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Résumé: : L’hétérogénéité et l'irrégularité croissante des déploiements des réseaux
sans fil de nouvelles générations soulevent des défis importants dans I’évaluation de
performances de ces réseaux. Les modeles classiques s’appuyant sur des modeles hexag-
onaux pour décrire les emplacements géographiques des noeuds de transmission sont
difficilement adaptables a ces réseaux. Dans ce contexte, il a été proposé un nouveau
paradigme de modélisation des réseaux sans fil qui s’appuie sur les processus ponctuels
de Poisson (PPP), et de maniere générale sur la géométrie stochastique. L’analyse, au
travers de ces outils mathématiques, présente une complexité indépendante de la taille
du réseau, et permet d’estimer avec précision des quantités pratiques liées aux per-
formances des réseaux cellulaires. Cette these a porté sur la faisabilité mathématique
de l'approche fondée sur les PPP en proposant de nouvelles méthodes mathématiques

d’approximations justes incorporant des modeles de propagation du canal radio.

Dans un premier temps, un nouveau cadre mathématique, considéré comme une ap-
proche Equivalent—-in-Distribution (EiD), a été proposée pour le calcul exact de la prob-
abilité d’erreur dans les réseaux cellulaires. L’approche proposée, s’appuyant donc sur
la géométrie aléatoire et des modeles spatiaux, montre une complexité faible en terme
d’évaluation numérique et est applicable & un grand nombre de configurations MIMO
pour lesquelles nous considérons différentes techniques de modulation et techniques de

récupération du signal.

Dans un deuxiéme temps, nous étudions les performances des réseaux cellulaires en
présence de relais, ou trois processus ponctuels de Poisson modélisent respectivement
les noeuds relais, les stations de base, et les terminaux mobiles. Pour ce modele, nous
avons considéré des criteres souples d’association. Le cadre mathématique proposé et
les résultats associés ont montré que les performances dépendent fortement des ex-
. s . .
posants des fonctions d’atténuation sur les deux premiers sauts sans fil. Nous montrons
aussi qu'une mauvaise configuration du réseau peut amener a des gains négligeables de

I'utilisation de cette technique.

Enfin, nous considérons la modélisation des réseaux cellulaires au travers d’'un PPP et
d’un modele unifié d’atténuation de signal généralisée qui prend en compte deux types

de liaisons physiques : line-of-sight (LOS) et non-line-of-sight (NLOS). Un modele



ii

de complexité réduite décrivant les propriétés de la liaison radio a aussi été proposée et
permet de prendre en compte dans nos calculs un grand nombre de modele radio proposés
dans la littérature. Les résultats montrent, entre autres, qu'une densité optimale pour le
déploiement des BS existe lorsque les liens LOS/NLOS sont classés en fonction de leur
charge. Nous comparons nos résultats, s’appuyant donc sur un PPP pour modéliser la
position des stations de bases et notre modele de canal radio, avec des simulations de
Monte Carlo décrivant des déploiements réels de stations de bases et un modele de type

blocages de construction empiriques. Une bonne correspondance est observée.
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Abstract: The increasing heterogeneity and irregular deployment of the emerging wire-
less networks give enormous challenges to the conventional hexagonal model for abstract-
ing the geographical locations of wireless transmission nodes. Against this backdrop, a
new network paradigm by modeling the wireless nodes as a Poisson Point Process (PPP),
leveraging on the mathematical tools of stochastic geometry for tractable mathematical
analysis, has been proposed with the capability of fairly accurately estimating the per-
formance of practical cellular networks. This dissertation investigated the mathematical
tractability of the PPP-based approach by proposing new mathematical methodologies,

fair approximations incorporating practical channel propagation models.

First, a new mathematical framework, which is referred to as an Equivalent—in—Distribution
(EiD)-based approach, has been proposed for computing exact error probability of cellu-
lar networks based on random spatial networks. The proposed approach is easy to com-
pute and is shown to be applicable to a bunch of multi-input-multi-output (MIMO)
setups where the modulation techniques and signal recovery techniques are explicitly

considered.

Second, the performance of relay—aided cooperative cellular networks, where the relay
nodes, the base stations, and the mobile terminals are modeled according to three in-
dependent PPPs, has been analyzed by assuming flexible cell association criteria. It is
shown from the mathematical framework that the performance highly depends on the
path-loss exponents of one-hop and two-hop links, and the relays provide negligible gains

on the performance if the system is not adequately designed.

Third, the PPP modeling of cellular networks with unified signal attenuation model
is generalized by taking into account the effect of line-of-sight (LOS) and non-line—
of-sight (NLOS) channel propagation. A tractable yet accurate link state model has
been proposed to estimate other models available in the literature. It is shown that an
optimal density for the base stations (BSs) deployment exists when the LOS/NLOS links
are classified in saturate load cellular networks. In addition, the Monte Carlo simulation
results of the real BSs deployments with empirical building blockages are compared with
those with PPP distributed BSs with the proposed link state approximation at the end

of this dissertation as supplementary material. In general, a good matching is observed.



Acknowledgements

First of all, I would like to extend my sincerest thanks and appreciations to my supervisor
Dr. Marco Di Renzo and Dr. Anthony Busson for their kind guidance and continual
inspiration during my studying. Working with them in the past three years is an exciting
and valuable experience. Specifically, Marco’s close guidance, his mathematical rigor and
perfection in my work has helped me mature as a researcher. In addition to my advisor,
my would like to thank my committee members Prof. Pierre Duhamel, Prof. Francois
Baccelli, Prof. Robert Schober, Prof. Laurent Decreusefond, and Prof. Ali Ghrayeb for

their constructive comments on my thesis.

A special thank is also extended to my colleague and my friend, Peng Guan, for his
encouraging and patience to listen to my ideas and help me in every possible ways. I
also want to thank the secretaries in the Laboratory of Signal and System, Maryvonne
Giron and Delphine Maucherat for providing comfortable research environment and

taking care of the administrative matters.

Most importantly, I would like to thank my parents, Xuzong Lu and Aixin Hou for
their unconditional love and support throughout my life. Last but not least, I also
want to thank my loving girlfriend, Wei Jiang, who is always there for me, patient and

supportive.

The work in this dissertation is supported in part by the European Commission under
the auspices of the FP7-PEOPLE MITN-CROSSFIRE project (grant 317126).



Contents

Acknowledgements i
Contents ii
Abbreviations v
Notations and Symbols vi
1 Introduction 1
1.1 Background . . . . . .. L 1
1.2 Publications . . . . . . . . . ... 3
1.3 Contributions and Recognitions . . . . . . . . ... ... ... ... ... 5
1.4 Organization of the dissertation . . . . . ... ... ... ... ... .... 8

2 The Equivalent-in-Distribution based approach for error performance

evaluation 10
2.1 Imtroduction . . . . . . . . . L 10
2.2 System Model . . . . . . . . e 12
2.3  The framework for SISO transmission over Nakagami-m fading . . . . . . 16
2.4 Extension to MIMO Cellular Networks . . . . . .. ... ... ... .... 25

2.4.1  Single-Input-Multiple-Output (SIMO) Transmission over Rayleigh
Fading . . . . . . . o e 27

2.4.2  Orthogonal Space-Time Block Coding (OSTBC) Transmission over
Rayleigh Fading . . . .. .. .. ... ... ... ... 27
2.4.3 Zero-Forcing (ZF) MIMO Receiver over Rayleigh Fading . . . . . . 30
2.4.4  Zero-Forcing MIMO Precoding over Rayleigh Fading . . . . . . .. 31
2.5 Insights from the Mathematical Framework . . . .. ... ... ... ... 33
2.6 Numerical and Simulation Results . . . .. ... ... ... .. ...... 35
2.7 Conclusion . . . . . . . e 38
Appendix 2.A Useful Notable Integrals . . . . . ... ... ... ... .. ... 40
Appendix 2.B  Proofs of Propositions and Lemmas . . . . . . . ... ... ... 42
Appendix 2.C Proofs of Theorems and Corollaries . . . . . . . ... ... ... 46
Appendix 2.D Proof of Proposition 2.3 . . . . . ... ... oL 49
3 Stochastic Geometry Analysis of Relay-aided Cellular Networks 50
3.1 Imtroduction . . . . . . . . . . 50
3.2 System Model . . . . . . . .. 53

3.2.1 Network Deployment Modeling . . . . . ... ... ... ...... 53

ii



Contents 1ii

3.2.2 Channel Modeling . . . . ... ... ... . 54
3.2.3  Cell Association and Relaying Protocol . . . ... ... ... ... 55
3.24 Load Modeling . . . . . ... ... .. 59
3.3 Problem Formulation and Useful Lemmas . . . .. ... ... ... .... 62
3.3.1 Problem Formulation . .. ... ... ... ............. 64
3.3.2 Useful Lemmas . . . . ... ... ... . 68
3.4 System-Level Performance Evaluation . . . ... ... ... ........ 68
3.4.1 Coverage Probability . . . . . ... .. ... .. 70
3.4.2 Average Rate . . . . . . . . . .. ... ... 75
3.4.3 Performance Trends, Design Insight and System-Level Optimization 76
3.5 Numerical and Simulation Results . . . . ... ... ... ... ...... 82
3.6 Conclusion . . . . .. . . . . .. 90
Appendix 3.A Lemma 3.1, Lemma 3.2 and Lemma 3.3 . .. ... ... .. .. 91
Appendix 3.B  Proofs of Proposition 3.1 . . . . . .. ... ... ... ...... 93

4 Stochastic Geometry Modeling and Analysis of Cellular Networks over

Multi-State Channel Model 102
4.1 Introduction . . . . . . . . .o 102
4.2 System Model . . . . . . . .. 104
4.2.1 Base Stations Modeling . . . . . .. ... 0oL 104
4.2.2 Link States Modeling . . . . . .. ... ... ... .. .. ..., 105
4.2.3 Channel Modeling . . . . . ... ... ... oL 106
4.2.3.1 Path-Loss Modeling . . . .. ... .. .. .. ....... 106

4232 FastFading. . .. .. ... .. o 107

4.2.4 Radiation Pattern Modeling . . . . . . . .. ... ... ... .. 107
4.2.5  Cell Association Criterion . . . . . . . .. ... ... ... ..... 108
4.2.6 Problem Formulation . .. .. ... ... ... ... ..., 109

4.3 Tractable Modeling on Link States and Radiation Patterns . . . .. . .. 111
4.3.1 Multi-ball Link State Approximation . . . . . . .. .. .. .. ... 111
4.3.2 Path-loss Intensity Matching . . . . . ... .. ... ... ..... 112
4.3.3 Multi-Lobe Radiation Pattern Approximation . . . . . .. .. ... 114
4.3.4 Radiation Pattern Matching . . . . . . . .. .. .. ... 115

4.4 The Coverage Probability of Cellular Networks . . . . .. .. .. .. ... 115
4.4.1 Preliminaries . . . . . . ... 115
4.4.2 Characteristic function of the aggregate interference . . . . . . .. 117
4.4.3 Prony approximation on the CDF of Gamma distribution . . . . . 119
4.4.4 Coverage Probability for Smallest path-loss Association . . . . .. 120
4.4.5 Coverage Probability for Highest Received Power Association . . . 121
4.4.6 Fast Fourier Transform Based Efficient Computation . . . . . . . . 122
4.4.7 Generalization . . . . . ... Lo 124

4.5 Performance Trends and Design Insights . . . . .. .. .. ... .. ... 125
4.6 Numerical and Simulation Results . . . . .. ... ... ... .. ..... 127
4.7 Conclusion . . . . . . . 131
Appendix 4.A Useful Notable integrals . . . . . .. ... ... ... ...... 132
Appendix 4.B  Proof of Propositions in Section 4.4.2 . . . . . . ... ... ... 133

5 Conclusion and Future Work 136



Contents iv
5.1 Summary . . ... e 136
5.2 Future work . . . . ..o 137

A Simulation and Experimental Validation of the PPP Abstraction with
Multi-State Channel Model 140
A1 Introduction . . . . . . . . . 140
A2 System Model . . . . . . . . . 141

A.2.1 Base Stations Modeling . . . . ... ... ... ... ... 141
A.2.2 Buildings Modeling . . . . . ... ... oL 143
A.2.3 Blockages Modeling . . . . ... ... ... .. L. 143
A.2.3.1 Empirical-Based Model . . . . ... ... ... ...... 143

A.2.3.2 Multi-Ball Approximation. . . . . . .. ... ... ..., 144

A.2.3.3 1-State Model . . . ... ... ... 144

A.2.4 Channel Modeling . . .. . ... ... .. .. L. 144
A.2.5 Cell Association Modeling . . . . . . . ... ... ... ... ... 145
A.2.6 Problem Statement . . . . . ... ... ... oL 146

A.3 Numerical Results: Experimental Validation . . . . . ... ... ... ... 146
Simulation Setup . . . . . ... ... L 146

Multi-Ball Approximation of the Blockages . . . .. .. .. 147

PPP-Based Modeling of the BSs . . . . ... ... ... .. 149

Achievable Performance: Impact of Blockages . . . . . . .. 150

A4 Conclusion . . . . . . e 150
Bibliography 152



Abbreviations

3GPP  3rd Generation Partnership Project

APEP Average Pairwise Error Probability

ASEP  Average Symbol Error Probability

BS Base Station

CCDF Complementary Cumulative Density Function
CDF Cumulative Density Function

CF Characteristic Function
CS1 Channel State Information
EiD Equivalent-in-Distribution

FFT Fast Fourier Transform

LOS Line-Of-Sight

LTE Long—Term Evolution

LTE-A Long—Term Evolution Advanced
MGF Moment Generating Function
MIMO Multiple-Input-Multiple-Output
MT Mobile Terminal

NLOS Non-Line-Of-Sight

PDF Probability Density Function
PPP Poisson Point Process

RN Relay Node

RV Random Variable

SINR  Signal to Interference plus Noise Ratio
SISO Single-Input-Single-Output
SIMO  Single-Input-Multiple-Output
ZF Zero Forcing



Notations and Symbols

e the Euler’s number
J = +/—1 the imaginary unit
0 the empty set
U the union of sets
N the intersection of sets
x<y the RVs X and Y are equivalent in distribution
T Xy the z is directly proportional to y
C the field of complex numbers
R the field of real numbers
()q the Pochhammer symbol with non-negative integer ¢
()! the factorial operator
(:) the binomial coefficient
x* the conjugate operators of a complex number x
|| the modulus operator of a complex number z
arg {x} phase operator of a complex number x
|Ix]] the norm of vector x
1 X]] the Frobenius norm of matrix X
xXH the Hermitian of matrix X
d(+) the Dirac delta function
1(9) the indicator function
Lo () the generalized indicator function
Ly (r) = 1ifr € [a,b), 1) (r) =0 if r ¢ [a,b)
H (") the Heaviside step function
H() =1—H(-), the complimentary Heaviside step function
] the round operator

vi



Notations

vii

E{}

Ex {-}
Eonx 1}
Re{:}
Im {-}
Pr{}

max {-, -}
min {-, -}
card{S}

INO)

F (dy,da)
Mx (s)
CFx (w)
CFx (w)

the expectation operator

the expectation with respect to X

the expectation with respect to all random variables except X
real part operator

imaginary part operator

the probability

the maximum function

the minimum function

the cardinality of the set S

the Gamma function [1, Eq. (6.1.1)]

the upper-incomplete Gamma function [1, Eq. (6.5.3)]
the lower-incomplete Gamma function [1, Eq. (6.5.2)]
hypergeometric function [2, Ch. IV]

Bessel function of the first kind [1, Eq. (9.1.10)]

Meijer G-function [3, Sec. 2.24]

a uniform distribution in (a, b)

a real Gaussian distribution with mean p and variance o2

a complex Gaussian distribution with mean p and variance o2
Gamma distribution with fading parameter m

and mean square value Q [4, Eq. (2.21)].

Chi-Square distribution with d degrees of freedom [5, Eq. (54)].
F-distribution [5, Eq. (61)] with parameters d; and da

the MGF of a real RV X, Mx (s) = E {exp (—sX)}

the CF of a real RV X, CFx (w) = E {exp (jwX)}

the CF of a complex RV X, w = (w1, w2)

CFx (w) = E{exp (j (wiRe {X} + w2Im {X}))}

the k-th output of the FFT of the discrete finite input f(zy,)



Chapter 1

Introduction

1.1 Background

Accurate yet tractable modeling of cellular networks and its performance evaluation
have been a longstanding open research problem in the communication society. The
most frequently considered base station (BS) geometry model is the hexagonal model
[6], where the BSs are placed ideally in a regular infinite hexagonal lattice. This model,
however, is considered to be too idealized even for modeling a carefully planed macro
cellular system since the real sites are usually deviated from its theoretical positions due
to the unavailability of candidate sites in their theoretical positions in reality. Moreover,
due to the increasing heterogeneity and densification of the emerging cellular networks,
where the small cell BSs are randomly overlaid within the macro cell, the accuracy
of the traditional hexagonal grid modeling, which has been used for decades, is ques-
tionable. Another limitation of the conventional hexagonal model is its mathematical
intractability. Explicit derivation of the performance of hexagonal wireless networks
by taking into account the effect of other-cell interference is intractable, thus, expen-
sive and time consuming system level simulation is needed for performance evaluation.
To this end, the bi-dimensional point process abstraction modeling [7], which leverages
tools from stochastic geometry for tractable characterization and performance analysis,

is increasingly attracting the attention of the research community.

Among all the point processes available in the literature, the homogeneous Poisson Point

Process (PPP) is the most popular one thanks to its tractability in the performance
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Ficure 1.1: BS deployemts and the voronoi cell, the triangle denotes the locations
of BSs, the solid line is the voronoi boundary: (a) Actual BS locations in London, (b)
hexagonal model, (c) PPP distributed BSs.

analysis and system optimization. The definition of the bi-dimensional PPP in the

Euclidean plane R? is as follows [8, Ch. 2]

Definition 1.1. The point process ® € R? is a PPP with intensity A if 1) for every
bounded closed set B C R?, the counting measure of the point process on B, ® (B),
follows a Poisson distribution with mean A [B], where [-] is the Lebesgue measure in two
dimensions and A is the expected number of points per unit area, and 2) ® (By), ® (B2),

-++, ®(By) are independent if By, Ba, ---, By are disjoint.

An illustration of the PPP distributed BSs, the hexagonal modeled BSs and the real
BS locations in an urban area in London, UK is available in 1.1, where the database of
the BSs locations is available from [9]. From the definition, the PPP-based abstraction
model indicates that the wireless nodes are distributed independently of each other
and no repulsion between nodes are considered. Obviously, it is an idealized model
that neglects the spatial correlation among the BSs. Its accuracy in modeling realistic
cellular networks in urban area is, however, surprisingly good compared to the hexagonal
lattice. More specifically, the authors in [10] compare the the PPP model with the grid
model and the real BS locations in a Long—Term Evolution (LTE) cellular network. They
have shown that the PPP approach provides a lower bound of the coverage probability of
realistic site deployment, whereas the grid counterpart provides an upper bound. In [11],
similar comparisons have been done by considering the real BS deployments in urban
areas in several metropolitans where the BS locations are from the public database. They
have concluded that the PPP model is more accurate than the hexagonal grid model

for modeling BSs in urban areas. Furthermore, the authors in [12] show that precise
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success probabilities of all motion-invariant point process can be obtained by shifting the
success probability curve of the PPP with the same density, which further stimulate the
motivation of studying the PPP distributed wireless networks. Inspired by its accuracy
and flexibility, the performance analysis, system design and optimization by using the
PPP-based approach have been one of the major interests in the communications society,

e.g., in [10, 13-27], and the references therein.

In my doctoral research, emphasis has been put on the mathematical tractability of
the PPP abstraction model regarding i) the end-to-end performance analysis of emerg-
ing cellular networks by taking into account the impact of network interference, ii) the
design of interference-aware transceivers that exploit the statistical knowledge of net-
work interference for performance improvement, iii) modeling, analyzing and optimiza-
tion of relay-aided cooperative cellular networks where the relay nodes are randomly
distributed, iv) system-level analysis and optimization of cellular networks with simul-
taneous wireless information and power transfer, and v) the performance evaluation of
cellular networks by explicitly taking into account the effect of line-of-sight(LOS) and
non-line-of-sight(NLOS) channel propagations. So far, six journal papers and nine con-
ference papers have been published /submitted incorporating the findings in the depicted
research interests. The full publication list and brief summaries of each journal paper

are given in the next section.

1.2 Publications

Journal Publications

[R1] Marco Di Renzo and Wei Lu, “The Equivalent-in-Distribution (EiD)-based Ap-
proach: On the Analysis of Cellular Networks Using Stochastic Geometry”, IEEE Com-
munications Letters, Vol. 18, No. 5, pp. 761-764, May, 2014.

[R2] Marco Di Renzo and Wei Lu, “End-to-End Error Probability and Diversity Analysis
of AF-based Dual-Hop Cooperative Relaying in a Poisson Field of Interferers at the

Destination”, IEEE Transactions on Wireless Communications, Vol. 14, No. 1, pp.15-
32, Jan 2015.
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[R3] Marco Di Renzo and Wei Lu, “On the Diversity Order of Selection Combining Dual-
Branch Dual-Hop AF Relaying in a Poisson Field of Interferers at the Destination”, IEEE
Transactions on Vehicular Technology, Vol. 64, No. 4, pp.1620-1628, April 2015.

[R4] Marco Di Renzo and Wei Lu, “Stochastic Geometry Modeling and Performance
Evaluation of MIMO Cellular Networks by Using the Equivalent-in-Distribution (EiD)-
Based Approach”, IEEE Transactions on Communications, Vol. 63, No. 3, pp.977-996,
March 2015.

[R5] Wei Lu and Marco Di Renzo, “Stochastic Geometry Modeling and System-Level
Analysis/Optimization of Relay-Aided Downlink Cellular Networks”, IEEE Transac-
tions on Communications, Vol. 63, No. 11, pp.4063-4085, November 2015.

[R6] Wei Lu and Marco Di Renzo, “System-Level Analysis/Optimization of Cellular
Networks with Simultaneous Wireless Information and Power Transfer: Stochastic Ge-

ometry Modeling”, submitted to IEEE Transactions on Vehicular Technology.

Conference Publications

[R7] Wei Lu and Marco Di Renzo, “Performance Analysis of Spatial Modulation MIMO
in a Poisson Field of Interferers”, International Conference on Computing, Networking

and Communications (ICNC), Hawaii, USA, February 3-6, 2014. Best Paper Nominated.

[R8] Wei Lu, Marco Di Renzo and Anthony Busson, “Stochastic Geometry Modeling
and Analysis of the Error Probability of Two-tier Cellular Networks”, EUCNC, Bologna,
Italy, June 23-26, 2014.

[R9] Wei Lu, Marco Di Renzo, “Performance evaluation of relay-aided cellular networks
by using stochastic geometry”, IEEE CAMAD, Athens, Greece, Dec 1-3, 2014. Best

Paper Award.

[R10] Wei Lu and Marco Di Renzo, “Interference-Aware Dual-Hop Cooperative Re-
laying in a Poisson Field of Interferers”, IEEE GLOBECOM, Austin, USA, Dec 8-12,
2014.

[R11] Wei Lu and Marco Di Renzo, “Stochastic Geometry Analysis of Multi-User MIMO
Cellular Networks Using Zero-Forcing Precoding”, IEEE ICC, London, UK, June 8-12,
2015.
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[R12] Wei Lu and Marco Di Renzo, “Accurate Stochastic Geometry Modeling and Anal-
ysis of mmWave Cellular Networks”, IEEE ICUWB, Montreal, Canada, Oct 4-7, 2015.

[R13] Wei Lu and Marco Di Renzo, “Stochastic Geometry Modeling of mmWave Cellular
Networks: Analysis and Experimental Validation”, IEEE M&N, Coimbra, Portugal, Oct
12-13, 2015.

[R14] Wei Lu and Marco Di Renzo, “Stochastic Geometry Modeling of Cellular Networks:
Analysis, Simulation and Experimental Validation”, ACM MSWiM, Cancun, Mexico,
Nov 2-6, 2015.

[R15] Wei Lu and Marco Di Renzo, “On Stochastic Geometry Analysis and Optimization
of Wireless-Powered Cellular Networks”, IEEE GLOBECOM, San Diego, USA, Dec 6-
10, 2015.

1.3 Contributions and Recognitions

The main findings of the published /submitted journal papers are summarized as follows:

In [R1], the Equivalent-in-Distribution (EiD)-based approach to the analysis of cellular
networks is introduced. It is based upon finding EiD representations of the aggregate
other-cell interference of cellular networks, which lead to tractable and exact mathe-
matical formulations of the Average Symbol Error Probability (ASEP) for arbitrary bi-
dimensional modulations. As a byproduct, a new lemma is introduced, which provides
a single-integral expression of the ASEP in terms of the Complementary Cumulative

Distribution Function (CCDF) of the Signal-to-Interference-plus-Noise-Ratio (SINR).

In [R2], the mathematical frameworks to the analysis of amplify—and—forward dual-hop
cooperative relaying protocols are provided in the presence of Nakagami—m fading, addi-
tive noise at the relay, as well as additive noise and symmetric alpha—stable interference
at the destination. Quasi—static and fast—varying interference scenarios are investigated,
which arise, e.g., when either the same or different interferers are active during the
broadcast and relaying phases, respectively. A maximal ratio combining demodulator
is studied, by assuming that the aggregate interference is either unknown (interference—

oblivious) or can be estimated (interference—aware) at the destination. Closed—form
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expressions of the end—to—end moment generating function are provided and the achiev-
able diversity order is studied for different setups. The diversity order is shown to depend
on the path-loss exponent of the interfering network. Under the assumption that the
transmit—powers of cooperative and interfering networks are independent, it is proved
that the interference—aware maximal ratio diversity combiner is capable of achieving
second—order diversity only asymptotically, as the amplitude path—loss exponent tends

to one.

In [R3], the diversity order of Selection Combining (SC) receiver and that of the Max-
imal Ratio Combining (MRC) receiver are investigated in the presence of randomly
distributed interferers at the destination. More specifically, an amplify—and—forward
dual-branch dual-hop cooperative relaying protocol in the presence of Nakagami—m
fading, additive noise at the relay, as well as additive noise and symmetric alpha—stable
interference at the destination is investigated. By contrasting the diversity order of SC
against the diversity of MRC studied in [R2], it is shown that both combining schemes
provide the same diversity order if the distribution of the aggregate interference is un-
known to the destination (interference-oblivious design). They may achieve a different
diversity order, on the other hand, if the aggregate interference can be estimated at the
destination (interference—aware design). Also, it is shown that the achievable diversity
order depends on the aggregate interference in the broadcast and relaying phases being

spatially correlated or independent.

In [R4], the EiD-based approach in [R1] to the analysis of Single-Input-Single-Output
(SISO) cellular networks for transmission over Rayleigh fading channels has been gen-
eralized to compute the error probability of the PPP distributed cellular networks in-
corporating a set of multiple-input-multiple-output (MIMO) structures, the modulation
techniques and signal recovery techniques. The rational of proposed approach relies
on finding a series of conditional compound Gaussian representation of the aggregate
interference from the demodulator. Then, the well-developed technologies for the error
probability analysis for end-to-end communication over additive-white-Gaussian-noise
(AWGN) channels can be applied if the non-Gaussian random variables are conditioned.
Finally, the exact error probability in the presence of non-Gaussian distributed interfer-
ence can be obtained by removing the conditions. This approach is shown to be appli-

cable to SISO networks with Nakagami—m fading, single-input-multiple-output (SIMO)
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networks with Rayleigh fading, and MIMO cellular networks over Rayleigh fading, in-
cluding spatial-multiplexing, orthogonal space-time block coding (OSTBC), zero-forcing
(ZF) reception and zero-forcing precoding. The performance trends with respect to the

MIMO setups are observed from an asymptotic analysis of the error probability.

In [R5], the performance of the relay—aided cellular networks is investigated where the
relay nodes, the BSs and the mobile terminals (MTs) are assumed to be distributed
according to two independent PPPs. A flexible cell association criterion and relay—aided
transmission protocol based on the biased average received power are considered. The
mathematical intractability, when dealing with the spatial correlation between the active
relays and serving BSs for cooperative transmission, has been solved through reasonable
approximations based on the geometry structure. It is shown, from the mathematical
frameworks, that the coverage and rate of the system highly depends on the path-loss
exponents of the one- and two-hop links, and a system level optimization is proposed by
modifying the biasing factors for the one- and two-hop transmission which maximizes

the coverage or the rate.

In [R6], a new mathematical approach for the analysis and optimization of cellular net-
works with simultaneous wireless information and power transfer is introduced. The
proposed methodology leverages stochastic geometry for system—level analysis of cellu-
lar networks, by modeling base stations locations as points of a spatial Poisson point
process. The trade-offs emerging from simultaneous wireless information and power
transfer transmission are characterized through the concept of “feasibility regions” and
are quantified through the joint cumulative distribution function of average harvested
energy and average rate, which is formulated in terms of easy—to—compute two—fold in-
tegrals. To gain insight on the achievable performance, in addition, an upper-bound
is proposed, and its accuracy is discussed. The system model encompasses a realistic
channel model that accounts for line-of-sight and non-line—of-sight links, different cell
association criteria, practical receivers based on time switching and power splitting, di-
rectional beamforming. The analysis shows that optimal values for the time switching
and power splitting ratios exist, as well as that directional beamforming and network
densification are capable of enhancing the achievable performance. More specifically: 1)
high directional antennas lead cellular networks to operate in the noise—limited regime,
which is proved to provide optimal performance, and ii) because of the existence of line-

of-sight and non-line-of-sight links, an optimal deployment density for the base stations
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is proved to exist for typical system setups.

While in pursuing a doctoral degree, I also got the following recognitions.

Exemplary Reviewer of IEEE Transactions on Communications in 2014

Exemplary Reviewer of IEEE Communications Letters in 2014

2014 IEEE CAMAD Best Paper Award

2014 IEEE ICNC Single Best Paper Award Nomination

1.4 Organization of the dissertation

In order to save the space and to report the latest research findings, the present dis-
sertation is structured based on the research findings published in [R4], [R5], which
are reported in Chapter 2-3, while other research achievements in [R1], [R2], [R3] and
[R6] are, on the other hand, not presented in this dissertation. In addition, the most
recent research on the mathematical tractability of the PPP model in the presence of

LOS/NLOS channel states is also included and reported in Chapter 4.

In specific, the researching findings in Chapter 2—4 tackles the often cited questions on
stochastic geometry modeling about its mathematical flexibility of i) the symbol level
error probability analysis by explicitly taking into account the modulator and the demod-
ulator, ii) modeling the relaying cellular networks where the positions of the transmitting
nodes, i.e., relays and BSs, might be spatially correlated due to the cell association, and
iii) modeling realistic but more complicated channel propagation to shed light on the sys-
tem design and optimization of practical cellular networks. In addition to investigating
the flexibility of stochastic geometry on modeling various network architectures, Chapter
2—4 also tried to address the common concerns on the complexity of the mathematical
frameworks obtained by using stochastic geometry on modeling relatively complicated
network architectures. Several approximations have been proposed to this end to sim-
plify the frameworks while keeping a good accuracy. All the mathematical frameworks
proposed in this dissertation have been tested and can be efficiently evaluated by the

commercial mathematical computation program, e.g., Mathematica 10.

The outline of the present dissertation are summarized as follows.
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In Chapter 2, the EiD-based approach is introduced for the error probability evaluation
of MIMO cellular networks, which corresponds to the main contributions in [R4] as de-
picted previously. In Chapter 3, a tractable mathematical framework for the analysis and
optimization of two-hop relay-aided cellular networks is introduced, which corresponds

to the main contributions in [R5].

In Chapter 2 and 3, a fundamental assumption on the nature of signal attenuation is
that the received signal/power (including the interference) decays like r = over distance
r, where 8 > 2 is refer to as the power path-loss exponent. Although in ubiquitous use
in literatures of stochastic geometry, this path loss model is quite idealized. In Chapter
4, more practical two-state path-loss models are assumed, where the effect of LOS and
NLOS propagations have been explicitly taken into account, for network modeling and
performance analysis. Different link state models, consisting of the probabilities of
links being in LOS or in NLOS, are compared. Furthermore, a more tractable model
has been proposed, which is referred to as multi-ball state model and is shown to be
capable of accurately approximating other state models with an acceptable complexity.
The proposed framework also accounts for the antenna radiation pattern as well as
the multi-tier heterogeneous networks. It is shown that the performance trends of the
PPP distributed cellular networks with two—state channel model are different from their

counterparts with the single-state model.

In Chapter 2—4, the emphasis has been put on the mathematical tractability of the PPP—
based approach. Finally, in Appendix A, the accuracy of the PPP abstraction model
is studied through comparing the coverage probabilities of PPP distributed single-tier
cellular networks against those of real BSs deployment from two telecom operators in
London, UK. The effect of LOS and NLOS channel propagation is also considered in
the comparison by considering both the empirical blockage caused by the buildings and
the multi-ball state model, which shows the flexibility and accuracy of the proposed ap-
proximation on modeling empirical blockage models. Since only Monte Carlo simulation
results are shown in this Chapter, it is included in the dissertation as appendix. The

results are also published in [R14].



Chapter 2

The Equivalent-in-Distribution
based approach for error

performance evaluation

2.1 Introduction

One of the main advantage of the PPP abstraction to model the cellular network is
its mathematical tractability in the performance analysis [10]. Two main performance
metrics have been studied to date, i.e., the outage probability and the average rate
[10, 21, 24]. Less attention has been given, on the other hand, to the computation of
the ASEP, which is, however, a relevant figure of merit to wireless systems analysis and
design. In fact, it is directly related to the bit, packet, block and frame error probabil-
ities, which are important performance metrics to the design of cellular networks [28].
Indeed, mathematical frameworks relying on the PPP—based abstraction are available
to the computation of the ASEP of ad hoc networks [19, 20]. They are not applicable,
however, to cellular networks, as the aggregate interference of decentralized (ad hoc)

and centralized (cellular) networks has a different distribution.

Moreover, from [25, Table I}, in particular, it is apparent that most mathematical frame-
works available to date in the field of stochastic geometry are applicable to the analysis
of SISO cellular networks. A few exceptions to this status quo, however, exist. In [27],

coverage probability and area spectral efficiency of MIMO cellular networks are studied

10
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with the aid of tools from stochastic geometry and stochastic ordering. Various down-
link MIMO transmission schemes are studied and compared, including space division
multiple access, single user beamforming and the baseline SISO setup. In [25], the error
probability of spatial multiplexing MIMO transmission is investigated with the aid of
stochastic geometry and the Gil-Pelaez theorem. In [29], the energy efficiency potential
of MIMO cellular networks that use maximal ratio transmission is studied. In [30], the
physical-layer security potential of regularized channel inversion precoding applied to

MIMO cellular networks is investigated.

Against these backgrounds, in this chapter, a new mathematical approach to the compu-
tation of the ASEP of of downlink MIMO cellular networks is introduced. Its rationale
relies upon finding EiD representations of the aggregate other—cell interference, which is
formulated as a linear combination of conditionally Guassian random variables (RVs).
With the aid of this mathematical formulation, the error probability is computed by
first conditioning upon the non-Guassian RVs and by then removing the conditioning.
The usefulness of this approach lies in the possibility of obtaining exact mathematical
expressions in the presence of non-Gaussian distributed interference. The new math-
ematical framework is based on the computation of the moment generating function
(MGF) of the equivalent power gain of the intended link, which makes the EiD-based
approach applicable to a number of MIMO arrangements for transmission over Rayleigh
fading channels. Also, we show that the proposed approach is also applicable to SISO
cellular networks for transmission over Nakagami-m fading channels. Compared to [27],
our approach is different since it does not exploit stochastic ordering. Compared to [25],
our approach: i) is not based on the Gil-Pelaez inversion theorem; ii) is applicable to
many MIMO schemes; and iii) provides, in many cases, exact integral expressions of
the error probability, while [25] does not, as it is based on the computation of pairwise
error probabilities. In the presence of other—cell interference and noise, the error prob-
ability is formulated in terms of a two—fold integral. The framework is shown to reduce
to the computation of a single integral in interference—limited cellular networks. Also,
a simple closed—form expression is introduced, which provides meaningful insights on
the impact of various system parameters that determine the achievable performance of

MIMO cellular networks.

The remainder of the present chapter is organized as follows. In Section 2.2, the system
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TABLE 2.1: Recurrent parameters and symbols.

l Symbol H Meaning

v PPP of BSs
Ny number of antennas at each BS
N, number of antennas at the MT
N number of time-slots of a data transmission frame
N, number of intended MTs for MIMO cellular networks using zero-forcing precoding
T index of the time-slot

n vector of modulated information symbols

M number of information symbols transmitted in N time slots

M number of candidate modulated symbols
o modulated symbols

s (1) the set of space-time encoded symbols emitted by the BS in 7-th time slot

E BSs transmi-energy per transmission

b amplitude path-loss exponent

model is introduced. In Section 2.3, the mathematical framework for the SISO trans-
mission over Nakagami—m is first introduced. In Section 2.4, the framework has been
extended to be applicable to various MIMO transmission schemes. In Section 2.5, the
framework is further investigated and it is shown to provide relevant insight in to the
design of MIMO cellular networks. In Section 2.6, numerical illustrations are provided
to substantiate the proposed approach with the aid of Monte Carlo simulations. Finally,

Section 2.7 concludes this chapter.

