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Abstract

The multiple applications related to networked multi-agent systems such as satellite
formation flying, coupled oscillators, air traffic control, unmanned air vehicles,
cooperative transport, among others, has been undoubtedly a watershed for the
development of this thesis. The study of cooperative control of multi-agent systems
is of great interest for his extensive field work and applications. This thesis is devoted
to the study of consensus seeking of multi-agents systems and trajectory tracking of

nonholonomic mobile robots.

In the context of consensus seeking, first we study a ring topology of dynamic agents
with time-dependent communication links which may disconnect for long intervals of
time. Simple checkable conditions are obtained by using small-gain theorem to guarantee
the achievement of consensus. Then, we deal with a network of dynamic agents with
time-dependent communication links interconnected over a time-varying topology. We
establish that consensus is reached provided that there always exists a spanning tree for

a minimal dwell-time by using stability theory of time-varying and switched systems.

In the context of trajectory tracking, we investigate a simple leader-follower tracking
controller for autonomous vehicles following straight lines. We show that global tracking
may be achieved by a controller which has a property of persistency of excitation
tailored for nonlinear systems. Roughly speaking the stabilisation mechanism relies on
exciting the system by an amount that is proportional to the tracking error. Moreover,
the method is used to solve the problem of formation tracking of multiple vehicles
interconnected on the basis of a spanning-tree topology. We derive stability conditions

for the kinematic and dynamic model by using a Lyapunov approach.

Keywords: consensus, time-varying systems, mobile robot, persistence of excitation

(PE), trajectory tracking, dwell time, stability analysis, Lyapunov theory.






Résumeé

Les multiples applications liées aux systemes multi-agents en réseau, tels que les satellites
en formation, les oscillateurs couplés, les véhicles aériens sans pilote, entre autres, ont
été sans aucun doute, une motivation majeure dans le développement de cette these
qui est consacrée a 1’étude du consensus de systemes dynamiques et a la commande en

formation de robots mobiles non holonomes.

Dans le contexte du consensus, nous étudions la topologie en anneau avec de liens de
communication variant dans le temps. Notamment, la communication peut étre perdue
pendant de longs intervalles de temps. Nous donnons de conditions suffisantes pour
le consensus qui restent simples a vérifier, par exemple, en utilisant le théoréme du
petite gain. En suite, nous abordons le probleme de consensus en supposant que la
topologie de communication est variable. Nous établissons que le consensus est atteint
a condition qu’il existe toujours un chemin de communication du type < spanning-tree
> pendant un temps de séjour minimal. L’analyse, s’appuie sur la théorie de stabilité
des systemes variant dans le temps et les systémes variant dans le temps et les systemes

a commutation.

Dans le contexte de la commande en formation de véhicles autonomes nous adressons le
probleme de commande en suivi de trajectoire sur ligne droite en suivant une approche
type maitre-esclave. Nous montrons que le suivi global peut étre obtenu a partir d’un
controleur qui possede la propriété d’excitation persistante. En gros, le mécanisme de
stabilisation dépend de I'excitation du systeme par une quantité qui est proportionnelle
a 'erreur de suivi. Ensuite, la méthode est utilisée pour résoudre le probleme de suivi de
formation de plusieurs véhicles interconnectés sur la base d’une topologie < spanning-
tree >. Nous donnons des conditions de stabilité concernant les modeles cinématique

et dynamique, en utilisant la seconde méthode de Lyapunov.

Mot clés: consensus, systémes variant dans le temps, robot mobile, excitation
persistante (PE), suivi de trajectoire, temps de séjour, analyse de la stabilité, théorie de

Lyapunov.
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Chapter 1

Introduction

1.1 Motivation

During the last twenty years, considerable advances in communications technology and
electronics have enabled the development of multiple agents systems to help accomplish
tasks that cannot be completed with individual ones acting alone. The tasks previously
performed with a big, expensive and complicated to operate equipment, today can be
achieved using a certain number of systems, less expensive and much smaller with greater

reliability.

The idea of multiple agents working and cooperating was inspired by many examples in
biology and life science. Figure 1.1 illustrates a few biological examples of multi-agent
systems in nature: Fireflies, neuron firing, flocking of migrating birds and fish schooling.
In certain species of the tropical far east the fireflies gather in trees by thousands and the
males flash in rhythmic synchrony with the sole purpose of sexual adaptation [5]. Many
species of birds fly together in V formation to reduce energy expenditure and enhance

the locomotor performance individuals in the assemblage [48].
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FIGURE 1.1: Biological examples of multi agent systems in nature: (a) Fireflies (b)
neuron firing, (¢) flocking of migrating birds, and (d) fish schooling.

Around the year 2000, the consensus control of swarm mobile agents increased the
attention and is still of great interest for researchers of several disciplines related
to networked multi-agent systems, due to the multiple applications that exist. The
consensus problem consists in establishing conditions under which the differences
between any two motions among a group of dynamic systems, converge to zero
asymptotically. Satellite formation flying [7, 55], coupled oscillators [10, 17], formation
tracking control for mobile robots [11], coupled air traffic control [58], cooperative control
of unmanned air vehicles (UAVS) [20, 49], spacecraft [51], just to mention a few. These
applications justify the design of appropriate consensus protocols to drive all dynamic

agents to a common value.

Nowadays, studies of multi agent systems and their cooperative controls are a popular
research area [50, 57]. We are interested in the study of two important issues related
to cooperative control: consensus seeking and trajectory tracking. Consensus seeking is
the study of consensus in a network of agents that communicates with each other and
need to agree upon a certain objective of interest. In a network of multi-agents systems
interconnected the information exchange among the agents plays an important role since

of it depends that the objective of control is carried out. However, sometimes, due to
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failures or an obstacle between them, the communication links can fail for long intervals

of time and is necessary that the group of agents achieve a consensus data.

The control techniques for the tracking control problem of mobile robots have been
studied during the last years. One of the drawbacks to these techniques is that the
controller relies on the assumption that the angular velocity of the leader robot must
be different from zero. Ruling out straight-line paths. This motivates the research of
new approaches to design new nonlinear control techniques that can help to the mobile

robots to follow straight lines.

1.2 State of the art

1.2.1 Consensus seeking

Consensus pertains to the case in which a set of individuals have a synchronised motion
towards a common goal. One of the main features is that the motion of no individual has
priority over that of any other one. Although such type of synchronisation is known for
many years in the scientific community, the term consensus stems from the literature on
computer science. Scientific studies strictly following the scientific method date centuries
back but have boomed at least from the 19th century, among physicists and biologists.
Numerous attempts to throw in rigorous mathematics have also been made. Exhaustive
simulations triggered by the exponential evolution of computing power have led to the
development of so-called consensus theory as an area of study in its own right, within

computer science.

The case of constant fixed topologies with permanent all-to-all interconnections is
completely solved by various means —see [53], the problem of consensus under
intermittent interconnections is still of actual interest. It is clearly motivated, for
instance, by scenarios in which communication failures appear. In the pioneer paper
[39] the author presents a coordination problem for a network of agents with single
integrator dynamics. The network coupling is allowed to be time-dependent and non-
bidirectional. It is represented by a linear time-varying system in continuos time with
a Metzler matrix. Stability analysis shows that all state components converge to a

common value as time grows unbounded using a Lyapunov function.

In [26] the authors provide a theoretical explanation for the observed behavior of Vicsek
model [59]. Explicitly takes into account possible changes of each agent’s nearest

neighbors over time, can be thought of as a consensus problem. Using a classical
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convergence result show that all agents converge to a common steady state provided

all agents are “linked together” with sufficient frequency as the system evolves.

The approaches in [39] and [26] are based on undirected graphs. When the information
exchange is unidirectional, that is, consensus may to be achieved in the presence of
limited information exchange. In [52] the authors present both continuous and discrete
time consensus problem for switching directed graphs. Considering that the Laplacian
matrix is piecewise constant it is shown that consensus is achieved if and only if the
topology has a directed spanning tree. In [43] a class of nonlinear consensus protocol
for networks of dynamic agents whose dynamics are simple integrators is prescribed.
A Lyapunov function is introduced and quantifies the total disagreement among the

agents, guaranteeing that consensus problem is globally asymptotically achieved.

1.2.2 Trajectory tracking

For many years the study of mechanical control systems called nonholonomic systems
has been very active research field. An example of a nonholonomic systems is a mobile
robot. The stabilization problem at a given position requires a nontrivial controller
[54]. The tracking problem for mobile robots has been studied by [29, 40]. Several
control approaches have been used to design formation-tracking controllers such as:
backstepping [8], sliding mode [1], artificial neural network [18], feedback linearization
[14, 29], etc. The seminal paper [29] shows how a feedback controller guarantees that
a mobile robot follows a desired reference which is generated by “virtual” robot; the

convergence proof is based on local stability results for time-varying systems.

One of the most popular control approaches is the leader-follower technique which
consists in specifying one or several leader robots and several followers. For instance,
there may be one single leader which specifies the trajectory for the formation and all the
rest are set to follow the leader, modulo a position and orientation offset determined by
the physical configuration. Then, following the seminal work [29] on tracking control of
mobile robots, one can use a variety of nonlinear control techniques to ensure individual
tracking control on each follower. Alternatively, one may form a cascade of leader-
follower configurations in which each robot follows one leader [12], [56], [9]. Backstepping
control is used in [8] and the problem under additive disturbances is solved via sliding
mode in [12]. The control approach based on the construction of transverse functions
is presented in [45] which guarantees the practical stabilization of the nonholonomic
system to any desired trajectory. Another approach is that of virtual structure control,
in which the swarm is regarded as a virtual rigid structure advancing as a unit. This

approach is tractable for small groups of autonomous robots [16], [13].
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In [46] a very simple cascades-based controller was introduced to solve the leader-follower
control problem for two robots. The approach was used subsequently, for instance in
[32], [21],[6]. The control design is very simple to implement, roughly, it relies on a
separation principle by which it is demonstrated that the translational and orientational
kinematics may be stabilized independently of each other. The disadvantage of this
method is that the controller relies on the assumption that the angular velocity of the
leader robot must be different from zero. This rules out straight-line paths. As a matter
of fact, there is a structural impediment to stabilize the robot on straight-line paths due
to loss of controllability. Only very few works address the problem of formation control
along straight-line paths; in [6], [31] where complex nonlinear time varying controls are
designed to allow for reference velocity trajectories that converge to zero. It is worth
to emphasis that [31] covers the case when also the forward velocity v0 may converge
to zero that is, tracking control towards a fixed point. In [6] the controller is designed
so as to make the robot converge to the straight-line trajectory resulting in a path that

makes it go back and forth on the path.

In [21], the formation control problem in a leader-follower configuration without the
need of knowing the leader’s velocity is studied. There are two leaders which govern the
group’s motion. The stability analysis shows that the triangular formation is stable while
the colinear one is not. In [28] the method of feedback linearisation is used to design
control laws to solve the problem of leader-follower for multiple robots under different
geometries of formation. The motion of the leader robot is computed by minimizing a
suitable cost function. In [19] the nonlinear formation control law for the coordination
of a group of N mobile robots force the robots’ relative positions with respect to the
centre of the virtual structure. Using the backstepping technique and Lyapunov’s direct
method the control problem is solved for the follower robot. The proposed method
guarantees asymptotic stability for the closed-loop error system dynamics. The authors
of [49] use consensus-based controllers combined with a cascades-based approach to
tracking control, resulting in a group of linearly coupled dynamical systems. Stability

analysis relies on cascaded systems and nonlinear synchronization theory.

1.3 Summary of results and organization

The aim of this Thesis is to contribute to the study of consensus of multi-agent systems.
Taking as a starting point the work carried out by [39], that considers a coordination
problem for a network of agents with single integrator dynamics where the network
coupling is allowed to be time-dependent and non-bidirectional, the first result of our

research, which are presented in this thesis, consist in the study of consensus problem
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over a network of dynamic agents with time-dependent communication links which may
disconnect for long intervals of time. We assume that the nodes are interconnected in
a ring topology. The originality of our results lays, in part, in our method of proof: we
leave behind graph theory for linear time-invariant systems and use instead, stability
theory. In particular, we employ the small-gain theorem to establish simple checkable
conditions on the network interconnections, to guarantee the achievement of consensus
[2]. Moreover, we also studied the consensus problem over a network of dynamic agents
with time-dependent communication links interconnected over a time-varying topology.
We establish that consensus is reached provided that there always exists a spanning
tree for a minimal dwell-time. We leave behind graph theory for linear time-invariant

systems and use stability theory of time-varying and switched systems [3].

The second part of this thesis is dedicated to the study of trajectory tracking of
nonholonomic mobile robots. We assume that only one swarm leader robot has the
information of the reference trajectory and each robot receives information from one
intermediary leader. This is, the communication graph forms a simple spanning directed
tree. The main goal of our control approach is to solve the problem of stabilisation over
straight line paths. We do this via nonlinear smooth time-varying controls which rely
on a property of persistency of excitation, tailored for nonlinear systems. Our main
results ensure uniform global asymptotic stabilisation of the closed-loop system [35, 36].
Inspired by this ideas, we easily extend this result to the case when the mathematical

models of the mobile robots are dynamic [34].

