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Investigation of Cardiac Diffusion Tensor Imaging 
Using Compressed Sensing 

Abstract 

The investigation of the micro fiber structures of the heart provides a new approach to 
explaining heart disease and investigating effective therapy means. Diffusion tensor magnetic 
resonance (DTMR) imaging or diffusion tensor imaging (DTI) currently provides a unique 
tool to image the three-dimensional (3D) fiber structures of the heart in vivo. However, DTI is 
known to suffer from long acquisition time, which greatly limits its practical and clinical use. 
Classical acquisition and reconstruction methods do not allow coping with the problem. The 
main motivation of this thesis is then to investigae fast imaging techniques by reconstructing 
high-quality images from highly undersampled data. The methodology adopted is based on 
the recent theory of compressed sensing (CS). More precisely, we address the use of CS for 
magnetic resonance imaging (MRI) and cardiac DTI. 

First, we formulate the magnetic resonance (MR) image reconstruction as a problem of 
optimization with data-driven tight frame (TF) and total generalized variation (TGV) 
constraints in the framework of CS, in which the data-driven TF is used to adaptively learn a 
set of filters from the highly under-sampled data itself to provide a better sparse 
approximation of images and the TGV is devoted to regularizing adaptively image regions 
and thus supprressing staircase effects. Second, we propose a new CS method that employs 
joint sparsity and rank deficiency prior to reconstruct cardiac DTMR images from highly 
undersampled k-space data. Then, always in the framework of CS theory, we introduce low 
rank constraint and total variation (TV) regularizations in the CS reconstruction formulation, 
to reconstruct cardiac DTI images from highly undersampled k-space data. Two TV 
regularizations are considered: local TV (i.e. classical TV) and nonlocal TV (NLTV). Finally, 
we propose two randomly perturbed radial undersampling schemes (golden-angle and random 
angle) and the optimization with low rank constraint and TV regularizations to deal with 
highly undersampled k-space acquisitons in cardiac DTI, and compare the proposed CS-based 
DTI with existing radial undersampling strategies such as uniformity-angle, randomly 
perturbed uniformity-angle, golden-angle, and random angle. 
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Etude de l’imagerie de tenseur de diffusion en 
utilisant l’acquisition Comprimée 

Résumé 

L’étude de la structure microscopique des fibres du cœur offre une nouvelle approche pour 
expliquer les maladies du cœur et pour trouver des moyens de thérapie efficaces. L’imagerie 
de tenseur de diffusion par résonance magnétique (DTMR) ou l’imagerie de tenseur de 
diffusion (DTI) fournit actuellement un outil unique pour étudier les structures 
tridimensionnelles (3D) de fibres cardiaques in vivo. Cependant, DTI est connu pour souffrir 
des temps d'acquisition longs, ce qui limite considérablement son application pratique et 
clinique. Les méthodes traditionnelles pour l’acquisition et la reconstruction de l’image ne 
peuvent pas résoudre ce problème. La motivation principale de cette thèse est alors d’étudier 
des techniques d'imagerie rapide en reconstruisant des images de haute qualité à partir des 
données fortement sous-échantillonnées. La méthode adoptée est basée sur la nouvelle théorie 
de l’acquisition comprimée (CS). Plus précisément, nous étudions l’utilisation de la théorie de 
CS pour l’imagerie par résonance magnétique (IRM) et DTI cardiaque. 

Tout d'abord, nous formulons la reconstruction de l’image par résonance magnétique (MR) 
comme un problème d'optimisation avec les contraintes de trames ajustées guidées par les 
données (TF) et de variation totale généralisée (TGV) dans le cadre de CS, dans lequel, le TF 
guidé par les données est utilisé pour apprendre de manière adaptative un ensemble de filtres 
à partir des données fortement sous-échantillonnées afin d’obtenir une meilleure 
approximation parcimonieuse des images, et le TGV est dédié à régulariser de façon 
adaptative les régions d'image et à réduire ainsi les effets d'escalier. Ensuite, nous proposons 
une nouvelle méthode CS qui emploie conjointement la parcimonie et la déficience de rang 
pour reconstruire des images de DTMR cardiaques à partir des données de l'espace k 
fortement sous-échantillonnées. Puis, toujours dans le cadre de la théorie CS, nous 
introduisons la contrainte de rang faible et la régularisation de variation totale (TV) dans la 
formulation de la reconstruction par CS. Deux régularisations TV sont considérées: TV locale 
(i.e. TV classique) et TV non locale (NLTV). Enfin, nous proposons deux schémas de sous-
échantillonnage radial aléatoire (angle d’or et angle aléatoire) et une méthode d’optimisation 
avec la contrainte de faible rang et la régularisation TV pour traiter des données espace k 
fortement sous-échantillonnées en DTI cardiaque. Enfin, nous comparons nos méthodes avec 
des stratégies existantes de sous-échantillonnage radial telles que l’angle uniforme, l’angle 
uniforme perturbé aléatoirement, l’angle d’or et l’angle aléatoire. 
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Introduction Générale 

Le cœur est l'un des principaux organes du corps humain, qui pompe sans cesse le sang 
contenant de l'oxygène et les nutriments nécessaires à d'autres parties du corps pour maintenir 
la vie. Les maladies cardiaques ou les maladies plus généralement cardiovasculaires 
(cardiovascular disease—CVD) est la principale cause de décès dans le monde, représentant 
environ 30% (plus de 17.3 millions de décès) de tous les décès dans le monde entier 
[Christodoulou et al., 2014, Go et al., 2014, Mozaffarian et al., 2015]. Chaque année, les 
CVD provoquent 47% de tous les décès (plus de 4 millions de décès) en Europe et 40% (plus 
de 1,9 millions de décès) dans l'Union européenne [Nichols et al.]. D'autre part, les CVD ont 
des coûts aussi bien économiques que humains importants pour l'Europe. Globalement, la 
dépense pour les CVD dans l'Union européenne est près de € 196 000 000 000 par an. De ce 
coût total des maladies cardiovasculaires dans l'Union européenne, environ 54% sont dûs à 
des coûts de soins de santé directs, 24% en raison de pertes de productivité et 22% en raison 
de la prestation de soins informels de personnes atteintes de maladies cardiovasculaires 
[Nichols et al.]. 

Par conséquent, d’un point de vue de la santé et de l’économie, il est très important 
d'étudier la structure microscopique du cœur afin d’expliquer les symptômes de la maladie de 
ce dernier et les moyens thérapeudiques efficaces. La microstructure du cœur est complexe, 
en particulier son architecture de fibres, qui est fondamentale pour maintenir les fonctions 
mécaniques et électrophysiologies cardiaques. Connaître l'architecture des fibres cardiaques 
en trois dimensions (3D) permettra d’obtenir une nouvelle façon de comprendre comment la 
structure des fibres du cœur influence ses fonctions électriques et mécaniques et d'étudier les 
maladies cardiaques sous-jacentes. 

La première compréhension de l'architecture des fibres cardiaques est issue des mesures 
histologiques sur des régions du tissu sélectionnées [Ross et al., 1979]. Ces techniques 
histologiques sont connues de souffrir certaines limites, telles que la résolution spatiale, la 
distorsion et le désalignement. D’ailleurs, elles ne sont pas tridimensionnelles par essence. 
Afin de résoudre ces problèmes, l'imagerie en lumière polarisée (Polarized Light Imaging-PLI, 
en anglais) a été proposée pour obtenir les orientations des fibres dans des cœurs ex vivo 
[Jouk et al., 1995, Jouk et al., 2007]. Cette technique permet pour la première fois de mesurer 
physiquement les orientations 3D des fibres d’un cœur entier avec une haute résolution 
spatiale (0.1 mm × 0.1 mm × 0.5 mm). Par rapport aux méthodes de dissection et 
histologiques, elle est plus objective, car elle n'implique aucune opération humaine durant le 
processus de mesure. Cependant, les deux techniques histologiques et PLI sont ex vivo et ne 
peuvent pas être utilisées pour étudier l’architecture des fibres in vivo du cœur humain. 

Plus récemment, l’imagerie par résonance magnétique de diffusion (IRMd), qui comprend 
l’imagerie du tenseur de diffusion (DTI) et l’imagerie de diffusion en haute résolution 
angulaire (HARDI), a émergé comme une technique nouvelle et prometteuse pour analyser la 
structure des fibres des tissues en 3D. L’imagerie de tenseur de diffusion par résonance 
magnétique (DTMRI), appelée également l’imagerie du tenseur de diffusion (DTI), est une 
technique IRMd permettant de caractériser quantitativement la géométrie et l'organisation des 
microstructures tissulaires [Basser et al., 1994a;1994b]. C’est est un outil puissant et 
actuellement le seul moyen d'étudier de manière non-invasive l’architecture des fibres du 
cœur humain [Hsu et al., 2001, Le Bihan et al., 2001, Helm et al., 2005b, Wu et al., 2006, 
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Toussaint et al., 2010, Tournier et al., 2011, Wei et al., 2013, Froeling et al., 2014, Naumova 
et al., 2014, Wei et al., 2015]. 

Cependant, en IRMd, l'un des principaux problèmes est le mouvement cardiaque qui 
provoque le flou et la perte du signal [Nielles-Vallespin et al., 2013, Wei et al., 2013]. Afin 
de minimiser les artefacts de mouvement cardiaques, il est important de garder le temps 
d'acquisition des images DT le plus court possible à chaque battement du cœur. D'autre part, 
la résolution de DTI cardiaque in vivo est encore trop faible (2,6 mm dans le plan et 
l'épaisseur de 6-7 mm). Ainsi, il est important de développer la technique d'acquisition afin 
d’obtenir des données de DTI avec une résolution plus élevée. Une résolution spatiale plus 
élevée signifie que nous pouvons obtenir des faisceaux de fibres qui pourraient être plus 
cohérents avec les études histologiques ex vivo. Ce problème peut être amélioré par 
l’acquisition rapide de données. En outre, il est bien connu que l'acquisition de l’image 
pondérée en diffusion est souvent altérée par du bruit important et l'intensité des signaux DW 
est plus faible que celle de signaux par résonance magnétique classiques [Bao et al., 2013, 
Zhang et al., 2013]. En pratique, faire la moyenne du signal en répétant l'acquisition est 
généralement considéré comme un bon moyen d'augmenter le rapport signal sur bruit (SNR), 
mais qui prolonge la durée d’acquisition. En résumé, le DTI est connu pour souffrir du temps 
d'acquisition long afin d’obtenir des données de haute qualité (y compris les résolutions 
temporelle et spatiale, SNR), ce qui limite considérablement son utilisation pratique et 
clinique pour l'imagerie du cœur humain [Dou et al., 2002, Dou et al., 2003, Helm et al., 
2005b, Wu et al., 2006]. 

Traditionnellement, de nombreuses tentatives ont été faites afin d’accélérer l'acquisition des 
données, de réduire la quantité de données acquises et d'améliorer le SNR de signaux de 
diffusion autant que possible, comme l'imagerie parallèle [Bammer et al., 2001, Bammer et 
al., 2002, Jaermann et al., 2004, Holdsworth et al., 2009], l'imagerie multi-coupe simultanée 
[Filli et al., 2015, Lau et al., 2015], la reconstruction k-espace partiel [Luo et al., 2012], et la 
projection-reconstruction avec l’encodage filtrée réduite [Jiang et al., 2005]. Mais, ces 
méthodes ne sont pas très appropriées pour les données k-espace fortement sous-
échantillonnées. 

Au cours des dernières années, l’acquisition comprimée (compressed sensing—CS en 
anglais) a émergé comme une nouvelle théorie qui combine le schéma d’acquisition des 
données et la reconstruction des images de haute qualité à partir des mesures fortement sous-
échantillonnées (par rapport au théorème Shannon-Nyquist d'échantillonnage traditionnel 
[Candes et al., 2006a, Candes et al., 2006c, Donoho, 2006]). Le CS exploite la parcimonie ou 
la compressibilité de signaux dans un certain domaine (pixel ou un domaine transformé), et 
combine l'échantillonnage et la compression dans un cadre unifié. À ce jour, le CS a été 
appliqué avec succès à l’imagerie biomédicale et a montré un grand potentiel [Wang et al., 
2011], pour l'IRM [Lustig et al., 2007, Lustig et al., 2008] et l’IRM dynamique [Bilen, 2013]. 

La motivation principale de cette thèse est alors d’étudier les techniques d'imagerie rapide 
en reconstruisant des images de haute qualité à partir des données fortement sous-
échantillonnées. La méthode adoptée est basée sur la théorie récente de CS. Plus précisément, 
nous abordons l'utilisation du CS pour l'imagerie par résonance magnétique (IRM) et DTI 
cardiaque. Ce mémoire de thèse est organisé comme suit. 

 
La première partie de ce manuscrit, qui décrit le contexte nécessaire pour les chapitres 

suivants, est comme suit: 
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Chapitre 1  Fonction et maladie cardiaques. Ce chapitre décrit l'anatomie du cœur humain, 
sa fonction et sa maladie. On aborde plus particulièrement la relation entre la structure des 
fibres cardiaques, la fonction cardiaque et les maladies cardiaques. 

Chapitre 2  Imagerie de tenseur de diffusion (DTI) et théorie d’acquisition comprimée 
(CS). Ce chapitre introduit le principe de l'imagerie par résonance magnétique (IRM) et de 
l'IRM de diffusion (IRMd), y compris la formation de l’image MR, la reconstruction de 
l'image et l'imagerie du tenseur de diffusion (DTI) cardiaque. Il décrit également la théorie de 
CS, les algorithmes de reconstruction et leurs applications. 

 
 
La deuxième partie est dédiée à la reconstruction de l'IRM et DTI cardiaque basée sur CS: 
Chapitre 3  Acquisition comprimée via trames ajustées guidées par les données et 

variation totale généralisée. Ce chapitre propose une méthode améliorée pour reconstruire 
des images MR dans le cadre de CS en combinant la contrainte de trames ajustées guidées par 
les données (TF data-driven) et la régularisation de variation totale généralisée (TGV). Le TF 
data-driven est utilisé pour apprendre de manière adaptative un ensemble de filtres à partir des 
données sous-échantillonnées pour fournir une meilleure approximation parcimonieuse 
d'images. Le TGV est une généralisation de la théorie de TV, qui régularise sélectivement des 
régions d’image à différents niveaux et donc réduit l'effet d'escalier. Les expériences ont été 
réalisées sur les images par résonance magnétique de différents organes afin d’estimer 
l'efficacité de notre algorithme. Les résultats démontrent que l'approche proposée améliore les 
performances de reconstruction de différents types d’images MR. Certains résultats ont fait 
l’objet de [Huang et al., 2015b]. 

 
La méthode proposée pour reconstruire les images MR à partir des données espace k 

fortement sous-échantillonnées consiste à résoudre le problème d’optimisation suivant 

  2

1

1
arg min TGV

2 u
x

x F x b x x         
 

. 

Le TF data-driven est une technique d’apprentissage de dictionnaires, qui vise à construire 
des trames ajustées à partir des images d’entrée afin de représenter de manière parcimonieuse 
les données en question en résolvant le problème de minimisation suivant 

     
2

2 0,
min ,    subject to  Tx I


  


      . 

Les figures suivantes illustrent les filtres de TF data-driven, qui sont construits avec deux 
tailles différentes (chaque petit bloc de l’image représente un filter). 
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Les résultats de reconstruction sur différentes images MR à l’aide de la méthode 
développée sont iullustrés ci-dessous, la comparaison avec des méthodes récentes étant 
également donnée. 

 

 
Résultats de reconstruction (un taux d’échantillonnage de 15%) correspondant à 4 organes. De 

gauche à droite et de haut en bas : images cérébrales coronales; images cardiaques; images d’épaule, et 
images artériales rénales. Pour chaque organe, les 6 images correspondent aux 6 méthodes suivantes 
(de gauche à droite et de haut en bas)  : Original MR images; images reconstructed by (b) SparseMRI 
[Lustig et al., 2007]; (c). FCSA [Huang et al., 2011b]; (d) Framelet+NLTV [Gopi et al., 2014]; (e) 
Shearlet+TGV [Guo et al., 2014]; (f) data-driven TF+TGV (proposée). 

 
 

Les courbes suivantes illustrent la performance de la méthode proposée en termes de 
l’erreur de norme l2 relative (relative l2 norm error—RLNE) en function du taux 
d’échantillonnage. Les 4 figures correspondent respectivement aux images MR des 4 organes 
suivants : (a) images cérébrales coronales; (b) images cardiaques; (c) images d’épaule et (d) 
images artériales rénales. 
 
 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0136/these.pdf 
© [J. Huang], [2015], INSA Lyon, tous droits réservés



Introduction Générale  

  
  5 

 

 
 
Chapitre 4  DTI cardiaque accéléré basé sur l’acquisition comprimée en utilisant 

conjointement la parcimonie et l’approximation de rang faible. Ce chapitre présente un 
nouvel algorithme de reconstruction basée sur l’acquisition comprimée en utilisant 
conjointement la parcimonie et la déficience de rang pour reconstruire des images de DTMR 
cardiaques à partir des données espace k sous-échantillonnées. La parcimonie et la déficience 
de rang sont incorporées dans le cadre de la reconstruction CS. Le problème d'optimisation 
sous contrainte est résolu par une méthode rapide de premier ordre. Les expériences ont été 
réalisées à la fois sur les DTMR images cardiaques simulées et réelles. Les résultats 
démontrent que l'approche proposée présente une meilleure reconstruction que des méthodes 
existantes en termes des indices DTI tels que l'anisotropie fractionnelle (FA), la diffusivité 
moyenne (MD), l’angle transversal et l'angle d'hélice. Ces résultats ont été retranscrits dans 
[Huang et al., 2015a]. 

Les images pondérées en diffusion (diffusion weighted—DW) peuvent être parcimonieuses 
dans un domaine transformé convenable. En plus, les images DW acquises dans différentes 
directions de gradient de diffusion sont corrélées. Tout cela signifie que si l’on arrange ces 
images (ou leur coefficients transformés) dans une matrice X  comme vecteurs de colonne, la 
matrice ainsi résultante sera parcimonieuse en ligne (row-sparse) et aura un faible rang (low 
rank). La figure ci-dessous illustre ce principe. 
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La reconstruction des images DW peut être formulée comme le problème d’optimisation 

suivant: 
 

 2

2,12

1
arg min

2
u

X
X F X b X X 



        
 

 

 
La figure ci-dessous illustre les cartographies de FA (première ligne) et de MD (deuxième 

ligne) calculées à parir des images DW simulées.  
 

 
Cartographies de FA (première ligne) et de MD (deuxième ligne) calculées à parir des images DW 

simulées. Reconstruction en utilisant (a) l’espace k complete, (b) basis CS, (c) joint sparsity, et (d) la 
méthode proposée. 

 
 
La figure ci-dessous illustre les champs de tenseurs sur des données réelles du cœur humain 

en utilisant différentes méthodes avec un taux d’échantillonnage de 15%. (a) Reconstruction 
from the complete k-space data; Reconstructions from undersampled k-space using (b) basis 
CS, (c) joint sparsity and (d) the proposed methods. 
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(a) (b) (c) (d) 
Résultats de reconstruction des champs de tenseur. (a) Reconstruction à partir de l’espace k complet. 

Reconstructions à partir de l’espace k sous-échantillonné en utilisant (b) basis CS, (c) joint sparsity, et 
(d) la méthode proposée. 

 
La figure ci-dessous montre les cartographies de FA (première ligne), MD (deuxième 

ligne), TA (troisième ligne—angle transverse) et HA(quatreième ligne—angle d’hélice d’un 
cœur humain ex vivo. Le taux d’échantillonnage est 25%.  

 

 
Résultats de reconstruction des cartographies. (a) Reconstruction à partir de l’espace k complet 

(colonne 1). Reconstructions à partir de l’espace k sous-échantillonnagé en utilisant (b) basis CS 
(colonne 2); (c) joint sparsity (colonne 3), et (d) la méthode proposée (colonne 4). 
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Chapitre 5  DTI cardiaque accéléré basé sur l’acquisition comprimée en utilisant de 
l’approximation de rang faible et la contrainte de TV non locale. Ce chapitre présente une 
nouvelle méthode de reconstruction en utilisant la théorie d’acquisition comprimée 
(compressed sensing—CS) avec la contrainte de rang faible et la régularisation par variation 
totale (TV) afin de reconstruire des images DTI cardiaques à partir des données k-espace 
fortement sous-échantillonnées. Deux régularisations TV sont considérées: TV locale (i.e. TV 
classique) et TV non locale (NLTV). Le problème d'optimisation sous contrainte est résolu 
par une méthode rapide d’ordre premier. Les expérimentations sont effectuées sur des images 
pondérées en diffusion simulées et réelles. Les résultats montrent que les erreurs de 
reconstruction avec nos approches sont inférieures à celles produites par des méthodes de 
reconstruction CS-DTI existantes, en termes des indices du tenseur de diffusion, tels que 
l'anisotropie fractionnelle (FA) et diffusivité moyenne (MD). Certains des résultats présentés 
dans ce chapitre ont été publiés dans ISBI 2014 [Huang et al., 2014]. 

 
La contrainte TV permet une élimination efficace des artefacts de sous-échantillonnage 

ainsi qu’un débruitage avec préservation de bords de l'image. Toutefois, le modèle TV 
favorise des structures de l’image constante par morceaux, rend des détails flous et provoque 
l’effet de bloc avec des structures fines perdues, bien que les bords soient préservés dans la 
reconstruction. La méthode de régularisation de variation totale non locale (NLTV) étend la 
TV classique à une variante non locale de cette dernière. Dans la NLTV, le gradient est 
calculé en faisant intervenir des pixels appartenant à toute image au lieu des plus proches 
pixels voisins. La différence entre la TV et la NLTV est illustrée par la figure suivante. 

 

 
 

Les résultats expérimentaux démontrent que les modèles TV et NLTV sont 
complémentaires, ce qui rend la méthode proposée particulièrement efficace pour réduire le 
bruit et preserver les bords et les details de l’image. Par conséquent, la méthode de 
reconstruction proposée produit des images de haute qualité, comme l’illustrent les courbes 
dans la figure ci-dessous. 
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La figure ci-dessous montre les cartographies de FA (gauche) et de MD (droite) d’un coeur 

humain ex vivo avec un taux d’échantillonnage de 25%. 
 
 
 
Illustrated the maps of FA (first row) and MD (second row) of the real human heart data 

with the sampling rate of 25%. (a) Reconstruction from the complete k-space data; 
Reconstructions from undersampled k-space using (b) joint sparsity with TV; (c) low rank 
with TV; and (d) the low rank with NLTV methods. 

 

 
Résultats de reconstruction des cartographies de FA et MD. (a) Reconstruction à partir de l’espace k 

complet. Reconstructions à partir de l’espace k sous-échantillonné en utilisant (b) joint sparsity with 
TV; (c) low rank with TV; and (d) the low rank with NLTV methods. 

 
 

La reconstruction des champs de tenseurs sur des coeurs humains ex vivo en utilisant 
différentes méthodes (avec un taux d’échantillonnage de 15%) est montrée dans la figure ci-
dessous.  
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Résultats de reconstruction des champs de tenseurs. (a) Reconstruction à partir de l’espace k complet. 

Reconstructions à partir de l’espace k sous-échantillonné en utilisant (b) joint sparsity with TV; (c) low 
rank with TV; and (d) the low rank with NLTV methods. 

 
 

Chapitre 6  Influence des schémas de sous-échantillonnage radial sur le DTI cardiaque 
basé sur CS. Ce chapitre s’intéresse à l’impact des schémas de sous-échantillonnage radial sur 
le DTI cardiaque basé sur CS. Le sous-échantillonnage de l'espace k fournit un moyen 
efficace de réduire la quantité de données à acquérir tout en maintenant la qualité de l'image. 
L’échantillonnage purement aléatoire de l'espace k est généralement impossible en raison des 
considérations physiologiques et matériel. Le sous-échantillonnage radial est l'un des schémas 
les plus populaires d'échantillonnage de l’espace k non-cartésien, parce qu'il est relativement 
moins sensible au mouvement que les trajectoires cartésiennes. Les artefacts de reconstruction 
linéaire resemblent plus au bruit. Pour ces raisons, l'imagerie radiale est une stratégie 
prometteuse de sous-échantillonnage pour accélérer les acquisitions. Dans ce chapitre, nous 
proposons deux schémas de sous-échantillonnage radial perturbés aléatoirement: angle d’or et 
angle aléatoire. Les méthodes proposées sont comparées avec les méthodes existantes, y 
compris l’angle uniforme, l’angle uniforme perturbé aléatoirement, l’angle d’or et l’angle 
aléatoire. Les méthodes ont été évaluées sur des images aussi bien simulées que réelles du 
cœur.  

 Angle uniforme: L’angle entre les échantillons sur les rayons voisins est incrémenté 

par un incrément d'angle constant 
180

K
  , où K  est le nombre de rayons.  

 Angle d’or: Les projections radiales sont successivement incrémentées avec l’angle 

d’or 
5 1

180 111.25
2

 
     .  

 Angle aléatoire: dans ce cas, les rayons sont générés à partir des angles aléatoires qui 
sont uniformément distribués. 

La figure suivante illustre comment perturber les lignes radiales en ajoutant de légères 
deviations aléatoires selon la loi gaussienne avec des moyennes nulles et des variances 
variables. 
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Randomly perturbed radial lines Proposed

Randomly

Perturbed

Randomly

Perturbed

 
 
Les courbes suivantes montrent que pour la même quantité de données espace k, 

échantillonner aléatoirement autour d’une ligne radiale produit une meilleure reconstruction 
en termes de FA et MD, et que le sous-échantillonnage avec l’angle d’or aléatoirement 
perturbé conduit aux meilleurs résultats pour la reconstruction CS-DTMR cardiaque. La 
comparaison de performance a été effectuée en termes de RMSE de FA et MD sur des 
données réelles et en fonction du taux d’échantillonnage (RP est l’abbréviation du terme 
Randomly Perturbed). 

 
 
Les cartographies de FA et de MD d’un coeur human ex vivo obtenues avec un taux 

d’échantillonnage de 25% sont données ci-dessous. 
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Cartographies de FA et MD obtenues avec un taux d’échantillonnage de 25%. (a) Reconstruction à 
partir de l’espace k complet. Reconstructions à partir de l’espace k sous-échantillonné en utilisant (b) 
uniform-angle radial, (c) golden-angle radial, (d) random-angle radial, et (e)-(g) the corresponding 
randomly perturbed radial sampling of (b)-(d). 