Notation: The following notations are used in this chapter. x € SK*! denotes a K x 1
column-vector with entries belonging to the set S. The kth entry is denoted by x(*).
X € SKXL denotes a K x L matrix with entries belonging to the set S. The (k,l)th

(k1) X denotes the hypothesis of X, X denotes the post-processed

entry is denoted by X
matrix X at the MT. Let a generic function f(x) with complex random variable x, the
writing f(z) = f(]z|) indicates that the function f(x) is independent from the phase of

x. The recurrent parameters and symbols are summarized in Table 2.1.

2.2 System Model

To illustrate the EiD based approach, in this chapter, we consider a bi-dimensional
downlink cellular network deployment as shown in Figure 2.1, where a typical multi-
antenna Mobile Terminal (MT) is located at the origin and the multi-antenna BSs are

modeled as points of a homogeneous PPP (¥) of density A\. The number of antennas at
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FIGURE 2.1: An example of the PPP distributed cellular networks. The MT located at
the origin is served by the closted BS, all the interfering nodes are distributed outside
the cirlular area centered at the origin with radius rg.

each BS and at the MT is denoted by IN; and N, respectively. Based on the properties
of homogeneous PPPs, there is no loss of generality in assuming the MT to be located at
the origin [7]. The distance from the ith BS to the MT is denoted by r; for i € U. The
MT is assumed to be tagged to the nearest BS, i.e., a shortest distance cell association
criterion is considered. The serving BS is denoted by BSp and its distance from the
MT is denoted by 7, which is a RV with Probability Density Function (PDF) equal to
fro (§) = 2mA€ exp (—wAE?) [10]. According to the properties of homogeneous PPPs [7,
Theorem 1.4.5], the set of interfering BSs i € W(\0) = W\ {BS} is still a homogeneous
PPP outside the ball centered at the origin and of radius rg. By definition of shortest
distance cell association, r; > rq for i € WO\, Full frequency reuse is assumed, i.e.,
all interfering BSs transmit in the same frequency band as BSy. Upon completion
of the cell association, the interfering BSs transmit packets with equal probabilities
0 < p <1, which represent independent activity factors. This model finds application to
the analysis of, e.g., slotted-ALOHA cellular networks [31] and it is particularly suited in
the context of PPP-based abstraction modeling, since, due to the independent thinning
property of PPPs [7, Proposition 1.3.5], the set of interfering BSs is still a PPP of density
DA.
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In the depicted downlink MIMO cellular network model, data transmission occurs in
frames of Ny time—slots each. The signal received at the MT in the 7th time-slot can

be formulated as follows (7 =1,2,..., Ns):

y(r) = \/E/Ntro_bHOSO(Tl"i‘ vV E/Ny Z ri_bHZ-si(T) +n(7)

icw(\0) (2.1)

fagg (T570)

x(7)

where y(-) € CV*1; x(-) € CN"*! is the intended signal from BSp; iagg(-, ) € CN¥! is
the aggregate other—cell interference; and n(-) € CVr*! is the Additive White Gaussian
Noise (AWGN). More specifically: i) E is the BSs transmit-energy per transmission,
which is equally split among the NNV; antennas; ii) s(()t) () = O (no;SéO)) € C, for
t=1,2,...,Nrand 7 =1,2,..., Ng, is the vector of space-time encoded symbols emitted
by BSp, where ©(-;-) is the Ng x N; space—time encoding matrix, 1y is the vector of
modulated information symbols and Séo) is the side information available at BSg. In
particular, M independent information symbols are transmitted in N time-slots, i.e.,
Mo is a M x 1 column-vector and n((]m) € M for m =1,2,..., M with M denoting the
set of modulated symbols. The generic M = card {M} symbols of M are denoted by
py € Cfor x = 1,2,...,M. A zero-mean and an average unit-energy constraints are
assumed, i.e., (1/M) Z;\(A:l fy = 0 and (1/M) Zi\(ﬂ:l |1y |* = 1, respectively. For example,
they can be the M symbols of either a Phase Shift Keying (PSK) or a Quadrature
Amplitude Modulation (QAM) constellation diagram. The rate provided by (2.1) is
R = (M/Ny)log, (M) bits per channel use (bpcu); iii) Hy € CN"*Nt is the channel
matrix of the BSg—to—MT link, where Hér’t) = ‘H(()r’t)’ exp { jarg {H(()T’t)}} € C and
arg {H(()T’t)} ~U(0,27) for t =1,2,..., Ny and r = 1,2,..., N,. Quasi-static fading is
assumed in (2.1), which implies that Hy is constant in the N times-slots of a frame,
i.e., Ho(1) = Hp for 7 = 1,2,..., N, while it changes independently from one frame to

another. The channel envelope ‘H(()T’t)

is assumed to follow a Rayleigh distribution [4,
Sec. 2.2.1.1]. The only exception is the SISO setup in Section 2.3, where }ng’t)) follows
a Nakagami—m distribution with fading parameter m [4, Sec. 2.2.1.4]; iv) b > 1 is the
amplitude path-loss exponent; v) n(")(7) ~ CA (0,Np) are independent and identically
distributed (i.i.d.) RVs for r = 1,2,...,N,, 7 = 1,2,..., Ns. Similar notation and
assumptions are adopted for the interfering channels of i,gq(+;-). As for the other-cell
interference model, (2.1) assumes the so-called isotropic scenario [20, Sec. II-B], where

the N, antennas at the MT are omnidirectional and are subject to the interference
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generated by all interfering BSs. Moreover, the aggregate other—cell interference depends
on 7g, since the interfering BSs must lie outside the ball of radius 7o and centered at
the origin. This originates from the shortest distance cell association criterion. The
transmit— and receive—antennas are assumed to be co—located, hence the transmission
distances rg and r; for i € T\ are independent of the antennas inter-distances. Similar
to the intended link, locations and channels of all interfering BSs are assumed not to
change in the N, times-slots of a frame. All channels are i.i.d. with mean square value
E{‘Hg”)f} - E{\Hgﬂt)f} —Qfort=1,2,....N,, 7 =1,2,....N,, i € 00\0 The
signal model in (2.1) is sufficiently general to account for a large number of MIMO

schemes, which are studied in Section 2.4.

Remark 2.1. In the system model of interest, an uncoded transmission is assumed, while
the channel coding, which is one of the essential components of digital communications
chain, has been neglected in this report. Actually, the EiD—based approach can be ex-
tended to the case in the presence of channel coding with a long codewords by making
some assumptions on the dynamics of the channels and of the interferers. For exam-
ple, for mathematical tractability, a block-fading channel, a fast-fading channel or a
quasi-static fading channel can be assumed for the duration of a codeword. As for the
interfering nodes, the dynamics of the locations of the interferers need to be taken into
account as well. One of the reasonable assumption might be to assume that the lo-
cations of the interferers are static for the duration of a codeword, but the associated
channel gains may change according to the three depicted possibilities. In this case,
the other-cell aggregate interference seen at the typical MT during a codeword will be
partially correlated across the symbols of the codeword because of the full correlation
of the spatial locations and of the possible correlation of the channel dynamics. How
to deal with this partially correlated interference is still an open research question in
stochastic geometry modeling and analysis. Thus, the system in the presence of channel

coding has been postponed to future research. [l
Also, the following preliminaries are introduced.

Preliminary 2.1. Let a complex RV X. It is said to be spherically symmetric (or
circularly symmetric or rotationally invariant) if its PDF, denoted by fx (-), depends

only on |X|7 i.e., fx (CL‘) = fx (’fL‘D [197 32] O]
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Remark 2.2. Let X = X 45 X({m) he a complex spherically symmetric RV, where X (¢)
and X (™) denote the real and imaginary part of X, respectively. Then, the following
properties hold [19, 32]: i) X iXexp {jo}, where ¢ € [0,27) is an arbitrary constant,
ii) the characteristic function of a random variable X is CFx (w) = CFx (|w|), iii)
CF o) (|w]) = CF y(m (lw]) = CFx (lw]), iv) CFx (Jw]) = E (e {cos (Jw] X))} =
E 5 (im) {cos (|w| X (im))}, and v) a linear combination of spherically symmetric RVs is

still a spherically symmetric RV. g

Preliminary 2.2. Let a complex RV X. The RV X(GCG) s said to be a Generalized
Compound Gaussian (GCG) representation of X if the following equality in distribution
holds:

+oo
X £ XG4 =3 /B,G, (2.2)
q=1

and: i) {Bq};;xf are independent real RVs with Mg, (s) = exp {—s7}, ii) {Gq};ﬁf are
independent complex Gaussian RVs with distribution G, ~ CN/ (0,0%q>, iii) {Bq};r:o‘f

and {Gq};oi’ are independent RVs. O

2.3 The framework for SISO transmission over Nakagami—

m fading

In this section, the mathematical framework for studying the average symbol error prob-
ability of SISO cellular network over Nakagami—m fading is presented by invoking the
EiD-based approach. Also, the framework is formulated by introducing some general
notations and results to make it extendable to the MIMO arrangements in the next

section.

Let a SISO transmission scheme and a Nakagami-m fading channel model [33, Sec. 2].
Thus, we have Ny = N, = Ny = 1, M = 1. Moreover, to make our framework more

digestible, the received signal at the MT in (2.1) is re-written by:

y=VErghono +VE Y v hini+n (2.3)
iew(\0)
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where y = 3 (1), no = 0" = 5§ (1), m = 0" = stV (1) for i € WO, py = H{MY,
h; = Hgl’l) for i € ¥(\9). The channel fading for each link is assumed to be independent

and identically distributed and follows Nakagami—m distribution, i.e., ho, h; ~ G (m, Q).

The detector at the MT is assumed to have full channel state information (CSI), i.e.,
the side information at the MT is Sz = \/Era bSI, Sz = hgy. Let 7jo be the hypothesis
of ng and Ag = ng — 7jg, thus, the decision matrix of the demodulator at the receiver for

SISO transmission can be formulated as:

A (Do) = |y — Stiol®
2

VErg hoAo+ Y VEr;"hini +n
iew(\0)

o Erg?|ho|*|Aol* + 2Re {\/Erab(tho)*n}

+ 2Re \/E?"O_b(hvo)* Z \/E’l“i_bhim’
iew(\0)
where o indicates that the terms independent from Ay are neglected since they do not
affect the decision on the hypothesis. The demodulated symbol from the received signal

y is the hypothesis 79 € M which minimizes A (Ag).

The physical interpretation of each addend in (2.4) is as follows: 1) Ery 21 hol?| Ag?
is the output in the decision metric related to the useful signal of the serving BS; 2)
VEry ®(hoAg)*n is the output in the decision metric related to the additive Gaussian
noise at the receiver; 3) vEry(hoAg)* (ZiE\I/(\O) \/Er;bhmi) is the output in the de-
cision metric related to the aggregate other-cell interference. In order to make the
framework presented for SISO cellular networks easily extendable to MIMO setups and

to ease the presentation in the next section, we introduce the following notations:

D1 (81,80 (1)) = Di (ho, Do) = [hol*| Aol
Dg (SI, AO (T), n (T)) = Dg (ho, Ao, n) = (h()Ao)*TL (2 5)
Dg (SI, Ao (T) 7iagg (7’; ’r’o)) = Dg (ho, Ao, iagg (1; 7“0))

= (ho0)"Cicwon VET; "hin;
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and

. a NoD? (S, A
Dy (81,40 (1)) o 0Di (51, 80 (7) @|h0’2|A0|2 (2.6)

Euir) {122 (51, 80 (), m.(7) [}

where Dy (-, ) in (2.6) is introduced to ease the presentation of the SINR later discussed
in the present section and its extension in the next section. Specifically, (a) is the general

definition, () is for SISO networks.

With the aid of the new notations in (2.5), the decision matrix in (2.4) can be expressed

by a more general manner as follows:

N
A(Ag(m) = lIy (1) =5 (DI
T=1

x (E/Ny) 15 %Dy (87,40 (1)) (2.7)
+2y/E/Nirg"Re {D (S1, A¢ (7) ,n (7)) }
+2v/E/Nyry"Re {Ds3 (Sz, Ao (), fagg (T570)) }

where ¥ (1) = ¢ (S7,y (7)) € CV*! is the post-processed received signal, ¥ (T) =
" (Sz,80 (7)) € CVN*1 is the hypothesis of the post-processed received signal at the
receiver, 1(-) and ¥(-) are demodulator— and modulator-dependent functions, respec-
tively, IV is the vectors size that depends on the transmission scheme being considered.
As for the SISO network with Nakagami—m fading channels, no post—processing is as-
sumed. Moreover, let Zy; = (hoQo) hin; for i € WA\ be 4.i.d. spherically symmetric
complex RVs, thanks to the uniformly distributed phase of channel fading and according

to Preliminary 2.1, and its raw integer moments, is given in the following lemma.

Lemma 2.1. Let a complex RV Zg; = (holo)*hing, where |h;|*> ~ G (m, ), arg {h;} ~

U (0,2m), while n;, hy and Ay are complex random numbers. Let Zéfie) =Re{Zy,}. The
)

raw integer moments of any even order of Zérf with respect to h; and n; are as follows:

+{l)} o fo ()

= (o)’ (St et ) B o)

(2.8)

Proof: See Appendizx 2.B. O
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Remark 2.3. As for the MIMO setups which will be introduced in Section 2.4, there
(r;t)

exists a similar Zy; as in Lemma 2.1 depending on the channel gains, H; ", and on
the information symbols, s; (-), of the interfering BSs, as well as on the information
symbols, Uy (+), of the serving BS. Since ng’t) are complex Gaussian RVs, their phase

is uniformly distributed and, thus, from Preliminary 2.1, they are spherically symmetric
(rst)

RVs. Since Zp; is the linear combination of H; ", according to Remark 2.2, it is

spherically symmetric as well.

The raw integer moments of a generic Zy;, when Rayleigh fading channels are assumed,

is given in the following lemma.

Lemma 2.2. Let Zy; be a complex RV defined as follows:

N, N: Ng
Zoq = Z Z Z Hz(r,t)sl(t) (7_) U(()?") (7_) (2.9)
r=1t=1 =1

where ng’t) are i.i.d. complex Gaussian RVs, i.e., ng’t) ~ CN(0,9) forr =1,2,... N,,
t=1,2,...,N¢, s; (1) and Uy (1) are N; x 1 and N, x 1 complex random vectors, re-
spectively, for Tt =1,2,..., Ng. Let Zérf) = Re{Zy,}. The raw integer moments of any
)

even order of Zéfie with respect to H; and s; (1) are:

E { (Zéff))zq}
=Eg,(r) {EH { (Z(g,rf)> : } } (2.10)

2\ 4

VT SN [0 )
t r
r=1t=1 |r=1
Proof: See Appendizx 2.B. O

As discussed at the beginning of this chapter, the rational of the EiD—based approach
relies upon finding a conditional Gaussian representation of the non-Gaussian distributed
interference, which is an enabling technique to reuse the framework developed for AWGN
channel for the error probability analysis. In particular, the EiD representation of the

interference related term, Ds(-,-,) , is given in the following proposition.

Proposition 2.1. Let U and U\ be the PPPs of density A of available and interfering
BSs, respectively. Let p be the activity factors of the BSs. Let b > 1 be the amplitude
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path-loss exponent and r; > o for i € WO be the distances from the interfering BSs
to the MT. Let Zy; be i.i.d. spherically symmetric complex RVs for i € OO and let
Z((fie) = Re {2y} have zero mean and finite raw integer moments of any even order. Let

Ds (-,-,+) has the following form:

D3 (Sz, Ao (7) iagg (T570)) = > VE/Nyry* 20, (2.11)
iew(\0)
The GCG representation of D3 (+,-,-) can be formulated as:

4 (GCG) (

Dy

= VE/N, z( D (pAm) ) /B,G, )

Dg (SI, Ao (T) ,iagg (’T; To)) SI, Ao ( ) iagg (‘T; To))

(2.12)

where Mg, (s) = exp{—s1} and Gy ~ CN (0, o%q (Sz, Ao (T))> with:

. VS V. T O A R
72, (5. o (7)) = ((—1) e () }) 213

GCG) (

Proof: The proof following by comparing the CFs of D3 (-,-,) and Dé ‘v ), where

the detail is available in Appendix 2.B. U

Remark 2.4. Proposition 2.1 holds for all the wireless network setups where the PPP
distributed interfering nodes are outside the disc with radius 79 and the interference

related term Ds(-,-,-) can be formulated as in (2.11). O

By capitalizing on the GCG representation of Ds (-, -, -), and by conditioning upon all the
non-Gaussian RVs, the output of the decision matrix is equivalent as those in the AWGN
channels. Thus, the SINR of the output of the decision matrix in (2.7), conditioned on
<r0, Sz, A0 (1), {B ) can be defined and formulated by the same manner as in the
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AWGN channels:

SINR (10, Sz, Ao (1), {B4} /%)
P D1 (82, 80 (1)

N 2B {|D2 (Sz, Ao (7),n (7)) \2} + 2E{Gq}‘D§GCG) (81, A (), fage (7370)) ‘2
(i)§T62b Do (foIOa Ag(7))/2
LoNo+ Brg? ) ((Am13)"By02, )
(2.14)

where (a) follows by introducing the notation 6%q which is defined to satisfy the following

constraint:

L, () _ Do (S, A¢ (7)) (90’% (81,40 (7))
6 os S A ) pas A ) hafia? =1

(b) is the general definition, while (c) is the special case for the SISO networks. From
the SINR defined in (2.14), the symbol error probability for arbitrary bi-dimensional
modulation scheme, conditioned on rg and {Bq};;xlj, can be computed with the aid of the
moment generating fucntion (MGF)-based approach, which is well-known for AWGN

channels [4] and is presented by the following lemma to make the report self-contained.

Lemma 2.3. Let a bi-dimensional modulation scheme with equi-probable symbols, which
is identified by the quadruplets of parameters (a1, f1,71,01) and (aa, B2,¥2,d2) [20, Table
II1]. Let a demodulator with perfect knowledge of side information, Sz, be formulated as:

flo = argmin {A (A¢ (7))} (2.16)
Mo EM

Let Do (Sz, Ao(7)) defined in (2.6) which can be decomposed by Do (Sz, Ao(T)) =
Dy (S1) Do (Aq (7)) with Ea,r) {250 (AO(T))} — 2. The ASEP of (2.16), i.c., ASEP =
Pr{fjo # no} can be formulated as follows,

ASEP =E,, {E{Bq}ﬁ {51PE (m, {Bg}, 2y al,ﬁlm)

(2.17)
—5,Pg (m, {Bg} 55 %52’72) }}
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where:

a 102
Pe (B0 8.7) = 1 [ Mo, (o TSR (r0. 8)%) ) o (215)

with Mp, (s) = Eg, {exp {—sDy (Sz)}} and SINR(-,-) is defined as follows:

-1

— E EXX,
o0 _ —2b (—2b+2/q) l/gg =2
SINR (ro, {Bq}q:1) =N o No + - qul (’FO (pA) Banq> (2.19)
Proof: See Appendix 2.B. O

As for the SISO transmission over Nakagami-m fading, Mp, (s) = Ep, {exp (—s|h0\2) } =
(14 sQ/m)~™.

Remark 2.5. The mathematical formulation of the ASEP in (2.17) is possible thanks to
the EiD-based representation of the aggregate other-cell interference, i.e., D3 (-, -, ). In
fact, by conditioning upon rg, and {B, ;;O‘f, the decision metric of the demodulator in
(2.7) boils down to that of an equivalent demodulator in AWGN. As a consequence, the
widely adopted mathematical formulation of the ASEP of bi-dimensional modulations
can be used [20, Table III]. As a first step, in fact, only the randomness of the AWGN
and of the complex Gaussian RVs {Gq};r;xlj is taken into account. As shown in (2.17), the

conditioning with respect to rg, and { Bq}jj is removed subsequently. This constitutes

the main flexibility and usefulness of the EiD-based approach. O

Remark 2.6. The constraint Ea () {150 (Ao(’T))} = 2 represents a normalization fac-
tor that can be understood by direct inspection of (2.6) and of Section 2.4. From (2.6), in
particular, for SISO networks, Dy (Ag(7)) = |Ag|?, which implies Eag(r) {f)o (Ag (7-))} =
2 as a result of the zero-mean and average unit-energy constraints assumed for the con-

stellation diagram. O

Lemma 2.3 gives the well-know framework to compute the ASEP in AWGN channels,
while the procedure to remove these conditions related to the shortest distance rg, and
to the RVs {B, :1“:“1’ introduced by the EiD approach has been proposed in the following

theorem.

Theorem 2.1. Let Mp (s) = (14 sQ0)" ™, where mg and Qo are parameters depend-
ing on Do (Sz,A¢ (7). Let fry (&) = 2aAexp {—TAE?} and Mg, (s) = exp{—s?} for
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every integer q. Let the SINR(-,-) defined in (2.19). The unconditional MGF can be
formulated by

Msing (8) = Eq,y {E{Bq}+°° {Mﬁo <SW (ro’ {Bq};ff» }}

q=1

=1—moQo (E/Ny) wAs

+00 +oo (2-20)
X /0 /0 {181 (mo + 1525 = Q0 (E/Ny) sy)
X exp {—No:xby} exp {—ﬂ')\Q ((E/Ny)y) a:}} dxdy
~ +oo q
where O (€) =pQ(€) +1, and Q(¢) = . (¢a2,)".
q=1
Proof: See Appendiz 2.C. U]

Corollary 2.1. Let the SINR(:,-) in (2.19) with E/Ny — 400, i.e., an interference-

limited regime is considered. Then, Msing (+) in (2.20) simplifies as follows:

Msing ()| g/ap— 400 = MéTE)R (s)

=1- mQQOS/ 15 (mo +~ 2 —Qos7) dz
0 Q(2)

Proof: See Appendiz 2.C. U

Remark 2.7. The MGF of Dy (SI), Mp, (s) = (1+ 5€0)~"°, holds if Dy (SI) follows
the Gamma distribution with fading parameter mg and mean square value y. For

example, for SISO transmission over Nakagami-m fading, mg = m, Qo = Q/m.

With the aid of the unconditional MGF of the SINR in Theorem 2.1, the error probability

integral introduced in Lemma 2.3 can be computed as in the following theorem.

Theorem 2.2. Let Mp, (s) = (14 sQ0)"™, fry (&) = 27X exp {—7A}, Mg, (s) =
exp{—s} for every integer q. Let the SINR(-,-) in (2.19) and the error probability
integral in Lemma 2.3 be expressed as follows:

a 202
I(a,ﬁ,v):Em’{Bq};ﬁ{l/o M, (MSWR (TO,{Bq};ﬁ)) dw} (2.22)

™ 2 sin? (w)
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Then, the following identity holds
o Foo pAoo E \!' z
T = = — mg\ = _Z b
(a’B”Y) s o /0 /0 {exp { <N0Nt) KJQQLB }

X exp {—7'(')\{[3@ </~$§2> } T (z;mo, a)} dxdz
0

where k= Bsin? (7)/2, Q&) = pQ(&) + 1, Q&) = i (&;éq)q and T (+-,-) is
defined in (2.38) of Appendiz 2.A.

(2.23)

Proof: See Appendix 2.C. O

Corollary 2.2. Let the error probability integral in (2.23) with E/Ny — +0oo, i.e., an

interference-limited regime is considered. Then, the following identity holds:

I(a7677)|E/,/\/'0—>+oo = I(OO) (Oé, 677)

T (zimo. ) (224

(6 mo dz

T /0 Q (2/ (k)
Proof: See Appendiz 2.C. U

Finally, the function Q (€) (or Q (€)) consisting of an infinity series, can be represented
with the aid of the hypergeometric functions. In specific, as for the SISO networks, Q (£)

is computed as in the following lemma.

2
Lemma 2.4. Let aéq (+,-) in (2.13) with E{(Zérf)> q} formulated as in (2.8). Let
6%q satisfy the equality in (2.15) with D? (Sz, AO(T))/DO (Sz, Ao('r)) = |h0|2|A0\2. Let
Q(X)= ;:OCI’ (X&%q)q. For every X > 0, the following identity holds:

_ LR SRR UP N
Q) =B, {aFs (—pomst - it Sx) -1 (2.25)

Proof: See Appendiz 2.B. g

The extension of Lemma 2.4 to MIMO arrangements over Rayleigh fading, which will

be described in detail in the next section, is given by the following lemma.
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2
Lemma 2.5. Let O'%q (,) in (2.13) with E {( érf)) q} formulated as in (2.10). Let a
function ¢ (-) such that:

N Ni | Ng ~ N,
SIS U ()] = o (T))ZZ‘U(’“)( )’ (2.26)
r=1t=1 |r=1 s

N, N
Let O'G satisfy the equality in (2.15) with m = 21 21 ul” (T)‘ Let Q (X)
+oo
> (X&% )q. For every X > 0, the following identity holds:
q=1 !
1 1

Q(X) = Eg,(r) {1F1 (-b; 1— 7 —¢ (s (1)) QX)} -1 (2.27)

Proof: See Appendizx 2.B. g

Remark 2.8. Lemma 2.5 indicates that the conditional variance of the GCG represen-
tation in (2.12) can be expressed by a hypergeometric function even though it consists

of an inﬁnity series If N = 1, the equality in (2.26) is always satisfied with ¢ (s; (1)) =

S0 i 3 S OuP @ = (S0 af) (Sfurof). o

r=1t=1

2.4 Extension to MIMO Cellular Networks

In this section, the depicted simple framework for SISO cellular networks over Nakagami—
m fading has been extended to studying various MIMO arrangements, and it is proved
that their error probability performance can be formulated as in Theorem 2.2 and in
Corollary 2.2 for interference-limited cellular networks. By direct inspection of Theorem
2.2 and Corollary 2.2, it is apparent that the error probability integrals in (2.23) and
(2.24) depend only on three parameters, i.e., mg, ¢ and Q(-). In the following sub-
sections, such a triplet of parameters is computed for relevant MIMO schemes. It is
worth mentioning that for some MIMO setups the proposed mathematical framework
provides only approximated expressions of the error probability, as explained in the

sequel.

A summary of the triplet (mq, Qo, Q (+)) is provided in Table 2.2 for all MIMO schemes

analyzed in the present chapter. Also, Table 2.2 highlights when the framework is exact
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TABLE 2.2: Summary of parameters for the computation of (2.23) in Theorem 2.2 and

of (2.24) in Corollary 2.2 for various MIMO setups. As for the MIMO setup of Section

2.4.2, the framework is exact for [34, Eq. (32), Eq. (40)] and an approximation for [34,

Eq. (37), Eq. (38), Eq. (39)]. Also, p = 2 for [34, Eq. (37), Eq. (38)] and p =1 for
34, Bq. (32), Eq. (39), Eq. (40)].

MIMO Setup mo Qo () E/A
SISO (Nakagami-m) m Q/m | Eno {F (m,Im0[*¢)} | E
SIMO N, Q| Eg {F(Lnl%)} | E
OSTBC N.N, P2 | Eno {F (L [In0l?¢)} | E/A
ZF Reception Ne=Ne+1| Q@ | Enp {F(®1,|nol?¢)} | E
ZF Precoding Ny — N, +1 | Q/N, F(L,€) A

or approximated. In particular, the following short—hand notations are used in Ta-
ble 2.2, 1) Q(¢) = pQ (£) + 1; il) F (m,2) = 2F5 (m, —2;1 — +,1;—Qz/m) — 1, which
reduces to F (1,z) = 1F1 (—%, 1-— %, —Qz) — 1 when m = 1; iii) the short hand nota-
tion 9 € M, g € MM*! M = card (M}, E,, {19 (]770]2)} = (1/M) Z;\(A:N? <|,ux|2>,
Eno {0 (Imol?) } = (1/M¥) S0 500 00, 29 (S0 i), where 9() s &

generic function; iv) E = Exact, A = Approximation.

For all analyzed MIMO transmission schemes, the following procedure similar as the one

depicted in Section 2.3 is applied:

1. From the signal model in (2.1) and the demodulator in (2.7), the functions Dy (-, -),

Ds (+,+,-) and Ds3 (-, -, ) are computed.

2. The function Dy (-,-) is computed such that the constraints in (2.6) and (2.15)
are both satisfied. The difference between exact and approrimated results may
emerge at this step: if all constraints are satisfied with equality, the mathematical

formulation is exact. Otherwise, it is an approximation.

3. By letting Mp, (s) for the single-stream demodulator in Lemma 2.8 , the param-
eters mg and € are computed from Dy (-, -) such that Mp (s) = (14 52) ™
holds.

4. From Ds (-,-,-) and (2.11), the RV Zy; is identified. It is proved that Zy; can be

formulated as shown in Lemma 2.2. Thus, the function Q (-) is obtained either
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from (2.27). The difference between exact and approrimated results may emerge
at this step: if the equality in (2.26) is satisfied, the mathematical formulation is

exact. Otherwise, it is an approximation.

2.4.1 Single-Input-Multiple-Output (SIMO) Transmission over Rayleigh
Fading

Let a SIMO transmission scheme and a Rayleigh fading channel model [33, Sec. 2.

2
Thus, Ny = Ny = 1, M = 1, s (1) = nf”, s (1) = nV for i € w00, |HFY)

G (1,Q) and ‘HEM)‘Q ~G(1,9Q) for r=1,2,...,N, and i € ¥\ Let the interference-
oblivious demodulator in (2.16) with side information S7 = H((]r’l) forr =1,2,...,N,,
y(1) =9 (Sz,y (1)) =y (1), i.e., perfect CSI is assumed at the demodulator. Then, the
hypothesis of the useful signal would be §) (1) = ¥ (S7,80 (1)) = \Fro_bH(T 2 ) for
r=1,2,...,N, and N = N,.

By inserting (2.1) in (2.7), we obtain Aél) (1) = ﬁ(()l) - 77(()1) and

;

Dy (8. Ao(r) = [AP [ 52, 1|
P2 (5, Bo(m),m(m) = (A(l)“)) Ziﬁl () n ) (2.28)
D3 (31, A (T),1age (T370) ) = Z(\ ) \/E/iNbeZNT H(r 1) ( ( )U((]T)(l)

1ew(\0

where U(()r)(l) = (H(()T’I)A(()l)(l))*.

Therefore, from Ds(-, -, ), the i.i.d. spherically symmetric complex RVs in Lemma 2.2 is
defined by Z,; = SN HOVsW (1)U (1). From (2.6) and (2.15), Doy (Sz, Ao(T)) =
(Agl (1) ‘ PO : e )( . Thus, Dy (87) = N, H((;”l)’2 ~ G (N,, N,Q) and (mq, Q) =
(N, Q) [4, Eq. (2.22)]. Since Zy; is formulated as in Lemma 2.2 with Ny = N; = 1,
from Remark 2.8 we conclude that Q () follows from (2.27) with ¢ (s; (1)) = (1)‘2.

2.4.2 Orthogonal Space-Time Block Coding (OSTBC) Transmission
over Rayleigh Fading

Let an OSTBC MIMO transmission scheme and a Rayleigh fading channel model [33

Sec. 2]. Based on [34, Sec. V-E], generalized complex orthogonal designs of size
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Ny are considered. Thus, M /N, < 1 and the Ng x N; space-time encoding ma-
trix © <n0;8é0)> = O (no) satisfies the property e (10) ©® (o) = De (m0), where
DS () = XM, o™ [0 for 11 = 12 =+ = 1.2, N, DE) () = 0 for
ty # to = 1,2,..., N; and pgm) are strictly positive numbers for t = 1,2,..., N; and
m=1,2,..., M. For example, p = pgm) fort=1,2,...,N,and m = 1,2,..., M with
p =2 and p =1 if the OSTBC encoding matrices of different sizes in [34, Eq. (37), E
(38)] and in [34, Eq. (32), Eq. (39), Eq. (40)] are considered, respectively.

(ro)|?

2
0 ~ G(1,Q) for t = 1,2,..., Ny,

As for the channels,

~ G(1,Q) and ‘ng’t)

r=1,2,...,N, and i € UO\O)_ Let the interference-oblivious demodulator in (2.16) with
S1=Ho, §(1) =9 (Sz.y (1)) =y (1), § (1) = ¥ (S1,50 (7)) = \/E/Niry*© (djo) and
N = N,. By inserting (2.1) in (2.7), the multi-stream demodulator can be re-written in

terms of the single-stream demodulator by exploiting the properties of © (-) as follows:

M
A(Ag (1) = Am (Ag (7)) (2:29)

where A, (Ap (7)) has the same structure as (2.7) except that it depends on the mth
information symbol, i.e., Dy (-) = Dy,m (+) for x = {0, 1,2, 3, IAI}.

In particular, the received signals at the MT from the intended link are orthogonal
according to the property of the encoding matrix. This might not be true, on the other
hand, for the interfering links since the matrices of the interfering links are designed for

their intended users. Let A; (-) for i € U be formulated as follows (7 =1,2,..., N;):

A (1) = @™ (i) — @Y ()

% (m) - (m) (m)\* (2.29)
Z ol ( -n; ) + Z /B(t) (1) (ﬁz -n; )
m=1 m=1

where a () and B (-) are N; x 1 complex vectors for 7 = 1,2, ..., Ns, which depend on

the space-time encoding matrix © (-). Then, with the aid of the property [34, Def. 5.5.1]
as follows (it holds for i € ¥):

Ny

ZH(T RYND

t=1

>y

r=17=1

2
M —nﬁ“\) (2.30)
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we obtain, for m = 1,2,..., M, the following identities hold:

§ , Ne N 9
D (S A0 (7)) = |7 — [ 35 bl [EES)
r=1 t=1
Do (2. Ao (7 Zi( ) (2.31)
r=1r=1
(ZH” ( ® ( )(ném)—??o ) +BY (7 )< i )_"(()m))*)>

\

and D3, (-, -, -) can be formulated as shown in (2.11) with the definitions as follows,

N, Ns N¢ N Nt Ns
2= KZ H{"™s (7 ) ] SSTS HSM (Ul (1)

r=1u=171=1

O = SR (0 () (7 — ™) + 89 () (77 - ™))
(2.32)

It is apparent that Zp; in (2.32) is formulated as shown in (2.9) of Lemma 2.2. To
proceed with the analysis, it is important to understand whether the equality in (2.26)
is satisfied for arbitrary generalized complex orthogonal designs. This issue is addressed

in Definition 2.1, Proposition 2.2 and Remark 2.9.

Definition 2.1. Let a generalized complex orthogonal design ®, according to [34, Sec.

V-EJ. Let Zy; in (2.32). © is said to be interference-orthogonal if the equality in (2.26)
2

is satisfied for ¢ (s; (7)) = SM_ nz(m)) : O

m=1

Proposition 2.2. The generalized complex orthogonal designs in [34, Eq. (32), Eq.
(40)] are interference-orthogonal, while those in [34, Eqs. (37)—(39)] are not interference-

orthogonal.

Proof: The proof follows by direct inspection of the generalized complex orthogonal de-

2 N, 9
_ <Z wel >><
T=1

< > ’nom ’ > is satisfied for an arbitrary complex vector v. The equality holds for the
codes in [34, Eq. (32), Eq. (40)]. g

signs and by checking whether the identity E Z (D (n ))* v(7)

=1

Remark 2.9. The reason why some generalized complex orthogonal designs are not
interference-orthogonal is due to the quasi-static assumption for the other-cell inter-

ference. This implies, in fact, that the terms i(") (7) = S, H(ru (u) (1) in (2.32)
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are not independent for r = 1,2,..., N,, since they originate from interfering BSs be-
longing to the same PPP. Comparing Ds , (-, -, ) in (2.31) with Zp; in (2.32), we note
that this does not occur for Dy, (-, -, -), since the noise terms n(™ (1) are independent
forr=1,2,...,N,, 7 = 1,2,..., Ns. The generalized complex orthogonal designs in
[34] are designed based on the independence property of the AWGN. Hence, some code
constructions may not satisfy the interference-orthogonal property that originates from
the partial correlation of the interference across the receive-antennas and the time-slots.

O

The proposed mathematical approach is applicable to interference-orthogonal general-
ized complex orthogonal designs. It can be applied to generalized complex orthogonal
designs that are not interference-orthogonal, by assuming that the equality in (2.26)
holds true. In this latter case, the framework is no longer exact, but it is an approxi-
mation. In Section 2.6, it is shown that it is accurate enough for typical MIMO setups

though.

If © is interference-orthogonal, the equalities in (2.6) and (2.15) are satisfied and we are

_ 2 N N, 2 _ _
able to obtain Dy, (SI, Ag (T)) = )ﬁ[()m) — n(()m) > Zt pgm) ‘Hér’t) and Do, (SZ) =
r=1t=1

Ne N () | (D2 . (m)

> ‘HO’ ‘ . Since, for typical OSTBCs [34], p = p; ~ for t = 1,2,...,N;
r=1t=1 B B

and m = 1,2,..., M, then Dy, (SI) ~ G (N, Ny, N.NQp). This implies (mg, Qo) =

(N N¢, pQ2) [4, Eq. (2.22)]. Since Zy; is formulated as in Lemma 2.2 with Ny = 1, from

2
Remark 2.8 we conclude that Q (-) follows from (2.27) with ¢ (s; (1)) = S M_, ngm)‘ .

2.4.3 Zero-Forcing (ZF) MIMO Receiver over Rayleigh Fading

Let a MIMO transmission scheme with ZF-based reception and a Rayleigh fading channel
model [33, Sec. 2]. Thus, N, > Ny, Ny =1, M = N, so(1) = ng, s; (1) = n; for
i e w0 )Hg“”f ~ G (1,9) and \Hgmf NG fort =1.2,... Npr=12... N,
and i € OO, Let the demodulator in (2.7) with Sz = Hy, ¥ (1) = ¥ (S7,y (1)) =
(H{Ho) ™ By (1), 7 (1) = ¥ (87,80 (1) = /E/Nyrg "8 (1) and N = M = N,.

