SONG-YAN XIE

AssTrACT. For the intersection family 2~ of general Fermat-type hypersurfaces in Pg defined over
an algebraically closed field K, we extend Brotbek’s symmetric differential forms by a geometric
approach, and we further exhibit unveiled families of lower degree symmetric differential forms on
all possible intersections of 2~ with coordinate hyperplanes.

Thereafter, we develop what we call the ‘moving coefficients method’ to prove a conjecture made

by Olivier Debarre: for a generic choice of ¢ > N/2 hypersurtaces Hy,...,H, C Pg of degrees
di,...,d. sufficiently large, the intersection X := H; N ---N H, has ample cotangent bundle Qyx, and
concerning effectiveness, the lower bound d,,...,d, > NV works.

Lastly, thanks to known results about the Fujita Conjecture, we establish the very-ampleness of
2
Sym* Qy for all x > kg, with a uniform lower bound «y = 64 ( iy dl-) .

1. Introduction
The goal of this article is to answer the Debarre Ampleness Conjecture.

Theorem 1.1. The cotangent bundle Qy of the complete intersection X := Hy N ---NH, C Pg of
c > N/2 generic hypersurfaces Hy, ..., H. with degrees > NY is ample.

Precisely, ampleness means that, for all large k > k( > 1, for all pairs of distinct points x,y € X,
the two evaluation maps:

H® (X, Sym* Qx) —» Jet; Sym* Qx| . H’(X,Sym* Qy) - Sym‘ Q| & Sym* Qxl,

are both surjective, where Jet, E |x = O(E) / (m,)? O(E) for every vector bundle E over X.

The hypothesis ¢ > N/2 appears optimal, for otherwise H(X, Sym* Qy) = 0 for all k > 1,
according to Briickmann-Rackwitz [3] and Schneider [15].

As highlighted in [4], projective algebraic varieties X with ample cotangent bundles have several
interesting properties, for instance, the canonical line bundles of all subvarieties of X are ample;
there are finitely many nonconstant rational maps from any fixed projective variety to X ([14]); if
X is defined over C, then every holomorphic map C — X must be constant ([9]); if X is defined
over a number field K, the K-rational points of X are conjectured by Lang to be finite ([10], [13]).

In [1], Brotbek reached a proof of the Debarre Ampleness Conjecture for complex surfaces:
dimc X = N — ¢ = 2. Recently, Brotbek [2] constructed explicit global symmetric differential

2010 Mathematics Subject Classification. 14D99, 14F10, 14M10, 14M12, 15A03, 32Q45.
Key words and phrases. Debarre Ampleness Conjecture, Complete intersection, Cotangent bundle, Symmetric
differential form, Moving Coeflicients Method, Base locus, Core Lemma.
This work was supported by the Fondation Mathématique Jacques Hadamard through the grant N° ANR-10-
CAMP-0151-02 within the “Programme des Investissements d’ Avenir”.
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forms in coordinates by a cohomological approach, and thereby proved the Debarre Ampleness
Conjecture in the case 4c > 3 N — 2 for equal degrees d; = --- =d. > 2N + 3.

In this article, we work over an algebraically closed field K with any characteristic. Our main
theorem is the following, which coincides with Theorem 1.1 for r = 0 and K = C.

Theorem 1.2 (Ampleness). For all positive integers N > 1, for any nonnegative integers c, r > 0
with 2c + r > N, for all large integers d,, . ..,d.,d.;1,...,dcsr > NNZ, for generic choices of c + r
hypersurfaces Hy,...,H.,, C Pfé with the corresponding degrees dy, . .., d..,, the cotangent bundle
Qv of the intersection of the first ¢ hypersurfaces V := H; N --- N H, restricted to the intersection
of all the ¢ + r hypersurfaces X .= H,N---NH.NH. 1 N---NH., is ample.

When 2 (2¢ + r) > 3N — 2, we obtain a linear bound for equal degrees dy = --- = d.4, > 2N +3,
hence we recover the previous lower bound of Brotbek in the case r = 0, and we also obtain a
quadratic bound for all large degrees d,,...,d.,, = (3N + 2) (3N + 3). More information on the
lower degree bound NV * will be given in Section 12.

Lastly, taking account of known results about the Fujita Conjecture in Complex Geometry (cf.
the survey [5]), we will prove in Section 13 the following

Theorem 1.3 (Effective Very Ampleness). Under the same assumption and notation as in the
Ampleness Theorem 1.2, if in addition the ambient field K has characteristic zero, then for generic
choices of Hy, ..., H.,,, the restricted cotangent bundle Sym* QV| 5 Is very ample on X, for every

2
K = Ko, with the uniform lower bound k, = 16 ( Yo di+ X a’,-) .

Concerning organization, we provide basic preliminaries in Sections 2, 3, 4. In Section 5, we
present the proof blueprint of Theorem 1.2, which extends the previous method of [2] by adding
new ingredients in four aspects as follows.

As a matter of fact, our initial idea is to reconstruct Brotbek’s symmetric differential forms [2,
Lemma 4.5] by means of a geometric approach, which turns out to be fruitful in that, not only
we obtain symmetric forms on intersections of general Fermat-type hypersurfaces, but also in
that we discover unveiled symmetric forms on all possible further intersections with coordinate
hyperplanes — see Section 6.

Fundamentally, our central idea is to design more ‘flexible’ hypersurfaces than the pure Fermat-
type ones of [2], so that we can construct many more negatively twisted symmetric differential
forms. To this aim, we develop the moving coefficients method (MCM) in Section 7. Then, we
devote Section 8 to control the base locus of the obtained symmetric forms over the part where all
coordinates are nonvanishing. Lastly, the ultimate difficulty lies in the Core Lemma, whose proof
constitutes the technical heart of this article, and which will be accomplished in Section 11.

Playing an essential role, another key idea is to make use of symmetric differential forms con-
structed over the part where some coordinates vanish, a new feature which removes the last obsta-
cle towards ampleness, and that therefore determines the shape of our desired hypersurfaces — see
Section 9.

Surprisingly, one neat idea, which we term product coup, enables us to construct ample exam-
ples of intersections of hypersurfaces with any large degrees. This settles the Debarre Ampleness
Conjecture and shapes the formulation of our main theorem — see Subsection 5.4.

Finally, we achieve the effective degree estimates of Theorem 1.2 in Section 12.

For shortness, we will often refer to the long version [16] for skipped details.
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2. Restatements of the Ampleness Theorem 1.2

Recalling the projective parameter space of ¢ + r hypersurfaces with degrees dy, ...,d.., > 11is:
( l,+r HO(PN, ﬁPN(d )) c+r Z A Az c K}
la|=d;

for shortness we write it as:

PE}K = PI'O_] K[{A }l|<t|<cd+r] (1)

First, we introduce the two subschemes:
o N
X ¥V C Py xg Py,

where 2" is the family of intersections of all the ¢ + r hypersurfaces:

2=V AL Y AL, Y AT Y AT, 2)

lol=d, |er|=dc ll=de+1 l|=dc.r

and where ¥ is the family of intersections of the first ¢ hypersurfaces:

V=V ) AL Y AL, 3)

lol=d, lor|=dc

Now, let pr,, pr, be the two canonical projections of P Xx P onto its two components. By

restricting pr1| 4oV — Py, we receive the sheaf Q}V /P of relative differentials of degree 1 of ¥
K

over P}, which should be viewed as the family of cotangent bundles of the intersections. Then,
we cons1der the projectivization P(QV /PO) equipped with the Serre line bundle ﬁp(gl )(1) on it.

Recalling the cotangent bundle QIN of P¥ and its projectivization P(QIN) now lookmg at
K

P ..) L P xg P@,) ——P(QL,) 4)

N

’VC—>I P?K XK PN,

we see that Op (1) is the pullback of 75 ﬁp(glN)(l) by?, where ﬁp(glN)(l) is the Serre line
VI Px Fr
bundle of P(Q],,).
K
Next, let 7: P} xx P(Qﬂlmg) — Pp xg P% be the canonical projection, and let 7y, 7, be the com-

positions of 7 with pry, pry:



Py Xk P(QI;%) &)

Let:
P :=742) mP(QWPO) C P(pro) c Py xx P(Qxlpg) (6)
be the ‘pullback’ of 2" C ¥ C P xx P¥ under the map 7, and let:
Op(1) := ﬁP(Q{V/P%)(mP = %Zﬁp(gég)(l)h, (7)

be the restricted Serre line bundle. Then, Theorem 1.2 can be reformulated as below, with the
assumption that the hypersurface degrees are sufficiently large d,,...,d., > 1.

Theorem 1.2 (Version A). For a generic point t € P§, over the fibre P, := n[ (1) NP, the restricted
Serre line bundle Op (1) := ﬁp(1)|P is ample.

We will abbreviate every closed point 7 = [{Aw}l<z<c+r] € Py ast = [Fy: ---: F,], where

. lol=d
Fi:= 3 4=a Ay 2" Then P, = {t} Xg r,, . F., Pr, . r for auniquely defined subscheme:
Feorbe Pk © P(Qpy). (8)
K

.....

Theorem 1.2 (Version B). For a generic closed point [F,: ---: F..,] € Py, the Serre line bundle

Opy (1) is ample on f,
4

To understand better the above statements, we now show the geometric picture.

Lseees Fc+rPFl ----- Fe-

3. The Background Geometry

For each scheme mentioned above, we consider its underlying topological space (K-variety) that
consists of all the closed points.

3.1. The geometry of P(Ql N) and ﬁp(gl ,(1). Recalling the tangent space of PY at every point [z]

is | = KN*!1/K - z, thus the total tangent space of Py is Tey := Tho K" *1/ ~, where:

Thor K o= {(z [€]) : z€ KV \ {0} and [£] € KV /K -, )

and where the quotient relation is (z, [£]) ~ (Az, [4€]), for all 4 € K*.
Note that the K-variety associated to P(QIN) is just the projectivized tangent space P(Tey). Also,

the Serre line bundle ﬁp@l (1) on P(Q! N) corresponds to the Serre line bundle ﬁP(T N>(1) on
P(TPN) whose dual is the tautologlcal line bundle Opcr N)( 1) defined by:

. . — wN+I1 .
Or(r,p)( 1)|([z],[§]) =K-[¢] C Tw| =K Kz (7 (2L ED BTy
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3.2. The geometry of P(Q}V P ), P and P,. Recalling (3), the K-variety of 7 is:

V = {([F1,... Feil,[2]) €Py xPY : Fi(z)=0,VYi= 1...6}_

Moreover, recalling (4), the K-variety of P(Q! ) cC Py Xk P(Q;PN) is:
K

¥ B
P(Typy) = {([Fl ----- Feirl, ([2], [€D) € Py X P(Tpy) © Fi2) =0, dF,L(f) =0,Yi= 1"'0}-
Similarly, the K-variety P C P(TV/P%) associated to P C P(Q}// /po) is:
K

P = {(IF1,....Ferd. (2L [ED) 1 Fi2)=0,dF)|(6)=0,Yi=1--ctr¥j=1--c},
and the K-variety ¢, r.. . Pr .r C P(TP%) associated to (8) is:

Ferber Pror = {([ZLIED : FiR) = 0,dF)| (©)=0,Vi=1---c+r,V¥j=1---c} (10)

4. Some Hints on the Ampleness Theorem 1.2

4.1. Ampleness is Zariski open. The foundation of our approach is the following theorem due to
Grothendieck (cf. [6, II1.4.7.1], [11, p. 29, Theorem 1.2.17]).