 
 
La reconstruction des champs de tenseurs sur des images cardiaques simulées est montrée 

dans la figure ci-dessous (avec un taux d’échantillonnage de 25%). Les tenseurs sont 
représentés par des éllipsoïdes. Afin de mieux visualiser l’orientation des fibres cardiaques, 
les images de tenseurs sont sous-échantilonnées avec un taux de 3 en prenant un tenseur sur 3.   
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Champs de tenseurs reconstruits avec différentes stratégies de sous-échantillonnage. (a) 

Reconstruction à partir de l’espace k complet. Reconstructions à partir de l’espace k sous-échantillonné 
en utilisant (b) uniform-angle radial, (c) golden-angle radial, (d) random-angle radial, et (e)-(g) the 
corresponding randomly perturbed radial sampling of (b)-(d). 

 
Un exemple de reconstruction de champs de tenseurs sur cœurs humans réels est donné 

dans la figure ci-dessous. Le taux d’échantillonnage est 25%. Comme dans l’exemple illustré 
ci-dessus, les tenseurs sont représentés par des éllipsoïdes, et afin de mieux visualiser 
l’orientation des fibres cardiaques, les images de tenseurs sont sous-échantilonnées avec un 
taux de 3 en prenant un tenseur sur 3.   
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Exemple de reconstruction de champs de tenseurs sur un cœur human réel, obtenus avec différentes 
strategies de sous-échantillonnage. (a) Reconstruction à partir de l’espace k complet. Reconstructions à 
partir de l’espace k sous-échantillonné en utilisant (b) uniform-angle radial, (c) golden-angle radial, (d) 
random-angle radial, et (e)-(g) the corresponding randomly perturbed radial sampling of (b)-(d). 

 

Chapitre 7  Conclusions générales et perspectives. Il résume les contributions et les 
perspectives des travaux de recherche présentés dans cette thèse. 

Le présent travail a proposé plusieurs méthodes efficaces pour reconstruire des images IRM 
et plus spécifiquement des images MR de tenseurs de diffusion (DTMR) cardiaques à partir 
de l'espace k fortement sous-échantillonnée. Nous avons étudié plus particulièrement deux 
schémas de sous-échantillonnage radial pour DTMR cardiaque basée sur la théorie CS. Les 
expériences menées ont démontré l'efficacité de nos méthodes. À la lumière de ces résultats, 
un certain nombre de points intéressants peuvent être formulés pour les travaux futurs. Tout 
d'abord, les résultats présentés dans cette thèse étant sur le coeur ex vivo, il serait intéressant 
d'appliquer les méthodes au DTI cardiaque in vivo. Ensuite, étant donné que la technique 
d’imagerie parallèle permet l'obtention de facteurs d'accélération plus élevées, il serait 
envigeable de combiner le CS, l’imagerie parallèle et des trajectoires non cartésiennes afin 
d’accélérer encore plus l'acquisition de données et de réduire les artefacts de mouvement 
cardiaques pour le DTI du cœur humain. Enfin, l’imagerie de diffusion à haute résolution 
angulaire (HARDI) ayant récemment reçu l'attention intensive, il serait intéressant d'étendre 
les méthodes proposées à HARDI. 
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General Introduction 

The heart is one of the most vital organs of the human body, which pumps continually 
blood containing oxygen and nutrients needed by the other parts of the body to maintain life. 
The heart diseases or more generally cardiovascular diseases (CVD) is the leading cause of 
death in the world, representing an estimated 30% (over 17.3 million deaths) of all deaths 
across the globe [Christodoulou et al., 2014, Go et al., 2014, Mozaffarian et al., 2015]. Each 
year CVD causes 47% of all deaths (over 4 million deaths) in Europe and 40% (over 1.9 
million deaths) in the European Union [Nichols et al.]. On the other hand, CVD has major 
economic costs as well as human costs for Europe. Overall CVD is estimated to cost the 
European Union economy almost €196 billion a year. Of the total cost of CVD in the 
European Union, around 54% is due to direct health care costs, 24% due to productivity 
losses and 22% due to the informal care of people with CVD [Nichols et al.].  

Therefore, from the point of view of health and economic opportunities, it is very critical to 
study the microstructure of the heart for both explaining the heart disease symptoms and 
investigating the effective therapy means. The microstructure of the heart is complex, and in 
particular cardiac fiber architecture is fundamental in electrophysiological and mechanical 
functions of the heart. Obtaining cardiac three-dimensional (3D) fiber architecture will 
provide a new way to understand how the fiber structure of the heart influences its electrical 
and mechanical functions and study the underlying disease of the heart.  

The first understanding of cardiac fiber architectures was achieved using histological 
analysis of selected tissue regions [Ross et al., 1979]. Such techniques are known to suffer 
from many problems such as spatial resolution, distortion and misalignment. In addition, they 
are not by essence 3D. To get rid of these problems, polarized light imaging (PLI) was 
developed to investigate 3D fiber orientations of ex vivo human hearts [Jouk et al., 1995, 
Jouk et al., 2007]. This technique provides for the first time a mean to physically measure 3D 
orientations of myocardial fibers of an entire heart, with a high spatial resolution of 
0.1mm×0.1mm×0.5mm. Compared with dissection and histological techniques, PLI is more 
objective since it does not involve any human operation during the measurement process. 
However, both histological and PLI techniques are only limited to ex vivo hearts and cannot 
be used for imaging in vivo human hearts. 

More recently, Diffusion Magnetic Resonance Imaging (dMRI), which includes Diffusion 
Tensor Imaging (DTI) and High Angular Resolution Diffusion Imaging (HARDI), has 
emerged as a new and promising technique for analyzing the 3D fibrous structure of tissues. 
dMRI allows quantitative characterization of the shape and organization of tissue 
microstructures [Basser et al., 1994a;1994b]. It is a powerful tool and is currently the only 
means to noninvasively investigate fiber architectures of the human heart [Hsu et al., 2001, 
Le Bihan et al., 2001, Helm et al., 2005b, Wu et al., 2006, Toussaint et al., 2010, Tournier et 
al., 2011, Wei et al., 2013, Froeling et al., 2014, Naumova et al., 2014, Wei et al., 2015]. 

However, one of the most difficult problems in cardiac dMRI is cardiac motion, which 
causes blurring or signal losses [Nielles-Vallespin et al., 2013, Wei et al., 2013]. In order to 
minimize cardiac motion artefacts, it is important to keep DT image acquisition time as short 
as possible in each heartbeat. On the other hand, the spatial resolution of in vivo cardiac DTI 
is still too low (2.6mm in the plane and 6-7mm thickness). Therefore, one important work is 
to develop acquisition techniques to obtain higher resolution DTI data. With higher spatial 
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resolution, we can obtain fiber tracts that could be much coherent with ex vivo histological 
studies. This can be achieved by faster collection of data. In addition, it is well known that the 
acquisition of diffusion weighted (DW) images is often corrupted by high-level noise (signal-
to-noise ratio—SNR) and the intensity of DW signals is weaker than that of classical 
magnetic resonance signals [Bao et al., 2013, Zhang et al., 2013]. In practice, the additional 
signal averaging through acquisition repetition is generally a good way to increase SNR, but it 
further lengthens scan time. In summary, DTI is known to suffer from long acquisition time to 
obtain high quality data (temporal and spatial resolution, SNR), which greatly limits its 
practical and clinical use for human heart imaging [Dou et al., 2002, Dou et al., 2003, Helm 
et al., 2005b, Wu et al., 2006].  

Conventionally, many attempts have been made in order to speed up data acquisition, 
reduce the amount of data required and improve the SNR of diffusion signals as much as 
possible, including parallel imaging [Bammer et al., 2001, Bammer et al., 2002, Jaermann et 
al., 2004, Holdsworth et al., 2009], simultaneous multislice imaging [Filli et al., 2015, Lau et 
al., 2015], partial k-space reconstruction [Luo et al., 2012], and filtered reduced-encoding 
projection-reconstruction [Jiang et al., 2005]. But, these methods are not very suitable for 
highly undersampled k-sapce data. 

In recent years, Compressed Sensing (CS) has emerged as a new framework for both 
acquiring data and reconstructing signals with high quality from highly undersampled 
measurements (with respect to the traditional Shannon-Nyquist sampling theorem required 
[Candes et al., 2006a, Candes et al., 2006c, Donoho, 2006]). CS exploits sparsity or 
compressibility of signals in certain domain (pixel or transform domain), and combines the 
sampling and compression into a unified framework. To date, CS has been successfully 
applied in biomedical imaging and has shown great potential [Wang et al., 2011], such as 
MRI [Lustig et al., 2007, Lustig et al., 2008] and dynamic MRI [Bilen, 2013]. 

The main motivation of this research is to investigae fast imaging techniques by 
reconstructing high-quality images from highly undersampled data. The methodology adopted 
is based on the recent theory of CS. More precisely, we address the use of CS for magnetic 
resonance imaging (MRI) and cardiac DTI. 

The research work presented in this thesis is organized as follows. 
The first part of this manuscript describes the necessary background for the subsequent 

chapters: 
Chapter 1  “Heart function and disease” describes the human heart anatomy, cardiac 

function and disease. we describe the relation between cardiac fiber structure and heart 
function and diseases. 

Chapter 2  “Diffusion Tensor Imaging (DTI) and Compressed Sensing (CS) Theory” 
introduces the principles of Magnetic Resonance Imaging (MRI) and diffusion MRI (dMRI), 
covering MR image formation, image reconstruction and cardiac diffusion tensor imaging 
(DTI). It also describes the CS theory, reconstruction algorithms and their applications. 

 
The second part is dedicated to the reconstruction MRI and cardiac DTI based on CS:  
Chapter 3  “Compressed Sensing MRI via Data-driven tight frame and Total Generalized 

Variation” addresses the proposed method for MR image reconstruction with data-driven 
tight frame and total generalized variation(TGV) constraints. The data-driven TF is used to 
adaptively learn a set of filters from the under-sampled data itself to provide a better sparse 
approximation of images. The TGV is a generalization of the total variation (TV) theory, 
which “selectively regularizes” different image regions at different levels and thus leads to 
suppression of the staircase effect. The proposed methods are evaluated on different MR 
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images with varying content. The experimental results demonstrate that the proposed 
approach improves reconstruction quality compared to state of the art CS-MRI reconstruction 
methods [Huang et al., 2015b]. 

Chapter 4  “Accelerated Cardiac DTI Based on CS Using Joint Sparsity and Low Rank 
Approximation” presents a new CS reconstruction method that employs joint sparsity and 
rank deficiency prior to reconstruct cardiac DTMR images from highly undersampled k-space 
data. The sparsity and rank deficiency are incorporated into the CS reconstruction framework. 
The underlying constrained optimization problem is solved by the first-order fast method. The 
experiments were carried out on both simulation and real human cardiac DTMR images. The 
results demonstrate that the proposed approach has lower reconstruction errors in terms of 
DTI indices, including fractional anisotropy (FA), mean diffusivity (MD), transverse angle 
and helix angle, compared to existing CS-DTMR image reconstruction techniques. Some of 
the results mentioned in this chapter were reported in [Huang et al., 2015a]. 

Chapter 5  “Accelerated cardiac DTI based on CS using low-rank approximation and 
non-local TV constraint” proposes to apply the CS scheme with the low rank constraint and 
total variation (TV) regularizations to reconstruct cardiac DTI images from highly 
undersampled k-space data. Two TV regularizations are considered: local TV (i.e. classical 
TV) and nonlocal TV (NLTV). The experiments are carried out on both simulated and real 
human cardiac diffusion weighrted (DW) images. The results demonstrate that the proposed 
approach presents lower reconstruction errors compared to existing CS-DTMR images 
reconstruction techniques. Some of the results presented in this chapter were reported in ISBI 
2014 [Huang et al., 2014]. 

Chapter 6  “The influence of radial undersampling schemes on compressed sensing 
cardiac DTI” studies the impact of the radial undersampling schemes on CS-based cardiac 
DTI. In this chapter, we propose two randomly perturbed radial undersampling schemes: 
golden-angle and random angle. The proposed methods are compared with existing radial 
undersampling methods: uniformity-angle, randomly perturbed uniformity-angle, golden-
angle, random angle. The experiments were carried out on both simulation and real human 
heart DTI data. 

Chapter 7 “General conclusions and perspectives” summarizes the contributions followed 
by the perspectives of the research work presented in this thesis. 
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Chapter 1  

1 Heart function and disease 
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Résumé en français 

Le cœur est l'un des organes les plus vitaux du corps humain, qui pompe sans cesse le sang 
contenant de l'oxygène et les nutriments nécessaires à d'autres parties du corps pour maintenir 
la vie. Les maladies cardiaques ou plus généralement les maladies cardiovasculaires (MCV) 
sont la principale cause de décès dans le monde. L’étude de la structure microscopique des 
fibres du cœur offre une nouvelle approche pour expliquer les maladies du cœur et trouver des 
moyens efficaces de thérapie. Dans ce chapitre, nous décrivons d’abord les structures 
cardiaques, puis nous citons certaines maladies cardiaques liées à la structure du muscle 
cardiaque. Enfin, nous exposons la relation entre la structure de fibres cardiaques et la 
fonction et la maladie du coeur. 
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Abstract 

The heart is one of the most vital organs of the human body, which pumps non-stop blood 
containing oxygen and nutrients needed by the other parts of the body to maintain life. The 
heart diseases or more generally cardiovascular diseases (CVD) is the leading cause of death 
in the world. The investigation of the micro fiber structures of the heart provides a new 
approach to explaining heart disease and investigating effective therapy means. In this chapter, 
we first illustrate the heart structures from the view of the anatomy, and then present some 
cardiac diseases related to the cardiac fiber structure. At last, we describe the relation between 
cardiac fiber structure and heart function and diseases. 
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1.1 Introduction 

The heart is one of the most vital organs of the human body, which pumps non-stop blood 
containing oxygen and nutrients needed by the other parts of the body to maintain life. The 
heart diseases or more generally cardiovascular diseases (CVD) is the leading cause of death 
in the world, representing an estimated 30% (over 15.616 million deaths) of all deaths across 
the globe [Christodoulou et al., 2014, Go et al., 2014, Nicholas et al., 2015]. Each year CVD 
causes 47% of all deaths (over 4 million deaths) in Europe and 40% (over 1.9 million deaths) 
in the European Union [Nichols et al.]. On the other hand, CVD has major economic costs as 
well as human costs for Europe. Overall CVD is estimated to cost the European Union 
economy almost €196 billion a year. Of the total cost of CVD in the European Union, around 
54% is due to direct health care costs, 24% due to productivity losses and 22% due to the 
informal care of people with CVD [Nichols et al.]. The heart has been extensively studied due 
to its importance to the human health. Therefore, from the point of view of health and 
economic opportunities, it is very critical to learn about the heart structure and its functions 
for both explaining the heart disease symptoms and investigating the effective therapy means. 

1.2 Heart anatomy 

Generally, the heart is located between the lungs in the middle of the chest, behind and 
slightly to the left of the breastbone. It is well known that the heart has approximatively the 
size of a fist and lies in the thoracic cavity. Usually, the heart can be divided mainly into four 
chambers (shown in Fig. 1.1): the two upper chambers of the heart are receiving chambers, 
and are called atriums; the bottom chambers are discharging chambers, and are called 
ventricles. The two right chambers, the right atrium (RA) and the right ventricle (RV), 
together are referred to as the right heart, and the two left chambers, the left atrium (LA) and 
left ventricle (LV), as the left heart. Each ventricle has a inlet valve and an outlet valve. These 
four valves ensure that blood flow travels through the heart only in one direction. 

1.2.1 Heart structure 

1.2.1.1 Chambers 

The whole human heart contains 4 chambers and is divided into right and left sides. There 
are the right atrium, left atrium, right ventricle, and left ventricle. Each side has an upper 
chamber called the atrium and a lower chamber called the ventricle. These four chambers 
constitute the blood circulation system of the body, where the chambers in the right side pump 
the deoxygenated blood and those in the left side pump the oxygenated blood. 

Right atrium: It situates in the upper right section of the heart, receiving the de-
oxygenated blood from the other parts of the body though two major veins, the superior vena 
cava and the inferior vena cava. The superior vena cava returns de-oxygenated blood mainly 
from the head, neck, arm and chest regions of the body to the right atrium. The inferior vena 
cava returns de-oxygenated blood from the lower body regions such as legs, back, abdomen 
and pelvis to the right atrium. The right atrium also pumps blood through the tricuspid valve 
into the right ventricle situated below.  

Right ventricle: Located below the right atrium, this chamber has a form of triangle and 
extends from right atrium to near the apex of the heart. It receives blood from the right atrium 
and pumps it to the main pulmonary artery. The main pulmonary artery extends from the right 
ventricle and branches into left and right pulmonary arteries, which extend to the lungs. Here 
oxygen-poor blood picks up oxygen and is returned to the heart via the pulmonary veins.  
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Left atrium: This chamber sits opposite to the right atrium. The blood that goes through 
the lung becomes oxygenated; it returns into the left atrium via the right and left pulmonary 
veins and then the left atrium pumps this oxygen-rich blood into the left ventricle through the 
bicuspid valve or mitral valve.  

Left ventricle: It is the lower part of the heart in the left side. Compared with the right 
ventricle, it is much longer and looks like a cone. It receives oxygen-rich blood from the left 
atrium above it, and pumps it through the aortic valve such that it is distributed throughout the 
entire body via the aorta, including the heart muscle itself through the coronary arteries. The 
left side of the heart is thicker than the right one because of the requirement to pump blood 
from the left side throughout the body, as opposed to the right side pumping only through the 
lungs. 

 

Fig. 1.1 Heart anatomical structure. (From Texas Heart Institute Heart Information Center, 
http://www.texasheartinstitute.org/hic/anatomy/anatomy2.cfm) 

1.2.1.2 Valves 

The blood circulating in the heart must flow in the correct direction: this is guaranteed by 
the heart valves. Four main valves determine the pathway of blood flow and allow the 
chambers of the heart to carry out their functions efficiently. These four valves can be 
classified into two groups, one is the atrioventricular valves and the other is semilunar valves, 
as shown in Fig. 1.2. 

Atrioventricular valves  

The valves that allow the blood to flow from the atria to the ventricles are called 
atrioventricular valves, which keep the blood from returning to the atrium. They are located 
between the atria and the ventricles. Named after the left and right side, atrioventricular 
valves can be divided into two types: tricuspid valve and mitral valve. The tricuspid valve is 
located between the right atrium and the right ventricle. The purpose of this valve is to open 
when the right atrium is in systole phase, thereby forcing any additional de-oxygenated blood 
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into the ventricle. The mitral valve is located between the left atrium and the left ventricle. 
Similar to the tricuspid valve, during the atrium's systole phase, the valve is forced open to 
allow the oxygenated blood from the lungs to enter into the left ventricle. 

Semilunar valves  

There are two kinds of semilunar valves, one is pulmonary valve, which sits between the 
right ventricle and the pulmonary artery, the other is aortic valve which is located at the exit 
of the aorta and the left ventricle. Either of two valves opens and closes to allow the 
unidirectional flow of blood out of the heart, while preventing the blood flowing back into the 
ventricles. 

 

Fig. 1.2 Heart Valves (From: http://www.webmd.com/heart-disease/guide/heart-valve-disease) 

1.2.1.3 Cardiac wall 

Generally, the cardiac wall consists of three tissues layers: epicardium, myocardium and 
endocardium, shown as in Fig. 1.3. Each layer is specialized in its structure and function. 
Thus, all three layers function together to ensure proper functioning of the heart and to ensure 
that it pumps blood properly to all organs in the body. Given below are details about the 
structures and functions of these three layers. 

Epicardium 

Epicardium describes the outer layer of heart tissue, when considered as a part of 
pericardium, it is the inner layer and called visceral pericardium. It is composed of a single 
sheet of squamous epithelial cells overlying delicate connective tissue. Epicardium serves as a 
protection layer because it can produce a pericardial fluid, which lubricates motion between 
the inner and outer layer of pericardium. 

Myocardium 

The myocardium is the basic muscle that makes up the heart. This muscle is involuntary 
and, this is striated in nature. The cardiac muscle structure consists of basic units of cardiac 
muscle cells known as myocyte. Coordinated contraction of the cardiac muscles is what 
makes the heart propel blood to various parts of the body. It is the function of the coronary 
arteries to supply blood and oxygen to the cardiac muscles. This is the thickest of all the 
layers. As is common knowledge, the cardiac muscle function is to ensure that the heart beats 
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around 72 times per minute. Thus, the cardiac muscles cannot afford to rest even for a single 
second. Therefore, it is essential that these muscles get blood supply and nutrition 
continuously, as any kind of disruption in the blood and nutrition supply to these muscles can 
result in death of a part of the cardiac muscle, which is known as myocardial infarction or 
heart attack. This could in turn lead to a complete cessation of functioning of the heart 
muscles, known as cardiac arrest. 

Endocardium 

The endocardium is the innermost, thin and smooth layer of epithelial tissue that lines the 
inner surface of all the heart chambers and valves, which is responsible for prolonging 
myocardial contraction. 

 

 

Fig. 1.3 Heart wall structure (From: http://encyclopedia.lubopitko-bg.com/Structure_of_the_Heart.html) 

1.2.2 Myocardium structure 

In the three layers of the heart wall, the myocardium layer is the most important one for 
maintaining the heart normal functions. There are numerous models describing the structure 
of myocardium; here we present several well-known ones.  

1.2.2.1 Myocardial band model 

The helical ventricular myocardial band (HVMB) concept, proposed in 1972 by the 
Spanish scientist Francisco Torrent-Guasp [Torrent-Guasp, 1973], brings a new viewpoint on 
the architecture of ventricular myocardium. This idea is of helical rope model, which 
considers the configuration of myocardium as shown in Fig. 1.4. 

This model describes the myocardium structure as helical ropes whose length varies with 
the position in the base-apex direction. However, the major weakness of this model is that it 
does not exhibit visible branching connections between rope bundles. In order to deal with 
this problem, the HVMB model [Torrent-Guasp et al., 2001, Corno et al., 2006] was proposed. 
HVMB considers the myocardium as a muscular band twisted and curled in two helical loops: 
the basal loop (from the root of the pulmonary artery to the beginning of the central fold) and 
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the apical loop (from the beginning of central fold to the root of aorta). Each of these two 
loops is further divided into two segments, in which the basal loop is categorized in the right 
segment (RS) that coincides with the RV wall and the left segment (LS) that coincides with 
the LV wall. The apical loop is divided into descendent (DS) and ascendant segments (AS), as 
shown in Fig. 1.5.  

HVMB gives a visual recognition about the myocardium muscular trajectories and some 
reasonable explanations about the heart electrical and mechanical properties and functions. It 
is however very important to investigate other means for characterizing myocardium muscle 
orientations. 
 

 

Fig. 1.4 Helical rope model of myocardium (From: [Kocica et al., 2006]) 

 

Fig. 1.5 Torrent-Guasp’s myocardial band model (From: [Buckberg et al., 2008]) 

1.2.2.2 Geodesic model 

Geodesic cardiac fiber model was initially proposed by Streeter [Streeter, 1979], who stated 
that the myocardial fibers run like geodesics on a nested set of toroidal bodies of revolution. 
This mathematical expression being a little obscure for anatomist and cardiologist, Jouk [Jouk 
et al., 2007] made a clearer explanation about this model using the Fig. 1.6. 

One can explain the model by taking a piece of paper and drawing saying three parallel 
lines, which could be considered as the geodesics of the plane surface. Then, we roll the paper 
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by making the superior border against the inferior border and form a cylinder. The drawn 
lines in the first step become the geodesics of the cylinder. Finally, we bend the cylinder until 
the left end touches the right end, thus generarting a torus. The lines are still geodesics. 
According to Streeter, from inner to outer, the myocardial muscle is nested by the elongated 
tori like Russian dolls, as shown in Fig. 1.6 (d). 

Streeter’s model only giving the cardiac fiber map of LV, Jouk extended Streeter’s 
conjecture by proposing the pretzel model [Jouk et al., 2007] which describes the fiber 
architecture of the whole ventricular mass as illustrated in Fig. 1.7. 

Compared to the Streeter’s model, this model gives not only the same description for the 
LV myocardial structure, but also provides a new recognition about the fiber arrangement of 
the RV. The upper left aperture would correspond to the tricuspid orifice and the lower left 
aperture to the pulmonary orifice. Between these apertures is the supraventricular crest. In this 
representation, it is given by the narrow part of the nested bent tori, while the wide part of the 
bent tori corresponds to the septal and lateral walls of the right ventricle. Up to now, this 
model still requires the mathematical and experimental validations. 

 

 

Fig. 1.6 Geodesic model (From: [Jouk et al., 2007]) 

 

Fig. 1.7 An extension of geodesic model: pretzel model. Like the pretzel cookies, two joined torus form a pretzel 
in this model. For better understanding the further deformations, a lattice was drawn, where the lines in red are 

parallel to the surface of revolution, and those in blue are the meridians, as shown in subfigure (A). Four special 
positions are defined: lower left aperture (lla), lower right aperture (lra), upper left aperture (ula) and upper right 
aperture (ura). For mimicking the right ventricle structure, the torus on the left was bent in such a way that the 
lower aperture comes up to the upper aperture. However, for the left ventricle, it is mimicked by shrinking the 

lower right aperture into a point, as shown in subfigure (B). In subfigure (C), it explains how LV and RV could 
nest together and form a pretzel model, where the green lines represent the geodesic on the nested pretzels (From: 

[Jouk et al., 2007]). 
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1.2.2.3 Laminar structure model 

The two models above is a sort of continuum model which assumed that the material 
properties of ventricular myocardium are transversely isotropic with respect to the myofiber 
axis, supporting the view that neighboring myocytes are uniformly coupled. However, 
LeGrice and coworkers [LeGrice et al., 1997] demonstrated that ventricular myocardium is 
structurally orthotropic, with myocytes arranged in layers that are typically four cells thick, as 
shown in Fig. 1.8. Adjacent layers are separated by cleavage planes that have a characteristic 
radial orientation in base-apex ventricular section and are significant in extent, particularly in 
the LV mid-wall. Therefore, at any point within the ventricle, it is possible to define three 
material axes: (i) the fiber orientation, (ii) perpendicular to fiber orientation within a muscle 
layer, and (iii) normal to the muscle layer.  