Accordingly, the multi-stream demodulator can be re-written in the single-stream for-

mulation similar as (2.29). Let Wy = (H{ HO)’1 H{! denote the (M = N;) x N, ZF
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decoding matrix at the receiver, Ao (1) = 79 — Mo, then the following identities hold:

2
D1 5000 =470 o
Dy (S, A0 (1), (7)) = (AJ"™ (1)) SN, W™ 0™ (1)
and D3y, (-, -, -) as shown in (2.11) with
NN (r)
ZO’L_EZH ()UO (1)
r=li= (2.34)
Uy (1) = (Aé ><1>) Wi
From (2.6) and (2.15), we obtain that
2 N, 12\
Dom (Sz, Ao (1 _‘A )‘ (Z " win >
" (2.35)

(a) -1

AP ff (W)

where W = (Héq Ho)_1 and (a) follows from direct inspection of Wq. Thus, Dy , (SI) =
(W(()m’m))_l © G (N, — N+ 1,(N, — Ny + 1) Q), where (b) follows from [35, Sec. III]
and [36, Corollary 3.2.6, Theorem 3.2.10]. This implies (mg, Qo) = (N, — N¢ +1,Q) [4,
Eq. (2.22)]. Since Zy; is formulated as in Lemma 2.2 with Ny = 1, from Remark 2.8 we
conclude that Q (-) follows from (2.27) with ¢ (s; (1)) = S0, |s; () (1 )’

2.4.4 Zero-Forcing MIMO Precoding over Rayleigh Fading

Let a MIMO transmission scheme with ZF-based precoding and a Rayleigh fading chan-
nel model [33, Sec. 3]. Let N, single-antenna MTs be served by intended and interfering
BSs in the same channel use within their respective cells. The signal model in (2.1) is
still applicable with minor changes. With a slight abuse of notation, let Hg denote
the N, x N; downlink channel matrix of the links from BSg to its IV, intended MTs.
Likewise, let denote by H; for 7 € A9 the N, x N; downlink channel matrices of the
interfering BSs towards the same N,, MTs as BSy. Also, let H, for i € ¥(\9 denote the
N, x Ny downlink channel matrix of the links from the ith interfering BS (BS;) towards
its intended N, single-antenna MTs. In general, H; # H;. Then, (2.1) still holds by re-
placing N, with N, and by letting N; > Ny, N, = N, = 1, M = N,,, [H"" ’2 ~G(1,9)

2
and ‘ng’t)‘ ~G(1,Q) fort=1,2,...,Nsyu=1,2,..., Ny and i € 000
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Let V, denote the N; x N, precoding matrix used at BSp, which is defined as V, =

Vo/|[Vomo|| with Vo = HE (HoHY )_1. Likewise, let V, denote the precoding matrix
. . . . . o1

used at BS;, which is V, = VZ/’ V,n;|| with V; = HZH (HleI> for i € T\9), Based

on these precoding matrices, which assume that the side information available at BSg
and BS; is Séo) =V, and Sg) =V,
] (n0;5é0)> =Vynoand s; (1) = © (m;S?) = Ymi for i € w(\0),

respectively, the transmitted vectors are s (1) =

Let the interference-oblivious demodulator in (2.7) with Sz = ||[Vonol|, as wellas y (1) =
F(Szy () = y(1), (1) = 0575 (1)) = VE/Nury? (o (1)/[Vorol)) and N =
M = N,. Accordingly, the multi-stream demodulator in (2.7) can be re-written in the
single-stream formulation similar to (2.29) for each intended user u =m =1,2,..., N,,.

In particular, we have Ag (1) = 79 — 1o, and the following identities hold:

_ 2
Din (82,80 (7)) = |AF )] [ Voo~

\ (2.36)
Dom (S2,A0(1),1 (7)) = (Ag"” (1)) Vool 'n® (1)
and Dy, (-,-) as shown in (2.11) with Zo; = SN, H™Ds® (1) Uu{™ (1), where

~ —1 *
s (1) = |[Vims| s (1) and U (1) = (A (1)) [ Vool . From (2.6) and (2.15),

S m 2 — = — .
we obtain D ,, (SI,AO (7')) = ‘A(() )(1)‘ I'Vonol| 2 and Do,m (SI) = [[Vonol| 2. Since

2,; is formulated as in Lemma 2.2 with Ny = N, = 1, from Remark 2.8 we conclude that
2 . 2

O (-) follows from (2.27) with o (s, (1)) = S s ()] = ||V s ()| =

1, since s; (1) = Vin; for i € WO\,

—92 N,
t=1

So far, the analysis for ZF precoding is exact and no approximations have been used.
To complete the analysis, the distribution of Dy ,, (SI) = |]V0770|F2 = (nSVéLI Vong)fl
needs to be computed. To the best of our knowledge, however, it is unknown for
discrete modulation schemes. To get a tractable yet accurate mathematical frame-
work, we exploit two approximations for the computation of the distribution of Dy, (-).
First of all, we assume that mg follows a unit-energy complex Gaussian distribution,
ice., ii™ ~ CN(0,1) for m = 1,2,...,M = N,. From [5, Eq. (103), Eq. (105)],
we obtain niVEVony ~ N, (N; — N, +1)"' F(2N,,2 (N; — N, + 1)), which implies
the following, Do (Sz) ~ ((Ny — Ny +1)/Ny) F (2(Ny — Ny + 1),2N,).  Second of
all, we approximate this resulting scaled F-distribution with a scaled Chi-Square dis-
tribution, i.e., Do, (Sz) ~ (2Nu)_1 X%(Nthqul)’ which is known to be accurate for

N, > 1 and, in turn, can be re-written in terms of a Gamma distribution, i.e., we
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have the distribution Do (Sz) ~ G (Ny — Ny + 1, N, ! (Ny — Ny + 1) Q). This implies
(mo, Q) = (N¢ — N, +1,Q/N,) [4, Eq. (2.22)]. In Section 2.6, these approximations

are shown to be accurate enough for typical MIMO setups.

2.5 Insights from the Mathematical Framework

In this section, we elaborate further on the analysis of the proposed mathematical frame-
work in an attempt of shedding lights on the impact of system parameters and MIMO
transmission scheme on the achievable performance. In particular, we focus our atten-
tion on the interference-limited regime, since this is the most interesting case study for
cellular networks and it is more mathematically tractable as well. Thus, our departing
point is (2.24). Furthermore, we focus our attention on constant-envelope modulations,
e.g., multi-level PSK, as they lead to a simplified mathematical analysis and experi-
ences confirm that similar conclusions can be drawn for other modulations. In this case,
the expectations in Table 2.2 can be computed in closed-form, since )n(()m)‘ = 1 for

m=1,2,...,M.

Under these assumptions and from (2.24), the ASEP of PSK modulation can be formu-

lated as follows:

ASEPpgk = () (a, 8,7)

_Oé_TfL()/+OO T (z;mo, a) &
i T Jo p1Fy (—1/b;1—1/b;—(HMIMo/IiMQD) Z) —p+1

(2.33)

where i) (o, 8,7) = (7 — /M, 2,7/M), ii) kyop = (1/2) Bsin? (y) = sin? (7/M), iii)
(mo, kmvo) = (Nyp, 1) for SIMO, iv) (mg, kvvo) = (NyNy, M /p) for OSTBCs, v)
(mg, kmvo) = (N, — Ny + 1, M = Ny) for ZF reception, and finally, vi) (mg, kMivo) =
(N — Ny +1,M = N,,) for ZF precoding.

Proposition 2.3. Let ASEPpgk in (2.33). The following approzimation holds:

O) 1/2 0 0 1
ASEPps ~ K0, — — KPSk _ 2 (o) / (2.34)
(1) , 1)
\/EF (KPSK) 0 ICPSK 0

where KO = 1/2 if M = 2 and K = 1 if M > 4, Kb = mo and K5 =

p(b— 1)_1 sin=2 (7/M) kymvo -
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Proof: See Appendiz 2.D. g

In spite of being an approximation, (2.34) is surprisingly simple and insightful. In par-
ticular, it depends on two main parameters, i.e., ICSS)K and IC1(32S)K. By direct inspection
of the Meijer G-function in (2.34), it follows that ASEPpgk monotonically decreases as
ICSS)K increases and that it monotonically increases as IC%K increases. From (2.34), the

following performance trends can be inferred:

e The ASEP gets worse as either p or M increase. Also, it gets better as b increases.
These trends are in agreement with previously reported results for specific MIMO

transmission schemes [25].

e Let M be fixed and independent of other MIMO parameters. The ASEP gets
worse as kyiMo increases. This implies that the error performance gets worse as
M, i.e., the number of simultaneously transmitted information symbols, increases

for OSTBCs, ZF reception (N; = M) and ZF precoding (N, = M).

e Let the rate R = (M /N;)log, (M) be fixed and M be computed from it, i.e., M =
9R(M/Ns)™" Thus, ICgS)K = sin™2 (7/M) knmvo 92R(M/Ns)™" £ Accordingly,
the error performance is expected to get better as M increases (e.g., M = Ny for

ZF reception and M = N,, for ZF precoding).

e The ASEP gets better as mg increases. Thus, the error performance gets better
with the “degrees of freedom” of MIMO transmission. For example, this occurs if:
i) N, increases for SIMO, ii) N, N; increases for OSTBCs, iii) N, — N; increases

for ZF reception, and iv) N; — N,, increases for ZF precoding.

e The first three case studies assume that ICSS)K is fixed, while the fourth that ICl(fs)K
is fixed. For some MIMO setups, however, IC%K and ICI(ES)K may not be chosen
independently of each other. Because of the opposite behavior of (2.34) as a

function of ICSS)K and /CI(DQS)K, some non-trivial trends may emerge.

These considerations are reasonable, somehow expected and in agreement with intuition.
They confirm the validity of our mathematical approach for performance evaluation of
cellular networks. At the same time, (2.34) provides a simple mathematical formulation

that allows us to quantify the impact of important system parameters. In particular,
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(2.34) accounts for a large number of MIMO transmission schemes via the parameter
kyviMo- JThese trends are substantiated in Section 2.6 with the aid of Monte Carlo

simulations.

2.6 Numerical and Simulation Results

In this section, numerical examples are shown to substantiate the accuracy of the math-
ematical frameworks and to confirm the performance trends highlighted in Section 2.5.
The frameworks are compared against Monte Carlo simulations, which are obtained by
using the similar procedure described in [21, Sec. V], [25, Sec. VI]. To increase the

readability, the methodology used for the evaluation of ASEP is described as follows:

Step 1: A finite circular area of radius R4 around the origin, i.e., where the probe
mobile terminal is located, is considered as the simulated area. The radius is chosen
to be sufficiently large to minimize the truncation error committed in simulating
the infinite bi—dimensional plane. In practice, the radius is chosen such that at

least 1000 BSs are simulated.

Step 2: In the finite circular region of area, the number of BSs are generated as a RV
following the Poisson distribution with density A and area 7R%, and the BSs are

distributed following a uniform distribution over the simulated area.

Step 4: The closest BS is chosen as the serving BS of the MT, while all other active

BSs are interfering nodes to the useful link.

Step 5: Independent channel gains are generated for each link from the BS to the MT,

the precoding matrices are generated at each BS accordingly.

Step 6: Given the received signal from all the active BSs in N time-slots, the MT

decodes M intended information symbols by the demodulator in (2.16).

Step 7: Finally, by repeating Step 1-Step 7 for Ny = 10° times, the ASEP is computed
by the number of incorrect estimations of the transmitted symbols divided by

M Ny

The accuracy of the PPP-based abstraction with unified path-loss model for modeling

the error performance of cellular networks is investigated in [25, Sec. VI], by comparing
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it with grid-based abstraction models. Hence, similar curves are not reported in this
section. The simulation setup is summarized in the caption of each figure, where markers
show Monte Carlo simulations, solid lines the framework from (2.23) and dashed lines
the framework from (2.24). As for the implementation of the mathematical frameworks
for QAM with M > 4, the parameters as follows are used: oy = 7/2, 51 = 3/(M — 1),
71 o=7/2, 6 = 4(/M—-1)/yM and ag = 7/4, o = 6/(M—1), 72 = 7/4, 0, =
4(vM — 1)2/M. If M = 2, the quadruplet (o, 8,7,8) = (7/2,2,7/2,1) is used.

Selected numerical examples are illustrated in Figs 2.2-2.6, where the ASEP is depicted
as a function of E/Np, which is a reference signal-to-noise-ratio that is computed at
a fixed reference distance of one meter from the transmitter. These figures confirm
the accuracy of the proposed mathematical frameworks. Furthermore, the performance
trends highlighted in Section 2.5 as a function of the MIMO setups are confirmed. The
approximations proposed in Section 2.4.2 (see Fig. 2.4(b)) and in Section 2.4.4 (see
Fig. 2.5(b)) are confirmed to be sufficiently accurate in the considered setup. Similar

accuracies are obtained for different parameters. Some figures deserve special comments.

In agreement with [25], Fig. 2.2 confirms that the impact of the fading severity is neg-
ligible in the presence of other-cell interference. The path-loss exponent has a different
impact in noise- and interference-limited regimes. In particular, a bigger path-loss is
beneficial in interference-limited cellular networks, since the other-cell interference is re-
duced. Figure 2.3(b) shows a similar behavior in the presence of receive-diversity. Figure
2.3(a) confirms that receive-diversity is still beneficial, but the gain in the presence of
other-cell interference is reduced compared to the noise-limited scenario. The limited
receive diversity gain in the interference-limited network is due to the partial correla-
tion of the interference seen at each receive antenna. Specifically, in the noise-limited
scenario, the receive diversity originates from the independence of the channel gains as
well as the independence of the additive Gaussian noise of each link. When the system
is interference-limited, the positions of the interfering nodes are the same for all the
co—located receive antennas, which indicates that the aggregate interference is partially

correlated, which reduces the diversity.

Figure 2.4 shows that the performance gain offered by transmit-diversity compared to

receive-diversity in noise-limited networks is not observable in the presence of other-cell
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FIGURE 2.2: ASEP of SISO transmission over Nakagami-m fading (2 = 1). Setup: (a)
A=10"°p=10"3M=16,and b=2; (b) A\ =10"%, p=10"3, M = 16, and m = 2.

interference. In fact, the ASEP of Fig. 2.3(a) and Fig. 2.4(a) is almost the same. This
result can be understood by direct inspection of (2.34). lcgs)K is larger for OSTBC than
for SIMO, which would lead to a better ASEP for OSTBC. knyivo, however, is larger for
OSTBC than for SIMO, which would lead to a worse ASEP for OSTBC. This trade-off

leads to the almost no gain of transmit-diversity in the considered setup.

Figure 2.5 compares ZF reception and ZF precoding under similar operating conditions,
and under the assumption that M is independent of N; and N,,, respectively. As discussed
in Section 2.5, the figure confirms that the ASEP gets worse by increasing NV; and N,,.
A close inspection of Figs. 2.5(a) and 5(b) reveals that ZF reception and precoding
provide almost the same performance in the interference-limited regime. Architectural

design and mo/demodulation complexity are, however, quite different between them.

Figure 2.6 provides a sound confirmation of some non-trivial trends highlighted in Section
2.5. Figure 2.6(a) shows that the ASEP may get worse by increasing N;, while Fig.
2.6(b) shows that the ASEP gets better by increasing N;. The trend in Fig. 2.6(a)

originates from the fact that ’Cgs)}( decreases by increasing Ny and that this effect is not
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FIGURE 2.3: ASEP of SIMO transmission over Rayleigh fading (€ = 1). Setup: (a)
A=10"°p=10"3 M=16,and b=2; (b) A\=10"°, p=10"3, M = 16, and N, = 2.

counterbalanced by the reduction of the modulation order M. On the other hand, the
trend in Fig. 2.6(b) follows because ICSS)K is kept fixed by increasing N,. As a result,

reducing the modulation order M is beneficial (IC%QS)K decreases).

In conclusion, the proposed mathematical frameworks are sufficiently accurate and in-

sightful to the analysis, design and optimization of MIMO-aided cellular networks.

2.7 Conclusion

In this chapter, a new mathematical methodology for performance evaluation of downlink
MIMO cellular networks is introduced. The proposed approach relies on a PPP-based
abstraction model for the locations of cellular BSs and it exploits results from stochastic
geometry for the computation of the distribution of the other-cell interference. Based
on a new exact and closed-form expression of the CF of the other-cell interference, an
EiD representation for it is introduced, which is shown to be conveniently formulated

in terms of an infinite summation of conditionally Gaussian and independent RVs with
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FIGURE 2.4: ASEP of OSTBC transmission over Rayleigh fading (

H2 code in [34, Eq. (32)] (Alamouti), A = 107°, p = 1073, M = 16

b = 2; (b) H3 code in [34, Eq. (39)], A\=10"° p=10"3 M = 16
b=2.

Q =1). Setup: (a)
(R = 4bpcu), and
(R = 3bpcu), and

zero mean and finite variance. By capitalizing on this mathematical formulation, a two-
fold integral expression of the error probability for various MIMO transmission schemes
is computed. In the interference-limited regime, exact single-integral and closed-form
approximated expressions are provided, which are shown to offer insightful information

on the impact of system parameters and MIMO setups.

The application of the EiD-based approach goes beyond the performance evaluation
of downlink MIMO cellular networks. It can, in principle, be applied to all system
setups where non-Gaussian distributed RVs possess an EiD representation that can be
formulated in terms of complex Gaussian RVs with zero mean. For example, the authors
have recently extended it for application to heterogeneous cellular networks with an
arbitrary number of tiers, different densities, transmit powers and biases for each tier
[37]. Other potential generalizations and applications of the EiD-based approach include
the analysis of heterogeneous cellular networks with channel coding at the physical layer

as well as the analysis of relay-aided (heterogeneous) cellular networks [13, 14, 16].
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FIGURE 2.5: ASEP of ZF-based MIMO transmission over Rayleigh fading (@ = 1).
Setup: (a) ZF reception, A = 107°, p = 1073, M = 16, b = 2, and N, = 4; (b) ZF
precoding, A =107%, p = 1073, M = 16, b = 2, and N; = 4.

Appendix

2.A Useful Notable Integrals

Notable Integral 2.1. Let p be a complex number with Re{p} > 0. Let X be a

non-negative real number. The following identity holds [38, Eq. (6)]:

1 Foo
XP = / P lexp{—2XVdz 2.35
o) ), {—2X} (2.35)

Notable Integral 2.2. Let p be a complex number with Re{p} > 0. Let X be a

non-negative real number. The following identity holds [39, Eq. (4)]:

+0o0
exp{-p/X}=1— \/]3/0 2V, (2/pz) exp {—2X } dz (2.36)
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FIGURE 2.6: ASEP of ZF-based MIMO reception over Rayleigh fading (2 = 1). Setup:
() A=10"°p=10"3,b=2,and N, =4; (b) A=10"°,p = 1073, and b = 2.

Notable Integral 2.3. Let m be a real number with m > 1/2. Let s and X be

non-negative real numbers. The following identity holds [20, Eq. (18)]:

sT (m+1) XY2 Fy (m+1;2; —sX)
= 522 Vexp {—2} Jy (2\/ szX) dz
0

Notable Integral 2.4. Let m be an integer number with m > 1/2. Let w be a real

number, and X and p be non-negative real numbers. The following identity holds [40]
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and [20, Eq. (22)].

T (X;m, p)
Lo X
= — 1 F 1,2 ———]d
| s 1<m+ . sin2<w>> -
m—1
,;0 (L(n;)ka eXp{ X} Z ( )X (Y27 (4 L, X cot? (,u))],

if 0<pu<m/2

Z (1 kak exp{ X} Z ( ) —(n+1/2) (QF (TL—F%) —F(n—}—%,XcotQ (M))):|’

it pu>m/2
(2.38)

2.B Proofs of Propositions and Lemmas

Proof of Proposition 2.1. The proof consists of two steps: 1) the CFs of D3 (-, -, -), i.e.,
CFp, (+;-), and of DéGCG) (yey0), Goeny CFD§GCG) (+;+), conditioned upon ry are computed
and 2) it is shown that they are the same, thus proving their equivalence in distribution.
The CF of Ds(:,-,-) is computed by using the same steps as in [15, Proposition 1].
To make the report self-contained, the proof in [15, Proposition 1] is repeated here.
The difference is that the channel envelopes are assumed to have a generic distribution
instead of being Rayleigh distributed. The channel phase is, on the other hand, always

uniformly distributed. In particular, the CF conditioned on rg can be computed as

follows,
CFD3 (w, To)
= ]E|r0 exp | —jw Z \/E/Ntri_bZQ,i
iew(\0)
(@
= exp | —27pA

(2.39)

+oo E
/TO ( " ( N ))
—+o00
(:)exp [—27rp)\/ (1 — EZO,i { (]w \/> _bZ(re)> })dri
To
11 w?E o\ 2
{-rmis, {—wz( b 2y )
() (=1/b), (-1 (WP E 5\ (re)\ 24
s exp{ p)\TrT‘OZ 1/2 - 1/b) o 1 ﬁtro E (Zo,z )
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where (a) follows by applying the Probability Generating Functional (PGFL) theorem of
PPPs [7], (b) follows because, as mentioned in Remark 2.3, the RVs Z; are spherically
symmetric and, thus, property iv) in Remark 2.2 holds, (c) follows by solving the integral
with respect to r; with the aid of [41, Eq. (3.771.4)] and (d) follows from the series

expansion of the generalized hypergeometric function [2, Ch. 5, Eq. (2)].

From (2.39), it follows that CFp, (w;rg) = CFp, (|w|2 ;ro), in other word, the CF of
Ds (-, +,) depends only on the absolute value of w. It proves, according to Remark 2.2,
that Ds (-, -,-) is a spherically symmetric RV. It is worth mentioning that this holds for
arbitrary values of 9 > 0. Accordingly, the notation CFp, <|w|2 ;r()) is used in what

follows.

Also, the CF of DéGCG) (+,+,-) is computed as follows:

CF,D(GCG) (w3 )

= EfG,}.4B,} | €XP —Jva/NtZ( oD (pAm)t/ G0 \/E%)

(2.40)
(a) w _ _
5, {exp {_s’ 4’ AN SR (SIaAo(ﬂ)B"}}
q=1
B !w\Q E _opyo ! 29 /&
_ HeXp {_ <4MTO— +2/q (p)m)l/q> OG[lll (SI,A()(T))}
q=1

where (a) is by the independence of {G,}o2

o=1; {Gg}g2y and by the CF of a complex

zero mean Gaussian RB. Finally, by inserting (2.13) in (2.40) and by comparing it with

(GCG) (.

(2.39), we found that they are exactly the same. Thus, D3 (-,-,-) and Dy ,'y ) are

equivalent in distribution.

2 a
Proof of Lemma 2.1. By definition, Ej, { (Zé?)) q} (@) 15124 |ho|24 | Ao |29 K1 KCa, with:

- %) et
Ko = arg{h}{cosq(ar {h }+arg{sl+ho+60})} (2.41)
© 1 [*7 5 @ T(g+1/2)
_27r/ cos? (z)d$—r(q+1)ﬁ

where (a) follows from the statistical independence of |h;|* and arg {h;}; (b) follows from

[4, Eq. (2.23)]; (c) follows from the fact that arg {h;} is uniformly distributed in [0, 27)
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and that the integral is independent of the constant term arg{s; + ho + do}; and (d)
follows from [41, Eq. (2.516.2)] and I" (¢ + 1/2) = 279/7 (2¢ — 1)!I. The proof follows

by computing the expectation with respect to s;.

Proof of Lemma 2.2. Let Zy; in (2.9). By definition, the following identity holds

P33 S e ol f o
r=1t=1 =1
X COS (arg {ng’t)} + arg {Sz(t) (T)} + arg {U(()T) (T)}) (2.42)
2
 Nio(ry (0 Zi s (7)
r=1t=1 |r=1

where (a) is by ‘ng’t)’ cos (arg {ng’t)} + arg {sgt) (7')} + arg {Uér) (7')}) ~ N (0,9/2)
and that ng’t) are i.i.d. RVs with zero mean. From (2.42), the raw moments with respect
to H; are computed with the aid of [42, Eq. (13)]. The proof follows by computing the

expectation with respect to s;(7).

Proof of Lemma 2.3. By direct inspection of (2.7) and (2.29), it follows that A, (-) is
the decision metric of a single-stream demodulator in zero-mean AWGN, by conditioning

upon ryg, {Bq}q 1 ,S7 [4, Ch. 7]. By conditioning upon ro, {Bq} Sz, in fact, the first

q=1>
addend of (2.7) is a constant and the last two addends of (2.7) are Gaussian RVs with
zero mean. Accordingly, from [20, Sec. IV-B, Table III], the ASEP can be formulated

as follows:

o [ B Sln2 Prsin® (11)

—@ aQexp{ 7628111 (V)Tm}dw}
0

2
™ 2sin? (w)

(2.43)

where Y,, = 1., (ro, {Bq} 1,81) is the conditional SINR, which, from (2.7), is de-
fined as Tpn, (7“0, {Bo}i ,Sz> = Eayr) {Tm <r0, (B} .51, AO(T)) } which can be
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calculated by

T (70, {By 1125 Sz, Ao(7))

(&) "D, (8. 80()

4<1€)7’52b( ¥ +4(£ )62b<2) (2.44)

(a)

® (#) r5%Do (Sz) Do (Ao(r))
2Ny + 2 (%) ;rjf <r(()_2b+2/q) (p/\7r)1/q Bq6%q>

where (a) follows from (2.7) and shorthands 0% = Epn(r) < |D2,m (Sz, Ao(7),n (T))}Q}

and of = E{Gq};:o? {’D GoG) (Sz, Ao(T), iagg (75 7’0))‘ } and (b) follows from the equal-

ities in (2.6) and (2.15), i.e., ox = [D1,, (Sz, Ao(T )/Dom (S, Ao(7))] Ny for noise-

related term and interference-related o? = [(E/Nt) ( (() 2b+2/q> (pAm )l/q Bq&Gq)]
X DL (Sz, B0(T)) /Do, (S Ao(7)) |-

Since Ea (1) {ﬁo,m (Ao(T))} = 2, the conditional SINR Y,, simplifies to:

Tm — Tm <T07 {Bq}g—g 751')
! (2.45)

E o /o EX/ _
= ﬁtro 2P, (Sz) | Mo+ A ; (7‘((] 2b+2/4) (p)\ﬂ')l/q quéq)

The proof follows by applying the MGF-based approach [4] to the computation of

Epy(sp) 1

Proof of Lemma 2.4. Let us start from the identity D} (Sz, Ao(7)) /Do (Sz, Ao(T)) =
|ho|? |Ao|®. Then the following equalities hold,

(@) (=1/b),  (-1)'T(m+q) T'(qg+1/2) (Q_\* Ll
2 W2),0-1/b), & Tm) e R (T B

Oy Jxx VY, ()T mtq) Ta+1/2) (| 22\
ES%{ngu/mq(ll/b)q d e T r () }1

(2.46)
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where (a) follows from (2.13) and (b) originates from the linearity property of the
expectation operator. Equation (2.25) is obtained from the series representation of

the generalized hypergeometric function [2, Ch. 5, Eq. (2)] and from the equality

L(m+q)(g+1/2)  (m)
(1/2)qr((q]n)rq(q+1)\/% - (1); for every .

Proof of Lemma 2.5. We know that the relation D? (Sz, Ay (T))/DO (SI, Ay (T)) =
2
SN JTVQI U[(]T) (T)‘ holds. Then, the following equalities hold

+
8

—_

(2.47)
@ (-1/b), 1 x , o
~ 2 {1/), 0= 1), T (12— g) N Ean {0 (M) 1

® R e VL P W
2 13,0 10, ¢ T2 9

=}

= Bai(r) (¢ (si (7)) QX)7 o —1
where (a) follows from (2.13) and (b) originates from the linearity property of the
expectation operator. Equation (2.27) is obtained from the series representation of

the generalized hypergeometric function [2, Ch. 5, Eq. (2)] and from the equality

NZS [(1/2)qF (1/2 — q)}_1 = (=1)7 for every gq.

2.C Proofs of Theorems and Corollaries

Proof of Theorem 2.1. Let the MGF of the SINR be defined as MgiNng (s; ro, {Bq};':f> =
Mp, (SSINR (ro, {Bq};rﬁi)), where the SINR (ro, {Bq};r:f) is given in (2.19). Then,
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the following equalities hold,

Msinr (8;7"07 {Bq ;xf)

o
I (E/Nt)Qora%
No+ (B/No) 52725 (r /%) (pam) /1 B,a2 )
(@ 1 /*“ mo—1
- ——— xT ex —X
I" (mo) Jo P}
( t) QOS d
X exp | — pos T x
2
NOT8b+( );( /a p)wrl/qB O'G) (2.48)

+o0o
@1—1/ 2™ exp {—z}

EQOsm/ y V20 (2 < m> eXp{_yA (TO’{BQ}ZJ:?)}dy] d

EQ EQ
(—1—m0 Os/ 1Fy <m0—i—1,2, 03y>
0 Ny

EX
. 2%, & 2/q 1/gp =2
x exp ¢ —y [ Morg” + N, ; (7’0 (pAm) Banq> dy
where: (a) follows from (2.35), (b) follows from (2.36), f0+°° ™ Lexp {—z}dr =T (my)
and by using the shorthand A (ro, {Bq}gg) = Nord*+(E/Ny) ;;Oi’ <r§/q (pAm)L/a Bqﬁéq),
and (c) follows from (2.37).

The next step is the computation of the expectation with respect to the RVs {Bq}q 1>
e., MR (8;70) = E{quro? {MSINR (s;ro,{Bq}q:1>}. From (2.48), the following
—
equalities hold:
EQq
N,

+oo EQ
X / 1 Fy (mo +1;2; — N08y> exp {—y/\/or%b} S (y;ro) dy
0 t

Msing (83 07a1,70) =1 — mo
(2.49)
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400
S (ya 7,‘0) ]E{B }+oo exp _yNt Z ( /4 (p)\ﬂ-)l/q B e )
q=1
] Ee, {GXP{—yr 9 (pAm) Y4 B, 52 }}
+o0 q
& exp{— (yﬁr?/q (pAm) Y/ 5§;q> } (2.50)
_ t

+o0 E q
= exp —p)mr% Z (yNtc_réq>
q=1

= exp{ p)erQ< i)}

where: (a) holds because the RVs {Bq};r:og are independent for every ¢ and (b) fol-
lows from Mg, (s) = exp{—s?}. Also, Q(-) is defined in (2.20). The final step
is the computation of the expectation with respect to the RV rg, i.e., Mggr (s) =
Er, {Msing (s;70)} = O+°° Msing (8;€) fry (§) d€. With the aid of some changes of
variables, the final expression can be formulated as shown in (2.20). This concludes the

proof.

Proof of Corollary 2.1. The proof follows from (2.20) by letting Ny = 0 and by
computing the integral with respect to the variable  with the aid of the notable integral

0+°° exp{—Kz}dr =1/K for £ > 0.

Proof of Theorem 2.2. With the aid of (2.20), Z (-, -,-) in (2.22) can be re-written as

follows,
Z (o, B,7)
e (2250
. o o B\ N
2w [T e () s fer{ e () )
X (E;J [/O mlﬂ <m0+1 2 Smf(w)> dw] dwdz

where (a) follows from the change of variable (F/N;) kQoy = z and by exchanging the
order of integration. The proof follows by computing the integral in the square brackets

with the aid of (2.38).
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Proof of Corollary 2.2. The proof follows from (2.23) by letting Ny = 0 and by
computing the integral with respect to the variable z with the aid of the notable integral

0+°° exp{—Kz}dr=1/K for £ > 0.

2.D Proof of Proposition 2.3

From (2.33), we have the equalities below

@a  mo [T°T (z;mo,a)

ASEP N — - — = d
PSK & — — — ; Tk ¥
0o mo/a </+°° 111 (m0+1;2;—y)dy> doo
T 7T Jo 0 1+ ksin? (w)y
1 @ . 0 0 1
Yo _ / Ggg ksin? (w) dw
m 7wl (mo) Jo : 0 mg
d /2 _ 001 2.52
(%) fo Ko Ggg k sin® (w) dw (2.52)
2 7 (m()) 0 0 mo
©ro __fo /1371/2(1—37)_1/26}3’3 kx 0o dw
2~ 2aT (mo) J, : 0 mg
(:) @ _ Ko G2’3 ];: 1/2 0 0 1
2 27l (mg)  *3 0 m 0

where: (a) follows by using the series representation of the generalized hypergeomet-
ric function [2, Chapter 5, Eq. (2)], é.e., 1F1(—1/b;1—1/b; — (kmimo/kMOD) 2) =~
14 (b— 1)_1 (kmmvo/kmoDb) 2 and by introducing k = (b — 1)_1p (kvmvo/kmob); (b)
follows from (2.38) and some changes of variable; (c) follows by using the Mellin-Barnes
integration theorem [3, Eq. (2.24.1.1)]; (d) follows from o =7 — /M = 7/2 for M = 2,
from the approximation o = 7 — /M =~ 7 for M > 4 and from the symmetry of sin? (-).
In particular, ko = 1 if M = 2 and kg = 2 if M > 4; (e) follows from the change of
variable z = sin? (w); (f) follows from [41, Eq. (7.811.2)]. The proof follows by inserting

the specific parameters of PSK modulation in (2.52).



Chapter 3

Stochastic Geometry Analysis of
Relay-aided Cellular Networks

3.1 Introduction

The deployment of Relay Nodes (RNs), as network infrastructure elements without a
dedicated wired backhaul connection, has been considered by the IEEE 802.16j working
group [43] and by the Third Generation Partnership Project’s Long Term Evolution
Advanced (3GPP LTE-A) [44] for enhancing, in a cost—effective manner, coverage and
rate of cellular networks. Currently, practical cellular networks employ half-duplex
RNs, i.e., the RNs can either receive or transmit data but not at the same time and
on the same frequency, for forwarding data packets from the Base Stations (BSs) to
the Mobile Terminals (MTs). Several protocols have been proposed in the literature for
relay-aided cellular networks, which include Amplify—and-Forward (AF), Decode—and—
Forward (DF) and Demodulate-and-Forward (DemF) relaying [45].

The available literature on the mathematical performance evaluation of relay-aided wire-
less networks is vast, and it encompasses noise-limited [46—49] and interference-limited
[50-57] operating scenarios. Further information is available in [13, 14]. Even though
the available frameworks provide relevant insight on the performance of relay-aided wire-
less networks, they are not directly applicable to cellular networks. They, in fact, are
applicable either to network deployments where the locations of BSs and RNs are fixed

and known a priori (see, e.g., [50-52]) or to ad hoc networks, where the interferers are

50
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randomly located in the whole plane and, thus, the notion of cell is not explicitly taken
into account (see, e.g., [13, 14, 54, 58]). Furthermore, the interference generated by the
RNs is not considered in the system model, which, on the other hand, is one of the main

challenges faced by deploying RNs in cellular networks [44].

In this chapter, we develop a tractable approach to the mathematical performance eval-
uation and optimization of relay-aided cellular networks, which explicitly accounts for
the centralized nature of cellular networks as opposed to their ad hoc counterpart. The
motivation and the significance of our work lie in understanding and quantifying the
impact of the presence of the RNs in cellular networks. Since the operating principle
of cellular networks is different from ad hoc networks, the conclusions and the insights
from [14, 50-56] cannot be guaranteed to hold, a priori, for relay-aided cellular networks.
Notably, a fundamental challenge of relay-aided cellular networks, compared with ad hoc
and cellular networks, lies in the cell association criterion, which consists of selecting a
pair of serving BS and RN. As a result, new mathematical frameworks to shed light on
and to quantify the benefits of deploying the RNs in the presence of other-cell interfer-
ence and using practical cell association criteria to choose the pair of serving BS and
RN are needed. To the best of the authors’ knowledge, no mathematical approach of

this kind is available in the literature.

To this end, we capitalize on the so-called stochastic geometry abstraction modeling
of cellular networks [24], which, since its first inception in [10], has been routinely
used for system-level performance evaluation and optimization due to its mathemati-
cal tractability and accuracy [59, 60]. This approach has been successfully applied to
the modeling and analysis of downlink cellular networks [10, 15], multi-antenna cellular
networks [26, 27, 61], heterogeneous cellular networks [21-23, 62], uplink cellular net-
works [63, 64] and millimeter-wave cellular networks [65, 66], just to cite some relevant
examples. Recent developments in this field of research are available in [61]. To the best
of the authors’ knowledge, stochastic geometry modeling has never been applied to the

analysis of relay-aided cellular networks.

In the present chapter, we exploit stochastic geometry for modeling relay-aided down-
link cellular networks, as well as we introduce a tractable mathematical framework for
computing coverage, rate and for studying the role of the RNs in cellular networks.

More specifically, the locations of BSs, RNs and MTs are modeled as points of three
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TABLE 3.1: Recurrent parameters and symbols.