Theorem 4.1. [Amplitude in families] Ler f : X — T be a proper morphism of schemes, and let
% be a line bundle on X. For every pointt € T, denote by X, := f~'(t) and &, = $|X. If £ is
ample on X, for some point O € T, then there exists a Zariski open set U C T containitng 0 such
that %, is ample on X,, for all t € U.

Note that in (5), m; = pr; o & 1s proper, and so is its restriction to P. Therefore, by virtue of the
above theorem, one only needs to find one point ¢ € Py, such that Op (1) is ample on P,.

4.2. Largely twisted Serre line bundle is (very) ample. Let 7y: P(Q1 N) — PN be the canonical

projection. By a classical result [8, p. 161, Proposition 7.10], for all large integers ¢ > 1, the
twisted line bundle ﬁp(gl (D) ® g ﬁPN (£) is ample on P(QIIPN)

In fact, one can check by hand that, for all £ > 3, the following global sections:

& ld( J) (i, k=0-N,i#j) (11)

even guarantee the very-ampleness.
Consequently, when ¢ > 3, for every point ¢t € P, the positively twisted Serre line bundle
Op (1) ® 1505y (0) is (very) ample on P, = () NP.

4.3. Nefness of negatively twisted cotangent sheaf suffices. Thanks to the above ampleness,
now we may relax the ampleness goal mentioned below Theorem 4.1.

Theorem 4.2. For every point t € P, the following properties are equivalent.
(i) Op,(1) is ample on P,.
(ii) There exist two positive integers a,b > 1 such that Op(a) ® ﬂ;ﬁp{\é(—b) is ample on P,.
(iii) There exist two positive integers a,b > 1 such that Op(a) ® 7, ﬁpg(—b) is nef on P,.
Proof. (i) = (ii)) = (iii) is clear. To show (iii) = (i), noting that “ample ® nef = ample”
(cf. [11, p. 53, Corollary 1.4.10]), one can use any ample positively twisted Serre line bundle to

compensate the negative twisted degree of the nef line bundle. O
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Repeating the same reasoning, we may obtain:

Proposition 4.3. For every point t € Py, if Op(()) ® 0, ﬁpg(—fz) is nef on P, for some positive
integers €1,{, > 1, then for any positive integers €|,€, > 1 with )/} < €,/ the twisted line
bundle Oy () ® 7} ﬁpg(—ﬁé) is ample on P,. O

By definition, the nefness of .#/*(-b) := Op(a) ® 7} ﬁpg(—b) means that, for every irreducible
curve C C P,, the intersection number C - .#*(—=b) is > 0. Recalling now a classical result [8,
p. 295, Lemma 1.2], one only needs to show H(C, Z(—b)) # {0}. To this end, one would desire
sufficiently many global nonzero sections s, ..., s, € H(P,, Z%(—b)) such that their base locus is
empty or discrete, whence one of s, | e sm| c suffices to conclude.

More flexibly, without fixing a and b, we have

Theorem 4.4. Suppose that there exist some m > 1 nonzero sections:
s; € HY(P,, .7 (=b,)) (i=1-ma,bi>1)
such that their base locus is discrete or empty, then for all positive integers a, b with:
b/a < min{by/ai,...,by,/a,},
the negatively twisted Serre line bundle ./ (—D) is nef. O

5. A Proof Blueprint of the Ampleness Theorem 1.2

5.1. Main Nefness Theorem. Recalling Theorem 4.2, the Ampleness Theorem 1.2 is a conse-
quence of the theorem below, whose effective bound dy(®) for ® = 1 will be given in Theorem 12.2.

Theorem 5.1. Given any positive integer ® > 1, there exists a lower degree bound dy(®) > 1 such
that, for all degrees d,, ...,d.., > dy(®), for a very generic' t € Py, the negatively twisted Serre
line bundle Op,(1) ® ﬁp}%’(_') is nef on P,.

It suffices to find one such ¢ € P}, to guarantee‘very generic’ (cf. [11, p. 56, Proposition 1.4.14]).

We will prove Theorem 5.1 in two steps. At first, in Subsection 5.3, we sketch the proof in the
central cases when all ¢ + r hypersurfaces are approximately of the same large degrees. Then, in
Subsection 5.4, we play a product coup to embrace all large degrees.

5.2. A refined nefness criterion. In practice, it is delicate to gather enough global sections with
empty/discrete base locus to guarantee the desired nefness. To overcome this difficulty, we will
also use nonzero sections of the same bundle restricted to proper subvarieties, and such an idea
will be a key feature of our approach compared with that of [2].

Definition 5.2. Let X be a variety, and let Y C X be a subvariety. A line bundle . on X is said to
be nef outside Y if, for every irreducible curve C c X with C ¢ Y, the intersection number C - .Z
is > 0.

A standard reasoning on irreducibility and Noetherian topology gives ([16, p. 16, Theorem 4.6])

Theorem 5.3. Let X be a Noetherian variety, and let £ be a line bundle on X. Assume that there
exists a set & of closed subvarieties of X satisfying:
() 0e Pand X € &;

Tte IP’% \ U2, Z; for some countable proper subvarieties Z; & ]P’%.
6



(ii) for every elementY € &2 with Y # 0, there exist finitely many elements Z,, . .., Z,, € & with
Zi,..., 2, S Y such that the restricted line bundle $|Y is nef outside the union Z,U- - -UZ,,.

Then £ is nef on X. O
5.3. The central cases of relatively the same large degrees.

Theorem 5.4. For any fixed c + r positive integers €, ...,€.., > 1, for every sufficiently large
integer d > 1, Theorem 5.1 holds withd; = d+¢€,i=1---c+r.

When ¢ + r > N, generically X is discrete or empty, so there is nothing to prove. Assuming

¢ +r < N -1, we now outline the proof.

Step 1. In the entire family of ¢+ r hypersurfaces with degrees d +¢, . . ., d + €., Whose projective
parameter space is P5,, we will work with some specific subfamily which suits our coming moving
coeflicients method, and whose projective parameter space will be denoted by P} c P;. The
presentation of IPH’g will be made partially in Section 7, and then completely in Subsection 9.2.

Recalling (2) and (5), we then consider the subfamily of intersections % c 2":
pri' (P N 2 = & c Py xxPY = pr;' (PY).
Recalling (5), (6), we introduce the subscheme P’ := 771(#) N P c P. By restriction, (5) yields
the commutative diagram:

P’ (12)
m =p1'10%
Pri
Py
Introducing the restricted Serre line bundle Op (1) := ﬁp(1)|P, over P’, in order to establish

Theorem 5.4, it suffices to prove the

Theorem 5.5. For a generic closed point t € P%, the bundle Op(l)®n; ﬁ]p%/(_') isnefonP; :=P,.

Step 2. The central objects now are the universal negatively twisted Serre line bundles:
Ov(a,b,—c) := Op(a) ® m, ﬁ’%(b) ® 1, ﬁpg(—c),

where a, c are positive integers such that ¢c/a > ®, and where b are any integers.
Using the moving coeflicients method, we will firstly construct a series of global universal neg-
atively twisted symmetric differential n-forms:

Se € HP, Op(n,N,-9p)  «=1-), (13)

where n := N —(c+r) > 1 and all 9;/n > @, and where we always use the symbol ‘*’ to denote
auxiliary positive integers, which vary according to the context.
Secondly, for every integer 1 <n <n-—1,forevery 0 <v; <--- <v, <N, considering:

;. -1
P = P AT, == g, =0},

.....

we will construct a series of universal negatively twisted symmetric differential (n — n)-forms:

Viyeons v,,SL’ € HO(V] ..... v,,P/’ ﬁp/(n—ﬂ,N—l],—vl ..... v,,oé’)) (E=1--3%), (14‘)
7



.....

This step will be accomplished partially in Section 7, and then completely in Section 9, and thus
determines the Algorithm of MCM in Subsection 12.1.

Step 3. From now on, we only consider the closed points of every scheme.
Firstly, we will control the base locus of all the global sections obtained in (13):

BS := Base Locus of {S/}i<;<x € P’ (15)
by proving that, on the ‘coordinates nonvanishing part’ lo” =P N Yzo -+ zy # 0}, there holds:
dim BS N P’ < dim PS. (16)
Secondly, forn = 1---n — 1, we will control the base locus of all the sections obtained in (14):
vy BS i= Base Locus of {,, ., Schicecs © vy P
by proving that, on vnlo” = o, P N5 2y o 2, # 0}, where:
{ro,....rnp} = {0,...,N}Y \ {vi,..., v}, (17)
there holds: 5
dim ,..,BS Ny, ., P < dim PY. (18)

This step will be performed mainly by the Core Lemma in Section 8.

Step 4. For the regular map 7;: P’ — P¢, noting the dimension estimates (16), (18), applying
now a classical theorem [7, p. 132, Theorem 11.12], we know that there exists a proper subvariety
2 ¢ P? such that, for every closed point 7 € P \ X:

(i) the base locus of the restricted symmetric differential n-forms:
BS; := Base Locus of {S,(7) := Sg|P;}1<£<$ c P
is discrete or empty over the coordinates nonvanishing part:
dim BS, N P, < 0, (19)
where Io”t =P'N 7 (@0);
(ii) forp = 1---n — 1, the base locus of the restricted symmetric differential (n — n7)-forms:

BS; := Base Locus of{ LS e(t) = | } C P
Viseens Vi St Viseers l1]‘515( ) Viseens VnS[ _ VqP; 1<b<s Viseers V= t
is discrete or empty over the coordinates nonvanishing part:
o
. /
dlm V]seeos V,IBS[ m V]seens V,]P ! < 07 (20)

o

o
where ,, ., P =, POyt ().

.....

Lastly, for n = n, there exists a proper subvariety ¥’ & Pk such that, for every closed point
te Pﬂ’g \X', the fibre &, := % Npr;' (1) — corresponding to the intersection of the ¢+ hypersurfaces
defined by ¢ in Pg —is of dimension n = N — (¢ + r), and moreover all intersections:

VnPN) = {t} x v1,...,v,,@t (0 <<V, <N) 21

.....

are just finitely many points.

Now, we shall conclude Theorem 5.5 for every closed point ¢ € Pk \E U ).
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Proof of Theorem 5.5. For the line bundle . = Op/(1) ® 7} ﬁpg(—v) over the variety P;, we claim
that the set of subvarieties:
Vo= {® P;» Vewos v,,P;} 1<n<n
Oy <--<vyN
satisfies the conditions of Theorem 5.3.

Indeed, firstly, recalling (19), the sections {S /(#)},-1..= have empty/discrete base locus over the
coordinates nonvanishing part, i.e. outside UN_ ", /P- Hence, using an adaptation of Theorem 4.4,
remembering ®/1 < min {Q;/n},<,<s , the line bundle Op, (1) ® m, Opv(—) is nef outside UN S0 P

Secondly, for every integer n = 1---n — 1, recalling the dimension estimate (20), agaln by
Theorem 4.4, remembermg v / 1 < min {H v, ¢/ (M= M}<e<s, the line bundle Op (1) ® 75 Opv(—9)

isnef on ,, " outside UJ —0 Vi B (s€€ (17)).
Lastly, for n = n, noting that under the projection 7: P, — ¢, thanks to (21), every subvari-
ety ,,...,P; contracts to discrete points ,, _, %;, we see that on ,, __, P/, the line bundle @’p;(l) ®

T ﬁpg( ®) = Op, (1) is not only nef, but also ample!
Summarizing the above three parts, by Theorem 5.3, we conclude the proof. O

.....