Using these three axes to represent the cardiac fiber orientation of dog and pig, the results 
conform to the anatomy structure [Legrice et al., 1995]. 

 

Fig. 1.8 Schematic of laminar structure model for cardiac fiber (From: [Legrice et al., 1995]) 

1.3 Heart diseases 

The heart can be regarded as a pump that is made of muscle tissue. The presence of the four 
chambers keeps oxygen-rich blood from mixing with oxygen-poor blood, and the return of 
oxygen-poor blood after circulating the body to the heart.  

Many different types of heart disease can occur, depending on their causes. We can cite 
coronary artery disease, heart attack, heart failure, and heart valve disease. Heart muscle 
disease, also known as cardiomyopathy, is a type of progressive heart disease. It refers to a 
group of disorders that directly damage the muscle of the heart walls. In these disorders, the 
heart is abnormally enlarged, thickened, and/or stiffened, and all the chambers of the heart are 
affected. Depending on the nature of the injury or the abnormality in the heart muscle, the 
structure of the heart chambers can change. As a result, the ability of the heart muscle to 
pump blood is weakened, often causing heart failure and the backup of blood into the lungs or 
rest of the body. The disease can also cause abnormal heart rhythms. Among many possible 
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types of cardiomyopathy, we describe three main types: dilated cardiomyopathy, hypertrophic 
cardiomyopathy and restrictive cardiomyopathy.  

Dilated cardiomyopathy 

This is the most common heart muscle disease type. It is also called congestive 
cardiomyopathy. This type of disease damages the heart muscle fibers, weakening the 
chamber walls of the heart [Jefferies et al., 2010], as shown in Fig. 1.9. It may be caused by 
reduced blood flow to the heart (ischemic heart disease), infections, toxins and certain drugs. 
It also may be inherited from a parent. It usually enlarges (dilates) the left ventricle. 

 

Fig. 1.9 Dilated Cardiomyopathy(from: https://en.wikipedia.org/wiki/Dilated_cardiomyopathy) 

Hypertrophic cardiomyopathy 

This disease is relatively rare, but is the second most common type of cardiomyopathy. 
Hypertrophic cardiomyopathy (HCM) [Dominguez-Rodriguez et al., 2013, Ker, 2014] is also 
known as idiopathic hypertrophic subaortic stenosis (IHSS) or asymmetric septal hypertrophy 
(ASH). It is characterized by a disorderly growth of heart muscle fibers, which causes the 
heart chambers to become thick-walled and bulky (Fig. 1.10). The thickening can make it 
harder for blood to leave the heart, forcing the heart to work harder to pump blood. It also can 
make it harder for the heart to relax and fill with blood. 
 

 

Fig. 1.10 Hypertrophic cardiomyopathy (from: http://www.nlm.nih.gov/medlineplus/ency/article/000192.htm) 
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Restrictive cardiomyopathy 

Restrictive cardiomyopathy is very rare. In this type of heart muscle disease, abnormal cells, 
proteins, or scar tissue infiltrate the muscle and structures of the heart, causing the chambers 
to become stiff and bulky [Zangwill et al., 2009, Gupta et al., 2012]. The heart may initially 
contract normally, but the rigid chambers restrict the return of blood to the heart. As a result, 
high pressures are needed to fill the heart chambers, forcing the blood back into various 
tissues and organs such as the lungs, abdomen, arms, and legs. The heart muscle can also be 
damaged and contractions be impaired. 

 

Fig. 1.11 Restrictive cardiomyopathy (From:http://trialx.com/curebyte/2011/08/28/photos-related-to-restrictive-
cardiomyopathy) 

1.4 Relation between fiber structure and heart function 

The extension, thickening and radial reorientation of the myofiber structure are the basis of 
contraction and relaxation of the myocardium and and allow the latter to function as a pump. 
But the exact mechanism is not yet clear. By compensating for cardiac motion, cardiac DTI 
data have been successfully acquired both at systole and diastole. Recent results obtained by 
Nielles and co-workors [Nielles-Vallespin et al., 2013] have shown that there is a 
reorganization of cardiac fibers, namely the variation in orientation of diffusion tensors over 
cardiac cycles. The ability to map myocardial fiber structure and its dynamics, especially 
combined with myocardial strain imaging techniques, could provide novel insights into the 
structure-function relation in the heart. 

1.5 Conclusion 

In this chapter, we have desctibed the heart structures, especially, the architecture of heart 
wall and the cardiac fiber arrangement patterns. We observe that most cardiomyopathies 
affect the structure of ventricles, especially the left ventricle. In this sens, the investigation of 
the cardiac fiber architecture in the left ventricle before and after heart disease would be very 
interesting for the clinical diagnosis and treatment.  
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Chapter 2 

2 Diffusion tensor imaging (DTI) and compressed sensing 
(CS) theory 
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Résumé en français 

Dans ce chapitre, nous introduisons les éléments de base en imagerie par résonance 
magnétique (IRM) nécessaires pour mieux comprendre les chapitres suivants du manuscrit. 
Le chapitre est organisé comme suit. Section 2.1 présente brièvement les principes de l’IRM 
et l'IRM de diffusion, y compris la génération et l’acquisition des signaux, le codage spatial, 
et les séquences d'impulsions. Section 2.2 décrit certaines techniques d'imagerie cardiaque les 
plus courantes et leur principes physiques, plus particulièrement le DTI cardiaque. Finalement, 
une introduction concise de la théorie d’acquisition comprimée (CS) est présentée dans la 
section 2.3. 
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Abstract 

In this chapter, we introduce the background of magnetic resonance imaging (MRI) 
necessary for the better understanding of the subsequent chapters of the manuscript. The 
chapter is organized as follows. Section 2.1 briefly introduces the principles of MRI and 
diffusion MRI, including signal generation and detection, spatial encoding, and MR pulse 
squences. Section 2.2 describes some most common cardiac imaging techniques and their 
physical principles, in particular cardiac DTI. Finaly, a concise introduction of the 
compressed sensing (CS) theory is presented in Section 2.3.  
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2.1 Magnetic Resonance Imaging 

Magnetic resonance imaging (MRI) is a non-invasive medical imaging technique widely 
used to investigate the anatomy and physiology of the body in clinical diagnosis. Unlike 
Computed Tomography (CT) or X-ray imaging, MRI does not use ionizing radiation and also 
does not require the introduction of a radioactive agent that is employed in Positron Emission 
Tomography (PET). In this section, we briefly introduce the principle and concepts of MRI 
concisely. The detailed information about this technique can be found in [Haacke et al., 1999, 
Liang et al., 2000, Elmaoğlu et al., 2011, Westbrook et al., 2011, Foltz et al., 2012, Brown et 
al., 2014, Constantinides, 2014]. There exist also a number of e-books or online courses, such 
as https://www.imaios.com/en/e-Courses/e-MRI and http://www.cis.rit.edu/htbooks/mri/, in 
which are elaborated the development history, physical phenomena, principles and 
applications.  

2.1.1 Basic physics 

It is well known that the human body tissues contain a lot of water and thus hydrogen 
nuclei (protons 1H). These slightly positive electrical charged proton have magnetic properties 
and behave like tiny rotating magnets, like the earth. A proton is constantly turning around an 
axis, which is called nuclear spin as shown in Fig. 2.1(a). The spinning of the protons will 
generate a lot of tiny magnets; the sum of all the tiny magnetic fields of the spins is called net 
magnetization or macroscopic magnetization. In our body, these tiny bar magnets are ordered 
randomly. Thus, the sum of all the spin magnetic forces equalizes, namely a null net 

magnetization. However, when we put these protons under a large external magnetic field 0B , 

some interesting things happen: the proton not only rotates about its own axis but also 

“wobbles” about the axis of 0B . As a result, all the protons align with the external magnetic 

field, some of the spins align with the field (parallel) and some align against the field (anti-
parallel). Meanwhile, they precess or wobble due to the magnetic momentum of the atom, as 
illustrated in Fig. 2.1(b). This is called precession. The precession frequency (resonance 

frequency) 0 (MHz) is called Larmor frequency or precessional frequency, which is 

determined by the strength of the main magnetic field 0B (T) and the gyromagnetic ratio 
(MHz/T) of proton 1H. 

 0 0= B    (2.1) 

Resonance 

Because within the 0B  magnetic field, there are more spins aligned with the field (parallel) 

than spins aligned against the field (anti-parallel), a magnetization 0M is generated that 

results from the sum of all magnetic fields and points in the same direction as the main 

magnetic field 0B . However, compared with 0B , 0M  is too small to be detected. Therefore, 

in order to observe the variation of 0M , a new dynamic and short duration magnetic field 1B , 

often referred as a RF pulse, is applied to move out of alignment away from 0B . This is called 

RF excitation. The angle to which the 0M  moves relative to 0B  is called flip angle. The 

magnitude of the flip angle depends on the amplitude and duration of the RF pulse. During 
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excitation, longitudinal magnetization 0M  decreases and a transverse magnetization xyM  

appears. 
If the RF radiation is of sufficient magnitude and duration and is applied at a right angle to 

the 0B  field, the net magnetization vector can be made to precess until it reaches the 

transverse plane ( x y  plan), and then resonance occurs, which makes that the longitudinal 

magnetization 0M  is completely transferred into the transverse magnetization xyM  (all spins 

are in phase: complete phase coherence). Such a pulse of radiation is called a 90° RF pulse, 
and the RF pulse frequency matches the precession frequency of the protons (Larmor 
frequency). Now, the protons are processing in phase in the transverse plane as shown in Fig. 
2.2(b) . 

 

Fig. 2.1 Spin and precession of protons (From: [Blink, 2004]) 

 

Fig. 2.2 RF excitation (a) and relaxation (b) 

Relaxation 

After resonance, the protons are processing in phase in the transverse plane, in a temporary 
manner. If the 90°RF pulse is switched off, the water protons will again return to their initial 

state. In this case, the magnetization will again be influenced by 0B  and tries to realign with 

the latter. To this end, the magnetization must lose the energy given by the RF pulse, and its 
return to the equilibrium of net magnetization is a proess called relaxation. The time needed 
for the amount of magnetization to return to completely longitudinal plane after the 
application of the 90° RF pulse is defined as T1 relaxation. The rate of this return to 
equilibrium is an exponential process, whose time constant is defined as T1. At the same time 
but independently, the amount of magnetization in the transverse plane gradually decreases 
according to an exponential law, producing a so-called T2 decay. So, the T2 relaxation time of 
a tissue is its time constant to decay. After time T1, longitudinal magnetization is returned to 
63% of its final value, and after time T2, transverse magnetization has lost 63 % of its original 
value, as shown in Fig. 2.3. Since the relaxation time is crucial for MRI, the relaxation 
determines signal intensity as well as image contrast [Gossuin et al., 2010]. 
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(a) 

 
(b) 

Fig. 2.3 Schema for T1 and T2 relaxation (GM: gray matter, WM: white matter) (From: [Elmaoğlu et al., 2011]) 

MR signal 

Once the RF pulse is turned off, relaxation happens. If we place a receiver coil in the 

transverse plane and the coil is positioned perpendicular to magnetization xyM . The variation 

of magnetization will produce magnetic field fluctuations inside the coil and consequently 
will induce a current (MR signal), following the well-known Faraday’s principle on the coil. 
This current constitutes the MR signal that relates to the three properties of a tissue, namely 
proton density, T1 and T2. The magnetization variation is described by Bloch equation [Bloch, 
1946] 

 0
0

1 2

xyz
MdM M M

M B
dt T T

 
      (2.2) 

where andz xyM M are the longitudinal and transverse magnetizations, respectively. 
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Fig. 2.4 When the B1 RF-pulse is applied, total magnetization M0 is tilted from z -axis to xy-plane and it continues 
to precess in xy-plane at Larmor frequency. When a coil is positioned perpendicular to magnetization Mxy, a 

current (MR signal) is inducted based on Faraday’s principle on the coil.(From: [Elmaoğlu et al., 2011]) 

2.1.2 Signal spatial encoding 

Now we know how MRI works and how to create and acquire an MR signal at the coil, but 
we still cannot determine where the signal is coming from. To localize the voxels (single 
volume elements containing protons) spatially from MR signal in three dimensions, three 
steps are required to encode spatial information. There are the slice selection, the encoding of 
spatial information along the rows and the encoding of spatial information along the columns. 
Spatial encoding relies on successively applying magnetic field gradients, as shown in Fig. 
2.5. 

 

 

Fig. 2.5 magnetic field gradients for spatial encoding (From: https://www.imaios.com/en/e-Courses/e-MRI) 
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Slice selection  

During the switched on of RF pulse, if the magnetic field is homogenous through the 
patient body, all the protons will resonance with the same precession frequency and contribute 
to the MRI signal. In this situation, we would have no clue where the signal comes from in the 
body. Therefore, the first step of spatial encoding is to apply a magnetic field gradient to 
select the slice plane, as shown in Fig. 2.5(c). This operation is called slice selection, with the 

Slice Selection Gradient (GSS) ssG  that is applied perpendicularly to the desired slice plane. 

As mentioned earlier, excitation of spins only happens when the RF pulse is applied at the 
Larmor frequency of those spins. In the presence of a gradient, the Larmor frequency changes 
along the direction of the gradient, therefore only the spins located at a given thin slice 
perpendicular to the gradient direction can be in resonance and emit a signal. The RF wave 
associated with the slice selection gradient and the adapted resonance frequency is called the 
selective pulse. The RF pulse frequency can be changed to acquire multiple slices at different 
positions in the body, as illustrated in Fig. 2.6. 

The slice thickness th  depends both on the frequency bandwidth of the selective RF pulse 

  and on the strength of the slice selection gradient ssG . It is given by 

 
ss

th
G





   (2.3) 

 

 

Fig. 2.6 Diagram for MRI Slice selection (From: [McRobbie et al., 2006]) 

Phase encoding 

A big improvement is that we now know the MRI signal coming from the single slice in the 
body. But, within the one slice there are still an awful lot of protons, and we still don’t know 
from where the signal is coming from in the slice. It must be located along both the axes of 
this slice to further encoding spatial information. This is realized by phase and frequency 
encoding. Before applying phase encoding gradient, all the spins in the slice precess with the 
same frequency and they are in phase. When the phase encoding gradient is applied, the 
magnetic field strength and therefore the precessional frequency of spins along the axis of the 
phase gradient is altered. Since the precession speed of the spins changes, so does the 
accumulated phase of magnetic moments along their precession path, which is illustrated in 
Fig. 2.7.  
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Fig. 2.7 Diagram for MRI phase encoding (From: [Hornak, 2008]) 

When the phase encoding gradient peG  is turned off, the magnetic field strength returns to 

the main field strength, and all the spins within the slice returns to the same frequency 
(Larmor frequency), but in different phases. This difference in phase between the spins is 
used to encode the spins’ position along the phase encoding direction. This process is called 
phase encoding. 

The spatial resolution peres  along the phase encoding direction is determined by the field 

of view ( )peFOV  along this direction, the phase encoding steps number pen , the encoding 

gradient strength changes peG between two steps, and the gradient duration Gpe . It is 

expressed as 

 
1pe

pe
pe pe Gpe pe

FOV
res

n G n 
 


  (2.4) 

Frequency encoding 

Before second encoding process, we know that the MR signal comes from a slice and 
contains a number of RF waves. The RF waves have the same frequency, but have different 
phases. The signal must now be located along the other axis of the slice, and this is achieved 
by frequency encoding. Using the same principle as for phase encoding, the application of the 
frequency encoding gradient will alter the magnetic field strength and thus the precessional 
frequency of spins. Thus, the frequency difference between the spins is produced, and the 
signal can be identified according to its frequency along the frequency gradient direction, see 
Fig. 2.8. 

Frequency encoding gradient is usually turned on when receiving the signal. Therefore, it is 
also called the readout gradient. The steepness of the slope of the frequency encoding gradient 

determines the size of field of view ( roFOV ) and also the spatial resolution rores  in this 

direction [Westbrook et al., 2011]: 

 ro
ro

ro ro ro

FOV BW
res

n G n
    (2.5) 
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where BW is the bandwidth of the receive digitizer, roG is the strength of the frequency 

encoding gradient, and ron is the acquisition number. 

 

Fig. 2.8 Diagram for frequency or readout encoding (From: [Hornak, 2008]) 

2.1.3 k-space 

The readout MR signal is a mix of RF waves containing spatial information with different 
amplitudes, frequencies and phases. This MR signals is digitized and raw data are written into 
a data matrix during data acquisition called k-space. The k-space is derived from the data 

space with axes ( xk  and yk ) referred to as spatial frequencies. The data space is an “analog” 

version of k-space. The k-space data are equivalent to a Fourier plane and then the MR image 
can be obtained by means of a 2D inverse Fourier Transform from k-space data, as shown in 
Fig. 2.9(b) and (c). The data in the center of k-space contains the maximum signal and 
contributes to the signal-to-noise and contrast information for the image, and the periphery of 
k-space data provides information regarding the fine detail information (edges and boundaries) 
of the image. As shown in Fig. 2.10, we can see that if we take a set of raw data and 
reconstruct just the center of the k-space, we will in this case remove fine details of the image 
(second column). If we reconstruct just the outside (third column) of the k-space, we will in 
this case preserve high frequency components or morphological details of the image, 
compared to the image reconstructed from the complete k-sapce data (first column).  

The process of filling the k-space is determined by specific MRI sequences that combine 
RF pulses and encoding gradients in a given order. A most commonly used trajectory in 
clinical imaging is to fill the k-space line by line in a Cartesian grid, as shown in Fig. 2.11.  

 

 

Fig. 2.9 k-space  
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Fig. 2.10 The effects of removing the portion of k-space data on the reconstructed image. 

 

Fig. 2.11 The k-space filled by uses straight lines from a Cartesian grid. 

2.1.4 MR pulse sequences 

MR pulse sequences is the heart of MRI, which are the computer software executing a 
series of commands and allow us to control the way in which the system applies pulses, 
gradients, data sampling windows, etc., in a predefined timing window. There are over a 
hundred different sequences and each sequence is designed to favor the signal of a particular 
tissue (contrast), at varying rates (speeds), whereas limiting the artifacts and keeping 
sufficient the signal-to-noise ratio [Haacke et al., 1999, Bernstein et al., 2004, Brown et al., 
2014]. This subsection discusses two most commonly and important used pulse sequences: 
spin echo and gradient echo. 

Spin echo sequence 

The spin echo (SE) sequence is frequently used in MRI experiments because of its 
versatility and good imaging quality. It uses a 90º excitation RF pulse followed by one or a 
series of 180º rephasing RF pulses to generate a spin echo, as shown in Fig. 2.12. After the 
90º excitation pulse, the magnetization is flipped into the transverse plane, and immediately 
starts to dephase due to T2 relaxation caused by the difference in speed of spins. A 180º pulse 
is then applied to flip the spin vectors so that the previously slower vectors are effectively 
precessing ahead of the previously faster ones. After a further time delay (equal to TE/2), a 
spin echo is formed. 
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Fig. 2.12 Diagram of SE sequence and its principle (From: [Wang, 2013]) 

In most MRI sequences, after slice selection gradient is often applied a gradient with half 

amplitude strength of slG , which is used to compensate the dephasing effects caused by the 

inhomogeneity of the gradient. For the same reason, before 180°RF pulse, a gradient is 

applied along the reading out direction. 
Owing to the spatial encoding with the gradients, the intensity of each voxel in the image 

only depends on the proton density, T1 and T2 values. Changing the sequence parameters will 
lead to the images with different contrasts. The SE sequence has a higher SNR and few 
artifacts, and is the best one to obtain T2 contrast image, but it needs longer acquisition time. 

Gradient echo sequence  

The gradient echo sequence (GE) is similar to the SE sequence with the exception that it 
forms the echo using a gradient polarity reversal (Fig. 2.13). It starts with an excitation RF 
pulse with flip angle of αº that depends on the magnetization flipped into the transverse plane. 
Because of T2 relaxation, spins are dephasing, until the polarity is changed. After that, the 
spins begin to rephase until it is in phase again. GE sequence does not compensate the 
inhomogeneity of the magnetic field , and therefore has an increased sensitivity to T2* decay 
caused by the lack of a 180º refocusing pulse. But this shortens acquisition time, which is 
useful when fast scan is required. 

 

Fig. 2.13 Gradient echo sequence and its principle (From: [Wang, 2013]) 
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2.2 Cardiac diffusion tensor imaging (DTI) 

Conventionally, the histological measurements of selected tissue regions were used to 
obtain the cardiac fiber architecture [Ross et al., 1979]. But, it is well known that such 
techniques suffer from distortion and misalignment, and they do not allow the 3D 
reconstruction of fiber structures. The polarized light imaging (PLI) was proposed to detect 
fiber orientations in ex vivo human hearts to overcome these problems [Jouk et al., 1995, 
Jouk et al., 2007]. However, both histological and PLI techniques are ex vivo and cannot be 
used for in vivo studies of the human heart.  

Recently, Diffusion Magnetic Resonance Imaging (dMRI) [Jones, 2011, Johansen-Berg et 
al., 2013] has emerged as a new and promising noninvasive technique for analyzing the 3D 
fibrous structure of tissues in vivo [Jones, 2011]. This technique has been widespread used for 
the human brain [Luna et al., 2012], but only a few studies have been applied to the heart 
[Hsu et al., 2001, Helm et al., 2005b, Wu et al., 2006, Toussaint et al., 2010, Naumova et al., 
2014]. dMRI determines the diffusion properties of water molecules in biological tissues via 
estimating the average displacement of water particles from the phase change occurring and 
thus inferring the microstructure of the diffusion environment. This average displacement can 
be accurately described at the scale of a voxel by the Ensemble Average Propagator (EAP), 
which represents the full 3D displacement of water molecule diffusion [Merlet et al., 2013]. 
Using dMRI to infer the EAP requires acquiring number of diffusion images at different 
diffusion gradient directions in the sampling space. Instead of computing a complete EAP, the 
diffusion process is described by a simpler model in the case of isotropic diffusion, namely 
the Apparent Diffusion Coefficient (ADC) [Le Bihan, 2013]. However, in the presence of 
diffusion anisotropy, diffusion can no longer be characterized by a single ADC. A common 
and well known assumption is to consider that water molecule diffusion has a Gaussian 
distribution, thus, the concept of diffusion tensor D  was introduced into dMRI to describe the 
EAP, thus leading to diffusion tensor MRI (DT-MRI) or simply diffusion tensor imaging 
(DTI) that was developed in the mid 1990s [Basser et al., 1994a]. DTI is the first MRI 
technique and perhaps the only noninvasive technique that allows studying cardiac fiber 
architecture in vivo and become increasingly popular among clinicians and researchers 
[Stejskal et al., 1965, Basser et al., 1994a, Nielles-Vallespin et al., 2013, Soares et al., 2013, 
Wei et al., 2013, Naumova et al., 2014]. In addition to these, other new techniques have also 
been developed to further characterize the features of the diffusion displacement profile 
[Assemlal et al., 2011, Tournier et al., 2011, Fernandez-Miranda, 2013], such as diffusion 
spectrum imaging (DSI) [Wedeen et al., 2005], high angular resolution diffusion imaging 
(HARDI) [Tuch et al., 1999, Frank, 2001;2002], Q-ball MRI [Tuch, 2004], and diffusion 
orientation transform (DOT) [Ozarslan et al., 2006]. Some detailed description on these 
techniques and their applications can be found in [Jones, 2011]. 

This thesis focuses on DTI of the heart, and more specially on the diffusion tensor model in 
cardiac DTI. In this section, we first explain the principle of diffusion MRI briefly, then we 
introduce briefly the concept of DTI models. 

2.2.1 Diffusion physics 

Brownian motion 

Diffusion is a natural phenomenon, which refers to the net movement of molecules or 
atoms from a region of high concentration to a region of low concentration without requiring 
bulk motion. Molecules at 0°K (−273°C) experience a random motion called Brownian 
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movement. The Brownian motion is usually described by the random walk model [Goel et al., 
2013] which not only gives the trajectory of molecular diffusion, but also the diffusion 
displacement during a given time interval, as shown in Fig. 2.14. “Diffusion” in biological 
tissues usually refers to the random motion of water molecules when they are agitated by 
thermal energy. 

 

Fig. 2.14 The schematic of the molecular diffusion trajectory of a single water molecule (From: [Wang, 2013]) 

In Fig. 2.14, the red vector represents the molecular displacement during the diffusion time 
interval  , between t1 and t2. The displacement traveled by one molecule is determined by 
several factors such as the diffusion time interval  , the diffusion coefficient of the medium, 
and the diffusion types (free, hindered, or restricted difussion). Diffusion is a random process, 
which means that a molecule beginning at the same position and diffusing during the same 
time would probably end at different locations. Therefore, to better describe diffusion 
phenomenon, the concept of diffusion displacement distribution, also known as the 
displacement probability density function (PDF), was introduced [Callaghan, 1993]. In the 

present thesis, PDF is written as 0( , )P x x 
 

, which describes the probability of a water 

molecule located at position 0x


 moving to the position x


 after the time interval  . 
In the case of isotropic diffusion in a homogeneous medium, following the central limit 

theorem, the PDF is Gaussian. For a 3D system it can be expressed as: 
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. The variance of x


 is proportional to the diffusion time ∆: 

 
2

6x D  


  (2.7) 

Eq.(2.7) is the famous Einstein equation [Einstein, 1956]. 

Restricted diffusion 

In the free diffusion, water molecules move freely in all spatial directions (e.g. 
cerebrospinal fluid). However, in biological tissues, the motion of water molecules inevitably 
encounters obstacles (structured tissues, vascular structures, nerve fibers, etc.). Therefore, the 
diffusion of water molecules is often anisotropic and is restricted in certain spatial directions, 
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depending on the environment. Usually, the random motion of water molecules can be 
summarized into other two different types, called as “hindered” and “restricted” diffusion, as 
shown in Fig. 2.15 where the difference between the “hindered” and “restricted” diffusion can 
be clearly seen. 

The PDF of restricted and hindered diffusion is complex. It depends on diffusion time, 
diffusion coefficient, and most importantly diffusion environment structures. Therefore, the 
variation of the PDF can reveal the tissue structure and the physical property changes.  