The work consist of five chapters. In Chapter 2 we provide an overview of standard
mathematical results Control Theory used throughout the thesis. Chapter 3 is devoted

to studying the consensus seeking problem in the following sense:

1. dynamic agents with time-dependent communication links over a ring topology,

and

2. dynamic agents over a spanning tree topology with time-dependent communication

links interconnected over a time-varying topology.

Then, in the Chapter 4, first, we present a result on leader-follower tracking control
(two robots only) and describe the control approach. Then, we present a result for a
cascade-like configuration of leader-follower mobile robots following straight lines. We
derive stability conditions for the kinematic and dynamic model by using a Lyapunov

approach. Finally, in Chapter 5 a conclusion sums up the results of this thesis.



Chapter 2

Mathematical Preliminaries

In this Chapter, we recall a few notions and results that we use throughout this thesis.
First, we consider some fundamental mathematical definitions [42]. Next some results in
adaptive systems and some introductory concepts about graph theory are given [15, 25].
Then, stability in the sense of Lyapunov is stated and some useful theorem for showing
stability are revisited [30, 60]. Finally, some concepts and lemmas of the switching

systems are presented [33].
First, we introduce the definition of a norm.

A norm ||z|| of an n-dimensional vector vector x = (1, ...,x,)T is a real valued function

with the following properties

e |[z|| > 0 for all z € R™ with ||z|| = 0 if and only if z = 0;
o ||az| = |a|||z| for all « € R and = € R™;
o [lz+yl <zl + |yl for all z,y € R™.
The p-norm and infinity norm are
Iz, = (21l + ...+ [ealP)? 1< p<oo

and
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2.1 Graph Theory

A graph is characterised by a set of edges, £ and a set of nodes, N' = {1,...,n}. Edges
are also call arcs and nodes are better known as vertexes. Thus, edges connect two
end-vertexes or endpoints. Edges denoted by 4,7 with 7,7 € N are represented by lines
or arrows depending on whether the direction in which the interconnection of two nodes
is relevant. If it is so, the arc is directed, otherwise it is undirected. Hence, a graph
constituted of directed vertexes and nodes is called a directed graph and undirected if
the sense of interconnections is irrelevant. The edge (4, j) in the edge set of a directed
graph denotes that agent j can obtain information from agent 4, but not necessarily vice

versa. Figure 2.1 shown 3 different examples of directed graphs.

An alternating sequence of arcs and nodes constitutes a walk. Its length equals the
number of edges that it contains. It may be directed or undirected. It may be closed
or open. It may contain repeated nodes and edges or not. It is open if its first and
last vertexes are different and it is closed if they are equal. An open walk is usually
called a path and its length equals the number of nodes minus 1. If the starting and
ending vertexes are the same, the walk is commonly called circuit and its length equals
the number of nodes it contains. A walk that starts and ends at the same vertex but
otherwise has no repeated vertexes or edges, is called a cycle. If no vertex is visited

more than once during the walk then, it is simple.

Graphs may be represented mathematically by matrices with specific properties and

they are defined as follows.

2.1.1 Adjacency Matrix

The adjacency matrix A = [a;;] € R™" collects all information regarding the incidences
of the edges in a graph. Its entries a;; determine the adjacency of the parent node j to
the child node node ¢. The index ¢ relates to the ith row and respectively j refers to the

jth column of A.

e Directed Graph.
{ a; >0 if (j,i)e&
aij =0 if (j,i) ¢ &

e Indirected Graph.
aij = agi Vi j
(J,i)e& = (i,j) €&

that is
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{aij>0 if (ji)ed&
ai; =0 if (j,i)¢¢&

F1GURE 2.1: Three examples of directed graph with rooted spanning trees. Only the
graph (3) is strongly connected and has a cyclic path.

For the three graphs shown in figure 2.1 their Adjacency matrices are:

0 a O 0 a O
Ai=10 0 B |, A= , A= 0 0 B (2.1)
00 0 5 0 ~ 0 0
2.1.2 Laplacian Matrix
The Laplacian matrix L = [l;;] € R"*" is defined by
lij = —ay, if i#j
i = Y a;
J=1i#]

Note that if (j,i) ¢ & then l;; = —a;; = 0. The Laplacian matrix satisfies

IN
L

ij i #
n .
Zlij = 0 221,...,]).
j=1
For an undirected graph, L is symmetric and is called the Laplacian matriz. However,

for a directed graph, L is not necessarily symmetric and is sometimes called the

nonsymmetric Laplacian matriz or directed Laplacian matriz.

For the three graphs shown in the figure 2.1 their Laplacian matrices are:
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a —a 0 a —a 0 a —a 0
Li={0 g B, Le=|0 g B |, Ls=]| 0 B -p (2.2)
0 0 0 0 —y »~ —y 0 ol

Remark 1. Note that L can be equivalent defined as
L=D-A

where D = [d;;] € RP*? is the in-degree matriz given as d;; = 0,4 # j and dy; = Z?:l a;j,
1=1,...,p.
{ dij = 0, i

— P S
dii - j:laij L= 1a"'7p

2.2 Stability theory

Consider the non autonomous system

i = f(t,z) (2.3)

where f : [0,00) X D — R is piecewise continuous in ¢ and locally Lipschitz in = on
[0,00) x D and D C R" is a domain that contains the origin = 0. The origin is an

equilibrium point for (2.3) at ¢t = 0 if

F(t,0)=0, Vt=>0.

Uniform stability and asymptotic stability of the system (2.3) can be characterized in

terms of special scalar functions, known as class K and class KL functions.

Definition 1. A continuous function « : [0,a) — [0, 00) is said to belong to class K if it is
strictly increasing and «(0) = 0. It is said to belong to class K, if & = oo and a(r) — oo

as r — 00.
Definition 2. A continuous function f : [0,a) x [0,00) — [0, 00) is said to belong to class
KL if, for each fixed s, the mapping £(r, s) belongs to class K with respect to r and,

for each fixed r, the mapping S(r, s) is decreasing with respect to s and S(r,s) — as

S — OQ.

Definition 3. The equilibrium point z = 0 of (2.3) is
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Uniformly stable if there exist a class K function «(.) an a positive constant ¢

independent of ¢y such that

le@)l < (lz(o)l), Yt =10 >0, V2ol <c (2.4)

Uniformly asymptotically stable if there exist a class KL function S(-,-) and a

positive constant ¢, independent of ¢y, such that

lz@)ll < B(llx(to)ll = to),  VE=t0 20, Va(to)ll <c (2.5)

Globally uniformly asymptotically stable if inequality (2.5) is satisfied for any

initial state x(to).

Definition 4. The equilibrium point x = 0 of (2.3) is exponentially stable if inequality
(2.5) is satisfied with
B(r,s) =kre” 7, k>0,7>0

and is globally exponentially stable if this condition is satisfied for any initial state.

2.2.1 Linear time-vayring systems

The stability behavior of the origin as an equilibrium point for the linear time-varying

system
T = A(t)x (2.6)

can be completely characterised in terms of the state transition matrix of the system.

From linear system theory, we know that the solution of (2.6) is given by
z(t) = O(t, to)x(to) (2.7)

where @ (¢, tg) is the state transition matrix. The following theorem characterizes uniform

asymptotic stability in terms of ®(¢, o).

Theorem 1. The equilibrium point = 0 of (2.6) is (globally) uniformly asymptotically

stable if and only if the state transition matrix satisfies the inequality
|®(t,to)|| < @ae %) Wt > 15> 0

for some positive constants & and a.
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2.3 Switching systems

A switched system is a continuos-time system with (isolated) switching events [33]. The

switching systems can be classified into

e State-dependent versus time-dependent;

e Autonomous (uncontrolled) versus controlled.

Remark 2. One can have combinations of several types of switching.

2.3.1 State-dependent switching

Suppose that the continuous state space R” is partitioned into a finite or infinite number
of operating regions by means of a family of switching surfaces, or guards. In each of these
regions, a continuous-time dynamical system (described by differential equations, with
or without controls) is given. Whenever the system trajectory hits a switching surface,
the continuous state jumps instantaneously to a new value, specified by a reset map. In
the simplest case, this is a map whose domain is the union of the switching surfaces and
whose range is the entire state space, possibly excluding the switching surfaces (more
general reset maps can also considered, as explained below). In summary, the system is

specified by

e The family of switching surfaces and the resulting operating regions;
e The family of continuous-time subsystems, one for each operating regions;

e The reset map.

In figure 2.2, the thick curves denote the switching surfaces, the thin with arrows denote

the continuous portions of the trajectory, and the dashed lines symbolise the jumps.

FIGURE 2.2: State-dependent switching.
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2.3.2 Time dependent switching

Suppose that we have a family {f; : R® — R" : i € T}, where T is some index set. !

This gives rise to a family of systems describe by the state representation.
= fi(x), 1€l (2.8)

The functions f; are assumed to be sufficiently regular (at least locally Lipschitz). The

easiest case to think about is when all these systems are linear
fi = Aia:, A; € Rnxn, 1€l (29)

and the index set Z is finite, e.g. Z = {1,2,...,n}.

To define a switched system generated by the above family, we need the notion of a
switched signal. This is a piecewise constant o : [0,00) — Z. Such a function o has a
finite number of discontinuities —which we call the switching times— on every bounded
time interval and takes a constant value on every interval between two consecutive
switching times. The role of o is to specify, at each time instant ¢, the index o(t) € Z
of the active subsystem, e.g., the system for the family (2.8) that is currently being
followed. We assume more concreteness that ¢ is continuous from the right everywhere:
o(t) = lim,_+0(t) for each 7 > 0. An example of such a switching signal for the case,
Z = {1, 2}, is describe in the figure 2.3.

FIGURE 2.3: Switching signal.

Thus, a switched system with-time dependent switching, can be described by equation:

E(t) = fou)(x(t)). (2.10)

!Tipically, 7 is a subset of a finite-dimensional linear vector space.
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A particular case is a switched linear system
x(t) = Aa(t)x(t), (2.11)

which arises when all individual subsystems are linear, as in (2.9). For the sake of

simplicity we omit the time arguments and write

= fo(x) (2.12)

and
&= Asz, (2.13)

respectively.

2.3.3 Autonomous switching

By autonomous switching, we mean a situation where we have no direct control over
the switching mechanism that triggers the discrete events. This category includes
systems with state-dependent switching in which locations of the switching surfaces
are predetermined, as well as systems with time-dependent switching in which the
rule that defines the switching signal is unknown (or was ignored at the modelling
stage). For example abrupt changes in system dynamics may be caused by unpredictable

environmental factors or component failures.

2.3.4 Controlled switching

In many situations the switching is actually imposed by the designer in order to achieve
a desired behaviour of the system. In this case, we have direct control over the switching
mechanism (which can be state-dependent or time-dependent) and may adjust it as the

system evolves.

2.3.5 Dwell time

The simplest way to specify slow switching is to introduce a number 74 > 0 and restrict
the class of admissible switching signals to signals with the property that the switching
times t1,ta, ... satisfy the inequality ¢;41 — t; > 74 for all . This number 74 is usually
called the dwell time (because o “dwells” on each of its values for at least 74 units of

time).



Chapter 3

Consensus seeking under

Persistent Interconnections

Consider N dynamic agents
W, x; = ug, iG{l,?,...,N} (31)

where wu; represents a protocol of interconnection. The most common continuous
consensus protocol under an all-to-all communication assumption, has been studied in

[44, 61], and is given by

N
ui:—Zaij(t)(:Ui—xj), ViE{l,...,N} (3.2)
j=1

where a;;(t) is the (7,7) entry of the adjacency matrix (-see Chapter 2) and z; is the

information state of the i-th agent.

In this Chapter, we present two new results on consensus seeking by using the consensus
protocol (3.2) where the a;;(t) gains are represented by persistent exciting signals. We

summarize our work as follows:

1. In Section, 3.1 We study the consensus problem in a ring topology; we establish
simple checkable conditions on the network interconnections guaranteeing the

achievement of consensus and,

2. In Section, 3.2 we analyse consensus under time-varying topologies; we establish
that consensus is reached provided that there always exists a spanning tree for a

minimal dwell-time.

15
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3.1 Consensus seeking under Persistent Interconnections

in a Ring Topology
We study consensus under the assumption of a ring-communication topology, that is,

for each i, we define

_aii+1(7§)(l‘i—$i+1), Vi€ {1,...,N—1}
Uy = (3.3)
—ai1(t)(zi — z1), i=N

where a;i+1 > 0, it is strictly positive whenever information flows from the (i 4+ 1)th
node to the 7th node. Under (3.30), the system (3.1) has the form

&= —L(t)z (3.4)

where L(t) is the following Laplacian matrix

a1 (t) —alg(t) 0 0 0
0 ags(t)  —ags(t) 0 0
L(t) := : ; ' (3.5)
0 0 aN_lN(t) —aN_lN(t)
i _aNl(t) 0 CLNl(t)
and x := ( xq,...,znx )T is the vector containing the state of each agent. The Laplacian

L(t) has associated a graphic representation which is shown in Figure 3.1.

aN1(t)

a12(t) @ . A—@ G/Nle(t)

FI1GURE 3.1: Ring topology with time dependent communication links.

The system (3.4) reaches consensus if for any initial condition all the states reaches
a common value as t tends to infinity. The consensus problem has been thoroughly
studied both for the case of constant and time-varying interconnections, mostly under
the assumption of an all-to-all communication topology. Typically, graph theory is used
to establish that consensus is reached if there exists a directed spanning tree (any node
may be reached from any node). In the case that the interconnections are time-varying,

a similar result was established in [39].