Symbol H Meaning ‘
Dx PPP of network elements X = {BS, RN, MT}
@g? PPP of interfering network elements X = {BS, RN}
Ax density of network elements X = {BS, RN, MT}
Nrp number of resource blocks
BSo, BSro serving BSs of one- and two-hop transmission
RNg serving RN for two-hop transmission
MTo probe MT
Bx,y path-loss exponent of the X-to-Y link
Sx.v shadowing of the X-to-Y link
hx,y fast-fading of the X-to-Y link
Pr total transmit power
Px transmit power of network element X
Kr power splitting ratio
Bss, BrN bias coefficients
X1hops X2hop one-, two-hop transmission probabilities
ok thermal noise power
Bw transmission bandwidth per resource block
Neett = (BesPr)/(Brn (1 — K7) Pr) || it is a shorthand notation

independent and homogeneous Poisson Point Processes (PPPs). A flexible cell associ-
ation and relay-aided transmission protocol based on the best biased average received
power are considered. It is shown that coverage and rate highly depend on the path-loss
exponents of one- and two-hop links, as well as that, if the system is not well designed,
the presence of RNs may provide negligible performance gains. By capitalizing on the
proposed analytical framework, a system-level and interference-aware optimization cri-
terion of the bias coefficients for cell association is proposed, which is shown to enhance
the end-to-end coverage probability in the interference-limited regime. In addition, it
guarantees that, regardless of the system setup, relay-aided cellular networks are never

worse than cellular networks (without using the RNs).

This chapter is organized as follows. In Section 3.2, the system model is introduced. In
Section 3.3, the problem is formulated in mathematical terms. In Section 3.4, the frame-
works for computing coverage and rate are provided, and relevant insights are discussed.
In Section 3.5, the mathematical analysis is validated via Monte Carlo simulations and

numerical results are presented. Finally, Section 3.6 concludes this chapter.

Recurrent parameters and symbols are summarized in Table 3.1.
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3.2 System Model

3.2.1 Network Deployment Modeling

A downlink relay-aided cellular network is considered. BSs, RNs and MTs are modeled
as points of three independent and homogeneous PPPs, which are denoted by ®pg, Pry
and @y of density Ags, Arn and Ay, respectively. In addition, BSs, RNs and MTs
are assumed to be equipped with a single antenna for both transmission and recep-
tion. The analysis of multi-antenna transmitters and receivers is postponed to future
research. Both BSs and RNs are assumed to have Ngrg Resource Blocks (RBs), e.g.,
carrier frequencies/wavelengths, available for serving the MTs. In general, every BS
provides service to multiple MTs. For each tagged MT, every BS picks at random and
with probability 1/Ngp the RB where to transmit. The RNs transmit on the same RB
as the BS they are paired to, according to the association criterion and relaying protocol
described in Section 3.2.3. Further details on the load model and Ngrp are provided in
Section 3.2.4. Each RB is split in two time-slots. In the first time-slot, only the BSs
are allowed to transmit. In the second time-slot, only the RNs are allowed to transmit.
Further information on the relaying protocol is provided in Section 3.2.3. Without loss
of generality and in agreement with the Slivnyak theorem [7, vol. 1, Th. 1.4.5], the
performance of a typical MT located at the origin of the bi-dimensional plane is studied.
This typical MT is denoted by MTy. It can be served either via a one- or a two-hop link
with the aid of a RN. In the first case, the BS serving MTy is denoted by BSg. In the
second case, the RN serving MTy is denoted by RNy and the BS serving RNy is denoted
by BSgrg. In the first time-slot, as a result, interference is generated by all active BSs
with the exception of the serving BS, i.e., BSg or BSrg. In the second time-slot, on the
other hand, interference is generated by all active RNs with the exception of the serving
RN, i.e., RNy. Further information on BS association and relaying protocol are provided
in Section 3.2.3. Since we are interested in analyzing the performance of a typical MT,
MTy, the analysis is conducted for an arbitrary RB, where MT( receives its intended
signal. The sets of interfering BSs and RNs in the RB of interest are denoted by Cbg%

and @g%\l, respectively. They are further detailed in Section 3.2.4.

Remark 3.1. Assuming that the RNs are distributed according to a PPP is particulary
suitable in the context of the present chapter for two main reasons. The RNs may be idle

MTs that are willing to assist the transmission of other active MTs. In this case, the PPP



Chapter 3. Stochastic geometry analysis relay-aided cellular networks 54

modeling assumption may be deemed to be appropriate. In other cases, on the other
hand, the RNs may be deployed by the network operators and, thus, their locations may
not be totally random. In our case study, however, we adopt a PPP-based abstraction
model for the locations of the BSs. In this context, a non-random deployment of the
RNs may be in contrast with it and may not be convenient for mathematical analysis.
Assuming the RNs to be distributed according to a PPP is, on the other hand, an
integral part of the PPP-based modeling of cellular networks [67]. In some scenarios,
the locations of BSs and RNs may exhibit some level of correlation. This correlation may
be modeled by using point processes that are not PPP. These scenarios are, however,
beyond the scope of the present report and they are postponed to a future research
contribution. It is worth emphasizing, finally, that several other papers available in the

literature have used a PPP for modeling the RNs, e.g., [68] and references therein. [J

3.2.2 Channel Modeling

The channel model takes into account path-loss, shadowing and fast-fading, which are
described as follows. Throughout the present chapter, the propagation channels related
to network elements of the same type are assumed to be independent and identically
distributed (i.i.d.). If a generic BS-to-RN link is considered, e.g., from the BS BS; € ®pg
to the RN RN, € ®gy, the channel parameters are identified by using the subscript
“Bg,RN". A similar notation holds for the channel parameters related to other network

elements.

A. Path-Loss

Let rx,y, be the distance between two generic network elements X; and Yj,. Based
on the downlink network model of Section 3.2.1, we have X; € {BS;,RN;} and Y} €
{RNy, MT}}, where BS;, RN; and MT; denote the generic BS, RN and MT of &g, Prn
and @y, respectively. The path-loss, [ (-), of this generic link is defined as [ (ry, y;) =
mgrf():;k, where kg denotes the free-space path-loss at a distance of one meter and Bx y >
2 denotes the power path-loss exponent. In particular, kg = (47/ 1/)2, where v is the

transmission wavelength. The considered path-loss is usually known as the “close-in”

model [69].
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B. Shadowing

In addition to the distance-dependent path-loss, the generic (X;, Yy) link is subject to
mid-scale fading that is denoted by Sk, v, . Sx; v, is assumed to follow a log-normal dis-

2
tribution [70], whose PDF is fs, , (§) = 10log10(e) o, (— (1010810(©)—pix.v) ) [4], where

27TG'§(,Y£ (20%(71/)

px,y and O'g( y denote the mean and the variance of the random variable 10log (Sx; v )-

Spatial correlation of shadowing is not considered in this report. It may, however, be

taken into account as in [71].

C. Fast-Fading

Besides path-loss and shadowing, the generic (X;, Yy ) link is subject to a random complex

? is assumed to follow

channel gain, which is denoted by hx, y,. The power gain |hx; v,

an exponential distribution (i.e., Rayleigh fading is considered) having mean square

value equal to Q2xy. The probability density function of |hXi7Yk|2 is f]h ‘2 &) =
X;,Yy,

(1/Qxy)exp (=€/Qxy) [4].

3.2.3 Cell Association and Relaying Protocol

The typical MT, M Ty, can be served either via a one- or a two-hop link. In the first case,
MTy is served by BSg and a single time-slot is used. In the second case, MTy is served by
RNy, which, in turn, is served by BSgg. In this latter case, two subsequent time-slots are
used. Thus, a half-duplex relaying cellular network is assumed. The extension to full-
duplex scheme is not that straightforward and has been postponed to future research.
More details are discussed in Section 3.5. A DF relaying protocol is considered [45]. As
a consequence, a typical downlink transmission may occur either in one or in two time-
slots. All transmissions in the same RB occur at the same transmission wavelength v.
Let Pr be the total transmit power budget for serving MTy. Let Pgs,, PrN, and Pgsy,
denote the transmit powers of BSy, RNy and BSgg. In order to ensure the so-called
total power constraint [45], they are defined as Pgs, = Pr, Prn, = (1 — K1) Pr and

Pgsy, = K7 Pr, where 0 < Kt < 1 is a power splitting coefficient.
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FicURE 3.1: Coverage regions in the absence of shadowing in an area of 9 square

kilometers. Squares and triangles denote BSs and RNs, respectively. (a) Without

relays. (b) With relays. (c) Figures (a) and (b) are overlapped to show the difference.
Setup: PT =40 dBm, KT = 0.5 and BBS,MT = ﬁRN,MT =4.

The triplet BSg, RNg and BSgq is identified by using the cell association criterion as

follows:

I (res, ;
BS, = arg min {O"BSBAT)} . RNy argmin { (rRNAMT,) }
BS;cops | L79BS; MT RN ebpy | (1 — K1) PrSex, MT, (3.1)

. [ (rBs, RNo)
BSRo = arg min {’O
BS,edps | KT PrSBs; RN,

Remark 3.2. Eq. (3.1) ensures that MT receives the highest power from the available
BSs and RNs, as well as that the serving RN, RNy, receives the highest power from
the available BSs. Also, Pr and Kt do not affect the selection of BSy, RNy and BSg,
in (3.1). They, in fact, are independent of the subscripts ¢ and k. Moreover, BSy and
BSprp might be two different BSs on the plane or they may indicate the same BS which
provides the highest power to MT and the highest power to RNg among all the BSs. [J

Let the triplet of network elements BSp, RNy and BSgrg from (3.1). The typical MT,
MTy, is served either via a one- or a two-hop link according to the cell association

criterion as follows:

. 1(rBsg,MT,) I(rRNg,MTy )
— : , < 0:MTg
one — hop : BSp — MTj if Bgs PrSesy,mt, — BrN(1—KT)PrSrNng,MT,
. ; I(rBsg.ny ) 1(rrNg Mo )
two — hop : BSrg — RNy — MTy if Brs PrSnsg i, > B (1K) PrSnng arrg

(3.2)
where Bpg and Brn are non-negative constants, and BSg, RNy, BSg( are obtained from

(3.1).
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FicURrRE 3.2: Coverage regions in the presence of shadowing in an area of 9 square

kilometers. Squares and triangles denote BSs and RNs, respectively. Points with the

same color are served by the same BS in (a) and (b), and by the same RN in (c). (a)

Without relays. (b) With relays. (c) One cell of figure (b) is magnified to highlight the

association area of each RN of the cell. Setup: Pr = 40 dBm, Kr = 0.5, 8gs,mMT =
BrNMT = 4, uBs,MT = prN,MT = 0dB and ops mT = orN,MT = 4dB.

Remark 3.3. The association/transmission criterion in (3.2) resembles the so-called bi-
ased cell association often used in multi-tier cellular networks [23], where Bps and Bry
play the role of bias coefficients. In (3.2), Bpg and Brn play a similar role by prioritizing
either one- or two-hop transmission depending on the system parameters. In Section
3.4.3 and Section 3.5, it is shown that the best choice of Bgg and Bry depends on the
path-loss exponents fxy for X € {BS,RN} and ¥ € {RN,MTy}. Throughout the
present chapter, without loss of generality, it is assumed that Bry = 1 and Bgg > 0. If

Bgs = 1, there is no bias. O

Remark 3.4. The rationale of introducing the concept of prioritization originates from
the fact that the cell association in (3.1) and (3.2) takes only the signal powers into
account, while the other-cell interference is neglected. In cellular networks in the ab-
sence of RNs, the authors of [72, Lemma 1] have proved that a cell association based
only on the signal power is optimal. This is not necessarily true for relay-aided cellular
networks. An example confirming this statement is provided in Section 3.4.3, which
motivates the related optimization problem in (3.30). As better discussed in Section
3.4.3, in particular, the concept of prioritization can be thought as adding (long-term)
interference-awareness in the cell association criterion, eventually leading to better per-
formance. The numerical examples shown in Section 3.5 confirm that without priori-
tization, i.e., without interference-awareness (Bgs = Brn = 1), worse performance is

obtained. O

Remark 3.5. Thanks to the bias coefficients in (3.2), the relay-aided cellular network
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under analysis subsumes the cellular network setup, i.e., when the RNs are not used.
By direct inspection of (3.2), in fact, it follows that all transmissions are likely to be
one-hop and two-hop if Bpg > 1 and Bpg < 1, respectively. More specifically: i) if
Bgs = 00, the system model reduces to a cellular network without using the RNs, and
ii) if Bpg = 0, all the MTs are served via a two-hop link. In Section 3.5, in particular,
these two case studies are analyzed as well, in order to better highlight the impact of

using the RNs in cellular networks. O

Remark 3.6. Let Bgs = Brn = 1. The cell association in (3.1), (3.2) can be interpreted
as follows. Let MTy, the BS and RN providing the highest received power to it are
identified, i.e., BSg, RNg. If the power received from BSg is higher than that received
from RNg, then MTy is served by BSy. Otherwise, MTy is served by RNp. In this latter
case, RNy is served by the BS providing the highest received power to it, i.e., BSgrg.
BSy and BSgg are, in general, different, ensuring that the best access point for each hop

is selected. O

The association/transmission criterion in (3.1) and (3.2) takes the presence of RNs into
account. It is expected, as a consequence, that the coverage regions of the available
BSs are different compared to cellular networks in the absence of RNs. An example of
coverage regions computed according to (3.1) and (3.2) is illustrated in Fig. 3.1 and
in Fig. 3.2, in the absence and in the presence of RNs. More specifically, Fig. 3.1
shows the conventional voronoi diagram of BSs (in the absence of relaying) in (a) and
the boundary of cells consisting of one serving BS and several relay nodes in (b). The
relays in each cell bounded by the black solid lines is connected to the only BS in its cell,
and the MTs falling in the cell are tagged to either a relaying node or the BS in that
cell. The comparison of these two cases is in (c¢). As for Fig. 3.1, constant shadowing
has been assumed for the illustration purpose only, which is equivalent to the absence
of shadowing for the cell association point of view. In Fig. 3.2, the positions of the BSs
and relays are the same as those in Fig. 3.1, the shadowing for the links between each
candidate serving nodes and each pixel (possible location of MT), on the other hand, is

assumed to be independently distributed.
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3.2.4 Load Modeling

Two operating scenarios are considered: 1) saturated traffic load and 2) light traffic

load.

A. Saturated Traffic Load

In this case, the number of MTs is much larger than that of BSs and RNs. This occurs
if AmT > Ags and Ayr > Arn. Also, At is assumed to be sufficiently high that all
the BSs are active in every RB. Thus, the set of interfering BSs in the RB of interest,
@g%, is equal to the set of all available BSs except the serving BS. If MT} is served via a
one-hop link, the serving BS is BSy and @g% = ®pg\BS,,. If MT) is served via a two-hop
link, the serving BS is BSgg and @g% = ®ps\BSg,-

Remark 3.7. Based on the properties of PPPs [7], @g% is a homogeneous PPP of density

)\g% = Ags. Some interfering BSs, however, may serve their respective MTs either via a

one- or a two-hop link. These two sets of interfering BSs are denoted by @gélhOp) and

<I>§3I’Szh0p), respectively, such that @1(31% = <I>](31’Slh0p) U @ggh(}p) and <I>](3leh0p) N @g’;hom =0

Since the cell association in (3.1), (3.2) is distance-dependent, the sets @g’slh()p) and

@g’thOp) are not homogeneous PPPs. The locations of the interfering BSs in @g’slhOP)

and @g’SZhOP) are expected to exhibit, in particular, some level of spatial correlation. Due
to the mathematical intractability of taking these spatial correlations into account, we
resort to Approzimation 3.1 for system-level evaluation. The accuracy of Approximation

3.1 is investigated in Section 3.5 with the aid of Monte Carlo simulations. O

Approximation 3.1. Let xinop and xonop be the probabilities that MTy is served via
a one- and a two-hop link, respectively. X1inop and Xonop are computed in Section 3.3.2.
Since all the MTs receive service in our system model, then Xinop + X2nop = 1. The

sets of interfering BSs, @gélh()p) and @g’s%()p), in a generic RB are assumed to be two

(I,2hop)

)‘gélhop) = X1h0p>‘1(31)s and Agg =

homogeneous and independent PPPs of density
X2h0p)\g%, respectively. The spatial constraints originating from (3.1) and (3.2) are,
however, taken into account for system-level performance evaluation, as discussed in

Section 3.3.1. OJ

Remark 3.8. In the saturated traffic case, all the available BSs are active in a generic RB.

With the exception of the serving BS, all the other BSs act as interferers. The number
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of active RNs is, however, smaller than the number of available RNs. Let q)gl)\j denote

the set of active interfering RNs for the typical MT, MTy, in the RB of interest. Based
on the relaying protocol of Section 3.2.3, the number of interfering RNs, card {@gf\l},
must satisfy the condition card {@g%\l} = card {CID](BI’SZhOp)}. This holds because paired
BSs and RNs transmit in the same RB. Since a sub-set of available RNs are active in
a generic RB and the cell association in (3.1), (3.2) is distance-dependent, @gl)\l is not
a homogeneous PPP. The locations of the interfering RNs are expected to exhibit some
level of spatial correlation. Similar to Remark 3.7, for mathematical tractability, we

resort to Approrimation 3.2 for system-level analysis. Its accuracy is investigated in

Section 3.5. 0

Approximation 3.2. The set of interfering RNs, (IDS%\I, in a generic RB is assumed to

be a homogeneous PPP of density )\g%\l = Xghop)\g%, where )\](31% = A\ps. Also, the loca-
tions of BSs and RNs are assumed to be independent. The constraint card {@g%v} =
card {CID](;’S%OP)} originating from the relaying protocol and the spatial constraints origi-
nating from (3.1) and (3.2) are, however, taken into account for system-level performance

evaluation, as discussed in Section 3.3.1. Thus, some level of spatial correlation is ac-

counted for. m

B. Light Traffic Load

In this case, the number of MTs is small. This occurs if Ayy7 <€ NrAps and Ayt <
NrBArN- Since the RBs are chosen at random and with equal probability by each BS,
the density of interfering BSs in a generic RB is equal to )\](31% = Aur/NRrB. As a result,
some BSs are inactive in the RB of interest. Similar to the saturated traffic case, the
set of interfering BSs in that RB is denoted by @gg, and it can be split in two disjoint
sets corresponding to the interfering BSs serving their associated MTs either via a one-,

<I>](3Ié1h0p), or a two-hop, @gghom, link.

Remark 3.9. Since some BSs are inactive in a generic RB and the cell association in
(3.1), (3.2) is distance-dependent, the set of interfering BSs in that RB, @1(31%, is not a
homogeneous PPP. The locations of the interfering BSs are expected to exhibit some
level of spatial correlation. Similar to Remark 3.7, for mathematical tractability, we use

Approximation 3.3 for system-level analysis. Its accuracy is studied in Section 3.5. [
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)

Approximation 3.3. The sets of interfering BSs, ®pq, @g’slh()p) and (IDI(BI’S%OP) in a

generic RB are assumed to be three homogeneous PPPs of density )\g% = AvT/NRB,
)\g’slhc’p) = thop)\g% and )\g’;hOp) = Xghop/\g)s, respectively. Also, @g’slhOp) and @](Bl’sgh()p)
are assumed to be independent. Similar to Approzimations 3.1, 3.2, the spatial con-

straints originating from (3.1) and (3.2) are, however, taken into account for system-level

analysis. O

Remark 3.10. As for the active RNs, comments similar to Remark 3.8 hold. Hence, @gl)\I
is not a homogeneous PPP. For mathematical tractability, Approzimation 3.4 is used.

Its accuracy is studied in Section 3.5. g

Approximation 3.4. The set of interfering RN, CIJ(PB\I, in a generic RB is assumed to

be a homogeneous PPP of density /\g%\I = Xghop)\g%, where )\g% = Aur/Ngp. Also, the
locations of BSs and RNs are assumed to be independent. Similar to Approzimation
3.2, however, the constraint card {@g%\l} = card {@gghom} and the spatial constraints

originating from (3.1) and (3.2) are taken into account in Section 3.3.1. O

Remark 3.11. In the present report, only saturated and light traffic load models are
investigated. The analysis of general load conditions requires, in fact, the knowledge
of the distribution of the cells size in the presence of RNs [73]. This distribution is,
however, unknown even in the absence of RNs and, usually, it is empirically derived
from Monte Carlo simulations [74]. To the best of the authors’ knowledge, however,
there are no empirical results for the size distribution of Poisson cells in the presence of
RNs. As shown in Fig. 3.1 and Fig. 3.2, the shape and size of the cells in the presence
and in the absence of RNs look different. In order to study general load conditions, the
empirical cells size distribution in the presence of RNs needs to be estimated beforehand.
The approach proposed in the present report, fortunately, is directly applicable to relay-
aided cellular networks with general load conditions. The methodology introduced in
[73] is, in fact, directly applicable to our case study if the distribution of the cells size
is known. Due to space limitations, however, the extension to general load conditions is

postponed to future research. O
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3.3 Problem Formulation and Useful Lemmas

In this section, we provide a mathematical formulation of the problem at hand. We begin
by introducing the definitions of Signal-to-Interference-plus-Noise-Ratio (SINR), which
are used for computing the performance metrics of interest. The SINRs are introduced

in what follows, by considering one- and two-hop links.

For ease of presentation, some recurrent notation is introduced. The random variable
Zxy = l(rxy)/Sxy for X € {BS,RN} and Y € {RN,MTy} denotes the ratio of
path-loss and shadowing for a generic (X,Y) link. o% = 10°%(@Bm)/10 denotes the
thermal noise power, where 0% (dBm) = —174 + 10log;( (Bw) + Fap, Fap is the noise
figure in dB and By is the transmission bandwidth of each RB. P]gIS}ZOP) = Pps, = Pr

(1, lhop)

for BS; € ¢ denotes the transmit power of the BSs that serve their MTs via a

(2 op)

one-hop link. Py = Pgsy, = K7 Pr for BS; <I>(I 2hP) Jenotes the transmit power

of the BSs that serve their MTs via a two-hop link. Prn, = Prn, = (1 — K7) Pr for
RN; € @gl)\I denotes the transmit power of the RNs. ncen = (BpsPr)/(Bry (1 — K1) Pr)

is a shorthand used for simplifying the writing of (3.2).

A. Definition of SINR: One-Hop Link

If the typical MT, MT, is served via a one-hop link, the SINR at M T can be formulated

as follows:

2 -1
PBS(J ’hBS(),MTO‘ ZBSO,MTO

SINRBs, M1, = (3.3)
; 1h 2h
N + Il(gsoo_r?MTo (ZBS(),MTO) + I](BS()()—]Q>)MT() (ZBSO,MTO)
where we have introduced the aggregate other-cell interferences as follows:
1h 1h 1
I]gsoo_ngTo (ZBSo,MTy) = ZBSiE‘I}](BI’SlhOp) Py ( Op |hBSZ,MTo| 258, MT,
X 1(ZBs, MT, > ZBSy,MTo)
(3.4)

(2hop) o 2hop _
IBSOHMTO (ZBSO,MTO) - ZBS q,(l 2hop) P |hBngMTO‘ ZBS],MTO

x 1 (Zps; M, > ZBSo,MT,)

The aggregate other-cell interferences, I]glsho_pQT () and I]gQS};(ﬁ)MTO (+), in (3.4) are re-

lated to the interfering BSs serving their MTs via a one- and a two-hop link, respectively.
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The indicator functions in (3.4), 1 (ZBSi,MTo > ZBSO,MTO) and 1 (ZBSj,MTo > ZBSO,MTO)
for BS; € @g’slhOP) and BS; € @gézh()p), respectively, originate from the association crite-
rion in (3.1). More specifically, they take into account that the power received from the

serving BS is higher than that of every interfering BSs.

B. Definition of SINR: Two-Hop Link

If the typical MT, MTy, is served via a two-hop link, the SINR needs to be defined at
both the serving RN, RNy, and at the probe MT, MTj.

The SINR at RNy can be formulated as follows:

SINRBSR(),RNO
2 -1

. PBSRO ‘hBSRo,RN0| ZBSRO,RNQ]' (ZBSRQ,MTO > nCeHZRNo,MTO) (35)
9 (1hop) (2hop)

on + IBSR0—>RN0 (ZBSRovRN()’ ZRNmMTO) + IBSR0—>RN0 (ZBSR07RNO7 ZRNO,MTO)

where we have introduced the aggregate other-cell interferences as follows:
(1hop)
IBSR0—>RN0 (ZBSRo.RNgs ZRNo,MTg)
— (1hop) 2 -1
X 1(ZBs; RNo > ZBSgo,RNo) 1 (ZBS;,MTo > 7Mcell ZRNo,MT) 56

(2hop)
IBSRO —RNp (ZBSRO RNg» ZRNg,MTo )

2hop) 2 51
Zste@gé?hOP) BSj ‘ BSJ,RNO ‘ BSj,RNO

x 1 (ZBSj,RNO > ZBSpeRNy) 1 (ZBSj,MTo > Teell ZRNo,MT )

The aggregate other-cell interferences, Zps,,—RrnN, (-, ) and I]gQSh:fLRNO (+,7),1in (3.6) have
the same meaning as those in (3.4). Two indicator functions, however, need to be used
as a result of the association criterion in (3.1) and of the transmission protocol in (3.2).
The functions 1 (Zgs; RN, > ZBSgo,RN,) and 1 (ZBSJ.,RNO > ZBSRO,RNo) originate from
(3.1) and take into account that the path-loss (with shadowing) of the serving BS is
lower than that of every interfering BSs. The functions 1 (ZBs; MT, > Teell ZRN,MT )
and 1 (ZBSj,MTO > ncellzRNo,MTo) originate from (3.2) and they take into account that,

from (3.1), the conditions Zgs, mT, > ZBS,MT, and Zps; MT, > ZBSy,MT, hold. The
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indicator function in the numerator of (3.5), 1 (ZBsg, MTy > Necel ZRNy,MT, ); Originates

from (3.2) as well, since, from (3.1), the condition Zgsy, M1, > ZBsy,MT, holds.
The SINR at MTy can be formulated as follows:

2 —1
PrNg [PRNo,MT, |” ZRN, M,

SINRRNO MTo = (3.7)

(2ho
of + IRNOEZMTO (ZRNo,MTy)
where we have introduced the aggregate other-cell interference as follows:

(2hop)
IRN0—>MTO (ZRN07MTO)

= Z PRrN, \hRNk,MTO\Q Z};&k,MTol (ZRNy,MTo > ZRNo,MTo) (3.8)

RN, e}
cmd{é%&}:cwd{@thq»}

The aggregate other-cell interference, ISQ‘)’QMTO (), in (3.8) is related to the inter-

fering RNs serving their MTs via a two-hop link. The indicator function in (3.8),
1 (ZrN, MT, > ZRNo,MT,) for RNy € @gl)\l, originates from the association criterion in
(3.1). It takes into account that the power received from the serving RN is higher than
that of every interfering RNs. As mentioned in Remark 3.8, the condition card {@g%\]} =

card {@g’s%()p)} originates from the relaying protocol.

Remark 3.12. As mentioned in Section 3.2.1, BSs and RNs are allowed to transmit only
during the first and the second time-slot, respectively. This is the reason why there
is no interference originating from the RNs in (3.3) and (3.5), as well as there is no

interference originating from the BSs in (3.7). O

Remark 3.13. The mathematical formulation of the SINRs in (3.3)-(3.8) shows that some
level of spatial correlation and spatial non-homogeneity introduced by the cell association
criterion in (3.1) and (3.2) is explicitly taken into account. This holds even though, based
on the approximations of Section 3.2.4, it is assumed that the sets of interfering BSs and
RNs are homogeneous PPPs. This originates from using the indicator functions. Also,

the constraint card {(I’g%\]} = card {@g’szh()p)} is taken into account in (3.8). O

3.3.1 Problem Formulation

Three performance metrics are considered: i) coverage probability, ii) average rate and

iii) coverage rate.
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A. Coverage Probability

Let T be a reliability threshold below which transmission is not reliable anymore and
communication is suspended. The coverage probability, Py (), can be formulated as

follows:

Peoyv (T) = EZBSO,MTO {Pg)}\}op) (T; ZBSmMTo)} + IEZRNO,MTO {P((:ggop) (T ZRNmMTo)}
(3.9)
P{P) (T; Zps, ar,) = Pr { SINRps, v, > T| By, }
x Pr{ Zrno,m1, > n;ehZBsO,MTO‘ ZBSo,MT, }

PhoP) (T Zpn, M, ) = Pr{SINRBgy, rN, > T and SINRRNy M, > T| ZRNg MT, }

cov
X Pr{ ZBs,,MTy > 7cell ZRNo,MTo | ZRNo,MT, }

(3.10)

where P(%BOP) (+;+) and P,(f,{,mp) (;-) are the coverage probabilities corresponding to one-

and two-hop links, respectively. The conditioning upon Zgs, mT, and ZrN,,MT, Origi-

nates from (3.2).

B. Average Rate

The average rate, Rayerage, is defined as the expectation of the instantaneous rate, as:

Raverage = EZBSO,MTO {Rgf};?gg)e (ZBSO,MTO)} + EZRNO,MTD {Rg}elffg)e (ZRNoyMT())} (3.11)
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1lho
RGP, (ZBSo,MT)

=E()\2ps, mr, {Bw log, (1 4+ SINRgs,, M)

-1
x Pr{ Zrng,MT, > nceHZBSO,MTO‘ ZBS,MT, }}

2hop
Re(averag)e (ZRNmMTO )

(3.12)

Bw .
~ L)\ ZrNg M, {2 min {log, (1 + SINRBSROaRNO) ,logy (1 + SINRRNOyMTO)}

X Pr{ ZBs,,MTy > 7cell ZRNo,MTo | ZRNo,M T, } }

(®) B .
:E(')\ZRNO,MTO {2\7\/ logs (1 + min {SINRBSRO,RNoa SINRRNO,MTO})

X Pr{ ZBs,,MTy > 7eell ZRNo,MTo | ZRNo,MT } }

where notation and definitions similar to the coverage probability are used. In particular,
(a) follows from the rate of DF relaying [45, Eq. (15)] and (b) holds because log, (+) is

a monotonically increasing function.

C. Coverage Rate

The coverage rate is defined as the probability that the rate is greater than a minimum
value that needs to be guaranteed for data transmission. Let Ry denote such a minimum
rate requirement. By taking into account the equality (b) in (3.12), the coverage rate

can be formulated, similar to (3.9), as follows:

Reov (Ro) =Ezpg, i, {Pgégop) (TuhOp) ; ZBSO,MTO)}

(3.13)
+ Ezpng mmg {P(%BOP) (T(ZhOP); ZRNO,MTO)}

where T(hop) — 9Ro/Bw _ 1 T(2hop) — 92Ro/Bw _ 1 apd plhop) (3, p2hop) (+;-) are

defined in (3.10).

It is apparent from (3.13) that the coverage rate can be obtained by using the same
framework as that of the coverage probability, by appropriately scaling the thresholds.
For this reason, it is only briefly considered in Section 3.4. Several numerical examples

are, however, illustrated in Section 3.5.
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Remark 3.14. Average and coverage rate in (3.11) and (3.13) are defined by taking into
account the transmission bandwidth of a single RB, i.e., Bw. They provide, thus, an

estimate of the throughput for a typical RB. O

Remark 3.15. The definition of coverage and average rate in (3.12) and (3.13), respec-
tively, takes into account that new information packets are delivered to the typical MT
either via one- or two-hop links. In the two-hop case, in particular, the rate is multiplied
by a 1/2 factor that accounts for the fact that two time-slots for transmission are needed.
If Bps = oo, then neen = oo and p{2hop) (T ZrNgMT,) = 0, Rg%%?sg)e (ZrNo,MT,) = 0.
This implies that all the MTs are served via a one-hop link and, as expected, the sys-
tem model reduces to a cellular network without RNs. If Bgg = 0, then 1. = 0 and
PR (T Zpnory) = 0, Rivek) (Zrxomr,) = 0. This implies that all the MTs are
served via a two-hop link. In both cases, the definition of coverage and average rate ac-
counts for the number of time-slots effectively used, i.e., one and two, respectively. This
holds even though the transmission protocol under analysis foresees that the BSs and
the RNs are not allowed to transmit in the second and in the first time-slot, respectively.
If Bgg = oo, for example, only one (not two) time-slot appears in the computation of
the rate. If Bgg # oo and Bpg # 0, some MTs are served via a one-hop link and the
others via a two-hop link with some probability (see Section 3.3.2), which is explicitly
reflected in the definition in (3.12) and (3.13). As a result, mathematical analysis and

comparison of different cellular network setups, e.g., with and without using the RNs,

are fair in terms of degrees of freedom effectively used. O

Remark 3.16. Coverage probability, coverage rate and average rate provide different in-
formation on the achievable performance of cellular and relay-aided cellular networks.
Coverage probability and coverage rate correspond to the cumulative distribution func-
tion of the SINR and of the rate, respectively. They provide, as a consequence, infor-
mation on the distribution of two different random variables and may serve different
purposes. For example, guaranteeing a good coverage probability instead of a high rate
may be relevant for cell-edge MTs. The opposite may be important for cell-center MTs.
In addition, coverage probability and coverage rate may be used to compute the so-called
5th, 50th (median) and 90th percentile used in standards working groups for quantifying
the performance of cell-edge and cell-center MTs [75]. While the coverage rate provides
the entire distribution of the rate, the average rate provides the expectation of the rate

that is achievable by a MT that is randomly distributed in a generic cell. O
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3.3.2 Useful Lemmas

From Section 3.2.4 and Section 3.3.1, three enabling results are needed for computing
the coverage probability in (3.9), the average rate in (3.11), and the coverage rate in

(3.13).

e The distribution of the ratio of path-loss and shadowing of the intended links
(Xo,Yy) for Xy € {BSg,BSro, RNp} and Yy € {RNg, MTy}, i.e., the probability
density function and the cumulative distribution function of Zx, v, =1 (rx,,v5)/ 50,0+
i.e., fZXo»Yo (-) and F' Zxy.% (). These random variables, in fact, appear in the def-

initions of the SINRs in (3.3)-(3.8).
e The conditional probabilities that MT is served via a one-hop and a two-hop link,
as follows:

X1hop (ZBSo,MTy) = Pr{ ZrnoMmTy > U(;}lzBSO,MTO} ZBSo,MTo } (3.14)

X2hop (ZRNo,MT,) = Pr{2ZBs; M1y > Neell ZRNo,MT, | ZRNo,MT, }

They appear, in fact, in (3.9) and (3.11).

e The probabilities that MTy is served via a one- and a two-hop link, i.e., X1nop and
X2hop- From Section 3.2.4, in fact, they are needed to compute the densities of the

PPPs of interfering BSs and RNs.

These three enabling results are provided in Lemma 3.1, Lemma 3.2 and Lemma 3.3

available in Appendix 3.A.

3.4 System-Level Performance Evaluation

In this section, we provide tractable mathematical frameworks to the computation of
coverage probability /rate and average rate. Despite the homogeneous PPP-based ap-
proximations for system-level performance evaluation introduced in Section 3.2.4, the
computation of (3.9) and (3.11) is still mathematically intractable. This is mainly due
to the presence of two indicator functions in the mathematical formulation of the SINR
in (3.5) and (3.6). In order to obtain a tractable, yet accurate and insightful, mathe-

matical formulation of coverage probability /rate and average rate, we capitalize on an
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F1cURE 3.3: Rationale of Approzimation 3.5. For ease of illustration, no shadowing is

considered, as well as 1. = 2 and K = 1/2. The figure illustrates typical locations for

BSp, BSro, RNg under the assumption that MTy is served via a two-hop transmission
and, thus, RNy is closer to MT( than to any other BSs.

approximated expression of the SINR in (3.5) and (3.6), which, in Section 3.5, is shown

to be sufficiently accurate for typical system setups.