 

Fig. 2.15 Illustration of the difference between restricted and hindered diffusion [Wang, 2013]. 

2.2.2 Diffusion signal 

The effect of diffusion on the MRI signal was first noticed by Hahn in 1950 [Hahn, 1950]. 
A few years later, Torrey [Torrey, 1956] generalized the Bloch equations in incorporating the 
elements of molecular diffusion. He shows that in the presence of molecular diffusion, the 
transverse magnetization variation is given by 
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  (2.8) 

where 2  designates the Laplace operator. The first two terms of the right-hand side of 
Eq.(2.8) correspond to the original Bloch equation, and the third term describes molecular 
diffusion. This equation is also known as Bloch-Torrey equation. In order to detect molecular 
diffusion information, the original MRI pulse sequence was altered, leading to a new imaging 
modality, called the diffusion weighted magnetic resonance imaging (DW-MRI) [Mori et al., 
1999]. 

In principle, all MRI pulse sequences are to some extent sensitive to molecular motion and 
diffusion. In 1965, an MRI sequence sensitive to Brownian water motion was introduced by 
Stejskal and Tanner in order to extract diffusion information for in vivo applications [Stejskal 
et al., 1965]. This sequence is based on a SE sequence, with the addition of a symmetric pair 
of diffusion-weighted gradients to the two sides of the refocusing 180º RF pulse in each 
encoding directions (slice selection, phase and frequency encoding), as illustrated in Fig. 2.16. 
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Fig. 2.16 Stejskal-Tanner diffusion magnetic resonance imaging sequence (From: [Perrin et al., 2005]) 

Different magnitudes of the diffusion-weighted gradients in the three encoding directions 
provide a specific diffusion-weighted direction corresponding to the encoding coordinate 
system. The first of these gradients offsets the phase of the spins by an amount that depends 
on their location, the second provides equal and opposite (due to 180º pulse) rephasing if the 
spins have not moved during the diffusion time  , which is the time between the application 
of the two gradients. Because the spins move randomly due to diffusion, the rephasing effects 
of 180º will disappear. The more spins diffuse during the diffusion time, the less perfect the 
rephasing and the smaller the amplitude of the final signal. More diffusion is thus reflected by 
a more attenuated signal.  

The diffusion signal detected by this sequence is 

 0
2

( ) exp( )exp( )
t

S b M bD
T

     (2.9) 

where b  is defined by 

 
2

2

0 0
( ( ') ')

TE t

db G t dt dt     (2.10) 

For the sequence in Fig. 2.16, the b-value is given by 

 2 2 2( / 3) db G       (2.11) 

b-value (s/mm²) is a diffusion-weighting factor that accounts for the relevant characteristics of 

the diffusion gradient such as the diffusion gradient amplitude dG , the duration and the time 

interval between two diffusion gradients. In the absence of diffusion gradients, the b-value is 
0 and the signal detected by MRI scanner is reduced to: 

 0 0
2

exp( )
t

S M
T


   (2.12) 

Eq.(2.9) then becomes 

 0( ) exp( )S b S bD    (2.13) 

Then the diffusion coefficient along the direction of the applied diffusion gradients can be 
measured by comparing the MRI signal with and without diffusion-weighted gradients. 
However, Eq.(2.13) is derived by assuming that the diffusion has a Gaussian profile. 
Therefore, it is only valid under the situation that the effect of diffusion during the application 
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of the diffusion gradients is negligible. It is also assumed that the dephasing due to the 
application of the imaging gradients can be neglected. 

The diffusion process in biological tissues is no longer free, but hindered and modulated by 
many mechanisms, such as the restriction due to the cell membrane, tortuosity around the 
obstacles, the influence of perfusion caused by the blood flow, etc. [Kopf et al., 1996, 
Beaulieu, 2002]. Therefore, the diffusion coefficient in this case is usually smaller than that of 
free diffusion, and it is often called the apparent diffusion coefficient (ADC) [Lebihan et al., 
1986].  

2.2.3 Diffusion Tensor Imaging (DTI) 

In the traditional DW-MRI, the diffusion process is simply described by a single scalar 
parameter, the Apparent Diffusion Coefficient (ADC). However in the presence of diffusion 
anisotropy, diffusion can no longer be characterized by a single ADC, but needs to be 
described at different spatial directions. This leads to the introduction of the concept of 
diffusion tensor imaging (DTI) [Basser et al., 1994a] and leading to DTI. 

2.2.3.1 DTI model description 

In DTI, the diffusion magnetic resonance signal is expressed by [Le Bihan et al., 2001]: 

 0( ) exp( )E b S bD    (2.14) 

where b  characterizes the gradient pulses used in the MRI sequence including the gradient 

amplitude G , the gradient impulse duration   and the diffusion time  , 0S  the magnetic 

resonance signal intensity, and D  the diffusion tensor defined by: 
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  (2.15) 

In the spin echo sequence [Stejskal et al., 1965], the b-value is calculated by means of 

 
 2

( / 3)b G    


  (2.16) 

with   denoting the gyromagnetic ratio of 1H proton, 

According to the thermodynamic laws [Groot et al., 1963], the diffusion tensor of water 

molecules is thought to be symmetrical ( ij jiD D  , with , , ,i j x y z  ). 

2.2.3.2 Tensor estimation 

Because the diffusion tensor D  is symmetric, the diffusion signal in Eq.(2.14) becomes: 

 0 exp( 2 2 2 )xx xx yy yy zz zz xy xy xz xz yz yzE S b D b D b D b D b D b D         (2.17) 

The logarithm of the diffusion signal E  is 

 0ln( ) ln( ) 2 2 2xx xx yy yy zz zz xy xy xz xz yz yzE S b D b D b D b D b D b D         (2.18) 

For simplicity, the right-hand side of Eq.(2.18) can be written as 

 ln( )E BX   (2.19) 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0136/these.pdf 
© [J. Huang], [2015], INSA Lyon, tous droits réservés



Chapter 2 Diffusion tensor imaging (DTI) and compressed sensing (CS) theory 

  
  48 

 

with 

 ( , , , 2 , 2 , 2 ,1)xx yy zz xy xz yzB b b b b b b         (2.20) 

 T
0[ , , , , , ,ln( )]xx yy zz xy xz yzX D D D D D D S   (2.21) 

In order to obtain the six components of the diffusion tensor, the diffusion signal should be 
measured in at least six different diffusion angles (projections) corresponding to six different 
gradient directions. It follows that 

 ln( )i iE B X   (2.22) 

where 1,2,...,i M  with 6M  . When 6M  , the diffusion tensor can be calculated 

directly through the following equation. 

 1 ln( )i iX B E   (2.23) 

When the number of acquisition directions is more than six, there is no true inverse 1
iB   , 

but Eq.(2.22) can still be solved by calculating a pseudo inverse matrix B : 

 ψ T 1 T( )B B B B   (2.24) 

Consequently, the components of the diffusion tensor are obtained from: 

 T 1 T( ) ln( )i i i iX B B B E   (2.25) 

2.2.3.3 Diffusion characteristics extraction 

Once the diffusion tensor is calculated, diffusion characteristics can be extracted for 
describing the structures of the diffusion environment. Generally, concerning diffusion in 
biological tissues, especially in the cardiac tissue, we mostly care about the main direction of 
diffusion, the local mean diffusivity and the diffusion anisotropy. 

 

Main direction of the diffusion 

Mathematically, a tensor is often represented by an ellipsoid [Basser, 1995] with its three 
main axes represented by eigenvectors. Each eigenvector has an eigenvalue, denoted by  . It 
is assumed that the direction of the eigenvector associated with the largest eigenvalue of the 
tensor corresponds to the local orientation of the tissue. The diffusion orientation extracted 
from DTI is commonly used for doing fiber tracking in the brain [Mori et al., 2002, Le Bihan, 
2003, Huppi et al., 2006, Assaf et al., 2008], sometimes in the heart muscle [Zhukov et al., 
2003, Sosnovik et al., 2009, Zhang et al., 2010a] and some other tissues. Up to now, it is the 
unique method to observe the “in vivo” cerebral connectivity non-invasively. 

Mean Diffusivity (MD) 

Mean diffusivity (MD) is a metric often used in DTI. It represents the overall mean-squared 
displacement of the water molecules and gives information about the overall presence or not 
of obstacles to the diffusion in one voxel or one region. It is defined by the average of the 
three ADCs respectively measured along the three axes of the tensor. Assuming that the 
tensor axes are respectively aligned along x, y and z, then the MD is defined by 

 
3

x y zADC ADC ADC
MD

 
   (2.26) 
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From the mathematical point of view, the MD can also be calculated from the eigenvalues 
of the tensor 

 1 2 3

3
MD

   
   (2.27) 

Fractional Anisotropy (FA) 

The fractional anisotropy (FA) describes the spatial heterogeneity of water molecules 
displacements, which is related to the presence of orientated structures [Pierpaoli et al., 1996]. 
It is defined as: 
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  (2.28) 

 

2.3 Compressed Sensing 

Most physical (real world) signals are analog, but most modern signal processing systems 
are digital. To process these signals in modern signal processing systems efficiently, a process 
called sampling is required in order to convert a signal from analog to "digital" form. In 
general, it is impossible to perfectly reconstruct a signal from a series of sampling 
measurements without prior knowledge or assumptions about the signal. Over time, engineers 
have improved their understanding of which assumptions are practical and how they can be 
generalized. A breakthrough in signal processing field was the Shannon-Nyquist Sampling 
Theorem, and the theoretical foundation of this revolution is the pioneering work of 
Kotelnikov, Nyquist, Shannon, and Whittaker [WIIITTAKER, 1915, Nyquist, 1928, 
Kotelnikov, 1933, Shannon, 1949]. The theorem states that for the continuous-time band-
limited signals, if the sampling rate (also called Nyquist rate) is more than twice of the 
signal's highest frequency, then the signal can be recovered perfectly. It is a fundamental 
bridge between analog signals (often called "continuous-time signals") and digital signals 
(often called "discrete-time signals"), and provides the sufficient (but not necesary) conditions 
for the sampling and reconstructing a band-limited signal without lost actual information. The 
Shannon-Nyquist sampling theory can be generalized for non-uniform samples as opposed to 
equally spaced samples in time and was developed in 1967 by Landau [Landau, 1967]. In this 
cases, perfectly reconstructing a band-limited signal may still be possible if the average 
sampling rate satisfies the Nyquist condition [Marvasti, 2000]. Unfortunately, firstly, in some 
cases, the signal bandwidth is unknown in advance. Secondly, in many important and 
emerging applications, the conventional Nyquist rate of sampling is too high to implement 
(for example, the analog-to-digital conversion (ADC) technology based on uniform sampling 
by limited to within the high frequency signal (less than 1GHz)). Otherwise, we often 
compress the data soon after sensing to address the logistical and computational challenges 
involved in dealing with such high-dimensional data; this is wasteful of valuable sensing 
resources.  

Most recently, a complete theory called Compressed Sensing (CS, also referred to: 
compressive sensing, compressive sampling, and sketching/heavy-hitters in the literature) was 
developed as a new theory framework for both acquiring data and reconstructing signals with 
high quality from highly undersampled measurements (with respect to the traditional 
Shannon-Nyquist sampling theorem required). The fundamental idea and main motivation of 
CS is rather than first sampling at a high rate and then compressing the sampled data, we 
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would like to directly sense the data in a compressed form (i.e., at a lower sampling rate) and 
the signal can be reconstructed perfectly. The seminal papers were developed by E. Candès, J. 
Romberg, T. Tao [Candes et al., 2006a, Candes et al., 2006b, Candes et al., 2006c] and by D. 
Donoho [Donoho, 2006]. However, the hints in this direction have been traced back much 
further [Beurling, 1938, Santosa et al., 1986, Donoho et al., 1989, Gorodnitsky et al., 1992, 
Rudin et al., 1992a, Gorodnitsky et al., 1995, Feng, 1997, Gorodnitsky et al., 1997, Rao et al., 
1998, Vetterli et al., 2002], while the idea of CS has only recently gained significant 
attraction in the signal processing community.  

CS differs from classical sampling in three important respects. First, sampling theory 
typically considers finite length and continuous-time signals. In contrast, CS is a 

mathematical theory focused on measuring finite-dimensional vectors in n . Second, rather 
than sampling the signal at specific points in time, CS systems typically acquire 
measurements in the form of inner products between the signal and more general test 
functions. This is in fact in the spirit of modern sampling methods that similarly acquire 
signals by more general linear measurements [Unser, 2000, Eldar et al., 2009, Tropp et al., 
2010a], more specifically, the randomness often plays a key role in the design of these test 
functions. Thirdly, the two frameworks differ in the manner in which they deal with signal 
recovery, i.e., the problem of recovering the original signal from samples. In the Nyquist-
Shannon framework, signal recovery is achieved through sinc interpolation—a linear process 
that requires little computation and has a simple interpretation. However, signal recovery in 
CS is typically achieved using highly nonlinear methods and the survey in [Rubinstein et al., 
2010, Tropp et al., 2010b] for an overview of these techniques. 

CS is an exciting and rapidly growing field, attracting considerable attention in many 
research areas such as applied mathematics, computer science and electrical engineering, and 
a series of papers have come out [Baraniuk, 2007, Candes et al., 2008, Lustig et al., 2008, 
Strohmer, 2012, Duarte et al., 2013, Qaisar et al., 2013, Rivenson et al., 2013, Graff et al., 
2015]. First monograph in the literature to provide an up-to-date comprehensive survey of 
some of the important results in CS was published [Eldar et al., 2012]. Other supplementary 
textbook for courses on computer vision, coding theory and signal processing [Foucart et al., 
2013, Vishal M. Patel et al., 2013, Carmi et al., 2014]. In addition, there are a lot of valuable 
resources on the internet for researchers, graduate students and practitioners wanting to learn 
and join this exciting research area, such as compressive sensing resources DISP_RICE 
(http://dsp.rice.edu/cs), compressive sensing the big picture 
(http://sites.google.com/site/igorcarron2/cs) and Nuit Blanche compressive sensing blog 
(http://nuit-blanche.blogspot.com/search/label/CS). 

Although most natural phenomena are analog, in this thesis, our discuss will focus on 
discrete and finite-length signal because the conceptually simpler and the available discrete 
CS theory is far more developed. The development of the classical CS theory framework for 
continuous time/space signals can be found in [Eldar, 2009, Duarte et al., 2011]. 

2.3.1 Shannon theory 

Sampling procedure is necessary for converting analog signals to digital signals. Before 
introducing the Shannon-Nyquist sampling paradigm, let us start with an example, as shown 
in Fig. 2.17, a analog signal (red line) and the equidistant sampling points (marked blue circle ) 
are shown in the time domain. It can be seen that when the uniform sampling interval is too 
large, the sampled signal looks like very different compared with the original signal (red line). 
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In other words, if the sampling frequency is too low, the sampled signal appears to have a 
different frequency.  
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Fig. 2.17 The example of sampling the analog signals in time domain (a analog signal (red line) and the equidistant 
sampling points (marked blue circle )). 

Although it is easy to understand what happens to a signal in the time domain after 
sampling, it is not so clear what happens in the frequency domain. Without the loss of 

generality, let  x t  denote a band-limited continuous-time signal with frequency smaller than 

B  (in Hz) and is sampled uniformly at st nT , with 
1

s
s

T
f

  denoting the sampling period in 

seconds (in this case sf  is the sampling frequency). The sampling process provides uniformly 

spaced pointwise samples of the analog input , as depicted in Fig. 2.18. 

Sampling can be seen as multiplying a signal  x t  by a train of Dirac impulses  s t  

equally spaced by sT  . 

 
     

   
s sk

s sk

x t x t t kT
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  (2.29) 

The transform of the train of Dirac impulses is: 

     1
s sk k

s

F t kT f kf
T

  

 
      (2.30) 

From this, it can be seen that the Fourier transform of the train of impulses is also a train of 
impulses. According to the convolution theorem, two functions multiplication in the time 
domain is equal to the convolution in the frequency domain, the spectrum of the sampled 

signal  sX f  is then given by: 
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  (2.31) 

This result tells us that the spectrum of the sampled signal consists of periodically repeated 

copies of the spectrum  X f of the orignal signal, namely sampling the temporal signal 

amounts for replicating its spectrum at frequency points that are multiple of sf , as shown in 

Fig. 2.19. 

 

Fig. 2.18 Diagram of the sampling process. 

The Shannon-Nyquist sampling paradigm [Shannon, 1949] is a classical theory and plays a 
fundamental role in signal processing and communications. It tells us how to convert an 
analog signal into a sequence of numbers and at what frequency we should sample a signal in 

order to reconstruct it exactly. Consider a continuous-time signal  x t  is band-limited signal 

with frequency smaller than B  (in Hz), the samples rate is 
1

s
s

f
T

 . The Shannon-Nyquist 

sampling theorem says: 

Theorem [Shannon]: If a function  x t  contains no frequencies higher than B  (in Hertz), 

it is completely determined by giving its ordinates at a series of points spaced 
1

=
2sT

B
 

seconds apart. 

Therefore, if the minimum sampling rate sf  is more than twice of the signal's highest 

frequency B  , then the signal  x t  can be reconstructed perfectly from its samples without 

aliasing. This condition is known as Nyquist criterion, and the frequency 2B  is called the 
Nyquist rate.  

The Shannon-Nyquist sampling theorem and its corresponding reconstruction formula are 
best understood in the frequency domain, as illustrated in Fig. 2.19.  
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Fig. 2.19 Frequency interpretation of the sampling theorem, the sample frequency of analog input signal fs is (a) 
more than Nyquist rate; (b) equal to Nyquist rate; (c) less than Nyquist rate (From: 

http://www.onmyphd.com/?p=aliasing) 

From the previous description, we have seen that the sampling process is making an infinite 
copies of the spectrum of the signal around multiples of the sampling frequency. If the 
sampling frequency meets the Nyquist criterion, none of these copies will overlap with each 

other. Consequently, the continuous-time signal  x t  can be reconstructed by lowpass 

filtering, as illustrated in Fig. 2.20(a). Otherwise, if the sample frequency is not satisfied with 
Nyquist criterion, the copies will overlap and a certain band of frequencies in the baseband 
will be contaminated with components of adjacent copies (see Fig. 2.20(b)), thereby ruining 
the possibility of exact recovery. 

 

Fig. 2.20 The analog signal is reconstructed by ideal low-pass filtering. (a) a perfect recovery is possible provided 
that the sample frequency is satisfied with Nyquist criterion; (b) ruining the possibility of exact recovery that the 

sample frequency is not satisfied with Nyquist criterion (From: http://www.onmyphd.com/?p=aliasing). 

Usually, real-world signals of interest are most time band-limited, and also often 
contaminated by the components of higher frequencies, such as noise and interferences. If 
sampling frequency is satisfied just with the Nyquist criterion (not over-sampled), the 
unwanted components would get aliased to the baseband and contaminate the sampled signal. 
To avoid that, the signal is filtered before sampling with a cut-off frequency matching the 
bandwidth of the signal of interest. Higher frequencies are eliminated or greatly reduced and 
their aliasing becomes negligible. This processing scheme is achieved by anti-aliasing filters. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0136/these.pdf 
© [J. Huang], [2015], INSA Lyon, tous droits réservés



Chapter 2 Diffusion tensor imaging (DTI) and compressed sensing (CS) theory 

  
  54 

 

2.3.2 Sparsity 

Sparsity (or compressibility) and incoherence are two fundamental premises under which 
recovery is possible in the development of current CS theory. The sparsity requires the signal 
to be sparse in some domain. Sparsity has largely been exploited in signal processing and 
approximation theory for tasks such as compression [Pennebaker et al., 1993, DeVore, 1998, 
Taubman et al., 2002] and denoising [Rudin et al., 1992a, Donoho, 1995]. 

Many natural signals often have concise representations or can be well-approximated using 

just a few elements in a proper basis or dictionary. Mathematically, a discrete signal nx R  is 

said to be k-sparse, if it has at most k  nonzeros entries, i.e., 
0

x k  , k n  . 

Let us take as an example a signal x  in time domain defined by 

  29 100
sin 2 sin 2

1024 1024
x t t t        

   
 with 0 1024t  . In time domain,  x t  is non-

sparse as shows in Fig. 2.21(a) and Fig. 2.21(b) shows the sparsity of the same signal in the 
Fourier domain.  

However, in practice, few real-world signals are truly sparse but often compressible. 
Compressible signals have few significant coefficients and the coefficients decay as a power 
law. It means that a compressible signal can be well-approximated by a sparse signal. One can 
easily show that the thresholding strategy (keeping only the k  ( k n ) largest coeffiients) 
results in the optimal approximation. Compressibility can be quantified by calculating the 
error induced when approximating a signal x , which can be expressed as: 

 kx x     (2.32) 

Generally, the signals are not themselves sparse, but which admit a sparse representation in 
some basis (transform domain). This implies that the described signals can be expressed as 
linear combinations of a few basis functions from a pre-specified basis or dictionary. In 
general, the choice of a proper dictionary can be done using one of two ways [Chen et al., 

2001, Rubinstein et al., 2010]: ① building a sparsifying dictionary based on a mathematical 

model of the data, such as Fourier, wavelet, or ② learning a dictionary to best perform on a 

training set. In this case we will still refer to x  as being k-sparse, with the understanding that 
we can express x  as: 

 
1

n

i ii
x c c


     (2.33) 

where ,i ic x   are the transform coefficients of x  with respect to the basis or dictionary 

  with vectors  i  as columns (called atoms), and 
0

c k  .  

Fig. 2.22 gives an example of an image and its best k-term approximation. The original 
image with size of 256×256 is shown in Fig. 2.22(a) and its wavelet transform coefficients are 
shown in Fig. 2.22(b) (Note: light pixels represent larger coefficients and dark pixels smaller 
coefficients). It can be seen that although nearly all the image pixels have nonzero values, the 
most wavelet coefficients are very small. It means that the relatively few large wavelet 
coefficients contain most of the information. Hence, we can set the small wavelet coefficients 
to zero to obtain a good approximation (or representation) of the image and the difference 
with the original image is hardly noticeable. For example, we can approximate the original 
image obtained by zeroing out all the wavelet coefficients except ng only the largest 10% of 
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the coefficients, as illustrated in Fig. 2.22(d). This explains why compression techniques such 
as JPEG, MPEG, or MP3 work so well in practice. 
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Fig. 2.21 An example of sparse signal in transform domain. 

 

Fig. 2.22 Sparse representation and approximation of an image. (a) Original image. (b) multi-scale wavelet 
representation (large coefficients are represented by light pixels, while small coefficients are represented by dark 
pixels). (c) wavelet transform coefficients (arranged in order for enhanced visibility). (d) approximation of image 

(a) obtained by zeroing out all the wavelet coefficients but keeping only the largest 10% of the coefficients. 

2.3.3 Incoherence 

In addition to the sparsity, the incoherence is another fundamental premise underlying CS. 

For notation and treatment simplicity, here we consider a pair  ,   of orthobases of n , 

but it is not essential. The basis   and   are used for sensing and sparsely representing the 

signal x , respectively. The coherence (also known as mutual coherence) between the sensing 

basis Φ and the sparsifying basis   is defined as [Donoho et al., 2001]: 

  
1 ,

, max ,k j
k j n

n  
 

      (2.34) 

where k  and j  are the thk  and thj  column of   and  , respectively. 

Clearly, the  ,    measure the largest correlation between any two elements of basis Φ 

and basis Ψ. According to linear algebra, the coherence measure   is in the range 1, n   , 

see [Donoho et al., 2001]. In CS, we are mainly concerned with low coherence pairs where 

the two bases are incoherent. The incoherence requires that the rows  k  of sensing basis 

cannot sparsely represent the columns  j  of sparse basis (and vice versa ). The random 

matrices with independent identically distributed (i.i.d.) entries, e.g., Gaussian or 1  binary 
entries, exhibit largely a very low coherence with any fixed  . There are many other low 
coherence pairs [Jacques et al., 2010]: 
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  , 1I F  , here   is the canonical or spike basis and   is the Fourier basis; 

  , nI H  , here   is the canonical or spike basis and  n
n

H
H

n
   , nH  is the 

Hadamard-Walsh matrix. 

  , 1.5 3.0      , here   is noiselets [Coifman et al., 2001] and   wavelets 

bases (such as Haar, Daubechies wavelets). 

2.3.4 Sensing  

Let nx  represent the signal to be sensed, then the information about signal x  is 
obtained by linear functionals recording the values in standard setup: 

 , ,    1,2,..., .k ky x k m    (2.35) 

where k  is the sensing waveforms.  

If the sensing waveforms are Dirac delta functions (spikes), then y  is a vector of sampled 

values of x  in the time or space domain. If the sensing waveforms are indicator functions of 

pixels, then y  is the image data typically collected by sensors in a digital camera. If the 

sensing waveforms are sinusoids, then y  is a vector of Fourier coefficients; this is the sensing 

modality used in magnetic resonance imaging (MRI). 
The sensing process using matrix notation can be expressed as: 

 y x   (2.36) 

where m n  denote the sensing matrix and my  is the obtained signal.  

Under conventional sensing paradigm ' 'm  must be at least equal to ' 'n  (the sensing 
waveforms are Dirac delta functions—spikes). However, in CS, the matrix   represents a 

dimensionality reduction, i.e., it maps n  into m  , where n  is generally large and m  is 
typically much smaller than n  . Obviously, this is a highly underdetermined problem (too 
few equations and too many unknowns). So, there are two main theoretical questions. First, 
how to choose the type of sensing matrix   for the purpose of sensing to ensure that it 
preserves the information in the signal x ? Second, how many measurements y  should be 

collected to ensure that these measurements will be sufficient to recover the original signal x  

from measurements y . 

The robustness of the CS relies heavily on a notion called restricted isometry property (RIP) 
which was first introduced and studied in [Candes et al., 2005]. 

Definition [Candes et al., 2005]: A matrix   satisfies the restricted isometry property 

(RIP) of order k  if there exists a  0,1k   such that 

    2 2 2

2 2 2
1 1k kx x x        (2.37) 

holds for all 
k

x . 