Chapter 3. Consensus seeking under Persistent Interconnections 17

3.1.1 Stability analysis

We take a different approach to the analysis of consensus: stability theory. Indeed,
our analysis builds upon the elementary observation that consensus is equivalent to the

asymptotic stability of the origin of

2 = A(t)z (3.6)
where we defined the error states
2 =X — Tit+1 ViE{l,...,N—l}, (37)
the vector containing all the errors z; is defined as z = ( zq,...,zy_; )T and
—alg(t) agg(t) ce 0
A(t) = (3.8)
0 0 —an—an—1(t) an—1n(t)
| —ani(t) - —an1(?) —(an1 +an-1n)(t) |

The latter follows from evaluating the time derivative of (3.7) to obtain, substituting

the dynamics of the agents 4,

—air1(t)z + aipriv2(t)zipr 1€ {1l,...,N =2}
5= (3.9)

—an-_1N(t)zny—1 +ani1(t)zy 1= N —1.

We establish sufficient and necessary conditions for the origin of (3.6) to be uniformly
globally exponentially stable therefore, for the system (3.4) to reach consensus uniformly

and exponentially fast.

We assume that the functions a;;+1 may be equal to zero for intervals of time whose
length is uniformly bounded. That is, we assume that each coefficient a;;11 is persistently
exciting. The latter property, which is well-known in the literature of adaptive control

systems —see [4], is defined as follows.

Definition 5. Persistence of Excitation. A locally integrable function a : R>g — R is

said to be persistently exciting (PE) if there exist positive numbers 7" and p such that

t+T
/ a(t)dr > p, YVt >0 (3.10)
¢
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It is an elementary but important fact (see [25]) that if £ — a(t) is persistently exciting
then

t
—/ a(t)dr
e Ju < ke~k—t) Vi >t >0 (3.11)

where k = e and k = u/T.

Ezxample 1. Consider a PE signal ¢ with T'= 3 and p = 1 wich is shown in the Figure
(3.2). The signal a satisfies the property (3.11) with k = 2.78 and k = 0.33, see Figure
(3.3).

l—a(t), p=1, =3

—_

Amplitude
o o
@

<
.|‘>
I

e
o
T
L

(=)

6 8 10
Time

o
MA
N

FIGURE 3.2: Persistently exciting signal a with T'=3 and p = 1.

_ ef;a(t)dr

n
[3)

—2.78¢ (13Nt

Amplitude
2

o
(&)
T

C>O

10 15
Time

FI1GURE 3.3: Property of a persistently exciting signal.

Theorem 1. If

|an1|oo := sup |an1(t)]
>0

is sufficiently small, the system (3.4) reaches consensus uniformly in the initial times if

and only if a;; is persistently exciting.
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We give a quantification of sufficiently small later in this chapter (Lemma 2).

To prove the theorem we start by observing that the matrix A(¢) in 3.6 may be

partitioned as

A(t) = Ai(t) + Aa(t) (3.12)
with
[ —a12(t) agg(t) 0 cee 0 |
0 —Aass (t) aszq (t) 0 :
L= - ; (3.13)
0 —an—an-1(t) an—1n(t)
i —an-1n(t) |
and ~ -
As(t) == : : : : (3.14)
0 0 0 ce 0
i —CLNl(t) —aNl(t) —aNl(t) —aNl(t) |

Therefore, (3.6) is equivalent to the feedback-interconnected system

2 = Ait)z+ye
Y1 o

Yo 1y = A(t)y

—see the illustration in Figure 3.4, below.

r = O 21 Y1

ry =0
Yo Sy 2

FIGURE 3.4: Interconnected system

The interest of this observation is that the stability conditions for (3.15), hence for (3.6),
may be derived by computing the norms of the systems ¥»; and X5 and invoking the
small gain theorem that gives sufficient conditions under which bounded inputs produce

bounded outputs in the feedback system of Figure 3.5.
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Ul + €1 Hl Y

Y2 €2 U2
H,

FiGUrE 3.5: Feedback system.

Theorem 2. [25] Consider the system shown in Figure 3.5. Suppose Hy, Ha : L. — Le;
e1,es € L. Suppose that for some constants 1,72 > 0 and Sy, B2, the operators Hy,

H, satisfy
1) [(Hien)dl < mllewll + B
2) [(Haea)ill < 2 lleat]l + Bo (3.16)
vt e RT. If
72 <1
then

lewll < (1 —vv2) " (Nlusell + 72 [Juze]l + B2 + 7281)
leal < (1= yv2) " (Juaell + 71 [Jurel| + Bi +71582) (3.17)

A

for any t > 0

(i) If in addition, |Juy||, ||uz|| < oo, then ei, ea, Y1, y2 have finite norms, and the norms

of ey, eg are bounded by the right-hand sides of (3.17) with all subscripts ¢ dropped.

Indeed, the system X is a particular case of that covered by the small gain theorem with

the inputs r1(¢) = 0 and ra(¢) = 0 for every nonnegative ¢ —see Figure 3.4.

In other words, in view of (4.23), the system (3.6) may be studied as a perturbed system

with nominal dynamics

21 1z = Al(t)z (318)

and perturbation (output injection) Aa(t)y;. Moreover, note that the perturbation only

depends on the interconnection function ani(t) hence, we shall establish exponential
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stability under the condition that the | - |oc norm of an(¢) is sufficiently small and the
origin of (3.18) is exponentially stable. The stability of system (3.18) is given by the

following result.

Lemma 1. Let

D(t,t,) = A1(t)D(t, to), D(to,to) =InN—1 VE>1,>0 (3.19)
where
[ —alg(t) agg(t) 0 cee 0 |
0 *agg(t) a34(t) 0
A= SN ; (3.20)
0 —anv-—an-1(t) anv—1n(t)
i —an-1n(t) |

Assume that, for every i = 1,..., N — 1, a;;+1(t) is a bounded persistently exciting signal.

Then, there exist @ > 0, o > 0 such that

|B(t,to)]| < @e™ 1) wi>t, > 0. (3.21)

Proof. Note that the solution of the differential equation (3.19) is given by ®(¢,t,) =
[¢i;(t,to)] where

0 P>
t
- aii+1(s)ds
¢ij(t7to) = e /t; Z — ] (322)
t
Gii(t, 5)aiv1,i42(8)div1,(s,to)ds 1< j
to

We show that every element of ®(¢,t,) is bounded by an exponential function. Taking

the absolute value of (3.22) and using the property (3.11) for its diagonal entries, we

have
|pij(t,to)] = 0 i>j
lpii(t,to)| < kgehilt=s) i=j
t (3.23)
|ij(t,to)| < |0ii(t; 8)]|@ig1,i42(5)||Pig1,5 (53 to ) |ds
to

1< J
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For each j =i+ 1 such that i < N — 1 the integral (3.22) depends on ¢;; and ¢;y1i+1

which are bounded by ke *i(t=9) and E‘i+16_ki+l(t_g), respectively. Consequently,

_ 1 it b RV (—
|3 (t,to)] < kikjlaitivaloo | 7——— € min{k; ki}(t=to)
ki — ki

where by assumption, |a;;1 42| is bounded. Thus, all elements of ®(¢,,) are bounded

in norm by a decaying exponential. O

Now, we can compute the input-output gain of the system ¥, as follows. The norm of

the output of ¥ is given by

t
(O] < 112G to)|[]|2(20)]| +/t @, 7)[[|y2(7)l|dr.
By Lemma 1 we have ||® (t,t,) || < @e=*(~%)  then

¢
lyr(D)]] < ae™ )|z (t) || + / ae= 7 |[yy(7)]|dr.
to
Solving the integral and taking the initial condition for z equals to zero, we obtain
(] —alt—
@l = — (1 —e =10 ya| oo

Thus,
IZill < & (3.24)

On the other hand, the norm of the output of 3 is

lyalloo < [[A2(8)[oo] [y1]loo-

Hence,
IB2lloe < [[A2(t)[|oe < (N = 1)|an1]oo- (3.25)

Finally, the proof of the theorem is completed by the following lemma, which establishes
the stability of the feedback interconnected system (3.4) based on the computed

input /output gains.

Lemma 2. Consider the interconnected system

= A(t)z+p
21 .

Yo 1y = A(t)n
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Under the assumptions of Lemma 1 the interconnected system (3.26) is stable if
lan1|oo < ﬁ In particular, all components of z(t) converge to a common value

as t — oo.

Proof. We apply the small gain theorem to the interconnected system (3.26) using the
upper bounds (3.24) and (3.25) of ||X1]| and ||32]|, respectively, this is

[[Za ][] < (N — 1)\GN1|oo <1 (3.27)
It follows that
lan1]oo < g(#) (3.28)
a'N—-1
is a sufficient condition for the asymptotically stability of (3.26). O

3.1.2 Illustrative example and Simulation Results

For the sake of illustration, let us study a system with four interconnected agents (see.
Figure 3.6).

a41 (t)
a2 (t a23(t) asa(t)

uu‘“

FIGURE 3.6: Ring topology with four interconnected agents

The information exchange among agents is represented by the persistently exciting

signals aj9, a3 and agq shown in Figure 3.7 with parameters in Table 1.

TABLE 3.1: Parameters T; and p; corresponding to the signal a;;41, 7= 1,2, 3.

T | p
ai19 (t) 2 1
as3 (t) 3 0.3
a34 (t) 2.5 | 1.25
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FIGURE 3.7: Persistently exciting signals aq2(t) (top), ass(t) (middle) and as4(t)
(bottom).

For this example, the system Z = A(t)z(t) is partitioned into two matrices A; and Ag
defined as

[ —an(t)  ass(t) 0 ]
Ai(t) = 0 —ags(t)  asa(t)
|0 0 —aza(t) |
and _ q
0 0 0
As(t) = 0 0 0
| —aa(t) —an(t) —aun(t) |

To apply Theorem 1, is necessary to compute & and «. By Lemma 1 we have
7. kok
a = ki+ |a34|oo|k22_123‘
kikoks
Hlazs|oslazaloo 16 —mintEa )]

o = min(kﬁl,k‘g,k‘g)

where the values of k; and k; are shown in Table 3.2.

TABLE 3.2: Parameters k; and k; corresponding to the signal a1, i = 1,2, 3.

lju‘i ki
alg(t) 2.71 0.5
a23(t) 1.34 | 0.1

asa(t) | 3.49 | 0.5

Therefore, we have

a=13.1285 and a =47.1147.
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By applying Theorem 1, we know that the origin of 2(t) = A(t)z(t) is exponentially
stable if
\a41(t)| S 0.092. (329)

To illustrate the feasibility of the results obtained we performed simulations using
SIMULINK of MATLAB. The initial conditions of the agents are z1(0) = —1, 22(0) = 3,
x3(0) = —2 and z4(0) = —0.5. The persistently exciting signal a41, satisfying (3.29), is

shown in Figure 3.8.

0.1
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0.08f ]
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0.01F :
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FIGURE 3.8: Persistently exciting signals a4 (t).

Figure 3.9 depicts that all trajectories converge to a common value.

Amplitude

-3 5 10 15 20 25 30 35

Time

FIGURE 3.9: Trajectories of states z1(t), x2(t), z3(t) and x4(t).
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In [52], it is shown that having a spanning tree topology is a sufficient condition to achieve
consensus under the assumption of piecewise constant communication links among the
agents. Therefore, by using this result we can also conclude that the foregoing example
reaches consensus due to the persistently exciting signals a2, a23, ass and a4y satisfy this
condition. However, we want to stress that our result is based on the assumptions that
the time-varying communication links among the agents are represented by persistently
exciting signals and consequently our result is different with respect to the one presented
in [10].

3.2 Consensus for multi-agent systems under persistent

interconnections over a time-varying topology.

We analyze consensus under time-varying topologies; as opposed to the more traditional

graph-theory based analysis [53], we adopt a stability theory approach.

3.2.1 The network model

With little loss of generality, let us consider the following consensus protocol

—a)\)\_H(t) [ZC)\(LL) — x')\+1(t)] Ve [1,N — 1]
uy = (3.30)
0 A=N

where ayy+1 > 0 and it is strictly positive whenever information flows from the (A+1)th
node to the Ath node. This protocol leads to a spanning-tree configuration topology;

the closed-loop equations are

(

fCl = —al2 (t) [xl — xg]

3\ = —arxx(t)[zr — 2r11] (3.31)
ino1 = —an—1n(t)[zno1 — an]

TN =0

\
In a leader-follower configuration, the Nth node may be considered as a “swarm master”

with its own dynamics. For simplicity, here we consider it to be static.

It is clear that there are many other possible spanning-tree configurations; the one

showed above is considered conventionally. Actually, there exist a total number of V!
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spanning-tree configurations; for instance, for a group of three agents there exist six
possible spaning-tree configuration topologies which determine six different sequences
{Us3, Uy, Uy}, {Uy, ¥y, U3}, ete. —see Figure 3.10.

@ aya(t) @ azz(t) @ @ a13(t) @ a3a(t) @

@ ag1 (t) @ a13(t) @ @ ags (t) @ az1 (t) @
@ az1 (t) @ a1a(t) @ @ aza(t) @ az1 (t) @

FIGURE 3.10: Example of 3 agents, where by changing their positions, we obtained
six possible topologies.