Approximation 3.5. Let SINRps,, rN, in (3.5) and (3.6). The following approxima-

tion is proposed:

2 ~—1
PBSRO |h’BSR07RNO| ZBSROvRNO

SINRBSgo,RNy ~ 1h 2h (3.15)
0% + The ™ iy (ZBSmomNo) + T g (ZBSmoiNo)
(1hop) ~ (1hop) 2 -1
IBSRo—)RNO (ZBSR()7RNO) ~ ZBSie(I)g,SlhOP) PBSZ ‘hBS“RNO‘ ZBS“RNO
x 1 (ZBSZ',RN > 7Bs RN )
0 Ro-RNo (3.16)

(2hop) ~ (2hop) 2 -1
ZBs e -+RN, (ZBSko.RNo) & E BS, @ 1:2hop) PBSJ- |hBSj7RNO‘ ZBSJ-,RNO
J BS

x 1 (ZBSj,RNO > ZBSRO,RNo)
which originates by neglecting the spatial constraints 1 (ZBsg,MTy > Neell ZRNg,MTo )

1 (ZBs, MTy > Neell ZRNoMT,) and 1 (ZBS; MTy > Meell ZRNo,MT)) - O
Remark 3.17. The approximated expression of the SINR in (3.15) is independent of

ZRNo,MTo - O]

Rationale of Approzimation 3.5: The rationale of Approximation 3.5 can be under-

stood by direct inspection of Fig. 3.3. For ease of illustration, Fig. 3.3 is obtained by
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assuming njee; = 2, i.e., no bias and Ky = 1/2, as well as in the absence of shadow-
ing. It illustrates typical locations of BSy, BSgg and RNg. Without loss of generality,
MTy is located at the origin. The indicator functions 1 (Zgs, MT, > 7cell ZRNo,MT,) and
1 (ZBSJ.,MTO > nceHZRNo,MTo) in (3.6) enforce the interfering BSs to lie outside the disc
having center where MTy is and of radius equal to rry,,MT,- The indicator functions
1 (ZBs, RNy > ZBSgo,RNo) and 1 (Zps; RNy > ZBSpe.RN,) in (3.6) enforce the interfering
BSs to lie outside the disc having center where RNy is and of radius equal to rgsy, RNy -
As a result, the interfering BSs can lie only in the “white” area. This geometric region
of the plane is difficult to be taken into account for system-level performance evalua-
tion. As far as the indicator function 1 (ZBsy, MT, > "eell ZRNg,MT, ) is concerned, similar
comments hold for the locations of the serving BS BSgrg. The rationale behind Approx-
imation 3.5 is to let the interfering BSs lie in the whole bi-dimensional plane with the
exception of the disc having center where RNy is and of radius equal to rgsy, rN,- This

geometric region is, in fact, more mathematically tractable. O

Accuracy of Approximation 3.5: By direct inspection of Fig. 3.3, the accuracy of Ap-
prozimation 3.5 is expected to increase as rrn,,MT, gets smaller. This condition is likely
to occur as the density of the RNs increases. In this case, in fact, the distance between
RNy and MTy is expected to be relatively small. The accuracy of Approzimation 3.5,
however, is expected to be good also if the density of the RNs is small compared to that
of the BSs. In this case, in fact, MTy is likely to be served via a one-hop link and the
end-to-end performance is expected to be mainly determined by SINRgg, mT, in (3.3),
which is not affected by Approzimation 3.5. In summary, the accuracy of Approximation
3.5 is expected to get better if the density of the RNs is either much bigger or much
smaller than that of the BSs. For comparable values of the densities, some inaccuracies
may emerge. In Section 3.5, however, they are shown to be acceptable for typical setups
and, more importantly, they are shown not to alter the inherent performance trends of

relay-aided cellular networks. ([l

3.4.1 Coverage Probability

In this section, we provide tractable mathematical frameworks to the computation of the
coverage probability in (3.9). General and special system setups leading to closed-form

mathematical formulations are presented.
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Proposition 3.1. Let the system model in Section 3.2 and Approzimations 3.1-3.5. Let
the SINRs in (3.3)-(3.8), and the association probabilities X 1hop and X2nep i Lemma 3.3.
Let the saturated and light traffic load scenarios, where )\](31% = Apg and AW AT /NRB,

BS —
)\(I) )\(I,2hop) )\(I)

L1h I I
)‘1(35 °) = X1hopABS: BS = X2hop/BS» Ag\l = X2h0p)‘1(3% and

respectively. Let
card{@%&} = card{(bg’thOp)}. Let Pgs, = Pr, Ppsy, = KrPr, Pan, = (1 — K1) Pr
and neen = (BsPr)/(Brn (1 — K1) Pr). The coverage probability defined in (3.9) can

be formulated as follows:

Peov (T) = Tssmt (T) + Tes.rn (T) Jrn v (T) (3.17)

Jes Mt (T) = mABs TS MT

+oo U]2VI€0T BBS,MT W/\RNTRN,MT SBS’MT
X exp| ——=———— 2 exp | ———F—————y RNMT
0

PBSOQBS,MTy 2//6RN,MT
cell

x exp (—=Opsmt (T) y) dy

oo o3 koT  Pes.kN
Jpsry (T) = W)\BSTBS,RN/ exp (—NO 2 )
0 Pgso2Bs,RN (3.18)
x exp (—Opsrn (T) y) dy
JrnMT (T) = TARNT RN, MT
+oo 2 BRN,MT
X / exp <_O-]V/{0T‘y5RN2,MT> exp _Wwy BBS,MT
0 PrNo QRN MT ~2/Bs M1
cell
x exp (—Ornmt (T) y) dy
where Y xy is defined in (3.32) and the following functions have been introduced:
_ (I,1hop)
OpsMT () = TABS YRS, MT — TARS LB, MT¥BSMT (—)
1,2h
— 77)‘](3é Op)TBS,MT‘I’BS,MT (—Krx)
I1h
OBs,RN () = TABs YBS RN — W/\I(g’sl Op)TBs,RN‘I’BS,RN (—z/Kr)
1,2h
- 7T)\1(3’SQ Op)TBS,RN‘I’BS,RN (—x)
(3.19)

OrN,MT () = TARNYRN,MT — 7T>\](3Ls2hop)TRN,MT\I’RN,MT (—x)

Upsmr () =1 —2F1 (1, —2/BBs,mT; 1 — 2/Bes,MT; )
UpsrN (2) =1 —2F; (1, -2/BpsrN; 1 — 2/PBs RN; )

UrnMT () =1 —2F1 (1, —2/BryvT: 1 — 2/ 8RN MT; )

Proof: See Appendizx 3.B. O
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Remark 3.18. From the mathematical standpoint, the proof in Appendix 3.B is different
from state-of-the-art papers on PPP-based modeling of cellular networks, e.g., [10]. In
particular: i) some steps of the mathematical derivation are possible only with the aid of
Approximations 3.1-3./, ii) Approzimation 3.5 has not been proposed elsewhere, and iii)
the constraint card {@g’;hOp)} = card {Cbgl)\l} is a unique characteristic of the relaying

protocol, making the mathematical steps that lead to the final result different from

typical derivations. O

Remark 3.19. As mentioned in Section 3.3.1, the coverage rate is a special case of the
coverage probability. From (3.13) and Proposition 3.1, in particular, it can be formulated

as follows:

Reov (Ro) ~ JBs,mT (T(lhOP)) + JBs,RN (T(2h0p)) JRN,MT (T(2h°p)> (3.20)

where T(1hop) — 9Ro/Bw _ 1 (2hop) — 92Ro/Bw _1 apnd Teswvr (), Tesry (), Texmr (+)
are defined in (3.18). In the remainder of the present chapter, due to space limitations,
special case studies for the coverage rate are not considered, since they are similar to

those of the coverage probability. O

Corollary 3.1. Let the same assumptions as in Proposition 3.1. Let 012\, — 0, te.,
the system model is interference-limited. The coverage probability can be formulated
as in (3.17) by replacing Jpsmt (T) — jég%’w_%o) (T), Issrn (T) — J]gi\rR_l\I)O) (T) and
T (T) = I (1) in (3.18), where:

02,0
j]gs,lf\/l_{“ ) (T) = mABsTBS,MT

400 BBS,MT
TARN Y ~BS,MT
% / exp | — D ZME Fanar | exp (—Ops e (T) ) dy
0 2/BrN,MT '

cell
2 50 oo
jégf\ﬁN ) (T) = W)\BSTBS,RN / exp (*@BS,RN (T) y) dy
0 (3.21)
= mABs TBs,RN/OBs RN (T)
02, -0
JPENJEZF) (T) = TARNTRN,MT
+o0 AneT BRN,MT
" / exp [ = TABS IBSMT Gosir | exp (—Ornarr (T) ) dy
0 —2/Bgs M ’

cell

Proof: If follows from (3.18), by letting O']2V — 0 and by computing notable integrals. [
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Remark 3.20. If Sps mr/BrN,MT can be written as the ratio of two positive integers, the
integrals in (3.21) can be formulated in closed-form in terms of the Meijer G-function
with the aid of the Mellin-Barnes integration theorem [3, Eq. (2.24.1.1)]. Also, the
integrals in (3.21) have simplified closed-form expressions for several special values of

the ratio Sgs mT/BrN,MT. A simple case study occurs if Sgs mT/BrN,MT = 1, as follows:

Jég,?ﬁo) (T) = (ABs/Arn) (TS M1/ TRNMT) <77C28/116RN’MT/G)BS7MT (T))
2 (3.22)
jfg;]]:jl\?lf)) (T) = (Arn/ABs) (Yry,mT/TBS,MT) (U;?I/BBS’MT/QRN,MT (T))

Due to space limitations, other special cases are not reported in the present report.
Similar closed-form expressions can be obtained for other similar integrals presented in

the sequel. n

Corollary 3.2. Let the same assumptions as in Proposition 3.1. Let )\](3% — 0, i.e.,

the system model is noise-limited. The coverage probability can be formulated as in

AL 50
(3.17) and (3.18), by replacing the functions ©ps mt () — @lgsﬁsm = TABs YBS,MT;
(,\gg—>0> (,\gg—m)
OBs,rN (2) = Opgry ~ = mABsTBs,RN and Orn M () = Opnyr ~ = TARNTRN,MT
in (3.19).
Proof: If follows by letting )\g% — 0in (3.19), which implies /\g’slhOp) — 0 and )\g’szhOP)
0. O

Corollary 3.3. Let the same assumptions as in Proposition 3.1. Let Bgg — +00, i.e.,
all the MTs are served, almost surely, via a one-hop link. The coverage probability can
be formulated as Peoy (T) — p{Bas—+eo) (T) =~ ég‘ﬁ;Jroo) (T), where jég?&?Jroo) (+) is

defined as follows:

J}:E;lsg%\i¥+oo) (T) = mABsTrs,MT

+OO 2 T B
x / exp <—Wy BSiMT) exp (—QE%BEEW) (T) y) dy
0 Pgs, Qs M1 ’

where the following definitions hold for saturated and light load models, respectively:

B
@fas]?&?“) (z) = mABs Y mT2F1 (1, —2/BBs,mT: 1 — 2/ 8BS, mT; —)

91(3881?1§/I¥+OO) () = mABs TS, MT — T (AMT/NRB) TBS MT (3.24)

X (1 —9oF1 (1,-2/BBs,mT; 1 — 2/BBs,mT; —))
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Proof: If Bgs — +o00, then neen — +00, Xihop — 1 and Xonop — 0. This implies
)\g’slhOP) /\g%, )\g’SQhOP) — 0, exp( Tnc_efl/ Prx, MT) — 1 and exp( Tnfe/uﬂRN MT) —
0 for = > 0. The proof follows by noting that Jesmt (T) — JBgﬁ‘\i;Jroo) (T) and
Jrnmt (T) — 0. O

Remark 3.21. The coverage probability in (3.23) can be obtained also by letting Agn —
0, i.e., there are no RNs in the network and the system model reduces to a simple cellular
network. This immediately follows from (3.18), since JrnmT (T) — 0 if Agny — 0, as
well as X1hop — 1 and Xonop — 0. In the saturated traffic load scenario, the coverage
probability in (3.23) coincides with previous mathematical frameworks reported in [76].
In the light traffic load scenario, on the other hand, it generalizes [76]. In the interference-

limited regime, i.e., 012\, — 0, the coverage probability in (3.23) can be further simplified

as follows:
B 400, 02,—0 +oo o
jésf\i; N ) (T) = W)\BsrBS’MT/ exp (_@](BBS]?E/[;}—F ) (T) y> dy
0

(3.25)
= mABsTBs MT / oL (1)

Equation (3.25) shows that the coverage probability is independent of the density of
BSs, Apg, only for the saturated load model. This finding was reported in [10], [22].
In the light load model, the coverage probability depends on Aps, AmT, Nrp. In the
presence of RNs, (3.21) shows that it depends on Agn too. O

Corollary 3.4. Let the same assumptions as in Proposition 3.1. Let Bgs — 0, i.e
all the MTs are served, almost surely, via a two-hop link. The coverage probability
can be formulated as Peoy (T) — pBes—0) (T) ~ jélsgia\?o (T )jRﬁBf/go (T), where

jBtsgBﬁl\?o (+) and jéfﬁf/go (+) are defined as follows:

(B 0)
stBfiN_) (T) = mABsTBsRN

+00 2

JNH()T BBS,RN) < (Bgs—0)

X exp| —————y~ 2 exp (—© T y) dy
/o ( Pgsy,S2BS,RN psry (T

- (3.26)
jRNBﬁ/H: (T) = 7T>\RNTRN,MT
+oo 2 T B
y / exp <_PUNQ/€ole\4> exp (08 (T) o) dy
0 RN ¢RN,MT
9](3831315{?0) (z) = TABs TBS,RN — W/\}(gI%TBS,RN\IJBS,RN (—x) (5.27)

9%?1\113,?\4?0) (x) = TARNYRN,MT — WAS%TRN,MT\I’RN,MT (—x)
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as well as )\](3% = A\ps and )\](3% = At /Nrp for saturated and light load models, respec-

tively.

Proof: If Bas — 0, then feeil = 0, Xihop — 0 and Xonop — 1. This implies Ao ™ — 0,

AgghOp) — )\g%, exp (—Tnc_ei/ﬁRN’MT> — 0 and exp (—Tnfe/uﬁRN’MT> — 1 fort>0. The
proof follows since Jgsmt (T) — 0, Tpsrn (T) — Jégifl\?o) (T) and Jgnmr (T) —
T (D) 0

Remark 3.22. In the interference-limited regime, i.e., o3, — 0, (3.26) can be simplified

as in (3.25). O

Corollary 3.5. Let the same assumptions as in Proposition 3.1. Let Bps/Brn = 1,

i.e., no bias is applied for cell association. The following results hold:

o If BesMT/BrNMT <K 1, the coverage probability can be formulated as in Corollary

3.3.

o If Bes,mt/BrN Mt > 1, the coverage probability can be formulated as in Corollary

3.4.

e If BesmT/BrN,MT = 1, the coverage probability can be formulated as in Proposition

3.1, by setting neen = 1/(1 — K1) and Bsmt = BrRN,MT = BMT-

Proof: If Bes/Brn = 1 and fesmr/Bry Mt <K 1, then Xinop — 1 and xanop — 0.

If Bes/Brn = 1 and Bpsmr/Bry Mt > 1, then Xinop — 0 and Xonop — 1. As a
consequence, the proof follows by using the same line of thought as the proofs of Corollary

3.8 and Corollary 3.4. O

3.4.2 Average Rate

In this section, we provide a tractable mathematical framework to the computation of
the average rate in (3.11). Only the general case is presented, since special cases can be

readily obtained from Section 3.4.1.

Proposition 3.2. Let the same assumptions as in Proposition 3.1. Let Jgsmr (-),

JIesrN (1) and Jrnmr (+) defined in (3.18). The average rate defined in (3.11) can be
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formulated as follows:

B +oo dz
Raverage = W jBS,MT (2)
m )/, 2+ 1 195
+1BW +Ooj (2) ()dz (3.28)
—_ z z
20 (2) J, BS,RN RN M (2)

Proof: Let § be a positive constant and A be a non-negative random variable. The

following holds:

Ea {5log, (1+ A)} = /0+°° Pr{Slog, (1+ A) > «} da
(3.29)

+o0
— (8/In (2))/0 Fa (2)/(z +1)dz

where Fa (+) is the complementary cumulative distribution function of A. By applying
these equalities to (3.12), the proof follows using the same steps as those used for the

proof of Proposition 3.1 in Appendiz 3.A. 0

Remark 3.23. In the most general case formulated in (3.28) and (3.18), a two-fold integral
needs to be computed for obtaining the average rate. The framework reduces to the
computation of a single integral for several special cases analyzed in Section 3.4.1, i.e.,
if the coverage probability is available in closed-form. The 1/2 factor that multiplies the

second addend in (3.28) originates from the two-hop DF-based relaying protocol. O

3.4.3 Performance Trends, Design Insight and System-Level Optimiza-

tion

In this section, we discuss relevant performance trends that can be inferred from the
mathematical frameworks introduced in Section 3.4.1. For brevity, coverage/average
rate are not explicitly discussed in this section. Relevant comments, however, are pro-
vided once showing the numerical results in Section 3.5. For ease of presentation, the
frameworks considered in this section are summarized in Table 3.2. Table 3.2, in par-
ticular, provides results for noise- and interference-limited operating regimes, since they
are more conveniently formulated for understanding the inherent performance trends of

the system model under analysis.
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TABLE 3.2: Summary of mathematical frameworks in the presence/absence of RNs

and for noise-limited ()\](31% — 0) and interference-limited (0%, — 0) operating regimes.

Notation: Yx y is defined in (3.32), )\](31% = A\pg and )\g% = Aur/Ngrp for saturated
and light traffic load models, respectively, Pgs, = Pr, Ppsy, = KrPr and Prn, =
(1-Kr) Pr.

’ Recurrent Functions

A0 0 o o2 oo BXY
g&;s ) (T; P) = mAxTx,y f0+ exp (— P?le(fiy 3 ) exp (—mAx Y x,yy) dy

g(U%VHO) (T) ~ Ax
XY Ax—Ag;-‘r%g%ﬂ’l(17—2/5X,y;1—2/ﬁx,y;—T)
Case Study H Coverage Probability
Without Relays (Agrx — 0)
OR
A0 o0 A8 o
With Relays (Arn # 0) PC(OVBS ) (T) ~ g]gs?th ) (T; Pas,)
(0'12\,—>O) (o‘?\, —>0)
and BBS/BRN >1 (BBS — +oo) Peoov (T) ~ gBS’MT (T)
OR
With Relays (Arn # 0)
and ng — 1 and BBS,MT <1
RN BRN,MT
With Relays (Arx # 0)
Al o Ao A8 o0
and Bps/Bry < 1 (Bgs — 0) PgovBS ) (T) = gés?l’fN ) (T; Pasg,) 9121\35@ ) (T; Prg )
OR
. o2, =0 o2, =0 a2, =0
With Relays (Arn # 0) PgovNH ) (T) = gl(BSJ,VR; ) (T) F({NI\,]IVTT) (T)
and £BS =1 and 7§BS'MT >1
RN RN, MT

Before discussing the performance trends, we note, from Table 3.2, that the coverage

probability in noise- and interference-limited operating regimes depends on the functions

>\<I) —0 2 50
g )<(;S ) (+;+) and g)((‘fgﬁ ) (+), respectively. By direct inspection of them, the following

two remarks hold.

Remark 3.24. Let g)((/’\g%_)()) (+;-) in Table 3.2. For typical operating conditions, i.e.,
o%ko/(PQxy) < 1, which holds for medium-high Signal-to-Noise-Ratios (SNRs), and
Ax < 1, which holds for typical network densities, G )(()’\gg_)()) (+;-) monotonically de-
creases as the path-loss exponent Sx y increases. The need to emphasize that the net-
work has to operate under “typical operating conditions” originates from fact that, as a
function of Sx y, the term y/BX*Y/2 has a different behavior for y € (0,1) and for y > 1.

AW 50
For “typical operating conditions”, the behavior of G )(( 58 ) (+;+) is mainly determined
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by the values of y for which y > 1, i.e., 0+°O () dy ~ 1+°° () dy. This ambiguity orig-
inates from the unbounded path-loss model, which, however, is known to be accurate,

from the standpoint of physics, for “typical operating conditions”. O

2,—0
Remark 3.25. Let Q)((Ugﬁ )() in Table 3.2. It monotonically increases as the path-
loss exponent Bxy > 2 increases. This originates from the fact that the function
oF1 (1,-2/Bx,y; 1 —2/Bx,y; —x) monotonically decreases, for every x > 0, as the path-

loss exponent [Sxy > 2 increases. ]

Let the case studies in Table 3.2. Based on Remark 3.2/ and Remark 3.25, we conclude
that: the coverage probability decreases in the noise-limited regime and increases in
the interference-limited regime as the path-loss exponent of any of the links increases,

respectively.

This finding is similar to previously reported results for cellular networks, i.e., in the
absence of RNs [10], [21]. This is confirmed by direct inspection of Table 3.2 for Agx — 0
as well. A major difference exists, however, between cellular (in the absence of RNs)
and relay-aided cellular (in the presence of RNs) networks, which originates from the cell
association criterion in (3.1) and (3.2), i.e., the inherent two-tier nature of relay-aided
cellular networks as opposed to the single-tier nature of cellular networks. Consider the
following example. Let Bps/Brn = 1 (no bias) and fpsmr/fry,MT < 1. From Table
3.2, we conclude that the MTs are likely to be served via a one-hop link and that there
is no performance difference between cellular and relay-aided cellular networks. As a
result, the coverage probability decreases and increases as Sgs Mt increases in the noise-
and interference-limited regimes, respectively. Also, it is almost independent of Sps rn
and fSrnmT. This operating condition results in nearly optimal performance in the
noise-limited regime, but in highly sub-optimal performance in the interference-limited
regime. The condition Sgs Mt /frNMT < 1, in fact, implies that Spg vt is much smaller
compared to SrnmT. Based on (3.1) and (3.2), as a consequence, the transmission
occurs through those links providing the smallest path-loss. Based on Remark 3.24 and
Remark 3.25, this maximizes the coverage probability in the noise-limited regime, but
it minimizes the coverage probability in the interference-limited regime. In the latter
case, it would be better to serve the intended MT via a two-hop link in order to enjoy
less interference thanks to the larger path-loss exponent of the RN-to-MT links. This
apparent ambiguity originates from the sub-optimality of the choice Bgg/Brn = 1 and,

more in particular, from the fact that the bias coefficients Bgg and Bry are interference-
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and channel-independent. In order to ensure that relay-aided cellular networks are no
worse than cellular networks, Bgg and Brn need to be adequately optimized as a function
of the path-loss exponents. In the presence of RNs, otherwise, the coverage probability
may be worse than in the absence of RNs. By using the same line of thought, similar
conclusions can be drawn for coverage/average rate. Given the cost of deploying RN,
this is not desirable. On the other hand, optimizing the cell association criterion based
on the instantaneous aggregate other-cell interference would be impractical, due to the
fact that the cell association of each BS will depend on the cell association of any other

BS available in the network.

To overcome this complexity and to exploit the presence of RNs in the network, we
propose an end-to-end (system-level) and interference-aware optimization criterion for
the bias coefficients Bgg and Bry. The idea consists of optimizing Bgg and Bryn based
on the system-level mathematical formulation of the coverage probability, by taking into
account the cell association as well. The optimization criterion turns out to be, as a
result, end-to-end and interference-aware. It is, in addition, practically affordable, since
it does not require the knowledge of the association pattern of the whole network at any
BS. Let Bry = 1 for simplicity, but without loss of generality. In mathematical terms,

the optimization problem can be formulated as follows:

(opt)
Byg

= arg(max | {Peov (T; Brs) = Jesmt (T; Bes) + Tss.rn (T; Bes) Jan,mt (T; Bes) }
Brs€ (0,400

(3.30)

where Jesmt (5+), JBS,RN (5°), JrRN,MT (+;-) are defined in (3.18) by making explicit
the dependence on Bpsg and setting Opgyr (T) = Opswmr (T;Bps), Opsrn (T) =
Ops.rN (T; Brs), Orn vt (T) = Orn vt (T Bps), as well as AS’Slh"p) = A§g1h°p) (Bgs) =
)‘](3I%X1hop (Bgs), AS’S%O") = >\1(31’s2h0p) (Bgs) = Ag%(l_thop (BBs))» X1hop = X1hop (BBs) =
1o (1= Pugarny (ich (Bus)€) ) Fzusysen,y (€) d€, mlean = e (Bas) = Bgs/(1 — Kr),

finally, fzps, wr, (1) and Fzgg yr, (+) are provided in (3.31).

Similar optimization problems may be formulated for coverage rate and average rate.
They are not reported in this section due to space limitations, but the related perfor-

mance is illustrated in Section 3.5.
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Remark 3.26. In general, the optimization problem in (3.30) cannot be solved in closed-
form and it is not even possible to prove its convexity/concavity properties. This usually
arises in optimization problems, either involving or not the use of stochastic geometry.
A recent example related to stochastic geometry modeling of cellular networks is dis-
cussed in [77], where closed-form solutions are shown not be available for general system
setups, despite the fact that simpler utility functions than coverage and rate are stud-
ied. In practice, however, the optimal solution of (3.30) can be obtained numerically
with the aid of the Mathematica built-in function FindMaximum. Similar to [77], nu-
merical solutions of (3.30) can be efficiently computed. They, however, typically lead to
local optima. The effectiveness of such numerical approach is validated in Section 3.5
with the aid of Monte Carlo simulations. Without loss of generality, in Section 3.5, the
starting point of the search is assumed to be B](BOS) = 1 and a large search space, i.e.,
<B](§Islin),l’>’](3nslax)) = (10_20, 1020), is considered. From a practical standpoint, in fact,
this would be equivalent to having (ngin), B](gnslax)) = (0,400). O
Remark 3.27. Even though no closed-form solution of (3.30) for arbitrary parameters
exists, B](Bosp %) can be computed in closed-form for some special cases. From corollaries

and remarks in Section 3.4.1, this holds:

1. If )\g% — 0 (noise-limited setup) and Bgsmt/BrNMT > 1, then Peoy (T, Bps) o
exp <—B]23/SBBS‘MT> . This implies B](SOSP AN 0, i.e., the optimal setup is when all the
MTs are served via a two-hop link. Accordingly, relay-aided cellular networks are

expected to outperform cellular networks.

2. If )\g% — 0 (noise-limited setup) and Spsm1/BrNMT < 1, then Peoy (T, Bps) o
exp (—B];S/ﬁRN’MT>. This implies Bg’spt) — 00, t.e., the optimal setup is when all
the MTs are served via a one-hop link. Accordingly, relay-aided cellular networks

are expected to underperform cellular networks.

3. If 0]2\, — 0 (interference-limited setup) and Besmr/BrRNMT > 1, Peoyv (T, Brsg)
exp <—Bg§/6RN’MT). This implies B](Bospt) — 00, i.e., the optimal setup is when all
the MTs are served via a one-hop link. Accordingly, relay-aided cellular networks

are expected to underperform cellular networks.

4. If 0%, — 0 (interference-limited setup) and Bpsmt/BrNMT < 1, Peoy (T, Bps)

2
exp (—BB/SBBS‘MT) . This implies BI(SOSP RN 0, i.e., the optimal setup is when all the
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MTs are served via a two-hop link. Accordingly, relay-aided cellular networks are

expected to outperform cellular networks. O

The closed-form optimal solution of the case studies in Remark 3.27 highlights two
important conclusions: i) prioritization provides, in general, better performance than
assuming Bgs = Brn = 1 and ii) if prioritization is not used, relay-aided cellular net-
works may not outperform cellular networks for some system setups. These conclusions
originate from the fact that, for the analyzed case studies, the setup Bgg = Brn = 1 does
not result in the optimal solution of (3.30). In Section 3.5, it is shown that relay-aided
cellular networks are never worse than cellular networks and that the coverage probabil-
ity is maximized if B](Bosp " in (3.30) is used, regardless of the noise- or interference-limited

operating regime and regardless of the triplet (8ssmT, OBSRNS BRN,MT).

Remark 3.28. The optimization problem in (3.30) is based on a utility function that
provides system-level performance of relay-aided cellular networks. As a consequence, it
depends only on long-term statistics and, in particular, it does not require any local (in-
stantaneous) channel and interference knowledge. In practice, the optimization problem
in (3.30) is solved by a “higher hierarchy” entity, e.g., a BS controller, which broadcasts
the optimal bias coefficients to all BSs and RNs in the network. With these optimal
bias coefficients at hand, the cell association criterion in (3.1) and (3.2) is subsequently
applied without the need of local or network-level estimates of the other-cell interference.
Accordingly, the computational complexity of the proposed system-level optimization is

kept at a minimum. O

By direct inspection of Table 3.2, in addition, the following conclusions as a function of

the densities of BSs, RNs, MTs and of the number of RBs can be drawn.

e In the noise-limited regime, the coverage probability monotonically increases as
AB—0)

As and Arn increase. This originates because Gy y- (+;+) monotonically in-

creases with Ax.

e In the interference-limited regime, the coverage probability depends, in general,
on the triplet of densities (ABs, Arn, AMT). In the saturated traffic load case, it is

independent of the densities if the MTs are likely to be served via a one-hop link.

e In the interference-limited regime, the coverage probability is independent of the

=0
shadowing. This originates from Qg(ggﬁ ) (+), which is independent of Y xy. This
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trend holds regardless of the densities of BSs, RNs and MTs, i.e., regardless of the
triplet (ABS’ ARN, )\MT)-
e In the interference-limited regime, if the density of RNs is high enough, i.e., Agn —
2 2
+o0o, and the density of BSs, Ags, is finite, then ng‘ﬁv_}()) (T) — QI(SZNRT\IO) (T).
In this case, in fact, the MTs are likely to be served via a two-hop link and
(012\,—>0)

Ganwmr (T) — 1. Thus, the coverage probability mainly depends on the BS-to-
RN links.

e Let the light load model. In the interference-limited regime, the coverage probabil-
02, —0
ity tends to one, as Ags — +00, ARy — +00. In this case, in fact, géSNM}) (T) —

1, Gk () =1, gl (1) > 1.

e Let the light load model. In the interference-limited regime, the coverage proba-
bility increases as Ngrp increases. If Ngg — 400, the coverage probability tends

to one.

Remark 3.29. By comparing the main performance trends of relay-aided ad hoc networks
in [13] and [14] with those of relay-aided cellular networks that originate from Table
3.2, different conclusions can be drawn. In [13] and [14], it is proved that the end-
to-end performance is mainly determined by the path-loss exponent of the interferers
and that the path-loss exponents of the probe links have no impact on the asymptotic
performance. In the present report, on the other hand, it is proved that the end-to-end
performance depends on the triplet of path-loss exponents (SBs MT, SBS, RN, SRN,MT), as
well as that the optimal bias coefficients from (3.30) are needed for ensuring that relay-
aided cellular networks are no worse than cellular networks for arbitrary values of the
triplet (8Bs MT, OBs,RN, SrN,MT). These different trends originate from the fact that the
distances of the probe links are fixed in [13] and [14], while they are random variables

in the present report and depend on the cell association criterion in (3.1) and (3.2). O

3.5 Numerical and Simulation Results

In this section, numerical examples to verify the accuracy of the proposed frameworks
and to discuss the impact of several parameters on coverage and rate of relay-aided
cellular networks are illustrated. To reduce the space, only some figures are shown.

Similar trends are observed, however, for the missing figures.
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Simulation Setup

The simulation parameters are in agreement with the LTE-A standard. Unless otherwise
stated: Pr = 45 dBm, Kp = 0.5, Fqp = 10 dB, v = ¢y/ f., where ¢y is the speed of
light in meter/sec and f. = 2 GHz is the carrier frequency, uxy = 0 dB, oxy = 4
dB, Qxy = 1, By = 180 kHz, Nz = 50 for light traffic load, Ags = 1/(7R2,),
where R..; = 200 m is the average radius of a cell, Agny = 3Apg. Other parameters
are in the captions of the figures. It is worth mentioning that Byw = 180 kHz is the
transmission bandwidth of a RB in the LTE-A standard and that the pair By = 180
kHz and Ngrp = 50 corresponds to a total transmission bandwidth of 10 MHz [28, Table
6.2].

Monte Carlo Simulations

System-level simulations are performed by carefully reproducing the system model of
Section 3.2. It is worth mentioning, however, that Approzimations 3.1-3.5 are not
enforced in the system-level simulator and that they are used only for developing the
frameworks. To ensure saturated and light traffic load conditions, the density of the
MTs in a generic RB is adequately chosen. For the considered setup, we have used
the following densities per RB: )\1(\1/?1}? ) = 50Apg for saturated traffic load and )\I(\/I?TB ) =
(1/5)Aggs for light traffic load. For each available MT, the cell association criterion in
(3.1) and (3.2) is applied, as well as serving BS, RN and one- or two-hop links are
identified. Then, the SINRs defined in Section 3.3 are computed for all the available
MTs. The performance metrics are computed accordingly, based on the definitions
available in Section 3.3.1. The final result is obtained by averaging the performance

metric of interest with respect to all the available MTs (i.e., it is not computed only for

the MT closest to the origin).

Validation of Approximations 3.1-3./

Based on Approximations 3.1-3./, the set of interfering BSs, @g%, the set of interfer-

ing BSs serving the MTs via a one- and a two-hop link, @g’slh()p) and @gézhOP), and
the set of interfering RN, CIJ%)\I, are assumed to be homogeneous PPPs, even though

they are not. In Fig. 3.4, the accuracy of these assumptions is investigated. To
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FIGURE 3.4: Void probability of ® (a), @4y (b), ®42"P) (¢), @l (d). Solid

lines show the approximations and markers show Monte Carlo simulations. Setup:

Bes,MT = BBS,RN = BrN,MT = 3.5, Bps = 1. (a) and (b) refer to the saturated traffic
load. (c) and (d) refer to the light traffic load.

this end, we exploit the void probability theorem of homogeneous PPPs [7, Theo-
rem 1.1.5], which states that a point process ® of density A is a homogeneous PPP
if and only if, for any region of area A, the equality Pr{® (A) = 0} = exp (—\A) holds.
Assuming Approximations 3.1-3.4 true, the following holds: Pr {@g’slh()p) (A) = (7)} ~
exp (—A](BI’SlhOp)A>, Pr {@g’s%()p) (A) = @} A exp (—Ag’SQhOp)A), Pr {CIJ%)\I (A) = @} ~
exp <—)\%)\IA), as well as Pr {CI’%)S (A) = (Z)} A exp (—)\](3%,,4) in the light load case and
Pr {@gé (A) = (7)} = exp (—)\](3%./4) in the full load case. For assessing the accuracy of
Approximations 3.1-3.4, we compare these mathematical expressions of the void prob-
abilities against those obtained via system-level Monte Carlo simulations, as described
above. More specifically, once all the MTs are associated with their respective serving
BSs and RNs, the set of active BSs and RNs for each RB are identified. Without loss
of generality, we consider a region of area A that is centered at the origin and of radius
Ry, ie, A= 7rRJ24. This assumption does not bias the validation of the accuracy of

Approximations 3.1-3.4. It just makes the simulations easier to be implemented and



Chapter 3. Stochastic geometry analysis relay-aided cellular networks 85

Coverage Rate
Coverage Rate

o
—
T
h

O 1 1 1 O 1 1 1
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
R0 [Mbits/sec] R0 [Mbits/sec]

FIGURE 3.5: Coverage rate versus Aps/Arn. Solid lines show the frameworks and
markers show Monte Carlo simulations. Setup: fpsmT = BBs.RN = SrRNMT = 3.9,
Bps = 1. (a) and (b) refer to saturated and light traffic loads.

avoids the border effects that originate from the practical need of considering a finite
simulation area. For each point process, the probability that no nodes fall in the ball of
area 4 = 7rRJ24 is computed, as a function of R4. This procedure is applied to each RB
and the final empirical estimates of the void probabilities are obtained by computing the
expectation with respect to the number of RBs. Theoretical (based on Approzimations
3.1-3./) and empirical void probabilities are illustrated in Fig. 3.4 for saturated and light
traffic load models. The figure confirms that, even though, as expected, a gap exists,
it is relatively small. More importantly, in addition, the shape of the void probability
function is well captured by the proposed approximations. These findings substanti-
ate the adoption of Approximations 3.1-3.4 for system-level performance evaluation of

relay-aided cellular networks.
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F1GURE 3.6: Coverage probability. Solid lines show the frameworks and markers show

Monte Carlo simulations. (a) and (b) refer to noise-limited and saturated traffic load,

respectively. Setup: Bpsrn = frn,MT = 3.5. Bpg = 0 corresponds to two-hop trans-
mission. The other setups are for one-hop transmission, i.e., Bgg = 00.

Validation of Approximation 3.5

In Section 3.4, it is mentioned that the accuracy of Approximation 3.5 depends on the
density of the RNs, as compared to that of the BSs. In Fig. 3.5, the accuracy of
Approximation 3.5, as a function of the ratio Ags/Arn, is studied. As a case study,
the coverage rate is considered. As anticipated in Section 3.4, Fig. 3.5 confirms that
the accuracy of Approximation 3.5 gets slightly better as Apg/Arn either decreases or
increases. We note, however, that the difference between the mathematical framework in
Section 3.4 and Monte Carlo simulations is small, even for Ags/Arn = 1. This confirms
the usefulness of Approzimation 3.5 for system-level performance evaluation of relay-
aided cellular networks. All in all, Fig. 3.5 confirms that the proposed approach is

accurate for arbitrary Agrn.
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FIGURE 3.7: Coverage rate. Solid lines show the frameworks and markers show Monte

Carlo simulations. (a) and (b) refer to noise-limited and light traffic load. Setup:

BBs,RN = Brn,MT = 3.5. Bpg = 0 corresponds to two-hop transmission. The other
setups are for one-hop transmission, i.e., Bgg = 00.

Coverage Probability and Rate: Framework Validation and Perfor-

mance Trends

In Figs. 3.6 and 3.7, coverage probability and rate are illustrated, respectively. The
objective of these figures is threefold: i) to validate the accuracy of the frameworks, ii)
to highlight the differences between noise- and interference-limited relay-aided cellular
networks, and iii) to highlight advantages and limitations of one- and two-hop trans-
mission. The curves labeled Bgg = 0 are obtained by forcing the relay-aided cellular
network to serve all the MTs via a two-hop link. All the other curves are obtained by
setting Bgg = 00, i.e., by forcing the relay-aided cellular network to serve all the MT's via
a one-hop link. In agreement with the conclusions drawn in Section 3.4.3, it is apparent
that noise- and interference-limited networks have almost opposite performance trends.
Two-hop cellular networks are not necessarily better than their one-hop counterpart,
and the superiority of one- or two-hop transmission depends on the path-loss exponents.

Figure 3.7, in particular, highlights that the coverage rate of two-hop transmission may
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FIGURE 3.8: Coverage probability (a) and rate (b). Solid lines show the frameworks
and markers show Monte Carlo simulations. Setup: Bgsrn = frn,mMT = 3.5, T = 10
dB in (a), Ro = 1 Mbits/sec in (b), light traffic load in (a) and (b).

be better than that of one-hop transmission in the noise-limited scenario. Because of the
need of two time-slots, however, this never occurs, for the considered set of parameters,
in the interference-limited scenario. These trends confirm the need of the system-level
optimization in (3.30), as well as the need of taking the other-cell interference into ac-
count for an accurate performance assessment and optimization of relay-aided cellular

networks.