.....

5.4. Product Coup. We will use in an essential way Theorem 5.4 with all ¢ equal to either 1 or
2. To begin with, we need an elementary

Observation 5.6. For all positive integers d > 1, every integer dy > d* + d is a sum of nonnegative
multiples of d + 1 and d + 2. O

Proof of Theorem 5.1. Take one sufficiently large integer d such that Theorem 5.4 holds for any
integers € € {1,2}, i 1---c + r. Now, the above observation says that all large degrees
di,....d., > d* +dcan be written as d = p; (d + 1)+ q, (d + 2), with some nonnegative in-
tegers pi,q; = 0,i =1---c+r. Let F; := f1 f;lu+1 ** fp+q; D€ @ product of some p; homo-
geneous polynomials fl, cee, f[’,i each of degree d + 1 and of some ¢g; homogeneous polynomials
fll’i*’l’ o5 [pieq €ach of degree d + 2, so that F; has degree d;.

Recalling (10), a point ([z], [£]) € ]P(Tpg) liesin g, . Pp, . r if and only if:

Fi(z) =0, a’Fj|Z(§) =0 (Fi=lwctn¥j=1-c).
Note that, for every j = 1--- ¢, the pair of equations:
Fi2)=0,dFj| (¢)=0 (22)

is equivalent to either:

A1 <v; < pj+q; st fv]}(Z):O’dfv]}z (23)

or to:
1 < w} < f < pj+q; st fvfﬁ(z) =0, fig(z) =0. (24)
Therefore, ([z],[€]) € r..,...r.,Pr,..r. is equivalent to say that there exists a subset {ij, ..., i} C

{1,...,c} of cardinality k (k = O for Q) such that, firstly, for every index j eliy-- i}, (z,é)is a
solution of (22) of type (23), secondly, for every index j € {1,...,c}\ {i;---it}, (z,€) is a solution

of (22) of type (24), and lastly, forevery j=c+1---c+r, one of f’ yeen vanishes at z. Thus,
9
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we see that the variety r_, r.. P, r. actually decomposes into a union of subvarieties:
Feilos FH,PFl ..... F. = Ug=0..c Yl <<ir<c U1<V, <Pv;+dv; Utrired =L\t eos 'k}U1<llj<Pj+6I_/
]—1 k 1<wll<wzl<prl+qr1 j=c+1-c+r

I=1-c—k
1 rl r —k Te—k 1 P .
I3 L i B A g

”fl ’1 Wf( —k ek

Similarly, we can show that the scheme 5, . Pr, _r also decomposes into a union of sub-
schemes:
FestrsFer PPy Fe = Ukz0ee Uty <ocivge Ytsv <py e, i eared =L ee Minenit) V1<u,<p
j=lk 1<w}, <w} <pr 4y, j=c+lctr

I=1-c—k
f’l ] frz‘ k f’c k  potl c+r P .

Lo e gy o Sucer f\ ....... o
w. w w. )
rp W ek “re—k k

Note that, for each subscheme on the right hand side, the number of polynomials on the lower-left
of ‘P’ is #, = 2(c—k)+r, and the number of polynomials on the lower-right is #z = k, whence 2#z+
#, = 2c+r > N. Now, applying Theorem 5.4, we can choose one {f; }. . such that the twisted Serre

line bundle ﬁp(gl )(1)®7r0 ﬁPN( ¥) is nef on each subscheme FUY ek ok pon g P L

Uy 50w, m
c+1 c+r Vi ot
w,] er w, _k Wr ll iy

and therefore is also nef on their union g, _r. Pr,  r. Since nefness i is a Very generic property
in family, we conclude the proof. O

6. Generalizations of Brotbek’s Symmetric Differential Forms

6.1. Preliminaries on symmetric differential forms in projective space. For three fixed integers
N >2,c,r >0suchthat 2c+r > Nand c + r < N — 1, for ¢ + r positive integers d, ..., dq,,,
foralli=1---c+r,let H; C P§ be c+ rhypersurfaces defined by some degree d; homogeneous
polynomials F; € K[z, ...,zy]. Let V be the intersection of the first ¢ hypersurfaces:

Vi=Hin--nH = {z]€P) : F)=0, Vi=1--c}, (25)
and let X be the intersection of all the ¢ + r hypersurfaces:
X:=H0-NHey = {I€P) : Fix)=0, Vi=1-c+r). (26)

It is well known that, for generic choices of {F;}{*], the intersections V = N¢_, H; and X = N7 H,
are both smooth complete, and we shall assume this henceforth. Set:

n:=N-(c+r)=dmX,
and observe that 1 <n < c.

Let us denote by 7: KV*!\ {0} — P¥ the canonical projection. For every k € Z, over any Zariski
open subset U C P¥, sections in H° (U, ﬁpg(k)) can be defined as regular functions f on n~'(U)
satisfying f(1z) = A* f(z), forall z € x~'(U) and all A € K*.

For the cone V := n71(V) = {z € KM\ {0}: Fi(z) = 0,¥i = 1---c} of V, we define the
horizontal tangent bundle T}V which has fibre at any point z € V:

ThorV|, = {[€] € KN [K -2 dF)|(6) =0, Vi=1---c}.

Its total space is:

ThoeV = (@ [£D) 1 2€ V., [€] € KN [K -2, dF)| (£) =0, Vi=1---c}. (27)
10



Thus the total tangent bundle Ty of V can be viewed as:
Ty = ThoV/ ~,  where (2, [€]) ~ (Az, [44]), ¥ A € K.

Let Qy be the dual bundle of Ty, and let QhorV be the dual bundle of ThorV. For all [ > 1 and for
all © € Z, we denote by Sym’ Q,(v) := Sym’' Qy ® 0,(¥) the twisted symmetric cotangent bundle.

Proposition 6.1. Let Y C V be any regular subvariety. For every Zariski open set U C Y together
with its cone U := n=1(U), there is a canonical injection:

HO(U, Sym' Qy(9)) = H(U, Sym’ Oy V),
whose image is the set of sections © satisfying:
D(Az, [4€]) = 27 D(z, [£]), (28)

forall 7 € ﬁ, forall [£] € Thor/‘;

. and for all A1 € K*. O

In future applications, ¥ = X or ¥ = XN{z,, = 0}N---N{z, = 0} for some vanishing coordinate
indicesO<v; <--- <y, <N.

6.2. Symmetric horizontal differential forms. Now, we introduce the Fermat-type hypersur-
faces H; c PY defined by some homogeneous polynomials F; of the form:

N
S
Fi= Y AlZ) =t (29)
=0
where A, ..., Ay > 2 are some positive integers and where A{ € Klzo, 21, . - - , 2Zv] are some homo-

geneous polynomials with deg A/ + A; = deg F; for j=0---N.
Differentiating F; fori = 1--- ¢, we receive:

J

N
A1
dFi:Z B/z (i=1-0),
=0

where B{ = zjdA'l.i + /le'l.’dzj. Now, set 70;’ = A{zj, so that F; = Z?’:O K{zj"_] has the same
structure as d F;.
We denote the cone of X by:
X :={zeK"\(0}: Fi)=0, Yi=1---c+r}.

For all z € X and for all [£] € ThoV

. by the definition (27) of Ty, V, we have:

Z]Jy:o K,J Zj-j_l (@)=0 (i=1ct+n),
N pj A-1 _ (30)
Zj:O Bi(z,f)zj (2)=0 (i=1-c).
1



Now, we view these ¢ + r + ¢ equations as a linear system with N + 1 unknowns zg‘)_], e z’,i,”‘lz
A0 AN
AY A]
Q-1 : :
ZOO ~.
A0 .. AN
C| + [|=0, where C:= Bcgf BCIV . (31
i O
ZN .
0 N
B ... B

Next, let D be the upper (c + r + n) X (N + 1) = N X (N + 1) submatrix of C. For every
Jj=0---N, let D; denote the submatrix of D obtained by omitting the (j + 1)-th column, and let
D; denote the (j + 1)-th column of D. Introduce the affine W; := {z; # 0} C PN having cone

W- =~ (W;) c KN*1\ {0}. Denote also U; := W; N X, whose cone is U =7 1(UJ) C X. Lastly,
let Qo KV be the dual bundle of T, KV*!, y and let QKM be the cotangent bundle of KN*!.

Proposition 6.2. For every j = 0--- N, on the affine set WJ-, the following affine symmetric hori-
zontal differential n-form is well defined:

5= CV

@ det(D;) € H(W;, Sym" QuoK"*). (32)
Z]
Proof. It suffices to treat the case j = 0. First of all, we may view w, € HO(VO, Sym" QKN “), and
in order to show @y € H(V,, Sym” Quo KV*!), we only have to check that:
Wz, &+ 12) = Wo(2, &) (VaeVo, £k, pek). (33)

Coming back to the definitions of B{ and K: , Euler’s identity gives:
B{(Z,f +uz) = B{(Z, E+u (/lj + deg Al]) FA'l](Z) (i=1-c,j=0-N).

Therefore, the matrix 60 (z,& + A7) not only has the same first ¢ + r rows as the matrix Bo (z,6),
but also for every £ = 1 - - - n, the (¢ +r+ £)-th row of the former one is equal to the (¢ +r+¢)-th row
of the latter one plus a multiple of the £-th row. Therefore both matrices have the same determinant,

which verifies (33). O
Cramer’s Rule. In a commutative ring R, for all positive integers N > 1, let A% Al .. AN e RV
be (N + 1) column vectors, and suppose that 7,21, . ..,2y € R satisfy:

AOZ() +A1Z1 + "'+ANZN = 0.
Then for all 0 < i, j < N, there hold the identities:
(1) det (A°,...,AJ,...,A)z = (1) det (A°,... AL,... A)z; O

We may thus glue horizontal symmetric differential forms.

Proposition 6.3. The following (N + 1) affine symmetric horizontal differential n-forms:
_ 1
w; = Sl det(Dj) € HO(U], Sym" QhorV) (j=0-N)

Zj

12



glue together to make a symmetric horizontal differential n-form on X

Proof. Proposition 6.2 yields that, by restriction, each w; € Ho(ﬁj, Sym” QhorV) is well defined.
We now show that, for every 0 < j; < j, < N, the two forms w;, and w,, glue together along

U,nU,.