Thus, to determine the N! possible spanning-tree communication topologies, among
N agents, we introduce the following notation. For each k& < N we define a function
7 which takes integer values in {1,... N}. We also introduce the sequence of agents
{U, }{CV:1 with the following properties: 1) every agent W) is in the sequence; 2) no
repetitions of agents in the sequence is allowed 3) the root agent is labeled ¥, and it
communicates with the agent W, _,, the latter is parent of ¥, , and so on down to the
leaf agent W, . That is, the information flows with interconnection gain ar,,,,(t) > 0,

from the agent ¥ to the agent W, . The subindex k represents the position of the

Tk+1

agent W, in the sequence. Note that any sequence {W, , Wry, ..., Uy, U} of the

agents may be represented as a spanning-tree topology which is depicted in Figure 3.11.

Thus, in general, each possible fixed topology labeled i € 1,..., N! is generated by a

protocol of the form (3.30) which we write as

; _a;i'l'ﬂ‘ (t)|Tm), — Tr , ke{l,...,N—1}
uh o= kTk+1 [ k k+1] (332)

0, k=N

where k denotes the position of the agent ¥ in the sequence { U, }fcvzl and 7y represents

( : ) Ay (1) @ . . a""'Nlﬂ'N(t@

FicUure 3.11: A spanning-tree topology with time dependent communication links
between ¥, and ¥

The+1"
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which agent W) is in the position k, this is, 7z = A. Under (3.32), the system (3.1) takes
the form
ie{l,...,Nl}

Tqi = —Li(t)zai, (3.33)

where to each topology i < N! corresponds a state vector

T
Tdi = [xﬂluxﬂzv"wxﬂ']v}

which contains the states of all interconnected agents in a distinct order, depending on
the topology. For instance, referring to Figure 3.10, for ¢ = 1 we have x4 = [:cl, T2, :1:3] T

while x4 = [xl, 3, xz]T while for i = 4.

Accordingly, to each topology we associate a distinct Laplacian matrix L;(¢) which is

given by
a’f‘rlrrg (t) _ail'lﬂg (t) 0 0
0 a’77/rg7l'3 (t) _a’g'l'27'('3 (t)
Lit) := (3.34)
0 0 a/;;'('k_lﬂ'k (t) _agrk_lﬂ'k(t)
0

Since any of the N! configurations is a spanning tree, which is a necessary and sufficient
condition for consensus, all configurations may be considered equivalent in some sense,
to the first topology, i.e., with ¢ = 1. As a convention, for the purpose of analysis we

and refer to it as an ordered

denote the state of the latter by x = [:1:1,3:2, .. .,xN]T

topology. See Figure 3.12.

A spanning-tree topology with time dependent communication links
between Uy and Wyyq.

FIGURE 3.12:
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It is clear (at least intuitively) that consensus of all systems (3.33) is equivalent to that

of & = Ly(t)x where

ai2(t) —ai2(t) 0 0
0 ag(t)  —azs(t) 0
Li(t):= | : : ' (3:55)
0 coanoin(t) —an_1n(t)
- O 0 N

More precisely, the linear transformation from a “disordered” vector x4 to the ordered

vector x is defined via a permutation matrix P; that is,

xq; = Pz (3.36)
where P; € R" " is defined as
_ 5, -
P, = E” . ie{l,...,ND
oy
and the rows
Er = [0, 0, adl 0].

Ath position

The permutation matrix F; is a nonsingular matrix with PZ-_1 = P (see [23]). For

instance, relative to Figure 3.10 we have x4y = [x2, 21, 3] and

010
P=11 00
0 01

In order to study the consensus problem for (3.33) for any ¢ it is both sufficient and
necessary to study that of any configuration topology. Moreover, we may do so by

studying the error dynamics corresponding to the differences between any pair of states.

3.2.2 Fixed topology with time-varying interconnections

For clarity of exposition we start with the case of a fixed but arbitrary topology. In view
of the previous discussion, without loss of generality, we focus on the study of the ordered

topology depicted in Figure 3.12. Consensus may be established using an argument on
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stability of cascaded systems. To see this, let z; denote the vector of ordered errors

corresponding to this first topology that is,
Zini=Ty—xap1 VAEA{L...,N—-1}

Then, the systems in (3.33) with ¢ = 1 reach consensus if and only if the origin of

Z11 = —aia(t)z11 + azs(t)z12 (3.37)
Z12 = —ags(t)z12 + aza(t) 213 (3.38)

: (3.39)
AN = —an-1n(t)z21N (3.40)

is (globally) uniformly exponentially stable.

In a fixed topology we have a y41(t) > 0 for all ¢ > 0 that is, the Ath node in the sequence
always receives information from its parent labeled A + 1, albeit with varying intensity.
The origin of the decoupled bottom equation, which corresponds to the dynamics of
the root node, is uniformly exponentially stable if ay_1 () > 0 for all ¢. Each of
the subsystems in (4.57) from the bottom to the top is input to state stable. Uniform
exponential stability of the origin {z = 0} follows provided that ayy+1 is bounded (-see
lemma 3.12).

In compact form, the consensus dynamics becomes
21 = Al (t)zl, zZ1 = [211 A | Nfl]T (341)

where the matrix A;(t) € RV"1XN=1 i5 defined as

—an(t) asm(t) 0 . 0
0 —ags3(t) as4(t) 0 :
Ai(t) = : : ‘
0 —an—an—1(t) an—in(1)
i —an-1n(t)

(3.42)

3.2.3 Time-varying topology

In a changing topology we have ay ,(t) > 0 for all t however, we assume that there always

exist an interval of time of non-negligible length (this will be made precise later) during
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which a spanning tree communication is established. The topology may be randomly

chosen as long as there always is a spanning tree which lasts for at least a dwell-time.

For the purpose of analysis we aim at identifying, with each possible topology, a linear
time-varying system of the form (4.1) with a stable origin and to establish stability
of the switched system. To that end, let i determine one among the N! topologies
schematically represented by a graph as showed in Figure 3.11. Let x) denote the state
of system W) then, for the ith topology, we define the error

zi o= lzazin—a]! (3.43)

Zik = Tmy — Tmy,, ke{l,---,N-—1} (3.44)
where k denotes the graphical position of the agent ¥y in the sequence {¥, }{Cvzl and
7, represents which agent W) is in the position j, this is, 7 = A.

Ezample 2. Consider two possible topologies among those showed in Figure 3.10
represented in more detail in Figure 3.13 (for ¢ = 1) and Figure 3.14 (for i = 4).

Then, we have
211 = xﬂ'l - ~T7r2 =T1 — T2

212 = Tqpy — Tz = T2 — T3

k=1 k=2 k=3

FIGURE 3.13: A topology with 3 agents where m; = 1, mo = 2 and 73 = 3.

whereas in the second case, when i = 4,

221 = Tqy — Ty = T1 — T3

222 = Ty — Ty = T3 — X2

FIGURE 3.14: The second topology with 3 agents where m; = 1, mo = 3 and w3 = 2.



Chapter 3. Consensus seeking under Persistent Interconnections 32

That is, for each topology ¢ the dynamics of the interconnected agents is governed by

the equation

Zi o= Ai(t)z (3.45)
where
_agrﬂrg (t) a’grgﬂ'g (t) 0 0
Ai(t) =
O 0 —(I;'TN7271_N71(t) a;'N,NTN (t)
L 0 0 _a/;']\],lﬂ'N(t)_
(3.46)

According to Lemma 1 the origin {z; = 0} is uniformly globally exponentially stable
provided that ar,r, ., (t) is strictly positive for all ¢. It is clear that consensus follows
if the origin {z; = 0} for any of the systems (3.45) (with ¢ fixed for all ¢) is uniformly

exponentially stable. Actually, there exist «; and @; such that

zi(t)]] < @e™" V>0 (3.47)

Observing that all the systems (3.45) are equivalent up to a linear transformation, we
establish consensus under the assumption that topology changes, provided that there
exists a minimal a dwell-time. Indeed, the coordinates z; are related to z; by the
transformation

Z; = Wz‘Zl (3'48)

where W; := TP,T~', P; is defined in (3.37), T € RN~V ig given by

T=|": : (3.49)
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and T~! € RN*N=1 denotes a right inverse of T, given by

11 1 1]
1 o1
00 1 -1
Tt=1 . . (3.50)
0
L 0_

Note that the matrix W; € RV=1*N=1 ig invertible for each i < N! since each of its
rows consists in a linear combination of two different rosws of 7!, which contains N —1

linearly-independent rows. Actually, using (3.48) in (3.45) we obtain

21 = /L-(t)zl (3.51)
where
Ai(t) == W, A ()W (3.52)
We conclude that
lz1(t)]| < e, @ = ||W @, VYit>o. (3.53)

Based on this fact we may now state the following result for the switched error systems

which model the network of systems with switching topology.

Lemma 3.1. Consider the switched system
2"1 = Aa(t) (t)Zl (3.54)

where o : R>g — {1,..., N} and for each i € {1,..., N}, A; is defined in (3.52). Let
the dwell time

N!

In <11_[1 ozi)
N! :
> o
i=1

Then, the equilibrium {z1 = 0} of (3.51) is uniformly globally exponentially stable for

T4 > (355)

any switching sequence {tp} such that t, 1 —t, > 74 for every switching time t,.

Proof. Let t, be an arbitrary switching instant. For all ¢ > ¢, such that o(t) = i we
have
l21()]] < @e™ )21 (8p)]| Vi <t < tppr (3.56)
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Since by hypothesis 74 € [tp, tp+1), from (3.56) we have
|21 (tp + 7a) || < cie™ |21 (2] (3.57)
Using the property of continuity of both the norm function and the state z(t), we have

21 (tpr) ] < lz1(Ep + 7a)l| (3.58)

and therefore
121 (tp11) || < Qie™ ™ |[21(tp)] (3.59)

Note that to guarantee asymptotic stability of (3.54) it is sufficient that for every pair

of switching times ¢, and t,
21 (E)[| = [[21(tp)[] <O (3.60)

whenever p < ¢ and o(t,) = o(ty).

Now consider the sequence of switching times ¢,,t,11, ...,tp4N1—1,%p+n1 satisfying

o(ty) # o(tpt1) # ... # o(tpyn—1) and o(ty,) = o(tp+n1) which corresponds to a

switching signal in which all the N! switched are chosen.

From (3.59) it follows that

N!
|21 (tpr )] < (H &'ie(gila””) |21 ()] (3.61)
i=1

To ensure that
[[21 (Epn)[| = [l21(tp)[| <O (3.62)

it is sufficient that

N!
(H e~y 1) la1(t,)]1 < 0 (363)

i=1

Therefore, since the norm is a non-negative function we obtain
N!
N!
[[aie &=re0m <1 (3.64)
i=1
and the proof follows. O

Finally, in view of Lemma 3.1 we can make the following statement.
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Theorem 3. Let {t,} denote a sequence of switching instants p € Z>o and let 0 : R>¢ —
{1,..., N!} be a piecewise constant function satisfying o(t) = ¢ for all ¢t € [t,, {p41) with

tp — tp+1 > 74 and 74 satisfying (3.55).

Consider the system (3.1) in closed loop with

o(t)
—Qn t)|Tr, — Tr , ke{l,...,. N—1
u;}gt): a k k+1()|:x k T k+1} { } (365)
0, k=N

Let the interconnection gains @, , for all i € {1,...,N!} and all \, k € {1,..., N — 1},
be persistently exciting. Then, the system reaches consensus with uniform exponential

convergence.

3.2.4 Illustrative example and simulation results

For illustration, we consider a network of three agents hence, with six possible
topologies, as showed in Figure 3.10. The information exchange among agents in each
topology is ensured via channels with persistently-exciting communication intensity; the

corresponding parameters are shown in Table I.

i=1 T m i=2 T m i=3 T m

a12(t) | 0.25 | 0.5 || a21(t) | 2.0 | 1.6 || as:1(¢t) | 0.3 | 0.1
a3(t) | 0.2 1 ai3(t) | 0.8 | 0.2 || ai2(t) | 0.7 | 0.6
i=4 T 1 i=5 T L i=6 T I
as(t) 2 1 a3(t) | 0.4 | 0.1 || as2(t) | 0.5 | 0.3
as2(t) 4 0.4 || as1(t) | 0.5 | 0.4 || a21(¢) | 4.2 | 1.8

Table I. Parameters of the nterconnection gains
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FiGURE 3.15:  Persistently exciting interconnection gains for the topologies
{W1, Us, U3}, {Wo, Uy, U3} and {U3, ¥y, Us}

The graphs corresponding to the interconnection gains are showed in Figures 3.15 and
3.16. By applying Lemma 1, we can compute &; and «; for each topology i, see Table
II. Substituting the values of &; and «; into (3.55), we find that the dwell time must
satisfy 74 > 7.92.

il 1] 2 ]3] 4|5 6]
a | 651 ] 1026 | 6.11 | 12.85 | 4.71 | 3.98
al02] 03 | 04| 01 |03

Table II. Parameters corresponding to the exponential bounds

We performed some numerical simulations using SIMULINK of MATLAB. In a first test,
the initial conditions are set to x1(0) = —2, x2(0) = 1.5 and x3(0) = —0.5; the switching
signal o(t) is illustrated in Figure 3.17.
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FIGURE 3.16:
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FIGURE 3.17: A switching signal o(t) satisfying the dwell-time condition
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The systems’ trajectories, converging to a consensus equilibrium, are showed in Figure

3.18.
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FIGURE 3.18: Trajectories of z1(t), x2(t) and x3(t)

3.3 Discussion

At first, we discuss the consensus problem for a network of dynamic agents with a ring
topology under the assumption that each interconnection between any pair of agents is
represented by bounded persistently exciting signals. By using the small-gain theorem we
obtain that the system reached consensus if the intensity of one of the interconnections

is relatively small.