System-Level Optimization: Impact of the Path-Loss Exponents

In Figs. 3.8 and 3.9, coverage probability, coverage rate and average rate as a function
of the path-loss exponents are illustrated. The objective of these figures is to assess the
advantages of the system-level optimization in (3.30) and of the prioritization (end-to-
end interference-awareness) in (3.2). To this end, four case studies are investigated: 1)
Bps = 0, which corresponds to a setup where all the MTs are served via a two-hop link,

ii) Bps = 1, which corresponds to a setup without one- vs. two-hop prioritization, ii)
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FIGURE 3.9: Average rate. Solid lines show the frameworks and markers show Monte
Carlo simulations. (a) and (b) refer to noise-limited and saturated traffic load, respec-
tively. Setup: Bps,rny = BrN,MT = 3.5.

Bps = oo, which boils down to a cellular network in the absence of RNs, and iv) Bgg =
opt, which corresponds to the end-to-end optimal solution of (3.30). The figures confirm
the need of system-level optimization and of the prioritization in (3.2) for improving
the performance and for overcoming the sub-optimality of a cell association criterion
that neglects the other-cell interference. It worth nothing that this holds in the noise-
limited scenario as well (see Fig. 3.9 (a)), since the impact of using two-slots is not
taken into account in (3.2). Again, the trends of noise- and interference-limited regimes
are different. Figure 3.8 (a) confirms that the presence of RNs is more advantageous
from the coverage probability standpoint. From the coverage/average rate standpoint,
on the other hand, the optimal operating setup according to (3.30) is always close to
that corresponding to cellular networks without using the RNs. The better coverage
probability shown in Fig. 3.8 (a), however, highlights that cell-edge MTs may still
benefit from half-duplex relaying based on repetition coding, if the main objective is to

improve the quality of the received signal.
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In general, one may find from Figure 3.6-3.9 that half-duplex relaying is not beneficial
in cellular networks for many case studies when the system is interference-limited. This
disappointing result can be understood as follows: the main benefit of implementing
relays in cellular networks is the enhancement of the useful signals for cell-edge users to
compensate the severe channel attenuation. When the network is interference-limited,
this compensation on the intended signal is negated by the interference caused by the
relays. Moreover, in the system model under consideration, a half-duplex relaying pro-
tocol, which requires two time-slots for transmission, is assumed and the relays are
assumed to be randomly planned in the cellular networks, which are not optimal scheme

in terms of the performance.

Nevertheless, the deployment of relays may still be desirable, for example, in the urban
micro cellular networks where the channel model is subject to LOS or NLOS propaga-
tion as discussed in detail in Chapter 4. When the LOS/NLOS link states have been
taken into account, the enhancement on the intended signal, thanks to the relays, would
overtake the increase of interference since the intended links are more likely to be in LOS
state than those interfering links. Another possible approach to highlight the additional
potential of relaying cellular networks is by implementing the directional antennas at
the relays which enhance the useful signal, and as a byproduct, reduce the other-cell
interference. Instead of the interference isolation, the full-duplex relaying [78] might sig-
nificantly outperforms its half-duplex counterpart as well. When full-duplex relays are
considered, the transmission process is completed in one time-slot, and the interference
seen by the MT's originates from both the active BSs and the active relays. In addition,
the selected serving relays see the interference from the other cell BSs and relays as
well. The spatial and temporal correlation between the aggregate interference at the
relay nodes and at the MTs are unprecedented in half-duplex relaying cellular networks,
and the validity of the proposed approximations in the chapter is questionable in the

full-duplex architecture. These are interesting avenues of future work.

3.6 Conclusion

In this chapeter, end-to-end coverage and rate of relay-aided cellular networks have
been investigated with the aid of an abstraction model based on stochastic geometry

theory. With the aid of some system-level approximations, whose accuracy has been
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validated with the aid of Monte Carlo simulations, mathematically tractable expressions
have been obtained, which are formulated either in integral- or in closed-form. Direct
inspection of the obtained frameworks and numerical results has revealed that, in the
interference-limited regime, the presence of RNs may not be always beneficial for some
performance metrics and parameters setup. To overcome this limitation, a system-level
and interference-aware optimization criterion of the bias coefficients used for one- or
two-hop protocol selection has been proposed. The idea consists of tuning the bias
coefficients in order to maximize the end-to-end coverage and rate. The accuracy of
the proposed system-level modeling and the gain provided by the proposed system-
level optimization have been substantiated with the aid of Monte Carlo simulations for
various operating conditions. The numerical results show that, by optimizing the bias
coefficients, relay-aided cellular networks are no worse than cellular networks, but in
some cases the optimal biases correspond to the setup where all the MTs are served via

one-hop links.

Appendix
3.A Lemma 3.1, Lemma 3.2 and Lemma 3.3

. l )
Lemma 3.1. Let Zx,y, = (rx,,v5)/Sx,v,, where Xo = argminy, cq, { 5;);;(;) }

®x is a homogeneous PPP of density Ax, s is a positive constant, | (rx,y,) = norf(f’;g

for X; € ®x with kg > 0 and Bxy, > 2, and Sx,y, for X; € ®x are i.i.d. log-normal
random variables with parameters (,uxyyo,ag( Yo)' The cumulative distribution function
and the probability density function of Zx,y, can be formulated as:
B . B —2//3X,Y0T 2/Bx.yv,
Fzy v, () =Pr{Zx,y, <z} =1—exp | —TAxK, X, Yo Yo
fZXO,YO €)= dFZXO,yO (a:)/dx vt

= <27r/\Xf<a(;2/BX’YO Tx,yof2/6x’yol/ﬁX,Yo>

X exp <—7TAX1£02/5X’YO TX7YO§2/5X»Y0>

(3.31)
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where Tx y, is defined as follows:

1 2 1 1 2 \?
T = = 2 3.32
e <1010g10 (@) oy 2 (1010g10 (e) BX,Y()) JX%) 552

Proof: It follows using a methodology similar to [76, Sec. 1I-A]. By definition, Zx,y, =
L(rxo,v0)/Sx0,ve = minx,ca, {L(rx,vy)/(sSx,,5)} = minx,cay {{ (rx,,v,)/5x,,v,} since
s is a constant independent of X; € ®x. Let the point process of the ratio of path-loss
and shadowing be defined as 2y, = {1 (rx,,v,)/(5x,,v0)} x,ca - BY invoking the displace-
ment theorem of PPPs [7, Th. 1.10], 2y, can be interpreted as a transformation of ®x,
which is still a PPP on RT. Its intensity measure, in particular, can be formulated, by

definition, as:

l .
Azy, ([0,2)) = Pr {gXYo)
X“YO

S5X,;,vp® 1/6XaYo
(@) "0
= 2mAxEsy. .

€ [O,l’),Xi € (I)X}

rdr
(3.33)

O Ax (/o) P Egy {Sx/@ }

(©)

< hx (z/kg) > X0

Tx v,

where (a) follows from the displacement theorem of PPPs, (b) follows from the compu-
tation of the integral, and (c) follows by introducing Yx y, = Esx, v, S;/ﬁi;’yo }, which
is the fractional moment of a log-normal random variable. Y xy, can be computed in
closed-form from [4, Eq. (2.55)], as shown in (3.32). The cumulative distribution func-
tion of Zx,y, in (3.31) follows from the void probability theorem of PPPs [76, Corollary
6], i.e., Fzy . (x) =Pr{Zx,y, < x} =1—exp <7Agy0 ([O,x))) Its probability density
function in (3.31) follows by computing the first derivative of the cumulative distribution

function. O

Remark 3.30. The Cumulative Distribution Functions (CDFs) and PDFs of Zpg, mT,,
ZBSko,RN, and ZrN, MT, can be obtained from (3.31) by setting the quadruplet of param-

2 2 2
eters (/\X,/BX,YD,MX,YO,UX,YO) as ()\B& BBS,MT s LBS,MT UBS,MT), ()\BSHBBS,RN”U«BS,RN7 UBS,RN>,

and (ARN, BRN,MT; ARN,MT, U%{NMT), respectively. This directly follows from (3.1). O
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Lemma 3.2. Let Xinop (+) and xanop (+) i (3.14), where BSy and RNg are defined in
(3.1). Let neen = (BpsPr)/(Brn (1 — K1) Pr). The following results hold:

-1
X1hop (ZBso,MT,) =1 = FZRNO,MTO (nceHZBSOvMTO)

(3.34)
Xzhop (ZRNg,MT,) = 1 — FZBSO,MTO (Ncen ZRNo,MT,)
where Fzyg v, (1) and Fzpy i, () are defined in Lemma 3.1 and Remark 3.50.
Proof: By definition, it follows from Lemma 3.1. g

Lemma 3.3. Let the cell association criterion in (3.1) and (3.2). The probabilities that

MTy is served via a one- and a two-hop link can be formulated as follows:

[ (rBSe,MT,) < L (rRNo,MT,) }

hop = PT <
Xhop {BBSPTSBSO,MTO Brn (1 — K1) PrSrNy MT,

too (3.35)
_ / (1= Pargsrry (7e0h€) ) F2sy nrry (€) €

and Xohop = 1 = Xinop, where FZBSO,MTO (), fZBsO,MTO OF FZRNO,MTO () and fZRNO,MTO ()

are defined in Lemma 3.1 and Remark 3.30, as well as neen = (BpsPr)/(Brn (1 — K1) Pr).

Proof: It follows from (3.34) of Lemma 3.2, since, by definition, Xinop = Ezpg i, 1
X1hop (ZBSo,MTy) }- The condition Xinop + X2nop = 1 holds by definition as well. O

Remark 3.31. If Sps m1/BrN,MT can be written as the ratio of two positive integers, the
integral in (3.35) can be formulated in closed-form in terms of the Meijer G-function with
the aid of the Mellin-Barnes integration theorem [3, Eq. (2.24.1.1)]. Further comments

are available in Remark 3.20 as well. O

3.B Proofs of Proposition 3.1

By direct inspection of (3.9) and (3.17), Proposition 3.1 follows by proving the two fol-

10Wing identities: EZRNO,MTO {Pg%}‘}Op) (T; ZRNO,MTO)} ~ jBS,RN (T) jRN,MT (T) as well

as EZBSO,MTO {P&EOP) (T, ZBSO’MTO)} ~ Jpsmt (T). The “~” signs originate from Ap-

proximations 3.1-3.5. Approzimation 3.5 is not used for Jgsmr (+)-
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The first identity can be proved as follows. From (3.10) and Lemma 3.2, the following
holds:

Ezps, arr, {P&}Vw") (T; ZBSO,MTO)} (5.36

= EZBSO,MTO {Pr {SINRBs, M1, > T| ZBs,M1, } X1hop (ZBso,MTo) }

The expectation Ezyg i, {} corresponds to the integral with respect to y in (3.18).

The rest of the proof can be obtained from the equalities as follows:

Pr { SINRps, mT, > T| ZBso MT, }

(a) ZBsy,MTo T 2
= Pr { |hBse.MT, | > — o220 (U]2V + Ilgls,thTo (ZBSO,MT0)> ZBSo,MT,

Pgg,
®) ZpsoMTo L [ o | (142)
- E(')\ZBSO,MTO {exp <_PBS BBS?\/IT (UN + Ips, M, (ZBSO,MTO))
0 )
() 2By MT,0 %' T ZpsoMTo T (1+2)
R oxp | — DSoMIINC ) g — ZBSoMTo~ 7 z
exp ( Pps,QBs MT (N\Zmsg g | P Pps,Qps,ur BS0~MTo (ZBs0.M10)
(3.37)
142 1h 2h

where IéSOJ)MTO (ZBS(),MTO) = Iésoo—p))MTo (ZBSQ,MTO) + I](BSOOB))N[TQ (ZBSO,MTo)a (a) fol-

lows from (3.3), (b) follows from the complementary cumulative distribution function
of exponential random variables, i.e., Pr {\hBSO,MT0|2 > x} = exp (—z/Qps mT) and (c)
follows from the independence, by assumption, of @g’slhc’p) and @g’SZhOp ), as stated in
Approzimation 3.1 and Approzimation 3.5.

The expectations E.y, ZsyMT, {} can be computed as follows:

ZBSy,MTo L (1hop)
]E(')\ZBSO,MTO {exp ( PBSOOQBS,OMTIBSO%MTO (ZBSO,MTO)

(1hop)
oo Pgg,”” ZBsoMTo T | hgs, Mo |
~exp | —E L 2 1 —exp dx
‘ Bsi’MTO‘ ZBSg,MT PBSOQB&MT T

x AL, (0,2)) })

(3.38)
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which is obtained by using the Probability Generating Functional (PGFL) theorem of
PPPs [7, Proposition 1.2.2], where, from (3.33), the following holds:

AZMTO ([0,2)) = WAgélhop) ($/KJQ)2/BBS’MT TBsMT,
A(lezno ([0,2)) = dAZMTO ([0,$))/d:c (3.39)

— (Q/ﬁBS,MT) W)\g’slhOp) (1/1%0)2/5133,1\@ .,I;Q/BBS,MT*ITBS’MTO

with Ygg mT, being defined in (3.32) and PSS}:OP) = Pgs, = Pr.

The other expectation can be obtained with similar steps by using the substitutions
PG — P = Pygy, = KrPp and AGE™™ — A" The approximation in
(3.38) originates from the PPP assumption for the interfering BSs, as stated in Approz-

imation 3.1 and Approximation 3.3.

The final expression of Jps v (-) follows by using the notable integrals:

/:OO (1 —exp (—A/w) 2® P de = = (8/2) X7 (1 — 1]y (=2/8;1 - 2/5; —A/ X))

By {171 (=2/8i1 = 2/8 -V W) } = oF1 (1,-2/81 - 2/8,-YQ)
(3.40)

where A > 0, X > 0, 8 > 2 and \h\Q is an exponential random variable with mean

square value ().

The second identity can be proved as follows. From (3.10) and Lemma 3.2, the following
holds:

EZRNO,MTO {szl\}op) (T§ ZRNO,MTO)}
=E 250w, {Pr{SINRBSRO,RNO > T and SINRrNy M, > T| ZrNg Mt} (341)

X X2hop (ZRNo,MTo) }

The expectation Ezg v, {-} corresponds to the integral with respect to y in (3.18). In
the following, thus, we focus our attention on the joint probability Pr {SINRBSRO’RNO >T
and SINRgrN, M1, > T ZRNO,MTO}- As for SINRRN, MT,, its definition in (3.7) is used.
As for SINRBsg, RNy, its approximated expression in (3.15) is used, i.e., Approximation

3.5. Let us denote the number of interfering BSs and RNs as ICg’SlhOp) = card {Cbg’slh()p) },
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ICg’S%Op) = card{@g’sgh()p)}, ICg% = card{fbgg} = Kg’slhOp) + IC](SI’S%OP) and Kgl)\l =

ICI(BI’S%OP), where the last identity originates from the relaying protocol, as commented

in Remark 3.8, i.e., card {@gé2h0p)} = card {Cbgl)\]} Based on the assumption of inde-
pendent PPPs stated in Approzimations 3.1-3.4, SINRpsg, rN, and SINRrn, MmT, are
independent if Kg’slh()p) and Kg’szh()p) are fixed and given. In other words, the following

holds:

Pr { SINRps,,, mn > T and SINRgy, mty > T ZRNO’MT(),Kl(_j‘l,slhop)Jnghop)}
~ Pr { SINRBsR,. RNy > T| IC](BI’SlhOp), /C](BLS%OP)} (3.42)

x Pr { SINRRNU,MTO > T’ ZRN(),MT@; ]CgéQhOp)}

where we have taken into account that SINRpgy, rN, is independent of Zrn, mT,, as

stated in Remark 3.17, as well as that SINRgrn, MmT, is independent of Kgélh()p).

Based on the definition of SINRBsy, RN, in (3.15), the following equalities hold:

Pr { SINRBSg, RN, > T IC](;,Slhop)’ ,C](3I,S2h0p)}

ZBSRo,RNg T
(i) Pr {’hBSRmRNoF > ;O’ :
1h 2h I,1h 1,2h
X <012V + 11(3825)—>RN0 (ZBSRO,RNo) + I](BSSELRNO (ZBSR&RNO)) ‘ ICI(38 Op)vlcl(e»s Op)}

() ZBSRe, RNy L/ o
=K (I,1hop) ,-(I,2hop) § €XP ———R=0 (g
(')\]CBS P 7’CBS ? PBSROQBS,RN ( N

o L,1h 2h . ~(1,2h,
+ s (ZBSROvRNt)? K Op)) + T N (ZBSRO,RNO7IC](BS Op)>)>}

© ZBSro.RNo T o (I,1hop)
= Ezps., ryg {exp <PBS$QBSORNUN Y(BS,1hop) (ZBSRO,RNO; Ky )

I,2h
X 7Y(BS,2hop) (ZBSR,mRNO;’CI(SS Op))}

(3.43)

where (a) and (b) follow similar to (a) and (b) in (3.37). In (b), the dependence of the

;2hop)
S

aggregate interferences upon Kg’slhOp) and ICI(BI is made explicit for clarity. In (c),
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the following definitions hold:

(I 1hop)
“Y(BS,1hop) (ZBSRO,RNO,

B ZBSRo,RNo T +(1hop) _~(I,1hop)
B E(.)\ZBSROVRNO”C(I o) {exp < PBSR2BS,RN Py, sy PSRN0 <ZBSR°’RN°’ Ks )

(I 2hop
Y(BS,2hop) (ZBSRO,RNoa

ZBSRoRNo L' (2h
ro;RNo op) . 1~(I,2hop)
= E(-)\ZBSRO,RNO:’C(I 2hop) {exp IBSR0—>RN0 (ZBSR(),RNm ICBS

PBSROQBS RN

(3.44)
By inserting (3.16) in (3.44), the latter equation can be re-formulated as
I,1h (@) fcl;thor)
V(BS, 1hop) (ZBSRO,RNO, Kgs op)) = V(B3 1hop) (ZBSro.RNo) 5.15)

IC(I 2hop)) (d) ,Cgs%op)

Y(BS,2hop) (ZBSRO,RNO, V(BS 2hop) (ZBSro,RNo)

where:

Y(BS,1hop) (ZBSgo,RNo)

ZBSro,RNo T (1ho 2 -1
= Egs, ¢ exp ( — 500 = plAP) hpe pvol? 25 rve 1 (ZBS,RNo > ZBSmoRNo)
Prsp, dBs RN

Y(BS,2hop) (ZBSko, RN )
_ EBSj {exp <ZBSMWFP 2h0p ’hBS RNo Zgé RN 1 (ZBS' RNy > ZBSRO RN0)> }
Pgsy,{2Bs RN > 3o J’ ’
(3.46)

and (d) holds since the addends in (3.16) are i.i.d.. In (3.46), BS; and BS; denote the

(1, 1hop) and (I)](;,S2hop)

generic interfering BSs that belong to ®p , respectively. In addition,

Py = Pgs, = Pr and Py” = Pgs,, = KrPr.
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Similar steps can be applied to Pr{SINRRNO’MTO > T ZRNO,MTO,IC](SI’S%OP)} in (3.42).

From (3.7), we have:

Pr { SINRRNO,MTO > T’ ZRN(),MT()? ’nghOp)}

ZRNoMT, T L,2h
= exp <—OOU]2V (RN, 2hop) (ZRN&MTO; ’C1(3é Op)>
Pro QRN MT

Y(RN,2hop) (ZRNO,MTo)

ZRNo,MTo T 2
=Egrn, §exp [ ——5—2—"—Pan, |hRN,MTo? Zax, e 1 (ZRNGMTo > ZRNoMT,)
PrNo QRN MT RATE0

(3.47)
1.2h ’C(I,Zhop)
where (RN 2hop) (ZRNO,MTO;’CES Op)) = V(RN 2nop) (ZRNoMTo) and Py, = PRy, =
(1 - Kr) Pr.
To complete the proof, two steps are left: the computation of the expectations 1) of
(I,1hop)

(3.42) with respect to Kz ", KG"; 2) in (3.46) for (s 1nop) (), V(BS.2n0p) (-) and
in (3.47) for v 2nop) (). Let us start with 1).

Based on Approzimation 3.5 and as illustrated in Fig. 3.3, the ICS% interfering BSs are

located outside the disc having center where RNy is and of radius equal to rgsy, RNy, -€-,
outside the “red” disc in Fig. 3.3. This implies 7Bs; RN, > TBSgo,RN, for BS; € <I>](3DS. Let
us denote this unbounded region of the plane by A (rgs,, RrN,). Due to the properties

of the PPPs [7], the following equalities hold:

Pr {card {‘I’g% (A (TBSRO,RNO))} = ’Cl(slé}

— exp (—Ag%A(TBSRO,RNo)> (A’Cg% (BSro,RNo ) / (’Cg%!))

I,1ho I,1ho I 3.48
Pr { card {@](38 p) (A (TBSR(),RNO))} = ,C](?)S p) ‘ IC](?)%} ( )
]Cg%! ’C](BI,Slhop) (1) _ j-(1,1hop)
= X1ho (1 - thop) BS TTBS
I,1ho I I,1ho p
P (e — K

as well as Xonop = 1 — X1hop and IC](BI,SQhOP) _ ’Cl(a% _ ,CI(BI,Slhop).
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ISQhOP) can be formulated

Then, the expectation of (3.42) with respect to IC(I 'hoP) and lCl(g’

as follows:

Pr { SINRBSRO,RNO > T and SINRRNO,MTU > T‘ ZRN07MT0}

~ EK(I 1hop) ’C(I ,2hop) { Pr { SINRBSRO RNg > T’ I 1hop) IC(I 2hop)}

x Pr { SINRRN, MT, > T ZRNy,MTy > K]gé2hop)} } (3.49)

(a) exp (_ ZRNo,MT, T 2 >
PrNoQRNMT

ZBSRo,RNy T

RO 0 2

X]EZBSRO,RNO exXp { — oN V(ZBSRO,RN()’ZRNmMTo)
Pgg,dBs.RN

v (ZBSgo,RNo s ZRNo,MT)

IC(I lhop) (I 2hop) K(I 2hop)
- Elcg's““m),icg’s?h‘)") {V(Bs 1hop) (ZBSro.RNo ) 'Y(Bs 2hop) (ZBSko,RNo) V(RN 2hop) (ZRNovMTo)}

@

®) 400 BS
= Pr{lcgé} Z Pr{ IlhOP ’IC }
Koo Ko
,C(I,lhop) IC(I) ’C(I 1hop)
|:’7(BBSS,1hop) (V(BS 2h0p) V(RN 2h0p) )

(o)
= €exp <_X1hop/\g%~’4 (TBSRmRNO) (1 - ’Y(BS,lhop))>

X exp (_X2hop)\g%A (TBSRO,RNO) (1 - V(Bs,2hop)7(RN,2hop)))

(3.50)

where the following short-hand notations (s ihop) = V(BS,1hop) (ZBSge,RNo)s V(BS,2hop) =
Y(BS,2hop) (ZBSko,RNy) a1d V(RN 2hop) = V(RN 2hop) (ZRNo,MT,) are used in (3.50). Also,
(a) follows from (3.43) and (3.47), (b) follows from (3.48) using the short-hand nota-
tions Pr {IC](BI%} = Pr {card {CIDI(%I% (A (TBSRO,RNo))} = K](gl%} and Pr{ IlhOP ‘KBS}

Pr {card {@g’slh()p) (A (TBSRO,RNo))} IC(I thop) ‘ICS%} and (c) follows applying the bi-
nomial theorem to compute the inner sum and the Taylor expansion of the exponential

function to compute the outer sum.
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The final step is the computation of the expectations in (3.46) and (3.47). From (3.50),

more precisely, the following two terms need to be computed:

V(8S) (ZBSro.RNo) = A (TBSge,RN) (1 = V(BS, 1hop) (ZBSro,RN,))

Y(BS,RN) (ZBSRo,RNg> ZRNo,MT, )

= A (rBspo,RNo) (1 = V(8BS 2hop) (ZBSro,RNo) VRN, 2hop) (ZRNoMT,)) (3.51)
= A (rBsgo,RNo) (1 — (8BS 2hop) (ZBSro,RNo))

+ A (TBSgo,RNo) Y(BS 2hop) (ZBSro.RNo) (1 — V(RN 2hop) (ZRNo,MT,))

where the last identity is more suitable for performing the computation. The steps
towards this end are similar to those used for computing (3.38). Due to space limita-
tions, we omit the details and provide only the main procedure for computing them. In

particular, the following line of thought is used:

e To solve the integrals, A (rsg, RNy) = {77 > rBsge,RN, } in Fig. 3.3 is replaced
by A (rBSge,RNo»> Tmax) = { 7| "BSpe, RNy < 7 < Tmax }- Once the integrals are solved,

the limit 7. — 400 is computed.

e The generic term Zxy is re-written in terms of distance and shadowing, i.e.,
Zxy = riXyY/Sx,y. This implies the following: Zxy > Zx,v, = rxy >

(ZX07YO SX,Y)l/ﬁX’Y .

e The distances of the generic interferers, i.e., rgg, RN, and rBs, rn, in (3.46) and
TRN, RN, i1 (3.47), are, by definition of PPP, uniformly distributed in the area
A (7BSpo,RNg» 'max)- Thus, their PDF is f (1) = 1/ A (rBsgy,RNo» "'max) in the area

A (TBSg, RNy, 'max) and zero elsewhere.

e As for the terms (1 —~()(-)), “I1=" is first moved inside the expectation. The
expectations implied in (3.46) and (3.47) are computed in this order: i) first, that
with respect to the distances of the interferers, ii) second, that with respect to fast-
fading ((3.40) is used), iii) third the limit ryax — 400 is computed, iv) fourth,
that with respect to shadowing ((3.32) is used). The integrals are computed using
(3.40).

e As for the computation of (Bs 2nop) (ZBSge,RNy ) steps ii) is performed before step

i), i.e., the expectation with respect to fast-fading is first computed. The resulting
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integral with respect to the distances of the interferers is computed with the aid

of the notable integral:

/M x (1 + Qx_2b> dx

M? 1.1 Q m? 1.1 Q
~(5)n (o imam) - (5) o (o3 5-am)

(3.52)

The proof follows by putting everything together and by using algebraic manipulations

and simplifications.



Chapter 4

Stochastic Geometry Modeling
and Analysis of Cellular Networks
over Multi-State Channel Model

4.1 Introduction

Heterogeneous ultra-dense cellular networks constitute an enabling architecture for achiev-
ing the disruptive capabilities that the fifth generation (5G) of cellular networks is ex-
pected to provide [79]. Modeling, simulating, analyzing and optimizing such networks
is, however, a non-trivial problem. This is due to the large number of access points that
are expected to be deployed and their dissimilar characteristics, which encompass de-
ployment density, transmit power, access technology, etc. The PPP abstraction model,
due to its mathematical flexibility for modeling heterogeneous ultra-dense cellular de-
ployments, has been extensively used in the last few years and it is gaining exponential

prominence in the scientific community.

A vast majority of the researches relying on the PPP abstraction model, however, are
based on some simplifying modeling assumptions. For example, the unified power-law
path-loss model, where the received power (including the interference) decays as a func-
tion of 7% over a distance r, and B > 2 is referred to as the path-loss exponent, has been
widely considered in the researches leveraging on stochastic geometry. Notably, this sig-

nal attenuation model, although in ubiquitous use, is quite idealized. In order to model

102
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more realistic and general network architecture, recently, the multi-state channel model,
where LOS and NLOS propagations are explicitly taken into account as suggested by
3GPP [80], has been considered in the field of wireless network modeling. For example,
the authors in [81, 82] considered the signal propagation blockages from the buildings
in urban areas, which are modeled with the aid of the random shape theory. In [83],
the distance dependent LOS blocking probability is obtained from measured data in an
outdoor local area based on the linear model. In [84] and [85], the authors considered the
3GPP suggested LOS/NLOS probabilities [80] in the performance evaluation of densely

deployed cellular networks.

It has been shown by the experimental simulations in Appendix A as well as by the
numerical results in Section 4.6 that the performance trends and the design guidelines
obtained from the stochastic geometry analysis are quite different in the presence and
in the absence of multi-state channel models. For example, the conclusion that the
coverage probability of the interference—limited cellular networks is independent from
the density of transmission nodes [10] by assuming the unique channel models does not
hold if the multi-state channels are considered. The details are available in Section
4.6. Similar conclusions have also been implied somehow in [85]. These new behaviors
and the disappointing fact that the idealized single-state channel model is unable to
characterize the property of real propagation motivate the researchers to complicate

their system models.

Despite the improvement in modeling, the mathematical tractability of the multi-state
PPP-based abstraction model has remained elusive to date. In this chapter, we inves-
tigate the mathematical feasibility of the multi-state channel models, e.g., the random
shape model [81], the linear model [83], and the 3GPP model [80], on modeling cellular
networks, where LOS/NLOS channel model has been explicitly taken into account. In
specific, a multi-slope channel model has been proposed to approximate the depicted
multi-state models by matching the intensities of the path-loss processes. The proposed
approach leverages on and generalizes the two ball approximation in [66]. Moreover, the
practical antenna radiation pattern, which is usually neglected in stochastic geometry
analysis, has been explicitly taken into account in our case study. The proposed ap-
proach is shown to be applicable to multi-tier heterogeneous cellular network and cell
association criteria based on the smallest path-loss and the highest received power, and

its accuracy has been substantiated through Monte Carlo simulations.
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In addition, the PPP-abstraction model together with the multi-state channel approxi-
mation have shown to also be able to accurately approximate realistic cellular networks
with the empirical LOS/NLOS conditions due to blockages of buildings. More specifi-
cally, we explicitly take realistic BS locations, building footprints, LOS/NLOS channel
conditions into account, where i) the locations of the BSs are taken from a large database
made available by OFCOM, the independent regulator and competition authority for the
United Kingdom (UK) communications industries [9]; and ii) the footprints of the build-
ings are taken from a large database made available by Ordnance Survey, the Britain’s
mapping agency offering the most up-to-date and accurate maps of the UK [86]. Our
extensive study highlights that the our abstraction model is capable of accurately pre-
dicting the performance of cellular networks in dense urban environments. To ease the
presentation and to focus on the mathematical analysis in this chapter, the experimental
validation of cellular network modeled by PPP-based abstraction model is presented in

Appendix A of the report.

The remainder of the present chapter is organized as follows. In Section 4.2, the system
model is introduced. In Section 4.3, a tractable approximation of the link state model
and an approximation on the antenna radiation pattern are introduced. In Section 4.4,
mathematical frameworks on the performance analysis of the PPP-abstraction model
are presented. In Section 4.5, the framework is further investigated and the impact of
the system parameters is studied. In Section 4.6, numerical illustrations are provided to
substantiate the proposed approach with the aid of Monte Carlo simulations. Finally,

Section 4.7 concludes this chapter.

4.2 System Model

4.2.1 Base Stations Modeling

In this chapter, the BSs are assumed to be distributed according to a homogeneous PPP
® of density Agg on the bi-dimensional plane. Thanks to Slivnyak theorem, the typical
MT of interest is assumed, without loss of generality, to be located at the origin of the
2D plane. We assume that all the BSs are accessible, and the MT is tagged to the BS
denoted as BS(® according to the association criteria described in Section 4.2.5. Similar

to [10], a full frequency reuse and a saturated load scenario are assumed, which indicates
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TABLE 4.1: Recurrent parameters and symbols.

l Symbol H Meaning
P PPP of BSs
Dy, PPP of BSs with links to the MT in state k € {LOS, NLOS}
Ar([0,2)) || intensity measure of the path-loss process of BSs with links to the MT in state k

P transmit power of a BS

Bk power path-loss exponent of links in state k

Kk path-loss constant of links in state k

h,(:) the channel fading power of the BS”-to-MT link in state &

G® the antenna radiation pattern of the BS®-to-MT link for i € ®

LY the path-loss of the BS®-to-MT link for i € ®;,

fo) the path-loss to fading ratio of the BS®-to-MT link for i € &y,

that all the BSs except BS() are interfering nodes for the intended link from BS© to
the MT. The transmit power of all the BSs is assumed to be the same, which is denoted
by P.

4.2.2 Link States Modeling

In this chapter, the effects of LOS and NLOS channel propagation are explicitly taken
into account in agreement with the recent research findings in [81-85, 87], as well as
the 3GPP suggested system models [80]. The proposed framework encompasses a wide
range of link state models which are available in the literature, including 3GPP suggested
link state model for outdoor MTs in urban areas [80], random shape abstraction models
based on the building shapes in metropolis [81, 82], linear model obtained from channel
measurements for outdoor areas [83]. In specific, the BS-to-MT links can either be in
LOS or in NLOS, and the probability of a link of length r (in meter) being in LOS
or in NLOS is assumed to be independent of other links, and these probabilities for
the depicted link state models are given in Table 4.2. The details of the coefficients in
Table 4.2 are discussed in Section 4.6. It is assumed that the propagation state of each
BS-to-MT link is independent, then, ® = ®1,o5 U Pn1,0s, where @) denotes the set of
BSs with BS-to-MT links in state k € {LOS, NLOS}.

Remark 4.1. In the present chapter, the states of the channels are assumed to be indepen-
dent for the sake of mathematical tractability. The correlation between the link states,
which mainly originates from the presence of same blockage obstacles for the neighbor-

ing transmission nodes, on the other hand, has been neglected. This correlation, often
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TABLE 4.2: Probabilities of a link of length r being in LOS or in NLOS for link state
models introduced in Section 4.2.2

pLos(r) PNLOS(T)
mgiﬁ)f;()] min { 3%, 1} (1 - 67%) + e 1 — pros(r)
SIEZESE] VRS €Xp (—RsT) 1 —pros(r)
miciiléﬁg?)] 1 = pxros(r) min {apyr + b, cua

manifesting itself as correlated shadowing, has been considered , for example, in [71, 88—
90]. In specific, the author in [71] account for shadowing correlation by capitalizing the
Owen and Steck method for the generation of equi-correlated multivariate normal distri-
butions, which is also applicable to the system of interest in the present chapter at the
cost of additional complexity. The authors in [90] highlighted the stress of taking chan-
nel correlations into account and proposed the Manhattan Poisson line process—based
framework, which could be the future research interest to extend the framework in the
present report. Nevertheless, as validated by the simulations in Appendix A, where the
link states are determined by the empirical building blockages and the independence of
link states is not assumed a prior, the simplified independence assumptions is accurate

and acceptable for the considered system. ]

4.2.3 Channel Modeling

In this subsection, the channel models of the downlink BS-to-MT links are presented.
The signal propagation of a generic BS-to-MT link is assumed to be subject to the
path-loss as well as the Nakagami—m channel fading, which are described in detail as

follows.

4.2.3.1 Path-Loss Modeling

Different path-loss models of links in LOS and in NLOS are assumed in our case study.
In particular, the path-loss of a link between BS® for i € ®; and the MT can be
formulated as follows:

Le(r®) = g, (r)) B (4.1)



Chapter 4. Stochastic geometry modeling and analysis of cellular networks over
multi-state channel model 107

where k = {LOS, NLOS} denotes the state of the BS®)-to-MT link, () is the length of
the link, k; > 1 and 8 > 2 are the path-loss constant and path-loss exponent for links
in state k, respectively. In general ki and (i are of different values for £ = LOS and

k = NLOS.

4.2.3.2 Fast Fading

In addition to the distance dependent path-loss attenuation, each link is also subject to
an independent and fast varying channel fading. In the present chapter, the Nakagami—
m fading is assumed. Let h,(:) denote the fading power of the BS(-to-MT link, where
k € {LOS,NLOS} denotes the link state. Then, hg) ~ G(my, my/Q). The Nakagami—
m fading includes Rayleigh fading (mj; = 1) as a special case, and it can closely ap-
proximate Nakagami—q fading and Rician fading [4], where the latter one is widely used
to model propagation paths consisting of a LOS link. More specifically, the one-to—one
matching of the fading figures between the m parameter of Nakagami—m distribution

()" 1y By (2.25)], al

and the ¢ parameter of Nakagami—q distribution, m = 2005249

lows the Nakagami—m distribution to closely approximate the Nakagami—g distribution.

Similarly, the one-to—one mapping between the m parameter and the Rician K factor,
(1+K2)°
1+2K?2
the Rice distribution.

[4, Eq. (2.26)], allows the Nakagami—m distribution to closely approximate

4.2.4 Radiation Pattern Modeling

To enhance the received signal from the intended BS as well as to reduce the other-cell
interference, directional antennas are equipped at both the BSs and the MTs, where
the radiation pattern as a function of the boresight angle g € [—m,7) is denoted as
Gs(0s), where S € {BS,MT}. The antenna gain of a generic BS®-to-MT link is
GO = Gps(0ps)Gur(OMT). Similar to [91], parameterized antenna radiation patterns
are considered in the present paper such that the total radiated power (TRP) remains

constant over the parameter space, i.e., (1/27) [T Gg(0s)dfs =1 for S € {BS,MT}.