Indeed, recalling (31), granted that D consists of the first (¢ + r + n) rows of C, applying the
above Cramer’s rule to all the (N + 1) columns of D and the (N + 1) values zg(’_l, - ,ZANN_I, we
receive:

: = . ;-1 3 = | 1,-1
(-2 det(Dp,)2)" " = (=1) det (D) 2> .
When z;, # 0,z;, # 0, dividing by zjl“ B zjzjz_l on both sides, we conclude the proof. O

By permuting the indices, the preceding Proposition 6.3 generalizes to any (¢ + 7+ n) X (N + 1)
submatrix of C containing the upper ¢ + r rows. Indeed, for every 1 < j; <--- < j, < ¢, denote by
Cj,...j, the (c+r+n)x (N + 1) submatrix of C consisting of the first upper ¢ + r rows and the rows
c+r+ji,...,c+r+j, Also,for j=0---N, let C
by omitting the (j + 1)-th column.

jl ~~~~~ jn;j ..... j

Proposition 6.4. The following (N + 1) affine symmetric horizontal differential n-forms:

— (=1)/ —~ —~ —
Wiy jnsj = ? det (le,.--,jn;j) S HO(UJ', Sym" Qhorv) (j=0--N)
J
glue together to make a global symmetric horizontal differential n-form w;, _;, on X. O

6.3. Twisted symmetric differential forms. Now, applying Proposition 6.1 to the above sym-
metric forms, we thus generalize [2, Lemma 4.5].

is the image of a global

,,,,, n

.....

under the canonical injection as a particular case of Proposition 6.1:
HO(X, Sym” Qy(9)) < H(X, Sym” Quo V),

with the twisted degree:
c+r n N
Q?::Zdeng+Zdegqu—Z A +N+1. (34)
p=1 g=1 Jj=0

For all homogeneous polynomials P € H(PY, Opx(deg P)), by multiplication:
€ H(X, Sym” Qy(deg P + ©)). O

..... Jn

Proof. According to the criterion (28), we only need to check, for all z € 5(\, for all [£] € Thor/\; .
and for all 1 € K*, that:

W,,..;(Az, [AE]) = ¥ W, ;. (2, [€)), (35)

which follows from direct computations (cf. [16, Proposition 6.10]). O
13



Now, let K be the (¢ + r + ¢) X (N + 1) matrix whose first ¢ + r rows consist of all (N + 1) terms
in the expressions of F1,..., F,, in the exact order, i.e. the (i, j)-th entry of K is:

1
Ki; —AJ ! J’ll (i=1-ctr, j=1-N+1), (36)

and whose last ¢ rows consist of all (N + 1) terms in the expressions of d F,...,d F, in the exact
order, i.e. the (c + r + i, j)-th entry of K is:

A
KL+}"+I] = d(Aj : - l) (i=1-c,j=1-N+1).

The j-th column K; of K and the j-th column C ; of C are proportional:

K;=C,;z/ ” b o tene, (37)

In later applications, we will be mainly interested in determining the base locus of wj, _; in the

.....

coordinates nonvanishing part {zy - - - zy # 0}, thus, using (37), we may compute the corresponding
symmetric horizontal differential n-forms w;, _; as:

.....

o (- 1) (-1 e
(,()j1 ,,,,, jn;j = pp det (CJI s J) = To-1 T det (Kjl ’’’’’ jn;j) (j=0--N), (38)
ZJ ZO “o ZN
where Rj] .. j 1s defined as an analog of C; it

6.4. Twisted symmetric differential forms with some vanishing coordinates. Investigating fur-
ther the above construction of symmetric differential forms, for every integer 1 < n < n — 1, for
any indices 0 < v; < --- <v, < N, by focusing on:

V0geens HX = X m {Zvl - O} {ZV,] - O}

we can also construct a series of twisted symmetric differential (n — n)-forms as follows.

For indices 1 < j; < -+ < j,—, < ¢, denote by ,, C Jtviney the (N =1) X (N =1+ 1) submatrix
of C determined by the ﬁrst c+rrows and the selected TOWS c+r+ ji,...,c+r+ j,_, as well as the
(N —n+ 1) columns which are complement to the columns v; +1, ..., v, + 1. Next, for every index
JEAO,....N}\ {vi, ..., v}, let Cj,,m,j”_”;j denote the submatrix of ,, _, G; ;= obtained by

deleting the column Wthh 1S orlgmally contained in the (j + 1)-th column of C. Lastly, denote:

wX N{z; # 0},

-----------

..... Uj).
Now, we have two very analogs of Propositions 6.4 and 6.5. Before, we write the (N —n + 1)
remaining numbers of {0,..., N} \ {vi,...,v,} in the ascending order ry < r; < -+ < ry_y.

.....

--------

Proposition 6.6. For all j = 0---N —n, the following (N + 1 — n) affine symmetric horizontal
differential (n — n)-forms:

(_1)1‘ — — —~
- — 0 n—n
ViV @ tessfumgirj *= T det (w ..... Vr]le,---ajn—n;rj) eH (m qur,-’ Sym Qhorv)

.....

€ HO(Vl vnf(\, Sym" ™" QhorV). O
14



..... a)jl,...,jn,ﬂ on V],...,V,]X LS the

.....

HO (vl ..... v,,X Symn UQV(VI ..... v,, .,j,,_n)) — HO (V] ..... vﬂy’ Symn_" Qhorv)’

with the twisted degree:

c+r n-n N n
oy Qiny 1= ) deg Fyt Y deg Fj, = (Y. ;=D 4, )+ N =m+ 1. (39)
p=1 q=1 Jj=0 pu=1

Furthermore, for all homogeneous polynomials P € H'(PV, Opn(deg P)), by multiplication:

VnX’ Sym"_” QV (deg P+ " Vnojl ..... jn—q))' O

----------------

.....

compute the corresponding symmetric horizontal differential (n — n)-forms ,, __, w;, . ., as:
— ( 1)/ ~ (=1 .
V1,...,v,,wjl,...,j,,,,,;r, - - det (\1 ..... v, 7le,...,j,,,,,;rj) = m det ("1 ----- Vi Kjlv"'vjnﬂ];r/) (j=0-N-n), (40)
er ng o N-y

where ,, le jny:r; 18 defined as an analog of ,, Ejl,...,./n_,,;rj~
The two identities (38) (40) will enable us to efficiently narrow the base loci of the obtained
twisted symmetric differential forms, as the matrix K directly copies the original equations/differentials

of the hypersurface polynomials F1, ..., F.,,.

Remark 6.8. We may also give a scheme-theoretic point of view on the obtained twisted symmet-
ric differential forms, over an arbitrary field K, see [16, Subsection 6.5].

7. Moving Coefficients Method (I)

7.1. Motivation and ideas. It would be natural to try to settle the Debarre Ampleness Conjecture
by means of pure Fermat-type hypersurfaces F; = N 0 Al 5 with deg A} = € > 1, a strategy
which was indeed successful in [2] for the case 4¢ > 3N 2

However, one could soon realize that this approach would not work, simply because, for instance
in the limiting case N = 2¢ (with r = 0), one could only obtain a single symmetric form w €
HO(X, Sym‘ Qx(— 9)) for such intersection X = H; N---N H,, since 1 < j; <+ < j, <c=n
forces j; = 1,..., j, = n, whereas dmP(Tx) =2dmX -1 =N-1> 1.

To overcome this difficulty, our core idea is to look for more ‘flexible’ hypersurface equations,
such that they can be expressed as general Fermat-type polynomials in several distinct ways, while
keeping negative twist for all the symmetric differential forms obtained by Proposition 6.5.

To be more precise, assume that N = 2¢, r = 0, and that all hypersurface equations Fy,..., F.
have the same degree d. First, every F; can have a lot of homogeneous monomials, and we arbitrar-

ily gather them in N + 1 parts as F; = Z?’:O F 1] . Next, for every j = 0--- N, choose the maximum
15



integer A; such that zjj divides F’ ..., F Z, so F; rewrites under the form F; = Zy:o A{ zj". Hence
by applying Proposition 6.5, we receive a symmetric differential form with twisted degree:

N
@:Nd—Zﬂj+N+1 [use (34)].
j=0

Lastly, we think on how to make © < —1. Observe that, although each 4; < d, yet the total number
of 4, is N + 1 > N = the multiple number of d, and it is this feature that leaves some room to
design the moving coefficients method (MCM). Indeed, we can choose all but one 4; ~ d > 1,
and let the remaining one 4, > } ., (d — 4;) + N + 1 be large enough, so as to ensure:

O= A+ ([d-A)+N+1 ~ -4, <-I. (41)
J#EV
Let us best illustrate this central idea of MCM by the following ¢ hypersurface equations, each
being a Fermat-type polynomial plus one moving coefficient term:

N
j A A
Fi= ) Al + Mz’ -z =10,
=0

where A{ , M; are some homogeneous polynomials of degree € > 0, and where Ao +---+ Ay = d are
some positive integers to be determined. For every v = 0 --- N, associating the moving coeflicient
term M; zgo . -z;lvN to the term A zf , We may rewrite:

N
Fi= (A + M,-zé”--sz) + Z A{z? (i=1-0),
J#EV
and thus by Proposition 6.5, we obtain a symmetric differential form with twisted degree ©, =
—A, + Ne+ N + 1. Therefore we require all 1, > Ne+ N + 1 + 1 to make ©, < —1.

7.2. Global moving coefficients method. Recalling Theorems 5.1, 5.4, we first fix positive in-
tegers ®,€,...,€4, > 1. Skipping some thinking process which essentially roots in the above
example, we construct the following ¢ + r hypersurface equations, each being a Fermat-type poly-
nomial plus N + 1 moving coefficient terms:

N N
i o d-N
F;:= A,{Z;{"'Z Mg g T (i=1wc+r), (42)
=0 k=0
where all coeflicients A{ , Mf € K[zo,...,zy] are some degree ¢, homogeneous polynomials, and

where all positive integers u,,d are to be chosen by a certain Algorithm, so as to make all the
symmetric differential forms to be obtained later have negative twisted degrees. For the moment,
instead of making the Algorithm clear, we prefer to roughly summarize it as:

I < max{€lictcer < o < -+ < uy < d. 43)

Mo grow exponentially

There are two kinds of manipulations in MCM to transform the polynomials Fy,..., F., to

Fermat-type. The first one is much like the above example, in the sense that we view all the N + 1
16



moving coefficient terms as a whole. Precisely, for every v = 0--- N, for all F;, we associate all
(N + 1) moving coefficient terms with the term A’ z¢ by rewriting:

N
F; = Z Al + (A0 + Z MEy e 2 ™) s, (44)
J#EV k=0
By (43), all terms in the bracket are divisible by z,°. Now applying Proposition 6.5, for every
1 <j; <---<j, <c, wereceive a twisted symmetric differential n-form:
¢ € HX Sym" Qu(@ ),

Jlseees Jr

whose twisted degree ©% . according to formula (34) is negative:

,,,,,

c+r n

vid = — U+ Z € + Z €, +N+1< —ne [compare with (41), use (43)]. 45)
i=1 =1

Jlsees jn -

The second kind of manipulations is, for every 7 = 0---N — 1, forevery p = 7+ 1--- N, for
all F;, to associate each of the first (r + 1) moving coeflicient terms with the corresponding terms

A? 74, to associate all the remaining (N — ) moving coeflicient terms with the term AY zfoi, hence to
rewrite:

T N N _
F; = Z (Af-‘zf + M2 ~-z§(,kzi_N”k) + Z A{z‘j + [Afzz + Z M2y z‘;’ . --zfv"zij“’ (i=1-c+n).
k=0 =+l jerl
JEp
(46)
Each bracket in the first sum is divisible by the corresponding zz_N“ *, and remembering (43), the
last square bracket is divisible by z,*'. Now applying Proposition 6.5 again, for every 1 < j; <

-+ < j, < ¢, we receive a twisted symmetric differential n-form:

,,,,,,,,,,,,
P
,,,,,

whose twisted degree 97

ct+r n

.
@;’lp = Heer t Z N py + Z € + Z €,+N+1 < —n®w [compare with (41), use (43)]. (47)
k=0 i=1 =1

.....