The second result deals with the consensus problem for networks with changing
communication topology and with time-dependent communication links. That is, the
network changes in two dimensions: geographical and temporal. We establish that
consensus is reached provided that there always exists a spanning tree topology for
a minimal dwell-time. The interconnection gains are persistently exciting signals. The
originality of our work lies in the method of proof, based on stability theory of time-

varying and switched systems.



Chapter 4

Leader-follower formation and
tracking control of mobile robots

along the straight paths

4.1 Introduction

In this Chapter, we discuss the problem of leader-follower formation and tracking control
of mobile robots along the straight paths. The model of a mobile robot of the unicycle
type is shown in Figure 4.1.

yl' .................

KV

FIGURE 4.1: A two-wheel mobile robot.

We assume that the masses and inertias of the wheels are negligible and that both the
forward velocity v, and the angular velocity w; are controlled independently by motors.

Let (x,y) denote the co-ordinates of the centre of mass, and #; the angle between the

39
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heading direction and the z-axis. We assume that the wheels do not slide, which results

in the following equations

1 = wycos(6y) (4.1a)
yl = U1 sin (91) (4.1b)
91 = wq. (4.10)

where v; and w; are considered as inputs.

We wish to examine the problem of formation control of multiple mobile robots, using
a leader-follower approach. In Section 4.2, for clarity of exposition, we firstly present
a result on leader-follower tracking control (two robots only) and describe the control
approach. Then, in Section 4.3 we present a result for a cascade-like configuration of
leader-follower mobile robots. In the communication graphs, each robot becomes leader
to one robot and follower of another. There is a unique swarm leader robot which receives
the information of the reference trajectory and there is a unique tail robot which is leader
to one. The performance of the derived controllers is illustrated by means of simulations

in Section 4.4. The Chapter ends with concluding remarks in Section 4.5.

4.2 Leader-follower tracking controller

A. Kinematic formulation

After the seminal paper [29], the tracking control problem for mobile robots may be
reformulated as that of controlling a robot in a leader-follower configuration as shown
in Figure 4.2. Hence, the tracking control problem consists, for a mobile robot with

kinematic model (4.1), in following a fictitious vehicle

tog = wpcos () (4.2a)
yo = 19 sin (90) (4.2b)
90 = wy. (4.20)
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v

FIGURE 4.2: Generic representation of a leader-follower configuration. For a swarm of
n vehicles, any geometric topology may be easily defined by determining the position
of each vehicle relative to its leader. This does not affect the kinematic model.

That is, vg and wq are, respectively, forward and angular velocity references. From
a control viewpoint, the goal is to steer to zero the differences between the Cartesian
coordinates of the two robots, as well as orientation angles; in other words, to steer the

following quantities to zero:

Plz = To— T1+dyi-1)
Py = Yo— Y1 — dyi-1);
ploe = 0o — 0.

where d, and d, denoted design parameters imposed by the topology and path planner.
Using geometry in Fig. 4.2 we can write the relationship between the turning radius
['i—14, the angle of turn 6; and the translation (dg—1;,dy@-1),:) as the following

equations:

dypi—1),; = Ti-1isinb;

dy(ifl),i = Fi—l,i COS 91
In this case, we have

dx(O),l = Fovlsinﬁl

dy((]),l = F071C0891
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Then, for the purpose of analysis we transform the error coordinates [piy, pi1y, p1g) of
the leader robot from the global coordinate frame to local coordinates fixed on the robot

that is,

(A COSs 01 sin 91 0 Plz
ely| = |—sinfy costy O Dy | - (4.3)
€10 0 0 1 P16

In the new coordinates, the error dynamics between the virtual reference vehicle and

the follower becomes

T wiely — U1 + vgcoserg + F(),lwl (4‘43)
€ly = —wieiy +vgsiney (4.4b)

The tracking control problem is transformed into that of stabilising the origin for the
error dynamics (4.4). It is commonly assumed that the reference angular velocity wq
is different from zero. Indeed, otherwise the system looses controllability in the y
coordinate —see Eq. (4.4b). For instance, the results in [46], and consequently those
of [32] which rely on the former, are based on the assumption that the angular reference
velocity satisfies a persistency of excitation condition that is, wo(s) := v(s)? where
t+T
(8)%ds > u, Vit >0 (4.5)
¢

for some positive constants p and 7. In [6, 31] where complex nonlinear time varying
controls are designed to allow for reference velocity trajectories that converge to zero.
Furthremore, in [31] the authors cover the case when also the forward velocity vy may
converge to zero that is, tracking control towards a fixed point. In [6] the controller is
designed so as to make the robot converge to the straight-line trajectory resulting in a

path that makes it go back and forth on the path.

Our control approach is inspired by the casacades-based controlers originally presented
in [46], in which persistency of excitation is used to guarantee exponential stabilisation
of the origin for the error dynamics. We extend this approach to the case in which the
reference angular velocity fails to satisfy the persistency of excitation condition. As a
matter of fact, we allow for the case in which wg = 0. Although structurally similar, the

control laws are given by

v = Uo(t) + o1y + Fojlwl, co >0 (4.6&)

wi = h(t,ey)+crerg, c1 >0 (4.6b)
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where h is bounded, locally of linear order in ey, and continuously differentiable. It is
the term h above which replaces the zero angular velocity in the controller introduced
in [46] which relies on the assumption that wg is persistently exciting. In the present
context, we impose as condition that h(¢,0) = 0 and h is persistently exciting for any

e1y # 0; a precise definition is given farther below.

We show that the controller (4.6) stabilizes globally and uniformly the error dynamics.
In order to understand the stabilisation mechanism of the controller (4.6) it is convenient

to examine the closed-loop equations, which result from using (4.6) in (4.4) to obtain

€l = wiely — C2e1, + Vg [cosery — 1] (4.7a)
€y = —wieiy +vpsineyy (4.7b)
€l = —ciei — h(t ery). (4.7¢)

This system may be rewritten in compact form as

oo T T 1 d en) (4.8a)
€ly —w1 0 €1y
é19 = —cieig — h(t, e1y) (4.8b)

where we purposefully dropped the arguments of w; and defined the interconnection

term

(4.9)

At 00) = lvo(t)(cosew - 1)] |

Vo (t) sin €10

We are interested in establishing uniform global asymptotic stability of the origin of
(e1z,€1y,€19) = (0,0,0). To that end, we observe that the system (4.8) consists in the

feedback interconnection of two systems as illustrated in Figure 4.3.

d(t, @ h(t, @

Yot é19 = —c1e10

1

FIGURE 4.3: Small gain feedback representation of the closed-loop system with a
persistently exciting controller.
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Roughly speaking, after adaptive control systems theory, the system in the centre upper
block is uniformly asymptotically stable at the origin, provided that co > 0 and w; is
persistently exciting, globally Lipschitz and bounded. On the other hand, the origin
of the system in the lower-centre block is, clearly, exponentially stable if ¢; > 0. As a
matter of fact, it may also be established that each of these subsystems is input to state
stable. Moreover, the interconnection terms h and d are both uniformly bounded and
satisfy d(¢,0) = 0, h(t,0) = 0. Thus, the interconnected system (4.8) may be regarded as
the feedback interconnection of two input to state stable (ISS) systems. Consequently,
stability of the origin of (4.8) may be concluded invoking the small-gain theorem for ISS

systems.

Although intuitive, the previous arguments hide certain difficulties in the analysis that
we intend to clarify next. Firstly, the function w; depends on the states and time hence,
persistency of excitation must be appropriately defined. We use a relaxed notion of
persistency of excitation, originally introduced in [38]; the following is a refined definition

reported in [47].

Definition 6 (ud-Persistency of excitation). Let f(-,-) be such that the system & =
f(t,z), with state 2 = [z 29]" and solution x(t) = x(t,t,, o) starting at (to,z.) €

R>o x R™ is forward complete.

The pair (¢, f) is called uniformly J-persistently exciting (ué-PE) with respect to x;
if, for each r and § > 0, there exist constants T'(r,d) and u(r,d) > 0 such that, for all

(to,zo) € R>¢ x By, all corresponding solutions satisfy!

t+T
{ min_|lz1(s)|| > 5} = {/ O(T, 2(7, to, ©6)) (T, (T, to, o)) T dT > MI}
s€ft, t+T) t
(4.10)
for all t > t¢,.

In words, the pair (¢, f) is ud-PE if the function ¢(-,x(-)) is PE in the usual sense
of adaptive control, uniformly in initial conditions (t.,z,) € R>o x B, whenever the
trajectory z(-) is away from a d-neighbourhood of the origin. For simplicity we may also
say, with an abuse of terminology, that the function ¢ is ué-PE in the understanding that
the pair satisfies Definition 6. For instance, the function ¢(t,z) := ¥(t) ||z|| is uo-PE if
1 satisfies (4.5). In particular, the function ¢(¢) = sin(f)a(z) with a continuous, zero

at zero, is ud-PE.

There are several properties of ud-PE functions which are useful in control design for
nonholonomic systems; these are reported in [37]. One of them is that if w; is ué-PE

then there exists a function w; which depends only on time and which is persistently

"Notice that, in what the definition concerns, unicity of solutions is not required.
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exciting in the usual sense that is,
t+1’
/ [on ()P dr > i Vi3> 0 (4.11)
t
for some T" and i/ > 0. Moreover, w; may be purposefully constructed to satisfy
Wi (t) := h(t,e1y(t)) + crep(t) Vit : |ley(t)] >4 (4.12)

Even though the function w; is parameterized by ¢ it is garanteed that for any § > 0

there exists w; satisfying all of the above.

This property is useful because, for any § and for all ¢ such that |[ei,(t)|| > 0, the

trajectories of 31 in Figure 4.3 coincide with those of

NEE
1y —wi(t) 0 €ly

Ay (1) 1

which is linear. The clear advantage is that the behaviour of the trajectories of
(4.8a) with d = 0 may be analysed as those of a linear system, at least while the
trajectories are away from the origin (strictly speaking away of any d-neighbouhood).
In particular, global exponential stability of the origin of (4.13) is easily concluded
invoking classical results on adaptive control systems —see [24]. Consequently, one may
use an intuitive contradiction argument to establish uniform global asymptotic stability
of (4.8a) with d = 0: assume that the origin is not attractive then, the trajectories (tend
to) remain away of an arbitrary §-neighbourhood of the origin?. In that case, since they
coincide with those generated by (4.13) which is exponentially stable, it follows that the
trajectories of (4.8a) must converge to zero. The argument may be repeated for any
arbitrarily small § hence, the “exponential” rate of convergence diminishes but remains

uniform in the initial conditions.
Precise general statements for nonlinear time-varying systems are reported in [47]. For
the purpose of the system (4.8) we proceed by showing that

e the origin is uniformly stable;

e the solutions are uniformly globally bounded;

e the origin is uniformly globally attractive.

2An “oscillating” behaviour which would consist in the trajectories entering and exiting the -
neighbourhood is excluded since the origin is stable.
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The first bullet comes from the fact that the system corresponds to the feedback
interconnection of two locally input to state stable systems. For the first block, X,
the origin is uniformly globally asymptotically stable provided that w; is uniformly §-
PE with respect to ey, bounded and with bounded derivatives —see Theorem 4 in the
appendix. On the other hand, local input to state stability (also known as total stability)
with respect to the additive input d is a direct consequence of uniform global asymptotic
stability —see [22]. For X it is evident that the origin is globally exponentially stable and
that ¥4 is input-to-state stable with respect to h. Actually, the interconnected system
showed in Figure 4.3 is (locally) uniformly asymptotically stable.