More specifically, the following antenna models are considered in this chapter whose radi-
ation patterns are given in Table 4.3: i) omni-directional antenna; ii) 3GPP antenna pat-

tern [92], where 0593(1]3) denotes the 3dB beamwidth in degrees, gog’GPP) = HgsdB)\ /Ag/12,
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TABLE 4.3: Radiation Patterns in Section 4.2.4, where S € {BS, MT}

Gs(bs)
Omni- 1
directional
B 2
sapp) ,~6(6:/65")" /5
3GPP g5 ""10 o /) Lo pparry) (191)
Pattern 3GPP), ~_
+gg )10 AS/lO]_ I:(pgSGPP),TK) (’05|)
)
UWLA ‘ggUWLA)Ns_l sin (Nsﬂ'l/_l cos (0g) dg) sin~! (ﬂ'V—l cos (0s) dg) ’
1;Sec 2;Sec
gg‘ )1 O’QEI,SeC) (|0|) + gév )1[0g3,8ec)7ﬂ) (|0|)
Sectors (1;Sec) (1,8ec)
+ 1 - 0 - 0 1 ec ec 9
with transition ds ( (| | S )/VS) [eg,s )7922,8 )) (| D
2;Sec 2,Sec
+ (292 )<\9’ - Q(g )>/’YS> 1[022,Sec>,923,8ec>) (191)

gg?’GPP) is the TRP normalization factor; iii) uniform weighted linear array (ULWA) [93],

where Ng denotes the number of arrays with uniform spacing equal to dg, v is the wave-
(UWLA)

length of transmitted signal, and gg is the normalization factor; iv) antenna sec-
tors with transition width [91], where ggl;sec) = (27r — (2 — 3y5/2 — wg) gg2;Sec)> /ws,

egl,Sec) = (ws —7s)/2, 9592’860) = (ws +7s)/2, 0(53’5“) = wg/2 4+ vs. The details on the

chosen of the parameters are given in Section 4.6.

For ease of description, the MT and its serving BS, denoted by BS( are assumed to
be capable of perfectly estimating the angles of arrival and of adjusting the antenna
steering orientations accordingly without alignment errors. Therefore, the maximum
achievable antenna gain is always assumed on the intended link for all the depicted
radiation pattern models. The antenna arrays of all non-intended links, on the other
hand, are assumed to be independently oriented with respect to each other according to

a uniform distribution on [—m, 7) [66].

4.2.5 Cell Association Criterion

By taking into account the trade-off between performance and flexibility, two different
cell association criteria, which are based on the smallest path-loss, and highest received
power, respectively, are studied in this chapter. Let I (r(*)) defined in Section 4.2.3 be
the path-loss of the BS®-to-MT link in state k, where k € {LOS,NLOS}. Let h,(f)
denote the fast fading of the BS®-to-MT link. Then, the cell association policies are as

follows:
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A. Smallest Path-loss Association

In this scenario, the MT is assumed to be served by the BS of the smallest path-loss to
it. In other word, the path-loss of the intended link is:

L0 = min { L{%s, LG os } (4.2)

where L,(CO) = 2lrg(il)n {L,(f) =1 (r(i))} denotes the smallest path-loss of the links in state k
for k € {LOS, NEOS}. In practical, by assuming the position of the MT is quasi-static,
the intended BS selected by the smallest path-loss association criterion is the one which
provides the highest average received power to the MT since the transmit power and

antenna radiation pattern of each BS are assumed to be the same, and the impact of

fast fading has been averaged.

B. Highest Received Power Association

Let Eg)())s’ EI(\?I)JOS, denote the smallest path-loss-to-fading ratio of the links in LOS

and NLOS, respectively, i.e., E,&O) = m(ibn {IA},(;) =1l (r(i))/h,(j)} for k € {LOS,NLOS}.
1€Pg
Then, the path-loss-to-fading ratio of the intended link for this cell association is:

LO — min { Z{Ys, LG os } (4.3)

The intended BS chosen by this cell association criterion is the one which provides
the highest received power to the MT, which is optimal in performance at the cost of

implementation complexity.

4.2.6 Problem Formulation

The performance of the cellular network consisting of PPP distributed BSs is evaluated
from the distribution of the SINR of the received signal at the MT for the two cell

association criteria. Specifically, when smallest path-loss association is assumed, the
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SINR can be formulated as follows:

0
PG(O)h(L(%s/LLos

: 0) _ 7(0) (0)
| () EY = ios < Itos

PG(O)h(Oﬁos/LNLos
it £O=r0 <%
o3 tHiagg (LNLOS) LOS LOS (4.4)

B © 40 / L0 <L(0)_ L,(f))

& oy + Zagg

where k in Y is the short hand notation of k € {LOS, NLOS}, o is the power of additive
k

white Gaussian noise, the conditional aggregate other-cell interference is 444 (L(O)) =

o> (PG(Z /L(l ) (L(l > L© )), where the indicator function originates from
k 1€dy,
the cell association criterion.

When highest received power association is assumed, the SINR is

PG© / 7.0

SINR 2012\/ T ane (E(O))

(4.5)

where the conditional interference is ?agg (E(0)> => > (PG(i)/ES)) 1 (Eg) > f(0)>.
k i€dy

Based on the SINR of the received signal, the coverage probability (Pcov), and the
average rate (R) are used to quantify the performance of the cellular network. The

performance metrics are formulated as follows:

Peoy (V1) = Pr{SINR > V1} (4.6)

(a) Bw /°° Peov ()
=K Bwlog, (1 + SINR)] = 4.
R =Esinr [Bwlog, (1 + SINR)] Ol S dt (4.7)

where (a) follows from [21].

By leveraging on the theoretical state models in Section 4.2.2, and by taking into account
the antenna gains in Section 4.2.4, the performance metrics under consideration are not
mathematically tractable due to a couple of unsolvable integrals. Numerical evaluation
of these integrals are time-consuming. More details of the mathematical intractability
are discussed in Appendix 4.B where the distribution of the aggregate interference is
calculated. In the next section, a general tractable approximation on the link state

models introduced in Section 4.2.2, which is referred to as multi-ball approximation,
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and an approximation on the radiation patterns in Section 4.2.4, which is referred to as
multi-lobe approximation, are proposed for mathematically evaluating (4.6)-(4.7). The
proposed approximations have been proved to be applicable to all the link state models

and the antenna models considered in this chapter.

4.3 'Tractable Modeling on Link States and Radiation Pat-

terns

As mentioned in Section 4.2.6, the depicted link state models in Section 4.2.2, and the
radiation patterns in Section 4.2.4 are useful for system-level simulations, they are, on
the other hand, not tractable for mathematical performance analysis. In this section, we
introduce two approximations, which is tractable yet accurate, for incorporating all the
link state models and all the radiation patterns introduced in Section 4.2 in PPP-based

cellular networks.

4.3.1 Multi-ball Link State Approximation

Inspired by the two-ball approximation proposed in [66], in this paper, we approximate
the state probability of links from BSs to a typical MT as a piece-wise constant function
of the link length r. In particular, we split the bi-dimensional plane with PPP distributed
BSs in N+ 1 regions, which correspond to N balls centered at the typical MT with radius
denoted by D; < --- < Dy. Then, the probability of a BS-to-MT link being in state k,
for k € {LOS,NLOS}, can be formulated by

approx Dn—1,Dn
p]({: pprox) (r) = Zgill q][C ! ]1[Dn,1,Dn} (r)

(4.8)
Dok ql[CDn_th} =1,forn=1,2,--- ,N+1

where qLD"_l’D") > 0 is the probability of the BS-to-MT link being in state & when

r € [Dp—1,D,), and we introduce the notation Dy = 0, Dny1 = +oo. The second
equality in (4.8) corresponds to the constraint that the total probabilities of each state

should be one.

Throughout this report, the approximation in (4.8) is referred to as multi-ball approx-

imation, which is optimized from the point of view of the typical MT. It is apparent
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that increase the number of balls will increase the accuracy of the approximation as well
as the computational complexity in the mathematical analysis. In the next subsection,
we introduce the methodology used for estimating D,, and q]ED"’l’D”), forn=1,--- N,

from the link state models in Section 4.2.2.

4.3.2 Path-loss Intensity Matching

As introduced in Section 4.2.3, the path-loss of the BS-to-MT link not only depends on
the distance from the BS to the MT, but also depends on the state of the link. From
the displacement theorem of PPPs [7], we know that the path-losses of the BS-to-MT
links can be considered as an independent and identical displacement or translation
from a bi-dimensional PPP to a one-dimensional process, which is still a PPP. Inspired
by this fact, the proposed methodology for matching the multi-ball approximation and
other models in Section 4.2.2 are based on the intensity measure of the process of path-
losses, which explicitly takes the dependence between the link length and link state into
account. Moreover, the intensity is directly related to the calculation of the performance

metrics in (4.6),(4.7) as described in Section 4.4.

Let ¥ denote the set of path-losses of the BS-to-MT links where the BSs belong to ®.
From the independence assumption, ¥ = J, W), where ¥}, denotes the set of path-losses
of the BSs in ®;. The intensity of ¥y for k& € {LOS,NLOS} can be obtained from its

definition [76] as follows:

Ap ([0, 2)) = 27Aps /0 TPl (r) € [0,2)) pi () rdr (4.9)

where [ (r) is the path-loss defined in Section 4.2.3, pi () is the probability of a link
of distance r being in state k, which is given in Table 4.2 and in (4.8). From the
independence assumption, the intensity of ¥ is A ([0,z)) = >, Ak ([0,2)). From the
definition in (4.9), the intensity measure Ay ([0, z)) for the depicted link state models in

Section 4.2.2 and for the multi-ball approximation are computed in Table 4.4.
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TABLE 4.4: path-loss Intensity on Link State Models in Section 4.2.2

3GPP suggested path-loss model

2/Bros_—
AIESSSPP) ([0,2)) = mABs (,{Lzos H (l‘ — KLOS 18/3LOS) + 2 ApsH (;U — HLOSlSﬂLOS)

x (624 — 36¢~(@/rr0s)!/ 108 [36 (18 + (z/rL0s)Y 5LOS) +18(z/kLos) Y 5LOS)

Af\?ﬁ}gg) ([0,2)) = mApsH (x - KNLOS]_8ﬂNLOS)

e 2 _L(#> PNLOS i
,1572+ <(,anS) NLOS __ 18) +72€ 36 \ KNLOS ( 8+ (RNLOS) NLOS)

Random Shape Based Link State Model

Aios? ([0,2)) = 27 ABsTRS
X (O‘ﬁg - a}_{g <1 + aRS(l’/RLos)l/BLOS) e—aRs(x/mLOS)l/ﬂLos>

ARS((0,2)) = 27 Ags

2 1

1
_ x BNLOS
1 x BNLOS T BANLOS oRrs| %
X (2 (Tuos) — TRSORS + TRSORS <1 + aRS( ) ) e~ (ios) )

KNLOS

Linear Model

A(LL(;%W) ([0,2)) = 2w Aps

X {(1/2 —brm/2 — (:L‘/RLOS)I/BLOSCLLM/?)) (z/K0g)> Lo
xH (1: — kLos((cLy — b)) /ara)Peos

+(6aty) <(CLM — bum)” + Bafyg(x/mL0s) 7 OS (1 - cLM))
X H (a: — kLos((com — bLM)/aLM)BLos>}

AGSY (10,2)) = 2mAes

X {(bLM/2 + (CU/KNLos)l/BNLOSaLM/S) (z/knLog) >/ Prros
xH (z — kxros((com — bLm) /aLM)BNLOS)

+1/(6at ) ((bLM —cm)® + 3a%McLM(;C/,€NLOS)2/ﬂNLos)}
X H (a: — ka0 ((ciat — bi) /GLM)ﬁNLOS)}

Multi-ball Link State Model

N—-Ball — a N—Ball —_ a
AR ([0, 2)) = 28-Bal) (2 LOS), AN E™ ([0, 2)) = EN-Bal) ( NLOS)
=(N—Ball) (.%', k‘) —

7TABS{ S g [ﬁ <x - lﬁ}kng) H (x — kD ) ( D% —p2
43 (- D) (D3 - D3] +a” I (1w — D) ()™ - D)}

[D'n 1,

From the intensities, the estimation of D,, and g Dl for n = 1,---,Nin (4.8) is

implemented by solving the following optimization problem:

i —ha T —1lo Tm ’ .
g e (2 0200) b (02} o

where X € {3GPP, RS, Linear} indicates the 3GPP model, random shape model and

linear model, respectively, z,, is chosen to capture the main body of A(X) ([-,7)), the
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logarithm in (4.10) is used to better control the accuracy of the estimation.

In practice, the optimization problem in (4.10) can be solved by using, e.g., the Matlab
built-in function ‘Isqcurvefit’ with a random initial searching point whose accuracy has
been verified in our simulations. The total probability constraint for two state models

can be explicitly taken into account in ‘Isqcurvefit’ function by adjusting only q£DC)"S‘1’D")

while its NLOS counterpart is 1 — q£ n-1,0n) , and vice versa.

4.3.3 Multi-Lobe Radiation Pattern Approximation

The computation of the performance metrics in (4.6),(4.7) involves the averaging over the
radiation patterns given in Table 4.3, since the perfect alignment is not assumed for the
interfering links. When the 3GPP suggest antenna pattern, the UWLA antenna, and the
sector radiation pattern are considered, the expectation with respect to the antenna gain
of the interfering links leads to an unsolvable integral. In this subsection, we introduce
a radiation pattern approximation, which is referred to as multi-lobe approximation,
to facilitate the computation involving the depicted antenna models. The accuracy of
the approximation is confirmed by the numerical examples shown in Section 4.6. The
approximation finds its rational from the multi-ball approximation. In specific, the
antenna gain of the BS or of the MT can be approximated by the following piece-wise

constant function:

TOX Ts t
GEPP) (05) = Zts:l gEqS)l[Sa(Sts—1>7<p<sts>) (10s1) (4.11)

where S € {BS,MT}, s € [-m,7), Tg is the number of lobes of the radiation pattern,

ggS) is the antenna gain of the ¢g-th lobe, 0 < gog) << QO(TS Y<n corresponds to
the angle of the lobe, and cp(;) =0, <p(STS) = .

By direct inspection of (4.11), the probability density function (PDF) of the antenna gain
of a generic interfering link from BS®-to-MT, i.e., G) = G(approx) <0](3%> Gl(\i%prox) (91(\%),
is:

Tes Tmr tBs ¢tMT

Foamon @) = 3 3 2 B DM (9 — g5 oy (4.12)

tps=1tmr=1

where ¢!) = 2 (gpgw —pltsT 1)) for S € {BS, MT}.
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4.3.4 Radiation Pattern Matching

(ts)

The parameters g¢° and cpStS)

, for tg = 1,---,Tg, of the multi-lobe approximation
are estimated from the radiation patterns in Table 4.3 by solving a similar optimization

problem as in (4.10), which is given as follows:

2
arg min {Hlogm (G(SX) (95)) — logyg <G(Sapprox) (95‘)> HF} (4.13)
{e5' o5’}
where the logarithm is chosen for achieving better accuracy in the sidelobe region. Since

the antenna gain is usually measured in dB, log;((-) is used instead of In(-).

4.4 The Coverage Probability of Cellular Networks

Since the average rate defined in (4.7) is directly related to the coverage probability, in
this section, we mainly focus on the calculation of the coverage probability for three asso-
ciation criteria introduced in Section 4.2.5. In specific, the probability density functions
(PDFs) of the smallest path-loss, and of the smallest path-loss-to-fading ratio, respec-
tively, are first presented as preliminaries. Then, the CF of the aggregate other-cell
interference are introduced. The PDFs and CFs are later used to facilitate the compu-

tation of the coverage probabilities, which are presented at the end of this section.

4.4.1 Preliminaries

In this subsection, the PDFs of the smallest path-loss, and of the smallest path-loss to
fading ratio are presented, which correspond to the two association criteria in Section

4.2.5.

Proposition 4.1. Let the typical MT located at the origin. Assume the downlink BS-
to-MT links follow the multi-ball link state model as depicted in Section 4.5.1. When
the smallest path-loss association is considered, the PDF of the smallest path-loss, L)
defined in (4.2) is as follows:

fro (z) = " AN (0, 2)) exp (- STAET (o, x))) (4.14)

k
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where k,K € {LOS,NLOS}, A (N= Ball)([(),:c)) denotes the intensity of the path-losses
whose links are in state k, and is given in Table 4.4, the first order derivative of the
intensity can be formulated as follows:

ANBI) ([ ) %A](CN—B’@H) ([0, z))

N+1 (D, 1.Dn] 2 —2/8 o (4.15)
= TABS {Zn:1 a5 n—1,0n @Rk k2/Br=17g (w _ Hkng) ey (x _ ”kDEkl)}

Proof: From the void probability theorem of PPPs [76, Corollary 6], the null probability

of the path-loss process V in [0, ), where > 0, is:
Pr{l(r) > 2} = Pr{no pathloss less than z} = exp (—A ([0, x))) (4.16)

Therefore, the CDF of L) is F} ) () = Pr {L(O) <z} =1—exp(—A([0,2))) and the
PDF of L) can be computed by f; o) (x) = (dFy ) (x))/dx. The PDF in (4.14) follows

by computing the derivative of an exponential function. O

Proposition 4.2. Let the typical MT located at the origin. Assume the downlink BS-
to-MT links follow the multi-ball link state model as depicted in Section 4.3.1. When
the highest received power association is considered, the PDF of the smallest path-loss-

to-fading ratio, Lo ), defined in (4.3) is as follows:
o (@) = Y RNPO (o, x))exp( STAY Bal”([o,@)) (4.17)
k K

where k, K € {LOS,NLOS}, the intensity of the path-loss-to-fading ratio of links in state
k is

By x oz

Br o, DPE
n=1

B Bk Bk
[Dn—1,Dn] Kk Dn D2_p2 )\_o ke DpF KEDLF D2
+Zq ( b (0, . > (D = D) = Q| 0,77, = 2

- Dﬁk o Dﬁk
—i—q[DN’ o (Qk (ﬁij kaN > (x/kp)* P —Qy, <0, HkxN ) DIQ\I)}

where

(4.18)

Q, (v, 2) = T (:”Lk) (2’;)”7 <mk + v, Tg:z) (4.19)
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Ok (v,2) = T (mr) (mk> r <mk +v, — 0 > (4.20)

Oy, (v, 21, 22) = O (v, 21) — Ok (v, 22) (4.21)

and the derivative of intensity is:

A N ) . 2 Dﬁk
A;N B 11)(1)([0’x)) :W)\BSQJ[CDN’ ] z/ﬁk Q/Bk 1Q ( b )

Bk Pea (4.22)
Bk D,Bk ’
[Dn 1,Dn] —2/ﬂk 22810 2 wkpDn® Kk
+7r)\BsZ . 5 Qr ( 5z =

Proof: From the independence assumption of the fast fading, the intensity measure of the

path-loss-to-fading ratios of the links from BSs to the typical MT can be formulated by
A([0,2)) = S, Pr{l (r) /i € [0,2)} = Ep, {A;N—Bal” (o, hkm))}. The result in (4.18)
1s obtained by calculating the expectation with respect to the channel fading. The rest of

the proof follows a same procedure as in Proposition 4.1. ]

4.4.2 Characteristic function of the aggregate interference

The computation of the coverage probability by taking into account the influence of ag-
gregate other-cell interference leverages on the probability generating functional (PGFL)
of PPPs and on the Gil-Pelaez inversion theorem for smallest path-loss association and
highest received power association, respectively. In both cases, the characteristic func-
tion (CF), or the Laplace transform of the interference is involved. In the following
propositions, the CFs of the interference for two different cell association criteria are

provided, respectively.

Proposition 4.3. Let the downlink BS-to-MT links follow the multi-ball link state model
as depicted in Section 4.3.1, and let the cell association based on the smallest path-loss.
Conditioned on the path-loss of the intended link, the aggregate other-cell interference
18:

ingy (L) = ZZ(PG(Z O i) () > 1) (4.23)

1€Dy

where k € {LOS,NLOS}. The characteristic function of the interference in (4.23) is

Tgs Twmr ¢ SBs)¢tMT

iy (00) = [ ( 35 3% AR (000, i) ) s

tps=1tmrT=1
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where

T (@, 2, 9) = nABqu PR (@ - D) D2y F (w, D g)

+H (x — IikDBk> (x — mkDﬁ’il) (x/nk)Q/kak (w,,9)

— 4.2
—H (x — mkD6k> fk (w, /ikngn(J)} (429)
+ mapsa) ™ {H (v = mDE) DR (w0, mi D, g)
2/
7 (¢ = DY) (/i) Fi (w2 9)}
2 2 .
]:k (W,x,g) = 1_2F1 <mka — 1- ,]WPng/(l'mk)> (426)
Br Br
Proof: See Appendiz 4.B. d

Proposition 4.4. Let the downlink BS-to-MT links follow the multi-ball link state model
as depicted in Section 4.3.1, and let the cell association based on the highest received
power. Conditioned on the path-loss-to-fading ratio of the intended link, the aggregate

other-cell interference is:
fagg (20) =323 (PG JT) 1 (T > 1) (4.27)
k i€dy
The characteristic function of the interference in (4.27) is
Tps Twmr SBS) b (tmr)

or,, (o20) =Tl 3 3% A5 (02047 ) 129

tBs 1tMT 1
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where
Tr (w, z,9)

N
Dn—1,Dn
= WABS Z ql[ﬁ ! ]

n=1

Bk Bk
1 my kD" my KipDp,
D? — ” - D? —
X {F( 0 ( 2 1 <mk, o - ) 2y (mk, 0z

. 2 Dﬁk K Dﬁk 2/61@ Y
+Fe (1, 2,w,9) Qk ( Kk i ) (j) + %Ek (D, Dyp—1, 2, w, g)
k k

B, x oz

2 B
[Dxoc) ) _Dx my kDN o ( Dﬁk)

Ey | — kD 1 — —
X k<Qk’€k viwg> +fk( ,x,W,g)Qk </3k’ z Kk

(4.29)
2 2 jwPyg
.7: =1—1F; 1-— 4.30
nng) =1 =1Fy (—1 - 2 2400 (4.30)
Ek (Dnaanbx)w’g) :DEL (Kk‘ng> Ek’ <Q"€k‘D wiag>
(4.31)
my,
D2, (nkpﬁil) E, (anD ,g)
k
7 (mg, zy) ymke Y
E F -~——B , W, 4.32
(y,fE w g) F(mk) k (:an .g) T (mkz) k(y’x w g) ( )
= 1 2 2 jwPyg
F = ——,1- 4.33
k (J:aw?g) 2 <mk7 ﬁk Bkz x > ( )
Fr (m , T, W, g) — F , Lw,
By (3,2, g) ~ T 01 9) — Tk (Y, 1w, 9) (4.34)
y—my/x
Proof: See Appendix 4.B. O

4.4.3 Prony approximation on the CDF of Gamma distribution

Assume a random variable hy, follows a Gamma distribution, i.e., hy ~ G (my, myg/Q).
Then, by applying the Prony approximation, the complementary cumulative distribution

function (CCDF) of hy can be closely approximated by a series of exponential functions,
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which can be formulated as follows:

NProny

1
W’Y(mk Nromg/Q) & Y an, exp (=Vrby,mp/Q) (4.35)

Prihy>Vr}=1-5

np=1

When my, = 1, i.e., Rayleigh fading is considered, Pr{hy > Vr1} = exp (—V1/Q%), and
no approximation is assumed. The parameters a,, and b,, for n, = 1,2,---  Npopny in

(4.35) can be obtained by solving the following optimization problem using the Matlab

)

(4.36)

built-in function ‘fmincon’:

. 1 Npron
{ ar%r?;n } {Hl - my (mg.Voemyg/Qx) — anzly p, €XP (—VTanmk/Qk)
Anp 5 Onp

4.4.4 Coverage Probability for Smallest path-loss Association

The SINR of the received signal at the MT when smallest path-loss association is as-

sumed can be expressed by:

PGONY /1)
SINRp=) | —

kO tiagg (Léo)) 5 (L(O) - Léﬂ)) (4.37)

where k € {LOS,NLOS}. The coverage probability of the SINR in (4.37) is given in the

following proposition.

Proposition 4.5. Let the downlink BS-to-MT links follow the multi-ball link state model
as depicted in Section 4.5.1, and let the the smallest path-loss cell association. The
coverage probability of the SINR in (4.37) is:

PED (ve) = 3 [ g (v A0 (0,0 exp < > A (D, x>>> "
K V0 K
(4.38)
where k,IC € {LOS,NLOS}, Jix (Vr,z) is the coverage probability conditioned on the

path-loss of the intended link in state k, which can be formulated by

NProny 2
b, miVTToy, b,V
VT, Z anp exp < W CF'Lagg jw,% (439)

where CF;,, (-,-) is the CF defined in (4.24).
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Proof: From the total probability theorem, the coverage probability of the system can be

formulated by:
PER (Vo) =3 B [ (Vo 27 ) Pr {10 = L7 }] (4.40)
k

where the probability that the intended link is in state k can be calculated by:
0 @ 0 01 ® N—Ball 0
Pr{L® =2} LTI P {2 > L} S exp (-a8 (fo,27)))  (a41)
k k

where k € {LOS,NLOS} and k # k; (a) follows from the independence assumption; (b)
is obtained from the void probability of the path-loss process. The conditional coverage

probability can be calculated by

1
Ji (Vr,z) = Pr {h,‘j’) > VL (03 + agy (2)) (PG®) }

1.4
S D by VoL (0% + i PGOQ,) " -
- _q Impiagg() |EXP | TOnp MU VT Ly (7 +agg (ac))( k)

p

where (c) follows from the Prony approzimation of the CCDF of Nakagami-m ran-
dom wvariable introduced in Section 4.4.3. The rest of the proof follows by calculat-
ing the expectation in (4.42) with the aid of the conditional CF given in Proposition
4.3, and the expectation in (4.40) with the aid of the PDF of LI(CO), i.e., fL;(CO) (x) =
AlgN_Ball)(l) ([0,z)) exp (—A,&N_Bau) ([0,:1:))) This concludes the proof. O

4.4.5 Coverage Probability for Highest Received Power Association

The SINR of the received signal at the MT when the highest received power association

is assumed can be expressed by:

PG© / 7.00)

012\7 "‘gagg (E(O))

SINRyp = (4.43)

The coverage probability of the SINR in (4.43) is given in the following proposition.

Proposition 4.6. Let the downlink BS-to-MT links follow the multi-ball link state model

as depicted in Section 4.3.1, and let the highest received power cell association. The
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coverage probability of the SINR in (4.43) is:

PUIP) (vy) = /0 U7 (Vaox) fr (@)de (4.44)

~

where f7) (z) is given in (4.17), J (V1,x) is the coverage probability conditioned on

the path-loss-to-fading ratio of the intended link, which is formulated by

N 11 [>~1 PG ,
J (Vr,x) = 3 7T/0 alm {exp (—jw Ve ) exp (jwod) CF;,, (w,a:)} dw (4.45)

where CF; - (w,x) is the CF of interference defined in (4.28).

Proof: Conditioned on the smallest path-loss-to-fading ratio, the CCDF of the SINR in
(4.43) can be expressed as the CDF of the interference, i.e.,

Pr {SINRHP (E@)) > VT} — Pr {z‘agg (E<0>> <PGO® / (VTE<0>) - 012\,} (4.46)

Then, (4.45) can be derived from (4.46) by applying the Gil-Pelaez inversion theo-
rem [94]. The coverage probability in (4.44) is obtained by calculating the expectation
Ez [j (VT,EOH with the aid of the PDF of LO defined in (4.17). O

4.4.6 Fast Fourier Transform Based Efficient Computation

It is worthy to mention that the numerical evaluation of the coverage probability consist-
ing of a two-fold integral and invoking the Gil-Pelaez inversion theorem is not efficient
in the state-of-the-art computational software, e.g., in Mathematica 10. To address the
computational problem, and to improve the stability of the proposed algorithm, a fast
computation technique is introduced in this section, which can be used to efficiently

evaluate the integral involving Gil-Pelaez inversion theorem.

Lemma 4.1. Let CFx (w) denote the CF of the random variable X. By invoking the
Gil-Pelaez inversion theorem [94], the CDF of X can be expressed as:

Pr{X <T}= % 1 /oo —Im {e 7“TCFy (w)} dw (4.47)
0 w

s

Let f (wn) = (CFx (wn)/wy) H(wn), where w, = —(NB)/2+ Bn forn=0,--- N —1;

N is a real positive integer which is power of 2; B denotes the sampling interval of the
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input function f (w). Then, if the sampling frequency constraint 1/ > T /7 is satisfied,

(4.47) can be approximated by:
1 k
Pr{X<T}~-— ;Im {( D*BF it [k]} (4.48)

where k = [TNB/(2m)] + N /2.

Proof: It is noticable that the output of the integral in (4.47) is equivalent to the imag-
inary part of the continuous Fourier transform (CFT) of f (wy). Then, the rest of the
proof follows [95, Eq. 5-10] where the continuous Fourier transform is numerically eval-
uated using fast Fourier transform (FFT). Finally, the sampling frequency constraint

should be satisfied such that k < N. O

Lemma 4.1 is directly applicable to the evaluation of Proposition 4.6. More specifically,
by assuming the system is interference limited, i.e., 0%, — 0, piiP) (V) in (4.44) can

be evaluated by

IS

P(HP) (VT)

cov

{/ / w ( if;f) CF,,, (@:2) fro (@) dwdx}
Im{/o exp( ‘7/\/5 > (y)dy}

1 { (<1)"BF gy 4]}

—
o
=

N = N m\»—l

|
N|= 3= :H}—t

Q

(4.49)

where (a) follows by inserting (4.45) into (4.44), (b) is obtained through the change of
variable y = GOPwN B /(2muaz V), and by introducing g (y) defined as follows,

g(y)=(1/y) /000 CF;agg (27TU:L’VTy/ (G(@P/\/’ﬁ),x) f70 (v)dx (4.50)

where u < N /2 is a positive integer, and k = u + N /2 in the intended k-th output of
the FFT. It is noticeable that the approximation introduced by the round operation in
(4.48) is avoided thanks to the change of variable. In practice, the FFT in (4.49) can
be efficiently computed using the Mathematica built-in function ‘Fourier’ with setup

‘FourierParameters— {1, —1}’, and u = 1 is chosen to reduce the aliasing.
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4.4.7 Generalization

The proposed analytical framework leveraging on the multi-ball link state approximation
investigates the performance of single-tier cellular networks. The extension to multi-tier
cellular networks is straightforward. In this subsection, the coverage probability of
multi-tier cellular networks, where the cell association is based on the biased smallest

path-loss, is presented.

Consider a multi-tier cellular network consisting of P tiers of BSs which are characterized

by different transmit power P, for p = 1,2,--- ,P as well as different directivity gains
ggé’)p for t, = 1,2,--- ,Tgsyp. The BSs of each tier are distributed according to inde-

pendent homogeneous PPPs of density /\gs) for p=1,2,--- ,P. Moreover, independent

multi-ball link state models are assumed for BSs in each tier. In specific, the probability
of a BS-to-MT link of length r, where the BS belongs to tier p, can be formulated as
follows:
Np+1 |:D£Lp)17D(p)
Pryp (1) = 21 U p 1[D<p> D(p)>( r)

(4.51)
® @)
[D” D”)_l

n—17

> k4 Q.p =5 n=12---,Ny+1

The MT is assumed to be associated to a BS in tier p, for p=1,2,..- P, if
B /z ) > B, /z“’ (4.52)

where p = 1,2,--- ,P and P # p, ZI(QO) (r) = min{lé%sp( ), ll(\?I)JOSp( )} denotes the
smallest path-loss of the links with BSs belonging to tier p, B, = BpPpGI(,O), By, is the

(0

biasing factor, Gy, ) denotes the antenna gain of the intended link of tier p.

The SINR of the received signal in this case study is as follows:

0 0
: RGN0

P (3 i i
LR 2y Y [Peind) [i0 (] 1 (i) (1) > BsB, 1) ()

(4.53)

—(0) ‘ _ _ _ _
where L'~ = min {lggs,l (’I“)/Bl, ll(\(I)I),OS,l (r)/Bl, e ,lI(JO())&P (r)/Bp, ll(\?I)JOS,P (r)/Bp}.
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Proposition 4.7. Let the SINR of the multi-tier cellular network in (4.53), the coverage

probability can be formulated as follows:

P
ulti) (Multi) N—Ball
PO (v = 375 / T (v, ) ANBID (g, 7))
=1
. (4.54)
B
X exp ZZANM ([ x)> dz
p=1 By

where T,T enotes € coverage prooaoiit conaitionea on € path-toss o
here TN (V, ) denotes th ge probability conditioned on the path-l

the intended link from tier p and in state k, which can be formulated by

jkMUItl) ( T m)

(k,p)

N ron 4.55
~ P ya exp < bnkypmk:,pVTO']QV .CU> CF(Multi) (] b"k,pmk,pVT-T x) ( )
< 2, T o, p o0 e

Mol QU PpGy % O, PG

The intensity measure A(N Ball) ([0,2)) and its derivative A(N Ball)(1) ([0,2)) are of the

same form as their counterparts in Proposition 4.1 by replacing Ags with )\gs);, D,, with

1)(?) [)(:
DY) forn =1,2,--- N, q,[gD”’l’D”} with q [ nb }, K With Kip, and B with B p.

And the CF of the interference in the hetemgeneous cellular network is

ia.f].f]
P Tgs D Tyt D (tBS (tMT) ES) (456)
B> t t
SINCHDMDIE = ES
4 . T ) B P P
p=1 k tgs,p=1tmr =1 p

7'%5(3 -,+) is of the same form as its counterpart in Proposition 4.3 by replacing the

subscript k with {k,p}. O

4.5 Performance Trends and Design Insights

In this section, the fundamental performance trends of the cellular network relying on
the emerging multi-ball link state models are studied, which shed light on the engineer-
ing design and system-level optimization. Due to the space limitation and to ease the
presentation, the trends are derived based on the single-tier cellular network by consid-
ering the smallest path-loss association. Similar conclusions can be drawn by analyzing

other case study at the cost of more complicated algebraic manipulations.
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a) The impact of antenna radiation pattern

From the direct inspection of (4.39) and of the distributions of the antenna patterns
in Table 4.3, the following trends can be derived: 1) the antenna gain of the intended
link in the absence of alignment errors G(9) > 1 are capable of enhancing the useful
signal, which is equivalent to reducing the threshold of the coverage by noticing the
term VT/G(O) in (4.39); 2) the impact of the antenna gains of the interfering links
G® < GO can be studied by focusing our attention on the CF of interference in (4.39),
specifically, on the term VpG® / G pefore computing the expectation with respect to
G®. 1t is obvious that G() / G < 1, so the antenna gains of the interfering links are

capable of increasing the performance of the system.
b) The impact of BS density \ps

The analysis follows the same line of though as [96] where two scenarios are studied: 1)
mNLostNLOS > nLostLOS > L which corresponds to a dense deployment of BSs,
ie., large Aps; 2) L > /-{NLOSDI%NLOS > /{LOSDI@LOS which corresponds to a sparse
deployment of BSs, i.e., small Agg. To ease the presentation, Rayleigh fading with
Qros = OnLos = 1, omni-directional antennas at the BSs and the MT are assumed
for all the links. Then, the coverage probability for sparse and dense cellular networks,

respectively, are as follows:

2
0

2
[Dx,00] x BNLOS < 2 2 >
-7 Fi(1l, - ,1— ,—V dx
INLOS (HNLOS) 2 BNLOS BNLOS T
(4.57)
ense ® [ 2r - ,
pdense (yp) = /0 O (V) - —ry oy o gy (4.58)

- 2/Bs 2 2
Q) (VT7 y) = exp <_ Z ﬂ.)\llgsﬂLOS//qul[CO,Dl] <l;y> o <17 _57’ 1— lej _VT>
& k k k

N ) ) v
+7 Z Z (q]EDn_l,Dn] _ ql[gDmDnH]))\BSDTQLQFl (1, —@7  —— T?J))

k n=1 Br’ "Gk/\gLsOS/QDEk
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where (a) is obtained by noticing that q[L%I\IS’OO] ~ 0 for practical setups, and in the sparse

deployed network, the BSs are distributed outside the ball with largest radius; and (b)
holds by taking into account that, in general qI[f)(’)DSI] > ql[\(l)i%ls}, BnLos > fros, and by

neglecting the impact of noise since the dense deployed network is interference-limited.

From (4.57), it is observed that the coverage probability monotonically increases as
Aps increases in sparse cellular network. From (4.58) and (4.59), we notice that the
first addend inside the exponential function in (4.59) monotonically decreases as Aps
increases. The impact of density in the second addend can be drawn by focusing on the
terms /\BSDZ and /\gLSOS/ 2D5’“. From them, we realize that increasing Ags is equivalent
to increasing the radius of the first ball D; of the link state model while keeping the
LOS/NLOS probabilities constant. Since ql[?(’)gl] > ql[\(l)t%ls] ~ 0 for typical system setups,
this implies that more links are in LOS as Apg increases, which degrades the coverage
probability [96]. In conclusion, the coverage probability monotonically increases as Apg
increases in sparse network while it monotonically decreases as Ags increases in dense

network. This implies that at least one optimal density exists which maximizes the

coverage probability.

4.6 Numerical and Simulation Results

In this section, the some numerical examples are illustrated to validate the accuracy
of the proposed multi-ball state approximation and to show the performance trend of
cellular networks with LOS/NLOS links compared to those with the single state model.
Unless otherwise stated, the following simulation setup, which is in agreement with the
LTE-A standard, is assumed. The transmit power of the BSs is P = 30 dBm; the noise
power is 0% = —174 + 10log;y (Bw) + Fap, where Byw=20 MHz is the transmission
bandwidth and Fyp = 10 dB is the noise figure; kros = knLos = (47/ l/)2 is the free
space path-loss at a distance of 1 meter from the transmitter, where v = ¢/f. is the
signal wavelength, ¢ ~ 3 x 10® meters/sec is the speed of light, and f.=2.1 GHz is
the signal frequency; the path-loss exponents of LOS and NLOS links are S0 = 2.5
and fOnrLos = 3.5; the fast-fading envelope of the LOS links follows a Nakagami-m
distribution with parameters m = 2 and Q10g = 1; the fast-fading envelope of the
NLOS links follows a Rayleigh distribution with parameter Q2xpos = 1. The network

density, Aps, is expressed in terms of the average cell radius, i.e., Reen = /1/(7)),
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TABLE 4.5: Three-ball approximations of state models in Section 4.2.2 obtained as the
solution of (4.10).