If a matrix   satisfies the RIP, then this is sufficient for a variety of algorithms to be able 
to successfully recover a sparse signal from noisy measurements. Recently, a natural 
generalization of the well-known RIP was proposed [Candes et al., 2011], which introduces a 
condition on the measurement/sensing matrix which is a natural generalization of the well-
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known restricted isometry property, called D-RIP. The D-RIP guarantees accurate recovery of 
signals that are nearly sparse in (possibly) highly overcomplete and coherent dictionaries. 

On the other hand, the following theorem addresses explicitly the second question: 

Theorem [Candes, 2008]: Given nx  and suppose x  is s-sparse in basis  . Select m 
measurements in the   domain uniformly at random. If  

    2 , logm C s n        (2.38) 

for some positive constant C , then signal x  can be exactly reconstructed with overwhelming 
probability. 

2.3.5 Recovery 

Given an observation vector y  and the sensing matrix   , the aim is to recover the sparse 

signal x  with y x  by solving an optimization problem of the form: 

 
0

min    subject to  
nx

x y x


 


  (2.39) 

However, this problem involves the l0 norm which requires combinatorial optimization. 
Fortunately, it is shown that it is possible to replace the l0 norm by the l1 norm that represents 
the sum of absolute values of each element in a vector for equivalently finding the solution of 
Eq.(2.39) if x  is sufficiently sparse [Donoho, 2006]. This l1 minimization problem is 
expressed as: 

 
1

min    subject to  
nx

x y x


 


  (2.40) 

Many algorithms can be used to find the solution of Eq.(2.39) and (2.40) to recovery the 
original signal from its compressed measurements, such as Matching Pursuit/Greedy [Mallat 
et al., 1993, Pati et al., 1993, Tropp et al., 2007], Basis Pursuit/Linear Programming [Chen et 
al., 2001, Donoho, 2006], Iterative Thresholding [Fornasier et al., 2008], Proximal [Parikh et 
al., 2013], and many others [Tropp et al., 2010b, Nesterov, 2013, Nesterov et al., 2013]. 

Proximal-Gradient Methods are particularly suitable for inverse problems involving large-
scale data sets. In a recent work [Beck et al., 2009b] by Beck and Teboulle, some early work 
of Nesterov [Nesterov, 1983] was extended in developing a fast iterative shrinkage-
thresholding algorithm (FISTA) for general convex problem. Motivated by the effective 
acceleration scheme in FISTA, the composite splitting algorithm (CSA) and its accelerated 
version (FCSA) are proposed in [Huang et al., 2011a, Huang et al., 2011b] to solve the 
composite regularization problem. 

2.4 Conclusion 

In this chapter, we introduce some elements necessary for a better understanding of the 
subsequent chapters of the manuscript. First, we introduced the principle of Magnetic 
Resonance Imaging (MRI), including the magnetization process of 1H, precession, excitation, 
relaxation, and signal detection, spatial encoding technique. All of these make it clear how 
MRI works. Next, the physical process of molecular diffusion was presented, and by 
combining the principle of MRI and the process of diffusion, the principle of DTI was 
elaborated. Finally, the compressed sensing (CS) theory was described, including classic 
Shannon theory, sensing matrix and reconstrucion algorithms. 
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Résumé en français 

Sous-échantillonner les données k-espace est un moyen efficace pour réduire le temps 
d'acquisition en imagerie par résonance magnétique (IRM). L’acquisition comprimée (CS) a 
un grand potentiel pour accélérer l’IRM tout en maintenant une haute qualité d'image. La 
parcimonie ou compressibilité est une prémisse fondamentale de l’acquisition comprimée. 
Les transformées prédéfinies, telles que la transformée en ondelettes discrète (DWT), les 
framelets et le shearlet, ont été largement utilisées pour fournir des représentations 
parcimonieuses des images par résonance magnétique (MR). Ce chapitre propose une 
méthode améliorée pour reconstruire des images MR dans le cadre de CS en combinant la 
contrainte de trames ajustées guidées par les données (TF data-driven) et la régularisation de 
variation totale généralisée (TGV). Le TF data-driven est utilisé pour apprendre de manière 
adaptative un ensemble de filtres à partir des données sous-échantillonnées pour fournir une 
meilleure approximation parcimonieuse de l'image. Ainsi, l’algorithme de reconstruction CS 
basé sur le TF data-driven peut produire de meilleurs résultats pour la plupart des images MR. 
Contrairement à la régularisation de variation totale (TV), qui préserve des bords ou contours 
mais brouille des détails et provoque l’effet de bloc avec des structures fines perdues, le TGV 
est une généralisation de la théorie de TV, qui régularise sélectivement des régions d'image à 
des niveaux différents et donc réduit l'effet d'escalier. La reconstruction proposée est réalisée 
par l’utilisation d’un algorithme rapide dit composition-décomposition (fast composite 
splitting algorithm—FCSA) afin d'accélerer le calcul. La méthode proposée est évaluée sur 
des images MR de différents organes. Les résultats démontrent que l'approche proposée 
améliore la reconstruction et préserve caractéristiques diverses de l'image telles que les bords 
et les textures en comparaison avec d'autres transformées parcimonieuses souvent utilisées 
dans l’acquisition comprimée en l’IRM. 
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Abstract 

Under-sampling k-space data is an efficient way to reduce the acquisition time of magnetic 
resonance imaging (MRI). Compressed sensing has shown great potential for accelerating 
MRI process while maintenaining high image quality. Sparsity or compressibility is a 
fundamental premise underlying compressed sensing. The predefined transforms, such as the 
discrete wavelet transform (DWT), the framelets and the shearlet, have been widely used to 
provide sparse representations for limited types of magnetic resonance (MR) images. This 
chapter proposes an improved CS reconstruction method for MR images by combining data-
driven tight frame (data-driven TF) constraint and Total generalized variation (TGV) 
regularization together. The data-driven TF is used to adaptively learn a set of filters from the 
under-sampled data itself to provide a better sparse approximation of images. Hence, 
compressed sensing MRI (CS-MRI) reconstruction method based on the data-driven TF can 
produce better reconstruction results for a broader range of MR images. Unlike the total 
variation (TV) regularization, which preserves sharp edges but it blurs some details and 
causes blocking effect with fine structures lost, the TGV is a generalization of the TV theory, 
which “selectively regularizes” different image regions at different levels and thus leads to 
suppreson of the staircase effect. The proposed reconstruction problem is solved by Fast 
Composite Splitting Algorithm (FCSA) in order to improve computational efficiency. We 
conducted experiments to estimates the effectiveness of our algorithm on different MR 
images with varying content. The experimental results demonstrate that the proposed 
approach improves the reconstruction performance, and preserves various image features 
(including edges and textures) in comparison with other commonly used sparsifying 
transforms for CS-MRI. 
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3.1 Introduction  

Magnetic resonance imaging (MRI) is a non-invasive medical imaging technique widely 
used to investigate the anatomy and function of the body in clinical diagnosis. However, the 
imaging speed of MRI is often limited because of the important quantity of k-space data to 
acquire. Reducing the acquisition time of MRI therefore remains a great challenge for clinical 
applications. Numerous efforts have been dedicated to designing fast acquisition sequences 
and reducing the amount of data required as much as possible while maintaining 
reconstruction quality [McGibney et al., 1993, Pruessmann et al., 1999, Blaimer et al., 2004, 
Luo et al., 2012, Tsao et al., 2012]. Among them, parallel imaging (PI) emerged as the most 
widely used technique in clinical routine [Larkman et al., 2007]. There are a variety of PI 
methods such as simultaneous acquisition of spatial harmonics (SMASH) [Sodickson et al., 
1997], sensitivity encoding (SENSE) [Pruessmann et al., 1999], generalized autocalibrating 
partially parallel acquisitions (GRAPPA) [Griswold et al., 2002], and iterative self-consistent 
parallel imaging reconstruction (SPIRiT) [Lustig et al., 2010]. However, the PI techniques are 
typically limited by Nyquist sampling rate and the achieved acceleration is limited to low 
factor values [Kieren Grant, 2015].  

Recently, the emergence of compressed sensing (CS) [Candes et al., 2006a, Donoho, 2006] 
methods provides a new approach to reconstructing magnetic resonance (MR) images with 
high quality from significantly under-sampled k-space data, called the CS-MRI, which 
assumes that MR images have a sparse representation in certain domain (image or transform 
domain). CS-MRI exploits the sparsity of signals or images to reconstruct the MR images 
from far fewer samples than conventional methods, and consequently, it allows reducing MRI 
scanning time efficiently without degrading image quality [Lustig et al., 2007, Lustig et al., 
2008, Kieren Grant, 2015]. 

Sparsity or compressibility is a fundamental premise underlying CS-MRI. The first CS-
MRI reconstruction method was proposed in [Lustig et al., 2007], which achieved 
reconstruction by combining total variation (TV) and wavelets as sparsifying transforms. 
However, since the TV model favours piecewise constant image structures, such TV model-
based methods blur details and cause blocking effect with fine structures lost, although the 
edges are preserved in reconstruction. To overcome the intrinsic drawback of the TV model, 
various extensions of this model have been proposed for CS-MRI image reconstruction, such 
as nonlocal total variation (NLTV) [Elmoataz et al., 2008, Gilboa et al., 2008, Lou et al., 
2010, Liang et al., 2011, Junzhou et al., 2012, Gopi et al., 2014] and total generalized 
variation (TGV) [Bredies et al., 2010, Knoll et al., 2010, Knoll et al., 2011a, Knoll et al., 
2011b, Knoll et al., 2012, Guo et al., 2014, Zhao et al., 2014]. These methods can avoid the 
staircase artifacts that are common to TV and wavelet regularizations, while better preserving 
image edges and details. 

Another common sparsity used for CS-MRI reconstruction is based on the discrete wavelet 
transform (DWT) [Lustig et al., 2007, He et al., 2009, Yang et al., 2010, Huang et al., 2011b]. 
It is well known that traditional wavelets transform appropriately point-like singularities, but 
generally lack performance when dealing with singularities in higher dimension, such as 
edges, contours or regular textures in two-dimensional (2D) images [Jacques et al., 2011]. To 
overcome the limitation, multi-scale geometric analysis method is introduced into CS-MRI in 
order to more sparsely represent piecewise smooth images containing rich geometric 
information (e.g. edges, curves, etc.), such as contourlets [Gho et al., 2010, Qu et al., 2010], 
framelets [Compton et al., 2012, Gopi et al., 2014], and shearlet [Jing et al., 2013, Guo et al., 
2014]. 
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Data adaptive transforms can sparsify images better than those explored in various image-
processing problems in recent years. Instead of predefined transforms, Hong et al [Hong et al., 
2011] proposed a data-adaptive sparsifying transform using singular value decomposition 
(SVD) for CS-MRI image reconstruction. This method can be applied to a broader range of 
MR images to improve image reconstruction quality effectively.In [Cai et al., 2014], an 
adaptive data-driven tight frame (data-driven TF) was proposed to solve image restoration 
problems, and has been successfully applied to image denoising and seismic data restoration 
problems[Liang et al., 2014]. Dictionary learning approaches learn a dictionary as a sparse 
basis from the elemental patches of particular image instance or class of images to achieve 
better sparsity of the input image in CS-MRI CS-MRI [Chen et al., 2010, Akcakaya et al., 
2011, Ravishankar et al., 2011, Huang et al., 2015c]. However, these methods ignored the 
relationship between image patches in dictionary learning and sparse coding. Meanwhile, an 
adaptive nonlocal processing was also introduced for image restoration [Buades et al., 2005, 
Dabov et al., 2007, Bao et al., 2013, Zhang et al., 2014]. By combining the notion of patches 
and nonlocal processing, a patch-based nonlocal operator was introduced for CS-MR image 
reconstruction [Qu et al., 2014]. This kind of methods is based on grouping similar 2-D image 
patches into 3-D data arrays, and then 3-D transforming the data arrays to obtain sparsity. 
Since the methods exploit the nonlocal self-similarity of images, it becomes possible to 
achieve lower reconstruction errors and higher visual quality, compared with the conventional 
CS-MRI reconstruction methods.  

In this chapter, we propose a CS method for reconstructing MR images from highly 
undersampled k-space data. The method is based on the combined use of data-driven tight 
frame (TF) and total generalized variation (TGV) regularization. The data-driven TF is used 
to adaptively learn a set of filters from the under-sampled data to provide a better sparse 
approximation of images. The TGV allows selectively regularizing different image regions to 
avoid staircase effect. The proposed reconstruction problem is solved by Fast Composite 
Splitting Algorithm (FCSA). 

The rest of the chapter is organized as follows. The proposed CS-MRI reconstruction 
method is detailed in Section 3.2. The experiments and results are presented in Section 3.3, 
followed by conclusion in Section 3.4. 

3.2 Methodology 

3.2.1 Preliminaries 

Tight Frame(TF) [Daubechies et al., 2003, Cai et al., 2010]: The frame is a generalized 
concept of the basis formed of linearly dependent vectors. Specifically, a set of vectors 

 n

i i
H   is a frame in Hilbert space H , if there exist two positive constants A  and B , 

such that for any vector dx R : 

 
22 2

2 2
,i

n

A x x B x    (3.1) 

When the constants 1A B  , the frame  n

i i
  is called the tight frame (TF). 

For a given frame  n

i i
 , two associated operators can be defined: the analysis operator   

defined by 
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    2: , ix H x l       (3.2) 

and the synthesis operator (adjoint operator of the analysis operator): 

    2:T
i i i

n

c l c H      (3.3) 

The sequence  n

i i
  forms a tight frame if and only if T I   with I  designating the 

identity operator.  
A tight frame can be constructed from a set of filters based on the Unitary Extension 

Principle (UEP) proposed in [Ron et al., 1997]. Given a set of filters  n

i i
a , the analysis 

operator   can be defined as: 

 
1 2
, , ,

n

TT T T
a a aS S S       (3.4) 

and its adjoint operator (synthesis operator) T  by: 

 
1 2
, , ,

n

T
a a aS S S       (3.5) 

Here, aS  refers to the linear convolution operator. For a filter with finite support, the 

convolution operation can be represented by a block-wise Toeplitz matrix under Neumann 
boundary conditions [Chan et al., 2004]. For example, the discrete wavelet tight frame is one 
of the widely used tight frames, which is generated by a set of filters called framelet filter ih  

(corresponding to ia ).  

 
Data-driven TF [Cai et al., 2014]: A tight frame simply constructed from predefined filters 

can sparsely represent certain classes of data. However, it is not efficient when the image 
structure is complex (for example for complex geometric structures, rich textures, etc.). The 
data-driven TF is then proposed that is constructed from a set of filters adaptively learned 
from the input data itself to sparsely represent the given data. Given an image x , a set of 

filters  n

i i
a  (the size of ia  is n n ) can be learned by solving the following minimization 

problem [Cai et al., 2014]:  

 
2

2 0,
min ,    subject to  Tx I


  


        (3.6) 

where   is the coefficient vector that sparsely approximates the tight frame coefficients x , 

  the analysis operator, T  the synthesis operator, and 0   a regularization parameter. 

The detail and complete description of the data-driven TF construction scheme and numerical 
solver can be found in [Cai et al., 2014]. An example of the data-driven TF filters constructed 
with two different sizes is shown in Fig. 3.1 (a small image block represents a filter). 
 
 
 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0136/these.pdf 
© [J. Huang], [2015], INSA Lyon, tous droits réservés



Chapter 3 Compressed sensing MRI via data-driven tight frame and total generalized variation(TGV) 

  
  65 

 

 

Fig. 3.1 Illustration the data-driven TF filters constructed with two different sizes. (a) the filter (atom) size 8×8. (b) 
the filter (atom) size 16×16. 

Total generalized variation (TGV) [Bredies et al., 2010]: Unlike TV regularization, which 
preserves sharp edges but blurs some details and causes blocking effect with fine structures 
lost, the TGV is a direct extension of the classical TV semi-norm and the regularization term 
is convex. The TGV “selectively regularizes” different image regions at different levels and 
thus leads to better performance by preserving edges and suppressing the staircase effect 
[Bredies et al., 2010, Knoll et al., 2011a]. The discrete TGV of second-order formulated by 
[Knoll et al., 2011a] is: 

    2
1 0TGV minu u v dx v dx   
 

       (3.7) 

where    1

2
Tv v v     denotes the symmetrized derivative, 0  and 1  are the positive 

weights.  

3.2.2 Proposed model 

Assuming that x  is a MR image and uF  is a partial Fourier transform which can be 

expressed by uF P F  , with F  the Fourier transform and P  the common under-sampling 

pattern (mask). The under-sampled measurements b  of the image x  with an unknown 
observation noise   in k-space is then defined as [Lustig et al., 2008]: 

 +ub F x     (3.8) 

For the under-sampling case, Eq.(3.8) is highly underdetermined and has therefore an 
infinity of solutions. In order to find the optimal solution to this problem, additional 
constraints are introduced into the CS framework according to some prior knowledge. Thus, 
the CS-MRI reconstruction can be formulated as the following optimization problem: 

   2

2
arg min u

x
x F x b J x      (3.9) 

where  J x  is a regularizing functional and 0   denotes a balancing parameter. 

Now, by introducing the above-stated data-driven TF and TGV regularization, we can 
formulate the CS-MRI reconstruction as the following optimization problem: 
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   2

1

1
arg min TGV

2 u
x

x F x b x x         
 

  (3.10) 

In the formula, the first term uF x b  is a data fidelity term, the second term 
1

x  and 

the third term  2TGV x  are regularization terms, and   and   are the regularization 

parameters.   is the data-driven TF described above,  2TGV x  refers to the second-order 

TGV of the image x , where, according to [Knoll et al., 2011a], the weights 0  and 1  

appearing in Eq.(3.7) do not need to be tuned and are set to 2 and 1, respectively.  
The proposed optimization problem (Eq.(3.10)) can be solved by the Fast Composite 

Splitting Algorithm (FCSA) proposed in [Huang et al., 2011b]. Let   2

2

1

2 uf x F x b  , 

which is a convex and smooth function with Lipschitz constant L , and 

   2

1
TGVg x x x       denoted as a regularizing functional. According to the FCSA 

algorithm framework, the  g x  problem can be divided into two sub-problems: the 

regularization of l1-norm and TGV. Thus,  g x  can be expressed as      1 2g x g x g x  , 

where  1 1
g x x    and    2

2 TGVg x x  . Each sub-problem is actually a convex 

function which can be solved by a proximal mapping operation. Given a continuous convex 

function  x , the proximal map is described as [Beck et al., 2009a;b]: 

      2

2

1
arg min

2u
prox x u u x  


 

   
 

  (3.11) 

where scalar 0   is the inverse of the Lipschitz constant L  of f defined [Beck et al., 

2009a] by  
'

2

2

1

2
T

u u uf F x b F F x b      
 

, with T
uF  denotes the inverse partial Fourier 

transform. 
Then, the regularization of l1-norm sub-problem is achieved via solving the following 

minimization 

    2

1 2 1

1
arg min 2

2u
prox g x u x u 


 

     
 

  (3.12) 

Eq.(3.12) is solved using an iteration thresholding algorithm under a tight frame [Cai et al., 
2014]. 

The TGV regularization sub-problem is formulated as: 

     2 2
2 2

1
arg min 2

2u
prox g x u x TGV u 


 

    
 

  (3.13) 

Eq.(3.13) can be solved using the first-order primal-dual algorithm. More details about this 
algorithm can be found in [Knoll et al., 2011a]. 

 
The proposed algorithm is outlined as follow: 
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INPUT： 
K  : the maximum number of iterations; 
n  : the filter size of data-driven TF;  
,   : the regularization parameters; 

  : the tolerance parameter; 

INIT: Set 1 0 11 , 1, 0, 0;t x r kL       

OUTPUT:  
x  : reconstructed image. 

REPEAT 
k = k + 1; 
Generate the analysis operator k  according to Eq. (3.6); 
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1
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1
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UNTIL k K  OR 
1

2

2

k k

k

x x

x


 
  

 

3.3 Experiments and results 

3.3.1 Experimental setup 

To evaluate the performance of the proposed method, the MR images of size 256×256 from 
[Huang et al., 2011b, Chen et al., 2014] were used, as shown in Fig. 3.2 (b)-(e). In Fig. 3.2 (a), 
is shown the k-space sampling mask where the k-space data is sampled with a rate of 15% (i.e. 
keeping 15% of the complete k-space data) using variable density undersampling pattern 
[Lustig et al., 2007]. The proposed method was also compared with existing state of the art 
CS-MRI methods based on the commonly used sparsifying transforms, including the 
SparseMRI [Lustig et al., 2007], FCSA [Huang et al., 2011b], Framelet+NLTV [Gopi et al., 
2014], Shearlet+TGV [Guo et al., 2014]. For fair comparisons, all codes were downloaded 
from the authors’ website and the corresponding experimental setup was carefully followed. 

The observation measurement b  was modeled as ub F x   , where   represents complex 

Gaussian white noise with standard deviation n . The associated input SNR (ISNR) [Carrillo 

et al., 2012] is defined as 10ISNR 20log x

n



 

  
 

, with x  denoting the standard deviation of 

the original image. In the proposed method, the filter size of data-driven TF was set as 8×8, 
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the regularization parameter   in the soft-thresholding operator as 0.1× n , the regularization 

parameter   as 0.05, and the ISNR as 30 dB. Note that, in the proposed method, since the 

filter size of data-driven TF has non negligible influence on computation time, to assess the 
influence of filter size on reconstruction results, several filter sizes were tested, including 2×2, 
4×4, 8×8, 10×10, 16×16. 

 

Fig. 3.2 k-space undersampling mask and MR images. (a) k-space sampling mask; (b) Coronal brain; (c) 
Cardiac; (d) Shoulder; (e) Renal arteries. 

In addition to the visual assessment, three quantitative indices were calculated for the MR 
images reconstructed with different methods. They are the peak-signal-to-noise ratio (PSNR), 
relative l2 norm error (RLNE) [Qu et al., 2012] and mean structural similarity (MSSIM) 
[Wang et al., 2004]. PSNR and RLNE are widely used for measuring reconstruction accuracy, 
and MSSIM is used for evaluating the structural similarity between reconstructed and 
reference images. 

The PSNR is defined as: 

 10PSNR 20log xMAX

MSE

   
 

  (3.14) 

here,    
21 1

0 1

1
MSE , ,

M N

ref reci j
x i j x i j

M N

 

 
      , xMAX  is the maximum possible 

pixel value of the image, which is set to be 1 or 255. 
The RLNE is given by: 

 2

2

RLNE
ref rec

ref

x x

x


   (3.15) 

where refx  and recx  denote the images reconstructed from respectively full and partial k-

spaces. 
The SSIM is defined as [Wang et al., 2004]: 

     
  

1 2

2 2 2 2
1 2

2 2
SSIM ,

x y xy

x y x y

C C
x y

C C

  

   

 


   
  (3.16) 

where the parameters 1C  and 2C  are constants that avoid instability when the local means x , 

y  and local standard deviations x , y  are close to zero. The mean SSIM (MSSIM) is a 

single value that represents an overall quality measure of the entire image. The MSSIM 
values exhibit much better consistency with qualitative visual appearance [Wang et al., 2004]. 

The experiments were performed on a PC computer with Intel (R) Core (TM) i5-2400 
3.1GHz CPU, 4.00GB memory and Windows 7 SP1, MATLAB Version 7 platform. 
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3.3.2 Visual comparison 

Fig. 3.3 to Fig. 3.6 show the visual comparison of the MR images reconstructed using 
different methods. The sampling ratio was set to be approximately 15%. It is seen that the 
proposed method provides more satisfying results with clear contours, sharp edges and fine 
image details. 

More quantitatively, the PSNR, RLNE and MSSIM indices calculated for the MR images 
reconstructed with the different methods are given in Table 3-1 to Table 3-3. It can be 
observed that the proposed method improves the reconstruction performance in comparison 
with existing methods, by providing higher PSNRs, smaller RLNEs, and greater MSSIMs. 

 

 
(a) (b) (c) 

 
(d) (e) (f) 

Fig. 3.3 Results of reconstruction on the coronal brain MR image using different methods with 15% sampling. (a) 
Original MR images. images reconstructed by (b) SparseMRI [Lustig et al., 2007]; (c). FCSA [Huang et al., 

2011b]; (d) Framelet+NLTV [Gopi et al., 2014]; (e) Shearlet+TGV [Guo et al., 2014]; (f) data-driven TF+TGV 
(proposed). 
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(a) (b) (c) 

 
(d) (e) (f) 

Fig. 3.4 Results of reconstruction on the cardiac MR image using different methods with 15% sampling. (a) 
Original MR images; images reconstructed using (b) SparseMRI [Lustig et al., 2007]; (c). FCSA [Huang et al., 
2011b]; (d) Framelet+NLTV [Gopi et al., 2014]; (e) Shearlet+TGV [Guo et al., 2014]; (f) data-driven TF+TGV 

(proposed). 

 

 
(a) (b) (c) 

 
(d) (e) (f) 

Fig. 3.5 Results of reconstruction on the shoulder MR image using different methods with 15% sampling. (a) 
Original MR images; images reconstructed using (b) SparseMRI [Lustig et al., 2007]; (c). FCSA [Huang et al., 
2011b]; (d) Framelet+NLTV [Gopi et al., 2014]; (e) Shearlet+TGV [Guo et al., 2014]; (f) data-driven TF+TGV 

(proposed). 
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(a) (b) (c) 

 
(d) (e) (f) 

Fig. 3.6 Results of reconstruction on the renal arteries MR image using different methods with 15% sampling. (a) 
Original MR images; images reconstructed using (b) SparseMRI [Lustig et al., 2007]; (c). FCSA [Huang et al., 
2011b]; (d) Framelet+NLTV [Gopi et al., 2014]; (e) Shearlet+TGV [Guo et al., 2014]; (f) data-driven TF+TGV 

(proposed). 

Table 3-1 PSNR of reconstruction on MR images using different methods with 15% sampling. 

 SparseMRI FCSA Framelet+NLTV Shearlet+TGV Proposed 
Coronal Brain 20.79 26.07 26.25 27.21 27.59 
Cardiac 30.08 32.44 31.25 33.60 34.30 
shoulder 23.86 31.94 25.05 35.08 38.27 
Renal arteries 26.97 32.21 32.34 33.46 35.28 

 

Table 3-2 RLNE of reconstruction on MR images using different methods with 15% sampling. 