8. Controlling The Base Locus
Recalling the claimed step (16), at first we shall determine the:

- v, T, P
Base Locus of {qﬁyl e J} =: BS c P} x P(Ten). (48)

Tl I<ji << jnse

~~~~~~

To keep fluidity, we leave some technical preparations in Section 10, and start with
8.1. Characterization of BS. For a fixed v =0--- N, we first study:
Base Locus of {qbv-

Jlseess jn}1<j1<...<jngc

. v ¢
=: BS” C P{ X P(Tg).

For every 1 < j; < --- < j, < ¢, by mimicking the construction of the matrices K,thm, g at
the end of Subsection 6.3, in accordance with the manipulation (44), we construct the (¢ + r + ¢) X
(N + 1) matrix K” analogously, i.e. by copying terms, differentials, and then we also define the
corresponding R‘]’l

----- JnsJ°
17



Now, let us look at points ([A:, M:], [z], [£]) € BS” with z - - - zy # 0. For the sake of readability,
we will keep in mind the parameter (A:, M:) without writing it. Recalling Propositions 6.4, 6.5, for
every ¢ . corresponding to ¢% ., forevery j=0---N, we have:

_ _ (=1 >
0 - ¢j],...,jn;j (Z’ é‘:) - Zg . X] det (Kj],‘-.,jn;j) (Z’ é‘:) [Use (38)]9

where all integers % are of no importance here. Indeed, we can drop the nonzero factor z(*_lii :
0 N

det( K;h...,j,,;j ) (Z’ é‘:) = 0
—_——
NN matrix
In other words:
ranke K, (2, €) <N -
Now, letting the index j run from O to N, we receive:

rankg K% 5 (2,§) SN -1, (49)
~—n,_/

.....

NX(N+1) matrix

where K" _____ j, 1s defined analogously to C" _____ ;, before Proposition 6.4.

Now, denote by H” the same submatnx of all KV ., that consists of the first ¢ + r rows. Then
Proposition 10.9 below asserts that:

rankg H'(z) = c + r, (50)

for all parameter [A:, M?] € Pk \ ¥, where £ & Pﬁ is some exceptional proper subvariety.
Now, in (49), letting 1 < j; < --- < j, < ¢ vary, by Lemma 10.2 below, we receive:

rankg K" (z,&) < N — 1. (61))
Also, note that ([z], [£]) lies in the variety (10) defined by [A:, M:], in other words:
the sum of all columns of K" (z, £) vanishes. (52)

Conversely, it is direct to check that any ([A;, M;], [z], [£]) € P} % IE)(TP%) satisfying the above
two conditions (51), (52) must lie in the base locus BS”, where:

P(Tpy) := P(Tey) N{zo -+~ zv # O}.
Thus we conclude the following generic characterization of BS” N {zy - - - zy # 0}.
Proposition 8.1. A point ([A:, M:], [z],[£]) € (IPH‘Q \ 2Y) X I?P(Tpg) lies in the base locus BS" if and

only if:
rankg K" (z, &) < N — 1, and the sum of all columns vanishes. O

Now, for every 7=0-- N landp =7+ 1---N, we may repeat the same reasoning to analyze

.....

. , ¢
the manipulation (46), and we receive some analogous X™” & Pg.

Proposition 8.2. A point ([A:, M:], [z], [£]) € (Pk \ ZPP) X I%(Tpg) lies in BS™” if and only if:

rankg K"? (z,&) < N — 1, and the sum of all columns vanishes. O
18



To give a neat characterization of BS, which is equal to the intersection of all BS”, BS™”, it is
now time to clarify the (uniform) structures of the matrices K”, K*#.

First of all, we construct the (¢ + r + ¢) X (2N + 2) ambient matrix M such that, for every
i=1---c+r, j=1---c, its i-th row copies the (2N + 2) terms of F; in (42) in the exact order,
and its (c + r + j)-th row is the differential of the j-th row. In order to distinguish the first (N + 1)
‘dominant’ columns from the last (N + 1) ‘moving coefficients’ columns, we write M as:

M= (Aol 1Ay |Bo|-|By).
For every v = 0--- N, comparing (44) with (42), the matrix K” is nothing but:

N
K= (Aol 1A |- Ay A, + > B)), (53)
j=0

where the last column is understood to appear in the ‘omitted’ column. Similarly, for every 7 =
0---N—-1landeveryp =7+ 1---N, comparing (46) with (42), the matrix K“# is nothing but:

N
KT’p:(Ao+Bo|"'|AT+BT|AT+1|"'|Ap|"'|AN|Ap+ Z Bj)- 54)

j=r+1
Next, the two preceding propositions lead us to consider the subvariety:
My, C Mate w1 (K) (55)
consisting of all (¢ +r + ¢) X 2(N + 1) matrices (@ | a1 | -+ | an | Bo | B1 | -+ | Bn) such that:
(i) the sum of all 2N + 2 colums is zero:
ay+a+-+ay+Bo+pfi+ - +Bn=0; (56)
(ii) for every v = 0--- N, there holds the rank inequality:
rankg {@g, ..., @y ..., AN, @+ (Bo+B1 + -+ By} S N-1; (57)
(iii) forevery 7 =0---N — 1, forevery p =7+ 1--- N, there holds:
rankg {ao + Bo, a1 + B, ..., 7+ Br, Uity - - - a, ..., an, @+ Brar +--+ By <N -1 (58)
Finally, letting X" & Pk be the union of all exceptional loci £ and X™*, we thus receive
Proposition 8.3. A point ([AZ, M:], [z], [£]) € (P% \ X)X IE’(TPQ) lies in BS if and only if:
M(z,&) € A\, O
8.2. Emptiness of the base locus. Now, it is natural to introduce the subvariety:
< P x P(Tan),
which is defined according to Proposition 8.3 by:
M., = (1AL M]; [21,[€]) € P X B(Ten): M(z,€) € AL, ). (59)

jtlfv

2¢c+r

In order to estimate the dimension of Mé"c -.,» we now claim the following Core Lemma in ad-

vance, whose proof will constitute the most technical part of this article (see Section 11 below).
Core Lemma. For all positive integers 2 < N < M, there hold the codimension estimates:

codim.#y > M+ N — 1. O
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Proposition 8.4. There holds the dimension estimate:

dim MY < dimP§. (60)

2c+r

Proof. Let m, m, be the two canonical projections of PfK X P(Tp~) onto two components. For every

J=(zl],[€)) € I%(TPN), we now estimate the dimension of:

(é) nM ZC-H‘ C PH‘Q X {(},
which is isomorphic to its image gMé\’C ., C PY under 7.
Let7: K*1\ {0} — Pk be the canonical projection. From (59) we see that:

A_l([ 20+r) U {0} c K‘_H
is nothing but the inverse image of .#,", under the K-linear map:
Mz,‘f: K’H — Mat(2c+r)><2(N+1)(K)
(ALM) — M)

Moreover, Lemma 10.4 below asserts that MZ ¢ 1s surjective. Thus we have:

codim ///hw = codimm 1(( chrr) U {0} = codim 5M26+r [use Theorem 10.7 below],
and hence:
dimz;'(0) N M., = dim M}, = dim P¥ — codim A2, .
Finally, applying the Core Lemma:
codim Y, >2c+r+N—13>dmP(Te),
we receive the desired estimate:
dimmy' () N MY, < dimP} — dim P(Tew).
By the standard argument on dimensional counting, we finish the proof. O

Now, by the projection 7y : MQ’L Y IPDH’g and the dimension estimate (60), thanks to a familiar

result [7, p. 138, Theorem 11.12] in algebraic geometry, we obtain

Proposition 8. 5 There exists a proper algebraic subset X" & Pk such that, for all t € Pﬁ \ X", the
fibre 7' (t) N MY _is discrete or empty.

20+

Combining Propositions 8.3 and 8.5, we successfully control the base locus BS, := BS nz;' ().

Proposition 8.6. For all parameters t = [A:, M:] € PfK \ (X" UX"), the base locus BS, is discrete
or empty over the coordinates nonvanishing part {7 - - - zy # 0}.

9. Moving Coefficients Method (II)

9.1. Obstacles of MCM when some coordinates vanish. It would be desirable to find one pa-
rameter ¢ such that BS, N {zy - - - zy = 0} is discrete or empty, whence the semicontinuity theorem
would guarantee the same property for all generic ¢. Then, together with the above Proposition 8.6,
we would prove the Debarre Ampleness Conjecture! However, this is impossible because, for in-
stance when zy = 0, we can check that all the obtained global symmetric differential forms either
vanish or become the same one, up to a scalar of the form zj - - - z3,_,. Moreover, all hypersurface
equations in (42) become exactly Fermat-type F; = ZN ! AJ d , so even with the further help of
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Propositions 6.6, 6.7, we cannot construct enough negatively twisted symmetric forms. Neverthe-
less, supposing at this moment that we still have abundant moving coefficient terms:

N-1
ZAJZd_l_Z Mkz.uk Z#k Zuk 1Zz N,uk,

j=0

Fi|ZN=0

we may then continue to move on by adapting MCM .. .. Yet when further coordinates vanish, the
same obstacle might appear ...

9.2. Refined construction of hypersurfaces for MCM. The above reasoning process leads us to
construct the following ¢ + r refined homogeneous polynomials Fy,..., F.,,, each being the sum
of a dominant Fermat-type polynomial plus an ‘army’ of moving coefficient terms:

1
Y d-1
FfZZ A7z + Z DL MR R e, (6D

j=0 I=c+r+1 0<jo<<ji<SN k=0

where all coefficients A?, Ml.';' € K[z, ..., zy] are some degree € > 1 homogeneous polynomials,
and where all positive integers ¥, d are to be chosen by a certain Algorithm, which is designed to
make all the symmetric differential forms to be obtained later have negative twisted degrees. For
the moment, we just roughly summarize the Algorithm as:

I < max{€liztcor <K fesrs10 < 00 K< Pepritesrsl K omeee Kpyo L - <L uyy <d,  (62)

He+r+1,0 Erow exponentially N, grow exponentially

and we will state it explicitly in Subsection 12.1 below when it is really necessary.

The above construction fulfills the claimed Step 1 in Subsection 5.3. Now, we illustrate how to
transform (61) into the form (42), so as to apply MCM that we have developed in Section 7.

First, we rewrite the polynomial F; by extracting the terms for which [ = N

Jd Jowdiiik ik | Hk | pik d=lug
Fi= Z At Zt Z Z Z Mi Z?o Z};k Zlsz Zje +

I=c+r+1 0<jo<-<jiISN k=0

+ZM° """ Nk z"” kNI i,

. gy - d—ly - )
Next, we associate each term MO/l ik Ak Ak C7HE i the second sums with the cor-
l Jo Jk Ji Tk

responding term A% z¢ in the first sum by rewriting F ; as:
P g i <, y g

N N
i _d—o 0,...N;k _Hn, ] k _d—N py, .
= DGl 3 MG G g e, (63)
j=0 k=0

where 0y := (N — 1) uy_1 n-1 and Cl.j are uniquely determined by gathering:

N-1
J d=6n _ AJ d Jowendtidi k- Tk _puk_d=lui
Ci Zj - Ai Zj + Z Z Mi Zﬁo 27A Z?z ij ’
I=c+r+1  0<jo<<ji<N
Ji=J for some 0<k<!
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ON

namely, after dividing out the common factor zj{_ — guaranteed by (62) — of both sides above:

N-1
J e AJ 0N Jowndiidk ik HIE ik _ON—=luik
Ci=Az + }: El M; SNREEE SREEE S
I=c+r+l  0<jo<<ji<N
Jx=j for some 0<k<!

Note that by the Algorithm (62), we now have the rough estimates:
deg C/ = +0y =€+ (N—Duy iy < ping < -+ < pyy < d, (64)

with the same growth structure as the previous Algorithm (43)!

Thus, we are able to adapt the MCM in Subsection 7.2 to produce a series of negatively twisted
symmetric differential forms. Indeed, using the same kind of manipulations and the corresponding
notation, forevery 1 < j; <--- < j, <c, forevery v =0--- N, we receive:

¢ € HX Sym" Qu(@ ),

.....

with negative twisted degree:
c+r
vid = —uno+ Noy + Z € + Z €,+N+1< —ne [compare with (45), use (64)].  (65)
i=1 =1
Also, forevery 7 =0---N — 1, foreveryp =7+ 1--- N, we receive:

wir e H(X,Sym" Qu(@3” ),

with negative twisted degree:
c+r

op = —ﬂNT+1+ZN/1Nk+(N 7—1)5N+Z EI+Z €, +N+1< —n®  [see(d7), use (64)]. (66)
i=1 =1

Thus, we complete the claimed construction (13).

To respect the coherence of notation, we will continue to denote by P the projective parameter
space of Fy,...,F., in (61), and we will also use the same notation as in Section 8, and then
by exactly the same arguments, everything goes on smoothly, and finally we get the analogue
Proposition 8.6, which is our claimed estimate (19).

9.3. MCM with vanishing coordinates. Forevery 1 <n <n-1,forevery0 <v; <--- <y, <N,
consider the intersection of X with the n coordinate hyperplanes:

vy X =X 0 {zy = 04NN {z, = 0}

Recalling the claimed step (14), we now investigate further the MCM to construct a series of:

we € HO (v1 ..... an» Symn_’7 QV(OK)) (E=1--%),
with all ¥, < —(n —n) @, as follows.
First, we write the complement elements of {vi,...,v,}in{0,...,N}asry <--- < ry_,. Observe
that in Propositions 6.6, 6.7, the polynomial terms in Fy, ..., F.,, involving z,,, ..., Zy, eventually

play no role — because they just vanish. Thus, we may decompose F; into two parts:

rid, \NX'  \'  \" a0 Titie Mk lk Lk _d— l,ulk
Fi= ZA“Z YD Mg T

I=c+r+1 O<]()< <J[<N n k=0 (67)
v
+ (Residue Terms),' (=1 ctr),

negligible
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where the first part (1* line above) only involves the variables z,, . . . s Zryoy> and where the second
part (2" line above) collects all terms involving at least one of LA
Next, before applying Propositions 6.6, 6.7 to (67), it is appropriate to write:

,,,,, i3 d-1
Y YD VD W e o e R

I=c+r+1 0<jo<<jiISN-n k=0

Now, we see that the above (68) has the same structure as (61), in the sense of replacing:
N & N -1, {0,....N} e {ro,....rny).

Thus, we are able to adapt the MCM in the preceding Subsection 9.2 to produce negatively twisted
symmetric differential forms.
Indeed, using the same kind of manipulations and the corresponding notation, for every 1 < j; <
* < Ju—y < c, forevery v =0--- N —n, we receive:

et @y € D, X SYM™ Qy Gy, @5 D)

with negative twisted degree:
c+r n-n

Vi Vq@; ,,,,, oy = THN-O T (N—-1n)6n—y + Z € + Z €, +(N-m+1 < -(m-ne [compare with (65)], (69)
i=1 =1

where dy_, is defined by replacing:

(N=Dpun-1ny-1 =0n < On—yp:=(N—n—1) un_p-1n-y-1.

Also, foreveryr=0---N—-n—1,foreveryp =7+ 1---N —n, we receive:

Tp O
Voo V'ijl ...... jnn € I_‘(vl ..... X Symn nQV(vl ..... v,, Flseens jn—r,))’
with negative twisted degree:
c+r n-n
w5 = - UT+1+Z(N D v s+ (N==T= D)0y + D &+ Y € +(N=m)+1 < =(n=m)9¥. (70)
k=0 i=1 =1

For all details, we refer the reader to [16, Section 7].

The above construction fulfills our claimed step (14). So now, we complete the Step 2 in
Subsection 5.3.

To prove the claimed estimate (18), we now determine the:

, 7, X .
Base Locus of {,, _,,¢" oy Vi qup;lf”’jn_q}v oo = .., BS C Pg X, v P(Tpy), (71)

Iji<<jpp<c 7 VhesVp == = 2K 70 Ve
where:
vy B (Tev) 1= P(Tpy) N {zy, = --- =z, = O}
Employing the same arguments, here is an analog of Proposition 8.6.
Proposition 9.1. There exists some proper subvariety ,, .., % & P% such that, for all parameters t €

Pﬂg \ ..y the base locus ., BS; =, ., BSN 77 1(¢) is discrete or empty over the coordinates
nonvanishing part {z, - - - z,_, # 0}.

.....

Proof. We sketch the proof in two parts. First, by mimicking the reasoning of Proposition 8.3, we
characterize ,, ., BS over the coordinates nonvanishing part:

o

Vipeoos v,]P(T]PW) = v,,P(TPN) N {Zro Ly, * 0}
by the variety ., ." — see (55).

.....
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Next, we prove an analog estimate of Proposition 8.4, in which the essential step:

codim 2" > dim,, , B(Tzn) = 2N -5 — 1

2c+r 7 T Ve

is provided by the Core Lemma.
We refer the reader to [16, p. 66, Proposition 9.9] for details. O

Thus, we finish the claimed Step 3 in Subsection 5.3. Now, the proof of Theorem 5.5 is com-
plete, and so are the proofs of Theorems 5.4, 5.1.
10. Basic TeEcHNICAL PREPARATIONS
10.1. Matrix-rank estimates. First, we recall a basic fact in linear algebra.

Lemma 10.1. Let K be a field and let W be a finite-dimensional K-vector space generated by a set
of vectors 8. Then every subset 8, C A that consists of K-linearly independent vectors can be

extended to a bigger subset 8, C % which forms a basis of W. O
Lemma 10.2. Let K be a field, and let V be a K-vector space. For all positive integers e, k,[ > 1
withk = 1, let vi,...,Ve,Verls ..., Verk be (e + k) vectors such that:

(i) vi,...,v, are K-linearly independent;

(ii) foreverye+1<i; <---<i; < e+ k, there holds:
rankg {Vi, ..., Ve, Vijs.. .,V <e+1—1.
Then one has the rank estimate:
rankg {Vi, ... Ves Verls v Vesr) S e+ 1—1.

Proof. Using the preceding lemma and reasoning by contradiction, we conclude the proof. O

10.2. Surjectivity of evaluation maps. For every N > 1, denote:
(KN = Kz, . ..., 2],
For every A > 1, the K-linear space spanned by all degree 4 homogeneous polynomials is:
AENY o (BN,
For every z € K¥*!, denote by v, the K-linear evaluation map:
v.: &) — K, f— f),
and for every & € T,KV*! = KN*! denote by d.(¢) the K-linear differential evaluation map:
d&): dE") =K, f— df]&).
For every g € o/ (KN*!), for every z € K¥*!, denote by (g - v), the K-linear evaluation map:
(g-v):: /K — K, f— N,
and for every & € T,KV*! = KN*!| denote by d.(g- )(¢) the K-linear differential evaluation map:

d(g)&): E) =K, f > d(gf)].©)
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Lemma 10.3. Forall A > 1, at every z € KN\ {0}, if ¢ € KN*!' \ K - z, then the K-linear map:

v . N+1 N 2
(dz@) P AT — K

is surjective.
A similar result was obtained in [2, p. 36, Claim 3].

Proof. We present a proof which works for all fields K.
For A = 1, it is clear.
For A > 2, first, choose one g € «7,_; (K¥*!) with g(z) # 0. Note that Leibniz’s rule yields:

((g-V)z )_( gz) 0 ) ( v, )
d(g)¢) ~ \dg|© @) \d.®)
N—

invertible, since g(z) #0

(72)

Now, restricting (72) on the K-linear subspace:
A ENY o (BV,
we see that the map (v,, dz(f))T is surjective on the K-linear subspace:
g AE) c K,
which suffices to conclude the proof. O

Lemma 10.4. Forall A > 1, for all g € o/ (KN, at any z € KN\ {0} with g(z) # O, for every
£ e KM\ K - z, the K-linear map:

(g-v): . N+ly o w2
(dz(g- )(5)) - AET) — K
is surjective.

Proof. This is a direct consequence of formula (72) and of the preceding lemma. O

10.3. Fibre dimension estimates. The following classical theorem will prove fundamental in
dimensional estimations of all base loci in this article.

Theorem 10.5. Let X, Y be two K-varieties, and let f: X — Y be a morphism. Then one has:
dim X < dimY + max,cy dim o). O
10.4. Classical codimension formulas for determinantal ideals. For all p, g > 1, denote by:
Mat,,x,(K) = K>
the space of all p X g matrices with entries in K. For every 0 < ¢ < max{p, g}, denote by:
227 C Mat,xq(K)
all p X ¢ matrices with rank < ¢.
Theorem 10.6. There holds the codimension formula:

codim 27! = max {(p — €) (¢ — ©), O}. O
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10.5. Affine cones preserve codimensions. In our practice, it would be more convenient to count
dimension in an Euclidean space rather than in a projective space.

Theorem 10.7. Let n: KN — Py be the canonical projection, and let Y C P} be a nonempty
algebraic set defined by a homogeneous ideal I C K[z, ...,zy]. Denote by C(Y) the affine cone:

C(Y):=n'(Y)u{0} c KM
Then C(Y) is an algebraic set in KN*', and it preserves codimension:
codim C(Y) = codim Y. mi

10.6. Full rank of hypersurface equation matrices. For all N > 2, forevery e = 1--- N, given
integers €,...,€ > 1 and d > 1, consider the following e hypersurfaces:

Hy,...,H, c P},

each being defined by the degree (d + ¢) Fermat-type homogeneous polynomial:

N
Fi= ) Al (i=1-0), (73)
=0

where all Al’ are some degree €; homogeneous polynomials.
Now, denote by H the e X (N + 1) matrix whose every i-th row copies the (N + 1) terms of F;:

Alzg - AV
H:=] : S (74)
A A
Also introduce:

B(A) = B(@)1<ic0 0, (EY))

0<j<N

=

the projectivized parameter space of Fy,..., F,.

Proposition 10.8. There exists a proper subvariety ¥ & P(.#) such that, for every parameter:
4Dz | € PO\,

on the corresponding intersection:
X=Hn---NnH, c P§,

the matrix H has full rank everywhere:
rankg H(z) = e 7 [z] € X).

A similar result was obtained in [2, p. 35, Claim 1].
Proof. We refer the reader to [16, p. 55, Lemma 8.15] for details. O

Recalling the matrix H” before (50), now we prove the desired full rank identities.
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Proposition 10.9. For every v = 0--- N, there exists a subvariety ¥* G P% such that, for every:
[ALM] € PY\Z,
on the corresponding intersection:
X=Hn---NnH,, CP§,