The boundedness property follows from the fact that the trajectories of (4.13) coincide
with those of ¥; in Figure 4.3 (which are globally uniformly bounded) for all ¢ such that
lleiy(t)|| > 0; in particular, if the trajectories tend to grow unboundedly. To see more
clearly we remark that in view of (4.11) the origin of (4.13) is globally exponentially
stable, this implies that, for any ¢§, there exist positive definite symmetric matrices Pjs

and Qs such that Qs(t) = Ay, (t) " Ps(t) + Ps(t)Ays(t) + Ps(t) and the total derivative of
Vis(t, 21) = 2 Ps(t)z1
along the trajectories of (4.8a) satisfies
Vis(t, z1) < =z Qs(t)z1 + 2/ Ps(t)d(t, e1)
for all t such that ||ei,(¢)|| > d. In turn, we have

Vis(t,z1) < —amllzll® +par |21 ||d(t, e10) |
2
dm 2 Py 2
< = 4 .
< I e+ 2, ) (414

where we used pyrI > Ps(t) and Q5(t) > gmI. Since d(t, e1p(t)) is bounded —see (4.9),
it is clear that if ||z1(t)|| — oo then Vis(t,z1(t)) < 0 for sufficiently large t. We argue in

a similar way for the trajectories of (4.8b); the total derivative of Vas(e1g) := 0.5 [|erq]|*

yields
Vas(ers) < —cillerol® + llewoll |1t exy) |
Acy 2 | It eny)l
< —— _— .
< 5 lle1al|” + 26 (4.15)

for any A > 0. Recall that, by assumption, h is bounded.
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Next, we show that the origin of (4.8) is uniformly globally attractive; that is, we must

show that for any r and o > 0, there exists T such that
llei(to)]| <r = Jlea(t)]| <o Vt>t,+T. (4.16)

So let r and ¢ be arbitrary given positive constants and define § := ¢. To establish the

convergence property (4.16) we study the behaviour of the solutions of

[élx] _ [—02 1171@)]
ély —ﬂ)l(t) 0 €1y

¢l = —cieig — h(t, e1y) (4.17b)

U\ d(t, e) (4.17a)

whose trajectories, as we have emphasised, coincide with those of (4.8) for all ¢ such
that [|e1y(t)|| > 6. Therefore, it suffices to establish global exponential stability of the
origin of (4.17). To that end, let

150 par Aci 2q
A=/ = € 1= — = 2T¢ 4.18
2 gmcr 4 " p?\/l ( )

and consider the Lyapunov function Vs := nVis + Vas. Its total derivative satisfies

2 M
y q Vo 2 1A ) 2
< (A Y — == =
Vit z1,e10) < =(%e = 550 ) a1 = (5 =) llew!

where we introduced the bound v} > |lug(t)|| and we used the fact that ||h(t, e1,)|| <
o}! ||z1]| and ||d(t, e19)]] < |lerg]. In view of the expressions in (4.18), Vs is negative
definite, actually,

"/;5(15,21,619) < —OéHZl||2—€”€19”2, a>0

We conclude that the trajectories of (4.8), which coincide with those of (4.17) for all ¢
such that ||e1,(t)|| > J, tend to zero exponentially fast as long as the latter inequality
holds. In view of this there exists a finite time 7" such that for any ¢’ € (0, d], we have
llex(to + T)|| < ¢'. From uniform stability, we have |le1(t)]| < § for all ¢ > ¢, + T'. Since

0 = o by definition, the statement follows.

Remark 3. It is worth noticing that this reasoning is reminiscent of ultimate
boundedness: namely, the solutions tend to a ball of radius 6. However, in this case,
opposite to arguments leading to ultimate boundedness, the number § is arbitrarily given
and the previous arguments continue to hold for any § and fixed values of the control

gains.

In the following lemma we obtain the uniformly globally asymptotically stability for the

case leader-follower tracking.
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Lemma 4.1. The origin of the system (4.8) is uniformly globally asymptotically stable
if c1 >0, cg > 0, vy is bounded and wy is ud-PE, bounded and locally Lipschitz in ey

uniformly in t. Moreover, ué-PE of w1 is also a necessary condition.

The previous lemma establishes a strong, yet intermediary, convergence result in the
pursuit of our main objective: tracking control of nonholonomic robots. It is left to
state under which conditions w; is ué-PE. As a matter of fact, this has been established
in the context of set-point stabilization, in [37]. The control input w; satisfies the
differential equation

’li)l = —C1W1 + h(t, ely)

which corresponds to the equation of a low-pass filter. That is, a stable strictly proper
linear system with input A. It is well-known from adaptive control textbooks that
the output of a low-pass filter driven by an input that is persistently exciting, is also
persistently exciting —see [24, 41]. Now, for nonlinear functions we have the analogous
Property 1 from [37], which is recalled in the Appendix. Therefore, w; which corresponds

to a “filtered version” of h, is us-PE if so is h.

We conclude that the following statement holds.

Proposition 1. Consider the system (4.4) in closed-loop with the controller (4.6). Let
h be bounded, once continuously differentiable, such that h(t,eq,) has a unique zero at

e1y = 0 for each fixed t,

Oh(t, e1y)
ot

)

sup {Hh(u el

tzely

Oh(t,ey)
661y

} <ec (4.19)

for some positive constant ¢ and assume that for any J > 0 there exist positive numbers
p and T such that

t+T

lety]| > 6 = / Hh(T, ely)H dr > p, ¥t > 0. (4.20)
t

Then, the origin of the closed-loop system is uniformly globally asymptotically stable.

Remark 4. The function h may be defined as a monotonic locally linear function of ey,
and smooth, persistently exciting in ¢; for instance, h(t, e1,) = ¥ (t)sat(e1y) where sat(:)

is a saturation function and v is persistently exciting.

Proof. . The closed-loop system is given by Eqs. (4.8) and it may be easily showed,
using V1 and V5 above, that the system is forward complete. Now, since h is a scalar

function (4.20) holds if and only if the following condition, along complete trajectories,

+T |\
min_ ey, (7)| =8 = / |ir ey ()| dr =, 120
TE[t,t+T) t
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holds. Therefore, h satisfies the properties in Definition 6 and, in view of Property 1, it

follows that wy is ud-PE. The result follows from Lemma 4.1 O

4.3 Leader-follower formation control

We extend the previous result to the case of formation-tracking control. Consider a

group of n mobile robots with kinematic models,

x; = wv;cos(6;) (4.21a)
Yi = wv;sin(6;) (4.21Db)
0; = w;, i€l n (4.21c)

where, for the i-th robot, x; and y; determine the position with respect to a globally-
fixed frame, 6; defines the heading angle —see Figure 4.2, and the linear and angular

velocities are denoted by v; and w; respectively.

The control objective is to make the n robots take specific postures determined by
the topology designer, and to make the swarm follow a path determined by a virtual
reference vehicle labelled Ry. Any physically feasible geometrical configuration may
be achieved and one can choose any point in the Cartesian plane to follow the virtual

reference vehicle.

We solve the problem using a spanning-tree communication topology and a recursive
implementation of the tracking leader-follower controller (4.6). That is, the swarm has
only one ‘leader’ robot tagged R; whose local controller uses knowledge of the reference
trajectory generated by the virtual leader Ry. Therefore, in the communications graph,
R is the child of the root-node robot Ry and the other robots are intermediate nodes
labeled Rs to R,_1 that is, R; acts as leader for R;11 and follows R; 1. The last robot
in the communication topology is denoted R,, and has no followers that is, it constitutes
the tail node of the spanning tree —see Figure 4.4. We remark that the notation R;_

refers to the graph communication topology and not to the formation topology.

\'\

FIGURE 4.4: Communication topology: a spanning directed tree with permanent
communication between R; and R;;q for all i € [0,n — 1].
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The fictitious vehicle, which serves as reference to the swarm, describes the reference
trajectory defined by (4.2); the desired linear and angular velocities vy and wg are
communicated to the leader robot, Rj, only. According to this communication topology,
and following the setting for tracking control, the formation control problem reduces to
that of stabilisation of the error dynamics between any pair of leader-follower robots.

For each i < N, this is

€ix = WiCjy — Vi +vi_1cosep + i1 w; (4.22a)
€iy = —Wieiz + vi_1sine (4.22b)
éig = W;—1 — W; (4.220)

and for each 7 > 1 we define the control inputs v; and w; as

v = i1+ cieip + i jw; (4.23a)
w; = W;j—1 + C1;€i9 + hi(t, eiy) (4.23b)

where h; is once continuously differentiable, bounded and with bounded derivative.

Then, the closed-loop equations yield

iz _ | wi| e n vi—1[1 — cos e;p] (4.24a)
éiy —W; 0 Ciy Vi—1 sin €0

g = —ciieig + hi(t, eiy) (4.24b)

which has the form of (4.8) and inherits similar properties; actually, similarly to Lemma

4.1 we have the following.

Lemma 4.2. The origin of the system (4.24) is uniformly globally asymptotically stable,
for any i < N, if c1; > 0, co; > 0, vg is bounded and w; is ud-PE, bounded and locally

Lipschitz in e;y uniformly in t. Moreover, ud-PE of w; is also a necessary condition.

The proof of this statement follows mutatis mutandis along the proof-lines of Lemma
4.1 observing that: 1) the function h; is, by assumption, continuous and bounded; 2)
for (4.24a) with e;p = 0, the origin is uniformly globally asymptotically stable provided

that w; is u6-PE and 3) the interconnection term

i [vi_l[l — cos eig]]

V1-1 sin €0
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is also bounded, along trajectories. To see the latter, consider first ¢ = 2 then,

dy i [vl[l — cos 629}]

V1 sin egy

where v = vy(t) + c21€14 is a function of ¢ and e;,. Hence, the function dy defined along
trajectories as
- [vl (t,e12(t))[1 — cos 629]]

d tv €ip) =
2( ) v1(t, e1,(t)) sinegg

is also continuous and bounded if so is vy (¢, €1, (t)). On the other hand, ey, () is part of
the solution of (4.8) whose origin, after Lemma 4.1, is uniformly globally asymptotically
stable. Therefore, e1,(t) is uniformly globally bounded and so is vi(t,e1,(t)). The
statement of Lemma 4.2 for the case i = 2 follows hence, va(t, €2, (t)) where €9, :=
[e1z €2z] |, is uniformly bounded for any ¢. Using this and proceeding by induction, we

conclude that the result of the lemma holds for any ¢ > 2.
Proposition 2. Consider the system (4.22) in closed loop with the controllers (4.8) and

(4.23). Assume that, for each i < N, h;(t, e;y) has an isolated zero at e;, = 0,

8hi (t, eiy)
ot

I

sup {\hi(t,eiy)H,

tveiy

8hi (t, eiy)
86@

’} <e, (4.25)

22:1 hj is ud-persistently exciting and the control gains cy1;, co; are positive. Then, the
origin of the closed-loop system is uniformly globally asymptotically stable.
Remark 5. In most cases, the condition that Z;-:l hj is ud-persistently exciting for any

i < N holds if each h]- is ud-persistently exciting. For instance, it suffices to introduce

N different harmonics:
hj(t, ec,) = j(w;t)aleiy)

where, for simplicity only, v; is a periodic function of period 27w;.

Proof. We must establish that under the conditions of the proposition, the control input
w; defined in (4.23a) is ud-PE with respect to e;,. We proceed by induction. Let i = 2
then

wy = wi + c12e29 + ha(t, eay)
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which satisfies

Wy = Wi+ Cla€9p + hg(t, egy)
= —cnwi + hl(t, e1y) + crowy — crawa + hz(t, e2y)
= —cppws — [c11 — cr2jwr + h(t, ely) + ha(t, e2y)

=: —crws + Pa(t, ay)

where €, = [e1y 62y]T. Under the conditions of Proposition 2 and since w; is ué-PE
with respect to ey, the function ®5 is ué-PE with respect to éz,. Hence, by the filtering
property —see the Appendix, so is ws. It follows that

1

(2

Di(t, &) = [e1j41 — exjlwy + hy(t, ejy) + halt, eiy)

(]

1

<.
Il

T
Clg " - eiflx] »

€i1x

with 7 = 3 is ud-PE with respect to €3, and, consequently, by the filtering Property 1,
so is ws. By induction, it follows that ®;(¢,€;,) is ué-PE with respect to €;, and so is

w;, which satisfies
Wy = —cw; + 9L, €5y),

for any ¢ > 2. O

B. Dynamic formulation
A. Leader-follower tracking controller

This problem has been studied thoroughly by [6] and [21], however, we focus in the
dynamic extension of (4.1) as studied in [32], the error dynamics between the virtual

reference vehicle and the follower are the following

€lz = Wiely — V1 + Vg COS e1g,
€ly = —wieiy +vgsineyy,
él@ = —w,
. U11
v = —,
mi
. U21
wy = —/, (426)
J

where the control inputs u17 and ug; are regarded as force and torque respectively and

my denotes the mass of the first robot, while j; is the moment of inertia.
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Our aim is to find a control law u; = [u11, ug]? of the form

uir = ui1(t, eis, €1y, €10, U, W),

ugr = u21(t, e1a, €1y, €19, V, W), (4.27)

such that the closed loop trajectories of (4.26,4.27) are uniformly globally asymptotically
stable.

To solve this problem, we first define the velocity error variables for the local control

inputs

€ly = V1 — o,

Clw — Wi, (428)

where the error dynamics between the virtual reference vehicle and the follower becomes

€l = wiely — €1y + vo(coserp — 1),

€ly = —wieiy + vpsineyy,

€19 = —E€lw,

. unn .

éry, = — — o,
mi

) U1

b = M2 (4.29)
N

We solve the formation and tracking control problems on straight lines with fairly simple

time-variant control laws. The control inputs are

upn = my(o + €1z — Cca1€1y), €31 >0, cg1 >0 (4.30)

J1(csre1g + hu(t, ery) — core1w), cs1> 0, co1 > 0

U1

where h is bounded, locally of linear order in e, and continuously differentiable. We

set that A(t,0) = 0 and h is persistently exciting for any ey # 0.