 SparseMRI FCSA Framelet+NLTV Shearlet+TGV Proposed 
Coronal Brain 0.26 0.14 0.14 0.13 0.12 
Cardiac 0.19 0.15 0.17 0.13 0.12 
shoulder 0.37 0.15 0.32 0.10 0.07 
Renal arteries 0.16 0.09 0.09 0.08 0.06 

 

Table 3-3 MSSIM of reconstruction on MR images using different methods with 15% sampling. 

 SparseMRI FCSA Framelet+NLTV Shearlet+TGV Proposed 
Coronal Brain 0.53 0.84 0.85 0.87 0.88 
Cardiac 0.75 0.80 0.79 0.84 0.86 
shoulder 0.82 0.89 0.89 0.96 0.97 
Renal arteries 0.58 0.88 0.88 0.89 0.93 
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3.3.3 Effects of sampling rates 

In order to investigate the effects of sampling rate on MR image reconstruction, 
experiments were also performed with sampling rate varying from 10% to 50% 
(corresponding to 0.1~0.5 on the x-axis in the figures). The curves of PSNR, RLNE and 
MSSIM versus different sampling rates for all the MR images reconstructed with different 
methods are shown in Fig. 3.7 to Fig. 3.9. It can be seen that the proposed method almost 
always outperforms SparseMRI, FCSA, Framelet+NLTV and Shearlet+TGV for different MR 
image and different sampling rates. For example, as illustrated in Fig. 3.7 (a), Fig. 3.8 (a), and 
Fig. 3.9 (a) on the coronal brain MR image, the proposed method delivers higher PSNR and 
MSSIM and lower RLNE than the other methods. These results also imply that, for the same 
image reconstruction quality, the proposed method requires even fewer samples and as a 
result allows further shortening acquisition time. 

3.3.4 Effects of filter size 

The influence of filter size on reconstruction results are illustrated in Fig. 3.10 to Fig. 3.12. 
We observe that the reconstruction performance (PSNR, RLNE and MSSIM) of the proposed 
method on different images changed little when the filters size was larger than 2×2. This 
means that the proposed method is little sensitive to the filter size. 

 

 

Fig. 3.7 Comparison of PSNR as a function of sampling rate on different MR images. (a) Coronal brain image. (b) 
Cardiac image. (c) Shoulder image. (d) Renal arteries image. 
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Fig. 3.8 Comparison of RLNE as a function of sampling rate on different MR images. (a) Coronal brain image. (b) 
Cardiac image. (c) Shoulder image. (d) Renal arteries image. 

 

Fig. 3.9 Comparison of MSSIM as a function of sampling rate on different MR images. (a) Coronal brain image, (b) 
Cardiac image; (c) Shoulder image. (d) Renal arteries image. 
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Fig. 3.10 Comparison of PSNR curves with different filters size. (a) Coronal brain image, (b) Cardiac image, (c) 
Shoulder image. (d) Renal arteries image. 

 

Fig. 3.11 Comparison of RLNE curves with different filters size. (a) Coronal brain image, (b) Cardiac image, (c) 
Shoulder image. (d) Renal arteries image. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0136/these.pdf 
© [J. Huang], [2015], INSA Lyon, tous droits réservés



Chapter 3 Compressed sensing MRI via data-driven tight frame and total generalized variation(TGV) 

  
  75 

 

 

Fig. 3.12 Comparison of MSSIM curves with different filters size. (a) Coronal brain image. (b) Cardiac image. (c) 
Shoulder image. (d) Renal arteries image. 

3.3.5 Computation time 

Concerning computation time, the comparison between the proposed method and the other 
methods is given in Table 3-4 with a sampling ratio of 10%. It can be clearly seen that the 
FCSA method is the fastest among the four methods, and the proposed method takes the 
longest time. Moreover, the computation time of the proposed method increases with the 
increase of the filter size.  

Table 3-4 Comparison of computation time (in second) of different methods on different images with a sampling 
ratio of 10% 

                                image 
methods 

Coronal brain Cardiac Shoulder Renal arteries 

FCSA 6.2 5.9 5.9 5.2 
SparseMRI 16.7 20.1 19.9 18.1 
Shearlet+TGV 87.2 88.6 100.3 58.9 
Framelet+NLTV 291.0 288.7 291.8 292.3 
Proposed (filters size 2×2) 491.2 491.3 491.4 490.1 
Proposed (filters size 4×4) 1559.9 1565.5 1564.2 1567.8 
Proposed (filters size 8×8) 6158.6 6172.6 6157.3 6153.0 
Proposed (filters size 10×10) 9638.6 9662.9 9653.6 9639.6 
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3.4 Conclusion 

We have proposed a CS method for reconstructing various types of MR images from highly 
undersampled k-space data. The method presents the particularity of combining the data-
driven TF and TGV to form a new regularization approach, which has enabled us to 
adaptively generate a set of filters from the undersampled data, obtain a better sparse 
approximation of MR images, and avoid staircase effects commonly present in TV 
regularization. The experimental results demonstrated that the proposed method presents 
better performance than existing state of the art CS-MRI methods for various MR images by 
preserving edges, suppressing under-sampling artifacts, delivering higher PSNR and MSSIM 
and lower RLNE at a wide range of sampling rates from 10% to 50%. In the future work, it 
would be interesting to work on how to accelerate the computation time of the proposed 
method. 
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Résumé en français 

L’imagerie du tenseur de diffusion par résonance magnétique (DTMR), appelée également 
imagerie du tenseur de diffusion (DTI), a été largement utilisée pour étudier de manière 
nondestructive les structures de fibres des tissus biologiques. Cependant, DTI est connu pour 
souffrir du temps d'acquisition long, ce qui limite considérablement son application pratique 
et clinique. Ce chapitre propose un nouvel algorithme de reconstruction par acquisition 
comprimée (compressed sensing—CS) en utilisant conjoinetement la parcimonie et la 
déficience de rang pour reconstruire des images DTMR cardiaques à partir des données 
espace k fortement sous-échantillonnées. Les images pondérées en diffusion dans différentes 
directions sont tout d'abord empilées en colonnes pour former une matrice. Cette matrice est 
parcimonieuse dans la direction de ligne dans le domaine transformé et a un faible rang. Ces 
deux propriétés sont ensuite incorporées dans le cadre de la reconstruction CS. Le problème 
d'optimisation sous contrainte est résolu par une méthode rapide d’ordre premier. La méthode 
a été évaluée sur des images DTMR cardiaques à la fois simulées et réelles. Les résultats 
démontrent que l'approche proposée présente des erreurs de reconstruction plus faibles par 
rapport aux techniques de reconstruction existantes en termes des indices de DTI, tels que 
l'anisotropie fractionnelle (FA), la diffusivité moyenne (MD), l’angle transversal et l'angle 
d'hélice,  
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Abstract 

Diffusion tensor magnetic resonance (DTMR) imaging or diffusion tensor imaging (DTI) 
has been widely used to probe invasively biological tissue structures. However, DTI is known 
to suffer from long acquisition time, which greatly limits its practical and clinical use. This 
chapter proposes a new Compressed Sensing (CS) reconstruction method that employs joint 
sparsity and rank deficiency prior to reconstruct cardiac DTMR images from the 
undersampled k-space data. Diffusion weighted images acquired in different diffusion 
directions are firstly stacked as columns to form the matrix. Such matrix is row sparse in 
transform domain and also has a low rank. These two properties are then incorporated into the 
CS reconstruction framework. The underlying constrained optimization problem is finally 
solved by the first-order fast method. The experiments were carried out on both simulation 
and real human cardiac DTMR images. The results demonstrate that the proposed approach 
has lower reconstruction errors for DTI indices, including fractional anisotropy (FA), mean 
diffusivities (MD), transverse angle and helix angle, compared to the existing CS-DTMR 
image reconstruction techniques. 
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4.1 Introduction 

The heart is one of the most important organ in the human body, which pumps blood and 
supplying oxygen and nutrients needed by the other parts of the body to maintain life. 
Cardiovascular diseases are still the leading cause of death worldwide, accounting for an 
estimated 30% of all deaths across the globe [Christodoulou et al., 2014, Go et al., 2014]. 
Thus, it is very critical to probe the micro-structure of the heart for both explaining the heart 
disease symptoms and investigating the effective therapy means. Diffusion tensor magnetic 
resonance (DTMR) imaging or diffusion tensor imaging (DTI) is an MRI technique that 
allows quantitative characterization of the geometry and organization of tissue 
microstructures [Basser et al., 1994a;1994b]. It appears currently as a powerful tool and the 
only means to investigate noninvasively fiber architectures of the human heart [Le Bihan et 
al., 2001, Tournier et al., 2011, Froeling et al., 2014, Naumova et al., 2014]. However, DTI is 
known to suffer from long acquisition time to obtain high quality data (temporal and spatial 
resolution, signal-to-noise ratio (SNR)), which greatly limits its practical and clinical use for 
human heart imaging [Dou et al., 2002, Dou et al., 2003, Helm et al., 2005b, Wu et al., 2006]. 
Many attempts have been made in order to reduce the amount of data required and improve 
the SNR of diffusion signals as much as possible [Jiang et al., 2005], like SNR enhancing 
joint reconstruction [Haldar et al., 2013] and parallel imaging [Bammer et al., 2001, Bammer 
et al., 2002, Jaermann et al., 2004, Holdsworth et al., 2009]. 

In recent years, Compressed Sensing (CS) has emerged as a new framework for 
reconstructing signals with high quality from less measurements than the traditional Shannon-
Nyquist sampling theorem required [Candes et al., 2006a, Candes et al., 2006c, Donoho, 
2006]. CS exploits sparsity or compressibility of signals in certain domain (pixel or transform 
domain), and combines the sampling and compression into a unified framework. To date, 
compressed sensing has been successfully applied in Biomedical Imaging and has shown 
great potential [Wang et al., 2011], such as MRI [Lustig et al., 2007, Lustig et al., 2008], 
dynamic MRI [Bilen, 2013]. 

Inspired by the principles of CS, a constrained reconstruction technique based on a 
regularization framework to jointly reconstruct sparse sets of cardiac DTI data is proposed 
[Adluru et al., 2007]. Rather than reconstructing images one by one and by taking into 
account the fact that the diffusion weighted (DW) images obtained at different gradient 
directions are often correlated, a distributed compressed sensing-based method was proposed 
in [Wu et al., 2014], which exploits the joint sparsity property among DW images to obtain 
better reconstruction quality. Utilizing the inter-image correlation of DW images, 
combination of compressed sensing and parallel imaging can further improve acquisition 
efficiency [Shi et al., 2014]. In addition, the DW images are stacked as column vectors of a 
matrix; the resulting matrix is rank-deficient as well. CS-DTMR image reconstruction from 
undersampled k-space is then formulated as a low-rank matrix approximation problem [Hao 
Gao et al., 2013]. Considering the situation that drastic phase changes across the DW 
directions, a phase-constrained low-rank (PCLR) approach was developed [Gao et al., 2014]. 
On the other hand, model-based CS method for DTI was proposed in [Yanjie et al., 2012, 
Welsh et al., 2013], which uses the signal intensity model to directly estimate diffusion tensor 
fields from undersampled k-space data. 

This chapter proposes a new CS reconstruction method that employs joint sparsity and rank 
deficiency prior for cardiac DTMR images reconstruction. DW images acquired at different 
gradient directions are firstly stacked as columns to form the matrix; such matrix is row 
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sparse in transform domain and also has a low rank. These two properties are then 
incorporated into the CS reconstruction framework. The underlying optimization problem is 
finally solved by the first-order fast method. 

This chapter is organized as follows. Section 4.2 presents the proposed reconstruction 
method. The performance of the proposed method is assessed in Section 4.3 using both 
simulation and real human cardiac datasets. The discussions are presented in Section 4.4. 
Finally the conclusion is drawn in Section 4.5. 

4.2 Proposed method 

Assuming that lx  is a DW image with size m n  and u
lF  is a partial Fourier transform for 

thl  direction. Then the undersampled k-space data lb  of the DW image for each direction in 

k-space can be formulated as: 

 u
l l l lb F x     (4.1) 

where,   is the noise level, and diffusion direction 1,2, ,l L  . 

Since the DW images are correlated across the diffusion directions, each image lx  shares 

the same sparse support in the pixel or transform domain with other images. This means that 
when the different images are stacked as column vectors of matrix X  (as shown in Eq.(4.2) ), 
the resulting matrix is row-sparse. Better reconstruction accuracy can be obtained when the 
joint sparsity property along diffusion directions is exploited [Wu et al., 2014], which is to 
solve the optimation problem as shown in Eq.(4.3). 
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where i  refers to the the thi  row of coefficients matrix X , and 
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  (4.4) 

The Diffusion Weighted (DW) images are sparse/compressible in suitable domain, and also 
the DW images acquired at different gradient directions are correlated. In this study, we 
confirm that the data matrix X  is not only row sparse but also is low-rank. The matrix X  is 

low rank means that    min ,rank X mn L . The principle of the proposed approach as 

illustrated in Fig. 4.1. 
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Fig. 4.1 Illustration the principle of the proposed approach. 

This chapter proposes a new reconstruction method for DW images by combining row 
sparse and low rank prior properties of the data matrix X  together. Consequently, the 
reconstruction can be described as the following optimization problem: 

  2

2,12

1
arg min

2
u

X
X F X b X X 



        
 

  (4.5) 

here,   is a sparsity transform, such as wavelet transform; 


  is the nuclear norm, which is 

the best convex approximation of the rank function; 
2,1

  referes to the 21l  norm of matrix 

X , which is the 2l  norm computed over the rows and then applying the 1l  norm to the 

resulting vector; 0   and 0   are two positive regularization parameters, respectively. 

The Eq.(4.5) can be solved by the variable splitting and alternating minimization scheme. 
An auxiliary variable S  is introduced and let S X  ; then, the Eq.(4.5) can be rewritten as: 
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where iS  is the thi  row of coefficients matrix. 

This optimization problem can be solved using alternating minimization scheme, namely 
solve S -subproblem and X -subproblem, respectively. 

First, for a fixed X , solve: 
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the optimal solution of this sub-problem can be obtained through the proximal operator with 
21l  norm [Kowalski et al., 2013]. 
Then, solve X -subproblem as follow: 

  2 2

22

1
arg min

2
u

X
X F X b X S X 



       
 

  (4.8) 

This problem can be effectively solved using the Fast Iterative Shrinkage Thresholding 
Algorithm (FISTA) introduced in [Beck et al., 2009b]. Specifically, let 
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2 2

22

1

2
uf X F X b S X    , which is a convex and smooth function with the 

Lipschitz constant fL ,  g X X


   is convex but non-smooth functions. Then, the X  

subproblem can be solved by a proximal mapping operation according to FISTA: 
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where   is the inverse of the Lipschitz constant fL  of f , and f  is denoted as [Beck et 

al., 2009b]: 
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where  TuF  indicating the inverse partial Fourier transform. 

The outline of the proposed method for problem (4.5) is detailed as follows. 
 

INPUT： 
K : the maximum number of iterations; 

, ,   : the regularization parameters; 

tol : the tolerance parameter. 
INIT: 1 0 11 , 1, 0, 0;t X r kL        

OUTPUT:  
X  : the reconstructed DW images. 
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4.3 Experimental Results 

4.3.1 Simulated and real data 

The experiments were carried out on both simulated and real human cardiac DTMR 
datasets. Simulated DW images were generated as proposed in [Wang et al., 2012], which 
using physical measurements from polarized light imaging (PLI) to generate realistic DW 
images at different diffusion gradient directions. Simulated DTI data were obtained with 
diffusion gradient directions applied in 42 directions. The real data concerns human heart and 
acquired with an image resolution of 2.0×2.0×2.0 mm3, 12 diffusion gradient directions, slices 
6, and repeated 6 times for averaging to enhance SNR. The simulated and real DW images 

were obtained with diffusion sensitivity 21000b s mm , and the image size of 128×128. The 

k-space was undersampled using the variable density undersampling pattern [Lustig et al., 
2007]. 

4.3.2 Evaluation criteria 

In DTI, the diffusion tensor D  was used to describe the diffusion properties in each voxel, 
which is a 3×3 symmetric and positive definite matrix. There are many measure indices 
derived from the diffusion tensor D  to characterizing the water molecule diffusion 
quantitatively [Basser et al., 1996, Pierpaoli et al., 1996]. Mean diffusivity (MD) and 
Fractional anisotropy (FA) are two quantitative parameters commonly used in a clinical 
setting to assessing tissue microstructure, which characterize the mean diffusivity and 
regarding the diffusion anisotropy, respectively. The FA and MD are defined as follow: 

 1 2 3MD
3

   
   (4.11) 

 
     

 

2 2 2

1 2 3

2 2 2
1 2 3

3 MD MD MD
FA

2

  

  

       
  

  (4.12) 

On the other hand, for determin the orientation of a fiber, the helix angle (HA) (also called 
the inclination angle or fiber angle) and the transverse angle (TA) are among the most widely 
used, which can be derived from the eigensystem of diffusion tensor D . The HA was defined 
as the angle between the projection of the primary eigenvector onto the tangent plane and the 
imaging plane, and the TA was defined as the angle between the projection of the primary 
eigenvector onto the imaging plane and the tangent plane [Streeter et al., 1969, Scollan et al., 
1998, Chen et al., 2003].  

In this chapter, the root mean square errors (RMSE) of FA, MD, TA and HA were 
calculated to evaluate and compare the reconstruction performance. The RMSE defined as: 

 
    2

2
vec vec

RMSE
rec refx x

N


   (4.13) 

where, recx  and refx  denoted the reconstructed signal and reference signal, N  is the total 

number of signal. 
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4.3.3 Comparison with existing techniques 

To evaluate the performance of the proposed method, comparison was performed with 
several state of the art reconstruction methods, including the basic CS method [Huang et al., 
2011b] and joint sparsity method [Wu et al., 2014]. Note that, the basis CS method was 
chosen total variation (TV) and discrete wavelet transform (DWT) regularization, which are 
widely used as sparsifying transforms for CS-MR image reconstruction [Lustig et al., 2007, 
Huang et al., 2011b]. The DW images were reconstructed one by one from the same 
undersampled data. 

The observation measurement b  is corrupted by complex Gaussian white noise   with 

standard deviation n . The latter is derived from the associated input SNR (ISNR) [Carrillo et 

al., 2012], which is defined as: 10ISNR 20log x

n



 

  
 

, where x  denotes the standard 

deviation of the DW images.  
The Daubechies wavelets with four decomposition levels are used; the regularization 

parameter  ,  , and   are set to 0.001, 0.0035 and 0.01, respectively. 

4.3.4 Simulation results 

Comparisons of the reconstruction performance between the four methods with sampling 
rates of 10%~50% for simulated human cardiac data are illustrated in Fig. 4.2. From the 
figures, it can be seen that the proposed method achieves better reconstructions with lower 
RMSE of FA and MD compared with other methods. 

(a) (b) 

Fig. 4.2 Performance comparisons on simulated human heart data with ISNR 20dB. RMSE of (a) FA; (b) MD. 

Table 4-1 qualitatively gives the RMSE of FA and MD using different methods on 
simulated human cardiac data with the sampling ratio of 25% (corresponds to the acceleration 
factor of 4) and ISNR 20dB. 

 

Table 4-1 RMSE of FA and MD on simulated human cardiac data with sampling ratio 25% and ISNR 20dB (The 
unit of MD is ×10-3 mm2/s). 

Methods FA MD 
Basis CS 0.066 0.050 

Joint Sparsity 0.105 0.045 
Proposed 0.043 0.020 
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Fig. 4.3 shows the maps of FA and MD on simulated heart data with the sampling rate of 
25% and ISNR 20dB. In these calculations, the involved diffusion tensors corresponding to 
the complete k-space were taken as the references. As shown in Fig. 4.3, the FA and MD 
maps with the proposed method are visually better than those obtained with other methods. 

 

Fig. 4.3 Maps of FA (first row) and MD (second row) of the simulated human heart data with the sampling rate of 
25% and ISNR 20dB. (a) Reconstruction from the complete k-space data; Reconstructions from undersampled k-

space using (b) basis CS; (c) joint sparsity and (d) the proposed methods. 

In Fig. 4.4, the RMSE of FA and MD of reconstructions from undersampled simulated DTI 
data using the proposed method with varied ISNRs and sampling ratio (R), are given. As 
illustrated in Fig. 4.4, the reconstruction performance of RMSE of FA and MD changing with 
the sampling ratio and ISNR. Increasing sampling ratio will reduce the reconstruction error 
RMSEs and reduce ISNR will increase the reconstruction error RMSEs. Fixed a sampling 
ratio, such as 25%, a better reconstruction performance can be obtained with higher ISNR. 

 

(a) (b) 

Fig. 4.4 RMSE of FA and MD of reconstructions from undersampled simulated human heart data using the 
proposed method with varied ISNRs and sampling ratio (R). (a) RMSE of FA; (b) RMSE of MD. 
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4.3.5 Real data 

Fig. 4.5 and Fig. 4.6 shows the reconstruction errors (the mean RMSE of FA, MD, TA and 
HA) as a function of the sampling ratio (10%~50%) using three methods on real human 
cardiac data with ISNR 0dB and 30dB, respectively. From the figures, it can be observed that 
the proposed method achieves better reconstruction accuracy with lower mean RMSE of FA, 
MD, TA and HA compared with other methods on both ISNR 0dB and 30dB situation.  

(a) (b) 

(c) (d) 

Fig. 4.5 Performance comparisons on real human heart data with different sampling rates and ISNR 0dB. (a) mean 
RMSE of FA; (b) mean RMSE of MD; (c) mean RMSE of TA; (d) mean RMSE of HA. 

(a) (b) 
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(c) (d) 

Fig. 4.6 Performance comparisons on real human heart data with different sampling rates and ISNR 30dB. (a) 
mean RMSE of FA; (b) mean RMSE of MD; (c) mean RMSE of TA; (d) mean RMSE of HA. 

Table 4-2 quantitatively compares the mean RMSE of FA, MD, TA and HA using different 
methods on real human cardiac data with the sampling ratio of 25% and ISNR 0dB and 30dB, 
respectively. 

Table 4-2 Comparative reconstruction performance of DTI indices (mean RMSE of FA, MD, TA and HA) on real 
human heart data with sampling ratio 25% (The unit of MD is ×10-3 mm2/s). 

 ISNR = 0dB ISNR = 30dB 
 FA MD TA(°) HA(°) FA MD TA(°) HA(°) 

Basis CS 0.051 0.052 12.894 14.083 0.063 0.060 12.635 13.761 
Joint Sparsity 0.005 0.005 5.766 5.935 0.015 0.018 6.955 7.203 
Proposed 0.001 0.003 1.832 1.826 0.007 0.008 5.249 5.240 

 
Fig. 4.7 illustrated the reconstructed tensor fields obtained using the four methods (the 

basisCS, LowRank, JointSparsity and the Proposed) on real human cardiac data for slice 4 
with sampling rates of 15% (approximation acceleration factors 6) and ISNR 30dB. The 
tensor fields are displayed as ellipsoids and colored according to the direction of their 
principal eigenvectors via DTI tensor viewer [Toussaint et al., 2007]. 

 

 
(a) (b) (c) (d) 

Fig. 4.7 The reconstruction tensor fields on real human heart data for slice 4 with sampling rates 15% and ISNR 
30dB using the different methods. (a) Reconstruction from the complete k-space data with repeated 6 times; 

Reconstructions from undersampled k-space using (b) basis CS, (c) joint sparsity and (d) the proposed methods. 
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Obviously, the reconstructed tensor fields of the proposed method gives greater the visual 
effects and visually comparable with the references. The visual comparison show that the 
performance of the proposed method outperforms the other method. 

Fig. 4.8 and Fig. 4.9 show the maps of FA, MD, TA and HA on real human heart data for 
slice 4 with the sampling rate of 25% and ISNR 0dB and 30dB, respectively. The diffusion 
tensors corresponding derived from the complete k-space were taken as the references (first 
column). From the figures, it can be seen that the reconstructed maps of DTI indices (FA, MD, 
TA and HA) with the proposed method are visually better than those obtained with other 
methods. 

 

Fig. 4.8 Maps of FA (first row), MD (second row), TA(three row) and HA(four row) of the real human heart data 
on slice 4 with the sampling rate of 25% and ISNR 0dB. (a) Reconstruction from the complete k-space data 

(column one). Reconstructions from undersampled k-space using (b) basis CS (column two); (c) joint sparsity 
(column three) and (d) the proposed methods (column four). 
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Fig. 4.9 Maps of FA (first row), MD (second row), TA(three row) and HA(four row) of the real human heart data 
on slice 4 with the sampling rate of 25% and ISNR 30dB. (a) Reconstruction from the complete k-space data 
(column one). Reconstructions from undersampled k-space using (b) basis CS (column two); (c) joint sparsity 

(column three) and (d) the proposed methods (column four). 

4.3.6 Compared with the repetition-reduced method 

In Table 4-3 the reconstruction performance between the proposed and the repetition-
reduced methods at varied acceleration factors with the ISNR 0dB and 30dB, are compared. 
The reconstruction using complete k-space and scan repeated 6 times data were taken as the 
gold standards. The table is revealing in several ways. First, the reconstruction accuracy 
increases with the reduce acceleration factor for proposed and scan repetition methods; 
second, the proposed method provides the better performance (RMSE of FA, MD, TA and 
HA) than the scan repetition-reduced method at different acceleration factor; last, the 
reconstruction accuracy of proposed method decreases with the reduce ISNR value (sample 
noise).  

Fig. 4.10 gives a visual comparisons of results on maps of TA and HA. 
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Table 4-3 the RMSE of FA, MD, TA and HA, reconstruction using proposed method and scan repetition-reduced 
at different acceleration factors. 