the matrix H” have full rank:
rankg H'(z) = c + r (v [z]€X).

Proof. ‘Full-rank’ is a Zariski open condition, so we only need to provide one example.

First, by setting all M. = 0, the equations (44) become exactly the equations (73), thus the
matrix H” becomes the matrix H of Proposition 10.8 with e = ¢ + r. Now, a direct application of
Proposition 10.8 clearly yields more than one example. O

11. The Engine of MCM

11.1. Core Codimension Formulas. To prove the Core Lemma, as an essential step, by induction
on positive integers p > 2 and 0 < £ < p, we first estimate the codimension ,C,, of:

X, C Mat,x,(K) (75)
which consists of p X 2p matrices X, = (a1, ...,@,,Bi,...,B,) such that:
(i) the first p column vectors have rank:
rankg {a1, ..., @,} < ¢ (76)
(ii) for every v = 1--- p, there holds:
rankg {@1, ..., &y, ...,@p, &+ B+ +B)} < p-—1; (77)
(iii) foreveryt=1---p—1, forevery p =7+ 1--- p, there holds:
rankg {@1 + B, .oy @r + Bry Qraty oo s Qpy oo U @y + (B +-- +B)} < p— L. (78)
Let us start with the easy case £ = 0.
Proposition 11.1. For every integer p > 2, the codimension value (C, for € = 0 is:
oC,=p*+1. (79)
Proof. 1t is a direct application of Theorem 10.6. O

For the general case £ = 1--- p, we will use Gaussian eliminations and do inductions on p, {.
First, we count the codimension of the exceptional locus of Gaussian eliminations.

Proposition 11.2. For every integer p > 2, the codimensions {»Cg of the subvarieties:
{a; +61 =0} N X, C Mat,,,(K)

read according to the values of € as:

- p+2 (=p-1,p),
[ =
"olprp-0? (=0 p-2).

The following lemma is the key ingredient for the proof.
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Lemma 11.3. Let W be a K-vector space, and let p > 1 be a positive integer. For any p+ 1 vectors

ai,...,a,, B €W, the rank restriction:
rankg {@1, ..., @y, ..., @pa, +B} < p—1 v=1-p),

is equivalent to either:
rankg {1, ..., @, B} < p—1,
or to:
rankg {1, ...,a,} = p, (1 +-+a,)+B=0.

Proof. We refer the reader to [16, p. 68, Lemma 10.3] for details.

Proof of Proposition 11.2. We refer to [16, p. 68, Proposition 10.2] for details.

(80)

O

O

Next, we claim the following Codimension Induction Formulas, the proof of which will appear
in Subsection 11.5. To make sense of ;_,C,,_; in (83) when ¢ = 1, we henceforth agree _;C,,_; := oo.

Proposition 11.4. For all p > 3, there hold the codimension induction formulas:

»Cp = min{p, ,1C,}  «=p),
p_1Cp 2 min {p_ng, p_lcp_l + 2, p_ZCp_] +1, p—3Cp—1}
¢Cp > min {fC?,, Co1 +2(p=0 -1, 1Cpiy +(p—0), 2Cp_1}

Now, we may claim the initial data for the induction process.

Proposition 11.5. For the initial case p = 2, there hold the codimension values:

0Cr =5, 1Cy =3, 2Cr = 2.
Proof. We refer the reader to [16, p. 70, Proposition 10.5] for details.
Admitting temporally Proposition 11.4, we may use induction to obtain
Proposition 11.6. For all p > 2, there hold:
Cpr =D, C, = {’+(p—€)2+ 1 (t=0-p-1).
Proof. We refer the reader to [16, p. 71, Proposition 10.6] for details.

11.2. Gaussian eliminations. Following the notation in (75), we denote by:

Xp = (CL’],...,CL’p,ﬁl,. ..,ﬁp)

the coordinate columns of Mat,,,(K), where each of the first p columns explicitly writes as:

T
a; = (- -~,Clp,i) s

and where each of the last p columns explicitly writes as:

Bi= B, ... ,ﬁp,i)T-
First, observing the structures of the matrices in (77), (78):
Xg,v = (al | |@| "'lalp|a’v+(ﬁl+"'+ﬁp))»
Xof 1= (a1 + B |+ e+ Be | e |+ [ @y oo L@y | @+ Bes + - +,)).
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where the second underlined columns are understood to appear in the first underlined places, we
realize that they have the uniform shapes:

X0 =X, 107, XP =X, [ (85)

- 'p > P'p >

|0,V
p

where the 2p X p matrices |,;” explicitly read as:

1
P
I L
1
p
1
l%v—th column

the upper p X p submatrix being the identity, the lower p X p submatrix being zero except its v-th

column being a column of 1, and where lastly, the 2p X p matrices |,,* explicitly read as:
p
1 .
1
1 p
1
1 .
1
1
. o
1
7-th column lf p-th column

the upper p X p submatrix being the identity, the lower p X p submatrix being zero except T copies
of 1 in the beginning diagonal and p — 7 copies of 1 at the end of the p-th column.
Next, observe that all matrices X™* have the same first column:

T
ar+pr=(a +Bual--la, +B,1) .
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Therefore, when a1 + 1,1 # 0, operating Gaussian eliminations by means of the matrix:
1

_ @it 1
ari+B11

G:= : . , (86)

_ap,l‘th,l 1
ar1+Bi,1

these matrices X become simpler:

ai +pPig @ - e
*

0 e %k
GX,* = : B (87)
0 * e Kk
where we will soon see the (p — 1) X (p — 1) star submatrices enjoy amazing structural properties.

Observation 11.7. Let p > 1 be a positive integer, let A be a p X 2p matrix, let B be a 2p X p
matrix such that both its 1-st, (p + 1)-th rows are (1,0,...,0). Then there holds:

(A B)l — AI/ BIN,

where (A B) means the (p — 1) X (p — 1) matrix obtained by deleting the first row and column of
A B, and where A” means the (p — 1) X 2(p — 1) matrix obtained by deleting the first row and the
columns 1, p + 1 of A, and where B""" means the 2(p — 1) X (p — 1) matrix obtained by deleting the
first column and the rows 1, p + 1 of B. O

Observation 11.8. Forallp > 3,7 =1---p—1, p = 7+ 1--- p, the matrices |;* transform to

If:l’p_l after deleting the first column and the rows 1,p + 1, i.e. |;:11,p—1 = (I;7)”. O

Now, thanks to the above two Observations, noting that:
GX,P =G(X,1;7) = (GX,) 177,

denoting Xff :=(GX,)"”, the (p — 1) X (p — 1) star submatrices in (87) thus have the forms:

*x o0 %

_ yG 7-1,p-1

: =X, (88)

*x e %
Comparing (88) and (85), we immediately see that the star submatrices have the same structures
as X?;", X57.
11.3. Study of the morphism of left-multiplication by G. Let us denote by:

D(ay; +B1,1) € Mat,,,(K)
the Zariski open set defined by @, + 1,1 # 0. Now, consider the morphism of left-multiplication
by the regular function matrix G:
Le: D(ayy+pi1) — D(ai +Bi)
X, — GX,.

Of course, it is not surjective, as (87) shows that its image lies in the variety:

N, {a@iy + Big = 0).
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In order to compensate this loss of surjectivity, combining with:
€: D(ay, +p11) — Mat,_)x(K)
X, — (@21 +Boi |- laps +Bp1),
we construct a morphism:

Le®€: D(ay; +p11) — (ﬂﬁzz {@i1 +Bi1 =0} N Dy +B11) ® Mat,-1)x(K),

58

which turns out to be an isomorphism. Indeed, it has the inverse morphism:
" — D(a1g +Bi)
Yo (Sz,...,Sp)T —> _IG . Y,

where the regular function matrix ~'G is the ‘inverse’ of the matrix G in (86):
1

%
ay,1+B1,1

: _ (89)
Sp 1

ay,1+B1,1

Now, denote by:
Tyt Matpxzp(K) —> Mat(p_l)xz(p_l)(K)
the projection obtained by deleting the first row and the columns 1, p + 1. Denote also:
L5 :=m,0 Lg.
We can define an isomorphism:
R: " — D(ai; +Bi),
Y @& (sz,...,sp)T — ?
where ? is Y but replacing (b, 1, ... ,bp,l)T by (s2,..., sp)T, and thus we obtain a commutative

diagram:
Lgo®€

D(a1; +Bry) e R D(a1; +Bry) (90)
aneatl/
s TTp

Mat(,—1)x2(p-1)(K),

where the horizontal maps are isomorphisms.
Recalling the end of Subsection 11.2, we in fact receive the following key

Observation 11.9. For every p > 3, for every € = 1--- p — 1, the image of the variety:
X, N D(ay; +Bi1) € D(ar +Bi)
under the map:
Zs: D(ay; +Bi1) — Mat,_iyxp-1nK)
is contained in the variety:
Xp-1 € Mat-iyxop-1(K). O
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11.4. A technical lemma. Forall p > 3, forevery{ =0---p—1, forevery (p—1) X (p—1) matrix
J of rank ¢, denote by ;S ,, = K?*’~! the space which consists of all the p x p matrices of the form:

21,1 1212 " Zp

For every j = ¢,{ + 1, denote by ,S fg ¢ € JS pe all the matrices having rank < j.

Lemma 11.10. The codimensions of ;S é g are:

. 20p—-1-0)+1 (j=0),

codim JS;M, = { .

p—1-¢ (j=C+1).
Proof. We refer the reader to [16, p. 76, Lemma 10.11] for details. O
11.5. Proof of Proposition 11.4. First, applying Lemma 11.3, we receive:
Corollary 11.11. For every p > 1, the difference of the varieties:

X, \ pm1X, © Mat,,(K)
is exactly the quasi-variety:
{a/l +ota,+pi++ 0, :0} N {rankK{a/l,...,a/p} :p},
whose codimension is p. O
Now, we give a complete proof of Proposition 11.4.
Proof of (81). This is a direct consequence of the above corollary. O
Proof of (82). By Observation 11.9, under the map:
Za: D(ai; +Bi1) — Mat_1)xp-1K),

the image of the variety:
—1Xp, N D(ay; +PBr)
is contained in the variety:
p-1Xp-1 € Mat,_1)xop-1)(K).
Now, we decompose the variety ,_;X,_; into three pieces:

p—IXp—l = p—3Xp—1 U (p—ZXp—l \ p—3Xp—1) U (p—lXp—l \ p—2Xp—1)’ 1)
where each matrix (@i, ..., @, 1,B1,...,B8,-1) in the first, (resp. second,, third,) piece satisfies:
rankg (@1, ..., Qp_1) < p—31 (resp.= p-2 ,=p- 13). (92)

Pulling back (91) by the map %5, we see that:
p-1Xp N D(ayy + i)
is contained in:

L5 p3XpoD) U L5 (eaXpor \ pesXpm) U L5 (X \ paXpmn). 93)
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Firstly, for every point in the first piece:
Y € X,
thanks to the commutative diagram (90), we receive the fibre dimension:
dim Z5'(Y) = dim kerm, N D(ay; + B1.1)
= dim Mat 2, (K) — dim Mat,—1)x2(p-1)(K).
Now, applying Theorem 10.5 to the regular map . restricted to:
25" (p3Xp) C Mat,(K)
we receive the codimension estimate:
codim fG_l (p-3X,-1) > codim ,_3X,_;. (94)
Secondly, for every point in the second piece:
Y € 00X, 0\ X,
looking at the fibre ,ZG‘ 1Y), thanks to the commutative diagram (90), we can use:
Zs'=(Ro(Lg®€)) " o, (95)
an isomorphism
and obtain:
fg_l(Y) N (,-1X, N D(ai; +Bi1))