We show that the controller (4.30) stabilizes globally and uniformly the error dynamics.
Replacing the controller (4.30) in (4.29), leads to a set of equations corresponding to the
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error dynamics between the leader and the follower robot:

€l = wiely — €1y + vo(coserp — 1),

ély = —wieiy + Vo sin €10,

€19 = —E€lw,

€1y = C31€1x — C41€1y,

élw = csieip + hi(t, ey) — cor€1m (4.31)

We can write the equations (4.31) in compact form. The system Y3 and ¥4 are defined

as
23 .
€1z 0 -1 w €1y (4.32)
€ | = | 1 —esr O ey | +d(t e1p)
ély —w1 0 0 61y
Y4
é 0 -1 e 4.32b
w] 0 ] s wten) (4.320)
€lw C51 —Cgl €lw
where the interconnection terms are
vp(coseg — 1)
d(t,erp) := 0 (4.33)

vp sineqy

and

0

h(t,e1y) :==| . . (4.34)
hl(t, €1y)

We are interested in stablising uniform global asymptotic stability of the origin of

(€12, €1y, €10, €10, €1) = (0,0,0,0,0). The system (4.32) consists of the feedback

interconnection of two systems. as is illustrated in the Figure 4.5.
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23 :
élz 0 -1 w1 €lx
€1v = C31 —C41 0 €1y ]
€1y —w1 0 0 €1y
d(t, 619) h(t, ely)
Y4

| —

€0 | 0 -1 €19
1w Cs1  —C61 €1w

FIGURE 4.5: Feedback representation of the closed-loop system (4.31).

There are several properties of ué-PE functions which are useful in control design for
nonholonomic systems; these are reported in [37]. One of the properties of ud-PE
functions is that if w; is ud-PE then there exists a function w; which depends only

on time and which is persistently exciting signals in the usual sense that is,

t+T"
/ | (@) P dr > 0 ¥E>0 (4.35)
t

for some T” and p/ > 0. Moreover, w; may be purposefully constructed to satisfy

if)l(t) = hl(t, €1y(t)) + f(C51€19 — 06161w)d7'
(4.36)
Vi flery ()] > 6.

Even though the function w; is parameterized by ¢ it is garanteed that for any § > 0
there exists w1 satisfying all of the above. This property is useful because, for any § and

for all t such that |e1,(t)| > J, the trajectories of ¥3 coincide with those of

é1$ 0 -1 U~}1 (t) €lg
Cflv = C~31 —cq1 0 €1y (4.37)
ely —w1 (t) 0 0 61y
Z1 Al(t) Z1

which is linear. The clear advantage is that the behaviour of the trajectories of
(4.32a) with d = 0 may be analysed as those of a linear system, at least while the
trajectories are away from the origin (strictly speaking away of any d-neighbouhood).
In particular, global exponential stability of the origin of (4.37) is easily concluded
invoking classical results on adaptive control systems —see [24]. Consequently, one may

use an intuitive contradiction argument to establish uniform global asymptotic stability
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of (4.32a) with d = 0: assume that the origin is not attractive then, the trajectories (tend
to) remain away of an arbitrary §-neighbourhood of the origin®. In that case, since they
coincide with those generated by (4.37) which is exponentially stable, it follows that the
trajectories of (4.32a) must converge to zero. The argument may be repeated for any
arbitrarily small  hence, the “exponential” rate of convergence diminishes but remains

uniform in the initial conditions.
Precise general statements for nonlinear time-varying systems are reported in [47]. For
the purpose of the system (4.32) we proceed by showing that

1. the origin is uniformly stable;

2. the solutions are uniformly globally bounded;

3. the origin is uniformly globally attractive.
The system (4.32) corresponds to the feedback interconnection of two locally input
to state stable systems. For the first block, 33, the origin is uniformly globally
asymptotically stable provided that w; is uniformly 6-PE with respect to eq,, bounded
and with bounded derivatives —see Theorem 4 in the appendix. In this particular case,

.
x] = { €lr €lv } , Ty = [ ey }, HT(t,x9) = { wi(t) 0 } and the matrix A(t,z1) is
defined by

A(t, 1’1) =

0 —1
(4.38)
€31 —C41

where ¢31 > 0 and ¢4q > 0. For the matrix P to be definite positive PT > 0

2, .2
c3t+ci+c3 _c3
p— P P12 | _ | Tocges 5 (4.39)
_c c3+l )
P12 P2 2 2c3ca

must satisfy

p11 >0 pripia —pip >0

On the other hand, local input to state stability (also known as total stability) with
respect to the additive input d is a direct consequence of uniform global asymptotic
stability —see [22]. For ¥4 it is evident that the origin is globally exponentially stable
and that X4 is input-to-state stable with respect to h. Actually, the interconnected
system showed in Figure 4.5 is (locally) uniformly asymptotically stable.

3An “oscillating” behaviour which would consist in the trajectories entering and exiting the o-
neighbourhood is excluded since the origin is stable.
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The boundedness property follows from the fact that the trajectories of (4.37) coincide
with those of ¥3 in Figure 4.5 (which are globally uniformly bounded) for all ¢ such that
lleiy(t)|| > 0; in particular, if the trajectories tend to grow unboundedly. To see more
clearly we remark that in view of (4.35) the origin of (4.37) is globally exponentially
stable, this implies that, for any d, there exist positive definite symmetric matrices P
and Q15 such that Qq5(t) = fllé ()T Pys(t) +P15(t)f~115(t) +P15(t) and the total derivative
of
Vis(t, z1) = 2 Pis(t)z1

is

Vw(t, Zl) = é'IPlg(t)zl + z;rPh;(t)z':l + lePw(t)zl

along the trajectories of (4.32a) satisfies

Vis(t, 21) < —2 Qus(t)z1 + 22, Pis(t)d(t, e10)
for all t such that ||ei,(¢)|| > d. In turn, we have

Vis(t,z1) < —qum |l21)l* + 2p1as2] d(t, e19)

where we used piapl > Pis(t) and Q15(t) > qimI. By using the lambda inequality
20Ty <aThx+y A ly with x = 21, y = pryd(t, e1p) and A = q1,, we have

. q1 2
Vis(t,21) < —qum llaal* + S5 ] + G2 d(, eno)

2
=1l + SR (e, e10) | (4.40)

- 2

Since d(t,e1p(t)) is bounded -see (4.33), it is clear that if ||21(¢)]|] — oo then
Vis(t, z1(t)) < 0 for sufficiently large .

We argue in a similar way for the trajectories of (4.32b); the total derivative of
Vas(t, 22) = 25 Pas(t)2s
is
. LT T . T
Vgg(t, Zg) = Zy ng(t)ZQ + 29 P2§(t)2’2 + 29 P2§(t)22
along the trajectories of (4.32b) satisfies

. q2 p
Vas(t,z2) < —qom l|22]® + mll ol|” + ;M Ih(t, exy)|1?

@2 P
mH ol + ;M |1h(t, e1y)]|” (4.41)
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Recall that, by assumption, A is bounded.

Then, we show that the origin of (4.32) is uniformly globally attractive; that is, we must

show that for any r» and ¢ > 0, there exists 7" such that
lei(t)|| <r = Ja@®)||<o Vt>t.+T. (4.42)

Let r and o be arbitrary given positive constants and define § = o. To establish the

convergence property of (4.42), we study the behaviour of the solutions of

élx 0 —1 ’LZ)l €1y
€1y | = | e1 —ca1 O ey | +d(t,e)
éry | —@r 0 0 || ey
¢ 0 -1 | ey |
= U 4t eny) (4.43)
| C1w cs1 —C61 | | €lw |

whose trajectories, as we have emphasised, coincide with those of (4.32) for all ¢ such
that |le1,(t)|| > . Therefore, it suffices to establish global exponential stability of the
origin of (4.43). To that end, let

dom qum
£ 1= = = € 4.44
1 ni= (4.44)

and consider the Lyapunov function Vs := nVis + Vas. Its total derivative satisfies

. 2 M
Vs(t, 21, 2 <—<ql—mg—w>z 2—<qz—m—6)z 2
1,20 < (e - L) o2 ()

where we introduced the bound v} > |lvg(t)|| and we used the fact that ||h(t, e1,)|| <
v}! ||z1]| and ||d(t, e19)]] < ||z2]|. In view of the expressions in (4.44) , Vj is negative
definite, actually,

Vs(t,21,e19) < —a||z|” = |lz2l”, a>0

We conclude that the trajectories of (4.32), which coincide with those of (4.43) for all ¢
such that |le1y(t)|| > 0, tend to zero exponentially fast as long as the latter inequality
holds. In view of this there exists a finite time 7" such that for any &' € (0, d], we have
llei(to +T)|| < 0’. From uniform stability, we have |le;(t)]| < § for all ¢ > ¢, + T Since

6 = o by definition, the statement follows.

Remark 4.3. It is worth noticing that this reasoning is reminiscent of ultimate
boundedness: namely, the solutions tend to a ball of radius 6. However, in this case,

opposite to arguments leading to ultimate boundedness, the number § is arbitrarily given
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and the previous arguments continue to hold for any § and fixed values of the control

gains.

Lemma 4.4. The origin of the system (4.32) is uniformly globally asymptotically stable
ifcs1 >0, cq41 >0, c51 > 0, cg1 > 0, vg s bounded and w1 is ud-PE, bounded and locally

Lipschitz in e1y uniformly in t. Moreover, ué-PE of w is also a necessary condition.

The previous lemma establishes a strong, yet intermediary, convergence result in the
pursuit of our main objective: tracking control of nonholonomic robots. It is left to
state under which conditions w; is ué-PE. As a matter of fact, this has been established
in the context of set-point stabilization, in [37]. The control input w; satisfies the
differential equation

w] = —cgrwi + h(t, €1y) + c51€19

which corresponds to the equation of a low-pass filter. That is, a stable strictly proper
linear system with input h + csie1p. Tt is well-known from adaptive control textbooks
that the output of a low-pass filter driven by an input that is persistently exciting, is also
persistently exciting —see [24, 41]. Now, for nonlinear functions we have the analogous
Property 1 from [37], which is recalled in the Appendix. Therefore, w; which corresponds

to a “filtered version” of h, is ud-PE if so is h.

Proposition 4.5. Consider the system (4.26) in closed-loop with the controller (4.30).
Let h be bounded, once continuously differentiable, such that h(t,e1y) has a unique zero

at ery = 0 for each fized t,

sup { (e 1) A

t,e1y

8h(t, ely)
6€1y

’ H Oh(t,e1y)

‘} <c (4.45)

for some positive constant ¢ and assume that for any 0 > 0 there exist positive numbers

woand T such that

e =6 = [
t

Then, the origin of the closed-loop system is uniformly globally asymptotically stable.

t+T ||
Hh(ﬂ €1y)H dr > i, ¥t > 0. (4.46)

Remark 4.6. The function h may be defined as a monotonic locally linear function of
e1y and smooth, persistently exciting in ¢; for instance, h(t,e1,) = 1(t)sat(e1y) where

sat(-) is a saturation function and v is persistently exciting.

Proof. . The closed-loop system is given by Eqgs. (4.32) and it may be easily showed,

using V1 and Vs above, that the system is forward complete. Now, since h is a scalar
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function (4.20) holds if and only if the following condition, along complete trajectories,

T ||
min_flew, (M = 6 — / i exy (e dr = . 20
TE[t,t+T) t

holds. Therefore, h satisfies the properties in Definition 6 and, in view of Property 1, it
follows that wy is ud-PE. The result follows from Lemma 4.4 O
B. Leader-follower formation control

We address the dynamic extension of the proposed method based on a simple dynamic

model of a mobile robot presented in [27, 32]:

i; = wjcos(6;) (4.47a)
Ui = wv;sin(6;) (4.47Db)
0; = w; (4.47c)
: Uy
i = 4.47d
b= o (4.470)
W o= 2 (4.47¢)
Ji

where the control inputs u1; and wue; are regarded as force and torque respectively and

m,; denotes the mass of the ¢th robot, while j; is the moment of inertia.

The control objective is to find a control law wuy; = [uy;, UQi]T of the form

U = uli(t,eim,eiygeieav7w) (4 48)

U2; = Ugi(t, €ix, 6iya €0, U, ’U))

such that the closed loop error dynamics is uniformly globally asymptotically stable.
To solve this problem, we first define the velocity error variables for the local control

inputs as in the previous section:

(4.49)

Ciw = Wj— Wi—1
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which leads to the following error dynamics,

€izx = WiCiy — €jpy + Vi—1 COS €9 — Vi1
€y = —Wi€jz + vi_18iney
€ = —Ciw
) UL .
€y = — — Vi1
mg
. U2; .
Ciw — 7 — Wi—1. (450)
(A

and for each ¢ > 1 we define the control inputs uy; and ug; as

uy; = mi(Vi—1 + c3i€iz — C4iCiv) (4.51a)

ug; = Ji(wi—1 + hi(t, €iy) + C5i€ig — Coi€iw) (4.51Db)

where h;(t, e;,)) is bounded.

The equation (4.51) is replaced in (4.50), leading to a set of equations correspond to the

error dynamics between a leader and a follower robot,

iz = Wiy — €y + vi—1(cose;y — 1) (4.52a)
iy = —Wi€jz + vi—15ine (4.52b)
€ip = —€iw (4.52¢)
€iv = C3i€ix — C4i€iv (4.52d)
éiw = Csieig + hi(t, eiy) — CoiCiw- (4.52¢)

These system of equations can be rewritten in compact form. The system X3 is defined

as

and

where

Cix 0 -1 w; Cix
€iv | = | ¢ —caui O e | +d(t,eip) (4.53)
éiy —W; 0 0 Ciy

PR A DOt es) (4.54)
E€iw Csi  —C6i Eiw
Vi—1 (COS €9 — 1)

di(t, eig) = 0 (455)

Vi—1 sin €no
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and

hi(t, eqy) == [ iz~(toe~ | ] (4.56)

In the following lemma, we show that the control law (4.51) ensures GUAS of the

formation-tracking error dynamics (4.52).