D D1,D D3,D Ds,
D, Dy D3 Q[Loosl] q£018 ? q£()28 ’ q£OSSOO}
SGPP 1 47 7080 | 215.0387 | 1874.442 | 0.9446 | 0.2142 | 0.0243 | 0.0021
model
Random | 50114 | 202020 | 60.4573 | 0.9941 | 0.6166 | 0.1851 0
Shape
Linear | g 7019 | 312749 | 70.5092 | 0.8079 | 0.7673 | 05211 | 0.2
model

TABLE 4.6: Four-lobe approximations of antenna radiation patterns in Section 4.2.4
obtained as the solution of (4.13).

S0 [ 0T | 0@ [ g0 @[ 4@ [ @

3GPP Pattern | 16.152° | 32.304° | 48.455 ° | 7.783 | 2.673 | 0.312 | 0.047

UWLA 6.44° 14.46° | 176.78° | 9.903 | 1.975 | 0.390 | 11.521
Sectors 30° 40° 45° 4.946 | 2.469 | 0.025 | 0.05

and Rgq=63.1771 meters unless otherwise stated. This is the setup for an ultra dense
cellular network which agrees with the empirical BSs deployment from the combination

of O2 and Vodafone in London, see A.2.1.

Furthermore, when the random shape based link state model is considered, ygs = 1,
ars = 0.046 for the Manhattan region as used by [81]. When the linear model is
considered, a;y = 0.0078, b = 0.1, and cr = 0.8 for the outdoor local area with
foliage [83]. For the 3GPP suggested pathloss model, no specific parameters need to be
defined. For simplicity, we assume that the antenna structure at the BSs and the MT are
the same. When the 3GPP suggested antenna model is assumed, a 6 sector scenario [92]
is assumed where §B34B) = 35° 4 = 23, ©BGPP) — 48 46°, ¢(3GPP) = 9.33. When UWLA
patterns are assumed, d = v/2, and 8 antennas are assumed, g(UWLA) = 12.1631. When
sector pattern with transition width are considered, ¢(25¢) = 0.05, w = 70°, v = 10°,
which corresponds to a 3 sectors scenario. In the present chapter, we use the 3-ball
state model and 4-lobe antenna patterns to approximate the state models in Section
4.2.2 and antenna pattern models in Section 4.2.4, respectively, which provides a good
matching accuracy while still keeping the computational complexity at a low level. The
parameters of the state approximation and pattern approximation are provided in Table

4.5 and 4.6, respectively.

The Monte Carlo simulations results are obtained by considering the actual link state

models introduced in Section 4.2.2 as well as the actual antenna radiation patterns in
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FIGURE 4.1: Coverage probability of smallest pathloss association by assuming sectored

antennas unless otherwise stated. 1) "Random Shape”: the LOS/NLOS link states

follows the random shape model. 2) ”3GPP”: link states follows 3GPP model. 3)

73-Ball”: link states follow corresponding 3-ball approximations and 4-lobe radiation

pattern approximation is considered. 4) ”1-State (N)” all links are in NLOS. 5)”1-State
(L)” all links are in LOS.

Section 4.2.4. The multi-ball approximation and the multi-lobe approximation are not
enforced in the simulator, they are, on the other hand, considered for the analytical

performance analysis, e.g., using Proposition 4.5, 4.6.

Selected numerical results are illustrated in Figs. 4.1-4.4. In general, a good agreement
between mathematical framework and simulators is observed. More specifically, in Fig.
4.1, the suitability of the proposed multi-ball approximation and multi-lobe approxima-
tion for studying random shape link state models, 3GPP link state model and sectored
antenna patterns in cellular networks are investigated. Besides the LOS/NLOS link
state models, Fig. 4.1 also provides the coverage probability when LOS and NLOS links
are not differentiated (typical approach used in the literature), and a single-state link
model is assumed. In this case, all links are assumed to be either in LOS or in NLOS.
The figures show that neglecting LOS and NLOS links results in significantly differ-

ent performance estimates, which are usually lower bounds for the coverage probability
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FIGURE 4.2: Average rate of smallest pathloss association. Markers show the Monte
Carlo simualtion results with link states following the linear model, and UWLA patterns
are assumed. Solid line shows the 3-ball model with 4-lobe antennas.

by assuming LOS/NLOS states. This confirms the compelling need of using adequate
path-loss and link state models for an accurate prediction of the performance of cellular
networks. The higher numerical complexity of the resulting mathematical frameworks,

which originates from the distance-dependent link state model, is, as a result, justified.

In Fig. 4.2, the average rate with respect to the transmit power of BSs is shown. The
numerical results confirms the accuracy of the multi-ball model on approximating the
linear model, and the accuracy of the multi-lobe model on approximating the UWLA
patterns. Furthermore, it shows that when the transmit power is larger than 20dB,
increasing the transmit power will not results in a gain in the performance, since the
system is interference limited, and any increase in P on the intended link is counterbal-

anced with the increase of interference.

In Fig. 4.3, the coverage probability of cellular networks using highest received power
association is shown. The mathematical framework in Proposition 4.6 is evaluated with
the aid of the fast computation technique in Lemma 4.1. Notably, increasing the number

of the sampling points on the input signal for FFT will improve the accuracy of the
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FiGUuRrRE 4.3: Coverage probability of highest received power association. Omni-
directional antenna is assumed. The fast computation techinique in Lemma 4.1 is
used by considering N = 210,211 212 213 914 sampling points.

framework at the expense of increasing computational complexity. In general, the single—
fold integral and the FFT can be efficiently evaluated in the commercial computational

software, e.g., in Mathematical 10.

Finally, in Fig. 4.4, the impact of the density of BSs deployments is illustrated. The
figure confirms, according to Section 4.5, that an optimal deployment density exists,
as well as that the performance trend depends on the adequate link state model. In

general, the optimal BSs densities, for different link state models, are different.

4.7 Conclusion

In this chapter, a new mathematical framework for computing the coverage probability
and average rate cellular networks has been proposed by taking into account of the
effect of LOS/NLOS propagation and the antenna gain. A multi-ball approximation
for modeling the link state probabilities has been introduced, which is mathematically
tractable and is shown to be able to accurately estimate other link state models available

in the literature. The proposed approach is applicable to different cell association criteria
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FIGURE 4.4: Coverage probability vs. BSs density, smallest pathloss association is

assumed. Vp = 10dB. Markers show the Monte Carlo simulation results, where 1)

"3GPP”: link states follow 3GPP model. 2) "Random Shape”: link states follow

random shape model. 3) ”?3-Ball”: link states follow linear model. 3GPP antenna gain

patterns are assumed at both BSs and MTs. Solid line shows the 3-ball approximation
with 4-lobe antenna pattern.

and multi-tier heterogeneous networks. And a FFT based fast computation technique
is proposed to facilitate the computation involving the Gil-Pelaez inversion. It is shown
from the framework that an optimal BS density exists when the LOS/NLOS attenuation

is considered.

Appendix

4.A Useful Notable integrals

Notable Integral 1: Let A be a real positive number, B be a complex number with

Re{B} <0, and 8 > 2 be a real number, the following identity holds [26]:

/ " (exp (BJt) — D/ 1dt = (8/2) A¥P (1 — 1 Fy (—2/:1 - 2/5; BJA)  (4.60)
A
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Notable Integral 2: Let m > 0, > 0 be two real positive numbers, B be a complex
number with Re {B} < Re {m/Q}, the following identity holds [4]:
o0 mmtm—l Bt _—mt/S) mm _
— ML = ——(m Q) — m 4.61
o (m)e e am (m/S2— B) (4.61)
Notable Integral 3: Let m > 0, > 0 be two real positive numbers, B be a complex
number with Re {B} < Re {m/Q}, the following identity holds [41, Eq. 8.350.1]:

Btemet/ g — <1 - BQ> _m'y (m, x (% - B))/F (m) (4.62)

X mmtm—l
o QmI(m) m
Notable Integral 4: Let m > 0, > 0 be two real positive numbers, B be a complex
number with Re {B} < Re {m/Q}, the following identity holds [41, Eq. 7.522.9]:

o0 2 2 mmtrTl 2 2 . Q
Frl—1—-= — e aldt = 4F ——.1—-—= B— 4.
/0 141 ( 5, IB,Bt> QnT (m)e atdt 211 (m, B, B,Bm> ( 63)

Notable Integral 5: Let m, X be real positive numbers, and z be a large real positive
number. Let f(¢) be a holomorphic function in a domain that contains the nonnegative

reals. The following approximation holds [97, Eq. 2.15]:

T o VM2 X) %y e X" X2 f(X) = f(m/2)
/Ot Wt TS /Ot F(t)dt - gy

4.B Proof of Propositions in Section 4.4.2

1) The proof of Proposition 4.3:

The CF of iqg4(-) in (4.23) is computed from its definition as follows:

CFy.,, (w7 L<0>) @EIE Lo [exp ng}i (PG“)h,(j) / L}(f)>1 <L§;) - L(0)>

2 e <E(')\L(0) [/ooo (exp (PN o) = 1) aa=™ <[L(O)’w>>D
k
4

(9 o . i % —
= || exp <IE(.)\L(0) [/Lm) (exp (ijG( )h,(g)/x) - 1) A,(CN Ball)(1) ([0,2)) dx]
k
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where (a) is by the independence assumption; (b) is obtained from the PGFL of PPP
[7]; (c) follows from the fact that %Ag) ([LO),z)) = & {Alg) ([0,2)) — A,(C') ([o, L(O)))] =
A,(C’)(l) ([0,z)). The expectation in (4.65) is computed with respect to G and h,(f). B

inserting (4.15) into (4.65), the integral in (4.65) can be solved with the aid of the
notable integral in (4.60). In addition, it should be point out that the integral in (4.65)
is unsolvable, to the best of the author’s knowledge, if other intensity measures in Table

4.4 are considered. After some mathematical simplifications, we have:
CFiagg (w, L(O)>

_ Hexp {Tr)\BS Zan 1,Dn] [ (L( ) _ IikDﬂk ) D? R [j-\“k (w7/§;kD£k LG, h,(f)ﬂ

7O 2/Bk '
+H (L0 = D ) 1 (1O = Dl ) (m;) E[Zi (w, L9,60,n0)]
~H (L — kD) DIE | By (w, i D3, GO, 1) | }

+ TABS YL [ D00 [ (L — /@kDﬁ’“> D%E [j—"\k (w, /‘ilel\aIk, G, h;?)]

2/
+ (L0 —mﬁ)( ) E |7 (w,Lw),G(i),h,@)]}

(4.66)

where Fj, (¢, -, ) is defined in (4.30).

The rest of the proof follows by the computation of the expectations in (4.66) with respect
to the channel fading and the antenna gain, respectively. In specific, the expectations
on ﬁk (,+,+, ) is computed through the following procedure: 1) the expectation with
respect to the Nakagami—m fading is first computed with the aid of the notable integral
n (4.63); 2) the expectations with respect to G are computed by using the PDF in
(4.12)

2) The proof of Proposition 4.4:
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Following the same procedure as the proof of Proposition 4.3, the conditional CF of the

interference in (4.27) can be formulated by

exp (EGU) {/::) (exp (ijG(i)/:c) — 1) /AX,(CNfBaH)(l) ([0,2)) dw])
L
v (Egunyo [ [ (o0 (50PG [2) 1) BOARD ([0.002) ) o]
’ L

(4.67)

where (a) is obtained by swapping the order of expectations/integrals in order to ease
the computation. By inserting (4.15) into (4.67), the integral in (4.67) can be solved
with the aid of the notable integral in (4.60). After some mathematical simplifications,

we have
CF- (w, E(O)>

tagg
N Bk
_ [~ D ~ . .
— e {WABS DI A <L<0> _ Tk (T;—l> DR (w, ki D% G(l),hfj))
k n=1 h;

8 B, ()7 (0)\ 2/
7l B ORI YR 6 O eDnz1 ) (P L F (w,E<°),G(i>,1)
n? h? Kk

Y (Z@ kDB / h,@) D2F, (w, kDB GO h,(f))}
+mssqy VR [ﬁ (E(O) — ki DR / h;(:)) DX Fi (w, reDRE, G, hl(ci))
+H (f(o) _ KkDﬁk/hl(:)) (h,@i(o)/mk)Wk 7, (w’ AONE0) 1)] }

(4.68)

The rest of the proof follows by the computation of the expectations in (4.68) through
the following procedure: 1) the change of variables y,_1 = h,(f) / </§kD£’“>, for n =
1,2,--- N, are applied in each addend inside the exponential function when computing
the expectations with respect to the Nakagami-m fading; 2) the truncated integrals over
Yn—1 are then calculated with the aid of the approximation in (4.64); 3) the expectation
with respect to G is computed by the PDF given in (4.12).



Chapter 5

Conclusion and Future Work

5.1 Summary

In this dissertation, the network interference modeling and performance analysis of cel-
lular networks (in the presence of relays) has been proposed relying on the PPP-based
abstraction model. Compared to prior works on stochastic geometry modeling and
analysis, the mathematical flexibilities of the PPP model on the average symbol error
probability evaluation, on the modeling of relays-aided cooperation networks, and on the
modeling of LOS/NLOS channel propagation have been investigated in this dissertation.

The specific contributions of each chapter are as follows:

In Chapter 2, the distribution of the aggregate other-cell interference is characterized
in a variety of MIMO cellular networks where the BSs are distributed according to a
homogeneous PPP, and an equivalent-in-distribution based approach has been proposed,
in which the interference is expressed by a generalized compound Gaussian representa-
tion, to reuse the common methodology developed for AWGN channels to evaluate the
ASEP. The framework is applicable to a large number of MIMO arrangements, including
receive-diversity, spatial-multiplexing, orthogonal space-time block coding, zero-forcing
reception and zero-forcing precoding. The proposed approach leads to exact two-fold
integral expressions for the error probability for arbitrary b-dimensional modulations
in the presence of other-cell interference and additive noise. When the system is inter-

ference limited, the mathematical framework simplifies to a single integral expression.
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The performance trends with respect to the MIMO setups can be observed from an

asymptotic analysis of the error probability.

In Chapter 3, a tractable mathematical framework to the analysis and optimization of
two-hop relay-aided cellular networks is introduced. The proposed approach leverages
stochastic geometry for system-level analysis, by modeling the locations of base stations,
relay nodes and mobile terminals as points of homogeneous PPPs. A flexible cell asso-
ciation and relay-aided transmission protocol based on the best biased average received
power are considered. Computationally tractable integrals and closed-form expressions
for coverage and rate are provided, and the inherent performance trends of relay-aided
cellular networks are identified. It is shown, notably, that coverage and rate highly de-
pend on the path-loss exponents of one- and two-hop links. In the interference-limited
regime, in particular, it is shown that, if the system is not adequately designed, the pres-
ence of relay nodes may provide negligible performance gains. By capitalizing on the
proposed mathematical framework, a system-level and interference-aware optimization

criterion of the bias coefficients is proposed.

In Chapter 4, by relying on the PPP abstraction modeling for the locations of the
BSs and by considering the effect of LOS/NLOS propagation, a tractable mathematical
framework for evaluating the coverage probability and average rate of cellular networks
has been proposed with the aid of a multi-ball approximation modeling of the link state
models. The proposed mathematical framework is applicable to cell association criteria
based on the smallest path-loss and on the highest received power. It also accounts for
practical antenna radiation patterns, and for multi-tier cellular network deployments.
A fast computation technique has been proposed to speed up the evaluation of the
mathematical framework involving the Gil-Pelaez inversion. It is shown that an optimal
density of cellular network deployment exists when the LOS and NLOS propagation are

explicitly taken into account.

5.2 Future work

In this section, several possible future research avenues are enumerated to extend the

research in this dissertation.

e Cellular networks modeling based on non-PPP point processes
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The assumption of a homogeneous PPP abstraction modeling has been widely adopted
by the research community due to its mathematical tractability. It is, in fact, a pure
random deployment and is more tractable than other point processes in the literature
[59]. It also corresponds to a worst case scenario for estimating the performance of real
network deployment as it completely neglect the dependence of the BSs deployment.
Recently, special efforts have been made by the academia towards modeling the base
stations as non-PPP point processes. For example, the determinantal point process,
including the Ginibre Point Process, has been used to model the network deployment
with repulsion in [98], [99]. The Poisson cluster process has been used by the authors in
[100] and in [101] to model nodes that are clustered around highly populated area. A few
analytically tractable performance metrics have been derived based on these non-PPP
processes with the idealized single state channel model. To this end, it is interesting to

extend the research in this dissertation to the non-PPP processes.

e Channel modeling with more realistic path-loss function

In Chapter 4, the idealized single-state channel modeling has been generalized to take
into account the LOS and NLOS channel propagation. It is shown that the performance
trend of the PPP modeled two-state cellular networks is quite different from its single-
state counterpart. Nevertheless, the two-state model is still a simplified assumption,
although suggested by 3GPP for system level simulation, as the path-loss exponent
generally decreases when the link length increases in practice. It is interesting to compare
the performance trend of the practical distance dependent path-loss model with the two-

state simplification,and to investigate the mathematical tractability of practical models.

e Relay-aided millimeter wave cellular networks

As discussed in Chapter 3, the relay nodes in interference-limited dense cellular networks
may provide negligible performance gains if the relays are not carefully deployed. The
relays, on the other hand, may have significant impact on the cellular networks operating
on millimeter wave frequency band. In spite of common belief, recently conducted
channel measurements have shown the suitability of the millimeter wave frequency for
cellular communications [102]. However, the cell radius for millimeter wave transmission

is limited to 100-200 meters [102], and it is shown in recent performance analysis of
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millimeter wave cellular networks that the system is noise limited for typical setups
[66]. Moreover, a link between the outdoor cellular BS and an indoor user cannot be
established on millimeter wave band due to the blockage of walls. To this end, it is
interesting to investigate the performance of the relay deployments in millimeter wave

cellular networks, which might be an enabling technology for 5G.



Appendix A

Simulation and Experimental

Validation of the PPP
Abstraction with Multi-State
Channel Model

A.1 Introduction

Throughout this report, the BSs in cellular networks are always modeled according to
a homogeneous PPP, where the locations of the BSs are not assumed to be regularly
deployed, but they are assumed to be randomly distributed according to a PPP. This
approach, due to its mathematical flexibility for modeling heterogeneous ultra-dense
cellular deployments, has been extensively used in the last few years and it is gaining

exponential prominence in the scientific community.

Despite that, the experimental validation of the PPP-based abstraction for modeling
cellular networks has remained elusive to date. This is especially true for modeling
macro cellular BSs, whose deployment is, usually, not totally random. A few researchers
have tried to justify the PPP-based model by using empirical data for the locations of the
BSs, e.g., [10], [59], [11]. These studies have confirmed the potential accuracy and the
usefulness of the PPP-based model. They, however, are based on a small set of data and
on simplifying modeling assumptions. Notably, they do not account for the footprints of
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TABLE A.1: BS statistics from OFCOM - The city of London (A = 4km?).

02-+Vod. 02 Vod.

Number of BSs 319 183 136
Number of rooftop BSs 95 62 33
Number of outdoor BSs 224 121 103

Average cell radius (m) | 63.1771 | 83.4122 | 96.7577

the buildings and rely on simplified channel models, where LOS and NLOS propagation
conditions that originate from the presence of buildings are neglected. This is mostly
due to the inherent difficulties in obtaining accurate data related to the locations of the

BSs and of the buildings in urban areas [81].

In this Appendix, we investigate the accuracy of the PPP-based abstraction for model-
ing cellular networks with the aid of experimental data. We explicitly take realistic BS
locations, building footprints and LOS/NLOS channel conditions into account. More
specifically: i) the locations of the BSs are taken from a large database made avail-
able by OFCOM, the independent regulator and competition authority for the United
Kingdom (UK) communications industries [9]; and ii) the footprints of the buildings are
taken from a large database made available by Ordnance Survey, the Britain’s mapping
agency offering the most up-to-date and accurate maps of the UK [86]. Our extensive
study highlights that the empirical link state model can be accurately approximated
through the multi-ball approximation proposed in Chapter 4, and the PPP-based model
is capable of accurately predicting the performance of cellular networks in dense urban

environments.

A.2 System Model

A.2.1 Base Stations Modeling

In order to test the accuracy of the PPP-based model for the locations of the BSs,
we use experimental data from an actual deployment of BSs that correspond to the
city of London in UK from OFCOM [9]. More specifically, we consider the BSs of two
telecommunication operators: O2 and Vodafone. The empirical data is summarized
in Tables A.1. The following terminology and notation are used: i) “rooftop BSs” is

referred to the BSs that lay inside a geographical region (polygon) where a building is
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FIGURE A.1: London case study. Dense urban environment, where the 55.9% of the

area is occupied by buildings. Horizontal and vertical axis provide distances expressed

in meters. (a) Entire region under analysis. (b) Magnification of a smaller region. (c)
Google map view of (b). (d) Satellite view of (b).

located; ii) “outdoor BSs” is referred to the BSs that lay in a geographical region where
no buildings are located. Information about the locations of the buildings is provided
in Section A.2.2; and iii) A denotes the area of the geographical region under analysis.
From the number of BSs (V) and A, the density of BSs is obtained as Ags = N/ A.
Accordingly, the average cell radius shown in the tables is computed as R, = \/1/(7Apg)

[66].

To study the impact of network densification and the potential gains of sharing the
BSs between telecommunication operators, two scenarios are investigated. In the first
scenario, the BSs of O2 and Vodafone operate at different frequencies, thus they do not
interfere with each other. This is equivalent to having just one telecommunication op-
erator in the region of interest. Hence, only the BSs of one telecommunication operator
are accessible to the typical MT. In the second scenario, O2 and Vodafone share the BSs
and they operate at the same frequency. So, a denser deployment of BSs is available in
the region of interest and the BSs of both telecommunication operators are accessible
to the typical MT. Furthermore, full frequency reuse for the BSs of the same telecom-
munication operator and a saturated load traffic model are assumed. This implies that,
with the exception of the serving BS, all the accessible BSs at a given frequency act as

interferers for the probe MT.

As far as the PPP-based model for the locations of the BSs is concerned, we assume that
the number of BSs is a Poisson random variable with the same density as the empirical
data, and the locations of the BSs are assumed to be uniformly distributed in in the

same region A.
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A.2.2 Buildings Modeling

To take realistic blockages into account, i.e., LOS and NLOS propagation conditions due
to the locations and the shapes of buildings (see also Section A.2.3), we use experimental
data corresponding to the actual deployments of buildings in London where the data
is obtained from OS [86]. In particular, the same geographical regions as those of the
locations of the BSs in Section A.2.1 are considered. To make sure that the data obtained
from the two independent websites of OFCOM and OS can be merged together, we have
verified their consistency with the aid of Google maps for the same areas. Figures A.1
provide a graphical representation of the geographical areas under analysis, by merging
the data from OFCOM and OS. As far as the buildings are concerned, their elevation is
not considered, since this data is not available in the database. Therefore, the analysis

of its impact is postponed to a future research study.

A.2.3 Blockages Modeling

The presence of buildings in dense urban environments constitute an inherent source of
blockages, which results in LOS and NLOS links. Modeling LOS and NLOS propagation
conditions constitute an important requirement for assessing the physical layer perfor-
mance of transmission schemes within the 3GPP [80]. In this chapter, we are interested
in the performance evaluation of outdoor MTs, and in what follows, the blockage models

for a generic BS-to-outdoor-MT link are introduced.

A.2.3.1 Empirical-Based Model

Based on the locations of the BSs and on the locations and the shapes of the buildings
described in Sections A.2.1 and A.2.2, respectively, LOS and NLOS propagation con-
ditions can be empirically taken into account. In this chapter, the empirical LOS and
NLOS links are identified as follows. Let a generic “outdoor BS” and a generic outdoor
MT in the region of interest. The related link is in LOS if no building is intersected by
connecting the BS and the MT with a straight line. Otherwise, the link is in NLOS.
Let a generic “rooftop BS”, the BS-to-MT links are assumed to be in NLOS. This is a
simplifying assumption used in other literature as well [103], which seems acceptable if

no information on the elevation of the buildings is available.
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A.2.3.2 Multi-Ball Approximation

Due to the presence of blockages (i.e., buildings), a generic BS-to-MT link may be either
in LOS or in NLOS with a probability that depends on the BS-to-MT distance, the
locations of the BSs, as well as the locations and the shapes of the buildings. This
dependence on the distance and on the network topology makes the simulation and the
analysis of cellular networks based on the PPP-based model less tractable and more time-
consuming. In this chapter, we compare the empirical-based model against the multi-
ball approximation proposed in Chapter 4. The proposed approximation is optimized
from the point of view of the typical MT and, thus, the spatial deployments of the
BSs and of the buildings are explicitly taken into account. This makes it suitable for
system-level performance evaluation and optimization. The parameters of the multi-ball
approximation can be obtained through the intensity matching. which is described in
Section A.3. Further details of the multi-ball approximation are not presented in this

chapter again. The readers can refer to Chapter 4.

A.2.3.3 1-State Model

In stochastic geometry modeling, LOS and NLOS propagation conditions are often ne-
glected and all links are assumed to be either in LOS or NLOS. This case study is
considered in this test as well, in order to better understand the differences between

1-state and 2-state blockage models.

A.2.4 Channel Modeling

In addition to modeling blockages, we consider a practical channel model. In particular,
path-loss, shadowing and fast-fading are considered. Let a generic BS denoted by BS;
and a generic outdoor MT denoted by MT,.

As for the path-loss, we consider a bounded model I, (r(i’t)) = Kk (max {ro, r(i’t)})ﬂk,

where r(t) denotes the BS-to-MT distance, k = LOS or k = NLOS if the BS-to-MT
link is in LOS or in NLOS, «j denotes the free-space path-loss, 85 denotes the path-loss
exponent, and 7q is a positive constant that avoids the singularity of the path-loss model

for () — 0.
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As for the shadowing, we consider that it is distributed according to log-normal random
variable with mean and standard deviation (in dB) equal to py and to oy, respectively.

In this chapter, shadowing is denoted by X ,gi’t).

As for the fast-fading, we consider that the envelope of the links in LOS and in NLOS is
distributed according to a Nakagami-m (with m > 0.5) and a Rayleigh random variable
with mean power €2, respectively. In this chapter, the envelope of the fast-fading is de-

noted by h,(f’t). Fast-fading and shadowing are assumed to be independently distributed.
Thus, the received power at MT; can be formulated as:

Phl(j’t)Xlgi’t)

Pp =
" ki, (max {ro, r(:F) })Bk

(A.1)

where P is the transmit power of BS;.

A.2.5 Cell Association Modeling

The typical (probe) MT is assumed to be served by any accessible BS that provides
the highest average received power to it. Thus, path-loss and shadowing are both taken
into account for cell association. Fast-fading, on the other hand, is averaged out and
neglected. This is, in fact, the typical operating condition based on 3GPP specifications
[80].

Let MT; be the typical MT and the probe link be identified by the subscript “0”. Let

C,go’t) be defined as follows:

. (i,6) 1) Pr
c0 = iy $ gt = metmexdro ) (A2)
ie@l(gks) X,

where <I>](3ks) is the PPP of the BSs in state k, and 1/C’lio’t) is the highest average received

power at MTy, from any accessible BS whose BS-to-MT}, link is in LOS if £ = LOS or
in NLOS if £ = NLOS. From (A.2), the serving BS of MT; is that corresponding to the
inverse average received power defined as C(°*) = min {CI(JOC’)%), C’l(\%%s}, since it provides

the best link.
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TABLE A.2: 3-ball approximation of empirical blockage models obtained as the solution

of (4.10).
Dy (meters) | Dy (meters) | D3 (meters) qI[?C’)DSﬂ QIE%IS’DQ] Q£D()2éD3] q£%ém]
15.1335 56.5978 195.7149 0.7948 | 0.3818 | 0.0939 0

A.2.6 Problem Statement

Let BSy be the serving BS of MT;. Based on (A.1) and (A.2), the signal-to-interference-
plus-noise-ratio (SINR) at the typical MT, MT;, can be formulated as follows:

0t 0t
SINR = Ph’("’ )/CIE )

— (A.3)

5 - _
ON + 2 ke{LOS,NLOS} Zi@](;g\Bso Tk

where Ig;) = (Phg’t) /C’éZ ’t))l (Cg’t) > C’k(o’t)) denotes the generic interfering term,
k € {LOS,NLOS} refers to the LOS/NLOS state of the BSo-to-MT; link, o3, denotes

the noise power.

In this chapter, the performance metric for quantifying the accuracy of the PPP-based
model is the CCDF of the SINR, since it provides complete information on its distri-
bution. In addition, it corresponds to the coverage probability of a typical MT as a
function of the link reliability threshold. Let T be this threshold, it can be formulated
as follows:

Peoy (T) = Pr {SINR > T} (A4)

A.3 Numerical Results: Experimental Validation

In this section, we illustrate several numerical examples in order to validate the accuracy
of the PPP-based abstraction for modeling cellular networks, as well as to confirm the
tightness of the proposed multi-ball approximation for simplifying the simulation and

for enabling the mathematical modeling of cellular networks.

Simulation Setup  Unless otherwise stated, the following simulation setup, which
is in agreement with the long term evolution advanced (LTE-A) standard, is assumed.

The transmit power of the BSs is P = 30 dBm; the noise power is 012\, = —174 +
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10log;o (Bw) + FaB, where Byy=20 MHz is the transmission bandwidth and Fyqp = 10
dB is the noise figure; k1,05 = KNLOs = (47/ 1/)2 is the free space path-loss at a distance
of 1 meter from the transmitter, where v = c/f. is the signal wavelength, ¢ ~ 3 x 10%
meters/sec is the speed of light, and f.=2.1 GHz is the signal frequency; r9 = 1 meter;
the path-loss exponents of LOS and NLOS links are Sr,0s = 2.5 and Snpos = 3.5; the
mean and standard deviation of the shadowing are uros = unros = 0 dB, oros = 5.8
dB, and on1,0s = 8.7 dB; the fast-fading envelope of the LOS links follows a Nakagami-
m distribution with parameters m = 2 and Qrog = 1; the fast-fading envelope of the
NLOS links follows a Rayleigh distribution with parameter Qx1,0s = 1. Used notation:
“0O2” means that only the BSs from O2 are accessible; “Vodafone” means that only the
BSs from Vodafone are accessible; and “O2+Vodafone” means that all BSs from O2 and

Vodafone are accessible.

Multi-Ball Approximation of the Blockages In this section, we study the ac-
curacy of the proposed multi-ball approximation for modeling spatial blockages, under
the assumption that the BSs are distributed according to a PPP. The solution of the
intensity matching by solving the optimization in (4.10) is summarized in Table A.2
by assuming N = 3, which provides a good matching accuracy while still keeping the
computational complexity at a low level. The intensity measure of the empirical-based
model of the blockages is obtained by using the following procedure based on the actual

locations and shapes of the buildings obtained from the OS database.

Step 1: The geographical region illustrated in Figs. A.1 for London is considered. As
discussed in Section A.2.2; this data is obtained from OS. The BSs are generated
according to a PPP of density Agg, which is chosen according to the data in Table

A.1. Outdoor and rooftop BSs are identified.

Step 2: In the same areas, the MTs are generated according to another PPP of density
AmT = 10Ags. This choice of Ayr guarantees saturated traffic conditions, i.e., all
the BSs have at least one MT to serve based on the cell association in Section
A.2.5. Among all the MTs, one MT among those that do not lay in a building

(outdoor MTs) is randomly chosen as the typical MT.

Step 3: Let the probe (typical) MT, its distance r and link state (LOS or NLOS) with

respect to any accessible BSs are computed according to Section A.2.3.1.
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FIGURE A.2: Coverage probability in three case studies: 1) “OFCOM, OS”: the BSs

are obtained from the OFCOM database and the buildings from the OS database. 2)

“PPP, OS”: the BSs are distributed according to a PPP and the buildings are obtained

from the OS database. 3) “PPP, Multi-Ball”: the BSs are distributed according to a
PPP and the multi-ball approximation in Table A.2 is used.

Step 4: Step 2 and Step 3 are repeated several thousands of times in order to get suffi-
cient statistical data. From this data, two vectors are obtained: a vector containing
the distances whose links are in LOS and a vector containing the distances whose

links are in NLOS.

Step 5: From the vectors computed in Step 4, pros (r) and pxros (r) are estimated
by using, e.g., the hist function of Matlab. To this end, a resolution step equal to
Ar = 1 meter and M = 2000 discrete distances are considered. Thus, the LOS and
NLOS probabilities are available for the set of distances ry, for m = 1,2,..., M,
where Ar = r,,—7r;m—1 = 1 meter. The corresponding LOS and NLOS probabilities

are pros (Tm) and pxLos (rm) for m =1,2,... M.

Step 6: Finally the intensity measure of the path-losses is computed by the following
discrete (empirical) approximation of (4.9) (for £ = {LOS,NLOS}):

M
A](Cem) ([0,z)) ~ 2w ApsAr Z Pr {Hk (max {ro, 7 })** < l’}pk (rm)rm  (A5)

m=1
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PPP-Based Modeling of the BSs In Figs. A.2, we study the accuracy of the
PPP-based abstraction for modeling cellular networks, by either considering or not the
multi-ball approximation for modeling blockages. As discussed in Sections A.2.1 and
A.2.2, the empirical coverage probability is obtained by using the locations of the BSs
and the footprints of the buildings from the OFCOM and OS databases, respectively.

The following procedure for computing the empirical coverage probability is used.

Step 1: The geographical region illustrated in Figs. A.1 for London is considered. As
discussed in Section A.2.2; this data is obtained from OS. T'wo case studies for the
locations of the BSs are considered. 1) The BSs are distributed according to their
actual locations obtained from OFCOM (Figs. A.1, Tables A.1). 2) The BSs are
distributed according to a PPP whose density is the same as that of Tables A.1.

In both cases, outdoor and rooftop BSs are identified.

Step 2: In the same areas, the MTs are generated according to another PPP of density
AmT = 10Ags. This choice of Ayr guarantees saturated traffic conditions, i.e., all
the BSs have at least one MT to serve based on the cell association in Section
A.2.5. Among all the MTs, one MT among those that do not lay in a building

(outdoor MTs) is randomly chosen as the typical MT.
Step 3: Let the probe (typical) MT, its distance r and link state (LOS or NLOS) with

respect to any accessible BSs are computed according to Section A.2.3.1.

Step 4: For each link between the probe MT and the accessible BSs, path-loss, shad-

owing and fast-fading gains are generated according to Section A.2.4.

Step 5: Let the probe MT and the accessible BSs, its serving BS is identified by using
(A.2) in Section A.2.5.

Step 6: The SINR and its associated coverage probability are computed by using (A.3)
and (A.4), respectively.

Step 7: Steps 1-6 are repeated 10° times in order to get sufficient statistical data. The
final coverage probability is computed as the empirical mean of the obtained 10°

realizations for each target reliability threshold.

If the 1-state model in Section A.2.3.3 is considered, the same procedure is used. The

only difference is that all the links are assumed to be, a priori, either in LOS or NLOS.



Appendix A. Simulation and Experimental Validation of the PPP Abstraction with
Multi-State Channel Model 150

London (O2) London (Vodafone)

leggE o ‘
0.9+ o 09 % 0S ]
' ' 1-State(N)
0.8} 0.8} —o— 1-State(L) |{
07} 07}
06} 0.6t
> >
3 o5t 8 o5t
o o
041 0.4}
0.3} 0.3}
0.2} 0.2}
01} 0.1
0 ‘ 0
20 -10 0 10 -20
T (dB)
(a)

FIGURE A.3: Coverage probability: impact of blockages. Three case studies are ana-
lyzed: 1) “OS”: the buildings are obtained from the OS database. 2) “1-State (N)”: all
links are in NLOS. 3) “1-State (L)”: all links are in LOS.

All in all, Figs. A.2 confirm the accuracy of the PP-based abstraction model, and the

tightness of the proposed multi-ball and multi-lobe approximations in practical scenarios.

Achievable Performance: Impact of Blockages In Fig. A.3, we study the impact
of the blockage model on the coverage probability. This figure highlights the importance
of accurately modeling blockages. More specifically, the widespread used 1-state model
provides different results from the more accurate and realistic LOS/NLOS blockage
model, which accounts for the locations of buildings. Figure A.3 points out that the
coverage probability may be better than that predicted by using the 1-state model,
since the links in LOS result in good probe links while the links in NLOS result in
less interference. The proposed multi-ball approximation turns out to be a useful tool
for taking LOS/NLOS propagation conditions into account at an affordable complexity,

eventually leading to the mathematical analysis and optimization of cellular networks.

A.4 Conclusion

With the aid of experimental data for the actual locations of BSs and for the actual loca-

tions and shapes of buildings, we have studied the accuracy of the PPP-based abstraction
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for modeling cellular networks. This study has highlighted that the PPP-based model
is sufficiently accurate for modeling dense urban environments of major metropolitan
areas. We have observed that accurate models for the blockages is needed for obtain-
ing reliable estimates of the coverage probability of cellular networks. Finally, we have
validated the accuracy of flexible multi-ball approximation for incorporating realistic
blockage into the PPP-based abstraction of cellular networks. Based on these findings,
the PPP-based model seems to be sufficiently accurate and tractable for enabling the
mathematical analysis and optimization of emerging ultra-dense cellular networks, which

use advanced wireless access transmission schemes.
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