  ISNR = 0dB ISNR = 30dB  

 
acceleration 

factor 
FA MD TA(°) HA(°) FA MD TA(°) HA(°)

Sampling ratio = 
15% 

≈6 0.006 0.006 5.860 6.159 0.014 0.018 7.418 7.895

Sampling ratio = 
30% 

≈3 0.001 0.003 1.729 1.720 0.007 0.008 5.055 5.204

Sampling ratio = 
50% 

≈2 0.001 0.002 1.393 1.385 0.005 0.006 4.388 4.329

Repetition = 1 ≈6 0.053 0.043 16.148 17.020 0.053 0.043 16.148 17.020
Repetition = 2 ≈3 0.036 0.026 15.545 16.265 0.036 0.026 15.545 16.265
Repetition = 3 ≈2 0.026 0.018 15.108 15.441 0.026 0.018 15.108 15.441

 
 

 

Fig. 4.10 Maps of TA (row first, second) and HA (row three, four) on the real human heart data for slice 4 with the 
ISNR 0dB. (a) Reconstruction from the complete k-space data with repeted 6 times (column one); (b)-(d) in second 

and four row is Reconstructions from undersampled k-space using with sampling ratio 15%, 30% and 50%, 
recpectively; (b)-(d) in first and three row is reconstruction from complete k-space data with repeted 1, 2 and 3 

times 

 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0136/these.pdf 
© [J. Huang], [2015], INSA Lyon, tous droits réservés



Chapter 4 Accelerated cardiac DTI based on CS using joint sparsity and low rank approximation 

  
  92 

 

Fig. 4.11 illustrated the reconstructed tensor fields using the proposed and the repetition-
reduced methods at varied acceleration factors. The tensor fields are displayed as ellipsoids 
and colored according to the direction of their principal eigenvectors using DTI tensor viewer 
[Toussaint et al., 2007] The reconstructed tensor fields of the proposed method always 
obtains greater the visual effects on all acceleration factors and visually comparable with the 
references. At acceleration factors 6 (as shown in Fig. 4.11 (b), (e) and (h)), the tensor field of 
the repetition-reduced method is not arranged in order and is far worse than the references, 
whereas the proposed method can make the disordered tensor field more regular and the 
ellipsoids show shapes and colors more close to the reference on both ISNR 0dB and 30 dB. 

(a) 

(b) (c) (d) 

(e) (f) (g) 

(h) (i) (j) 

Fig. 4.11 The reconstruction tensor fields using the proposed and the repetition-reduced methods at varied 
acceleration factors. (a) Reconstruction from the complete k-space data with repeated 6 times; (b)-(d) 

Reconstruction from the complete k-space data with repeated 1, 2 and 3 times, respectively. Reconstructions from 
undersampled k-space with the sampling ratio 15%, 30% and 50%, respectively; (e)-(g) the ISNR 0dB; (h)-(j) the 

ISNR 30dB. 

4.4 Discussion 

Simultaneous exploiting the joint sparsity and low rank properties among DW images gives 
better reconstruction quality for human heart diffusion tensor reconstruction. The 
experimental results show that the reconstruction accuracy (RMSE of DTI indices) of 
proposed method yields considerably superior results in comparison with the state-of-the-art 
reconstruction techniques. In this study, reconstruction performance was demonstrated with 
the different ISNR and sampling ratio. The reconstruction performance of proposed method 
decreases with the reduce measurement noise (ISNR), and increases with the sampling ratio 
( reduce acceleration factors).  
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As known, low signal-to noise ratio (SNR) is one of the most important issues in DTI. In 
practice, the additional signal averaging in forms of acquisition repetition is generally as a 
good way to increasing SNR. In Table 4-4, the reconstruction performance comparisons 
between the CS and the repetition-reduced methods are given. It is shown that the 
undersampling methods give better results. For a fixed acceleration factor, one way is to 
reduce repetition times while increasing the sampling ratio and another way is to increase 
repetition times while reducing sampling ratio. Table 4-4 gives some quantitative results at 
acceleration factors 6 estimated from the CS and the repetition-reduced or combination of 
both. These results demonstrated that increasing repetition times while reducing sampling 
ratio is a good way to achieve more accurate reconstruction for accelerating DTI. 

 

Table 4-4 RMSE of FA, MD, TA and HA estimated from the proposed method and the scan repetition-reduced at 
acceleration factors 6 

 ISNR = 0dB ISNR = 30dB 

 FA MD TA(°) HA(°) FA MD TA HA(°) 

Repetition = 1 and 
Sampling ratio = 100% 

0.053 0.043 16.148 17.020 0.053 0.043 16.148 17.020 

Repetition = 2 and 
Sampling ratio = 50% 

0.036 0.026 11.784 12.852 0.036 0.026 11.726 12.814 

Repetition = 3 and 
Sampling ratio = 30% 

0.026 0.018 10.381 11.345 0.026 0.019 10.400 11.420 

Repetition = 6 and 
Sampling ratio = 15% 

0.006 0.006 5.860 6.159 0.014 0.018 7.418 7.895 

 

In this chapter, the regularization parameter   and   was empirically chosen, it is not 

optimal. Many approachs have been introduced for optimal selection of the regularization 
parameter, such as the L-curve method [Hansen et al., 1993]. In the future work, we will 
utilizes this method to estimate the optimized parameters. Although this method only for one 
parameter, but we can use an alternate strategy to select sub-optimal parameters. 

4.5 Conclusion 

This chapter proposed an efficient method for reconstructing DTMR images from 
undersampled k-space data using the compressed sensing. Based on the combined use of joint 
sparsity and low rank regularization together, the proposed method exploits simultaneously 
intra-image spatial redundancy and inter-image correlation across diffusion directions. The 
results on both simulated and real human cardiac DW images showed that the proposed 
method provides more accurate reconstructions and more accurate DTI indices compared with 
the state-of-the-art CS DTMR image reconstruction techniques. 
 
 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0136/these.pdf 
© [J. Huang], [2015], INSA Lyon, tous droits réservés



Chapter 5 Accelerated cardiac DTI based on CS using low-rank and non-local TV constraint 

  
  94 

 

Chapter 5  

5 Accelerated cardiac DTI based on CS using low-rank and 
non-local TV constraint 

Contents  
 

Résumé en français ....................................................................................................................... 95 

Abstract ........................................................................................................................................ 96 

5.1  Introduction ........................................................................................................................ 97 

5.2  Methods ............................................................................................................................. 98 

5.2.1  Non local TV ................................................................................................................. 98 

5.2.2  CS‐MRI reconstruction using NLTV ............................................................................... 99 

5.2.3  CS DT‐MR image reconstruction using low rank and TV model ................................. 103 

5.3  Experimental Results ........................................................................................................ 105 

5.3.1  Data and sampling pattern ........................................................................................ 105 

5.3.2  Evaluation criteria ...................................................................................................... 106 

5.3.3  Comparison with existing techniques ......................................................................... 107 

5.3.4  Effects of sampling rates ............................................................................................ 107 

5.3.5  Maps of FA and MD .................................................................................................... 108 

5.3.6  Tensor fields visualization .......................................................................................... 109 

5.3.7  Effects of regularization parameters .......................................................................... 109 

5.4  Conclusion ........................................................................................................................ 110 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0136/these.pdf 
© [J. Huang], [2015], INSA Lyon, tous droits réservés



Chapter 5 Accelerated cardiac DTI based on CS using low-rank and non-local TV constraint 

  
  95 

 

Résumé en français 

L’imagerie du tenseur de diffusion (DTI) est une technique prometteuse pour étudier de 
manière invasive la structure des fibres du cœur. Cependant, le temps d’acquisition de cette 
technique est long. Afin de résoudre ce problème, nous proposons d'utiliser la théorie 
d’acquisition comprimée (compressed sensing—CS) avec la contrainte de rang faible et la 
régularisation par variation totale (TV) afin de reconstruire des images DTI cardiaques à 
partir des données k-espace fortement sous-échantillonnées. Deux régularisations TV sont 
considérées: TV locale (i.e. TV classique) et TV non locale (NLTV). Le problème 
d'optimisation sous contrainte est résolu par une méthode rapide d’ordre premier. Les 
expérimentations sont effectuées sur des images pondérées en diffusion simulées et réelles. 
Les résultats montrent que les erreurs de reconstruction avec nos approches sont inférieures à 
celles produites par des méthodes de reconstruction CS-DTI existantes, en termes des indices 
du tenseur de diffusion, tels que l'anisotropie fractionnelle (FA) et diffusivité moyenne (MD). 
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Abstract 

Diffusion tensor imaging (DTI) is a promising imaging technique to investigate invasively 
the micro fiber structure of the heart. However, a great challenge of the technique is the long 
acquisition time. To cope with the problem, we propose to apply the compressed sensing (CS) 
scheme with the low rank constraint and total variation (TV) regularizations to reconstruct 
cardiac DTI images from highly undersampled k-space data. Two TV regularizations are 
considered: local TV (i.e. classical TV) and nonlocal TV (NLTV). The subsequent 
constrained optimization problem is solved by the first-order fast method. The experiments 
are carried out on both simulated and real human cardiac diffusion weighrted (DW) images. 
The results demonstrate that the proposed approaches present lower reconstruction errors 
compared to existing CS-DTI images reconstruction techniques, in terms of DTI indices such 
as fractional anisotropy (FA) and mean diffusivities (MD). 
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5.1 Introduction 

As mentioned in the preceding chapter, DTI is known to suffer from long acquisition time 
and worse image quality (spatial resolution, signal-to-noise ratio—SNR), which greatly limits 
its practical and clinical use for human heart imaging [Dou et al., 2002, Dou et al., 2003, 
Helm et al., 2005b, Wu et al., 2006]. Classical efforts of reducing the required amount of data 
and improving the SNR of diffusion signals include parallel imaging [Bammer et al., 2001, 
Bammer et al., 2002, Jaermann et al., 2004, Holdsworth et al., 2009], simultaneous multislice 
imaging [Filli et al., 2015, Lau et al., 2015], partial k-space reconstruction [Luo et al., 2012], 
and filtered reduced-encoding projection-reconstruction [Jiang et al., 2005]. But, these 
methods are not very suitable for highly undersampled k-sapce data. 

In recent years, Compressed Sensing (CS) has emerged as a new framework for 
reconstructing signals with high quality from few measurements highly undersampled with 
respect to the traditional Shannon-Nyquist sampling theorem [Candes et al., 2006a, Candes et 
al., 2006c, Donoho, 2006]. CS exploits sparsity or compressibility of signals in certain 
domain (pixel or transform domain), and combines the sampling and compression into a 
unified framework. To date, CS has been successfully applied to conventional magnetic 
resonance (MR) images, such as anatomical MRI [Lustig et al., 2007, Lustig et al., 2008], 
diffusion MRI [Hao Gao et al., 2013] and dynamic MRI [Bilen, 2013], and has shown great 
potential [Wang et al., 2011]. But, relatively little work can be found in the use of CS 
approaches for DTI, and even less on human cardiac DTI. 

Inspired by the principles of CS, a constrained reconstruction technique based on a 
regularization framework to jointly reconstruct sparse sets of cardiac DTI data is proposed 
[Adluru et al., 2007]. Rather than reconstructing images one by one and by taking into 
account the fact that the diffusion weighted (DW) images obtained at different gradient 
directions are often correlated, a distributed compressed sensing-based method was proposed 
in [Wu et al., 2014], which exploits the joint sparsity property among DW images to obtain 
better reconstruction quality. Utilizing the inter-image correlation of DW images, 
combination of compressed sensing and parallel imaging can be further improve acquisition 
efficiency [Shi et al., 2014].. Considering the situation that drastic phase changes across the 
DW directions, a phase-constrained low-rank (PCLR) approach was developed [Gao et al., 
2014]. On the other hand, model-based CS method for DTI was proposed in [Yanjie et al., 
2012, Welsh et al., 2013], which uses the signal intensity model to directly estimate diffusion 
tensor fields from undersampled k-space data. 

This chapter proposes a new CS reconstruction method that employs rank deficiency prior 
and total variation (TV) constraint for cardiac DTMR images reconstruction. Two TV 
regularizations are considered: local TV (i.e. classical TV) and nonlocal TV (NLTV). The 
local TV constraint allows for effective removal of undersampling artifacts and edge-
preserving denoising, whereas the NLTV allows avoiding detail blurring, blocking effect and 
fine structures lossing. The subsequent constrained optimization problem is solved by the 
first-order fast method. The experiments are carried out on both simulated and real human 
cardiac diffusion weighrted (DW) images. This chapter is organized as follows: section 5.2 
presents the proposed reconstruction method; section 0 analyzes the method’s performance 
using simulation and real human cardiac datasets; Finally the conclusion is drawn in Section 
5.4. 
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5.2 Methods 

5.2.1 Non local TV 

Undersampling k-space data is an efficient way to reduce the acquisition time of magnetic 
resonance imaging (MRI) technique. As a promising signal recovery method, compressed 
sensing (CS) is able to reconstruct magnetic resonance images using a few samples and 
therefore has great potential in speeding up MRI process. CS relies on the empirical 
observation that many types of signal or images can be well approximated by a sparse 
expansion in terms of a suitable basis, that is, by only a small number of non-zero coefficients.  

A common and popular regularization is total variation (TV) to preserve image edges, 
initially presented by Rudin et al. in 1992 for denoising applications [Rudin et al., 1992b]. it 
has been successfully employed in the many applications of image processing. The TV-based 

constraint 
TV

x  defined as: 

 
2

1 1

M N

ijTV
i j

x D x
 

   (5.1) 

where ijD  represents the finite difference operation between the neighbor pixels i  and j . 

The TV constraint yields an effective removal of undersampling artifacts as well as an 
edge-preserving denoising of the image. However, the TV model favours the piecewise 
constant image structures, such method only makes use of local image information. 
Consequently, it blurs some details and causes blocking effect with fine structures lost, 
although the edges preserved in reconstruction. To overcome the intrinsic drawback of the TV 
model, NLTV reconstruction methods were proposed to overcome the intrinsic drawback of 
the TV model [Zhang et al., 2010b], somewhat as nonlocal (NL) means filter for denoising 
[Buades et al., 2005, Coupe et al., 2008], and CS-MRI [Liang et al., 2011, Junzhou et al., 
2012]. These methods can avoid blocking effects effectively but not unable to find similar 
patches accurately since structural information has been seriously degraded by the 
undersampled k-space reconstruction. The nonlocal total variation (NLTV) regularization 
method extends the conventional TV norm to a nonlocal version. In NLTV, the gradient is 
calculated using the pixels belonging to the whole image instead of the nearest neighboring 
pixels. Fig. 5.1 illustrates difference between TV and NLTV about the calculate of image 
gradient. 

The NLTV-based constraint defined as: 

 2

NLTV
[ ( ) ( )] ( , )

u v

x x u x v w u v     (5.2) 

where ( )x u  and ( )x v  are the image values at the coordinate of u  and v , ( , )w u v  is the graph 

weight function defined as: 
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  (5.3) 

In Eq.(5.3), ( )xq u  and ( )xq v  represent a small patch centering at the coordinates u  and v  

respectively, xZ  signifies a normalization factor, h  denotes a scale parameter which is 
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related to the patch size and the standard deviation of noise, it controls to what extent 
similarity between patches is enforced, and   is a positive value used to control the 
nonlocality of the method and to speed up computation, which means that only the neighbors 
in a window   around the target pixel are considered when calculating the nonlocal image 
gradient [Liang et al., 2011]. 

 

 

Fig. 5.1 The image gradient is calculated in (a) conventional TV regularization; and (b) NLTV regularization. 

5.2.2 CS-MRI reconstruction using NLTV 

The undersampled measurements b  of the MR image x  in k-space is then defined as: 

 ub F x   (5.4) 

where uF  is a partial Fourier transform which can be expressed by uF PF , with F  the 

Fourier transform and P  the common undersampling pattern (mask).  
For the undersampled case, that is, the number of measurements b  is far fewer than that of 

pixels in x , without further information, it is, of course, impossible to recover x  from b  
since Eq.(5.4) is highly underdetermined and has therefore an infinity of solutions. In order to 
find the optimal solution to this problem, additional constraints are introduced into the CS 
framework according to some prior knowledge. 

By taking into account the above mentioned constraints, we formulate the CS image 
reconstruction method as: 

  2

2 1

1
arg min

2 u TV NLTV
x

x F x b x x x         
 

  (5.5) 

with   representing the wavelet transformation,  ,  ,   are positive constants. 

Eq.(5.5) can be solved by the Fast Composite Splitting Algorithm (FCSA) [Huang et al., 
2011b], which means the problem can be divided into two subproblems: the regularization of 
TV-norm and l1-norm. The former can be divided further into the regularized problems of 
local TV and nonlocal TV. Each subproblem is actually a convex function which can be 

solved by a proximal mapping operation   prox g x  [Beck et al., 2009b]. 

      2

2

1
argmin

2u
prox x u u x  


 

   
 

  (5.6) 

where   is the inverse of the Lipschitz constant fL  of f , and f  is denoted as [Beck et 

al., 2009b]: 
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where  TuF  indicating the inverse partial Fourier transform. 

Defining that the solutions for the regularized problems of local TV, non-local TV and l1-

norm are 11x , 12x  and 2x  respectively, the solution of Eq.(5.5) can be then obtained from the 

weighted average of 11x , 12x  and 2x  in an iterative framework with an iteration stepsize of 
kt . 
The pseudocode of this algorithm is detailed as follows: 
 

Algorithm 1 CS-MRI-TV-NLTV 

INPUT： 
K : the maximum number of iterations; 

, ,   : the regularization parameters; 

tol : the tolerance parameter. 
INIT: 1 0 11 , 1, 0, 0;t X r kL        

OUTPUT:  
x  : the reconstructed MR image. 

REPEAT: 
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To evaluate the performance of the method proposed in this sub-section, we compare it 

with several reconstruction approaches used in CS-MRI, including the FCSA [Huang et al., 
2011b] and NLTV_FCSA [Junzhou et al., 2012] methods. Two-dimensional (2D) brain and 
chest MR images with size of 256 x 256 are used (Note: data from Ref. [Junzhou et al., 2012]) 
in this work. In Fig. 5.2(a) the k-space sampling mask is given, where the k-space data is 
sampled with a rate of 20% (i.e. keeping 20% of the complete k-space data) using the variable 
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density sampling pattern. Fig. 5.2(b) and Fig. 5.2(c) show the original MR images of brain 
and chest. In the experiments, the Daubechies wavelets with four decomposition levels are 
used. The parameter settings for each reconstruction method are given in Table 5-1. For fair 
comparison, the experimental setup for FCSA and NLTV_FCSA methods follows the 
previous works [Huang et al., 2011b] and [Junzhou et al., 2012].  

 

 
(a) (b) (c) 

 
(d) (e) (f) 

 
(g) (h) (i) 

Fig. 5.2 Results of reconstruction on MR images using different methods. (a): k-space sampling mask. (b) and (c): 
Original MR images of brain and chest respectively. From (d) to (f): brain image reconstructed using FCSA, 
NLTV_FSCA and the proposed method respectively. From (g) to (i): chest image reconstructed using FCSA, 

NLTV_FSCA and the proposed method respectively. 

Table 5-1 Parameter setting for different reconstruction methods 

Parameters FCSA NLTV_FCSA Proposed 
 0.001 0.001 0.0005 

  0.035 0.035 0.035 

 --- --- 0.0025 

h   --- 0.025 0.025 
m --- 2 2 

   --- 5 5 
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The experiment results show that, there are many residual noise and artifacts in the images 
reconstructed with the FCSA, as shown in Fig. 5.2(d) and (g), and NLTV_FCSA methods, see 
Fig. 5.2(e) and (h). Instead, the method proposed provides more satisfying results with clear 
contours, sharp edges and fine image details, as illustrated in Fig. 5.2(f) and (i). 

To further compare these methods quantitatively, the mean square error (MSE), peak-
signal-to-noise ratio (PSNR) and mean structural similarity (MSSIM) indices are calculated 
for the MR images of brain and chest reconstructed with different methods, as shown in Table 
5-2. It can be observed that the proposed method improves the reconstruction performance in 
comparison with FCSA and NLTV_FCSA, which has higher PSNRs, smaller MSEs, and 
greater MSSIMs. 

In order to see the effects of the sampling rate on the reconstruction results, experiments 
were also performed with sampling rates of 0.1~0.5. The curve of PSNR, MSSIM and MSE 
versus different sampling rates for the MR images of brain reconstructed with FCSA, 
NLTV_FCSA, and NLTV_FCSA_TV methods (our proposed method) are shown in Fig. 5.3. 

The experimental results demonstrate that the local TV model and NL self-similarity 
constraint are complementary to each other, making the proposed approach highly effective in 
reducing noise and preserving image edges and details. Compared to existing CS 
reconstruction methods, the proposed reconstruction approach has higher PSNRs, smaller 
MSEs, and greater MSSIMs. In addition, the performance of our method changes relatively 
gently with the variation of the sampling rates, which verifies the robustness of the proposed 
method. 
 

 
(a) 

 
(b) 

 
(c) 

Fig. 5.3 Curve of PSNR (a), MSSIM (b) and MSE (c) versus different sampling rates for the MR images of brain 
reconstructed with FCSA, NLTV_FCSA, and NLTV_FCSA_TV methods respectively. 
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Table 5-2 Comparison of the experiment results in terms of PSNR, MSSIM and MSE for various reconstruction 
methods. Bold font indicates the best performance with respect to PSNR, MSSIM, and MSE 

 Brain Chest 

Method PSNR MSSIM MSE PSNR MSSIM MSE 

FCSA 24.8830 0.7404 0.0032 28.0662 0.7512 0.0016 
NLTV_FCSA 26.9024 0.8136 0.0020 29.8917 0.8157 0.0010 
Proposed 29.0811 0.8979 0.0012 31.3269 0.8684 0.0007 

 

5.2.3 CS DT-MR image reconstruction using low rank and TV model 

Let lx  be a DW image with size m n  and u
lF  is a partial Fourier transform for thl  

direction. Then the undersampled k-space data lb  of the DW image for each direction in k-

space can be formulated as: 

 u
l l l lb F x     (5.8) 

where,   is the noise level, and diffusion direction 1,2, ,l L  . 

Let X  be an aligned column vector of each 2D DW image (as shown in Eq.(5.9)). Since 
the DW images are correlated across the diffusion directions, the resulting matrix X  is rank 

deficiency. The matrix X  is low rank means that    min ,rank X mn L . 
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As elaborated in chapter 4 and [Gao et al., 2014], the low rank model more suitable for 
dMR images reconstruction. This chapter proposes a new reconstruction method for DW 
images by combining low rank prior and total variation (TV) constrains together. The 
sampling multiple DW images can be formulated as follow: 
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  (5.10) 

Then, the reconstruction undersampling k-space data can be described as the following 
optimization problem: 

  2

32

1
argmin

2
u

TV D
X

X F X b X X 


       
 

  (5.11) 

here, 


  is the nuclear norm, which is the best convex approximation of the rank function; 

3TV D
X  is the finite difference along x , y  and d (diffusion gradient direction), respectively; 

0   and 0   are two positive regularization parameters, respectively. 
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The Eq.(5.11) can be solved by the Fast Composite Splitting Algorithm (FCSA) [Huang et 

al., 2011b]. Specifically, let  
2

2

1

2
uf X F X b  , which is a convex and smooth function 

with the Lipschitz constant fL ,  1g X X


   and  2 3TV D
g X X   . Then, the  g X  

can be obtained by a proximal mapping operation [Huang et al., 2011b] as defined in Eq.(5.6): 
The outline of the proposed method for problem (5.11) is detailed as shown in Algorithm 2. 
By taking into account the advantage of NLTV constraints, we propose an improved CS 

reconstruction method by combining low rank, local TV regularization and nonlocal total 
variation (NLTV) constraint together. The outline of the proposed method for is detailed as 
shown in Algorithm 3. (Note that: The code for NL means filter can be download from the 
website http://www.mathworks.com/matlabcentral/fileexchange/27395-fast-non-local-means-
1d--2d-color-and-3d. 

 

Algorithm 2 CS-DTMRI-LRTV 

INPUT： 
K : the maximum number of iterations; 

,  : the regularization parameters; 

tol : the tolerance parameter. 

INIT: 1 0 11 , 1, 0, 0;t X r kL        

OUTPUT:  
X  : the reconstructed DW images. 
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Algorithm 3 CS-DTMRI-LRTV-NLTV 

INPUT： 
K : the maximum number of iterations; 

,  : the regularization parameters; 

tol : the tolerance parameter. 
m : the radius of local patch. 
 : the radius of neighbourhood search window. 
h : the strength of the filtering 

INIT: 1 0 11 , 1, 0, 0;t X r kL        

OUTPUT:  
X  : the reconstructed DW images. 

REPEAT: 
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5.3 Experimental Results 

5.3.1 Data and sampling pattern 

The experiments were carried out on both simulation and real human cardiac DTMR 
datasets. Simulated DW images were generated as proposed in [Wang et al., 2012], which 
using physical measurements from polarized light imaging (PLI) to generate realistic DW 
images at different diffusion gradient directions. Simulated DTI data were obtained with 
diffusion gradient directions applied in 42 directions, the DW images were obtained with 

diffusion sensitivity 21000b s mm , and the image size of 128×128, as shown in Fig. 5.4(a). 

The real data have been collected using ex-vivo samples of human heart [Helm et al., 
2005a, Helm et al., 2005b, Helm et al., 2006]. The corresponding acquisition parameters are 
the following: The the image size of 256×256×134, the image spatial resolution is 
0.43×0.43×1.0 mm3, and 21 diffusion gradient direction. In the experiment of this chapter, we 
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chose slice 70. In Fig. 5.4(b) is shown the DW image in slice 70 and diffusion gradient 
direction 3. The dataset can be download from the website http://cvrgrid.org/data/ex-vivo. 
 

(a) 
 

(b) 

Fig. 5.4 Reference human cardiac DW images in one diffusion direction. (a) Simulated data; (b) real data. 

5.3.2 Evaluation criteria 

In DTI, the diffusion tensor D  was used to describe the diffusion properties in each voxel, 
which is a 3×3 symmetric and positive definite matrix. There are many measure indices 
derived from the diffusion tensor D  to characterizing the water molecule diffusion 
quantitatively [Basser et al., 1996, Pierpaoli et al., 1996]. Mean diffusivity (MD) and 
Fractional anisotropy (FA) are two quantitative parameters commonly used in a clinical to 
assessing tissue microstructure, which characterize the mean diffusivity and regarding the 
diffusion anisotropy, respectively. The FA and MD are defined as follow: 

 1 2 3MD
3

   
   (5.12) 

 
     

 

2 2 2

1 2 3

2 2 2
1 2 3

3 MD MD MD
FA

2

  

  

       
  

  (5.13) 

On the other hand, for determine the orientation of a fiber, the helix angle (HA) (also called 
the inclination angle or fiber angle) and the transverse angle (TA) are among the most widely 
used, which can be drived from the eigensystem of diffusion tensor D . The helix angle was 
defined as the angle between the projection of the primary eigenvector onto the tangent plane 
and the imaging plane, and the transverse angle was defined as the angle between the 
projection of the primary eigenvector onto the imaging plane and the tangent plane [Streeter 
et al., 1969, Scollan et al., 1998, Chen et al., 2003].  