Lemma 4.7. The origin of the system (4.52) is uniformly globally asymptotically stable,
foranyi < N, c3; >0, cqy >0, c5; >0, cg; > 0, vy is bounded and w; is ud-PE, bounded
and locally Lipschitz in ey, uniformly in t. Moreover, ué-PE of w; is also a necessary

condition.

The proof of this statement follows mutatis mutandis along the proof-lines of Lemma
4.1 observing that: 1) the function h; is, by assumption, continuous and bounded; 2)
for (4.32a) with e;p = 0, the origin is uniformly globally asymptotically stable provided

that w; is ué-PE and 3) the interconnection term

vi—1(cosep — 1)
di = 0

Vi—1 sin €0
is also bounded, along trajectories. To see the latter, consider first i = 2 then,

v1[cos egg — 1]
dg = 0

V1 sin egy

where v1 = wvy(t) + [(cs1€12 — car€1,)d7 is a function of ¢, ey, and ey,. Hence, the

function dy defined along trajectories as

U1 (t, (AP (t), €1v (t)) [COS €29 — 1]
da(t, eip) = 0 ,

v1(t, e1x(t), e1,(t)) sin egy

is also continuous and bounded if so is v1 (¢, e1x(t), e1,(t)). On the other hand, e, (¢)
and ey, (t) are part of the solution for two robots whose origin, is uniformly globally
asymptotically stable. Therefore, e1,(t) and e,(t) are uniformly globally bounded and
so is v1(t, e12(t), e15(t)). The statement of Lemma 4.4 for the case ¢ = 2 follows hence,
va(t, B2, (1), €2, (t)) where €, := [e1, €22]" and &z, := [e1, €3], is uniformly bounded
for any t. Using this and proceeding by induction, we conclude that the result of the

lemma holds for any i > 2.
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Proposition 3. Consider the system (4.50) in closed loop with the controller (4.30) and
(4.51). Assume that, for each i < N, h;(t, e;y) has an isolated zero at e;, = 0,

3hl (t, eiy)
ot

)

sup {mi(u el

t,eiy

8hl (t, eiy)
861-1/

‘} <e, (4.57)

Z}Zl hj is ud-persistently exciting and the control gains c3;, c4;, ¢5; and cg; are positive.

Then, the origin of the closed-loop system is uniformly globally asymptotically stable.

Remark 6. In most cases, the condition that 22:1 hj is ud-persistently exciting for any
¢ < N holds if each h; is ud-persistently exciting. For instance, it suffices to introduce

N different harmonics:

hi(t,ee,) = bj(wjt)a(eiy)

where, for simplicity only, v; is a periodic function of period 27 w;.

Proof. . We must establish that under the conditions of the proposition, the control
input w; defined in (4.51b) is ué-PE with respect to e;,. We proceed by induction. Let
1 = 2 then

wy = w1 + ha(t, ezy) + /(052629 — Caey )dT

which satisfies

e =y + ha(t, ezy) + cs2e29 + Co2e20

1 2
= Z hie(t, exy) + Z C5k€EkO — C61€1w — C62€2w
k=1 k=1

7 7
= ) it ery) + Y cser — corwr — coa(wz — wy)
k=1 k=1

i i
= —ceawz + [ca2 — Corlwr + Y hi(t ery) + > csiero
k=1 k=1
=: —CgoWwo + (I)Q(t, égy)

where ey, 1= [e1y ezy]T. Under the conditions of Proposition 2 and since w; is ué-PE
with respect to ey, the function ®5 is ué-PE with respect to éz,. Hence, by the filtering
property —see the Appendix, so is wsy. It follows that

i—1

i i
Pi(t,eiy) = Z[C6k+1 — cok|wr + Z hu(t, exy) + Z C5k€ko
k k=1 k=1

=

[y

€i1z = €l "‘eiflx]—ra

with ¢ = 3 is ud-PE with respect to é3, and, consequently, by the filtering Property 1,

so is ws. By induction, it follows that ®;(¢,€;,) is ué-PE with respect to €;, and so is
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w;, which satisfies
W = —ceiw; + Pyt ey),

for any ¢ > 2. O

4.4 Numerical example and simulation results

We illustrate our theoretical findings via some simulation results obtained using
SIMULINK™ of MATLAB™. We consider a group of five mobile robots. In a first stage of
the simulation, the desired formation shape of the mobile robots is linear and they follow
a straight line trajectory with initial conditions: [21 (0),%1 (0),6; (0)]" = [0, —1,7/15],
[22 (0),2 (0),02 (0)]" = [20,—4,7/12] and [z3(0),ys(0),05(0)]" = [20,4,7/10] and
[24 (0),54 (0),64 (0)]" = [30, =5, 7/8] and [z5 (0),y5 (0),65 (0)] " = [30,8,7/6].

The linear formation shape with a certain desired distance between the robots is obtained
by defining [dy1.2,dy12] = [0,1] and [du23,dy23] = [0, —2] and [dy3.4, dy3.4] = [0,3] and
[dya,5,dyas] = [0, —4] . In order to obtain the reference trajectory of the leader robot, we
set the reference linear velocity to vg(t) = 10m/s, while the angular reference velocity

is set to zero.

4.4.1 Kinematic formation control

To show the flexibility of the formation and effectiveness of the proposed controller,
we allow the formation shape to be linear and the desired path changes from linear
to circular and circular to linear every 10s. The reference circular trajectory if the
leader robot is obtained by setting the linear and angular velocities to [vg (¢) ,wp (t)] =
[10 m/s, 0.3 rad/s]; the latter and the resulting paths are showed in Figure 4.7. The

total simulation time is set to 40s.
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FIGURE 4.7: Generated paths described by the mobile robots.

The control laws are given by

Vi = V(i—1) T C2i€ix

Wi = W(i—1) + C1i€ip + ©(t) tanh(e;y)

with control gains c¢1; = 2 and cy; = 5. The function ¢ is generated as a square-pulse
train signal of amplitude 0.5, period of four seconds and pulse width of 3.2 s. Note that

this function is not smooth but it is persistently exciting hence, the term ¢(t) tanh(e;y)



Chapter 4. Leader-follower formation and tracking control of mobile robots. 66

induces enough excitation to stabilize the system in the y direction, as long as there is

an error in this coordinate.

The rapid response and excellent performance may be appreciated from the plots of the

formation-tracking errors, depicted in Figures 4.8-4.10.
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FIGURE 4.8: Position errors in x coordinates with kinematic control algorithm.
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FIGURE 4.9: Position errors in y coordinates with kinematic control algorithm.
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FIGURE 4.10: Heading errors with kinematic control algorithm.

4.4.2 Dynamic formation control

We consider a group of four mobile robots, where one of them is the leader which

knows the reference trajectory and the other three as followers. The desired forma-

tion shape of the mobile robots is linear and they follow a straight line trajectory

with initial conditions: [z1 (0),y1 (0),6; (0),v1 (0),w (0)]" = [25,1.2,7/7,1.5,0.2]",

[22(0) , 2 (0), 02 (0) , 02 (0) ;w2 (0)] " = [23, —1.5,7/3,2.4,4] ", [23 (0) , 43 (0) , 05 (0) , v3 (0) , w3 (0)]
= [15,—2.5,7/4,1,2]" and [24 (0), 4 (0),04 (0) ,v4 (0),wy (0)]" = [10,1,7/6,0.5,1.3] .

In order to obtain the reference trajectory of the leader robot, we set the linear and an-

gular velocities as [vg (t),wo (t)]" = [12[m/s],0[rad/s]]. The desired distance between

the robots are [dy1,2,dy12] = [0,1], [ds2,3,dy2,3] = [0,1] and [dz3.4, dy34] = [0, —3].

In Figures 4.11-4.13 the trajectory errors of the robots are depicted. It is clear that with

the proposed control method the desired formation tracking is successfully ensured.



Chapter 4. Leader-follower formation and tracking control of mobile robots.

68

6 .
I e1x(t)
—e, ]
— esx(t)
__ e 4X(t) i
L L L L L L L L
4 6 8 10 12 14 16 18 20
t(sec)
FIGURE 4.11: Position errors in x coordinates.
7e1y(1)
792),(1)
7e3y(t) I
__e 4y(t)
L L L L L
0 2 4 6 8 10 12

FIGURE 4.12: Position errors in y coordinates.



Chapter 4. Leader-follower formation and tracking control of mobile robots. 69

0.8

e
0.6- e

e
0.4 o

© 1018550105, (0.2,()

FIGURE 4.13: Heading errors.

In Fig 4.14 we show the motion and relative positioning of the robots. It is easy to see
that after a few seconds the formation shape is established and each robot tracks its
neighbour with its desired off-set, while the leader R; tracking the reference trajectory

with a satisfactory performance.
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FI1GURE 4.14: Motion and positioning of the robots in alined formation on the plane.

4.5 Discussion

We presented a very simple decentralized controller for the problem of formation-tracking

control of mobile robots in order to follow straight paths. Our approach relies on a
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simple idea which consists in maintaining the reference angular velocity different from
zero by an amount proportional to the translation error. In future works, we intend
to vary this approach to more complex models and under relaxed assumptions such as
time-varying topologies, state dependent interconnection gains, and the case of force-

controlled robots.



Chapter 5

Conclusions

5.1 Conclusions

In this Thesis, we study two important issue related to cooperative control:

e consensus seeking, and

e trajectory tracking.

In Chapter 3 we investigate the consensus problem for a network of dynamic agents with
a ring topology. The assumption that each interconnection between any pair of agents
is represented by bounded persistently exciting signals models the presence of failures
or an obstacle among them. The team of agents reach consensus if the intensity of one

of the interconnections is relatively small.

The consensus problem for networks with changing communication topology and with
time-dependent communication links is studied in Chapter 3. That is, the network
changes in two dimensions: geographical and temporal. Our result states that having
a spanning tree topology for a minimal dwell-time is a sufficient condition to reach

consensus.

A new approach to design nonlinear controllers that help to mobile robots to follow
straight lines is studied in Chapter 4. We present a decentralized controller for the
problem of formation-tracking control of mobile robots. Our approach relies on a simple
idea which consists in maintaining the reference angular velocity different from zero by

an amount proportional to the translation error.

71
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5.2 Perspectives

1. For the problem of consensus seeking, we assumed single integrator dynamics in our
previous study. It is possible to extend the results to double integrator dynamics.
Our results also suggest that the same framework could be applied to different

network topologies.

2. For the problem of tracking control, future work consist in: analyzing more com-
plex models and studying time-varying topologies, state dependent interconnection

gains, and the case of force-controlled robots.
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Appendix

For the sake of self-containedness in this appendix we recall some of the technical tools
that we use to establish our main results. The reader is invited to see the cited references

for further detail.

The following property roughly states that the output of a stable filter is ud-PE if so is
its input.
Property 1. [37] (Filtering) Let ¢, : R>g x R™ — R, the pair (¢, f) is ud-PE with

respect to x and consider the system

. ‘)
[ N ]: [ ft.) = F(t, ) (A1)

br —ads + du(t, )
with state z4 := [z, (b]ﬂT. If ¢u(-,-) is locally Lipschitz and there exist continuous
non-decreasing functions x; : R>o — R>p, (¢ = 1,2,3) such that for almost all

(t, ZL‘) S RZO X Rn,

ma{[o.(t0) | 224022 | 2L <) (A2)
£ < ralllal) (A3

and all solutions x4(-,to,2¢,) are defined on [t,, 00) and satisfy
[2g(t, to, w9, )| < m3(llzgoll)  VE=to (A.4)

then, the pair (¢, f) is ué-PE, with respect to .
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A stability theorems for time-varying systems

The following theorem is a consequence of Theorem 1 in [47].

Theorem 4 (Theorem under ud-Persistency of excitation). Consider the system

b

Let A be such that there exist a matrix P(t,z1) positive definite symmetric and functions

(A.5)

Alt,z1) H(t, x)] [;m] |

—H(t,z)" 0 2

a1, ag € K such that

fo [A(t, 1) TP(t, 1) + P(t,xl)A(t,:nl)]le > aq (||z1])) (A.6)
/too o ([l @)))dt < ag(lz(to)]])  VE>to, to > 0. (A.7)

Then, the origin is uniformly globally asymptotically stable if H is ud-PE with respect
to w9, H is at least once continuously differentiable and both H and H are uniformly
bounded in t.

Remark 7. The conditions (A.6), (A.7) hold, for instance, if A is constant and Hurwitz.
Indeed, in this case, for any Q > 0 there exists P = P > 0 such that

ATP+PA=—-Q
therefore, by choosing (Q = I we obtain, using
V=[] Pas + s ]],
V = —|lz1]* < 0. That is,

[ee]
/mwwﬁstmmw,wzuzo
to

where pyI > P. That is, the conditions of the theorm hold with ay(||z1]|) = |21 and
2
a([lz(to)ll) = par [l (to)]I-
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