=Ro(Lc®€) %' (Y) N Ro(Lg®€)(,-1X, N D(ai1 +P11))  lisomorphism]
=1 (Y) N Ro(Lg®€)(,-1X, N D(ay1 +Bu1) [use (95)].

=&
Observe now that every matrix:
(@i |- Ta,|Bil-- 1By € &
satisfies the rank estimate:
rankg (@ |-+ | @,) < p—1.

Moreover, noting that the lower-right (p — 1) X (p — 1) submatrix J of (a; | - - - | @,) is exactly the
left (p — 1) X (p — 1) submatrix of Y, it follows:

rankg J = p — 2 [see (92)].
By applying Lemma 11.10, we get that:
» c m,'(Y)
has codimension greater than or equal to:
codimJSi;l_2 =p-1-(p-2)=1.
In other words:
Z5' ) 0 (,.1X, N D@ +piy) € Z5'(Y)
has codimension > 1. Thus, applying Theorem 10.5 to the map %5 restricted to:
25" (p-2Xpm1 \ p3Xpm1) N (X, N D@ +B11) © Matyo,(K),

=:1I
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we receive the codimension estimate:

codimII > codim (,—»X,-1 \ p-3X,_1) + codim ]Sp_l

P (96)
> codim ,,X,_; + 1.
Thirdly, for every point in the third piece:
Y € p—lXp—l \ p—ZXp—l’ (97)
thanks to the diagram (90):
L' =ULe®€) ! o (1,007, (98)

we receive:
Z5'Y) 0 (,-1X, N D(ayy +Biy))
=(Le®€) Z5'(Y) N (L ®€) (,-1X, N D(ars +Pu1) [isomorphism]
= (m, @0)'(Y) N (Lg ®€) (,-1X, N D(ai; +Bi1)) [use (98)].

=4

Recalling Corollary 11.11, the sum of all columns of Y — the bottom (p — 1) rows of (a; | --- |

@, | B2 |-+ 1B, —is zero. Thus, every element:
(@ | lap|Bil--1B) & (s2.....5,)" € &
not only satisfies:
rankg (@ |-+ | @,) < p—1, (99)
but also satisfies:
@+ ta, Pyt B, =(a o a, +Biat e+ B 0,007

Remembering that:
ar+p1 = (a1 +p1.1,0,... ,0)",
summing the above two identities immediately yields:

a+ta, P+ B, =t B+ + B0, 00 (100)

Now, note that matrices ranks (77) in condition (ii) are preserved under the map Lg, in particular,
for v = 1, the image satisfies:

rankK{al+(,81+~--+,8p),a2,...,ap}<p— 1,

which, by adding the columns 2 - - - p to the first one, is equivalent to:

rankg (@ + -+ @, + B+ +Bpar...,a)) <p-1 (101)
Recalling (97) and Corollary 11.11:
the bottom (p — 1) X (p — 1) submatrix of (a; | --- | @,) is of full rank (p — 1), (102)

combining (100), (101), we immediately receive:
aj +---+a1,p+,81,1 +"'+ﬁl,p =0.

Therefore, by applying Lemma 11.10, the restrictions (99) and (102) contribute one extra codi-
mension:

= 1.

. p-1
codim ;S
IR pp-1
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Thus, we see that ‘the fibre in fibre’:
N (@ma0) (YY) c (,®07(Y)
has codimension greater than or equal to:
1+1=2.
Now, applying once again Theorem 10.5 to the map .Z5 restricted to:
G%G_I (-1 Xpo1 \ p2Xpm1) N (21X, N D(ay; +B11)) € Mat,,,,(K),

=1II

we receive the codimension estimate:
codimIIT > codfm (-1 Xpo1 \ p2Xmy) + 2 (103)
> codim ,_1X,_; + 2.

Summarizing (93), (94), (96), (103), we receive the codimension estimate:

codim ,_1X, N D(a;; + B1,1) > min{codim ,_3X,_;, codim ,,X,_; + 1, codim ,_; X, + 2}.
By permuting the indices, we know that all:

—1X, N D(ai; +Bi1) C Mat,,n,(K) (i=1-p)
have the same codimension, and so does their union:
p_1Xp N D(Q’l +ﬁ1) = U?:l (p_IXp N D(Q’,"l +ﬁi,l)) C Matpxzp(K).
Finally, taking codimension on both sides of:
p—lXp = (p—lXp N V(al +Bl)) U (p—lXp N D(a/l +ﬁ1))’

Proposition 11.2 and the preceding estimate conclude the proof. |

Proof of (83). 1f € > 2, decompose the variety ,X,_; into three pieces:
Xpo1 = 02Xp 1 U (o Xpor \ 0Xpm1) U (X1 \ emiXpn1)s
and if £ = 1, decompose the variety ,X,_; into two pieces:
1Xpm1 = 0Xpm1 U G Xpor \ 0Xm1).

Now, by mimicking the preceding proof, namely by applying Lemma 11.10 and Theorem 10.5,
everything goes on smoothly with much less effort, because there is no need to perform delicate
codimension estimates such as (103). O

11.6. Proof of Core Lemma. Comparing (55) and (75), it is natural to introduce the projection:
aun:  Matysown(K) — Matyxon(K)

((I(), .. .,Ckp,ﬁ(), .. .,ﬁp) > (ZEI, .. .,Ep,ﬁl, e ,Ep),

where each widehat vector is obtained by extracting the first N entries.
It is direct to check that:
TMN (///A’X) C N1 Xy
Moreover, for every Y € y_; Xy, the ‘fibre in fibre’:

v () 0 Ay C myy(Y),
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thanks to (56), has codimension > M. Thus a direct application of Theorem 10.5 yields:

codim //l]{}/ > codmuy_ 1 Xy+M =2 N+1+M [use (84)]. (104)

12. Algorithm of MCM and Estimates on Hypersurface Degrees

12.1. A must design. Given the integer ® > 1 in Theorem 5.1, recalling the Step 2 in Subsec-
tion 5.3, we naturally carry out the Algorithm of MCM as follows.

The procedure is to first construct u** in a lexicographic order with respect to indices (, k), for
l=c+r+1---N,k=0---1, along with a set of positive integers ¢;.

For simplicity, we start by setting:

6c+r+l 2> max {El,---’€c+r}- (105)
For every integer [ = ¢ + r+ 1 --- N, in this step, we begin with choosing y; that satisfies:
[see (69), (65)] o210+ 10+ D) +1+(U—-c—r)e, (106)

then inductively we choose y;; with:

[see (70), (66)] Mg =

k-1
i+ (=Ko +1(0ctrn + D +1+U-c—1)® k=1-0. (107)

j=0
If I < N, we end this step by setting:
01 = Ly (108)
as the starting point for the next step / + 1. At the end / = N, we make the integer d large enough:

d > (N+1)uyn. (109)

12.2. Effective lower degree bounds. Recalling Subsection 5.4, we first provide an effective
Theorem 12.1. Forall N > 3, for any €y, . .., €., € {1,2}, Theorem 5.4 holds for all d > NNI2 1,

Proof. Setting 6..,+1 = 21n (105), and demanding all (106) — (109) to be equalities, we thus receive
the desired estimate without much difficulty. See [16, Section 11] for details. O

Hence, the product coup in Subsection 5.4 yields

Theorem 12.2. In Theorem 5.1, for ® = 1, the lower bound dy(—1) = NV works. O

12.3. Some improvements of MCM. In fact, the hypersurface equations (61) contain many more
moving coefficient terms than required — as indicated by (104) which strengthens the Core Lemma
— which make the lower bound dy(—1) big.

Indeed, for instance when 2 (2¢ + r) > 3N — 2, pure Fermat-type hypersurfaces are adequate for
Theorem 5.1. Thus, by setting €, = --- = €., = 1, in order to make (41) negative, we only need
to require d; = --- = d.y, = 2N + 3. Also, the product coup asserts that the lower degree bound
di,...,d.., = (BN +2) (BN + 3) works.

More improvements and estimates of lower degree bounds can be found in [16, Section 12].
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13. Uniform Very-Ampleness of Sym“Qy

13.1. The canonical bundle of a projectivized vector bundle. Let X be an n-dimensional com-
plex manifold, with canonical line bundle .#%. Let E be a holomorphic vector bundle on X having
rank e, with dual bundle EV, and let 7: P(E) — X be the projectivization of E.

Theorem 13.1. (See [16, Proposition 13.2]) The canonical line bundle ) of P(E) satisfies:
ji/]P’(E) = ﬁp(E)(— €) ® 1" A€ EV ® 1 j[C/X O

In applications, we are interested in the case where X C V for some complex manifold V of
dimension n + r, and E = TV|X'

Corollary 13.2. One has:
%(Tle) = ﬁp(TV|X)(—n -1 Qn Ay ¥ Ky O

Moreover, assume that X, V are some smooth complete intersections in Pg , SO their canonical
line bundles .#%, %} have neat expressions by the following classical theorem.

Theorem 13.3. For a smooth complete intersection:
Y:=Dn---nDy c BY
with divisor degrees:
deg D; = d; (i=1-k),
the canonical line bundle #y of Y satisfies:
k

%gﬁy(—N—l+Zdi). O
i=1

13.2. Proof of the Very-Ampleness Theorem 1.3. Now, assume K = C. Recall our Ampleness
Theorem 1.2, dim¢ X = N — (¢ + r) = n. Then the above Corollary 13.2 and Theorem 13.3 imply:

c+r

%(Tle) = ﬁP(Tle)(_ n-— I’) ® 71'; ﬁpg ( — 2(N + 1) + Z dl‘ + Z dl)
i=1 i=1

Also, recalling Theorem 5.1 and Proposition 4.3, for generic choices of Hy,..., H.,,, for any
positive integers a > b > 1, the negatively twisted line bundle below is ample:

ﬁ[p(”rwx)(a) ® 7T; ﬁp% (—b)
It is now time to recall (cf. the survey [5])

A known result about the Fujita Conjecture. Let M be an n-dimensional complex manifold with
canonical line bundle #y. If £ is any positive holomorphic line bundle on M, then £®" ® 2>
is very ample for all large m > 2 + (3”;1).

Consequently, the line bundle below is very ample:

c+r

Opcryo(ma—2n-2r) @ 7 Opx (- mb -4 (N + 1)+22 di+2) d). (110)
i=1 i=1

Also recalling (11), for all £ > 3, the line bundle below is very ample:

ﬁP(Tle)(l) ® ﬂ; ﬁpg (5) (111)
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Note the following two facts:

(A) if Opery (k) ® 705 ﬁpg (%) is very ample, then so it is for every x’ > x;
(B) the tensor product of any two very ample line bundles remains very ample.

We now consider the semigroup ¢ of the usual Abelian group Z & Z generated by elements (£}, {5)
such that Ot (€1) ® 7 ﬁpg (¢,) is very ample. Then, for all m > 2 + (3 "n“) ¢ contains:

[see (110)] (ma—zn—zr, —mb—4(N + 1) +22 d; +2§3 d,-),
i=1 i=1

[see (111)] (1,0, V=3,

Paying no attention to optimality, taking:

c+r

b=1,azz,m:—4(N+1)+2Zd,-+2Zd,-+3,
i=1

i=1

we receive that (ima — 2n — 2r, -3) € 4. Adding (1,3) € ¢4, we receive (ma —2n—-2r + 1,0) € 4.
Now, also using (ma — 2n — 2r,0) € ¢, recalling Observation 5.6, we may take:

kKo = (ma—-2n-2r—1)(ma—-2n-2r) < a*m?,

or the larger neater lower bound:

c+r

Ko = 16(2 di+ Y dY.
i=1 i=1

Thus, we have proved the Very-Ampleness Theorem 1.3 for K = C. Remembering that very-
ampleness (or not) is preserved under any base change obtained by ambient field extension, and
noting the field extensions Q — C and Q — K for any field K with characteristic zero, by
some standard arguments in algebraic geometry, we conclude the proof of the Very-Ampleness

Theorem 1.3. O
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