In this chapter, the root mean square errors (RMSE) of FA, MD, TA and HA were 
calculated to evaluate and compare the reconstruction performance. The RMSE defined as: 

 
    2

2
vec vec

RMSE
rec refx x

N


   (5.14) 

where, recx  and refx  denoted the reconstructed signal and reference signal, N  is the total 

number of signal. 
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5.3.3 Comparison with existing techniques 

To evaluate the performance of the proposed method, comparison was performed with joint 
sparsity method [Wu et al., 2014]. The observation measurement b  is corrupted by complex 

Gaussian white noise   with standard deviation n . The latter is derived from the associated 

input SNR (ISNR) [Carrillo et al., 2012], which is defined as 10ISNR 20log x

n



 

  
 

 , where 

x  denotes the standard deviation of the DW images. The Daubechies wavelets with four 

decomposition levels are used; the ISNR is set to 30 dB. For the simulated cardiac DTI 

dataset, the regularization parameter   and  are set to 0.1 and 0.0001, respectively. In 

algorithm 2, the radius of window size for the nonlocal neighbors   was chosen to be 3, the 

radius of local patch size m  was chosen 3, and the strength of the filtering h  is set to 0.005. 

5.3.4 Effects of sampling rates 

Comparisons of the reconstruction performance with sampling rates of 10%~50% and 
ISNR 30dB for simulated and real human cardiac data are illustrated in Fig. 5.5 and Fig. 5.6. 
From the figures, it can be seen that the proposed method based on low rank constraint 
achieves better reconstructions with lower RMSE of FA and MD compared with joint sparsity 
method. On the other hand, using low rank with NLTV constraint approach has lower 
reconstruction RMSE of FA and MD than using low rank with TV constraint, especially for 
the real human heart dataset. 

 
(a) 

 
(b) 

Fig. 5.5 Performance comparisons on simulated heart data with ISNR 30dB. (a) RMSE of FA; (b) RMSE of MD 

 

(a) 

 

(b) 

Fig. 5.6 Performance comparisons on real human heart data with ISNR 30dB. (a) RMSE of FA; (b) RMSE of MD 
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5.3.5 Maps of FA and MD 

Fig. 5.7 and Fig. 5.8 illustrated the maps of FA and MD on simulated and real heart data 
with the sampling rate of 25% and ISNR 30dB. In these calculations, the involved diffusion 
tensors corresponding to the complete k-space were taken as the references. As shown in 
figures, the FA and MD maps with the proposed method are visually better than those 
obtained with joint sparsity with TV model. 

 

 

Fig. 5.7 Maps of FA (first row) and MD (second row) of the simulated human heart data with the sampling rate of 
25% and ISNR 30dB. (a) Reconstruction from the complete k-space data; Reconstructions from undersampled k-

space using (b) joint sparsity with TV; (c) low rank with TV; and (d) the low rank with NLTV methods. 

 

 

Fig. 5.8 Maps of FA (first row) and MD (second row) of the real human heart data with the sampling rate of 25% 
and ISNR 30dB. (a) Reconstruction from the complete k-space data; Reconstructions from undersampled k-space 

using (b) joint sparsity with TV; (c) low rank with TV; and (d) the low rank with NLTV methods. 
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5.3.6 Tensor fields visualization 

Fig. 5.9 and Fig. 5.10 illustrated the reconstructed tensor fields obtained using the three 
methods (the Joint Sparsity with TV, the Low Rank with TV, and the Low Ran with NLTV) 
on simulated and real human cardiac data with sampling rates of 15% (approximation 
acceleration factors 6) and ISNR 30dB. From the figures, we can see that the reconstructed 
tensor fields of the proposed method gives greater the visual effects and visually comparable 
with the references.  

 

 

Fig. 5.9 The reconstruction tensor fields on simulated human heart data with sampling rates 15% and ISNR 30dB 
using the different methods. (a) Reconstruction from the complete k-space data; Reconstructions from 

undersampled k-space using (b) joint sparsity with TV; (c) low rank with TV; and (d) the low rank with NLTV 
methods. 

 

 

Fig. 5.10 The reconstruction tensor fields on real human heart data with sampling rates 15% and ISNR 30dB using 
the different methods. (a) Reconstruction from the complete k-space data; Reconstructions from undersampled k-

space using (b) joint sparsity with TV; (c) low rank with TV; and (d) the low rank with NLTV methods. 

5.3.7 Effects of regularization parameters 

The regularization parameters   and   were empirically determined for the proposed 

methods. Different values were tested for   (fixing =0.1 ). As illustrated in Fig. 5.11 (a) 

and (b), the reconstruction RMSE of FA and MD on simulated data changed slightly when   

was smaller than 1e-03. Based on these results,   and   were set to 0.1 and 0.0001, 

respectively. 
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(a) (b) 

Fig. 5.11 Effects of regularization parameters. (a) RMSE of FA on simulated data; (b) RMSE of MD on simulated 
data. 

5.4 Conclusion 

This chapter proposed two efficient methods for reconstructing DTMR images from 
undersampled k-space data using compressed sensing. The proposed method exploits image 
correlation across diffusion directions via low rank regularization. The results on both 
simulated and real human cardiac DW images showed that the proposed method provides 
more accurate reconstructions and more accurate DTI indices compared with the state-of-the-
art CS DTMR image reconstruction techniques 
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Résumé en français 

Le sous-échantillonnage des données espace k fournit un moyen efficace pour réduire la 
quantité de données à acquérir tout en maintenant la qualité d'image. Le sous-échantillonnage 
purement aléatoire de l'espace k est généralement impossible en raison de considérations 
matérielles et physiologiques. Le sous-échantillonnage radial est le plus populaire parmi les 
échantillonnages de l’espace k non-cartésiens, parce qu'il a une sensibilité au mouvement plus 
faible par rapport aux trajectoires cartésiennes et les artefacts de reconstruction linéaire 
ressemblent plus au bruit. Par conséquent, l'imagerie radiale est une stratégie prometteuse de 
sous-échantillonnage pour accélérer l’acquisition. Ce chapitre vise à étudier différents 
schémas d'échantillonnage radial ainsi que la reconstruction de l’image en utilisant CS. En 
particulier, nous proposons deux schémas de sous-échantillonnage radial perturbés 
aléatoirement: angle d’or et angle aléatoire. Les méthodes proposées sont comparées avec les 
méthodes existantes, y compris l’angle uniforme, l’angle uniforme perturbé aléatoirement, 
l’angle d’or et l’angle aléatoire. Les résultats sur des images simulées et réelles pondérées en 
diffusion du cœur montrent que, pour la même quantité de données de l'espace k, un 
échantillonnage aléatoire autour d’une ligne radiale aléatoire génère une meilleure qualité de 
reconstruction en termes d’anisotropie fractionnelle (FA) et diffusivité moyenne (MD), et que 
le sous-échantillonnage de l’angle d’or perturbé aléatoirement donne les meilleurs résultats 
pour la reconstruction CS des images en imagerie du tenseur de diffusion (DTI) cardiaque. 
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Abstract 

Undersampling of k-space data provides an effective way to reduce the amount of data to 
acquire while maintenaining image quality. Purely random undersampling of k-space is 
generally impractical due to hardware and physiological considerations. Radial 
undersampling is one of the most popular non-Cartesian k-space sampling schemes, because 
it has relatively lower sensitivity to motion than Cartesian trajectories and artifacts from linear 
reconstruction are more noise-like. Therefore, radial imaging is a promising strategy of 
undersampling to accelerate acquisitions. This chapter aims to investigate the various radial 
sampling schemes as well as reconstruction using CS. In particular, we propose two randomly 
perturbed radial undersampling schemes: golden-angle and random angle. The proposed 
methods are compared with existing radial undersampling methods: uniformity-angle, 
randomly perturbed uniformity-angle, golden-angle, random angle. The results on both 
simulated and real human cardiac DW images show that for the same amount of k-space data, 
randomly sampling around a random radial line results in better reconstruction quality in 
terms of fractional anisotropy (FA) and mean diffusivities (MD), and that the randomly 
perturbed golden-angle undersampling yields the best results for cardiac CS-DTMR image 
reconstruction. 
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6.1 Introduction 

To date, almost all clinical MR imaging is performed by acquiring k-space along a 
Cartesian trajectory. Data are sampled line-by-line on a rectangular grid. However, k-space 
can also be sampled in an arbitrary non-Cartesian manner, and different sampling trajectories 
will have different properties and implications for the reconstructed image [Wright et al., 
2014]. Radial sampling is one of the most frequently non-Cartesian k-space sampling 
schemes, first proposed by Lauterbur in 1973 [Lauterbur, 1973], which sampling the k-space 
signal along spokes instead of line by line of k-space sampling. Radial acquisitions is very 
fast and is less susceptible to object motion and ghosting artifacts than Cartesian trajectories, 
it can be significantly undersampled [Block et al., 2007, Lustig, 2008]. Radial sampling is by 
far the best suited practical and efficient sampling scheme, and is a promising strategy of 
undersampling to accelerate acquisitions [Lustig, 2008, Majumdar et al., 2012]. In the 
Traditionally uniform radial sampling scheme, the k-space is sampled with equally spaced 
radial lines, which is restricted to a constant length of the acquisition window and requires a 
new scan for each desired temporal resolution. Therefore, the Golden Ratio based profile 
acquisition scheme were proposed to provides a nearly uniform profile distribution for an 
arbitrary number of profiles [Winkelmann et al., 2007] and widely applied for MRI , dynamic 
volumetric MRI [Feng et al., 2014], and . Other classical radial sampling strategies including 
bit-reversed [Chan et al., 2012] and radial with random angles [El-Metwally et al., 2008]. 

Undersampling of radial k-space data provides an effective way to reduce the amount of 
acquired data while keeping the image quality. In the radial sampling, the number of sample 
points in the center of k-space is much higher for the low spatial frequencies (in the central 
region) than the surrounding of k-space. It is means that sampling the low frequencies more 
densely than high frequencies [Block, 2008]. Hence, reconstruction from the radial sampling 
trajectories is more complicated that cannot be obtained by inverse 2D Fourier transform. 
Conventional image reconstruction from radial data using projection reconstruction 
algorithms [Lauterbur, 1973, Glover et al., 1992, Peters et al., 2000] or k-space interpolation 
schemes (e.g. gridding [Jackson et al., 1991, Fessler et al., 2003, Sha et al., 2003, Block et al., 
2007, Fessler, 2007, Yang et al., 2014]).  

Recently, Compressed Sensing (CS) appeared as a new mathematical theory for 
accelerating data acquisitions with high quality from significantly under-sampled data via 
non-linear reconstruction algorithm [Candes et al., 2006a, Donoho, 2006]. An essential 
ingredient of CS is incoherent sampling. Pure random undersampling of k-space simplify the 
mathematical proofs and in particular to guarantee a very high degree of incoherence. But, 
sampling a completely random subset of k-space is generally impractical due to hardware and 
physiological considerations [Lustig, 2008, Lustig et al., 2008]. In radial sampling, 
undersampling k-space along spokes can be seen as an approximation of a random sampling 
scheme and also have a variety of significant non-random structures. 

The effects of CS applied to different radial sampling schemes (e.g. uniform-angle, golden-
angle, bit-reversed, and random sampling) has been investigated, and the expriments 
demonstrate that the Golden-angle sampling outperforms the other radial sampling schemes 
for the Breast MRI [Chan et al., 2012] and for the myocardial perfusion MR imaging (MPI) 
[Lingala et al., 2013]. Combination of compressed sensing, parallel imaging, and radial 
sampling provides a fast and flexible way to reduce the amount of acquired data while 
keeping the integrity of relevant data information. It has been rapidly gaining popularity in 
different areas of science, and shown to dramatically improve the quality of undersampled 
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images in MRI [Block et al., 2007, Lustig, 2008], dynamic MRI [Xie et al., 2010, Nam, 2012, 
Feng et al., 2014], Myocardial Perfusion MRI [Adluru et al., 2009, Lingala et al., 2013],  

Randomly perturbed uniform radial trajectories increase the incoherence in radial CS-MRI, 
significantly reduce the streaking artifacts and further improve image quality [A. Bilgin, 
2008]. This chapter aims to investigate the radial sampling and various radial sampling 
schemes as well as reconstruction using CS. In particular, we propose two randomly 
perturbed radial undersampling schemes: golden-angle and random angle. The proposed 
methods are compared with existing radial undersampling methods: uniformity-angle, 
randomly perturbed uniformity-angle, golden-angle, random angle. The experiments are 
carried out on both simulated and real human cardiac DW images and reconstruction results 
are assessed in terms of fractional anisotropy (FA) and mean diffusivities (MD). 

This chapter is organized as follows. Section 6.2 describes the experimental material and 
method, including datasets, sampling scheme and experiment condition. Section 6.3 
demonstrates the undersampling scheme’s performance using simulation and real human 
cardiac datasets; Finally the conclusion is drawn in Section 6.4. 

6.2 Experimental method 

6.2.1 Cardiac datasets and Evaluation criteria 

The experiments were carried out on both simulation and real human cardiac DTMR 
datasets (see Fig. 6.1). Simulated DW images were generated as proposed in [Wang et al., 
2012], which using physical measurements from polarized light imaging (PLI) to generate 
realistic DW images at different diffusion gradient directions. Simulated DTI data were 
obtained with diffusion gradient directions applied in 42 directions, the DW images were 

obtained with diffusion sensitivity 21000b s mm , and the image size of 128×128, as shown 

in Fig. 6.1(a). 
 

(a) 
 

(b) 

Fig. 6.1 Reference human cardiac DW images. (a) Simulated data; (b) real data. 

The real data have been collected using ex-vivo samples of human heart [Helm et al., 
2005a, Helm et al., 2005b, Helm et al., 2006]. The corresponding acquisition parameters are 
the following: The image size of 256×256×134, the image spatial resolution is 0.43×0.43×1.0 
mm3, and 21 diffusion gradient direction. In the experiment of this chapter, we chose slice 70. 
In Fig. 6.1(b) is shown the DW image in slice 70 and diffusion gradient direction 3th. The 
dataset can be downloaded from the website http://cvrgrid.org/data/ex-vivo. 
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To quantitatively compare different undersampling mask, the RMSE of FA, RMSE of MD 
are calculated as defined in Eq.(4.11) to Eq.(4.13) of chapter 4. The observation measurement 

b  is corrupted by complex Gaussian white noise   with standard deviation n . The latter is 

derived from the associated input SNR (ISNR) [Carrillo et al., 2012], which defined in as:

10ISNR 20log x

n



 

  
 

, where x  denotes the standard deviation of the DW images. In the 

expriment, the ISNR is set to 30dB. 

6.2.2 Sampling schemes 

Radial lines are perturbed by adding slight random deviations taken from Guassian 
distribution with zero mean and varying variances, as demonstrated in Fig. 6.2. The six 
different radial k-space sampling schemes are shown in Fig. 6.3, that is uniformity-angle, 
golden-angle, random-angle sampling and the corresponding randomly perturbed sampling. 
The sampling ratio in k-space is set to be approximately 10% (i.e. keeping 10% of the 
complete k-space data).  

 
 Uniform-angle: The angle between samples on neighboring spokes (or also called 

views or profiles) are incremented by the constant angle increment 
180

K
  , K  is 

the number of spokes. For a set of exactly spokes, this provides the most uniform 
azimuthal data distribution, as shown in Fig. 6.3(a). 

 Gloden-angle: Radial projections are successively incremented by the golden angle 

5 1
180 111.25

2
 

     . The Golden Ratio based profile acquisition scheme 

were proposed to provide a nearly uniform azimuthal profile distribution in k-space 
for an arbitrary number of profiles [Winkelmann et al., 2007]. A relatively well-
distributed set is shown in Fig. 6.3(b). 

 Random-angle: In this case, spokess are generated from random angles that are 
uniformly distributed. A reference k-space sampling with sampling ratio 
approximate 10% is shown in Fig. 6.3(c). From the figure, we can see that the 
randomly placed sprokes are clustered in certain regions.  

 

 

Fig. 6.2 Demonstrate the randomly perturbed radial lines. 
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(a) (b) (c) 

 
(d) (e) (f) 

Fig. 6.3 Reference k-space sampling masks in one diffusion direction with sampling rate of 20%. (a) uniform-
angle; (b) golden-angle; (c) random-angle; (d)-(f) randomly perturbed (a)-(c), respectively. 

6.3 Experimental results  

6.3.1 Effects of sampling rates 

Fig. 6.4 and Fig. 6.5 (RP is the abbreviation of randomly perturbed) compare the 
reconstruction performance of the different radial sampling mask with sampling rates of 
10%~50% for simulated and real human cardiac data. As illustrated in figures, the 
reconstruction of undersampled randomly perturbing the radial data resulted in significant 
reduction of reconstruction error compared to regular radial trajectories. On the other hand, 
the reconstruction error of the uniform-angle and golden-angle radial sampling was almost 
identical, and less than randomized-angle sampling. 

6.3.2 Maps of FA and MD 

Fig. 6.6 and Fig. 6.7 map FA and MD on simulated heart data with a 25% sampling rate, 
which corresponds to an acceleration factor of 4. In these calculations, the involved diffusion 
tensors corresponding to the complete k-space were taken as references. As shown in Fig. 6.6 
and Fig. 6.7, the FA and MD maps with the uniform-angle and golden-angle undersampling 
scheme are visually better than those obtained with randomized-angle sampling scheme.  

Fig. 6.8 and Fig. 6.9 map FA and MD on real heart data with a 25% sampling rate, which 
corresponds to an acceleration factor of 4. In these calculations, the involved diffusion tensors 
corresponding to the complete k-space were taken as references. As shown in Fig. 6.8 and Fig. 
6.9, the FA and MD maps with the uniform-angle and golden-angle undersampling scheme 
are visually better than those obtained with randomized-angle sampling scheme. 
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(a) (b) 

Fig. 6.4 Performance comparisons on simulated data with different sampling rates (RP is the abbreviation of 
randomly perturbed). (a) RMSE of FA; (b) RMSE of MD. 

 

(a) (b) 

Fig. 6.5 Performance comparisons on real data with different sampling rates (RP is the abbreviation of randomly 
perturbed). (a) RMSE of FA; (b) RMSE of MD. 
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Fig. 6.6 Maps of FA of the simulated human heart data with 25% sampling rates. (a) Reconstruction from the 
complete k-space data. Reconstructions from undersampled k-space using (b) uniform-angle radial, (c) golden-

angle radial, (d) random-angle radial, and (e)-(g) the corresponding randomly perturbed radial sampling of (b)-(d). 

 
 

 

Fig. 6.7 Maps of MD of the simulated human heart data with 25% sampling rates. (a) Reconstruction from the 
complete k-space data. Reconstructions from undersampled k-space using (b) uniform-angle radial, (c) golden-

angle radial, (d) random-angle radial, and (e)-(g) the corresponding randomly perturbed radial sampling of (b)-(d). 
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Fig. 6.8 Maps of FA of the real human heart data with 25% sampling rates. (a) Reconstruction from the complete 
k-space data. Reconstructions from undersampled k-space using (b) uniform-angle radial, (c) golden-angle radial, 

(d) random-angle radial, and (e)-(g) the corresponding randomly perturbed radial sampling of (b)-(d). 

 

Fig. 6.9 Maps of MD of the real human heart data with 25% sampling rates. (a) Reconstruction from the complete 
k-space data. Reconstructions from undersampled k-space using (b) uniform-angle radial, (c) golden-angle radial, 

(d) random-angle radial, and (e)-(g) the corresponding randomly perturbed radial sampling of (b)-(d). 

 

6.3.3 Tensor fields visualization 

Fig. 6.10 and Fig. 6.11 shows the reconstructed tensor fields obtained using the six radial 
undersampling scheme (the uniformity-angle, golden-angle, random-angle sampling and the 
corresponding randomly perturbed sampling) on simulated and real human cardiac data with 
sampling rates of 25% (approximation acceleration factors 4) and ISNR 30dB, respectively. 
From the figures, we can see that the reconstructed tensor fields of the undersampled 
randomly perturbing the radial data resulted gives greater the visual effects compared to 
regular radial trajectories. 
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Fig. 6.10 The reconstruction tensor fields on simulated human heart data with sampling rates 25% and ISNR 30dB 
(Diffusion tensor field represented by arrows and ellipsoid. In order to enhance the orientation of the cardiac fibers, 

the tensor image is sampled with a ratio of 3 to1, and shown on the top right corner of the each sub-figure). (a) 
Reconstruction from the complete k-space data. Reconstructions from undersampled k-space using (b) uniform-
angle radial, (c) golden-angle radial, (d) random-angle radial, and (e)-(g) the corresponding randomly perturbed 

radial sampling of (b)-(d). 

 

Fig. 6.11 The reconstruction tensor fields on real human heart data with sampling rates 25% and ISNR 30dB 
(Diffusion tensor field represented by arrows. In order to enhance the orientation of the cardiac fibers, the tensor 

image is sampled with a ratio of 3 to1, and shown on the top right corner of the each sub-figure). (a) 
Reconstruction from the complete k-space data. Reconstructions from undersampled k-space using (b) uniform-
angle radial, (c) golden-angle radial, (d) random-angle radial, and (e)-(g) the corresponding randomly perturbed 

radial sampling of (b)-(d). 
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6.4 Conclusion 

This chapter proposed two randomly perturbed radial undersampling scheme for cardiac 
CS-DTMR imaging, that is randomly perturbed golden-angle and random-angle 
undersampling scheme. The effects of CS for cardiac DTMR imaging applied to several 
different radial k-space sampling schemes (uniformity-angle, golden-angle, random-angle 
sampling and the corresponding randomly perturbed sampling ). The results demonstrate that 
the experiments show that the choice of radial sampling pattern influences the reconstruction 
performance in CS-DTMR imaging. The CS reconstruction of undersampled randomly 
perturbing the radial data resulted in significant reduction of reconstruction error compared to 
regular radial trajectories. On the other hand, the uniformity-angle and golden-angle radial 
undersampling scheme more suitable for cardiac CS-DTMR image reconstruction. 
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7.1 Contributions 

The research work presented in this thesis deals with the fast imaging techniques for MRI 
and more particularly for cardiac DTI based on the recent theory of CS. 

Our first contribution is on the development of an improved CS reconstruction method for 
MR images by combining data-driven tight frame (data-driven TF) constraint and Total 
generalized variation (TGV) regularization together. The proposed reconstruction algorithm 
exploits data adaptive of data-driven TF and “selectively regularizes” of TGV to provide a 
better sparse approximation of images with varying content, and preserves sharp edges and 
fine structure of images. The experimental results demonstrate that the proposed approach 
improves the reconstruction performance, and preserves various image features (including 
edges and textures) in comparison with other commonly used sparsifying transforms for CS-
MRI 

Our second contribution concerns the study of a new CS reconstruction method that 
employs joint sparsity and rank deficiency prior to reconstructing cardiac DTMR images from 
the undersampled k-space data. Diffusion weighted images acquired in different diffusion 
directions are firstly stacked as columns to form the matrix. Such matrix is row sparse (i.e. 
few non-zero rows) in transform domain and also has a low rank. These two properties are 
then incorporated into the CS reconstruction framework. The experiments were carried out on 
both simulation and real human cardiac DTMR images. The results demonstrate that the 
proposed approach has lower reconstruction errors in terms of DTI indices, including 
fractional anisotropy (FA), mean diffusivities (MD), transverse angle and helix angle, 
compared to the existing CS-DTMR image reconstruction techniques. 

Our third contribution is about the use of CS scheme with low rank constraint and total 
variation (TV) regularizations for reconstructing cardiac DTI images from highly 
undersampled k-space data. Two TV regularizations are considered: local TV (i.e. classical 
TV) and nonlocal TV (NLTV). The local TV constraint yields an effective removal of 
undersampling artifacts as well as an edge-preserving denoising of the image. The NLTV 
method can avoid blocking effects and preserve image details effectively. The experiments 
were carried out on both simulated and real human cardiac diffusion weighrted (DW) images. 
The results show that the proposed approaches present lower reconstruction errors compared 
to existing CS-DTI image reconstruction techniques, in terms of DTI indices such as 
fractional anisotropy (FA) and mean diffusivities (MD) 

Our fourth contribution is on the investigation of various radial sampling schemes as well 
as reconstruction using CS. In particular, two randomly perturbed radial undersampling 
schemes (golden-angle and random angle) were proposed. The proposed methods were 
compared with existing radial undersampling methods such as uniformity-angle, randomly 
perturbed uniformity-angle, golden-angle, random angle. The results on both simulated and 
real human cardiac DW images show that for the same amount of k-space data, randomly 
sampling around a random radial line results in better reconstruction quality in terms of 
fractional anisotropy (FA) and mean diffusivities (MD), and that the randomly perturbed 
golden-angle undersampling yields the best results for cardiac CS-DTMR image 
reconstruction. 
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7.2 Discussion and perspectives 

This present work proposed several efficient methods for reconstructing MRI and cardiac 
DTMR images from highly undersampled k-space data and investigated two radial 
undersampling schemes for cardiac DTMR based on the CS theory. The conducted 
experiments have demonstrated the effectiveness of our methods. In the light of these results, 
a number of interesting points can be formulated for future work: 
 The results presented in this dissertation being on ex vivo heart, it would be interesting 

to apply the methods to in vivo cardiac DTI.  
 The global low rank methods capture the global correlation among the whole images, 

but it completely ignores any local information. It would be interesting to use local 
low rank to improve reconstruction performance for cardiac CS-DTI. 

 It is well known that parallel imaging technique can allow obtaining higher 
acceleration factors. Combining CS, parallel imaging and non-Cartesian trajectories 
may further speed up data acquisition and reduce cardiac motion artefacts for the DTI 
of the human heart. 

 High Angular Resolution Diffusion Imaging (HARDI) has received recently intensive 
attention. It will be interesting to extend the proposed methods to HARDI. 
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